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CHAPTER  1 


Introduction 


0000 


1.1.  Overview 

0001  Besides  the  book  by  Laumon  and  Moret-Bailly,  see  ILMROO).  and  the  work  (in 
progress)  by  Fulton  et  al,  we  think  there  is  a place  for  an  open  source  textbook 
on  algebraic  stacks  and  the  algebraic  geometry  that  is  needed  to  define  them.  The 
Stacks  Project  attempts  to  do  this  by  building  the  foundations  starting  with  com- 
mutative algebra  and  proceeding  via  the  theory  of  schemes  and  algebraic  spaces  to 
a comprehensive  foundation  for  the  theory  of  algebraic  stacks. 

We  expect  this  material  to  be  read  online  as  a key  feature  are  the  hyperlinks  giving 
quick  access  to  internal  references  spread  over  many  different  pages.  If  you  use  an 
embedded  pdf  or  dvi  viewer  in  your  browser,  the  cross  file  links  should  work. 

This  project  is  a collaborative  effort  and  we  encourage  you  to  help  out.  Please  email 
any  typos  or  errors  you  find  while  reading  or  any  suggestions,  additional  material, 
or  examples  you  have  to  stacks.project@gmail.com.  You  can  download  a tarball 
containing  all  source  files,  extract,  run  make,  and  use  a dvi  or  pdf  viewer  locally. 
Please  feel  free  to  edit  the  LaTeX  files  and  email  your  improvements. 


1.2.  Attribution 


06LB  The  scope  of  this  work  is  such  that  it  is  a daunting  task  to  attribute  correctly  and 
succinctly  all  of  those  mathematicians  whose  work  has  led  to  the  development  of  the 
theory  we  try  to  explain  here.  We  hope  eventually  to  generate  enough  community 
interest  to  find  contributors  willing  to  write  sections  with  historical  remarks  for 
each  and  every  chapter. 


Those  who  contributed  to  this  work  are  listed  on  the  title  page  of  the  book  version  of 
this  work  and  online.  Here  we  would  like  to  name  a selection  of  major  contributions: 


(1) 

(2) 

(3) 

(4) 

(5) 


(6) 


Jarod  Alper  wrote  Guide  to  Literature 


Bhargav  Bhatt  wrote  the  initial  version  of  Etale  Morphisms  of  Schemes 


Bhargav  Bhatt  wrote  the  initial  version  of  More  on  Algebra,  Section  15.70 


Kiran  Kedlaya  contributed  the  initial  writeup  of  Descent,  Section  34.4 
The  initial  versions  of 


(a)  Algebra,  Section  10.27 


(b)  Injectives,  Section  19.2  and 


(c)  the  chapter  Fields 


are  from  The  CRing  Project,  courtesy  of  Akhil  Mathew  et  al. 

Alex  Perry  wrote  the  material  on  projective  modules,  Mittag-LefHer  mod- 
ules, including  the  proof  of  Algebra,  Theorem |1 0.94. 5 1 


58 


1.3.  OTHER  CHAPTERS 


59 


(7) 

(8) 

(9) 


Alex  Perry  wrote  Formal  Deformation  Theory 


Thibaut  Pugin,  Zachary  Maddock  and  Min  Lee  took  course  notes  which 


Etale  Cohomology 


(10) 

(11) 

(12) 

(13) 

(14) 

(15) 

(16) 


formed  the  basis  for 
David  Rydh  has  contributed  many  helpful  comments,  pointed  out  several 
mistakes,  helped  out  in  an  essential  way  with  the  material  on  residual 
gerbes,  and  was  the  originator  for  the  material  in  More  on  Groupoids  in 
Spaces,  Sections  [66.10|and|66.13| 

Burt  Totaro  contributed  Examples,  Sections  88.55  88.56  and  Properties 
of  Stacks,  Section [82T2J 


The  material  in  the  chapter  Pro-etale  Cohomology  is  taken  from  a paper 
by  Bhargav  Bhatt  and  Peter  Scholze. 

Bhargav  Bhatt  contributed  Examples,  Sections  88.60  and  88.63 
Ofer  Gabber  found  mistakes,  contributed  corrections  and  he  contributed 
Formal  Spaces,  Lemma|70.9.5|  the  material  in  More  on  Groupoids,  Section 
39.14[  the  main  result  of  Properties  of  Spaces,  Section  53.16[  and  the  proof 


of  More  on  Flatness,  Proposition  |37. 25.13 


Janos  Kollar  contributed  Algebra,  Lemma  10.118.2  and  Dualizing  Com- 
plexes, Proposition  |45.15T| 


Kiran  Kedlaya  wrote  the  initial  version  of  More  on  Algebra,  Section  15.71 
Matthew  Emerton,  Toby  Gee,  and  Brandon  Levin  contributed  some  re- 
sults on  thickenings,  in  particular  More  on  Morphisms  of  Stacks,  Lemmas 
|87.3.6[  187.3.71  and  |87.3.8[ 
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CHAPTER  2 


Conventions 


0002 

2.1.  Comments 

0003  The  philosophy  behind  the  conventions  used  in  writing  these  documents  is  to  choose 
those  conventions  that  work. 

2.2.  Set  theory 

0004  We  use  Zermelo-Fraenkel  set  theory  with  the  axiom  of  choice.  See  }Kun83j.  We 
do  not  use  universes  (different  from  SGA4).  We  do  not  stress  set-theoretic  issues, 
but  we  make  sure  everything  is  correct  (of  course)  and  so  we  do  not  ignore  them 
either. 


2.3.  Categories 

0005  A category  C consists  of  a set  of  objects  and,  for  each  pair  of  objects,  a set  of 
morphisms  between  them.  In  other  words,  it  is  what  is  called  a “small”  category  in 
other  texts.  We  will  use  “big”  categories  (categories  whose  objects  form  a proper 


class)  as  well,  but  only  those  that  are  listed  in  Categories,  Remark  4.2.2 


2.4.  Algebra 

0006  In  these  notes  a ring  is  a commutative  ring  with  a 1.  Hence  the  category  of  rings 
has  an  initial  object  Z and  a final  object  {0}  (this  is  the  unique  ring  where  1 = 0). 
Modules  are  assumed  unitary.  See  IEis95j. 


2.5.  Notation 

055X  The  natural  integers  are  elements  of  N = {1,  2,  3, . . .}.  The  integers  are  elements 
of  Z = {•  ■ • , —2,  — 1,  0, 1,  2, . . .}.  The  field  of  rational  numbers  is  denoted  Q.  The 
field  of  real  numbers  is  denoted  R.  The  field  of  complex  numbers  is  denoted  C. 
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CHAPTER  3 


Set  Theory 


0007 

3.1.  Introduction 

0008  We  need  some  set  theory  every  now  and  then.  We  use  Zermelo-Fraenkel  set  theory 
with  the  axiom  of  choice  (ZFC)  as  described  in  [Kun83j  and  |Jec02j. 

3.2.  Everything  is  a set 

0009  Most  mathematicians  think  of  set  theory  as  providing  the  basic  foundations  for 
mathematics.  So  how  does  this  really  work?  For  example,  how  do  we  translate  the 
sentence  “ X is  a scheme”  into  set  theory?  Well,  we  just  unravel  the  definitions:  A 
scheme  is  a locally  ringed  space  such  that  every  point  has  an  open  neighbourhood 
which  is  an  affine  scheme.  A locally  ringed  space  is  a ringed  space  such  that 
every  stalk  of  the  structure  sheaf  is  a local  ring.  A ringed  space  is  a pair  ( X , Ox ) 
consisting  of  a topological  space  X and  a sheaf  of  rings  Ox  on  it.  A topological 
space  is  a pair  ( X , r)  consisting  of  a set  X and  a set  of  subsets  r C V(X)  satisfying 
the  axioms  of  a topology.  And  so  on  and  so  forth. 

So  how,  given  a set  S would  we  recognize  whether  it  is  a scheme?  The  first  thing 
we  look  for  is  whether  the  set  S is  an  ordered  pair.  This  is  defined  (see  |Jec02j. 
page  7)  as  saying  that  S has  the  form  (a,b)  :=  {{«},{a,  &}}  for  some  sets  a,b.  If 
this  is  the  case,  then  we  would  take  a look  to  see  whether  a is  an  ordered  pair  (c,  d ). 
If  so  we  would  check  whether  d C 'P(c),  and  if  so  whether  d forms  the  collection  of 
sets  for  a topology  on  the  set  c.  And  so  on  and  so  forth. 

So  even  though  it  would  take  a considerable  amount  of  work  to  write  a complete 
formula  4>Scheme(,x)  with  one  free  variable  x in  set  theory  that  expresses  the  notion 
“x  is  a scheme”,  it  is  possible  to  do  so.  The  same  thing  should  be  true  for  any 
mathematical  object. 

3.3.  Classes 

000A  Informally  we  use  the  notion  of  a class.  Given  a formula  <j)(x,pi, . . . ,pn),  we  call 

C = { x : <j>(x,p!,.. . ,pn)} 

a class.  A class  is  easier  to  manipulate  than  the  formula  that  defines  it,  but  it  is  not 
strictly  speaking  a mathematical  object.  For  example,  if  R is  a ring,  then  we  may 
consider  the  class  of  all  i?-modules  (since  after  all  we  may  translate  the  sentence 
“M  is  an  R-module”  into  a formula  in  set  theory,  which  then  defines  a class).  A 
proper  class  is  a class  which  is  not  a set. 
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In  this  way  we  may  consider  the  category  of  -R-modules,  which  is  a “big”  category — 
in  other  words,  it  has  a proper  class  of  objects.  Similarly,  we  may  consider  the  “big” 
category  of  schemes,  the  “big”  category  of  rings,  etc. 

3.4.  Ordinals 

05N1  A set  T is  transitive  if  x £ T implies  x C T . A set  a is  an  ordinal  if  it  is  transitive 
and  well-ordered  by  £.  In  this  case,  we  define  a+l  = aU{a},  which  is  another 
ordinal  called  the  successor  of  a.  An  ordinal  a is  called  a successor  ordinal  if  there 
exists  an  ordinal  /3  such  that  a — /?  + 1.  The  smallest  ordinal  is  0 which  is  also 
denoted  0.  If  a is  not  0,  and  not  a successor  ordinal,  then  a is  called  a limit  ordinal 
and  we  have 


The  first  limit  ordinal  is  w and  it  is  also  the  first  infinite  ordinal.  The  first  uncount- 
able ordinal  uq  is  the  set  of  all  countable  ordinals.  The  collection  of  all  ordinals  is 
a proper  class.  It  is  well-ordered  by  € in  the  following  sense:  any  nonempty  set  (or 
even  class)  of  ordinals  has  a least  element.  Given  a set  A of  ordinals,  we  define  the 
supremum  of  A to  be  supagj4  a = UaeA  a • ^ is  the  least  ordinal  bigger  or  equal  to 
all  a £ A.  Given  any  well-ordered  set  (S,  >),  there  is  a unique  ordinal  a such  that 
(S,  >)  = (a,  e);  this  is  called  the  order  type  of  the  well-ordered  set. 

3.5.  The  hierarchy  of  sets 

000B  We  define,  by  transfinite  induction,  V0  = 0,  Va+i  = P( Va)  (power  set),  and  for  a 
limit  ordinal  a, 

Va  = M , vp. 

fi<at 

Note  that  each  Va  is  a transitive  set. 

000C  Lemma  3.5.1.  Every  set  is  an  element  ofVa  for  some  ordinal  a. 

Proof.  See  jJec  02]  Lemma  6.3].  □ 

In  IKun83i  Chapter  III]  it  is  explained  that  this  lemma  is  equivalent  to  the  axiom 
of  foundation.  The  rank  of  a set  S is  the  least  ordinal  a such  that  S £ Va.  By 
a partial  universe  we  shall  mean  a suitably  large  set  of  the  form  Va  which  will  be 
clear  from  the  context. 

3.6.  Cardinality 

000D  The  cardinality  of  a set  A is  the  least  ordinal  a such  that  there  exists  a bijection 
between  A and  a.  We  sometimes  use  the  notation  a = |A|  to  indicate  this.  We 
say  an  ordinal  a is  a cardinal  if  and  only  if  it  occurs  as  the  cardinality  of  some  set 
A-  in  other  words,  if  a = |A|.  We  use  the  greek  letters  k,  A for  cardinals.  The  first 
infinite  cardinal  is  u,  and  in  this  context  it  is  denoted  Ho-  A set  is  countable  if  its 
cardinality  is  < Ho-  If  a is  an  ordinal,  then  we  denote  aA  the  least  cardinal  > a. 
You  can  use  this  to  define  Hi  = Hq  , H2  = Hf,  etc,  and  in  fact  you  can  define  Ha 
for  any  ordinal  a by  transfinite  induction.  We  note  the  equality  Hi  = u>\. 

The  addition  of  cardinals  k,  A is  denoted  k ® A;  it  is  the  cardinality  of  k II  A.  The 
multiplication  of  cardinals  k,  A is  denoted  k ® A;  it  is  the  cardinality  of  k x A.  It 
is  uninteresting  since  if  k and  A are  infinite  cardinals,  then  c®  A = max(ft,  A). 
The  exponentiation  of  cardinals  re,  A is  denoted  reA;  it  is  the  cardinality  of  the  set 
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of  (set)  maps  from  A to  k.  Given  any  set  K of  cardinals,  the  supremum  of  K is 
supKeX  k = UKeK  k,  which  is  also  a cardinal. 

3.7.  Cofinality 

000E  A cofinal  subset  S'  of  a partially  ordered  set  T is  a subset  S C T such  that  Mt  £ 
T3s  £ S(t  < s).  Note  that  a subset  of  a well-ordered  set  is  a well-ordered  set  (with 
induced  ordering).  Given  an  ordinal  a , the  co finality  cf(o)  of  a is  the  least  ordinal 
/ 3 which  occurs  as  the  order  type  of  some  cofinal  subset  of  a.  The  cofinality  of  an 
ordinal  is  always  a cardinal  (this  is  clear  from  the  definition).  Hence  alternatively 
we  can  define  the  cofinality  of  a as  the  least  cardinality  of  a cofinal  subset  of  a. 

05N2  Lemma  3.7.1.  Suppose  that  T = colimQ<^Ta  is  a colimit  of  sets  indexed  by 
ordinals  less  than  a given  ordinal  (3.  Suppose  that  ip  : S —¥  T is  a map  of  sets. 

Then  tp  lifts  to  a map  into  Ta  for  some  a < (3  provided  that  j3  is  not  a limit  of 

ordinals  indexed  by  S,  in  other  words,  if  (3  is  an  ordinal  with  cf(/3)  > |S|. 

Proof.  For  each  element  s £ S pick  a as  < (3  and  an  element  ts  £ Tas  which  maps 
to  ip(s)  in  T.  By  assumption  a = supseS  as  is  strictly  smaller  than  (3.  Hence  the 

map  <pa  : S — > Ta  which  assigns  to  s the  image  of  ts  in  Ta  is  a solution.  □ 

The  following  is  essentially  Grothendieck’s  argument  for  the  existence  of  ordinals 
with  arbitrarily  large  cofinality  which  he  used  to  prove  the  existence  of  enough 
injectives  in  certain  abelian  categories,  see  IGro57l. 

05N3  Proposition  3.7.2.  Let  n be  a cardinal.  Then  there  exists  an  ordinal  whose 
co  finality  is  bigger  than  n. 

Proof.  If  k is  finite,  then  co  = cf(w)  works.  Let  us  thus  assume  that  k is  infinite. 
Consider  the  smallest  ordinal  a whose  cardinality  is  strictly  greater  than  k.  We 
claim  that  cf(a)  > n.  Note  that  a is  a limit  ordinal,  since  if  a = (3  + 1,  then 
|a|  = \f3\  (because  a and  f3  are  infinite)  and  this  contradicts  the  minimality  of  a. 
(Of  course  a is  also  a cardinal,  but  we  do  not  need  this.)  To  get  a contradiction 
suppose  S'  C a is  a cofinal  subset  with  |S|  < k.  For  f3  £ S,  i.e.,  f3  < a,  we  have 
\f3\  < n by  minimality  of  a.  As  a is  a limit  ordinal  and  S cofinal  in  a we  obtain 
a = Liles/®-  Hence  |a|  < |S|®k<  k®/c<  k which  is  a contradiction  with  our 
choice  of  a.  □ 

3.8.  Reflection  principle 

000F  Some  of  this  material  is  in  the  chapter  of  Kun83  called  “Easy  consistency  proofs” . 

Let  4>(x i, . . . ,xn)  be  a formula  of  set  theory.  Let  us  use  the  convention  that  this 
notation  implies  that  all  the  free  variables  in  tf>  occur  among  x\, . . . , xn.  Let  M be 
a set.  The  formula  (f>M (x i, . . . , xn ) is  the  formula  obtained  from  . . . , xn)  by 
replacing  all  the  \/x  and  3x  by  Va : £ M and  3x  £ M,  respectively.  So  the  formula 
4>{x\,X2)  = 3x{x  £ x\  A x £ X2 ) is  turned  into  {x\,X2)  = 3x  £ M(x  £ X\  A x £ 
X2).  The  formula  cf>M  is  called  the  relativization  of  to  M. 

000G  Theorem  3.8.1.  Suppose  given  <fii(xi, ...  ,xn), ...  ,<fm(xi, ...  ,xn)  a finite  col- 
lection of  formulas  of  set  theory.  Let  Mq  be  a set.  There  exists  a set  M such  that 
Mq  C M and  Vxi, . . . , xn  £ M , we  have 

Vi  = 1, . . . , m,  (f>f(x1,...,xn)oVi  = l,...,m,  <j>i(xi, . . . , xn). 

In  fact  we  may  take  M = Va  for  some  limit  ordinal  a. 
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Proof.  See  [Jec02i  Theorem  12.14]  or  |Kun831  Theorem  7.4].  □ 

We  view  this  theorem  as  saying  the  following:  Given  any  x\,...,xn  £ M the 
formulas  hold  with  the  bound  variables  ranging  through  all  sets  if  and  only  if  they 
hold  for  the  bound  variables  ranging  through  elements  of  Va.  This  theorem  is  a 
meta-theorem  because  it  deals  with  the  formulas  of  set  theory  directly.  It  actually 
says  that  given  the  finite  list  of  formulas  </>i, , <pm  with  at  most  free  variables 
Xi, ...  ,xn  the  sentence 

VM0  3 M,  Mq  c M Vti,  . . . , xn  £ M 

4>  i{xi,  A ...  A (j>m{x  i,  • • . ,xn)  £A  A ...  A <j>m(x  l,  ■■■■,xn) 

is  provable  in  ZFC.  In  other  words,  whenever  we  actually  write  down  a finite  list 
of  formulas  <j>i,  we  get  a theorem. 

It  is  somewhat  hard  to  use  this  theorem  in  “ordinary  mathematics”  since  the  mean- 
ing of  the  formulas  ^(xi, ...  ,xn)  is  not  so  clear!  Instead,  we  will  use  the  idea  of 
the  proof  of  the  reflection  principle  to  prove  the  existence  results  we  need  directly. 

3.9.  Constructing  categories  of  schemes 

000H  We  will  discuss  how  to  apply  this  to  produce,  given  an  initial  set  of  schemes,  a 
“small”  category  of  schemes  closed  under  a list  of  natural  operations.  Before  we  do 
so,  we  introduce  the  size  of  a scheme.  Given  a scheme  S we  define 

size(S)  = max(Ho,  «i,  K2)) 

where  we  define  the  cardinal  numbers  K\  and  K2  as  follows: 

(1)  We  let  Ki  be  the  cardinality  of  the  set  of  affine  opens  of  S. 

(2)  We  let  K2  be  the  supremum  of  all  the  cardinalities  of  all  T(U,  Os)  for  all 
U C S affine  open. 

0001  Lemma  3.9.1.  For  every  cardinal  k,  there  exists  a set  A such  that  every  element 
of  A is  a scheme  and  such  that  for  every  scheme  S with  size(S)  < k,  there  is  an 
element  X £ A such  that  X = S (isomorphism  of  schemes). 

Proof.  Omitted.  Hint:  think  about  how  any  scheme  is  isomorphic  to  a scheme 
obtained  by  glueing  affines.  □ 

We  denote  Bound  the  function  which  to  each  cardinal  k associates 

046U  (3. 9. 1.1)  Bound(n)  = max{fcK°,  k+}. 

We  could  make  this  function  grow  much  more  rapidly,  e.g.,  we  could  set  Bound(n)  = 
nK , and  the  result  below  would  still  hold.  For  any  ordinal  a , we  denote  Scha  the 
full  subcategory  of  category  of  schemes  whose  objects  are  elements  of  Va.  Here  is 
the  result  we  are  going  to  prove. 

000J  Lemma  3.9.2.  With  notations  size,  Bound  and  Scha  as  above.  Let  Sq  be  a set 
of  schemes.  There  exists  a limit  ordinal  a with  the  following  properties: 

000K  (1)  We  have  S$  C Va;  in  other  words,  So  C Ob (Scha). 

000L  (2)  For  any  S £ Ob (Scha)  and  any  scheme  T with  size(T)  < Bound(size(S)) , 

there  exists  a scheme  S'  £ Ob (Scha)  such  that  T = S'. 
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(3)  For  any  countabl^diagram  category  I and  any  functor  F : I — > Scha,  the 
limit  limj  F exists  in  Scha  if  and  only  if  it  exists  in  Sch  and  moreover,  in 
this  case,  the  natural  morphism  between  them  is  an  isomorphism. 

(4)  For  any  countable  diagram  category  X and  any  functor  F : X — t Scha,  the 
colimit  colimx  F exists  in  Scha  if  and  only  if  it  exists  in  Sch  and  moreover, 
in  this  case,  the  natural  morphism  between  them  is  an  isomorphism. 


Proof.  We  define,  by  transfinite  induction,  a function  / which  associates  to  every 
ordinal  an  ordinal  as  follows.  Let  /( 0)  = 0.  Given  f(a),  we  define  f(a  + 1)  to  be 
the  least  ordinal  /3  such  that  the  following  hold: 

(1)  We  have  a + 1 < /?  and  /(a)  < p. 

(2)  For  any  S £ Ob (Schfra\)  and  any  scheme  T with  size(T)  < Bound(s\z,e(S)), 
there  exists  a scheme  S'  £ Ob (Schp)  such  that  T = S'. 

(3)  For  any  countable  diagram  category  X and  any  functor  F : X — > Schf(a ),  if 
the  limit  lirnx  F or  the  colimit  colimx  F exists  in  Sch , then  it  is  isomorphic 
to  a scheme  in  Schp. 

To  see  P exists,  we  argue  as  follows.  Since  Ob(Schf^)  is  a set,  we  see  that 
k = supSg0b(Scfef(Q)j  Bound(size(S))  exists  and  is  a cardinal.  Let  A be  a set  of 
schemes  obtained  starting  with  k as  in  Lemma|3.9.1|  There  is  a set  CountCat  of 
countable  categories  such  that  any  countable  category  is  isomorphic  to  an  element 
of  CountCat.  Hence  in  (3)  above  we  may  assume  that  X is  an  element  in  CountCat. 
This  means  that  the  pairs  (X,  F)  in  (3)  range  over  a set.  Thus,  there  exists  a set 
B whose  elements  are  schemes  such  that  for  every  ( X,F ) as  in  (3),  if  the  limit  or 
colimit  exists,  then  it  is  isomorphic  to  an  element  in  B.  Hence,  if  we  pick  any  S 
such  that  A U B C Vp  and  p > max{a  + 1,  /(a)},  then  (l)-(3)  hold.  Since  every 
nonempty  collection  of  ordinals  has  a least  element,  we  see  that  f(a  + 1)  is  well 
defined.  Finally,  if  a is  a limit  ordinal,  then  we  set  /(a)  = supa/<Q  f(a'). 


Pick  So  such  that  So  C Vp0.  By  construction  /(/?)  > S and  we  see  that  also 
So  C Vf(p0)-  Moreover,  as  / is  nondecreasing,  we  see  So  C Vf/p\  is  true  for  any 
S > /3q.  Next,  choose  any  ordinal  Si  > po  with  cofinality  cf(/?i)  > oj  = H0.  This  is 


possible  since  the  cofinality  of  ordinals  gets  arbitrarily  large,  see  Proposition  3.7.2 
We  claim  that  a = f(pi)  is  a solution  to  the  problem  posed  in  the  lemma. 


The  first  property  of  the  lemma  holds  by  our  choice  of  pi  > So  above. 

Since  Si  is  a limit  ordinal  (as  its  cofinality  is  infinite),  we  get  f(Si)  = sup/3</3l  /(/?). 
Hence  {f{S)  I S < Pi}  C f{Si)  is  a cofinal  subset.  Hence  we  see  that 

va  - vf(pl}  - U ;</3|  vm- 

Now,  let  S £ Ob  (Scha).  We  define  /3(S)  to  be  the  least  ordinal  /?  such  that  S £ 
Ob (Schf(p')).  By  the  above  we  see  that  always  S(S)  < Pi-  Since  Ob(5c/i/(^+i))  C 
Ob (Scha),  we  see  by  construction  of  / above  that  the  second  property  of  the  lemma 
is  satisfied. 


Suppose  that  {Si,  S2, . . .}  C Ob (Scha)  is  a countable  collection.  Consider  the 
function  u Pi,  n 1— > P{Sn).  Since  the  cofinality  of  Si  is  > ui,  the  image  of 

this  function  cannot  be  a cofinal  subset.  Hence  there  exists  a S < Pi  such  that 
{Si,  52,  ■ ■ •}  C Ob(Schf(p)).  It  follows  that  any  functor  F : X — > Scha  factors 


1 Both  the  set  of  objects  and  the  morphism  sets  are  countable.  In  fact  you  can  prove  the 
lemma  with  Kq  replaced  by  any  cardinal  whatsoever  in  (3)  and  (4). 
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through  one  of  the  subcategories  Schf^py  Thus,  if  there  exists  a scheme  X that 
is  the  colimit  or  limit  of  the  diagram  F,  then,  by  construction  of  /,  we  see  X is 
isomorphic  to  an  object  of  Schftp+\\  which  is  a subcategory  of  Scha.  This  proves 
the  last  two  assertions  of  the  lemma.  □ 


0000 


000P 


Remark  3.9.3.  The  lemma  above  can  also  be  proved  using  the  reflection  principle. 
However,  one  has  to  be  careful.  Namely,  suppose  the  sentence  <pscheme(X)  expresses 
the  property  “X  is  a scheme” , then  what  does  the  formula  4>l cheme(X ) mean? 
is  true  that  the  reflection  principle  says  we  can  find  a such  that  for  all  X £ Va  we 
have  (f) scheme (X)  -H-  4^cheme^)  but  this  is  entirely  useless.  It  is  only  by  combining 
two  such  statements  that  something  interesting  happens.  For  example  suppose 
(j>red(X,Y)  expresses  the  property  “X,  Y are  schemes,  and  Y is  the  reduction  of 
X”  (see  Schemes,  Definition|25.12.5).  Suppose  we  apply  the  reflection  principle  to 
the  pair  of  formulas  </>i(X,  Y)  = <j>red(X,  Y),  </>2(X)  = 3 Y,  </>i(X,  Y).  Then  it  is  easy 
to  see  that  any  a produced  by  the  reflection  principle  has  the  property  that  given 
X £ Ob (Scha)  the  reduction  of  X is  also  an  object  of  Scha  (left  as  an  exercise). 


Lemma  3.9.4.  Let  S be  an  affine  scheme.  Let  R = T(SI,  Os).  Then  the  size  of  S 
is  equal  to  max{N0,  |i?|}. 


Proof.  There  are  at  most  max{|f?|,  Ho}  affine  opens  of  Spec (R).  This  is  clear  since 
any  affine  open  U C Spec (R)  is  a finite  union  of  principal  opens  D(fi)  U . . . U D(fn) 
and  hence  the  number  of  affine  opens  is  at  most  supn  |f?|"  = max{|f?|,  H0},  see 
Kun83;  Ch.  I,  10.13].  On  the  other  hand,  we  see  that  T(f7,  O)  C Rf1  x ...  x R f n 
and  hence  \T(U,(D)\  < max{Ho,  |i?/j  |, . . . , \Rfn  ]}•  Thus  it  suffices  to  prove  that 
\Rf  \ < max{H0,  |i?|}  which  is  omitted.  □ 

000Q  Lemma  3.9.5.  Let  S be  a scheme.  Let  S = Uei  Si  be  an  open  covering.  Then 
size(S)  < max{|/|, supj{s*2;e(S'i)}}. 


Proof.  Let  U C S be  any  affine  open.  Since  U is  quasi-compact  there  exist  finitely 
many  elements  ii, . . . ,in  £ I and  affine  opens  Ui  C U D Si  such  that  U = l/iU^U 
. . . U Un.  Thus 

\r(U,Ov)\  < \T(U!,0)\  <g) . . . ® \T(Un>  C)|  < supl{size(5l)} 

Moreover,  it  shows  that  the  set  of  affine  opens  of  S has  cardinality  less  than  or 
equal  to  the  cardinality  of  the  set 

II  II  {affine  opens  of  S^}  x . . . x {affine  opens  of  S1^}. 

n£u> 

Each  of  the  sets  inside  the  disjoint  union  has  cardinality  at  most  sup,i;{size(S})}.  The 
index  set  has  cardinality  at  most  max{|/|,Ko},  see  Kun83  Ch.  I,  10.13].  Hence 
by  |Jec02l  Lemma  5.8]  the  cardinality  of  the  coproduct  is  at  most  max{H0,  \I\}  g) 
supi{size(S',)}.  The  lemma  follows.  □ 

04T6  Lemma  3.9.6.  Let  f : X — > S , g : Y — » S be  morphisms  of  schemes.  Then  we 
have  size(X  Xg  Y)  < ma x{size(X),  size(Y)} . 

Proof.  Let  S = [jkeK  Sk  be  an  affine  open  covering.  Let  X = \JieIUi,  Y = 
jVj  be  affine  open  coverings  with  I,  J of  cardinality  < size(X),  size(P).  For 
each  i £ I there  exists  a finite  set  A}  of  k £ K such  that  f(Ui)  C U keK  ^k-  For 
each  j £ J there  exists  a finite  set  Kj  of  k £ K such  that  g{Vj)  C UfcgA'j  5'fe ■ Hence 
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f(X),g(Y)  are  contained  in  S'  = Sk  with  K'  = (J iGl  Ki  U (J  -eJKj.  Note 

that  the  cardinality  of  K'  is  at  most  max{Ko,  |/|,  | J|}.  Applying  Lemma ~3.9.5|we  see 
that  it  suffices  to  prove  that  siz e(f~1(Sk)  Xsk  <7_1(' Sk))  < max{size(A),  size(F))} 
for  k £ K' . In  other  words,  we  may  assume  that  S is  affine. 

Assume  S affine.  Let  X = (J)g;/  Ui,  Y = Uje  J K?  be  affine  open  coverings  with  /, 


J of  cardinality  < size(A),  size(F).  Again  by  Lemma  3.9.5  it  suffices  to  prove  the 


04T7 


lemma  for  the  products  Ui  XsVj.  By  Lemma |3. 9. 4 we  see  that  it  suffices  to  show 
that 

\A®C  B\  < max{K0,  \A\, \B\}. 

We  omit  the  proof  of  this  inequality.  □ 

Lemma  3.9.7.  Let  S be  a scheme.  Let  f : X — >•  S be  locally  of  finite  type  with  X 
quasi-compact.  Then  size(X)  < size(S). 

Proof.  We  can  find  a finite  affine  open  covering  X = |Ji=1  n Ui  such  that  each 
Ui  maps  into  an  affine  open  Si  of  S.  Thus  by  Lemma  |3.9.5|  we  reduce  to  the  case 
where  both  S and  A'  are  affine.  In  this  case  by  Lemma [3.9. 4| we  see  that  it  suffices 
to  show 

|A[aJi,...,:rn]|  < max{H0,|A|}. 

We  omit  the  proof  of  this  inequality.  □ 


04VA 


In  Algebra,  Lemma  |10.106.13|  we  will  show  that  if  A — ► B is  an  epimorphism  of 
rings,  then  \B\  < max(|A|,H0).  The  analogue  for  schemes  is  the  following  lemma. 

Lemma  3.9.8.  Let  f : X Y be  a monomorphism  of  schemes.  If  at  least  one  of 
the  following  properties  holds,  then  size(X)  < size(Y): 

(1)  / is  quasi-compact, 

(2)  f is  locally  of  finite  presentation, 

(3)  add  more  here  as  needed. 

But  the  bound  does  not  hold  for  monomorphisms  which  are  locally  of  finite  type. 

Proof.  Let  Y = jj?.£ jVj  be  an  affine  open  covering  of  Y with  |J|  < size(T).  By 
Lemma  |3.9.5  it  suffices  to  bound  the  size  of  the  inverse  image  of  Vj  in  X.  Hence 
we  reduce  to  the  case  that  Y is  affine,  say  Y = Spec(H).  For  any  affine  open 
Spec(A)  C X we  have  |A|  < max(|B|,  Hq)  = size(F),  see  remark  above  and  Lemma 


3.9.4  Thus  it  suffices  to  show  that  X has  at  most  size(P)  affine  opens.  This  is  clear 


if  X is  quasi-compact,  whence  case  (1)  holds.  In  case  (2)  the  number  of  isomorphism 
classes  of  H-algebras  A that  can  occur  is  bounded  by  size(H),  because  each  A is 
of  finite  type  over  B , hence  isomorphic  to  an  algebra  B[x i, . . . , xn]/(fi, . . . , fm) 
for  some  n,m,  and  fj  £ B[x i, . . . , xn] . However,  as  X -A  Y is  a monomorphism, 
there  is  a unique  morphism  Spec(A)  — > X over  Y = Spec(H)  if  there  is  one,  hence 
the  number  of  affine  opens  of  X is  bounded  by  the  number  of  these  isomorphism 
classes. 

To  prove  the  final  statement  of  the  lemma  consider  the  ring  B = ling  n ^2  and 
set  Y = Spec(H).  For  every  ultrafilter  U on  N we  obtain  a maximal  ideal  m u 
with  residue  field  F2;  the  map  B — > F2  sends  the  element  (xn)  to  lim^  xn.  Details 
omitted.  The  morphism  of  schemes  X = Mu  sPec(F2)  — > Y is  a monomorphisnr 
as  all  the  points  are  distinct.  However  the  cardinality  of  the  set  of  affine  open 
subschemes  of  X is  equal  to  the  cardinality  of  the  set  of  ultrafilters  on  N which  is 
22*0.  We  conclude  as  \B\  = 2^°  < 22N°.  □ 
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Lemma  3.9.9.  Let  a be  an  ordinal  as  in  Lemma 
satisfies  the  following  properties: 


3.9.2  above. 


The  category  Scha 


(1)  If  X,  Y,S  £ Ob (Scha),  then  for  any  morphisms  f : X — ► S,  g : Y — > S the 
fibre  product  I XgF  in  Scha  exists  and  is  a fibre  product  in  the  category 
of  schemes. 

(2)  Given  any  at  most  countable  collection  Si,  S2 , ■ • ■ of  elements  ofOb(Scha), 
the  coproduct  S,  exists  in  Ob (Scha)  and  is  a coproduct  in  the  category 
of  schemes. 

(3)  For  any  S £ Ob (Scha)  and  any  open  immersion  U — >•  S,  there  exists  a 
V £ Ob (Scha)  with  V = U. 

(4)  For  any  S £ Ob(Scha)  and  any  closed  immersion  T -A  S,  there  exists  a 
S'  £ Ob (Scha)  with  S'  “ T. 

(5)  For  any  S £ Ob (Scha)  and  any  finite  type  morphism  T — ► S,  there  exists 
a S'  £ Ob (Scha)  with  S'  = T. 

(6)  Suppose  S is  a scheme  which  has  an  open  covering  S = U;e/  such  that 
there  exists  a T £ Ob (Scha)  with  (a)  size(Si)  < size(T)^°  for  all  i £ I, 
and  (b)  |/|  < size(T)^0 . Then  S is  isomorphic  to  an  object  of  Scha. 

(7)  For  any  S £ Ob(Scha)  and  any  morphism  f : T — » S locally  of  finite  type 
such  that  T can  be  covered  by  at  most  size^)®0  open  afjines,  there  exists 
a S'  £ Ob (Scha)  with  S'  = T.  For  example  this  holds  if  T can  be  covered 
by  at  most  |R|  = 2^°  = open  affines. 

(8)  For  any  S £ Ob (Scha)  and  any  monomorphism  T — ► S which  is  either  lo- 
cally of  finite  presentation  or  quasi-compact,  there  exists  a S'  £ Ob  (Scha) 
with  S'  =T. 

(9)  Suppose  that  T £ Ob(Scha ) is  affine.  Write  R = T(T,Ot).  Then  any  of 
the  following  schemes  is  isomorphic  to  a scheme  in  Scha: 

(a)  For  any  ideal  I C R with  completion  R*  = lim nR/In,  the  scheme 
Spec  (R*). 

(b)  For  any  finite  type  R-algebra  R! , the  scheme  Spec(R'). 

(c)  For  any  localization  the  scheme  Spec 

(d)  For  any  prime  p C R,  the  scheme  Spec(«;(p)). 

(e)  For  any  subring  R'  C R,  the  scheme  Spec (R'). 

(f)  Any  scheme  of  finite  type  over  a ring  of  cardinality  at  most  |i?|N°. 

(g)  And  so  on. 


Proof.  Statements  (1)  and  (2)  follow  directly  from  the  definitions.  Statement  (3) 
follows  as  the  size  of  an  open  subscheme  U of  5 is  clearly  smaller  than  or  equal 
to  the  size  of  S.  Statement  (4)  follows  from  (5).  Statement  (5)  follows  from  (7). 
Statement  (6)  follows  as  the  size  of  S is  < max{|I|,  supj  size(S’j)}  < size(T)^0  by 
Lemma  3.9.5  Statement  (7)  follows  from  (6).  Namely,  for  any  affine  open  V C T 
we  have  size(P)  < size(S)  by  Lemma  3.9.7  Thus,  we  see  that  (6)  applies  in  the 


situation  of  (7).  Part  (8)  follows  from  Lemma  3.9.8 


Statement  (9)  is  translated,  via  Lemma  3.9.4  into  an  upper  bound  on  the  cardi- 
nality of  the  rings  R*,  S~1R,  «(p),  R' , etc.  Perhaps  the  most  interesting  one  is  the 
ring  R* . Asa  set,  it  is  the  image  of  a surjective  map  i?N  — > R*.  Since  |i?N|  = \R\H° , 
we  see  that  it  works  by  our  choice  of  Bound(n)  being  at  least  k^°.  Phew!  (The 
cardinality  of  the  algebraic  closure  of  a field  is  the  same  as  the  cardinality  of  the 
field,  or  it  is  H0.)  □ 
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000S  Remark  3.9.10.  Let  R be  a ring.  Suppose  we  consider  the  ring  ripeSpec(fi)  «(P)- 

The  cardinality  of  this  ring  is  bounded  by  |R|2lHI,  but  is  not  bounded  by  \R\^°  in 
general.  For  example  if  R = C[x]  it  is  not  bounded  by  and  if  R = ]jj 
it  is  not  bounded  by  Thus  the  “And  so  on”  of  Lemma 


3.9.9 


above  should 

be  taken  with  a grain  of  salt.  Of  course,  if  it  ever  becomes  necessary  to  consider 
these  rings  in  arguments  pertaining  to  fppf/etale  cohomology,  then  we  can  change 
the  function  Bound  above  into  the  function  n i— > k2  . 


In  the  following  lemma  we  use  the  notion  of  an  fpqc  covering  which  is  introduced 
in  Topologies,  Section [33. 8| 

OAHK  Lemma  3.9.11.  Let  f : X — > Y be  a morphism  of  schemes.  Assume  there 
exists  an  fpqc  covering  {gj  : Yj  -A  Y}j&j  such  that  gj  factors  through  f.  Then 
sizefY)  < size(X). 

Proof.  Let  V C Y be  an  affine  open.  By  definition  there  exist  n > 0 and  a : 
{1, . . . ,n}  ->  J and  affine  opens  V)  C Ya(i)  such  that  V = sQ(i)(Vi)U. . .Uga{n)(Vn). 
Denote  hj  : Yj  — ► X a morphism  such  that  / o hj  = gj.  Then  /ia(i)(Vi)  U . . . U 
ha(n)(Y i)  is  a quasi-compact  subset  of  /_1(F).  Hence  we  can  find  a quasi-compact 
open  W C /_1(F)  which  contains  ha^j(Vi)  for  i = l,...,n.  In  particular  V = 

f(W). 

On  the  one  hand  this  shows  that  the  cardinality  of  the  set  of  affine  opens  of  Y 
is  at  most  the  cardinality  of  the  set  S of  quasi-compact  opens  of  X.  Since  every 
quasi-compact  open  of  X is  a finite  union  of  affines,  we  see  that  the  cardinality  of 
this  set  is  at  most  sup  \S\n  = max(H0,  IS1!).  On  the  other  hand,  we  have  Oy(V)  C 
ni=i  n &Ya(i)  (K)  because  {Vi  — > V}  is  an  fpqc  covering.  Hence  Oy(V)  C Ox(W) 
because  Vi  — > V factors  through  W.  Again  since  W has  a finite  covering  by  affine 
opens  of  X we  conclude  that  \Oy{V)\  is  bounded  by  the  size  of  X.  The  lemma 
now  follows  from  the  definition  of  the  size  of  a scheme.  □ 


In  the  following  lemma  we  use  the  notion  of  an  fppf  covering  which  is  introduced 
in  Topologies,  Section  [33. 7[ 

OAHL 

exists  an  fppf  covering  {Wj  — > X}j&j  which  is  a refinement  of  {A f — » X}i&j  such 
that  size(\JWj)  < size(X). 

Proof.  Choose  an  affine  open  covering  X = [J aeAUa  with  |A|  < size(X).  For 
each  a we  can  choose  a finite  subset  Ia  C I and  for  i £ Ia  a quasi-compact  open 
Wa,i  C Xi  such  that  Ua  = Uer„.  fi(Wa,i)-  Then  size(VFa,i)  < size(A')  by  Lemma 
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3.9.7 


We  conclude  that  size(]ja  ]J-£/  Hq.a)  < size(A)  by  Lemma 


3.9.5 


□ 


Lemma  3.9.12.  Let  {/j  : A f — > A'}jg/  be  an  fppf  covering  of  a scheme.  There 


000T  Let  G be  a group.  We  denote  G-Sets  the  “big”  category  of  G-sets.  For  any  ordinal 
a,  we  denote  G-Setsa  the  full  subcategory  of  G-Sets  whose  objects  are  in  Va. 
As  a notion  for  size  of  a G-set  we  take  size(S)  = max{K0,  |G|,  |Sj}  (where  |G| 
and  |Sj  are  the  cardinality  of  the  underlying  sets).  As  above  we  use  the  function 
Bound(n)  = k^0  . 

000U  Lemma  3.10.1.  With  notations  G,  G-Setsa,  size,  and  Bound  as  above.  Let  Sq 
be  a set  of  G-sets.  There  exists  a limit  ordinal  a with  the  following  properties: 
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(1)  We  have  So  U {gG}  C Ob (G-Setsa). 

(2)  For  any  S £ Ob (G-Setsa)  and  any  G-setT  with  size(T)  < Bound(size(S)), 
there  exists  a S1  £ Ob (G-Setsa)  that  is  isomorphic  to  T. 

(3)  For  any  countable  diagram  category  I and  any  functor  F : T — > G-Setsa, 
the  limit  linix  F and  colimit  colimx  F exist  in  G-Setsa  and  are  the  same 
as  in  G-Sets. 

Proof.  Omitted.  Similar  to  but  easier  than  the  proof  of  Lemma  [3. 9.2|  above.  □ 

000V 

G-Setsa  satisfies  the  following  properties: 

(1)  The  G-set  gG  is  an  object  of  G-Setsa. 

(2)  (Co)Products,  fibre  products,  and  pushouts  exist  in  G-Setsa  and  are  the 
same  as  their  counterparts  in  G-Sets. 

(3)  Given  an  object  U of  G-Setsa,  any  G-stable  subset  O C U is  isomorphic 
to  an  object  of  G-Setsa. 

Proof.  Omitted.  □ 


Lemma  3.10.2.  Let  a be  an  ordinal  as  in  Lemma 


3.10.1 


above.  The  category 


3.11.  Coverings  of  a site 
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ooox 


Suppose  that  C is  a category  (as  in  Categories,  Definition  4.2. 1|)  and  that  Cov(C)  is 
a proper  class  of  coverings  satisfying  properties  (1),  (2),  and  (3)  of  Sites,  Definition 
17.6.21  We  list  them  here: 


(1)  If  V — > U is  an  isomorphism,  then  {V  — > 17}  £ Cov(C). 

(2)  If  {Ui  U }ig/  £ Cov(C)  and  for  each  i we  have  {Vij  -A  Ui}j^ji  £ Cov(C), 
then  {V^  ->  U}i&IjeJi  £ Cov(C). 

(3)  If  {Ui  — > U}i£i  £ Cov(C)  and  V — > U is  a morphism  of  C , then  Ui  Xu  V 
exists  for  all  i and  {Ui  Xpb-}  P},6j  £ Cov(C). 

For  an  ordinal  a , we  set  Cov(C)a  = Cov(C)D  Va.  Given  an  ordinal  a and  a cardinal 
k,  we  set  Co v(C)KjCt  equal  to  the  set  of  elements  U = {ipi  : Ui  — > U}iei  £ Co v(C)„ 
such  that  \I\  < k. 


We  recall  the  following  notion,  see  Sites,  Definition  |7.8.2[  Two  families  of  mor- 
phisms,  {i fii  : Ui  —X  U}i&i  and  {ipj  : Wj  —X  with  the  same  target  of  C are 

called  combinatorially  equivalent  if  there  exist  maps  a : I — >■  J and  /?  : J — > I such 
that  ipi  = i pa(i)  and  = T/3(j)-  This  defines  an  equivalence  relation  on  families  of 
morphisms  having  a fixed  target. 


Lemma  3.11.1.  With  notations  as  above.  Let  Covq  C Cov{C ) be  a set  contained  in 
Cov{C).  There  exist  a cardinal  k and  a limit  ordinal  a with  the  following  properties: 

(1)  We  have  Cov o C Ccw(C)K)Q. 

(2)  The  set  of  coverings  Cov(C)^ta  satisfies  (1),  (2),  and  (3)  of  Sites,  Defini- 
tion 


7.6.2  (see  above).  In  other  words  ( C , Cov(C)K:OL)  is  a site. 


(3)  Every  covering  in  Cov{C)  is  combinatorially  equivalent  to  a covering  in 
Cov(C)K}(x. 


Proof.  To  prove  this,  we  first  consider  the  set  S of  all  sets  of  morphisms  of  C with 
fixed  target.  In  other  words,  an  element  of  S is  a subset  T of  Arrows(C)  such  that 
all  elements  of  T have  the  same  target.  Given  a family  U = {ipi  : Ui  — » of 

morphisms  with  fixed  target,  we  define  Supp(U)  = {ip  £ Arrows(C)  | 3 i £ I,  ip  = 
Pi}.  Note  that  two  families  U = {(fit  : Ui  —X  U}iei  and  V = {Vj  —X  V}jej  are 
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combinatorially  equivalent  if  and  only  if  Supp(U)  = Supp(V).  Next,  we  define 
ST  C S to  be  the  subset  ST  = {T  G S \ 3 U G Cov(C)  T = Supp{U)}.  For 
every  element  T G ST,  set  (3  (T)  to  equal  the  least  ordinal  f3  such  that  there  exists  a 
U G Cov(C)/3  such  that  T = Supp(W).  Finally,  set  (3q  = supTeST  /3(T).  At  this  point 
it  follows  that  every  U G Cov(C)  is  combinatorially  equivalent  to  some  element  of 
Co v(C)^0. 

Let  k be  the  maximum  of  Ho,  the  cardinality  |Arrows(C)|, 

SOPtC/i-lt/tieieCovCC)^  l-^li  and  SUP{C/i->l7}ie/eCovo  1^1- 

Since  k is  an  infinite  cardinal,  we  have  k (g>  k = k.  Note  that  obviously  Cov(C)^0  = 
Cov(C)K)/3o. 


We  define,  by  transfinite  induction,  a function  / which  associates  to  every  ordinal 
an  ordinal  as  follows.  Let  /( 0)  = 0.  Given  /(a),  we  define  /(a  + 1)  to  be  the  least 
ordinal  {3  such  that  the  following  hold: 

(1)  We  have  a + 1 < (3  and  f(a)  < (3 . 

(2)  If  {Ui  — » U}iei  G Co v(C)Kj(a)  and  for  each  i we  have  {Wij  — » Ui}jeji  G 
Co v(C)Ki/(a),  then  {Wij  U}ieIjeJi  G Cov(C)K)jS. 

(3)  If  {Llj  — ?•  U}i£i  G Cov(C)K]Q  and  W — > U is  a morphism  of  C,  then 
{Ui  Xu  W — > II  }ig/  G Cov(C)Kijg. 

To  see  (3  exists  we  note  that  clearly  the  collection  of  all  coverings  { W \j  At/}  and 
{Ui  Xu  W — > W}  that  occur  in  (2)  and  (3)  form  a set.  Hence  there  is  some  ordinal  f3 
such  that  Vg  contains  all  of  these  coverings.  Moreover,  the  index  set  of  the  covering 
{Wij  — )•  U}  has  cardinality  J2iei  \^i\  — k®  k = k,  and  hence  these  coverings  are 
contained  in  Co v(C)Kjjg.  Since  every  nonempty  collection  of  ordinals  has  a least 
element  we  see  that  f(a  + 1)  is  well  defined.  Finally,  if  a is  a limit  ordinal,  then 
we  set  /(a)  = supa,<a  f{a'). 


Pick  an  ordinal  f3\  such  that  Arrows(C)  C Vp1,  Cov0  C Vp01  and  f3\  > /3o-  By  con- 
struction /(/3 1)  > j3\  and  we  see  that  the  same  properties  hold  for  V/(l31)-  Moreover, 
as  / is  nondecreasing  this  remains  true  for  any  (3  > {3i.  Next,  choose  any  ordinal 
/?2  > /3i  with  cofinality  cf(/?2)  > k.  This  is  possible  since  the  cofinality  of  ordinals 
gets  arbitrarily  large,  see  Proposition  3.7.2  We  claim  that  the  pair  k,  a = /(Z^)  is 
a solution  to  the  problem  posed  in  the  lemma. 


The  first  and  third  property  of  the  lemma  holds  by  our  choices  of  k,  @2  > (3i  > Po 
above. 


Since  is  a limit  ordinal  (as  its  cofinality  is  infinite)  we  get  /(fa)  = sup/3</32  f((3). 
Hence  {/(/?)  | [3  < fo}  C f({3 2)  is  a cofinal  subset.  Hence  we  see  that 

Va  = Vf(M  ~ U ; < fj2  vm- 

Now,  let  U G CovKjtl.  We  define  f3(U)  to  be  the  least  ordinal  {3  such  that  U G 
CovK  /(£).  By  the  above  we  see  that  always  /3(U)  < /32- 

We  have  to  show  properties  (1),  (2),  and  (3)  defining  a site  hold  for  the  pair 
(C,  CovKiC1).  The  first  holds  because  by  our  choice  of  /32  all  arrows  of  C are  contained 
in  Vf(f 32).  For  the  third,  we  use  that  given  a covering  U = {Ui  — >•  U}iej  G Co v(C)KjQ, 
we  have  f3(U)  < (32  and  hence  any  base  change  of  U is  by  construction  of  / contained 
in  Co v(C)K  j(/g+1)  and  hence  in  Cov(C)KjCt. 
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Finally,  for  the  second  condition,  suppose  that  {Ui  -A  U}iej  G Cov(C)Kj(Q)  and 
for  each  i we  have  Wi  = {Wij  -A  G Co v(C)Kj(a).  Consider  the  function 

I — > fa,  i !->•  Since  the  cofinality  of  is  > n > |/|  the  image  of  this  function 

cannot  be  a cofinal  subset.  Hence  there  exists  a /3  < such  that  VV,;  G CovK 
for  all  i G /.  It  follows  that  the  covering  { W \j  — > is  an  element  of 

Cav(C)Ktf(p+1)  C Cov(C)KiQ,  as  desired.  □ 


000Y 


Remark  3.11.2. 

coverings  Cov(C)a 


It  is  likely  the  case  that,  for  some  limit  ordinal  a,  the  set  of 
satisfies  the  conditions  of  the  lemma.  This  is  after  all  what 
an  application  of  the  reflection  principle  would  appear  to  give  (modulo  caveats  as 
described  at  the  end  of  Section  3.8  and  in  Remark  3.9.31. 


3.12.  Abelian  categories  and  injectives 


000Z  The  following  lemma  applies  to  the  category  of  modules  over  a sheaf  of  rings  on  a 
site. 
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Lemma  3.12.1.  Suppose  given  a big  category  A ( see  Categories,  Remark  4-2.2). 
Assume  A is  abelian  and  has  enough  injectives.  See  Homology,  Definitions  \ 1 2. 5. 7| 
and  12.23.4  Then  for  any  given  set  of  objects  {As}sgs  of  A,  there  is  an  abelian 


subcategory  A'  C A with  the  following  properties: 

(1)  Ob(A')  is  a set, 

(2)  Ob(A')  contains  As  for  each  s G S, 

(3)  A!  has  enough  injectives,  and 

(4)  an  object  of  A!  is  injective  if  and  only  if  it  is  an  injective  object  of  A. 


Proof.  Omitted. 


□ 
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Categories 


4.1.  Introduction 

Categories  were  first  introduced  in  (EM45) . The  category  of  categories  (which  is  a 
proper  class)  is  a 2-category.  Similarly,  the  category  of  stacks  forms  a 2-category. 

If  you  already  know  about  categories,  but  not  about  2-categories  you  should  read 
Section  [4.271  as  an  introduction  to  the  formal  definitions  later  on. 

4.2.  Definitions 

We  recall  the  definitions,  partly  to  fix  notation. 

4.2.1.  A category  C consists  of  the  following  data: 
set  of  objects  Ob(C). 

(2)  For  each  pair  x,y  £ Ob(C)  a set  of  morphisms  Morc(a:,?/). 

(3)  For  each  triple  x,  y,  z £ Ob(C)  a composition  map  More {y,  z)x More (x,  y)  — ► 
Morc(a;,  z),  denoted  (</>,  ip)  >->•  (poip. 

These  data  are  to  satisfy  the  following  rules: 

(1)  For  every  element  x £ Ob(C)  there  exists  a morphism  idx  £ More  (a:,  a;) 
such  that  idz  o cp  = <p  and  ip  o kR  = 'ip  whenever  these  compositions  make 
sense. 

(2)  Composition  is  associative,  i.e.,  (cp  o ip)  o \ = (p  o pip  o y)  whenever  these 
compositions  make  sense. 

It  is  customary  to  require  all  the  morphism  sets  More  (a;,  y)  to  be  disjoint.  In  this 
way  a morphism  (f>  : x — > y has  a unique  source  x and  a unique  target  y.  This  is 
not  strictly  necessary,  although  care  has  to  be  taken  in  formulating  condition  (2) 
above  if  it  is  not  the  case.  It  is  convenient  and  we  will  often  assume  this  is  the  case. 
In  this  case  we  say  that  (p  and  ip  are  composable  if  the  source  of  (p  is  equal  to  the 
target  of  ip,  in  which  case  (p  o ip  is  defined.  An  equivalent  definition  would  be  to 
define  a category  as  a quintuple  (Ob,  Arrows,  s,  t,  o)  consisting  of  a set  of  objects, 
a set  of  morphisms  (arrows),  source,  target  and  composition  subject  to  a long  list 
of  axioms.  We  will  occasionally  use  this  point  of  view. 

Remark  4.2.2.  Big  categories.  In  some  texts  a category  is  allowed  to  have  a 
proper  class  of  objects.  We  will  allow  this  as  well  in  these  notes  but  only  in  the 
following  list  of  cases  (to  be  updated  as  we  go  along).  In  particular,  when  we  say: 
“Let  C be  a category”  then  it  is  understood  that  Ob(C)  is  a set. 

(1)  The  category  Sets  of  sets. 

(2)  The  category  Ab  of  abelian  groups. 


Definition 
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(3)  The  category  Groups  of  groups. 

(4)  Given  a group  G the  category  G-Sets  of  sets  with  a left  G-action. 

(5)  Given  a ring  R the  category  Mod^  of  R-modules. 

(6)  Given  a field  k the  category  of  vector  spaces  over  k. 

(7)  The  category  of  rings. 

(8)  The  category  of  schemes. 

(9)  The  category  Top  of  topological  spaces. 

(10)  Given  a topological  space  X the  category  PSh{X)  of  presheaves  of  sets 
over  X. 

(11)  Given  a topological  space  X the  category  Sh(X ) of  sheaves  of  sets  over 

X. 

(12)  Given  a topological  space  X the  category  PAb{ X)  of  presheaves  of  abelian 
groups  over  X. 

(13)  Given  a topological  space  X the  category  Ab(X)  of  sheaves  of  abelian 
groups  over  X. 

(14)  Given  a small  category  C the  category  of  functors  from  C to  Sets. 

(15)  Given  a category  C the  category  of  presheaves  of  sets  over  C. 

(16)  Given  a site  C the  category  of  sheaves  of  sets  over  C. 

One  of  the  reason  to  enumerate  these  here  is  to  try  and  avoid  working  with  some- 
thing like  the  “collection”  of  “big”  categories  which  would  be  like  working  with  the 
collection  of  all  classes  which  I think  definitively  is  a meta-mathematical  object. 

0016  Remark  4.2.3.  It  follows  directly  from  the  definition  that  any  two  identity  mor- 
phisms  of  an  object  x of  A are  the  same.  Thus  we  may  and  will  speak  of  the  identity 
morphism  ids  of  x. 

0017  Definition  4.2.4.  A morphism  p : x — ► y is  an  isomorphism  of  the  category  C if 
there  exists  a morphism  ip  : y — ► x such  that  po  ip  = idy  and  ip  o (p  = ids . 

An  isomorphism  <p  is  also  sometimes  called  an  invertible  morphism,  and  the  mor- 
phism ip  of  the  definition  is  called  the  inverse  and  denoted  0“  . It  is  unique  if  it 
exists.  Note  that  given  an  object  x of  a category  A the  set  of  invertible  elements 
Aut^(x)  of  Mor^a;,  a:)  forms  a group  under  composition.  This  group  is  called  the 
automorphism  group  of  x in  A. 

0018  Definition  4.2.5.  A groupoid  is  a category  where  every  morphism  is  an  isomor- 
phism. 

0019  Example  4.2.6.  A group  G gives  rise  to  a groupoid  with  a single  object  x and 
morphisms  Mor(x,a;)  = G,  with  the  composition  rule  given  by  the  group  law  in  G. 
Every  groupoid  with  a single  object  is  of  this  form. 

001A  Example  4.2.7.  A set  G gives  rise  to  a groupoid  C defined  as  follows:  As  objects 
we  take  Ob(C)  :=  G and  for  morphisms  we  take  Mor(ai,  y)  empty  if  x ^ y and  equal 
to  {idx}  if  x = y. 

001B  Definition  4.2.8.  A functor  F : A B between  two  categories  A,  B is  given  by 
the  following  data: 

(1)  A map  F : Ob(A)  Ob(B). 

(2)  For  every  x,y  £ Ob(A)  a map  F : Mor^x,  y)  — > Mor B(F(x),  F(y)), 
denoted  p F(<p). 
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001C 

001D 

001E 

001F 

001G 

001H 


These  data  should  be  compatible  with  composition  and  identity  morphisms  in  the 
following  manner:  F(cf> oip)  = F(cf>)oF(ip)  for  a composable  pair  (</>,  ip)  of  morphisms 
of  A and  F(idx)  = id^^). 

Note  that  every  category  A has  an  identity  functor  id^.  In  addition,  given  a functor 
G : B — > C and  a functor  F : A — > B there  is  a composition  functor  G o F : A — > C 
defined  in  an  obvious  manner. 

Definition  4.2.9.  Let  F : A — ► B be  a functor. 

(1)  We  say  F is  faithful  if  for  any  objects  x,  y of  Ob(.4)  the  map 

F : Mor A{x,y)  ->•  MoTB(F(x),F(y)) 

is  injective. 

(2)  If  these  maps  are  all  bijective  then  F is  called  fully  faithful. 

(3)  The  functor  F is  called  essentially  surjective  if  for  any  object  y £ Ob(Z?) 
there  exists  an  object  x £ Ob(M)  such  that  F(x)  is  isomorphic  to  y in  B. 

Definition  4.2.10.  A subcategory  of  a category  B is  a category  A whose  objects 
and  arrows  form  subsets  of  the  objects  and  arrows  of  B and  such  that  source, 
target  and  composition  in  A agree  with  those  of  B.  We  say  A is  a full  subcategory 
of  B if  MorA(x,y)  = Morg(a;,y)  for  all  x,y  £ Ob(_4).  We  say  A is  a strictly  full 
subcategory  of  B if  it  is  a full  subcategory  and  given  x £ Ob(_4)  any  object  of  B 
which  is  isomorphic  to  x is  also  in  A. 


If  A CZ  B is  a subcategory  then  the  identity  map  is  a functor  from  P\.  to  B.  Fur~ 
thermore  a subcategory  A C B is  full  if  and  only  if  the  inclusion  functor  is  fully 
faithful.  Note  that  given  a category  B the  set  of  full  subcategories  of  B is  the  same 
as  the  set  of  subsets  of  Ob(S). 


Remark  4.2.11.  Suppose  that  A is  a category.  A functor  F from  A to  Sets  is  a 
mathematical  object  (i.e.,  it  is  a set  not  a class  or  a formula  of  set  theory,  see  Sets, 
Section  3.2)  even  though  the  category  of  sets  is  “big”.  Namely,  the  range  of  F on 


objects  will  be  a set  F(Ob(A))  and  then  we  may  think  of  F as  a functor  between 
A and  the  full  subcategory  of  the  category  of  sets  whose  objects  are  elements  of 

F(Ob(A)). 

Example  4.2.12.  A homomorphism  p : G — > H of  groups  gives  rise  to  a functor 


between  the  associated  groupoids  in  Example  4.2.6  It  is  faithful  (resp.  fully  faithful) 


if  and  only  if  p is  injective  (resp.  an  isomorphism). 


Example  4.2.13.  Given  a category  C and  an  object  X £ Ob(C)  we  define  the  cate- 
gory of  objects  over  A,  denoted  C/X  as  follows.  The  objects  of  C/X  are  morphisms 
Y — ► A'  for  some  Y £ Ob(C).  Morphisms  between  objects  A — >■  A and  Y'  — > X are 
morphisms  Y — > Y'  in  C that  make  the  obvious  diagram  commute.  Note  that  there 
is  a functor  px  : C/X  — >■  C which  simply  forgets  the  morphism.  Moreover  given  a 
morphism  / : X'  — \ X in  C there  is  an  induced  functor  F : C / X'  — > C /X  obtained 
by  composition  with  /,  and  px  ° F = px'  ■ 


Example  4.2.14.  Given  a category  C and  an  object  A'  £ Ob(C)  we  define  the 
category  of  objects  under  A,  denoted  A/C  as  follows.  The  objects  of  X/C  are 
morphisms  A — > Y for  some  Y £ Ob(C).  Morphisms  between  objects  A — ► Y and 
A — > Y'  are  morphisms  Y — > Y'  in  C that  make  the  obvious  diagram  commute. 
Note  that  there  is  a functor  px  ■ X/C  —¥  C which  simply  forgets  the  morphism. 
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Moreover  given  a morphism  f : X'  —¥  X in  C there  is  an  induced  functor  F : X/C  — ► 
X' /C  obtained  by  composition  with  /,  and  px>  ° F = px- 

0011  Definition  4.2.15.  Let  F,  G : A — ► B be  functors.  A natural  transformation,  or 
a morphism  of  functors  t : F — > G,  is  a collection  {tx}xeOb{A)  such  that 

(1)  tx  : F( x)  — > G(x)  is  a morphism  in  the  category  B,  and 

(2)  for  every  morphism  : x — > y of  A the  following  diagram  is  commutative 


F{x)  — G{ x) 


FW 

F(y ) 


GW 


G(y) 


Sometimes  we  use  the  diagram 

F 

B 

G 

to  indicate  that  t is  a morphism  from  F to  G. 

Note  that  every  functor  F comes  with  the  identity  transformation  id p ■ F F. 
In  addition,  given  a morphism  of  functors  t : F — » G and  a morphism  of  functors 
s : E — >■  F then  the  composition  t o s is  defined  by  the  rule 

(t  O s)x  = tx  o sx  : E(x)  -S>  G(x) 

for  x € Ob(A).  It  is  easy  to  verify  that  this  is  indeed  a morphism  of  functors  from 
E to  G.  In  this  way,  given  categories  A and  B we  obtain  a new  category,  namely 
the  category  of  functors  between  A and  B. 

02C2  Remark  4.2.16.  This  is  one  instance  where  the  same  thing  does  not  hold  if  A is 
a “big”  category.  For  example  consider  functors  Sets  — > Sets.  As  we  have  currently 
defined  it  such  a functor  is  a class  and  not  a set.  In  other  words,  it  is  given  by  a 
formula  in  set  theory  (with  some  variables  equal  to  specified  sets)!  It  is  not  a good 
idea  to  try  to  consider  all  possible  formulae  of  set  theory  as  part  of  the  definition  of 
a mathematical  object.  The  same  problem  presents  itself  when  considering  sheaves 
on  the  category  of  schemes  for  example.  We  will  come  back  to  this  point  later. 

001J  Definition  4.2.17.  An  equivalence  of  categories  F : A — > B is  a functor  such  that 
there  exists  a functor  G : B — > A such  that  the  compositions  F o G and  G o F are 
isomorphic  to  the  identity  functors  idg,  respectively  idyi.  In  this  case  we  say  that 
G is  a quasi-inverse  to  F. 

05SG  Lemma  4.2.18.  Let  F : A B be  a fully  faithful  functor.  Suppose  for  every 
X £ Ob (B)  given  an  object  j(X)  of  A and  an  isomorphism  ix  ■ X — > F(J(X)). 
Then  there  is  a unique  functor  j : B -A-  A such  that  j extends  the  rule  on  objects, 
and  the  isomorphisms  ix  define  an  isomorphism  of  functors  idg  — > Foj.  Moreover, 
j and  F are  quasi-inverse  equivalences  of  categories. 

Proof.  This  lemma  proves  itself.  □ 

02C3  Lemma  4.2.19.  A functor  is  an  equivalence  of  categories  if  and  only  if  it  is  both 
fully  faithful  and  essentially  surjective. 
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00  IK 


001L 

001M 


001N 


02X6 


0010 


Proof.  Let  F : A — > B be  essentially  surjective  and  fully  faithful.  As  by  convention 
all  categories  are  small  and  as  F is  essentially  surjective  we  can,  using  the  axiom 
of  choice,  choose  for  every  X £ Ob(S)  an  object  j(X)  of  A and  an  isomorphism 
ix  : X — > F(j(X)).  Then  we  apply  Lemma  4.2.18  using  that  F is  fully  faithful.  □ 


Definition  4.2.20.  Let  A,  B be  categories.  We  define  the  product  category  Ax  B 
to  be  the  category  with  objects  Ob(M  x B)  = Ob(M)  x Ob(S)  and 

Mor_4Xg((;r,  y),  (a/,  y'))  :=  MorA(x,x')  x Mor s(y,t/)- 
Composition  is  defined  componentwise. 


4.3.  Opposite  Categories  and  the  Yoneda  Lemma 


Definition  4.3.1.  Given  a category  C the  opposite  category  Copp  is  the  category 
with  the  same  objects  as  C but  all  morphisms  reversed. 

In  other  words  M.orcow{x,  y)  = More  (y,  x).  Composition  in  Copp  is  the  same  as  in 
C except  backwards:  if  <p  : y — > z and  ip  : x — > y are  morphisms  in  Copp , in  other 
words  arrows  z -A-  y and  y — > x in  C,  then  <f>  oopp  ip  is  the  morphism  x — > z of  Copp 
which  corresponds  to  the  composition  z — > y — > x in  C. 

Definition  4.3.2.  Let  C,  S be  categories.  A contravariant  functor  F from  C to  S 
is  a functor  Copp  -A  S. 

Concretely,  a contravariant  functor  F is  given  by  a map  F : Ob(C)  -A  Ob  (5)  and 
for  every  morphism  ip  : x — > y in  C a morphism  F(ip)  : F(y)  — > F(x).  These 
should  satisfy  the  property  that,  given  another  morphism  <fi  : y z,  we  have 
F(<poip)  = F(ip)  o F(<p)  as  morphisms  F(z)  — t F( x).  (Note  the  reverse  of  order.) 

Definition  4.3.3.  Let  C be  a category. 

(1)  A presheaf  of  sets  on  C or  simply  a presheaf  is  a contravariant  functor  F 
from  C to  Sets. 

(2)  The  category  of  presheaves  is  denoted  PSh(C). 

Of  course  the  category  of  presheaves  is  a proper  class. 

Example  4.3.4.  Functor  of  points.  For  any  U £ Ob(C)  there  is  a contravariant 
functor 

hjj  : C — ► Sets 

X i — > Morc{X,U) 

which  takes  an  object  X to  the  set  Morc(Y,  U).  In  other  words  hjj  is  a presheaf. 
Given  a morphism  / : X — > Y the  corresponding  map  hjj(f)  : More  (Y,  17)  — > 
More  (A',  U)  takes  (ptoepof.  We  will  always  denote  this  presheaf  h\j  : Copp  — >•  Sets. 
It  is  called  the  representable  presheaf  associated  to  U.  If  C is  the  category  of  schemes 
this  functor  is  sometimes  referred  to  as  the  functor  of  points  of  U. 

Note  that  given  a morphism  <p  : 17  — » V in  C we  get  a corresponding  natural 
transformation  of  functors  h{(p)  : h\j  -A  hy  defined  simply  by  composing  with  the 
morphism  17  -A  V.  It  is  trivial  to  see  that  this  turns  composition  of  morphisms  in 
C into  composition  of  transformations  of  functors.  In  other  words  we  get  a functor 

h : C — >•  Fun(Copp,  Sets ) = PSh{C) 
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Note  that  the  target  is  a “big”  category,  see  Remark  |4.2.2[  On  the  other  hand,  h 


is  an  actual  mathematical  object  (i.e.  a set),  compare  Remark  4.2.11 


001P 


Lemma  4.3.5  (Yoneda  lemma).  Let  U,  V £ Ob(C).  Given  any  morphism  of 
functors  s : hjj  —¥  hy  there  is  a unique  morphism  cf> : U — >■  V such  that  h(<p)  = s.  In 
other  words  the  functor  h is  fully  faithful.  More  generally , given  any  contravariant 
functor  F and  any  object  U of  C we  have  a natural  bijection 

Mor PSh(C){hu,F)  — » F(U),  s i — » Su{idu). 

Proof.  For  the  first  statement,  just  take  </>  = S[/(id[/)  £ More {U,  V).  For  the 
second  statement,  given  £ £ F{U)  define  s by  sy  : hjj{V)  -A  F(V)  by  sending  the 
element  / : V — > U of  hv{U)  = Morc(U,  U)  to  P(/)(£)-  □ 


Appeared  in  some 
form  in  |Yon54| . 

Used  by 

Grothendieck  in  a 
generalized  form  in 

|Gro95b]. 


001Q  Definition  4.3.6.  A contravariant  functor  F : C — > Sets  is  said  to  be  representable 
if  it  is  isomorphic  to  the  functor  of  points  hu  for  some  object  U of  C. 


Let  C be  a category  and  let  F : Copp  -A  Sets  be  a representable  functor.  Choose 
an  object  U of  C and  an  isomorphism  s : hjj  — * F . The  Yoneda  lemma  guarantees 
that  the  pair  ( U , s ) is  unique  up  to  unique  isomorphism.  The  object  U is  called  an 
object  representing  F.  By  the  Yoneda  lemma  the  transformation  s corresponds  to 
a unique  element  £ £ F(U).  This  element  is  called  the  universal  object.  It  has  the 
property  that  for  V £ Ob(C)  the  map 

Morc (V,U)-^F(V),  (f  : V ->  U) —>  F(f)(£) 

is  a bijection.  Thus  £ is  universal  in  the  sens  that  every  element  of  F(V)  is  equal 
to  the  image  of  £ via  F(f)  for  a unique  morphism  / : V — > U in  C. 


4.4.  Products  of  pairs 


001R 

001S  Definition  4.4.1.  Let  x,y  £ Ob(C).  A product  of  x and  y is  an  object  x x y £ 
Ob(C)  together  with  morphisms  p £ More  (a:  x y,x)  and  q £ More  (a;  x y,y)  such 
that  the  following  universal  property  holds:  for  any  w £ Ob(C)  and  morphisms 
a £ More(tu,a:)  and  /3  £ Mor c{w,y)  there  is  a unique  7 £ More (w,  x x y)  making 
the  diagram 


commute. 

If  a product  exists  it  is  unique  up  to  unique  isomorphism.  This  follows  from  the 
Yoneda  lemma  as  the  definition  requires  x x y to  be  an  object  of  C such  that 


hxxy{w ) = hx(w)  x hy(w) 

functorially  in  w.  In  other  words  the  product  x x y is  an  object  representing  the 
functor  w 1— > hx(w)  x hy(w). 
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001T  Definition  4.4.2.  We  say  the  category  C has  products  of  pairs  of  objects  if  a 
product  x x y exists  for  any  x,y  £ Ob (C). 

We  use  this  terminology  to  distinguish  this  notion  from  the  notion  of  “having  prod- 
ucts” or  “having  finite  products”  which  usually  means  something  else  (in  particular 
it  always  implies  there  exists  a final  object). 

4.5.  Coproducts  of  pairs 

04AN 

04AO  Definition  4.5.1.  Let  x,y  £ Ob(C).  A coproduct,  or  amalgamated  sum  of  x 
and  y is  an  object  x II  y £ Ob(C)  together  with  morphisms  i £ Mor c{x,x  II  y) 
and  j £ More  {y,  x II  y)  such  that  the  following  universal  property  holds:  for  any 
w £ Ob(C)  and  morphisms  a £ Mor c{x,w)  and  /3  £ Mor c{y,w)  there  is  a unique 
7 £ More  (a:  II  y,  w ) making  the  diagram 


w 

commute. 

If  a coproduct  exists  it  is  unique  up  to  unique  isomorphism.  This  follows  from  the 
Yoneda  lemma  (applied  to  the  opposite  category)  as  the  definition  requires  x II  y 
to  be  an  object  of  C such  that 

More  (xJly,w)  = More  (x,w)  x More  (y,w) 

functorially  in  w. 

04AP  Definition  4.5.2.  We  say  the  category  C has  coproducts  of  pairs  of  objects  if  a 
coproduct  x II  y exists  for  any  x,y  £ Ob(C). 

We  use  this  terminology  to  distinguish  this  notion  from  the  notion  of  “having 
coproducts”  or  “having  finite  coproducts”  which  usually  means  something  else  (in 
particular  it  always  implies  there  exists  an  initial  object  in  C). 

4.6.  Fibre  products 

001U 

001V  Definition  4.6.1.  Let  x,y,z  £ Ob(C),  / £ Mor c(x,y)  and  g £ Mor c(z,y).  A 
fibre  product  of  / and  g is  an  object  x xy  z £ Ob(C)  together  with  morphisms 
p £ More  (2  xy  z,x)  and  q £ Morc(x  xy  z,  z)  making  the  diagram 

xxyz-^z 


v 


Y 

X 


3 


f v 

— 
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commute,  and  such  that  the  following  universal  property  holds:  for  any  w £ Ob(C) 
and  morphisms  a € Morc(w,  x)  and  /3  £ Morale,  z)  with  f o a = g o /3  there  is  a 
unique  7 £ More  (w,  x xy  z)  making  the  diagram 


commute. 

If  a fibre  product  exists  it  is  unique  up  to  unique  isomorphism.  This  follows  from 
the  Yoneda  lemma  as  the  definition  requires  x xy  z to  be  an  object  of  C such  that 

hxxvz(w)  = hx(w)  xhy(w)  hz(w) 

functorially  in  w.  In  other  words  the  fibre  product  x xy  z is  an  object  representing 
the  functor  w 1— > hx(w ) xhy ^ hz{w). 

08N0  Definition  4.6.2.  We  say  a commutative  diagram 

w > 2; 


x s-  y 

in  a category  is  cartesian  if  w and  the  morphisms  w — > x and  w —>  z form  a fibre 
product  of  the  morphisms  x — > y and  z — >•  y. 

001W  Definition  4.6.3.  We  say  the  category  C has  fibre  products  if  the  fibre  product 
exists  for  any  / £ Mor c{x,y)  and  g £ Morc(z,y). 

001X  Definition  4.6.4.  A morphism  f : x —>  y of  a category  C is  said  to  be  representable 
if  for  every  morphism  z — > y in  C the  fibre  product  x xy  z exists. 

001Y  Lemma  4.6.5.  Let  C be  a category.  Let  f : x — > y,  and  g : y — > z be  representable. 
Then  g o / : x — > z is  representable. 

Proof.  Omitted.  □ 

001Z  Lemma  4.6.6.  Let  C be  a category.  Let  f : x —¥  y be  representable.  Let  y'  — » y be 
a morphism  of  C.  Then  the  morphism  x'  :=  x xy  y'  — ► y'  is  representable  also. 

Proof.  Let  z — > y'  be  a morphism.  The  fibre  product  x'  xy>  z is  supposed  to 
represent  the  functor 

w 1 ^ hx-{w)  xhyl{w)  hz(w) 

{hxi'w)  hy' (w'))  x hy/(w ) hz{w) 

= hx(w)  xhy{w)hz(w) 

which  is  representable  by  assumption.  □ 
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4.7.  Examples  of  fibre  products 

0020  In  this  section  we  list  examples  of  fibre  products  and  we  describe  them. 

As  a really  trivial  first  example  we  observe  that  the  category  of  sets  has  fibred 
products  and  hence  every  morphism  is  representable.  Namely,  if  / : X — x Y and 
g : Z — X Y are  maps  of  sets  then  we  define  X xy  Z as  the  subset  of  X x Z 
consisting  of  pairs  (x,z)  such  that  f(x)  = g(z).  The  morphisms  p : X Xy  Z — X X 
and  q : X Xy  Z — x Z are  the  projection  maps  (x,  z ) i— X x,  and  (x,  z)  K X z.  Finally, 
if  a : W -A  X and  /3  : W — x Z are  morphisms  such  that  / o a = g o /?  then  the  map 
W — X X x Z,  w ha  (a(w),  /3(w))  obviously  ends  up  in  X Xy  Z as  desired. 

In  many  categories  whose  objects  are  sets  endowed  with  certain  types  of  algebraic 
structures  the  fibre  product  of  the  underlying  sets  also  provides  the  fibre  product 
in  the  category.  For  example,  suppose  that  X , Y and  Z above  are  groups  and  that 
/,  g are  homomorphisms  of  groups.  Then  the  set-theoretic  fibre  product  X Xy  Z 
inherits  the  structure  of  a group,  simply  by  defining  the  product  of  two  pairs  by 
the  formula  (x,z)  ■ (x',z')  = (a :x',zz').  Here  we  list  those  categories  for  which  a 
similar  reasoning  works. 

(1)  The  category  Groups  of  groups. 

(2)  The  category  G-Sets  of  sets  endowed  with  a left  G-action  for  some  fixed 
group  G. 

(3)  The  category  of  rings. 

(4)  The  category  of  ij-modules  given  a ring  R. 


4.8.  Fibre  products  and  representability 

0021  In  this  section  we  work  out  fibre  products  in  the  category  of  contravariant  func- 
tors from  a category  to  the  category  of  sets.  This  will  later  be  superseded  during 
the  discussion  of  sites,  presheaves,  sheaves.  Of  some  interest  is  the  notion  of  a 
“representable  morphism”  between  such  functors. 

0022  Lemma  4.8.1.  Let  C be  a category.  Let  F:G,H  : C°vv  —X  Sets  be  functors.  Let 
a : F —X  G and  b : H — x G be  transformations  of  functors.  Then  the  fibre  product 
F xa,G,b  H in  the  category  Fun(Copp , Sets)  exists  and  is  given  by  the  formula 

(F  xa,G,b  H)(X)  = F(X)  xax,G(x),bx  H{ X) 
for  any  object  X of  C. 

Proof.  Omitted.  □ 


As  a special  case  suppose  we  have  a morphism  a : F — x G,  an  object  U £ Ob(C) 
and  an  element  £ £ G(t/).  According  to  the  Yoneda  Lemma  4.3.5  this  gives  a 
transformation  £ : hjj  —X  G.  The  fibre  product  in  this  case  is  described  by  the  rule 

(hu  X£,G,a  F)(X)  = {(/,£')  | / : X -x  U,  £'  e F(X),  G(/)(£)  = ax(£')} 


If  F,  G are  also  representable,  then  this  is  the  functor  representing  the  fibre  product, 
if  it  exists,  see  Section  |4.6|  The  analogy  with  Definition  |4.6.4|  prompts  us  to  define 
a notion  of  representable  transformations. 


0023  Definition  4.8.2.  Let  C be  a category.  Let  F,  G : Copp  —X  Sets  be  functors.  We  say 
a morphism  a : F — x G is  representable , or  that  F is  relatively  representable  over 
G,  if  for  every  U £ Ob(C)  and  any  £ £ G{U)  the  functor  hu  Xq  F is  representable. 
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03KC  Lemma  4.8.3.  LetC  be  a category.  Let  a : F — >•  G be  a morphism  of  contravariant 
functors  from  C to  Sets.  If  a is  representable,  and  G is  a representable  functor,  then 
F is  representable. 

Proof.  Omitted.  □ 

0024  Lemma  4.8.4.  Let  C be  a category.  Let  F : Copp  — > Sets  be  a functor.  Assume  C 
has  products  of  pairs  of  objects  and  fibre  products.  The  following  are  equivalent: 

(1)  The  diagonal  F — * F x F is  representable. 

(2)  For  every  U in  C,  and  any  £ £ F(U)  the  map  £ : hu  — ► F is  representable. 

Proof.  Suppose  the  diagonal  is  representable,  and  let  U,  £ be  given.  Consider  any 
V £ Ob(C)  and  any  £'  £ F{V).  Note  that  hu  x hy  = huxv  is  representable. 
Hence  the  fibre  product  of  the  maps  (£,  £')  : hjj  x hy  — > F x F and  F — ► F x F 
is  representable  by  assumption.  This  means  there  exists  W £ Ob(C),  morphisms 
W — ► U , W — ► V and  hw  — t F such  that 

hw F 


hu  x hy ->*  F x F 

is  cartesian.  We  leave  it  to  the  reader  to  see  that  this  implies  that  hw  = hu  x f hy 
as  desired. 

Assume  (2)  holds.  Consider  any  V £ Ob(C)  and  any  (£,£')  £ (fx  F)(V).  We  have 
to  show  that  hy  x fxf  F is  representable.  What  we  know  is  that  hy  hy  is 

representable,  say  by  W in  C with  corresponding  morphisms  a,  a1  : W — > V (such 
that  (on  = ('o  a').  Consider  W'  = W X(a,a'),yxy  V.  It  is  formal  to  show  that  W' 
represents  hy  XpXF  F because 

hw1  = hw  Xhvxhv  hy  = {hy  X^F,i’  hy)  Xhvxhv  hy  = F XpxF  hy. 

□ 

4.9.  Pushouts 

0025  The  dual  notion  to  fibre  products  is  that  of  pushouts. 

0026  Definition  4.9.1.  Let  x,y,z  £ Ob(C),  / £ Morc(y,a;)  and  g £ Morc(y, z).  A 
pushout  of  / and  g is  an  object  x Hy  z £ Ob(C)  together  with  morphisms  p £ 
Morc(ir,  x Hy  z)  and  q £ More(z,  x Hy  z)  making  the  diagram 


/ 9 

V p 

X 9-  X \ly  Z 


commute,  and  such  that  the  following  universal  property  holds:  For  any  w £ Ob(C) 
and  morphisms  a £ Morc(:c,u;)  and  [3  £ Moi'e(z,  w)  with  a o / = f}  o g there  is  a 
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unique  7 € More  (a?  z,w)  making  the  diagram 


commute. 

It  is  possible  and  straightforward  to  prove  the  uniqueness  of  the  triple  (xlly  z,p,q) 
up  to  unique  isomorphism  (if  it  exists)  by  direct  arguments.  Another  possibility 
is  to  think  of  the  pushout  as  the  fibre  product  in  the  opposite  category,  thereby 
getting  this  uniqueness  for  free  from  the  discussion  in  Section  [4. 6| 

08N1  Definition  4.9.2.  We  say  a commutative  diagram 

y ^ z 


x w 

in  a category  is  cocartesian  if  w and  the  morphisms  x — > w and  z — ► w form  a 
pushout  of  the  morphisms  y — > x and  y -A  z. 

4.10.  Equalizers 

0027 

0028  Definition  4.10.1.  Suppose  that  X,  Y are  objects  of  a category  C and  that 
a,b  : X Y are  morphisms.  We  say  a morphism  e : Z — ► X is  an  equalizer  for 
the  pair  (a,b)  if  a o e = b o e and  if  (Z,  e ) satisfies  the  following  universal  property: 
For  every  morphism  t : W — > X in  C such  that  a o t = b o t there  exists  a unique 
morphism  s : W — > Z such  that  t = e o s. 

As  in  the  case  of  the  fibre  product  above,  equalizers  when  they  exist  are  unique  up 
to  unique  isomorphism.  There  is  a straightforward  generalization  of  this  definition 
to  the  case  where  we  have  more  than  2 morphisms. 

4.11.  Coequalizers 

0029 

002A  Definition  4.11.1.  Suppose  that  A',  Y are  objects  of  a category  C and  that 
a,  b : X — > Y are  morphisms.  We  say  a morphism  c : Y — > Z is  a coequalizer  for 
the  pair  (a,  b)  if  c o a = c o b and  if  ( Z , c)  satisfies  the  following  universal  property: 
For  every  morphism  t : Y — > W in  C such  that  t o a = t o b there  exists  a unique 
morphism  s : Z — > W such  that  t = s o c. 

As  in  the  case  of  the  pushouts  above,  coequalizers  when  they  exist  are  unique  up 
to  unique  isomorphism,  and  this  follows  from  the  uniqueness  of  equalizers  upon 
considering  the  opposite  category.  There  is  a straightforward  generalization  of  this 
definition  to  the  case  where  we  have  more  than  2 morphisms. 
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4.12.  Initial  and  final  objects 

002B 

002C  Definition  4.12.1.  Let  C be  a category. 

(1)  An  object  x of  the  category  C is  called  an  initial  object  if  for  every  object 
y of  C there  is  exactly  one  morphism  x — x y. 

(2)  An  object  x of  the  category  C is  called  a final  object  if  for  every  object  y 
of  C there  is  exactly  one  morphism  y — X x. 

In  the  category  of  sets  the  empty  set  0 is  an  initial  object,  and  in  fact  the  only 
initial  object.  Also,  any  singleton , i.e.,  a set  with  one  element,  is  a final  object  (so 
it  is  not  unique). 

4.13.  Monomorphisms  and  Epimorphisms 

003A 

003B  Definition  4.13.1.  Let  C be  a category  and  let  / : X — X Y be  a morphism  of  C. 

(1)  We  say  that  / is  a monomorphism  if  for  every  object  W and  every  pair 
of  morphisms  a,  6 : W -4  X such  that  foa  = fob  we  have  a = b. 

(2)  We  say  that  / is  an  epimorphism  if  for  every  object  W and  every  pair  of 
morphisms  a,b  : Y — x W such  that  a o f = b o f we  have  a = b. 

003C  Example  4.13.2.  In  the  category  of  sets  the  monomorphisms  correspond  to  in- 
jective maps  and  the  epimorphisms  correspond  to  surjective  maps. 

08LR  Lemma  4.13.3.  Let  C be  a category,  and  let  f : X — x Y be  a morphism  of  C. 
Then 

(1)  / is  a monomorphism  if  and  only  if  X is  the  fibre  product  X Xy  X , and 

(2)  / is  an  epimorphism  if  and  only  ifY  is  the  pushout  YU  \ Y. 

Proof.  Omitted.  □ 

4.14.  Limits  and  colimits 

002D  Let  C be  a category.  A diagram  in  C is  simply  a functor  M : I — x C.  We  say  that 
1 is  the  index  category  or  that  M is  an  I-diagram.  We  will  use  the  notation  Mi 
to  denote  the  image  of  the  object  i of  X.  Hence  for  </>  : * — x i7  a morphism  in  X we 
have  M(<j) ) : M*  — x Mp. 

002E  Definition  4.14.1.  A limit  of  the  I-diagram  M in  the  category  C is  given  by  an 
object  limx  M in  C together  with  morphisms  pi  : limx  M —X  M,,  such  that 

(1)  for  (j> : i ^ i1  a morphism  in  X we  have  pp  = M(<f>)  o pi,  and 

(2)  for  any  object  W in  C and  any  family  of  morphisms  qi  : W — X Mj  (indexed 
by  i € X)  such  that  for  all  <p  : i — X i'  in  X we  have  qp  = Ad  (</>)  o qt  there 
exists  a unique  morphism  q : W — X limx  Ad  such  that  qi  = Pi  o q for  every 
object  i of  X. 

Limits  (limx  Ad,  (pi)igob(i))  are  (if  they  exist)  unique  up  to  unique  isomorphism  by 
the  uniqueness  requirement  in  the  definition.  Products  of  pairs,  fibred  products, 
and  equalizers  are  examples  of  limits.  The  limit  over  the  empty  diagram  is  a final 
object  of  C.  In  the  category  of  sets  all  limits  exist.  The  dual  notion  is  that  of 
colimits. 
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002F  Definition  4.14.2.  A colimit  of  the  I-diagram  M in  the  category  C is  given  by 
an  object  colimx  M in  C together  with  morphisms  s,t  : Mi  — > colimx  M such  that 

(1)  for  <f>  : i -A  i'  a morphism  in  X we  have  Si  = Si>  o M {(/)),  and 

(2)  for  any  object  W in  C and  any  family  of  morphisms  U : Mi  — » W (indexed 
by  i £ I)  such  that  for  all  </>:?'  -A  i!  in  X we  have  tj  = tp  o M ( q i)  there 
exists  a unique  morphism  t : colimx  M -A  W such  that  tj  = t o s * for  every 
object  i of  I. 


002G 

002H 


Colimits  (colimx  M,  (sj)ieOb(i))  are  (if  they  exist)  unique  up  to  unique  isomorphism 
by  the  uniqueness  requirement  in  the  definition.  Coproducts  of  pairs,  pushouts, 
and  coequalizers  are  examples  of  colimits.  The  colimit  over  an  empty  diagram  is 
an  initial  object  of  C.  In  the  category  of  sets  all  colimits  exist. 


Remark  4.14.3.  The  index  category  of  a (co)limit  will  never  be  allowed  to  have 
a proper  class  of  objects.  In  this  project  it  means  that  it  cannot  be  one  of  the 
categories  listed  in  Remark |4. 2. 2| 


Remark  4.14.4.  We  often  write  lim,  M, . colinq  Mi,  lim,ex  M.(,  or  colin ijgx-^j 
instead  of  the  versions  indexed  by  X.  Using  this  notation,  and  using  the  description 
of  limits  and  colimits  of  sets  in  Section  4.15  below,  we  can  say  the  following.  Let 
M : X — > C be  a diagram. 

(1)  The  object  linq  Mi  if  it  exists  satisfies  the  following  property 


Mor c(W,  lim,:  M,)  = lim,  Mor c(W,  Mi) 


where  the  limit  on  the  right  takes  place  in  the  category  of  sets. 

(2)  The  object  colimx  M,;  if  it  exists  satisfies  the  following  property 

Morc(colim,;  Mt,  W)  = limigx°pp  Mor c(Mi;  W ) 

where  on  the  right  we  have  the  limit  over  the  opposite  category  with  value 
in  the  category  of  sets. 

By  the  Yoneda  lemma  (and  its  dual)  this  formula  completely  determines  the  limit, 
respectively  the  colimit. 


As  an  application  of  the  notions  of  limits  and  colimits  we  define  products  and 
coproducts. 

0021  Definition  4.14.5.  Suppose  that  / is  a set,  and  suppose  given  for  every  i £ I 
an  object  Mi  of  the  category  C.  A product  is  by  definition  limx-M  (if  it 

exists)  where  X is  the  category  having  only  identities  as  morphisms  and  having  the 
elements  of  I as  objects. 

An  important  special  case  is  where  / = 0 in  which  case  the  product  is  a final 
object  of  the  category.  The  morphisms  pi  : J~[  Mi  — > Mi  are  called  the  projection 
morphisms. 

002J  Definition  4.14.6.  Suppose  that  / is  a set,  and  suppose  given  for  every  i £ I an 
object  Mi  of  the  category  C.  A coproduct  JJ ieI  Mi  is  by  definition  colimx  M (if  it 
exists)  where  X is  the  category  having  only  identities  as  morphisms  and  having  the 
elements  of  I as  objects. 


An  important  special  case  is  where  I = 0 in  which  case  the  coproduct  is  an  initial 
object  of  the  category.  Note  that  the  coproduct  comes  equipped  with  morphisms 
->  U Mi . These  are  sometimes  called  the  coprojections. 
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002K  Lemma  4.14.7.  Suppose  that  M : I — > C,  and  N : J — >•  C are  diagrams  whose 
colimits  exist.  Suppose  H : I — ► J is  a functor,  and  suppose  t : M — > N o H is  a 
transformation  of  functors.  Then  there  is  a unique  morphism 

6 : colimx  M — ► colim  j N 

such  that  all  the  diagrams 


Mi >-  colimx  M 


Nh(i) 


e 

Y 

colim  j N 


commute. 

Proof.  Omitted.  □ 

002L  Lemma  4.14.8.  Suppose  that  M : 1 — > C,  and  N : J C are  diagrams  whose 
limits  exist.  Suppose  H : I — > J is  a functor,  and  suppose  t : N o H — » M is  a 
transformation  of  functors.  Then  there  is  a unique  morphism 

9 : lim  j N — > limx  M 

such  that  all  the  diagrams 

lim  j N ► Nh  (i) 

e u 

Y Y 

limx  M A li 

commute. 

Proof.  Omitted.  □ 

002M  Lemma  4.14.9.  Let  I,  J he  index  categories.  Let  M : I x J — » C be  a functor. 
We  have 

colimx  coliriL,  Mj  j = colim,  .,-  M,  j = colim^  colimx  Mij 
provided  all  the  indicated  colimits  exist.  Similar  for  limits. 

Proof.  Omitted.  □ 

002N  Lemma  4.14.10.  Let  M : I — >■  C be  a diagram.  Write  I = Ob(I)  and  A = 
ArrowlT).  Denote  s,t  : A — > I the  source  and  target  maps.  Suppose  that  Yliai  Mi 
and  YlaGAMt(a)  exist.  Suppose  that  the  equalizer  of 

<t>~  _ 

rile/  Mi  ^ IlaeA  Mt(a) 

exists,  where  the  morphisms  are  determined  by  their  components  as  follows:  PaOif  = 
M(a ) o ps(a)  and  pa  ° <f>  = Pt(a)-  Then  this  equalizer  is  the  limit  of  the  diagram. 


Proof.  Omitted. 


□ 
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002P  Lemma  4.14.11.  Let  M : X — ► C be  a diagram.  Write  I = Ob(Z)  and  A = 
Arrow(L).  Denote  s,t  : A — ► I the  source  and  target  maps.  Suppose  that  ]jig/ M, 
and  UaeAMs{a)  exist.  Suppose  that  the  coequalizer  of 

$ 

UaG.4  Ms{a)  ^ M.j 

exists,  where  the  morphisms  are  determined  hy  their  components  as  follows:  The 
component  Ms(„)  maps  via  i/)  to  the  component  Mtta)  via  the  morphism  a.  The 
component  Ms/a)  maps  via  <f>  to  the  component  Ms(a)  by  the  identity  morphism. 
Then  this  coequalizer  is  the  colimit  of  the  diagram. 

Proof.  Omitted.  □ 

4.15.  Limits  and  colimits  in  the  category  of  sets 

002U  Not  only  do  limits  and  colimits  exist  in  Sets  but  they  are  also  easy  to  describe. 
Namely,  let  M : T — > Sets , i M,  be  a diagram  of  sets.  Denote  / = Ob(Z).  The 
limit  is  described  as 

lim xM  = {(mi)i£i  £ TT  Mi  \ \/(j>  : i i!  inX,M(0)(m»)  = m»/}. 

So  we  think  of  an  element  of  the  limit  as  a compatible  system  of  elements  of  all  the 
sets  Mi. 

On  the  other  hand,  the  colimit  is 

colinix  M = (T  T Mi)/  ~ 

where  the  equivalence  relation  ~ is  the  equivalence  relation  generated  by  setting 
mi  ~ TOi'  if  mi  £ Mi,  m#  £ My  and  M{<j)){mi)  = my  for  some  <f>\i—ti'.  In  other 
words,  mi  £ Mi  and  my  £ My  are  equivalent  if  there  is  a chain  of  morphisms  in  T 


*1  *3  *2n-l 


i = io  *2  • • ■ *2n  = i' 

and  elements  £ Mij  mapping  to  each  other  under  the  maps  Mi2k_1  — > Mi2k_2 
and  Mi2k_2  — > Mi2k  induced  from  the  maps  in  I above. 

This  is  not  a very  pleasant  type  of  object  to  work  with.  But  if  the  diagram  is 
filtered  then  it  is  much  easier  to  describe.  We  will  explain  this  in  Section  [4. 19| 

4.16.  Connected  limits 

04AQ  A (co)limit  is  called  connected  if  its  index  category  is  connected. 

002S  Definition  4.16.1.  We  say  that  a category  X is  connected  if  the  equivalence 
relation  generated  by  x ~ y <t=>  Morx(x,  y)  ^ 0 has  exactly  one  equivalence  class. 

Here  we  follow  the  convention  of  Topology,  Definition  |5.6.1|  that  connected  spaces 
are  nonempty.  The  following  in  some  vague  sense  characterizes  connected  limits. 


4.17.  COFINAL  AND  INITIAL  CATEGORIES 


91 


002T  Lemma  4.16.2.  Let  C be  a category.  Let  X be  an  object  ofC.  Let  M : X — > C/X 
be  a diagram  in  the  category  of  objects  over  X.  If  the  index  category  X is  connected 
and  the  limit  of  M exists  in  C/X , then  the  limit  of  the  composition  L — > C/X  — > C 
exists  and  is  the  same. 

Proof.  Let  M — > X be  an  object  representing  the  limit  in  C/X.  Consider  the 
functor 

W i — > lim*  More  (IP,  Mf). 

Let  (ipf)  be  an  element  of  the  set  on  the  right.  Since  each  Mj  comes  equipped  with 
a morphism  Sj  : Mj  — ► X we  get  morphisms  fi=SiOipi:W^X.  But  as  X is 
connected  we  see  that  all  are  equal.  Since  X is  nonempty  there  is  at  least  one  /,> 
Hence  this  common  value  W — > X defines  the  structure  of  an  object  of  W in  C/X 
and  (<pi)  defines  is  an  element  of  linx, lMoic/x{W,Mi).  Thus  we  obtain  a unique 
morphism  <f>  : W -A  M such  that  <pi  is  the  composition  of  (f>  with  M — > Mi  as 
desired.  □ 

04AR  Lemma  4.16.3.  Let  C be  a category.  Let  X be  an  object  of  C.  Let  M : X — > 
X/C  be  a diagram  in  the  category  of  objects  under  X . If  the  index  category  X is 
connected  and  the  colimit  of  M exists  in  X/C,  then  the  colimit  of  the  composition 
X -A  X/C  -A  C exists  and  is  the  same. 

Proof.  Omitted.  Hint:  This  lemma  is  dual  to  Lemma [4.16.21  □ 

4.17.  Cofinal  and  initial  categories 

09WN  In  the  literature  sometimes  the  word  “final”  is  used  instead  of  cofinal  in  the  following 
definition. 

04E6  Definition  4.17.1.  Let  H : X ->  J be  a functor  between  categories.  We  say  X is 
cofinal  in  J or  that  H is  cofinal  if 

(1)  for  all  y £ Ob(J')  there  exists  a x £ Ob(X)  and  a morphism  y -A  H(x), 
and 

(2)  given  y £ Ob(j7),  x,  x'  £ Ob(I)  and  morphisms  y — > H(x)  and  y H( x') 

there  exists  a sequence  of  morphisms 

X = Xo  <—  Xi  — ► X2  £-  X3  — >•  . . . — > X2n  = 

in  X and  morphisms  y — > H{xi)  in  J such  that  the  diagrams 

V 

V 

H{X2k)  ^ H(x2k+ 1| ^ H(x2k+2) 

commute  for  k = 0, . . . , n — 1. 

04E7  Lemma  4.17.2.  Let  H : X -A  J be  a functor  of  categories.  Assume  X is  cofinal 
in  J . Then  for  every  diagram  M : J C we  have  a canonical  isomorphism 

colinix  M o H = colim  j M 


if  either  side  exists. 

Proof.  Omitted. 


□ 
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09WP  Definition  4.17.3.  Let  H : X — > J be  a functor  between  categories.  We  say  X is 
initial  in  J or  that  H is  initial  if 

(1)  for  all  y £ Ob  (J)  there  exists  aie  Ob(X)  and  a morphism  H{x)  -*  y, 

(2)  for  any  y £ Ob(J'),  x,x'  £ Ob(X)  and  morphisms  H(x)  -4  y,  H(x')  — > y 
in  J7  there  exists  a sequence  of  morphisms 

X = Xo  t—  Xi  — ► 22  t—  £3  —>■•••  — >■  X2ra  = a/ 

in  X and  morphisms  H(xi)  — ► y in  such  that  the  diagrams 

H{x2k)  H(x2k+i) H(x2k+ 2) 


y 

commute  for  k = 0, . . . , n — 1. 


This  is  just  the  dual  notion  to  “cofinal”  functors. 

002R  Lemma  4.17.4.  Let  H : X — > J be  a functor  of  categories.  Assume  X is  initial 
in  J . Then  for  every  diagram  M : J — * C we  have  a canonical  isomorphism 

limi  M o H = lim  j M 

if  either  side  exists. 

Proof.  Omitted.  □ 


05US  Lemma  4.17.5.  Let  F : X — > I'  be  a functor.  Assume 

(1)  the  fibre  categories  (see  Definition  4-31.2)  of  X over  I'  are  all  connected, 
and 

(2)  for  every  morphism  a'  : x'  — >■  y'  in  T'  there  exist  a morphism  a : x — >■  y 
in  X such  that  F(a)  = a' . 

Then  for  every  diagram  M : I'  — > C the  colimit  colimx  M o F exists  if  and  only  if 
colimx'  M exists  and  if  so  these  colimits  agree. 


Proof.  One  can  prove  this  by  showing  that  X is  cofinal  in  T'  and  applying  Lemma 
|4.17.2|  But  we  can  also  prove  it  directly  as  follows,  ft  suffices  to  show  that  for  any 
object  T of  C we  have 

limx°pj>  Morc(Mx(j),X)  = lini(x')°pp  Mor c(Mi',T) 

If  Ob(i')  is  an  element  of  the  right  hand  side,  then  setting  fi  = gF(i)  we 

obtain  an  element  (/i)igob(i)  of  the  left  hand  side.  Conversely,  let  (/i)igob(i)  be 
an  element  of  the  left  hand  side.  Note  that  on  each  (connected)  fibre  category 
X,;/  the  functor  M o F is  constant  with  value  . Hence  the  morphisms  ft  for 
i £ Ob(X)  with  F(i)  = i'  are  all  the  same  and  determine  a well  defined  morphism 
gi / : Mf  — > T.  By  assumption  (2)  the  collection  (gi')i'60b(X')  defines  an  element  of 
the  right  hand  side.  □ 

0A2B  Lemma  4.17.6.  Let  X and  J be  a categories  and  denote  p : I x J — » J the 
projection.  If  I is  connected,  then  for  a diagram  M : J C the  colimit  colim  j M 
exists  if  and  only  if  colimxxj  M op  exists  and  if  so  these  colimits  are  equal. 


Proof.  This  is  a special  case  of  Lemma  [4. 17. 5| 


□ 
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4.18.  Finite  limits  and  colimits 


04AS 


05XU 


A finite  (co)limit  is  a (co)limit  whose  diagram  category  is  finite,  i.e. , the  diagram 
category  has  finitely  many  objects  and  finitely  many  morphisms.  A (co)limit  is 
called  nonempty  if  the  index  category  is  nonempty.  A (co)limit  is  called  connected 
if  the  index  category  is  connected,  see  Definition  4.16.1  It  turns  out  that  there  are 
“enough”  finite  diagram  categories. 


Lemma  4.18.1.  Let  I be  a category  with 

(1)  Ob(I)  is  finite,  and 

(2)  there  exist  finitely  many  morphisms  /i,...,/m  £ Arrows(X ) such  that 
every  morphism  of  I is  a composition  fj1  o fj2  o . . . o fjk . 

Then  there  exists  a functor  F : J — > T such  that 

(a)  J is  a finite  category , and 

(b)  for  any  diagram  M : 1 — >■  C the  (co)limit  of  M over  I exists  if  and  only 
if  the  (co)limit  of  M o F over  J exists  and  in  this  case  the  (co)limits  are 
canonically  isomorphic. 

Moreover,  J is  connected  (resp.  nonempty)  if  and  only  ifT  is  so. 


Proof.  Say  Ob(I)  = {xi, . . . , xn}.  Denote  s,t  : {1,  ...,m}  — > {l,...,n}  the 
functions  such  that  fj  : xs(o  — > xt/j).  We  set  Ob(j7)  = {yi, . . . , yn,  Zi, . . . , zn} 
Besides  the  identity  morphisms  we  introduce  morphisms  gj  : ys{j)  — ► j = 
1, . . . ,to  and  morphisms  hi  : y*  Zi , i = 1 , ...  ,n.  Since  all  of  the  nonidentity 
morphisms  in  J go  from  a y to  a z there  are  no  compositions  to  define  and  no 
associativities  to  check.  Set  F{yi)  = F(zi)  = Xj.  Set  F(gj)  = fj  and  F(hi)  = idXi. 
It  is  clear  that  F is  a functor.  It  is  clear  that  J is  finite.  It  is  clear  that  J is 
connected,  resp.  nonempty  if  and  only  if  I is  so. 


Let  M : I — > C be  a diagram. 

W ->  M(x,)  as  in  Definition  4.14.1 


Consider  an  object  W of  C and  morphisms  qi  : 
Then  by  taking  g,  : W -A-  M{F{yi))  = 
M{F{zi))  = M{xi)  we  obtain  a family  of  maps  as  in  Definition  4.14.1  for  the 
diagram  M o F.  Conversely,  suppose  we  are  given  maps  qyi  : W — > M(F(yi))  and 
qzi  : W — > M(F(zi))  as  in  Definition  4.14.1  for  the  diagram  M o F.  Since 

M(F(hi ))  = id  : M(F(yi))  = M{xi)  — M(xj)  = M(F(zi )) 


we  conclude  that  qyi  = qzi  for  all  i.  Set  qi  equal  to  this  common  value.  The 
compatibility  of  qs^\  = qys(j)  and  qt(j)  = qzt(j)  with  the  morphism  M(fj ) guar- 
antees that  the  family  qi  is  compatible  with  all  morphisms  in  T as  by  assumption 
every  such  morphism  is  a composition  of  the  morphisms  fj . Thus  we  have  found  a 
canonical  bijection 


limseOb(j)  More  ( W,  M(F{B)))  = limAe0b(x)  Mor C(W,M(A)) 

which  implies  the  statement  on  limits  in  the  lemma.  The  statement  on  colimits  is 
proved  in  the  same  way  (proof  omitted).  □ 

04AT  Lemma  4.18.2.  Let  C be  a category.  The  following  are  equivalent: 

(1)  Connected  finite  limits  exist  inC. 

(2)  Equalizers  and  fibre  products  exist  in  C. 


Proof.  Since  equalizers  and  fibre  products  are  finite  connected  limits  we  see  that 
(1)  implies  (2).  For  the  converse,  let  I be  a finite  connected  diagram  category.  Let 
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F : J — > X be  the  functor  of  diagram  categories  constructed  in  the  proof  of  Lemma 
|4.18.1[  Then  we  see  that  we  may  replace  X by  J . The  result  is  that  we  may  assume 
that  Ob(I)  = {xi, . . . , xn}  II  {yi, . . . , ym}  with  n,  m > 1 such  that  all  nonidentity 
morphisms  in  X are  morphisms  / : Xi  — > yj  for  some  i and  j. 

Suppose  that  n > 1.  Since  X is  connected  there  exist  indices  ii,i2  and  jo  and 
morphisms  a : x^  — > yj0  and  b : Xi2  — > yj0.  Consider  the  category 

X'  = {x}  II  {ari,.. . . ,xi2, . ..xn}  II  {t/i, . . . ,ym} 

with 

Moi'x'  (x,  yj)  = MorI(a;il ,yj)  II  Morx(xi2 , yj) 
and  all  other  morphism  sets  the  same  as  in  X.  For  any  functor  M : X -A  C we  can 
construct  a functor  M'  : I'  — ► C by  setting 

M (x)  AL(x^1)  X M(a),M(yj ),M(b)  M(Xi2) 

and  for  a morphism  /'  : x — > yj  corresponding  to,  say,  / : xi}  -A  yj  we  set 
M'(f)  = M(f)  opi^.  Then  the  functor  M has  a limit  if  and  only  if  the  functor  M' 
has  a limit  (proof  omitted).  Hence  by  induction  we  reduce  to  the  case  n = 1. 

If  n = 1,  then  the  limit  of  any  M : X — > C is  the  successive  equalizer  of  pairs  of 
maps  X\  — > yj  hence  exists  by  assumption.  □ 

04AU  Lemma  4.18.3.  Let  C be  a category.  The  following  are  equivalent: 

(1)  Nonempty  finite  limits  exist  inC. 

(2)  Products  of  pairs  and  equalizers  exist  inC. 

(3)  Products  of  pairs  and  fibre  products  exist  in  C . 

Proof.  Since  products  of  pairs,  fibre  products,  and  equalizers  are  limits  with 
nonempty  index  categories  we  see  that  (1)  implies  both  (2)  and  (3).  Assume  (2). 
Then  finite  nonempty  products  and  equalizers  exist.  Hence  by  Lemma  |4.14.10|  we 
see  that  finite  nonempty  limits  exist,  i.e. , (1)  holds.  Assume  (3).  If  a,  b : A — > B 
are  morphisms  of  C,  then  the  equalizer  of  a,  b is 

{A  X a,B,b  A)  X (pri,pr2),AxA,A  A. 

Thus  (3)  implies  (2),  and  the  lemma  is  proved.  □ 

0020  Lemma  4.18.4.  Let  C be  a category.  The  following  are  equivalent: 

(1)  Finite  limits  exist  in  C. 

(2)  Finite  products  and  equalizers  exist. 

(3)  The  category  has  a final  object  and  fibred  products  exist. 


Proof.  Since  products  of  pairs,  fibre  products,  equalizers,  and  final  objects  are 
limits  over  finite  index  categories  we  see  that  (1)  implies  both  (2)  and  (3).  By 
Lemma  4.14.10  above  we  see  that  (2)  implies  (1).  Assume  (3).  Note  that  the 
product  A x B is  the  fibre  product  over  the  final  object.  If  a,  b : A — ► B are 
morphisms  of  C,  then  the  equalizer  of  a,  b is 


(Axa,B^A)  X (pr1,pr2),4x^ ,A  A. 

Thus  (3)  implies  (2)  and  the  lemma  is  proved.  □ 

04AV  Lemma  4.18.5.  Let  C be  a category.  The  following  are  equivalent: 

(1)  Connected  finite  colimits  exist  in  C. 

(2)  Coequalizers  and  pushouts  exist  in  C. 
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Proof.  Omitted.  Hint:  This  is  dual  to  Lemma  f4. 18. 21  □ 

04AW  Lemma  4.18.6.  Let  C be  a category.  The  following  are  equivalent: 

(1)  Nonempty  finite  colimits  exist  in  C. 

(2)  Coproducts  of  pairs  and  coequalizers  exist  inC. 

(3)  Coproducts  of  pairs  and  pushouts  exist  in  C. 

Proof.  Omitted.  Hint:  This  is  the  dual  of  Lemma  14. 18.31  □ 

002Q  Lemma  4.18.7.  Let  C be  a category.  The  following  are  equivalent: 

(1)  Finite  colimits  exist  in  C, 

(2)  Finite  coproducts  and  coequalizers  exist  in  C,  and 

(3)  The  category  has  an  initial  object  and  pushouts  exist. 

Proof.  Omitted.  Hint:  This  is  dual  to  Lemma \4. 18.41  □ 

4.19.  Filtered  colimits 

04AX  Colimits  are  easier  to  compute  or  describe  when  they  are  over  a filtered  diagram. 
Here  is  the  definition. 

002V  Definition  4.19.1.  We  say  that  a diagram  M : T — >■  C is  directed , or  filtered  if  the 
following  conditions  hold: 

(1)  the  category  X has  at  least  one  object, 

(2)  for  every  pair  of  objects  x,  y of  X there  exists  an  object  z and  morphisms 
x — > z,  y — > z,  and 

(3)  for  every  pair  of  objects  x,  y of  X and  every  pair  of  morphisms  a,b  : x y 
of  X there  exists  a morphism  c : y — > z of  I such  that  M(c  o a)  = M(c  o b) 
as  morphisms  in  C. 

We  say  that  an  index  category  X is  directed , or  filtered  if  id  : X — > X is  filtered  (in 
other  words  you  erase  the  M in  part  (3)  above.) 

We  observe  that  any  diagram  with  filtered  index  category  is  filtered,  and  this  is  how 
filtered  colimits  usually  come  about.  In  fact,  if  M : X — > C is  a filtered  diagram, 
then  we  can  factor  M as  X — > X'  — > C where  X'  is  a filtered  index  categorj^]  such 
that  colimx  M exists  if  and  only  if  colimx'  M'  exists  in  which  case  the  colimits  are 
canonically  isomorphic. 

Suppose  that  M : X — > Sets  is  a filtered  diagram.  In  this  case  we  may  describe  the 
equivalence  relation  in  the  formula 

colimx  M = ( )/  ~ 

simply  as  follows 

m,  ~ TOi / 4=>  3 i" ,(f>  : i — > i" ,4>'  : i!  — > i" , M((^)(to,)  = M(c(/)(?7v). 

In  other  words,  two  elements  are  equal  in  the  colimit  if  and  only  if  they  “eventually 
become  equal”. 


^Namely,  let  X'  have  the  same  objects  as  X but  where  Morjy  (x.  y)  is  the  quotient  of  MorxW  y) 
by  the  equivalence  relation  which  identifies  a,  b : x — > y if  M(a)  = M(b). 
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002W  Lemma  4.19.2.  Let  I and  J be  index  categories.  Assume  that  I is  filtered  and 
J is  finite.  Let  M : X x J — > Sets,  ( i,j ) K > Mij  be  a diagram  of  diagrams  of  sets. 
In  this  case 

colinq  linij  Mij  = linij  colim  j Mij. 

In  particular,  colimits  over  X commute  with  finite  products,  fibre  products,  and 
equalizers  of  sets. 

Proof.  Omitted.  In  fact,  it  is  a fun  exercise  to  prove  that  a category  is  filtered  if 
and  only  if  colimits  over  the  category  commute  with  finite  limits  (into  the  category 
of  sets).  □ 

We  give  a counter  example  to  the  lemma  in  the  case  where  J is  infinite.  Namely,  let 
X consist  of  N = {1,  2,  3, . . .}  with  a unique  morphism  i — > i'  whenever  i < i' . Let 
J consist  of  the  discrete  category  N = {1,2,3,...}  (only  morpliisms  are  identities). 
Let  Mi  j = {1,2,...,  i}  with  obvious  inclusion  maps  Mij  — > M^j  when  i < i' . In 
this  case  colim,;  Mi  3 = N and  hence 

lirrij  colim,;  Mjj  ~ N = Nn 

On  the  other  hand  lira,-  M,j  = ]{[ . Mij  and  hence 

colim*  linij  Mij  = I J {1,2,...,  i}N 

which  is  smaller  than  the  other  limit. 

It  turns  out  we  sometimes  need  a more  finegrained  control  over  the  possible  con- 
ditions one  can  impose  on  index  categories.  Thus  we  add  some  lemmas  on  the 
possible  things  one  can  require. 

09WQ  Lemma  4.19.3.  Let  X be  an  index  category,  i.e.,  a category.  Assume  that  for 
every  pair  of  objects  x,y  of  X there  exists  an  object  z and  morphisms  x — > z and 
y z.  Then  colimits  of  diagrams  of  sets  over  X commute  with  finite  nonempty 
products. 

Proof.  Let  M and  N be  diagrams  of  sets  over  X.  To  prove  the  lemma  we  have  to 
show  that  the  canonical  map 

colim(Mj  x Ni)  — > colim  Mi  x colim  W 

is  an  isomorphism.  If  X is  empty,  then  this  is  true  because  the  colimit  of  sets 
over  the  empty  category  is  the  empty  set.  If  X is  nonempty,  then  we  construct  a 
map  colim  Mi  x colim  iV)  — > colim(Mj  x Ni)  as  follows.  Suppose  that  m G Mi  and 
n £ Nj  give  rise  to  elements  s and  t of  the  respective  colimits.  By  assumption  we 
can  find  a : i — > k and  b : j k in  X.  Then  ( M(a)(m),N(b)(n ))  is  an  element 
of  Mk  x Nk  and  we  map  (s,t)  to  the  corresponding  element  of  colim  Mi  x W-  We 
omit  the  verification  that  this  map  is  well  defined  and  that  it  is  an  inverse  of  the 
map  displayed  above.  □ 

09WR  Lemma  4.19.4.  Let  X be  an  index  category,  i.e.,  a category.  Assume  that  for 
every  pair  of  objects  x,y  of  I there  exists  an  object  z and  morphisms  x — > z and 
y — >•  z.  Let  M : X — > Ab  be  a diagram  of  abelian  groups  over  X.  Then  the  set 
underlying  colinq  M,  is  the  colimit  of  M viewed  as  a diagram  of  sets  over  X. 
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Proof.  In  this  proof  all  colimits  are  taken  in  the  category  of  sets.  By  Lemma 
4.19.3  we  have  colim  M,:  x colim  Mj  = colim(Mj  x Mj)  hence  we  can  use  the  maps 
+ : Mi  x Mi  — »•  Mi  to  define  an  addition  map  on  colim  Mi.  A straightforward 
argument,  which  we  omit,  shows  that  the  set  colim  Mi  with  this  addition  is  the 
colimit  in  the  category  of  abelian  groups.  □ 


09WS  Lemma  4.19.5.  Let  X be  an  index  category , i.e.,  a category.  Assume  that  for 
every  solid  diagram 

x y 

Y y 

z >■  w 

in  X there  exists  an  object  w and  dotted  arrows  making  the  diagram  commute.  Then 
X is  a (possibly  empty)  disjoint  union  of  categories  satisfying  the  condition  above 
and  the  condition  of  Lemma \ 4-19.3 

Proof.  If  X is  the  empty  category,  then  the  lemma  is  true.  Otherwise,  we  define  a 
relation  on  objects  of  X by  saying  that  x ~ y if  there  exists  a z and  morphisms  x — > z 
and  y — ¥ z.  This  is  an  equivalence  relation  by  the  assumption  of  the  lemma.  Hence 
Ob(X)  is  a disjoint  union  of  equivalence  classes.  Let  Xj  be  the  full  subcategories 
corresponding  to  these  equivalence  classes.  Then  X = UXs  as  desired.  □ 

09WT  Lemma  4.19.6.  Let  X be  an  index  category,  i.e.,  a category.  Assume  that  for 
every  solid  diagram 

x >-  y 

Y V 

z >•  w 

in  X there  exists  an  object  w and  dotted  arrows  making  the  diagram  commute.  Then 
an  injective  morphism  M N of  diagrams  of  sets  (resp.  abelian  groups)  over  X 
gives  rise  to  an  injective  map  colim  Mj  —>  colim  IVj  of  sets  (resp.  abelian  groups). 


Proof.  We  first  show  that  it  suffices  to  prove  the  lemma  for  the  case  of  a diagram 
of  sets.  Namely,  by  Lemma 


4.19.5 


we  can  write  X = m where  each  Xj  satisfies 
the  condition  of  the  lemma  as  well  as  the  condition  of  Lemma  [4. 19. 3|  Thus,  if  M 
is  a diagram  of  abelian  groups  over  X,  then 

colinix  M = colinix^  M\xj 

It  follows  that  it  suffices  to  prove  the  result  for  the  categories  Xj.  Howeover,  col- 
imits of  abelian  groups  over  these  categories  are  computed  by  the  colimits  of  the 


underlying  sets  (Lemma  4.19.41  hence  we  reduce  to  the  case  of  an  injective  map  of 
diagrams  of  sets. 


Here  we  say  that  M — > N is  injective  if  all  the  maps  Mi  — > Ni  are  injective.  In 
fact,  we  will  identify  Mj  with  the  image  of  Mi  — > Ni,  i.e.,  we  will  think  of  Mj  as 
a subset  of  N, . We  will  use  the  description  of  the  colimits  given  in  Section  |4.15| 
without  further  mention.  Let  s,  s'  £ colim  Mj  map  to  the  same  element  of  colim  IVj. 
Say  s comes  from  an  element  m of  Mj  and  s'  comes  from  an  element  m!  of  Mj/. 
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Then  we  can  find  a sequence  i = io,  ii,  ■ ■ ■ , in  = i'  of  objects  of  X and  morphisms 


H *3  «2ra-l 


i — *0  *2  • ■ • *2  n — i' 

and  elements  n*.  € _/Vj.  mapping  to  each  other  under  the  maps  Ni2k_1  — ► Ni2k_2 
and  Ni2k_1  — >■  iV,2fc  induced  from  the  maps  in  X above  with  n»0  = to  and  rij2rl  = to'. 
We  will  prove  by  induction  on  n that  this  implies  s = s1 . The  base  case  n = 0 is 
trivial.  Assume  n > 1.  Using  the  assumption  on  X we  find  a commutative  diagram 


*o  *2 


w 

We  conclude  that  to  and  ?ij2  map  to  the  same  element  of  Nw  because  both  are  the 
image  of  the  element  n,;, . In  particular,  this  element  is  an  element  m"  £ Mw  which 
gives  rise  to  the  same  element  as  s in  colim  A/,;.  Then  we  find  the  chain 


*3  *5  *2n-l 


and  the  elements  n,;  for  j > 3 which  has  a smaller  length  than  the  chain  we  started 
with.  This  proves  the  induction  step  and  the  proof  of  the  lemma  is  complete.  □ 

002X  Lemma  4.19.7.  LetX  be  an  index  category,  i.e.,  a category.  Assume 

(1)  for  every  pair  of  morphisms  a : w — >■  x and  b : w — » y in  X there  exists  an 
object  z and  morphisms  c : x —¥  z and  d : y — * z such  that  c o a = d o b, 
and 

(2)  for  every  pair  of  morphisms  a,b  : x — )•  y there  exists  a morphism  c : y — » z 
such  that  co  a = cob. 

ThenX  is  a (possibly  empty)  union  of  disjoint  filtered  index  categories  Xj . 

Proof.  If  X is  the  empty  category,  then  the  lemma  is  true.  Otherwise,  we  define 
a relation  on  objects  of  X by  saying  that  x ~ y if  there  exists  a z and  morphisms 
x — » z and  y — ► z.  This  is  an  equivalence  relation  by  the  first  assumption  of  the 
lemma.  Hence  Ob(Z)  is  a disjoint  union  of  equivalence  classes.  Let  Xj  be  the  full 
subcategories  corresponding  to  these  equivalence  classes.  The  rest  is  clear  from  the 
definitions.  □ 

002Y  Lemma  4.19.8.  Let  X be  an  index  category  satisfying  the  hypotheses  of  Lemma 
\nn\  above.  Then  colimits  over  X commute  with  fibre  products  and  equalizers  in 
sets  (and  more  generally  with  finite  connected  limits). 
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04AY 

04AZ 


002Z 

0030 


Proof.  By  Lemma  4.19.7  we  may  write  X = m with  each  Xj  filtered.  By  Lemma 
4.19.2  we  see  that  colimits  of  Ij  commute  with  equalizers  and  fibred  products.  Thus 


it  suffices  to  show  that  equalizers  and  fibre  products  commute  with  coproducts  in 
the  category  of  sets  (including  empty  coproducts).  In  other  words,  given  a set  J 
and  sets  Aj , Bj , Cj  and  set  maps  Aj  — > Bj , Cj  —>  Bj  for  j & J we  have  to  show 
that 


(Uie.,A)x 


LjeJ 

and  given  cij , a'  : Aj 


(UiejBi) 


II.'  II  , ! 


jeJ 


Cj 


Bj  that 


Equalizer(J  J ^ aj , Taj)  = U 7 Equalizer(aj,  a'.) 


„ a i 

LjeJ  3 


j£J 


This  is  true  even  if  J = 0.  Details  omitted. 


□ 


4.20.  Cofiltered  limits 


Limits  are  easier  to  compute  or  describe  when  they  are  over  a cofiltered  diagram. 
Here  is  the  definition. 


Definition  4.20.1.  We  say  that  a diagram  M : I — > C is  codirected  or  cofiltered  if 
the  following  conditions  hold: 

(1)  the  category  X has  at  least  one  object, 

(2)  for  every  pair  of  objects  x,  y of  X there  exists  an  object  z and  morphisms 
z — > x,  z — > y,  and 

(3)  for  every  pair  of  objects  x,  y of  X and  every  pair  of  morphisms  a,  b : x — > y 
of  X there  exists  a morphism  c : w — > x of  X such  that  M(aoc)  = M(b  o c) 
as  morphisms  in  C. 

We  say  that  an  index  category  I is  codirected , or  cofiltered  if  id  : X — > X is  cofiltered 
(in  other  words  you  erase  the  M in  part  (3)  above.) 


We  observe  that  any  diagram  with  cofiltered  index  category  is  cofiltered,  and  this 
is  how  this  situation  usually  occurs. 


As  an  example  of  why  cofiltered  limits  of  sets  are  “easier”  than  general  ones,  we  men- 
tion the  fact  that  a cofiltered  diagram  of  finite  nonempty  sets  has  nonempty  limit 
(Lemma  4.21.51.  This  result  does  not  hold  for  a general  limit  of  finite  nonempty 
sets. 


4.21.  Limits  and  colimits  over  partially  ordered  sets 

A special  case  of  diagrams  is  given  by  systems  over  partially  ordered  sets. 

Definition  4.21.1.  Let  (/,  >)  be  a partially  ordered  set.  Let  C be  a category. 

(1)  A system  over  I in  C , sometimes  called  a inductive  system  over  I in  C is 
given  by  objects  M,:  of  C and  for  every  i <i'  a morphism  fa/  : Mi  — > M # 
such  that  fa  = id  and  such  that  fu»  = fia"  o fa'  whenever  i < i'  < i" . 

(2)  An  inverse  system  over  I in  C,  sometimes  called  a projective  system  over 
I in  C is  given  by  objects  Mi  of  C and  for  every  i > i'  a morphism 
fa/  : Mi  — ► M7i  such  that  fa  = id  and  such  that  fa"  = fi'i"  ° fw 
whenever  i>i'>  i" . (Note  reversal  of  inequalities.) 

We  will  say  (M,;,  fa>)  is  a (inverse)  system  over  I to  denote  this.  The  maps  fa'  are 

sometimes  called  the  transition  maps. 
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In  other  words  a system  over  / is  just  a diagram  M : I -A  C where  I is  the  category 
with  objects  / and  a unique  arrow  i — > i'  if  and  only  i < i' . And  an  inverse  system 
is  a diagram  M : Iopp  — > C.  From  this  point  of  view  we  could  take  (co)limits  of  any 
(inverse)  system  over  I . However,  it  is  customary  to  take  only  colimits  of  systems 
over  I and  only  limits  of  inverse  systems  over  I . More  precisely:  Given  a system 
(Mi,  fa')  over  / the  colimit  of  the  system  (Mi,  fw)  is  defined  as 

colinqgj  Mi  = colimx  M, 

i.e. , as  the  colimit  of  the  corresponding  diagram.  Given  a inverse  system  (Mi,  fw) 
over  I the  limit  of  the  inverse  system  (Mi,  fu>)  is  defined  as 

lim;;6f  Mi  = limx°pp  M, 

i.e.,  as  the  limit  of  the  corresponding  diagram. 

0031  Definition  4.21.2.  With  notation  as  above.  We  say  the  system  (resp.  inverse 
system)  (Mi,  fa>)  is  a directed  system  (resp.  directed  inverse  system)  if  the  partially 
ordered  set  I is  directed:  I is  nonempty  and  for  all  i\ , «2  £ I there  exists  i £ I such 
that  i\  < i and  i2  < i- 


In  this  case  the  colimit  is  sometimes  (unfortunately)  called  the  “direct  limit”.  We 
will  not  use  this  last  terminology.  It  turns  out  that  diagrams  over  a filtered  category 
are  no  more  general  than  directed  systems  in  the  following  sense. 


0032  Lemma  4.21.3.  Let  I be  a filtered  index  category.  There  exists  a directed  partially 
ordered  set  (I,  >)  and  a system  (xi,  tpa')  over  I ini  with  the  following  properties: 
(1)  For  every  category  C and  every  diagram  M : I C with  values  in  C,  de- 
note (M(xf),  M(ipa'))  the  corresponding  system  over  I.  //colimjgj  M(xf) 
exists  then  so  does  colimx  M and  the  transformation 


6 : colinijg/  M(xf)  — > colimx  M 


of  Lemma  4-14-7  is  an  isomorphism. 

(2)  For  every  category  C and  every  diagram  M : Topp  -A  C in  C,  denote 
(M(xf),  M((pa>))  the  corresponding  inverse  system  over  I . //lim,g/  M(xf) 
exists  then  so  does  limx  M and  the  transformation 


6 : limx°pp  M — >•  linpg/  M(xf) 
of  Lemma \4-14-£\  is  an  isomorphism. 


Proof.  As  mentioned  in  the  beginning  of  the  section,  we  may  view  partially  ordered 
sets  as  categories  and  systems  as  functors.  Throughout  the  proof,  we  will  freely 
shift  between  these  two  points  of  view.  We  prove  the  first  statement  by  constructing 
a category  I0,  corresponding  to  a directed  set,  and  a cofinal  functor  M0  : Iq  — i ► I. 
Then,  by  Lemma  |4.17.2[  the  colimit  of  a diagram  M : I C coincides  with  the 
colimit  of  the  diagram  M o Mq\Iq  — >•  C,  from  which  the  statement  follows.  The 
second  statement  is  dual  to  the  first  and  may  be  proved  by  interpreting  a limit  in 
C as  a colimit  in  Copp . We  omit  the  details. 


A category  F is  called  finitely  generated  if  there  exists  a finite  set  F of  arrows 
in  F,  such  that  each  arrow  in  F may  be  obtained  by  composing  arrows  from  F . 
In  particular,  this  implies  that  F has  finitely  many  objects.  We  start  the  proof 
by  reducing  to  the  case  when  I has  the  property  that  every  finitely  generated 
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subcategory  of  X may  be  extended  to  a finitely  generated  subcategory  with  a unique 
final  object. 

Let  <x>  denote  the  directed  set  of  finite  ordinals,  which  we  view  as  a filtered  category. 
It  is  easy  to  verify  that  the  product  category  X x w is  also  filtered,  and  the  projection 
n : J x w ->  I is  cofinal. 


Now  let  T be  any  finitely  generated  subcategory  of  I x w.  By  using  the  axioms  of 
a filtered  category  and  a simple  induction  argument  on  a finite  set  of  generators  of 
J7,  we  may  construct  a cocone  ({/*},  *oo)  in  % for  the  diagram  T — > X.  That  is,  a 
morphism  fi  : i — » *oo  for  every  object  i in  J-  such  that  for  each  arrow  / : * — x i'  in 
J-  we  have  fi  = f o f,j . We  can  also  choose  ioo  such  that  there  are  no  arrows  from 
*oo  to  an  object  in  J- . This  is  possible  since  we  may  always  post-compose  the  arrows 
fi  with  an  arrow  which  is  the  identity  on  the  X-component  and  strictly  increasing 
on  the  w-component.  Now  let  J-+  denote  the  category  consisting  of  all  objects  and 
arrows  in  T together  with  the  object  the  identity  arrow  idj^  and  the  arrows 
fi . Since  there  are  no  arrows  from  in  Jr+  to  any  object  of  X",  the  arrow  set  in 
X"+  is  closed  under  composition,  so  Jr+  is  indeed  a category.  By  construction,  it  is 
a finitely  generated  subcategory  of  X which  has  ioo  as  unique  final  object.  Since, 
by  Lemma [4. 17. 2[  the  colimit  of  any  diagram  M : I — > C coincides  with  the  colimit 
of  M o II  , this  gives  the  desired  reduction. 

The  set  of  all  finitely  generated  subcategories  of  X with  a unique  final  object  is 
naturally  ordered  by  inclusion.  We  take  Xq  to  be  the  category  corresponding  to 
this  set.  We  also  have  a functor  M0  : X0  — X X,  which  takes  an  arrow  T C T'  in 
Xq  to  the  unique  map  from  the  final  object  of  T to  the  final  object  of  T' . Given 
any  two  finitely  generated  subcategories  of  I,  the  category  generated  by  these  two 
categories  is  also  finitely  generated.  By  our  assumption  on  I,  it  is  also  contained 
in  a finitely  generated  subcategory  of  X with  a unique  final  object.  This  shows  that 
X0  is  directed. 


Finally,  we  verify  that  Mq  is  cofinal.  Since  any  object  of  X is  the  final  object  in 
the  subcategory  consisting  of  only  that  object  and  its  identity  arrow,  the  functor 
Mo  is  surjective  on  objects.  In  particular,  Condition  (1)  of  Definition  |4.17.1  is 
satisfied.  Given  an  object  i of  X , Jq,  in  Zq  and  maps  tpi  : i — X M0(Xr i)  and 
<P2  ■ i ~ t MoCFa)  in  X,  we  can  take  Xjq  to  be  a finitely  generated  category  with 
a unique  final  object  containing  Xi,  Xq  and  the  morphisms  The  resulting 

diagram  commutes 


M0(Xi2) 


AfoCFi) 


M0(X2) 


since  it  lives  in  the  category  Xi2  and  Mo(Xi2)  is  final  in  this  category.  Hence  also 
Condition  (2)  is  satisfied,  which  concludes  the  proof.  □ 

09P8  Remark  4.21.4.  Note  that  a finite  directed  set  (/,  >)  always  has  a greatest  object 
ioo  ■ Hence  any  colimit  of  a system  (Mj , fa> ) over  such  a set  is  trivial  in  the  sense 
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that  the  colimit  equals  Mj^.  In  contrast,  a colimit  indexed  by  a finite  filtered 
category  need  not  be  trival.  For  instance,  let  X be  the  category  with  a single  object 
i and  a single  non-trivial  morphism  e satisfying  e = e o e.  The  colimit  of  a diagram 
M : I — >■  Sets  is  the  image  of  the  idempotent  M(e).  This  illustrates  that  something 
like  the  trick  of  passing  to  I x w in  the  proof  of  Lemma  |4.21.3  is  essential. 


Lemma  4.21.5.  If  S : X — > Sets  is  a cofiltered  diagram  of  sets  and  all  the  Si  are 
finite  nonempty,  then  linij  Si  is  nonempty.  In  other  words,  the  limit  of  a directed 
inverse  system  of  finite  nonempty  sets  is  nonempty. 


Proof.  The  two  statements  are  equivalent  by  Lemma  4.21.3  Let  I be  a directed 
partially  ordered  set  and  let  (S'i)ie/  be  an  inverse  system  of  finite  nonempty  sets 
over  I . Let  us  say  that  a subsystem  T is  a family  T = (Ti)i^i  of  nonempty  subsets 
Tj  C Si  such  that  Tp  is  mapped  into  Tj  by  the  transition  map  Sp  — >■  Si  for  all 
i'  > i.  Denote  T the  set  of  subsystems.  We  order  T by  inclusion.  Suppose  Ta, 
a £ A is  a totally  ordered  family  of  elements  of  T.  Say  Ta  = {Tai)iej.  Then  we 
can  find  a lower  bound  T = (Tj)j£ j by  setting  Tj  = flaeA  which  is  manifestly 
a finite  nonempty  subset  of  Si  as  all  the  Ta j are  nonempty  and  as  the  Ta  form  a 
totally  ordered  family.  Thus  we  may  apply  Zorn’s  lemma  to  see  that  T has  minimal 
elements. 


Let’s  analyze  what  a minimal  element  T £ T looks  like.  First  observe  that  the  maps 
Tp  -A  Ti  are  all  surjective.  Namely,  as  / is  a directed  partially  ordered  set  and  Tj 
is  finite,  the  intersection  T[  = Im(Tj/  -A  Tj)  is  nonempty.  Thus  V = (T/)  is  a 
subsystem  contained  in  T and  by  minimality  T'  = T.  Finally,  we  claim  that  Ti  is  a 
singleton  for  each  i.  Namely,  if  x £ Tj,  then  we  can  define  T[,  = (Tp  -A  Ti)-1({.T}) 
for  i'  > i and  T'  = Tj  if  j ^ i.  This  is  another  subsystem  as  we’ve  seen  above 
that  the  transition  maps  of  the  subsystem  T are  surjective.  By  minimality  we  see 
that  T = T'  which  indeed  implies  that  Tj  is  a singleton.  This  holds  for  every  i £ J, 
hence  we  see  that  Ti  = {a ’j}  for  some  Xi  £ Si  with  xp  i-A  Xi  under  the  map  Sp  -A  Si 
for  every  i'  > i.  In  other  words,  ( Xi ) £ limSj  and  the  lemma  is  proved.  □ 


4.22.  Essentially  constant  systems 

05PT  Let  M : I A C be  a diagram  in  a category  C.  Assume  the  index  category  X is 
filtered.  In  this  case  there  are  three  successively  stronger  notions  which  pick  out 
an  object  X of  C.  The  first  is  just 

X = colinijgx  Afj. 

Then  X comes  equipped  with  the  coprojections  Mj  -A  X.  A stronger  condition 
would  be  to  require  that  X is  the  colimit  and  that  there  exists  an  i £ X and  a 
morphism  X -a  M,  such  that  the  composition  X -A  Mi  — > X is  idx-  A stronger 
condition  is  the  following. 

05PU  Definition  4.22.1.  Let  M : I A C be  a diagram  in  a category  C. 

(1)  Assume  the  index  category  X is  filtered.  We  say  M is  essentially  constant 
with  value  X if  X = colimj  Mj  and  there  exists  an  i £ X and  a morphism 
X — » Mi  such  that 

(a)  X — ► Mi  -a  X is  idx,  and 

(b)  for  all  j there  exist  k and  morphisms  i -A  k and  j -A  k such  that  the 
morphism  Mj  -A  M*,  equals  the  composition  Mj  — > X — > Mi  -A  M/.. 
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(2)  Assume  the  index  category  T is  cofiltered.  We  say  M is  essentially  con- 
stant with  value  X if  X = lim.j  Mi  and  there  exists  an  i £ X and  a 
morphism  Mi  -A  X such  that 

(a)  X — > Mi  — ► A'  is  idxj  and 

(b)  for  all  j there  exist  k and  morphisms  k — > i and  k -A  j such  that  the 

morphism  — > Mj  equals  the  composition  Mk  -A  Mi  — > X — > Mj. 


Which  of  the  two  versions  is  meant  will  be  clear  from  context.  If  there  is  any 
confusion  we  will  distinguish  between  these  by  saying  that  the  first  version  means 
Ad  is  essentially  constant  as  an  ind-object,  and  in  the  second  case  we  will  say  it 
is  essentially  constant  as  a pro-object.  This  terminology  is  further  explained  in 
Remarks  |4.22.3  and  4.22. 4|  In  fact  we  will  often  use  the  terminology  “essentially 
constant  system”  which  formally  speaking  is  only  defined  for  systems  over  directed 
partially  ordered  sets. 


05PV  Definition  4.22.2.  Let  C be  a category.  A directed  system  (Mj,  fa>)  is  an  es- 
sentially constant  system  if  M viewed  as  a functor  I — > C defines  an  essentially 
constant  diagram.  A directed  inverse  system  {Mi,  fa/ ) is  an  essentially  constant 
inverse  system  if  M viewed  as  a functor  Iopp  — > C defines  an  essentially  constant 
inverse  diagram. 


If  {Mi,  fa>)  is  an  essentially  constant  system  and  the  morphisms  fa/  are  monomor- 
phisms,  then  for  all  i < i'  sufficiently  large  the  morphisms  fa'  are  isomorphisms. 
In  general  this  need  not  be  the  case  however.  An  example  is  the  system 

Z2  -A  Z2  -A  Z2  -A  . . . 


with  maps  given  by  (a,  b)  ha  (a  + b,  0).  This  system  is  essentially  constant  with 
value  Z.  A non-example  is  to  let  M = ©n>0  Z and  to  let  S : Ad  -A  M be  the  shift 
operator  (ao,  a±, . . .)  ha  (01,02, . . .).  In  this  case  the  system  M — ► M — > M — > . . . 
with  transition  maps  S has  colimit  0 and  the  composition  0 — > M — > 0 is  the 
identity,  but  the  system  is  not  essentially  constant. 

05PW  Remark  4.22.3.  Let  C be  a category.  There  exists  a big  category  Ind-C  of  ind- 
objects  of  C.  Namely,  if  F : X -A  C and  G : J -A  C are  filtered  diagrams  in  C , then 
we  can  define 

Morind_c(F,  G)  = linij  colinx,-  Morc(F(i),  G(j)). 

There  is  a canonical  functor  C — > Ind-C  which  maps  X to  the  constant  system  on 
X.  This  is  a fully  faithful  embedding.  In  this  language  one  sees  that  a diagram  F 
is  essentially  constant  if  and  only  F is  isomorphic  to  a constant  system.  If  we  ever 
need  this  material,  then  we  will  formulate  this  into  a lemma  and  prove  it  here. 

05PX  Remark  4.22.4.  Let  C be  a category.  There  exists  a big  category  Pro-C  of  pro- 
objects of  C.  Namely,  if  W : I — > C and  G : J — ► C are  cofiltered  diagrams  in  C, 
then  we  can  define 

MorPro_c (F,  G ) = line,  colim*  Morc(F(«),  G(j)). 

There  is  a canonical  functor  C — » Pro-C  which  maps  X to  the  constant  system  on 
X.  This  is  a fully  faithful  embedding.  In  this  language  one  sees  that  a diagram  F 
is  essentially  constant  if  and  only  F is  isomorphic  to  a constant  system.  If  we  ever 
need  this  material,  then  we  will  formulate  this  into  a lemma  and  prove  it  here. 
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05SH  Lemma  4.22.5.  Let  C be  a category.  Let  M : X — ► C be  a diagram  with  filtered 
(resp.  cofiltered)  index  category  X.  Let  F : C —¥  T>  be  a functor.  If  M is  essentially 
constant  as  an  ind-object  (resp.  pro-object),  then  so  is  F o M : X — > V. 

Proof.  If  A is  a value  for  M,  then  it  follows  immediately  from  the  definition  that 
F(X)  is  a value  for  F o M.  □ 

05PY  Lemma  4.22.6.  Let  C be  a category.  Let  M : X — > C be  a diagram  with  filtered 
index  category  X.  The  following  are  equivalent 

(1)  M is  an  essentially  constant  ind-object,  and 

(2)  X = colinij  Mi  exists  and  for  any  W in  C the  map 

colirn,;  More  (IP,  Mf)  — > More  (IP,  X) 

is  bijective. 

Proof.  Assume  (2)  holds.  Then  idjv  € More  (A,  A)  comes  from  a morphism  A -A 
Mi  for  some  i,  i.e. , A — > Mi  — ► A is  the  identity.  Then  both  maps 

More  (IP,  A')  — > colinij  More  (IP,  Mi)  — » More  (IP,  A') 

are  bijective  for  all  IP  where  the  first  one  is  induced  by  the  morphism  A — »•  M,  we 
found  above,  and  the  composition  is  the  identity.  This  means  that  the  composition 

colinij  More  (IP,  Mi)  — a More  (IP,  A)  — > colinij  More  (IP,  Mj) 

is  the  identity  too.  Setting  IP  = Mj  and  starting  with  id m,  in  the  colimit,  we  see 
that  Mj  — a X — > Mi  — A Mk  is  equal  to  Mj  -a  Mj,  for  some  k large  enough.  This 
proves  (1)  holds.  The  proof  of  (1)  =>  (2)  is  omitted.  □ 

05PZ  Lemma  4.22.7.  Let  C be  a category.  Let  M : X —A  C be  a diagram  with  cofiltered 
index  category  X.  The  following  are  equivalent 

(1)  M is  an  essentially  constant  pro-object,  and 

(2)  A = linp  Mi  exists  and  for  any  IP  in  C the  map 

colim  i(z%°pp  More  (Mi;  IP)  — » More  (A,  IP) 
is  bijective. 

Proof.  Assume  (2)  holds.  Then  idv  £ More  (A',  A)  comes  from  a morphism  Mj  — ► 
A for  some  i,  i.e.,  A — > Mi  — > X is  the  identity.  Then  both  maps 

More  (A,  IP)  — > colim,  Morc(Mj,  IP)  — Morc(A,  IP) 

are  bijective  for  all  IP  where  the  first  one  is  induced  by  the  morphism  Mj  — > X we 
found  above,  and  the  composition  is  the  identity.  This  means  that  the  composition 

colinij  More  (Mi,  IP)  — » More(A,  IP)  — > colinij  Mor  e(Mj,  IP) 

is  the  identity  too.  Setting  IP  = Mj  and  starting  with  ulMi  in  the  colimit,  we  see 
that  Mk  — > Mi  — > X — > Mj  is  equal  to  Mk  — > Mj  for  some  k large  enough.  This 
proves  (1)  holds.  The  proof  of  (1)  =>  (2)  is  omitted.  □ 

0A1S  Lemma  4.22.8.  Let  C be  a category.  Let  H :X  — ► J be  a functor  of  filtered  index 
categories.  If  H is  cofinal,  then  any  diagram  M : J C is  essentially  constant  if 
and  only  if  M o H is  essentially  constant. 


Proof.  This  follows  formally  from  Lemmas  |4. 22. 6|  and  |4.17.2) 


□ 
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Lemma  4.22.9.  Let.X  and  J be  filtered  categories  and  denote  p : I x J — » J the 
projection.  Then  X x J is  filtered  and  a diagram  M : J C is  essentially  constant 
if  and  only  if  Mop  \XxJ  — > C is  essentially  constant. 


Proof.  We  omit  the  verification  that  T x J is  filtered.  The  equivalence  follows 
from  Lemma  4.22.8  because  p is  cofinal  (verification  omitted).  □ 


Lemma  4.22.10.  Let  C be  a category.  Let  H : T — » J be  a functor  of  cofiltered 
index  categories.  If  H is  initial,  then  any  diagram  M : J C is  essentially 
constant  if  and  only  if  M o H is  essentially  constant. 

Proof.  This  follows  formally  from  Lemmas |4. 22. 7[  |4.17.4[  |4T7.2[  and  the  fact  that 
if  I is  initial  in  J , then  Iopp  is  cofinal  in  J°pp  . □ 


4.23.  Exact  functors 


Definition  4.23.1.  Let  F : A — > B be  a functor. 

(1)  Suppose  all  finite  limits  exist  in  A.  We  say  F is  left  exact  if  it  commutes 
with  all  finite  limits. 

(2)  Suppose  all  finite  colimits  exist  in  A.  We  say  F is  right  exact  if  it  commutes 
with  all  finite  colimits. 

(3)  We  say  F is  exact  if  it  is  both  left  and  right  exact. 


Lemma  4.23.2. 

see  Lemma  4-18. 4\ 


Let  F : A -A  B be  a functor.  Suppose  all  finite  limits  exist  in  A, 
The  following  are  equivalent: 


(1)  F is  left  exact, 

(2)  F commutes  with  finite  products  and  equalizers,  and 

(3)  F transforms  a final  object  of  A into  a final  object  of  B,  and  commutes 
with  fibre  products. 


Proof.  Lemma  4.14.10  shows  that  (2)  implies  (1).  Suppose  (3)  holds.  The  fibre 
product  over  the  final  object  is  the  product.  If  a,  b : A — > B are  morphisms  of  A, 
then  the  equalizer  of  a,  & is 


(A  XajB,b  A)  X (pr1,pr2),AxA ,A  A. 

Thus  (3)  implies  (2).  Finally  (1)  implies  (3)  because  the  empty  limit  is  a final 
object,  and  fibre  products  are  limits.  □ 


4.24.  Adjoint  functors 


Definition  4.24.1.  Let  C,  V be  categories.  Let  u : C — ► V and  v : V — > C be 
functors.  We  say  that  u is  a left  adjoint  of  v,  or  that  v is  a right  adjoint  to  u if 
there  are  bijections 

Mor v{u(X),Y)  > More  (A',  v(Y)) 

functorial  in  X £ Ob(C),  and  Y £ Ob(T>). 
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In  other  words,  this  means  that  there  is  a given  isomorphism  of  functors  Copp  x V — ► 
Sets  from  Mor-p(tt(— ),  — ) to  More(— , v (— )).  For  any  object  X of  C we  obtain  a 
morphism  X — » v(u(X ))  corresponding  to  id„(Y)-  Similarly,  for  any  object  Y of 
T>  we  obtain  a morphism  u(v(Y))  -A  Y corresponding  to  id„(y).  These  maps  are 
called  the  adjunction  maps.  The  adjunction  maps  are  functorial  in  X and  Y . hence 
we  obtain  morphisms  of  functors 

idc  — > v o u (unit)  and  u o»-)  idp  (counit) . 

Moreover,  if  a : u(X)  — ► Y and  /3  : X — > v(Y)  are  morphisms,  then  the  following 
are  equivalent 

(1)  a and  f3  correspond  to  each  other  via  the  bijection  of  the  definition, 

(2)  /3  is  the  composition  X -A  v(u(X))  — ->  v(Y),  and 

(3)  a is  the  composition  u(X)  -■>  u(v(Y))  -A  Y. 

In  this  way  one  can  reformulate  the  notion  of  adjoint  functors  in  terms  of  adjunction 
maps. 

0A8B  Lemma  4.24.2.  Let  u : C -A  T>  be  a functor  between  categories.  If  for  each 
y £ Ob(2?)  the  functor  x ha  Morx>(u(x),  y)  is  representable,  then  u has  a right 
adjoint. 


Proof.  For  each  y choose  an  object  v(y)  and  an  isomorphism  More(— , v (y))  — ► 
Morp(u(— ),  y)  of  functors.  By  Yoneda’s  lemma  (Lemma  4.3.5)  for  any  morphism 
g : y -A  y'  the  transformation  of  functors 

Mor c(-,v(y))  -A  Mor v(u{-),y)  -A  Mor v(u(-),y')  -A  Morc(-, v{y')) 


corresponds  to  a unique  morphism  v{g)  : v{y)  -A  v{y').  We  omit  the  verification 
that  v is  a functor  and  that  it  is  right  adjoint  to  u.  □ 


07RB 


Lemma  4.24.3. 


Let  u be  a left  adjoint  to  v as  in  Definition 


(1)  u is  fully  faithful  4^id=vou. 

(2)  v is  fully  faithful  4=>  u o v = id. 


Then 


Proof.  Assume  u is  fully  faithful.  We  have  to  show  the  adjunction  map  X — > 
v(u(X))  is  an  isomorphism.  Let  X'  -A  v{u{X))  be  any  morphism.  By  adjointness 
this  corresponds  to  a morphism  u(X')  -A  u(X).  By  fully  faithfulness  of  u this 
corresponds  to  a morphism  X'  -A  X.  Thus  we  see  that  X -A  v(u(X))  defines  a bi- 
jection Mor(X7,  X)  -a  Mor(A/,  v(u(X))).  Hence  it  is  an  isomorphism.  Conversely, 
if  id  = v o u then  u has  to  be  fully  faithful,  as  v defines  an  inverse  on  morphism 
sets. 


Part  (2)  is  dual  to  part  (1).  □ 

0038 

(1)  Suppose  that  M : X -a  C is  a diagram,  and  suppose  that  colim xM  exists 
in  C.  Then  tt(colimxAf)  = colimx  u o M.  In  other  words,  u commutes 
with  (representable)  colimits. 

(2)  Suppose  that  M : I — » D is  a diagram,  and  suppose  that  limx  M exists 
in  D.  Then  u(lim z M)  = linixr)  o M.  In  other  words  v commutes  with 
representable  limits. 


Lemma  4.24.4.  Let  u be  a left  adjoint  to  v as  in  Definition  f.2j.l 
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Proof.  A morphism  from  a colimit  into  an  object  is  the  same  as  a compatible 
system  of  morphisms  from  the  constituents  of  the  limit  into  the  object,  see  Remark 
14.14.41  So 

Moru (u(colimj£x  Mj),  Y)  = Morc(colimiex  Mi;  v(Y)) 

= limigI°pj>  Mot c {Mi,  v(Y)) 

= lim  i(=-2°pp  MoTu{u{Mi)  ,Y) 

proves  that  w(colinqgx  Mi)  is  the  colimit  we  are  looking  for.  A similar  argument 
works  for  the  other  statement.  □ 

0039 

(1)  If  C has  finite  colimits,  then  u is  right  exact. 

(2)  If  T>  has  finite  limits,  then  v is  left  exact. 

Proof.  Obvious  from  the  definitions  and  Lemma  \4. 24. 41  □ 


Lemma  4.24.5.  Let  u be  a left  adjoint  of  v as  in  Definition  f.2f.l 


0B65  Lemma  4.24.6.  Let  U\,U2  : C -A  D be  functors  with  right  adjoints  V\,V2  '■  D -A 
C . Let  /?  : ii2  -A  u\  be  a transformation  of  functors.  Let  /3V  : v\  — ► V2  be  the 
corresponding  transformation  of  adjoint  functors.  Then 


U2  O V\  III  o V\ 

j I 

U2  o V2  5-  id 

is  commutative  where  the  unlabeled  arrows  are  the  counit  transformations. 

Proof.  This  is  true  because  /3^  : V\D  — > V2 D is  the  unique  morphism  such 
that  the  induced  maps  Mor(C,  v\D)  -A  Mor(C,  V2D)  is  the  map  Mot{u\C,D)  — ► 
Mor(u2C',  D)  induced  by  /3c  ■ U2C  —A  itiC.  Namely,  this  means  the  map 

Mot{uiV\D,D')  -A  Mot{u2V\D,  D') 

induced  by  /3Vid  is  the  same  as  the  map 

Mot{viD,viD')  -a  Mot{viD,v2D') 

induced  by  /3^>,.  Taking  D'  = D we  find  that  the  counit  U\V\D  -a  D precomposed 
by  /3Vid  corresponds  to  ff^  under  adjunction.  This  exactly  means  that  the  diagram 
commutes  when  evaluated  on  D.  □ 


4.25.  A criterion  for  representability 

OAHM  The  following  lemma  is  often  useful  to  prove  the  existence  of  universal  objects  in 
big  categories,  please  see  the  discussion  in  Remark [4. 2 5. 2 1 

OAHN  Lemma  4.25.1.  Let  C be  a bi^ ] category  which  has  limits.  Let  F : C — » Sets  be  a 
functor.  Assume  that 

(1)  F commutes  with  limits, 

(2)  there  exists  a family  {ax}jg/  of  objects  of  C and  for  each  i £ I an  element 
fi  £ F{xf)  such  that  for  y £ Ob(C)  and  g £ F(y)  there  exists  an  i and  a 
morphism  ip  : Xt  -A  y with  F{ip){ff)  = g. 


2See  Remark 


4.2.2 
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Then  F is  representable,  i.e.,  there  exists  an  object  x of  C such  that 

F(y)  = Mor  c(x,y) 

functorially  in  y. 

Proof.  Let  I be  the  category  whose  objects  are  the  pairs  (xi,  fi)  and  whose  mor- 
phisms  (xi,  fi)  -A-  (Xi',fi>)  are  maps  ip  : Xi  — >•  xp  in  C such  that  F(ip)(fi)  = fp. 
Set 

x = lim  (Xi,fi)eiXi 

(this  will  not  be  the  x we  are  looking  for,  see  below) . The  limit  exists  by  assumption. 
As  F commutes  with  limits  we  have 


F{x)  = lim  (Xiji)exF(xi). 


Hence  there  is  a universal  element  / £ F(x)  which  maps  to  fi  £ F{xi ) under  F 
applied  to  the  projection  map  x — > Xi.  Using  / we  obtain  a transformation  of 
functors 


£ : Morc(x,  -)  — > F(-) 


see  Section  4.3  Let  y be  an  arbitrary  object  of  C and  let  g £ F(y).  Choose  Xi  -A-  y 
such  that  fi  maps  to  g which  is  possible  by  assumption.  Then  F applied  to  the 
maps 


x 


y 


(the  first  being  the  projection  map  of  the  limit  defining  x)  sends  / to  g.  Hence  the 
transformation  £ is  surjective. 


In  order  to  find  the  object  representing  F we  let  e : x'  — > x be  the  equalizer  of  all 
self  maps  ip  : x — > x with  F(tp)(f)  = f.  Since  F commutes  with  limits,  it  commutes 
with  equalizers,  and  we  see  there  exists  an  f £ F{x'j  mapping  to  / in  F(x).  Since 
£ is  surjective  and  since  f maps  to  / we  see  that  also  £'  : More  (a/,  — ) -A  F(-)  is 
surjective.  Finally,  suppose  that  a,b  : x'  -A  y are  two  maps  such  that  F(a)(f)  = 
F(b)(f).  We  have  to  show  a = b.  Consider  the  equalizer  e!  : x"  — ► x' . Again  we 
find  /"  £ F(x")  mapping  to  f . Choose  a map  ip  : x — > x"  such  that  F(ip)(f)  = f". 
Then  we  see  that  eoe'  o ip  : x — »xisa  morphism  with  F{e  o e’  o ip){f)  = f ■ Hence 
eoe'oipoe  = e.  This  means  that  e : x'  — > x factors  through  e!  o e : x"  — > x and 
since  e and  e!  are  monomorphisms  this  implies  x"  = x' , i.e.,  a = b as  desired.  □ 


OAHP  Remark  4.25.2.  The  lemma  above  is  often  used  to  construct  the  free  something 
on  something.  For  example  the  free  abelian  group  on  a set,  the  free  group  on  a set, 
etc.  The  idea,  say  in  the  case  of  the  free  group  on  a set  E is  to  consider  the  functor 

F : Groups  —A  Sets,  G i — > Map(U,  G) 

This  functor  commutes  with  limits.  As  our  family  of  objects  we  can  take  a family 
E -A  Gi  consisting  of  groups  Gi  of  cardinality  at  most  max(H0,  \E\)  and  set  maps 
E — > Gi  such  that  every  isomorphism  class  of  such  a structure  occurs  at  least  once. 
Namely,  if  E -A  G is  a map  from  A1  to  a group  G , then  the  subgroup  G'  generated 
by  the  image  has  cardinality  at  most  max(Ko,  |i£|).  The  lemma  tells  us  the  functor 
is  representable,  hence  there  exists  a group  Fe  such  that  Mor Gtoups{Fe,G)  = 
Map(£',  G).  In  particular,  the  identity  morphism  of  Fe  corresponds  to  a map 
E — ► Fe  and  one  can  show  that  Fe  is  generated  by  the  image  without  imposing 
any  relations. 
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Another  typical  application  is  that  we  can  use  the  lemma  to  construct  colimits  once 
it  is  known  that  limits  exist.  We  illustrate  it  using  the  category  of  topological  spaces 
which  has  limits  by  Topology,  Lemma  |5.13.1[  Namely,  suppose  that  X -A  Top , 
i ha  X.;  is  a functor.  Then  we  can  consider 


F : Top  — > Sets , Y i — > limx  MorTop(Xj,  Y) 

This  functor  commutes  with  limits.  Moreover,  given  any  topological  space  Y and 
an  element  (tpi  : Xt  -a  Y)  of  F{Y),  there  is  a subspace  Y'  C Y of  cardinality  at 
most  | ]j  Xi\  such  that  the  morphisms  tpi  map  into  Y' . Namely,  we  can  take  the 
induced  topology  on  the  union  of  the  images  of  the  ipi-  Thus  it  is  clear  that  the 
hypotheses  of  the  lemma  are  satisfied  and  we  find  a topological  space  X representing 
the  functor  F,  which  precisely  means  that  X is  the  colimit  of  the  diagram  i ha  Xz. 

OAHQ  Theorem  4.25.3  (Adjoint  functor  theorem).  Let  G : C -A  V be  a functor  of  big 
categories.  Assume  C has  limits,  G commutes  with  them,  and  for  every  object  y 
of  V there  exists  a set  of  pairs  (xi,  fi)i^i  with  Xi  £ Ob(C),  fi  £ Mor x>(y,G(xi)) 
such  that  for  any  pair  (a ;, /)  with  x £ Ob(C),  / € Morc(y,  G(x))  there  is  an  i and 
a morphism  h : Xi  -A  x such  that  f = G(h)  o /,;.  Then  G has  a left  adjoint  F . 


Proof.  The  assumptions  imply  that  for  every  object  y of  V the  functor  x ha 
Morx>(y,  G(x))  satisfies  the  assumptions  of  Lemma  4.25.1  Thus  it  is  representable 
by  an  object,  let’s  call  it  F(y).  An  application  of  Yoneda’s  lemma  (Lemma |4. 3.5 ) 
turns  the  rule  y ha  F(y ) into  a functor  which  by  construction  is  an  adjoint  to  G. 
We  omit  the  details.  □ 


4.26.  Localization  in  categories 

04VB  The  basic  idea  of  this  section  is  given  a category  C and  a set  of  arrows  S to  construct 
a functor  F : C — > S~1C  such  that  all  elements  of  S become  invertible  in  S~1C  and 
such  that  F is  universal  among  all  functors  with  this  property.  References  for  this 
section  are  |GZ671  Chapter  I,  Section  2]  and  jVer96.  Chapter  II,  Section  2]. 

04VC  Definition  4.26.1.  Let  C be  a category.  A set  of  arrows  S of  C is  called  a left 
multiplicative  system  if  it  has  the  following  properties: 

LMS1  The  identity  of  every  object  of  C is  in  S and  the  composition  of  two 
composable  elements  of  S is  in  S. 

LMS2  Every  solid  diagram 

X >■  Y 

g 

t i s 

j / V 
Z > W 

with  t £ S can  be  completed  to  a commutative  dotted  square  with  s £ S. 
LMS3  For  every  pair  of  morphisms  f,g:X—>Y  and  t £ S with  target  X such 
that  f ot  = got  there  exists  a s £ S with  source  Y such  that  s o f = s o g. 

A set  of  arrows  S of  C is  called  a right  multiplicative  system  if  it  has  the  following 
properties: 

RMS1  The  identity  of  every  object  of  C is  in  S and  the  composition  of  two 
composable  elements  of  S is  in  S. 
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RMS2  Every  solid  diagram 


X 


v 


/ 


Y 


V 

W 


with  s £ S can  be  completed  to  a commutative  dotted  square  with  t £ S. 
RMS3  For  every  pair  of  morphisms  f,g:X—>Y  and  s £ S with  source  Y such 
that  so  / = sog  there  exists  a t £ S with  target  X such  that  / o t = g o t. 
A set  of  arrows  S'  of  C is  called  a multiplicative  system  if  it  is  both  a left  multiplicative 
system  and  a right  multiplicative  system.  In  other  words,  this  means  that  MSI, 
MS2,  MS3  hold,  where  MSI  = LMS1  + RMS1,  MS2  = LMS2  + RMS2,  and  MS3 
= LMS3  + RMS3.  (That  said,  of  course  LMS1  = RMS1  = MSI.) 

These  conditions  are  useful  to  construct  the  categories  S~1C  as  follows. 

Left  calculus  of  fractions.  Let  C be  a category  and  let  S be  a left  multiplicative 
system.  We  define  a new  category  S~1C  as  follows  (we  verify  this  works  in  the 


proof  of  Lemma  4.26.2): 

We  set  Ob(S'-1C)  = Ob(C). 

Morphisms  X — > Y of  S~1C  are  given  by  pairs  (/  : X — ► Y' , s : Y — a Y') 
with  s £ S up  to  equivalence.  (The  equivalence  is  defined  below.  Think 
of  the  equivalence  class  of  a pair  (/,  s)  as  s~l  f : X — > Y .) 

Two  pairs  (/i  : X — A Yi,si  : Y -A  Yi)  and  (/2  : X — A Y2,s2  : Y — t Y2) 
are  said  to  be  equivalent  if  there  exists  a third  pair  (/3  : X —A  Y3,S3  : 
Y — > I3)  and  morphisms  u : Y\  — > Y3  and  v :Y2  — A Y3  of  C fitting  into  the 


(1) 

(2) 


(3) 


commutative  diagram 


Y\ 


Y 


(4)  The  composition  of  the  equivalence  classes  of  the  pairs  (/  : X — > Y',s  : 
Y —A  Y')  and  (g  :Y  — > Z' , t : Z — A Z')  is  defined  as  the  equivalence  class 
of  a pair  (h  o / : X — > Z" , u o t : Z — » Z")  where  h and  u £ S are  chosen 
to  fit  into  a commutative  diagram 


Y 


Z’ 


V 

Y' 


V 

Z" 


which  exists  by  assumption. 

(5)  The  identity  morphism  X — > X in  S~1C  is  the  equivalence  class  of  the 
pair  (id  : X -A  A,  id  : X —A  X). 

04VD  Lemma  4.26.2.  Let  C be  a category  and  let  S be  a left  multiplicative  system. 

(1)  The  relation  on  pairs  defined  above  is  an  equivalence  relation. 
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(2)  The  composition  rule  given  above  is  well  defined  on  equivalence  classes. 

(3)  Composition  is  associative  ( and  the  identity  morphisms  satisfy  the  identity 
axioms),  and  hence  S~1C  is  a category. 

Proof.  Proof  of  (1).  Let  us  say  two  pairs  p\  = (/i  : X — » Yi,si  : Y -A  Y{) 
and  p2  = (/2  : X — i ► Y2,s2  : Y -A  Y2)  are  elementary  equivalent  if  there  exists  a 
morphism  a : Y\  — > Y2  of  C such  that  ao  f1  = f2  and  sos1  = s2.  Diagram: 

X >-  V,  -e Y 

fi  81 

a 

x^y2^^y 

Let  us  denote  this  property  by  saying  piEp2.  Note  that  pEp  and  aEb,  bEc  =>  aEc. 
(Despite  its  name,  E is  not  an  equivalence  relation.)  Part  (1)  claims  that  the 
relation  p ~ p'  4=>  3q  : pEq  A p'Eq  (where  q is  supposed  to  be  a pair  satisfying  the 
same  conditions  as  p and  p')  is  an  equivalence  relation.  A simple  formal  argument, 
using  the  properties  of  E above,  shows  that  it  suffices  to  prove  p^Epi,p^Ep2  => 
Pi  ~ P2-  Thus  suppose  that  we  are  given  a commutative  diagram 


with  Si  £ S.  First  we  apply  LMS2  to  get  a commutative  diagram 


Y 

i S2 


Y2 


Y 


<224 


a 14 


with  a24  € S.  Then,  we  have 


014  o 031  o S3  — 014  o S3  — a24  o s2  — 024  0 (I32  0 S3- 

Hence,  by  LMS3,  there  exists  a morphism  S44  : Y4  — > Y)  such  that  S44  G S and 
34400140031  = S44 o a24 0 CI32 • Hence,  after  replacing  Y),  044  and  <224  by  Yf,  3440044 
and  S44  o a24,  we  may  assume  that  044  o <231  = a24  o <232  (and  we  still  have  a24  € S 
and  ai4  osi  = <224  o s2).  Set 

fi  — a 14  0 fl  = «14  0 «31  0 f3  — 024  0 «32  ° = «24  ° fi 

and  S4  = ai4  o si  = a24  o s2.  Then,  the  diagram 


commutes,  and  we  have  S4  € S (by  LMS1).  Thus,  P4EP4 , where  P4  = {f^Sif). 
Similarly,  p2Ep4.  Combining  these,  we  find  P4  ~ p2. 
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Proof  of  (2).  Let  p = (/  : X -A  Y',  s : Y -A  F')  and  q = (g  : Y Z'  ,t  : Z Z')  be 
pairs  as  in  the  definition  of  composition  above.  To  compose  we  choose  a diagram 


Y s-  Z' 

l 3 i 


s 

y 


Y' 


h2 


r 


with  it2  G S.  We  first  show  that  the  equivalence  class  of  the  pair  r2  = (/i2  of:X—> 
Z2,w2  o t : Z -A  Z2)  is  independent  of  the  choice  of  (Z2, /i2,  w2).  Namely,  suppose 
that  (Z3,  h3:u3)  is  another  choice  with  corresponding  composition  r3  = (/13  o / : 
X — ► Z3,  u3  of  : Z -A  Z3).  Then  by  LMS2  we  can  choose  a diagram 


Z' 


U2l 

Z2 


h 24 


U34 

v 


z4 


with  U34  G 5.  We  have  /i2  o s = u2  o j and  similarly  h3o  s — u3o  g.  Now, 

U34  oh3os  = U34  o u3  o g = /i24  0U2  o g = ft,24  o /i2  o s. 

Hence,  LMS3  shows  that  there  exists  a Z4  and  an  S44  : Z4  — » Z4  such  that  S44  o 
W340/13  = S44  o h2A  o /i2 . Replacing  Z4,  /i24  and  it 34  by  Z4,  S44o/i24  and  S44OM34,  we 
may  assume  that  1134  o h3  = /t2 4 o /t2.  Meanwhile,  the  relations  U34  o it3  = ft24  o it2 
and  W34  G S continue  to  hold.  We  can  now  set  /14  = 1134  o h3  = /t2 4 o /t2  and 
114  = U34  o u3  = h>2 4 o u2.  Then,  we  have  a commutative  diagram 


Hence  we  obtain  a pair  rq  = (/14  o f : X — Z4,  iq  o i : Z — > Z4)  and  the  above 
diagram  shows  that  we  have  r2.Er4  and  r3Er 4,  whence  r2  ~ r3,  as  desired.  Thus 
it  now  makes  sense  to  define  p o q as  the  equivalence  class  of  all  possible  pairs  r 
obtained  as  above. 


To  finish  the  proof  of  (2)  we  have  to  show  that  given  pairs  pi,P2,  q such  that  p\Ep2 
tlienpiog  = p2°q  and  qopi  = qop2  whenever  the  compositions  make  sense.  To  do 
this,  write  pi  = (fi  : X FqSi  : Y -A  Fi)  and  p2  = (/2  : X -a  F2,s2  : F -a  F2) 
and  let  a : Fi  — > F2  be  a morphism  of  C such  that  /2  = a o fi  and  s2  = a o si. 
First  assume  that  q = (g  :Y  -a  Z',  t : Z — > Z').  In  this  case  choose  a commutative 
diagram  as  the  one  on  the  left 


F 


F2 


Z' 


F 


Z' 


Ft  Z" 
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(with  u £ S),  which  implies  the  diagram  on  the  right  is  commutative  as  well.  Using 
these  diagrams  we  see  that  both  compositions  q o p1  and  q o p2  are  the  equivalence 
class  of  (h  o a o /i  : X — » Z" , u o t : Z — » Z").  Thus  qopi  = q o p2.  The  proof  of 
the  other  case,  in  which  we  have  to  show  pi  o q = p2  o q,  is  omitted.  (It  is  similar 
to  the  case  we  did.) 

Proof  of  (3).  We  have  to  prove  associativity  of  composition.  Consider  a solid 
diagram 

Z 


Y >Z' 

I v 

X >Z" 

y v 

W > X'  > Y"  > Z"' 

(whose  vertical  arrows  belong  to  S ) which  gives  rise  to  three  composable  pairs. 
Using  LMS2  we  can  choose  the  dotted  arrows  making  the  squares  commutative 
and  such  that  the  vertical  arrows  are  in  S . Then  it  is  clear  that  the  composition  of 
the  three  pairs  is  the  equivalence  class  of  the  pair  (W  — > Z'",  Z — > Z'")  gotten  by 
composing  the  horizontal  arrows  on  the  bottom  row  and  the  vertical  arrows  on  the 
right  column. 

We  leave  it  to  the  reader  to  check  the  identity  axioms.  □ 

0BM1  Remark  4.26.3.  The  motivation  for  the  construction  of  S,_1C  is  to  “force”  the 
morphisms  in  S to  be  invertible  by  artificially  creating  inverses  to  them  (at  the  cost 
of  some  existing  morphisms  possibly  becoming  identified  with  each  other).  This 
is  similar  to  the  localization  of  a commutative  ring  at  a multiplicative  subset,  and 
more  generally  to  the  localization  of  a noncommutative  ring  at  a right  denominator 
set.  This  is  more  than  just  a similarity:  The  construction  of  S~1C  (or,  more  pre- 
cisely, its  version  for  additive  categories  C)  actually  generalizes  the  latter  type  of 
localization.  Namely,  a noncommutative  ring  can  be  viewed  as  an  additive  category 
with  a single  object  (the  morphisms  being  the  elements  of  the  ring);  a multiplicative 
subset  of  this  ring  then  becomes  a set  S of  morphisms  satisfying  LMS1  (aka  RMS1). 
Then,  the  conditions  RMS2  and  RMS3  for  this  category  and  this  subset  S translate 
into  the  two  conditions  (“right  permutable”  and  “right  reversible”)  of  a right  de- 
nominator set  (and  similarly  for  LMS  and  left  denominator  sets),  and  S~1C  (with 
a properly  defined  additive  structure)  is  the  one-object  category  corresponding  to 
the  localization  of  the  ring. 

0BM2  Definition  4.26.4.  Let  C be  a category  and  let  S be  a left  multiplicative  system 
of  morphisms  of  C.  Given  any  morphism  / : X — > Y'  in  C and  any  morphism 
s : Y — > Y'  in  S , we  denote  by  s~1f  the  equivalence  class  of  the  pair  (/  : X — y 
Y' , s : Y — > Y').  This  is  a morphism  from  X to  Y in  S~1C. 

This  notation  is  suggestive,  and  the  things  it  suggests  are  true:  Given  any  morphism 
f : X Y'  in  C and  any  two  morphisms  s : Y — > Y'  and  t : Y'  — ► Y"  in  S,  we 
have  (tos)-1  (to/)  = s-1/.  Also,  for  any  / : X — > Y'  and  g : Y'  — y Z'  in  C 
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and  all  s : Z — > Z'  in  S,  we  have  s-1  (go/)  = (s_1g)  o (id/-,1/).  Finally,  for 
any  / : X — Y'  in  C,  all  s : Y —t-  Y'  in  S , and  t : Z — ► Y in  S,  we  have 
(sot)1/  = (f_1  idy)  o (s-1/).  This  is  all  clear  from  the  definition.  We  can 
“write  any  finite  collection  of  morphisms  with  the  same  target  as  fractions  with 
common  denominator”. 

04VE  Lemma  4.26.5.  Let  C be  a category  and  let  S be  a left  multiplicative  system 
of  morphisms  of  C.  Given  any  finite  collection  gi  : Xi  — ► Y of  morphisms  of 
S~1C  (indexed  by  i),  we  can  find  an  element  s : Y Y'  of  S and  a family  of 
morphisms  fi  : Xi  —tY'  of  C such  that  each  gi  is  the  equivalence  class  of  the  pair 
(fi-.Xi^Y^s-.Y^Y'). 


Proof.  For  each  i choose  a representative  (X,;  — > Y),  Sj  : Y — ► 1))  of  g^.  The  lemma 
follows  if  we  can  find  a morphism  s : Y — > Y'  in  S such  that  for  each  i there  is  a 
morphism  a,;  : Y)  — > Y'  with  Qj  o Sj  = s.  If  we  have  two  indices  * = 1,2,  then  we 
can  do  this  by  completing  the  square 


Y 


Y2 


y -\y' 


with  t2  £ S as  is  possible  by  Definition  4.26.1  Then  s = t2  ° s2  € S works.  If  we 
have  n > 2 morphisms,  then  we  use  the  above  trick  to  reduce  to  the  case  of  n — 1 
morphisms,  and  we  win  by  induction.  □ 


There  is  an  easy  characterization  of  equality  of  morphisms  if  they  have  the  same 
denominator. 

04VF  Lemma  4.26.6.  Let  C be  a category  and  let  S be  a left  multiplicative  system  of 
morphisms  ofC.  Let  A,  B : X —t  Y be  morphisms  of  S~1C  which  are  the  equivalence 
classes  of  (/  : X — Y' , s : Y — » Y')  and  (g  : X — > Y' , s : Y — * Y').  Then  A = B 
if  and  only  if  there  exists  a morphism  a : Y'  — > Y"  with  a o s € S and  such  that 
a o / = a o g. 


Proof.  The  equality  of  A and  B means  that  there  exists  a commutative  diagram 


Y' 


with  t £ S.  In  particular  uos  = vos.  Hence  by  LMS3  there  exists  a s'  : Z — ► Y"  in 
S such  that  s'  o u = s'  o v.  Setting  a equal  to  this  common  value  does  the  job.  □ 

05Q0  Remark  4.26.7.  Let  C be  a category.  Let  S' be  a left  multiplicative  system.  Given 
an  object  Y of  C we  denote  Y/S  the  category  whose  objects  are  s : Y — > Y'  with 
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s £ S and  whose  morphisms  are  commutative  diagrams 

Y 


where  a : Y'  — > Y"  is  arbitrary.  We  claim  that  the  category 
Definition  4.19.11.  Namely,  LMS1  implies  that  idy  : Y — > Y is 
is  nonempty.  LMS2  implies  that  given  si  : Y — » Yj  and  s2  ■ Y 
diagram 


Y/S  is  filtered  (see 
in  Y/S ; hence  Y/S 
— > Y2  we  can  find  a 


with  t £ S.  Hence  si  : Y — > Y\  and  s2  '■  Y — ► Y2  both  have  maps  to  t o s2  : Y — > Y3 
in  Y/S.  Finally,  given  two  morphisms  a,  b from  si  : Y — > Y\  to  s2  : Y — > Y2  in  Y/S 
we  see  that  aosj  = hence  by  LMS3  there  exists  a t : Y2  — > I3  in  S such  that 

t o a = t o b.  Now  the  combined  results  of  Lemmas  14.26.51  and  14. 26.61  tell  us  that 


05Q1  (4.26.7.1)  Mors-iC(X,F)  = colim(s:y^y,)ey/s  Morc(X,  W) 

This  formula  expressing  morphism  sets  in  S~lC  as  a filtered  colimit  of  morphism 
sets  in  C is  occasionally  useful. 

04VG  Lemma  4.26.8.  Let  C be  a category  and  let  S be  a left  multiplicative  system  of 
morphisms  of  C. 

(1)  The  rules  X 1— > X and  (/  : X — > Y)  1-4  (/  : X — ► Y,  idy  '■  Y -4  Y)  define 
a functor  Q : C -A  S~1C. 

(2)  For  any  s £ S the  morphism  Q(s)  is  an  isomorphism  in  S~1C. 

(3)  If  G : C — ► V is  any  functor  such  that  G(s)  is  invertible  for  every  s £ S, 
then  there  exists  a unique  functor  H : 5'^1C  — > T>  such  that  H o Q = G. 


Proof.  Parts  (1)  and  (2)  are  clear.  (In  (2),  the  inverse  of  Q(s ) is  the  equivalence 
class  of  the  pair  (idy,s).)  To  see  (3)  just  set  H(X)  = G(X)  and  set  H((f  : X — ► 
Y' , s : Y — ► Y'))  = G(s)-1  o G(f).  Details  omitted.  □ 

05Q2  Lemma  4.26.9.  Let  C be  a category  and  let  S be  a left  multiplicative  system  of 
morphisms  of  C.  The  localization  functor  Q : C S~1C  commutes  with  finite 
colimits. 


Proof.  Let  I be  a finite  category  and  let  I — > C1  i 1— >•  Xi 
exists.  Then  using  (4.26.7.11,  the  fact  that  Y/S  is  filtered,  and  Lemma  4.19.2 
have 


be  a functor  whose  colimit 
we 


Morg-ic(Q(cohmXj),<3(F))  = colim(s.y_>.y/)ey/S  Morc(colim Xu  Y') 

= colim(s.y_>y/)6y/S  lim*  Morc(X!;,  Y') 

= lhn,;  colim(s.y_>y/)giys  Morc(Xj,  Y') 

= limj  Mors-iC(Q(Xi),  Q(Y)) 

and  hence  <5(colim  Xi)  is  the  colimit  of  the  functor  i 1— > Q(Xi)  as  desired.  □ 
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05Q3  Lemma  4.26.10.  Let  C be  a category.  Let  S be  a left  multiplicative  system.  If 
f : X —¥  Y , f \ X'  Y'  are  two  morphisms  of  C and  if 


Q(X)  Q(X') 


QU ) 

v 


Q(Y) 


QU') 

Q(Y') 


is  a commutative  diagram  in  S XC,  then  there  exists  a morphism  f"  : X"  — > Y"  in 
C and  a commutative  diagram 


< ^ X 

X 

9 

s 

f 

f" 

l , J 

y"  * * Y' 


in  C with  s,t  £ S and  a = s lg,  b = t 1h. 


Proof.  We  choose  maps  and  objects  in  the  following  way:  First  write  a = s 1g  for 
some  s : X’  — > X"  in  S and  g : X — A X" . By  LMS2  we  can  find  t : Y'  — » Y"  in  S 
and  f"  : X"  -A  Y"  such  that 


C X 

X 

9 

s 

f 

f" 

Y Y"  ' — Y' 


commutes.  Now  in  this  diagram  we  are  going  to  repeatedly  change  our  choice  of 

X"  A Y"  4-  Y' 


by  postcomposing  both  t and  f"  by  a morphism  d : Y"  — A Y'"  with  the  property 
that  dot  £ S.  According  to  Remark  4.26.7  we  may  after  such  a replacement  assume 
that  there  exists  a morphism  h : Y -A  Y"  such  that  b = At  this  point  we 

have  everything  as  in  the  lemma  except  that  we  don’t  know  that  the  left  square 
of  the  diagram  commutes.  But  the  definition  of  composition  in  S~lC  shows  that 
b°Q(f)  is  the  equivalence  class  of  the  pair  (h  o f : X — A Y" , t : Y'  — A Y")  (since 
b is  the  equivalence  class  of  the  pair  {g  : X — > X",s  : X'  — ► X"),  while  Q (/) 
is  the  equivalence  class  of  the  pair  (/  : X — ► Y,  id  : Y — > F)),  while  Q (/')  o a 
is  the  equivalence  class  of  the  pair  (/"  o g : X — > Y",t  : Y'  — > Y")  (since  a is 
the  equivalence  class  of  the  pair  (h  : Y — >■  Y”,t  : Y'  — > Y"),  while  Q (/')  is  the 
equivalence  class  of  the  pair  (/'  : X'  — > F',id  : Y'  — > Y')).  Since  we  know  that 
b°Q{f)  = Q (f')  ° a,  we  thus  conclude  that  the  equivalence  classes  of  the  pairs 
(hof:X->  Y",t  : Y’  -A  Y")  and  ( fog  : X -A  Y",t  : Y'  -A  Y")  are  equal.  Hence 
using  Lemma  4.26.6  we  can  find  a morphism  d : Y"  -A  Y'"  such  that  dot  £ S and 
d o h o f = d o f"  o g.  Hence  we  make  one  more  replacement  of  the  kind  described 
above  and  we  win.  □ 


''Here  is  a more  down-to-earth  way  to  see  this:  Write  b = q~  1 i for  some  q : Y'  — > Z in  S and 
some  i : Y — > Z.  By  LMS2  we  can  find  r : Y"  — » Y"’  in  S and  j : Z -A  Y’"  such  that  j o q = r o t. 
Now,  set  d = r and  h = j o i. 
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Right  calculus  of  fractions.  Let  C be  a category  and  let  S'  be  a right  multiplica- 
tive system.  We  define  a new  category  S~1C  as  follows  (we  verify  this  works  in  the 
proof  of  Lemma  4.26.11 1: 


(1)  We  set  Ob (S^C)  = Ob(C). 

(2)  Morphisms  X — » Y of  S~1C  are  given  by  pairs  (/  : X'  — > Y,  s : X'  — \ X) 
with  s € S up  to  equivalence.  (The  equivalence  is  defined  below.  Think 
of  the  equivalence  class  of  a pair  (/,  s)  as  /s-1  : X -A  Y .) 

(3)  Two  pairs  (A  : X1  -A  Y,  Sl  : X±  -A  X)  and  (/2  : X2  -A  Y,  s2  : X2  -A  X) 
are  said  to  be  equivalent  if  there  exists  a third  pair  : A'3  -A  Y.  .S3  : 
I3-aI)  and  morphisms  u : X3  -A  X-t  and  r : X3  A X2  of  C fitting  into 
the  commutative  diagram 


X! 


(4)  The  composition  of  the  equivalence  classes  of  the  pairs  (/  : X'  -A  Y,  s : 
X'  — > X)  and  (<7  : Y'  -A  Z,t  : Y'  -A  Y)  is  defined  as  the  equivalence  class 
of  a pair  (g  oh  : X"  — > Z,  s o u : X"  -A  X)  where  h and  u £ S are  chosen 
to  fit  into  a commutative  diagram 


x"  h »y' 

U t 

X'  — Y 


which  exists  by  assumption. 

(5)  The  identity  morphism  X — > X in  S~1C  is  the  equivalence  class  of  the 
pair  (id  : X — > X,  id  : X — > X). 

04VH  Lemma  4.26.11.  Let  C be  a category  and  let  S be  a right  multiplicative  system. 

(1)  The  relation  on  pairs  defined  above  is  an  equivalence  relation. 

(2)  The  composition  rule  given  above  is  well  defined  on  equivalence  classes. 

(3)  Composition  is  associative  ( and  the  identity  morphisms  satisfy  the  identity 
axioms),  and  hence  S~1C  is  a category. 


Proof.  This  lemma  is  dual  to  Lemma  [4. 26. 2[  It  follows  formally  from  that  lemma 
by  replacing  C by  its  opposite  category  in  which  S’  is  a left  multiplicative  system.  □ 


0BM3  Definition  4.26.12.  Let  C be  a category  and  let  S'  be  a right  multiplicative  system 
of  morphisms  of  C.  Given  any  morphism  / : X'  -A  Y in  C and  any  morphism 
s : X'  — ^ X in  S,  we  denote  by  /s-1  the  equivalence  class  of  the  pair  (/  : X'  —>■ 
Y,  s : X'  — > X).  This  is  a morphism  from  X to  Y in  S~1C. 


Identities  similar  (actually,  dual)  to  the  ones  in  Definition  4.26.4  hold.  We  can 
“write  any  finite  collection  of  morphisms  with  the  same  source  as  fractions  with 
common  denominator” . 
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04  VI 


04  VJ 


05Q4 


05Q5 


04VK 


05Q6 


Lemma  4.26.13.  Let  C be  a category  and  let  S be  a right  multiplicative  system 
of  morphisms  of  C.  Given  any  finite  collection  gi  : X of  morphisms  of 

S~1C  (indexed  by  i),  we  can  find  an  element  s : X'  — > X of  S and  a family  of 
morphisms  fi  : X'  — ► Y)  of  C such  that  gi  is  the  equivalence  class  of  the  pair 
c fi-.X'-tY^s-.X'-tX). 


Proof.  This  lemma  is  the  dual  of  Lemma  |4.26.5  and  follows  formally  from  that 
lemma  by  replacing  all  categories  in  sight  by  their  opposites.  □ 


There  is  an  easy  characterization  of  equality  of  morphisms  if  they  have  the  same 
denominator. 

Lemma  4.26.14.  Let  C be  a category  and  let  S be  a right  multiplicative  system  of 
morphisms  ofC.  Let  A,B  : X — >■  V be  morphisms  of  S~lC  which  are  the  equivalence 
classes  of  (f  : X'  —>  Y,  s : X'  —>  X)  and  (g  : X'  -A  Y,  s : X'  — > X).  Then  A = B 
if  and  only  if  there  exists  a morphism  a : X"  — > X'  with  s o a £ S and  such  that 
f o a = g o a. 

Proof.  This  is  dual  to  Lemma [4.26. 61  □ 

4.26.15.  Let  C be  a category.  Let  S'  be  a right  multiplicative  system, 
object  X of  C we  denote  S/X  the  category  whose  objects  are  s : X'  — > X 
with  s £ S and  whose  morphisms  are  commutative  diagrams 


Remark 

Given  an 


where  a : X'  — ► X"  is  arbitrary.  The  category  S/X  is  cofiltered  (see  Definition 
4.20.1).  (This  is  dual  to  the  corresponding  statement  in  Remark  4.26. 7|)  Now  the 


combined  results  of  Lemmas  14.26.131  and  14.26.141  tell  us  that 


(4.26.15.1)  Mors-iC(X,  Y)  = coYun.(8,x>^x)&(S/x)°**  Morc(X',  Y) 

This  formula  expressing  morphisms  in  S~1C  as  a filtered  colimit  of  morphisms  in  C 
is  occasionally  useful. 

Lemma  4.26.16.  Let  C be  a category  and  let  S be  a right  multiplicative  system 
of  morphisms  of  C . 

(1)  The  rules  X H > X and  (/  : X — > Y)  ha-  (/  : X — > Y,  idx  ■ X — > X)  define 
a functor  Q : C -A  S~1C. 

(2)  For  any  s £ S the  morphism  Q(s)  is  an  isomorphism  in  S~1C. 

(3)  If  G : C -£  V is  any  functor  such  that  G(s)  is  invertible  for  every  s £ S, 
then  there  exists  a unique  functor  H : S~1C  — > V such  that  H o Q = G. 


Proof.  This  lemma  is  the  dual  of  Lemma  |4.26.8  and  follows  formally  from  that 
lemma  by  replacing  all  categories  in  sight  by  their  opposites.  □ 


Lemma  4.26.17.  Let  C be  a category  and  let  S be  a right  multiplicative  system 
of  morphisms  of  C.  The  localization  functor  Q : C — » S~1C  commutes  with  finite 
limits. 


Proof.  This  is  dual  to  Lemma [4.26.91 


□ 
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05Q7  Lemma  4.26.18.  Let  C be  a category.  Let  S be  a right  multiplicative  system.  If 
f : X —¥  Y , f \ X'  —¥  Y'  are  two  morphisms  of  C and  if 


Q(f) 

V 


Q(X) 


Q(f ) 


Q{Y') 


is  a commutative  diagram  in  S 1C,  then  there  exists  a morphism  f"  : X"  — » Y"  in 
C and  a commutative  diagram 


V X 

" — 

s 

9 

/ 

f" 

' 

t. 

Y"  n -.  y' 


in  C with  s,t  £ S and  a = gs  1 , b = ht  1 . 

Proof.  This  lemma  is  dual  to  Lemma  [4.26. 10|  but  we  can  also  prove  it  directly  as 
follows.  We  choose  maps  and  objects  in  the  following  way:  First  write  b = ht -1  for 
some  t : Y"  — ► Y in  S and  h : Y"  — > Y' . By  RMS2  we  can  find  s : X"  — > X in  S 
and  f"  : X"  -A  Y"  such  that 


< X 

" X 

s 

f 

f" 

' 

t. 

Y"  n -.  y' 


commutes.  Now  in  this  diagram  we  are  going  to  repeatedly  change  our  choice  of 

X £ X"  A Y" 


by  precomposing  both  s and  f"  by  a morphism  d : X'"  -A  X"  with  the  property 
that  so  d £ S.  According  to  Remark  |4.26.15|  we  may  after  such  a replacement 
assume  that  there  exists  a morphism  g : X"  — ► X'  such  that  a = gs . At  this 
point  we  have  everything  as  in  the  lemma  except  that  we  don’t  know  that  the  right 
square  of  the  diagram  commutes.  However,  we  do  know  that  Q(f'g)  = Q{hf")  in 
S~lrD  because  the  left  square  commutes,  the  outer  square  commutes  in  S~lV  by 


assumption,  and  because  Q(s),  Q{t)  are  isomorphisms.  Hence  using  Lemma  4.26.14 
we  can  find  a morphism  d : X'"  -A  X"  in  S (!)  such  that  f'gd  = hf"d.  Hence  we 
make  one  more  replacement  of  the  kind  described  above  and  we  win.  □ 


Multiplicative  systems  and  two  sided  calculus  of  fractions.  If  S'  is  a multi- 
plicative system  then  left  and  right  calculus  of  fractions  give  canonically  isomorphic 
categories. 

04VL  Lemma  4.26.19.  Let  C be  a category  and  let  S be  a multiplicative  system.  The 
category  of  left  fractions  and  the  category  of  right  fractions  S~1C  are  canonically 
isomorphic. 


Proof.  Denote  Cze/t>  Cright  the  two  categories  of  fractions.  By  the  universal 
properties  of  Lemmas  4.26.8  and  4.26.16  we  obtain  functors  C;e/t  — > Cright  and 
Cright  —■ ► Cie/t-  By  the  uniqueness  of  these  functors  they  are  each  others  inverse.  □ 
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05Q8  Definition  4.26.20.  Let  C be  a category  and  let  S'  be  a multiplicative  system. 
We  say  S is  saturated  if,  in  addition  to  MSI,  MS2,  MS3  we  also  have 

MS4  Given  three  composable  morphisms  /,  g , h,  if  fg,  gh  £ S,  then  g £ S. 

Note  that  a saturated  multiplicative  system  contains  all  isomorphisms.  Moreover,  if 
/,  g,  h are  composable  morphisms  in  a category  and  fg,gh  are  isomorphisms,  then 
g is  an  isomorphism  (because  then  g has  both  a left  and  a right  inverse,  hence  is 
invertible) . 

05Q9  Lemma  4.26.21.  Let  C be  a category  and  let  S be  a multiplicative  system.  Denote 
Q : C — ► S~lC  the  localization  functor.  The  set 

S = {/  £ Arrows(C)  \ Q(f)  is  an  isomorphism} 


is  equal  to 


S'  = {/  £ Arrows(C)  \ there  exist  g , h such  that  gf , fh  £ 5} 


and  is  the  smallest  saturated  multiplicative  system  containing  S . In  particular,  if 
S is  saturated,  then  S = S. 

Proof,  ft  is  clear  that  S C S'  C S because  elements  of  S'  map  to  morphisms  in 
S~lC  which  have  both  left  and  right  inverses.  Note  that  S'  satisfies  MS4,  and  that 
S satisfies  MSI.  Next,  we  prove  that  S'  = S. 


Let  f £ S.  Let  s 1g  = ht  1 be  the  inverse  morphism  in  S 1C.  (We  may  use 
both  left  fractions  and  right  fractions  to  describe  morphisms  in  S~1C,  see  Lemma 


diagram 


4.26.19 


) The  relation  idx  = s 1gf  in  S XC  means  there  exists  a commutative 


X' 


for  some  morphisms  f ,u,v  and  s'  £ S.  Hence  ugf  = s'  £ S.  Similarly,  using  that 
idy  = fht -1  one  proves  that  fhw  £ S for  some  w.  We  conclude  that  / € S'.  Thus 
S'  = S.  Provided  we  prove  that  S'  = S is  a multiplicative  system  it  is  now  clear 
that  this  implies  that  S'  = S is  the  smallest  saturated  system  containing  S. 


Our  remarks  above  take  care  of  MSI  and  MS4,  so  to  finish  the  proof  of  the  lemma 
we  have  to  show  that  LMS2,  RMS2,  LMS3,  RMS3  hold  for  S.  Let  us  check  that 
LMS2  holds  for  S.  Suppose  we  have  a solid  diagram 


X- 


Y 


■>■  W 


t 
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with  t £ S.  Pick  a morphism  a : Z -A  Z'  such  that  at  £ S.  Then  we  can  use  LMS2 
for  S to  find  a commutative  diagram 


and  setting  / = /'  o a we  win.  The  proof  of  RMS2  is  dual  to  this.  Finally,  suppose 
given  a pair  of  morphisms  f,g:X—*Y  and  t £ S with  target  X such  that  ft  = gt. 
Then  we  pick  a morphism  b such  that  tb  £ S.  Then  ftb  = gtb  which  implies  by 
LMS3  for  S that  there  exists  an  s £ S with  source  Y such  that  sf  = sg  as  desired. 
The  proof  of  RMS3  is  dual  to  this.  □ 

4.27.  Formal  properties 

003D  In  this  section  we  discuss  some  formal  properties  of  the  2-category  of  categories. 
This  will  lead  us  to  the  definition  of  a (strict)  2-category  later. 

Let  us  denote  Ob  {Cat)  the  class  of  all  categories.  For  every  pair  of  categories 
A,B  £ Ob(Cat)  we  have  the  “small”  category  of  functors  Fun(H, B).  Composition 
of  transformation  of  functors  such  as 


F" 


F 


is  called  vertical  composition.  We  will  use  the  usual  symbol  o for  this.  Next,  we 
will  define  horizontal  composition.  In  order  to  do  this  we  explain  a bit  more  of  the 
structure  at  hand. 

Namely  for  every  triple  of  categories  A,  B , and  C there  is  a composition  law 

o : Ob(Fun(£,C))  x Ob(Fun(^,B))  — ► Ob(Fun(.4,C)) 

coming  from  composition  of  functors.  This  composition  law  is  associative,  and 
identity  functors  act  as  units.  In  other  words  - forgetting  about  transformations  of 
functors  - we  see  that  Cat  forms  a category.  How  does  this  structure  interact  with 
the  morphisms  between  functors? 

Well,  given  t : F — »•  F'  a transformation  of  functors  F,  F'  : A — >•  B and  a functor 
G : B — > C we  can  define  a transformation  of  functors  G o F — » G o F' . We 
will  denote  this  transformation  Qt.  It  is  given  by  the  formula  ( ct)x  = G(tx)  : 
G(F(x))  -A  G(F'(x))  for  all  x £ A.  In  this  way  composition  with  G becomes  a 
functor 

Fun(A,B)  — > Fun(„4,C). 

To  see  this  you  just  have  to  check  that  G(id.p)  = idcoF  and  that  c(t  1°^)  = g^i°g^2- 
Of  course  we  also  have  that  m At  = t. 
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Similarly,  given  s : G — > G'  a transformation  of  functors  G,G'  : B — ► C and 
F : A — > B a functor  we  can  define  sp  to  be  the  transformation  of  functors  G o F — ► 
G'  o F given  by  (sf)x  = sf(x ) : G(F(x))  — ► G'(F(x))  for  all  x £ A.  In  this  way 
composition  with  F becomes  a functor 


Fun(£>,C)  — ¥ Fun(*4,  C). 

To  see  this  you  just  have  to  check  that  (id(j)F  = idc0F  and  that  (si  o S2)f  = 
si,f  ° 82, f-  Of  course  we  also  have  that  s;de  = s. 

These  constructions  satisfy  the  additional  properties 


Gi(g2*)  = GioGa^j  (sFi)f2  = sFiof2,  and  h{Sf)  = ( hs)f 


whenever  these  make  sense.  Finally,  given  functors  F,F'  : A — )•  B,  and  G,  G'  : 
B — t C and  transformations  t : F — » F',  and  s : G — > G'  the  following  diagram  is 
commutative 


Go  F 

Sf 

G'oF 


at 


GoF' 


G'oF' 


in  other  words  G't 0 sf  = sf'  0 G^-  To  prove  this  we  just  consider  what  happens  on 
any  object  x £ Ob(_4): 


G(F(x))  — — — — G{F'(x)) 


SF(x) 


G'(F(x))  G'(F'(x)) 

Or  [tx  ) 


which  is  commutative  because  s is  a transformation  of  functors.  This  compatibility 
relation  allows  us  to  define  horizontal  composition. 

003E  Definition  4.27.1.  Given  a diagram  as  in  the  left  hand  side  of: 

F G GoF 

A B ^ C gives  A ,|j. s*T^;  C 

F'  G‘  G'oF' 

we  define  the  horizontal  composition  s * t to  be  the  transformation  of  functors 

G't  o sf  = Sf1  0 g t- 


Now  we  see  that  we  may  recover  our  previously  constructed  transformations  at  and 
sf  as  G't  = idc  and  sf  = s*idp.  Furthermore,  all  of  the  rules  we  found  above 
are  consequences  of  the  properties  stated  in  the  lemma  that  follows. 

003F  Lemma  4.27.2.  The  horizontal  and  vertical  compositions  have  the  following  prop- 
erties 

(1)  o and  * are  associative, 

(2)  the  identity  transformations  idF  are  units  for  o , 

(3)  the  identity  transformations  of  the  identity  functors  ididA  are  units  for  * 
and  o,  and 
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(4)  given  a diagram 


F G 


F"  G" 


we  have  (s'  os ) * ( t ' o t)  = (s'  * t')  o (s-kt). 

Proof.  The  last  statement  turns  using  our  previous  notation  into  the  following 
equation 

s'pn  O Qit'  O Sp1  ° G^  = (s'  O s') p"  O g(^'  ° t)  ■ 

According  to  our  result  above  applied  to  the  middle  composition  we  may  rewrite 
the  left  hand  side  as  s'F,,  o sf"  ° g t'  ° Gt  which  is  easily  shown  to  be  equal  to  the 
right  hand  side.  □ 

Another  way  of  formulating  condition  (4)  of  the  lemma  is  that  composition  of 
functors  and  horizontal  composition  of  transformation  of  functors  gives  rise  to  a 
functor 

(o,*)  : Fun(S,  C)  x Fun(M,  B)  — Fun(A,  C) 
whose  source  is  the  product  category,  see  Definition  |4.2.20[ 

4.28.  2-categories 

003G  We  will  give  a definition  of  (strict)  2-categories  as  they  appear  in  the  setting  of 
stacks.  Before  you  read  this  take  a look  at  Section  [4. 27|  and  Example |4. 29. 2|  Basi- 
cally, you  take  this  example  and  you  write  out  all  the  rules  satisfied  by  the  objects, 
1-morphisms  and  2-morphisms  in  that  example. 

003H  Definition  4.28.1.  A (strict)  2 -category  C consists  of  the  following  data 

(1)  A set  of  objects  Ob(C). 

(2)  For  each  pair  x,  y € Ob(C)  a category  More  (x,  y).  The  objects  of  More  (x,  y) 
will  be  called  1-morphisms  and  denoted  F : x -A  y.  The  morphisms  be- 
tween these  1-morphisms  will  be  called  2-morphisms  and  denoted  t : F' 

F.  The  composition  of  2-morphisms  in  More  (x,  y)  will  be  called  vertical 
composition  and  will  be  denoted  tot'  for  t : F'  — > F and  t'  : F"  — > F' . 

(3)  For  each  triple  x,y,z  £ Ob(C)  a functor 

(o,*)  : Mor c(y,z)  x Morc(x,j/)  — > Morc(a;,  z). 

The  image  of  the  pair  of  1-morphisms  ( F , G ) on  the  left  hand  side  will  be 
called  the  composition  of  F and  G , and  denoted  F o G.  The  image  of  the 
pair  of  2-morphisms  (t,  s)  will  be  called  the  horizontal  composition  and 
denoted  t * s. 

These  data  are  to  satisfy  the  following  rules: 

(1)  The  set  of  objects  together  with  the  set  of  1-morphisms  endowed  with 
composition  of  1-morphisms  forms  a category. 

(2)  Horizontal  composition  of  2-morphisms  is  associative. 

(3)  The  identity  2-morphism  ididx  of  the  identity  1-morphism  id^,  is  a unit  for 
horizontal  composition. 
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This  is  obviously  not  a very  pleasant  type  of  object  to  work  with.  On  the  other 
hand,  there  are  lots  of  examples  where  it  is  quite  clear  how  you  work  with  it.  The 
only  example  we  have  so  far  is  that  of  the  2-category  whose  objects  are  a given 
collection  of  categories,  1-morphisms  are  functors  between  these  categories,  and  2- 
morphisms  are  natural  transformations  of  functors,  see  Section  4.27  As  far  as  this 


text  is  concerned  all  2-categories  will  be  sub  2-categories  of  this  example.  Here  is 
what  it  means  to  be  a sub  2-category. 


02X7  Definition  4.28.2.  Let  C be  a 2-category.  A sub  2-category  C of  C,  is  given  by  a 
subset  Ob(C')  of  Ob(C)  and  sub  categories  More'  (x,  y)  of  the  categories  More  (a?,?/) 
for  all  x,  y £ Ob(C')  such  that  these,  together  with  the  operations  o (composition  1- 
morphisms),  o (vertical  composition  2-morphisms),  and  * (horizontal  composition) 
form  a 2-category. 


003J  Remark  4.28.3.  Big  2-categories.  In  many  texts  a 2-category  is  allowed  to  have 
a class  of  objects  (but  hopefully  a “class  of  classes”  is  not  allowed).  We  will  allow 
these  “big”  2-categories  as  well,  but  only  in  the  following  list  of  cases  (to  be  updated 
as  we  go  along): 

(1)  The  2-category  of  categories  Cat. 

(2)  The  (2,  l)-category  of  categories  Cat. 

(3)  The  2-category  of  groupoids  Groupoids. 

(4)  The  (2,  l)-category  of  groupoids  Groupoids. 

(5)  The  2-category  of  fibred  categories  over  a fixed  category. 

(6)  The  (2,  l)-category  of  fibred  categories  over  a fixed  category. 

See  Definition|4.29.1|  Note  that  in  each  case  the  class  of  objects  of  the  2-category  C 
is  a proper  class,  but  for  all  objects  i,j/£  Ob(C)  the  category  More  (a;,  y)  is  “small” 
(according  to  our  conventions). 


The  notion  of  equivalence  of  categories  that  we  defined  in  Section  |4.2|  extends  to 
the  more  general  setting  of  2-categories  as  follows. 

003L  Definition  4.28.4.  Two  objects  x,y  of  a 2-category  are  equivalent  if  there  exist 
1-morphisms  F : x -*  y and  G : y — t x such  that  F o G is  2-isomorphic  to  idy  and 
G o F is  2-isomorphic  to  idx. 


Sometimes  we  need  to  say  what  it  means  to  have  a functor  from  a category  into  a 
2-category. 

003N 

(1)  A functor  from  an  ordinary  category  into  a 2-category  will  ignore  the 
2-morphisms  unless  mentioned  otherwise.  In  other  words,  it  will  be  a 
“usual”  functor  into  the  category  formed  out  of  2-category  by  forgetting 
all  the  2-morphisms. 

(2)  A weak  functor , or  a pseudo  functor  ip  from  A into  the  2-category  C is 
given  by  the  following  data 

(a)  a map  ip  : Ob(M)  — ► Ob(C), 

(b)  for  every  pair  x,y  £ Ob(M),  and  every  morphism  / : x — > y a 1- 
morphism  < p(f ) : <p(x)  — ► tp(y), 

(c)  for  every  x £ Ob(A)  a 2-morphism  ax  : idv(x)  —t  <p(idx),  and 

(d)  for  every  pair  of  composable  morphisms  f : x — > y,  g : y — > z of  4 a 
2-morphism  agJ  : tp(g  of)-*  <p(g)  ° <p{f). 


Definition  4.28.5.  Let  A be  a category  and  let  C be  a 2-category. 
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These  data  are  subject  to  the  following  conditions: 

(a)  the  2-morphisms  ax  and  agj  are  all  isomorphisms, 

(b)  for  any  morphism  / : x — > y in  A we  have  ckm  / = oty  *id¥,(y): 


^ ¥>(/)  idB 

tp{x)  ^ -J]id ^(y)  __  ^ <^(y) 

¥>(/) 


¥>(/) 


¥>(z)  ^W„,/  ^(y) 


¥3(id»)°v(/) 


(c)  for  any  morphism  / : x — ► y in  A we  have  a/,idT  = id^n  * ax, 

(d)  for  any  triple  of  composable  morphisms  / : w — >■  x,  g : x — ► y,  and 
h : y — ► 2 of  A we  have 


* agJ ) ° ah,gof  — (ah,g  * O CHhogJ 

in  other  words  the  following  diagram  with  objects  1-morphisms  and 
arrows  2-morphisms  commutes 


<p(hogo  f)  - 

ah,gof 

<f(h)  ° v(g  ° f) 


ahog,f 


1 duCh.}*** 


■ <p{h  o g)  o ip(f) 


<p(h)*(Xg,f 


OLh^g+id^^f) 


<p{h)  o <p(g)  o ^(/j 


Again  this  is  not  a very  workable  notion,  but  it  does  sometimes  come  up.  There 
is  a theorem  that  says  that  any  pseudo-functor  is  isomorphic  to  a functor.  Finally, 
there  are  the  notions  of  functor  between  2-categories , and  pseudo  functor  between 
2-categories.  This  last  notion  leads  us  into  3-category  territory.  We  would  like  to 
avoid  having  to  define  this  at  almost  any  cost! 


4.29.  (2,  l)-categories 


02X8  Some  2-categories  have  the  property  that  all  2-morphisms  are  isomorphisms.  These 
will  play  an  important  role  in  the  following,  and  they  are  easier  to  work  with. 

0031  Definition  4.29.1.  A (strict)  (2, 1 )-category  is  a 2-category  in  which  all  2-morphisms 
are  isomorphisms. 


003K 


Example  4.29.2.  The  2-category  Cat , see  Remark 


4.28.3 


can  be  turned  into  a 


(2,  l)-category  by  only  allowing  isomorphisms  of  functors  as  2-morphisms. 


In  fact,  more  generally  any  2-category  C produces  a (2,  l)-category  by  consider- 
ing the  sub  2-category  C with  the  same  objects  and  1-morphisms  but  whose  2- 
morphisms  are  the  invertible  2-morphisms  of  C.  In  this  situation  we  will  say  “let  C' 
be  the  (2, 1 )-category  associated  to  C”  or  similar.  For  example,  the  (2,  l)-category  of 
groupoids  means  the  2-category  whose  objects  are  groupoids,  whose  l-nrorphisms 
are  functors  and  whose  2-morphisms  are  isomorphisms  of  functors.  Except  that 
this  is  a bad  example  as  a transformation  between  functors  between  groupoids  is 
automatically  an  isomorphism! 


003M  Remark  4.29.3.  Thus  there  are  variants  of  the  construction  of  Example  4.29.2 
above  where  we  look  at  the  2-category  of  groupoids,  or  categories  fibred  in  groupoids 
over  a fixed  category,  or  stacks.  And  so  on. 
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4.30.  2-fibre  products 


0030  In  this  section  we  introduce  2-fibre  products.  Suppose  that  C is  a 2-category.  We 
say  that  a diagram 

w >■  y 

y 

X 3-  Z 

2-commutes  if  the  two  1-morphisms  w — > y — > z and  w —>  x — ► z are  2-isomorphic. 
In  a 2-category  it  is  more  natural  to  ask  for  2-commutativity  of  diagrams  than  for 
actually  commuting  diagrams.  (Indeed,  some  may  say  that  we  should  not  work  with 
strict  2-categories  at  all,  and  in  a “weak”  2-category  the  notion  of  a commutative 
diagram  of  1-morphisms  does  not  even  make  sense.)  Correspondingly  the  notion  of 
a fibre  product  has  to  be  adjusted. 

Let  C be  a 2-category.  Let  x,y,z  € Ob(C)  and  / € Mor c(x,z)  and  g £ Mor c(y,z). 
In  order  to  define  the  2-fibre  product  of  / and  g we  are  going  to  look  at  2- 
commutative  diagrams 

w 3-  x 

a 

b f 

'S' 

y 2- 

Now  in  the  case  of  categories,  the  fibre  product  is  a final  object  in  the  category  of 
such  diagrams.  Correspondingly  a 2-fibre  product  is  a final  object  in  a 2-category 
(see  definition  below).  The  2 -category  of  2- commutative  diagrams  is  the  2-category 
defined  as  follows: 

(1)  Objects  are  quadruples  (w,  a,  6,  </>)  as  above  where  4>  is  an  invertible  2- 
morphism  <f>  : f o a — > g o b, 

(2)  l-morphisnrs  from  (w' , a',  b' , <jf)  to  (w,  a,  b,  <fi)  are  given  by  (k  : w'  — > w,  a : 
a'  — > a o k,  /3  : b'  — »•  b o k)  such  that 


f o a' 

Y 

gob' 


id/*a 


id  g*/3 


f o a o k 

4>*idk 

v 

g o b o k 


is  commutative, 

(3)  given  a second  1-morphism  ( ')  : (w",  a",  b" , f>")  (w',  a1,  (3',  <j/) 

the  composition  of  1-morphisms  is  given  by  the  rule 

( k , a,  /?)  o {k' , a' , ft)')  = (ho  k' , (a  * id^/)  o a',  (/ 3 * idfe/)  o /?'), 

(4)  a 2-morphism  between  1-morphisms  (fcj,a,,/3j),  i = 1,2  with  the  same 

source  and  target  is  given  by  a 2-morphism  <5  : k\  — > such  that 


commute, 
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(5)  vertical  composition  of  2-morphisms  is  given  by  vertical  composition  of 
the  morphisms  5 in  C,  and 

(6)  horizontal  composition  of  the  diagram 

(fcj,qj,/3j)  (fci,ai,/3i) 

^5'  (w' , a' ,b' ,</>')  (• w,a,b,(j> ) 

{k2,oc2,02)  (k2,ot2,p2) 

is  given  by  the  diagram 

(k1ok[ ,(ai*idfc,  )oo4,(ffi*idfc / )o0[ ) 

(w" , a ",  b" , </>")  __  n1}<5*<5'  ^ (w,  a,  6,  </>) 

(fc^o^a2*idfc^)oa^(/32*id^7jo^') 

Note  that  if  C is  actually  a (2,  l)-category,  the  morphisms  a and  /?  in  (2)  above 
are  automatically  also  isomorphism^  In  addition  the  2-category  of  2-commutative 
diagrams  is  also  a (2,  l)-category  if  C is  a (2,  l)-category. 

003P  Definition  4.30.1.  A final  object  of  a (2,  l)-category  C is  an  object  x such  that 

(1)  for  every  y € Ob(C)  there  is  a morphism  y — > x,  and 

(2)  every  two  morphisms  y — » x are  isomorphic  by  a unique  2-morphism. 

Likely,  in  the  more  general  case  of  2-categories  there  are  different  flavours  of  final 
objects.  We  do  not  want  to  get  into  this  and  hence  we  only  define  2-fibre  products 
in  the  (2,  l)-case. 

003Q  Definition  4.30.2.  Let  C be  a (2,  l)-category.  Let  x,y,z  £ Ob(C)  and  / £ 
More (x,  z)  and  g £ Mor c(y,z).  A 2-fibre  product  of  f and  g is  a final  object 
in  the  category  of  2-commutative  diagrams  described  above.  If  a 2-fibre  product 
exists  we  will  denote  it  x x2  y £ Ob(C),  and  denote  the  required  morphisms  p £ 
Morc  (x  xz  y,x ) and  q £ More  (x  xzy,y)  making  the  diagram 

v 

x xz  y s-  x 

9 / 

9 

y =-  ^ 

2-commute  and  we  will  denote  the  given  invertible  2-morphism  exhibiting  this  by 
if:  fop  ^ go  q. 

Thus  the  following  universal  property  holds:  for  any  w £ Ob(C)  and  morphisms 
a £ Morc(ii>,a:)  and  b £ More  (re,?/)  with  a given  2-isomorphism  <f>  : f o a — > g ob 
there  is  a 7 £ More  (ui,  x xzy)  making  the  diagram 


An  fact  it  seems  in  the  2-category  case  that  one  could  define  another  2-category  of  2- 
commutative  diagrams  where  the  direction  of  the  arrows  a,  f3  is  reversed,  or  even  where  the 
direction  of  only  one  of  them  is  reversed.  This  is  why  we  restrict  to  (2,  l)-categories  later  on. 
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2-commute  such  that  for  suitable  choices  of  a — > p o 7 and  b — ► q o 7 the  diagram 

f °a ^ f opo'Y 


<P 

gob 


ip*  id-, 

Y 

g°q°  7 


commutes.  Moreover  7 is  unique  up  to  isomorphism.  Of  course  the  exact  properties 
are  finer  than  this.  All  of  the  cases  of  2-fibre  products  that  we  will  need  later  on 
come  from  the  following  example  of  2-fibre  products  in  the  2-category  of  categories. 


003R  Example  4.30.3.  Let  A,  B , and  C be  categories.  Let  F : A — ► C and  G : B — ► C 
be  functors.  We  define  a category  AxqB  as  follows: 

(1)  an  object  of  A xc  B is  a triple  (A,  B , /),  where  A G Ob(A),  B £ Ob(Z3), 
and  / : F(A)  — > G{B ) is  an  isomorphism  in  C, 

(2)  a morphism  (A,  £?,/)  — ► ( A',B',f ) is  given  by  a pair  (a,  6),  where  a : 
A — ► A'  is  a morphism  in  A,  and  b : B — > B'  is  a morphism  in  B such 
that  the  diagram 


F(A) 


F (a) 


E(A') 


/' 


-G(B) 

G(b) 

G(B') 


is  commutative. 


Moreover,  we  define  functors  p : A Xc  B — > A and  q : A Xc  B — > B by  setting 


P(A,  B,  f)  = A,  q(A,BJ)=B, 


02X9 


in  other  words,  these  are  the  forgetful  functors.  We  define  a transformation  of 
functors  ip  : F o p — > Gog.  On  the  object  £ = (A,  B,  f)  it  is  given  by  ip£  = f : 

F(p(0)  = HA)  -»•  G(B)  = G(g(0). 


Lemma  4.30.4.  In  the  (2, 1 )-category  of  categories  2-fibre  products  exist  and  are 
given  by  the  construction  of  Example  4-30.3\ 


Proof.  Let  us  check  the  universal  property:  let  W be  a category,  let  a : W — > A 
and  b : W — > B be  functors,  and  let  t : F oa  — > Gob  be  an  isomorphism  of  functors. 

Consider  the  functor  7 ■.  W A Xc  B given  bylf  G (a(W),b(W),tw)-  (Check 
this  is  a functor  omitted.)  Moreover,  consider  a : a -P  p 07  and  jd  : b q o 7 
obtained  from  the  identities  p o 7 = a and  <707  = 6.  Then  it  is  clear  that  (7,  a,  ft) 
is  a morphism  from  (W,  a , 6,  t)  to  ( Axe  B,p,  q , ip). 

Let  ( k,a',fi ')  : (W,a,b,t)  — >•  (A  xq  B,p,q,ip)  be  a second  such  morphism.  For  an 
object  W of  VV  let  us  write  k(W)  = (a,k(W),bk(W),  tk,w)-  Hencep(fc(W))  = a/-(W ) 
and  so  on.  The  map  a'  corresponds  to  functorial  maps  a'  : a(W)  — ► afc(W). 
Since  we  are  working  in  the  (2,  l)-category  of  categories,  in  fact  each  of  the  maps 
a{W)  — >•  a/fiW)  is  an  isomorphism.  We  can  use  these  (and  their  counterparts 
b(W)  — y bk(W))  to  get  isomorphisms 

^ : 7 (WO  = (a(W),b(W),tw)  —>  (ak(W),bk(W),tk,w)  = k(W). 

It  is  straightforward  to  show  that  S defines  a 2-isomorphism  between  7 and  k in 
the  2-category  of  2-commutative  diagrams  as  desired.  □ 
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06RL 


02XA 


Remark  4.30.5.  Let  A,  B,  and  C be  categories.  Let  F : A — >•  C and  G : B — ► C 
be  functors.  Another,  slightly  more  symmetrical,  construction  of  a 2-fibre  product 
A Xc  B is  as  follows.  An  object  is  a quintuple  (A,  B,C,a,b)  where  A,R,C  are 
objects  of  A,B,C  and  where  a : F(A)  — » C and  b : G{B ) — » C are  isomorphisms. 
A morphism  (A,  B,C,a,b)  — ► (A1 , B' ,C' ,af  ,b')  is  given  by  a triple  of  morphisms 
A — >■  A' , B — > B' , C — >■  C'  compatible  with  the  morphisms  a,  6,  a',  b' . We  can  prove 
directly  that  this  leads  to  a 2-fibre  product.  However,  it  is  easier  to  observe  that 
the  functor  (A,  B,  C,  a,  b)  ^ (A,  B , &_1  o a)  gives  an  equivalence  from  the  category 
of  quintuples  to  the  category  constructed  in  Example  4.30.3| 


be  a 2-commutative  diagram  of  categories.  A choice  of  isomorphisms  a : G o K — ► 
M o I and  /3:MoH^FoL  determines  a morphism 


xxzy 


AxcB 


of  2-fibre  products  associated  to  this  situation. 


Proof.  Just  use  the  functor 
(A,F,^)h- 

on  objects  and 


(L(X),K(Y),ay1oM(cf))op-1) 


(a,b)  i — > (L(a),K(b)) 


on  morphisms. 
02XB  Lemma  4.30.7. 


□ 


Assumptions  as  in  Lemma  4-30.6 


(1)  If  K and  L are  faithful  then  the  morphism  X xz  y — ^ A Xc  B is  faithful. 

(2)  If  K and  L are  fully  faithful  and  M is  faithful  then  the  morphism  X xz 
y^AxcB  is  fully  faithful. 

(3)  If  K and  L are  equivalences  and  M is  fully  faithful  then  the  morphism 
X Xz  y^  A Xc  B is  an  equivalence. 


Proof.  Let  (X.  Y.  <j>)  and  (X'  ,Y' , (f)  be  objects  of  X xz  y.  Set  Z = H(X)  and 
identify  it  with  I(Y)  via  <j).  Also,  identify  M(Z)  with  F{L{X))  via  ax  and  identify 
M{Z)  with  G(K(Y))  via  ,8y-  Similarly  for  Z1  = H(X’)  and  M(Z’).  The  map  on 
morphisms  is  the  map 

Movx(X,X')  xMor*(z,z')  Moi y(Y,Y’) 


Mova(L(X),L(X'))  xMorc(M(z)iM(z0)  Mor B{K{Y),K{Y')) 

Hence  parts  (1)  and  (2)  follow.  Moreover,  if  K and  L are  equivalences  and  M is 
fully  faithful,  then  any  object  (A,  .£?,</>)  is  in  the  essential  image  for  the  following 
reasons:  Pick  X,  Y such  that  L{ X)  = A and  K(Y ) = B.  Then  the  fully  faithfulness 
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of  M guarantees  that  we  can  find  an  isomorphism  H(X ) = I(Y).  Some  details 
omitted.  □ 


02XC  Lemma  4.30.8.  Let 


A 


B V 

be  a diagram  of  categories  and  functors.  Then  there  is  a canonical  isomorphism 
( A Xg  C)  Xpf  = A Xg  (C,  Xp  £) 

of  categories. 

Proof.  Just  use  the  functor 

((-4,  C,  4>),E,  if)  i — {A,  (C,  E,  ip),  (f) 

if  you  know  what  I mean.  □ 


Henceforth  we  do  not  write  the  parentheses  when  dealing  with  fibred  products  of 
more  than  2 categories. 

04S7  Lemma  4.30.9.  Let 


be  a commutative  diagram  of  categories  and  functors.  Then  there  is  a canonical 
functor 

pr Q2  : A x g C xp  £ — > A x jr  £ 


of  categories. 


Proof.  If  we  write  A Xg  C Xj  £ as  {A  xg  C)  x-p  £ then  we  can  just  use  the  functor 
((A,  C,  </>),  E,  VO  ^ {A,  E,  G(V’)  o F(cf)) 

if  you  know  what  I mean.  □ 

02XD  Lemma  4.30.10.  Let 

A^  B 

be  a diagram  of  categories  and  functors.  Then  there  is  a canonical  isomorphism 

A Xg  C xq  T = A Xg  2? 

of  categories. 

Proof.  Omitted.  □ 

We  claim  that  this  means  you  can  work  with  these  2-fibre  products  just  like  with 
ordinary  fibre  products.  Here  are  some  further  lemmas  that  actually  come  up  later. 
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02XE 


02XF 


Lemma  4.30.11.  Let 

^5 

A 

n n G1XG2  „ „ 

Cl  X C2  S X S 

be  a 2-fibre  product  of  categories.  Then  there  is  a canonical  isomorphism  C3  = 

Ci  Xg!,s,g2  C2 • 


Proof.  We  may  assume  that  C3  is  the  category  (Ci  x C2)  *SxS  <S  constructed  in 
Example |4.30.3  Hence  an  object  is  a triple  ((Xi,X2 ),S,(f)  where  (f  = (<fi,(f2)  : 
(Gi(Xi),  G2(X2))  — > (S',  S)  is  an  isomorphism.  Thus  we  can  associate  to  this  the 
triple  (Xi,X2,  (ff1  o cf{).  Conversely,  if  (Xi,X2,if)  is  an  object  of  Ci  Xg1,s,G2  C2 , 
then  we  can  associate  to  this  the  triple  ((Xi,  X2),  G2(X2),  (if,  idG2(A2))).  We  claim 
these  constructions  given  mutually  inverse  functors.  We  omit  describing  how  to 
deal  with  morphisms  and  showing  they  are  mutually  inverse.  □ 


Lemma  4.30.12.  Let 


C 


■S 


A 


G\xG2 

C > S x S 


be  a 2-fibre  product  of  categories.  Then  there  is  a canonical  isomorphism 

C — ( C xGl  S G2  C ) X(Pjg)jCxC  A C. 

Proof.  An  object  of  the  right  hand  side  is  given  by  ((Ci,  G2,  </>),  G3,  if)  where  (f  : 
Gi(Gi)  — > G2(G2)  is  an  isomorphism  and  if  = ( if  1,  if 2 ) : (Gx,G2)  — » (G3,G3)  is  an 
isomorphism.  Hence  we  can  associate  to  this  the  triple  (G3,  Gi(Gi),  (Gififf1),  </>_1  o 
G2(if^)))  which  is  an  object  of  C . Details  omitted.  □ 


04Z1  Lemma  4.30.13.  Let  A — >■  C , B — >•  C and  C — » T>  be  functors  between  categories. 
Then  the  diagram 

AxcB Ax-dB 

A.C/-D 

C -^CxvC 

is  a 2-fibre  product  diagram. 


Proof.  Omitted. 


□ 


04YR  Lemma  4.30.14.  Let 

U ->- V 


A 

be  a 2-fibre  product  of  categories.  Then  the  diagram 

U ^ U xvU 

A »■  A xy  A 
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02XG 


003Y 


02XH 


is  2-cartesian. 

Proof.  This  is  a purely  2-category  theoretic  statement,  valid  in  any  (2,  l)-category 
with  2-fibre  products.  Explicitly,  it  follows  from  the  following  chain  of  equivalences: 

X x(XxyX)  Xy  U)  = X X(XxyX)  ((Y  xy  V)  Xy  (X  Xy  V)) 

= X X (XxyX)  (X  Xy  A Xy  V) 

= X XyV=U 

see  Lemmas  14.30. 81  and  14.30. 1(11  □ 

4.31.  Categories  over  categories 

In  this  section  we  have  a functor  p : S — >•  C.  We  think  of  S as  being  on  top  and  of 
C as  being  at  the  bottom.  To  make  sure  that  everybody  knows  what  we  are  talking 
about  we  define  the  2-category  of  categories  over  C. 

Definition  4.31.1.  Let  C be  a category.  The  2-category  of  categories  over  C is 
the  2-category  defined  as  follows: 

(1)  Its  objects  will  be  functors  p : S — ► C. 

(2)  Its  1-morphisms  (S,p)  -4  ( S',p ')  will  be  functors  G : S — ► S'  such  that 
p'  o G = p. 

(3)  Its  2-morphisms  t : G — >•  H for  G,H  : (S,p)  — t ( S' ,p' ) will  be  morphisms 
of  functors  such  that  p'(tx)  = idp(x)  for  all  x £ 0b(5). 

In  this  situation  we  will  denote 


MorCat/c  (S,S') 

the  category  of  1-morphisms  between  (S,p)  and  ( S',p ') 


In  this  2-category  we  define  horizontal  and  vertical  composition  exactly  as  is  done 
for  Cat  in  Section  4.27  The  axioms  of  a 2-category  are  satisfied  for  the  same  reason 
that  the  hold  in  Cat.  To  see  this  one  can  also  use  that  the  axioms  hold  in  Cat  and 
verify  things  such  as  “vertical  composition  of  2-morphisms  over  C gives  another 
2-morphism  over  C" . This  is  clear. 


Analogously  to  the  fibre  of  a map  of  spaces,  we  have  the  notion  of  a fibre  category, 
and  some  notions  of  lifting  associated  to  this  situation. 

Definition  4.31.2.  Let  C be  a category.  Let  p : S — > C be  a category  over  C. 

(1)  The  fibre  category  over  an  object  U £ Ob(C)  is  the  category  Sjj  with 
objects 

Ob{Su)  = {xG  Ob(S)  : p(x)  = U} 
and  morphisms 


Mor^  (x,  y)  = {</>£  Mor5(x,y)  : p(cj>)  = id^}. 

(2)  A lift  of  an  object  U £ Ob(C)  is  an  object  x £ Ob(S)  such  that  p(x)  = U, 
i.e. , x £ Ob(5j/).  We  will  also  sometime  say  that  x lies  over  U. 

(3)  Similarly,  a lift  of  a morphism  / : V — > U in  C is  a morphism  <f>  : y — > x in 
S such  that  p(<f>)  = f.  We  sometimes  say  that  (j>  lies  over  f. 
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There  are  some  observations  we  could  make  here.  For  example  if  F : (S,p)  — > 
(S' ,p')  is  a 1-morphism  of  categories  over  C,  then  F induces  functors  of  fibre  cate- 
gories F : Su  — > S(j.  Similarly  for  2-morphisms. 


Here  is  the  obligatory  lemma  describing  the  2-hbre  product  in  the  (2,  l)-category 
of  categories  over  C. 


0040 


Lemma  4.31.3.  Let  C be  a category.  The  (2,1) -category  of  categories  over  C 
has  2-fibre  products.  Suppose  that  F : X -A  S and  G : y — > S are  morphisms 
of  categories  over  C.  An  explicit  2-fibre  product  X y is  given  by  the  following 
description 


(1)  an  object  of  X x$  y is  a quadruple  (U,x,y,f),  where  U £ Ob(C),  x £ 
Ob(Xjj),  y £ Ob(3^y),  and  f : F( x)  — > G(y ) is  an  isomorphism  in  Sjj, 

(2)  a morphism  ( U,x,y,f ) -A  (Ur , x’ , y’ , f)  is  given  by  a pair  (a,  b),  where 
a : x -A  x'  is  a morphism  in  X , and  b : y y'  is  a morphism  in  y such 
that 

(a)  a and  b induce  the  same  morphism  U —¥  U' , and 

(b)  the  diagram 


F(x) 


F(a) 


F(x') 


f 


■G(y) 

G(b) 

GW) 


is  commutative. 


The  functors  p : X x$y  — > X and  q : X x$y  — » y are  the  forgetful  functors  in  this 
case.  The  transformation  %b:Fop^-Goqis  given  on  the  object  £ = (U.x.y,  f) 
by  1>t=f:  F(p(£))  = F(x)  -A  G(y)  = G(q(£)). 


Proof.  Let  us  check  the  universal  property:  let  pyy  : W — > C be  a category  over 
C,  let  X : W — > X and  Y : W — > y be  functors  over  C,  and  let  t \ F o X — > G oY 
be  an  isomorphism  of  functors  over  C.  The  desired  functor  7 : W -)  if  X5  is 
given  by  W (pw(W/),  X{W),  Y (IF),  tw)-  Details  omitted;  compare  with  Lemma 
14.30.41  □ 


02X1  Lemma  4.31.4.  Let  C be  a category.  Let  f : X — >•  S and  g : y —¥  S be  morphisms 
of  categories  over  C.  For  any  object  U of  C we  have  the  following  identity  of  fibre 
categories 

(X  XS  y)u  = Xu  xSu  yv 

Proof.  Omitted.  □ 


4.32.  Fibred  categories 

02XJ  A very  brief  discussion  of  fibred  categories  is  warranted. 

Let  p : S — > C be  a category  over  C.  Given  an  object  x £ S with  p(x)  = U,  and 
given  a morphism  / : V — > U,  we  can  try  to  take  some  kind  of  “fibre  product 
V Xu  x”  (or  a base  change  of  x via  V -4  U).  Namely,  a morphism  from  an  object 
z £ S into  “V  XuX ” should  be  given  by  a pair  (72,  g),  where  72  : z — > x,  g : p(z)  V 
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such  that  p(tp)  = / o g.  Pictorially: 


z - 

jp 


p{z) 


? 


U 


If  such  a morphism  V x jj  x — > x exists  then  it  is  called  a strongly  cartesian  mor- 
phism. 

02XK  Definition  4.32.1.  Let  C be  a category.  Let  p : S — > C be  a category  over  C.  A 
strongly  cartesian  morphism , or  more  precisely  a strongly  C -cartesian  morphism  is 
a morphism  tp  : y x of  S such  that  for  every  z £ Ob  (S)  the  map 


Mors(z, y)  — > Mors(z,:r)  xMor c(p(0,p(0)  Moi'c(p(~),p(z/)), 
given  by  if  i — > {tp  o if,p(if))  is  bijective. 


Note  that  by  the  Yoneda  Lemma  4.3.5  given  x £ Ob(S)  lying  over  U £ Ob(C)  and 
the  morphism  f : V U of  C,  if  there  is  a strongly  cartesian  morphism  tp  : y — > x 
with  p(tp)  = /,  then  (y,  p)  is  unique  up  to  unique  isomorphism.  This  is  clear  from 
the  definition  above,  as  the  functor 


z i — > Moi’s^,  x)  xMorc(p(z),(7)  Mor c(p(z),V) 

only  depends  on  the  data  ( x,U,f:V  -*U).  Hence  we  will  sometimes  use  V Xyx  — > 
x or  f* x — > x to  denote  a strongly  cartesian  morphism  which  is  a lift  of  /. 

02XL  Lemma  4.32.2.  Let  C be  a category.  Let  p : S — > C be  a category  over  C. 

(1)  The  composition  of  two  strongly  cartesian  morphisms  is  strongly  cartesian. 

(2)  Any  isomorphism  of  S is  strongly  cartesian. 

(3)  Any  strongly  cartesian  morphism  <p  such  that  p(p)  is  an  isomorphism , is 
an  isomorphism. 


Proof.  Proof  of  (1).  Let  <p  : y — > x and  if  : z — > y be  strongly  cartesian.  Let  t be 
an  arbitrary  object  of  S.  Then  we  have 

Mor  s(t,z) 

= Mor s{t,y)  xMor c(p(t),P(y))  Moi'c{p{t),p(z)) 

= Mor  s(t,x)  XMor  c(p(t),p(a:))  MorC(p(t),p(l/))  XMorc(p(t),p(y))  MorC  (p(t) , p(z)) 

= Mor s(t,x)  x Morc (p(t) ,p(x))  Mor c(p(t),p(z)) 
hence  2 — > x is  strongly  cartesian. 

Proof  of  (2).  Let  y — > x be  an  isomorphism.  Then  p(y ) — > p{x)  is  an  isomor- 
phism too.  Hence  Mor c{p{z),p(y))  — > Morc{p(z),p(x))  is  a bijection.  Hence 
Mors(2,a;)  xMorc(p(2)ip(2:))  Morc ( p{z),p(y ))  is  bijective  to  MoqsfY, ir).  Hence  the 
displayed  map  of  Definition  |4. 32.1]  is  a bijection  as  y — » x is  an  isomorphism,  and 
we  conclude  that  y — ► x is  strongly  cartesian. 

Proof  of  (3).  Assume  tp  : y — >■  x is  strongly  cartesian  with  p{tp)  : p(y)  — > p(x)  an 
isomorphism.  Applying  the  definition  with  z = x shows  that  (id s,p(‘p)_1)  comes 
from  a unique  morphism  x : x — > y.  We  omit  the  verification  that  x is  the  inverse 
of  tp.  □ 
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09WU  Lemma  4.32.3.  Let  F : A -4  B and  G : B C be  composable  functors  between 
categories.  Let  x — )•  y be  a morphism  of  A.  If  x — )•  y is  strongly  B-cartesian  and 
F(x)  — > F(y)  is  strongly  C-cartesian,  then  x — )•  y is  strongly  C-cartesian. 

Proof.  This  follows  directly  from  the  definition.  □ 

06N4  Lemma  4.32.4.  Let  C be  a category.  Let  p : S -A  C be  a category  over  C.  Let 
x — > y and  z — >•  y be  morphisms  of  S.  Assume 

(1)  x — y y is  strongly  cartesian, 

(2)  p(x)  xp(y-)p(z)  exists,  and 

(3)  there  exists  a strongly  cartesian  morphism  a : w — )•  z in  S with  p(w)  = 
p{ x)  xp(y)  p{z)  and  p{a)  = pr2  : p(x)  xp{y)  p(z)  -A  p(z). 

Then  the  fibre  product  x xy  z exists  and  is  isomorphic  to  w. 

Proof.  Since  x — > y is  strongly  cartesian  there  exists  a unique  morphism  b : w — > x 
such  that  p(b)  = piq . To  see  that  w is  the  fibre  product  we  compute 

Mors(f,  w) 

= Mors(t,  z)  X More (P(t) ,p{z))  Mor c(p{t),p(w)) 

= Mor5(f,2;)  xMorc(p(t)jP(z))  (Morc(p(f),p(x))  xMorc(p(t)jP(p))  Mor cip{t),p{z))) 

= Mor5(t,2:)  xMorc(p(t)jP(p))  Mor c(p{t),p(x)) 

= Mors(t,  z)  xMors(tjP)  Mor s(t,y)  xMorc(p(t)jP(p))  Mor c(p(t),p(x)) 

= Mor s(t,z)  xMors(tjP)  Mor5(t,a;) 

as  desired.  The  first  equality  holds  because  a : w — > z is  strongly  cartesian  and  the 
last  equality  holds  because  x — > y is  strongly  cartesian.  □ 

02XM  Definition  4.32.5.  Let  C be  a category.  Let  p : S — > C be  a category  over  C.  We 
say  S is  a fibred  category  over  C if  given  any  x £ Ob(<S)  lying  over  U £ Ob(C)  and 
any  morphism  / : V — > U of  C,  there  exists  a strongly  cartesian  morphism  f*x  — > x 
lying  over  /. 

Assume  p : S — ► C is  a fibred  category.  For  every  / : V — > U and  x £ Ob(S[/) 
as  in  the  definition  we  may  choose  a strongly  cartesian  morphism  f*x  — > x lying 
over  /.  By  the  axiom  of  choice  we  may  choose  f*x  — > x for  all  / : V — > U = p(x) 
simultaneously.  We  claim  that  for  every  morphism  <j> : x — > x'  in  Su  and  / : V —>  U 
there  is  a unique  morphism  /*</>  : f*x  — > f*x'  in  Sy  such  that 

f*x ^f*x' 

f*<t> 

0 , 
x >■  X 

commutes.  Namely,  the  arrow  exists  and  is  unique  because  f*x'  x'  is  strongly 
cartesian.  The  uniqueness  of  this  arrow  guarantees  that  f*  (now  also  defined  on 
morphisms)  is  a functor  /*  : Su  — > Sy- 

02XN  Definition  4.32.6.  Assume  p : S — > C is  a fibred  category. 
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(1)  A choice  of  for  p : S — > C is  given  by  a choice  of  a strongly 

cartesian  morphism  f*x  — > x lying  over  / for  any  morphism  / : V -A  U 
of  C and  any  x £ 0b(5y). 

(2)  Given  a choice  of  pullbacks,  for  any  morphism  / : V — » U of  C the  functor 
f*  : Su  — >■  Sy  described  above  is  called  a pullback  functor  (associated  to 
the  choices  f*x  — ► x made  above). 


Of  course  we  may  always  assume  our  choice  of  pullbacks  has  the  property  that 
id IjX  = x , although  in  practice  this  is  a useless  property  without  imposing  further 
assumptions  on  the  pullbacks. 


02X0  Lemma  4.32.7.  Assume  p : S — ► C is  a fibred  category.  Assume  given  a choice 
of  pullbacks  for  p : S — > C. 

(1)  For  any  pair  of  composable  morphisms  f : V —>  U , g : W — >•  V there  is  a 
unique  isomorphism 

agJ  '■  ( f°9 )*  — t g*  o f* 

as  functors  Su  -A  Sw  such  that  for  every  y £ Ob  (Su)  the  following 
diagram  commutes 

9*f*y — *rv 

( ag,f)y 

( f°g)*y 


(2)  If  f = idu,  then  there  is  a canonical  isomorphism  au  ■ id  — > ( idu )*  as 
functors  Su  Su- 

(3)  The  quadruple  (U  Su,  f |— > f*,&gj,  &u)  defines  a pseudo  functor  from 
Copp  to  the  (2,1) -category  of  categories,  see  Definition  4-28.5 


Proof.  In  fact,  it  is  clear  that  the  commutative  diagram  of  part  (1)  uniquely  de- 
termines the  morphism  ( ocgj)y  in  the  fibre  category  Sw-  It  is  an  isomorphism 
since  both  the  morphism  (/  o g)*y  — >•  y and  the  composition  g*f*y  — >•  f*y  — ► y 
are  strongly  cartesian  morphisms  lifting  fog  (see  discussion  following  Defini- 
tion 4.32.1  and  Lemma  4.32.2).  In  the  same  way,  since  id^,  : x — > x is  clearly 
strongly  cartesian  over  id^  (with  U = p(x))  we  see  that  there  exists  an  isomor- 
phism (au)x  '■  x (idu)*x.  (Of  course  we  could  have  assumed  beforehand  that 
f*x  = x whenever  / is  an  identity  morphism,  but  it  is  better  for  the  sake  of  gen- 
erality not  to  assume  this.)  We  omit  the  verification  that  agj  and  au  so  obtained 
are  transformations  of  functors.  We  also  omit  the  verification  of  (3).  □ 


042G  Lemma  4.32.8.  Let  C be  a category.  Let  Si,  S2  be  categories  over  C.  Suppose 
that  S\  and  S2  are  equivalent  as  categories  over  C.  Then  Si  is  fibred  over  C if  and 
only  if  S2  is  fibred  overC. 


Proof.  Denote  pi  : Si  — » C the  given  functors.  Let  F : S±  — i S2,  G : S2  — > <Si  be 
functors  over  C,  and  let  * : F o G — > ids2,  j : G o F — » ids,  be  isomorphisms  of 
functors  over  C.  We  claim  that  in  this  case  F maps  strongly  cartesian  morphisms  to 


,r'This  is  probably  nonstandard  terminology.  In  some  texts  this  is  called  a “cleavage”  but 
it  conjures  up  the  wrong  image.  Maybe  a “cleaving”  would  be  a better  word.  A related  notion 
is  that  of  a “splitting”,  but  in  many  texts  a “splitting”  means  a choice  of  pullbacks  such  that 
g*  f*  = (/  o g)*  for  any  composable  pair  of  morphisms.  Compare  also  with  Definition  4.35.2 
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02XP 


strongly  cartesian  morphisms.  Namely,  suppose  that  ip  : y ^ x is  strongly  cartesian 
in  Si.  Set  / : V U equal  to  pi(<p).  Suppose  that  z'  £ Ob(S2),  with  W = p2(^,)> 
and  we  are  given  g : W — > V and  ip1  : z'  — > F{x)  such  that  P2(ipr)  = f ° 9-  Then 

ip  = j o G{ip')  : G(z')  -A  G(F{x))  ->  x 

is  a morphism  in  S i with  p\  (ip)  = f o g.  Hence  by  assumption  there  exists  a unique 
morphism  £ : G(z')  — >•  y lying  over  g such  that  ip  = ip  o £.  This  in  turn  gives  a 
morphism 

C = F(£)  o j_1  : z'  — > F(G(z'))  — » F(y) 

lying  over  g with  ip'  = F(p)  o £'.  We  omit  the  verification  that  £'  is  unique.  □ 


The  conclusion  from  Lemma  |4.32.8|  is  that  equivalences  map  strongly  cartesian 
morphisms  to  strongly  cartesian  morphisms.  But  this  may  not  be  the  case  for  an 
arbitrary  functor  between  fibred  categories  over  C.  Hence  we  define  the  2-category 
of  fibred  categories  as  follows. 


Definition  4.32.9.  Let  C be  a category.  The  2-category  of  fibred  categories  over 
C is  the  sub  2-category  of  the  2-category  of  categories  over  C (see  Definition  4.31.1 ) 
defined  as  follows: 


(1)  Its  objects  will  be  fibred  categories  p : S — ► C. 

(2)  Its  1-morphisms  (S,p)  — > {S',p')  will  be  functors  G : S — » S'  such  that 
p1  o G = p and  such  that  G maps  strongly  cartesian  morphisms  to  strongly 
cartesian  morphisms. 

(3)  Its  2-morphisms  t : G — ► H for  G,H  : (S,p)  — ► ( S',p ')  will  be  morphisms 
of  functors  such  that  p'(tx)  = idp(s)  for  all  x £ Ob (S). 

In  this  situation  we  will  denote 


Mor  Fib /c 

the  category  of  1-morphisms  between  (S,p)  and  ( S',p ') 


Note  the  condition  on  1-morphisms.  Note  also  that  this  is  a true  2-category  and  not 
a (2,  l)-category.  Hence  when  taking  2-fibre  products  we  first  pass  to  the  associated 
(2,  l)-category. 

02XQ  Lemma  4.32.10.  LetC  be  a category.  The  (2, 1 )-category  of  fibred  categories  over 
C has  2-fibre  products,  and  they  are  described  as  in  Lemma\4.31.3\ 


02XR 


Proof.  Basically  what  one  has  to  show  here  is  that  given  F : X — )•  S and  G : y — ► S 
morphisms  of  fibred  categories  over  C,  then  the  category  X y described  in 
Lemma  4.31.3|is  fibred.  Let  us  show  that  X y has  plenty  of  strongly  cartesian 
morphisms.  Namely,  suppose  we  have  (17,  x,  y,  <p)  an  object  of  X And  suppose 
/ : V -A  U is  a morphism  in  C.  Choose  strongly  cartesian  morphisms  a : f*x  — ► x 
in  X lying  over  / and  b : f*y  — > y in  y lying  over  /.  By  assumption  F(a)  and 
G{b)  are  strongly  cartesian.  Since  <p  : F(x)  — >•  G(y)  is  an  isomorphism,  by  the 
uniqueness  of  strongly  cartesian  morphisms  we  find  a unique  isomorphism  f*<p  : 
F(f*x)  — > G(f*y)  such  that  G(b)  o f*<p  = <p  o F(a).  In  other  words  (G(a),  G(b))  : 
(V,  f*x,  f*y , f*(p)  — > (U,  x , y,  <p)  is  a morphism  in  X y.  We  omit  the  verification 
that  this  is  a strongly  cartesian  morphism  (and  that  these  are  in  fact  the  only 
strongly  cartesian  morphisms).  □ 


Lemma  4.32.11.  Let  C be  a category.  Let  U £ Ob(C).  If  p : S —>  C is  a fibred 
category  and  p factors  through  p’  : S — ► C/U  then  p'  : S — >•  C/U  is  a fibred  category. 
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Proof.  Suppose  that  p : x'  — > x is  strongly  cartesian  with  respect  to  p.  We 
claim  that  p is  strongly  cartesian  with  respect  to  p'  also.  Set  g = p'(p),  so  that 
g : V'/U  — ► V/U  for  some  morphisms  / : V — » U and  f : V’  — > U.  Let  2 G Ob(S). 
Set  p'(z)  = (W  —>[/).  To  show  that  p is  strongly  cartesian  for  p'  we  have  to  show 

Mor5(;z,  x')  — > Mor5(z,x)  ><motc/u(w/u,v/u)  Morc/u(W/U,  V'/U), 

given  by  ip’  1 — > (p  o ip',p'(ip'))  is  bijective.  Suppose  given  an  element  {ip,h)  of 
the  right  hand  side,  then  in  particular  g o h = p{ip),  and  by  the  condition  that  p 
is  strongly  cartesian  we  get  a unique  morphism  ip'  : z — ► x'  with  ip  = p o ip'  and 
p(ip')  = h.  OK,  and  now  p'(ip')  : W/U  V/U  is  a morphism  whose  corresponding 
map  W — > V is  h,  hence  equal  to  h as  a morphism  in  C/U.  Thus  ip'  is  a unique 
morphism  z — » x'  which  maps  to  the  given  pair  (ip,  h ).  This  proves  the  claim. 

Finally,  suppose  given  g : V'/U  —>  V/U  and  x with  p’(x)  = V/U.  Since  p : S — > C is 
a fibred  category  we  see  there  exists  a strongly  cartesian  morphism  p : x'  -A  x with 
p{tp)  = g.  By  the  same  argument  as  above  it  follows  that  p'{p)  = g : V'/U  — > V/U. 
And  as  seen  above  the  morphism  <p  is  strongly  cartesian.  Thus  the  conditions  of 
Definition  14.32.51  are  satisfied  and  we  win.  □ 

09WV  Lemma  4.32.12.  Let  A — > B — »•  C be  functors  between  categories.  If  A is  fibred 
over  B and  B is  fibred  over  C,  then  A is  fibred  over  C. 


Proof.  This  follows  from  the  definitions  and  Lemma  [4.32. 31  □ 

06N5  Lemma  4.32.13.  Let  p : S — » C be  a fibred  category.  Let  x — » y and  z — » y be 
morphisms  of  S with  x — > y strongly  cartesian.  If  p{ x)  xp^p(z)  exists,  then  xxyz 
exists,  p(x  xy  z)  = p(x)  xp(y)  p(z),  and  x xy  z z is  strongly  cartesian. 


08NF 


Proof.  Pick  a strongly  cartesian  morphism  prJiz  - 
p(z)  — > p(z).  Then  pr^z  = x xy  z by  Lemma  4.32.4 


2 lying  over  pr2  : p(x)  xp(y) 

□ 


Lemma  4.32.14.  Let  C be  a category.  Let  F : X -A  y be  a 1-morphism  of  fibred 
categories  overC.  There  exist  1-morphisms  of  fibred  categories  over  C 


U 

A ~ x'  — y 

w 


such  that  F = v o u and  such  that 

(1)  u-.X^X'is  fully  faithful, 

(2)  w is  left  adjoint  to  u,  and 

(3)  v : X'  — >•  y is  a fibred  category. 


Proof.  Denote  p : X — > C and  q : y — > C the  structure  functors.  We  construct 
X'  explicitly  as  follows.  An  object  of  X'  is  a quadruple  (U,  x,  y,  /)  where  x G 
Ob  (Xu),  y G Ob(W/)  and  f '■  y — ► F(x)  is  a morphism  in  J^y.  A morphism 
(a,  b)  : ( U,x,y,f ) — > ({/' ,x' ,y' , /')  is  given  by  a : x — ► x'  and  b : y — ► y'  with 
p(a)  = q(b)  :U  —tU'  and  such  that  /'  o b = F(a)  o /. 

Let  us  make  a choice  of  pullbacks  for  both  p and  q and  let  us  use  the  same  notation 
to  indicate  them.  Let  {U,  x,  y,  /)  be  an  object  and  let  h : V — > U be  a morphism. 
Consider  the  morphism  c : (V,  h*x,  h*y,  h*  f)  — > ( U,x,y,f ) coming  from  the  given 
strongly  cartesian  maps  h*x  — » x and  h*y  — > y.  We  claim  c is  strongly  cartesian  in 
X'  over  C.  Namely,  suppose  we  are  given  an  object  (W,  x' , y' , f)  of  X' , a morphism 
(a,  b)  : (W,x'  ,y' , f)  — > ( U,x,y,f ) lying  over  W — > U,  and  a factorization  W — >• 


4.33.  INERTIA 


139 


V — > U of  W — > U through  h.  As  h*x  -A  x and  h*y  -A  y are  strongly  cartesian  we 
obtain  morphisms  a'  : x'  — > h*x  and  b'  : y'  -A  h*y  lying  over  the  given  morphism 
W — > V.  Consider  the  diagram 


y' h*y y 


S' 

Y 


F[x') 


h*f 

F(h*x) 


f 

F{x) 


The  outer  rectangle  and  the  right  square  commute.  Since  A is  a 1-morphism  of 
fibred  categories  the  morphism  F(h*x)  — > F(x)  is  strongly  cartesian.  Hence  the 
left  square  commutes  by  the  universal  property  of  strongly  cartesian  morphisms. 
This  proves  that  X'  is  fibred  over  C. 

The  functor  u : X — > X'  is  given  by  x ha  (/p(x),x,F(x),id).  This  is  fully  faithful. 
The  functor  X'  — > y is  given  by  (U,  x,  y,  /)  ha  y.  The  functor  w : X'  -A  X is  given 
by  (U,  x , y,  f ) ha  x.  Each  of  these  functors  is  a 1-morphism  of  hbred  categories  over 
C by  our  description  of  strongly  cartesian  morphisms  of  X'  over  C.  Adjointness  of 
w and  u means  that 

Mor^z,^)  = MoTx'((U,x,y,  f),  (p(x'),  x1 , F{x'),  id)), 
which  follows  immediately  from  the  definitions. 

Finally,  we  have  to  show  that  X'  — > y is  a fibred  category.  Let  c : y'  -A  y be  a 
morphism  in  y and  let  (U,  x,  y , /)  be  an  object  of  X'  lying  over  y.  Set  V = q(y')  and 
let  h = q(c)  : V -A  U.  Let  a : h*x  -A  x and  b : h*y  -Ay  be  the  strongly  cartesian 
morphisms  covering  h.  Since  F is  a 1-morphism  of  Hbred  categories  we  may  identify 
h*F(x)  = F(h* x)  with  strongly  cartesian  morphism  F(a)  : F(h*x)  -A  F(x).  By 
the  universal  property  of  b : h*y  — » y there  is  a morphism  c!  : y'  -A  h*y  in  JV  such 
that  c = bo  F.  We  claim  that 

(a,  c)  : (V,  h*x,  y1,  h*  f o F)  — » (17,  x,  y,  f) 

is  strongly  cartesian  in  X'  over  y.  To  see  this  let  (W,  x\,  yi,  /i)  be  an  object  of  X' , 
let  (a\,  bi)  : (W,  x±,yi,  fi)  -A  (U,  x,  y,  f)  be  a morphism  and  let  &i  = co  b[  for  some 
morphism  b\  : y\  -A  y' . Then 

(a[,b i)  : (W,  Xi,yi,  fi)  — ^ (V,  h*x,  y',  h*  f o F) 

(where  a!x  : x\  — > h*  x is  the  unique  morphism  lying  over  the  given  morphism 
qib^)  : W — > V such  that  aq  = a o a[)  is  the  desired  morphism.  □ 


4.33.  Inertia 

04Z2  Given  fibred  categories  p : S -A  C and  p'  : S'  -A  C over  a category  C and  a 
1-morphism  F : S — > S'  we  have  the  diagonal  morphism 

A = A s/s1  '■  S — t S x S 
in  the  (2,  l)-category  of  fibred  categories  over  C. 

034H  Lemma  4.33.1.  Let  C be  a category.  Let  p : S -A  C and  p'  : S'  -A  C be  fibred 
categories.  Let  F : S -A  S1  be  a l -morphism  of  fibred  categories  overC.  Consider 
the  category  Xs /s'  overC  whose 

(1)  objects  are  pairs  ( x,a ) where  x £ Ob(<S)  and  a : x — > x is  an  automor- 
phism with  F(a)  = id, 


4.33.  INERTIA 


140 


(2)  morphisms  (x,  a)  — >•  (y,  /?)  are  given  by  morphisms  <j>  : x — l y such  that 


commutes , and 

(3)  the  functor  %S/S'  C is  given  by  ( x , a)  K > p{x). 

Then 

(1)  there  is  an  equivalence 

Is/S'  > S xA,(5xs,5),A  S 

in  the  (2,1) -category  of  categories  overC,  and 

(2)  Is /S'  is  a fibred  category  overC. 


Proof.  Note  that  (2)  follows  from  (1)  by  Lemmas  4.32.10  and  4.32.8  Thus  it 


suffices  to  prove  (1).  We  will  use  without  further  mention  the  construction  of  the 
2-fibre  product  from  Lemma 


4.32.10 


In  particular  an  object  of  S x a,(Sxs>S), a <5 
is  a triple  (x,y,  (i,k))  where  x and  y are  objects  of  S , and  (l,k)  : (x,  x,  id^(x))  -A 
(y,y,idp(y-))  is  an  isomorphism  in  S Xs<  S.  This  just  means  that  L,n:x^y  are 
isomorphisms  and  that  F(l)  = F(k).  Consider  the  functor 


Is/S'  t S X a,(Sxs/S),A  $ 

which  to  an  object  (x,a)  of  the  left  hand  side  assigns  the  object  (x,  x,  (a,ida,))  of 
the  right  hand  side  and  to  a morphism  <f>  of  the  left  hand  side  assigns  the  morphism 
(<j>,  <p ) of  the  right  hand  side.  We  claim  that  a quasi-inverse  to  that  morphism  is 
given  by  the  functor 

S XA,(Sxs,S),A  S — »■  Is/S' 

which  to  an  object  (x,  y,  (t,  k))  of  the  left  hand  side  assigns  the  object  (x,  ft-1  o l)  of 
the  right  hand  side  and  to  a morphism  (0,  0')  : (x,y,  (t,  k))  — > (z,  w,  (A,  fi))  of  the 
left  hand  side  assigns  the  morphism  </>.  Indeed,  the  endo-functor  of  Is/s'  induced 
by  composing  the  two  functors  above  is  the  identity  on  the  nose,  and  the  endo- 
functor  induced  on  S Xa,(Sxs,S), a S is  isomorphic  to  the  identity  via  the  natural 
isomorphism 

(idx,  k)  : (x,  x,  (k_1  o l,  id^))  — > (x,  y,  (t,  k)). 

Some  details  omitted.  □ 


0341  Definition  4.33.2.  Let  C be  a category. 

(1)  Let  F : S — > S'  be  a 1-morphism  of  fibred  categories  over  C.  The  relative 
inertia  of  S over  S1  is  the  fibred  category  Is /s'  — > C of  Lemma 

(2)  By  the  inertia  fibred  category  Is  of  S we  mean  Is  =Is/c- 

Note  that  there  are  canonical  1-morphisms 

042H  (4.33.2.1)  Is/S'  — > 5 and  Is — 

of  fibred  categories  over  C.  In  terms  of  the  description  of  Lemma|~4.33.1|these  simply 
map  the  object  (x,a)  to  the  object  x and  the  morphism  cf>  : ( x,a ) — l (y,(3)  to  the 
morphism  <j> : x — > y.  There  is  also  a neutral  section 

(4.33.2.2)  e : S — > Is/s'  and  e : S — > 1$ 


4.33.1 


04Z3 
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04Z4 

04Z5 

04Z6 

003S 

003T 


defined  by  the  rules  x K > (x,idx)  and  (</>  : x — > y)  K > cj>.  This  is  a right  inverse  to 
(4.33.2.11.  Given  a 2-commutative  square 


there  is  a functoriality  map 


(4.33.2.3) 


bSi/Sl 


2*2 


tS2  /S'  and  lSl 

defined  by  the  rules  (x,  a)  i-A  (G(x),G(a))  and  </>  i-A  G(^>).  In  particular  there  is 
always  a comparison  map 

(4.33.2.4) 


'-S/S' 


Is 


and  all  the  maps  above  are  compatible  with  this. 

Lemma  4.33.3.  Let  F : S -A  S'  be  a 1-morphism  of  categories  fibred  over  a 
category  C.  Then  the  diagram 


'S/S'  ||4.33.2.4) 


Is 


_Fo||4.33.2~Tll 


J4.33.2.3) 


S' 


IS' 


is  a 2-fibre  product. 

Proof.  Omitted. 


□ 


4.34.  Categories  fibred  in  groupoids 

In  this  section  we  explain  how  to  think  about  categories  in  groupoids  and  we  see 
how  they  are  basically  the  same  as  functors  with  values  in  the  (2,  l)-category  of 
groupoids. 

Definition  4.34.1.  Let  p : S — > C be  a functor.  We  say  that  S is  fibred  in 
groupoids  over  C if  the  following  two  conditions  hold: 

(1)  For  every  morphism  / : V — > U in  C and  every  lift  x of  U there  is  a lift 
4>  : y — > x of  / with  target  x. 

(2)  For  every  pair  of  morphisms  <fi  : y — ^ x and  if  : z ^ x and  any  morphism 
/ : p(z)  — > p{y)  such  that  p{(f)  o / = p(if)  there  exists  a unique  lift 
X : 2 — t y of  / such  that  fio  X = 4>- 

Condition  (2)  phrased  differently  says  that  applying  the  functor  p gives  a bijection 
between  the  sets  of  dotted  arrows  in  the  following  commutative  diagram  below: 

V p{y) ^p(x) 

A 


Another  way  to  think  about  the  second  condition  is  the  following.  Suppose  that 
g : W — ► V and  / : V — >•  U are  morphisms  in  C.  Let  x £ Ob {Sjj).  By  the  first 
condition  we  can  lift  / to  <f>  : y — > x and  then  we  can  lift  g to  if  : z — > y.  Instead  of 
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doing  this  two  step  process  we  can  directly  lift  g o / to  7 : z'  — > x.  This  gives  the 
solid  arrows  in  the  diagram 


03WP  (4.34.1.1) 


where  the  squiggly  arrows  represent  not  morphisms  but  the  functor  p.  Applying 
the  second  condition  to  the  arrows  <j>  o ip,  7 and  id w we  conclude  that  there  is  a 
unique  morphism  \ '■  z — t z'  in  such  that  7 o \ = <P  ° ip-  Similarly  there  is  a 
unique  morphism  z'  — ► z.  The  uniqueness  implies  that  the  morphisms  z'  — » z and 
z — Y z'  are  mutually  inverse,  in  other  words  isomorphisms. 


It  should  be  clear  from  this  discussion  that  a category  fibred  in  groupoids  is  very 
closely  related  to  a fibred  category.  Here  is  the  result. 


003V 


Lemma  4.34.2.  Let  p : S —¥  C be  a functor.  The  following  are  equivalent 

(1)  p : S — »•  C is  a category  fibred  in  groupoids,  and 

(2)  all  fibre  categories  are  groupoids  and  S is  a fibred  category  overC. 


Moreover,  in  this  case  every  morphism  of  S is  strongly  cartesian.  In  addition,  given 
f*x  — > x lying  over  f for  all  f : V — ► U = p(x)  the  data  (U  1— > Sjj , / 1— > f*,ajg , ajj) 
constructed  in  Lemma  4-32.1  defines  a pseudo  functor  from  Copp  in  to  the  (2,1)- 
category  of  groupoids. 


Proof.  Assume  p : S — > C is  fibred  in  groupoids.  To  show  all  fibre  categories  Su 
for  U £ Ob(C)  are  groupoids,  we  must  exhibit  for  every  / : y — > x in  Sjj  an  inverse 
morphism.  The  diagram  on  the  left  (in  Su)  is  mapped  by  p to  the  diagram  on  the 
right: 

/ 


Since  only  i du  makes  the  diagram  on  the  right  commute,  there  is  a unique  g : x — ► y 
making  the  diagram  on  the  left  commute,  so  fg  = idx.  By  a similar  argument  there 
is  a unique  h : y -A  x so  that  gh  = idy.  Then  fgh  = f : y — » x.  We  have  fg  = idx, 
so  h = f.  Condition  (2)  of  Definition  |4.34.1  says  exactly  that  every  morphism  of 
S is  strongly  cartesian.  Hence  condition  (1)  of  Definition  4.34.1  implies  that  S is  a 
fibred  category  over  C. 


Conversely,  assume  all  fibre  categories  are  groupoids  and  S is  a fibred  category 
over  C.  We  have  to  check  conditions  (1)  and  (2)  of  Definition  4.34.1 
condition  follows  trivially. 


x,  ip 


x and  / 


The  first 
p(y)  such 


p{z) 

Write  U = p(x), 


Let  4>  : y 

that  p(cf>)  o f = be  as  in  condition  (2)  of  Definition  4.34.1 
V = p(y),  W = p(z),  p{4>)  = g : V — > U,  p(ip)  = h : W — > U.  Choose  a strongly 
cartesian  g*x  — > x lying  over  g.  Then  we  get  a morphism  i : y — * g*x  in  Sy , which 
is  therefore  an  isomorphism.  We  also  get  a morphism  j : z —t  g*x  corresponding  to 
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the  pair  {ip,  /)  as  g*x  -A  a;  is  strongly  cartesian.  Then  one  checks  that  % = i 1 ° j 
is  a solution. 


We  have  seen  in  the  proof  of  (1)  =>  (2)  that  every  morphism  of  S is  strongly 
cartesian.  The  final  statement  follows  directly  from  Lemma [4. 32. 7 □ 


03WQ  Lemma  4.34.3.  Let  C be  a category.  Let  p : S —¥  C be  a fibred  category.  Let  S' 
be  the  subcategory  of  S defined  as  follows 

(1)  Ob(S')  = Ob(S),  and 

(2)  for  x,  y £ Ob(<S')  the  set  of  morphisms  between  x and  y in  S'  is  the  set  of 
of  strongly  cartesian  morphisms  between  x and  y in  S . 

Let  p'  : S'  — >•  C be  the  restriction  of  p to  S' . Then  p'  : S'  — ► C is  fibred  in  groupoids. 


Proof.  Note  that  the  construction  makes  sense  since  by  Lemma [4. 32. 2| the  identity 
morphism  of  any  object  of  S is  strongly  cartesian,  and  the  composition  of  strongly 
cartesian  morphisms  is  strongly  cartesian.  The  first  lifting  property  of  Definition 


4.34.1  follows  from  the  condition  that  in  a fibred  category  given  any  morphism 
/ : V -A  U and  x lying  over  U there  exists  a strongly  cartesian  morphism  ip  : y — » x 
lying  over  /.  Let  us  check  the  second  lifting  property  of  Definition  |4.34.1|  for  the 
category  p'  : S'  —>  C over  C.  To  do  this  we  argue  as  in  the  discussion  following 
Definition  4.34. 1|  Thus  in  Diagram  4.34.1.1  the  morphisms  <p,  if  and  7 are  strongly 
cartesian  morphisms  of  S.  Hence  7 and  poip  are  strongly  cartesian  morphisms  of  S 
lying  over  the  same  arrow  of  C and  having  the  same  target  in  S.  By  the  discussion 
following  Definition  |4.32.1|  this  means  these  two  arrows  are  isomorphic  as  desired 


(here  we  use  also  that  any  isomorphism  in  S is  strongly  cartesian,  by  Lemma  4.32.2 
again).  □ 


003U  Example  4.34.4.  A homomorphism  of  groups  p : G -A  H gives  rise  to  a functor 
p : S — > C as  in  Example  |4. 2. 12  This  functor  p : S — > C is  fibred  in  groupoids  if  and 
only  if  p is  surjective.  The  fibre  category  Sjj  over  the  (unique)  object  U £ Ob(C) 
is  the  category  associated  to  the  kernel  of  p as  in  Example  |4.2.6| 

Given  p : S C,  we  can  ask:  if  the  fibre  category  Su  is  a groupoid  for  all  U £ 
Ob(C),  must  S be  fibred  in  groupoids  over  Cl  We  can  see  the  answer  is  no  as  follows. 
Start  with  a category  fibred  in  groupoids  p : S —¥  C.  Altering  the  morphisms  in 
S which  do  not  map  to  the  identity  morphism  on  some  object  does  not  alter  the 
categories  Su-  Hence  we  can  violate  the  existence  and  uniqueness  conditions  on  lifts. 
One  example  is  the  functor  from  Example  4.34.4  when  G -A  H is  not  surjective. 
Here  is  another  example. 


02C4  Example  4.34.5.  Let  Ob(C)  = {A,B,T}  and  Mor C(A,B)  = {/},  Morc(H,T)  = 
{<7},  Morc(A, T)  = {h}  = {gf},  plus  the  identity  morphism  for  each  object.  See 
the  diagram  below  for  a picture  of  this  category.  Now  let  Ob(<S)  = {A',B',T'} 
and  Mor^A',  IT)  = 0,  Mor s(B',T')  = {g'},  Mor s(A',T')  = {h’},  plus  the  identity 
morphisms.  The  functor  p : S — > C is  obvious.  Then  for  every  U £ Ob(C),  Su 
is  the  category  with  one  object  and  the  identity  morphism  on  that  object,  so  a 
groupoid,  but  the  morphism  / : A — ► B cannot  be  lifted.  Similarly,  if  we  declare 
Mors  (A',  B')  = {/{,  f2}  and  Mors(A/,  T')  = {h'}  = {g'  /{}  = {g'f^},  then  the  fibre 
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categories  are  the  same  and  f : A —>  B in  the  diagram  below  has  two  lifts. 


B'  V B T 


02XS 


Later  we  would  like  to  make  assertions  such  as  “any  category  fibred  in  groupoids 
over  C is  equivalent  to  a split  one”,  or  “any  category  fibred  in  groupoids  whose 
fibre  categories  are  setlike  is  equivalent  to  a category  fibred  in  sets” . The  notion  of 
equivalence  depends  on  the  2-category  we  are  working  with. 


Definition  4.34.6.  Let  C be  a category.  The  2-category  of  categories  fibred  in 
groupoids  over  C is  the  sub  2-category  of  the  2-category  of  fibred  categories  over  C 
(see  Definition  4.32.91  defined  as  follows: 

(1)  Its  objects  will  be  categories  p : S — >■  C fibred  in  groupoids. 

(2)  Its  1-morphisms  ( S,p ) -4  (S',pr)  will  be  functors  G : S — > S’  such  that 
p'  o G = p (since  every  morphism  is  strongly  cartesian  G automatically 
preserves  them). 

(3)  Its  2-morphisms  t : G — > H for  G,H  : (S,p)  — ► ( S',p ')  will  be  morphisms 
of  functors  such  that  p'(tx)  = idp(x)  for  all  x £ Ob (S). 


Note  that  every  2-morphism  is  automatically  an  isomorphism!  Hence  this  is  actually 
a (2,  l)-category  and  not  just  a 2-category.  Here  is  the  obligatory  lemma  on  2-fibre 
products. 


0041 


003Z 


Lemma  4.34.7.  Let  C be  a category.  The  2-category  of  categories  fibred  in 
groupoids  over  C has  2-fibre  products,  and  they  are  described  as  in  Lemma  \j.31.3\ 


Proof.  By  Lemma  |4.32.10|  the  fibre  product  as  described  in  Lemma  |4.31.3|  is  a 
fibred  category.  Hence  it  suffices  to  prove  that  the  fibre  categories  are  groupoids, 
see  Lemma [4. 34. 2 1 By  Lemma  4.31.4  it  is  enough  to  show  that  the  2- fibre  product 


of  groupoids  is  a groupoid,  which  is  clear  (from  the  construction  in  Lemma  4.30.4 
for  example).  □ 


Lemma  4.34.8.  Let  p : S — > C and  p'  : S'  — ► C be  categories  fibred  in  groupoids, 
and  suppose  that  G : S -4  S'  is  a functor  over  C . 

(1)  Then  G is  faithful  (resp.  fully  faithful,  resp.  an  equivalence)  if  and  only  if 
for  each  U £ Ob(C)  the  induced  functor  Gjj  : Su  — > Sf,  is  faithful  (resp. 
fully  faithful,  resp.  an  equivalence). 

(2)  If  G is  an  equivalence,  then  G is  an  equivalence  in  the  2-category  of  cate- 
gories fibred  in  groupoids  over  C. 


Proof.  Let  x,  y be  objects  of  S lying  over  the  same  object  U.  Consider  the  com- 
mutative diagram 

Mors(i v,y) MorS/(G(x),  G(y)) 

Mor  C(U,U) 

From  this  diagram  it  is  clear  that  if  G is  faithful  (resp.  fully  faithful)  then  so  is 
each  Gy. 
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Suppose  G is  an  equivalence.  For  every  object  x'  of  S'  there  exists  an  object  x 
of  S such  that  G{x)  is  isomorphic  to  x' . Suppose  that  x'  lies  over  U'  and  x lies 
over  U.  Then  there  is  an  isomorphism  / : U'  — > U in  C,  namely,  p'  applied  to  the 
isomorphism  x'  — > G(x).  By  the  axioms  of  a category  fibred  in  groupoids  there 
exists  an  arrow  f*x  — > x of  S lying  over  /.  Hence  there  exists  an  isomorphism 
a : x'  — ► G(f* x)  such  that  p'{a)  = id u'  (this  time  by  the  axioms  for  S').  All  in  all 
we  conclude  that  for  every  object  x'  of  S'  we  can  choose  a pair  (oxi,ax>)  consisting 
of  an  object  ox>  of  S and  an  isomorphism  ov  : x'  -4  G(ox')  with  p'(ax')  = idprrxiy 
From  this  point  on  we  proceed  as  usual  (see  proof  of  Lemma  4.2.19)  to  produce  an 
inverse  functor  F : S'  — > S,  by  taking  x'  H > ox>  and  ip'  : x'  — > y'  to  the  unique  arrow 
ifitpi  : ox>  — > Oy‘  with  cty,1  o G(tptpi)  o ax>  = ip' . With  these  choices  F is  a functor  over 
C.  We  omit  the  verification  that  GoF  and  FoG  are  2-isomorphic  to  the  respective 
identity  functors  (in  the  2-category  of  categories  fibred  in  groupoids  over  C ). 


Suppose  that  Gjj  is  faithful  (resp.  fully  faithful)  for  all  U € Ob(C).  To  show  that  G 
is  faithful  (resp.  fully  faithful)  we  have  to  show  for  any  objects  x,  y £ Ob(S)  that  G 
induces  an  injection  (resp.  bijection)  between  Mor s{x,y)  and  Mor s'(G(x),G(y)). 
Set  U = p(x)  and  V = p(y).  It  suffices  to  prove  that  G induces  an  injection  (resp. 
bijection)  between  morphism  x — > y lying  over  / to  morphisms  G(x)  —>  G(y)  lying 
over  / for  any  morphism  / : U -4  V . Now  fix  / : U — ► V.  Denote  f*y  — > y a 
pullback.  Then  also  G(f*y)  — > G(y)  is  a pullback.  The  set  of  morphisms  from  x 
to  y lying  over  / is  bijective  to  the  set  of  morphisms  between  x and  f*y  lying  over 
idcr.  (By  the  second  axiom  of  a category  fibred  in  groupoids.)  Similarly  the  set 
of  morphisms  from  G(x)  to  G{y)  lying  over  / is  bijective  to  the  set  of  morphisms 
between  G(x)  and  G(f*y)  lying  over  idj/-  Hence  the  fact  that  Gu  is  faithful  (resp. 
fully  faithful)  gives  the  desired  result. 


Finally  suppose  for  all  Gu  is  an  equivalence  for  all  U , so  it  is  fully  faithful  and 
essentially  surjective.  We  have  seen  this  implies  G is  fully  faithful,  and  thus  to 
prove  it  is  an  equivalence  we  have  to  prove  that  it  is  essentially  surjective.  This  is 
clear,  for  if  z'  S Ob(S')  then  z'  S Ob)^)  where  U = p'(z').  Since  Gu  is  essentially 
surjective  we  know  that  z'  is  isomorphic,  in  Sfj , to  an  object  of  the  form  Gu(z) 
for  some  z £ Ob (Su)-  But  morphisms  in  S[j  are  morphisms  in  S'  and  hence  z'  is 
isomorphic  to  G(z)  in  S' . □ 

04Z7  Lemma  4.34.9.  Let  C be  a category.  Let  p : S — > C and  p'  : S'  — » C be  categories 
fibred  in  groupoids.  Let  G : S — » S'  be  a functor  over  C.  Then  G is  fully  faithful  if 
and  only  if  the  diagonal 

A g ■ S — > S Xg,S',g  S 

is  an  equivalence. 

Proof.  By  Lemma  [4. 34. 8|  it  suffices  to  look  at  fibre  categories  over  an  object  U of 
C.  An  object  of  the  right  hand  side  is  a triple  (x,  x' , a)  where  a : G{x)  -A  G( x')  is  a 
morphism  in  Sf.  The  functor  Aq  maps  the  object  x of  Su  to  the  triple  (x,  x,  idg^)). 
Note  that  (x,x' , a ) is  in  the  essential  image  of  Ac  if  and  only  if  a = G(/3 ) for  some 
morphism  /?  : x — > x'  in  Su  (details  omitted).  Hence  in  order  for  Aq  to  be  an 
equivalence,  every  a has  to  be  the  image  of  a morphism  (3  : x — > a/,  and  also  every 
two  distinct  morphisms  /3,  /3'  : x — > x'  have  to  give  distinct  morphisms  G(/3),  G(f3'). 
This  proves  the  lemma.  □ 
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03YT  Lemma  4.34.10.  Let  C be  a category.  Let  Si,  i = 1,2,  3,4  be  categories  fibred  in 
groupoids  overC.  Suppose  that  ip  : — > S2  and  ip  : S3  -A  S4  are  equivalences  over 

C.  Then 

Mor cat/c(S2,S3)  — > MorCQt/c(Si,&i),  ot  1 — >ipoaoip 
is  an  equivalence  of  categories. 


Proof.  This  is  a generality  and  holds  in  any  2-category.  □ 

0421  Lemma  4.34.11.  Let  C be  a category.  If  p : S —>  C is  fibred  in  groupoids,  then  so 
is  the  inertia  fibred  category  1$  — > C . 


Proof.  Clear  from  the  construction  in  Lemma  4.33.1  or  by  using  (from  the  same 
lemma)  that  Is  — )•  S x a,SxcS,a  S is  an  equivalence  and  appealing  to  Lemma 
14.34.71  ’ □ 


02XT 


Lemma  4.34.12.  Let  C be  a category.  Let  U £ Ob(C).  If  p : S — >■  C is  a category 
fibred  in  groupoids  and  p factors  through  p'  : S C /U  then  p'  : S — > C/U  is  fibred 
in  groupoids. 


Proof.  We  have  already  seen  in  Lemma  4.32.11  that  p'  is  a fibred  category.  Hence 
it  suffices  to  prove  the  fibre  categories  are  groupoids,  see  Lemma  [4. 34. 2|  For  V £ 
Ob(C)  we  have 


- I 

where  the  left  hand  side  is  the  fibre  category  of  p and  the  right  hand  side  is  the 
disjoint  union  of  the  fibre  categories  of  p' . Hence  the  result.  □ 


09WW  Lemma  4.34.13.  Let  A —t  B — » C be  functors  between  categories.  If  A is  fibred  in 
groupoids  over  B and  B is  fibred  in  groupoids  overC,  then  A is  fibred  in  groupoids 
over  C. 


06N6 


Proof.  One  can  prove  this  directly  from  the  definition.  However,  we  will  argue 
using  the  criterion  of  Lemma  [4.34.2|  By  Lemma  4.32.12  we  see  that  A is  fibred 
over  C.  To  finish  the  proof  we  show  that  the  fibre  category  Au  is  a groupoid  for  U 
in  C.  Namely,  if  x y is  a morphism  of  Au , then  its  image  in  B is  an  isomorphism 
as  B\j  is  a groupoid.  But  then  x — > y is  an  isomorphism,  for  example  by  Lemma 
4.32.2  and  the  fact  that  every  morphism  of  A is  strongly  S-cartesian  (see  Lemma 
4342).  □ 


Lemma  4.34.14.  Let  p : S -A  C be  a category  fibred  in  groupoids.  Let  x — > y 
and  z — y y be  morphisms  of  S.  If  p(x)  xp(y)  p(z)  exists,  then  x xy  z exists  and 
p(x  xy  z)  =p(x)  xp{y)  p(z). 


Proof.  Follows  from  Lemma Tl. 32. 131 


□ 


06N7  Lemma  4.34.15.  Let  C be  a category.  Let  F : X — » y be  a 1-morphism  of 
categories  fibred  in  groupoids  over  C.  There  exists  a factorization  X — » X'  — > y 
by  1-morphisms  of  categories  fibred  in  groupoids  over  C such  that  X — ► X'  is  an 
equivalence  overC  and  such  that  X1  is  a category  fibred  in  groupoids  overy. 


Proof.  Denote  p : X — ► C and  q : y — ► C the  structure  functors.  We  construct 
X'  explicitly  as  follows.  An  object  of  X'  is  a quadruple  (U,  x,  y,  f)  where  x £ 
Ob(A)y),  y £ Ob(JV)  and  / : F(x)  — t y is  an  isomorphism  in  yv.  A morphism 
(a,  b)  : ( U,x,y,f ) — >•  (Ur ,x’ ,y' , /')  is  given  by  a : x — > x'  and  b : y —>  y'  with 
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p(a)  = q(b)  and  such  that  /'  o F(a)  = bo  f.  In  other  words  X'  = X Xp,y,i a y with 
the  construction  of  the  2- fibre  product  from  Lemma  |4.31.3[  By  Lemma  |4.34.7|  we 
see  that  X'  is  a category  fibred  in  groupoids  over  C and  that  X'  — >■  y is  a morphism 
of  categories  over  C.  As  functor  X — »•  X'  we  take  x ha  (p(x),  x,  F(x),  idF(x))  on 
objects  and  (a  : x — » x')  ha  (a,  F(a))  on  morphisms.  It  is  clear  that  the  composition 
X — > X'  —>  y equals  F.  We  omit  the  verification  that  X — > X'  is  an  equivalence  of 
fibred  categories  over  C. 


Finally,  we  have  to  show  that  X'  -A  y is  a category  fibred  in  groupoids.  Let 
b : y'  -A  y be  a morphism  in  y and  let  ( U,x,y,f ) be  an  object  of  X'  lying  over 
y.  Because  X is  fibred  in  groupoids  over  C we  can  find  a morphism  a : x'  — > x 
lying  over  U'  = q{y')  -A  q(y)  = U.  Since  y is  fibred  in  groupoids  over  C and 
since  both  Fix')  -A  F(x)  and  y'  -A  y lie  over  the  same  morphism  U'  -A  U we 
can  find  f : F(xr)  -A  y'  lying  over  id[//  such  that  / o F(a)  = b o f . Hence 
we  obtain  (a,  b)  : (JU'  ,x'  ,y' , f)  -A  (U,x,y,f).  This  verifies  the  first  condition 
(1)  of  Definition  |4.34.1|  To  see  (2)  let  (a,  b)  : (U' ,x' ,y' , /')  -A  ( U,x,y,f ) and 
(a',b')  : ( U",x",y"J ")  -A  ( U,x,y,f ) be  morphisms  of  X'  and  let  b"  : y'  -A  y" 
be  a morphism  of  y such  that  b'  o b"  = b.  We  have  to  show  that  there  exists 
a unique  morphism  a”  : x'  -A  x"  such  that  /"  o F(a")  = b"  o f and  such  that 
( a\b ')  o ( a" ,b ")  = (a, b).  Because  X is  fibred  in  groupoids  we  know  there  exists  a 
unique  morphism  a"  : x'  -A  x"  such  that  a'oa"  = a and  p{a")  = q{b").  Because  y is 
fibred  in  groupoids  we  see  that  F(a")  is  the  unique  morphism  F(xl)  — ► F{x")  such 
that  F{a!)  o F{a")  = F{a)  and  q(F(a"))  = q{b”).  The  relation  f"  o F{a")  = b"  o f 
follows  from  this  and  the  given  relations  foF(a)  = bo  f and  foF(a')  = b' o f" . □ 

06N8  Lemma  4.34.16.  Let  C be  a category.  Let  F : X -a  y be  a 1-morphism  of 
categories  fibred  in  groupoids  overC.  Assume  we  have  a 2-commutative  diagram 


y 


where  a and  b are  equivalences  of  categories  over  C and  f and  g are  categories 
fibred  in  groupoids.  Then  there  exists  an  equivalence  h : X"  -a  X'  of  categories 
over  y such  that  h o b is  2-isomorphic  to  a as  1-morphisms  of  categories  over  C. 
If  the  diagram  above  actually  commutes,  then  we  can  arrange  it  so  that  h o b is 
2-isomorphic  to  a as  1-morphisms  of  categories  overy. 


Proof.  We  will  show  that  both  X'  and  Xh 


over  y are  equivalent  to  the  category 

Choose  a 


fibred  in  groupoids  X x F,y,id  y over  y,  see  proof  of  Lemma  4.34.15 
quasi- inverse  6-1  : X"  -A  X in  the  2-category  of  categories  over  C.  Since  the  right 
triangle  of  the  diagram  is  2-commutative  we  see  that 


X" 

b”1 

F 9 

Y 

— y 


is  2-commutative.  Hence  we  obtain  a 1-morphism  c : X"  -A  X x F,y,id  y by  the 
universal  property  of  the  2-fibre  product.  Moreover  c is  a morphism  of  categories 
over  y (!)  and  an  equivalence  (by  the  assumption  that  b is  an  equivalence,  see 
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Lemma  4.30.71.  Hence  c is  an  equivalence  in  the  2-category  of  categories  fibred  in 
groupoids  over  y by  Lemma  |4.34.8| 


We  still  have  to  construct  a 2-isomorphism  between  cob  and  the  functor  d : X — > 
X x y,  x H >■  (p(x),x,  F(x),  idp^))  constructed  in  the  proof  of  Lemma |4. 34. 15 
Let  a : F -A  g o b and  /?  : b~ 1 o b — > id  be  2-isomorphisms  between  1-morphisms  of 
categories  over  C.  Note  that  c o b is  given  by  the  rule 

x (p(x),b~1(b(x)),g(b(x)),axo  F(/3X)) 


on  objects.  Then  we  see  that 

(Px,otx)  : {p(x),x,F{x)Mf(x))  — » (p(x),b~1(b(x)),g(b(x))1axo  F(px)) 
is  a functorial  isomorphism  which  gives  our  2-morphism  d — > b o c.  Finally,  if  the 
diagram  commutes  then  ax  is  the  identity  for  all  x and  we  see  that  this  2-morphism 
is  a 2-morphism  in  the  2-category  of  categories  over  y.  □ 


4.35.  Presheaves  of  categories 

02XU  In  this  section  we  compare  the  notion  of  fibred  categories  with  the  closely  related 
notion  of  a “presheaf  of  categories”.  The  basic  construction  is  explained  in  the 
following  example. 

02XV  Example  4.35.1.  Let  C be  a category.  Suppose  that  F : Copp  — > Cat  is  a functor 
to  the  2-category  of  categories,  see  Definition  |4.28.5|  For  / : V — > U in  C we  will 
suggestively  write  F(f)  = f*  for  the  functor  from  F(U)  to  F(V).  From  this  we 
can  construct  a fibred  category  SF  over  C as  follows.  Define 

Ob(SF)  = {(U,x)  | U G Ob(C), x G Ob {F(U))}. 

For  (U,x),(V,y)  G Ob(SF)  we  define 

Mor5F((F, y),(U,x))  = {(/,</>)  \ f G Morc(P,  17), <j>  G Mor F(V){y,f*x)} 

UMorFfyHy,  f*x) 

/GMorc(V,I/)  1 

In  order  to  define  composition  we  use  that  g*  of*  = (fog)*  for  a pair  of  composable 
morphisms  of  C (by  definition  of  a functor  into  a 2-category).  Namely,  we  define 
the  composition  of  if  : z — >•  g*y  and  <j>  : y f*x  to  be  g*( <j>)  o if.  The  functor 
Pf  : SF  ~ > C is  given  by  the  rule  (U,x)  hG  U.  Let  us  check  that  this  is  indeed 
a fibred  category.  Given  / : V — > U in  C and  (U,x)  a lift  of  U,  then  we  claim 
(/,  id/*a;)  : (V,f*x)  —>■  (U,x)  is  a strongly  cartesian  lift  of  /.  We  have  to  show  a h 
in  the  diagram  on  the  left  determines  (h1  v)  on  the  right: 

V— '-+U 

A yX 

h I / 

I / 9 

w 

Just  take  v = if  which  works  because  f oh  = g and  hence  g*x  = h*  f*x.  Moreover, 
this  is  the  only  lift  making  the  diagram  (on  the  right)  commute. 

02XW  Definition  4.35.2.  Let  C be  a category.  Suppose  that  F : Copp  — ► Cat  is  a 
functor  to  the  2-category  of  categories.  We  will  write  pF  : SF  — ► C for  the  fibred 
category  constructed  in  Example  |4.35.1|  A split  fibred  category  is  a fibred  category 
isomorphic  (!)  over  C to  one  of  these  categories  SF. 


(VJ*x)-U(U,x) 

A X 

(h,v)  | 

yX  l [9, IP) 

(W,z) 
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02XX  Lemma  4.35.3.  Let  C be  a category.  Let  S be  a fibred  category  overC.  Then  S is 
split  if  and  only  if  for  some  choice  of  pullbacks  (see  Definition  4.32.6)  the  pullback 
functors  (/  o g)*  and  g*  o f*  are  equal. 


Proof.  This  is  immediate  from  the  definitions. 


□ 


004A 


Lemma  4.35.4.  Let  p : S -4  C be  a fibred  category.  There  exists  a contravariant 
functor  F : C -4  Cat  such  that  S is  equivalent  to  Sf  in  the  2-category  of  fibred 
categories  over  C . In  other  words,  every  fibred  category  is  equivalent  to  a split  one. 


Proof.  Let  us  make  a choice  of  pullbacks  (see  Definition  4.32.6 1.  By  Lemma  4.32.7 
we  get  pullback  functors  f*  for  every  morphism  / of  C. 


We  construct  a new  category  S'  as  follows.  The  objects  of  S'  are  pairs  ( x , f) 
consisting  of  a morphism  / : V — > U of  C and  an  object  x of  S over  U,  i.e. , 
x £ Ob (Su)-  The  functor  p'  : S'  -4  C will  map  the  pair  (x,f)  to  the  source  of 
the  morphism  /,  in  other  words  p'(x,  f : V — > U)  = V.  A morphism  p : (xi,fi  : 
V\  — ► U\)  -A  ( X2,  f2  ’■  V2  — >■  U2)  is  given  by  a pair  (<p,g)  consisting  of  a morphism 
g : V-[  —>  V'2  and  a morphism  p : ffxi  — > f%X2  with  p(p)  = g.  It  is  no  problem  to 
define  the  composition  law:  (p,  g)  o (ip,  h)  = (poip,goh)  for  any  pair  of  composable 
morphisms.  There  is  a natural  functor  S -4  S'  which  simply  maps  x over  U to  the 
pair  (a;,  idp-). 

At  this  point  we  need  to  check  that  p'  makes  S'  into  a fibred  category  over  C , 
and  we  need  to  check  that  S — ► S'  is  an  equivalence  of  categories  over  C which 
maps  strongly  cartesian  morphisms  to  strongly  cartesian  morphisms.  We  omit  the 
verifications. 


Finally,  we  can  define  pullback  functors  on  S'  by  setting  g*(x,f)  = (x,f  o g)  on 
objects  if  g : V'  — > V and  / : V U.  On  morphisms  (p,  idy)  : (xi,  fi)  — >•  (x2l  J2) 
between  morphisms  in  Sy  we  set  g*(p,  idy)  = (g*p,  idy/)  where  we  use  the  unique 
identifications  g*  f*Xi  = (fiOg)*Xi  from  Lemma  4.32.7  to  think  of  g*p  as  a morphism 
from  (fiog)*x\  to  (f2°g)*X2-  Clearly,  these  pullback  functors  g*  have  the  property 
that  <7*  o ^2  = (ff2  0 <7i)*,  in  other  words  S'  is  split  as  desired.  □ 


4.36.  Presheaves  of  groupoids 


0048  In  this  section  we  compare  the  notion  of  categories  fibred  in  groupoids  with  the 
closely  related  notion  of  a “preslreaf  of  groupoids”.  The  basic  construction  is  ex- 
plained in  the  following  example. 


0049  Example  4.36.1.  This  example  is  the  analogue  of  Example  4.35.1  for  “presheaves 
of  groupoids”  instead  of  “presheaves  of  categories” . The  output  will  be  a category 
fibred  in  groupoids  instead  of  a fibred  category.  Suppose  that  F : Copp  -4  Groupoids 
is  a functor  to  the  category  of  groupoids,  see  Definition  |4.28.5|  For  / : V -4  U in 
C we  will  suggestively  write  F(f)  = f*  for  the  functor  from  F(U)  to  F(V).  We 
construct  a category  Sf  fibred  in  groupoids  over  C as  follows.  Define 

Ob (SF)  = {(17, a :)  | U £ Ob(C),z  £ Ob (F(U))}. 

For  (U,x),(V,y)  £ Ob(Sj?)  we  define 

Mor sF((V,y),(U,x))  = {(/,<£)  | / £ Mor c(V,U),<p€  Mor F(V)(yJ*x)} 


II 


/GMorc(V,C7) 


Mor  F(v)(yJ*x) 
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In  order  to  define  composition  we  use  that  g*  of*  = (fog)*  for  a pair  of  composable 
morphisms  of  C (by  definition  of  a functor  into  a 2-category).  Namely,  we  define 
the  composition  of  if  : z — ► g*y  and  (f>  : y — ► f*x  to  be  g*(<fi)  o if.  The  functor 
Pf  : Sf  — > C is  given  by  the  rule  (U,x)  U.  The  condition  that  F(U)  is  a 
groupoid  for  every  U guarantees  that  Sf  is  fibred  in  groupoids  over  C,  as  we  have 
already  seen  in  Example|4.35.1|that  Sf  is  a fibred  category,  see  Lemma [4. 34. 2|  But 
we  can  also  prove  conditions  (1),  (2)  of  Definition  4.34.1  directly  as  follows:  (1) 
Lifts  of  morphisms  exist  since  given  / : V — > U in  C and  (U,x)  an  object  of  Sf 
over  U,  then  (f,idf*x)  : (V,f*x)  — ► (U,x)  is  a lift  of  /.  (2)  Suppose  given  solid 
diagrams  as  follows 


V 

A 
h I 


w 


( f •>4>) 

(V:y)WL(U,X) 


( W,z ) 


Then  for  the  dotted  arrows  we  have  v = (h*  <f>)  1 o ip  so  given  h there  exists  a v 
which  is  unique  by  uniqueness  of  inverses. 

04TL  Definition  4.36.2.  Let  C be  a category.  Suppose  that  F : Copp  -A-  Groupoids 
is  a functor  to  the  2-category  of  groupoids.  We  will  write  pp  ■ Sf  — t C for  the 
category  fibred  in  groupoids  constructed  in  Example |4.36.1|  A split  category  fibred 
in  groupoids  is  a category  fibred  in  groupoids  isomorphic  (!)  over  C to  one  of  these 
categories  Sp- 

02XY  Lemma  4.36.3.  Let  p : S -A  C be  a category  fibred  in  groupoids.  There  exists  a 
contravariant  functor  F : C -A  Groupoids  such  that  S is  equivalent  to  Sf  over  C. 
In  other  words,  every  category  fibred  in  groupoids  is  equivalent  to  a split  one. 


Proof.  Make  a choice  of  pullbacks  (see  Definition  4.32.61.  By  Lemmas  4.32.7  and 
|4.34.2|  we  get  pullback  functors  f*  for  every  morphism  / of  C. 


We  construct  a new  category  S'  as  follows.  The  objects  of  S'  are  pairs  (x,  f) 
consisting  of  a morphism  / : V — )•  U of  C and  an  object  x of  S over  U,  i.e. , 
x £ Ob(<S;y).  The  functor  p'  : S'  — ► C will  map  the  pair  (x,f)  to  the  source  of 
the  morphism  /,  in  other  words  p'(x,f  : V —A  U)  = V.  A morphism  <p  : (a,’i,/i  : 
Vi  —A  U\)  —A  ( X2,  f2  '■  V2  —A  U2)  is  given  by  a pair  (<p,g)  consisting  of  a morphism 
g : Vi  — > V2  and  a morphism  (p  : f* x±  —t  f^2  with  p(tp)  = g.  It  is  no  problem  to 
define  the  composition  law:  (ip,  g)  o (ip,  h)  = (poip,goh)  for  any  pair  of  composable 
morphisms.  There  is  a natural  functor  S — » S'  which  simply  maps  x over  U to  the 
pair  (x,id(y). 


At  this  point  we  need  to  check  that  p'  makes  S'  into  a category  fibred  in  groupoids 
over  C,  and  we  need  to  check  that  S -A  S'  is  an  equivalence  of  categories  over  C. 
We  omit  the  verifications. 


Finally,  we  can  define  pullback  functors  on  S'  by  setting  g*(x,f)  = (x,f  o g)  on 
objects  if  g : V'  -A  V and  / : V —>  U.  On  morphisms  (p,  idy)  : (x\,  f\)  — > (x’2,/2) 
between  morphisms  in  Sy  we  set  g*(p,  idy)  = (g*p,idv)  where  we  use  the  unique 
identifications  g*  f*Xi  = ( fi°g)*Xi  from  Lemma  4.34.2  to  think  of  g*p  as  a morphism 
from  (f\og)*xi  to  (/2°ff)*^2-  Clearly,  these  pullback  functors  g*  have  the  property 
that  <7*  o <72  = ( g2  o gi)* , in  other  words  S'  is  split  as  desired.  □ 
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0042 
02  Y0 


0043 


04S8 


0047 


04TM 


We  will  see  an  alternative  proof  of  this  lemma  in  Section  [4. 40[ 

4.37.  Categories  fibred  in  sets 


Definition  4.37.1.  A category  is  called  discrete  if  the  only  morphisms  are  the 
identity  morphisms. 

A discrete  category  has  only  one  interesting  piece  of  information:  its  set  of  objects. 
Thus  we  sometime  confuse  discrete  categories  with  sets. 

Definition  4.37.2.  Let  C be  a category.  A category  fibred  in  sets , or  a category 
fibred  in  discrete  categories  is  a category  fibred  in  groupoids  all  of  whose  fibre 
categories  are  discrete. 


We  want  to  clarify  the  relationship  between  categories  fibred  in  sets  and  presheaves 


(see  Definition  4.3.31.  To  do  this  it  makes  sense  to  first  make  the  following  definition. 


Definition  4.37.3.  Let  C be  a category.  The  2-category  of  categories  fibred  in 
sets  over  C is  the  sub  2-category  of  the  category  of  categories  fibred  in  groupoids 


over  C (see  Definition  4.34.6 1 defined  as  follows: 

(1)  Its  objects  will  be  categories  p : S -A  C fibred  in  sets. 

(2)  Its  1-morphisms  (S,p)  — >•  (S',pr)  will  be  functors  G : S — » S’  such  that 
p!  o G = p (since  every  morphism  is  strongly  cartesian  G automatically 
preserves  them). 

(3)  Its  2-morphisms  t : G — > H for  G,H  : ( S,p ) — » ( S',p ')  will  be  morphisms 
of  functors  such  that  p'(tx)  = idp(x)  for  all  x G Ob (5). 

Note  that  every  2-morphism  is  automatically  an  isomorphism.  Hence  this  2-category 
is  actually  a (2,  l)-category.  Here  is  the  obligatory  lemma  on  the  existence  of  2-fibre 
products. 

Lemma  4.37.4.  Let  C be  a category.  The  2-category  of  categories  fibred  in  sets 
over  C has  2-fibre  products.  More  precisely,  the  2-fibre  product  described  in  Lemma 


4.31.3  returns  a category  fibred  in  sets  if  one  starts  out  with  such. 

Proof.  Omitted. 


□ 


Example  4.37.5.  This  example  is  the  analogue  of  Examples  4.35.1  and  4.36.1 
for  presheaves  instead  of  “presheaves  of  categories” . The  output  will  be  a category 
fibred  in  sets  instead  of  a fibred  category.  Suppose  that  F : Copp  — > Sets  is  a 
presheaf.  For  / : V — ► U in  C we  will  suggestively  write  F(f)  = f*  : F(U)  — » F{V). 
We  construct  a category  Sp  fibred  in  sets  over  C as  follows.  Define 

Ob (SF)  = {{U,x)  | U G Ob(C),ar  G Ob {F(U))}. 

For  (U,x),(V,y)  G Ob(SF)  we  define 

Moi\5f ((V) y),  (U, x))  = {/  G Mor C(V,U)  \ f*x  = y} 

Composition  is  inherited  from  composition  in  C which  works  as  g*  o f*  = (/  o g)* 
for  a pair  of  composable  morphisms  of  C.  The  functor  pp  : Sp  — » C is  given  by 
the  rule  ( U,x ) ► U.  As  every  fibre  category  Sf^jj  is  discrete  with  underlying  set 

F(U)  and  we  have  already  see  in  Example  4.36.1  that  Sp  is  a category  fibred  in 
groupoids,  we  conclude  that  Sf  is  fibred  in  sets. 
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02Y2  Lemma  4.37.6.  Let  C be  a category.  The  only  2-morphisms  between  categories 
fibred  in  sets  are  identities.  In  other  words , the  2-category  of  categories  fibred  in 
sets  is  a category.  Moreover,  there  is  an  equivalence  of  categories 

( the  category  of  presheaves\  ( the  category  of  categories 1 
( of  sets  over  C J ( fibred  in  sets  over  C J 

The  functor  from  left  to  right  is  the  construction  F -A  Sf  discussed  in  Example 
\f.37.Q  The  functor  from  right  to  left  assigns  to  p : S -A  C the  presheaf  of  objects 
U HA  Ob (Su). 

Proof.  The  first  assertion  is  clear,  as  the  only  morphisms  in  the  fibre  categories 
are  identities. 


Suppose  that  p : S — > C is  fibred  in  sets.  Let  / : V — > U be  a morphism  in  C and 
let  x £ Ob(S(7).  Then  there  is  exactly  one  choice  for  the  object  f*x.  Thus  we  see 
that  (/  o g)*x  = g*  (f* x)  for  /,  g as  in  Lemma  4.34.2  It  follows  that  we  may  think 
of  the  assignments  U ha  Ob  (Su)  and  / ha  /*  as  a presheaf  on  C.  □ 


0044 


Here  is  an  important  example  of  a category  fibred  in  sets. 

Example  4.37.7.  Let  C be  a category.  LetXgOb(C).  Consider  the  representable 
presheaf  hx  = More (—,  X)  (see  Example  4.3. 4|).  On  the  other  hand,  consider  the 


category  p : C/X  -A  C from  Example  4.2.13 
objects  morphisms  h : U -A  X, 
that  under  the  correspondence  of  Lemma  |4.37.6|  we  have 

hx  t C / X. 


The  fibre  category  ( C/X)jj  has  as 
and  only  identities  as  morphisms.  Hence  we  see 


In  other  words,  the  category  C/X  is  canonically  equivalent  to  the  category  Shx 
associated  to  hx  in  Example  |4.37.5| 


For  this  reason  it  is  tempting  to  define  a “representable”  object  in  the  2-category 
of  categories  fibred  in  groupoids  to  be  a category  fibred  in  sets  whose  associated 
presheaf  is  representable.  However,  this  is  would  not  be  a good  definition  for  use 
since  we  prefer  to  have  a notion  which  is  invariant  under  equivalences.  To  make 
this  precise  we  study  exactly  which  categories  fibred  in  groupoids  are  equivalent  to 
categories  fibred  in  sets. 


4.38.  Categories  fibred  in  setoids 

04S9 

02XZ  Definition  4.38.1.  Let  us  call  a category  a sefcd(j®]if  it  is  a groupoid  where  every 
object  has  exactly  one  automorphism:  the  identity. 

If  C is  a set  with  an  equivalence  relation  ~,  then  we  can  make  a setoid  C as  follows: 
Ob(C)  = C and  Moi'c(a;,  y)  = 0 unless  x ~ y in  which  case  we  set  Morc(x,  y)  = {1}. 
Transitivity  of  ~ means  that  we  can  compose  morphisms.  Conversely  any  setoid 
category  defines  an  equivalence  relation  on  its  objects  (isomorphism)  such  that 
you  recover  the  category  (up  to  unique  isomorphism  - not  equivalence)  from  the 
procedure  just  described. 

Discrete  categories  are  setoids.  For  any  setoid  C there  is  a canonical  procedure  to 
make  a discrete  category  equivalent  to  it,  namely  one  replaces  Ob(C)  by  the  set  of 


6 A set  on  steroids!? 
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isomorphism  classes  (and  adds  identity  morphisms) . In  terms  of  sets  endowed  with 
an  equivalence  relation  this  corresponds  to  taking  the  quotient  by  the  equivalence 
relation. 


04SA  Definition  4.38.2.  Let  C be  a category.  A category  fibred  in  setoids  is  a category 
fibred  in  groupoids  all  of  whose  fibre  categories  are  setoids. 


Below  we  will  clarify  the  relationship  between  categories  fibred  in  setoids  and  cat- 
egories fibred  in  sets. 


02Y1 


Definition  4.38.3.  Let  C be  a category.  The  2-category  of  categories  fibred  in 
setoids  over  C is  the  sub  2-category  of  the  category  of  categories  fibred  in  groupoids 
over  C (see  Definition  4.34.6 1 defined  as  follows: 


(1)  Its  objects  will  be  categories  p : S -A  C fibred  in  setoids. 

(2)  Its  1-morphisms  (S,p)  -*  {S',p')  will  be  functors  G : S -A  S'  such  that 
p1  o G = p (since  every  morphism  is  strongly  cartesian  G automatically 
preserves  them). 

(3)  Its  2-morphisms  t : G — ► H for  G,H  : ( S,p ) — > ( S',p ')  will  be  morphisms 
of  functors  such  that  p'(tx)  = idp^)  for  all  x £ Ob(<S). 


Note  that  every  2-morphism  is  automatically  an  isomorphism.  Hence  this  2-category 
is  actually  a (2,  l)-category. 

Here  is  the  obligatory  lemma  on  the  existence  of  2-fibre  products. 

04SB 


Proof.  Omitted.  □ 


Lemma  4.38.4.  LetC  be  a category.  The  2-category  of  categories  fibred  in  setoids 
over  C has  2-fibre  products.  More  precisely , the  2-fibre  product  described  in  Lemma 


4-31.3  returns  a category  fibred  in  setoids  if  one  starts  out  with  such. 


0045  Lemma  4.38.5.  LetC  be  a category.  Let  S be  a category  overC. 

(1)  If  S S'  is  an  equivalence  overC  with  S'  fibred  in  sets  overC,  then 

(a)  S is  fibred  in  setoids  overC , and 

(b)  for  each  U £ Ob(C)  the  map  Ob(Sjj)  — > Ob(lS(/)  identifies  the  target 
as  the  set  of  isomorphism  classes  of  the  source. 

(2)  If  p : S — )•  C is  a category  fibred  in  setoids,  then  there  exists  a category 
fibred  in  sets  p'  : S'  -A  C and  an  equivalence  can  : S — ► S'  over  C. 

Proof.  Let  us  prove  (2).  An  object  of  the  category  S'  will  be  a pair  ([/,£),  where 
U £ Ob(C)  and  £ is  an  isomorphism  class  of  objects  of  Su . A morphism  ([/,£)  — ► 
(V,  ip)  is  given  by  a morphism  x — > y,  where  x £ £ and  y £ ip.  Here  we  identify  two 
morphisms  x — > y and  x'  — ► y'  if  they  induce  the  same  morphism  U — > V,  and  if 
for  some  choices  of  isomorphisms  x — > x'  in  Sjj  and  y — >•  y'  in  Sy  the  compositions 
x — ► x'  — > y'  and  x — > y — > y'  agree.  By  construction  there  are  surjective  maps  on 
objects  and  morphisms  from  S -A  S' . We  define  composition  of  morphisms  in  S' 
to  be  the  unique  law  that  turns  S — > S'  into  a functor.  Some  details  omitted.  □ 


Thus  categories  fibred  in  setoids  are  exactly  the  categories  fibred  in  groupoids  which 
are  equivalent  to  categories  fibred  in  sets.  Moreover,  an  equivalence  of  categories 
fibred  in  sets  is  an  isomorphism  by  Lemma  |4.37.6[ 
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04SC  Lemma  4.38.6.  Let  C be  a category.  The  construction  of  Lemma  4-38.5  part  (2) 
gives  a functor 

the  2-category  of  categories 1 J the  category  of  categories 1 

fibred  in  setoids  over  C J fibred  in  sets  over  C J 


F 


(see  Definition  4-28.5).  This  functor  is  an  equivalence  in  the  following  sense: 


(1)  for  any  two  1-morphisms  f,g  : S\  — > S2  with  F(f)  = F(g)  there  exists  a 
unique  2-isomorphism  f -A  g, 

(2)  for  any  morphism  h : F(S i)  F(6>2)  there  exists  a 1-morphism  f : Si 

S2  with  F(f)  = h,  and 

(3)  any  category  fibred  in  sets  S is  equal  to  F(S). 

In  particular,  defining  Fi  £ PSh(C)  by  the  rule  Fi(U ) = 0b(5iij/)/  =,  we  have 

MorCat/c(Si,S2)  j 2-isomorphism  = MorPS/l(C)(.Fj,  F2) 

More  precisely,  given  any  map  cf>  : Fi  — > F2  there  exists  a 1-morphism  f : Si  S2 
which  induces  </>  on  isomorphism  classes  of  objects  and  which  is  unique  up  to  unique 
2-isomorphism. 


Proof.  By  Lemma  |4.37.6|  the  target  of  F is  a category  hence  the  assertion  makes 
sense.  The  construction  of  Lemma  4.38.5  part  (2)  assigns  to  S the  category  fibred 
in  sets  whose  value  over  U is  the  set  of  isomorphism  classes  in  Su-  Hence  it  is  clear 
that  it  defines  a functor  as  indicated.  Let  f,g  : Si  — > S-2  with  F(f)  = F(g)  be 
as  in  (1).  For  each  object  U of  C and  each  object  x of  Syj/  we  see  that  f{x)  = 
g(x)  by  assumption.  As  S2  is  fibred  in  setoids  there  exists  a unique  isomorphism 
tx  : f(x)  — > g(x)  in  S2,u-  Clearly  the  rule  x 1— > tx  gives  the  desired  2-isomorphism 
/ — > g.  We  omit  the  proofs  of  (2)  and  (3).  To  see  the  final  assertion  use  Lemma 


4.37.6  to  see  that  the  right  hand  side  is  equal  to  Morcat/clW^i);  F(S2))  and  apply 
(1)  and  (2)  above.  □ 

Here  is  another  characterization  of  categories  fibred  in  setoids  among  all  categories 
fibred  in  groupoids. 

042J  Lemma  4.38.7.  Let  C be  a category.  Let  p : S -A  C be  a category  fibred  in 
groupoids.  The  following  are  equivalent: 

(1)  p : S — >•  C is  a category  fibred  in  setoids,  and 

(2)  the  canonical  1 -morphism  Is  S,  see  (4-33.2.1),  is  an  equivalence  (of 
categories  over  C ). 

Proof.  Assume  (2).  The  category  Is  has  objects  (, x,a ) where  x £ S,  say  with 
p(x)  = U,  and  a : x — > x is  a morphism  in  Su-  Hence  if  Is  — > S is  an  equivalence 
over  C then  every  pair  of  objects  (x,  a),  (x,  a')  are  isomorphic  in  the  fibre  category 
of  Is  over  U.  Looking  at  the  definition  of  morphisms  in  Is  we  conclude  that  a, 
a!  are  conjugate  in  the  group  of  automorphisms  of  x.  Hence  taking  a ' = ida;  we 
conclude  that  every  automorphism  of  x is  equal  to  the  identity.  Since  S — > C is 
fibred  in  groupoids  this  implies  that  S — >•  C is  fibred  in  setoids.  We  omit  the  proof 
of  (1)  =>  (2).  □ 


04SD  Lemma  4.38.8.  Let  C be  a category.  The  construction  of  Lemma  4-38.6  which 
associates  to  a category  fibred  in  setoids  a presheaf  is  compatible  with  products,  in 
the  sense  that  the  presheaf  associated  to  a 2-fibre  product  X XyZ  is  the  fibre  product 
of  the  presheaves  associated  to  X,y,  Z. 
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Proof.  Let  U £ Ob(C).  The  lemma  just  says  that 

Ob((<¥  xy  Z)u)/=  equals  Ob(Xu)/-  x0b(^)^  Ob(Z[r)/  = 

the  proof  of  which  we  omit.  (But  note  that  this  would  not  be  true  in  general  if  the 
category  yp  is  not  a setoid.)  □ 


4.39.  Representable  categories  fibred  in  groupoids 

04SE  Here  is  our  definition  of  a representable  category  fibred  in  groupoids.  As  promised 
this  is  invariant  under  equivalences. 

0046  Definition  4.39.1.  Let  C be  a category.  A category  fibred  in  groupoids  p : S -A  C 
is  called  representable  if  there  exists  an  object  X of  C and  an  equivalence  j : S — > 
C/X  (in  the  2-category  of  groupoids  over  C). 


The  usual  abuse  of  notation  is  to  say  that  X represents  S and  not  mention  the 
equivalence  j.  We  spell  out  what  this  entails. 

02Y3  Lemma  4.39.2.  Let  C be  a category.  Let  p : S -A  C be  a category  fibred  in 
groupoids. 

(1)  S is  representable  if  and  only  if  the  following  conditions  are  satisfied: 

(a)  S is  fibred  in  setoids,  and 

(b)  the  presheaf  U H > Ob(Su)/  = is  representable. 

(2)  If  S is  representable  the  pair  (X,j),  where  j is  the  equivalence  j : S -A 
C/X,  is  uniquely  determined  up  to  isomorphism. 


Proof.  The  first  assertion  follows  immediately  from  Lemma|T383|  For  the  second, 
suppose  that  j'  : S -A  C/X'  is  a second  such  pair.  Choose  a 1-morphism  t'  : 
C/X'  —x  S such  that  j'  o t'  = id  c/x'  and  t'  ° j'  — ids-  Then  jot'  : C/X'  —X  C/X 
is  an  equivalence.  Hence  it  is  an  isomorphism,  see  Lemma  |4.37.6|  Hence  by  the 
Yoneda  Lemma  4.3.5  (via  Example  4.37.7  for  example)  it  is  given  by  an  isomorphism 
X'  -A  X.  □ 


04SF  Lemma  4.39.3.  Let  C be  a category.  Let  X , y be  categories  fibred  in  groupoids 
over  C . Assume  that  X,  y are  representable  by  objects  X,  Y of  C.  Then 

Mor  cat/c(X  ,y)  j 2-isomorphism  = More  (X,  Y) 


More  precisely,  given  <f>  : X -A  Y there  exists  a 1-morphism  f : X — » y which 
induces  <f>  on  isomorphism  classes  of  objects  and  which  is  unique  up  to  unique  2- 
isomorphism. 


Proof.  By  Example  4.37.7  we  have  C/X  = Shx  and  C/Y  = ShY ■ By  Lemma 
14.38.61  we  have 


Mor cat/c(X,  J7) / 2-isomorphism  = Mor Psh(C){hx,  hY) 


By  the  Yoneda  Lemma  4.3.5  we  have  MorPsh(C)(hx,  hy)  = More ( Y,  Y). 


□ 
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4.40.  Representable  1-morphisms 


Let  C be  a category.  In  this  section  we  explain  what  it  means  for  a 1-morphism 
between  categories  fibred  in  groupoids  over  C to  be  representable.  Note  that  the 
2-category  of  categories  fibred  in  groupoids  over  C is  a “full”  sub  2-category  of  the 


2-category  of  categories  over  C (see  Definition  4.34.61.  Hence  if  S,  S'  are  fibred  in 
groupoids  over  C then 

Mor cat/c  {Si  S') 


denotes  the  category  of  1-morphisms  in  this  2-category  (see  Definition  4.31.1). 
These  are  all  groupoids,  see  remarks  following  Definition  |4.34.6  Here  is  the  2- 
category  analogue  of  the  Yoneda  lemma. 

Lemma  4.40.1  (2-Yoneda  lemma).  Let  S -A  C be  fibred  in  groupoids.  Let  U £ 
Ob(C).  The  functor 

Mor cat/c(C/U,S)  — ■>  Su 
given  by  G ^ G(idjj ) is  an  equivalence. 


Proof.  Make  a choice  of  pullbacks  for  S (see  Definition  4.32.6 ).  We  define  a functor 

Su  — * MorCat/c(C/f7,<S) 

as  follows.  Given  x £ Ob  {Su)  the  associated  functor  is 

(1)  on  objects:  (/  : V — > U)  i-A  f*x,  and 

(2)  on  morphisms:  the  arrow  ( g : V'  jU  —>  V/U)  maps  to  the  composition 


(fog)*x^hg*rx 


f*X 


where  agj  is  as  in  Lemma  4.34.2 


We  omit  the  verification  that  this  is  an  inverse  to  the  functor  of  the  lemma. 


□ 


Remark  4.40.2.  We  can  use  the  2-Yoneda  lemma  to  give  an  alternative  proof 
of  Lemma  4.36.3  Let  p : S — >•  C be  a category  fibred  in  groupoids.  We  define  a 
contravariant  functor  F from  C to  the  category  of  groupoids  as  follows:  for  U £ 
Ob  (C)  let 

F(U)=  Mor  Gat/e(C/U,S). 

If  f : U — ► V the  induced  functor  C/U  -A  C/V  induces  the  morphism  F(f)  : 
F(V)  — ► F(U).  Clearly  F is  a functor.  Let  S'  be  the  associated  category  fibred 
in  groupoids  from  Example  |4.36.1  There  is  an  obvious  functor  G : S'  S over  C 
given  by  taking  the  pair  (U,x),  where  U £ Ob(C)  and  x £ F(U ),  to  x(id[/)  £ S. 
Now  Lemma  [4. 40.1 1 implies  that  for  each  U, 

Gu  : S'u  = F(U)  = Mot Cat/c(C/U,S)  -A  Su 


is  an  equivalence,  and  thus  G is  an  equivalence  between  S and  S'  by  Lemma  4.34.8 


Let  C be  a category.  Let  X,  y be  categories  fibred  in  groupoids  over  C.  Let 
U £ Ob(C).  Let  F : X — ► y and  G : C/U  — »•  y be  1-morphisms  of  categories  fibred 
in  groupoids  over  C.  We  want  to  describe  the  2-fibre  product 


{C/U)  xyX 3-  X 

i 

c/u — - — 
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Let  y = G(id[/)  £ 3V-  Make  a choice  of  pullbacks  for  y (see  Definition  4.32.6). 
Then  G is  isomorphic  to  the  functor  (/  : V — > U)  H > f*y1  see  Lemma  4.40.1  and  its 
proof.  We  may  think  of  an  object  of  ( C/U ) XyX  as  a quadruple  (V,  f : V —>  U,  x,  <j>), 
see  Lemma  |4.31.3|  Using  the  description  of  G above  we  may  think  of  <j>  as  an 
isomorphism  (f  : f*y  — > F(x ) in  3V- 


02Y5  Lemma  4.40.3.  In  the  situation  above  the  fibre  category  of  (C/U)  Xjj  X over  an 
object  f : V — ► U of  C/U  is  the  category  described  as  follows: 

(1)  objects  are  pairs  (x,<ft),  where  x £ Ob(AV),  and  <j>  : f*y  — )•  F(x)  is  a 
morphism  in  yv, 

(2)  the  set  of  morphisms  between  (x,  (ft)  and  (x',  (ft)  is  the  set  of  morphisms 
if  : x — > x’  in  Xy  such  that  F(if)  = (ft  o (f~x . 


Proof.  See  discussion  above. 


□ 


02Y6  Lemma  4.40.4.  Let  C be  a category.  Let  X , y be  categories  fibred  in  groupoids 
over  C.  Let  F : X -A  y be  a 1-morphism.  Let  G : C/U  — > y be  a 1-morphism. 
Then 

(C/U)  xyX — >C/U 
is  a category  fibred  in  groupoids. 


Proof.  We  have  already  seen  in  Lemma  [4.34. 7|  that  the  composition 

(C/U)  XyX  — >C/U  — >C 

is  a category  fibred  in  groupoids.  Then  the  lemma  follows  from  Lemma|4.34.12|  □ 

02Y7  Definition  4.40.5.  Let  C be  a category.  Let  X,  y be  categories  fibred  in  groupoids 
over  C.  Let  F : X — > y be  a 1-morphism.  We  say  F is  representable , or  that  X is 
relatively  representable  over  y,  if  for  every  U £ Ob(C)  and  any  G : C/U  — > y the 
category  fibred  in  groupoids 

(C/U)  xyX — >C/U 

is  representable. 

02Y8  Lemma  4.40.6.  Let  C be  a category.  Let  X , y be  categories  fibred  in  groupoids 
overC.  Let  F : X —X  y be  a 1-morphism.  If  F is  representable  then  every  one  of 
the  functors 

Fv  : Xjj  — > yv 

between  fibre  categories  is  faithful. 


Proof.  Clear  from  the  description  of  fibre  categories  in  Lemma  4.40.3|  and  the 
characterization  of  representable  fibred  categories  in  Lemma [4. 39. 2 □ 

02Y9  Lemma  4.40.7.  Let  C be  a category.  Let  X , y be  categories  fibred  in  groupoids 
overC.  Let  F : X — » y be  a 1-morphism.  Make  a choice  of  pullbacks  for  y . Assume 

(1)  each  functor  Fjj  : Xu  — > yu  between  fibre  categories  is  faithful , and 

(2)  for  each  U and  each  y £ (Vj/  the  presheaf 

(f  :V  -+U)y — > {(x,  (ft)  | x £ Xv,(f  : f*y  F(x)}/  = 
is  a representable  presheaf  on  C /U . 

Then  F is  representable. 
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Proof.  Clear  from  the  description  of  fibre  categories  in  Lemma 
characterization  of  representable  fibred  categories  in  Lemma [4. 39. 2 


4.40.3|  and  the 
□ 


02YA 


Before  we  state  the  next  lemma  we  point  out  that  the  2-category  of  categories 
fibred  in  groupoids  is  a (2,  l)-category,  and  hence  we  know  what  it  means  to  say 
that  it  has  a final  object  (see  Definition  4.30.1).  And  it  has  a final  object  namely 
id  : C — > C.  Thus  we  define  2-products  of  categories  fibred  in  groupoids  over  C as 
the  2-fibred  products 

A x y :=  A xc  y. 

With  this  definition  in  place  the  following  lemma  makes  sense. 


Lemma  4.40.8.  Let  C be  a category.  Let  S -A  C be  a category  fibred  in  groupoids. 
Assume  C has  products  of  pairs  of  objects  and  fibre  products.  The  following  are 
equivalent: 

(1)  The  diagonal  S — ► S x S is  representable. 

(2)  For  every  U in  C,  any  G : C/U  — ► S is  representable. 


Proof.  Suppose  the  diagonal  is  representable,  and  let  U , G be  given.  Consider 
any  V € Ob(C)  and  any  G'  : C/V  -A  S.  Note  that  C/U  x C/V  — C/U  x V is 
representable.  Hence  the  fibre  product 

(C/UxV)x{SxS)S ^5 

mrr  w (G>G,)  c c 

C/U  xV >-  S x S 


is  representable  by  assumption.  This  means  there  exists  W — t U x V in  C,  such 
that 

C/W ^5 


C/U  X C/V- 


■SxS 


is  cartesian.  This  implies  that  C/W  = C/U  xgC/V  (see  Lemma|4.30.11 ) as  desired. 

Assume  (2)  holds.  Consider  any  V € Ob (C)  and  any  (G,  G')  : C/V  —>  S x S.  We 
have  to  show  that  C/V  x$xsS  is  representable.  What  we  know  is  that  C/V  Xg.s.G' 
C/V  is  representable,  say  by  a : W — > V in  C/V.  The  equivalence 

C/W  -+C/V  Xg,s,g>  C/V 

followed  by  the  second  projection  to  C/V  gives  a second  morphism  a'  : W 
Consider  W'  = W X(a  a/)  yxy  V.  There  exists  an  equivalence 

C/W'  = C/V  xsxs  S 


V. 


namely 


C/W'  “ c/wx{CIVxCIV)c/v 

— {C/V  X(g,s,g>)  C/V)  X(C/vxC/v)  C/V 


^ C/V  X 


(5x5) 


5 


(for  the  last  isomorphism  see  Lemma  4.30.12)  which  proves  the  lemma. 


□ 


Biographical  notes:  Parts  of  this  have  been  taken  from  Vistoli’s  notes  jVis  §4]. 
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Topology 


5.1.  Introduction 

Basic  topology  will  be  explained  in  this  document.  A reference  is  |Eng77|. 

5.2.  Basic  notions 

The  following  is  a list  of  basic  notions  in  topology.  Some  of  these  notions  are 
discussed  in  more  detail  in  the  text  that  follows  and  some  are  defined  in  the  list, 
but  others  are  considered  basic  and  will  not  be  defined.  If  you  are  not  familiar  with 
most  of  the  italicized  concepts,  then  we  suggest  looking  at  an  introductory  text  on 
topology  before  continuing. 

(1)  X is  a topological  space , 

(2)  x e X is  a point, 

(3)  E C X is  a locally  closed  subset, 

(4)  x € X is  a closed  point, 

(5)  E C X is  a dense  subset, 

(6)  / : Xi  — » X2  is  continuous, 

(7)  an  extended  real  function  / : X — > RU{oo,  — oo}  is  upper  semi- continuous 
if  {x  £ X | f(x ) < a}  is  open  for  all  a £ R, 

(8)  an  extended  real  function  f : X —¥  RU{oo,  — oo}  is  lower  semi-continuous 
if  {x  € X | f(x)  > a}  is  open  for  all  a € R, 

(9)  a continuous  map  of  spaces  / : X — t Y is  open  if  f(U)  is  open  in  Y for 
U C X open, 

(10)  a continuous  map  of  spaces  / : X — > Y is  closed  if  f(Z)  is  closed  in  Y for 
Z C X closed, 

(11)  a neighbourhood  of  x £ X is  any  subset  E C X which  contains  an  open 
subset  that  contains  x, 

(12)  the  induced  topology  on  a subset  E C X, 

(13)  U:U  = (Jiej  Ui  is  an  open  covering  of  U (note:  we  allow  any  H,  to  be 
empty  and  we  even  allow,  in  case  U is  empty,  the  empty  set  for  I), 

(14)  the  open  covering  V is  a refinement  of  the  open  covering  U (if  V : V = 
U jeJ  Vj  and  U : U = UigJ  E-i  this  means  each  V)  is  completely  contained 
in  one  of  the  Ui), 

(15)  {Ei}  is  a fundamental  system  of  neighbourhoods  of  x in  X, 

(16)  a topological  space  X is  called  Hausdorjf  or  separated  if  and  only  if  for 
every  distinct  pair  of  points  x,  y £ X there  exist  disjoint  opens  U,V  C X 
such  that  x £ U,  y G V, 
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(17)  the  product  of  two  topological  spaces, 

(18)  the  fibre  product  X Xy  Z of  a pair  of  continuous  maps  / : X — >•  Y and 
9 '■  Zj  —>Y, 

(19)  the  discrete  topology  and  the  indiscrete  topology  on  a set, 

(20)  etc. 


5.3.  HausdorfF  spaces 


The  category  of  topological  spaces  has  finite  products. 

Lemma  5.3.1.  Let  X be  a topological  space.  The  following  are  equivalent: 

(1)  X is  Hausdorff, 

(2)  the  diagonal  A (A-)  C X x X is  closed. 

Proof.  Omitted.  □ 

Lemma  5.3.2.  Let  f : X — ► Y be  a continuous  map  of  topological  spaces.  IfY  is 
Hausdorff , then  the  graph  of  f is  closed  in  X xY. 


Proof.  The  graph  is  the  inverse  image  of  the  diagonal  under  the  map  X x Y — ► 
Y xY.  Thus  the  lemma  follows  from  Lemma [5.3.1 1 □ 

Lemma  5.3.3.  Let  f : X — ► Y be  a continuous  map  of  topological  spaces.  Let 
s : Y — y X be  a continuous  map  such  that  / os  = idy . If  X is  Hausdorff,  then 
s(Y)  is  closed. 


Proof.  This  follows  from  Lemma  5.3.1  as  s(Y)  = {x  G X \ x = s(f(x))}. 


□ 


Lemma  5.3.4.  Let  X -A  Z and  Y — ► Z be  continuous  maps  of  topological  spaces. 
If  Z is  Hausdorff,  then  X Xz  Y is  closed  in  X xY. 


Proof.  This  follows  from  Lemma  5.3.1  as  A'  Xz 
under  X xY  —*■  Z x Z. 


Y is  the  inverse  image  of  A (Z) 

□ 


5.4.  Bases 

Basic  material  on  bases  for  topological  spaces. 

Definition  5.4.1.  Let  A be  a topological  space.  A collection  of  subsets  B of  X is 
called  a base  for  the  topology  on  X or  a basis  for  the  topology  on  X if  the  following 
conditions  hold: 

(1)  Every  element  B G B is  open  in  X. 

(2)  For  every  open  U C X and  every  x G U,  there  exists  an  element  B G B 
such  that  x G B C U. 

Let  A be  a set  and  let  B be  a collection  of  subsets.  Assume  that  A = Ub<eb  B and 
that  given  x £ Bi  n B-2  with  Bi,B2  G B there  is  a B3  G B with  x G B3  C B\  n B2. 
Then  there  is  a unique  topology  on  X such  that  B is  a basis  for  this  topology.  This 
remark  is  sometimes  used  to  define  a topology. 

Lemma  5.4.2.  Let  X be  a topological  space.  Let  B be  a basis  for  the  topology 
on  X.  Let  U : U = (J iUi  be  an  open  covering  of  U C X.  There  exists  an  open 
covering  U = [J  V)  which  is  a refinement  of  IA  such  that  each  Vj  is  an  element  of 
the  basis  B. 

Proof.  Omitted.  □ 
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08ZI  Definition  5.4.3.  Let  A be  a topological  space.  A collection  of  subsets  B of  A' 
is  called  a subbase  for  the  topology  on  X or  a subbasis  for  the  topology  on  X if  the 
finite  intersections  of  elements  of  B form  a basis  for  the  topology  on  X. 

In  particular  every  element  of  B is  open. 

08ZJ  Lemma  5.4.4.  Let  X be  a set.  Given  any  collection  B of  subsets  of  X there  is  a 
unique  topology  on  X such  that  B is  a subbase  for  this  topology. 

Proof.  Omitted.  □ 

5.5.  Submersive  maps 

0405  If  A is  a topological  space  and  E C X is  a subset,  then  we  usually  endow  E with 
the  induced  topology. 

09R8  Lemma  5.5.1.  Let  X be  a topological  space.  Let  Y be  a set  and  let  f : Y X be 
an  injective  map  of  sets.  The  induced  topology  on  Y is  the  topology  characterized 
by  each  of  the  following  statements: 

(1)  it  is  the  weakest  topology  on  Y such  that  f is  continuous, 

(2)  the  open  subsets  ofY  are  /_1(t/)  for  U C X open, 

(3)  the  closed  subsets  ofY  are  the  sets  f~1(Z)  for  Z C X closed. 

Proof.  Omitted.  □ 

Dually,  if  A is  a topological  space  and  X — > Y is  a surjection  of  sets,  then  Y can 
be  endowed  with  the  quotient  topology. 

08ZK  Lemma  5.5.2.  Let  X be  a topological  space.  Let  Y be  a set  and  let  f : X — > Y be 
a surjective  map  of  sets.  The  quotient  topology  on  Y is  the  topology  characterized 
by  each  of  the  following  statements: 

(1)  it  is  the  strongest  topology  on  Y such  that  f is  continuous, 

(2)  a subset  V ofY  is  open  if  and  only  *//_1(P)  is  open, 

(3)  a subset  Z ofY  is  closed  if  and  only  if  f~1(Z)  is  closed. 

Proof.  Omitted.  □ 

Let  / : X — ► Y be  a continuous  map  of  topological  spaces.  In  this  case  we  obtain 
a factorization  X — > /(A)  — > Y of  maps  of  sets.  We  can  endow  /(A)  with  the 
quotient  topology  coming  from  the  surjection  X — > /(A)  or  with  the  induced 
topology  coming  from  the  injection  /(A)  — >■  Y . The  map 

(/(A'),  quotient  topology)  — > (/(A'),  induced  topology) 

is  continuous. 

0406  Definition  5.5.3.  Let  / : X — > Y be  a continuous  map  of  topological  spaces. 

(1)  We  say  / is  a strict  map  of  topological  spaces  if  the  induced  topology  and 
the  quotient  topology  on  /(A)  agree  (see  discussion  above). 

(2)  We  say  / is  submersing  if  / is  surjective  and  strict. 

Thus  a continuous  map  / : A — » Y is  submersive  if  / is  a surjection  and  for  any 
T C Y we  have  T is  open  or  closed  if  and  only  if  /_1(T)  is  so.  In  other  words,  Y 
has  the  quotient  topology  relative  to  the  surjection  A — >■  Y. 

'This  is  very  different  from  the  notion  of  a submersion  between  differential  manifolds!  It  is 
probably  a good  idea  to  use  “strict  and  surjective”  in  stead  of  “submersive” . 
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02YB  Lemma  5.5.4.  Let  f : X Y be  surjective,  open,  continuous  map  of  topological 
spaces.  Let  T C Y be  a subset.  Then 

(1)  f-\T)=THT), 

(2)  T CY  is  closed  if  and  only  f 1(T)  is  closed, 

(3)  T C Y is  open  if  and  only  f~1{T)  is  open,  and 

(4)  T CY  is  locally  closed  if  and  only  /_1(T)  is  locally  closed. 

In  particular  we  see  that  f is  submersive. 

Proof.  It  is  clear  that  f~1(T ) C /_1(T).  If  x £ X , and  x /_1(T),  then  there 
exists  an  open  neighbourhood  x £ U C X with  U fl  f~1(T)  = 0.  Since  / is 
open  we  see  that  f(U)  is  an  open  neighbourhood  of  f(x)  not  meeting  T.  Hence 
x /_1(T).  This  proves  (1).  Part  (2)  is  an  easy  consequence  of  (1).  Part  (3)  is 
obvious  from  the  fact  that  / is  open  and  surjective.  For  (4),  if  /_1(T)  is  locally 
closed,  then  /-1(T)  C /”1(T)  = /_1(T)  is  open,  and  hence  by  (3)  applied  to  the 
map  f~1(T)  — )•  T we  see  that  T is  open  in  T,  i.e.,  T is  locally  closed.  □ 

OAAU  Lemma  5.5.5.  Let  f : X — ► Y be  surjective,  closed , continuous  map  of  topological 
spaces.  Let  T C Y be  a subset.  Then 

(1)  T = fiFHT)), 

(2)  T CY  is  closed  if  and  only  f 1(T)  is  closed, 

(3)  T CY  is  open  if  and  only  /_1(T)  is  open,  and 

(4)  T C Y is  locally  closed  if  and  only  f~l(T)  is  locally  closed. 

In  particular  we  see  that  f is  submersive. 

Proof.  It  is  clear  that  /_1(T')  C f~l(T).  Then  T C /(/_1(T))  C T is  a closed 
subset,  hence  we  get  (1).  Part  (2)  is  obvious  from  the  fact  that  / is  closed  and 
surjective.  Part  (3)  follows  from  (2)  applied  to  the  complement  of  T.  For  (4),  if 
/_1(T)  is  locally  closed,  then  /-1(T)  C /-1(T)  is  open.  Since  the  map  /_1(T)  — ► T 
is  surjective  by  (1)  we  can  apply  part  (3)  to  the  map  /-1(T)  — ► T induced  by  / to 
conclude  that  T is  open  in  T,  i.e.,  T is  locally  closed.  □ 

5.6.  Connected  components 

004R 

004S  Definition  5.6.1.  Let  A be  a topological  space. 

(1)  We  say  X is  connected  if  A'  is  not  empty  and  whenever  A = Xj  HT2  with 
Tj  C X open  and  closed,  then  either  Tj  = 0 or  T2  = 0. 

(2)  We  say  T C A is  a connected  component  of  A'  if  T is  a maximal  connected 
subset  of  X. 

The  empty  space  is  not  connected. 

0376  Lemma  5.6.2.  Let  f : X — » Y be  a continuous  map  of  topological  spaces.  If 
E C A is  a connected  subset,  then  f{E)  C Y is  connected  as  well. 

Proof.  Omitted.  □ 

004T  Lemma  5.6.3.  Let  X be  a topological  space. 

(1)  IfTcX  is  connected,  then  so  is  its  closure. 

(2)  Any  connected  component  of  X is  closed  (but  not  necessarily  open). 

(3)  Every  connected  subset  of  X is  contained  in  a connected  component  of  X. 
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(4)  Every  point  of  X is  contained  in  a connected  component,  in  other  words, 
X is  the  union  of  its  connected  components. 

Proof.  Let  T be  the  closure  of  the  connected  subset  T.  Suppose  T = T)  HT2  with 
Ti  C T open  and  closed.  Then  T = (T  n Ti)  II  {T  n T2).  Hence  T equals  one  of  the 
two,  say  T = T±  D T.  Thus  clearly  T C Ti  as  desired. 

Pick  a point  x £ X.  Consider  the  set  A of  connected  subsets  x £ Ta  C X.  Note 
that  A is  nonempty  since  {x}  £ A.  There  is  a partial  ordering  on  A coming  from 
inclusion:  a < a'  <t=>  Ta  C Ta* . Choose  a maximal  totally  ordered  subset  A'  C A, 
and  let  T = [_}aeA,Ta.  We  claim  that  T is  connected.  Namely,  suppose  that 
T = Ti  H T2  is  a disjoint  union  of  two  open  and  closed  subsets  of  T.  For  each 
a £ A'  we  have  either  Ta  C T\  or  Ta  C T2,  by  connectedness  of  Ta.  Suppose  that 
for  some  a o £ A'  we  have  Tao  (£_  Tj  (say,  if  not  we’re  done  anyway).  Then,  since  A! 
is  totally  ordered  we  see  immediately  that  Ta  C T2  for  all  a £ A' . Hence  T = T2. 

To  get  an  example  where  connected  components  are  not  open,  just  take  an  infinite 
product  1}  with  the  product  topology.  Its  connected  components  are 

singletons,  which  are  not  open.  □ 

0377  Lemma  5.6.4.  Let  f : X — ► Y be  a continuous  map  of  topological  spaces.  Assume 
that 

(1)  all  fibres  of  f are  connected,  and 

(2)  a set  T CY  is  closed  if  and  only  if  f~x(T)  is  closed. 

Then  f induces  a bijection  between  the  sets  of  connected  components  of  X and  Y. 


Proof.  Let  T C Y be  a connected  component.  Note  that  T is  closed,  see  Lemma 


nected  subset  of  X maps  into  a connected  component  of  Y by  Lemma |5.6.2|  Sup- 
pose that  /_1(T)  = Z1U  Z2  with  Z1,  Z2  closed.  For  any  t £ T we  see  that 
/-1({f})  = Z\  fl  f~1{{t})  HZ2n  f~1({t})-  By  (1)  we  see  /_1({T})  is  connected  we 
conclude  that  either  /_1({i})  C Z\  or  /_1({T})  C Z2.  In  other  words  T = Ti  H T2 
with  /_1(T,;)  = Zt.  By  (2)  we  conclude  that  Ti  is  closed  in  Y . Hence  either  Tf  = 0 
or  T2  = 0 as  desired.  □ 

0378  Lemma  5.6.5.  Let  f : X — ► Y be  a continuous  map  of  topological  spaces.  Assume 
that  (a)  f is  open,  (b)  all  fibres  of  f are  connected.  Then  f induces  a bijection 
between  the  sets  of  connected  components  of  X and  Y . 

Proof.  This  is  a special  case  of  Lemma [5. 6. 4|  □ 

07VB  Lemma  5.6.6.  Let  f : X Y be  a continuous  map  of  nonempty  topological 
spaces.  Assume  that  (a)  Y is  connected,  (b)  f is  open  and  closed,  and  (c)  there  is  a 
point  y £ Y such  that  the  fiber  f~1(y)  is  a finite  set.  Then  X has  at  most  |/_1(y)| 
connected  components.  Hence  any  connected  component  T of  X is  open  and  closed, 
and  p(T)  is  a nonempty  open  and  closed  subset  ofY,  which  is  therefore  equal  to  Y. 

Proof.  If  the  topological  space  X has  at  least  N connected  components  for  some 
TV  £ N,  we  find  by  induction  a decomposition  X = X\  H . . . HX/v  of  A'  as  a disjoint 
union  of  TV  nonempty  open  and  closed  subsets  A, .... , XN  of  X . As  / is  open  and 
closed,  each  /( Xf)  is  a nonempty  open  and  closed  subset  of  Y and  is  hence  equal 
to  Y.  In  particular  the  intersection  X,  n f~1(y)  is  nonempty  for  each  1 < i < TV. 
Hence  f~1(y)  has  at  least  TV  elements.  □ 


5.6.3  The  lemma  follows  if  we  show  that  / :(T)  is  connected  because  any  con 
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04MC  Definition  5.6.7.  A topological  space  is  totally  disconnected  if  the  connected 
components  are  all  singletons. 


A discrete  space  is  totally  disconnected.  A totally  disconnected  space  need  not  be 
discrete,  for  example  Q C R is  totally  disconnected  but  not  discrete. 

08ZL  Lemma  5.6.8.  Let  X be  a topological  space.  Let  ttq(X)  be  the  set  of  connected 
components  of  X . Let  X — » tto(X)  be  the  map  which  sends  x £ X to  the  connected 
component  of  X passing  through  x.  Endow  no(X)  with  the  quotient  topology.  Then 
ttq(X)  is  a totally  disconnected  space  and  any  continuous  map  X — > Y from  X to 
a totally  disconnected  space  Y factors  through  tt0(X). 


Proof.  By  Lemma  5.6.4  the  connected  components  of  ttq(X)  are  the  singletons. 
We  omit  the  proof  of  the  second  statement.  □ 


04MD  Definition  5.6.9.  A topological  space  X is  called  locally  connected  if  every  point 
x £ X has  a fundamental  system  of  connected  neighbourhoods. 

04ME  Lemma  5.6.10.  Let  X be  a topological  space.  If  X is  locally  connected,  then 

(1)  any  open  subset  of  X is  locally  connected,  and 

(2)  the  connected  components  of  X are  open. 

So  also  the  connected  components  of  open  subsets  of  X are  open.  In  particular, 
every  point  has  a fundamental  system  of  open  connected  neighbourhoods. 


Proof.  Omitted. 


□ 


5.7.  Irreducible  components 

004U 

004V  Definition  5.7.1.  Let  X be  a topological  space. 

(1)  We  say  X is  irreducible,  if  X is  not  empty,  and  whenever  X = Z\  U Z2 
with  Zi  closed,  we  have  X = Zx  or  X = Z2. 

(2)  We  say  Z C X is  an  irreducible  component  of  X if  Z is  a maximal  irre- 
ducible subset  of  A'. 

An  irreducible  space  is  obviously  connected. 

0379  Lemma  5.7.2.  Let  f : X Y be  a continuous  map  of  topological  spaces.  If 
E C X is  an  irreducible  subset,  then  f{E)  C Y is  irreducible  as  well. 

Proof.  Suppose  f(E)  is  the  union  of  Zx  0 f(E)  and  Z2  0 f{E),  for  two  distinct 
closed  subsets  Zx  and  Z2  of  Y;  this  is  equal  to  the  intersection  (Z 1 U Z2)  H f{E), 
so  f(E)  is  then  contained  in  the  union  Zx  U Z2.  For  the  irreducibility  of  f(E)  it 
suffices  to  show  that  it  is  contained  in  either  Z 1 or  Z2.  The  relation  f{E)  C ZX{JZ2 
shows  that  f~1(f(E))  C f~1(Zx  U Z2);  as  the  right-hand  side  is  clearly  equal  to 
f~1(Zi)Uf~1(Z2)  and  since  E C /-1  (f(E)),  it  follows  that  E C f~1(Zi)L)f~1(Z2), 
from  which  one  concludes  by  the  irreducibility  of  E that  E C f~1(Zx)  or  E C 
f~1(Z2).  Hence  one  sees  that  either  f(E)  C f(f~1(Zx))  C Aj  or  f(E)  C Z2.  □ 

004W  Lemma  5.7.3.  Let  X be  a topological  space. 

(1)  If  T C X is  irreducible  so  is  its  closure  in  X. 

(2)  Any  irreducible  component  of  X is  closed. 
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(3)  Any  irreducible  subset  of  X is  contained  in  an  irreducible  component  of 
X. 

(4)  Every  point  of  X is  contained  in  some  irreducible  component  of  X,  in 
other  words,  X is  the  union  of  its  irreducible  components. 

Proof.  Let  T be  the  closure  of  the  irreducible  subset  T.  If  T = Z\  U Z2  with 
Zi  CT  closed,  then  T = (Tn  Zf)  U (Tfl  Z2)  and  hence  T equals  one  of  the  two,  say 
T = Z\  D T.  Thus  clearly  T C Z\.  This  proves  (1).  Part  (2)  follows  immediately 
from  (1)  and  the  definition  of  irreducible  components. 

Let  T C X be  irreducible.  Consider  the  set  A of  irreducible  subsets  T C Ta  C X. 
Note  that  A is  nonempty  since  T £ A.  There  is  a partial  ordering  on  A coming 
from  inclusion:  a < a'  Ta  C Tai.  Choose  a maximal  totally  ordered  subset 
A!  C A,  and  let  T'  = UaeA,  Ta.  We  claim  that  V is  irreducible.  Namely,  suppose 
that  T'  = Z\  U Z2  is  a union  of  two  closed  subsets  of  T.  For  each  a £ A'  we  have 
either  Ta  C Z\  or  Ta  C Z2,  by  irreducibility  of  Ta.  Suppose  that  for  some  «o  £ A! 
we  have  Tao  <f_  Z\  (say,  if  not  we’re  done  anyway).  Then,  since  A'  is  totally  ordered 
we  see  immediately  that  Ta  C Z2  for  all  a £ A! . Hence  T'  = Z2.  This  proves  (3). 
Part  (4)  is  an  immediate  consequence  of  (3)  as  a singleton  space  is  irreducible.  □ 

A singleton  is  irreducible.  Thus  if  a;  £ A is  a point  then  the  closure  {a;}  is  an 
irreducible  closed  subset  of  X. 

004X  Definition  5.7.4.  Let  A be  a topological  space. 

(1)  Let  Z C A be  an  irreducible  closed  subset.  A generic  point  of  Z is  a point 
£ £ Z such  that  Z = {£}. 

(2)  The  space  A is  called  Kolmogorov , if  for  every  i,i'  £ A,  i / x'  there 
exists  a closed  subset  of  A which  contains  exactly  one  of  the  two  points. 

(3)  The  space  A is  called  quasi-sober  if  every  irreducible  closed  subset  has  a 
generic  point. 

(4)  The  space  A is  called  sober  if  every  irreducible  closed  subset  has  a unique 
generic  point. 

A topological  space  X is  Kolmogorov,  quasi-sober  or  sober,  resp.,  if  and  only  if 
the  map  x >->■  { x } from  A to  the  set  of  irreducible  closed  subsets  of  A is  injective, 
surjective  or  bijective,  resp.  Hence  we  see  that  a topological  space  is  sober  if  and 
only  if  it  is  quasi-sober  and  Kolmogorov. 

0B31  Lemma  5.7.5.  Let  X be  a topological  space  and  let  Y C X. 

(1)  If  X is  Kolmogorov  then  so  is  Y . 

(2)  Suppose  Y is  locally  closed  in  X.  If  X is  quasi-sober  then  so  is  Y. 

(3)  Suppose  Y is  locally  closed  in  X.  If  X is  sober  then  so  is  Y. 

Proof.  Proof  of  (1).  Suppose  A is  Kolmogorov.  Let  x,y  £ A with  x y.  Then 

{a;}  n Y = {a;}  ^ {y}  = {y}  ft  Y.  Hence  {#}  D Y ^ {y}  n Y.  This  shows  that  Y is 

Kolmogorov. 

Proof  of  (2).  Suppose  A is  quasi-sober.  It  suffices  to  consider  the  cases  Y is  closed 
and  Y is  open.  First,  suppose  Y is  closed.  Let  Z be  an  irreducible  closed  subset 
of  Y.  Then  Z is  an  irreducible  closed  subset  of  A.  Hence  there  exists  x £ Y with 
{a;}  = Y.  It  follows  {a;}  n Y = Y.  This  shows  Y is  quasi-sober.  Second,  suppose 
Y is  open.  Let  Z be  an  irreducible  closed  subset  of  Y . Then  Z is  an  irreducible 
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closed  subset  of  X.  Hence  there  exists  x £ Z with  {x}  = Z.  If  x £ Y we  get  the 
contradiction  Z = Z (1  Y C Z C\Y  = {x}  fl  Y = 0.  Therefore  x £ Y.  It  follows 
Z = Z n Y = {x}  n Y.  This  shows  Y is  quasi-sober. 

Proof  of  (3).  Immediately  from  (1)  and  (2).  □ 

06N9  Lemma  5.7.6.  Let  X be  a topological  space  and  let  be  a covering  of  X. 

(1)  Suppose  Xi  is  locally  closed  in  X for  every  i £ I . Then,  X is  Kolmogorov 
if  and  only  if  Xi  is  Kolmogorov  for  every  i £ I . 

(2)  Suppose  Xi  is  open  in  X for  every  i £ I.  Then,  X is  quasi-sober  if  and 
only  if  Xi  is  quasi-sober  for  every  i £ I. 

(3)  Suppose  Xi  is  open  in  X for  every  i £ I.  Then,  X is  sober  if  and  only  if 
Xi  is  sober  for  every  i £ / . 


Proof.  Proof  of  (1).  If  X is  Kolmogorov  then  so  is  Xi  for  every  i £ I by  Lemma 


There  exists  i £ / with  x £ Xi.  There  exists  an  open  subset  U C X such  that  X,  is 
a closed  subset  of  U.  If  y £ U we  get  the  contradiction  x £ {cc}  fl  U = {y}  fl  U = 0. 
Hence  y £ U.  It  follows  y £ {r/}  fl  U = {a;}  C\U  C Xi.  This  shows  y £ Xi.  It 
follows  {a;}  n Xt  = {y}  n Xt.  Since  Xi  is  Kolmogorov  we  get  x = y.  This  shows  X 
is  Kolmogorov. 


5.7.5 


Suppose  X,  is  Kolmogorov  for  every  i £ /.  Let  x,y  £ X with  {a;}  = {y}. 


Proof  of  (2).  If  X is  quasi-sober  then  so  is  Xi  for  every  i £ I by  Lemma  5.7.5 


Suppose  Xi  is  quasi-sober  for  every  i £ I.  Let  Y be  an  irreducible  closed  subset  of 
X.  As  7 / f)  there  exists  i £ / with  X,  C]Y  t).  As  X f is  open  in  X it  follows 
Xi  fl Y is  non-empty  and  open  in  Y , hence  irreducible  and  dense  in  Y.  Thus  X,  C\Y 
is  an  irreducible  closed  subset  of  Xi . As  Xi  is  quasi-sober  there  exists  x £ Xi  fl  Y 
with  Xi  n Y = {ai}  flXj  C {a;}.  Since  XitlY  is  dense  in  Y and  Y is  closed  in  X it 
follows  Y = Xi  C\Y  C\Y  C Xi  (1  Y C {a;}  C Y . Therefore  Y = {a;}.  This  shows  X 
is  quasi-sober. 


0B32 
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Proof  of  (3).  Immediately  from  (1)  and  (2). 


□ 


Example  5.7.7.  Let  X be  an  indiscrete  space  of  cardinality  at  least  2.  Then 
X is  quasi-sober  but  not  Kolmogorov.  Moreover,  the  family  of  its  singletons  is  a 
covering  of  X by  discrete  and  hence  Kolmogorov  spaces. 

Example  5.7.8.  Let  Y be  an  infinite  set,  furnished  with  the  topology  whose  closed 
sets  are  Y and  the  finite  subsets  of  Y . Then  Y is  Kolmogorov  but  not  quasi-sober. 
However,  the  family  of  its  singletons  (which  are  its  irreducible  components)  is  a 
covering  by  discrete  and  hence  sober  spaces. 


Example  5.7.9.  Let  X and  V be  as  in  Example 
X H Y is  neither  Kolmogorov  nor  quasi-sober. 


5.7.7 


and  Example 


5.7.8 


Then, 


Example  5.7.10.  Let  Z be  an  infinite  set  and  let  z £ Z.  We  furnish  Z with  the 
topology  whose  closed  sets  are  Z and  the  finite  subsets  of  Z\{z}.  Then  Z is  sober 
but  its  subspace  Z \ {z}  is  not  quasi-sober. 

Example  5.7.11.  Recall  that  a topological  space  X is  Hausdorff  iff  for  every 
distinct  pair  of  points  x,y  £ X there  exist  disjoint  opens  U,  V C X such  that 
x £ U , y £ V . In  this  case  X is  irreducible  if  and  only  if  X is  a singleton.  Similarly, 
any  subset  of  X is  irreducible  if  and  only  if  it  is  a singleton.  Hence  a Hausdorff 
space  is  sober. 
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004Z  Lemma  5.7.12.  Let  / : X —7  Y be  a continuous  map  of  topological  spaces.  Assume 
that  (a)  Y is  irreducible,  (b)  f is  open,  and  (c)  there  exists  a dense  collection  of 
points  y GY  such  that  /-1(y)  is  irreducible.  Then  X is  irreducible. 

Proof.  Suppose  X = ZA IJ Z2  with  closed.  Consider  the  open  sets  U\  = Zf\Z2  = 
X \ Z2  and  U2  = Z2  \ Z\  = X \ Z\ . To  get  a contradiction  assume  that  U 1 and  U2 
are  both  nonempty.  By  (b)  we  see  that  f{Uf)  is  open.  By  (a)  we  have  Y irreducible 
and  hence  f{U\)C\f{U2)  7^  0.  By  (c)  there  is  a point  y which  corresponds  to  a point 
of  this  intersection  such  that  the  fibre  Xy  = f~1{y)  is  irreducible.  Then  Xy  D U\ 
and  Xy  n U2  are  nonempty  disjoint  open  subsets  of  Xy  which  is  a contradiction.  □ 

037A  Lemma  5.7.13.  Let  f : X — 7 Y be  a continuous  map  of  topological  spaces.  Assume 
that  (a)  f is  open,  and  (b)  for  every  y £ Y the  fibre  f~1(y)  is  irreducible.  Then  f 
induces  a bijection  between  irreducible  components. 


Proof.  We  point  out  that  assumption  (b)  implies  that  / is  surjective  (see  Defini- 
5.7. 1|).  Let  T C Y be  an  irreducible  component.  Note  that  T is  closed,  see 
The  lemma  follows  if  we  show  that  /_1(T)  is  irreducible  because 


tion 


Lemma 


5.7.3 


any  irreducible  subset  of  X maps  into  an  irreducible  component  of  Y by  Lemma 
Note  that  f~1(T) 


5.7.2 


T satisfies  the  assumptions  of  Lemma  5.7.12 


Hence  we 

□ 


The  construction  of  the  following  lemma  is  sometimes  called  the  “soberification” . 

0A2N  Lemma  5.7.14.  Let  X be  a topological  space.  There  is  a canonical  continuous 
map 

c : X — 7 X' 

from  X to  a sober  topological  space  X'  which  is  universal  among  continuous  maps 
from  X to  sober  topological  spaces.  Moreover,  the  assignment  U'  1— 7 c_1(t/')  is  a 
bijection  between  opens  of  X'  and  X which  commutes  with  finite  intersections  and 
arbitrary  unions.  The  image  c(X)  is  a Kolmogorov  topological  space  and  the  map 
c : X — 7 c(X)  is  universal  for  maps  of  X into  Kolmogorov  spaces. 

Proof.  Let  X'  be  the  set  of  irreducible  closed  subsets  of  X and  let 

c : X -7  X' , x 1-7  {a;}. 

For  U C X open,  let  U'  C X'  denote  the  set  of  irreducible  closed  subsets  of  X 
which  meet  U.  Then  c”1(f/')  = U.  In  particular,  if  U\  7^  U2  are  open  in  X , then 
U[  ^ U'2.  Hence  c induces  a bijection  between  the  subsets  of  X'  of  the  form  U'  and 
the  opens  of  X. 

Let  U\,U2  be  open  in  X.  Suppose  that  Z G U[  and  Z £ U'2.  Then  Z n Ui  and 
ZC\U2  are  nonempty  open  subsets  of  the  irreducible  space  Z and  hence  ZC\U-\C\  U2 
is  nonempty.  Thus  {U\  D U2)'  = U[  D U2.  The  rule  L7  1 — 7 C/'  is  also  compatible  with 
arbitrary  unions  (details  omitted) . Thus  it  is  clear  that  the  collection  of  U'  form  a 
topology  on  X'  and  that  we  have  a bijection  as  stated  in  the  lemma. 

Next  we  show  that  X'  is  sober.  Let  T C X'  be  an  irreducible  closed  subset.  Let 
f/Clbe  the  open  such  that  X' \ T = U' . Then  Z = X \ U is  irreducible  because 
of  the  properties  of  the  bijection  of  the  lemma.  We  claim  that  Z £ T is  the  unique 
generic  point.  Namely,  any  open  of  the  form  V'  C X'  which  does  not  contain  Z 
must  come  from  an  open  V C X which  misses  Z , i.e.,  is  contained  in  U. 
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Finally,  we  check  the  universal  property.  Let  / : A — > Y be  a continuous  map  to 
a sober  topological  space.  Then  we  let  be  the  map  which  sends  the 

irreducible  closed  Z C X to  the  unique  generic  point  of  f{Z).  It  follows  immediately 
that  f o c = / as  maps  of  sets,  and  the  properties  of  c imply  that  /'  is  continuous. 
We  omit  the  verification  that  the  continuous  map  f is  unique.  We  also  omit  the 
proof  of  the  statements  on  Kolmogorov  spaces.  □ 


5.8.  Noetherian  topological  spaces 


0050 

0051  Definition  5.8.1.  A topological  space  is  called  Noetherian  if  the  descending  chain 
condition  holds  for  closed  subsets  of  A'.  A topological  space  is  called  locally  Noe- 
therian if  every  point  has  a neighbourhood  which  is  Noetherian. 

0052  Lemma  5.8.2.  Let  X be  a Noetherian  topological  space. 

(1)  Any  subset  of  X with  the  induced  topology  is  Noetherian. 

(2)  The  space  X has  finitely  many  irreducible  components. 

(3)  Each  irreducible  component  of  X contains  a nonempty  open  of  X . 

Proof.  Let  T C X be  a subset  of  X.  Let  T\  D T2  ■ ■ ■ be  a descending  chain  of 
closed  subsets  of  T.  Write  Ti  = TC\Zi  with  Zi  C A closed.  Consider  the  descending 
chain  of  closed  subsets  Z\  D Z^  C\Z2  D ZinZ2nZ3  . . . This  stabilizes  by  assumption 
and  hence  the  original  sequence  of  Ti  stabilizes.  Thus  T is  Noetherian. 

Let  A be  the  set  of  closed  subsets  of  X which  do  not  have  finitely  many  irreducible 
components.  Assume  that  A is  not  empty  to  arrive  at  a contradiction.  The  set  A 
is  partially  ordered  by  inclusion:  a < of  <t=>  Za  C Zai.  By  the  descending  chain 
condition  we  may  find  a smallest  element  of  A , say  Z . As  Z is  not  a finite  union  of 
irreducible  components,  it  is  not  irreducible.  Hence  we  can  write  Z = Z'  U Z"  and 
both  are  strictly  smaller  closed  subsets.  By  construction  Z'  = (J  Z[  and  Z"  = (J  Z" 
are  finite  unions  of  their  irreducible  components.  Hence  Z = 1J  A,'  U 1J  Z '■  is  a finite 
union  of  irreducible  closed  subsets.  After  removing  redundant  members  of  this 
expression,  this  will  be  the  decomposition  of  Z into  its  irreducible  components,  a 
contradiction. 


04Z8 


Let  Z C.  A be  an  irreducible  component  of  X.  Let  Z±, . . . ,Zn  be  the  other  irre- 
ducible components  of  A.  Consider  U = Z \ (Z\  U . . . U Zn).  This  is  not  empty 
since  otherwise  the  irreducible  space  Z would  be  contained  in  one  of  the  other  Zt. 
Because  X = Z U Z\  U . . . Zn  (see  Lemma  5.7.3 ),  also  V — X \ (Z\  U . . . U Zn)  and 
hence  open  in  A.  Thus  Z contains  a nonempty  open  of  A.  □ 


Lemma  5.8.3.  Let  f : X —}Y  be  a continuous  map  of  topological  spaces. 

(1)  If  X is  Noetherian , then  /(A)  is  Noetherian. 

(2)  If  X is  locally  Noetherian  and  f open,  then  /(A)  is  locally  Noetherian. 


Proof.  In  case  (1),  suppose  that  Z\  D Z2  D Z3  D . . . is  a descending  chain  of 
closed  subsets  of  /(A)  (as  usual  with  the  induced  topology  as  a subset  of  Y).  Then 
f~1(Zi)  D f~x(Z2)  D f~1(Z3)  D ...  is  a descending  chain  of  closed  subsets  of  A. 
Hence  this  chain  stabilizes.  Since  f(f~1(Zi))  = Zi  we  conclude  that  Z\  D Z2  D 
Z3  D . . . stabilizes  also.  In  case  (2),  let  y £ /(A).  Choose  x £ X with  f(x)  = y.  By 
assumption  there  exists  a neighbourhood  E C A of  x which  is  Noetherian.  Then 
f{E)  C /(A)  is  a neighbourhood  which  is  Noetherian  by  part  (1).  □ 
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Lemma  5.8.4.  Let  X be  a topological  space.  Let  Xi  C X , i = 1, . . . , n be  a finite 
collection  of  subsets.  If  each  Xi  is  Noetherian  (with  the  induced  topology),  then 
Ui=i  n is  Noetherian  (with  the  induced  topology). 

Proof.  Omitted.  □ 


Example  5.8.5.  Any  nonempty,  Kolmogorov  Noetherian  topological  space  has  a 
closed  point  (combine  Lemmas  5.11.8  and  5.11.131.  Let  X = {1,2,3, . . .}.  Define 
a topology  on  X with  opens  0,  {1,2,...,  n},  n > 1 and  X.  Thus  A"  is  a locally 
Noetherian  topological  space,  without  any  closed  points.  This  space  cannot  be  the 
underlying  topological  space  of  a locally  Noetherian  scheme,  see  Properties,  Lemma 
127.5.91 


Lemma  5.8.6.  Let  X be  a locally  Noetherian  topological  space.  Then  X is  locally 
connected. 


Proof.  Let  x £ X.  Let  £ be  a neighbourhood  of  x.  We  have  to  find  a connected 
neighbourhood  of  x contained  in  E.  By  assumption  there  exists  a neighbourhood 
E'  of  x which  is  Noetherian.  Then  E D E'  is  Noetherian,  see  Lemma  5.8.2  Let 


EnE'  = YiU. . .UYn  be  the  decomposition  into  irreducible  components,  see  Lemma 
Let  E"  = Urey  ■ This  is  a connected  subset  of  E D E'  containing  x. 


5.8.2 


It 

contains  the  open  EC\E'\  {{jx^Yi  T*)  of  E fl  E'  and  hence  it  is  a neighbourhood  of 
a;  in  A.  This  proves  the  lemma.  □ 


5.9.  Krull  dimension 


5.9.1.  Let  A be  a topological  space. 

chain  of  irreducible  closed  subsets  of  A is  a sequence  Zq  C Z\  C . . . C 
Zn  C A with  Zi  closed  irreducible  and  Zi  ^ Zi+i  for  * = 0, . . . , n — 1. 

(2)  The  length  of  a chain  Zq  C Z\  C . . . C Zn  C A of  irreducible  closed 
subsets  of  A is  the  integer  n. 

(3)  The  dimension  or  more  precisely  the  Krull  dimension  dim(A)  of  A is  the 
element  of  {— oo,  0, 1,  2,  3, ... , oo}  defined  by  the  formula: 

dim(A)  = sup{lengths  of  chains  of  irreducible  closed  subsets} 

Thus  dim(A')  = — oo  if  and  only  if  A is  the  empty  space. 

(4)  Let  x £ X.  The  Krull  dimension  of  X at  x is  defined  as 

dimx(A)  = min{dim(f/), x £ U C A open} 

the  minimum  of  dim(t/)  where  U runs  over  the  open  neighbourhoods  of 
x in  A. 

Note  that  if  U'  C U C A are  open  then  dim([//)  < dim(f7).  Hence  if  dimx(A)  = 
d then  x has  a fundamental  system  of  open  neighbourhoods  U with  dim(C/)  = 
dimx(A). 

Lemma  5.9.2.  Let  X be  a topological  space.  Then  dim(A)  = sup  dim.,.  ( A ) where 
the  supremum  runs  over  the  points  x of  X. 


Definition 

(1)  A 
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Proof.  It  is  clear  that  dim(AT)  > dims(A')  for  all  x £ X (see  discussion  following 
Definition  5.9.1).  Thus  an  inequality  in  one  direction.  For  the  converse,  let  n > 0 
and  suppose  that  dim(A')  > n.  Then  we  can  find  a chain  of  irreducible  closed 
subsets  Z0  C Z\  C . . . C Zn  C A.  Pick  x £ Z0.  Then  we  see  that  every  open 
neighbourhood  U of  x has  a chain  of  irreducible  closed  subsets  Z0  fl  U C Z\  D U C 
. . . Zn  D U C U.  In  this  way  we  see  that  dinXj,(A)  > n which  proves  the  other 
inequality.  □ 


Example  5.9.3.  The  Krull  dimension  of  the  usual  Euclidean  space  R”  is  0. 

Example  5.9.4.  Let  X = {s,  77}  with  open  sets  given  by  {0,  {77},  {s,  77}}.  In 
this  case  a maximal  chain  of  irreducible  closed  subsets  is  {s}  C {s,  77}.  Hence 
dim(A)  = 1.  It  is  easy  to  generalize  this  example  to  get  a (n+l)-element  topological 
space  of  Krull  dimension  n. 


0058  Definition  5.9.5.  Let  A be  a topological  space.  We  say  that  A is  equidimensional 
if  every  irreducible  component  of  X has  the  same  dimension. 


5.10.  Codimension  and  catenary  spaces 

0210  We  only  define  the  codimension  of  irreducible  closed  subsets. 

0213  Definition  5.10.1.  Let  X be  a topological  space.  Let  Y C X be  an  irreducible 
closed  subset.  The  codimension  of  Y in  X is  the  supremum  of  the  lengths  e of 
chains 

Y = Y0  CYX  C ...  CYe  C X 

of  irreducible  closed  subsets  in  X starting  with  Y.  We  will  denote  this  codim(Y,  A). 

The  codimension  is  an  element  of  {0, 1,  2, . . .}  U {00}.  If  codim(Y,  A)  < 00,  then 
every  chain  can  be  extended  to  a maximal  chain  (but  these  do  not  all  have  to  have 
the  same  length). 

0214  Lemma  5.10.2.  Let  X be  a topological  space.  Let  Y C X be  an  irreducible  closed 
subset.  Let  U C X be  an  open  subset  such  that  Y HU  is  nonempty.  Then 

codim(Y,  X)  = codim(Y  fl  U,U) 

Proof.  The  rule  T 1— > T defines  a bijective  inclusion  preserving  map  between  the 
closed  irreducible  subsets  of  U and  the  closed  irreducible  subsets  of  X which  meet 
U.  Using  this  the  lemma  easily  follows.  Details  omitted.  □ 

0215  Example  5.10.3.  Let  X = [0, 1]  be  the  unit  interval  with  the  following  topology: 
The  sets  [0, 1],  (1  — 1/n,  1]  for  n £ N,  and  0 are  open.  So  the  closed  sets  are  0,  {0}, 
[0, 1 — 1/n]  for  n > 1 and  [0, 1].  This  is  clearly  a Noetherian  topological  space.  But 
the  irreducible  closed  subset  Y = {0}  has  infinite  codimension  codim(Y,  A)  = 00. 
To  see  this  we  just  remark  that  all  the  closed  sets  [0, 1 — 1/n]  are  irreducible. 

0211  Definition  5.10.4.  Let  A be  a topological  space.  We  say  X is  catenary  if  for 
every  pair  of  irreducible  closed  subsets  T C T'  we  have  codim(T,  T')  < 00  and 
every  maximal  chain  of  irreducible  closed  subsets 

T = T0  C Ti  C . . . C Te  = T' 
has  the  same  length  (equal  to  the  codimension). 

0212  Lemma  5.10.5.  Let  X be  a topological  space.  The  following  are  equivalent: 
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(1)  X is  catenary, 

(2)  X has  an  open  covering  by  catenary  spaces. 

Moreover,  in  this  case  any  locally  closed  subspace  of  X is  catenary. 

Proof.  Suppose  that  X is  catenary  and  that  U C X is  an  open  subset.  The  rule 
T K > T defines  a bijective  inclusion  preserving  map  between  the  closed  irreducible 
subsets  of  U and  the  closed  irreducible  subsets  of  X which  meet  U.  Using  this  the 
lemma  easily  follows.  Details  omitted.  □ 

0216  Lemma  5.10.6.  Let  X be  a topological  space.  The  following  are  equivalent: 

(1)  X is  catenary,  and 

(2)  for  every  pair  of  irreducible  closed  subsets  Y C Y'  we  have  codimfY , Y')  < 
oo  and  for  every  triple  Y C Y'  C Y"  of  irreducible  closed  subsets  we  have 

codim(Y,Y")  = codim{Y,Y')  + codim(Y'  ,Y"). 

Proof.  Omitted.  □ 

5.11.  Quasi-compact  spaces  and  maps 

0059  The  phrase  “compact”  will  be  reserved  for  Hausdorff  topological  spaces.  And  many 
spaces  occurring  in  algebraic  geometry  are  not  Hausdorff. 

005A  Definition  5.11.1.  Quasi-compactness. 

(1)  We  say  that  a topological  space  X is  quasi-compact  if  every  open  covering 
of  X has  a finite  refinement. 

(2)  We  say  that  a continuous  map  / : X — > Y is  quasi-compact  if  the  inverse 
image  /_1(U)  of  every  quasi-compact  open  V C Y is  quasi-compact. 

(3)  We  say  a subset  Z C A'  is  retrocompact  if  the  inclusion  map  Z X is 
quasi-compact. 

In  many  texts  on  topology  a space  is  called  compact  if  it  is  quasi-compact  and 
Hausdorff;  and  in  other  texts  the  Hausdorff  condition  is  omitted.  To  avoid  confusion 
in  algebraic  geometry  we  use  the  term  quasi-compact.  Note  that  the  notion  of 
quasi-compactness  of  a map  is  very  different  from  the  notion  of  a “proper  map”  in 
topology,  since  there  one  requires  the  inverse  image  of  any  (quasi-)compact  subset  of 
the  target  to  be  (quasi-)compact,  whereas  in  the  definition  above  we  only  consider 
quasi-compact  open  sets. 

005B  Lemma  5.11.2.  A composition  of  quasi- compact  maps  is  quasi- compact. 

Proof.  This  is  immediate  from  the  definition.  □ 

005C  Lemma  5.11.3.  A closed  subset  of  a quasi-compact  topological  space  is  quasi- 
compact. 

Proof.  Let  E C X be  a closed  subset  of  the  quasi-compact  space  X.  Let  E = 
be  an  open  covering.  Choose  U3  C X open  such  that  Vj  = E fl  U7.  Then  X = 
(X  \ E)  U (J  Uj  is  an  open  covering  of  X . Hence  X = {X  \ E)  U Uj1  U . . . U Ujn  for 
some  n and  indices  j,.  Thus  E = Vj1  U . . . U Vjn  as  desired.  □ 

08YB  Lemma  5.11.4.  Let  X be  a Hausdorff  topological  space. 

(1)  If  E C X is  quasi- compact,  then  it  is  closed. 
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(2)  If  E\,  E2  C X are  disjoint  quasi-compact  subsets  then  there  exists  opens 
Ei  C Ui  with  U\  D U2  = 0. 


Proof.  Proof  of  (1).  Let  x £ X,  x £ E.  For  every  e £ E we  can  find  disjoint 
opens  Ve  and  Ue  with  e £ Ve  and  x £ Ue.  Since  E C (J  Ve  we  can  find  finitely 
many  e\,...,en  such  that  E C Vei  U . . . U . Then  U = Uei  D . . . D £/e„  is  an  open 
neighbourhood  of  x which  avoids  Vei  U . . . U Vf,n . In  particular  it  avoids  E.  Thus 
E is  closed. 


Proof  of  (2).  In  the  proof  of  (1)  we  have  seen  that  given  x £ £j  we  can  find  an 
open  neighbourhood  x £ Ux  and  an  open  E2  C Vx  such  that  Ux  fl  Vx  = 0.  Because 
Ei  is  quasi-compact  we  can  find  a finite  number  Xi  £ Ei  such  that  Ei  C U = 
UXl  U . . . U UXn . We  take  V = VXl  fl . . . D VXn  to  finish  the  proof.  □ 

Lemma  5.11.5.  Let  X be  a quasi- compact  Hausdorff  space.  Let  E C X.  The 
following  are  equivalent:  (a)  E is  closed  in  X,  (b)  E is  quasi- compact. 


Proof.  The  implication  (a) 
Lemma  15.11.41 


(b)  is  Lemma  5.11.3 


The  implication  (b)  =>  (a)  is 

□ 


The  following  is  really  a reformulation  of  the  quasi-compact  property. 

Lemma  5.11.6.  Let  X be  a quasi-compact  topological  space.  If  {Za}aeA  is  « 
collection  of  closed  subsets  such  that  the  intersection  of  each  finite  subcollection  is 
nonempty,  then  HaeA  is  nonempty. 

Proof.  Omitted.  □ 

Lemma  5.11.7.  Let  f : X — > Y be  a continuous  map  of  topological  spaces. 

(1)  If  X is  quasi-compact,  then  f(X)  is  quasi-compact. 

(2)  If  f is  quasi- compact,  then  f(X)  is  retrocompact. 

Proof.  If  f(X)  = \jVt  is  an  open  covering,  then  X = U/_1(fo)  is  an  open 
covering.  Hence  if  X is  quasi-compact  then  X = /-1(!q)  U ...  U /_1(K:„)  for 
some  ii, . . . ,in  € I and  hence  f(X)  = Vq  U . . . U Vjn.  This  proves  (1).  Assume  / 
is  quasi-compact,  and  let  V C Y be  quasi-compact  open.  Then  /-1(P)  is  quasi- 
compact, hence  by  (1)  we  see  that  f(f~1(V))  = f(X)C\V  is  quasi-compact.  Hence 
f(X)  is  retrocompact.  □ 

Lemma  5.11.8.  Let  X be  a topological  space.  Assume  that 

(1)  X is  nonempty, 

(2)  X is  quasi- compact,  and 

(3)  X is  Kolmogorov. 

Then  X has  a closed  point. 


Proof.  Consider  the  set 

T = {Z  <Z  X \ Z = {1}  for  some  x € A'} 

of  all  closures  of  singletons  in  X.  It  is  nonempty  since  X is  nonempty, 
into  a partially  ordered  set  using  the  relation  of  inclusion.  Suppose  Za, 
a totally  ordered  subset  of  T.  By  Lemma  5.11.6  we  see  that  fjQgA  ^ 
there  exists  some  x € n.  , r~  A zr 


Make  T 
a £ A is 


Hence 

£ PUga  ■Z’a  and  we  see  that  Z = {x}  £ T is  a lower  bound 
for  the  family.  By  Zorn’s  lemma  there  exists  a minimal  element  Z £ T.  As  A is 
Kolmogorov  we  conclude  that  Z = {x}  for  some  x and  x £ X is  a closed  point.  □ 
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Lemma  5.11.9.  Let  X be  a quasi-compact  Kolmogorov  space.  Then  the  set  Xo 
of  closed  points  of  X is  quasi-compact. 


Proof.  Let  X0  = (J  C/i  0 be  an  open  covering.  Write  Uho  = X0  C\Ui  for  some 
open  Ui  C X.  Consider  the  complement  Z of  [J  [/,; . This  is  a closed  subset  of  X , 
hence  quasi-compact  (Lemma  5.11.3)  and  Kolmogorov.  By  Lemma  5.11.8  if  Z is 
nonempty  it  would  have  a closed  point  which  contradicts  the  fact  that  X0  C U Ui. 
Hence  Z = 0 and  X = (J  Ui.  Since  X is  quasi-compact  this  covering  has  a finite 
subcover  and  we  conclude.  □ 


Lemma  5.11.10.  Let  X be  a topological  space.  Assume 

(1)  X is  quasi-compact, 

(2)  X has  a basis  for  the  topology  consisting  of  quasi-compact  opens,  and 

(3)  the  intersection  of  two  quasi-compact  opens  is  quasi-compact. 

For  any  x € X the  connected  component  of  X containing  x is  the  intersection  of 
all  open  and  closed  subsets  of  X containing  x. 


Proof.  Let  T be  the  connected  component  containing  x.  Let  S = PlaeA 
intersection  of  all  open  and  closed  subsets  Za  of  X containing  x.  Note  that  S is 
closed  in  X.  Note  that  any  finite  intersection  of  Za’s  is  a Za.  Because  T is  connected 
and  x £ T we  have  T C S.  It  suffices  to  show  that  S is  connected.  If  not,  then  there 
exists  a disjoint  union  decomposition  S = B H C with  B and  C open  and  closed  in 
S.  In  particular,  B and  C are  closed  in  A',  and  so  quasi-compact  by  Lemma |5. 11. 3| 
and  assumption  (1).  By  assumption  (2)  there  exist  quasi-compact  opens  U,V  C A' 
with  B = S n U and  C = S D V (details  omitted).  Then  U fl  V D S = 0.  Hence 
Ha  U n V fl  Za  = 0.  By  assumption  (3)  the  intersection  U fl  V is  quasi-compact. 
By  Lemma  5.11.6  for  some  a'  £ A we  have  U fl  V fl  Zai  = 0.  Since  X \ (U  U V)  is 
disjoint  from  S and  closed  in  X hence  quasi-compact,  we  can  use  the  same  lemma 
to  see  that  Za"  C U U V for  some  a"  £ A.  Then  Za  = Za<  fl  Za"  is  contained  in 
U UV  and  disjoint  from  U fl  V.  Hence  Za  = U n Za  H V n Za  is  a decomposition 
into  two  open  pieces,  hence  U n Za  and  V Cl  Za  are  open  and  closed  in  X.  Thus,  if 
x £ B say,  then  we  see  that  S C U n Za  and  we  conclude  that  (7  = 0.  □ 


Lemma  5.11.11.  Let  X be  a topological  space.  Assume  X is  quasi-compact  and 
Hausdorff.  For  any  x £ X the  connected  component  of  X containing  x is  the 
intersection  of  all  open  and  closed  subsets  of  X containing  x. 


Proof.  Let  T be  the  connected  component  containing  x.  Let  S = flaeA  Za  be 
the  intersection  of  all  open  and  closed  subsets  Za  of  X containing  x.  Note  that 
S is  closed  in  A'.  Note  that  any  finite  intersection  of  Za's  is  a Za.  Because  T is 
connected  and  x £ T we  have  T C S.  It  suffices  to  show  that  S is  connected.  If  not, 
then  there  exists  a disjoint  union  decomposition  S = B H C with  B and  (7  open 
and  closed  in  S.  In  particular,  B and  (7  are  closed  in  X,  and  so  quasi-compact  by 
Lemma  [5.11.3|  By  Lemma  [5.11.4|  there  exist  disjoint  opens  U,  V C X with  B C U 
and  (7  C V.  Then  X \ U U V is  closed  in  A hence  quasi-compact  (Lemma  5.11.3). 
It  follows  that  ( X \ 17  U V)  fl  Za  = 0 for  some  a by  Lemma  5.11.6|  In  other  words, 
Za  C U UV . Thus  Za  = ZanVU  ZanU  is  a decomposition  into  two  open  pieces, 
hence  U n Za  and  V n Za  are  open  and  closed  in  A'.  Thus,  if  x £ B say,  then  we 
see  that  S C U fl  Za  and  we  conclude  that  (7  = 0.  □ 


04PL 


Lemma  5.11.12.  Let  X be  a topological  space.  Assume 
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(1)  X is  quasi- compact, 

(2)  X has  a basis  for  the  topology  consisting  of  quasi-compact  opens,  and 

(3)  the  intersection  of  two  quasi-compact  opens  is  quasi-compact. 

For  a subset  T C X the  following  are  equivalent: 

(a)  T is  an  intersection  of  open  and  closed  subsets  of  X,  and 

(b)  T is  closed  in  X and  is  a union  of  connected  components  of  X. 


Proof.  It  is  clear  that  (a)  implies  (b).  Assume  (b).  Let  x £ X,  x ^ T.  Let 
x £ C C X be  the  connected  component  of  X containing  x.  By  Lemma [5. 11. 10|  we 
see  that  C = f]  Va  is  the  intersection  of  all  open  and  closed  subsets  Va  of  X which 
contain  C . In  particular,  any  pairwise  intersection  Va  l~l  Vp  occurs  as  a Ltt.  As  T is 
a union  of  connected  components  of  X we  see  that  CnT  = 0.  Hence  T fl  |"|  Va  = 0. 
Since  T is  quasi-compact  as  a closed  subset  of  a quasi-compact  space  (see  Lemma 
5.11.3)  we  deduce  that  T C\Va  = 0 for  some  a,  see  Lemma  5.11.6  For  this  a we 
see  that  Ua  = X \ Va  is  an  open  and  closed  subset  of  X which  contains  T and  not 
x.  The  lemma  follows.  □ 


04ZA  Lemma  5.11.13.  Let  X be  a Noetherian  topological  space. 

(1)  The  space  X is  quasi- compact. 

(2)  Any  subset  of  X is  retrocompact. 


Proof.  Suppose  X = (J  [/,  is  an  open  covering  of  X indexed  by  the  set  I which 
does  not  have  a refinement  by  a finite  open  covering.  Choose  ■ ■ ■ elements  of 

I inductively  in  the  following  way:  Choose  in+\  such  that  Uin+1  is  not  contained  in 
Uil  U . . . U Uin . Thus  we  see  that  X D (X\Uil)  D (X\UilUUi2)  D ...  is  a strictly 
decreasing  infinite  sequence  of  closed  subsets.  This  contradicts  the  fact  that  X is 
Noetherian.  This  proves  the  first  assertion.  The  second  assertion  is  now  clear  since 
every  subset  of  X is  Noetherian  by  Lemma  5.8.2  □ 


04ZB  Lemma  5.11.14.  A quasi-compact  locally  Noetherian  space  is  Noetherian. 

Proof.  The  conditions  imply  immediately  that  X has  a finite  covering  by  Noether- 
ian subsets,  and  hence  is  Noetherian  by  Lemma [5. 8. 4|  □ 


08ZP  Lemma  5.11.15  (Alexander  subbase  theorem).  Let  X be  a topological  space. 
Let  B be  a subbase  for  X . If  every  covering  of  X by  elements  of  B has  a finite 
refinement,  then  X is  quasi- compact. 


Proof.  Assume  there  is  an  open  covering  of  X which  does  not  have  a finite  refine- 
ment. Using  Zorn’s  lemma  we  can  choose  a maximal  open  covering  X = U eiUi 
which  does  not  have  a finite  refinement  (details  omitted).  In  other  words,  if  U C X 
is  any  open  which  does  not  occur  as  one  of  the  Ui,  then  the  covering  X = UU[jiGl  Ui 
does  have  a finite  refinement.  Let  I'  C / be  the  set  of  indices  such  that  Ui  £ B. 
Then  Ui6j'  Ui  ^ X,  since  otherwise  we  would  get  a finite  refinement  covering  A' 
by  our  assumption  on  B.  Pick  x £ X,  x £ U iei>  Ui . Pick  * £ I with  x £ Ui.  Pick 
Vi, . . . , Vn  £ B such  that  x £ V\C\. . .C\Vn  C Ui.  This  is  possible  as  B is  a subbasis  for 
X.  Note  that  Vj  does  not  occur  as  a f/,.  By  maximality  of  the  chosen  covering  we 
see  that  for  each  j there  exist  ijt\ , . . . , ijiUj  £ / such  that  X = Vj  U Uij  x U . . . U Ui . n . 
Since  Vi  D . . . D Vn  C Ui  we  conclude  that  X = Ui  U (J  Uija  a contradiction.  □ 
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5.12.  Locally  quasi-compact  spaces 


Recall  that  a neighbourhood  of  a point  need  not  be  open. 

Definition  5.12.1.  A topological  space  X is  called  locally  quasi-compac^ if  every 
point  has  a fundamental  system  of  quasi-compact  neighbourhoods. 

The  term  locally  compact  space  in  the  literature  often  refers  to  a space  as  in  the 
following  lemma. 

Lemma  5.12.2.  A Hausdorff  space  is  locally  quasi-compact  if  and  only  if  every 
point  has  a quasi- compact  neighbourhood. 


Proof.  Let  X be  a Hausdorff  space.  Let  x £ X and  let  x £ E C X be  a quasi- 


Vt  C Ui  for  all  i. 


Proof.  Let  x £ X.  Choose  an  i(x)  £ I such  that  x £ Uitxy  Since  X \ Uy-y 
and  {x}  are  disjoint  closed  subsets  of  A',  by  Lemmas  5.11.3  and  5.11.4  there  exists 
an  open  neighbourhood  Ux  of  x whose  closure  is  disjoint  from  X \ Uyxy  Thus 
Ux  C Uyxy  Since  X is  quasi-compact,  there  is  a finite  list  of  points  xm  such 

that  X = UXl  U . . . U UXm.  Setting  V*  = [_]i=i^xy  UXj  the  proof  is  finished.  □ 


Lemma  5.12.4.  Let  X be  a Hausdorff  and  quasi-compact  space.  Let  X = (Jigj 
be  an  open  covering.  Suppose  given  an  integer  p > 0 and  for  every  {p  + 1) -tuple 
io, . . . , ip  of  I an  open  covering  Ui0  D . . . D Uip  = (J  Wi0...iv,k-  Then  there  exists  an 
open  covering  X = {JjeJVj  and  a map  a : J -4  I such  that  Vj  C Ua (,•)  and  such 
that  each  Vj0  D ...  ft  Vjp  is  contained  in  Wc,(j0)...a(jp),fc  for  some  k. 


Proof.  Since  X is  quasi-compact,  there  is  a reduction  to  the  case  where  I is  finite 
(details  omitted).  We  prove  the  result  for  I finite  by  induction  on  p.  The  base 
case  p = 0 is  immediate  by  taking  a covering  as  in  Lemma  5.12.3| refining  the  open 
covering  X = \JWio,k. 


Induction  step.  Assume  the  lemma  proven  for  p — 1.  For  all  p-tuples  i'0, . . . ,i'P-i 
of  I let  Up  fl . . . fl  Up  =11  W'V  i>  k be  a common  refinement  of  the  coverings 

0 p — 1 O'"  p — 1’ 

Uio  n . . . n Uip  = U Wio...iptk  for  those  (p  + l)-tuples  such  that  {*{>, . . . , = 

{io, . . . , ip}  (equality  of  sets).  (There  are  finitely  many  of  these  as  I is  finite.)  By 
induction  there  exists  a solution  for  these  opens,  say  X = (J  Vj  and  a : J — > I.  At 
this  point  the  covering  X = Ujg  j and  a satisfy  Vj  C Ua(j)  and  each  Vj0C I. . .D Vjp 


2This  may  not  be  standard  notation.  Alternative  notions  used  in  the  literature  are:  (1)  Every 
point  has  some  quasi-compact  neighbourhood,  and  (2)  Every  point  has  a closed  quasi-compact 
neighbourhood.  A scheme  has  the  property  that  every  point  has  a fundamental  system  of  open 
quasi-compact  neighbourhoods. 
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is  contained  in  Wa(jo)...a(j  ),k  for  some  k if  there  is  a repetition  in  a(jo), . . . , cx(jp). 
Of  course,  we  may  and  do  assume  that  J is  finite. 

Fix  io,...,ip  £ I pairwise  distinct.  Consider  (p  + l)-tuples  jo,--.,jP  £ J with 
*o  = a (jo),  ■■■,iP  = a(jp)  such  that  Vjon. . .C\Vjp  is  not  contained  in  Wa(j0)„.a(jp)>k 
for  any  k.  Let  N be  the  number  of  such  (p+l)-tuples.  We  will  show  how  to  decrease 
N.  Since 

v~  n • ■ • n v~  c uiQ  n . . . n uip  = J wio...ip,k 

we  find  a finite  set  K = {ki, . . . , kt}  such  that  the  LHS  is  contained  in  UfcgJ<-  Wi0...iP,k 
Then  we  consider  the  open  covering 

vj0  = (vj0  \ (T£  n • • • n v~))  u (|Jfc6K  vjo  n wio...ip,k) 

The  first  open  on  the  RHS  intersects  Vj1  fl . . . D Vj  in  the  empty  set  and  the  other 
opens  Vj0tk  of  the  RHS  satisfy  VjotknVj1  . . .nVjp  C Wo(j0)...a(Jp),t-  Set  J'  = JUK. 
For  j £ J set  Vj  = Vj  if  j ^ jo  and  set  VjQ  = Vj0  \ (Vj1  fl  . . . fl  Vjp).  For  k £ K 
set  Vj,.  = Vj0tk-  Finally,  the  map  a'  : J'  — > I is  given  by  a on  J and  maps  every 
element  of  I\  to  ig.  A simple  check  shows  that  N has  decreased  by  one  under  this 
replacement.  Repeating  this  procedure  N times  we  arrive  at  the  situation  where 
N = 0. 


To  finish  the  proof  we  argue  by  induction  on  the  number  M of  (p  + l)-tuples 
*o,  • • • ,iP  £ I with  pairwise  distinct  entries  for  which  there  exists  a (p  + l)-tuple 
jo,  ■ ■ ■ ,jP  € J with  i0  = a (jo),  = ot(Jp)  such  that  Vjo  n . . . fl  Vjp  is  not 

contained  in  Wa(j0\,,au  for  any  k.  To  do  this,  we  claim  that  the  operation 
performed  in  the  previous  paragraph  does  not  increase  M . This  follows  formally 
from  the  fact  that  the  map  a!  : J'  — >•  I factors  through  a map  /3  : J'  — > J such  that 
V',cVp(jr  □ 

09UX  Lemma  5.12.5.  Let  X be  a Hausdorff  and  locally  quasi-compact  space.  Let  Z G X 
be  a quasi-compact  (hence  closed)  subset.  Suppose  given  an  integer  p > 0,  a set  I, 
for  every  i £ I an  open  Ui  C X,  and  for  every  ( p + 1 ) -tuple  ig,  • • • , iP  of  I an  open 
Wio„.ip  GUior...rUip  such  that 

(1)  Z C [J  Ui,  and 

(2)  for  every  i0,...,ip  we  have  Wio...ip  n Z = Uio  n ...  n Uip  n Z . 

Then  there  exist  opens  Vi  of  X such  that  we  have  Z C {JV,,  for  all  i we  have 
Vt  C Ui,  and  we  have  Vi0  fl . . . fl  V.p  C Wi0...ip  for  all  (p  + 1 )-tuples  io,  • • • , iP- 

Proof.  Since  Z is  quasi-compact,  there  is  a reduction  to  the  case  where  / is  finite 
(details  omitted).  Because  X is  locally  quasi-compact  and  Z is  quasi-compact,  we 
can  find  a neighbourhood  Z C E which  is  quasi-conrpact,  i.e. , E is  quasi-compact 
and  contains  an  open  neighbourhood  of  Z in  X.  If  we  prove  the  result  after  replacing 
X by  E,  then  the  result  follows.  Hence  we  may  assume  X is  quasi-compact. 

We  prove  the  result  in  case  I is  finite  and  X is  quasi-compact  by  induction  on  p. 
The  base  case  is  p = 0.  In  this  case  we  have  X = (X  \ Z)  U (J  W,.  By  Lemma 


Vi  C IT,;  for  all  i.  Then  we  see  that  we  obtain  a solution  of  the  problem  posed  by 
the  lemma. 


5.12.3  we  can  find  a covering  X = V U (J  V)  by  opens  Vi  C IT)  and  V C X\Z  with 


Induction  step.  Assume  the  lemma  proven  for  p — 1.  Set  W)0__  jp_1  equal  to  the 
intersection  of  all  with  { j0 , • • • , jP-\)  = {*o>  • • • Up}  (equality  of  sets).  By 
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induction  there  exists  a solution  for  these  opens,  say  V C U.  It  follows  from  our 
choice  of  that  we  have  Vio  n . . . n Vip  C Wio„,ip  for  all  (p  + l)-tuples 

io,  ■ ■ ■ , iP  where  ia  = ib  for  some  0 < a < b < p.  Thus  we  only  need  to  modify  our 
choice  of  Vi  if  Vi0  H . . . D Vip  <£  Wi0...ip  for  some  (p+  l)-tuple  io, . . . , ip  with  pairwise 
distinct  elements.  In  this  case  we  have 

t = vlon...nvlp\ Wi0...ip  cv~^...vv~\ wl0...ip 

is  a closed  subset  of  X contained  in  Ui0  fl . . . D Uip  not  meeting  Z.  Hence  we  can 
replace  V,0  by  Vi0  \ T to  “fix”  the  problem.  After  repeating  this  finitely  many  times 
for  each  of  the  problem  tuples,  the  lemma  is  proven.  □ 


5.13.  Limits  of  spaces 


08ZS  The  category  of  topological  spaces  has  products.  Namely,  if  / is  a set  and  for 
i £ I we  are  given  a topological  space  Xi  then  we  endow  rw  Xi  with  the  product 
topology.  As  a basis  for  the  topology  we  use  sets  of  the  form  U,  where  Ui  C Xt 
is  open  and  Ui  = Xi  for  almost  all  i. 

The  category  of  topological  spaces  has  equalizers.  Namely,  if  a,  b : X — > Y are 
morphisms  of  topological  spaces,  then  the  equalizer  of  a and  b is  the  subset  {t  £ 
X | a(x)  = b(x)}  C X endowed  with  the  induced  topology. 

08ZT  Lemma  5.13.1.  The  category  of  topological  spaces  has  limits  and  the  forgetful 
functor  to  sets  commutes  with  them. 


Proof.  This  follows  from  the  discussion  above  and  Categories,  Lemma  |4.14.10| 
It  follows  from  the  description  above  that  the  forgetful  functor  commutes  with 
limits.  Another  way  to  see  this  is  to  use  Categories,  Lemma  4.24.4  and  use  that 
the  forgetful  functor  has  a left  adjoint,  namely  the  functor  which  assigns  to  a set 
the  corresponding  discrete  topological  space.  □ 


0A2P 


Lemma  5.13.2.  Let  T be  a cofiltered  category.  Let  i i— >■  Xi  be  a diagram  of 
topological  spaces  overT.  Let  X = limX,;  be  the  limit  with  projection  maps  fi  : 
X — > Xi. 

(1)  Any  open  of  X is  of  the  form  U jejfj~  {Uj)  for  some  subset  J C I and 
opens  Uj  C Xj. 

(2)  Any  quasi-compact  open  of  X is  of  the  form  /j-1(Ci)  for  some  i and  some 
Ui  C Xi  open. 


Proof.  The  construction  of  the  limit  given  above  shows  that  X c[[^i  with  the 
induced  topology.  A basis  for  the  topology  of  Jj[  Xi  are  the  opens  Ui  where 
Ui  C Xi  is  open  and  Ui  = Xi  for  almost  all  i.  Say  i\,...,in  £ Ob(I)  are  the 
objects  such  that  Ui-  ^ Xl;. . Then 

x n J]  Ui  = f~\un)  n...n  ffn\uin) 

For  a general  limit  of  topological  spaces  these  form  a basis  for  the  topology  on  X. 
However,  if  X is  cofiltered  as  in  the  statement  of  the  lemma,  then  we  can  pick  a 
j £ Ob(I)  and  morphisms  j — > ii,  l = 1, . . . , n.  Let 

Uj  = {Xi  -A  x \r\Ui,)  n . . . n (Xj  ->  Xij-^uj 

Then  it  is  clear  that  Xn  Ui  = fA'  (Uj).  Thus  for  any  open  W of  X there  is  a set 
A and  a map  a : A — ► Ob(I)  and  opens  Ua  C Xa^  such  that  W = U/a(0)(^°)‘ 
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Set  J = Im(a)  and  for  j £ J set  Uj  = UQ(a)=j  to  see  that  W = UjeJ  fj  1(C')- 
This  proves  (1). 

To  see  (2)  suppose  that  Ujej/7_  (Uj)  is  quasi-compact.  Then  it  is  equal  to 
fr  (Uj,)  U . . . U for  some  £ J ■ Since  I is  cofiltered,  we  can 

pick  a i £ Ob(I)  and  morphisms  i — ► ji,  l = 1, . . . , to.  Let 

Ui  = (Xi  ->  xn)-\un)  U . . . U (Xi  -»•  XjJ-^UjJ 

Then  our  open  equals  ff'(Ui)  as  desired.  □ 


0A2Q  Lemma  5.13.3.  Let  I be  a cofiltered  category.  Let  i i— >■  Xi  be  a diagram  of 
topological  spaces  over  L.  Let  X be  a topological  space  such  that 

(1)  X = limXj  as  a set  (denote  fi  the  projection  maps), 

(2)  the  sets  /“1(1 Jf)  for  i £ Ob(X ) and  Ui  C Xi  open  form  a basis  for  the 
topology  of  X. 

Then  X is  the  limit  of  the  Xi  as  a topological  space. 


Proof.  Follows  from  the  description  of  the  limit  topology  in  Lemma  5.13.2  □ 


08ZU  Theorem  5.13.4  (Tychonov).  A product  of  quasi- compact  spaces  is  quasi- compact. 

Proof.  Let  I be  a set  and  for  i £ I let  X,  be  a quasi-compact  topological  space. 
Set  X = UXi.  Let  B be  the  set  of  subsets  of  X of  the  form  Ui  x Ili/e/i'^^' 
where  Ui  C Xi  is  open.  By  construction  this  family  is  a subbasis  for  the  topology 
on  X.  By  Lemma 


5.11.15 


it  suffices  to  show  that  any  covering  X = 
elements  Bj  of  B has  a finite  refinement.  We  can  decompose  J = ]J  Ji  so  that  if 
j £ Ji,  then  Bj  = Uj  x A,y  with  Uj  C Xi  open.  If  X,  = UjeJ;  there 

is  a finite  refinement  and  we  conclude  that  X = UjeJ  ^as  a fhhte  refinement.  If 
this  is  not  the  case,  then  for  every  i we  can  choose  an  point  Xi  £ Xi  which  is  not 
in  UjeJ  Uj-  But  then  the  point  x = (xi)i^j  is  an  element  of  X not  contained  in 
Ujej^j)  a contradiction.  □ 


The  following  lemma  does  not  hold  if  one  drops  the  assumption  that  the  spaces  Xt 
are  Hausdorff,  see  Examples,  Section  [88. 4| 

08ZV  Lemma  5.13.5.  Let  I be  a category  and  let  i i— j Xi  be  a diagram  over  I in 
the  category  of  topological  spaces.  If  each  Xi  is  quasi-compact  and  Hausdorff,  then 
lim  Xi  is  quasi- compact. 


Proof.  Recall  that  limX,;  is  a subspace  of  By  Theorem  5.13.4  this  product 

is  quasi-compact.  Hence  it  suffices  to  show  that  lim  X,  is  a closed  subspace  of  X, 
(Lemma  5.11.31.  If  tp  : j — >■  k is  a morphism  of  I,  then  let  Tv 

Xk . By  Lemma 


the  grap 


C Xj  x Xk  denote 


i of  the  corresponding  continuous  map  Xj 


graph  is  closed.  It  is  clear  that  limXi  is  the  intersection  of  the  closed  su 


5.3.2  this 


rsets 


Thus  the  result  follows. 


Tv  x 


n 


X, 


cjjx, 


□ 


The  following  lemma  generalizes  Categories,  Lemma[4.21.5|and  partially  generalizes 
Lemma  15.11.61 
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Lemma  5.13.6.  LetX  be  a cofiltered  category  and  let  i Xi  be  a diagram  over 
X in  the  category  of  topological  spaces.  If  each  X \ is  quasi- compact,  Hausdorff,  and 
nonempty,  then  lim  A)  is  nonempty. 


Proof.  In  the  proof  of  Lemma  5.13.5  we  have  seen  that  X = limAj  is  the  inter- 
section of  the  closed  subsets 


zv>-r<px  EU  Xl 

inside  the  quasi-compact  space  Xi  where  ip  : j — > k is  a morphism  of  I and 
C Xj  x Xk  is  the  graph  of  the  corresponding  morphism  Xj  — >•  X^.  Hence  by 
Lemma|5.11.6|it  suffices  to  show  any  finite  intersection  of  these  subsets  is  nonempty. 
Assume  <pt  : jt  — > kt,  t = 1, . . . , n is  a finite  collection  of  morphisms  of  I.  Since  X 
is  cofiltered,  we  can  pick  an  object  j and  a morphism  ipt  : j — ► jt  for  each  t.  For 
each  pair  t,t'  such  that  either  (a)  jt  = jt>,  or  (b)  jt  = kt>,  or  (c)  kt  = kt > we  obtain 
two  morphisms  j — > l with  l = jt  in  case  (a),  (b)  or  l = kt  in  case  (c).  Because  X is 
cofiltered  and  since  there  are  finitely  many  pairs  (t,  t')  we  may  choose  a map  j'  — > j 
which  equalizes  these  two  morphisms  for  all  such  pairs  (t,tr).  Pick  an  element 
x £ Xjf  and  for  each  t let  Xjt,  resp.  Xkt  be  the  image  of  x under  the  morphism 
Xj>  — ► Xj  — ► Xjt,  resp.  Xj'  — » Xj  — » Xjt  — > X^L . For  any  index  l £ Ob(X ) which 
is  not  equal  to  jt  or  kt  for  some  t we  pick  an  arbitrary  element  Xi  £ Xi  (using  the 
axiom  of  choice).  Then  (®i)igOb(i)  is  in  the  intersection 

Zp1  n...n 


by  construction  and  the  proof  is  complete. 


□ 


5.14.  Constructible  sets 


Definition  5.14.1.  Let  X be  a topological  space.  Let  E c X be  a subset  of  X. 

(1)  We  say  E is  constructibl^in  X if  E is  a finite  union  of  subsets  of  the  form 
U nVc  where  U,  V C X are  open  and  retrocompact  in  X. 

(2)  We  say  E is  locally  constructible  in  A'  if  there  exists  an  open  covering 
X = (J  Vi  such  that  each  E n Vi  is  constructible  in  Vt. 

Lemma  5.14.2.  The  collection  of  constructible  sets  is  closed  under  finite  inter- 
sections, finite  unions  and  complements. 

Proof.  Note  that  if  U\,  U2  are  open  and  retrocompact  in  X then  so  is  U\  U U2 
because  the  union  of  two  quasi-compact  subsets  of  X is  quasi-compact.  It  is  also 
true  that  U\  D U2  is  retrocompact.  Namely,  suppose  U C X is  quasi-compact 
open,  then  U2  D U is  quasi-conrpact  because  U2  is  retrocompact  in  X,  and  then  we 
conclude  Ui  H (f72  H U)  is  quasi-compact  because  XJ\  is  retrocompact  in  X.  From 
this  it  is  formal  to  show  that  the  complement  of  a constructible  set  is  constructible, 
that  finite  unions  of  const ructibles  are  constructible,  and  that  finite  intersections 
of  constructibles  are  constructible.  □ 

Lemma  5.14.3.  Let  f : X —*■  Y be  a continuous  map  of  topological  spaces.  If  the 
inverse  image  of  every  retrocompact  open  subset  of  Y is  retrocompact  in  X , then 
inverse  images  of  constructible  sets  are  constructible. 

^In  the  second  edition  of  EGA  I IGD711  this  was  called  a “globally  constructible”  set  and  a 
the  terminology  “constructible”  was  used  for  what  we  call  a locally  constructible  set. 
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Proof.  This  is  true  because  / 1(UnVc)  = f 1(U)nf  1(P)C,  combined  with  the 
definition  of  constructive  sets.  □ 

Lemma  5.14.4.  Let  U C A be  open.  For  a constructible  set  Eg  X the  intersec- 
tion E HU  is  constructible  in  U. 


Proof.  Suppose  that  V C A is  retrocompact  open  in  A'.  It  suffices  to  show  that 
VnU  is  retrocompact  in  U by  Lemma  5.14.3  To  show  this  let  W C U be  open  and 
quasi-compact.  Then  W is  open  and  quasi-compact  in  A.  Hence  VnW  = VC\UC\W 
is  quasi-compact  as  V is  retrocompact  in  A.  □ 


Lemma  5.14.5.  Let  U C X be  a retrocompact  open.  Let  E C U.  If  E is 
constructible  in  U , then  E is  constructible  in  A. 


Proof.  Suppose  that  V,  W C U are  retrocompact  open  in  U.  Then  V,  W are 
retrocompact  open  in  X (Lemma  5.11.2).  Hence  V (1  (U  \ W)  = V fl  (X  \ W)  is 
constructible  in  A.  We  conclude  since  every  constructible  subset  of  U is  a finite 
union  of  subsets  of  the  form  P n (17  \ W).  □ 


Lemma  5.14.6.  Let  X be  a topological  space.  Let  E C A be  a subset.  Let 
X = PiU..  .UVm  be  a finite  covering  by  retrocompact  opens.  Then  E is  constructible 
in  X if  and  only  if  EG  Vj  is  constructible  in  Vj  for  each  j = 1 , ,m. 


Proof.  If  E is  constructible  in  A,  then  by  Lemma  5.14.4  we  see  that  E fl  Vj  is 
constructible  in  Vj  for  all  j.  Conversely,  suppose  that  EnVj  is  constructible  in  Vj 
for  each  j = 1 , ,m.  Then  E = (J  E fl  Vj  is  a finite  union  of  constructible  sets  by 
Lemma  15.14.51  and  hence  constructible.  □ 


Lemma  5.14.7.  Let  X be  a topological  space.  Let  Z C A be  a closed  subset  such 
that  X \ Z is  quasi- compact.  Then  for  a constructible  set  E C A the  intersection 
E n Z is  constructible  in  Z . 


Proof.  Suppose  that  V C A is  retrocompact  open  in  A'.  It  suffices  to  show  that 
V n Z is  retrocompact  in  Z by  Lemma  |5.14.3|  To  show  this  let  W C Z be  open 
and  quasi-compact.  The  subset  W'  = W U (A  \ Z)  is  quasi-compact,  open,  and 
W = ZnW' . Hence  VnZnW  = VnZnW'  is  a closed  subset  of  the  quasi-compact 
open  V fl  W’  as  V is  retrocompact  in  A.  Thus  V fl  Z n W is  quasi-compact  by 
Lemma  15.11.31  □ 

Lemma  5.14.8.  Let  X be  a topological  space.  Let  T C A be  a subset.  Suppose 

(1)  T is  retrocompact  in  X, 

(2)  quasi-compact  opens  form  a basis  for  the  topology  on  A. 

Then  for  a constructible  set  E C A the  intersection  E D T is  constructible  in  T . 


Proof.  Suppose  that  V C A is  retrocompact  open  in  A.  It  suffices  to  show  that 
V fl  T is  retrocompact  in  T by  Lemma  |5.14.3  To  show  this  let  W C T be  open 
and  quasi-conrpact.  By  assumption  (2)  we  can  find  a quasi-conrpact  open  W'  C A' 
such  that  W = T fl  W’  (details  omitted).  Hence  V (IT  CiW  = V (IT  C\  W’  is  the 
intersection  of  T with  the  quasi-compact  open  V n W'  as  V is  retrocompact  in  A. 
Thus  FflTnlf  is  quasi-compact.  □ 


Lemma  5.14.9.  Let  Z C A be  a closed  subset  whose  complement  is  retrocompact 
open.  Let  E C Z.  If  E is  constructible  in  Z,  then  E is  constructible  in  A. 
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Proof.  Suppose  that  V C Z is  retrocompact  open  in  Z.  Consider  the  open  subset 
V = V U (X  \ Z)  of  X.  Let  If  Cl  be  quasi-compact  open.  Then 

w n v = (v  n w)  u ((x  \ z)  n w) . 


The  first  part  is  quasi-compact  as  P fl  IP  = V (1  (Z  n W)  and  (Z  fl  W)  is  quasi- 
compact open  in  Z (Lemma  5.11.31  and  V is  retrocompact  in  Z.  The  second  part 
is  quasi-compact  as  ( X \ Z)  is  retrocompact  in  X.  In  this  way  we  see  that  V is 
retrocompact  in  X.  Thus  if  Pi,  P2  C Z are  retrocompact  open,  then 

Pi  n {z  \ p2)  = Pr  n (x  \ p2) 


is  constructive  in  X.  We  conclude  since  every  constructive  subset  of  Z is  a finite 
union  of  subsets  of  the  form  Pi  fl  (Z  \ P2).  □ 

09YH  Lemma  5.14.10.  Let  X be  a topological  space.  Every  constructible  subset  of  X 
is  retrocompact. 


Proof.  Let  E = (Ji=1  n UidVf  with  Ui,  p retrocompact  open  in  X.  Let  IP  C A' 
be  quasi-compact  open.  Then  E HW  = (Ji=1  n Ui  fl  Vf  n IP.  Thus  it  suffices 
to  show  that  U fl  Pc  H IP  is  quasi-compact  if  U,  V are  retrocompact  open  and  IP 
is  quasi-compact  open.  This  is  true  because  U fl  Vc  n IP  is  a closed  subset  of  the 
quasi-compact  U fl  IP  so  Lemma  [5. 11. 3|  applies.  □ 

Question:  Does  the  following  lemma  also  hold  if  we  assume  X is  a quasi-compact 
topological  space?  Compare  with  Lemma [5. 14. 7| 

09YI  Lemma  5.14.11.  Let  X be  a topological  space.  Assume  X has  a basis  consisting 
of  quasi-compact  opens.  For  E,E'  constructible  in  X,  the  intersection  E D E'  is 
constructible  in  E. 


Proof.  Combine  Lemmas  15.14.81  and  15. 14.101  □ 

09YJ  Lemma  5.14.12.  Let  X be  a topological  space.  Assume  X has  a basis  consisting 
of  quasi-compact  opens.  Let  E be  constructible  in  X and  F C E constructible  in 
E.  Then  F is  constructible  in  X . 


Proof.  Observe  that  any  retrocompact  subset  T of  X has  a basis  for  the  induced 
topology  consisting  of  quasi-compact  opens.  In  particular  this  holds  for  any  con- 
structible subset  (Lemma  5.14.10).  Write  E = E±  U . . . U En  with  E^  = Ui  fl  Vf 
where  Lp  Vt  C X are  retrocompact  open.  Note  that  Ei  = E D Ei  is  constructible  in 
E by  Lemma  5.14.11  Hence  FnEt  is  constructible  in  Ei  by  Lemma  5.14.11  Thus 


it  suffices  to  prove  the  lemma  in  case  E = U D Pc  where  U,  V C X are  retrocompact 
open.  In  this  case  the  inclusion  E C X is  a composition 

E = unvc  -*U  A 


Then  we  can  apply  Lemma  5.14.9  to  the  first  inclusion  and  Lemma  5.14.5  to  the 
second.  □ 


09YK  Lemma  5.14.13.  Let  X be  a topological  space  which  has  a basis  for  the  topology 
consisting  of  quasi-compact  opens.  Let  E C X be  a subset.  Let  X = E\  U . . . U Em 
be  a finite  covering  by  constructible  subsets.  Then  E is  constructible  in  X if  and 
only  if  E D Ej  is  constructible  in  Ej  for  each  j = 1 , ...  ,m. 


Proof.  Combine  Lemmas  15. 14. Ill  and  15. 14. 121 


□ 
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005K  Lemma  5.14.14.  Let  X be  a topological  space.  Suppose  that  Z C X is  irreducible. 
Let  E C X be  a finite  union  of  locally  closed  subsets  (e.g.  E is  constructible) . The 
following  are  equivalent 

(1)  The  intersection  E D Z contains  an  open  dense  subset  of  Z . 

(2)  The  intersection  E D Z is  dense  in  Z . 

If  Z has  a generic  point  £,  then  this  is  also  equivalent  to 

(3)  We  have  £ £ E. 

Proof.  Write  E = (J  Ui  n Zi  as  the  finite  union  of  intersections  of  open  sets  Ui  and 
closed  sets  Z *.  Suppose  that  E n Z is  dense  in  Z.  Note  that  the  closure  of  E n Z 
is  the  union  of  the  closures  of  the  intersections  Ui  fl  Zi  n Z.  As  Z is  irreducible  we 
conclude  that  the  closure  of  Ui  fl  Zi  fl  Z is  Z for  some  i.  Fix  such  ani.  It  follows 
that  Z C Zi  since  otherwise  the  closed  subset  Z n Z,  of  Z would  not  be  dense  in 
Z.  Then  Ui  fl  Zi  fl  Z = Ui  D Z is  an  open  nonempty  subset  of  Z.  Because  Z is 
irreducible,  it  is  open  dense.  Hence  E fl  Z contains  an  open  dense  subset  of  Z.  The 
converse  is  obvious. 

Suppose  that  £ £ Z is  a generic  point.  Of  course  if  (1)  4=>  (2)  holds,  then  £ £ E. 
Conversely,  if  £ £ E,  then  ££[/,;  fl  Z%  for  some  i = io-  Clearly  this  implies  Z C Zi(} 
and  hence  Uio  C Zio  fl  Z = Uio  n Z is  an  open  not  empty  subset  of  Z.  We  conclude 
as  before.  □ 

5.15.  Constructible  sets  and  Noetherian  spaces 

053X 

005L  Lemma  5.15.1.  Let  X be  a Noetherian  topological  space.  The  constructible  sets 
in  X are  precisely  the  finite  unions  of  locally  closed  subsets  of  X. 

Proof.  This  follows  immediately  from  Lemma |5.11.13|  □ 

053Y  Lemma  5.15.2.  Let  f : X -A  Y be  a continuous  map  of  Noetherian  topological 
spaces.  If  E C Y is  constructible  in  Y,  then  f^1(E)  is  constructible  in  X. 

Proof.  Follows  immediately  from  Lemma|5.15.1|and  the  definition  of  a continuous 
map.  □ 

053Z  Lemma  5.15.3.  Let  X be  a Noetherian  topological  space.  Let  E C X be  a subset. 
The  following  are  equivalent: 

(1)  E is  constructible  in  X,  and 

(2)  for  every  irreducible  closed  Z C X the  intersection  E D Z either  contains 
a nonempty  open  of  Z or  is  not  dense  in  Z . 

Proof.  Assume  E is  constructible  and  Z C X irreducible  closed.  Then  E n Z is 
constructible  in  Z by  Lemma  |5.15.2|  Hence  E n Z is  a finite  union  of  nonempty 
locally  closed  subsets  T,  of  Z.  Clearly  if  none  of  the  is  open  in  Z,  then  E fl  Z is 
not  dense  in  Z.  In  this  way  we  see  that  (1)  implies  (2). 

Conversely,  assume  (2)  holds.  Consider  the  set  S of  closed  subsets  Y of  X such  that 
E fl  Y is  not  constructible  in  Y . If  S 7^  0,  then  it  has  a smallest  element  Y as  X 
is  Noetherian.  Let  Y = Yi  U . . . U Yr  be  the  decomposition  of  Y into  its  irreducible 
components,  see  Lemma  |5.8.2|  If  r > 1,  then  each  Y \ fl  E is  constructible  in  Fj  and 
hence  a finite  union  of  locally  closed  subsets  of  Yt.  Thus  E fl  Y is  a finite  union  of 
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locally  closed  subsets  of  Y too  and  we  conclude  that  E D Y is  constructible  in  Y by 
Lemma|5.15.1|  This  is  a contradiction  and  so  r = 1.  If  r = 1,  then  Y is  irreducible, 
and  by  assumption  (2)  we  see  that  E nY  either  (a)  contains  an  open  V of  Y or 
(b)  is  not  dense  in  Y.  In  case  (a)  we  see,  by  minimality  of  Y,  that  En(Y\V)  is  a 
finite  union  of  locally  closed  subsets  of  Y \ V . Thus  EC\Y  is  a finite  union  of  locally 
closed  subsets  of  Y and  is  constructible  by  Lemma  |5.15.1|  This  is  a contradiction 
and  so  we  must  be  in  case  (b).  In  case  (b)  we  see  that  EOY  = E D Y'  for  some 
proper  closed  subset  Y'  C Y.  By  minimality  of  Y we  see  that  E n Y'  is  a finite 
union  of  locally  closed  subsets  of  Y'  and  we  see  that  E C\Y'  = £ fl  7 is  a finite 
union  of  locally  closed  subsets  of  Y and  is  constructible  by  Lemma  5.15.1  This 
contradiction  finishes  the  proof  of  the  lemma.  □ 


0540  Lemma  5.15.4.  Let  X be  a Noetherian  topological  space.  Let  x £ X . Let  E C X 
be  constructible  in  X.  The  following  are  equivalent: 

(1)  E is  a neighbourhood  of  x,  and 

(2)  for  every  irreducible  closed  subset  Y of  X which  contains  x the  intersection 
E C\Y  is  dense  in  Y . 


Proof.  It  is  clear  that  (1)  implies  (2).  Assume  (2).  Consider  the  set  S of  closed 
subsets  Y of  X containing  x such  that  E D Y is  not  a neighbourhood  of  x in  Y . If 
5^0,  then  it  has  a minimal  element  Y as  X is  Noetherian.  Suppose  Y = Yi  U Yi 
with  two  smaller  nonempty  closed  subsets  Y\,  Y%.  If  x £ Yi  for  i = 1, 2,  then 
Yi  fl  E is  a neighbourhood  of  x in  Y%  and  we  conclude  Y fl  E is  a neighbourhood 
of  x in  Y which  is  a contradiction.  If  x £ Y1  but  x Y2  (say),  then  Y1  n E is  a 
neighbourhood  of  x in  Y\  and  hence  also  in  Y,  which  is  a contradiction  as  well. 
We  conclude  that  Y is  irreducible  closed.  By  assumption  (2)  we  see  that  E fl  Y is 
dense  in  Y.  Thus  E D Y contains  an  open  V of  Y,  see  Lemma  5.15.3  If  x £ V 
then  E C\Y  is  a neighbourhood  of  x in  Y which  is  a contradiction.  If  x V,  then 
Y'  = Y \ V is  a proper  closed  subset  of  Y containing  x.  By  minimality  of  Y we 
see  that  E fl  Y'  contains  an  open  neighbourhood  V'  C Y'  of  x in  Y' . But  then 
V'  U V is  an  open  neighbourhood  of  x in  Y contained  in  E,  a contradiction.  This 
contradiction  finishes  the  proof  of  the  lemma.  □ 


0541  Lemma  5.15.5.  Let  X be  a Noetherian  topological  space.  Let  E C X be  a subset. 
The  following  are  equivalent: 

(1)  E is  open  in  X , and 

(2)  for  every  irreducible  closed  subset  Y of  X the  intersection  EdY  is  either 
empty  or  contains  a nonempty  open  ofY. 

Proof.  This  follows  formally  from  Lemmas|5.15.3|and|5.15.4)  □ 


5.16.  Characterizing  proper  maps 

005M  We  include  a section  discussing  the  notion  of  a proper  map  in  usual  topology.  It 
turns  out  that  in  topology,  the  notion  of  being  proper  is  the  same  as  the  notion  of 
being  universally  closed,  in  the  sense  that  any  base  change  is  a closed  morphism 
(not  just  taking  products  with  spaces).  The  reason  for  doing  this  is  that  in  algebraic 
geometry  we  use  this  notion  of  universal  closedness  as  the  basis  for  our  definition 
of  properness. 
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005N  Lemma  5.16.1  (Tube  lemma).  Let  X and  Y be  topological  spaces.  Let  A C X 
and  B C Y be  quasi-compact  subsets.  Let  IxHcH'ClxF  with  W open  in 
X x Y.  Then  there  exists  opens  A c U C X and  B c V C Y such  that  U x V C W . 

Proof.  For  every  a & A and  b £ B there  exist  opens  U(aj,)  of  X and  P(a,f>)  of  Y 
such  that  (a,  b)  £ U(a,b)  x V(a,,b)  C W.  Fix  b and  we  see  there  exist  a finite  number 
di, . . . ,an  such  that  A C Uta  1:b)  Hence 

A x {b}  c (U{aub)  u . . . u u(a„,6))  X (v(aii6)  n . . . n v{anM)  c if. 

Thus  for  every  b £ B there  exists  opens  Ub  C X and  Vb  C Y such  that  Ax  {6}  C 
Ub  x Vb  C IF.  As  above  there  exist  a finite  number  bi,...,bm  such  that  B C 
Vb1  U. . -UFbm.  Then  we  win  because  AxB  C (Ub1C I. . .nf7bm)  x (Vb1  U. . .UVbm).  □ 


The  notation  in  the  following  definition  may  be  slightly  different  from  what  you  are 
used  to. 

0050  Definition  5.16.2.  Let  / : X — x Y be  a continuous  map  between  topological 
spaces. 

(1)  We  say  that  the  map  / is  closed  iff  the  image  of  every  closed  subset  is 
closed. 

(2)  We  say  that  the  map  / is  prope^  iff  the  map  Z x X — x Z x Y is  closed 
for  any  topological  space  Z. 

(3)  We  say  that  the  map  / is  quasi-proper  iff  the  inverse  image  /_1(F)  of 
every  quasi-compact  subset  V C Y is  quasi-compact. 

(4)  We  say  that  / is  universally  closed  iff  the  map  f'-.ZxyX^rZ  is  closed 
for  any  map  g : Z —X  Y . 


005P 


The  following  lemma  is  useful  later. 

Lemma  5.16.3.  A topological  space  X is  quasi-compact  if  and  only  if  the  projec- 
tion map  Z x X — X Z is  closed  for  any  topological  space  Z. 


Proof.  (See  also  remark  below.)  If  A'  is  not  quasi-compact,  there  exists  an  open 
covering  A'  = Uez  Ui  such  that  no  finite  number  of  Ui  cover  A.  Let  Z be  the 
subset  of  the  power  set  V{I)  of  I consisting  of  / and  all  nonempty  finite  subsets  of 
I.  Define  a topology  on  Z with  as  a basis  for  the  topology  the  following  sets: 

(1)  All  subsets  of  Z \ {/}. 

(2)  For  every  finite  subset  I\  of  I the  set  Uk  '■=  { J C I \ J £ Z,  K C J}). 

It  is  left  to  the  reader  to  verify  this  is  the  basis  for  a topology.  Consider  the  subset 
of  Z x X defined  by  the  formula 

M = \ J £ Z:  arefl 

If  (J,  x)  qL  M , then  x £ Ui  for  some  i £ J.  Hence  t/pj.  x Ui  C Z x X is  an  open 
subset  containing  ( J,  x)  and  not  intersecting  M.  Hence  M is  closed.  The  projection 
of  M to  Z is  Z — {/}  which  is  not  closed.  Hence  Z x X — x Z is  not  closed. 


Assume  X is  quasi-compact.  Let  A be  a topological  space.  Let  M c Z x X be 


closed.  Let  z £ Z be  a point  which  is  not  in  pr1(M).  By  the  Tube  Lemma  5.16.1 


there  exists  an  open  U C Z such  that  U x X is  contained  in  the  complement  of  M. 
Hence  pr1(M)  is  closed.  □ 


Combination  of 
|Bou711  I,  p.  75, 
Lemme  1]  and 
Bou7l,  I,  p.  76, 
Corrolaire  1]. 


^This  is  the  terminology  used  in  IBou71l.  Usually  this  is  what  is  called  “universally  closed” 
in  the  literature.  Thus  our  notion  of  proper  does  not  involve  any  separation  conditions. 
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005Q  Remark  5.16.4.  Lemma 


5.16.3 


and  [Bou711  I,  p.  76,  Corrolairel] . 


is  a combination  of  |Bou711  I,  p.  75,  Lemme  1] 


005R  Theorem  5.16.5.  Let  f : X — x Y be  a continuous  map  between  topological  spaces. 
The  following  conditions  are  equivalent: 

(1)  The  map  f is  quasi-proper  and  closed. 

(2)  The  map  f is  proper. 

(3)  The  map  f is  universally  closed. 

(4)  The  map  f is  closed  and  /~1(y)  is  quasi- compact  for  any  y G Y. 


In  )Bou711  I,  p.  75, 

Theorem  1]  you  can 
find:  (2)  44  (4).  In 
lBou7ll  I,  p.  77, 
Proposition  6]  you 
can  find:  (2)  =4  (1). 


Proof.  (See  also  the  remark  below.)  If  the  map  / satisfies  (1),  it  automatically 
satisfies  (4)  because  any  single  point  is  quasi-compact. 

Assume  map  / satisfies  (4).  We  will  prove  it  is  universally  closed,  i.e. , (3)  holds. 
Let  g : Z — x Y be  a continuous  map  of  topological  spaces  and  consider  the  diagram 


Z Xy  X 

f 

V 

Z — 


s' 


s 


X 

f 

Y 


During  the  proof  we  will  use  that  Z Xy  I R Z x I is  a homeomorphism  onto  its 
image,  i.e.,  that  we  may  identify  ZxyX  with  the  corresponding  subset  of  ZxX  with 
the  induced  topology.  The  image  of  f : ZxyX  — x Z is  Im(/')  = {z  : g{z)  G f(X)}. 
Because  f(X)  is  closed,  we  see  that  Im(/')  is  a closed  subspace  of  Z.  Consider  a 
closed  subset  P C Z Xy  X.  Let  z G Z,  z fL  f'(P ).  If  z Im(/'),  then  Z \ Im(/') 
is  an  open  neighbourhood  which  avoids  f'{P).  If  2 is  in  Im(f')  then  {f)~1{z}  = 
{z}  x f~1{g{z)}  and  f~1{g{z)}  is  quasi-compact  by  assumption.  Because  P is  a 
closed  subset  of  Z xyJ,  we  have  a closed  P'  of  Z x X such  that  P = P'  n Z Xy  X . 
Since  (f)~1{z}  is  a subset  of  Pc  = P,CU  (Z  xYX)c,  and  since  (/,)_1{2:}  is  disjoint 
from  (Z  x y X)c  we  see  that  (f)~1\z}  is  contained  in  P'c.  We  may  apply  the  Tube 
Lemma |5. 16.1] to  (/')_1{4  = {z}  x /_1{3(z)}  C ( P')c  cZxX.  This  gives  VxU 
containing  (/,)~1{A}  where  U and  V are  open  sets  in  X and  Z respectively  and 
VxU  has  empty  intersection  with  P' . Then  the  set  V D g~1(Y  — f(Uc))  is  open 
in  Z since  / is  closed,  contains  z,  and  has  empty  intersection  with  the  image  of  P. 
Thus  f(P)  is  closed.  In  other  words,  the  map  / is  universally  closed. 


The  implication  (3)  =4  (2)  is  trivial.  Namely,  given  any  topological  space  Z consider 
the  projection  morphism  g : Z x Y — x Y.  Then  it  is  easy  to  see  that  f is  the  map 
Z x X ^ Z x Y , in  other  words  that  (Z  x Y)  Xy  X = Z x X . (This  identification 
is  a purely  categorical  property  having  nothing  to  do  with  topological  spaces  per 
se.) 


Assume  / satisfies  (2).  We  will  prove  it  satisfies  (1).  Note  that  / is  closed  as 
/ can  be  identified  with  the  map  {pf}  x X — )•  {pt}  x Y which  is  assumed  closed. 
Choose  any  quasi-compact  subset  K c Y.  Let  Z be  any  topological  space.  Because 
Z x X — » Z x Y is  closed  we  see  the  map  Z x f~l{K ) — » Z x K is  closed  (if  T is 
closed  in  Z x /~1(A'),  write  T = Z x f~x{K)  D T'  for  some  closed  T'  C Z x X). 
Because  K is  quasi-compact,  K x Z — > Z is  closed  by  Lemma  [5.16.3|  Hence  the 
composition  Z x f~1(K)  -4  Z x K — > Z is  closed  and  therefore  /-1( K)  must  be 
quasi-compact  by  Lemma  |5.16.3|  again.  □ 
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Remark  5.16.6.  Here  are  some  references  to  the  literature.  In  iBou71i  I,  p.  75, 
Theorem  1]  you  can  find:  (2)  ■£=>  (4).  In  [Bou71t  I,  p.  77,  Proposition  6]  you  can 
find:  (2)  =>  (1).  Of  course,  trivially  we  have  (1)  =>  (4).  Thus  (1),  (2)  and  (4)  are 
equivalent.  Fan  Zhou  claimed  and  proved  that  (3)  and  (4)  are  equivalent;  let  me 
know  if  you  find  a reference  in  the  literature. 

Lemma  5.16.7.  Let  f : X — >■  Y be  a continuous  map  of  topological  spaces.  If  X 
is  quasi-compact  and  Y is  Hausdorjf \ then  f is  proper. 


Proof.  Since  every  point  of  Y is  closed,  we  see  from  Lemma [5. 11. 3 that  the  closed 


5.16.5 


it 


subset  f~1(y)  of  X is  quasi-compact  for  all  y £ Y.  Thus,  by  Theorem 
suffices  to  show  that  / is  closed.  If  E C X is  closed,  then  it  is  quasi-compact 
(Lemma  5.11.3),  hence  f(E)  C Y is  quasi-compact  (Lemma  5.11.7),  hence  f(E)  is 
closed  in  Y (Lemma  5.11.4).  □ 


Lemma  5.16.8.  Let  f : X be  a continuous  map  of  topological  spaces.  If  f 

is  bijective,  X is  quasi- compact,  and  Y is  Hausdorjf,  then  f is  a homeomorphism. 


Proof.  This  follows  immediately  from  Lemma [5.16.71  which  tells  us  that  / is  closed, 
i.e. , /-1  is  continuous.  □ 


5.17.  Jacobson  spaces 

005T 

005U  Definition  5.17.1.  Let  X be  a topological  space.  Let  Xo  be  the  set  of  closed 
points  of  X.  We  say  that  X is  Jacobson  if  every  closed  subset  Z C X is  the  closure 
of  znx0. 

Note  that  a topological  space  X is  Jacobson  if  and  only  if  every  nonempty  locally 
closed  subset  of  X has  a point  closed  in  X. 

Let  X be  a Jacobson  space  and  let  A'o  be  the  set  of  closed  points  of  X with  the 
induced  topology.  Clearly,  the  definition  implies  that  the  morphism  X0  — X 
induces  a bijection  between  the  closed  subsets  of  Xq  and  the  closed  subsets  of  X. 
Thus  many  properties  of  X are  inherited  by  Xo-  For  example,  the  Krull  dimensions 
of  X and  Xo  are  the  same. 

005V  Lemma  5.17.2.  Let  X be  a topological  space.  Let  Xo  be  the  set  of  closed  points 
of  X.  Suppose  that  for  every  point  x £ X the  intersection  Xo  D {x}  is  dense  in 
{a;}.  Then  X is  Jacobson. 

Proof.  Let  Z be  closed  subset  of  X and  U be  and  open  subset  of  X such  that 
U H Z is  nonempty.  Then  for  x £ U n Z we  have  that  {#}  D U is  a nonempty  subset 
of  Z n U,  and  by  hypothesis  it  contains  a point  closed  in  X as  required.  □ 

0217  Lemma  5.17.3.  Let  X be  a Kolmogorov  topological  space  with  a basis  of  quasi- 
compact open  sets.  If  X is  not  Jacobson,  then  there  exists  a non-closed  point  x € X 
such  that  {x}  is  locally  closed. 

Proof.  As  X is  not  Jacobson  there  exists  a closed  set  Z and  an  open  set  U in  X 
such  that  Z D U is  nonempty  and  does  not  contain  points  closed  in  X.  As  X has 
a basis  of  quasi-compact  open  sets  we  may  replace  U by  an  open  quasi-compact 
neighborhood  of  a point  in  Z D U and  so  we  may  assume  that  U is  quasi-compact 
open.  By  Lemma  |5.11.8[  there  exists  a point  x £ Z fl  U closed  in  Z n U,  and  so 
{a;}  is  locally  closed  but  not  closed  in  X.  □ 
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005W  Lemma  5.17.4.  Let  X be  a topological  space.  Let  X = |J  Ui  be  an  open  covering. 

Then  X is  Jacobson  if  and  only  if  each  Ui  is  Jacobson.  Moreover,  in  this  case 

X0  = [jUi,o- 

Proof.  Let  X be  a topological  space.  Let  Xo  be  the  set  of  closed  points  of  X.  Let 
Ui,0  be  the  set  of  closed  points  of  Ui.  Then  X0  fl  I/,  C C/^o  but  equality  may  not 
hold  in  general. 

First,  assume  that  each  Ut  is  Jacobson.  We  claim  that  in  this  case  X0  fl  Ui  = Ui  o- 
Namely,  suppose  that  x £ t/^o,  he.,  x is  closed  in  Ut.  Let  {a}  be  the  closure  in  X. 
Consider  {rc}  fl  Uj.  If  x £ Uj,  then  {re}  fl  Uj  = 0.  If  x £ Uj , then  Ui  fl  Uj  C Uj  is 
an  open  subset  of  Uj  containing  x.  Let  T'  = Uj  \ Ui  fl  Uj  and  T = {x}  II T' . Then 
T,  T'  are  closed  subsets  of  Uj  and  T contains  x.  As  Uj  is  Jacobson  we  see  that  the 
closed  points  of  Uj  are  dense  in  T.  Because  T = {rc}  II V this  can  only  be  the  case 
if  x is  closed  in  Uj.  Hence  {x}  fl  Uj  = {re} . We  conclude  that  {a;}  = {x}  as  desired. 

Let  Z C X be  a closed  subset  (still  assuming  each  Ui  is  Jacobson).  Since  now  we 
know  that  X0  fl  Z fi  Ui  = I/^o  D Z are  dense  in  Z fl  Ui  it  follows  immediately  that 
Xo  n Z is  dense  in  Z. 

Conversely,  assume  that  X is  Jacobson.  Let  Z C Ui  be  closed.  Then  XqC\Z  is  dense 
in  Z.  Hence  also  X0  n Z is  dense  in  Z,  because  Z\Z  is  closed.  As  X0  fl  Ui  C L}o 
we  see  that  t/^o  H Z is  dense  in  Z.  Thus  Ui  is  Jacobson  as  desired.  □ 

005X  Lemma  5.17.5.  Let  X be  Jacobson.  The  following  types  of  subsets  T C X are 
Jacobson: 

(1)  Open  subspaces. 

(2)  Closed  subspaces. 

(3)  Locally  closed  subspaces. 

(4)  Unions  of  locally  closed  subspaces. 

(5)  Constructible  sets. 

(6)  Any  subset  T C X which  locally  on  X is  a union  of  locally  closed  subsets. 
In  each  of  these  cases  closed  points  ofT  are  closed  in  X. 

Proof.  Let  Xo  be  the  set  of  closed  points  of  X.  For  any  subset  T C X we  let  (*) 
denote  the  property: 

(*)  Every  nonempty  locally  closed  subset  of  T has  a point  closed  in  X. 

Note  that  always  X0  flT  C T0.  Hence  property  (*)  implies  that  T is  Jacobson.  In 
addition  it  clearly  implies  that  every  closed  point  of  T is  closed  in  X. 

Suppose  that  T = T,  with  T*  locally  closed  in  X.  Take  A C T a locally  closed 
nonempty  subset  in  T,  then  there  exists  a Tj  such  that  A D Ti  is  nonempty,  it  is 
locally  closed  in  T)  and  so  in  X.  As  X is  Jacobson  A has  a point  closed  in  X.  □ 

07JU  Lemma  5.17.6.  A finite  Jacobson  space  is  discrete. 

Proof.  If  X is  finite  Jacobson,  Xo  C X'  the  subset  of  closed  points,  then,  on  the 
one  hand,  X0  = X.  On  the  other  hand,  X,  and  hence  X0  is  finite,  so  X}  = 
{rci, . . . ,xn}  = U,:=i  nixi}  a Suite  union  of  closed  sets,  hence  closed,  so  X = 
Xq  = Xq.  Every  point  is  closed,  and  by  finiteness,  every  point  is  open.  □ 
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005Z  Lemma  5.17.7.  Suppose  X is  a Jacobson  topological  space.  Let  X$  be  the  set  of 
closed  points  of  X.  There  is  a bijective,  inclusion  preserving  correspondence 

{finite  unions  loc.  closed  subsets  of  X}  AA  {finite  unions  loc.  closed  subsets  of  X o} 

given  by  E H > E fl  Xq.  This  correspondence  preserves  the  subsets  of  locally  closed, 
of  open  and  of  closed  subsets. 

Proof.  We  just  prove  that  the  correspondence  E H >■  E fl  Xq  is  injective.  Indeed  if 
E E'  then  without  loss  of  generality  E\E'  is  nonempty,  and  it  is  a finite  union  of 
locally  closed  sets  (details  omitted).  As  X is  Jacobson,  we  see  that  (E\E')nX0  = 
E n X0  \ E'  n Xq  is  not  empty.  □ 

005Y  Lemma  5.17.8.  Suppose  X is  a Jacobson  topological  space.  Let  Xo  be  the  set  of 
closed  points  of  X.  There  is  a bijective,  inclusion  preserving  correspondence 

{constructible  subsets  of  X}  AA  {constructible  subsets  of  X o} 

given  by  E ha  E n X0 . This  correspondence  preserves  the  subset  of  retrocompact 
open  subsets,  as  well  as  complements  of  these. 

Proof.  From  Lemma[5.17.7|  above,  we  just  have  to  see  that  if  U is  open  in  X then 
U fl  Xo  is  retrocompact  in  Xo  if  and  only  if  U is  retrocompact  in  X.  This  follows 
if  we  prove  that  for  U open  in  X then  U (~l  Xo  is  quasi-compact  if  and  only  if  U 
is  quasi-compact.  From  Lemma|5.17.5|it  follows  that  we  may  replace  X by  U and 
assume  that  U = X.  Finally  notice  that  any  collection  of  opens  U of  X cover  X if 
and  only  if  they  cover  X0,  using  the  Jacobson  property  of  X in  the  closed  X \ {]U 
to  find  a point  in  Xo  if  it  were  nonempty.  □ 

5.18.  Specialization 

0060 

0061  Definition  5.18.1.  Let  X be  a topological  space. 

(1)  If  x,x'  £ X then  we  say  a;  is  a specialization  of  x' , or  x1  is  a generalization 
of  x if  x £ {x'}.  Notation:  x’  x. 

(2)  A subset  T C X is  stable  under  specialization  if  for  all  x'  £ T and  every 
specialization  x'  x we  have  x £ T. 

(3)  A subset  T C X is  stable  under  generalization  if  for  all  x £ T and  every 
generalization  x'  x we  have  x'  £ T. 

0062  Lemma  5.18.2.  Let  X be  a topological  space. 

(1)  Any  closed  subset  of  X is  stable  under  specialization. 

(2)  Any  open  subset  of  X is  stable  under  generalization. 

(3)  A subset  T £ X is  stable  under  specialization  if  and  only  if  the  complement 
Tc  is  stable  under  generalization. 

Proof.  Omitted.  □ 

0063  Definition  5.18.3.  Let  / : X — > Y be  a continuous  map  of  topological  spaces. 

(1)  We  say  that  specializations  lift  along  f or  that  / is  specializing  if  given 
y'  y in  Y and  any  x'  £ X with  f{x')  = y'  there  exists  a specialization 
x'  ~-+  x of  x'  in  X such  that  f(x)  = y. 


0064 


0065 


0066 


06NA 
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(2)  We  say  that  generalizations  lift  along  f or  that  / is  generalizing  if  given 
y'  y in  Y and  any  x £ X with  f(x)  = y there  exists  a generalization 

x'  x of  x in  X such  that  /(a/)  = y' . 

Lemma  5.18.4.  Suppose  f : X — >•  Y and  g : Y — » Z are  continuous  maps  of 
topological  spaces.  If  specializations  lift  along  both  f and  g then  specializations  lift 
along  g o /.  Similarly  for  “generalizations  lift  along”. 

Proof.  Omitted.  □ 

Lemma  5.18.5.  Let  f : X — ► Y be  a continuous  map  of  topological  spaces. 

(1)  If  specializations  lift  along  f , and  ifT  C X is  stable  under  specialization, 
then  f(T)  C Y is  stable  under  specialization. 

(2)  If  generalizations  lift  along  f,  and  ifTcX  is  stable  under  generalization, 
then  f(T ) C Y is  stable  under  generalization. 

Proof.  Omitted.  □ 

Lemma  5.18.6.  Let  f : X —>Y  be  a continuous  map  of  topological  spaces. 

(1)  If  f is  closed  then  specializations  lift  along  f . 

(2)  If  f is  open,  X is  a Noetherian  topological  space,  each  irreducible  closed 
subset  of  X has  a generic  point,  and  Y is  Kolmogorov  then  generalizations 
lift  along  f . 

Proof.  Assume  / is  closed.  Let  y'  y in  Y and  any  x'  £ X with  /( x')  = y' 
be  given.  Consider  the  closed  subset  T = {x'}  of  X.  Then  f(T)  C Y is  a closed 
subset,  and  y'  £ f(T).  Hence  also  y £ f(T).  Hence  y = f(x)  with  x £ T,  i.e., 
x'  x. 


Assume  / is  open,  X Noetherian,  every  irreducible  closed  subset  of  X has  a generic 
point,  and  Y is  Kolmogorov.  Let  y'  y in  Y and  any  x £ X with  /( x)  = y be 
given.  Consider  T = /_1  ({?/})  C X.  Take  an  open  neighbourhood  x £ U C X of 
x.  Then  f(U)  C Y is  open  and  y £ f(U).  Hence  also  y'  £ f(U).  In  other  words, 
TnU  ^ 0.  This  proves  that  x £ T.  Since  X is  Noetherian,  T is  Noetherian  (Lemma 
5.8.2 ) . Hence  it  has  a decomposition  T = T\  U . . . U Tn  into  irreducible  components. 
Then  correspondingly  T = T\  U . . . U Tn.  By  the  above  x £ Ti  for  some  i.  By 
assumption  there  exists  a generic  point  x'  £ 7$,  and  we  see  that  x'  x.  Asa / £ T 
we  see  that  /( x')  £ {?/'}.  Note  that  f{Tf)  = f({x'})  C {/( x')}.  If  f(x')  ^ y',  then 
since  Y is  Kolmogorov  f(x')  is  not  a generic  point  of  the  irreducible  closed  subset 
{y'}  and  the  inclusion  {/( x')}  C {y'}  is  strict,  i.e.,  y'  ^ fiTf).  This  contradicts  the 
fact  that  f(Ti)  = {y'}.  Hence  f{x')  = y'  and  we  win.  □ 


Lemma  5.18.7.  Suppose  that  s,t  : R —¥  U and  7 x \ U —¥  X are  continuous  maps 
of  topological  spaces  such  that 

(1)  ir  is  open, 

(2)  U is  sober, 

(3)  s,  t have  finite  fibres, 

(4)  generalizations  lift  along  s , t, 

(5)  (t,s)(R)  C U x U is  an  equivalence  relation  on  U and  X is  the  quotient 
of  U by  this  equivalence  relation  (as  a set). 

Then  X is  Kolmogorov. 
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Proof.  Properties  (3)  and  (5)  imply  that  a point  x corresponds  to  an  finite  equiv- 
alence class  {u\, . . . , un}  C U of  the  equivalence  relation.  Suppose  that  x'  £ X is 
a second  point  corresponding  to  the  equivalence  class  {u[, . . . . u'rn } C U.  Suppose 
that  ui  Uj  for  some  i,j.  Then  for  any  r'  £ R with  s(r')  = u ' by  (4)  we  can  find 

r r'  with  s(r)  = iq.  Hence  t(r ) t(r').  Since  {u[, . . . ,u'm}  = t(s~1  ({u'j}))  we 

conclude  that  every  element  of  {u}, . . . ,u'm}  is  the  specialization  of  an  element  of 
{til, . . . , un}.  Thus  {ui}  U . . . U {un}  is  a union  of  equivalence  classes,  hence  of  the 
form  7r-1(i?)  for  some  subset  Z C X.  By  (1)  we  see  that  Z is  closed  in  X and  in 
fact  Z = {cc}  because  n ({iq})  C {cc}  for  each  i.  In  other  words,  x x’  if  and  only 
if  some  lift  of  x in  U specializes  to  some  lift  of  x'  in  U , if  and  only  if  every  lift  of  x ' 
in  U is  a specialization  of  some  lift  of  x in  U. 

Suppose  that  both  x ~-+  x'  and  x'  x.  Say  x corresponds  to  {ui, . . . ,un}  and 
x'  corresponds  to  {u[, . . . ,u'm}  as  above.  Then,  by  the  results  of  the  preceding 
paragraph,  we  can  find  a sequence 

u'h  Ui3  u'j2  ui2  u'jl  ^ uh 

which  must  repeat,  hence  by  (2)  we  conclude  that  {ui, . . . ,un}  = {u^, . . . , u'm}, 
i.e. , x = x1 . Thus  X is  Kolmogorov.  □ 

02JF  Lemma  5.18.8.  Let  f : X — >•  Y be  a morphism  of  topological  spaces.  Suppose 

that  Y is  a sober  topological  space,  and  f is  surjective.  If  either  specializations  or 
generalizations  lift  along  f,  then  dirn(X)  > dim(T). 

Proof.  Assume  specializations  lift  along  /.  Let  Zq  C Z\  C . . . Ze  C Y be  a chain  of 
irreducible  closed  subsets  of  X.  Let  ^ £ X he  a,  point  mapping  to  the  generic  point 
of  Ze.  By  assumption  there  exists  a specialization  £e  £e-i  in  X such  that  £e-i 
maps  to  the  generic  point  of  Ze_  \ . Continuing  in  this  manner  we  find  a sequence 
of  specializations 

£e  £e— 1 £o 

with  fi  mapping  to  the  generic  point  of  Zi.  This  clearly  implies  the  sequence  of 
irreducible  closed  subsets 

{Co}  C {Cl}  C ...  {Ce} 

is  a chain  of  length  e in  X.  The  case  when  generalizations  lift  along  / is  similar.  □ 

0542  Lemma  5.18.9.  Let  X be  a Noetherian  sober  topological  space.  Let  E C X be  a 
subset  of  X. 

(1)  If  E is  constructible  and  stable  under  specialization,  then  E is  closed. 

(2)  If  E is  constructible  and  stable  under  generalization,  then  E is  open. 


Proof.  Let  E be  constructible  and  stable  under  generalization.  Let  Y C X be  an 
irreducible  closed  subset  with  generic  point  £ £ Y.  If  E D Y is  nonempty,  then 
it  contains  £ (by  stability  under  generalization)  and  hence  is  dense  in  Y,  hence  it 
contains  a nonempty  open  of  Y,  see  Lemma  |5.15.3[  Thus  E is  open  by  Lemma 
5.15.5  This  proves  (2).  To  prove  (1)  apply  (2)  to  the  complement  of  E in  X . □ 


5.19.  Dimension  functions 


0218  It  scarcely  makes  sense  to  consider  dimension  functions  unless  the  space  considered 
is  sober  (Definition|5.7.4| . Thus  the  definition  below  can  be  improved  by  considering 
the  sober  topological  space  associated  to  X.  Since  the  underlying  topological  space 
of  a scheme  is  sober  we  do  not  bother  with  this  improvement. 
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0219  Definition  5.19.1.  Let  A be  a topological  space. 

(1)  Let  x,  y £ X,  x ^ y.  Suppose  x y,  that  is  y is  a specialization  of  x.  We 
say  y is  an  immediate  specialization  of  x if  there  is  no  z £ X \ {.t,  y}  with 
x z and  z y. 

(2)  A map  S : X — > Z is  called  a dimension  /imcfiorj^]  if 

(a)  whenever  x y and  i/|/we  have  S(x)  > 8(y),  and 

(b)  for  every  immediate  specialization  x y in  X we  have  S(x)  = S(y)  + 

1. 


It  is  clear  that  if  S is  a dimension  function,  then  so  is  6 + 1 for  any  t £ Z.  Here  is  a 
fun  lemma. 


02IA  Lemma  5.19.2.  Let  X be  a topological  space.  If  X is  sober  and  has  a dimension 

function,  then  X is  catenary.  Moreover,  for  any  x y we  have 

S(x)  - S(y)  = codim  ({y},  {x})  . 

Proof.  Suppose  Y C Y'  C X are  irreducible  closed  subsets.  Let  £ € Y,  f £ 
Y'  be  their  generic  points.  Then  we  see  immediately  from  the  definitions  that 
codim(Y,  Y')  < <$(£)  — <5(£')  < oo.  In  fact  the  first  inequality  is  an  equality.  Namely, 
suppose 

Y = Y0cY1c  ...cYe  = Y' 

is  any  maximal  chain  of  irreducible  closed  subsets.  Let  fi  £ Yi  denote  the  generic 
point.  Then  we  see  that  £i+1  is  an  immediate  specialization.  Hence  we  see  that 
e = 8{£f)  — &(£,')  as  desired.  This  also  proves  the  last  statement  of  the  lemma.  □ 

02IB  Lemma  5.19.3.  Let  X be  a topological  space.  Let  8,  5'  be  two  dimension  functions 

on  X.  If  X is  locally  Noetherian  and  sober  then  5 — 8'  is  locally  constant  on  X. 


Proof.  Let  a;  £ A'  be  a point.  We  will  show  that  8 — 8'  is  constant  in  a neigh- 
bourhood of  x.  We  may  replace  A'  by  an  open  neighbourhood  of  x in  X which 
is  Noetherian.  Hence  we  may  assume  A'  is  Noetherian  and  sober.  Let  . . . , Zr 
be  the  irreducible  components  of  A passing  through  x.  (There  are  finitely  many 
as  A is  Noetherian,  see  Lemma  5.8. 2|)  Let  £,■  £ Z,  be  the  generic  point.  Note 
Z\  U . . . U Zr  is  a neighbourhood  of  x in  X (not  necessarily  closed).  We  claim  that 
8 — 5'  is  constant  on  Z\  U . . . U Zr.  Namely,  if  y £ Zt,  then 


5(x)  - 8(y)  = 8(x)  - 8(£i)  + 8(fi)  - 8(y)  = -codim({x},  Zf)  + codim({y},  Zf) 
by  Lemma [5. 19. 2|  Similarly  for  8' . Whence  the  result.  □ 

02IC  Lemma  5.19.4.  Let  X be  locally  Noetherian,  sober  and  catenary.  Then  any  point 
has  an  open  neighbourhood  U C X which  has  a dimension  function. 


Proof.  We  will  use  repeatedly  that  an  open  subspace  of  a catenary  space  is  cate- 
nary, see  Lemma  [5.10.5|  and  that  a Noetherian  topological  space  has  finitely  many 
irreducible  components,  see  Lemma  |5.8.2[  In  the  proof  of  Lemma  |5.19.3|  we  saw 
how  to  construct  such  a function.  Namely,  we  first  replace  A by  a Noetherian  open 
neighbourhood  of  x.  Next,  we  let  Z\, . . . , Zr  C X be  the  irreducible  components  of 
X.  Let 

Zi  n A,  = IJ  Ajjfe 


r'This  is  likely  nonstandard  notation.  This  notion  is  usually  introduced  only  for  (locally) 
Noetherian  schemes,  in  which  case  condition  (a)  is  implied  by  (b). 
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02ID 


03HM 

03HN 


03HO 

03J0 


03HP 


03HQ 


be  the  decomposition  into  irreducible  components.  We  replace  X by 

so  that  we  may  assume  x £ Zi  for  all  i and  x £ Zijk  for  all  i,j,  k.  For  y £ X choose 
any  i such  that  y £ Zi  and  set 

S(y)  = — codim({a"},  Zi)  + codim({y},  Zi). 


We  claim  this  is  a dimension  function.  First  we  show  that  it  is  well  defined,  i.e. , 
independent  of  the  choice  of  i.  Namely,  suppose  that  y £ Zijk  for  some  i,j,  k.  Then 
we  have  (using  Lemma  5.10.6) 

5(y)  = — codim({a:},  Zi)  + codim({y},  Zi) 


= — codim({:r},  Zijk)  - codim (Zijk,  Zi)  + codim({y},  Zijk)  + codim (Zijk,Zi) 
= -codim({s},  Zijk)  + codim({i/},  Zijk) 


which  is  symmetric  in  i and  j.  We  omit  the  proof  that  it  is  a dimension  function.  □ 


Remark  5.19.5.  Combining  Lemmas 


5.19.3 


and 


5.19.4 


we  see  that  on  a catenary, 


locally  Noetherian,  sober  topological  space  the  obstruction  to  having  a dimension 
function  is  an  element  of  H1(X , Z). 


5.20.  Nowhere  dense  sets 


Definition  5.20.1.  Let  X be  a topological  space. 

(1)  Given  a subset  T C X the  interior  of  T is  the  largest  open  subset  of  A' 
contained  in  T. 

(2)  A subset  T C A'  is  called  nowhere  dense  if  the  closure  of  T has  empty 
interior. 

Lemma  5.20.2.  Let  X be  a topological  space.  The  union  of  a finite  number  of 
nowhere  dense  sets  is  a nowhere  dense  set. 

Proof.  Omitted.  □ 

Lemma  5.20.3.  Let  X be  a topological  space.  Let  U C A be  an  open.  Let  T C U 
be  a subset.  If  T is  nowhere  dense  in  U,  then  T is  nowhere  dense  in  X. 

Proof.  Assume  T is  nowhere  dense  in  U . Suppose  that  x £ X is  an  interior  point 
of  the  closure  T of  T in  A'.  Say  x £ V C T with  V C X open  in  X.  Note  that 
T D U is  the  closure  of  T in  U.  Hence  the  interior  of  T D U being  empty  implies 
V 0 U = 0.  Thus  x cannot  be  in  the  closure  of  U,  a fortiori  cannot  be  in  the  closure 
of  T,  a contradiction.  □ 

Lemma  5.20.4.  Let  X be  a topological  space.  Let  X = (J  Ui  be  an  open  covering. 
Let  T C A be  a subset.  IfTtlUi  is  nowhere  dense  in  Ui  for  all  i,  then  T is  nowhere 
dense  in  X . 

Proof.  Omitted.  (Hint:  closure  commutes  with  intersecting  with  opens.)  □ 

Lemma  5.20.5.  Let  f : X Y be  a continuous  map  of  topological  spaces.  Let 
T C X be  a subset.  If  f is  a homeomorphism  of  X onto  a closed  subset  of  Y and 
T is  nowhere  dense  in  X , then  also  f(T)  is  nowhere  dense  in  Y . 
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03HR 


08ZW 

08ZX 

08ZY 


08ZZ 


Proof.  Omitted.  □ 

Lemma  5.20.6.  Let  f : X — >•  Y be  a continuous  map  of  topological  spaces.  Let 
T C Y be  a subset.  If  f is  open  and  T is  a closed  nowhere  dense  subset  ofY,  then 
also  /_1(T)  is  a closed  nowhere  dense  subset  of  X.  If  f is  surjective  and  open, 
then  T is  closed  nowhere  dense  if  and  only  if  /_1(T)  is  closed  nowhere  dense. 

Proof.  Omitted.  (Hint:  In  the  first  case  the  interior  of  /_1(T)  maps  into  the 
interior  of  T , and  in  the  second  case  the  interior  of  /_1(T)  maps  onto  the  interior 
of  T.)  □ 


5.21.  Profinite  spaces 

Here  is  the  definition. 

Definition  5.21.1.  A topological  space  is  profinite  if  it  is  homeomorphic  to  a limit 
of  a diagram  of  finite  discrete  spaces. 


This  is  not  the  most  convenient  characterization  of  a profinite  space. 

Lemma  5.21.2.  Let  X be  a topological  space.  The  following  are  equivalent 

(1)  X is  a profinite  space,  and 

(2)  X is  Hausdorff,  quasi-compact,  and  totally  disconnected. 

If  this  is  true,  then  X is  a cofiltered  limit  of  finite  discrete  spaces. 


Proof.  Assume  (1).  Choose  a diagram  i i->  Xt  of  finite  discrete  spaces  such  that 
X = limXi.  As  each  X,  is  Hausdorff  and  quasi-compact  we  find  that  X is  quasi- 
compact by  Lemma  5.13.5  If  x,x'  £ X are  distinct  points,  then  x and  x'  map  to 
distinct  points  in  some  X, . Hence  x and  x'  have  disjoint  open  neighbourhoods,  i.e., 
X is  Hausdorff.  In  exactly  the  same  way  we  see  that  X is  totally  disconnected. 


Assume  (2).  Let  T be  the  set  of  finite  disjoint  union  decompositions  X = ei  Ui 
with  Ui  open  (and  closed).  For  each  I £ I there  is  a continuous  map  X — > I 
sending  a point  of  Ui  to  i.  We  define  a partial  ordering:  I < I'  for  I,  I'  £ I if  and 
only  if  the  covering  corresponding  to  I'  refines  the  covering  corresponding  to  I.  In 
this  case  we  obtain  a canonical  map  I'  — > I.  In  other  words  we  obtain  an  inverse 
system  of  finite  discrete  spaces  over  I.  The  maps  X — ► I fit  together  and  we  obtain 
a continuous  map 

X — > lim/ex  I 


We  claim  this  map  is  a homeomorphism,  which  finishes  the  proof.  (The  final  as- 
sertion follows  too  as  the  partially  ordered  set  I is  directed:  given  two  disjoint 
union  decompositions  of  X we  can  find  a third  refining  either.)  Namely,  the  map  is 
injective  as  X is  totally  disconnected  and  hence  {x)  is  the  intersection  of  all  open 
and  closed  subsets  of  X containing  x (Lemma  5.11.11|)  and  the  map  is  surjective 
by  Lemma  5.11.6  By  Lemma |5.16(8|  the  map  is  a homeomorphism.  □ 


Lemma  5.21.3.  Let  X be  a profinite  space.  Every  open  covering  of  X has  a 
refinement  by  a finite  covering  X = ]J[  Ui  with  Ui  open  and  closed. 


Proof.  Write  X = lim  X,  as  a limit  of  an  inverse  system  of  finite  discrete  spaces 
over  a directed  partially  ordered  set  I (Lemma  5.21.2).  Denote  /)  : X — > Xt 
the  projection.  For  every  point  x = (xf)  £ X a fundamental  system  of  open 
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neighbourhoods  is  the  collection  fi  1({x,}).  Thus,  as  X is  quasi-compact,  we  may 
assume  we  have  an  open  covering 

X = fr\{xil})U...Ufr\{Xin}) 

Choose  i G I with  i > ij  for  j = 1, ... . n (this  is  possible  as  / is  a directed  partially 
ordered  set).  Then  we  see  that  the  covering 

* = 1 *-■«*}) 

refines  the  given  covering  and  is  of  the  desired  form.  □ 


0900  Lemma  5.21.4.  Let  X be  a topological  space.  If  X is  quasi-compact  and  ev- 
ery connected  component  of  X is  the  intersection  of  the  open  and  closed  subsets 
containing  it,  then  7To(A)  is  a profinite  space. 


Proof.  We  will  use  Lemma  5.21.2  to  prove  this.  Since  no{X)  is  the  image  of  a 
quasi-compact  space  it  is  quasi-conrpact  (Lemma  5.11.7).  It  is  totally  disconnected 
by  construction  (Lemma  5.6.8).  Let  C,  D C X be  distinct  connected  components 
of  X.  Write  C = f)  Ua  as  the  intersection  of  the  open  and  closed  subsets  of  A' 
containing  C.  Any  finite  intersection  of  Ua’s  is  another.  Since  (~)  Ua  D D = 0 we 
conclude  that  Ua  D D = 0 for  some  a (use  Lemmas  5.6.3  5.11.3  and  5.11.6)  Since 
Ua  is  open  and  closed,  it  is  the  union  of  the  connected  components  it  contains,  i.e., 
Ua  is  the  inverse  image  of  some  open  and  closed  subset  Va  C 7t0(A').  This  proves 
that  the  points  corresponding  to  C and  D are  contained  in  disjoint  open  subsets, 
i.e.,  7To(A)  is  Hausdorff.  □ 


5.22.  Spectral  spaces 

08YF  The  material  in  this  section  is  taken  from  [Hoc69l  and  IHoc671.  In  his  the- 
sis Hochster  proves  (among  other  things)  that  the  spectral  spaces  are  exactly  the 
topological  spaces  that  occur  as  the  spectrum  of  a ring. 

08YG  Definition  5.22.1.  A topological  space  X is  called  spectral  if  it  is  sober,  quasi- 
compact, the  intersection  of  two  quasi-compact  opens  is  quasi-conrpact,  and  the 
collection  of  quasi-compact  opens  forms  a basis  for  the  topology.  A continuous 
map  / : X — > Y of  spectral  spaces  is  called  spectral  if  the  inverse  image  of  a 
quasi-conrpact  open  is  quasi-compact. 

In  other  words  a continuous  map  of  spectral  spaces  is  spectral  if  and  only  if  it  is 
quasi-compact  (Definition  |5 . 1 1 .T ) . 

Let  A be  a spectral  space.  The  constructible  topology  on  A is  the  topology  which 
has  as  a subbase  of  opens  the  sets  U and  Uc  where  U is  a quasi-compact  open  of 
X.  Note  that  since  X is  spectral  an  open  U C A is  retrocompact  if  and  only  if 
U is  quasi-compact.  Hence  the  constructible  topology  can  also  be  characterized  as 
the  coarsest  topology  such  that  every  constructible  subset  of  A is  both  open  and 
closed.  Since  the  collection  of  quasi-compact  opens  is  a basis  for  the  topology  on 
A we  see  that  the  constructible  topology  is  stronger  than  the  given  topology  on  A. 

0901  Lemma  5.22.2.  Let  X be  a spectral  space.  The  constructible  topology  is  Hausdorff 
and  quasi- compact. 
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Proof.  Since  the  collection  of  all  quasi-compact  opens  forms  a basis  for  the  topol- 
ogy on  X and  X is  sober,  it  is  clear  that  X is  Hausdorff  in  the  constructible 
topology. 


Let  B be  the  collection  of  subsets  B C X with  B either  quasi-compact  open  or 
closed  with  quasi-compact  complement.  If  B £ B then  Bc  £ B.  It  suffices  to 
show  every  covering  X = Uiez  Bi  with  Bi  £ B has  a finite  refinement,  see  Lemma 
5.11.15  Taking  complements  we  see  that  we  have  to  show  that  any  family  {B{\i^j 
of  elements  of  B such  that  B D . . . D Bin  ^ 0 for  all  n and  all  *i, . . . , in  £ I has  a 
common  point  of  intersection.  We  may  and  do  assume  Bi  ^ B p for  i ^ i! . 


To  get  a contradiction  assume  {Bffi^i  is  a family  of  elements  of  B having  the 
finite  intersection  property  but  empty  intersection.  An  application  of  Zorn’s  lemma 
shows  that  we  may  assume  our  family  is  maximal  (details  omitted).  Let  I'  C I 
be  those  indices  such  that  Bt  is  closed  and  set  Z = Hie/'  This  is  a closed 
subset  of  X.  If  Z is  reducible,  then  we  can  write  Z = Z'  U Z"  as  a union  of 
two  closed  subsets,  neither  equal  to  Z . This  means  in  particular  that  we  can  find 
a quasi-compact  open  U'  C X meeting  Z'  but  not  Z" . Similarly,  we  can  find 
a quasi-compact  open  U"  C X meeting  Z"  but  not  Z' . Set  B'  = X \ U'  and 
B"  = X \ U" . Note  that  Z"  C B'  and  Z'  C B" . If  there  exist  a finite  number  of 
indices  £ I such  that  B'  n Bil  n . . . fl  Bin  = 0 as  well  as  a finite  number 

of  indices  € 7 such  that  B"  fl  Bj1  fl  . . . n Bjm  = 0 then  we  find  that 

ZnB^n.  ■ .nB^nBj, n. . .n Bjm  = 0.  However,  the  set  Bhr. . .nB^nB^n.  ■ .n Bjm 
is  quasi-compact  hence  we  would  find  a finite  number  of  indices  i\ , . . . , i\  £ I'  with 
Bil  fl  . . . n Bin  fl  B ^ n . . . n Bjm  n B i^  fl . . . n B^  = 0,  a contradiction.  Thus  we 
see  that  we  may  add  either  B'  or  B"  to  the  given  family  contradicting  maximality. 
We  conclude  that  Z is  irreducible.  However,  this  leads  to  a contradiction  as  well, 
as  now  every  nonempty  (by  the  same  argument  as  above)  open  Z D Bi  for  i £ I\I' 
contains  the  unique  generic  point  of  Z . This  contradiction  proves  the  lemma.  □ 


0A2S  Lemma  5.22.3.  Let  f : X — » Y be  a spectral  map  of  spectral  spaces.  Then 

(1)  / is  continuous  in  the  constructible  topology, 

(2)  the  fibres  of  f are  quasi-compact,  and 

(3)  the  image  is  closed  in  the  constructible  topology. 


Proof.  Let  X'  and  Y'  denote  X and  Y endowed  with  the  constructible  topology 
which  are  quasi-compact  Hausdorff  spaces  by  Lemma  5.22.2  Part  (1)  says  X'  — »•  Y' 
is  continuous  and  follows  immediately  from  the  definitions.  Part  (3)  follows  as  f{X' ) 
is  a quasi-compact  subset  of  the  Hausdorff  space  Y7,  see  Lemma [5. 11. 4 We  have  a 
commutative  diagram 


X' > X 

Y' 5-  Y 


of  continuous  maps  of  topological  spaces.  Since  Y'  is  Hausdorff  we  see  that  the 
fibres  X'  are  closed  in  X' . As  X'  is  quasi-compact  we  see  that  X'y  is  quasi-compact 
(Lemma  5.11.31.  As  X'y  — > Xy  is  a surjective  continuous  map  we  conclude  that  Xy 
is  quasi-compact  (Lemma  5.11.71.  □ 
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0902  Lemma  5.22.4.  LetX  be  a spectral  space.  Let  E C X be  closed  in  the  constructible 
topology  (for  example  constructible  or  closed).  Then  E with  the  induced  topology  is 
a spectral  space. 

Proof.  Let  Z C E be  a closed  irreducible  subset.  Let  rj  be  the  generic  point  of  the 
closure  Z of  Z in  A'.  To  prove  that  E is  sober,  we  show  that  rj  £ E.  If  not,  then 
since  E is  closed  in  the  constructible  topology,  there  exists  a constructible  subset 
F C X such  that  g £ F and  F fl  E = 0.  By  Lemma 


5.14.14 


this  implies  F fl  Z 

contains  a nonempty  open  subset  of  Z.  But  this  is  impossible  as  Z is  the  closure 
of  Z and  Z fl  F = 0. 

Since  E is  closed  in  the  constructible  topology,  it  is  quasi-compact  in  the  con- 


structible topology  (Lemmas  5.11.3  and  5.22.21.  Hence  a fortiori  it  is  quasi-compact 


in  the  topology  coming  from  X.  If  U C X is  a quasi-compact  open,  then  E (lU 
is  closed  in  the  constructible  topology,  hence  quasi-compact  (as  seen  above).  It 
follows  that  the  quasi-compact  open  subsets  of  E are  the  intersections  E fl  U with 
U quasi-compact  open  in  A'.  These  form  a basis  for  the  topology.  Finally,  given  two 
U,  U'  C X quasi-compact  opens,  the  intersection  (E  fl  17)  fl  (E  fl  U ')  = E fl  {U  fl  U') 
and  U fl  U'  is  quasi-compact  as  X is  spectral.  This  finishes  the  proof.  □ 

0903  Lemma  5.22.5.  Let  X be  a spectral  space.  Let  E C X be  a subset  closed  in  the 
constructible  topology  (for  example  constructible). 

(1)  If  x £ E,  then  x is  the  specialization  of  a point  of  E. 

(2)  If  E is  stable  under  specialization,  then  E is  closed. 

(3)  If  E'  C X is  open  in  the  constructible  topology  (for  example  constructible) 
and  stable  under  generalization,  then  E'  is  open. 

Proof.  Proof  of  (1).  Let  x £ E.  Let  {Ui}  be  the  set  of  quasi-compact  open 
neighbourhoods  of  x.  A finite  intersection  of  the  Ui  is  another  one.  The  intersection 
UiC\E  is  nonempty  for  all  i.  Since  the  subsets  UiC\E  are  closed  in  the  constructible 


topology  we  see  that  P) (Ui  fl  E)  is  nonempty  by  Lemma  5.22.2  and  Lemma  5.11.6 


Since  A is  a sober  space  and  {Ui}  is  a fundamental  system  of  open  neighbourhoods 
of  a;,  we  see  that  f)  Ui  is  the  set  of  generalizations  of  x.  Thus  x is  a specialization 
of  a point  of  E. 

Part  (2)  is  immediate  from  (1). 

Proof  of  (3).  Assume  E'  is  as  in  (3).  The  complement  of  E'  is  closed  in  the 


constructible  topology  (Lemma  |5.14.2 ) and  closed  under  specialization  (Lemma 
5.18.2).  Hence  the  complement  is  closed  by  (2),  i.e.,  E'  is  open.  □ 


0904  Lemma  5.22.6.  Let  X be  a spectral  space.  Let  x,y  £ X.  Then  either  there  exists 
a third  point  specializing  to  both  x and  y,  or  there  exist  disjoint  open  neighbourhoods 
containing  x and  y. 

Proof.  Let  {Ui}  be  the  set  of  quasi-compact  open  neighbourhoods  of  x.  A finite 
intersection  of  the  U,  is  another  one.  Let  {Vj}  be  the  set  of  quasi-compact  open 
neighbourhoods  of  y.  A finite  intersection  of  the  Vj  is  another  one.  If  I/,  D Vj  is 
empty  for  some  i,j  we  are  done.  If  not,  then  the  intersection  Ui  D Vj  is  nonempty 
for  all  i and  j.  The  sets  U fl  Vj  are  closed  in  the  constructible  topology  on  X. 
By  Lemma [5.22.2  we  see  that  p|(f7j  D Vj)  is  nonempty  (Lemma  5.11.6).  Since  X 
is  a sober  space  and  {U}  is  a fundamental  system  of  open  neighbourhoods  of  x , 
we  see  that  P|  Ui  is  the  set  of  generalizations  of  x.  Similarly,  f)  Vj  is  the  set  of 
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generalizations  of  y.  Thus  any  element  of  f](^i  H Vj)  specializes  to  both  x and 
y.  □ 

0905  Lemma  5.22.7.  Let  X be  a spectral  space.  The  following  are  equivalent: 

(1)  X is  pro  finite, 

(2)  X is  Hausdorff, 

(3)  X is  totally  disconnected, 

(4)  every  quasi-compact  open  is  closed, 

(5)  there  are  no  nontrivial  specializations  between  points, 

(6)  every  point  of  X is  closed, 

(7)  every  point  of  X is  the  generic  point  of  an  irreducible  component  of  X , 

(8)  add  more  here. 


Proof.  Lemma  5.21.2  shows  the  implication  (1)  =>  (3).  Irreducible  components 
are  closed,  so  if  X is  totally  disconnected,  then  every  point  is  closed.  So  (3)  implies 
(6).  The  equivalence  of  (6)  and  (5)  is  immediate,  and  (6)  <t=>  (7)  holds  because 
X is  sober.  Assume  (5).  Then  all  constructible  subsets  of  X are  closed  (Lemma 


5.22.5),  in  particular  all  quasi-compact  opens  are  closed.  So  (5)  implies  (4).  Since 


X is  sober,  for  any  two  points  there  is  a quasi-compact  open  containing  exactly  one 
of  them,  hence  (4)  implies  (2).  It  remains  to  prove  (2)  implies  (1).  Suppose  X is 


Hausdorff.  Every  quasi-compact  open  is  also  closed  (Lemma  5.11.41.  This  implies 
X is  totally  disconnected.  Hence  it  is  prohnite,  by  Lemma |5. 2 1.2  □ 


0906  Lemma  5.22.8.  If  X is  a spectral  space,  then  no(X)  is  a profinite  space. 
Proof.  Combine  Lemmas l5.ll.10l and  15.21.41 


□ 


0907  Lemma  5.22.9.  The  product  of  two  spectral  spaces  is  spectral. 

Proof.  Let  X,  Y be  spectral  spaces.  Denote  p : X x Y — > X and  q : X x Y — > Y 
the  projections.  Let  Z C X x Y be  a closed  irreducible  subset.  Then  p(Z)  C X 
is  irreducible  and  q{Z)  C Y is  irreducible.  Let  x £ X be  the  generic  point  of 
the  closure  of  p{X)  and  let  y £ Y be  the  generic  point  of  the  closure  of  q(Y).  If 
(x,  y)  Z,  then  there  exist  opens  x£UcX,y£VcY  such  that  ZnU  xV  = 0. 
Hence  Z is  contained  in  (X  \U)xyuIx(Y\F).  Since  Z is  irreducible,  we  see 
that  either  Z C (. X \U)  xY  or  Z C X x (Y  \ V).  In  the  first  case  p(Z)  C (X  \ U) 
and  in  the  second  case  q(Z)  C (Y\  V).  Both  cases  are  absurd  as  x is  in  the  closure 
of  p(Z)  and  y is  in  the  closure  of  q{Z).  Thus  we  conclude  that  (x,y)  £ Z,  which 
means  that  (x,  y)  is  the  generic  point  for  Z . 

A basis  of  the  topology  of  X x Y are  the  opens  of  the  form  U x V with  U C X 
and  V C Y quasi-compact  open  (here  we  use  that  X and  Y are  spectral).  Then 
U x V is  quasi-conrpact  as  the  product  of  quasi-conrpact  spaces  is  quasi-conrpact. 
Moreover,  any  quasi-compact  open  of  X x Y is  a finite  union  of  such  quasi-compact 
rectangles  U x V.  It  follows  that  the  intersection  of  two  such  is  again  quasi-compact 
(since  X and  Y are  spectral).  This  concludes  the  proof.  □ 

09XU  Lemma  5.22.10.  Let  f : X —X  Y be  a continuous  map  of  topological  spaces.  If 

(1)  X and  Y are  spectral, 

(2)  / is  spectral  and  bijective,  and 

(3)  generalizations  (resp.  specializations)  lift  along  f. 

Then  f is  a homeomorphism. 
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Proof.  Since  / is  spectral  it  defines  a continuous  map  between  X and  Y in  the 
constructible  topology.  By  Lemmas  |5.22.2|  and  |5.16.8|  it  follows  that  X — ► Y is  a 
homeomorphism  in  the  constructible  topology.  Let  U C X be  quasi-compact  open. 
Then  f(U)  is  constructible  in  Y.  Let  y £ Y specialize  to  a point  in  f(U).  By  the 
last  assumption  we  see  that  f~1(y)  specializes  to  a point  of  U.  Hence  f~1(y)  £ U. 


Thus  y £ /([/).  It  follows  that  f(U)  is  open,  see  Lemma  5.22.5  Whence  / is  a 


homeomorphism.  To  prove  the  lemma  in  case  specializations  lift  along  / one  shows 
instead  that  f(Z)  is  closed  if  X \ Z is  a quasi-compact  open  of  X.  □ 


09XV  Lemma  5.22.11.  The  inverse  limit  of  a directed  inverse  system  of  finite  sober 
topological  spaces  is  a spectral  topological  space. 


Proof.  Let  I be  a directed  partially  ordered  set.  Let  Xi  be  an  inverse  system  of 
finite  sober  spaces  over  I.  Let  A'  = lim  Xi  which  exists  by  Lemma  |5.13.1[  As 
a set  X = lirnAj.  Denote  p,  : X — > A,;  the  projection.  Because  I is  directed 
we  may  apply  Lemma  |5.13.2|  A basis  for  the  topology  is  given  by  the  opens 
p“1(/ Ji)  for  U{  C X i open.  Since  an  open  covering  of  p~l(Ui)  is  in  particular  an 
open  covering  in  the  profinite  topology,  we  conclude  that  p~  (fUf)  is  quasi-compact. 
Given  t/j  C X i and  Uj  C Xj , then  fl = pf.l{Uk)  for  some  k >i,j 

and  open  Uk  C A f.  Finally,  if  Z C X is  irreducible  and  closed,  then  pfiZ)  C Xi  is 
irreducible  and  therefore  has  a unique  generic  point  G (because  Xj  is  a finite  sober 
topological  space) . Then  £ = lim  £»  is  a generic  point  of  Z (it  is  a point  of  Z as  Z 
is  closed).  This  finishes  the  proof.  □ 


09XW  Lemma  5.22.12.  Let  W be  the  topological  space  with  two  points,  one  closed,  the 
other  not.  A topological  space  is  spectral  if  and  only  if  it  is  homeomorphic  to  a 
subspace  of  a product  of  copies  of  W which  is  closed  in  the  constructible  topology. 


Proof.  Write  W = {0, 1}  where  0 is  a specialization  of  1 but  not  vice  versa.  Let 
I be  a set.  The  space  llie/  W is  spectral  by  Lemma  15.22. Ill 


Thus  we  see  that 

a subspace  of  Y\i&IW  closed  in  the  constructible  topology  is  a spectral  space  by 
Lemma  15.22.41 


For  the  converse,  let  A be  a spectral  space.  Let  U C A be  a quasi-compact  open. 
Consider  the  continuous  map 

fu  : A — > W 

which  maps  every  point  in  U to  1 and  every  point  in  A \U  to  0.  Taking  the  product 
of  these  maps  we  obtain  a continuous  map 


/=n/-'— n„>'- 


By  construction  the  map  / : X — > Y is  spectral.  By  Lemma  5.22.3  the  image  of 
/ is  closed  in  the  constructible  topology.  If  x',x  £ A are  distinct,  then  since  A is 
sober  either  x'  is  not  a specialization  of  x or  conversely.  In  either  case  (as  the  quasi- 
compact opens  form  a basis  for  the  topology  of  A)  there  exists  a quasi-compact 
open  XJ  C X such  that  fu{x')  fu(x).  Thus  / is  injective.  Let  Y = /(A)  endowed 
with  the  induced  topology.  Let  y'  y be  a specialization  in  Y and  say  f{x')  = y' 
and  f(x)  = y.  Arguing  as  above  we  see  that  x'  x,  since  otherwise  there  is  a U 
such  that  x £ U and  x'  £ U,  which  would  imply  fu(x')  fu(x).  We  conclude 
that  / : A — ► Y is  a homeomorphism  by  Lemma[5.22.10|  □ 
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0A2U 


0A2V 


Lemma  5.22.13.  A topological  space  is  spectral  if  and  only  if  it  is  a directed 
inverse  limit  of  finite  sober  topological  spaces. 


Proof.  One  direction  is  given  by  Lemma  5.22.11  For  the  converse,  assume  X is 


spectral.  Then  we  may  assume  X C Hie/  IF  is  a subset  closed  in  the  const ructible 
topology  where  W = {0, 1}  as  in  Lemma[5.22.12|  We  can  write 


n W = limJC7  finite  T] 


jej 


w 


as  a cofiltered  limit.  For  each  J , let  Xj  C Y\jejW  be  the  image  of  X.  Then 
we  see  that  X = limA'j  as  sets  because  X is  closed  in  the  product  with  the 
constructible  topology  (detail  omitted).  A formal  argument  (omitted)  on  limits 
shows  that  X = limXj  as  topological  spaces.  □ 


Lemma  5.22.14.  Let  X be  a topological  space  and  let  c : X -A  X'  be  the  universal 


map  from  X to  a sober  topological  space,  see  Lemma  5.7.14 

(1)  If  X is  quasi-compact,  so  is  X' . 

(2)  If  X is  quasi-compact,  has  a basis  of  quasi-compact  opens,  and  the  inter- 
section of  two  quasi-compact  opens  is  quasi-compact,  then  X'  is  spectral. 

(3)  If  X is  Noetherian,  then  X'  is  a Noetherian  spectral  space. 


Proof.  Let  U C X be  open  and  let  U'  C X'  be  the  corresponding  open,  i.e.,  the 
open  such  that  c”1(l J')  = U.  Then  U is  quasi-compact  if  and  only  if  U'  is  quasi- 
compact, as  pulling  back  by  c is  a bijection  between  the  opens  of  X and  X'  which 
commutes  with  unions.  This  in  particular  proves  (1). 

Proof  of  (2).  It  follows  from  the  above  that  X'  has  a basis  of  quasi-compact  opens. 
Since  c-1  also  commutes  with  intersections  of  pairs  of  opens,  we  see  that  the  in- 
tersection of  two  quasi-compact  opens  X'  is  quasi-compact.  Finally,  X'  is  quasi- 
compact by  (1)  and  sober  by  construction.  Hence  X'  is  spectral. 

Proof  of  (3).  It  is  immediate  that  X'  is  Noetherian  as  this  is  defined  in  terms  of 
the  acc  for  open  subsets  which  holds  for  X.  We  have  already  seen  in  (2)  that  X'  is 
spectral.  □ 


5.23.  Limits  of  spectral  spaces 


Lemma [5. 22.13| tells  us  that  every  spectral  space  is  a cofiltered  limit  of  finite  sober 
spaces.  Every  finite  sober  space  is  a spectral  space  and  every  continuous  map  of 
finite  sober  spaces  is  a spectral  map  of  spectral  spaces.  In  this  section  we  prove  some 
lemmas  concerning  limits  of  systems  of  spectral  topological  spaces  along  spectral 
maps. 


Lemma  5.23.1.  LetL  be  a category.  Let  i i— )■  Xj  be  a diagram  of  spectral  spaces 
such  that  for  a : j -4  i ini  the  corresponding  map  fa  : Xj  -4  X j is  spectral. 

(1)  Given  subsets  Zi  C X f closed  in  the  constructible  topology  with  fa(Zj)  C 
Zi  for  all  a : j -4  i in  I,  then  lim  Zi  is  quasi- compact. 

(2)  The  space  X = limXj  is  quasi- compact. 


Proof.  The  limit  Z = lim  Zi  exists  by  Lemma  5.13.1  Denote  X[  the  space  A, 


endowed  with  the  constructible  topology  and  Z[  the  corresponding  subspace  of 
X[.  Let  a : j — > i in  T be  a morphism.  As  fa  is  spectral  it  defines  a continuous 
map  fa  : X)  -4  X[.  Thus  fa\z,  '■  Z'^  -A  Z\  is  a continuous  map  of  quasi-compact 
Hausdorff  spaces  (by  Lemmas  5.22.2  and  5.11.3 ).  Thus  Z'  = lim  Zj  is  quasi-compact 
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by  Lemma  5.13.5  The  maps  Z\  — > Zi  are  continuous,  hence  Z'  — > Z is  continuous 
and  a bijection  on  underlying  sets.  Hence  Z is  quasi-compact  as  the  image  of  the 
surjective  continuous  map  Z'  -A  Z (Lemma  5.11.7).  □ 


Lemma  5.23.2.  LetZ  be  a cofiltered  category.  Leti  > Xi  be  a diagram  of  spectral 
spaces  such  that  for  a : j -A  i inZ  the  corresponding  map  fa  '■  Xj  — > Xi  is  spectral. 

(1)  Given  nonempty  subsets  Zi  C Xi  closed  in  the  constructible  topology  with 
fa(Zj)  C Zi  for  all  a : j -A  i in  Z,  then  lim  Zi  is  nonempty. 

(2)  If  each  Xj  is  nonempty , then  X = lirnXj  is  nonempty. 


Proof.  Denote  X'  the  space  Xi  endowed  with  the  constructible  topology  and  Z[ 
the  corresponding  subspace  of  X(.  Let  a : j — > i in  Z be  a morphism.  As  fa  is 
spectral  it  defines  a continuous  map  fa  : XI-  — ► X[.  Thus  fa\zj  ■ Zi  -A  Z[  is  a 
continuous  map  of  quasi-compact  Hausdorff  spaces  (by  Lemmas  5.22.2  and  5.11.3). 
By  Lemma  5.13.6  the  space  lim  Z\  is  nonempty.  Since  lim  Z[  = lim  Zi  as  sets  we 
conclude.  □ 


0A2X  Lemma  5.23.3.  LetZ  be  a cofiltered  category.  Let  i ha  Xi  be  a diagram  of  spectral 
spaces  such  that  for  a : j -A  i inZ  the  corresponding  map  fa  : Xj  -A  Xi  is  spectral. 
Let  X = lim  Xi  with  projections  pt  : X -A  Xj.  Let  i £ Ob(I)  and  let  E,F  C Xi  be 
subsets  with  E closed  in  the  constructible  topology  and  F open  in  the  constructible 
topology.  Then  p~1(E)  C pf1(F)  if  and  only  if  there  is  a morphism  a : j -A  i inZ 
such  that  f~\E ) c f~1(F). 

Proof.  Observe  that 

p-\E)\p~\F)  = lima:^j  f~\E)  \ f~\F) 

Since  fa  is  a spectral  map,  it  is  continuous  in  the  constructible  topology  hence  the 


applies  to  show  that  the  LHS  is  nonempty  if  and  only  if  each  of  the  spaces  of  the 
RHS  is  nonempty.  □ 

0A2Y  Lemma  5.23.4.  LetZ  be  a cofiltered  category.  Let  i ha  Xj  be  a diagram  of  spectral 
spaces  such  that  for  a : j -A  i inZ  the  corresponding  map  fa  '■  Xj  -A  Xi  is  spectral. 
Let  X = limXj  with  projections  pi  : X -A  Xj.  Let  E C X be  a constructible 
subset.  Then  there  exists  an  i £ Ob(X)  and  a constructible  subset  Ei  C Xj  such 
that  p~  (Ei)  = E.  If  E is  open,  resp.  closed,  we  may  choose  Ei  open,  resp.  closed. 

Proof.  Assume  E is  a quasi-compact  open  of  X.  By  Lemma  [5 . 1 3 . 2 1 we  can  write 
E = pf1^ j)  for  some  i and  some  open  U,,  C Xj.  Write  C/j  = (J  t/jja  as  a union 
of  quasi-compact  opens.  As  E is  quasi-conrpact  we  can  find  ai, ...  ,an  such  that 
E = p~1(C7 j>ai  U...U  Ui}<Xrl).  Hence  Ei  = Uit<Xl  U . . . U Ujia„  works. 

Assume  E is  a constructible  closed  subset.  Then  Ec  is  quasi-compact  open.  So 
Ec  = p~1(Fi)  for  some  i and  quasi-compact  open  F,  C Xi  by  the  result  of  the 
previous  paragraph.  Then  E = pf1(Ff)  as  desired. 

If  E is  general  we  can  write  E = (Jl=1  nUinZi  with  Ui  constructible  open  and  Zi 
constructible  closed.  By  the  result  of  the  previous  paragraphs  we  may  write  Ui  = 
Pjj1(t^,i1)  and  Zi  = Pj^(Zi,jf)  with  Ui y,  C Xj,  constructible  open  and  Zijt  C Xjt 
constructible  closed.  As  Z is  cofiltered  we  may  choose  an  object  k of  Z and  morphism 
ai  : k -A  ii  and  bi  : k -A  jt.  Then  taking  Ek  = Uj=i,...,„  n we 

obtain  a constructible  subset  of  Xk  whose  inverse  image  in  X is  LI.  □ 


set  fa  1(E)  \ fa  1(F)  is  closed  in  the  constructible  topology.  Hence  Lemma 


5.23.2 
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0A2Z  Lemma  5.23.5.  Let  I be  a cofiltered  index  category.  Let  i K > Xi  be  a diagram  of 
spectral  spaces  such  that  for  a : j — > i inX  the  corresponding  map  fa  : Xj  — > Xi  is 
spectral.  Then  the  inverse  limit  X = limXj  is  a spectral  topological  space  and  the 
projection  maps  pi  : X -A  Xi  are  spectral. 


Proof.  The  limit  X = lim  X-,  exists  (Lemma  l5.13.ll)  and  is  quasi-compact  by 
Lemma  lA23Tl 


Denote  Pi  : X — * X j the  projection.  Because  I is  cofiltered  we  can  apply  Lemma 


Ui  C Xi  open.  Since  a basis  for  the  topology  of  Xi  is  given  by  the  quasi-compact 
open,  we  conclude  that  a basis  for  the  topology  on  X is  given  by  p~1( Ui)  with 
Ui  C Xi  quasi-compact  open.  A formal  argument  shows  that 


5.13.2 


Hence  a basis  for  the  topology  on  X is  given  by  the  opens  pt  (Ui)  for 


Pi  \Ui)  = lim a,j^ifa  1(Ui) 


as  topological  spaces.  Since  each  fa  is  spectral  the  sets  fa  1(t/j)  are  closed  in  the 


5.23.1 


constructible  topology  of  Xj  and  hence  p.j  (Ui)  is  quasi-compact  by  Lemma 
Thus  X has  a basis  for  the  topology  consisting  of  quasi-compact  opens. 

Any  quasi-compact  open  U of  X is  of  the  form  U = p~X(Ui)  for  some  i and  some 
quasi-compact  open  Ui  C Xi  (see  Lemma  5.23.4).  Given  Ut  C Xi  and  Uj  C Xj 

for  some  k and  quasi- 
i and  k —>  j and 


C Xi  

quasi-compact  open,  then  pf  (Uf)  C\pJ1(Uj)  = pf1(  14) 
compact  open  U k C X k-  Namely,  choose  k and  morphisms  k 


let  Uk  be  the  intersection  of  the  pullbacks  of  Ui  and  Uj  to  Xk-  Thus  we  see  that 
the  intersection  of  two  quasi-compact  opens  of  X is  quasi-compact  open. 


Finally,  let  Z C X be  irreducible  and  closed.  Then  Pi(Z)  C Xi  is  irreducible  and 
therefore  Zt  = Pi(Z)  has  a unique  generic  point  (because  Xi  is  a spectral  space). 
Then  fa(^j)  = £j  for  a : j — » i in  X because  fa(Zj)  = Zi.  Hence  £ = lim£j  is  a point 
of  X.  Claim:  £ £ Z.  Namely,  if  not  we  can  find  a quasi-compact  open  containing  £ 
disjoint  from  Z.  This  would  be  of  the  form  pfX(Ui)  for  some  i and  quasi-compact 
open  Ui  C Xi.  Then  £j  £ Ui  but  Pi(Z)  D £/)  = 0 which  contradicts  £j  £ Pi(Z).  So 
f £ Z and  hence  {£}  C Z.  Conversely,  every  z £ Z is  in  the  closure  of  £.  Namely, 
given  a quasi-compact  open  neighbourhood  U of  z we  write  U = p~  (Ui)  for  some 
i and  quasi-compact  open  Ui  C Xj.  We  see  that  Pi(z)  £ Ui  hence  £j  £ Ui  hence 
£ £ U.  Thus  £ is  the  generic  point  of  Z.  This  finishes  the  proof.  □ 


0A30  Lemma  5.23.6.  Let  X be  a cofiltered  index  category.  Let  i i— > Xj  be  a diagram  of 
spectral  spaces  such  that  for  a : j — > i ini  the  corresponding  map  fa  : Xj  — > Xi  is 
spectral.  Set  X = lim  Xj  and  denote  Pi  : X -A  Xj  the  projection. 

(1)  Given  any  quasi-compact  open  U C X there  exists  an  i £ Ob(I)  and  a 
quasi-compact  open  Ui  C X.j  such  that  pf1  (Ui)  = U. 

(2)  Given  Ui  C Xj  and  Uj  C Xj  quasi-compact  opens  such  that  p~  (Ui)  C 
p~1(Uj)  there  exist  k £ Ob(I)  and  morphisms  a : k — » i and  b : k — )•  j 
such  that  f~\Ui)  C /b-1( Uj ). 

(3)  //Hi,  U\j, . . . , Un^i  C Xi  are  quasi-compact  opens  andpfx(Ui)  = pfl(U\j)VJ 
...  Upr1(f/„ij)  then  f~x(  t/j)  = f~1(U1j)  U • • • U f~1(Unj)  for  some  mor- 
phism a : j —>  i ini. 

(4)  Same  statement  as  in  (3)  but  for  intersections. 
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Proof.  Part  (1)  is  a special  case  of  Lemma  5.23.4|  Part  (2)  is  a special  case  of 
Lemma|5.23.3|as  quasi-compact  opens  are  both  open  and  closed  in  the  const  met  ible 
topology.  Parts  (3)  and  (4)  follow  formally  from  (1)  and  (2)  and  the  fact  that  taking 
inverse  images  of  subsets  commutes  with  taking  unions  and  intersections.  □ 


0A31 


OANZ 


Lemma  5.23.7.  Let  W be  a subset  of  a spectral  space  X.  The  following  are 
equivalent: 

(1)  W is  an  intersection  of  constructible  sets  and  closed  under  generalizations, 

(2)  W is  quasi-compact  and  closed  under  generalizations, 

(3)  there  exists  a quasi-compact  subset  E C X such  that  W is  the  set  of  points 
specializing  to  E, 

(4)  W is  an  intersection  of  quasi-compact  open  subsets, 

(5)  there  exists  a nonempty  set  I and  quasi-compact  opens  Ui  C X , i £ I such 
that  W = fj  Ui  and  for  all  i,j  £ I there  exists  a k £ I with  Uk  C Ui  D Uj. 

In  this  case  we  have  (a)  W is  a spectral  space,  (b)  W = limC/j  as  topological  spaces, 
and  (c)  for  any  open  U containing  W there  exists  an  i with  Ui  C U . 


Proof.  Let  E C X satisfy  (1).  Then  E is  closed  in  the  constructible  topology, 
hence  quasi-compact  in  the  constructible  topology  (by  Lemmas  5.22.2  and  5.11.3), 
hence  quasi-compact  in  the  topology  of  X (because  opens  in  X are  open  in  the 
constructible  topology).  Thus  (2)  holds. 

It  is  clear  that  (2)  implies  (3)  by  taking  E = W. 


Let  X be  a spectral  space  and  let  E C W be  as  in  (3).  Since  every  point  of  W 
specializes  to  a point  of  E we  see  that  an  open  of  W which  contains  E is  equal  to 
W.  Hence  since  E is  quasi-compact,  so  is  W.  If  x € X,  x £ W,  then  Z = {re}  is 
disjoint  from  W . Since  W is  quasi-compact  we  can  find  a quasi-compact  open  U 
with  W C U and  t/DZ  = 0.  We  conclude  that  (4)  holds. 


vw  = rw  Uj  then  setting  / equal  to  the  set  of  finite  subsets  of  J and  Ui  = 
Uj1  n...fl  Ujr  for  i = {j  i, . . . ,jr}  shows  that  (4)  implies  (5).  It  is  immediate  that 
(5)  implies  (1). 


Let  I and  U be  as  in  (5).  Since  W = f)  Ui  we  have  W = limL}  by  the  universal 
property  of  limits.  Then  IT  is  a spectral  space  by  Lemma  |5.23.5|  Let  U C X be 
an  open  neighbourhood  of  W.  Then  Ei  = L}  fl  (A'  \ U)  is  a family  of  constructible 
subsets  of  the  spectral  space  Z = X \ U with  empty  intersection.  Using  that  the 
spectral  topology  on  Z is  quasi-compact  (Lemma  5.22.2|)  we  conclude  from  Lemma 
5.11.6|  that  Ei=%  for  some  i.  □ 


OAPO  Lemma  5.23.8.  Let  X be  a spectral  space.  Let  E C X be  a constructible  subset. 
Let  W C X be  the  set  of  points  of  X which  specialize  to  a point  of  E.  Then 
W \ E is  a spectral  space.  If  W = f)  Ui  with  Ui  as  in  Lemma  5.23.1  0 then 
W\E  = lim(f7j  \ E). 


Proof.  Since  E is  constructible,  it  is  quasi-compact  and  hence  Lemma  5.23.7  ap- 
plies to  W.  If  E is  constructible,  then  E is  constructible  in  U for  all  i £ I. 
Hence  U \ E is  spectral  by  Lemma  5.22.4  Since  W \ E = fj(b}  \ E)  we  have 


W\E  = lim  Ui  \ E by  the  universal  property  of  limits.  Then  W \ E is  a spectral 
space  by  Lemma [5. 23. 5|  □ 


5.24.  STONE-CECH  COMPACTIFICATION 


205 


5.24.  Stone-Cech  compactification 

0908  The  Stone-Cech  compactification  of  a topological  space  A'  is  a map  A -A  /3(A) 
from  A to  a Hausdorff  quasi-compact  space  /3(A ) which  is  universal  for  such  maps. 
We  prove  this  exists  by  a standard  argument  using  the  following  simple  lemma. 

0909  Lemma  5.24.1.  Let  f : X Y be  a continuous  map  of  topological  spaces.  Assume 
that  /(A)  is  dense  in  Y and  that  Y is  Hausdorff.  Then  the  cardinality  ofY  is  at 
most  the  cardinality  of  P(P(X))  where  P is  the  power  set  operation. 

Proof.  Let  S = f{X)  C Y . Let  V be  the  set  of  all  closed  domains  of  Y , i.e. , 
subsets  D C Y which  equal  the  closure  of  its  interior.  Note  that  the  closure  of  an 
open  subset  of  Y is  a closed  domain.  For  y £Y  consider  the  set 

Iy  = {T  C S | there  exists  D £ V with  T = S fl  D and  y £ D}. 

Since  S is  dense  in  Y for  every  closed  domain  D we  see  that  S fl  D is  dense  in  D. 
Hence,  if  D fl  S = D'  D S for  D,  D'  £ V,  then  D = D' . Thus  Iy  = Iy'  implies  that 
y = y'  because  the  Hausdorff  condition  assures  us  that  we  can  find  a closed  domain 
containing  y but  not  y' . The  result  follows.  □ 


090A 


Let  X be  a topological  space.  By  Lemma  [5.24.1|  there  is  a set  I of  isomorphism 
classes  of  continuous  maps  / : A — > Y which  have  dense  image  and  where  Y is 
Hausdorff  and  quasi-compact.  For  i £ I choose  a representative  fi  : X -A  Y). 
Consider  the  map 


IIav 


and  denote  /3(A)  the  closure  of  the  image.  Since  each  1)  is  Hausdorff,  so  is  /3(A). 
Since  each  Yj  is  quasi-compact,  so  is  /3(A”)  (use  Theorem  5.13.4  and  Lemma  5.11.3). 


Let  us  show  the  canonical  map  A — > j3(X)  satisfies  the  universal  property  with 
respect  to  maps  to  Hausdorff,  quasi-compact  spaces.  Namely,  let  / : A — >•  Y be 
such  a morphism.  Let  Z CY  be  the  closure  of  /(A').  Then  A -A  A is  isomorphic 
to  one  of  the  maps  fi  : X — ► Y),  say  fio  : X — ► Yio . Thus  / factors  as  A — ► /3(A)  — > 
Jd  Yi  -a  Yio  = Z -a  Y as  desired. 


Lemma  5.24.2.  Let  X be  a Hausdorff,  locally  quasi-compact  space.  There  exists  a 
map  X -A  A*  which  identifies  X as  an  open  subspace  of  a quasi-compact  Hausdorff 
space  X*  such  that  X*\X  is  a singleton  (one  point  compactification).  In  particular, 
the  map  X -a  /3(A)  identifies  X with  an  open  subspace  of  /3(A). 


Proof.  Set  A*  = A H {oo}.  We  declare  a subset  V of  A*  to  be  open  if  either 
V C X is  open  in  A,  or  oo  £ V and  U = V C I A is  an  open  of  X such  that  A \U 
is  quasi-compact.  We  omit  the  verification  that  this  defines  a topology.  It  is  clear 
that  A'  -a  A*  identifies  A with  an  open  subspace  of  X. 


Since  A is  locally  quasi-compact,  every  point  x £ X has  a quasi-compact  neigh- 
bourhood x £ E C A.  Then  E is  closed  (Lemma  5.11.3)  and  V = (A\£’)H{oo}  is 
an  open  neighbourhood  of  oo  disjoint  from  the  interior  of  E.  Thus  A*  is  Hausdorff. 


Let  A*  = (J  Vi  be  an  open  covering.  Then  for  some  i,  say  io,  we  have  oo  £ V)0.  By 
construction  Z = X*  \ Via  is  quasi-compact.  Hence  the  covering  Z C (J i^i0  % D V) 
has  a finite  refinement  which  implies  that  the  given  covering  of  A*  has  a finite 
refinement.  Thus  X*  is  quasi-compact. 
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by  the  universal  property  of  the 
A*  be  this  factorization.  Then 


The  map  X — » X*  factors  as  X — > /3(A)  — y X 
Stone-Cech  compactification.  Let  ip  : /3(A)  — 

X -A  ip~1( X)  is  a section  to  <p_1(A)  -A  X hence  has  closed  image  (Lemma  5.3.3). 
Since  the  image  of  X — >■  /3(X)  is  dense  we  conclude  that  X = ip~1(X).  □ 


5.25.  Extremally  disconnected  spaces 

08YH  The  material  in  this  section  is  taken  from  [Gle58]  (with  a slight  modification  as 
in  (Rai59j).  In  Gleason’s  paper  it  is  shown  that  in  the  category  of  quasi-compact 
Hausdorff  spaces,  the  “projective  objects”  are  exactly  the  extremally  disconnected 
spaces. 

08YI  Definition  5.25.1.  A topological  space  A'  is  called  extremally  disconnected  if  the 
closure  of  every  open  subset  of  X is  open. 

If  X is  Hausdorff  and  extremally  disconnected,  then  X is  totally  disconnected  (this 
isn’t  true  in  general).  If  A'  is  quasi-compact,  Hausdorff,  and  extremally  discon- 
nected, then  X is  profinite  by  Lemma  |5.21.2|  but  the  converse  does  not  holds  in 
general.  Namely,  Gleason  shows  that  in  an  extremally  disconnected  Hausdorff  space 
A a convergent  sequence  x\,  X2,  £3,  • • • is  eventually  constant.  Hence  for  example 
the  p-adic  integers  Zp  = lim  Z /pn  Z is  a profinite  space  which  is  not  extremally 
disconnected. 

08YJ  Lemma  5.25.2.  Let  f : X -A  Y be  a continuous  map  of  topological  spaces.  Assume 
f is  surjective  and  f(E)  7^  Y for  all  proper  closed  subsets  E C X.  Then  for  U C X 
open  the  subset  f(U)  is  contained  in  the  closure  ofY  \ /(A  \ U). 


Proof.  Pick  y G f{U)  and  let  V C Y be  any  open  neighbourhood  of  y.  We  will 
show  that  V intersects  Y \ /(A'  \ U ).  Note  that  W = U D /-1(P)  is  a nonempty 
open  subset  of  A',  hence  /(A  \ W)  7^  Y.  Take  y'  G Y,  y'  £ /(A  \ W).  It  is 
elementary  to  show  that  y'  G V and  y'  G Y \ f{X  \U).  □ 

08YK  Lemma  5.25.3.  Let  X be  an  extremally  disconnected  space.  If  U,V  C A are 
disjoint  open  subsets,  then  U and  V are  disjoint  too. 


Proof.  By  assumption  U is  open,  hence  V D U is  open  and  disjoint  from  U , hence 
empty  because  U is  the  intersection  of  all  the  closed  subsets  of  A containing  U. 
This  means  the  open  V fl  U avoids  V hence  is  empty  by  the  same  argument.  □ 

08YL  Lemma  5.25.4.  Let  f : X -A  Y be  a continuous  map  of  Hausdorff  quasi-compact 
topological  spaces.  If  Y is  extremally  disconnected,  f is  surjective,  and  f(Z)  7^  Y 
for  every  proper  closed  subset  Z of  X , then  f is  a homeomorphism. 


08YM 


Proof.  By  Lemma  5.16.8  it  suffices  to  show  that  / is  injective.  Suppose  that  x,  x'  G 
A are  distinct  points  with  y = f{x)  = /( x').  Choose  disjoint  open  neighbourhoods 
U,U'  C X of  x,  x' . Observe  that  / is  closed  (Lemma  5.16.7)  hence  T = /(A  \ U) 
and  T'  = /(A  \ U')  are  closed  in  Y . Since  A is  the  union  of  A \ U and  A \ U'  we 
see  that  Y = T U T' . By  Lemma  5.25.2  we  see  that  y is  contained  in  the  closure 
of  Y \ T and  the  closure  of  Y \ T' . On  the  other  hand,  by  Lemma  5.25.3  this 
intersection  is  empty.  In  this  way  we  obtain  the  desired  contradiction.  □ 


Lemma  5.25.5.  Let  f : X — > Y be  a continuous  surjective  map  of  Hausdorff 
quasi-compact  topological  spaces.  There  exists  a quasi-compact  subset  E C A such 
that  f{E)  = Y but  f(E')  7^  Y for  all  proper  closed  subsets  E'  C E. 
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Proof.  We  will  use  without  further  mention  that  the  quasi-compact  subsets  of  A' 
are  exactly  the  closed  subsets  (Lemma  5.11.51.  Consider  the  collection  £ of  all 
quasi-compact  subsets  E C A with  f(E)  = Y ordered  by  inclusion.  We  will  use 
Zorn’s  lemma  to  show  that  £ has  a minimal  element.  To  do  this  it  suffices  to  show 
that  given  a totally  ordered  family  E\  of  elements  of  £ the  intersection  fj  E\  is 
an  element  of  £ . It  is  quasi-compact  as  it  is  closed.  For  every  y £ Y the  sets 
E\  n/-1({y})  are  nonempty  and  closed,  hence  the  intersection  p|  E\  n /_1  ({//})  = 

5.11.6  This  finishes  the  proof.  □ 


f'K-E/A  D / 1({y}))  is  nonempty  by  Lemma 


08YN  Proposition  5.25.6.  Let  X be  a Hausdorff , quasi-compact  topological  space.  The 
following  are  equivalent 

(1)  X is  extremally  disconnected, 

(2)  for  any  surjective  continuous  map  f : Y —7  X with  Y Hausdorff  quasi- 
compact there  exists  a continuous  section,  and 

(3)  for  any  solid  commutative  diagram 


Y 

yf 

X 


of  continuous  maps  of  quasi-compact  Hausdorff  spaces  with  Y —7  Z sur- 
jective, there  is  a dotted  arrow  in  the  category  of  topological  spaces  making 
the  diagram  commute. 


Proof.  It  is  clear  that  (3)  implies  (2).  On  the  other  hand,  if  (2)  holds  and  X — 7 Z 
and  Y — 7 Z are  as  in  (3),  then  (2)  assures  there  is  a section  to  the  projection 
X x z Y — 7 X which  implies  a suitable  dotted  arrow  exists  (details  omitted) . Thus 
(3)  is  equivalent  to  (2). 


Assume  X is  extremally  disconnected  and  let  / : Y -A  A be  as  in  (2).  By  Lemma 


5.25.5  there  exists  a quasi-compact  subset  E C Y such  that  f(E)  = X but  f(E’)  7^ 


X for  all  proper  closed  subsets  E’  C E.  By  Lemma  5.25.4  we  find  that  f\s  : E — 7 X 
is  a homeomorphism,  the  inverse  of  which  gives  the  desired  section. 


Assume  (2).  Let  U C X be  open  with  complement  Z.  Consider  the  continuous 
surjection  / : 17 II  Z — 7 X.  Let  a be  a section.  Then  U = er_1([/)  is  open.  Thus  X 
is  extremally  disconnected.  □ 

090B  Lemma  5.25.7.  Let  f : X — 7 X be  a continuous  selfmap  of  a Hausdorff  topological 
space.  If  f is  not  idx,  then  there  exists  a proper  closed  subset  E C X such  that 
X = EUf{E). 


Proof.  Pick  p € A with  f(p)  7^  p.  Choose  disjoint  open  neighbourhoods  p £ U, 
f(j>)  £ V and  set  .E  = A \ 17  n /-1(P).  □ 


5.25.6 


to  see  that  the  Stone-Cech 


090C  Example  5.25.8.  We  can  use  Proposition 

compactification  /3(A)  of  a discrete  space  X is  extremally  disconnected.  Namely,  let 
/ : Y — > /3(A)  be  a continuous  surjection  where  Y is  quasi-compact  and  Hausdorff. 
Then  we  can  lift  the  map  X — > /3(A)  to  a continuous  (!)  map  A — > Y as  A' 
is  discrete.  By  the  universal  property  of  the  Stone-Cech  compactification  we  see 
that  we  obtain  a factorization  A —7  /3(A)  —7  Y.  Since  /3(A)  -7  Y — 7 /3(A) 
equals  the  identity  on  the  dense  subset  A we  conclude  that  we  get  a section.  In 
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090D 


090E 


0067 

0069 


particular,  we  conclude  that  the  Stone-Cech  compactification  of  a discrete  space 


is  totally  disconnected,  whence  profinite  (see  discussion  following  Definition  5.25.1 
and  Lemma  5.21.2). 


Using  the  supply  of  extremally  disconnected  spaces  given  by  Example  |5.25.8|  we 
can  prove  that  every  quasi-compact  Hausdorff  space  has  a “projective  cover”  in  the 
category  of  quasi-compact  Hausdorff  spaces. 


Lemma  5.25.9.  Let  X be  a quasi-compact  Hausdorff  space.  There  exists  a con- 
tinuous surjection  X'  — > X with  X'  quasi- compact,  Hausdorff,  and  extremally  dis- 
connected. If  we  require  that  every  proper  closed  subset  of  X'  does  not  map  onto 
X , then  X'  is  unique  up  to  isomorphism. 


Proof.  Let  Y = X but  endowed  with  the  discrete  topology.  Let  X'  = /3(Y).  The 
continuous  map  Y — >•  A'  factors  as  Y — > X'  — > X.  This  proves  the  first  statement 
of  the  lemma  by  Example  |5.25.8| 


By  Lemma  5.25.5  we  can  find  a quasi-compact  subset  E C X'  such  that  no  proper 
closed  subset  of  E surjects  onto  X.  Because  X'  is  extremally  disconnected  there 
exists  a continuous  map  / : X'  — ► E over  X (Proposition  5.25.6).  Composing  / 
with  the  map  E — > X'  gives  a continuous  selfmap  f\  e '■  E —>  E.  This  map  has 
to  be  ids  as  otherwise  Lemma  |5.25.7|  shows  that  E isn’t  minimal.  Thus  the  ids 
factors  through  the  extremally  disconnected  space  X' . A formal,  categorical  argu- 
ment (using  the  characterization  of  Proposition  5.25.6)  shows  that  E is  extremally 
disconnected. 


To  prove  uniqueness,  suppose  we  have  a second  X"  -A  X minimal  cover.  By 
the  lifting  property  proven  in  Proposition  |5.25.6|  we  can  find  a continuous  map 
g : X'  — ► X"  over  X.  Observe  that  g is  a closed  map  (Lemma  5.16.7).  Hence 
g(X')  C X"  is  a closed  subset  surjecting  onto  X and  we  conclude  g(X')  = X"  by 
minimality  of  X".  On  the  other  hand,  if  E C X'  is  a proper  closed  subset,  then 
g(E)  X"  as  E does  not  map  onto  X by  minimality  of  X' . By  Lemma  5.25.4  we 
see  that  g is  an  isomorphism.  □ 

Remark  5.25.10.  Let  X be  a quasi-compact  Hausdorff  space.  Let  n be  an 
infinite  cardinal  bigger  or  equal  than  the  cardinality  of  X.  Then  the  cardinality 
of  the  minimal  quasi-compact,  Hausdorff,  extremally  disconnected  cover  X ’ — > X 
(Lemma  5.25.9 ) is  at  most  22  . Namely,  choose  a subset  S C X'  mapping  bijectively 
to  X.  By  minimality  of  X'  the  set  S is  dense  in  X' . Thus  \X'\  <22  by  Lemma 
15.24.11 


5.26.  Miscellany 

The  following  lemma  applies  to  the  underlying  topological  space  associated  to  a 
quasi-separated  scheme. 

Lemma  5.26.1.  Let  X be  a topological  space  which 

(1)  has  a basis  of  the  topology  consisting  of  quasi-compact  opens,  and 

(2)  has  the  property  that  the  intersection  of  any  two  quasi-compact  opens  is 
quasi-compact. 

Then 

(1)  X is  locally  quasi-compact, 

(2)  a quasi-compact  open  U C X is  retrocompact, 
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(3)  any  quasi-compact  open  U C X has  a cofinal  system  of  open  coverings 
U : U = Ujej  Uj  with  J finite  and  all  Uj  and  Uj  D Uj>  quasi-compact, 

(4)  add  more  here. 

Proof.  Omitted.  □ 

06RM  Definition  5.26.2.  Let  X be  a topological  space.  We  say  x £ X is  an  isolated 
point  oiX  if  {x}  is  open  in  X. 

5.27.  Partitions  and  stratifications 

09XY  Stratifications  can  be  defined  in  many  different  ways.  We  welcome  comments  on 
the  choice  of  definitions  in  this  section. 

09XZ  Definition  5.27.1.  Let  X be  a topological  space.  A partition  of  X is  a decom- 
position X = ]JXj  into  locally  closed  subsets  Xj.  The  X.,  are  called  the  parts  of 
the  partition.  Given  two  partitions  of  X we  say  one  refines  the  other  if  the  parts 
of  one  are  unions  of  parts  of  the  other. 

Any  topological  space  X has  a partition  into  connected  components.  If  X has 
finitely  many  irreducible  components  Z-[ .....  Zr,  then  there  is  a partition  with 
parts  Xj  = Hie/  \ (U igj  %i)  whose  indices  are  subsets  / C {l,...,r}  which 
refines  the  partition  into  connected  components. 

09Y0  Definition  5.27.2.  Let  X be  a topological  space.  A good  stratification  of  X is  a 
partition  X = Xj  such  that  for  all  i,j  £ I we  have 

n X]  £ 0 =>  X,;  C Xj. 

Given  a good  stratification  X = Xj  we  obtain  a partial  ordering  on  I by 

setting  i < j if  and  only  if  X,;  C Xj.  Then  we  see  that 

•^=U<W 

However,  what  often  happens  in  algebraic  geometry  is  that  one  just  has  that  the 
left  hand  side  is  a subset  of  the  right  hand  side  in  the  last  displayed  formula.  This 
leads  to  the  following  definition. 

09Yi  Definition  5.27.3.  Let  X be  a topological  space.  A stratification  of  X is  given 
by  a partition  X = Lie/  Xj  and  a partial  ordering  on  I such  that  for  each  j £ I 
we  have 

^CU,<A* 

The  parts  Xj  are  called  the  strata  of  the  stratification. 

We  often  impose  additional  conditions  on  the  stratification.  For  example,  stratifi- 
cations are  particularly  nice  if  they  are  locally  finite , which  means  that  every  point 
has  a neighbourhood  which  meets  only  finitely  many  strata.  Moreo  generally  we 
introduce  the  following  definition. 

OBDS  Definition  5.27.4.  Let  X be  a topological  space.  Let  / be  a set  and  for  i £ I let 
Ei  C X be  a subset.  We  say  the  collection  {ifj}jg/  is  locally  finite  if  for  all  x £ X 
there  exists  an  open  neighbourhood  U of  x such  that  {i  £ I\Ei  D U ^ 0}  is  finite. 
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09Y2  Remark  5.27.5.  Given  a locally  finite  stratification  A = JJ  Aj  of  a topological 
space  A',  we  obtain  a family  of  closed  subsets  Zi  = (J  -<f  °f  A'  indexed  by  / such 
that 

Zi  n Zj  = (I  Zk 

Conversely,  given  closed  subsets  Zi  C X indexed  by  a partially  ordered  set  I such 
that  X = |J  Zi,  such  that  every  point  has  a neighbourhood  meeting  only  finitely 
many  Zi , and  such  that  the  displayed  formula  holds,  then  we  obtain  a locally  finite 
stratification  of  X by  setting  X \ = Zi\  Uj<i  Zj. 

09Y3  Lemma  5.27.6.  Let  X be  a topological  space.  Let  X = ]j  Xi  be  a finite  partition 
of  X . Then  there  exists  a finite  stratification  of  X refining  it. 

Proof.  Let  Tj  = X,  and  A,-  = Tj  \ A f.  Let  S be  the  set  of  all  intersections  of  Tj 
and  A.(.  (For  example  T\  D T2  n A4  is  an  element  of  S.)  Then  S = {Zs}  is  a finite 
collection  of  closed  subsets  of  X such  that  Zs  n Zs>  £ S for  all  s,  s'  £ S.  Define  a 
partial  ordering  on  S by  inclusion.  Then  set  Ys  = Zs\  Us'<s  Zs>  to  get  the  desired 
stratification.  □ 

09Y4  Lemma  5.27.7.  Let  X be  a topological  space.  Suppose  X = TiU. . .UT„  is  written 
as  a union  of  constructible  subsets.  There  exists  a finite  stratification  X = JJ  Aj 
with  each  Xi  constructible  such  that  each  Tj~  is  a union  of  strata. 


Proof.  By  definition  of  constructible  subsets,  we  can  write  each  Tj  as  a finite  union 
of  U fl  Vc  with  U,V  C X retrocompact  open.  Hence  we  may  assume  that  Tj  = 
UiCiVf  with  Ui,Vi  C X retrocompact  open.  Let  S be  the  finite  set  of  closed  subsets 
of  X consisting  of  t.XJJf.  Vf  and  finite  intersections  of  these.  Write  S = { Zs }. 
If  s £ S',  then  Zs  is  constructible  (Lemma  5.14.21.  Moreover,  Zs  n Zsi  £ S for  all 


s,  s'  £ S.  Define  a partial  ordering  on  S by  inclusion.  Then  set  Ys  = Zs\  Us'<s  • 
to  get  the  desired  stratification. 


□ 


09Y5  Lemma  5.27.8.  Let  X be  a Noetherian  topological  space.  Any  finite  partition  of 
X can  be  refined  by  a finite  good  stratification. 


Proof.  Let  A = U Aj  be  a finite  partition  of  A.  Let  Z be  an  irreducible  component 
of  A.  Since  A'  = (J  Aj  with  finite  index  set,  there  is  an  i such  that  Z C Xi.  Since  Aj 
is  locally  closed  this  implies  that  ZnXi  contains  an  open  of  Z.  Thus  ZnA,  contains 
an  open  U of  A'  (Lemma |5.8.2[) . Write  Aj  = U H X]  H A?  with  A } = ( Aj  \ 17)  fl  U 
and  A?  = (Aj  \ U)  fl  U°.  For  i'  7^  i we  set  X},  = Aj/  fl  U and  Xf,  = Aj/  fl  11°.  Then 

A\Ef  = ]jAzfc 

is  a partition  such  that  U\U  = (J  A;1.  Note  that  X \ U is  closed  and  strictly 
smaller  than  A.  By  Noetherian  induction  we  can  refine  this  partition  by  a finite 
good  stratification  A \ U = IJaGA^“-  Then  A = U H \[a(zATa  is  a finite  good 
stratification  of  A refining  the  partition  we  started  with.  □ 


5.28.  Colimits  of  spaces 

0B1W  The  category  of  topological  spaces  has  coproducts.  Namely,  if  / is  a set  and  for 
* £ I we  are  given  a topological  space  Aj  then  we  endow  the  set  II  i6i  Aj  with  the 
coproduct  topology.  As  a basis  for  this  topology  we  use  sets  of  the  form  C/j  where 
Ui  C Aj  is  open. 
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The  category  of  topological  spaces  has  coequalizers.  Namely,  if  a,  b : X — > Y are 
morphisms  of  topological  spaces,  then  the  equalizer  of  a and  b is  the  coequalizer 
Y / ~ in  the  category  of  sets  endowed  with  the  quotient  topology  (Section  [575]) . 

0B1X  Lemma  5.28.1.  The  category  of  topological  spaces  has  colimits  and  the  forgetful 
functor  to  sets  commutes  with  them. 


Proof.  This  follows  from  the  discussion  above  and  Categories,  Lemma  4.14.11| 
Another  proof  of  existence  of  colimits  is  sketched  in  Categories,  Remark  |4.25.2  It 
follows  from  the  above  that  the  forgetful  functor  commutes  with  colimits.  Another 
way  to  see  this  is  to  use  Categories,  Lemma[4.24.4  and  use  that  the  forgetful  functor 
has  a right  adjoint,  namely  the  functor  which  assigns  to  a set  the  corresponding 
chaotic  (or  indiscrete)  topological  space.  □ 


5.29.  Topological  groups,  rings,  modules 

0B1Y  This  is  just  a short  section  with  definitions  and  elementary  properties. 

0B1Z  Definition  5.29.1.  A topological  group  is  a group  G endowed  with  a topology 
such  that  multiplication  GxGaG,  (x, y)  H > xy  and  inverse  G — > G,  x K > x_1  are 
continuous.  A homomorphism  of  topological  groups  is  a homomorphism  of  groups 
which  is  continuous. 


If  G is  a topological  group  and  H C G is  a subgroup,  then  H with  the  induced 
topology  is  a topological  group.  If  G is  a topological  group  and  G — X H is  a 
surjection  of  groups,  then  H endowed  with  the  quotient  topology  is  a topological 
group. 


OBMC 


0B20 


Example  5.29.2.  Let  £ be  a set.  We  can  endow  the  set  of  self  maps  Map(E,E) 
with  the  compact  open  topology,  i.e. , the  topology  such  that  given  / : E — X E 
a fundamental  system  of  neighbourhoods  of  / is  given  by  the  sets  Us(f)  = {f  ■ 
E —x  E | f\s  = /|s}  where  S C E is  finite.  With  this  topology  the  action  of 
Map(E,  E)  x E — X E and  the  composition  Map(E,  E)  x Map(E,  E)  — > Map(E,  E) 
are  continuous.  Finally,  if  Aut(E)  C Map(E,  E)  is  the  subset  of  invertible  maps, 
then  the  inverse  i : Aut(E)  — > Aut(E),  / i— >■  /-1  is  continuous  too.  Namely,  say 
S C E is  finite,  then  i~1(Us(f~1))  = t//-i(s)(/)-  Hence  Aut(E)  is  a topological 
group  as  in  Definition  5.29.1| 


Lemma  5.29.3.  The  category  of  topological  groups  has  limits  and  limits  com- 
mute with  the  forgetful  functors  to  (a)  the  category  of  topological  spaces  and  (b)  the 
category  of  groups. 


Proof.  It  is  enough  to  prove  the  existence  and  commutation  for  products  and 
equalizers,  see  Categories,  Lemma|4.14.10|  Let  Gt . i £ I be  a collection  of  topolog- 
ical groups.  Take  the  usual  product  G = J}  Gt  with  the  product  topology.  Since 
G x G = x Gi)  as  a topological  space  (because  products  commutes  with 

products  in  any  category),  we  see  that  multiplication  on  G is  continuous.  Simi- 
larly for  the  inverse  map.  Let  a,  b : G — > H be  two  homomorphisms  of  topological 
groups.  Then  as  the  equalizer  we  can  simply  take  the  equalizer  of  a and  b as  maps 
of  topological  spaces,  which  is  the  same  thing  as  the  equalizer  as  maps  of  groups 
endowed  with  the  induced  topology.  □ 

0BR1  Lemma  5.29.4.  Let  G be  a topological  group.  The  following  are  equivalent 
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(1)  G as  a topological  space  is  pro  finite, 

(2)  G is  a limit  of  a diagram  of  finite  discrete  topological  groups, 

(3)  G is  a cofiltered  limit  of  finite  discrete  topological  groups. 


Proof.  We  have  the  corresponding  result  for  topological  spaces,  see  Lemma [5. 21. 2 1 
Combined  with  Lemma  5.29.3  we  see  that  it  suffices  to  prove  that  (1)  implies  (3). 

We  first  prove  that  every  neighbourhood  E of  the  neutral  element  e contains  an 
open  subgroup.  Namely,  since  G is  the  cofiltered  limit  of  finite  discrete  topological 
spaces  (Lemma  5.21.21,  we  can  choose  a continuous  map  / : G — > T to  a finite 
discrete  space  T such  that  /-1(/({e}))  C E.  Consider 

H = {geG  | f(gg')  = f(g’)  for  all  g’  £ G} 


This  is  a subgroup  of  G and  contained  in  E.  Thus  it  suffices  to  show  that  H is 
open.  Pick  t £ T and  set  W = f~1({t}).  Observe  that  W C G is  open  and  closed, 
in  particular  quasi-compact.  For  each  w £ W there  exist  open  neighbourhoods 
e £ XJW  C G and  w £ U’w  C W such  that  UWU’W  C W.  By  quasi-compactness  we 
can  find  w\ , . . . , wn  such  that  W = (J  U'w..  Then  Ut  = UWl  D . . . D UWn  is  an  open 
neighbourhood  of  e such  that  f{gw ) = t for  all  w £ W . Since  T is  finite  we  see  that 
nteT  Ut  C H is  an  open  neighourhood  of  e.  Since  H C G is  a subgroup  it  follows 
that  H is  open. 


Suppose  that  H C G is  an  open  subgroup.  Since  G is  quasi-compact  we  see  that 
the  index  of  H in  G is  finite.  Say  G = HgiU. . .U Hgn.  Then  N = P|i=i  n 
is  an  open  normal  subgroup  contained  in  H.  Since  N also  has  finite  index  we  see 
that  G -A  G/N  is  a surjection  to  a finite  discrete  topological  group. 


0BR2 


0B21 


Consider  the  map 

G — > limjvcG  open  and  normal  G / N 

We  claim  that  this  map  is  an  isomorphism  of  topological  groups.  This  finishes  the 
proof  of  the  lemma  as  the  limit  on  the  right  is  cofiltered  (the  intersection  of  two  open 
normal  subgroups  is  open  and  normal).  The  map  is  continuous  as  each  G — > G/N 
is  continuous.  The  map  is  injective  as  G is  Hausdorf  and  every  neighbourhood  of 
e contains  an  N by  the  arguments  above.  The  map  is  surjective  by  Lemma |5.11.6| 
By  Lemma  |5.16.8|  the  map  is  a homeomorphism.  □ 

Definition  5.29.5.  A topological  group  is  called  a profinite  group  if  it  satisfies 
the  equivalent  conditions  of  Lemma |5.29.4[ 


If  Gi  — >•  G2  — >•  G3  — > . . . is  a system  of  topological  groups  then  the  colimit  G = 
colim  Gn  as  a topological  group  (Lemma  5.29.61  is  in  general  different  from  the 
colimit  as  a topological  space  (Lemma  5.28.1)  even  though  these  have  the  same 


underlying  set.  See  Examples,  Section |88. 65 


Lemma  5.29.6.  The  category  of  topological  groups  has  colimits  and  colimits  com- 
mute with  the  forgetful  functor  to  the  category  of  groups. 


Proof.  We  will  use  the  argument  of  Categories,  Remark |4. 25. 2| to  prove  existence 
of  colimits.  Namely,  suppose  that  I — > Top,  i i->  G,  is  a functor  into  the  category 
TopGroup  of  topological  groups.  Then  we  can  consider 


F : TopGroup  — > Sets,  H 1 — > limx  Mor  Top  Group  (Gi,  H) 

This  functor  commutes  with  limits.  Moreover,  given  any  topological  group  H and 
an  element  (y>,  : Gj  — > H)  of  F(H),  there  is  a subgroup  H'  C H of  cardinality 
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at  most  | U Gi|  (coproduct  in  the  category  of  groups,  i.e.,  the  free  product  on  the 
Gi)  such  that  the  morphisms  ipi  map  into  H' . Namely,  we  can  take  the  induced 
topology  on  the  subgroup  generated  by  the  images  of  the  <pi.  Thus  it  is  clear  that 
the  hypotheses  of  Categories,  Lemma|4.25.1|are  satisfied  and  we  find  a topological 
group  G representing  the  functor  F,  which  precisely  means  that  G is  the  colimit  of 
the  diagram  i Gi. 

To  see  the  statement  on  commutation  with  the  forgetful  functor  to  groups  we  will 
use  Categories,  Lemma  |4.24.4|  Indeed,  the  forgetful  functor  has  a right  adjoint, 
namely  the  functor  which  assigns  to  a group  the  corresponding  chaotic  (or  indis- 
crete) topological  group.  □ 

0B22  Definition  5.29.7.  A topological  ring  is  a ring  R endowed  with  a topology  such 
that  addition  Rx  R — ► R,  (x,y)  ha  x + y and  multiplication  Rx  R — > R,  (x,  y)  H > xy 
are  continuous.  A homomorphism,  of  topological  rings  is  a homomorphism  of  rings 
which  is  continuous. 


In  the  Stacks  project  rings  are  commutative  with  1.  If  I?  is  a topological  ring,  then 
(. R , +)  is  a topological  group  since  x i-A  — x is  continuous.  If  I?  is  a topological  ring 
and  R'  C R is  a subring,  then  R'  with  the  induced  topology  is  a topological  ring.  If 
I?  is  a topological  ring  and  R — > R'  is  a surjection  of  rings,  then  R'  endowed  with 
the  quotient  topology  is  a topological  ring. 

0B23  Lemma  5.29.8.  The  category  of  topological  rings  has  limits  and  limits  commute 
with  the  forgetful  functors  to  (a)  the  category  of  topological  spaces  and  (b)  the  cat- 
egory of  rings. 


Proof.  It  is  enough  to  prove  the  existence  and  commutation  for  products  and 
equalizers,  see  Categories,  Lemma  4.14.10|  Let  Ri,  i G I be  a collection  of  topo- 
logical rings.  Take  the  usual  product  R = JI  Ri  with  the  product  topology.  Since 
R x R = H(i?j  x Ri)  as  a topological  space  (because  products  commutes  with 
products  in  any  category),  we  see  that  addition  and  multiplication  on  R are  con- 
tinuous. Let  a,b  : R . R'  be  two  homomorphisms  of  topological  rings.  Then  as 
the  equalizer  we  can  simply  take  the  equalizer  of  a and  b as  maps  of  topological 
spaces,  which  is  the  same  thing  as  the  equalizer  as  maps  of  rings  endowed  with  the 
induced  topology.  □ 

0B24  Lemma  5.29.9.  The  category  of  topological  rings  has  colimits  and  colimits  com- 
mute with  the  forgetful  functor  to  the  category  of  rings. 


Proof.  The  exact  same  argument  as  used  in  the  proof  of  Lemma  |5.29.6|  shows 
existence  of  colimits.  To  see  the  statement  on  commutation  with  the  forgetful 
functor  to  rings  we  will  use  Categories,  Lemma|4.24.4|  Indeed,  the  forgetful  functor 
has  a right  adjoint,  namely  the  functor  which  assigns  to  a ring  the  corresponding 
chaotic  (or  indiscrete)  topological  ring.  □ 

0B25  Definition  5.29.10.  Let  I?  be  a topological  ring.  A topological  module  is  an  R- 
module  M endowed  with  a topology  such  that  addition  M x M — > M and  scalar 
multiplication  RxM  — > M are  continuous.  A homomorphism  of  topological  modules 
is  a homomorphism  of  modules  which  is  continuous. 


If  I?  is  a topological  ring  and  M is  a topological  module,  then  (M,  +)  is  a topological 
group  since  x i-A  — x is  continuous.  If  I?  is  a topological  ring,  M is  a topological 
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module  and  M'  C M is  a submodule,  then  M'  with  the  induced  topology  is  a 
topological  module.  If  R is  a topological  ring,  M is  a topological  module,  and 
M — > M'  is  a surjection  of  modules,  then  M'  endowed  with  the  quotient  topology 
is  a topological  module. 

0B26  Lemma  5.29.11.  Let  R be  a topological  ring.  The  category  of  topological  modules 
over  R has  limits  and  limits  commute  with  the  forgetful  functors  to  (a)  the  category 
of  topological  spaces  and  (b)  the  category  of  R-modules. 


Proof.  It  is  enough  to  prove  the  existence  and  commutation  for  products  and 
equalizers,  see  Categories,  Lemma |4.14.10|  Let  Mt . i £ I be  a collection  of  topolog- 
ical modules  over  R.  Take  the  usual  product  M = Yl  Mi  with  the  product  topology. 
Since  M x M = Yl(Mi  x Mi)  as  a topological  space  (because  products  commutes 
with  products  in  any  category),  we  see  that  addition  on  M is  continuous.  Similarly 
for  multiplication  R x M — > M.  Let  a,b  : M — > M'  be  two  homomorphisms  of 
topological  modules  over  R.  Then  as  the  equalizer  we  can  simply  take  the  equalizer 
of  a and  b as  maps  of  topological  spaces,  which  is  the  same  thing  as  the  equalizer 
as  maps  of  modules  endowed  with  the  induced  topology.  □ 

0B27  Lemma  5.29.12.  Let  R be  a topological  ring.  The  category  of  topological  modules 
over  R has  colimits  and  colimits  commute  with  the  forgetful  functor  to  the  category 
of  modules  over  R. 


Proof.  The  exact  same  argument  as  used  in  the  proof  of  Lemma  5.29.6|  shows 
existence  of  colimits.  To  see  the  statement  on  commutation  with  the  forgetful 
functor  to  R-modules  we  will  use  Categories,  Lemma  [4. 24. 4[  Indeed,  the  forgetful 
functor  has  a right  adjoint,  namely  the  functor  which  assigns  to  a module  the 
corresponding  chaotic  (or  indiscrete)  topological  module.  □ 
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Sheaves  on  Spaces 


006A 

6.1.  Introduction 

006B  Basic  properties  of  sheaves  on  topological  spaces  will  be  explained  in  this  document. 
A reference  is  IOod73|. 

This  will  be  superseded  by  the  discussion  of  sheaves  over  sites  later  in  the  docu- 
ments. But  perhaps  it  makes  sense  to  briefly  define  some  of  the  notions  here. 

6.2.  Basic  notions 

006C  The  following  is  a list  of  basic  notions  in  topology. 

(1)  Let  X be  a topological  space.  The  phrase:  “Let  U = [JieJ  Ui  be  an  open 
covering”  means  the  following:  I is  a set  and  for  each  i € I we  are  given 
an  open  subset  Ui  C X such  that  U is  the  union  of  the  Ui . It  is  allowed 
to  have  I = 0 in  which  case  there  are  no  Ui  and  [7  = 0.  It  is  also  allowed, 
in  case  I 0 to  have  any  or  all  of  the  Ui  be  empty. 

(2)  etc,  etc. 
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006D 

006E  Definition  6.3.1.  Let  AT  be  a topological  space. 

(1)  A presheaf  J-  of  sets  on  X is  a rule  which  assigns  to  each  open  U C X a 
set  J-(U)  and  to  each  inclusion  V C U a map  py  : T(U)  —>  X{V)  such 
that  py  = idjr(c/)  and  whenever  W C V C U we  have  p^  = p ^ o p 

(2)  A morphism  ip  : T — > Q of  presheaves  of  sets  on  X is  a rule  which  assigns 
to  each  open  U C X a map  of  sets  <p  : T{U)  -»  G(U)  compatible  with 
restriction  maps,  i.e.,  whenever  V C U C X are  open  the  diagram 

HU) -^G{U) 

Pv  Pv 

HV) ^+G{V) 

commutes. 

(3)  The  category  of  presheaves  of  sets  on  X will  be  denoted  PSh{X). 

The  elements  of  the  set  X(U)  are  called  the  sections  of  T over  U.  For  every  V C U 
the  map  py  : T(U)  —>  X{V)  is  called  the  restriction  map.  We  will  use  the  notation 
s | y :=  Py(s)  if  s £ X(U).  This  notation  is  consistent  with  the  notion  of  restriction 
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of  functions  from  topology  because  if  W C V C U and  s is  a section  of  F over 
U then  s\w  = (s|y)|w  by  the  property  of  the  restriction  maps  expressed  in  the 
definition  above. 

Another  notation  that  is  often  used  is  to  indicate  sections  over  an  open  U by 
the  symbol  T(U,—)  or  by  H°(U , — ).  In  other  words,  the  following  equalities  are 
tautological 

T(U,  F)  = F(U)  = H°(U,F). 

In  this  chapter  we  will  not  use  this  notation,  but  in  others  we  will. 

006F  Definition  6.3.2.  Let  X be  a topological  space.  Let  A be  a set.  The  constant 
presheaf  with  value  A is  the  presheaf  that  assigns  the  set  A to  every  open  1/cl, 
and  such  that  all  restriction  mappings  are  id^- 


6.4.  Abelian  presheaves 


006G  In  this  section  we  briefly  point  out  some  features  of  the  category  of  presheaves  that 
allow  one  to  define  presheaves  of  abelian  groups. 

006H  Example  6.4.1.  Let  A be  a topological  space  X.  Consider  a rule  F that  associates 
to  every  open  subset  a singleton  set.  Since  every  set  has  a unique  map  into  a 
singleton  set,  there  exist  unique  restriction  maps  py.  The  resulting  structure  is  a 
presheaf  of  sets.  It  is  a final  object  in  the  category  of  presheaves  of  sets,  by  the 
property  of  singleton  sets  mentioned  above.  Hence  it  is  also  unique  up  to  unique 
isomorphism.  We  will  sometimes  write  * for  this  presheaf. 


0061  Lemma  6.4.2.  Let  X be  a topological  space.  The  category  of  presheaves  of  sets  on 
X has  products  (see  Categories,  Definition  4-14- 5).  Moreover,  the  set  of  sections 
of  the  product  F x Q over  an  open  U is  the  product  of  the  sets  of  sections  of  F and 
Q over  U. 


Proof.  Namely,  suppose  F and  Q are  presheaves  of  sets  on  the  topological  space 
X.  Consider  the  rule  U i-A  F(U)  x Q(U),  denoted  F x Q.  If  L C 17  C X are  open 
then  define  the  restriction  mapping 

{F  X g)(U)  — > (F  x g)(v) 

by  mapping  (s,  t)  K > (s|y , t|y).  Then  it  is  immediately  clear  that  FxQ  is  a presheaf. 
Also,  there  are  projection  maps  p : F x Q -A  F and  q : F x Q -A  Q.  We  leave  it 
to  the  reader  to  show  that  for  any  third  presheaf  TL  we  have  Mor ((H,F  x Q)  = 
Moi(TL,F)  x Mot(H,G).  □ 


Recall  that  if  (A,  + : A x A ->  A,  - : A ->  A,  0 £ A)  is  an  abelian  group,  then  the 
zero  and  the  negation  maps  are  uniquely  determined  by  the  addition  law.  In  other 
words,  it  makes  sense  to  say  “let  (A,  +)  be  an  abelian  group” . 


006J 


Lemma  6.4.3.  Let  X be  a topological  space.  Let  F be  a presheaf  of  sets.  Consider 
the  following  types  of  structure  on  F: 


(1)  For  every  open  U the  structure  of  an  abelian  group  on  F(U ) such  that  all 
restriction  maps  are  abelian  group  homomorphisms. 

(2)  A map  of  presheaves  + : F x F — > F , a map  of  presheaves  — : F — »•  F and 
a map  0 : * — > F (see  Example  6. 4-1)  satisfying  all  the  axioms  of  +,—  ,0 
in  a usual  abelian  group. 
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(3)  A map  of  presheaves  + : T x T — > F,  a map  of  presheaves  — : T T 
and  a map  0 : * — > F such  that  for  each  open  U C A the  quadruple 
(F(U),  +,  — , 0)  is  an  abelian  group, 

(4)  A map  of  presheaves  + : J-  x F — > F such  that  for  every  open  U C A the 
map  + : F{U)  x F(U)  — > F(U)  defines  the  structure  of  an  abelian  group. 

There  are  natural  bijections  between  the  collections  of  types  of  data  (1)  - (f)  above. 

Proof.  Omitted.  □ 


006K 


The  lemma  says  that  to  give  an  abelian  group  object  J-  in  the  category  of  presheaves 
is  the  same  as  giving  a presheaf  of  sets  F such  that  all  the  sets  F(U)  are  endowed 
with  the  structure  of  an  abelian  group  and  such  that  all  the  restriction  mappings 
are  group  homomorphisms.  For  most  algebra  structures  we  will  take  this  approach 
to  (pre)sheaves  of  such  objects,  i.e.,  we  will  define  a (pre)sheaf  of  such  objects  to 
be  a (pre)sheaf  F of  sets  all  of  whose  sets  of  sections  F{U)  are  endowed  with  this 
structure  compatibly  with  the  restriction  mappings. 


Definition  6.4.4.  Let  A be  a topological  space. 

(1)  A presheaf  of  abelian  groups  on  X or  an  abelian  presheaf  over  A is  a 
presheaf  of  sets  F such  that  for  each  open  U C X the  set  F(U)  is  endowed 
with  the  structure  of  an  abelian  group,  and  such  that  all  restriction  maps 
py  are  homomorphisms  of  abelian  groups,  see  Lemma  6.4.3  above. 

(2)  A morphism  of  abelian  presheaves  over  X ip  : J-  — > Q is  a morphism 
of  presheaves  of  sets  which  induces  a homomorphism  of  abelian  groups 
F{U)  — > Q(U)  for  every  open  U C X. 

(3)  The  category  of  presheaves  of  abelian  groups  on  X is  denoted  PAb(X). 


006L  Example  6.4.5.  Let  A be  a topological  space.  For  each  x £ X suppose  given  an 
abelian  group  Mx.  For  U C X open  we  set 

■F(EO=0  Mx. 

We  denote  a typical  element  in  this  abelian  group  by  Y^i=i  TOx; , where  Xi  £ U 
and  mXi  £ MXi.  (Of  course  we  may  always  choose  our  representation  such  that 
x\,...,xn  are  pairwise  distinct.)  We  define  for  V C U C A open  a restriction 
mapping  T(U)  — > T(V)  by  mapping  an  element  s = element 

s|y  = ev  mxi-  We  leave  it  to  the  reader  to  verify  that  this  is  a presheaf  of 
abelian  groups. 


6.5.  Presheaves  of  algebraic  structures 

006M  Let  us  clarify  the  definition  of  presheaves  of  algebraic  structures.  Suppose  that 
C is  a category  and  that  F : C — > Sets  is  a faithful  functor.  Typically  F is  a 
“forgetful”  functor.  For  an  object  M £ Ob(C)  we  often  call  F(M)  the  underlying 
set  of  the  object  M . If  M — )■  M'  is  a morphism  in  C we  call  F{M)  — > F(M')  the 
underlying  map  of  sets.  In  fact,  we  will  often  not  distinguish  between  an  object 
and  its  underlying  set,  and  similarly  for  morphisms.  So  we  will  say  a map  of  sets 
F(M)  — > F(M' ) is  a morphism  of  algebraic  structures , if  it  is  equal  to  F{f)  for 
some  morphism  / : M — > M'  in  C. 

In  analogy  with  Definition [6A4] above  a “presheaf  of  objects  of  C”  could  be  defined 
by  the  following  data: 
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(1)  a presheaf  of  sets  F , and 

(2)  for  every  open  U C X a choice  of  an  object  A(U)  £ Ob(C) 
subject  to  the  following  conditions  (using  the  phraseology  above) 

(1)  for  every  open  U C X the  set  F(U)  is  the  underlying  set  of  A(U),  and 

(2)  for  every  V C U C X open  the  map  of  sets  py  : F(U)  — >•  F{V)  is  a 
morphism  of  algebraic  structures. 


In  other  words,  for  every  V C U open  in  X the  restriction  mappings  py  is  the 
image  F(ay)  for  some  unique  morphism  ay  : A(U)  —>  A(V ) in  the  category  C. 
The  uniqueness  is  forced  by  the  condition  that  F is  faithful;  it  also  implies  that 
o ay  whenever  W C V C U are  open  in  X.  The  system  (A(—),ay)  is 


a 


w 


= a 


w ' 


what  we  will  define  as  a presheaf  with  values  in  C on  X,  compare  Sites,  Definition 
7.2.2  We  recover  our  presheaf  of  sets  (F,py)  via  the  rules  F(U)  = F(A(U))  and 
Pv  = F{°%). 


6.5.1.  Let  X be  a topological  space.  Let  C be  a category. 
presheaf  F on  X with  values  in  C is  given  by  a rule  which  assigns  to 
every  open  U C X an  object  F(U)  of  C and  to  each  inclusion  V C U a 
morphism  py  : F(U)  F(V)  in  C such  that  whenever  W C V C U we 
have  Pw  = Pw°  Pv- 

(2)  A morphism  tp  : F — ► Q of  presheaves  with  value  in  C is  given  by  a 
morphism  ip  : F(U ) — > G(U)  in  C compatible  with  restriction  morphisms. 


Definition 

(1)  A 


0060  Definition  6.5.2.  Let  X be  a topological  space.  Let  C be  a category.  Let  F : 
C — > Sets  be  a faithful  functor.  Let  F be  a presheaf  on  X with  values  in  C.  The 
presheaf  of  sets  U i— > F(F(U))  is  called  the  underlying  presheaf  of  sets  of  F. 


It  is  customary  to  use  the  same  letter  F to  denote  the  underlying  presheaf  of  sets, 
and  this  makes  sense  according  to  our  discussion  preceding  Definition  |6.5.1|  In 
particular,  the  phrase  “let  s € F{U)”  or  “let  s be  a section  of  F over  U"  signifies 
that  s £ F{F(U)). 

This  notation  and  these  definitions  apply  in  particular  to:  Presheaves  of  (not  nec- 
essarily abelian)  groups,  rings,  modules  over  a fixed  ring,  vector  spaces  over  a fixed 
field,  etc  and  morphisms  between  these. 


6.6.  Presheaves  of  modules 

006P  Suppose  that  O is  a presheaf  of  rings  on  X . We  would  like  to  define  the  notion  of 
a presheaf  of  O-modules  over  X.  In  analogy  with  Definition  |6.4.4|  we  are  tempted 
to  define  this  as  a sheaf  of  sets  F such  that  for  every  open  U C X the  set  F(U)  is 
endowed  with  the  structure  of  an  (H(f7)-module  compatible  with  restriction  map- 
pings (of  F and  O).  However,  it  is  customary  (and  equivalent)  to  define  it  as  in 
the  following  definition. 

006Q  Definition  6.6.1.  Let  X be  a topological  space,  and  let  O be  a presheaf  of  rings 
on  X. 

(1)  A presheaf  of  O -modules  is  given  by  an  abelian  presheaf  F together  with 
a map  of  presheaves  of  sets 

OxF  — >F 

such  that  for  every  open  U C X the  map  0(U)  x F(U)  -A  F(U)  defines 
the  structure  of  an  0({7)-module  structure  on  the  abelian  group  F(U). 
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(2)  A morphism  tp  : F — X Q of  presheaves  of  0 -modules  is  a morphism  of 
abelian  presheaves  ip  : F — x Q such  that  the  diagram 


0 xJ ^F 


idx<£> 

Y 

Oxg 


V 

g 


commutes. 

(3)  The  set  of  0-module  morphisms  as  above  is  denoted  Homo  (A,  g). 

(4)  The  category  of  presheaves  of  0-modules  is  denoted  PMod(0). 


Suppose  that  0\  —X  02  is  a morphism  of  presheaves  of  rings  on  X.  In  this  case,  if 
F is  a presheaf  of  02-modules  then  we  can  think  of  F as  a presheaf  of  0i-modules 
by  using  the  composition 

0i  x F -x  02  x F -x  F. 

We  sometimes  denote  this  by  Fot  to  indicate  the  restriction  of  rings.  We  call  this 
the  restriction  of  F.  We  obtain  the  restriction  functor 

PMod{02)  — x PMod(0\) 


On  the  other  hand,  given  a presheaf  of  0i-modules  g we  can  construct  a presheaf 
of  02-modules  02  G by  the  rule 

(02  <8)p,Oi  G)  ( U ) = 02 (CO  ®Oi(l7)  G{U) 

The  index  p stands  for  “presheaf”  and  not  “point”.  This  presheaf  is  called  the 
tensor  product  presheaf.  We  obtain  the  change  of  rings  functor 

PMod{0\)  — X PMod{02) 

006R  Lemma  6.6.2.  With  X,  0\,  02,  F and  g as  above  there  exists  a canonical 
bijection 

Homo,  (Q,  Fof)  = HomO2(02  G,F) 

In  other  words,  the  restriction  and  change  of  rings  functors  are  adjoint  to  each 
other. 

Proof.  This  follows  from  the  fact  that  for  a ring  map  A — x B the  restriction  functor 
and  the  change  of  ring  functor  are  adjoint  to  each  other.  □ 


6.7.  Sheaves 

006S  In  this  section  we  explain  the  sheaf  condition. 

006T  Definition  6.7.1.  Let  A be  a topological  space. 

(1)  A sheaf  F of  sets  on  X is  a presheaf  of  sets  which  satisfies  the  follow- 
ing additional  property:  Given  any  open  covering  U = Ue/  Uj  and  any 
collection  of  sections  s*  £ F(Ui),  i £ / such  that  Vi,  j £ I 

SilUiHUj  = Sj\uiC\Uj 

there  exists  a unique  section  s £ F(U)  such  that  st  = s|[/;  for  all  i £ I. 

(2)  A morphism  of  sheaves  of  sets  is  simply  a morphism  of  presheaves  of  sets. 

(3)  The  category  of  sheaves  of  sets  on  X is  denoted  Sh(X). 
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006U  Remark  6.7.2.  There  is  always  a bit  of  confusion  as  to  whether  it  is  necessary 
to  say  something  about  the  set  of  sections  of  a sheaf  over  the  empty  set  0 C X.  It 
is  necessary,  and  we  already  did  if  you  read  the  definition  right.  Namely,  note  that 
the  empty  set  is  covered  by  the  empty  open  covering,  and  hence  the  “collection  of 
section  s " from  the  definition  above  actually  form  an  element  of  the  empty  product 
which  is  the  final  object  of  the  category  the  sheaf  has  values  in.  In  other  words,  if 
you  read  the  definition  right  you  automatically  deduce  that  J-(9)  = a final  object , 
which  in  the  case  of  a sheaf  of  sets  is  a singleton.  If  you  do  not  like  this  argument, 
then  you  can  just  require  that  F(fb)  = {*}. 

In  particular,  this  condition  will  then  ensure  that  ifU,V  C X are  open  and  disjoint 
then 

T(UUV)  =T{U)  x T(V). 

(Because  the  fibre  product  over  a final  object  is  a product.) 

006V  Example  6.7.3.  Let  X , Y be  topological  spaces.  Consider  the  rule  T wich 
associates  to  the  open  U C X the  set 

T(U)  = {/  : 17  — ► Y | / is  continuous} 

with  the  obvious  restriction  mappings.  We  claim  that  T is  a sheaf.  To  see  this 
suppose  that  U = (Jig7  Ui  is  an  open  covering,  and  /*  £ TfUf),  i £ I with  fi\uinUj  = 
fj\utnUj  for  all  i,j  £ I.  In  this  case  define  / : U — > Y by  setting  f(u)  equal  to  the 
value  of  fi(u ) for  any  i £ I such  that  u £ Ui.  This  is  well  defined  by  assumption. 
Moreover,  / : U — > Y is  a map  such  that  its  restriction  to  Ui  agrees  with  the 
continuous  map  Ui.  Hence  clearly  / is  continuous! 

We  can  use  the  result  of  the  example  to  define  constant  sheaves.  Namely,  suppose 
that  A is  a set.  Endow  A with  the  discrete  topology.  Let  U C X be  an  open  subset. 
Then  we  have 

{/  : U — > A | / continuous}  = {/  : U — > A \ f locally  constant}. 

Thus  the  rule  which  assigns  to  an  open  all  locally  constant  maps  into  A is  a sheaf. 

006W  Definition  6.7.4.  Let  X be  a topological  space.  Let  A be  a set.  The  constant 
sheaf  with  value  A denoted  A,  or  Ax  is  the  sheaf  that  assigns  to  an  open  U C X 
the  set  of  all  locally  constant  maps  U — > A with  restriction  mappings  given  by 
restrictions  of  functions. 

006X  Example  6.7.5.  Let  X be  a topological  space.  Let  (Ax)xe x be  a family  of  sets 
Ax  indexed  by  points  x £ X.  We  are  going  to  construct  a sheaf  of  sets  n from  this 
data.  For  U C X open  set 

m)  = U P nA - 

For  V C U C X open  define  a restriction  mapping  by  the  following  rule:  An 
element  s = {ax)x^u  £ n(t/)  restricts  to  s|y  = {ax)x^v-  It  is  obvious  that  this 
defines  a presheaf  of  sets.  We  claim  this  is  a sheaf.  Namely,  let  U = (J  L}  be  an 
open  covering.  Suppose  that  .s,  £ n (Ui)  are  such  that  s*  and  Sj  agree  over  Ui  D Uj. 
Write  Si  = (ai  x)x^u..  The  compatibility  condition  implies  that  ai^x  = a3  X in  the 
set  Ax  whenever  x £ Ui  fl  Uj.  Hence  there  exists  a unique  element  s = (ax)xeu  in 
m)  = Uxeu  Ax  with  the  property  that  ax  = ai,x  whenever  x £ Ui  for  some  i.  Of 
course  this  element  s has  the  property  that  s}/,.  = s,;  for  all  i. 
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006Y  Example  6.7.6.  Let  A be  a topological  space.  Suppose  for  each  x £ X we  are 
given  an  abelian  group  Mx.  Consider  the  presheaf  A : U >->•  (£)xeU  Mx  defined 
in  Example  |6.4.5[  This  is  not  a sheaf  in  general.  For  example,  if  X is  an  infinite 
set  with  the  discrete  topology,  then  the  sheaf  condition  would  imply  that  A(A)  = 
UxexHM)  but  by  definition  we  have  A(A)  = @x€X  Mx  = ®IgA-  A({:r}).  And 
an  infinite  direct  sum  is  in  general  different  from  an  infinite  direct  product. 

However,  if  A is  a topological  space  such  that  every  open  of  X is  quasi-compact, 
then  X is  a sheaf.  This  is  left  as  an  exercise  to  the  reader. 


6.8.  Abelian  sheaves 


006Z 

0070  Definition  6.8.1.  Let  A be  a topological  space. 

(1)  An  abelian  sheaf  on  X or  sheaf  of  abelian  groups  on  X is  an  abelian 
presheaf  on  X such  that  the  underlying  presheaf  of  sets  is  a sheaf. 

(2)  The  category  of  sheaves  of  abelian  groups  is  denoted  Ab{ A). 

Let  A be  a topological  space.  In  the  case  of  an  abelian  presheaf  A the  sheaf 
condition  with  regards  to  an  open  covering  U = (J  Ui  is  often  expressed  by  saying 
that  the  complex  of  abelian  groups 

o X(U)  n F(Ui)  -a  n.  . F(uio  n Uif) 

is  exact.  The  first  map  is  the  usual  one,  whereas  the  second  maps  the  element 
the  element 

(Siol^nc/ij  — sii\Ui0r\Ui1)(i0,ii)  £ IT(i0  C Uii') 


6.9.  Sheaves  of  algebraic  structures 

0071  Let  us  clarify  the  definition  of  sheaves  of  certain  types  of  structures.  First,  let  us 
reformulate  the  sheaf  condition.  Namely,  suppose  that  A is  a presheaf  of  sets  on 
the  topological  space  A.  The  sheaf  condition  can  be  reformulated  as  follows.  Let 
U = Uiez  be  an  open  covering.  Consider  the  diagram 


HU)  — - UieiHUi)  — Udo^eixiHUio  n uh) 

Here  the  left  map  is  defined  by  the  rule  s Jlie/  sIh;-  The  two  maps  on  the  right 
are  the  maps 


resp. 


The  sheaf  condition  exactly  says  that  the  left  arrow  is  the  equalizer  of  the  right  two. 
This  generalizes  immediately  to  the  case  of  presheaves  with  values  in  a category  as 
long  as  the  category  has  products. 


0072  Definition  6.9.1.  Let  A be  a topological  space.  Let  C be  a category  with  products. 
A presheaf  A with  values  in  C on  A'  is  a sheaf  if  for  every  open  covering  the  diagram 


hu)  — -n,^(^)^n(io,il)eix,mo  nc/ij 


is  an  equalizer  diagram  in  the  category  C. 
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Suppose  that  C is  a category  and  that  F : C — > Sets  is  a faithful  functor.  A good 
example  to  keep  in  mind  is  the  case  where  C is  the  category  of  abelian  groups  and 
F is  the  forgetful  functor.  Consider  a presheaf  F with  values  in  C on  X.  We  would 
like  to  reformulate  the  condition  above  in  terms  of  the  underlying  presheaf  of  sets 
(Definition |6. 5. 2[).  Note  that  the  underlying  presheaf  of  sets  is  a sheaf  of  sets  if  and 
only  if  all  the  diagrams 

— - iiiei  nnui)) — n(i0,il)e/x/  nnui0  n ut  j) 


of  sets  - after  applying  the  forgetful  functor  F - are  equalizer  diagrams!  Thus  we 
would  like  C to  have  products  and  equalizers  and  we  would  like  F to  commute  with 
them.  This  is  equivalent  to  the  condition  that  C has  limits  and  that  F commutes 
with  them,  see  Categories,  Lemma  4.14.10  But  this  is  not  yet  good  enough  (see 


Example  6.9.4);  we  also  need  F to  reflect  isomorphisms.  This  property  means  that 
A 


given  a morphism  / 
is  a bijection. 


A'  in  C,  then  / is  an  isomorphism  if  (and  only  if)  F{f) 


0073  Lemma  6.9.2.  Suppose  the  category  C and  the  functor  F : C — )•  Sets  have  the 
following  properties: 

(1)  F is  faithful, 

(2)  C has  limits  and  F commutes  with  them,  and 

(3)  the  functor  F reflects  isomorphisms. 

Let  X be  a topological  space.  Let  F be  a presheaf  with  values  in  C.  Then  F is  a 
sheaf  if  and  only  if  the  underlying  presheaf  of  sets  is  a sheaf. 


Proof.  Assume  that  F is  a sheaf.  Then  F(U)  is  the  equalizer  of  the  diagram  above 
and  by  assumption  we  see  F(F(U))  is  the  equalizer  of  the  corresponding  diagram 
of  sets.  Hence  F(F)  is  a sheaf  of  sets. 


Assume  that  F(F)  is  a sheaf.  Let  E £ Ob(C)  be  the  equalizer  of  the  two  parallel 
arrows  in  Definition  6.9. 1|  We  get  a canonical  morphism  F(U)  -A  E,  simply  be- 
cause F is  a presheaf.  By  assumption,  the  induced  map  F(F(U))  — ► F(E)  is  an 
isomorphism,  because  F(E)  is  the  equalizer  of  the  corresponding  diagram  of  sets. 
Hence  we  see  F(U)  — > E is  an  isomorphism  by  condition  (3)  of  the  lemma.  □ 
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The  lemma  in  particular  applies  to  sheaves  of  groups,  rings,  algebras  over  a fixed 
ring,  modules  over  a fixed  ring,  vector  spaces  over  a fixed  field,  etc.  In  other  words, 
these  are  presheaves  of  groups,  rings,  modules  over  a fixed  ring,  vector  spaces  over 
a fixed  field,  etc  such  that  the  underlying  presheaf  of  sets  is  a sheaf. 


Example  6.9.3.  Let  A be  a topological  space.  For  each  open  U C X consider  the 
R-algebra  C°(U)  = {/  : U — >■  R | / is  continuous}.  There  are  obvious  restriction 
mappings  that  turn  this  into  a presheaf  of  R-algebras  over  X.  By  Example  |6.7.3| 
it  is  a sheaf  of  sets.  Hence  by  the  Lemma  6.9.2|it  is  a sheaf  of  R-algebras  over  X. 


Example  6.9.4.  Consider  the  category  of  topological  spaces  Top.  There  is  a 
natural  faithful  functor  Top  — > Sets  which  commutes  with  products  and  equalizers. 
But  it  does  not  reflect  isomorphisms.  And,  in  fact  it  turns  out  that  the  analogue 


of  Lemma  6.9.2  is  wrong.  Namely,  suppose  X = N with  the  discrete  topology.  Let 
Ai,  for  i £ N be  a discrete  topological  space.  For  any  subset  U C N define  F(U)  = 
n,eC/  A,  with  the  discrete  topology.  Then  this  is  a presheaf  of  topological  spaces 
whose  underlying  presheaf  of  sets  is  a sheaf,  see  Example |6. 7. 5|  However,  if  each  A,: 
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has  at  least  two  elements,  then  this  is  not  a sheaf  of  topological  spaces  according  to 
Definition  |6.9.1[  The  reader  may  check  that  putting  the  product  topology  on  each 
T(U)  = n,g!7  A i does  lead  to  a sheaf  of  topological  spaces  over  X. 

6.10.  Sheaves  of  modules 


0076 
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Definition  6.10.1.  Let  X be  a topological  space.  Let  0 be  a sheaf  of  rings  on  X. 


(1) 

(2) 

(3) 

(4) 


A sheaf  of  O -modules  is  a presheaf  of  0-modules  T . see  Definition  6.6.1 
such  that  the  underlying  presheaf  of  abelian  groups  T is  a sheaf. 

A morphism  of  sheaves  of  0 -modules  is  a morphism  of  presheaves  of  0- 
modules. 

Given  sheaves  of  0-modules  T and  Q we  denote  Homo(Jr,  Q)  the  set  of 
morphism  of  sheaves  of  0-modules. 

The  category  of  sheaves  of  0-modules  is  denoted  Mod(O). 


This  definition  kind  of  makes  sense  even  if  0 is  just  a presheaf  of  rings,  although 
we  do  not  know  any  examples  where  this  is  useful,  and  we  will  avoid  using  the 
terminology  “sheaves  of  0-modules”  in  case  0 is  not  a sheaf  of  rings. 


6.11.  Stalks 

0078  Let  X be  a topological  space.  Let  x £ X be  a point.  Let  T be  a presheaf  of  sets 
on  X.  The  stalk  of  T at  x is  the  set 

Tx  = colimx£C/  F(U) 

where  the  colimit  is  over  the  set  of  open  neighbourhoods  U of  x in  A'.  The  set 
of  open  neighbourhoods  is  (partially)  ordered  by  (reverse)  inclusion:  We  say  U > 
U'  4=>  U C U' . The  transition  maps  in  the  system  are  given  by  the  restriction 
maps  of  T.  See  Categories,  Section  |4.21|  for  notation  and  terminology  regarding 
(co)limits  over  systems.  Note  that  the  colimit  is  a directed  colimit.  Thus  it  is  easy 
to  describe  Tx.  Namely, 

Tx  = {(U,s)\xeU,s€T(U)}/  ~ 

with  equivalence  relation  given  by  ( U,s ) ~ (U',sr)  if  and  only  if  there  exists  an 
open  XJ"  C U D U'  with  x G U"  and  s|  u"  = s>  I U"  ■ By  abuse  of  notation  we  will 
often  denote  (U,s),  sx,  or  even  s the  corresponding  element  in  Tx.  Also  we  will  say 
s = s'  in  Tx  for  two  local  sections  of  T defined  in  an  open  neighbourhood  of  x to 
denote  that  they  have  the  same  image  in  J~x. 

An  obvious  consequence  of  this  definition  is  that  for  any  open  U C X there  is  a 
canonical  map 

nu)-+  n ^ 

defined  by  s i-A  s)-  Think  about  it! 

0079  Lemma  6.11.1.  Let  J-  be  a sheaf  of  sets  on  the  topological  space  X.  For  every 
open  U C X the  map 

nu)->n  t* 


is  injective. 
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007A 


007B 


007C 


007D 


007E 

007F 


Proof.  Suppose  that  s,s'  £ JF(U)  map  to  the  same  element  in  every  stalk  Tx  for 
all  x £ U.  This  means  that  for  every  x £ U,  there  exists  an  open  Vx  C U,  x £ Vx 
such  that  s|v*  = s' |y*.  But  then  U = Vx an  °Pen  covering.  Thus  by  the 

uniqueness  in  the  sheaf  condition  we  see  that  s = s' . □ 


Definition  6.11.2.  Let  X be  a topological  space.  A presheaf  of  sets  T on  X is 
separated  if  for  every  open  U C X the  map  X(U)  — > \\xeU  Tx  is  injective. 

Another  observation  is  that  the  construction  of  the  stalk  J~x  is  functorial  in  the 
presheaf  T . In  other  words,  it  gives  a functor 

PSh(X)  — > Sets , J~  i — >TX. 


This  functor  is  called  the  stalk  functor.  Namely,  if  tp  : T — > Q is  a morphism 
of  presheaves,  then  we  define  ipx  : Tx  ► Qx  by  the  rule  (U,s)  K > ( U,ip(s )).  To 
see  that  this  works  we  have  to  check  that  if  ( U , s ) = (U1,  s')  in  Tx  then  also 
(U,  p(s))  = (U',  tp(s'))  in  Qx.  This  is  clear  since  tp  is  compatible  with  the  restriction 
mappings. 


Example  6.11.3.  Let  X be  a topological  space.  Let  A be  a set.  Denote  tem- 
porarily Ap  the  constant  presheaf  with  value  A ( p for  presheaf  - not  for  point). 
There  is  a canonical  map  of  presheaves  Ap  — > A into  the  constant  sheaf  with  value 
A.  For  every  point  we  have  canonical  bijections  A = (Ap)x  = Ax,  where  the  second 
map  is  induced  by  functoriality  from  the  map  Ap  — » A. 


Example  6.11.4.  Suppose  X = R"  with  the  Euclidean  topology.  Consider  the 
presheaf  of  C°°  functions  on  X , 


denoted  Cgk 


In  other  words,  Cgk([/)  is  the  set 


of  C°°-functions  / : U -)  R.  As  in  Example  |6.7.3|  it  is  easy  to  show  that  this  is  a 
sheaf.  In  fact  it  is  a sheaf  of  R-vector  spaces. 


Next,  let  x £ X = Rra  be  a point.  How  do  we  think  of  an  element  in  the  stalk 
Cg>„  x?  Such  an  element  is  given  by  a C°°-function  / whose  domain  contains  x.  And 
a pair  of  such  functions  /,  g determine  the  same  element  of  the  stalk  if  they  agree 
in  a neighbourhood  of  x.  In  other  words,  an  element  if  Cgk  x is  the  same  thing  as 
what  is  sometimes  called  a germ  of  a C°°  -function  at  x. 


Example  6.11.5.  Let  A be  a topological  space.  Let  Ax  be  a set  for  each  x £ X. 
Consider  the  sheaf  T : U i-A  Example  6.7.5  We  would  just  like  to  point 

out  here  that  the  stalk  Tx  of  T at  x is  in  general  not  equal  to  the  set  Ax.  Of  course 
there  is  a map  J~x  — > Ax , but  that  is  in  general  the  best  you  can  say.  For  example, 
suppose  x = limxn  with  xn  ^ xm  for  all  n ^ m and  suppose  that  Ay  = {0,1} 
for  all  y £ X.  Then  Tx  maps  onto  the  (infinite)  set  of  tails  of  sequences  of  Os  and 
Is.  Namely,  every  open  neighbourhood  of  x contains  almost  all  of  the  xn.  On  the 
other  hand,  if  every  neighbourhood  of  x contains  a point  y such  that  Ay  = 0,  then 
Tx  = 0. 


6.12.  Stalks  of  abelian  presheaves 

We  first  deal  with  the  case  of  abelian  groups  as  a model  for  the  general  case. 

Lemma  6.12.1.  Let  X be  a topological  space.  Let  J-  be  a presheaf  of  abelian 
groups  on  X.  There  exists  a unique  structure  of  an  abelian  group  on  Tx  such  that 
for  every  U C X open,  x £ U the  map  X(U)  — ► Fx  is  a group  homomorphism. 
Moreover, 


T~ I:  colimTp [j  JF ( LJ ) 
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holds  in  the  category  of  abelian  groups. 

Proof.  We  define  addition  of  a pair  of  elements  (17,  s)  and  (V,  t)  as  the  pair  (U  0 
V,  s\unv  + t\unv)-  The  rest  is  easy  to  check.  □ 


What  is  crucial  in  the  proof  above  is  that  the  partially  ordered  set  of  open  neigh- 
bourhoods is  a directed  system  (compare  Categories,  Definition  4.21.2).  Namely, 
the  coproduct  of  two  abelian  groups  A,  B is  the  direct  sum  A © B1  whereas  the 
coproduct  in  the  category  of  sets  is  the  disjoint  union  ^4 II 73,  showing  that  colimits 
in  the  category  of  abelian  groups  do  not  agree  with  colimits  in  the  category  of  sets 
in  general. 


6.13.  Stalks  of  presheaves  of  algebraic  structures 


007G 
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The  proof  of  Lemma  6.12.1  will  work  for  any  type  of  algebraic  structure  such  that 
directed  colimits  commute  with  the  forgetful  functor. 


Lemma  6.13.1.  LetC  be  a category.  Let  F :C  — ► Sets  be  a functor.  Assume  that 

(1)  F is  faithful,  and 

(2)  directed  colimits  exist  in  C and  F commutes  with  them. 

Let  X be  a topological  space.  Let  x £ X . Let  F be  a presheaf  with  values  in  C. 
Then 

Fx  = colimxe(y  ,F(17) 

exists  in  C.  Its  underlying  set  is  equal  to  the  stalk  of  the  underlying  presheaf  of 
sets  of  F . Furthermore,  the  construction  F K > Fx  is  a functor  from  the  category  of 
presheaves  with  values  in  C to  C. 


Proof.  Omitted. 


□ 


By  the  very  definition,  all  the  morphisms  F{U)  —¥  Fx  are  morphisms  in  the  category 
C which  (after  applying  the  forgetful  functor  F ) turn  into  the  corresponding  maps 
for  the  underlying  sheaf  of  sets.  As  usual  we  will  not  distinguish  between  the 
morphism  in  C and  the  underlying  map  of  sets,  which  is  permitted  since  F is 
faithful. 

This  lemma  applies  in  particular  to:  Presheaves  of  (not  necessarily  abelian)  groups, 
rings,  modules  over  a fixed  ring,  vector  spaces  over  a fixed  field. 


6.14.  Stalks  of  presheaves  of  modules 

0071 

007J  Lemma  6.14.1.  Let  X be  a topological  space.  Let  O be  a presheaf  of  rings  on  X . 
Let  F be  a presheaf  of  O -modules.  Let  x £ X.  The  canonical  map  Ox  x Fx  — > Fx 
coming  from  the  multiplication  map  O x F — > F defines  a Ox-module  structure  on 
the  abelian  group  Fx. 

Proof.  Omitted.  □ 

007K  Lemma  6.14.2.  Let  X be  a topological  space.  Let  O -A  O'  be  a morphism  of 
presheaves  of  rings  on  X . Let  F be  a presheaf  of  O -modules.  Let  x £ X . We  have 

Fx  00^  Q'x  = {F  0')x 

as  Ox-modules. 

Proof.  Omitted.  □ 
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6.15.  Algebraic  structures 

007L  In  this  section  we  mildly  formalize  the  notions  we  have  encountered  in  the  sections 
above. 

007M  Definition  6.15.1.  A type  of  algebraic  structure  is  given  by  a category  C and  a 
functor  F : C -A  Sets  with  the  following  properties 

(1)  F is  faithful, 

(2)  C has  limits  and  F commutes  with  limits, 

(3)  C has  filtered  colimits  and  F commutes  with  them,  and 

(4)  F reflects  isomorphisms. 

We  make  this  definition  to  point  out  the  properties  we  will  use  in  a number  of 
arguments  below.  But  we  will  not  actually  study  this  notion  in  any  great  detail, 
since  we  are  prohibited  from  studying  “big”  categories  by  convention,  except  for 
those  listed  in  Categories,  Remark  |4.2.2[  Among  those  the  following  have  the 
required  properties. 

007N  Lemma  6.15.2.  The  following  categories,  endowed  with  the  obvious  forgetful  func- 
tor, define  types  of  algebraic  structures: 

(1)  The  category  of  pointed  sets. 

(2)  The  category  of  abelian  groups. 

(3)  The  category  of  groups. 

(4)  The  category  of  monoids. 

(5)  The  category  of  rings. 

(6)  The  category  of  R-modules  for  a fixed  ring  R. 

(7)  The  category  of  Lie  algebras  over  a fixed  field. 

Proof.  Omitted.  □ 


From  now  on  we  will  think  of  a (pre)sheaf  of  algebraic  structures  and  their  stalks, 


in  terms  of  the  underlying  (pre)sheaf  of  sets.  This  is  allowable  by  Lemmas  6.9.2 
andl6.13.ll 


In  the  rest  of  this  section  we  point  out  some  results  on  algebraic  structures  that 
will  be  useful  in  the  future. 

0070  Lemma  6.15.3.  Let  ( C,F ) be  a type  of  algebraic  structure. 

(1)  C has  a final  object  0 and  F( 0)  = {*}. 

(2)  C has  products  and  F(J|  Aj)  = J|F(A;). 

(3)  C has  fibre  products  and  F(A  Xb  C)  = F{A)  x 

(4)  C has  equalizers,  and  if  E -A  A is  the  equalizer  of  a,b  : A -A  B,  then 
F(E)  -A  F(A)  is  the  equalizer  of  F(a),F(b)  : F(A)  -A  F(B). 

(5)  A -A  B is  a monomorphism  if  and  only  if  F(A)  -A  F(B)  is  injective. 

(6)  if  F (a)  : F(A)  — » F(B)  is  surjective,  then  a is  an  epimorphism. 

(7)  given  A\  -A  A2  — > A3  — ► . . .,  then  colimA^  exists  and  F(colimAi)  = 
colimF^Aj),  and  more  generally  for  any  filtered  colimit. 

Proof.  Omitted.  The  only  interesting  statement  is  (5)  which  follows  because  A -A 
B is  a mononrorphism  if  and  only  if  A — > A Xp  A is  an  isomorphism,  and  then 
applying  the  fact  that  F reflects  isomorphisms.  □ 
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007P  Lemma  6.15.4.  Let  (C,  F)  be  a type  of  algebraic  structure.  Suppose  that  A,B,C  £ 
Ob(C).  Let  f : B and  g : C — » B be  morphisms  of  C.  If  F(g)  is  injective,  and 

Im(F(f))  C Im(F(g)),  then  f factors  as  f = g o t for  some  morphism  t : A — * C . 

Proof.  Consider  A xB  C . The  assumptions  imply  that  F(A  xBC)  = F(A)  xF^B^ 
F(C)  = F{A).  Hence  A = A x B C because  F reflects  isomorphisms.  The  result 
follows.  □ 

007Q  Example  6.15.5.  The  lemma  will  be  applied  often  to  the  following  situation. 
Suppose  that  we  have  a diagram 

A s-  B 

Y 

C > D 

in  C.  Suppose  C — > D is  injective  on  underlying  sets,  and  suppose  that  the  compo- 
sition A -A  B — ► D has  image  on  underlying  sets  in  the  image  of  C — > D.  Then  we 
get  a commutative  diagram 

A s-  B 

Y Y 


007R 


Example  6.15.6.  Let  F : C Sets  be  a type  of  algebraic  structures.  Let  A' 
be  a topological  space.  Suppose  that  for  every  x £ X we  are  given  an  object 
Ax  £ ob(C).  Consider  the  presheaf  n with  values  in  C on  X defined  by  the  rule 
n(y)  = El xeu  Ax  (with  obvious  restriction  mappings).  Note  that  the  associated 
preslieaf  of  sets  U F(n(E/))  = nEei7  F(Ax)  is  a sheaf  by  Example  6.7.5  Hence 


n is  a sheaf  of  algebraic  structures  of  type  ( C,F ).  This  gives  many  examples  of 
sheaves  of  abelian  groups,  groups,  rings,  etc. 


6.16.  Exactness  and  points 

007S  In  any  category  we  have  the  notion  of  epimorphism,  monomorphism,  isomorphism, 
etc. 

007T  Lemma  6.16.1.  Let  X be  a topological  space.  Let  <p  : T — > G be  a morphism  of 
sheaves  of  sets  on  X. 

(1)  The  map  ip  is  a monomorphism  in  the  category  of  sheaves  if  and  only  if 
for  all  x £ X the  map  ipx  : Tx  — > Qx  is  injective. 

(2)  The  map  ip  is  an  epimorphism  in  the  category  of  sheaves  if  and  only  if  for 
all  x £ X the  map  <px  : Tx  — > Qx  is  surjective. 

(3)  The  map  ip  is  an  isomorphism  in  the  category  of  sheaves  if  and  only  if  for 
all  x £ X the  map  ipx  : Tx  — > Qx  is  bijective. 

Proof.  Omitted.  □ 

It  follows  that  in  the  category  of  sheaves  of  sets  the  notions  epimorphism  and 
monomorphism  can  be  described  as  follows. 

007U  Definition  6.16.2.  Let  A be  a topological  space. 
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(1)  A presheaf  T is  called  a subpresheaf  of  a presheaf  G if  F(U)  C G{U)  for 
all  open  U C X such  that  the  restriction  maps  of  G induce  the  restriction 
maps  of  T . If  T and  G are  sheaves,  then  T is  called  a subsheaf  of  Q.  We 
sometimes  indicate  this  by  the  notation  F C G ■ 

(2)  A morphism  of  presheaves  of  sets  tp  : F — > G on  X is  called  injective  if 
and  only  if  F(U)  — > Q(U)  is  injective  for  all  U open  in  X. 

(3)  A morphism  of  presheaves  of  sets  p : F — > G on  X is  called  surjective  if 
and  only  if  F(U)  -A  G(U)  is  surjective  for  all  U open  in  X. 

(4)  A morphism  of  sheaves  of  sets  tp  : F — > G on  A'  is  called  injective  if  and 
only  if  F(U)  — > G{U)  is  injective  for  all  U open  in  X. 

(5)  A morphism  of  sheaves  of  sets  ip  : T — > G on  X is  called  surjective  if  and 
only  if  for  every  open  U of  X and  every  section  s of  G{U)  there  exists  an 
open  covering  U = [JUi  such  that  s\ui  is  in  the  image  of  T(Ui)  G{U) 
for  all  i. 

Lemma  6.16.3.  Let  X be  a topological  space. 

(1)  Epimorphisms  (resp.  monomorphisms)  in  the  category  of  presheaves  are 
exactly  the  surjective  (resp.  injective)  maps  of  presheaves. 

(2)  Epimorphisms  (resp.  monomorphisms)  in  the  category  of  sheaves  are  ex- 
actly the  surjective  (resp.  injective)  maps  of  sheaves,  and  are  exactly  those 
maps  with  are  surjective  (resp.  injective)  on  all  the  stalks. 

(3)  The  sheafification  of  a surjective  (resp.  injective)  morphism  of  presheaves 
of  sets  is  surjective  (resp.  injective). 

Proof.  Omitted.  □ 

Lemma  6.16.4.  let  X be  a topological  space.  Let  ( C,F ) be  a type  of  algebraic 
structure.  Suppose  that  F,  G are  sheaves  on  X with  values  in  C . Let  p : T — > G be 
a map  of  the  underlying  sheaves  of  sets.  If  for  all  points  x £ X the  map  Fx  -A  Gx 
is  a morphism  of  algebraic  structures,  then  p is  a morphism  of  sheaves  of  algebraic 
structures. 

Proof.  Let  U be  an  open  subset  of  X.  Consider  the  diagram  of  (underlying)  sets 

HU) 


5(U) -n  xeu& 


By  assumption,  and  previous  results,  all  but  the  left  vertical  arrow  are  morphisms 
of  algebraic  structures.  In  addition  the  bottom  horizontal  arrow  is  injective,  see 
Lemma|6.11.1|  Hence  we  conclude  by  Lemma [6. 15. 4[  see  also  Example  |6. 15. 5|  □ 


Short  exact  sequences  of  abelian  sheaves,  etc  will  be  discussed  in  the  chapter  on 


sheaves  of  modules.  See  Modules,  Section  17.3 


6.17.  Sheafification 

In  this  section  we  explain  how  to  get  the  sheafification  of  a presheaf  on  a topological 
space.  We  will  use  stalks  to  describe  the  sheafification  in  this  case.  This  is  different 
from  the  general  procedure  described  in  Sites,  Section [7.101  and  perhaps  somewhat 
easier  to  understand. 
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The  basic  construction  is  the  following.  Let  T be  a presheaf  of  sets  J on  a topo- 
logical space  X.  For  every  open  U C X we  define 

F*(U)  = {(su)  G TT  H such  that  (*)} 

-LuEU 

where  (*)  is  the  property: 

(*)  For  every  u G U,  there  exists  an  open  neighbourhood  u G V C U,  and  a 
section  a G X(V)  such  that  for  all  v G V we  have  sv  = (V,a)  in  Tv. 

Note  that  (*)  is  a condition  for  each  u G U,  and  that  given  u G U the  truth  of 
this  condition  depends  only  on  the  values  sv  for  v in  any  open  neighbourhood  of  u. 
Thus  it  is  clear  that,  if  V C U C X are  open,  the  projection  maps 


maps  elements  of  H^{U)  into  H^(y).  In  other  words,  we  get  the  structure  of  a 
presheaf  of  sets  on  J7# . 


Furthermore,  the  map  T(U)  — > X\u&u  described  in  Section  6.11  clearly  has 
image  in  X#{U).  In  addition,  if  V C U C X are  open  then  we  have  the  following 
commutative  diagram 


HU) X#(U) Ylueu  Fu 


HV)  ^.F*{V) nvev?v 


where  the  vertical  maps  are  induced  from  the  restriction  mappings.  Thus  we  see 
that  there  is  a canonical  morphism  of  presheaves  J-  — > . 


In  Example  6.7.5  we  saw  that  the  rule  II(Jr)  : U ha  Y[ueU  H is  a sheaf,  with 
obvious  restriction  mappings.  And  by  construction  T & is  a subpresheaf  of  this.  In 
other  words,  we  have  morphisms  of  presheaves 


T -a  T*  -A  n(jr). 


In  addition  the  rule  that  associates  to  T the  sequence  above  is  clearly  functorial  in 
the  presheaf  T . This  notation  will  be  used  in  the  proofs  of  the  lemmas  below. 
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Lemma  6.17.1.  The  presheaf  is  a sheaf. 


Proof.  It  is  probably  better  for  the  reader  to  find  their  own  explanation  of  this 
than  to  read  the  proof  here.  In  fact  the  lemma  is  true  for  the  same  reason  as  why 
the  presheaf  of  continuous  function  is  a sheaf,  see  Example  6.7.3  (and  this  analogy 
can  be  made  precise  using  the  “espace  etale”). 


Anyway,  let  U = [J  Ui  be  an  open  covering.  Suppose  that  s*  = ( SitU)ueUi  G T#(Ui) 
such  that  Si  and  Sj  agree  over  Ui  D Uj.  Because  II(Jr)  is  a sheaf,  we  find  an  element 
s = (su)U£u  in  n,/,efy  ^ restricting  to  s*  on  Ui.  We  have  to  check  property  (*). 
Pick  u G U.  Then  u G Ui  for  some  i.  Hence  by  (*)  for  s*,  there  exists  a V open, 
u G V C Ui  and  a cr  G X{V)  such  that  = (V,cr)  in  Tv  for  all  v G V.  Since 

Si  v = sv  we  get  (*)  for  s.  □ 


Lemma  6.17.2.  Let  X be  a topological  space.  Let  J7  be  a presheaf  of  sets  on  X . 
Let  x £ X.  Then  H = -Fjf . 
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Proof.  The  map  Tx  — >•  Tf  is  injective,  since  already  the  map  Tx  — > n(Jr)2.  is 
injective.  Namely,  there  is  a canonical  map  II(Jr)x  — > Tx  which  is  a left  inverse  to 
the  map  Tx  — ► n(Jr)x,  see  Example  |6. 11. 5|  To  show  that  it  is  surjective,  suppose 
that  s £ Pf.  We  can  find  an  open  neighbourhood  U of  x such  that  s is  the 
equivalence  class  of  (U,s)  with  s £ P#(U).  By  definition,  this  means  there  exists 
an  open  neighbourhood  V C U of  x and  a section  a £ P{V)  such  that  s\v  is  the 
image  of  a in  n(Jr)(P).  Clearly  the  class  of  (V,  a)  defines  an  element  of  Tx  mapping 
to  s.  □ 

0080  Lemma  6.17.3.  Let  J-  be  a presheaf  of  sets  on  X . Any  map  J-  — > Q into  a sheaf 
of  sets  factors  uniquely  as  T — > J7#  — » Q . 


Proof.  Clearly,  there  is  a commutative  diagram 


T 

Q 


n(j-) 

n(<?) 


So  it  suffices  to  prove  that  Q = . To  see  this  it  suffices  to  prove,  for  every  point 

x £ X the  map  Qx  — > is  bijective,  by  Lemma  6.16.1  And  this  is  Lemma  6.17.2 

above. 


n 


This  lemma  really  says  that  there  is  an  adjoint  pair  of  functors:  i : Sh(X)  — > PSh(X) 
(inclusion)  and  ff  : PSh(X)  — > Sh(X)  (sheafification) . The  formula  is  that 

Morps^x^J",*^))  = Mor 

which  says  that  sheafification  is  a left  adjoint  of  the  inclusion  functor.  See  Cate- 
gories, Section  |4.24| 

for  notation.  The  map  Ap 


0081  Example  6.17.4.  See  Example 


6.11.3 


A induces 


a map  A # — » A.  It  is  easy  to  see  that  this  is  an  isomorphism.  In  words:  The 
sheafification  of  the  constant  presheaf  with  value  A is  the  constant  sheaf  with  value 
A. 

0082  Lemma  6.17.5.  Let  X be  a topological  space.  A presheaf  T is  separated  (see 


Definition  6.11.2)  if  and  only  if  the  canonical  map  T — > T & is  injective. 


Proof.  This  is  clear  from  the  construction  of  T # in  this  section. 


□ 


6.18.  Sheafification  of  abelian  presheaves 

0083  The  following  strange  looking  lemma  is  likely  unnecessary,  but  very  convenient  to 
deal  with  sheafification  of  presheaves  of  algebraic  structures. 

0084  Lemma  6.18.1.  Let  X be  a topological  space.  Let  J-  be  a presheaf  of  sets  on  X . 
Let  U C X be  open.  There  is  a canonical  fibre  product  diagram 

p*{U) ^n(j7)(t/) 

rLeu  -A 

where  the  maps  are  the  following: 


n,eC/n(.n 
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(1) 

(2) 

(3) 

(4) 


Ft  = Fx  where  the 


The  left  vertical  map  has  components  F#(U) 
equality  is  Lemma\6.17.‘2\ 

The  top  horizontal  map  comes  from  the  map  of  presheaves  F 


n(U 


described  in  Section  6.11 


The  right  vertical  map  has  obvious  component  maps  II(Jr)(J7)  — > H(F)X. 
The  bottom  horizontal  map  has  components  Fx  — )•  n(Jr)x  which  come 
from  the  map  of  presheaves  F — t II( F)  described  in  Section  6.11 1 


Proof.  It  is  clear  that  the  diagram  commutes.  We  have  to  show  it  is  a fibre  product 
diagram.  The  bottom  horizontal  arrow  is  injective  since  all  the  maps  Fx  — » n(Jr):j. 
are  injective  (see  beginning  proof  of  Lemma  6.17.2).  A section  s € II (F)(U)  is  in 


F # if  and  only  if  (*)  holds.  But  (*)  says  that  around  every  point  the  section  s 
comes  from  a section  of  F.  By  definition  of  the  stalk  functors,  this  is  equivalent  to 
saying  that  the  value  of  s in  every  stalk  II(Jr)2,  comes  from  an  element  of  the  stalk 
Fx.  Hence  the  lemma.  □ 

0085  Lemma  6.18.2.  Let  X be  a topological  space.  Let  F be  an  abelian  presheaf  on 
X . Then  there  exists  a unique  structure  of  abelian  sheaf  on  F#  such  that  J-  — > F & 
is  a morphism  of  abelian  presheaves.  Moreover,  the  following  adjointness  propei'ty 
holds 

MoTPAb(x){F,i(G))  = Mor  Ab(x){F*,G)- 


Proof.  Recall  the  sheaf  of  sets  n(Jr)  defined  in  Section  6.17  All  the  stalks  Fs 


are  abelian  groups,  see  Lemma|6.12.1  Hence  n(Jr)  is  a sheaf  of  abelian  groups  by 


Example  6.15.6  Also,  it  is  clear  that  the  map  F — »•  n(Jr)  is  a morphism  of  abelian 
presheaves.  If  we  show  that  condition  (*)  of  Section  6.17  defines  a subgroup  of 
n(Jr)(t/)  for  all  open  subsets  U C X,  then  F canonically  inherits  the  structure 
of  abelian  sheaf.  This  is  quite  easy  to  do  by  hand,  and  we  leave  it  to  the  reader 
to  find  a good  simple  argument.  The  argument  we  use  here,  which  generalizes  to 
presheaves  of  algebraic  structures  is  the  following:  Lemma  6.18.1  show  that  F#(U) 
is  the  fibre  product  of  a diagram  of  abelian  groups.  Thus  F*  is  an  abelian  subgroup 
as  desired. 


Note  that  at  this  point  Ft  is  an  abelian  group  by  Lemma  6.12.1  and  that  Fx  — > Fff 
is  a bijection  (Lemma  6.17.2)  and  a homomorphism  of  abelian  groups.  Hence 
Fx  — > F t is  an  isomorphism  of  abelian  groups.  This  will  be  used  below  without 
further  mention. 

To  prove  the  adjointness  property  we  use  the  adjointness  property  of  sheafification 
of  presheaves  of  sets.  For  example  if  0 : J-  — > i{G)  is  morphism  of  presheaves  then 
we  obtain  a morphism  of  sheaves  xjj'  : F&  — >■  Q.  What  we  have  to  do  is  to  check 
that  this  is  a morphism  of  abelian  sheaves.  We  may  do  this  for  example  by  noting 
that  it  is  true  on  stalks,  by  Lemma  6.17.2  and  then  using  Lemma  6.16.4  above.  □ 


6.19.  Sheafiflcation  of  presheaves  of  algebraic  structures 

0086 

0087  Lemma  6.19.1.  Let  X be  a topological  space.  Let  ( C,F ) be  a type  of  algebraic 
structure.  Let  F be  a presheaf  with  values  inC  on  X . Then  there  exists  a sheaf  F^ 
with  values  in  C and  a morphism  F — > F & of  presheaves  with  values  in  C with  the 
following  properties: 
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(1)  The  map  F — X F#  identifies  the  underlying  sheaf  of  sets  of  F^  with  the 
sheafification  of  the  underlying  presheaf  of  sets  of  F. 

(2)  For  any  morphism  F — X Q , where  Q is  a sheaf  with  values  in  C there  exists 
a unique  factorization  F — X F # — X Q . 


Proof.  The  proof  is  the  same  as  the  proof  of  Lemma  6.18.2  with  repeated  appli- 
cation of  Lemma  6.15.4  (see  also  Example  6.15.5).  The  main  idea  however,  is  to 
define  F#(U)  as  the  fibre  product  in  C of  the  diagram 


n(.F)  (17) 


n xeu  Fx  El xeu  n(7r)x 

compare  Lemma  [6.1 8. 1|  □ 

6.20.  Sheafification  of  presheaves  of  modules 

0088 

0089  Lemma  6.20.1.  Let  X be  a topological  space.  Let  O be  a presheaf  of  rings  on  X . 
Let  F be  a presheaf  O -modules.  Let  O#  be  the  sheafification  of  O.  Let  F&  be  the 
sheafification  of  F as  a presheaf  of  abelian  groups.  There  exists  a map  of  sheaves 
of  sets 

O*  x F*  — * F* 

which  makes  the  diagram 

O xj F 


O*  x F* s*  F* 

commute  and  which  makes  F # into  a sheaf  of  O # -modules.  In  addition,  if  Q is 
a sheaf  of  O# -modules,  then  any  morphism  of  presheaves  of  O -modules  F — X Q 
(into  the  restriction  of  Q to  a O -module)  factors  uniquely  as  F — x F # — x Q where 
F*  -x  Q is  a morphism  of  O# -modules. 

Proof.  Omitted.  □ 

This  actually  means  that  the  functor  i : Mod(<D #)  — x PMod{0)  (combining  restric- 
tion and  including  sheaves  into  presheaves)  and  the  sheafification  functor  of  the 
lemma  # : PMod(0)  —X  Mod(0 #)  are  adjoint.  In  a formula 

M-oi'pMod(o)  (-7"  ,iG)  = Mor  Mod(o#){F^  ,G) 


Let  X be  a topological  space.  Let  0\  — x 02  be  a morphism  of  sheaves  of  rings  on 
X.  In  Section [6.6|  we  defined  a restriction  functor  and  a change  of  rings  functor  on 
presheaves  of  modules  associated  to  this  situation. 

If  F is  a sheaf  of  CVmodules  then  the  restriction  Fq,  of  F is  clearly  a sheaf  of 
Cb-modules.  We  obtain  the  restriction  functor 

Mod{02)  — x Mod(Oi) 
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On  the  other  hand,  given  a sheaf  of  0i-modules  Q the  presheaf  of  02-modules 
0 2 G is  in  general  not  a sheaf.  Hence  we  define  the  tensor  product  sheaf 

02  <S>e>i  G by  the  formula 

02  <8>Oi  G = (02  <8>p,Oi  G)# 

as  the  sheafification  of  our  construction  for  presheaves.  We  obtain  the  change  of 
rings  functor 

Morf(0i)  — > Mod{02) 

Lemma  6.20.2.  With  X,  Oi,  02,  X and  Q as  above  there  exists  a canonical 
bijection 

Horn OiiG^Oi)  = Homo2(02  <8» o,  Q,F) 

In  other  words,  the  restriction  and  change  of  rings  functors  are  adjoint  to  each 
other. 


Proof.  This  follows  from  Lemma  6.6.2  and  the  fact  that  Hornet  (02  <S>Oi  G,F)  = 
Home>2(02  ®P,Oi  G,F)  because  F is  a sheaf.  □ 


Lemma  6.20.3.  Let  X be  a topological  space.  Let  0 — >•  0'  be  a morphism  of 
sheaves  of  rings  on  X.  Let  F be  a sheaf  0 -modules.  Let  x & X.  We  have 

Fx  O'x  = (-^  Or)x 


as  O'x-modules. 


Proof.  Follows  directly  from  Lemma  6.14.2  and  the  fact  that  taking  stalks  com- 
mutes with  sheafification.  □ 


6.21.  Continuous  maps  and  sheaves 

Let  / : X — > Y be  a continuous  map  of  topological  spaces.  We  will  define  the 
pushforward  and  pullback  functors  for  presheaves  and  sheaves. 

Let  F be  a presheaf  of  sets  on  X.  We  define  the  pushforward  of  T by  the  rule 

f*HV)  = F(f-1(V)) 

for  any  open  V C Y . Given  Vi  C V2  C Y open  the  restriction  map  is  given  by  the 
commutativity  of  the  diagram 

f*F(V2)^F(f~\V2)) 

restriction  for  T 

w Y 

/^(vo^HTMv 0) 

It  is  clear  that  this  defines  a presheaf  of  sets.  The  construction  is  clearly  functorial 
in  the  presheaf  T and  hence  we  obtain  a functor 

/*  : PSh{ X)  — ► PSh(Y). 

Lemma  6.21.1.  Let  f : X Y be  a continuous  map.  Let  F be  a sheaf  of  sets  on 
X . Then  f*F  is  a sheaf  on  Y . 

Proof.  This  immediately  follows  from  the  fact  that  if  V = (J  Vj  is  an  open  covering 
in  Y,  then  /-1(V)  = (J  /_1(V)  ) is  an  open  covering  in  X.  □ 
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As  a consequence  we  obtain  a functor 

/*  : Sh(X)  — > Sh{Y). 

This  is  compatible  with  composition  in  the  following  strong  sense. 

008E  Lemma  6.21.2.  Let  f : X -A  Y and  g : Y -A  Z be  continuous  maps  of  topological 
spaces.  The  functors  ( g o /)*  and  g * o /*  are  equal  (on  both  presheaves  and  sheaves 
of  sets). 

Proof.  This  is  because  (g  o f)*J-(W)  = X((g  o f)~1W)  and  (g*  o f*)J-(W)  = 
and  ( g o /)_1fT  = f~1g~1W.  □ 

Let  Q be  a presheaf  of  sets  on  Y . The  pullback  presheaf  fpQ  of  a given  presheaf  Q 
is  defined  as  the  left  adjoint  of  the  pushforward  /*  on  presheaves.  In  other  words 
it  should  be  a presheaf  fpQ  on  X such  that 

Moipsh(X){fpG,  X)  = Mor PSh(Y)(G , f* ?)■ 

By  the  Yoneda  lemma  this  determines  the  pullback  uniquely.  It  turns  out  that  it 
actually  exists. 

008F  Lemma  6.21.3.  Let  f : X -A  Y be  a continuous  map.  There  exists  a functor 
fp  : PSh(Y)  — > PSh(X)  which  is  left  adjoint  to  /*.  For  a presheaf  Q it  is  determined 
by  the  rule 

fPG(U)  = colim/(£/)cy  Q(V) 

where  the  colimit  is  over  the  collection  of  open  neighbourhoods  V of  f(U)  in  Y . 
The  colimits  are  over  directed  partially  ordered  sets.  (The  restriction  mappings  of 
fpG  are  explained  in  the  proof. ) 

Proof.  The  colimit  is  over  the  partially  ordered  set  consisting  of  open  subset  V C Y 
which  contain  f(U)  with  ordering  by  reverse  inclusion.  This  is  a directed  partially 
ordered  set,  since  if  V,  V'  are  in  it  then  so  is  V D V' . Furthermore,  if  Pi  C U2,  then 
every  open  neighbourhood  of  /(t/2)  is  an  open  neighbourhood  of  f(U\).  Hence  the 
system  defining  fpG(U2)  is  a subsystem  of  the  one  defining  fpG(U\)  and  we  obtain 
a restriction  map  (for  example  by  applying  the  generalities  in  Categories,  Lemma 
4~14~7). 

Note  that  the  construction  of  the  colimit  is  clearly  functorial  in  Q,  and  similarly  for 
the  restriction  mappings.  Hence  we  have  defined  fp  as  a functor. 

A small  useful  remark  is  that  there  exists  a canonical  map  G(U)  — ► /pt/(/_1(l 7)), 
because  the  system  of  open  neighbourhoods  of  f{f~1(U))  contains  the  element  U. 
This  is  compatible  with  restriction  mappings.  In  other  words,  there  is  a canonical 
map  ig  : Q — ► f*fpG- 

Let  T be  a presheaf  of  sets  on  X.  Suppose  that  if  : fpQ  -A  T is  a map  of  presheaves 
of  sets.  The  corresponding  map  Q -a  f*T  is  the  map  f*ip  o ig  : Q — ► f*fpG  — > f*X. 

Another  small  useful  remark  is  that  there  exists  a canonical  map  cjr  : fpf*J-  — > J- . 
Namely,  let  U C X open.  For  every  open  neighbourhood  V D f(U ) in  Y there  exists 
a map  /*Jr(V)  = Jr(/_1(Vr))  -a  namely  the  restriction  map  on  T . And  this 

is  compatible  with  the  restriction  mappings  between  values  of  T on  f^1  of  varying 
opens  containing  f(U).  Thus  we  obtain  a canonical  map  fpf*fF(JJ)  -A  P(U). 
Another  trivial  verification  shows  that  these  maps  are  compatible  with  restriction 
maps  and  define  a map  cjr  of  presheaves  of  sets. 
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Suppose  that  ip  : G — > is  a map  of  presheaves  of  sets.  Consider  fptp  : fpG  — ► 

Postcomposing  with  cjr  gives  the  desired  map  Cjr  o fptp  : fpQ  — ► T . We 
omit  the  verification  that  this  construction  is  inverse  to  the  construction  in  the 
other  direction  given  above.  □ 

Lemma  6.21.4.  Let  f : X — ► Y be  a continuous  map.  Let  x € X.  Let  Q be  a 
presheaf  of  sets  on  Y.  There  is  a canonical  bijection  of  stalks  ( fPQ)x  = Gf(x)- 

Proof.  This  you  can  see  as  follows 

( fPG)x  = colimxe;7  fpQ(U) 

= colimxg[/  coliniy([/)Cy  G(V) 

= colim/(x)ey  g(V) 

= £/(*) 

Here  we  have  used  Categories,  Lemma  [4.14. 9[  and  the  fact  that  any  V open  in  Y 
containing  f(x)  occurs  in  the  third  description  above.  Details  omitted.  □ 

Let  Cl  be  a sheaf  of  sets  on  Y . The  pullback  sheaf  f~1Q  is  defined  by  the  formula 

rlQ  = c us )*. 

Sheafification  is  a left  adjoint  to  the  inclusion  of  sheaves  in  presheaves,  and  fp  is  a 
left  adjoint  to  /*  on  presheaves.  As  a formal  consequence  we  obtain  that  /-1  is  a 
left  adjoint  of  pushforward  on  sheaves.  In  other  words, 

Mor  swif^G,?)  = Mor  SHY)(G,f*T). 

The  formal  argument  is  given  in  the  setting  of  abelian  sheaves  in  the  next  section. 

Lemma  6.21.5.  Let  x £ X.  Let  Q be  a sheaf  of  sets  on  Y . There  is  a canonical 
bijection  of  stalks  ( f~1G)x  = Sf(x)- 

Proof.  This  is  a combination  of  Lemmas  16. 17.21  and  16. 21.41  □ 


Lemma  6.21.6.  Let  f : X — ► Y and  g : Y — > Z be  continuous  maps  of  topological 
spaces.  The  functors  (g  o f)-1  andf~1og~ 1 are  canonically  isomorphic.  Similarly 
( g o f)p  = fp  o gp  on  presheaves. 
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Proof.  To  see  this  use  that  adjoint  functors  are  unique  up  to  unique  isomorphism, 
and  Lemma  16.21.21  □ 

Definition  6.21.7.  Let  f : X Y be  a continuous  map.  Let  J-  be  a sheaf  of 
sets  on  X and  let  Q be  a sheaf  of  sets  on  Y . An  f-map  £ : Q — > T is  a collection  of 
maps  fv  '■  G(V)  — t X(f~x(V))  indexed  by  open  subsets  V C Y such  that 


G(V)- 

restriction  of  Q 

e(V) 


restriction  of  J- 

T(f~xV') 


commutes  for  all  V'  C V C Y open. 

008K  Lemma  6.21.8.  Let  f : X — » Y be  a continuous  map.  Let  J-  be  a sheaf  of  sets 
on  X and  let  Q be  a sheaf  of  sets  on  Y.  There  are  canonical  bijections  between  the 
following  three  sets: 


6.21.  CONTINUOUS  MAPS  AND  SHEAVES 


237 


(1)  The  set  of  maps  Q — » f*T. 

(2)  The  set  of  maps  f~xQ  — ► T . 

(3)  The  set  of  f-maps  £ : Q — » T . 

Proof.  We  leave  the  easy  verification  to  the  reader.  □ 


It  is  sometimes  convenient  to  think  about  /-maps  instead  of  maps  between  sheaves 
either  on  X or  on  Y.  We  define  composition  of  /-maps  as  follows. 
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Definition  6.21.9.  Suppose  that  / : X — ► Y and  g :Y  — >■  Z are  continuous  maps 
of  topological  spaces.  Suppose  that  T is  a sheaf  on  A',  Q is  a sheaf  on  Y . and  TL 
is  a sheaf  on  Z.  Let  tp  : Q — > T be  an  /-map.  Let  if  : TL  — > Q be  an  5-map.  The 
composition  of  <p  and  if  is  the  (5  o /)-map  tp  o if  defined  by  the  commutativity  of 
the  diagrams 


H(W) 


(v°-0)v 


-Hf-'g-'W) 


„-li 


Q{g~lW) 


We  leave  it  to  the  reader  to  verify  that  this  works.  Another  way  to  think  about 
this  is  to  think  of  p o if  as  the  composition 

gJ*T  = {g  o f).F 

Now,  doesn’t  it  seem  that  thinking  about  /-maps  is  somehow  easier? 


Finally,  given  a continuous  map  / : X — > Y,  and  an  /-map  <p  : Q — > J-  there  is  a 
natural  map  on  stalks 

Tx  ■ g f(x)  t j~ x 

for  all  x £ X.  The  image  of  a representative  (V,  s)  of  an  element  in  g f(x)  is  mapped 
to  the  element  in  Tx  with  representative  (f~1V,ipv{s))-  We  leave  it  to  the  reader 
to  see  that  this  is  well  defined.  Another  way  to  state  it  is  that  it  is  the  unique  map 
such  that  all  diagrams 


nnv) 


g(v) 


• Gf(x) 


(for  x £ V C Y open)  commute. 

008M  Lemma  6.21.10.  Suppose  that  f : X — » Y and  g : Y — » Z are  continuous  maps 
of  topological  spaces.  Suppose  that  T is  a sheaf  on  X,  g is  a sheaf  on  Y,  and  TL  is 
a sheaf  on  Z . Let  tp  : g -A  T be  an  f-map.  Let  if  :TL  g he  an  g-map.  Let  x £ X 

he  a point.  The  map  on  stalks  (ip  o if)x  : ’Hg(/(x))  — ► Tx  is  the  composition 


ng(f(x)) 


Tx 


Proof.  Immediate  from  Definition  |6.21.9|  and  the  definition  of  the  map  on  stalks 
above.  □ 
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6.22.  Continuous  maps  and  abelian  sheaves 

008N  Let  / : X — ► Y be  a continuous  map.  We  claim  there  are  functors 


/*  : PAb(X) 
/*  : Ab(X ) 
fP  : PA6(y) 
/■ 1 : A6(y) 


PAb{Y) 

Ab(Y) 

PAb(X) 

Ab(X) 


with  similar  properties  to  their  counterparts  in  Section  |6.21|  To  see  this  we  argue 
in  the  following  way. 


Each  of  the  functors  will  be  constructed  in  the  same  way  as  the  corresponding 
functor  in  Section  16.211  This  works  because  all  the  colimits  in  that  section  are 
directed  colimits  (but  we  will  work  through  it  below). 

First  off,  given  an  abelian  presheaf  J on  X and  an  abelian  presheaf  Q on  Y we 
define 


UHV)  = 

fPG{U ) = colim/(t/)cV  g(V) 

as  abelian  groups.  The  restriction  mappings  are  the  same  as  the  restriction  map- 
pings for  presheaves  of  sets  (and  they  are  all  homomorphisms  of  abelian  groups). 


The  assignments  X i-a  /* X and  Q — > fpQ  are  functors  on  the  categories  of  presheaves 
of  abelian  groups.  This  is  clear,  as  (for  example)  a map  of  abelian  presheaves 
Gi  -A  <?2  gives  rise  to  a map  of  directed  systems  {Gi(V)}  f(u)cv  -A  {G2(V)} f{u)cv 
all  of  whose  maps  are  homomorphisms  and  hence  gives  rise  to  a homomorphism  of 
abelian  groups  fpGi(U)  -A  fpG2{U). 


The  functors  /*  and  fp  are  adjoint  on  the  category  of  presheaves  of  abelian  groups, 
i.e. , we  have 


Mor pAb(x){fpG , X)  — Mor PAb(Y)(G , f*X) ■ 


To  prove  this,  note  that  the  map  ig  : Q -A  f*fpG  from  the  proof  of  Lemma  6.21.3  is 
a map  of  abelian  presheaves.  Hence  if  if)  : fpQ  — »•  T is  a map  of  abelian  presheaves, 
then  the  corresponding  map  Q -A  is  the  map  f*ip  o ig  : Q — ► f*fpG  -A  f*J~ 
is  also  a map  of  abelian  presheaves.  For  the  other  direction  we  point  out  that 
the  map  c ? : fpf*JF  — > from  the  proof  of  Lemma  6.21.3  is  a map  of  abelian 


presheaves  as  well  (since  it  is  made  out  of  restriction  mappings  of  X which  are  all 
homomorphisms).  Hence  given  a map  of  abelian  presheaves  tp  : Q —¥  f*X  the  map 
cj^ofpip  : fpQ  -a  X is  a map  of  abelian  presheaves  as  well.  Since  these  constructions 
i/>  i-a  f*ip  and  ip  i-a  cjf  o fpip  are  inverse  to  each  other  as  constructions  on  maps 
of  presheaves  of  sets  we  see  they  are  also  inverse  to  each  other  on  maps  of  abelian 
presheaves. 


If  X is  an  abelian  sheaf  on  Y,  then  f*X  is  an  abelian  sheaf  on  X.  This  is  true 
because  of  the  definition  of  an  abelian  sheaf  and  because  this  is  true  for  sheaves 
of  sets,  see  Lemma  [6.21. 1|  This  defines  the  functor  /*  on  the  category  of  abelian 
sheaves. 
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We  define  / XQ  = (fPG)*  as  before.  Adjointness  of  /*  and  / 1 follows  formally  as 
in  the  case  of  presheaves  of  sets.  Here  is  the  argument: 


Mor^^/-1^) 


Mor  pAb(X)(fpS,Jr) 
Mor PAb(Y){G,  f*X) 
Mor  Ab<y)(G,f*F) 


0080 


Lemma  6.22.1.  Let  f : X Y be  a continuous  map. 


(1)  Let  G be  an  abelian  presheaf  on  Y . Let  x € X . The  bijection 
(fpG)x  of  Lemma  6.21.4  is  an  isomorphism  of  abelian  groups. 

(2)  Let  G be  an  abelian  sheaf  on  Y . Let  x € X.  The  bijection  G f^x)  — > 
of  Lemma \6.21 . -5|  is  an  isomorphism  of  abelian  groups. 


Gf(x)  ->■ 

(/-^)x 


Proof.  Omitted. 


□ 


Given  a continuous  map  f : X - 
on  Y , the  notion  of  an  f-map  G 


Y and  sheaves  of  abelian  groups  T on  X . G 
> T of  sheaves  of  abelian  groups  makes  sense. 


We  can  just  define  it  exactly  as  in  Definition  6.21.7  (replacing  maps  of  sets  with 
homomorphisms  of  abelian  groups)  or  we  can  simply  say  that  it  is  the  same  as  a 
map  of  abelian  sheaves  G f*X.  We  will  use  this  notion  freely  in  the  following. 
The  group  of  /-maps  between  G and  IF  will  be  in  canonical  bijection  with  the  groups 
Mor Ab(X)(f~1G,J7)  and  Mor Ab(Y)(GJ*X). 


Composition  of  /-maps  is  defined  in  exactly  the  same  manner  as  in  the  case  of  /- 
maps  of  sheaves  of  sets.  In  addition,  given  an  /-map  G — > X as  above,  the  induced 
maps  on  stalks 


Tx  ■ Gf(x) 


are  abelian  group  homomorphisms. 


6.23.  Continuous  maps  and  sheaves  of  algebraic  structures 

008P  Let  (C,  F ) be  a type  of  algebraic  structure.  For  a topological  space  X let  us  intro- 
duce the  notation: 

(1)  PSh(X,C ) will  be  the  category  of  presheaves  with  values  in  C. 

(2)  Sh{X,C)  will  be  the  category  of  sheaves  with  values  in  C. 

Let  / : X — > Y be  a continuous  map  of  topological  spaces.  The  same  arguments  as 
in  the  previous  section  show  there  are  functors 


/*  : PSh(X,C) 
/*  : Sh(X,C) 
fp  : PSh(Y,C) 
f-1  ■ Sh(Y,C) 


PSh(Y,C ) 
Sh(Y,C) 
PSh(X,C) 
Sh(X,C) 
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constructed  in  the  same  manner  and  with  the  same  properties  as  the  functors 
constructed  for  abelian  (pre)sheaves.  In  particular  there  are  commutative  diagrams 


PSh(X,C) 

F 

PSh(X)  - 


/. 


/» 


PSh(Y,C ) 

F 

Y 

»-  PSh(Y) 


Sh(X,C) 

F 

Sh(X)  - 


f. 


f. 


Sh{Y,C) 

F 

*-  Sh(Y ) 


PSh(Y,C) 

F 

PSh{Y)  - 


PSh{X,C ) 

F 

f V 

PSh{X) 


Sh(Y,C) 

F 

Sh(Y)  - 


-s-  Sh(X,C) 

F 

Sh{X) 


The  main  formulas  to  keep  in  mind  are  the  following 

UHV)  = Hr\v)) 

fPQ{U)  = colirn  f(U)CVG(y) 

f~lG  = ( fPQ )* 

(fpG)x  = Gf(  x) 

(f~1G)x  = Gf(x ) 


Each  of  these  formulas  has  the  property  that  they  hold  in  the  category  C and  that 
upon  taking  underlying  sets  we  get  the  corresponding  formula  for  presheaves  of 
sets.  In  addition  we  have  the  adjointness  properties 


Mor psh{x,c){fpG,F)  = Mor psh(Y,c)(G , f*X) 
Mor sh(x,c)(f  1G,X)  = Mor sh(Y,c)(G , f*X). 

To  prove  these,  the  main  step  is  to  construct  the  maps 


ig  ■ G 


f*fPG 


and 


Cf  ■ fPf*X  — ► T 

which  occur  in  the  proof  of  Lemma  |6.21.3|  as  morphisms  of  presheaves  with  values 
in  C.  This  may  be  safely  left  to  the  reader  since  the  constructions  are  exactly  the 
same  as  in  the  case  of  presheaves  of  sets. 


Given  a continuous  map  / : X Y and  sheaves  of  algebraic  structures  J on  X, 
G on  Y,  the  notion  of  an  f-map  G — t X of  sheaves  of  algebraic  structures  makes 
sense.  We  can  just  define  it  exactly  as  in  Definition  6.21 .7|  (replacing  maps  of  sets 
with  morphisms  in  C)  or  we  can  simply  say  that  it  is  the  same  as  a map  of  sheaves 
of  algebraic  structures  G —>  f*P ■ We  will  use  this  notion  freely  in  the  following. 
The  set  of  /-maps  between  G and  T will  be  in  canonical  bijection  with  the  sets 
Mor Sh(x,c){f~1G,X)  and  Mor shy,C)(G,  f*T). 


Composition  of  /-maps  is  defined  in  exactly  the  same  manner  as  in  the  case  of  /- 
maps  of  sheaves  of  sets.  In  addition,  given  an  /-map  G — > X as  above,  the  induced 
maps  on  stalks 


X 
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are  homomorphisms  of  algebraic  structures. 

008Q  Lemma  6.23.1.  Let  f : X — ► Y be  a continuous  map  of  topological  spaces. 
Suppose  given  sheaves  of  algebraic  structures  F on  X , Q on  Y.  Let  p : Q -4  F be 
an  f-map  of  underlying  sheaves  of  sets.  If  for  every  V CY  open  the  map  of  sets 
ipv  '■  G(V)  the  effect  of  a morphism  in  C on  underlying  sets , then  p 

comes  from  a unique  f -morphism  between  sheaves  of  algebraic  structures. 

Proof.  Omitted.  □ 


6.24.  Continuous  maps  and  sheaves  of  modules 

008R  The  case  of  sheaves  of  modules  is  more  complicated.  The  reason  is  that  the  natural 
setting  for  defining  the  pullback  and  pushforward  functors,  is  the  setting  of  ringed 
spaces,  which  we  will  define  below.  First  we  state  a few  obvious  lemmas. 

008S  Lemma  6.24.1.  Let  f : X — » Y be  a continuous  map  of  topological  spaces.  Let  O 
be  a presheaf  of  rings  on  X.  Let  F be  a presheaf  of  O -modules.  There  is  a natural 
map  of  underlying  presheaves  of  sets 

f*0  x ffF  — ► f,F 

which  turns  f*F  into  a presheaf  of  f*0 -modules.  This  construction  is  functorial  in 

F. 


Proof.  Let  V C Y is  open.  We  define  the  map  of  the  lemma  to  be  the  map 

f*0(V)  x UF(V)  = 0(f~lV)  x Fif-'V)  -a  Fif-W)  = f*F(V). 

Here  the  arrow  in  the  middle  is  the  multiplication  map  on  A'.  We  leave  it  to  the 
reader  to  see  this  is  compatible  with  restriction  mappings  and  defines  a structure 
of  /*  0-module  on  ffF.  □ 


008T  Lemma  6.24.2.  Let  f : X —>■  Y be  a continuous  map  of  topological  spaces.  Let  O 
be  a presheaf  of  rings  on  Y.  Let  Q be  a presheaf  of  O-modules.  There  is  a natural 
map  of  underlying  presheaves  of  sets 

fPo  x fpg  — ► fpg 

which  turns  fpQ  into  a presheaf  of  fpO-modules.  This  construction  is  functorial  in 

g. 


Proof.  Let  JJ  C X is  open.  We  define  the  map  of  the  lemma  to  be  the  map 


fPofU)  x fpg(u) 


colim f(u)cV0(V)  x colimf{U)cV  g(V) 
colim f(jj)c_v{Ofy)  x g(V)) 
colim f(u)cv  g(V) 

fPg(u). 


Here  the  arrow  in  the  middle  is  the  multiplication  map  on  Y . The  second  equality 
holds  because  directed  colimits  commute  with  finite  limits,  see  Categories,  Lemma 
|4.19.2|  We  leave  it  to  the  reader  to  see  this  is  compatible  with  restriction  mappings 
and  defines  a structure  of  /p0-module  on  fpg.  □ 
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Let  / : X — > Y be  a continuous  map.  Let  Ox  be  a presheaf  of  rings  on  X and  let 
Oy  be  a presheaf  of  rings  on  Y.  So  at  the  moment  we  have  defined  functors 

/*  : PMod(Ox ) PMod{UOx ) 
fp  : PModiOy)  — > PMod(fpOy) 

These  satisfy  some  compatibilities  as  follows. 


008U 


Lemma  6.24.3.  Let  f : X — >■  V be  a continuous  map  of  topological  spaces.  Let  O 
be  a presheaf  of  rings  on  Y . Let  G be  a presheaf  of  O -modules.  Let  T be  a presheaf 
of  fpO -modules.  Then 


Mor pMod(fpo){fpG,P)  = Mor pMod(0){G , f*X). 

Here  we  use  Lemmas j6.24.2f  an  d\6.  M3  and  we  think  of  f*J-  as  an  O -module  via 
the  map  io  ■ O — » f*fpO  (defined  first  in  the  proof  of  Lemma  6.21.3). 


Proof.  Note  that  we  have 


MorPAb(x)(fpG,  P)  = Morphy)  (£,  f*4F). 

according  to  Section  [6.22|  So  what  we  have  to  prove  is  that  under  this  correspon- 
dence, the  subsets  of  module  maps  correspond.  In  addition,  the  correspondence  is 
determined  by  the  rule 


: fpG  ->  P)  - 

and  in  the  other  direction  by  the  rule 
(p:G->  f,X)  h- 


where  ig  and  cjr  are  as  in  Section  6.22 


we  see  that  it  suffices  to  check  that  the  maps  ig  : G —¥  f*fpG  and  cp  : fpf„T- 
are  compatible  with  module  structures,  which  we  leave  to  the  reader. 


• (f*ip  o ig  : Q ->  f*T) 

{cjr  o fpip  : fpG  -»  X) 

Hence,  using  the  functoriality  of  /*  and  fp 

T 

□ 


008V 


008W 


Lemma  6.24.4.  Let  f : X Y be  a continuous  map  of  topological  spaces.  Let  O 
be  a presheaf  of  rings  on  X . Let  J-  be  a presheaf  of  O -modules.  Let  G be  a presheaf 
of  f*0 -modules.  Then 


Mor pMod.(0)(0  ®pJPf,0  fPG,P)  = Mor pMod(f*o)(G,  f*4F). 


Here  we  use  Lemmas \6.24-2\  and  6.2f.l\ 
the  definition  of  the  tensor  product. 


and  we  use  the  map  co  '■  fPf*0  — ► O in 


Proof.  This  follows  from  the  equalities 

Mor pmo<UP){0  ®p,fPf*o  fpG,F)  = Mor pMod{fpf,o)(fpG  ,lFfpfto) 

= Mor  PMod(f,o){G,f*{fFfpf,o)) 

= MorPMod(j>>Ci)(C/,  /* T). 

The  first  equality  is  Lemma  6.6.2  The  second  equality  is  Lemma [6. 24. 3 The  third 
equality  is  given  by  the  equality  /*(^r/p/»o)  = / of  abelian  sheaves  which  is 
/*0-linear.  Namely,  id/„o  corresponds  to  cq  under  the  adjunction  described  in  the 
proof  of  Lemma  6.21.3  and  thus  id^o  = /*Co  o if^o-  □ 


Lemma  6.24.5.  Let  f : X — >•  Y be  a continuous  map  of  topological  spaces.  Let  O 
be  a sheaf  of  rings  on  X . Let  J7  be  a sheaf  of  O -modules.  The  pushforward  f*T, 
as  defined  in  Lemma\6.24-1\  is  a sheaf  of  f^O-modules. 


Proof.  Obvious  from  the  definition  and  Lemma  f6. 2 1.11 


□ 
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008X  Lemma  6.24.6.  Let  f : X — ► Y be  a continuous  map  of  topological  spaces.  Let  O 
be  a sheaf  of  rings  on  Y . Let  Q be  a sheaf  of  O-modules.  There  is  a natural  map 
of  underlying  presheaves  of  sets 

f~lO  x f~xG  — > f~1G 

which  turns  f~lG  into  a sheaf  of  /-1  O-modules. 

Proof.  Recall  that  /-1  is  defined  as  the  composition  of  the  functor  fp  and  sheafifi- 
cation.  Thus  the  lemma  is  a combination  of  Lemma [6.24. 21  and  Lemma  f6. 20.  II  □ 


Let  / : X — ► Y be  a continuous  map.  Let  Ox  be  a sheaf  of  rings  on  X and  let  Oy 
be  a sheaf  of  rings  on  Y . So  now  we  have  defined  functors 

/*  : Mod{Ox)  — ► Mod(f*Ox) 
f-1  : Mod(Oy ) — ► Mod(f~1Oy) 


These  satisfy  some  compatibilities  as  follows. 


008Y  Lemma  6.24.7.  Let  f : X — > Y be  a continuous  map  of  topological  spaces.  Let 
O be  a sheaf  of  rings  on  Y.  Let  Q be  a sheaf  of  O-modules.  Let  T be  a sheaf  of 
f~10-modules.  Then 


MorAfod(/-io)(/  1G,Jr)  = Mor Mod(0){G , f*X). 


Here  we  use  Lemmas  \ 6. 2f ■ 6 and\6.2f~l\  and  we  think  of  f^T  as  an  O -module  by 
restriction  via  O — > /*/_10. 


008Z 


Proof.  Argue  by  the  equalities 

MorMod(j-i0)(/  = Mor  Mod(fpo)(fpG,X) 

= MorMod(o)(G,  f*X). 

where  the  second  is  Lemmas  1 ,24.3|and  the  first  is  by  Lemma  [6.20. 1[  □ 

Lemma  6.24.8.  Let  f : X — > Y be  a continuous  map  of  topological  spaces.  Let 
O be  a sheaf  of  rings  on  X . Let  T be  a sheaf  of  O-modules.  Let  G be  a sheaf  of 
f ^O-modules.  Then 


Mor Mod(o)(0  0/-i/,o  / — Mor Mod(f,o){G , f*X). 

Here  we  use  Lemmas  \6.2f.(\and  6.2 f .5  and  we  use  the  canonical  map  f~1f*0 
in  the  definition  of  the  tensor  product. 


O 


Proof.  This  follows  from  the  equalities 

MorMod(O)(0  0/-i/.o  / 1G,X)  = MorAfod(^-i^o)(/  1G,Jrf-if,o) 

= Mor Mod(f,o)(G,  f*lF). 

which  are  a combination  of  Lemma  16.20.21  and  16.24.71  □ 


Let  / : X — > Y be  a continuous  map.  Let  Ox  be  a (pre)slieaf  of  rings  on  X and 
let  Oy  be  a (pre)sheaf  of  rings  on  Y . So  at  the  moment  we  have  defined  functors 


/.  : PMod(Ox) 
U ■ Mod{Ox) 
fP  : PMod(Oy ) 
f-1  : Mod{Oy) 


PMod{UOx) 

Mod(UOx) 

PMod(fpOy) 

Modif-'Oy) 
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0090 


0091 


0092 


0093 


0094 


Clearly,  usually  the  pair  of  functors  (/*,  /_1)  on  sheaves  of  modules  are  not  adjoint, 
because  their  target  categories  do  not  match.  Namely,  as  we  saw  above,  it  works 
only  if  by  some  miracle  the  sheaves  of  rings  Ox,Oy  satisfy  the  relations  Ox  = 
f~1Oy  and  Oy  = f*Ox-  This  is  almost  never  true  in  practice.  We  interrupt  the 
discussion  to  define  the  correct  notion  of  morphism  for  which  a suitable  adjoint  pair 
of  functors  on  sheaves  of  modules  exists. 


6.25.  Ringed  spaces 


Let  X be  a topological  space  and  let  Ox  be  a sheaf  of  rings  on  X.  We  are  supposed 
to  think  of  the  sheaf  of  rings  Ox  as  a sheaf  of  functions  on  X.  And  if  / : X — ► Y 
is  a “suitable”  map,  then  by  composition  a function  on  Y turns  into  a function  on 
X.  Thus  there  should  be  a natural  /-map  from  Oy  to  Ox  See  Definition  |6.21.7[ 
and  the  remarks  in  previous  sections  for  terminology.  For  a precise  example,  see 
Example  6.25.2  below.  Here  is  the  relevant  abstract  definition. 


Definition  6.25.1.  A ringed  space  is  a pair  ( X,Ox ) consisting  of  a topological 
space  X and  a sheaf  of  rings  Ox  on  A'.  A morphism  of  ringed  spaces  ( X,Ox ) — t 
(Y,  Oy)  is  a pair  consisting  of  a continuous  map  / : X — ► Y and  an  /-map  of 
sheaves  of  rings  /•*  : Oy  — > Ox- 


Example  6.25.2.  Let  / : X — ► Y be  a continuous  map  of  topological  spaces. 
Consider  the  sheaves  of  continuous  real  valued  functions  Cy  on  X and  Cy  on  Y,  see 

Cx  associated 


Example  6.9.3  We  claim  that  there  is  a natural  /-map  ft 
to  /.  Namely,  we  simply  define  it  by  the  rule 


r° 

Uy 


C°(Y) 

h 


cSdf-'v) 

ho  f 


Strictly  speaking  we  should  write  ft(h)  = h o /|^_i^y^.  It  is  clear  that  this  is  a 
family  of  maps  as  in  Definition|6.21.7|and  compatible  with  the  R-algebra  structures. 
Hence  it  is  an  /-map  of  sheaves  of  R-algebras,  see  Lemma  6.23.1| 


Of  course  there  are  lots  of  other  situations  where  there  is  a canonical  morphism  of 
ringed  spaces  associated  to  a geometrical  type  of  morphism.  For  example,  if  A/,  N 
are  C°°-manifolds  and  / : M — » N is  a infinitely  differentiable  map,  then  / induces  a 
canonical  morphism  of  ringed  spaces  (M,C^)  — > The  construction  (which 

is  identical  to  the  above)  is  left  to  the  reader. 


It  may  not  be  completely  obvious  how  to  compose  morphisms  of  ringed  spaces  hence 
we  spell  it  out  here. 

Definition  6.25.3.  Let  (f,ft)  : (A ,Ox)  — > (Y,Oy)  and  (g,g^)  : (Y  Oy)  —> 
( Z,Oz ) be  morphisms  of  ringed  spaces.  Then  we  define  the  composition  of  mor- 
phisms of  ringed  spaces  by  the  rule 

( 9 , 3“)  0 (/,  ft)  = (g  0 /,  ft  0 3#)- 

Here  we  use  composition  of  /-maps  defined  in  Definition  |6.21.9| 


6.26.  Morphisms  of  ringed  spaces  and  modules 

We  have  now  introduced  enough  notation  so  that  we  are  able  to  define  the  pullback 
and  pushforward  of  modules  along  a morphism  of  ringed  spaces. 
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0095  Definition  6.26.1. 

spaces. 

(i) 


Let  (/,/**)  : (X,  Ox)  — > ( Y,Oy ) be  a morphism  of  ringed 


(2) 


Let  F be  a sheaf  of  Ox-modules.  We  define  the  pushforward  of  F as  the 
sheaf  of  Oy-modules  which  as  a sheaf  of  abelian  groups  equals  f*F  and 
with  module  structure  given  by  the  restriction  via  ft  : Oy  — > f*Ox  of 


the  module  structure  given  in  Lemma  6.24.5 
Let  Q be  a sheaf  of  Oy -modules.  We  define  the  pullback  f*Q  to  be  the 
sheaf  of  Ox-modules  defined  by  the  formula 

f*G  = Ox  ®f-i0y  rxQ 


where  the  ring  map  / 1Oy  — > Ox  is  the  map  corresponding  to  f$, 
where  the  module  structure  is  given  by  Lemma  |6.24.6[ 


and 


Thus  we  have  defined  functors 


/*  : Mod[Ox)  — > Mod{Oy) 
ft  : Mod(Oy)  —4  Mod(Ox) 

The  final  result  on  these  functors  is  that  they  are  indeed  adjoint  as  expected. 

0096  Lemma  6.26.2.  Let  (f,ft)  : (A',  Ox)  — t (Y,Oy)  be  a morphism  of  ringed  spaces. 
Let  F be  a sheaf  of  Ox-inodules.  Let  Q be  a sheaf  of  Oy -modules.  There  is  a 
canonical  bijection 

Hom0x  (f*G,  F)  = Homcv  (G,  ftF). 

In  other  words:  the  functor  f*  is  the  left  adjoint  to  ft . 

Proof.  This  follows  from  the  work  we  did  before: 

Horn ox(f*G,F)  = MoTMod{0x)(Ox®f-ioY  T'G,?) 

= MorMod(y-i0v)(/  1g,Ff- ip,-) 

= Homo,,  (Q,  ftF). 

Here  we  use  Lemmas  16.20.21  and  16.24.71  □ 

0097  Lemma  6.26.3.  Let  f : X — >■  Y and  g : Y — >•  Z be  morphisms  of  ringed  spaces. 
The  functors  (go  /)*  and  g * o /*  are  equal.  There  is  a canonical  isomorphism  of 
functors  (g  o /)*  ^ ft  o g*  . 

Proof.  The  result  on  pushforwards  is  a consequence  of  Lemma  |6.21.2|  and  our 
definitions.  The  result  on  pullbacks  follows  from  this  by  the  same  argument  as  in 
the  proof  of  Lemma |6.21.6|  □ 

Given  a morphism  of  ringed  spaces  (f,f^)  : (X ,Ox)  —>  (Y,Oy),  and  a sheaf  of 
Ox-modules  F,  a sheaf  of  Oy-modules  Q on  Y,  the  notion  of  an  f-map  ip  : Q — > F 
of  sheaves  of  modules  makes  sense.  We  can  just  define  it  as  an  /-map  p : Q —>  F 
of  abelian  sheaves  such  that  for  all  open  V C Y the  map 

G(V)  — * F(f~1V) 

is  an  Oy  (P)-module  map.  Here  we  think  of  F(f~1V)  as  an  Oy(V)- module  via 
the  map  f\.  : Oy(V)  — » Ox(f~1V)-  The  set  of  /-maps  between  Q and  F will  be 
in  canonical  bijection  with  the  sets  Mor Mod{Ox)(f*S^)  anc^  Mor Mod(oY)(G i f*F). 
See  above. 
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Composition  of  /-maps  is  defined  in  exactly  the  same  manner  as  in  the  case  of 
/-maps  of  sheaves  of  sets.  In  addition,  given  an  /-map  Q — > T as  above,  and  x £ X 
the  induced  map  on  stalks 

^ px  • Qf(x)  ^ x 

is  an  £V,/(x)-module  map  where  the  CVj^-module  structure  on  Tx  comes  from 
the  Ox,a.-module  structure  via  the  map  /J  : Oy,f(x)  — t Ox,x-  Here  is  a related 
lemma. 


0098 


Lemma  6.26.4.  Let  (/,/•*)  : ( A',  Ox ) — t (Y,  Oy)  be  a morphism  of  ringed  spaces. 
Let  Q be  a sheaf  of  Oy -modules.  Let  x £ X.  Then 


( f*Q)x  = Sf(x)  ®X,x 

as  Ox,x -modules  where  the  tensor  product  on  the  right  uses  /J  : Oy  j (x)  — >•  Ox,x- 

Proof.  This  follows  from  Lemma  16.20.31  and  the  identification  of  the  stalks  of 
pullback  sheaves  at  x with  the  corresponding  stalks  at  f(x).  See  the  formulae  in 
Section  6.23  for  example.  □ 


6.27.  Skyscraper  sheaves  and  stalks 
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Definition  6.27.1.  Let  A be  a topological  space. 

(1)  Let  x £ X be  a point.  Denote  ix  : {a;}  — > X the  inclusion  map.  Let  A be 
a set  and  think  of  A as  a sheaf  on  the  one  point  space  {x}.  We  call  ix,*A 
the  skyscraper  sheaf  at  x with  value  A. 

(2)  If  in  (1)  above  A is  an  abelian  group  then  we  think  of  ix^A  as  a sheaf  of 
abelian  groups  on  X. 

(3)  If  in  (1)  above  A is  an  algebraic  structure  then  we  think  of  A as  a sheaf 
of  algebraic  structures. 

(4)  If  (. X , Ox)  is  a ringed  space,  then  we  think  of  ix  : {t}  — > X as  a morphism 
of  ringed  spaces  {{x},Ox,x)  — t (A,  Ox)  and  if  A is  a Ox,arm odule,  then 
we  think  of  ix^A  as  a sheaf  of  Ox -modules. 

(5)  We  say  a sheaf  of  sets  J7  is  a skyscraper  sheaf  if  there  exists  an  point  x of 
X and  a set  A such  that  T = ix,*A. 

(6)  We  say  a sheaf  of  abelian  groups  J7  is  a skyscraper  sheaf  if  there  exists  an 
point  x of  X and  an  abelian  group  A such  that  J7  = ix^A  as  sheaves  of 
abelian  groups. 

(7)  We  say  a sheaf  of  algebraic  structures  J7  is  a skyscraper  sheaf  if  there 
exists  an  point  x of  X and  an  algebraic  structure  A such  that  J7  = ix,*A 
as  sheaves  of  algebraic  structures. 

(8)  If  (X,  Ox)  is  a ringed  space  and  J7  is  a sheaf  of  Ox-modules,  then  we  say 
J7  is  a skyscraper  sheaf  if  there  exists  a point  x £ X and  a Ox. ^-module 
A such  that  T = ix,*A  as  sheaves  of  Ox-modules. 

Lemma  6.27.2.  Let  X be  a topological  space,  x £ X a point,  and  A a set.  For 
any  point  x'  £ X the  stalk  of  the  skyscraper  sheaf  at  x with  value  A at  x'  is 


ifx,*  A)x> 


( A if  x'  £ {x} 
\{*}  if  x'  {x} 


A similar  description  holds  for  the  case  of  abelian  groups,  algebraic  structures  and 
sheaves  of  modules. 
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Proof.  Omitted.  □ 

009C  Lemma  6.27.3.  Let  X be  a topological  space,  and  let  x £ X a point.  The  functors 
X i— t Xx  and  A i->  iXt*A  are  adjoint.  In  a formula 

MorSets  (Xx,A)  = Mor  sh(x)(X,ix,*A). 

A similar  statement  holds  for  the  case  of  abelian  groups,  algebraic  structures.  In 
the  case  of  sheaves  of  modules  we  have 

Horn  oX'X(Xx,A)  = Aova0x{X,ix^A). 

Proof.  Omitted.  Hint:  The  stalk  functor  can  be  seen  as  the  pullback  functor  for 
the  morphism  ix  : {x}  -A  X . Then  the  adjointness  follows  from  adjointness  of  if1 
and  ix (resp.  **  and  ix^  in  the  case  of  sheaves  of  modules).  □ 


6.28.  Limits  and  colimits  of  presheaves 


009D 


Let  X be  a topological  space.  Let  T -A  PSh(X),  i a Jj  be  a diagram. 

(1)  Both  lim,  T,  and  colinq  J-)  exist. 

(2)  For  any  open  U C X we  have 

(lim*  Ti){U)  =limi  Xi{U) 


and 

(colim  iXi){U)  = colim  j Xi(U). 

(3)  Let  x £ X be  a point.  In  general  the  stalk  of  lim,;  Tj  at  x is  not  equal 
to  the  limit  of  the  stalks.  But  if  the  diagram  category  is  finite  then  it  is 
the  case.  In  other  words,  the  stalk  functor  is  left  exact  (see  Categories, 
Definition  4.23.1 1. 

(4)  Let  x £ X.  We  always  have 


(colim,  Ti  )x  = colim,  X^x 


The  proofs  are  all  easy. 


6.29.  Limits  and  colimits  of  sheaves 


009E 


Let  X be  a topological  space.  Let  T -A  Sh(X),  m be  a diagram. 

(1)  Both  lim,  J-,  and  colinp  X\  exist. 

(2)  The  inclusion  functor  i : Sh(X)  — > PSh(X)  commutes  with  limits.  In 
other  words,  we  may  compute  the  limit  in  the  category  of  sheaves  as  the 
limit  in  the  category  of  presheaves.  In  particular,  for  any  open  U C X we 
have 

(lim,  Xi)(U)  = \\m.iXi{U). 

(3)  The  inclusion  functor  i : Sh(X)  — > PSh(X)  does  not  commute  with  col- 
imits in  general  (not  even  with  finite  colimits  - think  surjections).  The 
colimit  is  computed  as  the  sheafification  of  the  colimit  in  the  category  of 
presheaves: 


colim,;  Xi  = 


U i-a  colinq  Xi 


# 


(4)  Let  a;  € A'  be  a point.  In  general  the  stalk  of  lini;  X,  at  x is  not  equal  to 
the  limit  of  the  stalks.  But  if  the  diagram  category  is  finite  then  it  is  the 
case.  In  other  words,  the  stalk  functor  is  left  exact. 
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(5)  Let  x £ X.  We  always  have 

(colimj  Ti)x  = colimj  F^x. 

(6)  The  sheafification  functor  # : PSh(X)  -A  Sh(X)  commutes  with  all  colim- 
its, and  with  finite  limits.  But  it  does  not  commute  with  all  limits. 

The  proofs  are  all  easy.  Here  is  an  example  of  what  is  true  for  directed  colimits  of 
sheaves. 


009F  Lemma  6.29.1.  Let  X be  a topological  space.  Let  I be  a directed  partially  ordered 
set.  Let  (Ti,ipu')  be  a system  of  sheaves  of  sets  over  I,  see  Categories,  Section 
\4-21\  Let  U C X be  an  open  subset.  Consider  the  canonical  map 

4/  : colimj  Xi(U)  — » (colimj  Xf)  ( U ) 

(1)  If  all  the  transition  maps  are  injective  then  4/  is  injective  for  any  open  U . 

(2)  If  U is  quasi-compact,  then  \fr  is  injective. 

(3)  If  U is  quasi-compact  and  all  the  transition  maps  are  injective  then  41  is 
an  isomorphism. 

(4)  IfU  has  a cofinal  system  of  open  coverings  U : U = Ujej  E/j  with  J finite 
and  Uj  (~l  Up  quasi-compact  for  all  j,j'  £ J,  then  4i  is  bijective. 


009G 


Proof.  Assume  all  the  transition  maps  are  injective.  In  this  case  the  presheaf 
J'Ta  colimj  Xi{V)  is  separated  (see  Definition  6.11.2).  By  the  discussion  above 
we  have  (J7')#  = colimj  J rj.  By  Lemma  6.17.5  we  see  that  T'  — > ( T ')#  is  injective. 
This  proves  (1). 


Assume  U is  quasi-compact.  Suppose  that  s £ Ti(U)  and  s'  £ Ti'(U)  give  rise  to 
elements  on  the  left  hand  side  which  have  the  same  image  under  4c  Since  U is 
quasi-conrpact  this  means  there  exists  a finite  open  covering  U = (Jj=i  m Uj  and 
for  each  j an  index  ij  £ I,  ij  > i,  ij  > i!  such  that  tpu  (s)  = <Pi’iAs').  Let  i"  £ I 
be  > than  all  of  the  ij.  We  conclude  that  <pu "(s)  and  <Pi'i"(s)  agree  on  the  opens 
Uj  for  all  j and  hence  that  <pu"(s)  = ipi>i»(s).  This  proves  (2). 

Assume  U is  quasi-compact  and  all  transition  maps  injective.  Let  s be  an  element 
of  the  target  of  4'.  Since  U is  quasi-compact  there  exists  a finite  open  covering 
U = Ui=i  m Uj,  for  each  j an  index  ij  £ I and  Sj  £ J 7ij  (Uj)  such  that  s\jjj  comes 
from  Sj  for  all  j.  Pick  i £ I which  is  > than  all  of  the  ij.  By  (1)  the  sections 
agree  over  the  overlaps  Uj  fl  Uj>.  Hence  they  glue  to  a section  s'  £ Ti(U) 
which  maps  to  s under  4£  This  proves  (3). 


Assume  the  hypothesis  of  (4).  Let  s be  an  element  of  the  target  of  4/.  By  assumption 
there  exists  a finite  open  covering  U = (J  ._x  m Uj,  with  Uj  D Up  quasi-compact 
for  all  j,f  £ J and  for  each  j an  index  ij  £ / and  Sj  £ Xij(Uj)  such  that 
is  the  image  of  Sj  for  all  j.  Since  Uj  fl  Uj>  is  quasi-compact  we  can  apply  (2)  and 
we  see  that  there  exists  an  ijjt  £ I,  ijj > > ij,  ijji  > ij > such  that  <PiA  ,(sj)  and 
Pij’ijji  isj')  agree  over  Uj  D Uj'.  Choose  an  index  i £ / wich  is  bigger  or  equal  than 
all  the  ijj>.  Then  we  see  that  the  sections  <Piji(sj)  of  J-j  glue  to  a section  of  Ti  over 
U.  This  section  is  mapped  to  the  element  s as  desired.  □ 


Example  6.29.2.  Let  X = {si,  S2,  £i,  £2,  £3,  ■ • •}  as  a set.  Declare  a subset  U CX 
to  be  open  if  Si  £ U or  S2  £ U implies  U contains  all  of  the  £j.  Let  Un  = 
{£nj£n+ii  ■ • ■},  and  let  jn  : Un  — > X be  the  inclusion  map.  Set  Tn  = jn^ Z.  There 
are  transition  maps  J~n  -A  jFn+\.  Let  T = colim  J-n . Note  that  J-n  ^rri  = 0 if  m < n 
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because  {£m}  is  an  open  subset  of  X which  misses  Un.  Hence  we  see  that  X$„  = 0 
for  all  n.  On  the  other  hand  the  stalk  Xs. . i = 1,2  is  the  colimit 


M = colimn  TT  Z 


which  is  not  zero.  We  conclude  that  the  sheaf  X is  the  direct  sum  of  the  skyscraper 
sheaves  with  value  M at  the  closed  points  si  and  S2-  Hence  T(X,  X)  = M ® M. 
On  the  other  hand,  the  reader  can  verify  that  colimn  T(X,  X„)  = M.  Hence  some 
condition  is  necessary  in  part  (4)  of  Lemma  6.29.1  above. 


There  is  a version  of  the  previous  lemma  dealing  with  sheaves  on  a diagram  of 
spectral  spaces.  To  state  it  we  introduce  some  notation.  Let  I be  a cofiltered  index 
category.  Let  i i-A  X,  be  a diagram  of  spectral  spaces  over  X such  that  for  a : j — >•  * 


in  X the  corresponding  map  fa 
Pi  : X — »•  X,  the  projection. 


: Xj  — > Xi  is  spectral.  Set  X = limXj  and  denote 


0A32  Lemma  6.29.3.  In  the  situation  described  above,  let  i £ Ob(X)  and  let  Q be  a 
sheaf  on  Xi.  For  Ui  C Xj  quasi-compact  open  we  have 

P^Gip-'m)  = coiim(,:(  f-lQ{f~\U j)) 


-'GfcHUi)) 

j — )•  i.  For 


Proof.  Let  us  prove  the  canonical  map  colima:j^j  fa1G(fa1{Ui))  — )•  p, 
is  injective.  Let  s,  s'  be  sections  of  fa1G  over  fal{Uf)  for  some  a 
b : k — > j let  C fa0b(Ui)  t^ie  cl°sed  subset  of  points  x such  that  the  image 
of  s and  s'  in  the  stalk  {f~0\G)x  are  different.  If  Z & is  nonempty  for  all  b : k — > j , 
then  by  Topology,  Lemma  [5.23.2  we  see  that  limt,,/.-^  Z is  nonempty  too.  Then 
for  x £ lim b-.k^-j  C X (observe  that  1/ j — > X is  initial)  we  see  that  the  image 

of  s and  s'  in  the  stalk  of  p~lG  at  x are  different  too  since  ( p~1G)x  = ( fboaG)pk(x ) 
for  all  b : k — > j as  above.  Thus  if  the  images  of  s and  s’  in  pf1G(pf1(Ui))  are  the 
same,  then  Z j.  is  empty  for  some  b : k —>  j.  This  proves  injectivity. 


5.23.5 


Surjectivity.  Let  s be  a section  of  p~1G  over  pfl(Ui).  By  Topology,  Lemma 
the  set  p”1(/7j)  is  a quasi-compact  open  of  the  spectral  space  X.  By  construction 
of  the  pullback  sheaf,  we  can  find  an  open  covering  p~1(t/j)  = {jieLWi,  opens 
Viti  C Xj,  sections  £ G(Vl}i)  such  that  pj(Wj)  C Vlti  and  p~1siA \Wl  = s \Wl. 

Because  X and  Xj  are  spectral  and  p“1([/j)  is  quasi-compact  open,  we  may  assume 
L is  finite  and  Wi  and  V/i j quasi-compact  open  for  all  l.  Then  we  can  apply  Topology, 
Lemma  5.23.6  to  find  a : j — >•  i and  open  covering  /a"1(t4)  = Uzgl  quasi- 

compact opens  whose  pullback  to  X is  the  covering  p~1( Ui)  = (J leL  Wi  and  such 
that  moreover  W/j  C Write  sij  the  restriction  of  the  pullback  of  Szy  by 

fa  to  Wij.  Then  we  see  that  sij  and  Si'j  restrict  to  elements  of  (fa1G){Wijr\Wvj) 
which  pullback  to  the  same  element  (p~1G){Wi  D Wp),  namely,  the  restriction  of  s. 
Hence  by  injectivity,  we  can  find  b : k — > j such  that  the  sections  glue  to  a 

section  over  f~ob{Ui)  as  desired.  □ 


Next,  in  addition  to  the  cofiltered  system  Xj  of  spectral  spaces,  assume  given 

(1)  a sheaf  Xj  on  Xj  for  all  i £ Ob(X), 

(2)  for  a : j — > i an  /a-map  Lpa  : Xj  — ► X,- 

such  that  ipc  = ipb  o tpa  whenever  c = a o b.  Set  X = colimp“1Xj  on  X. 
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0A33  Lemma  6.29.4.  In  the  situation  described  above,  let  i £ Ob(I)  and  let  Ui  C Xj 
be  a quasi-compact  open.  Then 

Colim  = Xip^iUi)) 

Proof.  Recall  that  pf  (Ui)  is  a quasi-compact  open  of  the  spectral  space  X,  see 
Topology,  Lemma  |5.23.5[  Hence  Lemma  6.29.1  applies  and  we  have 

Fip^iUi))  = colim  a:j_npJ1Xj(pr1(Ui)). 

A formal  argument  shows  that 

colim a.j^i  J- j(fa  (Ui))  — colima:)_,,  colim, /,  J- j(f aQb(Ui)) 

Thus  it  suffices  to  show  that 


= colim,:/,  ,,  f^Mf-KUi)) 


This  is  Lemma 


6.29.3 


applied  to  J-j  and  the  quasi-compact  open  fa  1 (Ui). 


□ 


6.30.  Bases  and  sheaves 

009H  Sometimes  there  exists  a basis  for  the  topology  consisting  of  opens  that  are  easier 
to  work  with  than  general  opens.  For  convenience  we  give  here  some  definitions  and 
simple  lemmas  in  order  to  facilitate  working  with  (pre)sheaves  in  such  a situation. 

0091  Definition  6.30.1.  Let  X be  a topological  space.  Let  B be  a basis  for  the  topology 
on  X. 

(1)  A presheaf  J7  of  sets  on  B is  a rule  which  assigns  to  each  U £ B a set  T(U) 
and  to  each  inclusion  V C U of  elements  of  B a map  py  : T(U)  — >•  X(V) 
such  that  whenever  W C V C U in  B we  have  p^y  = p\y  o py. 

(2)  A morphism  ip  : T — >•  Q of  presheaves  of  sets  on  B is  a rule  which  assigns 
to  each  element  U £ B a map  of  sets  ip  : T(U)  — >•  Q(U)  compatible  with 
restriction  maps. 

As  in  the  case  of  usual  presheaves  we  use  the  terminology  of  sections,  restrictions 
of  sections,  etc.  In  particular,  we  may  define  the  stalk  of  J7  at  a point  x £ X by 
the  colimit 

Tx  = co\\mu&B,xeu  X(U). 

As  in  the  case  of  the  stalk  of  a presheaf  on  X this  limit  is  directed.  The  reason  is 
that  the  collection  of  U £ B,  x £ U is  a fundamental  system  of  open  neighbourhoods 
of  x. 

It  is  easy  to  make  examples  to  show  that  the  notion  of  a presheaf  on  X is  very 
different  from  the  notion  of  a presheaf  on  a basis  for  the  topology  on  X.  This  does 
not  happen  in  the  case  of  sheaves.  A much  more  useful  notion  therefore,  is  the 
following. 

009J  Definition  6.30.2.  Let  X be  a topological  space.  Let  B be  a basis  for  the  topology 
on  X. 

(1)  A sheaf  T of  sets  on  B is  a presheaf  of  sets  on  B which  satisfies  the 
following  additional  property:  Given  any  U £ B,  and  any  covering  U = 
Uie/  with  Ui  £ B,  and  any  coverings  Ui  D Uj  = [JkGlij  Uijk  with  Uijk  £ 
B the  sheaf  condition  holds: 
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(**)  For  any  collection  of  sections  s,:  £ F{ Ui ),  i £ / such  that  Vi,  j £ I, 
V k £ 

■Si  I C7ijfc  = Sj\uijk 

there  exists  a unique  section  s £ IF(U)  such  that  Si  = for  all 
i £ I. 

(2)  A morphism  of  sheaves  of  sets  on  B is  simply  a morphism  of  presheaves 
of  sets. 

First  we  explain  that  it  suffices  to  check  the  sheaf  condition  (**)  on  a cofinal  system 
of  coverings.  In  the  situation  of  the  definition,  suppose  U £ B.  Let  us  temporarily 
denote  Co v&(U)  the  set  of  all  coverings  of  U by  elements  of  B.  Note  that  Covg(f7) 
is  partially  ordered  by  refinement.  A subset  C C Covg(f7)  is  a cofinal  system,  if 
for  every  U £ Covg  (U)  there  exists  a covering  V £ C which  refines  U. 

009K  Lemma  6.30.3.  With  notation  as  above.  For  each  U £ B,  let  C(U)  C Covs(U) 
be  a cofinal  system.  For  each  U £ B,  and  each  U : U = \jUi  in  C(U),  let  coverings 
Uij  : Ui  n Uj  = (J  Ujk,  Uijk  £ B be  given.  Let  IF  be  a presheaf  of  sets  on  B.  The 
following  are  equivalent 

(1)  The  presheaf  T is  a sheaf  on  B. 

(2)  For  every  U £ B and  every  covering  U : U = (J  Ui  in  C(U)  the  sheaf 
condition  (**)  holds  (for  the  given  coverings  Uij). 

Proof.  We  have  to  show  that  (2)  implies  (1).  Suppose  that  U £ £>,  and  that 
U : U = Uie/  Ui  is  an  arbitrary  covering  by  elements  of  B.  Because  the  system 
C(U)  is  cofinal  we  can  find  an  element  V : U = (J  -G  j Vj  in  C(U)  which  refines  U. 
This  means  there  exists  a map  a : J — > I such  that  Vj  C UQuy 

Note  that  if  s,  s'  £ IF(U)  are  sections  such  that  s|c/£  = s' | ^ , then 

s\Vj  = (8\Uet(J))\Vj  = (s' I £/„«))  I = s'\Vj 

for  all  j.  Hence  by  the  uniqueness  in  (**)  for  the  covering  V we  conclude  that 
s = s1 . Thus  we  have  proved  the  uniqueness  part  of  (**)  for  our  arbitrary  covering 

U. 

Suppose  furthermore  that  t/jflLlj'  = lJfcgJ  , Ua>k  are  arbitrary  coverings  by  Uu>k  £ 
B.  Let  us  try  to  prove  the  existence  part  of  (**)  for  the  system  ( U,Uij ).  Thus  let 
Si  £ IF(Ui)  and  suppose  we  have 

si\uijk  = 8i>\uu,h 

for  all  i,i',k.  Set  tj  = sa(j)]y. , where  V and  a are  as  above. 

There  is  one  small  kink  in  the  argument  here.  Namely,  let  Vy  : Vj  D Vp  = 
U;gj. .,  Fjj/;  be  the  covering  given  to  us  by  the  statement  of  the  lemma.  It  is  not  a 
priori  clear  that 

th\vri'i  = tT\vjjn 

for  all  j,j',  l.  To  see  this,  note  that  we  do  have 

tj\w  = tj>\w  for  all  W £ B,  W C Vjju  n Ca(j)a(j')fc 

for  all  k £ Ia(j)a(j')i  by  our  assumption  on  the  family  of  elements  Sj.  And  since 
Vj  D Vji  C Ua (jj  D Ua(ji)  we  see  that  tj  |y.  .,;  and  tj>  |y  agree  on  the  members  of  a 
covering  of  Vjjn  by  elements  of  B.  Hence  by  the  uniqueness  part  proved  above  we 
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finally  deduce  the  desired  equality  of  tj  |y. and  ■ Then  we  get  the  existence 

of  an  element  t £ F(U)  by  property  (**)  for  ( V,Vjj /). 

Again  there  is  a small  snag.  We  know  that  t restricts  to  tj  on  V3  but  we  do  not  yet 
know  that  t restricts  to  s»  on  [/,.  To  conclude  this  note  that  the  sets  UidVj,  j £ J 
cover  Ui.  Hence  also  the  sets  Uja(j)k  D Vj,  j £ J,  k £ ha{j)  cover  Uj.  We  leave  it 
to  the  reader  to  see  that  t and  s,  restrict  to  the  same  section  of  J7  on  any  W £ B 
which  is  contained  in  one  of  the  open  sets  Uia^\k  fl  Vj,  j £ J,  k £ had)-  Hence  by 
the  uniqueness  part  seen  above  we  win.  □ 

009L  Lemma  6.30.4.  Let  X be  a topological  space.  Let  B be  a basis  for  the  topology 
on  X.  Assume  that  for  every  pair  U,U'  £ B we  have  U C\U'  £ B . For  each  U £ B, 
let  C(U)  C Covb(U)  be  a cofinal  system.  Let  J-  be  a presheaf  of  sets  on  B.  The 
following  are  equivalent 

(1)  The  presheaf  J7  is  a sheaf  on  B. 

(2)  For  every  U £ B and  every  covering  U :JJ  = (J  Z7j  in  C(U ) and  for  every 
family  of  sections  Si  £ F(Ui)  such  that  Siltqntq  = sj\uiCiUj  there  exists  a 
unique  section  s £ T(U)  which  restricts  to  Si  on  Ui. 

Proof.  This  is  a reformulation  of  Lemma  |6.30.3|  above  in  the  special  case  where 
the  coverings  lijj  each  consist  of  a single  element.  But  also  this  case  is  much  easier 
and  is  an  easy  exercise  to  do  directly.  □ 

009M  Lemma  6.30.5.  Let  X be  a topological  space.  Let  B be  a basis  for  the  topology 
on  X . Let  U £ B.  Let  J7  be  a sheaf  of  sets  on  B.  The  map 

-LxGU 

identifies  F(U)  with  the  elements  {sx)x^u  with  the  property 

(*)  For  any  x £ U there  exists  a V £ B,  x £ V and  a section  a £ J7{ V ) such 
that  for  all  y £ V we  have  sy  = (V,  a)  in  Ty. 


Proof.  First  note  that  the  map  T{U)  -A  Ylxeu  injective  by  the  uniqueness 
in  the  sheaf  condition  of  Definition  |6.30.2  Let  (sx)  be  any  element  on  the  right 
hand  side  which  satisfies  (*).  Clearly  this  means  we  can  find  a covering  U = U Ui, 
Ui  £ B such  that  ( sx)xeUi  comes  from  certain  cq  £ FfUf).  For  every  y £ UiCiUj  the 


sections  cq  and  cq  agree  in  the  stalk  Ty 


Hence  there  exists  an  element  Vijy  £ 


B, 


V £ Vijy  such  that  cq|vp  = <Tj \vi-  ■ Thus  the  sheaf  condition  (**)  of  Definition 


6.30.2  applies  to  the  system  of  cq  and  we  obtain  a section  s £ iF(U)  with  the  desired 
property.  □ 


Let  A be  a topological  space.  Let  B be  a basis  for  the  topology  on  X.  There  is  a 
natural  restriction  functor  from  the  category  of  sheaves  of  sets  on  X to  the  category 
of  sheaves  of  sets  on  B.  It  turns  out  that  this  is  an  equivalence  of  categories.  In 
down  to  earth  terms  this  means  the  following. 

009N  Lemma  6.30.6.  Let  X be  a topological  space.  Let  B be  a basis  for  the  topology  on 
X . Let  J7  be  a sheaf  of  sets  on  B.  There  exists  a unique  sheaf  of  sets  Text  on  X 
such  that  Fext(U ) = J-{U)  for  all  U £ B compatibly  with  the  restriction  mappings. 


Proof.  We  first  construct  a presheaf  Text  with  the  desired  property.  Namely,  for 
an  arbitrary  open  U C A we  define  Text{U)  as  the  set  of  elements  ( sx)xeu  such  that 
(*)  of  Lemma  6.30.5  holds.  It  is  clear  that  there  are  restriction  mappings  that  turn 
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Fext  into  a presheaf  of  sets.  Also,  by  Lemma  6.30.5  we  see  that  F(U)  = Fext(U) 
whenever  U is  an  element  of  the  basis  B.  To  see  Fext  is  a sheaf  one  may  argue  as 
in  the  proof  of  Lemma [6.1 7. 1|  □ 


Note  that  we  have 

77  x* ext 

J~x  — X 

in  the  situation  of  the  lemma.  This  is  so  because  the  collection  of  elements  of  B 
containing  x forms  a fundamental  system  of  open  neighbourhoods  of  x. 

0090  Lemma  6.30.7.  Let  X be  a topological  space.  Let  B be  a basis  for  the  topology 
on  X.  Denote  Sh(B)  the  category  of  sheaves  on  B.  There  is  an  equivalence  of 
categories 

Sh(X)  — ► Sh(B) 

which  assigns  to  a sheaf  on  X its  restriction  to  the  members  of  B. 


Proof.  The  inverse  functor  in  given  in  Lemma  6.30.6  above.  Checking  the  obvious 
functorialities  is  left  to  the  reader.  □ 


This  ends  the  discussion  of  sheaves  of  sets  on  a basis  B.  Let  ( C,F ) be  a type  of 
algebraic  structure.  At  the  end  of  this  section  we  would  like  to  point  out  that  the 
constructions  above  work  for  sheaves  with  values  in  C.  Let  us  briefly  define  the 
relevant  notions. 

009P  Definition  6.30.8.  Let  X be  a topological  space.  Let  B be  a basis  for  the  topology 
on  X.  Let  (C,  F ) be  a type  of  algebraic  structure. 

(1)  A presheaf  F with  values  in  C on  B is  a rule  which  assigns  to  each  U £ B 
an  object  F(U)  of  C and  to  each  inclusion  V C U of  elements  of  B a 
morphism  py  : F(U)  — >•  F(V)  in  C such  that  whenever  W C V C U in  B 
we  have  Pw  = Pw  ° Pv- 

(2)  A morphism  ip  : F — > Q of  presheaves  with  values  in  C on  B is  a rule 
which  assigns  to  each  element  U £ B a morphism  of  algebraic  structures 
p : F(U)  — > G(U)  compatible  with  restriction  maps. 

(3)  Given  a presheaf  T with  values  in  C on  B we  say  that  U K > F{F{U))  is 
the  underlying  presheaf  of  sets. 

(4)  A sheaf  F with  values  inC  on  B is  a presheaf  with  values  in  C on  B whose 
underlying  presheaf  of  sets  is  a sheaf. 

At  this  point  we  can  define  the  stalk  at  x £ X of  a presheaf  with  values  in  C on  B 
as  the  directed  colimit 

F x colim  F(U'j . 

It  exists  as  an  object  of  C because  of  our  assumptions  on  C.  Also,  we  see  that  the 
underlying  set  of  Fx  is  the  stalk  of  the  underlying  presheaf  of  sets  on  B. 

Note  that  Lemmas  |6.30.3[  |6.30.4|  and  |6.30.5|  refer  to  the  sheaf  property  which  we 
have  defined  in  terms  of  the  associated  presheaf  of  sets.  Hence  they  generalize 
without  change  to  the  notion  of  a presheaf  with  values  in  C.  The  analogue  of 
Lemma  [6.30. 61  need  some  care.  Here  it  is. 

009Q  Lemma  6.30.9.  Let  X be  a topological  space.  Let  (C,F)  be  a type  of  algebraic 
structure.  Let  B be  a basis  for  the  topology  on  X.  Let  F be  a sheaf  with  values 
in  C on  B.  There  exists  a unique  sheaf  Fext  with  values  in  C on  X such  that 
Fext(U)  = F(U)  for  all  U £ B compatibly  with  the  restriction  mappings. 
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Proof.  By  the  conditions  imposed  on  the  pair  ( C,F ) it  suffices  to  come  up  with 
a presheaf  Xext  which  does  the  correct  thing  on  the  level  of  underlying  presheaves 
of  sets.  Thus  our  first  task  is  to  construct  a suitable  object  lFext(U)  for  all  open 
U C X.  We  could  do  this  by  imitating  Lemma[6T8T]in  the  setting  of  presheaves  on 
B.  However,  a slightly  different  method  (but  basically  equivalent)  is  the  following: 
Define  it  as  the  directed  colimit 

Fext{U)  :=  colimw  FIB(U) 

over  all  coverings  U : U = (Jigj  Ui  by  Ui  € B of  the  fibre  product 

FIB{u) 


IL eiHUi)  ' I I,(  / I I 

By  the  usual  arguments,  see  Lemma  [6 . 1 5 . 4|  and  Example 
that  this  construction  on  underlying  sets  is  the  same  as  the  definition  using  (**) 
above.  Details  left  to  the  reader.  □ 


6.15.5  it  suffices  to  show 


Note  that  we  have 

77  -next 

J~x  — x 

as  objects  in  C in  the  situation  of  the  lemma.  This  is  so  because  the  collection  of 
elements  of  B containing  x forms  a fundamental  system  of  open  neighbourhoods  of 

x. 


009R  Lemma  6.30.10.  Let  X be  a topological  space.  Let  B be  a basis  for  the  topology 
on  X.  Let  ( C,F ) be  a type  of  algebraic  structure.  Denote  Sh(B,C)  the  category  of 
sheaves  with  values  in  C on  B.  There  is  an  equivalence  of  categories 

Sh(X,C)  — > Sh(B,C) 

which  assigns  to  a sheaf  on  X its  restriction  to  the  members  of  B. 


Proof.  The  inverse  functor  in  given  in  Lemma  6.30.9  above.  Checking  the  obvious 
functorialities  is  left  to  the  reader.  □ 


Finally  we  come  to  the  case  of  (pre)sheaves  of  modules  on  a basis.  We  will  use  the 
easy  fact  that  the  category  of  presheaves  of  sets  on  a basis  has  products  and  that 
they  are  described  by  taking  products  of  values  on  elements  of  the  bases. 

009S  Definition  6.30.11.  Let  X be  a topological  space.  Let  B be  a basis  for  the 
topology  on  X.  Let  O be  a presheaf  of  rings  on  B. 

(1)  A presheaf  of  O -modules  T on  B is  a presheaf  of  abelian  groups  on  B 
together  with  a morphism  of  presheaves  of  sets  O x T — > T such  that  for 
all  U £ B the  map  0(17)  x T{U)  — > JF(U)  turns  the  group  T(U)  into  an 
0(/7)-module. 

(2)  A morphism  ip  : J-  — > Q of  presheaves  of  O -modules  on  B is  a morphism  of 
abelian  presheaves  on  B which  induces  an  0(t/)-module  homomorphism 
T(JJ)  — > Q(U)  for  every  U G B. 

(3)  Suppose  that  O is  a sheaf  of  rings  on  B.  A sheaf  J-  of  O -modules  on  B is  a 
presheaf  of  0-modules  on  B whose  underlying  presheaf  of  abelian  groups 
is  a sheaf. 
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We  can  define  the  stalk  at  x £ X of  a presheaf  of  0-modules  on  B as  the  directed 
colimit 

Tx  = colimc/eBiXe!7  T{U). 

It  is  a 0x-module. 


Note  that  Lemmas  6.30.3  6.30.4  and  6.30.5  refer  to  the  sheaf  property  which  we 
have  defined  in  terms  of  the  associated  presheaf  of  sets.  Hence  they  generalize 
without  change  to  the  notion  of  a presheaf  of  0-modules.  The  analogue  of  Lemma 
16.30.61  is  as  follows. 


009T 


Lemma  6.30.12.  Let  X be  a topological  space.  Let  0 be  a sheaf  of  rings  on  B. 
Let  B be  a basis  for  the  topology  on  X . Let  T be  a sheaf  with  values  in  C on  B.  Let 
Oext  be  the  sheaf  of  rings  on  X extending  0 and  let  jrext  be  the  abelian  sheaf  on 
X extending  T see  Lemma  6. 30.9 \ There  exists  a canonical  map 

Qext  y 'pext  y j^ext 


which  agrees  with  the  given  map  over  elements  of  B and  which  endows  Xext  with 
the  structure  of  an  Oext  -module. 

Proof.  It  suffices  to  construct  the  multiplication  map  on  the  level  of  presheaves  of 
sets.  Perhaps  the  easiest  way  to  see  this  is  to  prove  directly  that  if  ( fx)xeu , fx  £ Ox 
and  (mx)xg(/5  x £ Tx  satisfy  (*),  then  the  element  (fxmx)xeu  also  satisfies  (*). 
Then  we  get  the  desired  result,  because  in  the  proof  of  Lemma |6. 30. 6|  we  construct 
the  extension  in  terms  of  families  of  elements  of  stalks  satisfying  (*).  □ 


Note  that  we  have 

77  x* ext 

J~x  — X 

as  0x-modules  in  the  situation  of  the  lemma.  This  is  so  because  the  collection  of 
elements  of  B containing  x forms  a fundamental  system  of  open  neighbourhoods  of 
x , or  simply  because  it  is  true  on  the  underlying  sets. 

009U  Lemma  6.30.13.  Let  X be  a topological  space.  Let  B be  a basis  for  the  topology 
on  X.  Let  0 be  a sheaf  of  rings  on  X.  Denote  Mod(0 |g)  the  category  of  sheaves 
of  0\b -modules  on  B.  There  is  an  equivalence  of  categories 

Mod{Q)  — » Mod(0\B) 

which  assigns  to  a sheaf  of  0 -modules  on  X its  restriction  to  the  members  of  B. 

Proof.  The  inverse  functor  in  given  in  Lemma[ffi30T2]above.  Checking  the  obvious 
functorialities  is  left  to  the  reader.  □ 


009V 


Finally,  we  address  the  question  of  the  relationship  of  this  with  continuous  maps. 
This  is  now  very  easy  thanks  to  the  work  above.  First  we  do  the  case  where  there 
is  a basis  on  the  target  given. 

Lemma  6.30.14.  Let  f : X -A  Y be  a continuous  map  of  topological  spaces.  Let 
(C,F)  be  a type  of  algebraic  structures.  Let  T be  a sheaf  with  values  in  C on  X. 
Let  Q be  a sheaf  with  values  in  C on  Y . Let  B be  a basis  for  the  topology  on  Y . 
Suppose  given  for  every  V £ B a morphism 

Tv  : Q{V)  — > Hr'V) 


of  C compatible  with  restriction  mappings.  Then  there  is  a unique  f-map  (see 
Definition  6.21.7  and  discussion  of  f -maps  in  Section  6.23)  <p  : Q — > T recovering 
Tv  for  V £ B. 
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Proof.  This  is  trivial  because  the  collection  of  maps  amounts  to  a morphism  be- 
tween the  restrictions  of  Q and  f*T  to  B.  By  Lemma  6.30. 10|  this  is  the  same  as 
giving  a morphism  from  Q to  /*  F,  which  by  Lemma|6.21.8  is  the  same  as  an  /-map. 
See  also  Lemma  6.23. 1| and  the  discussion  preceding  it  for  how  to  deal  with  the  case 
of  sheaves  of  algebraic  structures.  □ 

Here  is  the  analogue  for  ringed  spaces. 

009W  Lemma  6.30.15.  Let  (/,  ft)  : (X,  Ox)  — > (Y,  Oy)  be  a morphism  of  ringed,  spaces. 

Let  T be  a sheaf  of  Ox -modules.  Let  Q be  a sheaf  of  Oy -modules.  Let  B be  a basis 
for  the  topology  on  Y . Suppose  given  for  every  V G B a Oy(V)-module  map 

Tv  : Q{V)  — > F(f~xV) 

(where  F(f~xV)  has  a module  structure  using  ftr  : Oy(V)  — > Ox(f~xV))  com- 
patible with  restriction  mappings.  Then  there  is  a unique  f-map  (see  discussion  of 
f-maps  in  Section  6.26 ) tp  : Q — ► T recovering  <pv  for  V G B. 


Proof.  Same  as  the  proof  of  the  corresponding  lemma  for  sheaves  of  algebraic 
structures  above.  □ 

009X  Lemma  6.30.16.  Let  f : X -A  Y be  a continuous  map  of  topological  spaces.  Let 
(C,  F)  be  a type  of  algebraic  structures.  Let  T be  a sheaf  with  values  in  C on  X . Let 
Q be  a sheaf  with  values  in  C on  Y.  Let  By  be  a basis  for  the  topology  on  Y.  Let 
Bx  be  a basis  for  the  topology  on  X.  Suppose  given  for  every  V G By,  and  U G Bx 
such  that  f(U)  C V a morphism 

Tv  : Q{V)  — A F(U) 

of  C compatible  with  restriction  mappings.  Then  there  is  a unique  f-map  (see  Def- 
inition 6.21.7  and  the  discussion  of  f-maps  in  Section  6.23 ) tp  : Q — ► T recovering 


^T{U) 


<Py  as  the  composition 

G(V)  ^ F(f~x(V)) 

for  every  pair  ([/,  V)  as  above. 

Proof.  Let  us  first  proves  this  for  sheaves  of  sets.  Fix  V C Y open.  Pick  s G Q{V). 
We  are  going  to  construct  an  element  p>v{s)  G F{f~1V).  We  can  define  a value 
<p(s)x  in  the  stalk  Tx  for  every  x G f~xV  by  picking  a U G Bx  with  x G U C f~xV 
and  setting  tp(s)x  equal  to  the  equivalence  class  of  (U,  <Py(s ))  in  the  stalk.  Clearly, 
the  family  (tp(s)x)xef- iy  satisfies  condition  (*)  because  the  maps  ipy  for  varying  U 
are  compatible  with  restrictions  in  the  sheaf  T . Thus,  by  the  proof  of  Lemma|6.30.6| 
we  see  that  (< p{s)x)xef-iy  corresponds  to  a unique  element  pv(s)  of  F(f^xV). 
Thus  we  have  defined  a set  map  ipy  : Q{V)  — > F(f~xV).  The  compatibility  between 


6.30.5 


ipv  and  <Py  follows  from  Lemma 

We  leave  it  to  the  reader  to  show  that  the  construction  of  ipy  is  compatible  with 
restriction  mappings  as  we  vary  v G By.  Thus  we  may  apply  Lemma|6. 30. 14| above 
to  “glue”  them  to  the  desired  /-map. 

Finally,  we  note  that  the  map  of  sheaves  of  sets  so  constructed  satisfies  the  property 
that  the  map  on  stalks 

^/O)  * 

is  the  colimit  of  the  system  of  maps  p>y  as  V G By  varies  over  those  elements  that 
contain  f(x)  and  U G B\  varies  over  those  elements  that  contain  x.  In  particular, 
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if  G and  T are  the  underlying  sheaves  of  sets  of  sheaves  of  algebraic  structures,  then 
we  see  that  the  maps  on  stalks  is  a morphism  of  algebraic  structures.  Hence  we 
conclude  that  the  associated  map  of  sheaves  of  underlying  sets  f~lG  -A  T satisfies 
the  assumptions  of  Lemma  6.23.1  We  conclude  that  f~lG  7F  is  a morphism 
of  sheaves  with  values  in  C.  And  by  adjointness  this  means  that  is  an  /-map  of 
sheaves  of  algebraic  structures.  □ 

009Y  Lemma  6.30.17.  Let  (/,  /#)  : (A',  Ox)  ->  (Y,  Oy)  be  a morphism  of  ringed  spaces. 
Let  T be  a sheaf  of  Ox -modules.  Let  Q be  a sheaf  of  Oy -modules.  Let  By  be  a 
basis  for  the  topology  on  Y.  Let  B\  be  a basis  for  the  topology  on  X.  Suppose  given 
for  every  V G By,  and  U € Bx  such  that  f(U)  C V a Oy(V) -module  map 

G(V)  — ► HU) 

compatible  with  restriction  mappings.  Here  the  Oy(V)-module  structure  on  T(U) 
comes  from  the  O x{U) -module  structure  via  the  map  fy  : Oy(V)  — > Ox(f~1V)  - 


u 

Tv 


Ox{U).  Then  there  is  a unique  f-map  of  sheaves  of  modules  (see  Definition  6.21.7 
and  the  discussion  of  f-maps  in  Section  6.26)  <p  : Q — > T recovering  (fy  as  the 
composition 


G{V)  — 

for  every  pair  (U,  V)  as  above. 


Hf~  (V)) 


^ Hu) 


Proof.  Similar  to  the  above  and  omitted. 


□ 


6.31.  Open  immersions  and  (pre)sheaves 


009Z 


00A0 


Let  A be  a topological  space.  Let  / : U — ► X be  the  inclusion  of  an  open  subset  U 
into  X.  In  Section  6.21  we  have  defined  functors  /*  and  j^1  such  that  j*  is  right 
adjoint  to  j_1.  It  turns  out  that  for  an  open  immersion  there  is  a left  adjoint  for 
j , which  we  will  denote  j\.  First  we  point  out  that  j-1  has  a particularly  simple 
description  in  the  case  of  an  open  immersion. 


Lemma  6.31.1.  Let  X be  a topological  space.  Let  j : U -A  A be  the  inclusion  of 
an  open  subset  U into  X . 

(1)  Let  Q be  a presheaf  of  sets  on  X.  The  presheaf  jpG  (see  Section 
given  by  the  rule  V i->  G(V)  for  V C U open. 

(2)  Let  G be  a sheaf  of  sets  on  X.  The  sheaf  j~1G  is  given  by  the  rule  V i— > 
G(V)  for  V C U open. 

(3)  For  any  point  u G U and  any  sheaf  G on  X we  have  a canonical  identifi- 
cation of  stalks 

j~1Gu  = (G\u)u  = Gu- 

(4)  On  the  category  of  presheaves  of  U we  have  jpj » = id. 

(5)  On  the  category  of  sheaves  of  U we  have  j-1j*  = id. 

The  same  description  holds  for  (pre) sheaves  of  abelian  groups,  (pre) sheaves  of  al- 
gebraic structures,  and  (pre)sheaves  of  modules. 


6.21 ) is 


Proof.  The  colimit  in  the  definition  of  jpG(V)  is  over  collection  of  all  W C A open 
such  that  V C W ordered  by  reverse  inclusion.  Hence  this  has  a largest  element, 
namely  V.  This  proves  (1).  And  (2)  follows  because  the  assignment  V i->  G(V)  for 
V C U open  is  clearly  a sheaf  if  G is  a sheaf.  Assertion  (3)  follows  from  (2)  since 
the  collection  of  open  neighbourhoods  of  u which  are  contained  in  U is  cofinal  in 
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the  collection  of  all  open  neighbourhoods  of  u in  X.  Parts  (4)  and  (5)  follow  by 
computing  j~1j*X(V)  = j*F{V)  = T(V). 

The  exact  same  arguments  work  for  (pre)sheaves  of  abelian  groups  and  (pre)sheaves 
of  algebraic  structures.  □ 


00A1 


Definition  6.31.2.  Let  X be  a topological  space.  Let  j : U — ► X be  the  inclusion 
of  an  open  subset. 


(1) 

(2) 

(3) 

(4) 


Let  Q be  a presheaf  of  sets,  abelian  groups  or  algebraic  structures  on  X. 
The  preslieaf  jpQ  described  in  Lemma  6.31.1  is  called  the  restriction  of  Q 
to  U and  denoted  G\u- 

Let  G be  a sheaf  of  sets  on  X . abelian  groups  or  algebraic  structures  on 
X.  The  sheaf  j~xG  is  called  the  restriction  of  Q to  U and  denoted  G\u- 
If  (X,0)  is  a ringed  space,  then  the  pair  {U,0\u)  is  called  the  open  sub- 
space of  (X,  O)  associated  to  U. 

If  Q is  a presheaf  of  0-modules  then  G\u  together  with  the  multiplication 
map  0\u  x Q\u  —t  G\u  (see  Lemma  6.24.6)  is  called  the  restriction  of  Q 
to  U. 


We  leave  a definition  of  the  restriction  of  presheaves  of  modules  to  the  reader.  Ok, 
so  in  this  section  we  will  discuss  a left  adjoint  to  the  restriction  functor.  Here  is 
the  definition  in  the  case  of  (pre)sheaves  of  sets. 


00A2 


00A3 


Definition  6.31.3.  Let  A be  a topological  space.  Let  j : U — ► X be  the  inclusion 
of  an  open  subset. 

(1)  Let  J7  be  a presheaf  of  sets  on  U.  We  define  the  extension  of  T by  the 
empty  set  jp\T  to  be  the  presheaf  of  sets  on  X defined  by  the  rule 


jpiHV) 


I 0 if  V <tu 
\ T{V)  if  V c U 


with  obvious  restriction  mappings. 

(2)  Let  J7  be  a sheaf  of  sets  on  U.  We  define  the  extension  of  T by  the  empty 
set  j\T  to  be  the  sheafification  of  the  presheaf  jp\ T . 


Lemma  6.31.4.  Let  X be  a topological  space.  Let  j : U —>  X be  the  inclusion  of 
an  open  subset. 


(1)  The  functor  jp\  is  a left  adjoint  to  the  restriction  functor  jp  (see  Lemma 
6.31.1]). 

(2)  The  functor  j\  is  a left  adjoint  to  restriction,  in  a formula 


Mor Sh(x)(j\F,G)  = Mor Sh(u){F,j  'G)  = ^msh(u)(F ,G\u) 


bifunctorially  in  J-  and  Q . 

(3)  Let  J-  be  a sheaf  of  sets  on  U.  The  stalks  of  the  sheaf  j\T  are  described 
as  follows 


j\Fx 


f 0 if  x&U 

\?x  if  x GU 


(4)  On  the  category  of  presheaves  of  U we  have  jpjp\  = id. 

(5)  On  the  category  of  sheaves  of  U we  have  j~1j\  = id. 
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Proof.  To  map  jp \T  into  Q it  is  enough  to  map  T(V)  — > Q(V)  whenever  V C U 
compatibly  with  restriction  mappings.  And  by  Lemma |6.31.1| the  same  description 
holds  for  maps  J-  — ► Q\u-  The  adjointness  of  j\  and  restriction  follows  from  this 
and  the  properties  of  sheafification.  The  identification  of  stalks  is  obvious  from  the 
definition  of  the  extension  by  the  empty  set  and  the  definition  of  a stalk.  Statements 

(4)  and  (5)  follow  by  computing  the  value  of  the  sheaf  on  any  open  of  U . □ 


Note  that  if  J7  is  a sheaf  of  abelian  groups  on  U,  then  in  general  j\J-  as  defined 
above,  is  not  a sheaf  of  abelian  groups,  for  example  because  some  of  its  stalks  are 
empty  (hence  not  abelian  groups  for  sure).  Thus  we  need  to  modify  the  definition 
of  j\  depending  on  the  type  of  sheaves  we  consider.  The  reason  for  choosing  the 
empty  set  in  the  definition  of  the  extension  by  the  empty  set,  is  that  it  is  the  initial 
object  in  the  category  of  sets.  Thus  in  the  case  of  abelian  groups  we  use  0 (and 
more  generally  for  sheaves  with  values  in  any  abelian  category). 


00A4  Definition  6.31.5.  Let  X be  a topological  space.  Let  j : U — ► X be  the  inclusion 
of  an  open  subset. 

(1)  Let  T be  an  abelian  presheaf  on  U.  We  define  the  extension  jp\F  of  J7  by 
0 to  be  the  abelian  presheaf  on  X defined  by  the  rule 


I 0 if  V qLU 
\ JXV)  if  V CU 


with  obvious  restriction  mappings. 

(2)  Let  T be  an  abelian  sheaf  on  U.  We  define  the  extension  j\T  of  J-  by  0 
to  be  the  sheafification  of  the  abelian  presheaf  jp \F. 

(3)  Let  C be  a category  having  an  initial  object  e.  Let  J7  be  a presheaf  on 
U with  values  in  C.  We  define  the  extension  jp\F  of  T by  e to  be  the 
presheaf  on  X with  values  in  C defined  by  the  rule 

. _,T/,  J e if  V tU 

Jp\F{V)  - |W)  if  y c u 


with  obvious  restriction  mappings. 

(4)  Let  (C,  F)  be  a type  of  algebraic  structure  such  that  C has  an  initial  object 
e.  Let  J7  be  a sheaf  of  algebraic  structures  on  U (of  the  give  type).  We 
define  the  extension  f\F  of  T by  e to  be  the  sheafification  of  the  presheaf 
jp\T  defined  above. 

(5)  Let  0 be  a presheaf  of  rings  on  X.  Let  J7  be  a presheaf  of  0|  [/-modules. 
In  this  case  we  define  the  extension  by  0 to  be  the  presheaf  of  0-modules 
which  is  equal  to  jp\F  as  an  abelian  presheaf  endowed  with  the  multipli- 
cation map  0 x jpiT  — > fp\T. 

(6)  Let  O be  a sheaf  of  rings  on  X.  Let  J7  be  a sheaf  of  0|  [/-modules.  In  this 
case  we  define  the  extension  by  0 to  be  the  0-module  which  is  equal  to  j\  J- 
as  an  abelian  sheaf  endowed  with  the  multiplication  map  0 x j\fF  — > j\T . 


It  is  true  that  one  can  define  j\  in  the  setting  of  sheaves  of  algebraic  structures  (see 
below).  However,  it  depends  on  the  type  of  algebraic  structures  involved  what  the 
resulting  object  is.  For  example,  if  0 is  a sheaf  of  rings  on  U,  then  ji.ringsO 
j\,abeiianO  since  the  initial  object  in  the  category  of  rings  is  Z and  the  initial  object 
in  the  category  of  abelian  groups  is  0.  In  particular  the  functor  j\  does  not  commute 
with  taking  underlying  sheaves  of  sets , in  contrast  to  what  we  have  seen  so  far!  We 
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separate  out  the  case  of  (pre)sheaves  of  abelian  groups,  (pre)sheaves  of  algebraic 
structures  and  (pre)sheaves  of  modules  as  usual. 


Lemma  6.31.6.  Let  X be  a topological  space.  Let  j : U —>  X be  the  inclusion  of 
an  open  subset.  Consider  the  functors  of  restriction  and  extension  by  0 for  abelian 
(pre)sheaves. 

(1)  The  functor  jp\  is  a left  adjoint  to  the  restriction  functor  jp  (see  Lemma 
6.31.1]). 

(2)  The  functor  j\  is  a left  adjoint  to  restriction,  in  a formula 

Mor^p^C?!.?7,  Q)  = Mor  Ab(u){Fij  1G)  = Mor^^)^,  Q\u) 


bifunctorially  in  T and  Q . 

(3)  Let  T be  an  abelian  sheaf  on  U . 
as  follows 


The  stalks  of  the  sheaf  j\T  are  described 

if  x £ U 
if  x £ U 


(4)  On  the  category  of  abelian  presheaves  of  U we  have  jpjp\  = id. 

(5)  On  the  category  of  abelian  sheaves  ofU  we  have  j~1j\  = id. 


Proof.  Omitted.  □ 

00 A6  Lemma  6.31.7.  Let  X be  a topological  space.  Let  j : U -A  X be  the  inclusion  of 
an  open  subset.  Let  ( C,F ) be  a type  of  algebraic  structure  such  thatC  has  an  initial 
object  e.  Consider  the  functors  of  restriction  and  extension  by  e for  (pre)sheaves 
of  algebraic  structure  defined  above. 

(1)  The  functor  jp\  is  a left  adjoint  to  the  restriction  functor  jp  (see  Lemma 

6.31.1]. 

(2)  The  functor  j\  is  a left  adjoint  to  restriction,  in  a formula 
Mor sh(x,c){j\^ i G)  = Mor sh{u,C){F,j  XG)  = Mor sh(y,c){F , G\u) 
bifunctorially  in  J-  and  Q . 

(3)  Let  IF  be  a sheaf  on  U.  The  stalks  of  the  sheaf  jifF  are  described  as  follows 

jjr  = [ e if  x&U 

J-  x if  xeu 

(4)  On  the  category  of  presheaves  of  algebraic  structures  on  U we  have  jpjp\  = 
id. 

(5)  On  the  category  of  sheaves  of  algebraic  structures  on  U we  have  j~1j\  = id. 


Proof.  Omitted.  □ 

00A7  Lemma  6.31.8.  Let  (X,0)  be  a ringed  space.  Let  j : ( U,0\u ) -A  (X,0)  be 
an  open  subspace.  Consider  the  functors  of  restriction  and  extension  by  0 for 
(pre)sheaves  of  modules  defined  above. 

(1)  The  functor  jp\  is  a left  adjoint  to  restriction,  in  a formula 

Mor  pMod(0)(jp<F,G)  = ^0TpMod{O\u){J:iG\u) 
bifunctorially  in  J-  and  Q. 

(2)  The  functor  j \ is  a left  adjoint  to  restriction,  in  a formula 

MorMod(0)(j! T,  G)  = MorAfod(0|tr)(.F,  G\u) 

bifunctorially  in  T and  Q . 
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(3)  Let  T be  a sheaf  of  O -modules  on  U.  The  stalks  of  the  sheaf  j\T  are 
described  as  follows 

0 if  xgU 
Tx  if  x£U 

(4)  On  the  category  of  sheaves  of  0\u -modules  on  U we  have  j~lj\  = id. 

Proof.  Omitted.  □ 


j'.Fx  = 


Note  that  by  the  lemmas  above,  both  the  functors  j»  and  j\  are  fully  faithful 
embeddings  of  the  category  of  sheaves  on  U into  the  category  of  sheaves  on  X.  It 
is  only  true  for  the  functor  j\  that  one  can  easily  describe  the  essential  image  of 
this  functor. 

00A8  Lemma  6.31.9.  Let  X be  a topological  space.  Let  j : U — » X be  the  inclusion  of 
an  open  subset.  The  functor 

ji  : Sh(U)  — *•  Sh{X) 

is  fully  faithful.  Its  essential  image  consists  exactly  of  those  sheaves  Q such  that 
Qx  = 0 for  all  x £ X \ U . 

Proof.  Fully  faithfulness  follows  formally  from  j~1j\  = id.  We  have  seen  that  any 
sheaf  in  the  image  of  the  functor  has  the  property  on  the  stalks  mentioned  in  the 
lemma.  Conversely,  suppose  that  Q has  the  indicated  property.  Then  it  is  easy  to 
check  that 

j\j~1G  -t  G 

is  an  isomorphism  on  all  stalks  and  hence  an  isomorphism.  □ 

00A9  Lemma  6.31.10.  Let  X be  a topological  space.  Let  j :U  -A  X be  the  inclusion  of 
an  open  subset.  The  functor 

j\  : Ab(U)  — > Ab(X) 

is  fully  faithful.  Its  essential  image  consists  exactly  of  those  sheaves  Q such  that 
Qx  = 0 for  all  x £ X \ U. 

Proof.  Omitted.  □ 

OOAA  Lemma  6.31.11.  Let  X be  a topological  space.  Let  j : U -A  X be  the  inclusion  of 
an  open  subset.  Let  ( C,F ) be  a type  of  algebraic  structure  such  thatC  has  an  initial 
object  e.  The  functor 

j\  : Sh(U,C)  — A Sh(X,C) 

is  fully  faithful.  Its  essential  image  consists  exactly  of  those  sheaves  Q such  that 
Qx  = e for  all  x £ X \ U. 

Proof.  Omitted.  □ 

OOAB  Lemma  6.31.12.  Let  (X,0)  be  a ringed  space.  Let  j : (U,0\u)  — ► (X,  O)  be  an 
open  subspace.  The  functor 

j\  : Mod(0\u ) — > Mod(0 ) 

is  fully  faithful.  Its  essential  image  consists  exactly  of  those  sheaves  Q such  that 
Qx  — 0 for  all  x £ X \ U . 


Proof.  Omitted. 


□ 
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OOAC 


00  AD 


00AE 


00AF 


OOAG 


Remark  6.31.13.  Let  j : U —>  X be  an  open  immersion  of  topological  spaces  as 
above.  Let  x £ X,  x ^ U.  Let  T be  a sheaf  of  sets  on  U . Then  Tx  = 0 by  Lemma 


6.31.4  Hence  j\  does  not  transform  a final  object  of  Sh{U)  into  a final  object  of 


Sh{X)  unless  U = X.  According  to  our  conventions  in  Categories,  Section  4.23 


this  means  that  the  functor  j\  is  not  left  exact  as  a functor  between  the  categories 
of  sheaves  of  sets.  It  will  be  shown  later  that  j\  on  abelian  sheaves  is  exact,  see 


Modules,  Lemma  17.3.4 


6.32.  Closed  immersions  and  (pre)sheaves 


Let  X be  a topological  space.  Let  i : Z — ► X be  the  inclusion  of  a closed  subset  Z 
into  X.  In  Section  6.21  we  have  defined  functors  i*  and  i^1  such  that  i*  is  right 
adjoint  to  i . 


Lemma  6.32.1.  Let  X be  a topological  space.  Let  i : Z — > X be  the  inclusion  of 
a closed  subset  Z into  X.  Let  T be  a sheaf  of  sets  on  Z.  The  stalks  of  i*T  are 
described  as  follows 

,•  T = /{*}  if  x£Z 
* x 1 Tx  if  xez 

where  {*}  denotes  a singleton  set.  Moreover,  i~1i * = id  on  the  category  of  sheaves 
of  sets  on  Z.  Moreover,  the  same  holds  for  abelian  sheaves  on  Z,  resp.  sheaves  of 
algebraic  structures  on  Z where  {*}  has  to  be  replaced  by  0,  resp.  a final  object  of 
the  category  of  algebraic  structures. 


Proof.  If  x Z , then  there  exist  arbitrarily  small  open  neighbourhoods  U of  x 
which  do  not  meet  Z.  Because  J-  is  a sheaf  we  have  Jr(i_1(/7))  = {*}  for  any  such 
U,  see  Remark  6.7.2  This  proves  the  first  case.  The  second  case  comes  from  the 


fact  that  for  z £ Z any  open  neighbourhood  of  z is  of  the  form  ZtlU  for  some  open 
U of  X.  For  the  statement  that  i-1**  = id  consider  the  canonical  map  i~1i*J-  — > T . 
This  is  an  isomorphism  on  stalks  (see  above)  and  hence  an  isomorphism. 


For  sheaves  of  abelian  groups,  and  sheaves  of  algebraic  structures  you  argue  in  the 
same  manner.  □ 


Lemma  6.32.2.  Let  X be  a topological  space.  Let  i : Z — > X be  the  inclusion  of 
a closed  subset.  The  functor 

U ■ Sh(Z)  — > Sh(X ) 

is  fully  faithful.  Its  essential  image  consists  exactly  of  those  sheaves  Q such  that 
Qx  = {*}  for  all  x £ X \ Z . 

Proof.  Fully  faithfulness  follows  formally  from  i~1it  = id.  We  have  seen  that  any 
sheaf  in  the  image  of  the  functor  has  the  property  on  the  stalks  mentioned  in  the 
lemma.  Conversely,  suppose  that  Q has  the  indicated  property.  Then  it  is  easy  to 
check  that 

Q -*  i*i~1G 

is  an  isomorphism  on  all  stalks  and  hence  an  isomorphism.  □ 

Lemma  6.32.3.  Let  X be  a topological  space.  Let  i : Z — > X be  the  inclusion  of 
a closed  subset.  The  functor 

i,  : Ab{Z)  — > Ab(X) 
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is  fully  faithful.  Its  essential  image  consists  exactly  of  those  sheaves  Q such  that 
Qx  = 0 for  all  x £ X \ Z. 

Proof.  Omitted.  □ 

Lemma  6.32.4.  Let  X he  a topological  space.  Let  i : Z -A  X be  the  inclusion  of 
a closed  subset.  Let  ( C,F ) be  a type  of  algebraic  structure  with  final  object  0.  The 
functor 

i * : Sh{Z,C)  — ► Sh{X,C) 

is  fully  faithful.  Its  essential  image  consists  exactly  of  those  sheaves  Q such  that 
Qx  = 0 for  all  x £ X \ Z . 

Proof.  Omitted.  □ 


Remark  6.32.5.  Let  i : Z — > X be  a closed  immersion  of  topological  spaces 
as  above.  Let  x £ X,  x qL  Z.  Let  T be  a sheaf  of  sets  on  Z . Then  (i*J-)x  = 
Hence  if  T = * H *,  where  * is  the  singleton  sheaf,  then 
because  the  latter  is  a two  point  set.  According  to 


{*}  by  Lemma  6.32.1 
i*Fx  = {*}  7^  i*{*)x  II  «*(*)a 
our  conventions  in  Categories,  Section  |4.23|  this  means  that  the  functor  i*  is  not 
right  exact  as  a functor  between  the  categories  of  sheaves  of  sets.  In  particular,  it 


cannot  have  a right  adjoint,  see  Categories,  Lemma  4.24.5 


On  the  other  hand,  we  will  see  later  (see  Modules,  Lemma  17.6.3 ) that  on  abelian 
sheaves  is  exact,  and  does  have  a right  adjoint,  namely  the  functor  that  associates 
to  an  abelian  sheaf  on  X the  sheaf  of  sections  supported  in  Z. 

Remark  6.32.6.  We  have  not  discussed  the  relationship  between  closed  immer- 
sions and  ringed  spaces.  This  is  because  the  notion  of  a closed  immersion  of  ringed 
spaces  is  best  discussed  in  the  setting  of  quasi-coherent  sheaves,  see  Modules,  Sec- 
tion [T7T3] 


6.33.  Glueing  sheaves 

In  this  section  we  glue  sheaves  defined  on  the  members  of  a covering  of  X.  We  first 
deal  with  maps. 

Lemma  6.33.1.  Let  X be  a topological  space.  Let  X = |J  Ui  be  an  open  covering. 
Let  T , Q be  sheaves  of  sets  on  X.  Given  a collection 

Vi  ■ X\ui  — » G\ui 

of  maps  of  sheaves  such  that  for  all  i,j  £ I the  maps  ViiVj  restrict  to  the  same 
map  jF\uir\U-  —■ y G\uir\Uj  then  there  exists  a unique  map  of  sheaves 

whose  restriction  to  each  Ui  agrees  with  ipi- 

Proof.  Omitted.  □ 

The  previous  lemma  implies  that  given  two  sheaves  J7,  Q on  the  topological  space 
X the  rule 

U i — » Mor sh(u)(^\u,g\u) 

defines  a sheaf.  This  is  a kind  of  internal  horn  sheaf.  It  is  seldom  used  in  the 
setting  of  sheaves  of  sets,  and  more  usually  in  the  setting  of  sheaves  of  modules, 
see  Modules,  Section  [17.19| 
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Let  X be  a topological  space.  Let  X = lJigJ  Ui  be  an  open  covering.  For  each  i £ I 
let  Ti  be  a sheaf  of  sets  on  U,  . For  each  pair  i,j  £ I,  let 

<Pij  ■ | Vi  n Uj  — > Fj  I Ui  n u3 

be  an  isomorphism  of  sheaves  of  sets.  Assume  in  addition  that  for  every  triple  of 
indices  i,j , k £ I the  following  diagram  is  commutative 

FiluinUjnu,, ^~k FkluinUjnUk 


FjluitiUjnUk 


We  will  call  such  a collection  of  data  (Jq,  ipij ) a glueing  data  for  sheaves  of  sets  with 
respect  to  the  covering  X = U Ui. 

OOAL  Lemma  6.33.2.  Let  X be  a topological  space.  Let  X = IJ;ej  U be  an  open 
covering.  Given  any  glueing  data  for  sheaves  of  sets  with  respect  to  the 

covering  X = (J  Ui  there  exists  a sheaf  of  sets  T on  X together  with  isomorphisms 

<Pi  ■ F\ Ui  — > i 

such  that  the  diagrams 

^\uiC\Uj  — Fi\uiC\Uj 
id  Vij 

dr\uinuj  — ^ 

are  commutative. 

Proof.  Actually  we  can  write  a formula  for  the  set  of  sections  of  J-  over  an  open 
W C X.  Namely,  we  define 

X{W)  = {(sj)iei  | Si  £ Ti (W  (~l  Ui))ipij(si\wnuinuj)  = Sj\wnUinUj}- 

Restriction  mappings  for  W'  C W are  defined  by  the  restricting  each  of  the  st  to 
W'  (~l  Ui . The  sheaf  condition  for  T follows  immediately  from  the  sheaf  condition 
for  each  of  the  J7,;. 

We  still  have  to  prove  that  X\ui  maps  isomorphically  to  Ti.  Let  W C Ui.  In  this 
case  the  condition  in  the  definition  of  J~(W)  implies  that  Sj  = <fiij(si\wr\Uj)-  And 
the  commutativity  of  the  diagrams  in  the  definition  of  a glueing  data  assures  that 
we  may  start  with  any  section  s £ Ti(W)  and  obtain  a compatible  collection  by 
setting  Si  = s and  Sj  = <Pij(si\wr\Uj)-  Thus  the  lemma  follows.  □ 

00AM  Lemma  6.33.3.  Let  X be  a topological  space.  Let  X = (J  Ui  be  an  open  covering. 

Let  ( J-i,(fiij ) be  a glueing  data  of  sheaves  of  abelian  groups,  resp.  sheaves  of  algebraic 
structures,  resp.  sheaves  of  O -modules  for  some  sheaf  of  rings  O on  X . Then  the 
construction  in  the  proof  of  Lemma \6.33.£\  above  leads  to  a sheaf  of  abelian  groups, 
resp.  sheaf  of  algebraic  structures,  resp.  sheaf  of  O -modules. 

Proof.  This  is  true  because  in  the  construction  the  set  of  sections  J-(W)  over  an 
open  W is  given  as  the  equalizer  of  the  maps 

IW n ui) ^ n Fi(w  nun  u3) 
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And  in  each  of  the  cases  envisioned  this  equalizer  gives  an  object  in  the  relevant 
category  whose  underlying  set  is  the  object  considered  in  the  cited  lemma.  □ 

OOAN  Lemma  6.33.4.  Let  X be  a topological  space.  Let  X = (Jig/  Ui  be  an  open 
covering.  The  functor  which  associates  to  a sheaf  of  sets  T the  following  collection 
of  glueing  data 

(F\Ui,  (-Tr|c/i)|(7in!7j  -t  {^Uj^UirtUj) 

with  respect  to  the  covering  X = (J  {/»  defines  an  equivalence  of  categories  between 
Sh(X)  and  the  category  of  glueing  data.  A similar  statement  holds  for  abelian 
sheaves,  resp.  sheaves  of  algebraic  structures,  resp.  sheaves  of  O -modules. 


Proof.  The  functor  is  fully  faithful  by  Lemma  6.33.1  and  essentially  surjective  (via 
an  explicitly  given  quasi-inverse  functor)  by  Lemma  6.33.2  □ 


This  lemma  means  that  if  the  sheaf  J-  was  constructed  from  the  glueing  data 
(Xijipij)  and  if  Q is  a sheaf  on  X,  then  a morphism  / : J-  — >•  Q is  given  by  a 
collection  of  morphisms  of  sheaves 

fi  ■ F i — » Q\ Ui 

compatible  with  the  glueing  maps  ipij.  Similarly,  to  give  a morphism  of  sheaves 
g : Q — > J-  is  the  same  as  giving  a collection  of  morphisms  of  sheaves 

9i  '■  G\ Ui  — > -F i 

compatible  with  the  glueing  maps  iptj . 
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Sites  and  Sheaves 


7.1.  Introduction 

The  notion  of  a site  was  introduced  by  Grothendieck  to  be  able  to  study  sheaves 
in  the  etale  topology  of  schemes.  The  basic  reference  for  this  notion  is  perhaps 
IAGV71I.  Our  notion  of  a site  differs  from  that  in  1 AGV71 1:  what  we  call  a site 
is  called  a category  endowed  with  a pretopology  in  IAGV711  Expose  II,  Definition 
1.3].  The  reason  we  do  this  is  that  in  algebraic  geometry  it  is  often  convenient  to 
work  with  a given  class  of  coverings,  for  example  when  defining  when  a property 
of  schemes  is  local  in  a given  topology,  see  Descent,  Section  [34. 1 1[  Our  exposition 
will  closely  follow  IArt62j.  We  will  not  use  universes. 


7.2.  Presheaves 


Let  C be  a category.  A presheaf  of  sets  is  a contravariant  functor  T from  C to  Sets 
(see  Categories,  Remark  4.2.11|).  So  for  every  object  U of  C we  have  a set  F(U). 
The  elements  of  this  set  are  called  the  sections  of  T over  U.  For  every  morphism 
f :V  — >•  U the  map  T{f)  : T{U)  — >•  T(V)  is  called  the  restriction  map  and  is  often 
denoted  f*  : T(U)  — »•  F(V).  Another  way  of  expressing  this  is  to  say  that  f*(s)  is 
the  pullback  of  s via  /.  Functoriality  means  that  g*f*(s)  = (f  ° g)*(s).  Sometimes 
we  use  the  notation  s|y  :=  f*(s).  This  notation  is  consistent  with  the  notion  of 
restriction  of  functions  from  topology  because  if  W — ► V — > U are  morphisms  in  C 
and  s is  a section  of  T over  U then  s|w  = (slv)|w  by  the  functorial  nature  of  T . 
Of  course  we  have  to  be  careful  since  it  may  very  well  happen  that  there  is  more 
than  one  morphism  V — ► U and  it  is  certainly  not  going  to  be  the  case  that  the 
corresponding  pullback  maps  are  equal. 


Definition  7.2.1.  A presheaf  of  sets  on  C is  a contravariant  functor  from  C to 
Sets.  Morphisms  of  presheaves  are  transformations  of  functors.  The  category  of 
presheaves  of  sets  is  denoted  PSh(C). 


Note  that  for  any  object  U of  C the  functor  of  points  hjj,  see  Categories,  Example 
|4.3.4|  is  a presheaf.  These  are  called  the  representable  presheaves.  These  presheaves 
have  the  pleasing  property  that  for  any  presheaf  T we  have 


(7.2.1. 1) 


Mor  psh{C)[hu,F)  = F{U). 


This  is  the  Yoneda  lemma  (Categories,  Lemma  4.3.5). 


Similarly,  we  can  define  the  notion  of  a presheaf  of  abelian  groups,  rings,  etc.  More 
generally  we  may  define  a presheaf  with  values  in  a category. 
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Definition  7.2.2.  Let  C,  A be  categories.  A presheaf  T on  C with  values  in  A is 
a contravariant  functor  from  C to  A,  i.e. , J-  : Copp  — > A.  A morphism  of  presheaves 
T — > Q on  C with  values  in  A is  a transformation  of  functors  from  T to  G ■ 

These  form  the  objects  and  morphisms  of  the  category  of  presheaves  on  C with 
values  in  A. 

Remark  7.2.3.  As  already  pointed  out  we  may  consider  the  category  of  presheaves 
with  values  in  any  of  the  “big”  categories  listed  in  Categories,  Remark|4.2.2|  These 
will  be  “big”  categories  as  well  and  they  will  be  listed  in  the  above  mentioned 
remark  as  we  go  along. 

7.3.  Injective  and  surjective  maps  of  presheaves 


00V5 


00V6  Definition  7.3.1.  Let  C be  a category,  and  let  p : T — > Q be  a map  of  presheaves 
of  sets. 

(1)  We  say  that  tp  is  injective  if  for  every  object  U of  C the  map  tpu  : T{U)  — » 
G{U)  is  injective. 

(2)  We  say  that  <p  is  surjective  if  for  every  object  U of  C the  map  <pu  : T{U)  — > 
G(U)  is  surjective. 

00V7  Lemma  7.3.2.  The  injective  (resp.  surjective)  maps  defined  above  are  exactly  the 
monomorphisms  (resp.  epimorphisms)  of  PSh{C) . A map  is  an  isomorphism  if  and 
only  if  it  is  both  injective  and  surjective. 

Proof.  We  shall  show  that  tp  : T — > Q is  injective  if  and  only  if  it  is  a monomor- 
phism of  PSh(C).  Indeed,  the  “only  if”  direction  is  straightforward,  so  let  us  show 
the  “if”  direction.  Assume  that  tp  is  a monomorphism.  Let  U £ Ob(C);  we  need 
to  show  that  (pu  is  injective.  So  let  a,b  £ F{U)  be  such  that  pu{a)  = Pu{b)\  we 
need  to  check  that  a = b.  Under  the  isomorphism  (|7.2.1.1 ),  the  elements  a and  b of 
B(U)  correspond  to  two  natural  transformations  afU  £ Mor psh(C)(hu , F) ■ Sim- 
ilarly, under  the  analogous  isomorphism  Mor psh(C){hihG)  = G(U),  the  two  equal 
elements  pu{a ) and  <Pu{b)  of  G(U)  correspond  to  the  two  natural  transformations 
ipoa' , ipob'  £ Mot psh(c)(h>u,  G),  which  therefore  must  also  be  equal.  So  ipoa'  = <po 6', 
and  thus  a'  = b'  (since  <p  is  rnonic),  whence  a — b.  This  finishes  (1). 

We  shall  show  that  tp  : J-  — > G is  surjective  if  and  only  if  it  is  an  epimorplrism  of 
PSh(C).  Indeed,  the  “only  if”  direction  is  straightforward,  so  let  us  show  the  “if” 
direction.  Assume  that  tp  is  an  epimorphism. 

For  any  two  morphisms  f : A —>  B and  g : A — > C in  the  category  Sets , we  let 
inly  g and  inry  s denote  the  two  canonical  maps  from  B and  C to  B JJ  4 C.  (Here, 
the  pushout  is  evaluated  in  Sets.) 

Now,  we  define  a presheaf  TL  of  sets  on  C by  setting  TL{U)  = G{U)U:f^u^G(,U) 
(where  the  pushout  is  evaluated  in  Sets  and  induced  by  the  map  tpu  : J-{U)  -A  G(U)) 
for  every  U £ Ob(C);  its  action  on  morphisms  is  defined  in  the  obvious  way  (by  the 
functoriality  of  pushout).  Then,  there  are  two  natural  transformations  i\  : G — t Tl 
and  *2  : G — > TL  whose  components  at  an  object  U £ Ob(C)  are  given  by  the 
maps  ui\.pu  >vu  and  inr ipUtVu,  respectively.  The  definition  of  a pushout  shows  that 
i\  o tp  = i2  o tp,  whence  i\  = i 2 (since  tp  is  an  epimorphism).  Thus,  for  every 
U £ Ob(C),  we  have  inl^  ^ = inrW)W.  Thus,  tpjj  must  be  surjective  (since  a 
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simple  combinatorial  argument  shows  that  if  / : A — ► B is  a morphism  in  Sets , 
then  inlyj  = inr f j if  and  only  if  / is  surjective).  In  other  words,  p is  surjective, 
and  (2)  is  proven. 

We  shall  show  that  p : T — > Q is  both  injective  and  surjective  if  and  only  if  it  is 
an  isomorphism  of  PSh(C).  This  time,  the  “if”  direction  is  straightforward.  To 
prove  the  “only  if”  direction,  it  suffices  to  observe  that  if  p is  both  injective  and 
surjective,  then  pu  is  an  invertible  map  for  every  U £ Ob(C),  and  the  inverses  of 
these  maps  for  all  U can  be  combined  to  a natural  transformation  Q -A  F which  is 
an  inverse  to  p.  □ 

Definition  7.3.3.  We  say  F is  a subpresheaf  of  Q if  for  every  object  U £ Ob(C) 
the  set  F(U)  is  a subset  of  Q{U ),  compatibly  with  the  restriction  mappings. 

In  other  words,  the  inclusion  maps  F(f7)  — > G{U)  glue  together  to  give  an  (injective) 
morphism  of  presheaves  F -A  G . 

Lemma  7.3.4.  Let  C be  a category.  Suppose  that  p : F -A  Q is  a morphism 
of  presheaves  of  sets  on  C.  There  exists  a unique  subpresheaf  G'  C G such  that  p 
factors  as  F Q'  -A  G and  such  that  the  first  map  is  surjective. 


Proof.  To  prove  existence,  just  set  G'(U)  = pu  (F(U))  for  every  U € Ob(C')  (and 
inherit  the  action  on  morphisms  from  G),  and  prove  that  this  defines  a subpresheaf 
of  Q and  that  p factors  as  F -A  Q'  — > Q with  the  first  map  being  surjective. 
Uniqueness  is  straightforward.  □ 


Definition  7.3.5. 


Notation  as  in  Lemma 


7.3.4 


We  say  that  Q'  is  the  image  of  p. 


7.4.  Limits  and  colimits  of  presheaves 


Let  C be  a category.  Limits  and  colimits  exist  in  the  category  PSh(C).  In  addition, 
for  any  U € ob(C)  the  functor 

PSh(C ) — > Sets,  T i — s>  T(U) 

commutes  with  limits  and  colimits.  Perhaps  the  easiest  way  to  prove  these  state- 
ments is  the  following.  Given  a diagram  T : I — > PSh(C)  define  presheaves 

P\ i rn  - U 1 ^ limjgi  Ti{U)  and  J~ ^oiim  • U i y colim i^iF(ff) 


There  are  clearly  projection  maps  Flim  — > F)  and  canonical  maps  F,  — > Fcoiim- 
These  maps  satisfy  the  requirements  of  the  maps  of  a limit  (reps,  colimit)  of  Cat- 
egories, Definition  4.14.1  (resp.  Categories,  Definition|4.14.2 ).  Indeed,  they  clearly 
form  a cone,  resp.  a cocone,  over  T . Furthermore,  if  (Q,  qi  : Q jFf)  is  another 
system  (as  in  the  definition  of  a limit),  then  we  get  for  every  U a system  of  maps 
G(U)  — > Fi{U)  with  suitable  functoriality  requirements.  And  thus  a unique  map 
G(U)  —>  Fii m(U).  It  is  easy  to  verify  these  are  compatible  as  we  vary  U and  arise 
from  the  desired  map  G — > Fim.  A similar  argument  works  in  the  case  of  the 
colimit. 


7.5.  Functoriality  of  categories  of  presheaves 

Let  u : C — > V be  a functor  between  categories.  In  this  case  we  denote 

up  : PSh(V)  — > PSh(C) 
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the  functor  that  associates  to  Q on  V the  presheaf  vPQ  = Q o u.  Note  that  by  the 
previous  section  this  functor  commutes  with  all  limits. 


053L 


For  V € ob(P)  let  Xy  denote  the  category  with 

( , Ob{Iy)  = {{U,fa\UeOb{C),(j>:V^u{U)} 

[ ’ Morx“  ((t/,  (/)),  {U' , (ft))  = {f:U^famC\u{f)o^  = fa} 

We  sometimes  drop  the  subscript  “ from  the  notation  and  we  simply  write  Ty . We 
will  use  these  categories  to  define  a left  adjoint  to  the  functor  up . Before  we  do  so 
we  prove  a few  technical  lemmas. 


00X4 


Lemma  7.5.1.  Let  u : C — > T>  be  a functor  between  categories.  Suppose  that  C has 
fibre  products  and  equalizers,  and  that  u commutes  with  them.  Then  the  categories 
(. Ty)opp  satisfy  the  hypotheses  of  Categories,  Lemma  4.19. 7 


Proof.  There  are  two  conditions  to  check. 


First,  suppose  we  are  given  three  objects  </>  : V — > u(U),  (ft  : V — > u(U'),  and 
<f>"  : V — > u(U")  and  morphisms  a : fa  U,  b : U"  U such  that  u(a)  o (ft  = f> 
and  u{b)o(ft'  = (f.  We  have  to  show  there  exists  another  object  <p'"  : V u{fa")  and 
morphisms  c : V"  — > U'  and  d : U'"  — > U"  such  that  u{c)o(ft"  = (ft , fad)  o fa"  = fa’ 
and  ao  c = bo  d.  We  take  U'"  = U'  Xjj  U"  with  c and  d the  projection  morphisms. 
This  works  as  u commutes  with  fibre  products;  we  omit  the  verification. 


Second,  suppose  we  are  given  two  objects  <f>  : V — > u(U)  and  (ft  : V — > u(U')  and 
morphisms  a,  b : (U,(ft)  — > (U',<ft).  We  have  to  find  a morphism  c : (U ",</>")  — >■ 
(U,  (ft)  which  equalizes  a and  b.  Let  c : U"  — > U be  the  equalizer  of  a and  b in  the 
category  C.  As  u commutes  with  equalizers  and  since  u(a)  o (f>  = u(b)  o </>  = (ft  we 
obtain  a morphism  (ft1  : V — > u(U").  □ 


00X3  Lemma  7.5.2.  Let  u : C -A  T>  be  a functor  between  categories.  Assume 

(1)  the  category  C has  a final  object  X and  u(X)  is  a final  object  ofV 

(2)  the  category  C has  fibre  products  and  u commutes  with  them. 


and 


Then  the  index  categories  (Xy)opp  are  filtered  (see  Categories,  Definition  4-19.1). 
Proof.  The  assumptions  imply  that  the  assumptions  of  Lemma |7.5.1|  are  satisfied 


(see  the  discussion  in  Categories,  Section  4.18).  By  Categories,  Lemma  4.19.7 


we 


see  that  Xy  is  a (possibly  empty)  disjoint  union  of  directed  categories.  Hence  it 
suffices  to  show  that  Xy  is  connected. 


First,  we  show  that  Xy  is  nonempty.  Namely,  let  X be  the  final  object  of  C,  which 
exists  by  assumption.  Let  V — > u( X)  be  the  morphism  coming  from  the  fact  that 
u( X)  is  final  in  D by  assumption.  This  gives  an  object  of  Xy. 

Second,  we  show  that  Xy  is  connected.  Let  <j>i  : V -»  u{U\)  and  fa  : V — > u(U2) 
be  in  Ob(Iy).  By  assumption  U\  x fa  exists  and  u(U i x fa)  = u(fa)  x u(fa). 
Consider  the  morphism  (f>  : V — > u(fa  x fa)  corresponding  to  {fa,  fa)  by  the 
universal  property  of  products.  Clearly  the  object  (f>  : V — >•  u(fa  x fa)  maps  to 
both  fa  : V — > u(Ui)  and  fa  : V — > u{fa).  □ 


Given  g : V’  — > V in  D we  get  a functor  g : Xy  — ► Ty  by  setting  g{U,  fa  = ( U , (fog) 
on  objects.  Given  a presheaf  J-  on  C we  obtain  a functor 

Ty  : Iypp  — > Sets,  {U,  fa  ^ F(U). 
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In  other  words,  Ty  is  a presheaf  of  sets  on  Ty.  Note  that  we  have  Ty  o g = Ty. 
We  define 

upT(V)  :=  colim^opp  H 

As  a colimit  we  obtain  for  each  £ Ob(I y)  a canonical  map  T(U)  c^\ 

UpT(V).  For  g : V'  — > V as  above  there  is  a canonical  restriction  map  g*  : 
UpJ-(y)  — ► upT{V')  compatible  with  Ty  o g = Ty  by  Categories,  Lemma  |4.14.7| 
It  is  the  unique  map  so  that  for  all  (U,  (j))  £ Ob  (Ty)  the  diagram 


T(U)  upT(V) 

id 

HU)  -^upF(V ') 


commutes.  The  uniqueness  of  these  maps  implies  that  we  obtain  a presheaf.  This 
presheaf  will  be  denoted  upT . 

OOVD  Lemma  7.5.3.  There  is  a canonical  map  T(U)  — > upJ r(u(U)),  which  is  compatible 
with  restriction  maps  (on  T and  on  upT). 

Proof.  This  is  just  the  map  c(idu(p-))  introduced  above.  □ 

Note  that  any  map  of  presheaves  T — > T'  gives  rise  to  compatible  systems  of  maps 
between  functors  Ty  — > Ty,  and  hence  to  a map  of  presheaves  upF  — > upF' . In 
other  words,  we  have  defined  a functor 

Up  : PSh(C)  — > PSh(V) 

OOVE  Lemma  7.5.4.  The  functor  up  is  a left  adjoint  to  the  functor  up . In  other  words 
the  formula 

Mor  PSh(c)(IF,upG)  = Mor  pship^UpF.Q) 
holds  bifunctorially  in  J-  and  G ■ 


Proof.  Let  G be  a presheaf  on  V and  let  J7  be  a presheaf  on  C.  We  will  show  that 
the  displayed  formula  holds  by  constructing  maps  either  way.  We  will  leave  it  to 
the  reader  to  verify  they  are  each  others  inverse. 


Given  a map  a : upJ-  — > G we  get  upa  : upupF  — > upG ■ Lemma  7.5.3  says  that 
there  is  a map  J-  — > upupJ-.  The  composition  of  the  two  gives  the  desired  map. 
(The  good  thing  about  this  construction  is  that  it  is  clearly  functorial  in  everything 
in  sight.) 


Conversely,  given  a map  /3  : T — > upG  we  get  a map  up/3  : upT  —>  upupG ■ We  claim 
that  the  functor  upGy  on  Ty  has  a canonical  map  to  the  constant  functor  with 
value  G(Y).  Namely,  for  every  object  (A,  </>)  oily,  the  value  of  upGy  on  this  object 
is  G(u(X))  which  maps  to  G(Y)  by  G{<f>)  = <t>* ■ This  is  a transformation  of  functors 
because  G is  a functor  itself.  This  leads  to  a map  upupG(Y)  — ► G(Y).  Another 
trivial  verification  shows  that  this  is  functorial  in  Y leading  to  a map  of  presheaves 
upupG  —t  G ■ The  composition  upJ-  — > upupG  — > G is  the  desired  map.  □ 

OOVF  Remark  7.5.5.  Suppose  that  A is  a category  such  that  any  diagram  ly  — > A has 
a colimit  in  A.  In  this  case  it  is  clear  that  there  are  functors  up  and  upi  defined  in 
exactly  the  same  way  as  above,  on  the  categories  of  presheaves  with  values  in  A. 
Moreover,  the  adjointness  of  the  pair  up  and  up  continues  to  hold  in  this  setting. 
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04D2  Lemma  7.5.6.  Let  u : C — x T>  be  a functor  between  categories.  For  any  object  U 
of  C we  have  uphu  = hurjjy 

Proof.  By  adjointness  of  up  and  up  we  have 

Mor  PSh(D)(uphu,g)  = MoipSh{c){hu,upg)  = upQ{U)  = Q{u{U)) 

and  hence  by  Yoneda’s  lemma  we  see  that  uphu  = huyj)  as  presheaves.  □ 
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00  VG 
0396 


Our  notion  of  a site  uses  the  following  type  of  structures. 


2.3 


A family 
a set  / and 


Definition  7.6.1.  Let  C be  a category,  see  Conventions,  Section 
of  morphisms  with  fixed  target  in  C is  given  by  an  object  U £ Ob(Cj 
for  each  i £ I a morphism  Ui  — x U of  C with  target  U.  We  use  the  notation 
{Ui  — X U}iej  to  indicate  this. 


It  can  happen  that  the  set  I is  empty!  This  notation  is  meant  to  suggest  an  open 
covering  as  in  topology. 

00VH  Definition  7.6.2.  A szf^Jis  given  by  a category  C and  a set  Cov(C)  of  families 
of  morphisms  with  fixed  target  {[/,  — X called  coverings  of  C,  satisfying  the 

following  axioms 

(1)  If  V — X U is  an  isomorphism  then  {V  — x t/}  £ Cov(C). 

(2)  If  {Ui  — X U}i£i  £ Cov(C)  and  for  each  i we  have  {Vij  — X Ui}j<zj.  £ Cov(C), 

then  { Vij  — X £ Cov(C). 

(3)  If  {Ui  — X U}i£i  £ Cov(C)  and  V — > U is  a morphism  of  C then  Ui  Xp  V 
exists  for  all  i and  {Ui  Xy  V —X  V}iei  £ Cov(C). 

00VI  Remark  7.6.3.  (On  set  theoretic  issues  - skip  on  a first  reading.)  The  main 
reason  for  introducing  sites  is  to  study  the  category  of  sheaves  on  a site,  because 
it  is  the  generalization  of  the  category  of  sheaves  on  a topological  space  that  has 
been  so  important  in  algebraic  geometry.  In  order  to  avoid  thinking  about  things 
like  “classes  of  classes”  and  so  on,  we  will  not  allow  sites  to  be  “big”  categories,  in 
contrast  to  what  we  do  for  categories  and  2-categories. 


Suppose  that  C is  a category  and  that  Cov(C)  is  a proper  class  of  coverings  satisfying 
(1),  (2)  and  (3)  above.  We  will  not  allow  this  as  a site  either,  mainly  because  we 
are  going  to  take  limits  over  coverings.  However,  there  are  several  natural  ways  to 
replace  Cov(C)  by  a set  of  coverings  or  a slightly  different  structure  that  give  rise 
to  the  same  category  of  sheaves.  For  example: 


(1) 

(2) 


In  Sets,  Section  3.11  we  show  how  to  pick  a suitable  set  of  coverings  that 
gives  the  same  category  of  sheaves. 

Another  thing  we  can  do  is  to  take  the  associated  topology  (see  Definition 
7.46.2).  The  resulting  topology  on  C has  the  same  category  of  sheaves. 


Two  topologies  have  the  same  categories  of  sheaves  if  and  only  if  they 
are  equal,  see  Theorem  |7.48.2|  A topology  on  a category  is  given  by  a 
choice  of  sieves  on  objects.  The  collection  of  all  possible  sieves  and  even 
all  possible  topologies  on  C is  a set. 


lrThis  notation  differs  from  that  of  IAGV71I.  as  explained  in  the  introduction. 
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OOVK 
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(3)  We  could  also  slightly  modify  the  notion  of  a site,  see  Remark  7.46.4 
below,  and  end  up  with  a canonical  set  of  coverings  which  is  contained  in 
the  powerset  of  the  set  of  arrows  of  C. 

Each  of  these  solutions  has  some  minor  drawback.  For  the  first,  one  has  to  check 
that  constructions  later  on  do  not  depend  on  the  choice  of  the  set  of  coverings.  For 
the  second,  one  has  to  learn  about  topologies  and  redo  many  of  the  arguments  for 


sites.  For  the  third,  see  the  last  sentence  of  Remark  7.46.4 


Our  approach  will  be  to  work  with  sites  as  in  Definition  7.6.2  above.  Given  a 


category  C with  a proper  class  of  coverings  as  above,  we  will  replace  this  by  a set 
of  coverings  producing  a site  using  Sets,  Lemma  |3.11.1|  It  is  shown  in  Lemma 
7.8.6  below  that  the  resulting  category  of  sheaves  (the  topos)  is  independent  of  this 
choice.  We  leave  it  to  the  reader  to  use  one  of  the  other  two  strategies  to  deal  with 
these  issues  if  he/she  so  desires. 

Example  7.6.4.  Let  X be  a topological  space.  Let  Xzar  be  the  category  whose 
objects  consist  of  all  the  open  sets  U in  A'  and  whose  morphisms  are  just  the 
inclusion  maps.  That  is,  there  is  at  most  one  morphism  between  any  two  objects  in 
X Zar-  Now  define  {Ui  — > I/}j£/  € Cov(A 'zar)  if  and  only  if  [J  I/j  = U.  Conditions 
(1)  and  (2)  above  are  clear,  and  (3)  is  also  clear  once  we  realize  that  in  X zar 
we  have  U x V = U D V.  Note  that  in  particular  the  empty  set  has  to  be  an 
element  of  X zar  since  otherwise  this  would  not  work  in  general.  Furthermore,  it 
is  equally  important,  as  we  will  see  later,  to  allow  the  empty  covering  of  the  empty 
set  as  a covering ! We  turn  A 'zar  into  a site  by  choosing  a suitable  set  of  coverings 

Presheaves  and  sheaves  (as  defined  below) 


3.11.1 


Cov{Xzar)K,a  as  in  Sets,  Lemma 
on  the  site  Xzar  agree  exactly  with  the  usual  notion  of  a presheaves  and  sheaves 
on  a topological  space,  as  defined  in  Sheaves,  Section [6T] 


Example  7.6.5.  Let  G be  a group.  Consider  the  category  G-Sets  whose  objects 
are  sets  A with  a left  G-action,  with  G-equivariant  maps  as  the  morphisms.  An 
important  example  is  gG  which  is  the  G-set  whose  underlying  set  is  G and  action 
given  by  left  multiplication.  This  category  has  fiber  products,  see  Categories,  Sec- 
4.7  We  declare  {tfi  : Ui  — > I/}j6/  to  be  a covering  if  (Jig/  <Pi(Ui)  = U.  This 


tion 


gives  a class  of  coverings  on  G-Sets  which  is  easily  see  to  satisfy  conditions  (1),  (2), 


and  (3)  of  Definition  7.6.2  The  result  is  not  a site  since  both  the  collection  of  ob- 
jects of  the  underlying  category  and  the  collection  of  coverings  form  a proper  class. 
We  first  replace  by  G-Sets  by  a full  subcategory  G-Setsa  as  in  Sets,  Lemma |3. 10. 1| 
After  this  the  site  (G-Setsa,  CovKjQ,/  (G-Setsa))  gotten  by  suitably  restricting  the 
collection  of  coverings  as  in  Sets,  Lemma  |3 . 1 1 . 1 1 will  be  denoted  Tg- 

As  a special  case,  if  the  group  G is  countable,  then  we  can  let  Tg  be  the  category 
of  countable  G-sets  and  coverings  those  jointly  surjective  families  of  morphisms 
{ipi  : Ui  — > U}iGj  such  that  / is  countable. 

Example  7.6.6.  Let  C be  a category.  There  is  a canonical  way  to  turn  this  into  a 
site  where  {id;y  : U U}  are  the  coverings.  Sheaves  on  this  site  are  the  presheaves 
on  C.  This  corresponding  topology  is  called  the  chaotic  or  indiscrete  topology. 


7.7.  Sheaves 

Let  C be  a site.  Before  we  introduce  the  notion  of  a sheaf  with  values  in  a category 
we  explain  what  it  means  for  a presheaf  of  sets  to  be  a sheaf.  Let  T be  a presheaf 
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OOVM 

OOVN 

04B3 

OOVO 

OOVP 


of  sets  on  C and  let  {Ui  — > U}i^i  be  an  element  of  Cov(C).  By  assumption  all  the 
fibre  products  Ui  U3  exist  in  C.  There  are  two  natural  maps 

PrO 

iLe/-m)  z:n(i0|il)6I^(^  *uuh) 

pri 


which  we  will  denote  pr*,  * = 0, 1 as  indicated  in  the  displayed  equation.  Namely, 
an  element  of  the  left  hand  side  corresponds  to  a family  (sj)igj,  where  each  Sj  is  a 
section  of  T over  Ui-  For  each  pair  (i0,  i\)  G Jx  / we  have  the  projection  morphisms 

pr£°’’°  : Uio  XuU^  — » Uia  and  pr£0,n)  :UioXu  Uh  — > U. il. 


Thus  we  may  pull  back  either  the  section  Sj0  via  the  first  of  these  maps  or  the 
section  Si1  via  the  second.  Explicitly  the  maps  we  referred  to  above  are 


Pro  : (s*)i 


e/ 


[Prio”‘  ~''K> 


and 


Pr*  : (si)iei 

Finally  consider  the  natural  map 


pr. 


( Si 


(io,h)£lxI 


(io,*i)e/Xl 


T{U) —>X[  T{Ui),  a — ► (altfjigi 

where  we  have  used  the  notation  s \ ij.  to  indicate  the  pullback  of  s via  the  map 
Ui  — > U.  It  is  clear  from  the  functorial  nature  of  T and  the  commutativity  of  the 
fibre  product  diagrams  that  pr5((s|f7;)j6/)  = pr^((s|[/i)ig/). 


Definition  7.7.1.  Let  C be  a site,  and  let  T be  a presheaf  of  sets  on  C.  We  say 
T is  a sheaf  if  for  every  covering  {Ui  — ► U}  iei  e Cov(C)  the  diagram 


(7.7.1. 1) 


HU) 


YLeiHUi) 


Pro^ 

— ^ ri(j0,ji)eJx/ -U(Ui0  Xu  ui3) 
prI 


represents  the  first  arrow  as  the  equalizer  of  prjj  and  prj\ 


Loosely  speaking  this  means  that  given  sections  Sj  € J~{Ui)  such  that 


Si\UiXVUj  = Sj\uixuUj 

in  F{Ui  XuUj ) for  all  pairs  (i,  j)  € I x I then  there  exists  a unique  s € fF{U)  such 
that  Si  = s|  [7^  - 


Remark  7.7.2.  If  the  covering  {Ui  U}i^i  is  the  empty  family  (this  means  that 
I = (0),  then  the  sheaf  condition  signifies  that  fF(U)  = {*}  is  a singleton  set.  This 
is  because  in  (7. 7. 1.1 ) the  second  and  third  sets  are  empty  products  in  the  category 
of  sets,  which  are  final  objects  in  the  category  of  sets,  hence  singletons. 


Example  7.7.3.  Let  A"  be  a topological  space.  Let  X zar  be  the  site  constructed 
in  Example  |7.6.4|  The  notion  of  a sheaf  on  X zar  coincides  with  the  notion  of  a 
sheaf  on  X introduced  in  Sheaves,  Definition |6. 7. 1[ 

Example  7.7.4.  Let  X be  a topological  space.  Let  us  consider  the  site  X'Zar 
which  is  the  same  as  the  site  Xzar  of  Example  |7.6.4|  except  that  we  disallow  the 
empty  covering  of  the  empty  set.  In  other  words,  we  do  allow  the  covering  {0  -A  0} 
but  we  do  not  allow  the  covering  whose  index  set  is  empty.  It  is  easy  to  show  that 
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this  still  defines  a site.  However,  we  claim  that  the  sheaves  on  X'Zar  are  different 
from  the  sheaves  on  Xzar-  For  example,  as  an  extreme  case  consider  the  situation 
where  X = {p}  is  a singleton.  Then  the  objects  of  X'Zar  are  0,  X and  every  covering 
if  0 can  be  refined  by  {0  — > 0}  and  every  covering  of  X by  {X  — ► A'}.  Clearly,  a 
sheaf  on  this  is  given  by  any  choice  of  a set  T(fb)  and  any  choice  of  a set  T(X), 
together  with  any  restriction  map  T(X)  — ► jr(0).  Thus  sheaves  on  X'Zar  are  the 
same  as  usual  sheaves  on  the  two  point  space  {ipp}  with  open  sets  {0,  {77},  {p,  77}}. 
In  general  sheaves  on  X'Zar  are  the  same  as  sheaves  on  the  space  X H {77},  with 
opens  given  by  the  empty  set  and  any  set  of  the  form  U U {77}  for  U C X open. 

Definition  7.7.5.  The  category  Sh(C)  of  sheaves  of  sets  is  the  full  subcategory  of 
the  category  PSh(C)  whose  objects  are  the  sheaves  of  sets. 


Let  A be  a category.  If  products  indexed  by  /,  and  I x I exist  in  A for  any  I that 
occurs  as  an  index  set  for  covering  families  then  Definition  7.7.1  above  makes  sense, 
and  defines  a notion  of  a sheaf  on  C with  values  in  A.  Note  that  the  diagram  in  A 


HU) 


n ieiHUi. 


Pro 


Prl 


n 


(io,ii)e/xJ 


X{Ui o x u Uil ) 


is  an  equalizer  diagram  if  and  only  if  for  every  object  X of  A the  diagram  of  sets 

prj 


Moia(X,  T(U)) 


■ I]  Mor^(A,  T{Ui)) 


;nMo rA(X,T(Uio  xuUi J) 


Pri 


is  an  equalizer  diagram. 

Suppose  A is  arbitrary.  Let  T be  a presheaf  with  values  in  A.  Choose  any  object 
X £ Ob(_4).  Then  we  get  a presheaf  of  sets  Tx  defined  by  the  rule 

FX{U)  =Mota(X,T(U)). 

From  the  above  it  follows  that  a good  definition  is  obtained  by  requiring  all  the 
presheaves  Tx  to  be  sheaves  of  sets. 

Definition  7.7.6.  Let  C be  a site,  let  A be  a category  and  let  T be  a presheaf  on 
C with  values  in  A.  We  say  that  T is  a sheaf  if  for  all  objects  X of  A the  presheaf 
of  sets  Tx  (defined  above)  is  a sheaf. 


7.8.  Families  of  morphisms  with  fixed  target 

This  section  is  meant  to  introduce  some  notions  regarding  families  of  morphisms 
with  the  same  target. 

Definition  7.8.1.  Let  C be  a category.  Let  U = {Ui  U}iGj  be  a family  of 
morphisms  of  C with  fixed  target.  Let  V = {Vj  — > V}j£j  be  another. 

(1)  A morphism  of  families  of  maps  with  fixed  target  of  C from  IA  to  V,  or 
simply  a morphism  from  IA  to  V is  given  by  a morphism  U — > V,  a map 
of  sets  a : I — > J and  for  each  i £ I & morphism  Ui  — > Va^  such  that  the 
diagram 

Ui  Vot(i) 

Y V 
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is  commutative. 

(2)  In  the  special  case  that  U = V and  U — ► V is  the  identity  we  call  U a 
refinement  of  the  family  V. 

A trivial  but  important  remark  is  that  if  V = {Vj  -A  V}j^j  is  the  empty  family  of 
maps , i.e. , if  J = 0,  then  no  family  U = {Ui  -A  V}j&i  with  I ^ 0 can  refine  V! 

OOVU  Definition  7.8.2.  Let  C be  a category.  Let  U = {ipi  : Ui  — > U}tei,  and  V = {ipj  : 
Vj  -A  U}jej  be  two  families  of  morphisms  with  fixed  target. 

(1)  We  say  U and  V are  combinatorially  equivalent  if  there  exist  maps  a : I -A 
J and  ft  : J — > I such  that  ipi  = ipau)  and  ipj  = <fp(j)- 

(2)  We  say  U and  V are  tautologically  equivalent  if  there  exist  maps  a : I — > J 
and  ft  : J I and  for  all  i £ I and  j £ J commutative  diagrams 


U U 


with  isomorphisms  as  horizontal  arrows. 

OOVV  Lemma  7.8.3.  Let  C be  a category.  Let  U = {pi  : Ui  -A  and  V = {ipj  : 

Vj  -A  U\j<zj  be  two  families  of  morphisms  with  the  same  fixed  target. 

(1)  If  IA  and  V are  combinatorially  equivalent  then  they  are  tautologically 
equivalent. 

(2)  IfU  and  V are  tautologically  equivalent  then  U is  a refinement  ofV  and 
V is  a refinement  ofU. 

(3)  The  relation  “being  combinatorially  equivalent”  is  an  equivalence  relation 
on  all  families  of  morphisms  with  fixed  target. 

(4)  The  relation  “being  tautologically  equivalent”  is  an  equivalence  relation  on 
all  families  of  morphisms  with  fixed  target. 

(5)  The  relation  ‘ LA  refines  V and  V refines  U ” is  an  equivalence  relation  on 
all  families  of  morphisms  with  fixed  target. 

Proof.  Omitted.  □ 


oovw 


In  the  following  lemma,  given  a category  C,  a presheaf  J ~ on  C,  a family  IA  = {Ui  -A 
U}i£i  such  that  all  fibre  products  Ui  Xjj  Uy  exist,  we  say  that  the  sheaf  condition 
for  T with  respect  to  U holds  if  the  diagram  (7.7.1.1 ) is  an  equalizer  diagram. 


Lemma  7.8.4.  Let  C be  a category.  Let  IA  = {(pi  : Ui  -A  and  V = {ipj  : 

Vj  -A  U}j£j  be  two  families  of  morphisms  with  the  same  fixed  target.  Assume  that 
the  fibre  products  Ui  Xjj  Up  and  Vj  Xjj  Vj > exist.  IfU  and  V are  tautologically 
equivalent,  then  for  any  presheaf  F on  C the  sheaf  condition  for  J-  with  respect  to 
U is  equivalent  to  the  sheaf  condition  for  T with  respect  to  V . 


Proof.  First,  note  that  if  ip  : A -A  B is  an  isomorphism  in  the  category  C,  then 
ip*  : PF{B)  — » F{A)  is  an  isomorphism.  Let  ft  : J — > I be  a map  and  let  ipj  : Vj 
Up(j\  be  isomorphisms  over  U which  are  assumed  to  exist  by  hypothesis.  Let  us 
show  that  the  sheaf  condition  for  V implies  the  sheaf  condition  for  U.  Suppose 
given  sections  s*  £ F{Uf)  such  that 

SilUiXuUp  = Si' \UiXuUp 
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in  F(JJi  Xu  Ui ')  for  all  pairs  (i,ir)  G I x I.  Then  we  can  define  Sj  = ipjSpyy  For 
any  pair  £ J x J'  the  morphism  ifj  x^  ipy  :Vj  XjjVji  -A  Up^  X;y  Up(jn  is 

an  isomorphism  as  well.  Hence  by  transport  of  structure  we  see  that 

si\vjxuVj,  = Sj'lvjXuVj, 

as  well.  The  sheaf  condition  w.r.t.  V implies  there  exists  a unique  s such  that 
s | v = Sj  for  all  j G J.  By  the  first  remark  of  the  proof  this  implies  that  s \ rj,  = Si 

for  all  i G Im(/3)  as  well.  Suppose  that  i G I,  i ^ Im(/3).  For  such  an  i we 

have  isomorphisms  Uj  -A  Vapy  — > Uptat j))  over  U.  This  gives  a morphism  Ui  — > 
Ui  Xu  Up{a(iy  which  is  a section  of  the  projection.  Because  s,  and  Sp(ayy  restrict 
to  the  same  element  on  the  fibre  product  we  conclude  that  Sp^uy  pulls  back  to  Sj 
via  Ui  -A  Up(auy . Thus  we  see  that  also  Sj  = s|t/4  as  desired.  □ 

OOVX  Lemma  7.8.5.  Let  C be  a category.  Let  CoVi,  i = 1,2  be  two  sets  of  families  of 

morphisms  with  fixed  target  which  each  define  the  structure  of  a site  on  C. 

(1)  If  every  U G Cov\  is  tautologically  equivalent  to  some  V G C0V2,  then 
Sh(C , Cov 2)  C Sh(C,  Cov\).  If  also,  every  U G C0V2  is  tautologically  equiv- 
alent to  some  V G Cov  1 then  the  category  of  sheaves  are  equal. 

(2)  Suppose  that  for  eachU  G Cov  1 there  exists  aV  G Cov 2 such  that  V refines 
U.  In  this  case  Sh(C , Cov 2)  C Sh(C,  Cov  1).  If  also  for  every  U G C0V2 
there  exists  a V G Cov\  such  that  V refines  U,  then  the  categories  of 
sheaves  are  equal. 


Proof.  Part  (1)  follows  directly  from  Lemma  7.8.4  and  the  definitions. 


We  advise  the  reader  to  skip  the  proof  of  (2)  on  a first  reading.  Let  J7  be  a 
sheaf  of  sets  for  the  site  (C,  Cov2).  Let  U G Covi,  say  U = {Ui  -A  Choose  a 

refinement  V G Cov2  oiU,  say  V = {Vj  — t U}j£j  and  refinement  given  by  a : J — > I 
and  fj  . Uj  t Ua(jy 


First  let  s,s'  G FiTJ).  If  for  all  i G I we  have  s|tr4  = s'\ui,  then  we  also  have 
s | y = s’  | Vj  for  all  j G J.  This  implies  that  s = s'  by  the  sheaf  condition  for  T 
with  respect  to  Cov2.  Hence  we  see  that  the  unicity  in  the  sheaf  condition  for  J- 
and  the  site  (C,Covi)  holds. 


Next,  suppose  given  Sj  G TifUf)  such  that  s^u^uU-,  = s»/| j7jX(,[/.,  for  all  i,i'  G I. 
Set  Sj  = fj(sa(j))  G T{Vj).  Since  the  morphisms  fj  are  morphisms  over  U we 
obtain  induced  morphisms  fjji  : Vj  Xu  Vj'  — )•  Ua(i)  Xy  Uayy  compatible  with  the 
fj,fj>  via  the  projection  maps.  It  follows  that 

SjWjXuVy  = fjj'(sa<j)\uaU)XuUaU,))  = fjj'^aOlUoUUuU^)  = Sj' \vjXvVj, 

for  all  j,j'  G J.  Hence,  by  the  sheaf  condition  for  T with  respect  to  Cov2,  we  get  a 
section  s G F(U)  which  restricts  to  Sj  on  each  Vj.  We  are  done  if  we  show  s restricts 
to  Si0  on  Ui0  for  any  i0  G I.  For  each  i0  G I the  family  U'  = {Ui  Xy  C/*0  -a  £/j0}jgj 
is  an  element  of  Cov!  by  the  axioms  of  a site.  Also,  the  family  V'  = {Vj  Xp  Ui0  -A 
Ui0}jeJ  is  an  element  of  Cov2.  Then  V'  refines  U'  via  a : J — > I and  the  maps 
/j  = fj  x id;yio-  The  element  Sj0  restricts  to  Si\uixuuio  on  the  members  of  the 
covering  U'  and  hence  via  (/j)*  to  the  elements  Sj \ yj x v ui(l  on  the  members  of  the 
covering  V'.  By  construction  of  s this  is  the  same  as  the  family  of  restrictions  of 
s | u,(J  to  the  members  of  the  covering  V'.  Hence  by  the  sheaf  condition  for  F with 
respect  to  Cov2  we  see  that  s|c/io  = Si0  as  desired.  □ 
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Lemma  7.8.6.  Let  C be  a category.  Let  Cov{C)  be  a proper  class  of  coverings 
satisfying  conditions  (1),  (2)  and  (3)  of  Definition  7.6.2.  Let  Cov\ , C0V2  C Cov{C) 
be  two  subsets  of  Cov(C ) which  endow  C with  the  structure  of  a site.  If  every  covering 
U £ Cov(C)  is  combinatorially  equivalent  to  a covering  in  Cov\  and  combinatorially 
equivalent  to  a covering  in  Cov 2,  then  Sh(C , Cov  1)  = Sh(C,  Cov2). 


Proof.  This  is  clear  from  Lemmas  |7.8.5|  and |7. 8. 3|  above  as  the  hypothesis  implies 
that  every  covering  IA  £ Covi  C Cov(C)  is  combinatorially  equivalent  to  an  element 
of  C0V2,  and  similarly  with  the  roles  of  Covi  and  C0V2  reversed.  □ 


7.9.  The  example  of  G-sets 
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As  an  example,  consider  the  site  To  of  Example|7.6.5[  We  will  describe  the  category 
of  sheaves  on  Tg ■ The  answer  will  turn  out  to  be  independent  of  the  choices  made 
in  defining  Tg-  In  fact,  during  the  proof  we  will  need  only  the  following  properties 
of  the  site  Tg- 


(a)  Tg  is  a full  subcategory  of  G-Sets, 

(b)  Tg  contains  the  G-set  gG , 

(c)  Tg  has  fibre  products  and  they  are  the  same  as  in  G-Sets , 

(d)  given  U £ OhiTb)  and  a G-invariant  subset  Ocf/,  there  exists  an  object 
of  Tg  isomorphic  to  O,  and 

(e)  any  surjective  family  of  maps  {Ui  — ► U}iei,  with  U,  Ui  £ Ob(Tc)  is  com- 
binatorially equivalent  to  a covering  of  Tg- 


These  properties  hold  by  Sets,  Lemmas  3.10.2|  and  |3.11.1 


Remark  that  the  map 


HomG(GG,  gG)  — ► Gopp,  ip  ► c?(l) 


is  an  isomorphism  of  groups.  The  inverse  map  sends  g £ G to  the  map  Rg  : s 1— > sg 
(i.e.  right  multiplication).  Note  that  Rgig2  = R92  °Rgi  so  the  opposite  is  necessary. 

This  implies  that  for  every  presheaf  T on  Tg  the  value  T(qG)  inherits  the  structure 
of  a G-set  as  follows:  g ■ s for  g £ G and  s £ J(gG)  defined  by  T(Rg)(s).  This  is 
a left  action  because 


(5132)  • s = T(Rgig2){s)  = T{Rg2  o Rgi)(s)  = T{Rgi)(T(Rg2){s))  = gx  ■ {g2  ■ s). 

Here  we’ve  used  that  T is  contravariant.  Note  that  if  T — > Q is  a morphism  of 
presheaves  of  sets  on  Tg  then  we  get  a map  T(gG)  — ► G(gG)  which  is  compatible 
with  the  G-actions  we  have  just  defined.  All  in  all  we  have  constructed  a functor 

PSh{TG)  — > G-Sets , T 1— ► T(gG). 

We  leave  it  to  the  reader  to  verify  that  this  construction  has  the  pleasing  property 
that  the  representable  presheaf  hjj  is  mapped  to  something  canonically  isomorphic 
to  U.  In  a formula  hu(cG)  = Horn g(gG,  U)  = U. 

Suppose  that  S'  is  a G-set.  We  define  a presheaf  Ts  by  the  formuhj^] 

Ts(U)  = MovG_sets(U,S). 


2It  may  appear  this  is  the  representable  presheaf  defined  by  S.  This  may  not  be  the  case 
because  S may  not  be  an  object  of  Tg  which  was  chosen  to  be  a sufficiently  large  set  of  G-sets. 
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This  is  clearly  a presheaf.  On  the  other  hand,  suppose  that  {Ui  — t U}tei  is  a 
covering  in  Tg ■ This  implies  that  ]Ji  Ui  — > U is  surjective.  Thus  it  is  clear  that  the 
map 

FS{U)  = Mor G-Sets(U,S)  — ► Y[Ts(Ui)  = Y[MovG.Sets{Ui,  S) 
is  injective.  And,  given  a family  of  G-equivariant  maps  Sj  : Uj  — >•  S,  such  that  all 
the  diagrams 

Ui  Xu  Uj >-  Uj 

Ui 

commute,  there  is  a unique  G-equivariant  map  s : U -A  S'  such  that  Sj  is  the 
composition  Ui  -A  U —>  S . Namely,  we  just  define  s(u)  = Sj(uj)  where  i £ I is  any 
index  such  that  there  exists  some  Uj  £ Ui  mapping  to  u under  the  map  Ui  —>  U. 
The  commutativity  of  the  diagrams  above  implies  exactly  that  this  construction  is 
well  defined.  All  in  all  we  have  constructed  a functor 

G-Sets  — > Sh(TG ),  S Fs. 


We  now  have  the  following  diagram  of  categories  and  functors 


PSh(jG) 


FoF(gG) 


^ G-Sets 


SKTg ) 


It  is  immediate  from  the  definitions  that  Fs{gG)  = Mor g{gG,S)  = S,  the  last 
equality  by  evaluation  at  1.  This  almost  proves  the  following. 

00W0  Proposition  7.9.1.  The  functors  F i-A  F(gG)  and  S i-A  Fs  define  quasi-inverse 
equivalences  between  ShfiTc)  and  G-Sets. 


Proof.  We  have  already  seen  that  composing  the  functors  one  way  around  is  iso- 
morphic to  the  identity  functor.  In  the  other  direction,  for  any  sheaf  TL  there  is  a 
natural  map  of  sheaves 

can  :H  — t Ph(gG)- 

Namely,  for  any  object  U of  7g  we  let  canu  be  the  map 

U(U)  — > FHiGG)(U)  = MoiG(Un(GG)) 
si — > {u  i y a*s ). 

Here  au  : gG  — > U is  the  map  au(g)  = gu  and  a*  : TL(U)  — > TL{gG)  is  the 
pullback  map.  A trivial  but  confusing  verification  shows  that  this  is  indeed  a map 
of  presheaves.  We  have  to  show  that  can  is  an  isomorphism.  We  do  this  by  showing 
canu  is  an  isomorphism  for  all  U £ ob(Tc)-  We  leave  the  (important  but  easy) 
case  that  U = qG  to  the  reader.  A general  object  U of  Tg  is  a disjoint  union  of  G- 
orbits:  U = Ot.  The  family  of  maps  {Oi  — > U}iei  is  tautologically  equivalent 
to  a covering  in  Tg  (by  the  properties  of  Tg  listed  at  the  beginning  of  this  section). 
Hence  by  Lemma  |7.8.4|  the  sheaf  TL  satisfies  the  sheaf  property  with  respect  to 
{Oi  — > The  sheaf  property  for  this  covering  implies  TL(U)  = Y\iTL{Oi). 

Hence  it  suffices  to  show  that  canu  is  an  isomorphism  when  U consists  of  a single 
G-orbit.  Let  u £ U and  let  H C G be  its  stabilizer.  Clearly,  More? (17,  TL{gG))  = 
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TL{gG)h  equals  the  subset  of  U-invariant  elements.  On  the  other  hand  consider  the 
covering  {gG  -a  U}  given  by  g H > gu  (again  it  is  just  combinatorially  equivalent  to 
some  covering  of  Tg,  and  again  this  doesn’t  matter).  Note  that  the  fibre  product 
(gG)  x u (gG)  is  equal  to  {(g,gh),g  £ G,h  £ H}  = Y\h&nGG.  Hence  the  sheaf 
property  for  this  covering  reads  as 

prS 

nu)  — - h(gg) : nhGH  h(gG). 

pri 

The  two  maps  pr*  into  the  factor  H(gG)  differ  by  multiplication  by  h.  Now  the 
result  follows  from  this  and  the  fact  that  can  is  an  isomorphism  for  U = gG.  □ 

7.10.  Sheafification 

00W 1 In  order  to  define  the  sheafification  we  study  the  zeroth  Cecil  cohomology  group  of 
a covering  and  its  functoriality  properties. 

Let  X be  a presheaf  of  sets  on  C,  and  let  U = {Ui  — > U}i£i  be  a covering  of  C.  Let 
us  use  the  notation  T(IA)  to  indicate  the  equalizer 

H°(U,  X)  = {(si)*ei  £ Hm)  I si\uiXuUj  = Sj\uixaUj  V*,  j £ I}. 

As  we  will  see  later,  this  is  the  zeroth  Cecil  cohomology  of  X over  U with  respect 
to  the  covering  U.  A small  remark  is  that  we  can  define  H°(IA.  X)  as  soon  as  all 
the  morphisms  Ui  —>  U are  representable,  i.e.,  U need  not  be  a covering  of  the 
site.  There  is  a canonical  map  X(t/)  — > HQ(U,F).  It  is  clear  that  a morphism  of 
coverings  U — > V induces  commutative  diagrams 


This  in  turn  produces  a map  U°(V,Jr)  — > compatible  with  the  map 

nv)  -+  hu). 

By  construction,  a presheaf  J7  is  a sheaf  if  and  only  if  for  every  covering  U of  C the 
natural  map  T{U)  -A  H°(U,  T)  is  bijective.  We  will  use  this  notion  to  prove  the 
following  simple  lemma  about  limits  of  sheaves. 

00W2  Lemma  7.10.1.  Let  T : X -A  Sh(C)  be  a diagram.  Then  limiJ7  exists  and  is  equal 
to  the  limit  in  the  category  of  presheaves. 

Proof.  Let  lim.j  X)  be  the  limit  as  a presheaf.  We  will  show  that  this  is  a sheaf  and 
then  it  will  trivially  follow  that  it  is  a limit  in  the  category  of  sheaves.  To  prove  the 
sheaf  property,  let  V = {Vj  — > V}j^j  be  a covering.  Let  (sj)j^j  be  an  element  of 
fL°(V,  Imp  X)).  Using  the  projection  maps  we  get  elements  in  fL°(V,Xi). 

By  the  sheaf  property  for  X,  we  see  that  there  is  a unique  s,;  £ X^(U)  such  that 
sj,i  = si\v:j  ■ Let  <f>  : i -A  i'  be  a morphism  of  the  index  category.  We  would  like  to 
show  that  X(^>)  : X,  -A  Tp  maps  s*  to  sp.  We  know  this  is  true  for  the  sections 
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Sjj  and  Si'j  for  all  j and  hence  by  the  sheaf  property  for  Fj  this  is  true.  At  this 
point  we  have  an  element  s = (s. i)ieOb(z)  of  (lim,  FfijiV).  We  leave  it  to  the  reader 
to  see  this  element  has  the  required  property  that  Sj  = s \ yj  ■ □ 

00W3  Example  7.10.2.  A particular  example  is  the  limit  over  the  empty  diagram.  This 
gives  the  final  object  in  the  category  of  (pre)sheaves.  It  is  the  sheaf  that  associates 
to  each  object  U of  C a singleton  set,  with  unique  restriction  mappings.  We  often 
denote  this  sheaf  by  *. 

Let  Ju  be  the  category  of  all  coverings  of  U.  In  other  words,  the  objects  of  Ju  are 
the  coverings  of  U in  C,  and  the  morphisms  are  the  refinements.  By  our  conventions 
on  sites  this  is  indeed  a category,  i.e. , the  collection  of  objects  and  morphisms  forms 
a set.  Note  that  Ob  (Ju)  is  not  empty  since  {idy}  is  an  object  of  it.  According  to 
the  remarks  above  the  construction  U ha  H°(U,F)  is  a contravariant  functor  on 
Ju-  We  define 

F+(U)  = colim jopp  H°{U,  F) 

See  Categories,  Section  |4.14|  for  a discussion  of  limits  and  colimits.  We  point  out 
that  later  we  will  see  that  F+(U)  is  the  zeroth  Cech  cohomology  of  F over  U. 

Before  we  say  more  about  the  structure  of  the  colimit,  we  turn  the  collection  of 
sets  F+(U),  U £ Ob(C)  into  a presheaf.  Namely,  let  V — > U be  a morphism  of  C. 
By  the  axioms  of  a site  there  is  a functoi^] 

Ju  t Jv , {Ui-+U}^{Ui  xuV^V}. 

Note  that  the  projection  maps  furnish  a functorial  morphism  of  coverings  {Ui  Xy 
V — > V}  — > {Ui  -A  U}  and  hence,  by  the  construction  above,  a functorial  map 
of  sets  H°({Ui  -A  U},F)  -A  H°({Ui  Xy  V -A  V},F).  In  other  words,  there 
is  a transformation  of  functors  from  H°(—,F)  : Ju  —X  Sets  to  the  composition 

Ju  —X  Jv  — — — x Sets.  Hence  by  generalities  of  colimits  we  obtain  a canonical 
map  T+(U)  -A  T+{V).  In  terms  of  the  description  of  the  set  T+(U)  above,  it 
just  takes  the  element  associated  with  s = ( Si ) £ H°({Ui  -A  U},  T)  to  the  element 
associated  with  {si\vxuUi)  £ H°({Ui  xu  V — > V},  T). 

00W4  Lemma  7.10.3.  The  constructions  above  define  a presheaf  T+  together  with  a 
canonical  map  of  presheaves  F —X  F+ . 

Proof.  All  we  have  to  do  is  to  show  that  given  morphisms  W — X V — > U the 
composition  F+{U)  -A  F+(V)  -A  F+(W ) equals  the  map  F+{U)  -A  F+(W). 
This  can  be  shown  directly  by  verifying  that,  given  a covering  {Ui  -A  U}  and 
s = ( sj ) £ H°({Ui  -A  17},  J7),  we  have  canonically  W Xp  Ui  = W Xy  ( V xy  U{, 
and  Si\wxuUi  corresponds  to  (sj|yXt/C/i)|wrx v(VxuUi)  via  this  isomorphism.  □ 

More  indirectly,  the  result  of  Lenima[7. 10. 6| shows  that  we  may  pullback  an  element 
s as  above  via  any  morphism  from  any  covering  of  IT  to  {Uj  -A  U}  and  we  will 
always  end  up  with  the  same  element  in  F+{W). 

00W5  Lemma  7.10.4.  The  association  T ha  {{F  — > F+)  is  a functor. 


■'"This  construction  actually  involves  a choice  of  the  fibre  products  [/,  X j;  V and  hence  the 
axiom  of  choice.  The  resulting  map  does  not  depend  on  the  choices  made,  see  below. 
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Proof.  Instead  of  proving  this  we  state  exactly  what  needs  to  be  proven.  Let 
T — > Q be  a map  of  presheaves.  Prove  the  commutativity  of: 

7^7+ 


g — *- g+ 

□ 

The  next  two  lemmas  imply  that  the  colimits  above  are  colimits  over  a directed 
partially  ordered  set. 

00W6  Lemma  7.10.5.  Given  a pair  of  coverings  {Ui  — > U}  and  {Vj  -A  U}  of  a given 
object  U of  the  site  C,  there  exists  a covering  which  is  a common  refinement. 

Proof.  Since  C is  a site  we  have  that  for  every  i the  family  {Vj  Xv  Ui  — > Ui}j  is  a 
covering.  And,  then  another  axiom  implies  that  {Vj  XfjUi  —¥  U}ij  is  a covering  of 
U . Clearly  this  covering  refines  both  given  coverings.  □ 

00W7  Lemma  7.10.6.  Any  two  morphisms  f,g:U—*V  of  coverings  inducing  the  same 
morphism  U — > V induce  the  same  map  H0(V,T)  — > H°{jU,iF). 

Proof.  Let  U = {Ui  — > U}i&i  and  V = {Vj  —>  V}j£j.  The  morphism  / consists  of 
a map  U — > V,  a map  a : I — > J and  maps  /,■  : Ui  Va^y  Likewise,  g determines 
a map  /3  : I J and  maps  ^ : Ui  — > Vpyy  As  / and  g induce  the  same  map 
U — >■  V,  the  diagram 

Va{l) 


Ui  V 


vm 

is  commutative  for  every  i £ I.  Hence  / and  g factor  through  the  fibre  product 


^0(2) 


Now  let  s = ( Sj)j  £ Then  for  all  i £ I: 

( f*s)i  = f*{sa{i))  = <p*prt(sa(i))  = ip*pvZ(sp{i))  = g*(sf)(i))  = ( 9*s)i , 

where  the  middle  equality  is  given  by  the  definition  of  This  shows  that 

the  maps  H°(V,iF)  -»  H°(U,  T)  induced  by  / and  g are  equal.  □ 
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00W8 


00W9 


OOWA 

00  WB 
00WC 
OOWD 

OOWE 

OOWF 


Remark  7.10.7.  In  particular  this  lemma  shows  that  if  U is  a refinement  of  V, 
and  if  V is  a refinement  of  U,  then  there  is  a canonical  identification  H°(U,F)  = 
H°(V,  F). 


From  these  two  lemmas,  and  the  fact  that  Ju  is  nonempty,  it  follows  that  the 
diagram  H°(—  ,F)  : — > Sets  is  filtered,  see  Categories,  Definition 

Hence,  by  Categories,  Section 


4.19 


4.19.1 


the  colimit  F+(U)  may  be  described  in  the 
following  straightforward  manner.  Namely,  every  element  in  the  set  F+{U)  arises 
from  an  element  s £ H°(U,F)  for  some  covering  U of  U.  Given  a second  element 
s'  £ H°(U' , F)  then  s and  s'  determine  the  same  element  of  the  colimit  if  and  only 
if  there  exists  a covering  V of  U and  refinements  / : V — >•  U and  /'  : V — > W such 
that  f*s  = {f')*  s'  in  H°(V,  F).  Since  the  trivial  covering  {id^}  is  an  object  of  Jv 
we  get  a canonical  map  F(U)  — > F+{U). 

Lemma  7.10.8.  The  map  9 : F —¥  F+  has  the  following  property:  For  every 
object  U of  C and  every  section  s £ F+{U)  there  exists  a covering  {Ui  — > U}  such 
that  s|j7;  is  in  the  image  of  9 : FfUf)  — > F+(Ui). 

Proof.  Namely,  let  {[/,  — > U}  be  a covering  such  that  s arises  from  the  element 
(si)  £ H°({Ui  -A  U],F).  According  to  Lemma  ' 

{Ui  — > Ui]  and  the  (obvious)  morphism  of  coverings  {Ui 


we  may  consider  the  covering 
Ui]  -A  {Ui  — > U]  to 
compute  the  pullback  of  s to  an  element  of  F+(Ui).  And  indeed,  using  this  covering 
we  get  exactly  9{si)  for  the  restriction  of  s to  Ui.  □ 

Definition  7.10.9.  We  say  that  a presheaf  of  sets  F on  a site  C is  separated  if, 
for  all  coverings  of  {Ui  — > U],  the  map  F{U)  — ► Y\F(Ui)  is  injective. 

Theorem  7.10.10.  With  F as  above 

(1)  The  presheaf  F+  is  separated. 

(2)  If  F is  separated,  then  F+  is  a sheaf  and  the  map  of  presheaves  F — > F+ 
is  injective. 

(3)  If  F is  a sheaf  then  F —>  F+  is  an  isomorphism. 

(4)  The  presheaf  F++  is  always  a sheaf. 

Proof.  Proof  of  (|T|.  Suppose  that  s,  s'  £ F+(U)  and  suppose  that  there  exists 
some  covering  {Ui  —A  U]  such  that  s|c/;  = s'\ut  for  all  i.  We  now  have  three 
coverings  of  U:  the  covering  {Ui  -A  U]  above,  a covering  IA  for  s as  in  Lemma 
7.10.8  and  a similar  covering  W for  s' . By  Lemma  7.10.5|  we  can  find  a common 
refinement,  say  {Wj  -A  U].  This  means  we  have  sj,s '•  £ F(Wj)  such  that  s\wj  = 
9{sj),  similarly  for  s'\w^  and  such  that  9(sj)  = 9{s]).  This  last  equality  means 
that  there  exists  some  covering  {Wjk  — > Wj]  such  that  Sj\wjk  = s'j\wjk-  Then 
since  {Wjk  — > U]  is  a covering  we  see  that  s,  s'  map  to  the  same  element  of 
H°({Wjk  — t U],  F)  as  desired. 

Proof  of  |2]).  It  is  clear  that  F — > F+  is  injective  because  all  the  maps  F(U)  -A 
H°(U,F)  are  injective.  It  is  also  clear  that,  if  U -A  U'  is  a refinement,  then 
H°(U' , F)  -A  H°(U,  F)  is  injective.  Now,  suppose  that  {Ui  — > U]  is  a covering,  and 
let  (sj)  be  a family  of  elements  of  F+(Ui)  satisfying  the  sheaf  condition  Si\uiXuUj  = 
Sj | Ui x u Uj  for  all  i,j  £ I.  Choose  coverings  (as  in  Lemma  7.10.8)  {Uij  — > Ui]  such 
that  Si \ui  is  the  image  of  the  (unique)  element  £ F(Uij).  The  sheaf  condition 
implies  that  Sij  and  Si'ji  agree  over  U,j  XuUi'j'  because  it  maps  to  Ui  XjjUi'  and  we 
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OOWG 


OOWH 


OOWI 


OOWJ 


OOWK 


have  the  equality  there.  Hence  (s^)  £ //° ( { Ul3  — y U},F)  gives  rise  to  an  element 
s £ F+{U).  We  leave  it  to  the  reader  to  verify  that  = Sj. 

Proof  of  (|3|) . This  is  immediate  from  the  definitions  because  the  sheaf  property 
says  exactly  that  every  map  F — ► H°(IA , F)  is  bijective  (for  every  covering  U of  U). 

Statement  0 is  now  obvious.  □ 

Definition  7.10.11.  Let  C be  a site  and  let  F be  a presheaf  of  sets  on  C.  The 
sheaf  F * :=  F++  together  with  the  canonical  map  F — > F # is  called  the  sheaf 
associated  to  F. 


7.10.12.  The  canonical  map  F — » J- # has  the  following  universal 
any  map  J-  — )•  Q , where  Q is  a sheaf  of  sets,  there  is  a unique  map 
F#  — > Q such  that  F — > F#  — > Q equals  the  given  map. 


Proposition 

property:  For 


Proof.  By  Lemma  [7. 10. 4|  we  get  a commutative  diagram 

F ^ F+ ^ F++ 


Y 

Q+ 


G++ 


and  by  Theorem  7.10.10  the  lower  horizontal  maps  are  isomorphisms.  The  unique- 
ness follows  from  Lemma  7.10.8  which  says  that  every  section  of  F # locally  comes 
from  sections  of  F.  □ 


It  is  clear  from  this  result  that  the  functor  F i— > (F  — > F &)  is  unique  up  to  unique 
isomorphism  of  functors.  Actually,  let  us  temporarily  denote  i : Sh{C)  — > PSh(C) 
the  functor  of  inclusion.  The  result  above  actually  says  that 

Mor  p3h(c){F,i(G))  = Mor  Sh{C){F*,G). 

In  other  words,  the  functor  of  sheafification  is  the  left  adjoint  to  the  inclusion 
functor  i.  We  finish  this  section  with  a couple  of  lemmas. 

Lemma  7.10.13.  Let  F : T — » Sh(C)  be  a diagram.  Then  colimx  F exists  and  is 
the  sheafification  of  the  colimit  in  the  category  of  presheaves. 


Proof.  Since  the  sheafification  functor  is  a left  adjoint  it  commutes  with  all  colim- 
its, see  Categories,  Lemma  4.24.4  Hence,  since  PSh(C)  has  colimits,  we  deduce  that 
Sh(C)  has  colimits  (which  are  the  sheafifications  of  the  colimits  in  presheaves).  □ 


Lemma  7.10.14.  The  functor  PSh(C ) -A  Sh{C),  F F # is  exact. 

Proof.  Since  it  is  a left  adjoint  it  is  right  exact,  see  Categories,  Lemma  |4.24.5| 
On  the  other  hand,  by  Lemmas  |7.10.5|  and  Lemma  |7.10.6|  the  colimits  in  the  con- 
struction of  F+  are  really  over  the  directed  partially  ordered  set  Ob (Ju)  where 
U > IA'  if  and  only  if  IA  is  a refinement  of  W . Hence  by  Categories,  Lemma  |4.19.2 
we  see  that  F —¥  F+  commutes  with  finite  limits  (as  a functor  from  presheaves  to 
presheaves).  Then  we  conclude  using  Lemma  7.10.1  □ 


Lemma  7.10.15.  Let  C be  a site.  Let  F be  a presheaf  of  sets  on  C.  Denote 
92  : F -A  F&  the  canonical  map  of  F into  its  sheafification.  Let  U be  an  object  of 
C.  Let  s £ F*{U).  There  exists  a covering  {H,  -A  U}  and  sections  s^  £ FifUf)  such 
that 
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(1)  s|c/i  = d2(si),  and 

(2)  for  every  i,j  there  exists  a covering  {Ujk  — X U Xjj  Uj}  of  C such  that  the 
pullback  of  Si  and  Sj  to  each  Uijk  agree. 

Conversely,  given  any  covering  {Ui  — > U},  elements  Si  £ F{Uf)  such  that  (2)  holds, 
then  there  exists  a unique  section  s £ F^{U)  such  that  (1)  holds. 

Proof.  Omitted.  □ 


7.11.  Quasi-compact  objects  and  colimits 


090G  To  be  able  to  use  the  same  language  as  in  the  case  of  topological  spaces  we  introduce 
the  following  terminology. 

090H  Definition  7.11.1.  Let  C be  a site.  An  object  U of  C is  quasi-compact  if  every 
covering  of  U in  C can  be  refined  by  a finite  covering. 

The  following  lemma  is  the  analogue  of  Sheaves,  Lemma  [6 . 29 . 1 1 for  sites. 

0738  Lemma  7.11.2.  Let  C be  a site.  LetL  — x Sh(C ),  i <— x be  a filtered  diagram  of 

sheaves  of  sets.  Let  U £ Ob(C).  Consider  the  canonical  map 

: colim,;  Fi(U)  — X (colim;  Tf)  ( U ) 

With  the  terminology  introduced  above: 

(1)  If  all  the  transition  maps  are  injective  then  d'  is  injective  for  any  U . 

(2)  If  U is  quasi- compact,  then  ’L  is  injective. 

(3)  If  U is  quasi-compact  and  all  the  transition  maps  are  injective  then  ’L  is 
an  isomorphism. 

(4)  If  U has  a cofinal  system  of  coverings  {Uj  — X U}j^j  with  J finite  and 
Uj  Xu  Uj ' quasi- compact  for  all  j,j'  £ J,  then  ’L  is  bijective. 


we 


Proof.  Assume  all  the  transition  maps  are  injective.  In  this  case  the  presheaf 
T'  : V e-x  colim,;  F,(V)  is  separated  (see  Definition  7.10.9).  By  Lemma  [7.10.13 
have  (J7')#  = Colima  J7;.  By  Theorem 
This  proves  (1). 


7.10.10 


we  see  that  T'  — X is  injective. 


Assume  U is  quasi-compact.  Suppose  that  s £ F(U)  and  s'  £ Fi'(U)  give  rise  to 
elements  on  the  left  hand  side  which  have  the  same  image  under  \H.  Since  U is 
quasi-conrpact  this  means  there  exists  a finite  covering  {Uj  — x U}j— and  for 
each  j an  index  ij  £ I , ij  > i , ij  > i!  such  that  ipa^s)  = ypiAs').  Let  i"  £ I be  > 
than  all  of  the  ij.  We  conclude  that  ip^As)  and  agree  on  Uj  for  all  j and 

hence  that  <pu"{s)  = This  proves  (2). 


Assume  U is  quasi-compact  and  all  transition  maps  injective.  Let  s be  an  element 
of  the  target  of  'L.  Since  U is  quasi-compact  there  exists  a finite  covering  {Uj  — > 
U}j=i....tm,  for  each  j an  index  ij  £ I and  Sj  £ Fi^Uj)  such  that  s|m  comes  from 
Sj  for  all  j.  Pick  i £ I which  is  > than  all  of  the  ij.  By  (1)  the  sections  ipi  i(sj) 
agree  over  Uj  Xu  Uj /.  Hence  they  glue  to  a section  s’  £ Ft(U)  which  maps  to  s 
under  4/.  This  proves  (3). 


Assume  the  hypothesis  of  (4).  Let  s be  an  element  of  the  target  of  'L.  By  assumption 
there  exists  a finite  covering  {Uj  —t  U}j=it...>rnUj,  with  Uj  Xy  Uj > quasi-compact 
for  all  j,  j'  £ J and  for  each  j an  index  ij  £ I and  Sj  £ Ftj  {Uj)  such  that  s\ud  is 
the  image  of  Sj  for  all  j . Since  Uj  Xu  Uj'  is  quasi-compact  we  can  apply  (2)  and 
we  see  that  there  exists  an  ijji  £ I , ijji  > ij,  ijj<  > iji  such  that  (piji  Asj)  and 


7.11.  QUASI-COMPACT  OBJECTS  AND  COLIMITS 


286 


ifii agree  over  U?  Xjj  Uj>.  Choose  an  index  i £ I wich  is  bigger  or  equal 
than  all  the  ijj*.  Then  we  see  that  the  sections  tpi  i(sj)  of  Jq  glue  to  a section  of 
Ti  over  U . This  section  is  mapped  to  the  element  s as  desired.  □ 


We  need  an  analogue  of  the  above  result  in  the  case  that  the  site  is  the  limit  of  an 
inverse  system  of  sites.  For  simplicity  we  only  explain  the  construction  in  case  the 
index  sets  of  coverings  are  finite. 


0A34  Situation  7.11.3.  Here  we  are  given 

(1)  a cofiltered  index  category  I, 

(2)  for  i £ Ob(I)  a site  Ci  such  that  every  covering  in  Cj  has  a finite  index 
set, 

(3)  for  a morphism  a : i — > j in  1 a morphism  of  sites  /„  : C,;  — > Cj  given  by  a 
continuous  functor  ua  : Cj  -A  Ci , 

such  that  fa  ° fb  — fc  whenever  c = a o b in  X. 


09YL 


Lemma  7.11.4.  In  Situation 


7.11.3  we  can  construct  a site  (C,  Cov(C))  as  follows 


(1)  as  a category  C = colim Cj,  and 

(2)  Cov(C ) is  the  union  of  the  images  of  Cov(Ci ) by  Ui  : Ci  -A  C. 


Proof.  Our  definition  of  composition  of  morphisms  of  sites  implies  that  ui,oua  = uc 
whenever  c = aob  in  I.  The  formulae  = colim  Ci  means  that  Ob(C)  = colim  Ob(Ci) 
and  Arrows(C)  = colim  Arrows  (Cj)  . Then  source,  target,  and  composition  are 
inherited  from  the  source,  target,  and  composition  on  Arrows(Ci).  In  this  way  we 
obtain  a category.  Denote  zq  : Ci  — > C the  obvious  functor.  Remark  that  given 
any  finite  diagram  in  C there  exists  an  i such  that  this  diagram  is  the  image  of  a 
diagram  in  Ci. 

Let  {U*  — > U}  be  a covering  of  C.  We  first  prove  that  if  V — t U is  a morphism 
of  C,  then  U*  XjjV  exists.  By  our  remark  above  and  our  definition  of  coverings, 
we  can  find  an  j,  a covering  { U f — > Ui}  of  Ci  and  a morphism  Vi  —¥  Lf  whose 
image  by  zq  is  the  given  data.  We  claim  that  W XjjV  is  the  image  of  U*  x u,  Vi 
by  Ui . Namely,  for  every  a : j — > i in  I the  functor  ua  is  continuous,  hence 
ua(U l x ui  Vi)  = ua(Uf ) xUa(Ui)  uo(^i)-  bi  particular  we  can  replace  i by  j , if  we 
so  desire.  Thus,  if  W is  another  object  of  C,  then  we  may  assume  W = zq(Wi)  and 
we  see  that 


Morc(W,zq(t/‘  xUt  Vi)) 

= cohma:i^iMorCj.(wa(Wi),zz0(17*  xVi  Vf)) 

= colima::?_j.i  MorCj {ua{Wi),ua(U*))  xMoic^Ua{w. ),Ua(Ui))  Morc.  (ua{Wi),  ua{Vi)) 
= Morc(W,  U*)  x More  (w, u)  More  (W,  V) 


as  filtered  colimits  commute  with  finite  limits  (Categories,  Lemma  4.19.2).  It  also 
follows  that  {U*  XjjV  — lF}isa  covering  in  C.  In  this  way  we  see  that  axiom  (3) 
of  Definition  17.6.21  holds. 


To  verify  axiom  (2)  of  Definition  7.6.2  let  {U*  — > U}t^T  be  a covering  of  C and  for 
each  t let  {Uts  -a  [/*}  be  a covering  of  C.  Then  we  can  find  an  i and  a covering 
{Uf  -A  Ui}t£T  °f  Ci  whose  image  by  zq  is  { U * -A  U}.  Since  T is  finite  we  may 


choose  an  a : j — I i in  X and  coverings  { U } 


j ([//)}  of  Cj  whose  image  by  Uj 
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gives  {Uts  — > C/4}.  Then  we  conclude  that  {Uts  — » U}  is  a covering  of  C by  an 
application  of  axiom  (2)  to  the  site  Cj. 


We  omit  the  proof  of  axiom  (1)  of  Definition  7.6.2 


□ 


0A35 


7.11.4 


Lemma  7.11.5.  In  Situation 

Then  Ui  defines  a morphism  of  sites  ft  : C 
we  have 


7.11.3\let  Ui  : Ci  — » C be  as  constructed  in  Lemma 
Ci . ForUi  £ Ob(Cj)  and  sheaf 


T on  Ci 


09YM  (7.11.5.1)  fr1F(Ui(Ui))  = colima:j^if-1F(ua(Ui)) 


Proof.  It  is  immediate  from  the  arguments  in  the  proof  of  Lemma |7.11.4|  that  the 
functors  Ui  are  continuous.  To  finish  the  proof  we  have  to  show  that  f~  :=  ztys  is 
an  exact  functor  Sh{Ci)  Sh(C).  In  fact  it  suffices  to  show  that  Z”1  is  left  exact, 
because  it  is  right  exact  as  a left  adjoint  (Categories,  Lemma  4.24.5 1.  We  first  prove 
(7.11.5.11  and  then  we  decuce  exactness. 


For  an  arbitrary  object  V of  C we  can  pick  a a : j — ► i and  an  object  Vj  £ Ob(C) 
with  V = Uj(Vj).  Then  we  can  set 


Q(V)  = colim6:fc^  fJb^iubiVj)) 


The  value  Q(V)  of  the  colimit  is  independent  of  the  choice  of  b : j ^ i and  of  the 
object  Vj  with  Uj(Vj)  = V;  we  omit  the  verification.  Moreover,  if  a : V — > V'  is  a 
morphism  of  C,  then  we  can  choose  b : j — > i and  a morphism  ay  : Vj  — ► VJ  with 
uj(ctj)  = a.  This  induces  a map  G(V')  — > G{V)  by  using  the  restrictions  along  the 
morphisms  ub{aj)  : Ub{Vj)  -A  ub(Vj).  A check  shows  that  Q is  a presheaf  (omitted). 
In  fact,  Q satisfies  the  sheaf  condition.  Namely,  any  covering  U = {Ut  — > U}  in 
C comes  from  a finite  level.  Say  Uj  = {[/j  — » Uj}  is  mapped  to  U by  Uj  for  some 
a : j — ► i in  T.  Then  we  have 

= colim^fc-sy  H°{ub(JAj),  ff^F)  = colimfe:fe_^  f^iMUj))  = G{U) 


as  desired.  The  first  equality  holds  because  filtered  colimits  commute  with  finite 
limits  (Categories,  Lemma  4.19.2 ).  By  construction  G(U)  is  given  by  the  right  hand 
side  of  (7.11.5.1).  Hence  (7.11.5.1)  is  true  if  we  can  show  that  g is  equal  to  f~lT. 


In  this  paragraph  we  check  that  g is  canonically  isomorphic  to  fff1T . We  strongly 
encourage  the  reader  to  skip  this  paragraph.  To  check  this  we  have  to  show  there 
is  a bijection  Mor sh(C){5iH)  = Mor s/l(ci)(-^r, /i,*^)  functorial  in  the  sheaf  TL  on  C 
where  /y*  = u1’.  A map  g — > TL  is  the  same  thing  as  a compatible  system  of  maps 


<Pa,b,Vi  ■■  faolHMVj))  — ► H{Uj{Vj)) 


for  all  a : j — > i,  b : k — > j and  Vj  £ Ob  (Cj).  The  compatibilities  force  the  maps 
<Pa,b,Vj  to  be  equal  to  Taob,id,ub(Vj) ■ Given  a : j i,  the  family  of  maps  ipa, id.Uj 
corresponds  to  a map  of  sheaves  <pa  : f~xT  — > fj.*H.  The  compatibilities  between 
the  <pa,id,ua(Vi)  an(i  the  </5id,id,Ui  implies  that  ipa  is  the  adjoint  of  the  map  ipid  via 

MorSft(Cj)(/a"1Jr,  fj^TL)  = MorSft(Ci)(Jr,  fa,*fj,*'H)  = MorSh(Ci)(^,  fi,*H) 


Thus  finally  we  see  that  the  whole  system  of  maps  ipa,b,v  is  determined  by  the 
map  ifiid  : T — » fi^TL.  Conversely,  given  such  a map  ip  : T fi^TL  we  can  read 
the  argument  just  given  backwards  to  construct  the  family  of  maps  ipa,b,v  ■ This 
finishes  the  proof  that  g = . 
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Assume  (7.11.5.1)  holds.  Then  the  functor  F ^ fi  zF{U)  commutes  with  finite 


limits  because  finite  limits  of  sheaves  are  computed  in  the  category  of  presheaves 
(Lemma  7.10.1 1,  the  functors  fjj1  commutes  with  finite  limits,  and  filtered  colimits 
commute  with  finite  limits.  To  see  that  F K > f~1F{V)  commutes  with  finite  limits 
for  a general  object  V of  C,  we  can  use  the  same  argument  using  the  formula  for 
f~lF(V)  = S(V)  given  above.  Thus  ffl  is  left  exact  and  the  proof  of  the  lemma 
is  complete.  □ 


7.11.3  assume  given 


Lemma  7.11.6.  In  Situation 

(1)  a sheaf  Fi  on  Ct  for  all  i £ Ob(X), 

(2)  for  a : j — » * a map  ipa  : falXi  — > Fj  of  sheaves  on  Cj 

such  that  ipc  = ° fb1Ta  whenever  c = a o b.  Set  F = colim  fjf1Fi  on  the  site  C 

of  Lemma  7 .11. f.  Let  i £ Ob(F ) and  X \ £ Ob(Ci).  Then 

colima;j  F ’j(ua(Xi))  F(ui{Xi)) 

Proof.  A formal  argument  shows  that 

colima:;^,  F i (Vf,  (Xjf  j — colima:j_^j  colim;,;  fb  F j ( n a 0 ( A , ) ) 


By  (7.11.5.1)  we  see  that  the  inner  colimit  is  equal  to  /■  LFj (m(Xi))  hence  we 


conclude  by  Lemma  7.11.2| 


□ 


7.12.  Injective  and  surjective  maps  of  sheaves 


Definition  7.12.1.  Let  C be  a site,  and  let  p : F — > Q be  a map  of  sheaves  of 
sets. 

(1)  We  say  that  <p  is  injective  if  for  every  object  U of  C the  map  (p  : F(U)  — ► 
G(U)  is  injective. 

(2)  We  say  that  p is  surjective  if  for  every  object  U of  C and  every  section 
s £ G{U)  there  exists  a covering  {Ui  — > U}  such  that  for  all  i the  restriction 
s\ui  is  in  the  image  of  ip  : F(Ui)  -A  G{Ui). 

Lemma  7.12.2.  The  injective  (resp.  surjective)  maps  defined  above  are  exactly 
the  monomorphisms  (resp.  epimorphisms)  of  the  category  Sh(C).  A map  of  sheaves 
is  an  isomorphism  if  and  only  if  it  is  both  injective  and  surjective. 

Proof.  Omitted.  □ 

Lemma  7.12.3.  Let  C be  a site.  Let  F — » Q be  a surjection  of  sheaves  of  sets. 
Then  the  diagram 

FxgF  ( F Q 

represents  Q as  a coequalizer. 


Proof.  Let  H be  a sheaf  of  sets  and  let  <p  : F — > TL  be  a map  of  sheaves  equalizing 
the  two  maps  F xg  F — > F.  Let  Q'  C Q be  the  presheaf  image  of  the  map  F — > Q. 
As  the  product  F xg  F may  be  computed  in  the  category  of  presheaves  we  see 
that  it  is  equal  to  the  presheaf  product  F xg:  F.  Hence  ip  induces  a unique  map 
of  presheaves  if'  : Q'  — ► TL.  Since  Q is  the  sheafification  of  Q'  by  Lemma  7.12.2  we 
conclude  that  if'  extends  uniquely  to  a map  of  sheaves  if)  : Q — t TL.  We  omit  the 
verification  that  tp  is  equal  to  the  composition  of  if  and  the  given  map.  □ 
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7.13.  Representable  sheaves 


Let  C be  a category.  The  canonical  topology  is  the  finest  topology  such  that  all 


representable  presheaves  are  sheaves  (it  is  formally  defined  in  Definition  7.45.12 
but  we  will  not  need  this).  This  topology  is  not  always  the  topology  associated  to 
the  structure  of  a site  on  C.  We  will  give  a collection  of  coverings  that  generates 
this  topology  in  case  C has  fibered  products.  First  we  give  the  following  general 
definition. 

Definition  7.13.1.  Let  C be  a category.  We  say  that  a family  {Ui  — > U}i^i 
is  an  effective  epimorphism  if  all  the  morphisms  Ui  -A  U are  representable  (see 
Categories,  Definition  4.6.4),  and  for  any  X e Ob(C)  the  sequence 


Mor C(U  X) ILe/  Morc(17i,  X)  Uuj^r-  Mor C(U  xv  UhX) 

is  an  equalizer  diagram.  We  say  that  a family  {Ui  — > U}  is  a universal  effective 
epimorphism  if  for  any  morphism  V — > U the  base  change  {Ui  XjjV  — > V}  is  an 
effective  epimorphism. 

The  class  of  families  which  are  universal  effective  epimorphisms  satisfies  the  axioms 
of  Definition  |7.6.2|  If  C has  fibre  products,  then  the  associated  topology  is  the 
canonical  topology.  (In  this  case,  to  get  a site  argue  as  in  Sets,  Lemma  3.11.1  ) 


Conversely,  suppose  that  C is  a site  such  that  all  representable  presheaves  are 
sheaves.  Then  clearly,  all  coverings  are  universal  effective  epimorphisms.  Thus 
the  following  definition  is  the  “correct”  one  in  the  setting  of  sites. 

Definition  7.13.2.  We  say  that  the  topology  on  a site  C is  weaker  than  the 
canonical  topology , or  that  the  topology  is  subcanonical  if  all  the  coverings  of  C are 
universal  effective  epimorphisms. 

A representable  sheaf  is  a representable  presheaf  which  is  also  a sheaf.  Since  it  is 
perhaps  better  to  avoid  this  terminology  when  the  topology  is  not  subcanonical, 
we  only  define  it  formally  in  that  case. 

Definition  7.13.3.  Let  C be  a site  whose  topology  is  subcanonical.  The  Yoneda 
embedding  h (see  Categories,  Section  4.3)  presents  C as  a full  subcategory  of  the 
category  of  sheaves  of  C.  In  this  case  we  call  sheaves  of  the  form  hu  with  U € 
Ob(C)  representable  sheaves  on  C.  Notation:  Sometimes,  the  representable  sheaf 
hu  associated  to  U is  denoted  U. 

Note  that  we  have  in  the  situation  of  the  definition 

Morgue)  (/it;,  X)  = X(U) 


for  every  sheaf  J7,  since  it  holds  for  presheaves,  see  (7. 2. 1.1).  In  general  the 


presheaves  hu  are  not  sheaves  and  to  get  a sheaf  you  have  to  sheafify  them.  In  this 
case  we  still  have 

(7.13.3.1)  Mor  SKc){h*,X)  = Mor  PSh{c){hu,X)  = T(U) 

for  every  sheaf  J . Namely,  the  first  equality  holds  by  the  adjointness  property  of 


# and  the  second  is  (7. 2. 1.1). 

Lemma  7.13.4.  Let  C be  a site.  If  {Ui 
the  morphism  of  presheaves  of  sets 


U}i£i  is  a covering  of  the  site  C,  then 


II 
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becomes  surjective  after  sheafification. 

Proof.  By  Lemma 


7.12.2 


above  we  have  to  show  that  U,e/  hUi  hu  is  an  epi- 
morphism.  Let  J be  a sheaf  of  sets.  A morphism  hfj  —t  J corresponds  to  a section 
s £ J(f7).  Hence  the  injectivity  of  Moi(h^,  J)  — > Hi  Mor(/i^.,  J)  follows  directly 
from  the  sheaf  property  of  J.  □ 


The  next  lemma  says,  in  the  case  the  topology  is  weaker  than  the  canonical  topology, 
that  every  sheaf  is  made  up  out  of  representable  sheaves  in  a way. 

Lemma  7.13.5.  Let  C be  a site.  Let  E C Ob (C)  be  a subset  such  that  every  object 
of  C has  a covering  by  elements  of  E.  Let  J be  a sheaf  of  sets.  There  exists  a 
diagram  of  sheaves  of  sets 

Jl,  : TlgiJr)  jjL'ijSkipi 

which  represents  J as  a coequalizer,  such  that  J-j,  * = 0, 1 are  coproducts  of  sheaves 
of  the  form  hfj  with  U £ E. 

Proof.  First  we  show  there  is  an  epimorphism  J0  — > J of  the  desired  type.  Namely, 
just  take 

J0  = TT  (hu)*—>E 

Here  the  arrow  restricted  to  the  component  corresponding  to  (£/,  s ) maps  the  ele- 
ment idu  £ hfr(U)  to  the  section  s £ J({7).  This  is  an  epimorphism  according  to 
Lemma [7.12.21  and  our  condition  on  E.  To  construct  Jl  first  set  Q = J0  Xjf  Jo  and 
then  construct  an  epimorphism  Ji  — > Q as  above.  See  Lemma|7.12.3|  □ 


7.14.  Continuous  functors 


Definition  7.14.1.  Let  C and  V be  sites.  A functor  u : C — > V is  called  continuous 
if  for  every  {Vi  V}tei  £ Cov(C)  we  have  the  following 

(1)  { u(Vi ) — ► u(V)}iei  is  in  Cov(X>),  and 

(2)  for  any  morphism  T — ► V in  C the  morphism  u{T  Xy  Vf)  u{T)  x„(y) 
u{Vf)  is  an  isomorphism. 

Recall  that  given  a functor  u as  above,  and  a presheaf  of  sets  J on  V we  have 
defined  up J to  be  simply  the  presheaf  Jo  u,  in  other  words 

up  J(V)  = J(u(P)) 

for  every  object  V of  C. 

Lemma  7.14.2.  Let  C and  V be  sites.  Let  u : C —¥  T>  be  a continuous  functor.  If 
J is  a sheaf  on  V then  upF  is  a sheaf  as  well. 

Proof.  Let  {Vi  — > V}  be  a covering.  By  assumption  {u(Vi)  — > u(V)}  is  a covering 
in  T>  and  u{Vi  xvVj)  = u(Vi)  x U(V)  Hence  the  sheaf  condition  for  upT  and 

the  covering  { Vt  V}  is  precisely  the  same  as  the  sheaf  condition  for  J and  the 

covering  {u{Vi)  — > u(V)}.  □ 

In  order  to  avoid  confusion  we  sometimes  denote 

us  : Sh(V)  — ► Sh(C) 

the  functor  up  restricted  to  the  subcategory  of  sheaves  of  sets. 
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Lemma  7.14.3.  In  the  situation  of  Lemma  7.14-2.  The  functor  us  : Q K > ( upQ )& 
is  a left  adjoint  to  us . 


Proof.  Follows  directly  from  Lemma  [7 . 5 . 4|  and  Proposition  |7. 10.T2] 


□ 


Here  is  a technical  lemma. 


Lemma  7.14.4.  In  the  situation  of  Lemma  7.14-2. 
have  ( upG )#  = ( up(g *))*. 


For  any  presheaf  Q on  C we 


Proof.  For  any  sheaf  F on  V we  have 
Mor  Sh{p){us(Q*),F) 


Mor  Shie)(G*,usF) 
Mor  PSHC)(G*,upF) 
Mor  PSh(C){G,  upF) 
Mor psh(D){upQ,  F) 
MorSh(r>){(uPG)# , F) 


and  the  result  follows  from  the  Yoneda  lemma. 


□ 


Lemma  7.14.5.  Let  u : C — ► T>  be  a continuous  functor  between  sites.  For  any 
object  U of  C we  have  ushfj  = 

Proof.  Follows  from  Lemmas  1710)1  and  17. 14.41  □ 


Remark  7.14.6.  (Skip  on  first  reading.)  Let  C and  V be  sites.  Let  us  use 
the  definition  of  tautologically  equivalent  families  of  maps,  see  Definition  7.8.2  to 
(slightly)  weaken  the  conditions  defining  continuity.  Let  zt  : C — > T>  be  a functor. 
Let  us  call  u quasi- continuous  if  for  every  V = {V)  -4  P}ie/  €=  Cov(C)  we  have  the 
following 


(1’)  the  family  of  maps  {zz(Vj)  — ► u(P)}ie/  is  tautologically  equivalent  to  an 
element  of  Cov(2?),  and 

(2)  for  any  morphism  T — ► V in  C the  morphism  u(T  Xy  Vi)  — > u{T)  xurv\ 
u(Vi ) is  an  isomorphism. 

We  are  going  to  see  that  Lemmas|7.14.2|and|7.14.3|hold  in  case  u is  quasi-continuous 
as  well. 


We  first  remark  that  the  morphisms  u(Vi)  — > u{V)  are  representable,  since  they  are 
isomorphic  to  representable  morphisms  (by  the  first  condition).  In  particular,  the 
family  u(V)  = {zt(Vi)  — ► zz(P)},e/  gives  rise  to  a zeroth  Cech  cohomology  group 
H°(u(V),  F)  for  any  presheaf  T on  V.  Let  U = {Uj  — > u(V)}j£j  be  an  element 
of  Cov(P)  tautologically  equivalent  to  {zz(V))  — » u(V)}iej.  Note  that  u(V)  is  a 
refinement  of  U and  vice  versa.  Hence  by  Remark  7.10.7  we  see  that  H°(u(V),  F)  = 
H°(U,F).  In  particular,  if  T is  a sheaf,  then  F(u(V))  = H°{u(V),F)  because  of  the 
sheaf  property  expressed  in  terms  of  zeroth  Cech  cohomology  groups.  We  conclude 
that  uvT  is  a sheaf  if  T is  a sheaf,  since  H°(V,  upT)  = H°(u(V),  F)  which  we  just 
observed  is  equal  to  F(u(V))  = upF(V).  Thus  Lemma  7.14.2|holds.  Lemma  7.14.3 
follows  immediately. 
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7.15.  Morphisms  of  sites 


Definition  7.15.1.  Let  C and  V be  sites.  A morphism  of  sites  f : T>  — > C is  given 
by  a continuous  functor  u : C —¥  T>  such  that  the  functor  us  is  exact. 


Notice  how  the  functor  u goes  in  the  direction  opposite  the  morphism  /.  If  /•<->•  u 
is  a morphism  of  sites  then  we  use  the  notation  f^1  = us  and  /*  = us . The  functor 
/_1  is  called  the  pullback  functor  and  the  functor  /*  is  called  the  pushforward 
functor.  As  in  topology  we  have  the  following  adjointness  property 

Mor Sh(p){r1Q^)  = Mor Sh(C){SJ*X) 

The  motivation  for  this  definition  comes  from  the  following  example. 


Example  7.15.2.  Let  / : X — > Y be  a continuous  map  of  topological  spaces. 
Recall  that  we  have  sites  Xzar  and  Yzar,  see  Example  7.6.4  Consider  the  functor 
u : Yzar  — l Xzar,  V /_1(V’).  This  functor  is  clearly  continuous  because  inverse 
images  of  open  coverings  are  open  coverings.  (Actually,  this  depends  on  how  you 
chose  sets  of  coverings  for  Xzar  and  Yzar ■ But  in  any  case  the  functor  is  quasi- 
continuous,  see  Remark  7.14.6  ) It  is  easy  to  verify  that  the  functor  us  equals  the 
usual  pushforward  functor  /*  from  topology.  Hence,  since  us  is  an  adjoint  and  since 
the  usual  topological  pullback  functor  /_1  is  an  adjoint  as  well,  we  get  a canonical 
isomorphism  /_1  = us.  Since  /_1  is  exact  we  deduce  that  us  is  exact.  Hence  u 
defines  a morphism  of  sites  / : Xzar  Yzan  which  we  may  denote  / as  well  since 
we’ve  already  seen  the  functors  us,us  agree  with  their  usual  notions  anyway. 


Lemma  7.15.3.  Let  Ci,  i = 1,2,3  be  sites.  Let  u : Ci  — > C\  and  v : C3  — > C2  be 
continuous  functors  which  induce  morphisms  of  sites.  Then  the  functor  uov  : C3  — >• 
Ci  is  continuous  and  defines  a morphism  of  sites  C±  — > C3. 


Proof.  It  is  immediate  from  the  definitions  that  u o v is  a continuous  functor.  In 
addition,  we  clearly  have  (u  o v)p  = vp  o up , and  hence  (u  o v)s  = Vs  o us.  Hence 
functors  (uov)s  and  usovs  are  both  left  adjoints  of  (uov)s.  Therefore  (uov)s  = usovs 
and  we  conclude  that  {u  o v)s  is  exact  as  a composition  of  exact  functors.  □ 

Definition  7.15.4.  Let  Ci,  i = 1,  2,  3 be  sites.  Let  / : Ci  — > C2  and  g : C2  — > C3  be 
morphisms  of  sites  given  by  continuous  functors  u : C2  — t Ci  and  v : C3  — > €2-  The 
composition  g o f is  the  morphism  of  sites  corresponding  to  the  functor  u o v. 


In  this  situation  we  have  (go/)*  = g*  0 f*  and  (go/)  1 = / 1 o g 1 (see  proof  of 


Lemma  7.15.3 ). 


Lemma  7.15.5.  Let  C and  T>  be  sites.  Let  u : C — * T>  be  continuous.  Assume 


all  the  categories  (Iy)opp  of  Section  7.5  are  filtered.  Then  u defines  a morphism  of 
sites  V — > C,  in  other  words  us  is  exact. 


Proof.  Since  us  is  the  left  adjoint  of  us  we  see  that  us  is  right  exact,  see  Categories, 
Lemma  [4.24.5|  Hence  it  suffices  to  show  that  us  is  left  exact.  In  other  words  we 
have  to  show  that  us  commutes  with  finite  limits.  Because  the  categories  IyP 
are  filtered  we  see  that  up  commutes  with  finite  limits,  see  Categories,  Lemma 


4.19.2  (this  also  uses  the  description  of  limits  in  PSh,  see  Section  7.4).  And  since 


sheafification  commutes  with  finite  limits  as  well  (Lemma  7.10.14)  we  conclude 
because  us  = ff  o up. 


□ 
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Proposition  7.15.6.  Let  C and  T>  be  sites.  Let  u : C —¥  T>  be  continuous.  Assume 
furthermore  the  following: 

(1)  the  category  C has  a final  object  X and  u(X)  is  a final  object  ofD  , and 

(2)  the  category  C has  fibre  products  and  u commutes  with  them. 

Then  u defines  a morphism  of  sites  V — > C,  in  other  words  us  is  exact. 


Proof.  This  follows  from  Lemmas  17.5.21  and  17.15.51 


□ 


above  are  equivalent  to 
See  Categories,  Lemmas 


Remark  7.15.7.  The  conditions  of  Proposition  7.15.6 
saying  that  u is  left  exact,  i.e. , commutes  with  finite  limits. 

|4.18.4|and  |4.23.2j  It  seems  more  natural  to  phrase  it  in  terms  of  final  objects  and 
fibre  products  since  this  seems  to  have  more  geometric  meaning  in  the  examples. 


Lemma  7.18.4  will  provide  another  way  to  prove  a continuous  functor  gives  rise  to 
a morphism  of  sites. 

Remark  7.15.8.  (Skip  on  first  reading.)  Let  C and  V be  sites.  Analogously  to 
Definition  |7.15.1|  we  say  that  a quasi-morphism  of  sites  f : V — > C is  given  by  a 
quasi- continuous  functor  u : C — > T>  (see  Remark  7.14.6)  such  that  us  is  exact.  The 


analogue  of  Proposition  7.15.6  in  this  setting  is  obtained  by  replacing  the  word 
“continuous”  by  the  word  “quasi-continuous” , and  replacing  the  word  “morphism” 
by  “quasi-morphism” . The  proof  is  literally  the  same. 


In  Definition|7. 15. l]the  condition  that  us  be  exact  cannot  be  omitted.  For  example, 
the  conclusion  of  the  following  lemma  need  not  hold  if  one  only  assumes  that  u is 
continuous. 


Lemma  7.15.9.  Let  f : V — ► C be  a morphism  of  sites  given  by  the  functor 
u : C — >•  V.  Given  any  object  V of  V there  exists  a covering  {Vj  — > V}  such  that 
for  every  j there  exists  a morphism  Vj  — > u(Uj ) for  some  object  Uj  of  C. 


Proof.  Since  /-1  = us  is  exact  we  have  /-1*  = * where  * denotes  the  final  object 
of  the  category  of  sheaves  (Example  7.10.2).  Since  /-1*  = us*  is  the  sheafification 
of  up*  we  see  there  exists  a covering  {Vj  — > V}  such  that  (up*)(Vj)  is  nonempty. 
Since  (up*)(Vj)  is  a colimit  over  the  category  X y whose  objects  are  morphisms 
Vj  — > u(U)  the  lemma  follows.  □ 


7.16.  Topoi 

Here  is  a definition  of  a topos  which  is  suitable  for  our  purposes.  Namely,  a topos 
is  the  category  of  sheaves  on  a site.  In  order  to  specify  a topos  you  just  specify 
the  site.  The  real  difference  between  a topos  and  a site  lies  in  the  definition  of 
morphisms.  Namely,  it  turns  out  that  there  are  lots  of  morphisms  of  topoi  which 
do  not  come  from  morphisms  of  the  underlying  sites. 

Definition  7.16.1  (Topoi).  A topos  is  the  category  Sh(C)  of  sheaves  on  a site  C. 
(1)  Let  C,  V be  sites.  A morphism  of  topoi  f from  ShfiD)  to  Sh(C)  is  given  by 
a pair  of  functors  /*  : Sh(V)  — > Sh(C)  and  /-1  : Sh(C)  — > Sh(V)  such  that 

(a)  we  have 

Mor  w(/“1g,^)  = Mot  shq(GJ*T) 
bifunctorially,  and 

(b)  the  functor  f^1  commutes  with  finite  limits,  i.e.,  is  left  exact. 
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(2)  Let  C,  T> , £ be  sites.  Given  morphisms  of  topoi  / : Sh( V)  — >•  Sh(C)  and 
g : Sh(£ ) — > Sh(T>)  the  composition  f o g is  the  morphism  of  topoi  defined 
by  the  functors  (/  o g )*  = /tojt  and  (/  o g)-1  = g-1  o /_1. 


Suppose  that  a : S\  — > S2  is  an  equivalence  of  (possibly  “big”)  categories.  If  Si, 
S2  are  topoi,  then  setting  /*  = a and  /_1  equal  to  a quasi-inverse  of  a gives  a 
morphism  / : Si  — > S2  of  topoi.  Moreover  this  morphism  is  an  equivalence  in  the 
2-category  of  topoi  (see  Section  7.35).  Thus  it  makes  sense  to  say  “S  is  a topos” 
if  S is  equivalent  to  the  category  of  sheaves  on  a site  (and  not  necessarily  equal  to 
the  category  of  sheaves  on  a site).  We  will  occasionally  use  this  abuse  of  notation. 


Two  examples  of  topoi.  The  empty  topos  is  topos  of  sheaves  on  the  site  C , where 
C has  a single  object  0 and  a single  morphism  idg  and  a single  covering,  namely 
the  empty  covering  of  0.  We  will  sometimes  write  0 for  this  site.  This  is  a site  and 
every  sheaf  on  C assigns  a singleton  to  0.  Thus  S7i(0)  is  equivalent  to  the  category 
having  a single  object  and  a single  morphism.  The  punctual  topos  is  the  topos  of 
sheaves  on  the  site  C which  has  a single  object  pt  and  one  morphism  idp*  and  whose 
only  covering  is  the  covering  {idpt}.  We  will  simply  write  pt  for  this  site.  It  is  clear 
that  the  category  of  sheaves  = the  category  of  presheaves  = the  category  of  sets. 
In  a formula  Sh{pt)  = Sets. 


OOXC 


Let  C and  V be  sites.  Let  / : Sh(T> ) — > Sh(C ) be  a morphism  of  topoi.  Note 
that  /*  commutes  with  all  limits  and  that  f^1  commutes  with  all  colimits,  see 

In  particular,  the  condition  on  / in  the  definition 
is  exact.  Morphisms  of  topoi  are  often  constructed 


Categories,  Lemma  4.24.4 


above  guarantees  that  / 1 
using  either  Lemma  7.20.1| or  the  following  lemma. 


Lemma  7.16.2.  Given  a morphism  of  sites  f : T>  — ► C corresponding  to  the 
functor  u ; C — ^ 'D  the  pair  of  functors  (/_1  = us , /*  = us ) is  a morphism  of  topoi. 


Proof.  This  is  obvious  from  Definitionl7.15.ll 


□ 


OOXD 


05UW 


Remark  7.16.3.  There  are  many  sites  that  give  rise  to  the  topos  Sh(pt).  A useful 
example  is  the  following.  Suppose  that  S'  is  a set  (of  sets)  which  contains  at  least 
one  nonempty  element.  Let  S be  the  category  whose  objects  are  elements  of  S and 
whose  morphisms  are  arbitrary  set  maps.  Assume  that  S has  fibre  products.  For 
example  this  will  be  the  case  if  S = V (infinite  set)  is  the  power  set  of  any  infinite 
set  (exercise  in  set  theory).  Make  S into  a site  by  declaring  surjective  families  of 
maps  to  be  coverings  (and  choose  a suitable  sufficiently  large  set  of  covering  families 
as  in  Sets,  Section  3.11 ).  We  claim  that  Sh{S)  is  equivalent  to  the  category  of  sets. 


We  first  prove  this  in  case  S contains  e 6 S which  is  a singleton.  In  this  case,  there 
is  an  equivalence  of  topoi  i : Sh(pt)  — > Sh(S)  given  by  the  functors 


(7.16.3.1)  i~1E  = Jr{e),  i*E  = (U  ^MoYSets(U,E)) 


Namely,  suppose  that  T is  a sheaf  on  S.  For  any  U G Ob(<S)  = S we  can  find 
a covering  {ipu  : e — > where  ipu  maps  the  unique  element  of  e to  u G 

U.  The  sheaf  condition  implies  in  this  case  that  J-(U)  = Tluef/  •^r(e)-  I11  other 
words  J-(U)  = MorSets([7,  J-(e)).  Moreover,  this  rule  is  compatible  with  restriction 
mappings.  Hence  the  functor 


i*  : Sets  = Sh(pt ) — > Sh(S),  E 1 — » (U  1— »■  Morsets([/,  E)) 

is  an  equivalence  of  categories,  and  its  inverse  is  the  functor  z_1  given  above. 
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If  S does  not  contain  a singleton,  then  the  functor  as  defined  above  still  makes 
sense.  To  show  that  it  is  still  an  equivalence  in  this  case,  choose  any  nonempty 
e £ S and  a map  ip  : e -A  e whose  image  is  a singleton.  For  any  sheaf  J-  set 

J'(e)  :=  : T(e)  — > F{e)) 


and  show  that  this  is  a quasi-inverse  to  i*.  Details  omitted. 


OOXB  Remark  7.16.4.  (Set  theoretical  issues  related  to  morphisms  of  topoi.  Skip  on 
a first  reading.)  A morphism  of  topoi  as  defined  above  is  not  a set  but  a class. 
In  other  words  it  is  given  by  a mathematical  formula  rather  than  a mathematical 
object.  Although  we  may  contemplate  the  collection  of  all  morphisms  between  two 
given  topoi,  it  is  not  a good  idea  to  introduce  it  as  a mathematical  object.  On  the 
other  hand,  suppose  C and  V are  given  sites.  Consider  a functor  4>  : C — » Sh(V). 
Such  a thing  is  a set,  in  other  words,  it  is  a mathematical  object.  We  may,  in 
succession,  ask  the  following  questions  on  $. 

(1)  Is  it  true,  given  a sheaf  T on  V,  that  the  rule  U ha  Moi's^xq  ($([/),  T) 
defines  a sheaf  on  C?  If  so,  this  defines  a functor  4>*  : Sh(T>)  -A  Sh(C). 

(2)  Is  it  true  that  has  a left  adjoint?  If  so,  write  $_1  for  this  left  adjoint. 

(3)  Is  it  true  that  d*”1  is  exact? 

If  the  last  question  still  has  the  answer  “yes” , then  we  obtain  a morphism  of  topoi 
(<£>*,  <I>~1).  Moreover,  given  any  morphism  of  topoi  (/*,/-1)  we  may  set  4>({7)  = 
/-1(/i^)  and  obtain  a functor  $ as  above  with  /*  = 4>*  and  /-1  = 4>_1  (compatible 
with  adjoint  property).  The  upshot  is  that  by  working  with  the  collection  of  <f> 
instead  of  morphisms  of  topoi,  we  (a)  replaced  the  notion  of  a morphism  of  topoi 
by  a mathematical  object,  and  (b)  the  collection  of  4)  forms  a class  (and  not  a 
collection  of  classes).  Of  course,  more  can  be  said,  for  example  one  can  work  out 
more  precisely  the  significance  of  conditions  (2)  and  (3)  above;  we  do  this  in  the 
case  of  points  of  topoi  in  Section  |7.31| 


OOXE 


Remark  7.16.5.  (Skip  on  first  reading.)  Let  C and  V be  sites.  A quasi-morphism 
of  sites  / : D A C (see  Remark  7.15.8)  gives  rise  to  a morphism  of  topoi  / from 


Sh(V)  to  Sh(C)  exactly  as  in  Lemma  7.16.2 


7.17.  G-sets  and  morphisms 


04D4  Let  ip  : G — >■  H be  a homomorphism  of  groups.  Choose  (suitable)  sites  Tg  and  Th 
as  in  Example |7. 6. 5|  and  Section [7791  Let  u : Th  — > Tg  be  the  functor  which  assigns 
to  a H- set  U the  G-set  Uv  which  has  the  same  underlying  set  but  G action  defined 
by  g ■ u = tp(g)u.  It  is  clear  that  u commutes  with  finite  limits  and  is  continuous]^] 
Applying  Proposition  7.15.6|  and  Lemma  |7.16.2|  we  obtain  a morphism  of  topoi 

/ : Sh{TG)  — > Sh(TH) 

associated  with  p.  Using  Proposition  we  see  that  we  get  a pair  of  adjoint 

functors 

/*  : G-Sets  — > H-Sets , /-1  : H-Sets  — > G-Sets. 

Let’s  work  out  what  are  these  functors  in  this  case. 


1 Set  theoretical  remark:  First  choose  T// . Then  choose  Tq  to  contain  u(Tu ) and  such  that 
every  covering  in  Th  corresponds  to  a covering  in  Tg-  This  is  possible  by  Sets,  Lemmas  |3.10.1| 


3.10.2  and  3.11.1 
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OOXF 


We  first  work  out  a formula  for  /*.  Recall  that  given  a G-set  S the  corresponding 
sheaf  Ts  on  Tg  is  given  by  the  rule  Ts(U)  = MorG(C7,  S ).  And  on  the  other  hand, 
given  a sheaf  Q on  Th  the  corresponding  H- set  is  given  by  the  rule  Q(hH).  Hence 
we  see  that 

f*S  = Mor G-SetsiiHH)^,  S). 

If  we  work  this  out  a little  bit  more  then  we  get 


f*S  = {a  : H S \ a(gh ) = ga(h)} 

with  left  H- action  given  by  ( h ■ a)(h!)  = a(h'h)  for  any  element  a £ f*S. 

Next,  we  explicitly  compute  /_1.  Note  that  since  the  topology  on  Tg  and  Th  is 
subcanonical,  all  representable  presheaves  are  sheaves.  Moreover,  given  an  object 
V of  Th  we  see  that  f~1hy  is  equal  to  hu/v\  (see  Lemma  7.14.5).  Hence  we  see 
that  f~1S  = S<p  for  representable  sheaves.  Since  every  sheaf  on  Th  is  a coproduct 
of  representable  sheaves  we  conclude  that  this  is  true  in  general.  Hence  we  see  that 
for  any  H- set  T we  have 


/ 


-l 


T = TV. 


The  adjunction  between  / 1 and  /*  is  evidenced  by  the  formula 


Mor c-SetsiTp,  S ) = Mor H-Sets(T,  f*S) 

with  f*S  as  above.  This  can  be  proved  directly.  Moreover,  it  is  then  clear  that 
(/-1,  /*)  form  an  adjoint  pair  and  that  /-1  is  exact.  So  alternatively  to  the  above 
the  morphism  of  topoi  / : G-Sets  -A  H-Sets  can  be  defined  directly  in  this  manner. 


7.18.  More  functoriality  of  presheaves 

In  this  section  we  revisit  the  material  of  Section  17.51  Let  u : C — > V be  a functor 
between  categories.  Recall  that 

v?  : PSh(V)  — » PSh(C) 


is  the  functor  that  associates  to  Q on  V the  presheaf  upQ  = Q o u.  It  turns  out  that 
this  functor  not  only  has  a left  adjoint  (namely  up)  but  also  a right  adjoint. 


Namely,  for  any  V £ Ob(V)  we  define  a category  yl  = yX.  Its  objects  are  pairs 
(U,  ip  : u(U ) — » V).  Note  that  the  arrow  is  in  the  opposite  direction  from  the  arrow 
we  used  in  defining  the  category  X y in  Section  7.5  A morphism  (U,ip)  — > (U1,  ip') 
is  given  by  a morphism  a : U -A  U'  such  that  ip  = ip'  o u(a).  In  addition,  given 
any  presheaf  of  sets  T on  C we  introduce  the  functor  yT  : yXopp  -A  Sets , which  is 
defined  by  the  rule  yJF(U,ip)  = T(U).  We  define 


pu(T)(V)  :=  limvi oPP  VT 

As  a limit  there  are  projection  maps  c(ip)  : pu(T)(V)  — >•  T(U)  for  every  object 
(U,  ip)  of  yX.  In  fact, 

{collections  S(jj^)  £ T(U)  ) 

V/3  : (Ui,ipi)  -A  (U2,ip2)  in  yX\ 
we  have  /3*s(U2^2)  = s(UlM  ) 

where  the  correspondence  is  given  by  s A s(c/,i/>)  = c('0)(s)-  We  leave  it  to  the 
reader  to  define  the  restriction  mappings  pu(T)(V)  -A  pu(T)(V')  associated  to  any 
morphism  V'  — > V of  V.  The  resulting  presheaf  will  be  denoted  puT. 
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Lemma  7.18.1.  There  is  a canonical  map  puIF(u(U))  — ► T(U),  which  is  compat- 
ible with  restriction  maps. 

Proof.  This  is  just  the  projection  map  c(idu(j/))  above.  □ 


Note  that  any  map  of  presheaves  T — > T'  gives  rise  to  compatible  systems  of  maps 
between  functors  yT  -A  yT' , and  hence  to  a map  of  presheaves  puT  —A  puT' . In 
other  words,  we  have  defined  a functor 


pu  : PSh(C)  — > PSh{V) 

Lemma  7.18.2.  The  functor  pu  is  a right  adjoint  to  the  functor  up . In  other 
words  the  formula 

Mor PSh(C)(upG , T)  = Mor PSh,(v)(G , PuT) 
holds  bifunctorially  in  T and  Q . 


Proof.  This  is  proved  in  exactly  the  same  way  as  the  proof  of  Lemma  [7. 5. 4|  We 
note  that  the  map  uppuT  — > T from  Lemma  7.18.1  is  the  map  that  is  used  to  go 
from  the  right  to  the  left. 


Alternately,  think  of  a presheaf  of  sets  T on  C as  a presheaf  J-'  on  Copp  with  values  in 
Setsopp , and  similarly  on  V.  Check  that  {puT)'  = up(T'),  and  that  ( upQ )'  = up(Q'). 
By  Remark  7.5.5  we  have  the  adjointness  of  up  and  up  for  presheaves  with  values 
in  Setsopp.  The  result  then  follows  formally  from  this.  □ 


Thus  given  a functor  u : C — > V of  categories  we  obtain  a sequence  of  functors 

up,  up , pu 

between  categories  of  presheaves  where  in  each  consequtive  pair  the  first  is  left 
adjoint  to  the  second. 

Lemma  7.18.3.  Let  u : C -A  T>  and  v : T>  -A  C be  functors  of  categories.  Assume 
that  v is  right  adjoint  to  u.  Then  we  have 

(1)  uphy  = hv(y ) for  any  V in  V, 

(2)  the  category  1 fj  has  an  initial  object, 

(3)  the  category  yT  has  a final  object, 

(4)  pu  = vp,  and 

(5)  up  = vp. 

Proof.  Proof  of  (1).  Let  V be  an  object  of  V.  We  have  uphy  = hv(y ) because 
uphy(U)  = Morx>(u(E/),  V)  = Morc(f7,  v(V))  by  assumption. 

Proof  of  (2).  Let  U be  an  object  of  C.  Let  rj  : U v(u(U))  be  the  map  adjoint 
to  the  map  id  : u(U)  — >•  u(U).  Then  we  claim  (u(U),rf)  is  an  initial  object  of  Tfj. 
Namely,  given  an  object  (V,<j>  : U — >•  v(V))  oilfj  the  morphism  <j>  is  adjoint  to  a 
map  if  : u{U ) V which  then  defines  a morphism  ( u(U),rj ) —>  (V,<j>). 

Proof  of  (3).  Let  V be  an  object  of  D.  Let  £ : u(v(V))  -A  V be  the  map  adjoint 
to  the  map  id  : v(V)  -A  v(V).  Then  we  calim  (u(P),£)  is  a final  object  of  yT. 
Namely,  given  an  object  : u(U)  — ► V)  of  yT  the  morphism  if  is  adjoint  to  a 

map  (f>  : U -A  v(V)  which  then  defines  a morphism  ( U,ip ) -A  (i>(P),£). 
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Hence  for  any  presheaf  T on  C we  have 


vPJ(V)  = F{v{V)) 


= MorpSh(c)(hv(v)>  F) 

= Mor  psh(C){uphy,F) 

= Mor  pSh(v){.hv,PuT) 

= PuF(V) 

which  proves  part  (2).  Part  (3)  follows  by  the  uniqueness  of  adjoint  functors. 


□ 


Lemma  7.18.4.  A continuous  functor  of  sites  which  has  a continuous  left  adjoint 
defines  a morphism  of  sites. 


Proof.  Let  u : C T>  be  a continuous  functor  of  sites.  Let  w : V — > C be  a 

Hence  u,  = ws  has  a left 


continuous  left  adjoint.  Then  up  = wp  by  Lemma  7.18.3 
adjoint,  namely  ws  (Lemma  |7. 14.3).  Thus  us  has  both  a right  and  a left  adjoint, 
whence  is  exact  (Categories,  Lemma  4.24.51.  □ 


7.19.  Cocontinuous  functors 


There  is  another  way  to  construct  morphisms  of  topoi.  This  involves  using  cocon- 
tinuous functors  between  sites  defined  as  follows. 

Definition  7.19.1.  Let  C and  V be  sites.  Let  u : C — » V be  a functor.  The 
functor  u is  called  cocontinuous  if  for  every  U £ Ob(C)  and  every  covering  {Vj  — t 
u(U)}jeJ  °f  2?  there  exists  a covering  {Ui  — > U}i^j  of  C such  that  the  family  of 
maps  {u(Ui)  — > u(U)}iei  refines  the  covering  {Vj  — > u(U)}jej. 

Note  that  {«([/*)  — > u(C/)}jej  is  in  general  not  a covering  of  the  site  D. 

Lemma  7.19.2.  Let  C and  T>  be  sites.  Let  u : C — > T>  be  cocontinuous.  Let  J-  be 
a sheaf  on  C.  Then  puJ-  is  a sheaf  on  T>,  which  we  will  denote  smJ. 

Proof.  Let  {Vj  — > V}j&j  be  a covering  of  the  site  V.  We  have  to  show  that 

puHV)  — - YlPuHVj)  Vj,) 

is  an  equalizer  diagram.  Since  pu  is  right  adjoint  to  up  we  have 
puJFfV)  = Mor PSh(T>){hv,PuJr)  = Mot PSh(c)  (uphv,  T)  = Mor SKC){{up hv)* , JF) 
Hence  it  suffices  to  show  that 

(7.19.2.1)  I [ uphVjxvVj,  I \uphV]  > uphv 


becomes  a coequalizer  diagram  after  sheafification.  (Recall  that  a coproduct  in 
the  category  of  sheaves  is  the  sheafification  of  the  coproduct  in  the  category  of 
presheaves,  see  Lemma  7.10.13  ) 

We  first  show  that  the  second  arrow  of  ([7.19.2.1 1 becomes  surjective  after  sheafi- 
fication. To  do  this  we  use  Lemma  17.12.21  Thus  it  suffices  to  show  a section  s 
of  uphy  over  U lifts  to  a section  of  {\uphv  on  the  members  of  a covering  of  U. 
Note  that  s is  a morphism  s : u{U ) — > V.  Then  {Vj  Xy,s  u(U ) — ► u(U){  is  a 
covering  of  V.  Hence,  as  u is  cocontinuous,  there  is  a covering  {[/,  — > U}  such  that 
{u(Ui)  — > u(U)}  refines  {Vj  Xy,s  u(U ) — > u(U)}.  This  means  that  each  restriction 
s | : u(Ui)  —>  V factors  through  a morphism  s*  : ufUf)  —>  Vj  for  some  j,  i.e.,  s\jji 
is  in  the  image  of  uphy.{Ui)  — > uphy{Ui)  as  desired. 


7.19.  COCONTINUOUS  FUNCTORS 


299 


OOXL 
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09W7 


Let  s,  s'  £ (II  uphvj)^(U)  map  to  the  same  element  of  (uphv)#(U).  To  finish  the 
proof  of  the  lemma  we  show  that  after  replacing  U by  the  members  of  a covering 
that  s,  s'  are  the  image  of  the  same  section  of  U uphy.  x v.  y.,  by  the  two  maps  of 
(7.19.2.l|).  We  may  first  replace  U by  the  members  of  a covering  and  assume  that 
s £ uphvj{U)  and  s'  £ uphy.,(U).  A second  such  replacement  guarantees  that  s 
and  s'  have  the  same  image  in  uphy(U)  instead  of  in  the  sheafification.  Hence 
s : u{U ) — » Vj  and  s'  : u(U)  —>  Vy  are  morphisms  of  D such  that 

u(U) — ->  Vy 

u 


is  commutative.  Thus  we  obtain  t = {s,s')  : u(U)  — ► Vj  XyVy,  i.e.,  a section 
t £ vPhvjXvV-,  (U)  which  maps  to  s,  s'  as  desired.  □ 

Lemma  7.19.3.  Let  C and  T>  be  sites.  Let  u : C — > T>  be  cocontinuous.  The 
functor  Sh(T>)  — »•  Sh(C),  Q i— > (upG)&  is  a left  adjoint  to  the  functor  su  introduced 
in  Lemma\7.19.£\  above.  Moreover,  it  is  exact. 


Proof.  Let  us  prove  the  adjointness  property  as  follows 


Mor  Sh(C)((upg)*,T)  = Mor  PSh{c){vPQ,F) 

= Mor PSh(v)(G i puF) 
= Mor  Sh(D){G,suF). 


Thus  it  is  a left  adjoint  and  hence  right  exact,  see  Categories,  Lemma  |4.24.5| 
We  have  seen  that  sheafification  is  left  exact,  see  Lemma  7.10.14|  Moreover,  the 


inclusion  i : Sh(V)  — >•  PSh( V)  is  left  exact  by  Lemma  7.10.1  Finally,  the  functor 


up  is  left  exact  because  it  is  a right  adjoint  (namely  to  up ).  Thus  the  functor  is  the 
composition  # o up  o i of  left  exact  functors,  hence  left  exact.  □ 


We  finish  this  section  with  a technical  lemma. 


Lemma  7.19.4.  In  the  situation  of  Lemma 
have  ( upG )*  = ( vP{G *))* . 


7.19.3 


For  any  presheaf  G on  V we 


Proof.  For  any  sheaf  T on  C we  have 
Mor  Sh(C){{up{G*))#,T) 


Mor Sh(V){g* , suF) 
Moi  sh(v)(G*,puF) 
Mor  psh(D)  {GipuF) 
Mor  PSh(C)(,upg,T) 
Mor  Sh(C)((upg)#,F) 


and  the  result  follows  from  the  Yoneda  lemma. 


□ 


Remark  7.19.5.  Let  u : C — > V be  a functor  between  categories.  Given  morphisms 
g : u{U)  — > V and  / : W — > V in  V we  can  define  consider  the  functor 

C°rp  Sets , T ► Morc(T,  U)  xMoit>{u{t)}V)  Mor v(u(T),  W) 
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If  this  functor  is  representable,  denote  U xg,vj  W the  corresponding  object  of 
C.  Assume  that  C and  T>  are  sites.  Consider  the  property  P:  for  every  covering 
{fj  : Vj  -A  V}  of  D and  any  morphism  g : u{U ) — > V we  have 

(1)  U xg,v,fi  Vi  exists  for  all  i,  and 

(2)  {U  xg,vjt  Vi  — > U}  is  a covering  of  C. 

Please  note  the  similarity  with  the  definition  of  continuous  functors.  If  u has  P 
then  u is  cocontinuous  (details  omitted).  Many  of  the  cocontinuous  functors  we 
will  encounter  satisfy  P. 


7.20.  Cocontinuous  functors  and  morphisms  of  topoi 


OOXN  It  is  clear  from  the  above  that  a cocontinuous  functor  u gives  a morphism  of  topoi  in 
the  same  direction  as  u.  Thus  this  is  in  the  opposite  direction  from  the  morphism 
of  topoi  associated  (under  certain  conditions)  to  a continuous  u as  in  Definition 
|7.15.1[  Proposition |7. 15.61  and  Lemma [7.16.2| 

00X0  Lemma  7.20.1.  Let  C and  T>  be  sites.  Let  u : C —>  T>  be  cocontinuous.  The 

functors  g * = su  and  <?_1  = ( up  )#  define  a morphism  of  topoi  g from  Sh(C)  to 

Sh(T>). 

Proof.  This  is  exactly  the  content  of  Lemma  [7. 19. 3[  □ 

03L5  Lemma  7.20.2.  Let  u : C -A  T> , and  v : T>  — > £ be  cocontinuous  functors.  Then 

vo  u is  cocontinuous  and  we  have  h = g o f where  f : Sh(C ) — > Sh(V),  resp. 

g : Sh(V)  — > Sh(£),  resp.  h : Sh(C)  — » Sh(£)  is  the  morphism  of  topoi  associated  to 
u,  resp.  v,  resp.  v o u. 


Proof.  Let  U £ Ob(C).  Let  {Ei  — > v(u(U))}  be  a covering  of  U in  £.  By  as- 
sumption there  exists  a covering  {Dj  — ► u(U)}  in  V such  that  {v(Dj)  — > u(u(t/))} 
refines  {Et  — > v(u(U))}.  Also  by  assumption  there  exists  a covering  {(7;  — > U} 
in  C such  that  {u(Ci)  — > u(U)}  refines  {Dj  — > u{U){.  Then  it  is  true  that 
{v(u(Ci))  — > v(u(U))}  refines  the  covering  {Ei  — ► v(u(U))}.  This  proves  that  vou 
is  cocontinuous.  To  prove  the  last  assertion  it  suffices  to  show  that  svosu  = s(vo u). 
It  suffices  to  prove  that  pv  o pu  = p(v  o u ),  see  Lemma [7.19.2  Since  pu,  resp.  pv, 
resp.  p(v  o u)  is  right  adjoint  to  up , resp.  vp,  resp.  (v  o u)p  it  suffices  to  prove  that 


' o vp  = {v  o u)p.  And  this  is  direct  from  the  definitions. 


□ 


OOXP  Example  7.20.3.  Let  X be  a topological  space.  Let  j : U — >■  X be  the  inclusion 
of  an  open  subspace.  Recall  that  we  have  sites  X 'zar  and  Uzar , see  Example  7.6.4 
Recall  that  we  have  the  functor  u : Xzar  — ► Uzar  associated  to  j which  is  continuous 
and  gives  rise  to  a morphism  of  sites  Uzar  — i ► XZar , see  Example  |7. 15. 2|  This  also 
gives  a morphism  of  topoi  (j*,  j-1)-  Next,  consider  the  functor  v : Uzar  — t Xzar , 

V i-A  v(V)  = V (just  the  same  open  but  now  thought  of  as  an  object  of  Xzar )• 
This  functor  is  cocontinuous.  Namely,  if  v{V)  = Ujej  VJj  is  an  open  covering  in  X , 
then  each  W)  must  be  a subset  of  U and  hence  is  of  the  form  i ’{Vj),  and  trivially 

V = Ujgj  Vj  is  an  open  covering  in  U.  We  conclude  by  Lemma 
there  is  a morphism  of  topoi  associated  to  v 


7.20.1 


above  that 


Sh(U)  — > Sh(X) 

given  by  sv  and  {vp  )#.  We  claim  that  actually  ( vp  = j^1  and  that  = _)*, 

in  other  words,  that  this  is  the  same  morphism  of  topoi  as  the  one  given  above. 
Perhaps  the  easiest  way  to  see  this  is  to  realize  that  for  any  sheaf  Q on  X we  have 
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vpQ(V)  = Q{V)  which  according  to  Sheaves,  Lemma  6.31.1  is  a description  of  j~1G 
(and  hence  sheafification  is  superfluous  in  this  case).  The  equality  of  sv  and  j* 
follows  by  uniqueness  of  adjoint  functors  (but  may  also  be  computed  directly). 


OOXQ  Example  7.20.4.  This  example  is  a slight  generalization  of  Example  7.20.3  Let 
/ : X — > Y be  a continuous  map  of  topological  spaces.  Assume  that  / is  open. 
Recall  that  we  have  sites  Xzar  and  Yzar , see  Example  |7.6.4|  Recall  that  we  have 
the  functor  u : Yzar  — > Xzar  associated  to  / which  is  continuous  and  gives  rise  to 
a morphism  of  sites  Xzar  — > Yzar , see  Example|7.15.2|  This  also  gives  a morphism 
of  topoi  (/*,  f~1)-  Next,  consider  the  functor  v : X 'zar  ->  Yzar,  U v(U)  = f{U). 
This  functor  is  cocontinuous.  Namely,  if  f{U)  = (J jejVj  is  an  open  covering  in 
Y,  then  setting  Uj  = /_1(V))  fl  U we  get  an  open  covering  U = \JUj  such  that 


f(U)  = U f(Uj)  is  a refinement  of  f(U)  = (J  Vj.  We  conclude  by  Lemma  7.20.1 
above  that  there  is  a morphism  of  topoi  associated  to  v 

Sh(X)  — > Sh(Y) 

given  by  sv  and  ( vp  )#.  We  claim  that  actually  ( vp  )#  = /_1  and  that  sv  = /*,  in 
other  words,  that  this  is  the  same  morphism  of  topoi  as  the  one  given  above.  For 
any  sheaf  Q on  Y we  have  vpQ(U)  = G(f(U)).  On  the  other  hand,  we  may  compute 
UpG(U)  = colim f(jj)cvG{V)  = G(f{U))  because  clearly  (f(U),U  C f~1(f(U)))  is 
an  initial  object  of  the  category  Tfi  of  Section  7.5  Hence  up  = vp  and  we  conclude 
/-1  = us  = ( vp  )#.  The  equality  of  sv  and  /*  follows  by  uniqueness  of  adjoint 
functors  (but  may  also  be  computed  directly). 


In  the  first  Example  |7.20.3|  the  functor  v is  also  continuous.  But  in  the  second 
Example  7.20.4  it  is  generally  not  continuous  because  condition  (2)  of  Definition 


7.14.1  may  fail.  Hence  the  following  lemma  applies  to  the  first  example,  but  not  to 
the  second. 


00XR  Lemma  7.20.5.  Let  C and  V be  sites.  Let  u : C — > V be  a functor.  Assume  that 

(a)  u is  cocontinuous,  and 

(b)  u is  continuous. 

Let  g : Sh(C)  — > Sh(V)  be  the  associated  morphism  of  topoi.  Then 

(1)  sheafification  in  the  formula  g_1  = ( up  )#  is  unnecessary,  in  other  words 
g-_1(G){U)  = G(u{U)), 

(2)  g 1 has  a left  adjoint  g\  = ( up  )&,  and 

(3)  g _1  commutes  with  arbitrary  limits  and  colimits. 

Proof.  By  Lemma  [7. 14. 2|  for  any  sheaf  Q on  T>  the  presheaf  upQ  is  a sheaf  on  C. 
And  then  we  see  the  adjointness  by  the  following  string  of  equalities 

7AoYSh(c)(X,g~1G)  = Mor  PSh(C)(X,upG) 

= MoTpshCD^UpJ7^) 

= Mor  sh(v)(g<F,G) 

The  statement  on  limits  and  colimits  follows  from  the  discussion  in  Categories, 
Section  14.241  □ 


In  the  situation  of  Lemma  [7.20.5|  above  we  see  that  we  have  a sequence  of  adjoint 
functors 

9\ > 9*- 
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The  functor  g\  is  not  exact  in  general,  because  it  does  not  transform  a final  object 
of  Sh(C)  into  a final  object  of  Sh(D)  in  general.  See  Sheaves,  Remark  6.31.13  On 


the  other  hand,  in  the  topological  setting  of  Example  |7.20.3|  the  functor  j\  is  exact 
on  abelian  sheaves,  see  Modules,  Lemma  17.3.4 
generalization  to  the  case  of  sites. 


The  following  lemma  gives  the 


Lemma  7.20.6.  Let  C and  T>  be  sites.  Let  u : C — ► T>  be  a functor.  Assume  that 

(a)  u is  cocontinuous, 

(b)  u is  continuous,  and 

(c)  fibre  products  and  equalizers  exist  in  C and  u commutes  with  them. 

In  this  case  the  functor  g<  above  commutes  with  fibre  products  and  equalizers  (and 
more  generally  with  finite  connected  limits). 


Proof.  Assume  (a),  (b),  and  (c).  We  have  g<  = (up  )#.  Recall  (Lemma  7.10.1) 
that  limits  of  sheaves  are  equal  to  the  corresponding  limits  as  presheaves.  And 
sheafification  commutes  with  finite  limits  (Lemma  |7.10.14 1 . Thus  it  suffices  to 
show  that  Up  commutes  with  fibre  products  and  equalizers.  To  do  this  it  suffices 
that  colimits  over  the  categories  (Xy)opp  of  Section  7.5  commute  with  fibre  products 
and  equalizers.  This  follows  from  Lemma  7.5.1  and  Categories,  Lemma  4.19.8  □ 


The  following  lemma  deals  with  a case  that  is  even  more  like  the  morphism  associ- 
ated to  an  open  immersion  of  topological  spaces. 

00XT  Lemma  7.20.7.  Let  C and  V be  sites.  Let  u : C — > V be  a functor.  Assume  that 

(a)  u is  cocontinuous, 

(b)  u is  continuous,  and 

(c)  u is  fully  faithful. 

For  , <?*  as  above  the  canonical  maps  T — > g~1g\Jr  and  g~1g*Jr  -A  T are 

isomorphisms  for  all  sheaves  T on  C. 


Proof.  Let  X be  an  object  of  C.  In  Lemmas  |7.19.2|  and  |7.20.5|  we  have  seen  that 
sheafification  is  not  necessary  for  the  functors  g-1  = (■ up  )#  and  g*  = (pu  )#.  We 
may  compute  (g~1g* F){X)  = g*F(u(X))  = limJr(F).  Here  the  limit  is  over  the 
category  of  pairs  ( Y,u(Y ) — ► u(X))  where  the  morphisms  u(Y)  — > u(X)  are  not 
required  to  be  of  the  form  u(a)  with  a a morphism  of  C.  By  assumption  (c)  we  see 
that  they  automatically  come  from  morphisms  of  C and  we  deduce  that  the  limit 
is  the  value  on  (X,  u(idx)),  he.,  X(X).  This  proves  that  g~1g*F  = T . 

On  the  other  hand,  (g~1g\T)(X)  = g\F(u{X))  = (upF)# (u(X)) , and  upfF{u(X))  = 
colimJr(y).  Here  the  colimit  is  over  the  category  of  pairs  ( Y,u(X ) — » u(Y))  where 
the  morphisms  u( X)  — > u(Y)  are  not  required  to  be  of  the  form  u(a)  with  a a 
morphism  of  C.  By  assumption  (c)  we  see  that  they  automatically  come  from 
morphisms  of  C and  we  deduce  that  the  colimit  is  the  value  on  (X,  Tt(idx))>  he., 
T(X).  Thus  for  every  X e Ob(C)  we  have  upF{u{X))  = T(X).  Since  u is  co- 
continuous and  continuous  any  covering  of  u(X)  in  V can  be  refined  by  a covering 
(!)  {u(Xj)  — >•  u(X)}  of  V where  {W  — > X}  is  a covering  in  C.  This  implies  that 
(upF)+ (u(X))  = F(X)  also,  since  in  the  colimit  defining  the  value  of  ( upF)+  on 
u( X)  we  may  restrict  to  the  cofinal  system  of  coverings  {u(Xj)  -A  u(X)}  as  above. 
Hence  we  see  that  ( upF)+(u(X ))  = F(X)  for  all  objects  X of  C as  well.  Repeat- 
ing this  argument  one  more  time  gives  the  equality  (upF)# (u(X))  = X(X)  for  all 
objects  X of  C.  This  produces  the  desired  equality  g~1g<Jr  = T . □ 
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Finally,  here  is  a case  that  does  not  have  any  corresponding  topological  example. 
We  will  use  this  lemma  to  see  what  happens  when  we  enlarge  a “partial  universe” 
of  schemes  keeping  the  same  topology.  In  the  situation  of  the  lemma,  the  morphism 
of  topoi  g : Sh{C)  — ► Sh(V)  identifies  Sh(C ) as  a subtopos  of  Sh(T>)  (Section  7.42) 
and  moreover,  the  given  embedding  has  a retraction. 


OOXU  Lemma  7.20.8.  Let  C and  T>  be  sites.  Let  u : C — >■  T>  be  a functor.  Assume  that 

(a)  u is  cocontinuous, 

(b)  u is  continuous, 

(c)  u is  fully  faithful, 

(d)  fibre  products  exist  in  C and  u commutes  with  them,  and 

(e)  there  exist  final  objects  ec  £ Ob(C),  ex>  £ Ob(T>)  such  that  u{ec ) = e-p. 

Let  g\,g~x,g*  be  as  above.  Then,  u defines  a morphism  of  sites  f : T>  — >■  C with 
/*  = g~l,  /-1  = g\.  The  composition 


Sh(C)  — U-  Sh(T>)  — U-  Sh(C) 


is  isomorphic  to  the  identity  morphism  of  the  topos  Sh(C).  Moreover,  the  functor 
/-1  is  fully  faithful. 


Proof.  By  assumption  the  functor  u satisfies  the  hypotheses  of  Proposition  7.15.6 


Hence  u defines  a morphism  of  sites  and  hence  a morphism  of  topoi  / as  in  Lemma 
7.16.2  The  formulas  /*  = g~x  and  f~x  = g\  are  clear  from  the  lemma  cited  and 
Lemma  7.20.5  We  have  /*  o = g -1  o g*  = id,  and  g~x  o J”1  = g~x  o g,  = id  by 
Lemma 


7.20.7 


We  still  have  to  show  that  / 1 is  fully  faithful.  Let  T , Q £ Ob(S7i(C)).  We  have  to 
show  that  the  map 

Mor5fc(c)(j r,S)  — > Mor^jC 

is  bijective.  But  the  right  hand  side  is  equal  to 

Mor s^(p)(/_1Jr,  f~1G)  = Mors^(c)(/*/_1Jr ,Q) 

= MorS/j(c)  {g~1f~1Jr , Q) 

= Mor  Sh(C)(JF,G) 

(the  first  equality  by  adjunction)  which  proves  what  we  want.  □ 


OOXV  Example  7.20.9.  Let  X be  a topological  space.  Let  i : Z — > X be  the  inclusion 
of  a subset  (with  induced  topology).  Consider  the  functor  u : Xzar  —>  Zzar , 
U i-A  u(U)  = ZnU.  At  first  glance  it  may  appear  that  this  functor  is  cocontinuous 
as  well.  After  all,  since  Z has  the  induced  topology,  shouldn’t  any  covering  of  U n Z 
it  come  from  a covering  of  U in  XI  Not  so!  Namely,  what  if  UnZ  = 0?  In  that  case, 
the  empty  covering  is  a covering  of  U DZ,  and  the  empty  covering  can  only  be  refined 
by  the  empty  covering.  Thus  we  conclude  that  u cocontinuous  =>  every  nonempty 
open  U of  X has  nonempty  intersection  with  Z.  But  this  is  not  sufficient.  For 
example,  if  X = R the  real  number  line  with  the  usual  topology,  and  Z = R\  {0}, 
then  there  is  an  open  covering  of  Z , namely  Z = {x  < 0}  U (J „{l/?i  < x}  which 
cannot  be  refined  by  the  restriction  of  any  open  covering  of  X. 
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OOXW 

OOXX 


OOXY 

08NG 

08NH 


7.21.  Cocontinuous  functors  which  have  a right  adjoint 

It  may  happen  that  a cocontinuous  functor  u has  a right  adjoint  v.  In  this  case  it 
is  often  the  case  that  v is  continuous,  and  if  so,  then  it  defines  a morphism  of  topoi 
(which  is  the  same  as  the  one  defined  by  u). 

Lemma  7.21.1.  Let  C and  T>  be  sites.  Let  u : C — > T>,  and  v : V — » C be 
functors.  Assume  that  u is  cocontinuous , and  that  v is  a right  adjoint  to  u.  Let 
g : Sh(C)  — > Sh(D ) be  the  morphism  of  topoi  associated  to  u,  see  Lemma  7.20.1 
Then  g*F  is  equal  to  the  presheaf  vp F , in  other  words,  {g*F)(V)  = F(v(V)). 


Proof.  We  have  uphy  = hv(y\  by  Lemma  7.18.3  By  Lemma  7.19.4  this  implies 
that  3_1(/iy)  = ( uphy )#  = ( uphv )#  = Hence  for  any  sheaf  F on  C we  have 

{g*F){V)  = Mor  sh(D)(h*,g*F) 

= Mor  Sh(C)(g-1(h*),J:) 

= Mor  Sh(C)(h*V),F) 

= Hv{v)) 

which  proves  the  lemma.  □ 


In  the  situation  of  Lemma  17.21.11  we  see  that  vp  transforms  sheaves  into  sheaves. 
Hence  we  can  define  vs  = vp  restricted  to  sheaves.  Just  as  in  Lemma  17.14.31  we  see 
that  vs  : Q i — ^ ivpQ )&  is  a left  adjoint  to  vs.  On  the  other  hand,  we  have  vs  = g * 
and  g~1  is  a left  adjoint  of  g * as  well.  We  conclude  that  g~x  = vs  is  exact. 

Lemma  7.21.2.  In  the  situation  of  Lemma  7.21.1  We  have  g*  = Vs  = vp  and 


In  the  situation  of  Lemma  7.2a 
g~Y=vs  = (vp  )*.  Ifv  is  continuous  then  v defines  a morphism  of  sites  f from 
C to  V whose  associated  morphism  of  topoi  is  equal  to  the  morphism  g associated 
to  the  cocontinuous  functor  u.  In  other  words , a continuous  functor  which  has  a 
cocontinuous  left  adjoint  defines  a morphism  of  sites. 

Proof.  Clear  from  the  discussion  above  the  lemma  and  Definitions  17.15.11  and 
Lemma  17.16.21  □ 

7.22.  Cocontinuous  functors  which  have  a left  adjoint 

It  may  happen  that  a cocontinuous  functor  u has  a left  adjoint  w. 

Lemma  7.22.1.  Let  C and  T>  be  sites.  Let  g : Sh(C)  — >•  Sh(fD)  be  the  morphism  of 
topoi  associated  to  a continuous  and  cocontinuous  functor  u : C — )•  D,  see  Lemmas 
7.20. 1\  and\7W5 

(1)  If  w : T>  — »•  C is  a left  adjoint  to  u,  then 

(a)  g\J-  is  the  sheaf  associated  to  the  presheaf  wpT , and 

(b)  g\  is  exact. 

(2)  if  w is  a continuous  left  adjoint,  then  g\  has  a left  adjoint. 

(3)  If  w is  a cocontinuous  left  adjoint,  then  g\  = h_1  and  g ~1  = /i*  where 
h : Sh{T>)  — > Sh(C)  is  the  morphism  of  topoi  associated  to  w. 

Proof.  Recall  that  g\T  is  the  sheafification  of  upT . Hence  (l)(a)  follows  from  the 


fact  that  up  — wp  by  Lemma  7.18.3 


To  see  (l)(b)  note  that  g\  commutes  with  all  colimits  as  g\  is  a left  adjoint  (Cat- 
egories, Lemma  4.24.4).  Let  i Fj  be  a finite  diagram  in  Sh(C).  Then  lim  Ft  is 
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computed  in  the  category  of  presheaves  (Lemma  |7. 10.1 1.  Since  wp  is  a right  ad- 
joint (Lemma  7.5.41  we  see  that  wPlimJ-)  = lirn  wpT% . Since  sheafification  is  exact 


(Lemma  7.10.14)  we  conclude  by  (l)(a). 

nP  )*  = w 


Assume  w is  continuous.  Then  g\  = ( wp  )*  = ws  but  sheafification  isn’t  necessary 
and  one  has  the  left  adjoint  ws,  see  Lemmas  |7.14.2  and  7.14.3| 


Assume  w is  cocontinuous.  The  equality  g\  = h -1  follows  from  (l)(a)  and  the  defi- 
nitions. The  equality  g~l  = h*  follows  from  the  equality  g\  = ft-1  and  uniqueness 
of  adjoint  functor.  Alternatively  one  can  deduce  it  from  Lemma|7.21.1[  □ 


7.23.  Existence  of  lower  shriek 


09YW  In  this  section  we  discuss  some  cases  of  morphisms  of  topoi  / for  which  / 1 has  a 
left  adjoint  ft. 

09YX  Lemma  7.23.1.  LetC,  V be  two  sites.  Let  f : Sh(T>)  — > Sh(C ) be  a morphism  of 
topoi.  Let  E C Ob  (V)  be  a subset  such  that 

(1)  forV  € E there  exists  a sheaf  G onC  such  that  f~lT{V)  = Mor sh(C)(S1E) 
functorially  for  E in  Sh(C), 

(2)  every  object  ofV  has  a covering  by  objects  of  E. 

Then  /-1  has  a left  adjoint  ft. 


Proof.  By  the  Yoneda  lemma  (Categories,  Lemma|4.3.5|)  the  sheaf  Gv  correspond- 
ing to  V £ £ is  defined  up  to  unique  isomorphism  by  the  formula  f~lE(V)  = 
Mor sh(C)(Gv,E).  Recall  that  f~1E(V)  = MorSh(v){h*,  f~l F).  Denote  iy  : hf  ->■ 
f~xGv  the  map  corresponding  to  id  in  Mor (Gv,Gv)-  Functoriality  in  (1)  implies 
that  the  bijection  is  given  by 

Mor sh{C)(Gv,F)  ->  Mor Sh(V){h^,  f~xT),  tp  /"V°*v 
For  any  Vi , V2  € E there  is  a canonical  map 

MorSh{V)  ( h*2  Homsh(c)  ( Gv2 , Qv1 ) , V ^ f\  (t) 

which  is  characterized  by  f~1{f<.(p))  o iy2  = iVl  o ip.  Note  that  ip  >->■  f\(tp)  is 
compatible  with  composition;  this  can  be  seen  directly  from  the  characterization. 
Hence  hy  >-)•  Gv  and  tp  >->•  f< ip  is  a functor  from  the  full  subcategory  of  Sh(V)  whose 
objects  are  the  hy. 

Let  J be  a set  and  let  J — > E,  j Vj  be  a map.  Then  we  have  a functorial  bijection 

MorSMC)  (]l  GVj , T)  — > MorSft(P)  ([]  h*  , f^E) 

using  the  product  of  the  bijections  above.  Hence  we  can  extend  the  functor  /1  to 
the  full  subcategory  of  Sh(T>)  whose  objects  are  coproducts  of  hy  with  V £ E. 

Given  an  arbitrary  sheaf  TL  on  T>  we  choose  an  coequalizer  diagram 

TLi  r~  Tin TL 


where  TLi  = Uh*  is  a coproduct  with  Vl  ;j  £ E.  This  is  possible  by  assumption 
(2),  see  Lemma [7. 13. 5 (for  those  worried  about  set  theoretical  issues,  note  that  the 
construction  given  in  Lemma  7.13.5|is  canonical).  Define  f\{TL)  to  be  the  sheaf  on 
C which  makes 

/!?*i  
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OOXZ 


00  YO 


03CD 


Then 

Mor(/i'H,.77)  = Equalizer(  Mor(f\'Ho,  J~)  / F)  ) 

= Equalizer(  Mor(%0,  /_1.F)  f Mor("Hi,  Z-1^7)  ) 

= HomCH,  f-1  T) 

Hence  we  see  that  we  can  extend  f\  to  the  whole  category  of  sheaves  on  V.  □ 


7.24.  Localization 


Let  C be  a site.  Let  U G Ob (C).  See  Categories,  Example  4.2.13  for  the  definition 
of  the  category  C/U  of  objects  over  U.  We  turn  C/U  into  a site  by  declaring  a 
family  of  morphisms  {Vj  — >■  V}  of  objects  over  U to  be  a covering  of  C/U  if  and 
only  if  it  is  a covering  in  C.  Consider  the  forgetful  functor 

ju  : C/U  — ► C. 


This  is  clearly  cocontinuous  and  continuous.  Hence  by  the  results  of  the  previous 
sections  we  obtain  a morphism  of  topoi 


ju  ■ Sh(C/U ) — > Sh{C) 
given  by  j fj1  and  ju*,  as  well  as  a functor  ju\- 

Definition  7.24.1.  Let  C be  a site.  Let  U G Ob(C). 

(1)  The  site  C/U  is  called  the  localization  of  the  site  C at  the  object  U. 

(2)  The  morphism  of  topoi  ju  ■ Sh(C/U ) —>  Sh(C)  is  called  the  localization 
morphism. 

(3)  The  functor  ju * is  called  the  direct  image  functor. 

(4)  For  a sheaf  T on  C the  sheaf  jfjlT  is  called  the  restriction  of  T to  C/U . 

(5)  For  a sheaf  Q on  C/U  the  sheaf  ju\G  is  called  the  extension  of  Q by  the 
empty  set. 


The  restriction  jfjXT  is  the  sheaf  defined  by  the  rule  j[j1J7(X/[/)  = T(X)  as 
expected.  The  extension  by  the  empty  set  also  has  a very  easy  description  in  this 
case;  here  it  is. 

Lemma  7.24.2.  Let  C be  a site.  Let  U G Ob(C).  Let  Q be  a presheaf  on  C/U . 
Then  ju\{G #)  is  the  sheaf  associated  to  the  presheaf 


Hi 


H 


Q(v  A u ) 


L^GMor  c(V,U) 

with  obvious  restriction  mappings. 

we  have  ju\(G #)  = ((ju)PG#r-  By  Lemma 


Proof.  By  Lemma 


7.20.5 


7.14.4 


this 


is  equal  to  {{ju)PG)* ■ Hence  it  suffices  to  prove  that  ( ju)P  is  given  by  the  formula 
above  for  any  presheaf  G on  C/U . OK,  and  by  the  definition  in  Section  7.5  we  have 

( ju)PG(V ) = coYrm^/uy^-w)  G(W) 


Now  it  is  clear  that  the  category  of  pairs  ( W/U , V — ► W)  has  an  object  Ov  = (cp  : 
V — > U,  id  : V — > V)  for  every  ip  : V — ► U,  and  moreover  for  any  object  there  is  a 
unique  morphism  from  one  of  the  Ov  into  it.  The  result  follows.  □ 


Lemma  7.24.3.  Let  C be  a site.  Let  U G Ob(C).  Let  X/U  be  an  object  of  C/U. 
Then  we  have  jm{tix/u)  — h x ■ 


03HU 
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Proof.  Denote  p : X -A  U the  structure  morphism  of  X.  By  Lemma [7 . 24 . 2 1 we  see 
ju\{hx/ u)  is  the  sheaf  associated  to  the  presheaf 

V i — > TT  W)  : V — > X I p o ip  = tp} 

This  is  clearly  the  same  thing  as  More (P,  A”).  Hence  the  lemma  follows.  □ 

We  have  ju\  (*)  = hf)  by  either  of  the  two  lemmas  above.  Hence  for  every  sheaf 
Q over  C/U  there  is  a canonical  map  of  sheaves  jjj\Q  — > hf, ■ This  characterizes 
sheaves  in  the  essential  image  of  ju\- 

00Y1  Lemma  7.24.4.  Let  C be  a site.  Let  U £ Ob(C).  The  functor  jui  gives  an 
equivalence  of  categories 

Sh(C/U)  — + Sh(C)/h* 

Proof.  We  explain  how  to  get  a functor  from  Sh{C)/hf/  to  Sh(C/U).  Suppose 
that  tp  : F — > tiff  is  given.  For  any  object  a : X -A  U of  C/U  we  consider 
the  set  Flp(X  — > U)  of  elements  s £ X{X)  which  under  p map  to  the  image  of 
a £ Moi'e(A,  U)  = hjj{X)  in  hf^(X).  It  is  easy  to  see  that  (A  — >•  C7)  i — >•  Jrip( X —t  U) 
is  a sheaf  on  C/U . The  verification  that  (F,  ip)  e- > Fv  is  an  inverse  to  the  functor 
ju\  is  omitted.  □ 


The  lemma  says  the  functor  jjj\  is  the  composition 

Sh{C/U)  ->  Sh(C)/h*  Sh{C) 
where  the  first  arrow  is  an  equivalence. 

04BB  Lemma  7.24.5.  Let  C be  a site.  Let  U £ Ob(C).  The  functor  ju\  commutes  with 
with  fibre  products  and  equalizers  (and  more  generally  finite  connected  limits).  In 
particular,  if  T C T'  in  Sh(C/U),  then  j\j\T  C ju\T' . 


03EE 


03EH 


Proof.  This  follows  from  the  fact  that  an  isomorphism  of  categories  commutes 
with  all  limits  and  the  functor  Sh(C)/hf(  — > Sh{C)  commutes  with  fibre  products 
and  equalizers.  Alternatively,  one  can  prove  this  directly  using  the  description  of 
ju\  in  Lemma  7.24.2  using  that  sheafification  is  exact.  (Also,  in  case  C has  fibre 
products  and  equalizers,  the  result  follows  from  Lemma  7.20.6  ) □ 


Lemma  7.24.6.  Let  C be  a site.  Let  U £ Ob(C).  For  any  sheaf  T on  C we  have 
jmjjj  F = J-  x h# . 


Proof.  This  is  clear  from  the  description  of  jjj\  in  Lemma [7. 24. 2 

Lemma  7.24.7.  Let  C be  a site.  Let  f : V — )•  U be  a morphism  of  C. 
exists  a commutative  diagram 


□ 

Then  there 


C 


of  cocontinuous  functors.  Here  j : C/V  C/U , (a  : W — > V)  (/  o a : W — » U) 
is  identified  with  the  functor  jy/u  '■  (C/E7)/(V/17)  —>  C/U  via  the  identification 
(C/U)/(V/U)  = C/V.  Moreover  we  have  jy\  = jjj\  o j\,  jy  = j~l  o jff1 , and 
jv*  = ju*  ° j*  ■ 
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Proof.  The  commutativity  of  the  diagram  is  immediate.  The  agreement  of  j with 
jv/u  follows  from  the  definitions.  By  Lemma  7.20.2  we  see  that  the  following 
diagram  of  morphisms  of  topoi 


Sh(C/V) 


Sh(C/U) 


04IK  (7.24.7.1) 


Sh{C) 


is  commutative.  This  proves  that  jy1  = j 1 o jjj1  and  jy * = ju*  ° j*.  The  equality 
jy\  = jjj\  o j\  follows  formally  from  adjointness  properties.  □ 


04IL  Lemma  7.24.8.  Notation  C,  f : V 


U,  ju,  jv,  and  j as  in  Lemma  7.24-7 
Via  the  identifications  Sh(C/V)  = Sh(C)/h y and  Sh(C/U ) = Sh{C)/hfj  of  Lemma 
7.24-4  the  functor  j-1  has  the  following  description 

h*). 


j 1(fH  — > hfj)  — i/H  toy 


# c hfi  — > 


Proof.  Suppose  that  (p  : 7~L  — > hfj  is  an  object  of  Sh(C)/hfj.  By  the  proof  of 
Lemma  7.24.4  this  corresponds  to  the  sheaf  on  C/U  defined  by  the  rule 

(a  : W ^ U)  i — » {s  G U(W)  \ <p{s)  = a} 

on  C/U.  The  pullback  j-1?^  to  C/V  is  given  by  the  rule 

(a  : W — ► V)  i — » {s  € T-L(W)  \ (p(s)  = f o a} 

by  the  description  of  j-1  = jf,v  as  the  restriction  of  Tip  to  C/V . On  the  other 
hand,  applying  the  rule  to  the  object 


W —1-L  xv,h#j  h* 


h* 


of  Sh(C)/hy  we  get  given  by 

(a:W—>V)  e H'(W)  \ ip' {s')  = a} 

={(s,  a')  £ 7~L{W)  x Ky{W)  \ a'  = a and  (p{s)  = / o a'} 
which  is  exactly  the  same  rule  as  the  one  describing  j~17-fp  above. 


□ 


0494 


Remark  7.24.9.  Localization  and  presheaves.  Let  C be  a category.  Let  U be  an 
object  of  C.  Strictly  speaking  the  functors  j/j  , ju * and  ju\  have  not  been  defined 
for  presheaves.  But  of  course,  we  can  think  of  a presheaf  as  a sheaf  for  the  chaotic 
topology  on  C (see  Example  7.6.6).  Hence  we  also  obtain  a functor 

j/}1  : PSh(C)  — > PSh(C/U) 

and  functors 

ju*,ju\  ■ PSh(C/U)  — » PSh(C) 
which  are  right,  left  adjoint  to  jfi1.  By  Lemma 


presheaf 


7.24.2 


we  see  that  ju\G  is  the 


V^\\  G{V^U) 

J— ( V,U ) 

In  addition  the  functor  ju\  commutes  with  fibre  products  and  equalizers. 
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09W8  Remark  7.24.10.  Let  C be  a site.  Let  U — > V be  a morphism  of  C.  The  cocon- 
tinuous  functors  C/U  — >•  C and  j : C/U  — >•  C/V  (Lemma  7.24.7)  satisfy  property 
P of  Remark|7.19.5  For  example,  if  we  have  objects  (X/U),  (W/V),  a morphism 
g : j(X/U)  -A  (W/V),  and  a covering  {/;  : (Wi/V)  -»  (W/V)}  then  (X  xwWt/U) 
is  an  avatar  of  (X/U)  xg,(w/v),fi  (Wi/V)  and  the  family  {(X  XwWi/U)  — ► (X/U)} 
is  a covering  oi  C/U. 


7.25.  Glueing  sheaves 

04TP  This  section  is  the  analogue  of  Sheaves,  Section  [6.33[ 

04TQ  Lemma  7.25.1.  Let  C be  a site.  Let  {Ui  — >•  C/ } be  a covering  of  C.  Let  P Q be 
sheaves  onC.  Given  a collection 


Vi  '■  Ac/Ui  * G\ C/Ui 

of  maps  of  sheaves  such  that  for  all  i,j  £ I the  maps  ViiVj  restrict  to  the  same 
map  P\c/Ui xvUj  — i ► G\ c/UiXuUj  then  there  exists  a unique  map  of  sheaves 

V '■  F\c/u  — > G\c/u 

whose  restriction  to  each  C/Ui  agrees  with  <pi. 


Proof.  Omitted.  Note  that  the  restrictions  are  always  those  of  Lemma  7.24.7  □ 


The  previous  lemma  implies  that  given  two  sheaves  P , Q on  a site  C the  rule 

U I ¥ MoTsh(c/u)(F\c/Ui  G\c/u) 

defines  a sheaf.  This  is  a kind  of  internal  horn  sheaf.  It  is  seldom  used  in  the 
setting  of  sheaves  of  sets,  and  more  usually  in  the  setting  of  sheaves  of  modules, 
see  Modules  on  Sites,  Section  [l8.27| 

Let  C be  a site.  Let  {[/»—►  E/}ie/  be  a covering  of  C.  For  each  i £ I let  p be  a 
sheaf  of  sets  on  C/Ui.  For  each  pair  i,j  £ /,  let 

<Pij  : Filc/UiXuUj  t F ilc/UiXvUj 

be  an  isomorphism  of  sheaves  of  sets.  Assume  in  addition  that  for  every  triple  of 
indices  i,j,  k £ I the  following  diagram  is  commutative 

Filc/UtXuUjXuUk  ~^~k \c /UiXuU jXuUk 


F i\c/UiXuUjXuUk 

We  will  call  such  a collection  of  data  (Pi,  pij)  a glueing  data  for  sheaves  of  sets  with 
respect  to  the  covering  {Ui  — »• 

04TR  Lemma  7.25.2.  Let  C be  a site.  Let  {Ui  -A  U}i^i  be  a covering  ofC.  Given  any 
glueing  data  (Pi,<Pij)  for  sheaves  of  sets  with  respect  to  the  covering  {Ui  — > U}i£i 
there  exists  a sheaf  of  sets  P on  C/U  together  with  isomorphisms 

Vi  '■  P\c/Ui  _■ y -Fi 
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such  that  the  diagrams 

C/UiXuUj  {pi  ^ Filc/UiXuUj 
id  *Pi  j 

C fj 

F\c/UiXuUj  ^ Fj\c/uiXuUj 

are  commutative. 


Proof.  Let  us  describe  how  to  construct  the  sheaf  T on  C/U.  Let  a : V — X U be 
an  object  of  C/U.  Then 

Tiy/U)  = {(Sj)ieJ  S {U  XLr  V/Ui ) | PijiSiluiXuUjXuv)  = SjlUiXuUjXuv} 

iei 

We  omit  the  construction  of  the  restriction  mappings.  We  omit  the  verification 
that  this  is  a sheaf.  We  omit  the  construction  of  the  isomorphisms  (pi , and  we  omit 
proving  the  commutativity  of  the  diagrams  of  the  lemma.  □ 


Let  C be  a site.  Let  {Ui  — x be  a covering  of  C.  Let  J7  be  a sheaf  on  C/U. 

Associated  to  T we  have  its  canonical  glueing  data  given  by  the  restrictions  F\c /Ui 
and  the  canonical  isomorphisms 

{F\c/Ui)  I C/UtXuUj  = wl C/Uj)  | C/UiXuUj 

coming  from  the  fact  that  the  composition  of  the  functors  C/U  Xy  Uj  -A  C/Ui  — x 
C/U  and  C/U  Xp  Uj  — x C/Uj  C/U  are  equal. 

04TS  Lemma  7.25.3.  Let  C he  a site.  Let  {U  —X  U}i^j  be  a covering  ofC.  The  category 
Sh(C/U)  is  equivalent  to  the  category  of  glueing  data  via  the  functor  that  associates 
to  J-  on  C /U  the  canonical  glueing  data. 


Proof.  In  Lemma  [7.25. 1|  we  saw  that  the  functor  is  fully  faithful,  and  in  Lemma 


7.25.2  we  proved  that  it  is  essentially  surjective  (by  explicitly  constructing  a quasi- 
inverse functor).  □ 


7.26.  More  localization 


04IM  In  this  section  we  prove  a few  lemmas  on  localization  where  we  impose  some  addi- 
tional hypotheses  on  the  site  on  or  the  object  we  are  localizing  at. 

03HT  Lemma  7.26.1.  LetC  be  a site.  Let  U £ Ob(C).  If  the  topology  onC  is  subcanon- 


ical,  see  Definition  7.13.2.  and  if  Q is  a sheaf  on  C/U , then 

*,,<6)00  = 

in  other  words  sheafification  is  not  necessary  in  Lemma\7.2/.2\ 

Proof.  Let  V = {V)  — X V }i^i  be  a covering  of  V in  the  site  C.  We  are  going  to  check 
the  sheaf  condition  for  the  presheaf  TL  of  Lemma  7.24.2  directly.  Let  (si,ipi)i£i  £ 
ILWi).  This  means  : V)  — x 1/  is  a morphism  in  C,  and  Sj  £ Q{Vi  U).  The 
restriction  of  the  pair  to  V)  Xy  Vj  is  the  pair  (si\y.Xvy. .m,  prx  o ipf),  and 

likewise  the  restriction  of  the  pair  (sj,  g>j)  to  ViXyVj  is  the  pair  {sj\yiXvy. /u,  pr2  ° 
<Pj).  Hence,  if  the  family  (si,ipi)  lies  in  then  we  see  that  prx  o ipi  = 

pr2o  ipj . The  condition  that  the  topology  on  C is  weaker  than  the  canonical  topology 
then  implies  that  there  exists  a unique  morphism  tp  : V —X  U such  that  g>i  is  the 
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composition  of  Vi  — > V with  ip.  At  this  point  the  sheaf  condition  for  Q guarantees 
that  the  sections  s,  glue  to  a unique  section  s € Q(V  U).  Hence  (s,tp)  € H(V) 
as  desired.  □ 


03CE  Lemma  7.26.2.  Let  C be  a site.  Let  U € Ob(C).  Assume  C has  products  of  pairs 
of  objects.  Then 

(1)  the  functor  ju  has  a continuous  right  adjoint,  namely  the  functor  v(X)  = 
X x U/U, 

(2)  the  functor  v defines  a morphism  of  sites  C/U  — > C whose  associated 
morphism  of  topoi  equals  ju  : Sh(C/U)  — > Sh(C),  and 

(3)  we  have  ju*X(X)  = X(X  x U/U). 


Proof.  The  functor  v being  right  adjoint  to  ju  means  that  given  Y/U  and  X we 
have 


Morc (Y,  X)  = Mor C/u(Y/U,X  x U/U) 

which  is  clear.  To  check  that  v is  continuous  let  {Xj  — > X}  be  a covering  of  C.  By 
the  third  axiom  of  a site  (Definition  7.6. 2\  we  see  that 


{Xi  x x (X  x U)  -A  X xx  ( X x U)}  = {X,  x U -A  X x U} 


is  a covering  of  C also.  Hence  v is  continuous.  The  other  statements  of  the  lemma 
follow  from  Lemmas  17.21.11  and  I7.21.2l  □ 


09W9 


Lemma  7.26.3.  Let  C be  a site.  Let  U -A  V be  a morphism  of  C.  Assume  C has 
fibre  products.  Let  j be  as  in  Lemma |7.£^.7t  Then 

(1)  the  functor  j : C/U  -A  C/V  has  a continuous  right  adjoint,  namely  the 
functor  v : (X/V)  a(Xxv  U/U), 

(2)  the  functor  v defines  a morphism  of  sites  C/U  -A  C/V  whose  associated 
morphism  of  topoi  equals  j , and 

(3)  we  have  j*X(X/U)  = X(X  xy  U/U). 


Proof.  Follows  from  Lemma|7. 26. 2| since  j may  be  viewed  as  a localization  functor 
by  Lemma  7.24.7  □ 


A fundamental  property  of  an  open  immersion  is  that  the  restriction  of  the  push- 
forward  and  the  restriction  of  the  extension  by  the  empty  set  produces  back  the 
original  sheaf.  This  is  not  always  true  for  the  functors  associated  to  ju  above.  It 
is  true  when  U is  a “subobject  of  the  final  object” . 

00Y2  Lemma  7.26.4.  Let  C be  a site.  Let  U € Ob (C).  Assume  that  every  X in  C 
has  at  most  one  morphism  to  U.  Let  X be  a sheaf  on  C/U . The  canonical  maps 
T — > jfj  ju\X  and  jfj  ju*X  X are  isomorphisms. 


Proof.  If  C has  fibre  products,  then  this  is  a special  case  of  Lemma  7.20.7 
general  we  have  the  following  direct  proof. 


In 


Let  X/U  be  an  object  over  U.  In  Lemmas  7.19.2  and  7.20.5  we  have  seen  that 
sheahheation  is  not  necessary  for  the  functors  jfj  = (■ up  )#  and  ju * = {Pn)*.  We 
may  compute  ( jfjX ju*X)(X/U ) = ju*X(X)  = lim X{Y/U).  Here  the  limit  is  over 
the  category  of  pairs  (Y/U,  Y — > X)  where  the  morphisms  Y — > X are  not  required 
to  be  over  U.  By  our  assumption  however  we  see  that  they  are  automatically 
morphisms  over  U and  we  deduce  that  the  limit  is  the  value  on  idx,  he.,  J~(X/U). 
This  proves  that  jfjXju*X  = X . 
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On  the  other  hand,  (j^1juiF)(X/U)  = ju\F(X)  = (upF)#(X),  and  upF{X)  = 
colim F(Y/U).  Here  the  colimit  is  over  the  category  of  pairs  ( Y/U,X  — > Y)  where 
the  morphisms  X — > Y are  not  required  to  be  over  U . By  our  assumption  however 
we  see  that  they  are  automatically  morphisms  over  U and  we  deduce  that  the 
colimit  is  the  value  on  idx , he.,  F(X/U).  This  shows  that  the  sheafification  is  not 
necessary  (since  any  object  over  X is  automatically  in  a unique  way  an  object  over 
U)  and  the  result  follows.  □ 


7.27.  Localization  and  morphisms 

0418  The  following  lemma  is  important  in  order  to  understand  relation  between  local- 
ization and  morphisms  of  sites  and  topoi. 

03CF  Lemma  7.27.1.  Let  f : C — ► T>  be  a morphism  of  sites  corresponding  to  the 
continuous  functor  u : V — >■  C.  Let  V £ Ob(2?)  and  set  U = u(V).  Then  the 
functor  v!  : V /V  — ► C/U,  V' /V  H > u(V')/U  determines  a morphism  of  sites  f : 
C/U  — )•  V/V.  The  morphism  f fits  into  a commutative  diagram  of  topoi 

Sh(C/U ) >-  SUC) 

iu 

S'  f 

jv  1 

ShifD/V)  SUP). 


Using  the  identifications  Sh(C  jU)  = Sh(C)/hf)  and  Sh(T> /V)  = Sh{T>)/hy  of  Lemma 


7.24-4  the  functor  ( f ) 1 is  described  by  the  rule 


Finally,  we  have  f'Jff1  = jy1/*- 


/"V 


h*). 


Proof.  It  is  clear  that  u'  is  continuous,  and  hence  we  get  functors  /'  = ( u')s  = ( u')p 
(see  Sections  7.5  and  7.14 1 and  an  adjoint  (/')_1  = {u')s  = ((u')p  )#.  The  assertion 
f'Ju 1 =jyXf*  follows  as 

Uv'f^W/V)  = UHV’)  = Hu{V’))  = (jfifiF)(u(V')/U)  = (fU^FfiV'/V) 

which  holds  even  for  presheaves.  What  isn’t  clear  a priori  is  that  ( /' )-1  is  exact, 
that  the  diagram  commutes,  and  that  the  description  of  (/,)-1  holds. 


Let  H be  a sheaf  on  V/V . Let  us  compute  ju\(f')  1T~L.  We  have 

JwXfT1^  = (Uu)p(ulp'H)*)# 

= ((ju)pu'p/H)* 

= {up(jv)p'H)* 

= f-'jvin 


The  first  equality  by  unwinding  the  definitions.  The  second  equality  by  Lemma 
7.14.4  The  third  equality  because  uo  jy  = ju  o u' . The  fourth  equality  by  Lemma 
7.14.4  again.  All  of  the  equalities  above  are  isomorphisms  of  functors,  and  hence  we 
may  interpret  this  as  saying  that  the  following  diagram  of  categories  and  functors 
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is  commutative 


Sh(C/U) 

(fr1 


Sh(C)/hfj 


r 


Sh(C) 

A 


r 


Sh{ V/V)  Sh{V)/h* 


The  middle  arrow  makes  sense  as  / 
particular  this  proves  the  description  of  (/')_1 


sup) 

~1hy  = (hu(V))#  = see  Lemma [7.14.5 


In 

given  in  the  statement  of  the  lemma. 
Since  by  Lemma |7. 24. 4| the  left  horizontal  arrows  are  equivalences  and  since  /-1  is 


exact  by  assumption  we  conclude  that  (/')  1 = u's  is  exact.  Namely,  because  it  is 


a left  adjoint  it  is  already  right  exact  (Categories,  Lemma  4.24.4).  Hence  we  only 


03EF 


need  to  show  that  it  transforms  a final  object  into  a final  object  and  commutes  with 
fibre  products  (Categories,  Lemma  4.23. 2\ . Both  are  clear  for  the  induced  functor 
/-1  : Sh(V)/h y Sh(C)/hfj.  This  proves  that  f is  a morphism  of  sites. 

We  still  have  to  verify  that  {f)~1jy1  = j/j  f_1-  To  see  this  use  the  formula  above 
and  the  description  in  Lemma  |7.24.6[  Namely,  combined  these  give,  for  any  sheaf 
Q on  V,  that 

ju\  (f')-^jy^G  = f~1jv\3v1G  = /-1(£  x hv ) = /” 1G  xh*  = 

Since  the  functor  ju\  induces  an  equivalence  Sh(C/U)  — ► Sh(C)/hf/  we  conclude.  □ 

The  following  lemma  is  a special  case  of  the  more  general  Lemma  |7.27.1|  above. 

Lemma  7.27.2.  Let  C,  V be  sites.  Let  u : V -A  C be  a functor.  Let  V € Ob(V). 
Set  U = u(V).  Assume  that 

(1)  C and  T>  have  all  finite  limits , 

(2)  u is  continuous,  and 

(3)  u commutes  with  finite  limits. 

There  exists  a commutative  diagram  of  morphisms  of  sites 


C/U- 

f 

\ 

V/V 


3u 


JV 


c 


where  the  right  vertical  arrow  corresponds  to  u,  the  left  vertical  arrow  corresponds 
to  the  functor  v!  : V/V  — > C/U , V'/V  i->  u(V')/u(V)  and  the  horizontal  arrows 
correspond  to  the  functors  C — > C/U , X ► X x U and  V -A  V/V,  Y i— > Y x V as 
in  Lemma\7.26.?\  Moreover,  the  associated  diagram  of  morphisms  of  topoi  is  equal 
to  the  diagram  of  Lemma 


7.27.1 


In  particular  we  have  fifu  = jvL  /*. 


Proof.  Note  that  u satisfies  the  assumptions  of  Proposition  7.15.6|  and  hence  in- 
duces a morphism  of  sites  / : C — > V by  that  proposition.  It  is  clear  that  u induces 
a functor  v!  as  indicated.  It  is  clear  that  this  functor  also  satisfies  the  assump- 


tions of  Proposition  7.15.6  Hence  we  get  a morphism  of  sites  f : C/U  — > V/V . 
The  diagram  commutes  by  our  definition  of  composition  of  morphisms  of  sites  (see 
Definition  7.15.4)  and  because 


i(Y  xV)=  u(Y)  x u{V)  = u(Y)  x U 
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which  shows  that  the  diagram  of  categories  and  functors  opposite  to  the  diagram 
of  the  lemma  commutes.  □ 


At  this  point  we  can  localize  a site,  we  know  how  to  relocalize,  and  we  can  localize 
a morphism  of  sites  at  an  object  of  the  site  downstairs.  If  we  combine  these  then 
we  get  the  following  kind  of  diagram. 

04IN  Lemma  7.27.3.  Let  f : C -A  T>  be  a morphism  of  sites  corresponding  to  the 
continuous  functor  u : V -A-  C.  Let  V £ Ob (V),  U £ Ob(C)  and  c : U -A  u(V)  a 
morphism  ofC.  There  exists  a commutative  diagram  of  topoi 


Sh(C/U) *-  SMC) 

ju 

fa  f 

Y - Y 

ShtfD/V)  Sh(V). 


We  have  fc  = f o ju/u(v)  where  f : Sh(C/u(V ))  — > Sh(fD/V ) is  as  in  Lemma 
Sh(C/U ) -A  Sh(C/u(V ))  is  as  in  Lemma  7.24.7  Using  the 


7.27.1 


and 


3u/u{v) 


identifications  Sh(C/U)  = Sh(C)/hf}  and  ShlfD/V)  = Sh(T>) / hy  of  Lemma  7.24-4 
the  functor  {fc)1  is  described  by  the  rule 


{fcr\n  a h*)  = (rirH  xf-lip>h*vyC  h*  -a  h*). 

Finally,  given  any  morphisms  b : V'  V , a : U'  -A  U and  d : U'  — > u(V')  such 

that 

U' ^ u{V') 

c' 

a u(b) 

V j 

U — ^ u{V) 


commutes,  then  the  diagram 


Sh{C/U')  ^ Sh(C/U) 

•?[/' /U 

fc'  fc 

Sh{V/V')  Sh{V/V). 


commutes. 


Proof.  This  lemma  proves  itself,  and  is  more  a collection  of  things  we  know  at 
this  stage  of  the  development  of  theory.  For  example  the  commutativity  of  the  first 


square  follows  from  the  commutativity  of  Diagram  ( 7.24.7.1 ) and  the  commutativity 
of  the  diagram  in  Lemma 


7.27.1 


The  description  of  f~x  follows  on  combining 
Lemma  |7.24.8|  with  Lemma  7.27.1|  The  commutativity  of  the  last  square  then 
follows  from  the  equality 


rlux. 


“(V)’ 


: hU  X h* 


hf ' ~ f l0^xh#  hy,)  x 


h# 


■*(*"), C 


which  is  formal  using  that  f 1hy  = and  / 1hy,  = h#( 

17.14.51 


see  Lemma 
□ 
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03EG 


In  the  following  lemma  we  find  another  kind  of  functoriality  of  localization,  in  case 
the  morphism  of  topoi  comes  from  a cocontinuous  functor.  This  is  a kind  of  diagram 
which  is  different  from  the  diagram  in  Lemma|7.27.1[  and  in  particular,  in  general 
the  equality  fij/j1  = jyl  f*  seen  in  Lemma 
the  following  lemma. 


7.27.1 


does  not  hold  in  the  situation  of 


Lemma  7.27.4.  Let  C,  T>  be  sites.  Let  u : C T>  be  a cocontinuous  functor.  Let 
U be  an  object  of  C,  and  set  V = u{U).  We  have  a commutative  diagram 


C/U s-C 

ju 

u “ 

V 

v/v  — 

where  the  left  vertical  arrow  is  u'  : C/U  V/V,  U’ /U  K > V'/V.  Then  v!  is 
cocontinuous  also  and  we  get  a commutative  diagram  of  topoi 

SUC/U) *-  SUC) 

ju 

f f 

Y 

Sh{ V/V)  Sh(V) 


where  f (resp.  f)  corresponds  to  u (resp.  v! ). 

Proof.  The  commutativity  of  the  first  diagram  is  clear.  It  implies  the  commuta- 
tivity of  the  second  diagram  provided  we  show  that  v!  is  cocontinuous. 

Let  U'/U  be  an  object  of  C/U.  Let  {Vj/V  — >■  u{U')/V}j<zj  be  a covering  of  u{U')/V 
in  V /V . Since  u is  cocontinuous  there  exists  a covering  {U[  U'}iei  such  that  the 
family  {u{U[)  — Y u(U')}  refines  the  covering  {Vj  — Y u(U')}  in  V . In  other  words, 
there  exists  a map  of  index  sets  a : I — > J and  morphisms  </>*  : u{U[)  Va^  over 
U' . Think  of  U[  as  an  object  over  U via  the  composition  U[  — > U'  — > U.  Then 
{U[/U  — > U'/U}  is  a covering  of  C/U  such  that  {u{U})/V  u(U’)/V}  refines 

{Vj/V  — > u(U')/V}  (use  the  same  a and  the  same  maps  </>j).  Hence  u'  : C/U 
V/V  is  cocontinuous.  □ 


7.28.  Morphisms  of  topoi 

039Z  In  this  section  we  show  that  any  morphism  of  topoi  is  equivalent  to  a morphism 
of  topoi  which  comes  from  a morphism  of  sites.  Please  compare  with  | A(tV71  1 
Expose  IV,  Proposition  4.9.4]. 

03A0  Lemma  7.28.1.  Let  C,  V be  sites.  Let  u : C — )•  V be  a functor.  Assume  that 

(1)  u is  cocontinuous, 

(2)  u is  continuous, 

(3)  given  a,b  : U'  — » U inC  such  that  u(a)  = u(b)  , then  there  exists  a covering 
{fi  '■  U[  — > U'}  in  C such  that  a o ft  = bo  fit 

(4)  given  U',U  £ Ob(C)  and  a morphism  c : u(U')  — > u(U)  in  V there  exists 
a covering  {fi  : U[  U'}  in  C and  morphisms  Ci  : U[  — ► U such  that 
u{ci ) = cou(fi),  and 

(5)  given  V £ Ob(U)  there  exists  a covering  ofV  inV  of  the  form  {u(U)  — > 
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Then  the  morphism  of  topoi 


g : Sh(C)  — > Sh(V) 


associated  to  the  cocontinuous  functor  u by  Lemma  \ 1. 20. 1 is  an  equivalence. 


Proof.  Assume  u satisfies  properties  (1)  - (5).  We  will  show  that  the  adjunction 
mappings 

G — g*g~xG  and  g~lg*T  — > T 


are  isomorphisms. 


Note  that  Lemma  7.20.5  applies  and  we  have  g~1G(U)  = Q(u{U))  for  any  sheaf  Q 
on  V.  Next,  let  T be  a sheaf  on  C,  and  let  V be  an  object  of  V.  By  definition  we 
have  g*T(V)  = lim um)^v  F{U).  Hence 


g 1g*T(U)  = Hmu' ,u(U')-*u(U)  ^(U') 


where  the  morphisms  if  : u(U')  — > u(U ) need  not  be  of  the  form  u(a).  The  category 
of  such  pairs  ( U' ,if) ) has  a final  object,  namely  (C/,  id),  which  gives  rise  to  the  map 
from  the  limit  into  J-(U).  Let  be  an  element  of  the  limit.  We  want  to 

show  that  snj'M  is  uniquely  determined  by  the  value  S(j/ii(j)  € .F(f7).  By  property 
(4)  given  any  (U',if)  there  exists  a covering  {U[  — > U'}  such  that  the  compositions 
u(U-)  —>  u(U')  — ► u(U)  are  of  the  form  u(ci)  for  some  c,  : U[  — >■  U in  C.  Hence 


— CUS(U,  id))- 


Since  T is  a sheaf  it  follows  that  indeed  smt  is  determined  by  S([/,id)-  This 
proves  uniqueness.  For  existence,  assume  given  any  s £ FfU),  if  : u{U')  — > u(U), 
{fi  : U[  — > U'}  and  Cj  : U[  U such  that  if  o u(fi)  = u(ci ) as  above.  We  claim 
there  exists  a (unique)  element  sm>M  £ iF(U')  such  that 


S(U',i>)\u<  = c*(s). 

Namely,  a priori  it  is  not  clear  the  elements  c*{s)\u'iXv,u'.  and  Cj(s)\u^Xu,u'.  agree, 
since  the  diagram 


u’  xtji  m 


Pr2 


Prl 


U' 


■V'i 


u 


need  not  commute.  But  condition  (3)  of  the  lemma  guarantees  that  there  exist 
coverings  {fijk  : U-jk  U-  xv>  U'^keK^  such  that  c*  o p^  o fijk  = Cj  o pr2  o fijk. 
Hence 

fijk  (c*s| U'x^U')  = ftjk  (fi s I U(x 

Hence  c*(s)l  u'xv,u'  = cj(s)\u(xurm  by  the  sheaf  condition  for  T and  hence  the 
existence  of  sm/M  also  by  the  sheaf  condition  for  T . The  uniqueness  guarantees 
that  the  collection  (s((/',i^))  so  obtained  is  an  element  of  the  limit  with  S(u,ip)  = s- 
This  proves  that  g~1g*J:  — > J-  is  an  isomorphism. 


Let  Q be  a sheaf  on  V.  Let  V be  an  object  of  V.  Then  we  see  that 


g*g  1G(V)  = lim u,i)>-.u(u)->v  G(u{u)) 

By  the  preceding  paragraph  we  see  that  the  value  of  the  sheaf  g*g~1G  on  an  object 
V of  the  form  V = u(U ) is  equal  to  G(u(U)).  (Formally,  this  holds  because  we 
have  g~1g*g~1  — g_1,  and  the  description  of  g given  at  the  beginning  of  the 
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proof;  informally  just  by  comparing  limits  here  and  above.)  Hence  the  adjunction 
mapping  Q — ► g*g~1G  has  the  property  that  it  is  a bijection  on  sections  over  any 
object  of  the  form  u(U).  Since  by  axiom  (5)  there  exists  a covering  of  V by  objects 
of  the  form  u{U ) we  see  easily  that  the  adjunction  map  is  an  isomorphism.  □ 


03CG 


It  will  be  convenient  to  give  cocontinuous  functors  as  in 


Lemma  7.28. 1| 


a name. 


Definition  7.28.2.  Let  C,  T>  be  sites.  A special  cocontinuous  functor  u from  C to 
T>  is  a cocontinuous  functor  u : C — > T>  satisfying  the  assumptions  and  conclusions 
of  Lemma  17.28.11 


03CH  Lemma  7.28.3.  Let  C,  T>  be  sites.  Let  u : C — > T>  be  a special  cocontinuous 
functor.  For  every  object  U of  C we  have  a commutative  diagram 


C/U *- C 

iu 

U 

I . V 
V/u(U)^±V 

as  in  Lemma  \ 7.27.J\  The  left  vertical  arrow  is  a special  cocontinuous  functor. 
Hence  in  the  commutative  diagram  of  topoi 


Sh(C/U)  — Sh{C) 

ov 

U 

Sh(V/u(U ))  Ship) 


the  vertical  arrows  are  equivalences. 


Proof.  We  have  seen  the  existence  and  commutativity  of  the  diagrams  in  Lemma 


7.27.4 


We  have  to  check  hypotheses  (1)  - (5)  of  Lemma  7.28.1  for  the  induced 
functor  u : C/U  — > V/u{U).  This  is  completely  mechanical. 


Property  (1).  This  is  Lemma  7.27.4 


Property  (2).  Let  {U'/U  — » U' /U}iej  be  a covering  of  U' /U  in  C/U.  Because  u is 
continuous  we  see  that  {u(U[) / u{U)  — >■  u(U')/u(U)}iei  is  a covering  of  u(U')/u(U) 
in  V/u{U).  Hence  (2)  holds  for  u : C/U  — > V/u(U). 


Property  (3).  Let  a,  b : U”/U  U'/U  in  C/U  be  morphisms  such  that  u(a)  = u(b) 
in  T>/u(U).  Because  u satisfies  (3)  we  see  there  exists  a covering  {,/)  : U"  — > U"} 
in  C such  that  ao  ft  = b o /).  This  gives  a covering  {,/)  : U" /U  — > U" /U}  in  C/U 
such  that  ao  fi  = bo  fi.  Hence  (3)  holds  for  u : C/U  — » V/u{U). 


Property  (4).  Let  U" /U,U' /U  € Ob  {C/U)  and  a morphism  c : u{U")/u{U)  — > 
u(U')/u(U)  in  V/u{U)  be  given.  Because  u satisfies  property  (4)  there  exists  a 
covering  {fi  : U”  — » U"}  in  C and  morphisms  Cj  : U”  — > U'  such  that  u(ct)  = 
co  u(fi).  We  think  of  U”  as  an  object  over  U via  the  composition  U"  — > U"  U. 
It  may  not  be  true  that  Ci  is  a morphism  over  U\  But  since  u(ci ) is  a morphism  over 
u(U)  we  may  apply  property  (3)  for  u and  find  coverings  { fik  : U”k  — > U"}  such 
that  dk  = d o fik  : U”k  — > U'  are  morphisms  over  U.  Hence  {/,  o fik  : U”k/U  — > 
U" /U}  is  a covering  in  C/U  such  that  u{cik)  = cou(fik).  Hence  (4)  holds  for 
u : C/U  — ► V/u(U). 
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Property  (5).  Let  h : V — > u(U)  be  an  object  of  V/u{U).  Because  u satisfies 
property  (5)  there  exists  a covering  {cj  : u(Ui)  — > V}  in  V.  By  property  (4) 
we  can  find  coverings  {/,y  : Uij  — > Ui}  and  morphisms  Cy  : Utj  — > U such  that 
u(cij ) = hoa  o u(fij).  Hence  {u(Uij)/u{U)  — > V/u(U)}  is  a covering  in  V/u(U)  of 
the  desired  shape  and  we  conclude  that  (5)  holds  for  u : C/U  — > V/u(U).  □ 

Lemma  7.28.4.  Let  C be  a site.  Let  C C Sh{C)  be  a full  subcategory  (with  a set 
of  objects)  such  that 

(1)  h*  G Ob(C')  for  all  U G Ob(C),  and 

(2)  C is  preserved  under  fibre  products  in  Sh(C). 

Declare  a covering  ofC  to  be  any  family  {Ti  — > J 7}i^i 


T is  a surjective  map  of  sheaves.  Then 


of  maps  such  that  I 


(1)  C is  a site  (after  choosing  a set  of  coverings,  see  Sets,  Lemma  3.11.1 ), 

(2)  representable  presheaves  on  C are  sheaves  (i.e.,  the  topology  on  C is  sub- 
canonical,  see  Definition  7.13.2), 

(3)  the  functor  v : C —>  C , U i— > hf)  is  a special  cocontinuous  functor,  hence 
induces  an  equivalence  g : Sh(C)  — > Sh(C'), 

(4)  for  any  T G Ob(C')  we  have  g~xhjr  = J7 , and 

(5)  for  any  U G Ob(C)  we  have  g*hfj  = hv(jj ) = hh#. 

Proof.  Warning:  Some  of  the  statements  above  may  look  be  a bit  confusing  at 
first;  this  is  because  objects  of  C can  also  be  viewed  as  sheaves  on  C\  We  omit  the 
proof  that  the  coverings  of  C as  described  in  the  lemma  satisfy  the  conditions  of 
Definition  17.6.21 

Suppose  that  {J-j  — > J7}  is  a surjective  family  of  morphisms  of  sheaves.  Let  Q be 
another  sheaf.  Part  (2)  of  the  lemma  says  that  the  equalizer  of 


MorSMC)(Uiej-7ri^) 


. Morgue) 


is  Morgue)  (T,  Q).  This  is  clear  (for  example  use  Lemma  7.12.3). 


To  prove  (3)  we  have  to  check  conditions  (1)  - (5)  of  Lemma  7.28.1  The  fact  that 


v is  cocontinuous  is  equivalent  to  the  description  of  surjective  maps  of  sheaves  in 
The  functor  v is  continuous  because  U i— > hfr  commutes  with  fibre 


Lemma 


7.12.2 


products,  and  transforms  coverings  into  coverings  (see  Lemma  7.10.14[  and  Lemma 


7.13.4).  Properties  (3),  (4)  of  Lemma  7.28.1  are  statements  about  morphisms  / : 


h*,  —¥  hfj.  Such  a morphism  is  the  same  thing  as  an  element  of  hf){U').  Hence 

(3)  and  (4)  are  immediate  from  the  construction  of  the  sheafification.  Property  (5) 

Denote  g : Sh(C)  — >■  Sh(C)  the  equivalence  of 


of  Lemma  7.28.1  is  Lemma  7.13.5 


topoi  associated  with  v by  Lemma|7.28.1| 

Let  T be  as  in  part  (4)  of  the  lemma.  For  any  U G Ob(C)  we  have 
g~lhr{U)  = hjr(v(U))  = Mor  Sh(c)(h* , T)  = F{U) 


The  first  equality  by  Lemma  7.20.5  Thus  part  (4)  holds. 
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Let  T £ Ob(C').  Let  U £ Ob(C).  Then 

g*  hf)  (T)  = Mor  Sh(C’)(hr , g*h$) 

= Mor  Sh(C)(g~1h^,h^) 

= MorSh{e)(T,  h*) 

= More'  (F,  hf)) 

as  desired  (where  the  third  equality  was  shown  above).  □ 


Using  this  we  can  massage  any  topos  to  live  over  a site  having  all  finite  limits. 

03CI  Lemma  7.28.5.  Let  Sh(C)  be  a topos.  Let  be  a set  of  sheaves  on  C.  There 

exists  an  equivalence  of  topoi  g : Sh(C)  — > Sh(C' ) induced  by  a special  cocontinuous 
functor  u i C — Y Cr  of  sites  such  that 

(1)  C has  a subcanonical  topology, 

(2)  a family  {Vj  — > V}  of  morphisms  of  C is  (combinatorially  equivalent  to) 
a covering  of  C'  if  and  only  if\\hy.  — > hy  is  surjective, 

(3)  C has  fibre  products  and  a final  object  (i.e.,  C has  all  finite  limits), 

(4)  every  subsheaf  of  a representable  sheaf  on  C is  representable,  and 

(5)  each  g*F  is  a representable  sheaf. 


Proof.  Consider  the  full  subcategory  C\  C Sh(C)  consisting  of  all  hf  for  all  U £ 
Ob(C),  the  given  sheaves  F and  the  final  sheaf  * (see  Example  7.10.2).  We  are 
going  to  inductively  define  full  subcategories 

Ci  C C2  C C2  C . . . C Sh{C) 


Namely,  given  Cn  let  Cn+ 1 be  the  full  subcategory  consisting  of  all  fibre  products  and 
subsheaves  of  objects  of  Cn.  (Note  that  Cn+\  has  a set  of  objects.)  Set  C = Un>i  Cn- 
A covering  in  C is  any  family  {Qj  — > G}j^j  of  morphisms  of  objects  of  C such  that 
m — » Q is  surjective  as  a map  of  sheaves  on  C.  The  functor  v : C — »■  C is  given 
by  U i— > hf).  Apply  Lemma  7.28.4  □ 


Here  is  the  goal  of  the  current  section. 

03A2  Lemma  7.28.6.  LetC,  T>  be  sites.  Let  f : Sh(C)  — » Sh(T>)  be  a morphism  of  topoi. 
Then  there  exists  a site  C'  and  a diagram  of  functors 


C 


V 


C 


U 


V 


such  that 

(1)  the  functor  v is  a special  cocontinuous  functor, 

(2)  the  functor  u commutes  with  fibre  products,  is  continuous  and  defines  a 
morphism  of  sites  C — > T> , and 

(3)  the  morphism  of  topoi  f agrees  with  the  composition  of  morphisms  of  topoi 

Sh{C)  — > Sh{C)  — ► Sh(T>) 

where  the  first  arrow  comes  from  v via  Lemma\7.28.1\  and  the  second  arrow 
from  u via  Lemma\7.16.2\ 

Proof.  Consider  the  full  subcategory  C\  C Sh(C)  consisting  of  all  hf)  and  all  f~1hy 
for  all  U £ Ob(C)  and  all  V £ Ob(2?).  Let  Cn+ 1 be  a full  subcategory  consisting 
of  all  fibre  products  of  objects  of  Cn.  Set  C = \Jn>1Cn.  A covering  in  C is  any 


This  statement  is 
closely  related  to 
IAKV711 
Proposition  4.9.4. 
Expose  IV].  In  order 
to  get  the  whole 
result,  one  should 
also  use  [AC4V7H 
Remarque  4.7.4, 
Expose  IV]. 
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family  {p  — > such  that  ]JigJ  Ti  — ► T is  surjective  as  a map  of  sheaves  on 

C.  The  functor  v : C — > C'  is  given  by  U i->-  h#.  The  functor  u : V — > C is  given  by 


Part  (1)  follows  from  Lemma  7.28.4 


Proof  of  (2)  and  (3)  of  the  lemma.  The  functor  u commutes  with  fibre  products 
as  both  V i — y hy  and  /-1  do.  Moreover,  since  /-1  is  exact  and  commutes  with 
arbitrary  colimits  we  see  that  it  transforms  a covering  into  a surjective  family  of 
morphisms  of  sheaves.  Hence  u is  continuous.  To  see  that  it  defines  a morphism 
of  sites  we  still  have  to  see  that  us  is  exact.  In  order  to  do  this  we  will  show  that 
g -1  o us  = f~l.  Namely,  then  since  g~x  is  an  equivalence  and  /-1  is  exact  we  will 
conclude.  Because  g^1  is  adjoint  to  <7*,  and  us  is  adjoint  to  us,  and  /_1  is  adjoint 
to  /*  it  also  suffices  to  prove  that  us  o g*  = /*.  Let  U be  an  object  of  C and  let  V 
be  an  object  of  V.  Then 


(usg*h%){V) 


9*hfj(f  1hy) 

Mor  Sh(C){f~lht,h*) 
Mor  sh(D){h*,f*h*) 

f*h*(V ) 


The  first  equality  because  us  = up . The  second  equality  by  Lemma  7.28.4  (5).  The 
third  equality  by  adjointness  of  /*  and  / and  the  final  equality  by  properties  of 
sheafification  and  the  Yoneda  lemma.  We  omit  the  verification  that  these  identities 
are  functorial  in  U and  V.  Hence  we  see  that  we  have  us  o g*  = /*  for  sheaves  of 
the  form  hy.  This  implies  that  us  o gt  = and  we  win  (some  details  omitted).  □ 


7.28.6 


If  the  site  V 
satisfies  all  the 


Remark  7.28.7.  Notation  and  assumptions  as  in  Lemma 
has  a final  object  and  fibre  products  then  the  functor  u : T> 
assumptions  of  Proposition [7Tl 5. 6|  Namely,  in  addition  to  the  properties  mentioned 
in  the  lemma  u also  transforms  the  final  object  of  T>  into  the  final  object  of  C . This 
is  clear  from  the  construction  of  u.  Hence,  if  we  first  apply  Lemmas  |7.28.5|  to  V 
and  then  Lemma  7.28.6  to  the  resulting  morphism  of  topoi  Sh(C)  —>  Sh(T>')  we 
obtain  the  following  statement:  Any  morphism  of  topoi  / : Sh(C)  — > Sh(T>)  fits  into 
a commutative  diagram 


Sh{C)  — j*,  Sh(T>) 

a e 

f,  \ 

Sh(C)  Ship’) 


where  the  following  properties  hold: 

(1)  the  morphisms  e and  g are  equivalences  given  by  special  cocontinuous 
functors  C — > C and  V — > V1 , 

(2)  the  sites  C and  V have  fibre  products,  final  objects  and  have  subcanonical 
topologies, 

(3)  the  morphism  f : C — » D'  comes  from  a morphism  of  sites  corresponding 
to  a functor  u : V — > C to  which  Proposition  |7.15.6|  applies,  and 

(4)  given  any  set  of  sheaves  Jy  (resp.  Qj)  on  C (resp.  V)  we  may  assume  each 
of  these  is  a representable  sheaf  on  C (resp.  V). 
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03CK 


04GY 

04GZ 


04H0 

0791 


It  is  often  useful  to  replace  C and  V by  C and  V . 


7.28.6 


Suppose  that 


Remark  7.28.8.  Notation  and  assumptions  as  in  Lemma 
in  addition  the  original  morphism  of  topoi  Sh(C ) — > Sh(T>)  is  an  equivalence.  Then 
the  construction  in  the  proof  of  Lemma  7.28.6|  gives  two  functors 

C -A  C V 


which  are  both  special  cocontinuous  functors.  Hence  in  this  case  we  can  actually 
factor  the  morphism  of  topoi  as  a composition 


Sh(C)  -a  Sh{C)  = Sh(V)  <-  Sh(V) 


as  in  Remark  7.28.7  but  with  the  middle  morphism  an  identity. 


7.29.  Localization  of  topoi 


We  repeat  some  of  the  material  on  localization  to  the  apparently  more  general 
case  of  topoi.  In  reality  this  is  not  more  general  since  we  may  always  enlarge  the 
underlying  sites  to  assume  that  we  are  localizing  at  objects  of  the  site. 

Lemma  7.29.1.  LetC  be  a site.  LetF  be  a sheaf  on  C . Then  the  category  Sh(C)/F 
is  a topos.  There  is  a canonical  morphism  of  topoi 

■ Sh(C)/F  — > Sh(C) 

which  is  a localization  as  in  Sectionl7.24\  such  that 

(1)  the  functor  jfr1  is  the  functor  H4Wx  F /F , and 

(2)  the  functor  jjr\  is  the  forgetful  functor  Q /F  K > Q . 


Proof.  Apply  Lemma  |7.28.5|  This  means  we  may  assume  C is  a site  with  sub- 
canonical  topology,  and  F = hu  — h#  for  some  U £ Ob(C).  Hence  the  material 
of  Section  1 

such  that  the  composition 


applies.  In  particular,  there  is  an  equivalence  Sh(C./U ) = Sh(C)/hy 


is  equal  to  ju\,  see  Lemma 


Sh(C/U)  -a  Sh(C)/h*  -A  Sh(C) 
7.24.4  Denote  a : Sh(C)/tifj 


functor,  so  jjr\  = ju\  o a,  j-p  = a 

jjr\  follows  from  the  above.  The  description  of  jf1  follows  from  Lemma 


Denote  a : Sh(C)/h ^ -A  Sh(C/U)  the  inverse 
and  jjrp  = ju ,*  o a.  The  description  of 

□ 


’ 1°Ju1 


7.24.6 


Remark  7.29.2.  In  the  situation  of  Lemma 


7.29.1  we  can  also  describe  the  functor 
F the  sheaf 


j_f,*  • It  is  the  functor  which  associates  to  <p 

U i — > {a  : F\u  -A  Q\u  such  that  a is  a right  inverse  to  tp\u} 


In  order  to  prove  that  this  works  the  introduction  of  "Hom-sheaves  is  desirable, 
hence  we  postpone  this  to  a later  time. 

Lemma  7.29.3.  LetC  be  a site.  Let  T be  a sheaf  on  C.  LetC/J-  be  the  category 
of  pairs  (U,  s ) where  U £ Ob(C)  and  s £ F{U).  Let  a covering  in  C/F  be  a family 
{{UijSi)  -A  (U,  s)}  such  that  {Ui  -A  U}  is  a covering  of  C.  Then  j : C/F  -A  C is 
a continuous  and  cocontinuous  functor  of  sites  which  induces  a morphism  of  topoi 
j : Sh(C/F)  -A  Sh(C).  In  fact,  there  is  an  equivalence  Sh(C/F ) = Sh(C)/F  which 
turns  j into  j? . 
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Proof.  We  omit  the  verification  that  C/T  is  a site  and  that  j is  continuous  and 
cocontinuous.  By  Lemma  |7.20.5|  there  exists  a morphism  of  topoi  j as  indicated, 
with  j~1G{U,  s ) = G(U),  and  there  is  a left  adjoint  j\  to  j-1.  A morphism  ip  : * — > 
j~1G  on  C /T  is  the  same  thing  as  a rule  which  assigns  to  every  pair  (U,s)  a section 
tp(s)  £ G{U)  compatible  with  restriction  maps.  Hence  this  is  the  same  thing  as  a 
morphism  <p  : J-  -A  G over  C.  We  conclude  that  j\*  = J- . In  particular,  for  every 
T~L  £ ShiC/T)  there  is  a canonical  map 

j\T~L  —tj\*  = T 

i.e. , we  obtain  a functor  j'  : Sh{C/T)  -A  Sh{C)/F.  An  inverse  to  this  functor  is  the 
rule  which  assigns  to  an  object  ip  : G — > T of  Sh(C) /T  the  sheaf 

a(G/F)  : (U,  s)^{t£  G(U)  | p{t)  = s } 

We  omit  the  verification  that  a(t//Jr)  is  a sheaf  and  that  a is  inverse  to  j[.  □ 


04IP  Definition  7.29.4.  Let  C be  a site.  Let  T be  a sheaf  on  C. 

(1)  The  topos  Sh(C)/ T is  called  the  localization  of  the  topos  Sh(C)  at  T . 


(2)  The  morphism  of  topoi  jjr 
the  localization  morphism. 


Sh(C)/F  — ► Sh{C)  of  Lemma  7.29.1  is  called 


We  are  going  to  show  that  whenever  the  sheaf  J-  is  equal  to  hfj  for  some  object 
U of  the  site,  then  the  localization  of  the  topos  is  equal  to  the  category  of  sheaves 
on  the  localization  of  the  site  at  U.  Moreover,  we  are  going  to  check  that  any 
functorialities  are  compatible  with  this  identification. 


04IQ  Lemma  7.29.5.  Let  C be  a site.  Let  J-  = hfr  for  some  object  U of  C. 
jjr  : Sh(C)/F  Sh(C 
of  topoi  ju  : ShiC/U ) 


Sh{C/U)  = Sh(C)/hfj  of  Lemma  7.24-4 


7.29.1 

agrees  with  the  morphism 

Section 

7.24 

via  the  identification 

Proof.  We  have  seen  in  Lemma 


7.24.4 


Sh(C)  is  ju\.  The  functor  Sh(C)/h * -A  Sh(C)  is  jjr\  by  Lemma 


that  the  composition  Sh(C/U)  —t  Sh(C)/hfr  — > 

Hence 


jjr\  = jjjt  via  the  identification.  So  j-pX  = 
(by  adjointness  again). 


7.29.1 


(by  adjointness)  and  so  jjr,*  = ju,* 


□ 


04IR  Lemma  7.29.6.  Let  C be  a site.  If  s : G —>  7F  is  a morphism  of  sheaves  on  C then 
there  exists  a natural  commutative  diagram  of  morphisms  of  topoi 


Sh(C)/G 


Sh{C)/T 


Sh(C) 


where  j = jg/jr  is  the  localization  of  the  topos  Sh(C)/J-  at  the  object  G/L-.  In 
particular  we  have 

j~\U^  T)  = {UxtG  ^G) 


and 


ji(f4j)  = (f  Ag). 
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04IS 


04IT 

04H1 


04IU 


Proof.  The  description  of  j 1 and  j\  comes  from  the  description  of  those  functors 


in  Lemma  7.29.1  The  equality  of  functors  jg\  = jjr\  oj\  is  clear  from  the  description 


of  these  functors  (as  forgetful  functors).  By  adjointness  we  also  obtain  the  equalities 
jg1  = j-1  ° j and  = jjr  * o j*.  □ 


7.30.  Localization  and  morphisms  of  topoi 

This  section  is  the  analogue  of  Section  [7. 27|  for  morphisms  of  topoi. 

Lemma  7.30.1.  Let  f : Sh(C)  — > Sh{T>)  be  a morphism  of  topoi.  Let  Q be  a sheaf 
on  V.  Set  T = f~xQ.  Then  there  exists  a commutative  diagram  of  topoi 

Sh{C) / T Sh(C) 

S'  f 

Sh{V)/g  Sh(V). 


The  morphism  f is  characterized  by  the  property  that 

(f)-\n^g)  = (r1H^XF) 

and  we  have  f'J^1  = jg  V*. 


Proof.  Since  the  statement  is  about  topoi  and  does  not  refer  to  the  underlying  sites 
we  may  change  sites  at  will.  Hence  by  the  discussion  in  Remark |7. 28. 7|  we  may  as- 
sume that  / is  given  by  a continuous  functor  u : V — »•  C satisfying  the  assumptions 
of  Proposition [7J5l3] between  sites  having  all  finite  limits  and  subcanonical  topolo- 
gies, and  such  that  g = hv  for  some  object  V of  D.  Then  T = = hu(y)  by 

Lemma  |7.14.5|  By  Lemma  [772771]  we  obtain  a commutative  diagram  of  morphisms 
of  topoi 

SUC/U)  — — ^ SUC) 

ju 

f f 

. Y 

Shfp/V) -h  > ShJtp), 


and  we  have  1 = jy1  /*.  By  Lemma  7.29.5  we  may  identify  jjr  and  ju  and  jg 
and  jy.  The  description  of  (/,)_1  is  given  in  Lemma 


7.27.1 


□ 


Lemma  7.30.2.  Let  f : C —¥  D be  a morphism  of  sites  given  by  the  continuous 
functor  u ; T — ^ C . Let  V be  an  object  ofV.  Set  U = u(V).  Set  g = hy,  and 


T = hfr  = f 1hy  (see  Lemma  7.14-5).  Then  the  diagram  of  morphisms  of  topoi 


of  Lemma \7.30. 1\  agrees  with  the  diagram  of  morphisms  of  topoi  of  Lemma \7.27. 1\ 
via  the  identifications  jjr  = ju  and  jg  = jy  of  Lemma  7.29.5 
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Proof.  This  is  not  a complete  triviality  as  the  choice  of  morphism  of  sites  giving 
rise  to  / made  in  the  proof  of  Lemma |7.30.1|  may  be  different  from  the  morphisms 
of  sites  given  to  us  in  the  lemma.  But  in  both  cases  the  functor  (/7)_1  is  described 
by  the  same  rule.  Hence  they  agree  and  the  associated  morphism  of  topoi  is  the 
same.  Some  details  omitted.  □ 

04IV  Lemma  7.30.3.  Let  f : Sh(C ) — > Sh(V)  be  a morphism  of  topoi.  Let  Q £ Sh(V), 


F £ Sh(C)  and  s : F 
diagram  of  topoi 


f LG  a morphism  of  sheaves.  There  exists  a commutative 


Sh(C)/F 


Sh(C) 
f 


Sh(v)/g<M-^sh(v). 

We  have  fs  = f ojjr/f-ig  where  f : Sh(C)/f~1G 


Sh(V)/F  is  as  in  Lemma 


7.30.1 

UTr* 


Sh(C)/f  lG  is  as  in  Lemma  7.29.6  The  functor 


and  jjr/ f-ig  : Sh(C)/F 
is  described  by  the  rule 

C fs )-\-u  ^g)  = C rxn  x f —>  F). 

Finally,  given  any  morphisms  b : G'  — > G , a : F'  — > F and  s'  : F' 


f 1G'  such 


that 


F’ 


F 


f~XQ’ 

f-1 

I 

-r'Q 


commutes,  then  the  diagram 


Sh(C)/F' 


or'/x 


Sh(C)/F 


sh(v)/g'  sh(v)/g. 


commutes. 


Proof.  The  commutativity  of  the  first  square  follows  from  the  commutativity  of  the 
diagram  in  Lemma |7. 29. 6| and  the  commutativity  of  the  diagram  in  Lemma|7.30.1| 
The  description  of  fif1  follows  on  combining  the  descriptions  of  (/7)_1  in  Lemma 
7.30.1  with  the  description  of  in  Lemma  7.29.6  The  commutativity  of 

the  last  square  then  follows  from  the  equality 

f-lU  X f-l  gt8  F Xjr  F'  = r\n  xg  G')  X /-1  g,tt,  F' 
which  is  formal.  □ 

04IW  Lemma  7.30.4.  Let  f : C -A  T>  be  a morphism  of  sites  given  by  the  continuous 
functor  u : T>  — > C.  Let  V be  an  object  ofV.  Let  c : U — » u(V)  be  a morphism. 
Set  G = hy  and  F = hfj  = f~1h f..  Let  s : F -A  f~1G  be  the  map  induced  by  c. 
Then  the  diagram  of  morphisms  of  topoi  of  Lemma  |7.l?7.<?|  agrees  with  the  diagram 
of  morphisms  of  topoi  of  Lemma  7. 30. 3|  via  the  identifications  jjr  = ju  and  jg  = jy 
of  Lemma\7.29.5\ 

□ 


Proof.  This  follows  on  combining  Lemmas  |7.29.7|  and  |7.30.2) 
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7.31.  Points 


00Y3 

00Y4  Definition  7.31.1.  Let  C be  a site.  A point  of  the  topos  Sh(C)  is  a morphism  of 
topoi  p from  Sh(pt)  to  Sh(C). 


We  will  define  a point  of  a site  in  terms  of  a functor  u : C — > Sets.  It  will  turn  out 
later  that  u will  define  a morphism  of  sites  which  gives  rise  to  a point  of  the  topos 
associated  to  C,  see  Lemma[7.31.8| 

Let  C be  a site.  Let  p = u be  a functor  u : C — > Sets.  This  curious  language  is 
introduced  because  it  seems  funny  to  talk  about  neighbourhoods  of  functors;  so  we 
think  of  a “point”  p as  a geometric  thing  which  is  given  by  a categorical  datum, 
namely  the  functor  u.  The  fact  that  p is  actually  equal  to  u does  not  matter.  A 
neighbourhood,  of  p is  a pair  (U,  x)  with  U £ Ob(C)  and  x £ u(U).  A morphism  of 
neighbourhoods  (V,y)  — > (U,x)  is  given  by  a morphism  a : V — * U of  C such  that 
u(a){y)  = x ■ Note  that  the  category  of  neighbourhoods  isn’t  a “big”  category. 

We  define  the  stalk  of  a presheaf  T at  p as 

04EH  (7.31.1.1)  Tp  = colim^jj^jopp  F(U). 

The  colimit  is  over  the  opposite  of  the  category  of  neighbourhoods  of  p.  In  other 
words,  an  element  of  Tv  is  given  by  a triple  (U,  x,  s),  where  (U,  x)  is  a neighbourhood 
of  p and  s £ F{U).  Equality  of  triples  is  the  equivalence  relation  generated  by 
(U,  x,  s ) ~ (V,  y , a*s)  when  a is  as  above. 

Note  that  if  ip  : T — > Q is  a morphism  of  presheaves  of  sets,  then  we  get  a canonical 
map  of  stalks  ipp  : Tp  — > Qp.  Thus  we  obtain  a stalk  functor 

PSh{C ) — ;>  Sets,  T i — > Tp. 

We  have  defined  the  stalk  functor  using  any  functor  p = u : C — ^ Sets.  No  conditions 
are  necessary  for  the  definition  to  worl[^]  On  the  other  hand,  it  is  probably  better 
not  to  use  this  notion  unless  p actually  is  a point  (see  definition  below),  since  in 
general  the  stalk  functor  does  not  have  good  properties. 

00Y5  Definition  7.31.2.  Let  C be  a site.  A point  p of  the  site  C is  given  by  a functor 
u : C — > Sets  such  that 

(1)  For  every  covering  {Ui  — > U}  of  C the  map  Y[u(Ui)  — ► u(U)  is  surjective. 

(2)  For  every  covering  {Ui  — > U}  of  C and  every  morphism  V — > U the  maps 
u(Ut  X[rk)->  u(Ui)  xu(tj\  u(V)  are  bijective. 

(3)  The  stalk  functor  Sh(C)  Sets,  T h-X  Tv  is  left  exact. 


00Y6 


The  conditions  should  be  familiar  since  they  are  modeled  after  those  of  Definitions 
7.14.1  and  7.15.1  Note  that  (3)  implies  that  *p  = {*},  see  Example  7.10.2  Hence 
u(U)  / 0 for  at  least  some  U (because  the  empty  colimit  produces  the  empty  set). 
We  will  show  below  (Lemma  7.31.7 1 that  this  does  give  rise  to  a point  of  the  topos 
Sh(C).  Before  we  do  so,  we  prove  some  lemmas  for  general  functors  u. 


Lemma  7.31.3.  Let  C be  a site.  Let  p = u : C — X Sets  be  a functor.  There  are 
functorial  isomorphisms  ( hjj)p  = u(U)  for  U £ Ob(C). 


r'One  should  try  to  avoid  the  case  where  u(U)  = 0 for  all  U. 
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Proof.  An  element  of  {hjj)P  is  given  by  a triple  (V,y,f),  where  V £ Ob(C),  y £ 
u(V)  and  / £ hu(V ) = Morc(V)  U).  Two  such  ( V,y,f ),  (' V',y',f ')  determine  the 
same  object  if  there  exists  a morphism  (f>  : V — » V’  such  that  u((f>)(y)  = y'  and 
f o <j>  = /,  and  in  general  you  have  to  take  chains  of  identities  like  this  to  get 
the  correct  equivalence  relation.  In  any  case,  every  (V,  y,  /)  is  equivalent  to  the 
element  (U,u(f)(y),idu)-  If  <j>  exists  as  above,  then  the  triples  ( V,y,f ),  (' V',y',f ) 
determine  the  same  triple  (U,u(f)(y),idjj)  = (U,u(f')(y'),idu).  This  proves  that 
the  map  u(U)  — ► (hjj)p,  x ^ class  of  (U,x,idu)  is  bijective.  □ 


Let  C be  a site.  Let  p = u : C Sets  be  a functor.  In  analogy  with  the  constructions 
in  Section  |7.5|  given  a set  E we  define  a presheaf  upE  by  the  rule 

04EI  (7.31.3.1)  U i — upE{U)  = Mor 8eu(u(U),  E)  = Map(u(E/),  E). 

This  defines  a functor  up  : Sets  — ► PSh(C),  E H > upE. 

00Y7  Lemma  7.31.4.  For  any  functor  u : C — » Sets.  The  functor  up  is  a right  adjoint 
to  the  stalk  functor  on  presheaves. 


Proof.  Let  F be  a presheaf  on  C.  Let  A1  be  a set.  A morphism  T — > upE  is  given 
by  a compatible  system  of  maps  F{U)  — » Map(u(t/),  E),  i.e.,  a compatible  system 
of  maps  F(U)  x u(U)  — > E.  And  by  definition  of  Tv  a map  Tv  — > E is  given  by 
a rule  associating  with  each  triple  ( U , x,  a)  an  element  in  E such  that  equivalent 
triples  map  to  the  same  element,  see  discussion  surrounding  Equation  (7.31.1.1). 
This  also  means  a compatible  system  of  maps  F(U)  x u(U)  — ► E.  □ 


In  analogy  with  Section  [7. 14|  we  have  the  following  lemma. 

00Y8  Lemma  7.31.5.  Let  C be  a site.  Let  p = u : C — > Sets  be  a functor.  Suppose  that 
for  every  covering  {Ui  — » U}  of  C 

(1)  the  map  ]Ju(/7i)  — > u{U)  is  surjective,  and 

(2)  the  maps  u{Ui  Xy  Uj ) — ► u{Ui)  y.u(u)  u{Uj)  are  surjective. 

Then  we  have 

(1)  the  presheaf  upE  is  a sheaf  for  all  sets  E,  denote  it  usE, 

(2)  the  stalk  functor  Sh{C)  — > Sets  and  the  functor  us  : Sets  — > Sh(C)  are 
adjoint,  and 

(3)  we  have  Fv  = Ff  for  every  presheaf  of  sets  F. 

Proof.  The  first  assertion  is  immediate  from  the  definition  of  a sheaf,  assumptions 
(1)  and  (2),  and  the  definition  of  upE.  The  second  is  a restatement  of  the  adjointness 
of  up  and  the  stalk  functor  (but  now  restricted  to  sheaves).  The  third  assertion 
follows  as,  for  any  set  E,  we  have 

Map  (FP,E)  = Mor  PSh(c)(^,upE)  = Mor  Sh{C){.F*  ,us  E)  = Map  (F*,E) 
by  the  adjointness  property  of  sheafification.  □ 


In  particular  Lemma  1 7 . 3 1 . 5 1 holds  when  p = u is  a point.  In  this  case  we  think  of 
the  sheaf  usE  as  the  “skyscraper”  sheaf  with  value  E at  p. 

00Y9  Definition  7.31.6.  Let  p be  a point  of  the  site  C given  by  the  functor  u.  For  a set 
E we  define  p*E  = usE  the  sheaf  described  in  Lemma  [7. 31. 5|  above.  We  sometimes 
call  this  a skyscraper  sheaf. 
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In  particular  we  have  the  following  adjointness  property  of  skyscraper  sheaves  and 
stalks: 

Mor  sh(C)(F,P*E)  = Map  {TP,E) 

This  motivates  the  notation  p~lT  = Tv  which  we  will  sometimes  use. 

OOYA  Lemma  7.31.7.  Let  C be  a site. 

(1)  Letp  be  a point  of  the  site  C.  Then  the  pair  of  functors  (p*,p_1)  introduced 
above  define  a morphism  of  topoi  Sh{pt)  — > Sh(C). 

(2)  Let  p = (p*,p_1)  be  a point  of  the  topos  Sh(C).  Then  the  functor  u : U e- >■ 
p~l(hf)  gives  rise  to  a point  p'  of  the  site  C whose  associated  morphism 
of  topoi  (p*,  (p')_1)  is  equal  to  p. 


Proof.  Proof  of  (1).  By  the  above  the  functors  p*  andp  1 are  adjoint.  The  functor 


p 1 is  required  to  be  exact  by  Definition  7.31.2  Hence  the  conditions  imposed  in 


Definition  7.16.1  are  all  satisfied  and  we  see  that  (1)  holds. 

Proof  of  (2).  Let  \Uj  — ► 17}  be  a covering  of  C.  Then  (/qy.)#  hf  is  surjective, 
see  Lemma  |7.13.4  Since  p-1  is  exact  (by  definition  of  a morphism  of  topoi)  we 
conclude  that  ]Ju(17j)  — > u(U)  is  surjective.  This  proves  part  (1)  of  Definition 
|7.31.2|  Sheafification  is  exact,  see  Lemma [7.10.14|  Hence  if  U Xy  W exists  in  C, 
then 


'hvx. 


— h#  x 
w ~ nu 


# h* 


and  we  see  that  u (U  Xy  W)  = u(U)  X„(y)  u(W)  since  p 1 is  exact.  This  proves 
part  (2)  of  Definition  7.31.2  Let  p'  = u,  and  let  7}/  be  the  stalk  functor  defined  by 


Equation  (|7.31.1.1 ) using  u.  There  is  a canonical  comparison  map  c : 7y  — > Tp  = 
p~xT . Namely,  given  a triple  ( U , x,  a)  representing  an  element  £ of  Ty  we  think  of  a 
as  a map  cr  : hfj 
By  Lemma 
Definition 
we  have 


7.31.3 


7.31.2 


T and  we  can  set  c(£)  = p 1(a)(x)  since  x £ u(U)  = p 1{hfJ). 
we  see  that  ( hu)P 1 = u(U).  Since  conditions  (1)  and  (2)  of 

Hence 


7.31.5 


hold  for  p'  we  also  have  {hfT)p>  = (hjj)p'  by  Lemma 
(h*)p,  = ( hu)p / = u(U)  = p~\h $) 

We  claim  this  bijection  equals  the  comparison  map  c : (hjj)p>  ->  p_1(liy)  (verifica- 
tion omitted).  Any  sheaf  on  C is  a coequalizer  of  maps  of  coproducts  of  sheaves  of 
the  form  hfj,  see  Lemma  7.13.5  The  stalk  functor  T i— > Jy  and  the  functor  p-1 


commute  with  arbitrary  colimits  (as  they  are  both  left  adjoints).  We  conclude  c is 
an  isomorphism  for  every  sheaf  T . Thus  the  stalk  functor  T i— > Tv*  is  isomorphic  to 
p-1  and  we  in  particular  see  that  it  is  exact.  This  proves  condition  (3)  of  Definition 


7.31.2  holds  and  p'  is  a point.  The  final  assertion  has  already  been  shown  above, 
since  we  saw  that  p-1  = (p')_1- 


□ 


Actually  a point  always  corresponds  to  a morphism  of  sites  as  we  show  in  the 
following  lemma. 


04EL 


Lemma  7.31.8.  Let  C be  a site.  Let  p be  a point  of  C given  by  u : C — » Sets. 
Let  S0  be  an  infinite  set  such  that  u(U)  C So  for  all  U £ Ob(C).  Let  S be  the  site 
constructed  out  of  the  powerset  S = V(Sq)  in  Remark  7.16.3  Then 

(1)  there  is  an  equivalence  i : Shjpt)  — >•  Sh(S), 

(2)  the  functor  u : C S induces  a morphism  of  sites  f : S —¥  C,  and 
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(3)  the  composition 


Sh(pt ) Sh(S)  -»•  S7i(C) 


f/ie  morphism  of  topoi  (p*,p  x)  of  Lemma  7.31.7 


Proof.  Part  (1)  we  saw  in  Remark  7.16.3  Moreover,  recall  that  the  equivalence 


associates  to  the  set  E the  sheaf  i*E  on  S defined  by  the  rule  V i-t  Morgets(K  E). 
Part  (2)  is  clear  from  the  definition  of  a point  of  C (Definition  7.31.2|)  and  the 
definition  of  a morphism  of  sites  (Definition  7.15.11.  Finally,  consider  f*i*E.  By 
construction  we  have 


f*i*E(U)  = uE(u(U ))  = Mor  Sets(u(U),E) 


which  is  equal  to  p*E(U),  see 


Equation  (|7.31.3.1 ).  This  proves  (3). 


□ 


Contrary  to  what  happens  in  the  topological  case  it  is  not  always  true  that  the 
stalk  of  the  skyscraper  sheaf  with  value  E is  E.  Here  is  what  is  true  in  general. 

05UX  Lemma  7.31.9.  Let  C be  a site.  Let  p : Sh{pt)  — ► Sh(C)  be  a point  of  the  topos 
associated  to  C . For  any  set  E there  are  canonical  maps 

E — » (p*E)p  — > E 

whose  composition  is  idE- 

Proof.  There  is  always  an  adjunction  map  (p*E)p  = p~1p*E  — > E.  This  map 
is  an  isomorphism  when  E = {*}  because  p*  and  p^1  are  both  left  exact,  hence 
transform  the  final  object  into  the  final  object.  Hence  given  e € E we  can  consider 
the  map  ie  : {*}  — > E which  gives 


P V{*} 


{*} 


— 1 XP*E 

P P*ie 


Y 

E 


whence  the  map  E — > {p*E)p  = p 1p*E  as  desired.  □ 

05UY  Lemma  7.31.10.  Let  C be  a site.  Let  p : Sh(pt)  — > Sh(C)  be  a point  of  the  topos 
associated  to  C.  The  functor  p * : Sets  — > Sh(C)  has  the  following  properties:  It 
commutes  with  arbitrary  limits,  it  is  left  exact,  it  is  faithful,  it  transforms  surjec- 
tions into  surjections,  it  commutes  with  coequalizers,  it  reflects  injections,  it  reflects 
surjections,  and  it  reflects  isomorphisms. 


Proof.  Because  p*  is  a right  adjoint  it  commutes  with  arbitrary  limits  and  it  is 
left  exact.  The  fact  that  p~1pirE  — > E is  a canonically  split  surjection  implies  that 
p*  is  faithful,  reflects  injections,  reflects  surjections,  and  reflects  isomorphisms.  By 
Lemma  |7.31.7  we  may  assume  that  p comes  from  a point  u : C — > Sets  of  the 
underlying  site  C.  In  this  case  the  sheaf  p*E  is  given  by 

P.E{U)  = Mor  sets(u(U),E) 


see  Equation  (7.31.3.11  and  Definition  7.31.6  It  follows  immediately  from  this 


formula  that  p*  transforms  surjections  into  surjections  and  coequalizers  into  co- 
equalizers. □ 
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7.32.  Constructing  points 


05UZ  In  this  section  we  give  criteria  for  when  a functor  from  a site  to  the  category  of  sets 
defines  a point  of  that  site. 

OOYB  Lemma  7.32.1.  Let  C be  a site.  Assume  that  C has  a final  object  X and  fibred 
products.  Let  p = u : C — > Sets  be  a functor  such  that 

(1)  u{X)  is  a singleton  set,  and 

(2)  for  every  pair  of  morphisms  U — ► W and  V — > W with  the  same  target 
the  map  u{U  x^F)-)  u(U)  y.u(w)  U(V)  bijective. 

Then  the  opposite  of  the  category  of  neighbourhoods  of  p is  filtered.  Moreover,  the 
stalk  functor  Sh(C)  — » Sets,  T — > Fv  commutes  with  finite  limits. 


Proof.  This  is  analogous  to  the  proof  of  Lemma  |7.5.2|  above.  The  assumptions 
on  C imply  that  C has  finite  limits.  See  Categories,  Lemma  |4.18.4|  Assumption 
(1)  implies  that  the  category  of  neighbourhoods  is  nonempty.  Suppose  (U,x)  and 
(V,y)  are  neighbourhoods.  Then  u(U  x V)  = u(U  xx  V)  = u(U)  X^x)  tt(P)  = 
u(U)  x u(V)  by  (2).  Hence  there  exists  a neighbourhood  (U  xx  V,z)  mapping  to 
both  (U,x)  and  (V,y).  Let  a,b  : ( V,y ) —X  (U,x)  be  two  morphisms  in  the  category 
of  neighbourhoods.  Let  W be  the  equalizer  of  a,  b : V — > U.  As  in  the  proof  of 
Categories,  Lemma  [4 . 1 8 . 4|  we  may  write  W in  terms  of  fibre  products: 

bC  = ( C Xa^u^  H)  X (pr!,pr2),VxV ,A  C 

The  bijectivity  in  (2)  guarantees  there  exists  an  element  z £ u(W)  which  maps  to 
((y,  y),y).  Then  {W,  z)  ->  (V,  y)  equalizes  a,  b as  desired. 


Let  T —X  Sh(C),  i i->  J,  be  a finite  diagram  of  sheaves.  We  have  to  show  that  the 
stalk  of  the  limit  of  this  system  agrees  with  the  limit  of  the  stalks.  Let  F be  the 
limit  of  the  system  as  a presheaf.  According  to  Lemma  7.10.1  this  is  a sheaf  and  it 
is  the  limit  in  the  category  of  sheaves.  Hence  we  have  to  show  that  Tp  = lirrii  Tl  p. 
Recall  also  that  T has  a simple  description,  see  Section  |7.4[  Thus  we  have  to  show 
that 


limj  colini{([/iX)}oPJJ  Fi(U)  = colim^^jopp  lim*  Fi{U). 

This  holds,  by  Categories,  Lemma  |4.19.2[  because  we  just  showed  the  opposite  of 
the  category  of  neighbourhoods  is  filtered.  □ 


00YC 


Proposition  7.32.2.  Let  C be  a site.  Assume  that  finite  limits  exist  inC.  (I.e., 
C has  fibre  products,  and  a final  object.)  A point  p of  such  a site  C is  given  by  a 
functor  u : C — ^ Sets  such  that 

(1)  u commutes  with  finite  limits,  and 

(2)  if  {Ui  — > U}  is  a covering,  then  ]J —X  u{U)  is  surjective. 


Proof.  Suppose  first  that  p is  a point  (Definition  7.31.2)  given  by  a functor  u. 
Condition  (2)  is  satisfied  directly  from  the  definition  of  a point.  By  Lemma  7.31.3 
we  have  (hjj)p  = u(U).  By  Lemma  7.31.5  we  have  ( hf))p  = (hjj)P-  Thus  we  see 


that  u is  equal  to  the  composition  of  functors 


C 


PSh(C)  ^ Sh(C)  — 


Sets 


Each  of  these  functors  is  left  exact,  and  hence  we  see  u satisfies  (1). 

Conversely,  suppose  that  u satisfies  (1)  and  (2).  In  this  case  we  immediately  see 
that  u satisfies  the  first  two  conditions  of  Definition  17.31.21  And  its  stalk  functor 
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is  exact,  because  it  is  a left  adjoint  by  Lemma  |7. 31. 5|  and  it  commutes  with  finite 
limits  by  Lemma[7.32.1|  □ 


OOYD 


Remark  7.32.3.  In  fact,  let  C be  a site.  Assume  C has  a final  object  X and  fibre 
products.  Let  p = u : C — ► Sets  be  a functor  such  that 


(1)  u(X)  = {*}  a singleton,  and 

(2)  for  every  pair  of  morpliisms  U — ► W and  V — > W with  the  same  target 
the  map  u(U  X\y  V)  — > u(U)  xu(w)  u(V)  is  surjective. 

(3)  for  every  covering  {Ui  — >•  L/ } the  map  JJ  u(U)  — > u{U ) is  surjective. 


Then,  in  general,  p is  not  a point  of  C.  An  example  is  the  category  C with  two 
objects  {U,X}  and  exactly  one  non-identity  arrow,  namely  U — > X.  We  endow 
C with  the  trivial  topology,  i.e.,  the  only  coverings  are  {U  —>  U}  and  {X  — >•  X}. 
A sheaf  J-  is  the  same  thing  as  a presheaf  and  consists  of  a triple  (A,  B,A—>  B): 
namely  A = JF(X),  B = X(U)  and  A — > B is  the  restriction  mapping  corresponding 
to  U — > X.  Note  that  U xx  U = U so  fibre  products  exist.  Consider  the  functor 
u — p with  u(X)  = {*}  and  u(U)  = {*i,  *2}-  This  satisfies  (1),  (2),  and  (3),  but 
the  corresponding  stalk  functor  (7.31.1.11  is  the  functor 


(. A,B,A  ->•  B)  1 — > B1IaB 


which  isn’t  exact.  Namely,  consider  (0,  {1},  0 — ► {1})  — ► ({1} , {1} , { 1}  — t {1}) 
which  is  an  injective  map  of  sheaves,  but  is  transformed  into  the  noninjective  map 
of  sets 

{1}  H {1}  * {1}  H{1}  {1} 

by  the  stalk  functor. 


OOYE  Example  7.32.4.  Let  A be  a topological  space.  Let  Xzar  be  the  site  of  Example 
|7.6.4|  Let  1 £ I be  a point.  Consider  the  functor 

1 if  x <jL  U 
{*}  if  x £ U 


U : X Zar 


Sets , U 1 y 


This  functor  commutes  with  product  and  fibred  products,  and  turns  coverings  into 
surjective  families  of  maps.  Hence  we  obtain  a point  p of  the  site  Xzar-  It  is 
immediately  verified  that  the  stalk  functor  agrees  with  the  stalk  at  x defined  in 


Sheaves,  Section  6.11 


04EJ  Example  7.32.5.  Let  X be  a topological  space.  What  are  the  points  of  the  topos 
Sh( X)‘!  To  see  this,  let  Xzar  be  the  site  of  Example  7.6.4  By  Lemma  7.31.7  a 


point  of  Sh(X)  corresponds  to  a point  of  this  site.  Let  p be  a point  of  the  site  Xzar 
given  by  the  functor  u : Xzar  — t Sets.  We  are  going  to  use  the  characterization 
of  such  a u in  Proposition  |7.32.2  This  implies  immediately  that  w(0)  = 0 and 
u{U  fl  V)  = u(U ) x u(V).  In  particular  we  have  u(U)  = u(U)  x u(U ) via  the 
diagonal  map  which  implies  that  u(U ) is  either  a singleton  or  empty.  Moreover,  if 
U = (J  Ui  is  an  open  covering  then 

u(U)  = 0 =>•  Vi,  u{Ui)  = 0 and  u{U)  ± 0 3i,  u(Ui)  ± 0. 


We  conclude  that  there  is  a unique  largest  open  W C X with  u{W)  = 0,  namely 
the  union  of  all  the  opens  U with  u(U)  = 0.  Let  Z = X \ W.  If  Z = Z\  U Z2  with 
Z,(ZZ  closed,  then  W = (X\Z1)f]  (X  \Z2)  so  0 = u(W)  = u(X  \ Zx)  x u(X  \ Z2) 
and  we  conclude  that  u(X  \ Z{)  = 0 or  that  u(X  \ Z2)  = 0.  This  means  that 
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OOYF 


08RH 


05  VO 
05V1 


X \ Z\  = W or  that  X \ Z-±  = W.  In  other  words,  Z is  irreducible.  Now  we  see 
that  u is  described  by  the  rule 


u : Xzar  — ► Sets,  U H >■ 


W 


if 

if 


znu  = i 
znu^  i 


Note  that  for  any  irreducible  closed  Z C X this  functor  satisfies  assumptions  (1), 


(2)  of  Proposition  7.32.2  and  hence  defines  a point.  In  other  words  we  see  that 


points  of  the  site  Xzar  are  in  one-to-one  correspondence  with  irreducible  closed 
subsets  of  X.  In  particular,  if  X is  a sober  topological  space,  then  points  of  Xzar 
and  points  of  A'  are  in  one  to  one  correspondence,  see  Example |7. 32. 4| 


7.6.5 


and  Section 


7.9 


Example  7.32.6.  Consider  the  site  Tg  described  in  Example 
The  forgetful  functor  u : Tg  —>  Sets  commutes  with  products  and  fibred  products 
and  turns  coverings  into  surjective  families.  Hence  it  defines  a point  of  Tg-  We 
identify  Sh{Tc)  and  G-Sets.  The  stalk  functor 

p-1  : Sh(Ta)  = G-Sets  — > Sets 
is  the  forgetful  functor.  The  pushforward  p*  is  the  functor 


Sets  — ► Sh(TG)  = G-Sets 


which  maps  a set  S to  the  G-set  Map(G,  S)  with  action  g ■ ip  = ip  o Rg  where  Rg  is 
right  multiplication.  In  particular  we  have  p~1p*S  = Map (G,S)  as  a set  and  the 
maps  S — ► Map(G,  S)  — > S of  Lemma [7. 3 1.9  are  the  obvious  ones. 


Example  7.32.7.  Let  C be  a category  endowed  with  the  chaotic  topology  (Exam- 


ple 7.6.6).  For  every  object  Uq  of  C the  functor  u : U i-A  Morc(t/o,  U)  defines  a point 
p of  C.  Namely,  conditions  (1)  and  (2)  of  Definition  |7.31.2  are  immediate  as  the 
only  coverings  are  given  by  identity  maps.  Condition  (2)  holds  because  Tv  = T(Uo) 
and  since  the  topology  is  discrete  taking  sections  over  U$  is  an  exact  functor. 


7.33.  Points  and  morphisms  of  topoi 

In  this  section  we  make  a few  remarks  about  points  and  morphisms  of  topoi. 

Lemma  7.33.1.  Let  f : D -A  C be  a morphism  of  sites  given  by  a continuous 
functor  u ; C — )■  D.  Let  p be  a point  of  T>  given  by  the  functor  v : T>  — > Sets,  see 
Definition  |7.^1.^t  Then  the  functor  v o u : C — > Sets  defines  a point  q of  C and 
moreover  there  is  a canonical  identification 

(r^)p  = jq 


for  any  sheaf  T on  C. 


First  proof  Lemma  |7.33.1[  Note  that  since  u is  continuous  and  since  v defines  a 


point,  it  is  immediate  that  vou  satisfies  conditions  (1)  and  (2)  of  Definition  7.31.2 
Let  us  prove  the  displayed  equality.  Let  T be  a sheaf  on  C.  Then 


Tq  = colim(c/iX)  F{U) 
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where  the  colimit  is  over  objects  U in  C and  elements  x £ v(u(Uf).  Similarly,  we 
have 


CT 1 T)v  = (uPF)p 

= colim(v!a:)  colim u,<t>-v^u(u)  ?{U) 
= colim (v,x,u,<t>:V-¥U{U))  F {U ) 

= colim(i7iX)  F(U) 

= 4 


Explanation:  The  first  equality  holds  because  / 1 F = (upF)#  and  because  Qp  = 

The  second  equality  holds  by  the  defi- 


7.31.5 


Q#  for  any  presheaf  Q,  see  Lemma 
nition  of  up.  In  the  third  equality  we  simply  combine  colimits.  To  see  the  fourth 
equality  we  apply  Categories,  Lemma |4. 17. 5|to  the  functor  F of  diagram  categories 
defined  by  the  rule  F((V,x,U,<f)  : V — > u(U)))  = (U,v(<j>)(x)).  The  lemma  applies, 
because  F has  a right  inverse,  namely  (U,x)  i-)-  ( u(U),x , U,  id  : u(U)  — >•  u(U))  and 
because  there  is  always  a morphism 


(V,  x,  U,  <j)  : V — » u(U))  — > ( u(U ),  v(<j>)(x),  U,  id  : u(U)  — > u(U)) 


in  the  fibre  category  over  (U,  x)  which  shows  the  fibre  categories  are  connected. 
The  fifth  equality  is  clear.  Hence  now  we  see  that  q also  satisfies  condition  (3)  of 
Definition  |7.31.2|  because  it  is  a composition  of  exact  functors.  This  finishes  the 
proof.  □ 


Second  proof  Lemma |7.33.1[  By  Lemma  7.31.8  we  may  factor  (p*,p  as 


Sh{pt)  4 Sh(S)  4 Sh(V) 

where  the  second  morphism  of  topoi  comes  from  a morphism  of  sites  h : S — » T> 
induced  by  the  functor  v : V — > S (which  makes  sense  as  S C Sets  is  a full 
subcategory  containing  every  object  in  the  image  of  v).  By  Lemma  7.15.3  the 


composition  v o u : C -A  S defines  a morphism  of  sites  g : S -A  C.  In  particular,  the 
functor  v o u : C — > S is  continuous  which  by  the  definition  of  the  coverings  in  5, 


see  Remark  7.16.3  means  that  you  satisfies  conditions  (1)  and  (2)  of  Definition 


|7.31.2[  On  the  other  hand,  we  see  that 


g*i*E(U)  = i*E{v[u(U))  = Mor Sets(v(u(U)),  E) 


by  the  construction  of  i in  Remark|7.16.3|  Note  that  this  is  the  same  as  the  formula 
for  which  is  equal  to  {vo u)pE,  see  Equation  ( 7.31.3.1 ).  By  Lemma  7.31.5  the  functor 


g*i*  = (vo u)p  = (vou)s  is  right  adjoint  to  the  stalk  functor  F >->■  Fq.  Hence  we  see 


that  the  stalk  functor  q 1 is  canonically  isomorphic  to  i 1 o g 1 . Hence  it  is  exact 
and  we  conclude  that  q is  a point.  Finally,  as  we  have  g = f o h by  construction  we 


see  that  q 1 = i 1 
the  lemma. 


oh  1 o / 1=p  1 o / 


t- 1 


i.e.,  we  have  the  displayed  formula  of 

□ 


05V2  Lemma  7.33.2.  Let  f : Sh(V)  — >•  Sh(C)  be  a morphism  of  topoi.  Let  p : Sh(pt)  — ► 
Sh(V)  be  a point.  Then  q = f o p is  a point  of  the  topos  Sh(C)  and  we  have  a 
canonical  identification 

(f~lF)p  = Tq 

for  any  sheaf  T on  C. 
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Proof.  This  is  immediate  from  the  definitions  and  the  fact  that  we  can  compose 
morphisms  of  topoi.  □ 


7.34.  Localization  and  points 

04EK  In  this  section  we  show  that  points  of  a localization  C/U  are  constructed  in  a simple 
manner  from  the  points  of  C. 

04H2  Lemma  7.34.1.  Let  C be  a site.  Let  p be  a point  of  C given  by  u : C — > Sets.  Let 
U be  an  object  of  C and  let  x £ u(U).  The  functor 

v : C/U  — > Sets,  (tp  : V —¥  U)  i — > {y  £ u(V)  | u(<p)(y)  = x } 

defines  a point  q of  the  site  C/U  such  that  the  diagram 


Sh(pt) 

p 

Y 

Sh(C/U ) Sh(C) 


commutes.  In  other  words  Tv  = (juLT)q  for  any  sheaf  on  C. 


Proof.  Choose  S and  S as  in  Lemma  7.31.8  We  may  identify  Sh(pt)  = Sh(S)  as 
in  that  lemma,  and  we  may  write  p = / : Sh(S)  -A  Sh(C ) for  the  morphism  of  topoi 
induced  by  u.  By  Lemma  |7.27.1|  we  get  a commutative  diagram  of  topoi 


Sh(S/u(U)) 


Ju(U) 


Sh(S) 


Sh(C/U) 


3U 


Sh(C), 


where  p'  is  given  by  the  functor  v!  : C/U  S/u(U),  V/U  ha  u(V)/u(U).  Consider 
the  functor  jx  : S = S /x  obtained  by  assigning  to  a set  E the  set  E endowed  with 
the  constant  map  E -A  u(U)  with  value  x.  Then  jx  is  a fully  faithful  cocontinuous 
functor  which  has  a continuous  right  adjoint  vx  : (ip  : E — > u{U ))  ha  %f~1({x}). 
Note  that  ju(u)  ° jx  = ids,  and  vx°u'  = v.  These  observations  imply  that  we  have 
the  following  commutative  diagram  of  topoi 


Namely: 

(1)  The  morphism  a : Sh(S)  -A  Sh{S/u{U ))  is  the  morphism  of  topoi  associ- 
ated to  the  cocontinuous  functor  jx,  which  equals  the  morphism  associated 
to  the  continuous  functor  vx , see  Lemma  |7.20.1|  and  Section  |7.21| 

(2)  The  composition  p o o a=p  since  o jx  = ids. 
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(3)  The  composition  p'  o a gives  a morphism  of  topoi.  Moreover,  it  is  the 
morphism  of  topoi  associated  to  the  continuous  functor  vxou'  = v.  Hence 
v does  indeed  define  a point  q of  C/U  which  fits  into  the  diagram  above 
by  construction. 

This  ends  the  proof  of  the  lemma.  □ 


04H3  Lemma  7.34.2.  Let  C,  p,  u,  U be  as  in  Lemma  7.34-1  The  construction  of 


Lemma  7.34-1  gives  a one  to  one  correspondence  between  points  q of  C/U  lying 


over  p and  elements  x ofu(U). 

Proof.  Let  q be  a point  of  C/U  given  by  the  functor  v : C/U  — > Sets  such  that 
ju  ° Q = V as  morphisms  of  topoi.  Recall  that  u(V)  = p-1(/iy)  for  any  object  V of 
C,  see  Lemma  7.31.7  Similarly  v(V/U)  = for  any  object  V/U  of  C/U. 

Consider  the  following  two  diagrams 

Morc iu{W/U , V/U) Morc  (IT,  V ) 


Mor c/u{W/U,  U/U) >-  Morc  (IT,  U) 


h* 

av/u 


Y 

h* 

nu/u 


Ju 


\h*) 


The  right  hand  diagram  is  the  sheafification  of  the  diagram  of  presheaves  on  C/U 
which  maps  W/U  to  the  left  hand  diagram  of  sets.  (There  is  a small  technical 
point  to  make  here,  namely,  that  we  have  {j/jlhv)^  = j/}1{hy)  and  similarly  for 
hjj,  see  Lemma  7.19.4  ) Note  that  the  left  hand  diagram  of  sets  is  cartesian.  Since 
sheafification  is  exact  (Lemma  7.10.14)  we  conclude  that  the  right  hand  diagram  is 
cartesian. 

Apply  the  exact  functor  q~x  to  the  right  hand  diagram  to  get  a cartesian  diagram 


,(y/u) 


i(T) 


v(U/U) *u(U) 

of  sets.  Here  we  have  used  that  q”1  o j~l  = p~l.  Since  U/U  is  a final  object  of 
C/U  we  see  that  v(U/U)  is  a singleton.  Hence  the  image  of  v(U/U)  in  u(U)  is  an 
element  x,  and  the  top  horizontal  map  gives  a bijection  v(V/U)  — > {y  £ u(V)  \ y i-A 
x in  u(U)}  as  desired.  □ 

04H4  Lemma  7.34.3.  Let  C be  a site.  Let  p be  a point  of  C given  by  u : C —¥  Sets.  Let 
U be  an  object  ofC.  For  any  sheaf  Q on  C/U  we  have 

(julG)p  = W_qGq 

where  the  coproduct  is  over  the  points  q of  C/U  associated  to  elements  x £ u{U)  as 
in  Lemma\7.34-1\ 

Proof.  We  use  the  description  of  ju\G  as  the  sheaf  associated  to  the  presheaf 
V i-A  U^eMor r(vu)  GiV/pU)  of  Lemma|7.24.2|  Also,  the  stalk  of  ju\G  at  p is  equal 
to  the  stalk  of  this  presheaf,  see  Lemma~[7.31.5|  Hence  we  see  that 

Uu\G)p  = colim^j,)  G(VUU) 
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To  each  element  ( V,y,ip,s ) of  this  colimit,  we  can  assign  x = u(tp)(y)  £ u(U). 
Hence  we  obtain 


(. iu\G)P  = ]J 


Colim^.y — >£/,?/) , u(tp)(y)=x  / <p^0- 


'-x£u(U) 

This  is  equal  to  the  expression  of  the  lemma  by  our  construction  of  the  points  q.  □ 


04H5  Remark  7.34.4.  Warning:  The  result  of  Lemma 


7.34.3 


has  no  analogue  for  ju,*- 


7.35.  2-morphisms  of  topoi 

0419  This  is  a brief  section  concerning  the  notion  of  a 2-morphism  of  topoi. 

04IA  Definition  7.35.1.  Let  f,g  : Sh(C)  — > Sh(V)  be  two  morphisms  of  topoi.  A 
2-morphism  from  f to  g is  given  by  a transformation  of  functors  t : /*  — > g* . 

Pictorially  we  sometimes  represent  t as  follows: 


Sh(C) 


Sh(V) 


Note  that  since  /-1  is  adjoint  to  /*  and  g~x  is  adjoint  to  g * we  see  that  t induces 
also  a transformation  of  functors  t : g _1  — > /-1  (usually  denoted  by  the  same 
symbol)  uniquely  characterized  by  the  condition  that  the  diagram 


MorSHC)(GJ^)^=MorSh(C)(f-1G,Jr) 


Moi  Sh(c)(Gig*F) 


Sh(C){g  1G,^) 


commutes.  Because  of  set  theoretic  difficulties  (see  Remark  7.16.4 1 we  do  not  obtain 


a 2-category  of  topoi.  But  we  can  still  define  horizontal  and  vertical  composition  and 
show  that  the  axioms  of  a strict  2-category  listed  in  Categories,  Section  [4. 28|  hold. 
Namely,  vertical  composition  of  2-morphisms  is  clear  (just  compose  transformations 
of  functors),  composition  of  1-morphisms  has  been  defined  in  Definition  7.16.1  and 
horizontal  composition  of 


Sh(C) 


f ^ 
1? 


Sh{V) 


f 


Sh(S) 


is  defined  by  the  transformation  of  functors  s*t  introduced  in  Categories,  Definition 
|4.27.1|  Explicitly,  s * t is  given  by 


or 


fU*T- 


■g'PT^g'^T 


(these  maps  are  equal).  Since  these  definitions  agree  with  the  ones  in  Categories, 
Section  |4.27|  it  follows  from  Categories,  Lemma  |4.27.2|  that  the  axioms  of  a strict 
2-category  hold  with  these  definitions. 
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7.36.  Morphisms  between  points 

OOYG 

OOYH  Lemma  7.36.1.  Let  C be  a site.  Let  u,u'  : C — > Sets  be  two  functors,  and  let  t : 
u!  —¥  u be  a transformation  of  functors.  Then  we  obtain  a canonical  transformation 
of  stalk  functors  tstaik  ■ J~p>  — > Tp  which  agrees  with  t via  the  identifications  of 
Lemma  |7. 31. 3[ 

Proof.  Omitted.  □ 

OOYI  Definition  7.36.2.  Let  C be  a site.  Let  p,p'  be  points  of  C given  by  functors 
u,ur  : C — > Sets.  A morphism  f : p — > p'  is  given  by  a transformation  of  functors 

u. 

Note  how  the  transformation  of  functors  goes  the  other  way.  This  makes  sense,  as 
we  will  see  later,  by  thinking  of  the  morphism  / as  a kind  of  2-arrow  pictorially  as 
follows: 

p 

Sets  = Sh{pt)  {Jr  Sh{C) 

p 

Namely,  we  will  see  later  that  fu  induces  a canonical  transformation  of  functors 
P*  P 1 between  the  skyscraper  sheaf  constructions. 

This  is  a fairly  important  notion,  and  deserves  a more  complete  treatment  here. 
List  of  desiderata 

(1)  Describe  the  automorphisms  of  the  point  of  Tg  described  in  Example 

fTbTTil 

(2)  Describe  Mor {p,p')  in  terms  of  Mor(p*,p*). 

(3)  Specialization  of  points  in  topological  spaces.  Show  that  if  x'  € {a?}  in 
the  topological  space  X,  then  there  is  a morphism  p — > p' , where  p (resp. 
p')  is  the  point  of  Xzar  associated  to  x (resp.  x'). 

7.37.  Sites  with  enough  points 

OOYJ 

OOYK  Definition  7.37.1.  Let  C be  a site. 

(1)  A family  of  points  {pi}iei  is  called  conservative  if  for  every  map  of  sheaves 
<j>  : T Q which  is  an  isomorphism  on  all  the  fibres  TVi  — > QPi  is  an 
isomorphism. 

(2)  We  say  that  C has  enough  points  if  there  exists  a conservative  family  of 
points. 

ft  turns  out  that  you  can  then  check  “exactness”  at  the  stalks. 

OOYL  Lemma  7.37.2.  Let  C be  a site  and  let  {pi}i^i  be  a conservative  family  of  points. 
Then 

(1)  Given  any  map  of  sheaves  ip  : T — > Q we  have  \/i,ipPi  injective  implies  ip 
injective. 

(2)  Given  any  map  of  sheaves  ip  : T — >•  Q we  have  Vi,  (pPi  surjective  implies  tp 
surjective. 
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(3)  Given  any  pair  of  maps  of  sheaves  <pi,tp2  '■  IF  — t Q we  have  Vi,  <pi,Pi  = p>2  ,Pi 
implies  tp\  = <^2  ■ 

(4)  Given  a finite  diagram  Q : J — > Sh(C),  a sheaf  F and  morphisms  qj  : 
F — >■  Qj  then  ( J 7,  qj)  is  a limit  of  the  diagram  if  and  only  if  for  each  i the 
stalk  (FPi,  (qj)Pi)  is  one. 

(5)  Given  a finite  diagram  F : J — > Sh(C),  a sheaf  Q and  morphisms  ej  : 
Tj  —¥  Q then  ( Q,ej ) is  a colimit  of  the  diagram  if  and  only  if  for  each  i 
the  stalk  ( QPi , ( ej)Pi ) is  one. 

Proof.  We  will  use  over  and  over  again  that  all  the  stalk  functors  commute  with 
any  finite  limits  and  colimits  and  hence  with  products,  fibred  products,  etc.  We 
will  also  use  that  injective  maps  are  the  monomorphisms  and  the  surjective  maps 
are  the  epimorphisms.  A map  of  sheaves  tp  : F — > Q is  injective  if  and  only  if 
F F x q T is  an  isomorphism.  Hence  (1).  Similarly,  tp  : T — » Q is  surjective  if 
and  only  if  Q Hjf  Q — > G is  an  isomorphism.  Hence  (2).  The  maps  a,b  : T Q 
are  equal  if  and  only  if  J7  xa,g,b  F — > F x T is  an  isomorphism.  Hence  (3).  The 
assertions  (4)  and  (5)  follow  immediately  from  the  definitions  and  the  remarks  at 
the  start  of  this  proof.  □ 


OOYM  Lemma  7.37.3.  Let  C be  a site  and  let  {{pi,uf)fi^i  be  a family  of  points.  The 
family  is  conservative  if  and  only  if  for  every  sheaf  J7  and  every  U £ Ob(C)  and 
every  pair  of  distinct  sections  s,s'  £ F(U),  s ^ s'  there  exists  an  i and  x £ ut{U) 
such  that  the  triples  ( U,x,s ) and  ( U,x,s ')  define  distinct  elements  of  TPi. 


Proof.  Suppose  that  the  family  is  conservative  and  that  J7,  U,  and  s,  s'  are  as  in 
the  lemma.  The  sections  s,  s'  define  maps  a,  a'  : ( h\j )#  — > T which  are  distinct. 


7.37.2 

rm 


there  is  an  i such  that  aPi  ^ a'p..  Recall  that  {hu)f.  = 
Hence  there  exists  an  x £ Ui(U)  such  that 


and  7.31.5 


Hence,  by  Lemma 
Ui(U ),  by  Lemmas 

aPi  ( x ) yf  a'p.  (x)  in  TPi . Unwinding  the  definitions  you  see  that  (U,  x,  s ) and  (U,  x,  s') 
are  as  in  the  statement  of  the  lemma. 


To  prove  the  converse,  assume  the  condition  on  the  existence  of  points  of  the  lemma. 
Let  4>  : J-  — ► Q be  a map  of  sheaves  which  is  an  isomorphism  at  all  the  stalks.  We 
have  to  show  that  </>  is  both  injective  and  surjective,  see  Lemma  7.12.2  Injectivity 


is  an  immediate  consequence  of  the  assumption.  To  show  surjectivity  we  have  to 
show  that  Q Hjr  Q Q is  an  isomorphism  (Categories,  Lemma  4.13.3).  Since  this 
map  is  clearly  surjective,  it  suffices  to  check  injectivity  which  follows  as  QIlj^Q  Q 
is  injective  on  all  stalks  by  assumption.  □ 


In  the  following  lemma  the  points  qiiX  are  exactly  all  the  points  of  C/U  lying  over 
the  point  pi  according  to  Lemma  |7.34.2| 

04H6  Lemma  7.37.4.  Let  C be  a site.  Let  U be  an  object  ofC.  let  {(pi,Ui)}i^j  be  a 
family  of  points  of  C.  For  x £ Ui(U)  let  qitX  be  the  point  of  C/U  constructed  in 
Lemma  7.3/.1  If  {pi}  is  a conservative  family  of  points,  then  { Qi,x}iei,xeUi(u ) 


a conservative  family  of  points  of  C/U.  In  particular,  if  C has  enough  points,  then 
so  does  every  localization  C/U . 

Proof.  We  know  that  ju\  induces  an  equivalence  ju\  : Sh(C/U)  -£  Sh(C)/hff , see 

, see  Lemma  [7.34.3 


Lemma 
Hence  t 


7.24.4 


Moreover,  we  know  that  ( ju\Q)Pi  = U;,.  Gq 


le  result  follows  formally. 
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The  following  lemma  tells  us  we  can  check  the  existence  of  points  locally  on  the 
site. 

06UL  Lemma  7.37.5.  Let  C be  a site.  Let  {t/,}je/  be  a family  of  objects  ofC.  Assume 

(1)  1 lht^  * is  a surjective  map  of  sheaves,  and 

(2)  each  localization  C /Ui  has  enough  points. 

Then  C has  enough  points. 


Proof.  For  each  i £ I let  [PjjjeJ,  be  a conservative  family  of  points  of  C/Ui. 
For  j £ Ji  denote  qj  : Sh(pt)  —>  Sh(C)  the  composition  of  pj  with  the  localization 
morphism  Sh(C/Ui)  — > Sh(C).  Then  qj  is  a point,  see  Lemma  7.33.2  We  claim 
that  the  family  of  points  {fh  lteLI  J,  is  conservative.  Namely,  let  F — > G be  a map 
of  sheaves  on  C such  that  Fqj  — > Qqj  is  an  isomorphism  for  all  j £ Y[Ji-  Let  W 
be  an  object  of  C.  By  assumption  (1)  there  exists  a covering  {Wa  — > W}  and 
morphisms  Wa  ->■  (7i(a).  Since  (F\ c/ui(a))Pj  = ?qj  and  (G\c/uiM)Pj  = Gqj  by 
Lemma  7.33.2  we  see  that  F\u 5 — > G\ui(a)  is  an  isomorphism  since  the  family 
of  points  {p?  jjeJ;(o)  is  conservative.  Hence  F ( Wa ) — ► Q(Wa)  is  bijective  for  each 
a.  Similarly  T ( W0  Xw  Wf)  G{Wa  *w  Wb)  is  bijective  for  each  a,b.  By  the 
sheaf  condition  this  shows  that  F(W)  — > Q(W)  is  bijective,  i.e.,  F — > G is  an 
isomorphism.  □ 


7.38.  Criterion  for  existence  of  points 

OOYN  This  section  corresponds  to  Deligne’s  appendix  to  IAGV711  Expose  VI] . In  fact  it 
is  almost  literally  the  same. 

Let  C be  a site.  Suppose  that  (J,  >)  is  a directed  partially  ordered  set,  and  that 
(Ui,  fu>)  is  an  inverse  system  over  /,  see  Categories,  Definition  4.21.1  Given  the 
data  (I,  >,Ui , fa*)  we  define 

u : C — > Sets,  u(V)  = colinp  More  (Hi,  V) 

meto 

from  the  definition  that  actually 


Let  T i— > Fp  be  the  stalk  functor  associated  to  u as  in  Section  7.31  It  is  direct 


Fp  = colinii  F(Ui) 

in  this  special  case.  Note  that  u commutes  with  all  finite  limits  (I  mean  those 
that  are  representable  in  C)  because  each  of  the  functors  V i— »•  More  ( Ui , V ) do,  see 
Categories,  Lemma  [4. 19. 2| 

We  say  that  a system  (7,  >,[/,,  fa>)  is  a refinement  of  (J,  >,  Vj,gjj>)  if  J C 7,  the 
ordering  on  J induced  from  that  of  7 and  Vj  = Uj , g:jj>  = fjj>  (in  words,  the 
inverse  system  over  J is  induced  by  that  over  7).  Let  u be  the  functor  associated  to 
(7,  >,  XJi,  fa ')  and  let  v!  be  the  functor  associated  to  (J,  >,  Vr  gjj')-  This  induces  a 
transformation  of  functors 


simply  because  the  colimits  for  u'  are  over  a subsystem  of  the  systems  in  the  colimits 
for  u.  In  particular  we  get  an  associated  transformation  of  stalk  functors  Fpi  — > Fp, 
see  Lemma [7.36. II 
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OOYO  Lemma  7.38.1.  Let  C be  a site.  Let  (J,  >,  Vj.  g3j')  be  a system  as  above  with 
associated  pair  of  functors  Let  T be  a sheaf  onC.  Let  s,  s'  £ Tv*  be  distinct 

elements.  Let  {Wk  — > W}  be  a finite  covering  of  C.  Let  f £ u'(W).  There  exists  a 
refinement  {I,>,Uj,  fu>)  of  gjj>)  such  that  s,s'  map  to  distinct  elements 

of  J-p  and  that  the  image  of  f in  u(W)  is  in  the  image  of  one  of  the  u{Wk). 


Proof.  There  exists  a jo  £ J such  that  / is  defined  by  f : Vl0  W.  For  j > j0 
we  set  Vjtk  = Vj  x fofjjg,w  Wk-  Then  { Vj — > Vj}  is  a finite  covering  in  the  site  C. 
Hence  E{Vj)  C II kE{Vjtk).  By  Categories,  Lemma  4.19.2  once  again  we  see  that 

Tvi  = colim_,  TfVj)  — > colimj  E{Vjtk) 


is  injective.  Hence  there  exists  a k such  that  s and  s'  have  distinct  image  in 
colim jlF(Vj}k).  Let  J0  = {j  £ J,j  > jo}  and  I = JH  J0.  We  order  I so  that 
no  element  of  the  second  summand  is  smaller  than  any  element  of  the  first,  but 
otherwise  using  the  ordering  on  J . If  j £ I is  in  the  first  summand  then  we  use  Vj 
and  if  j £ I is  in  the  second  summand  then  we  use  Vj±-  We  omit  the  definition  of 
the  transition  maps  of  the  inverse  system.  By  the  above  it  follows  that  s,  s'  have 
distinct  image  in  Fp.  Moreover,  the  restriction  of  f to  Vjik  factors  through  Wk  by 
construction.  □ 


OOYP  Lemma  7.38.2.  Let  C be  a site.  Let  {J,>,Vj,  gjj1)  be  a system  as  above  with 
associated  pair  of  functors  (u'  ,p').  Let  J-  be  a sheaf  onC.  Let  s , s'  £ Tp’  be  distinct 
elements.  There  exists  a refinement  fur)  of  (J,  >,Vj,  gjj>)  such  that  s,  s' 

map  to  distinct  elements  of  Tp  and  such  that  for  every  finite  covering  {Wk  —>W} 
of  the  site  C,  and  any  f £ u' (W)  the  image  of  f in  u{W)  is  in  the  image  of  one  of 
the  u{Wk). 


Proof.  Let  E be  the  set  of  pairs  {{Wk  — > W},f  £ u'{W)).  Consider  pairs  {E'  C 
E,  (I,  >,  Ui,fu> ))  such  that 

(1)  (L,  >,  Ui,gu>)  is  a refinement  of  (J,  >,  Vj,gjj>), 

(2)  s,  s'  map  to  distinct  elements  of  J-p , and 

(3)  for  every  pair  {{Wk  — > W},  f £ u'{W))  £ E'  we  have  that  the  image  of  / 
in  u{W ) is  in  the  image  of  one  of  the  u(Wk). 

We  order  such  pairs  by  inclusion  in  the  first  factor  and  by  refinement  in  the  second. 
Denote  S the  class  of  all  pairs  {E'  C E,  {I,>,Ui,  fw))  as  above.  We  claim  that 
the  hypothesis  of  Zorn’s  lemma  holds  for  S.  Namely,  suppose  that  {E'a,(Ia,> 
, Uj,  fu'))aeA  is  a totally  ordered  subset  of  S.  Then  we  can  define  E'  = UaeA  -®a  an(l 
we  can  set  / = UqgA  ^o-  We  claim  that  the  corresponding  pair  (E',  (/,  >,  E/j,  fw)) 
is  an  element  of  S.  Conditions  (1)  and  (3)  are  clear.  For  condition  (2)  you  note 
that 

u = colimag^  ua  and  correspondingly  T.p  = colimag^  TVa 
The  distinctness  of  the  images  of  s,  s'  in  this  stalk  follows  from  the  description 
of  a directed  colimit  of  sets,  see  Categories,  Section  |4.19|  We  will  simply  write 
{E1,  (J,  ...))  = (J aeA{Ea’  (Ta,  ■ ■ ■))  in  this  situation. 


OK,  so  Zorn’s  Lemma  would  apply  if  S was  a set,  and  this  would,  combined  with 
Lemma  7.38.1  above  easily  prove  the  lemma.  It  doesn’t  since  S is  a class.  In  order 
to  circumvent  this  we  choose  a well  ordering  on  E.  For  e £ E set  E'e  = {e'  £ E \ 
e!  < e}.  By  transfinite  induction  we  construct  pairs  ( E'e , (Je, ...))  £ 5 such  that 
ei  < e2  =>  (E'ei,(Iei,...))  < {E'e2,{Ie2,...)).  Let  e £ E,  say  e = {{Wk  -A  W}J  £ 
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u'(W)).  If  e has  a predecessor  e—  1,  then  we  let  ( Ie , . . .)  be  a refinement  of  (7e_ i, . . .) 
as  in  Lemma  7.38.1  with  respect  to  the  system  e = ({ Wk  -A  IF},  f £ u'(W)).  If  e 
does  not  have  a predecessor,  then  we  let  (7e, . . .)  be  a refinement  of  (J e/<e(-7e' , ■ ■ •) 
with  respect  to  the  system  e = {{Wk  -A  W},f  £ u'{W)).  Finally,  the  union 
Uees  1 e wiH  be  a solufi011  the  problem  posed  in  the  lemma.  □ 


OOYQ  Proposition  7.38.3.  Let  C be  a site.  Assume  that 

(1)  finite  limits  exist  in  C,  and 

(2)  every  covering  {Ui  — > U}i<=i  has  a refinement  by  a finite  covering  ofC. 
Then  C has  enough  points. 


Proof.  We  have  to  show  that  given  any  sheaf  J-  on  C , any  U £ Ob (C),  and  any 
distinct  sections  s,  s'  £ F(U),  there  exists  a point  p such  that  s,  s'  have  distinct 
image  in  Tp.  See  Lemma  7.37.3  Consider  the  system  (J,  >,  Vj,gjj> ) with  J = {1}, 
V\  = U,  gn  = idp-.  Apply  Lemma  [7. 38. 2[  By  the  result  of  that  lemma  we  get  a 
system  (7,  >,£/),  fu>)  refining  our  system  such  that  sp  s'p  and  such  that  moreover 
for  every  finite  covering  {Wk  — >•  W}  of  the  site  C the  map  IJfcu(Wfc)  — > u(W)  is 
surjective.  Since  every  covering  of  C can  be  refined  by  a finite  covering  we  conclude 
that  JJ ku(Wk)  > u{W)  is  surjective  for  any  covering  {Wk  -A  W}  of  the  site  C. 
This  implies  that  u = p is  a point,  see  Proposition  7.32.2  (and  the  discussion  at  the 
beginning  of  this  section  which  guarantees  that  u commutes  with  finite  limits).  □ 


7.39.  Weakly  contractible  objects 

090J  A weakly  contractible  object  of  a site  is  one  that  satisfies  the  equivalent  conditions 
of  the  following  lemma. 

090K  Lemma  7.39.1.  LetC  be  a site.  Let  U be  an  object  ofC.  The  following  conditions 
are  equivalent 

(1)  For  every  covering  {Ui  — >-  C7 } there  exists  a map  of  sheaves  hfj  — > ]j  hfj. 
right  inverse  to  the  sheafification  of  LI  hut  —■ ► hu- 

(2)  For  every  surjection  of  sheaves  of  sets  T — ► Q the  map  J-(U)  — > Q{U)  is 
surjective. 


Proof.  Assume  (1)  and  let  T — > Q be  a surjective  map  of  sheaves  of  sets.  For 
s £ G{U)  there  exists  a covering  {Ui  — ► U}  and  U £ F{Uf)  mapping  to  s|c/i; 
see  Definition 


7.12.1 


Think  of  U as  a map  tj  : hfj.  — » T via  (7.13.3.11.  Then 


precomposing  : JJ  hf{  — > T with  the  map  hfj  -A  ]J  hfj.  we  get  from  (1)  we 
obtain  a section  t £ F{U)  mapping  to  s.  Thus  (2)  holds. 

Assume  (2)  holds.  Let  {Ui  — > U}  be  a covering.  Then  ]J  hfj.  -A  hfj  is  surjective 
(Lemma  7.13.41.  Hence  by  (2)  there  exists  a section  s of  ]J  hf.  mapping  to  the 
section  idy  of  hf . This  section  corresponds  to  a map  hf  — > JJ  hf  which  is  right 
inverse  to  the  sheafification  of  JJ  hjj.  -a  hjj  which  proves  (1).  □ 


090L  Definition  7.39.2.  Let  C be  a site. 

(1)  We  say  an  object  U of  C is  weakly  contractible  if  the  equivalent  conditions 
of  Lemma  17.39.11  hold. 

(2)  We  say  a site  has  enough  weakly  contractible  objects  if  every  object  U of 
C has  a covering  {Ut  -A  U}  with  U weakly  contractible  for  all  i. 
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(3)  More  generally,  if  P is  a property  of  objects  of  C we  say  that  C has  enough 
P objects  if  every  object  U of  C has  a covering  [U,  — ► U}  such  that  C/j  has 
P for  all  i. 

The  small  etale  site  of  Aq  does  not  have  any  weakly  contractible  objects.  On  the 
other  hand,  the  small  pro-etale  site  of  any  scheme  has  enough  contractible  objects. 

7.40.  Exactness  properties  of  pushforward 

04D5  Let  / be  a morphism  of  topoi.  The  functor  /*  in  general  is  only  left  exact.  There  are 
many  additional  conditions  one  can  impose  on  this  functor  to  single  out  particular 
classes  of  morphisms  of  topoi.  We  collect  them  here  and  note  some  of  the  logical 
dependencies.  Some  parts  of  the  following  lemma  are  purely  category  theoretical 
(i.e. , they  do  not  depend  on  having  a morphism  of  topoi,  just  having  a pair  of 
adjoint  functors  is  enough). 

04D6  Lemma  7.40.1.  Let  f : Sh(C)  — > Sh(T>)  be  a morphism  of  topoi.  Consider  the 
following  properties  (on  sheaves  of  sets): 

(1)  /*  is  faithful, 

(2)  /*  is  fully  faithful, 

(3)  f~1f*P  — ► T is  surjective  for  all  T in  Sh(C), 

(4)  /*  transforms  surjections  into  surjections, 

(5)  /*  commutes  with  coequalizers, 

(6)  /*  commutes  with  pushouts, 

(7)  f~1f*Jr  — )•  J-  is  an  isomorphism  for  all  T in  Sh(C), 

(8)  /*  reflects  injections, 

(9)  /*  reflects  surjections, 

(10)  /*  reflects  bijections,  and 

(11)  for  any  surjection  P — > f~xQ  there  exists  a surjection  Q'  — > Q such  that 
f~1Gr  — > f~lG  factors  through  T — > f~1G- 

Then  we  have  the  following  implications 

(a)  (2)  =>  (1), 

(b)  (3)  =>  (1), 

(c)  (7)  =*  (1),  (2),  (3),  (8),  (9),  (10). 

(d)  (3)  ^ (9), 

(e)  (6)  =>  (4)  and  (5)  =>  (4), 

(f)  (4)  ^ (11), 

(g)  (9)  =>  (8),  (10),  and 

(h)  (2)  & (7). 

Picture 

(6) 

\ 

(4)^  (11) 

/ 


(5) 


(3)=>(1) 
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Proof.  Proof  of  (a):  This  is  immediate  from  the  definitions. 

Proof  of  (b).  Suppose  that  a,b  : T — ► P are  maps  of  sheaves  on  C.  If  /*a  = /*&, 
then  /_1/*a  = f^1  f*b.  Consider  the  commutative  diagram 


r1up^.r1up 

If  the  bottom  two  arrows  are  equal  and  the  vertical  arrows  are  surjective  then  the 
top  two  arrows  are  equal.  Hence  (b)  follows. 

Proof  of  (c).  Suppose  that  a : T — > P is  a map  of  sheaves  on  C.  Consider  the 
commutative  diagram 

T P 

A A 

f-iUT — 

If  (7)  holds,  then  the  vertical  arrows  are  isomorphisms.  Hence  if  /*a  is  injective 
(resp.  surjective,  resp.  bijective)  then  the  bottom  arrow  is  injective  (resp.  surjective, 
resp.  bijective)  and  hence  the  top  arrow  is  injective  (resp.  surjective,  resp.  bijective). 
Thus  we  see  that  (7)  implies  (8),  (9),  (10).  It  is  clear  that  (7)  implies  (3).  The 
implications  (7)  =>  (2),  (1)  follow  from  (a)  and  (h)  which  we  will  see  below. 

Proof  of  (d).  Assume  (3).  Suppose  that  a : T -A-  P is  a map  of  sheaves  on  C 
such  that  /*a  is  surjective.  As  /_1  is  exact  this  implies  that  /_1/*a  : /-1  — ► 

is  surjective.  Combined  with  (3)  this  implies  that  a is  surjective.  This 
means  that  (9)  holds.  Assume  (9).  Let  T be  a sheaf  on  C.  We  have  to  show  that 
the  map  f~l  — > T is  surjective.  It  suffices  to  show  that  Uf~Xf*P  — t is 
surjective.  And  this  is  true  because  there  is  a canonical  map  f*T  — > /*/-1 
which  is  a one-sided  inverse. 


Proof  of  (e).  We  use  Categories,  Lemma  4.13.3  without  further  mention.  If  T 
is  surjective  then  T'  Hjf  F' 


P 


P is  an  isomorphism.  Hence  (6)  implies  that 

UP  H UT  UP  = U (F  II jr  p)  — » UP 

is  an  isomorphism  also.  And  this  in  turn  implies  that  -A  f*P  is  surjective. 
Hence  we  see  that  (6)  implies  (4).  If  T — > P is  surjective  then  P is  the  coequalizer 
of  the  two  projections  T Xjf'  J7  — ► T by  Lemma  7.12.3  Hence  if  (5)  holds,  then 
/* T'  is  the  coequalizer  of  the  two  projections 


fU?  7)  = f*7  x UT,  UP  — > UP 

which  clearly  means  that  — > f^P  is  surjective.  Hence  (5)  implies  (4)  as  well. 

Proof  of  (f).  Assume  (4).  Let  T — > f~1G  be  a surjective  map  of  sheaves  on  C.  By 
(4)  we  see  that  UP  f*f~1G  is  surjective.  Let  Q'  be  the  fibre  product 


UP — w./_1s 
G' »- G 
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so  that  Qr  — y Q is  surjective  also.  Consider  the  commutative  diagram 

t 

I A 

A A 

rxQ' 

and  we  see  the  required  result.  Conversely,  assume  (11).  Let  a : T — > P be 
surjective  map  of  sheaves  on  C.  Consider  the  fibre  product  diagram 


I ^P 

A 


t"  — ^ riup 

Because  the  lower  horizontal  arrow  is  surjective  and  by  (11)  we  can  find  a surjection 
7 : Q'  — > UP  such  that  /_1 7 factors  through  P’  — > f~1f*T'-. 

T ^ P 


rxG' — — ^riup 

Pushing  this  down  using  /*  we  get  a commutative  diagram 

A 

urxG'  — - up'  — - urxup 

A 


G' *-  UP 


which  proves  that  (4)  holds. 

Proof  of  (g).  Assume  (9).  We  use  Categories,  Lemma  4.13.3  without  further  men- 
tion. Let  a : T — > T'  be  a map  of  sheaves  on  C such  that  /*a  is  injective.  This 
means  that  /*  J"  -»  f*T  x f*T  = /*(Jr  Xjr/  T)  is  an  isomorphism.  Thus  by  (9) 

we  see  that  T — > T Xjr,  T is  surjective,  i.e. , an  isomorphism.  Thus  a is  injective, 
i.e.,  (8)  holds.  Since  (10)  is  trivially  equivalent  to  (8)  + (9)  we  are  done  with  (g). 

Proof  of  (h).  This  is  Categories,  Lemma  4.24.3  □ 


Here  is  a condition  on  a morphism  of  sites  which  guarantees  that  the  functor  /* 
transforms  surjective  maps  into  surjective  maps. 

04D7  Lemma  7.40.2.  Let  f : V -A  C be  a morphism  of  sites  associated  to  the  continuous 
functor  u : C — » T> . Assume  that  for  any  object  U of  C and  any  covering  {Vj  -A 
u(U)}  in  T>  there  exists  a covering  {Ui  -A  U}  in  C such  that  the  map  of  sheaves 

II  ht{Ui)  ^ hu(U) 
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factors  through  the  map  of  sheaves 

TTft#  h# 

I I nVj  ^ nu(U)  ■ 

Then  /*  transforms  surjective  maps  of  sheaves  into  surjective  maps  of  sheaves. 


Proof.  Let  a : T — > Q be  a surjective  map  of  sheaves  on  V.  Let  U be  an  object  of  C 
and  let  s G f*Q{U)  = Q(u(U)).  By  assumption  there  exists  a covering  {Vj  —>  u{U)} 
and  sections  Sj  G J-'(Vj)  with  a(sj ) = s]y. . Now  we  may  think  of  the  sections  s,  Sj 
and  a as  giving  a commutative  diagram  of  maps  of  sheaves 


1 M 


h*,TTs 

u(JJ) 


lk- 


■T 


By  assumption  there  exists  a covering  {{/*  -A  U}  such  that  we  can  enlarge  the 
commutative  diagram  above  as  follows 


i K 


LK 


T 


a 


s 


* Q 


04D8 


Because  T is  a sheaf  the  map  from  the  left  lower  corner  to  the  right  upper  corner 
corresponds  to  a family  of  sections  s*  G F(u(Ui)),  i.e.,  sections  s,  G f^XfUf).  The 
commutativity  of  the  diagram  implies  that  a^sf)  is  equal  to  the  restriction  of  s to 
Ui . In  other  words  we  have  shown  that  /*a  is  a surjective  map  of  sheaves.  □ 


Example  7.40.3.  Assume  / : V — > C satisfies  the  assumptions  of  Lemma  7.40.2 
Then  it  is  in  general  not  the  case  that  /*  commutes  with  coequalizers  or  pushouts. 
Namely,  suppose  that  / is  the  morphism  of  sites  associated  to  the  morphism  of 
topological  spaces  X = {1,2}  — >•  Y = {*}  (see  Example  7.15.2),  where  Y is  a 
singleton  space,  and  X = {1,  2}  is  a discrete  space  with  two  points.  A sheaf  T on 
X is  given  by  a pair  (Ai,A2)  of  sets.  Then  f^JF  corresponds  to  the  set  A\  x A2. 
Hence  if  a = (ai,a2),b  = ( bi,b2 ) : (A\,  A2)  —A  are  maps  of  sheaves  on  X, 

then  the  coequalizer  of  a,  b is  [C\,  C2)  where  Ci  is  the  coequalizer  of  at , bi , and  the 
coequalizer  of  /*a,  f*b  is  the  coequalizer  of 


Ui  x a2 , bi  x b2  : A\  x A2  — y B\  x B2 


which  is  in  general  different  from  C\  xC2.  Namely,  if  A2  = 0 then  A\  x A2  = 0,  and 
hence  the  coequalizer  of  the  displayed  arrows  is  B\  x B2,  but  in  general  C±  ^ B\. 
A similar  example  works  for  pushouts. 


The  following  lemma  gives  a criterion  for  when  a morphism  of  sites  has  a functor 
/*  which  reflects  injections  and  surjections.  Note  that  this  also  implies  that  /*  is 
faithful  and  that  the  map  f~1f*Jr  — > T is  always  surjective. 

04D9  Lemma  7.40.4.  Let  f : T>  -A  C be  a morphism  of  sites  given  by  the  functor 
u : C -A  V.  Assume  that  for  every  object  V of  V there  exist  objects  Ui  of  C and 
morphisms  u(Ui ) — >•  V such  that  {u(Ui)  — > V}  is  a covering  ofD.  In  this  case  the 
functor  /*  : Sh(fD)  — > Sh(C)  reflects  injections  and  surjections. 


7.41.  ALMOST  COCONTINUOUS  FUNCTORS 


345 


Proof.  Let  a : T — > Q be  maps  of  sheaves  on  V.  By  assumption  for  every  object 
V of  V we  get  J-(V)  C Y\T{u(Ui))  = Ylf*^(Ui)  by  the  sheaf  condition  for  some 
Ui  £ Ob(C)  and  similarly  for  Q.  Hence  it  is  clear  that  if  /*a  is  injective,  then  a is 
injective.  In  other  words  /*  reflects  injections. 

Suppose  that  /*a  is  surjective.  Then  for  V,Ui,u(Ui ) — > V as  above  and  a section 
s £ G{V),  there  exist  coverings  {Uij  — > Uf]  such  that  .)  is  in  the  image  of 
F{u{Uij)).  Since  {u(Uij)  — > V]  is  a covering  (as  u is  continuous  and  by  the  axioms 
of  a site)  we  conclude  that  s is  locally  in  the  image.  Thus  a is  surjective.  In  other 
words  /*  reflects  surjections.  □ 


08LS  Example  7.40.5.  We  construct  a morphism  / : T>  — > C satisfying  the  assumptions 
of  Lemma[7.40.4|  Namely,  let  p : G — > H be  a morphism  of  finite  groups.  Consider 
the  sites  V = Tg  and  C = Th  of  countable  G-sets  and  H- sets  and  coverings  count- 
able families  of  jointly  surjective  maps  (Example  7.6.51.  Let  u : Th  —>  To  be  the 
functor  described  in  Section  |7.17|  and  / : 7g  ~ t Th  the  corresponding  morphism  of 
sites.  If  ip  is  injective,  then  every  countable  G-set  is,  as  a G-set,  the  quotient  of  a 
countable  H- set  (this  fails  if  ip  isn’t  injective).  Thus  / satisfies  the  hypothesis  of 
If  the  sheaf  T on  To  corresponds  to  the  G-set  S,  then  the  canonical 


Lemma  7.40.4 
map 


corresponds  to  the  map 


r 1ut- 


T 


MapG(H,  S) 


a(l  h) 


If  ip  is  injective  but  not  surjective,  then  this  map  is  surjective  (as  it  should  ac- 
cording to  Lemma  7.40.4)  but  not  injective  in  general  (for  example  take  G = {1}, 
H = { 1,  cr},  and  S = {1,2}).  Moreover,  the  functor  /*  does  not  commute  with 
coequalizers  or  pushouts  (for  G = {1}  and  H = {1,  cr}). 


7.41.  Almost  cocontinuous  functors 

04B4  Let  C be  a site.  The  category  PSh(C)  has  an  initial  object,  namely  the  presheaf 
which  assigns  the  empty  set  to  each  object  of  C.  Let  us  denote  this  presheaf  by  0. 
It  follows  from  the  properties  of  sheafification  that  the  sheafification  0#  of  0 is  an 
initial  object  of  the  category  Sh{C)  of  sheaves  on  C. 

04B5  Definition  7.41.1.  Let  C be  a site.  We  say  an  object  U of  C is  sheaf  theoretically 
empty  if  0#  -A  hfj  is  an  isomorphism  of  sheaves. 

The  following  lemma  makes  this  notion  more  explicit. 

04B6  Lemma  7.41.2.  Let  C be  a site.  Let  U be  an  object  of  C.  The  following  are 
equivalent: 

(1)  U is  sheaf  theoretically  empty, 

(2)  T(U)  is  a singleton  for  each  sheaf  JF , 

(3)  0^(/7)  is  a singleton, 

(4)  0#(f7)  is  nonempty,  and 

(5)  the  empty  family  is  a covering  of  U in  C. 

Moreover,  if  U is  sheaf  theoretically  empty,  then  for  any  morphism  U'  — ^ U of  C 
the  object  U'  is  sheaf  theoretically  empty. 
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Proof.  For  any  sheaf  T we  have  T(U)  = Mor sh{C){h^ , T) . Hence,  we  see  that  (1) 
and  (2)  are  equivalent.  It  is  clear  that  (2)  implies  (3)  implies  (4).  If  every  covering 
of  U is  given  by  a nonempty  family,  then  0+([/)  is  empty  by  definition  of  the  plus 


construction.  Note  that  0+  = 0#  as  0 is  a separated  presheaf,  see  Theorem  7.10.10 


Thus  we  see  that  (4)  implies  (5).  If  (5)  holds,  then  T{U)  is  a singleton  for  every 
sheaf  T by  the  sheaf  condition  for  J7,  see  Remark  7.7.2  Thus  (5)  implies  (2)  and 


(1)  - (5)  are  equivalent.  The  final  assertion  of  the  lemma  follows  from  Axiom  (3) 
of  Definition  |7.6.2|  applied  the  empty  covering  of  U.  □ 


04B7  Definition  7.41.3.  Let  C,  V be  sites.  Let  u : C — > V be  a functor.  We  say  u is 
almost  cocontinuous  if  for  every  object  U of  C and  every  covering  {Vj  — >•  u(U)}j^j 
there  exists  a covering  {Ui  — > U}i^i  in  C such  that  for  each  i in  I we  have  at  least 
one  of  the  following  two  conditions 

(1)  u(Ui)  is  sheaf  theoretically  empty,  or 

(2)  the  morphism  u{Ui)  — ► u(U)  factors  through  Vj  for  some  j £ J. 


The  motivation  for  this  definition  comes  from  a closed  immersion  * : Z — » X of 
topological  spaces.  As  discussed  in  Examplc|7.20.9  the  continuous  functor  Xzar  — > 
Zzan  U i— > Z D U is  not  cocontinuous.  But  it  is  almost  cocontinuous  in  the  sense 
defined  above.  We  know  that  j*  while  not  exact  on  sheaves  of  sets,  is  exact  on 
sheaves  of  abelian  groups,  see  Sheaves,  Remark  |6.32.5|  And  this  holds  in  general 
for  continuous  and  almost  cocontinuous  functors. 


04B8  Lemma  7.41.4.  Let  C,  T>  be  sites.  Let  u : C -A  T>  be  a functor.  Assume  that  u is 
continuous  and  almost  cocontinuous.  Let  Q be  a presheaf  on  T>  such  that  G(V)  is  a 
singleton  whenever  V is  sheaf  theoretically  empty.  Then  (upg)#  = up  (G*). 


Proof.  Let  U £ Ob(C).  We  have  to  show  that  (upg)#(U)  = up(G#)(U).  It  suffices 
to  show  that  ( upG)+(U ) = up{G+){U)  since  G+  is  another  presheaf  for  which  the 
assumption  of  the  lemma  holds.  We  have 

up{g+){U)  = G+{u{U))  = colimy  H°(V,  Q) 

where  the  colimit  is  over  the  coverings  V of  u(U ) in  V.  On  the  other  hand,  we  see 
that 

up{G)+{U)  = colimy  H°(u(U),g) 

where  the  colimit  is  over  the  category  of  coverings  U = {Ui  — > U}i^i  of  U in  C and 
uifA)  = {u(Ui)  — > it(C/)}ig/.  The  condition  that  u is  continuous  means  that  each 
u{U)  is  a covering.  Write  I = I\  H U,  where 

I2  = {i  £ I | u{Ui)  is  sheaf  theoretically  empty} 


Then  u{U)'  = { u{Ui ) — » u(U)}iei1  is  still  a covering  of  because  each  of  the  other 
pieces  can  be  covered  by  the  empty  family  and  hence  can  be  dropped  by  Axiom 
Moreover,  H°{u{U),Q)  = H°{u{U)' ,Q)  by  our  assumption 


7.6.2 


(2)  of  Definition 

on  g.  Finally,  the  condition  that  u is  almost  cocontinuous  implies  that  for  every 
covering  V of  u(U)  there  exists  a covering  U of  U such  that  u(U)'  refines  V.  It 
follows  that  the  two  colimits  displayed  above  have  the  same  value  as  desired.  □ 


04B9  Lemma  7.41.5.  Let  C,  T>  be  sites.  Let  u : C — * T>  be  a functor.  Assume  that  u 
is  continuous  and  almost  cocontinuous.  Then  11s  = up  : Sh(fD)  — > Sh(C)  commutes 
with  pushouts  and  coequalizers  (and  more  generally  finite  connected  colimits). 
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04BA 


08LT 

08LU 


08LV 


08LW 


Proof.  Let  I be  a finite  connected  index  category.  Let  I — > Sh(T>),  i K > Qi  by 
a diagram.  We  know  that  the  colimit  of  this  diagram  is  the  sheafification  of  the 

Denote  colimPs?l  the 


7.10.13 


colimit  in  the  category  of  presheaves,  see  Lemma 
colimit  in  the  category  of  presheaves.  Since  I is  finite  and  connected  we  see  that 

(because  a 


colimf>s,i  Qi  is  a presheaf  satisfying  the  assumptions  of  Lemma 
finite  connected  colimit  of  singleton  sets  is  a singleton).  Hence  that  lemma  gives 


7.41.4 


us (colinp  Qi)  = us(( colimfsft  Qi)*) 
= (up(colim?shQi))* 
= (colim  ?Shup(Qi))# 
= colinq  us  ( Qi ) 


as  desired. 


□ 


Lemma  7.41.6.  Let  f : T>  — » C be  a morphism  of  sites  associated  to  the  continuous 
functor  u : C — y 'D.  If  u is  almost  cocontinuous  then  /*  commutes  with  pushouts 
and  coequalizers  ( and  more  generally  finite  connected  colimits). 

Proof.  This  is  a special  case  of  Lemma[7.41.5|  □ 


Here  is  the  definition. 


7.42.  Subtopoi 


Definition  7.42.1.  Let  C and  V be  sites.  A morphism  of  topoi  / : Sh(T>)  — »•  Sh(C) 
is  called  an  embedding  if  /*  is  fully  faithful. 


According  to  Lemma  7.40.1  this  is  equivalent  to  asking  the  adjunction  map  f 1 f* T 
T to  be  an  isomorphism  for  every  sheaf  J-  on  T>. 


Definition  7.42.2.  Let  C be  a site.  A strictly  full  subcategory  E C Sh(C)  is  a 
subtopos  if  there  exists  an  embedding  of  topoi  / : Sh{T>)  — ► Sh(C)  such  that  E is 
equal  to  the  essential  image  of  the  functor  /* . 


The  subtopoi  constructed  in  the  following  lemma  will  be  dubbed  ’’open”  in  the 
definition  later  on. 


Lemma  7.42.3.  Let  C be  a site.  Let  J7  be  a sheaf  on  C.  The  following  are 
equivalent 

(1)  T is  a subobject  of  the  final  object  of  Sh(C),  and 

(2)  the  topos  Sh(C)/E  is  a subtopos  of  Sh(C). 


Proof.  We  have  seen  in  Lemma  7.29.1  that  Sh(C)/E  is  a topos.  In  fact,  we  recall 
the  proof.  First  we  apply  Lemma  |7.28.5|  to  see  that  we  may  assume  C is  a site 
with  a subcanonical  topology,  fibre  products,  a final  object  X , and  an  object  U 
with  T = hu-  The  proof  of  Lemma  |7.29.1|  shows  that  the  morphism  of  topoi 
jjr  : Sh(C)/E  — ► Sh(C)  is  equal  (modulo  certain  identifications)  to  the  localization 
morphism  ju  : Sh(C/U)  — > Sh(C). 


Assume  (2).  This  means  that  jv  ju,*G  — * Q is  an  isomorphism  for  all  sheaves  Q on 
C/U.  For  any  object  Z/U  of  C/U  we  have 


( ju,*hz/u)(U ) — MorC/;y(/7  xx  U/U,Z/U) 
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by  Lemma  7.26.2  Setting  Q = hz/u  in  the  equality  above  we  obtain 

MotC/u{U  x x U/U,  Z/U ) = Mor c/u(U,  Z/U ) 

for  all  Z/U.  By  Yoneda’s  lemma  (Categories,  Lemma|4.3.5|)  this  implies  U XxU  = 
U.  By  Categories,  Lemma  4.13.3|  U — > X is  a monomorphism,  in  other  words  (1) 


holds. 

Assume  (1).  Then  = id  by  Lemma 


7.26.4 


□ 


08LX  Definition  7.42.4.  Let  C be  a site.  A strictly  full  subcategory  E C Sh(C)  is  an 
open  subtopos  if  there  exists  a subsheaf  J-  of  the  final  object  of  Sh(C)  such  that  E 


is  the  subtopos  Sh(C)/iF  described  in  Lemma  7.42.3 


This  means  there  is  a bijection  between  the  collection  of  open  subtopoi  of  Sh(C ) 
and  the  set  of  subobjects  of  the  final  object  of  Sh(C).  Given  an  open  subtopos  there 
is  a ’’closed”  complement. 


08LY  Lemma  7.42.5.  LetC  be  a site.  Let  T be  a subsheaf  of  the  final  object  * of  Sh(C). 
The  full  subcategory  of  sheaves  Q such  that  T x Q — » T is  an  isomorphism  is  a 
subtopos  of  Sh(C). 


Proof.  We  apply  Lemma  7.28.5  to  see  that  we  may  assume  C is  a site  with  the 
properties  listed  in  that  lemma.  In  particular  C has  a final  object  X (so  that 
* = hx)  and  an  object  U with  T = hjj. 


Let  V = C as  a category  but  a covering  is  a family  {Vj  — ► V}  of  morphisms  such 
that  {Vi  — > V}  U {U  Xx  V — > V}  is  a covering.  By  our  choice  of  C this  means 
exactly  that 

huxxV  II  U hvi  — t hv 


is  surjective.  We  claim  that  T>  is  a site,  i.e. , the  coverings  satisfy  the  conditions  (1), 
(2),  (3)  of  Definition  7.6.2  Condition  (1)  holds.  For  condition  (2)  suppose  that 
{Vi 


V}  and  {Vij  — > V)}  are  coverings  of  V.  Then  the  composition 


XI  (huxxVi  II II  hVr. 


T'UxxV 


n II /( 


Vi 


is  surjective.  Since  each  of  the  morphisms  U xx  Vi  — > V factors  through  U xx  V 
we  see  that 

huxxV  II U hvi:i  — > hy 

is  surjective,  i.e.,  {Vij  — > V}  is  a covering  of  V in  V.  Condition  (3)  follows  similarly 
as  a base  change  of  a surjective  map  of  sheaves  is  surjective. 


Note  that  the  (identity)  functor  u : C — ► V is  continuous  and  commutes  with 
fibre  products  and  final  objects.  Hence  we  obtain  a morphism  / : T>  — > C of 
sites  (Proposition  7.15.6[).  Observe  that  /*  is  the  identity  functor  on  underlying 
presheaves,  hence  fully  faithful.  To  finish  the  proof  we  have  to  show  that  the 
essential  image  of  /*  is  the  full  subcategory  E C Sh(C)  singled  out  in  the  lemma. 
To  do  this,  note  that  Q £ Ob(Sh(C))  is  in  E if  and  only  if  Q{UxxV)  is  a singleton  for 
all  objects  V of  C.  Thus  such  a sheaf  satisfies  the  sheaf  property  for  all  coverings  of 
T>  (argument  omitted).  Conversely,  if  Q satisfies  the  sheaf  property  for  all  coverings 
of  V , then  Q(U  xxV)  is  a singleton,  as  in  V the  object  U xxV  is  covered  by  the 
empty  covering.  □ 
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08LZ  Definition  7.42.6.  Let  C be  a site.  A strictly  full  subcategory  E C Sh{C)  is  an 
closed  subtopos  if  there  exists  a subsheaf  T of  the  final  object  of  Sh(C)  such  that  E 
is  the  subtopos  described  in  Lemma  [7. 42. 5[ 

All  right,  and  now  we  can  define  what  it  means  to  have  a closed  immersion  and  an 
open  immersion  of  topoi. 

08M0  Definition  7.42.7.  Let  / : Sh(V)  -A  Sh(C)  be  a morphism  of  topoi. 

(1)  We  say  / is  an  open  immersion  if  / is  an  embedding  and  the  essential 
image  of  /*  is  an  open  subtopos. 

(2)  We  say  / is  a closed  immersion  if  / is  an  embedding  and  the  essential 
image  of  /*  is  a closed  subtopos. 

08M1  Lemma  7.42.8.  Let  i : Sh(T>)  — > Sh(C)  be  a closed  immersion  of  topoi.  Then 
z*  is  fully  faithful,  transforms  surjections  into  surjections,  commutes  with  coequal- 
izers, commutes  with  pushouts,  reflects  injections,  reflects  surjections,  and  reflects 
bijections. 


Proof.  Let  T be  a subsheaf  of  the  final  object  * of  Sh(C)  and  let  E C Sh(C)  be  the 
full  subcategory  consisting  of  those  Q such  that  T x Q -A  T is  an  isomorphism.  By 
Lemma  7.42.5  the  functor  z*  is  isomorphic  to  the  inclusion  functor  l : E — ► Sh(C). 

Let  jjr  : Sh(C)/T  -A  Sh(C ) be  the  localization  functor  (Lemma  7.29.11.  Note  that 
E can  also  be  described  as  the  collection  of  sheaves  Q such  that  jfflQ  = *. 


Let  a,  b : Q\  — > Q2  be  two  morphism  of  E.  To  prove  1 commutes  with  coequalizers  it 
suffices  to  show  that  the  coequalizer  of  a,  b in  Sh(C)  lies  in  E.  This  is  clear  because 
the  coequalizer  of  two  morphisms  * — >•  * is  * and  because  jffl  is  exact.  Similarly 
for  pushouts. 


Thus  z*  satisfies  properties  (5),  (6),  and  (7)  of  Lemma  7.40.1  and  hence  the  mor- 
phism i satisfies  all  properties  mentioned  in  that  lemma,  in  particular  the  ones 
mentioned  in  this  lemma.  □ 


7.43.  Sheaves  of  algebraic  structures 

00YR  In  Sheaves,  Section  |6.15|  we  introduced  a type  of  algebraic  structure  to  be  a pair 
(A,  s),  where  A is  a category,  and  s : A — > Sets  is  a functor  such  that 

(1)  s is  faithful, 

(2)  A has  limits  and  s commutes  with  limits, 

(3)  A has  filtered  colimits  and  s commutes  with  them,  and 

(4)  s reflects  isomorphisms. 

For  such  a type  of  algebraic  structure  we  saw  that  a presheaf  T with  values  in  A on  a 
space  X is  a sheaf  if  and  only  if  the  associated  presheaf  of  sets  is  a sheaf.  Moreover, 
we  worked  out  the  notion  of  stalk,  and  given  a continuous  map  / : X -A  Y we 
defined  adjoint  functors  pushforward  and  pullback  on  sheaves  of  algebraic  structures 
which  agrees  with  pushforward  and  pullback  on  the  underlying  sheaves  of  sets.  In 
addition  extending  a sheaf  of  algebraic  structures  from  a basis  to  all  opens  of  a 
space,  works  as  expected. 

Part  of  this  material  still  works  in  the  setting  of  sites  and  sheaves.  Let  (A,  s)  be  a 
type  of  algebraic  structure.  Let  C be  a site.  Let  us  denote  PSh{C,A),  resp.  Sh(C,A) 
the  category  of  presheaves,  resp.  sheaves  with  values  in  A on  C. 
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(a) 

(/?) 


(7) 


A presheaf  with  values  in  A is  a sheaf  if  and  only  if  its  underlying  presheaf 
of  sets  is  a sheaf.  See  the  proof  of  Sheaves,  Lemma [6. 9. 2| 

Given  a presheaf  T with  values  in  A the  presheaf  T#  = (Jr+)+  is  a sheaf. 
This  is  true  since  the  colimits  in  the  sheafification  process  are  filtered, 


and  even  colimits  over  directed  partially  ordered  sets  (see  Section  7.10 


especially  the  proof  of  Lemma  7.10.14 1 and  since  s commutes  with  filtered 
colimits. 

We  get  the  following  commutative  diagram 


Sh(C,A)f  PSh(C,A ) 


Sh(C) 


# 


S 

Y 


t PSh(C) 


(<5)  We  have  T = T#  if  ancj  only  if  J7  is  a sheaf  of  algebraic  structures. 

(e)  The  functor  * is  adjoint  to  the  inclusion  functor: 

Mor psh(c,A)(G : F)  = MoiSi(C,i)(5#/) 

The  proof  is  the  same  as  the  proof  of  Proposition  |7.10.12| 

(£)  The  functor  T 1— >•  T # is  left  exact.  The  proof  is  the  same  as  the  proof  of 
Lemma  17.10.141 


00YS  Definition  7.43.1.  Let  / : V — > C be  a morphism  of  sites  given  by  a functor 
u : C — ► T>.  We  define  the  pushforward  functor  for  presheaves  of  algebraic  structures 
by  the  rule  upT(U)  = T{uU),  and  for  sheaves  of  algebraic  structures  by  the  same 
rule,  namely  f*T(U)  = F(uU). 


The  problem  comes  with  trying  the  define  the  pullback.  The  reason  is  that  the 
colimits  defining  the  functor  up  in  Section  7.5  may  not  be  filtered.  Thus  the  axioms 
above  are  not  enough  in  general  to  define  the  pullback  of  a (pre)sheaf  of  algebraic 
structures.  Nonetheless,  in  almost  all  cases  the  following  lemma  is  sufficient  to 
define  pushforward,  and  pullback  of  (pre)sheaves  of  algebraic  structures. 


00YT  Lemma  7.43.2.  Suppose  the  functor  u : C — ► T>  satisfies  the  hypotheses  of  Propo- 
sition  \7.15.6[  and  hence  gives  rise  to  a morphism  of  sites  f : T>  C.  In  this  case 
the  pullback  functor  /-1  (resp.  uv)  and  the  pushforward  functor  /*  (resp.  up)  ex- 
tend to  an  adjoint  pair  of  functors  on  the  categories  of  sheaves  (resp.  presheaves)  of 
algebraic  structures.  Moreover , these  functors  commute  with  taking  the  underlying 
sheaf  (resp.  presheaf)  of  sets. 


In  the  course  of  the  proof  of  Proposi- 
7.15.61  we  saw  that  all  the  colimits  used  to  define  u„  are  filtered  under  the 


Proof.  We  have  defined  /*  = up  above, 
tion 


assumptions  of  the  proposition.  Hence  we  conclude  from  the  definition  of  a type 
of  algebraic  structure  that  we  may  define  up  by  exactly  the  same  colimits  as  a 
functor  on  presheaves  of  algebraic  structures.  Adjointness  of  up  and  up  is  proved 
in  exactly  the  same  way  as  the  proof  of  Lemma  |7.5.4|  The  discussion  of  sheafifi- 
cation of  presheaves  of  algebraic  structures  above  then  implies  that  we  may  define 
f~\P)  = («PT)#.  ' □ 


We  briefly  discuss  a method  for  dealing  with  pullback  and  pushforward  for  a general 
morphism  of  sites,  and  more  generally  for  any  morphism  of  topoi. 
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Let  C be  a site.  In  the  case  A = Ab,  we  may  think  of  an  abelian  (pre)sheaf  on  C as 
a quadruple  (F,  +,  0,  i).  Here  the  data  are 


(Dl) 

(D2) 

(D3) 

(D4) 


F is  a sheaf  of  sets, 

+ : Jx  J- X F is  a morphism  of  sheaves  of  sets, 

0 : * — X F is  a morphism  from  the  singleton  sheaf  (see  Example  7.10.2 1 to 
F,  and 

1 : F — x F is  a morphism  of  sheaves  of  sets. 


These  data  have  to  satisfy  the  following  axioms 


(Al)  + is  associative  and  commutative, 
(A2)  0 is  a unit  for  +,  and 
(A3)  +o(l,i)  =0o  (F-x*). 


Compare  Sheaves,  Lemma  [6.4.3  Let  / : T>  — X C be  a morphism  of  sites.  Note  that 
since  /-1  is  exact  we  have  /-1*  = * and  /_1(F  x J)  = /_1F  x /_1F.  Thus  we  can 
define  /_1F  simply  as  the  quadruple  (/_1F, /_1+, /_10, /_1i).  The  axioms  are 
going  to  be  preserved  because  f _1  is  a functor  which  commutes  with  finite  limits. 
Finally  it  is  not  hard  to  check  that  /*  and  f^1  are  adjoint  as  usual. 


In  |AGV71]  this  method  is  used.  They  introduce  something  called  an  “ espece  the 
structure  algebrique  <^defi,nie  par  limites  projectives  finie^’ . For  such  an  espece 
you  can  use  the  method  described  above  to  define  a pair  of  adjoint  functors  f~1  and 
/*  as  above.  This  clearly  works  for  most  algebraic  structures  that  one  encounters 
in  practice.  Instead  of  formalizing  this  construction  we  simply  list  those  algebraic 
structures  for  which  this  method  works  (to  be  verified  case  by  case).  In  fact,  this 
method  works  for  any  morphism  of  topoi. 


00YV  Proposition  7.43.3.  LetC,  V be  sites.  Let  f = (/-1,/*)  be  a morphism  of  topoi 
from  Sh(fD)  — x Sh(C).  The  method  introduced  above  gives  rise  to  an  adjoint  pair 
of  functors  (/_1,/*)  on  sheaves  of  algebraic  structures  compatible  with  taking  the 
underlying  sheaves  of  sets  for  the  following  types  of  algebraic  structures: 

(1)  pointed  sets, 

(2)  abelian  groups, 

(3)  groups, 

(4)  monoids, 

(5)  rings, 

(6)  modules  over  a fixed  ring,  and 

(7)  lie  algebras  over  a fixed  field. 

Moreover,  in  each  of  these  cases  the  results  above  labeled  (a),  ((3),  ('/),  (5),  (e), 
and  (C,)  hold. 


Proof.  The  final  statement  of  the  proposition  holds  simply  since  each  of  the  listed 
categories,  endowed  with  the  obvious  forgetful  functor,  is  indeed  a type  of  algebraic 
structure  in  the  sense  explained  at  the  beginning  of  this  section.  See  Sheaves, 
Lemma  16.15.21 

Proof  of  (2).  We  think  of  a sheaf  of  abelian  groups  as  a quadruple  (F,  +,0,  *) 
as  explained  in  the  discussion  preceding  the  proposition.  If  (F, +,0,f)  lives  on 
C , then  its  pullback  is  defined  as  (/-1F,  /-1+,  /-10,  /_1*).  If  (<?,+,  0,i)  lives 
on  V,  then  its  pushforward  is  defined  as  (/*£,/*+,  /*0,  /*?').  This  works  because 
f*{G  x Q)  = f*G  x /*£.  Adjointness  follows  from  adjointness  of  the  set  based 
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functors,  since 

MorA6(C)((Fi,  +,  0,  i),  (F2,+,0,i)) 
Details  left  to  the  reader. 


ip  £ Morg^o^i, F2)  1 

is  compatible  with  +,  0,  i J 


This  method  also  works  for  sheaves  of  rings  by  thinking  of  a sheaf  of  rings  (with 
unit)  as  a sixtuple  (O,  +,  0,  *,  •,  1)  satisfying  a list  of  axioms  that  you  can  find  in 
any  elementary  algebra  book. 

A sheaf  of  pointed  sets  is  a pair  (F,p),  where  F is  a sheaf  of  sets,  and  p : * — F is 
a map  of  sheaves  of  sets. 

A sheaf  of  groups  is  given  by  a quadruple  (F,  •,  1,  i ) with  suitable  axioms. 

A sheaf  of  monoids  is  given  by  a pair  (F,  •)  with  suitable  axiom. 

Let  R be  a ring.  An  sheaf  of  f?-modules  is  given  by  a quintuple  (F,  +,  0,  i,  {Ar}r6P), 
where  the  quadruple  (F,  +,  0,  i)  is  a sheaf  of  abelian  groups  as  above,  and  Ar  : F — >■ 
F is  a family  of  morphisms  of  sheaves  of  sets  such  that  Aro0  = 0,  Aro+  = +o(Ar,  Ar), 
Ar+r./  = + o Ar  x Xrf  o (id,  id),  A rri  = Xr  o Ar/,  Ai  = id,  Ao  = 0 o (F  — >■  *).  □ 


We  will  discuss  the  category  of  sheaves  of  modules  over  a sheaf  of  rings  in  Modules 
on  Sites,  Section  [lSTTO} 

00YU  Remark  7.43.4.  Let  C,  V be  sites.  Let  u : T>  — > C be  a continuous  functor  which 
gives  rise  to  a morphism  of  sites  C — > V.  Note  that  even  in  the  case  of  abelian 
groups  we  have  not  defined  a pullback  functor  for  presheaves  of  abelian  groups. 
Since  all  colimits  are  representable  in  the  category  of  abelian  groups,  we  certainly 
may  define  a functor  upb  on  abelian  presheaves  by  the  same  colimits  as  we  have 
used  to  define  up  on  presheaves  of  sets.  It  will  also  be  the  case  that  upb  is  adjoint 
to  up  on  the  categories  of  abelian  presheaves.  However,  it  will  not  always  be  the 
case  that  upb  agrees  with  up  on  the  underlying  presheaves  of  sets. 


7.44.  Pullback  maps 

06UM  It  sometimes  happens  that  a site  C does  not  have  a final  object.  In  this  case  we 
define  the  global  section  functor  as  follows. 

06UN  Definition  7.44.1.  The  global  sections  of  a presheaf  of  sets  F over  a site  C is  the 
set 

T(C,F)  = MorPS?i(C)(*,F) 

where  * is  the  final  object  in  the  category  of  presheaves  on  C,  i.e.,  the  presheaf 
which  associates  to  every  object  a singleton. 

Of  course  the  same  definition  applies  to  sheaves  as  well.  Here  is  one  way  to  compute 
global  sections. 

0792  Lemma  7.44.2.  Let  C be  a site.  Let  a,b  : V — )•  U be  objects  of  C such  that 

4 ^ h* * 

is  a coequalizer  in  Sh(C).  Then  T(C,F)  is  the  equalizer  of  a*,b*  : R{U)  — > F(H). 
Proof.  Since  Mor sh(C)i.4j^)  = F(U)  this  is  clear  from  the  definitions.  □ 
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Now,  let  / : Sh{T>)  — > Sh(C)  be  a morphism  of  topoi.  Then  for  any  sheaf  T on  C 
there  is  a pullback  map 

f-1  : T(C,  J")  — > T(X>,  r1?) 

Namely,  as  /_1  is  exact  it  transforms  * into  *.  We  can  generalize  this  a bit  by 
considering  a pair  of  sheaves  J7,  Q on  C,T>  together  with  a map  — > Q.  Then 

we  compose  to  get  a map 

T(C,T)^T(V,G) 

A slightly  more  general  construction  which  occurs  frequently  in  nature  is  the  fol- 
lowing. Suppose  that  we  have  a commutative  diagram  of  morphisms  of  topoi 

Sh(V) 7 >■  Sh(C) 

h 

Sh(B) 

Next,  suppose  that  we  have  a sheaf  J-  on  C.  Then  there  is  a pullback  map 

r1 : 9*F  — ► Kf-1? 

Namely,  it  is  just  the  map  coming  from  the  identification  hstf~1Jr  = g*f*f~1J: 
together  with  the  canonical  map  J-  — > f^f^T  pushed  down  to  B.  Again,  if  we 
have  a pair  of  sheaves  T,Q  on  C,T>  together  with  a map  j~xT  — > Q,  then  we 
compose  to  get  a map 

Restricting  to  sections  over  an  object  of  B one  recovers  the  pullback  map  on  global 
sections  in  many  cases,  see  (insert  future  reference  here).  A seemingly  more  general 
situation  is  where  we  have  a commutative  diagram  of  topoi 

Sh{V)  Sh(C) 

h 9 

v '' 

Sh(B)  Sh(A) 

and  a sheaf  Q on  C.  Then  there  is  a map  e~lgtQ  — » hief~1Q.  Namely,  this  map  is 
adjoint  to  a map  g^Q  — > = (e  o h)iff~lQ  which  is  the  pullback  map  just 

described. 


7.45.  Topologies 

OOYW  In  this  section  we  define  what  a topology  on  a category  is  as  defined  in  IAQV71I. 

One  can  develop  all  of  the  machinery  of  sheaves  and  topoi  in  this  language.  A 
modern  exposition  of  this  material  can  be  found  in  [RS06] . However,  the  case 
of  most  interest  for  algebraic  geometry  is  the  topology  defined  by  a site  on  its 
underlying  category.  Thus  we  strongly  suggest  the  first  time  reader  skip  this 
section  and  all  other  sections  of  this  chapter! 

OOYX  Definition  7.45.1.  Let  C be  a category.  Let  U £ Ob (C).  A sieve  S on  U is  a 
subpresheaf  S C hjj. 
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OOYY 


OOYZ 


oozo 


In  other  words,  a sieve  on  U picks  out  for  each  object  T £ Ob (C)  a subset  S(T)  of 
the  set  of  all  morphisms  T — > U . In  fact,  the  only  condition  on  the  collection  of 
subsets  S(T)  C hu{T ) = Morc(T,  U)  is  the  following  rule 


(7.45.1.1) 


(a:T-+U)£  S(T)\ 
g-.T'^T  / 


=>  {a  o g : T'  -»■  C7)  € S{T') 


A good  mental  picture  to  keep  in  mind  is  to  think  of  the  map  S hu  as  a 
“morphism  from  S to  U” . 


Lemma  7.45.2.  Let  C be  a category.  Let  U £ Ob (C). 

(1)  The  collection  of  sieves  on  U is  a set. 

(2)  Inclusion  defines  a partial  ordering  on  this  set. 

(3)  Unions  and  intersections  of  sieves  are  sieves. 

(4)  Given  a family  of  morphisms  {Ui  — > t/};e/  of  C with  target  U there  exists 
a unique  smallest  sieve  S on  U such  that  each  Ui  —¥  U belongs  to  S(Ui). 

(5)  The  sieve  S = hu  is  the  maximal  sieve. 

(6)  The  empty  subpresheaf  is  the  minimal  sieve. 


Proof.  By  our  definition  of  subpresheaf,  the  collection  of  all  subpresheaves  of  a 
presheaf  T is  a subset  of  rij7eOb(e)  Ami  this  is  a set.  (Here  V(A) 

denotes  the  powerset  of  A.)  Hence  the  collection  of  sieves  on  U is  a set. 

The  partial  ordering  is  defined  by:  S < S1  if  and  only  if  S(T)  C S'(T)  for  all 
T^U.  Notation:  S C S' . 


Given  a collection  of  sieves  Si,  i £ I on  U we  can  define  (J  Si  as  the  sieve  with 
values  {{J  Si)(T)  = (J  SfiT)  for  all  T £ Ob(C).  We  define  the  intersection  fj  Si  in 
the  same  way. 


Given  { U \ — > t/}ig/  as  in  the  statement,  consider  the  morphisms  of  presheaves 
— > hu . We  simply  define  S as  the  union  of  the  images  (Definition  |7.3.5 ) of 
these  maps  of  presheaves. 


The  last  two  statements  of  the  lemma  are  obvious. 


□ 


00Z1 


00Z2 


Definition  7.45.3.  Let  C be  a category.  Given  a family  of  morphisms  {fi  : Ui  — ► 
of  C with  target  U we  say  the  sieve  S on  U described  in  Lemma  7.45.2  part 
Q is  the  sieve  on  U generated  by  the  morphisms  fi. 


Definition  7.45.4.  Let  C be  a category.  Let  / : V — ► U be  a morphism  of  C.  Let 
S C hu  be  a sieve.  We  define  the  pullback  of  S by  f to  be  the  sieve  S Xpb  of  V 
defined  by  the  rule 


(a  : T V)  £ (S  Xu  V){T)  tt(/oa:T->l/)e  S{T) 


00Z3 


We  leave  it  to  the  reader  to  see  that  this  is  indeed  a sieve  (hint:  use  Equation 
7.45.1.1).  We  also  sometimes  call  S Xu  V the  base  change  of  S by  / : V — > U. 


Lemma  7.45.5.  Let  C be  a category.  Let  U £ Ob(C).  Let  S be  a sieve  on  U.  If 
f : V — ► U is  in  S,  then  S Xu  V = hy  is  maximal. 


Proof.  Trivial  from  the  definitions.  □ 

00Z4  Definition  7.45.6.  Let  C be  a category.  A topology  on  C is  given  by  a rule  which 
assigns  to  every  U £ Ob (C)  a subset  J(U)  of  the  set  of  all  sieves  on  U satisfying 
the  following  conditions 
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(1)  For  every  morphism  / : V — ► U in  C,  and  every  element  S £ J{U)  the 
pullback  S Xu  V is  an  element  of  J(V). 

(2)  If  S and  S'  are  sieves  on  U £ Ob(C),  if  S £ J(U ),  and  if  for  all  f £ S(V) 
the  pullback  S'  XuV  belongs  to  J(V),  then  S'  belongs  to  J(U). 

(3)  For  every  U £ Ob(C)  the  maximal  sieve  S = hu  belongs  to  J(U). 


In  this  case,  the  sieves  belonging  to  J{U)  are  called  the  covering  sieves. 

00Z5  Lemma  7.45.7.  Let  C be  a category.  Let  J be  a topology  onC.  Let  U £ Ob(C). 

(1)  Finite  intersections  of  elements  of  J(U)  are  in  J(U). 

(2)  If  S £ J{U)  and  S’  Z>  S,  then  S'  £ J{U). 


Proof.  Let  S,S'  £ J(U).  Consider  S”  = S D S'.  For  every  V — > U in  S(U)  we 
have 

S'  xv  V = S"  xvV 

simply  because  V -4  U already  is  in  S.  Hence  by  the  second  axiom  of  the  definition 
we  see  that  S"  £ J(U). 


Let  S £ J{U)  and  S'  D S.  For  every  V -»  U in  S(U)  we  have  S'  xvV  = hy  by 
Lemma  7.45.5  Thus  S'  xv  V £ J(V)  by  the  third  axiom.  Hence  S'  £ J{U)  by  the 
second  axiom.  □ 


00Z6  Definition  7.45.8.  Let  C be  a category.  Let  J,  J'  be  two  topologies  on  C.  We  say 
that  J is  finer  than  J'  if  and  only  if  for  every  object  U of  C we  have  J'(U ) C J(U). 

In  other  words,  any  covering  sieve  of  J'  is  a covering  sieve  of  J.  There  exists  a finest 
topology  on  C,  namely  that  topology  where  any  sieve  is  a covering  sieve.  This  is 
called  the  discrete  topology  of  C.  There  also  exists  a coarsest  topology.  Namely, 
the  topology  where  J(U)  = {hu}  for  all  objects  U.  This  is  called  the  chaotic  or 
indiscrete  topology. 

00Z7  Lemma  7.45.9.  Let  C be  a category.  Let  be  a set  of  topologies. 

(1)  The  rule  J(U)  = fj  Ji(U)  defines  a topology  on  C. 

(2)  There  is  a coarsest  topology  finer  than  all  of  the  topologies  Ji . 

Proof.  The  first  part  is  direct  from  the  definitions.  The  second  follows  by  taking 
the  intersection  of  all  topologies  finer  than  all  of  the  Jl . □ 

At  this  point  we  can  define  without  any  motivation  what  a sheaf  is. 

00Z8  Definition  7.45.10.  Let  C be  a category  endowed  with  a topology  J.  Let  T be 
a presheaf  of  sets  on  C.  We  say  that  J"  is  a sheaf  on  C if  for  every  U £ Ob(C)  and 
for  every  covering  sieve  S of  U the  canonical  map 

Moipsh(C)(hu,  F)  — > MorPS/j(C)(S',  F) 

is  bijective. 

Recall  that  the  left  hand  side  of  the  displayed  formula  equals  T(U).  In  other  words, 
J7  is  a sheaf  if  and  only  if  a section  of  T over  f7  is  the  same  thing  as  a compatible 
collection  of  sections  sPjC,  £ F(T)  parametrized  by  (a  : T —>U)  £ S(T),  and  this 
for  every  covering  sieve  S on  U. 
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00Z9  Lemma  7.45.11.  Let  C be  a category.  Let  {Fi}i^i  be  a collection  of  presheaves  of 
sets  on  C.  For  each  U £ Ob(C)  denote  J{U)  the  set  of  sieves  S with  the  following 
property:  For  every  morphism  V — > U , the  maps 

Mor PSh(C)(hv,Fi)  — > MorPS/j(c)  (S'  xv  V,Ff) 

are  bijective  for  all  i £ I.  Then  J defines  a topology  on  C.  This  topology  is  the 
finest  topology  in  which  all  of  the  Ti  are  sheaves. 

Proof.  If  we  show  that  J is  a topology,  then  the  last  statement  of  the  lemma 
immediately  follows.  The  first  and  second  axioms  of  a topology  are  immediately 
verified.  Thus,  assume  that  we  have  an  object  U,  and  sieves  S,  S'  of  U such  that 
S £ J(U ),  and  for  all  V — > U in  S(V)  we  have  S'  XjjV  £ J{V).  We  have  to  show 
that  S'  £ J{U).  In  other  words,  we  have  to  show  that  for  any  / : W — ► U,  the 
maps 

Fi(W)  = Mor psh(C){hw , Fi)  — > Mor PSh(C)(S'  *u  W,Fi) 
are  bijective  for  all  i £ I.  Pick  an  element  i £ I and  pick  an  element  p>  £ 
Mor psh(C)(S'  XxjW,Fi).  We  will  construct  a section  s £ Fi{W)  mapping  to  ip. 

Suppose  a : V — > W is  an  element  of  S xv  W.  According  to  the  definition  of 
pullbacks  we  see  that  the  composition  / o a : V — > W — > U is  in  S.  Hence  S'  XjjV 
is  in  J(W)  by  assumption  on  the  pair  of  sieves  S , S'.  Now  we  have  a commutative 
diagram  of  presheaves 

S'  Xjj  V hy 


S'  Xu  W s-  h\y 

The  restriction  of  ip  to  S'  x u V corresponds  to  an  element  syta  £ Fi(V).  This  we  see 
from  the  definition  of  J,  and  because  S'  xvV  is  in  J(W).  We  leave  it  to  the  reader 
to  check  that  the  rule  (V,a)  sy]Ct  defines  an  element  if  £ Mor  psh(C)(S  XuW,Fi). 
Since  S £ J(U)  we  see  immediately  from  the  definition  of  J that  if  corresponds  to 
an  element  s of  Fi{W). 

We  leave  it  to  the  reader  to  verify  that  the  construction  ip  i— > s is  inverse  to  the 
natural  map  displayed  above.  □ 

OOZA  Definition  7.45.12.  Let  C be  a category.  The  finest  topology  on  C such  that 
all  representable  presheaves  are  sheaves,  see  Lemma[7.45.11[  is  called  the  canonical 
topology  of  C. 


7.46.  The  topology  defined  by  a site 

OOZB  Suppose  that  C is  a category,  and  suppose  that  Covi(C)  and  Co v2(C)  are  sets  of 
coverings  that  define  the  structure  of  a site  on  C.  In  this  situation  it  can  happen 
that  the  categories  of  sheaves  (of  sets)  for  Covi(C)  and  Cov2(C)  are  the  same,  see 
for  example  Lennna|7.8.5| 

It  turns  out  that  the  category  of  sheaves  on  C with  respect  to  some  topology  J 
determines  and  is  determined  by  the  topology  J.  This  is  a nontrivial  statement 
which  we  will  address  later,  see  Theorem |7. 48. 2| 

Accepting  this  for  the  moment  it  makes  sense  to  study  the  topology  determined  by 
a site. 
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OOZC  Lemma  7.46.1.  Let  C be  a site  with  coverings  Cov{C).  For  every  object  U of  C, 
let  J{U)  denote  the  set  of  sieves  S on  U with  the  following  property:  there  exists 
a covering  {fi  : Ui  -4  U}i&i  £ Cov(C ) so  that  the  sieve  S'  generated  by  the  fi  (see 
Definition\7.j5.3)  is  contained  in  S. 

(1)  This  J is  a topology  on  C. 


(2)  A presheaf  T is  a sheaf  for  this  topology  (see  Definition  7.45.10)  if  and 


only  if  it  is  a sheaf  on  the  site  (see  Definition  7.7.1). 


Proof.  To  prove  the  first  assertion  we  just  note  that  axioms  (1),  (2)  and  (3)  of 
the  definition  of  a site  (Definition  7.6.2)  directly  imply  the  axioms  (3),  (2)  and  (1) 
of  the  definition  of  a topology  (Definition  7.45.  6j.  As  an  example  we  prove  J has 
property  (2).  Namely,  let  U be  an  object  of  C,  let  S,S'  be  sieves  on  U such  that 
S £ J(U),  and  such  that  for  every  V — ► U in  S(V)  we  have  S'  Xy  V £ J(V).  By 
definition  of  J(U)  we  can  find  a covering  {/j  : Ui  — > U}  of  the  site  such  that  S the 
image  of  hut  — > hjj  is  contained  in  S.  Since  each  S'  XjjUi  is  in  J(Ui)  we  see  that 
there  are  coverings  {U. -A  17, } of  the  site  such  that  hu-  — » hjj.  is  contained  in 
S'  XjjUi.  By  definition  of  the  base  change  this  means  that  hij.  — > hu  is  contained 
in  the  subpresheaf  S'  C hu • By  axiom  (2)  for  sites  we  see  that  {U ij  — > U } is  a 
covering  of  U and  we  conclude  that  S'  £ J(U ) by  definition  of  J. 


Let  J7  be  a presheaf.  Suppose  that  J7  is  a sheaf  in  the  topology  J.  We  will  show 
that  J7  is  a sheaf  on  the  site  as  well.  Let  {fi  : Ui  — ► U}i&i  be  a covering  of  the  site. 
Let  Si  £ F(Ui)  be  a family  of  sections  such  that  s^UiXuUj  = sj\uiXVUj  for  all  i,j. 
We  have  to  show  that  there  exists  a unique  section  s € F(U)  restricting  back  to 
the  Si  on  the  Ui.  Let  S C hu  be  the  sieve  generated  by  the  fi.  Note  that  S £ J{U) 
by  definition.  In  stead  of  constructing  s,  by  the  sheaf  condition  in  the  topology,  it 
suffices  to  construct  an  element 


V € MorPSft(c)(5',77). 

Take  a £ S(T)  for  some  object  T £ U.  This  means  exactly  that  a : T -A  U is 
a morphism  which  factors  through  fi  for  some  i £ I (and  maybe  more  than  1). 
Pick  such  an  index  i and  a factorization  a = fi  o a.i.  Define  <p(a)  = a*s,.  If  i' , 
a = fioa'i,  is  a second  choice,  then  a*s,  = (a(,)*s,'  exactly  because  of  our  condition 
si\uiXVUj  = sj\uiXuUj  f°r  all  hj-  Thus  <p(a)  is  well  defined.  We  leave  it  to  the 
reader  to  verify  that  ip,  which  in  turn  determines  s is  correct  in  the  sense  that  s 
restricts  back  to  s7> 

Let  J7  be  a presheaf.  Suppose  that  J7  is  a sheaf  on  the  site  (C,Cov(C)).  We  will 
show  that  J7  is  a sheaf  for  the  topology  J as  well.  Let  U be  an  object  of  C.  Let  S 
be  a covering  sieve  on  U with  respect  to  the  topology  J.  Let 

p £ MoTpsh(c){S7F). 

We  have  to  show  there  is  a unique  element  in  F(U)  = Morp5/1(c)(/ij/,77)  which 
restricts  back  to  p.  By  definition  there  exists  a covering  {/,;  : Ui  — > U}i^i  £ Cov(C) 
such  that  fi  : Ui  £ U belongs  to  S(Ui).  Hence  we  can  set  Si  = p(fi)  £ 4F{Ui). 
Then  it  is  a pleasant  exercise  to  see  that  s,|f7iXljC/j  = sj\uiXuUj  for  all  i,j.  Thus 
we  obtain  the  desired  section  s by  the  sheaf  condition  for  J7  on  the  site  (C,  Cov(C)). 
Details  left  to  the  reader.  □ 


OOZD  Definition  7.46.2.  Let  C be  a site  with  coverings  Cov(C).  The  topology  associated 
to  C is  the  topology  J constructed  in  Lemma  |7.46.1|  above. 
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Let  C be  a category.  Let  Covi(C)  and  Cov2(C)  be  two  coverings  defining  the  struc- 
ture of  a site  on  C.  It  may  very  well  happen  that  the  topologies  defined  by  these 
are  the  same.  If  this  happens  then  we  say  Covi(C)  and  Cov2(C)  define  the  same 
topology  on  C.  And  if  this  happens  then  the  categories  of  sheaves  are  the  same,  by 
Lemma  17.46.11 


It  is  usually  the  case  that  we  only  care  about  the  topology  defined  by  a collection 
of  coverings,  and  we  view  the  possibility  of  choosing  different  sets  of  coverings  as  a 
tool  to  study  the  topology. 


OOZE  Remark  7.46.3.  Enlarging  the  class  of  coverings.  Clearly,  if  Cov(C)  defines  the 
structure  of  a site  on  C then  we  may  add  to  C any  set  of  families  of  morphisms  with 


fixed  target  tautologically  equivalent  (see  Definition  7.8.21  to  elements  of  Cov(C) 
without  changing  the  topology. 

OOZF  Remark  7.46.4.  Shrinking  the  class  of  coverings.  Let  C be  a site.  Consider  the 
power  set  S = P(Arrow(C))  (power  set)  of  the  set  of  morphisms,  i.e.,  the  set  of 
all  sets  of  morphisms.  Let  ST  C S be  the  subset  consisting  of  those  T £ S such 
that  (a)  all  ip  £ T have  the  same  target,  (b)  the  collection  is  tautologically 

equivalent  (see  Definition  7.8.2)  to  some  covering  in  Cov(C).  Clearly,  considering 
the  elements  of  ST  as  the  coverings,  we  do  not  get  exactly  the  notion  of  a site  as 


defined  in  Definition  7.6.2  The  structure  (C,ST)  we  get  satisfies  slightly  modified 
conditions.  The  modified  conditions  are: 


(O’)  Cov(C)  C P(Arrow(C)), 

(1’)  If  V — A U is  an  isomorphism  then  {V  — A U}  £ Cov(C). 

(2’)  If  {Ui  -A  U}i&i  £ Cov(C)  and  for  each  i we  have  { Vy  — A P,}je y.  £ 
Cov(C),  then  {Vij  — A U}i^ij^ji  is  tautologically  equivalent  to  an  element 
ofCov(C). 

(3’)  If  {Ui  —A  P}i£/  £ Cov(C)  and  V — A U is  a morphism  of  C then  Ui  Xy  V 
exists  for  all  i and  {U.t  Xyk  —A  V}iei  is  tautologically  equivalent  to  an 
element  of  Cov(C). 


And  it  is  easy  to  verify  that,  given  a structure  satisfying  (O’)  - (3’)  above,  then  after 
suitably  enlarging  Cov(C)  (compare  Sets,  Section  3.11)  we  get  a site.  Obviously 
there  is  little  difference  between  this  notion  and  the  actual  notion  of  a site,  at  least 
from  the  point  of  view  of  the  topology.  There  are  two  benefits:  because  of  condition 
(O’)  above  the  coverings  automatically  form  a set,  and  because  of  (O’)  the  totality 
of  all  structures  of  this  type  forms  a set  as  well.  The  price  you  pay  for  this  is  that 
you  have  to  keep  writing  “tautologically  equivalent”  everywhere. 


7.47.  Sheafification  in  a topology 

OOZG  In  this  section  we  explain  the  analogue  of  the  sheafification  construction  in  a topol- 
ogy- 

Let  C be  a category.  Let  J be  a topology  on  C.  Let  T be  a presheaf  of  sets.  For 
every  U £ Ob(C)  we  define 

LT(U)  = colim s&j(u)°pp  Mor psh(C)(S,lF) 

as  a colimit.  Here  we  think  of  J(U)  as  a partially  ordered  set,  ordered  by  inclusion, 
see  Lemma  |7.45.2|  The  transition  maps  in  the  system  are  defined  as  follows.  If 
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S C S'  are  in  J(U),  then  S — >•  S'  is  a morphism  of  presheaves.  Hence  there  is  a 
natural  restriction  mapping 


Mor psh(C)(SiF)  — * Morp5/l(C)(S", F). 


Thus  we  see  that  S 1-4  Mor psh(C)(S,F)  is  a directed  system  as  in  Categories, 
Definition  4.21.1  provided  we  reverse  the  ordering  on  J(U)  (which  is  what  the 
superscript  opp  is  supposed  to  indicate).  In  particular,  since  hjj  £ J{U ) there  is  a 
canonical  map 

I : F(U)  — ► LF(U) 


coming  from  the  identification  F(U)  = Moi pg^^hjj,  F).  In  addition,  the  colimit 
defining  LF(U)  is  directed  since  for  any  pair  of  covering  sieves  S , S'  on  U the  sieve 
S n S'  is  a covering  sieve  too,  see  Lemma  l ~K2\ 


Let  / : V — > U be  a morphism  in  C.  Let  S £ J(f7).  There  is  a commutative 
diagram 

S Xjj  V s-  hy 

V 

S >*■  hjj 

We  can  use  the  left  vertical  map  to  get  canonical  restriction  maps 


M or pSh(c)( —>  MorpS/j (C)(S  xu  ^J7). 

Base  change  S i-A  S Xp  V induces  an  order  preserving  map  J(U)  — > J( V).  And 
the  restriction  maps  define  a transformation  of  functors  as  in  Categories,  Lemma 
categories-lemma-functorial-colimit.  Hence  we  get  a natural  restriction  map 

LF{U)  — ► LF{V). 

OOZH  Lemma  7.47.1.  In  the  situation  above. 

(1)  The  assignment  U i— ► LF{U)  combined  with  the  restriction  mappings  de- 
fined above  is  a presheaf. 

(2)  The  maps  l glue  to  give  a morphism  of  presheaves  I : F — > LF . 

(3)  The  rule  F i— >■  (F  A LF)  is  a functor. 

(4)  If  F is  a subpresheaf  of  Q , then  LF  is  a subpresheaf  of  LQ . 

(5)  The  map  I : F — » LF  has  the  following  property:  For  every  section 
s £ LF{U)  there  exists  a covering  sieve  S on  U and  an  element  ip  £ 
Mor psh(C)(SiF)  such  that  t{ip)  equals  the  restriction  of  s to  S. 


Proof.  Omitted. 


□ 


OOZI  Definition  7.47.2.  Let  C be  a category.  Let  J be  a topology  on  C.  We  say  that 
a presheaf  of  sets  F is  separated  if  for  every  object  U and  every  covering  sieve  S on 
U the  canonical  map  F{U)  —>  MorPSh (C)(S,F)  is  injective. 

OOZJ  Theorem  7.47.3.  Let  C be  a category.  Let  J be  a topology  on  C.  Let  F be  a 
presheaf  of  sets. 

(1)  The  presheaf  LF  is  separated. 

(2)  If  F is  separated,  then  LF  is  a sheaf  and  the  map  of  presheaves  F -4  LF 
is  injective. 

(3)  If  F is  a sheaf,  then  F —¥  LF  is  an  isomorphism. 

(4)  The  presheaf  LLF  is  always  a sheaf. 


7.47.  SHEAFIFICATION  IN  A TOPOLOGY 


360 


Proof.  Part  (3)  is  trivial  from  the  definition  of  L and  the  definition  of  a sheaf 
(Definition  7.45.10).  Part  (4)  follows  formally  from  the  others. 


We  sketch  the  proof  of  (1).  Suppose  S'  is  a covering  sieve  of  the  object  U.  Suppose 
that  (pi  £ LF(U ),  * = 1,2  map  to  the  same  element  in  MorPS^(C)(S, LF).  We  may 
find  a single  covering  sieve  S'  on  U such  that  both  Lpi  are  represented  by  elements 
Pi  £ Mor psh(C)(S' ’F).  We  may  assume  that  S'  = S by  replacing  both  S and  S' 
by  S'  D S which  is  also  a covering  sieve,  see  Lemma  7AI 
and  a : V — > U in  S(V).  Then  we  have  S xp  V = hy,  see  Lemma  7.45.5 
the  restrictions  of  pi  via  V — > U correspond  to  sections  Sityt 
assumption  is  that  there  exist  a covering  sieve  Sy,a  of  V such  that  St^v,a  restrict 
to  the  same  element  of  Mor psh(C){Sv,cn  F).  Consider  the  sieve  S”  on  U defined  by 
the  rule 


Suppose  V £ Ob(C), 
Thus 

of  F over  V.  The 


00ZK  (f  : T U)  £ S"(T)  <=>  3 V,  a : V ^ U,  a £ S(V), 

(7.47.3.1)  3 g:T^V,  g£SV}a(T), 

f = aog 

By  axiom  (2)  of  a topology  we  see  that  S " is  a covering  sieve  on  U . By  construction 
we  see  that  p\  and  p2  restrict  to  the  same  element  of  Mor psh(C){S" i LF)  as  desired. 

We  sketch  the  proof  of  (2).  Assume  that  F is  a separated  presheaf  of  sets  on  C with 
respect  to  the  topology  J.  Let  S be  a covering  sieve  of  the  object  U of  C.  Suppose 
that  p £ More  (S,  LF).  We  have  to  find  an  element  s £ LF(U)  restricting  to  ip. 
Suppose  V e Ob(C),  and  a : V — > U in  S(V).  The  value  ip(a)  £ LF{V)  is  given  by 
a covering  sieve  Sy.a  of  V and  a morphism  of  presheaves  ipv,a  '■  Sy,a  — > 3F . As  in 
the  proof  above,  define  a covering  sieve  S" 

: S" 


on  U by  Equation  (|7.47.3.1[).  We  define 
ip"  : S"  — > T 

by  the  following  simple  rule:  For  every  / : T — » U,  f £ S"(T ) choose  V,a,g  as  in 
Equation  (17. 47. 3. 11).  Then  set 


= Vv,a(9)- 


We  claim  this  is  independent  of  the  choice  of  V,a,g.  Consider  a second  such 
choic eV':a',g'.  The  restrictions  of  fv,a  and  7>v' ,a!  t°  the  intersection  of  the  fol- 
lowing covering  sieves  on  T 

( Sv,a  xV,g  T)  n ( Sv>,a 1 xV’,g ' T) 

agree.  Namely,  these  restrictions  both  correspond  to  the  restriction  of  p to  T (via 
/)  and  the  desired  equality  follows  because  T is  separated.  Denote  the  common 
restriction  ip.  The  independence  of  choice  follows  because  Pv,a{g)  = ^(idr)  = 
PV’,a'{g')-  OK,  so  now  p"  gives  an  element  s £ LT(U).  We  leave  it  to  the  reader 
to  check  that  s restricts  to  p.  □ 

00ZL  Definition  7.47.4.  Let  C be  a category  endowed  with  a topology  J.  Let  T be 
a presheaf  of  sets  on  C.  The  sheaf  3F#  :=  LLT  together  with  the  canonical  map 
T — > T # is  called  the  sheaf  associated  to  T . 

00ZM  Proposition  7.47.5.  Let  C be  a category  endowed  with  a topology.  Let  J7  be  a 
presheaf  of  sets  on  C.  The  canonical  map  T — > has  the  following  universal 
property:  For  any  map  T — > Q,  where  Q is  a sheaf  of  sets,  there  is  a unique  map 
3 — > Q such  that  F F#  Q equals  the  given  map. 


7.48.  TOPOLOGIES  AND  SHEAVES 


361 


OOZN 

oozo 


OOZP 


OOZQ 


Proof.  Same  as  the  proof  of  Proposition  |7. 10.12] 

7.48.  Topologies  and  sheaves 


□ 


Lemma  7.48.1.  Let  C be  a category  endowed  with  a topology  J.  Let  U be  an 
object  of  C.  Let  S be  a sieve  on  U . The  following  are  equivalent 

(1)  The  sieve  S is  a covering  sieve. 

(2)  The  sheafification  S & — * hfj  of  the  map  S — > hjj  is  an  isomorphism. 


Proof.  First  we  make  a couple  of  general  remarks.  We  will  use  that  S#  = LLS , 
and  hfj  = LLhjj-  In  particular,  by  Lemma  7.47.1  we  see  that  S # hfj  is  injective. 


Note  that  idy  £ hu(U).  Hence  it  gives  rise  to  sections  of  L/iy  and  hfj  = LLhu 
over  U which  we  will  also  denote  idy. 


Suppose  S'  is  a covering  sieve.  It  clearly  suffices  to  find  a morphism  hu  -A  S# 
such  that  the  composition  hu  — » hf-  is  the  canonical  map.  To  find  such  a map  it 
suffices  to  find  a section  s £ S#(U)  wich  restricts  to  idy.  But  since  S is  a covering 
sieve,  the  element  ids  £ Mor psmc)  (S,  S)  gives  rise  to  a section  of  LS  over  U which 
restricts  to  idy  in  Lhu-  Hence  we  win. 

Suppose  that  S#  — > hfT  is  an  isomorphism.  Let  1 £ S#(U)  be  the  element  corre- 
sponding to  idy  in  tifj(U).  Because  S#  = LLS  there  exists  a covering  sieve  S'  on 
U such  that  1 comes  from  a 


ip  £ MoiPSh(C)(S' i LS). 

This  in  turn  means  that  for  every  a : V —>  U , a £ S'(V)  there  exists  a covering  sieve 
Sy,a  on  V such  that  <^(idv)  corresponds  to  a morphism  of  presheaves  Sya  — >•  S. 
In  other  words  Sy,a  is  contained  in  S'  x y V.  By  the  second  axiom  of  a topology  we 
see  that  S is  a covering  sieve.  □ 

Theorem  7.48.2.  LetC  be  a category.  Let  J,  J'  be  topologies  onC.  The  following 
are  equivalent 

(1)  J = J', 

(2)  sheaves  for  the  topology  J are  the  same  as  sheaves  for  the  topology  J' . 


Proof.  It  is  a tautology  that  if  J = J'  then  the  notions  of  sheaves  are  the  same. 
Conversely,  Lemma [7T8T] characterizes  covering  sieves  in  terms  of  the  sheafification 
functor.  But  the  sheafification  functor  PSh(C)  — > Sh(C , J)  is  the  right  adjoint  of 
the  inclusion  functor  Sh(C,J ) -A  PSh{C).  Hence  if  the  subcategories  Sh(C,J)  and 
Sh(C,  J1)  are  the  same,  then  the  sheafification  functors  are  the  same  and  hence  the 
collections  of  covering  sieves  are  the  same.  □ 


Lemma  7.48.3.  Assumption  and  notation  as  in  Theorem  7.j8.2  Then  J C J'  if 


and  only  if  every  sheaf  for  the  topology  J'  is  a sheaf  for  the  topology  J . 


Proof.  One  direction  is  clear.  For  the  other  direction  suppose  that  Sh(C,  J')  C 
Sh(C,J).  By  formal  nonsense  this  implies  that  if  .F  is  a presheaf  of  sets,  and 
T — » T#,  resp.  T — > J is  the  sheafification  wrt  J,  resp.  J'  then  there  is  a 
canonical  map  P#  —A  J7#’'  such  that  T — >•  F#  -A  P#’1  equals  the  canonical  map 
P — >•  F#’1 . Of  course,  P & -A  P identifies  the  second  sheaf  as  the  sheafification 
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of  the  first  with  respect  to  the  topology  ./'.  Apply  this  to  the  map  S — > hu  of 
Lemma  [7.48. 1|  We  get  a commutative  diagram 

S *■  S# S#’' 

V V 

hu *-  h* ^ hf 

And  clearly,  if  S is  a covering  sieve  for  the  topology  J then  the  middle  vertical  map 
is  an  isomorphism  (by  the  lemma)  and  we  conclude  that  the  right  vertical  map  is 
an  isomorphism  as  it  is  the  sheafification  of  the  one  in  the  middle  wrt  J' . By  the 
lemma  again  we  conclude  that  S is  a covering  sieve  for  J'  as  well.  □ 

7.49.  Topologies  and  continuous  functors 

OOZR  Explain  how  a continuous  functor  gives  an  adjoint  pair  of  functors  on  sheaves. 

7.50.  Points  and  topologies 

OOZS  Recall  from  Section [TTSl] that  given  a functor  p = u : C -A  Sets  we  can  define  a stalk 
functor 

PSh(C ) — > Sets,F  i — > Tp. 

OOZT  Definition  7.50.1.  Let  C be  a category.  Let  J be  a topology  on  C.  A point  p of 
the  topology  is  given  by  a functor  u : C — > Sets  such  that 

(1)  For  every  covering  sieve  S on  U the  map  Sp  -A  ( hu)P  is  surjective. 

(2)  The  stalk  functor  Sh(C)  — ► Sets,  T — > Tp  is  exact. 
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Stacks 


8.1.  Introduction 

In  this  very  short  chapter  we  introduce  stacks,  and  stacks  in  groupoids.  See 

IDM69I.  and  [Vis04j . 

8.2.  Presheaves  of  morphisms  associated  to  fibred  categories 

Let  C be  a category.  Let  p : S — > C be  a fibred  category,  see  Categories,  Section 


4.32  Suppose  that  x,y  £ Ob(<S[/)  are  objects  in  the  fibre  category  over  U.  We  are 


going  to  define  a functor 


Mor(x,  y)  : ( C/U)opp  — ■>  Sets. 


In  other  words  this  will  be  a presheaf  on  C/U , see  Sites,  Definition  7.2.2  Make  a 
choice  of  pullbacks  as  in  Categories,  Definition  |4.32.6|  Then,  for  / : V — > U we  set 

Mor(x,  y)(f  '■  V U)  = MorSv  (f*x,  f*y). 

Let  /'  -.V'—fU  be  a second  object  of  C/U . We  also  have  to  define  the  restriction 
map  corresponding  to  a morphism  g : V' /U  — > V/U  in  C/U,  in  other  words  g : 
V'  — > V and  /'  = / o g.  This  will  be  a map 

(f*x,  f*y)  — >MorSv,(f*x,f*y),  (f>  i — > 4>\y 

This  map  will  basically  be  g* , except  that  this  transforms  an  element  (f>  of  the  left 
hand  side  into  an  element  g*</>  of  Mor sv,{g*  f*x,g*  f*y).  At  this  point  we  use  the 
transformation  agj  of  Categories,  Lemma  4.32.7  In  a formula,  the  restriction  map 
is  described  by 

= (oigj)y' 1 ° g*(t>  ° (agj)x- 

Of  course,  nobody  thinks  of  this  restriction  map  in  this  way.  We  will  only  do  this 
once  in  order  to  verify  the  following  lemma. 

Lemma  8.2.1.  This  actually  does  give  a presheaf. 

Proof.  Let  g : V'/U  — ► V/ U be  as  above  and  similarly  g'  : V" /U  — > V/U 
be  morphisms  in  C/U.  So  /'  = / o g and  f"  = fog'  = f o g o g' . Let  <j>  £ 
Mor sv(f*x,f*y).  Then  we  have 

( ag°g'j)y  °(S°S  ) <t>°  {ag°g',f)x 
= ( agog',f)y  ° (ag' ,g)  f*y  ° (d  ) 9 $ 0 iag' ,g)  f*x  0 (&gog’ j)x 

= (ag’J')y 1 0 WYiotgj)-1  O (, g')*g*4 ) o (, g')*(agJ)x  o (ag>tf>)x 

= (ag'J')y 1 0 (9')*  (K,/)y  1 0 9*/>  0 {(Xgj)x)  ° K',/')x 
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which  is  what  we  want,  namely  <f> \y  = (4>\v)\y".  The  first  equality  holds  because 
ag\g  is  a transformation  of  functors,  and  hence 


(gog')*f*x 

(ag',g)f*x 

W)*9*f*x 


(s°s')*0 


(s')*9*0 


(. g°g')*f*y 

(ag,,g')f*V 

{g')*g*f*y 


commutes.  The  second  equality  holds  because  of  property  (d)  of  a pseudo  functor 
since  f'  = f°g  (see  Categories,  Definition  4.28.5).  The  last  equality  follows  from 
the  fact  that  ( g ')*  is  a functor.  □ 


From  now  on  we  often  omit  mentioning  the  transformations  agj  and  we  simply 
identify  the  functors  g*  o f*  and  (/  o g)* . In  particular,  given  g : V' /U  — > V/U  the 
restriction  mappings  for  the  presheaf  Mor(x , y)  will  sometimes  be  denoted  <p  H >•  g*f>. 
We  formalize  the  construction  in  a definition. 


02ZB  Definition  8.2.2.  Let  C be  a category.  Let  p : S — ► C be  a fibred  category,  see 
Categories,  Section  |4.32|  Given  an  object  U of  C and  objects  x,  y of  the  fibre 
category,  the  presheaf  of  morphisms  from  x to  y is  the  presheaf 

(/:y^f/)^Mor  Sv{f*x,ry) 

described  above.  It  is  denoted  Mor(x,y).  The  subpresheaf  Isom(x,y)  whose  values 
over  V is  the  set  of  isomorphisms  f*x  — > f*y  in  the  fibre  category  Sy  is  called  the 
presheaf  of  isomorphisms  from  x to  y. 

If  S is  fibred  in  groupoids  then  of  course  Isom(x , y)  = Mor(x,  y ),  and  it  is  customary 
to  use  the  Isom  notation. 

042V  Lemma  8.2.3.  Let  F : Si  — > S2  be  a 1-morphism  of  fibred  categories  over  the 
category  C.  Let  U £ Ob(C)  and  x,y  £ Ob (<Sj/).  Then  F defines  a canonical 
morphism  of  presheaves 

MorSl(x,y ) — > MorS2(F(x),  F(y)) 

on  C/U . 

Proof.  By  Categories,  Definition  |4.32.9|  the  functor  F maps  strongly  cartesian 
morphisms  to  strongly  cartesian  morphisms.  Hence  if  / : V — > U is  a morphism  in 
C,  then  there  are  canonical  isomorphisms  ay  : f*F(x)  —>  F(f*x),  /3y  : f*F{y)  — > 
F(f*y)  such  that  f*F(x)  — ► F(f*x)  -A  F(x)  is  the  canonical  morphism  f*F(x)  — ► 
F(x),  and  similarly  for  /3y.  Thus  we  may  define 

MorSl(x,y)(f  : V ->•  U)  = Mor5l<v  (f*x,  f*y) 


Mors2(F(x),F(y))(f  : V ->  U)  = MorS2  v (f*F(x),  f*F(y)) 

by  (f  1 — ^ fdyl  o F((j>)  o ay.  We  omit  the  verification  that  this  is  compatible  with  the 
restriction  mappings.  □ 

02ZA  Remark  8.2.4.  Suppose  that  p : S — > C is  fibred  in  groupoids.  In  this  case  we 
can  prove  Lemma  |8.2.1|  using  Categories,  Lemma  |4.35.4|  which  says  that  S — > C is 
equivalent  to  the  category  associated  to  a contravariant  functor  F : C -A  Groupoids. 
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In  the  case  of  the  fibred  category  associated  to  F we  have  g*  o f*  = (/  o g )*  on  the 
nose  and  there  is  no  need  to  use  the  maps  cxgj.  In  this  case  the  lemma  is  (even 
more)  trivial.  Of  course  then  one  uses  that  the  Mor(x , y)  presheaf  is  unchanged 
when  passing  to  an  equivalent  fibred  category  which  follows  from  Lemma  |8.2.3[ 


Lemma  8.2.5. 


Let  C be  a category.  Let  p : S — X C be  a fibred  category , see 
Let  U £ Ob  (C)  and  let  x,y  £ Ob  (Sir).  Denote  x,y  : 


Categories,  Section  4-32 
C/U  — x S also  the  corresponding  1-morphisms,  see  Categories,  Lemma  4-  43  A Then 

(1)  the  2-fibre  product  S XsxS,(x,y)  C/U  is  fibred  in  setoids  over  C/U , and 

(2)  Isom(x,y ) is  the  presheaf  of  sets  corresponding  to  this  category  fibred  in 
setoids , see  Categories,  Lemma\4-38.6\ 


Proof.  Omitted.  Hint:  Objects  of  the  2-fibre  product  are  (a  : V — X U,  z,  a : V — X 
U,  (a, /3))  where  a : z — X a*x  and  fi  : z — X a*y  are  isomorphisms  in  Sy-  Thus  the 
relationship  with  Isom(x , y)  comes  by  assigning  to  such  an  object  the  isomorphism 
fioa~l.  □ 


8.3.  Descent  data  in  fibred  categories 


In  this  section  we  define  the  notion  of  a descent  datum  in  the  abstract  setting  of  a 
fibred  category.  Before  we  do  so  we  point  out  that  this  is  completely  analogous  to 
descent  data  for  quasi-coherent  sheaves  (Descent,  Section  34.2)  and  descent  data 
for  schemes  over  schemes  (Descent,  Section  34.30). 


We  will  use  the  convention  where  the  projection  maps  pi'j  : X x . . . x X — x X are 
labeled  starting  with  i = 0.  Hence  we  have  pr^piq  : X x X X , pr0,pr1,pr2  : 
XxIxIaX,  etc. 


Definition  8.3.1.  Let  C be  a category.  Let  p : S 


a choice  of  pullbacks  as  in  Categories,  Definition  4.32.6  Let  U = {/, 
be  a family  of  morpliisms  of  C. 


C be  a fibred  category.  Make 
Ui  —x  D}jg/ 
and 


Assume  all  the  fibre  products  U,  xLr  Uj , 


Ui  xu  U,  xu  Uk  exist. 


(1)  A descent  datum  ( , tpifi)  in  S relative  to  the  family  {/*  : Ui  — > U}  is  given 
by  an  object  A)  of  Su,  for  each  i £ I,  an  isomorphism  : prgXj  — x pr \Xj 
in  Su,  x u u,  for  each  pair  (i,j)  € 1 2 such  that  for  every  triple  of  indices 
(■ i,j,k ) € I3  the  diagram 


prlXj 


in  the  category  SuiXuUjXuUk  commutes.  This  is  called  the  cocycle  condi- 
tion. 

(2)  A morphism  if  : (W,  < pifi)  — x (XI,  < pC)  of  descent  data  is  given  by  a family 
if  = (ifi)i£i  of  morphisms  ifi  : Xi  — x X(  in  Su,  such  that  all  the  diagrams 


pr<j^i 

pr  oi’i 

PbjA' 


■ Pri-Yi 
prlV’j 
-pr*iX' 


in  the  categories  Su,  x L, u:j  commute. 


8.3.  DESCENT  DATA  IN  FIBRED  CATEGORIES 


367 


(3)  The  category  of  descent  data  relative  to  U is  denoted  DD(U). 


The  fibre  products  UiXjj  Uj  and  Ui  XjjUj  XjjUk  will  exist  if  each  of  the  morphisms 
fi  : Ui  — x U is  representable , see  Categories,  Definition  4.6.4 
one  of  the  conditions  for  a covering  {Ui 


Recall  that  in  a site 


U}  is  that  each  of  the  morphisms  is 
representable,  see  Sites,  Definition  7.6.2|  part  (3).  In  fact  the  main  interest  in  the 
definition  above  is  where  C is  a site  and  {Ui  — X t/}  is  a covering  of  C.  However, 
a descent  datum  is  just  an  abstract  gadget  that  can  be  defined  as  above.  This  is 
useful:  for  example,  given  a fibred  category  over  C one  can  look  at  the  collection 
of  families  with  respect  to  which  descent  data  are  effective,  and  try  to  use  these  as 
the  family  of  coverings  for  a site. 


8.3.1 


are  in  order.  Let  p : S — x C be 


026C  Remarks  8.3.2.  Two  remarks  on  Definition 

a fibred  category.  Let  {/,;  : Uj  — x and  (a*,  ipij)  be  as  in  Definition  8.3.1 

(1)  There  is  a diagonal  morphism  A : Ui  -A  Ui  Xu  Ui.  We  can  pull  back 

ipn  via  this  morphism  to  get  an  automorphism  A *ipu  (E  Aut Ui(xi).  On 
pulling  back  the  cocycle  condition  for  the  triple  by  A123  : Ui  —X 

UiXjjUiXjj  Ui  we  deduce  that  A *tpa  o A *ipa  = A *ipu\  thus  A *ipn  = ida,i . 

(2)  There  is  a morphism  A 13  : Ui  Xy  Uj  —A  Ui  Xy  Uj  Xu  Ui  and  we  can 
pull  back  the  cocycle  condition  for  the  triple  ( i,j,i ) to  get  the  identity 


(cr*<Pji)  o ipij 

morphism. 


= idpr^xi,  where  cr 


Ui  Xu  Uj  -A  Uj  Xu  Ui  is  the  switching 


02ZD  Lemma  8.3.3.  (Pullback  of  descent  data.)  Let  C be  a category.  Let  p : S — x C be 
a fibred  category.  Make  a choice  pullbacks  as  in  Categories,  Definition  \ 4 ■ 32. 6j  Let 
U = {fi  : Ui  — X U}i<zi,  andV  = {Vj  -A  V}j£j  be  a families  of  morphisms  of  C with 
fixed  target.  Assume  all  the  fibre  products  Ui  XuUp,  U Xu  Up  Xu  Up' , Vj  Xy  Vj' , 
and  Vj  XyVj > Xy  Vj»  exist.  Let  a : I —X  J , h : U —X  V and  gi  : Ui  — X be  a 
morphism  of  families  of  maps  with  fixed  target,  see  Sites,  Definition  \ 7. 8. 1\ 

(1)  Let  ( Yj,ifijj ')  be  a descent  datum  relative  to  the  family  {Vj  -A  V}.  The 
system 

(di  a(i)  i {di  * 9i ')  Ta{i)a{i')) 
is  a descent  datum  relative  to  U. 

(2)  This  construction  defines  a functor  between  descent  data  relative  to  V and 
descent  data  relative  to  IA . 

(3)  Given  a second  a!  : I -A  J , h'  : U — > V and  g[  : Ui  — X Vai(i)  morphism  of 
families  of  maps  with  fixed  target,  then  if  h = h'  the  two  resulting  functors 
between  descent  data  are  canonically  isomorphic. 


Proof.  Omitted. 


□ 


02ZE  Definition  8.3.4. 

h : U 


With  U = {Ui  ->  U}i£l, 


8.3.3 


V = {Vj  -A  V}jeJ,  a : / 
the  functor 


J, 


V,  and  gi  : U,  -A  Vau\  as  in  Lemma 

(Yj , ipjji)  1 X {giVa(i)i  idi  * 9i' ) Wa(i)a(i')) 
constructed  in  that  lemma  is  called  the  pullback  functor  on  descent  data. 


Given  h : U — X V , if  there  exists  a morphism  h : U — X V covering  h then  h*  is 
independent  of  the  choice  of  h as  we  saw  in  Lemma  i 
simply  write  h*  to  indicate  the  pullback  functor. 


8.3.3 


Hence  we  will  sometimes 


8.4.  STACKS 
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Definition  8.3.5.  Let  C be  a category.  Let  p : S — > C be  a fibred  category.  Make 
a choice  of  pullbacks  as  in  Categories,  Definition  4.32.6  Let  U = {ft  : Ui  — >•  f7}jej 
be  a family  of  morphisms  with  target  U.  Assume  all  the  fibre  products  Ui  Xjj  Uj 
and  Ui  Xjj  Uj  Xu  Uj.  exist. 


(1)  Given  an  object  X of  Sjj  the  trivial  descent  datum  is  the  descent  datum 
(X,  idx)  with  respect  to  the  family  {idj/  : U —>  U}. 

(2)  Given  an  object  X of  Sjj  we  have  a canonical  descent  datum  on  the  family 
of  objects  f*X  by  pulling  back  the  trivial  descent  datum  ( X , idx)  via  the 
obvious  map  {/,;  : Ut  -G  U)  -G  {idy  : U ->  U}.  We  denote  this  descent 
datum  ( f*X,can ). 

(3)  A descent  datum  (Xi,<pij)  relative  to  {/;  : Ui  — > U}  is  called  effective 
if  there  exists  an  object  X of  Sjj  such  that  (Xl}  p-if)  is  isomorphic  to 
{f^X,  can). 


Note  that  the  rule  that  associates  to  X £ Sjj  its  canonical  descent  datum  relative 
to  U defines  a functor 

Sjj  — > DD{U). 

A descent  datum  is  effective  if  and  only  if  it  is  in  the  essential  image  of  this  functor. 
Let  us  make  explicit  the  canonical  descent  datum  as  follows. 


Lemma  8.3.6.  In  the  situation  of  Definition  8.3.5  part  (2)  the  maps  canjj  : 
pr^ffX  -A  pr\f*X  are  equal  to  (&pr1,fj)xo(&pr0ji)x  where  ay.  is  as  in  Categories, 
Lemma  4-32.5  and  where  we  use  the  equality  fiOpr0  = fjopr±  as  maps  Uj  XjjUj  — ► 

U. 


Proof.  Omitted. 


□ 


8.4.  Stacks 


Here  is  the  definition  of  a stack,  ft  mixes  the  notion  of  a fibred  category  with  the 
notion  of  descent. 


Definition  8.4.1.  Let  C be  a site.  A stack  over  C is  a category  p : S — ► C over  C 
which  satisfies  the  following  conditions: 


(1)  p : S — > C is  a fibred  category,  see  Categories,  Definition  4.32.5 


(2)  for  any  U G Ob(C)  and  any  x,y  € Sjj  the  presheaf  Mor(x,y)  (see  Defini- 
tion 8.2.2)  is  a sheaf  on  the  site  C/U , and 

(3)  for  any  covering  U = {fi  : Ui  -A  U}i&i  of  the  site  C,  any  descent  datum 
in  S relative  to  U is  effective. 


We  find  the  formulation  above  the  most  convenient  way  to  think  about  a stack. 
Namely,  given  a category  over  C in  order  to  verify  that  it  is  a stack  you  proceed  to 
check  properties  (1),  (2)  and  (3)  in  that  order.  Certainly  properties  (2)  and  (3)  do 
not  make  sense  if  the  category  isn’t  fibred.  Without  (2)  we  cannot  prove  that  the 
descent  in  (3)  is  unique  up  to  unique  isomorphism  and  functorial. 

The  following  lemma  provides  an  alternative  definition. 

Lemma  8.4.2.  Let  C be  a site.  Let  p : S -A  C be  a fibred  category  over  C . The 
following  are  equivalent 

(1)  S is  a stack  over  C,  and 
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(2)  for  any  covering  U = {/*  : Ui  —>  U}i^i  °f  the  site  C the  functor 

Su  — DD(U) 

which  associates  to  an  object  its  canonical  descent  datum  is  an  equivalence. 


Proof.  Omitted.  □ 

04TU  Lemma  8.4.3.  Let  p : S -A  C be  a stack  over  the  site  C.  Let  S'  be  a subcategory 
ofS.  Assume 

(1)  if  ip  : y — )•  x is  a strongly  cartesian  morphism  of  S and  x is  an  object  of 
S' , then  y is  isomorphic  to  an  object  of  S’ , 

(2)  S'  is  a full  subcategory  of  S,  and 

(3)  if  {fi  ■ Ui  — > U}  is  a covering  ofC,  and  x an  object  of  S over  U such  that 
f*x  is  isomorphic  to  an  object  of  S'  for  each  i,  then  x is  isomorphic  to 
an  object  of  S' . 

Then  S'  —>  C is  a stack. 


Proof.  Omitted.  Hints:  The  first  condition  guarantees  that  S'  is  a fibred  category. 
The  second  condition  guarantees  that  the  /som-presheaves  of  S'  are  sheaves  (as  they 
are  identical  to  their  counter  parts  in  S).  The  third  condition  guarantees  that  the 
descent  condition  holds  in  S'  as  we  can  first  descend  in  S and  then  (3)  implies  the 
resulting  object  is  isomorphic  to  an  object  of  S' . □ 

042W  Lemma  8.4.4.  Let  C be  a site.  Let  Si,  S2  be  categories  overC.  Suppose  that  Si 
and  S2  are  equivalent  as  categories  over  C.  Then  Si  is  a stack  over  C if  and  only 
if  1S2  is  a stack  overC. 


Proof.  Let  F : Si  — > S2,  G : S2  — > <Si  be  functors  over  C,  and  let  i : F o G — » ids2, 
j : Go  F — ► idsj  be  isomorphisms  of  functors  over  C.  By  Categories,  Lemma  4.32.8 


we  see  that  is  fibred  if  and  only  if  £2  is  fibred  over  C.  Hence  we  may  assume  that 
both  S 1 and  S2  are  fibred.  Moreover,  the  proof  of  Categories,  Lemma [4. 32. 8| shows 
that  F and  G map  strongly  cartesian  morphisms  to  strongly  cartesian  morphisms, 
i.e. , F and  G are  1-morphisms  of  fibred  categories  over  C.  This  means  that  given 
U £ Ob(C),  and  x,y  £ Si,u  then  the  presheaves 


MorSl{x,y),M0rSl(F(x),F(y ))  : (C/U)opp  — * Sets. 

are  identified,  see  Lemmar8.2.3|  Hence  the  first  is  a sheaf  if  and  only  if  the  second  is 
a sheaf.  Finally,  we  have  to  show  that  if  every  descent  datum  in  is  effective,  then 
so  is  every  descent  datum  in  £2-  To  do  this,  let  {Xi,<pai)  be  a descent  datum  in 
S2  relative  the  covering  {U  — > U}  of  the  site  C.  Then  (G(Xi),G(<pur))  is  a descent 
datum  in  Si  relative  the  covering  {Ui  — » U}.  Let  X be  an  object  of  Si  jj  such 
that  the  descent  datum  ( f*X,can ) is  isomorphic  to  {G{Xi),G{tpu>)).  Then  F(X) 
is  an  object  of  S2JJ  such  that  the  descent  datum  ( f*F(X),can ) is  isomorphic  to 
(F(G(Xi)),  F(G(ipa')))  which  in  turn  is  isomorphic  to  the  original  descent  datum 
(Xi,  tpu>)  using  i.  □ 


02ZG 


The  2-category  of  stacks  over  C is  defined  as  follows. 


Definition  8.4.5.  Let  C be  a site.  The  2-category  of  stacks  over  C is  the  sub 
2-category  of  the  2-category  of  fibred  categories  over  C (see  Categories,  Definition 


4.32.9)  defined  as  follows: 


(1)  Its  objects  will  be  stacks  p : S C. 
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(2)  Its  1-morphisms  (S,p)  -4  will  be  functors  G : S — > S'  such  that 

pf  o G = p and  such  that  G maps  strongly  cartesian  morphisms  to  strongly 
cartesian  morphisms. 

(3)  Its  2-morphisms  t : G — ► H for  G,  H : (S,p)  — > ( S',p ')  will  be  morphisms 
of  functors  such  that  p'{tx)  = idp(s)  for  all  x G Ob (5). 


Lemma  8.4.6.  Let  C be  a site.  The  (2,1) -category  of  stacks  over  C has  2-fibre 
products,  and  they  are  described  as  in  Categories,  Lemma  4-31.3 


Proof.  Let  / : X — >•  S and  g : y — >■  S be  1-morphisms  of  stacks  over  C as  defined 
above.  The  category  X x$  y described  in  Categories,  Lemma  |4.31.3|  is  a fibred 
category  according  to  Categories,  Lemma  4.32.10  (This  is  where  we  use  that  / and 


g preserve  strongly  cartesian  morphisms.)  It  remains  to  show  that  the  morphism 
presheaves  are  sheaves  and  that  descent  relative  to  coverings  of  C is  effective. 


Recall  that  an  object  of  X x$  y is  given  by  a quadruple  (U,x,y,(p).  It  lies  over 
the  object  U of  C.  Next,  let  (U,x' ,y' ,</>')  be  second  object  lying  over  U.  Recall 
that  (j)  : f(x)  — > g(y),  and  </>'  : f(x')  —>  g{y')  are  isomorphisms  in  the  category  <Sy . 
Let  us  use  these  isomorphisms  to  identify  z = f(x)  = g(y)  and  z'  = f{x')  = g{y'). 
With  this  identifications  it  is  clear  that 


Mor((U,x,  y,  </>),  (17,  a/,  y' , </>'))  = Mor{x,x')  xMor(2i2/)  Mor{y,y') 

as  presheaves.  However,  as  the  fibred  product  in  the  category  of  presheaves  pre- 
serves sheaves  (Sites,  Lemma  7.10.1 ) we  see  that  this  is  a sheaf. 

Let  U = {fi  : Ui  — t U}iei  be  a covering  of  the  site  C.  Let  (X f,Xij)  be  a descent 
datum  in  X x$  y relative  to  U.  Write  X,:  = (Ui,Xi,yi,<j)i)  as  above.  Write  Xij  = 
as  in  the  definition  of  the  category  X x$y  (see  Categories,  Lemma  4.31.3 ). 
It  is  clear  that  (aq ,Pij)  is  a descent  datum  in  X and  that  (yi,ipij)  is  a descent 
datum  in  y.  Since  X and  y are  stacks  these  descent  data  are  effective.  Thus  we 
get  x G Ob  (Xu),  and  y G Ob(3^/)  with  Xi  = x\ uiy  and  t/j  = y\jji  compatibly  with 
descent  data.  Set  z = /( x)  and  z'  = g(y)  which  are  both  objects  of  Sjj . The 
morphisms  (fi  are  elements  of  Isom{z,z'){Ui ) with  the  property  that  4>i\uiXuUj  = 
fj  | Ui xuUj-  Hence  by  the  sheaf  property  of  Isom(z,z')  we  obtain  an  isomorphism 
(f>  : z = f(x)  — > z'  = g{y).  We  omit  the  verification  that  the  canonical  descent 
datum  associated  to  the  object  (U,  x,  y,  <j>)  oi  (X  x$y)u  is  isomorphic  to  the  descent 
datum  we  started  with.  □ 


04WQ  Lemma  8.4.7.  Let  C be  a site.  Let  S\,  S2  be  stacks  overC.  Let  F : S±  — > S2  be 
a 1-morphism.  Then  the  following  are  equivalent 

(1)  F is  fully  faithful, 

(2)  for  every  U G Ob(C)  and  for  every  x,y  G Ob(<Si,[/)  the  map 

F : MorSl{x,y ) — » MorS2(F(x),  F(y)) 
is  an  isomorphism  of  sheaves  on  C/U. 

Proof.  Assume  (1).  For  U,x,y  as  in  (2)  the  displayed  map  F evaluates  to  the 
map  F : Mor5l  v (x\v,  y\v)  Mor52  v (F(x\v),  F(y\v))  on  an  object  V of  C lying 

over  U.  Now,  since  F is  fully  faithful,  the  corresponding  map  Mors,  (x\y,y\v)  — > 
Moi\s2(F(a;|y), F(y\v))  is  a bijection.  Morphisms  in  the  fibre  category  iSpy  are 
exactly  those  morphisms  between  x\y  and  y\y  in  lying  over  idy.  Similarly, 
morphisms  in  the  fibre  category  £>2,y  are  exactly  those  morphisms  between  F(x |y) 
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and  F(y\v)  in  S2  lying  over  idy.  Thus  we  find  that  F induces  a bijection  between 
these  also.  Hence  (2)  holds. 

Assume  (2).  Suppose  given  objects  U,  V of  C and  x £ Ob(Si ^/)  and  y £ Ob^yy). 
To  show  that  F is  fully  faithful,  it  suffices  to  prove  it  induces  a bijection  on  mor- 
phisms  lying  over  a fixed  / : U V.  Choose  a strongly  Cartesian  f*y  — > y in  <Si 
lying  above  /.  This  results  in  a bijection  between  the  set  of  morphisms  x — > y in  Si 
lying  over  / and  Mor^j  v(x,  f*y).  Since  F preserves  strongly  Cartesian  morphisms 
as  a 1-morphism  in  the  2-category  of  stacks  over  C,  we  also  get  a bijection  between 
the  set  of  morphisms  F(x)  — ► F(y)  in  S2  lying  over  / and  Mors  (F{x),  F(f*y)). 
Since  F induces  a bijection  Morsj  v(x,  f*y)  -A  Mors2  u(F(x),  F(f*y ))  we  conclude 
(1)  holds.  ’ " □ 

046N  Lemma  8.4.8.  Let  C be  a site.  Let  Si,  S2  be  stacks  overC.  Let  F : Si  S2  be 
a 1-morphism  which  is  fully  faithful.  Then  the  following  are  equivalent 

(1)  F is  an  equivalence, 

(2)  for  every  U £ Ob(C)  and  for  every  x £ Ob(S2,u)  there  exists  a covering 
{fi  ■ Ut  — > U}  such  that  f*x  is  in  the  essential  image  of  the  functor 
F : S\jj,  — > S2tjji  ■ 

Proof.  The  implication  (1)  =>  (2)  is  immediate.  To  see  that  (2)  implies  (1)  we  have 
to  show  that  every  x as  in  (2)  is  in  the  essential  image  of  the  functor  F.  To  do  this 
choose  a covering  as  in  (2),  Xj,  £ Ob^i^J,  and  isomorphisms  pi  : F{xt ) —r  /.* x. 
Then  we  get  a descent  datum  for  Si  relative  to  {fi  : Ui  — > U}  by  taking 

Tij  • % i | Ut  X u Uj  t Xj\uixuUj 

the  arrow  such  that  F(ipij)  = tpj1  o This  descent  datum  is  effective  by  the 
axioms  of  a stack,  and  hence  we  obtain  an  object  X\  of  Si  over  U . We  omit  the 
verification  that  F(x  1)  is  isomorphic  to  x over  U.  □ 


03ZZ 


Remark  8.4.9.  (Cutting  down  a “big”  stack  to  get  a stack.)  Let  C be  a site. 
Suppose  that  p : S — > C is  functor  from  a “big”  category  to  C,  i.e. , suppose  that 
the  collection  of  objects  of  S forms  a proper  class.  Finally,  suppose  that  p : S — > C 
satisfies  conditions  (1),  (2),  (3)  of  Definition  8.4.1  In  general  there  is  no  way  to 
replace  p : S — > C by  a equivalent  category  such  that  we  obtain  a stack.  The 
reason  is  that  it  can  happen  that  a fibre  categories  Su  may  have  a proper  class  of 
isomorphism  classes  of  objects.  On  the  other  hand,  suppose  that 

(4)  for  every  U £ Ob(C)  there  exists  a set  Su  C Ob(<Sj/)  such  that  every 
object  of  Su  is  isomorphic  in  Su  to  an  element  of  Su- 


In  this  case  we  can  find  a full  subcategory  Ssmau  of  S such  that,  setting  pSmaii  = 
p\samaU,  we  have 

(a)  the  functor  pSmaii  '■  Ssmaii  — > C defines  a stack,  and 

(b)  the  inclusion  Ssmau  — > S is  fully  faithful  and  essentially  surjective. 


(Hint:  For  every  U £ Ob(C)  let  a(U)  denote  the  smallest  ordinal  such  that 
Ob(S[/)  n Vam)  surjects  onto  the  set  of  isomorphism  classes  of  Su,  and  set  a = 
suP[/gQb(C)  a(U).  Then  take  Ob (Ssrnaii)  = Ob(«S)  0 Va.  For  notation  used  see  Sets, 
Section  3.5  ) 
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8.5.  Stacks  in  groupoids 


Among  stacks  those  which  are  fibred  in  groupoids  are  somewhat  easier  to  compre- 
hend. We  redefine  them  as  follows. 


Definition  8.5.1.  A stack  in  groupoids  over  a site  C is  a category  p : S — ► C over 
C such  that 


(1) 

(2) 

(3) 


p : S — > C is  fibred  in  groupoids  over  C (see  Categories,  Definition  4.34.1 ), 
for  all  U £ Ob(C),  for  all  x,y  £ Ob (Sjj)  the  presheaf  Isom(x,y)  is  a sheaf 
on  the  site  C/U,  and 

for  all  coverings  U = {Ui  — > U}  in  C,  all  descent  data  (x'i,  4>ij)  for  U are 
effective. 


Usually  the  hardest  part  to  check  is  the  third  condition.  Here  is  the  lemma  com- 
paring this  with  the  notion  of  a stack. 

Lemma  8.5.2.  Let  C be  a site.  Let  p : S —>  C be  a category  over  C.  The  following 
are  equivalent 

(1)  S is  a stack  in  groupoids  over  C, 

(2)  S is  a stack  over  C and  all  fibre  categories  are  groupoids,  and 

(3)  S is  fibred  in  groupoids  over  C and  is  a stack  over  C. 


Proof.  Omitted,  but  see  Categories,  Lemma  4.34.2 


□ 


Lemma  8.5.3.  Let  C be  a site.  Let  p : S — > C be  a stack.  Let  p'  : S1  — )•  C be 
the  category  fibred  in  groupoids  associated  to  S constructed  in  Categories,  Lemma 
4-34-3.  Then  p'  : S'  -A  C is  a stack  in  groupoids. 


Proof.  Recall  that  the  morphisms  in  S'  are  exactly  the  strongly  cartesian  mor- 
phisms  of  S , and  that  any  isomorphism  of  S is  such  a morphism.  Hence  descent 
data  in  S'  are  exactly  the  same  thing  as  descent  data  in  S.  Now  apply  Lemma 
18.4.21  Some  details  omitted.  □ 


Lemma  8.5.4.  Let  C be  a site.  Let  Si,  S2  be  categories  overC.  Suppose  that  Si 
and  S-2  are  equivalent  as  categories  overC.  Then  S 1 is  a stack  in  groupoids  overC 
if  and  only  if  S2  is  a stack  in  groupoids  over  C. 

Proof.  Follows  by  combining  Lemmas  |83T2|  and  |8. 4. 4|  □ 


The  2-category  of  stacks  in  groupoids  over  C is  defined  as  follows. 


Definition  8.5.5.  Let  C be  a site.  The  2-category  of  stacks  in  groupoids  overC  is 
the  sub  2-category  of  the  2-category  of  stacks  over  C (see  Definition  8.4.5)  defined 
as  follows: 


(1)  Its  objects  will  be  stacks  in  groupoids  p : S — > C. 

(2)  Its  1-morphisms  (S,p)  —>■  ( S' ,p ')  will  be  functors  G : S — ► S'  such  that 
p'  o G = p.  (Since  every  morphism  is  strongly  cartesian  every  functor 
preserves  them.) 

(3)  Its  2-morphisms  t : G — ► H for  G,H  : ( S,p ) — >•  ( S' ,P ')  will  be  morphisms 
of  functors  such  that  p'(tx)  = idp(s)  for  all  x £ Ob(S). 


Note  that  any  2-morphism  is  automatically  an  isomorphism,  so  that  in  fact  the 
2-category  of  stacks  in  groupoids  over  C is  a (strict)  (2,  l)-category. 


8.6.  STACKS  IN  SETOIDS 


373 


02ZL 

042Y 

042Z 


0430 

0432 


0431 


0433 


Lemma  8.5.6.  Let  C be  a category.  The  2-category  of  stacks  in  groupoids  over  C 
has  2- fibre  products,  and  they  are  described  as  in  Categories,  Lemma\4-31.3\ 

Proof.  This  is  clear  from  Categories,  Lemma  |4.34.7|  and  Lemmas  |8.5.2|  and  |8.4.6| 

□ 


8.6.  Stacks  in  setoids 


This  is  just  a brief  section  saying  that  a stack  in  sets  is  the  same  thing  as  a sheaf 
of  sets.  Please  consult  Categories,  Section  [4.38|  for  notation. 

Definition  8.6.1.  Let  C be  a site. 

(1)  A stack  in  setoids  over  C is  a stack  over  C all  of  whose  fibre  categories  are 
setoids. 

(2)  A stack  in  sets,  or  a stack  in  discrete  categories  is  a stack  over  C all  of 
whose  fibre  categories  are  discrete. 


From  the  discussion  in  Section  |8.5|  this  is  the  same  thing  as  a stack  in  groupoids 
whose  fibre  categories  are  setoids  (resp.  discrete).  Moreover,  it  is  also  the  same 
thing  as  a category  fibred  in  setoids  (resp.  sets)  which  is  a stack. 


Lemma  8.6.2. 


Let  C be  a site.  Under  the  equivalence 

the  category  of  categories 1 
fibred  in  sets  over  C J 


the  category  of  presheaves\ 
of  sets  over  C 


w 


of  Categories,  Lemma\f.37.6  the  stacks  in  sets  correspond  precisely  to  the  sheaves. 


Proof.  Omitted.  Hint:  Show  that  effectivity  of  descent  corresponds  exactly  to  the 
sheaf  condition.  □ 


Lemma  8.6.3.  Let  C be  a site.  Let  S be  a category  fibred  in  setoids  overC.  Then 
S is  a stack  in  setoids  if  and  only  if  the  unique  equivalent  category  S'  fibred  in  sets 
(see  Categories,  Lemma  f.38.5)  is  a stack  in  sets.  In  other  words,  if  and  only  if 
the  presheaf 

U ► Ob(Su)/^ 

is  a sheaf. 


Proof.  Omitted.  □ 

Lemma  8.6.4.  Let  C be  a site.  Let  Si,  S2  be  categories  overC.  Suppose  that  Si 
and  S2  are  equivalent  as  categories  overC.  Then  Si  is  a stack  in  setoids  overC  if 
and  only  if  S2  is  a stack  in  setoids  overC. 

Proof.  By  Categories,  Lemma  [4.38.5|  we  see  that  a category  S over  C is  fibred  in 
setoids  over  C if  and  only  if  it  is  equivalent  over  C to  a category  fibred  in  sets.  Hence 
we  see  that  <Si  is  fibred  in  setoids  over  C if  and  only  if  S2  is  fibred  in  setoids  over 
C.  Hence  now  the  lemma  follows  from  Lemma  [8.6.31  □ 


The  2-category  of  stacks  in  setoids  over  C is  defined  as  follows. 

Definition  8.6.5.  Let  C be  a site.  The  2-category  of  stacks  in  setoids  over  C is 
the  sub  2-category  of  the  2-category  of  stacks  over  C (see  Definition  8.4.5)  defined 
as  follows: 


(1)  Its  objects  will  be  stacks  in  setoids  p : S — >•  C. 
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(2)  Its  1-morphisms  (S,p)  -A  ( S',p ')  will  be  functors  G : S — > S'  such  that 
p'  o G = p.  (Since  every  morphism  is  strongly  cartesian  every  functor 
preserves  them.) 

(3)  Its  2-morphisms  t : G — ► H for  G,H  : (S,p)  — ► ( S',p ')  will  be  morphisms 
of  functors  such  that  p'{tx)  = idp^)  for  all  x £ Ob (S). 

Note  that  any  2-morphism  is  automatically  an  isomorphism,  so  that  in  fact  the 
2-category  of  stacks  in  setoids  over  C is  a (strict)  (2,  l)-category. 

0434  Lemma  8.6.6.  Let  C be  a site.  The  2-category  of  stacks  in  setoids  over  C has 
2- fibre  products,  and  they  are  described  as  in  Categories,  Lemma\^.31.3\ 


andl8A6l  □ 

05UI  Lemma  8.6.7.  Let  C be  a site.  Let  S , T be  stacks  in  groupoids  over  C and  let  1Z 
be  a stack  in  setoids  over  C.  Let  f : T —¥  S and  g : IZ  -A  S be  1-morphisms.  If  f 
is  faithful,  then  the  2-fibre  product 

T Xf,S,gK 

is  a stack  in  setoids  overC. 


Proof.  This  is  clear  from  Categories,  Lemmas |4. 34. 7| and  4.38.4  and  Lemmas  8.5.2 


Proof.  Immediate  from  the  explicit  description  of  the  2-fibre  product  in  Categories, 
Lemma  14.31.31  □ 

05UJ  Lemma  8.6.8.  Let  C be  a site.  Let  S be  a stack  in  groupoids  over  C and  let  Si, 
i = 1,2  be  stacks  in  setoids  overC.  Let  fi  : Si  — » S be  1-morphisms.  Then  the 
2-fibre  product 

Si  Xflts,f2  S2 

is  a stack  in  setoids  overC. 


06DV 


Proof.  This  is  a special  case  of  Lemma  8.6.7  as  fi  is  faithful. 
Lemma  8.6.9.  Let  C be  a site.  Let 


□ 


be  a 2-cartesian  diagram  of  stacks  in  groupoids  overC.  Assume 

(1)  for  every  U £ Ob(C)  and  x £ 0b((5i)c/)  there  exists  a covering  {Ui  — >•  L/ } 
such  that  x\ui  is  in  the  essential  image  of  F : (S-2)ui  (Si)ui>  an d 

(2)  G'  is  faithful, 
then  G is  faithful. 


Proof.  We  may  assume  that  T2  is  the  category  S2  Xsi  7i  described  in  Categories, 


Lemma  4.31.3  By  Categories,  Lemma  4.34.8  the  faithfulness  of  G,G'  can  be 
checked  on  fibre  categories.  Suppose  that  y,y'  are  objects  of  71  over  the  object 
U of  C.  Let  a,/3  : y — > y'  be  morphisms  of  (71)c/  such  that  G(a)  = G(ft).  Our 
object  is  to  show  that  a = f3.  Considering  instead  7 = a-1  o (5  we  see  that 
G(j)  = idc(y)  and  we  have  to  show  that  7 = idy.  By  assumption  we  can  find  a cov- 
ering {Ui  -A  U}  such  that  G{y)\ui  is  in  the  essential  image  of  F : {S2)ui  —■ ► (Si)ui- 
Since  it  suffices  to  show  that  7) ui  = id  for  each  i,  we  may  therefore  assume  that  we 
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05W9 


036X 


036Y 


04ZM 


have  / : F(x)  —¥  G(y)  for  some  object  x of  6>2  over  U and  morphisms  / of  (Si)u- 
In  this  case  we  get  a morphism 


(1,7)  : ( U,x,y,f ) — ¥ (U,  x,  y,  /) 

in  the  hbre  category  of  6>2  Xsx  7i  over  U whose  image  under  G'  in  5i  is  idE.  As  G' 
is  faithful  we  conclude  that  7 = idy  and  we  win.  □ 

Lemma  8.6.10.  Let  C be  a site.  Let 


T2 -Ti 


G 


be  a 2-cartesian  diagram  of  stacks  in  groupoids  over  C.  If 

(1)  F : S-2  -A  1S1  is  fully  faithful, 

(2)  for  every  U £ Ob(C)  and  x £ Ob((iSi)t/)  there  exists  a covering  {Ui  — >•  C/ } 
such  that  x\ui  is  in  the  essential  image  of  F : (S2)ui  (<Si )ui>  and 

(3)  72  is  a stack  in  setoids. 
then  71  is  a stack  in  setoids. 


Proof.  We  may  assume  that  T2  is  the  category  S2  Xg±Ti  described  in  Categories, 


Lemma  4.31.3  Pick  U £ Ob(C)  and  y £ Ob((7i)i/).  We  have  to  show  that  the 
sheaf  Aut{y)  on  C/U  is  trivial.  To  to  this  we  may  replace  U by  the  members  of  a 
covering  of  U.  Hence  by  assumption  (2)  we  may  assume  that  there  exists  an  object 
x £ Ob((S2)u)  and  an  isomorphism  / : F(x)  —¥  G(y).  Then  y'  = ( U,x,y,f ) is  an 
object  of  T2  over  U which  is  mapped  to  y under  the  projection  T2 —¥  T\.  Because 
F is  fully  faithful  by  (1)  the  map  Aut(y')  —¥  Aut{y)  is  surjective,  use  the  explicit 
description  of  morphisms  in  1~2  in  Categories,  Lemma  4.31.3  Since  by  (3)  the  sheaf 
Aut(y')  is  trivial  we  get  the  result  of  the  lemma.  □ 


8.7.  The  inertia  stack 


Let  p : S — » C and  p'  : S'  — > C be  fibred  categories  over  the  category  C.  Let 
F : S — ¥ S'  be  a 1-morphism  of  fibred  categories  over  C.  Recall  that  we  have 
defined  in  Categories,  Definition  4.33.2  an  relative  inertia  fibred  category  Ls /s’  C 
as  the  category  whose  objects  are  pairs  (a;,  a)  where  x £ Ob (5)  and  a : x — ¥ x 
with  F(a)  = idi?(x).  There  is  also  an  absolute  version,  namely  the  inertia  Ls  of 
S.  These  inertia  categories  are  actually  stacks  over  C provided  that  S and  S'  are 
stacks. 


Lemma  8.7.1.  Let  C be  a site.  Let  p : S —¥  C and  p'  : S'  —¥  C be  stacks  over  the 
site  C.  Let  F : S —¥  S'  be  a 1 -morphism  of  stacks  over  C. 

(1)  The  inertia  Ls /s'  andLs  are  stacks  overC. 

(2)  IfS,S'  are  stacks  in  groupoids  overS,  then  so  areLs/s > andLs- 

(3)  IfS,S'  are  stacks  in  setoids  overS,  then  so  areLs/s ’ andLs . 


Proof.  The  first  three  assertions  follow  from  Lemmas  |8.4.6  8.5.6  and  8.6.6  and 
the  equivalence  in  Categories,  Lemma  4.33.1  part  (1).  □ 


Lemma  8.7.2.  Let  C be  a site.  If  S is  a stack  in  groupoids,  then  the  canonical 
1 -morphism  Ls  — ^ S is  an  equivalence  if  and  only  if  S is  a stack  in  setoids. 
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Proof.  Follows  directly  from  Categories,  Lemma [4. 38. 7| 


□ 


8.8.  Stackification  of  fibred  categories 


02ZM 

02ZN 


Here  is  the  result. 

Lemma  8.8.1.  Let  C be  a site.  Let  p : S —¥  C be  a fibred  category  over  C . There 
exists  a stack  p'  : S1  — » C and  a 1-morphism  G : S -A  S’  of  fibred  categories  over  C 
(see  Categories,  Definition  4-32.9)  such  that 

(1)  for  every  U € Ob (C),  and  any  x,y  £ Ob (Su)  the  map 


Mor(x,y)  — > Mor{G(x),G(y)) 


induced  by  G identifies  the  right  hand  side  with  the  sheafification  of  the 
left  hand  side,  and 

(2)  for  every  U £ Ob(C),  and  any  x’  £ Ob(<Sy)  there  exists  a covering  {Ui  — >■ 
U}iei  such  that  for  every  i £ I the  object  x'\ui  is  in  the  essential  image 
of  the  functor  G : Su  — > S'ir . 

Moreover  the  stack  S ’ is  determined  up  to  unique  2-isomorphism  by  these  condi- 
tions. 


Proof  by  naive  method.  In  this  proof  method  we  proceed  in  stages: 

First,  given  x lying  over  U and  any  object  y of  S,  we  say  that  two  morphisms 
a,  b : x — > y of  S lying  over  the  same  arrow  of  C are  locally  equal  if  there  exists  a 
covering  {/,  : Ui  — > U}  of  C such  that  the  compositions 

/>k  CL  n-A:  b 

are  equal.  This  gives  an  equivalence  relation  ~ on  arrows  of  S.  If  b ~ b'  then 
a o b o c ~ a o b'  o c (verification  omitted).  Hence  we  can  quotient  out  by  this 
equivalence  relation  to  obtain  a new  category  51  over  C together  with  a morphism 
G1:S^S1. 

One  checks  that  G 1 preserves  strongly  cartesian  morphisms  and  that  S1  is  a fibred 
category  over  C.  Checks  omitted.  Thus  we  reduce  to  the  case  where  locally  equal 
morphisms  are  equal. 

Next,  we  add  morphisms  as  follows.  Given  x lying  over  U and  any  object  y of  lying 
over  V a locally  defined  morphism  from  x to  y is  given  by 
(1)  a morphism  f : U —>  V, 

(2)  a covering  {/*  : Ui  — > U}  of  U,  and 

(3)  morphisms  a,;  : f*x  — >•  y with  p(at)  = f ° fi 
with  the  property  that  the  compositions 

{fi  x fj)*x  -t  fix  y,  ( fi  x fj)*x  ->  f*x^y 

are  equal.  Note  that  a usual  morphism  a : x — » y gives  a locally  defined  morphism 
(p(a)  : U — > V,{idp-},a).  We  say  two  locally  defined  morphisms  (f,{fi  : Ui  — > 
U},  a.i ) and  ( g , {g:j  : U(  —►{/},  bj ) are  equal  if  f = g and  the  compositions 

(fi  X gj)*x  -t  fix  ^ y,  (fi  X gj)*x  -t  g*x  % y 

are  equal  (this  is  the  right  condition  since  we  are  in  the  situation  where  locally 
equal  morphisms  are  equal).  To  compose  locally  defined  morphisms  ( f,{fi  : Ui  — > 
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U},cii)  from  x to  y and  (g,  {gj  : Vj  -A  V},bj ) from  y to  2 lying  over  W,  just  take 
go  f :U  — > W,  the  covering  {Ut  xvVj  — ► U},  and  as  maps  the  compositions 


X\ UiXvVj 


pr0c 


+ y h 


We  omit  the  verification  that  this  is  a locally  defined  morphism. 


One  checks  that  S2  with  the  same  objects  as  S and  with  locally  defined  morphisms 
as  morphisms  is  a category  over  C,  that  there  is  a functor  G2  : S -A  S2  over 
C,  that  this  functor  preserves  strongly  cartesian  objects,  and  that  S 2 is  a fibred 
category  over  C.  Checks  omitted.  This  reduces  one  to  the  case  where  the  morphism 
presheaves  of  S are  all  sheaves,  by  checking  that  the  effect  of  using  locally  defined 
morphisms  is  to  take  the  sheafification  of  the  (separated)  morphisms  presheaves. 


Finally,  in  the  case  where  the  morphism  presheaves  are  all  sheaves  we  have  to  add 
objects  in  order  to  make  sure  descent  conditions  are  effective  in  the  end  result.  The 
simplest  way  to  do  this  is  to  consider  the  category  S'  whose  objects  are  pairs  (U,  £) 
where  U = {Ui  — ► E/}  is  a covering  of  C and  £ = (X, , ipu* ) is  a descent  datum 
relative  U.  Suppose  given  two  such  data  (77,  £)  = ({/)  : Ui  — ► U},Xi,(pu>)  and 
(V,  77)  = {{gj  : Vj  -A  V},yj,i>jj>).  We  define 

Mors,((«,0,(V,r;)) 

as  the  set  of  (/,  a^  ),  where  / : U -A  V and 

Q>ij  ■ 3'i\UiXvV  t {J'j 

are  morphisms  of  S lying  over  Ui  *v  Vj  —>  Vj.  These  have  to  satisfy  the  following 
condition:  for  any  i,i'  e / and  j,j'  £ J set  IF  = {Ui  Xu  Uy)  Xy  {Vj  Xy  Vj').  Then 


Xi 

w 

£ 

t 

w 

aij 

W 

<Pii>\  w 

1 > 

bjj'l  w 

ai'j 

| W 

Xi' 

w 

-*Vi' 

w 

commutes.  At  this  point  you  have  to  verify  the  following  things: 

(1)  there  is  a well  defined  composition  on  morphisms  as  above, 

(2)  this  turns  S'  into  a category  over  C, 

(3)  there  is  a functor  G : S — >■  S'  over  C, 

(4)  for  x,y  objects  of  S we  have  Mor$(a;,2/)  = Mor s>{G{x),G{y)), 

(5)  any  object  of  S'  locally  comes  from  an  object  of  S , i.e.,  part  (2)  of  the 
lemma  holds, 

(6)  G preserves  strongly  cartesian  morphisms, 

(7)  S'  is  a fibred  category  over  C,  and 

(8)  S'  is  a stack  over  C. 

This  is  all  not  hard  but  there  is  a lot  of  it.  Details  omitted.  □ 


Less  naive  proof.  Here  is  a less  naive  proof.  By  Categories,  Lemma  4.35.4  there 
exists  an  equivalence  of  fibred  categories  S — ► S'  where  S'  is  a split  fibred  category, 
i.e.,  one  in  which  the  pullback  functors  compose  on  the  nose.  Obviously  the  lemma 
for  S'  implies  the  lemma  for  S.  Hence  we  may  think  of  S as  a presheaf  in  categories. 
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Consider  the  2-category  Cat  temporarily  as  a category  by  forgetting  about  2- 
morphisms.  Let  us  think  of  a category  as  a quintuple  (Ob,  Arrows,  s,  t,  o)  as  in 
Categories,  Section  |4~2}  Consider  the  forgetful  functor 

forget  : Cat  -A  Sets,  (Ob,  Arrows,  s,  t,  o)  i-a  Ob  II  Arrows. 

Then  forget  is  faithful,  Cat  has  limits  and  forget  commutes  with  them,  Cat  has  di- 
rected colimits  and  forget  commutes  with  them,  and  forget  reflects  isomorphisms. 
Hence,  according  to  the  first  part  of  Sites,  Section  [7. 43|  we  can  sheafify  presheaves 
with  values  in  Cat , and  the  result  commutes  with  forget.  Applying  this  to  S we 
obtain  a sheafification  S#  which  has  a sheaf  of  objects  and  a sheaf  of  morphisms 
both  of  which  are  the  sheafifications  of  the  corresponding  presheaves  for  S.  In  this 
case  it  is  quite  easy  to  see  that  the  map  S -a  6>#  has  the  properties  (1)  and  (2)  of 
the  lemma. 


However,  the  category  S # may  not  yet  be  a stack  since,  although  the  presheaf  of 
objects  is  a sheaf,  the  descent  condition  may  not  yet  be  satisfied.  To  remedy  this 
we  have  to  add  more  objects.  But  the  argument  above  does  reduce  us  to  the  case 
where  S = Sf  for  some  sheaf(!)  F : Copp  -A  Cat  of  categories.  In  this  case  consider 
the  functor  F'  : Copp  -A  Cat  defined  by 

(1)  The  set  Ob(F’(U))  is  the  set  of  pairs  (W,£)  where  U = {Ui  -At/}  is  a 
covering  of  U and  £ = (xj,  ipu>)  is  a descent  datum  relative  to  U. 

(2)  A morphism  in  F'{U ) from  (U,f)  to  (V,  77)  is  an  element  of 


colim  Moi'£)£)(w)  (a*£,  b* 1 7) 


where  the  colimit  is  over  all  common  refinements  a : W -A  U,  b : W -A  V . 
This  colimit  is  filtered  (verification  omitted).  Hence  composition  of  mor- 
phisms in  F(U)  is  defined  by  finding  a common  refinement  and  composing 
in  DD(W). 

(3)  Given  h : V -A  U and  an  object  (W,£)  of  F'(U ) we  set  F'(h)(U,f)  equal 
to  ( V Xjjli,  pr}£).  More  precisely,  if  U = {Ui  -A  U}  and  £ = (x$, 
then  V XjjU  = {V  XjjUi  — ► V}  which  comes  with  a canonical  morphism 
prx  : V Xu  U -A  U and  pr}£  is  the  pullback  of  £ with  respect  to  this 
morphism  (see  Definition  8.3.4). 

(4)  Given  h : V -A  U,  objects  (W,£)  and  and  a morphism  between 

them,  represented  by  a : W — > U,  b : W — > V,  and  a : a*£  -A  b*r],  then 
F'(h)(a)  is  represented  by  a!  \V  xvW  -A  V xvU,  b'  : V xvW  -A  V xc/ V, 
and  the  pullback  a'  of  the  morphism  a via  the  map  V XjjWa  W.  This 
works  since  pullbacks  in  Sf  commute  on  the  nose. 


There  is  a map  F -A  F'  given  by  associating  to  an  object  x of  F(U)  the  object 
({U  -A  £/},  (x,  triv ))  of  F'{U).  At  this  point  you  have  to  check  that  the  correspond- 
ing functor  Sf  -a  Sf>  has  properties  (1)  and  (2)  of  the  lemma,  and  finally  that  Sf> 
is  a stack.  Details  omitted.  □ 


0435  Lemma  8.8.2.  Let  C be  a site.  Let  p : S -A  C be  a fibred  category  over  C . Let 
p'  : S'  — > C and  G : S — » S'  the  stack  and  1-morphism,  constructed  in  Lemma  8.8.1 
This  construction  has  the  following  universal  property:  Given  a stack  q : X — ^ C 
and  a 1-morphism  F : S — » X of  fibred  categories  over  C there  exists  a 1-morphism 
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H : S'  — x X such  that  the  diagram 


S' 


is  2-commutative. 


Proof.  Omitted.  Hint:  Suppose  that  x'  £ Ob(<Sy).  By  the  result  of  Lemma 
8.8.1  there  exists  a covering  {Ui  — X U}iei  such  that  x'\ y.  = G{xi)  for  some  x * £ 
Ob(iS{/J.  Moreover,  there  exist  coverings  {Uijk  — 1 U Xy  Uj}  and  isomorphisms 
otijk  ■ xi\uijk  -t  Xj\Uijk  with  G(aijk ) = idx/|Uj  fc.  Set  yi  = F(xi).  Then  you  can 
check  that 

F(aijk)  : Vi\uijk  Vj\uiik 

agree  on  overlaps  and  therefore  (as  X is  a stack)  define  a morphism  0ij  : yi\uiXuU,  — t 
y,j  | u% x u u,  ■ Next,  you  check  that  the  /3ij  define  a descent  datum.  Since  X is  a stack 
these  descent  data  are  effective  and  we  find  an  object  y of  Xv  agreeing  with  G(xi) 
over  Ui . The  hint  is  to  set  H(x')  = y.  □ 


04W9  Lemma  8.8.3.  Notation  and  assumptions  as  in  Lemma 
equivalence  of  categories 

Mor  Flb/c(S,X)  = MorStacks/C(S\X) 
given  by  the  constructions  in  the  proof  of  the  aforementioned  lemma. 
Proof.  Omitted. 


8.8.2.  There  is  a canonical 


□ 


04Y1  Lemma  8.8.4.  Let  C be  a site.  Let  f : X —X  y and  g : Z -A  y be  morphisms  of 
fibred  categories  over  C.  In  this  case  the  stackification  of  the  2-fibre  product  is  the 
2 -fibre  product  of  the  stackifications. 


Proof.  Let  us  denote  X',y',Z'  the  stackifications  and  W the  stackification  of 
X Xy  Z.  By  construction  of  2- fibre  products  there  is  a canonical  1-morphism 
X Xy  Z — > X'  Xy  Z' . As  the  second  2-fibre  product  is  a stack  (see  Lemma  8.4.6) 
this  1-morphism  induces  a 1-morphism  h : W — t X'  x y Z'  by  the  universal  property 
of  stackification,  see  Lemma  |8.8.2|  Now  h is  a morphism  of  stacks,  and  we  may 
check  that  it  is  an  equivalence  using  Lemmas  8.4.7  and  |8.4.8 


Thus  we  first  prove  that  h induces  isomorphisms  of  Mor-sheaves.  Let  £,  f be  objects 
of  W over  U £ Ob (C).  We  want  to  show  that 

h : Mor(f,0  ^ Mor(h(0,h(O) 


is  an  isomorphism.  To  do  this  we  may  work  locally  on  U (see  Sites,  Section  7.25). 
Hence  by  construction  of  VV  (see  Lemma  8.8.1 ) we  may  assume  that  £,£'  actually 
come  from  objects  (x,y,a)  and  ( x',y',a ')  of  X Xy  Z over  U.  By  the  same  lemma 
once  more  we  see  that  in  this  case  Mor(f,f)  is  the  sheafification  of 

V/U  I X MoyXv{x\v,x'\v)  XMorzv(/(x)|v,/(*')|v)  Mor^v  (V  |v,  y'  |v) 

and  that  Mor(h(£),h(£'))  is  equal  to  the  fibre  product 


Mor[i{x),i(x'))  x Mor(k(f{x)),k{f^'))  Mortiix)J(x 0) 
where  i : X — > X' , j : y — x y' , and  k : Z — * Z'  are  the  canonical  functors.  Thus  the 
first  displayed  map  of  this  paragraph  is  an  isomorphism  as  sheafification  is  exact 
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(and  hence  the  sheafification  of  a fibre  product  of  presheaves  is  the  fibre  product  of 
the  sheafifications) . 

Finally,  we  have  to  check  that  any  object  of  X'  Xy  Z'  over  U is  locally  on  U 
in  the  essential  image  of  h.  Write  such  an  object  as  a triple  ( x',y',a ).  Then  x' 
locally  comes  from  an  object  of  X,  y'  locally  comes  from  an  object  of  y,  and  having 
made  suitable  replacements  for  x' , y'  the  morphism  a of  Z'v  locally  comes  from  a 
morphism  of  Z.  In  other  words,  we  have  shown  that  any  object  of  X'  Xy  Z'  over 
U is  locally  on  U in  the  essential  image  of  X Xy  Z -A  X'  Xy  Z' , hence  a fortiori  it 
is  locally  in  the  essential  image  of  h.  □ 

06NS  Lemma  8.8.5.  LetCbeasite.  Let  X be  a fibred  category  over  C.  The  stackification 
of  the  inertia  fibred  category  lx  is  inertia  of  the  stackification  of  X . 

Proof.  This  follows  from  the  fact  that  stackification  is  compatible  with  2-fibre 
products  by  Lemma  |8.8.4|  and  the  fact  that  there  is  a formula  for  the  inertia  in 
terms  of  2-fibre  products  of  categories  over  C,  see  Categories,  Lemma  [4.33. 1[  □ 
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Here  is  the  result. 


Lemma  8.9.1.  Let  C be  a site.  Let  p : S -A  C 
over  C . There  exists  a stack  in  groupoids  p'  : S'  — > 


be  a category  fibred  in  groupoids 
C and  a 1-morphism  G : S -A  S' 


of  categories  fibred  in  groupoids  overC  (see  Categories,  Definition  4-34-6)  such  that 
(1)  for  every  U £ Ob(C),  and  any  x,y  £ Ob(iS;y)  the  map 


Mor(x,y)  — > Mor{G{x),G{y)) 


induced  by  G identifies  the  right  hand  side  with  the  sheafification  of  the 
left  hand  side,  and 

(2)  for  every  U £ Ob(C),  and  any  x'  £ Ob(lS(/)  there  exists  a covering  {Ui  -A 
Uhei  such  that  for  every  i £ I the  object  x'\ ui  is  in  the  essential  image 
of  the  functor  G : Sui  -A  Sf. . 

Moreover  the  stack  in  groupoids  S'  is  determined  up  to  unique  2-isomorphism  by 
these  conditions. 


Proof.  Apply  Lemma  8.8.1 
Lemma  18.5.21 


The  result  will  be  a stack  in  groupoids  by  applying 

□ 


0436  Lemma  8.9.2.  Let  C be  a site.  Let  p : S -A  C be  a category  fibred  in  groupoids 
over  C.  Let  p'  : S'  — ^ C and  G : S —¥  S'  the  stack  in  groupoids  and  1 -morphism 
constructed  in  Lemma\8.9.1\  This  construction  has  the  following  universal  property: 
Given  a stack  in  groupoids  q : X — >•  C and  a 1-morphism  F : S —¥  X of  categories 
overC  there  exists  a 1-morphism  H : S'  -£  X such  that  the  diagram 


is  2-commutative. 


Proof.  This  is  a special  case  of  Lemma [8. 8. 2 1 


□ 
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04Y2  Lemma  8.9.3.  Let  C be  a site.  Let  f : X — ► y and  g : y — >•  Z be  morphisms 
categories  fibred  in  groupoids  over  C.  In  this  case  the  stackification  of  the  2-fibre 
product  is  the  2-fibre  product  of  the  stackifications. 

Proof.  This  is  a special  case  of  Lemma  [8. 8. 4[  □ 


8.10.  Inherited  topologies 


06NT  It  turns  out  that  a fibred  category  over  a site  inherits  a canonical  topology  from 
the  underlying  site. 

06NU  Lemma  8.10.1.  Let  C be  a site.  Let  p : S C be  a fibred  category.  Let  Cov(S ) 
be  the  set  of  families  {a — > x}j6/  of  morphisms  in  S with  fixed  target  such  that  (a) 
each  Xi  — > x is  strongly  cartesian,  and  (b)  {p(x;)  —>  p(x)}.;e/  is  a covering  of  C. 
Then  ( S , Cov(S))  is  a site. 


Proof.  We  have  to  check  the  three  conditions  of  Sites,  Definition  |7. 6. 2| 

(1)  If  x — > y is  an  isomorphism  of  S,  then  it  is  strongly  cartesian  by  Categories, 
Lemma  4.32.2  and  p(x)  —>  p(y)  is  an  isomorphism  of  C.  Thus  {p(x)  — ► 
p(y)}  is  a covering  of  C whence  {x  — > y}  £ Co v(<S). 

(2)  If  {xi  — ► x}iei  £ Cov(<S)  and  for  each  i we  have  {ytj  — > Xi}j^ji  £ Cov(5), 
then  each  composition  p(yij)  p{x)  is  strongly  cartesian  by  Categories, 
Lemma  4.32.2  and  {p{yij)  — > p(x)}iejjeji  £ Cov(C).  Hence  also  {t/jj  — > 
x} iei,jeJi  S Cov(<S). 

(3)  Suppose  { Xi  — > x}  iei  G Cov(5)  and  y — > x is  a morphism  of  S.  As 
{p{xi)  p(x)}  is  a covering  of  C we  see  that  pixf)  xp(x)P(y)  exists.  Hence 
Categories,  Lemma  4.32.13  implies  that  x*  xx  y exists,  that  p[xi  xx  y ) = 
p{xi)  xp(x)  p(y),  and  that  Xi  xx  y — > y is  strongly  cartesian.  Since  also 
{p{xi)  xp(x)  p(y)  ->•  p(y)}iei  £ Cov(C)  we  conclude  that  {x,  xx  y ->■ 
y}iei  G Cov(S) 

This  finishes  the  proof.  □ 


Note  that  if  p : S — ► C is  fibred  in  groupoids,  then  the  coverings  of  the  site  S in 
Lemma  |8.10.1|  are  characterized  by 

{xi  — > x}  £ Cov(5)  {p{xi)  — > p(x)}  £ Cov(C) 


because  every  morphism  of  S is  strongly  cartesian. 

06NV  Definition  8.10.2.  Let  C be  a site.  Let  p : S — > C be  a fibred  category.  We 
say  ( S , Cov(5))  as  in  Lemma  8.10.1  is  the  structure  of  site  on  S inherited  from  C. 
We  sometimes  indicate  this  by  saying  that  S is  endowed  with  the  topology  inherited 
from  C . 


In  particular  we  obtain  a topos  of  sheaves  Sh{S)  in  this  situation.  It  turns  out  that 
this  topos  is  functorial  with  respect  to  1-morphisms  of  fibred  categories. 

06NW  Lemma  8.10.3.  Let  C be  a site.  Let  F : X — » y be  a 1-morphism  of  fibred 
categories  over  C.  Then  F is  a continuous  and  cocontinuous  functor  between 
the  structure  of  sites  inherited  from  C.  Hence  F induces  a morphism  of  topoi 
f : Sh(X)  — > Sh(y)  with  f*  = SF  = pF  and  /_1  = Fs  = Fp.  In  particular 
r\g)(x)  = S(F(x))  for  a sheaf  Q on  y and  object  x of  X . 
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Proof.  We  first  prove  that  F is  continuous.  Let  {xt  -4  x}i£i  be  a covering  of  X.  By 
Categories,  Definition|4.32.9|the  functor  F transforms  strongly  cartesian  morphisms 
into  strongly  cartesian  morphisms,  hence  {^'(xi)  — » F(x)}i^i  is  a covering  of  y. 
This  proves  part  (1)  of  Sites,  Definition  7.14.1  Moreover,  let  x'  — > x be  a morphism 
of  X . By  Categories,  Lemma  4.32.13|the  fibre  product  XiXxx'  exists  and  x\  xxi'-> 
x'  is  strongly  cartesian.  Hence  F(xt  xx  x')  — > F{x')  is  strongly  cartesian.  By 
Categories,  Lemma  ■ 


4.32.13 


applied  to  y this  means  that  F(xi  xxx')  = F(xi)  x 
F(x').  This  proves  part  (2)  of  Sites,  Definition  7.14.1|  and  we  conclude  that  F is 
continuous. 


Next  we  prove  that  F is  cocontinuous.  Let  x £ Ob(T’)  and  let  {y*  — > F(x)}iei 
be  a covering  in  y.  Denote  {Ui  — > 17},ej  the  corresponding  covering  of  C.  For 
each  i choose  a strongly  cartesian  morphism  Xi  — > x in  X lying  over  Ui  —X  U. 
Then  F(xi ) —>  F(x)  and  yi  — » F(x)  are  both  a strongly  cartesian  morphisms  in  y 
lying  over  Ui  — > U . Hence  there  exists  a unique  isomorphism  F{xf)  — > yi  in  3Ar, 
compatible  with  the  maps  to  F{x).  Thus  {xi  — > x}i^i  is  a covering  of  X such  that 
{F(xi)  -4  F(x)}iei  is  isomorphic  to  {yi  — > F(x)}. jej.  Hence  F is  cocontinuous,  see 
Sites,  Definition  |7. 19. 1[ 

The  final  assertion  follows  from  the  first  two,  see  Sites,  Lemmas  I7.20.1J  17.19.21  and 
17.20.51  □ 


06NX  Lemma  8.10.4.  Let  C be  a site.  Let  p : X — > C and  q : y — » C be  stacks  in 
groupoids.  Let  F : X — > y be  a 1-morphism  of  categories  over  C . If  F turns  X into 
a category  fibred  in  groupoids  over  y,  then  X is  a stack  in  groupoids  over  y (with 
topology  inherited  from  C ). 

Proof.  Let  us  prove  descent  for  objects.  Let  {yi  — > y}  be  a covering  of  y.  Let 
(Xi,  ifiij)  be  a descent  datum  in  X with  respect  to  this  covering.  Then  (aq,  tp^)  is  also 
a descent  datum  with  respect  to  the  covering  {g(y,)  — ► q(y)}  of  C.  As  X is  a stack 
in  groupoids  we  obtain  an  object  x over  q(y)  and  isomorphisms  ipi  : x\q(Vi)  Xi 
over  q(yi)  compatible  with  the  (fiij,  i.e.,  such  that 

<Pij  = 1Pj\q(yi)xqMq(yj)  °^i  \q(yi)  xq(y)q(Vj)  ■ 

Consider  the  sheaf  I = Isomy(F(x),  y)  on  C/p{x).  Note  that  s*  = F(ipi)  £ I(q(xi)) 
because  F( xf)  = Because  F(ipij)  = id  (as  we  started  with  a descent  datum  over 
{Vi  V })  the  displayed  formula  shows  that  = sj\q(yi)xqMq(Vj)- 

Hence  the  local  sections  .s,;  glue  to  s : F{x)  — > y.  As  F is  fibred  in  groupoids  we  see 
that  x is  isomorphic  to  an  object  x'  with  F(x')  = y.  We  omit  the  verification  that 
x'  in  the  fibre  category  of  X over  y is  a solution  to  the  problem  of  descent  posed 
by  the  descent  datum  (x.t . tpij ) . We  also  omit  the  proof  of  the  sheaf  property  of  the 
Zsom-presheaves  of  X /y.  □ 

09WX  Lemma  8.10.5.  Let  C be  a site.  Let  p : X — ► C be  a stack.  Endow  X with  the 
topology  inherited  from  C and  let  q : y —>  X be  a stack.  Then  y is  a stack  over  C. 
If  p and  q define  stacks  in  groupoids,  then  y is  a stack  in  groupoids  over  C. 

Proof.  We  check  the  three  conditions  in  Definition |8.4.1| to  prove  that  y is  a stack 
over  C.  By  Categories,  Lemma  [4. 32. 12|  we  find  that  y is  a fibred  category  over  C. 
Thus  condition  (1)  holds. 
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Let  U be  an  object  of  C and  let  y\ . y2  be  objects  of  y over  U.  Denote  Xi  = q{yi)  in 
X . Consider  the  map  of  presheaves 


q : Mory/C(y1,y2)  — > Morx/c{x ltx2) 

on  C/U,  see  Lemma  8.2. 3|  Let  {Ui  — > U}  be  a covering  and  let  c pi  be  a section  of 
the  presheaf  on  the  left  over  [/,  such  that  (pi  and  ipj  restrict  to  the  same  section 
over  Ui  XjjUj.  We  have  to  find  a morphism  tp  : x\  — > x2  restricting  to  tpi.  Note  that 
q(ifii)  = ip\ Ui  for  some  morphism  ip  : x i —t  x2  over  U because  the  second  presheaf 
is  a sheaf  (by  assumption).  Let  y\2  — > y2  be  the  stronly  A-cartesian  morphism  of 
y lying  over  ip.  Then  ipi  corresponds  to  a morphism  ip[  '■  y\\ui  — > y\2\ui  over  x\\ui. 
In  other  words,  now  define  local  sections  of  the  presheaf 


Mory/x(yi,  y12) 

over  the  members  of  the  covering  {.ti| ui  — > x\}.  By  assumption  these  glue  to  a 
unique  morphism  y\  — > y12  which  composed  with  the  given  morphism  j/12  — > y2 
produces  the  desired  morphism  y\  — > y2. 


Finally,  we  show  that  descent  data  are  effective.  Let  {/,;  : Ui  — > U}  be  a covering 
of  C and  let  (yi,  ipij)  be  a descent  datum  relative  to  this  covering  (Definition|8.3.1[). 
Setting  x.i  = q{yi)  and  ipij  = q{tfiij)  we  obtain  a descent  datum  ( Xi,ipij ) for  the 
covering  in  X . By  assumption  on  X we  may  assume  Xi  = x | jj.:  and  the  ipij  equal 
to  the  canonical  descent  datum  (Definition  8.3.5).  In  this  case  {cc| ui  — > x}  is  a 
covering  and  we  can  view  (i/j,  ) as  a descent  datum  relative  to  this  covering.  By 

our  assumption  that  y is  a stack  over  C we  see  that  it  is  effective  which  finishes  the 
proof  of  condition  (3). 


The  final  assertion  follows  because  y is  a stack  over  C and  is  fibred  in  groupoids  by 
Categories,  Lemma  |4.34.13|  □ 
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Gerbes  are  a special  kind  of  stacks  in  groupoids. 

Definition  8.11.1.  A gerbe  over  a site  C is  a category  p : S — > C over  C such  that 

(1)  p : S — > C is  a stack  in  groupoids  over  C (see  Definition  8.5.1 ), 

(2)  for  U £ Ob(C)  there  exists  a covering  {Ui  — 17}  in  C such  that  5j/,  is 
nonempty,  and 

(3)  for  U £ Ob(C)  and  x,y  £ Ob(Su)  there  exists  a covering  {Ui  — )•  U}  in  C 
such  that  x\ui  = y\jji  in  Sut- 


In  other  words,  a gerbe  is  a stack  in  groupoids  such  that  any  two  objects  are  locally 
isomorphic  and  such  that  objects  exist  locally. 

06P0  Lemma  8.11.2.  Let  C be  a site.  LetS\,  S2  be  categories  overC.  Suppose  that  S\ 
and  S2  are  equivalent  as  categories  over  C . Then  S\  is  a gerbe  over  C if  and  only 
if  S-2  is  a gerbe  over  C . 


Proof.  Assume  Si  is  a gerbe  over  C.  By  Lemma  |8.5.4|  we  see  S2  is  a stack  in 
groupoids  over  C.  Let  F : Si  — > S2,  G : S2  — > Si  be  equivalences  of  categories  over 
C.  Given  U £ Ob(C)  we  see  that  there  exists  a covering  {Ui  — >-  C/ } such  that  (Si)^ 
is  nonempty.  Applying  F we  see  that  (S2)i/;  is  nonempty.  Given  U £ Ob(C)  and 
x,  y £ Ob((S2)u)  there  exists  a covering  {Ui  -»  U}  inC  such  that  G{x)\ui  = G{y)\ui 
in  By  Categories,  Lemma  4. 34. 8| this  implies  x\ui  = y\ui  in  □ 
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We  want  to  generalize  the  definition  of  gerbes  a bit.  Namely,  let  F : X — > y be 
a 1-morphism  of  stacks  in  groupoids  over  a site  C.  We  want  to  say  what  it  means 
for  X to  be  a gerbe  over  y.  By  Section  [8.101  the  category  y inherits  the  structure 
of  a site  from  C.  A naive  guess  is:  Just  require  that  X — >■  y is  a gerbe  in  the 
sense  above.  Except  the  notion  so  obtained  is  not  invariants  under  replacing  X by 
an  equivalent  stack  in  groupoids  over  C;  this  is  even  the  case  for  the  property  of 
being  fibred  in  groupoids  over  y.  However,  it  turns  out  that  we  can  replace  X by 
an  equivalent  stack  in  groupoids  over  y which  is  fibred  in  groupoids  over  y,  and 
then  the  property  of  being  a gerbe  over  y is  independent  of  this  choice.  Here  is  the 
precise  formulation. 


06P1  Lemma  8.11.3.  Let  C be  a site.  Let  p : X — ► C and  q : y C be  stacks  in 
groupoids.  Let  F : X — ► y be  a 1-morphism  of  categories  overC.  The  following  are 
equivalent 

(1)  For  some  (equivalently  any)  factorization  F = F'  o a where  a : X — >•  X'  is 
an  equivalence  of  categories  over  C and  F'  is  fibred  in  groupoids,  the  map 
F'  : X'  — » y is  a gerbe  (with  the  topology  on  y inherited  from  C). 

(2)  The  following  two  conditions  are  satisfied 

(a)  fory  £ Ob(y)  lying  overU  £ Ob(C)  there  exists  a covering  {Ui  — > U} 
in  C and  objects  Xi  of  X over  Ui  such  that  F(xi)  = y\ui  in  yun  and 

(b)  for  U £ Ob(C),  x,x'  £ Ob(Xu),  and  b : F( x)  — > F(x')  in  yjj  there 
exists  a covering  {Ui  — ► U}  in  C and  morphisms  : x\ui  —>  x’\ui  in 
Xu.  with  F(ai)  = b\ui- 


Proof.  By  Categories,  Lemma [1.34. 15  there  exists  a factorization  F = F'  oa  where 
a : X — > X'  is  an  equivalence  of  categories  over  C and  F'  is  fibred  in  groupoids.  By 

o b 

as  categories  over  y.  Hence  Lemma  |8.11.2 


Categories,  Lemma  4.34.16  given  any  two  such  factorizations  F = F'  o a = Fn 
we  have  that  X'  is  equivalent  to  Xn 


guarantees  that  the  condition  (1)  is  independent  of  the  choice  of  the  factorization. 
Moreover,  this  means  that  we  may  assume  X'  = X x p,y, id  y as  in  the  proof  of 
Categories,  Lemma  |4. 34. 15| 

Let  us  prove  that  (a)  and  (b)  imply  that  X'  — > y is  a gerbe.  First  of  all,  by 
Lemma  8.10.4  we  see  that  X'  — > y is  a stack  in  groupoids.  Next,  let  y be  an 
object  of  y lying  over  U £ Ob(C).  By  (a)  we  can  find  a covering  {Ui  -»  17}  in 
C and  objects  x{  of  X over  L}  and  isomorphisms  /.,  : F{xi ) — > y\u,  in  W/,  • Then 


5.11.1 


(Ui,  Xi,  y\xji,  fi)  are  objects  of  Xf  _,  i.e.,  the  second  condition  of  Definition 
holds.  Finally,  let  ( U,x,y,f ) and  {U,x'  ,y,  f)  be  objects  of  X'  lying  over  the  same 
object  y £ Ob(A’).  Set  b = (/')_1  ° /■  By  condition  (b)  we  can  find  a covering 
{Ui  — > U{  and  isomorphisms  a*  : x\jji  x'\ u,  in  Xjj,  with  F(a0  = b\ut.  Then 


K,id)  : {U,x,y,f)\Ui  ->•  (U,  x' , y,  f')\Ui 


is  a morphism  in  Xf,  as  desired.  This  proves  that  (2)  implies  (1). 

To  prove  that  (1)  implies  (2)  one  reads  the  arguments  in  the  preceding  paragraph 
backwards.  Details  omitted.  □ 


06P2  Definition  8.11.4.  Let  C be  a site.  Let  X and  y be  stacks  in  groupoids  over  C. 
Let  F : X — >•  y be  a 1-morphism  of  categories  over  C.  We  say  A is  a gerbe  over  y 
if  the  equivalent  conditions  of  Lemma  |8 . 1 1 . 3|  are  satisfied. 
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This  definition  does  not  conflict  with  Definition  8.11.1|when  y = C because  in  this 
case  we  may  take  X'  = X in  part  (1)  of  Lemma  8.11.3  Note  that  conditions  (2)  (a) 
and  (2)(b)  of  Lemma  8.11.3  are  quite  close  in  spirit  to  conditions  (2)  and  (3)  of 


Definition  8.11.1  Namely,  (2)  (a)  says  that  the  map  of  presheaves  of  isomorphism 
classes  of  objects  becomes  a surjection  after  sheafification.  Moreover,  (2)  (b)  says 
that 

Isomx{x,x')  — > Isomy{F(x),F{x')) 
is  a surjection  of  sheaves  on  C/U  for  any  U and  x,x'  G Ob(Xu). 


06P3  Lemma  8.11.5.  Let  C be  a site.  Let 


X' 


F' 

Y 


y 


be  a 2-fibre  product  of  stacks  in  groupoids  over  C.  If  X is  a gerbe  over  y , then  X' 
is  a gerbe  over  y' . 


Proof.  By  the  uniqueness  property  of  a 2-fibre  product  may  assume  that  X'  = 
y'  Xy  X as  in  Categories,  Lemma  4.31.3  Let  us  prove  properties  (2) (a)  and  (2) (b) 
of  Lemma  8.11.3  for  y'  Xy  X — > y' . 


Let  y'  be  an  object  of  y'  lying  over  the  object  U of  C.  By  assumption  there  exists 
a covering  {Ui  — ► U}  of  U and  objects  Xi  £ Xui  with  isomorphisms  cc*  : G(y')\ui  — t 
F{xi).  Then  (Ui,  y'\uti  xii  ai)  is  an  object  of  y'  Xy  X over  Ui  whose  image  in  y'  is 
y'\ui-  Thus  (2)  (a)  holds. 


Let  U £ Ob(C),  let  x\ , x'2  be  objects  of  y'  XyX  over  [/,  and  let  b'  : F'(x\ ) — y F' (x'2) 
be  a morphism  in  y[j.  Write  x\  = (U,  y\,  x,,  a*).  Note  that  F'(x'f)  = xt  and 
G' (xi)  = y(.  By  assumption  there  exists  a covering  { Ui  — )■  U } in  C and  morphisms 
t X2 1 Ui  in  XiJi  with  F(a,:)  = G(b')\ui.  Then  (b'\ui,ai)  is  a morphism 
x'i\ui  x'2\ Ui  as  required  in  (2) (b) . □ 


06R3  Lemma  8.11.6.  Let  C be  a site.  Let  F : X — >•  y and  G : y —>  Z be  l-morphisms 
of  stacks  in  groupoids  overC.  If  X is  a gerbe  overy  andy  is  a gerbe  over  Z,  then 
X is  a gerbe  over  Z. 


Proof.  Let  us  prove  properties  (2) (a)  and  (2)  (b)  of  Lemma  8.11.3  for  X — > Z. 


Let  2 be  an  object  of  Z lying  over  the  object  U of  C.  By  assumption  on  G there 
exists  a covering  {Ul  — >•  C/ } of  C/  and  objects  j/j  G yut  such  that  G(yi)  = z\ui-  By 
assumption  on  F there  exist  coverings  {Uij  —¥  Ui}  and  objects  x;l3  G Xutj  such  that 
F(xij)  = yi\uir  Then  {Uij  — >•  U}  is  a covering  of  C and  (G o F)(xij)  = z\uiy  Thus 
(2)  (a)  holds. 


Let  U G Ob(C),  let  xi,X2  be  objects  of  X over  U,  and  let  c:  (Go  F)(x i)  ->  (Go 
F)(x 2)  be  a morphism  in  Zjj.  By  assumption  on  G there  exists  a covering  {Ui  — > U} 
of  U and  morphisms  bt  : F(x\)\ui  — > F(x2)\ui  in  3^c/i  such  that  G(6j)  = c\uv  By 
assumption  on  F there  exist  coverings  {Uij  — > Ui}  and  morphisms  : x\\ yi.  — > 
x2\ u-  in  Xui-  such  that  F(aij)  = bi\u  --  Then  {Uij  —>  U}  is  a covering  of  C and 
(G  o F)(aij)  = c\uij  as  required  in  (2)(b).  □ 
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06P4  Lemma  8.11.7.  Let  C be  a site.  Let 


X' 


G' 


X 


F' 


y 


■y 


be  a 2-cartesian  diagram,  of  stacks  in  groupoids  overC.  If  for  every  U £ Ob(C)  and 
x £ Ob(3^/)  there  exists  a covering  {Ui  -A  U}  such  that  x\ u-  is  in  the  essential 
image  of  G : y[j  — ► y>ui  and  X ' is  a gerbe  over  y' , then  X is  a gerbe  over  y. 


Proof.  By  the  uniqueness  property  of  a 2-fibre  product  may  assume  that  X'  = 
y xy  X as  in  Categories,  Lemma|4.31.3|  Let  us  prove  properties  (2) (a)  and  (2)(b) 
of  Lemma  [8.11.31  for  X — » y. 


Let  y be  an  object  of  y lying  over  the  object  U of  C.  By  assumption  there  exists 
a covering  {Ui  — ► U}  of  U and  objects  y[  £ y[r.  with  G(y')  = y\ut-  By  (2)  (a) 
for  X’  — »•  y there  exist  coverings  { U;,j  — ► Ui}  and  objects  xU  of  X’  over  Uij  with 
F'{ xU)  isomorphic  to  the  restriction  of  y\  to  Uij.  Then  {Uij  — >■  17}  is  a covering  of 
C and  G'(x'ij)  are  objects  of  X over  Uij  whose  images  in  y are  isomorphic  to  the 
restrictions  y\uir  This  proves  (2) (a)  for  X — > y. 

Let  U £ Ob(C),  let  xi,x2  be  objects  of  X over  U,  and  let  b : F(x i)  — >•  F(x 2)  be  a 
morphism  in  3V-  By  assumption  we  may  choose  a covering  {Ui  — > U}  and  objects 
y[  of  y'  over  Ui  such  that  there  exist  isomorphisms  a.j  : G{y'i)  —>■  F{xi)\ui.  Then 
we  get  objects 

xu  = and  x'2i  = {Ui,  y[,  x2\ut,  b\ut  0 «») 

of  X'  over  Ui.  The  identity  morphism  on  y\  is  a morphism  F'  {x'u)  F'{x'2i).  By 

(2) (b)  for  X'  — ► y'  there  exist  coverings  {Uij  Ui}  and  morphisms  aC  : x'u\ t 
x'2i  | Uij  such  that  F'(aC)  = id.y'|  uir  Unwinding  the  definition  of  morphisms  in 
y Xy  X we  see  that  G'{a'i-)  : x\\ utj  — > x2\ are  the  morphisms  we’re  looking  for, 
i.e.,  (2) (b)  holds  for  X y.  " □ 


8.12.  Functoriality  for  stacks 

04WA  In  this  section  we  study  what  happens  if  we  want  to  change  the  base  site  of  a stack. 
This  section  can  be  skipped  on  a first  reading. 

Let  u : C — ^ D be  a functor  between  categories.  Let  p : S — > V be  a category  over 
V.  In  this  situation  we  denote  upS  the  category  over  C defined  as  follows 

(1)  An  object  of  uvS  is  a pair  (U,y)  consisting  of  an  object  U of  C and  an 
object  y of  Su(uy 

(2)  A morphism  (a,  /?)  : {U,y)  -A  ( U',y ')  is  given  by  a morphism  a : U — ► U' 
of  C and  a morphism  /3  : y — > y'  of  S such  that  p(/3)  = u(a). 

Note  that  with  these  definitions  the  fibre  category  of  upS  over  U is  equal  to  the 
fibre  category  of  S over  u(U). 

04WB  Lemma  8.12.1.  In  the  situation  above,  if  S is  a fibred  category  overT>  then  upS 
is  a fibred  category  over  C . 
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Proof.  Please  take  a look  at  the  discussion  surrounding  Categories,  Definitions 
4.32.1  and  4.32.5  before  reading  this  proof.  Let  (a,/?)  : (U,y)  — ► (U',y')  be  a 
We  claim  that  (a,  /?)  is  strongly  cartesian  if  and  only  if  /3  is 
First,  assume  /?  is  strongly  cartesian.  Consider  any  second 
( U',y ')  of  upS.  Then 


morphism  of  upS. 
strongly  cartesian, 
morphism  (ai,/?i)  : (JJ\,y{) 


Morup5((J7i,j/i),(J7,y)) 

= Morc(t/i,  U)  Xmoi-b (u{ih),u(!J))  Mor5(2/i,y) 

= Morc(C/i,i7)  x MorT, (u(Ui),u(U))  Mors  (3/1,3/')  xMori,(u(C/1  ),u(t/'))  Morx>(u(t/i),  u(t/)) 
= Morsel,  3/')  Morc(f/i,  U) 

= Mor„ps((f7i,  yi),  (C/',  3/))  xMorc(l/1,t/')  More(f7i,  17) 


the  second  equality  as  is  strongly  cartesian.  Hence  we  see  that  indeed  (a,/ 3)  is 
strongly  cartesian.  Conversely,  suppose  that  (a,  j3)  is  strongly  cartesian.  Choose 
a strongly  cartesian  morphism  /?'  : y"  — > y'  in  S with  p(f3')  = u(a).  Then  bot 
(a,/?)  : (U,y)  —>  ( U,y ')  and  (a, /3')  : ( U,y ")  — > ( U,y ) are  strongly  cartesian  and 
lift  a.  Hence,  by  the  uniqueness  of  strongly  cartesian  morphisms  (see  discussion  in 
Categories,  Section  4.32 1 there  exists  an  isomorphism  t : y — ► y"  in  Surjj)  such  that 
f3  = ft  o i,  which  implies  that  /3  is  strongly  cartesian  in  S by  Categories,  Lemma 
14.32.21 


Finally,  we  have  to  show  that  given  ( U',y ')  and  U —¥  U'  we  can  find  a strongly 
cartesian  morphism  (U,y)  — > (U',y')  in  upS  lifting  the  morphism  U — > U' . This 
follows  from  the  above  as  by  assumption  we  can  find  a strongly  cartesian  morphism 
y — > y'  lifting  the  morphism  u(U)  — > u(U').  □ 

04WC  Lemma  8.12.2.  Let  u : C — >•  V be  a continuous  functor  of  sites.  Let  p : S — $>  V 
be  a stack  over  T>.  Then  upS  is  a stack  over  C. 


Proof.  We  have  seen  in  Lemma |8 . 1 2 . 1 1 that  upS  is  a fibred  category  over  C.  More- 
over, in  the  proof  of  that  lemma  we  have  seen  that  a morphism  (a,  /?)  of  upS  is 
strongly  cartesian  if  and  only  /?  is  strongly  cartesian  in  S.  Hence,  given  a mor- 
phism a : U — ► U'  of  C,  not  only  do  we  have  the  equalities  ( upS)u  = Su  and 
( upS)u ' = Sjji,  but  via  these  equalities  the  pullback  functors  agree;  in  a formula 
a*{U',y')  = ( U,u{a)*y '). 

Having  said  this,  let  U = {Ui  — >•  17}  be  a covering  of  C.  As  u is  continuous 
we  see  that  V = {u(Ui)  — > u(U)}  is  a covering  of  V,  and  that  u(Ui  x u Uj ) = 
u(Ui)  x u(u)  u(Uj)  and  similarly  for  the  triple  fibre  products  Ui  Xu  Uj  Xu  Uk ■ As  we 
have  the  identifications  of  fibre  categories  and  pullbacks  we  see  that  descend  data 
relative  to  IA  are  identical  to  descend  data  relative  to  V.  Since  by  assumption  we 
have  effective  descent  in  S we  conclude  the  same  holds  for  upS.  □ 


04WD  Lemma  8.12.3.  Let  u : C — » V be  a continuous  functor  of  sites.  Let  p : S — > T> 
be  a stack  in  groupoids  over  T> . Then  upS  is  a stack  in  groupoids  over  C. 

Proof.  This  follows  immediately  from  Lemma  |8.12.2|  and  the  fact  that  all  fibre 
categories  are  groupoids.  □ 

04WE  Definition  8.12.4.  Let  / : T>  — > C be  a morphism  of  sites  given  by  the  continuous 
functor  u : C — >■  V.  Let  S be  a fibred  category  over  V.  In  this  setting  we  write  /*<S 
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for  the  fibred  category  upS  defined  above.  We  say  that  /*<S  is  the  pushforward  of 
S along  f. 


By  the  results  above  we  know  that  /*<S  is  a stack  (in  groupoids)  if  S is  a stack  (in 
groupoids).  It  is  harder  to  define  the  pullback  of  a stack  (and  we’ll  need  additional 
assumptions  for  our  particular  construction  - feel  free  to  write  up  and  submit  a 
more  general  construction).  We  do  this  in  several  steps. 

Let  u : C ^ V be  a functor  between  categories.  Let  p : S — > C be  a category  over 
C.  In  this  setting  we  define  a category  uppS  as  follows: 

(1)  An  object  of  uppS  is  a triple  (17,  <f>  : V u(U),x ) where  U € Ob (C),  the 

map  (j)  : V — > u(U ) is  a morphism  in  V,  and  x £ 0b(5y). 

(2)  A morphism 

(C/i,  0i  : Vi  -A  u(Ui),  Xi)  — s>  (U2,4>2  ■ V2  -A  u{U2),x2) 

of  UppS  is  given  by  a ( a,b,a ) where  a : U\  U2  is  & morphism  of  C, 
b : V\  — > V2  is  a morphism  of  T>,  and  a : Xi  — > x2  is  morphism  of  S , such 
that  p(a)  = a and  the  diagram 


Vi 

4>i 


b 


* V2 


02 


u(Ui)  u(U2) 


commutes  in  T>. 

We  think  of  uppS  as  a category  over  V via 

ppp  : uPpS  — >T>,  V ->■  u(U),  x)  i — » V. 

The  fibre  category  of  uppS  over  an  object  V of  V does  not  have  a simple  description. 

04WF  Lemma  8.12.5.  In  the  situation  above  assume 

(1)  p : S — > C is  a fibred  category, 

(2)  C has  nonempty  finite  limits,  and 

(3)  u : C — y T)  commutes  with  nonempty  finite  limits. 

Consider  the  set  R C Arrows[uppS ) of  morphisms  of  the  form 

(a,  idy,  a)  : (U' , <f>  : V — > u{U'),x')  — > ( U , <j>  : V — > u(U),x) 
with  a strongly  cartesian.  Then  R is  a right  multiplicative  system. 


Proof.  According  to  Categories,  Definition  4.26.1  we  have  to  check  RMS1,  RMS2, 
RMS3.  Condition  RMS1  holds  as  a composition  of  strongly  cartesian  morphisms 
is  strongly  cartesian,  see  Categories,  Lemma [4. 32. 2| 

To  check  RMS2  suppose  we  have  a morphism 

(a,  b,  a)  : {U\,4>i  : V\  — ► u{U\),  X\)  — > ( U , <f>  : V — > u(U ),  x) 


of  uppS  and  a morphism 

(c,  idy,  7)  : (Ur,  4>  : V — > u(U '),  x')  — * {U,<j>  :V  — > u(U),  x) 

with  7 strongly  cartesian  from  R.  In  this  situation  set  U[  = U\  Xjj  U' , and  denote 
a'  : U[  —>  U'  and  d : 17{  — > U\  the  projections.  As  u{U[)  = u{Ui)  y.u(u)  U{U') 
we  see  that  ^ = (</>!,(//)  : V\  -A  u(U[)  is  a morphism  in  V.  Let  71  : x'x  X\  be 
a strongly  cartesian  morphism  of  S with  7^(71 ) = (fi  (which  exists  because  S is  a 
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04  WG 


fibred  category  over  C).  Then  as  7 : x'  — > x is  strongly  cartesian  there  exists  a 
unique  morphism  a'  : x[  — > x'  with  p(a')  = a! . At  this  point  we  see  that 

(a',b,a')  : : Hi  —>  u(U[),x[)  — > ->■  u(U'),x') 

is  a morphism  and  that 

(c',i dvi,7i)  : {U[,<j>'-y  : Hi  ->  u{U[),x\)  — > {U\,cj> : Hi  —>  u(l 
is  an  element  of  R which  form  a solution  of  the  existence  problem  posed  by  RMS2. 


Finally,  suppose  that 

( a,b,a ),  {a',b',a')  : : Hi  ->  u(Ui),Xi)  — ■>  (U,  <j>  : V ->  u(U),x) 

are  two  morphisms  of  uppS  and  suppose  that 

(c,  idv,  7)  : (U,  (f>  : V ->  u(U),  x)  — > (tf , <j> : V -¥  u(U'),  x') 

is  an  element  of  R which  equalizes  the  morphisms  ( a,b,a ) and  (o',  b\  a').  This 
implies  in  particular  that  b = b' . Let  d : U2  — > U\  be  the  equalizer  of  a,  a1  which 
exists  (see  Categories,  Lemma  4.18.3|).  Moreover,  u(d)  : u{U2)  — > u{U\)  is  the 
equalizer  of  u(a),u{a')  hence  (as  b = b')  there  is  a morphism  (j> 2 : Vi  — >•  u(U2)  such 
that  <f>  1 = u(d)  o (f>1.  Let  S : X2  — > X\  be  a strongly  cartesian  morphism  of  S with 
p(S)  = u(d).  Now  we  claim  that  a o S = a'  o S.  This  is  true  because  7 is  strongly 
cartesian,  ryoaoS  = 'yo  a'  o 5,  and  p(a  o 5)  = p(a'  o <5).  Hence  the  arrow 

(d,idVl,S)  : (JJ2,4>2  ■ Vi  u(U2),X2 ) — > (^1,^1  : Hi  -5>  u{Ui),X]) 

is  an  element  of  R and  equalizes  (a,  6,  a)  and  (a',b\a').  Hence  R satisfies  RMS3 
as  well.  □ 


Lemma  8.12.6.  With  notation  and  assumptions  as  in  Lemma  8.12.5  Set  upS  = 


R LuppS,  see  Categories,  Section  4-26  Then  upS  is  a fibred  category  overV. 


Proof.  We  use  the  description  of  upS  given  just  above  Categories,  Lemma  4.26.11 


Note  that  the  functor  ppp  : uppS  — > T>  transforms  every  element  of  R to  an  identity 


morphism.  Hence  by  Categories,  Lemma  |4.26.16|  we  obtain  a canonical  functor 
pp  : upS  — » V extending  the  given  functor, 
category  over  D. 


This  is  how  we  think  of  upS  as  a 


First  we  want  to  characterize  the  D-strongly  cartesian  morphisms  in  upS.  A mor- 
phism / : X — > Y of  upS  is  the  equivalence  class  of  a pair  (/'  : X'  — ► Y,r  : X’  — > X) 
with  r £ R.  In  fact,  in  upS  we  have  / = (/',  l)o(r,  l)-1  with  obvious  notation.  Note 
that  an  isomorphism  is  always  strongly  cartesian,  as  are  compositions  of  strongly 
cartesian  morphisms,  see  Categories,  Lemma|~4.32.2|  Hence  / is  strongly  cartesian  if 
and  only  if  (/',  1)  is  so.  Thus  the  following  claim  completely  characterizes  strongly 
cartesian  morphisms.  Claim:  A morphism 


(a,  b,  a)  : Xi  = (tA,^  : Hi  ->  u(Ui),xi)  — > (172,^2  : V2  ->  u(U2),x2)  = X2 

of  uPpS  has  image  / = ((a,  6,  a),  1)  strongly  cartesian  in  upS  if  and  only  if  a is  a 
strongly  cartesian  morphism  of  S. 

Assume  a strongly  cartesian.  Let  X = (U,  (j)  : V — ► u(U),x)  be  another  object, 
and  let  f2  : X — > X2  be  a morphism  of  upS  such  that  pp(f2)  = b o bi  for  some 
bi  : U — > U\.  To  show  that  / is  strongly  cartesian  we  have  to  show  that  there  exists 
a unique  morphism  /1  : X — ► Xi  in  upS  such  that  pp(fi)  = bi  and  /2  = /o/j  in  upS. 
Write  f2  = (A  : X ' X2,  r : X’  — > X).  Again  we  can  write  f2  = {f2, 1)  o (r,  l)-1 
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in  UpS.  Since  (r,  1)  is  an  isomorphism  whose  image  in  T>  is  an  identity  we  see  that 
finding  a morphism  ft  : X — » X\  with  the  required  properties  is  the  same  thing  as 
finding  a morphism  /{  : X'  — > X\  in  uvS  with  p(f[)  = b\  and  ft  = / o /{.  Hence 
we  may  assume  that  ft  is  of  the  form  /2  = ((02, 62, 012),  1)  with  62  = b obi.  Here  is 
a picture 

(C/pHr  ^u{lh),xi) 

(a,b,a) 

V 

(H,  V — t «(t/), ®)  (a3'fc2,Q2)>'  (J72,  V2  -»•  u(U2), x2) 

Now  it  is  clear  how  to  construct  the  morphism  fi.  Namely,  set  U'  = U x u2  U\  with 
projections  c : U'  — »•  U and  a±  \U'-+U\.  Pick  a strongly  cartesian  morphism  7 : 
x'  — > x lifting  the  morphism  c.  Since  b2  = bobi , and  since  u{U')  = u(U ) xu(u2)u(Ui) 
we  see  that  ft  = (0,  ft  o b±)  : V ^ u{U').  Since  a is  strongly  cartesian,  and 
aoai  = a2oc  = p(a2  o 7)  there  exists  a morphism  a\  : 2/  — > x\  lifting  01  such  that 
ao  ai  = a2  ° 7.  Set  X'  = (17',  ft  :V  u(U'),  x').  Thus  we  see  that 

/1  = ((&i,  b\ , ai)  : A''  — >■  Ai,  (c,  idy,  7)  : X'  — > A)  : A — Ai 
works,  in  fact  the  diagram 


(U',ft  : V -A  u(U'),x')  — — 

(ai,bi,an) 


(c,idv^,7) 


(a,b,a) 


(U,  V -A  u([/),  *) >&J2,  v2  — t u(C/2),  ®2) 


is  commutative  by  construction.  This  proves  existence. 


Next  we  prove  uniqueness,  still  in  the  special  case  / = ((a,b,a),l)  and  f2  = 
{{a2,b2,a2),l).  We  strongly  advise  the  reader  to  skip  this  part.  Suppose  that 
gi,g[  : A — >•  Xj  are  two  morphisms  of  upS  such  that  pp(gi)  = pp(g j)  = ft  and 


ft  = f°g  1 = /°5i-  Our  goal  is  to  show  that  g\  = g[.  By  Categories,  Lemma  4.26.13 
we  may  represent  g±  and  g[  as  the  equivalence  classes  of  (/1  : X'  — ► A'i 
and  (/{  : A 7 — » Ai,r 


r : A'  -»  A) 

A7  — ► A)  for  some  r £ R.  By  Categories,  Lemma  4.26.14 
we  see  that  f2  = f ° g±  = / ° g[  means  that  there  exists  a morphism  r7  : X"  — ► A' 
or  £ R and 


in  uppS  such  that  r‘ 


(a,  6,  a)o/jor'  = (a,  b,  a)  o ft  o r'  = (a2,  62,  a2)  ° r' 


in  uppS.  Note  that  now  is  represented  by  (/1  o r' ,r  o r')  and  similarly  for  g[. 
Hence  we  may  assume  that 

(a,b,a)  o fi  = (a,  b,  a)  o ft  = ( a2,b2,a2 ). 


Write  r = (c,idy,7)  : (U’,ft  : V -S>  u(U'),x'),  ft  = (ai,ft,ai),  and  f[  = 
(aj,  bi,  a'i).  Here  we  have  used  the  condition  that  pp{g\)  = Pp{g'i)-  The  equali- 
ties above  are  now  equivalent  toaoai  =aoaJ  = a2oc  and  a o oq  = aoft  = a2o^. 
It  need  not  be  the  case  that  a\  = ft  in  this  situation.  Thus  we  have  to  precom- 
pose by  one  more  morphism  from  R.  Namely,  let  U"  = Eq(ai,a71)  be  the  equalizer 
of  a±  and  ft  which  is  a subobject  of  U' . Denote  c7  : U"  — > U'  the  canonical 
monomorphism.  Because  of  the  relations  among  the  morphisms  above  we  see  that 
V -A  u(U')  maps  into  u{U ")  = u(Eq(ai, a^))  = Eq(u(ai), u(ft)).  Hence  we  get  a 
new  object  {U",ft'  : V — >•  u(U"),  x"),  where  7'  : x"  — > x'  is  a strongly  cartesian 
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morphism  lifting  7.  Then  we  see  that  we  may  precompose  / 1 and  f[  with  the  ele- 
ment (c',idy,7')  of  R.  After  doing  this,  i.e.,  replacing  ({/',</>'  : V — ► u(U'),x')  with 
{U"A"  '■  V u{U"),x"),  we  get  back  to  the  previous  situation  where  in  addition 
we  now  have  that  a\  = a[.  In  this  case  it  follows  formally  from  the  fact  that  a is 
strongly  cartesian  (!)  that  ol\  = a'1.  This  shows  that  g\  = g\  as  desired. 

We  omit  the  proof  of  the  fact  that  for  any  strongly  cartesian  morphism  of  upS 
of  the  form  ((a,  6,  a),  1)  the  morphism  a is  strongly  cartesian  in  S.  (We  do  not 
need  the  characterization  of  strongly  cartesian  morphisms  in  the  rest  of  the  proof, 
although  we  do  use  it  later  in  this  section.) 

Let  (U,  <j>  : V — > u(U),x)  be  an  object  of  upS.  Let  b : V'  -A  V be  a morphism  of  D. 
Then  the  morphism 

(idf/,  b,  ids)  : ( U , <j>  o b : V'  — > u(U),  x)  — > (U,  <j>  :V  u(U),  x) 


is  strongly  cartesian  by  the  result  of  the  preceding  paragraphs  and  we  win. 


□ 


04WH  Lemma  8.12.7.  With  notation  and  assumptions  as  in  Lemma  8.12.6 
fibred  in  groupoids,  then  upS  is  fibred  in  groupoids. 


If  S is 


Proof.  By  Lemma  8.12.6|  we  know  that  upS  is  a fibred  category.  Let  f : X Y 
be  a morphism  of  upS  with  pp(f)  = idy.  We  are  done  if  we  can  show  that  / is 
invertible,  see  Categories,  Lemma [4. 34. 2|  Write  / as  the  equivalence  class  of  a pair 
((a,b,a),r)  with  r £ R.  Then  pp(r)  = idy,  hence  ppp((a,b, a))  = idy.  Hence 
b = idy.  But  any  morphism  of  S is  strongly  cartesian,  see  Categories,  Lemma 
4.34.2  hence  we  see  that  (a,  b,a)  £ R is  invertible  in  upS  as  desired.  □ 


04WI 


Lemma  8.12.8.  Let  u : C — » V be  a functor.  Let  p : S — > C and  q : T — »•  V be 
categories  over  C andV.  Assume  that 

(1)  p : S — »•  C is  a fibred  category , 

(2)  q-.T^Visa  fibred  category, 

(3)  C has  nonempty  finite  limits,  and 

(4)  u : C — ^ R commutes  with  nonempty  finite  limits. 

Then  we  have  a canonical  equivalence  of  categories 

Mor  Fib/C(S,upT)  = Mor  Fib/v{upS,T) 
of  morphism  categories. 


Proof.  In  this  proof  we  use  the  notation  x/U  to  denote  an  object  x of  S which 
lies  over  U in  C.  Similarly  y/V  denotes  an  object  y of  T which  lies  over  V in  T>. 
In  the  same  vein  a/ a : x/U  — > x' /U'  denotes  the  morphism  a : x — » x'  with  image 
a : U -A  U'  in  C. 


Let  G : upS  — > T be  a 1-morphism  of  fibred  categories  over  V.  Denote  G'  : uppS  — > 
T the  composition  of  G with  the  canonical  (localization)  functor  uppS  -A  upS. 
Then  consider  the  functor  H : S — » upT  given  by 

H(x/U)  = {U,G'(U,\&u(p)  ■ u(U)  — t u{U),x )) 

on  objects  and  by 

H((a,a)  : x/U  — > x' /U')  = G' (a,u(a),  a ) 

on  morphisms.  Since  G transforms  strongly  cartesian  morphisms  into  strongly 
cartesian  morphisms,  we  see  that  if  a is  strongly  cartesian,  then  H(a ) is  strongly 
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cartesian.  Namely,  we’ve  seen  in  the  proof  of  Lemma  [8. 12. 6|  that  in  this  case  the 
map  (a,u(a),a)  becomes  strongly  cartesian  in  upS.  Clearly  this  construction  is 
functorial  in  G and  we  obtain  a functor 

A : Mor  Fib/D(upS,T)  — > Mor Fib/c(S,upT) 


Conversely,  let  H : S — > upT  be  a 1-morphism  of  fibred  categories.  Recall  that  an 
object  of  upT  is  a pair  (U,y)  with  y G Ob We  denote  pr  : upT  — > T the 
functor  (U,  y ) ha  y.  In  this  case  we  define  a functor  G'  : uppS  — > T by  the  rules 

G\U,  </>  : V -A  u{U),  x ) = (p*pr(H(x)) 

on  objects  and  we  let 

G'((a,  b,  a)  : (U,  <f>  : V -A  u(U),  x)  -A  (£/',  </>'  : V'  -a  u(U'),  x'))  = /3 

be  the  unique  morphism  /3  : 0*pr(iJ(a;))  -A  {$)* pr (H(x'))  such  that  q(/3)  = b and 
the  diagram 

(4>')*pr(H(x')) 

pr (H(x))  Pr(g(a'Q)ipr (H(x>)) 

Such  a morphism  exists  and  is  unique  because  T is  a fibred  category. 

We  check  that  G'(r ) is  an  isomorphism  if  r G R.  Namely,  if 

(a,  idy,  a)  : (U\  <//  : V u(U'),x')  — A (17,  : R -A  u{U),x) 


with  a strongly  cartesian  is  an  element  of  the  right  multiplicative  system  R of 
Lemma  8.12.5  then  17(a)  is  strongly  cartesian,  and  pr(77(a))  is  strongly  cartesian, 
see  proof  of  Lemma  8.12.1  Hence  in  this  case  the  morphism  /3  has  q(/3)  = idy 


and  is  strongly  cartesian.  Hence  [3  is  an  isomorphism  by  Categories,  Lemma [4. 32. 2 


Thus  by  Categories,  Lemma  4.26.16  we  obtain  a canonical  extension  G : upS  -A  T. 


Next,  let  us  prove  that  G transforms  strongly  cartesian  morphisms  into  strongly 
cartesian  morphisms.  Suppose  that  / : X -a  Y is  a strongly  cartesian.  By  the 
characterization  of  strongly  cartesian  morphisms  in  upS  we  can  write  / as  ((a,  6,  a)  : 
X'  -A  Y,r  : X'  -a  Y)  where  r G R and  a strongly  cartesian  in  S.  By  the  above 
it  suffices  to  show  that  G'(a,ba ) is  strongly  cartesian.  As  before  the  condition 
that  a is  strongly  cartesian  implies  that  pr(77(a,a))  : pr(H(x))  -A  p^TL^'))  is 
strongly  cartesian  in  77  Since  in  the  commutative  square  above  now  all  arrows 
except  possibly  j3  is  strongly  cartesian  it  follows  that  also  /J  is  strongly  cartesian 
as  desired.  Clearly  the  construction  77  ha  G is  functorial  in  77  and  we  obtain  a 
functor 

B : Mor Fib/c(S,upT)  — » Mor Fib/v(upS,T) 

To  finish  the  proof  of  the  lemma  we  have  to  show  that  the  functors  A and  B are 
mutually  quasi-inverse.  We  omit  the  verifications.  □ 


04WJ  Definition  8.12.9.  Let  / : V -A  C be  a morphism  of  sites  given  by  a continuous 
functor  u : C — » D satisfying  the  hypotheses  and  conclusions  of  Sites,  Proposition 

of  the  fibred  category  upS  over  V constructed  above.  We  say  that  /-1£>  is  the 
pullback  of  S along  f. 


7.15.6  Let  S be  a stack  over  C.  In  this  setting  we  write  / iS  for  the  stackification 
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Of  course,  if  S is  a stack  in  groupoids,  then  / 15  is  a stack  in  groupoids  by  Lemmas 
[OH  and  18. 12. 71 

04WK  Lemma  8.12.10.  Let  f : T>  -A  C be  a morphism  of  sites  given  by  a continuous 
functor  u : C — ^ D satisfying  the  hypotheses  and  conclusions  of  Sites,  Proposition 
Let  p : S — ► C and  q : T V be  stacks.  Then  we  have  a canonical 
equivalence  of  categories 

Mor Stacks/c(S,  f*T)  = MoTStacks/v{f~1S,T) 
of  morphism  categories. 


Proof.  For  * = 1,2  an  i-morphism  of  stacks  is  the  same  thing  as  a Lmorphism  of 
fibred  categories,  see  Definition  |8.4.5|  By  Lemma [8. 12. 8|  we  have  already 

Mor  Fib/C(S,upT)  = Mot  Fib/v{upS,T) 

Hence  the  result  follows  from  Lemma  [8.8.3  as  uvT  = f*T  and  /_1<S  is  the  stacki- 


fication  of  upS. 


□ 


04WR  Lemma  8.12.11.  Let  f : T>  —¥  C be  a morphism  of  sites  given  by  a continuous 
functor  u : C — ^ T)  satisfying  the  hypotheses  and  conclusions  of  Sites,  Proposition 
7.15.6  Let  S — ^ C be  a fibred  category,  and  let  S — ► S'  be  the  stackification  of  S. 
Then  f~1S'  is  the  stackification  of  upS. 


Proof.  Omitted.  Hint:  This  is  the  analogue  of  Sites,  Lemma[7.14.4| 


□ 


The  following  lemma  tells  us  that  the  2-category  of  stacks  over  Schfppf  is  a “full 
2-sub  category”  of  the  2-category  of  stacks  over  Sch/ppj  provided  that  Sch/ppf 
contains  Schfppj  (see  Topologies,  Section  33.101. 

04WS  Lemma  8.12.12.  Let  C and  T>  be  sites.  Let  u : C — * T>  be  a functor  satisfying  the 
assumptions  of  Sites,  Lemma  7.20.8  Let  f :T>  — ► C be  the  corresponding  morphism 
of  sites.  Then 

(1)  for  every  stack  p : S — ► C the  canonical  functor  S — > f*f~1S  is  an 
equivalence  of  stacks, 

(2)  given  stacks  S,S ' over  C the  construction  /-1  induces  an  equivalence 

Mot  stacks /c(S,  S')  — > MoTStacks/v(f~1S,f~1S') 
of  morphism  categories. 


Proof.  Note  that  by  Lemma [8. 12. 10|  we  have  an  equivalence  of  categories 
^OTStacks/v{f~1S,f~1S')  = Mor5tQcfcs/c(<S,/*/_1S') 

Hence  (2)  follows  from  (1). 


To  prove  (1)  we  are  going  to  use  Lemma  8.4.8  This  lemma  tells  us  that  we  have 
to  show  that  can  : S — )•  f*f~1S  is  fully  faithful  and  that  all  objects  of  /*/_15  are 
locally  in  the  essential  image. 


We  quickly  describe  the  functor  can,  see  proof  of  Lemma  |8.12.8|  To  do  this  we 
introduce  the  functor  c"  : S — ► uppS  defined  by  c”(x/U)  = (U,  id  : u{U)  u(U),x), 
and  c"(a/a)  = (a,  u{a),a).  We  set  c'  : S — > upS  equal  to  the  composition  of  c"  and 
the  canonical  functor  uppS  — > upS.  We  set  c : S — > /_15  equal  to  the  composition 
of  d and  the  canonical  functor  upS  — > f~1S.  Then  can  : S —>  f*f~xS  is  the  functor 
which  to  x/U  associates  the  pair  ( U,c{x ))  and  to  a/a  the  morphism  (a,c(a)). 
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Fully  faithfulness.  To  prove  this  we  are  going  to  use  Lemma  8.4.7  Let  U £ Ob(C). 
Let  x,  y £ Sjj.  First  off,  as  u is  fully  faithful,  we  have 


Mor(/»/-iS)l/ (can(x) , can(y))  = Mor(/-i s)u{u){c{x),  c(y)) 

directly  from  the  definition  of  /*.  Similar  holds  after  pulling  back  to  any  U'/U.  Be- 
cause f~1S  is  the  stackification  of  upS,  and  since  u is  continuous  and  cocontinuous 
the  presheaf 

U'/U  i — » Mor(j-i5)u([7/)  (c(x\u'),  c(y\u’)) 

is  the  sheafification  of  the  presheaf 

U'/U  i — A Mor(u?;5)u(u()  (c'(x\ir>),  d{y\w)) 

Hence  to  finish  the  proof  of  fully  faithfulness  it  suffices  to  show  that  for  any  U and 
x,  y the  map 

M°rS(7  (x,  y)  — > Moi{UpS)u(c'{x),c'{y)) 

is  bijective.  A morphism  / : x — ► y in  upS  over  u(U)  is  given  by  an  equivalence 
class  of  diagrams 


([/',  <t>  : u{U)  -A  u(U'),x')  r—t  (U,  id  : u(U)  -A  u{U),y) 

( a, 0,01. ) 

(c,idu(c/),7) 

(U,  id  : u(U)  -A  u(U),x ) 


with  7 strongly  cartesian  and  b = id,u(7y) . But  since  u is  fully  faithful  we  can  write 
(f>  = u(c')  for  some  morphism  d : U -A  U'  and  then  we  see  that  a o d = idy  and 
co  d = idc/' . Because  7 is  strongly  cartesian  we  can  find  a morphism  7'  : 1 A 1' 
lifting  d such  that  707'  = id^.  By  definition  of  the  equivalence  classes  defining 
morphisms  in  upS  it  follows  that  the  morphism 

(U,  id  : u(U)  -A  u(U),  x)  — — (U,  id  : u(U)  -A  u{U),  y ) 

(ia,ia,Q!07  ) 

of  uppS  induces  the  morphism  / in  upS.  This  proves  that  the  map  is  surjective. 
We  omit  the  proof  that  it  is  injective. 

Finally,  we  have  to  show  that  any  object  of  /*/^1lS  locally  comes  from  an  object 
of  S.  This  is  clear  from  the  constructions  (details  omitted).  □ 


8.13.  Stacks  and  localization 

04WT  Let  C be  a site.  Let  U be  an  object  of  C.  We  want  to  understand  stacks  over  C/U 
as  stacks  over  C together  with  a morphism  towards  U . The  following  lemma  is  the 
reason  why  this  is  easier  to  do  when  the  presheaf  hjj  is  a sheaf. 

04WU  Lemma  8.13.1.  Let  C be  a site.  Let  U £ Ob(C).  Then  jjj  : C/U  -A  C is  a stack 
over  C if  and  only  if  hjj  is  a sheaf. 

Proof.  Combine  Lemma [8.6. 3|  with  Categories,  Example  |4.37.7|  □ 

Assume  that  C is  a site,  and  U is  an  object  of  C whose  associated  representable 
presheaf  is  a sheaf.  We  denote  j : C/U  -A  C the  localization  functor. 

Construction  A.  Let  p : S - A C/U  be  a stack  over  the  site  C/U.  We  define  a 
stack  j\p  : j\S  aC  as  follows: 

(1)  As  a category  j\S  = S}  and 
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(2)  the  functor  j\p  : j\S  — > C is  just  the  composition  j op. 

We  omit  the  verification  that  this  is  a stack  (hint:  Use  that  hu  is  a sheaf  to  glue 
morphisms  to  U).  There  is  a canonical  functor 

3\S  — ► C/U 

namely  the  functor  p which  is  a 1-morphism  of  stacks  over  C. 


Construction  B.  Let  q : T — t C be  a stack  over  C which  is  endowed  with  a 
morphism  of  stacks  p : T — l C/U  over  C.  In  this  case  it  is  automatically  the  case 
that  p : T ^ C/U  is  a stack  over  C/U. 


Lemma  8.13.2.  Assume  thatC  is  a site,  and  U is  an  object  of  C whose  associated 
representable  presheaf  is  a sheaf.  Constructions  A and  B above  define  mutually 
inverse  (!)  functors  of  2-categories 


f 2- category  of  1 
(stacks  over  C/U) 


' 2-category  of  pairs  (T,p)  consisting  'I 
of  a stack  T over  C and  a morphism  > 
p : T — > C/U  of  stacks  over  C J 


Proof.  This  is  clear. 


□ 
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Fields 


09FA 

9.1.  Introduction 

09FB  In  this  chapter,  we  shall  discuss  the  theory  of  fields.  Recall  that  a field  is  a ring 
in  which  all  nonzero  elements  are  invertible.  Equivalently,  the  only  two  ideals  of  a 
field  are  (0)  and  (1)  since  any  nonzero  element  is  a unit.  Consequently  fields  will 
be  the  simplest  cases  of  much  of  the  theory  developed  later. 

The  theory  of  field  extensions  has  a different  feel  from  standard  commutative  al- 
gebra since,  for  instance,  any  morphism  of  fields  is  injective.  Nonetheless,  it  turns 
out  that  questions  involving  rings  can  often  be  reduced  to  questions  about  fields. 
For  instance,  any  domain  can  be  embedded  in  a field  (its  quotient  field),  and  any 
local  ring  (that  is,  a ring  with  a unique  maximal  ideal;  we  have  not  defined  this 
term  yet)  has  associated  to  it  its  residue  field  (that  is,  its  quotient  by  the  maximal 
ideal).  A knowledge  of  field  extensions  will  thus  be  useful. 

9.2.  Basic  definitions 

09FC  Because  we  have  placed  this  chapter  before  the  chapter  discussing  commutative 
algebra  we  need  to  introduce  some  of  the  basic  definitions  here  before  we  discuss 
these  in  greater  detail  in  the  algebra  chapters. 

09FD  Definition  9.2.1.  An  field  is  a nonzero  ring  where  every  nonzero  element  is 
invertible.  Given  a field  a subfield  is  a subring  that  is  itself  a field. 

For  a field  k,  we  write  k*  for  the  subset  k \ {0}.  This  generalizes  the  usual  notation 
R*  that  refers  to  the  group  of  invertible  elements  in  a ring  R. 

09FE  Definition  9.2.2.  A domain  or  an  integral  domain  is  a nonzero  ring  where  0 is 
the  only  zerodivisor. 

9.3.  Examples  of  fields 

09FF  To  get  started,  let  us  begin  by  providing  several  examples  of  fields.  The  reader 
should  recall  that  if  I?  is  a ring  and  I C R an  ideal,  then  R/I  is  a field  precisely 
when  / is  a maximal  ideal. 

09FG  Example  9.3.1  (Rational  numbers).  The  rational  numbers  form  a field.  It  is 
called  the  field  of  rational  numbers  and  denoted  Q. 

09FH  Example  9.3.2  (Prime  fields).  If  p is  a prime  number,  then  Z /(p)  is  a field, 
denoted  Fp.  Indeed,  ( p ) is  a maximal  ideal  in  Z.  Thus,  fields  may  be  finite:  Fp 
contains  p elements. 
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09FI  Example  9.3.3.  In  a principal  ideal  domain,  an  ideal  generated  by  an  irreducible 
element  is  maximal.  Now,  if  k is  a field,  then  the  polynomial  ring  k[x]  is  a principal 
ideal  domain.  It  follows  that  if  P £ k[x\  is  an  irreducible  polynomial  (that  is,  a 
nonconstant  polynomial  that  does  not  admit  a factorization  into  terms  of  smaller 
degrees),  then  k[x\/(P)  is  a field.  It  contains  a copy  of  k in  a natural  way.  This 
is  a very  general  way  of  constructing  Helds.  For  instance,  the  complex  numbers  C 
can  be  constructed  as  R[.T]/(a:2  + 1). 

09FJ  Example  9.3.4  (Quotient  fields).  Recall  that,  given  a domain  A,  there  is  an 
imbedding  A — > K(A)  into  a field  K(A)  constructed  from  A in  exactly  the  same 
manner  that  Q is  constructed  from  Z.  Formally  the  elements  of  K(A)  are  (equiv- 
alence classes  of)  fractions  a/6,  a,  b € A,  b ^ 0.  As  usual  a/b  = a' /b'  if  and  only  if 
ab'  = ba1 . This  is  called  the  quotient  field  or  field  of  fractions  or  the  fraction  field  of 
A.  The  quotient  field  has  the  following  universal  property:  given  an  injective  ring 
map  ip  : A — > K to  a field  K , there  is  a unique  map  if  : K (A)  — ► K making 

K(A) >■  K 


A 


commute.  Indeed,  it  is  clear  how  to  define  such  a map:  we  set  if  (a/b)  = <p(a)tp(b)  1 
where  injectivity  of  <p  assures  that  tp(b)  ^ 0 if  b 0. 

09FK  Example  9.3.5  (Field  of  rational  functions).  If  k is  a field,  then  we  can  consider 
the  field  k(x)  of  rational  functions  over  k.  This  is  the  quotient  field  of  the  polynomial 
ring  k[x\.  In  other  words,  it  is  the  set  of  quotients  F/G  for  F,G  £ A: [a;],  G ^ 0 with 
the  obvious  equivalence  relation. 

09FL  Example  9.3.6.  Let  X be  a Riemann  surface.  Let  C(X)  denote  the  set  of  mero- 
morphic  functions  on  A'.  Then  C(A)  is  a ring  under  multiplication  and  addition  of 
functions.  It  turns  out  that  in  fact  C(A)  is  a field.  Namely,  if  a nonzero  function 
f(z)  is  meromorphic,  so  is  l/f(z).  For  example,  let  S2  be  the  Riemann  sphere; 
then  we  know  from  complex  analysis  that  the  ring  of  meromorphic  functions  C (S'2) 
is  the  field  of  rational  functions  G(z). 

9.4.  Vector  spaces 

09FM  One  reason  fields  are  so  nice  is  that  the  theory  of  modules  over  fields  (i.e.  vector 
spaces),  is  very  simple. 

09FN  Lemma  9.4.1.  If  k is  a field,  then  every  k-module  is  free. 

Proof.  Indeed,  by  linear  algebra  we  know  that  a fc-module  (i.e.  vector  space)  V 
has  a basis  B C V,  which  defines  an  isomorphism  from  the  free  vector  space  on  B 
to  V.  □ 

09FP  Lemma  9.4.2.  Every  exact  sequence  of  modules  over  a field  splits. 

Proof.  This  follows  from  Lemma|9.4.1|as  every  vector  space  is  a projective  module. 

□ 

This  is  another  reason  why  much  of  the  theory  in  future  chapters  will  not  say 
very  much  about  fields,  since  modules  behave  in  such  a simple  manner.  Note 
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that  Lemma  9.4.2  is  a statement  about  the  category  of  fc-modules  (for  k a field), 
because  the  notion  of  exactness  is  inherently  arrow-theoretic,  i.e. , makes  use  of 
purely  categorical  notions,  and  can  in  fact  be  phrased  within  a so-called  abelian 
category. 


Henceforth,  since  the  study  of  modules  over  a field  is  linear  algebra,  and  since  the 
ideal  theory  of  fields  is  not  very  interesting,  we  shall  study  what  this  chapter  is 
really  about:  extensions  of  fields. 


9.5.  The  characteristic  of  a held 

09FQ  In  the  category  of  rings,  there  is  an  initial  object  Z:  any  ring  R has  a map  from  Z 
into  it  in  precisely  one  way.  For  fields,  there  is  no  such  initial  object.  Nonetheless, 
there  is  a family  of  objects  such  that  every  field  can  be  mapped  into  in  exactly  one 
way  by  exactly  one  of  them,  and  in  no  way  by  the  others. 

Let  F be  a field.  Think  of  F as  a ring  to  get  a ring  map  / : Z — > F.  The  image  of 
this  ring  map  is  a domain  (as  a subring  of  a field)  hence  the  kernel  of  / is  a prime 
ideal  in  Z.  Hence  the  kernel  of  / is  either  (0)  or  ( p ) for  some  prime  number  p. 

In  the  first  case  we  see  that  / is  injective,  and  in  this  case  we  think  of  Z as  a subring 
of  F.  Moreover,  since  every  nonzero  element  of  F is  invertible  we  see  that  it  makes 
sense  to  talk  about  p/q  € F for  p,q  £ Z with  q ^ 0.  Hence  in  this  case  we  may 
and  we  do  think  of  Q as  a subring  of  F.  One  can  easily  see  that  this  is  the  smallest 
subfield  of  F in  this  case. 

In  the  second  case,  i.e.,  when  Ker(/)  = (p)  we  see  that  Z /(p)  = Fp  is  a subring  of 
F.  Clearly  it  is  the  smallest  subfield  of  F. 

Arguing  in  this  way  we  see  that  every  held  contains  a smallest  subheld  which  is 
either  Q or  hnite  equal  to  Fp  for  some  prime  number  p. 

09FR  Definition  9.5.1.  The  characteristic  of  a held  F is  0 if  Z C F,  or  is  a prime  p if 
p = 0 in  F.  The  prime  subjield  of  F is  the  smallest  subheld  of  F which  is  either 
Q C F if  the  characteristic  is  zero,  or  Fp  C F if  the  characteristic  is  p > 0. 

It  is  easy  to  see  that  if  E C F is  a subheld,  then  the  characteristic  of  E is  the  same 
as  the  characteristic  of  F. 

09FS  Example  9.5.2.  The  characteristic  of  Fp  is  p,  and  that  of  Q is  0. 

9.6.  Field  extensions 

09FT  In  general,  though,  we  are  interested  not  so  much  in  helds  by  themselves  but  in 
held  extensions.  This  is  perhaps  analogous  to  studying  not  rings  but  algebras  over 
a hxed  ring.  The  nice  thing  for  helds  is  that  the  notion  of  a “held  over  another 
held”  just  recovers  the  notion  of  a held  extension,  by  the  next  result. 

09FU  Lemma  9.6.1.  If  F is  a field  and  R is  a nonzero  ring,  then  any  ring  homomor- 
phism ip  : F — >•  R is  injective. 

Proof.  Indeed,  let  a £ Ker(tp)  be  a nonzero  element.  Then  we  have  ip(  1)  = 
ip(a~1a)  = p(a~1)ip(a)  = 0.  Thus  1 = ip(  1)  = 0 and  R is  the  zero  ring.  □ 

09FV  Definition  9.6.2.  If  F is  a held  contained  in  a held  E,  then  E is  said  to  be  a field 
extension  of  F.  We  shall  write  E/F  to  indicate  that  E is  an  extension  of  F. 
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So  if  A,  F'  are  fields,  and  F — > F'  is  any  ring-homomorphism,  we  see  by  Lemma 


9.6.1  that  it  is  injective,  and  F'  can  be  regarded  as  an  extension  of  F,  by  a slight 


abuse  of  language.  Alternatively,  a field  extension  of  F is  just  an  A-algebra  that 
happens  to  be  a held.  This  is  completely  different  than  the  situation  for  general 
rings,  since  a ring  homomorphism  is  not  necessarily  injective. 


Let  k be  a Held.  There  is  a category  of  Held  extensions  of  k.  An  object  of  this 
category  is  an  extension  E/k,  that  is  a (necessarily  injective)  morphism  of  fields 


k — > A, 


while  a morphism  between  extensions  E/k  and  E' /k  is  a k- algebra  morphism  E — > 
E' ; alternatively,  it  is  a commutative  diagram 


The  set  of  morpliisms  from  E — » E'  in  the  category  of  extensions  of  k will  be 
denoted  by  Mor*,(A , E'). 

09FW  Definition  9.6.3.  A tower  of  fields  En/En_i/ . . . /Eq  consists  of  a sequence  of 
extensions  of  fields  En/En_i,  En_1/En_ 2,  . . .,  Ei/E0. 


09FX 


09FY 


Let  us  give  a few  examples  of  field  extensions. 


Example  9.6.4.  Let  k be  a field,  and  P £ k[x 


have  seen  that  k[x]/(P)  is  a field  (Example  9.3.3). 
the  obvious  way,  it  is  an  extension  of  k. 


an  irreducible  polynomial.  We 
Since  it  is  also  a fc-algebra  in 


Example  9.6.5.  If  A is  a Riemann  surface,  then  the  field  of  meromorphic  func- 
tions C(X)  (Example  9.3.6)  is  an  extension  field  of  C,  because  any  element  of  C 
induces  a meromorphic  — indeed,  holomorphic  — constant  function  on  X. 


Let  F/k  be  a field  extension.  Let  S C F be  any  subset.  Then  there  is  a smallest 
subextension  of  F (that  is,  a subfield  of  F containing  k)  that  contains  S.  To  see  this, 
consider  the  family  of  subfields  of  F containing  S and  k , and  take  their  intersection; 
one  checks  that  this  is  a field.  By  a standard  argument  one  shows,  in  fact,  that  this 
is  the  set  of  elements  of  F that  can  be  obtained  via  a finite  number  of  elementary 
algebraic  operations  (addition,  multiplication,  subtraction,  and  division)  involving 
elements  of  k and  S. 


09FZ  Definition  9.6.6.  Let  k be  a field.  If  F/k  is  an  extension  of  fields  and  S C A,  we 
write  k(S)  for  the  smallest  subfield  of  A containing  k and  S.  We  will  say  that  S 
generates  the  field  extension  k(S)/k.  If  S = {a}  is  a singleton,  then  we  write  k(a) 
instead  of  fc({a}).  We  say  F/k  is  a finitely  generated  field  extension  if  there  exists 
a finite  subset  S C A with  A = k(S). 

For  instance,  C is  generated  by  i over  R. 

09G0  Exercise  9.6.7.  Show  that  C does  not  have  a countable  set  of  generators  over  Q. 

Let  us  now  classify  extensions  generated  by  one  element. 

09G1  Lemma  9.6.8  (Classification  of  simple  extensions).  If  a field  extension  F/k  is 
generated  by  one  element,  then  it  is  k -isomorphic  either  to  the  rational  function 
field  k(t)/k  or  to  one  of  the  extensions  k\t\/(P)  for  P £ k[t]  irreducible. 
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We  will  see  that  many  of  the  most  important  cases  of  field  extensions  are  generated 
by  one  element,  so  this  is  actually  useful. 

Proof.  Let  a £ F be  such  that  F = k(a );  by  assumption,  such  an  a exists.  There 
is  a morphism  of  rings 

k[t\  —*■  F 

sending  the  indeterminate  t to  a.  The  image  is  a domain,  so  the  kernel  is  a prime 
ideal.  Thus,  it  is  either  (0)  or  (P)  for  P £ k[t ] irreducible. 

If  the  kernel  is  (P)  for  P £ k[t]  irreducible,  then  the  map  factors  through  k[t]/(P), 
and  induces  a morphism  of  fields  k[t]/(P)  — > F.  Since  the  image  contains  a,  we  see 
easily  that  the  map  is  surjective,  hence  an  isomorphism.  In  this  case,  k[t]/(P)  ~ F. 

If  the  kernel  is  trivial,  then  we  have  an  injection  k[t]  — > F.  One  may  thus  define 
a morphism  of  the  quotient  field  k(t ) into  P;  given  a quotient  R(t)/Q(t)  with 
R{t),Q(t)  £ k[t],  we  map  this  to  R(a)/Q(a).  The  hypothesis  that  k[t]  — > F is 
injective  implies  that  Q(a ) 7^  0 unless  Q is  the  zero  polynomial.  The  quotient  field 
of  k[t]  is  the  rational  function  field  k(t),  so  we  get  a morphism  k(t)  F whose 
image  contains  a.  It  is  thus  surjective,  hence  an  isomorphism.  □ 

9.7.  Finite  extensions 

09G2  If  F/E  is  a field  extension,  then  evidently  F is  also  a vector  space  over  E (the 
scalar  action  is  just  multiplication  in  P). 

09G3  Definition  9.7.1.  Let  P/P  be  an  extension  of  fields.  The  dimension  of  P con- 
sidered as  an  P-vector  space  is  called  the  degree  of  the  extension  and  is  denoted 
[P  : E\.  If  [P  : P]  < 00  then  P is  said  to  be  a finite  extension  of  P. 

09G4  Example  9.7.2.  The  field  C is  a two  dimensional  vector  space  over  R with  basis 
1,  i.  Thus  C is  a finite  extension  of  R of  degree  2. 

09G5  Lemma  9.7.3.  LetK/E/F  be  a tower  of  algebraic  field  extensions.  If  K is  finite 
over  F,  then  K is  finite  over  E. 

Proof.  Direct  from  the  definition.  □ 

Let  us  now  consider  the  degree  in  the  most  important  special  example,  that  given 
by  Lemma|9.6.8[  in  the  next  two  examples. 

09G6  Example  9.7.4  (Degree  of  a rational  function  field).  If  k is  any  field,  then  the 
rational  function  field  k(t)  is  not  a finite  extension.  For  example  the  elements 
{tn,n  £ Z } are  linearly  independent  over  k. 

In  fact,  if  k is  uncountable,  then  k(t)  is  uncountably  dimensional  as  a k- vector 
space.  To  show  this,  we  claim  that  the  family  of  elements  {1  /(t  — a),  a £ k}  C k(t) 
is  linearly  independent  over  k.  A nontrivial  relation  between  them  would  lead  to 
a contradiction:  for  instance,  if  one  works  over  C,  then  this  follows  because  . 
when  considered  as  a meromorphic  function  on  C,  has  a pole  at  a and  nowhere 
else.  Consequently  any  sum  Y^cit^cT  f°r  the  Ci  ^ ^* , and  a,  £ k distinct,  would 
have  poles  at  each  of  the  In  particular,  it  could  not  be  zero. 

Amusingly,  this  leads  to  a quick  proof  of  the  Hilbert  Nullstellensatz  over  the  complex 
numbers.  For  a slightly  more  general  result,  see  Algebra,  Theorem  |10. 34. llj 
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09G7 


09G8 


Example  9.7.5  (Degree  of  a simple  algebraic  extension).  Consider  a monogenic 


field  extension  E/k  of  the  form  discussed  in  Example  9.6.4  In  other  words,  E = 


k[t]/(P)  for  P £ k[t\  an  irreducible  polynomial.  Then  the  degree  [E  : k]  is  just  the 
degree  d = deg (P)  of  the  polynomial  P.  Indeed,  say 

(9.7.5. 1)  P = adtd  + a1td~1  + ...  + a0. 


with  ad  0.  Then  the  images  of  l,f, . . . ,td~1  in  k[t\/(P)  are  linearly  independent 
over  fc,  because  any  relation  involving  them  would  have  degree  strictly  smaller  than 
that  of  P,  and  P is  the  element  of  smallest  degree  in  the  ideal  (P). 


Conversely,  the  set  S = {1,  t, . . . , 1 } (or  more  properly  their  images)  spans 

fc[i]/(P)  as  a vector  space.  Indeed,  we  have  by  (9.7.5.1 ) that  adtd  lies  in  the  span  of 
S.  Since  ad  is  invertible,  we  see  that  td  is  in  the  span  of  S.  Similarly,  the  relation 
tP(t)  = 0 shows  that  the  image  of  td+1  lies  in  the  span  of  {1,  t, . . . , td}  - by  what 
was  just  shown,  thus  in  the  span  of  S.  Working  upward  inductively,  we  find  that 
the  image  of  tn  for  n > d lies  in  the  span  of  S. 


This  confirms  the  observation  that  [C  : R]  = 2,  for  instance.  More  generally,  if  k 
is  a field,  and  a £ k is  not  a square,  then  the  irreducible  polynomial  x2  — a £ k[x) 
allows  one  to  construct  an  extension  k[x]/(x2  — a ) of  degree  two.  We  shall  write 
this  as  k(y/a).  Such  extensions  will  be  called  quadratic,  for  obvious  reasons. 

The  basic  fact  about  the  degree  is  that  it  is  multiplicative  in  towers. 

09G9  Lemma  9.7.6  (Multiplicativity).  Suppose  given  a tower  of  fields  F/E/k.  Then 

[F  :k]  = [F:  E][E  : k\ 


Proof.  Let  or, . . . , an  £ F be  an  P-basis  for  F.  Let  pi, ... , f3m  £ E be  a fc-basis 
for  E.  Then  the  claim  is  that  the  set  of  products  {ctiPj,  1 < i < n,l  < j < m}  is  a 
fc-basis  for  P.  Indeed,  let  us  check  first  that  they  span  P over  k. 

By  assumption,  the  {cti}  span  F over  E.  So  if  / £ F,  there  are  ai  £ E with 

f ~ ^ ' . CliOli, 

*■ — Ji 

and,  for  each  i,  we  can  write  at  = ^ bjj  i3j  for  some  bij  £ k.  Putting  these  together, 
we  find 

/ = y . . bijOiifij , 

proving  that  the  { Oj/d,- } span  F over  fc. 

Suppose  now  that  there  existed  a nontrivial  relation 

y ' . . cijaiPj  = 0 

for  the  Cij  £ fc.  In  that  case,  we  would  have 

(X/j  cb^)  = °> 

and  the  inner  terms  lie  in  E as  the  dj  do.  Now  P-linear  independence  of  the  {a^} 
shows  that  the  inner  sums  are  all  zero.  Then  fc-linear  independence  of  the  {Pj} 
shows  that  the  c^  all  vanish.  □ 


We  sidetrack  to  a slightly  tangential  definition. 

09GA  Definition  9.7.7.  A field  I\  is  said  to  be  a number  field  if  it  has  characteristic  0 
and  the  extension  Q C K is  finite. 
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Number  fields  are  the  basic  objects  in  algebraic  number  theory.  We  shall  see  later 
that,  for  the  analog  of  the  integers  Z in  a number  field,  something  kind  of  like 
unique  factorization  still  holds  (though  strict  unique  factorization  generally  does 
not!). 


9.8.  Algebraic  extensions 

09GB  An  important  class  of  extensions  are  those  where  every  element  generates  a finite 
extension. 

09GC  Definition  9.8.1.  Consider  a field  extension  F/E.  An  element  a £ F is  said  to 
be  algebraic  over  E if  a is  the  root  of  some  nonzero  polynomial  with  coefficients  in 
E.  If  all  elements  of  F are  algebraic  then  F is  said  to  be  an  algebraic  extension  of 
E. 


09GD 


By  Lemma  9.6.8  the  subextension  E(a)  is  isomorphic  either  to  the  rational  function 
field  Eft)  or  to  a quotient  ring  E[t]/(P)  for  P £ E[t]  an  irreducible  polynomial.  In 
the  latter  case,  a is  algebraic  over  E (in  fact,  the  proof  of  Lemma  9.6.8  shows  that 
we  can  pick  P such  that  a is  a root  of  P);  in  the  former  case,  it  is  not. 


Example  9.8.2.  The  field  C is  algebraic  over  R.  Namely,  if  a = a + ib  in  C,  then 
cP  — 2 aa  + a2  + b2  = 0 is  a polynomial  equation  for  a over  R. 


09GE 


Example  9.8.3.  Let  A be  a compact  Riemann  surface,  and  let  f £ C(X)  — C any 
nonconstant  meromorphic  function  on  X (see  Example  9.3.6).  Then  it  is  known 
that  C(X)  is  algebraic  over  the  subextension  C (/)  generated  by  /.  We  shall  not 
prove  this. 


09GF  Lemma  9.8.4.  Let  K/E/F  be  a tower  of  field  extensions. 

(1)  If  a £ K is  algebraic  over  F , then  a is  algebraic  over  E. 

(2)  if  K is  algebraic  over  F,  then  K is  algebraic  over  E. 


Proof.  This  is  immediate  from  the  definitions. 


□ 


We  now  show  that  there  is  a deep  connection  between  finiteness  and  being  algebraic. 

09GG  Lemma  9.8.5.  A finite  extension  is  algebraic.  In  fact,  an  extension  E/k  is 
algebraic  if  and  only  if  every  subextension  k(a) /k  generated  by  some  a £ E is 
finite. 

In  general,  it  is  very  false  that  an  algebraic  extension  is  finite. 


Proof.  Let  E/k  be  finite,  say  of  degree  n.  Choose  a £ E.  Then  the  elements 
{l,a,  ...,an}  are  linearly  dependent  over  E,  or  we  would  necessarily  have  [E  : 
k\  > n.  A relation  of  linear  dependence  now  gives  the  desired  polynomial  that  a 
must  satisfy. 


For  the  last  assertion,  note  that  a monogenic  extension  k(a)/k  is  finite  if  and  only 
a is  algebraic  over  k,  by  Examples  9.7.4  and  9.7.5  So  if  E/k  is  algebraic,  then  each 
k(a)/k , a £ E,  is  a finite  extension,  and  conversely.  □ 


We  can  extract  a lemma  of  the  last  proof  (really  of  Examples  9.7.4  and  9.7.5): 
a monogenic  extension  is  finite  if  and  only  if  it  is  algebraic.  We  shall  use  this 
observation  in  the  next  result. 
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09GI 


09GJ 


09GK 


OBID 


Lemma  9.8.6.  Let  k be  a field,  and  let  a\,a^,  ■ ■ ■ , an  be  elements  of  some  exten- 
sion field  such  that  each  on  is  algebraic  over  k.  Then  the  extension  k(a i, . . . , an)/k 
is  finite.  That  is,  a finitely  generated  algebraic  extension  is  finite. 

Proof.  Indeed,  each  extension  k(a±, . . . , cti+i)/k(ai, . . . , af)  is  generated  by  one 
element  and  algebraic,  hence  finite.  By  multiplicativity  of  degree  (Lemma  |9.7.6 ) 
we  obtain  the  result.  □ 


The  set  of  complex  numbers  that  are  algebraic  over  Q are  simply  called  the  algebraic 
numbers.  For  instance,  \[2  is  algebraic,  i is  algebraic,  but  n is  not.  It  is  a basic  fact 
that  the  algebraic  numbers  form  a field,  although  it  is  not  obvious  how  to  prove  this 
from  the  definition  that  a number  is  algebraic  precisely  when  it  satisfies  a nonzero 
polynomial  equation  with  rational  coefficients  (e.g.  by  polynomial  equations). 

Lemma  9.8.7.  Let  E/k  be  a field  extension.  Then  the  elements  of  E algebraic 
over  k form  a subextension  of  E/k. 


Proof.  Let  a,fi  £ E be  algebraic  over  k.  Then  k(a,/3)/k  is  a finite  extension  by 
Lemma  9.8.6  It  follows  that  k(a  + f3)  C k(a,  j3)  is  a finite  extension,  which  implies 
that  a + ft  is  algebraic  by  Lemma  [9. 8. 5|  Similarly  for  the  difference,  product  and 
quotient  of  a and  ft.  □ 


Many  nice  properties  of  held  extensions,  like  those  of  rings,  will  have  the  property 
that  they  will  be  preserved  by  towers  and  composita. 

Lemma  9.8.8.  Let  E/k  and  F/E  be  algebraic  extensions  of  fields.  Then  F/k  is 
an  algebraic  extension  of  fields. 


Proof.  Choose  a £ F.  Then  a is  algebraic  over  E.  The  key  observation  is  that 
a is  algebraic  over  a finitely  generated  subextension  of  k.  That  is,  there  is  a finite 
set  S C E such  that  a is  algebraic  over  k(S):  this  is  clear  because  being  algebraic 
means  that  a certain  polynomial  in  E[x\  that  a satisfies  exists,  and  as  S we  can 
take  the  coefficients  of  this  polynomial.  It  follows  that  a is  algebraic  over  k(S).  In 
particular,  the  extension  k(S,  a)/k(S)  is  finite.  Since  S'  is  a finite  set,  and  k(S)/k  is 
algebraic,  Lemma  9.8.6  shows  that  k(S)/k  is  finite.  Using  multiplicativity  (Lemma 
9.7.6)  we  find  that  k(S,  a)/k  is  finite,  so  a is  algebraic  over  k.  □ 


The  method  of  proof  in  the  previous  argument  — that  being  algebraic  over  E was 
a property  that  descended  to  a finitely  generated  subextension  of  E — is  an  idea 
that  recurs  throughout  algebra.  It  often  allows  one  to  reduce  general  commutative 
algebra  questions  to  the  Noetherian  case  for  example. 

Lemma  9.8.9.  Let  E/F  be  an  algebraic  extension  of  fields.  Then  the  cardinality 
\E\  of  E is  at  most  max(H0,  |F|). 


Proof.  Let  S be  the  set  of  nonconstant  polynomials  with  coefficients  in  F.  For  ev- 
ery P £ S the  set  of  roots  r(P,  E)  = {a  £ E \ P(a)  = 0}  is  finite  (details  omitted). 
Moreover,  the  fact  that  E is  algebraic  over  F implies  that  E = u PeSr(P,E).  It 
is  clear  that  S has  cardinality  bounded  by  max(H0,  \F\)  because  the  cardinality  of 
a finite  product  of  copies  of  F has  cardinality  at  most  max(Ko,  |F|).  Thus  so  does 
E.  □ 


Lemma  9.8.10.  Let  E/F  be  a finite  or  more  generally  an  algebraic  extension  of 
fields.  Any  subring  F C R C E is  a field. 
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Proof.  Let  a £ R be  nonzero.  Then  1,  a,  a2, . . . are  contained  in  R.  By  Lemma 


because  if  not  we  can  divide  the  relation  by  a to  decrease  d.  Then  we  see  that 

a0  = a(-ai  - ...  - adad~1) 

which  proves  that  the  inverse  of  a is  the  element  a^"1(— ai  — ...  — adcyd^1)  of  R.  □ 

OBMD  Lemma  9.8.11.  Let  E/F  an  algebraic  extension  of  fields.  Any  F -algebra  map 
f : E — ► E is  an  automorphism. 


9.8.5  we  find  a nontrivial  relation  oq  + ai  a + . . . + adad  = 0.  We  may  assume  ag  ^ 0 


Proof.  If  E/F  is  finite,  then  / : E — ► E is  an  F-linear  injective  map  (Lemma 


9.6.1)  of  finite  dimensional  vector  spaces,  and  hence  bijective.  In  general  we  still 
see  that  / is  injective.  Let  a £ E and  let  P £ F[a;]  be  a polynomial  such  that 
P(a)  = 0.  Let  E'  C E be  the  subfield  of  E generated  by  the  roots  a = a\ ,an 
of  P in  E.  Then  E'  is  finite  over  F by  Lemma  9.8.6  Since  / preserves  the  set  of 
roots,  we  find  that  /\e>  ■ E'  — » E' . Hence  /|s'  is  an  isomorphism  by  the  first  part 
of  the  proof  and  we  conclude  that  a is  in  the  image  of  /.  □ 


9.9.  Minimal  polynomials 

09GL  Let  E/k  be  a field  extension,  and  let  a £ E be  algebraic  over  k.  Then  a satisfies 
a (nontrivial)  polynomial  equation  in  k[x\.  Consider  the  set  of  polynomials  P £ 
k[x]  such  that  P{a)  = 0;  by  hypothesis,  this  set  does  not  just  contain  the  zero 
polynomial.  It  is  easy  to  see  that  this  set  is  an  ideal.  Indeed,  it  is  the  kernel  of  the 
map 

k[x]  — > E,  ii->a 

Since  k[x\  is  a PID,  there  is  a generator  P £ k[x\  of  this  ideal.  If  we  assume  P 
monic,  without  loss  of  generality,  then  P is  uniquely  determined. 

09GM  Definition  9.9.1.  The  polynomial  P above  is  called  the  minimal  polynomial  of  a 
over  k. 


The  minimal  polynomial  has  the  following  characterization:  it  is  the  monic  poly- 
nomial, of  smallest  degree,  that  annihilates  a.  Any  nonconstant  multiple  of  P will 
have  larger  degree,  and  only  multiples  of  P can  annihilate  a.  This  explains  the 
name  minimal. 


Clearly  the  minimal  polynomial  is  irreducible.  This  is  equivalent  to  the  assertion 
that  the  ideal  in  k[x\  consisting  of  polynomials  annihilating  a is  prime.  This  follows 
from  the  fact  that  the  map  k[x]  is  a map  into  a domain  (even  a field), 

so  the  kernel  is  a prime  ideal. 

09GN  Lemma  9.9.2.  The  degree  of  the  minimal  polynomial  is  [fc(a)  : k\. 

Proof.  This  is  just  a restatement  of  the  argument  in  Lemma|9.6.8|  the  observation 
is  that  if  P is  the  minimal  polynomial  of  a,  then  the  map 

k[x\/(P)  — > k(a),  x i-A  a 


is  an  isomorphism  as  in  the  aforementioned  proof,  and  we  have  counted  the  degree 
of  such  an  extension  (see  Example  9.7.5).  □ 


So  the  observation  of  the  above  proof  is  that  if  a £ E is  algebraic,  then  k(a)  C E 
is  isomorphic  to  k{x\/(P). 
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The  “fundamental  theorem  of  algebra”  states  that  C is  algebraically  closed.  A 
beautiful  proof  of  this  result  uses  Liouville’s  theorem  in  complex  analysis,  we  shall 
give  another  proof  (see  Lemma  9.22.11. 


Definition  9.10.1.  A field  F is  said  to  be  algebraically  closed  if  every  algebraic 
extension  E/F  is  trivial,  i.e. , E = F. 


This  may  not  be  the  definition  in  every  text.  Here  is  the  lemma  comparing  it  with 
the  other  one. 

09GR  Lemma  9.10.2.  Let  F be  afield.  The  following  are  equivalent 

(1)  F is  algebraically  closed, 

(2)  every  irreducible  polynomial  over  F is  linear, 

(3)  every  nonconstant  polynomial  over  F has  a root, 

(4)  every  nonconstant  polynomial  over  F is  a product  of  linear  factors. 


Proof.  If  F is  algebraically  closed,  then  every  irreducible  polynomial  is  linear. 
Namely,  if  there  exists  an  irreducible  polynomial  of  degree  > 1,  then  this  generates 
a nontrivial  finite  (hence  algebraic)  held  extension,  see  Example  9.7.5  Thus  (1) 


implies  (2).  If  every  irreducible  polynomial  is  linear,  then  every  irreducible  polyno- 
mial has  a root,  whence  every  nonconstant  polynomial  has  a root.  Thus  (2)  implies 
(3). 


Assume  every  nonconstant  polynomial  has  a root.  Let  P £ F[x]  be  nonconstant. 
If  P(a)  = 0 with  a £ F,  then  we  see  that  P = (x  — a)Q  for  some  Q £ F[x]  (by 
division  with  remainder).  Thus  we  can  argue  by  induction  on  the  degree  that  any 
nonconstant  polynomial  can  be  written  as  a product  cY\(x  — a/). 


Finally,  suppose  that  every  nonconstant  polynomial  over  F is  a product  of  linear 
factors.  Let  E/F  be  an  algebraic  extension.  Then  all  the  simple  subextensions 
F(a)/F  of  E are  necessarily  trivial  (because  the  only  irreducible  polynomials  are 
linear  by  assumption).  Thus  E = F.  We  see  that  (4)  implies  (1)  and  we  are 
done.  □ 


Now  we  want  to  define  a “universal”  algebraic  extension  of  a held.  Actually,  we 
should  be  careful:  the  algebraic  closure  is  not  a universal  object.  That  is,  the 
algebraic  closure  is  not  unique  up  to  unique  isomorphism:  it  is  only  unique  up  to 
isomorphism.  But  still,  it  will  be  very  handy,  if  not  functorial. 

09GS  Definition  9.10.3.  Let  F be  a held.  We  say  F is  algebraically  closed  if  every 
algebraic  extension  E/F  is  trivial,  i.e.,  E = F.  An  algebraic  closure  of  F is  a held 
F containing  F such  that: 

(1)  F is  algebraic  over  F. 

(2)  F is  algebraically  closed. 

If  F is  algebraically  closed,  then  F is  its  own  algebraic  closure.  We  now  prove  the 
basic  existence  result. 

09GT  Theorem  9.10.4.  Every  field  has  an  algebraic  closure. 

The  proof  will  mostly  be  a red  herring  to  the  rest  of  the  chapter.  However,  we  will 
want  to  know  that  it  is  possible  to  embed  a held  inside  an  algebraically  closed  held, 
and  we  will  often  assume  it  done. 
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Proof.  Let  F be  a field.  By  Lemma  |9.8.9|  the  cardinality  of  an  algebraic  ex- 
tension of  F is  bounded  by  max(K0,  \F\).  Choose  a set  S containing  F with 
| S' | > max(K0,  |F|).  Let’s  consider  triples  (F,  erg,  He)  where 

(1)  E is  a set  with  F C E C S,  and 

(2 ) (Je  '■  E x E ^ E and  he  '■  E x E -A  E are  maps  of  sets  such  that 
(E,<te,  He)  defines  the  structure  of  a field  extension  of  F (in  particular 
< 7g(a,  6 ) = a +f  b for  a,b  £ F and  similarly  for  he),  and 

(3)  F C E is  an  algebraic  field  extension. 

The  collection  of  all  triples  (E,cte,  He)  forms  a set  I.  For  i £ I we  will  denote 
Ei  = (Ei,<Ji,  Hi)  the  corresponding  field  extension  to  F.  We  define  a partial  ordering 
on  / by  declaring  i < i'  if  and  only  if  Ei  C Ep  (this  makes  sense  as  Ei  and  Ep  are 
subsets  of  the  same  set  S)  and  we  have  tr.j  = and  Hi  = AV  | e*  x > in  other 

words,  Ei'  is  a field  extension  of  Ei. 

Let  T C I be  a totally  ordered  subset.  Then  it  is  clear  that  Et  = UieT  Ei  with 
induced  maps  ot  = (J  and  ht  = (J  A H is  another  element  of  I.  In  other  words 
every  totally  order  subset  of  I has  a upper  bound  in  I.  By  Zorn’s  lemma  there 
exists  a maximal  element  (F,  oe,  He)  in  I ■ We  claim  that  E is  an  algebraic  closure. 
Since  by  definition  of  I the  extension  E/F  is  algebraic,  it  suffices  to  show  that  E 
is  algebraically  closed. 


09GU 


To  see  this  we  argue  by  contradiction.  Namely,  suppose  that  E is  not  alge- 
braically closed.  Then  there  exists  an  irreducible  polynomial  P over  E of  degree 
> 1,  see  Lemma  |9.10.2|  By  Lemma  [9.8. 5|  we  obtain  a nontrivial  finite  extension 
E'  = E[x]/(P).  Observe  that  E'/F  is  algebraic  by  Lemma  9.8.8  Thus  the  cardi- 


nality of  E'  is  < max(Ho,  |F|).  By  elementary  set  theory  we  can  extend  the  given 
injection  E C S to  an  injection  E'  -A  S.  In  other  words,  we  may  think  of  E' 
as  an  element  of  our  set  I contradicting  the  maximality  of  E.  This  contradiction 
completes  the  proof.  □ 


Lemma  9.10.5.  Let  F be  a field.  Let  F be  an  algebraic  closure  of  F.  Let  M/F 
be  an  algebraic  extension.  Then  there  is  a morphism  of  F- extensions  M — > F. 


Proof.  Consider  the  set  / of  pairs  ( E , ip)  where  F C E C M is  a subextension  and 
ip  : E — > F is  a morphism  of  F-extensions.  We  partially  order  the  set  I by  declaring 
( E,tp ) < (E' ,ip')  if  and  only  if  E C E'  and  tp'\ e = ip.  If  T = {( Et,ipt )}  C / is  a 
totally  ordered  subset,  then  (J  ipt  : (J  Et  — ► F is  an  element  of  I.  Thus  every  totally 
ordered  subset  of  I has  an  upper  bound.  By  Zorn’s  lemma  there  exists  a maximal 
element  (E,  ip)  in  /.  We  claim  that  E = M,  which  will  finish  the  proof.  If  not,  then 
pick  a £ M,  a qL  E.  The  a is  algebraic  over  E,  see  Lemma  [9.8.4  Let  P be  the 
minimal  polynomial  of  a over  E.  Let  Pv  be  the  image  of  P by  ip  in  F[x] . Since 
F is  algebraically  closed  there  is  a root  of  Pv  in  F . Then  we  can  extend  p to 
tpf  : E(a)  = E[x]/(P)  — > F by  mapping  x to  ft.  This  contradicts  the  maximality  of 
(E,  ip)  as  desired.  □ 

09GV  Lemma  9.10.6.  Any  two  algebraic  closures  of  a field  are  isomorphic. 

Proof.  Let  F be  a field.  If  M and  F are  algebraic  closures  of  F,  then  there  exists 
a morphism  of  F-extensions  p : M — > F by  Lemma  9.10.5  Now  the  image  <p(M) 
is  algebraically  closed.  On  the  other  hand,  the  extension  <p(M)  C F is  algebraic  by 
Lemma  9.8.4  Thus  <p(M)  = F.  □ 
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9.11.  Relatively  prime  polynomials 
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Let  K be  an  algebraically  closed  field.  Then  the  ring  K[x\  has  a very  simple  ideal 

In  particular,  every  polynomial  P £ K[x\ 


structure  as  we  saw  in  Lemma  9.10.2 
can  be  written  as 


P = c{x  — a\) . . . (x  — an), 

where  c is  the  constant  term  and  the  ol\ , ...  ,an  £ k are  the  roots  of  P (counted 
with  multiplicity).  Clearly,  the  only  irreducible  polynomials  in  K[x]  are  the  linear 
polynomials  c(x  — a) , c,  a £ K (and  c ^ 0). 


Definition  9.11.1.  If  k is  any  held,  we  say  that  two  polynomials  in  k[x\  are 
relatively  prime  if  they  generate  the  unit  ideal  in  k[x]. 


Continuing  the  discussion  above,  if  K is  an  algebraically  closed  held,  two  polyno- 
mials in  K[x\  are  relatively  prime  if  and  only  if  they  have  no  common  roots.  This 
follows  because  the  maximal  ideals  of  K[x\  are  of  the  form  (x  — a),  a £ K.  So  if 
F,G  £ K[x]  have  no  common  root,  then  (P,  G ) cannot  be  contained  in  any  ( x — a) 
(as  then  they  would  have  a common  root  at  a). 

If  k is  not  algebraically  closed,  then  this  still  gives  information  about  when  two 
polynomials  in  /c[cc]  generate  the  unit  ideal. 

09GY  Lemma  9.11.2.  Two  polynomials  in  k[x\  are  relatively  prime  precisely  when  they 
have  no  common  roots  in  an  algebraic  closure  k of  k. 


Proof.  The  claim  is  that  any  two  polynomials  P,  Q generate  (1)  in  k[x\  if  and  only 
if  they  generate  (1)  in  k[x\.  This  is  a piece  of  linear  algebra:  a system  of  linear 
equations  with  coefficients  in  k has  a solution  if  and  only  if  it  has  a solution  in  any 
extension  of  k.  Consequently,  we  can  reduce  to  the  case  of  an  algebraically  closed 
held,  in  which  case  the  result  is  clear  from  what  we  have  already  proved.  □ 


9.12.  Separable  extensions 

09GZ  In  characteristic  p something  funny  happens  with  irreducible  polynomials  over 
helds.  We  explain  this  in  the  following  lemma. 

09H0  Lemma  9.12.1.  Let  F be  a field.  Let  P £ F[x ] be  an  irreducible  polynomial  over 
F.  Let  P'  = dP/dx  be  the  derivative  of  P with  respect  to  x.  Then  one  of  the 
following  two  cases  happens 

(1)  P and  P'  are  relatively  prime,  or 

(2)  P'  is  the  zero  polynomial. 

Then  second  case  can  only  happen  if  F has  characteristic  p > 0.  In  this  case 
P{x)  = Q{ xq)  where  q = pf  is  a power  of  p and  Q £ P[:r]  is  an  irreducible 
polynomial  such  that  Q and  Q'  are  relatively  prime. 

Proof.  Note  that  P'  has  degree  < deg(P).  Hence  if  P and  P'  are  not  relatively 
prime,  then  (P,  P')  = (P)  where  R is  a polynomial  of  degree  < deg(P)  contradicting 
the  irreducibility  of  P.  This  proves  we  have  the  dichotomy  between  (1)  and  (2). 

Assume  we  are  in  case  (2)  and  P = adXd  + . . . + ao-  Then  P'  = dadX4-1  + . . . + a\. 
In  characteristic  0 we  see  that  this  forces  ad,  ■ ■ ■ ,a±  = 0 which  would  mean  P is 
constant  a contradiction.  Thus  we  conclude  that  the  characteristic  p is  positive. 
In  this  case  the  condition  P'  = 0 forces  ai  = 0 whenever  p j\i.  In  other  words, 
P(x)  = Pi(xp)  for  some  nonconstant  polynomial  Pi.  Clearly,  Pi  is  irreducible  as 
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well.  By  induction  on  the  degree  we  see  that  P\(x)  = Q(xq)  as  in  the  statement  of 
the  lemma,  hence  P(x)  = Q(xpq)  and  the  lemma  is  proved.  □ 

Definition  9.12.2.  Let  F be  a field.  Let  K/F  be  an  extension  of  fields. 

(1)  We  say  an  irreducible  polynomial  P over  F is  separable  if  it  is  relatively 
prime  to  its  derivative. 

(2)  Given  a £ K algebraic  over  F we  say  a is  separable  over  F if  its  minimal 
polynomial  is  separable  over  F . 

(3)  If  K is  an  algebraic  extension  of  F,  we  say  K is  separaW^j] over  F if  every 
element  of  K is  separable  over  F. 


By  Lemmar9.12.1  | in  characteristic  0 every  irreducible  polynomial  is  separable,  every 
algebraic  element  in  an  extension  is  separable,  and  every  algebraic  extension  is 
separable. 


Lemma  9.12.3.  Let  K/E/F  be  a tower  of  algebraic  field  extensions. 

(1)  If  a £ K is  separable  over  F , then  a is  separable  over  E. 

(2)  if  K is  separable  over  F,  then  K is  separable  over  E. 


Proof.  We  will  use  Lemma [9.12. II without  further  mention.  Let  P be  the  minimal 
polynomial  of  a over  F.  Let  Q be  the  minimal  polynomial  of  a over  E.  Then  Q 
divides  P in  the  polynomial  ring  E[x\,  say  P = QR.  Then  P'  = Q' R + QR1 . Thus 
if  Q'  = 0,  then  Q divides  P and  P'  hence  P'  = 0 by  the  lemma.  This  proves  (1). 
Part  (2)  follows  immediately  from  (1)  and  the  definitions.  □ 


Lemma  9.12.4.  Let  F be  a field.  An  irreducible  polynomial  P over  F is  separable 
if  and  only  if  P has  pairwise  distinct  roots  in  an  algebraic  closure  of  F. 


Proof.  Suppose  that  a £ F is  a root  of  both  P and  P' . Then  P = {x  — a)Q  for 
some  polynomial  Q.  Taking  derivatives  we  obtain  P'  = Q + (x  — a)Q' . Thus  a 
is  a root  of  Q.  Hence  we  see  that  if  P and  P'  have  a common  root,  then  P does 
not  have  pairwise  distinct  roots.  Conversely,  if  P has  a repeated  root,  i.e.,  ( x — a)2 
divides  P,  then  a is  a root  of  both  P and  P' . Combined  with  Lemma  [9. 11. 2|  this 
proves  the  lemma.  □ 


Lemma  9.12.5.  Let  F be  a field  and  let  F be  an  algebraic  closure  of  F.  Letp  > 0 
be  the  characteristic  of  F.  Let  P be  a polynomial  over  F.  Then  the  set  of  roots  of 
P and  P(xp)  in  F have  the  same  cardinality  (not  counting  multiplicity) . 

Proof.  Clearly,  a is  a root  of  P(xp)  if  and  only  if  ap  is  a root  of  P.  In  other 
words,  the  roots  of  P(xp)  are  the  roots  of  xp  — /3,  where  /?  is  a root  of  P.  Thus  it 
suffices  to  show  that  the  map  P — > F,  a H > ap  is  bijective.  It  is  surjective,  as  F is 
algebraically  closed  which  means  that  every  element  has  a pth  root.  It  is  injective 
because  ap  = fip  implies  ( a — fi)p  = 0 because  the  characteristic  is  p.  And  of  course 
in  a field  xp  = 0 implies  x = 0.  □ 


Let  P be  a field  and  let  P be  an  irreducible  polynomial  over  P.  Then  we  know  that 
P = Q(xq)  for  some  separable  irreducible  polynomial  Q (Lemma  9.12.1)  where  q 
is  a power  of  the  characteristic  p (and  if  the  characteristic  is  zero,  then  q = 10  and 
Q = P).  By  Lemma  9.12.5  the  number  of  roots  of  P and  Q in  any  algebraic  closure 
of  P is  the  same.  By  Lemma[9.12.4|  this  number  is  equal  to  the  degree  of  Q. 


1 For  nonalgebraic  extensions  this  definition  does  not  make  sense  and  is  not  the  correct  one. 

2 A good  convention  for  this  chapter  is  to  set  0°  = 1. 
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09H5  Definition  9.12.6.  Let  P be  a field.  Let  P be  an  irreducible  polynomial  over  F. 
The  separable  degree  of  P is  the  cardinality  of  the  set  of  roots  of  P in  any  algebraic 
closure  of  F (see  discussion  above).  Notation  degs(P). 


The  separable  degree  of  P always  divides  the  degree  and  the  quotient  is  a power  of 
the  characteristic.  If  the  characteristic  is  zero,  then  degs(P)  = deg(P). 

09H6  Situation  9.12.7.  Here  F be  a field  and  K/F  is  a finite  extension  generated  by 
elements  a±, . . . , an  £ K.  We  set  K0  = F and 


09H7 


Ki  = F{a i, ...,«») 

to  obtain  a tower  of  finite  extensions  K = Kr/Kr_x/  . . . /K0  = F.  Denote  Pi  the 
minimal  polynomial  of  over  A')_1.  Finally,  we  fix  an  algebraic  closure  F of  F. 


9.12.7 


Suppose  that  ip  : K — > F is  a 
morphism  of  extensions  of  P.  Then  we  obtain  maps  ipi  : Ki  — > F.  In  particular, 


Let  P,  K,  on , and  P be  as  in  Situation 
morphism  of  extensions  of  P.  Then  we  o 
we  can  take  the  image  of  P,;  £ A.;_i  [x]  by  to  get  a polynomial  Pf  £ F[x\. 

Lemma  9.12.8.  In  Situation  9.12.7  the  correspondence 

‘P 


Mor f{K:F)  — ► {(/3i, . . . ,/3n)  as  below }, 


(¥>(ai  ),-•.,  </>(<*«)) 


is  a bijection.  Here  the  right  hand  side  is  the  set  ofn-tuples  (/?i, . . . , j3n)  of  elements 
of  F such  that  /3 \ is  a root  of  Pf . 


Proof.  Let  (/3i, . . . , f3n)  be  an  element  of  the  right  hand  side.  We  construct  a map 
of  fields  corresponding  to  it  by  induction.  Namely,  we  set  ipo  : Kq  — > F equal  to 
the  given  map  K0  = F C P.  Having  constructed  : iQ_i  A P we  observe 
that  Ki  = Hence  we  can  set  ipi  equal  to  the  unique  map  Ki  — > F 

inducing  Pi-\  on  Ki_1  and  mapping  x to  /3j.  This  works  precisely  as  is  a root 
of  Pf . Uniqueness  implies  that  the  two  constructions  are  mutually  inverse.  □ 

09H8 

Proof.  This  follows  immediately  from  Lemma  [9. 12. 8[  Observe  that  a key  ingredi- 
ent we  are  tacitly  using  here  is  the  well-definedness  of  the  separable  degree  of  an 
irreducible  polynomial  which  was  observed  just  prior  to  Definition  |9. 12.6)  □ 


Lemma  9.12.9.  In  Situation 


9.12.7  we  have  \ Motf{K,  P)|  = IX’Li  deg s(Pj). 


We  now  use  the  result  above  to  characterize  separable  field  extensions. 


09H9  Lemma  9.12.10.  Assumptions  and  notation  as  in  Situation  9.12.7  If  each  Pi  is 
separable,  i.e.,  each  an  is  separable  over  -fQ-i,  then 


|MorF(AT,P)|  = [K  : P] 

and  the  field  extension  K/F  is  separable.  If  one  of  the  on  is  not  separable  over 
Ki_i,  then  |MorF(A',P)|  < [K  : F}. 


Proof.  If  a,  is  separable  over  /\,_i  then  degs(Pi)  = deg(Pi)  = [Ki  : Kt_ r]  (last 
equality  by  Lemma |9. 9. 2 ).  By  multiplicativity  (Lemma  9.7.61  we  have 

[A'  : P]  = I] [Ki  : IU-f  = []deg(P0  = IIdegs(P*)  = I M°rF(A,P)| 


where  the  last  equality  is  Lemma  [9. 12. 9|  By  the  exact  same  argument  we  get  the 
strict  inequality  | MorF(A',  P) | < [K  : P]  if  one  of  the  a*  is  not  separable  over  ATj_i. 


Finally,  assume  again  that  each  a*  is  separable  over  Aj_i.  Let  7 = 71  £ K 
be  arbitrary.  Then  we  can  find  additional  elements  72,..., 7 m such  that  K = 
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09HB 


09HC 

09HD 

09HE 


F( 71, . . . ,7m)  (for  example  we  could  take  72  = or,  . . . ,7n+i  = otn).  Then  we  see 
by  the  last  part  of  the  lemma  (already  proven  above)  that  if  7 is  not  separable  over 
F we  would  have  the  strict  inequality  | MorF(A',  F)\  < [K  : F]  contradicting  the 
very  first  part  of  the  lemma  (already  prove  above  as  well).  □ 


Lemma  9.12.11.  Let  K/F  be  a finite  extension  of  fields.  Let  F be  an  algebraic 
closure  of  F.  Then  we  have 

|MorF(F,F)|  < [K  : F] 

with  equality  if  and  only  if  K is  separable  over  F. 


Proof.  This  is  a corollary  of  Lemma  9.12.10  Namely,  since  K/F  is  finite  we  can 
find  finitely  many  elements  07, . . . , an  £ K generating  K over  F (for  example  we 
can  choose  the  cq  to  be  a basis  of  K over  F).  If  K/F  is  separable,  then  each  on 
is  separable  over  F(ai, . . . , aj_i)  by  Lemma  9.12.3  and  we  get  equality  by  Lemma 
9.12.10  On  the  other  hand,  if  we  have  equality,  then  no  matter  how  we  choose 
07, . . . ,an  we  get  that  a\  is  separable  over  F by  Lemma  |9.12.10|  Since  we  can 
start  the  sequence  with  an  arbitrary  element  of  K it  follows  that  K is  separable 
over  F.  □ 


Lemma  9.12.12.  Let  E/k  and  F/E  be  separable  algebraic  extensions  of  fields. 
Then  F/k  is  a separable  extension  of  fields. 

Proof.  Choose  a £ F.  Then  a is  separable  algebraic  over  E.  Let  P = xd  + 
Y^i<da,ixl  be  the  minimal  polynomial  of  a over  E.  Each  at  is  separable  algebraic 
over  k.  Consider  the  tower  of  fields 


k C k(a0)  C k{a0,  ai)  C . . . C fc(a0, . • . , ad- 1)  C k(a0, ...,  ad- 1,  a) 

Because  oq  is  separable  algebraic  over  k it  is  separable  algebraic  over  k(ao, . . . , ai- 1) 
by  Lemma  9.12.3  Finally,  a is  separable  algebraic  over  /c(a0, . . . ,ad- 1)  because  it 
is  a root  of  P which  is  irreducible  (as  it  is  irreducible  over  the  possibly  bigger  field 
E)  and  separable  (as  it  is  separable  over  E).  Thus  k(a0, . . . , ad~i,ce)  is  separable 
over  k by  Lemma [9. 12. 10| and  we  conclude  that  a is  separable  over  k as  desired.  □ 

Lemma  9.12.13.  Let  E/k  be  a field  extension.  Then  the  elements  of  E separable 
over  k form  a subextension  of  E/k. 

Proof.  Let  a,  f3  £ E be  separable  over  k.  Then  j3  is  separable  over  k(a)  by  Lemma 


9.12.3  Thus  we  can  apply  Lemma  9.12.12  to  k(a,  /3)  to  see  that  k(a,  j3)  is  separable 
over  k.  □ 


9.13.  Purely  inseparable  extensions 

Purely  inseparable  extensions  are  the  opposite  of  the  separable  extensions  defined 
in  the  previous  section.  These  extensions  only  show  up  in  positive  characteristic. 

Definition  9.13.1.  Let  F be  a field  of  characteristic  p > 0.  Let  K/F  be  an 
extension. 

(1)  An  element  a £ K \s  purely  inseparable  over  F if  there  exists  a power  q 
of  p such  that  ofl  £ F. 

(2)  The  extension  K/F  is  said  to  be  purely  inseparable  if  and  only  if  every 
element  of  K is  purely  inseparable  over  F. 
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Observe  that  a purely  inseparable  extension  is  necessarily  algebraic.  Let  F be  a 
field  of  characteristic  p > 0.  An  example  of  a purely  inseparable  extension  is  gotten 
by  adjoining  the  pth  root  of  an  element  t £ F which  does  not  yet  have  one.  Namely, 
the  lemma  below  shows  that  P = xp  — t is  irreducible,  and  hence 

K = F[x\/  (P)  = F[t1/p] 

is  a field.  And  K is  purely  inseparable  over  F because  every  element 
a0  + ait1/p  + . . . + ap-itp-1/p , a,i  £ F 
has  pth  power  equal  to 

(a0  + d1t1/,p  + . . . + ap-1tp~1/p)p  = ap  + apt  + ...+  d£_1ip-1  £ F 

This  situation  occurs  for  the  field  F p(t)  of  rational  functions  over  Fp. 

09HF  Lemma  9.13.2.  Let  p be  a prime  number.  Let  F be  a field  of  characteristic  p. 
Let  t £ F be  an  element  which  does  not  have  a pth  root  in  F . Then  the  polynomial 
xp  — t is  irreducible  over  F . 

Proof.  To  see  this,  suppose  that  we  have  a factorization  xp  — t = fg.  Taking 
derivatives  we  get  f'g  + fg'  = 0.  Note  that  neither  f'  = 0 nor  g'  = 0 as  the  degrees 
of  / and  g are  smaller  than  p.  Moreover,  deg(/')  < deg(/)  and  deg(g')  < deg(p). 
We  conclude  that  / and  g have  a factor  in  common.  Thus  if  xp  — t is  reducible, 
then  it  is  of  the  form  xp  — t = cfn  for  some  irreducible  /,  c £ F* , and  n > 1.  Since 
p is  a prime  number  this  implies  n = p and  / linear,  which  would  imply  xp  — t has 
a root  in  F.  Contradiction.  □ 

We  will  see  that  taking  pth  roots  is  a very  important  operation  in  characteristic  p. 

09HG  Lemma  9.13.3.  Let  E /k  and  F / E be  purely  inseparable  extensions  of  fields.  Then 
F/k  is  a purely  inseparable  extension  of  fields. 

Proof.  Say  the  characteristic  of  k is  p.  Choose  a £ F.  Then  aq  £ E for  some 
p-power  q.  Whereupon  ( aq)q  £ k for  some  p-power  qf . Hence  aqq  £ k.  □ 

09HH  Lemma  9.13.4.  Let  E/k  be  a field  extension.  Then  the  elements  of  E purely- 
inseparable  over  k form  a subextension  of  E/k. 

Proof.  Let  p be  the  characteristic  of  k.  Let  a,  /3  £ E be  purely  inseparable  over 
k.  Say  ofl  £ k and  /3q  £ k for  some  p-powers  q,  q' . If  q"  is  a p- power,  then 
(a  + j3)q  = aq  + f3q  . Hence  if  q"  > q,  q' , then  we  conclude  that  a + (3  is  purely 
inseparable  over  k.  Similarly  for  the  difference,  product  and  quotient  of  a and 
/3.  □ 

09HI  Lemma  9.13.5.  Let  E/F  be  a finite  purely  inseparable  field  extension  of  charac- 
teristic p > 0.  Then  there  exists  a sequence  of  elements  or, . . . ,an  £ E such  that 
we  obtain  a tower  of  fields 

E = F(ai, . . . , an)  D F(ai, . . . , a„_i)  D ...  D F(a i)  D F 

such  that  each  intermediate  extension  is  of  degree  p and  comes  from  adjoining  a 
pth  root.  Namely,  ap  £ F(aq , . . . , i)  is  an  element  which  does  not  have  a pth 
root  in  F(a i, . . . , a,_i)  for  i = 1, . . . , n. 
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Proof.  By  induction  on  the  degree  of  E/F.  If  the  degree  of  the  extension  is  1 then 
the  result  is  clear  (with  n = 0).  If  not,  then  choose  a £ A,  a qL  F.  Say  ap  £ F 
for  some  r > 0.  Pick  r minimal  and  replace  a by  ap  . Then  a fL  F,  but  ap  £ F. 
Then  t = oP  is  not  a pth  power  in  F (because  that  would  imply  a £ F,  see  Lemma 


9.12.5  or  its  proof).  Thus  F C F(a)  is  a subextension  of  degree  p (Lemma  9.13.21. 


By  induction  we  find  or, . . . , an  £ E generating  E/F(a)  satisfying  the  conclusions 
of  the  lemma.  The  sequence  a,  or,  . . . , an  does  the  job  for  the  extension  E/F.  □ 

030K  Lemma  9.13.6.  Let  E/F  be  an  algebraic  field  extension.  There  exists  a unique 
subextension  F C Esep  C E such  that  Esep/F  is  separable  and  E/Esep  is  purely 
inseparable. 

Proof.  If  the  characteristic  is  zero  we  set  Esep  = E.  Assume  the  characteristic  if 
p > 0.  Let  Esep  be  the  set  of  elements  of  E which  are  separable  over  F.  This  is 
a subextension  by  Lemma  9.12.13  and  of  course  Esep  is  separable  over  F.  Given 
an  a in  E there  exists  a p-power  q such  that  ofl  is  separable  over  F . Namely, 
q is  that  power  of  p such  that  the  minimal  polynomial  of  a is  of  the  form  P(xq) 
with  P separable  algebraic,  see  Lemma  9.12.1  Hence  E/Esep  is  purely  inseparable. 
Uniqueness  is  clear.  □ 

030L  Definition  9.13.7.  Let  E/F  be  an  algebraic  field  extension.  Let  Esep  be  the 
subextension  found  in  Lemma  19. 13.61 

(1)  The  integer  [Esep  : A]  is  called  the  separable  degree  of  the  extension. 
Notation  [E  : A]s. 

(2)  The  integer  [E  : Esep\  is  called  the  inseparable  degree , or  the  degree  of 
inseparability  of  the  extension.  Notation  [E  : F]i. 

Of  course  in  characteristic  0 we  have  [E  : F\  = [E  : F\s  and  [E  : F]i  = 1.  By 
multipliciativity  (Lemma  9.7.6)  we  have 


[E  : F]  = [E  : A]S[A  : F]» 

even  in  case  some  of  these  degrees  are  infinite.  In  fact,  the  separable  degree  and 


the  inseparable  degree  are  multiplicative  too  (see  Lemma  9.13.9). 


09HJ  Lemma  9.13.8.  Let  K/F  be  a finite  extension.  Let  F be  an  algebraic  closure  of 
F.  Then  [K  : F]s  = \ MorF(AT,  A)|. 

Proof.  We  first  prove  this  when  K/F  is  purely  inseparable.  Namely,  we  claim 
that  in  this  case  there  is  a unique  map  K — » F.  This  can  be  seen  by  choosing  a 
sequence  of  elements  a\ , ...  ,an  £ K as  in  Lemma |9. 13. 5|  The  irreducible  polyn- 
mial  of  a,;  over  F(a\, . . . , i)  is  xp  — a1/.  Applying  Lemma  9.12.9  we  see  that 


| Mor^(A',  F)  | = 1.  On  the  other  hand,  [K  : F]s  = 1 in  this  case  hence  the  equality 
holds. 

Let’s  return  to  a general  finite  extension  K/F.  In  this  case  choose  F C Ks  C K 


9.13.6 


By  Lemma 


9.12.11 


we  have  | Morj?(A's,  F)\  = [A's  : F]  = 
Ks  — > F extends  to  a unique 


as  in  Lemma 

[K  : A]s.  On  the  other  hand,  every  field  map  o' 
field  map  a : K — » F by  the  result  of  the  previous  paragraph.  In  other  words 
| Morp (AT,  A) | = | Morp(A%,  A)|  and  the  proof  is  done.  □ 
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Lemma  9.13.9  (Multiplicativity).  Suppose  given  a tower  of  algebraic  field  exten- 
sions K/E/F.  Then 

[K  : F\s  = [I<  : E\S[E  : F\s  and  [I<  : Ffi  = [K  : E}i[E  : F]t 


Proof.  We  first  prove  this  in  case  K is  finite  over  F.  Since  we  have  multiplicativity 
for  the  usual  degree  (by  Lemma  9.7.6)  it  suffices  to  prove  one  of  the  two  formulas. 


By  Lemma 


9.13.8 


we  have  [ K : P]s  = | Mor^A',  F)\.  By  the  same  lemma,  given 
any  o £ Moi wf(E,  F)  the  number  of  extensions  of  er  to  a map  r : K — ► F is  [K  : E\s. 
Namely,  via  E = o(E)  C F we  can  view  F as  an  algebraic  closure  of  E.  Combined 
with  the  fact  that  there  are  [E  : F]g  = | Mor f{E,  F)\  choices  for  cr  we  obtain  the 
result. 


If  the  extensions  are  infinite  one  can  write  K as  the  union  of  all  finite  subextension 
F C K'  C K.  For  each  K'  we  set  E'  = E n K' . Then  we  have  the  formulas  of 
the  lemma  for  K'/E'/F  by  the  first  paragraph.  Since  [K  : F]s  = sup{[/\'  : F]s} 
and  similarly  for  the  other  degrees  (some  details  omitted)  we  obtain  the  result  in 
general.  □ 


9.14.  Normal  extensions 

Let  P £ F[x]  be  a nonconstant  polynomial  over  a field  F.  We  say  P splits  completely 
into  linear  factors  over  F or  splits  completely  over  F if  there  exist  c £ F* , n > 1, 
a.\ , . . . , an  £ F such  that 

P = c(  x — ot\) . . .{x  — an) 
in  F[x}.  Normal  extensions  are  defined  as  follows. 

Definition  9.14.1.  Let  E/F  be  an  algebraic  field  extension.  We  say  E is  normal 
over  F if  for  all  a £ E the  minimal  polynomial  P of  a over  F splits  completely  into 
linear  factors  over  E. 

As  in  the  case  of  separable  extensions,  it  takes  a bit  of  work  to  establish  the  basic 
properties  of  this  notion. 

Lemma  9.14.2.  Let  K/E/F  be  a tower  of  algebraic  field  extensions.  If  K is 
normal  over  F , then  K is  normal  over  E. 

Proof.  Let  a £ K.  Let  P be  the  minimal  polynomial  of  a over  F.  Let  Q be  the 
minimal  polynomial  of  a over  E.  Then  Q divides  P in  the  polynomial  ring  E[x], 
say  P = QR.  Hence,  if  P splits  completely  over  AT,  then  so  does  Q.  □ 

Lemma  9.14.3.  Let  F be  a field.  Let  M/F  be  an  algebraic  extension.  Let  F C 
Ei  C M , i £ I be  subextensions  with  Ei/F  normal.  Then  f)  Ei  is  normal  over  F . 

Proof.  Direct  from  the  definitions.  □ 

Lemma  9.14.4.  Let  E/F  be  an  algebraic  extension  of  fields.  Let  F be  an  algebraic 
closure  ofF.  The  following  are  equivalent 

(1)  E is  normal  over  F , and 

(2)  for  every  pair  a,  o'  £ Mor p(E,F)  we  have  o(E)  = o'(E). 
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Proof.  Let  V be  the  set  of  all  minimal  polynomials  over  F of  all  elements  of  E. 
Set 

T = {P  £ F | P(/3)  = 0 for  some  P £ V} 

It  is  clear  that  if  E is  normal  over  F,  then  a(E)  = T for  all  a £ Mor r(E,  F).  Thus 
we  see  that  (1)  implies  (2). 


Conversely,  assume  (2).  Pick  p £ T.  We  can  find  a corresponding  a £ E whose 
minimal  polynomial  P £ V annihilates  p.  Because  F{a)  = F\x]/(P)  we  can  find 

we  can  extend 


9.10.5 


an  element  oo  £ Mor p(F(a),  F)  mapping  a to  p.  By  Lemma 
no  to  a <7  £ Mor p(E,F).  Whence  we  see  that  P is  in  the  common  image  of  all 
embeddings  <r  : E — »•  F.  It  follows  that  cr(E)  = T for  any  a.  Fix  a a.  Now  let 
P £ V.  Then  we  can  write 


P = (x  - Pi) . . . (x  - Pn) 


for  some  n and  pi  £ F by  Lemma  9.10.2  Observe  that  pi  £ T.  Thus  pi  = 
for  some  a*  £ E.  Thus  P = (x  — op) . . . (x  — an ) splits  completely  over  E. 
finishes  the  proof. 


a(az) 

This 

□ 


0BR.3  Lemma  9.14.5.  Let  E/F  be  an  algebraic  extension  of  fields.  If  E is  generated  by 
on  £ E , i £ I over  F and  if  for  each  i the  minimal  polynomial  of  ai  over  F splits 
completely  in  E,  then  E/F  is  normal. 


Proof.  Let  Pi  be  the  minimal  polynomial  of  ai  over  F.  Let  ai  = a*  i,  Oi,2> . . . , 
be  the  roots  of  Pi  over  E.  Given  two  embeddings  a,  a'  : E — > F over  F we  see  that 

{cr(o i (7 (ai^di ) } {rr  (djp), . . . ,(J 

because  both  sides  are  equal  to  the  set  of  roots  of  Pi  in  F.  The  elements  de- 
generate E over  F and  we  find  that  a (E)  = <j'(E).  Hence  E/F  is  normal  by 
Lemma  19.14.41  □ 


OBME  Lemma  9.14.6.  Let  L/M/K  be  a tower  of  algebraic  extensions. 

(1)  If  M/K  is  normal , then  any  automorphism  r of  L/K  induces  an  auto- 
morphism t\m  ■ M — > M . 

(2)  If  L/K  is  normal,  then  K -algebra  map  a : M — » L extends  to  an  auto- 
morphism of  L. 


Proof.  Choose  an  algebraic  closure  L of  L (Theorem  9.10.4). 


Let  r be  as  in  (1).  Then  r(M)  = M as  subfields  of  L by  Lemma 
t\m  : M — > M is  an  automorphism. 


9.14.4 


and  hence 


Let  a : M — > L be  as  in  (2).  By  Lemma 
i.e.,  such  that 


9.10.5 


we  can  extend  a to  a map  r : L — > L, 


L 

A 


L 

A 


M ^ K 


is  commutative.  By  Lemma  9.14.4  we  see  that  t(L)  = L.  Hence  r : L — ► L is  an 
automorphism  which  extends  a.  □ 


9.15.  SPLITTING  FIELDS 


416 


09HR  Definition  9.14.7.  Let  E/F  be  an  extension  of  fields.  Then  Aut {E/F)  or 
Aut p(E)  denotes  the  automorphism  group  of  E as  an  object  of  the  category  of 
E-extensions.  Elements  of  Aut  (E/F)  are  called  automorphisms  of  E over  F or 
automorphisms  of  E / F. 


Here  is  a characterization  of  normal  extensions  in  terms  of  automorphisms. 
09HS  Lemma  9.14.8.  Let  E/F  be  a finite  extension.  We  have 

\Aut(E/F)\  < [E  : F]s 

with  equality  if  and  only  if  E is  normal  over  F. 


Proof.  Choose  an  algebraic  closure  F of  F.  Recall  that  [E  : F]  = \ Morp(E,  E)|. 
Pick  an  element  <7o  £ Mor^E,  F).  Then  the  map 

Aut(E/E) — >Motf{E,F),  r — > <j0  o t 


is  injective.  Thus  the  inequality.  If  equality  holds,  then  every  er  £ Mor p{E,F)  is 
gotten  by  precomposing  ctq  by  an  automorphism.  Hence  a(E ) = ao(E).  Thus  E is 
normal  over  F by  Lemma |9. 14.4 


Conversely,  assume  that  E/F  is  normal.  Then  by  Lemma  9.14.4  we  have  a (E)  = 
cro(E)  for  all  a £ Morp(E,  F).  Thus  we  get  an  automorphism  of  E over  F by 
setting  t = a//1  o a.  Whence  the  map  displayed  above  is  surjective.  □ 


0BR4  Lemma  9.14.9.  LetL/K  be  an  algebraic  normal  extension  of  fields.  LetE/K  be 
an  extension  of  fields.  Then  either  there  is  no  K -embedding  from  L to  E or  there 
is  one  r : L — ► E and  every  other  one  is  of  the  form  too  where  a £ Aut(L/K). 


Proof.  Given  r replace  L by  t(L)  C E and  apply  Lemma  9.14.6 


□ 


9.15.  Splitting  fields 


09HT  The  following  lemma  is  a useful  tool  for  constructing  normal  field  extensions. 

09HU  Lemma  9.15.1.  Let  F be  a field.  Let  P £ F[x]  be  a nonconstant  polynomial. 

There  exists  a smallest  field  extension  E/F  such  that  P splits  completely  over  E. 
Moreover,  the  field  extension  E/F  is  normal  and  unique  up  to  (nonunique)  isomor- 
phism. 


Proof.  Choose  an  algebraic  closure  F.  Then  we  can  write  P = c(x—/ 3i) . . . ( x—/3n ) 


in  F[x\,  see  Lemma 


9.10.2 


Note  that  c £ F*.  Set  E = F(/ 3±, . . . , /?„).  Then  it  is 


clear  that  E is  minimal  with  the  requirement  that  P splits  completely  over  E. 

Next,  let  E'  be  another  minimal  field  extension  of  F such  that  P splits  completely 
over  E' . Write  P = c{x  — op) . . . (x  — an)  with  c £ F and  an  £ E' . Again  it  follows 
from  minimality  that  E'  = F(a i, . . . , an).  Moreover,  if  we  pick  any  a : E'  — ► F 
(Lemma  9.10.5)  then  we  immediately  see  that  cr(ai)  = /3T(i)  for  some  permutation 
r : {1, . . . , n\  — > {1, . . . , n}.  Thus  a[E' ) = E.  This  implies  that  E'  is  a normal 
extension  of  F by  Lemma  |9.14.4  and  that  E = E'  as  extensions  of  F thereby 
finishing  the  proof.  □ 


09HV 


Definition  9.15.2.  Let  F be  a field.  Let  P £ F[x]  be  a nonconstant  polynomial. 
The  field  extension  E/F  constructed  in  Lemma  9.15.1  is  called  the  splitting  field  of 
P over  F . 
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09DT 


OBMF 


OBMG 


09HW 


Lemma  9.15.3.  Let  E/F  be  a finite  extension  of  fields.  There  exists  a unique 
smallest  finite  extension  K/E  such  that  K is  normal  over  F . 


Proof.  Choose  generators  or, . . . , an  of  E over  F.  Let  P\, . . . , Pn  be  the  minimal 
polynomials  of  ay, . . . , an  over  F.  Set  P = P± ...  Pn.  Observe  that  (x  — ai)...(x  — 
an ) divides  P,  since  each  (x  — cq)  divides  Pi.  Say  P = (x  — af) . . . (x  — an)Q.  Let 
K/E  be  the  splitting  field  of  P over  E.  We  claim  that  K is  the  splitting  field  of 
P over  F as  well  (which  implies  that  K is  normal  over  F).  This  is  clear  because 
K/E  is  generated  by  the  roots  of  Q over  E and  E is  generated  by  the  roots  of 
(x  — or) ...  (a;  — an)  over  F,  hence  I\  is  generated  by  the  roots  of  P over  F. 


Uniqueness.  Suppose  that  K' /E  is  a second  smallest  extension  such  that  K' /F 
is  normal.  Choose  an  algebraic  closure  F and  an  embedding  oq  : E — s ► F.  By 

F and  a' 


Lemma  9.10.5  we  can  extend  <To  to  a : K — >•  F and  o'  : K'  — > F.  By  Lemma 
9.14.3  we  see  that  a(K)C\a' (K1)  is  normal  over  F.  By  minimality  we  conclude  that 
o(K)  = o(K').  Thus  a o (cr')_1  : K'  — >•  K gives  an  isomorphism  of  extensions  of 
E.  □ 


Definition  9.15.4.  Let  E/F  be  a finite  extension  of  fields.  The  field  extension 
K/E  constructed  in  Lemma  9.15.3  is  called  the  normal  closure  E over  F. 


One  can  construct  the  normal  closure  inside  any  given  normal  extension. 

Lemma  9.15.5.  Let  L/K  be  an  algebraic  normal  extension. 

(1)  If  L/M/K  is  a subextension  with  M/K  finite,  then  there  exists  a tower 
L/M'  /M/K  with  M' /K  finite  and  normal. 

(2)  If  L/M' /M/K  is  a tower  with  M/K  normal  and  M'/M  finite,  then  there 
exists  a tower  L/M"  /M'  /M/K  with  M"/M  finite  and  M"/K  normal. 


Proof.  Proof  of  (1).  Let  M!  be  the  smallest  subextension  of  L/K  containing  M 
which  is  normal  over  K.  By  Lemma  9.15.3  this  is  the  normal  closure  of  M/K  and 
is  finite  over  K. 


Proof  of  (2).  Let  or, . . . , a„ 
minimal  polynomials  of  a\ , . 

M"  = M(oiij).  It  follows  from  Lemma 
M U {ci'qj})  that  M"  is  normal  over  K. 


M'  generate  M'  over  M.  Let  P\,...,Pn  be  the 
y.n  over  K . Let  be  the  roots  of  P,  in  L.  Let 
(applied  with  the  set  of  generators 

□ 


9.14.5 


9.16.  Roots  of  unity 

Let  F be  a field.  For  an  integer  n > 1 we  set 

Tn(F)  = K € F I C”  = 1} 

This  is  called  the  group  of  nth  roots  of  unity  or  nth  roots  of  1.  It  is  an  abelian  group 
under  multiplication  with  neutral  element  given  by  1.  Observe  that  in  a field  the 
number  of  roots  of  a polynomial  of  degree  d is  always  at  most  d.  Hence  we  see  that 
|/i„(F)|  < n as  it  is  defined  by  a polynomial  equation  of  degree  n.  Of  course  every 
element  of  pn(F)  has  order  dividing  n.  Moreover,  the  subgroups 

Hd(F)  C pn{F),  d\n 

each  have  at  most  d elements.  This  implies  that  pn(F)  is  cyclic. 
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09HX  Lemma  9.16.1.  Let  A be  an  abelian  group  of  exponent  dividing  n such  that  {x  £ 
A | dx  = 0}  has  cardinality  at  most  d for  all  d\n.  Then  A is  cyclic  of  order  dividing 

n. 

Proof.  The  conditions  imply  that  |A|  < n,  in  particular  A is  finite.  The  structure 
of  finite  abelian  groups  shows  that  A = Z/eiZ  ® . . . ® Z/erZ  for  some  integers 
1 < ei |e2 1 • • • \er-  This  would  imply  that  {i  £ 1 e\X  = 0}  has  cardinality  e\. 
Hence  r = 1.  □ 


Applying  this  to  the  field  Fp  we  obtain  the  celebrated  result  that  the  group  (Z/pZ)* 
is  a cyclic  group.  More  about  this  in  the  section  on  finite  fields. 


One  more  observation  is  often  useful:  If  F has  characteristic  p > 0,  then  p,pn  (F)  = 
{1}.  This  is  true  because  raising  to  the  pth  power  is  an  injective  map  on  fields  of 
characteristic  p as  we  have  seen  in  the  proof  of  Lemma  9.12.5  (Of  course,  it  also 
follows  from  the  statement  of  that  lemma  itself.) 


9.17.  Finite  fields 


09HY  Let  F be  a finite  field.  It  is  clear  that  F has  positive  characteristic  as  we  cannot 
have  an  injection  Q — ► F.  Say  the  characteristic  of  F is  p.  The  extension  Fp  C F 
is  finite.  Hence  we  see  that  F has  q=  pf  elements  for  some  / > 1. 


Let  us  think  about  the  group  of  units  F* . This  is  a finite  abelian  group,  so  it  has 


some  exponent  e.  Then  F*  = p,e(F)  and  we  see  from  the  discussion  in  Section  9.16 


that  F*  is  a cyclic  group  of  order  q — 1.  (A  posteriori  it  follows  that  e = q — 1 as 
well.)  In  particular,  if  a £ F*  is  a generator  then  it  clearly  is  true  that 


F = Fp(a) 

In  other  words,  the  extension  F/Fp  is  generated  by  a single  element.  Of  course, 
the  same  thing  is  true  for  any  extension  of  finite  fields  E/F  (because  E is  already 
generated  by  a single  element  over  the  prime  field). 


9.18.  Primitive  elements 

09HZ  Let  E/F  be  a finite  extension  of  fields.  An  element  a £ E is  called  a primitive 
element  of  E over  F if  E = F(a). 

030N  Lemma  9.18.1  (Primitive  element).  Let  E/F  be  a finite  extension  of  fields.  The 
following  are  equivalent 

(1)  there  exists  a primitive  element  for  E over  F,  and 

(2)  there  are  finitely  many  subextensions  E/K/F. 

Moreover,  (1)  and  (2)  hold  if  E/F  is  separable. 

Proof.  Let  a £ E be  a primitive  element.  Let  P be  the  minimal  polynomial 
of  a over  F.  Let  E C M be  a splitting  field  for  P over  E,  so  that  P{x)  = 
(a;  — a)(x  — a^)  ■ ■ ■ (x  — an)  over  M.  For  ease  of  notation  we  set  or  = a.  Next, 
let  E/K/F  be  a subextension.  Let  Q be  the  minimal  polynomial  of  a over  K. 
Observe  that  cleg(Q)  = [E  : K\.  Writing  Q = xd  + we  claim  that  K is 

equal  to  L = F(a o, . . . , ad- 1).  Indeed  a has  degree  d over  L and  L C K . Hence 
[E  : L\  = [E  : K]  and  it  follows  that  [K  : L\  = 1,  i.e.,  K = L.  Thus  it  suffices 
to  show  there  are  at  most  finitely  many  possibilities  for  the  polynomial  Q.  This  is 
clear  because  we  have  a factorization  P = QR  in  K[x]  in  particular  in  E[x\.  Since 
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we  have  unique  factorization  in  E\x ] there  are  at  most  finitely  many  monic  factors 
of  P in  E[x}. 

If  F is  a finite  field  (equivalently  E is  a finite  field),  then  E/F  has  a primitive 
element  by  the  discussion  in  Section [9. 17[  Next,  assume  F is  infinite  and  there  are 
at  most  finitely  many  proper  subfields  E/K/F.  List  them,  say  Ki, . . . , A0.  Then 
each  Ki  C E is  a proper  sub  F-vector  space.  As  F is  infinite  we  can  find  a vector 
a £ E with  a ^ Ki  for  all  i (a  finite  union  of  proper  subvector  spaces  is  never  a 
subvector  space;  details  omitted).  Then  a is  a primitive  element  for  E over  F. 

Having  established  the  equivalence  of  (1)  and  (2)  we  now  turn  to  the  final  state- 
ment of  the  lemma.  Choose  an  algebraic  closure  F of  F.  Enumerate  the  elements 
<7i, . . . , <jn  £ Mor f(E,  F).  Since  E/F  is  separable  we  have  n = [E  : F]  by  Lemma 


Vij  = Ker  (<Tj  — <jj  : E — > F) 


9.12.11  Note  that  if  * ^ j,  then 


is  not  equal  to  E.  Hence  arguing  as  in  the  preceding  paragraph  we  can  find  a £ E 
with  a £ Vij  for  all  i j.  It  follows  that  | Morp(P(a),  P)|  > n.  On  the  other 
hand  [F(a)  : P]  < [E  : F],  Hence  equality  by  Lemma  9.12.11  and  we  conclude  that 
E = F(a).  □ 


9.19.  Trace  and  norm 


OBIE 


Let  L/K  be  a finite  extension  of  fields.  By  Lemma  9.4.1|we  can  choose  an  isomor- 
phism L = A'®"  of  A'-modules.  Of  course  n = [L  : K]  is  the  degree  of  the  field 
extension.  Using  this  isomorphism  we  get  for  a A'-algebra  map 

L — ► Mat(n  x n,  K),  a i — > matrix  of  multiplication  by  a 


Thus  given  a £ L we  can  take  the  trace  and  the  determinant  of  the  corresponding 
matrix.  Of  course  these  quantities  are  independent  of  the  choice  of  the  basis  chosen 
above.  More  canonically,  simply  thinking  of  L as  a finite  dimensional  A'-vector 
space  we  have  Tracey' (a  : L — > L)  and  the  determinant  Det^(a  : L — > L). 


OBIF  Definition  9.19.1.  Let  L/K  be  a finite  extension  of  fields.  For  a £ L we  define  the 
trace  Trac e^/^-(a)  = Tracer  (a  : L — > L)  and  the  norm  Normi/^-(a)  = Det : 
L ->•  A). 


OBIG 


It  is  clear  from  the  definition  that  Trac Ql/k  is  AT-linear  and  satisfies  Trace^/^(a)  = 
[L  : K]a  for  a £ L.  Similarly  Nornq is  multiplicative  and  Normi/^(a)  = a^L:K^ 
for  a £ AT.  This  is  a special  case  of  the  more  general  construction  discussed  in 
Exercises,  Exercises  89.15.6|  and  89.15. 7| 


Lemma  9.19.2.  Let  L/K  be  a finite  extension  of  fields.  Let  a £ L and  let  P 
be  the  minimal  polynomial  of  a over  I\  . Then  the  characteristic  polynomial  of  the 
I\ -linear  map  a : L — » L is  equal  to  Pe  with  edeg(P)  = [L  : AT]. 


Proof.  Choose  a basis  /3i, . . . , f3e 


[L  : K]  by  Lemmas  9.9.2  and  9.7.6 


of  L over  AT(o:).  Then  e satisfies  edeg(P)  = 
Then  we  see  that  L = 0 K (aj  ff  is  a direct 


sum  decomposition  into  a-invariant  subspaces  hence  the  characteristic  polynomial 
of  a : L -A  L is  equal  to  the  characteristic  polynommial  of  a : K(a)  — » K(a)  to  the 
power  e. 


To  finish  the  proof  we  may  assume  that  L = K(a).  In  this  case  by  Cayley-Hamilton 
we  see  that  a is  a root  of  the  characteristic  polynomial.  And  since  the  characteristic 
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polynomial  has  the  same  degree  as  the  minimal  polynomial,  we  find  that  equality 
holds.  □ 


OBIH  Lemma  9.19.3.  Let  L/K  be  a finite  extension  of  fields.  Let  a £ L and  let 
P = xd  + a\x d~1  + ...+  ad  be  the  minimal  polynomial  of  a over  K . Then 

Norm^/K^cx)  = (— \fLK^aed  and  Tracep  / k (o:)  = — eaq 
where  ed  = [L  : K] . 

Proof.  Follows  immediately  from  Lemma|9.19.2|and  the  definitions.  □ 

OBII  Lemma  9.19.4.  Let  L/K  be  a finite  extension  of  fields.  Let  V be  a finite  dimen- 
sional vector  space  over  L.  Let  ip  : V -A  V be  an  L-linear  map.  Then 

Tracexlpp  '■  V V)  = Tracex / p{Tracep{ip  : V -A  V)) 

and 

Detx{ip  : V — > V)  = Normpp/L^Detplpp  : V -A  V)) 

Proof.  Choose  an  isomorphism  V = L®n  so  that  ip  corresponds  to  an  n x n matrix. 
In  the  case  of  traces,  both  sides  of  the  formula  are  additive  in  ip.  Hence  we  can 
assume  that  ip  corresponds  to  the  matrix  with  exactly  one  nonzero  entry  in  the 
(*,  j)  spot.  In  this  case  a direct  computation  shows  both  sides  are  equal. 

In  the  case  of  norms  both  sides  are  zero  if  ip  has  a nonzero  kernel.  Hence  we  may 
assume  ip  corresponds  to  an  element  of  GL n(L).  Both  sides  of  the  formula  are 
multiplicative  in  ip.  Since  every  element  of  GLn(L)  is  a product  of  elementary 
matrices  we  may  assume  that  ip  either  looks  like 

/ 1 A . . A fa  0 

E12(X)  = 0 1 ...  or  E^a)  = 0 1 

(because  we  may  also  permute  the  basis  elements  if  we  like).  In  both  cases  the 
fomula  is  easy  to  verify  by  direct  computation.  □ 

OBIJ  Lemma  9.19.5.  Let  M/L/K  be  a tower  of  finite  extensions  of  fields.  Then 

TraceM/K  = Trace^/pc  ° TraceM/L  and  Norm^/K  = Normp/x  ° NormM/L 

Proof.  Think  of  M as  a vector  space  over  L and  apply  Lemma [9.1 9. 4|  □ 


The  trace  pairing  is  defined  using  the  trace. 

OBIK  Definition  9.19.6.  Let  L/K  be  a finite  extension  of  fields.  The  trace  pairing  for 
L/K  is  the  symmetric  IF-bilinear  form 

Ql/k-LxL — > K,  (a,/3)  i — s>  Tracei/if  (a/3) 

It  turns  out  that  a finite  extension  of  fields  is  separable  if  and  only  if  the  trace 
pairing  is  nondegenerate. 

OBIL  Lemma  9.19.7.  Let  L/K  be  a finite  extension  of  fields.  The  following  are  equiv- 
alent: 

(1)  L/K  is  separable,  and 

(2)  the  trace  pairing  Ql/k  is  nondegenerate. 
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Proof.  Observe  that  the  trace  pairing  is  nondegenerate  if  and  only  if  Trac e/,///  is 
identically  zero. 


Suppose  that  AT  has  characteristic  p and  L = K(a)  with  a qL  AT  and  ap  £ K. 
Then  Trace/,///(l)  = p = 0.  For  i = 1, . . . ,p  — 1 we  see  that  xp  — apl  is  the 
minimal  polynomial  for  a 1 over  K and  we  find  Trace/, /// (a4)  = 0 by  Lemma 
Hence  for  this  kind  of  purely  inseparable  degree  p extension  we  see  that  Trace/, /// 
is  identically  zero. 


9.19.3 


Assume  that  L/K  is  not  separable.  Then  there  exists  a subfield  L/K' /K  such 
that  L/K'  is  a purely  inseparable  degree  p extension  as  in  the  previous  paragraph, 


see  Lemmas  9.13.6  and  9.13.5  Hence  by  Lemma  9.19.5  we  see  that  Trace/,///  is 
identically  zero. 


Assume  on  the  other  hand  that  Trace/,///  is  not  identically  zero.  Let  L/K' /K  be  a 
maximal  subfield  separable  over  K.  Then  by  Lemma |9. 19. 5 we  see  that  Trace/,//// 
is  not  identically  zero.  Then  we  pick  a £ L such  that  Trace/,////  (a)  ^ 0.  Then  by 
Lemma  9.19.3  we  see  that  a is  separable  over  K' . If  a ^ K then  K'  is  not  maximal. 
If  a £ K'  then  Lemma  19. 19.31  shows  that  the  characteristic  of  K does  not  divide 
[L  : K ']  which  implies  that  L/K'  is  separable  (as  the  inseparable  degree  of  L/K'  is 
forced  to  be  1,  see  Definition  9.13.7)  and  hence  trivial.  □ 


Let  AT  be  a held  and  let  Q : V x V — > K be  a bilinear  form  on  a finite  dimensional 
vector  space  over  I\ . Say  dim//(F)  = n.  Then  Q defines  a linear  map  Q : V — >■  V* , 
v i — >■  Q(v,—)  where  V * = Horn k(V,K)  is  the  dual  vector  space.  Hence  a linear 
map 

Det(Q)  : A"(V)  —4  A71(H)* 

If  we  pick  a basis  element  w £ An(V),  then  we  can  write  Det(Q)(w)  = A wA,  where 
wA  is  the  dual  basis  element  in  A n(V)*.  If  we  change  our  choice  of  oj  into  cui 
for  some  c £ K* , then  wA  changes  into  c_1o;A  and  therefore  A changes  into  c2A. 
Thus  the  class  of  A in  K/(K*)2  is  well  defined  and  is  called  the  discriminant  of  Q. 
Unwinding  the  definitions  we  see  that 

A = det  (Q(uj,Wj)i<i,/<n) 

if  {ui, . . . , vn}  is  a basis  for  V over  K . Observe  that  the  discriminant  is  nonzero  if 
and  only  if  Q is  nondegenerate. 


OBIM 


Definition  9.19.8.  Let  L/K  be  a finite  extension  of  fields.  The  discriminant  of 
L/K  is  the  discriminant  of  the  trace  pairing  Ql/k- 


By  the  discussion  above  and  Lemma  9.19.7|we  see  that  the  discriminant  is  nonzero 
if  and  only  if  L/K  is  separable.  For  a £ K we  often  say  “the  discriminant  is  a” 
when  it  would  be  more  correct  to  say  the  discriminant  is  the  class  of  a in  K/(I\*)2. 


OBIN  Exercise  9.19.9.  Let  L/K  be  an  extension  of  degree  2.  Show  that  exactly  one  of 
the  following  happens 

(1)  the  discriminant  is  0,  the  characteristic  of  I\  is  2,  and  L/K  is  purely 
inseparable  obtained  by  taking  a square  root  of  an  element  of  K , 

(2)  the  disriminant  is  1,  the  characteristic  of  A'  is  2,  and  L/K  is  separable  of 
degree  2, 

(3)  the  discriminant  is  not  a square,  the  characteristic  of  K is  not  2,  and  L is 
obtained  from  K by  taking  the  square  root  of  the  discriminant. 
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9.20.  Galois  theory 


Here  is  the  definition. 

Definition  9.20.1.  A field  extension  E/F  is  called  Galois  if  it  is  algebraic,  sepa- 
rable, and  normal. 


It  turns  out  that  a finite  extension  is  Galois  if  and  only  if  it  has  the  “correct” 
number  of  automorphisms. 


Lemma  9.20.2.  Let  E/F  be  a finite  extension  of  fields.  Then  E is  Galois  over 
F if  and  only  if  \Aut(E/F)\  = [E  : F]. 


Proof.  Assume  |Aut(A/A)|  = [E  : F).  By  Lemma  9.14.8  this  implies  that  E/F 
is  separable  and  normal,  hence  Galois.  Conversely,  if  E/F  is  separable  then  [E  : 
F]  = [E  : A]s  and  if  E/F  is  in  addition  normal,  then  Lemma  9.14.8  implies  that 
|Aut(£'/.F)|  = [E  : F].  □ 


Motivated  by  the  lemma  above  we  introduce  the  Galois  group  as  follows. 

Definition  9.20.3.  If  E/F  is  a Galois  extension,  then  the  group  Aut (E/F)  is 
called  the  Galois  group  and  it  is  denoted  Ga \{E/F). 

If  L/K  is  an  infinite  Galois  extension,  then  one  should  think  of  the  Galois  group 
as  a topological  group.  We  will  return  to  this  in  Section [9. 2 1| 

Lemma  9.20.4.  Let  K/E/F  be  a tower  of  algebraic  field  extensions.  If  K is 
Galois  over  F,  then  K is  Galois  over  E. 

Proof.  Combine  Lemmas  19.14.21  and  19. 12.31  □ 


Let  G be  a group  acting  on  a field  K (by  field  automorphisms).  We  will  often  use 
the  notation 

Kg  = {x  £ K | a(x)  = x Vcr  £ G} 
and  we  will  call  this  the  fixed  field  for  the  action  of  G on  K. 

Lemma  9.20.5.  Let  K be  a field.  Let  G be  a finite  group  acting  faithfully  on  K . 
Then  the  extension  K/KG  is  Galois,  we  have  [K  : KG]  = |G|,  and  the  Galois  group 
of  the  extension  is  G. 


Proof.  Given  a £ I\  consider  the  orbit  G ■ a C K of  a under  the  group  action. 
Consider  the  polynomial 

P = n peGJX-®eK[x] 

The  key  to  the  whole  lemma  is  that  this  polynomial  is  invariant  under  the  action 
of  G and  hence  has  coefficients  in  KG . Namely,  for  r £ G we  have 

Pa  = TT  (*  - t(/3))  = TT  (x  - 0)  = P 

Ll/3  eG-a  y ” H^eG-a 

because  the  map  /?  r(/3)  is  a permutation  of  the  orbit  G • a.  Thus  P £ KG[x]. 

Since  also  P(a)  = 0 as  a is  an  element  of  its  orbit  we  conclude  that  the  extension 
K / Kg  is  algebraic.  Moreover,  the  minimal  polynomial  Q of  a over  KG  divides 
the  polynomial  P just  constructed.  Hence  Q is  separable  (by  Lemma  9.12.4  for 
example)  and  we  conclude  that  K/KG  is  separable.  Thus  I\/KG  is  Galois.  To 
finish  the  proof  it  suffices  to  show  that  [A'  : KG\  = |G|  since  then  G will  be  the 
Galois  group  by  Lemma |9. 20. 2| 
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Pick  finitely  many  elements  ctj  £ K , i = 1 , . . . ,n  such  that  cr(aj)  = a*  for  i = 
1 , ,n  implies  a is  the  neutral  element  of  G.  Set 

L = KG ({a(a.i);  1 < i < n,a  £ G })  C K 


and  observe  that  the  action  of  G on  K induces  an  action  of  G on  L.  We  will  show 
that  L has  degree  |G|  over  KG . This  will  finish  the  proof,  since  if  L C K is  proper, 
then  we  can  add  an  element  a £ K1  a fL  L to  our  list  of  elements  ay, . . . , an  without 
increasing  L which  is  absurd.  This  reduces  us  to  the  case  that  K/I\G  is  finite  which 
is  treated  in  the  next  paragraph. 


Assume  K/KG  is  finite.  By  Lemma  9.18.1  we  can  find  a £ K such  that  K = KG{a). 
By  the  construction  in  the  first  paragraph  of  this  proof  we  see  that  a has  degree  at 
most  |G|  over  K.  However,  the  degree  cannot  be  less  than  |G|  as  G acts  faithfully 
on  KG{a ) = L by  construction  and  the  inequality  of  Lemma  9.14.8  □ 


09DW  Theorem  9.20.6  (Fundamental  theorem  of  Galois  theory).  Let  L/K  be  a finite 
Galois  extension  with  Galois  group  G.  Then  we  have  K = LG  and  the  map 

{subgroups  of  G}  — >■  {subextensions  K C M C L},  H i — > LH 


is  a bijection  whose  inverse  maps  M to  Gal(L/M).  The  normal  subgroups  H of  G 
correspond  exactly  to  those  subextensions  M with  M/K  Galois. 


Proof.  By  Lemma  9.20.4  given  a subextension  L/M/K  the  extension  L/M  is  Ga- 
lois. Of  course  L/M  is  also  finite  (Lemma|9.7.3|).  Thus  |Gal(L/M)|  = [L  : M]  by 

LH  ] 


Lemma 

Lemma 


9.20.2 


9.20.5 


Conversely,  if  H C G is  a finite  subgroup,  then  [L  : LH]  = \H\  by 
It  follows  formally  from  these  two  observations  that  we  obtain  a 


bijective  correspondence  as  in  the  theorem. 


If  H C G is  normal,  then  LH  is  fixed  by  the  action  of  G and  we  obtain  a canonical 
map  G/ H — > Aut(LH / K) . This  map  has  to  be  injective  as  Gal(L/LH)  = H.  Hence 
\G/H\  = [Lh  : K]  and  LH  is  Galois  by  Lemma 


9.20.2 


Conversely,  assume  that  K C M C L with  M/K  Galois.  By  Lemma  9.14.6  we 
see  that  every  element  t £ Gal  {L/K)  induces  an  element  t\m  £ Gal  (M/K).  This 
induces  a homomorphism  of  Galois  groups  Gal(L/A')  — > Gal(M / K)  whose  kernel 
is  H.  Thus  H is  a normal  subgroup.  □ 


0BMH  Lemma  9.20.7.  Let  L/M/K  be  a tower  of  fields.  Assume  L/K  and  M/K  are 
finite  Galois.  Then  we  obtain  a short  exact  sequence 

1 Gal(L/M)  Gal(L/K)  -s>  Gal{M/K)  1 


of  finite  groups. 

Proof.  Namely,  by  Lemma|9.14.6  we  see  that  every  element  r £ Ga\(L/K)  induces 
an  element  t\m  £ Gal  (M/K)  which  gives  us  the  homomorphism  on  the  right.  The 
map  on  the  left  identifies  the  left  group  with  the  kernel  of  the  right  arrow.  The 
sequence  is  exact  because  the  sizes  of  the  groups  work  out  correctly  by  multiplica- 
tivity  of  degrees  in  towers  of  finite  extensions  (Lemma  9.7.6).  One  can  also  use 
Lemma  [9. 14.6|  directly  to  see  that  the  map  on  the  right  is  surjective.  □ 
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9.21.  Infinite  Galois  theory 

OBMI  The  Galois  group  comes  with  a canonical  topology. 

OBMJ  Lemma  9.21.1.  Let  E/F  be  a Galois  extension.  There  is  a canonical  topology  on 
Gal(E/F)  such  that 

(1)  Gal(E/F)  is  a pro  finite  topological  group, 

(2)  the  action  Gal(E/F ) x E — ► E is  continuous  when  E is  given  the  discrete 
topology. 


Proof.  Throughout  this  proof  we  think  of  E as  a discrete  topological  space.  Recall 
that  the  set  of  invertible  self  maps  Aut(E)  endowed  with  the  compact  open  topology 
forms  a topological  group,  see  Topology,  Example  |5. 29. 2[  Let  us  use  the  injection 


Gal (E/F)  C Aut {E) 


to  endow  Gal  {E/F)  with  the  induced  structure  of  a topological  group  (see  Topology, 
Section  5.29).  By  construction  the  action  Ga \(E/F)  x E — >•  E is  continuous. 


To  show  that  Gal(E / F)  is  profinite  we  argue  as  follows  (our  argument  is  nonstan- 
dard; the  usual  proof  goes  by  writing  E as  the  union  of  all  finite  Galois  subexten- 
sions and  proving  that  Gal(-E/F)  is  the  inverse  limit  of  the  corresponding  finite 
Galois  groups).  By  Topology,  Lemma  5.29.4  it  suffices  to  show  that  the  underlying 
topological  space  of  Gal  (E/F)  is  profinite.  For  any  subset  S C E consider  the  set 


G(S)  = {f:S^E 


f(a)  is  a root  of  the  minimal  polynomial 
of  a over  F for  all  a £ S 


} 


Since  a polynomial  has  only  a finite  number  of  roots  we  see  that  G(S)  is  finite  for  all 
S C E finite.  If  S C S'  then  restriction  gives  a map  G(S')  — > G(S).  Also,  observe 
that  if  a £ S D F and  / £ G(S),  then  f(a)  = a because  the  minimal  polynomial  is 
linear  in  this  case.  Consider  the  profinite  topological  space 

G — limg^^;  finite  G(S) 

Consider  the  canonical  map 

c : Gal  {E/F)  — > G,  <r  i— >■  (ojs  : S'  ->  E)s 

This  is  injective  and  unwinding  the  definitions  the  reader  sees  the  topology  on 
Ga \(E/F)  as  defined  above  is  the  induced  topology  from  G.  An  element  (fs)  £ G 
is  in  the  image  of  c exactly  if  (A)  fs(a)  + fs(P)  = fs(a  + /3)  and  (M)  fs(a)fs(P)  = 
fs{a/3)  whenever  this  makes  sense  (i.e.,  a,  /3,a  + f3,a/3  £ S).  Namely,  this  means 
lim  fs  : E — f E will  be  an  E-algebra  map  and  hence  an  automorphism  by  Lemma 


of  G and  hence  Gal  (E/F)  is  homeomorphic  to  a closed  subset  of  a profinite  space 
and  therefore  profinite  itself.  □ 


9.8.11  The  conditions  (A)  and  (M)  for  a given  triple  (S,  a , j3)  define  a closed  subset 


OBMK  Lemma  9.21.2.  Let  L/M/K  be  a tower  of  fields.  Assume  both  L/K  and  M/K 
are  Galois.  Then  there  is  a canonical  surjective  continuous  homomorphism  c : 
Gal(L/K)  ->  Gal(M/K). 


Proof.  By  Lemma  9.14.6  given  r : L — f L in  Gal  {L/K)  the  restriction  t\m  '■  M — > 
M is  an  element  of  Gal(M/A").  This  defines  the  homomorphism.  We  omit  the 
proof  of  continuity.  Lemma [9. 14. 6|  also  shows  that  the  map  is  surjective.  □ 
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Theorem  9.21.3  (Fundamental  theorem  of  infinite  Galois  theory).  Let  L/K  be 
a Galois  extension.  Let  G = Gal(L/K ) be  the  Galois  group  viewed  as  a profinite 
topoological  group  (Lemma  9.21.1).  Then  we  have  K = LG  and  the  map 


{closed  subgroups  of  G}  — > {subextensions  K C M C L },  H i 


r H 


is  a bijection  whose  inverse  maps  M to  Gal(L/M).  The  finite  subextensions  M 
correspond  exactly  to  the  open  subgroups  H C G.  The  normal  closed  subgroups  H 
of  G correspond  exactly  to  subextensions  M Galois  over  K . 


Proof.  We  will  use  the  result  of  finite  Galois  theory  (Theorem  9.20.6|)  without 
further  mention.  Let  S C L be  a finite  subset.  There  exists  a tower  L/E/K  such 
that  AT(S')  C E and  such  that  E/K  is  finite  Galois,  see  Lemma  9.15.5  In  other 


words,  we  see  that  L/K  is  the  union  of  its  finite  Galois  subextensions.  For  such  an 
E,  by  Lemma  9.21.2  the  map  Gal(A/AT)  — »•  Gal  (E/K)  is  surjective  and  continuous, 
i.e. , the  kernel  is  open  because  the  topology  on  Gal(E/K)  is  discrete.  In  particular 
we  see  that  no  element  of  M \ K is  fixed  by  Gal  {L/K)  as  EGal(E/K)  = A'.  This 
proves  that  LG  = K. 


Lemma  9.20.4  given  a subextension  L/M/K  the  extension  L/M  is  Galois.  It  is 
immediate  from  the  definition  of  the  topology  on  G that  the  subgroup  Gal  {L/M) 
is  closed.  By  the  above  applied  to  L/M  we  see  that  LGal(L/M)  = M 


Conversely,  let  H C G be  a closed  subgroup.  We  claim  that  H = Gal (L/LH). 
The  inclusion  H C Gal (L/LH)  is  clear.  Suppose  that  g £ Gal(L/LH).  Let  S C L 
be  a finite  subset.  We  will  show  that  the  open  neighbourhood  Us(g)  = {g'  £ G \ 
g'(s)  = g(s)}  of  g meets  H.  This  implies  that  g £ H because  H is  closed.  Let 
L/E/K  be  a finite  Galois  subextension  containing  K(S)  as  in  the  first  paragraph 
of  the  proof  and  consider  the  homomorphism  c : Gal(A/A')  — » Ga \{E/K).  Then 
Lh  fl  E = EclyH) . Since  g fixes  LH  it  fixes  EC^H)  and  hence  c(g)  £ c{H)  by  finite 
Galois  theory.  Pick  h £ H with  c(h)  = c{g).  Then  h £ Us{g)  as  desired. 


At  this  point  we  have  established  the  correspondence  between  closed  subgroups  and 
subextensions. 


Assume  H C G is  open.  Arguing  as  above  we  find  that  H containes  Gal(if/A')  for 
some  large  enough  finite  Galois  subextension  E and  we  find  that  LH  is  contained 
in  E whence  finite  over  K.  Conversely,  if  M is  a finite  subextension,  then  M is 
generated  by  a finite  subset  S and  the  corresponding  subgroup  is  the  open  subset 
Us(e)  where  e £ G is  the  neutral  element. 


Assume  that  K C M C L with  M/K  Galois.  By  Lemma  9.21.2  there  is  a surjective 
continuous  homomorphism  of  Galois  groups  Gal(L/A')  — > Gal(M / K)  whose  kernel 
is  Gal(L/M).  Thus  Gal  (L/M)  is  a normal  closed  subgroup. 


Finally,  assume  N C G is  normal  and  closed.  For  any  L/E/K  as  in  the  first 
paragraph  of  the  proof,  the  image  c(N)  C Gal  {E/K)  is  a normal  subgroup.  Hence 
LN  = U E c^Ar'  is  a union  of  Galois  extensions  of  AT  (by  finite  Galois  theory)  whence 
Galois  over  K.  □ 


OBMM  Lemma  9.21.4.  Let  L/M/K  be  a tower  of  fields.  Assume  L/K  and  M/K  are 
Galois.  Then  we  obtain  a short  exact  sequence 

1 -A  Gal{L/M ) ->•  Gal(L/K)  ->•  Gal{M/K)  ->•  1 
of  profinite  topological  groups. 
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Proof.  This  is  a reformulation  of  Lemma  [9.21. 21  □ 

9.22.  The  complex  numbers 

0914  The  fundamental  theorem  of  algebra  states  that  the  field  of  complex  numbers  is  an 
algebraically  closed  field.  In  this  section  we  discuss  this  briefly. 

The  first  remark  we’d  like  to  make  is  that  you  need  to  use  a little  bit  of  input 
from  calculus  in  order  to  prove  this.  We  will  use  the  intuitively  clear  fact  that 
every  odd  degree  polynomial  over  the  reals  has  a real  root.  Namely,  let  P(x)  = 
«2fc+i£2fc+1  + - ■ - + tto  G R.r]  for  some  k A 0 and  o 2 r 1 7^  0.  We  may  and  do  assume 
a 2k+i  > 0.  Then  for  x G R very  large  (positive)  we  see  that  P(x)  > 0 as  the  term 
a2k+ ix2k+1  dominates  all  the  other  terms.  Similarly,  if  x <C  0,  then  P(x)  < 0 by 
the  same  reason  (and  this  is  where  we  use  that  the  degree  is  odd).  Hence  by  the 
intermediate  value  theorem  there  is  an  x G R with  P{x)  = 0. 

A conclusion  we  can  draw  from  the  above  is  that  R has  no  nontrivial  odd  degree 
field  extensions,  as  elements  of  such  extensions  would  have  odd  degree  minimal 
polynomials. 

Next,  let  A'/R  be  a finite  Galois  extension  with  Galois  group  G.  Let  P C G be 
a 2-sylow  subgroup.  Then  A'p/R  is  an  odd  degree  extension,  hence  by  the  above 
I\p  = K,  which  in  turn  implies  G = P.  (All  of  these  arguments  rely  on  Galois 
theory  of  course.)  Thus  G is  a 2-group.  If  G is  nontrivial,  then  we  see  that  C C A 
as  C is  (up  to  isomorphism)  the  only  degree  degree  2 extension  of  R.  If  G has 
more  than  2 elements  we  would  obtain  a quadratic  extension  of  C.  This  is  absurd 
as  every  complex  number  has  a square  root. 

The  conclusion:  C is  algebraically  closed.  Namely,  if  not  then  we’d  get  a nontrivial 
finite  extension  C C K which  we  could  assume  normal  (hence  Galois)  over  R by 
Lemma  19. 15.31  But  we’ve  seen  above  that  then  K = C. 

0915  Lemma  9.22.1  (Fundamental  theorem  of  algebra).  The  field  C is  algebraically 
closed. 

Proof.  See  discussion  above.  □ 

9.23.  Kummer  extensions 

0916  Let  K be  a field.  Let  n > 2 be  an  integer  such  that  A contains  a primitive  nth 
root  of  1.  Let  a G A.  Let  L be  an  extension  of  A obtained  by  adjoining  a root  b of 
the  equation  xn  = a.  Then  L/K  is  Galois.  If  G = Gal(L/A)  is  the  Galois  group, 
then  the  map 

G — > Hn(K),  cr  I — s>  cr(b)/b 

is  an  injective  homomorphism  of  groups.  In  particular,  G is  cyclic  of  order  dividing 
n as  a subgroup  of  the  cyclic  group  /in(K).  Kummer  theory  gives  a converse. 

09DX  Lemma  9.23.1  (Kummer  extensions).  Let  A C L be  a Galois  extension  of  fields 
whose  Galois  group  is  Z/nZ.  Assume  moreover  that  the  characteristic  of  A is 
prime  to  n and  that  K contains  a primitive  nth  root  of  1.  Then  L = K\z\  with 
zn  G K. 


Proof.  Omitted. 


□ 
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9.24.  Artin-Schreier  extensions 

0917  Let  K be  a field  of  characteristic  p > 0.  Let  a £ K.  Let  L be  an  extension  of  K 
obtained  by  adjoining  a root  b of  the  equation  xp  — x = a.  Then  L/K  is  Galois.  If 
G = Gal(L/K)  is  the  Galois  group,  then  the  map 

G — Z/pZ,  a^a(b)-b 

is  an  injective  homomorphism  of  groups.  In  particular,  G is  cyclic  of  order  dividing 
p as  a subgroup  of  Z/pZ.  The  theory  of  Artin-Schreier  extensions  gives  a converse. 

09DY  Lemma  9.24.1  (Artin-Schreier  extensions).  Let  K C L be  a Galois  extension 
of  fields  of  characteristic  p > 0 with  Galois  group  TjfplL.  Then  L = K[z\  with 
zp-z£  K. 

Proof.  Omitted.  □ 

9.25.  Transcendence 

030D  We  recall  the  standard  definitions. 

030E  Definition  9.25.1.  Let  k C K be  a field  extension. 

(1)  A collection  of  elements  of  K is  called  algebraically  independent 

over  k if  the  map 

k[Xi-  i £ /]  — ► K 
which  maps  Xi  to  X\  is  injective. 

(2)  The  field  of  fractions  of  a polynomial  ring  k[xp.  i £ I]  is  denoted  k(xp,  i £ 
/)• 

(3)  A purely  transcendental  extension  of  k is  any  field  extension  k C K iso- 
morphic to  the  field  of  fractions  of  a polynomial  ring  over  k. 

(4)  A transcendence  basis  of  K/k  is  a collection  of  elements  {xi}i^j  which 
are  algebraically  independent  over  k and  such  that  the  extension  k(xp,  i £ 
/)  C K is  algebraic. 

0918  Example  9.25.2.  The  field  Q(7t)  is  purely  transcendental  because  7r  isn’t  the  root 
of  a nonzero  polynomial  with  rational  coefficients.  In  particular,  Q(7r)  = Q(x). 

030F  Lemma  9.25.3.  LetE/F  be  afield  extension.  A transcendence  basis  of  E over 
F exists.  Any  two  transcendence  bases  have  the  same  cardinality. 

Proof.  Let  A be  an  algebraically  independent  subset  of  E.  Let  G be  a subset  of 
E containing  A that  generates  E/F.  We  claim  we  can  find  a transcendence  basis 
B such  that  A C B C G.  To  prove  this  consider  the  collection  of  algebraically 
independent  subsets  B whose  members  are  subsets  of  G that  contain  A.  Define 
a partial  ordering  on  B using  inclusion.  Then  B contains  at  least  one  element 
A.  The  union  of  the  elements  of  a totally  ordered  subset  T of  B is  an  algebraically 
independent  subset  of  E over  F since  any  algebraic  dependence  relation  would  have 
occurred  in  one  of  the  elements  of  T (since  polynomials  only  involve  finitely  many 
variables).  The  union  also  contains  A and  is  contained  in  G.  By  Zorn’s  lemma, 
there  is  a maximal  element  B £ B.  Now  we  claim  E is  algebraic  over  F(B).  This  is 
because  if  it  wasn’t  then  there  would  be  an  element  f £ G transcendental  over  F(B) 
since  E{G ) = F.  Then  B U {/}  wold  be  algebraically  independent  contradicting 
the  maximality  of  B.  Thus  B is  our  transcendence  basis. 
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Let  B and  B'  be  two  transcendence  bases.  Without  loss  of  generality,  we  can 
assume  that  \B'\  < \B\.  Now  we  divide  the  proof  into  two  cases:  the  first  case 
is  that  B is  an  infinite  set.  Then  for  each  a £ B' , there  is  a finite  set  Ba  such 
that  a is  algebraic  over  E(Ba ) since  any  algebraic  dependence  relation  only  uses 
finitely  many  indeterminates.  Then  we  define  B*  = |J aGB,  Ba.  By  construction, 
B*  C B,  but  we  claim  that  in  fact  the  two  sets  are  equal.  To  see  this,  suppose  that 
they  are  not  equal,  say  there  is  an  element  ft  £ B\  B*.  We  know  /3  is  algebraic 
over  E(B')  which  is  algebraic  over  E(B*).  Therefore  /3  is  algebraic  over  E(B*),  a 
contradiction.  So  \B\  < | \JaeBi  Ba\.  Now  if  B'  is  finite,  then  so  is  B so  we  can 
assume  B'  is  infinite;  this  means 

\B\<\{J  Ba\  = \B'\ 

because  each  Ba  is  finite  and  B'  is  infinite.  Therefore  in  the  infinite  case,  \B\  = \B'\. 

Now  we  need  to  look  at  the  case  where  B is  finite.  In  this  case,  B'  is  also  finite, 
so  suppose  B = {a±, . . . , an}  and  B'  = {fi\  ,...,/3m}  with  m < n.  We  perform 
induction  on  m:  if  m = 0 then  E/F  is  algebraic  so  B = 0 so  n = 0.  If  m > 0,  there 
is  an  irreducible  polynomial  / £ E[x,  y\, . . . , yn\  such  that  or, . . . , an)  = 0 
and  such  that  x occurs  in  /.  Since  fii  is  not  algebraic  over  F.  f must  involve  some 
yi  so  without  loss  of  generality,  assume  / uses  y\.  Let  B*  = {/3i,  a2,  • . . , an}.  We 
claim  that  B*  is  a basis  for  E/F.  To  prove  this  claim,  we  see  that  we  have  a tower 
of  algebraic  extensions 

E/F(B*,ai)/F(B*) 

since  a\  is  algebraic  over  F(B*).  Now  we  claim  that  B*  (counting  multiplicity 
of  elements)  is  algebraically  independent  over  E because  if  it  weren’t,  then  there 
would  be  an  irreducible  g £ E[x,  yi,...,  yn]  such  that  <?(/3i,  <22, . . . , an)  = 0 which 
must  involve  x making  algebraic  over  E(ct2,  ■ ■ ■ , an)  which  would  make  a±  alge- 
braic over  E(a2,  • • • , an)  which  is  impossible.  So  this  means  that  {«2,  • • • , an}  and 
{/?2,  • • • , Pm}  are  bases  for  E over  F(fi  1)  which  means  by  induction,  m = n.  □ 

030G  Definition  9.25.4.  Let  k C K be  a field  extension.  The  transcendence  degree 
of  K over  k is  the  cardinality  of  a transcendence  basis  of  K over  k.  It  is  denoted 
trdegfe(if). 

030H  Lemma  9.25.5.  Let  k C K C L be  field  extensions.  Then 

trdegk  (L)  = trdegK{L)  + trdegk(K). 

Proof.  Choose  a transcendence  basis  A C K of  K over  k.  Choose  a transcendence 
basis  B C L of  L over  K.  Then  it  is  straightforward  to  see  that  A U B is  a 
transcendence  basis  of  L over  k.  □ 

0919  Example  9.25.6.  Consider  the  field  extension  Q(e,  7r)  formed  by  adjoining  the 
numbers  e and  n.  This  field  extension  has  transcendence  degree  at  least  1 since  both 
e and  ir  are  transcendental  over  the  rationals.  However,  this  field  extension  might 
have  transcendence  degree  2 if  e and  it  are  algebraically  independent.  Whether  or 
not  this  is  true  is  unknown  and  whence  the  problem  of  determining  trdeg( Q(e,  7r)) 
is  open. 

09IA  Example  9.25.7.  Let  F be  a field  and  E = F(t).  Then  {f}  is  a transcendence 
basis  since  E = F(t).  However,  {t2}  is  also  a transcendence  basis  since  F{t)/F{t2) 
is  algebraic.  This  illustrates  that  while  we  can  always  decompose  an  extension  E/F 
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into  an  algebraic  extension  E/F'  and  a purely  transcendental  extension  F' /F,  this 
decomposition  is  not  unique  and  depends  on  choice  of  transcendence  basis. 


09IB  Example  9.25.8.  Let  X be  a compact  Riemann  surface.  Then  the  function 
field  C(X)  (see  Example  9.3.6)  has  transcendence  degree  one  over  C.  In  fact, 
any  finitely  generated  extension  of  C of  transcendence  degree  one  arises  from  a 
Riemann  surface.  There  is  even  an  equivalence  of  categories  between  the  category  of 
compact  Riemann  surfaces  and  (non-constant)  holomorphic  maps  and  the  opposite 
of  the  category  of  finitely  generated  extensions  of  C of  transcendence  degree  1 and 
nrorphisms  of  C-algebras.  See  (For9lj. 


There  is  an  algebraic  version  of  the  above  statement  as  well.  Given  an  (irreducible) 
algebraic  curve  in  projective  space  over  an  algebraically  closed  field  k (e.g.  the 
complex  numbers),  one  can  consider  its  “field  of  rational  functions”:  basically, 
functions  that  look  like  quotients  of  polynomials,  where  the  denominator  does  not 
identically  vanish  on  the  curve.  There  is  a similar  anti-equivalence  of  categories 
(insert  future  reference  here)  between  smooth  projective  curves  and  non-constant 
morphisms  of  curves  and  finitely  generated  extensions  of  k of  transcendence  degree 
one.  See  |Har77j . 

0371  Definition  9.25.9.  Let  k C K be  a field  extension. 

(1)  The  algebraic  closure  of  k in  K is  the  subfield  k'  of  K consisting  of  ele- 
ments of  K which  are  algebraic  over  k. 

(2)  We  say  k is  algebraically  closed  in  K if  every  element  of  K which  is  alge- 
braic over  k is  contained  in  k. 


037J  Lemma  9.25.10.  Let  k C K be  a finitely  generated  field  extension.  The  algebraic 
closure  of  k in  K is  finite  over  k. 


Proof.  Let  oq,...,ay  £ K be  a transcendence  basis  for  K over  k.  Then  n = 
[K  : k(x i, . . . , ay)]  < oo.  Suppose  that  k C k'  C K with  fc'/fc  finite.  In  this  case 
[fc'( x\, . . . , xr)  : k( X\, . . . , ay)]  = [k'  : k]  < oo.  Hence 

[k'  : k]  = \k' { Xi, . . . , ay)  : k( ay, . . . , ay)]  < [K  : k{ aq, . . . , ay )]  = n. 

In  other  words,  the  degrees  of  finite  subextensions  are  bounded  and  the  lemma 
follows.  □ 


9.26.  Linearly  disjoint  extensions 

09IC  Let  A:  be  a field,  K and  L field  extensions  of  k.  Suppose  also  that  K and  L are 
embedded  in  some  larger  field  f l. 

09ID  Definition  9.26.1.  Consider  a diagram 

l — 

A A 

09IE  (9.26.1.1) 

k >-  K 

of  field  extensions.  The  compositum  of  K and  L in  Q written  KL  is  the  smallest 
subfield  of  S2  containing  both  L and  K. 
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09IF 


It  is  clear  that  KL  is  generated  by  the  set  K U L over  k,  generated  by  the  set  K 
over  L,  and  generated  by  the  set  L over  K. 


Warning:  The  (isomorphism  class  of  the)  composition  depends  on  the  choice  of 
the  embeddings  of  K and  L into  fh  For  example  consider  the  number  fields  K = 
Q(21/8)  c R and  L = Q(21/12)  c R.  The  compositum  inside  R,  is  the  field 
Q(21/24)  of  degree  24  over  Q.  However,  if  we  embed  K = Q[cc]/(a;8  — 2)  into 
C by  mapping  x to  2 1/8e2,ri/8i  then  the  compositum  Q(21/12, 21/8e27”/8)  contains 
i = e27rv4  and  has  degree  48  over  Q (we  omit  showing  the  degree  is  48,  but  the 
existence  of  i certainly  proves  the  two  composita  are  not  isomorphic). 


Definition  9.26.2.  Consider  a diagram  of  fields  as  in  (|9.26.1.1).  We  say  that  I\ 
and  L are  linearly  disjoint  over  k in  fl  if  the  map 


K ( 


KL, 


E 


Xi  <g>  yi 


E 


XiVi 


is  injective. 


The  following  lemma  does  not  seem  to  fit  anywhere  else. 


030M 


Lemma  9.26.3.  Let  E/F  be  a normal  algebraic  field  extension.  There  exist 
subextensions  E/Esep/F  and  E/Einsep/F  such  that 

(1)  F C Esep  is  Galois  and  Esep  C E is  purely  inseparable, 

(2)  F C Einsep  is  purely  inseparable  and  Einsep  C E is  Galois, 

(3)  E = Esep  Einsep. 


Proof.  We  found  the  subfield  Esep 
Details  omitted. 


in  Lemma 


9.13.6 


We  set  Einsep  = Ea^e/f\ 

□ 


9.27.  Review 

037H  In  this  section  we  give  a quick  review  of  what  has  transpired  above. 

Let  k C K be  a held  extension.  Let  a £ K.  Then  we  have  the  following  possibilities: 

(1)  The  element  a is  transcendental  over  k. 

(2)  The  element  a is  algebraic  over  k.  Denote  P(T)  £ k[T \ its  minimal 
polynomial.  This  is  a monic  polynomial  P(T)  = Td  + a\T + . . . + ad 
with  coefficients  in  k.  It  is  irreducible  and  P(a)  = 0.  These  properties 
uniquely  determine  P , and  the  integer  d is  called  the  degree  of  a over  k. 
There  are  two  subcases: 

(a)  The  polynomial  dP/dT  is  not  identically  zero.  This  is  equivalent  to 
the  condition  that  P{T)  = J|j=,  d(T  — af)  for  pairwise  distinct 
elements  a\ , . . . ,ctd  in  the  algebraic  closure  of  k.  In  this  case  we  say 
that  a is  separable  over  k. 

(b)  The  dP/dT  is  identically  zero.  In  this  case  the  characteristic  p of  k 
is  > 0,  and  P is  actually  a polynomial  in  Tp.  Clearly  there  exists  a 
largest  power  q = pe  such  that  P is  a polynomial  in  Tq.  Then  the 
element  ofl  is  separable  over  k. 

030J  Definition  9.27.1.  Algebraic  field  extensions. 

(1)  A held  extension  k C K is  called  algebraic  if  every  element  of  I\  is  algebraic 
over  k. 

(2)  An  algebraic  extension  k C k'  is  called  separable  if  every  a £ k'  is  separable 
over  k. 
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(3)  An  algebraic  extension  k C k!  is  called  purely  inseparable  if  the  character- 
istic of  k is  p > 0 and  for  every  element  a £ k'  there  exists  a power  q of  p 
such  that  ofl  £ k. 

(4)  An  algebraic  extension  k C k'  is  called  normal  if  for  every  a £ k!  the 
minimal  polynomial  P(T)  £ k[T]  of  a over  k splits  completely  into  linear 
factors  over  k' . 

(5)  An  algebraic  extension  k C k'  is  called  Galois  if  it  is  separable  and  normal. 


The  following  lemma  does  not  seem  to  fit  anywhere  else. 

031V  Lemma  9.27.2.  Let  K be  a field  of  characteristic  p > 0.  Let  K C L be  a separable 
algebraic  extension.  Let  a £ L. 

(1)  If  the  coefficients  of  the  minimal  polynomial  of  a over  K are  pth  powers 
in  K then  a is  a pth  power  in  L. 

(2)  More  generally,  if  P £ K[T ] is  a polynomial  such  that  (a)  a is  a root  of 
P,  (b)  P has  pairwise  distinct  roots  in  an  algebraic  closure,  and  (c)  all 
coefficients  of  P are  pth  powers,  then  a is  a pth  power  in  L. 


Proof.  It  follows  from  the  definitions  that  (2)  implies  (1).  Assume  P is  as  in  (2). 
Write  P(T)  = J2i=oaiTd~l  and  a*  = The  polynomial  Q(T)  = Y^i=obiTd~l 
has  distinct  roots  in  an  algebraic  closure  as  well,  because  the  roots  of  Q are  the 
pth  roots  of  the  roots  of  P.  If  a is  not  a pth  power,  then  Tp  — a is  an  irreducible 
polynomial  over  L (Lemma  9.13.2 1.  Moreover  Q and  Tp  — a have  a root  in  common 
in  an  algebraic  closure  L.  Thus  Q and  Tp  — a are  not  relatively  prime,  which 
implies  Tp  — a\ Q in  L[T\.  This  contradicts  the  fact  that  the  roots  of  Q are  pairwise 
distinct.  □ 
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Commutative  Algebra 


10.1.  Introduction 

Basic  commutative  algebra  will  be  explained  in  this  document.  A reference  is 

[Mat  70a]. 


10.2.  Conventions 

A ring  is  commutative  with  1.  The  zero  ring  is  a ring.  In  fact  it  is  the  only  ring 
that  does  not  have  a prime  ideal.  The  Kronecker  symbol  <5^  will  be  used.  If  R — > S 
is  a ring  map  and  q a prime  of  S , then  we  use  the  notation  “p  = R D q”  to  indicate 
the  prime  which  is  the  inverse  image  of  q under  R — > S even  if  R is  not  a subring 
of  S and  even  if  R — > S is  not  injective. 

10.3.  Basic  notions 

The  following  is  a list  of  basic  notions  in  commutative  algebra.  Some  of  these 
notions  are  discussed  in  more  detail  in  the  text  that  follows  and  some  are  defind 
in  the  list,  but  others  are  considered  basic  and  will  not  be  defined.  If  you  are 
not  familiar  with  most  of  the  italicized  concepts,  then  we  suggest  looking  at  an 
introductory  text  on  algebra  before  continuing. 

(1)  R is  a ring , 

(2)  x £ R is  nilpotent , 

(3)  x £ R is  a zerodivisor , 

(4)  x £ R is  a unit , 

(5)  e £ R is  an  idempotent , 

(6)  an  idempotent  e £ R is  called  trivial  if  e = 1 or  e = 0, 

(7)  ip  : R\  — > i?2  is  a ring  homomorphism , 

(8)  ip  : R\  — > i?2  is  of  finite  presentation , or  i?2  is  a finitely  presented  R\  - 
algebra , see  Definition  1 1 0 . 6 . 1 

(9)  ip  : R\  — > i?2  is  of  finite  type , or  R2  is  a finite  type  R±-algebra:  see  Defini- 
tion [lOTT] 

(10)  <p  : R\  — > i?2  is  finite,  or  R2  is  a finite  R\-algebra, 

(11)  R is  a (integral)  domain, 

(12)  R is  reduced, 

(13)  R is  Noetherian, 

(14)  R is  a principal  ideal  domain  or  a PID, 

(15)  R is  a Euclidean  domain, 

(16)  R is  a unique  factorization  domain  or  a UFD, 
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(17)  R is  a discrete  valuation  ring  or  a dvr, 

(18)  K is  a field , 

(19)  K C L is  a field  extension, 

(20)  K C L is  an  algebraic  field  extension, 

(21)  {U}  ,e/  is  a transcendence  basis  for  L over  K, 

(22)  the  transcendence  degree  trdeg (L/K)  of  L over  K, 

(23)  the  field  k is  algebraically  closed , 

(24)  if  K C L is  algebraic,  and  K C k an  extension  with  k algebraically  closed, 
then  there  exists  a map  ring  map  L -A  k extending  the  map  on  K, 

(25)  / C R is  an  ideal, 

(26)  / C R .is  radical, 

(27)  if  / is  an  ideal  then  we  have  its  radical  \fl, 

(28)  / C R is  nilpotent  means  that  In  = 0 for  some  n € N, 

(29)  / C -R  is  locally  nilpotent  means  that  every  element  of  I is  nilpotent, 

(30)  p C R is  a prime  ideal, 

(31)  if  p C R is  prime  and  if  I,  J C R are  ideal,  and  if  IJ  C p,  then  I C p or 
J C p. 

(32)  m C R is  a maximal  ideal, 

(33)  any  nonzero  ring  has  a maximal  ideal, 

(34)  the  Jacobson  radical  of  R is  rad(R)  = Dmci?m  the  intersection  of  all  the 
maximal  ideals  of  R, 

(35)  the  ideal  (T)  generated  by  a subset  T C R, 

(36)  the  quotient  ring  R/I, 

(37)  an  ideal  I in  the  ring  R is  prime  if  and  only  if  R/I  is  a domain, 

(38)  an  ideal  I in  the  ring  R is  maximal  if  and  only  if  the  ring  R/I  is  a field, 

(39)  if  ip  : R\  — 1 R2  is  a ring  homomorphism,  and  if  I C R2  is  an  ideal,  then 
<p-1(/)  is  an  ideal  of  R\, 

(40)  if  ip  : R\  -A  R2  is  a ring  homomorphism,  and  if  I C R\  is  an  ideal,  then 
(p(I)  ■ R2  (sometimes  denoted  / • R2,  or  IR2)  is  the  ideal  of  R2  generated 
by  ¥>(/), 

(41)  if  tp  : Ri  — > R2  is  a ring  homomorphism,  and  if  p C R2  is  a prime  ideal, 
then  <p-1(p)  is  a prime  ideal  of  R\ , 

(42)  M is  an  R-module, 

(43)  for  m € M the  annihilator  I = {/  € R \ fm  = 0}  of  m in  R, 

(44)  N C M is  an  R-submodule, 

(45)  M is  an  Noetherian  R-module, 

(46)  M is  a finite  R-module, 

(47)  M is  a finitely  generated  R-module, 

(48)  M is  a finitely  presented  R-module, 

(49)  M is  a free  R-module, 

(50)  if  0 — > K — > L — > M — >0isa  short  exact  sequence  of  R-modules  and  K, 
M are  free,  then  L is  free, 

(51)  if  N C M C L are  i?-modules,  then  L/M  = ( L/N)/(M/N ), 

(52)  S'  is  a multiplicative  subset  of  R, 

(53)  the  localization  R — > S_1R  of  R, 
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(54)  if  R is  a ring  and  S'  is  a multiplicative  subset  of  R then  S~XR  is  the  zero 
ring  if  and  only  if  S contains  0, 

(55)  if  R is  a ring  and  if  the  multiplicative  subset  S consists  completely  of 
nonzerodi visors,  then  R — ► S'-1!?  is  injective, 

(56)  if  tp  : R\  — > i?2  is  a ring  homomorphism,  and  S is  a multiplicative  subsets 
of  i?i,  then  (p{S)  is  a multiplicative  subset  of  i?2, 

(57)  if  S,  S'  are  multiplicative  subsets  of  R,  and  if  SS'  denotes  the  set  of  prod- 
ucts SS'  = {r  £ R \ 3s  £ S,3s'  £ S' ,r  = ss'}  then  SS'  is  a multiplicative 
subset  of  R, 

(58)  if  S,  S'  are  multiplicative  subsets  of  R,  and  if  S denotes  the  image  of  S 

in  (S')-1!?,  then  (SS'^R  = 5~1((S,)_1i?), 

(59)  the  localization  S~XM  of  the  i?-module  M, 

(60)  the  functor  M i— > S~XM  preserves  injective  maps,  surjective  maps,  and 
exactness, 

(61)  if  S,  S'  are  multiplicative  subsets  of  R,  and  if  M is  an  i?-module,  then 
(SS')~1M  = S~1((S')~1M), 

(62)  if  R is  a ring,  I and  ideal  of  R and  S a multiplicative  subset  of  !?,  then 

S~XI  is  an  ideal  of  S'-1!?,  and  we  have  S~1R/S~1I  = S 1(yR/I),  where 
S is  the  image  of  S in  R/I, 

(63)  if  i?  is  a ring,  and  S a multiplicative  subset  of  !?,  then  any  ideal  I'  of 
S-1!?  is  of  the  form  S-1/,  where  one  can  take  I to  be  the  inverse  image 
of  /'  in  R1 

(64)  if  i?  is  a ring,  M an  J?-module,  and  S a multiplicative  subset  of  R,  then 
any  submodule  N'  of  S-1M  is  of  the  form  S~1N  for  some  submodule 
N C M,  where  one  can  take  N to  be  the  inverse  image  of  N'  in  M, 

(65)  if  S = {1,  /,  /2, . . .}  then  Rf  = S-1i?  and  Mf  = S-1M, 

(66)  if  S = i?\p  = {x  £ R | x £ p}  for  some  prime  ideal  p,  then  it  is  customary 
to  denote  i?p  = S-1i?  and  Mp  = S-1M, 

(67)  a local  ring  is  a ring  with  exactly  one  maximal  ideal, 

(68)  a semi-local  ring  is  a ring  with  finitely  many  maximal  ideals, 

(69)  if  p is  a prime  in  J?,  then  Rv  is  a local  ring  with  maximal  ideal  pi?p, 

(70)  the  residue  field , denoted  /c(p),  of  the  prime  p in  the  ring  R is  the  quotient 

Rp/pRp  = (??\p)-1i?/p, 

(71)  given  R and  Mi,  M2  the  tensor  product  M\  M2, 

(72)  etc. 


10.4.  Snake  lemma 

The  snake  lemma  and  its  variants  are  discussed  in  the  setting  of  abelian  categories 
in  Homology,  Section |l2.5| 

Lemma  10.4.1.  Suppose  given  a commutative  diagram 


X >-  1 

' >-  A 

a. 

0 

0 s-Es— ^bW 


ICE561  III,  Lemma 
3.3] 
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of  abelian  groups  with  exact  rows,  then  there  is  a canonical  exact  sequence 

Ker(a ) — ► Ker((3)  — > Ker( 7)  -»  Coker(a)  —>  Coker(/3)  — ► Coker{ 7) 

Moreover,  if  X — ► F is  injective,  then  the  first  map  is  injective,  and  ifV^W  is 
surjective,  then  the  last  map  is  surjective. 

Proof.  The  map  9 : Ker(7)  -A  Coker(a)  is  defined  as  follows.  Take  2 £ Ker(7). 
Choose  y £ Y mapping  to  2.  Then  j3{y)  £ V maps  to  zero  in  W.  Hence  (3(y)  is 
the  image  of  some  u £ U.  Set  dz  = u the  class  of  u in  the  cokernel  of  a.  Proof  of 
exactness  is  omitted.  □ 

10.5.  Finite  modules  and  finitely  presented  modules 

0517  Just  some  basic  notation  and  lemmas. 

0518  Definition  10.5.1.  Let  R be  a ring.  Let  M be  an  77-module. 

(1)  We  say  M is  a finite  R-module,  or  a finitely  generated  R-module  if  there 
exist  n £ N and  x\, . . . ,xn  £ M such  that  every  element  of  M is  a R- linear 
combination  of  the  07.  Equivalently,  this  means  there  exists  a surjection 
7?®n  — > M for  some  neN. 

(2)  We  say  M is  a finitely  presented  R-module  or  an  R-module  of  finite  pre- 
sentation if  there  exist  integers  n,  m £ N and  an  exact  sequence 

7?®m  — > R®u  — y M — > 0 

Informally,  M is  a finitely  presented  77-module  if  and  only  if  it  is  finitely  generated 
and  the  module  of  relations  among  these  generators  is  finitely  generated  as  well.  A 
choice  of  an  exact  sequence  as  in  the  definition  is  called  a presentation  of  AI. 

07JX  Lemma  10.5.2.  Let  R be  a ring.  Let  a : 7?®n  — ► AI  and  fi  : N — > M be  module 
maps.  If  Im(a ) C Im(/3),  then  there  exists  an  R-module  map  7 : 7?®"  — > N such 
that  a = fj  o 7. 

Proof.  Let  e,  = (0, . . . , 0, 1,  0, . . . , 0)  be  the  7th  basis  vector  of  7?®".  Let  Xi  £ N 
be  an  element  with  a(ej)  = /3 {xf)  which  exists  by  assumption.  Set  7(01, . . . , an)  = 
Yf,  aiXi.  By  construction  a = /3  07.  □ 

0519  Lemma  10.5.3.  Let  R be  a ring.  Let 

0 — ^ ALi  — > M2  — t M3  — t 0 

be  a short  exact  sequence  of  R-modules. 

(1)  If  Mi  and  M3  are  finite  R-modules,  then  AI2  is  a finite  R-module. 

(2)  If  Mi  and  M3  are  finitely  presented  R-modules,  then  M2  is  a finitely 
presented  R-module. 

(3)  If  M2  is  a finite  R-module,  then  M3  is  a finite  R-module. 

(4)  If  M2  is  a finitely  presented  R-module  and  Mi  is  a finite  R-module,  then 
M3  is  a finitely  presented  R-module. 

(5)  If  M3  is  a finitely  presented  R-module  and  M2  is  a finite  R-module,  then 
Mi  is  a finite  R-module. 

Proof.  Proof  of  (1).  If  Xi, . . . , xn  are  generators  of  Mi  and  yi, . . . , ym  £ M2  are 
elements  whose  images  in  M3  are  generators  of  M3,  then  aq, . . . , xn,  yi, . . . , ym 
generate  M2. 
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Part  (3)  is  immediate  from  the  definition. 

Proof  of  (5).  Assume  M3  is  finitely  presented  and  AR  finite.  Choose  a presentation 

f?®m  f?®”  -A  M3  -A  0 

By  Lemma  10.5.2  there  exists  a map  R®n  — ► M2  such  that  the  solid  diagram 

J?®m ^ R®n s-  M3 ^ 0 


id 


0 


■Mi 


Mo 


M3 


0 


commutes.  This  produces  the  dotted  arrow.  By  the  snake  lemma  (Lemma  10.4.1) 
we  see  that  we  get  an  isomorphism 

Coker (i?®m  Mi)  “ Coker(i?®”  -A  M2) 

In  particular  we  conclude  that  Coker  (f?®m  — ► Mi)  is  a finite  i?- module.  Since 
Ini(f?®m  — > AR)  is  finite  by  (3),  we  see  that  Mi  is  finite  by  part  (1). 

Proof  of  (4).  Assume  M2  is  finitely  presented  and  Mi  is  finite.  Choose  a pre- 
sentation i?®m  — > i?®n  — ► M2  — > 0.  Choose  a surjection  R®k  — > Mi.  By 
Lemma  10.5.2  there  exists  a factorization  f?®fc  — » l?®'1 

i?®fc 


Mi  -A  M2.  Then  .R®fe+m  R ©^ 


Ma 


M2  of  the  composition 
0 is  a presentation. 


Proof  of  (2).  Assume  that  Mi  and  M3  are  finitely  presented.  The  argument  in  the 
proof  of  part  (1)  produces  a commutative  diagram 


0 > R®n  > R®n+m  ^ R(Bm  _ o 

Y Y Y 

0 ^ AI\ ^ M2 ^ M3 >■  0 

with  surjective  vertical  arrows.  By  the  snake  lemma  we  obtain  a short  exact  se- 
quence 

0 ->  Ker(i?®n  ->  Mi)  ->  Ker(i?®"+m  ->•  M2)  H-  Ker(l?®m  ->  M3)  ^ 0 

By  part  (5)  we  see  that  the  outer  two  modules  are  finite.  Hence  the  middle  one  is 
finite  too.  By  (4)  we  see  that  M2  is  of  finite  presentation.  □ 

00KZ  Lemma  10.5.4.  Let  R be  a ring,  and  let  M be  a finite  R-module.  There  exists  a 
filtration  by  R-submodules 

0 = M0  C Mi  C . . . C Mn  = M 

such  that  each  quotient  Mi/Mi-i  is  isomorphic  to  R/Ii  for  some  ideal  R of  R. 


Proof.  By  induction  on  the  number  of  generators  of  M.  Let  xi,...,xr  £ M be 
a minimal  number  of  generators.  Let  AV  = Rx  1 C M.  Then  M/M'  has  r — 1 
generators  and  the  induction  hypothesis  applies.  And  clearly  AR  = R/R  with 
h = {f  £R  \ fxi=0}.  ' ' □ 

0560  Lemma  10.5.5.  Let  R — > S be  a ring  map.  Let  Al  be  an  S -module.  If  M is  finite 
as  an  R-module,  then  M is  finite  as  an  S -module. 


Proof.  In  fact,  any  .R-generating  set  of  M is  also  an  S'-generating  set  of  M,  since 
the  f?-module  structure  is  induced  by  the  image  of  R in  S.  □ 


00F2 

00F3 


00F4 


00R2 
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10.6.  Ring  maps  of  finite  type  and  of  finite  presentation 


Definition  10.6.1.  Let  R — > S be  a ring  map. 

(1)  We  say  R — > S is  of  finite  type , or  that  S is  a finite  type  R-algebra  if  there 
exists  an  n £ N and  an  surjection  of  R-algebras  R[a’i, . . . , xn]  — ► S. 

(2)  We  say  R — > S is  of  finite  presentation  if  there  exist  integers  n,  m £ N and 
polynomials  f\, ... . frn  € R[x i, . . . , xn\  and  an  isomorphism  of  R-algebras 
R[xi, . . . , xn\/(fi, . . . , fm)  = S. 

Informally,  R — > S is  of  finite  presentation  if  and  only  if  S is  finitely  generated  as 
an  R-algebra  and  the  ideal  of  relations  among  the  generators  is  finitely  generated. 
A choice  of  a surjection  R[x\, . . . , xn\  S as  in  the  definition  is  sometimes  called 
a presentation  of  S. 

Lemma  10.6.2.  The  notions  finite  type  and  finite  presentation  have  the  following 
permanence  properties. 

(1)  A composition  of  ring  maps  of  finite  type  is  of  finite  type. 

(2)  A composition  of  ring  maps  of  finite  presentation  is  of  finite  presentation. 

(3)  Given  R — > S'  — > S with  R -A  S of  finite  type , then  S'  — )•  S is  of  finite 
type. 

(4)  Given  R — )•  S'  — * S,  with  R — ► S of  finite  presentation , and  R — )•  S'  of 

finite  type,  then  S'  — )•  S is  of  finite  presentation. 


Proof.  We  only  prove  the  last  assertion.  Write  S = R[x\, . . .,  xn ]/ (/i, . . . , fm)  and 
S'  = R[yi, . . • , ya\/I.  Say  that  the  class  y,  of  yi  maps  to  hi  mod  ( /i , . . . , fm ) in  S. 
Then  it  is  clear  that  S = S"[xi, . . . ,x„]/(/i, . . . , fm,  hj  - yi, . . . , ha  - ya).  □ 

Lemma  10.6.3.  Let  R -A  S be  a ring  map  of  finite  presentation.  For  any 
surjection  a : R[x i,...,xn]  — > S the  kernel  of  a is  a finitely  generated  ideal  in 
R[x i, . . . ,xn}. 


Proof.  Write  S = R[yi, . . . , ym\/(h,  ■ ■ ■ , fk)-  Choose  gt  G R[yi,...,ym\  which 
are  lifts  of  a(xj).  Then  we  see  that  S = R[xi,yj]/(fj,Xi  — gf).  Choose  hj  G 
R[x  i,...,xn]  such  that  a(h.j)  corresponds  to  yj  mod  (/i, . . . , fk).  Consider  the 
map  if  : R.[xi,  yfi  — > R[xf\,  xt  Gij,  yj  i— > hj.  Then  the  kernel  of  a is  the  image  of 
( fj,Xi  — gfi)  under  if  and  we  win.  □ 

Lemma  10.6.4.  Let  R -A  S be  a ring  map.  Let  M be  an  S-module.  Assume 
R —>  S is  of  finite  type  and  M is  finitely  presented  as  an  R-module.  Then  M is 
finitely  presented  as  an  S-module. 


Proof.  This  is  similar  to  the  proof  of  part  (4)  of  Lemma  10.6.2  We  may  assume 
S = R[x i, . . . , xn\/ J.  Choose  j/i, . . . , ym  G M which  generate  M as  an  R-module 
and  choose  relations  ^ cnjVj  = 0,  i = 1, . . . , t which  generate  the  kernel  of  R®m  — > 
M.  For  any  i = 1, . . . , n and  j = 1, ...  ,m  write 


ViVj  = 


^ ijkVk 


for  some  G R.  Consider  the  R-module  N generated  by  yi,..  ■ ,ym  subject  to 
the  relations  = 0,  i = 1,  ■ ■ ■ ,t  and  xpyj  = Yaijkyk , i = 1 ,...,n  and 

j = 1 , ...  ,m.  Then  N has  a presentation 


^0nm+t  y ^©r; 


N 


10.8.  COLIMITS 


439 


By  construction  there  is  a surjective  map  tp  : N — > M.  To  finish  the  proof  we  show 
tp  is  injective.  Suppose  z = ^jVj  £ N for  some  bj  £ S.  We  may  think  of  bj 
as  a polynomial  in  x±, .. . ,xn  with  coefficients  in  R.  By  applying  the  relations  of 
the  form  Xiyj  = aijkyk  we  can  inductively  lower  the  degree  of  the  polynomials. 
Hence  we  see  that  z = Jf,  cjVj  f°r  some  Cj  £ R.  Hence  if  <p(z)  = 0 then  the  vector 
(ci, . . . , Cm)  is  an  R-linear  combination  of  the  vectors  (an, . . . , ajm)  and  we  conclude 
that  2 = 0 as  desired.  □ 


10.7.  Finite  ring  maps 

0562 

0563  Definition  10.7.1.  Let  p : R — ► S be  a ring  map.  We  say  tp  : R — > S is  finite  if 
S is  finite  as  an  R-module. 

00GJ  Lemma  10.7.2.  Let  R — > S be  a finite  ring  map.  Let  M be  an  S-module.  Then 
M is  finite  as  an  R-module  if  and  only  if  M is  finite  as  an  S-module. 


Proof.  One  of  the  implications  follows  from  LemmariO.5.5  To  see  the  other  assume 
that  M is  finite  as  an  S-module.  Pick  Xi, ...  ,xn  £ S which  generate  S as  an  R- 
nrodule.  Pick  yi,...,ym  G M which  generate  M as  an  S-module.  Then  x^j 
generate  M as  an  f?-module.  □ 


00GL  Lemma  10.7.3.  Suppose  that  R — >•  S and  S — » T are  finite  ring  maps.  Then 
R — » T is  finite. 


Proof.  If  ti  generate  T as  an  S-module  and  Sj  generate  S as  an  U-module,  then 
tiSj  generate  T as  an  f?-module.  (Also  follows  from  Lemma  10.7.2  ) □ 

For  more  information  on  finite  ring  maps,  please  see  Section  [l0.35[ 


10.8.  Colimits 

07N7  Some  of  the  material  in  this  section  overlaps  with  the  general  discussion  on  colimits 
in  Categories,  Sections  |4. 14| - [~T~2T| 

00D3  Definition  10.8.1.  A partially  ordered  set  is  a set  I together  with  a relation  < 
which  is  transitive  (if  i < j and  j < k then  i < k)  and  reflexive  (i  < i for  all  i £ I). 
A directed  set  (/,  <)  is  a partially  ordered  set  (I,  <)  such  that  / is  not  empty  and 
such  that  Vi,  j £ J,  there  exists  k £ I with  i < k,  j < k. 

It  is  customary  to  drop  the  < from  the  notation  when  talking  about  a partially 
ordered  set  (that  is,  one  speaks  of  the  partially  ordered  set  I rather  than  of  the 
partially  ordered  set  (I,  <)).  This  is  the  same  as  the  notion  defined  in  Categories, 
Section  14.211 

The  notion  “partially  ordered  set”  is  commonly  abbreviated  as  “poset” . 

00D4  Definition  10.8.2.  Let  (/,  <)  be  a partially  ordered  set.  A system  (Mi,  p,ij)  of 
R-modules  over  I consists  of  a family  of  f?-modules  {Mi}i^j  indexed  by  / and  a 
family  of  .R-module  maps  {pij  : Mi  — > Mj}i<j  such  that  for  all  i < j < k 

hii  = i d M.i  Pik  — Pjk  0 Pij 

We  say  (Mj,/Lty)  is  a directed  system  if  I is  a directed  set. 
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This  is  the  same  as  the  notion  defined  in  Categories,  Definition  |4.21.l|  and  Section 
|4.21|  We  refer  to  Categories,  Definition  |4.14.2|  for  the  definition  of  a colimit  of  a 
diagram/system  in  any  category. 

00D5  Lemma  10.8.3.  Let  (Mi,  p,j)  be  a system  of  R-modules  over  the  partially  ordered 
set  I.  The  colimit  of  the  system  ( Mi ,Pij)  is  the  quotient  R-module  (©je/Mj)/Q 
where  Q is  the  R-submodule  generated  by  all  elements 

Li  (Xj ) Lj(pij(xf)) 

where  Li  : Mj  — ► © Mi  is  the  natural  inclusion.  We  denote  the  colimit  M = 
colimj  Mi.  We  denote  i r : 0ig/  Mi  — » M the  projection  map  and  <f>i  = 7rotj  : Mi  — ► 

M. 


00D6 


00D7 


Proof.  This  lemma  is  a special  case  of  Categories,  Lemma  |4.14.11|  but  we  will 
also  prove  it  directly  in  this  case.  Namely,  note  that  <f>i  = <pj  o pij  in  the  above 
construction.  To  show  the  pair  (M,  <f>f)  is  the  colimit  we  have  to  show  it  satisfies  the 
universal  property:  for  any  other  such  pair  (F,  i/jf)  with  ifi  : Mi  — >•  Y . ipi  = ipj  o p^, 
there  is  a unique  f?-module  homomorphism  g : M — >•  Y such  that  the  following 
diagram  commutes: 


Mi 


M ij 


■Mj 


And  this  is  clear  because  we  can  define  g by  taking  the  map  tpi  on  the  summand 
Mi  in  the  direct  sum  0 Mj . □ 

Lemma  10.8.4.  Let  (Mi,pij)  be  a system  of  R-modules  over  the  partially  ordered 
set  I.  Assume  that  I is  directed.  The  colimit  of  the  system  (M.^pij)  is  canonically 
isomorphic  to  the  module  M defined  as  follows: 

(1)  as  a set  let 

where  for  m € Mj  and  m!  £ Mj/  we  have 

m ~ m'  <t=>  pij(m)  = pi’j(m')  for  some  j > i,  i' 

(2)  as  an  abelian  group  for  m £ Mi  and  m'  £ Mj/  we  define  the  sum  of  the 
classes  of  m and  m!  in  M to  be  the  class  of  pij(m)  + pi>j(m')  where  j £ I 
is  any  index  with  i < j and  i ’ < j,  and 

(3)  as  an  R-module  define  for  m £ Mi  and  x £ R the  product  of  x and  the 
class  of  m in  M to  be  the  class  of  xm  in  M. 

The  canonical  maps  <f>i  : Mi  — > M are  induced  by  the  canonical  maps  Mi  — > 
Iliei  Mi. 

Proof.  Omitted.  Compare  with  Categories,  Section  [4. 19[  □ 

Lemma  10.8.5.  Let  ( M% , ) be  a directed  system.  Let  M = colimAij  with 

Pi  : Mi  M . Then,  Pi(xi)  = 0 for  Xi  £ Mi  if  and  only  if  there  exists  j > i such 
that  pij(xi)  = 0. 
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Proof.  This  is  clear  from  the  description  of  the  directed  colimit  in  Lemma|10.8.4| 

□ 


00D8  Example  10.8.6.  Consider  the  partially  ordered  set  I = {a,  6,  c}  with  a < b 
and  a < c and  no  other  strict  inequalities.  A system  (Ma,  Mb,  Mc,  p,ab,  /xac)  over  I 
consists  of  three  R- modules  Ma,  Mb,  Mc  and  two  R- module  homomorphisms  pab  ■ 
Ma  — > Mb  and  pac  : Ma  — t Mc.  The  colimit  of  the  system  is  just 

M :=  colim*  e/  M*  = Coker (Ma  —>  Mb  © Mc ) 


00D9 


where  the  map  is  pab  © — /rac.  Thus  the  kernel  of  the  canonical  map  Ma  — > M is 
Kei'(pab)  + Ker(/Liac).  And  the  kernel  of  the  canonical  map  Mb  — > M is  the  image 
of  Ker(/xac)  under  the  map  fiab-  Hence  clearly  the  result  of  Lemma  10.8.5  is  false 
for  general  systems. 


Definition  10.8.7.  Let  (Ni,  Vij)  be  systems  of  JCmodules  over  the  same 

partially  ordered  set  I.  A homomorphism  of  systems  <f>  from  to 

is  by  definition  a family  of  f?-module  homomorphisms  (pi  : Alj  — > N;L  such  that 
(j)j  o fcj  = i/ij  o (fi  for  all  i < j. 


This  is  the  same  notion  as  a transformation  of  functors  between  the  associated 
diagrams  M : I — > Mod#  and  N : I — t Mod^,  in  the  language  of  categories.  The 
following  lemma  is  a special  case  of  Categories,  Lemma  [4. 14. 7| 

OODA  Lemma  10.8.8.  Let  (Mi^fiij),  (Ni,Pij)  be  systems  of  R-modules  over  the  same 
partially  ordered  set.  A morphism  of  systems  $ = (</>j)  from  to  ( Ni,Pij ) 

induces  a unique  homomorphism 


colim  <f>i  : colim  Alt  — colim  Nj 


such  that 


Mi 


Ni 


■ colim  Mi 

colim  <pi 

- colim  N 


commutes  for  all  i £ I . 


Proof.  Write  M = colim  Mi  and  N = colim  W and  f>  = colim  (pi  (as  yet  to  be 
constructed).  We  will  use  the  explicit  description  of  M and  N in  Lemma  10.8.3 


without  further  mention.  The  condition  of  the  lemma  is  equivalent  to  the  condition 
that 


M 


■N 


commutes.  Hence  it  is  clear  that  if  exists,  then  it  is  unique.  To  see  that  (f>  exists, 
it  suffices  to  show  that  the  kernel  of  the  upper  horizontal  arrow  is  mapped  by  (J)  (/>,; 
to  the  kernel  of  the  lower  horizontal  arrow.  To  see  this,  let  j < k and  Xj  £ Mj. 
Then 

(©  <t>i)(xj  ~ h-jk{Xj))  = - (pk^PjkiXj))  = <Pj{Xj)  - VjkicfjtXj)) 

which  is  in  the  kernel  of  the  lower  horizontal  arrow  as  required.  □ 
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OODB  Lemma  10.8.9.  Let  I be  a directed  partially  ordered  set.  Let  (Li,Aij), 

and  ( Ni , Uij)  be  systems  of  R-modules  over  I . Let  ipi  : Li  — ► Mi  and  ipi  : Adi  — > Ni 
be  morphisms  of  systems  over  I . Assume  that  for  all  i £ I the  sequence  of  R- 
modules 

Li  Mi  Ni 

is  a complex  with  homology  Hi.  Then  the  R-modules  Hi  form  a system  over  I , the 
sequence  of  R-modules 


colinij  Li  — colinij  Mj  — — >■  colinij  Ni 
is  a complex  as  well,  and  denoting  H its  homology  we  have 

H = colinij  Hi . 


Proof.  It  is  clear  that  colinij  Li  — —>■  colinij  Mj >-  colinij  Nt  is  a complex. 

For  each  i £ I,  there  is  a canonical  R-module  morphism  Hi  — > H (sending  each 
[to]  £ Hi  = Ker(^>j)/Im(<£j)  to  the  residue  class  in  H = Ker(i/>)/Im (ip)  of  the  image 
of  to  in  colinij  Mj).  These  give  rise  to  a morphism  colinij  Hi  — > H . It  remains  to 
show  that  this  morphism  is  surjective  and  injective. 


We  are  going  to  repeatedly  use  the  description  of  colimits  over  I as  in  Lemma  10.8.4 
without  further  mention.  Let  h £ H.  Since  H = Ker(^>)/Im(<j?)  we  see  that  h is 
the  class  mod  Im(</?)  of  an  element  [to]  in  Ker (if))  C colinij  Mj.  Choose  an  i such 
that  [to]  conies  from  an  element  to  £ Mi.  Choose  a j > i such  that  Vij(xpi(m))  = 0 
which  is  possible  since  [m]  £ Ker(i/>).  After  replacing  i by  j and  to  by  p,ij(in)  we 
see  that  we  may  assume  to  £ Ker(^j).  This  shows  that  the  map  colinij  Hi  — >•  H is 
surjective. 


Suppose  that  hi  £ Hi  has  image  zero  on  H.  Since  Hi  = Ker(^j)/Im(</Jj)  we  may 
represent  hi  by  an  element  to.  £ Ker('^j)  C Mj.  The  assumption  on  the  vanishing  of 
hi  in  H means  that  the  class  of  to  in  colinij  Mj  lies  in  the  image  of  ip.  Hence  there 
exists  a j > i and  an  l £ Lj  such  that  = p,ij(m).  Clearly  this  shows  that  the 
image  of  ht  in  Hj  is  zero.  This  proves  the  injectivity  of  colim.j  Hi  — > H.  □ 


00DC  Example  10.8.10.  Taking  colimits  is  not  exact  in  general.  Consider  the  partially 
ordered  set  I = {a,  b,  c}  with  a < b and  a < c and  no  other  strict  inequalities,  as  in 
Example  10.8.6  Consider  the  map  of  systems  (0,  Z,  Z,  0,  0)  —>  (Z,  Z,  Z,  1, 1).  From 


the  description  of  the  colimit  in  Example  |10.8.6|  we  see  that  the  associated  map  of 
colimits  is  not  injective,  even  though  the  map  of  systems  is  injective  on  each  object. 
Hence  the  result  of  Lemma  |10.8.9|  is  false  for  general  systems. 

04B0  Lemma  10.8.11.  Let  I be  an  index  category  satisfying  the  assumptions  of  Cate- 
gories, Lemma  \ 4-19. 7]  Then  taking  colimits  of  diagrams  of  abelian  groups  over  T 
is  exact  (i.e.,  the  analogue  of  Lemma  10.8.S\  holds  in  this  situation). 


4.19.7 


we  may  write  T = with  each  Ij 


Proof.  By  Categories,  Lemma 
a filtered  category,  and  J possibly  empty.  By  Categories,  Lemma  4.21.3|  taking 
colimits  over  the  index  categories  Ij  is  the  same  as  taking  the  colimit  over  some 
directed  partially  ordered  set.  Hence  Lemma [10. 8. 9|  applies  to  these  colimits.  This 
reduces  the  problem  to  showing  that  coproducts  in  the  category  of  .R-modules  over 
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the  set  J are  exact.  In  other  words,  exact  sequences  Lj  — » Mj  — ► Nj  of  R modules 
we  have  to  show  that 


is  exact.  This  can  be  verified  by  hand,  and  holds  even  if  J is  empty. 


□ 


For  purposes  of  reference,  we  define  what  it  means  to  have  a relation  between 
elements  of  a module. 

07N8  Definition  10.8.12.  Let  R be  a ring.  Let  M be  an  f?-module.  Let  n > 0 and 
Xi  G M for  i = 1, . . . , n.  A relation  between  xi,...,xn  in  M is  a sequence  of 
elements  /i,  ...,/„  S R such  that  hxi  = °- 

OOHA  Lemma  10.8.13.  Let  R be  a ring  and  let  M be  an  R-module.  Then  M is  the 
colimit  of  a directed  system  (Mi,  p,ij)  of  R-modules  with  all  Mi  finitely  presented 
R-modules. 


Proof.  Consider  any  finite  subset  S C M and  any  finite  collection  of  relations  E 
among  the  elements  of  S.  So  each  s G S corresponds  to  xs  G M and  each  e G E 
consists  of  a vector  of  elements  fe,s  G R such  that  fe,sxs  = 0.  Let  M$,e  be  the 
cokernel  of  the  map 

R*E  — ► R*S , (ge)eeE  — ► (]T  defenses- 

There  are  canonical  maps  Ms.e  — t M.  If  5 C S'  and  if  the  elements  of  E corre- 
spond, via  this  map,  to  relations  in  E' , then  there  is  an  obvious  map  Ms.e  — > Ms\e' 
commuting  with  the  maps  to  M.  Let  / be  the  set  of  pairs  ( S,E ) with  ordering  by 
inclusion  as  above.  It  is  clear  that  the  colimit  of  this  directed  system  is  M.  □ 
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OOCN  Definition  10.9.1.  Let  R be  a ring,  S a subset  of  R.  We  say  S'  is  a multiplicative 
subset  of  R is  1 G S and  S is  closed  under  multiplication,  i.e. , s,  s'  G S =>  ss'  G S. 

Given  a ring  A and  a multiplicative  subset  S,  we  define  a relation  on  A x S as 
follows: 

(x,  s ) ~ (y,  t)  <t=>  3u  G S such  that  (xt  — ys)u  = 0 
It  is  easily  checked  that  this  is  an  equivalence  relation.  Let  x/s  (or  -)  be  the 
equivalence  class  of  (x,  s)  and  S_1A  be  the  set  of  all  equivalence  classes.  Define 
addition  and  multiplication  in  S-1A  as  follows: 

x/s  + y/t  = (xt  + ys)/st,  x/s  ■ y/t  = xy/st 
One  can  check  that  S-1A  becomes  a ring  under  these  operations. 

OOCO  Definition  10.9.2.  This  ring  is  called  the  localization  of  A with  respect  to  S. 

We  have  a natural  ring  map  from  A to  its  localization  S,_1A, 

A — > S~1A,  x i — > x/1 

which  is  sometimes  called  the  localization  map.  In  general  the  localization  map  is 
not  injective,  unless  S contains  no  zerodivisors.  For,  if  x/1  = 0,  then  there  is  a 
u G S such  that  xu  = 0 in  A and  hence  x = 0 since  there  are  no  zerodivisors  in  S. 
The  localization  of  a ring  has  the  following  universal  property. 
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OOCP  Proposition  10.9.3.  Let  f : A -A  B be  a ring  map  that  sends  every  element  in 
S to  a unit  of  B.  Then  there  is  a unique  homomorphism  g : iS_1A  -A  B such  that 
the  following  diagram  commutes. 


S~1A 


Proof.  Existence.  We  define  a map  g as  follows.  For  x/s  £ S~1A1  let  g(x/s)  = 
/(a;)/(s)_1  £ B.  It  is  easily  checked  from  the  definition  that  this  is  a well-defined 
ring  map.  And  it  is  also  clear  that  this  makes  the  diagram  commutative. 

Uniqueness.  We  now  show  that  if  g'  : A-1  A -A  B satisfies  g'{x/ 1)  = f(x),  then 
g = g' . Hence  f(s)  = g'(s/ 1)  for  s £ S by  the  commutativity  of  the  diagram. 
But  then  g’(l/s)f(s)  = 1 in  B , which  implies  that  g'(l/s)  = /(s)_1  and  hence 
g'(x/s)  = g'(x/l)g’{l/s)  = f(x)f(s)~1  = g{x/s).  □ 

OOCQ  Lemma  10.9.4.  The  localization  S 1A  is  the  zero  ring  if  and  only  if  0 £ S. 

Proof.  If  0 € 5,  any  pair  (a,  s)  ~ (0, 1)  by  definition.  If  0 ^ 5,  then  clearly 
1/1 ^ 0/1  in  S-'A.  ■ 1 ■ n 

07JY  Lemma  10.9.5.  Let  R be  a ring.  Let  S C R be  a multiplicative  subset.  The 
category  of  S~x R-modules  is  equivalent  to  the  category  of  R-modules  N with  the 
property  that  every  s £ S acts  as  an  automorphism  on  N. 

Proof.  The  functor  which  defines  the  equivalence  associates  to  an  51-1  R- module 
M the  same  module  but  now  viewed  as  an  I?-module  via  the  localization  map 
R — >•  S~1R.  Conversely,  if  N is  an  I?-module,  such  that  every  s £ S acts  via  an 
automorphism  sjv,  then  we  can  think  of  N as  an  A- ^-module  by  letting  x/s  act 
via  Xn  o sjv  ■ We  omit  the  verification  that  these  two  functors  are  quasi-inverse  to 
each  other.  □ 

The  notion  of  localization  of  a ring  can  be  generalized  to  the  localization  of  a 
module.  Let  A be  a ring,  S a multiplicative  subset  of  A and  M an  A-module.  We 
define  a relation  on  M x S as  follows 

(m,  s ) ~ (n,  t)  4=>  3u  £ S such  that  ( mt  — ns)u  = 0 

This  is  clearly  an  equivalence  relation.  Denote  by  m/s  (or  — ) be  the  equivalence 
class  of  (m,  s ) and  S~1M  be  the  set  of  all  equivalence  classes.  Define  the  addition 
and  scalar  multiplication  as  follows 

m/s  + n/t  = [mt  + ns)/st,  m/s  ■ n/t  = mn/st 

It  is  clear  that  this  makes  S_1M  an  S'_1A  module. 

07JZ  Definition  10.9.6.  The  5l_1A-module  S~1M  is  called  the  localization  of  M at  S. 

Note  that  there  is  an  A-module  map  M S~lM7  m i-a  m/1  which  is  sometimes 
called  the  localization  map.  It  satisfies  the  following  universal  property. 
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07K0  Lemma  10.9.7.  Let  R be  a ring.  Let  S C R a multiplicative  subset.  Let  M,  N be 
R-modules.  Assume  all  the  elements  of  S act  as  automorphisms  on  N . Then  the 
canonical  map 

Hoiiir(S'~1M,  N)  — > Horn r(M,N) 
induced  by  the  localization  map,  is  an  isomorphism. 

Proof.  It  is  clear  that  the  map  is  well-defined  and  R-linear.  Injectivity:  Let  a £ 
Homjf  (S~1M,  N)  and  take  an  arbitrary  element  m/s  £ S~1M.  Then,  since  s ■ 
a(m/s ) = a(m/ 1),  we  have  a(m/s)  = s~1(a(m/l)),  so  a is  completely  determined 
by  what  it  does  on  the  image  of  M in  S~1AI.  Surjectivity:  Let  fj  : M -A  N be  a 
given  R-linear  map.  We  need  to  show  that  it  can  be  ’’extended”  to  S~1M.  Define 
a map  of  sets 

M x S -A  N,  ( m,s ) i — >■  s-1(m) 

Clearly,  this  map  respects  the  equivalence  relation  from  above,  so  it  descends  to  a 
well-defined  map  a : S~lM  — ► N . It  remains  to  show  that  this  map  is  R-linear,  so 
take  r,r'  £ R as  well  as  s,  s'  £ S and  to,  to'  £ M.  Then 

a(r  ■ m/s  + r'  ■ m' /s')  = a((r  ■ sf  ■ m + ri  ■ s ■ m') / ( ss ')) 

= (ss/)_1(/I(r  • s/  ■ to  + rf  ■ s ■ m') 

= (ss')_1(r  • s'(3(m)  + r'  ■ s/3{m') 

= ra(m/s)  + r'a(m' /s') 

and  we  win.  □ 


02C5  Example  10.9.8.  Let  A be  a ring  and  let  M be  an  A-module.  Here  are  some 
important  examples  of  localizations. 

(1)  Given  p a prime  ideal  of  A consider  S = A \ p.  It  is  immediately  checked 
that  S'  is  a multiplicative  set.  In  this  case  we  denote  Av  and  Mp  the 
localization  of  A and  M with  respect  to  S respectively.  These  are  called 
the  localization  of  A,  resp.  M at  p. 

(2)  Let  f £ A.  Consider  S = {1, /, /2, . . .}.  This  is  clearly  a multiplicative 
subset  of  A.  In  this  case  we  denote  Af  (resp.  Mf)  the  localization  S-1H 
(resp.  S~1M).  This  is  called  the  localization  of  A,  resp.  M with  respect 
to  f.  Note  that  Af  = 0 if  and  only  if  / is  nilpotent  in  A. 

(3)  Let  S = {/  £ A | / is  not  a zerodivisor  in  A}.  This  is  a multiplicative 
subset  of  A.  In  this  case  the  ring  Q{A)  = SI_1H  is  called  either  the  total 
quotient  ring , or  the  total  ring  of  fractions  of  A. 


OOCR 


Lemma  10.9.9.  Let  R be  a ring.  Let  S C R be  a multiplicative  subset.  Let  M be 
an  R-module.  Then 

S~1M  = colim/es  Mf 

where  the  partial  ordering  on  S is  given  by  f > f 44-  / = f'f"  for  some  f"  £ R in 
which  case  the  map  Mf  — > Mf  is  given  by  m/{f)e  sa  m(f")e/fe. 


Proof.  Omitted.  Hint:  Use  the  universal  property  of  Lemma [l 0.9. 7 


□ 


In  the  following  paragraph,  let  A denote  a ring,  and  M,  N denote  modules  over  A. 
If  S and  S'  are  multiplicative  sets  of  A,  then  it  is  clear  that 

SS'  = {ss'  : s £ S,  s'  £ S'} 

is  also  a multiplicative  set  of  A.  Then  the  following  holds. 
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02C6  Proposition  10.9.10.  Let  S be  the  image  of  S in  S'  1A,  then  (SS')  1A  is  iso- 
morphic to  S 

Proof.  The  map  sending  x £ A to  x /l  £ (SS'~1)A  induces  a map  sending  x/s  £ 
S’-1  A to  x/s  £ (S'S',_1)A,  by  universal  property.  The  image  of  the  elements  in  S are 
invertible  in  (S'S',_1)A.  By  the  universal  property  we  get  a map  / : S (SI,_1A)  — »• 
(S'S"_1)A  which  maps  {x/t') /{s/ s')  to  ( x/t ')  ■ ( s/s' )_1. 

On  the  other  hand,  the  map  from  A to  S 1(S,~1A)  sending  x £ A to  (x/l)/(l/l) 
also  induces  a map  g : (SS'-^A  -A  S {S'-1  A)  which  sends  x/ss'  to  (x/ s')/(s/l), 
by  the  universal  property  again.  It  is  immediately  checked  that  / and  g are  inverse 
to  each  other,  hence  they  are  both  isomorphisms.  □ 

For  the  module  M we  have 

02C7  Proposition  10.9.11.  View  S'~1M  as  an  A-module,  then  S~1{S'~1  M)  is  iso- 
morphic to  ( SS')~1M . 

Proof.  Note  that  given  a A-module  M,  we  have  not  proved  any  universal  property 
for  5I_1M . Hence  we  cannot  reason  as  in  the  preceding  proof;  we  have  to  construct 
the  isomorphism  explicitly. 

We  define  the  maps  as  follows 
/ : S~1{S'~1M)  — ► {SS')~1M,  ha  x/ss' 

g : { SS')~1M  — > S~1{S'^1M),  x/t  i-A  for  some  s £ S,s'  £ S',  and  t = ss' 

We  have  to  check  that  these  homomorphisms  are  well-defined,  that  is,  independent 
the  choice  of  the  fraction.  This  is  easily  checked  and  it  is  also  straightforward  to 
show  that  they  are  inverse  to  each  other.  □ 

If  u : M — > N is  an  A homomorphism,  then  the  localization  indeed  induces  a 
well-defined  5,_1A  homomorphism  S~1u  : S_1M  -A  S_1N  which  sends  x/s  to 
u(x)/s.  It  is  immediately  checked  that  this  construction  is  functorial,  so  that  S1-1 
is  actually  a functor  from  the  category  of  A-modules  to  the  category  of  SI_1A- 
modules.  Moreover  this  functor  is  exact,  as  we  show  in  the  following  proposition. 

OOCS  Proposition  10.9.12.  Let  L M -A  N is  an  exact  sequence  of  R-modules. 
Then  S~LL  -A  S~lM  -A  S-XN  is  also  exact. 

Proof.  First  it  is  clear  that  S_1L  -A  S~XM  -A  S~1N  is  a complex  since  lo- 
calization is  a functor.  Next  suppose  that  x/s  maps  to  zero  in  S_1N  for  some 
x/s  £ S~1M.  Then  by  definition  there  is  a t £ S such  that  v(xt)  = v{x)t  = 0 in 
M , which  means  xt  £ Ker(u).  By  the  exactness  of  L A M A N we  have  xt  = u(y) 
for  some  y in  L.  Then  x/s  is  the  image  of  y/st.  This  proves  the  exactness.  □ 

02C8  Lemma  10.9.13.  Localization  respects  quotients,  i.e.  if  N is  a submodule  of  M, 
then  S~1(M/N)  ~ (5,-1M)/(5'-1iV). 


Proof.  From  the  exact  sequence 
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we  have 

0 — > S^N  — > S_1M  — > S~1(M/N)  — > 0 
The  corollary  then  follows.  □ 

If,  in  the  preceding  Corollary,  we  take  N = I and  M = A for  an  ideal  I of  A,  we 
see  that  S~1A/S~1I  ~ S~1(A/I)  as  A-modules.  The  next  proposition  shows  that 
they  are  isomorphic  as  rings. 

OOCT  Proposition  10.9.14.  Let  I be  an  ideal  of  A,  S a multiplicative  set  of  A.  Then 

S-1/  is  an  ideal  of  S~1A  and  S (A/I)  is  isomorphic  to  S-1  A/ S-1 1 , where  S is 
the  image  of  S in  A/ 1. 

Proof.  The  fact  that  S'-1/  is  an  ideal  is  clear  since  I itself  is  an  ideal.  Define 
f : S~1A — >S  1(A/I),  x/se^-x/s 

where  x and  s are  the  images  of  x and  s in  A/ 1.  We  shall  keep  similar  notations  in 
this  proof.  This  map  is  well-defined  by  the  universal  property  of  S-1A,  and  S'-1/ 
is  contained  in  the  kernel  of  it,  therefore  it  induces  a map 

J : S^A/S^I  — >S~\A/I),  T/i^x/s 

On  the  other  hand,  the  map  A — > S~1A/S~1I  sending  x to  x/l  induces  a map 
A/I  — >■  S~1A/S~1I  sending  x to  x/l.  The  image  of  S is  invertible  in  S~1A/S~1I , 
thus  induces  a map 


g : S \A/I)  — ► S-'A/S-'I,  | ha  x/s 

by  the  universal  property.  It  is  then  clear  that  / and  g are  inverse  to  each  other, 
hence  are  both  isomorphisms.  □ 

We  now  consider  how  submodules  behave  in  localization. 

OOCU  Lemma  10.9.15.  Any  submodule  N'  of  S~XM  is  of  the  form  S~1N  for  some 
N C M.  Indeed  one  can  take  N to  be  the  inverse  image  of  N1  in  M. 

Proof.  Let  N be  the  inverse  image  of  N'  in  M.  Then  one  can  see  that  S_1N  D N' . 
To  show  they  are  equal,  take  x/s  in  S~1N , where  s £ S and  x £ N.  This  yields 
that  x/l  £ N'.  Since  N'  is  an  S'- ^-submodule  we  have  x/s  = x/l  ■ 1/s  £ N' . 
This  finishes  the  proof.  □ 

Taking  M = A and  TV  = I an  ideal  of  A,  we  have  the  following  corollary,  which  can 
be  viewed  as  a converse  of  the  first  part  of  Proposition |10.9.14| 

02C9  Lemma  10.9.16.  Each  ideal  I'  of  S~1A  takes  the  form  S'-1/,  where  one  can  take 
I to  be  the  inverse  image  of  I'  in  A. 


Proof.  Immediate  from  Lemma TlO. 9. 151 


□ 
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10.10.  Internal  Horn 


0581  If  R is  a ring,  and  M,  TV  are  i?-modules,  then 

Homfl(M,  TV)  = {y?  : M ->•  TV} 


is  the  set  of  i?-linear  maps  from  M to  TV.  This  set  comes  with  the  structure  of  an 
abelian  group  by  setting  (ip+tj}){m)  = ip(m)+ip(m),  as  usual.  In  fact,  Homi?(M,  TV) 
is  also  an  i?-module  via  the  rule  ( xtp)(m ) = x<p{m)  = ( p(xm ). 


Given  maps  a : M — > M'  and  b : TV  -A  TV'  of  i?-modules,  we  can  pre-compose  and 
post-compose  homomorphisms  by  a and  b.  This  leads  to  the  following  commutative 
diagram 


Horn  r(M',N)  — ^-*-Hom  R(M',N') 


—o  a 

Y 

Hom/j  (M,  TV) 


— o a 


bo  — 


Y 

Hom^(M,  TV') 


In  fact,  the  maps  in  this  diagram  are  i?-module  maps.  Thus  Horn??  defines  an 
additive  functor 


Mod°pp  x Mod??  — A Modi?,,  (M,  TV)  t— > RomR{M,  TV) 

0582  Lemma  10.10.1.  Exactness  and  Horn??.  Let  R be  a ring. 

(1)  Let  Mi  — ► M2  — ► M3  -A-  0 be  a complex  of  R-modules.  Then  M\  — ► M2  — > 
M3  — ► 0 is  exact  if  and  only  if  0 — > Homi?(M3,TV)  -A  Honii?(M2,TV)  — > 
Homi?(Mi,TV)  is  exact  for  all  R-modules  TV. 

(2)  Let  0 — > Mi  — > M2  — ► M3  be  a complex  of  R-modules.  Then  0 — > Mi  — > 
M2  -A  M3  is  exact  if  and  only  if  0 — >■  HomR(N,  Mi)  — > Homi?(TV,  M2)  — > 
Homi?(TV,  M3)  is  exact  for  all  R-modules  TV. 


Proof.  Omitted. 


□ 


0583  Lemma  10.10.2.  Let  R be  a ring.  Let  M be  a finitely  presented  R-module.  Let 
TV  be  an  R-module. 

(1)  For  f £ R we  have  Homi?(M,  TV) y = Hom^  (My,  TVy)  = HomR(M f , N f) , 

(2)  for  a multiplicative  subset  S of  R we  have 

S_1  Honii?(M,  TV)  = Homs_ii?(5'-1M,  S^TV)  = Hom^S^M,  S"1  TV). 


Proof.  Part  (1)  is  a special  case  of  part  (2).  The  second  equality  in  (2)  follows 
from  Lemma [10. 9.7[  Choose  a presentation 


0 i?^0 

By  Lemma  10.10.1|  this  gives  an  exact  sequence 


i?  — )•  M — >•  0. 


0 Honii?(M,  TV)  -A  ff)  TV  — > (T)  TV. 

Inverting  S and  using  Proposition  |10.9.T2|  we  get  an  exact  sequence 

0 -»■  S-1  Horn i?(M,  TV)  -a  5_1TV  — > S^TV 

and  the  result  follows  since  S_1M  sits  in  an  exact  sequence 

eS"1!?  — >£P)  S'”1!?  -»  5_1M  ->  0 
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which  induces  (by  Lemma  10.10.1)  the  exact  sequence 
which  is  the  same  as  the  one  above. 


© 


S~1N 


□ 


10.11.  Tensor  products 

oocv 

00CW  Definition  10.11.1.  Let  R be  a ring,  M,N,P  be  three  R-modules.  A mapping 
/ : M x N — ► P (where  M x TV  is  viewed  only  as  Cartesian  product  of  two  R- 
modules)  is  said  to  be  R-bilinear  if  for  each  x £ M the  mapping  y f(x,y)  of  N 
into  P is  R-linear,  and  for  each  y £ N the  mapping  x <— > f(x,y)  is  also  R-linear. 

00CX  Lemma  10.11.2.  Let  M,N  be  R-modules.  Then  there  exists  a pair  (T,g)  where 
T is  an  R-module,  and  g : M x N — >•  T an  R-bilinear  mapping,  with  the  following 
universal  property:  For  any  R-module  P and  any  R-bilinear  mapping  f : M x N — ► 
P,  there  exists  a unique  R-linear  mapping  f : T — ► P such  that  / = f o g.  In  other 
words,  the  following  diagram  commutes: 

M x N >■ P 


T 

Moreover,  if  (T,g)  and  (T',g')  are  two  paws  with  this  property,  then  there  exists  a 
unique  isomorphism  j : T — ► T'  such  that  j o g = g' . 

The  .R-module  T which  satisfies  the  above  universal  property  is  called  the  tensor 
product  of  R-modules  M and  N,  denoted  as  M N. 

Proof.  We  first  prove  the  existence  of  such  R-module  T . Let  M,  N be  R-modules. 
Let  T be  the  quotient  module  P/Q,  where  P is  the  free  R-module  r(MxJV)  and  Q 
is  the  R-module  generated  by  all  elements  of  the  following  types:  (a;  £ M,y  £ N) 

(x  + x',y)  - (x,y)  - (x',y), 

{x,y  + y')  - (x,y)  - {x,y'), 

(ax,  y)  - a(x,y ), 

(x,ay)  - a(x,  y) 

Let  7 t : M x N — >•  T denote  the  natural  map.  This  map  is  R-bilinear,  as  implied 
by  the  above  relations  when  we  check  the  bilinearity  conditions.  Denote  the  image 
n(x,y)  = x (&y,  then  these  elements  generate  T.  Now  let  / : M x — > P be 

an  R-bilinear  map,  then  we  can  define  f : T — > P by  extending  the  mapping 
f'(x®y)  = f(x,y).  Clearly  f = f o-k.  Moreover,  f is  uniquely  determined  by  the 
value  on  the  generating  sets  {x  ® y : x £ M,y  £ N} . Suppose  there  is  another  pair 
(' T',g ')  satisfying  the  same  properties.  Then  there  is  a unique  j : T — ► T'  and  also 
j'  : T'  T such  that  g'  = j o g,  g = j ' o g' . But  then  both  the  maps  ( j o j')  o g 
and  g satisfies  the  universal  properties,  so  by  uniqueness  they  are  equal,  and  hence 
j'  o j is  identity  on  T.  Similarly  ( j ’ o j)  o g’  = g'  and  j of  is  identity  on  T' . So  j is 
an  isomorphism.  □ 
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OOCY  Lemma  10.11.3.  Let  M,N,P  be  R-modules,  then  the  bilinear  maps 

(x,  y)  y ® x 
(x  + y,z)  r^x®z  + y®z 
(r,  x)  i y rx 

induce  unique  isomorphisms 

M ®R  TV  N ®R  M, 

(M  © N)  ®R  P — »■  (M  ®R  P)  © (N  ®R  P), 

R ®r  M — i M 

Proof.  Omitted.  □ 


We  may  generalize  the  tensor  product  of  two  f?-modules  to  finitely  many  .R-modules, 
and  set  up  a correspondence  between  the  multi-tensor  product  with  multilinear 
mappings.  Using  almost  the  same  construction  one  can  prove  that: 

OOCZ  Lemma  10.11.4.  Let  Mi, . . . ,Mr  be  R-modules.  Then  there  exists  a pair  (T,g) 
consisting  of  an  R-module  T and  an  R-multilinear  mapping  g : Mi  x . . . x Mr  — > T 
with  the  universal  property:  For  any  R-multilinear  mapping  f : Mi  x . . . x Mr  — > P 
there  exists  a unique  R-module  homomorphism  fi:T—>P  such  that  fog  = f . 
Such  a module  T is  unique  up  to  unique  isomorphism.  We  denote  it  Mi®r.  . ,®rMt 
and  we  denote  the  universal  multilinear  map  (mi, . . . ,mr)  H > mi  ® ...  ® mr. 

Proof.  Omitted.  □ 

00D0  Lemma  10.11.5.  The  homomorphisms 

(M  ®rN)®rP  M®rN®rP  -►  M ®R  ( N ®R  P ) 

such  that  f((x®y)®z)  = x®y®z  and  g(x®y®z ) = x®(y®z),  x £ M,  y £ N,  z £ P 
are  well-defined  and  are  isomorphisms. 

Proof.  We  shall  prove  / is  well-defined  and  is  an  isomorphism,  and  this  proof 
carries  analogously  to  g.  Fix  any  z £ P,  then  the  mapping  (x,y)  i— > x ® y ® 
z,  x £ M,  y £ N , is  f?-bilinear  in  x and  y,  and  hence  induces  homomorphism 
fz:M®N^M®N®P  which  sends  fz(x®y)  = x ® y ® z.  Then  consider 
(M  ® N ) xP^M®N®P  given  by  (w,  z)  i— > fz(w).  The  map  is  f?-bilinear  and 
thus  induces  / : (M  ®rN)®rP  — »•  M ®r  N ®r  P and  f((x®y)®  z)  = x®y®  z. 
To  construct  the  inverse,  we  note  that  the  map  tt  : M x N x P — » (M  ® N ) ® P is 
f?-trilinear.  Therefore,  it  induces  an  f?-linear  map  h : M ® N ® P — ► (M  ® N ) ® P 
which  agrees  with  the  universal  property.  Here  we  see  that  h(x®y®z)  = (x®y)®z. 
From  the  explicit  expression  of  / and  h,  foh  and  hof  are  identity  maps  of  M®N®P 
and  (M  ® N ) ® P respectively,  hence  / is  our  desired  isomorphism.  □ 


Doing  induction  we  see  that  this  extends  to  multi-tensor  products.  Combined  with 
Lemma  |10.11.3  we  see  that  the  tensor  product  operation  on  the  category  of  R- 
modules  is  associative,  commutative  and  distributive. 


00D1  Definition  10.11.6.  An  abelian  group  N is  called  an  (A,  B)-bimodule  if  it  is  both 
an  A-module  and  a H-module,  and  the  actions  A — > End(M)  and  B — > End(M) 
are  compatible  in  the  sense  that  (ax)b  = a(xb)  for  all  a £ A,  b £ B,  x £ N.  Usually 
we  denote  it  as  aNb- 
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00D2  Lemma  10.11.7.  For  A-module  M,  B-module  P and  (A,  B) -bimodule  TV,  the 
modules  (M  0 a TV ) 0b  P and  M 0 a (TV  0b  P)  can  both  be  given  (A,  B) -bimodule 
structure,  and  moreover 

(M  <g )A  N)®bP  = M (g >a  (TV  ®B  P )• 


Proof.  A priori  M 0,4  TV  is  an  A-module,  but  we  can  give  it  a 13-module  structure 
by  letting 

(x  0 y)b  = x®yb,  x £ M,y  £ N,b  £ B 


Thus  M 0 a N becomes  an  (A,  13)-bimodule.  Similarly  for  TV  0s  P,  and  thus  for 
(M  0 a TV)  0b  P and  M 0a  (TV  0b  P).  By  Lemma  10.11.5  these  two  modules  are 
isomorphic  as  both  as  A-module  and  13-module  via  the  same  mapping.  □ 


00DE  Lemma  10.11.8.  For  any  three  R-modules  M,N,P, 

Horn r(M  0ij  TV,  P ) = Horn r(M,  HonrB(TV,  P)) 


Proof.  An  A-linear  map  / € Hom/i(M 0b  IV,  P ) corresponds  to  an  H-bilinear  map 
/ : M x TV  — >■  P.  For  each  x £ M the  mapping  y >->•  f(x,y ) is  U-linear  by  the 
universal  property.  Thus  / corresponds  to  a map  cj>f  : M — > HoniB(-/V,  P).  This 
map  is  U-linear  since 

<l>f(ax  + y){z)  = f(ax  + y,z)  = af(x,  z ) + f(y , z)  = (a^f(x)  + (j>f{y)){z), 

for  all  a £ R,  x £ M,  y £ M and  z £ N.  Conversely,  any  / € HomB(M,  HoniB(TV,  P)) 
defines  an  H-bilinear  map  M x TV  — ► P,  namely  (x,y)  K > f(x)(y).  So  this  is  a nat- 
ural one-to-one  correspondence  between  the  two  modules  Homjj(M  0b  TV , P ) and 
HomB(M,HomB(Ar,P)).  □ 

00DD  Lemma  10.11.9  (Tensor  products  commute  with  colimits).  Let  (Mt.  /i,;7)  be  a 
system  over  the  partially  ordered  set  I . Let  TV  be  an  R-module.  Then 

colim (Mi  0 TV)  = (colimMj)  0 TV. 

Moreover,  the  isomorphism  is  induced  by  the  homomorphisms  Pi  0 1 : Mj  0 TV  — > 
M 0 TV  where  M = coliup  Mi  with  natural  maps  pi  : Mj  — > M . 


Proof.  First  proof.  The  functor  M'  K > M'  0b  TV  is  left  adjoint  to  the  functor 
TV ' i — ^ HomB(TV,  TV')  by  Lemma  10.11.8  Thus  M'  H > M'  0b  TV  commutes  with  all 
colimits,  see  Categories,  Lemma[4.24.4| 


Second  direct  proof.  Let  P = colim(Mj  0 TV),  M = colimMj.  Then  for  all  i < j, 
the  following  diagram  commutes: 


Mj  0 TV 


[Lij  ® 1 


Mi<®  1 


M ®N 


id 


M?®! 

Mj  0 TV  M 0 TV 

By  Lemma  10.8.8[  these  maps  induce  a unique  homomorphism  if)  : P — » M 0 TV , 
with  Aj  : Mj  0 TV  — ► P given  by  Aj  = n o (ij  0 1). 


To  construct  the  inverse  map,  for  each  i £ /,  there  is  the  canonical  i?-bilinear 
mapping  gi  : Mj  x TV  — > Mi  0 TV.  This  induces  a unique  mapping  (f> : M x TV  — ► P 
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such  that  x 1)  = AjOgj.  It  is  i?.-bilinear.  Thus  it  induces  an  f?-linear  mapping 

(f> : M 0 N — > P.  From  the  commutative  diagram  below: 


Mi  x N Mi  0 N 

fiiX  id  A i 

M x N — ^ P — 


id 


■ Mi  <8>N 


id 


M 


P 


we  see  that  ip  o <f>  = g,  the  canonical  R-bilinear  mapping  g : M x N — >•  M 0 N.  So 
ip  o (p  is  identity  on  M 0 N.  From  the  right-hand  square  and  triangle,  <p  o ip  is  also 
identity  on  P.  □ 

OODF  Lemma  10.11.10.  Let 

Ml  -4  M2  4 Ms  0 

be  an  exact  sequence  of  R-modules  and  homomorphisms,  and  let  N be  any  R- 
module.  Then  the  sequence 

OODG  (10.11.10.1)  Mi  ® N ^4  M2  0 N -^4  m3  ® N ->•  0 

is  exact.  In  other  words , the  functor  — N is  right  exact,  in  the  sense  that 
tensoring  each  term  in  the  original  right  exact  sequence  preserves  the  exactness. 

Proof.  We  apply  the  functor  Hom(— , Hom(lV,  P))  to  the  first  exact  sequence.  We 
obtain 

0 — ► Hom(M3,  Hom(iV,  P))  —>  Hom(M2,  Hom(iV,  P))  Hom(Mi, Hom(AT,  P)) 
By  Lemma[l0.11.8|  we  have 

0 — ?>  Hom(Al3  g)  N,  P)  Hom(M2  ®JV,F)  Hom(Mi  0 N,  P) 

Using  the  pullback  property  again,  we  arrive  at  the  desired  exact  sequence.  □ 

00DH  Remark  10.11.11.  However,  tensor  product  does  NOT  preserve  exact  sequences 
in  general.  In  other  words,  if  M\  — > M2  — ► M3  is  exact,  then  it  is  not  necessarily 
true  that  M\  M2  0 N — > M3  0 N is  exact  for  arbitrary  R-module  N . 

OODI  Example  10.11.12.  Consider  the  injective  map  2 : Z — > Z viewed  as  a map  of 
Z-modules.  Let  N = Z/2.  Then  the  induced  map  Z 0 Z/2  -4  Z0  Z/2  is  NOT 
injective.  This  is  because  for  x 0 y £ Z 0 Z/2, 

(201)(a;0y)  = 2x02/  = a:0  2j/  = a:0O  = O 

Therefore  the  induced  map  is  the  zero  map  while  Z 0 N 7^  0. 

OODJ  Remark  10.11.13.  For  R-modules  N,  if  the  functor  — 0#  TV  is  exact,  i.e.  tensoring 
with  N preserves  all  exact  sequences,  then  N is  said  to  be  flat  R-module.  We  will 
discuss  this  later  in  Section flO. 381 

05BS  Lemma  10.11.14.  Let  R be  a ring.  Let  M and  N be  R-modules. 

(1)  If  N and  M are  finite,  then  so  is  M 0/{  N. 

(2)  If  N and  M are  finitely  presented,  then  so  is  M 0^  N . 
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Proof.  Suppose  M is  finite.  Then  choose  a presentation  0 — > K — >•  R0n  — > M — ► 0. 
This  gives  an  exact  sequence  K ®rN  — > N®n  — > M ®rN  — > 0 by  Lemma  10.11.10 


We  conclude  that  if  N is  finite  too  then  M ®r  N is  a quotient  of  a finite  module, 
hence  finite,  see  Lemma  10.5.3|  Similarly,  if  both  N and  M are  finitely  presented, 
then  we  see  that  I\  is  finite  and  that  M 8r  N is  a quotient  of  the  finitely  presented 
module  N®n  by  a finite  module,  namely  K 8r  N,  and  hence  finitely  presented,  see 
Lemma  110.5.31  □ 

00DK  Lemma  10.11.15.  Let  M be  an  R-module.  Then  the  S'-1 R-modules  S~1M 
and  S~LR  8.r  M are  canonically  isomorphic , and  the  canonical  isomorphism  / : 
S'-1!?  0#  M — ► S-1M  is  given  by 

f((a/s)  0 m)  = am/s,\/a  £ R,m  e M,s  G S 


Proof.  Obviously,  the  map  f : S-1!?  x M — > S-1M  given  by  /((a/s,  m))  = am/s 
is  bilinear,  and  thus  by  the  universal  property,  this  map  induces  a unique  S-1!?- 
module  homomorphism  / : S~1R  M — > S~lM  as  in  the  statement  of  the 
lemma.  Actually  every  element  in  S-1M  is  of  the  form  m/s,  m £ M,s  £ S and 
every  element  in  S-1i?  M is  of  the  form  1/s  (8)  m.  To  see  the  latter  fact,  write 
an  element  in  S-1i?  ®r  M as 

EOk  \ ^ 1 \ ' 1 

— ® m*;  = > = aktkmk  = - 8>  m 

sk  iS  s i s 

K K K 

Where  m = aktkmk ■ Then  it  is  obvious  that  / is  surjective,  and  if  /( j <8>  m)  = 
m/s  = 0 then  there  exists  t'  £ S with  tm  = 0 in  M.  Then  we  have 

1 1 1 

-8>m=  — ®tm=  — 8 0 = 0 

s st  st 

Therefore  / is  injective.  □ 

00DL  Lemma  10.11.16.  Let  M,N  be  R-modules,  then  there  is  a canonical  S-1!?- 
module  isomorphism  f : S-1M  <S>s~1r  S_1N  — » S-1(M  ®r  N),  given  by 

f((m/s ) 8>  ( n/t ))  = {m®n)/st 


Proof.  We  may  use  Lemma  |10.11.7|  and  Lemma  |10.11.15]  repeatedly  to  see  that 
these  two  S'-1i?-modules  are  isomorphic,  noting  that  S'-1!?  is  an  (!?,  S-1i?)-bimodule 

S~1(M  N)  = S~1R  ®R  (M  ®R  N) 

= S-1M  N 

Si  (S~1M  S-1!?)  8 )R  N 

^ S-1M  (S-1!?  8 r N) 

= S-1M  S~1N 


This  isomorphism  is  easily  seen  to  be  the  one  stated  in  the  lemma. 


□ 


10.12.  Tensor  algebra 

00DM  Let  i?  be  a ring.  Let  M be  an  i?-module.  We  define  the  tensor  algebra  of  M over 
R to  be  the  noncommutative  i?-algebra 

T(M)  = T r(M)  = 0 >o  Tn(M) 
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with  T°(M)  = R,  T1(M)  = M,  T2(M)  = M ®R  M,  T3(M)  = M ®R  M ©fl  M, 
and  so  on.  Multiplication  is  defined  by  the  rule  that  on  pure  tensors  we  have 

(aq  © x2  © ■ ■ ■ © xn)  ■ (yi  © j/2  © ■ ■ ■ © ym)  = xi  © x2  © ■ ■ ■ © xn  © y\  © y2  © ■ ■ ■ © ym 
and  we  extend  this  by  linearity. 

We  define  the  exterior  algebra  A (M)  of  M over  R to  be  the  quotient  of  T(M)  by 
the  two  sided  ideal  generated  by  the  elements  x©  x £ T2(M).  The  image  of  a pure 
tensor  Xi  © . . . (8)  xn  in  An{M)  is  denoted  Xi  A . . . A xn.  These  elements  generate 
A n(M),  they  are  R- linear  in  each  Xi  and  they  are  zero  when  two  of  the  Xi  are  equal 
(i.e. , they  are  alternating  as  functions  of  Xi,X2,  ■ ■ ■ ,xn).  The  multiplication  on 
A (M)  is  graded  commutative,  i.e.,  every  x £ M and  y £ M satisfy  x A y = —y  Ax. 

An  example  of  this  is  when  M = Rx\  © ...  © Rxn  is  a Hnite  free  module.  In  this 
case  A (M)  is  free  over  R with  basis  the  elements 

Xi1  A ...  A Xir 

with  0 < r < n and  1 < i1  < i2  < . . . < ir  < n. 

We  define  the  symmetric  algebra  Sym(M)  of  M over  R to  be  the  quotient  of  T(M) 
by  the  two  sided  ideal  generated  by  the  elements  x © y — y © x £ T2(M).  The 
image  of  a pure  tensor  x\  0 . . . © xn  in  Symn(M)  is  denoted  just  x\. . . xn.  These 
elements  generate  Sym"(M),  these  are  JMinear  in  each  Xi  and  x,\  . . . xn  = x\  . . . x'n 
if  the  sequence  of  elements  X\, . . . , xn  is  a permutation  of  the  sequence  x[, . . . , x'n. 
Thus  we  see  that  Sym (M)  is  commutative. 

An  example  of  this  is  when  M = Rx i © ...  © Rxn  is  a Hnite  free  module.  In  this 
case  Syrn(Af)  = R[x i, . . . , xn]  is  a polynomial  algebra. 

OODN  Lemma  10.12.1.  Let  R be  a ring.  Let  M be  an  R-module.  If  M is  a free  R- 
module,  so  is  each  symmetric  and  exterior  power. 

Proof.  Omitted,  but  see  above  for  the  finite  free  case.  □ 

OODO  Lemma  10.12.2.  Let  R be  a ring.  Let  M2  —>  M\  — ► M — ► 0 be  an  exact  sequence 
of  R-modules.  There  are  exact  sequences 

M2  ®r  5ymn_1(M 1)  -►  Symn(M1)  Symn(M)  -a  0 

and  similarly 

M2  ®r  A "-'(Jlfi)  -»■  A n{M1)  -A  A n(M)  -A  0 

Proof.  Omitted.  □ 

OODP  Lemma  10.12.3.  Let  R be  a ring.  Let  M be  an  R-module.  Let  Xi,  i £ I be  a given 
system  of  generators  of  M as  an  R-module.  Let  n > 2.  There  exists  a canonical 
exact  sequence 

0 0 !T-2(M)©  0 0 r-2(M)  A r (M)  A A"'(M)  ^ 0 

l<jl<h<nii,i2el  l<ji<j2<n  i&I 

where  the  pure  tensor  m±  © ...  © mn-2  in  the  first  summand  maps  to 

mi  © ...  © xit  © ...  © Xi2  © ...  © m„_ 2 

^ / 

with  Xi1  and  Xi2  occupying  slots  j\  and  j 2 in  the  tensor 

+ m\  © ...  © xi2  © ...  © xit  © ...  © m„_ 2 

S V ^ 

with  Xi2  and  xi1  occupying  slots  j 1 and  j 2 in  the  tensor 
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and  mi  ® ® mn_ 2 in  the  second  summand  maps  to 

mi  <S>  • • • <8>  Xi  <g> . . . <g)  Xi  <S> . . . 0 mn-2 

s V ' 

with  Xi  and  Xi  occupying  slots  j\  and  jo,  in  the  tensor 

There  is  also  a canonical  exact  sequence 

© 0 Tn_2(M)  -A  T"(M)  —>■  Symn(M)  ->  0 

where  the  pure  tensor  mi  ® ® mn_ 2 maps  to 


mi  <S>  ■ • • ® <g)  . . . (8>  £j2  <8)  • ■ • <E>  m„_2 

s v " 

with  Xi1  and  Xi2  occupying  slots  j\  and  j 2 in  the  tensor 

- mi  g>  . . . g>  x,2  g> . . . (g>  xil  ® ® to„_ 2 

S V ' 

with  Xi2  and  xi1  occupying  slots  j 1 and  J2  in  the  tensor 

Proof.  Omitted.  □ 

OODQ  Lemma  10.12.4.  Let  R be  a ring.  Let  M*  6e  a directed  system  of  R-modules. 

Then  Colima  T(M)  = T(coliniiMi)  and  similarly  for  the  symmetric  and  exterior 
algebras. 

Proof.  Omitted.  □ 


10.13.  Base  change 

05G3  We  formally  introduce  base  change  in  algebra  as  follows. 

05G4  Definition  10.13.1.  Let  ip  : R — > S be  a ring  map.  Let  M be  an  ^-module. 
Let  R —A  R'  be  any  ring  map.  The  base  change  of  by  R — > R'  is  the  ring  map 
R!  — )•  S (S>.r  R'  ■ In  this  situation  we  often  write  S'  = S R' . The  base  change  of 
the  S-module  M is  the  5"-module  M R' . 


If  S'  = R[xi]/(fj)  for  some  collection  of  variables  x,t,  i £ I and  some  collection  of 
polynomials  fj  £ R[xi],  j £ J,  then  S®rR'  = R'[xi]/(fj),  where  /j  £ R'[xi ] is  the 
image  of  fj  under  the  map  R[xf\  — > R'[xi ] induced  by  I?  —A  R' . This  simple  remark 
is  the  key  to  understanding  base  change. 

05G5  Lemma  10.13.2.  Let  R —A  S be  a ring  map.  Let  M be  an  S-module.  Let  R — >•  R' 
be  a ring  map  and  let  S'  = S (8>_r  R'  and  M'  = M R'  be  the  base  changes. 

(1)  If  M is  a finite  S-module,  then  the  base  change  M'  is  a finite  S' -module. 

(2)  If  M is  an  S-module  finite  presentation,  then  the  base  change  M'  is  an 
S' -module  of  finite  presentation. 

(3)  If  R S is  of  finite  type,  then  the  base  change  R'  —>  S'  is  of  finite  type. 

(4)  If  R — > S is  of  finite  presentation,  then  the  base  change  R'  -A  S'  is  of 
finite  presentation. 


Proof.  Proof  of  (1).  Take  a surjective,  S-linear  map  R®n  —>  M — > 0.  By  Lemma 


10.11.3 


and 


10.11.10 


the  result  after  tensoring  with  R'  is  a surjection  R'®n  — > 
M’  — > 0,  so  M'  is  a finitely  generated  S'-module.  Proof  of  (2).  Take  a presentation 
^>©m  M —A  0.  By  Lemma  10.11.3  and  10.11.10  the  result  after  tensoring 

with  R'  gives  a finite  presentation  R — > R'®n  -A  M'  — >■  0,  of  the  i?'-module  M' . 
Proof  of  (3).  This  follows  by  the  remark  preceding  the  lemma  as  we  can  take  I to 
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be  finite  by  assumption.  Proof  of  (4).  This  follows  by  the  remark  preceding  the 
lemma  as  we  can  take  I and  J to  be  finite  by  assumption.  □ 


Let  ip  : R — >■  5 be  a ring  map.  Given  a 5-module  N we  obtain  an  P-module  Nr  by 
the  rule  r ■ n = ip(r)n.  This  is  sometimes  called  the  restriction  of  N to  R. 

05DQ  Lemma  10.13.3.  Let  R — )•  S be  a ring  map.  The  functoi's  Mods  —3 ► ModR, 
N i y Nr  (restriction)  and  ModR  — > Mods,  M H > M ®r  S (base  change)  are 
adjoint  functors.  In  a formula 

Hoiiir(M,  Nr)  = Homs(M  ®r  S,  N) 

Proof.  If  a : M — > Nr  is  an  P-module  map,  then  we  define  a'  : M ®r  5 — > N by 
the  rule  a'{m  g s)  = sa(m).  If  /3  : M ®r  S — > N is  an  5-module  map,  we  define 
/?'  : M — ► Nr  by  the  rule  /3'(m)  = f}{m®  1).  We  omit  the  verification  that  these 
constructions  are  mutually  inverse.  □ 


The  lemma  above  tells  us  that  restriction  has  a left  adjoint,  namely  base  change. 
It  also  has  a right  adjoint. 

08YP  Lemma  10.13.4.  Let  R — » 5 be  a ring  map.  The  functors  Mods  ModR, 
N i y Nr  (restriction)  and  ModR  — > Mods , M i— > Honifl(5,  M)  are  adjoint  functors. 
In  a formula 

Horn r{Nr,  M)  = Homs(iV,  Homfl(5,  M)) 

Proof.  If  a : Nr  — > M is  an  l?-module  map,  then  we  define  a1  : N — >•  Honifl(5,  M) 
by  the  rule  a'(n ) = (s4  a(sn)).  If  /3  : N — >•  Honifl;(5,  M)  is  an  5-module  map, 
we  define  /3'  : Nr  — > M by  the  rule  /3'(n)  = /3(n)(l).  We  omit  the  verification  that 
these  constructions  are  mutually  inverse.  □ 

08YQ  Lemma  10.13.5.  Let  R — » 5 be  a ring  map.  Given  S -modules  M,N  and  an 
R-module  P we  have 


Horn r(M  Ills  N,  P)  = Homs(M,  Hom^fiV,  P)) 

Proof.  This  can  be  proved  directly,  but  it  is  also  a consequence  of  Lemmas|10.13.4| 
and  10.11.81  Namely,  we  have 

Horn R(M  ®s  N,  P)  = Homg(M  g 15  N,  Homfl(5,  P)) 

= Horn s(M,  Hom5(A^,  Hom^(5,  P))) 

= Horns  (M,  Hom^(Af,  P)) 

as  desired.  □ 


10.14.  Miscellany 


OODR 

07K1 


The  proofs  in  this  section  should  not  refer  to  any  results  except  those  from  the 


section  on  basic  notions,  Section  10.3 


Lemma  10.14.1.  Let  R be  a ring,  I and  J two  ideals  and  p a prime  ideal  con- 
taining the  product  IJ.  Then  p contains  I or  J . 


Proof.  Assume  the  contrary  and  take  x £ I \ p and  y G J \ p.  Their  product  is  an 
element  of  IJ  C p,  which  contradicts  the  assumption  that  p was  prime.  □ 

00DS  Lemma  10.14.2  (Prime  avoidance).  Let  R be  a ring.  Let  Ii  C R,  i = 1, . . . , r, 
and  J C R be  ideals.  Assume 
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(1)  J (f  Ii  for  i = 1, . . . , r,  and 

(2)  all  but  two  of  h are  prime  ideals. 
Then  there  exists  an  x £ J,  x £ Ii  for  all  i. 


Proof.  The  result  is  true  for  r = 1.  If  r = 2,  then  let  x,y  £ J with  x ft  I\  and 
y & 1 2-  We  are  done  unless  x £ I2  and  y £ I\.  Then  the  element  x + y cannot  be 
in  1 1 (since  that  would  mean  x + y — y £ h)  and  it  also  cannot  be  in  h- 


For  r > 3,  assume  the  result  holds  for  r — 1.  After  renumbering  we  may  assume 
that  Ir  is  prime.  We  may  also  assume  there  are  no  inclusions  among  the  Pick 
x £ J,  x £ Ii  for  all  i = 1, . . . , r — 1.  If  x £ Ir  we  are  done.  So  assume  x £ Ir. 
If  JI\  ■ ■ ■ h-i  C Ir  then  J C Ir  (by  Lemma  10.14.1 1 a contradiction.  Pick  y £ 


JI 1 . . . Ir_i,  y fL  Ir.  Then  x + y works. 


□ 


00DT  Lemma  10.14.3  (Chinese  remainder).  Let  R be  a ring. 

(1)  If  1 1, . . . ,Ir  are  ideals  such  that  Ia  + h = R when  a 7^  b,  then  JiD. . .D  Ir  = 
I1I2  . . .Ir  and  R/{hh  . . . Ir)  — R/h  x ...  x R/Ir. 

(2)  //mi,..., mr  are  pairwise  distinct  maximal  ideals  then  ma  + m b = R for 
a 7^  b and  the  above  applies. 


Proof.  Let  us  first  prove  /ifl. . .nlr  = I\ ...  Ir  &s  this  will  also  imply  the  injectivity 
of  the  induced  ring  homomorphism  R/ (h  ■ ■ ■ Ir ) R/Ii  x . . . x R/Ir.  The  inclusion 
Ii  fl . . . PI  Ir  D h . . . Ir  is  always  fulfilled  since  ideals  are  closed  under  multiplication 
with  arbitrary  ring  elements.  To  prove  the  other  inclusion,  we  claim  that  the  ideals 

I1...Ii...Ir,  i = 1, . . . ,r 

generate  the  ring  R.  We  prove  this  by  induction  on  r.  It  holds  when  r = 2.  If 
r > 2,  then  we  see  that  R is  the  sum  of  the  ideals  I\  . . . /j . . . Ir-\ , i = 1, . . . , r — 1. 
Hence  Ir  is  the  sum  of  the  ideals  7)  . . . I,  ...  A,  i = 1, . . . , r — 1.  Applying  the 
same  argument  with  the  reverse  ordering  on  the  ideals  we  see  that  I\  is  the  sum 
of  the  ideals  Ji ...  J, ...  /r,  i = 2, . . . , r.  Since  R = h + Ir  by  assumption  we  see 
that  R is  the  sum  of  the  ideals  displayed  above.  Therefore  we  can  find  elements 
ai  £ h . . . R . . . Ir  such  that  their  sum  is  one.  Multiplying  this  equation  by  an 
element  of  I\  fl  . . . fl  Ir  gives  the  other  inclusion.  It  remains  to  show  that  the 
canonical  map  R/{h  . . . Ir)  — > R/h  x ...  x R/Ir  is  surjective.  For  this,  consider 
its  action  on  the  equation  1 = ai  we  derived  above.  On  the  one  hand,  a ring 

morphism  sends  1 to  1 and  on  the  other  hand,  the  image  of  any  is  zero  in  R/Ij 
for  j 7^  i.  Therefore,  the  image  of  ai  in  R/h  is  the  identity.  So  given  any  element 
(61, . . . , br)  £ R/h  x ...  x R/Ir , the  element  Y/ii=i  a*  ' ^ an  inverse  image  in  R. 

To  see  (2),  by  the  very  definition  of  being  distinct  maximal  ideals,  we  have  ma+m6  = 
R for  and  so  the  above  applies.  □ 

07DQ  Lemma  10.14.4.  Let  R be  a ring.  Let  n > m.  Let  A be  an  n x m matrix  with 
coefficients  in  R.  Let  J C R be  the  ideal  generated  by  the  mxm  minors  of  A. 

(1)  For  any  f £ J there  exists  a mx  n matrix  B such  that  BA  = flmxm- 

(2)  If  f £ R and  BA  = flmxm  for  some  mxm  matrix  B,  then  fm  £ J . 


Proof.  For  I C (1, . . . , n}  with  |/|  = m,  we  denote  by  Ei  the  mxn  matrix  of  the 
projection 


R®n  = 0 


i6{l,...,n} 


R 


© R 
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and  set  Aj  = EiA , i.e. , Aj  is  the  m x m matrix  whose  rows  are  the  rows  of  A 
with  indices  in  I.  Let  Bj  be  the  adjugate  (transpose  of  cofactor)  matrix  to  Aj, 
i.e.,  such  that  AjBi  = BjAj  = det(H/)lmxm.  The  to  x to  minors  of  A are  the 
determinants  det  Aj  for  all  the  I C {1, . . . , n}  with  |/|  = to.  If  f £ J then  we  can 
write  f = Y^ci  det  (.Aj)  for  some  cj  € R.  Set  B = ciBjEi  to  see  that  (1)  holds. 

If  /lmxm  = BA  then  by  the  Cauchy-Binet  formula  we  have  fm  = det(Hj) 
where  6/  is  the  determinant  of  the  m x to  matrix  whose  columns  are  the  columns 
of  B with  indices  in  J.  □ 


080R  Lemma  10.14.5.  Let  R be  a ring.  Let  n > to.  Let  A = ( a^- ) be  an  n x to  matrix 
with  coefficients  in  R,  written  in  block  form  as 


where  Ai  has  size  to  x to.  Let  B be  the  adjugate  (transpose  of  cofactor)  matrix  to 
A\.  Then 


AB  = 


where  f = det(Aj)  and  Cij  is  (up  to  sign)  the  determinant  of  the  m x to  minor  of 
A corresponding  to  the  ivws  1, . . . , j, . . . , to,  i. 


Proof.  Since  the  adjugate  has  the  property  AiB  = BAi  = f the  first  block  of  the 
expression  for  AB  is  correct.  Note  that 

Cij  = , aikbkj  = ^(-1  Y+kaik  det(J4{fc) 

where  A'f  means  A\  with  the  _jth  row  and  fcth  column  removed.  This  last  expression 
is  the  row  expansion  of  the  determinant  of  the  matrix  in  the  statement  of  the 
lemma.  □ 


10.15.  Cayley-Hamilton 

05G6 

OODX  Lemma  10.15.1.  Let  R be  a ring.  Let  A = ( ) be  an  n x n matrix  with 
coefficients  in  R.  Let  P(x)  £ i?[x]  be  the  characteristic  polynomial  of  A (defined  as 
det (xidnxn  ~ A)).  Then  P{A)  = 0 in  Matin  x n,R). 

Proof.  We  reduce  the  question  to  the  well-known  Cayley-Hamilton  theorem  from 
linear  algebra  in  several  steps: 

(1)  If  <f> : S — > R is  & ring  morphism  and  bij  are  inverse  images  of  the  a^-  under 
this  map,  then  it  suffices  to  show  the  statement  for  S and  {btj)  since  </>  is 
a ring  morphism. 

(2)  If  ip  : R S is  an  injective  ring  morphism,  it  clearly  suffices  to  show  the 
result  for  S and  the  atj  considered  as  elements  of  S. 

(3)  Thus  we  may  first  reduce  to  the  case  R = Z\Xij\,  aij  = Xij  of  a polynomial 
ring  and  then  further  to  the  case  R = Q {Xij)  where  we  may  finally  apply 
Cayley-Hamilton. 

□ 
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05BT  Lemma  10.15.2.  Let  R be  a ring.  Let  M be  a finite  R-module.  Let  p : M -A  M 
be  an  endomorphism.  Then  there  exists  a monic  polynomial  P £ R[T ] such  that 
P(p)  = 0 as  an  endomorphism  of  M . 

Proof.  Choose  a surjective  A-module  map  R®n  -A  M,  given  by  (ai,...,an)  i-a 

Y aixi  for  some  generators  Xi  £ M.  Choose  (an, . . . , a,;„)  £ R®n  such  that  <p(xi)  = 

Y aijXj.  In  other  words  the  diagram 


05G7 


R®r, 

A 

Y 

R®r, 

is  commutative  where  A = ( a,j ).  By  Lemma 


M 


V 

M 


10.15.1 


P such  that  P(A)  = 0.  Then  it  follows  that  P(p)  = 0. 


there  exists  a monic  polynomial 


□ 


Lemma  10.15.3.  Let  R be  a ring.  Let  I C R be  an  ideal.  Let  M be  a finite 
R-module.  Let  p : M -A  M be  an  endomorphism  such  that  p(M)  C IM . Then 
there  exists  a monic  polynomial  P = tn  + aitn^1  + . . . +an  £ R[T ] such  that  aj  £ I-5 
and  P(tp)  = 0 as  an  endomorphism  of  M . 


Proof.  Choose  a surjective  .R-module  map  R®n  -A  M,  given  by  (a\, . . . ,an)  i-A 
Yf  aiXi  for  some  generators  xt  £ M.  Choose  (an, . . . , ain)  £ I®n  such  that  p(xi)  = 
^ atjXj.  In  other  words  the  diagram 


R®n  > M 


A 

Y 

J®n 


Y 


M 


is  commutative  where  A = (a^j.  By  Lemma 
det(tid„xn  — A)  has  all  the  desired  properties. 


10.15.1 


the  polynomial  P(t)  = 

□ 


As  a fun  example  application  we  prove  the  following  surprising  lemma. 

05G8  Lemma  10.15.4.  Let  R be  a ring.  Let  M be  a finite  R-module.  Let  tp  : M M 
be  a surjective  R-module  map.  Then  tp  is  an  isomorphism. 


First  proof.  Write  R'  = li[x]  and  think  of  M as  a finite  /^'-module  with  x acting 
via  tp.  Set  I = (x)  C A/.  By  our  assumption  that  tp  is  surjective  we  have  IM  = M . 
Hence  we  may  apply  Lemma  10.15.3  to  M as  an  A'-module,  the  ideal  I and  the 
endomorphism  kIm-  We  conclude  that  (1  + asi  + . . . + a„)idM  = 0 with  aj  £ I. 
Write  aj  = bj(x)x  for  some  bj(x ) £ f?[x].  Translating  back  into  tp  we  see  that 


idjvf  = — (X^=i  n bj(iP))(Pi  and  hence  tp  is  invertible. 


□ 


Second  proof.  We  perform  induction  on  the  number  of  generators  of  M over  R. 
If  M is  generated  by  one  element,  then  M = R/ 1 for  some  ideal  I C R.  In  this 
case  we  may  replace  R by  R/I  so  that  M = R.  In  this  case  p : R ^ R is  given  by 
multiplication  on  M by  an  element  r £ R.  The  surjectivity  of  p forces  r invertible, 
since  p must  hit  1,  which  implies  that  p is  invertible. 


Now  assume  that  we  have  proven  the  lemma  in  the  case  of  modules  generated  by 
n — 1 elements,  and  are  examining  a module  M generated  by  n elements.  Let 
A mean  the  ring  R{t\,  and  regard  the  module  M as  an  A- module  by  letting  t 
act  via  p\  since  M is  finite  over  R,  it  is  finite  over  R[t]  as  well,  and  since  we’re 
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OODY 

OODZ 

OOEO 


trying  to  prove  tp  injective,  a set-theoretic  property,  we  might  as  well  prove  the 
endomorphism  t : M M over  A injective.  We  have  reduced  our  problem  to  the 
case  our  endomorphism  is  multiplication  by  an  element  of  the  ground  ring.  Let 
M'  C M denote  the  sub-A-module  generated  by  the  first  n — 1 of  the  generators  of 
M.  and  consider  the  diagram 


0 

0 


M'  - 
Y 

M'  - 


■ M ■ 


■ M/M' 


0 


M 


ip  mod  M 

V 

M/M' ^ 0, 


where  the  restriction  of  ip  to  M'  and  the  map  induced  by  p on  the  quotient  M / M' 
are  well-defined  since  p>  is  multiplication  by  an  element  in  the  base,  and  M'  and 
M/M'  are  A-modules  in  their  own  right.  By  the  case  n = 1 the  map  M/M'  — ► 
M/M'  is  an  isomorphism.  A diagram  chase  implies  that  <p\ m>  is  surjective  hence 
by  induction  ip\ m1  is  an  isomorphism.  This  forces  the  middle  column  to  be  an 
isomorphism  by  the  snake  lemma.  □ 


10.16.  The  spectrum  of  a ring 


We  arbitrarily  decide  that  the  spectrum  of  a ring  as  a topological  space  is  part  of 
the  algebra  chapter,  whereas  an  affine  scheme  is  part  of  the  chapter  on  schemes. 

Definition  10.16.1.  Let  R be  a ring. 

(1)  The  spectrum  of  R is  the  set  of  prime  ideals  of  R.  It  is  usually  denoted 
Spec(.R). 

(2)  Given  a subset  T C R we  let  V(T)  C Spec(l?)  be  the  set  of  primes 
containing  T,  i.e.,  V(T)  = {p  £ Spec(l?)  | V/  £ T,  / £ p}. 

(3)  Given  an  element  / £ R we  let  D(f)  C Spec(l?)  be  the  set  of  primes  not 
containing  /. 


Lemma 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 
(9) 

(10) 

(11) 

(12) 

(13) 

(14) 

(15) 


10.16.2.  Let  R be  a ring. 

The  spectrum  of  a ring  R is  empty  if  and  only  if  R is  the  zero  ring. 
Every  nonzero  ring  has  a maximal  ideal. 

Every  nonzero  ring  has  a minimal  prime  ideal. 

Given  an  ideal  I C R and  a prime  ideal  I C p there  exists  a prime 
I C q C p such  that  q is  minimal  over  I. 

IfT  C R,  and  if  (T)  is  the  ideal  generated  by  T in  R,  then  V((T))  = V (T). 
If  I is  an  ideal  and  yfl  is  its  radical,  see  basic  notion  (21),  then  V(I)  = 

v(V~i). 

Given  an  ideal  I of  R we  have  \fl  = f)/cp  P- 

If  I is  an  ideal  then  V (!)  = 0 if  and  only  if  I is  the  unit  ideal. 

If  I,  J are  ideals  of  R then  V(I)  U V(J)  =V(I  H J). 

If  {la)  a^A  Is  a set  of  ideals  of  R then  naeAl/(7a)  = V{Ua&Ala)- 
If  f £ R,  then  D{f)  UV (/)  = Spec(-R) . 

If  f € R then  D(f)  = 0 if  and  only  if  f is  nilpotent. 

If  f — uf  for  some  unit  u £ R,  then  D{f)  = D(f'). 

If  I C R is  an  ideal,  and  p is  a prime  of  R with  p ^ V{I),  then  there 
exists  an  f £ R such  that  p £ D{f),  and  D(f)  D V(I)  = 0. 

If  f,  g G R,  then  D{fg)  =D{f)n  D{g) . 
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(16)  If  fi  £ R fori  £ I,  then  [jiej  D(fi)  is  the  complement  of  V({fi}iei)  in 
Spec  (R). 

(17)  If  f € R and  D(f)  = Spec(i?),  then  f is  a unit. 

Proof.  We  address  each  part  in  the  corresponding  item  below. 

(1)  This  is  a direct  consequence  of  (2)  or  (3). 

(2)  Let  21  be  the  set  of  all  proper  ideals  of  R.  This  set  is  ordered  by  inclusion 
and  is  non-empty,  since  (0)  £ 21  is  a proper  ideal.  Let  A be  a totally 
ordered  subset  of  R.  (J/f=  4 / is  in  fact  an  ideal.  Since  1 ^ / for  all  I £ A, 
the  union  does  not  contain  1 and  thus  is  proper.  Hence  4 / is  in  21  and 
is  an  upper  bound  for  the  set  A.  Thus  by  Zorn’s  lemma  21  has  a maximal 
element,  which  is  the  sought-after  maximal  ideal. 

(3)  Since  R is  nonzero,  it  contains  a maximal  ideal  which  is  a prime  ideal. 
Thus  the  set  21  of  all  prime  ideals  of  R is  nonempty.  21  is  ordered  by 
reverse-inclusion.  Let  A be  a totally  ordered  subset  of  21.  It’s  pretty  clear 
that  J = f)j£AI  is  in  fact  an  ideal.  Not  so  clear,  however,  is  that  it  is 
prime.  Let  xy  £ J . Then  xy  £ I for  all  I £ A.  Now  let  B = {I  £ A\y  £ I}. 
Let  K = H/tB  I ■ Since  A is  totally  ordered,  either  K = J (and  we’re 
done,  since  then  y £ J)  or  K D J and  for  all  I £ A such  that  I is  properly 
contained  in  K,  we  have  y ^ I.  But  that  means  that  for  all  those  I,x  £ I, 
since  they  are  prime.  Hence  x £ J . In  either  case,  J is  prime  as  desired. 
Hence  by  Zorn’s  lemma  we  get  a maximal  element  which  in  this  case  is  a 
minimal  prime  ideal. 

(4)  This  is  the  same  exact  argument  as  (3)  except  you  only  consider  prime 
ideals  contained  in  p and  containing  I. 

(5)  (T)  is  the  smallest  ideal  containing  T.  Hence  if  T C I,  some  ideal,  then 
(T)  C I as  well.  Hence  if  I £ V(T),  then  I £ V((T))  as  well.  The  other 
inclusion  is  obvious. 

(6)  Since  / C C V(I).  Now  let  p £ V(I).  Let  x £ \fl.  Then 

xn  £ I for  some  n.  Hence  xn  £ p.  But  since  p is  prime,  a boring  induction 
argument  gets  you  that  x £ p.  Hence  \fl  C p and  p £ V{\/1). 

(7)  Let  / £ R\Vl-  Then  /"  ^ / for  all  n.  Hence  S = {1 ,/, /2,...}  is 
a multiplicative  subset,  not  containing  0.  Take  a prime  ideal  p C S'-1!? 
containing  S-1/.  Then  the  pull-back  p in  R of  p is  a prime  ideal  containing 
/ that  does  not  intersect  S.  This  shows  that  Pl/cp  P C \fl.  Now  if  a £ \/l, 
then  a71  £ I for  some  n.  Hence  if  / C p,  then  an  £ p.  But  since  p is  prime, 
we  have  a £ p.  Thus  the  equality  is  shown. 

(8)  / is  not  the  unit  ideal  if  and  only  if  / is  contained  in  some  maximal  ideal 
(to  see  this,  apply  (2)  to  the  ring  R/I)  which  is  therefore  prime. 

(9)  If  p € V(I)  U V ( J),  then  J C p or  J C p which  means  that  IC\J  C p.  Now 
if  / n J C p,  then  IJcp  and  hence  either  / of  J is  in  p,  since  p is  prime. 

(10)  p € f)aeAV(ia)  £>  L cp,v«ei«pe  V(ua&Aia) 

(11)  If  p is  a prime  ideal  and  f £ R,  then  either  / £ p or  / ^ p (strictly)  which 
is  what  the  disjoint  union  says. 

(12)  If  a £ R is  nilpotent,  then  an  = 0 for  some  n.  Hence  an  £ p for  any  prime 
ideal.  Thus  a £ p as  can  be  shown  by  induction  and  D(f)  = 0.  Now,  as 
shown  in  (7),  if  a £ R is  not  nilpotent,  then  there  is  a prime  ideal  that 
does  not  contain  it. 

(13)  / £ p 4=>  uf  £ p,  since  u is  invertible. 
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(14)  If  p ^ V(I),  then  3/  G I \ p.  Then  / ^ p so  p £ £)(/).  Also  if  q £ D(/), 
then  / ^ q and  thus  I is  not  contained  in  q.  Thus  D(f)  nV(I)  = 0. 

(15)  If  fg  £ p,  then  / £ p or  g £ p.  Hence  if  / ^ p and  g ^ p,  then  fg  £ p. 
Since  p is  an  ideal,  if  fg  ^ p,  then  / ^ p and  g ^ p. 

(16)  p £ Uiez  D(fi)  € J,  fi  i p p € Spec(ii)  \ V ({/i}iej) 

(17)  If  £)(/)  = Spec(-R),  then  V(f)  =0  and  hence  fR  = R,  so  / is  a unit. 

□ 


00E1 


The  lemma  implies  that  the  subsets  V(T)  from  Definition  10.16.1  form  the  closed 
subsets  of  a topology  on  Spec(S).  And  it  also  shows  that  the  sets  D(f)  are  open 
and  form  a basis  for  this  topology. 


Definition  10.16.3.  Let  R be  a ring.  The  topology  on  Spec(l?)  whose  closed  sets 
are  the  sets  V(T)  is  called  the  Zariski  topology.  The  open  subsets  D(f)  are  called 
the  standard  opens  of  Spec(.R). 


00E2 


It  should  be  clear  from  context  whether  we  consider  Spec(l?)  just  as  a set  or  as  a 
topological  space. 

Lemma  10.16.4.  Suppose  that  (p  : R -A  R'  is  a ring  homomorphism.  The  induced 
map 

Spec(^)  : Spe^-R')  — > Spec(R),  p' 1 — > <^_1(p') 
is  continuous  for  the  Zariski  topologies.  In  fact,  for  any  element  f G R we  have 
Spec(vy)-1  (£>(/))  = D(ip(f)). 


Proof.  It  is  basic  notion  (41)  that  p :=  <^_1(p')  is  indeed  a prime  ideal  of  R.  The 
last  assertion  of  the  lemma  follows  directly  from  the  definitions,  and  implies  the 
first.  □ 


If  <p'  : R'  — > R"  is  a second  ring  homomorphism  then  the  composition 
Spec(i?")  — £ Spe^l?')  — f Spec(ii) 

equals  Spec(vJ,  o tp).  In  other  words,  Spec  is  a contravariant  functor  from  the 
category  of  rings  to  the  category  of  topological  spaces. 

00E3  Lemma  10.16.5.  Let  R.  be  a ring.  Let  S C R be  a multiplicative  subset.  The  map 
R — > S~lR  induces  via  the  functoriality  of  Spec  a homeomorphism 

Spec (S^R)  — > {p  G Spec(.R)  | S n p = 0} 

where  the  topology  on  the  right  hand  side  is  that  induced  from  the  Zariski  topology 
on  Spec (R).  The  inverse  map  is  given  by  p i— > S,_1p. 


Proof.  Denote  the  right  hand  side  of  the  arrow  of  the  lemma  by  D.  Choose  a 
prime  p'  C S~lR  and  let  p the  inverse  image  of  p'  in  R.  Since  p'  does  not  contain 
1 we  see  that  p does  not  contain  any  element  of  S.  Hence  p G D and  we  see  that 
the  image  is  contained  in  D.  Let  p £ D.  By  assumption  the  image  S does  not 
contain  0.  By  basic  notion  (54)  S'  (R/ p)  is  not  the  zero  ring.  By  basic  notion 
(62)  we  see  S~1R/S~1  p = S (R/p)  is  a domain,  and  hence  S-1p  is  a prime. 
The  equality  of  rings  also  shows  that  the  inverse  image  of  S-1p  in  R is  equal  to 
p,  because  R/p  — > S ( R/p ) is  injective  by  basic  notion  (55).  This  proves  that 
the  map  Spec (S~1R)  — » Spec(i?)  is  bijective  onto  D with  inverse  as  given.  It  is 

Finally,  let  D(g)  C Spec(S_1l?)  be  a standard  open. 


continuous  by  Lemma 


10.16.4 
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Write  g = h/s  for  some  h £ R and  s £ S.  Since  g and  h/1  differ  by  a unit  we  have 
D{g)  = D(h/ 1)  in  Spec (S~1R).  Hence  by  Lemma  10.16.4  and  the  bijectivity  above 
the  image  of  D(g)  = D(h/ 1)  is  D n D(h).  This  proves  the  map  is  open  as  well.  □ 

Lemma  10.16.6.  Let  R be  a ring.  Let  f £ R.  The  map  R — >■  Rf  induces  via  the 
functoriality  of  Spec  a homeomorphism 

Spec  (Rf)  — > D{f)  C Spec  (R). 

The  inverse  is  given  by  p ha  p ■ Rf . 

Proof.  This  is  a special  case  of  Lemma[l0.16.5|  □ 

It  is  not  the  case  that  every  “affine  open”  of  a spectrum  is  a standard  open.  See 


Example  10.26.4 


00E5 
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Lemma  10.16.7.  Let  R be  a ring.  Let  I C R be  an  ideal.  The  map  R — > R/I 
induces  via  the  functoriality  of  Spec  a homeomorphism 

Spec  {R/I)  — > V{I)  C Spec(.R). 

The  inverse  is  given  by  p i— > p/I. 

Proof.  It  is  immediate  that  the  image  is  contained  in  V(I).  On  the  other  hand,  if 
p £ L(l)  then  pDl  and  we  may  consider  the  ideal  p/I  C R/I.  Using  basic  notion 
(51 1 we  see  that  (R/I)/(p/I)  = R/p  is  a domain  and  hence  p/I  is  a prime  ideal. 
From  this  it  is  immediately  clear  that  the  image  of  D(f  + I)  is  D(f)  D V(I),  and 
hence  the  map  is  a homeomorphism.  □ 

Remark  10.16.8.  A fundamental  commutative  diagram  associated  to  ip  : R — > S, 
q C S and  p = </?-1(q)  is  the  following 


«(q)  = Sq/qSq  Sq  5 S/q «(q)  = f.f.(S/q) 

f A /, 

k(P)  S = Sp/pSp  -* ^ -* 5 *-  5/p^ (R  \ p^S/pS 

iff  '• 

k(p)  = Rp/pRp  -< Rp  -< R >-  R/p >-  k( p)  = f.f.(l?/p) 

In  this  diagram  the  arrows  in  the  outer  left  and  outer  right  columns  are  identical. 
The  horizontal  maps  induce  on  the  associated  spectra  always  a homeomorphism 
onto  the  image.  The  lower  two  rows  of  the  diagram  make  sense  without  assuming  q 
exists.  The  lower  squares  induce  fibre  squares  of  topological  spaces.  This  diagram 
shows  that  p is  in  the  image  of  the  map  on  Spec  if  and  only  if  S «(p)  is  not  the 
zero  ring. 

00E7  Lemma  10.16.9.  Let  : R — » S be  a ring  map.  Let  p be  a prime  of  R.  The 
following  are  equivalent 

(1)  p is  in  the  image  ofSpec(S)  — > Spec (R), 

(2)  S®rk(p)^0, 

(3)  Sp/pSp  ^ 0, 

(4)  (S/pS)p  ^ 0,  and 

(5)  p = ¥7_1(p5'). 
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Proof.  We  have  already  seen  the  equivalence  of  the  first  two  in  Remark  |10.16.8[ 
The  others  are  just  reformulations  of  this.  □ 

00E8  Lemma  10.16.10.  Let  R be  a ring.  The  space  Spec(l?)  is  quasi-compact. 

Proof.  It  suffices  to  prove  that  any  covering  of  Spec(l?)  by  standard  opens  can 
be  refined  by  a finite  covering.  Thus  suppose  that  Spec (R)  = U D{ff)  for  a set 
of  elements  of  R.  This  means  that  OV(fi)  = 0.  According  to  Lemma 

this  means  that  V({fi})  = 0.  According  to  the  same  lemma  this  means 
that  the  ideal  generated  by  the  /,;  is  the  unit  ideal  of  R.  This  means  that  we  can 
write  1 as  a finite  sum:  1 = , Tjfj  with  J C I finite.  And  then  it  follows  that 

Spec(i?)  = U iejD(fi).  □ 

04PM  Lemma  10.16.11.  Let  R be  a ring.  The  topology  on  X = Spec (R)  has  the 
following  properties: 

(1)  X is  quasi-compact, 

(2)  X has  a basis  for  the  topology  consisting  of  quasi-compact  opens,  and 

(3)  the  intersection  of  any  two  quasi-compact  opens  is  quasi-compact. 


10.16.2 


Proof.  The  spectrum  of  a ring  is  quasi-compact,  see  Lemma  |10.16.10l  It  has  a 
basis  for  the  topology  consisting  of  the  standard  opens  D{f)  = Spec(l?/)  (Lemma 
10.16.6 1 which  are  quasi-compact  by  the  first  remark.  The  intersection  of  two 


standard  opens  is  quasi-compact  as  D{f)  n D(g)  = D(fg).  Given  any  two  quasi- 
compact opens  U,  V C X we  may  write  U = .D(/i)  U . . . U D(fn ) and  V = D{gf)  U 
. . . U D(gm).  Then  U fl  V = (J  D{figf)  which  is  quasi-compact.  □ 


10.17.  Local  rings 

07BH  Local  rings  are  the  bread  and  butter  of  algebraic  geometry. 

07BI  Definition  10.17.1.  A local  ring  is  a ring  with  exactly  one  maximal  ideal.  The 
maximal  ideal  is  often  denoted  m#  in  this  case.  We  often  say  “let  ( R , m,  k)  be  a 
local  ring”  to  indicate  that  R is  local,  m is  its  unique  maximal  ideal  and  k = R/m 
is  its  residue  field.  A local  homomorphism  of  local  rings  is  a ring  map  p : R — > S 
such  that  R and  S are  local  rings  and  such  that  <p(m#)  C mg.  If  it  is  given  that  R 
and  S are  local  rings,  then  the  phrase  “ local  ring  map  ip  : R —¥  S”  means  that  ip  is 
a local  homomorphism  of  local  rings. 

A field  is  a local  ring.  Any  ring  map  between  fields  is  a local  homomorphism  of 
local  rings. 

00E9  Lemma  10.17.2.  Let  R be  a ring.  The  following  are  equivalent: 

(1)  R is  a local  ring, 

(2)  Spec(-R)  has  exactly  one  closed  point, 

(3)  R has  a maximal  ideal  m and  every  element  of  R \ m is  a unit,  and 

(4)  R is  not  the  zero  ring  and  for  every  x £ R either  x or  1 — x is  invertible 
or  both. 

Proof.  Let  R be  a ring,  and  m a maximal  ideal.  If  a;  £ R \ m,  and  x is  not  a 
unit  then  there  is  a maximal  ideal  m/  containing  x.  Hence  R has  at  least  two 
maximal  ideals.  Conversely,  if  m7  is  another  maximal  ideal,  then  choose  x € m7, 
x £ m.  Clearly  x is  not  a unit.  This  proves  the  equivalence  of  (1)  and  (3).  The 
equivalence  (1)  and  (2)  is  tautological.  If  R is  local  then  (4)  holds  since  x is  either 
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in  m or  not.  If  (4)  holds,  and  m,  m'  are  distinct  maximal  ideals  then  we  may  choose 
x £ R such  that  x mod  m'  = 0 and  x mod  m = 1 by  the  Chinese  remainder  theorem 
(Lemma  10.14.3).  This  element  x is  not  invertible  and  neither  is  1 — x which  is  a 
contradiction.  Thus  (4)  and  (1)  are  equivalent.  □ 


The  localization  Rp  of  a ring  R at  a prime  p is  a local  ring  with  maximal  ideal  pRp. 
Namely,  the  quotient  Rp/pRp  is  the  fraction  field  of  the  domain  R/p  and  every 
element  of  Rp  which  is  not  contained  in  pRp  is  invertible. 

07BJ  Lemma  10.17.3.  Let  <p  : R S be  a ring  map.  Assume  R and  S are  local  rings. 
The  following  are  equivalent: 

(1)  ip  is  a local  ring  map, 

(2)  ip(mB.)  C ms,  and 

(3)  <p_1(ms)  = mR. 

(4)  For  any  x £ R,  if  p[x)  is  invertible  in  S,  then  x is  invertible  in  R. 

Proof.  Conditions  (1)  and  (2)  are  equivalent  by  definition.  If  (3)  holds  then  (2) 
holds.  Conversely,  if  (2)  holds,  then  <£_1(m s)  is  a prime  ideal  containing  the  max- 
imal ideal  m^,  hence  </?-1(ms)  = m^.  Finally,  (4)  is  the  contrapositive  of  (2)  by 
Lemma  110.17.21  □ 

Let  p : R — >•  S be  a ring  map.  Let  q C S be  a prime  and  set  p = <£_1(q).  Then  the 
induced  ring  map  Rp  S q is  a local  ring  map. 


10.18.  The  Jacobson  radical  of  a ring 

OAMD  We  recall  that  the  Jacobson  radical  rad(l?)  of  a ring  R is  the  intersection  of  all 
maximal  ideals  of  R.  If  R is  local  then  rad(l?)  is  the  maximal  ideal  of  R. 

0AME  Lemma  10.18.1.  Let  R be  a ring  and  let  I C R be  an  ideal.  The  following  are 
equivalent 

(1)  I C rad(R),  and 

(2)  every  element  of  1 4-  I is  a unit  in  R. 

In  this  case  every  element  of  R which  maps  to  a unit  of  R/I  is  a unit. 

Proof.  If  / £ rad(l?),  then  / £ m for  all  maximal  ideals  m of  R.  Hence  1 + / fL  m 
for  all  maximal  ideals  m of  R.  Thus  the  closed  subset  V(1  + /)  of  Spec(i?)  is  empty. 
This  implies  that  1 + / is  a unit,  see  Lemma [10. 16. 2| 

Conversely,  assume  that  1 + / is  a unit  for  all  / £ I.  If  m is  a maximal  ideal  and 
I <£_  m,  then  I + m = R.  Hence  1 = / + g for  some  g £ m and  / £ I.  Then 
g = 1 + (— /)  is  not  a unit,  contradiction. 

For  the  final  statement  let  f £ R map  to  a unit  in  R/I.  Then  we  can  find  g £ R 
mapping  to  the  multiplicative  inverse  of  / mod  I.  Then  fg  = 1 mod  I.  Hence  fg 
is  a unit  of  R by  (2)  which  implies  that  / is  a unit.  □ 

0B7C  Lemma  10.18.2.  Let  p : R — ► S be  a ring  map  such  that  the  induced  map 
Spec (S)  — > Spec (R)  is  surjective.  Then  an  element  x £ R is  a unit  if  and  only  if 
<p{x)  £ S is  a unit. 

Proof.  If  x is  a unit,  then  so  is  <p{x).  Conversely,  if  p(x)  is  a unit,  then  ip( x)  fL  q for 
all  q £ Spec(S).  Hence  x £ ¥>-1(q)  = Spec(<p)(q)  for  all  q £ Spec(S).  Since  Spec(^) 
is  surjective  we  conclude  that  x is  a unit  by  part  (17)  of  Lemma  |10.16.2|  □ 
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10.19.  Nakayama’s  lemma 


We  quote  from  |Mat70a|:  “This  simple  but  important  lemma  is  due  to  T.  Nakayama, 
G.  Azumaya  and  W.  Krull.  Priority  is  obscure,  and  although  it  is  usually  called 
the  Lemma  of  Nakayama,  late  Prof.  Nakayama  did  not  like  the  name.” 

Lemma  10.19.1  (Nakayama’s  lemma).  Let  R be  a ring,  let  M be  an  R-module, 
and  let  I C R be  an  ideal. 

(1)  If  IM  = M and  M is  finite,  then  there  exists  a f £ 1 + I such  that 
fM  = 0. 

(2)  If  IM  = M , M is  finite,  and  I C rad(R),  then  M = 0. 

(3)  IfN,N'  C M,  M = N+IN',  and  N'  is  finite,  then  there  exists  a f £ 1+/ 
such  that  Mf  = Nf. 

(4)  If  N,  N'  C M , M = N + IN' , N'  is  finite,  and  I C rad(R),  then  M = N. 

(5)  If  N M is  a module  map,  N/IN  -A  M/IM  is  surjective,  and  M is 
finite,  then  there  exists  a f £ 1 + 1 such  that  Nf  -A  Mf  is  surjective. 

(6)  If  N -A  M is  a module  map,  N/IN  — » M/IM  is  surjective,  M is  finite, 
and  I C md(R),  then  N -A  M is  surjective. 

(7)  If  x i, . . . ,xn  € M generate  M/IM  and  M is  finite,  then  there  exists  an 
f £ 1 + I such  that  x\,...,xn  generate  Mf  over  Rf. 

(8)  If  X\, ...  ,xn  £ M generate  M/IM,  M is  finite,  and  I C rad(R),  then  M 
is  generated  by  x i, ...  ,xn. 

(9)  If  IM  = M , I is  nilpotent,  then  M = 0. 

(10)  If  N,  N'  C M , M = N + IN' , and  I is  nilpotent  then  M = N . 

(11)  If  N -A  M is  a module  map,  I is  nilpotent,  and  N/IN  -A  M/IM  is 
surjective,  then  N -A  M is  surjective. 

(12)  If  {za}  agj4  is  a set  of  elements  of  M which  generate  M/IM  and  I is 
nilpotent,  then  M is  generated  by  the  xa. 


Proof.  Proof  of  Q.  Choose  generators  yi, ...  ,ym  of  M over  R.  For  each  i we  can 
write  yi  = Y1  zijVj  with  Zij  £ I (since  M = IM).  In  other  words  — Zij)yj  = 

0.  Let  / be  the  determinant  of  the  m x m matrix  A = (< 5^  — Zij).  Note  that 
/ € 1 + 1 (since  the  matrix  A is  entrywise  congruent  to  the  m x m identity  matrix 
modulo  I).  By  Lemma  10.14.4|  (1),  there  exists  an  m x m matrix  B such  that 
BA  = flmxm-  Writing  out  we  see  that  Y^i^hiOij  = fShj  for  all  h and  j:  hence, 
J2i,j  ffihjVj  = fyh  for  every  h.  In  other  words,  0 = fyh  for  every  h 

(since  each  i satisfies  iijyj  = 0).  This  implies  that  / annihilates  M. 


By  Lemma  [lO. 16. 2 an  element  of  1 + rad(-R)  is  invertible  element  of  R.  Hence  we 
see  that  ([I])  implies  (2).  We  obtain  (3)  by  applying  (1)  to  M/N  which  is  finite  as 
N'  is  finite.  We  obtain  (4)  by  applying  (2)  to  M/N  which  is  finite  as  N'  is  finite. 
We  obtain  (5)  by  applying  (3)  to  M and  the  submodules  Im(IV  -A  M)  and  M.  We 
obtain  (6)  by  applying  (4)  to  M and  the  submodules  Im(7V  -A  M)  and  M.  We 
obtain  (7)  by  applying  (5)  to  the  map  R®n  -A  M,  (ai, . . . , an)  ha  a\X\  + . . . + anxn. 
We  obtain  (8)  by  applying  (6)  to  the  map  i?®"  -A  M,  (or, . . . , an)  ha  aicci  + . . . + 


dnXr 


Part  (9)  holds  because  if  M = IM  then  M = InM  for  all  n > 0 and  / being 
nilpotent  means  In  = 0 for  some  n^>  0.  Parts  (10),  (11),  and  (12)  follow  from  (9) 
by  the  arguments  used  above.  □ 


lMat7dal  l.M 
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10.20.  Open  and  closed  subsets  of  spectra 


04PN  It  turns  out  that  open  and  closed  subsets  of  a spectrum  correspond  to  idempotents 
of  the  ring. 

OOEC  Lemma  10.20.1.  Let  R be  a ring.  Let  e £ R be  an  idempotent.  In  this  case 

Spec  (R)  =D{e)UD(l-e). 

Proof.  Note  that  an  idempotent  e of  a domain  is  either  1 or  0.  Hence  we  see  that 
D(e)  = {p  S Spec(-R)  | e ^ p} 

= {p  S Spec(-R)  | e ^ 0 in  «(p)} 

= {p  G Spec(f?)  | e = 1 in  «(p)} 

Similarly  we  have 

D(  1 - e)  = {p  G Spec(f?)  | 1 — e ^ p} 

= {p  G Spec(f?)  | e 7^  1 in  k(p)} 

= {p  G Spec(f?)  | e = 0 in  k(p)} 

Since  the  image  of  e in  any  residue  held  is  either  1 or  0 we  deduce  that  D(e)  and 
D{  1 — e)  cover  all  of  Spec(l?.).  □ 

OOED  Lemma  10.20.2.  Let  R\  and  R2  be  rings.  Let  R = R\  x R2.  The  maps  R — ► Ri, 
[x,y)  1 ^ x and  R — > R2,  ( x,y ) 1— > y induce  continuous  maps  Spec(l?i)  —>  Spec (R) 
and  Spec(l?2)  — t Spec(-R).  The  induced  map 

Spec(-Ri)  H Spec(f?2)  — > Spec(f?) 

is  a homeomorphism.  In  other  words,  the  spectrum  of  R = R\  x R2  is  the  disjoint 
union  of  the  spectrum  of  R\  and  the  spectrum  of  R2  ■ 

Proof.  Write  1 = ei  + e2  with  ei  = (1,0)  and  e2  = (0,1).  Note  that  e\  and 
e2  = 1 — ei  are  idempotents.  We  leave  it  to  the  reader  to  show  that  R\  = Rei  is  the 
localization  of  R at  ei.  Similarly  for  e2-  Thus  the  statement  of  the  lemma  follows 
from  Lemma  110.20.11  combined  with  Lemma  110.16.61  □ 


We  reprove  the  following  lemma  later  after  introducing  a glueing  lemma  for  func- 
tions. See  Section  HO. 2 21 

00EE  Lemma  10.20.3.  Let  R be  a ring.  For  each  U C Spec(f?)  which  is  open  and 
closed  there  exists  a unique  idempotent  e G R such  that  U = D(e).  This  induces  a 
1-1  correspondence  between  open  and  closed  subsets  U C Spec(l?)  and  idempotents 
e G R. 


First  proof  of  Lemma  |10.20.3l  Let  U C Spec(l?)  be  open  and  closed.  Since  U 
is  closed  it  is  quasi-compact  by  Lemma  10.16.10]  and  similarly  for  its  complement. 
Write  U = U”=i  -D(/i)  as  a finite  union  of  standard  opens.  Similarly,  write  Spec(l?)\ 
U = U7=i  D(gj)  as  a finite  union  of  standard  opens.  Since  0 = D(fi)  n D(gj)  = 
D(figj)  we  see  that  figj  is  nilpotent  by  Lemma  10.16.2  Let  I = (/1, . . . , /„)  C R 
and  let  J = (gi,  ■ ■ ■ ,gm)  C R.  Note  that  V(J)  equals  U,  that  V{I)  equals  the 
complement  of  U,  so  Spec(l?)  = V(I)  Hb(J).  By  the  remark  on  nilpotency  above, 
we  see  that  ( IJ)N  = (0)  for  some  sufficiently  large  integer  N.  Since  (J  -D(/»)  U 
(J  D(gj)  = Spec(l?)  we  see  that  I + J = R,  see  Lemma  10.16.2  By  raising  this 
equation  to  the  21Vth  power  we  conclude  that  IN  + JN  = R.  Write  1 = x + y with 
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x £ IN  and  y £ JN . Then  1 = (x  + y)2  = x2  + y2  because  IN  JN  = (0).  Then 
z = x — x2  £ IN  n JN . Thus  zx  = 0 and  z2  = 0.  Hence  (x  — z)  — (x  — z)2  = 
x — x2  — z = 0.  In  other  words,  e = x — z is  an  idempotent  contained  in  IN  C /, 
and  the  idempotent  e!  = 1 — e = y + z is  contained  in  JN  C J.  This  shows  that  the 
idempotent  e maps  to  1 in  every  residue  field  «(p)  for  p £ V(J)  and  that  e maps 
to  0 in  /c(p)  for  every  p £ V(I). 

To  see  uniqueness  suppose  that  ei,e2  are  distinct  idempotents  in  R.  We  have  to 
show  there  exists  a prime  p such  that  ei  £ p and  e2  ^ p,  or  conversely.  Write 
e ■ = 1 — e*.  If  ei  7^  e2,  then  0 7^  e\  - e2  = ei(e2  + e'2)  — (ei  + e[)e2  = eie2  — e'^. 
Hence  either  the  idempotent  eie2  7^  0 or  e\  e2  7^  0.  An  idempotent  is  not  nilpotent, 
and  hence  we  find  a prime  p such  that  either  eie2  fL  p or  e\  e2  ^ p,  by  Lemma 
|10.16.2|  It  is  easy  to  see  this  gives  the  desired  prime.  □ 

00EF  Lemma  10.20.4.  Let  R be  a nonzero  ring.  Then  Spec(f?)  is  connected  if  and 
only  if  R has  no  nontrivial  idempotents. 

Proof.  Obvious  from  Lemmari0.20.3l  □ 

OOEH  Lemma  10.20.5.  Let  R be  a ring.  Let  I be  a finitely  generated  ideal.  Assume 
that  I = I2.  Then  V(I)  is  open  and  closed  in  Spec  (I?),  and  R/I  = Re  for  some 
idempotent  e £ R. 

Proof.  By  Nakayama’s  Lemma  [10.19.1|  there  exists  an  element  f = 1 + i,  i £ I 
in  R such  that  fl  = 0.  It  follows  that  V(I)  = D(f)  by  a simple  argument.  Also, 
0 = fi  = i + i2,  and  hence  f2  = 1 + i + * + i2  = 1 + i = /,  so  / is  an  idempotent. 
Consider  the  canonical  map  R-+Rf.  It  is  surjective  since  x/fn  = x/f  = xf/f2  = 
xf  / f = x/\  in  Rf.  Any  element  of  I is  in  the  kernel  since  fl  = 0.  If  x 1— >•  0 in  Rf, 
then  fnx  = 0 for  some  n > 0 and  hence  (1  + i)x  = 0 hence  x £ I.  □ 


10.21.  Connected  components  of  spectra 


00EB  Connected  components  of  spectra  are  not  as  easy  to  understand  as  one  may  think 
at  first.  This  is  because  we  are  used  to  the  topology  of  locally  connected  spaces, 
but  the  spectrum  of  a ring  is  in  general  not  locally  connected. 


04PP 


Lemma  10.21.1.  Let  R be  a ring.  Let  T C Spec(-R)  be  a subset  of  the  spectrum. 
The  following  are  equivalent 

(1)  T is  closed  and  is  a union  of  connected  components  o/Spec(l?); 

(2)  T is  an  intersection  of  open  and  closed  subsets  ofSpec(R),  and 

(3)  T = V (I)  where  I C R is  an  ideal  generated  by  idempotents. 

Moreover,  the  ideal  in  (3)  if  it  exists  is  unique. 


Proof.  By  Lemma  10.16.1l|and  Topology,  Lemma  5.11.12  we  see  that  (1)  and  (2) 
are  equivalent.  Assume  (2)  and  write  T = fj  Ua  with  Ua  C Spec(l?)  open  and 
closed.  Then  Ua  = D(ea)  for  some  idempotent  ea  £ R by  Lemma  10.20.3  Then 
setting  / = (1  — ea)  we  see  that  T = V(I),  i.e.,  (3)  holds.  Finally,  assume  (3). 


Write  T = V(I)  and  I = (eQ)  for  some  collection  of  idempotents  eQ 
clear  that  T = f]V(ea)  = fj D{  1 — eQ). 


Then  it  is 


Suppose  that  / is  an  ideal  generated  by  idempotents.  Let  e £ R be  an  idempotent 
such  that  V(I)  C V(e).  Then  by  Lemma  10.16.2  we  see  that  e"  £ / for  some  n > 1. 
As  e is  an  idempotent  this  means  that  e £ I.  Hence  we  see  that  I is  generated 
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by  exactly  those  idempotents  e such  that  T C V(e).  In  other  words,  the  ideal  I is 
completely  determined  by  the  closed  subset  T which  proves  uniqueness.  □ 


OOEG  Lemma  10.21.2.  Let  R be  a ring.  A connected  component  of  Spec(R)  is  of  the 
form  V{I),  where  I is  an  ideal  generated  by  idempotents  such  that  every  idempotent 
of  R either  maps  to  0 or  1 in  R/I. 


Proof.  Let  p be  a prime  of  R.  By  Lemma|l0.16.11|we  have  see  that  the  hypotheses 
of  Topology,  Lemma  5.11.10  are  satisfied  for  the  topological  space  Spec(.R).  Hence 
the  connected  component  of  p in  Spec(f?)  is  the  intersection  of  open  and  closed 
subsets  of  Spec(l?)  containing  p.  Hence  it  equals  V(I)  where  / is  generated  by 
the  idempotents  e £ R such  that  e maps  to  0 in  re(p),  see  Lemma  10.20.3 


idempotent  e which  is  not  in  this  collection  clearly  maps  to  1 in  R/I. 


Any 

□ 


10.22.  Glueing  functions 


00EI  In  this  section  we  show  that  given  an  open  covering 

Spec  (R)  = \Jn  D(fi) 

l—l 

by  standard  opens,  and  given  an  element  hi  £ Rfi  for  each  i such  that  hi  = hj  as 
elements  of  Rfifj  then  there  exists  a unique  h £ R such  that  the  image  of  h in  Rf. 
is  hi . This  result  can  be  interpreted  in  two  ways: 

(1)  The  rule  D{f)  ^ Rf  is  a sheaf  of  rings  on  the  standard  opens,  see  Sheaves, 
Section  16.301 

(2)  If  we  think  of  elements  of  Rf  as  the  “algebraic”  or  “regular”  functions  on 
D(f),  then  these  glue  as  would  continuous,  resp.  differentiable  functions 
on  a topological,  resp.  differentiable  manifold. 

At  the  end  of  this  section  we  use  this  result  to  reprove  the  lemma  describing  open 
and  closed  subsets  in  terms  of  idempotents. 


00EJ  Lemma  10.22.1.  Let  R be  a ring,  and  let  fi,  fi , . . . fn  £ R generate  the  unit  ideal 
in  R.  Then  the  following  sequence  is  exact: 


R 


0,  Rh  — > 0.  y RL 


' if i 


where  the  maps  a : R — > ®f-  Rfi  and  /3  : Rft  — > ®{-  ■ Rfifj  are  defined  as 


in  Rfifj 


Proof.  We  first  show  that  a is  injective,  and  then  that  the  image  of  a equals  the 
kernel  of  (5.  Assume  there  exists  x £ R such  that  a{x)  = (0, . . . , 0).  Then  | = 0 in 
Rfi  for  all  i.  This  means,  for  all  i , there  exists  a number  n such  that 

f?x  = 0 

Since  the  /,  generate  R , we  can  pick  cq  so 

En 

. . aifi 

1=1 

Then  for  all  M > we  have 

lM=(Ea^)M  = E(„  M „ Vr«2 2 •••a“"/ri/2U2  •••/“" 

\ / \U, l , . . . , Un  J 
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where  each  term  has  a factor  of  at  least  for  some  i.  Therefore, 


/ \ 1V1 

x = lx  = 1MX  = Clift)  x = 0. 

Thus,  if  a(x)  = 0,  x = 0 and  a is  injective.  We  check  that  the  image  of  a equals 
the  kernel  of  /3.  First,  note  that  for  x £ R, 

(3(a{x))  =/?(|,...,y)  =(j-j  in  =0. 

Therefore,  the  image  of  a is  in  the  kernel  of  j3,  and  it  remains  only  to  verify  that  if 

n(  x i xn\  n 


' V /r1  ’ " ‘ ’ fn  ) ’ 

then  there  exists  x G R so  that  for  all  i, 

X Xi 

Assume  we  have  X\, ...  ,xn  such  that 

B ( — M=0 

Then,  for  all  pairs  i,j,  there  exists  an  Uij  such  that 

-f’ixi)  = U 

Choosing  N so  N > n. y for  all  i,j,  we  see  that 

/^/f  (/?*<-/;%)  = o 

Define  elements  x%  and  fi  of  R as  follows: 

fi  = f?+ri,  Xi  = f?Xi. 

Notice  that 

Xi  _ Xi 

irw 

Also,  we  can  use  this  to  rewrite  the  above  equation  f^f^if^Xi  — . fpXj ) = 0 to 
get  the  following  equality,  for  all  i,j, 

fjXi  . fiXj . 

Since  /i , . . . , fn  generate  R , we  clearly  have  that  fi,...,fn  also  generate  R.  There- 
fore, there  exist  cq , . . . , an  in  R so  that 


Therefore,  we  finally  conclude  that  for  all  i, 

Xi^  _XiL  _ y^«  CljfjXj  _ y^™  aJjXj  _ ajX0 

fP  ~ l ~ ^=1  l ~ ^=1  fi  ~ 1 

Thus,  we  have 


(C, ' 


L (hfi 

- n H 

fiXj 

“j= i 

fi 

Xl 

Xn 

/r”" 

5 nrn 
Jn 

as  required.  There  the  sequence  is  exact. 
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OOEK 


OOEL 


Lemma  10.22.2.  Let  R be  a ring.  Let  fi, . • . , fn  be  elements  of  R generating  the 
unit  ideal.  Let  M be  an  R-module.  The  sequence 


0 ->•  M 


a\n 

vl^i=i 


Mfi 


0TI 

ij= i 


is  exact , where  a{m)  = (m/1, . . . , to/  1)  and  (3  (mi/ f/1, . . . ,mn/ /®")  = (to*//®1  — 
Proof.  The  same  as  the  proof  of  Lemma[l0.22.1|  □ 


Second  proof  of  Lemma  |10.20.3  Having  assured  ourselves  (Lemma  10.22.1) 


that  for  generators  f\, ... , fn  for  the  unit  ideal  of  a ring  R the  sequence 
0 ^ R ® ._;  Rf‘  , Rfifi 

is  exact,  we  now  provide  an  alternate  proof  of  the  surjectivity  of  the  map  from 
idempotents  e of  R to  open  and  closed  subsets  of  Spec(-R)  presented  in  Lemma 
10.20.3  Let  U C Spec(-R)  be  open  and  closed,  and  W be  its  complement.  We  can 
write  U and  V as  unions  of  standard  opens  such  that  U = U?=i  D(fi)  and  W = 
\J?=i  D(9i).  Since  Spec(f?)  = (J  D(fi)  U (J  D(gj),  we  observe  that  the  collection 
{/,;  g.j)  must  generate  the  unit  ideal  in  R by  Lemma  10.16.2  So  the  following 
sequence  is  exact. 

(10.22.2.1) 


0 ^ R ^ ® ,=1  RL  0 ®i=1  RSi  ®,:i  io  Rh1L2  0 ®?;  • Rfi9i  0 ® 


R 


*1,*2 


1,3 


31,32 


9j\  9 32 


However,  notice  that  for  any  pair  i,j,  D(ff)  n D(gj)  = 0 since  D(fi)  C U and 
D(gj ) C W).  From  part  (15)  of  Lemma  10.16.2  we  recall  that  D(ftgj)  = D{ff)  fl 


D(gj)  = 0.  Therefore  by  Lemma  10.16.5|Spec(-R/i3j.)  = D(figj)  = 0,  implying  that 


Rf.g  is  the  zero  ring  for  each  pair  i,  j by  part  (3)  of  Lemma  10.16.2  Consider  the 
element  (1, . . . , 1, 0, . . . , 0)  £ ®”=1  R.ft  ® ® Rgj  whose  coordinates  are  1 in  each 
Rf.  and  0 in  each  Rg. . This  is  sent  to  0 under  the  map 


^ : ®i=1  Rf*  0 ®i=i  R9J  ® 


R 


LiR. 


R, 


'9j\9j2 


so  by  the  exactness  of  the  sequence  ( 10. 22.2.1]),  there  must  be  some  element  of  R 
whose  image  under  a is  (1, . . . , 1,  0, . . . , 0).  Call  it  e.  We  see  that  a(e2)  = a(e)2  = 
(1, . . . , 1,  0, . . . , 0)  = a(e).  Since  a is  injective,  e = e2  in  R and  e is  an  idempotent 
of  R.  We  claim  that  U = D(e).  Notice  that  for  arbitrary  j,  the  map  R — > Rg.  maps 
e to  0.  Therefore  there  must  be  some  positive  integer  kj  such  that  (e  — 0)  = 0 in 
R.  Multiplying  by  e as  necessary,  we  see  that  (gje)kj  = 0,  so  gge  is  nilpotent  in  R. 
By  Lemma  10.16. 2|U(gj)nU(e)  = D(gge)  = 0.  So  since  V = (J  D(gg),  D(e)C\V  = 0 
and  D(e)  C U.  Furthermore,  for  arbitrary  i.  the  map  R — > Rfi  maps  e to  1,  so 
there  must  be  some  h such  that  ff  (e  — 1)  = 0 in  R.  Hence  ffe  = //' . Suppose 
p £ Spec (R)  contains  e,  then  p contains  ffe  = />,  and  since  p is  prime,  fi  £ p.  So 
V(e)  C V(fi ),  implying  that  D(fi)  C D(e).  Therefore  U = (J  D{fi)  C D(e),  and 
U = D{e).  Therefore  any  open  and  closed  subset  of  Spec(f?)  is  the  standard  open 
of  an  idempotent  as  desired.  □ 


The  following  we  have  already  seen  above,  but  we  state  it  explicitly  here  for  con- 


venience. 
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OOEM  Lemma  10.22.3.  Let  R be  a ring.  If  Spec(R)  = U II  V with  both  U and  V open 
then  ]J  = Jii  x i?2  with  U = Spec(l?i)  and  V = Spec(I?2)  via  the  maps  in  Lemma 
m .20.2 [ Moreover,  both  R\  and  R2  are  localizations  as  well  as  quotients  of  the  ring 
R. 


Proof.  By  Lemma  10.20.3  we  have  U = D(e)  and  V = D(  1 — e)  for  some  idempo- 
tent  e.  By  Lemma  10.22.1  we  see  that  R = Rex  R\-e  (since  clearly  Re(\_e\  = 0 so 
the  glueing  condition  is  trivial;  of  course  it  is  trivial  to  prove  the  product  decom- 
position directly  in  this  case).  The  lemma  follows.  □ 


0565  Lemma  10.22.4.  Let  R be  a ring.  Let  j\, ... , fn  £ R.  Let  M be  an  R-module. 
Then  M — x (J)  Mfi  is  injective  if  and  only  if 

M — x M,  m 1 — x (fim, ...,  fnm) 

is  injective. 


Proof.  The  map  M —X  0M/f  is  injective  if  and  only  if  for  all  m £ M and 
ei,...,en  > 1 such  that  f^m  = 0,  i = l,...,n  we  have  m = 0.  This  clearly 
implies  the  displayed  map  is  injective.  Conversely,  suppose  the  displayed  map  is 
injective  and  m £ M and  ei, ...  ,en  > 1 are  such  that  f^m  = 0,  i = 1, . . . , n.  If 
ej  = 1 for  all  i,  then  we  immediately  conclude  that  m = 0 from  the  injectivity  of 
the  displayed  map.  Next,  we  prove  this  holds  for  any  such  data  by  induction  on 
e = Y^ei-  The  base  case  is  e = n,  and  we  have  just  dealt  with  this.  If  some  > 1, 
then  set  m'  = fim.  By  induction  we  see  that  m'  = 0.  Hence  we  see  that  fiin  = 0, 
i.e. , we  may  take  = 1 which  decreases  e and  we  win.  □ 


10.23.  More  glueing  results 

00EN  In  this  section  we  put  a number  of  standard  results  of  the  form:  if  something  is 
true  for  all  members  of  a standard  open  covering  then  it  is  true.  In  fact,  it  often 
suffices  to  check  things  on  the  level  of  local  rings  as  in  the  following  lemma. 

00HN  Lemma  10.23.1.  Let  R be  a ring. 

(1)  For  an  element  x of  an  R-module  M the  following  are  equivalent 

(a)  x = 0, 

(b)  x maps  to  zero  in  Mp  for  all  p £ Spec (R), 

(c)  x maps  to  zero  in  Mm  for  all  maximal  ideals  m of  R. 

In  other  words , the  map  M — x Mm  is  injective. 

(2)  Given  an  R-module  M the  following  are  equivalent 

(a)  M is  zero, 

(b)  Mp  is  zero  for  all  p £ Spec (R), 

(c)  Mm  is  zero  for  all  maximal  ideals  m of  R. 

(3)  Given  a complex  M\  —X  M2  —X  M3  of  R-modules  the  following  are  equiva- 
lent 

(a)  Mi  —x  M2  —x  M3  is  exact, 

(b)  for  every  prime  p of  R the  localization  M\  v — x M2,p  —X  M3jP  is  exact , 

(c)  for  every  maximal  ideal  m of  R the  localization  Mi>m  — x A f2itn  — X 
M3;tn  is  exact. 

(4)  Given  a map  f : M — X M'  of  R-modules  the  following  are  equivalent 

(a)  f is  injective, 

(b)  /p  : Mp  —X  M^  is  injective  for  all  primes  p of  R, 
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(c)  /, n : Mm  — > M ^ is  injective  for  all  maximal  ideals  m of  R. 

(5)  Given  a map  f : M M'  of  R-modules  the  following  are  equivalent 

(a)  f is  surjective, 

(b)  fp  : Alp  — » M'  is  surjective  for  all  primes  p of  R, 

(c)  /m  : Mm  — > M ^ is  surjective  for  all  maximal  ideals  m of  R. 

(6)  Given  a map  f : M — >■  M'  of  R-modules  the  following  are  equivalent 

(a)  f is  bijective, 

(b)  fp  : Alp  ->  Afp  is  bijective  for  all  primes  p of  R, 

(c)  fm  : AIm  — > M ^ is  bijective  for  all  maximal  ideals  m of  R. 


OOEO 


Proof.  Let  x £ Af  as  in  (1).  Let  I = {/  £ R \ fx  = 0}.  It  is  easy  to  see  that  / 
is  an  ideal  (it  is  the  annihilator  of  x).  Condition  (l)(c)  means  that  for  all  maximal 
ideals  m there  exists  an  / € R \ m such  that  fx  = 0.  In  other  words,  V (/)  does 
not  contain  a closed  point.  By  Lemma  [10. 16. 2|  we  see  I is  the  unit  ideal.  Hence  x 
is  zero,  i.e.,  (l)(a)  holds.  This  proves  (1). 

Part  (2)  follows  by  applying  (1)  to  all  elements  of  AI  simultaneously. 


Proof  of  (3).  Let  H 
AL3) /Im(Mi  — > Af2). 
of  the  sequence  AIi:P  - 


be  the  homology  of  the  sequence, 
By  Proposition 


i.e., 


10.9.12 


H = Ker(Af2 


we  have  that  H„  is  the  homology 


Af2jP  — > AI3yp.  Hence  (3)  is  a consequence  of  (2). 


Parts  (4)  and  (5)  are  special  cases  of  (3).  Part  (6)  follows  formally  on  combining 

(4)  and  (5).  □ 


Lemma  10.23.2.  Let  R be  a ring.  Let  AI  be  an  R-module.  Let  S be  an  R-algebra. 
Suppose  that  fi,...,fn  is  a finite  list  of  elements  of  R such  that  |J  D(fi)  = Spec (R) 
in  other  words  (/i, . . . , fn)  = R. 

(1)  If  each  Alf.  = 0 then  Ad  = 0. 

(2)  If  each  Alf . is  a finite  Rfi-module,  then  M is  a finite  R-module. 

(3)  If  each  Alft  is  a finitely  presented  Rfi-module,  then  AI  is  a finitely  pre- 

sented R-module. 

(4)  Let  AI  N be  a map  of  R-modules.  If  AIft  — > N fi  is  an  isomorphism  for 
each  i then  AI  — > N is  an  isomorphism. 

(5)  Let  0 — » AI"  — > AI  — > AI1  — > 0 be  a complex  of  R-module.  If  0 — > A t'j.  — > 

Mfi  — )■  AIj.  — > 0 is  exact  for  each  i,  then  0 — > AI"  — > AI  — > AI ' — > 0 is 

exact. 

(6)  If  each  Rft  is  Noetherian,  then  R is  Noetherian. 

(7)  If  each  Sft  is  a finite  type  R-algebra,  so  is  S. 

(8)  If  each  Sf  i is  of  finite  presentation  over  R,  so  is  S. 


Proof.  We  prove  each  of  the  parts  in  turn. 


(1) 

(2) 


this  implies  Mp  = 0 for  all  p € Spec(i?),  so  we 


By  Proposition  10.9.10 
conclude  by  Lemma  10.23. 1| 

For  each  i take  a finite  generating  set  Xi  of  Mft . Without  loss  of  generality, 
we  may  assume  that  the  elements  of  AQ  are  in  the  image  of  the  localization 
map  A I — > Alf.,  so  we  take  a finite  set  Yi  of  preimages  of  the  elements 
of  Xi  in  AI.  Let  Y be  the  union  of  these  sets.  This  is  still  a finite  set. 
Consider  the  obvious  l?-linear  map  — > AI  sending  the  basis  element  ev 

to  y.  By  assumption  this  map  is  surjective  after  localizing  at  an  arbitrary 
prime  ideal  p of  R,  so  it  surjective  by  Lemma  |10.23.1|  and  AI  is  finitely 
generated. 
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(3)  By  (2)  we  have  a short  exact  sequence 

0^K^Rn->M^0 

Since  localization  is  an  exact  functor  and  Mfr  is  finitely  presented  we  see 
that  Kf.  is  finitely  generated  for  all  1 < i < n by  Lemma  10.5.3  By 


(2)  this  implies  that  K is  a finite  i?-module  and  therefore  M is  finitely 
presented. 


(4)  By  Proposition  10.9.10  the  assumption  implies  that  the  induced  morphism 


on  localizations  at  all  prime  ideals  is  an  isomorphism,  so  we  conclude  by 
Lemma  110.23.11 


(5)  By  Proposition  10.9.10  the  assumption  implies  that  the  induced  sequence 


(6) 


(7) 


of  localizations  at  all  prime  ideals  is  short  exact,  so  we  conclude  by  Lemma 
□ 0.23.1 1 

We  will  show  that  every  ideal  of  R has  a finite  generating  set:  For  this, 


(8) 


let  I C R be  an  arbitrary  ideal.  By  Proposition  10.9.12  each  Ifr  C Rfi  is 
an  ideal.  These  are  all  finitely  generated  by  assumption,  so  we  conclude 
by  (2). 

For  each  i take  a finite  generating  set  Xt  of  S/i . Without  loss  of  generality, 
we  may  assume  that  the  elements  of  Xj  are  in  the  image  of  the  localization 
map  S — > Sft,  so  we  take  a finite  set  Yj  of  preimages  of  the  elements  of  Xj 
in  S.  Let  Y be  the  union  of  these  sets.  This  is  still  a finite  set.  Consider 
the  algebra  homomorphism  R[Xy\y^y  — t S induced  by  Y . Since  it  is  an 
algebra  homomorphism,  the  image  T is  an  i?-submodule  of  the  i?-module 
S,  so  we  can  consider  the  quotient  module  S/T.  By  assumption,  this  is 
zero  if  we  localize  at  the  /j,  so  it  is  zero  by  (1)  and  therefore  S is  an 
i?-algebra  of  finite  type. 

By  the  previous  item,  there  exists  a surjective  i?-algebra  homomorphism 
i?[Xi, ...,  X„]  — ► S.  Let  K be  the  kernel  of  this  map.  This  is  an  ideal  in 
R[X i,  ..Xn\,  finitely  generated  in  each  localization  at  fj.  Since  the  fj  gen- 
erate the  unit  ideal  in  R,  they  also  generate  the  unit  ideal  in  R[X i, ...,  Xn], 
so  an  application  of  (2)  finishes  the  proof. 

□ 


00EP  Lemma  10.23.3.  Let  R — * S be  a ring  map.  Suppose  that  g i, . . . , gm  is  a finite 
list  of  elements  of  S such  that  |J  D(gj)  = Spec(S')  in  other  words  (<? i, . . . ,gm)  = S. 

(1)  If  each  Sgi  is  of  finite  type  over  R,  then  S is  of  finite  type  over  R. 

(2)  If  each  Sgi  is  of  finite  presentation  over  R,  then  S is  of  finite  presentation 
over  R. 

Proof.  Omitted.  □ 

The  following  lemma  is  better  stated  and  proved  in  the  more  general  context  of  flat 
descent.  However,  it  makes  sense  to  state  it  here  since  it  fits  well  with  the  above. 

00EQ  Lemma  10.23.4.  Let  R be  a ring.  Let  fi, . . . , fn  € R be  elements  which  generate 
the  unit  ideal  in  R.  Suppose  we  are  given  the  following  data: 

(1)  For  each  i an  Rfi-module  Mj. 

(2)  For  each  pair  i,j  an  Rfifj-module  isomorphism  ipjj  : {Mj)fj 
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02LV 

OOEU 


OOEW 


02LW 


02LX 


which  satisfy  the  “cocycle  condition”  that  all  the  diagrams 

( Mi)fjfk  — ^ 


j)fifk 


commute  (for  all  triples  i,j,k).  Given  this  data  define 

where  ( m\ , . . . ,mn)  maps  to  the  element  whose  ( i,j)th  entry  is  m,i/l  — ipji(nij/l). 
Then  the  natural  map  M — > Mi  identifies  Mi  with  Mft.  Moreover  if  ij(m/ 1)  = m/1 
for  all  m £ M (with  obvious  notation). 

Proof.  Omitted.  □ 


10.24.  Zerodivisors  and  total  rings  of  fractions 

The  local  ring  at  a minimal  prime  has  the  following  properties. 

Lemma  10.24.1.  Let  p be  a minimal  prime  of  a ring  R.  Every  element  of  the 
maximal  ideal  of  Rp  is  nilpotent.  If  R is  reduced  then  Rp  is  a field. 

Proof.  If  some  element  x of  pRp  is  not  nilpotent,  then  D(x)  ^ 0,  see  Lemma 


10.16.2  This  contradicts  the  minimality  of  p.  If  R is  reduced,  then  pRp  = 0 and 
hence  it  is  a field.  □ 

Lemma  10.24.2.  Let  R be  a reduced  ring.  Then 

(1)  R is  a subring  of  a product  of  fields, 

(2)  R — > minirnai  RP  is  an  embedding  into  a product  of  fields, 

(3)  Up  minimal  P is  the  set  °f  zerodivisors  of  R. 


Proof.  By  Lemma  10.24.1  each  of  the  rings  Rp  is  a field.  In  particular,  the  kernel 
of  the  ring  map  R — > Rp  is  p.  By  Lemma  10.16.2  we  have  p]pp  = (0)-  Hence  (2) 
and  (1)  are  true.  If  xy  = 0 and  y ^ 0,  then  y ^ p for  some  minimal  prime  p. 
Hence  x £ p.  Thus  every  zerodivisor  of  R is  contained  in  (J  minimal  p-  Conversely, 
suppose  that  x £ p for  some  minimal  prime  p.  Then  x maps  to  zero  in  Rp,  hence 
there  exists  y £ R,  y ^ p such  that  xy  = 0.  In  other  words,  x is  a zerodivisor.  This 
finishes  the  proof  of  (3)  and  the  lemma.  □ 


The  total  ring  of  fractions  Q(R)  of  a ring  R was  introduced  in  Example  10.9.8 


Lemma  10.24.3.  Let  R be  a ring.  Let  S C R be  a multiplicative  subset  consisting 
of  nonzerodivisors.  Then  Q(R)  = Q(S~1R).  In  particular  Q(R)  = Q(Q(R)). 

Proof.  If  x £ S~1R  is  a nonzerodivisor,  and  x = r/f  for  some  r £ R,  f £ S,  then 
r is  a nonzerodivisor  in  R.  Whence  the  lemma.  □ 


We  can  apply  glueing  results  to  prove  something  about  total  rings  of  fractions  Q(R) 
which  we  introduced  in  Example  |10.9.8| 

Lemma  10.24.4.  Let  R be  a ring.  Assume  that  R has  finitely  many  minimal 
primes  qi, . . . , q t,  and  that  qi  U . . . U q*  is  the  set  of  zerodivisors  of  R.  Then  the 
total  ring  of  fractions  Q(R)  is  equal  to  RPl  x ...  x RPt. 
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Rqi  since  any  nonzerodivisor  is  contained 
-A  Rqi  x . . . x Rqt.  For  any  nonminimal 


Proof.  There  are  natural  maps  Q(R)  — 
in  R \ c|j.  Hence  a natural  map  Q(R) 
prime  p C R we  see  that  p <(_  qi  U . . . U q4  by  Lemma  10.14.2  Hence  Spec (Q(R))  = 
{qi, . . . , qt}  (as  subsets  of  Spec(-R),  see  Lemma  10.16.5).  Therefore  Spec(Q(f?))  is 
a finite  discrete  set  and  it  follows  that  Q(R)  = Ai  x . . . x At  with  Spec(Aj)  = {q;}, 
see  Lemma [10.22. 3|  Moreover  Ai  is  a local  ring,  which  is  a localization  of  R.  Hence 


A S*  R, 


qi- 


□ 


10.25.  Irreducible  components  of  spectra 


We  show  that  irreducible  components  of  the  spectrum  of  a ring  correspond  to  the 
minimal  primes  in  the  ring. 

Lemma  10.25.1.  Let  R be  a ring. 

(1)  For  a prime  p C R the  closure  of  {p}  in  the  Zariski  topology  is  P(p).  In 
a formula  {p}  = V(p). 

(2)  The  irreducible  closed  subsets  of  Spec(-R)  are  exactly  the  subsets  P(p), 
with  p C R a prime. 


(3)  The  irreducible  components  (see  Topology , Definition  5.7.1)  of  Spec(-R) 


are  exactly  the  subsets  F(p),  with  p C R a minimal  prime. 

Proof.  Note  that  if  p £ V(I),  then  I C p.  Hence,  clearly  {p}  = P(p).  In  particular 
F(p)  is  the  closure  of  a singleton  and  hence  irreducible.  The  second  assertion  implies 
the  third.  To  show  the  second,  let  V (/)  C Spec(f?)  with  / a radical  ideal.  If  / is  not 
prime,  then  choose  a,  b £ R,  a,b  £ I with  ab  £ I.  In  this  case  V (/,  a)  U V (I,  b)  = 
V(I),  but  neither  V(I,b)  = V(I)  nor  V(I,a)  = V(I),  by  Lemma  [10.16.2 
V(I)  is  not  irreducible. 


Hence 

□ 


In  other  words,  this  lemma  shows  that  every  irreducible  closed  subset  of  Spec(l?)  is 
of  the  form  F(p)  for  some  prime  p.  Since  P(p)  = {p}  we  see  that  each  irreducible 
closed  subset  has  a unique  generic  point,  see  Topology,  Definition  5.7.4|  In  par- 
ticular, Spec(l?)  is  a sober  topological  space.  We  record  this  fact  in  the  following 
lemma. 


Lemma  10.25.2.  The  spectrum  of  a ring  is  a spectral  space,  see  Topology , Defi- 
nition\5f22.1[ 


Proof.  Formally  this  follows  from  Lemma  10.25.1  and  Lemma  10.16.11 
discussion  above. 


See  also 

□ 


Lemma  10.25.3.  Let  R be  a ring.  Let  p C R be  a prime. 

(1)  the  set  of  irreducible  closed  subsets  of  Spec (R)  passing  through  p is  in 
one-to-one  correspondence  with  primes  q C Rv. 

(2)  The  set  of  irreducible  components  of  Spec (R)  passing  through  p is  in  one- 
to-one  correspondence  with  minimal  primes  q C i?p. 


Proof.  Follows  from  Lemma  10.25.1  and  the  description  of  Spec(f?p)  in  Lemma 
10.16.5  which  shows  that  Spec(!?p)  corresponds  to  primes  q in  R with  q C p.  □ 


Lemma  10.25.4.  Let  R be  a ring.  Let  p be  a minimal  prime  of  R.  Let  W C 
Spec(-R)  be  a quasi-compact  open  not  containing  the  point  p.  Then  there  exists  an 
f € R,  f £ p such  that  D(f)  D W = 0. 
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Proof.  Since  W is  quasi-compact  we  may  write  it  as  a finite  union  of  standard 
affine  opens  D(gi),  i = 1, . . . , n.  Since  p ^ W we  have  £ p for  all  i.  By  Lemma 


04MG 

following  are  equivalent 

(1)  X is  pro  finite, 

(2)  X is  Hausdorff , 

(3)  X is  totally  disconnected. 

(4)  every  quasi-compact  open  of  X is  closed, 

(5)  there  are  no  nontrivial  inclusions  between  its  prime  ideals, 

(6)  every  prime  ideal  is  a maximal  ideal, 

(7)  every  prime  ideal  is  minimal, 

(8)  every  standard  open  D(f)  C X is  closed,  and 

(9)  add  more  here. 


10.24.1  each  gi  is  nilpotent  in  Rp.  Hence  we  can  find  an  f £ R,  f fL  p such  that  for 
all  i we  have  fgrf‘  = 0 for  some  n,  > 0.  Then  D(f)  works.  □ 

Lemma  10.25.5.  Let  R be  a ring.  Let  X = Spec(-R)  as  a topological  space.  The 


Proof.  First  proof.  It  is  clear  that  (5),  (6),  and  (7)  are  equivalent.  It  is  clear  that 
(4)  and  (8)  are  equivalent  as  every  quasi-compact  open  is  a finite  union  of  standard 
opens.  The  implication  (7)  =>  (4)  follows  from  Lemma  10.25.4  Assume  (4)  holds. 
Let  p,  p'  be  distinct  primes  of  R.  Choose  an  / £ p',  / ^ p (if  needed  switch  p with 
p').  Then  p'  ^ D(f ) and  p £ D(f).  By  (4)  the  open  D(f)  is  also  closed.  Hence  p 
and  p'  are  in  disjoint  open  neighbourhoods  whose  union  is  X.  Thus  X is  Hausdorff 
and  totally  disconnected.  Thus  (4)  =>  (2)  and  (3).  If  (3)  holds  then  there  cannot 
be  any  specializations  between  points  of  Spec(-R)  and  we  see  that  (5)  holds.  If  X is 
Hausdorff  then  every  point  is  closed,  so  (2)  implies  (6).  Thus  (2),  (3),  (4),  (5),  (6), 
(7)  and  (8)  are  equivalent.  Any  profinite  space  is  Hausdorff,  so  (1)  implies  (2).  If  A' 
satisfies  (2)  and  (3),  then  X (being  quasi-compact  by  Lemma  10.16.10)  is  profinite 
by  Topology,  Lemma [5. 21. 2[ 

Second  proof.  Besides  the  equivalence  of  (4)  and  (8)  this  follows  from  Lemma 
|10.25.2|and  purely  topological  facts,  see  Topology,  Lemma [5. 2 2. 7|  □ 


10.26.  Examples  of  spectra  of  rings 

OOEX  In  this  section  we  put  some  examples  of  spectra. 

OOEY  Example  10.26.1.  In  this  example  we  describe  X = Spec(Z[x]/(x2  — 4)).  Let  p be 
an  arbitrary  prime  in  X.  Let  (j> : Z — >■  Z[x]/(x2  —4)  be  the  natural  ring  map.  Then, 
</>-1(p)  is  a prime  in  Z.  If  <^>—  1 (p)  = (2),  then  since  p contains  2,  it  corresponds  to 
a prime  ideal  in  Z[x]/(x2  — 4,2)  = (Z/2Z)[x]/(x2)  via  the  map  Z[x]/(x2  — 4)  — >• 
Z[x]/(x2  — 4,  2).  Any  prime  in  (Z/2Z)[x]/(x2)  corresponds  to  a prime  in  (Z/2Z)[x] 
containing  (x2).  Such  primes  will  then  contain  x.  Since  (Z/2Z)  = (Z/2Z)[x]/(x) 
is  a field,  (x)  is  a maximal  ideal.  Since  any  prime  contains  (x)  and  (x)  is  maximal, 
the  ring  contains  only  one  prime  (x).  Thus,  in  this  case,  p = (2,x).  Now,  if 
</>-1(p)  = ( q ) for  q > 2,  then  since  p contains  q,  it  corresponds  to  a prime  ideal  in 
Z[x]/(x2  — 4,  q)  = (Z/qZ)[x]/(x2  —4)  via  the  map  Z[x]/(x2  — 4)  -A  Z[x]/(x2  — 4,  q). 
Any  prime  in  (Z/gZ)[x]/(x2  — 4)  corresponds  to  a prime  in  (Z/gZ)[x]  containing 
(x2  — 4)  = (x  — 2)(x  + 2).  Hence,  these  primes  must  contain  either  x — 2 or  x + 2. 
Since  (Z/gZ)[x]  is  a PID,  all  nonzero  primes  are  maximal,  and  so  there  are  precisely 
2 primes  in  (Z/gZ)[x]  containing  (x  — 2)(x  + 2),  namely  (x  — 2)  and  (x  + 2).  In 
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conclusion,  there  exist  two  primes  (q,x  — 2)  and  (q,x  + 2)  since  2 ^ -2  £ Z/(g). 
Finally,  we  treat  the  case  where  4>~1(p)  = (0).  Notice  that  p corresponds  to  a 
prime  ideal  in  Z[x]  that  contains  ( x 2 — 4)  = (x  — 2)(x  + 2).  Hence,  p contains 
either  (x  — 2)  or  (x  + 2).  Hence,  p corresponds  to  a prime  in  Z[x]/(x  — 2)  or  one 
in  Z[x]/(x  + 2)  that  intersects  Z only  at  0,  by  assumption.  Since  Z[x]/(x  — 2)  = Z 
and  Z[x]/(x  + 2)  = Z,  this  means  that  p must  correspond  to  0 in  one  of  these  rings. 
Thus,  p = {x  — 2)  or  p = (x  + 2)  in  the  original  ring. 

00EZ  Example  10.26.2.  In  this  example  we  describe  X = Spec(Z[x]).  Fix  p £ I. 
Let  cj)  : Z -A  Z[x]  and  notice  that  $>_1(p)  £ Spec(Z).  If  cj)~1{ p)  = (q)  for  q a prime 
number  q > 0,  then  p corresponds  to  a prime  in  (Z/ (g))[x],  which  must  be  generated 
by  a polynomial  that  is  irreducible  in  (Z/(g))[x].  If  we  choose  a representative 
of  this  polynomial  with  minimal  degree,  then  it  will  also  be  irreducible  in  Z[x]. 
Hence,  in  this  case  p = ( q,fq ) where  fq  is  an  irreducible  polynomial  in  Z[x\  that 
is  irreducible  when  viewed  in  (Z/(g)[x]).  Now,  assume  that  <p~1(p)  = (0).  In  this 
case,  p must  be  generated  by  nonconstant  polynomials  which,  since  p is  prime,  may 
be  assumed  to  be  irreducible  in  Z[x].  By  Gauss’  lemma,  these  polynomials  are  also 
irreducible  in  Q[x].  Since  Q[x]  is  a Euclidean  domain,  if  there  are  at  least  two 
distinct  irreducibles  /,  g generating  p,  then  1 = af  + bg  for  a,  b £ Q[x].  Multiplying 
through  by  a common  denominator,  we  see  that  m = af  + bg  for  a,  b £ Z[x\  and 
nonzero  to  £ Z.  This  is  a contradiction.  Hence,  p is  generated  by  one  irreducible 
polynomial  in  Z[x\. 

00F0  Example  10.26.3.  In  this  example  we  describe  X = Spec(fc[x,  y])  when  k is 
an  arbitrary  held.  Clearly  (0)  is  prime,  and  any  principal  ideal  generated  by  an 
irreducible  polynomial  will  also  be  a prime  since  k[x,y]  is  a unique  factorization 
domain.  Now  assume  p is  an  element  of  X that  is  not  principal.  Since  k[x,y] 
is  a Noetherian  UFD,  the  prime  ideal  p can  be  generated  by  a finite  number  of 
irreducible  polynomials  (/i, . . . , /„).  Now,  I claim  that  if  f,g  are  irreducible  poly- 
nomials in  k[x,y]  that  are  not  associates,  then  (f,g)  fl  k[x]  ^ 0.  To  do  this,  it  is 
enough  to  show  that  / and  g are  relatively  prime  when  viewed  in  k{x)  [y\ . In  this 
case,  k(x)[y]  is  a Euclidean  domain,  so  by  applying  the  Euclidean  algorithm  and 
clearing  denominators,  we  obtain  p = af  + bg  for  p,  a,b  £ k[x\.  Thus,  assume  this 
is  not  the  case,  that  is,  that  some  nonunit  h £ k(x)[y]  divides  both  / and  g.  Then, 
by  Gauss’s  lemma,  for  some  a,  b £ k(x)  we  have  ah\f  and  bh\g  for  ah,bh  £ k[x] 
since  f.f.{k[x\)  = k(x).  By  irreducibility,  ah  = f and  bh  = g (since  h ^ k(x)). 
So,  back  in  k(x)[y],  f,g  are  associates,  as  f g = f . Since  k(x)  = f.f.(k[x]),  we  can 
write  g = - f for  elements  r,  s £ k[x\  sharing  no  common  factors.  This  implies  that 
s9  = rf  in  k[x,y]  and  so  s must  divide  / since  k[x,  y]  is  a UFD.  Hence,  s = 1 
or  s = f.  If  s = /,  then  r = g,  implying  f,g  £ k[x\  and  thus  must  be  units  in 
k(x)  and  relatively  prime  in  k(x)[y],  contradicting  our  hypothesis.  If  s = 1,  then 
g = rf,  another  contradiction.  Thus,  we  must  have  f,g  relatively  prime  in  k{x) [y\ , 
a Euclidean  domain.  Thus,  we  have  reduced  to  the  case  p contains  some  irreducible 
polynomial  p £ k[x]  C k[x,y].  By  the  above,  p corresponds  to  a prime  in  the  ring 
k[x,y]/{p)  = k(a)[y),  where  a is  an  element  algebraic  over  k with  minimum  poly- 
nomial p.  This  is  a PID,  and  so  any  prime  ideal  corresponds  to  (0)  or  an  irreducible 
polynomial  in  k(a)[y).  Thus,  p is  of  the  form  (p)  or  (p,  f)  where  / is  a polynomial 
in  k[x,y]  that  is  irreducible  in  the  quotient  k[x,y]/(p). 
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00F1  Example  10.26.4.  Consider  the  ring 

R = {/  e QM  with  /( o)  = /( i)}. 

Consider  the  map 

<p  : Q[A,  B ] — > R 

defined  by  ip(A)  = z2  — z and  tp(B)  = z3  — z2.  It  is  easily  checked  that  (A3  — B2  + 
AB)  C Ker(<p)  and  that  A3  — B2  + AB  is  irreducible.  Assume  that  ip  is  surjective; 
then  since  R is  an  integral  domain  (it  is  a subring  of  an  integral  domain),  Ker(^>) 
must  be  a prime  ideal  of  Q[A,  B],  The  prime  ideals  which  contain  (A3  — B2  + AB) 
are  (A3  — B2  + AB)  itself  and  any  maximal  ideal  (/,  g)  with  /,  g £ Q[A,  B]  such  that 
/ is  irreducible  mod  g.  But  R is  not  a field,  so  the  kernel  must  be  (A3  — B2  + AB); 
hence  ip  gives  an  isomorphism  R — > Q[A,  B]/{A3  — B2  + AB). 


To  see  that  ip  is  surjective,  we  must  express  any  f € R as  a Q-coefficient  polynomial 
in  A(z)  = z2  — z and  B{z)  = z3  — z2.  Note  the  relation  zA(z)  = B(z).  Let 
a = /( 0)  = /( 1).  Then  z(z  — 1)  must  divide  f(z)  — a,  so  we  can  write  f(z)  = 
z(z  — 1 )g(z)  + a = A(z)g(z)  + a.  If  deg(g)  < 2,  then  h(z)  = C\z  + Cq  and  f(z)  = 
A(z)(ciz  + Cq)  + a = ciB(z)  + CoA(,z)  + a,  so  we  are  done.  If  deg(g)  > 2,  then 
by  the  polynomial  division  algorithm,  we  can  write  g{z)  = A(z)h(z)  + biz  + &o 
(deg (h)  < deg(g)  — 2),  so  f(z)  = A(z)2h(z)  + b\B{z)  + baA(z).  Applying  division 
to  h(z)  and  iterating,  we  obtain  an  expression  for  f(z)  as  a polynomial  in  A(z)  and 
B(z);  hence  <p  is  surjective. 

Now  let  a £ Q,  a ^ 0,  1 and  consider 

Ra  = {/  G Q [z,  ) with  /( 0)  = /( 1)}. 

z ^ a 


This  is  a finitely  generated  Q-algebra  as  well:  it  is  easy  to  check  that  the  functions 
z2  — z,  z3  — z,  and  “ + z generate  Ra  as  an  Q-algebra.  We  have  the  following 

inclusions: 

RC  Ra  C Q[z,  ],  R C Q[z]  C Q[^,  — ]. 


Recall  (Lemma  10.16.5)  that  for  a ring  T and  a multiplicative  subset  S C T,  the 
ring  map  T — > S~LT  induces  a map  on  spectra  Spec (S'_1T) 
homeomorphism  onto  the  subset 


Spec(T)  which  is  a 


{p  € Spec(T)  | S n p = 0}  C Spec(T). 

When  S = {1,  /,  /2, . . .}  for  some  / £ T,  this  is  the  open  set  D(f)  C T.  We  now 
verify  a corresponding  property  for  the  ring  map  R — > Ra:  we  will  show  that  the 
map  9 : Spec (Ra)  — > Spec (R)  induced  by  inclusion  R C Ra  is  a homeomorphism 
onto  an  open  subset  of  Spec(I?)  by  verifying  that  6 is  an  injective  local  homeomor- 
phism. We  do  so  with  respect  to  an  open  cover  of  Spec(I?.a)  by  two  distinguished 
opens,  as  we  now  describe.  For  any  r £ Q,  let  evr  : R — >■  Q be  the  homomorphism 
given  by  evaluation  at  r.  Note  that  for  r = 0 and  r = 1 — a,  this  can  be  extended  to 
a homomorphism  ev(,  : Ra  — > Q (the  latter  because  ^3^  is  well-defined  at  * = 1 — a, 
since  a ^ \).  However,  eva  does  not  extend  to  Ra ■ Write  mr  = Ker(evr).  We  have 

m0  = (z2  - z,z3  - z), 

ma  = ((z  — 1 + a)(z  — a),  (z2  — 1 + a)(z  — a)),  and 
mi_0  = ((z  — 1 + a)(z  - a),  (z  - 1 + a)(z2  - a)). 
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To  verify  this,  note  that  the  right-hand  sides  are  clearly  contained  in  the  left-hand 
sides.  Then  check  that  the  right-hand  sides  are  maximal  ideals  by  writing  the 
generators  in  terms  of  A and  B,  and  viewing  R as  Q[A,  B\/(A 3 — B2  + AB).  Note 
that  mQ  is  not  in  the  image  of  9:  we  have 

(. z 2 — z)2(z  — a)(- — + z)  = ( z 2 — z)2(a2  — a)  + ( z 2 — z)2{z  — a)z 

Z CL 


The  left  hand  side  is  in  mai?a  because  ( z 2 — z)(z  — a)  is  in  ma  and  because  (z2  — 
z)(zAr^  + ~)  is  in  Ra-  Similarly  the  element  (z2  — z)2(z  — a)z  is  in  mai?a  because 
(z2  — z)  is  in  Ra  and  (z2  — z)(z  — a)  is  in  m0.  As  a £ {0, 1}  we  conclude  that 
( z 2 — z)2  £ m aRa-  Hence  no  ideal  I of  Ra  can  satisfy  I fl  R = ma,  as  such  an  / 
would  have  to  contain  ( z 2 — z)2,  which  is  in  R but  not  in  mQ.  The  distinguished 
open  set  D((z  — 1 + a){z  — a))  C Spec(i?)  is  equal  to  the  complement  of  the 
closed  set  {ma,mi_0}.  Then  check  that  R(z-i+a){z-a)  = {Ra){z~i +a)(z-a)',  calling 
this  localized  ring  R',  then,  it  follows  that  the  map  R -A  R'  factors  as  R — ► 
Ra  —>  R' ■ By  Lemma  10.16.5|  then,  these  maps  express  Spec(i?')  C Spec(i?a) 
and  Spec(-R')  C Spec(i?)  as  open  subsets;  hence  9 : Spec (Ra)  — t Spec (R),  when 
restricted  to  D((z  — 1 + a)(z  — a)),  is  a homeomorphism  onto  an  open  subset. 
Similarly,  9 restricted  to  D((z2  +z+2a  — 2)(z  — a))  C Spec(i?a)  is  a homeomorphism 
onto  the  open  subset  D((z2  + z + 2a  — 2)(z  — a))  C Spec(i?).  Depending  on  whether 
z2  + z + 2a  — 2 is  irreducible  or  not  over  Q,  this  former  distinguished  open  set 
has  complement  equal  to  one  or  two  closed  points  along  with  the  closed  point  ma. 
Furthermore,  the  ideal  in  Ra  generated  by  the  elements  (z2  + z + 2a  — a)  (z  — a)  and 
(z  — 1 + a)(z  — a)  is  all  of  Rai  so  these  two  distinguished  open  sets  cover  Spec(i?.a). 
Hence  in  order  to  show  that  9 is  a homeomorphism  onto  Spec(i?)  — {ma},  it  suffices 
to  show  that  these  one  or  two  points  can  never  equal  mi_a.  And  this  is  indeed  the 
case,  since  1 — a is  a root  of  z2  + z + 2a  — 2 if  and  only  of  a = 0 or  a = 1,  both  of 
which  do  not  occur. 


Despite  this  homeomorphism  which  mimics  the  behavior  of  a localization  at  an 
element  of  R1  while  Q[^,  . is  the  localization  of  Q[z]  at  the  maximal  ideal  ( z—a ), 
the  ring  Ra  is  not  a localization  of  R:  Any  localization  S~1R  results  in  more  units 
than  the  original  ring  R.  The  units  of  R are  Qx , the  units  of  Q.  In  fact,  it  is  easy 
to  see  that  the  units  of  Ra  are  Q*.  Namely,  the  units  of  Q[z,  -^]  are  c(z  — a)n  for 
c £ Q*  and  n £ Z and  it  is  clear  that  these  are  in  Ra  only  if  n = 0.  Hence  Ra  has 
no  more  units  than  R does,  and  thus  cannot  be  a localization  of  R. 

We  used  the  fact  that  a ^ 0,1  to  ensure  that  makes  sense  at  2 = 0, 1.  We 
used  the  fact  that  a ^ 1/2  in  a few  places:  (1)  In  order  to  be  able  to  talk  about 
the  kernel  of  evi_Q  on  Ra,  which  ensures  that  mi_a  is  a point  of  Ra  (he.,  that  Ra 
is  missing  just  one  point  of  R).  (2)  At  the  end  in  order  to  conclude  that  (z  — a)k+e 
can  only  be  in  R for  k = £ = 0;  indeed,  if  a = 1/2,  then  this  is  in  R as  long  as  k + £ 
is  even.  Hence  there  would  indeed  be  more  units  in  Ra  than  in  R , and  Ra  could 
possibly  be  a localization  of  R. 


10.27.  A meta-observation  about  prime  ideals 

05K7  This  section  is  taken  from  the  Citing  project.  Let  I?  be  a ring  and  let  S C R be 
a multiplicative  subset.  A consequence  of  Lemma  [10.16.5|  is  that  an  ideal  I C R 
maximal  with  respect  to  the  property  of  not  intersecting  S is  prime.  The  reason 


10.27.  A META-OBSERVATION  ABOUT  PRIME  IDEALS 


481 


is  that  I = R n m for  some  maximal  ideal  m of  the  ring  S~1R.  It  turns  out  that 
for  many  properties  of  ideals,  the  maximal  ones  are  prime.  A general  method  of 
seeing  this  was  developed  in  |LR08|.  In  this  section,  we  digress  to  explain  this 
phenomenon. 

Let  R be  a ring.  If  I is  an  ideal  of  R and  a £ R,  we  define 

(I  : a)  = {x  £ R \ xa  £ 1}  . 

More  generally,  if  J C R is  an  ideal,  we  define 

(J  : J)  = {x  £ R | xJ  C /} . 

05K8  Lemma  10.27.1.  Let  R be  a ring.  For  a principal  ideal  J C R,  and  for  any  ideal 
I C J we  have  I = J(I : J). 

Proof.  Say  J = (a).  Then  (I  : J)  = (I  : a).  Since  I C J we  see  that  any  y £ I 
is  of  the  form  y = xa  for  some  x £ (/  : a).  Hence  I C J(/  : J).  Conversely,  if 
x £ (I  : a),  then  xJ  = (xa)  C I,  which  proves  the  other  inclusion.  □ 


Let  J7  be  a collection  of  ideals  of  R.  We  are  interested  in  conditions  that  will 
guarantee  that  the  maximal  elements  in  the  complement  of  J7  are  prime. 

05K9  Definition  10.27.2.  Let  R.  be  a ring.  Let  J7  be  a set  of  ideals  of  R.  We  say  J7  is 
an  Oka  family  if  R £ J7  and  whenever  I C R is  an  ideal  and  (I  : a),  (/,  a)  £ J7  for 
some  a £ R,  then  I £ J7. 


Let  us  give  some  examples  of  Oka  families.  The  first  example  is  the  basic  example 
discussed  in  the  introduction  to  this  section. 


05KA  Example  10.27.3.  Let  R be  a ring  and  let  S'  be  a multiplicative  subset  of  R. 
We  claim  that  T = {I  C R \ I (~l  S 0}  is  an  Oka  family.  Namely,  suppose  that 
(I  : a),  (/,  a)  £ J7  for  some  a £ R.  Then  pick  s £ (/,  a)  0 S and  s'  £ (I  : a)  0 S. 
Then  ss'  £ I D S and  hence  I £ T . Thus  J7  is  an  Oka  family. 


05KB  Example  10.27.4.  Let  R be  a ring,  I C R an  ideal,  and  a £ R.  If  (I  : a)  is 
generated  by  ai, . . . , an  and  (/,  a)  is  generated  by  a,  b\, . . . , bm  with  bi, . . . , bm  £ J, 
then  / is  generated  by  aai, . . . , aan , bi, . . . , bm.  To  see  this,  note  that  if  x £ /,  then 
x £ (/,  a)  is  a linear  combination  of  a,  b\, . . . , 6m,  but  the  coefficient  of  a must  lie 
in  (I  : a).  As  a result,  we  deduce  that  the  family  of  finitely  generated  ideals  is  an 
Oka  family. 


05KC 


Example  10.27.5.  Let  us  show  that  the  family  of  principal  ideals  of  a ring  R is 
an  Oka  family.  Indeed,  suppose  I C R is  an  ideal,  a £ R,  and  (/,  a)  and  (I  : a) 
are  principal.  Note  that  (I  : a)  = (I  : (I,  a)).  Setting  J = (I,  a),  we  find  that  J is 
principal  and  (/  : J)  is  too.  By  Lemma [l 0.2 7.1  we  have  I = J(I  : J).  Thus  we  find 
in  our  situation  that  since  J = (I,  a)  and  (I  : J)  are  principal,  / is  principal. 


05KD  Example  10.27.6.  Let  R be  a ring.  Let  n be  an  infinite  cardinal.  The  family 
of  ideals  which  can  be  generated  by  at  most  n elements  is  an  Oka  family.  The 
argument  is  analogous  to  the  argument  in  Example  |10.27.4|  and  is  omitted. 

05KE  Proposition  10.27.7.  If  J7  is  an  Oka  family  of  ideals,  then  any  maximal  element 
of  the  complement  of  J7  is  prime. 
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Proof.  Suppose  I T is  maximal  with  respect  to  not  being  in  T but  I is  not  prime. 
Note  that  I ^ R because  R £ T . Since  I is  not  prime  we  can  find  a,b  £ R — I 
with  a b £ I.  It  follows  that  (I,  a)  ^ I and  (/  : a)  contains  b qL  I so  also  (/  : a)  ^ I. 
Thus  (/  : a),  (/,  a)  both  strictly  contain  I,  so  they  must  belong  to  J . By  the  Oka 
condition,  we  have  I £ J-,  a contradiction.  □ 

At  this  point  we  are  able  to  turn  most  of  the  examples  above  into  a lemma  about 
prime  ideals  in  a ring. 

05KF  Lemma  10.27.8.  Let  R be  a ring.  Let  S be  a multiplicative  subset  of  R.  An  ideal 
I C R which  is  maximal  with  respect  to  the  property  that  I D S = 0 is  prime. 

Proof.  This  is  the  example  discussed  in  the  introduction  to  this  section.  For  an 
alternative  proof,  combine  Example  |10. 27. 3|  with  Proposition  110.2777}  □ 

05KG  Lemma  10.27.9.  Let  R be  a ring. 

(1)  An  ideal  I C R maximal  with  respect  to  not  being  finitely  generated  is 
prime. 

(2)  If  every  prime  ideal  of  R is  finitely  generated , then  every  ideal  of  R is 
finitely  generate^ 

Proof.  The  first  assertion  is  an  immediate  consequence  of  Example  |10.27.4|  and 
Proposition  |10.27.7|  For  the  second,  suppose  that  there  exists  an  ideal  I C R 
which  is  not  finitely  generated.  The  union  of  a totally  ordered  chain  {Ia}  of  ideals 
that  are  not  finitely  generated  is  not  finitely  generated;  indeed,  if  I = }J  Ia  were 
generated  by  ai, . . . , an,  then  all  the  generators  would  belong  to  some  Ia  and  would 
consequently  generate  it.  By  Zorn’s  lemma,  there  is  an  ideal  maximal  with  respect 
to  being  not  finitely  generated.  By  the  first  part  this  ideal  is  prime.  □ 

05KH  Lemma  10.27.10.  Let  R be  a ring. 

(1)  An  ideal  I C R maximal  with  respect  to  not  being  principal  is  prime. 

(2)  If  every  prime  ideal  of  R is  principal,  then  every  ideal  of  R is  principal. 

Proof.  The  first  part  follows  from  Example  |10.27.5|  and  Proposition  110.2777}  For 
the  second,  suppose  that  there  exists  an  ideal  I C R which  is  not  principal.  The 
union  of  a totally  ordered  chain  {/Q}  of  ideals  that  not  principal  is  not  principal; 
indeed,  if  J = {Jla  were  generated  by  a,  then  a would  belong  to  some  Ia  and  a 
would  generate  it.  By  Zorn’s  lemma,  there  is  an  ideal  maximal  with  respect  to  not 
being  principal.  This  ideal  is  necessarily  prime  by  the  first  part.  □ 

05KI  Lemma  10.27.11.  Let  R be  a ring. 

(1)  An  ideal  maximal  among  the  ideals  which  do  not  contain  a nonzerodivisor 
is  prime. 

(2)  If  every  nonzero  prime  ideal  in  R contains  a nonzerodivisor,  then  R is  a 
domain. 


Proof.  Consider  the  set  S of  nonzerodivisors.  It  is  a multiplicative  subset  of  R. 
Hence  any  ideal  maximal  with  respect  to  not  intersecting  S is  prime,  see  Lemma 
10.27.8  Thus,  if  every  nonzero  prime  ideal  contains  a nonzerodivisor,  then  (0)  is 
prime,  i.e. , R is  a domain.  □ 


1 Later  we  will  say  that  it  is  Noetherian. 
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05KJ  Remark  10.27.12.  Let  R be  a ring.  Let  k be  an  infinite  cardinal.  By  applying 
Example|10.27.6|and  Proposition|10.27T7|we  see  that  any  ideal  maximal  with  respect 
to  the  property  of  not  being  generated  by  k elements  is  prime.  This  result  is  not  so 
useful  because  there  exists  a ring  for  which  every  prime  ideal  of  R can  be  generated 
by  Ho  elements,  but  some  ideal  cannot.  Namely,  let  k be  a field,  let  T be  a set 
whose  cardinality  is  greater  than  Ho  and  let 

R = &[{^r ^t,n—  1 ) 

This  is  a local  ring  with  unique  prime  ideal  m = ( xn ).  But  the  ideal  (zt,n)  cannot 
be  generated  by  countably  many  elements. 


10.28.  Images  of  ring  maps  of  finite  presentation 


00F5  In  this  section  we  prove  some  results  on  the  topology  of  maps  Spec(S')  — ► Spec(-R) 
induced  by  ring  maps  R — > S,  mainly  Chevalley’s  Theorem.  In  order  to  do  this 
we  will  use  the  notions  of  constructible  sets,  quasi-compact  sets,  retrocompact  sets, 
and  so  on  which  are  defined  in  Topology,  Section  |5.11[ 

00F6  Lemma  10.28.1.  Let  U C Spec(I?)  be  open.  The  following  are  equivalent: 

(1)  U is  retrocompact  in  Spec (R), 

(2)  U is  quasi-compact, 

(3)  U is  a finite  union  of  standard  opens,  and 

(4)  there  exists  a finitely  generated  ideal  I C R such  that  X \ V (/)  = U . 


Proof.  We  have  (1)  =*>  (2)  because  Spec(l?)  is  quasi-compact,  see  Lemma  10.16.10 
We  have  (2)  =>  (3)  because  standard  opens  form  a basis  for  the  topology.  Proof 
of  (3)  =>  (1).  Let  U = U,=i  nD(fi).  To  show  that  U is  retrocompact  in  Spec(f?) 
it  suffices  to  show  that  U D F is  quasi-compact  for  any  quasi-compact  open  V of 
Spec(-R).  Write  V = U,=i  m -D(gj)  which  is  possible  by  (2)  =>  (3).  Each  standard 
open  is  homeomorphic  to  the  spectrum  of  a ring  and  hence  quasi-compact,  see 

Thus  u n v = (Ui=i...n  D(fi))  n (U,=i...to  D{9j))  = 


Lemmas 


10.16.6 


and 


10.16.10 


Uj  j -D ( fiQj ) is  a finite  union  of  quasi-compact  opens  hence  quasi-compact.  To  finish 


the  proof  note  that  (4)  is  equivalent  to  (3)  by  Lemma  10.16.2 


□ 


00F7  Lemma  10.28.2.  Let  ip  : R S be  a ring  map.  The  induced  continuous  map 
f : Spec(S')  — ► Spec(i?)  is  quasi- compact.  For  any  constructible  set  E C Spec(-R) 
the  inverse  image  f^1{E)  is  constructible  in  Spec (S). 


Proof.  We  first  show  that  the  inverse  image  of  any  quasi-compact  open  U C 
Spec(i?)  is  quasi-compact.  By  Lemma  10.28.1  we  may  write  U as  a finite  open 
of  standard  opens.  Thus  by  Lemma  10.16.4  we  see  that  /~1(17)  is  a finite  union 
of  standard  opens.  Hence  /-1([/)  is  quasi-compact  by  Lemma  10.28.1  again.  The 
second  assertion  now  follows  from  Topology,  Lemma|5.14.3|  □ 


00F8  Lemma  10.28.3.  Let  R be  a ring  and  let  T C Spec(I?)  be  constructible.  Then 
there  exists  a ring  map  R — )•  S of  finite  presentation  such  that  T is  the  image  of 
Spec(S')  in  Spec(i?). 


Proof.  Let  T C Spec(-R)  be  constructible.  The  spectrum  of  a finite  product  of 
rings  is  the  disjoint  union  of  the  spectra,  see  Lemma [10.20.2[  Hence  if  T = T\  U I2 
and  the  result  holds  for  T\  and  T2 , then  the  result  holds  for  T.  In  particular  we  may 
assume  that  T = U C\VC,  where  U,  V C Spec(l?)  are  retrocompact  open.  By  Lemma 
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10. 28. l| we  may  write  T = flj  £>(/»))  n (U  D(9j))c  = U (D(fi)  n V(9i,  ■ ■ -,5m))-  In 
fact  we  may  assume  that  T = D(f)  D V(gi, . . . ,gm)  (by  the  argument  on  unions 
above).  In  this  case  T is  the  image  of  the  map  R — > (R/(gi,  ■ ■ ■ , gm))f,  see  Lemmas 
110.16.61  andri0.lfi.7l  □ 

00F9  Lemma  10.28.4.  Let  R be  a ring.  Let  f be  an  element  of  R.  Let  S = Rf.  Then 
the  image  of  a constructible  subset  ofSpec(S)  is  constructible  in  Spec(-R). 

Proof.  We  repeatedly  use  Lemma  |10.28.1|  without  mention.  Let  U,  V be  quasi- 
compact open  in  Spec(S').  We  will  show  that  the  image  of  U D Vc  is  constructible. 


Under  the  identification  Spec(5)  = D(f)  of  Lemma  10.16.6  the  sets  U,  V correspond 


00FA 


to  quasi-compact  opens  U' , V'  of  Spec(i?).  Hence  it  suffices  to  show  that  U'  fl  (U')c 
is  constructible  in  Spec(J?)  which  is  clear.  □ 

Lemma  10.28.5.  Let  R be  a ring.  Let  I be  a finitely  generated  ideal  of  R.  Let 
S = R/I.  Then  the  image  of  a constructible  ofSpec(S)  is  constructible  in  Spec(-R). 

Proof.  If  I = (fi,. fm),  then  we  see  that  V (/)  is  the  complement  of  (J  D(fi), 
see  Lemma  [10. 16. 2|  Hence  it  is  constructible,  by  Lemma  [10.28. 1|  Denote  the  map 
R — > S by  / i->-  /.  We  have  to  show  that  if  U,  V are  retrocompact  opens  of  Spec(6*), 
then  the  image  of  U D V in  Spec(-R)  is  constructible.  By  Lemma  10.28.1  we  may 
write  XJ  = (J  D(gi).  Setting  U = (J  D(gi)  we  see  U has  image  U fl  V(I)  which 
is  constructible  in  Spec(I?).  Similarly  the  image  of  V equals  V C\V(I)  for  some 
retrocompact  open  V of  Spec(i?).  Hence  the  image  of  U fl  V equals  U fl  V (/)  fl  Vc 
as  desired.  □ 

00FB  Lemma  10.28.6.  Let  R be  a ring.  The  map  Spec(l?[x])  — > Spec (R)  is  open,  and 
the  image  of  any  standard  open  is  a quasi-compact  open. 

Proof.  It  suffices  to  show  that  the  image  of  a standard  open  D(f ),  / € R[x]  is 
quasi-compact  open.  The  image  of  D(f)  is  the  image  of  Spec(i?[a;]/)  — > Spec (R). 
Let  p C R be  a prime  ideal.  Let  / be  the  image  of  / in  «;(p)[a;].  Recall,  see  Lemma 
that  p is  in  the  image  if  and  only  if  R[x]f  Ac(p)  = «(p)  N J is  n°t  the  zero 


10.16.9 


ring.  This  is  exactly  the  condition  that  / does  not  map  to  zero  in  «(p)[x],  in  other 
words,  that  some  coefficient  of  / is  not  in  p.  Hence  we  see:  if  / = adXd  + . . . ao, 
then  the  image  of  D(f)  is  D(ad ) U . . . U D(a0).  □ 


We  prove  a property  of  characteristic  polynomials  which  will  be  used  below. 

00FC  Lemma  10.28.7.  Let  R — > A be  a ring  homomorphism.  Assume  A = R®n  as 
an  R-module.  Let  f £ A.  The  multiplication  map  mf  : A — » A is  R-linear  and 
hence  has  a characteristic  polynomial  P(T)  = Tn  + rn_iTn_1  + . . . + rg  £ R[T]. 
For  any  prime  p € Spec(i?),  / acts  nilpotently  on  A «(p)  if  and  only  if  p £ 
V(r0, . . . ,r„_i). 

Proof.  This  follows  quite  easily  once  we  prove  that  the  characteristic  polynomial 
P(T)  £ k(p)[T]  of  the  multiplication  map  mj  : A (gi#  n(p)  — ► A <S>r  k(p)  which 
multiplies  elements  of  A®rk( p)  by  /,  the  image  of  / viewed  in  «(p),  is  just  the  image 
of  P(T)  in  «;(p)[T].  Let  (a^)  be  the  matrix  of  the  map  m/  with  entries  in  R,  using 
a basis  ei, . . . ,en  of  A as  an  i?-module.  Then,  A®^k(p)  = (R®r  k(p))®”  = k(p)", 
which  is  an  n-dimensional  vector  space  over  «(p)  with  basis  e\  ® 1, . . . , en  (g)  1.  The 
image  / = / <8>  1,  and  so  the  multiplication  map  mjr  has  matrix  (a^  (g)  1).  Thus, 
the  characteristic  polynomial  is  precisely  the  image  of  P(T). 
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From  linear  algebra,  we  know  that  a linear  transformation  acts  nilpotently  on  an  n- 
dimensional  vector  space  if  and  only  if  the  characteristic  polynomial  is  Tn  (since  the 
characteristic  polynomial  divides  some  power  of  the  minimal  polynomial).  Hence, 
/ acts  nilpotently  on  A <g) r k(p)  if  and  only  if  P(T)  = Tn . This  occurs  if  and  only 
if  ri  £ p for  all  0 < * < n — 1,  that  is  when  p £ k (r0, . . . , rn_i).  □ 

00FD  Lemma  10.28.8.  Let  R be  a ring.  Let  f,g  £ i?[x]  be  polynomials.  Assume  the 
leading  coefficient  of  g is  a unit  of  R.  There  exists  elements  rt  £ R,  i = 1 ...  ,n 
such  that  the  image  of  D(f)  fl  V{g)  in  Spec(f?)  is  (Ji=i  nD(rj). 

Proof.  Write  g = uxd  + ad-ix d_1  + . . . + do,  where  d is  the  degree  of  g , and 
hence  u £ R*.  Consider  the  ring  A = R[x]/(g).  It  is,  as  an  f?-module,  finite 
free  with  basis  the  images  of  1,  x, ... , xd^x . Consider  multiplication  by  (the  image 
of)  / on  A.  This  is  an  I?-module  map.  Hence  we  can  let  P(T)  £ R[T ] be  the 
characteristic  polynomial  of  this  map.  Write  P(T)  = Td  + r,j_iTd_1  + . . . + ro-  We 
claim  that  ro, . . . , r^-i  have  the  desired  property.  We  will  use  below  the  property 
of  characteristic  polynomials  that 

p € V(ro, . . . , rd-i)  4=>  multiplication  by  / is  nilpotent  on  A n(p). 

This  was  proved  in  Lemma|l0.28.7| 

Suppose  q £ D(f)  fl  V{g),  and  let  p = q fl  R.  Then  there  is  a nonzero  map 
A®n  k(p)  — > n(q)  which  is  compatible  with  multiplication  by  /.  And  / acts  as  a 
unit  on  «(q).  Thus  we  conclude  p $ V(r o,  • . . ,rd- 1). 

On  the  other  hand,  suppose  that  fL  p for  some  prime  p of  R and  some  0 < i < d—1. 
Then  multiplication  by  / is  not  nilpotent  on  the  algebra  A «(p).  Hence  there 
exists  a maximal  ideal  q C A «(p)  not  containing  the  image  of  /.  The  inverse 
image  of  q in  i?[x]  is  an  element  of  D(f)  fl  V(g)  mapping  to  p.  □ 

OOFE  Theorem  10.28.9  (Chevalley’s  Theorem).  Suppose  that  R — >•  S is  of  finite  presen- 
tation. The  image  of  a constructible  subset  ofSpec(S)  in  Spec (R)  is  constructible. 


Proof.  Write  S = R[xi, . . . , xn]/(fi,  ■ ■ ■ , fm)-  We  may  factor  R — ► S as  R — > 
R[x i]  -A  R[x i,X2]  R[x i, . . . ,xn-i\  — > S.  Hence  we  may  assume  that 

S = R[x]/(fi, . . . , fm)-  In  this  case  we  factor  the  map  as  R — > i?[x]  — > S,  and 
by  Lemma  10.28.5  we  reduce  to  the  case  S = R.[x].  By  Lemma  10.28.1  suffices  to 
show  that  ifT  = (Uj=i...„  D(fi))  nP(ffi,  • • ■ , gm)  for  fi.gj  £ R[x\  then  the  image  in 
Spec(l?)  is  constructible.  Since  finite  unions  of  constructible  sets  are  constructible, 
it  suffices  to  deal  with  the  case  n = 1,  i.e.,  when  T = D(f)  fl  V(g±, . . . , gm). 

Note  that  if  c £ R,  then  we  have 


Spec(A.)  = V{c)  H D{c)  = Spec(f?/(c))  H Spec(l?c)), 

and  correspondingly  Spec(i?[x])  = V(c)  H D(c ) = Spec(l?/(c)[x])  H Spec(i?c[x])). 
The  intersection  of  T = D(f)  fl  V(g1, . . . ,gm)  with  each  part  still  has  the  same 
shape,  with  /,  gt  replaced  by  their  images  in  R/[c)[x\,  respectively  Rc[x\.  Note 
that  the  image  of  T in  Spec(f?)  is  the  union  of  the  image  of  Tn  V (c)  and  T n D{c). 
Using  Lemmas |10.28.4| and  |10. 28. 5| it  suffices  to  prove  the  images  of  both  parts  are 
constructible  in  Spec(l?/(c)),  respectively  Spec(l?c). 

Let  us  assume  we  have  T = D(f)  fl  V(gi, . . . ,gm)  as  above,  with  deg(gi)  < 
deg(^2)  < ...  < deg (gm).  We  are  going  to  use  descending  induction  on  m,  and 
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on  the  degrees  of  the  Let  d = deg(cq),  i.e.,  g±  = cxdl  + l.o.t  with  c £ R not 
zero.  Cutting  R up  into  the  pieces  R/(c)  and  Rc  we  either  lower  the  degree  of  g\ 
(and  this  is  covered  by  induction)  or  we  reduce  to  the  case  where  c is  invertible. 
If  c is  invertible,  and  m > 1,  then  write  g2  = c'xd 2 + l.o.t.  In  this  case  consider 
92  = 92  - (R /c)xd2~dlg\.  Since  the  ideals  (gl7  g2,  ■ ■ ■ , gm)  and  (glt  g'2,  g3, . . . , gm) 
are  equal  we  see  that  T = D{f)  fl  V(g\,  g'2, 53  . . . , gm)-  But  here  the  degree  of  g'2  is 
strictly  less  than  the  degree  of  g2  and  hence  this  case  is  covered  by  induction. 

The  bases  case  for  the  induction  above  are  the  cases  (a)  T = D(f)  fl  V(g)  where 
the  leading  coefficient  of  g is  invertible,  and  (b)  T = D(f).  These  two  cases  are 
dealt  with  in  Lemmas  110.28.81  and  110.28.61  □ 


10.29.  More  on  images 

00FF  In  this  section  we  collect  a few  additional  lemmas  concerning  the  image  on  Spec 
for  ring  maps.  See  also  Section  [10.40|  for  example. 

00FG  Lemma  10.29.1.  Let  R C S be  an  inclusion  of  domains.  Assume  that  R — ► S 
is  of  finite  type.  There  exists  a nonzero  f £ R,  and  a nonzero  g £ S such  that 
Rf  — > Sfg  is  of  finite  presentation. 

Proof.  By  induction  on  the  number  of  generators  of  S over  R. 

Suppose  that  S is  generated  by  a single  element  over  R.  Then  S = R[: r]/q  for 
some  prime  ideal  q C If  q = (0)  there  is  nothing  to  prove.  If  q 7^  (0),  then 

let  g £ q be  an  element  with  minimal  degree  in  x.  Since  K[x\  = f.f.(R)[x]  is 
a PID  we  see  that  g is  irreducible  over  K and  that  f.f.(S)  = K[x]/(g).  Write 
g = adXd  + . . . + do  with  a*  £ R and  7^  0.  After  inverting  ad  in  R we  may  assume 
that  g is  rnonic.  Hence  we  see  that  R — > R[x\/(g)  — > S with  the  last  map  surjective. 
But  R[x\/ (g)  = R ® Rx  © . . . © maps  injectively  into  f.f.(S)  = K[x]/ (g)  = 

K © Kx  © ...  © 7\ccd_1.  Thus  S = R[x\/ (g)  is  finitely  presented. 

Suppose  that  S is  generated  by  n > 1 elements  over  R.  Say  x\ , . . . , xn  £ S generate 
S.  Denote  S'  C S the  subring  generated  by  x±, . . . , xn-i.  By  induction  hypothesis 
we  see  that  there  exist  f £ R and  g £ S'  nonzero  such  that  Rf  — ► S’^g  is  of  finite 
presentation.  Next  we  apply  the  induction  hypothesis  to  S'fg  — > Sfg  to  see  that 
there  exist  f £ S'^g  and  g'  £ Sfg  such  that  S'jg^,  — » S fgfg'  is  of  finite  presentation. 
We  leave  it  to  the  reader  to  conclude.  □ 


00FH  Lemma  10.29.2.  Let  R — » S he  a finite  type  ring  map.  Denote  X = Spec (R)  and 
Y = Spec(S').  Write  f : Y —>  X the  induced  map  of  spectra.  Let  E C Y = Spec(S') 
be  a constructible  set.  If  a point  f £ X is  in  f(E),  then  {£}  fl  f(E)  contains  an 
open  dense  subset  of  {f}. 

Proof.  Let  £ £ X be  a point  of  f(E).  Choose  a point  g £ E mapping  to  £.  Let 
p C R be  the  prime  corresponding  to  £ and  let  q C S'  be  the  prime  corresponding 
to  77.  Consider  the  diagram 


E n Y' ^ Y'  = Spec(S/q) ^ Y 


a — >/(£)nr 


X 


X'  = Spec(f?/p) 
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By  Lemma  10.28.2  the  set  E nY'  is  constructible  in  Y’ . It  follows  that  we  may 
replace  X by  X'  and  Y by  Y' . Hence  we  may  assume  that  R C S is  an  inclusion  of 
domains,  £ is  the  generic  point  of  A',  and  p is  the  generic  point  of  Y . By  Lemma 


10.29.1  combined  with  Chevalley’s  theorem  (Theorem  10.28.9)  we  see  that  there 
exist  dense  opens  U C X,  V C Y such  that  f(V)  C U and  such  that  / : V —>  U 
maps  constructible  sets  to  constructible  sets.  Note  that  E D V is  constructible 


in  V,  see  Topology,  Lemma  5.14.4  Hence  f(E  fl  V)  is  constructible  in  U and 


contains  £.  By  Topology,  Lemma  5.14.14  we  see  that  f(E  fl  V)  contains  a dense 
open  U'  CU.  □ 


At  the  end  of  this  section  we  present  a few  more  results  on  images  of  maps  on 
Spectra  that  have  nothing  to  do  with  constructible  sets. 

00FI  Lemma  10.29.3.  Let  ip  : R -A  S be  a ring  map.  The  following  are  equivalent: 

(1)  The  map  Spec(.S')  — > Spec (R)  is  surjective. 

(2)  For  any  radical  ideal  I C R the  inverse  image  of  IS  in  R is  equal  to  I. 

(3)  For  every  prime  p of  R the  inverse  image  of  pS  in  R is  p. 

In  this  case  the  same  is  true  after  any  base  change:  Given  a ring  map  R—tR'  the 
ring  map  R'  —>  R'  ®r  S has  the  equivalent  properties  (1),  (2),  (3)  also. 


Proof.  The  implication  (2)  =>  (3)  is  immediate.  If  / C R is  a radical  ideal,  then 
guarantees  that  I = Pl/cp  P-  Hence  (3)  =>  (2).  By  Lemma 


10.16.2 


10.16.9 


Lemma 

we  have  p = </?-1(p>S)  if  and  only  if  p is  in  the  image.  Hence  (1)  <t=>  (3).  Thus  (1), 
(2),  and  (3)  are  equivalent. 

Assume  (1)  holds.  Let  R — >•  R'  be  a ring  map.  Let  p'  C R'  be  a prime  ideal  lying 
over  the  prime  p of  R.  To  see  that  p'  is  in  the  image  of  Spec(-R'  <E>r  S)  — > Spec (R') 
we  have  to  show  that  (R1  ®r  S)  ®ri  ft(p')  is  not  zero,  see  Lemma [lO.  16.9  But  we 
have 

(R1  ®R  S ) (8 )R>  /c(p')  = S ®R  «(p)  ®k(P)  k(p') 

which  is  not  zero  as  S ®r  «(p)  is  not  zero  by  assumption  and  «(p)  — » k( p')  is  an 
extension  of  fields.  □ 


00FJ  Lemma  10.29.4.  Let  R be  a domain.  Let  p : R — > S be  a ring  map.  The  following 
are  equivalent: 

(1)  The  ring  map  R — >■  S is  injective. 

(2)  The  image  Spec (5)  -A  Spec(l?)  contains  a dense  set  of  points. 

(3)  There  exists  a prime  ideal  q C S whose  inverse  image  in  R is  (0). 


Proof.  Let  K be  the  field  of  fractions  of  the  domain  R.  Assume  that  R — > S is 
injective.  Since  localization  is  exact  we  see  that  K — > S ®r  K is  injective.  Hence 


there  is  a prime  mapping  to  (0)  by  Lemma  10.16.9 


Note  that  (0)  is  dense  in  Spec(l?),  so  that  the  last  condition  implies  the  second. 


Suppose  the  second  condition  holds.  Let  f £ R,  f ^ 0.  As  R is  a domain  we  see 
that  V (/)  is  a proper  closed  subset  of  R.  By  assumption  there  exists  a prime  q of 
S such  that  <p(f)  fL  q.  Hence  ip(f)  ^ 0.  Hence  R -t  S is  injective.  □ 


00FK  Lemma  10.29.5.  Let  R C S be  an  injective  ring  map.  Then  Spec(5')  — »•  Spec(-R) 
hits  all  the  minimal  primes  ofSpec(R). 
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Proof.  Let  p C R be  a minimal  prime.  In  this  case  Rp  has  a unique  prime  ideal. 
Hence  it  suffices  to  show  that  Sp  is  not  zero.  And  this  follows  from  the  fact  that 
localization  is  exact,  see  Proposition |10.9.T2|  □ 

Lemma  10.29.6.  Let  R — » S'  be  a ring  map.  The  following  are  equivalent: 

(1)  The  kernel  of  R — )•  S consists  of  nilpotent  elements. 

(2)  The  minimal  primes  of  R are  in  the  image  o/Spec(5)  — > Spec (R). 

(3)  The  image  of  Spec(S')  — > Spec(l?)  is  dense  in  Spec (R). 


10.16.2 


Proof.  Let  I = Ker (R  — > S).  Note  that  -\/(0)  = p|qcS  see  Lemma 
Hence  V I = DqcS-^  C A Thus  V(I)  = V(y/l)  is  the  closure  of  the  image  of 
Spec(S')  — >•  Spec (R).  This  shows  that  (1)  is  equivalent  to  (3).  It  is  clear  that  (2) 
implies  (3).  Finally,  assume  (1).  We  may  replace  R by  R/I  and  S by  S/IS  without 
affecting  the  topology  of  the  spectra  and  the  map.  Hence  the  implication  (1)  => 
(2)  follows  from  Lemma  10.29.5  □ 


10.30.  Noetherian  rings 


OOFM 


A ring  R is  Noetherian  if  any  ideal  of  R is  finitely  generated.  This  is  clearly 
equivalent  to  the  ascending  chain  condition  for  ideals  of  R.  By  Lemma  10.27.9|  it 
suffices  to  check  that  every  prime  ideal  of  R is  finitely  generated. 


OOFN  Lemma  10.30.1.  Any  finitely  generated  ring  over  a Noetherian  ring  is  Noetherian. 
Any  localization  of  a Noetherian  ring  is  Noetherian. 


Proof.  The  statement  on  localizations  follows  from  the  fact  that  any  ideal  J C 
S~lR  is  of  the  form  I-S~1R.  Any  quotient  R/I  of  a Noetherian  ring  R is  Noetherian 
because  any  ideal  J C R/I  is  of  the  form  J/I  for  some  ideal  / C J C R.  Thus 
it  suffices  to  show  that  if  R is  Noetherian  so  is  i?[X].  Suppose  Ji  C J-2  C . . . is 
an  ascending  chain  of  ideals  in  i?[X],  Consider  the  ideals  Ij,d  defined  as  the  ideal 
of  elements  of  R which  occur  as  leading  coefficients  of  degree  d polynomials  in  Ji. 
Clearly  7i  ar  C Iv  ,d‘  whenever  i < i'  and  d < d' . By  the  ascending  chain  condition  in 
R there  are  at  most  finitely  many  distinct  ideals  among  all  of  the  /j^.  (Hint:  Any 
infinite  set  of  elements  of  N x N contains  an  increasing  infinite  sequence.)  Take  i0 
so  large  that  Rtd  = Ii0,d  for  all  i > io  and  all  d.  Suppose  / £ Ji  for  some  i > io- 
By  induction  on  the  degree  d = deg (/)  we  show  that  / £ Ji0.  Namely,  there  exists 
a g £ Ji0  whose  degree  is  d and  which  has  the  same  leading  coefficient  as  /.  By 
induction  / — g £ Ji0  and  we  win.  □ 

0306  Lemma  10.30.2.  If  R is  a Noetherian  ring,  then  so  is  the  formal  power  series 
ring  R[[x i, . . .,xn]\. 

Proof.  Since  i?[[xi, . . . , a;n+i]]  — -R[[aq, . . . , xn]][[a;n+i]]  it  suffices  to  prove  the 
statement  that  i?[[a;]]  is  Noetherian  if  R is  Noetherian.  Let  I C 7?[[x]]  be  a ideal. 
We  have  to  show  that  I is  a finitely  generated  ideal.  For  each  integer  d denote 
Id  = {a  £ R | axd  + h.o.t.  £ I}.  Then  we  see  that  Io  C I\  C . . . stabilizes  as  R 

is  Noetherian.  Choose  do  such  that  Id0  = Id0+ 1 = For  each  d < do  choose 

elements  fdj  £ I D ( xd ),  j = 1, . . . , n<f  such  that  if  we  write  fdj  = adjXd  + h.o.t 
then  Id  = ( ad,j )•  Denote  I'  = ({fd,j}d=o,...,d0,j=i,...,nd)-  Then  it  is  clear  that  /'  C /. 
Pick  / £ /.  First  we  may  choose  Cd,i  £ R such  that 

/ - cJifd,i  e (xdo+1)  n J. 
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Next,  we  can  choose  c,;.i  € R,  i = 1, . . . ,rid0  such  that 

/ - - X!  ci,lxfd0,i  e (xdo+2)  D I. 

Next,  we  can  choose  cq 2 G i?,  i = 1, . . . ,rid0  such  that 

/ - X]  Cd,ifd,i  ~ X!  ciAxfdo,i  - X!  ^,2^  fd0,i  £ (zd°+3)  H J. 

And  so  on.  In  the  end  we  see  that 

/ = ^ . Cd,i/d,i  "F  ci>eX  )/d0,i 

is  contained  in  I'  as  desired.  □ 


The  following  lemma,  although  easy,  is  useful  because  finite  type  Z-algebras  come 
up  quite  often  in  a technique  called  “absolute  Noetherian  reduction”. 

Lemma  10.30.3.  Any  finite  type  algebra  over  a field  is  Noetherian.  Any  finite 
type  algebra  over  Z is  Noetherian. 


Proof.  This  is  immediate  from  Lemma[l0.30.1land  the  fact  that  fields  are  Noether- 
ian rings  and  that  Z is  Noetherian  ring  (because  it  is  a principal  ideal  domain).  □ 

Lemma  10.30.4.  Let  R be  a Noetherian  ring. 

(1)  Any  finite  R-module  is  of  finite  presentation. 

(2)  Any  finite  type  R-algebra  is  of  finite  presentation  over  R. 


Proof.  Let  M be  a finite  f?-module.  By  Lemma[l0.5.4|we  can  find  a finite  filtration 
of  M whose  successive  quotients  are  of  the  form  R/I.  Since  any  ideal  is  finitely 
generated,  each  of  the  quotients  R/I  is  finitely  presented.  Hence  M is  finitely 

This  proves  (1).  To  see  (2)  note  that  any  ideal  of 

□ 


presented  by  Lemma  10.5.3 
R[x  i, 


xn ] is  finitely  generated  by  Lemma  10.30.1 


Lemma  10.30.5.  If  R is  a Noetherian  ring  then  Spec(A)  is  a Noetherian  topo- 
logical space,  see  Topology,  Definition\5.8.1\ 

Proof.  This  is  because  any  closed  subset  of  Spec(f?)  is  uniquely  of  the  form  V{I) 
with  I a radical  ideal,  see  Lemma  10.16.2|  And  this  correspondence  is  inclusion 
reversing.  Thus  the  result  follows  from  the  definitions.  □ 


Lemma  10.30.6.  If  R is  a Noetherian  ring  then  Spec(-R)  has  finitely  many  irre- 
ducible components.  In  other  words  R has  finitely  many  minimal  primes. 


Proof.  By  Lemma  10.30.5  and  Topology,  Lemma 


many  irreducible  components.  By  Lemma  |10.25.1 
primes  of  R. 


5.8.2  we  see  there  are  finitely 


these  correspond  to  minimal 

□ 


Lemma  10.30.7.  Let  k be  a field  and  let  R be  a Noetherian  k-algebra.  If  k C K 
is  a finitely  generated  field  extension  then  K £§)&  R is  Noetherian. 


Proof.  Since  K/k  is  a finitely  generated  held  extension,  there  exists  a finitely 
generated  /c-algebra  B C K such  that  K is  the  fraction  held  of  B.  In  other  words, 
K = S~1B  with  S = B \ {0}.  Then  K 0*,  R = S~1(B  (g)*,  R).  Since  B (g)*,  R is  a 
hnite  type  l?-algebra  (Lemma  10.13.2)  it  follows  that  S~1(B  g )/.  R)  is  Noetherian 
by  Lemma [l 0.30.1 1 □ 


Here  is  fun  lemma  that  is  sometimes  useful. 
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OGRN  Lemma  10.30.8.  Any  surjective  endomorphism  of  a Noetherian  ring  is  an  iso- 
morphism. 

Proof.  If  / : R — >•  R were  such  an  endomorphism  but  not  injective,  then 
Ker(/)  C Ker (/  o /)  C Ker(/  o / o /)  C . . . 
would  be  a strictly  increasing  chain  of  ideals.  □ 


10.31.  Locally  nilpotent  ideals 

OAMF  Here  is  the  definition. 

00IL  Definition  10.31.1.  Let  R be  a ring.  Let  / C R be  an  ideal.  We  say  I is  locally 
nilpotent  if  for  every  x G I there  exists  an  n G N such  that  xn  = 0.  We  say  I is 
nilpotent  if  there  exists  an  n G N such  that  In  = 0. 

0544  Lemma  10.31.2.  Let  R — ► R'  be  a ring  map  and  let  I C R be  a locally  nilpotent 
ideal.  Then  IR'  is  a locally  nilpotent  ideal  of  R' . 

Proof.  This  follows  from  the  fact  that  if  x,y  G R'  are  nilpotent,  then  x + y is 
nilpotent  too.  Namely,  if  xn  = 0 and  ym  = 0,  then  (x  + y')n+m~ 1 =0.  □ 

0AMG  Lemma  10.31.3.  Let  R be  a ring  and  let  I C R be  a locally  nilpotent  ideal.  An 
element  x of  R is  a unit  if  and  only  if  the  image  of  x in  R/I  is  a unit. 

Proof.  If  a;  is  a unit  in  R , then  its  image  is  clearly  a unit  in  R/I.  It  remains  to 
prove  the  converse.  Assume  the  image  of  y G R in  R/I  is  the  inverse  of  the  image 
of  x.  Then  xy  = 1 — z for  some  z G I.  Then  every  k > 1 satisfies 

(1  - z)(  1 + z){  1 + z2){  1 + zA) . . . (1  + z2^1)  = 1 -z2k 

(as  follows  by  induction  over  k).  But  the  right  hand  side  is  is  equal  to  1 for 
sufficiently  large  k (since  z lies  in  the  locally  nilpotent  ideal  I).  Thus  1 — z is 
invertible  in  R , and  therefore  so  is  x (as  xy  = 1 — z).  □ 

00IM  Lemma  10.31.4.  Let  R be  a Noetherian  ring.  Let  I,  J be  ideals  of  R.  Suppose 
J C Vi.  Then  Jn  Cl  for  some  n.  In  particular,  in  a Noetherian  ring  the  notions 
of  “locally  nilpotent  ideal”  and  “nilpotent  ideal”  coincide. 

Proof.  Say  J = (/i, . . . , fs).  By  assumption  fi ' G I.  Take  n = d\  + d2  + ■ ■ ■ + 
ds  + 1.  □ 

00J9  Lemma  10.31.5.  Let  R be  a ring.  Let  I C R be  a locally  nilpotent  ideal.  Then 
R — ► R/I  induces  a bijection  on  idempotents. 

First  proof  of  Lemma  |10. 31.51  As  I is  locally  nilpotent  it  is  contained  in  every 
prime  ideal.  Hence  Spec(i?/J)  = V(I)  = Spec (R).  Hence  the  lemma  follows  from 
Lemma  110.20.31  □ 


Second  proof  of  Lemma  |10.31.5 

to  lift  e to  an  idempotent  of  R. 


Suppose  e G R/I  is  an  idempotent.  We  have 


First,  choose  any  lift  f C R of  e,  and  set  x = f2  — /.  Then,  x Cl,  so  x is  nilpotent 
(since  I is  locally  nilpotent).  Let  now  J be  the  ideal  of  R generated  by  x.  Then,  J 
is  nilpotent  (not  just  locally  nilpotent),  since  it  is  generated  by  the  nilpotent  x. 
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Now,  assume  that  we  have  found  a lift  e £ R of  e such  that  e2  — e £ Jk  for  some 
k > 1.  Let  e7  = e — (2e  — l)(e2  — e)  = 3e2  — 2e3,  which  is  another  lift  of  e (since 
the  idempotency  of  e yields  e2  — e £ /).  Then 

(e7)2  - e7  = (4e2  - 4e  - 3)(e2  - e)2  £ J2k 

by  a simple  computation. 

We  thus  have  started  with  a lift  e of  e such  that  e2  — e £ Jfc,  and  obtained  a 
lift  e!  of  e such  that  (e7)2  — e7  £ J2fc.  This  way  we  can  successively  improve  the 
approximation  (starting  with  e = /,  which  fits  the  bill  for  k = 1).  Eventually, 
we  reach  a stage  where  Jk  = 0,  and  at  that  stage  we  have  a lift  e of  e such  that 
e2  — e £ Jk  = 0,  that  is,  this  e is  idempotent. 

We  thus  have  seen  that  if  e £ R/I  is  any  idempotent,  then  there  exists  a lift  of  e 
which  is  an  idempotent  of  R.  It  remains  to  prove  that  this  lift  is  unique.  Indeed, 
let  ei  and  e 2 be  two  such  lifts.  We  need  to  show  that  e\  = 

By  definition  of  e\  and  e2,  we  have  e\  = e2  mod  !,  and  both  e\  and  e2  are  idem- 
potent.  From  e\  = e2  mod  I,  we  see  that  e±  — e2  £ I,  so  that  ei  — e2  is  nilpotent 
(since  / is  locally  nilpotent).  A straightforward  computation  (using  the  idempo- 
tency of  e\  and  62)  reveals  that  (ei  — e2)3  = ei  — e2-  Using  this  and  induction, 
we  obtain  (ei  — e2)k  = for  any  positive  integer  k.  Since  all  high  enough  k 

satisfy  (ei  — e2)k  = 0 (since  e\  — e2  is  nilpotent),  this  shows  e\  — e-i  = 0,  so  that 
ei  = e2,  which  completes  our  proof.  □ 

05BU  Lemma  10.31.6.  Let  A be  a possibly  noncommutative  algebra.  Let  e £ A be  an 
element  such  that  x = e2  — e is  nilpotent.  Then  there  exists  an  idempotent  of  the 
form  e!  = e + rr(^)  aijezx3)  £ A with  atj  £ Z. 

Proof.  Consider  the  ring  Rn  = Z[e]/ ((e2  — e)n).  It  is  clear  that  if  we  can  prove  the 
result  for  each  Rn  then  the  lemma  follows.  In  Rn  consider  the  ideal  I = (e2  — e) 
and  apply  Lemma[l0.31.5|  □ 


10.32.  Curiosity 


02JG  Lemma  10.22.3  explains  what  happens  if  V(I)  is  open  for  some  ideal  I C R.  But 
what  if  Spec(S'_1l?.)  is  closed  in  Spec(l?)?  The  next  two  lemmas  give  a partial 
answer.  For  more  information  see  Section  [10.1071 


02JH  Lemma  10.32.1.  Let  R be  a ring.  Let  S C R be  a multiplicative  subset.  Assume 
the  image  of  the  map  Spec (S~1R)  — >•  Spec(l?)  is  closed.  Then  S~1R  = R/I  for 
some  ideal  I C R. 


Proof.  Let  / = Ker(i?  — ► S~1R)  so  that  V(I)  contains  the  image.  Say  the  image 
is  the  closed  subset  V(I')  C Spec(l?)  for  some  ideal  I'  C R.  So  V(I')  C V(I).  For 
/ £ /'  we  see  that  //I  £ S~XR  is  contained  in  every  prime  ideal.  Hence  /"  maps 
to  zero  in  S~XR  for  some  n > 1 (Lemma  10.16.2).  Hence  V(I')  = V(I).  Then  this 
implies  every  g £ S is  invertible  mod  I.  Hence  we  get  ring  maps  R/I  — » S~1R  and 
S~kR  — > R/I.  The  first  map  is  injective  by  choice  of  I.  The  second  is  the  map 
S_1R  — > S~1(R/I)  = R/I  which  has  kernel  S~kI  because  localization  is  exact. 
Since  S'-1/  = 0 we  see  also  the  second  map  is  injective.  Hence  S'-1!?  = R/I.  □ 


10.33.  HILBERT  NULLSTELLENSATZ 


492 


02JI 


OOFS 

OOFV 

OOFW 

OOFX 


Lemma  10.32.2.  Let  R be  a ring.  Let  S C R be  a multiplicative  subset.  Assume 
the  image  of  the  map  Spec(S~1R)  —>  Spec  (i?)  is  closed.  If  R is  Noetherian,  or 
Spec(i?)  is  a Noetherian  topological  space,  or  S is  finitely  generated  as  a monoid, 
then  R = S'-1/?  x R'  for  some  ring  R’ . 


Proof.  By  Lemma  10.32.1  we  have  S'-1!?  = R/I  for  some  ideal  I C R.  By 
Lemma  10.22.3  it  suffices  to  show  that  V(I)  is  open.  If  R is  Noetherian  then 
Spec(i?)  is  a Noetherian  topological  space,  see  Lemma  10.30.5  If  Spec(i?)  is  a 
Noetherian  topological  space,  then  the  complement  Spec(Z?)\V (!)  is  quasi-compact, 
see  Topology,  Lemma |5.11.13|  Hence  there  exist  finitely  many  /),...,  fn  £ I such 
that  V(I)  = V(fi, . . . , fn).  Since  each  /,  maps  to  zero  in  S-1i?  there  exists  a 
g £ S such  that  gf,  = 0 for  i = 1, . . . , n.  Hence  D(g)  = V{I)  as  desired.  In 
case  S is  finitely  generated  as  a monoid,  say  S is  generated  by  gi, . . . , gm,  then 


S-1!?^/? 


Sl-.-Sr, 


and  we  conclude  that  V (!)  = D(gi . . . gm). 


□ 


10.33.  Hilbert  Nullstellensatz 


Theorem  10.33.1  (Hilbert  Nullstellensatz).  Let  k be  afield. 

(1)  For  any  maximal  ideal  m C k[x i, . . . ,xn]  the  field  extension  k C K.(m)  is 
finite. 

(2)  Any  radical  ideal  I C k[x i,...,xn\  is  the  intersection  of  maximal  ideals 
containing  it. 

The  same  is  true  in  any  finite  type  k-algebra. 

Proof.  It  is  enough  to  prove  part  ([l])  of  the  theorem  for  the  case  of  a polynomial 
algebra  k[x i, . . . , xn],  because  any  finitely  generated  /-algebra  is  a quotient  of  such 
a polynomial  algebra.  We  prove  this  by  induction  on  n.  The  case  n = 0 is  clear. 
Suppose  that  m is  a maximal  ideal  in  k[x i, . . . , xn].  Let  p C k[xn]  be  the  intersection 
of  m with  k[xn]. 

If  p ^ (0),  then  p is  maximal  and  generated  by  an  irreducible  rnonic  polynomial  P 
(because  of  the  Euclidean  algorithm  in  k[xn]).  Then  k ' = k[x„]/ p is  a finite  field 
extension  of  k and  contained  in  re(m).  In  this  case  we  get  a surjection 

k! [xi, . . . ,xn-\]  -A  k'[x i, . . . , xn]  = k'  k[x i, . . .,xn]  — *•  k( m) 

and  hence  we  see  that  ft(rn)  is  a finite  extension  of  k'  by  induction  hypothesis.  Thus 
Ac(m)  is  finite  over  k as  well. 


If  p = (0)  we  consider  the  ring  extension  k[xn]  C k[xi, . . . , xn]/m.  This  is  a 
finitely  generated  ring  extension,  hence  of  finite  presentation  by  Lemmas  |10.30.3| 
and  10.30.4  Thus  the  image  of  Spec(fc[a,’i, . . . , xn]/m)  in  Spec(fc[a;n])  is  constructible 
by  Theorem  |10.28.9  Since  the  image  contains  (0)  we  conclude  that  it  contains  a 
standard  open  D(f)  for  some  / £ k[xn]  nonzero.  Since  clearly  D(f)  is  infinite  we 
get  a contradiction  with  the  assumption  that  k[x\, . . . ,xn\/m  is  a field  (and  hence 
has  a spectrum  consisting  of  one  point). 


To  prove  part  ([2])  let  I C i?  be  radical,  with  R of  finite  type  over  k.  Let  / £ !?, 
/ ^ I.  Pick  a maximal  ideal  m'  in  the  nonzero  ring  Rf/IRf  = ( R/I)f  ■ Let  m C i? 
be  the  inverse  image  of  m'  in  R.  We  see  that  /Cm  and  / ^ m.  If  we  show  that  m 
is  a maximal  ideal  of  R,  then  we  are  done.  We  clearly  have 


k C !?/m  C 
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By  part  (Tj)  the  field  extension  k C K(m')  is  finite.  Hence  R/m  is  a field  by  Fields, 
Lemma |iT8.10|  Thus  m is  maximal  and  the  proof  is  complete.  □ 

Lemma  10.33.2.  Let  R be  a ring.  Let  K be  a field.  If  R C K and  K is  of  finite 
type  over  R,  then  there  exists  a f £ R such  that  Rf  is  a field , and  Rf  C K is  a 
finite  field  extension. 


Proof.  By  Lemma  10.29.2  there  exist  a nonempty  open  U C Spec(-R)  contained  in 
the  image  {(0)}  of  Spec(JF)  — ► Spec(J?).  Choose  f £ R,  f ^ 0 such  that  D(f)  C U, 
i.e. , D(f)  = {(0)}.  Then  Rf  is  a domain  whose  spectrum  has  exactly  one  point  and 
Rf  is  a field.  Then  K is  a finitely  generated  algebra  over  the  field  Rf  and  hence  a 
finite  field  extension  of  Rf  by  the  Hilbert  Nullstellensatz  (Theorem|10.33.1 ).  □ 


10.34.  Jacobson  rings 

Let  R be  a ring.  The  closed  points  of  Spec(-R)  are  the  maximal  ideals  of  R.  Often 
rings  which  occur  naturally  in  algebraic  geometry  have  lots  of  maximal  ideals.  For 
example  finite  type  algebras  over  a field  or  over  Z.  We  will  show  that  these  are 
examples  of  Jacobson  rings. 

Definition  10.34.1.  Let  R be  a ring.  We  say  that  R is  a Jacobson  ring  if  every 
radical  ideal  I is  the  intersection  of  the  maximal  ideals  containing  it. 

Lemma  10.34.2.  Any  algebra  of  finite  type  over  a field  is  Jacobson. 

Proof.  This  follows  from  Theorem  IIP. 33.11  and  Definition  110.34.11  □ 

Lemma  10.34.3.  Let  R be  a ring.  If  every  prime  ideal  of  R is  the  intersection  of 
the  maximal  ideals  containing  it,  then  R is  Jacobson. 


Proof.  This  is  immediately  clear  from  the  fact  that  every  radical  ideal  I C R is 
the  intersection  of  the  primes  containing  it.  See  Lemma [10. 16. 2|  □ 

Lemma  10.34.4.  A ring  R is  Jacobson  if  and  only  if  Spec (R)  is  Jacobson,  see 
Topology,  Definition\5. 1 7. l\ 


Proof.  Suppose  R is  Jacobson.  Let  Z c Spec(-R)  be  a closed  subset.  We  have 
to  show  that  the  set  of  closed  points  in  Z is  dense  in  Z.  Let  U C Spec(-R)  be  an 
open  such  that  U n Z is  nonempty.  We  have  to  show  Z D U contains  a closed  point 
of  Spec(J?).  We  may  assume  U = D(f)  as  standard  opens  form  a basis  for  the 
topology  on  Spec(-R).  According  to  Lemma  10.16.2  we  may  assume  that  Z = V(I), 
where  I is  a radical  ideal.  We  see  also  that  / ^ I.  By  assumption,  there  exists  a 
maximal  ideal  m C R such  that  I Cm  but  / ^ m.  Hence  m £ D(f)  fl  V(I)  = U fl  Z 
as  desired. 


Conversely,  suppose  that  Spec(-R)  is  Jacobson.  Let  I c R be  a radical  ideal.  Let 
J = n/crntn  be  the  intersection  of  the  maximal  ideals  containing  /.  Clearly  J is 
radical,  V(J)  C V(I),  and  V(J)  is  the  smallest  closed  subset  of  V(I)  containing  all 
the  closed  points  of  V(I).  By  assumption  we  see  that  V(J)  = V(I).  But  Lemma 
|10.16.2|  shows  there  is  a bijection  between  Zariski  closed  sets  and  radical  ideals, 
hence  I = J as  desired.  □ 


Lemma  10.34.5.  Let  R be  a ring.  If  R is  not  Jacobson  there  exist  a prime  p C R, 
an  element  f £ R such  that  the  following  hold 
(1)  p is  not  a maximal  ideal, 
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(2)  / t p, 

(3)  V{p)nD(f)  = {p},  and 

(4)  (R/p)f  is  afield. 

On  the  other  hand,  if  R is  Jacobson,  then  for  any  pair  (p , /)  such  that  (1)  and  (2) 
hold  the  set  V(p)  n D(f)  is  infinite. 


Proof.  Assume  R is  not  Jacobson.  By  Lemma  [10.34.4|  this  means  there  exists  an 
closed  subset  T C Spec(-R)  whose  set  To  C T of  closed  points  is  not  dense  in  T. 
Choose  an  f € R such  that  T0  C V(f)  but  T qL  V(f).  Note  that  T n D(f)  is 
homeomorphic  to  Spec((i?/J)/)  if  T = V(I),  see  Lemmas 


10.16.7 


and 


10.16.6 


As 


any  ring  has  a maximal  ideal  (Lemma  10.16.2)  we  can  choose  a closed  point  t of 
space  T D D(f).  Then  t corresponds  to  a prime  ideal  p C R which  is  not  maximal 
(as  t qL  T0).  Thus  (1)  holds.  By  construction  f qL  p,  hence  (2).  As  t is  a closed  point 
of  THD(f)  we  see  that  P(p)  n D(f)  = {p},  i.e.,  (3)  holds.  Hence  we  conclude  that 
(i?/p)/  is  a domain  whose  spectrum  has  one  point,  hence  (4)  holds  (for  example 
combine  Lemmas  10.17.2  and  10.24.1). 


Conversely,  suppose  that  R is  Jacobson  and  (p , /)  satisfy  (1)  and  (2).  If  P(p)  D 
V(f)  = {p,  qi, . . . , qt}  then  p ^ q,;  implies  there  exists  an  element  g £ R such  that 
g qL  p but  g £ q,  for  all  i.  Hence  V (p)  D D(fg)  = {p}  which  is  impossible  since  each 
locally  closed  subset  of  Spec(i?)  contains  at  least  one  closed  point  as  Spec(i?)  is  a 
Jacobson  topological  space.  □ 


00G4  Lemma  10.34.6.  The  ring  Z is  a Jacobson  ring.  More  generally,  let  R be  a ring 
such  that 

(1)  R is  a domain, 

(2)  R is  Noetherian, 

(3)  any  nonzero  prime  ideal  is  a maximal  ideal,  and 

(4)  R has  infinitely  many  maximal  ideals. 

Then  R is  a Jacobson  ring. 


Proof.  Let  R satisfy  (1),  (2),  (3)  and  (4).  The  statement  means  that  (0)  = 
PlmcKm-  Since  R has  infinitely  many  maximal  ideals  it  suffices  to  show  that  any 
nonzero  x £ R is  contained  in  at  most  finitely  many  maximal  ideals,  in  other 
words  that  V{x)  is  finite.  By  Lemma  10.16.7  we  see  that  V{x)  is  homeomorphic 
to  Spec(i?/xi?).  By  assumption  (3)  every  prime  of  R/xR  is  minimal  and  hence 
corresponds  to  an  irreducible  component  of  Spec(i?)  (Lemma  10.25.1).  As  R/xR  is 
Noetherian,  the  topological  space  Spec  (R/xR)  is  Noetherian  (Lemma  10.30.5)  and 
has  finitely  many  irreducible  components  (Topology,  Lemma  5.8.2).  Thus  V(x)  is 
finite  as  desired.  □ 


02CC  Example  10.34.7.  Let  A be  an  infinite  set.  For  each  a £ A,  let  ka  be  a field. 
We  claim  that  R = IlaeA  ka  is  Jacobson.  First,  note  that  any  element  f £ R has 
the  form  / = ue,  with  u £ R a unit  and  e £ R an  idempotent  (left  to  the  reader). 
Hence  D(f)  = D(e),  and  Rf  = Re  = i?/(l  — e)  is  a quotient  of  R.  Actually,  any 
ring  with  this  property  is  Jacobson.  Namely,  say  p C R is  a prime  ideal  and  f £ R, 
f qL  p.  We  have  to  find  a maximal  ideal  m of  R such  that  p C m and  f qL  m. 
Because  Rf  is  a quotient  of  R we  see  that  any  maximal  ideal  of  Rf  corresponds 
to  a maximal  ideal  of  R not  containing  /.  Hence  the  result  follows  by  choosing  a 
maximal  ideal  of  Rf  containing  p Rf. 
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00G5  Example  10.34.8.  A domain  R with  finitely  many  maximal  ideals  m,,  i = 1 ,n 
is  not  a Jacobson  ring,  except  when  it  is  a field.  Namely,  in  this  case  (0)  is  not  the 
intersection  of  the  maximal  ideals  (0)  / mi  fl  m2  fl . . . fl  mn  D mi  ■ m2  ■ . . . • mn  7^  0. 
In  particular  a discrete  valuation  ring,  or  any  local  ring  with  at  least  two  prime 
ideals  is  not  a Jacobson  ring. 

00GA  Lemma  10.34.9.  Let  R -A  S be  a ring  map.  Let  m G R be  a maximal  ideal.  Let 
q C S be  a prime  ideal  lying  over  m such  that  /«(m)  C «(q)  is  an  algebraic  field 
extension.  Then  q is  a maximal  ideal  of  S. 

Proof.  Consider  the  diagram 

5 *S/q q) 

| A 

R > R/m 


We  see  that  /c(m)  C S/q  C re(q).  Because  the  field  extension  «(m)  C «(q)  is 
algebraic,  any  ring  between  K(m)  and  /c(q)  is  a field  (Fields,  Lemma  9.8.10).  Thus 
5/q  is  a field,  and  a posteriori  equal  to  «(q).  □ 


00FT  Lemma  10.34.10.  Suppose  that  k is  a field  and  suppose  that  V is  a nonzero 
vector  space  over  k.  Assume  the  dimension  of  V (which  is  a cardinal  number)  is 
smaller  than  the  cardinality  of  k.  Then  for  any  linear  operator  T : V — > V there 
exists  some  monic  polynomial  P(t)  £ k[t]  such  that  P(T ) is  not  invertible. 


Proof.  If  not  then  V inherits  the  structure  of  a vector  space  over  the  field  k(t). 
But  the  dimension  of  k(t)  over  k is  at  least  the  cardinality  of  k for  example  due  to 
the  fact  that  the  elements  are  k- linearly  independent.  □ 


Here  is  another  version  of  Hilbert’s  Nullstellensatz. 


OOFU  Theorem  10.34.11.  Let  k be  a field.  Let  S be  a k-algebra  generated  over  k by 
the  elements  {ayjig/.  Assume  the  cardinality  of  I is  smaller  than  the  cardinality  of 
k.  Then 

(1)  for  all  maximal  ideals  m C S the  field  extension  k C k(tti)  is  algebraic, 
and 

(2)  S is  a Jacobson  ring. 


Proof.  If  I is  finite  then  the  result  follows  from  the  Hilbert  Nullstellensatz,  Theo- 
In  the  rest  of  the  proof  we  assume  I is  infinite.  It  suffices  to  prove  the 


10.33.1 


rem 

result  for  m C k[{xi}i^j]  maximal  in  the  polynomial  ring  on  variables  Xi,  since  S 
is  a quotient  of  this.  As  I is  infinite  the  set  of  monomials  x®1  . . . x®r,  i\, . . . ,ir  £ I 
and  ei, . . . , er  > 0 has  cardinality  at  most  equal  to  the  cardinality  of  I.  Because  the 


n>  0 - 


cardinality  of  / x . . . x I is  the  cardinality  of  /,  and  also  the  cardinality  of  (J 
has  the  same  cardinality.  (If  I is  finite,  then  this  is  not  true  and  in  that  case  this 
proof  only  works  if  k is  uncountable.) 


To  arrive  at  a contradiction  pick  T £ k(tti)  transcendental  over  k.  Note  that  the 
fc-linear  map  T : /c(m)  — » n(m)  given  by  multiplication  by  T has  the  property  that 
P(T)  is  invertible  for  all  monic  polynomials  P(t)  £ k[t\.  Also,  k(iti)  has  dimension 
at  most  the  cardinality  of  I over  k since  it  is  a quotient  of  the  vector  space  k\{xi}i^j] 
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over  k (whose  dimension  is  ffl  as  we  saw  above).  This  is  impossible  by  Lemma 
Il0.34.10l 


To  show  that  S is  Jacobson  we  argue  as  follows.  If  not  then  there  exists  a prime 
t]C5  and  an  element  / € S,  / ^ q such  that  q is  not  maximal  and  (S/q)  / is  a field, 
see  Lemma  10.34.5  But  note  that  (S/q) / is  generated  by  at  most  #/  + 1 elements. 
Hence  the  field  extension  k C (R/q)f  is  algebraic  (by  the  first  part  of  the  proof). 
This  implies  that  «(q)  is  an  algebraic  extension  of  k hence  q is  maximal  by  Lemma 
|10.34.9|  This  contradiction  finishes  the  proof.  □ 


046V  Lemma  10.34.12.  Let  k be  a field.  Let  S be  a k-algebra.  For  any  field  extension 
k C K whose  cardinality  is  larger  than  the  cardinality  of  S we  have 

(1)  for  every  maximal  ideal  m of  Sk  the  field  «(m)  is  algebraic  over  K , and 

(2)  Sk  is  a Jacobson  ring. 


Proof.  Choose  k C K such  that  the  cardinality  of  K is  greater  than  the  cardinality 
of  S.  Since  the  elements  of  S generate  the  //-algebra  Sk  we  see  that  Theorem 
|10.34.11|  applies.  □ 


02CB  Example  10.34.13.  The  trick  in  the  proof  of  Theorem 
work  if  k is  a countable  field  and  I is  countable  too.  Let  k 


10.34.11 


really  does  not 


je  a countable  held.  Let 
a;  be  a variable,  and  let  k(x)  be  the  held  of  rational  functions  in  x.  Consider  the 
polynomial  algebra  R = k[x,{xf}fek[x]_{0}\.  Let  / = ({fxf  - l}/efe[x]_{0}).  Note 
that  / is  a proper  ideal  in  R.  Choose  a maximal  ideal  / Cm.  Then  k C R/m  is 
isomorphic  to  k(x),  and  is  not  algebraic  over  k. 

00G6  Lemma  10.34.14.  Let  R be  a Jacobson  ring.  Let  f £ R.  The  ring  Rf  is  Jacobson 
and  maximal  ideals  of  Rf  correspond  to  maximal  ideals  of  R not  containing  f. 


Proof.  By  Topology,  Lemma  5.17.5  we  see  that  D(f)  = Spec  (Rf)  is  Jacobson  and 
that  closed  points  of  D(f)  correspond  to  closed  points  in  Spec(i?)  which  happen  to 
lie  in  D(f).  Thus  Rf  is  Jacobson  by  Lemma  10.34.4  □ 


00G7  Example  10.34.15.  Here  is  a simple  example  that  shows  Lemma  10.34.14  to  be 


false  if  R is  not  Jacobson.  Consider  the  ring  R = Z(2),  i.e. , the  localization  of  Z 
at  the  prime  (2).  The  localization  of  R at  the  element  2 is  isomorphic  to  Q,  in  a 
formula:  R2  = Q.  Clearly  the  map  R — > R2  maps  the  closed  point  of  Spec(Q)  to 
the  generic  point  of  Spec(-R). 


00G8 


00G9 


Example  10.34.16.  Here  is  a simple  example  that  shows  Lemma  10.34.14  is  false 
if  R is  Jacobson  but  we  localize  at  inhnitely  many  elements.  Namely,  let  R = Z and 
consider  the  localization  (R  \ {0})_1i?  = Q of  R at  the  set  of  all  nonzero  elements. 
Clearly  the  map  Z — ► Q maps  the  closed  point  of  Spec(Q)  to  the  generic  point  of 
Spec(Z). 

Lemma  10.34.17.  Let  R be  a Jacobson  ring.  Let  I C R be  an  ideal.  The  ring 
R/I  is  Jacobson  and  maximal  ideals  of  R/I  correspond  to  maximal  ideals  of  R 
containing  I. 


Proof.  The  proof  is  the  same  as  the  proof  of  Lemma  [10.34. 14|  □ 

00GB  Proposition  10.34.18.  Let  R be  a Jacobson  ring.  Let  R — >•  S be  a ring  map  of 
finite  type.  Then 

(1)  The  ring  S is  Jacobson. 
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(2)  The  map  Spec(S')  — > Spec(i?)  transforms  closed  points  to  closed  points. 

(3)  For  m'cS  maximal  lying  over  m C R the  field  extension  ft(m)  C K(m') 
is  finite. 


Proof.  Let  A — > B — >■  C be  finite  type  ring  maps.  Suppose  Spec(C)  — ► Spec (f?) 
and  Spec (B)  — > Spec(A)  map  closed  points  to  closed  points,  and  induce  finite 
residue  field  extensions  on  residue  fields  at  closed  points.  Then  so  does  Spec(C')  — > 
Spec(A).  Thus  it  is  clear  that  if  we  factor  R — > S as  R -»  S'  — > S for  some  finite 
type  R- algebra  S',  then  it  suffices  to  prove  the  lemma  for  R — >■  S'  and  then  S'  — ► S. 
Writing  S = R[xi, . . . , xn\/ 1 we  see  that  it  suffices  to  prove  the  lemma  in  the  cases 
S = R[x]  and  S = R/ 1.  The  case  S = R/I  is  Lemma  10.34. 17| 


The  case  S = i?[x].  Take  an  irreducible  closed  subset  Z C Spec(/?,[ic]).  In  other 
words  Z = V{ q)  for  some  prime  q C R[x].  Set  p = q n R.  Let  U C Spec(i?[x])  be 
open  such  that  U n Z ^ 0.  We  have  to  find  a closed  point  in  U n Z.  In  fact,  we 
will  hnd 


(*)  a closed  point  y oiU  C\Z  which  maps  to  a closed  point  x of  Spec (R)  such 
that  additionally  k(x)  C n(y)  is  finite. 

To  do  this  we  may  assume  U = D{f)  for  some  / £ f?[s].  In  this  case  U AV  (of)  ^ 0 
means  / ^ q.  Consider  the  diagram 


R[x]  R/p[x) 

A A 

If: 


It  suffices  to  solve  the  problem  on  the  right  hand  side  of  this  diagram.  Thus  we  see 
we  may  assume  R is  Jacobson,  a domain  and  p = (0). 

In  case  q = (0),  write  / = aaxd  + . . . + do-  We  see  that  not  all  a,:  are  zero.  Take 
any  maximal  ideal  m of  R such  that  ai  ^ m for  some  i (here  we  use  R is  Jacobson). 
Next,  choose  a maximal  ideal  th'  C (i?/m)[x]  not  containing  the  image  of  / (possible 
because  «(m)[x]  is  Jacobson).  Then  the  inverse  image  m'  C i?[x]  defines  a closed 
point  of  U Cl  Z and  maps  to  m.  Also,  by  construction  «(m)  C /c(m')  is  finite.  Thus 
we  have  shown  (*)  in  this  case. 


In  case  q / (0),  let  K be  the  fraction  field  of  R.  Write  <\K[x]  = ( g ) for  some 
irreducible  g £ K [ai] . Clearing  denominators,  we  may  assume  that  g £ A[x],  and 
hence  in  q.  Write  g = bexe  + . . . + b0,  bi  G R with  be  ^ 0.  The  maps  R — >•  i4e 
and  i?[x]  — > i?[x]he  satisfies  the  conclusion  of  the  lemma,  by  Lemma  10.34.14  and 
moreover  induce  isomorphisms  on  residue  fields.  Hence,  in  order  to  prove  (*),  we 
may  replace  R by  Rbe  and  assume  that  g is  monic.  In  this  case  we  see  that  R[x]/c\ 
is  a quotient  of  the  finite  free  i?-module  R[x\/(g)  = R ® Rx  © . . . ® i?xe_1.  But  on 
the  other  hand  we  have  R[x]/(g)  C K\x]/(g)  = K[x\/qK[x\.  Hence  q = (g),  and 
Z = V( q)  = V(g).  At  this  point,  by  Lemma  10.28.8  the  image  of  D(f)  n V(g)  in 
Spec(i?)  is  D(r\)  U . . . U D(rd)  for  some  £ R (of  course  it  is  nonempty).  Take 
any  maximal  ideal  m C R in  this  image  (possible  because  R is  Jacobson)  and  take 
any  prime  m'  C R[x]  corresponding  to  a point  of  D(f)  D V(g)  lying  over  m.  Note 
that  the  residue  field  extension  k(iti)  C /‘c(m')  is  finite  (because  g £ m').  By  Lemma 


10.34.9  we  see  that  m'  is  a closed  point.  This  proves  (*)  in  this  case. 


10.34.  JACOBSON  RINGS 


498 


At  this  point  we  are  done.  Namely,  (*)  implies  that  Spec(i?[x])  is  Jacobson  (via 
Lemma  10.34.4 1.  Also,  if  Z is  a singleton  closed  set,  then  (*)  implies  that  Z = {m'} 
with  m'  lying  over  a maximal  ideal  m C R such  that  re(m)  C «(m')  is  finite.  □ 

00GC  Lemma  10.34.19.  Any  finite  type  algebra  over  Z is  Jacobson. 

Proof.  Combine  Lemma  [10. 34. 6|  and  Proposition  |10. 34. 18|  □ 

OOGD  Lemma  10.34.20.  Let  R — > S be  a finite  type  ring  map  of  Jacobson  rings.  Denote 
X = Spec (i?)  and  Y = Spec(S').  Write  f : Y X the  induced  map  of  spectra.  Let 
E CY  = Spec (S)  be  a constructible  set.  Denote  with  a subscript  o the  set  of  closed 
points  of  a topological  space. 

(1)  We  have  f(E)0  = f(E0)  = X0nf(E).  

(2)  A point  £ £ X is  in  f(E)  if  and  only  */{£}  H f(Eo)  is  dense  in  {£}. 

Proof.  We  have  a commutative  diagram  of  continuous  maps 

E »Y 


X 


m — - 

Suppose  x £ f{E)  is  closed  in  f(E).  Then  1 ({a;})  fl  E is  nonempty  and  closed 
in  E.  Applying  Topology,  Lemma|5.17.5|to  both  inclusions 

/“ 1 ({a;})  nE  c E cY 

we  find  there  exists  a point  y £ f~1({x})  Hfi1  which  is  closed  in  Y . In  other  words, 
there  exists  y £ Y0  and  y £ E0  mapping  to  x.  Hence  x £ f(E0).  This  proves 


that  f{E) o C f(E0).  Proposition  10.34.18  implies  that  f(E0)  C X0  n f(E).  The 


inclusion  Xq  n f(E)  C f(E) q is  trivial.  This  proves  the  first  assertion. 


Suppose  that  £ £ f(E).  According  to  Lemma  10.29.2  the  set  f(E ) fl{£}  contains  a 
dense  open  subset  of  {£}.  Since  X is  Jacobson  we  conclude  that  f(E)f){£}  contains 
a dense  set  of  closed  points,  see  Topology,  Lemma  5.17.5  We  conclude  by  part  (1) 
of  the  lemma. 


On  the  other  hand,  suppose  that  {£}  fl  f{Efi)  is  dense  in  {£}.  By  Lemma  10.28.3 
there  exists  a ring  map  S — » S'  of  finite  presentation  such  that  E is  the  image  of 
Y'  :=  Spec(S")  — ► Y.  Then  Eq  is  the  image  of  Yf  by  the  first  part  of  the  lemma 
applied  to  the  ring  map  S — > S' . Thus  we  may  assume  that  E = Y by  replacing  S 
by  S'.  Suppose  £ corresponds  to  p C R.  Consider  the  diagram 

+s/ps 


R 


- R/P 

This  diagram  and  the  density  of  /(To)  0 T(p)  in  V(p)  shows  that  the  morphism 
R/p  — > S/pS  satisfies  condition  (2)  of  Lemma  10.29.4  Hence  we  conclude  there 


exists  a prime  q C S/pS  mapping  to  (0).  In  other  words  the  inverse  image  q of  q 
in  S maps  to  p as  desired.  □ 
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The  conclusion  of  the  lemma  above  is  that  we  can  read  off  the  image  of  / from  the 
set  of  closed  points  of  the  image.  This  is  a little  nicer  in  case  the  map  is  of  finite 
presentation  because  then  we  know  that  images  of  a constructible  is  constructible. 
Before  we  state  it  we  introduce  some  notation.  Denote  Constr(A')  the  set  of  con- 
structible Let  R — > S be  a ring  map.  Denote  X = Spec (i?)  and  Y = Spec(S'). 
Write  / : Y — > X the  induced  map  of  spectra.  Denote  with  a subscript  0 the  set  of 
closed  points  of  a topological  space. 


00GE  Lemma  10.34.21.  With  notation  as  above.  Assume  that  R is  a Noetherian  Ja- 
cobson ring.  Further  assume  R -4  S is  of  finite  type.  There  is  a commutative 
diagram 

ConstriY)  E^Ef.  Constr(Y0) 


E^f(E) 


Constr(X) 


E\ — y Eq 


E^f(E) 


Constr(X0) 


where  the  horizontal  arrows  are  the  bijections  from  Topology , Lemma  5.17.8 

Proof.  Since  R — / S is  of  finite  type,  it  is  of  finite  presentation,  see  Lemma [10. 30. 4[ 
Thus  the  image  of  a constructible  set  in  X is  constructible  in  Y by  Chevalley’s 


theorem  (Theorem  10.28.9).  Combined  with  Lemma  10.34.20  the  lemma  follows. 

□ 


To  illustrate  the  use  of  Jacobson  rings,  we  give  the  following  two  examples. 

00GF  Example  10.34.22.  Let  k be  a field.  The  space  Spec(fc[x,  y]/(xy))  has  two  irre- 
ducible components:  namely  the  x-axis  and  the  y-axis.  As  a generalization,  let 

R = fc[xn,a;i2,X2i,  0:22,2/11,2/12, 3/21, 3/22]/o, 

where  a is  the  ideal  in  k[x\\,  £12,  £21,  £22, 3/11 , yi2>  2/21  > yii\  generated  by  the  entries 
of  the  2x2  product  matrix 


f Xu 

Xl2  \ 

( y n 

y i2\ 

1^21 

X22) 

U21 

2/22  y 

In  this  example  we  will  describe  Spec(i?). 

To  prove  the  statement  about  Spec (k[x,y\/(xy))  we  argue  as  follows.  If  p C k[x,y\ 
is  any  ideal  containing  xy,  then  either  x or  y would  be  contained  in  p.  Hence  the 
minimal  such  prime  ideals  are  just  (x)  and  (y).  In  case  k is  algebraically  closed, 
the  max-Spec  of  these  components  can  then  be  visualized  as  the  point  sets  of  y- 
and  a:- axis. 

For  the  generalization,  note  that  we  may  identify  the  closed  points  of  the  spectrum 
of  k[xu,Xi2,X2i,X22,yii,yi2,y2i,y22\)  with  the  space  of  matrices 

( (X,  Y)  e Mat (2,  k)  x Mat (2,  k)  \ X = ( Xl 1 *12>\  , Y = (Vl1  yi2^)  1 

( VX21  X22J  W21  2/22/  J 

at  least  if  k is  algebraically  closed.  Now  define  a group  action  of  GL(2,  k)  x 
GL(2,  k)  x GL(2,  k)  on  the  space  of  matrices  {(X,  F)}  by 

(91,92,93)  x (X,  Y)  ^ ((y1Xy2-1,y2yy3-1)). 

Here,  also  observe  that  the  algebraic  set 

GL(2,  k)  x GL(2,  k)  x GL(2,fc)  C Mat(2,fc)  x Mat(2,fc)  x Mat(2,fc) 
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is  irreducible  since  it  is  the  max  spectrum  of  the  domain 

k[xn,  X12,  ■ ■ ■ , Z21,  Z22,  (X11X22  — X12X21)  1,  (j/lll/22  — 2/122/21)  1 1 (~11^22~  Z\2Z2\)  1]- 


Since  the  image  of  irreducible  an  algebraic  set  is  still  irreducible,  it  suffices  to 
classify  the  orbits  of  the  set  {(X,Y)  £ Mat (2 , k)  x Mat(2,  k)\XY  = 0}  and  take 
their  closures.  From  standard  linear  algebra,  we  are  reduced  to  the  following  three 
cases: 

(1)  3(171,(72)  such  that  giXg^1  = hx2-  Then  Y is  necessarily  0,  which  as 
an  algebraic  set  is  invariant  under  the  group  action.  It  follows  that  this 
orbit  is  contained  in  the  irreducible  algebraic  set  defined  by  the  prime 
ideal  (2/11,2/12,2/21,2/22)-  Taking  the  closure,  we  see  that  (2/11,2/12,2/21,2/22) 
is  actually  a component. 

(2)  3(771,(72)  such  that 


9iXg2  1 — 


This  case  occurs  if  and  only  if  A'  is  a rank  1 matrix,  and  furthermore,  Y 
is  killed  by  such  an  X if  and  only  if 


OOGG 


£112/11  + £122/21  = 0;  £112/12  + £122/22  = 0; 

£212/11  + £222/21  = 0;  £212/12  + £222/22  = 0. 

Fix  a rank  1 X,  such  non  zero  +’s  satisfying  the  above  equations  form  an 
irreducible  algebraic  set  for  the  following  reason(y  = 0 is  contained  the 
previous  case):  0 = g\Xg21g2Y  implies  that 


g2Y  = 


y'22 j 


With  a further  GL(2,  fc)-action  on  the  right  by  (73,  g2Y  can  be  brought 
into 


g2Yg3  1 = 


and  thus  such  F’s  form  an  irreducible  algebraic  set  isomorphic  to  the 
image  of  GL(2,  k)  under  this  action.  Finally,  notice  that  the  “rank  1” 
condition  for  A’s  forms  an  open  dense  subset  of  the  irreducible  algebraic 
set  det  X = £n£’22  — £i2£2i  = 0.  It  now  follows  that  all  the  five  equations 
define  an  irreducible  component  (£112/11 +£122/21,  £112/12 +£122/22,  £212/11  + 
£222/21,  £212/12  + £222/22,  £n£22  — £’i2£2i)  in  the  open  subset  of  the  space 
of  pairs  of  nonzero  matrices.  It  can  be  shown  that  the  pair  of  equations 
det  A = 0,  detF  = 0 cuts  Spec(I?)  in  an  irreducible  component  with  the 
above  locus  an  open  dense  subset. 

(3)  3(171,(72)  such  that  g\Xg2l  = 0,  or  equivalently,  X = 0.  Then  Y can  be 
arbitrary  and  this  component  is  thus  defined  by  (£11, £12, £21, £22)- 


Example  10.34.23.  For  another  example,  consider  R = fc[{f,j}"J=1]/a,  where  a 
is  the  ideal  generated  by  the  entries  of  the  product  matrix  T2  — T,  T = ( tij ).  From 
linear  algebra,  we  know  that  under  the  GL(n,  fc)-action  defined  by  g,T  1— > gTg~l , T 
is  classified  by  the  its  rank  and  each  T is  conjugate  to  some  diag(l, . . . , 1, 0, . . . , 0), 
which  has  r l’s  and  n — r 0’s.  Thus  each  orbit  of  such  a diag(l, . . . , 1,  0, . . . , 0)  under 
the  group  action  forms  an  irreducible  component  and  every  idempotent  matrix 
is  contained  in  one  such  orbit.  Next  we  will  show  that  any  two  different  orbits 
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are  necessarily  disjoint.  For  this  purpose  we  only  need  to  cook  up  polynomial 
functions  that  take  different  values  on  different  orbits.  In  characteristic  0 cases, 
such  a function  can  be  taken  to  be  f(Uj)  = trace(T)  = Y^=  i^*»-  positive 
characteristic  cases,  things  are  slightly  more  tricky  since  we  might  have  trace(T)  = 0 
even  if  T ^ 0.  For  instance,  char  = 3 


trace 


= 3 = 0 


Anyway,  these  components  can  be  separated  using  other  functions.  For  instance,  in 
the  characteristic  3 case,  tr(A3T)  takes  value  1 on  the  components  corresponding 
to  diag(  1, 1, 1)  and  0 on  other  components. 


10.35.  Finite  and  integral  ring  extensions 


00GH  Trivial  lemmas  concerning  finite  and  integral  ring  maps.  We  recall  the  definition. 
00GI  Definition  10.35.1.  Let  ip  : R — > S be  a ring  map. 

(1)  An  element  s £ S'  is  integral  over  R if  there  exists  a monic  polynomial 
P( x)  £ R[x\  such  that  Pv{s)  = 0,  where  Pv{x ) £ S[a;]  is  the  image  of  P 
under  ip  : P[x]  — >■  S[x]. 

(2)  The  ring  map  ip  is  integral  if  every  s £ S is  integral  over  R. 

0521  Lemma  10.35.2.  Let  tp  : R -A  S be  a ring  map.  Let  y £ S . If  there  exists  a finite 
R-submodule  M of  S such  that  1 £ M and  yM  C M,  then  y is  integral  over  R. 


00GK 


Proof.  Let  X\  = 1 £ M and  Xi  £ M,  i = 2 ,...,n  be  a finite  set  of  elements 
generating  M as  an  P-module.  Write  yXi  = Y T(aij)xj  for  some  a^-  £ R.  Let 
P(T)  £ R[T]  be  the  characteristic  polynomial  of  the  n x n matrix  A = (a^). 
By  Lemma  10.15.1  we  see  P(A)  = 0.  By  construction  the  map  7 r : Rn  — > M , 
(ai, . . . , an ) ha  "Yf  <p(ai)xi  commutes  with  A : Rn  — > Rn  and  multiplication  by  y.  In 
a formula  7 t(Av)  = yx(v).  Thus  P{y)  = P(y)-1  = P{y)-X\  = P(y)- 7r((l,  0, . . . , 0))  = 
tt(P(A)(1,0,...,0))=0.  ...  D 


Lemma  10.35.3.  A finite  ring  extension  is  integral. 

Proof.  Let  R — > S be  finite.  Let  y £ S.  Apply  Lemma  |10.35.2|  to  M = S to  see 
that  y is  integral  over  R.  □ 


00GM  Lemma  10.35.4.  Let  <p  : R — > S be  a ring  map.  Let  si, . . . , sn  be  a finite  set  of 
elements  of  S.  In  this  case  Si  is  integral  over  R for  all  i = 1, . . . , n if  and  only  if 
there  exists  an  R-subalgebra  S'  C S finite  over  R containing  all  of  the  Si . 


Proof.  If  each  ,s,  is  integral,  then  the  subalgebra  generated  by  ip(R)  and  the  Sj 
is  finite  over  R.  Namely,  if  S{  satisfies  a monic  equation  of  degree  di  over  P, 
then  this  subalgebra  is  generated  as  an  P-module  by  the  elements  s®1  . . . sfp  with 
0 < e<i  < d,  — 1 . Conversely,  suppose  given  a finite  P-subalgebra  S'  containing  all 
the  Si . Then  all  of  the  Sj  are  integral  by  Lemma [10. 35. 3|  □ 

02JJ  Lemma  10.35.5.  Let  R -A  S be  a ring  map.  The  following  are  equivalent 

(1)  P -A  S is  finite, 

(2)  P — ► S is  integral  and  of  finite  type,  and 

(3)  there  exist  aq, . . . , xn  £ S which  generate  S as  an  algebra  over  R such  that 
each  Xi  is  integral  over  R. 
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Proof.  Clear  from  Lemma Il0.35.4l  □ 

00GN  Lemma  10.35.6.  Suppose  that  R -A  S and  S -A  T are  integral  ring  maps.  Then 
R -A  T is  integral. 


Proof.  Let  t £ T.  Let  P(x)  £ S[a;]  be  a monic  polynomial  such  that  P(t)  = 0. 
Apply  Lemma  |10.35.4|  to  the  finite  set  of  coefficients  of  P.  Hence  t is  integral 
over  some  subalgebra  S'  C S finite  over  R.  Apply  Lemma  10.35.4  again  to  find 
a subalgebra  T'  C T finite  over  S'  and  containing  t.  Lemma  10.7.3  applied  to 
R -A  S'  -A  T'  shows  that  T'  is  finite  over  R.  The  integrality  of  t over  R now  follows 
from  Lemma TlO. 35. 31  □ 

00GO  Lemma  10.35.7.  Let  i? -A  S be  a ring  homomorphism.  The  set 

S'  = {s  £ S \ s is  integral  over  R} 

is  an  R-subalgebra  of  S. 

Proof.  This  is  clear  from  Lemmas  110.35.41  and  110.35.31  □ 


00GP  Definition  10.35.8.  Let  R — > S be  a ring  map.  The  ring  S'  C S of  elements 
integral  over  R , see  Lemma[l0.35.7[  is  called  the  integral  closure  of  R in  S.  If  R C S 
we  say  that  R is  integrally  closed  in  S if  R = S' . 


In  particular,  we  see  that  R — > S is  integral  if  and  only  if  the  integral  closure  of  R 
in  S is  all  of  S. 

0307  Lemma  10.35.9.  Integral  closure  commutes  with  localization:  If  A B is  a ring 
map,  and  S C A is  a multiplicative  subset,  then  the  integral  closure  of  S-1A  in 
S~XB  is  S~1BI,  where  B'  C B is  the  integral  closure  of  A in  B. 

Proof.  Since  localization  is  exact  we  see  that  S~1B'  C S~1B.  Suppose  x £ B' 
and  f £ S.  Then  xd  + Xa=i  d aiXd~l  = 0 in  B for  some  a*  £ A.  Hence  also 

( x/f)d  + J ] ai/fi(x/  f)d~i  = 0 

in  S~1B.  In  this  way  we  see  that  S~1B'  is  contained  in  the  integral  closure  of 
S'-1  A in  S'-1!?.  Conversely,  suppose  that  x/f£  S-1l?  is  integral  over  S-1A.  Then 
we  have 

Or//)d  + V (ai/fi){x/f)d-i  = 0 

z — Ji=l,...,d 

in  S-1!?  for  some  at  £ A and  /,;  £ S.  This  means  that 

(ffi  • ■ ■ fax)d  + £■  i . f\f'Yfl  • • ■ ft 1 ■ ■ • />i(/7i  • ■ ■ fdxf-1  = 0 

for  a suitable  f £ S.  Hence  ffi . . . fdX  £ B'  and  thus  x/f  £ S~1B'  as  desired.  □ 

034K  Lemma  10.35.10.  Let  ip  : R — > S be  a ring  map.  Let  x £ S . The  following  are 
equivalent: 

(1)  x is  integral  over  R,  and 

(2)  for  every  prime  ideal  p C R the  element  x £ Sp  is  integral  over  Rp . 

Proof.  It  is  clear  that  (1)  implies  (2).  Assume  (2).  Consider  the  i?-algebra  S'  C S 
generated  by  <p(R)  and  x.  Let  p be  a prime  ideal  of  R.  Then  we  know  that 
xd  + Xa=i  dT(ai)xd~l  = 0 in  Sp  for  some  at  £ Rp.  Hence  we  see,  by  looking 
at  which  denominators  occur,  that  for  some  / £ R,  f fL  p we  have  a,  £ Rf  and 
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xd  + Xa=i  d = 0 in  Sf.  This  implies  that  S'f  is  finite  over  Rf.  Since  p 

was  arbitrary  and  Spec(-R)  is  quasi-compact  (Lemma |10. 16. 10)  we  can  find  finitely 
many  elements  fi,  ■ . ■ , fn  £ R which  generate  the  unit  ideal  of  R such  that  Sf  is 
finite  over  Rf. . Hence  we  conclude  from  Lemma  10.23.2  that  S'  is  finite  over  R. 
Hence  x is  integral  over  R by  Lemma [10. 35. 4|  □ 


Lemma  10.35.11.  Let  R — > S and  R — > R'  be  ring  maps.  Set  S'  = R'  S. 

(1)  If  R — >■  S is  integral  so  is  R'  — » S' . 

(2)  If  R —>  S is  finite  so  is  R!  — ► S' . 


Proof.  We  prove  (1).  Let  st  £ S be  generators  for  S over  R.  Each  of  these  satisfies 
a monic  polynomial  equation  P2;  over  R.  Hence  the  elements  1 <S>  Si  £ S'  generate  S' 
over  R'  and  satisfy  the  corresponding  polynomial  P'  over  R' . Since  these  elements 
generate  S'  over  R'  we  see  that  S'  is  integral  over  R' . Proof  of  (2)  omitted.  □ 

02JL  Lemma  10.35.12.  Let  R — ► S be  a ring  map.  Let  f\ .... . fn  £ R generate  the 
unit  ideal. 

(1)  If  each  Rf.  — »•  Sft  is  integral,  so  is  R -A  S . 

(2)  If  each  Rji  — > Sft  is  finite,  so  is  R S. 

Proof.  Proof  of  (1).  Let  s £ S.  Consider  the  ideal  I C R[x]  of  polynomials  P such 
that  P(s)  = 0.  Let  J C R denote  the  ideal  (!)  of  leading  coefficients  of  elements 
of  /.  By  assumption  and  clearing  denominators  we  see  that  ffl  £ J for  all  i and 
certain  n,;  > 0.  Hence  J contains  1 and  we  see  s is  integral  over  R.  Proof  of  (2) 
omitted.  □ 


02JM  Lemma  10.35.13.  Let  A — ► B -A  C be  ring  maps. 

(1)  If  A -A  C is  integral  so  is  B -A  C . 

(2)  If  A -A  C is  finite  so  is  B -A  C. 


Proof.  Omitted. 


□ 


0308  Lemma  10.35.14.  Let  A -A  B — » C be  ring  maps.  Let  B'  be  the  integral  closure 
of  A in  B,  let  C be  the  integral  closure  of  B'  in  C.  Then  C'  is  the  integral  closure 
of  A in  C . 

Proof.  Omitted.  □ 

00GQ  Lemma  10.35.15.  Suppose  that  R — » S is  an  integral  ring  extension  with  R C S . 
Then  ip  : Spec (S)  Spec (R)  is  surjective. 


00GR 


Proof.  Let  p C R be  a prime  ideal.  We  have  to  show  pS'p  ^ Sp,  see  Lemma 


10.16.9  The  localization  Rp  — > Sp  is  injective  (as  localization  is  exact)  and  integral 
by  Lemma  10.35.9  or  10.35.11  Hence  we  may  replace  R,  S by  f?p,  Sp  and  we 


may  assume  R is  local  with  maximal  ideal  m and  it  suffices  to  show  that  mS  S. 
Suppose  1 = fiSi  with  /j  £ m and  s*  £ S in  order  to  get  a contradiction.  Let 
R C S'  C S be  such  that  R — »■  S'  is  finite  and  s*  £ S',  see  Lemma  |10. 35.4|  The 


equation  1 = ^ /,Sj  implies  that  the  finite  R- module  S'  satisfies  S'  = mS".  Hence 
by  Nakayama’s  Lemma  10.19.1  we  see  S'  = 0.  Contradiction.  □ 


Lemma  10.35.16.  Let  R be  a ring.  Let  K be  a field.  If  R C K and  K is  integral 
over  R,  then  R is  a field  and  K is  an  algebraic  extension.  If  R C K and  K is  finite 
over  R,  then  R is  a field  and  K is  a finite  algebraic  extension. 
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Proof.  Assume  that  R C K is  integral.  By  Lemma  10.35.15  we  see  that  Spec(R) 
has  1 point.  Since  clearly  R is  a domain  we  see  that  R = R(o)  is  a field  (Lemma 
10.24.1 1.  The  other  assertions  are  immediate  from  this.  □ 


Lemma  10.35.17.  Let  k be  a field.  Let  S be  a k-algebra  over  k. 

(1)  If  S is  a domain  and  finite  dimensional  over  k,  then  S is  a field. 

(2)  If  S is  integral  over  k and  a domain,  then  S is  a field. 

(3)  If  S is  integral  over  k then  every  prime  of  S is  a maximal  ideal  ( see  Lemma 


10.25.5  for  more  consequences). 


Proof.  The  statement  on  primes  follows  from  the  statement  “integral  + domain 
=>  field” . Let  S integral  over  k and  assume  S is  a domain,  Take  s £ S.  By  Lemma 


10.35.4  we  may  find  a finite  dimensional  /c-subalgebra  k C S1  C S containing  s. 
Hence  S'  is  a field  if  we  can  prove  the  first  statement.  Assume  S finite  dimensional 
over  k and  a domain.  Pick  s £ S.  Since  S is  a domain  the  multiplication  map 
s : S — > S is  surjective  by  dimension  reasons.  Hence  there  exists  an  element  si  £ S 
such  that  ssi  = 1.  So  S is  a held.  □ 


Lemma  10.35.18.  Suppose  R S is  integral.  Let  q,  q'  £ Spec(S)  be  distinct 
primes  having  the  same  image  in  Spec (R).  Then  neither  q C q'  nor  q'  C q. 


Proof.  Let  p C R be  the  image.  By  Remark  10.16.8  the  primes  q,  q'  correspond  to 
ideals  in  S «;(p).  Thus  the  lemma  follows  from  Lemma  10.35.17  □ 


Lemma  10.35.19.  Suppose  R —¥  S is  finite.  Then  the  fibres  of  Spec (S)  — ► 
Spec(R)  are  finite. 


Proof.  By  the  discussion  in  Remark  |10. 16. 8|  the  fibres  are  the  spectra  of  the  rings 
S(5>rk( p).  As  R — ► S is  finite,  these  fibre  rings  are  finite  over  n(p)  hence  Noetherian 
by  Lemma  10.30.1[  By  Lemma  10.35.18  every  prime  of  S®rk(p)  is  a minimal  prime. 
Hence  by  Lemma  |l0. 30. 6|  there  are  at  most  finitely  many.  □ 


Lemma  10.35.20.  Let  R — >■  S be  a ring  map  such  that  S is  integral  over  R.  Let 
p C p'  C R be  primes.  Let  q be  a prime  of  S mapping  to  p.  Then  there  exists  a 
prime  q'  with  q C q'  mapping  to  p'. 


Proof.  We  may  replace  R by  R/p  and  S by  S/q.  This  reduces  us  to  the  situation 
of  having  an  integral  extension  of  domains  R C S and  a prime  p'  C R.  By  Lemma 
IIP. 35.151  we  win.  □ 


The  property  expressed  in  the  lemma  above  is  called  the  “going  up  property”  for 
the  ring  map  R -A  S,  see  Definition  |10.40.1| 

Lemma  10.35.21.  Let  R -A  S be  a finite  and  finitely  presented  ring  map.  Let  M 
be  an  S-module.  Then  M is  finitely  presented  as  an  R-module  if  and  only  if  M is 
finitely  presented  as  an  S-module. 

Proof.  One  of  the  implications  follows  from  Lemma[l0.6.4|  To  see  the  other  assume 
that  M is  finitely  presented  as  an  S-module.  Pick  a presentation 

S®m  — > S®"  — > M — > 0 

As  S is  finite  as  an  R-module,  the  kernel  of  S®n  — > M is  a finite  R-module.  Thus 
from  Lemma  [10.5.3|  we  see  that  it  suffices  to  prove  that  S is  finitely  presented  as 
an  R-module. 
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Pick  i/i , ... . yn  £ S such  that  y\ , 


10.35.2  each  y,  is  integral  over  R. 


■ ■ ■ ,yn  generate  S as  an  f?-module.  By  Lemma 
Choose  mononic  polynomials  Pi(x)  £ R[x)  with 

■,Xn]/(Pi(x  i),  • • .,Pn(xn)) 


Pifa)  = 0.  Consider  the  ring 

S'  = R[x  i, 

Then  we  see  that  S is  of  finite  presentation  as  an  5"-algebra  by  Lemma  10.6.2 
Since  S'  — ► S is  surjective  we  see  that  S is  of  finite  presentation  as  an  S',-module 
(use  Lemma  10.6.3).  Hence,  arguing  as  in  the  first  paragraph,  it  suffices  to  show 
that  S'  is  of  finite  presentation  as  an  A.-module.  To  see  this  we  write  R S'  as 
the  composition 


R R[xi]/(Pi(xi))  ->  R[xi,  x2\/(Pi{x1),  P2(x2))  S’ 

of  ring  maps  of  the  form  R'  — ► R'[x\/(xd  + a\x d~~1  + . . . + ad)-  Again  arguing 
as  in  the  first  paragraph  of  the  proof  it  is  enough  to  show  that  the  ith  ring  in 
this  sequence  is  of  finite  presentation  as  a module  over  the  (*  — l)st  one.  This  is 
true  because  R'[x\/(xd  + a\X d_1  + . . . + ad)  is  free  as  a module  over  R'  with  basis 
1,  x, . . . , £d-1.  □ 


052J  Lemma  10.35.22.  Let  R be  a ring.  Letx,y  £ R be  nonzerodivisors.  Let  R[x/y]  C 
Rxy  be  the  R-subalgebra  generated  by  x/y,  and  similarly  for  the  subalgebras  R[y/x] 
and  R[x/y,  y/x].  If  R is  integrally  closed  in  Rx  or  Ry,  then  the  sequence 

0 — > R — — R[x/y\  ® R[y/x\  ^ ’ \ R[x/y,  y/x \ — > 0 
is  a short  exact  sequence  of  R-modules. 


Proof.  Since  x/y  ■ y/x  = 1 it  is  clear  that  the  map  R[x/y\  © R[y/x)  — > R[x/y,  y/x \ 
is  surjective.  Let  a £ R[x/y]  fl  R[y/x\.  To  show  exactness  in  the  middle  we  have 
to  prove  that  a £ R.  By  assumption  we  may  write 

a = a0  + a\x/y  + . . . + an(x/y)n  = b0  + h y/x  + . . . + bm(y/ x)m 

for  some  n,m>  0 and  ai,bj  £ R.  Pick  some  N > ma x(n,m).  Consider  the  finite 
l?-submodule  M of  Rxy  generated  by  the  elements 

(x/y)N,  {x/y)N^: . . . , x/y , 1, y/x, (y/x)N~l,  (y/ x)N 

We  claim  that  aM  C M.  Namely,  it  is  clear  that  ( x/y)l(bo  + b\y/x  + . . . + 
bm(y/x)m)  £ M for  0 < i < N and  that  (y/x)l(ao  + a\x/y  + . . . + an(x/y)n)  £ M 
for  0 < i < N.  Hence  a is  integral  over  R by  Lemma  [10. 35. 2[  Note  that  a £ Rx, 
so  if  R is  integrally  closed  in  Rx  then  a £ R as  desired.  □ 


10.36.  Normal  rings 

037B  We  first  introduce  the  notion  of  a normal  domain,  and  then  we  introduce  the  (very 
general)  notion  of  a normal  ring. 

0309  Definition  10.36.1.  A domain  R is  called  normal  if  it  is  integrally  closed  in  its 
field  of  fractions. 

034L  Lemma  10.36.2.  Let  R — » S be  a ring  map.  If  S is  a normal  domain,  then  the 
integral  closure  of  R in  S is  a normal  domain. 


Proof.  Omitted. 

The  following  notion  is  occasionally  useful  when  studying  normality. 


□ 
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Definition  10.36.3.  Let  R be  a domain. 

(1)  An  element  g of  the  fraction  field  of  R is  called  almost  integral  over  R if 
there  exists  an  element  r G R,  r ^ 0 such  that  rgn  G R for  all  n > 0. 

(2)  The  domain  R is  called  completely  normal  if  every  almost  integral  element 
of  the  fraction  field  of  R is  contained  in  R. 


The  following  lemma  shows  that  a Noetherian  domain  is  normal  if  and  only  if  it  is 
completely  normal. 

Lemma  10.36.4.  Let  R be  a domain  with  fraction  field  K.  Ifu,v  G K are  almost 
integral  over  R,  then  so  are  u + v and  uv.  Any  element  g G K which  is  integral  over 
R is  almost  integral  over  R.  If  R is  Noetherian  then  the  converse  holds  as  well. 


Proof.  If  run  G R for  all  n > 0 and  vnr'  G R for  all  n > 0,  then  ( uv)nrr ' and 
(u  + v)nrr'  are  in  R for  all  n > 0.  Hence  the  first  assertion.  Suppose  g G K 
is  integral  over  R.  In  this  case  there  exists  an  d > 0 such  that  the  ring  R[g]  is 
generated  by  1,  g, . . . , gd  as  an  f?-module.  Let  r G R be  a common  denominator  of 
the  elements  1 ,g,...,gd  G I\.  It  is  follows  that  rR[g]  C R , and  hence  g is  almost 
integral  over  R. 


Suppose  R is  Noetherian  and  g G K is  almost  integral  over  R.  Let  r G R,  r ^ 0 be 
as  in  the  definition.  Then  R[g\  C -R  as  an  .R-module.  Since  R is  Noetherian  this 
implies  that  R[g\  is  finite  over  R.  Hence  g is  integral  over  R , see  Lemma  10.35.3  □ 

Lemma  10.36.5.  Any  localization  of  a normal  domain  is  normal. 


Proof.  Let  R be  a normal  domain,  and  let  S C R be  a multiplicative  subset. 
Suppose  g is  an  element  of  the  fraction  field  of  R which  is  integral  over  S~1R. 
Let  P = xd  + Y^j<dajx'’  be  a polynomial  with  at  £ S_1R  such  that  P(g)  = 0. 
Choose  s G S such  that  sat  G R for  all  i.  Then  sg  satisfies  the  monic  polynomial 
xd  + J2J<d  sd~^ajx^  which  has  coefficients  sd~^aj  in  R.  Hence  sg  G R because  R 
is  normal.  Hence  g G S~1R.  □ 


Lemma  10.36.6.  A principal  ideal  domain  is  normal. 

Proof.  Let  R be  a principal  ideal  domain.  Let  g = a/b  be  an  element  of  the 
fraction  field  of  R integral  over  R.  Because  R is  a principal  ideal  domain  we  may 
divide  out  a common  factor  of  a and  b and  assume  (a,  b ) = R.  In  this  case,  any 
equation  ( a/b)n  + rn-i(a/b)n~1  + . . . + r0  = 0 with  n G R would  imply  an  G (5). 
This  contradicts  (a,  b)  = R unless  b is  a unit  in  R.  □ 


Lemma  10.36.7.  Let  R be  a domain  with  fraction  field  K . Suppose  f = ^ aiX1 
is  an  element  of  K[x\. 

(1)  If  f is  integral  over  R[x]  then  all  oti  are  integral  over  R,  and 

(2)  If  f is  almost  integral  over  J2[a;]  then  all  on  are  almost  integral  over  R. 


Proof.  We  first  prove  the  second  statement.  Write  f = a o + ot\x  + . . . + arxr  with 
ar  ^ 0.  By  assumption  there  exists  h = b0  + b\X  + . . . + bsxs  G l?[x],  bs  / 0 such 
that  fnh  G i?[x]  for  all  n > 0.  This  implies  that  G R for  all  n > 0.  Hence  ar 
is  almost  integral  over  R.  Since  the  set  of  almost  integral  elements  form  a subring 
(Lemma  10.36.4)  we  deduce  that  / — arxr  = a$  + a^x  + . . . + ar_ixr~1  is  almost 
integral  over  _R[x].  By  induction  on  r we  win. 
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In  order  to  prove  the  first  statement  we  will  use  absolute  Noetherian  reduction. 
Namely,  write  a*  = ai/bi  and  let  P(t)  = td  + fjP  be  a polynomial  with 
coefficients  fj  £ R[x]  such  that  P(f)  = 0.  Let  fj  = Consider  the  subring 

Ro  C R generated  by  the  finite  list  of  elements  of  R.  It  is  a domain;  let 

Kq  be  its  field  of  fractions.  Since  Rq  is  a finite  type  Z-algebra  it  is  Noetherian,  see 


Lemma  10.30.3  It  is  still  the  case  that  / G AT0[a;]  is  integral  over  _Ro[x],  because 
all  the  identities  in  R among  the  elements  ai,bi,fji  also  hold  in  Rq.  By  Lemma 


10.36.4  the  element  / is  almost  integral  over  i?o[a:].  By  the  second  statement  of  the 


lemma,  the  elements  ai  are  almost  integral  over  Rq.  And  since  Rq  is  Noetherian, 
they  are  integral  over  Rq,  see  Lemma  |l0.36.4|  Of  course,  then  they  are  integral 
over  R.  □ 

Lemma  10.36.8.  Let  R be  a normal  domain.  Then  ??[x]  is  a normal  domain. 

Proof.  The  result  is  true  if  I?  is  a field  K because  K\x\  is  a euclidean  domain  and 


hence  a principal  ideal  domain  and  hence  normal  by  Lemma  10.36.6  Let  g be  an 
element  of  the  fraction  field  of  ??[x]  which  is  integral  over  _R[x].  Because  g is  integral 
over  K[x\  where  K is  the  fraction  field  of  R we  may  write  g = adXd  + ad- \Xd~l  + 
. . . + o0  with  Oj  G K.  By  Lemma |10. 36. 7|  the  elements  are  integral  over  R and 
hence  are  in  R.  □ 

Lemma  10.36.9.  Let  R be  a Noetherian  normal  domain.  Then  f?[[x]]  is  a Noe- 
therian normal  domain. 


Proof.  The  power  series  ring  is  Noetherian  by  Lemma  10.30.2[  Let  f,g£  i?[[x]]  be 
nonzero  elements  such  that  w = f /g  is  integral  over  ??[[x]].  Let  K be  the  fraction 
field  of  R.  Since  the  ring  of  Laurent  series  K{{x))  = AT[[x]][l/x]  is  a field,  we  can 
write  w = anxn  + a„+ \Xn+1  + . . .)  for  some  n G Z,  aj  G K , and  an  ^ 0.  By  Lemma 
we  see  there  exists  a nonzero  element  h = bmxm  + bm+ \Xm+1  + . . . in  f?[[x]] 


10.36.4 


with  bm  yf  0 such  that  weh  G l?[[x]]  for  all  e > 1.  We  conclude  that  n > 0 and  that 
bmCLn  G R for  all  e > 1.  Since  R is  Noetherian  this  implies  that  an  G R by  the  same 
lemma.  Now,  if  an,  an+ 1, . . . , aw-i  G R,  then  we  can  apply  the  same  argument  to 
N~1  = onXN  + . . ..  In  this  way  we  see  that  all  at  G R and 

□ 


w — anx  — ...  — aN-iX 
the  lemma  is  proved. 


Lemma  10.36.10.  Let  R be  a domain.  The  following  are  equivalent: 

(1)  The  domain  R is  a normal  domain, 

(2)  for  every  prime  p C R the  local  ring  Rp  is  a normal  domain,  and 

(3)  for  every  maximal  ideal  m the  ring  Rm  is  a normal  domain. 

Proof.  This  follows  easily  from  the  fact  that  for  any  domain  R we  have 

R = r\  Rm 

1 'm 

inside  the  fraction  field  of  R.  Namely,  if  g is  an  element  of  the  right  hand  side  then 
the  ideal  I = {x  £ R \ xg  £ A.}  is  not  contained  in  any  maximal  ideal  m,  whence 
I = R.  □ 


Lemma  |10.36.10]  shows  that  the  following  definition  is  compatible  with  Definition 
10.36.1  (It  is  the  definition  from  EGA  - see  |DG67[  IV,  5.13.5  and  0,  4.1.4].) 


Definition  10.36.11.  A ring  R is  called  normal  if  for  every  prime  pel?  the 


localization  R„  is  a normal  domain  (see  Definition  10.36.1). 
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Note  that  a normal  ring  is  a reduced  ring,  as  R is  a subring  of  the  product  of  its 
localizations  at  all  primes  (see  for  example  Lemma  10.23.1 1. 

Lemma  10.36.12.  A normal  ring  is  integrally  closed  in  its  total  ring  of  fractions. 


Proof.  Let  R be  a normal  ring.  Let  x £ Q(R)  be  an  element  of  the  total  ring  of 
fractions  of  R integral  over  R.  Set  I = {/  £ R,fx  £ R}.  Let  p C R be  a prime. 
As  R C Rp  is  flat  we  see  that  Rv  C Q(R)  <g>  Rp.  As  Rp  is  a normal  domain  we 
see  that  x (g>  1 is  an  element  of  Rp.  Hence  we  can  find  a,  f £ R,  f p such  that 
x <S>  1 = a (g)  1//.  This  means  that  fx  — a maps  to  zero  in  Q(R)  <S>r  Rp  = Q(R)P, 
which  in  turn  means  that  there  exists  an  f £ R,  f £ p such  that  f fx  = fa  in 
R.  In  other  words,  //'  £ I.  Thus  I is  an  ideal  which  isn’t  contained  in  any  of  the 
prime  ideals  of  R,  i.e.,  I = R and  x £ R.  □ 


Lemma  10.36.13.  A localization  of  a normal  ring  is  a normal  ring. 

Proof.  Omitted. 


□ 


Lemma  10.36.14.  Let  R be  a normal  ring.  Then  i?[x]  is  a normal  ring. 

Proof.  Let  q be  a prime  of  R[x].  Set  p = R 0 q.  Then  we  see  that  f?p[a:]  is  a 
normal  domain  by  Lemma  10.36.8j  Hence  (R.[x])q  is  a normal  domain  by  Lemma 
110.36.51  ' " □ 

Lemma  10.36.15.  Let  R be  a ring.  Assume  R is  reduced  and  has  finitely  many 
minimal  primes.  Then  the  following  are  equivalent: 

(1)  R is  a normal  ring , 

(2)  R is  integrally  closed  in  its  total  ring  of  fractions,  and 

(3)  R is  a finite  product  of  normal  domains. 


Proof.  Let  qi, . . . , qt  be  the  minimal  primes  of  R.  By  Lemmas |10. 24. 2| and |10.24.4| 
we  have  Q(R)  = Rqi  x ...  x Rqt,  and  by  Lemma  10.24.1  each  factor  is  a field. 
Denote  e*  = (0, . . . , 0, 1, 0, . . . , 0)  the  ith  idempotent  of  Q(R). 

If  R is  integrally  closed  in  Q(R),  then  it  contains  in  particular  the  idempotents  e*, 
and  we  see  that  R is  a product  of  t domains  (see  Sections  10.21  and  10.22).  Hence 
it  is  clear  that  R is  a finite  product  of  normal  domains. 


If  R is  normal,  then  it  is  clear  that  et  £ Rp  for  every  prime  ideal  p of  R.  Hence  we 
see  that  R contains  the  elements  (see  proof  of  Lemma  10.36.10).  We  conclude 
that  R is  a product  of  t domains  as  before.  Each  of  these  t domains  is  normal  by 
Lemma  |l0. 36. 10|  and  the  assumption  that  R is  a normal  ring.  Hence  it  follows  that 
R is  a finite  product  of  normal  domains. 


We  omit  the  verification  that  (3)  implies  (1)  and  (2). 


□ 


Lemma  10.36.16.  Let  (Ri,tpu')  be  a directed  system  (Categories,  Definition 
10.8.2)  of  rings.  If  each  Ri  is  a normal  ring  so  is  R = colim.j  i?j. 


Proof.  Let  p C R be  a prime  ideal.  Set  pi  = i?iflp  (usual  abuse  of  notation).  Then 
we  see  that  Rp  = colimi(i?i)Pi.  Since  each  (Ri)Pi  is  a normal  domain  we  reduce 
to  proving  the  statement  of  the  lemma  for  normal  domains.  If  a,b  £ R and  a/b 
satisfies  a monic  polynomial  P(T)  £ R[T],  then  we  can  find  a (sufficiently  large) 
i £ I such  that  a,b,P  all  come  from  objects  ai,bi,Pi  over  Ri.  Since  Ri  is  normal 
we  see  ai/bi  £ Ri  and  hence  also  a/b  £ R.  □ 
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10.37.  Going  down  for  integral  over  normal 

037E  We  first  play  around  a little  bit  with  the  notion  of  elements  integral  over  an  ideal, 
and  then  we  prove  the  theorem  referred  to  in  the  section  title. 

00H2  Definition  10.37.1.  Let  p : R — > S be  a ring  map.  Let  I C R be  an  ideal. 
We  say  an  element  g £ S is  integral  over  I if  there  exists  a monic  polynomial 
P = xd  + J2j<d  ajx' 7 coefficients  aj  £ Id~i  such  that  Pv{g)  = 0 in  S. 

This  is  mostly  used  when  p = id^  : R — > R.  In  this  case  the  set  I'  of  elements 
integral  over  I is  called  the  integral  closure  of  I.  We  will  see  that  I'  is  an  ideal  of 
R (and  of  course  I C I'). 

00H3  Lemma  10.37.2.  Let  p \ R —¥  S be  a ring  map.  Let  I C R be  an  ideal.  Let 
A = Intn  C R[t]  be  the  subring  of  the  polynomial  ring  generated  by  R®It  C R[t\. 
An  element  s £ S is  integral  over  I if  and  only  if  the  element  st  £ S[t]  is  integral 
over  A. 

Proof.  Suppose  st  is  integral  over  A.  Let  P = xd  + Y^j<daix^  a monic  poly- 
nomial with  coefficients  in  A such  that  Ptp{st ) = 0.  Let  a'  £ A be  the  degree  d — j 
part  of  a,,  in  other  words  a'  = d"fd_J  with  a”  £ Id~T  For  degree  reasons  we  still 
have  ( st)d  + p(a”)td~i  (sty  = 0.  Hence  we  see  that  s is  integral  over  I. 

Suppose  that  s is  integral  over  I.  Say  P = xd  + J2j<dajx^  with  a.j  £ Id~i . The 
we  immediately  find  a polynomial  Q = xd  + Y^j<diaj^d~:i)x^  with  coefficients  in  A 
which  proves  that  st  is  integral  over  A.  □ 


00H4  Lemma  10.37.3.  Let  p : R -A  S be  a ring  map.  Let  I C R be  an  ideal.  The  set 
of  elements  of  S which  are  integral  over  I form  a R-submodule  of  S . Furthermore, 
if  s £ S is  integral  over  R,  and  s'  is  integral  over  I,  then  ss'  is  integral  over  I. 


Proof.  Closure  under  addition  is  clear  from  the  characterization  of  LemmaflO.37.21 
Any  element  s £ S which  is  integral  over  R corresponds  to  the  degree  0 element  s 
of  S[x]  which  is  integral  over  A (because  R C A).  Hence  we  see  that  multiplication 
by  s on  S' [a;]  preserves  the  property  of  being  integral  over  A,  by  Lemma  10.35.7  □ 


00H5  Lemma  10.37.4.  Suppose  p : R — > S is  integral.  Suppose  I C R is  an  ideal. 
Then  every  element  of  IS  is  integral  over  I. 


Proof.  Immediate  from  Lemma TlO. 37.31 


□ 


00H6  Lemma  10.37.5.  Let  R be  a domain  with  field  of  fractions  K.  Let  n,m  £ N and 
a o, . . . , an-i,  bo,  • ■ ■ , bm- 1 £ R.  If  the  polynomial  xn  + an-ixn~1  + . . . + a o divides 
the  polynomial  xm  + 6m_ ix"1^1  + . . . + bo  in  K[x\  then 

(1)  ao, ... , an-\  are  integral  over  the  subihng  of  R generated  by  bo, ... , bm- 
and 

(2)  each  at  lies  in  i J (bo, . . . , bm). 

Proof.  Let  K D R be  the  fraction  field  of  R.  Let  L D K be  a held  extension  such 
that  we  can  write  xm  + bm- ixm_1  + . . . + b0  = 111=1  (x  ~ A)  with  A G L.  Each  /3j  is 
integral  over  the  subring  generated  by  60, . . . , 5m_i.  Since  each  a*  is  a homogeneous 
polynomial  in  /3i, ... , f3m  we  deduce  the  same  for  the  a j. 
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00H7 


00H8 


00H9 


Choose  Co, , Cm-n-i  £ K such  that 

Xm  + + ...+bo  = 

(xn  + an-\Xn  1 + . . . + ao)(a?m  " + crn-n-\Xm  n 1 + ...  + co). 


By  the  first  part  we  see  that  the  elements  Cj  are  integral  over  R.  Let  R'  be  the  sub 
A-algebra  of  K generated  by  cq,  . . . , By  Lemmas  |10.35.15|  and  |10.29)3 


we 


see  that  R n \J (b0, . . . , bm)R'  = \J (b0, . . . , bm).  Thus  we  may  replace  R by  R'  and 
assume  c»  £ R.  Dividing  out  the  radical  yj (bo, . . . , bm)  we  get  a reduced  ring  R. 
We  have  to  show  that  the  images  of  £ R are  zero.  And  in  R[x]  we  have  the  relation 


(. xn  + 


Cln—1% 


= xm  + bm_  1xm~1  + ...  + b 0 = 

y.m—n—  1 


a0)(a 


' Cm—n—1% 


Co). 


It  is  easy  to  see  that  this  implies  a,  = 0 for  all  i.  For  example  one  can  see  this  by 
localizing  at  all  the  minimal  primes,  see  Lemma  [10.24. 2|  □ 

Lemma  10.37.6.  Let  R C S be  an  inclusion  of  domains.  Assume  R is  normal. 
Let  g £ S be  integral  over  R.  Then  the  minimal  polynomial  of  g has  coefficients  in 
R. 


Proof.  Let  P = xm  + bm- \Xm  1 + . . . + bo  be  a polynomial  with  coefficients  in  R 
such  that  P(g)  = 0.  Let  Q = xn  + an- iX71-1  + . . . + ao  be  the  minimal  polynomial 


we  see  the  Oj  are  integral  over  R.  Since  R is  normal  this  means  they  are  in  R.  □ 


for  g over  the  fraction  field  K of  R.  Then  Q divides  P in  K[x\.  By  Lemma  10.37.5 


Proposition  10.37.7.  Let  R C S be  an  inclusion  of  domains.  Assume  R is 
normal  and  S integral  over  R.  Let  p C p1  C R be  primes.  Let  of  be  a prime  of  S 
with  p7  = R n q'.  Then  there  exists  a prime  q with  q C q'  such  that  p = R n q.  In 
other  words:  the  going  down  property  holds  for  R -A  S,  see  Definition \10.40.1 


Proof.  Let  p,  p'  and  q'  be  as  in  the  statement.  We  have  to  show  there  is  a prime  q, 
q C q'  such  that  RC\  q = p.  This  is  the  same  as  finding  a prime  of  S q/  mapping  to  p. 
According  to  Lemma  10.16.9  we  have  to  show  that  p5q/  HR  = p.  Pick  z £ pS),/  HR. 
We  may  write  z = y/ g with  y £ pS  and  g £ S,  g ^ q'.  Written  differently  we  have 
zg  = y. 

By  Lemma  10.37.4  there  exists  a monic  polynomial  P = xm  + bm- iirm-1  + . . . + &o 
with  bi  £ p such  that  P{y)  = 0. 


By  Lemma|l0.37.6|the  minimal  polynomial  of  g over  K has  coefficients  in  R.  Write 
it  as  Q = xn  + an_ ixn~l  + . . . + a0-  Note  that  not  all  a*,  i = n — 1, . . . , 0 are  in  p 
since  that  would  imply  gn  = ff2j<n  ct^g^  £ pS  C p'S  C q'  which  is  a contradiction. 


Since  y = zg  we  see  immediately  from  the  above  that  Qf  = xn  + zan- ix71"1  + 
. . . + zna n is  the  minimal  polynomial  for  y.  Hence  Q'  divides  P and  by  Lemma 
10.37.5  we  see  that  £ yj  (b0, . . . , bm_  1)  c p,  j = 1 ,n.  Because  not  all 

ai,  i = n — 1, . . . , 0 are  in  p we  conclude  z £ p as  desired.  □ 


10.38.  Flat  modules  and  flat  ring  maps 

One  often  used  result  is  that  if  M = colim.jgx  Mi  is  a colimit  of  i?-modules  and  if 
N is  an  A-module  then 


M ig)  IV  = colinijgx  Mi  N, 
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see  Lemma [10.11.9|  This  property  is  usually  expressed  by  saying  that  © commutes 
with  colimits.  Another  often  used  result  is  that  if  0 -A  N3  — > N2  — > N3  — >•  0 is  an 
exact  sequence  and  if  M is  any  R-module,  then 

AI  ©^  N\  — t AL  ©^  N2  — y M &)R  -IV3  — t 0 

is  still  exact,  see  Lemma [l0.11.10|  Both  of  these  properties  tell  us  that  the  functor 
N fa  M ®R  N is  right  exact.  See  Categories,  Section  |4.23|  and  Homology,  Section 
|12.7|  An  R-module  M is  flat  if  iV”  1 — >■  TV  ©j?  M is  also  left  exact,  i.e.,  if  it  is  exact. 
Here  is  the  precise  definition. 

OOHB  Definition  10.38.1.  Let  R be  a ring. 

(1)  An  R-module  M is  called  flat  if  whenever  N3  — ► N2  — > N3  is  an  exact 
sequence  of  R-modules  the  sequence  M ®R  Ni  -A  M ®R  N2  -A  M ®R  N3 
is  exact  as  well. 

(2)  An  R-module  M is  called  faithfully  flat  if  the  complex  of  R-modules  Ni  — t 
N2  -a  N3  is  exact  if  and  only  if  the  sequence  M ®R  N\  -A  M N2  — >• 
M N3  is  exact. 

(3)  A ring  map  R — > S is  called  flat  if  S is  flat  as  an  f?-module. 

(4)  A ring  map  R -A-  S is  called  faithfully  flat  if  S is  faithfully  flat  as  an 
l?-module. 


Here  is  an  example  of  how  you  can  use  the  flatness  condition. 

OBBY  Lemma  10.38.2.  Let  R be  a ring.  Let  I,J  C R be  ideals.  Let  M be  a flat 
R-module.  Then  IM  n JM  = (/  n J)M . 

Proof.  Consider  the  exact  sequence  0-A/nJ— } R—t  R/I®R/  J.  Tensoring  with 
the  flat  module  M we  obtain  an  exact  sequence 

0 -)•  (/  C J)  ®R  M -)•  M ->  M/IM  © M/JM 
Since  the  kernel  of  M -A  M/IM  © M/JM  is  equal  to  IM  C\  JM  we  conclude.  □ 

05UT  Lemma  10.38.3.  Let  R be  a ring.  Let  { Mi,tpai } be  a directed  system  of  flat 
R-modules.  Then  colim;  Afl  is  a flat  R-module. 


Proof.  This  follows  as  © commutes  with  colimits  and  because  directed  colimits 
are  exact,  see  Lemma [10.8. 9|  □ 

OOHC  Lemma  10.38.4.  A composition  of  (faithfully)  flat  ring  maps  is  (faithfully)  flat. 

If  R —¥  R'  is  (faithfully)  flat , and  M'  is  a (faithfully)  flat  R' -module,  then  M'  is  a 
(faithfully)  flat  R-module. 


Proof.  The  first  statement  of  the  lemma  is  a particular  case  of  the  second,  so  it  is 
clearly  enough  to  prove  the  latter.  Let  R — > R'  be  a flat  ring  map,  and  M'  a flat  R'~ 
module.  We  need  to  prove  that  M'  is  a flat  .R-module.  Let  N\  — y N2  -A  N3  be  an 
exact  complex  of  R-modules.  Then,  the  complex  R'®rNi  -a  R'®rN2  -a  R'®rN3 
is  exact  (since  R'  is  flat  as  an  R-module),  and  so  the  complex  M' © R>  (R'  N\)  -A 

M'  ®R:  (R'  ©fl  N2)  -a  M'  ©fi/  (R'  ©fl  N3)  is  exact  (since  M'  is  a flat  R'-module). 
Since  M'  ®R>  (R1  ©^  N)  = (M'  ®R*  R!)  ®R  N = M'  ®R  N for  any  R-module  N 
functorially  (by  Lemmas  |10.11.7|  and  |10.11.3[),  this  complex  is  isomorphic  to  the 
complex  M’  ®R  N\  — > M'  ©/{  N2  -A  M'  ®R  N3l  which  is  therefore  also  exact.  This 
shows  that  M'  is  a flat  R-module.  Tracing  this  argument  backwards,  we  can  show 
that  if  R — >•  R!  is  faithfully  flat,  and  if  M'  is  faithfully  flat  as  an  R'-module,  then 
M'  is  faithfully  flat  as  an  R-module.  □ 
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Lemma  10.38.5.  Let  M be  an  R-module.  The  following  are  equivalent: 

(1)  M is  flat  over  R. 

(2)  for  every  injection  of  R-modules  TV  C TV'  the  map  TV  ®R  M — ► TV'  M 

is  injective. 

(3)  for  every  ideal  I C R the  map  I ®R  M -A  R ®R  M = Ad  is  injective. 

(4)  for  every  finitely  generated  ideal  I C R the  map  I ®rM  — > R®r  Ad  = Ad 
is  injective. 


Proof.  The  implications  (jT])  implies  ([2])  implies  ([3])  implies  Q are  all  trivial.  Thus 
we  prove  Q implies  |l]).  Suppose  that  N\  — > TV2  — > TV3  is  exact.  Let  K = 
Ker(TV2  — » IV3)  and  Q = Im(TV2  — > TV3).  Then  we  get  maps 


N\  &)r  Ad  — y A &)r  Ad  — ^ IV2  ®r  Ad  — y (f  &)R  Ad  — ^ TV3  ®r  Ad 


Observe  that  the  first  and  third  arrows  are  surjective.  Thus  if  we  show  that  the 
second  and  fourth  arrows  are  injective,  then  we  are  done[^]  Hence  it  suffices  to  show 
that  — (Sir  Ad  transforms  injective  R-module  maps  into  injective  R-module  maps. 

Assume  K — >•  TV  is  an  injective  R-module  map  and  let  x £ Ker (K®rM  — > N®RAd). 
We  have  to  show  that  x is  zero.  The  R-module  AT  is  the  union  of  its  finite  R- 
submodules;  hence,  KcSipAd  is  the  colimit  of  .R-modules  of  the  form  Ki®RAd  where 
I\i  runs  over  all  finite  R-submodules  of  K (because  tensor  product  commutes  with 
colimits).  Thus,  for  some  i our  x comes  from  an  element  Xi  £ if)  ®R  Ad.  Thus  we 
may  assume  that  I\  is  a finite  R-module.  Assume  this.  We  regard  the  injection 
AT  — )•  TV  as  an  inclusion,  so  that  K C TV. 


The  R-module  TV  is  the  union  of  its  finite  R-submodules  that  contain  K.  Hence, 
TV  Ad  is  the  colimit  of  R-modules  of  the  form  A)  ®R  Ad  where  N%  runs  over 
all  finite  R-submodules  of  TV  that  contain  K (again  since  tensor  product  commutes 
with  colimits).  Notice  that  this  is  a colimit  over  a directed  system  (since  the  sum  of 
two  finite  submodules  of  TV  is  again  finite).  Hence,  (by  Lemma[l0.8.5 ) the  element 
x £ K ®R  Ad  maps  to  zero  in  at  least  one  of  these  R-modules  Nt  ®R  Ad  (since  x 
maps  to  zero  in  TV  <S>R  Ad).  Thus  we  may  assume  TV  is  a finite  R-module. 


Assume  TV  is  a finite  R-module.  Write  TV  = R®n/L  and  K = L' /L  for  some 
L C L'  C R®71.  For  any  R-submodule  G C R®n,  we  have  a canonical  map  G ®R 
Ad  — ► Ad®n  obtained  by  composing  G ®R  Ad  -4  Rn  ®R  Ad  = Ad®n.  It  suffices  to 
prove  that  L ®R  Ad  -A  Ad®n  and  L'  ®R  Ad  -4  Ad®n  are  injective.  Namely,  if  so, 
then  we  see  that  K ®R  Ad  = L'  ®R  Ad/L  (&R  Ad  — > Ad®n/L  ®R  Ad  is  injective  toc0 

Thus  it  suffices  to  show  that  L ®R  Ad  — > Ad®n  is  injective  when  L C R®ra  is  an 
R-submodule.  We  do  this  by  induction  on  n.  The  base  case  n = 1 we  handle  below. 


2Here  is  the  argument  in  more  detail:  Assume  that  we  know  that  the  second  and  fourth  ar- 
rows are  injective.  Lemma|l0.11.10|  (applied  to  the  exact  sequence  K -4  N2  — » Q — > 0)  yields  that 
the  sequence  K®rM  -4  N2  (g  it  M -4  Q®rM  — ¥ 0 is  exact.  Hence,  Ker  (JV2  (gift  M —¥  Q g p M)  = 
Im  ( K (gift  M — » IVjj  (gift  M).  Since  Im  ( K (gift  M -4  N2  <8ir  M)  = Im  (N\  (gift  M -4  N2  (gift  M) 
(due  to  the  surjectivity  of  Ni  (gift  M -4  K ®r  M)  and  Ker  (IV2  (gift  M -4  Q (g )r  M ) = 
Ker  (iV2  ®r  M — > N3  (g)jj  M)  (due  to  the  injectivity  of  Q (g) r M -4  AL  /,.  M),  this  be- 
comes Ker  ( AA  <g) M -4  JV3  ®r  M)  = Im  (Ni  (gift  M -4  AA  (gift  M),  which  shows  that  the  functor 
— (gift  M is  exact,  whence  M is  flat. 

:iThis  becomes  obvious  if  we  identify  L'  (gift  M and  L (gift  M with  submodules  of  M®n  (which 
is  legitimate  since  the  maps  L (gift  M -4  M®n  and  L'  (gift  M -4  M®n  are  injective  and  commute 
with  the  obvious  map  L'  (gift  M -4  L (gift  M). 
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For  the  induction  step  assume  n > 1 and  set  L'  = £ni?®0®n  1 . Then  L"  = L/L' 
is  a submodule  of  f?®”-1.  We  obtain  a diagram 

L'  ®R  M s-  L g )R  M L"  ®rM >■  0 

Y V 

0 >■  M >■  M®n >■  M®”-1 0 

By  induction  hypothesis  and  the  base  case  the  left  and  right  vertical  arrows  are 
injective.  The  rows  are  exact.  It  follows  that  the  middle  vertical  arrow  is  injective 
too. 


The  base  case  of  the  induction  above  is  when  L C R is  an  ideal.  In  other  words, 
we  have  to  show  that  I g#  M —>  M is  injective  for  any  ideal  I of  R.  We  know 
this  is  true  when  I is  finitely  generated.  However,  / = (J  Ia  is  the  union  of  the 
finitely  generated  ideals  Ia  contained  in  it.  In  other  words,  I = colim/Q.  Since 
g commutes  with  colimits  we  see  that  I <2)r  M = colirn  Ia  <g>R  M and  since  all 
the  morphisms  Ia®R  M -A  M are  injective  by  assumption,  the  same  is  true  for 
I tgiR  M -a  M.  □ 


05UU  Lemma  10.38.6.  Let  {Ri:ipi. ;/}  be  a system  of  rings  over  the  directed  partially 
ordered  set  I . Let  R = colinp  Ri.  Let  M be  an  R-module  such  that  M is  flat  as  an 
Ri-module  for  all  i.  Then  M is  flat  as  an  R-module. 

Proof.  Let  a C R be  a finitely  generated  ideal.  By  Lemma  |10.38.5|  it  suffices 
to  show  that  a M — >•  M is  injective.  We  can  find  an  i £ I and  a finitely 
generated  ideal  a'  C Ri  such  that  a = a'R.  Then  a = colim^;  a! R^ . Hence  the 
map  a ®r  M —$■  M is  the  colimit  of  the  maps 

a'Ri>  ®R.,  M — » M 

which  are  all  injective  by  assumption.  Since  g commutes  with  colimits  and  since 
colimits  over  I are  exact  by  Lemma [10.8. 9|  we  win.  □ 

00HI  Lemma  10.38.7.  Suppose  that  M is  flat  over  R,  and  that  R — > R'  is  a ring  map. 
Then  M g^  R'  is  flat  over  R' . 

Proof.  For  any  l?'-module  N we  have  a canonical  isomorphism  N g ri  (R'  <S>rM)  = 
N gij  M.  Hence  the  exactness  of  — g ri  ( R ' g r M ) follows  from  the  exactness  of 
- g rM.  □ 


OOHJ  Lemma  10.38.8.  Let  R — » R'  be  a faithfully  flat  ring  map.  Let  M be  a module 
over  R,  and  set  M'  = R!  g r M . Then  M is  flat  over  R if  and  only  if  M'  is  flat 
over  R' . 


Proof.  By  Lemma  10.38.7  we  see  that  if  M is  flat  then  M'  is  flat.  For  the  converse, 
suppose  that  M'  is  flat.  Let  N\  — \ — > N$  be  an  exact  sequence  of  f?-modules. 

We  want  to  show  that  Af  ®r  M — > N?  g r M — > g r M is  exact.  We  know  that 
N\  g r R'  — ► N2  g r R'  — > N$  g r R!  is  exact,  because  R — > R!  is  flat.  Flatness  of  M' 
implies  that  N\  g r R'  g r>  M'  — t N2  g r R'  g r>  M'  — )•  N3  ®r  R'  g r>  M'  is  exact.  We 
may  write  this  as  N\  ®R  M gjj  R'  -A  N2  M g#  R'  -A  N3  ®r  M g R R' . Finally, 

faithful  flatness  implies  that  N\  g r M -a  N2  g^  M -A  N3  g r M is  exact.  □ 
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0584  Lemma  10.38.9.  Let  R be  a ring.  Let  S -A  S'  be  a faithfully  flat  map  of  R- 
algebras.  Let  M be  a module  over  S , and  set  M ' = S'  M . Then  M is  flat  over 
R if  and  only  if  M'  is  flat  over  R. 

Proof.  Let  N — > N'  be  an  injection  of  f?-modules.  By  the  faithful  flatness  of 
S — > S'  we  have 

Ker(iV  ®rM  -a  TV'  ®r  M ) ®s  S'  = Ker(iV  ®R  M'  -A  N'  ®R  M') 

Hence  the  equivalence  of  the  lemma  follows  from  the  second  characterization  of 
flatness  in  Lemma ri0.38. 51  □ 

039V  Lemma  10.38.10.  Let  R -A  S be  a ring  map.  Let  M be  an  S-module.  If  M is 
flat  as  an  R-module  and  faithfully  flat  as  an  S-module , then  R -A  S'  is  flat. 

Proof.  Let  Ni  — > N2  — > IV3  be  an  exact  sequence  of  f?-modules.  By  assumption 
JVi  M -A  N2  <8>r  M — > N$  ®R  M is  exact.  We  may  write  this  as 

JVi  ®R  S ®s  M -a  N2  ®r  S 8 is  M -a  JV3  <S>R  S 8 >s  M. 

By  faithful  flatness  of  M over  S we  conclude  that  N\  ®R  S -A  N2  ®R  S -A  N$  ®R  S 
is  exact.  Hence  R—tS  is  flat.  □ 

Let  R be  a ring.  Let  M be  an  f?-module.  Let  fpx,  = 0 be  a relation  in  M.  We 
say  the  relation  Y2  fiXi  is  trivial  if  there  exist  an  integer  m > 0,  elements  y:j  € M, 
j = 1, . . . , m,  and  elements  a^-  € R,  i = 1, . . . , n,  j = 1, . . . , m such  that 

a,:  = V dijyj , Vi,  and  0 = V\  _/)%• , Vj. 

3 1 

00HK  Lemma  10.38.11  (Equational  criterion  of  flatness).  A module  M over  R is  flat 
if  and  only  if  every  relation  in  M is  trivial. 

Proof.  Assume  M is  flat  and  let  Y2  fiX,  = 0 be  a relation  in  M.  Let  I = 
(/1, . . . , /„),  and  let  K = Ker (Rn  -A  /,  (ai, . . . , a„)  ha  So  we  have  the 

short  exact  sequence  0 -A  AT  -A  Rn  -A  / -A  0.  Then  )T)  fi  8 ) Xi  is  an  element  of 
I (E)  Ft  M which  maps  to  zero  in  R ®R  M = M.  By  flatness  Y2  fi  0 xi  is  zero  in 
I®rM.  Thus  there  exists  an  element  of  K®RM  mapping  to  Y2  ei®xi  G Rn®RM. 
Write  this  element  as  Y2  kj  <8  yj  and  then  write  the  image  of  kj  in  Rn  as  Y2aijei 
to  get  the  result. 

Assume  every  relation  is  trivial,  let  I be  a finitely  generated  ideal,  and  let  x = 
.fi  ® xi  be  an  element  of  I ®R  M mapping  to  zero  in  R ®R  M = M.  This  just 
means  exactly  that  Y2  fixi  is  a relation  in  M . And  the  fact  that  it  is  trivial  implies 
easily  that  x is  zero,  because 

x = ^2  fi  ® Xi  = 5Z  & ® (5Z  ab%)  = 5Z  (5Z  ® Vj  = 0 

□ 

00HL  Lemma  10.38.12.  Suppose  that  R is  a ring,  0 -A  M"  -A  M'  -A  M — > 0 a short 
exact  sequence,  and  N an  R-module.  If  M is  flat  then  N (&R  M"  -A  N 0#  M'  is 
injective,  i.e.,  the  sequence 

0 Af®/;  M"  -A  N ®R  M'  -a  N M -A  0 

is  a short  exact  sequence. 
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Proof.  Let  — > N be  a surjection  from  a free  module  onto  N with  kernel  K. 

The  result  follows  from  the  snake  lemma  applied  to  the  following  diagram 
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M"  ®R  N 
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M'  ®R  N 
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— 5> 

0 

t 
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with  exact  rows  and  columns.  The  middle  row  is  exact  because  tensoring  with  the 
free  module  R<r^  is  exact.  □ 

OOHM  Lemma  10.38.13.  Suppose  that  0 — > M'  — > M — * M"  — > 0 is  a short  exact 
sequence  of  R-modules.  If  M'  and  M"  are  flat  so  is  M.  If  M and  M"  are  flat  so 
is  M' . 


Proof.  We  will  use  the  criterion  that  a module  N is  flat  if  for  every  ideal  / C R 
the  map  N ®R  I — > N is  injective,  see  Lemma  10.38.5 
Consider  the  diagram 


Consider  an  ideal  / C R. 


0 


AT 

t 

M'  ®R  I 


M M"  0 

t t 

A I ®R  I — y AA"  ®R  I — ^ 0 


with  exact  rows.  This  immediately  proves  the  first  assertion.  The  second  follows 
because  if  M"  is  flat  then  the  lower  left  horizontal  arrow  is  injective  by  Lemma 
110.38.121  □ 


OOHO  Lemma  10.38.14.  Let  R be  a ring.  Let  M be  an  R-module.  The  following  are 
equivalent 

(1)  M is  faithfully  flat , and 

(2)  M is  flat  and  for  all  R-module  homomorphisms  a : N — > N1  we  have 
a = 0 if  and  only  if  a®  idM  = 0. 

Proof.  If  M is  faithfully  flat,  then  0 — > Ker(a)  — > N — ► 0 is  exact  if  and  only 
if  the  same  holds  after  tensoring  with  M.  This  proves  (1)  implies  (2).  For  the 
other,  assume  (2).  Let  N\  — > — > N:i  be  a complex,  and  assume  the  complex 

Ni®RM  — > N2®rM  — t N3®RM  is  exact.  Take  x € Ker(N2  — » 7V3),  and  consider 
the  map  a : R — ► A^/Im(W),  r ra  + Im(iVi).  By  the  exactness  of  the  complex 
— ®R  M we  see  that  a ® idM  is  zero.  By  assumption  we  get  that  a is  zero.  Hence 
x is  in  the  image  of  Ni  — > N2-  □ 

OOHP  Lemma  10.38.15.  Let  M be  a flat  R-module.  The  following  are  equivalent: 

(1)  M is  faithfully  flat, 

(2)  for  all  p € Spec(f?)  the  tensor  product  M ®R  n{ p)  is  nonzero,  and 

(3)  for  all  maximal  ideals  m of  R the  tensor  product  M ®R  k(iti)  = M/mM  is 


nonzero. 
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Proof.  Assume  M faithfully  flat.  Since  R — > «(p)  is  not  zero  we  deduce  that 
M — >•  M k(p)  is  not  zero,  see  Lemma  10.38.14 


Conversely  assume  that  M is  flat  and  that  M/mM  is  never  zero.  Suppose  that 
Ni  — > N2  — > N3  is  a complex  and  suppose  that  Ni®rM  -A  N2®rM  — > N3®rM  is 
exact.  Let  H be  the  cohomology  of  the  complex,  so  H = Ker (7V2  — > lV3)/Im(iV1  — >■ 
N2).  By  flatness  we  see  that  H®rM  = 0.  Take  x £ H and  let  I = {/  £ R \ f x = 0} 
be  its  annihilator.  Since  R/I  C H we  get  M/IM  C H M = 0 by  flatness  of 
M.  If  I ^ R we  may  choose  a maximal  ideal  I C m C R.  This  immediately  gives 
a contradiction.  □ 


00HQ  Lemma  10.38.16.  Let  R — > S be  a flat  ring  map.  The  following  are  equivalent: 

(1)  R -A  S is  faithfully  flat, 

(2)  the  induced  map  on  Spec  is  surjective,  and 

(3)  any  closed  point  x £ Spec(-R)  is  in  the  image  of  the  map  Spec(S')  — ► 
Spec(l?). 


Proof.  This  follows  quickly  from  Lemma  |10.38.15|  because  we  saw  in  Remark 
10.16.8  that  p is  in  the  image  if  and  only  if  the  ring  S ®r  «(p)  is  nonzero.  □ 


00HR  Lemma  10.38.17.  A flat  local  ring  homomorphism  of  local  rings  is  faithfully  flat. 
Proof.  Immediate  from  Lemmari0.38.16l  □ 


OOHS  Lemma  10.38.18.  Let  R -A  S be  flat.  Let  p C p 'be  primes  of  R.  Let  q'  C S be 
a prime  of  S mapping  to  p'.  Then  there  exists  a prime  q C q'  mapping  to  p. 


Proof.  Namely,  consider  the  flat  local  ring  map  Rp 
this  is  faithfully  flat.  By  Lemma 
inverse  image  of  this  prime  in  S c 


Sqi.  By  Lemma  [10. 38. 17 


10.38.16  there  is  a prime  mapping  to  p Rp>.  The 
oes  the  job.  □ 


The  property  of  R — > S described  in  the  lemma  is  called  the  “going  down  property” . 

See  Definition  110.40. II  We  finish  with  some  remarks  on  flatness  and  localization. 

00HT  Lemma  10.38.19.  Let  R be  a ring.  Let  S C R be  a multiplicative  subset. 

(1)  The  localization  S~1R  is  a flat  R-algebra. 

(2)  If  M is  a S^1  R-module,  then  M is  a flat  R-module  if  and  only  if  M is  a 
flat  S~1R-module. 

(3)  Suppose  M is  an  R-module.  Then  M is  a flat  R-module  if  and  only  if  Mp 
is  a flat  Rp-module  for  all  primes  p of  R. 

(4)  Suppose  M is  an  R-module.  Then  M is  a flat  R-module  if  and  only  if 
Mm  is  a flat  Rm-module  for  all  maximal  ideals  m of  R. 

(5)  Suppose  R — » A is  a ring  map,  M is  an  A-module,  and  g i, . . . ,gm  £ A 
are  elements  generating  the  unit  ideal  of  A.  Then  M is  flat  over  R if  and 
only  if  each  localization  Mgi  is  flat  over  R. 

(6)  Suppose  R — » A is  a ring  map,  and  M is  an  A-module.  Then  M is  a flat 
R-module  if  and  only  if  the  localization  Mp  is  a flat  Rp  -module  (with  p 
the  prime  of  R lying  under  c\)  for  all  primes  q of  A. 

(7)  Suppose  R — ^ A is  a ring  map,  and  M is  an  A-module.  Then  M is  a 
flat  R-module  if  and  only  if  the  localization  Mm  is  a flat  Rp -module  (with 
p = Snmj  for  all  maximal  ideals  m of  A. 
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Proof.  Let  us  prove  the  last  statement  of  the  lemma.  In  the  proof  we  will  use 
repeatedly  that  localization  is  exact  and  commutes  with  tensor  product,  see  Sections 
[T0~9l  and  HOdll 

Suppose  R — > A is  a ring  map,  and  M is  an  A-module.  Assume  that  Mm  is  a flat 
-Rp-module  for  all  maximal  ideals  m of  A (with  p = Rd  m).  Let  I C R be  an  ideal. 
We  have  to  show  the  map  I (g>R  M — ► M is  injective.  We  can  think  of  this  as  a 
map  of  A-modules.  By  assumption  the  localization  (I  M)m  -A  Mm  is  injective 
because  ( I M)m  = Ip  Mm.  Hence  the  kernel  of  I <S>r  M — > M is  zero  by 

Lemma  110.23.11  Hence  M is  flat  over  R. 


Conversely,  assume  M is  flat  over  R.  Pick  a prime  q of  A lying  over  the  prime  p 
of  R.  Suppose  that  I C Rp  is  an  ideal.  We  have  to  show  that  I Mq  -a  Mq  is 
injective.  We  can  write  / = Jp  for  some  ideal  J C R.  Then  the  map  7®#  Mq  -A  Mq 
is  just  the  localization  (at  q)  of  the  map  J M -a  M which  is  injective.  Since 
localization  is  exact  we  see  that  Mq  is  a flat  Up -module. 

This  proves  (7)  and  (6).  The  other  statements  follow  in  a straightforward  way  from 
the  last  statement  (proofs  omitted).  □ 

090N  Lemma  10.38.20.  Let  R be  a ring.  Let  {Si,  tpu'}  be  a directed  system  of  faithfully 
flat  R-algebras.  Then  S = colinp  Si  is  a faithfully  flat  R-algebra. 


Proof.  By  Lemma 


10.38.31  we  see  that  S is  flat.  Let  m C R be  a maximal  ideal. 


By  Lemma  10.38.16  none  of  the  rings  S% / m5,  is  zero.  Hence  S/mS  = colimSj/mS, 
is  nonzero  either  as  1 is  not  equal  to  zero.  Thus  the  image  of  Spec(S')  -A  Spec(-R) 
contains  m and  we  see  that  R — >■  S is  faithfully  flat  by  Lemma  |10.38.16|  □ 


10.39.  Supports  and  annihilators 


080S 

Some  very  basic  definitions  and  lemmas. 

00L1 

Definition  10.39.1 

M is  the  set 

..  Let  R be  a ring  and  let  M be  an  i?-module.  The  support  of 
Supp(M)  ={pe  Spec(-R)  Mp  ^ 0} 

0585 

Lemma  10.39.2. 

Let  R be  a ring.  Let  M be  an 

R-module.  Then 

M = (0)  <t=>  Supp(M)  = 


Proof.  Actually,  Lemma  10.23.1  even  shows  that  Supp(M)  always  contains  a max- 
imal ideal  if  M is  not  zero.  □ 


07T7  Definition  10.39.3.  Let  R be  a ring.  Let  M be  an  i?-module. 

(1)  Given  an  element  m € M the  annihilator  of  m is  the  ideal 

Ann fl(m)  = Ann(m)  = {/  £ R \ fm  = 0}. 

(2)  The  annihilator  of  M is  the  ideal 

Ann r{M)  = Ann (M)  = {/  € R \ fm  = 0 Vm  € M}. 

07T8  Lemma  10.39.4.  Let  R -A  S be  a flat  ring  map.  Let  M be  an  R-module  and 
to  € M.  Then  Annu{m)S  = Anns{m  (8)  1).  If  M is  a finite  R-module,  then 
Annn(M) S = Anns{M  S). 
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Proof.  Set  I = Ann R(m).  By  definition  there  is  an  exact  sequence  0 — > I — ► 
R — > M where  the  map  R — > M sends  / to  fm.  Using  flatness  we  obtain  an 
exact  sequence  0 — » I S -a  S — > M S which  proves  the  first  assertion.  If 

mi, . . . , mn  is  a set  of  generators  of  M then  Ann r(M)  = p|  Ann ulmf).  Similarly 
Ann s(M  S)  = p|Anns(mi  ® 1).  Set  R = Ann n(rrii).  Then  it  suffices  to  show 
that  n^JRS)  = (Di=i,...,n  h)S.  This  is  Lemma 


10.38.2 


□ 


00L2  Lemma  10.39.5.  Let  R be  a ring  and  let  M be  an  R-module.  If  M is  finite,  then 
Supp(M)  is  closed.  More  precisely,  if  I = Ann(M)  is  the  annihilator  of  M , then 
V{I)  = Supp(M). 


Proof.  We  will  show  that  V(I)  = Supp(M). 

Suppose  p € Supp(M).  Then  Mp  7^  0.  Hence  by  Nakayama’s  Lemma  10.19.1  we 
have  M «(p)  7^  0.  Hence  I C p. 

Conversely,  suppose  that  p ^ Supp(M).  Then  Mp  = 0.  Let  x\,...,xr  G M be 
generators.  By  Lemma  10.9.9  there  exists  an  / G R,  f p such  that  Xi/ 1 = 0 
in  Mf.  Hence  fniXi  = 0 for  some  > 1.  Hence  fnM  = 0 for  n = max{rii}  as 
desired.  □ 


07Z5  Lemma  10.39.6.  Let  R be  a ring,  let  M be  an  R-module,  and  let  x G M . Then 
p G V (Ann(m))  if  and  only  if  x does  not  map  to  zero  in  Mp. 

Proof.  We  may  replace  M by  Rm  C M.  Then  (1)  Ann(m)  = Ann(M)  and  (2)  x 
does  not  map  to  zero  in  Mp  if  and  only  if  p G Supp(M).  The  result  now  follows 
from  Lemma  TlO. 39. 51  □ 

051B  Lemma  10.39.7.  Let  R be  a ring  and  let  M be  an  R-module.  If  M is  a finitely 
presented  R-module,  then  Supp(M)  is  a closed  subset  o/Spec(l?.)  whose  complement 
is  quasi- compact. 


Proof.  Choose  a presentation 


R a 


R 


■®n 


M — > 0 


Let  A G Mat(n  x m,R)  be  the  matrix  of  the  first  map.  By  Nakayama’s  Lemma 
fToTOl  we  see  that 

Mp  7^  0 <t=>  M <S>  «(p)  7^  0 <t=>  rank(A  mod  p)  < n. 

Hence,  if  I is  the  ideal  of  R generated  by  the  n x n minors  of  A , then  Supp(Af)  = 
V(I).  Since  / is  finitely  generated,  say  I = (/1, . . . ,/t),  we  see  that  Spec(l?)  \V(I) 
is  a finite  union  of  the  standard  opens  D(ff),  hence  quasi-compact.  □ 

00L3  Lemma  10.39.8.  Let  R be  a ring  and  let  M be  an  R-module. 

(1)  If  M is  finite  then  the  support  of  M/IM  is  Supp(M)  C\V(I). 

(2)  If  N c M,  then  Supp(N)  c Supp(M). 

(3)  If  Q is  a quotient  module  of  M then  Supp(Q)  C Supp(M). 

(4)  If  0->iV->M->Q->0  is  a short  exact  sequence  then  Supp(M)  = 
Supp(Q)  U Supp(N). 


Proof.  The  functors  M ha  Mp  are  exact.  This  immediately  implies  all  but  the  first 
assertion.  For  the  first  assertion  we  need  to  show  that  Mp  7^  0 and  I C p implies 
( M/IM)P  = Mp/IMp  7^  0.  This  follows  from  Nakayama’s  Lemma  10.19.1  □ 
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10.40.  Going  up  and  going  down 


OOHU  Suppose  p,  p'  are  primes  of  the  ring  R.  Let  X = Spec (R)  with  the  Zariski  topology. 
Denote  x £ X the  point  corresponding  to  p and  x'  £ X the  point  corresponding  to 
p'.  Then  we  have: 

x'  x <t=>  p'  C p. 

In  words:  a;  is  a specialization  of  x'  if  and  only  if  p'  C p.  See  Topology,  Section 
|5.18|for  terminology  and  notation. 

OOHV  Definition  10.40.1.  Let  ip  : R — > S be  a ring  map. 

(1)  We  say  a ip  : R — > S satishes  going  up  if  given  primes  p C p'  in  R and  a 
prime  q in  S lying  over  p there  exists  a prime  q'  of  S such  that  (a)  q C q', 
and  (b)  q'  lies  over  p'. 

(2)  We  say  a p : R^r  S satishes  going  down  if  given  primes  pep'  in  R and  a 
prime  q'  in  S'  lying  over  p'  there  exists  a prime  q of  S such  that  (a)  q C q', 
and  (b)  q lies  over  p. 


So  far  we  have  see  the  following  cases  of  this: 


(1)  An  integral  ring  map  satishes  going  up,  see  Lemma  10.35.20 

(2)  As  a special  case  finite  ring  maps  satisfy  going  up. 

(3)  As  a special  case  quotient  maps  R — ► R/I  satisfy  going  up. 


(4)  A hat  ring  map  satishes  going  down,  see  Lemma  10.38.18 


(5)  As  a special  case  any  localization  satishes  going  down. 

(6)  An  extension  R C S of  domains,  with  R normal  and  S integral  over  R 


satishes  going  down,  see  Proposition  |10.37/7 
Here  is  another  case  where  going  down  holds. 

0407  Lemma  10.40.2.  Let  R -A  S be  a ring  map.  If  the  induced  map  <p  : Spec(5')  — ► 
Spec(-R)  is  open,  then  R—^S  satisfies  going  down. 

Proof.  Suppose  that  p C p'  C R and  q'cS  lies  over  p'.  As  ip  is  open,  for  every 
g £ S,  g £ q'  we  see  that  p is  in  the  image  of  D(g)  C Spec(S).  In  other  words 
S 'g®RK(p)  is  not  zero.  Since  Sq>  is  the  directed  colimit  of  these  Sg  this  implies  that 
Snr  «(p)  is  not  zero,  see  Lemmas  10.9.9  and  10.11.9  Hence  p is  in  the  image  of 
Spec(S'q/)  — > Spec(li)  as  desired.  □ 

00HW  Lemma  10.40.3.  Let  R -A  S be  a ring  map. 

(1)  R — > S satisfies  going  down  if  and  only  if  generalizations  lift  along  the 


(2) 


map  Spec (S)  — > Spec (R),  see  Topology,  Definition  5.18.3 
R — ► S satisfies  going  up  if  and  only  if  specializations  lift,  along  the  map 
Spec(5')  — > Spec (R),  see  Topology,  Definition  5.18.3[ 


Proof.  Omitted. 


□ 


OOHX  Lemma  10.40.4.  Suppose  R —¥  S and  S —¥  T are  ring  maps  satisfying  going 
down.  Then  so  does  R —¥  T . Similarly  for  going  up. 

Proof.  According  to  Lemma [10.40. 3| this  follows  from  Topology,  Lemma [5.1 8. 4|  □ 

OOHY  Lemma  10.40.5.  Let  R — » S be  a ring  map.  Let  T C Spec(i?)  be  the  image  of 
Spec(S').  If  T is  stable  under  specialization,  then  T is  closed. 
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Proof.  We  give  two  proofs. 

First  proof.  Let  p C R be  a prime  ideal  such  that  the  corresponding  point  of 
Spec(i?)  is  in  the  closure  of  T.  This  means  that  for  ever  / € R,  f p we  have 
D(f)  flT  / 0.  Note  that  D(f)  D T is  the  image  of  Spec(5/)  in  Spec(i?).  Hence 
we  conclude  that  5/^0.  In  other  words,  1^0  in  the  ring  Sf.  Since  Sp  is  the 
directed  limit  of  the  rings  Sf  we  conclude  that  1 ^ 0 in  Sp.  In  other  words,  S'p  0 
and  considering  the  image  of  Spec(S'p)  — > Spec(S')  — * Spec(i?)  we  see  there  exists  a 
p'eT  with  p'cp.  As  we  assumed  T closed  under  specialization  we  conclude  p is 
a point  of  T as  desired. 

Second  proof.  Let  / = Ker(f?  — > S).  We  may  replace  R by  R/I.  In  this  case  the 
ring  map  R — » S is  injective.  By  Lemma  |10.29.5|  all  the  minimal  primes  of  R are 
contained  in  the  image  T.  Hence  if  T is  stable  under  specialization  then  it  contains 
all  primes.  □ 

00HZ  Lemma  10.40.6.  Let  R — » S be  a ring  map.  The  following  are  equivalent: 

(1)  Going  up  holds  for  R — > S,  and 

(2)  the  map  Spec(5)  — > Spec(I?)  is  closed. 


Proof.  It  is  a general  fact  that  specializations  lift  along  a closed  map  of  topological 
spaces,  see  Topology,  Lemma[5.18.6|  Hence  the  second  condition  implies  the  first. 


Assume  that  going  up  holds  for  R -a  S.  Let  V{I)  C Spec(S')  be  a closed  set. 
We  want  to  show  that  the  image  of  V{I)  in  Spec(R)  is  closed.  The  ring  map 
S — ► S/I  obviously  satisfies  going  up.  Hence  R — > S — > S/I  satisfies  going  up,  by 
Lemma  10.40.4  Replacing  S by  S/I  it  suffices  to  show  the  image  T of  Spec(S') 


in  Spec(R)  is  closed.  By  Topology,  Lemmas  5.18.2  and  5.18.5  this  image  is  stable 
under  specialization.  Thus  the  result  follows  from  Lemma  10.40.5  □ 


0010  Lemma  10.40.7.  Let  R be  a ring.  Let  E C Spec(-R)  be  a constructible  subset. 

(1)  If  E is  stable  under  specialization,  then  E is  closed. 

(2)  If  E is  stable  under  generalization,  then  E is  open. 


Proof.  First  proof.  The  first  assertion  follows  from  Lemma [10. 40. 5| combined  with 


Lemma  10.28.3  The  second  follows  because  the  complement  of  a constructible 


set  is  constructible  (see  Topology,  Lemma  5.14.2),  the  first  part  of  the  lemma  and 
Topology,  Lemma  [5.18.2[ 

Second  proof.  Since  Spec(R)  is  a spectral  space  by  Lemma  10.25.2  this  is  a special 
case  of  Topology,  Lemma |5.22.5|  □ 


0011  Proposition  10.40.8.  Let  R — ► S be  flat  and  of  finite  presentation.  Then 
Spec(S’)  Spec(R)  is  open.  More  generally  this  holds  for  any  ring  map  R -A  S of 
finite  presentation  which  satisfies  going  down. 


Proof.  Assume  that  R — > S has  finite  presentation  and  satisfies  going  down.  It 
suffices  to  prove  that  the  image  of  a standard  open  D{f)  is  open.  Since  S —t  Sf 
satisfies  going  down  as  well,  we  see  that  R — t Sf  satisfies  going  down.  Thus  after 
replacing  S by  Sf  we  see  it  suffices  to  prove  the  image  is  open.  By  Chevalley’s 
theorem  (Theorem  10.28.9)  the  image  is  a constructible  set  E.  And  E is  stable 
under  generalization  because  R — »•  S satisfies  going  down,  see  Topology,  Lemmas 
|5.18.2|  and  |5.18.5|  Hence  E is  open  by  Lemma |10.40.7|  □ 
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037F  Lemma  10.40.9.  Let  k be  a field,  and  let  R,  S be  k-algebras.  Let  S'  C S be  a 
sub  k-algebra,  and  let  f £ S'  G*,  R.  In  the  commutative  diagram 


Spec ((S  R)f) 


■ Spec((S"  R)f) 


Spec  (R) 

the  images  of  the  diagonal  arrows  are  the  same. 

Proof.  Let  p C R be  in  the  image  of  the  south-west  arrow.  This  means  (Lemma 


10.16.9)  that 


{S'  R)f®R  «(p)  = (S'  «(p ))/ 

is  not  the  zero  ring,  i.e.,  S'  <8>k  «(p)  is  not  the  zero  ring  and  the  image  of  / in  it 
is  not  nilpotent.  The  ring  map  S'  <g>k  «(p)  — > S (g)fc  /c(p)  is  injective.  Hence  also 
S «(p)  is  not  the  zero  ring  and  the  image  of  / in  it  is  not  nilpotent.  Hence 
(S  R)f  K(p)  is  not  the  zero  ring.  Thus  (Lemma  10.16.9)  we  see  that  p is  in 
the  image  of  the  south-east  arrow  as  desired.  □ 

037G  Lemma  10.40.10.  Let  k be  a field.  Let  R and  S be  k-algebras.  The  map  Spec(S'®fc 
R)  — > Spec(-R)  is  open. 

Proof.  Let  f £ R S . It  suffices  to  prove  that  the  image  of  the  standard  open 
D(f)  is  open.  Let  S'  C 5 be  a finite  type  fc-subalgebra  such  that  f £ S'  R. 
The  map  R -A  S'  (§)&  R is  flat  and  of  finite  presentation,  hence  the  image  U of 
Specks"  <g)fc  R)f)  -£  Spec (R)  is  open  by  Proposition  10.40.8  By  Lemma  10.40.9 
this  is  also  the  image  of  D(f)  and  we  win.  □ 


Here  is  a tricky  lemma  that  is  sometimes  useful. 

OOEA  Lemma  10.40.11.  Let  R — ► S be  a ring  map.  Let  p C R be  a prime.  Assume 
that 

(1)  there  exists  a unique  prime  q C S lying  over  p,  and 

(2)  either 

(a)  going  up  holds  for  R — ► S,  or 

(b)  going  down  holds  for  R — ► S and  there  is  at  most  one  prime  of  S 
above  every  prime  of  R. 

Then  Sp  = Sq. 

Proof.  Consider  any  prime  q'  C S which  corresponds  to  a point  of  Spec(S'p).  This 
means  that  p'  = R D q'  is  contained  in  p.  Here  is  a picture 


q' 

? S 

P' 

o R 

Assume  (1)  and  (2) (a).  By  going  up  there  exists  a prime  q"  C S with  q'  C q"  and 
q"  lying  over  p.  By  the  uniqueness  of  q we  conclude  that  q"  = q.  In  other  words  q' 
defines  a point  of  Spec(S'q). 
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Assume  (1)  and  (2)(b).  By  going  down  there  exists  a prime  q"  C q lying  over  p'. 
By  the  uniqueness  of  primes  lying  over  p'  we  see  that  q'  = q".  In  other  words  q' 
defines  a point  of  Spec(S'q). 

In  both  cases  we  conclude  that  the  map  Spec(S'q)  -A  Spec(S'p)  is  bijective.  Clearly 
this  means  all  the  elements  of  S'  — q are  all  invertible  in  Sp , in  other  words  Sp  = 
Sq.  □ 


The  following  lemma  is  a generalization  of  going  down  for  flat  ring  maps. 

080T  Lemma  10.40.12.  Let  R -A  S be  a ring  map.  Let  N be  a finite  S-moduleflat  over 
R.  Endow  Supp(N)  C Spec(S)  with  the  induced  topology.  Then  generalizations  lift 
along  Supp(N)  -A  Spec(l?). 


Proof.  The  meaning  of  the  statement  is  as  follows.  Let  p C p'  C R be  primes.  Let 
q'  C S be  a prime  q'  £ Supp(iV)  Then  there  exists  a prime  q C q',  q £ Supp(iV) 
lying  over  p.  As  IV  is  flat  over  R we  see  that  Nqi  is  flat  over  Rvi,  see  Lemma 
10.38.191  As  Nq>  is  finite  over  Sq>  and  not  zero  since  q'  £ Supp(iV)  we  see  that 

r-_  ’ Thus  IV q'  k(p')  is 


10.19.1 


Nq/  <8>sa,  ft(q')  is  nonzero  by  Nakayama’s  Lemma 
also  not  zero.  We  conclude  from  Lemma  10.38.15  that  Nqi  , «(p)  is  nonzero. 
Let  J C Sq'  <E)r  , «(p)  be  the  annihilator  of  the  finite  nonzero  module  Nqr  *(p). 
Since  J is  a proper  ideal  we  can  choose  a prime  q C S which  corresponds  to  a prime 
of  Sq'  ®_rp,  «(p )/ J.  This  prime  is  in  the  support  of  TV,  lies  over  p,  and  is  contained 
in  q'  as  desired.  □ 


10.41.  Separable  extensions 

0301  In  this  section  we  talk  about  separability  for  nonalgebraic  field  extensions.  This 
is  closely  related  to  the  concept  of  geometrically  reduced  algebras,  see  Definition 
110.42.11' 

0300  Definition  10.41.1.  Let  k C K be  a field  extension. 

(1)  We  say  K is  separably  generated  over  k if  there  exists  a transcendence 
basis  {xp,i  £ 1}  of  K/k  such  that  the  extension  k{xp,i  £ I)  C K is  a 
separable  algebraic  extension. 

(2)  We  say  K is  separable  over  k if  for  every  subextension  k C K'  C K with 
K'  finitely  generated  over  k,  the  extension  k C K'  is  separably  generated. 

With  this  awkward  definition  it  is  not  clear  that  a separably  generated  field  exten- 
sion is  itself  separable.  It  will  turn  out  that  this  is  the  case,  see  Lemma [l 0.43. 2 1 

030P  Lemma  10.41.2.  Let  k C K be  a separable  field  extension.  For  any  subextension 
k C K'  C K the  field  extension  k C K'  is  separable. 

Proof.  This  is  direct  from  the  definition.  □ 

030Q  Lemma  10.41.3.  Let  k C K be  a separably  generated , and  finitely  generated  field 
extension.  Set  r = trdegk(K).  Then  there  exist  elements  X\, . . . , xr+i  of  K such 
that 

(1)  x\, ... , xr  is  a transcendence  basis  of  K over  k, 

(2)  K = k(xi, . . . , av+i)>  and 

(3)  xr+i  is  separable  over  k{x i, . . . , xr). 

Proof.  Combine  the  definition  with  Fields,  Lemma  [9. 18. 1|  □ 
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04KM  Lemma  10.41.4.  Let  k C K be  a finitely  generated  field  extension.  There  exists 
a diagram 

K > K' 

A 

k >■  k! 

where  k C k' , K C K'  are  finite  purely  inseparable  field  extensions  such  that  k'  C K' 
is  a separably  generated  field  extension. 


Proof.  This  lemma  is  only  interesting  when  the  characteristic  of  k is  p > 0.  Choose 
Xi,...,xr  a transcendence  basis  of  K over  k.  As  K is  finitely  generated  over  k 

C K be  the 
We 


the  extension  k{x\, . . . , x., 
subextension  found  in  Fields,  Lemma  9.13.6 
will  use  induction  on  d = [K  : K sep] . 


.)  C K is  finite.  Let  k{x\, . . . , xr)  C K. 


sep 


If  K = Ksep  then  we  are  done. 


Assume  that  d > 1.  Choose  a fi  £ K with  a = fip  £ Ksep  and  /3  ^ Ksep.  Let 
P = Td  + aiTd_1  + . . . +a<i  be  the  minimal  polynomial  of  a over  k(x i, . . . , xr).  Let 
k C k'  be  a finite  purely  inseparable  extension  obtained  by  adjoining  pth  roots  such 
that  each  is  a pth  power  in  k'( x1^ , . . . ,x^v).  Such  an  extension  exists;  details 
omitted.  Let  L be  a field  fitting  into  the  diagram 


K 

k(x i, . . . ,xr) 


L 


k'(x{/P,  . . .,Xr'P) 


1/P\ 


We  may  and  do  assume  L is  the  composition  of  K and  k'(x]^p, . . . , xVP).  Let 
fc'(: 


d/p 


xVP)  C Lsep  C L be  the  subextension  found  in  Fields,  Lemma 


9.13.6 


Then  Lsep  is  the  compositum  of  Ksep  and  k'(x\  p, . . . , xl  P).  The  element  a 
Lsep  is  a zero  of  the  polynomial  P all  of  whose  coefficients  are  pth  powers  in 


9.27.2 


k'{xliP , . . . ,x^p)  and  whose  roots  are  pairwise  distinct.  By  Fields,  Lemma 
we  see  that  a = ( a')p  for  some  a!  € Lsep.  Clearly,  this  means  that  ft  maps  to 
a'  £ Lsep.  In  other  words,  we  get  the  tower  of  fields 


I< 


K, 


k(x  i,  ...,xr) 


- T 

\P) 

5-  L 

z/fi/p  i /p\ 

A/  , . . . , «Ly>  J 


k 
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Thus  this  construction  leads  to  a new  situation  with  [L  : Lsep\  < [A'  : Ksep\.  By 
induction  we  can  find  k'  C k"  and  L C L'  as  in  the  lemma  for  the  extension  k'  C L. 
Then  the  extensions  k C k"  and  K C L'  work  for  the  extension  k C K.  This  proves 
the  lemma.  □ 


10.42.  Geometrically  reduced  algebras 

05DS  The  main  result  on  geometrically  reduced  algebras  is  Lemma  [10. 43. 3|  We  suggest 
the  reader  skip  to  the  lemma  after  reading  the  definition. 

030S  Definition  10.42.1.  Let  k be  a field.  Let  S be  a fc-algebra.  We  say  S is  geomet- 
rically reduced  over  k if  for  every  field  extension  k C K the  A'-algebra  K <&}.  S is 
reduced. 

Let  k be  a field  and  let  S be  a reduced  k algebra.  To  check  that  S is  geometrically 
reduced  it  will  suffice  to  check  that  k®k  S is  reduced  (where  k denotes  the  algebraic 
closure  of  k).  In  fact  it  is  enough  to  check  this  for  finite  purely  inseparable  field 
extensions  k C k! . See  Lemma I10.43. 31 

030T  Lemma  10.42.2.  Elementary  properties  of  geometrically  reduced  algebras.  Let  k 
be  a field.  Let  S be  a k-algebra. 

(1)  If  S is  geometrically  reduced  over  k so  is  every  k-subalgebra. 

(2)  If  all  finitely  generated  k-subalgebras  of  S are  geometrically  reduced , then 
S is  geometrically  reduced. 

(3)  A directed  colimit  of  geometrically  reduced  k-algebras  is  geometrically  re- 
duced. 

(4)  If  S is  geometrically  reduced  overk,  then  any  localization  of  S is  geomet- 
rically reduced  over  k. 

Proof.  Omitted.  The  second  and  third  property  follow  from  the  fact  that  tensor 
product  commutes  with  colimits.  □ 

04KN  Lemma  10.42.3.  Let  k be  a field.  If  R is  geometrically  reduced  over  k,  and  S C R 
is  a multiplicative  subset , then  the  localization  S~1R  is  geometrically  reduced  over 
k.  If  R is  geometrically  reduced  over  k,  then  R[ x]  is  geometrically  reduced  over  k. 

Proof.  Omitted.  Hints:  A localization  of  a reduced  ring  is  reduced,  and  localiza- 
tion commutes  with  tensor  products.  □ 

In  the  proofs  of  the  following  lemmas  we  will  repeatedly  use  the  following  observa- 
tion: Suppose  that  R!  C R and  S'  C S are  inclusions  of  fc-algebras.  Then  the  map 
R'  Ofc  S'  -A  R®k  S is  injective. 

0013  Lemma  10.42.4.  Let  k be  a field.  Let  R,  S be  k-algebras. 

(1)  If  R <8>k  S is  nonreduced,  then  there  exist  finitely  generated  subalgebras 
R'  C R,  S'  C S such  that  R!  <S>k  S'  is  not  reduced. 

(2)  If  R®k  S contains  a nonzero  zerodivisor,  then  there  exist  finitely  gener- 
ated subalgebras  R!  C R,  S'  C S such  that  R'  <S>k  S'  contains  a nonzero 
zerodivisor. 

(3)  If  R®k  S contains  a nontrivial  idempotent,  then  there  exist  finitely  gener- 
ated subalgebras  R'  C R,  S'  C S such  that  R'  0&  S'  contains  a nontrivial 
idempotent. 
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Proof.  Suppose  z £ R 0k  S is  nilpotent.  We  may  write  z = JA=i  nxi  ® Vi- 
Thus  we  may  take  R'  the  fc-subalgebra  generated  by  the  x-j  and  S'  the  fc-subalgebra 
generated  by  the  yt.  The  second  and  third  statements  are  proved  in  the  same 
way.  □ 


034N  Lemma  10.42.5.  Let  k be  a field.  Let  S be  a geometrically  reduced  k-algebra.  Let 
R be  any  reduced  k-algebra.  Then  R0k  S is  reduced. 


Proof.  By  Lemma [1 0 . 42 . 4|  we  may  assume  that  R is  of  finite  type  over  k.  Then  R, 
as  a reduced  Noetherian  ring,  embeds  into  a finite  product  of  fields  (see  Lemmas 


10.24.4  10.30.6  and  10.24.1 1.  Hence  we  may  assume  R is  a finite  product  of  fields. 
In  this  case  it  follows  from  Definition |10.42. 1] that  R0k  S is  reduced.  □ 


030U  Lemma  10.42.6.  Let  k be  a field.  Let  S be  a reduced  k-algebra.  Let  k C K be 
either  a separable  field  extension,  or  a separably  generated  field  extension.  Then 
K 0k  S is  reduced. 


Proof.  Assume  k C K is  separable.  By  Lemma  [10.42. 4|  we  may  assume  that  S is 
of  finite  type  over  k and  K is  finitely  generated  over  k.  Then  S embeds  into  a finite 
product  of  fields,  namely  its  total  ring  of  fractions  (see  Lemmas  10.24.1  and  10.24.4 ). 
Hence  we  may  actually  assume  that  S is  a domain.  We  choose  x\, . . . , ay+i  £ K as 
in  Lemma  10.41.3  Let  P £ k(x i, . . . , xr )[T]  be  the  minimal  polynomial  of  xr+i.  It 
is  a separable  polynomial.  It  is  easy  to  see  that  k[x i, . . . , xr\  0k  S = jS[xi, . . . , xr\ 
is  a domain.  This  implies  k(x i, . . . ,xr)  0k  S is  a domain  as  it  is  a localization  of 
S[xi, . . . , xr\.  The  ring  extension  k{x i, . . . , xr ) 0k  S C K 0 k S is  generated  by  a 
single  element  xr+i  with  a single  equation,  namely  P.  Hence  K 0k  S embeds  into 
f.f.(k(x i,...,xn)  0k  S)[T]/(P).  Since  P is  separable  this  is  a finite  product  of 
fields  and  we  win. 


At  this  point  we  do  not  yet  know  that  a separably  generated  field  extension  is 
separable,  so  we  have  to  prove  the  lemma  in  this  case  also.  To  do  this  suppose 
that  {xijigj  is  a separating  transcendence  basis  for  K over  k.  For  any  finite  set 
of  elements  A j £ K there  exists  a finite  subset  T C / such  that  k({xi  }*e t)  C 
*({  Xi}i&T  U { Ay } ) is  finite  separable.  Hence  we  see  that  K is  a directed  colimit  of 
finitely  generated  and  separably  generated  extensions  of  k.  Thus  the  argument  of 
the  preceding  paragraph  applies  to  this  case  as  well.  □ 

07K2  Lemma  10.42.7.  Let  k be  a field  and  let  S be  a k-algebra.  Assume  that  S is 
reduced  and  that  Sp  is  geometrically  reduced  for  every  minimal  prime  p of  S.  Then 
S is  geometrically  reduced. 

Proof.  Since  S is  reduced  the  map  S — > J|e  minimal  Sp  is  injective,  see  Lemma 
|10.24.2|  If  k C K is  a field  extension,  then  the  maps 

S 0k  K — > | Sp ) 0k  A > Sp  0k  K 

are  injective:  the  first  as  k — » K is  flat  and  the  second  by  inspection  because  K is 
a free  fc-module.  As  Sp  is  geometrically  reduced  the  ring  on  the  right  is  reduced. 
Thus  we  see  that  S 0k  K is  reduced  as  a subring  of  a reduced  ring.  □ 
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10.43.  Separable  extensions,  continued 

05DT  In  this  section  we  continue  the  discussion  started  in  Section|i0.41|  Let  p be  a prime 
number  and  let  k be  a field  of  characteristic  p.  In  this  case  we  write  k 1'p  for  the 
extension  of  k gotten  by  adjoining  pth  roots  of  all  the  elements  of  k to  k.  (In  other 
words  it  is  the  subheld  of  an  algebraic  closure  of  k generated  by  the  pth  roots  of 
elements  of  k.) 

030W  Lemma  10.43.1.  Let  k be  a field  of  characteristic  p > 0.  Let  k C K be  a field 
extension.  The  following  are  equivalent: 

(1)  K is  separable  over  k, 

(2)  the  ring  K k 1//p  is  reduced,  and 

(3)  K is  geometrically  reduced  over  k. 


Proof.  The  implication  (1) 
(3)  =>  (2)  is  immediate. 


(3)  follows  from  Lemma  10.42.6 


The  implication 


Assume  (2).  Let  k C L C K be  a subextension  such  that  L is  a finitely  generated 
held  extension  of  k.  We  have  to  show  that  we  can  hnd  a separating  transcendence 
basis  of  L.  The  assumption  implies  that  L (g)fc  fc1//p  is  reduced.  Let  xi, . . . , xr  be  a 
transcendence  basis  of  L over  k such  that  the  degree  of  inseparability  of  the  finite 
extension  k{x i, . . . , xr ) C L is  minimal.  If  L is  separable  over  k(x i,  • • • , xr ) then  we 
win.  Assume  this  is  not  the  case  to  get  a contradiction.  Then  there  exists  an  element 
a £ L which  is  not  separable  over  k{x i, . . . ,xr).  Let  P[T ) £ k{x i, . . . ,xr)[T ] be 
the  minimal  polynomial  of  a over  k(x i, . . . , xr).  After  replacing  a by  fa  for  some 
nonzero  / £ k[x i, . . . , xr]  we  may  and  do  assume  that  P lies  in  k[xi, . . . , xr , T], 
Because  a is  not  separable  P is  a polynomial  in  Tp , see  Fields,  Lemma [9. 12. 1|  Let 
dp  be  the  degree  of  P as  a polynomial  in  T.  Since  P is  the  minimal  polynomial  of 
a the  monomials 

xefi  . . . x^  ae 

for  e < dp  are  linearly  independent  over  k in  L.  We  claim  that  the  element  dP/ dxi  £ 
k[x i, . . . , xr , T]  is  not  zero  for  at  least  one  i.  Namely,  if  this  was  not  the  case,  then 
P is  actually  a polynomial  in  x\, . . . , xp,  Tp.  In  that  case  we  can  consider  Pl/p  £ 
k1/p[xi,...,xr,T\.  This  would  map  to  P1/p( xi,...  ,xr,a)  which  is  a nilpotent 
element  of  kx!p  L and  hence  zero.  On  the  other  hand,  P1^p(x i, . . . ,xr,a)  is  a 
fci/P-linear  combination  the  monomials  listed  above,  hence  nonzero  in  k1!p  <S>fc  L. 
This  is  a contradiction  which  proves  our  claim. 


Thus,  after  renumbering,  we  may  assume  that  dP/dx\  is  not  zero.  As  P is  an 
irreducible  polynomial  in  T over  k(x\, . . . ,xr ) it  is  irreducible  as  a polynomial  in 
Xi, ...  ,xr,T,  hence  by  Gauss’s  lemma  it  is  irreducible  as  a polynomial  in  over 
k(x 2, . . . ,xr,T).  Since  the  transcendence  degree  of  L is  r we  see  that  a;2, . . . , xr,  a 
are  algebraically  independent.  Hence  P(X,X2,  ■ ■ ■ ,xr,a)  £ k(xz, . . . ,xr,a)[X]  is 
irreducible.  It  follows  that  X\  is  separably  algebraic  over  k(x2,  ■ ■ ■ ,xr,a).  This 
means  that  the  degree  of  inseparability  of  the  finite  extension  k( x^, ...  ,xr,  a)  C L 
is  less  than  the  degree  of  inseparability  of  the  finite  extension  k(x i, . . . ,xr)  C L , 
which  is  a contradiction.  □ 


030X  Lemma  10.43.2.  A separably  generated  field  extension  is  separable. 


Proof.  Combine  Lemma TlO. 42. 61  with  Lemma Tl 0.43. II 


□ 
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030V 


05DU 

030Y 

030Z 


In  the  following  lemma  we  will  use  the  notion  of  the  perfect  closure  which  is  defined 
in  Definition  110.44.51 

Lemma  10.43.3.  Let  k be  a field.  Let  S be  a k-algebra.  The  following  are 
equivalent: 

(1)  k'  S is  reduced  for  every  finite  purely  inseparable  extension  k'  of  k, 

(2)  k^P^kS  is  reduced, 

(3)  kperf  S is  reduced,  where  kperf  is  the  perfect  closure  of  k, 

(4)  k S is  reduced,  where  k is  the  algebraic  closure  of  k,  and 

(5)  S is  geometrically  reduced  over  k. 

Proof.  Note  that  any  finite  purely  inseparable  extension  k C k'  embeds  in  kperf . 
Moreover,  k1^  embeds  into  kperf  which  embeds  into  k.  Thus  it  is  clear  that  (5)  => 
(4)  =>  (3)  =>  (2)  and  that  (3)  =>  (1). 


We  prove  that  (1)  =>  (5).  Assume  k'  g^  S is  reduced  for  every  finite  purely  insep- 
arable extension  k'  of  k.  Let  k C K be  an  extension  of  fields.  We  have  to  show 
that  K (gfc  S is  reduced.  By  Lemma  10.42. 4|  we  reduce  to  the  case  where  k C K is 
a finitely  generated  field  extension.  Choose  a diagram 


K >-  K' 

A 

k 


as  in  Lemma  10.41.4  By  assumption  k!  S is  reduced.  By  Lemma  10.42.6 
follows  that  K' 
desired. 


it 

S is  reduced.  Hence  we  conclude  that  K 0*,  S is  reduced  as 


Finally  we  prove  that  (2)  =>  (5).  Assume  kltp  0fc  S is  reduced.  Then  S is  reduced. 
Moreover,  for  each  localization  Sp  at  a minimal  prime  p,  the  ring  kl/p  g*,  is  a 
localization  of  hence  is  reduced.  But  Sp  is  a field  by  Lemma 


Sp  is  geometrically  reduced  by  Lemma  10.43.1 


S is  geometrically  reduced. 


10.24.1 


hence 


It  follows  from  Lemma  10.42.7  that 

□ 


10.44.  Perfect  fields 


Here  is  the  definition. 

Definition  10.44.1.  Let  k be  a field.  We  say  k is  perfect  if  every  field  extension 
of  k is  separable  over  k. 

Lemma  10.44.2.  A field  k is  perfect  if  and  only  if  it  is  a field  of  characteristic  0 
or  a field  of  characteristic  p > 0 such  that  every  element  has  a pth  root. 

Proof.  The  characteristic  zero  case  is  clear.  Assume  the  characteristic  of  k is  p > 0. 
If  k is  perfect,  then  all  the  field  extensions  where  we  adjoin  a pth  root  of  an  element 
of  k have  to  be  trivial,  hence  every  element  of  k has  a pth  root.  Conversely  if  every 
element  has  a pth  root,  then  k = k1!p  and  every  field  extension  of  k is  separable  by 
Lemma  110.43.11  □ 
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030R  Lemma  10.44.3.  Let  k C K be  a finitely  generated  field  extension.  There  exists 
a diagram 

K >■  K' 

A 

k k' 

where  k C k' , K C K'  are  finite  purely  inseparable  field  extensions  such  that  k'  C K' 
is  a separable  field  extension.  In  this  situation  we  can  assume  that  K'  = k! K is  the 
compositum,  and  also  that  K'  = (kf  K)red- 


Proof.  By  Lemma  10.41.4  we  can  find  such  a diagram  with  k!  C K'  separably 
generated.  By  Lemma  10.43.2  this  implies  that  K'  is  separable  over  k' . The 
compositum  k'K  is  a subextension  of  k'  C K'  and  hence  k!  C k'K  is  separable 
The  ring  ( k ' (g)fc  K)red  is  a domain  as  for  some  n 0 the 

Thus 


by  Lemma  10.41.2 
map  x i ^ x 


maps  it  into  I\.  Hence  it  is  a field  by  Lemma  10.35.17 
(k!  K)red  -4  K'  maps  it  isomorphically  onto  k'K . 


□ 


046W  Lemma  10.44.4.  For  every  field  k there  exists  a purely  inseparable  extension 
k C k'  such  that  k'  is  perfect.  The  field  extension  k C k'  is  unique  up  to  unique 
isomorphism. 


Proof.  If  the  characteristic  of  k is  zero,  then  k!  = k is  the  unique  choice.  Assume 
the  characteristic  of  k is  p > 0.  For  every  n > 0 there  exists  a unique  algebraic 
extension  k C fc1/,p"  such  that  (a)  every  element  A £ k has  a pn th  root  in  k 1/p" 
and  (b)  for  every  element  /i  £ k 1/p  we  have  yp  £ k.  Namely,  consider  the  ring 
map  k -A  k1/^  = k,  x H > xp  . This  is  injective  and  satisfies  (a)  and  (b).  It  is  clear 
that  fc1/,p  C kx!v  + as  extensions  of  k via  the  map  y i— >•  yp . Then  we  can  take 
k!  = U kl/pn . Some  details  omitted.  □ 


046X 


Definition  10.44.5.  Let  fcbea  field.  The  field  extension  k C k1  of  Lemma 
is  called  the  perfect  closure  of  k.  Notation  k C kperT 


10.44.4 


Note  that  if  k C kl  is  any  algebraic  purely  inseparable  extension,  then  k'  C kperp . 
Namely,  ( k')perf  is  isomorphic  to  kperf  by  the  uniqueness  of  Lemma 

0014  Lemma  10.44.6.  Let  k be  a perfect  field.  Any  reduced  k algebra  is  geometrically 
reduced  over  k.  Let  R,  S be  k-algebras.  Assume  both  R and  S are  reduced.  Then 
the  k-algebra  R <S>k  S is  reduced. 


10.44.4 


Proof.  The  first  statement  follows  from  Lennna[l0.43.3l  For  the  second  statement 
use  the  first  statement  and  Lemma TlO. 42. 51  □ 


10.45.  Universal  homeomorphisms 

0BR5  Let  k C k'  be  an  algebraic  purely  inseparable  field  extension.  Then  for  any  k- 
algebra  R the  ring  map  R -4  k'  (g>fc  R induces  a homeomorphism  of  spectra.  The 
reason  for  this  is  the  slightly  more  general  Lemma [10. 45. 6| below. 

0BR6  Lemma  10.45.1.  Let  tp  : R — » S be  a surjective  map  with  locally  nilpotent  kernel. 

Then  induces  a homeomorphism  of  spectra  and  isomorphisms  on  residue  fields. 
For  any  ring  map  R -4  R'  the  ring  map  R'  — > R'  <Sir  S is  surjective  with  locally 
nilpotent  kernel. 
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Proof.  By  Lemma  10.16.7|the  map  Spec(S')  — > Spec (R)  is  a homeomorphism  onto 
the  closed  subset  F(Ker(</>)).  Of  course  P(Ker(</?))  = Spec(-R)  because  every  prime 
ideal  of  R contains  every  nilpotent  element  of  R.  This  also  implies  the  statement 
on  residue  fields.  By  right  exactness  of  tensor  product  we  see  that  Ker^i?'  is  the 
kernel  of  the  surjective  map  R'  — ► R'  S.  Hence  the  final  statement  by  Lemma 
IIP. .HI  .21  □ 


Lemma  10.45.2.  Let  k C k'  be  a field,  extension.  The  following  are  equivalent 


(1)  for  each  x £ k'  there  exists  an  n > 0 such  that  xn  £ k,  and 

(2)  k'  = k,  or  k' /k  is  a purely  inseparable  extension  of  fields,  or  k and  k'  have 
characteristic  p > 0 and  are  algebraic  extensions  of  Fp. 


|Alpl41  Lemma 
3.1.6] 


Proof.  Observe  that  each  of  the  possibilities  listed  in  (2)  satisfies  (1).  Thus  we 
assume  k'/k  satisfies  (1)  and  we  prove  that  we  are  in  one  of  the  cases  of  (2). 
Discarding  the  case  k = k ' we  may  assume  k!  y^  k.  It  is  clear  that  k'/k  is  algebraic. 
Hence  we  may  assume  that  k'/k  is  a nontrivial  finite  extension.  Let  k C k'sev  C k' 
be  the  separable  subextension  found  in  Fields,  Lemma  |9.13.6|  We  have  to  show 
that  k = k'sep  or  that  k is  an  algebraic  over  Fp.  Thus  we  may  assume  that  k'/k  is 
a nontrivial  finite  separable  extension  and  we  have  to  show  k is  algebraic  over  Fp. 


k.  Let 
k with 


Pick  x £ k' , x ^ k.  Pick  n,  m > 0 such  that  xn  £ k and  (a?  + l)m  £ 
k be  an  algebraic  closure  of  k.  We  can  choose  embeddings  a,  t : k!  — > 
cj{x)  y^=  t(x).  This  follows  from  the  discussion  in  Fields,  Section  9.12  (more  precisely, 
after  replacing  k'  by  the  /c-extension  generated  by  x it  follows  from  Fields,  Lemma 


9.12.8).  Then  we  see  that  cr(x)  = C ]t{x ) for  some  nth  root  of  unity  C in  k.  Similarly, 
we  see  that  a(x  + 1)  = ('r(x  + 1)  for  some  roth  root  of  unity  £ k.  Since 
<j(x  + 1)  yf  t(x  + 1)  we  see  ('  yf  1.  Then 


C(t(x)  + 1)  = CT(X  + 1)  = o{x  + 1)  = a(x)  + 1 = ( t(x)  + 1 


implies  that 


T(X)(C  - 0 = 1 - 


hence  ('  y^  ( and 

r(x)  = (l-C,)/(C,-C) 

Hence  every  element  of  k'  which  is  not  in  k is  algebraic  over  the  prime  subfield. 
Since  k'  is  generated  over  the  prime  subfield  by  the  elements  of  k'  which  are  not  in 
k , we  conclude  that  k'  (and  hence  k ) is  algebraic  over  the  prime  subfield. 


Finally,  if  the  characteristic  of  k is  0,  the  above  leads  to  a contradiction  as  follows 
(we  encourage  the  reader  to  find  their  own  proof).  For  every  rational  number  y we 
similarly  get  a root  of  unity  ( \y  such  that  <j(x  + y)  = Cyr(x  + y ).  Then  we  find 

C r{x)  + y = Qv{t{x)  + y) 

and  by  our  formula  for  t(x)  above  we  conclude  C,y  £ Q(C,  CO-  Since  the  number 
field  Q(C,  CO  contains  only  a finite  number  of  roots  of  unity  we  find  two  distinct 
rational  numbers  y,y'  with  (y  = Qyi . Then  we  conclude  that 

y-y'  = cr{x  + y)~  <j(x  + y')  = (v{t{x  + y))  - C v>t(x  + y')  = C v(y  - y 0 
which  implies  </y  = 1 a contradiction.  □ 

0BR.8  Lemma  10.45.3.  Let  ip  : R — >•  S be  a ring  map.  If 

(1)  for  any  x £ S there  exists  n > 0 such  that  xn  is  in  the  image  of  p,  and 
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(2)  Ker(ip)  is  locally  nilpotent, 

then  <p  induces  a homeomorphism  on  spectra  and  induces  residue  field  extensions 
satisfying  the  equivalent  conditions  of  Lemma\10.45~ ^ 

Proof.  Assume  (1)  and  (2).  Let  q,q'  be  primes  of  S lying  over  the  same  prime 
ideal  p of  R.  Suppose  x £ S with  i £ q,  i ^ q'.  Then  xn  £ q and  xn  fL  q'  for  all 
n > 0.  If  xn  = ip(y)  with  y £ R for  some  n > 0 then 

xn  £ q =>  y £ p =>  xn  £ q' 

which  is  a contradiction.  Hence  there  does  not  exist  an  x as  above  and  we  conclude 
that  q = q',  i.e.,  the  map  on  spectra  is  injective.  By  assumption  (2)  the  kernel 
I = Ker(p)  is  contained  in  every  prime,  hence  Spec(-R)  = Spec(f?/J)  as  topological 
spaces.  As  the  induced  map  R/I  — > S is  integral  by  assumption  (1)  Lemma|i0.35.15 
shows  that  Spec(S')  -»  Spec  (R/I)  is  surjective.  Combining  the  above  we  see  that 
Spec(S')  -A  Spec(I?)  is  bijective.  If  x £ S is  arbitrary,  and  we  pick  y £ R such  that 
ip(y)  = xn  for  some  n > 0,  then  we  see  that  the  open  D(x)  C Spec(S')  corresponds 
to  the  open  D(y)  C Spec(-R)  via  the  bijection  above.  Hence  we  see  that  the  map 
Spec(S')  — > Spec(I?)  is  a homeomorphism. 

To  see  the  statement  on  residue  fields,  let  q C S be  a prime  lying  over  a prime 
ideal  p C R.  Let  x £ /c(q).  If  we  think  of  «(q)  as  the  residue  field  of  the  local  ring 
S q,  then  we  see  that  x is  the  image  of  some  yjz  £ Sq  with  y £ S,  z £ S,  z <0  q. 
Choose  n,  m > 0 such  that  yn , zm  are  in  the  image  of  <p.  Then  xnm  is  the  residue 
of  ( y/z)nm  = (yn)m / (zm)n  which  is  in  the  image  of  Rp  — ► Sq.  Hence  xnm  is  in  the 
image  of  «(p)  — > «(q).  □ 

0545  Lemma  10.45.4.  Let  p be  a prime  number.  Let  n,  m > 0 be  two  integers.  There 
exists  an  integer  a such  that  {x  + y)p  ,pa(x  + y)  £ Z[xp  ,pnx,yp  ,pmy\. 


Proof.  This  is  clear  for  pa(x  + y)  as  soon  as  a > n,m.  In  fact,  pick  a n,m. 
Write 


(x  + y)p°  = 


i,j>0,i-\-j=pa 


xly 


3 


For  every  i,  j > 0 with  i+j  = pa  write  i = qpn  + r with  r £ {0, . . . ,pn  — 1}  and  j = 
q'pm  + r'  with  r'  £ {0, . . . ,pm  — 1}.  The  condition  ( x + y)pa  £ Z [xp™  ,pnx,  yp™  ,pmy\ 
holds  if 

pnr+mr'  divides 

If  r = r'  = 0 then  the  divisibility  holds.  If  r 0,  then  we  write 


/ pa\  _ pa  fpa  - 1\ 

\i,j)  i V*  — !)  j/ 


Since  r/  0 the  rational  number  pa /i  hasp-adic  valuation  at  least  a—  (n— 1)  (because 
i is  not  divisible  by  pn).  Thus  (?  .)  is  divisible  by  pa_n+1  in  this  case.  Similarly,  we 

see  that  if  r'  0,  then  (?  .)  is  divisible  by  pa~m+1.  Picking  a = npn  + mpm  +n  + m 
will  work.  □ 


0BR9  Lemma  10.45.5.  Let  k C k'  be  a field  extension.  Let  p be  a prime  number.  The 
following  are  equivalent 

(1)  k'  is  generated  as  a field  extension  ofk  by  elements  x such  that  there  exists 
an  n > 0 with  xp  £ k and  pnx  £ k,  and 
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(2)  k = k!  or  the  characteristic  of  k and  k!  is  p and  k!  jk  is  purely  inseparable. 

Proof.  Let  x £ k' . If  there  exists  an  n > 0 with  xp " £ k and  pnx  £ k and  if  the 
characteristic  is  not  p , then  x £ k.  If  the  characteristic  is  p,  then  we  find  xp  £ k 
and  hence  x is  purely  inseparable  over  k.  □ 


OBRA  Lemma  10.45.6.  Let  ip  : R — ► S be  a ring  map.  Letp  be  a prime  number.  Assume 

(a)  S is  generated  as  an  R-algebra  by  elements  x such  that  there  exists  an 
n > 0 with  xp  £ <p(R)  and  pnx  £ <p(R),  and 

(b)  Kerfip)  is  locally  nilpotent, 

Then  ip  induces  a homeomorphism  of  spectra  and  induces  residue  field  extensions 
satisfying  the  equivalent  conditions  of  Lemma \10-45 .5}  For  any  ling  map  R -A  R' 
the  ring  map  R'  — » R'  S also  satisfies  (a)  and  (b). 


Proof.  Assume  (a)  and  (b).  Note  that  (b)  is  equivalent  to  condition  (2)  of  Lemma 


10.45.3 


Let  T C S be  the  set  of  elements  x £ S such  that  there  exists  an  integer 
> 0 such  that  xp"  ,pnx  £ ip(R).  We  claim  that  T = S.  This  will  prove  that 


condition  (1)  of  Lemma  10.45.3  holds  and  hence  tp  induces  a homeomorphism  on 
spectra.  By  assumption  (a)  it  suffices  to  show  that  T C S is  an  R-sub  algebra.  If 


x £ T and  y £ R,  then  it  is  clear  that  yx  £ T.  Suppose  x,y  £ T and  n,  m > 0 such 
i/P  nnT.  nrnn  P tn(  R\  Then  (xn\P  + nn~^mxu  P tn(  R\  benre  tii  P T. 


that  xp  ,yp  ,pnx,pmy  £ p{R).  Then  {xy)p  ,pn+mxy  £ p(R)  hence  xy  £ 

We  have  x + y £ T by  Lemma  |l0.45.4| and  the  claim  is  proved. 

Since  ip  induces  a homeomorphism  on  spectra,  it  is  in  particular  surjective  on 
spectra  which  is  a property  preserved  under  any  base  change,  see  Lemma  |10.29.3| 
Therefore  for  any  R — ► R'  the  kernel  of  the  ring  map  R'  — t R'  S consists  of 
nilpotent  elements,  see  Lemma  10.29.6  in  other  words  (b)  holds  for  R'  — > R'  S. 


It  is  clear  that  (a)  is  preserved  under  base  change.  Finally,  the  condition  on  residue 
fields  follows  from  (a)  as  generators  for  S as  an  R-algebra  map  to  generators  for 
the  residue  field  extensions.  □ 


OBRB  Lemma  10.45.7.  Let  <p  : R — >•  S be  a ring  map.  Assume 

(1)  p induces  an  injective  map  of  spectra, 

(2)  ip  induces  purely  inseparable  residue  field  extensions. 

Then  for  any  ring  map  R R!  properties  (1)  and  (2)  are  true  for  R'  — » R!  S. 

Proof.  Set  S'  = R'  S so  that  we  have  a commutative  diagram  of  continuous 
maps  of  spectra  of  rings 


Spec(S") Spec(S') 

V 

Spec(R') Spec(R) 


Let  p'  C R'  be  a prime  ideal  lying  over  p C R.  If  there  is  no  prime  ideal  of  S 
lying  over  p,  then  there  is  no  prime  ideal  of  S'  lying  over  p'.  Otherwise,  by  Remark 


10.16.8  there  is  a unique  prime  ideal  r of  F = S®rk( p)  whose  residue  field  is  purely 


inseparable  over  ft(p).  Consider  the  ring  maps 


«:(p)  — > F — > k( r) 
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By  Lemma [10. 24. 1| the  ideal  r C F is  locally  nilpotent,  hence  we  may  apply  Lemma 
10.45.1  to  the  ring  map  F — > k(x).  We  may  apply  Lemma  10.45.6  to  the  ring  map 


«(p)  —>  «(t).  Hence  the  composition  and  the  second  arrow  in  the  maps 
k(p')  -t  k(P')  ®«(p)  F ->  «(p')  <8>«(p) 


induces  bijections  on  spectra  and  purely  inseparable  residue  field  extensions.  This 
implies  the  same  thing  for  the  first  map.  Since 


K(p')  ®k(P)  F = re(p')  ®k(p)  k(p)  ®r  S = k(p')  ®RS  = re(p')  ®R>  R'  ®R  S 
we  conclude  by  the  discussion  in  Remark  [10. 16. 8[  □ 

OBRC  Lemma  10.45.8.  Let  p : R -A  S be  a ring  map.  Assume 

(1)  p is  integral, 

(2)  ip  induces  an  injective  map  of  spectra, 

(3)  ip  induces  purely  inseparable  residue  field  extensions. 

Then  p induces  a homeomorphism  from  Spec(S')  onto  a closed  subset  of  Spec(l?) 
and  for  any  ring  map  R R'  properties  (1),  (2),  (3)  are  true  for  R'  — ► R'  S. 


OBRD 


Proof.  The  map  on  spectra  is  closed  by  Lemmas |1 0.40. 6 and|10.35.20  The  prop- 
erties are  preserved  under  base  change  by  Lemmas  10. 45. 7|  and  10.35.ll)  □ 


Lemma  10.45.9.  Let  p : R —¥  S be  a ring  map.  Assume 

(1)  p is  integral , 

(2)  p induces  an  bijective  map  of  spectra, 

(3)  p induces  purely  inseparable  residue  field  extensions. 

Then  p induces  a homeomorphism  on  spectra  and  for  any  ring  map  R -A  R!  prop- 
erties (1),  (2),  (3)  are  true  for  R'  — ► R'  ®R  S . 


Proof.  Follows  from  Lemmas  110.45.81  and  110.29.31 


□ 


09EF  Lemma  10.45.10.  Let  p : R S be  a ring  map  such  that 

(1)  the  kernel  of  p is  locally  nilpotent,  and 

(2)  S is  generated  as  an  R-algebra  by  elements  x such  that  there  exist  n > 0 
and  a polynomial  P(T)  £ i?[T]  whose  image  in  S[T]  is  (T  — s)n . 

Then  Spec(S')  — > Spec (R)  is  a homeomorphism  and  R — > S induces  purely  insepa- 
rable extensions  of  residue  fields.  Moreover,  conditions  (1)  and  (2)  remain  true  on 
arbitrary  base  change. 


Proof.  We  may  replace  R by  R/Ker(p),  see  Lemma  10.45. 1|  Assumption  (2) 
implies  S is  generated  over  R by  elements  which  are  integral  over  R.  Hence  R C S 
is  integral  (Lemma  10.35.7 1 . In  particular  Spec(S)  — > Spec(-R)  is  surjective  and 
closed  (Lemmas  10.35.15  10.40.6  and  10.35.20|). 

Let  x £ S be  one  of  the  generators  in  (2),  i.e.,  there  exists  an  n > 0 be  such  that 
(T  — x)n  £ R\T],  Let  p c R be  a prime.  The  «(p)  ®R  S ring  is  nonzero  by  the 

If  the  characteristic  of  «(p)  is  zero  then  we  see  that 
) x is  in  the  image  of  k(p)  — >•  «(p)  ®R  S.  Hence  «(p)  — >•  /c(p)  S 


above  and  Lemma  10.16.9 
nx  £ R implies  1 ( 

is  an  isomorphism.  If  the  characteristic  of  re(p)  is  p > 0,  then  write  n = pkm  with 
to  prime  to  p.  In  re(p)  ® # S[T]  we  have 


(T  — 1 ® x)n  = ((T  — 1 <g>  x)p  )m  = (Tp  - 1 « xp  )7 
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This  implies  that  1 0 xp  is  in  the  image  of  k(p)  — ► 

k( p)  0#  S.  In  both  cases 


and  we  see  that  mxp  £ R. 

K(p)  S.  Hence  Lemma  10.45.6  applies  to  k(p) 
we  conclude  that  re(p)  0^  S has  a unique  prime  ideal  with  residue  field  purely 
inseparable  over  «;(p).  By  Remark  10.16.8  we  conclude  that  ip  is  bijective  on  spectra. 

□ 


The  statement  on  base  change  is  immediate. 


10.46.  Geometrically  irreducible  algebras 

An  algebra  S over  a field  k is  geometrically  irreducible  if  the  algebra  S 0fc  k!  has  a 
unique  minimal  prime  for  every  field  extension  k' /k.  In  this  section  we  develop  a 
bit  of  theory  relevant  to  this  notion. 

Lemma  10.46.1.  Let  R — » S be  a ring  map.  Assume 

(a)  Spec(i2)  is  irreducible, 

(b)  R -A  S is  flat, 

(c)  R — ► S is  of  finite  presentation, 

(d)  the  fibre  rings  S 0#  re(p)  have  irreducible  spectra  for  a dense  collection  of 
primes  p of  R. 

Then  Spec(.S')  is  irreducible.  This  is  true  more  generally  with  (b)  + (c)  replaced  by 
“the  map  Spec(5)  — ► Spec(-R)  is  open 

Proof.  The  assumptions  (b)  and  (c)  imply  that  the  map  on  spectra  is  open,  see 
Proposition |10.40T8]  Hence  the  lemma  follows  from  Topology,  Lemma[5.7.12|  □ 


Lemma  10.46.2.  Let  k be  a separably  algebraically  closed  field.  Let  R,  S be 
k-algebras.  If  R,  S have  a unique  minimal  prime,  so  does  R®k  S. 


Proof.  Let  k C k be  a perfect  closure,  see  Definition  10.44.5  By  assumption 
k is  algebraically  closed.  The  ring  maps  R — > R 0*,  k and  S — > S 0j,  k and 
0fe  <5  — >■  (i?  0fc  S')  0^  k = ( R 0^  k ) 0jr  (S  0fc  k)  satisfy  the  assumptions  of  Lemma 
|10.45.6|  Hence  we  may  assume  k is  algebraically  closed. 


We  may  replace  R and  S by  their  reductions.  Hence  we  may  assume  that  R and  S 
are  domains.  By  Lemma [10.44. 6 we  see  that  f?0fc  S is  reduced.  Hence  its  spectrum 
is  reducible  if  and  only  if  it  contains  a nonzero  zerodivisor.  By  Lemma  |10.42.4|  we 
reduce  to  the  case  where  R and  S are  domains  of  finite  type  over  k algebraically 
closed. 


Note  that  the  ring  map  R — > R(&k  S is  of  finite  presentation  and  flat.  Moreover,  for 
every  maximal  ideal  m of  R we  have  (R  0*,  S)  0^  R/m  = S because  k = R/m  by 
the  Hilbert  Nullstellensatz  Theorem|10.33.l|  Moreover,  the  set  of  maximal  ideals  is 
dense  in  the  spectrum  of  R since  Spec(l?)  is  Jacobson,  see  Lemma  10.34.2  Hence 
we  see  that  Lemma  |10.46.1|  applies  to  the  ring  map  R — » R 0*,  S and  we  conclude 
that  the  spectrum  of  R 0^  S is  irreducible  as  desired.  □ 


Lemma  10.46.3.  Let  k be  a field.  Let  R be  a k-algebra.  The  following  are 
equivalent 

(1)  for  every  field  extension  k C k!  the  spectrum  of  R®k^'  Is  irreducible,  and 

(2)  for  every  finite  separable  field  extension  k C k'  the  spectrum  of  R 0^  k'  is 
irreducible. 
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Proof.  Let  k C kper f be  a perfect  closure  of  k,  see  Definition  10.44.5  By  Lemma 
10.45.6  we  may  replace  R by  (R  kperk)reduction  and  k by  kperf  (some  details 


omitted).  Hence  we  may  assume  that  R is  geometrically  reduced  over  k. 

Assume  R is  geometrically  reduced  over  k.  For  any  extension  of  fields  k C k'  we  see 
irreducibility  of  the  spectrum  of  R k'  is  equivalent  to  R k'  being  a domain. 
Assume  (2).  Let  k C k be  a separable  algebraic  closure  of  k.  Using  Lemma  10.42.4 
we  see  that  (2)  is  equivalent  to  R 0*.  k being  a domain.  For  any  field  extension 
k' . there  exists  a field  extension  k 


k C 


C k' 


with  k'  C k . By  Lemma 


10.46.2 

=7 


we 


see  that  i?0*.  k is  a domain.  If  R<g>k  k!  is  not  a domain,  then  also  R®kk  is  not  a 
domain,  contradiction.  □ 


Definition  10.46.4.  Let  k be  a field.  Let  S be  a fc-algebra.  We  say  S is  geomet- 
rically irreducible  over  k if  for  every  field  extension  k C k’  the  spectrum  of  S 0^  k' 
is  ir  reduciblfQ 


By  Lemma[i0.46.3  it  suffices  to  check  this  for  finite  separable  field  extensions  k C k! . 


Lemma  10.46.5.  Let  k be  a field.  Let  R be  a k-algebra.  If  k is  separably  alge- 
braically closed  then  R is  geometrically  irreducible  over  k if  and  only  if  the  spectrum 
of  R is  irreducible. 


Proof.  Immediate  from  the  remark  following  Definition  |10.46.4 


□ 


Lemma  10.46.6.  Let  k be  a field.  Let  S be  a k-algebra. 

(1)  If  S is  geometrically  irreducible  over  k so  is  every  k-subalgebra. 

(2)  If  all  finitely  generated  k-subalgebras  of  S are  geometrically  irreducible, 
then  S is  geometrically  irreducible. 

(3)  A directed  colimit  of  geometrically  irreducible  k-algebras  is  geometrically 
irreducible. 


Proof.  Let  S'  C S be  a subalgebra.  Then  for  any  extension  k C kl  the  ring  map 
S'®kk'  — > Sf&kk'  is  injective  also.  Hence  (1)  follows  from  Lemma  10.29.5  (and  the 
fact  that  the  image  of  an  irreducible  space  under  a continuous  map  is  irreducible). 
The  second  and  third  property  follow  from  the  fact  that  tensor  product  commutes 
with  colimits.  □ 


Lemma  10.46.7.  Let  k be  a field.  Let  S be  a geometrically  irreducible  k-algebra. 
Let  R be  any  k-algebra.  The  map 

Spec (R®k  S)  — t Spec(i?) 

induces  a bijection  on  irreducible  components. 


Proof.  Recall  that  irreducible  components  correspond  to  minimal  primes  (Lemma 


10.25.1 ).  As  R — > R 0*.  S is  flat  we  see  by  going  down  (Lemma  10.38.18 ) that  any 


minimal  prime  of  R 0&  S lies  over  a minimal  prime  of  R.  Conversely,  if  p C R is  a 
(minimal)  prime  then 

I?®*,  <Syp(.R 0fc  S)  = (R/p)  0fe  S C f.f.(R/p)  0fe  S 


by  flatness  of  R — > R S.  The  ring  f.f.{R/p)  S has  irreducible  spectrum  by 
assumption.  It  follows  that  R®k  S/p(R®k  S)  has  a single  minimal  prime  (Lemma 


4 


An  irreducible  space  is  nonempty. 
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10.29.5 ).  In  other  words,  the  inverse  image  of  the  irreducible  set  V (p)  is  irreducible. 
Hence  the  lemma  follows.  □ 


Let  us  make  some  remarks  on  the  notion  of  geometrically  irreducible  held  exten- 
sions. 


037P  Lemma  10.46.8.  Let  k C K be  a field  extension.  If  k is  algebraically  closed  in 
K , then  K is  geometrically  irreducible  over  k. 

Proof.  Let  k G k'  be  a finite  separable  extension,  say  generated  by  a £ k!  over 


k (see  Fields,  Lemma  9.18.1).  Let  P = Td  + a\Td  1 + ...  + ad  £ k[T } be  the 


minimal  polynomial  of  a.  Then  K ®&  k'  = K[T]/(P).  The  only  way  the  spectrum 
of  I\[T]/(P)  can  be  reducible  is  if  P is  reducible  in  K[T].  Say  P = P1P2  is  a 
nontrivial  factorization  of  P into  monic  polynomials.  Let  b\,...,bt  £ A'  be  the 
coefficients  of  P\.  Then  we  see  that  bi  is  algebraic  over  k by  Lemma [10. 37. 5|  Hence 
the  lemma  follows.  □ 


037Q  Lemma  10.46.9.  Let  k G K be  a field  extension.  Consider  the  subextension 
k G k'  C K such  that  k G k'  is  separable  algebraic  and  k'  G K maximal  with  this 
property.  Then  K is  geometrically  irreducible  over  k! . If  K/k  is  a finitely  generated 
field  extension,  then  \k'  : k]  <00. 


Proof.  Let  k"  G K be  the  algebraic  closure  of  k in  K.  By  Lemma  10.46.8  we  see 
that  K is  geometrically  irreducible  over  k" . Since  k!  G k"  is  purely  inseparable 
(Fields,  Lemma  9.13.6)  we  see  from  Lemma  10.45.6  that  the  extension  k'  C K is 
also  geometrically  irreducible.  If  k C K is  finitely  generated,  then  k ' is  finite  over 
k by  Fields,  Lemma [9.25. 10 


□ 


04KP  Lemma  10.46.10.  Let  k G K be  an  extension  of  fields.  Let  k G k be  a separable 
algebraic  closure.  Then  Gal{k/k)  acts  transitively  on  the  primes  of  fc  ®^  K. 


Proof.  Let  k G k'  G I\  be  the  subextension  found  in  Lemma  [lO. 46.91  Note  that 
as  k G k is  integral  all  the  prime  ideals  of  k (S>fc  K and  k (S>/c  k'  are  maximal,  see 
Lemma  [lO. 35.18|  By  Lemma  [10. 46. 7|  the  map 

Spec(&;  K)  — ► Spec(fc  k ') 


is  bijective  because  (1)  all  primes  are  minimal  primes,  (1)  k®k  K = (fc®*,  k')  ®fc'  K, 
and  (3)  K is  geometrically  irreducible  over  k! . Hence  it  suffices  to  prove  the  lennna 
for  the  action  of  Gal(fc/fc)  on  the  primes  of  k ®fc  k! . 


As  every  prime  of  fc®*,  k'  is  maximal,  the  residue  fields  are  isomorphic  to  k.  Hence 
the  prime  ideals  of  k k'  correspond  one  to  one  to  elements  of  Hom*^^,  k)  with 
a £ Homfc(fc',  k ) corresponding  to  the  kernel  pa  of  1 ® cr  : k ®fc  k'  — > k.  In  particular 
Gal  (k/k)  acts  transitively  on  this  set  as  desired.  □ 


10.47.  Geometrically  connected  algebras 

05DV 

037R  Lemma  10.47.1.  Let  k be  a separably  algebraically  closed  field.  Let  R,  S be 
k-algebras.  IfSpec(R),  and  Spec(5I)  are  connected,  then  so  is  Spec (A®fc  S). 
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Proof.  Recall  that  Spec(i?)  is  connected  if  and  only  if  R has  no  nontrivial  idem- 
potents,  see  Lemma  [10.20. 4|  Hence,  by  Lemma  [10.42.4|  we  may  assume  R and  S 
are  of  finite  type  over  k.  In  this  case  R and  S are  Noetherian,  and  have  finitely 
many  minimal  primes,  see  Lemma  10.30.6  Thus  we  may  argue  by  induction  on 


n + to  where  n,  resp.  m is  the  number  of  irreducible  components  of  Spec(i?),  resp. 
Spec (S).  Of  course  the  case  where  either  n or  m is  zero  is  trivial.  If  n = m = 1, 
i.e. , Spec(I?)  and  Spec(S')  both  have  one  irreducible  component,  then  the  result 
holds  by  Lemma  [10.46.2|  Suppose  that  n > 1.  Let  p C R be  a minimal  prime 
corresponding  to  the  irreducible  closed  subset  T C Spec(i?).  Let  I C R be  such 
that  T'  = V(I)  C Spec (R)  is  the  closure  of  the  complement  of  T.  Note  that 
this  means  that  T'  = Spec (R/I)  (Lemma  10.16.7 1 has  n—  1 irreducible  compo- 
nents. Then  TUT'  = Spec(i?),  and  T C\  T'  = V (p  + I)  = Spec(i?/(p  + /))  is  not 
empty  as  Spec(i?)  is  assumed  connected.  The  inverse  image  of  T in  Spec (R<S>k  S)  is 
Spec(i?/p and  the  inverse  of  V in  Spec(-Rcg)fciS')  is  Spec (R/I®kS).  By  induc- 
tion these  are  both  connected.  The  inverse  image  of  T n T'  is  Spec(i?/ (p  + 1)  ®k  S) 
which  is  nonempty.  Hence  Spec(i?  (§)*,  S)  is  connected.  □ 


Lemma  10.47.2.  Let  k be  a field.  Let  R be  a k-algebra.  The  following  are 
equivalent 

(1)  for  every  field  extension  k C k’  the  spectrum  of  R®k  k'  is  connected,  and 

(2)  for  every  finite  separable  field  extension  k C k'  the  spectrum  of  R k'  is 
connected. 


Proof.  For  any  extension  of  fields  k C k!  the  connectivity  of  the  spectrum  of 
R k'  is  equivalent  to  R k!  having  no  nontrivial  idempotents,  see  Lemma 
Assume  (2).  Let  k C k be  a separable  algebraic  closure  of  k.  Using  Lemma 
we  see  that  (2)  is  equivalent  to  R (&k  k having  no  nontrivial  idempotents. 


10.20.4 


10.42.4 


For  any  field  extension  k C k' , there  exists  a field  extension  k C k with  k'  C k . 


By  Lemma 


10.47.1 


we  see  that  R (£>&  k has  no  nontrivial  idempotents.  If  R (S)k  k! 


has  a nontrivial  idempotent,  then  also  R (S>fe  k , contradiction. 


□ 


Definition  10.47.3.  Let  k be  a field.  Let  S be  a fc-algebra.  We  say  S is  geomet- 
rically connected  over  k if  for  every  field  extension  k C k'  the  spectrum  of  S k' 
is  connected. 


By  Lemma  10.47.2  it  suffices  to  check  this  for  finite  separable  field  extensions  k C k! . 


Lemma  10.47.4.  Let  k be  a field.  Let  R be  a k-algebra.  If  k is  separably  alge- 
braically closed  then  R is  geometrically  connected  over  k if  and  only  if  the  spectrum 
of  R is  connected. 


Proof.  Immediate  from  the  remark  following  Definition  [l~0.47.3|  □ 

Lemma  10.47.5.  Let  k be  a field.  Let  S be  a k-algebra. 

(1)  If  S is  geometrically  connected  over  k so  is  every  k-subalgebra. 

(2)  If  all  finitely  generated  k-subalgebras  of  S are  geometrically  connected, 
then  S is  geometrically  connected. 

(3)  A directed  colimit  of  geometrically  connected  k-algebras  is  geometrically 
connected. 


Proof.  This  follows  from  the  characterization  of  connectedness  in  terms  of  the 
nonexistence  of  nontrivial  idempotents.  The  second  and  third  property  follow  from 
the  fact  that  tensor  product  commutes  with  colimits.  □ 
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The  following  lemma  will  be  superseded  by  the  more  general  Varieties,  Lemma 

[yHi~n 

037W  Lemma  10.47.6.  Let  k be  a field.  Let  S be  a geometrically  connected  k-algebra. 
Let  R be  any  k-algebra.  The  map 

R — > R®k  S 


induces  a bijection  on  idempotents,  and  the  map 

Spec (R  S)  — » Spec(-R) 

induces  a bijection  on  connected  components. 


Proof.  The  second  assertion  follows  from  the  first  combined  with  Lemma  Tl 0.2 1.2 1 
By  Lemmas  |10.47.5|  and  |10.42.4|  we  may  assume  that  R and  S are  of  finite  type 
over  k.  Then  we  see  that  also  R®k  S is  of  finite  type  over  k.  Note  that  in  this  case 
all  the  rings  are  Noetherian  and  hence  their  spectra  have  finitely  many  connected 
components  (since  they  have  finitely  many  irreducible  components,  see  Lemma 


10.30.6 1.  In  particular,  all  connected  components  in  question  are  open!  Hence  via 


Lemma[l0.22.3|we  see  that  the  first  statement  of  the  lemma  in  this  case  is  equivalent 
to  the  second.  Let’s  prove  this.  As  the  algebra  S is  geometrically  connected  and 
nonzero  we  see  that  all  fibres  of  X = Spec(i?  S)  —t  Spec (R)  = Y are  connected 
and  nonempty.  Also,  as  R -A  R (8)k  S is  flat  of  finite  presentation  the  map  X — > Y 
is  open  (Proposition  10.40.8 1.  Topology,  Lemma  5.6.5  shows  that  X — > Y induces 
bijection  on  connected  components.  □ 


10.48.  Geometrically  integral  algebras 

05DW 

05DX  Definition  10.48.1.  Let  k be  a field.  Let  S'  be  a /c-algebra.  We  say  S is  geo- 
metrically integral  over  k if  for  every  field  extension  k C k'  the  ring  of  S k!  is  a 
domain. 


Any  question  about  geometrically  integral  algebras  can  be  translated  in  a question 
about  geometrically  reduced  and  irreducible  algebras. 

05DY  Lemma  10.48.2.  Let  k be  a field.  Let  S be  a k-algebra.  In  this  case  S is  ge- 
ometrically integral  over  k if  and  only  if  S is  geometrically  irreducible  as  well  as 
geometrically  reduced  over  k. 

Proof.  Omitted.  □ 


09P9  Lemma  10.48.3.  Let  k be  a field.  Let  S be  a geometrically  integral  k-algebra.  Let 
R be  a k-algebra  and  an  integral  domain.  Then  R (g>fc  S is  an  integral  domain. 


Proof.  By  Lemma  10.42.5|the  ring  R®k  S is  reduced  and  by  Lemma  [l0.46.7|  the 
ring  R®k  S is  irreducible  (the  spectrum  has  just  one  irreducible  component),  so 
R <8>it  S is  an  integral  domain.  □ 


10.49.  Valuation  rings 

0018  Here  are  some  definitions. 

0019  Definition  10.49.1.  Valuation  rings. 
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(1)  Let  K be  a field.  Let  A,  B be  local  rings  contained  in  K . We  say  that  B 
dominates  A if  A C B and  = dflms. 

(2)  Let  A be  a ring.  We  say  A is  a valuation  ring  if  A is  a local  domain  and  if 
A is  maximal  for  the  relation  of  domination  among  local  rings  contained 
in  the  fraction  field  of  A. 

(3)  Let  A be  a valuation  ring  with  fraction  field  K.  If  R C K is  a subring  of 
K,  then  we  say  A is  centered  on  R if  R C A. 


With  this  definition  a field  is  a valuation  ring. 

00IA  Lemma  10.49.2.  Let  K be  a field.  Let  A C K be  a local  subring.  Then  there 
exists  a valuation  ring  with  fraction  field  K dominating  A. 


Proof.  We  consider  the  collection  of  local  subrings  of  I\  as  a partially  ordered 
set  using  the  relation  of  domination.  Suppose  that  {A^jig/  is  a totally  ordered 
collection  of  local  subrings  of  K . Then  B = (J  A*  is  a local  subring  which  dominates 
all  of  the  A,.  Hence  by  Zorn’s  Lemma,  it  suffices  to  show  that  if  A C K is  a local 
ring  whose  fraction  field  is  not  K , then  there  exists  a local  ring  B C A',  B / A 
dominating  A. 


00IB 


Pick  t £ K which  is  not  in  the  fraction  field  of  A.  If  t is  transcendental  over  A, 
then  A[f]  C K and  hence  A[t] (t,m)  C K is  a local  ring  distinct  from  A dominating 
A.  Suppose  t is  algebraic  over  A.  Then  for  some  a € A the  element  at  is  integral 
over  A.  In  this  case  the  subring  A'  C K generated  by  A and  ta  is  finite  over  A. 
By  Lemma  10.35.15  there  exists  a prime  ideal  m'  C A'  lying  over  m.  Then  A'  , 
dominates  A.  If  A = A'm,,  then  t is  in  the  fraction  field  of  A which  we  assumed  not 
to  be  the  case.  Thus  A A'm,  as  desired.  □ 


Lemma  10.49.3.  Let  A be  a valuation  ring  with  maximal  ideal  m and  fraction 
field  K . Let  x £ K . Then  either  x £ A or  x~x  £ A or  both. 


052K 


Proof.  Assume  that  x is  not  in  A.  Let  A'  denote  the  subring  of  I\  generated 
by  A and  x.  Since  A is  a valuation  ring  we  see  that  there  is  no  prime  of  A' 
lying  over  m.  Hence  we  can  write  1 = Xu=o  t ix%  with  ti  £ m.  This  implies  that 
(1  — to)(x~1)d  — = 0-  In  particular  we  see  that  a:-1  is  integral  over 


A.  Thus  the  subring  A"  of  I\  generated  by  A and  a;-1 
there  exists  a prime  ideal  m"  C A"  lying  over  m by  Lemma  10.35.15 
valuation  ring  we  conclude  that  A = (A")m//  and  hence  x~1  £ A. 


is  finite  over  A and  we  see 
Since  A is  a 
□ 


Lemma  10.49.4.  Let  A C K be  a subring  of  a field  K such  that  for  all  x £ K 
either  x £ A or  x~l  £ A or  both.  Then  A is  a valuation  ring  with  fraction  field  K . 


Proof.  If  A is  not  K,  then  A is  not  a field  and  there  is  a nonzero  maximal  ideal  m. 
If  m'  is  a second  maximal  ideal,  then  choose  x,y  £ A with  x £ m,  y £ m,  x ^ m', 
and  y £ m'  (see  Lemma  10.14.2).  Then  neither  x/y  £ A nor  y/x  £ A contradicting 
the  assumption  of  the  lemma.  Thus  we  see  that  A is  a local  ring.  Suppose  that  A' 
is  a local  ring  contained  in  K which  dominates  A.  Let  x £ A'.  We  have  to  show 


that  x £ A.  If  not,  then  x 1 
which  contradicts  x £ A' . 


£ A,  and  of  course  x 1 £ m^.  But  then  x 


„-i 


mA> 

□ 


0AS4  Lemma  10.49.5.  Let  I be  a directed  paRially  ordered  set.  Let  (Aj,yj*j)  be  a system 
of  valuation  rings  over  I whose  transition  maps  ifij  are  local.  Then  A = colirn  Aj 
is  a valuation  ring. 
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Proof.  It  is  clear  that  A is  a domain.  Let  a,b  £ A.  Lemma[l0.49.4| tells  us  we  have 
to  show  that  either  a\b  or  b\a  in  A.  Choose  i so  large  that  there  exist  a, . b?:  £ Ai 
mapping  to  a,b.  Then  Lemma  |10.49.3|  applied  to  cq,bi  in  A,  implies  the  result  for 
a,  b in  A.  □ 

Lemma  10.49.6.  Let  K C L be  an  extension  of  fields.  If  B C L is  a valuation 
ring,  then  A = K n B is  a valuation  ring. 


Proof.  We  can  replace  L by  f.f.(B)  and  K by  K D f.f.(B).  Then  the  lemma 
follows  from  a combination  of  Lemmas  110.49.31  and  110.49.41  □ 

Lemma  10.49.7.  Let  I\  C L be  an  algebraic  extension  of  fields.  If  B C L is  a 
valuation  ring  with  fraction  field  L and  not  a field,  then  A = K n B is  a valuation 
ring  and  not  a field. 


Proof.  By  Lemma  10.49. 6|the  ring  A is  a valuation  ring.  If  A is  a field,  then  A = K. 
Then  A = K C B is  an  integral  extension,  hence  there  are  no  proper  inclusions 
among  the  primes  of  B (Lemma  10.35.18).  This  contradicts  the  assumption  that 
B is  a local  domain  and  not  a field.  □ 


Lemma  10.49.8.  Let  A be  a valuation  ring.  For  any  prime  ideal  p C A the 
quotient  A/p  is  a valuation  ring.  The  same  is  true  for  the  localization  Ap  and  in 
fact  any  localization  of  A. 


Proof.  Use  the  characterization  of  valuation  rings  given  in  Lemma [l 0.49. 4 


□ 


Lemma  10.49.9.  Let  A'  be  a valuation  ring  with  residue  field  K . Let  A be  a 
valuation  ring  with  fraction  field  I\ . Then  C = {A  £ A'  | A mod  rrqv  £ A}  is  a 
valuation  ring. 


Proof.  Note  that  m^'  C C and  C/vcia1  = A.  In  particular,  the  fraction  field  of  C 


is  equal  to  the  fraction  held  of  A'.  We  will  use  the  criterion  of  Lemma  10.49.4  to 
prove  the  lemma.  Let  x be  an  element  of  the  fraction  held  of  C.  By  the  lemma  we 
may  assume  x £ A! . If  x € m.4/ , then  we  see  x £ C.  If  not,  then  x is  a unit  of  A' 
and  we  also  have  x~x  £ A! . Hence  either  x or  x_1  maps  to  an  element  of  A by  the 
lemma  again.  □ 

Lemma  10.49.10.  Let  A be  a valuation  ring.  Then  A is  a normal  domain. 

Proof.  Suppose  x is  in  the  held  of  fractions  of  A and  integral  over  A,  say  xd  + 
J2i<daixl  = By  Lemma  10.49.4  either  x £ A (and  we’re  done)  or  x_1  £ A.  In 
the  second  case  we  see  that  x = — aiXl~d  € A as  well.  □ 

Lemma  10.49.11.  Let  A be  a normal  domain  with  fraction  field  K . For  every 
x £ K , x £ A there  exists  a valuation  ring  A C V C K with  fraction  field  I\ 
such  that  x V . In  other  words,  A is  the  intersection  of  all  valuation  rings  in  I\ 
containing  A. 

Proof.  Suppose  x £ K,  x qL  A.  Consider  B = A[x-1].  Then  x ^ B.  Namely,  if 
x = ao  + aix-1  + . . . + ad,x~d  then  xd+1  — aoXd  — ...  — ad  = 0 and  x is  integral  over 
A in  contradiction  with  the  fact  that  A is  normal.  Thus  x_1  is  not  a unit  in  B. 
Thus  U(x_1)  C Spec(-B)  is  not  empty  (Lemma  10.16.2),  and  we  can  choose  a prime 
p C B with  x_1  £ p.  Choose  a valuation  ring  V C K dominating  Bp  (Lemma 

□ 


10.49.2).  Then  x V as  x 1 € rriy. 
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An  totally  ordered  abelian  group  is  a pair  (F,  >)  consisting  of  an  abelian  group  T 
endowed  with  a total  ordering  > such  that  7 > 7'  =>  7 + 7"  > 7'  + 7"  for  all 

7,7,,7"  € F. 

00ID  Lemma  10.49.12.  Let  A be  a valuation  ring  with  field  of  fractions  I\  . Set  T = 
I\* / A*  ( with  group  law  written  additively) . For  7,7 ' £ T define  7 > 7'  ?/  and  ort/y 
z/  7 — 7'  is  in  t/ie  image  of  A — {0}  — ► T.  Then  (r,  >)  is  a totally  ordered  abelian 
group. 


Proof.  Omitted,  but  follows  easily  from  Lemma  10.49.3  Note  that  in  case  A = K 
we  obtain  the  zero  group  F = {0}  endowed  with  its  unique  total  ordering.  □ 

00IE  Definition  10.49.13.  Let  A be  a valuation  ring. 

(1)  The  totally  ordered  abelian  group  (r,  >)  of  Lemma  10.49.12  is  called  the 
value  group  of  the  valuation  ring  A. 

(2)  The  map  v : A — {0}  — > T and  also  v : K*  — > T is  called  the  valuation 
associated  to  A. 

(3)  The  valuation  ring  A is  called  a discrete  valuation  ring  if  T = Z. 


Note  that  if  F = Z then  there  is  a unique  such  isomorphism  such  that  1 > 0.  If  the 
isomorphism  is  chosen  in  this  way,  then  the  ordering  becomes  the  usual  ordering  of 
the  integers. 

00IF  Lemma  10.49.14.  Let  A be  a valuation  ring.  The  valuation  v : A — {0}  — > F>o 
has  the  following  properties: 

(1)  v(a)  = 0 <t=>  a £ A*, 

(2)  v(ab)  = v(a)  + v(b), 

(3)  v(a  + b)  > min(v(a),v(b)) . 


Proof.  Omitted.  □ 

090Q  Lemma  10.49.15.  Let  A be  a ring.  The  following  are  equivalent 

(1)  A is  a valuation  ring, 

(2)  A is  a local  domain  and  every  finitely  generated  ideal  of  A is  principal. 


Proof.  Assume  A is  a valuation  ring  and  let  f\, ... , fn  £ A.  Choose  i such  that 
v{fi)  is  minimal  among  v(fj).  Then  (ff)  = (/1, . . . , /„).  Conversely,  assume  A is  a 
local  domain  and  every  finitely  generated  ideal  of  A is  principal.  Pick  f,g  £ A and 
write  (/,  g)  = (h).  Then  f = ah  and  g = bh  and  h = cf  + dg  for  some  a,  b,c,d  £ A. 
Thus  ac  + bd  = 1 and  we  see  that  either  a or  b is  a unit,  i.e.,  either  g/f  or  f /g  is 
an  element  of  A.  This  shows  A is  a valuation  ring  by  Lemma  10.49.4|  □ 

00IG  Lemma  10.49.16.  Let  (F,  >)  be  a totally  ordered  abelian  group.  Let  K be  a 
field.  Let  v : K*  -A  T be  a homomorphism  of  abelian  groups  such  that  v(a  + b)  > 
min(u(a), v(b))  for  a,b  £ K with  a,b,a  + b not  zero.  Then 

A = {x£K\x  = Q or  v(x)  > 0} 

is  a valuation  ring  with  value  group  Im(y)  C F,  with  maximal  ideal 
m = {x  £ K | x = 0 or  v(x)  > 0} 

and  with  group  of  units 


Proof.  Omitted. 


A*  = {x  £ I<*  | v(x)  = 0}. 


□ 
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Let  (r,  >)  be  a totally  ordered  abelian  group.  An  ideal  ofT  is  a subset  JcT  such 
that  all  elements  of  I are  > 0 and  7 £ I,  > 7 implies  7'  £ I.  We  say  that  such 
an  ideal  is  prime  if  7 + 7'  £ /,  7, 7'  > 0 =>  7 £ / or  7 ' £ I . 

00IH  Lemma  10.49.17.  Let  A be  a valuation  ring.  Ideals  in  A correspond  1 — 1 with 
ideals  ofT.  This  bijection  is  inclusion  preserving,  and  maps  prime  ideals  to  prime 
ideals. 


Proof.  Omitted. 


□ 


0011  Lemma  10.49.18.  A valuation  ring  is  Noetherian  if  and  only  if  it  is  a discrete 
valuation  ring  or  a field. 


Proof.  Suppose  A is  a discrete  valuation  ring  with  valuation  v : A \ {0}  Z 
normalized  so  that  Im(i>)  C Z>o-  By  Lemma  10.49.17  the  ideals  of  A are  the 
subsets  In  = {0}  U i;_1(Z>„).  It  is  clear  that  any  element  x £ A with  v(x)  = n 
generates  In.  Hence  A is  a PID  so  certainly  Noetherian. 


Suppose  A is  a Noetherian  valuation  ring  with  value  group  F.  By  Lemma |10. 49. 17] 
we  see  the  ascending  chain  condition  holds  for  ideals  in  T.  We  may  assume  A is  not 
a field,  i.e.,  there  is  a 7 £ T with  7 > 0.  Applying  the  ascending  chain  condition  to 
the  subsets  7 + r>0  with  7 > 0 we  see  there  exists  a smallest  element  70  which  is 
bigger  than  0.  Let  7 £ T be  an  element  7 > 0.  Consider  the  sequence  of  elements 
7,  7 — 70,  7 — 270,  etc.  By  the  ascending  chain  condition  these  cannot  all  be  > 0. 
Let  7 — njo  be  the  last  one  > 0.  By  minimality  of  70  we  see  that  0 = 7 — myg. 
Hence  T is  a cyclic  group  as  desired.  □ 


10.50.  More  Noetherian  rings 

00IJ 

00IK  Lemma  10.50.1.  Let  R be  a Noetherian  ring.  Any  finite  R-module  is  of  finite 
presentation.  Any  submodule  of  a finite  R-module  is  finite.  The  ascending  chain 
condition  holds  for  R-submodules  of  a finite  R-module. 

Proof.  We  first  show  that  any  submodule  A of  a finite  l?-module  M is  finite.  We 
do  this  by  induction  on  the  number  of  generators  of  M . If  this  number  is  1,  then 
N = J/I  C M = R/I  for  some  ideals  / C J C R.  Thus  the  definition  of  Noetherian 
implies  the  result.  If  the  number  of  generators  of  M is  greater  than  1,  then  we  can 
find  a short  exact  sequence  0 — > M'  — > M — > M"  — > 0 where  M'  and  M"  have 
fewer  generators.  Note  that  setting  N'  = M'  D N and  N"  = Im(N  — > M")  gives 
a similar  short  exact  sequence  for  N.  Hence  the  result  follows  from  the  induction 
hypothesis  since  the  number  of  generators  of  N is  at  most  the  number  of  generators 
of  N'  plus  the  number  of  generators  of  N" . 

To  show  that  M is  finitely  presented  just  apply  the  previous  result  to  the  kernel  of 
a presentation  Rn  — > M. 

It  is  well  known  and  easy  to  prove  that  the  ascending  chain  condition  for  R- 
submodules  of  M is  equivalent  to  the  condition  that  every  submodule  of  M is 
a finite  I?-module.  We  omit  the  proof.  □ 

00IN  Lemma  10.50.2  (Artin-Rees).  Suppose  that  R is  Noetherian,  I C R an  ideal.  Let 
N C M be  finite  R-modules.  There  exists  a constant  c > 0 such  that  InM  n N = 
In~c[IcM  D N)  for  all  n > c. 
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Proof.  Consider  the  ring  S = R ® I ® /2  ®...  = ®n>0In-  Convention:  1°  = 
R.  Multiplication  maps  /"  x Im  into  /"+m  by  multiplication  in  R.  Note  that  if 
I = (/i, . . . , ft)  then  S'  is  a quotient  of  the  Noetherian  ring  R[Xi, . . . , Xt],  The 
map  just  sends  the  monomial  X®1  . . . Xf*  to  ff1  . ../®*.  Thus  S is  Noetherian. 
Similarly,  consider  the  module  M® IM®  I2M © . . . = ®n>0  /"TV/.  This  is  a finitely 
generated  S-module.  Namely,  if  x\,...,xr  generate  M over  R , then  they  also 
generate  ®n>0  /"TV/  over  S.  Next,  consider  the  submodule  ®ra>0  /"TV/  C N.  This 
is  an  S-submodule,  as  is  easily  verified.  By  Lemma  [10. 50. 1|  it  is  finitely  generated 
as  an  S-module,  say  by  £ ®„>0  /"TV/  D N,  j = 1, . . . , s.  We  may  assume  by 
decomposing  each  <f7  into  its  homogeneous  pieces  that  each  £ Idj  TV/  fl  TV  for  some 
dj.  Set  c = max  {</,}.  Then  for  all  n > c every  element  in  InM  fl  TV  is  of  the 
form  )T)  hj^j  with  hj  £ In~L . The  lemma  now  follows  from  this  and  the  trivial 
observation  that  In~L  (/A M fl  N)  C In~c{IcM  fl  TV).  □ 

OOIO  Lemma  10.50.3.  Suppose  that  0 — > K — > M — > TV  is  an  exact  sequence  of  finitely 
generated  modules  over  a Noetherian  ring  R.  Let  I C R be  an  ideal.  Then  there 
exists  a c such  that 


f~\lnN)  = K + In~cf-\lcN)  and  f(M)  n /"TV  C f(In~cM) 


00IP 


for  all  n>  c. 


Proof.  Apply  Lemma  10.50.2  to  Im(/)  C TV  and  note  that  / : In  CM  — » In  cf(M) 
is  surjective.  □ 


Lemma  10.50.4  (Krull’s  intersection  theorem).  Let  R be  a Noetherian  local  ring. 
Let  I C R be  a proper  ideal.  Let  M be  a finite  R-module.  Then  P|  >0  InM  = 0. 


00IQ 


Proof.  Let  TV  = Hn>o  /"TV/.  Then  TV  = InM  DTV  for  all  n > 0.  By  the  Artin-Rees 
Lemma  [10.50.2|  we  see  that  TV  = InM  fl  TV  C IN  for  some  suitably  large  n.  By 
Nakayama’s  Lemma  10.19.1  we  see  that  TV  = 0.  □ 


Lemma  10.50.5.  Let  R be  a Noetherian  ring.  Let  I C R be  an  ideal.  Let  M be 
a finite  R-module.  Let  TV  = /"TV/. 

(1)  For  every  prime  p,  / C p there  exists  a f £ R,  f £ p such  that  Nf  = 0. 

(2)  If  I C rad(R)  is  contained  in  the  Jacobson  radical  of  R,  then  TV  = 0. 


Proof.  Proof  of  (1).  Let  x\,...,xn  be  generators  for  the  module  TV,  see  Lemma 


10.50.1  For  every  prime  p,  I C p we  see  that  the  image  of  TV  in  the  localization 


TV/p  is  zero,  by  Lemma  10.50.4  Hence  we  can  find  gi  £ R,  gi  ^ p such  that  Xi  maps 
to  zero  in  TVQ. . Thus  Na,0o  0„  = 0. 


Part  (2)  follows  from  (1)  and  Lemma  10.23.1 


□ 


00IR 


Remark  10.50.6.  Lemma 

10.50.4 

/ C R .is  a non-unit  ideal  in 

a Noet 

in  particular  implies  that  fjn  /"  = (0)  when 
rerian  local  ring  R.  More  generally,  let  R be 
a Noetherian  ring  and  / C R an  ideal.  Suppose  that  / £ PlneN^"-  Then  Lemma 
10.50.5|  says  that  for  every  prime  ideal  / C p there  exists  a q £ R,  g £ p such  that 

/ is 


/ maps  to  zero  in  Rg.  In  algebraic  geometry  we  express  this  by  saying  that 
zero  in  an  open  neighbourhood  of  the  closed  set  V(I)  of  Spec (/?)”. 


00IS  Lemma  10.50.7  (Artin-Tate).  Let  R be  a Noetherian  ring.  Let  S be  a finitely 
generated  R-algebra.  IfTcS  is  an  R-subalgebra  such  that  S is  finitely  generated 
as  a T -module,  then  T is  a finite  type  over  R. 
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Proof.  Choose  elements  x\,...,xn  £ S which  generate  S as  an  JCalgebra.  Choose 
yi, . . . ,ym  in  S which  generate  S'  as  a T-module.  Thus  there  exist  djj  £ T such  that 
ah  = E (lij'yj-  There  also  exist  bijk  £ T such  that  yiyj  = E bijkhk-  Let  T'  C T be 
the  sub  i?-algebra  generated  by  a,,-  and  b^k-  This  is  a finitely  generated  i?-algebra, 
hence  Noetherian.  Consider  the  algebra 

S'  = T'[Yi, , YmViYiYj  - Y,  bijkYk). 

Note  that  S'  is  finite  over  T' , namely  as  a T'-module  it  is  generated  by  the  classes 
of  1,  Yi, . ..  ,Ym.  Consider  the  T'-algebra  homomorphism  S'  — >•  S which  maps  Yi 
to  yi.  Because  a.y  £ T'  we  see  that  Xj  is  in  the  image  of  this  map.  Thus  S'  — ► S 
is  surjective.  Therefore  S is  finite  over  T'  as  well.  Since  T'  is  Noetherian  and  we 
conclude  that  T C S is  finite  over  T'  and  we  win.  □ 


10.51.  Length 

00IU 

02LY  Definition  10.51.1.  Let  R be  a ring.  For  any  f?-module  M we  define  the  length 
of  M over  R by  the  formula 

lengthiJ(M)  = sup{n  | 3 0 = M0  c Mi  c ...  C Mn  = M,  ^ Mi+1}. 

In  other  words  it  is  the  supremum  of  the  lengths  of  chains  of  submodules.  There 
is  an  obvious  notion  of  when  a chain  of  submodules  is  a refinement  of  another. 
This  gives  a partial  ordering  on  the  collection  of  all  chains  of  submodules,  with  the 
smallest  chain  having  the  shape  0 = Mo  C Mi  = M if  M is  not  zero.  We  note  the 
obvious  fact  that  if  the  length  of  M is  finite,  then  every  chain  can  be  refined  to 
a maximal  chain.  But  it  is  not  as  obvious  that  all  maximal  chains  have  the  same 
length  (as  we  will  see  later). 

02LZ  Lemma  10.51.2.  Let  R be  a ring.  Let  M be  an  R-module.  If  lengthR(M ) < oo 
then  M is  a finite  R-module. 

Proof.  Omitted.  □ 

00IV  Lemma  10.51.3.  If  0 — > M'  — > M — > M"  — >■  0 is  a short  exact  sequence  of 
modules  over  R then  the  length  of  M is  the  sum  of  the  lengths  of  M'  and  M" . 

Proof.  Given  nitrations  of  M'  and  M"  of  lengths  n' , n"  it  is  easy  to  make  a 
corresponding  filtration  of  M of  length  n!  + n" . Thus  we  see  that  lengthy M > 
length^M7  + length^M".  Conversely,  given  a filtration  Mo  C Mi  C . . . C Mn 
of  M consider  the  induced  filtrations  M[  = Mi  0 M'  and  M"  = Im(Mi  — ► M"). 
Let  n'  (resp.  n")  be  the  number  of  steps  in  the  filtration  {M7}  (resp.  {M77}).  If 
M[  = M'i+ 1 and  M"  = M"+1  then  Mj  = Mi+ 1.  Hence  we  conclude  that  n' +n"  > n. 
Combined  with  the  earlier  result  we  win.  □ 

00IW  Lemma  10.51.4.  Let  R be  a local  ring  with  maximal  ideal  m.  Let  M be  an 
R-module. 

(1)  If  M is  a finite  module  and  mnM  0 for  all  n > 0,  then  lengthR(M)  = oo. 

(2)  If  M has  finite  length  then  m nM  = 0 for  some  n. 
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Proof.  Assume  m 11 M ^ 0 for  all  n > 0.  Choose  x £ M and  f\, ... , fn  £ m 
such  that  /1/2  ■ ■ • fnx  7^  0.  By  Nakayama’s  Lemma [10. 19. 1|  the  first  n steps  in  the 
filtration 

0 C R/i  .../„£  C R/i .. . fn-ix  C . . . C Rx  C M 


are  distinct.  This  can  also  be  seen  directly.  For  example,  if  Rf\X  = R/1/2®  , then 
fix  = gfif2X  for  some  g , hence  (1  — gf2)fix  = 0 hence  fix  = 0 as  1 — <7/2  is  a unit 
which  is  a contradiction  with  the  choice  of  x and  f\, ... , fn . Hence  the  length  is 
infinite,  i.e.,  (1)  holds.  Combine  (1)  and  Lemma  10.51.2  to  see  (2).  □ 


Lemma  10.51.5.  Let  R S be  a ring  map.  Let  M be  an  S-module.  We  always 
have  lengthR(M)  > lengths(M).  If  R S is  surjective  then  equality  holds. 


Proof.  A filtration  of  M by  R-submodules  gives  rise  a filtration  of  M by  R- 
submodules.  This  proves  the  inequality.  And  if  R -7  S is  surjective,  then  any 
R-submodule  of  M is  automatically  a S-submodule.  Hence  equality  in  this  case.  □ 

00IY  Lemma  10.51.6.  Let  R be  a ring  with  maximal  ideal  m.  Suppose  that  M is  an 
R-module  with  m M = 0.  Then  the  length  of  M as  an  R-module  agrees  with  the 
dimension  of  M as  a R/m  vector  space.  The  length  is  finite  if  and  only  if  M is  a 
finite  R-module. 


Proof.  The  first  part  is  a special  case  of  Lemma[l0.51.5[  Thus  the  length  is  finite 
if  and  only  if  M has  a finite  basis  as  a R/m- vector  space  if  and  only  if  M has  a 
finite  set  of  generators  as  an  .R-module.  □ 

00IZ  Lemma  10.51.7.  Let  R be  a ring.  Let  M be  an  R-module.  Let  S C R be  a 
multiplicative  subset.  Then  lengthR(M)  > lengths-i 

Proof.  Any  submodule  N'  C S_1M  is  of  the  form  S~1N  for  some  R-submodule 
N C M,  by  Lemma[l0.9.15[  The  lemma  follows.  □ 

00J0  Lemma  10.51.8.  Let  R be  a ring  with  finitely  generated  maximal  ideal  m.  (For 
example  R Noetherian.)  Suppose  that  M is  a finite  R-module  with  m nM  = 0 for 
some  n.  Then  lengthR(M ) < 00. 


00J1 

00J2 


Proof.  Consider  the  filtration  0 = m nM  C mn~1M  C . . . C m M C M.  All  of 
the  subquotients  are  finitely  generated  R- modules  to  which  Lemma  10.51. 6|applies. 
We  conclude  by  additivity,  see  Lemma  [10.51.3  □ 


Definition  10.51.9.  Let  R be  a ring.  Let  M be  an  R-module.  We  say  M is 
simple  if  M ^ 0 and  every  submodule  of  M is  either  equal  to  M or  to  0. 


Lemma  10.51.10.  Let  R be  a ring.  Let  M be  an  R-module.  The  following  are 
equivalent: 

(1)  M is  simple, 

(2)  lengthR(M ) = 1,  and 

(3)  M = R/m  for  some  maximal  ideal  m C R. 


Proof.  Let  m be  a maximal  ideal  of  R.  By  Lemma  10.51.6  the  module  R/m  has 
length  1.  The  equivalence  of  the  first  two  assertions  is  tautological.  Suppose  that 
M is  simple.  Choose  x £ M,  x ^ 0.  As  M is  simple  we  have  M = R ■ x.  Let 
I C R be  the  annihilator  of  x,  i.e.,  I = {f  £ R \ fx  = 0}.  The  map  R/I  — > M, 
f mod  I ^ fx  is  an  isomorphism,  hence  R/I  is  a simple  R-module.  Since  R/I  7^  0 
we  see  I 7^  R.  Let  I C m be  a maximal  ideal  containing  I.  If  / 7^  m,  then 
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m/I  C R/I  is  a nontrivial  submodule  contradicting  the  simplicity  of  R/I.  Hence 
we  see  I = m as  desired.  □ 


00J3  Lemma  10.51.11.  Let  R be  a ring.  Let  M be  a finite  length  R-module.  Let 
I = length R{AI) . Choose  any  maximal  chain  of  submodules 

0 = M0  c Mi  c M2  C . . . C Mn  = M 


with  Mi  Mi-i,  i = 1,  • • • , n.  Then 

(1)  n = t, 

(2)  each  is  simple, 

(3)  each  is  of  the  form  R/ m;  for  some  maximal  ideal  irq, 

(4)  given  a maximal  ideal  m C R we  have 

#{*  | m,  = m}  = length Rm  (Mm). 


Proof.  If  Mi /Mi-i  is  not  simple  then  we  can  refine  the  filtration  and  the  filtration 
is  not  maximal.  Thus  we  see  that  is  simple.  By  Lemma  10.51.10  the 

modules  Mi /AR-i  have  length  1 and  are  of  the  form  for  some  maximal  ideals 

rip.  By  additivity  of  length,  Lemma |10.51.3[  we  see  n = l.  Since  localization  is 
exact,  we  see  that 


0 = (M0)m  c (Mi)m  c (M2)m  C . . . C (Mn)m  = Mm 


is  a filtration  of  Mm  with  successive  quotients  Thus  the  last  statement 

follows  directly  from  the  fact  that  given  maximal  ideals  m,  m'  of  R we  have 


{R/m')m 


( 0 if  m ^ m', 

(f?m/rnf?m  if  m = m' 


This  we  leave  to  the  reader. 


□ 


02M0  Lemma  10.51.12.  Let  A be  a local  ring  with  maximal  ideal  m.  Let  B be  a 
semi-local  ring  with  maximal  ideals  rip,  i = 1 Suppose  that  A — ► B is  a 

homomorphism  such  that  each  m,  lies  over  m and  such  that 

[«(mj)  : «(m)]  < oo. 

Let  M be  a B -module  of  finite  length.  Then 

length a{M)  = [«(mi)  : K{m)]lengthB  (Mm  ), 

in  particular  lengthA(M)  < oo. 

Proof.  Choose  a maximal  chain 


02M1 


0 = M0  c Mi  C M2  C . . . C Mn  = M 


by  H-submodules  as  in  Lemma  10.51.11 
phic  to  K(rrij(j))  for  some  j(i) 

K(m)]  by  Lemma  10.51.6 


10.51.3). 


Then  each  quotient  Mi /Mi- 1 is  isomor- 
{1, . . . , n}.  Moreover  lengthA(K(mj))  = [«;(mj)  : 
The  lemma  follows  by  additivity  of  lengths  (Lemma 

□ 


Lemma  10.51.13.  Let  A — » B be  a flat  local  homomorphism  of  local  rings.  Then 
for  any  A-module  M we  have 


length A(M)lengthB(B /itia-B)  = lengthB(M  ®A  B). 

In  particular,  if  length b(B jmAB)  < oo  then  M has  finite  length  if  and  only  if 
M B has  finite  length. 
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02M2 

00J4 

00J5 

00J6 

00J7 

00J8 


OOJA 


Proof.  The  ring  map  A — > B is  faithfully  flat  by  Lemma  |10.38.17l  Hence  if 
0 = M0  C Mi  C ...  C Mn  = M is  a chain  of  length  n in  M . then  the  corresponding 
chain  0 = Mq(§>aB  C M±(&aB  C ...  C Mh^aB  = M®aB  has  length  n also.  This 
proves  lengthA(M)  = oo  =>  lengths(M  ® a B)  = oo.  Next,  assume  lengthy (M)  < 
oo.  In  this  case  we  see  that  M has  a filtration  of  length  l = lengthy  (M)  whose 
quotients  are  A I'm.  a-  Arguing  as  above  we  see  that  M B has  a filtration  of 
length  i whose  quotients  are  isomorphic  to  B ®a  A/vcia  = H/m^H.  Thus  the 
lemma  follows.  □ 

Lemma  10.51.14.  Let  A -A  B -A  C be  flat  local  homomorphisms  of  local  rings. 
Then 

lengthB(B /mAB)lengthc(C /msC)  = lengthc(C /iuaC) 

Proof.  Follows  from  Lemma  |10. 51.131  applied  to  the  ring  map  B -A  C and  the 
5-module  M = B/mAB  □ 


10.52.  Artinian  rings 

Artinian  rings,  and  especially  local  Artinian  rings,  play  an  important  role  in  alge- 
braic geometry,  for  example  in  deformation  theory. 

Definition  10.52.1.  A ring  R is  Artinian  if  it  satisfies  the  descending  chain 
condition  for  ideals. 

Lemma  10.52.2.  Suppose  R is  a finite  dimensional  algebra  over  a field.  Then  R 
is  Artinian. 


Proof.  The  descending  chain  condition  for  ideals  obviously  holds. 


□ 


Lemma  10.52.3.  If  R is  Artinian  then  R has  only  finitely  many  maximal  ideals. 

Proof.  Suppose  that  up,  * = 1,2,3,...  are  maximal  ideals.  Then  mi  D mi  H m2  D 
mi  fl  m2  H m3  D ...  is  an  infinite  descending  sequence  (because  by  the  Chinese 
remainder  theorem  all  the  maps  R -A  ©”=1.R/m;  are  surjective).  □ 


Lemma  10.52.4.  Let  R be  Artinian.  The  radical  rad(R)  of  R is  a nilpotent  ideal. 

Proof.  Denote  the  radical  I.  Note  that  I D I2  D I3  D . . . is  a descending  sequence. 
Thus  In  = In+1  for  some  n.  Set  J = {x  £ R \ xln  = 0}.  We  have  to  show  J = R. 
If  not,  choose  an  ideal  J'  J,  J C J'  minimal  (possible  by  the  Artinian  property). 
Then  J'  = J + Rx  for  some  x £ R.  By  NAK,  Lemma  [lQ.19.1  we  have  IJ'  C J. 
Hence  xln+1  C xl  ■ In  C J ■ In  = 0.  Since  In+1  = In  we  conclude  x £ J. 
Contradiction.  □ 


Lemma  10.52.5.  Any  ring  with  finitely  many  maximal  ideals  and  locally  nilpotent 
radical  is  the  product  of  its  localizations  at  its  maximal  ideals.  Also,  all  primes  are 
maximal. 


Proof.  Let  R be  a ring  with  finitely  many  maximal  ideals  mi, . . . ,mn.  Let  I = 
fllLi  be  the  radical  of  R.  Assume  / is  locally  nilpotent.  Let  p be  a prime  ideal  of 
R.  Since  every  prime  contains  every  nilpotent  element  of  R we  see  p D miD. . .nm„. 
Since  mi  fl . . . n m„  D mi . . . m„  we  conclude  p D mi . . . m„.  Hence  pDnt  for  some 
i,  and  so  p = irq.  By  the  Chinese  remainder  theorem  (Lemma 
R/I  = 07?/rrii  which  is  a product  of  fields.  Hence  by  Lemma 
idempotents  ej,  i = 1 , ...  ,n  with  mod  m j = Sij.  Hence  R = B-eii  and  each 

Re.i  is  a ring  with  exactly  one  maximal  ideal.  □ 


10.14.3)  we  have 
10.31.5  there  are 
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00JB  Lemma  10.52.6.  A ring  R is  Artinian  if  and  only  if  it  has  finite  length  as  a 
module  over  itself.  Any  such  ring  R is  both  Artinian  and  Noetherian,  any  prime 
ideal  of  R is  a maximal  ideal , and  R is  equal  to  the  (finite)  product  of  its  localizations 
at  its  maximal  ideals. 


Proof.  If  R has  finite  length  over  itself  then  it  satisfies  both  the  ascending  chain 
condition  and  the  descending  chain  condition  for  ideals.  Hence  it  is  both  Noetherian 
and  Artinian.  Any  Artinian  ring  is  equal  to  product  of  its  localizations  at  maximal 
ideals  by  Lemmas |l0. 52. 3|  10.52.4[  and|10.5^5 


Suppose  that  R is  Artinian.  We  will  show  R has  finite  length  over  itself.  It  suffices 
to  exhibit  a chain  of  submodules  whose  successive  quotients  have  finite  length.  By 
what  we  said  above  we  may  assume  that  R is  local,  with  maximal  ideal  m.  By 
Lemma  |10.52.4|  we  have  mra  = 0 for  some  n.  Consider  the  sequence  0 = mn  C 


m""1  c 


C m C R.  By  Lemma 


10.51.6 


the  length  of  each  subquotient  mJ/mJ+1 


is  the  dimension  of  this  as  a vector  space  over  k(tti).  This  has  to  be  finite  since 
otherwise  we  would  have  an  infinite  descending  chain  of  sub  vector  spaces  which 
would  correspond  to  an  infinite  descending  chain  of  ideals  in  R.  □ 


10.53.  Homomorphisms  essentially  of  finite  type 

07DR  Some  simple  remarks  on  localizations  of  finite  type  ring  maps. 

OOQM  Definition  10.53.1.  Let  R — > S be  a ring  map. 

(1)  We  say  that  R — > S is  essentially  of  finite  type  if  S is  the  localization  of 
an  R-algebra  of  finite  type. 

(2)  We  say  that  R — > S is  essentially  of  finite  presentation  if  S is  the  local- 
ization of  an  .R-algebra  of  finite  presentation. 

07DS  Lemma  10.53.2.  The  class  of  ring  maps  which  are  essentially  of  finite  type  is 
preserved  under  composition.  Similarly  for  essentially  of  finite  presentation. 

Proof.  Omitted.  □ 

OAUF  Lemma  10.53.3.  The  class  of  ring  maps  which  are  essentially  of  finite  type  is 
preserved  by  base  change.  Similarly  for  essentially  of  finite  presentation. 

Proof.  Omitted.  □ 


07DT  Lemma  10.53.4.  Let  R — » S be  a ring  map.  Assume  S is  an  Artinian  local  ring 
with  maximal  ideal  m.  Then 

(1)  R — > S is  finite  if  and  only  if  R — » S/m  is  finite, 

(2)  R — ► S is  of  finite  type  if  and  only  if  R -A  S/m  is  of  finite  type. 

(3)  R — > S is  essentially  of  finite  type  if  and  only  if  the  composition  R — > S/m 
is  essentially  of  finite  type. 


Proof.  If  R — > S'  is  finite,  then  R — ► S/m  is  finite  by  Lemma  10.7.3  Conversely, 
assume  R — ► S/m  is  finite.  As  S has  finite  length  over  itself  (Lemma  10.52.6)  we 
can  choose  a filtration 

0 C Ji  C . . . C In  = S 


by  ideals  such  that  = S/m  as  S-modules.  Thus  S has  a filtration  by  R- 

submodules  such  that  each  successive  quotient  is  a finite  R-module.  Thus  S is  a 
finite  R-module  by  Lemma[l0.5.3[ 
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If  R — > S is  of  finite  type,  then  R — > S/m  is  of  finite  type  by  Lemma  10.6.2 
Conversely,  assume  that  R — > S/m  is  of  finite  type.  Choose  fi. ... . fn  £ S which 
map  to  generators  of  S'/m.  Then  A = R[xi, . . . ,xn]  — > S,  Xj  i— )■  fi  is  a ring  map 
such  that  A — >■  S/m  is  surjective  (in  particular  finite).  Hence  A — > S is  finite  by 
part  (1)  and  we  see  that  R — > S is  of  finite  type  by  Lemma  10.6.2 


If  R — i S is  essentially  of  finite  type,  then  R — >■  S/m  is  essentially  of  finite  type 
by  Lemma  10.53.2  Conversely,  assume  that  R — > S/m  is  essentially  of  finite  type. 
Suppose  S/m  is  the  localization  of  R[x i, . . . , xn]/I.  Choose  fn  £ S whose 

congruence  classes  modulo  m correspond  to  the  congruence  classes  of  xi, . ..  ,xn 
modulo  /.  Consider  the  map  R[x i,...,xn]  — > S,  Xi  H >■  fi  with  kernel  J.  Set 
A = i?[xi, . . . ,xn\/J  C S and  p = A n m.  Note  that  A/p  C S/m  is  equal  to  the 
image  of  R[x i, . . . ,xn}/I  in  S/m.  Hence  «(p)  = S/m.  Thus  Ap  — » S is  finite  by 
part  (1).  We  conclude  that  S is  essentially  of  finite  type  by  Lemma  10.53.2  □ 


The  following  lemma  can  be  proven  using  properness  of  projective  space  instead  of 
the  algebraic  argument  we  give  here. 

0AUG  Lemma  10.53.5.  Let  p : R — » S be  essentially  of  finite  type  with  R and  S 
local  (but  not  necessarily  ip  local).  Then  there  exists  an  n and  a maximal  ideal 
m C R[x i,...,xn]  lying  over  m#  such  that  S is  a localization  of  a quotient  of 
R[x i , ■ ■ . , xn]m . 


Proof.  We  can  write  S as  a localization  of  a quotient  of  R[x i,...,xn].  Hence 
it  suffices  to  prove  the  lemma  in  case  S = R[x i,...,x„]q  for  some  prime  q C 
R[x i, . . . , xn}.  If  q + mfll?[xi, . . . , xn\  R[x i, . . . , xn\  then  we  can  find  a maximal 

ideal  m as  in  the  statement  of  the  lemma  with  q C m and  the  result  is  clear. 


Choose  a valuation  ring  A C /t(q)  which  dominates  the  image  of  R — >■  Ac(q)  (Lemma 
10.49.2).  If  the  image  A i £ /t(q)  of  Xi  is  contained  in  A,  then  q is  contained  in 
the  inverse  image  of  rtvi  via  i2[xi, . . . ,xn]  —¥  A which  means  we  are  back  in  the 
preceding  case.  Hence  there  exists  an  i such  that  A f1  £ A and  such  that  Xj/Xi  £ A 
for  all  j = 1 ,. . . ,n  (because  the  value  group  of  A is  totally  ordered,  see  Lemma 
10.49.121).  Then  we  consider  the  map 

R[yo,Vi,---yn\  ->  R[xi,...,xn]q,  y0^l/xi,  yj^Xj/xi 


Let  q'  C R[yo,  ■ ■ ■ ,yn]  be  the  inverse  image  of  q.  Since  y0  ^ q'  it  is  easy  to  see 
that  the  displayed  arrow  defines  an  isomorphism  on  localizations.  On  the  other 
hand,  the  result  of  the  first  paragraph  applies  to  R[yo,  ■ ■ ■ , yn\  because  yj  maps  to 
an  element  of  A.  This  finishes  the  proof.  □ 


10.54.  K-groups 

00JC  Let  R be  a ring.  We  will  introduce  two  abelian  groups  associated  to  R.  The  first 
of  the  two  is  denoted  K'0(R ) and  has  the  following  properties: 

(1)  For  every  finite  l?-module  M there  is  given  an  element  [M]  in  K'0(R), 

(2)  for  every  short  exact  sequence  0 — > M'  — > M — > M"  — > 0 we  have  the 
relation  [M]  = [M']  + [M"], 

(3)  the  group  K'0(R ) is  generated  by  the  elements  [M],  and 

(4)  all  relations  in  K'0(R)  are  Z-linear  combinations  of  the  relations  coming 
from  exact  sequences  as  above. 
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The  actual  construction  is  a bit  more  annoying  since  one  has  to  take  care  that 
the  collection  of  all  finitely  generated  A-modules  is  a proper  class.  However,  this 
problem  can  be  overcome  by  taking  as  set  of  generators  of  the  group  K'o(R)  the 
elements  [Rn/K]  where  n ranges  over  all  integers  and  K ranges  over  all  submodules 
I\  C Rn . The  generators  for  the  subgroup  of  relations  imposed  on  these  elements 
will  be  the  relations  coming  from  short  exact  sequences  whose  terms  are  of  the  form 
Rn/K.  The  element  [M]  is  defined  by  choosing  n and  K such  that  M = Rn/K 
and  putting  [M]  = [Rn/K].  Details  left  to  the  reader. 

OOJD  Lemma  10.54.1.  If  R is  an  Artinian  local  ring  then  the  length  function  defines 
a natural  abelian  group  homomorphism  length R : K'0(R)  — > Z. 

Proof.  The  length  of  any  finite  A-module  is  finite,  because  it  is  the  quotient  of  Rn 
which  has  finite  length  by  Lemma[l0.52.6|  And  the  length  function  is  additive,  see 
Lemma  110.51.31  □ 


The  second  of  the  two  is  denoted  K0(R)  and  has  the  following  properties: 

(1)  For  every  finite  projective  A-module  M there  is  given  an  element  [M]  in 

K0(R), 

(2)  for  every  short  exact  sequence  0 — > M'  — > M — > M"  — >■  0 of  finite  projec- 
tive A-modules  we  have  the  relation  [M]  = [M']  + \M"], 

(3)  the  group  K0(R)  is  generated  by  the  elements  [M],  and 

(4)  all  relations  in  Kq(R)  are  Z-linear  combinations  of  the  relations  coming 
from  exact  sequences  as  above. 

The  construction  of  this  group  is  done  as  above. 

We  note  that  there  is  an  obvious  map  Kq(R)  — * Kq (R)  which  is  not  an  isomorphism 
in  general. 

00JE  Example  10.54.2.  Note  that  if  R = k is  a held  then  we  clearly  have  A'o(Zc)  = 
I\'q (k)  = Z with  the  isomorphism  given  by  the  dimension  function  (which  is  also 
the  length  function). 

OOJF  Example  10.54.3.  Let  A:  be  a held.  Then  Ko(k[x])  = K'0(k[x\)  = Z. 

Since  R = k[x]  is  a principal  ideal  domain,  any  hnite  projective  l?-module  is  free. 
In  a short  exact  sequence  of  modules 

0 -)•  M'  ->  M ->•  M"  ->  0 


we  have  rank(M)  = rank(M')  + rank(M"),  which  gives  I\o(k[x})  = Z. 

As  for  A'q,  the  structure  theorem  for  modules  of  a PID  says  that  any  hnitely  gener- 
ated A-module  is  of  the  form  M = Rr  x R/{d\)  x . . . x R/(dk)-  Consider  the  short 
exact  sequence 

0 ->•  (di)  -)•!?->■  R/(di)  0 

Since  the  ideal  (di)  is  isomorphic  to  R as  a module  (it  is  free  with  generator  di ), 
in  Kq(R)  we  have  [(di)]  = [ R ]■  Then  [R/(di)\  = [(di)]  — [R]  = 0.  From  this  it 
follows  that  any  torsion  part  “disappears”  in  K'0.  Again  the  rank  of  the  free  part 
determines  that  A'g(fc[:r])  = Z,  and  the  canonical  homomorphism  from  K0  to  A'g  is 
an  isomorphism. 


00  JG 


Example  10.54.4.  Let  k be  a held.  Let  R = {/  G k[x \ \ /( 0) 
Example  10.26.4  In  this  case  Kq(R ) = k*  © Z,  but  Kq(R)  = Z. 


/(!)},  compare 
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OOJH  Lemma  10.54.5.  Let  R = R\  x R 2.  Then  A'o(-R)  = A’o(.Ri)  x Kq(R2)  and 
K'o(R)  = K'o (Ri ) x K’0{R2) 

Proof.  Omitted.  □ 

OOJI  Lemma  10.54.6.  Let  R be  an  Artinian  local  ring.  The  map  lengthR  : Kq(R)  — > Z 
of  Lemma\10.5/~1\  is  an  isomorphism. 

Proof.  Omitted.  □ 


OOJJ  Lemma  10.54.7.  Let  R be  a local  ring.  Every  finite  projective  R-module  is  finite 
free.  The  map  rankR  : Kq(R)  —t  Z defined  by  [M]  — > rankR{M)  is  well  defined  and 
an  isomorphism. 


Proof.  Let  P be  a finite  projective  .R-module.  The  n generators  of  P give  a 
surjection  Rn  — >•  P , and  since  P is  projective  it  follows  that  Rn  = P ® Q for  some 
projective  module  Q. 

If  m C R is  the  maximal  ideal,  then  P/m  and  Q/m  are  P/m-vector  spaces,  with 
P/m  © Q/m  = (P/m)”.  Say  that  dimP  = p,  dimQ  = g,  so  p + q = n. 

Choose  elements  oq, . . . , ap  in  P and  bi, ...  ,bq  in  Q lying  above  bases  for  P/m  and 
Q/m.  The  homomorphism  Rn  — >■  P © Q = Rn  given  by  (n, . . . , rn ) 1-4  riai  + . . . + 
rpap  + rp+ibi  + . . . + rnbq  is  a matrix  A which  is  invertible  over  R/m.  Let  B be 
a matrix  over  R lying  over  the  inverse  of  A in  R/m.  AB  = I + M1  where  M is 
a matrix  whose  entries  all  lie  in  m.  Thus  det  AB  = 1 + x,  for  x £ m,  so  AB  is 
invertible,  so  A is  invertible. 


The  homomorphism  Rp  — > P given  by  (ri,.. . ,rp)  1— >■  riai  + . . . + rpap  inherits 
injectivity  and  surjectivity  from  A.  Hence,  P = Rp . 

Next  we  show  that  the  rank  of  a finite  projective  module  over  R is  well  defined:  if 
P = Ra  = R;3 . then  a = /3.  This  is  immediate  in  the  vector  space  case,  and  so  it  is 
true  in  the  general  module  case  as  well,  by  dividing  out  the  maximal  ideal  on  both 
sides.  If  0 — )■  Ra  — > R13  — > R1  — > 0 is  exact,  the  sequence  splits,  so  R P = Ra  © RA , 
so  /3  = a + 7. 


So  far  we  have  seen  that  the  map  rank#  : Kq(R)  — > Z is  a well-defined  homomor- 
phism. It  is  surjective  because  rank^jf?.]  = 1.  It  is  injective  because  the  element  of 
K0(R)  with  rank  ±a  is  uniquely  □ 

OOJK  Lemma  10.54.8.  Let  R be  a local  Artinian  ring.  There  is  a commutative  diagram 


Kq{R) K'0(R) 


rankR 

v 


z 


lengthR(R ) 


lengthR 

z 


where  the  vertical  maps  are  isomorphisms  by  Lemmas\10.5/.(\  and\10.54-7 

Proof.  By  induction  on  the  rank  of  M.  Suppose  [M]  £ Kq(R).  Then  M is 
a finite  projective  P-module  over  a local  ring,  so  M is  free;  M = Rn  for  some 
n.  The  claim  is  that  rank(M)lengthpj.(.R)  = lengthfl(M),  or  equivalently  that 
nlengthfl(P)  = lengthfl(Pn)  for  all  n > 1.  When  n = 1,  this  is  clearly  true. 
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Suppose  that  (n  — l)lengthfl(i?)  = lengthfl(i?”  :).  Then  since  there  is  a split 
short  exact  sequence 

0 ->  R ->  Rn  -A  R "-1  ->  0 

by  Lemma |10. 51. 3|  we  have 

lengthfl(i?n)  = lengthy  (i?)  + lengthy  (i?ra_1) 

= lengthfl(i?)  + (n  — l)lengthfl(i?) 

= nlengthfl(i?) 

as  desired.  □ 

10.55.  Graded  rings 

OOJL  A graded  ring  will  be  for  us  a ring  S endowed  with  a direct  sum  decomposition 
S = ©d>0  Sd  such  that  Sd  ■ Se  C Sd+e ■ Note  that  we  do  not  allow  nonzero 
elements  in  negative  degrees.  The  irrelevant  ideal  is  the  ideal  S+  = ®d>0  Sd-  A 
graded  module  will  be  an  S-module  M endowed  with  a direct  sum  decomposition 
M = ©,ieZ  Mn  such  that  Sd  • Me  C Md+e-  Note  that  for  modules  we  do  allow 
nonzero  elements  in  negative  degrees.  We  think  of  S'  as  a graded  S-module  by 
setting  S_fc  = (0)  for  k > 0.  An  element  x (resp.  /)  of  M (resp.  S)  is  called 
homogeneous  if  x £ Md  (resp.  / £ Sd)  for  some  d.  A map  of  graded  S -modules  is  a 
map  of  S-modules  ip  : M — > M'  such  that  ip(Md)  C M'd . We  do  not  allow  maps  to 
shift  degrees.  Let  us  denote  GrHomo  (M,N)  the  So-module  of  homomorphisms  of 
graded  modules  from  M to  N. 

At  this  point  there  are  the  notions  of  graded  ideal,  graded  quotient  ring,  graded 
submodule,  graded  quotient  module,  graded  tensor  product,  etc.  We  leave  it  to  the 
reader  to  find  the  relevant  definitions,  and  lemmas.  For  example:  A short  exact 
sequence  of  graded  modules  is  short  exact  in  every  degree. 

Given  a graded  ring  S,  a graded  S-module  M and  n € Z we  denote  M(n)  the 
graded  S-module  with  M(n)d  = Mn+d-  This  is  called  the  twist  of  M by  n.  In 
particular  we  get  modules  S(n),  n £ Z which  will  play  an  important  role  in  the 
study  of  projective  schemes.  There  are  some  obvious  functorial  isomorphisms  such 
as  (M  © N)(n)  = M{n)  © N{n ),  ( M ©5  N)(n ) = M ©g  N(n)  = M(n)  ©g  N.  In 
addition  we  can  define  a graded  S-module  structure  on  the  So-nrodule 

GrHom(M,  N)  = GrHom GrHomra(M,  N)  = GrHom0(Af,  N(n)). 

We  omit  the  definition  of  the  multiplication. 

Let  S be  a graded  ring.  Let  d > 1 be  an  integer.  We  set  S ^ = ©„>0  Snd- 
We  think  of  S(d)  as  a graded  ring  with  degree  n summand  (S^)n  = Snd-  Given 
a graded  S-module  M we  can  similarly  consider  M ^ = ©„gZ  Mnd  which  is  a 
graded  S^-module. 

077G  Lemma  10.55.1.  Let  R — » S be  a homomorphism  of  graded  rings.  Let  S'  £ S be 
the  integral  closure  of  R in  S.  Then 

s'  = ®«Ans- 

i.e.,  S'  is  a graded  R-subalgebra  of  S. 
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Proof.  We  have  to  show  the  following:  If  s = sn  + sn+i  + . . . + sm  £ S',  then 
each  homogeneous  part  Sj  £ S' . We  will  prove  this  by  induction  onm-n  over  all 
homomorphisms  R — A S of  graded  rings.  First  note  that  it  is  immediate  that  Sq 
is  integral  over  Rq  (hence  over  R)  as  there  is  a ring  map  S -A  Sq  compatible  with 
the  ring  map  R — > Rq-  Thus,  after  replacing  s by  s — sq,  we  may  assume  n > 0. 
Consider  the  extension  of  graded  rings  -A  S[t,t_1]  where  t has  degree  0. 

There  is  a commutative  diagram 


S[t,t  XJ 

A 

S[t,t  1 

si— >tdeg(s)  S i 

R[t,  f-1l 

^•*1 (O  «•>  -. 

-^RltR-1 

where  the  horizontal  maps  are  ring  automorphisms.  Hence  the  integral  closure  C 
of  S[i,t_1]  over  maps  into  itself.  Thus  we  see  that 

tm(sn  + sn+ 1 + . . . + sm)  — ( tnsn  + tn+1sn+1  + . . . + tmsm ) £ C 

which  implies  by  induction  hypothesis  that  each  (tm  — tl)si  £ C for  i = n, . . . ,m—  1. 
Note  that  for  any  ring  A and  m > i > n > Owe  have  A[t,  f-1]/(fm  — tl  — 1)  = 
A[t]/{tm  — V — 1)  D A because  t (i™"1  - P"1)  = 1 in  A[t]/{tm  - P - 1).  Since 
tm  — tl  maps  to  1 we  see  the  image  of  s,;  in  the  ring  S[t\/(tm  — tl  — 1)  is  integral 
over  R[t\/(tm  — tl  — 1)  for  i = n, . . . ,m—  1.  Since  R -A  R[t]/(tm  —tl  — 1)  is  finite  we 
see  that  .s,:  is  integral  over  R by  transitivity,  see  Lemma  [10.35.6|  Finally,  we  also 
conclude  that  sm  = s — m- 1 Si  integral  over  R.  □ 

10.56.  Proj  of  a graded  ring 

OOJM  Let  S'  be  a graded  ring.  A homogeneous  ideal  is  simply  an  ideal  I C S which  is  also 
a graded  submodule  of  S.  Equivalently,  it  is  an  ideal  generated  by  homogeneous 
elements.  Equivalently,  if  / £ / and 

/ = /o  + fi  + ■ ■ ■ + fn 

is  the  decomposition  of  / into  homogeneous  parts  in  S then  fi  £ I for  each  i.  To 
check  that  a homogeneous  ideal  p is  prime  it  suffices  to  check  that  if  ab  £ p with 
a,  b homogeneous  then  either  a £ p or  b £ p. 

00JN  Definition  10.56.1.  Let  S be  a graded  ring.  We  define  Proj(S)  to  be  the  set 
of  homogeneous,  prime  ideals  p of  S such  that  S+  <jL  p.  As  Proj(S)  is  a subset  of 
Spec(S)  and  we  endow  it  with  the  induced  topology.  The  topological  space  Proj  (S') 
is  called  the  homogeneous  spectrum  of  the  graded  ring  S. 

Note  that  by  construction  there  is  a continuous  map 

Proj(S)  — t Spec(So) 

Let  S = (Bd>oSd  be  a graded  ring.  Let  / £ Sd  and  assume  that  d > 1.  We 
define  S(/)  to  be  the  subring  of  Sf  consisting  of  elements  of  the  form  r/fn  with 
r homogeneous  and  deg(r)  = nd.  If  M is  a graded  S-module,  then  we  define  the 
S(y)-module  as  the  sub  module  of  Mj  consisting  of  elements  of  the  form  x/ fn 
with  x homogeneous  of  degree  nd. 
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OOJO  Lemma  10.56.2.  Let  S be  a Z-graded  ring  containing  a homogeneous  invertible 
element  of  positive  degree.  Then  the  set  G C Spec(S)  of  Z-graded  primes  of  S (with 
induced  topology)  maps  homeomorphically  to  Spec(So). 

Proof.  First  we  show  that  the  map  is  a bijection  by  constructing  an  inverse.  Let 
/ £ Sd , d > 0 be  invertible  in  S.  If  po  is  a prime  of  So,  then  p0 S is  a Z-graded 
ideal  of  S such  that  poS  H .So  = po-  And  if  ab  £ poS  with  a,  b homogeneous,  then 

ad6d//ydeg(a)+deg(b)  g po  Thug  Qd  / fdeS(a)  g p()  Qr  &d/ydeg(6)  g pQ; 

in  other 

words  either  ad  £ po S or  bd  £ po S.  It  follows  that  \/poS  is  a Z-graded  prime  ideal 
of  S whose  intersection  with  So  is  po- 

To  show  that  the  map  is  a homeomorphism  we  show  that  the  image  of  G D D(g) 
is  open.  If  g = J2di  with  9i  £ Si,  then  by  the  above  G n D(g)  maps  onto  the  set 
\J  D(gf  / fl)  which  is  open.  □ 


For  f £ S homogeneous  of  degree  > 0 we  define 


D+(f)  = {pe  Proj(S)  | / £ p}. 


Finally,  for  a homogeneous  ideal  / C S'  we  define 


V+CO  = {p6  Proj(S)  | I C p}. 


We  will  use  more  generally  the  notation  V+(E)  for  any  set  E of  homogeneous 
elements  E C S. 


OOJP  Lemma  10.56.3  (Topology  on  Proj).  Let  S = (Bd>oSd  be  a graded  ring. 

(1)  The  sets  D+(f)  are  open  in  Proj(S). 

(2)  WehaveD+(ff)=D+(f)nD+(f). 

(3)  Let  g = go  + ■ ■ ■ + gm  be  an  element  of  S with  gi  £ Si.  Then 

D(g)  H Proj(S)  = (D(g0)  n Proj(S))  U (J 

(4)  Let  go  £ Sq  be  a homogeneous  element  of  degree  0.  Then 


D(go)  H Proj(S)  = IJ/eSd  d>1  D+(dof)- 

(5)  The  open  sets  D+(f)  form  a basis  for  the  topology  of  Proj(S). 

(6)  Let  f £ S be  homogeneous  of  positive  degree.  The  ring  Sf  has  a natural 
Z-grading.  The  ring  maps  S — > Sf  £-  S(f)  induce  homeomorphisms 

D+(f)  4—  {Z-graded  primes  of  Sf}  — > Spec  (S(f)). 

(7)  There  exists  an  S such  that  Proj(S)  is  not  quasi- compact. 

(8)  The  sets  V+(I)  are  closed. 

(9)  Any  closed  subset  T C Proj(S)  is  of  the  form  V+  (/)  for  some  homogeneous 
ideal  I C S . 

(10)  For  any  graded  ideal  I C S we  have  V+(J)  = 0 if  and  only  if  S+  C y/l. 


Proof.  Since  D+(f ) = Proi(S)  fl  D(f),  these  sets  are  open.  Similarly  the  sets 
P+  (/)  = Proj  (S)  n V(E)  are  closed. 

Suppose  that  T C Proj(S)  is  closed.  Then  we  can  write  T = Proj(S)  fl  V(J)  for 
some  ideal  J C S.  By  definition  of  a homogeneous  ideal  if  g £ J,  g = go  + . . . + gm 
with  gd  £ Sd  then  gd  £ p for  all  p £ T.  Thus,  letting  I C S be  the  ideal  generated 
by  the  homogeneous  parts  of  the  elements  of  J we  have  T = V+(I). 
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The  formula  for  Proj(5l)  fl  D(g),  with  g £ S is  direct  from  the  definitions.  Consider 
the  formula  for  Proj(S')  fl  D(g0).  The  inclusion  of  the  right  hand  side  in  the  left 
hand  side  is  obvious.  For  the  other  inclusion,  suppose  go  ^ P with  p £ Proj(.S').  If 
all  gof  £ p for  all  homogeneous  / of  positive  degree,  then  we  see  that  S+  C p which 
is  a contradiction.  This  gives  the  other  inclusion. 


The  collection  of  opens  D(g)  n Proj(S')  forms  a basis  for  the  topology  since  the 
standard  opens  D(g ) C Spec(S)  form  a basis  for  the  topology  on  Spec(S').  By  the 
formulas  above  we  can  express  D(g)  fl  proj(S')  as  a union  of  opens  D+(f).  Hence 
the  collection  of  opens  D+(f)  forms  a basis  for  the  topology  also. 


First  we  note  that  D+(f)  may  be  identified  with  a subset  (with  induced  topology) 
of  D(f)  = Spec (Sf)  via  Lemma  10.16.6  Note  that  the  ring  Sf  has  a Z-grading. 
The  homogeneous  elements  are  of  the  form  r/fn  with  r £ S homogeneous  and  have 
degree  deg (r/ fn)  = deg(r)  — ndeg(f).  The  subset  D+(f)  corresponds  exactly  to 
those  prime  ideals  p C Sf  which  are  Z-graded  ideals  (i.e.,  generated  by  homogeneous 
elements).  Hence  we  have  to  show  that  the  set  of  Z-graded  prime  ideals  of  Sf  maps 


homeomorphically  to  Spec(S’(/)).  This  follows  from  Lemma  10.56.2 


Let  S = Z[Xi,  X2,  X3, . . .]  with  grading  such  that  each  X,  has  degree  1.  Then  it  is 
easy  to  see  that 

UOO 

. D+(Xi) 

1=1 

does  not  have  a finite  refinement. 


Let  I C S be  a graded  ideal.  If  \/l  D S+  then  V+(I)  = 0 since  every  prime 
p £ Proj(5)  does  not  contain  S+  by  definition.  Conversely,  suppose  that  S+  (jL  \fl. 
Then  we  can  find  an  element  / £ 5+  such  that  / is  not  nilpotent  modulo  I.  Clearly 
this  means  that  one  of  the  homogeneous  parts  of  / is  not  nilpotent  modulo  J,  in 
other  words  we  may  (and  do)  assume  that  / is  homogeneous.  This  implies  that 
ISf  ^ 0,  in  other  words  that  (S/I)f  is  not  zero.  Hence  ( S/I)(f ) ^ 0 since  it  is  a 
ring  which  maps  into  ( S/I)f . Pick  a prime  q C ( S/I)(fy  This  corresponds  to  a 
graded  prime  of  S/I,  not  containing  the  irrelevant  ideal  (S/I)+.  And  this  in  turn 
corresponds  to  a graded  prime  ideal  p of  S,  containing  I but  not  containing  S+  as 
desired.  □ 


00JQ  Example  10.56.4.  Let  I?  be  a ring.  If  S = R[X]  with  deg(X)  = 1,  then  the 
natural  map  Proj(S')  — > Spec (R)  is  a bijection  and  in  fact  a homeomorphism. 
Namely,  suppose  p £ Proj(S').  Since  S+  <£.  p we  see  that  X £ p.  Thus  if  aXn  £ p 
with  a £ R and  n > 0,  then  a £ p.  It  follows  that  p = p0 S with  p0  = p n R. 

If  p £ Proj(S),  then  we  define  S) p)  to  be  the  ring  whose  elements  are  fractions 
r/f  where  r,  / £ S are  homogeneous  elements  of  the  same  degree  such  that  / ^ p. 
As  usual  we  say  r/f  = r'/f  if  and  only  if  there  exists  some  /"  £ S homogeneous, 
f"  ^ p such  that  f" {rf  — r' f)  = 0.  Given  a graded  S’-module  M we  let  M(p)  be  the 
A(p)-module  whose  elements  are  fractions  x/f  with  x £ M and  / £ S homogeneous 
of  the  same  degree  such  that  / ^ p.  We  say  x/f  = x' / f if  and  only  if  there  exists 
some  f"  £ S homogeneous,  f"  £ p such  that  f"[xf  — x'f)  = 0. 

00JR  Lemma  10.56.5.  Let  S be  a graded  ring.  Let  M be  a graded  S-module.  Let  p 
be  an  element  of  Proj(S).  Let  f £ S be  a homogeneous  element  of  positive  degree 
such  that  f £ p,  i.e.,  p £ D+(f).  Let  p'  C be  the  element  of  Spec (S'(z)) 
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00JS 


OOJT 


OOJU 


07Z2 


corresponding  to  p as  in  Lemma 

M(p)  = (M(/)V. 

Proof.  We  define  a map  ip  : M(p)  -A  (M(j))p,.  Let  x/g  £ M(p)-  We  set 
1p(x/g)  = (XgdesU)-l  / fdeg(x)y(gdeg(f)  / fdeg(g)y 

This  makes  sense  since  deg(a;)  = deg(<?)  and  since  gde^(f)  / fdes(g)  ^ p'.  We  omit 
the  verification  that  ip  is  well  defined,  a module  map  and  an  isomorphism.  Hint: 
the  inverse  sends  (x  / fn)  / (g  / fm)  to  ( xfm)/{gfn ).  □ 

Here  is  a graded  variant  of  Lemma |10.14.2| 

Lemma  10.56.6.  Suppose  S is  a graded  ring,  pi,  i = 1, . . . , r homogeneous  prime 
ideals  and  I C S+  a graded  ideal.  Assume  I (jf  pi  for  all  i.  Then  there  exists  a 
homogeneous  element  x £ I of  positive  degree  such  that  x ^ pi  for  all  i. 

Proof.  We  may  assume  there  are  no  inclusions  among  the  p,.  The  result  is  true 
for  r = 1.  Suppose  the  result  holds  for  r — 1.  Pick  x £ I homogeneous  of  positive 
degree  such  that  x ^ pi  for  all*  = 1, . . . , r — 1.  If  x ^ pr  we  are  done.  So  assume 
x £ p.r.  If  I pi  . . .pr_i  C pr  then  I C pr  a contradiction.  Pick  y £ /pi . . .pr-i 
homogeneous  and  y ^ pr.  Then  £deg ^ + ydeg(x)  works.  □ 

Lemma  10.56.7.  Let  S be  a graded  ring.  Let  p C S be  a prime.  Let  q be  the 
homogeneous  ideal  of  S generated  by  the  homogeneous  elements  of  p.  Then  q is  a 
prime  ideal  of  S. 

Proof.  Suppose  f,g  £ S are  such  that  fg  £ q.  Let  fd  (resp.  ge)  be  the  homogeneous 
part  of  / (resp.  g)  of  degree  d (resp.  e).  Assume  d,  e are  maxima  such  that  /j  / 0 
and  ge  ^ 0.  By  assumption  we  can  write  fg  = Y^  aifi  with  fi  £ p homogeneous. 
Say  deg(/i)  = di.  Then  fdge  = J2aifi  with  a'  to  homogeneous  par  of  degree 
d + e — di  of  di  (or  0 if  d + e — di  < 0).  Hence  fd  £ p or  ge  £ p.  Hence  fd  £ q or 
ge  £ q.  In  the  first  case  replace  / by  / — fd,  in  the  second  case  replace  g by  g — ge. 
Then  still  fg  £ q but  the  discrete  invariant  d + e has  been  decreased.  Thus  we  may 
continue  in  this  fashion  until  either  / or  g is  zero.  This  clearly  shows  that  fg  £ q 
implies  either  / £ q or  g £ q as  desired.  □ 

Lemma  10.56.8.  Let  S be  a graded  ring. 

(1)  Any  minimal  prime  of  S is  a homogeneous  ideal  of  S. 

(2)  Given  a homogeneous  ideal  I C S any  minimal  prime  over  I is  homoge- 
neous. 

Proof.  The  first  assertion  holds  because  the  prime  q constructed  in  Lemma[l0.56.7 
satisfies  q C p.  The  second  because  we  may  consider  S/I  and  apply  the  first 
part.  □ 

Lemma  10.56.9.  Let  R be  a ring.  Let  S be  a graded  R-algebra.  Assume  that  S 
is  of  finite  type  over  R.  Then  for  every  homogeneous  f £ S+  the  ring  is  of 
finite  type  over  R. 

Proof.  Choose  fi,...,fn  € S which  generate  S as  an  7?-algebra.  We  may  as- 
sume that  each  fi  is  homogeneous  (by  decomposing  each  /,;  into  its  homogeneous 
components).  An  element  of  S/jj  is  a sum  of  the  form 

£ ri  m v H .a  ei...e„/r.../^/r 

'e  deg(/)=£  a deg (/*) 


10.56.3  Then  S(P)  = (*S(/))p'  and  compatibly 
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with  Aei...e„  £ R-  Thus  S(f)  is  generated  as  an  .R-algebra  by  the  Z®1  . . . fifi1  / fe  with 
the  property  that  edeg (/)  = Y^ei  deg (fi).  If  a > deg(/)  then  we  can  write  this  as 

ye i yen  / ye  _ ydeg(/)  y y deg(/i ) _ yei  ye;  — deg(/)  ye„  j je~ deg(/i) 

Thus  we  only  need  the  elements  f^es^ / fdes(fi)  as  wep  as  the  elements  ff 1 . . . fifi1  / fe 
with  edeg(/)  = e.j  deg(fi)  and  e*  < deg (/).  This  is  a finite  list  and  we  win.  □ 

052N  Lemma  10.56.10.  Let  R be  a ring.  Let  R'  be  a finite  type  R-algebra,  and  let  M 
be  a finite  R' -module.  There  exists  a graded  R-algebra  S,  a graded  S-module  N and 
an  element  f £ S homogeneous  of  degree  1 such  that 

(1)  R!  = S(f)  and  M = N(f)  (as  modules ), 

(2)  Sq  = R and  S is  generated  by  finitely  many  elements  of  degree  1 over  R, 
and 

(3)  N is  a finite  S-module. 

Proof.  We  may  write  R'  = R[xi, . . . , xn]/I  for  some  ideal  I.  For  an  element 
g £ R[x i, . . . , xn]  denote  g £ R[a;o, . . . ,xn]  the  element  homogeneous  of  minimal 
degree  such  that  g = g(  1,X\, . . . ,xn).  Let  / C R{X0,  ■ ■ ■ ,Xn]  generated  by  all 
elements  g,  g £ I.  Set  S = f?[X0, . . . ,Xn]/I  and  denote  / the  image  of  X0  in  S. 
By  construction  we  have  an  isomorphism 

%)  — ► R',  Xi/X0  — ► xt. 

To  do  the  same  thing  with  the  module  M we  choose  a presentation 

M=(R')®r/Y/jGJR'kj 

with  kj  = (kij, . . . ,krj).  Let  = deg(fcij).  Set  dj  = ma x{dtj}.  Set  A'.y  = 
Xfi  dz:,kij  which  is  homogeneous  of  degree  dj.  With  this  notation  we  set 

TV  = Coker(  0;gj  S(-dj)  S®r) 

which  works.  Some  details  omitted.  □ 

10.57.  Noetherian  graded  rings 

OOJV  A bit  of  theory  on  Noetherian  graded  rings  including  some  material  on  Hilbert 
polynomials. 

07Z4  Lemma  10.57.1.  Let  S be  a graded  ring.  A set  of  homogeneous  elements  fi  £ Re- 
generates S as  an  algebra  over  Sq  if  and  only  if  they  generate  S+  as  an  ideal  of  S. 

Proof.  If  the  fi  generate  S as  an  algebra  over  So  then  every  element  in  S+  is  a 
polynomial  without  constant  term  in  the  fi  and  hence  S+  is  generated  by  the  fi  as 
an  ideal.  Conversely,  suppose  that  S+  = fT  S fi . We  will  prove  that  any  element 
/ of  S can  be  written  as  a polynomial  in  the  fi  with  coefficients  in  So-  It  suffices 
to  do  this  for  homogeneous  elements.  Say  / has  degree  d.  Then  we  may  perform 
induction  on  d.  The  case  d = 0 is  immediate.  If  d > 0 then  / G S+  hence  we 
can  write  / = 9ifi  f°r  some  <?j  £ S'.  As  S is  graded  we  can  replace  gi  by  its 
homogeneous  component  of  degree  d—  deg  (fi).  By  induction  we  see  that  each  gi  is 
a polynomial  in  the  fi  and  we  win.  □ 

OOJW  Lemma  10.57.2.  A graded  ring  S is  Noetherian  if  and  only  if  Sq  is  Noetherian 
and  S+  is  finitely  generated  as  an  ideal  of  S. 
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Proof.  It  is  clear  that  if  S is  Noetherian  then  So  = S/S+  is  Noetherian  and  S+  is 
finitely  generated.  Conversely,  assume  So  is  Noetherian  and  S+  finitely  generated 
as  an  ideal  of  S.  Pick  generators  S+  = (/i , . . . , /„).  By  decomposing  the  fi  into 
homogeneous  pieces  we  may  assume  each  ft  is  homogeneous.  By  Lemma  |10.57.1 
we  see  that  So[Xl,  . . . Xn]  — ► S sending  to  fi  is  surjective.  Thus  S is  Noetherian 
by  Lemma [l 0.30.1 1 □ 

00JX  Definition  10.57.3.  Let  A be  an  abelian  group.  We  say  that  a function  / :ni-> 
f(n)  £ A defined  for  all  sufficient  large  integers  n is  a numerical  polynomial  if  there 
exists  r > 0,  elements  do, . . . , ar  £ A such  that 

for  all  n 0. 


The  reason  for  using  the  binomial  coefficients  is  the  elementary  fact  that  any  poly- 
nomial P £ Q[T]  all  of  whose  values  at  integer  points  are  integers,  is  equal  to  a 
sum  P{T ) = 2ai(I)  with  ai  € Z.  Note  that  in  particular  the  expressions  (Ji1) 
are  of  this  form. 

00JY  Lemma  10.57.4.  If  A -A  A'  is  a homomorphism  of  abelian  groups  and  if  f : n H > 
f(n)  £ A is  a numerical  polynomial,  then  so  is  the  composition. 

Proof.  This  is  immediate  from  the  definitions.  □ 


00JZ  Lemma  10.57.5.  Suppose  that  / : n A f{n)  £ A is  defined  for  all  n sufficiently 
large  and  suppose  that  n i-a  /(n)  — f(n  — 1)  is  a numerical  polynomial.  Then  f is 
a numerical  polynomial. 

Proof.  Let  f(n)  — f(n  — 1)  = J2i= o (")ai  f°r  0.  Set  g(n)  = f(n)  — 

Xa=o  (i'+i ) ai ■ Then  g(n)  — g{n  — 1)  = 0 for  all  n 0.  Hence  g is  eventually  con- 
stant, say  equal  to  a_i.  We  leave  it  to  the  reader  to  show  that  a_i  + Xa=o  (i+i)a* 
has  the  required  shape  (see  remark  above  the  lemma).  □ 

00K0  Lemma  10.57.6.  If  M is  a finitely  generated  graded  S -module,  and  if  S is  finitely 
generated  over  So,  then  each  Mn  is  a finite  So-module. 


Proof.  Suppose  the  generators  of  M are  nii  and  the  generators  of  S are  ft . By 
taking  homogeneous  components  we  may  assume  that  the  mi  and  the  fi  are  ho- 
mogeneous and  we  may  assume  fi  £ S'+.  In  this  case  it  is  clear  that  each  Mn  is 
generated  over  So  by  the  “monomials”  n /f  uij  whose  degree  is  n.  □ 

00K1  Proposition  10.57.7.  Suppose  that  S is  a Noetherian  graded  ring  and  M a finite 
graded  S -module.  Consider  the  function 


Z — ► K'0(So),  n ► [Mn] 

see  Lemma  10.57.6  If  S+  is  generated  by  elements  of  degree  1,  then  this  function 
is  a numerical  polynomial. 


Proof.  We  prove  this  by  induction  on  the  minimal  number  of  generators  of  Si.  If 
this  number  is  0,  then  Mn  = 0 for  all  n 0 and  the  result  holds.  To  prove  the 
induction  step,  let  x £ S\  be  one  of  a minimal  set  of  generators,  such  that  the 
induction  hypothesis  applies  to  the  graded  ring  S/( x). 
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First  we  show  the  result  holds  if  x is  nilpotent  on  M.  This  we  do  by  induction  on 
the  minimal  integer  r such  that  xrM  = 0.  If  r = 1,  then  M is  a module  over  S/xS 
and  the  result  holds  (by  the  other  induction  hypothesis).  If  r > 1,  then  we  can  find 
a short  exact  sequence  0 — ► M'  — > M — > M"  -A  0 such  that  the  integers  r',r"  are 
strictly  smaller  than  r.  Thus  we  know  the  result  for  M"  and  M' . Hence  we  get  the 
result  for  M because  of  the  relation  [MJ  = [M'd]  + [Md]  in  K'0(Sq). 

If  x is  not  nilpotent  on  M,  let  M'  C M be  the  largest  submodule  on  which  x 
is  nilpotent.  Consider  the  exact  sequence  0 — > M'  -A  M — > M/M'  — > 0 we  see 
again  it  suffices  to  prove  the  result  for  M/M' . In  other  words  we  may  assume  that 
multiplication  by  x is  injective. 


Let  M = M/xM.  Note  that  the  map  x : M — > M is  not  a map  of  graded  S'-modules, 
since  it  does  not  map  Md  into  Md.  Namely,  for  each  d we  have  the  following  short 
exact  sequence 

0 — > Md  — > Md+i  — > Md+i  — ■>  0 

This  proves  that  [Md+i]  — [Md]  = [Md+i]-  Hence  we  win  by  Lemma 


10.57.5 


□ 


Remark  10.57.8.  If  S is  still  Noetlrerian  but  S is  not  generated  in  degree  1,  then 
the  function  associated  to  a graded  S- module  is  a periodic  polynomial  (i.e. , it  is  a 
numerical  polynomial  on  the  congruence  classes  of  integers  modulo  n for  some  n). 


Example  10.57.9.  Suppose  that  S = k[X i, . . . , Xd]-  By  Example  10.54.2  we  may 
identify  K0(k)  = K’0(k)  = Z.  Hence  any  finitely  generated  graded  k[X i, . . . 
module  gives  rise  to  a numerical  polynomial  n dim k{Mn). 


Lemma  10.57.10.  Let  k be  a field.  Suppose  that  I C k[X i, . . . ,Xd } is  a nonzero 
graded  ideal.  Let  M = k[X\, . . . , Xd]/I.  Then  the  numerical  polynomial  n ha 
dinifc(Mn)  (see  Example \10.57.9)  has  degree  < d — 1 (or  is  zero  if  d = \). 


Proof.  The  numerical  polynomial  associated  to  the  graded  module  k[Xi, . . . , Xn ] 
is  n ha  (n/l]f{d)-  For  any  nonzero  homogeneous  / £ / of  degree  e and  any  degree 
n » e we  have  /„  D f ■ k[X\, . . . , Xd\n-e  and  hence  dinifc(/n)  > ( n~dZ\+d ) ■ Hence 
dimfc(Mn)  < (n/l]_+d)  — ( n~dZ{+d )■  We  win  because  the  last  expression  has  degree 
< d — 1 (or  is  zero  if  d = 1).  □ 


10.58.  Noetherian  local  rings 


In  all  of  this  section  (I?,  m,  n)  is  a Noetherian  local  ring.  We  develop  some  theory 
on  Hilbert  functions  of  modules  in  this  section.  Let  M be  a finite  R-module.  We 
define  the  Hilbert  function  of  M to  be  the  function 

ipM  ■ n 1 — * lengthij(m"M/m"+1M) 

defined  for  all  integers  n > 0.  Another  important  invariant  is  the  function 

Xm  ■ n i — ^ lengthfl(M/m”+1M) 


defined  for  all  integers  n > 0.  Note  that  we  have  by  Lemma  10.51.3  that 


Xm(h)  = 


X — > ' 1 


^i=0 

There  is  a variant  of  this  construction  which  uses  an  ideal  of  definition. 


Definition  10.58.1.  Let  (I?,  m)  be  a local  Noetherian  ring.  An  ideal  I C R such 
that  y/1  = m is  called  an  ideal  of  definition  of  R. 
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Let  / C R be  an  ideal  of  definition.  Because  R is  Noetherian  this  means  that 
mr  C I for  some  r,  see  Lemma[l0.31.4|  Hence  any  finite  f?-module  annihilated  by 
a power  of  I has  a finite  length,  see  Lemma  |10.51.8|  Thus  it  makes  sense  to  define 

Vi,M(n)  = lengthfl(/"M//”+1M)  and  = length  R(M/In+1M) 

for  all  n > 0.  Again  we  have  that 

ETL 

2 = 0 

Lemma  10.58.2.  Suppose  that  M'  C M are  finite  R-modules  with  finite  length 
quotient.  Then  there  exists  a constants  ci,C2  such  that  for  all  n > C2  we  have 

Cl  + Xi,M'(n  ~ C2)  < Xl,M(n)  < Cl  + Xl,M'(n ) 

Proof.  Since  M/M'  has  finite  length  there  is  a C2  > 0 such  that  IC2M  C M'.  Let 
ci  = lengthy  {M/M').  For  n > we  have 

Xi,M(n ) = length  R(M/In+1M) 

= ci  + lengthy  {M'/In+1M) 

< ci  + length  R(M'/In+1M') 

= Ci  + Xl,M’(n ) 

On  the  other  hand,  since  IC2M  C M',  we  have  InM  C In~C2M'  for  n > c 2.  Thus 
for  n > C2  we  get 


Xi,M(n ) = 


> 


which  finishes  the  proof. 


length  R(M/In+1M) 
ci  + lengthy  (M'/In+ 1M) 
ci  + lengthij(M///”+1-C2M/) 
ci  + Xi,M'(n  - c2) 


□ 


Lemma  10.58.3.  Suppose  that  0 — > M'  -a-  M — > M"  — > 0 is  a short  exact 
sequence  of  finite  R-modules.  Then  there  exists  a submodule  N C M'  with  finite 
colength  l and  c > 0 such  that 

Xi,M(n)  = Xi,M"(n ) + Xi,N{n  — c)  + l 


and 

for  all  n>  c. 


Vi,M(n)  = Vi,M"(n)  + Vi,N(n  - c) 


Proof.  Note  that  M/InM  — > M"/InM"  is  surjective  with  kernel  M'/M'  n InM. 
By  the  Artin-Rees  Lemma |10. 50. 2| there  exists  a constant  c such  that  M'  fl  InM  = 
In~c(M'  n ICM).  Denote  N = M’  n ICM.  Note  that  ICM'  c N c M'.  Hence 
length R(M' /M'  D InM ) = lengthi?(Ai',/A^)  + lengthy (N/In~cN)  for  n > c.  From 
the  short  exact  sequence 

0 ->•  M'/M'  n InM  ->  M/InM  ->•  M"/InM"  ->  0 
and  additivity  of  lengths  (Lemma |10.51.3|)  we  obtain  the  equality 

Xi,M(n  - 1)  = Xi,M" (n  ~ l)  + Xi,N(n  - c - 1)  + length R(M'/N) 


for  n>  c.  We  have  = Xi,M(n ) ~ Xi,M(n~  1)  and  similarly  for  the  modules 

Ad"  and  N . Hence  we  get  = T>i,M"in)  + Ti,n{ci  — c)  for  n>  c.  □ 
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Lemma  10.58.4.  Suppose  that  I,  I'  are  two  ideals  of  definition  for  the  Noetherian 
local  ring  77.  Let  M be  a finite  R-module.  There  exists  a constant  a such  that 
Xi,M(n ) ^ Xi',M(an ) for  n>  1. 


Proof.  There  exists  an  integer  c such  that  ( I')c  C I.  Hence  we  get  a surjection 
M/(J')c(n+1)M  ->  M/In+1M.  Whence  the  result  with  a = c+  1.  □ 

Proposition  10.58.5.  Let  R be  a Noetherian  local  ring.  Let  M be  a finite  77- 
module.  Let  I C R be  an  ideal  of  definition.  The  Hilbert  function  and  the 

function  Xi,m  are  numerical  polynomials. 


Proof.  Consider  the  graded  ring  S = R/I  ® I/I2  ® I2 /I3  ® ...  = ®d>0  Id/Id+1- 
Consider  the  graded  S-module  N = M/IM®  IM/I2M® . . . = ®d>0  Id~M/Id+1M. 

Hence  the  result 
The  result  for  \i,m 
’□ 


This  pair  (S,N)  satisfies  the  hypotheses  of  Proposition  10.57.7 


for  ipitM  follows  from  that  proposition  and  Lemma  10.54.1 
follows  from  this  and  Lemma Il0.57.5l 


Definition  10.58.6.  Let  R be  a Noetherian  local  ring.  Let  M be  a finite  77- 
module.  The  Hilbert  polynomial  of  M over  R is  the  element  P(t)  £ Q[t]  such  that 
P{n)  = ipM{n)  for  n>  0. 


By  Proposition  |10.5875  we  see  that  the  Hilbert  polynomial  exists. 


Lemma  10.58.7.  Let  R be  a Noetherian  local  ring.  Let  M be  a finite  R-module. 

(1)  The  degree  of  the  numerical  polynomial  ipitM  is  independent  of  the  ideal 
of  definition  I . 

(2)  The  degree  of  the  numerical  polynomial  xi,m  is  independent  of  the  ideal 
of  definition  I . 


Proof.  Part  (2)  follows  immediately  from  Lemma  10.58.4 


(2)  because  ippM(n)  = - Xj,m(™  - 1)  for  n > 1. 


Part  (1)  follows  from 
□ 


Definition  10.58.8.  Let  R be  a local  Noetherian  ring  and  M a finite  77-module. 
We  denote  d(M)  the  element  of  {— oo,  0, 1,2,.. .}  defined  as  follows: 

(1)  If  M = 0 we  set  d(M)  = — oo, 

(2)  if  M ^ 0 then  d(M)  is  the  degree  of  the  numerical  polynomial  %m- 


If  m”M  ^ 0 for  all  n,  then  we  see  that  d(M)  is  the  degree  +1  of  the  Hilbert 
polynomial  of  M. 

Lemma  10.58.9.  Let  77  be  a Noetherian  local  ring.  Let  I C 77  be  an  ideal  of 
definition.  Let  M be  a finite  R-module  which  does  not  have  finite  length.  If  M’  C M 
is  a submodule  with  finite  colength,  then  \i,m  ~ Xi,M’  is  a polynomial  of  degree  < 
degree  of  either  polynomial. 

Proof.  Follows  from  Lemma  [10.58. 2|  by  elementary  calculus.  □ 

Lemma  10.58.10.  Let  77  be  a Noetherian  local  ring.  Let  I C 77  be  an  ideal  of 
definition.  Let  0 -A  M ' — > M — ► M"  — > 0 be  a short  exact  sequence  of  finite 
R-modules.  Then 

(1)  if  M'  does  not  have  finite  length,  then  Xi,m~Xi,m"  ~Xi,m'  is  a numerical 
polynomial  of  degree  < the  degree  ofxi.M1, 

(2)  max{deg(x/,M').deg(X'/,M")}  = deg(x/.M),  and 

(3)  ma x{d(M'),d(M")}  = d{M), 


10.59.  DIMENSION 


561 


OOKD 

OOKE 

OOKF 

OOKG 

OOKH 


Proof.  We  first  prove  (1).  Let  N C M'  be  as  in  Lemma  10.58.3  By  Lemma 


10.58.9  the  numerical  polynomial  Xi,m'  ~ Xi,n  has  degree  < the  common  degree  of 


Xi,M'  and  Xi,n-  By  Lemma  10.58.3  the  difference 

Xi,m(u ) “ Xi,M"(n ) “ Xi,N(n  - c) 


is  constant  for  n>0.  By  elementary  calculus  the  difference  xi,N(n ) — Xi,n{ji  — c) 
has  degree  < the  degree  of  Xi,n  which  is  bigger  than  zero  (see  above).  Putting 
everything  together  we  obtain  (1). 


Note  that  the  leading  coefficients  of  Xi,m>  and  Xi,M"  are  nonnegative.  Thus  the 
degree  of  Xi,m'  + Xi,m"  's  equal  to  the  maximum  of  the  degrees.  Thus  if  M'  does 
not  have  finite  length,  then  (2)  follows  from  (1).  If  M'  does  have  finite  length,  then 
InM  -X  InM"  is  an  isomorphism  for  all  n 0 by  Artin-Rees  (Lemma |10.50.2 ). 
Thus  M/InM  -X  M"/InM"  is  a surjection  with  kernel  M'  for  n.  >0  and  we  see 
that  Xi ,m (ji)  — Xi,M"(n ) = length(M')  for  all  n>0.  Thus  (2)  holds  in  this  case 
also. 


Proof  of  (3).  This  follows  from  (2)  except  if  one  of  M,  M' , or  M"  is  zero.  We  omit 
the  proof  in  these  special  cases.  □ 


10.59.  Dimension 


Definition  10.59.1.  The  Krull  dimension  of  the  ring  R is  the  Krull  dimension  of 


the  topological  space  Spec(f?),  see  Topology,  Definition  5.9.1  In  other  words  it  is 
the  supremum  of  the  integers  n > 0 such  that  there  exists  a chain  of  prime  ideals 
of  length  n: 

Po  C pi  CZ  . . . d pn , pi  7^  Pi-t-1- 

Definition  10.59.2.  The  height  of  a prime  ideal  p of  a ring  R is  the  dimension  of 
the  local  ring  Rv. 

Lemma  10.59.3.  The  Krull  dimension  of  R is  the  supremum  of  the  heights  of  its 
(maximal)  primes. 

Proof.  This  is  so  because  we  can  always  add  a maximal  ideal  at  the  end  of  a chain 
of  prime  ideals.  □ 


Since  the  dimension  is  0 these  pi  are  also  maximal.  Thus  Spec(l?)  is  the  discrete 
topological  space  with  elements  p;.  All  elements  / of  the  radical  I = npi  are 
nilpotent  since  otherwise  Rf  would  not  be  the  zero  ring  and  we  would  have  another 
prime.  Since  / is  finitely  generated  we  conclude  that  I is  nilpotent,  Lemma|10.31.4 


By  Lemma  |10.52.5|  R is  the  product  of  its  local  rings.  By  Lemma  |10.51.8  each  of 
these  has  finite  length  over  R.  Hence  we  conclude  that  R is  Artinian  by  Lemma 
ll().52.bl 


If  R is  Artinian  then  by  Lemma  |10.52.6  it  is  Noetherian.  All  of  its  primes  are 
maximal  by  a combination  of  Lemmas  10.52.3[  |10.52.4|  and  |10.52.5|  □ 
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In  the  following  we  will  use  the  invariant  d(—)  defined  in  Definition  10.58.8  Here 
is  a warm  up  lemma. 

Lemma  10.59.5.  Let  R be  a Noetherian  local  ring.  Then  dim(l?)  = 0o  d(R)  = 0. 

Proof.  This  is  because  d(R)  = 0 if  and  only  if  R has  finite  length  as  an  f?-module. 
See  Lemma  110.52. 61  □ 


10.59.6.  Let  R be  a ring.  The  following  are  equivalent: 

Artinian, 

Noetherian  and  dim(i?)  = 0, 

(3)  R has  finite  length  as  a module  over  itself, 

(4)  R is  a finite  product  of  Artinian  local  rings, 

(5)  R is  Noetherian  and  Spec(l?)  is  a finite  discrete  topological  space, 

(6)  R is  a finite  product  of  Noetherian  local  rings  of  dimension  0, 

(7)  R is  a finite  product  of  Noetherian  local  rings  Ri  with  d(Ri)  = 0, 

(8)  R is  a finite  product  of  Noetherian  local  rings  Ri  whose  maximal  ideals 
are  nilpotent, 

(9)  R is  Noetherian,  has  finitely  many  maximal  ideals  and  its  radical  ideal  is 
nilpotent,  and 

(10)  R is  Noetherian  and  there  are  no  strict  inclusions  among  its  primes. 
Proof.  This  is  a combination  of  Lemmas|l0.52.5[|l0.52.6[|10.59.4|  and|10.59.5|  □ 

Lemma  10.59.7.  Let  R be  a local  Noetherian  ring.  The  following  are  equivalent: 

(1)  dim(l?)  = 1, 

(2)  d(R)  = 1, 

(3)  there  exists  an  x £ m,  x not  nilpotent  such  that  V(x)  = {m}, 

(4)  there  exists  an  x £ m,  x not  nilpotent  such  that  m = \J  ( x ),  and 

(5)  there  exists  an  ideal  of  definition  generated  by  1 element,  and  no  ideal  of 
definition  is  generated  by  0 elements. 


Proposition 

(1)  R is 

(2)  R is 


Proof.  First,  assume  that  dim(i?)  = 1.  Let  pi  be  the  minimal  primes  of  R.  Because 
the  dimension  is  1 the  only  other  prime  of  R is  m.  According  to  Lemma  10.30. 6| 
there  are  finitely  many.  Hence  we  can  find  x £ m,  x $.  pi,  see  Lemma  10.14.2  Thus 
the  only  prime  containing  x is  m and  hence  ([3]). 

If  ^ then  m = -\/(x)  by  Lemma 


10.16.2 


and  hence  (lit) . The  converse  is  clear  as 


well.  The  equivalence  of  Q and  (|5|  follows  from  directly  the  definitions. 

Assume  (|5|.  Let  I = (x)  be  an  ideal  of  definition.  Note  that  In/In+1  is  a quotient 
of  R/I  via  multiplication  by  xn  and  hence  lengthy (In/In+1)  is  bounded.  Thus 
d(R)  = 0 or  d(R)  = 1,  but  d(R)  = 0 is  excluded  by  the  assumption  that  0 is  not  an 
ideal  of  definition. 


Assume  ©•  To  get  a contradiction,  assume  there  exist  primes  p C q C m,  with  both 
inclusions  strict.  Pick  some  ideal  of  definition  I C R.  We  will  repeatedly  use  Lemma 
10.58.101  First  of  all  it  implies,  via  the  exact  sequence  0— p — > R —>  f?/p— >0, 
that  d(R/ p)  < 1.  But  it  clearly  cannot  be  zero.  Pick  x £ q,  x ^ p.  Consider  the 
short  exact  sequence 


0 ->•  i?/p  — ► i?/p  -S>  R/ (xR  + p)  -5>  0. 
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This  implies  that  Xi,R/p  - Xi,R/p  ~ Xi,R/(xR+ p)  = ~Xi,R/(xR+p)  has  degree  < 1. 
In  other  words,  d(R/(xR  + p)  = 0,  and  hence  dim (R/(xR  + p))  = 0,  by  Lemma 
10.59.5  But  R/(xR  + p)  has  the  distinct  primes  q/(xi?  + p)  and  m/(a;i?  + p)  which 
gives  the  desired  contradiction.  □ 


Proposition  10.59.8.  Let  R be  a local  Noetherian  ring.  Let  d > 0 be  an  integer. 
The  following  are  equivalent: 

(1)  dim(i?)  = d, 

(2)  d(R)  = d, 

(3)  there  exists  an  ideal  of  definition  generated  by  d elements,  and  no  ideal  of 
definition  is  generated  by  fewer  than  d elements. 


Proof.  This  proof  is  really  just  the  same  as  the  proof  of  Lemma  |10.59.7  We 


will  prove  the  proposition  by  induction  on  d.  By  Lemmas  |10.59.5|  and  10.59.7|  we 
may  assume  that  d > 1.  Denote  the  minimal  number  of  generators  for  an  ideal  of 
definition  of  R by  d'{R).  We  will  prove  that  the  inequalities  dim(f?)  > d'(R)  > 
d(R)  > dim(J?),  and  hence  they  are  all  equal. 

First,  assume  that  dim(i?)  = d.  Let  p;  be  the  minimal  primes  of  R.  According 
to  Lemma  10.30. 6|  there  are  finitely  many.  Hence  we  can  find  x £ m,  x p; , see 


Lemma  10.14.2  Note  that  every  maximal  chain  of  primes  starts  with  some  pj, 
hence  the  dimension  of  R/xR  is  at  most  d — 1.  By  induction  there  are  X2 , ...  ,Xd 
which  generate  an  ideal  of  definition  in  R/xR.  Hence  R has  an  ideal  of  definition 
generated  by  (at  most)  d elements. 

Assume  d'(R)  = d.  Let  I = (xi, . . . ,Xd)  be  an  ideal  of  definition.  Note  that 
jnjjn+i  jg  a qUOtient  of  a direct  sum  of  *)  c°pies  R/I  via  multiplication  by 

all  degree  n monomials  in  Xi,...,xn.  Hence  lengthfl.(/™//Tl+1)  is  bounded  by  a 
polynomial  of  degree  d — 1.  Thus  d(R)  < d. 

Assume  d(R)  = d.  Consider  a chain  of  primes  p C C (|2  C ...  C pe  = lu, 
with  all  inclusions  strict,  and  e > 2.  Pick  some  ideal  of  definition  I C R.  We 
will  repeatedly  use  Lemma  10.58. 10[  First  of  all  it  implies,  via  the  exact  sequence 
0 — ► p — > R — > i?/p  — ► 0,  that  d(R/ p)  < d.  But  it  clearly  cannot  be  zero.  Pick 
x € q,  x fL  p.  Consider  the  short  exact  sequence 

0 —¥  R/p  —¥  R/p  ->  R/ (xR  + p)  -s>  0. 


This  implies  that  Xi,R/p  - Xi,r/p  ~ Xi,r/(xR+ p)  = ~Xi,R/{xR+p)  has  degree  < d. 
In  other  words,  d{R/{xR  + p))  < d — 1,  and  hence  dim(i?/(a;i?  + p))  < d — 1,  by 
induction.  Now  R/(xR+p)  has  the  chain  of  prime  ideals  q/(xR+p)  C c\2 / (xi?+p)  C 
. . . C qe/(a :R  + p)  which  gives  e — 1 < d — 1.  Since  we  started  with  an  arbitrary 
chain  of  primes  this  proves  that  dim(i?)  < d(R). 


Reading  back  the  reader  will  see  we  proved  the  circular  inequalities  as  desired.  □ 


Let  (R,  m)  be  a Noetherian  local  ring.  From  the  above  it  is  clear  that  m cannot 
be  generated  by  fewer  than  dim(i?)  variables.  By  Nakayama’s  Lemma  10.19.1 
the  minimal  number  of  generators  of  m equals  climK(m)  m/m2.  Hence  we  have  the 
following  fundamental  inequality 

dim(f?)  < dimre(m)  m/m2. 


It  turns  out  that  the  rings  where  equality  holds  have  a lot  of  good  properties.  They 
are  called  regular  local  rings. 
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10.59.9.  Let  (R,  m)  be  a Noetherian  local  ring  of  dimension  d. 
system  of  parameters  of  R is  a sequence  of  elements  x\ , ,Xd  £ m 
which  generates  an  ideal  of  definition  of  R , 

(2)  if  there  exist  x\, . . . , Xd  £ m such  that  m = (aq, . . . , Xd)  then  we  call  R a 
regular  local  ring  and  x±, ...  ,xa  a regular  system  of  parameters. 


Definition 

(1)  A 


The  following  lemmas  are  clear  from  the  proofs  of  the  lemmas  and  proposition 
above,  but  we  spell  them  out  so  we  have  convenient  references. 

Lemma  10.59.10.  Let  R be  a Noetherian  ring.  Let  x £ R. 

(1)  If  p is  minimal  over  (x)  then  the  height  of  p is  0 or  1. 

(2)  If  p,  q £ Spec(-R)  and  q is  minimal  over  (p,x),  then  there  is  no  prime 
strictly  between  p and  q. 


Proof.  Proof  of  (1).  If  p is  minimal  over  x,  then  the  only  prime  ideal  of  Rp 
containing  x is  the  maximal  ideal  pf?p.  This  is  true  because  the  primes  of  f?p 
correspond  1-to-l  with  the  primes  of  R contained  in  p,  see  Lemma  10.16.5  Hence 


Lemma  10.59.7  shows  dim(f?p)  = 1 if  x is  not  nilpotent  in  Rp.  Of  course,  if  x is 
nilpotent  in  i?p  the  argument  gives  that  pi?p  is  the  only  prime  ideal  and  we  see  that 
the  height  is  0. 


Proof  of  (2).  By  part  (1)  we  see  that  p/q  is  a prime  of  height  1 or  0 in  R/q.  This 
immediately  implies  there  cannot  be  a prime  strictly  between  p and  q.  □ 

Lemma  10.59.11.  Let  R be  a Noetherian  ring.  Let  /i, . . . , fr  £ R. 

(1)  If  p is  minimal  over  (/i, . . . , fr)  then  the  height  of  p is  < r. 

(2)  If  p,q  £ Spec(l?)  and  q is  minimal  over  (p,  /i, . . . , fr),  then  every  chain 
of  primes  between  p and  q has  length  at  most  r. 


Proof.  Proof  of  (1).  If  p is  minimal  over  fi,. . . , fr,  then  the  only  prime  ideal  of 
Rp  containing  f\. ... . fr  is  the  maximal  ideal  pRp . This  is  true  because  the  primes 


of  Rp  correspond  1-to-l  with  the  primes  of  R contained  in  p,  see  Lemma  10.16.5 
Hence  Proposition |10. 59^8  shows  dim(f?p)  < r. 


Proof  of  (2).  By  part  (1)  we  see  that  p/q  is  a prime  of  height  < r.  This  immediately 
implies  the  statement  about  chains  of  primes  between  p and  q.  □ 


Lemma  10.59.12.  Suppose  that  R is  a Noetherian  local  ring  and  x £ m an 
element  of  its  maximal  ideal.  Then  dim!?  < dimR/xR  +1.  If  x is  not  contained 
in  any  of  the  minimal  primes  of  R then  equality  holds.  (For  example  if  x is  a 
nonzerodivisor.) 


Proof.  If  x\, ... , XdimR/xR  £ R map  to  elements  of  R/xR  which  generate  an  ideal 
of  definition  for  R/xR,  then  x,  aq, . . . , £dim r/xr  generate  an  ideal  of  definition  for 
R.  Hence  the  inequality  by  Proposition  10.59.8  On  the  other  hand,  if  x is  not 


contained  in  any  minimal  prime  of  R,  then  the  chains  of  primes  in  R/xR  all  give 
rise  to  chains  in  R which  are  at  least  one  step  away  from  being  maximal.  □ 


Lemma  10.59.13.  Let  ( R , m)  be  a Noetherian  local  ring.  Suppose  aq, . . . , Xd  £ m 
generate  an  ideal  of  definition  and  d = dim(l?).  Then  dim(i?/(a;i, . . . , xf))  = d — i 
for  all  i = 1, . . . , d. 


Proof.  Follows  either  from  the  proof  of  Proposition |10. 5978}  or  by  using  induction 
on  d and  Lemmall0.59.12l  □ 
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10.60.  Applications  of  dimension  theory 


We  can  use  the  results  on  dimension  to  prove  certain  rings  have  infinite  spectra  and 
to  produce  more  Jacobson  rings. 

Lemma  10.60.1.  Let  R be  a Noetherian  local  domain  of  dimension  > 2.  A 
nonempty  open  subset  U C Spec(l?)  is  infinite. 

Proof.  To  get  a contradiction,  assume  that  U C Spec(R)  is  finite.  In  this  case 

(0)  € U and  {(0)}  is  an  open  subset  of  U (because  the  complement  of  {(0)}  is 
the  union  of  the  closures  of  the  other  points).  Thus  we  may  assume  U = {(0)}. 
Let  m C R be  the  maximal  ideal.  We  can  find  an  x £ m,  x ^ 0 such  that 
V{x)  U U = Spec(li).  In  other  words  we  see  that  D(x)  = {(0)}.  In  particular  we 
see  that  dim (R/xR)  = dim(.R)  — 1 > 1,  see  Lemma  10.59.12  Let  y2,  ■ ■ ■ , Udim (r)  £ 


R/xR  generate  an  ideal  of  definition  of  R/xR , see  Proposition  10.59.8|  Choose  lifts 
y2l  ■ ■ ■ , y<iim(R)  £ R,  so  that  x,  y2, . . . , Pdim(.R)  generate  an  ideal  of  definition  in  R. 
This  implies  that  dim(i?/(y2))  = dim(J?)  — 1 and  dim(R/(y2,x))  = dim(l?)  — 2, 
see  Lemma  |l0. 59. 13~1  Hence  there  exists  a prime  p containing  y2  but  not  x.  This 
contradicts  the  fact  that  D{x)  = {(0)}.  □ 


The  rings  k[[t]]  where  k is  a field,  or  the  ring  of  p-adic  numbers  are  Noetherian 
rings  of  dimension  1 with  finitely  many  primes.  This  is  the  maximum  dimension 
for  which  this  can  happen. 

Lemma  10.60.2.  A Noetherian  ring  with  finitely  many  primes  has  dimension 

< 1. 

Proof.  Let  R be  a Noetherian  ring  with  finitely  many  primes.  If  R is  a local 
domain,  then  the  lemma  follows  from  Lemma  |l0. 60.1  If  R is  a domain,  then  Rm 
has  dimension  < 1 for  all  maximal  ideals  m by  the  local  case.  Hence  dim(J?)  < 1 


by  Lemma  10.59.3  If  R is  general,  then  dim(l?/q)  < 1 for  every  minimal  prime  q 
of  R.  Since  every  prime  contains  a minimal  prime  (Lemma  10.16.2),  this  implies 
dim(l?)  <1.  □ 

Lemma  10.60.3.  Let  S be  a nonzero  finite  type  algebra  over  a field  k.  Then 
dim(S')  = 0 if  and  only  if  S has  finitely  many  primes. 

Proof.  Recall  that  Spec(S')  is  sober,  Noetherian,  and  Jacobson,  see  Lemmas  10.25.2 


10.30.5  10.34.2  and|10.34.4|  If  it  has  dimension  0,  then  every  point  defines  an  ir- 
reducible component  and  there  are  only  a finite  number  of  irreducible  components 
(Topology,  Lemma  5.8.2).  Conversely,  if  Spec(5)  is  finite,  then  it  is  discrete  by 
Topology,  Lemma |5.17.6  and  hence  the  dimension  is  0.  □ 


Lemma  10.60.4.  Noetherian  Jacobson  rings. 

(1)  Any  Noetherian  domain  R of  dimension  1 with  infinitely  many  primes  is 
Jacobson. 

(2)  Any  Noetherian  ring  such  that  every  prime  p is  either  maximal  or  con- 
tained in  infinitely  many  prime  ideals  is  Jacobson. 

Proof.  Part  (1)  is  a reformulation  of  Lemma  10.34.6 


Let  R be  a Noetherian  ring  such  that  every  non-maximal  prime  p is  contained  in 
infinitely  many  prime  ideals.  Assume  Spec(i?)  is  not  Jacobson  to  get  a contradic- 
tion. By  Lemmas  10.25.1  and  10.30.5  we  see  that  Spec(i?)  is  a sober,  Noetherian 
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topological  space.  By  Topology,  Lemma  |5.17.3|  we  see  that  there  exists  a non- 
maximal  ideal  p C R such  that  {p}  is  a locally  closed  subset  of  Spec(-R).  In  other 
words,  p is  not  maximal  and  {p}  is  an  open  subset  of  V(p).  Consider  a prime 
q C R with  p C q.  Recall  that  the  topology  on  the  spectrum  of  {R/p)q  = Rq/pRq 
is  induced  from  that  of  Spec(-R),  see  Lemmas  10.16.5  and  10.16.7  Hence  we  see 
that  {(0)}  is  a locally  closed  subset  of  Spec((i?/p)q).  By  Lemma  10.60.1  we  con- 
clude that  dim((i?/p)q)  = 1.  Since  this  holds  for  every  q D p we  conclude  that 
dim(i?/p)  = 1.  At  this  point  we  use  the  assumption  that  p is  contained  in  infinitely 
many  primes  to  see  that  Spec(i?/p)  is  infinite.  Hence  by  part  (1)  of  the  lemma  we 
see  that  V(p)  = Spec(i?/p)  is  the  closure  of  its  closed  points.  This  is  the  desired 
contradiction  since  it  means  that  {p}  C P(p)  cannot  be  open.  □ 


10.61.  Support  and  dimension  of  modules 


Lemma  10.61.1.  Let  R be  a Noetherian  ring,  and  let  M be  a finite  R-module. 
There  exists  a filtration  by  R-submodules 

0 = M0cMiC...cM„  = M 

such  that  each  quotient  Mi/Mi-i  is  isomorphic  to  R/pi  for  some  prime  ideal  pi  of 
R. 


Proof.  By  Lemma  10.5.4  it  suffices  to  do  the  case  M = R/I  for  some  ideal  I. 
Consider  the  set  S of  ideals  J such  that  the  lemma  does  not  hold  for  the  module 
R/J , and  order  it  by  inclusion.  To  arrive  at  a contradiction,  assume  that  S is  not 
empty.  Because  R is  Noetherian,  S has  a maximal  element  J.  By  definition  of  S, 
the  ideal  J cannot  be  prime.  Pick  a,  6 £ R such  that  ab  £ J,  but  neither  a £ J nor 
b £ J.  Consider  the  filtration  0 C aR/(J  n aR)  C R/J.  Note  that  aR/(J  D aR ) is 
a quotient  of  R/{J  + bR)  and  the  second  quotient  equals  R/{aR  + J).  Hence  by 
maximality  of  J,  each  of  these  has  a filtration  as  above  and  hence  so  does  R/J. 
Contradiction.  □ 


Lemma  10.61.2.  Let  R,  M,  Mj,  p;  as  in  Lemma 
IJ  V(p i)  and  in  particular  pi  £ Supp(M). 


10.61.1. 


Then  Supp(M)  = 


Proof.  This  follows  from  Lemmas  110.39.51  and  110.39.81 


□ 


Lemma  10.61.3.  Suppose  that  R is  a Noetherian  local  ring  with  maximal  ideal 
m.  Let  M be  a nonzero  finite  R-module.  Then  Supp(M)  = {m}  if  and  only  if  M 
has  finite  length  over  R. 


Proof.  Assume  that  Supp(M)  = {tn}.  It  suffices  to  show  that  all  the  primes  pi 
in  the  filtration  of  Lemma  |10. 61. 1|  are  the  maximal  ideal.  This  is  clear  by  Lemma 


110.61.21 


Suppose  that  M has  finite  length  over  R.  Then  m nM  = 0 by  Lemma  10.51.4 


Since  some  element  of  m maps  to  a unit  in  i?p  for  any  prime  p 7^  m in  R we  see 
Mp  = 0.  □ 


Lemma  10.61.4.  Let  R be  a Noetherian  ring.  Let  I C R be  an  ideal.  Let  M be 
a finite  R-module.  Then  InM  = 0 for  some  n > 0 if  and  only  if  Supp(M)  C V(I). 
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Proof.  It  is  clear  that  InM  = 0 for  some  n > 0 implies  Supp(M)  C V(I).  Suppose 
that  Supp(M)  C V(I).  Choose  a filtration  0 = M0  C Mi  C ...  C Mn  = M as 


in  Lemma  10.61.1  Each  of  the  primes  pi  is  contained  in  V(I)  by  Lemma  10.61.2 


Hence  / C pi  and  / annihilates  Hence  In  annihilates  M. 


□ 


00L7 


Lemma  10.61.5.  Let  R , M,  Mi,  pi  as  in  Lemma  10.61.1  The  minimal  elements 
of  the  set  {pi}  are  the  minimal  elements  of  Supp(M).  The  number  of  times  a 
minimal  prime  p occurs  is 

#{*  I Pi  = P}  = length Rp  Mp . 


Proof.  The  first  statement  follows  because  Supp(M)  = (J  P(p;),  see  Lemma  10.61.2 
Let  p £ Supp(Al)  be  minimal.  The  support  of  Mp  is  the  set  consisting  of  the  max- 


imal ideal  pi?p.  Hence  by  Lemma  10.61.3  the  length  of  Mp  is  finite  and  > 0.  Next 
we  note  that  Mp  has  a filtration  with  subquotients  (R/pi)p  = i?p/pjl?p  These  are 
zero  if  pt  fL  p and  equal  to  k(p)  if  pi  C p because  by  minimality  of  p we  have  pi  = p 
in  this  case.  The  result  follows  since  «(p)  has  length  1.  □ 

00L8  Lemma  10.61.6.  Let  R be  a Noetherian  local  ring.  Let  M be  a finite  R-module. 
Then  d(M)  = dim (Supp(M)). 


Proof.  Let  Mi,  pi  be  as  in  Lemma  10.61.1  By  Lemma  10.58.10  we  obtain  the 
equality  d(M)  = max{d(i?/pi)}.  By  Proposition  10.59.8  we  have  d(R/pi)  = 
dim(i?/pi).  Trivially  dim (R/pi)  = dimP(pj).  Since  all  minimal  primes  of  Supp(M) 
occur  among  the  pj  (Lemma  10.61.5)  we  win.  □ 


0B51 


Lemma  10.61.7.  Let  R be  a Noetherian  ring.  Let  0 -A  M'  — > M — > M"  — > 0 be  a 
short  exact  sequence  of  finite  R-modules.  Then  m.ax{dim(Supp(M')),dim(Supp(M"))} 
dim  (Supp(M)). 


Proof.  If  R is  local,  this  follows  immediately  from  Lemmas  10.61.6  and  10.58.10 
A more  elementary  argument 


which  works  also  if  R is  not  local,  is  to  use  that 
Supp(M'),  Supp(M"),  and  Supp(M)  are  closed  (Lemma[l0.39.5 1 and  that  Supp(M)  = 
Supp(M')  U Supp(M")  (Lemma |l0 .39 .8 1.  □ 


10.62.  Associated  primes 

00L9  Here  is  the  standard  definition.  For  non-Noetherian  rings  and  non-finite  modules 
it  may  be  more  appropriate  to  use  the  definition  in  Section  |10.65| 

00LA  Definition  10.62.1.  Let  R be  a ring.  Let  M be  an  l?-module.  A prime  p of  R is 
associated  to  M if  there  exists  an  element  m £ M whose  annihilator  is  p.  The  set 
of  all  such  primes  is  denoted  Ass r(M)  or  Ass(M). 

0586  Lemma  10.62.2.  Let  R be  a ring.  Let  M be  an  R-module.  Then  Ass(M)  C 
Supp(M). 

Proof.  If  m £ M has  annihilator  p,  then  in  particular  no  element  of  R\ p annihilates 
m.  Hence  to  is  a nonzero  element  of  Mp,  i.e.,  p £ Supp(M).  □ 

02M3  Lemma  10.62.3.  Let  R be  a ring.  Let  0 -A  M'  -A  M — > M"  -A  0 be  a short 
exact  sequence  of  R-modules.  Then  Ass(M')  C Ass(AL)  and  Ass(M)  C Ass(M')  U 
Ass(M"). 


Proof.  Omitted. 


□ 
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OOLB  Lemma  10.62.4.  Let  R be  a ring , and  M an  R-module.  Suppose  there  exists  a 
filtration  by  R-submodules 

0 = MocMiC...C  Mn  = M 

such  that  each  quotient  is  isomorphic  to  R/pi  for  some  prime  ideal  p;  of 

R.  Then  Ass(M)  c {pi, ...  ,pn}. 


Proof.  By  induction  on  the  length  n of  the  filtration  {Mi}.  Pick  m £ M whose 
annihilator  is  a prime  p.  If  m £ Mn_ i we  are  done  by  induction.  If  not,  then  m 
maps  to  a nonzero  element  of  M/Mn_i  = R/pn.  Hence  we  have  p C pra.  If  equality 
does  not  hold,  then  we  can  find  / 6 p„,  / ^ p.  In  this  case  the  annihilator  of  fm 
is  still  p and  fm  £ Mn-\.  Thus  we  win  by  induction.  □ 

OOLC  Lemma  10.62.5.  Let  R be  a Noetherian  ring.  Let  M be  a finite  R-module.  Then 
Ass(M)  is  finite. 

Proof.  Immediate  from  Lemma  TlO. 62. 41  and  Lemma  IIP. filTTl  □ 


02CE  Proposition  10.62.6.  Let  R be  a Noetherian  ring.  Let  M be  a finite  R-module. 
The  following  sets  of  primes  are  the  same: 

(1)  The  minimal  primes  in  the  support  of  M . 

(2)  The  minimal  primes  in  Ass{M). 

(3)  For  any  filtration  0 = Mo  C Mi  C ...  C Mn- i C Mn  = M with 
Mi /Mi-i  — R/pi  the  minimal  primes  of  the  set  {pi}. 


Proof.  Choose  a filtration  as  in  (3).  In  Lemma  10.61.5  we  have  seen  that  the  sets 
in  (1)  and  (3)  are  equal. 


Let  p be  a minimal  element  of  the  set  {pj}.  Let  i be  minimal  such  that  p = pj. 
Pick  m £ Mi,  m ft  Mi- 1.  The  annihilator  of  to  is  contained  in  pj  = p and  contains 
p!p2  . . . pj.  By  our  choice  of  i and  p we  have  pj  ft  p for  j < i and  hence  we  have 
pip2  . . . pi-i  ft.  pj.  Pick  / £ pip2  . . . pi-i,  / ft  p.  Then  fm  has  annihilator  p.  In 
this  way  we  see  that  p is  an  associated  prime  of  M.  By  Lemma  10.62.2  we  have 
Ass (M)  C Supp(M)  and  hence  p is  minimal  in  Ass (M).  Thus  the  set  of  primes  in 
(1)  is  contained  in  the  set  of  primes  of  (2). 


Let  p be  a minimal  element  of  Ass(M).  Since  Ass (M)  C Supp(M)  there  is  a 
minimal  element  q of  Supp (M)  with  q C p.  We  have  just  shown  that  q £ Ass(M). 
Hence  q = p by  minimality  of  p.  Thus  the  set  of  primes  in  (2)  is  contained  in  the 
set  of  primes  of  (1).  □ 


0587  Lemma  10.62.7.  Let  R be  a Noetherian  ring.  Let  M be  an  R-module.  Then 

M = (0)  <=>  Ass(M)  = 0. 


Proof.  If  M = (0),  then  Ass (M)  = 0 by  definition.  If  M / 0,  pick  any  nonzero 
finitely  generated  submodule  M'  C M,  for  example  a submodule  generated  by  a 
single  nonzero  element.  By  Lemma  10.39.2  we  see  that  Supp(M')  is  nonempty.  By 
Proposition|10.62li  this  implies  that  Ass(M')  is  nonempty.  By  Lemma  10.62.3  this 
implies  Ass (M)  7^  0.  □ 


05BV  Lemma  10.62.8.  Let  R be  a Noetherian  ring.  Let  M be  an  R-module.  Any 
p £ Supp(M)  which  is  minimal  among  the  elements  of  Supp(M)  is  an  element  of 
Ass(M). 
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Proof.  If  M is  a finite  P-module,  then  this  is  a consequence  of  Proposition|10.6276| 
In  general  write  M = (J  M\  as  the  union  of  its  finite  submodules,  and  use  that 
Supp(Af)  = IJSupp(Ma)  and  Ass (Af)  = (J  Ass(M\).  □ 


Lemma  10.62.9.  Let  R be  a Noetherian  ring.  Let  M be  an  R-module.  The  union 
UqeAss(M)  1 the  set  of  elements  of  R which  are  zerodivisors  on  M . 


Proof.  Any  element  in  any  associated  prime  clearly  is  a zerodivisor  on  M . Con- 
versely, suppose  x £ R is  a zerodivisor  on  Af.  Consider  the  submodule  N = {m  £ 
M | xrn  = 0}.  Since  N is  not  zero  it  has  an  associated  prime  q by  Lemma  10.62.7 
Then  x £ q and  q is  an  associated  prime  of  M by  Lemma [10. 62. 3[ 


□ 


Lemma  10.62.10.  Let  R is  a Noetherian  local  ring,  M a finite  R-module , and 
f £ m an  element  of  the  maximal  ideal  of  R.  Then 


dim (Supp(MffM))  < dim (Supp(M))  < dim (Supp(MffM))  + 1 

If  f is  not  in  any  of  the  minimal  primes  of  the  support  of  M (for  example  if  f is 
a nonzerodivisor  on  M ),  then  equality  holds  for  the  light  inequality. 


Proof.  (The  parenthetical  statement  follows  from  Lemma  10.62.9  ) The  first  in- 
equality follows  from  Supp (M/fM)  C Supp(M),  see  Lemma  10.39.8  For  the 


second  inequality,  note  that  Supp(M//M)  = Supp(Af)  D V(f),  see  Lemma  10.39.8 


It  follows,  for  example  by  Lemma  |10.61.2|  and  elementary  properties  of  dimension, 
that  it  suffices  to  show  dimF(p)  < dim(F(p)  fl  V(f))  + 1 for  primes  p of  R.  This 
is  a consequence  of  Lemma  |10. 59. 12~|  Finally,  if  / is  not  contained  in  any  minimal 
prime  of  the  support  of  Af,  then  the  chains  of  primes  in  Supp(Af//Af)  all  give  rise 
to  chains  in  Supp(Af)  which  are  at  least  one  step  away  from  being  maximal.  □ 


Lemma  10.62.11.  Let  ip  : R S be  a ring  map.  Let  M be  an  S-module.  Then 
Spec(y>)(Ass,s(Af ))  c Assr(M). 


Proof.  If  q £ Asss(Af),  then  there  exists  an  m in  M such  that  the  annihilator  of 
to  in  S is  q.  Then  the  annihilator  of  to  in  R is  q fl  R.  □ 


Remark  10.62.12.  Let  ip  : R — > S be  a ring  map.  Let  M be  an  ^-module. 
Then  it  is  not  always  the  case  that  Spec(<^)(Asss(M))  D Assr(M).  For  example, 
consider  the  ring  map  R = k — > S = k[x\,  Xi,  X3, . . .]/(£? ) and  M = S.  Then 
Assr(M)  is  not  empty,  but  Ass s(S)  is  empty. 

Lemma  10.62.13.  Let  <p  : R — » S be  a ring  map.  Let  M be  an  S-module.  If  S is 
Noetherian,  then  Spec(ip)(Asss(M))  = Assr(M). 


Proof.  We  have  already  seen  in  LemmaflO.62.11  that  Spec(tp) (Ass# (M))  C Assr(M). 
For  the  converse,  choose  a prime  p £ Assr(M).  Let  m £ M be  an  element  such 
that  the  annihilator  of  to  in  R is  p.  Let  I = {g  £ S \ gm  = 0}  be  the  annihilator  of 
to  in  S.  Then  R/p  C S/I  is  injective,  hence  there  exists  a prime  q C S lying  over 
p,  see  Lemma [lO. 29. 5|  By  Proposition |10.62(6|  we  see  that  q is  an  associated  prime 
of  S/I,  hence  an  associated  prime  of  M by  Lemma  10.62.3  and  we  win.  □ 


Lemma  10.62.14.  Let  R be  a ring.  Let  I be  an  ideal.  Let  M be  an  R/ I-module. 
Via  the  canonical  injection  Spec (R/I)  — ► Spec(-R)  we  have  Assr/j(M)  = Assr(M). 


Proof.  Omitted. 


□ 
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Lemma  10.62.15.  Let  R be  a ring.  Let  M be  an  R-module.  Let  p C R be  a 
prime. 

(1)  If  p £ Ass(M)  then  pi?p  £ Ass(Mp). 

(2)  If  p is  finitely  generated  then  the  converse  holds  as  well. 


Proof.  If  p € Ass (M)  there  exists  an  element  m £ M whose  annihilator  is  p.  As 
localization  is  exact  (Proposition  10.9. 12[)  we  see  that  the  annihilator  of  m/1  in  Mp 
is  pRp  hence  (1)  holds.  Assume  pRp  £ Ass(Mp)  and  p = (flt . . . , /„).  Let  m/g  be 
an  element  of  Mp  whose  annihilator  is  pl?p.  This  implies  that  the  annihilator  of  m 
is  contained  in  p.  As  fim/g  = 0 in  Mp  we  see  there  exists  a gi  £ R,  gt  qL  p such 
that  gifi.m  = 0 in  M.  Combined  we  see  the  annihilator  of  g\  . . . gnm  is  p.  Hence 
p £ Ass(M).  □ 


Lemma  10.62.16.  Let  R be  a ring.  Let  M be  an  R-module.  Let  S C R be  a 
multiplicative  subset.  Via  the  canonical  injection  Spec (S~1R)  — > Spec(-R)  we  have 

(1)  AssniS^M)  = Asss-ir(S~1M), 

(2)  Assr(M)  fl  Spec(S'_1l?)  C Assr(S~1M),  and 

(3)  if  R is  Noetherian  this  inclusion  is  an  equality. 


Proof.  The  first  equality  follows,  since  if  m £ then  the  annihilator  of  m 

in  R is  the  intersection  of  the  annihilator  of  m in  S~1R  with  R.  The  displayed 
inclusion  and  equality  in  the  Noetherian  case  follows  from  Lemma  |10.62.15|  since 
for  p £ R,  S n p = 0 we  have  Mp  = (S~1M)s- ip.  □ 

Lemma  10.62.17.  Let  R be  a ring.  Let  M be  an  R-module.  Let  S C R be  a 
multiplicative  subset.  Assume  that  every  s £ S is  a nonzerodivisor  on  M . Then 

Assr(M)  = Ass^S-1  M). 


Proof.  As  M C S 1M  by  assumption  we  get  the  inclusion  Ass (M)  = Ass {S  1M) 


from  Lemma 


10.62.3 


Conversely,  suppose  that  n/s  £ S'  1M  is  an  element  whose 
annihilator  is  a prime  ideal  p.  Then  the  annihilator  of  n £ M is  also  p.  □ 


Lemma  10.62.18.  Let  R be  a Noetherian  local  ring  with  maximal  ideal  m.  Let 
I C m be  an  ideal.  Let  M be  a finite  R-module.  The  following  are  equivalent: 

(1)  There  exists  an  x £ I which  is  not  a zerodivisor  on  M . 

(2)  We  have  I (jf  q for  all  q £ Ass(M). 


Proof.  If  there  exists  a nonzerodivisor  x in  /,  then  x clearly  cannot  be  in  any 
associated  prime  of  M.  Conversely,  suppose  I (jt  q for  all  q £ Ass(M).  In  this  case 
we  can  choose  x £ I,  x qL  q for  all  q £ Ass (M)  by  Lemmas  10.62.5  and  10.14.2  By 
Lemma TlO. 62. 91  the  element  x is  not  a zerodivisor  on  M.  □ 

Lemma  10.62.19.  Let  R be  a ring.  Let  M be  an  R-module.  If  R is  Noetherian 
the  map 


M 


n 


$€lAss(M) 


M0 


is  injective. 


Proof.  Let  x £ M be  an  element  of  the  kernel  of  the  map.  Then  if  p is  an  associated 
prime  of  Rx  C M we  see  on  the  one  hand  that  p £ Ass (M)  (Lemma |1 0.62. 3 1 and 
on  the  other  hand  that  (Rx)p  C Mp  is  not  zero.  This  contradiction  shows  that 
Ass  (Rx)  = 0.  Hence  Rx  = 0 by  Lemma  10.62.7  □ 


10.64.  RELATIVE  ASSASSIN 


571 


10.63.  Symbolic  powers 

05G9  Here  is  the  definition. 

0313  Definition  10.63.1.  Let  R be  a ring.  Let  p be  a prime  ideal.  For  n > 0 the  nth 
symbolic  power  of  p is  the  ideal  p(n)  = Ker(l?  -A  Rp/pnRp). 

Note  that  pn  c p(n^  but  equality  does  not  always  hold. 

0314  Lemma  10.63.2.  Let  R be  a Noetherian  ring.  Let  p be  a prime  ideal.  Let  n > 0. 
Then  Ass(I?/p(ra))  = {p}. 

Proof.  If  q is  an  associated  prime  of  R/ p*-"-1  then  clearly  p C q.  On  the  other  hand, 
any  element  x £ R,  x ^ p is  a nonzerodivisor  on  R/p^n\  Namely,  if  y £ R and 
xy  £ p(ra)  = RnpnRp  then  y £ p nRp,  hence  y £ p(ra).  Hence  the  lemma  follows.  □ 

OBCO  Lemma  10.63.3.  Let  R -A  S be  flat  ring  map.  Let  p C R be  a prime  such  that 
q = p S is  a prime  of  S.  Then  p = q("). 

Proof.  Since  p^  = Ker(l?  -A-  i?p/p”i?p)  we  see  using  flatness  that  p^S  is  the 
kernel  of  the  map  S — > Sp/pnSp.  On  the  other  hand  q(")  is  the  kernel  of  the  map 
S — ► Sq/qnSq  = Sq/pnSq.  Hence  it  suffices  to  show  that 

VpnSp  — > 5q/p"5q 

is  injective.  Observe  that  the  right  hand  module  is  the  localization  of  the  left 
hand  module  by  elements  / £ S,  f qL  q.  Thus  it  suffices  to  show  these  elements  are 
nonzerodivisors  on  Sp/pnSp.  By  flatness,  the  module  Sp/pnSp  has  a finite  filtration 
whose  subquotients  are 

p45p/pi+1Sp  = p*l?p/pI+1f?p  ®Rp  Sp  =V®K(p)  (5/q)p 
where  V is  a «(p)  vector  space.  Thus  / acts  invertibly  as  desired.  □ 

10.64.  Relative  assassin 

05GA  Discussion  of  relative  assassins.  Let  R — > S be  a ring  map.  Let  N be  an  ^-module. 
In  this  situation  we  can  introduce  the  following  sets  of  primes  q of  S: 

A with  p = R n q we  have  that  q e Ass s(N  k( p)), 

A'  with  p = R n q we  have  that  q is  in  the  image  of  Asss®K(P)(N  «(p)) 
under  the  canonical  map  Spec(S'  re(p))  — > Spec(S'), 

Afin  with  p = RC\  q we  have  that  q € Asss{N/pN ), 

A' fin  f°r  some  prime  p'  C R we  have  q £ Asss(N/p'N), 

B for  some  R-module  M we  have  q £ Asss(N  M),  and 
Bf  in  for  some  finite  R-module  M we  have  q £ Asss{N  M). 

Let  us  determine  some  of  the  relations  between  theses  sets. 

05GB  Lemma  10.64.1.  Let  R — >•  S be  a ring  map.  Let  N be  an  S-module.  Let  A,  A' , 
Afin,  B,  and  Bfin  be  the  subsets  o/Spec(5')  introduced  above. 

(1)  We  always  have  A = A' . 

(2)  We  always  have  Afin  C A,  Bfin  C B,  Ajin  C A!^in  C Bfin  and  A C B. 

(3)  If  S is  Noetherian,  then  A = A fin  and  B = B fin . 

(4)  If  N is  flat  over  R,  then  A = Afin  = A'^in  and  B = Bfin. 

(5)  If  R is  Noetherian  and  N is  flat  over  R,  then  all  of  the  sets  are  equal, 
i.e.,  A = A'  = Afin  = A! fin  = B = Bfin ■ 
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Proof.  Some  of  the  arguments  in  the  proof  will  be  repeated  in  the  proofs  of  later 
lemmas  which  are  more  precise  than  this  one  (because  they  deal  with  a given  module 
M or  a given  prime  p and  not  with  the  collection  of  all  of  them). 

Proof  of  (1).  Let  p be  a prime  of  R.  Then  we  have 


Ass S(N  k(p))  = Asss/p S(N  ®R  K(p))  = AssSlglRK(p)(N  ®r  «(p)) 

the  first  equality  by  Lemma [l0.62.14|  and  the  second  by  Lemma [l 0.62. 16  part  (1). 
This  prove  that  A = A'.  The  inclusion  Afin  C A!^in  is  clear. 

Proof  of  (2).  Each  of  the  inclusions  is  immediate  from  the  definitions  except  perhaps 
Afin  C A which  follows  from  Lemma  10.62.16  and  the  fact  that  we  require  p = i?Hq 
in  the  formulation  of  Afin. 

Proof  of  (3).  The  equality  A = Afin  follows  from  Lemma  10.62.16  part  (3)  if  S 
is  Noetherian.  Let  q = (gi, . . . ,gm ) be  a finitely  generated  prime  ideal  of  S.  Say 
2 £ N(S)rM  is  an  element  whose  annihilator  is  q.  We  may  pick  a finite  submodule 
M'  C M such  that  z is  the  image  of  z’  £ N ®rM’ . Then  Anns (2')  C q = Anns (2). 
Since  N ®R  — commutes  with  colimits  and  since  M is  the  directed  colimit  of  finite 
i?-modules  we  can  find  M'  C M"  C M such  that  the  image  z"  £ N ®R  M"  is 
annihilated  by  g±, . . . ,gm.  Hence  Anns  (2")  = A This  proves  that  B = Bfin  if  S is 
Noetherian. 


Proof  of  (4).  If  N is  flat,  then  the  functor  N®R  — is  exact.  In  particular,  if  M'  C M, 
then  N ®R  M'  C N <g>R  M.  Hence  if  2 £ N g )R  M is  an  element  whose  annihilator 
q = Anns (2)  is  a prime,  then  we  can  pick  any  finite  I?-submodule  M'  C M such 
that  2 £ N g>i?  M'  and  we  see  that  the  annihilator  of  2 as  an  element  of  N <&R  M'  is 
equal  to  q.  Hence  B = Bf  in.  Let  p'  be  a prime  of  R and  let  q be  a prime  of  S which 
is  an  associated  prime  of  N/p' N.  This  implies  that  p ' S C q.  As  N is  flat  over  R we 
see  that  N/p' N is  flat  over  the  integral  domain  R/p' . Hence  every  nonzero  element 
of  R/p'  is  a nonzerodivisor  on  N/p' . Hence  none  of  these  elements  can  map  to  an 
element  of  q and  we  conclude  that  p'  = R n q.  Hence  Afin  = A'fin.  Finally,  by 
Lemma 1 10. 62. 17  we  see  that  Asss(-A/p' N)  = Ass s(N  n(p')),  i.e.,  A'fin  = A. 


Proof  of  (5).  We  only  need  to  prove  A/in  = Bfin  as  the  other  equalities  have  been 


proved  in  (4).  To  see  this  let  M be  a finite  I?-module.  By  Lemma  10.61.1  there 
exists  a filtration  by  -R-submodules 

0 = M0  C Mi  C . . . C Mn  = M 

such  that  each  quotient  is  isomorphic  to  R/pi  for  some  prime  ideal  p,;  of 

R.  Since  N is  flat  we  obtain  a filtration  by  S'-submodules 

0 = N ®rM0  c N ®rMi  c . . . C N ®RMn  = N ®rM 


such  that  each  subquotient  is  isomorphic  to  N/piN . By  Lemma  10.62.3  we  conclude 
that  Ass s(N ®rM)  c (J  Asss{N/piN).  Hence  we  see  that  Bfin  c A'jin.  Since  the 
other  inclusion  is  part  of  (2)  we  win.  □ 


We  define  the  relative  assassin  of  N over  S/R  to  be  the  set  A = A!  above.  As  a 
motivation  we  point  out  that  it  depends  only  on  the  fibre  modules  N (3r  n(p)  over 
the  fibre  rings.  As  in  the  case  of  the  assassin  of  a module  we  warn  the  reader  that 
this  notion  makes  most  sense  when  the  fibre  rings  S ft(p)  are  Noetherian,  for 
example  if  R — ► S is  of  finite  type. 
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05GC  Definition  10.64.2.  Let  R — > S be  a ring  map.  Let  N be  an  ^-module.  The 
relative  assassin  of  N over  S/R  is  the  set 

AssS/r(N ) = {q  C S | q £ Ass s{N  «(p))  with  p = R n q}. 

This  is  the  set  named  A in  Lemma  Tl 0.64.  II 


The  spirit  of  the  next  few  results  is  that  they  are  about  the  relative  assassin,  even 
though  this  may  not  be  apparent. 

0312  Lemma  10.64.3.  Let  R — ► S be  a ring  map.  Let  M be  an  R-module,  and  let  N 
be  an  S-module.  If  N is  flat  as  R-module,  then 

Asss{M  ®R  N ) D Up6Assr(M)  Asss(N/pN) 
and  if  R is  Noetherian  then  we  have  equality. 


Proof.  If  p £ Ass r(M)  then  there  exists  an  injection  R/p  — > M.  As  N is  flat  over 
R we  obtain  an  injection  R/p  ®r  N — >•  M ®r  N.  Since  R/p  ®r  N = N/pN  we 
conclude  that  Asss{N/pN)  c Ass g(M  ®r  N),  see  Lemma  10.62.3  Hence  the  right 
hand  side  is  contained  in  the  left  hand  side. 


Write  M = [J  M\  as  the  union  of  its  finitely  generated  l?-submodules.  Then  also 
N ®rM  = {J  N ®r  M\  (as  N is  A- flat).  By  definition  of  associated  primes  we  see 
that  Ass s(N  <3r  M)  = (J  Asss(N  ®r  M\)  and  Assr(M)  = [J  Ass(M\).  Hence  we 
may  assume  M is  finitely  generated. 


Let  q € Asss{M  <S>r  N),  and  assume  R is  Noetherian  and  M is  a finite  f?-module. 
To  finish  the  proof  we  have  to  show  that  q is  an  element  of  the  right  hand  side. 
First  we  observe  that  qS'q  £ Ass  sq((M  ®r  N)q),  see  Lemma 
corresponding  prime  of  R.  Note  that 


10.62.15 


Let  p be  the 


(M  N)q  = M ®R  W,  = Mp  7Vq 

If  pl?p  ^ Ass/jp  (Mp)  then  there  exists  an  element  x £ p Rv  which  is  a nonzerodivisor 
in  Mp  (see  Lemma  10.62.18).  Since  Nq  is  flat  over  Rp  we  see  that  the  image  of  x in 
qS'q  is  a nonzerodivisor  on  (M  iV)q.  This  is  a contradiction  with  the  assumption 
that  qSq  £ Ass g((M  ®r  iV)q).  Hence  we  conclude  that  p is  one  of  the  associated 
primes  of  M. 


Continuing  the  argument  we  choose  a filtration 

0 = M0  C Mi  c . . . C Mn  = M 

such  that  each  quotient  Mj/Mj_i  is  isomorphic  to  R/pi  for  some  prime  ideal  p,;  of 
R , see  Lemma  10.61.1  (By  Lemma  10.62.4  we  have  p,;  = p for  at  least  one  i.)  This 
gives  a filtration 

0 = M0®rN  C Mx®rN  C ...  C Mu®rN  = M®rN 


with  subquotients  isomorphic  to  N/piN . If  p;  p then  q cannot  be  associated  to  the 
module  N/piN  by  the  result  of  the  preceding  paragraph  (as  Assr(R/Pi)  = {pi})- 
Hence  we  conclude  that  q is  associated  to  N/pN  as  desired.  □ 

05C1  Lemma  10.64.4.  Let  R — * S be  a ring  map.  Let  N be  an  S-module.  Assume  N 
is  fiat  as  an  R-module  and  R is  a domain  with  fraction  field  K . Then 

Asss{N)  = Asss{N  K)  = Asss®rK(N  K ) 

via  the  canonical  inclusion  Spec(S  <S>r  K)  C Spec(iS'). 
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Proof.  Note  that  S®RK  = (i?\{0})^15'  and  N®RK  = (R\{0})~1N.  For  any 
nonzero  x £ R multiplication  by  x on  N is  injective  as  N is  flat  over  R.  Hence  the 
lemma  follows  from  Lemma  10.62.17  combined  with  Lemma |l0. 62. 16~  part  (1).  □ 

05C2  Lemma  10.64.5.  Let  R -A  S be  a ring  map.  Let  M be  an  R-module,  and  let  N 
be  an  S-module.  Assume  N is  flat  as  R-module.  Then 

Asss(M  ®R  N)  D Upe4s,fl(M)  Asss®rk(p)(n  «(P)) 

where  we  use  Remark  \10. 16. 8\  to  think  of  the  spectra  of  fibre  rings  as  subsets  of 
Spec (S).  If  R is  Noetherian  then  this  inclusion  is  an  equality. 

Proof.  This  is  equivalent  to  Lemma  |10.64.3|  by  Lemmas  |10.62.14[  |10.38.7[  and 
110.64.41  □ 

05E0  Remark  10.64.6.  Let  R — > S be  a ring  map.  Let  N be  an  S-module.  Let  p be  a 
prime  of  R.  Then 

Ass S{N  ®R  k(p))  = Assg/p S(N  ®R  k{ p))  = Ass50BK(p)(iV  «(p)). 

The  first  equality  by  Lemma [l0.62.14| and  the  second  by  Lemma[l0.62.16  part  (1). 


10.65.  Weakly  associated  primes 

0546  This  is  a variant  on  the  notion  of  an  associated  prime  that  is  useful  for  non- 
Noetherian  ring  and  non-finite  modules. 

0547  Definition  10.65.1.  Let  R be  a ring.  Let  M be  an  i?-module.  A prime  p of  R 
is  weakly  associated  to  M if  there  exists  an  element  m £ M such  that  p is  minimal 
among  the  prime  ideals  containing  the  annihilator  Ann(m)  = {/  £ R \ fm  = 0}. 
The  set  of  all  such  primes  is  denoted  WeakAss^(M)  or  WeakAss(M). 

Thus  an  associated  prime  is  a weakly  associated  prime.  Here  is  a characterization 
in  terms  of  the  localization  at  the  prime. 

0566  Lemma  10.65.2.  Let  R be  a ring.  Let  M be  an  R-module.  Let  p be  a prime  of 
R.  The  following  are  equivalent: 

(1)  p is  weakly  associated  to  M, 

(2)  pRp  is  weakly  associated  to  Mv,  and 

(3)  Mp  contains  an  element  whose  annihilator  has  radical  equal  to  pRp . 

Proof.  Assume  (1).  Then  there  exists  an  element  to  £ M such  that  p is  minimal 
among  the  primes  containing  the  annihilator  I = {x  £ R \ xm  = 0}  of  to.  As 
localization  is  exact,  the  annihilator  of  to  in  Mv  is  Ip.  Hence  pi?p  is  a minimal 
prime  of  Rp  containing  the  annihilator  /p  of  to  in  Mp.  This  implies  (2)  holds,  and 
also  (3)  as  it  implies  that  yjlp  = p Rp. 

Applying  the  implication  (1)  =>  (3)  to  Mp  over  Rp  we  see  that  (2)  =>  (3). 

Finally,  assume  (3).  This  means  there  exists  an  element  to//  £ Mv  whose  annihi- 
lator has  radical  equal  to  pRp.  Then  the  annihilator  I = {x  £ R \ xm  = 0}  of  to  in 
M is  such  that  ^JTp  = pi?p.  Clearly  this  means  that  p contains  / and  is  minimal 
among  the  primes  containing  /,  i.e. , (1)  holds.  □ 

0548  Lemma  10.65.3.  Let  R be  a ring.  Let  0 — > M'  — > M — > M"  -A  0 be  a short  exact 
sequence  of  R-modules.  Then  WeakAss{M')  C WeakAss(M)  and  WeakAss(M)  C 
WeakAss(M')  U WeakAss(M") . 
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Proof.  We  will  use  the  characterization  of  weakly  associated  primes  of  Lemma 
|10.65.2|  Let  p be  a prime  of  R.  As  localization  is  exact  we  obtain  the  short  exact 


sequence  0 


M' 


Mr, 


M" 


0.  Suppose  that  to  £ is  an  element 


whose  annihilator  has  radical  p Rp.  Then  either  the  image  to  of  to  in  Mp  is  zero 
and  to  £ M',  or  the  annihilator  of  to  is  p Rp.  This  proves  that  WeakAss(M)  C 
WeakAss(M')  U WeakAss(M").  The  inclusion  WeakAss(M')  c WeakAss(M)  is 
immediate  from  the  definitions.  □ 


Lemma  10.65.4.  Let  R be  a ring.  Let  M be  an  R-module.  Then 

M = (0)  WeakAss(M)  = 0 

Proof.  If  M = (0)  then  WeakAss(M)  = 0 by  definition.  Conversely,  suppose 
that  M ^ 0.  Pick  a nonzero  element  to  £ M.  Write  I = {x  £ R \ xm  = 0} 
the  annihilator  of  m.  Then  R/I  C M.  Hence  WeakAss(f?//)  C WeakAss(M)  by 
Lemma  10.65.3  But  as  I R we  have  V(I)  = Spec  (R/I)  contains  a minimal 
prime,  see  Lemmas  |10.16.2|and|10.16T7|  and  we  win.  □ 

Lemma  10.65.5.  Let  R be  a ring.  Let  M be  an  R-module.  Then 
Ass(M)  c WeakAss(M)  c Supp(M). 

Proof.  The  first  inclusion  is  immediate  from  the  definitions.  If  p £ WeakAss(M), 
then  by  Lemma  10.65.2  we  have  Mp  ^ 0,  hence  p £ Supp(M).  □ 


Lemma  10.65.6.  Let  R be  a ring.  Let  M be  an  R-module.  The  union  ljq£  weakAss(M)  1 
is  the  set  elements  of  R which  are  zerodivisors  on  M. 

Proof.  Suppose  / £ q £ WeakAss(M).  Then  there  exists  an  element  to  £ M 
such  that  q is  minimal  over  I = {x  £ R \ xm  = 0}.  Hence  there  exists  a g £ R, 
g qL  q and  n > 0 such  that  fngm  = 0.  Note  that  gm  ^ 0 as  g ^ I.  If  we  take 
n minimal  as  above,  then  f(fn~1gm)  = 0 and  fn~1gm  ^ 0,  so  / is  a zerodivisor 
on  M.  Conversely,  suppose  f £ R is  a zerodivisor  on  M.  Consider  the  submodule 
N = {to  £ M | /to  = 0}.  Since  N is  not  zero  it  has  a weakly  associated  prime  q 
by  Lemma  10.65.4[  Clearly  / £ q and  by  Lemma  10.65.3|  q is  a weakly  associated 
prime  of  M.  □ 

Lemma  10.65.7.  Let  R be  a ring.  Let  M be  an  R-module.  Any  p £ Supp(AI) 
which  is  minimal  among  the  elements  of  Supp(M)  is  an  element  of  WeakAss(M) . 

Proof.  Note  that  Supp(Mp)  = {pl?p}  in  Spec(i?p).  In  particular  Mp  is  nonzero, 
and  hence  WeakAss(Mp)  ^ 0 by  Lemma 


by  Lemma 


10.65.5 


10.65.4 


Since  WeakAss(Mp)  c Supp(Mp) 
we  conclude  that  WeakAss(Mp)  = {pl?p},  whence  p £ WeakAss(Af) 

□ 


by  Lemma  10.65.2| 

Lemma  10.65.8.  Let  R be  a ring.  Let  M be  an  R-module.  Let  p be  a prime  ideal 
of  R which  is  finitely  generated.  Then 

p £ Ass(M)  -£=>  p £ WeakAss(M). 

In  particular,  if  R is  Noetherian,  then  Ass(M)  = WeakAss(M) . 

Proof.  Write  p = (g±, . . . , gn)  for  some  gi  £ R.  It  is  enough  the  prove  the  impli- 
cation “<*=”  as  the  other  implication  holds  in  general,  see  Lemma [10. 65. 5[  Assume 
p £ WeakAss(M).  By  Lemma  10.65.2  there  exists  an  element  to  £ Mp  such  that 
I = {x  £ Rp  | xm.  = 0}  has  radical  pRv.  Hence  for  each  i there  exists  a smallest 
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ei  > 0 such  that  gl'm  = 0 in  Mp.  If  e*  > 1 for  some  i,  then  we  can  replace  to 
by  g^^m  0 and  decrease  Y^ei-  Hence  we  may  assume  that  the  annihilator  of 


to  € Mp  is  (gi, . . . , gn)Rp  = p Rv.  By  Lemma  10.62.15  we  see  that  p € Ass (M).  □ 


Remark  10.65.9.  Let  <p  : R — > 5 be  a ring  map.  Let  M be  an  5-module.  Then 
it  is  not  always  the  case  that  Spec(<^)(WeakAsss(M))  C WeakAss^(M)  contrary 
to  the  case  of  associated  primes  (see  Lemma  10.62.11).  An  example  is  to  consider 
the  ring  map 

R = k[x1,x2,x3l  ...]->  5 = k[x i,x2,x3, . . .,yi,y2,y3, . . .]/(xm,  x2y2,  x3y3, . . .) 

and  M = S.  In  this  case  q = Y^xiS  is  a minimal  prime  of  5,  hence  a weakly 
associated  prime  of  M = S (see  Lemma  10.65.7).  But  on  the  other  hand,  for  any 
nonzero  element  of  5 the  annihilator  in  R is  finitely  generated,  and  hence  does  not 
have  radical  equal  to  R D q = (xi,x2,  x3, . . .)  (details  omitted). 

Lemma  10.65.10.  Let  tp  : R — > 5 be  a ring  map.  Let  M be  an  S-module.  Then 
we  have  Spec((p)(WeakAsss(M))  D WeakAssn(M). 

Proof.  Let  p be  an  element  of  WeakAss/j(M).  Then  there  exists  an  to  £ Mp 
whose  annihilator  I = {x  £ Rp  \ xm  = 0}  has  radical  p-Rp.  Consider  the  radical 
J = {x  £ S p | xm  = 0}  of  to  in  5p.  As  /5p  C J we  see  that  any  minimal  prime 
q C 5p  over  J lies  over  p.  Moreover  such  a q corresponds  to  a weakly  associated 
prime  of  M for  example  by  Lemma  10.65.2  □ 


Remark  10.65.11.  Let  ip  : R — I ► 5 be  a ring  map.  Let  M be  an  5-module. 
Denote  / : Spec(5)  — > Spec (R)  the  associated  map  on  spectra.  Then  we  have 

/(Asss(M))  c Ass r(M)  C WeakAssfl(M)  c /(WeakAsss(M)) 

see  Lemmas |10. 62.11]  |10. 65.101  and|10.65.5|  In  general  all  of  the  inclusions  may  be 
strict,  see  Remarks  10.62.12  and |10. 6511  If  5 is  Noetherian,  then  all  the  inclusions 


are  equalities  as  the  outer  two  are  equal  by  Lemma  10.65.8 


Lemma  10.65.12.  Let  ip  : R — > 5 be  a ring  map.  Let  M be  an  S-module.  Denote 
f : Spec(5)  — >•  Spec(R)  the  associated  map  on  spectra.  If  (p  is  a finite  ring  map, 
then 

WeakAssu(M)  = f(WeakAsss(M)). 


Proof.  One  of  the  inclusions  has  already  been  proved,  see  Remark  |10.65.1l]  To 
prove  the  other  assume  q £ WeakAssg(M)  and  let  p be  the  corresponding  prime 
of  R.  Let  to  £ M be  an  element  such  that  q is  a minimal  prime  over  J = {g  £ 
5 | gm  = 0}.  Thus  the  radical  of  J5q  is  q5q.  As  R — > S is  finite  there  are  finitely 
many  primes  q = qi,q2,...,qz  over  p,  see  Lemma  10.35.19  Pick  x £ q with  x fL  q, 
for  i > 1,  see  Lemma  [l0.14.2[  By  the  above  there  exists  an  element  y £ 5,  y qL  q 
and  an  integer  t > 0 such  that  yxlm  = 0.  Thus  the  element  ym  £ M is  annihilated 
by  x*,  hence  ym  maps  to  zero  in  Mqi,  i = 2, . . . ,1.  To  be  sure,  ym  does  not  map 
to  zero  in  5q. 

The  ring  5P  is  semi-local  with  maximal  ideals  qz5p  by  going  up  for  finite  ring  maps, 
see  Lemma  10.35.20  If  f £ pRp  then  some  power  of  / ends  up  in  J5q  hence  for 


some  n > 0 we  see  that  flym  maps  to  zero  in  Mq.  As  ym  vanishes  at  the  other 
maximal  ideals  of  Sv  we  conclude  that  flym  is  zero  in  Mp,  see  Lemma  10.23. l[  In 
this  way  we  see  that  p is  a minimal  prime  over  the  annihilator  of  ym  in  R and  we 

□ 


win. 
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Lemma  10.65.13.  Let  R be  a ring.  Let  I be  an  ideal.  Let  M be  an  R/ I-module. 
Via  the  canonical  injection  Spec (/?//)  —>  Spec (R)  we  have  WeakAssR/j(M)  = 
WeakAssn(M). 

Proof.  Omitted.  □ 


Lemma  10.65.14.  Let  R be  a ring.  Let  M be  an  R-module.  Let  S C R be  a 
multiplicative  subset.  Via  the  canonical  injection  Spec(S~1R ) — > Spec (/?)  we  have 
WeakAss^S-1  M)  = WeakAssg-i^S^1  M)  and 

WeakAss(M)  C\Spec(S~1R)  = WeakAss(S^1AI). 


Proof.  Suppose  that  m £ S~1M.  Let  I = {x  £ R \ xm  = 0}  and  I'  = {x1  £ 
S~1R  | x'm  = 0}.  Then  I'  = S'”1/  and  / fl  S = 0 unless  I = R (verifications 
omitted).  Thus  primes  in  S~lR  minimal  over  /'  correspond  bijectively  to  primes  in 
R minimal  over  / and  avoiding  S.  This  proves  the  equality  WeakAss r(S~1M)  = 
WeakAsss-ifl(S-1M).  The  second  equality  follows  from  Lemma 
p £ R,  Snp  = 0we  have  Mp  = (S~1M)s~ ip. 


10.62.15 


since  for 

□ 


Lemma  10.65.15.  Let  R be  a ring.  Let  M be  an  R-module.  Let  S C R be  a 
multiplicative  subset.  Assume  that  every  s £ S is  a nonzerodivisor  on  M . Then 

WeakAss(M)  = WeakAss^S-1  M) . 


Proof.  As  M C S 1 M by  assumption  we  obtain  WeakAss(Af ) C WeakAss(S  1M) 


from  Lemma  10.65.3  Conversely,  suppose  that  n/s  £ S_1Af  is  an  element  with 
annihilator  / and  p a prime  which  is  minimal  over  I.  Then  the  annihilator  of  n £ M 
is  I and  p is  a prime  minimal  over  /.  □ 


Lemma  10.65.16.  Let  R be  a ring.  Let  M be  an  R-module.  The  map 


M 


n 


p£  WeakAss(M) 


M0 


is  injective. 


Proof.  Let  x £ M be  an  element  of  the  kernel  of  the  map.  Set  N = Rx  C 
M.  If  p is  a weakly  associated  prime  of  N we  see  on  the  one  hand  that  p £ 


WeakAss(M)  (Lemma  10.65.3)  and  on  the  other  hand  that  Np  C Mp  is  not  zero. 
This  contradiction  shows  that  WeakAss(A’)  = 0.  Hence  N = 0,  i.e. , x = 0 by 
Lemma  110.65.41  □ 


Lemma  10.65.17.  Let  R — » S be  a ring  map.  Let  N be  an  S-module.  Assume  N 
is  flat  as  an  R-module  and  R is  a domain  with  fraction  field  K . Then 

WeakAsss(N)  = WeakAsss®RK (N  K) 

via  the  canonical  inclusion  Spec(Sl  K)  C Spec(S'). 

Proof.  Note  that  5 I\  = (R  \ {O})”1^  and  N I\  = (R\  {0})”1  A/.  For  any 
nonzero  x £ R multiplication  by  x on  N is  injective  as  N is  flat  over  R.  Hence  the 
lemma  follows  from  Lemma TlO. 65. 151  □ 
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10.66.  Embedded  primes 


Here  is  the  definition. 

Definition  10.66.1.  Let  R be  a ring.  Let  M be  an  f?-module. 

(1)  The  associated  primes  of  M which  are  not  minimal  among  the  associated 
primes  of  M are  called  the  embedded  associated  primes  of  M . 

(2)  The  embedded  primes  of  R are  the  embedded  associated  primes  of  R as 
an  .R-module. 


Here  is  a way  to  get  rid  of  these. 

Lemma  10.66.2.  Let  R be  a Noetherian  ring.  Let  M be  a finite  R-module. 
Consider  the  set  of  R-submodules 


{I\  c M | Supp{K)  nowhere  dense  in  Supp(M)}. 

This  set  has  a maximal  element  K and  the  quotient  M'  = M/K  has  the  following 
properties 

(1)  Supp(M)  = Supp(M'), 

(2)  M'  has  no  embedded  associated  primes, 

(3)  for  any  f £ R which  is  contained  in  all  embedded  associated  primes  of  M 
we  have  Mf  = Mf. 


Proof.  Let  qi, . . . , qt  denote  the  minimal  primes  in  the  support  of  M.  Let  pi, . . . , pa 
denote  the  embedded  associated  primes  of  M.  Then  Ass (M)  = {q7-,pj}.  There  are 

i = a=i, 


finitely  many  of  these,  see  Lemma 


Set 


pi-  Then  I C/L  q j 
I such  that  / ^ q7  for 


10.62.5 

for  any  j.  Hence  by  Lemma  10. 14. z|  we  can  find  an  / £ 
all  j = l,...,f.  Set  M'  = Im(M  -4  Mf).  This  implies  that  Mf  = M f.  Since 
M'  C Mf  we  see  that  Ass(M')  C Ass  (Mf)  = {q7}.  Thus  M'  has  no  embedded 
associated  primes. 


Moreover,  the  support  of  K = Ker (M  — ► M')  is  contained  in  V(pi)  U . . . U P(ps), 
because  Ass(AT)  C Ass (M)  (see  Lemma  10.62.3)  and  Ass(K)  contains  none  of  the 
q i by  construction.  Clearly,  I\  is  in  fact  the  largest  submodule  of  M whose  support 
is  contained  in  H(pi)  U . . . U H(pt)-  This  implies  that  K is  the  maximal  element  of 
the  set  displayed  in  the  lemma.  □ 


Lemma  10.66.3.  Let  R be  a Noetherian  ring.  Let  M be  a finite  R-module.  For 
any  f £ R we  have  ( M')f  = (Mf)'  where  M — ► M'  and  Mf  — > (Mf)'  are  the 
quotients  constructed  in  Lemma\lO. 66.2 


Proof.  Omitted. 


□ 


Lemma  10.66.4.  Let  R be  a Noetherian  ring.  Let  M be  a finite  R-module  without 
embedded  associated  primes.  Let  I = {x  £ R \ xM  = 0}.  Then  the  ring  R/I  has 
no  embedded  primes. 


Proof.  We  may  replace  R by  R/I . Hence  we  may  assume  every  nonzero  element 
of  R acts  nontrivially  on  M.  By  Lemma  10.39.5  this  implies  that  Spec(l?.)  equals 
the  support  of  M.  Suppose  that  p is  an  embedded  prime  of  R.  Let  x £ R be 
an  element  whose  annihilator  is  p.  Consider  the  nonzero  module  N = xM  C M. 
It  is  annihilated  by  p.  Hence  any  associated  prime  q of  N contains  p and  is  also 
an  associated  prime  of  M.  Then  q would  be  an  embedded  associated  prime  of  M 
which  contradicts  the  assumption  of  the  lemma.  □ 
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10.67.  Regular  sequences 


OAUH  In  this  section  we  develop  some  basic  properties  of  regular  sequences. 

OOLF  Definition  10.67.1.  Let  R be  a ring.  Let  M be  an  R-module.  A sequence  of 
elements  , fr  of  R is  called  an  M -regular  sequence  if  the  following  conditions 

hold: 

(1)  /,■  is  a nonzerodivisor  on  . . . , for  each  i = 1, . . . ,r,  and 

(2)  the  module  M/(/i, . . . , fr)M  is  not  zero. 

If  I is  an  ideal  of  R and  /i, . . . , fr  £ I then  we  call  /i, . . . , fr  a M -regular  sequence 
in  I . If  M = R , we  call  f\,  ■ ■ ■ , fr  simply  a regular  sequence  (in  I). 

Please  pay  attention  to  the  fact  that  the  definition  depends  on  the  order  of  the 
elements  /),...,  fr  (see  examples  below).  Some  papers/books  drop  the  requirement 
that  the  module  M/(/i, . . . , fr)M  is  nonzero.  This  has  the  advantage  that  being  a 
regular  sequence  is  preserved  under  localization.  However,  we  will  use  this  definition 
mainly  to  define  the  depth  of  a module  in  case  R is  local;  in  that  case  the  /)  are 
required  to  be  in  the  maximal  ideal  - a condition  which  is  not  preserved  under 
going  from  R to  a localization  Rp. 

OOLG  Example  10.67.2.  Let  k be  a field.  In  the  ring  k[x,y,z]  the  sequence  x,  7/(1  — 
x),  z(  1 — x)  is  regular  but  the  sequence  y(  1 — x),  z(  1 — x),x  is  not. 

OOLH  Example  10.67.3.  Let  A;  be  a field.  Consider  the  ring  k[x,  y,  Wq,  ttq,  U)2,  ■ ■ .]// 
where  / is  generated  by  ywi,  i = 0, 1,  2, . . . and  Wi  — xv)i+ 1,  i = 0,1,2,....  The 
sequence  x,y  is  regular,  but  y is  a zerodivisor.  Moreover  you  can  localize  at  the 
maximal  ideal  (x,y,Wi)  and  still  get  an  example. 

OOLJ  Lemma  10.67.4.  Let  R be  a local  Noetherian  ring.  Let  M be  a finite  R-module. 
Let  x\,...,xc  be  an  M -regular  sequence.  Then  any  permutation  of  the  Xi  is  a 
regular  sequence  as  well. 


Proof.  First  we  do  the  case  c = 2.  Consider  K C M the  kernel  of  X2  : M — > M.  For 
any  z £ K we  know  that  2 = X\z'  for  some  z'  € M because  X2  is  a nonzerodivisor 
on  M/x\M.  Because  X\  is  a nonzerodivisor  on  M we  see  that  X2 z'  = 0 as  well. 
Hence  X\  : K -A  K is  surjective.  Thus  K = 0 by  Nakayama’s  Lemma  10.19.1 
Next,  consider  multiplication  by  x\  on  M/X2M.  If  z £ M maps  to  an  element 
z G M / X2M  in  the  kernel  of  this  map,  then  X\Z  = X2y  for  some  y £ M.  But  then 
since  Xi,X2  is  a regular  sec^uence  we  see  that  y = x^y'  for  some  y'  £ M.  Hence 
X\(z  — X2y')  = 0 and  hence  z = X2 y'  and  hence  z = 0 as  desired. 


For  the  general  case,  observe  that  any  permutation  is  a composition  of  transposi- 
tions of  adjacent  indices.  Hence  it  suffices  to  prove  that 


Xi , . . . , Xi— 2 7 Xi , Xi—  1 , Xi-\-  \ j • • • 5 Xc 

is  an  M-regular  sequence.  This  follows  from  the  case  we  just  did  applied  to  the 
module  M/(x  1, . . . , Xi- 2)  and  the  length  2 regular  sequence  Xi-i ,Xi.  □ 

OOLM  Lemma  10.67.5.  Let  R , S be  local  rings.  Let  R —¥  S be  a flat  local  ring  homomor- 
phism. Let  xi, . ..  ,xr  be  a sequence  in  R.  Let  M be  an  R-module.  The  following 
are  equivalent 

(1)  x\,...,xr  is  an  M -regular  sequence  in  R,  and 

(2)  the  images  of  x±, . . . ,xr  in  S form  a M S -regular  sequence. 
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Proof.  This  is  so  because  R — > S is  faithfully  flat  by  Lemma[l0.38.17|  □ 

061L  Lemma  10.67.6.  Let  R be  a Noetherian  ring.  Let  M be  a finite  R-module.  Let 
p be  a prime.  Let  x\,...,xr  be  a sequence  in  R whose  image  in  Rp  forms  an  Mp- 
regular  sequence.  Then  there  exists  a g £ R,  g £ p such  that  the  image  of  X\, . . . ,xr 
in  Rg  forms  an  Mg-regular  sequence. 

Proof.  Set 

Ki  = Ker(xi  \ M/(x i, . . . -¥  M/(x i, . . .,Xi-i)M) . 

This  is  a finite  -R-module  whose  localization  at  p is  zero  by  assumption.  Hence  there 
exists  a g £ R,  g p such  that  {Kf)g  = 0 for  alH  = 1, . . . , r.  This  g works.  □ 

065K  Lemma  10.67.7.  Let  A be  a ring.  Let  I be  an  ideal  generated  by  a regular  sequence 
fi, . . . , fn  in  A.  Let  gi, . . . , gm  £ A be  elements  whose  images  g1, . . . , gm  form  a 
regular  sequence  in  A/I . Then  fi,...,  fn,  g\,...,  gm  is  a regular  sequence  in  A. 

Proof.  This  follows  immediately  from  the  definitions.  □ 

07DV  Lemma  10.67.8.  Let  R be  a ring.  Let  M be  an  R-module.  Let  /i,  ■ . . , fr  £ R be 
M -regular.  Then  for  ei, . . . , er  > 0 the  sequence  f/1, . . . , ffr  is  M -regular  too. 

Proof.  We  will  prove  this  by  induction  on  r.  If  r = 1 this  follows  from  the  fact 
that  a power  of  an  M- regular  element  is  an  M- regular  element.  If  r > 1,  then  by 
induction  applied  to  M/ f^M  we  have  that  /i,  fff2, . . . , ffr  is  an  M- regular  sequence. 
Thus  it  suffices  to  show  that  f(,  fi,  ■ ■ ■ , fr  is  an  M- regular  sequence  if  /i, . . . , fr  is 
an  M- regular  sequence.  We  will  prove  this  by  induction  on  e.  The  case  e = 1 is 
trivial.  Since  fi  is  a nonzerodivisor  we  have  a short  exact  sequence 

0 ->  M/ f\M  M/flM  ->■  M/f/~lM  ->  0 

By  induction  the  elements  fi,  - ■ ■ , fr  are  M / f\  M and  A7//®_1M- regular  sequences. 
It  follows  from  the  snake  lemma  that  they  are  also  M//fM-regular  sequences.  □ 

07DW  Lemma  10.67.9.  Let  R be  a ring.  Let  fi,  ■ . ■ , fr  £ R which  do  not  generate  the 
unit  ideal.  The  following  are  equivalent: 

(1)  any  permutation  of  f\, ...,  fr  is  a regular  sequence, 

(2)  any  subsequence  of  f\, ...,  fr  (in  the  given  order)  is  a regular  sequence, 
and 

(3)  fiXi, . . . , frxr  is  a regular  sequence  in  the  polynomial  ring  R[x i, . . . , xr ]. 

Proof.  It  is  clear  that  (1)  implies  (2).  We  prove  (2)  implies  (1)  by  induction  on  r. 
The  case  r = 1 is  trivial.  The  case  r = 2 says  that  if  a,  b £ R are  a regular  sequence 
and  b is  a nonzerodivisor,  then  b,  a is  a regular  sequence.  This  is  clear  because  the 
kernel  of  a : R/ (b)  — > R/ ( b ) is  isomorphic  to  the  kernel  of  b : R/{a ) — > R/{a)  if  both 
a and  b are  nonzerodivisors.  The  case  r > 2.  Assume  (2)  holds  and  say  we  want 
to  prove  , fa(r)  is  a regular  sequence  for  some  permutation  o.  We  already 

know  that  /CT(i), . . . , fa(r- 1)  is  a regular  sequence  by  induction.  Hence  it  suffices  to 
show  that  fs  where  s = o(r)  is  a nonzerodivisor  modulo  /i,  /r-  If  s = r 

we  are  done.  If  s < r,  then  note  that  fs  and  fr  are  both  nonzerodivisors  in  the  ring 
R/ (/i, . . . , fs, . . . , fr- 1)  (by  induction  hypothesis  again).  Since  we  know  fs,  fr  is  a 
regular  sequence  in  that  ring  we  conclude  by  the  case  of  sequence  of  length  2 that 

fr , f s ^ tOO. 
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Note  that  R[xi, . . . ,xr]/(fiXi, . . . , fix/)  as  an  i?-module  is  a direct  sum  of  the 
modules 


R/Ie  ■ xl1  . . . xe/ 

indexed  by  multi-indices  E = (e.  1, . . . , er)  where  Ie  is  the  ideal  generated  by  fj  for 
1 < j < i with  ej  > 0.  Hence  fi+iXi  is  a nonzerodivisor  on  this  if  and  only  if  /j+i 
is  a nonzerodivisor  on  R/Ie  for  all  E.  Taking  E with  all  positive  entries,  we  see 
that  fi+ 1 is  a nonzerodivisor  on  R/(fi, ...,/,).  Thus  (3)  implies  (2).  Conversely,  if 
(2)  holds,  then  any  subsequence  of  /i, . . . , fi,  /,;+ 1 is  a regular  sequence  by  Lemma 
10.67.8  i.e. , hence  /,+i  is  a nonzerodivisor  on  all  R/Ie • In  this  way  we  see  that 
(2)  implies  (3).  □ 


10.68.  Quasi-regular  sequences 


There  is  a notion  of  regular  sequence  which  is  slightly  weaker  than  that  of  a regular 
sequence  and  easier  to  use.  Let  R be  a ring  and  let  /i,...,/c  £ R.  Set  J = 
(/i, . . . , fc).  Let  M be  an  l?-module.  Then  there  is  a canonical  map 


(10.68.0.1)  M/JM®r/jR/J[Xu...,Xc]  — > 0 >Q  JnM/Jn+1M 

of  graded  R/  J[XA , . . . , Xc]-modules  defined  by  the  rule 


x?...x* 


fl1  . . . fcCm  mod  jei  + -+e=  + lM. 


Note  that  (10.68.0.11  is  always  surjective. 


Definition  10.68.1.  Let  R be  a ring.  Let  M be  an  l?-module.  A sequence  of 


elements  f\, . . . , fc  of  R is  called  M -quasi-regular  if  ( 10.68.0.1 1 is  an  isomorphism. 


If  M = R,  we  call  fi,  ■ ■ ■ , fc  simply  a quasi-regular  sequence. 


So  if  /i, . . . , fc  is  a quasi- regular  sequence,  then 

R/J[X1,...,XC]  = @ Jn/Jn+l 

n> 0 

where  J = (/i, . . . , /c).  It  is  clear  that  being  a quasi-regular  sequence  is  independent 
of  the  order  of  /i, . . . , fc. 

Lemma  10.68.2.  Let  R be  a ring. 

(1)  A regular  sequence  /i, . . . , fc  of  R is  a quasi-regular  sequence. 

(2)  Suppose  that  M is  an  R-module  and  that  fi, . ■ ■ , fc  is  an  M -regular  se- 
quence. Then  /i, . . . , fc  is  an  M -quasi-regular  sequence. 


Proof.  Set  J = (/i, . . . ,/c).  We  prove  the  first  assertion  by  induction  on  c.  We 
have  to  show  that  given  any  relation  ^|7,_n  a// 1 £ Jn+l  with  ai  £ R we  actually 
have  aj  £ J for  all  multi-indices  /.  Since  any  element  of  Jn+1  is  of  the  form 
!C|/|=n  bif1  with  bj  £ J we  may  assume,  after  replacing  o/  by  aj  — bi,  the  relation 
reads  Xq/|=n  CLlfI  = 0-  We  can  rewrite  this  as 


ft  = o 


Here  and  below  the  “primed”  multi-indices  I'  are  required  to  be  of  the  form  I'  = 
(i\, . . . , Id-i,  0).  We  will  show  by  descending  induction  on  l £ {0, ... , n}  that  if  we 
have  a relation 


/ce  = 0 
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then  ai\e  £ J for  all  I',  e.  Namely,  set  J'  = (fi, ... , fc- 1).  Observe  that  Yj\i'\=n-l 
is  mapped  into  (J’)n~l+1  by  fj..  By  induction  hypothesis  (for  the  induction  on  c) 
we  see  that  £ J' ■ Because  fc  is  not  a zerodivisor  on  R/  J'  (as  /i, . . . , fc  is  a 

regular  sequence)  we  conclude  that  fl//  j £ J1.  This  allows  us  to  rewrite  the  term 

C T,\r\=n-iai',ifI')flc  in  the  form  {'L\P\=n-i+\fcbv,i-ifI')flc~l-  This  gives  a new 
relation  of  the  form 


Eim  Aai',i-i  + /c&/m-i)/7')/c  1 

z — '|/'|=n— i+1 


E 


/— 2 
e=0 


V a I'  ef1 


fc  =0 


Now  by  the  induction  hypothesis  (on  l this  time)  we  see  that  all  ap^-i  + fcbi\i-i  £ 
J and  all  ajye  £ J for  e < l — 2.  This,  combined  with  ap  ; £ J'  C J seen  above, 
finishes  the  proof  of  the  induction  step. 


The  second  assertion  means  that  given  any  formal  expression  P = ^ I\_nmiXI , 
mi  £ M with  Yf  mifI  £ Jn+1M , then  all  the  coefficients  to/  are  in  J.  This  is 
proved  in  exactly  the  same  way  as  we  prove  the  corresponding  result  for  the  first 
assertion  above.  □ 


065L  Lemma  10.68.3.  Let  R -A  R'  be  a flat  ring  map.  Let  M be  an  R-module. 
Suppose  that  fi, . . . , fr  £ R form  an  M -quasi-regular  sequence.  Then  the  images  of 
fi, . . . , fr  in  R'  form  a M R' -quasi-regular  sequence. 


Proof.  Set  J = (/i, . . . ,fr),  J'  = JR'  and  M'  = M R' . We  have  to  show 
the  canonical  map  n : R' / J'[X i, . . .Xn]  M'/J'M'  0(  J')nM' /( J')n+1M' 

is  an  isomorphism.  Because  R — ► R'  is  flat  the  sequences  0 — > JnM  — > M and 
0 -A  Jn+1M  -A  JnM  -A  JnM/Jn+1M  -A  0 remain  exact  on  tensoring  with  R' . 
This  first  implies  that  JnM®RR'  = ( J')nM ' and  then  that  ( J')nM' /{ J')n+1M'  = 
JnM/Jn+1M  ®R  R' . Thus  p is  the  tensor  product  of  (10.68.0.1),  which  is  an 
isomorphism  by  assumption,  with  idp'  and  we  conclude.  □ 


061Q 


Lemma  10.68.4.  Let  R be  a Noetherian  ring.  Let  M be  a finite  R-module.  Let 
p be  a prime.  Let  aq, . . . , xc  be  a sequence  in  R whose  image  in  Rp  forms  an  Mp- 
quasi-regular  sequence.  Then  there  exists  a g £ R,  g fL  p such  that  the  image  of 
Xi, ...  ,xc  in  Rg  forms  an  Mg- quasi-regular  sequence. 


Proof.  Consider  the  kernel  K of  the  map  ( 10.68.0.1 ).  As  M / JM(&R/  jR/  J[X  i, . . . , Xc 
is  a finite  R/J[X i, . . . , Xc]-module  and  as  R/J[Xi, . . . , Xc]  is  Noetherian,  we  see 
that  K is  also  a finite  R/J[X\, . . . , Xc]-module.  Pick  homogeneous  generators 
ki, . . . ,kt  £ K.  By  assumption  for  each  i = 1, . . . , t there  exists  a gi  £ R1  gi  ^ p 
such  that  giki  = 0.  Hence  g = gi ...  gt  works.  □ 


061R  Lemma  10.68.5.  Let  R be  a ring.  Let  M be  an  R-module.  Let  /i,-..,/c  £ 
R be  an  M -quasi-regular  sequence.  For  any  i the  sequence  fi+1,  ■ ■ ■ , fc  of  R = 
R/ (/i, . . . , fi)  is  an  M = M/(/i, . . . , fi)M -quasi-regular  sequence. 


Proof.  It  suffices  to  prove  this  for  i = 1.  Set  J = (/2, . . . , fc ) C R.  Then 
JnM/T+1M=  (JnM  + f\M) /(Jn+l  M + f\M) 

= JnM/{Jn+1M  + JnM  n /iM). 

Thus,  in  order  to  prove  the  lemma  it  suffices  to  show  that  Jn+1M  + JnM n f\M  = 
Jn+1M  + fi  Jn~1M  because  that  will  show  that  ©n>0  j”M / Jn+1  M is  the  quotient 
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of  ©„>0  JnM/Jn+1  = M/JM[X\, . . . ,XC)  by  X\.  Actually,  we  have  JnMnf±M  = 
f\Jn~xM.  Namely,  if  m Jn~1M , then  fim  JnM  because  0 JnM/Jn+1M  is 
the  polynomial  algebra  M/  J[X i, . . . , Xc]  by  assumption.  □ 

061S  Lemma  10.68.6.  Let  ( R , m)  be  a local  Noetherian  ring.  Let  M be  a nonzero  finite 
R-module.  Let  /i, . . . , fc  G m be  an  M -quasi-regular  sequence.  Then  is 

an  M -regular  sequence. 


061T 


065M 


Proof.  Set  J = (/i, . . . , fc).  Let  us  show  that  /i  is  a nonzerodivisor  on  M.  Suppose 
x £ M is  not  zero.  By  the  Artin-R.ees  lemma  there  exists  an  integer  r such  that  x £ 
JrM  but  x Jr+1M , see  Lemma  10.50.4  Then  fix  £ Jr+1M  is  an  element  whose 
class  in  Jr+1M/Jr+2M  is  nonzero  by  the  assumed  structure  of  0 JnM/Jn+1M. 
Whence  fix  ^ 0. 


Now  we  can  finish  the  proof  by  induction  on  c using  Lemma |10. 68. 5|  □ 

Remark  10.68.7  (Koszul  regular  sequences).  In  the  paper  [Ka  b7l]  the  author 
introduces  two  more  regularity  conditions  for  sequences  aq, . . . ,xr  of  elements  of 
a ring  R.  Namely,  we  say  the  sequence  is  Koszul-regular  if  Hi(I\,(R,x,))  = 0 for 
i>  1 where  Kt(R,x,)  is  the  Koszul  complex.  The  sequence  is  called  H\-regular  if 
Hi(K,(R1x,))  =0.  If  R is  a local  ring  (possibly  nonnoetherian)  and  the  sequence 
consists  of  elements  of  the  maximal  ideal,  then  one  has  the  implications  regular  => 
Koszul-regular  =>  Hi -regular  =>■  quasi-regular.  By  examples  the  author  shows  that 
these  implications  cannot  be  reversed  in  general.  We  introduce  these  notions  in 
more  detail  in  More  on  Algebra,  Section  |15.23| 

Remark  10.68.8.  Let  fc  be  a field.  Consider  the  ring 

A = k[x,y,w,z0,z1,z2,  ■ ■ .}/(y2z0  - wx,z0  - yzlyzi  - yz2 , • . •) 


In  this  ring  a;  is  a nonzerodivisor  and  the  image  of  y in  A/xA  gives  a quasi-regular 
sequence.  But  it  is  not  true  that  x,y  is  a quasi-regular  sequence  in  A because 
(x,y)/(x,y)2  isn’t  free  of  rank  two  over  A/(x,  y)  due  to  the  fact  that  wx  = 0 in 


does  not  hold  for  quasi-regular  sequences. 

065N 

be  an  R-module.  Set  R = R/ C\n> ^ = M/  fln>o  JnM,  and  denote  fi  the 
image  of  fi  in  R.  Then  fi,...,fr  is  M -quasi-regular  if  and  only  if  /1; . . . , fr  is 
M -quasi-regular. 


Lemma  10.68.9.  Let  R be  a ring.  Let  J = (/i, . . . , fr)  be  an  ideal  of  R.  Let  M 


(x,y)/(x,y)2  but  w isn’t  zero  in  A/(x,y).  Hence  the  analogue  of  Lemma  10.67.7 


Proof.  This  is  true  because  Jn M / Jn+1  M = Jn  M /Jn+1M. 


□ 


10.69.  Blow  up  algebras 

052P  In  this  section  we  make  some  elementary  observations  about  blowing  up. 

052Q  Definition  10.69.1.  Let  R be  a ring.  Let  / C R be  an  ideal. 

(1)  The  blowup  algebra , or  the  Rees  algebra , associated  to  the  pair  ( R , I)  is 
the  graded  R-algebra 

Bh(R)  = 0n>o  In  = R © I © I2  © . . . 

where  the  summand  /"  is  placed  in  degree  n. 
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(2)  Let  a £ I be  an  element.  Denote  the  element  a seen  as  an  element  of 
degree  1 in  the  Rees  algebra.  Then  the  affine  blowup  algebra  R[^ ] is  the 
algebra  (Bl/(i?))(a(i)j  constructed  in  Section 

In  other  words,  an  element  of  R[-}  is  represented  by  an  expression  of  the  form  x/an 
with  x £ In.  Two  representatives  x/an  and  y/am  define  the  same  element  if  and 
only  if  ak(amx  — any ) = 0 for  some  k > 0. 

07Z3  Lemma  10.69.2.  Let  R be  a ring , I C R an  ideal,  and  a £ I.  The  image  of  a in 
the  blowup  algebi'a  R'  = R[^}  is  a nonzerodivisor  and  IR'  = aR' . 

Proof.  Immediate  from  the  description  of  !?[-]  above.  □ 

OBIP  Lemma  10.69.3.  Let  R — ► S'  be  a ring  map.  Let  I C R be  an  ideal  and  a £ I . 
Set  J = IS  and  letb  £ J be  the  image  of  a.  Then  S[^]  is  the  quotient  of  S 
by  the  ideal  of  elements  annihilated  by  some  power  of  b. 

Proof.  Let  S'  be  the  quotient  of  S R[^}  by  its  6-power  torsion  elements.  The 
ring  map 

S®RR[i]-^S[$] 

is  surjective  and  annihilates  a-power  torsion  as  6 is  a nonzerodivisor  in  S[^}.  Hence 
we  obtain  a surjective  map  S'  — ► S[f].  To  see  that  the  kernel  is  trivial,  we  construct 
an  inverse  map.  Namely,  let  z = y/bn  be  an  element  of  S[^],  i.e.,  y £ Jn . Write 
y = Y2  xisi  with  xi  G In  and  Si  £ S.  We  map  z to  the  class  of  s,;  0 Xi/an  in  S'. 
This  is  well  defined  because  an  element  of  the  kernel  of  the  map  S 0#  /"  — ► Jn  is 
annihilated  by  a",  hence  maps  to  zero  in  S' . □ 

080U  Lemma  10.69.4.  Let  R be  a ring,  I C R an  ideal,  and  a £ I.  Set  R'  = R[^}- 
If  f £ R is  such  that  V(f)  = V(I),  then  f maps  to  a nonzerodivisor  in  R'  and 

R'f  = R'a  = Rf- 

Proof.  We  will  use  the  results  of  Lemma  110.69.21  without  further  mention.  The 
assumption  V(f)  = V(I)  implies  V(fR')  = V(IR')  = V(aR').  Hence  an  = fb  and 
fm  = ac  for  some  6,  c £ R' . The  lemma  follows.  □ 

0BBI  Lemma  10.69.5.  Let  R be  a ring,  I C R an  ideal,  a £ I,  and  f £ R.  Set 
R'  = -R[f]  and  R"  = R[j^].  Then  there  is  a surjective  R-algebra  map  R'  — > R" 
whose  kernel  is  the  set  of  f -power  torsion  elements  of  Rf . 


10.56 


052S 


Proof.  The  map  is  given  by  sending  x/an  for  x £ In  to  fnx/(fa)n.  It  is  straight- 
forward to  check  this  map  is  well  defined  and  surjective.  Since  af  is  a nonzero 
divisor  in  R"  (Lemma  10.69.2)  we  see  that  the  set  of  /-power  torsion  elements  are 
mapped  to  zero.  Conversely,  if  x £ R'  and  fnx  ^ 0 for  all  n > 0,  then  ( af)nx  ^ 0 
for  all  n as  a is  a nonzero  divisor  in  R' . It  follows  that  the  image  of  x in  R"  is  not 
zero  by  the  description  of  R"  following  Definition  |10.69.1 


□ 


Lemma  10.69.6.  If  R is  reduced  then  every  (affine)  blowup  algebra  of  R is  reduced. 


Proof.  Let  I C R be  an  ideal  and  a £ I.  Suppose  x/an  with  x £ In  is  a nilpotent 
element  of  R[f]-  Then  ( x/an)m  = 0.  Hence  aNxm  = 0 in  R for  some  TV  > 0. 
After  increasing  N if  necessary  we  may  assume  N = me  for  some  e > 0.  Then 
( aex)m  = 0 and  since  A is  reduced  we  find  aex  = 0.  This  means  that  x/an  = 0 in 
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052R 


052T 


OBIQ 


052M 


Lemma  10.69.7.  If  R is  a domain  then  every  (affine)  blowup  algebra  of  R is  a 
domain. 


Proof.  Let  I C R be  an  ideal  and  a £ I nonzero.  Suppose  x/an , y/am  with  x £ 
y £ Im  are  elements  of  R[I } whose  product  is  zero.  Then  aNxy  = 0 in  R.  Since  R 
is  a domain  we  conclude  that  either  x = 0 or  y = 0.  □ 


Lemma  10.69.8.  Let  R be  a ring.  Let  I C R be  an  ideal.  Let  a £ I . If  a is 
not  contained  in  any  minimal  prime  of  R,  then  Spec(i?[L])  — » Spec (R)  has  dense 
image. 


Proof.  If  akx  = 0 for  x £ R,  then  x is  contained  in  all  the  minimal  primes  of  R 

Thus  the  kernel  of  R — > i?[-]  consists  of 


10.16.2 


and  hence  nilpotent,  see  Lemma 
nilpotent  elements.  Hence  the  result  follows  from  Lemma  [10.29.6[ 


□ 


Lemma  10.69.9.  Let  R be  a Noetherian  ring.  Let  a,  a2, . . . , ar  be  a regular  se- 
quence in  R.  With  I = (a,  a 2, . . . ,ar)  the  blowup  algebra  R'  = i?[P  is  isomorphic 
to  R"  = R[y2,  ■ ■ .,yr\/(ayi  - ). 


Proof.  There  is  a canonical  map  A"  -A  A'  sending  j/j  to  the  class  of  at /a.  Since 
every  element  x oil  can  be  written  as  ra+Y)  fWi  we  see  that  x/a  = r+Y 1 riai/a  is  in 
the  image  of  the  map.  Hence  our  map  is  surjective.  Suppose  that  z = Y rEVE  £ A" 
maps  to  zero  in  A' . Here  we  use  the  multi- index  notation  E = (e2, . . . ,er)  and 
yE  = yff  ■ ■ ■ yY  ■ Let  d be  the  maximum  of  the  degrees  \E\  = Y e*  °f  the  multi- 
indices which  occur  with  a nonzero  coefficient  te  in  z.  Then  we  see  that 

adz  = ^2  rEad~^al2  ..  .affr 


is  zero  in  R ; here  we  use  that  a is  a nonzerodivisor  on  R.  Since  a regular  sequence 
is  quasi- regular  by  Lemma  [l0.68.2|  we  conclude  that  rE  £ I for  all  E.  This  means 
that  ^ is  divisible  by  a in  A" . Say  z = az' . Then  z'  is  in  the  kernel  of  A"  — > A! 
and  we  see  that  z'  is  divisible  by  a and  so  on.  In  other  words,  z is  an  element  of 
P|  anR" . Since  R"  is  Noetherian  by  Krull’s  intersection  theorem  z maps  to  zero  in 
R”  for  every  prime  ideal  p containing  aR" , see  Remark  10.50.6  On  the  other  hand, 


if  p C R"  does  not  contain  a,  then  R”  = Ra  = R'a  and  we  find  that  z maps  to  zero 
in  Rp  as  well.  We  conclude  that  z is  zero  by  Lemma 


10.23.1 


□ 


Lemma  10.69.10.  Let  (R,  m)  be  a local  domain  with  fraction  field  K . Let  R C 
A C K be  a valuation  ring  which  dominates  R.  Then 


A = coliml?[^] 


is  a directed  colimit  of  affine  blowups  R — >•  i?[L]  with  the  following  properties 

(1)  a £ I C m, 

(2)  / is  finitely  generated,  and 

(3)  the  fibre  ring  of  R —t  R[(]  at  m is  not  zero. 


Proof.  Consider  a finite  subset  E C A.  Say  E = {ei, . . . , en}.  Choose  a nonzero 
a £ R such  that  we  can  write  e*  = fi/a  for  all  i = 1, . . . , n.  Set  I = (/1, . . . , fn , a). 
We  claim  that  i?[L]  c A.  This  is  clear  as  an  element  of  R[^}  can  be  represented 
as  a polynomial  in  the  elements  e^.  The  lemma  follows  immediately  from  this 
observation.  □ 
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10.70.  Ext  groups 

OOLO  In  this  section  we  do  a tiny  bit  of  homological  algebra,  in  order  to  establish  some 
fundamental  properties  of  depth  over  Noetherian  local  rings. 

OOLP  Lemma  10.70.1.  Let  R be  a ring.  Let  M be  an  R-module. 

(1)  There  exists  an  exact  complex 

. . . — y /' 2 — y L\  — y Eq  — y Ad  — y 0. 
with  Fi  free  R-modules. 

(2)  If  R is  Noetherian  and  M finite  over  R,  then  we  can  choose  the  complex 
such  that  Fi  is  finite  free.  In  other  words , we  can  find  an  exact  complex 

...->■  E®"2  -y  E®ni  -y  E®"°  -y  M ->  0. 


Proof.  Let  us  explain  only  the  Noetherian  case.  As  a first  step  choose  a surjection 
Rn°  — y Ad.  Then  having  constructed  an  exact  complex  of  length  e we  simply 
choose  a surjection  Era'+1  — ► Ker(Ene  —y  E™^1)  which  is  possible  because  R is 
Noetherian.  □ 


OOLQ  Definition  10.70.2.  Let  R be  a ring.  Let  M be  an  E-module. 

(1)  A (left)  resolution  E.  — >■  M of  M is  an  exact  complex 

. . . — y E2  — y Ei  — y Eo  — y A I — y 0 

of  E-modules. 

(2)  A resolution  of  Ad  by  free  R-modules  is  a resolution  E.  — > M where  each 
Ft  is  a free  E-module. 

(3)  A resolution  of  M by  finite  free  R-modules  is  a resolution  E.  — y Ad  where 
each  Fi  is  a finite  free  E-module. 


We  often  use  the  notation  E.  to  denote  a complex  of  E-modules 

• • • — y Fi  — y Ej_i  — y . . . 


In  this  case  we  often  use  di  or  dp:l  to  denote  the  map  Fi  — y E,;_i . In  this  section  we 
are  always  going  to  assume  that  Eo  is  the  last  nonzero  term  in  the  complex.  The  ith 
homology  group  of  the  complex  E.  is  the  group  Hi  = Ker(c?F,i)/Im(dF,i+i)-  A map 
of  complexes  a : E.  — >■  G.  is  given  by  maps  : Fi  — y Gi  such  that  1 o dF,i  = 
do,i- 1 0 on-  Such  a map  induces  a map  on  homology  Hfia)  : HfiF,)  — y HfiGt).  If 
a,  fi  : E.  — y G,  are  maps  of  complexes,  then  a homotopy  between  a and  fi  is  given 
by  a collection  of  maps  hi  : Fi  —y  Gj+i  such  that  ctj  — fi%  = dc,i+ 1 ohi  + hi- 1 o cEu- 


We  will  use  a very  similar  notation  regarding  complexes  of  the  form  E*  which  look 
like 


Fl 


F 


'i+1 


There  are  maps  of  complexes,  homotopies,  etc.  In  this  case  we  set  Hl(F*)  = 
Ker(<E )/Im(<E-1)  and  we  call  it  the  ith  cohomology  group. 


OOLR  Lemma  10.70.3.  Any  two  homotopic  maps  of  complexes  induce  the  same  maps 
on  (cojhomology  groups. 


Proof.  Omitted. 


□ 
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00LS  Lemma  10.70.4.  Let  R be  a ring.  Let  M — >•  TV  be  a map  of  R-modules.  Let  F, . — ► 
M be  a resolution  by  free  R-modules  and  let  TV , — » TV  be  an  arbitrary  resolution. 
Then 

(1)  there  exists  a map  of  complexes  F, , — ► TV,  inducing  the  given  map 

M = Coker{Fi  — » F0)  — » CokerfNi  — » TV0)  = TV 

(2)  two  maps  a,  fi  : F.  — )•  TV,  inducing  the  same  map  M — ► TV  are  homotopic. 

Proof.  Proof  of  (1).  Because  Fo  is  free  we  can  find  a map  Fq  — » TVo  lifting  the 
map  F0  — ! *■  M -»  TV.  We  obtain  an  induced  map  Fi  — >■  F0  — >■  -No  which  ends  up  in 
the  image  of  TV]  — » TV0.  Since  Fi  is  free  we  may  lift  this  to  a map  Fi  —}N\.  This  in 
turn  induces  a map  F2  — » Fi  — > TVi  which  maps  to  zero  into  TV0.  Since  TV,  is  exact 
we  see  that  the  image  of  this  map  is  contained  in  the  image  of  TV2  — >■  TVi.  Hence 
we  may  lift  to  get  a map  F2  — »•  TV2.  Repeat. 

Proof  of  (2).  To  show  that  a,p  are  homotopic  it  suffices  to  show  the  difference 
7 = a — /3  is  homotopic  to  zero.  Note  that  the  image  of  y0  : F0  — » TV0  is  contained 
in  the  image  of  TVi  — > TVo-  Hence  we  may  lift  70  to  a map  Tio  : Fo  — » TVi.  Consider 
the  map  = 71  — h0  o dp.i-  By  our  choice  of  h0  we  see  that  the  image  of  7J  is 
contained  in  the  kernel  of  TVi  — >•  Nq.  Since  TV,  is  exact  we  may  lift  7^  to  a map 
Tii  : Fi  — > TV2.  At  this  point  we  have  71  = Tio  0 cTf,i  + d/v, 2 0 h\.  Repeat.  □ 


At  this  point  we  are  ready  to  define  the  groups  Ext^(TH,  TV).  Namely,  choose  a 
resolution  F,  of  M by  free  .R-modules,  see  Lemma  10.70.1  Consider  the  (cohomo- 
logical)  complex 


00LT 


Hohir(F.,TV)  : Horn# (Fo,  TV)  — > Homfl(Fi,TV)  — >■  Homfl(F2,TV)  —>■... 

We  define  Ext^(M,  TV)  to  be  the  ith  cohomology  group  of  this  complex^  The 
following  lemma  explains  in  what  sense  this  is  well  defined. 


Lemma  10.70.5.  Let  R be  a ring.  Let  Mi,TVf2,TV  be  R-modules.  Suppose  that 
F,  is  a free  resolution  of  the  module  Mi , and  G,  is  a free  resolution  of  the  module 
M2 . Let  <p  : Mi  — ► M2  be  a module  map.  Let  a : F,  — ► G,  be  a map  of  complexes 
inducing  <p  on  Mi  = Coker(dF,i ) —>  M2  = Coker(dc,i) , see  Lemma  10.70.4  Then 
the  induced  maps 


H\a)  : 7F (Hom^ (F, , TV) ) — ► IF (Hom^G.,  TV)) 


are  independent  of  the  choice  of  a.  If  ip  is  an  isomorphism,  so  are  all  the  maps 
Hl(a).  If  Mi  = M2,  F,  = G,,  and  tp  is  the  identity,  so  are  all  the  maps  Hi(a). 


Proof.  Another  map  f3  : F,  — > G,  inducing  p>  is  homotopic  to  a by  Lemma[i0.70.4| 
Hence  the  maps  Hom#(F,,TV)  — > Hom^(G,,TV)  are  homotopic.  Hence  the  inde- 
pendence result  follows  from  Lemma[l0.70.3[ 


Suppose  that  ip  is  an  isomorphism.  Let  if  : M2  Mi  be  an  inverse.  Choose 
jf  : G,  — » F,  be  a map  inducing  ip  : M2  = Coker  (dc;  a ) — > Mi  = Coker(d;?i),  see 
Lemma  10.70.4  OK,  and  now  consider  the  map  Hl{a)oHl\j3)  = Hl(a  o/3).  By  the 


above  the  map  Hl(a  o fi)  is  the  same  as  the  map  7F(idc. ) = id.  Similarly  for  the 
composition  Hl(/3)oHl(a).  Hence  Hl{a)  and  Hl(/3)  are  inverses  of  each  other.  □ 


®At  this  point  it  would  perhaps  be  more  appropriate  to  say  “an”  in  stead  of  “the”  Ext-group. 
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00LU  Lemma  10.70.6.  Let  R be  a ring.  Let  M be  an  R-module.  Let  0 — ► N'  —¥  N —>■ 
N"  — >■  0 be  a short  exact  sequence.  Then  we  get  a long  exact  sequence 

0 ->  Homfl(M,  N')  ->•  Horn R(M,  N)  Horn R(M,  N") 

->•  ExfR{M,  N')  ExtR(M , N)  ->•  ExtR{M , N") 

Proof.  Pick  a free  resolution  F.  — >■  M.  Since  each  of  the  Ft  are  free  we  see  that 
we  get  a short  exact  sequence  of  complexes 

0 ->  Horn r{F„N’)  Horn r{F.,N)  ->  Ho mR(F.,N")  ->  0 

Thus  we  get  the  long  exact  sequence  from  the  snake  lemma  applied  to  this.  □ 

065P  Lemma  10.70.7.  Let  R be  a ring.  Let  N be  an  R-module.  Let  0 — > M'  — > M — > 
M”  — > 0 be  a short  exact  sequence.  Then  we  get  a long  exact  sequence 

0 —¥  Horn r(M",  N)  — ► Homfl(M,  N)  Horn r(M',  N) 

ExtR(M" , N ) -5>  ExtR(M,  N ) -5>  Ex£R(M’,  N)  ->•  . . . 

Proof.  Pick  sets  of  generators  {m',]vej'  and  {rn",}i>’ept  of  M'  and  M" . For  each 
i"  £ I"  choose  a lift  rh"„  £ M of  the  element  m",  £ M" . Set  F'  = ©,/g//  R, 
F"  = ®i//6///  R and  F = F'  ® F" . Mapping  the  generators  of  these  free  modules 
to  the  corresponding  chosen  generators  gives  surjective  -R-module  maps  F'  — > M’ . 
F"  — > M" , and  F — > M.  We  obtain  a map  of  short  exact  sequences 


0 ->• 

M' 

— > M — » 

M" 

0 

t 

t 

t 

0 -> 

F' 

— 5>  F — 5> 

F" 

-S>  0 

By  the  snake  lemma  we  see  that  the  sequence  of  kernels  0 — > K ' — »•  K — >•  K"  — > 0 is 
short  exact  sequence  of  R-modules.  Hence  we  can  continue  this  process  indefinitely. 
In  other  words  we  obtain  a short  exact  sequence  of  resolutions  fitting  into  the 
diagram 


0 -> 

Af 

-5>  M -5> 

M" 

->  0 

t 

t 

t 

0 ->• 

K 

— >■  F.  — >■ 

f; 

-s-  0 

Because  each  of  the  sequences  0 — ► F^  — > Fn  — ► F"  — ► 0 is  split  exact  (by  construc- 
tion) we  obtain  a short  exact  sequence  of  complexes 

0 ->  Homfl(F",  N)  ->  Horn R{F„N)  ->  Horn R(F^,N)  ->  0 

by  applying  the  Honifl;(— ,N)  functor.  Thus  we  get  the  long  exact  sequence  from 
the  snake  lemma  applied  to  this.  □ 

OOLV  Lemma  10.70.8.  Let  R be  a ring.  Let  M , N be  R-modules.  Any  x £ R such  that 
either  xN  = 0,  or  xM  = 0 annihilates  each  of  the  modules  ExilR(M , N). 

Proof.  Pick  a free  resolution  F,  of  M.  Since  Ext lR(M,N)  is  defined  as  the  coho- 
mology of  the  complex  Horn R(F,,N)  the  lemma  is  clear  when  xN  = 0.  If  xM  = 0, 
then  we  see  that  multiplication  by  x on  F,  lifts  the  zero  map  on  M.  Hence  by 
Lemma  |10.70.5|  we  see  that  it  induces  the  same  map  on  Ext  groups  as  the  zero 
map.  □ 

08YR  Lemma  10.70.9.  Let  R be  a Noetherian  ring.  Let  M,  N be  finite  R-modules. 
Then  ExtlR(M,N)  is  a finite  R-module  for  all  i. 
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Proof.  This  holds  because  Ext^(M,  N)  is  computed  as  the  cohomology  groups  of  a 
complex  Homfl(i7’.,  N)  with  each  Fn  a finite  free  .R-module,  see  Lemma  10.70.1  □ 


Here  is  our  definition. 


10.71.  Depth 


Definition  10.71.1.  Let  R be  a ring,  and  I C R an  ideal.  Let  M be  a finite 
R-module.  The  I -depth  of  M,  denoted  depth/ (M),  is  defined  as  follows: 

(1)  if  IM  7/  M,  then  depth/ (M)  is  the  supremum  in  {0, 1,2, . . . ,oo}  of  the 
lengths  of  M-regular  sequences  in  I, 

(2)  if  IM  = M we  set  depth/ (M)  = oo. 

If  (R,  m)  is  local  we  call  depthm(M)  simply  the  depth  of  M. 


Explanation.  By  Definition  10.67. 1|  the  empty  sequence  is  not  a regular  sequence 
on  the  zero  module,  but  for  practical  purposes  it  turns  out  to  be  convenient  to  set 
the  depth  of  the  0 module  equal  to  +oo.  Note  that  if  I = R,  then  depth/ (M)  = oo 
for  all  finite  R- modules  M.  If  I is  contained  in  the  radical  ideal  of  R (e.g.,  if  R is 
local  and  I C hir),  then  M 7^  0 =>  /M  7^  M by  Nakayama’s  lemma.  A module 
M has  /-depth  0 if  and  only  if  M is  nonzero  and  I does  not  contain  an  M-regular 
element. 


Example  |10.67.2  shows  depth  does  not  behave  well  even  if  the  ring  is  Noetherian, 
and  Example  10.67.3  shows  that  it  does  not  behave  well  if  the  ring  is  local  but 
non-Noetherian.  We  will  see  depth  behaves  well  if  the  ring  is  local  Noetherian. 


Lemma  10.71.2.  Let  R be  a ring,  I C R an  ideal,  and  M a finite  R-module. 
Then  depthj(M)  is  equal  to  the  supremum  of  the  lengths  of  sequences  /1,  ■ . . , fr  G / 
such  that  fi  is  a nonzerodivisor  on  M/(/i, . . . , /*_/ )M. 


Proof.  Suppose  that  IM  = M.  Then  Lemma  [l 0 . 1 9 . 1 1 shows  there  exists  an  / £ / 
such  that  / : M — » M is  id m-  Hence  /,  0, 0,  0, ...  is  an  infinite  sequence  of  successive 
nonzerodivisors  and  we  see  agreement  holds  in  this  case.  If  IM  7^  M,  then  we  see 
that  a sequence  as  in  the  lemma  is  an  M-regular  sequence  and  we  conclude  that 
agreement  holds  as  well.  □ 

Lemma  10.71.3.  Let  R be  a Noetherian  local  ring.  Let  M be  a nonzero  finite 
R-module.  Then  dim(Supp(M))  > depth(M). 


Proof.  If  / is  an  element  of  the  maximal  ideal  of  R and  a nonzerodivisor  on  M, 
then  dim(Supp(M//M))  < dim(Supp(M))  — 1,  by  Lemma  10.62.10  The  result 
follows.  □ 


Lemma  10.71.4.  Let  R be  a Noetherian  ring,  I C R an  ideal,  and  M a finite 
nonzero  R-module  such  that  IM  7^  M.  Then  depthj(M)  < 00. 


Proof.  Let  / C p be  a prime  ideal.  As  localization  is  flat  we  see  that  M-regular  se- 
quences in  / maps  to  Mp-regular  sequences  in  Jp.  Hence  depth/ (M)  < depthJp  (Mp). 
The  latter  is  < depth(Mp)  which  is  < 00  by  Lemma  10.71.3  □ 


Lemma  10.71.5.  Let  R be  a Noetherian  local  ring  with  maximal  ideal  m.  Let 
M be  a nonzero  finite  R-module.  Then  depth(M)  is  equal  to  the  smallest  integer  i 
such  that  ExtR(R/m,  M)  is  nonzero. 
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Proof.  Let  S(M)  denote  the  depth  of  M and  let  i(M)  denote  the  smallest  integer  i 
such  that  Ext^(i?/m,  M)  is  nonzero.  We  will  see  in  a moment  that  i(M)  < oo.  By 
Lemma  10.62.18  we  have  8(M)  = 0 if  and  only  if  i(M)  = 0,  because  m £ Ass(M) 


exactly  means  that  i(M)  = 0.  Hence  if  5(M)  or  i(M)  is  > 0,  then  we  may  choose 
x £ m such  that  (a)  x is  a nonzerodivisor  on  M,  and  (b)  depth(M/a;M)  = 5{M)  — 
1.  Consider  the  long  exact  sequence  of  Ext-groups  associated  to  the  short  exact 
sequence  0 —¥  M —>  M —¥  M/ xM  — » 0 by  Lemma |10.70.6 

0 — > Hoiiijj(k,  M)  — > Horn# (k,  M)  — > Horn r(k,M/xM) 

— » Ext#(ft,  M)  — » Ext#(ft,  M ) — > Ext#(re,  M/xM ) — > . . . 

Since  x £ m all  the  maps  Ext#(/c,  M)  — >•  Ext# (k,M)  are  zero,  see  Lemma 


10.70.8 


Thus  it  is  clear  that  i(M/xM)  = i{M)  — 1.  Induction  on  8{M)  finishes  the  proof.  □ 


00LX  Lemma  10.71.6.  Let  R be  a local  Noetherian  ring.  Let  0 — ► N'  — > N — >■  N"  — > 0 
be  a short  exact  sequence  of  finite  R-modules. 

(1)  depth(N")  > min {depth(N),  depth{N')  — 1} 

(2)  depth{N')  > min{  depth(N) , depth{N")  + 1} 


Proof.  Use  the  characterization  of  depth  using  the  Ext  groups  Ext1  (k,  N),  see 
Lemma  [10. 71. 5[  and  use  the  long  exact  cohomology  sequence 

0 — > Horn r(k,N')  — y Horn r(k,N)  — > Horn r(k,N") 

— > Ext^j(«;,  N')  — > Ext^K,  N)  — > Ext^j(«;,  N")  — t . . . 

from  Lemmari0.70.6l  □ 


090R  Lemma  10.71.7.  Let  R be  a local  Noetherian  ring  and  M a nonzero  finite  R- 
module. 

(1)  If  x £ m is  a nonzerodivisor  on  M,  then  depth(M / xM)  = depth(M)  — 1. 

(2)  Any  M -regular  sequence  xi,...,xr  can  be  extended  to  an  M -regular  se- 
quence of  length  depth(AI). 


0BK4 


Proof.  Part  (2)  is  a formal  consequence  of  part  (1).  Let  x € R be  as  in  (1).  By  the 
short  exact  sequence  0 — )•  M — >■  M — >■  M/xM  — > 0 and  Lemma  10.71.6  we  see  that 
the  depth  drops  by  at  most  1.  On  the  other  hand,  if  x\, . . . , xg  S m is  a regular 
sequence  for  M/xM,  then  x,  x\, . . . , xr  is  a regular  sequence  for  M.  Hence  we  see 
that  the  depth  drops  by  at  least  1.  □ 


Lemma  10.71.8.  Let  (R,  m)  be  a local  Noetherian  ring  and  M a finite  R-module. 
For  p £ Ass(M)  we  have  dim(J?./p)  > depth(M). 


Proof.  If  m £ Ass (M)  then  depth(Af)  = 0 and  there  is  nothing  to  prove.  This 
proves  the  lemma  if  depth(M)  = 1.  We  will  prove  the  lemma  in  general  by  induction 
on  depth(M)  which  we  assume  to  be  > 1.  Pick  x £ m with  x (jL  p for  p £ Ass (M). 
The  existence  of  such  an  x follows  from  Lemmas  110.14.21  and  110.62.51  Then  a;  is  a 
nonzerodivisor  on  M by  Lemma  10.62.9  Hence  depth(M/a:nM)  = deptli(M)  — 1 
by  Lemma[l0.71.7  For  p £ Ass (M)  pick  an  embedding  R/p  C M.  The  Artin-Rees 
lemma  (Lemma  10.50.2)  shows  that  (i?/p)na;nM  is  contained  in  x(R/p)  for  n large 
enough.  Thus  the  image  N C M/xnM  of  R/p  is  a submodule  whose  support  is 
equal  to  U(p  + (x)).  By  Lemma  10.59.12  the  dimension  of  this  is  dim(i?/p)  — 1. 
It  follows  that  M/xnM  has  an  associated  prime  of  dimension  dim(l?/p)  — 1,  see 
Lemmas  10. 62. 8|  and  10.62.3  By  induction  we  find  dim(i?/p)  — 1 > depth(M)  — 1 
and  we  win.  □ 
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Lemma  10.71.9.  Let  (/?,  m)  be  a Noetherian  local  ring.  Let  R -A  S be  a finite 
ring  map.  Let  mi, ... , m„  be  the  maximal  ideals  of  S.  Let  N be  a finite  S -module. 
Then 

depth(Nmi)  = depth(N) 


Proof.  By  Lemmas |10. 35. 18]  |10.35.20}  and  Lemma [10.35. 19| the  maximal  ideals  of 
S are  exactly  the  primes  of  S lying  over  m and  there  are  finitely  many  of  them. 
Hence  the  statement  of  the  lemma  makes  sense.  We  will  prove  the  lemma  by 
induction  on  k = mint=  1 1 . . . depth (jVm. ) . If  k = 0,  then  depth(lVmi)  = 0 for  some 
i.  By  Lemma|10.71.5|this  means  miSmi  is  an  associated  prime  of  Nm  and  hence  m; 


is  an  associated  prime  of  N (Lemma  10.62.16 1.  By  Lemma  10.62.13  we  see  that  m 
is  an  associated  prime  of  N as  an  /7-module.  Whence  depth(TV)  = 0.  This  proves 
the  base  case.  If  k > 0,  then  we  see  that  m,  ^ Asss(N).  Hence  m ^ AssR(N), 
again  by  Lemma  |10.62.13  Thus  we  can  find  f £ m which  is  not  a zerodivisor  on 
TV,  see  Lemma  10.62.18[~~By  Lemma  10. 71. 7|  all  the  depths  drop  exactly  by  1 when 
passing  from  N to  N/fN  and  the  induction  hypothesis  does  the  rest.  □ 


10.72.  Functorialities  for  Ext 


In  this  section  we  briefly  discuss  the  functoriality  of  Ext  with  respect  to  change  of 
ring,  etc.  Here  is  a list  of  items  to  work  out. 

(1)  Given  R — > R' , an  R- module  M and  an  //-module  N'  the  R- module 
Ext R(M,N')  has  a natural  i7'-module  structure.  Moreover,  there  is  a 
canonical  //'-linear  map  Ext]j , (M  ®R  R1  ,N')  — A Ext lR(M,N'). 

(2)  Given  R -A  R!  and  /7-modules  M,  N there  is  a natural  /7-module  map 
Ext^(M,  N)  -A  Ext jj(M,  N ®R  R'). 

Lemma  10.72.1.  Given  a flat  ring  map  R -A  R' , an  R-module  M,  and  an  R! - 
module  N'  the  natural  map 

ExtR,  (M  ®R  R',  N')  ->•  ExfR(M,  N') 
is  an  isomorphism  for  i > 0. 

Proof.  Choose  a free  resolution  F. . of  M.  Since  R -A  R'  is  flat  we  see  that  F,®rR' 
is  a free  resolution  of  M ®R  R'  over  R' . The  statement  is  that  the  map 

Horn W{F.  ®R  Rf,  N')  -A  Horn R(F.,N') 

induces  an  isomorphism  on  homology  groups,  which  is  true  because  it  is  an  isomor- 
phism of  complexes  by  Lemma[l0.13.3|  □ 


10.73.  An  application  of  Ext  groups 


Here  it  is. 

Lemma  10.73.1.  Let  R be  a Noetherian  local  ring  with  maximal  ideal  m.  Let  N — > 
M be  a homomorphism  of  finite  R-modules.  Suppose  that  there  exists  arbitrarily 
large  n such  that  N/mnN  -A  M/mnM  is  a split  injection.  Then  N —A  M is  a split 
injection. 


Proof.  Assume  ip:N 
implies  that  Ker(^)  C m"lV  for  arbitrarily  large  n.  Hence  by  Lemma  10.50.4 


M satisfies  the  assumptions  of  the  lemma.  Note  that  this 

we 


see  that  ip  is  injection.  Let  Q = M/N  so  that  we  have  a short  exact  sequence 


OaJVaMaQaO. 
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Let 

F2^F1^F0^Q^O 

be  a finite  free  resolution  of  Q.  We  can  choose  a map  a : F0  — > M lifting  the  map 
Fq  -a  Q.  This  induces  a map  (3  : F\  — > TV  such  that  /?  o d2  = 0.  The  extension 
above  is  split  if  and  only  if  there  exists  a map  7 : Fq  — > TV  such  that  /3  = 7 o d\ . In 
other  words,  the  class  of  /3  in  Ext^Q,  TV)  is  the  obstruction  to  splitting  the  short 
exact  sequence  above. 

Suppose  n is  a large  integer  such  that  N/mnN  — ► M/mnM  is  a split  injection.  This 
implies 

0 -A  N/mnN  -A  M/mnM  -A  Q/mnQ  -A  0. 
is  still  short  exact.  Also,  the  sequence 

F1/mnF1  — ^a  F0/mnF0  -a  Q/mnQ  -a  0 

is  still  exact.  Arguing  as  above  we  see  that  the  map  f)  : F\/xnnF\  -a  N/mnN 
induced  by  /3  is  equal  to  7„  o d\  for  some  map  7^  : F0/mnF0  -A  N/mn.  Since  F0  is 
free  we  can  lift  7^  to  a map  7„  : F0  — >■  TV  and  then  we  see  that  /3  — o d\  is  a map 
from  F\  into  m”TV.  In  other  words  we  conclude  that 

/3  £ Im^Hom^(F0,  TV)  -A  Homft(Fi,  N)^j  + m"  Hom^(Fi,  N). 

for  this  n. 


Since  we  have  this  property  for  arbitrarily  large  n by  assumption  we  conclude 
(by  Lemma  10.50.2 1 that  j3  is  actually  in  the  image  of  the  map  Homfl(F0,  IV)  -A 
Hom^(Fi,  N)  as  desired.  □ 


10.74.  Tor  groups  and  flatness 


00LY  In  this  section  we  use  some  of  the  homological  algebra  developed  in  the  previous 
section  to  explain  what  Tor  groups  are.  Namely,  suppose  that  I?  is  a ring  and  that 
M,  N are  two  J?-modules.  Choose  a resolution  F,  of  M by  free  I?-modules.  See 
Lemma  [10.70. 1[  Consider  the  homological  complex 


F»  TV  : . . . -A  F2  ® r N — > F\  N — > Fq  N 


We  define  Tor f (M,  TV)  to  be  the  fth  homology  group  of  this  complex.  The  following 
lemma  explains  in  what  sense  this  is  well  defined. 


00LZ 


Lemma  10.74.1.  Let  R be  a ring.  Let  Mi,  M2,  TV  be  R-modules.  Suppose  that  F, 
is  a free  resolution  of  the  module  Mi  and  that  G,  is  a free  resolution  of  the  module 
M2 . Let  <p  : Mi  -A  M2  be  a module  map.  Let  a : F#  — ► G,  be  a map  of  complexes 
inducing  p on  Mi  = Coker(dF,  1)  -A  M2  = Coker(dc,i) , see  Lemma  10.70.4  Then 
the  induced  maps 


Ht(a ) : Hi(F.  ®R  N ) -A  Ht(G.  ®R  TV) 

are  independent  of  the  choice  of  a.  If  <p  is  an  isomorphism,  so  are  all  the  maps 
Hi{a).  If  Mi  = M2,  F,  = G»  , and  ip  is  the  identity,  so  are  all  the  maps  Hi(a). 

Proof.  The  proof  of  this  lemma  is  identical  to  the  proof  of  Lemma [10. 70. 5|  □ 
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Not  only  does  this  lemma  imply  that  the  Tor  modules  are  well  defined,  but  it  also 
provides  for  the  functoriality  of  the  constructions  (M,N)  <— > Torf(M,  N)  in  the 
first  variable.  Of  course  the  functoriality  in  the  second  variable  is  evident.  We 
leave  it  to  the  reader  to  see  that  each  of  the  Torf  is  in  fact  a functor 

Mod,R  x Mod#  -A-  Modi?. 

Here  Mod#  denotes  the  category  of  f?-inodiiles,  and  for  the  definition  of  the  product 
category  see  Categories,  Definition  |4.2.20[  Namely,  given  morphisms  of  i?-modules 
Mi  — > M2  and  Ni  -A  N2  we  get  a commutative  diagram 

Torf  {Mi,  Ni) Tor  ?{MUN2) 

Y Y 

Torf  (M2 , Ni ) Torf  (Af2 , N2 ) 


00M0  Lemma  10.74.2.  Let  R be  a ring  and  let  M be  an  R-module.  Suppose  that 
0 —>  N'  N N"  — > 0 is  a short  exact  sequence  of  R-modules.  There  exists  a 
long  exact  sequence 

M N'  ->  M <g>#  N -a  M N"  -a  0 
Torf(M,N')  -A  Torf(M,  N)  -A  Torf  (M,  TV")  -A 

Proof.  The  proof  of  this  is  the  same  as  the  proof  of  Lemma [10. 70. 6|  □ 

Consider  a homological  double  complex  of  i?-modules 


■0,0 


■ A2ii Ai:i >-  A,i 

A 

(5  S 


■ a2}2 

s ' 


-4.1,2  A), 2 


This  means  that  dij  : Aij  -A  A-i,j  and  Sij  ■ Aij  -A  Ay-i  have  the  following 
properties 

(1)  Any  composition  of  two  d,  :l  is  zero.  In  other  words  the  rows  of  the  double 
complex  are  complexes. 

(2)  Any  composition  of  two  Sij  is  zero.  In  other  words  the  columns  of  the 
double  complex  are  complexes. 

(3)  For  any  pair  (i,j)  we  have  Si- ij  o dt j = dij-i  ° $i,j-  In  other  words,  all 
the  squares  commute. 

The  correct  thing  to  do  is  to  associate  a spectral  sequence  to  any  such  double 
complex.  However,  for  the  moment  we  can  get  away  with  doing  something  slightly 
easier. 

Namely,  for  the  purposes  of  this  section  only,  given  a double  complex  (A.  .,d,  S) 
set  R(A)j  = Coker(A1:J-  -a  A0j)  and  C/(A)i  = Coker(Aiil  -a  Aij0)-  (The  letters  R 
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and  U are  meant  to  suggest  Right  and  Up.)  We  endow  R(A),  with  the  structure 
of  a complex  using  the  maps  S.  Similarly  we  endow  U (H)#  with  the  structure 
of  a complex  using  the  maps  d.  In  other  words  we  obtain  the  following  huge 
commutative  diagram 

. . . U{A)2  — ^ U(A)1  — ^ u(A)0 


- R(A) o 

A 

8 

^R(A), 

A 

8 

- R(A)2 

A 
5 

(This  is  no  longer  a double  complex  of  course.)  It  is  clear  what  a morphism  $ : 
(A.',,d,5)  — ► d,  6)  of  double  complexes  is,  and  it  is  clear  that  this  induces 

morphisms  of  complexes  i?(4>)  : R(A ).  -A  R(B ).  and  t/(4>)  : 17(4).  -A  U(B),. 

00M1  Lemma  10.74.3.  Let  (A.  mid,5)  be  a double  complex  such  that 

(1)  Each  row  A,j  is  a resolution  of  R(A)j. 

(2)  Each  column  Ai  % is  a resolution  ofU{A)i. 

Then  there  are  canonical  isomorphisms 

Hi(R(A).)  s*  Hi(U(A),). 

The  isomorphisms  are  functorial  with  respect  to  morphisms  of  double  complexes 
with  the  properties  above. 

Proof.  We  will  show  that  Hi(R(A)t))  and  Hi{U(A)t)  are  canonically  isomorphic 
to  a third  group.  Namely 

H ^ {(a»,o,  aj-is,  ■ ■ • , oo,j)  | d(aj'o)  = <5(at_ 1,1), . . . , d(aM_i)  = <5(a0,i)} 

{d(ai+lt0)  - d(aiti),d(aitl)  - S(ai-li2),  ■ ■ ■ ,d(alti)  - 6(a0,i+i)} 

Here  we  use  the  notational  convention  that  a^  j denotes  an  element  of  Al  3 . In  other 
words,  an  element  of  Hj  is  represented  by  a zig-zag,  represented  as  follows  for  i = 2 

a2,o  I **" d(a2,o)  = d(ai,i) 


q 1,1 1 ^ d(fli,i)  — £(00,2) 


— ^ 4.2, 0 ^ 4i,o ^4o,o 

8 8 8 

— 'p-  “4-2,1 A11 ^ A0  i 

8 8 8 

>-  4-2,2  ^ 4i,2  4o,2 

s'  s'  s' 


a 0,2 

Naturally,  we  divide  out  by  “trivial”  zig-zags,  namely  the  submodule  generated  by 
elements  of  the  form  (0, . . . , 0,  — d(at+i.t-i),  0, . . . , 0).  Note  that  there 
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are  canonical  homomorphisms 

Hj (A)  -A  Hi(R(A), ),  (aii0,ai_i> i, . . . ,a0,»)  class  of  image  of  a0,i 

and 

Hi(A)  -A  Hi{U(A ).),  (oi)0,  a,i- 1,1, . . . ,a0,j)  ha  class  of  image  of  oij0 

First  we  show  that  these  maps  are  surjective.  Suppose  that  r £ Hi(R(A),).  Let 
r £ R(A)i  be  a cocycle  representing  the  class  of  r.  Let  ao  i £ Aoi  be  an  element 
which  maps  to  r.  Because  S(r ) = 0,  we  see  that  <5(ao,i)  is  in  the  image  of  d.  Hence 
there  exists  an  element  oqj-i  £ Apj_i  such  that  d(axii_i)  = 5(ao,i).  This  in  turn 
implies  that  <5(aqi_i)  is  in  the  kernel  of  d (because  d(<5(ai,i-i))  = S(d(ai>i-i))  = 
<5(<5(ao,i))  = 0.  By  exactness  of  the  rows  we  find  an  element  02,1-2  such  that 
d(a2,i- 2)  = And  so  on  until  a full  zig-zag  is  found.  Of  course  surjectivity 

of  Hi  -A  Hi(U(A))  is  shown  similarly. 

To  prove  injectivity  we  argue  in  exactly  the  same  way.  Namely,  suppose  we  are 
given  a zig-zag  (a^o,  ai-1,1,  • • • , 0,0, i)  which  maps  to  zero  in  Hi(R(A),).  This  means 
that  ciQ  i maps  to  an  element  of  Coker(A(1  -a  A,:  0)  which  is  in  the  image  of  6 : 
Coker(Hi_)_iji  — ► Aj+po)  — > Coker(Api  — > Apo)-  In  other  words,  ao ,i  is  in  the  image 
of  5®  d : A0a+ 1 © Aiti  -A  Ao  i.  From  the  definition  of  trivial  zig-zags  we  see  that  we 
may  modify  our  zig-zag  by  a trivial  one  and  assume  that  ao,i  = 0.  This  immediately 
implies  that  d(api_i)  = 0.  As  the  rows  are  exact  this  implies  that  dp,- 1 is  in  the 
image  of  d : A2ji_i  — > Ap,_  1.  Thus  we  may  modify  our  zig-zag  once  again  by  a 
trivial  zig-zag  and  assume  that  our  zig-zag  looks  like  (dpcp  • • • , a2,i-2>  0, 0). 

Continuing  like  this  we  obtain  the  desired  injectivity. 

If  $ : (A.,.,d,  S)  — > (B,,,d,S)  is  a morphism  of  double  complexes  both  of  which 
satisfy  the  conditions  of  the  lemma,  then  we  clearly  obtain  a commutative  diagram 

Hi{U(A)m)  ■* H i(A) ^ Hi(R(A).) 

Y Y 

Hi(U(B).)  ^ H i(B) ^ Hi(R(B).) 

This  proves  the  functoriality.  □ 

00M2  Remark  10.74.4.  The  isomorphism  constructed  above  is  the  “correct”  one  only 
up  to  signs.  A good  part  of  homological  algebra  is  concerned  with  choosing  signs  for 
various  maps  and  showing  commutativity  of  diagrams  with  intervention  of  suitable 
signs.  For  the  moment  we  will  simply  use  the  isomorphism  as  given  in  the  proof 
above,  and  worry  about  signs  later. 

00M3  Lemma  10.74.5.  Let  R be  a ring.  For  any  i > 0 the  functors  ModR  x Mod R -a 
ModR,  ( M,N ) i-a  Torf‘(M,N)  and  ( M,N ) i-a  Tor^^N,  M)  are  canonically  isomor- 
phic. 

Proof.  Let  F.  be  a free  resolution  of  the  module  M and  let  G.  be  a free  resolution 
of  the  module  N.  Consider  the  double  complex  ( Atj,d,5 ) defined  as  follows: 

(1)  set  Aid  = Fi  ®R  Gj, 

(2)  set  dij  : Fi®R  Gj  -A  Fj_i  © Gj  equal  to  dp,i  © id,  and 

(3)  set  Si:j  : F*  ®R  Gj  -A  F*  © Gj-  1 equal  to  id  © dc,j  ■ 
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This  double  complex  is  usually  simply  denoted  F, » ®R  G. . 

Since  each  Gj  is  free,  and  hence  flat  we  see  that  each  row  of  the  double  complex  is 
exact  except  in  homological  degree  0.  Since  each  Ft  is  free  and  hence  flat  we  see 
that  each  column  of  the  double  complex  is  exact  except  in  homological  degree  0. 
Hence  the  double  complex  satisfies  the  conditions  of  Lemma |10.74.3[ 

To  see  what  the  lemma  says  we  compute  R(A ).  and  U(A)t.  Namely, 

R{A)i  = Coker(Au  ->•  A0,j) 

= Coker (Fi  ®R  Gi  -A  F0  ®R  Gj) 

= Coker  (Fi  ->•  F0)  ®R  Gt 
= M®RGi 


In  fact  these  isomorphisms  are  compatible  with  the  differentials  6 and  we  see  that 
R(A),  = M ®R  G.  as  homological  complexes.  In  exactly  the  same  way  we  see  that 
U (A).  = F,  ®R  N.  We  get 


Torf  (M,  N)  = 


Hi{F.  ®R  N) 
Hi(U(A),) 
Hi(R(A).) 
HfiM®RG.) 
Hi(G.  ®R  M) 
Torf  (TV,  M) 


Here  the  third  equality  is  Lemma  [l0.74.3[  and  the  fifth  equality  uses  the  isomor- 
phism V ®W  = W ®V  of  the  tensor  product. 


Functoriality.  Suppose  that  we  have  R- modules  M„,  Nv,  v = 1,2.  Let  ip  : Mi  — ► 
M2  and  > N2  be  morphisms  of  i?-modules.  Suppose  that  we  have  free 

resolutions  FVt,  for  Mv  and  free  resolutions  Gv^  for  Nv.  By  Lemma  10.70.4  we  may 
choose  maps  of  complexes  a : iq  . — >•  F2 and  /3  : G q,  — > G 2,.  compatible  with  tp 
and  ij).  We  claim  that  the  pair  (a,  /3)  induces  a morphism  of  double  complexes 


a®  (3  : F-[  . ®R  G i..  — > F2  t ®R  G2 ,, 

This  is  really  a very  straightforward  check  using  the  rule  that  Fi^®rGij  — >•  F2ii®R 
G2j  is  given  by  a*  ® j3j  where  ctj,  resp.  /3j  is  the  degree  i,  resp.  j component  of  a, 
resp.  /3.  The  reader  also  readily  verifies  that  the  induced  maps  7?(Ti,.  ®R  G i,.).  — > 
R{F2,»  ®rG2 agrees  with  the  map  Mi  <£>flGi,.  — >■  M2®RG2 >#  induced  by  ip®(3. 
Similarly  for  the  map  induced  on  the  £/(—),  complexes.  Thus  the  statement  on 
functoriality  follows  from  the  statement  on  functoriality  in  Lemma|l0.74.3|  □ 

00M4  Remark  10.74.6.  An  interesting  case  occurs  when  M = N in  the  above.  In  this 
case  we  get  a canonical  map  Torf(M,  M)  — > Torf(M,  M).  Note  that  this  map 
is  not  the  identity,  because  even  when  * = 0 this  map  is  not  the  identity!  For 
example,  if  V is  a vector  space  of  dimension  n over  a field,  then  the  switch  map 
V ®k  V — > V ®k  V has  (n2  + n)/ 2 eigenvalues  +1  and  (n2  — n)/2  eigenvalues  — 1. 
In  characteristic  2 it  is  not  even  diagonalizable.  Note  that  even  changing  the  sign 
of  the  map  will  not  get  rid  of  this. 

0AZ4  Lemma  10.74.7.  Let  R be  a Noetherian  ring.  Let  M,  N be  finite  R-modules. 
Then  Tor^ (M,  N)  is  a finite  R-module  for  all  p. 
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Proof.  This  holds  because  Torf  (AT,  N)  is  computed  as  the  cohomology  groups  of 
a complex  R.  N with  each  Fn  a finite  free  R- module,  see  Lemma[l0.70.1|  □ 

00M5  Lemma  10.74.8.  Let  R be  a ring.  Let  AT  be  an  R-module.  The  following  are 
equivalent: 

(1)  The  module  AT  is  flat  over  R. 

(2)  For  all  i > 0 the  functor  Torf'^M,  — ) is  zero. 

(3)  The  functor  Tor^(M, —)  is  zero. 

(4)  For  all  ideals  I C R we  have  Torf  (AT,  R/J)  = 0. 

(5)  For  all  finitely  generated  ideals  I C R we  have  Torf  (AT,  R/I)  = 0. 


Proof.  Suppose  AT  is  flat.  Let  N be  an  .R-module.  Let  R,  be  a free  resolution  of 
N.  Then  F. . M is  a resolution  of  N AT,  by  flatness  of  AT.  Hence  all  higher 

Tor  groups  vanish. 


It  now  suffices  to  show  that  the  last  condition  implies  that  AT  is  flat.  Let  I C R 
be  an  ideal.  Consider  the  short  exact  sequence  0— > I — > R — > R/I  — ► 0.  Apply 
Lemma  [10. 74. 2|  We  get  an  exact  sequence 

Torf  (AT,  R/I)  -4  AT  I -»■  AT  ®R  R AT  ®R  R/I  -»  0 

Since  obviously  M R = M we  conclude  that  the  last  hypothesis  implies  that 
M (g#  I —$■  M is  injective  for  every  finitely  generated  ideal  I.  Thus  M is  flat  by 
Lemma  110.38.51  □ 


00M6  Remark  10.74.9.  The  proof  of  Lemma  10.74.8 

Torf  (M,  R/I)  = Ker (/  ®R  M M). 


actually  shows  that 


10.75.  Functorialities  for  Tor 

00M7  In  this  section  we  briefly  discuss  the  functoriality  of  Tor  with  respect  to  change  of 
ring,  etc.  Here  is  a list  of  items  to  work  out. 

(1)  Given  a ring  map  R — > R',  an  R-module  M and  an  R'-module  N'  the 
R- modules  Torf  (AT  N')  have  a natural  R'-module  structure. 

(2)  Given  a ring  map  R — > R'  and  R-modules  AT,  N there  is  a natural  R- 
module  map  Torf  (M,  N)  — ► Torf  (. M <g>R  R\  N (g)_R  R'). 

(3)  Given  a ring  map  R — > R'  an  R-module  M and  an  R'-module  N'  there 
exists  a natural  R'-module  map  Torf  (Af,  N')  -4  Torf  (M  Q) r R',N'). 

00M8  Lemma  10.75.1.  Given  a flat  ring  map  R — ► R'  and  R-modules  M,  N the  natural 
R-module  map  Torf(M,  N)®rR'  — > Tor f (M R' , N R')  is  an  isomorphism 
for  all  i. 

Proof.  Omitted.  This  is  true  because  a free  resolution  R.  of  M over  R stays  exact 
when  tensoring  with  R'  over  R and  hence  (R.OijA^jOijR'  computes  the  Tor  groups 
over  R'.  □ 

The  following  lemma  does  not  seem  to  fit  anywhere  else. 

0BNF  Lemma  10.75.2.  Let  R be  a ring.  Let  M = colim  Mt  be  a filtered  colimit  of 
R-modules.  Let  N be  an  R-module.  Then  Tor^{M,N)  = colim  Rorf(AR,A7)  for 
all  n. 
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Proof.  Choose  a free  resolution  P.  of  N.  Then  F, , ®#  M = colimP.  Mi  as 
complexes  by  Lemma[l0.11.9[  Thus  the  result  by  Lemma[l0.8.9|  □ 


10.76.  Projective  modules 


05CD  Some  lemmas  on  projective  modules. 

05CE  Definition  10.76.1.  Let  R be  a ring.  An  P-module  P is  projective  if  and  only  if 
the  functor  Hom#(P,  — ) : Mod#  — > Mod#  is  an  exact  functor. 


The  functor  Hom#(M,  — ) is  left  exact  for  any  R- module  M,  see  Lemma  10.10.1 


Hence  the  condition  for  P to  be  projective  really  signifies  that  given  a surjection  of 
P-modules  N — > N'  the  map  Hom#(P,  TV)  — ► Hom#(P,  N')  is  surjective. 


05CF  Lemma  10.76.2.  Let  R be  a ring.  Let  P be  an  R-module.  The  following  are 
equivalent 

(1)  P is  projective, 

(2)  P is  a direct  summand  of  a free  R-module,  and 

(3)  ExtR(P,M)  = 0 for  every  R-module  M. 


Proof.  Assume  P is  projective.  Choose  a surjection  7 r : P — >■  P where  F is  a free 
P-module.  As  P is  projective  there  exists  a i £ Hom#(P,  P)  such  that  * o 7r  = idp. 
In  other  words  P = Ker(7r)  ® i(P)  and  we  see  that  P is  a direct  summand  of  P. 

Conversely,  assume  that  P © Q = F is  a free  P-module.  Note  that  the  free  module 
P = P is  projective  as  Hom#(P,  M)  = JXi£j  M and  the  functor  M H » I leiM 
is  exact.  Then  Hom#(P,  — ) = Hom#(P,  — ) x Hom#(Q,  — ) as  functors,  hence  both 
P and  Q are  projective. 

Assume  P © Q = F is  a free  P-module.  Then  we  have  a free  resolution  P.  of  the 
form 

...PAP-4P4P4  0 

where  the  maps  a,  b alternate  and  are  equal  to  the  projector  onto  P and  Q.  Hence 
the  complex  Hom#(P,,  M)  is  split  exact  in  degrees  > 1,  whence  we  see  the  vanishing 
in  (3). 

Assume  Ext^(P,  M)  = 0 for  every  i?-module  M.  Pick  a free  resolution  Fm  — > P. 
Set  M = Im(Pi  — > P0)  = Ker(P0  — > P ).  Consider  the  element  f G Ext#(P,  M) 
given  by  the  class  of  the  quotient  map  7r  : Pi  — ► M.  Since  f is  zero  there  exists  a 
map  s : Pq  — > M such  that  7r  = s o (Fi  — > Fq).  Clearly,  this  means  that 

P0  = Ker(s)  ® Ker(P0  — )•  P)  = P ffi  Ker(P0  — ► P) 

and  we  win.  □ 


065Q  Lemma  10.76.3.  A direct  sum  of  projective  modules  is  projective. 

Proof.  This  is  true  by  the  characterization  of  projectives  as  direct  summands  of 
free  modules  in  LemmariO.76.21  □ 

07LV  Lemma  10.76.4.  Let  R be  a ring.  Let  I C P be  a nilpotent  ideal.  Let  P be 
a projective  R/ 1 -module.  Then  there  exists  a projective  R-module  P such  that 
P/IP  2*  P. 
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Proof.  We  can  choose  a set  A and  a direct  sum  decomposition  ©a6yl  R/I  = P®K 
for  some  R//-module  I\ . Write  F = A R for  the  free  R-module  on  A.  Choose  a 
lift  p : F — > F of  the  projector  p associated  to  the  direct  summand  P of  ®agA  R/I. 
Note  that  p2  —p  £ End r(F)  is  a nilpotent  endomorphism  of  F (as  I is  nilpotent  and 
the  matrix  entries  of  p2  — p are  in  /;  more  precisely,  if  In  = 0,  then  (p2  — p)n  = 0). 
Hence  by  Lemma  |10.31.6|  we  can  modify  our  choice  of  p and  assume  that  p is  a 
projector.  Set  P = Im(p).  □ 

05CG  Lemma  10.76.5.  Let  R be  a ring.  Let  I C R be  an  ideal.  Let  M be  an  R-module. 
Assume 

(1)  I is  nilpotent, 

(2)  M/IM  is  a projective  R/ 1 -module, 

(3)  M is  a flat  R-module. 

Then  M is  a projective  R-module. 

Proof.  By  Lemma  |10.76.4|  we  can  find  a projective  -R-module  P and  an  isomor- 
phism P/IP  — > M/IM.  We  are  going  to  show  that  M is  isomorphic  to  P which  will 
finish  the  proof.  Because  P is  projective  we  can  lift  the  map  P — » P/IP  — > M/IM 
to  an  R-module  map  P — > M which  is  an  isomorphism  modulo  I.  By  Nakayama’s 
Lemma [l 0.1 9.1 1 the  map  P — > M is  surjective.  It  remains  to  show  that  P — > M is 
injective.  Since  In  = 0 for  some  n,  we  can  use  the  filtrations 

0 = InM  c In~1M  c . . . C IM  c M 

o = inp  c r-'p  c ...  c ip  c p 

to  see  that  it  suffices  to  show  that  the  induced  maps  JaP//°+1P  — > IaM/Ia+1M 
are  injective.  Since  both  P and  M are  flat  R-modules  we  can  identify  this  with  the 
map 

Ia/Ia+ 1 ®R/I  P/IP  — > Ia/Ia+1  ®R/I  M/IM 

induced  by  P — >•  M.  Since  we  chose  P — >■  M such  that  the  induced  map  P/IP  — > 
M/IAI  is  an  isomorphism,  we  win.  □ 

10.77.  Finite  projective  modules 

OONV 

00NW  Definition  10.77.1.  Let  R be  a ring  and  M an  R-module. 

(1)  We  say  that  M is  locally  free  if  we  can  cover  Spec(R)  by  standard  opens 
D(fi ),  i £ I such  that  is  a free  R^ -module  for  all  i £ I. 

(2)  We  say  that  M is  finite  locally  free  if  we  can  choose  the  covering  such  that 
each  Mfi  is  finite  free. 

(3)  We  say  that  M is  finite  locally  free  of  rank  r if  we  can  choose  the  covering 
such  that  each  M f.  is  isomorhic  to  Rfr- 

Note  that  a finite  locally  free  R-module  is  automatically  finitely  presented  by 
Lemma  110.23.21 

OONX  Lemma  10.77.2.  Let  R be  a ring  and  let  M be  an  R-module.  The  following  are 
equivalent 

(1)  M is  finitely  presented  and  R-flat, 

(2)  M is  finite  projective, 
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(3)  M is  a direct  summand  of  a finite  free  R-module, 

(4)  M is  finitely  presented  and  for  all  p £ Spec(i?)  the  localization  Mp  is  free, 

(5)  M is  finitely  presented  and  for  all  maximal  ideals  mCiJ  the  localization 
Mm  is  free, 

(6)  M is  finite  and  locally  free, 

(7)  M is  finite  locally  free,  and 

(8)  M is  finite,  for  every  prime  p the  module  Mp  is  free,  and  the  function 

pM  ■ Spec(-R)  ->  Z,  pi — > dimK(p)  M ®R  «;(p) 
is  locally  constant  in  the  Zariski  topology. 


Proof.  First  suppose  M is  finite  projective,  i.e. , (2)  holds.  Take  a surjection  Rn  — ► 
M and  let  I\  be  the  kernel.  Since  M is  projective,  0 — >■  I\  — > Rn  — ► M — ► 0 splits. 
Hence  (2)  =>  (3).  The  implication  (3)  =>  (2)  follows  from  the  fact  that  a direct 
summand  of  a projective  is  projective,  see  Lemma|l0.76.2| 

Assume  (3),  so  we  can  write  K © M = i?®n.  So  K is  a direct  summand  of  Rn  and 
thus  finitely  generated.  This  shows  M = R®n/K  is  finitely  presented.  In  other 
words,  (3)  =>  (1). 


Assume  M is  finitely  presented  and  flat,  i.e.,  (1)  holds.  We  will  prove  that  (7) 
holds.  Pick  any  prime  p and  x\,...,xr  £ M which  map  to  a basis  of  M ®R  k(p). 
By  Nakayama’s  Lemma  10.19.1  these  elements  generate  Mg  for  some  g £ R,  g ^ p. 
The  corresponding  surjection  ip  : i?®r  — > Mg  has  the  following  two  properties:  (a) 
Ker(iyj)  is  a finite  i?s-module  (see  Lemma  10.5.3)  and  (b)  Ker(y>)  (g)  «(p)  = 0 by 
flatness  of  Mg  over  Rg  (see  Lemma  10.38.12).  Hence  by  Nakayama’s  lemma  again 
there  exists  a g'  £ Rg  such  that  Ker (<p)g'  = 0.  In  other  words,  Mggi  is  free. 

(6). 


A finite  locally  free  module  is  a finite  module,  see  Lemma  10.23.2  hence  (7) 

It  is  clear  that  (6)  =>  (7)  and  that  (7)  =>  (8). 

A finite  locally  free  module  is  a finitely  presented  module,  see  Lemma  |10.23.2 


hence  (7)  =>  (4).  Of  course  (4)  implies  (5).  Since  we  may  check  flatness  locally  (see 
Lemma  10.38.19)  we  conclude  that  (5)  implies  (1).  At  this  point  we  have 


(2)  (3)  =>  (1)  =>  (7)  (6) 


(5)< 


Suppose  that  M satisfies  (1),  (4),  (5),  (6),  and  (7).  We  will  prove  that  (3)  holds.  It 
suffices  to  show  that  M is  projective.  We  have  to  show  that  Honi/j(M,  — ) is  exact. 
Let  0 — ► N"  — >■  N — ► N'  — > 0 be  a short  exact  sequence  of  i?-module.  We  have  to 
show  that  0 — ► Horn R(M,N")  — ► Horn R(M,N)  — > Horn -£  0 is  exact.  As 
M is  finite  locally  free  there  exist  a covering  Spec(i?)  = (J  D(fi)  such  that  Mfi  is 
finite  free.  By  Lemma  [10. 10. 2|  we  see  that 

0 Horn r(M,  N") fi  Horn R{M,  N ) f.  -£  Horn R(M,  N')  fi  ->•  0 


is  equal  to  0 — > Homjj^  ( Mfi,N'j .)  — )■  Homijj..  (. ) — ► Hom^/;  > 0 

which  is  exact  as  Mft  is  free  and  as  the  localization  0 
is  exact  (as  localization  is  exact).  Whence  we  see  that  0 
Horn  r(M,N) 


N'L 


Horn r(M,N')  — ► 0 is  exact  by  Lemma  10.23.2 


v fi 

Nh  ->  N'f.  ->  0 
Horn  r(M,N")  —¥ 
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Finally,  assume  that  (8)  holds.  Pick  a maximal  ideal  m C R.  Pick  x\,...,xr  £ M 
which  map  to  a /v(m)-basis  of  M re(m)  = M/mM.  In  particular  pM(i n)  = r. 
By  Nakayama’s  Lemma [10. 19. 1| there  exists  an  / £ R,  f qL  m such  that  x\,...,xT 
generate  Mf  over  Rf.  By  the  assumption  that  pm  is  locally  constant  there  exists 
a g £ R,  g fL  m such  that  pM  is  constant  equal  to  r on  D(g).  We  claim  that 

T : Rfg  — * Mfa > (°i)  • • • i ar)  h — aiXi 


is  an  isomorphism.  This  claim  will  show  that  M is  finite  locally  free,  i.e. , that  (7) 
holds.  To  see  the  claim  it  suffices  to  show  that  the  induced  map  on  localizations 
Mp  is  an  isomorphism  for  all  p £ D(fg ),  see  Lemma 


4- 


:f?r 


10.23.1 


By  our 

choice  of  / the  map  4^  is  surjective.  By  assumption  (8)  we  have  Mp  = RfPM  p 
and  by  our  choice  of  g we  have  pm{p)  = r.  Hence  4^  determines  a surjection 


Rt 


Mp  S Rf 


whence  is  an  isomorphism  by  Lemma 


last  fact  follows  from  a simple  matrix  argument  also.) 


10.15.4 


(Of  course  this 

□ 


00NY 


00NZ 


Remark  10.77.3.  It  is  not  true  that  a finite  i?-module  which  is  f?-fl at  is  automat- 
ically projective.  A counter  example  is  where  R = C°°(R)  is  the  ring  of  infinitely 
differentiable  functions  on  R,  and  M = Rm  = R/I  where  m = {/  £ R | /( 0)  = 0} 
and  I = {/  £ R \ 3e,  e > 0 : f{x)  = 0 Vir,  \x\  < e}. 


Lemma  10.77.4.  (Warning:  see  Remark  10.77.3.)  Suppose  R is  a local  ring,  and 
M is  a finite  flat  R-module.  Then  M is  finite  free. 


0001 


Proof.  Follows  from  the  equational  criterion  of  flatness,  see  Lemma  |10.38.1l| 
Namely,  suppose  that  x\,...,xr  £ M map  to  a basis  of  M/mM.  By  Nakayama’s 
Lemma  [10. 19.1  these  elements  generate  M.  We  want  to  show  there  is  no  relation 
among  the  Xi.  Instead,  we  will  show  by  induction  on  n that  if  x±, . . . , xn  £ M are 
linearly  independent  in  the  vector  space  M /m M then  they  are  independent  over  R. 


The  base  case  of  the  induction  is  where  we  have  x £ M,  x fL  m M and  a relation 
/ x = 0.  By  the  equational  criterion  there  exist  ijj  £ M and  aj  £ R such  that 
x = and  faj  = 0 for  all  j.  Since  x £ m M we  see  that  at  least  one  aj  is  a 

unit  and  hence  / = 0. 


Suppose  that  Y)  f,Xi  is  a relation  among  xi, . . . , xn.  By  our  choice  of  X{  we  have 
fi  £ m.  According  to  the  equational  criterion  of  flatness  there  exist  Oy  £ R and 
Dj  £ M such  that  Xi  = Y aijyj  and  Y fiaij  = 0-  Since  xn  ^ m M we  see  that 
anj  m for  at  least  one  j.  Since  Y fiaij  = 0 we  get  fn  = Y'i=i  (^aij / anj) fi-  The 
relation  Y fixi  = 0 now  can  be  rewritten  as  X^"=i1  fi{xi  + (~aij / anj)xn ) = 0.  Note 
that  the  elements  Xi  + (— / anj)xn  map  to  n — 1 linearly  independent  elements  of 
M/mM.  By  induction  assumption  we  get  that  all  the  fi,  i < n — 1 have  to  be  zero, 
and  also  /„  = Yl/=\  (~aij /anj)fi-  This  proves  the  induction  step.  □ 

Lemma  10.77.5.  Let  R — >•  S be  a flat  local  homomorphism  of  local  rings.  Let  M 
be  a finite  R-module.  Then  M is  finite  projective  over  R if  and  only  if  M ®.r  S is 
finite  projective  over  S. 


Proof.  Suppose  that  M S is  finite  projective  over  S.  By  Lemma  [l0.77.2|  it  is 
finite  free.  Pick  X\, . . . ,xr  £ M whose  residue  classes  generate  M/mnM.  Clearly 
we  see  that  x\  <g>  1, . . . , xr  ® 1 are  a basis  for  M S.  This  implies  that  the 
map  — > M,  (cq)  i— > Y aixi  becomes  an  isomorphism  after  tensoring  with  S.  By 
faithful  flatness  of  R — > S,  see  Lennna[l0.38.17|we  see  that  it  is  an  isomorphism.  □ 
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02M9  Lemma  10.77.6.  Let  R be  a semi-local  ring.  Let  M be  a finite  locally  free  module. 
If  M has  constant  rank,  then  M is  free.  In  particular,  if  R has  connected  spectrum, 
then  M is  free. 

Proof.  Omitted.  Hints:  First  show  that  M/rrqM  has  the  same  dimension  d for  all 
maximal  ideal  mi, . . . , m„  of  R using  the  spectrum  is  connected.  Next,  show  that 
there  exist  elements  x\, . . . ,Xd  £ M which  form  a basis  for  each  M/nyM  by  the 
Chinese  remainder  theorem.  Finally  show  that  X\ , . . . ,Xd  is  a basis  for  M . □ 

Here  is  a technical  lemma  that  is  used  in  the  chapter  on  groupoids. 

03C1  Lemma  10.77.7.  Let  R be  a local  ring  with  maximal  ideal  m and  infinite  residue 
field.  Let  R —¥  S be  a ring  map.  Let  M be  an  S -module  and  let  N C M be  an 
R-submodule.  Assume 

(1)  S is  semi-local  and  mS  is  contained  in  the  radical  of  S, 

(2)  M is  a finite  free  S-module,  and 

(3)  N generates  M as  an  S-module. 

Then  N contains  an  S -basis  of  M. 

Proof.  Assume  M is  free  of  rank  n.  Let  I = rad(S').  By  Nakayama’s  Lemma 
a sequence  of  elements  mi , . . . , mn  is  a basis  for  M if  and  only  if  m^  £ M/IM 
generate  M/IM.  Hence  we  may  replace  M by  M/IM , N by  N/{N  0 JM),  R by 
R/m,  and  S by  S/IS.  In  this  case  we  see  that  S is  a finite  product  of  fields 
S = ki  x ...  x kr  and  M = kfn  x ...  x k®n . The  fact  that  N C M generates 
M as  an  ^-module  means  that  there  exist  Xj  £ N such  that  a linear  combination 
Y2  ajxj  with  aj  £ S has  a nonzero  component  in  each  factor  kfn.  Because  R = k 
is  an  infinite  field,  this  means  that  also  some  linear  combination  y = Y2  cjxj  with 
Cj  £ k has  a nonzero  component  in  each  factor.  Hence  y £ N generates  a free 
direct  summand  Sy  C M.  By  induction  on  n the  result  holds  for  M/Sy  and  the 
submodule  N = N/(N  n Sy).  In  other  words  there  exist  y2,  ■ . ■ ,yn  in  N which 
(freely)  generate  M/Sy.  Then  y,  y2, . ■ . , yn  (freely)  generate  M and  we  win.  □ 

10.78.  Open  loci  defined  by  module  maps 

05GD  The  set  of  primes  where  a given  module  map  is  surjective,  or  an  isomorphism  is 
sometimes  open.  In  the  case  of  finite  projective  modules  we  can  look  at  the  rank 
of  the  map. 

05GE  Lemma  10.78.1.  Let  R be  a ring.  Let  tp  : M — > N be  a map  of  R-modules  with 
N a finite  R-module.  Then  we  have  the  equality 

U = {p  C R | <pv  : Mp  —y  Np  is  surjective} 

= {p  C R | p ® k( p)  : M (g)  n(p)  — > N (g>  re(p)  is  surjective} 

and  U is  an  open  subset  of  Spec(l?) . Moreover,  for  any  f £ R such  that  D(f)  C U 
the  map  Mj  — > Nf  is  surjective. 

Proof.  The  equality  in  the  displayed  formula  follows  from  Nakayama’s  lemma. 
Nakayama’s  lemma  also  implies  that  U is  open.  See  Lemma [10. 19. 1| especially  part 
(3).  If  D(f)  C U,  then  Mf  — > Nf  is  surjective  on  all  localizations  at  primes  of  Rf, 
and  hence  it  is  surjective  by  Lemma[l0.23.1|  □ 


10.19.1 
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05GF  Lemma  10.78.2.  Let  R be  a ring.  Let  p : M -A  N be  a map  of  finitely  presented 
R-modules.  Then 


U = {p  C R | ipp  : Mp  — ► 7Vp  is  an  isomorphism} 
is  an  open  subset  o/Spec(P). 

Proof.  Let  pet/.  Pick  a presentation  N = P®"/Xu=i  mP%-  Denote  e,  the 
image  in  N of  the  ith  basis  vector  of  P®n.  For  each  i e {l,...,n}  choose  an 
element  m*  e Mp  such  that  pfinaf)  = fi,et  for  some  fi  e R,  fi  p.  This  is  possible 
as  (pp  is  an  isomorphism.  Set  f = fi  ■ ■ ■ fn  and  let  if  : R®n  — > M be  the  map  which 
maps  the  zth  basis  vector  to  m*/ fi-  Note  that  pf  o ip  is  the  localization  at  / of  the 
given  map  P®"  — > N.  As  pp  is  an  isomorphism  we  see  that  fi{kj)  is  an  element  of 
M which  maps  to  zero  in  Mv.  Hence  we  see  that  there  exist  gj  £ P,  gj  p such 
that  gjip(kj)  = 0.  Setting  g = gi . . . gm , we  see  that  fig  factors  through  Nfg  to  give 
a map  Nfg  — > M/g.  By  construction  this  map  is  inverse  to  tpfg.  Hence  ppg  is  an 
isomorphism,  which  implies  that  D(fg)  C U as  desired.  □ 

0000  Lemma  10.78.3.  Let  R be  a ring.  Let  ip  : Pi  — > P2  be  a map  of  finite  projective 
modules.  Then 

(1)  The  set  U of  primes  p £ Spec(P)  such  that  ip  ig>  k(p)  is  injective  is  open 
and  for  any  f £ R such  that  D(f)  C U we  have 

(a)  P\j  — > P2J  is  injective,  and 

(b)  the  module  Coker(ip)  / is  finite  projective  over  Rf. 

(2)  The  set  W of  primes  p £ Spec(l?)  such  that  ip®  «(p)  is  surjective  is  open 
and  for  any  f £ R such  that  D(f)  C W we  have 

(a)  Pij  — > P2J  is  surjective,  and 

(b)  the  module  Ker(ip ) f is  finite  projective  over  R / . 

(3)  The  set  V of  primes  p £ Spec(i?)  such  that  ip  ® «(p)  is  an  isomorphism 
is  open  and  for  any  f £ R such  that  D(f)  C V the  map  tp  : P±j  — > P2J 
is  an  isomorphism  of  modules  over  Rf. 


Proof.  To  prove  the  set  U is  open  we  may  work  locally  on  Spec(-R).  Thus  we  may 
replace  R by  a suitable  localization  and  assume  that  Pi  = Rni  and  P2  = P”2,  see 

K(p)  is  equivalent  to  rp  < 712  and 


Lemma  10.77.2 


In  this  case  injectivity  of  p 1 
some  1 x 77 1 minor  / of  the  matrix  of  p being  invertible  in  «( p).  Thus  D(f)  C U. 
This  argument  also  shows  that  Pi.p  — > P2iP  is  injective  for  p £ U. 

Now  suppose  D(f)  C U.  By  the  remark  in  the  previous  paragraph  and  Lemma 
10.23.1  we  see  that  Pi./  — 7 P2,/  is  injective,  i.e. , (l)(a)  holds.  By  Lemma  10.77.2  to 
prove  (l)(b)  it  suffices  to  prove  that  Coker((/>)  is  finite  projective  locally  on  D(f). 
Thus,  as  we  saw  above,  we  may  assume  that  Pi  = Rni  and  P2  = R’12  and  that  some 
minor  of  the  matrix  of  p is  invertible  in  R.  If  the  minor  in  question  corresponds  to 
the  first  77 1 basis  vectors  of  Rn2 , then  using  the  last  n2  — 77 1 basis  vectors  we  get  a 
map  Rn2~ni  — ► R712  — / Coker(/3)  which  is  easily  seen  to  be  an  isomorphism. 


Openness  of  W and  (2)  (a)  for  d(f)  C W follow  from  Lemma  10.78.1  Since  Tfj  is 
projective  over  Rf  we  see  that  pf  : Pi./  — ► P2j/  has  a section  and  it  follows  that 
Ker (p)f  is  a direct  summand  of  P2j-  Therefore  Ker (p)f  is  finite  projective.  Thus 
(2)  (b)  holds  as  well. 


It  is  clear  that  V = U 0 W is  open  and  the  other  statement  in  (3)  follows  from 
(l)(a)  and  (2)(a).  □ 


10.80.  CHARACTERIZING  FLATNESS 


604 


10.79.  Faithfully  flat  descent  for  projectivity  of  modules 


058B 


In  the  next  few  sections  we  prove,  following  Raynaud  and  Gruson  ICR7H.  that  the 
projectivity  of  modules  descends  along  faithfully  flat  ring  maps.  The  idea  of  the 
proof  is  to  use  devissage  a la  Kaplansky  Kap58  to  reduce  to  the  case  of  countably 
generated  modules.  Given  a well-behaved  filtration  of  a module  M,  devissage  allows 
us  to  express  M as  a direct  sum  of  successive  quotients  of  the  filtering  submodules 


(see  Section  10.83).  Using  this  technique,  we  prove  that  a projective  module  is  a 
direct  sum  of  countably  generated  modules  (Theorem  10.83.5).  To  prove  descent 
of  projectivity  for  countably  generated  modules,  we  introduce  a “Mittag-Leffler” 
condition  on  modules,  prove  that  a countably  generated  module  is  projective  if 


and  only  if  it  is  flat  and  Mittag-Leffler  (Theorem  10.92.3),  and  then  show  that 
the  property  of  being  a Mittag-Leffler  module  descends  (Lemma|10.94.1 ).  Finally, 
given  an  arbitrary  module  M whose  base  change  by  a faithfully  flat  ring  map  is 
projective,  we  filter  M by  submodules  whose  successive  quotients  are  countably 
generated  projective  modules,  and  then  by  devissage  conclude  M is  a direct  sum 
of  projectives,  hence  projective  itself  (Theorem |10. 94. 5 ). 


We  note  that  there  is  an  error  in  the  proof  of  faithfully  flat  descent  of  projectivity 
in  }GR7lj.  There,  descent  of  projectivity  along  faithfully  flat  ring  maps  is  deduced 
from  descent  of  projectivity  along  a more  general  type  of  ring  map  (IGR711  Ex- 
ample 3. 1.4(1)  of  Part  II]).  However,  the  proof  of  descent  along  this  more  general 
type  of  map  is  incorrect.  In  IGrn73|.  Gruson  explains  what  went  wrong,  although 
he  does  not  provide  a fix  for  the  case  of  interest.  Patching  this  hole  in  the  proof  of 
faithfully  flat  descent  of  projectivity  comes  down  to  proving  that  the  property  of 
being  a Mittag-Leffler  module  descends  along  faithfully  flat  ring  maps.  We  do  this 
in  Lemma  Tl 0.94. II 


10.80.  Characterizing  flatness 

058C  In  this  section  we  discuss  criteria  for  flatness.  The  main  result  in  this  section  is 
Lazard’s  theorem  (Theorem  10.80.4  below),  which  says  that  a flat  module  is  the 
colimit  of  a directed  system  of  free  finite  modules.  We  remind  the  reader  of  the 
“equational  criterion  for  flatness”,  see  Lemma[l0.38.11|  ft  turns  out  that  this  can 
be  massaged  into  a seemingly  much  stronger  property. 


058D  Lemma  10.80.1.  Let  M be  an  R-module.  The  following  are  equivalent: 

(1)  M is  flat. 

(2)  If  f : Rn  -A  M is  a module  map  and  x £ Ker(f),  then  there  are  module 
maps  h : Rn  -A  Rm  and  g : Rm  — > M such  that  f = g o h and  x £ Ker{h) . 

(3)  Suppose  f : Rn  -A  M is  a module  map,  N C Ker(f)  any  submodule,  and 
h : Rn  -A  Rm  a map  such  that  N C Ker(h)  and  f factors  through  h. 
Then  given  any  x £ Ker(f)  we  can  find  a map  h'  : Rn  — > Rm  such  that 
N + Rx  C Ker{h')  and  f factors  through  h! . 

(4)  If  f : Rn  -A  M is  a module  map  and  N C Ker(f)  is  a finitely  generated 
submodule,  then  there  are  module  maps  h : Rn  -A  Rm  and  g : Rm  -A  M 
such  that  f = g o h and  N C Ker(h) . 
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Proof.  That  (1)  is  equivalent  to  (2)  is  just  a reformulation  of  the  equational  crite- 
rion for  flatness®]  To  show  (2)  implies  (3),  let  g : Rm  — >■  M be  the  map  such  that 
/ factors  as  / = g o h.  By  (2)  find  h"  : Rm  — > Rm  such  that  h"  kills  h[x ) and 
g : Rm  -A  M factors  through  h" . Then  taking  h!  = h”  o h works.  (3)  implies  (4)  by 
induction  on  the  number  of  generators  of  N C Ker(/)  in  (4).  Clearly  (4)  implies 
(2).  " □ 


058E  Lemma  10.80.2.  Let  M be  an  R-module.  Then  M is  flat  if  and  only  if  the 
following  condition  holds:  if  P is  a finitely  presented  R-module  and  f : P -A  M a 
module  map,  then  there  is  a free  finite  R-module  F and  module  maps  h : P -A  F 
and  g : F -A  M such  that  f = go  h. 


Proof.  This  is  just  a reformulation  of  condition  (4)  from  Lemma  10.80.1 


□ 


058F  Lemma  10.80.3.  Let  M be  an  R-module.  Then  M is  flat  if  and  only  if  the 
following  condition  holds:  for  every  finitely  presented  R-module  P,  if  N -A  M is 
a surjective  R-module  map,  then  the  induced  map  Horn r(P,N)  -a  Horn r(P,M)  is 
surjective. 


Proof.  First  suppose  M is  flat.  We  must  show  that  if  P is  finitely  presented,  then 
given  a map  / : P -A  M,  it  factors  through  the  map  N — > M.  By  Lemma  10.80.2 
the  map  / factors  through  a map  F -A  M where  F is  free  and  finite.  Since  F is 
free,  this  map  factors  through  N — > M.  Thus  / factors  through  N — > M. 


Conversely,  suppose  the  condition  of  the  lemma  holds.  Let  / : P A M be  a 
map  from  a finitely  presented  module  P.  Choose  a free  module  N with  a surjection 
N -A  M onto  M.  Then  / factors  through  N -A  M,  and  since  P is  finitely  generated, 
/ factors  through  a free  finite  submodule  of  N.  Thus  M satisfies  the  condition  of 
Lemma  [10. 80. 2|  hence  is  flat.  □ 

058G  Theorem  10.80.4  (Lazard’s  theorem).  Let  M be  an  R-module.  Then  M is  flat 
if  and  only  if  it  is  the  colimit  of  a directed  system  of  free  finite  R-modules. 


Proof.  A colimit  of  a directed  system  of  flat  modules  is  fiat,  as  taking  directed 
colimits  is  exact  and  commutes  with  tensor  product.  Hence  if  M is  the  colimit  of 
a directed  system  of  free  finite  modules  then  M is  flat. 

For  the  converse,  first  recall  that  any  module  M can  be  written  as  the  colimit  of 
a directed  system  of  finitely  presented  modules,  in  the  following  way.  Choose  a 
surjection  / : R1  — > M for  some  set  /,  and  let  K be  the  kernel.  Let  E be  the  set 
of  ordered  pairs  ( J,N ) where  J is  a finite  subset  of  I and  TV  is  a finitely  generated 
submodule  of  RJ  n K.  Then  E is  made  into  a directed  partially  ordered  set  by 
defining  ( J,N ) < ( J',N ')  if  and  only  if  J C ,J'  and  N C N' . Define  Me  = RJ/N 
for  e = (J,N),  and  define  /ee'  : Me  -A  Me/  to  be  the  natural  map  for  e < e'. 
Then  (Me,  feei)  is  a directed  system  and  the  natural  maps  fe  : Me  -a  M induce  an 
isomorphism  colimeg£i  Me  M. 


®In  fact,  a module  map  / : Rn  -4  M corresponds  to  a choice  of  elements  xi,  X2,  ■ ■ ■ , xn  of  M 
(namely,  the  images  of  the  standard  basis  elements  ei,  e2,  • • • , en);  furthermore,  an  element  x S 
Ker(/)  corresponds  to  a relation  between  these  x\ , X2 , • ■ ■ , xn  (namely,  the  relation  F.:  = 0, 

where  the  fi  are  the  coordinates  of  x).  The  module  map  h (represented  as  an  m X n-matrix) 
corresponds  to  the  matrix  (r/,;y)  from  Lemma  1 1 0.38.  l~i~[  and  the  y:!  of  Lemma  1 1 0.38. 1~i~]  are  the 
images  of  the  standard  basis  vectors  of  Rm  under  g. 
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Now  suppose  M is  flat.  Let  I = M x Z,  write  (xi)  for  the  canonical  basis  of  R1 , and 
take  in  the  above  discussion  / : R1  — > M to  be  the  map  sending  Xi  to  the  projection 
of  i onto  M . To  prove  the  theorem  it  suffices  to  show  that  the  e £ E such  that  Me 
is  free  form  a cofinal  subset  of  E.  So  let  e = (J,N)  £ E be  arbitrary.  By  Lemma 


such  that  the  natural  map  fe  : RJ /N  -A  M factors  as  RJ /N  -A  f 4 M.  We  are 
going  to  realize  F as  Mei  for  some  e!  > e. 

Let  {6i, . . . , bn}  be  a finite  basis  of  F.  Choose  n distinct  elements  ii,...,in  £ I 
such  that  it  ^ J for  all  £,  and  such  that  the  image  of  xl(  under  / : R1  -A  M equals 
the  image  of  b{  under  g : F -A  M.  This  is  possible  since  every  element  of  M can 
be  written  as  f(xi ) for  infinitely  many  distinct  i £ I (by  our  choice  of  I).  Now  let 
J1  = J L)  {ii, , in},  and  define  RJ  — >•  F by  Xi  H > h(xi)  for  i £ J and  Xie  i-A  be  for 
£ = 1, . . . ,n.  Let  N'  = Ker (RJ  -A  F).  Observe: 

(1)  The  square 

RJ‘ s-  F 

'N 

9 

v 

R1 >-  M 

f 

is  commutative,  hence  N'  C K = Ker (/); 

(2)  RJ  -A  F is  a surjection  onto  a free  finite  module,  hence  it  splits  and  so 
N'  is  finitely  generated; 

(3)  J C J’  and  N C N' . 

By  (1)  and  (2)  e!  = ( J',N ')  is  in  E,  by  (3)  e!  > e,  and  by  construction  Mei  = 
RJ  /N'  = F is  free.  □ 


10.80.2  there  is  a free  finite  module  F and  maps  h : RJ /N  -A  F and  g : F 


M 


10.81.  Universally  injective  module  maps 


058H  Next  we  discuss  universally  injective  module  maps,  which  are  in  a sense  comple- 
mentary to  flat  modules  (see  Lemma  10.81.5 1.  We  follow  Lazard’s  thesis  |Laz69| : 
also  see  |Lam99| . 


0581  Definition  10.81.1.  Let  / : M — > N be  a map  of  l?-modules.  Then  / is  called 
universally  injective  if  for  every  l?-module  Q,  the  map  / 8)^  idQ  : M 0^  Q — > 
N Q is  injective.  A sequence  0 -A  Mi  -A  M2  -A  M3  — ► 0 of  f?-modules  is  called 
universally  exact  if  it  is  exact  and  Mi  -A  M2  is  universally  injective. 

058J  Example  10.81.2.  Examples  of  universally  exact  sequences. 

(1)  A split  short  exact  sequence  is  universally  exact  since  tensoring  commutes 
with  taking  direct  sums. 

(2)  The  colimit  of  a directed  system  of  universally  exact  sequences  is  uni- 
versally exact.  This  follows  from  the  fact  that  taking  directed  colimits  is 
exact  and  that  tensoring  commutes  with  taking  colimits.  In  particular  the 
colimit  of  a directed  system  of  split  exact  sequences  is  universally  exact. 
We  will  see  below  that,  conversely,  any  universally  exact  sequence  arises 
in  this  way. 


Next  we  give  a list  of  criteria  for  a short  exact  sequence  to  be  universally  exact.  They 
are  analogues  of  criteria  for  flatness  given  above.  Parts  (3)-(6)  below  correspond, 
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respectively,  to  the  criteria  for  flatness  given  in  Lemmas  |10.38.1ll  |10.80.1[  |10.80.3| 
and  Theorem  IIP. 80.41 


058K  Theorem  10.81.3.  Let 


0 -A  Mi  m2  A m3 


0 


be  an  exact  sequence  of  R-modules.  The  following  are  equivalent: 

(1)  The  sequence  0 — > Mi  — > M2  — > M3  — > 0 is  universally  exact. 

(2)  For  every  finitely  presented  R-module  Q,  the  sequence 

0 — >■  Mi  Q -A  M2  Q A M3  a 0 

is  exact. 

(3)  Given  elements  Xi  £ Mi  (i  = 1 yj  S M2  ( j = 1,  and 

aij  £ R (i  = 1, ...  ,n,j  = 1, ...  ,m)  such  that  for  all  i 


* ' / 


aijUji 


there  exists  Zj  £ Mi  (j  = 1, . . . , m)  such  that  for  all  i, 


(4)  Given  a commutative  diagram  of  R-module  maps 

jf>  n Rrn 


Mi 


f 1 


M2 


where  m and  n are  integers , there  exists  a map  Rm  -A  Mi  making  the  top 
triangle  commute. 

(5)  For  every  finitely  presented  R-module  P,  the  R-module  map  Hom/j(P,  M2)  - 
Homfl(P,  M3)  is  surjective. 

(6)  The  sequence  0 -A  Mi  -A  M2  -A  M3  — >•  0 is  f/ie  colimit  of  a directed  system 
of  split  exact  sequences  of  the  form 

0 — ^ Mi  — y M2  ^ — 7 M^  i — ^ 0 
where  the  M3  i are  finitely  presented. 

Proof.  Obviously  (1)  implies  (2). 

Next  we  show  (2)  implies  (3).  Let  fi(x.i)  = J2jaijyj  be  relations  as  in  (3).  Let 
(■ dj ) be  a basis  for  Rm,  (e*)  a basis  for  Rn,  and  Rm  -A  Rn  the  map  given  by  dj  ha 
Xu  aijei-  Let  Q be  the  cokernel  of  Rm  -A  Rn.  Then  tensoring  Rm  -A  Rn  aQ  A 0 
by  the  map  fi  : Mi  -A  M2,  we  get  a commutative  diagram 


Mfr 


M®r 


■Mfr 


V 

■M®r' 


■Mi®rQ 


0 


M2  Q 


where  M®m  -A  Mfn  is  given  by 

(zi, . . . , zm)  ha  . a^zj, . . . , A 
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and  M®m  — * M®n  is  given  similarly.  We  want  to  show  x = (xi, . . . ,xn)  £ M®n 
is  in  the  image  of  M®m  — > M®n.  By  (2)  the  map  M\  (g)  Q — > M2  ® Q is  injective, 
hence  by  exactness  of  the  top  row  it  is  enough  to  show  x maps  to  0 in  M2  <8>  Q,  and 
so  by  exactness  of  the  bottom  row  it  is  enough  to  show  the  image  of  x in  M®"  is 
in  the  image  of  M®m  — a M®n.  This  is  true  by  assumption. 

Condition  (4)  is  just  a translation  of  (3)  into  diagram  form. 

Next  we  show  (4)  implies  (5).  Let  p : P — > M3  be  a map  from  a finitely  presented 
i?-module  P.  We  must  show  that  p lifts  to  a map  P — > M2-  Choose  a presentation 
of  P , 

Rn 

Using  freeness  of  Rn  and  Rm,  we  can  construct  h2  : Rm  —A  M2  and  then  hi  : Rn  — A 
M\  such  that  the  following  diagram  commutes 


Rn  Rm  92  >.  p 0 


0 


Mi 


/ 1 


■ M- 


2 ——>■  M$ 


0. 


By  (4)  there  is  a map  ki  : Rm  — > Mi  such  that  ki  ogi  = hi.  Now  define  h'2  : Rm  — >• 
M2  by  h'2  = h2  — fi  o ki.  Then 

h'2  ° gi  = h2  o gi  - fi  o hi  o gi  = h2  ° gi  - fi  o hi  = 0. 

Hence  by  passing  to  the  quotient  h2  defines  a map  <p'  : P — > M2  such  that  p'  o g2  = 
h'2 . In  a diagram,  we  have 


h<2 

M2  >■  A/3 . 

where  the  top  triangle  commutes.  We  claim  that  ip’  is  the  desired  lift,  i.e.  that 
f2  o <pr  = p.  From  the  definitions  we  have 

h 0 <p'  0 92  = h 0 h'2  = h o h2  - fi  o fi  O ki  = f2  o h2  = p o g2. 


p 


Since  g2  is  surjective,  this  hnishes  the  proof. 

Now  we  show  (5)  implies  (6).  Write  M3  as  the  colimit  of  a directed  system  of  finitely 
presented  modules  M3ji,  see  Lemma  10.8.13  Let  M2ji  be  the  fiber  product  of  M3  i 
and  M2  over  M3 — by  definition  this  is  the  submodule  of  M2  x M:i  i consisting  of 
elements  whose  two  projections  onto  M3  are  equal.  Let  M^,;  be  the  kernel  of  the 
projection  M2jj  — > M3jj.  Then  we  have  a directed  system  of  exact  sequences 


0 Mij  -A  M2>i 

and  for  each  i a map  of  exact  sequences 


M 


3,2 


0, 


0»:  :jf  Mi  i >-  M2  j i':  jS  M3,gJ  ^'O 

0'  V . .1  / 1 ' M2  . ) 

compatible  with  the  directed  system.  From  the  definition  of  the  fiber  product  Af2  i, 
it  follows  that  the  map  M-i  t -a  M3  is  an  isomorphism.  By  (5)  there  is  a map 
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M:i  i -a  M2  lifting  M;-.  ,;  -A  M3,  and  by  the  universal  property  of  the  fiber  product 
this  gives  rise  to  a section  of  A/2,:  -A  M3);.  Hence  the  sequences 

0 — A -A  M2)j  — A M3ij  —a  0 

split.  Passing  to  the  cobnut,  we  have  a commutative  diagram 


colim  Mi  i 


0 


■M1 


■ colim  Mo 


Mo 


colim  M3  i vffiiO 


■ m3 


>0 


with  exact  rows  and  outer  vertical  maps  isomorphisms.  Hence  colim  AL2,i  — > M2  is 
also  an  isomorphism  and  (6)  holds. 

Condition  (6)  implies  (1)  by  Example  10.81.2  (2).  □ 


The  previous  theorem  shows  that  a universally  exact  sequence  is  always  a colimit  of 
split  short  exact  sequences.  If  the  cokernel  of  a universally  injective  map  is  bnitely 
presented,  then  in  fact  the  map  itself  splits: 

058L  Lemma  10.81.4.  Let 

0 — ^ Mi  — > M2  — ^ 1 ll3  — ^ 0 

be  an  exact  sequence  of  R-modules.  Suppose  Af3  is  of  finite  presentation.  Then 

0 -A  Mi  -a  M2  -a  M3  -a  0 


is  universally  exact  if  and  only  if  it  is  split. 


Proof.  A split  short  exact  sequence  is  always  universally  exact,  see  Example 
|10.81.2|  Conversely,  if  the  sequence  is  universally  exact,  then  by  Theorem  |10.81.3| 
(5)  applied  to  P = M3,  the  map  M2  -A  M3  admits  a section.  □ 


The  following  lemma  shows  how  universally  injective  maps  are  complementary  to 
flat  modules. 


058M 


058N 


Lemma  10.81.5.  Let  M be  an  R-module.  Then  M is  flat  if  and  only  if  any  exact 
sequence  of  R-modules 

0 -A  Mi  -a  M2  -a  M -a-  0 

is  universally  exact. 


Proof.  This  follows  from  Lemma  10.80.3  and  Theorem  10.81.3  (5). 
Example  10.81.6.  Non-split  and  non- flat  universally  exact  sequences. 


□ 


(1)  In  spite  of  Lemma  10.81.4  it  is  possible  to  have  a short  exact  sequence  of 
f?-modules 

0 -A  Mi  -a  M2  -a  M3  -a  0 


that  is  universally  exact  but  non-split.  For  instance,  take  R = Z,  let 
M-|  = Z,  let  M2  = n~i  and  let  M3  be  the  cokernel  of  the 

inclusion  Mi  -A  M2.  Then  Mi,M2,M3  are  all  flat  since  they  are  torsion- 


free  (More  on  Algebra,  Lemma  15.16.11),  so  by  Lemma  10.81.5 
0 — ^ Mi  — >■  M2  — ^ M3  — ^ 0 


is  universally  exact.  However  there  can  be  no  section  s : M3  -A  M2.  In 
fact,  if  x is  the  image  of  (2,  22,  23, . . .)  e M2  in  M3,  then  any  module  map 
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s : M3  -A  M2  must  kill  x.  This  is  because  x £ 2nM 3 for  any  n > 1,  hence 
s(x ) is  divisible  by  2™  for  all  n > 1 and  so  must  be  0. 

(2)  In  spite  of  Lemma  10.81.5  it  is  possible  to  have  a short  exact  sequence  of 
JS-modules 

0 — ^ Mi  — y M2  — ^ M$  — ^ 0 


that  is  universally  exact  but  with  M1;  M2,  M3  all  non- flat.  In  fact  if  M is 
any  non-flat  module,  just  take  the  split  exact  sequence 


0-aM->M©M-aM-a0. 


For  instance  over  R = Z,  take  M to  be  any  torsion  module. 

(3)  Taking  the  direct  sum  of  an  exact  sequence  as  in  (1)  with  one  as  in  (2), 
we  get  a short  exact  sequence  of  .R-modules 

0 — ^ Mi  — ^ M2  — ^ M3  — ^ 0 

that  is  universally  exact,  non-split,  and  such  that  Mi,  M2,  M3  are  all  non- 
flat. 


058P  Lemma  10.81.7.  Let  0 -A  Mi  -A  M2  -A  M3  -A  0 be  a universally  exact  sequence 
of  R-modules,  and  suppose  M2  is  flat.  Then  Mi  and  M3  are  flat. 

Proof.  Let  0 — >■  IV  — > N'  — > N"  -A  0 be  a short  exact  sequence  of  .R-modules. 
Consider  the  commutative  diagram 

Mi  N s-  M2  ®r  N M3  <S>r  N 

Y V 

Mi  0 r M2  0 n N’ >-  M3  0 R A/r  f 

i v 

Mi  N" >-  M 2 N" >-  M3  N" 

(we  have  dropped  the  0’s  on  the  boundary).  By  assumption  the  rows  give  short 
exact  sequences  and  the  arrow  M2  0 N — >•  Af2  0 N'  is  injective.  Clearly  this  implies 
that  Mi<g)N  -A  Mi® IV7  is  injective  and  we  see  that  Mi  is  flat.  In  particular  the  left 
and  middle  columns  give  rise  to  short  exact  sequences.  It  follows  from  a diagram 
chase  that  the  arrow  M3  ® IV  — > M3  ® N'  is  injective.  Hence  M3  is  flat.  □ 

05CH  Lemma  10.81.8.  Let  R be  a ring.  Let  M -a  M'  be  a universally  injective  R- 
module  map.  Then  for  any  R-module  N the  map  M®rN  -a  M'®rN  is  universally 
injective. 

Proof.  Omitted.  □ 

05CI  Lemma  10.81.9.  Let  R be  a ring.  A composition  of  universally  injective  R-module 
maps  is  universally  injective. 

Proof.  Omitted.  □ 

05CJ  Lemma  10.81.10.  Let  R be  a ring.  Let  M -A  M'  and  M1  -A  M"  be  R-module 
maps.  If  their  composition  M -A  M"  is  universally  injective,  then  M —>  M'  is 
universally  injective. 

Proof.  Omitted.  □ 
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05CK 


Lemma  10.81.11.  Let  R — > S be  a faithfully  flat  ring  map. 
universally  injective  as  a map  of  R-modules.  In  particular  RC\ I S 


IcR. 


Then  R — > S is 
= I for  any  ideal 


05CL 


Proof.  Let  N be  an  ??-module.  We  have  to  show  that  N — ► N g^  S is  injective. 
As  S is  faithfully  flat  as  an  ??-module,  it  suffices  to  prove  this  after  tensoring  with 
S.  Hence  it  suffices  to  show  that  N g^  S —>  N ®r  S <8>r  S,  ngsi-Anglgsis 
injective.  This  is  true  because  there  is  a section,  namely,  ss' . □ 

Lemma  10.81.12.  Let  R — » S be  a ring  map.  Let  M — » M'  be  a map  of  S- 
modules.  The  following  are  equivalent 

(1)  M — > M'  is  universally  injective  as  a map  of  R-modules, 

(2)  for  each  prime  q of  S the  map  Mq  — > M'  is  universally  injective  as  a map 
of  R-modules, 

(3)  for  each  maximal  ideal  m of  S the  map  Mm  — > M'm  is  universally  injective 
as  a map  of  R-modules, 

(4)  for  each  prime  q of  S the  map  Mq  — > Mq  is  universally  injective  as  a map 
of  Rp  -modules,  where  p is  the  inverse  image  of  q in  R,  and 

(5)  for  each  maximal  ideal  m of  S the  map  Mm  —A  M'm  is  universally  injective 
as  a map  of  Rv -modules,  where  p is  the  inverse  image  of  m in  R. 


Proof.  Let  N be  an  f?-module.  Let  q be  a prime  of  S lying  over  the  prime  p of  R. 
Then  we  have 

(M  ®R  N)q  = Mq  ®rN  = Mq  Np. 

Moreover,  the  same  thing  holds  for  M'  and  localization  is  exact.  Also,  if  N is 
an  l?p-module,  then  Np  = N.  Using  this  the  equivalences  can  be  proved  in  a 
straightforward  manner. 


For  example,  suppose  that  (5)  holds.  Let  K = Ker (M  N -a  M'  <Sir  N).  By  the 

remarks  above  we  see  that  Km  = 0 for  each  maximal  ideal  m of  S.  Hence  K = 0 
by  Lemma  10.23.1  Thus  (1)  holds.  Conversely,  suppose  that  (1)  holds.  Take 
any  q C S lying  over  pci?.  Take  any  module  N over  Rv.  Then  by  assumption 
Ker (M  ®r  N — > M'  (g) r N ) = 0.  Hence  by  the  formulae  above  and  the  fact  that 
N = Np  we  see  that  Ker(Mq  ®rv  N -a  Mq  N)  = 0.  In  other  words  (4)  holds. 
Of  course  (4)  =>  (5)  is  immediate.  Hence  (1),  (4)  and  (5)  are  all  equivalent.  We 
omit  the  proof  of  the  other  equivalences.  □ 


05CM  Lemma  10.81.13.  Let  ip  : A — ► B be  a ring  map.  Let  S C A and  S'  C B be 
multiplicative  subsets  such  that  tp(S)  C S'.  Let  M — > M'  be  a map  of  B -modules. 

(1)  If  M — > M'  is  universally  injective  as  a map  of  A-modules,  then  ( -A 
( S')~lM'  is  universally  injective  as  a map  of  A-modules  and  as  a map  of 
S'-1  A-modules. 

(2)  If  M and  M'  are  (S' )~ 1 B -modules,  then  M — > M'  is  universally  injective 
as  a map  of  A-modules  if  and  only  if  it  is  universally  injective  as  a map 
of  S^1  A-modules. 


Proof.  You  can  prove  this  using  Lemma [10. 81. 12|but  you  can  also  prove  it  directly 
as  follows.  Assume  M — > M ' is  A-universally  injective.  Let  Q be  an  A-module. 
Then  Q M -a  Q M'  is  injective.  Since  localization  is  exact  we  see  that 
( S')~1(Q  g a M)  ( S')~1(Q  g a M')  is  injective.  As  ( S')~1(Q  g a M)  = Q g a 

(S")-1M  and  similarly  for  M'  we  see  that  Q g^  ( S')~1M  Q g^  (S')~1M' 
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is  injective,  hence  (S')~1M  — > ( S is  universally  injective  as  a map  of  A - 
modules.  This  proves  the  first  part  of  (1).  To  see  (2)  we  can  use  the  following  two 
facts:  (a)  if  Q is  an  5,_1J4-module,  then  Q g^  S~1A  = Q,  i.e.,  tensoring  with  Q 
over  A is  the  same  thing  as  tensoring  with  Q over  S_1.A,  (b)  if  M is  any  A-module 
on  which  the  elements  of  S are  invertible,  then  M g^  Q = M gg-i^  S~1Q.  Part 
(2)  follows  from  this  immediately.  □ 

0AS5  Lemma  10.81.14.  Let  R be  a ring  and  let  M — > M'  be  a map  of  R-modules.  If 
M'  is  flat,  then  M — > M'  is  universally  injective  if  and  only  if  M/IM  — ¥ M' /IM' 
is  injective  for  every  finitely  generated  ideal  I of  R. 


Proof.  It  suffices  to  show  that  M g/j  Q — > M'  g#  Q is  injective  for  every  finite 
.R-module  Q,  see  Theorem  |10.81.3|  Then  Q has  a finite  filtration  0 = Qo  C Qi  C 
. . . C Qn  = Q by  submodules  whose  subquotients  are  isomorphic  to  cyclic  modules 


R/Ii , see  Lemma  10.5.4  Since  M'  is  flat,  we  obtain  a filtration 
MgQi >-  MgQ2 ^ . . . ^ M g Q 


M'  g Qfl- 


■ M'  g Qflf- 


■M'  g <3 


of  M'  ®rQ  by  submodules  M'  ®rQi  whose  successive  quotients  are  M'  ^rR/Ii  = 
M' /IiM' . A simple  induction  argument  shows  that  it  suffices  to  check  M / I;M  — > 
M' / IiM'  is  injective.  Note  that  the  collection  of  finitely  generated  ideals  I[  C fl 
is  a directed  set.  Thus  M/flM  = colim  M/I[M  is  a filtered  colimit,  similarly  for 
M' , the  maps  M/I[M  —$■  M' /IIM'  are  injective  by  assumption,  and  since  filtered 
colimits  are  exact  (Lemma|10.8.9 ) we  conclude.  □ 


10.82.  Descent  for  finite  projective  modules 

058Q  In  this  section  we  give  an  elementary  proof  of  the  fact  that  the  property  of  being  a 
finite  projective  module  descends  along  faithfully  flat  ring  maps.  The  proof  does  not 
apply  when  we  drop  the  finiteness  condition.  However,  the  method  is  indicative  of 
the  one  we  shall  use  to  prove  descent  for  the  property  of  being  a countably  generated 
projective  module — see  the  comments  at  the  end  of  this  section. 

058R  Lemma  10.82.1.  Let  M be  an  R-module.  Then  M is  finite  projective  if  and  only 
if  M is  finitely  presented  and  flat. 

Proof.  This  is  part  of  Lemma[l0.77.2|  However,  at  this  point  we  can  give  a more 
elegant  proof  of  the  implication  (1)  =>  (2)  of  that  lemma  as  follows.  If  M is  finitely 
presented  and  flat,  then  take  a surjection  Rn  — >•  M.  By  Lemma [10. 80. 3|  applied  to 
P = M,  the  map  Rn  — > M admits  a section.  So  M is  a direct  summand  of  a free 
module  and  hence  projective.  □ 

Here  are  some  properties  of  modules  that  descend. 

03C4  Lemma  10.82.2.  Let  R — >■  S be  a faithfully  flat  ring  map.  Let  M be  an  R-module. 
Then 

(1)  if  the  S -module  M gjj  S is  of  finite  type,  then  M is  of  finite  type, 

(2)  if  the  S-module  M g r S is  of  finite  presentation,  then  M is  of  finite 
presentation, 

(3)  if  the  S-module  M S is  flat,  then  M is  flat,  and 
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058S 


058T 


058U 


058V 


(4)  add  more  here  as  needed. 


Proof.  Assume  M S is  of  finite  type.  Let  ylt . . . , ym  be  generators  of  M S 
over  S.  Write  y:j  =J2xi®  fi  f°r  some  Xi, ...  ,xn  £ M.  Then  we  see  that  the  map 
ip  : R®"  — ► M has  the  property  that  ip  (g>  ids  : 5®"  — ► M S is  surjective.  Since 
R — > S is  faithfully  flat  we  see  that  ip  is  surjective,  and  M is  Hnitely  generated. 


Assume  M ®R  S is  of  finite  presentation.  By  (1)  we  see  that  M is  of  finite  type. 
Choose  a surjection  R®"  — ► M and  denote  I\  the  kernel.  As  R — > S is  flat  we  see 
that  K ® R S is  the  kernel  of  the  base  change  S®"  — * M <g>R  S.  As  M ®R  S is  of 
finite  presentation  we  conclude  that  K ®R  S is  of  finite  type.  Hence  by  (1)  we  see 
that  K is  of  finite  type  and  hence  M is  of  finite  presentation. 


Part  (3)  is  Lemma  10.38.8 


□ 


Proposition  10.82.3.  Let  R — »•  S be  a faithfully  flat  ring  map.  Let  M be  an 
R-module.  If  the  S -module  M S is  finite  projective,  then  M is  finite  projective. 


Proof.  Follows  from  Lemmas  IIP. 82. II  and  110.82.21 


□ 


The  next  few  sections  are  about  removing  the  finiteness  assumption  by  using 
devissage  to  reduce  to  the  countably  generated  case.  In  the  countably  generated 
case,  the  strategy  is  to  find  a characterization  of  countably  generated  projective 
modules  analogous  to  Lemma  |10.82.1[  and  then  to  prove  directly  that  this  char- 
acterization descends.  We  do  this  by  introducing  the  notion  of  a Mittag-Leffer 
module  and  proving  that  if  a module  M is  countably  generated,  then  it  is  pro- 
jective if  and  only  if  it  is  flat  and  Mittag-Leffler  (Theorem  |10.92.3 1.  When  M is 
finitely  generated,  this  statement  reduces  to  Lemma  10.82.1  (since,  according  to 
Example  10.90.1  (1),  a finitely  generated  module  is  Mittag-Leffler  if  and  only  if  it 
is  hnitely  presented). 


10.83.  Transfinite  devissage  of  modules 


In  this  section  we  introduce  a devissage  technique  for  decomposing  a module  into  a 
direct  sum.  The  main  result  is  that  a projective  module  is  a direct  sum  of  countably 
generated  modules  (Theorem  10.83.5  below).  We  follow  |Kap58|. 


Definition  10.83.1.  Let  M be  an  .R-module.  A direct  sum  devissage  of  M is 
a family  of  submodules  (MQ)aes,  indexed  by  an  ordinal  S and  increasing  (with 
respect  to  inclusion),  such  that: 

(0)  M0  = 0; 

(1)  M = \JaMa- 

(2)  if  a £ S'  is  a limit  ordinal,  then  Ma  = U^<a  M^; 

(3)  if  a + 1 £ S,  then  Ma  is  a direct  summand  of  Ma+ 1. 


If  moreover 


(4)  Ma+i/Ma  is  countably  generated  for  a + 1 G S, 
then  (Ma)aes  is  called  a Kaplansky  devissage  of  M. 


The  terminology  is  justified  by  the  following  lemma. 

Lemma  10.83.2.  Let  M be  an  R-module.  If  (Ma)a^s  is  a direct  sum  devissage 
of  M,  then  M = ©Q+leS  Ma+1/Ma. 
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Proof.  By  property  (3)  of  a direct  sum  devissage,  there  is  an  inclusion  Ma+i/Ma  — > 
M for  each  a £ S.  Consider  the  map 

/ : Ma+\/Ma  M 

a+ieS 

given  by  the  sum  of  these  inclusions.  Transfinite  induction  on  S shows  that  the 
image  contains  Ma  for  every  a £ S:  for  a = 0 this  is  true  by  (0);  if  a + 1 is  a 
successor  ordinal  then  it  is  clearly  true;  and  if  a is  a limit  ordinal  and  it  is  true  for 
(3  < a,  then  it  is  true  for  a by  (2).  Hence  / is  surjective  by  (1). 

Transfinite  induction  on  S also  shows  that  for  every  f3  £ S the  restriction 

of  / is  injective:  For  /?  = 0 it  is  true.  If  it  is  true  for  all  j3'  < (3,  then  let  x be  in  the 
kernel  and  write  x = {xa+i)a+i<p  in  terms  of  its  components  xa+i  £ Ma+i/Ma. 
By  property  (3)  both  (^a+ija+K/?  and  xp+\  map  to  0.  Hence  xp+i  = 0 and,  by 
the  assumption  that  the  restriction  fp>  is  injective  for  all  f3'  < /3,  also  xa+\  = 0 for 
every  cc  + 1 < /?.  So  2 = 0 and  fp  is  injective,  which  finishes  the  induction.  We 
conclude  that  / is  injective  since  fp  is  for  each  (3  £ S.  □ 

058W  Lemma  10.83.3.  Let  M be  an  R-module.  Then  M is  a direct  sum  of  countably 
generated  R-modules  if  and  only  if  it  admits  a Kaplansky  devissage. 

Proof.  The  lemma  takes  care  of  the  “if”  direction.  Conversely,  suppose  M = 
©ie/  Ni  where  each  W is  a countably  generated  .R-module.  Well-order  / so  that 
we  can  think  of  it  as  an  ordinal.  Then  setting  M;  = ©(<i  gives  a Kaplansky 
devissage  of  M.  □ 

058X  Theorem  10.83.4.  Suppose  M is  a direct  sum  of  countably  generated  R-modules. 
If  P is  a direct  summand  of  M,  then  P is  also  a direct  sum  of  countably  generated 
R-modules. 

Proof.  Write  M = P © Q.  We  are  going  to  construct  a Kaplansky  devissage 
( Ma)aes  of  M which,  in  addition  to  the  defining  properties  (0)-(4),  satisfies: 

(5)  Each  Ma  is  a direct  summand  of  M ; 

(6)  Ma  = Pa  ® Qa,  where  Pa  = P fl  Ma  and  Q = Q n Ma. 

(Note:  if  properties  (0)-(2)  hold,  then  in  fact  property  (3)  is  equivalent  to  property 

(5)0 

To  see  how  this  implies  the  theorem,  it  is  enough  to  show  that  (PQ)aeS  forms  a 
Kaplansky  devissage  of  P.  Properties  (0),  (1),  and  (2)  are  clear.  By  (5)  and  (6) 
for  (Ma),  each  Pa  is  a direct  summand  of  M.  Since  Pa  C Pa+i,  this  implies  Pa  is 
a direct  summand  of  Pa+T  hence  (3)  holds  for  (PQ).  For  (4),  note  that 

Ma+\/Ma  = Pa+i/Pa  © Qa  + l/Qon 

so  Pa+i/Pa  is  countably  generated  because  this  is  true  of  Ma+1/Ma. 

It  remains  to  construct  the  Ma.  Write  M = ©,:e/  Ni  where  each  W is  a countably 
generated  R-module.  Choose  a well-ordering  of  I.  By  transfinite  induction  we  are 
going  to  define  an  increasing  family  of  submodules  Ma  of  M,  one  for  each  ordinal 
a,  such  that  Ma  is  a direct  sum  of  some  subset  of  the  Njr 
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For  a = 0 let  Mq  = 0.  If  a is  a limit  ordinal  and  Mp  has  been  defined  for  all  (3  < a, 
then  define  Ma  = U/3<a  Ms-  Since  each  Mp  for  /3  < a is  a direct  sum  of  a subset 
of  the  iVj,  the  same  will  be  true  of  Ma.  If  a + 1 is  a successor  ordinal  and  Ma 
has  been  defined,  then  define  Ma+\  as  follows.  If  Ma  = M,  then  let  Ma+ 1 = M. 
If  not,  choose  the  smallest  j £ I such  that  Nj  is  not  contained  in  Ma.  We  will 
construct  an  infinite  matrix  ( xmn ),  m,  n = 1,2,3,...  such  that: 

(1)  Nj  is  contained  in  the  submodule  of  M generated  by  the  entries  xmn\ 

(2)  if  we  write  any  entry  Xki  in  terms  of  its  P-  and  Q-components,  Xke  = 
Vki  + zm,  then  the  matrix  ( xmn ) contains  a set  of  generators  for  each  Nj 
for  which  y m or  z^i  has  nonzero  component. 

Then  we  define  MQ+1  to  be  the  submodule  of  M generated  by  Ma  and  all  xmn\ 
by  property  (2)  of  the  matrix  (xmn),  Ma+ 1 will  be  a direct  sum  of  some  subset  of 
the  Ni.  To  construct  the  matrix  (xmn),  let  in,  X\2,  *13, . . . be  a countable  set  of 
generators  for  Nj.  Then  if  Xn  = yn  + z n is  the  decomposition  into  P-  and  Q- 
components,  let  X21,  X22,  a^23, ...  be  a countable  set  of  generators  for  the  sum  of  the 
Nj  for  which  yn  or  Zn  have  nonzero  component.  Repeat  this  process  on  X\2  to  get 
elements  X31,  x^2,  ■ ■ •>  the  third  row  of  our  matrix.  Repeat  on  X21  to  get  the  fourth 
row,  on  £13  to  get  the  fifth,  and  so  on,  going  down  along  successive  anti-diagonals 
as  indicated  below: 


( Xn 

*12 

*13  *14 

A" 

X21 

*22 

*23 

X31 

*32 

*41 

V- 

) 

Transfinite  induction  on  I (using  the  fact  that  we  constructed  Ma+\  to  contain  Nj 
for  the  smallest  j such  that  Nj  is  not  contained  in  Ma)  shows  that  for  each  i £ I, 
Nj  is  contained  in  some  Ma.  Thus,  there  is  some  large  enough  ordinal  S satisfying: 
for  each  i £ I there  is  a £ S such  that  TV,  is  contained  in  Ma.  This  means  (Ma)a&s 
satisfies  property  (1)  of  a Kaplansky  devissage  of  M.  The  family  ( Ma)aes  moreover 
satisfies  the  other  defining  properties,  and  also  (5)  and  (6)  above:  properties  (0), 
(2),  (4),  and  (6)  are  clear  by  construction;  property  (5)  is  true  because  each  Ma 
is  by  construction  a direct  sum  of  some  N;  and  (3)  is  implied  by  (5)  and  the  fact 
that  Ma  C Ma+i.  □ 

As  a corollary  we  get  the  result  for  projective  modules  stated  at  the  beginning  of 
the  section. 

058Y  Theorem  10.83.5.  If  P is  a projective  R-module,  then  P is  a direct  sum  of 
countably  generated  projective  R-modules. 

Proof.  A module  is  projective  if  and  only  if  it  is  a direct  summand  of  a free  module, 
so  this  follows  from  Theorem  IIP. 83.41  □ 

10.84.  Projective  modules  over  a local  ring 

058Z  In  this  section  we  prove  a very  cute  result:  a projective  module  M over  a local  ring 
is  free  (Theorem |10. 84. 4| below).  Note  that  with  the  additional  assumption  that  M 
is  finite,  this  result  is  Lemma[l0.77.4|  In  general  we  have: 
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0590  Lemma  10.84.1.  Let  R be  a ring.  Then  every  projective  R-module  is  free  if  and 
only  if  every  countably  generated  projective  R-module  is  free. 

Proof.  Follows  immediately  from  Theorem  1 1 0 . 83 . 5 1 □ 

Here  is  a criterion  for  a countably  generated  module  to  be  free. 

0591  Lemma  10.84.2.  Let  M be  a countably  generated  R-module.  Suppose  any  direct 
summand  N of  M satisfies:  any  element  of  N is  contained  in  a free  direct  summand 
of  N . Then  M is  free. 

Proof.  Let  Xi,X2, ...  be  a countable  set  of  generators  for  M.  By  the  assumption 
on  M,  we  can  construct  by  induction  free  R-modules  Fi,  F2, . . . such  that  for  every 
positive  integer  n,  @™=1  Fi  is  a direct  summand  of  M and  contains  x\, . . . , xn. 
Then  M = ®“1Fi.  □ 

0592  Lemma  10.84.3.  Let  P be  a projective  module  over  a local  ring  R.  Then  any 
element  of  P is  contained  in  a free  direct  summand  of  P. 

Proof.  Since  P is  projective  it  is  a direct  summand  of  some  free  .R-module  F,  say 
F = P © Q.  Let  x £ P be  the  element  that  we  wish  to  show  is  contained  in  a free 
direct  summand  of  P.  Let  B be  a basis  of  F such  that  the  number  of  basis  elements 
needed  in  the  expression  of  x is  minimal,  say  x = y"=1  a*e*  f°r  some  ei  £ B and 
ai  £ R.  Then  no  aj  can  be  expressed  as  a linear  combination  of  the  other  ap  for  if 
aj  = J2i^j  aibi  for  some  bi  £ R,  then  replacing  et  by  + 6^  for  i y j and  leaving 
unchanged  the  other  elements  of  R,  we  get  a new  basis  for  F in  terms  of  which  x 
has  a shorter  expression. 

Let  ej  = yt  + Zi,yi  £ P,Zi  £ Q be  the  decomposition  of  e,  into  its  P-  and  Q- 
components.  Write  yi  = y]  ■_1  bpej+ti , where  is  a linear  combination  of  elements 
in  B other  than  e\, ...  ,en.  To  finish  the  proof  it  suffices  to  show  that  the  matrix 
( bij ) is  invertible.  For  then  the  map  F -A  F sending  ei  <— > yi  for  i = 1 ,...,n 
and  fixing  B \ {ei,...,en}  is  an  isomorphism,  so  that  yi,...,yn  together  with 
B \ {ei, . . . , en } form  a basis  for  F.  Then  the  submodule  N spanned  by  p\1 . . . , yn 
is  a free  submodule  of  P;  N is  a direct  summand  of  P since  N C P and  both  N 
and  P are  direct  summands  of  F;  and  x £ N since  x £ P implies  x = y ”_i  a^i  = 

En 

i=l  aiVi- 

Now  we  prove  that  {bp)  is  invertible.  Plugging  yi  = Y^j=i  bpej+ti  into  a^ei  = 
y"=i  aiUi  and  equating  the  coefficients  of  e:j  gives  aj  = yf=1  aibp.  But  as  noted 
above,  our  choice  of  B guarantees  that  no  aj  can  be  written  as  a linear  combination 
of  the  other  aj.  Thus  bp  is  a non- unit  for  i j,  and  1 — bn  is  a non-unit — so  in 
particular  bn  is  a unit-  for  all  i.  But  a matrix  over  a local  ring  having  units  along 
the  diagonal  and  non-units  elsewhere  is  invertible,  as  its  determinant  is  a unit.  □ 

0593  Theorem  10.84.4.  If  P is  a projective  module  over  a local  ring  R,  then  P is  free. 

Proof.  Follows  from  Lemmas  |10. 84. 1[  |10.84.2[  and|10.84.3|  □ 

10.85.  Mittag-Leffler  systems 

0594  The  purpose  of  this  section  is  to  define  Mittag-Leffler  systems  and  why  it  is  a useful 
property. 
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In  the  following,  I will  be  a directed  partially  ordered  set,  see  Categories,  Definition 


I,  see  Categories,  Definition|4.21.2|  This  is  a directed  inverse  system  as  we  assumed 
I directed.  For  each  i £ I,  the  images  ipji(Aj)  C A,  for  j > i form  a decreasing 
family.  Let  A[  = f) j>i{Pji{Aj)-  Then  ipji(Aj)  C A!i  for  j > i,  hence  by  restricting 
we  get  a directed  inverse  system  (A',  (pjt  \ a1. ) . From  the  construction  of  the  limit  of 
an  inverse  system  in  the  category  of  sets  or  modules,  we  have  lim  A,  = lirri  A' . The 
Mittag-Leffler  condition  on  (Ai,ipji)  is  that  A'  equals  ipji(Aj)  for  some  j > i (and 
hence  equals  <pfci(^fc)  for  all  k > j): 

0595  Definition  10.85.1.  Let  ( Ai , tpji)  be  a directed  inverse  system  of  sets  over  I.  Then 
we  say  ( Ai,ipji ) is  Mittag-Leffler  inverse  system  if  for  each  i £ I,  the  decreasing 
family  < pji(Aj ) C Ai  for  j > i stabilizes.  Explicitly,  this  means  that  for  each  i £ J, 
there  exists  j > i such  that  for  k > j we  have  tpki{Ak)  = t Pji(Aj ).  If  (A*,  ipji)  is  a 
directed  inverse  system  of  modules  over  a ring  R , we  say  that  it  is  Mittag-Leffler  if 
the  underlying  inverse  system  of  sets  is  Mittag-Leffler. 

0596  Example  10.85.2.  If  (A,;,  is  a directed  inverse  system  of  sets  or  of  mod- 
ules and  the  maps  <pji  are  surjective,  then  clearly  the  system  is  Mittag-Leffler. 
Conversely,  suppose  (Ai:ipji)  is  Mittag-Leffler.  Let  A'  C Ai  be  the  stable  image  of 
ipji(Aj)  for  j > i.  Then  ipji\A'.  ■ A'j  — > A\  is  surjective  for  j > i and  lim  Ai  = lim  A'. 
Hence  the  limit  of  the  Mittag-Leffler  system  (Ai,ipji)  can  also  be  written  as  the 
limit  of  a directed  inverse  system  over  / with  surjective  maps. 

0597  Lemma  10.85.3.  Let  (Ai,ipji)  be  a directed  inverse  system  over  I.  Suppose  I is 
countable.  If  ( Ai,ipji ) is  Mittag-Leffler  and  the  Ai  are  nonempty,  then  limAj  is 
nonempty. 


4.21.2 


Let  ( Ai , <pj  i 


Ao 


Ai)  be  an  inverse  system  of  sets  or  of  modules  indexed  by 


Proof.  Let  ii,  ii,  is, . ■ ■ be  an  enumeration  of  the  elements  of  I . Define  inductively 
a sequence  of  elements  jn  £ I for  n = 1,2,3,...  by  the  conditions:  j\  = i i,  and 
jn  > and  jn  > jm  for  77 1 < n.  Then  the  sequence  jn  is  increasing  and  forms  a 


cofinal  subset  of  I.  Hence  we  may  assume  I = {1,  2,  3, . . .}.  So  by  Example  10.85.2 


we  are  reduced  to  showing  that  the  limit  of  an  inverse  system  of  nonempty  sets  with 
surjective  maps  indexed  by  the  positive  integers  is  nonempty.  This  is  obvious.  □ 


The  Mittag-Leffler  condition  will  be  important  for  us  because  of  the  following  ex- 
actness property. 

0598  Lemma  10.85.4.  Let 

0 ->•  Ai  A Bi  Ci  0 

be  an  exact  sequence  of  directed  inverse  systems  of  abelian  groups  over  I.  Suppose 
I is  countable.  If  (Aj)  is  Mittag-Leffler,  then 

0 — > lim  Ai  -A  lim  Bi  — ► lim  Ci  — > 0 

is  exact. 


Proof.  Taking  limits  of  directed  inverse  systems  is  left  exact,  hence  we  only  need 
to  prove  surjectivity  of  lim  Bi  — > lim  Ci . So  let  (c*)  £ limCi.  For  each  i £ I,  let 
Ei  = g~l(ci),  which  is  nonempty  since  gi  : Bi  Ci  is  surjective.  The  system  of 
maps  tfji  : Bj  — > Bi  for  {Bfj  restrict  to  maps  Ej  — > Ei  which  make  {Efj  into  an 
inverse  system  of  nonempty  sets.  It  is  enough  to  show  that  (Ef)  is  Mittag-Leffler. 
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For  then  Lemma  |10.85.3|  would  show  lim  Ei  is  nonempty,  and  taking  any  element 
of  lim  Ei  would  give  an  element  of  limi^  mapping  to  (c.;). 

By  the  injection  : A,  — ► Bi  we  will  regard  Aj  as  a subset  of  Bj.  Since  ( Ai ) is 
Mittag-Leffler,  if  * G I then  there  exists  j > i such  that  q>ki{Ak)  = ipji(Aj)  for 
k > j.  We  claim  that  also  Pki(.Ek)  = tpji(Ej)  for  k > j.  Always  (fiki{Ek)  C ) 

for  k > j.  For  the  reverse  inclusion  let  e_,-  G and  we  need  to  find  Xk  G Ek  such 
that  (pki{xk ) = ipji(ej).  Let  e'k  G Ek  be  any  element,  and  set  e'  = ’Pkjifi'k)-  Then 
9j(ej  ' ej)  = ci  — Cj  = 0,  hence  ej  — e'  = a^-  G Ay.  Since  < fki(Ak)  = ipji(Aj),  there 
exists  cik  G Ak  such  that  Pki{&k)  = VjiiPj)-  Hence 

^Pkifek  A — Aji i^"j)  A — Tin  ( Ay ) ■ 

so  we  can  take  Xk  = e'k  + ak-  □ 


10.86.  Inverse  systems 

03C9  In  many  papers  (and  in  this  section)  the  term  inverse  system  is  used  to  indicate 
an  inverse  system  over  the  partially  ordered  set  (N,  >).  We  briefly  discuss  such 
systems  in  this  section.  This  material  will  be  discussed  more  broadly  in  Homology, 


Section  12.27  Suppose  we  are  given  a ring  R and  a sequence  of  A-modules 


Mi 


Mo 


Mo 


with  maps  as  indicated.  By  composing  successive  maps  we  obtain  maps  ipu*  : Mi  — » 
Mi / whenever  i > i'  such  that  moreover  ipa»  = ipin"  o tpa*  whenever  i > i'  > i" . 
Conversely,  given  the  system  of  maps  ipa'  we  can  set  ip,  = and  recover  the 

maps  displayed  above.  In  this  case 


lim  Mi  = {( Xi ) G X\Mi  | = Xi-i,  i = 2,3, . . .} 

compare  with  Categories,  Section  |4.15  As  explained  in  Homology,  Section  |12.27| 
this  is  actually  a limit  in  the  category  of  A-modules,  as  defined  in  Categories, 
Section  14.141 


03CA  Lemma  10.86.1.  Let  R be  a ring.  Let  0 — ► A*  — ► Lj  — ► Mi  — > 0 be  short  exact 
sequences  of  R-modules,  i > 1 which  fit  into  maps  of  short  exact  sequences 


0 s-  Kt  =»  l-i  Mi >■  0 

AAA 
0 f Aj+i >•  Li+ip  ~ Mi+ijCA'  0 


If  for  every  i there  exists  a c = c(i ) > i such  that  Im(Kc  -G  Jv,:)  = Im(I\j  -G  Ki) 
for  all  j > c,  then  the  sequence 

0 lim  K,  — > lim  Lj  — > lim  Mj  — > 0 


is  exact. 


Proof.  This  is  a special  case  of  the  more  general  Lemma [10. 85. 4| 


□ 
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10.87.  Mittag-Leffler  modules 

0599  A Mittag-Leffler  module  is  (very  roughly)  a module  which  can  be  written  as  a 
directed  limit  whose  dual  is  a Mittag-Leffler  system.  To  be  able  to  give  a precise 
definition  we  need  to  do  a bit  of  work. 

059A  Definition  10.87.1.  Let  (Mi,  fjj ) be  a directed  system  of  -R-modules.  We  say  that 
(Mi,  fij)  is  a Mittag-Leffler  directed  system  of  modules  if  each  M*  is  an  R- module 
of  finite  presentation  and  if  for  every  R-module  N,  the  inverse  system 

(RomR(Mi,N),KomR(fij,N)) 

is  Mittag-Leffler. 

We  are  going  to  characterize  those  R-modules  that  are  colimits  of  Mittag-Leffler 
directed  systems  of  modules. 

059B  Definition  10.87.2.  Let  / : M — » N and  g : M — ► M'  be  maps  of  R-modules. 

Then  we  say  g dominates  f if  for  any  R-module  Q,  we  have  Ker(/  ®R  Mq)  C 

Ker  (g  ®R  idQ). 

It  is  enough  to  check  this  condition  for  finitely  presented  modules. 

059C  Lemma  10.87.3.  Let  f : M — ► N and  g : M —>■  M’  be  maps  of  R-modules. 

Then  g dominates  f if  and  only  if  for  any  finitely  presented  R-module  Q,  we  have 

Ker(f  ®R  idQ)  C Ker(g  ®R  idQ). 

Proof.  Suppose  Ker(/  ©fl  idg)  C Ker(g  idg)  for  all  finitely  presented  modules 
Q.  If  Q is  an  arbitrary  module,  write  Q = colimig/  Qi  as  a colimit  of  a directed 
system  of  finitely  presented  modules  Qt.  Then  Ker(/  ®R  kIqJ  C Ker(g  ®R  idgj 
for  all  i.  Since  taking  directed  colimits  is  exact  and  commutes  with  tensor  product, 
it  follows  that  Ker(/  ®R  Mq)  C Ker(^  ®R  idg).  □ 

OAUM  Lemma  10.87.4.  Let  f : M N and  g : M -A  M1  be  maps  of  R-modules. 
Consider  the  pushout  of  f and  g, 

M ^ N 

f 

9 S' 

M'  — J—^  N' 

Then  g dominates  f if  and  only  if  f is  universally  injective. 

Proof.  Recall  that  N'  is  M'  © N modulo  the  submodule  consisting  of  elements 
(g(x),—f(x))  for  x £ M.  From  the  construction  of  N'  we  have  a short  exact 
sequence 

0 — > Ker(/)  n Ker(g)  — ► Ker (/)  -A  Ker(/')  — > 0. 

Since  tensoring  commutes  with  taking  pushouts,  we  have  such  a short  exact  se- 
quence 

0 ->■  Ker(/  © idQ)  n Ker (g  © idg)  -)•  Ker (/  © idQ)  ->•  Ker(/'  © idQ)  -)•  0 

for  every  J?-module  Q.  So  f is  universally  injective  if  and  only  if  Ker(/  © Mq)  C 
Ker  (g  © idg)  for  every  Q,  if  and  only  if  g dominates  /.  □ 

The  above  definition  of  domination  is  sometimes  related  to  the  usual  notion  of 
domination  of  maps  as  the  following  lemma  shows. 
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059D  Lemma  10.87.5.  Let  f : M — > N and  g : M — > M'  be  maps  of  R-modules. 
Suppose  Coker(f)  is  of  finite  presentation.  Then  g dominates  f if  and  only  if  g 
factors  through  f , i.e.  there  exists  a module  map  h : N -A  M'  such  that  g = h o /. 


Proof.  Consider  the  pushout  of  / and  g as  in  the  statement  of  Lemma  |10.87.4| 
From  the  construction  of  the  pushout  it  follows  that  Coker(/')  = Coker (/),  so 
Coker(/')  is  of  finite  presentation.  Then  by  Lemma  10.81.4|  /'  is  universally  injec- 
tive if  and  only  if 

0 ->  M'  A N'  -a  Coker(//)  -a  0 


splits.  This  is  the  case  if  and  only  if  there  is  a map  h!  : N'  — > M'  such  that 
h'  o f = id m>  ■ From  the  universal  property  of  the  pushout,  the  existence  of  such 
an  h!  is  equivalent  to  g factoring  through  /.  □ 


059E  Proposition  10.87.6.  Let  M be  an  R-module.  Let  (Mi,  fij)  be  a directed  system 
of  finitely  presented  R-modules , indexed  by  I,  such  that  M = colim  Mi . Let  fi  : 
Mi  -A  M be  the  canonical  map.  The  following  are  equivalent: 

(1)  For  every  finitely  presented  R-module  P and  module  map  f : P M , 

there  exists  a finitely  presented  R-module  Q and  a module  map  g : P —¥  Q 
such  that  g and  f dominate  each  other,  i.e.,  Ker(f  (&r  id n)  = Ker(g 
idjsr)  for  every  R-module  N . 

(2)  For  each  i € I,  there  exists  j > i such  that  fij  : Mi  — > Mj  dominates 
fi  '■  Mi  — ► M. 

(3)  For  each  i £ I , there  exists  j > i such  that  fij  : Mi  -A  Mj  factors  through 
fik  ■ Mi  — > Mk  for  all  k > i. 

(4)  For  every  R-module  N,  the  inverse  system  (Hom^(M,;,  N),  Homjj(/,j,  N)) 
is  Mittag-Leffler. 

(5)  For  N = nse/  Ms,  the  inverse  system  (Hornfj(Mj,  N),  Hom^fij,  N))  is 
Mittag-Leffler. 


Proof.  First  we  prove  the  equivalence  of  (1)  and  (2).  Suppose  (1)  holds  and  let 
i £ I.  Corresponding  to  the  map  fi  : Mi  -A  M,  we  can  choose  g : Afi  ->  Q as  in  (1). 
Since  Mi  and  Q are  of  finite  presentation,  so  is  Coker (g).  Then  by  Lemma  10.87.5| 
fi  : Mi  — » M factors  through  g : Mi  — > Q,  say  fi  = ho  g for  some  h : Q — ► M. 
Then  since  Q is  finitely  presented,  h factors  through  Mj  -A  M for  some  j > i,  say 


h = fj  o It!  for  some  h' 


Q — > Mj.  In  total  we  have  a commutative  diagram 


M 


Thus  fij  dominates  g.  But  g dominates  fi,  so  fij  dominates  fi. 

Conversely,  suppose  (2)  holds.  Let  P be  of  finite  presentation  and  / : P — > M a 
module  map.  Then  / factors  through  fi  : Mt  -A  M for  some  i £ I,  say  / = fio  g' 
for  some  g'  : P -A  Mj.  Choose  by  (2)  a j > i such  that  fij  dominates  fi.  We  have 
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a commutative  diagram 


From  the  diagram  and  the  fact  that  ftJ  dominates  fi , we  find  that  / and  fij  o g' 
dominate  each  other.  Hence  taking  g = fy  o g'  : P — > Mj  works. 


Next  we  prove  (2)  is  equivalent  to  (3).  Let  i £ I.  It  is  always  true  that  fi  dominates 
fik  for  k > i,  since  fi  factors  through  fik . If  (2)  holds,  choose  j > i such  that  fij 
dominates  fi.  Then  since  domination  is  a transitive  relation,  fij  dominates  fik  for 
k > i.  All  Mi  are  of  finite  presentation,  so  Coker(/A)  is  of  finite  presentation  for 
k > i.  By  Lemma  10.87.5  fij  factors  through  f \k  for  all  k > i.  Thus  (2)  implies 
(3).  On  the  other  hand,  if  (3)  holds  then  for  any  R-module  N,  fij  0#  id^r  factors 
through  f^  idjv  for  k>i.  So  Ker(/A  (£>_r  idjv)  C Ker(/y  0^  id^r)  for  k>i.  But 
Ker(/,;  (g>ij  idjv  : M,  0ij  N — > M 0«  N ) is  the  union  of  Ker (f^  idAr)  for  k > i. 
Thus  Ker(/j  id^)  C Ker  (fij  id^)  for  any  J?-module  N,  which  by  definition 
means  fij  dominates  fi. 


It  is  trivial  that  (3)  implies  (4)  implies  (5).  We  show  (5)  implies  (3).  Let  N = 
Else/  Ms.  If  (5)  holds,  then  given  i G I choose  j > i such  that 

Im(Hom(Mj, TV)  — ► Hom(Mi, N))  = Im(Hom(Mfc, N)  — > Horn (Mi,N)) 


for  all  k > j.  Passing  the  product  over  s £ I outside  of  the  Horn’s  and  looking  at 
the  maps  on  each  component  of  the  product,  this  says 


Im(Hom(Mj, Ms)  — ► Horn (M,,MS))  = Im(Hom(Mfc, Ms)  -A  Horn (M,,MS)) 
for  all  k > j and  s £ I.  Taking  s = j we  have 


Im(Hom -a  Horn (Mi,Mj))  = Im(Hom(Mfc,  Mj)  — >•  Horn (Mj,Mj)) 

for  all  k > j.  Since  fij  is  the  image  of  id  £ Horn (Mj,Mj)  under  Horn (Mj,Mj)  —>■ 
Horn  (Mi,Mj),  this  shows  that  for  any  k>  j there  is  h £ HomfM/.,  Mj)  such  that 
fij  = ho  fik.  If  j > k then  we  can  take  h = fkj-  Hence  (3)  holds.  □ 


059F  Definition  10.87.7.  Let  M be  an  i?-module.  We  say  that  M is  Mittag-Leffter  if 
the  equivalent  conditions  of  Proposition  |10.87.6|  hold. 


In  particular  a finitely  presented  module  is  Mittag-Leffler. 


059G  Remark  10.87.8.  Let  M be  a flat  i?-module.  By  Lazard’s  theorem  (Theorem 


10.80.4)  we  can  write  M = colimMj  as  the  colimit  of  a directed  system  {Mi,  fij) 


where  the  M,  are  free  finite  i?-modules.  For  M to  be  Mittag-Leffler,  it  is  enough  for 
the  inverse  system  of  duals  (Homfl(Mi,  R),  Hom^(/y , R ))  to  be  Mittag-Leffler.  This 
follows  from  criterion  (4)  of  Proposition  10.87.6  and  the  fact  that  for  a free  finite 
A-module  F,  there  is  a functorial  isomorphism  Hom^(i7',  R)  N = Horn r{F,N) 
for  any  i?-module  N. 


05CN  Lemma  10.87.9.  If  R is  a ring  and  M , N are  Mittag-Leffter  modules  over  R, 
then  M N is  a Mittag-Leffter  module. 
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Proof.  Write  M = colirru6j  Mj  and  N = colinijgj  Nj  as  directed  colimits  of 


finitely  presented  R-modules.  Denote  fa'  : Mj  — ► Mj/  and  g^y  : Nj  — > Nji  the 
transition  maps.  Then  Mj  &R  Nj  is  a finitely  presented  R-module  (see  Lemma 
10. 11.141,  and  M®rN  = colim(jj)ejxj  Mi  ®nMj.  Pick  (i,j)  € I x J.  By  the  defi- 


nition  of  a Mittag-Lefher  module  we  have  Proposition  10.87.6  (3)  for  both  systems. 
In  other  words  there  exist  i'  > i and  j'  > j such  that  for  every  choice  of  i"  > i and 


j”  > j there  exist  maps  a : Mi //  — > Mj/  and  b : My  — > Mj>  such  that  /jj/  = a o fa" 
and  Qjy  = bogjjn.  Then  it  is  clear  that  a<8>6  : Mj//  <EiRNj"  — > Mj/  ®RNj>  serves  the 
same  purpose  for  the  system  (Mj  <g) jj  Nj,  fa < g>  gy')-  Thus  by  the  characterization 
Proposition  10.87.6  (3)  we  conclude  that  M ®r  N is  Mittag-Lefher.  □ 


05CP  Lemma  10.87.10.  Let  R be  a ring  and  M an  R-module.  Then  M is  Mittag- 
Leffler  if  and  only  if  for  every  finite  free  R-module  F and  module  map  f : F M , 
there  exists  a finitely  presented  R-module  Q and  a module  map  g : F — > Q such 
that  g and  f dominate  each  other,  i.e.,  Ker(f  id n)  = Ker(g  (g)#  id^)  for  every 

R-module  N . 


Proof.  Since  the  condition  is  clear  weaker  than  condition  (1)  of  Proposition  10.87.6 


we  see  that  a Mittag-Lefher  module  satishes  the  condition.  Conversely,  suppose  that 
M satishes  the  condition  and  that  / : P — > M is  an  i?-module  map  from  a hnitely 
presented  -R-module  P into  M.  Choose  a surjection  F -A  P where  F is  a hnite  free 
R-module.  By  assumption  we  can  hnd  a map  F — » Q where  Q is  a hnitely  presented 
R-module  such  that  F — > Q and  F — > M dominate  each  other.  In  particular,  the 
kernel  of  F — > Q contains  the  kernel  of  F — i P,  hence  we  obtain  an  R-module  map 
g : P -»  Q such  that  F — i Q is  equal  to  the  composition  FaPaQ.  Let  N be 
any  R-module  and  consider  the  commutative  diagram 


F <Sir  N >■  Q N 


P N =/-  M N 


By  assumption  the  kernels  of  F<%)rN  — > Q®rN  and  F®rN  — > M ®rN  are  equal. 
Hence,  as  F ®r  N — ► P (g> r N is  surjective,  also  the  kernels  of  P ®r  N — > Q ®r  N 
and  P (g> r N M ®r  N are  equal.  □ 

05CQ  Lemma  10.87.11.  Let  R.  — > S be  a finite  and  finitely  presented  ring  map.  Let  M 
be  an  S -module.  If  M is  a Mittag-Leffler  module  over  S then  M is  a Mittag-Leffler 
module  over  R. 


Proof.  Assume  M is  a Mittag-Lefher  module  over  S.  Write  M = colimMj  as  a 
directed  colimit  of  hnitely  presented  R-modules  Mj.  As  M is  Mittag-Lefher  over  S 
there  exists  for  each  i an  index  j > i such  that  for  all  k > j there  is  a factorization 
fij  = h o fik  (where  h depends  on  i,  the  choice  of  j and  k).  Note  that  by  Lemma 
|10. 35.21]  the  modules  Mj  are  also  hnitely  presented  as  R-modules.  Moreover,  all 
the  maps  fij,  fik,  h are  maps  of  R-modules.  Thus  we  see  that  the  system  (Mj,  fij) 
satishes  the  same  condition  when  viewed  as  a system  of  R-modules.  Thus  M is 
Mittag-Lefher  as  an  R-module.  □ 

05CR  Lemma  10.87.12.  Let  R be  a ring.  Let  S = R/I  for  some  finitely  generated  ideal 
I . Let  M be  an  S-module.  Then  M is  a Mittag-Leffler  module  over  R if  and  only 
if  M is  a Mittag-Leffler  module  over  S. 
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Proof.  One  implication  follows  from  Lemma[l0.87.11[  To  prove  the  other,  assume 
M is  Mittag-Leffler  as  an  5-module.  Write  M = colimMj  as  a directed  colimit 
of  finitely  presented  5-modules.  As  I is  finitely  generated,  the  ring  5 is  finite  and 
finitely  presented  as  an  5-algebra,  hence  the  modules  Mi  are  finitely  presented  as 
5-modules,  see  Lemma  |10.35.2l|  Next,  let  N be  any  5-module.  Note  that  for 
each  i we  have  Horn^M,;,  N)  = Homs (Mj,  N)  as  5 — > 5 is  surjective.  Hence  the 
condition  that  the  inverse  system  (Hom^(Mi,  N))i  satisfies  Mittag-Leffler,  implies 
that  the  system  (Homs(Mj,  N))i  satisfies  Mittag-Leffler.  Thus  M is  Mittag-Leffler 
over  5 by  definition.  □ 


05CS 


Remark  10.87.13.  Let  5 — > 5 be  a finite  and  finitely  presented  ring  map.  Let  M 
be  an  5-module  which  is  Mittag-Leffler  as  an  5-module.  Then  it  is  in  general  not 
the  case  that  if  M is  Mittag-Leffler  as  an  5-module.  For  example  suppose  that  S is 
the  ring  of  dual  numbers  over  R , i.e.,  5 = 5©  Re  with  e2  = 0.  Then  an  5-module 
consists  of  an  5-module  M endowed  with  a square  zero  5-linear  endomorphism 
e : M — >•  M.  Now  suppose  that  M0  is  an  5-module  which  is  not  Mittag-Leffler. 
Choose  a presentation  F\  A-  Fq  — s > Mq  — > 0 with  5j  and  Fq  free  5-modules.  Set 
M = F\  © Fq  with 


0 0 

u 0 


: M 


M. 


Then  M/eM  = fq  8 M0  is  not  Mittag-Leffler  over  5 = S/eS,  hence 
Leffler  over  5 (see  Lemma  10.87.12 1.  On  the  other  hand,  M/eM  = 
which  would  be  Mittag-Leffler  over  5 if  M was,  see  Lemma  [10. 87. 9| 


not  Mittag- 
M 0g  S/eS 


10.88.  Interchanging  direct  products  with  tensor 

059H  Let  M be  an  5-module  and  let  ( Qa)aeA  be  a family  of  5-modules.  Then  there 
is  a canonical  map  M (nQe4(3a)  — t riaeA(-^  ®rQo)  given  on  pure  tensors 
by  x ® ( qa ) i— > {x  ® qa).  This  map  is  not  necessarily  injective  or  surjective,  as  the 
following  example  shows. 

0591  Example  10.88.1.  Take  5 = Z,  M = Q,  and  consider  the  family  Qn  = Z/n  for 
n > 1.  Then  Y\n(M  & Qn ) = 0.  However  there  is  an  injection  Q —tM®  (EL  Qn) 
obtained  by  tensorm^  the  injection  Z y 1 by  iW ^ so  0 (n„  Qn)  is  nonzero. 
Thus  M 0 (n„  Qn)  -t  n„(M  Qn)  is  not  injective. 

On  the  other  hand,  take  again  5 = Z,  M — Q,  and  let  Qn  = Z for  n > 1.  The 
image  of  M 0 (n„  <w->n„(M0Qn)  = nn  M consists  precisely  of  sequences  of 
the  form  (an/m)n> i with  an  £ Z and  m some  nonzero  integer.  Hence  the  map  is 
not  surjective. 


059J 


We  determine  below  the  precise  conditions  needed  on  M for  the  map  M 0# 
(TT  q,  Q a)  ^ na(M  C r Q a)  fo  be  surjective,  bijective,  oi  injective  for  all  choices  of 
( Qa)aeA ■ This  is  relevant  because  the  modules  for  which  it  is  injective  turn  out  to 
be  exactly  Mittag-Leffler  modules  (Proposition  10.88.5|).  In  what  follows,  if  M is 
an  5-module  and  A a set,  we  write  MA  for  the  product  YlaGA  M. 


Proposition  10.88.2.  Let  M be  an  R-module.  The  following  are  equivalent: 

(1)  M is  finitely  generated. 

(2)  For  every  family  ( Qa)aeA  of  R-modules,  the  canonical  map  M<S>R{Y\a  Qa)  y 
Ua(M  0r  Qa)  is  surjective. 
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(3)  For  every  R-module  Q and  every  set  A , the  canonical  map  M ®r  Qa  — ► 
(M  ®r  Q)a  is  surjective. 

(4)  For  every  set  A,  the  canonical  map  M ®r  RA  — > MA  is  surjective. 

Proof.  First  we  prove  (1)  implies  (2).  Choose  a surjection  Rn  — > M and  consider 
the  commutative  diagram 


Rn  (IL  Qa)  Yla(Rn  Q°) 

M ®R  (na  Qa)  IUM  ®R  Qa). 

The  top  arrow  is  an  isomorphism  and  the  vertical  arrows  are  surjections.  We 
conclude  that  the  bottom  arrow  is  a surjection. 

Obviously  (2)  implies  (3)  implies  (4),  so  it  remains  to  prove  (4)  implies  (1).  In  fact 
for  (1)  to  hold  it  suffices  that  the  element  d = (x )xeM  of  MM  is  in  the  image  of 
the  map  f : M ®r  Rm  — > MM . In  this  case  d = E”=i  f(xi  ® ai)  f°r  some  Xi  £ M 
and  ai  £ RAI . If  for  x £ M we  write  px  : MM  — ► M for  the  projection  onto  the 
x-th  factor,  then 

ETl  ^ Tl 

. Px{f(xi<S>ai))  = y Px(ai)xi. 

1=1  z 'l=l 

Thus  xi,...,xn  generate  M.  □ 


059K  Proposition  10.88.3.  Let  M be  an  R-module.  The  following  are  equivalent: 

(1)  M is  finitely  presented. 

(2)  For  every  family  (Qa)a&A  of  R-modules,  the  canonical  map  -M®i?(IIa  Qa) 
Yla(M®R  Qa)  is  bijective. 

(3)  For  every  R-module  Q and  every  set  A,  the  canonical  map  M ®r  Qa  -A 
(M  Q)a  is  bijective. 

(4)  For  every  set  A,  the  canonical  map  M ®r  Ra  -a  Ma  is  bijective. 

Proof.  First  we  prove  (1)  implies  (2).  Choose  a presentation  Rm  — > Rn  -A  M and 
consider  the  commutative  diagram 

Rm  ®R  (IL  Qa)  Rm  ®R  (Ila  Qa)  M ®R  0Ia  Qa)  0 

V 

Qa)  n a(Rn  ®R  Qa)  IIa(M  ®R  Qa)  0. 


The  first  two  vertical  arrows  are  isomorphisms  and  the  rows  are  exact.  This  implies 
that  the  map  M <S)r  (IlaQa)  ->  Ila(M®RQa)  is  surjective  and,  by  a diagram 
chase,  also  injective.  Hence  (2)  holds. 


Obviously  (2)  implies  (3)  implies  (4),  so  it  remains  to  prove  (4)  implies  (1).  From 
Proposition  10.88.2  if  (4)  holds  we  already  know  that  M is  finitely  generated.  So 
we  can  choose  a surjection  F — ► M where  F is  free  and  finite.  Let  K be  the  kernel. 
We  must  show  K is  finitely  generated.  For  any  set  A,  we  have  a commutative 
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diagram 


0 


K ®R  Ra 
h 

> I<A  — 


F®rRa 


M ®R  Ra >■  0 


^0. 


The  map  f±  is  an  isomorphism  by  assumption,  the  map  /2  is  a isomorphism  since 
F is  free  and  finite,  and  the  rows  are  exact.  A diagram  chase  shows  that  /3  is 
surjective,  hence  by  Proposition  |10. 88  22]  we  get  that  I\  is  finitely  generated.  □ 


We  need  the  following  lemma  for  the  next  proposition. 

059L  Lemma  10.88.4.  Let  M be  an  R-module,  P a finitely  presented  R-module,  and 
f : P — )•  M a map.  Let  Q be  an  R-module  and  suppose  x £ Ker(P  ® Q — > M ® Q). 
Then  there  exists  a finitely  presented  R-module  P'  and  a map  f : P — ► P'  such 
that  f factors  through  f and  x £ Ker(P  ® Q — >•  P'  ® Q)  ■ 


Proof.  Write  M as  a colimit  M = colim, e/  Mi  of  a directed  system  of  finitely 
presented  modules  Mi.  Since  P is  finitely  presented,  the  map  / : P — > M factors 
through  Mj  — > M for  some  j £ I.  Upon  tensoring  by  Q we  have  a commutative 
diagram 

Mj  (8)  Q 


P®Q >-  M <g>  Q. 

The  image  y of  x in  Mj  <g>  Q is  in  the  kernel  of  Mj  ® Q — > M ® Q.  Since  M ® Q = 
colim iei(Mi  ® Q),  this  means  y maps  to  0 in  Mjf  ® Q for  some  j'  > j.  Thus  we 
may  take  P'  = Mj>  and  f to  be  the  composite  P — »•  Mj  — > Mji . □ 

059M  Proposition  10.88.5.  Let  M be  an  R-module.  The  following  are  equivalent: 

(1)  M is  Mittag-Leffler. 

(2)  For  every  family  (Qa)a&A  of  R-modules,  the  canonical  map  Qa ) — ► 

Yla(M®R  Qa ) is  injective. 

Proof.  First  we  prove  (1)  implies  (2).  Suppose  M is  Mittag-Leffler  and  let  x 
be  in  the  kernel  of  M ®r  (IL  Qa)  -4  Yla(M  ®R  Qa).  Write  M as  a colimit 
M = colim,; 6/  Mi  of  a directed  system  of  finitely  presented  modules  Mi.  Then 
M ®R  (IL  Qa)  is  the  colimit  of  Mi  ®r  (Ua  Qa)-  So  x is  the  image  of  an  element 
Xi  £ Mi  ®R  (nQ  Qa)-  We  must  show  that  Xi  maps  to  0 in  Mj  ®r  (n«  Qa)  for  some 
j > i.  Since  M is  Mittag-Leffler,  we  may  choose  j > i such  that  Mj  — ► Mj  and 
Mi  -A  M dominate  each  other.  Then  consider  the  commutative  diagram 


M ®R  (IL  Qa)  ^ Yla(M  ®R  Qa) 

A 

®R  (IL  Qa)  — ^ n a (-Mi  ®R  Qa) 

V 

IlaW-^flQa) 


Mj  ®R  0IQ  Qa) 
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whose  bottom  two  horizontal  maps  are  isomorphisms,  according  to  Proposition 


10.88.3  Since  Xi  maps  to  0 in  Y\a{M  ®R  Qa ),  its  image  in  Y\a{Mi  ®R  Qa ) is  in 
the  kernel  of  the  map  Y\n{Mi  Qa ) — > Y[a{M  ®R  Qa).  But  this  kernel  equals 
the  kernel  of  Y\n{Mj  ®R  Qa ) — ;•  Y[a{Mj  ®R  Qa)  according  to  the  choice  of  j.  Thus 
Xi  maps  to  0 in  Yla(Mj  ®R  Qa)  and  hence  to  0 in  Mj  ®R  (J|Q  Qa)- 

Now  suppose  (2)  holds.  We  prove  M satisfies  formulation  (1)  of  being  Mittag- 
Leffler  from  Proposition  10.87.6  Let  / : P — ► M be  a map  from  a finitely  presented 
module  P to  M.  Choose  a set  B of  representatives  of  the  isomorphism  classes  of 
finitely  presented  P-modules.  Let  A be  the  set  of  pairs  (Q,x)  where  Q £ B and 
x £ Ker(P  g Q — > M g Q).  For  a = ( Q , x)  £ A,  we  write  Qa  for  Q and  xa  for  x. 
Consider  the  commutative  diagram 


m ®R  (nQ  Qa) 


P®R  dlaQa) 


T[a(M  ®rQ<*) 


Ua(P  ®R  Qa) 


The  top  arrow  is  an  injection  by  assumption,  and  the  bottom  arrow  is  an  isomor- 


phism by  Proposition  10.88.3  Let  x £ P(8>r  (Jla  Qa)  be  the  element  corresponding 


10.88.4 


to  (xa)  £ IIa(^C)R  Qa)  under  this  isomorphism.  Then  x £ Ker(P  (g>#  (Jl^  Qa) 
M®r  (Ua  Qa))  since  the  top  arrow  in  the  diagram  is  injective.  By  Lemma 
we  get  a finitely  presented  module  P'  and  a map  /'  : P — > P'  such  that  / : P — > M 
factors  through  f and  x £ Ker(P  ®R  (J|Q  Qa)  -A  P'  <g>R  (J|Q  Qa))-  We  have  a 
commutative  diagram 


PC 


~ia  Qa) 


P dla  Qa) 


■ Yla(P'  ®R  Qa) 

A 


Ila{P  Oi?  Qa) 


where  both  the  top  and  bottom  arrows  are  isomorphisms  by  Proposition  |10.88.3| 
Thus  since  x is  in  the  kernel  of  the  left  vertical  map,  ( xa ) is  in  the  kernel  of  the  right 
vertical  map.  This  means  xa  £ Ker(P  0^  Qa  — > P'  Qa)  for  every  a £ A.  By 
the  definition  of  A this  means  Ker(P(g)flQ  — > P'  0RQ)  D Ker  (P®RQ  — > M®RQ) 
for  all  finitely  presented  Q and,  since  / : P — > M factors  through  /'  : P — >■  P', 
actually  equality  holds.  By  Lemma  10.87.3  / and  f dominate  each  other.  □ 


0AS6  Lemma  10.88.6.  Let  M be  a flat  Mittag-Leffler  module  over  R.  Let  F be  an 
R-module  and  let  x £ F g)#  M.  Then  there  exists  a smallest  submodule  F'  C F 
such  that  x £ F'  ®RM. 

Proof.  Since  M is  flat  we  have  F'  ®R  M C F ®R  M if  F'  C F is  a submodule, 
hence  the  statement  makes  sense.  Let  I = {F'  C F \ x £ F'  ®R  M}  and  for  i £ I 
denote  Pj  C F the  corresponding  submodule.  Then  x maps  to  zero  under  the  map 


F ®R  M — » Y[(F/Fi  M) 


whence  by  Proposition  10. 


.5  x maps  to  zero  under  the  map 

f®rm—>  ( JJ p/p)  ®r m 

Since  M is  flat  the  kernel  of  this  arrow  is  (fj  Ffl)  (&R  M which  proves  the  lemma.  □ 
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059N 


0AS7 


059P 


Lemma  10.88.7.  Let  0 -A  Mi  -A  M2  -A  M3  -A  0 be  a universally  exact  sequence 
of  R-modules.  Then: 

(1)  If  Aft  is  Mittag-Leffter,  then  Mi  is  Mittag-Leffter. 

(2)  If  Mi  and  M3  are  Mittag-Leffter,  then  M2  is  Mittag-Leffter. 

Proof.  For  any  family  (Qa)aeA  of  R-modules  we  have  a commutative  diagram 

0 >-  Mi  (J|Q  Qa) »-  M2  <S)r  (JIq  Qa) > M3  (J|a  Qa ) >-  0 


0 njMr  Qa) na(M2  ® Qa) TL(M3  ® Qa) 0 


with  exact  rows.  Thus  (1)  and  (2)  follow  from  Proposition  10.88.5 


□ 


Lemma  10.88.8.  If  M = coliniM^  is  the  colimit  of  a directed  system  of  Mittag- 
Leffter  R-modules  Aft  with  universally  injective  transition  maps,  then  M is  Mittag- 
Leffter. 

Proof.  Let  (Qa)a&A  be  a family  of  .R-modules.  We  have  to  show  that  M <8>r 
(nQQ)^n  M®RQa  is  injective  and  we  know  that  Qa)  — > M,  ®nQa 

is  injective  for  each  i,  see  Proposition  110.88.51  Since  ® commutes  with  filtered 
colimits,  it  suffices  to  show  that  n Mi®R  q«  ->  n M 0^  Qa  is  injective.  This  is 
clear  as  each  of  the  maps  AIt  (g#  Qa  -a  M g#  Qa  is  injective  by  our  assumption 
that  the  transition  maps  are  universally  injective.  □ 


Lemma  10.88.9.  If  M = ©/eJ  Mi  is  a direct  sum  of  R-modules,  then  M is 
Mittag-Leffter  if  and  only  if  each  Mi  is  Mittag-Leffter. 


Proof.  The  “only  if”  direction  follows  from  Lemma  10.88.7|  (1)  and  the  fact  that 
a split  short  exact  sequence  is  universally  exact.  The  converse  follows  from  Lemma 
|10.88.8|but  we  can  also  argue  it  directly  as  follows.  First  note  that  if  I is  finite  then 
this  follows  from  Lemma  10.88.7  (2).  For  general  I,  if  all  Mi  are  Mittag-LefHer 


then  we  prove  the  same  of  M by  verifying  condition  (1)  of  Proposition  10.87.6 
Let  / : P — > M be  a map  from  a finitely  presented  module  P.  Then  / factors 


f' 

as  P — > c— ^ ©i6/  Mi  for  some  finite  subset  I'  of  I.  By  the  finite  case 

©i'e /'  Mi / is  Mittag-LefHer  and  hence  there  exists  a finitely  presented  module  Q 
and  a map  g : P -A  Q such  that  g and  / ' dominate  each  other.  Then  also  g and  / 
dominate  each  other.  □ 


Lemma  10.88.10.  Let  R -A  S be  a ring  map.  Let  M be  an  S-module.  If  S is 
Mittag-Leffter  as  an  R-module,  and  M is  flat  and  Mittag-Leffter  as  an  S-module, 
then  M is  Mittag-Leffter  as  an  R-module. 


05CT 
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Proof.  We  deduce  this  from  the  characterization  of  Proposition  |10. 88~5]  Namely, 
suppose  that  Qa  is  a family  of  f?-modules.  Consider  the  composition 

m ®r  IL  Qa  = M ®s  s Ua  Q<* 


Qa) 


IUM  ®S  ®nQa)  = na(M  ®R  Qa) 


The  first  arrows  is  injective  as  M is  flat  over  S and  S is  Mittag-Leffler  over  R and  the 
second  arrow  is  injective  as  M is  Mittag-Leffler  over  S.  Hence  M is  Mittag-Leffler 
over  R.  □ 
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05CU 
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We  use  the  discussion  on  interchanging  and  Cg>  to  determine  for  which  rings 
products  of  flat  modules  are  flat.  It  turns  out  that  these  are  the  so-called  coherent 
rings.  You  may  be  more  familiar  with  the  notion  of  a coherent  Ox-module  on  a 


ringed  space,  see  Modules,  Section  17.12 


Definition  10.89.1.  Let  R be  a ring.  Let  M be  an  l?-module. 

(1)  We  say  M is  a coherent  module  if  it  is  finitely  generated  and  every  finitely 
generated  submodule  of  M is  finitely  presented  over  R. 

(2)  We  say  R is  a coherent  ring  if  it  is  coherent  as  a module  over  itself. 


Thus  a ring  is  coherent  if  and  only  if  every  finitely  generated  ideal  is  finitely  pre- 
sented as  a module.  The  category  of  coherent  modules  is  abelian. 

05CW  Lemma  10.89.2.  Let  R be  a ring. 

(1)  A finite  submodule  of  a coherent  module  is  coherent. 

(2)  Let  <p  : N M be  a homomorphism  from  a finite  module  to  a coherent 
module.  Then  Ker(tp)  is  finite. 

(3)  Let  ip  : N —>  M be  a homomorphism  of  coherent  modules.  Then  Ker(ip) 
and  Coker(ip)  are  coherent  modules. 

(4)  Given  a short  exact  sequence  of  R-modules  0 — > Mi  — > M2  — > M3  -)  0 i/ 
two  out  of  three  are  coherent  so  is  the  third. 


Proof.  The  first  statement  is  immediate  from  the  definition.  During  the  rest  of 
the  proof  we  will  use  the  results  of  Lemma  |10.5.3|  without  further  mention. 


Let  ip  : N — »•  M satisfy  the  assumptions  of  (2).  Suppose  that  N is  generated  by 
x±, . . . , xn.  By  Definition  10.89.1  the  kernel  K of  the  induced  map  ©"=1  R — > M7 
ei  i — ^ p>(xi)  is  of  finite  type.  Hence  Ker(</?)  which  is  the  image  of  the  composition 
I\  — t ©”=1  R — ► N is  of  finite  type.  This  proves  (2). 


Let  ip  : N — > M satisfy  the  assumptions  of  (3).  By  (2)  the  kernel  of  <p  is  of  finite 
type  and  hence  by  (1)  it  is  coherent. 


With  the  same  hypotheses  let  us  show  that  Coker(^)  is  coherent.  Since  M is 
finite  so  is  Coker(</?).  Let  Xi  £ Coker(^).  We  have  to  show  that  the  kernel  of  the 
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associated  morphism  T : ®"=1  R — ► Coker  (ip)  is  finite.  Choose  Xi  £ M lifting  xt. 
Thus  4/  lifts  to  T : ®"=1  R — » M.  Consider  the  following  diagram 

0 >-  Ker(l-) ®"=1  R >■  M ^ 0 


0 s-  Ker(\l/) ® "=1  R s-  Coker(<p) 0 


By  the  snake  lemma  we  get  a short  exact  sequence  0 — > Ker(4/)  — ► Ker('I')  — ► 
Im(y>)  — > 0.  Hence  we  see  that  Ker('L)  is  finite. 

Statement  (4)  follows  from  (3). 

Let  0 — > Mi  — ► M2  — ► M3  — > 0 be  a short  exact  sequence  of  R-modules.  It  suffices 
to  prove  that  if  Mi  and  M3  are  coherent  so  is  M2.  By  Lemma[i0.5.3|we  see  that  M2 
is  finite.  Let  x\> . . . , xn  be  finitely  many  elements  of  M2.  We  have  to  show  that  the 
module  of  relations  K between  them  is  finite.  Consider  the  following  commutative 
diagram 

0 0 ®IU  R ®”=1  R 0 

Y Y V 

0 >-  Mi >■  AI2 M3 >■  0 

with  obvious  notation.  By  the  snake  lemma  we  get  an  exact  sequence  0 — > K — ► 

K3  — > Mi  where  K3  is  the  module  of  relations  among  the  images  of  the  Xi  in  M3. 
Since  M3  is  coherent  we  see  that  K3  is  a finite  module.  Since  Mi  is  coherent  we 
see  that  the  image  I of  K3  — > Mi  is  coherent.  Hence  K is  the  kernel  of  the  map 
K3  — > I between  a finite  module  and  a coherent  module  and  hence  finite  by  (2).  □ 

05CX  Lemma  10.89.3.  Let  R be  a ring.  If  R is  coherent,  then  a module  is  coherent  if 
and  only  if  it  is  finitely  presented. 


Proof.  It  is  clear  that  a coherent  module  is  finitely  presented  (over  any  ring). 
Conversely,  if  R is  coherent,  then  R®n  is  coherent  and  so  is  the  cokernel  of  any 
map  f?®? 


R®n , see  Lemma|10.89.2 
05CY  Lemma  10.89.4.  A Noetherian  ring  is  a coherent  ring. 


□ 


Proof.  By  Lemma  [10. 30.4  any  finite  .R-module  is  finitely  presented.  In  particular 
any  ideal  of  R is  finitely  presented.  □ 


05CZ  Proposition  10.89.5.  Let  R be  a ring.  The  following  are  equivalent 

(1)  R is  coherent, 

(2)  any  product  of  flat  R-modules  is  flat,  and 

(3)  for  every  set  A the  module  RA  is  flat. 


This  is  |Cha601 
Theorem  2.1]. 


Proof.  Assume  R coherent,  and  let  Qa,  a £ A be  a set  of  flat  .R-modules.  We  have 
to  show  that  JIq  Qa  ~ t II  Qa  is  injective  for  every  finitely  generated  ideal  I of 
R,  see  Lemma[l0.38.5|  Since  R is  coherent  I is  an  R-module  of  finite  presentation. 
Hence  I UaQa=Ul  'Sir  Qa  by  Proposition  |10.88.3|  The  desired  injectivity 
follows  as  / (g)fl  Qa  — > Qa  is  injective  by  flatness  of  Qa. 


The  implication  (2)  =>  (3)  is  trivial. 
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Assume  that  the  A-module  RA  is  flat  for  every  set  A.  Let  / be  a finitely  generated 
ideal  in  R.  Then  I®rRa  — >•  RA  is  injective  by  assumption.  By  Proposition  10.88.2 
and  the  finiteness  of  / the  image  is  equal  to  IA . Hence  I ®r  Ra  = IA  for  every  set 


A and  we  conclude  that  / is  finitely  presented  by  Proposition  10.88.3 


□ 


10.90.  Examples  and  non-examples  of  Mittag-Leffler  modules 


059Q  We  end  this  section  with  some  examples  and  non-examples  of  Mittag-Leffler  mod- 
ules. 

059R  Example  10.90.1.  Mittag-Leffler  modules. 

(1)  Any  finitely  presented  module  is  Mittag-Leffler.  This  follows,  for  instance, 


from  Proposition  10.87.6  (1).  In  general,  it  is  true  that  a finitely  generated 


module  is  Mittag-Leffler  if  and  only  it  is  finitely  presented.  This  follows 
from  Propositions  |10.88.2[  |10.88.3|  and  |10.88.5| 

(2)  A free  module  is  Mittag-Leffler  since  it  satisfies  condition  (1)  of  Proposi- 
tion [TtEZSI 


(3)  By  the  previous  example  together  with  Lemma  10.88.9  projective  modules 
are  Mittag-Leffler. 


We  also  want  to  add  to  our  list  of  examples  power  series  rings  over  a Noetherian 
ring  R.  This  will  be  a consequence  the  following  lemma. 

059S  Lemma  10.90.2.  Let  M be  a flat  R-module.  The  following  are  equivalent 

(1)  M is  Mittag-Leffler,  and 

(2)  if  F is  a finite  free  R-module  and  x £ F<S>rM , then  there  exists  a smallest 
submodule  F'  of  F such  that  x £ F'  ®r  M . 


Proof.  The  implication  (1)  =>  (2)  is  a special  case  of  Lemma  10.88.6  Assume  (2). 


By  Theorem  |10.80.4  we  can  write  M as  the  colimit  M = colinpg/  Mi  of  a directed 


system  (Mi,  fa)  of  finite  free  -R-modules.  By  Remark  10.87.8  it  suffices  to  show 


that  the  inverse  system  (Homjj(Mi,  R),  Hom^(/ij-,  R))  is  Mittag-Leffler.  In  other 
words,  fix  i £ I and  for  j > i let  Qj  be  the  image  of  Horn R(Mj,R)  — > Hom^(Mi,  R)- 
we  must  show  that  the  Qj  stabilize. 


Since  M,;  is  free  and  finite,  we  can  make  the  identification  Horn R(Mi,Mj)  = 
Horn n(Mi,  R)  ®r  Mj  for  all  j.  Using  the  fact  that  the  Mj  are  free,  it  follows  that 
for  j > i,  Qj  is  the  smallest  submodule  of  Horn R(Mi,  R)  such  that  fa  £ Qj  ®r  Mj. 
Under  the  identification  Homjj(Mj,  M)  = Horn R(Mj,  R)  <&r  M,  the  canonical  map 
fi  : Mi  — ► M is  in  Hom^(Afi,i?)  <S)r  M.  By  the  assumption  on  M,  there  exists  a 
smallest  submodule  Q of  Horn r(Mi,  R)  such  that  fi  G Q ®r  M.  We  are  going  to 
show  that  the  Qj  stabilize  to  Q. 


For  j >i  we  have  a commutative  diagram 


Qj  ®r  Mj Horn r(Mi,  R)  ®r  Mj 

Qj  (g )R  M s-  Horn R(Mj,R)  M. 


Since  G Qj  ®r  Mj  maps  to  fi  £ Horn M,  it  follows  that  /,  £ 
Qj  M.  Hence,  by  the  choice  of  Q , we  have  Q C Qj  for  all  j > i. 
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05D0 


059T 


059U 


Since  the  Qj  are  decreasing  and  Q C Qj  for  all  j > i,  to  show  that  the  Qj  stabilize 
to  Q it  suffices  to  find  a j > i such  that  Qj  C Q.  As  an  element  of 

Horn R(Mi,  R)  ®R  M = colimjej(Homfl(Mi,  R)  ®R  Mj ), 
fi  is  the  colimit  of  fij  for  j > i,  and  fi  also  lies  in  the  submodule 

coffin j<zj(Q  ®R  Mj ) C colinij-g j(Homfl(Mj,  R)  ®R  Mj). 

It  follows  that  for  some  j > i,  fij  lies  in  Q ®R  Mj.  Since  Qj  is  the  smallest 
submodule  of  Horn R(Mi:  R)  with  fij  £ Qj  ®R  Mj,  we  conclude  Qj  C Q.  □ 

Lemma  10.90.3.  Let  R be  a Noetherian  ring  and  A a set.  Then  M = RA  is  a 
flat  and  Mittag-Leffler  R-module. 

Proof.  Combining  Lemma  |10.89.4|  and  Proposition  |10.89.5  we  see  that  M is  flat 
over  R.  We  show  that  M satisfies  the  condition  of  Lemma  TlO. 90.21  Let  F be  a free 
finite  R-module.  If  F'  is  any  submodule  of  F then  it  is  finitely  presented  since  R 


is  Noetherian.  So  by  Proposition  10.88.3  we  have  a commutative  diagram 

F'  <g>fl  M F ®R  M 


■ F/ 


( F’)A 

by  which  we  can  identify  the  map  F'  ®R  M — ► F ®R  M with  ( F')A  — >■  FA.  Hence  if 
x £ F ®R  M corresponds  to  (xa)  £ FA,  then  the  submodule  of  F'  of  F generated 
by  the  xa  is  the  smallest  submodule  of  F such  that  x £ F'  ®R  M.  □ 

Lemma  10.90.4.  Let  R be  a Noetherian  ring  and  n a positive  integer.  Then  the 
R-module  M = R[[ti, . . . ,tn]]  is  flat  and  Mittag-Leffler. 

Proof.  As  an  .R-module,  we  have  M = RA  for  a (countable)  set  A.  Hence  this 
lemma  is  a special  case  of  Lemma  |10.90.3|  □ 

Example  10.90.5.  Non  Mittag-Leffler  modules. 


(1) 

(2) 

(3) 


By  Example  10.88.1  and  Proposition  10.88.5 
Z-module. 


Q is  not  a Mittag-Leffler 


We  prove  below  (Theorem  10.92.3 ) that  for  a flat  and  countably  generated 
module,  projectivity  is  equivalent  to  being  Mittag-Leffler.  Thus  any  flat, 
countably  generated,  non-projective  module  M is  an  example  of  a non- 
Mittag-Leffler  module.  For  such  an  example,  see  Remark  |10. 77. 3| 

Let  k be  a field.  Let  R = fc[[ar]].  The  R-module  M = HraeN  R/(xn)  is  not 
Mittag-Leffler.  Namely,  consider  the  element  f = (£i,  £2, £3,  ■ ■ •)  defined 
by  £2™  = x 2™  and  fn  = 0 else,  so 

£ = (0,  x , 0,  x2, 0, 0, 0,  x4, 0, 0, 0, 0, 0, 0, 0,  x8, . . .) 

Then  the  annihilator  of  £ in  M/x2m  M is  generated  x2™  1 for  m » 0.  But 
if  M was  Mittag-Leffler,  then  there  would  exist  a finite  R-module  Q and 
an  element  £f  £ Q such  that  the  annihilator  of  f in  Q/xlQ  agrees  with 
the  annihilator  of  £ in  M/xlM  for  all  l > 1,  see  Proposition  10.87.6  (1). 


Now  you  can  prove  there  exists  an  integer  a > 0 such  that  the  annihilator 
of  £'  in  Q/xlQ  is  generated  by  either  xa  or  xl~a  for  all?  0 (depending 
on  whether  £'  £ Q is  torsion  or  not).  The  combination  of  the  above  would 
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(4) 

(5) 


give  for  alH  = 2m  >>  0 the  equality  a = 1/2  or  l — a = 1/2  which  is 
nonsensical. 

The  same  argument  shows  that  (x)-adic  completion  of  ®„eN  R/{xn)  is 
not  Mittag-Leffler  over  R = fc[[x]]  (hint:  £ is  actually  an  element  of  this 
completion) . 

Let  R = k[a,  b]/(a 2,  ab,  b 2).  Let  S be  the  finitely  presented  R-algebra  with 
presentation  S = R[t]/(at  — b).  Then  as  an  R-module  S is  countably 
generated  and  indecomposable  (details  omitted).  On  the  other  hand,  R 
is  Artinian  local,  hence  complete  local,  hence  a henselian  local  ring,  see 
Lemma  10.148.10  If  S was  Mittag-Leffler  as  an  R-module,  then  it  would 
be  a direct  sum  of  finite  R-modules  by  Lemma  10.148.32  Thus  we  con- 
clude that  S is  not  Mittag-Leffler  as  an  R-module. 


10.91.  Countably  generated  Mittag-Leffler  modules 

05D1  It  turns  out  that  countably  generated  Mittag-Leffler  modules  have  a particularly 
simple  structure. 

059W  Lemma  10.91.1.  Let  M be  an  R-module.  Write  M = colinijgj  Mt  where  (. Mj , f,j ) 
is  a directed  system  of  finitely  presented  R-modules.  If  M is  Mittag-Leffler  and 
countably  generated,  then  there  is  a directed  countable  subset  I'  C / such  that 
M = coliiUjg//  Mi . 


Proof.  Let  xi,x%, . . . be  a countable  set  of  generators  for  M.  For  each  xn  choose 
i £ I such  that  xn  is  in  the  image  of  the  canonical  map  fi  : Mi  — > M;  let  I'0  C / 
be  the  set  of  all  these  i.  Now  since  M is  Mittag-Leffler,  for  each  i £ I'0  we  can 


choose  j £ I such  that  j > i and  fij  : Mi  — > Mj  factors  through  fa-  : Mi  — > Mk 
for  all  k > i (condition  (3)  of  Proposition  10.87.6);  let  I[  be  the  union  of  I'0  with 
all  of  these  j.  Since  I[  is  a countable,  we  can  enlarge  it  to  a countable  directed  set 
I'2  C /.  Now  we  can  apply  the  same  procedure  to  I'2  as  we  did  to  I'0  to  get  a new 
countable  set  I'3  C I.  Then  we  enlarge  I'3  to  a countable  directed  set  I 'A.  Continuing 
in  this  way — adding  in  a j as  in  Proposition 


10.87.6 


(3)  for  each  i £ I't  if  I is  odd 
and  enlarging  I't  to  a directed  set  if  l is  even — we  get  a sequence  of  subsets  I't  C I 
for  £ > 0.  The  union  I'  = (J  I't  satisfies: 


(1)  /'  is  countable  and  directed; 

(2)  each  xn  is  in  the  image  of  fi  : 

(3)  if  i G then  there  is  j £ 


Mi  — > M for  some  i £ 

I ' such  that  j > i and 


fij  ■■  Mi 


Mi 


factors  through  f,k  : Mi  —$■  Mk  for  all  k 
Ker (fik)  C Ker (fa)  for  k > i. 


£ / with  k > i.  In  particular 


We  claim  that  the  canonical  map  colimig/'  Mj  — » colim,e  j Mi  = M is  an  isomor- 
phism. By  (2)  it  is  surjective.  For  injectivity,  suppose  x £ colinijg//  Mi  maps  to  0 
in  colinijg/Mj.  Representing  x by  an  element  x £ Mj  for  some  * £ I' , this  means 
that  fik(x ) = 0 for  some  k £ I,k  > i.  But  then  by  (3)  there  is  j £ j > i,  such 
that  fij(x)  = 0.  Hence  x = 0 in  colinijg//  Mj.  □ 


Lemma  [10. 91. 1|  implies  that  a countably  generated  Mittag-Leffler  module  M over 
R is  the  colimit  of  a system 


Mi  -»  M2  ->  M3  ->•  M4  ->•  . . . 

with  each  M„  a finitely  presented  R-module.  To  see  this  argue  as  in  the  proof  of 
Lemma[l0.85.3|to  see  that  a countable  directed  partially  ordered  set  has  a cofinal 
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subset  isomorphic  to  (N,  >).  Suppose  R = k[x 1,0:2,  £3, . . .]  and  M = R/(xi).  Then 
M is  finitely  generated  but  not  finitely  presented,  hence  not  Mittag-Leffler  (see 
Example  10.90.1  part  (1)).  But  of  course  you  can  write  M = colim„  Mn  by  taking 
Mn  = R/(x i, . . . ,xn),  hence  the  condition  that  you  can  write  M as  such  a limit 
does  not  imply  that  M is  Mittag-Leffler. 


05D2  Lemma  10.91.2.  Let  R be  a ring.  Let  M be  an  R-module.  Assume  M is  Mittag- 
Leffler  and  countably  generated.  For  any  R-module  map  f : P -A  M with  P finitely 
generated  there  exists  an  endomorphism  a : M M such  that 

(1)  a : M -A  M factors  through  a finitely  presented  R-module,  and 

(2)  ao  f = f . 


Proof.  Write  M = colinpg/  M, 
modules  with  I countable,  see  Lemma|10.91.1 


as  a directed  colimit  of  finitely  presented  R- 
The  transition  maps  are  denoted  fl3 


and  we  use  /,;  : Mj  -A  M to  denote  the  canonical  maps  into  M.  Set  N = Else/ 
Denote 


m: 


= Horn R(Mi , N)  = TT  Horn R{Mi , Ms ) 


so  that  (M*)  is  an  inverse  system  of  f?-modules  over  I.  Note  that  Hom^j(M,  N)  = 
lim  M* . As  M is  Mittag-Leffler,  we  find  for  every  i £ / an  index  k(i)  > i such  that 

Ei  :=  ->•  Mt)  = I — > M*) 

-A  M).  This  is  possible  as 
0,  idMk , 0, . . . , 0)  e Mf.  and 


Choose  and  fix  j £ I such  that  Im(P  — > M ) C Im(My 
P is  finitely  generated.  Set  k = k(j).  Let  x = (0, . . . , 
note  that  this  maps  to  y = (0, . . . , 0,  fjk,  0, . . . , 0)  £ M*.  By  our  choice  of  k we  see 
that  y £ Ej.  By  Example  10.85.2  the  transition  maps  Ei  — > Ej  are  surjective  for 


each  i > j and  limPj  = lim  M*  = Honifj(M,  N).  Hence  Lemma  10.85.3  guarantees 
there  exists  an  element  z £ Hom/j(M,  N)  which  maps  to  y in  Ej  C M* . Let  be 
the  fcth  component  of  2.  Then  Zk  '■  M —>  Mk  is  a homomorphism  such  that 


M 

fj 


M, 


commutes.  Let  a : M — ► M be  the  composition  /*.  o : M — ► M l M.  Then  a 

factors  through  a finitely  presented  module  by  construction  and  ao  fj  = fj . Since 
the  image  of  / is  contained  in  the  image  of  fj  this  also  implies  that  a o f = f.  □ 


We  will  see  later  (see  Lemma  10.148.32 ) that  Lemma  10.91.2  means  that  a countably 
generated  Mittag-Leffler  module  over  a henselian  local  ring  is  a direct  sum  of  finitely 
presented  modules. 


10.92.  Characterizing  projective  modules 


059V 


059X 


The  goal  of  this  section  is  to  prove  that  a module  is  projective  if  and  only  if  it 
is  flat,  Mittag-Leffler,  and  a direct  sum  of  countably  generated  modules  (Theorem 


10.92.3  below). 


Lemma  10.92.1.  Let  M be  an  R-module.  If  M is  flat,  Mittag-Leffler,  and  count- 
ably generated,  then  M is  projective. 
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Proof.  By  Lazard’s  theorem  (Theorem|10.80.4|,  we  can  write  M = colimjgj  Mj  for 
a directed  system  of  finite  free  R-modules  (Mj,  fjj ) indexed  by  a set  I.  By  Lemma 
|10.91.1[  we  may  assume  I is  countable.  Now  let 

0 — ^ N i — ^ N2  — ^ IV3  — ^ 0 

be  an  exact  sequence  of  R-modules.  We  must  show  that  applying  Hoitir(M,  — ) 
preserves  exactness.  Since  Mj  is  finite  free, 

0 -A-  Hom#(Mj,  Ni)  -A  HomR(Mi,  N2)  -A  Horn^Mj,  N3)  -A  0 

is  exact  for  each  i.  Since  M is  Mittag-Leffler,  (Hom^Mj,  N3))  is  a Mittag-Leffler 
inverse  system.  So  by  Lemma[l0.85.4[ 

0 -A  linijgj  Hom/j(Mj,  W)  -4  linijgj  Homfl(Mj,  N2)  -A  linijgj  Homi?(Mj,  N3)  -A  0 

is  exact.  But  for  any  R- module  N there  is  a functorial  isomorphism  Hom^M,  N ) = 
linijgj  Hom/j(Afj,  TV),  so 

0 — > Homfl(M,  Ni)  -A  Homfl^M,  A^2)  — >■  Hom^(M,  N3)  — > 0 
is  exact.  □ 


059Y 


Remark  10.92.2.  Lemma|l0.92.1  does  not  hold  without  the  countable  generation 
assumption.  For  example,  the  Z-module  M = Z[[x]]  is  flat  and  Mittag-Leffler  but 
not  projective.  It  is  Mittag-Leffler  by  Lemma  |10.90.4|  Subgroups  of  free  abelian 
groups  are  free,  hence  a projective  Z-module  is  in  fact  free  and  so  are  its  submodules. 
Thus  to  show  M is  not  projective  it  suffices  to  produce  a non-free  submodule.  Fix 
a prime  p and  consider  the  submodule  N consisting  of  power  series  f(x)  = ciiX1 
such  that  for  every  integer  m > 1,  pm  divides  a.j  for  all  but  finitely  many  i.  Then 
a iplxl  is  in  N for  all  aj  G Z,  so  N is  uncountable.  Thus  if  N were  free  it  would 
have  uncountable  rank  and  the  dimension  of  N/pN  over  Z /p  would  be  uncountable. 
This  is  not  true  as  the  elements  xl  G N/pN  for  i > 0 span  N/pN . 


059Z  Theorem  10.92.3.  Let  M be  an  R-module.  Then  M is  projective  if  and  only  it 
satisfies: 

(1)  M is  fiat, 

(2)  M is  Mittag-Leffler, 

(3)  M is  a direct  sum  of  countably  generated  R-modules. 


Proof.  First  suppose  M is  projective.  Then  M is  a direct  summand  of  a free  mod- 
ule, so  M is  flat  and  Mittag-Leffler  since  these  properties  pass  to  direct  summands. 
By  Kaplansky’s  theorem  (Theorem  10.83.5),  M satisfies  (3). 


Conversely,  suppose  M satisfies  (l)-(3).  Since  being  flat  and  Mittag-Leffler  passes 
to  direct  summands,  M is  a direct  sum  of  flat,  Mittag-Leffler,  countably  generated 
R-modules.  Lemma[l0.92.1|implies  M is  a direct  sum  of  projective  modules.  Hence 
M is  projective.  □ 


05A0  Lemma  10.92.4.  Let  f : M N be  universally  injective  map  of  R-modules. 
Suppose  M is  a direct  sum  of  countably  generated  R-modules,  and  suppose  N is  fiat 
and  Mittag-Leffler.  Then  M is  projective. 


Proof.  By  Lemmas  |10.81.7|  and  10.88.7[  M is  flat  and  Mittag-Leffler,  so  the  con- 
clusion follows  from  Theorem  IIP. 92.31  □ 
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05A1  Lemma  10.92.5.  Let  R be  a Noetherian  ring  and  let  M be  a R-module.  Sup- 
pose M is  a direct  sum  of  countably  generated  R-modules,  and  suppose  there  is  a 
universally  injective  map  M — » R[[fi, . . . , tn]]  for  some  n.  Then  M is  projective. 

Proof.  Follows  from  Lemmas  110.92.41  and  110.90.41  □ 

10.93.  Ascending  properties  of  modules 

05A2  All  of  the  properties  of  a module  in  Theorem  |10.92.3|  ascend  along  arbitrary  ring 
maps: 

05A3  Lemma  10.93.1.  Let  R — ► S be  a ring  map.  Let  M be  an  R-module.  Then: 

(1)  If  M is  fiat , then  the  S -module  M 0r  S is  flat. 

(2)  If  M is  Mittag-Leffter,  then  the  S -module  M S is  Mittag-Leffter. 

(3)  If  M is  a direct  sum  of  countably  generated  R-modules,  then  the  S -module 
M ®r  S is  a direct  sum  of  countably  generated  S -modules. 

(4)  If  M is  projective,  then  the  S -module  M (8r  S is  projective. 

Proof.  All  are  obvious  except  (2).  For  this,  use  formulation  (3)  of  being  Mittag- 
Leffler  from  Proposition  |10.87.6|  and  the  fact  that  tensoring  commutes  with  taking 
colimits.  □ 


10.94.  Descending  properties  of  modules 

05A4  We  address  the  faithfully  flat  descent  of  the  properties  from  Theorem  |10. 92. 3|  that 
characterize  projectivity.  In  the  presence  of  flatness,  the  property  of  being  a Mittag- 
Leffler  module  descends: 


05A5  Lemma  10.94.1.  Let  A — > S be  a faithfully  flat  ring  map.  Let  M be  an  R-module. 
If  the  S -module  M S is  Mittag-Leffter,  then  M is  Mittag-Leffter. 


Proof.  Write  M = colim,e  jM-,  as  a directed  colimit  of  finitely  presented  .R-modules 
Mi.  Using  Proposition  10.87.6  we  see  that  we  have  to  prove  that  for  each  i £ I 
there  exists  i < j,  j £ I such  that  Mi  — > Mj  dominates  Mi  — > M. 


Email  from  Juan 
Pablo  Acosta  Lopez 
dated  12/20/14. 


Take  N the  pushout 

Mi ->  Mj 


M N 

Then  the  lemma  is  equivalent  to  the  existence  of  j such  that  Mj  — > N is  universally 
injective,  see  Lemma  [10.87. 4|  Observe  that  the  tensorization  by  S 


Mi  <S>r  S Mj  ®R  S 

M®rS n®rs 


Is  a pushout  diagram.  So  because  M S = colim,e/ Mi  ®r  S expresses  M <8 )r  S as 
a colimit  of  R-modules  of  finite  presentation,  and  M ®r  S is  Mittag-Leffler,  there 
exists  j > i such  that  Mj  S -4  N S is  universally  injective.  So  using  that 
R — > S is  faithfully  flat  we  conclude  that  Mj  — > N is  universally  injective  too.  □ 
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05A6 


05A7 


05A8 


05A9 


At  this  point  the  faithfully  flat  descent  of  countably  generated  projective  modules 
follows  easily. 

Lemma  10.94.2.  Let  R — ► S be  a faithfully  flat  ring  map.  Let  M he  an  R-module. 
If  the  S-module  M ®RS  is  countably  generated  and  projective,  then  M is  countably 
generated  and  projective. 


Proof.  Follows  from  Lemma [BlilTjj  Lemma flO. 94. 1[  the  fact  that  countable  gen- 


eration descends,  and  Theorem  10.92.3 


□ 


All  that  remains  is  to  use  devissage  to  reduce  descent  of  projectivity  in  the  general 
case  to  the  countably  generated  case.  First,  two  simple  lemmas. 

Lemma  10.94.3.  Let  R —¥  S be  a ring  map,  let  M be  an  R-module,  and  let  Q 
be  a countably  generated  S -submodule  of  M ®R  S.  Then  there  exists  a countably 
generated  R-submodule  P of  M such  that  Im{P  ®R  S — >•  M <&R  S ) contains  Q. 


Proof.  Let  y\,  3/2,  ■ • • be  generators  for  Q and  write  yj  = Xjk  <S>  Sjk  for  some 
Xjk  £ M and  Sjk  £ S.  Then  take  P be  the  submodule  of  M generated  by  the 
x jk-  c i 

Lemma  10.94.4.  Let  R -£  S be  a ring  map,  and  let  M be  an  R-module.  Suppose 
M ®R  S - ©*£/  Qi  is  a direct  sum  of  countably  generated  S -modules  Qi.  If  N is  a 
countably  generated  submodule  of  M , then  there  is  a countably  generated  submodule 
N ' of  M such  that  N'  D N and  Im{N'  ®R  S M t$R  S ) = Qi  for  some 

subset  I'  C I. 


Proof.  Let  Nq  = N.  We  construct  by  induction  an  increasing  sequence  of  count- 
ably generated  submodules  N'(  C M for  £ = 0, 1,  2, . . . such  that:  if  I't  is  the  set 
of  i £ I such  that  the  projection  of  Im(Ay'  <g>R  S — > M tg>R  S ) onto  Qi  is  nonzero, 
then  Im(A^+1  S — ¥ M ®R  S ) contains  Qi  for  all  i £ I'v  To  construct  N'l+1 
from  N't,,  let  Q be  the  sum  of  (the  countably  many)  Qi  for  i £ I\,  choose  P as  in 

= N't  - 


Lemma 


10.94.3 


and  then  let  N't+l 


N'  = !JpV]""and  /'  = I'e- 


■ P.  Having  constructed  the  N'e,  just  take 

□ 


Theorem  10.94.5.  Let  R — >■  S be  a faithfully  flat  ring  map.  Let  M be  an  R- 
module.  If  the  S-module  M ®R  S is  projective,  then  M is  projective. 

Proof.  We  are  going  to  construct  a Kaplansky  devissage  of  M to  show  that  it  is 
a direct  sum  of  projective  modules  and  hence  projective.  By  Theorem  |10.83.5  we 
can  write  M ®R  S = Qi  as  a direct  sum  of  countably  generated  S'-modules 

Qi.  Choose  a well-ordering  on  M.  By  transfinite  induction  we  are  going  to  define 
an  increasing  family  of  submodules  Ma  of  M,  one  for  each  ordinal  a,  such  that 
Ma  ®R  S’  is  a direct  sum  of  some  subset  of  the  Qi. 

For  a = 0 let  Mo  = 0.  If  a is  a limit  ordinal  and  Mg  has  been  defined  for  all  f3  < a, 
then  define  Mg  = U/3<ct  Since  each  Mg  ®R  S for  /3  < a is  a direct  sum  of  a 
subset  of  the  Qi,  the  same  will  be  true  of  Ma0RS.  If  a+1  is  a successor  ordinal  and 
Ma  has  been  defined,  then  define  Ma+ 1 as  follows.  If  Ma  = M,  then  let  Ma+ 1 = M. 
Otherwise  choose  the  smallest  x £ M (with  respect  to  the  fixed  well-ordering)  such 
that  x Ma.  Since  S is  flat  over  R,  (. M/Ma ) S = M ®R  S/Ma  S,  so  since 

Ma  S’  is  a direct  sum  of  some  Qi,  the  same  is  true  of  (. M/Ma ) ®R  S.  By  Lemma 


10.94.4  we  can  find  a countably  generated  A-submodule  P of  M/Ma  containing  the 
image  of  x in  M/Ma  and  such  that  P ®R  S (which  equals  Im(P  S — > M ®R  S) 
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since  S is  flat  over  R)  is  a direct  sum  of  some  Qi.  Since  M Sr  S = ®ig/  Qi  is 
projective  and  projectivity  passes  to  direct  summands,  P Sr  S is  also  projective. 
Thus  by  Lemma  10.94.2  P is  projective.  Finally  we  define  Ma+\  to  be  the  preimage 
of  P in  M , so  that  Ma+i/Ma  = P is  countably  generated  and  projective.  In 
particular  Ma  is  a direct  summand  of  Ma+\  since  projectivity  of  Ma+\/Ma  implies 
the  sequence  0 Ma  — > Ma+ 1 ->  Ma+1/Ma  — >•  0 splits. 


Transfinite  induction  on  M (using  the  fact  that  we  constructed  Ma+i  to  contain 
the  smallest  x £ M not  contained  in  Ma)  shows  that  each  x £ M is  contained  in 
some  Ma.  Thus,  there  is  some  large  enough  ordinal  S satisfying:  for  each  x £ M 
there  is  a £ S such  that  x £ Ma.  This  means  (Ma)aGs  satisfies  property  (1) 
of  a Kaplansky  devissage  of  M.  The  other  properties  are  clear  by  construction. 
We  conclude  M = ®a+lgS  Ma+i/Ma.  Since  each  Ma+\/Ma  is  projective  by 
construction,  M is  projective.  □ 


10.95.  Completion 


00M9  Suppose  that  R is  a ring  and  I is  an  ideal.  We  define  the  completion  of  R with 
respect  to  I to  be  the  limit 

RA  = limn  R/In. 

An  element  of  RA  is  given  by  a sequence  of  elements  fn  £ R/In  such  that  /„  = 
fn+i  mod  In  for  all  n.  We  will  view  RA  as  an  i?-algebra.  Similarly,  if  M is  an 
.R-module  then  we  define  the  completion  of  M with  respect  to  I to  be  the  limit 

MA  = lim„  M/InM. 

An  element  of  MA  is  given  by  a sequence  of  elements  mn  £ M/InM  such  that 
mn  = mn+ 1 mod  InM  for  all  n.  We  will  view  MA  as  an  RA -module.  From  this 
description  it  is  clear  that  there  are  always  canonical  maps 

M — > MA  and  M®rRa — > MA . 

Moreover,  given  a map  ip  : M N oi  modules  we  get  an  induced  map  ipA  : MA  — > 
NA  on  completions  making  the  diagram 

M 

V 

MA i*NA 


0315 


commute.  In  general  completion  is  not  an  exact  functor,  see  Examples,  Section 
88.8  Here  are  some  initial  positive  results. 


Lemma  10.95.1.  Let  R be  a ring.  Let  I C R be  an  ideal.  Let  <p  : M N be  a 
map  of  R-modules. 

(1)  If  M/IM  — > N/IN  is  surjective,  then  MA  — ► NA  is  surjective. 

(2)  If  M N is  surjective,  then  MA  — > NA  is  surjective. 

(3)  If  0 — » K — > M — y N — > 0 is  a short  exact  sequence  of  R-modules  and  N 
is  flat,  then  0 — > KA  — ► MA  — > NA  — ^ 0 is  a short  exact  sequence. 

(4)  The  map  M Sr  Ra  — > MA  is  surjective  for  any  finite  R-module  M . 


Proof.  Assume  M/IM  — > N/IN  is  surjective.  Then  the  map  M/InM  — > N/InN 
is  surjective  for  each  n > 1 by  Nakayama’s  lemma.  More  precisely,  apply  Lemma 
10.19.1  part  (11)  to  the  map  M/InM  — > N/InN  over  the  ring  R/In  and  the 
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nilpotent  ideal  I/In  to  see  this.  Set  Kn  = {x  £ M \ ip(x)  £ InN}.  Thus  we  get 
short  exact  sequences 


0 — ► Kn/InM  ->  M/InM  ->  N/InN  ->  0 

We  claim  that  the  canonical  map  Kn+i/ In+1  M — ► I\n/InM  is  surjective.  Namely, 
if  x £ Kn  write  <p(x ) = X]  with  Zj  £ In,  nj  £ AT.  By  assumption  we  can  write 
rij  = <p(rrij)  + Y ZjkTijk  with  rrij  £ M,  Zjk  £ I and  rijk  £ N.  Hence 

ip(x  - Y Zjrrij)  = Y zj ZjkTijk- 


This  means  that  x'  = x — Y zjTrij  £ Kn+ 1 maps  to  x which  proves  the  claim.  Now 
we  may  apply  Lemma  10.86. 1|  to  the  inverse  system  of  short  exact  sequences  above 
to  see  (1).  Part  (2)  is  a special  case  of  (1).  If  the  assumptions  of  (3)  hold,  then  for 
each  n the  sequence 


0 —j  K/InK  M/InM  ->  N/InN  ->•  0 

is  short  exact  by  Lemma  |10.38.12|  Hence  we  can  directly  apply  Lemma  |10.86.1| 
to  conclude  (3)  is  true.  To  see  (4)  choose  generators  x.;  £ M,  i = 1, . . . ,n.  Then 
the  map  R®n  — > M , (ai,...,ara)  >->■  Yaixi  is  surjective.  Hence  by  (2)  we  see 
(i?A)®n  — >■  MA,  (ai,...,a„)  i->-  Yaixi  is  surjective.  Assertion  (4)  follows  from 
this.  □ 


OBNG  Lemma  10.95.2.  Let  R be  a ring.  Let  I C R be  an  ideal.  Let 

Q — » 0 be  an  exact  sequence  of  R-modules  such  that  Q is  annihilated  by  a power 
of  I . Then  completion  produces  an  exact  sequence  0 — > MA  — ► NA  — > Q — > 0.  In 
particular,  ( InM)A  = Ker(MA  M/InM)  for  all  n. 


Proof.  Say  ICQ  = 0.  It  is  immediate  that  the  canonical  map  Q —¥  QA  is  an 
isomorphism.  By  Lemma  10.95.1  we  see  that  NA  — > Q — > 0 is  exact.  Denote 
tp  : M — )•  N the  given  map. 


Let  ( yn ),  yn  £ N represent  an  element  of  NA  which  maps  to  zero  in  Q.  Then 
yn  = ip(xn)  for  some  xn  £ M for  n > c.  We  have  xn+i  — xn  £ y3_1(/"A^). 
Since  ICQ  = 0 we  see  that  InN  C In~cip(M ) = ip(In~cM)  for  n > c.  Hence 
xn+\  — xn  £ In~cM.  Thus  (xn+c)  gives  a well  defined  element  of  MA  which  maps 
to  our  element  ( yn ) in  NA. 

Let  (x„),  xn  £ M represent  an  element  of  MA  which  maps  to  zero  in  NA.  Then 
if(xn)  £ InN.  Arguing  as  above  we  can  find  x'n  £ In~cM  such  that  p{xn  — x'n)  = 0 
hence  xn  = x'n.  This  implies  that  the  element  (xn)  is  zero  in  MA.  □ 


0317  Definition  10.95.3.  Let  R be  a ring.  Let  I C R be  an  ideal.  Let  M be  an 
A.-module.  We  say  M is  I-adically  complete  if  the  map 

M — > MA  = lim„  M/InM 

is  an  isomorphisn0  We  say  R is  I-adically  complete  if  R is  7-adically  complete  as 
an  i?-module. 


It  is  not  true  that  the  completion  of  an  i?-module  M with  respect  to  / is  I-adically 
complete.  For  an  example  see  Examples,  Section  |88.6|  Here  is  a lemma  from  an 
unpublished  note  of  Lenstra  and  de  Smit. 


'This  includes  the  condition  that  fj/nM  = (0). 
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0318  Lemma  10.95.4.  Let  R be  a ring.  Let  I C R be  an  ideal.  Let  M be  an  R-module. 
Denote  Kn  = Ker(M A — y M/InM).  Then  MA  is  I-adically  complete  if  and  only 
if  Kn  is  equal  to  InM A for  all  n > 1. 


Proof.  The  module  InMA  is  contained  in  Kn.  Thus  for  each  n > 1 there  is  a 
canonical  exact  sequence 

0 -H-  Kn/InMA  -»  MA/InMA  -»  M/InM  -)■  0. 

As  InMA  maps  onto  InM/In+1M  we  see  that  Kn+1  + InMA  = Kn.  Thus  the 

we  see  that  there  is  a short  exact  sequence 

0 ->  lim„  Kn/InMA  ->  (Ma)a  — > MA  — ► 0 

Hence  MA  is  complete  if  and  only  if  Kn/InMA  = 0 for  all  n > 1.  □ 

05GG  Lemma  10.95.5.  Let  R be  a ring.  Let  I be  a finitely  generated  ideal  of  R.  Let  |Mat781  Theorem 
M be  an  R-module.  Then  15] 

(1)  the  completion  MA  is  I-adically  complete,  and 

(2)  InMA  = Ker{MA  ->  M/InM)  = ( InM)A  for  all  n>  1. 

In  particular  RA  is  I-adically  complete,  InRA  = ( In)A , and  RA /InRA  = R/In. 


inverse  system  {Kn/InMA}n>i  has  surjective  transition  maps.  By  Lemma  10.86.1 


Proof.  By  Lemma  10.95.2  we  have  the  second  equality  in  (2).  Let  Kn  = Ker (MA  — > 
M/InM).  By  Lemma  10.95.4  it  suffices  to  show  that  I\n  = InMA.  Write  / = 
(/i, . . . , ft).  Let  2 e Kn.  Write  z = (' zm ) with  zm  € M/ImM.  Choose  zm  € M 
mapping  to  zm  in  M/ImM.  Then  zm+ 1 = zm  mod  Im.  Write  zn+ 1 = zn  + Sn, 
zn+ 2 = zn+i  + <5n+i,  etc.  Then  Sm  £ ImM.  Thus  the  infinite  sum 


z — Zn  + Sn  + dn+l  + <5n+ 2 + • • ■ 

converges  in  MA.  For  to  > n we  have  Sm  £ ImM  hence  we  can  write 


= , ■ /i1 

z — ' n+...+Jt=n 

with  ajtm  £ Im~nM.  Our  assumption  z £ Kn  means  zn  £ InM  hence  we  can  also 
write 


- V JT  ■■■.(■!’ n., 

L — 'ji +.:+3t=n 


with  aj  £ M.  Then  we  can  set 


Zj  — otj  + ol  j n + ajtU+ 1 + ajiU+ 2 + . . . 

as  an  element  of  MA.  By  construction  2 = 7],  ff  . . . fll  Zj . Hence  z is  an  element 
of  InMA  as  desired.  ' □ 


05GI  Lemma  10.95.6.  Let  R be  a ring,  let  I C R be  an  ideal,  and  let  RA  = lim  R/In. 

(1)  any  element  of  RA  which  maps  to  a unit  of  R/ 1 is  a unit, 

(2)  any  element  of  1 + I maps  to  an  invertible  element  of  RA , 

(3)  any  element  of  1 + IRA  is  invertible  in  RA , and 

(4)  the  ideals  IRA  and  Ker(RA  —¥  R/I ) are  contained  in  the  radical  of  RA . 


Proof.  Let  x £ RA  map  to  a unit  X\  in  R/I.  Then  x maps  to  a unit  x . 
for  every  n by  Lemma  10.31.3  Hence  y = (x^1 


in  R/r 
is  an  inverse  to 


G lim  R/In  = RA 

x.  Parts  (2)  and  (3)  follow  immediately  from  (1).  Part  (4)  follows  from  (1)  and 
Lemma  110.18.11  □ 
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090S  Lemma  10.95.7.  Let  A be  a ring.  Let  I = be  a finitely  generated 

ideal.  If  M —$■  lim  M/fffM  is  surjective  for  each  i,  then  M — » lim  M/InM  is 
surjective. 


Proof.  Note  that  lim  M/InM  = lim  M/(/f, . . . , /")M  as  In  D (/", ...,/")  D 
Irn.  An  element  f of  limM/(/f, . . . , /”)M  can  be  symbolically  written  as 


e = E >nE .ft 


with  xUti  £ M.  If  M — > lim  M/  ffM  is  surjective,  then  there  is  an  a £ M mapping 
to  J2xn,ifjf  hi  lim  M/ffM.  Then  x = 'f//xi  maps  to  f in  lim  M/InM.  □ 


090T  Lemma  10.95.8.  Let  A be  a ring.  Let  I C J C A be  ideals.  If  M is  J-adically 
complete  and  I is  finitely  generated,  then  M is  I-adically  complete. 


Proof.  Assume  M is  J-adically  complete  and  I is  finitely  generated.  We  have 
fj  InM  = 0 because  fj  JnM  = 0.  By  Lemma  10.95.7  it  suffices  to  prove  the 
surjectivity  of  M — >■  lim  AI/InM  in  case  / is  generated  by  a single  element.  Say 
I = (/).  Let  xn  £ M with  xn+\  — xn  £ fnM.  We  have  to  show  there  exists 
an  x £ M such  that  xn  — x £ fnM  for  all  n.  As  xn+i  — xn  £ JnM  and  as  M 
is  J-adically  complete,  there  exists  an  element  x £ M such  that  xn  — x £ JnM. 
Replacing  xn  by  xn  — x we  may  assume  that  xn  £ JnM.  To  finish  the  proof  we 
will  show  that  this  implies  xn  £ InM.  Namely,  write  xn  — xn+\  = fnzn.  Then 

Xn  = fn{zn  + /~n+ 1 + f2Zn+  2 + ■ • ■) 


The  sum  zn  + fzn+ 1 + f2zn+ 2 + . . . converges  in  M as  fc  £ Jc.  The  sum  fn(zn  + 
fzn+i  + f2zn+2  + ■ ■ •)  converges  in  M to  xn  because  the  partial  sums  equal  xn—xn+c 
and  xn+c  £ Jn+CM.  □ 


0319  Lemma  10.95.9.  Let  R be  a ring.  Let  I , J be  ideals  of  R.  Assume  there  exist 
integers  c,d>  0 such  that  Ic  C J and  Jd  C I.  Then  completion  with  respect 
to  I agrees  with  completion  with  respect  to  J for  any  R-module.  In  particular  an 
R-module  M is  I-adically  complete  if  and  only  if  it  is  J-adically  complete. 

Proof.  Consider  the  system  of  maps  M/InM  — > M / jLn/rfJ  M and  the  system  of 
maps  M/JmM  — > M / jLm/cJ  M to  get  mutually  inverse  maps  between  the  comple- 
tions. □ 


031A  Lemma  10.95.10.  Let  R be  a ring.  Let  I be  an  ideal  of  R.  Let  M be  an  I- 
adically  complete  R-module,  and  let  K C M be  an  R-submodule.  The  following  are 
equivalent 

(1)  K = fj (K  + InM)  and 

(2)  M/K  is  I-adically  complete. 


Proof.  Set  N = M/K.  By  Lemma  10.95.1  the  map  M = MA  — > NA  is  surjective. 
Hence  N — > NA  is  surjective.  It  is  easy  to  see  that  the  kernel  of  N — > NA  is  the 
module  fj(A'  + InM)/K.  □ 


031B  Lemma  10.95.11.  Let  R be  a ring.  Let  I be  an  ideal  of  R.  Let  M be  an  R-module. 
If  (a)  R is  I-adically  complete,  (b)  M is  a finite  R-module,  and  (c)  fj  InM  = (0), 
then  M is  I-adically  complete. 
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Proof.  By  Lemma  10.95.1|the  map  M = M ®rR  = M ®rRa  — > MA  is  surjective. 
The  kernel  of  this  map  is  fj  InM  hence  zero  by  assumption.  Hence  M = MA  and 
M is  complete.  □ 


031D  Lemma  10.95.12.  Let  R be  a ring.  Let  I C R be  an  ideal.  Let  M be  an  R-module. 
Assume 

(1)  R is  I-adically  complete, 

(2)  f\>i™  = (0),  and 

(3)  M/IM  is  a finite  R/ 1 -module. 

Then  M is  a finite  R-module. 


Proof.  Let  aq, . . . ,xn  £ M be  elements  whose  images  in  M/IM  generate  M/IM 
as  a R//-module.  Denote  M'  C M the  R-submodule  generated  by  x\,...,xn. 
By  Lemma  10.95.1  the  map  (A I')A  — > MA  is  surjective.  Since  f]InM  = 0 we 
see  in  particular  that  fj  InM'  = (0).  Hence  by  Lemma  10.95.11  we  see  that  M' 
is  complete,  and  we  conclude  that  M'  — > MA  is  surjective.  Finally,  the  kernel 
of  M — > MA  is  zero  since  it  is  equal  to  f]InAI  = (0).  Hence  we  conclude  that 
M = M'  = MA  is  finitely  generated.  □ 


10.96.  Completion  for  Noetherian  rings 


0BNH  In  this  section  we  discuss  completion  with  respect  to  ideals  in  Noetherian  rings. 

OOMA  Lemma  10.96.1.  Suppose  R is  Noetherian. 

(1)  If  N — > M is  an  injective  map  of  finite  R-modules,  then  the  map  on 
completions  NA  — > MA  is  injective. 

(2)  If  M is  a finite  R-module,  then  MA  = M Ra. 


Proof.  For  the  first  statement,  by  the  Artin-Rees  Lemma |10. 50. 2[  we  have  a con- 
stant c such  that  InM  n N equals  In~c(IcM  n N)  C In~cN.  Thus  if  (n»)  £ NA 
maps  to  zero  in  MA,  then  each  m maps  to  zero  in  N/Tl~cN.  And  hence  ni-c  = 0. 
Thus  NA  — ► MA  is  injective. 


For  the  second  statement  let  0 — > 
corresponding  to  the  generators  aq 


K — >•  Rl  — > M — >•  0 be  the  presentation  of  M 
. . . , Xt  of  M.  By  Lemma  10.95.1  (Rt)A 


MA  is 

surjective,  and  for  any  finitely  generated  R-module  the  canonical  map  M Ra  — ► 
MA  is  surjective.  Hence  to  prove  the  second  statement  it  suffices  to  prove  the  kernel 
of  (Rt)A  — > MA  is  exactly  KA . 

Let  (xn)  £ (Rt)A  be  in  the  kernel.  Note  that  each  xn  is  in  the  image  of  the  map 
K/InK  ->  ( R/Iny . Choose  c such  that  (/n)*  n K c In~cK , which  is  possible  by 
Artin-Rees  (Lemma  10.50.2).  For  each  n > 0 choose  yn  £ K/In+CK  mapping  to 
xn+c,  and  set  zn  = yn  mod  InK.  The  elements  zn  satisfy  zn+\  — zn  mod  InI\  = 
Vn+i  ~ Vn  mod  InK,  and  yn+ 1 — yn  £ In+cRt  by  construction.  Hence  zn+ 1 = 
zn  mod  InK  by  the  choice  of  c above.  In  other  words  {zn)  £ KA  maps  to  (xn)  as 
desired.  □ 


00MB  Lemma  10.96.2.  Let  R be  a Noetherian  ring.  Let  I C R be  an  ideal. 

(1)  The  ring  map  R — > RA  is  flat. 

(2)  The  functor  M <— > MA  is  exact  on  the  category  of  finitely  generated  R- 
modules. 
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Proof.  Consider  I (g> a RA  — » R ® 
identified  with  /A  — > RA  and  /A 


10.38.5  Part  (2)  follows  from  part  (1)  and  Lemma  10.96.1  part  (2). 


f?A  = RA . According  to  Lemma  10.96.1  this  is 
RA  is  injective.  Part  (1)  follows  from  Lemma 

□ 


00MC  Lemma  10.96.3.  Let  R be  a Noetherian  local  ring.  Let  m G R be  the  maximal 
ideal.  Let  I C m be  an  ideal.  The  ring  map  R —¥  RA  is  faithfully  flat.  In  particular 
the  completion  with  respect  to  m,  namely  limn  R/mn  is  faithfully  flat. 


Proof.  By  Lemma  10.96.2  it  is  flat.  The  composition  R — > RA  — > R/m  where  the 
last  map  is  the  projection  map  RA  — ► R/I  combined  with  R/I  — > R/m  shows  that 
m is  in  the  image  of  Spec(/?A)  — ► Spec(l?).  Hence  the  map  is  faithfully  flat  by 
Lemma  110.38. 15l  □ 


031C  Lemma  10.96.4.  Let  R be  a Noetherian  ring.  Let  I be  an  ideal  of  R.  Let  M be  an 
R-module.  Then  the  completion  MA  of  M with  respect  to  I is  I-adically  complete, 
InMA  = ( InM)A , and  MA/InMA  = M/InM. 

Proof.  This  is  a special  case  of  Lemma  |10.95.5|  because  I is  a finitely  generated 
ideal.  □ 


05GH  Lemma  10.96.5.  Let  R be  a ring.  Let  I C R be  an  ideal.  Assume 

(1)  R/I  is  a Noetherian  ring, 

(2)  I is  finitely  generated. 

Then  RA  is  a Noetherian  ring  complete  with  respect  to  IRA. 


Proof.  By  Lemma  10.95.5  we  see  that  RA  is  /-adically  complete.  Hence  it  is 
also  //?A-adically  complete.  Since  RA /IRA  = R/I  is  Noetherian  we  see  that  after 
replacing  R by  RA  we  may  in  addition  to  assumptions  (1)  and  (2)  assume  that  also 
R is  /-adically  complete. 


Let  fi,.  ft  be  generators  of  /.  Then  there  is  a surjection  of  rings  f?//[T1; . . . , Tt]  — > 
0 7"//"+1  mapping  Tj  to  the  element  f i £ I /I2 . Hence  0 jn/jn+ 1 js  a Noetherian 
ring.  Let  J C R be  an  ideal.  Consider  the  ideal 

0 J n r/j  n in+1  c 0/ra//n+1. 

Let  be  generators  of  this  ideal.  We  may  choose  ■ to  be  a homogeneous 

element  of  degree  dj  and  we  may  pick  gj  £ Jnldj  mapping  to  gJ  £ JfMdj  / J nldj+1. 
We  claim  that  g\ , . . . , gm  generate  J. 

Let  x £ J fl  In.  There  exist  aj  £ /max(°.«-di)  such  that  x — Ylaj9j  € J H In+1. 
The  reason  is  that  J n In/J  n In+1  is  equal  to  Y/gjIn~dj/In~dj+1  by  our  choice 
of  gi,...,gm.  Hence  starting  with  i £ J we  can  find  a sequence  of  vectors 
(on,n,  • • • ,am,n)n>0  with  aj>n  £ Jmax(° m-dj)  such  that 

x = 'y  a,  nai  mod  IN+1 

Setting  Aj  = ]>0>o  we  see  x = 12  ^ j9j  as  R complete.  Hence  J is 
finitely  generated  and  we  win.  □ 

0316  Lemma  10.96.6.  Let  R be  a Noetherian  ring.  Let  I be  an  ideal  of  R.  The 
completion  RA  of  R with  respect  to  I is  Noetherian. 
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Proof.  This  is  a consequence  of  Lemma  |10.96.5|  It  can  also  be  seen  directly  as 
follows.  Choose  generators  fi,  - ■ ■ ,fn  of  I.  Consider  the  map 

-S[[xi,  * ■ ■ j ^n]]  ^ R ; -X-i  1 ^ fi- 


This  is  a well  defined  and  surjective  ring  map  (details  omitted).  Since  R[[ x%, . . . , £„]] 
is  Noetherian  (see  Lemma  10.30.2 1 we  win.  □ 


0394 


Suppose  R — > S is  a local  homomorphism  of  local  rings  ( R , m)  and  (S,  n).  Let  SA  be 
the  completion  of  S with  respect  to  n.  In  general  SA  is  not  the  m-adic  completion 
of  S'.  If  n4  C mS  for  some  t > 1 then  we  do  have  SA  = limS/m"S  by  Lemma 
10.95.9  In  some  cases  this  even  implies  that  SA  is  finite  over  RA. 


Lemma  10.96.7.  Let  R — » S be  a local  homomorphism  of  local  rings  (R,  m)  and 
(S,  n).  Let  RA , resp.  SA  be  the  completion  of  R,  resp.  S with  respect  to  m,  resp.  n. 
If  m and  n are  finitely  generated  and  dimK(m)  S/tnS  < oo,  then 

(1)  SA  is  equal  to  the  m-adic  completion  of  S,  and 

(2)  SA  is  a finite  RA  -module. 


Proof.  We  have  mS  C n because  R — > S is  a local  ring  map.  The  assumption 
dimK(m)S/mS  < oo  implies  that  S/tnS  is  an  Artinian  ring,  see  Lemma 
Hence  has  dimension  0,  see  Lemma  10.59.4  hence  n = \/niS.  This  and  the  fact 


10.52.2 


that  n is  finitely  generated  implies  that  n4  C mS  for  some  t > 1.  By  Lemma  10.95.9 
we  see  that  SA  can  be  identified  with  the  m-adic  completion  of  S.  As  m is  finitely 


generated  we  see  from  Lemma  10.95.5  that  SA  and  RA  are  m-adically  complete.  At 


this  point  we  may  apply  Lemma  10.95.12  to  SA  as  an  S-module  to  conclude.  □ 


07N9 


Lemma  10.96.8.  Let  R be  a Noetherian  ring.  Let  R — ► S be  a finite  ring  map. 
Let  pc  R be  a prime  and  let  qi, ... , qm  be  the  primes  of  S lying  over  p (Lemma 


10.35.19 ).  Then 


RA  ®R  S = SA  X . . . x SAm 

where  the  local  rings  Rp  and  S q;  are  completed  with  respect  to  their  maximal  ideals. 

Proof.  We  may  replace  R by  the  localization  Rp  and  S by  Sp  = S Rv.  Hence 
we  may  assume  that  R is  a local  Noetherian  ring  and  that  p = m is  its  maximal 
ideal.  The  q,;Sqi-adic  completion  SA  is  equal  to  the  m-adic  completion  by  Lemma 


10.96.7  For  every  n > 1 prime  ideals  of  S/mnS  are  in  1-to-l  correspondence  with 


the  maximal  ideals  qi, . . . , qm  of  5 (by  going  up  for  S over  R , see  Lemma  10.35.20 1. 
Hence  S'/m" S = J|Sqi/m"Sqi  by  Lemma [10.52.6  (using  for  example  Proposition 


10.59.6  to  see  that  S/m"S  is  Artinian).  Hence  the  m-adic  completion  SA  of  S is 
Finally,  we  have  RA  S = SA  by  Lemma  10.96.1 


equal  to  ]/[ 


□ 


05D3  Lemma  10.96.9.  Let  R be  a ring.  Let  I C R be  an  ideal.  Let  0 — > K — > P — > 
M — > 0 be  a short  exact  sequence  of  R-modules.  If  M is  flat  over  R and  M/IM  is 
a projective  R/ 1 -module,  then  the  sequence  of  I-adic  completions 


PA  Ma  ->  0 


is  a split  exact  sequence. 

Proof.  As  M is  flat,  each  of  the  sequences 

0 ->■  K/InK  ->  P/InP  ->  M/InM  ->  0 
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is  short  exact,  see  Lemma  10.38.12  and  the  sequence  0 — > KA  — > PA  — > MA  — > 0 
is  a short  exact  sequence,  see  Lemma [10.95. 1[  It  suffices  to  show  that  we  can  find 
splittings  sn  : M/InM  — >■  P/InP  such  that  s„+i  mod  In  = sn.  We  will  construct 
these  sn  by  induction  on  n.  Pick  any  splitting  Si,  which  exists  as  M/IM  is  a 
projective  A/7-module.  Assume  given  sn  for  some  n > 0.  Set  Pn+i  = {x  £ P \ 
x mod  InP  £ Im(sn)}.  The  map  n : Pn+i / In+1  P„+1  — )•  M/In+1M  is  surjective 
(details  omitted).  As  M/In+1M  is  projective  as  a P//n+1-module  by  Lemma 
10.76.5  we  may  choose  a section  t : M/In+1M  — > Pn+i  / In+1  Pn+\  of  tt.  Setting 
sn-t_i  equal  to  the  composition  of  t with  the  canonical  map  Pn+i/In+1Pn+i  — > 
p/in+ip  works. 


□ 


10.97.  Taking  limits  of  modules 

09B7  In  this  section  we  discuss  what  happens  when  we  take  a limit  of  modules. 

09B8  Lemma  10.97.1.  Let  A be  a ring.  Let  I C A be  an  ideal.  Let  ( Mn ) be  an  inverse 
system  of  A-modules.  Set  M = lim  Mn.  If  Mn  = Mn+i/ InMn+i  and  I is  finitely 
generated  then  M/InM  = Mn  and  M is  I-adically  complete. 


Proof.  As  Mn+i  — > M„  is  surjective,  the  map  M — > Mi  is  surjective.  Pick  xt  £ M, 
t £ T mapping  to  generators  of  Mi.  This  gives  a map  0(gT  A — > M.  Note  that 
the  images  of  Xt  in  Mn  generate  Mn  for  all  n too.  Consider  the  exact  sequences 


0 — > An  — t A/ 111  — > Mn  — > 0 

We  claim  the  map  A'n+i  — > Kn  is  surjective.  Namely,  if  y £ Kn  choose  a lift 
v'  ^ 0;gTA//”+1.  Then  y'  maps  to  an  element  of  InMn+i  by  our  assumption 
Mn  = Mn+i/InMn+i.  Hence  we  can  modify  our  choice  of  y'  by  an  element  of 
0f eT/"//"+1  so  that  y'  maps  to  zero  in  Mn+i.  Then  y'  £ Kn+i  maps  to  y. 
Hence  ( Kn ) is  a sequence  of  modules  with  surjective  transition  maps  and  we  obtain 
an  exact  sequence 


0 ->■  lim  Kn  -A  (®/gT  A 


-A  0 


by  Lemma[l0.86.1[  Fix  an  integer  m.  As  / is  finitely  generated,  the  completion  with 
respect  to  I is  complete  and  (0teT ^4)A/7m(0ter  A)A  = 0tgTA//m  (Lemma 


10.95.5 1.  We  obtain  a short  exact  sequence 

(lim  Kn) /Im{ lim  Kn)  ->  0 A/Im  -»■  M/ImM  0 


Since  limATn  — > Km  is  surjective  we  conclude  that  M/ImM  = Mm.  It  follows  in 
particular  that  M is  /-adically  complete.  □ 


10.98.  Criteria  for  flatness 


00MD 

OOME 


In  this  section  we  prove  some  important  technical  lemmas  in  the  Noetherian  case. 


We  will  (partially)  generalize  these  to  the  non-Noetherian  case  in  Section  10.127 


Lemma  10.98.1.  Suppose  that  R —¥  S is  a local  homomorphism  of  Noetherian 
local  rings.  Denote  m the  maximal  ideal  of  R.  Let  M be  a flat  R-module  and  N a 
finite  S -module.  Let  u : N — ► M be  a map  of  R-modules.  Ifu  : N/mN  -A  M/mAI 
is  injective  then  u is  injective.  In  this  case  M/u(N)  is  flat  over  R. 
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Proof.  First  we  claim  that  un  : N/mnN  — > M/mnM  is  injective  for  all  n > 1.  We 
proceed  by  induction,  the  base  case  is  that  u = u-t  is  injective.  By  our  assumption 
that  M is  flat  over  R we  have  a short  exact  sequence  0 -A  M (&R  m"/m"+1  — > 
M/mn+1M  -a  M/mnM  -a  0.  Also,  M ®R  = M/mM  ®R/m  m"/m"+1. 

We  have  a similar  exact  sequence  N ®R  m"/m"+1  -A  N/mn+1N  -A  N/mnN  — > 0 
for  N except  we  do  not  have  the  zero  on  the  left.  We  also  have  N ®R  m"/m"+1  = 
N/mN  ®fl/m  m"/m"+1.  Thus  the  map  un+ 1 is  injective  as  both  un  and  the  map 
u <g>  idm^  /mn+i  are. 


By  Krull’s  intersection  theorem  (Lemma  10.50.4)  applied  to  N over  the  ring  S and 
the  ideal  ins'  we  have  fj  m"JV  = 0.  Thus  the  injectivity  of  un  for  all  n implies  u is 
injective. 


To  show  that  M/u(N)  is  flat  over  R , it  suffices  to  show  that  I M/u(N ) — > 
M/u(N)  is  injective  for  every  ideal  I C R,  see  Lemma  10.38.5  Consider  the 
diagram 


0 

0 

0 

t 

t 

t 

N/IN 

-A  M/IM 

-A 

M/(IN  + u(N)) 

-A  0 

t 

t 

t 

0 -A  N 

-A  M 

-A 

M/u(N ) 

-A  0 

t 

t 

t 

N i£)R  I 

— y Ad  I 

-A 

M/u{N)  ®R  I 

-A  0 

The  arrow  M (&R  I M is 

injective.  By  the  snake  lemma  (Lemma  10.4.1)  we  see 

that  it  suffices  to  prove  that  N/IN  injects  into  M/IM.  Note  that  R/I  S/IS 
is  a local  homomorphism  of  Noetherian  local  rings,  N/IN  — > M/IM  is  a map  of 
l?//-modules,  N/IN  is  finite  over  S/IS , and  M/IM  is  flat  over  R/I  and  u mod  I : 
N/IN  — > M/IM  is  injective  modulo  m.  Thus  we  may  apply  the  first  part  of  the 
proof  to  u mod  I and  we  conclude.  □ 


00MF  Lemma  10.98.2.  Suppose  that  R -A  S is  a flat  and  local  ring  homomorphism 
of  Noetherian  local  rings.  Denote  m the  maximal  ideal  of  R.  Suppose  f £ S is  a 
nonzerodivisor  in  S/mS.  Then  S/  fS  is  flat  over  R,  and  f is  a nonzerodivisor  in 

S. 


Proof.  Follows  directly  from  Lemma[l0.98.1|  □ 

00MG  Lemma  10.98.3.  Suppose  that  R — > S is  a flat  and  local  ring  homomorphism  of 
Noetherian  local  rings.  Denote  m the  maximal  ideal  of  R.  Suppose  fi, . . . , fc  is  a 
sequence  of  elements  of  S such  that  the  images  f1, . . . , fc  form  a regular  sequence 
in  S/mS.  Then  fi,...,/c  is  a regular  sequence  in  S and  each  of  the  quotients 
S/ (/i,  • • • , fi)  is  flat  over  R. 

Proof.  Induction  and  LemmariO.98.21  □ 

00MH  Lemma  10.98.4.  Let  R — > S be  a local  homomorphism  of  Noetherian  local  rings. 
Let  m be  the  maximal  ideal  of  R.  Let  M be  a finite  S-modules.  Suppose  that  (a) 
M/mM  is  a free  S/mS -module,  and  (b)  M is  flat  over  R.  Then  M is  free  and  S 
is  flat  over  R. 

Proof.  Let  Xi, ...  ,xn  be  a basis  for  the  free  module  M/mM.  Choose  x\,...,xn  £ 
M with  Xi  mapping  to  Xi . Let  u : S'®"  A M be  the  map  which  maps  the  ith 
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standard  basis  vector  to  x.t.  By  Lemma  10.98. 1|  we  see  that  u is  injective.  On 
the  other  hand,  by  Nakayama’s  Lemma  [10. 19.1  the  map  is  surjective.  The  lemma 
follows.  □ 


00MI  Lemma  10.98.5.  Let  R -A  S be  a local  homomorphism  of  local  Noetherian  rings. 
Let  m be  the  maximal  ideal  of  R.  Let  0 — > Fe  — > Fe_\  — ► . . . — > Fq  be  a finite 
complex  of  finite  S -modules.  Assume  that  each  Fi  is  R-flat,  and  that  the  complex 
0 — )■  Fe/mFe  — ^ Fe_i/xnFe_i  — y . . . — t To/mTo  is  exact.  Then  0 — > Fe  — ^ Fe_\  — ^ 

...  —^  To  is  exact,  and  moreover  the  module  Coker{F\  — > Fq)  is  R-flat. 


Proof.  By  induction  on  e.  If  e = 1,  then  this  is  exactly  Lemma[l0.98.1[  If  e > 1,  we 
see  by  Lemma  10.98.1  that  Fe  — > Fe_\  is  injective  and  that  C = Coker (Fe  -A  Fe_i) 
is  a finite  ^-module  flat  over  R.  Hence  we  can  apply  the  induction  hypothesis  to 
the  complex  0 — >•  C — > Fe_ 2 — > • • • -A  To-  We  deduce  that  C -A  T’e_2  is  injective 
and  the  exactness  of  the  complex  follows,  as  well  as  the  flatness  of  the  cokernel  of 
Tj  — y Fq.  □ 


In  the  rest  of  this  section  we  prove  two  versions  of  what  is  called  the  ‘'‘'local  criterion 
of  flatness" . Note  also  the  interesting  Lemma  [l 0. 12 7. 1|  below. 

00MJ  Lemma  10.98.6.  Let  R be  a local  ring  with  maximal  ideal  m and  residue  field 
k = R/m.  Let  M be  an  R-module.  If  Tot^(k,  M)  = 0,  then  for  every  finite  length 
R-module  N we  have  Tbrf(7V,  M)  = 0. 


00MK 


Proof.  By  descending  induction  on  the  length  of  N.  If  the  length  of  N is  1,  then 
N = k and  we  are  done.  If  the  length  of  N is  more  than  1,  then  we  can  fit  N 
into  a short  exact  sequence  0 -A  N’  -A  N -A  N"  -A  0 where  N\  N"  are  finite 
length  R- modules  of  smaller  length.  The  vanishing  of  Torf"(JV,  M)  follows  from  the 
vanishing  of  Tor(?(A,’,)  M)  and  Tot^(N" , M)  (induction  hypothesis)  and  the  long 
exact  sequence  of  Tor  groups,  see  Lemma  [10. 74. 2[  □ 

Lemma  10.98.7  (Local  criterion  for  flatness).  Let  R^-Sbea  local  homomor- 
phism of  local  Noetherian  rings.  Let  m be  the  maximal  ideal  of  R,  and  let  n = R/m. 
Let  M be  a finite  S-module.  If  Tor^{n,M)  = 0,  then  M is  flat  over  R. 


Proof.  Let  / C R be  an  ideal.  By  Lemma|10.38.5|it  suffices  to  show  that  T®ijM 
M is  injective.  By  Remark 


10.74.9 


i we  see  that  this  kernel  is  equal  to  Tor-f  (AT,  R/I). 
By  Lemma  |10.98.6|  we  see  that  J M — > M is  injective  for  all  ideals  of  finite 
colength. 


Choose  n » 0 and  consider  the  following  short  exact  sequence 
0 ->  7 C mn  -A  I © m"  ->  / + m"  -A  0 

This  is  a sub  sequence  of  the  short  exact  sequence  0 -A  R — > i?®2  — > R -A  0.  Thus 
we  get  the  diagram 


(T  n m”)  M a-  I M © m"  ®R  M > (T  + mn)  M 

V 

M':\ s-  M © 


Note  that  T + mn  and  mn  are  ideals  of  finite  colength.  Thus  a diagram  chase 
shows  that  Ker((J  D m")  (g>#  M -A  M)  -A  Ker(T  M -A  M ) is  surjective.  We 
conclude  in  particular  that  K = Ker(T  M -A  M)  is  contained  in  the  image 
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of  (/  n m")  ®R  M in  I ®R  M.  By  Artin-Rees,  Lemma  10.50.2  we  see  that  K is 
contained  in  m n~c(I  ®RM)  for  some  c > 0 and  all  n » 0.  Since  I ®R  M is  a finite 
S'-module  (!)  and  since  S is  Noetherian,  we  see  that  this  implies  K = 0.  Namely, 
the  above  implies  K maps  to  zero  in  the  mS'-adic  completion  of  I ®R  M.  But  the 
map  from  S to  its  mS'-adic  completion  is  faithfully  flat  by  Lemma  10.96.3  Hence 
K = 0,  as  desired.  □ 


051C 


In  the  following  we  often  encounter  the  conditions  “ M/IM  is  flat  over  R/I  and 
Torf  (R/I,  M ) = 0”.  The  following  lemma  gives  some  consequences  of  these  condi- 
tions (it  is  a generalization  of  Lemma  10.98.6). 


Lemma  10.98.8.  Let  R be  a ring.  Let  I C R be  an  ideal.  Let  M be  an  R-module. 
If  M/IM  is  flat  over  R/I  and  Tor^(R/I,  M)  = 0 then 

(1)  M/InM  is  flat  over  R/In  for  all  n > 1,  and 

(2)  for  any  module  N which  is  annihilated  by  Im  for  some  m > 0 we  have 
Torf  (A,  M)  = 0. 


In  particular,  if  I is  nilpotent,  then  M is  flat  over  R. 


Proof.  Assume  M/IM  is  flat  over  R/I  and  Tor f(i?/J,  M)  = 0.  Let  A be  an 
S//-module.  Choose  a short  exact  sequence 


0 -A  K ^ 0 R/ 1 -A  A -A  0 

By  the  long  exact  sequence  of  Tor  and  the  vanishing  of  Tor  f (R/J,  M)  we  get 
0 ->•  Torf  {N,  M)  ->•  K M (0  R/I)  ®RM  N®RM  ^ 0 

But  since  I\,  ©,e/  R/I,  and  N are  all  annihilated  by  I we  see  that 

K M = K ®R/I  M/IM , 

(0,e/  R/I)  ®rM  = (0.gj  R/I ) ®R/I  M/IM , 

N ®R  M = N ®R/I  M/IM. 

As  M/IM  is  flat  over  R/I  we  conclude  that 


0 K ®R/I  M/IM  ->•  (0  R/I)  ®R/I  M/IM  ->•  N ®R/  M/IM  ->•  0 

is  exact.  Combining  this  with  the  above  we  conclude  that  Torf  (A)  M)  = 0 for  any 
R-module  N annihilated  by  I. 

In  particular,  if  we  apply  this  to  the  module  I /I2,  then  we  conclude  that  the 
sequence 

0 — > 1^  &)R  M — f I ®R  M — y I / 1 ~ ®R  M — y 0 

is  short  exact.  This  implies  that  I2  ® R M M is  injective  and  it  implies  that 
I /I2  ®R/I  M/IM  = IM/I2M. 


Let  us  prove  that  M/I2M  is  flat  over  R/I2.  Let  I2  C J be  an  ideal, 
to  show  that  J/1 2 ®R/i2  M/I2M  — >■  M/I2M  is  injective,  see  Lemma 
M/IM  is  flat  over  R/I  we  know  that  the  map  (/  + J)/I  ®R/i  M/IM 
injective.  The  sequence 


We  have 
10.383)  As 
M/IM  is 


(/  n J)/1 2 ®R/I2  M/I2M  J/1 2 ®R/I2  M/I2M  ->  (J  + J)/I  ®R/I  M/IM  ->■  0 
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is  exact,  as  you  get  it  by  tensoring  the  exact  sequence  0 ->  (/  (1  J)  4 J -> 
(/  + J)/J  — >■  0 by  M/I2M.  Hence  suffices  to  prove  the  injectivity  of  the  map  (/  fl 
J)/I2  ®r/i  M/IM  — > IM/I2M.  However,  the  map  (/  D J)/1 2 — ► I /I2  is  injective 
and  as  M/IM  is  flat  over  R/I  the  map  (/fl  J)  / 12  (B)r/i  M / IM  — > I /I2  <S>r/i  M/IM 
is  injective.  Since  we  have  previously  seen  that  I /I2  ®r/i  M/IM  = IM/I2M  we 
obtain  the  desired  injectivity. 

Hence  we  have  proven  that  the  assumptions  imply:  (a)  Torf  (N,M)  = 0 for  all  N 
annihilated  by  /,  (b)  I2  ®r  M — > M is  injective,  and  (c)  M/I2M  is  flat  over  R/I2. 
Thus  we  can  continue  by  induction  to  get  the  same  results  for  In  for  all  n>  1.  □ 


0AS8  Lemma  10.98.9.  Let  R be  a ring.  Let  I C R be  an  ideal.  Let  M be  an  R-module. 

(1)  If  M/IM  is  flat  over  R/I  and  M 0r  I /I2  — > IM/I2M  is  injective,  then 
M / 12 M is  flat  over  R/I2. 

(2)  If  M/IM  is  flat  over  R/I  and  M ®rIu  / In+1  — > InM/In+1M  is  injective 
for  n = 1, . . . , k,  then  M/Ik+1M  is  flat  over  R/Ik+1 . 


Proof.  The  first  statement  is  a consequence  of  Lemma  |10.98.8  applied  with  R 
replaced  by  R/I2  and  M replaced  by  M/I2M  using  that 


Torf 112  (M/I2M,R/I)  = Ker{M®R  I /I2  ->  IM/I2M), 


see  Remark  |10.74.9|  The  second  statement  follows  in  the  same  manner  using  in- 
duction on  n to  show  that  M/In+1M  is  flat  over  R/In+l  for  n = 1, . . . , k.  Here  we 
use  that 

Torf//  ,+1  {M / In+1  M , R/I)  = Ker (M  ®R  In/In+1  InM/r+1M) 


for  every  n. 


□ 


OOML  Lemma  10.98.10  (Variant  of  the  local  criterion).  Let  R S be  a local  homo- 
morphism of  Noetherian  local  rings.  Let  I R be  an  ideal  in  R.  Let  M be  a finite 
S-module.  If  Tor^(M,  R/I)  = 0 and  M/IM  is  flat  over  R/I,  then  M is  flat  over 
R. 


Proof.  First  proof:  By  Lemma  10.98.8  we  see  that  Torf  (k,  M)  is  zero  where  k is 


the  residue  field  of  R.  Hence  we  see  that  M is  flat  over  R by  Lemma  10.98.7 


Second  proof:  Let  m be  the  maximal  ideal  of  R.  We  will  show  that  m 0^  M M 
is  injective,  and  then  apply  Lemma  10.98.7  Suppose  that  fi  0 Xi  £ m ®r  M 
and  that  fixi  = 0 in  M.  By  the  equational  criterion  for  flatness  Lemma [10.38. 11 


applied  to  M/IM  over  R/I  we  see  there  exist  a,jj  £ R/I  and  j/?  £ M/IM  such  that 
Xi  mod  IM  = dijfij  and  0 = mod  I)dij.  Let  a^-  £ R be  a lift  of  a^-  and 

similarly  let  yj  £ M be  a lift  of  y • . Then  we  see  that 


^ ^ fi  0 Xi  — ^ ( fi  0 Xi  -f  f ( fiOjij  0 ^ ^ fi  0 a ijVj 

= (Xi  - ^2  aijyj)  + ® yi 


Since  Xi  — ^ aijUj  G IM  and  ^ fiai.j  £ I we  see  that  there  exists  an  element  in 
I (0  r M which  maps  to  our  given  element  ff,  fi®Xi  in  m M.  But  I ®r  M — > M 
is  injective  by  assumption  (see  Remark  10.74.9)  and  we  win.  □ 
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In  particular,  in  the  situation  of  Lemma  10.98.10  suppose  that  I = (x)  is  generated 
by  a single  element  x which  is  a nonzerodivisor  in  R.  Then  Torf  (M,  R/(x ))  = (0) 
if  and  only  if  £ is  a nonzerodivisor  on  M . 


0523  Lemma  10.98.11.  Let  R 

an  S-module.  Assume 


S be  a ring  map.  Let  I C R be  an  ideal.  Let  M be 


(1)  R is  a Noetherian  ring, 

(2)  S is  a Noetherian  ring, 

(3)  M is  a finite  S-module,  and 

(4)  for  each  n > 1 the  module  M/InM  is  flat  over  R/In . 

Then  for  every  q £ V(IS)  the  localization  Mq  is  flat  over  R.  In  particular,  if  S is 
local  and  IS  is  contained  in  its  maximal  ideal,  then  M is  flat  over  R. 


Proof.  We  are  going  to  use  Lemma  10.98.10  By  assumption  M/IM  is  flat  over 
R/I.  Hence  it  suffices  to  check  that  Tor  f (M,  R/I)  is  zero  on  localization  at  q.  By 
Remark  10.74.9  this  Tor  group  is  equal  to  I\  = Ker (/  0#  M — ► M).  We  know  for 
each  n > 1 that  the  kernel  Ker (///"  ®R/i™  M/InM  -A  M/InM ) is  zero.  Since 
there  is  a module  map  I /In®R/i^  M/InM  -A  (I®RM)  / In~1(yI®RM)  we  conclude 
that  K C In~1(I  ®R  M)  for  each  n.  By  the  Artin-Rees  lemma,  and  more  precisely 
Lemma  10.50.5  we  conclude  that  Kq  = 0,  as  desired.  □ 


00MM  Lemma  10.98.12.  Let  R — » R'  — » R"  be  ring  maps.  Let  M be  an  R-module. 

Suppose  that  M 0 rR'  is  flat  over  R' . Then  the  natural  map  Tor^(M,  R"  — > 

Tor^(M,  R")  is  onto. 


Proof.  Let  F.  be  a free  resolution  of  M over  R.  The  complex  F2  0#  R'  — > F\  ®R 
R'  — > F0  ®r  R'  computes  Torf  (M,R').  The  complex  F2  ®>R  R"  — > F1  ®R  R"  — > 
F0  ®r  R"  computes  Torf  (M,  R").  Note  that  F,  ®R  R!  <g>R>  R"  = Fi  ®R  R!' . Let 
K'  = Ker(.F\  ®R  R'  -A-  F0  0fl  R')  and  similarly  K"  = KeifFi  ®R  R"  — > F0  <g>R  R”). 
Thus  we  have  an  exact  sequence 

0 — > I\'  — ■>  Fi  0^  R'  — > Fg  0/j  R'  — > A I 0/{  R!  — > 0. 


By  the  assumption  that  M 0fl  R'  is  flat  over  R' , the  sequence  0 -A  K'  ®R>  R"  — ► 
Fi  0_r  R"  — > F0  ®R  R!'  -A  M 0fl.  R"  — » 0 is  still  exact.  This  means  that  K"  = 
K'  ®R:  R" . Since  Torf  (M,Rr)  is  a quotient  of  K ' and  Torf  (M,R")  is  a quotient 
of  K"  we  win.  □ 


00MN  Lemma  10.98.13.  Let  R -A  R'  be  a ring  map.  Let  I C R be  an  ideal  and 
I'  = IR' . Let  M be  an  R-module  and  set  M'  = M ®R  R' . The  natural  map 
Torf  (i?' / F , M)  -A  Tor f ( R'/I',M ')  is  surjective. 

Proof.  Let  F2  -A  F\  -A  Fq  — > M -A  0 be  a free  resolution  of  M over  R.  Set 
F'  = Fi  0^  R' . The  sequence  F2  -A  F[  — » Fq  — > M'  -a  0 may  no  longer  be  exact 
at  Ff  A free  resolution  of  M'  over  R'  therefore  looks  like 

F'  © F”  -A  F[  -A  F^  M'  -A  0 

for  a suitable  free  module  Ff  over  F'.  Next,  note  that  Fj  0«  R' / 1'  = F[ /IF'  = 
F[/I’F[.  So  the  complex  F!2/TF!2  -a  F'/I'F[  -a  F^/I'F^  computes  Torf  (M,  R'/T). 
On  the  other  hand  F'  0^.-  R'  j I'  = F//FF/  and  similarly  for  Ff . Thus  the  complex 
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F^/I'F^  © F'f/FF'f  ->  F[/I'F[  ->  Fq/I'Fq  computes  Torf '(M',R'/F).  Since  the 
vertical  map  on  complexes 


F'/I'F[  ^ Fq/I'Fq 

Y Y 

F/./FF'  © F'f/FF’f F[/I'F[  F'/I'F' 


clearly  induces  a surjection  on  cohomology  we  win. 


□ 


OOMO  Lemma  10.98.14.  Let 

S ^S' 


R *~R' 

be  a commutative  diagram  of  local  homomorphisms  of  local  Noetherian  rings.  Let 
I C R be  a proper  ideal.  Let  M be  a finite  S-module.  Denote  I ' = ILF  and 
M'  = M ®s  S' ■ Assume  that 

(1)  S'  is  a localization  of  the  tensor  product  S ®r  R' , 

(2)  M/IM  is  flat  over  R/ 1 , 

(3)  Tor?(M,R/I)^  Tor?' (M1, R'/F)  is  zero. 

Then  M'  is  fiat  over  R1 . 


Proof.  Since  S'  is  a localization  of  S R'  we  see  that  M'  is  a localization  of 


M R'.  Note  that  by  Lemma  10.38.7  the  module  M/IM  ®R/i  R'/F  = M 
R' /I'(M  ®r  R')  is  flat  over  R'/F.  Hence  also  M' /I'M'  is  flat  over  R'/F  as  the 
localization  of  a flat  module  is  flat.  By  Lemma  |10.98.10l  it  suffices  to  show  that 


Torf  (M',  R'/F)  is  zero.  Since  M'  is  a localization  of  M ®rR',  the  last  assumption 
implies  that  it  suffices  to  show  that  Torf  (M,  R/I)  R' 
is  surjective. 


Torf  ' (M  <S>rR' , R' /I') 


By  Lemma 


10.98.13 


we  see  that  Torf  (M,  R'/F)  — > Torf  (M  R',R'/F)  is  sur- 

jective. So  now  it  suffices  to  show  that  Torf  (M,R/I)  © r R'  — > Torf  (M,  R'/F) 
is  surjective.  This  follows  from  Lemma  |10.98.12l  by  looking  at  the  ring  maps 
R — > R/I  — > R'/F  and  the  module  M.  □ 


Please  compare  the  lemma  below  to  Lemma  10.100.8  (the  case  of  a nilpotent  ideal) 
and  Lemma  10.127.8|  (the  case  of  finitely  presented  algebras) . 


00MP  Lemma  10.98.15  (Critere  de  platitude  par  fibres;  Noetherian  case).  Let  R,  S, 
S'  be  Noetherian  local  rings  and  let  R — » S — » S'  be  local  ring  homomorphisms.  Let 
m G R be  the  maximal  ideal.  Let  M be  an  S' -module.  Assume 


(1)  The  modide  M is  finite  over  S' . 

(2)  The  module  M is  not  zero. 

(3)  The  module  M/mM  is  a flat  S/mS -module. 

(4)  The  module  M is  a flat  R-module. 

Then  S is  flat  over  R and  M is  a flat  S-module. 
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Proof.  Set  I = mS1  C S.  Then  we  see  that  Ad/IAd  is  a flat  S'/ /-module  because  of 
(3).  Since  m S'  — > I (g>s  S'  is  surjective  we  see  that  also  m (gi#  Ad  — > I (g>s  Ad  is 
surjective.  Consider 

m Oij  M ->•  1 05  M -)•  M. 


As  Ad  is  flat  over  R the  composition  is  injective  and  so  both  arrows  are  injective.  In 
particular  Torf  (S/I,  Ad)  = 0 see  Remark 


10.74.9 


By  Lemma 


10.98.10 


we  conclude 


that  M is  flat  over  S.  Note  that  since  M/ms’Ad  is  not  zero  by  Nakayama’s  Lemma 


10.19.1  we  see  that  actually  M is  faithfully  flat  over  S by  Lemma  10.38.15  (since 


it  forces  M/msM  0). 


Consider  the  exact  sequence  0 -A  m — > R — > n — ► 0.  This  gives  an  exact  sequence 
0 — ► Torf  (k,  S)  — > m S —>/—>■  0.  Since  M is  flat  over  S this  gives  an  exact 
sequence  0 — ► Torf  (k,  S)  <S>s  M m <S>«  M — ► I (g>s  M — » 0.  By  the  above  this 
implies  that  Torf  (re,  S)  <S>s  M = 0.  Since  M is  faithfully  flat  over  S this  implies 
that  Torf  (re,  S)  = 0 and  we  conclude  that  S is  flat  over  R by  Lemma  10.98.7  □ 


10.99.  Base  change  and  flatness 


051D 

00MQ 


Some  lemmas  which  deal  with  what  happens  with  flatness  when  doing  a base 
change. 

Lemma  10.99.1.  Let 

S ^ S ' 

R ->  R' 


be  a commutative  diagram  of  local  homomorphisms  of  local  rings.  Assume  that  S' 
is  a localization  of  the  tensor  product  S R' . Let  Ad  be  an  S -module  and  set 
M'  = S'  ®s  M. 

(1)  If  M is  flat  over  R then  Ad'  is  flat  over  R' . 

(2)  If  Ad'  is  flat  over  R'  and  R —>  R'  is  flat  then  Ad  is  flat  over  R. 

In  particular  we  have 

(3)  If  S is  flat  over  R then  S'  is  flat  over  R' . 

(4)  If  R'  — ► S'  and  R — )•  R!  are  flat  then  S is  flat  over  R. 


Proof.  Proof  of  (1).  If  M is  flat  over  /?,  then  Ad  0#  R'  is  flat  over  R'  by  Lemma 


10.38.7 


If  W C S R'  is  the  multiplicative  subset  such  that  1T~1(S'  R')  = S' 

then  Ad'  = W~1(Ad  R').  Hence  Al'  is  flat  over  R'  as  the  localization  of  a flat 
module,  see  Lemma  10.38.19  part  (5).  This  proves  (1)  and  in  particular,  we  see 
that  (3)  holds. 


Proof  of  (2).  Suppose  that  Ad'  is  flat  over  R'  and  R—^R'is  flat.  By  (3)  applied  to 
the  diagram  reflected  in  the  northwest  diagonal  we  see  that  5 — > S'  is  flat.  Thus 
S — ► S'  is  faithfully  flat  by  Lemma  10.38.17  We  are  going  to  use  the  criterion  of 
Lemma  10.38.5|  ([3|  to  show  that  Ad  is  flat.  Let  I C R be  an  ideal.  If  I A I — > Ad 

has  a kernel,  so  does  (/  g)_R  M)  ®s  S'  — > Ad  (g 15  S'  = Ad' . Note  that  / R'  = IR' 

as  R — >•  R'  is  flat,  and  that 


(/  (8>.r  AI ) S'  = (/  (gjj  R')  (g/{'  (Ad  (g )g  S')  = IR'  (£)r>  Al' . 

From  flatness  of  Ad'  over  R'  we  conclude  that  this  maps  injectively  into  Ad' . This 
concludes  the  proof  of  (2),  and  hence  (4)  is  true  as  well.  □ 
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051E 


051F 


051G 


051H 


10.100.  Flatness  criteria  over  Artinian  rings 


We  discuss  some  flatness  criteria  for  modules  over  Artinian  rings.  Note  that  an 
Artinian  local  ring  has  a nilpotent  maximal  ideal  so  that  the  following  two  lemmas 
apply  to  Artinian  local  rings. 

Lemma  10.100.1.  Let  {R,  m)  be  a local  ring  with  nilpotent  maximal  ideal  m.  Let 
M be  a flat  R-module.  If  A is  a set  and  xa  £ M , a £ A is  a collection  of  elements 
of  M,  then  the  following  are  equivalent: 

(1)  {*a}  a(zA  forms  a basis  for  the  vector  space  M/mM  over  R/m,  and 

(2)  {xa}a&A  forms  a basis  for  M over  R. 

Proof.  The  implication  (2)  =>  (1)  is  immediate.  We  will  prove  the  other  implica- 
tion by  using  induction  on  n to  show  that  {xa}a^A  forms  a basis  for  M/mnM  over 
R/mn.  The  case  n = 1 holds  by  assumption  (1).  Assume  the  statement  holds  for 
some  n > 1.  By  Nakayama’s  Lemma  |10.19.1|  the  elements  xa  generate  M,  in  par- 
ticular M/mn+1M.  The  exact  sequence  0 — ► mn/m'l+1  — ► R/mn+1  -a  R/m11  — ► 0 
gives  on  tensoring  with  M the  exact  sequence 

0 mnM/mn+1M  M/mn+1M  ->  M/mnM  -a  0 

Here  we  are  using  that  M is  flat.  Moreover,  we  have  mnM/mn+1M  = M/mM®R/m 
mn/m"+1  by  flatness  of  M again.  Now  suppose  that  faXa  = 0 in  M/mn+1M. 
Then  by  induction  hypothesis  fa  £ m"  for  each  a.  By  the  short  exact  sequence 
above  we  then  conclude  that  fa  ® xa  is  zero  in  mn/m”+1  M/mM.  Since 
xa  forms  a basis  we  conclude  that  each  of  the  congruence  classes  fa  £ m"/mn+1  is 
zero  and  we  win.  □ 


Lemma  10.100.2.  Let  R be  a local  ring  with  nilpotent  maximal  ideal.  Let  M be 
an  R-module.  The  following  are  equivalent 

(1)  M is  flat  over  R, 

(2)  M is  a free  R-module,  and 

(3)  M is  a projective  R-module. 

Proof.  Since  any  projective  module  is  flat  (as  a direct  summand  of  a free  module) 
and  every  free  module  is  projective,  it  suffices  to  prove  that  a flat  module  is  free. 
Let  M be  a flat  module.  Let  A be  a set  and  let  xa  £ M,  a £ A be  elements  such 


the  xa  are  a basis  for  M over  R and  we  win.  □ 

Lemma  10.100.3.  Let  R be  a ring.  Let  I C R be  an  ideal.  Let  M be  an  R-module. 
Let  A be  a set  and  let  xa  £ M , a £ A be  a collection  of  elements  of  M . Assume 

(1)  I is  nilpotent, 

(2)  {xQ}  a^A  forms  a basis  for  M/IM  over  R/I , and 

(3)  Torf  (R/I,  M)  = 0. 

Then  M is  free  on  {xa}a&A  over  R. 


that  xa  £ M/mM  forms  a basis  over  the  residue  field  of  R.  By  Lemma  10.100.1 


Proof.  Let  R,  I,  M,  {xa}aGA  be  as  in  the  lemma  and  satisfy  assumptions  (1),  (2), 
and  (3).  By  Nakayama’s  Lemma  10.19.1  the  elements  xa  generate  M over  R.  The 
assumption  Torf  (R/I,M)  = 0 implies  that  we  have  a short  exact  sequence 


0 -£  I ®RM  M ^ M/IM  -£  0. 
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Let  22  faXa  = 0 be  a relation  in  M.  By  choice  of  xa  we  see  that  fa  £ I.  Hence  we 
conclude  that  22  fa  ® xa  = 0 in  I M.  The  map  I 8>^  M — > I /I2  ®r/i  M/IM 
and  the  fact  that  {xa}a&A  forms  a basis  for  M/IM  implies  that  fa  £ I2\  Hence 
we  conclude  that  there  are  no  relations  among  the  images  of  the  xa  in  M/I2M.  In 
other  words,  we  see  that  M/I2M  is  free  with  basis  the  images  of  the  xa.  Using  the 
map  I ®r  M I /1 3 ®r//2  M/I2M  we  then  conclude  that  fa  £ /3!  And  so  on. 

Since  In  = 0 for  some  n by  assumption  (1)  we  win.  □ 

0511  Lemma  10.100.4.  Let  <p  : R -A  R'  be  a ring  map.  Let  I C R be  an  ideal.  Let  M 
be  an  R-module.  Assume 

(1)  M/IM  is  flat  over  R/ 1 , and 

(2)  R'  ®r  M is  flat  over  R' . 

Set  I2  = (p~1(<^(d2)-R,)■  Then  M/I^M  is  flat  over  R/I^- 


051J 


Proof.  We  may  replace  R , M,  and  R'  by  -R//2,  M/I^M,  and  R! /ip(I)2R! . Then 
I2  = 0 and  ip  is  injective.  By  Lemma  10.98.8  and  the  fact  that  I2  = 0 it  suffices  to 
prove  that  Tor ^(R/I,M)  = K = Ker (J  <S)r  M — » M)  is  zero.  Set  M'  = M ®r  R' 
and  /'  = IR' . By  assumption  the  map  I'  (dw  M'  — >■  M'  is  injective.  Hence  K maps 
to  zero  in 


/'  <8 )R>  M'  = I'  M = I'  ®R/I  M/IM. 


Then  / — > /'  is  an  injective  map  of  if./I-modules.  Since  M/IM  is  flat  over  R/I  the 
map 


I ®R/I  M/IM  — T ®R/I  M/IM 

is  injective.  This  implies  that  K is  zero  in  I ®r  M = I ®r/i  M jIM  as  desired.  □ 


Lemma  10.100.5.  Let  tp  : R R1  be  a ring  map.  Let  I C R be  an  ideal.  Let  M 
be  an  R-module.  Assume 

(1)  I is  nilpotent, 

(2)  R -A  R'  is  injective, 

(3)  M/IM  is  flat  over  R/ 1 , and 

(4)  R'  ®r  M is  flat  over  R' . 

Then  M is  flat  over  R. 


Proof.  Define  inductively  I\  = I and  In+i  = for  n > 1.  Note  that 

by  Lemma  10.100.4  we  find  that  M/InM  is  flat  over  R/In  for  each  n > 1.  It  is 
clear  that  p(In)  C tp(I)2  R' ■ Since  / is  nilpotent  we  see  that  tp(In)  = 0 for  some 
n.  As  ip  is  injective  we  conclude  that  In  = 0 for  some  n and  we  win.  □ 


Here  is  the  local  Artinian  version  of  the  local  criterion  for  flatness. 

051K  Lemma  10.100.6.  Let  R be  an  Artinian  local  ring.  Let  M be  an  R-module.  Let 
I C R be  a proper  ideal.  The  following  are  equivalent 

(1)  M is  flat  over  R,  and 

(2)  M/IM  is  flat  over  R/I  and  Tor^^R/I , M)  = 0. 


Proof.  The  implication  (1)  =>  (2)  follows  immediately  from  the  definitions.  As- 
sume M/IM  is  flat  over  R/I  and  Torf  (R/I,M)  = 0.  By  Lemma 
implies  that  M/IM  is  free  over  R/I.  Pick  a set  A and  elements  xa  £ 


10.100.2 


this 


M such  that 

the  images  in  M/IM  form  a basis.  By  Lemma[l0. 100.3  we  conclude  that  M is  free 
and  in  particular  flat.  □ 


10.100.  FLATNESS  CRITERIA  OVER  AR.TINIAN  RINGS 


654 


It  turns  out  that  flatness  descends  along  injective  homomorphism  whose  source  is 
an  Artinian  ring. 

051L  Lemma  10.100.7.  Let  R —¥  S be  a ring  map.  Let  M be  an  R-module.  Assume 

(1)  R is  Artinian 

(2)  R — >■  S is  injective,  and 

(3)  M S is  a flat  S -module. 

Then  M is  a flat  R-module. 


Proof.  First  proof:  Let  I C Rbe  the  radical  of  R.  Then  I is  nilpotent  and  M/IM 
is  flat  over  R/I  as  R/I  is  a product  of  fields,  see  Section  10.52  Hence  M is  flat  by 
an  application  of  Lemma |10. 100.5 


Second  proof:  By  Lemma  10.52.6  we  may  write  Li  = ]~[  R,  as  a finite  product  of 
local  Artinian  rings.  This  induces  similar  product  decompositions  for  both  R and 
S.  Hence  we  reduce  to  the  case  where  R is  local  Artinian  (details  omitted). 


Assume  that  R — ► S,  M are  as  in  the  lemma  satisfying  (1),  (2),  and  (3)  and  in 
addition  that  R is  local  with  maximal  ideal  m.  Let  A be  a set  and  xa  £ A be 
elements  such  that  xa  forms  a basis  for  M/mM  over  R/m.  By  Nakayama’s  Lemma 
|10.19.1|we  see  that  the  elements  xa  generate  M as  an  .R-module.  Set  N = S M 
and  I = mR.  Then  {1  (g>  xa}aGA  is  a family  of  elements  of  N which  form  a basis 


for  N/IN.  Moreover,  since  N is  flat  over  S we  have  Torf  (S/I,  N)  = 0.  Thus  we 
conclude  from  Lemma  10.100.3  that  N is  free  on  {1  (g>  xa}aeA-  The  injectivity  of 
R — > S then  guarantees  that  there  cannot  be  a nontrivial  relation  among  the  xa 
with  coefficients  in  R.  □ 


06A5 


Please  compare  the  lemma  below  to  Lemma  10.98.15  (the  case  of  Noetherian  local 
rings)  and  Lemma[l0.127.8  (the  case  of  finitely  presented  algebras). 

Lemma  10.100.8  (Critere  de  platitude  par  fibres:  Nilpotent  case).  Let 


be  a commutative  diagram  in  the  category  of  rings.  Let  I C R be  a nilpotent  ideal 
and  M an  S' -module.  Assume 

(1)  The  module  M/IM  is  a flat  S/IS-module. 

(2)  The  module  M is  a flat  R-module. 

Then  M is  a flat  S -module  andSq  is  flat  over  R for  every  q C S such  that  M<S>sk(c{) 
is  nonzero. 


Proof.  As  M is  flat  over  R tensoring  with  the  short  exact  sequence  0 R -A 

R/I  -A  0 gives  a short  exact  sequence 

0 -A  I M -a  M -a  M/IM  -a  0. 


Note  that  1 M 
both  maps  in 


IS  M is  surjective.  Combined  with  the  above  this  means 
I M -a  /S  (gig  M -s>  M 


are  injective.  Hence  Tor*  (IS,  M)  = 0 (see  Remark  10.74.9)  and  we  conclude  that 
M is  a flat  R-module  by  Lemma  10.98.8  To  finish  we  need  to  show  that  Rq  is  flat 


10.101.  WHAT  MAKES  A COMPLEX  EXACT? 


655 


over  R for  any  prime  q C S such  that  M (g )g  ?c(q)  is  nonzero.  This  follows  from 
Lemma  ITOh^  and  11(00)1  □ 


10.101.  What  makes  a complex  exact? 

OOMR  Some  of  this  material  can  be  found  in  the  paper  |[BE73]  by  Buchsbaum  and  Eisen- 
bud. 

OOMS  Situation  10.101.1.  Here  R is  a ring,  and  we  have  a complex 

Rn’,~1  ^4  . . . ^±4  Rni  ^ Rni -1  -^4  . . . ^4  Rno 


In  other  words  we  require  tp,  o tpi+ 1 = 0 for  i = 1, ...  ,e  — 1. 
OOMT  Lemma  10.101.2.  In  Situation 


10.101.1 


Suppose  R is  a local  ring  with  maximal 
ideal  m.  Suppose  that  for  some  i,  e < i < 1 some  matrix  coefficient  of  the  map  ipi 
is  invertible.  Then  the  complex  0 -A  Rne  -A  l?ne_1  Rn°  is  isomorphic  to 

the  direct  sum  of  a complex  0 — > Rnc  Rni~l  — > Rni~1~1  Rn°  and 

the  complex  0— >-0— > ...  — > R ^ R ^ 0 — > ...  — >-0  where  the  map  R -A  R is  the 
identity  map. 


Proof.  The  assumption  means,  after  a change  of  basis  of  Rni  and  Rni~l  that  the 
first  basis  vector  of  Rni  is  mapped  via  pi  to  the  first  basis  vector  of  Let 

ej  denote  the  jth  basis  vector  of  RUi  and  fk  the  fcth  basis  vector  of  Write 

Ti(ej)  = 'f2ajkfk-  So  aik  = 0 unless  k = 1 and  an  = 1.  Change  basis  on  Rni 
again  by  setting  e'  = ej  — aj\e\  for  j > 1.  After  this  change  of  coordinates  we  have 
aj  i =0  for  j > 1.  Note  the  image  of  Rni+1  -A  Rni  is  contained  in  the  subspace 
spanned  by  e,j.  j > 1.  Note  also  that  R ni~1  -A  Rni _2  has  to  annihilate  /i  since  it  is 
in  the  image.  These  conditions  and  the  shape  of  the  matrix  ( ajk ) for  <pi  imply  the 
lemma.  □ 


OOMU 


Let  us  say  that  an  acyclic  complex  of  the  form  ...—>0— »??—>■  R aOa  ...  is 
trivial.  The  lemma  above  clearly  says  that  any  finite  complex  of  finite  free  modules 
over  a local  ring  is  up  to  direct  sums  with  trivial  complexes  the  same  as  a complex 
all  of  whose  maps  have  all  matrix  coefficients  in  the  maximal  ideal. 


Lemma  10.101.3.  In  Situation 
that  0 ->  Rne  -A  R rie~1  -A  . . . — 


10.101.1 


Rn°  is  an  exact  complex, 
isomorphic  to  a direct  sum  of  trivial  complexes. 


Let  R be  a Artinian  local  ring.  Suppose 
Then  the  complex  is 


OOMV 


Proof.  By  induction  on  the  integer  J2ni-  Clearly  Ass (R)  = {m}.  Pick  x £ R, 
x 4 0,  mm  = 0.  Pick  a basis  vector  a £ Rn^ . Since  xe*  is  not  mapped  to  zero 
by  exactness  of  the  complex  we  deduce  that  some  matrix  coefficient  of  the  map 
RUa  -a  PC1'-1  is  not  in  m.  Lemma  10.101.2  then  allows  us  to  decrease  ffni.  □ 


Below  we  define  the  rank  of  a map  of  finite  free  modules.  This  is  just  one  possible 
definition  of  rank.  It  is  just  the  definition  that  works  in  this  section;  there  are 
others  that  may  be  more  convenient  in  other  settings. 


Definition  10.101.4.  Let  R be  a ring.  Suppose  that  ip  : Rm  -A  Rn  is  a map  of 
finite  free  modules. 


(1)  The  rank  of  ip  is  the  maximal  r such  that  Ar p : A rRm  —>  A rRn  is  nonzero. 

(2)  We  let  I (p)  C R be  the  ideal  generated  by  the  r x r minors  of  the  matrix 
of  ip,  where  r is  the  rank  as  defined  above. 
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OOMW 


Lemma  10.101.5.  In  Situation 


10.101.1 


suppose  the  complex  is  isomorphic  to  a 


direct  sum  of  trivial  complexes.  Then  we  have 


(1)  the  maps  pi  have  rank  ri  = n*  — rii+ \ + . . . + (— l)e_I_1ne-i  + (— T)e~lne, 

(2)  for  all  i,  1 < i < e we  have  rank(pi+ 1)  + rank{pf)  = rij, 

(3)  each  I(pi)  = R. 


Proof.  We  may  assume  the  complex  is  the  direct  sum  of  trivial  complexes.  Then 
for  each  i we  can  split  the  standard  basis  elements  of  Rni  into  those  that  map  to  a 
basis  element  of  R ni~1  and  those  that  are  mapped  to  zero  (and  these  are  mapped 
onto  by  basis  elements  of  i?n’+1 ).  Using  descending  induction  starting  with  i = e 
it  is  easy  to  prove  that  there  are  ri+i-basis  elements  of  Rni  which  are  mapped  to 
zero  and  r*  which  are  mapped  to  basis  elements  of  R™*-1.  From  this  the  result 
follows.  □ 


OOMX  Lemma  10.101.6.  Let  R be  a local  Noetherian  ring.  Suppose  that  p : Rm  -A  Rn 
is  a map  of  finite  free  modules.  The  following  are  equivalent 

(1)  p is  injective. 

(2)  the  rank  of  ip  is  m and  either  I{p)  = R or  it  contains  a nonzerodivisor. 

Proof.  If  any  matrix  coefficient  of  <p  is  not  in  m,  then  we  apply  Lemma[l0.101.2| 
to  write  p as  the  sum  of  1 : R — > R and  a map  <p'  : l?m_1  — > Rn~1.  It  is  easy  to 
see  that  the  lemma  for  p'  implies  the  lemma  for  p.  Thus  we  may  assume  from  the 
outset  that  all  the  matrix  coefficients  of  p are  in  m. 

Suppose  p is  injective.  We  may  assume  m > 0.  Let  q e Ass (R).  Let  x £ R be  an 
element  whose  annihilator  is  q.  Note  that  p induces  a injective  map  xRm  — > xRn 
which  is  isomorphic  to  the  map  pq  : (R/ q)m  — > (R/ q)n  induced  by  p.  Since  R/q 
is  a domain  we  deduce  immediately  by  localizing  to  its  fraction  field  that  the  rank 
of  tpq  is  to  and  that  I(p q)  is  not  the  zero  ideal.  Hence  we  conclude  by  Lemma 
110.62.181 


Conversely,  assume  that  the  rank  of  p is  to  and  that  I(p)  contains  a nonzerodivisor 
x.  The  rank  being  to  implies  n > to.  By  Lemma  |10.14.4  we  can  find  a map 
if  : Rn  — ► Rm  such  that  if  o p = ajid^™.  Thus  p is  injective.  □ 


OOMY  Lemma  10.101.7.  In  Situation 


10.101.1 


Suppose  R is  a local  Noetherian  ring 


with  maximal  ideal  m.  Assume  m € Ass{R),  in  other  words  R has  depth  0.  Suppose 
that  the  complex  is  exact.  In  this  case  the  complex  is  isomorphic  to  a direct  sum  of 
trivial  complexes. 


Proof.  The  proof  is  the  same  as  in  Lemma  10.101.3  except  using  Lemma  10.101.6 
to  guarantee  that  I(pe ) = R,  and  hence  some  matrix  coefficient  of  pe  is  not  in 

m.  □ 


00MZ 


Lemma  10.101.8.  In  Situation 


10.101.1 


suppose  R is  a local  Noetherian  ring, 


and  suppose  that  the  complex  is  exact.  Lei  x be  an  element  of  the  maximal  ideal 


which  is  a nonzerodivisor.  The  complex  0 —¥  {R/xR)r 
exact. 


(R/xR)ni  is  still 


Proof.  Follows  easily  from  the  snake  lemma.  □ 

00N0  Lemma  10.101.9  (Acyclicity  lemma).  Let  R be  a local  Noetherian  ring.  Let  0 — ► 
Me  -A  Me_i  -A  ...  -A  Mq  be  a complex  of  finite  R-modules.  Assume  depth.(Mi)  > i. 
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Let  i be  the  largest  index  such  that  the  complex  is  not  exact  at  Mi . If  i > 0 then 
Ker(Mi  -a  —a  Mf)  has  depth  > 1. 

Proof.  Let  H = Ker(Mj  -A  Mj_i)/Im(Mj+i  -A  Mf)  be  the  cohomology  group 
in  question.  We  may  break  the  complex  into  short  exact  sequences  0 -A  Me  — y 


Me—i  — y ILe—2  — t 0,  0 — )■  I\j  — y Mj  — y Kj—\  — y 0,  for  i A 2 Si  j ^ e — 2, 
0 — > Ki^i  — y Mi_^i  — y Bi  — y 0,  0 — y I\.i  — y Mi  — y Mi_^1  and  0 — y Bi  — y Ki  — ^ 
H -A  0.  We  proceed  up  through  these  complexes  to  prove  the  statements  about 


depths,  repeatedly  using  Lemma  10.71.6  First  of  all,  since  depth(Me)  > e,  and 


depth(Me_i)  > e — 1 we  deduce  that  depth(ive_2)  > e — 1.  At  this  point  the 
sequences  0 -A  I\j  —A  Mj  -A  Ay-i  — t 0 for  i + 2 < j < e — 2 imply  similarly  that 


depth(/Lj_i)  > j for  * + 2 < j < e — 2.  The  sequence  0 -A  Ki+ i -a  Mi+ 1 -A  Bi  -A  0 
then  shows  that  depth(B.j)  > i + 1.  The  sequence  0 — y Ki  — y Mt  -A  Mi_i  shows 
that  depth(ATi)  > 1 since  Mi  has  depth  > * > 1 by  assumption.  The  sequence 
O^yBi-yKi-yH^yO  then  implies  the  result.  □ 


00N1  Proposition  10.101.10.  In  Situation  10.101.1.  suppose  R is  a local  Noetherian 
ring.  The  complex  is  exact  if  and  only  if  for  all  i,  1 < i < e the  following  two 
conditions  are  satisfied: 

(1)  we  have  rank(tpi+ 1)  + rank(ipi)  = Hi,  and 

(2)  = R,  or  I(<Pi)  contains  a regular  sequence  of  length  i. 


Proof.  This  proof  is  very  similar  to  the  proof  of  Lemma[l0.101.6[  As  in  the  proof 
of  Lemma  |10.101.6|  we  may  assume  that  all  matrix  entries  of  each  tpi  are  elements 
of  the  maximal  ideal.  We  may  also  assume  that  e > 1. 

Assume  the  complex  is  exact.  Let  q £ Ass (R).  (There  is  at  least  one  such  prime.) 


Note  that  the  ring  l?q  has  depth  0.  We  apply  Lemmas  10.101.7  and  10.101.5  to  the 
localized  complex  over  i?q.  All  of  the  ideals  /(y>,:)q,  e > i > 1 are  equal  to  Rq.  Thus 
none  of  the  ideals  I[}Pi)  is  contained  in  q.  This  implies  that  I(ipe)I(pe- 1) . . . I(ip i) 
is  not  contained  in  any  of  the  associated  primes  of  R.  By  Lemma  [10. 14. 2|  we  may 
choose  x £ I(y>e)I(ipe_ i) . . . x fL  q for  all  q £ Ass (R).  According  to  Lemma 

10.101.8  the  complex  0 -A  (R/xR)nc  —y...—y  {R/xR)ni  is  exact.  By  induction  on 


e all  the  ideals  I(ipi)/xR  have  a regular  sequence  of  length  i—  1.  This  proves  that 
I(ipi)  contains  a regular  sequence  of  length  i. 

Assume  the  two  conditions  on  the  ranks  of  ipi  and  the  ideals  I(<pi)  is  satisfied.  Note 
that  I(ifii)  C m for  all  i because  of  what  was  said  in  the  first  paragraph  of  the  proof. 
Hence  the  assumption  in  particular  implies  that  depth(i?)  > e.  By  induction  on 
the  dimension  of  R we  may  assume  the  complex  is  exact  when  localized  at  any 
nonmaximal  prime  of  R.  Thus  Ker(y>j)/Im(c^j+i)  has  support  {m}  and  hence  (if 
nonzero)  depth  0.  By  Lemma  10.101.9  we  see  that  the  complex  is  exact.  □ 


10.102.  Cohen-Macaulay  modules 

00N2  Here  we  show  that  Cohen-Macaulay  modules  have  good  properties.  We  postpone 
using  Ext  groups  to  establish  the  connection  with  duality  and  so  on. 

00N3  Definition  10.102.1.  Let  R be  a Noetherian  local  ring.  Let  M be  a finite  77- 
module.  We  say  M is  Cohen-Macaulay  if  dim(Support(M))  = depth(M). 

We  start  with  an  innocuous  observation. 
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OAAD  Lemma  10.102.2.  Let  R -A  S be  a surjective  homomorphism  of  Noetherian  local 
rings.  Let  N be  a finite  S -module.  Then  N is  Cohen- Macaulay  as  an  S -module  if 
and  only  if  N is  Cohen- Macaulay  as  an  R-module. 

Proof.  Omitted.  □ 


Let  R be  a local  Noetherian  ring.  Let  M be  a Cohen-Macaulay  module,  and  let 
fi,...,fd  be  an  M-regular  sequence  with  d = dim(Support ( M ) ) . We  say  that 
g £ m is  good  with  respect  to  ( M , /i, . . . , fd)  if  for  all  i = 0, 1, . . . , d — 1 we  have 
dim(Support(M)  O V(g,  f±, . . . , ft))  = d — i — 1.  This  is  equivalent  to  the  condition 
that  dim(Support(M/(/i, . . . , ff)M ) D V{g))  = d — i — 1 for  i = 0, 1, . . . , d — 1. 

00N4  Lemma  10.102.3.  Notation  and  assumptions  as  above.  If  g is  good  with  respect 
to  ( M , fi, . . . , fd),  then  (a)  g is  a nonzerodivisor  on  M , and  (b)  M / gM  is  Cohen- 
Macaulay  with  maximal  regular  sequence  fi, ... , fd- 1- 


Proof.  We  prove  the  lemma  by  induction  on  d.  If  d = 0,  then  M is  finite  and 
there  is  no  case  to  which  the  lemma  applies.  If  d = 1,  then  we  have  to  show  that 
g : M — > M is  injective.  The  kernel  K has  support  {m}  because  by  assumption 
dimSupp(M)  O V(g)  = 0.  Hence  K has  finite  length.  Hence  fi  : K — > K injective 
implies  the  length  of  the  image  is  the  length  of  K , and  hence  f\  K = K , which  by 
Nakayama’s  Lemma  10.19.1  implies  K = 0.  Also,  dimSupp(A//(/M)  = 0 and  so 
M/gM  is  Cohen-Macaulay  of  depth  0. 


For  d > 1 we  essentially  argue  in  the  same  way.  Let  K C M be  the  kernel  of 
multiplication  by  g.  As  above  f\  : K -A  K cannot  be  surjective  if  K 4 0 Consider 
the  commutative  diagram 


M 

M 

M/AM 

4-  9 

4 -9 

4-  9 

M 2(4 

M 

-A  M/fxM 

0 

0 


This  shows  that  the  kernel  K\  of  g : M / fiM  — > M / f\  M cannot  be  zero  if  K is  not 
zero.  But  g is  good  for  (M//iM,  /2, . . . , fd),  as  is  easy  seen  from  the  definition. 
We  conclude  that  Ki  = 0,  and  so  K = 0.  From  the  snake  lemma  we  see  that 
0 -A  M/gM  — > M/gM  -A  M/(/i,  g)M  — > 0 is  exact.  By  induction,  we  have  that 
M/(g,  f\)M  is  Cohen-Macaulay  with  regular  sequence  /2, . . . , fd- 1-  Thus  M/gM 
is  Cohen-Macaulay  with  regular  sequence  fi, ... , fd- 1-  D 


00N5  Lemma  10.102.4.  Let  R be  a Noetherian  local  ring.  Let  M be  a Cohen-Macaulay 
module  over  R.  Suppose  g £ m is  such  that  dim(Supp(AI)nV (g))  = dim (Supp(M))— 
1.  Then  (a)  g is  a nonzerodivisor  on  M , and  (b)  M/gM  is  Cohen-Macaulay  of  depth 
one  less. 


Proof.  Choose  a M-regular  sequence  fi,---,fd  with  d = dim(Supp(M)).  If  g is  is 
good  with  respect  to  (M,  /i, . . . , /d)  we  win  by  Lemma  10.102.3  In  particular  the 
lemma  holds  if  d = 1.  (The  case  d = 0 does  not  occur.)  Assume  d > 1.  Choose 
an  element  h £ R such  that  (a)  h is  good  with  respect  to  (M,  /i, . . . , /d),  and  (b) 
dim(Supp(M)nP ( h , g)  = d—  2.  To  see  h exists,  let  { } be  the  (finite)  set  of  minimal 
primes  of  the  closed  sets  Supp(M),  Supp(M)  D P(/i, . . . , /*),  i = 1, . . . , d — 1,  and 
Supp(M)  fl  V{g).  None  of  these  is  equal  to  m and  hence  we  may  find  h £ m, 
h q;  by  Lemma  10.14.2  It  is  clear  that  h satisfies  (a)  and  (b).  At  this  point  we 


may  apply  Lemma  10.102.3  to  conclude  that  M/hM  is  Cohen-Macaulay.  By  (b)  we 
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see  that  the  pair  (M / hM , g ) satisfies  the  induction  hypothesis.  Hence  M/(h,g)M  is 
Cohen-Macaulay,  and  g : M/hM  — >•  M/hM  is  injective.  From  this  it  follows  easily 
that  g : M — » M is  injective,  by  a snake  lemma  argument.  This  in  its  turn  implies 
that  h : M/gM  — > M/gM  is  injective.  Combined  with  the  fact  that  M/(g , h)M  is 
Cohen-Macaulay  this  finishes  the  proof.  □ 


00N6  Proposition  10.102.5.  Let  R be  a Noetherian  local  ring,  with  maximal  ideal 
m.  Let  M be  a Cohen-Macaulay  module  over  R whose  support  has  dimension  d. 
Suppose  that  gi,. . . ,gc  are  elements  of  m such  that  d\m{Supp{M / [g\, . . . ,gc)M ))  = 
d—c.  Then  g\,...,gc  is  an  M -regular  sequence,  and  can  be  extended  to  a maximal 
M -regular  sequence. 


Proof.  Let  Z = Supp(M)  C Spec(f?).  By  Lemma  10.59.12  in  the  chain  Z Z> 
Z nV(gi)  D ...  D Z r\V(gi, ...  ,gc)  each  step  decreases  the  dimension  at  most  by 
1.  Hence  by  assumption  each  step  decreases  the  dimension  by  exactly  1 each  time. 
Thus  we  may  successively  apply  Lemma  10.102.4  to  the  modules  M / {g\, . . . , gf) 
and  the  element  gi+\. 


To  extend  gi, ...  ,gc  by  one  element  if  c < d we  simply  choose  an  element  gc+i  G tn 
which  is  not  in  any  of  the  finitely  many  minimal  primes  of  Z D V (g±, . . . , gc ),  using 
Lemma  110.14.21  □ 


OONF  Definition  10.102.6.  Let  R be  a Noetherian  local  ring.  A finite  module  M over 
R is  called  a maximal  Cohen-Macaulay  module  if  depth(M)  = dim(f?). 


In  other  words,  a maximal  Cohen-Macaulay  module  over  a Noetherian  local  ring 
is  a finite  module  with  the  largest  possible  depth  over  that  ring.  Equivalently, 
a maximal  Cohen-Macaulay  module  over  a Noetherian  local  ring  R is  a Cohen- 
Macaulay  module  of  dimension  equal  to  the  dimension  of  the  ring.  In  particular,  if 
M is  a Cohen-Macaulay  f?- module  with  Spec(-R)  = Supp(M),  then  M is  maximal 
Cohen-Macaulay.  Thus  the  following  two  lemmas  are  on  maximal  Cohen-Macaulay 
modules. 

0AAE  Lemma  10.102.7.  Let  R be  a Noetherian  local  ring . Assume  there  exists  a Cohen- 
Macaulay  module  M with  Spec(f?)  = Supp(M).  Then  any  maximal  chain  of  ideals 
po  C pi  C . . . C pn  has  length  n = dim(I?). 


Proof.  We  will  prove  this  by  induction  on  dim(l?).  If  dim(l?)  = 0,  then  the 
statement  is  clear.  Assume  dim(I?)  > 0.  Then  n > 0.  Choose  an  element  x £ pi, 
with  x not  in  any  of  the  minimal  primes  of  R,  and  in  particular  x fL  po-  (See  Lemma 
10.14.2  ) Then  dim(R/xR)  = dim(l?)  — 1 by  Lemma  10.59.12  The  module  M/xM 
is  Cohen-Macaulay  over  R/xR  by  Proposition  10. 102. 5|  and  Lemma  10.102.2  The 
support  of  M/xM  is  Spec(R/xR)  by  Lemma  10.39.8  By  induction  the  chain 
pi/xR  C . . . C p n/xR  in  R/xR  has  length  dim  (R/xR)  = dim(A)  — 1.  □ 


OAAF  Lemma  10.102.8.  Suppose  R is  a Noetherian  local  ring.  Assume  there  exists  a 
Cohen-Macaulay  module  M with  Spec (R)  = Supp(M).  Then  for  a prime  p C R we 
have 

dim(I?)  = dim(Ap)  + dim(i?/p). 


Proof.  Follows  immediately  from  Lemma[l0.102.7| 


□ 
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OAAG  Lemma  10.102.9.  Suppose  R is  a Noetherian  local  ring.  Let  M be  a Cohen- 
Macaulay  module  over  R.  For  any  prime  p C R the  module  Mp  is  Cohen- Macaulay 
over  Rp. 


Proof.  Choose  a maximal  chain  of  primes  p = pc  C pc-i  C . . . C pi  C m.  If  we 
prove  the  result  for  MPl  over  i?Pl,  then  the  lemma  will  follow  by  induction  on  c. 
Thus  we  may  assume  that  there  is  no  prime  strictly  between  p and  m. 

If  Mp  = 0,  then  the  lemma  holds.  Assume  Mp  ^ 0.  We  have  dim(Supp(Mp))  < 
dim(Supp(M))  — 1 as  a chain  of  primes  in  the  support  of  Mp  is  a chain  a primes  in 
the  support  of  M not  including  m.  Thus  it  suffices  to  show  that  the  depth  of  Mp 
is  at  least  the  depth  of  M minus  1.  We  will  prove  by  induction  on  the  depth  of  M 
that  there  exists  an  M- regular  sequence  /1; . . . , /depth(M)-i  in  P-  This  will  prove 
the  lemma  since  localization  at  p is  exact.  Since  depth(M)  = dim((Supp(M))  > 
dim(Supp(Mp))  + 1 > 1 we  see  that  the  base  case  happens  when  the  depth  of  M is 
1 and  this  case  is  trivial.  Assume  the  depth  of  M is  at  least  2. 


Let  I C R be  the  annihilator  of  M such  that  Spec (R/I)  = V(I)  = Supp(M) 
(Lemma  10.39.5).  By  Lemmas  10.102.2  and  10.102.7  every  maximal  chain  of  primes 
in  V(I)  has  length  > 2.  Hence  none  of  the  minimal  primes  of  V(I)  are  equal  to 
p.  Thus  we  can  use  Lemma|l0.14.2  to  find  a /i  £ p which  is  not  contained  in  any 
of  the  minimal  primes  of  V(I).  Then  /i  is  a nonzerodivisor  on  M and  M/fiM 
has  depth  exactly  one  less  by  Lemma [10. 102. 4|  By  induction  we  can  extend  to  an 
M- regular  sequence  /i, . . . , fr  € p with  r = depth(M)  — 1 as  desired.  □ 


0AAH  Definition  10.102.10.  Let  R be  a Noetherian  ring.  Let  M be  a finite  l?-module. 

We  say  M is  Cohen- Macaulay  if  Mp  is  a Cohen-Macaulay  module  over  Rp  for  all 
primes  p of  R. 


By  Lemma [10. 102. 9|  it  suffices  to  check  this  in  the  maximal  ideals  of  R. 

OAAI  Lemma  10.102.11.  Let  R be  a Noetherian  ring.  Let  M be  a Cohen-Macaulay 
module  over  R.  Then  M®rR[x i,  . . . , xn]  is  a Cohen-Macaulay  module  over  R[x±, . . . , 


Proof.  By  induction  on  the  number  of  variables  it  suffices  to  prove  this  for  M[x\  = 
M <giR  R[x]  over  R[x}.  Let  m C i?[cc]  be  a maximal  ideal,  and  let  p = R fl  m.  Let 
f,i  be  a Mp-regular  sequence  in  the  maximal  ideal  of  Rp  of  length  d = 
dim(Supp(Mp)).  Note  that  since  R[x]  is  flat  over  R the  localization  is  flat 


over  Rp.  Hence,  by  Lemma  10.67.5  the  sequence  f\ ,.  • • • fd  is  a M[cc]m-regular 


sequence  of  length  d in  -/?[£],„.  The  quotient 

Q = M[x\m/(fi,  . . . , fd)M[x\  m = Mp/(fi, ...,  fd)Mp  ®Rp  R[x]m 

has  support  equal  to  the  primes  lying  over  p because  i?p  — > is  flat  and  the 

support  of  Mp/(/i, . . . , fd)Mp  is  equal  to  {p}  (details  omitted;  hint:  follows  from 
Lemmas  10.39.4  and  10.39. 5|).  Hence  the  dimension  is  1.  To  finish  the  proof  it 


suffices  to  find  a single  Q-regffiar  element  / £ m.  Since  m is  a maximal  ideal,  the 
field  extension  «;(p)  C /i(m)  is  finite  (Theorem  10.33.1).  Hence  we  can  find  f € m 


which  viewed  as  a polynomial  in  x has  leading  coefficient  not  in  p.  Such  an  / acts 
as  a nonzerodivisor  on 

Mp/( A, . . . , fd)Mp  ®R  i?[x]  = 0 . . . , fd)Mp  ■ xn 


and  hence  acts  as  a nonzerodivisor  on  Q. 


□ 
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10.103.  Cohen-Macaulay  rings 

00N7  Most  of  the  results  of  this  section  are  special  cases  of  the  results  in  Section  [l0.102| 

00N8  Definition  10.103.1.  A Noetherian  local  ring  R is  called  Cohen-Macaulay  if  it  is 
Cohen-Macaulay  as  a module  over  itself. 


Note  that  this  is  equivalent  to  requiring  the  existence  of  a A-regular  sequence 
X\, . . . , Xd  of  the  maximal  ideal  such  that  R/{x\ , . . . , Xd)  has  dimension  0.  We  will 
usually  just  say  “regular  sequence”  and  not  “i?-regular  sequence”. 

02JN  Lemma  10.103.2.  Let  R be  a Noetherian  local  Cohen-Macaulay  ring  with  maximal 
ideal  m.  Let  xi, . . . , xc  G m be  elements.  Then 


Xi, . . . ,xc  is  a regular  sequence  <t=>  dim(l?/ (aq, . . . , xc ))  = dim(i?)  — c 

If  so  xi,...,xc  can  be  extended  to  a regular  sequence  of  length  dim(f?)  and  each 
quotient  i?/(aq, . . . , xf)  is  a Cohen-Macaulay  ring  of  dimension  dim(J?)  — i. 

Proof.  Special  case  of  Proposition  |10. 1023}  □ 

00N9  Lemma  10.103.3.  Let  R be  Noetherian  local.  Suppose  R is  Cohen-Macaulay  of 
dimension  d.  Any  maximal  chain  of  ideals  po  C pi  C .. . C has  length  n = d. 

Proof.  Special  case  of  Lemma  [TO.  102. 7|  □ 

OONA  Lemma  10.103.4.  Suppose  R is  a Noetherian  local  Cohen-Macaulay  ring  of  di- 
mension d.  For  any  prime  p C R we  have 


dim(i?)  = dim(i?.p)  + dim(i?/p). 


Proof.  Follows  immediately  from  Lemma  10.103.3 
Lemma  10.102.8  ) 


(Also,  this  is  a special  case  of 

□ 


00NB  Lemma  10.103.5.  Suppose  R is  a Cohen-Macaulay  local  ring.  For  any  prime 
pC  R the  ring  i?p  is  Cohen-Macaulay  as  well. 


Proof.  Special  case  of  Lemma[l0.102.9| 


□ 


00NC  Definition  10.103.6.  A Noetherian  ring  R is  called  Cohen-Macaulay  if  all  its 
local  rings  are  Cohen-Macaulay. 

OOND  Lemma  10.103.7.  Suppose  R is  a Cohen-Macaulay  ring.  Any  polynomial  algebra 
over  R is  Cohen-Macaulay. 


Proof.  Special  case  of  Lemma  10.102.11 


□ 


OONE  Lemma  10.103.8.  Let  R be  a Noetherian  local  Cohen-Macaulay  ring  of  dimension 
d.  Let  0 -A  K -A  R®n  -A  M -A  0 be  an  exact  sequence  of  R-modules.  Then  either 
depth(K)  > depth(M)  or  depth(K)  = depth(M)  = d. 


Proof.  If  depth(M)  = 0 the  lemma  is  clear.  Let  x £ m be  a nonzerodivisor  on  M 
and  on  R.  Then  £ is  a nonzerodivisor  on  M and  on  K and  it  follows  by  an  easy 
diagram  chase  that  0 -A  K/xK  -a  ( R/xR)n  — > M/xM  — A 0 is  exact.  Thus  the 
result  follows  from  the  result  for  K/xK  over  R/xR  which  has  smaller  dimension.  □ 
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Lemma  10.103.9.  Let  R be  a local  Noetherian  Cohen- Macaulay  ring  of  dimension 
d.  Let  M be  a finite  R module  of  depth  e.  There  exists  an  exact  complex 

0 — ► K -A  Fd_e_  i 

with  each  Fi  finite  free  and  K maximal  Cohen- Macaulay. 

Proof.  Immediate  from  the  definition  and  Lemma TlO.  103.81  □ 

Lemma  10.103.10.  Let  <p  : A -A  B be  a map  of  local  rings.  Assume  that  B 
is  Noetherian  and  Cohen- Macaulay  and  that  = ^/ip(mA)B . Then  there  exists 
a sequence  of  elements  /i,  ■ ■ • , /dim(B)  wi  A such  that  ip(fi),  ■ ■ ■ , <p(fdim(B))  a 
regular  sequence  in  B . 


Proof.  By  induction  on  dim(13)  it  suffices  to  prove:  If  dim(I3)  > 1,  then  we  can 
find  an  element  / of  A which  maps  to  a nonzerodivisor  in  B.  By  Lemma[l0.103.2| 
it  suffices  to  find  / £ A whose  image  in  B is  not  contained  in  any  of  the  finitely 
many  minimal  primes  ql7 . . . , qr  of  B.  By  the  assumption  that  mg  = \J ip(yn.A)B 
we  see  that  rriA  <t-  1 ( q,- ) . Hence  we  can  find  / by  Lemma  10.14.2  □ 


10.104.  Catenary  rings 


Definition  10.104.1.  A ring  R is  said  to  be  catenary  if  for  any  pair  of  prime 
ideals  p C q,  all  maximal  chains  of  primes  p = po  C pi  C . . . C pe  = q have  the 
same  (finite)  length. 


Lemma  10.104.2.  A ring  R is  catenary  if  and  only  if  the  topological  space  Spec(f?) 
is  catenary  (see  Topology,  Definition  5.10.4). 


Proof.  Immediate  from  the  definition  and  the  characterization  of  irreducible  closed 
subsets  in  Lemma  110.25.  II  □ 


In  general  it  is  not  the  case  that  a finitely  generated  I?-algebra  is  catenary  if  R is. 
Thus  we  make  the  following  definition. 

Definition  10.104.3.  A ring  R is  said  to  be  universally  catenary  if  R is  Noetherian 
and  every  R algebra  of  finite  type  is  catenary. 

By  Lemma [10. 104. 6| this  just  means  that  R is  Noetherian  and  that  each  polynomial 
algebra  i?[cci, . . . , xn]  is  catenary. 

Lemma  10.104.4.  Any  localization  of  a (universally)  catenary  ring  is  (univer- 
sally) catenary. 


Proof.  Let  A be  a ring  and  let  S C A be  a multiplicative  subset.  The  description 
of  Spec(5'_1A)  in  Lemma  10.16.5  shows  that  if  A is  catenary,  then  so  is  S'-1  A.  If 
S~lA  — > C is  of  finite  type,  then  C = S~1B  for  some  finite  type  ring  map  A — >•  B. 
Hence  if  A is  universally  catenary,  then  B is  catenary  and  we  see  that  C is  catenary 
too.  Combined  wtih  Lemma [l0.30.1|this  proves  the  lemma.  □ 


Lemma  10.104.5.  Let  R be  a ring.  The  following  are  equivalent 

(1)  R is  catenary, 

(2)  Rp  is  catenary  for  all  prime  ideals  p, 

(3)  Rm  is  catenary  for  all  maximal  ideals  m. 
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Assume  R is  Noetherian.  The  following  are  equivalent 

(1)  R is  universally  catenary, 

(2)  Rp  is  universally  catenary  for  all  prime  ideals  p, 

(3)  Rm  is  universally  catenary  for  all  maximal  ideals  m. 


Proof.  The  implication  (1)  =>  (2)  follows  from  Lemma  10.104.4  in  both  cases.  The 
implication  (2)  =>  (3)  is  immediate  in  both  cases.  Assume  Rm  is  catenary  for  all 
maximal  ideals  m of  R.  If  p C q are  primes  in  R,  then  choose  a maximal  ideal 
q C m.  Chains  of  primes  ideals  between  p and  q are  in  1-to-l  correspondence  with 
chains  of  prime  ideals  between  p Rm  and  q Rm  hence  we  see  R is  catenary.  Assume 
R is  Noetherian  and  Rm  is  universally  catenary  for  all  maximal  ideals  m of  R.  Let 
R — > S be  a finite  type  ring  map.  Let  q be  a prime  ideal  of  S lying  over  the  prime 
pci?.  Choose  a maximal  ideal  p C m in  R.  Then  Rp  is  a localization  of  Rm  hence 
universally  catenary  by  Lemma  10.104.4  Then  Sp  is  catenary  as  a finite  type  ring 
over  Rp.  Hence  Sq  is  catenary  as  a localization.  Thus  S is  catenary  by  the  first 


lp. 

case  treated  above. 


□ 


Lemma  10.104.6.  Any  quotient  of  a (universally)  catenary  ring  is  (universally) 
catenary. 


Proof.  Let  A be  a ring  and  let  I C A be  an  ideal.  The  description  of  Spec(A/i) 
in  Lemma  10.16.7  shows  that  if  A is  catenary,  then  so  is  A/I.  If  A/I  — > B is  of 
finite  type,  then  A — » B is  of  finite  type.  Hence  if  A is  universally  catenary,  then 
B is  catenary.  Combined  wtih  Lemma  10.30.1  this  proves  the  lemma.  □ 


Lemma  10.104.7.  Let  R be  a Noetherian  ring. 

(1)  R is  catenary  if  and  only  if  R/ p is  catenary  for  every  minimal  prime  p. 

(2)  R is  universally  catenary  if  and  only  if  R/ p is  universally  catenary  for 
every  minimal  prime  p. 


Proof.  If  a C b is  an  inclusion  of  primes  of  R,  then  we  can  find  a minimal  prime 
p C a and  the  first  assertion  is  clear.  We  omit  the  proof  of  the  second.  □ 

Lemma  10.104.8.  A Cohen- Macaulay  ring  is  universally  catenary.  More  gen- 
erally, if  R is  a Noetherian  ring  and  M is  a Cohen- Macaulay  R-module  with 
Supp(M)  = Spec(i?),  then  R is  universally  catenary. 

Proof.  Since  a polynomial  algebra  over  R is  Cohen-Macaulay,  by  Lemma fl 0.1 03. 7[ 
it  suffices  to  show  that  a Cohen-Macaulay  ring  is  catenary.  Let  R be  Cohen- 
Macaulay  and  p C q primes  of  R.  By  definition  R.q  and  Rp  are  Cohen-Macaulay. 
Take  a maximal  chain  of  primes  p = po  C pi  C ...  C pn  = q.  Next  choose 
a maximal  chain  of  primes  qo  C qi  C ...  C qm  = p.  By  Lemma  |10.103.3|  we 
have  n + m = dim(i?q).  And  we  have  to  = dim(i?p)  by  the  same  lemma.  Hence 
n = dim(i?(])  — dim(i?p)  is  independent  of  choices. 

To  prove  the  more  general  statement,  argue  exactly  as  above  but  using  Lemmas 
IIP.  102. Ill  and  IIP.  102. 71  □ 


10.105.  Regular  local  rings 

It  is  not  that  easy  to  show  that  all  prime  localizations  of  a regular  local  ring  are 
regular.  In  fact,  quite  a bit  of  the  material  developed  so  far  is  geared  towards  a 
proof  of  this  fact.  See  Proposition  |10. 10931  and  trace  back  the  references. 
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Lemma  10.105.1.  Let  R be  a regular  local  ring  with  maximal  ideal  m.  The  graded 
ring  is  isomorphic  to  the  graded  polynomial  algebra  K(m)[Xi, . . . ,Xd]. 


Proof.  Let  xi, ...  ,xd  be  a minimal  set  of  generators  for  the  maximal  ideal  m.  By 
Definition  10.59.9  this  implies  that  dim(J?)  = d.  Write  k = K(m).  There  is  a 


surjection  k[Xi,  . . . ,Xd\  -A  0m”/m”  , which  maps  the  class  of  x{  in  m/m2  to 

Xi.  Since  d(R)  = d by  Proposition  10.59.8  we  know  that  the  numerical  polynomial 


n H >■  dimKmn/m"+1  has  degree  d — 1.  By  Lemma  10.57.10  we  conclude  that  the 
surjection  n[Xi 


.X, 


0m"/m"+1  is  an  isomorphism. 


□ 


Lemma  10.105.2.  Any  regular  local  ring  is  a domain. 


Proof.  We  will  use  that  fj  m”  = 0 by  Lemma  10.50.4 
fg  = 0.  Suppose  that  / € ma  and  g € rrt 
ma+6+i  we  gee  from  the  result  of  Lemma  10.105.1  that  either  / € m°+1  or  g £ mb+1. 
Contradiction.  □ 


Let  f,g  £ R such  that 
b with  a,  b maximal.  Since  fg  = 0 £ 


Lemma  10.105.3.  Let  R be  a regular  local  ring  and  let  X\, . . . ,xd  be  a minimal 
set  of  generators  for  the  maximal  ideal  m.  Then  x\, . . . ,xd  is  a regular  sequence, 
and  each  R/ (ah, . . . , xc ) is  a regular  local  ring  of  dimension  d — c.  In  particular  R 
is  Cohen- Macaulay. 


Proof.  Note  that  R/x\R  is  a Noetherian  local  ring  of  dimension  > d—  1 by  Lemma 
10.59.12]  with  X2,  ■ ■ ■ ,xd  generating  the  maximal  ideal.  Hence  it  is  a regular  local 


ring  by  definition.  Since  R is  a domain  by  Lemma  10.105.2  X\  is  a nonzerodivisor. 

□ 


Lemma  10.105.4.  Let  R be  a regular  local  ring.  Let  I C R be  an  ideal  such  that 
R/I  is  a regular  local  ring  as  well.  Then  there  exists  a minimal  set  of  generators 
X\, . . . , xd  for  the  maximal  ideal  m of  R such  that  I = [xi, . . . , xc)  for  some  0 < 
c < d. 


Proof.  Say  dim(l?)  = d and  dim(l?/J)  = d — c.  Denote  m = m/I  the  maximal 
ideal  of  R/I.  Let  k = R/m.  We  have 

dimK((J  + m2)/m2)  = dimK(m/m2)  — dim(m/m2)  = d — (d  — c)  ==  c 


by  the  definition  of  a regular  local  ring.  Hence  we  can  choose  X\, . . . , xc  G I whose 
images  in  m/m2  are  linearly  independent  and  supplement  with  xc+\, . . . ,xd  to  get 
a minimal  system  of  generators  of  m.  The  induced  map  R/{ X\, . . . , xc)  — ► R/I  is  a 
surjection  between  regular  local  rings  of  the  same  dimension  (Lemma  10.105.3).  It 
follows  that  the  kernel  is  zero,  i.e. , I = {x-±, . . . , xc ).  Namely,  if  not  then  we  would 
have  dim  (R/I)  < dim(/?/ (x-i , . . . ,xc))  by  Lemmas  10.105.2  and  10.59.12  □ 


Lemma  10.105.5.  Let  R be  a Noetherian  local  ring.  Let  x £ m.  Let  M be  a finite 
R-module  such  that  x is  a nonzerodivisor  on  M and  M/xM  is  free  over  R/xR. 
Then  M is  free  over  R. 


Proof.  Let  mi, . . . ,mr  be  elements  of  M which  map  to  a R/xR- basis  of  M/xM. 
By  Nakayama’s  Lemma  10.19.1  mi, . . . , mr  generate  M.  If  Y/  (H'n'k  = 0 is  a relation, 
then  at  £ xR  for  all  i.  Hence  Oj  = biX  for  some  hi  £ R.  Hence  the  kernel  K of 
Rr  -A  M satisfies  xK  = K and  hence  is  zero  by  Nakayama’s  lemma.  □ 


Lemma  10.105.6.  Let  R be  a regular  local  ring.  Any  maximal  Cohen- Macaulay 
module  over  R is  free. 
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Proof.  Let  M be  a maximal  Cohen-Macaulay  module  over  R.  Let  x £ m be  part 
of  a regular  sequence  generating  m.  Then  a;  is  a nonzerodivisor  on  M by  Proposi- 
tion 10.102.5[  and  M/xM  is  a maximal  Cohen-Macaulay  module  over  R/xR.  By 


induction  on  dim(f?)  we  see  that  M/xM  is  free.  We  win  by  Lemma  10.105.5  □ 


Lemma  10.105.7.  Suppose  R is  a Noetherian  local  ring.  Let  x £ m be  a nonze- 
rodivisor such  that  R/xR  is  a regular  local  ring.  Then  R is  a regular  local  ring. 
More  generally,  if  x i,...,xr  is  a regular  sequence  in  R such  that  R/(x i, . . . , xr ) is 
a regular  local  ring,  then  R is  a regular  local  ring. 


Proof.  This  is  true  because  x together  with  the  lifts  of  a system  of  minimal  gener- 
ators of  the  maximal  ideal  of  R/xR  will  give  dim(f?)  generators  of  m.  Use  Lemma 
IIP. 59.121  The  last  statement  follows  from  the  first  and  induction.  □ 

07DX  Lemma  10.105.8.  Let  (Ri,(pa>)  be  a directed  system  of  local  rings  whose  transi- 
tion maps  are  local  ring  maps.  If  each  Ri  is  a regular  local  ring  and  R = coliml?j 
is  Noetherian,  then  R is  a regular  local  ring. 


Proof.  Let  m C R be  the  maximal  ideal;  it  is  the  colimit  of  the  maximal  ideal  m,  C 
Ri.  We  prove  the  lemma  by  induction  on  d = dim  m/m2.  If  d = 0,  then  R = R/m 
is  a field  and  R is  a regular  local  ring.  If  d > 0 pick  an  x £ m,  x fL  m2.  For  some 
i we  can  find  an  Xi  £ mapping  to  x.  Note  that  R/xR  = colinty>j  R^ /xiRr  is  a 
Noetherian  local  ring.  By  LemmaflO.  105.3  we  see  that  Rr/xiRi'  is  a regular  local 
ring.  Hence  by  induction  we  see  that  R/xR  is  a regular  local  ring.  Since  each  Ri  is 
a domain  (Lemma  10.105.1 ) we  see  that  R is  a domain.  Hence  x is  a nonzerodivisor 
and  we  conclude  that  R is  a regular  local  ring  by  Lemma[l0.105.7|  □ 


10.106.  Epimorphisms  of  rings 

04VM  In  any  category  there  is  a notion  of  an  epimorphism.  Some  of  this  material  is  taken 
from  [Laz  Ml  and  |Maz68| . 

04VN  Lemma  10.106.1.  Let  R —¥  S be  a ring  map.  The  following  are  equivalent 

(1)  R — ► S is  an  epimorphism, 

(2)  the  two  ring  maps  S — > S <S>r  S are  equal, 

(3)  either  of  the  ring  maps  S — »•  S ®r  S is  an  isomorphism,  and 

(4)  the  ring  map  S <%>r  S — )•  S is  an  isomorphism. 

Proof.  Omitted.  □ 

04VP  Lemma  10.106.2.  The  composition  of  two  epimorphisms  of  rings  is  an  epimor- 
phism. 

Proof.  Omitted.  Hint:  This  is  true  in  any  category.  □ 

04VQ  Lemma  10.106.3.  If  R — »•  S is  an  epimorphism  of  rings  and  R — > R'  is  any  ring 
map,  then  R!  R!  S is  an  epimorphism. 

Proof.  Omitted.  Hint:  True  in  any  category  with  pushouts.  □ 

04VR  Lemma  10.106.4.  If  A — » B — >■  C are  ring  maps  and  A — > C is  an  epimorphism, 
so  is  B — » C . 


Proof.  Omitted.  Hint:  This  is  true  in  any  category. 


□ 
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This  means  in  particular,  that  if  R — > S is  an  epimorphism  with  image  J?cS,  then 
R — > S is  an  epimorphism.  Hence  while  proving  results  for  epimorphisms  we  may 
often  assume  the  map  is  injective.  The  following  lemma  means  in  particular  that 
every  localization  is  an  epimorphism. 

Lemma  10.106.5.  Let  R — » S be  a ring  map.  The  following  are  equivalent: 

(1)  R —¥  S is  an  epimorphism,  and 

(2)  Rp  — > Sp  is  an  epimorphism  for  each  prime  p of  R. 


Proof.  Since  Sp  = Rv  ®r  S (see  Lemma  10.11.15)  we  see  that  (1)  implies  (2)  by 
Lemma  10.106.3  Conversely,  assume  that  (2)  holds.  Let  a,  b : S — ► A be  two  ring 
maps  from  S'  to  a ring  A equalizing  the  map  R — >■  S.  By  assumption  we  see  that 
for  every  prime  p of  R the  induced  maps  ap,&p  : Sp 
a = b as  A c Ap , see  Lemma 


10.23.1 


Ap  are  the  same.  Hence 
□ 


Lemma  10.106.6.  Let  R — > S be  a ring  map.  The  following  are  equivalent 

(1)  R — ► S is  an  epimorphism  and  finite,  and 

(2)  R — >•  S is  surjective. 


Proof.  (This  lemma  seems  to  have  been  reproved  many  times  in  the  literature,  and 
has  many  different  proofs.)  It  is  clear  that  a surjective  ring  map  is  an  epimorphism. 
Suppose  that  R — > S is  a finite  ring  map  such  that  S ® r S — > S is  an  isomorphism. 
Our  goal  is  to  show  that  R — > S is  surjective.  Assume  S/R  is  not  zero.  The  exact 
sequence  S— >S— J-S/.R— > 0 leads  to  an  exact  sequence 

R Or  S -t  S S -t  S/R  ®R  S -»  0. 


Our  assumption  implies  that  the  first  arrow  is  an  isomorphism,  hence  we  conclude 


that  S/R®r  S = 0.  Hence  also  S/R  ®r  S/R  = 0.  By  Lemma  10.5.4  there  exists 
a surjection  of  S-modules  S/R  — > R/I  for  some  proper  ideal  I C R.  Hence  there 
exists  a surjection  S/R®r  S/R—>  R/I  ®r  R/I  = R/I  ^ 0,  contradiction.  □ 

Lemma  10.106.7.  A faithfully  flat  epimorphism  is  an  isomorphism. 


Proof.  This  is  clear  from  Lemma  10.106.1  part  (3)  as  the  map  S S Ojj  S is  the 
map  R — » S tensored  with  S.  □ 


Lemma  10.106.8.  If  k —>  S is  an  epimorphism  and  k is  a field,  then  S = k or 
S = 0. 


Proof.  This  is  clear  from  the  result  of  Lemma  10.106.7  (as  any  nonzero  algebra 


over  k is  faithfully  flat),  or  by  arguing  directly  that  R 
unless  dimfc(l?)  < 1. 


R®kR  cannot  be  surjective 

□ 


Lemma  10.106.9.  Let  R —¥  S be  an  epimorphism  of  rings.  Then 

(1)  Spec(S')  — ► Spec(f?)  is  injective,  and 

(2)  for  q C S lying  over  p C R we  have  k(p)  = ft(q). 


Proof.  Let  p be  a prime  of  R.  The  fibre  of  the  map  is  the  spectrum  of  the  fibre 
ring  S<S>rk(v)-  By  Lemma  10.106.3  the  map  «(p)  — >•  S®rk( p)  is  an  epimorphism, 
and  hence  by  Lemma  10.106.8  we  have  either  S ®r  «(p)  = 0 or  S'  /c(p)  = «(p) 
which  proves  (1)  and  (2).  □ 
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Lemma  10.106.10.  Let  R be  a ring.  Let  M , N be  R-modules.  Let  be  a 

set  of  generators  of  M . Let  {yj}j^j  be  a set  of  generators  of  N.  Let  be  a 

family  of  elements  of  M with  mj  = 0 for  all  but  finitely  many  j . Then 

Em,-  ® y.j  = 0 in  M <S>r  N 

j£j  J J 

is  equivalent  to  the  following:  There  exist  aij  £ R with  atj  = 0 for  all  but  finitely 
many  pairs  ( i,j ) such  that 


, aLoxi 

0 = Y.:jeJ 


for  all  j £ J, 
for  all  i £ I. 


Proof.  The  sufficiency  is  immediate.  Suppose  that  'f2J£jmj  ® Vj  = 0.  Consider 
the  short  exact  sequence 

0 R^>  0 

where  the  jth  basis  vector  of  R maps  to  yj.  Tensor  this  with  M to  get  the 

exact  sequence 

K (g)fl  M — t M ->  N ®R  M 0. 

The  assumption  implies  that  there  exist  elements  k-i  £ K such  that  ® xi  maps 
to  the  element  of  the  middle.  Writing  k-i  = and  we  obtain  what 

we  want.  □ 


04VY  Lemma  10.106.11.  Let  ip  : R —>  S be  a ring  map.  Let  g £ S'.  The  following  are 
equivalent: 

(1)  g ® 1 = 1 ® g in  S 0#  S,  and 

(2)  there  exist  n > 0 and  elements  Pi,Zj  £ S and  Xij  £ R for  1 < i,j  < n 
such  that 

(a)  9 = J2i,j<n  xi,jVizj! 

(b)  for  each  j we  have  £ <p(R),  and 

(c)  for  each  i we  have  J2xi,jzj  £ <p{R)- 


04VZ 


Proof.  It  is  clear  that  (2)  implies  (1).  Conversely,  suppose  that  g ® 1 = 1 (g>  g. 
Choose  generators  {s,}je/  of  S as  an  R-module  with  0, 1 £ / and  so  = 1 and  si  = g. 
Apply  Lemma  10.106.10  to  the  relation  g (g)  s0  + (—1)  ® Si  = 0.  We  see  that  there 
exist  Oi_j  £ R such  that  g = Y^iai,oSi,  — 1 = J2iai,isii  and  f°r  3 0, 1 we  have 


0 = and  moreover  for  all  i we  have 


j ai,jSj 


= 0.  Then  we  have 


. aijSiSj  — —g  + ao,o 

and  for  each  j ^ 0 we  have  J2i7toai,jsi  £ R-  This  proves  that  —g  + ao,o  can  be 
written  as  in  (2).  It  follows  that  g can  be  written  as  in  (2).  Details  omitted.  Hint: 
Show  that  the  set  of  elements  of  S which  have  an  expression  as  in  (2)  form  an 
R-subalgebra  of  S.  □ 


Remark  10.106.12.  Let  R — > S be  a ring  map.  Sometimes  the  set  of  elements 
g £ S such  that  g(g)l  = l(g)gis  called  the  epicenter  of  S.  It  is  an  R-algebra.  By 
the  construction  of  Lemma  |10.106.1~T1  we  get  for  each  g in  the  epicenter  a matrix 
factorization 


(. 9 ) = YXZ 
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with  X £ Mat(n  x n,R),  Y £ Mat(l  x n,S),  and  Z £ Mat(n  x 1,5).  Namely,  let 
Xij,yi,Zj  be  as  in  part  (2)  of  the  lemma.  Set  A'  = (xfj),  let  y be  the  row  vector 
whose  entries  are  the  yi  and  let  z be  the  column  vector  whose  entries  are  the  Zj. 
With  this  notation  conditions  (b)  and  (c)  of  Lemma  10.106.11  mean  exactly  that 
Y X £ Mat(l  x n,  R),  X Z £ Mat(n  x 1,5).  It  turns  out  to  be  very  convenient  to 
consider  the  triple  of  matrices  (X,YX,  X Z).  Given  n £ N and  a triple  (P,  U,  V)  we 
say  that  (P,  U,  V)  is  a n-triple  associated  to  g if  there  exists  a matrix  factorization 
as  above  such  that  P = X,  U = Y X and  V = X Z. 


Lemma  10.106.13.  Let  R — > S be  an  epimorphism  of  rings.  Then  the  cardinality 
of  S is  at  most  the  cardinality  of  R.  In  a formula:  |5|  < \R\. 


Proof.  The  condition  that  R 
satisfies  g (g>  1 = 1 ® g,  see  Lemma  110.106.1 


5 is  an  epimorphism  means  that  each  g £ S 
We  are  going  to  use  the  notation 


introduced  in  Remark  10. 106.121  Suppose  that  g,g'  £ S and  suppose  that  (P,  U,  V) 
is  an  n-triple  which  is  associated  to  both  g and  g' . Then  we  claim  that  g = g' . 
Namely,  write  (P,  U,  V)  = ( X , Y X.  XZ)  for  a matrix  factorization  (g)  = YXZ  of  g 
and  write  (P,  U,  V)  = (A'',  Y' X' , X ' Z')  for  a matrix  factorization  (gr)  = Y' X' Z'  of 
g' . Then  we  see  that 

(g)  = YXZ  = UZ  = Y'X'Z  = Y'PZ  = Y'XZ  = Y'V  = Y'X'Z'  = {g') 


and  hence  g = g' . This  implies  that  the  cardinality  of  S is  bounded  by  the  number 
of  possible  triples,  which  has  cardinality  at  most  supn6N  |P|".  If  R is  infinite  then 
this  is  at  most  |P|,  see  |Knn831  Ch.  I,  10.13]. 


If  R is  a finite  ring  then  the  argument  above  only  proves  that  S is  at  worst  countable. 
In  fact  in  this  case  R is  Artinian  and  the  map  R — > S is  surjective.  We  omit  the 
proof  of  this  case.  □ 


Lemma  10.106.14.  Let  R -A  5 be  an  epimorphism  of  rings.  Let  N\ , W be  S- 
modules.  Then  Homs(./Vi, N2)  = Hoiiir(IVi, N2).  In  other  words,  the  restriction 
functor  Mods  — t Modu  is  fully  faithful. 


Proof.  Let  ip  : Ni  — ► IV2  be  an  P-linear  map.  For  any  x £ Ni  consider  the  map 
SZ)rS  — ► N2  defined  by  the  rule  g®g'  gy>(g'x).  Since  both  maps  5 — > S®rS  are 
isomorphisms  (Lemma  10.106.1),  we  conclude  that  gip(g'x)  = gg'y:(x)  = <p(gg'x). 
Thus  ip  is  5-linear.  □ 


10.107.  Pure  ideals 

The  material  in  this  section  is  discussed  in  many  papers,  see  for  example  |Laz67j. 
|Bko70l.  and  IDM83], 

Definition  10.107.1.  Let  R be  a ring.  We  say  that  / C R is  pure  if  the  quotient 
ring  R/I  is  flat  over  R. 

Lemma  10.107.2.  Let  R be  a ring.  Let  I C R be  an  ideal.  The  following  are 
equivalent: 

(1)  I is  pure, 

(2)  for  every  ideal  J C R we  have  J D I = I J , 

(3)  for  every  finitely  generated  ideal  J C R we  have  J D I = JI, 

(4)  for  every  x £ R we  have  (x)  D I = xl , 

(5)  for  every  x £ I we  have  x = yx  for  some  y £ I, 
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(6)  for  every  X\, . . . ,xn  £ I there  exists  a y £ I such  that  Xi  = yxi  for  all 
i = l,...,n, 

(7)  for  every  prime  p of  R we  have  IRP  = 0 or  IRp  = Rp, 

(8)  Supp(I)  = Spec(i?)  \ V(I), 

(9)  I is  the  kernel  of  the  map  R — > (1  + I)~1R, 

(10)  R/I  = S~1R  as  R-algebras  for  some  multiplicative  subset  S of  R,  and 

(11)  R/I  = (1  + I)~lR  as  R-algebras. 


Proof.  For  any  ideal  J of  R we  have  the  short  exact  sequence  0 — >■  J — >■  i?  — >■ 
R/J  — > 0.  Tensoring  with  R/I  we  get  an  exact  sequence  J (g>_ r R/I  — i R/I  — >• 
R/I  + J — > 0 and  J <Zr  R/I  = R/JI.  Thus  the  equivalence  of  (1),  (2),  and  (3) 
follows  from  Lemma  10.38.5  Moreover,  these  imply  (4). 


The  implication  (4)  =>  (5)  is  trivial.  Assume  (5)  and  let  x\, . . . , xn  £ I.  Choose  yt  £ 
I such  that  Xj  = yiXi.  Let  y £ I be  the  element  such  that  1 — y = II, =i  n(l  — Vi)- 
Then  Xi  = yxi  for  alii  = 1, . . . , n.  Hence  (6)  holds,  and  it  follows  that  (5)  <t=>  (6). 


Assume  (5).  Let  x £ I.  Then  x = yx  for  some  y £ I.  Hence  x{\  — y)  = 0, 
which  shows  that  x maps  to  zero  in  (1  + I)~lR.  Of  course  the  kernel  of  the  map 
R — > (1  + /)_11?  is  always  contained  in  I.  Hence  we  see  that  (5)  implies  (9).  Assume 
(9).  Then  for  any  x £ I we  see  that  a:(l  — y)  = 0 for  some  y £ I . In  other  words, 
x = yx.  We  conclude  that  (5)  is  equivalent  to  (9). 


Assume  (5).  Let  p be  a prime  of  R.  If  p fL  V(I),  then  IRp  = Rp.  If  p £ V(I),  in 
other  words,  if  I C p,  then  x £ I implies  x{l  — y)  = 0 for  some  y £ /,  implies  x 
maps  to  zero  in  Rp,  i.e. , IRp  = 0.  Thus  we  see  that  (7)  holds. 

Assume  (7).  Then  ( R/I)p  is  either  0 or  Rp  for  any  prime  p of  R.  Hence  by  Lemma 
10.38.19|we  see  that  (1)  holds.  At  this  point  we  see  that  all  of  (1)  - (7)  and  (9)  are 
equivalent. 


As  IRP  = Ip  we  see  that  (7)  implies  (8).  Finally,  if  (8)  holds,  then  this  means 
exactly  that  Ip  is  the  zero  module  if  and  only  if  p £ V(I),  which  is  clearly  saying 
that  (7)  holds.  Now  (1)  - (9)  are  equivalent. 

Assume  (1)  - (9)  hold.  Then  R/I  C (1  + I)~1R  by  (9)  and  the  map  R/I  -A 
(1  + /)_1i?  is  also  surjective  by  the  description  of  localizations  at  primes  afforded 
by  (7).  Hence  (11)  holds. 

The  implication  (11)  =>  (10)  is  trivial.  And  (10)  implies  that  (1)  holds  because  a 
localization  of  R is  flat  over  R , see  Lemma[l0.38.19|  □ 

04PT  Lemma  10.107.3.  Let  R be  a ring.  If  /,  J C R are  pure  ideals,  then  V(I)  = V(J) 
implies  I = J. 


Proof.  For  example,  by  property  (7)  of  Lemma  10.107.2  we  see  that  I = Ker (R  — ► 
ripey(J)  -^p)  can  be  recovered  from  the  closed  subset  associated  to  it.  □ 

04PU  Lemma  10.107.4.  Let  R be  a ring.  The  rule  1 1— > V(I)  determines  a bijection 
{I  C R pure}  O {Z  C Spec(i?)  closed  and  closed  under  generalizations} 


Proof.  Let  I be  a pure  ideal.  Then  since  R — ► R/I  is  flat,  by  going  up  generaliza- 
tions lift  along  the  map  Spec(i?/J)  — > Spec (R).  Hence  V(I)  is  closed  under  gener- 
alizations. This  shows  that  the  map  is  well  defined.  By  Lemma  [10. 107. 3|  the  map 
is  injective.  Suppose  that  Z C Spec(-ff)  is  closed  and  closed  under  generalizations. 
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Let  J C R be  the  radical  ideal  such  that  Z = V(J).  Let  I = {x  £ R : x £ xJ}. 
Note  that  / is  an  ideal.  We  claim  that  I is  pure  and  that  V(I)  = V(J).  If  the 
claim  is  true  then  the  map  of  the  lemma  is  surjective  and  the  lemma  holds. 


Note  that  / C J,  so  that  V(J)  C V(I).  Let  I C p be  a prime.  Consider  the 
multiplicative  subset  S = (R\p)(l  + J).  By  definition  of  I and  I C p we  see  that 
0 S.  Hence  we  can  find  a prime  q of  R which  is  disjoint  from  S,  see  Lemmas|10.9.4| 
and  10.16.5  Hence  q C p and  q fl  (1  + J)  = 0.  This  implies  that  q + J is  a proper 
ideal  of  R.  Let  m be  a maximal  ideal  containing  q + J.  Then  we  get  m £ V (J)  and 
hence  q £ V(J)  = Z as  Z was  assumed  to  be  closed  under  generalization.  This  in 
turn  implies  p € V{J)  as  q c p.  Thus  we  see  that  V{I)  = V(J). 

Finally,  since  V(I)  = V(J)  (and  J radical)  we  see  that  J = yfl.  Pick  x £ I,  so 
that  x = xy  for  some  y £ J by  definition.  Then  x = xy  = xy2  = ...  = xyn.  Since 
yn  £ I for  some  n > 0 we  conclude  that  property  (5)  of  Lemma  10.107.2  holds  and 
we  see  that  I is  indeed  pure.  □ 


05KK  Lemma  10.107.5.  Let  R be  a ring.  Let  I C R be  an  ideal.  The  following  are 
equivalent 

(1)  I is  pure  and  finitely  generated, 

(2)  I is  generated  by  an  idempotent, 

(3)  I is  pure  and  V (/)  is  open,  and 

(4)  R/I  is  a projective  R-module. 


Proof.  If  (1)  holds,  then  I = Ini  = I2  by  Lemma  10.107.2  Hence  I is  generated 
by  an  idempotent  by  Lemma  10.20.5  Thus  (1)  =>  (2).  If  (2)  holds,  then  I = (e)  and 
R = (1  — e)®(e)  as  an  P-module  hence  R/I  is  flat  and  / is  pure  and  V(I)  = D(  1— e) 
is  open.  Thus  (2)  =>  (1)  + (3).  Finally,  assume  (3).  Then  V(I)  is  open  and  closed, 
hence  V(I)  = D(  1 — e)  for  some  idempotent  e of  R,  see  Lemma  10.20.3  The  ideal 


J = (e)  is  a pure  ideal  such  that  V(J)  = V(I)  hence  I = J by  Lemma  10.107.3  In 
this  way  we  see  that  (3)  =>  (2).  By  Lemma  10.77.2  we  see  that  (4)  is  equivalent  to 
the  assertion  that  / is  pure  and  R/I  finitely  presented.  Moreover,  R/I  is  finitely 
presented  if  and  only  if  I is  finitely  generated,  see  Lemma  10.5. 3|  Hence  (4)  is 
equivalent  to  (1).  □ 


We  can  use  the  above  to  characterize  those  rings  for  which  every  finite  flat  module 
is  finitely  presented. 

052U  Lemma  10.107.6.  Let  R be  a ring.  The  following  are  equivalent: 

(1)  every  Z C Spec(-R)  which  is  closed  and  closed  under  generalizations  is 
also  open,  and 

(2)  any  finite  flat  R-module  is  finite  locally  free. 


Proof.  If  any  finite  flat  .R-module  is  finite  locally  free  then  the  support  of  R/I 
where  I is  a pure  ideal  is  open.  Hence  the  implication  (2)  =>  (1)  follows  from 
Lemma  IIP.  107.31 


For  the  converse  assume  that  R satisfies  (1).  Let  M be  a finite  flat  R-module.  The 
support  Z = Supp(M)  of  M is  closed,  see  Lemma  10.39.5 
pCp',  then  by  Lemma 


10.77.4 


On  the  other  hand,  if 


the  module  Mp>  is  free,  and  Mp  = <g) Rp 

Hence  p'  £ Supp(M)  =>  p £ Supp(M),  in  other  words,  the  support  is  closed  under 
generalization.  As  R satisfies  (1)  we  see  that  the  support  of  M is  open  and  closed. 
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Suppose  that  M is  generated  by  r elements  The  modules  A l(M), 

i  = 1 ,r  are  finite  flat  i?-modules  also,  because  A ®(M)p  = A*(Mp)  is  free  over 
i?.p.  Note  that  Supp(A,+1(M))  c Supp(A*(M)).  Thus  we  see  that  there  exists  a 
decomposition 

Spec(-R)  =f/0IK/iII...n[/r 


by  open  and  closed  subsets  such  that  the  support  of  A l(M)  is  Ur  U . . . U E/j  for  all 
i = 0, . . . , r.  Let  p be  a prime  of  R,  and  say  p £ ET).  Note  that  A *(M)  ©>#  «(p)  = 
A *(M ®^k(p)).  Hence,  after  possibly  renumbering  mi, . . . , mr  we  may  assume  that 
toi,  . . . , rrii  generate  M®rk( p).  By  Nakayama’s  LemmaflO.19.1  we  get  a surjection 


i? 


/ 


Mf, 


(ill , • ■ • , Cli) 


for  some  f £ R,  f p.  We  may  also  assume  that  D(f)  C ET*.  This  means 
that  A '{Mf)  = A t{M)f  is  a flat  Rf  module  whose  support  is  all  of  Spec  (Rf). 
By  the  above  it  is  generated  by  a single  element,  namely  m\  A ...  A m*.  Hence 
= Rf/J  for  some  pure  ideal  J C Rf  with  V(J)  = Spec  (Rf).  Clearly  this 
means  that  J = (0),  see  Lemma 


10.107.3 


Thus  mi  A ...  A is  a basis  for  A 1(Mf) 
and  it  follows  that  the  displayed  map  is  injective  as  well  as  surjective.  This  proves 
that  M is  finite  locally  free  as  desired.  □ 


10.108.  Rings  of  finite  global  dimension 

0002  The  following  lemma  is  often  used  to  compare  different  projective  resolutions  of  a 
given  module. 

0003  Lemma  10.108.1  (Schanuel’s  lemma).  Let  R be  a ring.  Let  M be  an  R-module. 

Suppose  that  0— > K — > P\  — > M — >-0  and  0— > L — > P2  — > M — >-0  are  two  short 

exact  sequences,  with  Pi  projective.  Then  K ® P2  = L®  P\. 

Proof.  Consider  the  module  N defined  by  the  short  exact  sequence  0 — > N — > 
P\  ®P'2  — > M — > 0,  where  the  last  map  is  the  sum  of  the  two  maps  Pi  — > M.  It  is  easy 
to  see  that  the  projection  N -A  Pi  is  surjective  with  kernel  L,  and  that  N — >•  P2  is 
surjective  with  kernel  K.  Since  Pi  are  projective  we  have  N = K®P2  = L@P\.  □ 

0004  Definition  10.108.2.  Let  IS  be  a ring.  Let  M be  an  IS-module.  We  say  M 
has  finite  projective  dimension  if  it  has  a finite  length  resolution  by  projective  R- 
modules.  The  minimal  length  of  such  a resolution  is  called  the  projective  dimension 
of  M. 

It  is  clear  that  the  projective  dimension  of  M is  0 if  and  only  if  M is  a projective 
module.  The  following  lemma  explains  to  what  extent  the  projective  dimension  is 
independent  of  the  choice  of  a projective  resolution. 

0005  Lemma  10.108.3.  Let  R be  a ring.  Suppose  that  M is  an  R-module  of  projective 
dimension  d.  Suppose  that  Fe  — > Fe-i  -A  ...  — » To  ~ t M — > 0 is  exact  with  Fi 
projective  and  e > d — 1.  Then  the  kernel  of  Fe  — > Fe_  1 is  projective  (or  the  kernel 
of  Fq  —f  M is  projective  in  case  e = 0 ). 

Proof.  We  prove  this  by  induction  on  d.  If  d = 0,  then  M is  projective.  In  this 
case  there  is  a splitting  F0  = Ker(F0  -A  M)  © M,  and  hence  Ker(F0  — > M)  is 
projective.  This  finishes  the  proof  if  e = 0,  and  if  e > 0,  then  replacing  M by 
Ker(F0  — > M)  we  decrease  e. 
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Next  assume  d > 0.  Let  0 — y Pd  — t Pd- 1 ->...->Po“>^->0bea  minimal 
length  finite  resolution  with  Pi  projective.  According  to  Schanuel’s  Lemma|l0.108.1| 
we  have  Pq  © Ker(P0  — ► M)  = F0  © Ker(P0  — ► M).  This  proves  the  case  d = 1, 
e = 0,  because  then  the  right  hand  side  is  Po  © Pi  which  is  projective.  Hence  now 
we  may  assume  e > 0.  The  module  Fq  © Ker(Po  — »•  M)  has  the  finite  projective 
resolution  0 — t Pd  © Fq  — y Pd—  l © Po  — t . . . — y Pi  © Fq  — > Ker(Po  — I Af)  © Fq  — > 0 
of  length  d — 1.  By  induction  on  d we  see  that  the  kernel  of  Pe  © P0  — >■  Pe-i  © Po 
is  projective.  This  implies  the  lemma.  □ 

Lemma  10.108.4.  Let  R be  a ring.  Let  M be  an  R-module.  Let  n > 0.  The 
following  are  equivalent 

(1)  M has  projective  dimension  < n, 

(2)  ExtR(M,  N)  = 0 for  all  R-modules  N and  all  i > n + 1,  and 

(3)  Exff^1  (M,  N)  = 0 for  all  R-modules  N. 


Proof.  Assume  (1).  Choose  a free  resolution  P.  — y M of  M.  Denote  de  : Fe  -A 
Pe_ i.  By  Lemma  10.108.3  we  see  that  Pe  = Ker(de)  is  projective  for  e > n — 
1.  This  implies  that  Pe  = Pe  © Pe_i  for  e > n where  de  maps  the  summand 
Pe_i  isomorphically  to  Pe_i  in  Pe_i-  Hence,  for  any  P-module  N the  complex 
Hom^P.,  TV)  is  split  exact  in  degrees  >n  + 1.  Whence  (2)  holds.  The  implication 
(2)  =>  (3)  is  trivial. 


Assume  (3)  holds.  If  n = 0 then  M is  projective  by  Lemma  10.76.2  and  we  see  that 
(1)  holds.  If  n > 0 choose  a free  P-module  P and  a surjection  P — > M with  kernel 
K.  By  Lemma  10.70.7  and  the  vanishing  of  Ext ZR(F,N)  for  all  i > 0 by  part  (1) 


we  see  that  Ext^.(A',  N)  = 0 for  all  P-modules  N.  Hence  by  induction  we  see  that 
I\  has  projective  dimension  < n — 1.  Then  M has  projective  dimension  < n as  any 
finite  projective  resolution  of  K gives  a projective  resolution  of  length  one  more  for 
M by  adding  P to  the  front.  □ 


Lemma  10.108.5.  Let  R be  a ring.  Let  0 — ► M'  — >■  M — >■  M"  — >■  0 be  a short 
exact  sequence  of  R-modules. 

(1)  If  M has  projective  dimension  < n and  M"  has  projective  dimension 
< n + 1,  then  M'  has  projective  dimension  < n. 

(2)  If  M'  and  M"  have  projective  dimension  < n then  M has  projective  di- 
mension < n. 

(3)  If  M'  has  projective  dimension  < n and  M has  projective  dimension  < 
n + 1 then  M"  has  projective  dimension  < n + 1 . 


Proof.  Combine  the  characterization  of  projective  dimension  in  Lemma  [10. 108. 4| 
with  the  long  exact  sequence  of  ext  groups  in  Lemma [10. 70. 7|  □ 

Definition  10.108.6.  Let  P be  a ring.  The  ring  P is  said  to  have  finite  global 
dimension  if  there  exists  an  integer  n such  that  every  P-module  has  a resolution 
by  projective  P-modules  of  length  at  most  n.  The  minimal  such  n is  then  called 
the  global  dimension  of  P. 


The  argument  in  the  proof  of  the  following  lemma  can  be  found  in  the  paper 
Aus55]  by  Auslander. 

Lemma  10.108.7.  Let  R be  a ring.  The  following  are  equivalent 
(1)  P has  finite  global  dimension  < n, 
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(2)  every  finite  R-module  has  projective  dimension  < n,  and 

(3)  every  cyclic  R-module  R/I  has  projective  dimension  < n. 


Proof.  It  is  clear  that  (1)  =>  (3).  Assume  (3).  Since  every  finite  R-module  has 
a finite  filtration  by  cyclic  modules,  see  Lemma  10.5.4  we  see  that  (2)  follows  by 
Lemma  IIP. 108.51 


Assume  (2).  Let  M be  an  arbitrary  R-module.  Choose  a set  E C M of  generators 
of  M.  Choose  a well  ordering  on  E.  For  e £ E denote  Me  the  submodule  of  M 
generated  by  the  elements  e!  £ E with  e!  < e.  Then  M = UeeE  -^e-  Note  that  for 
each  e £ E the  quotient 

Me/IJ,  Mei 

we'<e 

is  either  zero  or  generated  by  one  element,  hence  has  projective  dimension  < n.  To 
finish  the  proof  we  claim  that  any  time  we  have  a well-ordered  set  E and  a module 
M = U eeEMe  such  that  the  quotients  Me/  \Je,<eMe'  have  projective  dimension 
< n , then  M has  projective  dimension  < n. 

We  may  prove  this  statement  by  induction  on  n.  If  n = 0,  then  we  will  show,  by 
transfinite  induction  that  M is  projective.  Namely,  for  each  e £ E we  may  choose 
a splitting  Me  = Ue'<e  -^e'  ® Pe  because  Pe  = Me/ Ue><e  Me>  is  projective.  Hence 
it  follows  that  M = 0egB  Pe  and  we  conclude  that  M is  projective,  see  Lemma 
110.70.31 


If  n > 0,  then  for  e £ E we  denote  Fe  the  free  .R-module  on  the  set  of  elements  of 
Me.  Then  we  have  a system  of  short  exact  sequences 

0 -a-  I\e  ->FeqMe->  0 


over  the  well-ordered  set  E.  Note  that  the  transition  maps  Fe'  -A  Fe  and  Ke'  — >•  Ke 
are  injective  too.  Set  F = (J  Fe  and  K = (J  Ke.  Then 


K’i  U, 


e'<e 


K„!  — > 


Fe/ M,  Fe’^Me/[\i  Me' 

v-'e'<e 


o 


is  a short  exact  sequence  of  R-modules  too  and  Fe/  (J 


on  the  set  of  elements  in  M, 
Lemma 


e'<e 


e'<e 

Fe'  is  the  free  R-module 


10.108.5 


which  are  not  contained  in  Ue'<e-^e'-  Hence  by 
we  see  that  the  projective  dimension  of  Ke/ (Je/<e  Ke>  is  at  most 
n — 1.  By  induction  we  conclude  that  K has  projective  dimension  at  most  n — 1. 
Whence  M has  projective  dimension  at  most  n and  we  win.  □ 


0008  Lemma  10.108.8.  Let  R he  a ring.  Let  M he  an  R-module.  Let  S C R be  a 
multiplicative  subset. 

(1)  If  M has  projective  dimension  < n,  then  S~1M  has  projective  dimension 

< n over  S~1R. 

(2)  If  R has  finite  global  dimension  < n,  then  S~lR  has  finite  global  dimension 

< n. 


Proof.  Let  0 — > Pn  — > Pn-\  Pq  — > M — »•  0 be  a projective  resolution. 

As  localization  is  exact,  see  Proposition  10.9.12  and  as  each  S~1Pi  is  a projective 
S'_1R-module,  see  Lemma  10.93.1  we  see  that  0 — >•  S~1Pn  S~1P0  — » 

S~1M  -A  0 is  a projective  resolution  of  S~1M.  This  proves  (1).  Let  M'  be 
an  R-1R-module.  Note  that  M'  = S~1M' . Hence  we  see  that  (2)  follows  from 


(1). 


□ 
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10.109.  Regular  rings  and  global  dimension 

065U  We  can  use  the  material  on  rings  of  finite  global  dimension  to  give  another  charac- 
terization of  regular  local  rings. 

0007  Proposition  10.109.1.  Let  R be  a regular  local  ring  of  dimension  d.  Every  finite 
R-module  M of  depth  e has  a finite  free  resolution 

0 -A  Fd_e  -A-  F0  -A  M -A  0. 

In  particular  a regular  local  ring  has  global  dimension  < d. 

Proof.  This  is  clear  in  view  of  Lemma TlO.  105.61  and  Lemmari0.103.91  □ 

0009  Lemma  10.109.2.  Let  R be  a Noetherian  ring.  Then  R has  finite  global  dimension 
if  and  only  if  there  exists  an  integer  n such  that  for  all  maximal  ideals  m of  R the 
ring  Rm  has  global  dimension  < n. 

Proof.  We  saw,  Lemma  [10.108. 8|  that  if  R has  finite  global  dimension  n,  then  all 
the  localizations  Rm  have  finite  global  dimension  at  most  n.  Conversely,  suppose 
that  all  the  Rm  have  global  dimension  n.  Let  M be  a finite  A-module.  Let  0 -A 
Kn  — ► Fn_  i — ^ — > Fo  ► M ->  0 be  a resolution  with  T/  finite  free.  Then  Kn 

is  a finite  R-module.  According  to  Lemma  |10. 108.31  and  the  assumption  all  the 
modules  I\n  <S>r  Rm  are  projective.  Hence  by  Lemma  |10.77.2|  the  module  I\n  is 
finite  projective.  □ 

OOOA  Lemma  10.109.3.  Suppose  that  R is  a Noetherian  local  ring  with  maximal  ideal 
m and  residue  field  n.  In  this  case  the  projective  dimension  of  k is  > dimKm/m2. 

Proof.  Let  x\,...xn  be  elements  of  m whose  images  in  m/m2  form  a basis.  Con- 
sider the  Koszul  complex  on  x±, . . . , xn.  This  is  the  complex 

0 -A  A nRn  -A  /\n~1Rn  -A  A n~2Rn  -A  ...  -A  A iRn  Rn  -A  R 

with  maps  given  by 

i 

ej1  A ...  A eji  i — > l)l+1Xjaej1  A ...  A ija  A ...  A 

a—1 

It  is  easy  to  see  that  this  is  a complex  A".  (R.  x»).  Note  that  the  cokernel  of  the  last 
map  of  K,(R,x,)  is  clearly  k. 

Now,  let  F,  — ► k by  any  finite  resolution  by  finite  free  A-modules.  By  Lemma 
|10.101.2|  we  may  assume  all  the  maps  in  the  complex  Ft  have  to  property  that 
Im/R  — » Fi_ i)  C mFi_1,  because  removing  a trivial  summand  from  the  resolution 
can  at  worst  shorten  the  resolution.  By  Lemma  |10.70.4|  we  can  find  a map  of 
complexes  a : K,(R,xm)  — > F,  inducing  the  identity  on  n.  We  will  prove  by 
induction  that  the  maps  cii  : f\lRn  = KfiR,x ,)  — > Fi  have  the  property  that 
at  ® k : A lKn  -A  Fi  ® n are  injective.  This  will  prove  the  lemma  since  it  clearly 
shows  that  Fn  0. 

The  result  is  clear  for  * = 0 because  the  composition  R To  — i > k is  nonzero. 
Note  that  Tjj  must  have  rank  1 since  otherwise  the  map  Fi  -A  F0  whose  cokernel 
is  a single  copy  of  k cannot  have  image  contained  in  r nF0.  For  ai  we  use  that 
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Xi, ...  ,xn  is  a minimal  set  of  generators  for  m.  Namely,  we  saw  above  that  Fq  = R 
and  Fj  — > F0  = R has  image  m.  We  have  a commutative  diagram 


Rn  = K\(R,  x.) 

-)•  K0(R,x.) 

= R 

i 

Fi 

F0 

= R 

where  the  rightmost  vertical  arrow  is  given  by  multiplication  by  a unit.  Hence  we 
see  that  the  image  of  the  composition  Rn  — ► Fi  — > Fo  = R is  also  equal  to  m.  Thus 
the  map  Rn  0 n — > Fi  0 k has  to  be  injective  since  dimK(m/m2)  = n. 

Suppose  the  injectivity  of  ay  0 k has  been  proved  for  all  j < i — 1.  Consider  the 
commutative  diagram 

A iRn  = Ki(R,x .)  ->•  Ki-ifax.)  = Ai~1Rn 

i i 

Fi  —t  Fi- 1 

We  know  that  A1_1k"  — > is  injective.  This  proves  that  A*_1Kn0Km/m2  — > 

Fi- 1 0m/m2  is  injective.  Also,  by  our  choice  of  the  complex,  Fi  maps  into 
and  similarly  for  the  Koszul  complex.  Hence  we  get  a commutative  diagram 

A!ac"  -a  Az_1K"0m/m" 

I I 

Fi  0 ft  —a  F,_i0m/m2 

At  this  point  it  suffices  to  verify  the  map  A lnn  -A  A1- 1 re"  0 m/m"  is  injective,  which 
can  be  done  by  hand.  □ 

OOOB  Lemma  10.109.4.  Let  R be  a Noetherian  local  ring.  Suppose  that  the  residue 
field  k has  finite  projective  dimension  n over  R.  In  this  case  dim(i?)  > n. 


Proof.  Let  Fm  be  a finite  resolution  of  n by  finite  free  f?-modules.  By  Lemma 
|10.101.2  we  may  assume  all  the  maps  in  the  complex  Ft  have  to  property  that 
Im(A?;  — ► Fi- 1)  C mFj-i , because  removing  a trivial  summand  from  the  resolu- 
tion can  at  worst  shorten  the  resolution.  Say  Fn  ^ 0 and  Tj  = 0 for  * > n , so 
that  the  projective  dimension  of  k is  n.  By  Proposition  |10.101.10|  we  see  that 
depthj^)  (R)  > n since  I(jpn)  cannot  equal  R by  our  choice  of  the  complex.  Thus 
by  Lemma[l0.71.3  also  dim(l?)  > n.  □ 


OOOC  Proposition  10.109.5.  A Noetherian  local  ring  whose  residue  field  has  finite 
projective  dimension  is  a regular  local  ring.  In  particular  a Noetherian  local  ring  of 
finite  global  dimension  is  a regular  local  ring. 


Proof.  By  Lemmas  10.109.3  and  10.109.4  we  see  that  dim(f?)  > dimK(m/m2). 


Thus  the  result  follows  immediately  from  Definition  |10. 59. 9} 


□ 


OAFS  Lemma  10.109.6.  A Noetherian  local  ring  R is  a regular  local  ring  if  and  only  if 
it  has  finite  global  dimension.  In  this  case  Rp  is  a regular  local  ring  for  all  primes 

P- 


Proof.  By  Propositions  10.109.5|  and  10.109.1  we  see  that  a Noetherian  local  ring 
is  a regular  local  ring  if  and  only  if  it  has  finite  global  dimension.  Furthermore, 
any  localization  Rv  has  finite  global  dimension,  see  Lemma  10.108.8  and  hence  is 
a regular  local  ring.  □ 
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By  Lemma[l0.109.6|it  makes  sense  to  make  the  following  definition,  because  it  does 
not  conflict  with  the  earlier  definition  of  a regular  local  ring. 

Definition  10.109.7.  A Noetherian  ring  7?  is  said  to  be  regular  if  all  the  local- 
izations i?p  at  primes  are  regular  local  rings. 

It  is  enough  to  require  the  local  rings  at  maximal  ideals  to  be  regular.  Note  that 
this  is  not  the  same  as  asking  R to  have  finite  global  dimension,  even  assuming  R 
is  Noetherian.  This  is  because  there  is  an  example  of  a regular  Noetherian  ring 
which  does  not  have  finite  global  dimension,  namely  because  it  does  not  have  finite 
dimension. 

Lemma  10.109.8.  Let  R be  a Noetherian  ring.  The  following  are  equivalent: 

(1)  R has  finite  global  dimension  n, 

(2)  there  exists  an  integer  n such  that  all  the  localizations  Rm  at  maximal 
ideals  are  regular  of  dimension  < n with  equality  for  at  least  one  m,  and 

(3)  there  exists  an  integer  n such  that  all  the  localizations  Rv  at  prime  ideals 
are  regular  of  dimension  < n with  equality  for  at  least  one  p . 

Proof.  This  is  a reformulation  of  Lemma  IIP. 109.21  in  view  of  the  discussion  sur- 
rounding Definition!  10. 109.7]  See  especially  Propositions|10.109.1|andfl0.109.5[  □ 

Lemma  10.109.9.  Let  R -A  S be  a local  homomorphism  of  local  Noetherian  rings. 
Assume  that  R S is  flat  and  that  S is  regular.  Then  R is  regular. 


Proof.  Let  m C R be  the  maximal  ideal  and  let  n = R/m  be  the  residue  field.  Let 
d = dim  S.  Choose  any  resolution  F,  — » k with  each  Fj  a finite  free  77-module.  Set 
Kd  = Ker(Fd_i  — ► Fd~ 2).  By  flatness  of  R — » S the  complex  0 — » Kd  ®R  S — » 
Fd~  1 ®r  S Fo  S — > k S — > 0 is  still  exact.  Because  the  global 

dimension  of  S is  d,  see  Proposition [10T09TJ  we  see  that  Kd  ®R  S'  is  a finite  free  S- 
module  (see  also  Lemma  10.108.3 ).  By  Lemma  10.77.5  we  see  that  Kd  is  a finite  free 
77-module.  Hence  n has  finite  projective  dimension  and  77  is  regular  by  Proposition 
110.109.51  □ 


10.110.  Auslander-Buchsbaum 

The  following  result  can  be  found  in  IAB571. 

Proposition  10.110.1.  Let  R be  a Noetherian  local  ring.  Let  M be  a nonzero 
finite  R-module  which  has  finite  projective  dimension  pdR(M).  Then  we  have 

depth(R)  = pdR(M)  + depth(M) 

Proof.  We  prove  this  by  induction  on  depth(M).  The  most  interesting  case  is  the 
case  depth(M)  = 0.  In  this  case,  let 

0 ->•  7?n=  -)•  77”e-1  Rn°  — >•  M ->  0 


be  a minimal  finite  free  resolution,  so  e = pd R(M).  By  Lemma  10.101.2  we  may 
assume  all  matrix  coefficients  of  the  maps  in  the  complex  are  contained  in  the 
maximal  ideal  of  77.  Then  on  the  one  hand,  by  Proposition  |10.101.10|  we  see  that 
depth(77)  > e.  On  the  other  hand,  breaking  the  long  exact  sequence  into  short 


10.111.  HOMOMORPHISMS  AND  DIMENSION 


677 


exact  sequences 

0 ->•  A”e  -A  A"—1  -A  ATe_ 2 -a  0, 
0 -»■  I<e- 2 -A  Kn'-2  -A  /ie_3  — > 0, 

. . . , 

0 -A  K0  -»  A”0  — 5>  M — )>  0 
we  see,  using  Lemma  [l0.71.6|  that 

depth(A"e_2)  > depth(A)  — 1, 
depth(ATe_3)  > depth(A)  — 2, 


depth(A'o)  > depth(A)  — (e  — 1), 
depth(M)  > depth(A)  — e 


and  since  depth(M)  = 0 we  conclude  depth(A)  < e.  This  finishes  the  proof  of  the 
case  depth(M)  = 0. 


Induction  step.  If  depth(M)  > 0,  then  we  pick  x € m which  is  a nonzerodivisor  on 
both  M and  A.  This  is  possible,  because  either  pd R(M)  > 0 and  depth(A)  > 0 by 
the  aforementioned  Proposition  10.101.10  or  pdR(M ) = 0 in  which  case  M is  finite 
free  hence  also  depth(A)  = depth(M)  > 0.  Thus  depth(A  © M)  > 0 by  Lemma 


10.71.6  (for  example)  and  we  can  find  am€m  which  is  a nonzerodivisor  on  both 


R and  M.  Let 


0 -5>  A” 


. . — »•  Rn°  ->  M 


be  a minimal  resolution  as  above.  An  application  of  the  snake  lemma  shows  that 


0 ->  ( R/xR)n e -A  ( R/xR )n'-1  {R/xR)n°  -A  M/xM  -s>  0 

is  a minimal  resolution  too.  Thus  pd R(M)  = pdR,xR(M/xM).  By  Lemma  10.71.7 
we  have  depth(A/xA)  = depth(A)  — 1 and  depth  (M/xM)  = depth(M)  — 1.  1 .’ill  now 
depths  have  all  been  depths  as  R modules,  but  we  observe  that  depth jxM)  = 
depthR/xR(M /xM)  and  similarly  for  R/xR.  By  induction  hypothesis  we  see  that 
the  Auslander-Buchsbaum  formula  holds  for  M/xM  over  R/xR.  Since  the  depths 
of  both  R/xR  and  M/xM  have  decreased  by  one  and  the  projective  dimension  has 
not  changed  we  conclude.  □ 


10.111.  Homomorphisms  and  dimension 

00OG  This  section  contains  a collection  of  easy  results  relating  dimensions  of  rings  when 
there  are  maps  between  them. 

00OH  Lemma  10.111.1.  Suppose  R — » S is  a ring  map  satisfying  either  going  up,  see 
Definition\10.4dR\  or  going  down  see  Definition\10.40R\  Assume  in  addition  that 
Spec(A)  Spec  (A)  is  surjective.  Then  dirn(A)  < dim(S'). 

Proof.  Assume  going  up.  Take  any  chain  po  C pi  C .. . C pe  of  prime  ideals  in 
A.  By  surjectivity  we  may  choose  a prime  qo  mapping  to  po-  By  going  up  we  may 
extend  this  to  a chain  of  length  e of  primes  q^  lying  over  pj.  Thus  dim(S')  > dim(A). 
The  case  of  going  down  is  exactly  the  same.  See  also  Topology,  Lemma  [5. 18. 8|  for 
a purely  topological  version.  □ 
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OOOI  Lemma  10.111.2.  Suppose  that  R — > S is  a ring  map  with  the  going  up  property, 
see  Definition \10.f0.1\  If  q C S is  a maximal  ideal.  Then  the  inverse  image  of  q 
in  R is  a maximal  ideal  too. 

Proof.  Trivial.  □ 


OOOJ  Lemma  10.111.3.  Suppose  that  R — ► S is  a ring  map  such  that  S is  integral  over 
R.  Then  dim(f?)  > dim(S),  and  every  closed  point  o/ Spec(S)  maps  to  a closed 
point  ofSpec(R). 

Proof.  Immediate  from  Lemmasll0.35.18landll0.111.2land  the  definitions.  □ 

OOOK  Lemma  10.111.4.  Suppose  R C S and  S integral  over  R.  Then  dim(l?)  = 
dim  (S'). 

Proof.  This  is  a combination  of  Lemmas|10.35.20[ |10.35.15[ |10.111.1|  and|10.111.3| 

□ 


OOOL  Definition  10.111.5.  Suppose  that  R — » S is  a ring  map.  Let  q C S'  be  a prime 
lying  over  the  prime  p of  R.  The  local  ring  of  the  fibre  at  q is  the  local  ring 

Sq/pSq  = (S/pS)q  = (S<g>*K(p))q 

OOOM  Lemma  10.111.6.  Let  R -A  S be  a homomorphism  of  Noetherian  rings.  Let 
q C S be  a prime  lying  over  the  prime  p.  Then 

dim(Sq)  < dim(f?p)  + dim(Sq/pSq). 


Proof.  We  use  the  characterization  of  dimension  of  Proposition  10.59.8|  Let 
x\, . . . , Xd  be  elements  of  p generating  an  ideal  of  definition  of  Rp  with  d = dim(f?p). 
Let  yi,...,ye  be  elements  of  q generating  an  ideal  of  definition  of  Sq/pSq  with 
e = dim(Sq/pSq).  It  is  clear  that  Sq/(xi, . . . , xj,  y\, . . . , ye)  has  a nilpotent  maxi- 


mal ideal.  Hence  x\, . . . , Xd,  yi, ■ . . , ye  generate  an  ideal  of  definition  if  S, 


q- 


□ 


OOON 


Lemma  10.111.7.  Let  R S be  a homomorphism  of  Noetherian  rings.  Let 
q G S be  a prime  lying  over  the  prime  p.  Assume  the  going  down  propeRy  holds 
for  R — )•  S (for  example  if  R —>■  S is  flat,  see  Lemma  \l  0.38.18 ).  Then 

dim(Sq)  = dim(l?p)  + dim(Sq/pSq). 


Proof.  By  Lemma  10.111.6  we  have  an  inequality  dim(Sq)  < dim(J?p)+dim(Sq/pSq). 
To  get  equality,  choose  a chain  of  primes  p5  C qo  C qi  C ...  C q^  = q with  d = 
dim(Sq/pSq).  On  the  other  hand,  choose  a chain  of  primes  po  C pi  C ...  C pe  = p 
with  e = dim(l?p).  By  the  going  down  theorem  we  may  choose  q_i  C qo  lying  over 
pe— i . And  then  we  may  choose  q_2  C qe_i  lying  over  pe-2-  Inductively  we  keep 
going  until  we  get  a chain  q_e  C . . . C q^  of  length  e + d.  □ 


031E  Lemma  10.111.8.  Let  R — » S be  a local  homomorphism  of  local  Noetherian  rings. 
Assume 

(1)  R is  regular, 

(2)  S/wirS  is  regular,  and 

(3)  R — > S is  flat. 

Then  S is  regular. 
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Proof.  By  Lemma  10.111.7  we  have  dim(S')  = dim(i?)  + dim(S'/mflS').  Pick  gen- 
erators X\ , ,Xd  £ rrift  with  d = dim(i?),  and  pick  y\,  . . . , ye  £ mg  which  gen- 
erate the  maximal  ideal  of  S/mRS  with  e = dim(5/mfl;5').  Then  we  see  that 
x\, . . . , Xd , s/i , . . . , ye  are  elements  which  generate  the  maximal  ideal  of  S and  e+d  = 
dim  (S').  □ 


The  lemma  below  will  later  be  used  to  show  that  rings  of  finite  type  over  a field 
are  Cohen-Macaulay  if  and  only  if  they  are  quasi-finite  flat  over  a polynomial  ring. 
It  is  a partial  converse  to  Lemma  [10. 127. 1| 

00R5  Lemma  10.111.9.  Let  R -A  S be  a local  homomorphism  of  Noetherian  local  rings. 
Assume  R Cohen-Macaulay.  If  S is  finite  flat  over  R,  or  if  S is  flat  over  R and 
dim(S)  < dim(l?),  then  S is  Cohen-Macaulay  and  dim(i?)  = dim(S). 


Proof.  Let  Xi,...,Xd  £ be  a regular  sequence  of  length  d = dim(i?).  By 
Lemma  [10.67.5  this  maps  to  a regular  sequence  in  S.  Hence  S is  Cohen-Macaulay 
if  dim(S)  < d.  This  is  true  if  S is  finite  flat  over  R by  Lemma  10.111.4  And  in  the 
second  case  we  assumed  it.  □ 


10.112.  The  dimension  formula 


0211 
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Recall  the  definitions  of  catenary  (Definition  10.104.1)  and  universally  catenary 
(Definition  10.104.3). 


Lemma  10.112.1.  Let  R —>  S he  a ring  map.  Let  q be  a prime  of  S lying  over 
the  prime  p of  R.  Assume  that 

(1)  R is  Noetherian, 

(2)  R -A  S is  of  finite  type, 

(3)  R,  S are  domains,  and 

(4)  RcS. 


Then  we  have 


heightf q)  < heighflp)  + trdegR(S ) — trdegK^n{<\) 
with  equality  if  R is  universally  catenary. 


Proof.  Suppose  that  R C S'  C S is  a finitely  generated  R-subalgebra  of  S.  In  this 
case  set  q'  = S'  n q.  The  lemma  for  the  ring  maps  R -A  S'  and  S'  — ► S implies  the 
lemma  for  R — >•  S by  additivity  of  transcendence  degree  in  towers  of  fields  (Fields, 
Lemma  9.25.5).  Hence  we  can  use  induction  on  the  number  of  generators  of  S over 
R and  reduce  to  the  case  where  S is  generated  by  one  element  over  R. 


Case  I:  S = R[x)  is  a polynomial  algebra  over  R.  In  this  case  we  have  trdegfl(S)  = 1. 
Also  R — > S is  flat  and  hence 


see  Lemma 


10.111.7 


dim(S'q)  = dim(i?p)  + dim(<S,q/pS,q) 

Let  r = pS”.  Then  trdegK(pj«;(q)  = 1 is  equivalent  to  q = t, 


and  implies  that  dim(S'q/p5q)  = 0.  In  the  same  vein  trdegK(p^/v(q)  = 0 is  equivalent 
to  having  a strict  inclusion  r C q,  which  implies  that  dim(S'q/pS'q)  = 1.  Thus  we 
are  done  with  case  I with  equality  in  every  instance. 


Case  II:  S = R{x\/n  with  n / 0.  In  this  case  we  have  trdeg^(S)  = 0.  Denote 
q'  C i?[x]  the  prime  corresponding  to  q.  Thus  we  have 

Sq  = {R[x])q/  /n{R[x})^ 
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By  the  previous  case  we  have  dim((i?.[x])q')  = diin(f?p)  + 1 — trdegK(p)K(q).  Since 
n / 0 we  see  that  the  dimension  of  S q decreases  by  at  least  one,  see  Lemma 
|10.59.12|  which  proves  the  inequality  of  the  lemma.  To  see  the  equality  in  case  R 
is  universally  catenary  note  that  n C R{x]  is  a height  one  prime  as  it  corresponds 
to  a nonzero  prime  in  f.f.(R)[x].  Hence  any  maximal  chain  of  primes  in  _R[x]q//n 
corresponds  to  a maximal  chain  of  primes  with  length  1 greater  between  q'  and  (0) 
in  i?[x].  If  R is  universally  catenary  these  all  have  the  same  length  equal  to  the 
height  of  q'.  This  proves  that  dim(i?[x]q//n)  = dim(i?[x]q')  — 1 as  desired.  □ 


The  following  lemma  says  that  generically  finite  maps  tend  to  be  quasi-finite  in 
codimension  1. 


02MA 


Lemma  10.112.2.  Let  A -A  B be  a ring  map.  Assume 

(1)  A C B is  an  extension  of  domains. 

(2)  A is  Noetherian, 

(3)  A — ► B is  of  finite  type,  and 

(4)  the  extension  f.f.(A)  C f.f.(B)  is  finite. 

Let  p G A be  a prime  of  height  1 . Then  there  are  at  most  finitely  many  primes  of 
B lying  over  p and  they  all  have  height  1. 


Proof.  By  the  dimension  formula  (Lemma  10.112.1)  for  any  prime  q lying  over  p 
we  have 

dim (Bq)  < dim(Ap)  - trdegK(p)«(q). 

As  the  domain  Hq  has  at  least  2 prime  ideals  we  see  that  dim(Hq)  > 1.  We  conclude 
that  dim(Hq)  = 1 and  that  the  extension  ft(p)  C /c(q)  is  algebraic.  Hence  q defines 
a closed  point  of  its  fibre  Spec(H  (gu  re(p)),  see  Lemma  10.34.9|  Since  B 0^  «(p) 
is  a Noetherian  ring  the  fibre  Spec(H  0 a «(p))  is  a Noetherian  topological  space, 
see  Lemma  [10.30.5[  A Noetherian  topological  space  consisting  of  closed  points  is 
finite,  see  for  example  Topology,  Lemma[5.8.2|  □ 


10.113.  Dimension  of  finite  type  algebras  over  fields 


oooo 


OOOP 


In  this  section  we  compute  the  dimension  of  a polynomial  ring  over  a field.  We 
also  prove  that  the  dimension  of  a finite  type  domain  over  a field  is  the  dimension 
of  its  local  rings  at  maximal  ideals.  We  will  establish  the  connection  with  the 
transcendence  degree  over  the  ground  field  in  Section  [iO-115 

Lemma  10.113.1.  Let  m be  a maximal  ideal  in  k[x i, . . . , xn].  The  ideal  m is  gen- 
erated by  n elements.  The  dimension  of  k[x\, . . . , xn]m  is  n.  Hence  k[x i, . . . , x„]m 
is  a regular  local  ring  of  dimension  n. 


Proof.  By  the  Hilbert  Nullstellensatz  (Theorem  10.33.1 ) we  know  the  residue  field 
k = k(iti)  is  a finite  extension  of  k.  Denote  on  £ n the  image  of  Xj.  Denote 
Ki  = k(ai, . . . , af)  C k,  i = 1 and  no  = k.  Note  that  Kj  = k[a\, . . . ,at] 

by  field  theory.  Define  inductively  elements  /,;  € m D k[x\, . . . , x*]  as  follows:  Let 
Pj(T)  £ Kj_i[T]  be  the  monic  minimal  polynomial  of  Oj  over  Ki-i-  Let  Qi(T)  £ 
k[x i, . . . , Xj_i][T]  be  a monic  lift  of  Pi(T)  (of  the  same  degree).  Set  fo  = Qj(xj). 
Note  that  if  di  = deg T(Pi)  = deg T(Qi)  = deg x.(fi)  then  did2  . . .di  = [k,:  : k\  by 
Fields,  Lemmas  |9.7.6|  and  |9.9.2[ 


We  claim  that  for  all  * = 0, 1, . . . , n there  is  an  isomorphism 

: fc[xi,...,Xi]/(/i,...,/i)  = 
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By  construction  the  composition  k[xi, . . . , xf\  —>  k[x\, . . . ,xn]  -Are  is  surjective 
onto  re,  and  /i are  in  the  kernel.  This  gives  a surjective  homomorphism. 
We  prove  is  injective  by  induction.  It  is  clear  for  i = 0.  Given  the  state- 
ment for  i we  prove  it  for  i + 1.  The  ring  extension  k[xi, . . . , £j]/(/i,  • • ■ , ff)  — > 
k[x i, . . . , Xj+i]/(/i, . . . , fi+i)  is  generated  by  1 element  over  a held  and  one  irre- 
ducible equation.  By  elementary  held  theory  k[x i, . . . , £i+i]/(/i, . . . , fi+i)  is  a held, 
and  hence  ^ is  injective. 

This  implies  that  m = (/i, . . . , /„.).  Moreover,  we  also  conclude  that 
k \x\ , . . . , Xn]/(t/^x  ? • ‘ f i)  = K'i  [^i+1  j ■ * * j ^n]  • 

Hence  (/i, . . . , ff)  is  a prime  ideal.  Thus 

(0)  C (/i)  C (/i,  /2)  C . . . C (/i,  ...,/„)=  m 
is  a chain  of  primes  of  length  n.  The  lemma  follows.  □ 


OOOQ  Proposition  10.113.2.  A polynomial  algebra  in  n variables  over  a field  is  a 
regular  ring.  It  has  global  dimension  n.  All  localizations  at  maximal  ideals  are 
regular  local  rings  of  dimension  n. 


Proof.  By  Lemma  10.113.1  all  localizations  k[x\, . . . ,xn]v 


regular  local  rings  of  dimension  n.  Hence  we  conclude  by  Lemma  10.109.8 


at  maximal  ideals  are 
□ 


OOOR  Lemma  10.113.3.  Let  k be  a field.  Let  p C q C k[x  i, . . . , xn\  be  a pair  of  primes. 
Any  maximal  chain  of  primes  between  p and  q has  length  height(q)  — height(p). 


Proof.  By  Proposition  10.113.2  any  local  ring  of  k[x i, . . . ,xn]  is  regular.  Hence  all 
local  rings  are  Cohen-Macaulay,  see  Lemma  [l0.105.3|  The  local  rings  at  maximal 
ideals  have  dimension  n hence  every  maximal  chain  of  primes  in  k[x i, . . . ,xn]  has 
length  n,  see  Lemma  10.103.3  Hence  every  maximal  chain  of  primes  between  (0) 
and  p has  length  height(p),  see  Lemma  10.103.4  for  example.  Putting  these  together 
leads  to  the  assertion  of  the  lemma.  □ 


00OS  Lemma  10.113.4.  Let  k be  a field.  Let  S be  a finite  type  k-algebra  which  is  an 
integral  domain.  Then  dim(S')  = dim(S'm)  for  any  maximal  ideal  m of  S.  In  words: 
every  maximal  chain  of  primes  has  length  equal  to  the  dimension  of  S. 


all  the  maximal  chains  of  primes  in  S (which  necessarily  end  with  a maximal  ideal) 
have  length  n — height  (p).  Thus  this  number  is  the  dimension  of  S and  of  Sm  for 
any  maximal  ideal  m of  S.  □ 

Recall  that  we  defined  the  dimension  dima;(X)  of  a topological  space  X at  a point 
x in  Topology,  Definition  |5.9.1| 

00OT  Lemma  10.113.5.  Let  k be  a field.  Let  S be  a finite  type  k-algebra.  Let  X = 
Spec (S).  Let  p C S be  a prime  ideal  and  let  x £ X be  the  corresponding  point.  The 
following  numbers  are  equal 

(1)  dima.(X), 

(2)  maxdim(Z)  where  the  maximum  is  over  those  irreducible  components  Z 
of  X passing  through  x,  and 

(3)  mindim(iS'm)  where  the  minimum  is  over  maximal  ideals  m with  p C m. 


Proof.  Write  S = k[x i, . . . , x„]/p.  By  Proposition  10.113.2  and  Lemma  10.113.3 
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Proof.  Let  X = (J,:e/  be  the  decomposition  of  X into  its  irreducible  compo- 


nents. There  are  finitely  many  of  them  (see  Lemmas  10.30.3  and  10.30.5 1.  Let 
I'  = {i  | x £ Zi},  and  let  T = (J i(^I,  Z{.  Then  U = X \ T is  an  open  subset  of  X 
containing  the  point  x.  The  number  (2)  is  max^g//  dim(Zj).  For  any  open  W C U, 
with  x € W the  irreducible  components  of  W are  the  irreducible  sets  W,  = Z,-L  n W 
for  i £ Note  that  each  W.t,  i £ I'  contains  a closed  point  because  X is  Jacobson, 


see  Section  10.34  Since  W)  C Z.-,  we  have  dim(Wj)  < dim  (Zi).  The  existence  of  a 
closed  point  implies,  via  Lemma[l0.113.4[  that  there  is  a chain  of  irreducible  closed 
subsets  of  length  equal  to  dim  (Zi)  in  the  open  Wj . Thus  dim(JT,j  = dim(Zj)  for 
any  i £ V . Hence  dim(JF)  is  equal  to  the  number  (2).  This  proves  that  (1)  = (2). 

Let  m D p be  any  maximal  ideal  containing  p.  Let  Xg  £ X be  the  corresponding 
point.  First  of  all,  £o  is  contained  in  all  the  irreducible  components  Zi,  i £ V . Let 
q i denote  the  minimal  primes  of  S corresponding  to  the  irreducible  components  Zi. 
For  each  i such  that  Xg  £ Zi  (which  is  equivalent  to  m D q,)  we  have  a surjection 


Sr r 


Sju  / q 7 Sm  — ($/  qi)n 


Moreover,  the  primes  q^m  so  obtained  exhaust  the  minimal  primes  of  the  Noether- 
ian  local  ring  Sm,  see  Lemma  10.25.3  We  conclude,  using  Lemma  10.113.4[  that 
the  dimension  of  Sm  is  the  maximum  of  the  dimensions  of  the  Zj  passing  through 
Xg.  To  finish  the  proof  of  the  lemma  it  suffices  to  show  that  we  can  choose  xg  such 
that  xg  £ Zi  =>  i £ V . Because  S is  Jacobson  (as  we  saw  above)  it  is  enough 
to  show  that  V(p)  \T  (with  T as  above)  is  nonempty.  And  this  is  clear  since  it 
contains  the  point  x (i.e.  p).  □ 

00OU  Lemma  10.113.6.  Let  k be  a field.  Let  S be  a finite  type  k-algebra.  Let  X = 
Spec(S').  Let  m C S be  a maximal  ideal  and  let  x £ X be  the  associated  closed 
point.  Then  dima;(X)  = dim(<S'm). 


Proof.  This  is  a special  case  of  Lemma[l0.113.5[ 


□ 


ooov 


Lemma  10.113.7.  Let  k be  a field.  Let  S be  a finite  type  k algebra.  Assume 
that  S is  Cohen- Macaulay.  Then  Spec(5')  = JJ  XJ  is  a finite  disjoint  union  of  open 
and  closed  subsets  Td  with  Td  equidimensional  (see  Topology,  Definition  5.9.5 ) of 
dimension  d.  Equivalently,  S is  a product  of  rings  Sd,  d = 0, . . . , dim(5')  such  that 
every  maximal  ideal  m of  Sd  has  height  d. 


Proof.  The  equivalence  of  the  two  statements  follows  from  Lemma  [l0.22.3|  Let 
m C S'  be  a maximal  ideal.  Every  maximal  chain  of  primes  in  Sm  has  the  same 


length  equal  to  dim(Sm),  see  Lemma  10.103.3  Hence,  the  dimension  of  the  irre- 


ducible components  passing  through  the  point  corresponding  to  m all  have  dimen- 


sion equal  to  dim(Sm),  see  Lemma  10.113.4  Since  Spec(S)  is  a Jacobson  topologi- 


cal space  the  intersection  of  any  two  irreducible  components  of  it  contains  a closed 
point  if  nonempty,  see  Lemmas |10.34.2|  and |10.34.4[  Thus  we  have  shown  that  any 
two  irreducible  components  that  meet  have  the  same  dimension.  The  lemma  fol- 
lows easily  from  this,  and  the  fact  that  Spec(S')  has  a finite  number  of  irreducible 
components  (see  Lemmas  10.30.3  and  10.30.5|).  □ 


10.114.  Noether  normalization 


00OW  In  this  section  we  prove  variants  of  the  Noether  normalization  lemma.  The  key 
ingredient  we  will  use  is  contained  in  the  following  two  lemmas. 
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051M  Lemma  10.114.1.  Let  n £ N.  Let  N be  a finite  nonempty  set  of  multi-indices 
v = (zq, . . . , vn).  Given  e = (ei, . . . , en)  we  set  e ■ v = &ivi-  Then  for  e±  e2 
. . . e„_i  T?>  en  we  have:  If  v,  v'  £ TV  then 

(e  • v = e • v')  4=>  [v  = z/) 

Proof.  Say  ./V  = {z^}  with  Vj  = (fji,  ■ ■ . , Vjn).  Let  Ai  = ma xj  Vji  — minj  t/ji.  If 
for  each  i we  have  ej_i  > Aiei  + Ai+ie.i+i  + . . . + Anen  then  the  lemma  holds.  For 
suppose  that  e • {v  — v')  = 0.  Then  for  n > 2, 

* ^ TL 

ei(yi  - v[)  = z^l=2  e^ui  ~ ^)- 

We  may  assume  that  (zq  — v{)  > 0.  If  (zq  — v[)  > 0,  then 

Etl  * ^ IX 

eiWi~  vi\  > / e^zq7 -zq). 

1=2  z — ' i=2 

This  contradiction  implies  that  v [ = zq.  By  induction,  v[  = zq;  for  2 < i < n.  □ 

051N  Lemma  10.114.2.  Let  R be  a ring.  Let  g £ R[x i, . . . ,xn\  be  an  element  which  is 
nonconstant , i.e.,  g £ R.  For  e\  Tg>  e2  T§>  ■ ■ ■ T?>  en_i  T§>  en  = 1 the  polynomial 

g( Xi  + a;®1 , x2  + a;®2 , . . . , a;n_i  + a;®"-1 , xn)  = ax1^  + lower  order  terms  in  xn 
where  d > 0 and  a £ R is  one  of  the  nonzero  coefficients  of  g. 


Proof.  Write  g = ^„eJV  a„x'J  with  £ R not  zero. 

and  xv  = a;^1  . . . x'fi 

term  in 


multi- indices  as  in  Lemma  10.114.1 


Here  TV  is  a finite  set  of 
n . Note  that  the  leading 


{x1+xen1)Vl  . . . (xn-i  + a:®"-1  r 


is 


■^n 


Hence  the  lemma  follows  from  Lemma  |10. 114.1]  which  guarantees  that  there  is 
exactly  one  nonzero  term  a^x11  of  g which  gives  rise  to  the  leading  term  of  g(x\  + 
x%f,x2  + a;®2 , . . . , xn-i  Fxtr^1 , xn ),  i.e.,  a = av  for  the  unique  v £ TV  such  that  e • v 
is  maximal.  □ 


OOOX  Lemma  10.114.3.  Let  k be  a field.  Let  S = k[xi, . . . , xn]/I  for  some  ideal 
I.  If  I 0,  then  there  exist  yi, . . . , yn-i  £ k[x±, . . . ,xn]  such  that  S is  finite 
over  k[yi, . . . , yn-i]  ■ Moreover  we  may  choose  yi  to  be  in  the  Z-subalgebra  of 
k[x i, . . . ,xn]  generated  by  Xi, ...  ,xn. 


Proof.  Pick  / £ J,  / 7^  0.  It  suffices  to  show  the  lemma  for  k[x\, . . . , xn}/ (/)  since 
S'  is  a quotient  of  that  ring.  We  will  take  zq  = Xi  — x% , i = 1, . . . , n — 1 for  suitable 
integers  e*.  When  does  this  work?  It  suffices  to  show  that  xd  £ fc[aq, . . . ,xn]/(f) 
is  integral  over  the  ring  k[y i, . . . , yn-i]-  The  equation  for  aqf  over  this  ring  is 

f(yi  + %n  , ■ ■ ■ , Vn- 1 + <n_1 , Xn)  = 0. 

Hence  we  are  done  if  we  can  show  there  exists  integers  e i such  that  the  leading 
coefficient  with  respect  to  xn  of  the  equation  above  is  a nonzero  element  of  k. 
This  can  be  achieved  for  example  by  choosing  e\  e2  en_i,  see  Lemma 

110.114.21  □ 

00OY  Lemma  10.114.4.  Let  k be  a field.  Let  S = k[xi, . . . ,xn]/I  for  some  ideal  I. 

There  exist  r > 0,  and  y±, . . . , yr  £ k[x  1, . . . , xn]  such  that  (a)  the  map  k[y±, . . . , yr]  — > 
S is  injective,  and  (b)  the  map  k[yi, . . . , yr\  — > S is  finite.  In  this  case  the  integer 
r is  the  dimension  of  S.  Moreover  we  may  choose  yi  to  be  in  the  Z-subalgebra  of 
k[x i, . . . , xn\  generated  by  x\, . . . , xn. 
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Proof.  By  induction  on  n,  with  n = 0 being  trivial.  If  I = 0,  then  take  r = n 
and  yi  = Xi-  If  I ^ 0,  then  choose  j/1: . . . , yn-  i as  in  Lemma  10.114.3  Let  S'  C S 
be  the  subring  generated  by  the  images  of  the  y^.  By  induction  we  can  choose  r 
and  z\, . . . ,zr  £ k[yi, . . . , yn-i]  such  that  (a),  (b)  hold  for  k[z\, . . . ,zr]  — > S' . Since 
S'  — > S is  injective  and  finite  we  see  (a),  (b)  hold  for  k[z\, . . . , zr\  —>  S.  The  last 
assertion  follows  from  LemmariO.il  1.41  □ 


00OZ  Lemma  10.114.5.  Let  k be  a field.  Let  S be  a finite  type  k algebra  and  denote 
X = SpecrS1).  Let  q be  a prime  of  S,  and  let  x £ X be  the  corresponding  point. 
There  exists  a g £ S,  g ^ q such  that  dim(S9)  = dim^X)  =:  d and  such  that  there 
exists  a finite  injective  map  k [yi , . . . , yfi  — > Sg. 


Proof.  Note  that  by  definition  dimx(X)  is  the  minimum  of  the  dimensions  of  Sg 
for  g £ S , g ^ q,  i.e. , the  minimum  is  attained.  Thus  the  lemma  follows  from 
Lemma  IIP. 114.41  □ 

051P  Lemma  10.114.6.  Let  k be  a field.  Let  q C k[x i, . . . ,xn]  be  a prime  ideal.  Set 
r = trdegk  ft(q).  Then  there  exists  a finite  ring  map  ip  : k[yi, . . . ,yn]  — » k[x  i, .. . ,xn] 
such  that  <p_1(q)  = (yr+ 1,  ■ ■ ■ ,yn)- 


Proof.  By  induction  on  n.  The  case  n = 0 is  clear.  Assume  n > 0.  If  r = n,  then 
q = (0)  and  the  result  is  clear.  Choose  a nonzero  f £ q.  Of  course  / is  nonconstant. 
After  applying  an  automorphism  of  the  form 


k[xi, . . . , xn] — > k[x  i„i ->i„,  Xi  Xi  + x%  {i  < n) 


we  may  assume  that  / is  monic  in  xn  over  k[x\, . 
the  ring  map 


. , xn],  see  Lemma  10.114.2 


Hence 


k[yi,---,yn] — > k[x i,...,xn],  yn  /,  yi^Xi(i<n) 

is  finite.  Moreover  yn  £ q D k[y\, . . . , yn\  by  construction.  Thus  q D k[yi, . . . , yn\  = 
pk[yi, . . . , yn ] + ( yn ) where  p C k[y\, . . . , yn- i]  is  a prime  ideal.  Note  that  «(p)  C 
K(q)  is  finite,  and  hence  r = trdegfc  ft(p).  Apply  the  induction  hypothesis  to 
the  pair  (k[yi, . . . , yn-i],  p)  and  we  obtain  a finite  ring  map  k[z\, . . . , zn-i]  — >■ 
k[yi, . ■ • ,2/n-i]  such  that  pnfc[zi, . . . , zn- 1]  = (zr+ 1, . . . ,zn-i).  We  extend  the  ring 
map  k[zi, . . . , zn- 1]  -)•  k[yi, . . . , yn- 1]  to  a ring  map  k[zi, . . . , zn]  k[yi,  ...,yn\ 
by  mapping  zn  to  yn . The  composition  of  the  ring  maps 


k[zi,  ...,zn]-¥  k[yi, . . . ,yn]  -t  k[x  i,  ...,xn] 
solves  the  problem.  □ 

07NA  Lemma  10.114.7.  Let  R — > S be  an  injective  finite  type  map  of  domains.  Then 
there  exists  an  integer  d and  factorization 

R — ► R[yi , ■ ■ ■ , yd]  S'  — > S 

by  injective  maps  such  that  S'  is  finite  over  R[yi, . . . ,yd]  and  such  that  S'j  = Sf 
for  some  nonzero  f £ R. 


Proof.  Pick  xi,...,xn  £ S which  generate  S over  R.  Let  K = f.f.(R)  and  Sk  = 
S K.  By  Lemma  10.114.4  we  can  find  yi, . . . , ya  £ S such  that  K[yi, . . . , yj  — > 
Sk  is  a finite  injective  map.  Note  that  yi  £ S because  we  may  pick  the  y;-  in  the 
Z-algebra  generated  by  X\, ...  ,xn-  As  a finite  ring  map  is  integral  (see  Lemma 
10.35.3)  we  can  find  monic  Pi  £ K[y\ , . . . ,yd\[T]  such  that  Pfixf)  = 0 in  Sk-  Let 
f £ R be  a nonzero  element  such  that  fPi  £ R[yi, . . . , yj [T]  for  all  i.  Set  x\  = fxt 
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07NB 


00P0 


06RP 


00P1 


and  let  S'  C S be  the  subalgebra  generated  by  y\, . . . , yd  and  x\  , , x'n . Note  that 
x[  is  integral  over  R[y±, . . . , yd]  as  we  have  Qi(x ')  = 0 where  Qi  = fdeeT^Pi^Pi(T/f) 
which  is  a monic  polynomial  in  T with  coefficients  in  R[y i, ... , yd]  by  our  choice  of 
/.  Hence  R[y i, 
and  we  win. 


, yn]  C S'  is  finite  by  Lemma 


10.35.5 


By  construction  S'j  = Sf 

□ 


10.115.  Dimension  of  finite  type  algebras  over  fields,  reprise 

This  section  is  a continuation  of  Section  110.1131  In  this  section  we  establish  the 
connection  between  dimension  and  transcendence  degree  over  the  ground  field  for 
finite  type  domains  over  a field. 

Lemma  10.115.1.  Let  k be  a field.  Let  S be  a finite  type  k algebra  which  is  an 
integral  domain.  Let  K = f.f.(S)  be  the  field  of  fractions  of  S.  Let  r = trdeg(K/k) 
be  the  transcendence  degree  of  K over  k.  Then  dim(S')  = r.  Moreover,  the  local 
ring  of  S at  every  maximal  ideal  has  dimension  r. 


Proof.  We  may  write  S = k[x i, . . . ,xn]/p.  By  Lemma  10.113.3  all  local  rings  of 
S at  maximal  ideals  have  the  same  dimension.  Apply  Lemma  10.114.4|  We  get  a 
finite  injective  ring  map 

k[yi,...,yd\  -*  S 

with  d = dim(S').  Clearly,  k(y±, . . . , yd)  C K is  a finite  extension  and  we  win.  □ 


Lemma  10.115.2.  Let  k be  a field.  Let  S be  a finite  type  k-algebra.  Let  q C q'  C S 
be  distinct  prime  ideals.  Then  trdegk  re(q')  < trdegk  «(q). 


Proof.  By  Lemma  10.115.1  we  have  dimVr(q)  = trdegfc  «(q)  and  similarly  for 
q'.  Hence  the  result  follows  as  the  strict  inclusion  P(q')  C F(q)  implies  a strict 
inequality  of  dimensions.  □ 


The  following  lemma  generalizes  Lemma  10.113.6[ 


Lemma  10.115.3.  Let  k be  a field.  Let  S be  a finite  type  k algebra.  Let  X = 
Spec(S').  Let  p C S be  a prime  ideal,  and  let  x £ X be  the  corresponding  point. 
Then  we  have 

dimx(W)  = dim(5'p)  + trdegk  «(p). 


Proof.  By  Lemma  10.115.1  we  know  that  r = trdegfc  /c(p)  is  equal  to  the  dimension 
of  V(p).  Pick  any  maximal  chain  of  primes  p C pi  C ...  C pr  starting  with  p in 
S.  This  has  length  r by  Lemma  10.113.4  Let  , j £ J be  the  minimal  primes  of 
S which  are  contained  in  p.  These  correspond  1 — 1 to  minimal  primes  in  Sp  via 
the  rule  q?  i-a  q^Sj,.  By  Lemma  10.113.5  we  know  that  dim^(X)  is  equal  to  the 
maximum  of  the  dimensions  of  the  rings  S/c{j.  For  each  j pick  a maximal  chain  of 
primes  q_,-  C p\  C . . . C p'^  = p.  Then  dim(5,p)  = max^-gj  s(j).  Now,  each  chain 


qi  C pi  C . . . C p's(f)  = p C pi 


C 


C Pr 


is  a maximal  chain  in  S/a^j,  and  by  what  was  said  before  we  have  dim^X)  = 
maxjgj  r + s(j).  The  lemma  follows.  □ 


The  following  lemma  says  that  the  codimension  of  one  finite  type  Spec  in  another 
is  the  difference  of  heights. 
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Lemma  10.115.4.  Let  k be  a field.  Let  S'  — * S be  a surjection  of  finite  type  k 
algebras.  Let  p C S be  a prime  ideal,  and  let  p'  be  the  corresponding  prime  ideal  of 
S' . Let  X = Spec (5),  resp.  X'  = Spec(S"),  and  let  x € X,  resp.  x'  € X'  be  the 
point  corresponding  to  p,  resp.  p'.  Then 

dinij;/  X'  — dinLc  X = height{p’)  — height( p). 

Proof.  Immediate  from  Lemmari0.115.31  □ 


Lemma  10.115.5.  Let  k be  a field.  Let  S be  a finite  type  k-algebra.  Let  k C K 
be  a field  extension.  Then  dim(S')  = dim(A'  <S)fc  S). 


Proof.  By  Lemma  10.114.4  there  exists  a finite  injective  map  k[y\, . . . , yd]  S 
with  d = dim(5').  Since  K is  flat  over  k we  also  get  a finite  injective  map 
K[yi, . . . , yfi  — > K iSik  S.  The  result  follows  from  Lemma  10.111.4  □ 


Lemma  10.115.6.  Let  k be  a field.  Let  S be  a finite  type  k-algebra.  Set  X = 
Spec(S').  Let  k C K be  a field  extension.  Set  Sk  = K S,  and  Xk  = Spec {Sk)- 
Let  q C S be  a prime  corresponding  to  x £ X and  let  qx  C Sk  be  a prime 
corresponding  to  Xk  G Xk  lying  over  q.  Then  dim^  X = dim^  Xk- 


Proof.  Choose  a presentation  S = k[x i, . . . , a :„]//.  This  gives  a presentation  K 
S = K\x i, . . . , xn\/(K®kI)-  Let  q'K  C K[x i, . . . , xn],  resp.  q'  C k[x i, . . . , xn ] be  the 
corresponding  primes.  Consider  the  following  commutative  diagram  of  Noetherian 
local  rings 


K[x  i, . . . ,xn] 


(AT  S)qK 
A 


k \x i , . . . ,iTn]q/  Sq 

Both  vertical  arrows  are  flat  because  they  are  localizations  of  the  flat  ring  maps 
S — > Sk  and  k[x i, . . . , xn]  — > AT[a;i, . . . , xr,\ . Moreover,  the  vertical  arrows  have  the 


same  fibre  rings.  Hence,  we  see  from  Lemma  10.111.7  that  height(q')  — height(q)  = 
height(q^-)  — height(qA')-  Denote  x' 


€ X'  = Spec(fc[a;i, . . . ,xn\)  and  x'K  € X'K  = 


Spec(AT[a;i, . . . ,£„])  the  points  corresponding  to  q'  and  q'K.  By  Lemma  [lO. 115.4 
and  what  we  showed  above  we  have 


n — dinia;  X 


dim^/  X'  — dinrj.  X 
height  (q')  — height  (q) 
height (q^)  - height (qK) 
dirn^  X'K  ~ dimXjf  XK 
n - dirm^  XK 


and  the  lemma  follows. 


□ 


10.116.  Dimension  of  graded  algebras  over  a field 

Here  is  a basic  result. 

Lemma  10.116.1.  Let  k be  a field.  Let  S be  a finitely  generated  graded  algebra 
over  k.  Assume  So  = k.  Let  P(T ) G Q [T]  be  the  polynomial  such  that  dim(S'd)  = 
P(d)  for  all  0.  See  Proposition  10.57.7  Then 

(1)  The  irrelevant  ideal  S+  is  a maximal  ideal  m. 
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(2)  Any  minimal  prime  of  S is  a homogeneous  ideal  and  is  contained  in  S+  = 

m. 

(3)  We  have  dim(S')  = deg (P)  + 1 = dim^  Spec (S)  (with  the  convention  that 
deg(0)  = — 1)  where  x is  the  point  corresponding  to  the  maximal  ideal 
S+  = m. 

(4)  The  Hilbert  function  of  the  local  ring  R = Sm  is  equal  to  the  Hilbert 
function  of  S. 


Proof.  The  first  statement  is  obvious.  The  second  follows  from  Lemma  110.56.81 
The  equality  dim(5)  = dim^  Spec (S)  follows  from  the  fact  that  every  irreducible 
component  passes  through  x according  to  (2).  Hence  we  may  compute  this  dimen- 
sion as  the  dimension  of  the  local  ring  R = Sm  with  m = S+  by  Lemma  10.113.6 
Since  md /md+1  = mdR/md+1  R we  see  that  the  Hilbert  function  of  the  local  ring  R 
is  equal  to  the  Hilbert  function  of  S , which  is  (4).  We  conclude  the  last  equality  of 
(3)  by  Proposition  10.59.8  □ 


10.117.  Generic  flatness 


051Q  Basically  this  says  that  a finite  type  algebra  over  a domain  becomes  flat  after 
inverting  a single  element  of  the  domain.  There  are  several  versions  of  this  result 
(in  increasing  order  of  strength). 

051R  Lemma  10.117.1.  Let  R—+S  be  a ring  map.  Let  M be  an  S-module.  Assume 

(1)  R is  Noetherian, 

(2)  R is  a domain, 

(3)  i?  — » S is  of  finite  type,  and 

(4)  M is  a finite  type  S-module. 

Then  there  exists  a nonzero  f £ R such  that  Mf  is  a free  Rf -module. 


Proof.  Let  I\  be  the  fraction  field  of  R.  Set  Sk  = K S.  This  is  an  algebra 
of  finite  type  over  K . We  will  argue  by  induction  on  d = dim(5'^-)  (which  is  finite 
for  example  by  Noether  normalization,  see  Section|l0.114).  Fix  d > 0.  Assume  we 
know  that  the  lemma  holds  in  all  cases  where  dim(«Sjf)  < d. 

Suppose  given  R -A  S and  M as  in  the  lemma  with  dim(.S'A-)  = d.  By  Lemma 
10.61.1  there  exists  a filtration  0 C Mi  C M2  C . . . C Mn  = M so  that  Mj/M;_  1 


is  isomorphic  to  S/q  for  some  prime  q of  S.  Note  that  dim((Syq)^)  < dim(5/f). 
Also,  note  that  an  extension  of  free  modules  is  free  (see  basic  notion  50).  Thus  we 
may  assume  M = S and  that  S'  is  a domain  of  finite  type  over  R. 


If  R — > S has  a nontrivial  kernel,  then  take  a nonzero  / € R in  this  kernel.  In  this 
case  Sf  = 0 and  the  lemma  holds.  (This  is  really  the  case  d = — 1 and  the  start 
of  the  induction.)  Hence  we  may  assume  that  R — > S is  a finite  type  extension  of 
Noetherian  domains. 


Apply  Lemma  10.114.7  and  replace  R by  Rf  (with  / as  in  the  lemma)  to  get  a 
factorization 


RC  R[yi,...,yd]  C S 

where  the  second  extension  is  finite.  Note  that  f.f.(R[yi, . . . ,yd\)  C f.f.(S)  is  a 
finite  extension  of  fields.  Choose  zi, . . . , zr  £ S which  form  a basis  for  f.f.(S)  over 
f.f.(R(y  1, . . . , yd])-  This  gives  a short  exact  sequence 


©r  (-!■■■■■*■-) 


0-»  Z/d] 
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By  construction  N is  a finite  R[y\,  ■ ■ ■ , yj-module  whose  support  does  not  con- 
tain the  generic  point  (0)  of  Spec(f?[?/i, . . . , yd])-  By  Lemma  [l 0.39. 5 there  ex- 
ists a nonzero  g £ R[yi,  ■ ■ ■ , Vd]  such  that  g annihilates  N,  so  we  may  view  N 
as  a finite  module  over  S'  = R[y±, . . . ,yd]/(g).  Since  dim(iS^)  < d by  induc- 
tion there  exists  a nonzero  f £ R such  that  Nf  is  a free  f?/-module.  Since 
(R[yi,  ...,1/d])/  — Rf[y l,  • . . , yd]  is  free  also  we  conclude  by  the  already  mentioned 
fact  that  an  extension  of  free  modules  is  free.  □ 


051S  Lemma  10.117.2.  Let  R — > S be  a ring  map.  Let  M be  an  S-module.  Assume 

(1)  R is  a domain, 

(2)  R — / S is  of  finite  presentation,  and 

(3)  M is  an  S-module  of  finite  presentation. 

Then  there  exists  a nonzero  f £ R such  that  Mf  is  a free  Rf  -module. 


051T 


Proof.  Write  S = R[x i, . . . ,xn]/(gi, . . . ,gm)-  For  g £ R[x i, . . . ,xn]  denote  g its 
image  in  S.  We  may  write  M = S®1  / Sni  f°r  some  n,  £ S 0t.  Write  n,  = 
(fju , . . . ,git)  for  some  gtj  £ R[x i, . . . ,xn].  Let  Rq  C R be  the  subring  generated 
by  all  the  coefficients  of  all  the  elements  gt,gtj  £ R[x±, . . . , xn}.  Define  Sq  = 
-RolfEi!  • • • , xn]/(gi, . . . , gm).  Define  Mq  = S®f  / ^ Sorii.  Then  Rq  is  a domain  of 
finite  type  over  Z and  hence  Noetlierian  (see  Lemma  10.30.1).  Moreover  via  the 
injection  R0  — / R we  have  S = R S'o  and  M = R M0.  Applying  Lemma 


10.117.1 


we  obtain  a nonzero  f £ Rq  such  that  (Mo) / is  a free  (Ro) /-module.  Hence 
Mf  = Rf  ®/R0)f  (Mq)/  is  a free  l?/-module.  □ 


Lemma  10.117.3.  Let  R — > S be  a ring  map.  Let  M be  an  S-module.  Assume 

(1)  R is  a domain, 

(2)  R—>S  is  of  finite  type,  and 

(3)  M is  a finite  type  S-module. 

Then  there  exists  a nonzero  f £ R such  that 

(a)  Mf  and  Sf  are  free  as  Rf -modules,  and 

(b)  Sf  is  a finitely  presented  Rf -algebra  and  Mf  is  a finitely  presented  Sf- 
module. 


Proof.  We  first  prove  the  lemma  for  S = R[x i, . . . ,xn],  and  then  we  deduce  the 
result  in  general. 

Assume  S = R[x i, . . . , xn].  Choose  elements  mi, . . . , rrit  which  generate  M.  This 
gives  a short  exact  sequence 

0 -A  N S®*  M ->  0. 


Denote  K the  fraction  field  of  R.  Denote  Sr  = K (g)^  S = K[xi, . . . , xn],  and 
similarly  Nr  = K N , Mr  = K M.  As  R — > I\  is  flat  the  sequence 
remains  flat  after  tensoring  with  K.  As  Sr  = K[x\, . . . ,xn]  is  a Noetherian  ring 
(see  Lemma  10.30.1)  we  can  find  finitely  many  elements  n\ , ,n's  £ Nr  which 
generate  it.  Choose  n±, . . . ,nr  £ N such  that  n(  = a^nj  for  some  £ K.  Set 

M'  = s®7  V Sm 

By  construction  M'  is  a finitely  presented  S'-module,  and  there  is  a surjection 
M'  — > M which  induces  an  isomorphism  M'K  = Mr.  We  may  apply  Lemma 
to  R S and  M'  and  we  find  an  / £ R such  that  M)  is  a free  l?/-module. 
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Thus  Mf  —>  Mf  is  a surjection  of  modules  over  the  domain  Rf  where  the  source  is 
a free  module  and  which  becomes  an  isomorphism  upon  tensoring  with  K.  Thus  it 
is  injective  as  Mf  C M'K  as  it  is  free  over  the  domain  Rf.  Hence  M'f  —>  Mf  is  an 
isomorphism  and  the  result  is  proved. 

For  the  general  case,  choose  a surjection  R[xi, . . . ,xn]  — > S.  Think  of  both  S 
and  M as  finite  modules  over  R[x\, . . . , xn\.  By  the  special  case  proved  above 
there  exists  a nonzero  f £ R such  that  both  Sf  and  Mf  are  free  as  f?/-modules 
and  finitely  presented  as  Rf[x  1, . . . , a;n]-modules.  Clearly  this  implies  that  Sf  is  a 
finitely  presented  Rf -algebra,  and  that  Mf  is  a finitely  presented  Sy-module.  □ 


Let  R — >•  S be  a ring  map.  Let  M be  an  S'-module.  Consider  the  following  condition 
on  an  element  f £ R: 

!Sf  is  of  finite  presentation  over  Rf 

Mf  is  of  finite  presentation  as  »S/-module 
Sf,Mf  are  free  as  i?./-modules 

We  define 

051V  (10.117.3.2)  I/(B^5.M)  = UfMw|it|___|C(/) 

which  is  an  open  subset  of  Spec(-R). 

051W  Lemma  10.117.4.  Let  R — )•  S be  a ring  map.  Let  0 — ► Mi  — » M2  — ► M3  — ► 0 be 
a short  exact  sequence  of  S -modules.  Then 

U(R  ->  S,  Mi)  n U{R  -5>  S,  M3)  C U(R  S,  M2). 


051X 


Proof.  Let  u £ U(R  — >•  S,  M-\ ) n 17(1?  — > S',  M3).  Choose  fi,  f3  £ R such  that 
u £ D(fi),  u £ D(f3 ) and  such  that  (10.117.3.1)  holds  for  f\  and  Mi  and  for 
f3  and  M3.  Then  set  / = /1/3.  Then  u £ D(f ) and  (10.117.3.1)  holds  for  / 
and  both  Mi  and  M3.  An  extension  of  free  modules  is  free,  and  an  extension  of 
finitely  presented  modules  is  finitely  presented  (Lemma  10.5.3).  Hence  we  see  that 
(10.117.3.1)  holds  for  / and  M2.  Thus  u £ U(R  S,M2)  and  we  win.  □ 


Lemma  10.117.5.  Let  R —¥  S be  a ring  map.  Let  M be  an  S-module.  Let 
f £ R.  Using  the  identification  Spec  {Rf)  = D(f)  we  have  U(Rf  — > Sf,Mf)  = 
D(f)rU{R->  S,M). 


Proof.  Suppose  that  u £ U(Rf  -A  Sf,Mf).  Then  there  exists  an  element  g £ 
Rf  such  that  u £ D(g)  and  such  that  (10.117.3.1)  holds  for  the  pair  (( Rf)g  — > 
( Sf)g , ( Mf)g ).  Write  g = a/ /"  for  some  a £ R.  Set  h = af.  Then  Rh  = ( Rf)g , 
Sh  = ( Sf)g , and  Mh  = (Mf)g.  Moreover  u £ D(h).  Hence  u £ U{R  —>  S,M). 
Conversely,  suppose  that  u £ D(f)  fl  U(R  — > S,M ).  Then  there  exists  an  ele- 
ment g £ R such  that  u £ D(g)  and  such  that  ( 10.117.3~T])  holds  for  the  pair 
(. Rg  — > Sg,Mg).  Then  it  is  clear  that  (10.117.3.1)  also  holds  for  the  pair  ( Rfg  —> 
SfgiMfg)  = ((Rf)g  — » (Sf)g,  (M f) g) . Hence  u £ U (Rf  — )•  Sf,Mf)  and  we  win.  □ 


051Y  Lemma  10.117.6.  Let  R — > S be  a ring  map.  Let  M be  an  S-module.  Let 
U C Spec(l?)  be  a dense  open.  Assume  there  is  a covering  U = [Jie/  D(/j)  of  opens 
such  that  U{Rfi  — ► S/it  Mff)  is  dense  in  D{ff)  for  each  i £ I.  Then  U(R  —>  S,  M) 
is  dense  in  Spec (R). 
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Proof.  In  view  of  Lemma[l0.117.5|this  is  a purely  topological  statement.  Namely, 
by  that  lemma  we  see  that  U(R—>  S,M)  fl  D(ff)  is  dense  in  D(fi)  for  each  i £ I. 
By  Topology,  Lemma  5.20.4  we  see  that  17(1?  — » S,  M)  fl  17  is  dense  in  U.  Since  U 
is  dense  in  Spec(i?)  we  conclude  that  U(R—>  S,M)  is  dense  in  Spec(i?).  □ 


051Z  Lemma  10.117.7.  Let  R—^S  be  a ring  map.  Let  M be  an  S-module.  Assume 

(1)  7?  — >•  S is  of  finite  type, 

(2)  M is  a finite  S-module,  and 

(3)  R is  reduced. 

Then  there  exists  a subset  U C Spec(i?)  such  that 

(1)  U is  open  and  dense  in  Spec (/?), 

(2)  for  every  u £ U there  exists  an  f £ R such  that  u £ D(f)  C U and  such 
that  we  have 

(a)  Mf  and  Sf  are  free  over  Rf, 

(b)  Sf  is  a finitely  presented  Rf -algebra,  and 

(c)  Mf  is  a finitely  presented  S f -module. 


Proof.  Note  that  the  lemma  is  equivalent  to  the  statement  that  the  open  17(7?  —>■ 
S,M ),  see  Equation  (10.117.3.2),  is  dense  in  Spec(7?).  We  first  prove  the  lemma 
for  S = R[xi, . . . ,xn ],  and  then  we  deduce  the  result  in  general. 


Proof  of  the  case  S = R[x±, . . . , xn]  and  M any  finite  module  over  S.  Note  that  in 
this  case  Sf  = Rf[x\, . . . ,xn]  is  free  and  of  finite  presentation  over  Rf,  so  we  do 
not  have  to  worry  about  the  conditions  regarding  S,  only  those  that  concern  M . 
We  will  use  induction  on  n. 


There  exists  a finite  filtration 


0 C Mi  C M2  C . . . C Mt  = M 


such  that  Mi /M^ i = S/Ji  for  some  ideal  Ji  C S,  see  Lemma  10.5.4  Since 


finite  intersection  of  dense  opens  is  dense  open,  we  see  from  Lemma  10.117.4  that 
it  suffices  to  prove  the  lemma  for  each  of  the  modules  R/  Ji.  Hence  we  may  assume 
that  M = S/J  for  some  ideal  J of  S'  = 7?[xi, . . . , xn}. 


Let  I CL  R he  the  ideal  generated  by  the  coefficients  of  elements  of  J.  Let  U\  = 
Spec(7?)  \ V (I)  and  let 

U2  = Spec(7?)  \ U\. 


Then  it  is  clear  that  17  = U\  U 172  is  dense  in  Spec(7?).  Let  f £ R be  an  element 
such  that  either  (a)  D(f)  C U\  or  (b)  D(f)  C 172.  If  for  any  such  / the  lemma 
holds  for  the  pair  (Rf  — > Rf[xi, . . . ,xn],Mf)  then  by  Lemma  10.117.6  we  see  that 
17(7?.  — > S,  M)  is  dense  in  Spec(7?).  Hence  we  may  assume  either  (a)  7 = 7?,  or  (b) 
1 7(1)  = Spec(7?). 


In  case  (b)  we  actually  have  I = 0 as  7?  is  reduced!  Hence  J = 0 and  M = S and 
the  lemma  holds  in  this  case. 


In  case  (a)  we  have  to  do  a little  bit  more  work.  Note  that  every  element  of  / 
is  actually  the  coefficient  of  a monomial  of  an  element  of  J , because  the  set  of 
coefficients  of  elements  of  J forms  an  ideal  (details  omitted).  Hence  we  find  an 
element 


0 = > axxK  £ J 
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where  E is  a finite  set  of  multi-indices  K = (k\, . . . , kn)  with  at  least  one  coefficient 
clk0  a unit  in  R.  Actually  we  can  find  one  which  has  a coefficient  equal  to  1 as  1 £ I 
in  case  (a).  Let  m = #{/i  £ E \ ax  is  not  a unit}.  Note  that  0 < m < ffE  — 1. 
We  will  argue  by  induction  on  to. 


The  case  m = 0.  In  this  case  all  the  coefficients  ax,  K £ E of  g are  units  and 
If  E = {Kq}  is  a singleton  and  K0  = (0, . . . , 0),  then  g is  a unit  and  J = S 
so  the  result  holds  for  sure.  (This  happens  in  particular  when  n = 0 and  it  provides 
the  base  case  of  the  induction  on  n.)  If  not  E = {(0, . . . , 0)},  then  at  least  one  K 
is  not  equal  to  (0, . . . ,0),  i.e. , g ^ R.  At  this  point  we  employ  the  usual  trick  of 
Noether  normalization.  Namely,  we  consider 


G(yi,  ...,yn)  = g{y  i + yen\y2  + yen2 , ■ ■ ■ , yn- i + , yn ) 


with  0 -C  e„_i  < en_2  <...<Cei.  By  Lemma  10.114.2  it  follows  that  G{y\, . . . , yn) 
as  a polynomial  in  yn  looks  like 

„ 1 Giki 


kn-\-J2i=  1,. 
aKVn 


lower  order  terms  in  yn 


As  clk  is  a unit  we  conclude  that  M = . . . , xn]/ J is  finite  over  R[y±, . . . , yn-i\- 

Hence  U(R  — > R[xi, . . . ,xn\,  M)  = U{R  — > R[y\, . . . ,yn~\\,M)  and  we  win  by 
induction  on  n. 


The  case  m > 0.  Pick  a multi-index  K £ E such  that  ax  is  not  a unit.  As  before 
set  U\  = Spec(Aaif)  = Spec(I?)  \ V{ax)  and  set 

U2  = Spec  (A)  \ Ux. 


Then  it  is  clear  that  U = U\  U U2  is  dense  in  Spec(A).  Let  / £ R be  an  element 
such  that  either  (a)  D(f)  C U\  or  (b)  D(f)  C U2.  If  for  any  such  / the  lemma 
holds  for  the  pair  ( Rf  — »•  Rf[x  i, . . . ,i„],  Mf)  then  by  Lemma  10.117.6  we  see  that 
U{R  — )•  S,  M)  is  dense  in  Spec(l?).  Hence  we  may  assume  either  (a)  axR  = R , or 
(b)  V(cik ) = Spec(l?).  In  case  (a)  the  number  to  drops,  as  ax  has  turned  into  a 
unit.  In  case  (b),  since  R is  reduced,  we  conclude  that  ax  = 0.  Hence  the  set  E 
decreases  so  the  number  m drops  as  well.  In  both  cases  we  win  by  induction  on  to. 


At  this  point  we  have  proven  the  lemma  in  case  S = Assume  that 

(R  — > S,  M)  is  an  arbitrary  pair  satisfying  the  conditions  of  the  lemma.  Choose 
a surjection  R[x i,...,i„]  — > S.  Observe  that,  with  the  notation  introduced  in 
(10.117.3.2),  we  have 

U(R—>  S,M)  = U{R->  R[x1,...,xn\,S)nU{R->  R[xu...,xn],S) 


Hence  as  we’ve  just  finished  proving  the  right  two  opens  are  dense  also  the  open 
on  the  left  is  dense.  □ 


10.118.  Around  Krull-Akizuki 

00P7  One  application  of  Krull-Akizuki  is  to  show  that  there  are  plenty  of  discrete  val- 
uation rings.  More  generally  in  this  section  we  show  how  to  construct  discrete 
valuation  rings  dominating  Noetherian  local  rings. 

First  we  show  how  to  dominate  a Noetherian  local  domain  by  a 1-dimensional 
Noetherian  local  domain  by  blowing  up  the  maximal  ideal. 

00P8  Lemma  10.118.1.  Let  R be  a local  Noetherian  domain  with  fraction  field  K. 
Assume  R is  not  a field.  Then  there  exist  R C R!  C K with 
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(1)  R'  local  Noetherian  of  dimension  1, 

(2)  R — ► R'  a local  ring  map,  i.e.,  R'  dominates  R,  and 

(3)  R — > R'  essentially  of  finite  type. 


Proof.  Choose  any  valuation  ring  A C K dominating  R (which  exist  by  Lemma 
10.49.2 1.  Denote  v the  corresponding  valuation.  Let  xi,...,xr  be  a minimal  set 


of  generators  of  the  maximal  ideal  m of  R.  We  may  and  do  assume  that  v{xr)  = 
min{u(a;i), . . . , u(ay)}.  Consider  the  ring 

S = R[x \/xr,  x-2.jxr, . . . , 2y_i/a;r]  C K. 


OBHZ 


Note  that  ins'  = xr  S is  a principal  ideal.  Note  that  Scd  and  that  v(xr ) > 0,  hence 
we  see  that  xrS  S.  Choose  a minimal  prime  q over  xrS.  Then  height(q)  = 1 by 
Lemma  10.59.10  and  q lies  over  m.  Hence  we  see  that  R'  = Sq  is  a solution.  □ 


Lemma  10.118.2  (Kollar).  Let  {R,  m)  be  a local  Noetherian  ring.  Then  exactly 
one  of  the  following  holds: 

(1)  (R,  m)  is  Artinian, 

(2)  (R,  m)  is  regular  of  dimension  1, 

(3)  depth(R)  > 2,  or 

(4)  there  exists  a finite  ring  map  R — >■  R!  which  is  not  an  isomorphism  whose 
kernel  and  cokernel  are  annihilated  by  a power  of  m such  that  m is  not  an 
associated  prime  of  R' . 


This  is  taken  from  a 
forthcoming  paper 
by  Janos  Kollar 
entitled  “Variants  of 
normality  for 
Noetherian 
schemes” . 


Proof.  Observe  that  (l?,m)  is  not  Artinian  if  and  only  if  V(m)  C Spec(J?)  is 
nowhere  dense.  See  Proposition  |10.59T6}  We  assume  this  from  now  on. 

Let  J C R be  the  largest  ideal  killed  by  a power  of  m.  If  J 7^  0 then  R —$■  R/J 
shows  that  (R,  m)  is  as  in  (4). 


Otherwise  J = 0.  In  particular  m is  not  an  associated  prime  of  R and  we  see  that 
there  is  a nonzerodivisor  x £ m by  Lemma[l0.62.18|  If  m is  not  an  associated  prime 
of  R/xR  then  depth(l?)  > 2 by  the  same  lemma.  Thus  we  are  left  with  the  case 
when  there  is  an  y £ R,  y £ xR  such  that  ym  C xR. 


If  ym  C xm  then  we  can  consider  the  map  <p:m— >■  m,  f yf/x  (well  defined  as 
x is  a nonzerodivisor).  By  the  determinantal  trick  of  Lemma|l0.15.2  there  exists  a 
monic  polynomial  P with  coefficients  in  R such  that  P(ip)  = 0.  We  conclude  that 
P(y/x)  = 0 in  Rx.  Let  R'  C Rx  be  the  ring  generated  by  R and  y/x.  Then  R C R' 
and  R' / R is  a finite  R- module  annihilated  by  a power  of  x.  Thus  R is  as  in  (4). 


Otherwise  there  is  a t £ m such  that  yt  = ux  for  some  unit  u of  R.  After  replacing  t 
by  u ^t  we  get  yt  = x.  In  particular  y is  a nonzerodivisor.  For  any  t'  £ m we  have 
yt'  = xs  for  some  s £ R.  Thus  y(t'  — st)  = xs  — xs  = 0.  Since  y is  not  a zero-divisor 
this  implies  that  t'  = ts  and  so  m = (t).  Thus  ( R , m)  is  regular  of  dimension  1.  □ 

00P9  Lemma  10.118.3.  Let  R be  a local  ring  with  maximal  ideal  m.  Assume  R is 
Noetherian,  has  dimension  1,  and  that  dim(m/m2)  > 1.  Then  there  exists  a ring 
map  R — * R'  such  that 

(1)  i?  — >•  R'  is  finite, 

(2)  R — >•  R'  is  not  an  isomorphism, 

(3)  the  kernel  and  cokernel  of  R —>  R'  are  annihilated  by  a power  of  m,  and 

(4)  m is  not  an  associated  prime  of  R' . 
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OOPA 


OOPB 


OOPC 


OOPD 


Proof.  This  follows  from  Lemma[l0.118.2|and  the  fact  that  R is  not  Artinian,  not 
regular,  and  does  not  have  depth  > 2 (the  last  part  because  the  depth  does  not 
exceed  the  dimension  by  Lemma  10.71.3).  □ 


Example  10.118.4.  Consider  the  Noetherian  local  ring 

R = k[[x,y]]/(y2 3 4 5) 

It  has  dimension  1 and  it  is  Cohen-Macaulay.  An  example  of  an  extension  as  in 
Lemma TlO.  118. 31  is  the  extension 

k[[x,  y}]/(y2)  c k[[x,  z)}/(z2),  y^xz 

in  other  words  it  is  gotten  by  adjoining  y/x  to  R.  The  effect  of  repeating  the 
construction  n > 1 times  is  to  adjoin  the  element  y/xn. 

Example  10.118.5.  Let  k be  a field  of  characteristic  p > 0 such  that  k has 
infinite  degree  over  its  subfield  kp  of  pth  powers.  For  example  k = Fp(ti,  t2)  *3,  • • ■ )• 
Consider  the  ring 


A = 


{£  diX* 1  £ k[[xf\  such  that  [fcp(ao,  ai,  <22, . . .)  : kp]  < oo  j 


Then  A is  a discrete  valuation  ring  and  its  completion  is  AA  = fc[[x]].  Note  that 
the  field  extension  f.f.(A)  C f.f.(k[[x]])  is  infinite  purely  inseparable.  Choose  any 
f £ MML  / ^ A.  Let  R = A[f]  C fc[[x]].  Then  R is  a Noetherian  local  domain  of 
dimension  1 whose  completion  1?A  is  nonreduced  (think!). 

Remark  10.118.6.  Suppose  that  R is  a 1-dimensional  semi-local  Noetherian 
domain.  If  there  is  a maximal  ideal  m C R such  that  Rm  is  not  regular,  then  we 


may  apply  Lemma  10.118.3  to  (R,  m)  to  get  a finite  ring  extension  R C R\.  (For 
example  one  can  do  this  so  that  Spec(-fi’i)  -4  Spec(l?)  is  the  blow  up  of  Spec(l?)  in 
the  ideal  m.)  Of  course  R\  is  a 1-dinrensional  semi-local  Noetherian  domain  with 
the  same  fraction  field  as  R.  If  R\  is  not  a regular  semi-local  ring,  then  we  may 
repeat  the  construction  to  get  C 1?2-  Thus  we  get  a sequence 


R C R1  C R2  C R3  C 


of  finite  ring  extensions  which  may  stop  if  Rn  is  regular  for  some  n.  Resolution 
of  singularities  would  be  the  claim  that  eventually  Rn  is  indeed  regular.  In  reality 
this  is  not  the  case.  Namely,  there  exists  a characteristic  0 Noetherian  local  domain 
A of  dimension  1 whose  completion  is  nonreduced,  see  )FR701  Proposition  3.1]  or 
our  Examples,  Section  [88. 15|  For  an  example  in  characteristic  p > 0 see  Example 
|10.118.5|  Since  the  construction  of  blowing  up  commutes  with  completion  it  is 

easy  to  see  the  sequence  never  stabilizes.  See  |Ben73j  for  a discussion  (mostly  in 
positive  characteristic).  On  the  other  hand,  if  the  completion  of  R in  all  of  its 
maximal  ideals  is  reduced,  then  the  procedure  stops  (insert  future  reference  here). 

Lemma  10.118.7.  Let  A be  a ring.  The  following  are  equivalent. 

(1)  The  ring  A is  a discrete  valuation  ring. 

(2)  The  ring  A is  a valuation  ring  and  Noetherian. 

(3)  The  ring  A is  a regular  local  ring  of  dimension  1. 

(4)  The  ring  A is  a Noetherian  local  domain  with  maximal  ideal  m generated 
by  a single  nonzero  element. 

(5)  The  ring  A is  a Noetherian  local  normal  domain  of  dimension  1. 
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In  this  case  if  n is  a generator  of  the  maximal  ideal  of  A,  then  every  element  of  A 
can  be  uniquely  written  as  ui xn , where  u £ A is  a unit. 


Proof.  The  equivalence  of  (1)  and  (2)  is  Lemma  10.49.18  Moreover,  in  the  proof 
of  Lemma  [10.49. 18|  we  saw  that  if  A is  a discrete  valuation  ring,  then  A is  a PID, 
hence  (3).  Note  that  a regular  local  ring  is  a domain  (see  Lemma  10.105.2 1.  Using 


this  the  equivalence  of  (3)  and  (4)  follows  from  dimension  theory,  see  Section  10.59 


Assume  (3)  and  let  tt  be  a generator  of  the  maximal  ideal  m.  For  all  n > 0 we 
have  dim^/m  mn/mn+1  = 1 because  it  is  generated  by  7 r”  (and  it  cannot  be  zero). 
In  particular  m"  = (7rn)  and  the  graded  ring  @m"/m"+1  is  isomorphic  to  the 
polynomial  ring  A/m\T\.  For  iei  \ {0}  define  v(x)  = max{n  | x £ mn } . In  other 
words  x = uttv(x'1  with  u £ A* . By  the  remarks  above  we  have  v{xy)  = v(x)  + v{y) 
for  all  x,y  £ A \ {0}.  We  extend  this  to  the  field  of  fractions  K of  A by  setting 
v(a/b)  = v(a)  —v(b)  (well  defined  by  multiplicativity  shown  above).  Then  it  is  clear 
that  A is  the  set  of  elements  of  I\  which  have  valuation  > 0.  Hence  we  see  that  A 
is  a valuation  ring  by  Lemma |10.49.16~1 


A valuation  ring  is  a normal  domain  by  Lemma  [10.49. 10  Hence  we  see  that  the 
equivalent  conditions  (1)  - (3)  imply  (5).  Assume  (5).  Suppose  that  m cannot  be 
generated  by  1 element  to  get  a contradiction.  Then  Lemma [10. 1 18. 3| implies  there 
is  a finite  ring  map  A — » A!  which  is  an  isomorphism  after  inverting  any  nonzero 
element  of  m but  not  an  isomorphism.  In  particular  A'  C f.f.(A).  Since  A — > A! 
is  finite  it  is  integral  (see  Lemma  10.35.3).  Since  A is  normal  we  get  A = A!  a 
contradiction.  □ 


09DZ  Definition  10.118.8.  Let  A be  a discrete  valuation  ring.  A uniformizer  is  an 
element  7 t £ A which  generates  the  maximal  ideal  of  A. 

By  Lemma [l 0.118.7| any  two  uniformizers  of  a discrete  valuation  ring  are  associates. 

00PE  Lemma  10.118.9.  Let  R be  a domain  with  fraction  field  K . Let  M be  an  R- 
submodule  of  K®r . Assume  R is  local  Noetherian  of  dimension  1.  For  any  nonzero 
x £ R we  have  lengthR(R/xR)  < oo  and 

length R{M / xM)  < r ■ length r(R / xR) . 

Proof.  If  x is  a unit  then  the  result  is  true.  Hence  we  may  assume  x £ m the 
maximal  ideal  of  R.  Since  x is  not  zero  and  R is  a domain  we  have  dim {R/xR)  = 0, 
and  hence  R/xR  has  finite  length.  Consider  M C A'®r  as  in  the  lemma.  We  may 
assume  that  the  elements  of  M generate  K®r  as  a A'-vector  space  after  replacing 
AT®r  by  a smaller  subspace  if  necessary. 

Suppose  first  that  M is  a finite  A-module.  In  that  case  we  can  clear  denominators 
and  assume  M c R®r . Since  M generates  K®r  as  a vectors  space  we  see  that 
R®r /M  has  finite  length.  In  particular  there  exists  an  integer  c > 0 such  that 
xcR®r  C M.  Note  that  M D xM  D x2M  D . . . is  a sequence  of  modules  with 
successive  quotients  each  isomorphic  to  M/xM.  Hence  we  see  that 

nlengthfl(M/xM)  = lengthy (M/xnM). 

The  same  argument  for  M = R®r  shows  that 

nlengthfj  (A®  r / xR®r ) = \engthR(R®r /xnR®r). 
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By  our  choice  of  c above  we  see  that  xnM  is  sandwiched  between  xnR®r  and 
xn+cR®r . This  easily  gives  that 

r(n  + c)lengthR(i?/xi?)  > n\engthR(M / xM)  > r(n  — c)lengthfl(I?/irf?) 

Hence  in  the  finite  case  we  actually  get  the  result  of  the  lemma  with  equality. 

Suppose  now  that  M is  not  finite.  Suppose  that  the  length  of  M/xM  is  > k for 
some  natural  number  k.  Then  we  can  find 

0 C N0  c Ni  c N2  C . . . Nk  c M/xM 

with  Ni  ^ Ni- |_i  for  i = 0, . . . k — 1.  Choose  an  element  nii  £ M whose  congruence 
class  mod  xM  falls  into  N,-t  but  not  into  for  i = 1 , ,k.  Consider  the  finite 

A-module  M'  = R:rri\  + ...  + Rmk  C M.  Let  N[  C M'/xM1  be  the  inverse 
image  of  Nt . It  is  clear  that  N[  ^ iV'+1  by  our  choice  of  to*.  Hence  we  see  that 
\engthR(M' /xM')  > k.  By  the  finite  case  we  conclude  k < r\engthR{R/xR)  as 
desired.  □ 


Here  is  a first  application. 

031F  Lemma  10.118.10.  Let  R — ► S be  a homomorphism  of  domains  inducing  an 
injection  of  fraction  fields  K C L.  If  R is  Noetherian  local  of  dimension  1 and 
[L  : K]  < oo  then 

(1)  each  prime  ideal  of  S lying  over  the  maximal  ideal  m of  R is  maximal , 

(2)  there  are  finitely  many  of  these,  and 

(3)  [k( rij)  : k(tti)]  < oo  for  each  i. 


OOPF 


Proof.  Pick  x £ m nonzero.  Apply  Lemma  [10.118.9  to  the  submodule  S C L = 
K®n  where  n = [L  : K],  Thus  the  ring  S/xS  has  finite  length  over  R.  It  follows 
that  S/mS  has  finite  length  over  K(m).  In  other  words,  dhnK(m)  S/mS  is  finite 
(Lemma  10.51.6).  Thus  S/mS  is  Artinian  (Lemma  10.52.2).  The  structural  results 
on  Artinian  rings  implies  parts  (1)  and  (2),  see  for  example  Lemma  10.52.6  Part 

(3)  is  implied  by  the  finiteness  established  above.  □ 


Lemma  10.118.11.  Let  R be  a domain  with  fraction  field  K . Let  M be  an  R- 
submodule  of  K®r . Assume  R is  Noetherian  of  dimension  1.  For  any  nonzero 
x £ R we  have  length R{M / xM)  < oo. 


Proof.  Since  R has  dimension  1 we  see  that  x is  contained  in  finitely  many  primes 
rrq,  i = 1, . . . , n,  each  maximal.  Since  R is  Noetherian  we  see  that  R/xR  is  Artinian, 
see  Proposition  10.59.6  Hence  R/xR  is  a quotient  of  R/mff  for  certain  et  because 
that  m®1  . . . m®"  C (x)  for  suitably  large  e*  as  R/xR  is  Artinian  (see  Section  10.52 ). 
Hence  M/xM  similarly  decomposes  as  a product  J ~[{M  / xM)mi  = \\M  /{mff  ,x)M 
of  its  localizations  at  the  m, . By  Lemma  10.118. 9|  applied  to  Mmi  over  Rmi  we  see 
each  Mm./xMm.  = ( M/xM)m . has  finite  length  over  Rm. . It  easily  follows  that 
M/xM  has  finite  length  over  R.  □ 


00PG  Lemma  10.118.12  (Krull-Akizuki).  Let  R be  a domain  with  fraction  field  K . Let 
I\  C L be  a finite  extension  of  fields.  Assume  R is  Noetherian  and  dim(f?)  = 1 .In 
this  case  any  ring  A with  R C A C L is  Noetherian. 


Proof.  To  begin  we  may  assume  that  L is  the  fraction  field  of  A by  replacing  L by 
the  fraction  field  of  A if  necessary.  Let  / C A be  an  ideal.  Clearly  I generates  L 
as  a A-vector  space.  Hence  we  see  that  I D R ^ (0).  Pick  any  nonzero  x £ I D R. 
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Then  we  get  I/xA  C A/xA.  By  Lemma  10.118.11  the  l?-module  A/xA  has  finite 
length  as  an  l?-module.  Hence  I/xA  has  finite  length  as  an  l?-module.  Hence  / is 
finitely  generated  as  an  ideal  in  A.  □ 

00PH  Lemma  10.118.13.  Let  R be  a Noetherian  local  domain  with  fraction  field  K. 
Assume  that  R is  not  a field.  Let  K C L be  a finitely  generated  field  extension. 
Then  there  exists  discrete  valuation  ring  A with  fraction  field  L which  dominates 

R. 


Proof.  If  L is  not  finite  over  K choose  a transcendence  basis  xi, ...  ,xr  of  L over 
K and  replace  R by  R[x i, . . . , xr]  localized  at  the  maximal  ideal  generated  by  m# 
and  Xi, . . . , xr.  Thus  we  may  assume  K C L finite. 


By  Lemma  10.118.1  we  may  assume  dim(f?)  = 1. 

Let  A C L be  the  integral  closure  of  R in  L.  By  Lemma [i 0 ■ 1 1 8 . 1 2] this  is  Noetherian. 
By  Lemma  |10.35.15  there  is  a prime  ideal  q C A lying  over  the  maximal  ideal  of 
R.  By  Lemma  10.118.7  the  ring  Aq  is  a discrete  valuation  ring  dominating  R as 
desired.  □ 


10.119.  Factorization 

0340  Here  are  some  notions  and  relations  between  them  that  are  typically  taught  in  a 
first  year  course  on  algebra  at  the  undergraduate  level. 

034P  Definition  10.119.1.  Let  R be  a domain. 

(1)  Elements  x,y  £ R are  called  associates  if  there  exists  a unit  u £ R*  such 
that  x = uy. 

(2)  An  element  x £ R is  called  irreducible  if  it  is  nonzero,  not  a unit  and 
whenever  x = yz,  y,  z £ R,  then  y is  either  a unit  or  an  associate  of  x. 

(3)  An  element  x £ R is  called  prime  if  the  ideal  generated  by  x is  a prime 
ideal. 

034Q  Lemma  10.119.2.  Let  R be  a domain.  Let  x,y  £ R.  Then  x,  y are  associates  if 
and  only  if  (x)  = ( y ). 

Proof.  If  x = uy  for  some  unit  u £ R,  then  (x)  C (y)  and  y = u 1x  so  also 
(y)  C (x).  Conversely,  suppose  that  (x)  = (y).  Then  x = fy  and  y = gx  for 
some  f,g  £ A.  Then  x = fgx  and  since  R is  a domain  fg=  1.  Thus  x and  y are 
associates.  □ 

034R  Lemma  10.119.3.  Let  R be  a domain.  Consider  the  following  conditions: 

(1)  The  ring  R satisfies  the  ascending  chain  condition  for  principal  ideals. 

(2)  Every  nonzero,  nonunit  element  a £ R has  a factorization  a = b\ . . .bk 
with  each  bt  an  irreducible  element  of  R. 

Then  (1)  implies  (2). 

Proof.  Let  a;  be  a nonzero  element,  not  a unit,  which  does  not  have  a factorization 
into  irreducibles.  Set  x\  = x.  We  can  write  x = yz  where  neither  y nor  z is 
irreducible  or  a unit.  Then  either  y does  not  have  a factorization  into  irreducibles, 
in  which  case  we  set  x 2 = y,  or  2 does  not  have  a factorization  into  irreducibles,  in 
which  case  we  set  £2  = z.  Continuing  in  this  fashion  we  find  a sequence 

Xl  \X2  \x$  | . . . 
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of  elements  of  R with  xn/xn+i  not  a unit.  This  gives  a strictly  increasing  sequence 
of  principal  ideals  (aq)  C (aq)  C (aq)  C . . . thereby  finishing  the  proof.  □ 

034S  Definition  10.119.4.  A unique  factorization  domain , abbreviated  UFD , is  a do- 
main R such  that  if  x £ R is  a nonzero,  nonunit,  then  x has  a factorization  into 
irreducibles,  and  if 

x = a\  . . . am  = fq . . . b„ 

are  factorizations  into  irreducibles  then  n = m and  there  exists  a permutation 
a : {1, . . . , n}  — > {1, . . . , n}  such  that  a,;  and  ba^  are  associates. 

034T  Lemma  10.119.5.  Let  R be  a domain.  Assume  every  nonzero,  nonunit  factors 
into  irreducibles.  Then  R is  a UFD  if  and  only  if  every  irreducible  element  is  prime. 

Proof.  Assume  R is  a UFD  and  let  x £ R be  an  irreducible  element.  Say  ab  £ ( x ), 

i. e.,  ab  = cx.  Choose  factorizations  a = a± ...  an,  b = bi . . . bm,  and  c = Ci ...  cr. 
By  uniqueness  of  the  factorization 

a\ ...  anb\ . . . bjyi  — c\ . . . CyX 

we  find  that  x is  an  associate  of  one  of  the  elements  a\, . . .,bm.  In  other  words, 
either  a £ (x)  or  b £ (x)  and  we  conclude  that  x is  prime. 

Assume  every  irreducible  element  is  prime.  We  have  to  prove  that  factorization 
into  irreducibles  is  unique  up  to  permutation  and  taking  associates.  Say  ai . . . am  = 
b\ . . . bn  with  ai  and  bj  irreducible.  Since  a\  is  prime,  we  see  that  bj  £ (ai)  for  some 

j.  After  renumbering  we  may  assume  b\  £ (ai).  Then  bi  = a±u  and  since  b\  is 

irreducible  we  see  that  u is  a unit.  Hence  a\  and  b i are  associates  and  cq  . . . an  = 
ub’2  ■ ■ ■ bm.  By  induction  onn  + mwe  see  that  n = m and  associate  to  bau\  for 
i = 2, . . . , n as  desired.  □ 

OAFT  Lemma  10.119.6.  Let  R be  a Noetherian  domain.  Then  R is  a UFD  if  and  only 
if  every  height  1 prime  ideal  is  principal. 


Proof.  Assume  R is  a UFD  and  let  p be  a height  1 prime  ideal.  Take  x £ p nonzero 
and  let  x = ai  ...  an  be  a factorization  into  irreducibles.  Since  p is  prime  we  see 
that  etj  £ p for  some  i.  By  Lemma  10.119.5  the  ideal  (a*)  is  prime.  Since  p has 
height  1 we  conclude  that  (a*)  = p. 

Assume  every  height  1 prime  is  principal.  Since  R is  Noetherian  every  nonzero 
nonunit  element  x has  a factorization  into  irreducibles,  see  Lemma  10.119.3]  It 


suffices  to  prove  that  an  irreducible  element  x is  prime,  see  Lemma  |10. 119.5|  Let 


10.59.10 


(x)  C p be  a prime  minimal  over  (x).  Then  p has  height  1 by  Lemma 
By  assumption  p = (y).  Hence  x = yz  and  z is  a unit  as  x is  irreducible.  Thus 
(x)  = ( y ) and  we  see  that  x is  prime.  □ 


OAFU  Lemma  10.119.7  (Nagata’s  criterion  for  factoriality).  Let  A be  a domain.  Let 
S C A be  a multiplicative  subset  generated  by  prime  elements.  Let  x £ A be 
irreducible.  Then 

(1)  the  image  of  x in  S'-1  A is  irreducible  or  a unit,  and 

(2)  x is  prime  if  and  only  if  the  image  of  x in  is  a unit  or  a prime 

element  in  5I_1A. 

Moreover,  then  A is  a UFD  if  and  only  if  every  element  of  A has  a factorization 
into  irreducibles  and  S^A  is  a UFD. 


|Nag57b  Lemma  2] 
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Proof.  Say  x = a/3  for  a,  0 £ S-1  A Then  a = a/s  and  0 = b/s'  for  a,b  £ A, 
s,  s'  £ S.  Thus  we  get  ss'x  = ab.  By  assumption  we  can  write  ss'  = p\ . . .pr  for 
some  prime  elements  pi.  For  each  i the  element  pi  divides  either  a or  b.  Dividing 
we  find  a factorization  x = a'b'  and  a = s"a' , b = s'"b'  for  some  s" , s'"  £ S.  As  x 
is  irreducible,  either  a1  or  b'  is  a unit.  Tracing  back  we  find  that  either  a or  0 is  a 
unit.  This  proves  (1). 


Suppose  x is  prime.  Then  A/{x)  is  a domain.  Hence  S lA/xS  XA  = S 1(A/(x)) 
is  a domain  or  zero.  Thus  x maps  to  a prime  element  or  a unit. 

Suppose  that  the  image  of  x in  S~1A  is  a unit.  Then  yx  = s for  some  s £ S and 
y £ A.  By  assumption  s = pi  ...  pr  with  pi  a prime  element.  For  each  i either 
Pi  divides  y or  pi  divides  x.  In  the  second  case  pi  and  x are  associates  (as  x is 
irreducible)  and  we  are  done.  But  if  the  first  case  happens  for  all  i = 1, . . . , r,  then 
£ is  a unit  which  is  a contradiction. 

Suppose  that  the  image  of  x in  S'-1  A is  a prime  element.  Assume  a,b  £ A and 
ab  £ (x).  Then  sa  = xy  or  sb  = xy  for  some  s £ S and  y £ A.  Say  the  first  case 
happens.  By  assumption  s = p\  . . .pr  with  pi  a prime  element.  For  each  i either 
Pi  divides  y or  pi  divides  x.  In  the  second  case  pi  and  x are  associates  (as  x is 
irreducible)  and  we  are  done.  If  the  first  case  happens  for  all  i = 1, . . . , r,  then 
a £ (x)  as  desired.  This  completes  the  proof  of  (2). 


The  final  statement  of  the  lemma  follows  from  (1)  and  (2)  and  Lemma  10.119.5  □ 


Lemma  10.119.8.  A polynomial  ring  over  a UFD  is  a UFD.  In  particular,  if  k 
is  a field,  then  k[x i, . . . , xn]  is  a UFD. 


Proof.  Let  R be  a UFD.  Let  S C R be  the  multiplicative  subset  generated  by 
prime  elements.  Since  every  nonunit  of  R is  a product  of  prime  elements  we  see 
that  K = S~1R  is  the  fraction  field  of  R.  Observe  that  every  prime  element  of  R 
maps  to  a prime  element  of  I?[:r]  and  that  5,_1(i?[x])  = S'- 1 i?[rr]  = K[x]  is  a UFD 
(and  even  a PID).  Thus  we  may  apply  Lemma  10. 119. 7| to  conclude.  □ 

Lemma  10.119.9.  A unique  factorization  domain  is  normal. 


Proof.  Let  R be  a UFD.  Let  x be  an  element  of  the  fraction  field  of  R which 
is  integral  over  R.  Say  xd  — aia;d_1  — ...  — = 0 with  a*  £ R.  We  can  write 

x = up®1  . . .p^  with  u a unit,  ei  £ Z,  and  p\, . . . ,pr  irreducible  elements  which  are 
not  associates.  To  prove  the  lemma  we  have  to  show  e * > 0.  If  not,  say  e\  < 0, 
then  for  TV  0 we  get 

udpd2e2+N  ...Vdr^+N  =pfdeip?  , a^”l)e(pi) 

z — 'i=l 

which  contradicts  uniqueness  of  factorization  in  R.  □ 


Definition  10.119.10.  A principal  ideal  domain,  abbreviated  PID,  is  a domain 
R such  that  every  ideal  is  a principal  ideal. 

Lemma  10.119.11.  A principal  ideal  domain  is  a unique  factorization  domain. 
Proof.  As  a PID  is  Noetherian  this  follows  from  LemmariO.119.61  □ 


Definition  10.119.12.  A Dedekind  domain  is  a domain  R such  that  every  nonzero 
ideal  / C R can  be  written  as  a product 


I = P 1 • • ■ Pr 
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of  nonzero  prime  ideals  uniquely  up  to  permutation  of  the  p.;. 
Lemma  10.119.13.  A PID  is  a Dedekind  domain. 


Proof.  Let  R be  a PID.  Since  every  nonzero  ideal  of  R is  principal,  and  R is  a UFD 
(Lemma  10.119.11 ),  this  follows  from  the  fact  that  every  irreducible  element  in  R is 
prime  (Lemma |10. 119.5 1 so  that  factorizations  of  elements  turn  into  factorizations 
into  primes.  □ 


09ME  Lemma  10.119.14.  Let  A be  a ring.  Let  I and  J be  nonzero  ideals  of  A such 
that  IJ=  (/)  for  some  nonzerodivisor  f £ A.  Then  I and  J are  finitely  generated 
ideals  and  finitely  locally  free  of  rank  1 as  A-modules. 


Proof.  It  suffices  to  show  that  I and  J are  finite  locally  free  A-modules  of  rank  1, 
see  Lemma  10.77.2  To  do  this,  write  / = Xa=i  n Xiyi  with  € / and  yi  £ J . 
We  can  also  write  x^i  = a^f  for  some  c q £ A.  Since  / is  a nonzerodivisor  we  see 
that  Yhai  = I-  Thus  it  suffices  to  show  that  each  Ia.  and  Jai  is  free  of  rank  1 over 
A„. . After  replacing  A by  Aa . we  conclude  that  / = xy  for  some  x £ I and  y £ J . 
Note  that  both  x and  y are  nonzerodivisors.  We  claim  that  I = (x)  and  J = (y) 
which  finishes  the  proof.  Namely,  if  x'  £ I,  then  x'y  = af  = axy  for  some  a £ A. 
Hence  x'  = ax  and  we  win.  □ 


034X  Lemma  10.119.15.  Let  R be  a ring.  The  following  are  equivalent 

(1)  R is  a Dedekind  domain, 

(2)  R is  a Noetherian  domain,  and  for  every  maximal  ideal  m the  local  ring 
Rm  is  a discrete  valuation  ring,  and 

(3)  R is  a Noetherian,  normal  domain,  and  dim(i?)  < 1. 


Proof.  Assume  (1).  The  argument  is  nontrivial  because  we  did  not  assume  that 
R was  Noetherian  in  our  definition  of  a Dedekind  domain.  Let  p C R be  a prime 
ideal.  Observe  that  p 7^  p2  by  uniqueness  of  the  factorizations  in  the  definition. 
Pick  x £ p with  x fL  p2.  Let  y £ p be  a second  element  (for  example  y = 0).  Write 
(x,y)  = pi . . . pr.  Since  (x,y)  C p at  least  one  of  the  primes  p,;  is  contained  in  p. 
But  as  x fL  p2  there  is  at  most  one.  Thus  exactly  one  of  pi, ... , pr  is  contained  in 
p,  say  pi  C p.  We  conclude  that  ( x,y)Rp  = pi Rp  is  prime  for  every  choice  of  y. 
We  claim  that  (x)Rp  = p Rp.  Namely,  pick  yep.  By  the  above  applied  with  y2  we 
see  that  ( x,y2)Rp  is  prime.  Hence  y £ (x,y2)Rp,  i.e.,  y = ax  + by2  in  Rp.  Thus 
(1  — by)y  = ax  £ (x)Rp,  i.e.,  y £ {x)Rp  as  desired. 


Writing  (, x ) = pi...pr  anew  with  pi  C p we  conclude  that  pii?p  = p Rp,  i.e., 
pi  = p.  Moreover,  pi  = p is  a finitely  generated  ideal  of  R by  Lemma  [10.119. 14 
We  conclude  that  R is  Noetherian  by  Lemma [10.27.9|  Moreover,  it  follows  that  Rm 
is  a discrete  valuation  ring  for  every  prime  ideal  p,  see  Lemma [l 0.11 8. 7| 


The  equivalence  of  (2)  and  (3)  follows  from  Lemmas  10.36.10  and  10.118.7  Assume 
(2)  and  (3)  are  satisfied.  Let  I C R be  an  ideal.  We  will  construct  a factorization 
of  I.  If  I is  prime,  then  there  is  nothing  to  prove.  If  not,  pick  I C p with  p C R 
maximal.  Let  J = {x  £ R \ xp  C I}.  We  claim  Jp  = /.  It  suffices  to  check 
this  after  localization  at  the  maximal  ideals  m of  A (the  formation  of  J commutes 
with  localization  and  we  use  Lemma  |l0.23.1 1.  Then  either  pi?m  = Rm  and  the 
result  is  clear,  or  pi?m  = mi?m.  In  the  last  case  pi?m  = (ir)  and  the  case  where  p 
is  principal  is  immediate.  By  Noetherian  induction  the  ideal  J has  a factorization 
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09IG 


02MB 

02MC 


02MD 


02ME 


02MF 


and  we  obtain  the  desired  factorization  of  I.  We  omit  the  proof  of  uniqueness  of 
the  factorization.  □ 


The  following  is  a variant  of  the  Krull-Akizuki  lemma. 

Lemma  10.119.16.  Let  A be  a Noetherian  domain  of  dimension  1 with  fraction 
field  K . Let  K C L be  a finite  extension.  Let  B be  the  integral  closure  of  A in 
L.  Then  B is  a Dedekind  domain  and  Spec (B)  -A  Spec(A)  is  surjective , has  finite 
fibres,  and  induces  finite  residue  field  extensions. 


Proof.  By  Krull-Akizuki  (Lemma  10.118.12 ) the  ring  B is  Noetherian.  By  Lemma 
10.111.4|  dim(f?)  = 1.  Thus  B is  a Dedekind  domain  by  Lemma  10.119.15  Surjec- 


tivity of  the  map  on  spectra  follows  from  Lemma|l0.35.15|  The  last  two  statements 
follow  from  Lemma TlO.  118.101  □ 


10.120.  Orders  of  vanishing 


Lemma  10.120.1.  Let  R be  a semi-local  Noetherian  ring  of  dimension  1.  If 
a,b  £ R are  nonzerodivisors  then 

lengthR(R/  (ab))  = length r{R/ (a))  + lengthR(R/  (6)) 
and  these  lengths  are  finite. 


Proof.  We  saw  the  finiteness  in  Lemma  [10. 118. lf|  Additivity  holds  since  there  is 
a short  exact  sequence  0 -A  R/{a)  -4  R/(ab)  — ► R/[b)  — > 0 where  the  first  map  is 
given  by  multiplication  by  b.  (Use  length  is  additive,  see  Lemma  10.51.3|)  □ 


Definition  10.120.2.  Suppose  that  AT  is  a field,  and  R C K is  a locaj®] Noetherian 
subring  of  dimension  1 with  fraction  field  K.  In  this  case  we  define  the  order  of 
vanishing  along  R 

ordfl  : K*  — > Z 


by  the  rule 


ord/j(a:)  = lengthy  (R/ (x)) 

if  x £ R and  we  set  ord R(x/y)  = ordfl(:r)  — ord n(y)  for  x,y  £ R both  nonzero. 


We  can  use  the  order  of  vanishing  to  compare  lattices  in  a vector  space.  Here  is 
the  definition. 

Definition  10.120.3.  Let  R be  a Noetherian  local  domain  of  dimension  1 with 
fraction  field  K.  Let  V be  a finite  dimensional  A'-vector  space.  A lattice  in  V is  a 
finite  A-submodule  M C V such  that  V = K ®R  M. 


The  condition  V = K ®R  M signifies  that  M contains  a basis  for  the  vector  space 
K . We  remark  that  in  many  places  in  the  literature  the  notion  of  a lattice  may 
be  defined  only  in  case  the  ring  R is  a discrete  valuation  ring.  If  A is  a discrete 
valuation  ring  then  any  lattice  is  a free  A-module,  and  this  may  not  be  the  case  in 
general. 

Lemma  10.120.4.  Let  R be  a Noetherian  local  domain  of  dimension  1 with  frac- 
tion field  AT.  Let  V be  a finite  dimensional  K -vector  space. 


8We  could  also  define  this  when  R is  only  semi-local  but  this  is  probably  never  really  what 
you  want! 
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(1)  If  M is  a lattice  in  V and  M C M'  C V is  an  R-submodule  ofV  containing 
M then  the  following  are  equivalent 

(a)  M'  is  a lattice, 

(b)  lengthR(M' /M)  is  finite,  and 

(c)  M'  is  finitely  generated. 

(2)  If  M is  a lattice  in  V and  M'  C M is  an  R-submodule  of  M then  M'  is 
a lattice  if  and  only  if  length R{M / M' ) is  finite. 

(3)  If  M,  M'  are  lattices  in  V,  then  so  are  M n M'  and  M + M' . 

(4)  If  M C M'  C M"  C V are  lattices  in  V then 

length R(M"  /M)  = lengthR{M'  /M)  + lengthR(M"  /M'). 

(5)  If  M,  M' , N , N'  are  lattices  in  V and  N C M DM',  M + M'  C N' , then 
we  have 

lengthR[M/M  D M')  — length R(M ' /M  n M') 

= lengthR(M/N)  — length R(M ' /N) 

= lengthR(M  + M'  /M')  — lengthR{M  + M'  /M) 

= length R{N' /M')  - lengthR(N' / M) 


Proof.  Proof  of  (1).  Assume  (l)(a).  Say  yi,...,ym  generate  M' . Then  each 
y.;  = Xi/  ft  for  some  Xi  £ M and  nonzero  /,;  £ R.  Hence  we  see  that  f\...  fmM'  C 
M.  Since  R is  Noetherian  local  of  dimension  1 we  see  that  m"  C (A  ...fm)  for 
some  n (for  example  combine  Lemmas  10.59.12  and  Proposition  10.59.6  or  combine 
Lemmas  10.118.9  and  10.51.4l.  In  other  words  m nM'  C M for  some  n Hence 
length (M'/M)  < oo  by  Lemma  10.51.8  in  other  words  (l)(b)  holds.  Assume 
(l)(b).  Then  M'/M  is  a finite  A-module  (see  Lemma  10.51.2).  Hence  M'  is  a 
finite  A-module  as  an  extension  of  finite  A-modules.  Hence  (l)(c).  The  implication 

(l)(c) 


(l)(a)  follows  from  the  remark  following  Definition  10.120.3 


Proof  of  (2).  Suppose  M is  a lattice  in  V and  M'  C M is  an  A-submodule.  We  have 
seen  in  (1)  that  if  M'  is  a lattice,  then  lengthi?(M/M/)  < oo.  Conversely,  assume 
that  lengthy  (M/M')  < oo.  Then  M'  is  finitely  generated  as  R is  Noetherian  and 
for  some  n we  have  m” M C M'  (Lemma|10.51.4).  Hence  it  follows  that  M'  contains 
a basis  for  V,  and  M'  is  a lattice. 


Proof  of  (3).  Assume  M,  M'  are  lattices  in  V.  Since  R is  Noetherian  the  submodule 
M D M'  of  M is  finite.  As  M is  a lattice  we  can  find  x\,...,xn  £ M which  form 
a A'-basis  for  V.  Because  M'  is  a lattice  we  can  write  Xi  = Vi/ ft  with  y,:  £ M' 
and  fi  £ R.  Hence  fiXi  £ M fl  M' . Hence  M D M'  is  a lattice  also.  The  fact  that 
M + M'  is  a lattice  follows  from  part  (1). 


Part  (4)  follows  from  additivity  of  lengths  (Lemma  10.51.3)  and  the  exact  sequence 
0 M'/M  ->  M"/M  -a  M"/M'  -£  0 


Part  (5)  follows  from  repeatedly  applying  part  (4).  □ 

02MG  Definition  10.120.5.  Let  A be  a Noetherian  local  domain  of  dimension  1 with 
fraction  held  K.  Let  V be  a finite  dimensional  AT-vector  space.  Let  M,  M'  be  two 
lattices  in  V . The  distance  between  M and  M'  is  the  integer 


d{M , M')  = length R(M/M  fl  M')  — lengthi?(M,/Af  fl  M') 


of  Lemma  10.120.4  part  (5). 
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In  particular,  if  M'  C M,  then  d(M,  M')  = length R(M/M'). 

02MH  Lemma  10.120.6.  Let  R be  a Noetherian  local  domain  of  dimension  1 with  frac- 
tion field  K . Let  V be  a finite  dimensional  I\ -vector  space.  This  distance  function 
has  the  property  that 

d(M,  M")  = d(M , M')  + d(M',  M") 

whenever  given  three  lattices  M,  M' , M"  ofV.  In  particular  we  have  d(M,M ')  = 
-d(M',M). 

Proof.  Omitted.  □ 

02MI  Lemma  10.120.7.  Let  R be  a Noetherian  local  domain  of  dimension  1 with  frac- 
tion field  K . Let  V be  a finite  dimensional  K -vector  space.  Let  p : V -A  V be  a 
K -linear  isomorphism.  For  any  lattice  M C V we  have 

d(M,tp(M))  = ordR(det(p)) 

Proof.  We  can  see  that  the  integer  d(M,  ip(M))  does  not  depend  on  the  lattice  M 
as  follows.  Suppose  that  M'  is  a second  such  lattice.  Then  we  see  that 

d(M,  = d(M , M')  + d(M', 

= d(M , M')  + d(ip(M'),  ip(M))  + d(M',  ip(M')) 

Since  ip  is  an  isomorphism  we  see  that  p(M))  = d(M',  M)  = — d(M , M'), 

and  hence  ))  = d(M' Moreover,  both  sides  of  the  equation  (of 

the  lemma)  are  additive  in  tp,  i.e. , 

ord/j(det(</>  o if))  = ordfl(det (ip))  + ordfl(det (if)) 

and  also 

d(M,p(if((M)))  = d(M,if(M))  + d(if(M),p(if(M))) 

= d(M,  if(M ))  + d(M,  <p(M )) 

by  the  independence  shown  above.  Hence  it  suffices  to  prove  the  lemma  for  gen- 
erators of  GL(P).  Choose  an  isomorphism  K®n  = V.  Then  GL(P)  = GL„(A')  is 
generated  by  elementary  matrices  E.  The  result  is  clear  for  E equal  to  the  identity 
matrix.  If  E = Eij(X)  with  i ^ j,  A £ K , A ^ 0,  for  example 

/!  A 
E12(  A)  = 0 1 

then  with  respect  to  a different  basis  we  get  £12(1).  The  result  is  clear  for  E = 
£12(1)  by  taking  as  lattice  1?®"  C A®".  Finally,  if  E = Aj(a),  with  a € K*  for 
example 

fa  0 
E\{a)  = 0 1 

then  £i(a)(f?®b)  = aR®R®n~l  and  it  is  clear  that  d(R®n,  aR®  f?®n_1)  = ordft(a) 
as  desired.  □ 

10.120.8.  Let  H » B be  a ring  map.  Assume 

(1)  A is  a Noetherian  local  domain  of  dimension  1, 

(2)  A C B is  a finite  extension  of  domains. 


02MJ  Lemma 
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Let  K = f.f.(A)  and  L = f.f.(B)  so  that  L is  a finite  field  extension  of  K . Let 
y £ L*  and  x = NmR/R(y) . I n this  situation  B is  semi-local.  Let  rrq,  i = 1 ,n 
be  the  maximal  ideals  of  B.  Then 


ordA(x)  = Y] .[rc(mi)  : /c(m A)\ordBm.(y) 
where  ord  is  defined  as  in  Definition  \ 10.1 20. 


Proof.  The  ring  B is  semi-local  by  Lemma  10.112.2  Write  y = b/b'  for  some 
b1  b'  £ B.  By  the  additivity  of  ord  and  multiplicativity  of  Nm  it  suffices  to  prove 
the  lemma  for  y = b or  y = b' . In  other  words  we  may  assume  y £ B.  In  this  case 
the  left  hand  side  of  the  formula  is 


: K(mA)]lengthSm_((B/j/B)mJ 

By  Lemma  10.51.12|this  is  equal  to  length A(B/yB).  By  Lemma  10.120.7  we  have 
length A(B/yB)  = d{B,yB)  = ord^det K(L  A L)). 


Since  x = Nm^/x(y)  = det k(L  Y L)  by  definition  the  lemma  is  proved. 


□ 


We  can  extend  some  of  the  results  above  to  reduced  1-dimensional  Noetherian  local 
rings  which  are  not  domains  by  the  following  lemma. 

07K3  Lemma  10.120.9.  Let  (R,  m)  be  a reduced  Noetherian  local  ring  of  dimension  1 
and  let  x £ m be  a nonzerodivisor.  Let  q i , . . . , qr  be  the  minimal  primes  of  R.  Then 

lengthR(R/(x ))  = E . ordR/qi(x) 

Proof.  Note  that  Ri  = R/ is  a Noetherian  1-dimensional  local  domain.  Denote 
K.j  = /./.(i?.j).  If  a;  is  a unit  in  R,  then  both  sides  are  zero.  Hence  we  may  assume 
x £ m.  Consider  the  map  T : R — > ^ is  reduced  this  map  is  injective, 


see  Lemma  10.16.2 


By  Lemma  10.24.4  we  have  Q{R)  = II -Y-  Hence  the  finite 
i?-module  Coker(\l/)  is  annihilated  by  a nonzerodivisor  y £ R,  hence  has  support 
{m},  is  annihilated  by  some  power  of  x and  has  finite  length  over  R,  see  Lemma 
|10.61.3|  Consider  the  short  exact  sequence 

0 R ^ II Ri  Coker  W -> 0 

Applying  multiplication  by  xn  to  this  for  n>0we  obtain  from  the  snake  lemma 
0 — > Coker(T)  -A  R/xnR  —t  Ri/xnRi  -A  Coker('I')  — > 0 
Thus  we  see  that 

lengthy (R/xnR)  = lengthiJ(]^[  Ri/xnRi)  = length R(Rj/xnRj) 

by  Lemma  10.51.3  By  Lemma|10.51.5|we  have  length R(Ri / xn Ri)  = lengthy.  (Ri/xnRi). 
Now  the  result  follows  from  the  additivity  of  Lemma [10. 120. 1| and  the  definition  of 
the  order  of  vanishing  along  Ri.  □ 


02QF  Lemma  10.120.10.  Let  R be  a Noetherian  local  ring  with  maximal  ideal  m.  Let 
M be  a finite  R-module.  Let  x £ R.  Assume  that 

(1)  dim (Supp(M))  < 1,  and 

(2)  dim (Supp(M/xM))  < 0. 
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Write  Supp(M)  = {m,  q i , . . . , q(}.  Then 

lengthR(Mx)  — lengthR{xM ) = Ei=1 ....  t ordR/qi(x) lengthy . (Mq.). 
where  Mx  = M/xM  and  XM  = Ker[x  : M — > M). 


Proof.  We  first  make  some  preparatory  remarks.  The  result  of  the  lemma  holds 
if  M has  finite  length,  i.e. , if  t = 0,  because  in  this  case  the  exact  sequence  0 — » 
XM  — > M — >■  M — > Mx  — > 0 and  additivity  of  length  shows  that  lengthi?(Ma:)  = 
lengthi?(a;M).  Also,  if  we  have  a short  exact  sequence  0 — >■  M — >■  M'  — > M"  -A  0 
of  modules  satisfying  (1)  and  (2),  then  lemma  for  2 out  of  3 of  these  implies  the 
lemma  for  the  third  by  the  snake  lemma. 


Denote  Mi  the  image  of  M in  Mq . , so  Supp (Mi)  = {m,  q^}.  The  kernel  and  cokernel 
of  the  map  M — > 0 Mj  have  support  {m}  and  hence  have  finite  length.  By  our 
preparatory  remarks,  it  follows  that  it  suffices  to  prove  the  lemma  for  each  Mi.  Thus 
we  may  assume  that  Supp(M)  = {m,  q}.  In  this  case  we  can  filter  M by  powers 
of  q.  Again  additivity  shows  that  it  suffices  to  prove  the  lemma  in  the  case  M is 
annihilated  by  q.  In  this  case  we  can  view  M as  a f?/q-module,  i.e.,  we  may  assume 
that  I?  is  a Noetherian  local  domain  of  dimension  1 with  fraction  held  K.  Dividing 
by  the  torsion  submodule,  i.e.,  by  the  kernel  of  M -A  M K = V (the  torsion 
has  finite  length  hence  is  handled  by  our  preliminary  remarks)  we  may  assume  that 
M C V is  a lattice.  Then  length(xM)  = 0 and  length R(MX)  = d(M,xM).  Since 
lengthy  (P)  = dim k(V)  we  see  that  det(a;  : V — > V)  = xdlmKW)  and  ord^(det(x  : 

in 

□ 


V -A  V))  = dimx(P)ord/{(a;).  Thus  the  lemma  follows  from  Lemma  10.120.7 
this  particular  case. 


02QG  Lemma  10.120.11.  Let  R be  a Noetherian  local  ring  with  maximal  ideal  m.  Let 
I C R be  an  ideal  and  let  x £ R.  Assume  x is  a nonzerodivisor  on  R/I  and  that 
dim (R/I)  = 1.  Then 

lengthR(R/(x,  /))  = lengthR(R/ (x,  q*)) lengthy  J(R/ I)qi) 

where  qi, . . . , qn  are  the  minimal  primes  over  I . More  generally  if  M is  any  finite 
Cohen- Macaulay  module  of  dimension  1 over  R and  dim(Supp(M / xAI))  = 0,  then 

length R{M / xM)  = V''  lengthR(R/(x,c\i))lengthR  (Mqi). 

where  qx, . . . , qt  are  the  minimal  primes  of  the  support  of  M . 


Proof.  These  are  special  cases  of  Lemma  10.120.10 


□ 


10.121.  Quasi-finite  maps 

02MK  Consider  a ring  map  R -A  S of  finite  type.  A map  Spec(5')  -A  Spec(f?)  is  quasi- 
finite  at  a point  if  that  point  is  isolated  in  its  fibre.  This  means  that  the  fibre  is 
zero  dimensional  at  that  point.  In  this  section  we  study  the  basic  properties  of  this 
important  but  technical  notion.  More  advanced  material  can  be  found  in  the  next 
section. 

00PJ  Lemma  10.121.1.  Let  k be  a field.  Let  S be  a finite  type  k algebra.  Let  q be  a 
prime  of  S . The  following  are  equivalent: 

(1)  q is  an  isolated  point  ofSpec(S), 

(2)  Sq  is  finite  over  k, 
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(3)  there  exists  a g G S , g ^ q such  that  D(g ) = {q}, 

(4)  dimq  Spec(S')  = 0, 

(5)  q is  a closed  point  of  Spec(S')  and  dim(iS'q)  = 0,  and 

(6)  the  field  extension  k C «(q)  is  finite  and  dim(S'q)  = 0. 

In  this  case  S = Sq  x S'  for  some  finite  type  k-algebra  S1 . Also , the  element  g as 
in  (3)  has  the  property  Sq  = Sg. 


Proof.  Suppose  q is  an  isolated  point  of  Spec(S'),  i.e.,  {q}  is  open  in  Spec(S). 


Because  Spec(S')  is  a Jacobson  space  (see  Lemmas  10.34.2  and  10.34.4)  we  see  that 
q is  a closed  point.  Hence  {q}  is  open  and  closed  in  Spec(S').  By  Lemmas  10.20.3 
and  |10.22.3|  we  may  write  S = Si  x S2  with  q corresponding  to  the  only  point 
Spec(Si).  Hence  Si  = Sq  is  a zero  dimensional  ring  of  finite  type  over  k.  Hence  it 
is  finite  over  k for  example  by  Lemma  10.114.4  We  have  proved  (1)  implies  (2). 


Suppose  i Sq  is  finite  over  k.  Then  Sq  is  Artinian  local,  see  Lemma  10.52.2  So 
Spec(S'q)  = {qS^}  by  Lemma  10.52.6  Consider  the  exact  sequence  0 — > K — > S — > 


Sq  — ^ Q — ^ 0.  It  is  clear  that  Kq  = Qq  = 0.  Also,  K is  a finite  S'-module  as  S is 
Noetherian  and  Q is  a finite  S'-modules  since  Sq  is  finite  over  k.  Hence  there  exists 


g G 5,  g fL  q such  that  Kg  = Qg  = 0. 
proved  that  (2)  implies  (3). 


Thus  Sq  = Sg  and  D(g)  = {q}.  We  have 


Suppose  D(g)  = {q}.  Since  D(g)  is  open  by  construction  of  the  topology  on  Spec(S') 
we  see  that  q is  an  isolated  point  of  Spec(S).  We  have  proved  that  (3)  implies  (1). 
In  other  words  (1),  (2)  and  (3)  are  equivalent. 

Assume  dimq  Spec(S')  = 0.  This  means  that  there  is  some  open  neighbourhood  of 
q in  Spec (S)  which  has  dimension  zero.  Then  there  is  an  open  neighbourhood  of 
the  form  D(g)  which  has  dimension  zero.  Since  Sg  is  Noetherian  we  conclude  that 


Sg  is  Artinian  and  D{g)  = Spec(S'g)  is  a finite  discrete  set,  see  Proposition  10.59.6 


Thus  q is  an  isolated  point  of  D(g)  and,  by  the  equivalence  of  (1)  and  (2)  above 
applied  to  q5g  C Sg,  we  see  that  5q  = {Sg)qs  is  finite  over  k.  Hence  (4)  implies 

(2).  It  is  clear  that  (1)  implies  (4).  Thus  (1)  - (4)  are  all  equivalent. 


Lemma  10.113.6  gives  the  implication  (5)  => 
from  Lemma  10.115.3  The  implication  (6) 


(4).  The  implication  (4) 


(5)  follows  from  Lemma  10.34.9 


this  point  we  know  (1)  - (6)  are  equivalent. 


(6)  follows 
" At 


The  two  statements  at  the  end  of  the  lemma  we  saw  during  the  course  of  the  proof 
of  the  equivalence  of  (1),  (2)  and  (3)  above.  □ 


00PK 


Lemma  10.121.2.  Let  R —X  S be  a ring  map  of  finite  type.  Let  q C S be  a prime 
lying  over  p C R.  Let  F = Spec(S'  g)#  «(p))  be  the  fibre  of  Spec(5)  — > Spec (R), 
see  Remark  10.16.8  Denote  q G F the  point  corresponding  to  q.  The  following  are 
equivalent 


(1)  q is  an  isolated  point  of  F, 

(2)  Sq/pSq  is  finite  over  n(p), 

(3)  there  exists  a g G S,  g ^ q such  that  the  only  prime  of  D(g)  mapping  to  p 
is  q, 

(4)  dim q(F)  = 0, 

(5)  q is  a closed  point  of  F and  dim(S,q/pS'q)  = 0,  and 

(6)  the  field  extension  «(p)  C «(q)  is  finite  and  dim(S,q/p<S'q)  = 0. 
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Proof.  Note  that  Sq/pS^  = ( S ®r  «(p))q-.  Moreover  S ®r  «(p)  is  of  finite  type 


over  «(p).  The  conditions  correspond  exactly  to  the  conditions  of  Lemma  10.121.1 
for  the  «(p)-algebra  S ®r  n(p)  and  the  prime  q,  hence  they  are  equivalent.  □ 


Definition  10.121.3.  Let  R — > S be  a finite  type  ring  map.  Let  q C S be  a 
prime. 


(1)  If  the  equivalent  conditions  of  Lemma  10.121.2  are  satisfied  then  we  say 
R — > S is  quasi-finite  at  q. 

(2)  We  say  a ring  map  A — >•  B is  quasi-finite  if  it  is  of  finite  type  and  quasi- 
finite  at  all  primes  of  B. 


Lemma  10.121.4.  Let  R -A  S be  a finite  type  ring  map.  Then  R -A  S is  quasi- 
finite  if  and  only  if  for  all  primes  pel?  the  fibre  S ®r  n(p)  is  finite  over  «(p). 


Proof.  If  the  fibres  are  finite  then  the  map  is  clearly  quasi-finite.  For  the  converse, 
note  that  58 r re(p)  is  a K(p)-algebra  of  finite  type  over  k of  dimension  0.  Hence  it 
is  finite  over  k for  example  by  Lemma  [10.114.4|  □ 

Lemma  10.121.5.  Let  R -A  S be  a finite  type  ring  map.  Let  q C S be  a prime 
lying  over  p C R.  Let  f G R,  f & p and  g G S,  g (jL  q.  Then  R -A  S is  quasi-finite 
at  q if  and  only  if  Rf  -A  S fg  is  quasi-finite  at  q Sfg. 


Proof.  The  fibre  of  Spec(5/fl)  -A  Spec(i?/)  is  homeomorphic  to  an  open  subset 
of  the  fibre  of  Spec(5)  — ► Spec(l?).  Hence  the  lemma  follows  from  part  (1)  of  the 
equivalent  conditions  of  Lemma  |10. 121.2]  □ 

Lemma  10.121.6.  Let 


S > S' 

i q 

A 

R 

)/ 

p 

be  a commutative  diagram  of  rings  with  primes  as  indicated.  Assume  R —¥  S of 
finite  type , and  S®rR'  — ► S'  surjective.  If  R -A  S is  quasi-finite  at  q,  then  R'  — > S' 
is  quasi-finite  at  q' . 


Proof.  Write  S «(p)  = S\  x S2  with  Si  finite  over  n(p)  and  such  that  q corre- 
sponds to  a point  of  Si  as  in  Lemmap.0. 121.1  Because  S®rR'  -A  S'  surjective  the 
canonical  map  (S  «(p))  <g>K(p)  «(p')  — ► S'  ®r'  ft(p')  is  surjective.  Let  S[  be  the 
image  of  Si  <8>K(p)  K(p')  in  S'  (8 )r>  k(p').  Then  S'  ®r'  n(p')  = S[x  S'2  and  S[  is  finite 
over  k(p').  The  map  S'  ®r>  n(p')  — > K(q,)  factors  through  S[  (i.e.  it  annihilates  the 
factor  S'2)  because  the  map  S®rk( p)  «(q)  factors  through  Si  (i.e.  it  annihilates 
the  factor  S2).  Thus  q'  corresponds  to  a point  of  Spec(Sj)  in  the  disjoint  union 
decomposition  of  the  fibre:  Spec(S'  ®ri  n(p'))  = Spec(S()  H Spec(S().  (See  Lemma 


10.20.2  ) Since  S[  is  finite  over  a field,  it  is  Artinian  ring,  and  hence  Spec(Sj)  is  a 
finite  discrete  set.  (See  Proposition  10.59. 6|)  We  conclude  q'  is  isolated  in  its  fibre 
as  desired.  □ 


Lemma  10.121.7.  A composition  of  quasi-finite  ring  maps  is  quasi-finite. 

Proof.  Suppose  A — > B and  B — ► C are  quasi-finite  ring  maps.  By  Lemma[l0.6.2| 
we  see  that  A — >•  C is  of  finite  type.  Let  r C C be  a prime  of  C lying  over  qCB 
and  pc  A.  Since  A -+  B and  B — » C are  quasi-finite  at  q and  r respectively,  then 
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there  exist  b £ B and  c £ C such  that  q is  the  only  prime  of  D(b)  which  maps  to  p 
and  similarly  r is  the  only  prime  of  D(c)  which  maps  to  q.  If  d £ C is  the  image 
of  b £ B,  then  t is  the  only  prime  of  D{cc')  which  maps  to  p.  Therefore  A — > C is 
quasi-finite  at  r.  □ 

Lemma  10.121.8.  Let  R — > S be  a ring  map  of  finite  type.  Let  R —¥  R'  be  any 
ring  map.  Set  S'  = R'  S. 

(1)  The  set  {q'  | R'  — > S'  quasi-finite  at  q'}  is  the  inverse  image  of  the  corre- 
sponding set  of  Spec(S')  under  the  canonical  map  Spec(S")  — > Spec(5'). 

(2)  If  Spec (R')  — > Spec(l?)  is  surjective,  then  R — >•  S is  quasi-finite  if  and 
only  if  R'  — > S'  is  quasi-finite. 

(3)  Any  base  change  of  a quasi-finite  ring  map  is  quasi-finite. 


Proof.  Let  p'  C R'  be  a prime  lying  over  p C R.  Then  the  fibre  ring  S'  n(p')  is 
the  base  change  of  the  fibre  ring  S®rk( p)  by  the  field  extension  «(p)  — >•  fc(p').  Hence 
the  first  assertion  follows  from  the  invariance  of  dimension  under  field  extension 
(Lemma  10.115.6)  and  Lemma  10.121.1  The  stability  of  quasi-finite  maps  under 


base  change  follows  from  this  and  the  stability  of  finite  type  property  under  base 
change.  The  second  assertion  follows  since  the  assumption  implies  that  given  a 
prime  q C S we  can  find  a prime  q'  C S'  lying  over  it.  □ 


02ML 


The  following  lemma  is  not  quite  about  quasi-finite  ring  maps,  but  it  does  not  seem 
to  fit  anywhere  else  so  well. 

Lemma  10.121.9.  Let  R — ► S be  a ring  map  of  finite  type.  Let  p G R be  a 
minimal  prime.  Assume  that  there  are  at  most  finitely  many  primes  of  S lying  over 
p . Then  there  exists  a g £ R,  g £ p such  that  the  ring  map  Rg  — > Sg  is  finite. 


Proof.  Let  xi, . . . , xn  be  generators  of  S over  R.  Since  p is  a minimal  prime  we  have 
that  pRp  is  a locally  nilpotent  ideal,  see  Lemma  10.24.1  Hence  pSp  is  a locally 
nilpotent  ideal,  see  Lemma  10.31.2  By  assumption  the  finite  type  K(p)-algebra 
ffp/pffp  has  finitely  many  primes.  Hence  (for  example  by  Lemmas  |10.60.3|  and 
10.114.4|  «;(p)  -A  Sp/pSp  is  a finite  ring  map.  Thus  we  may  find  monic  polynomials 


Pi  £ Rp  [X } such  that  Pfixi)  maps  to  zero  in  Sp/pSp.  By  what  we  said  above  there 
exist  a > 1 such  that  P{xi)ei  = 0 in  Sp.  Let  g\  £ R,  g\  ^ p be  an  element  such  that 
Pi  £ R[\/g{\  for  all  i.  Next,  let  gi  £ R,  <72  ^ P be  an  element  such  that  P{xi)ei  = 0 


Jgi92- 


Setting  g = g\g2  we  win. 


□ 
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In  this  section  our  aim  is  to  prove  the  algebraic  version  of  Zariski’s  Main  theorem. 
This  theorem  will  be  the  basis  of  many  further  developments  in  the  theory  of 
schemes  and  morphisms  of  schemes  later  in  the  project. 


Let  R -A  S be  a ring  map  of  finite  type.  Our  goal  in  this  section  is  to  show  that  the 
set  of  points  of  Spec(5')  where  the  map  is  quasi-finite  is  open  (Theorem  10.122.13). 
In  fact,  it  will  turn  out  that  there  exists  a finite  ring  map  R — » S'  such  that  in 
some  sense  the  quasi-finite  locus  of  S/R  is  open  in  Spec  (S')  (but  we  will  not  prove 
this  in  the  algebra  chapter  since  we  do  not  develop  the  language  of  schemes  here  - 
for  the  case  where  R —A  S is  quasi-finite  see  Lemma  10.122.15 1.  These  statements 
are  somewhat  tricky  to  prove  and  we  do  it  by  a long  list  of  lemmas  concerning 
integral  and  finite  extensions  of  rings.  This  material  may  be  found  in  [Ray70|  , and 
|Pes66l.  We  also  found  notes  by  Thierry  Coquand  helpful. 
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Lemma  10.122.1.  Let  ip  : R -A  S be  a ring  map.  Suppose  t £ S satisfies  the 
relation  ip  (a  o)  + tp{a\)t  + . . . + ip(an)tn  = 0.  Then  <p(an)t  is  integral  over  R. 

Proof.  Namely,  multiply  the  equation  ip(a0)  + ip(ai)t  + . . . + ip{an)tn  = 0 with 
¥,(a„)n-1  and  write  it  as  V2(a0a"_1)  + T{aian~2)(T(an)t)  + ■ ■ ■ + ( ip(an)t)n  =0.  □ 

The  following  lemma  is  in  some  sense  the  key  lemma  in  this  section. 

Lemma  10.122.2.  Let  R be  a ring.  Let  ip  : i?[x]  -A  S be  a ring  map.  Let  t £ S . 
Assume  that  (a)  t is  integral  over  R[x\,  and  (b)  there  exists  a monic  p £ f?[x]  such 
that  tip(p)  £ Im((p).  Then  there  exists  a q £ R[x\  such  that  t—  ip(q)  is  integral  over 

R. 


Proof.  Write  tip(p)  = p(r)  for  some  r £ R\x\.  Using  euclidean  division,  write 
r = qp  + r'  with  q,r'  £ R[x\  and  deg(r')  < deg(p).  We  may  replace  t by  t — ip(q) 
which  is  still  integral  over  i?[x],  so  that  we  obtain  tip(p ) = ip[r').  In  the  ring  St  we 
may  write  this  as  tp(p)  — (1  /t)tp(r')  = 0.  This  implies  that  tp{x)  gives  an  element  of 
the  localization  St  which  is  integral  over  ip{R)[\/t\  C St.  On  the  other  hand,  t is 
integral  over  the  subring  ip(R)[tp(x)\  C S.  Combined  we  conclude  that  t is  integral 
over  the  subring  ip(R)[l/t\  C St,  see  Lemma  10.35.6  In  other  words  there  exists 
an  equation  of  the  form  td  + J2i<d(T{ri) /tni)tl  = 0 in  St  with  ri  £ R.  This  means 
that  td+N  + Y,i<d  ip{ri)tl+N  ni  = 0 in  S for  some  N large  enough.  In  other  words 


t is  integral  over  R. 


□ 


Lemma  10.122.3.  Let  R be  a ring  and  let  ip  : i?[x]  -A  S be  a ring  map.  Let  t £ S . 
If  t is  integral  over  ii[x],  then  there  exists  an  I > 0 such  that  for  every  a £ R the 
element  ip{a)lt  is  integral  over  ipa  '■  R[y]  -A  S,  defined  by  y i-A  ip(ax)  and  r i-A  tp(r) 
for  r £ R. 

Proof.  Say  td  + J2l<d  = 0 with  ft  £ i?[x].  Let  I be  the  maximum  degree  in 

x of  all  the  /*.  Multiply  the  equation  by  ip(a)e  to  get  p(aYtd  + J2i<d  T{al  fi)tz  = 0- 
Note  that  each  ip(aefi)  is  in  the  image  of  <pa.  The  result  follows  from  Lemma 
110.122.11  □ 

Lemma  10.122.4.  Let  R be  a ring.  Let  ip  : l?[a;]  —rSbea  ring  map.  Let  t £ S . 
Assume  t is  integral  over  R[x\.  Let  p £ i?[x],  p = ao  + a\x  + ■ ■ ■ + akXk  such  that 
tip(p)  £ Im(ip).  Then  there  exists  a q £ l?[x]  and  n > 0 such  that  (p(ak)nt  — ip(q)  is 
integral  over  R. 

Proof.  By  Lemma  10.122.3  there  exists  an  t > 0 such  that  the  element  ip(ak)lt 
is  integral  over  the  map  ip'  : R[y]  -A  S,  <p'(y)  = ip(akx)  and  ip'(r)  = ip(r),  for 
r £ R.  The  polynomial  pf  = a^1ao  + affT2aiy  + . . . + yk  is  monic  and  tip'(p')  = 
ip(a>IT1)tip(p)  £ Im (ip).  By  definition  of  tp1  this  implies  there  exists  a n > k—  1 such 
that  ip(a^)tip' (p')  £ Im(y/).  If  also  n > £,  then  ip(ak)nt  is  still  integral  over  R[y). 
By  Lemma  10.122.2  we  see  that  ip(ak)nt  — tp' (q)  is  integral  over  R for  some  q £ R[y ]. 
Again  by  the  simple  relationship  between  ip'  and  ip  this  implies  the  lemma.  □ 

Situation  10.122.5.  Let  R be  a ring.  Let  ip  : i?[x]  A S be  finite.  Let 

J = {g  £ S \ gS  £ Im(y;)} 

be  the  “conductor  ideal”  of  ip.  Assume  ip(R)  C S integrally  closed  in  S. 

Lemma  10.122.6.  In  Situation  10.122.5  Suppose  u £ S,  a o, . . . , a*,  £ R,  mp(ao  + 
a\X  + ■ ■ ■ + akXk ) £ J.  Then  there  exists  an  m > 0 such  that  uip{ak)rn  £ J . 
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Proof.  Assume  that  S is  generated  by  ti, . . ,,tn  as  an  f?[*]-module.  In  this  case 
J = {g  £ S | gtj  £ Im(tp)  for  all  i}.  Note  that  each  element  uti  is  integral  over 


R[x\,  see  Lemma  10.35.3  We  have  ip(a o + aiX  + . . . + cikXk)uti  £ Im(<p>).  By  Lemma 
10.122.4[  for  each  i there  exists  an  integer  n,  and  an  element  qi  £ i?[a:]  such  that 
— ip(qi)  is  integral  over  R.  By  assumption  this  element  is  in  tp(R)  and 
hence  (p(arf.')uti  £ Im(</?).  It  follows  that  m = max{ni, . . . , nn}  works.  □ 


10.122.5 


Suppose  u £ S,  ao,  ■ ■ ■ , ak  £ R,  mp(ao+ 


Lemma  10.122.7.  In  Situation 
a\X  + . . . + akXk ) £ VI.  Then  u<p(a,i ) £ VJ  for  all  i. 

Proof.  Under  the  assumptions  of  the  lemma  we  have  untp(ao  + aiX  + . . . + Ofc xk)n  £ 


J for  some  n > 1.  By  Lemma  10.122.6  we  deduce  untp(a%m)  £ J for  some  m > 1. 
Thus  mp(ak)  £ VJ,  and  so  mp(a o + a±x  + . . . + auxk)  — mp{ak)  = uip(a o + a\X  + 
. . . + ak-ixk~l)  £ \fj . We  win  by  induction  on  k.  □ 


This  lemma  suggests  the  following  definition. 

Definition  10.122.8.  Given  an  inclusion  of  rings  R C S and  an  element  x £ S we 
say  that  x is  strongly  transcendental  over  R if  whenever  it(ao  + aia;  + . . . + akXk)  = 0 
with  u £ S and  at  £ R,  then  we  have  uat  = 0 for  all  i. 


Note  that  if  S'  is  a domain  then  this  is  the  same  as  saying  that  x as  an  element  of 
the  fraction  field  of  S is  transcendental  over  the  fraction  held  of  R. 


Lemma  10.122.9.  Suppose  R C S is  an  inclusion  of  reduced  rings  and  suppose 
that  x £ S is  strongly  transcendental  over  R.  Let  q C S be  a minimal  prime  and  let 
p = Rn  q.  Then  the  image  of  x in  S/q  is  strongly  transcendental  over  the  subring 

R/p. 


Proof.  Suppose  u(qq 


- a\x  + . . . + akXk)  £ q.  By  Lemma  10.24.1  the  local  ring  Sq 
is  a held,  and  hence  u(ao  + a±x  + . . . + akXk ) is  zero  in  Sq.  Thus  uu'(ao  + a±x  + 
. . . + akXk)  = 0 for  some  v!  £ S,  u'  & q.  Since  x is  strongly  transcendental  over  R 
we  get  uu'ai  = 0 for  all  i.  This  in  turn  implies  that  uai  £ q.  □ 


Lemma  10.122.10.  Suppose  R C S is  an  inclusion  of  domains  and  let  x £ S. 
Assume  x is  (strongly)  transcendental  over  R and  that  S is  finite  over  R[ x\.  Then 
R — ► S is  not  quasi-finite  at  any  prime  of  S. 


Proof.  As  a hrst  case,  assume  that  R is  normal,  see  Dehnition|10. 36. fl]  By  Lemma 


10.36.14  we  see  that  R[x]  is  normal.  Take  a prime  q C S,  and  set  p = f?Hq.  Assume 
that  the  extension  «(p)  C /c(q)  is  hnite.  This  would  be  the  case  if  R — > S is  quasi- 
hnite  at  q.  Let  r = fl  q.  Then  since  re(p)  C k( r)  C «(q)  we  see  that  the 
extension  «(p)  C k( r)  is  hnite  too.  Thus  the  inclusion  r D pR[x]  is  strict.  By  going 
down  for  R[x]  C S , see  Proposition  10.37.7|  we  hnd  a prime  q'  C q,  lying  over 
the  prime  pi?[x].  Hence  the  hbre  Spec(5'  «(p))  contains  a point  not  equal  to  q, 
namely  q',  whose  closure  contains  q and  hence  q is  not  isolated  in  its  hbre. 


If  R is  not  normal,  let  R C R'  C I\  be  the  integral  closure  R'  of  R in  its  held 
of  fractions  K.  Let  S C S'  C L be  the  subring  S'  of  the  held  of  fractions  L of 
S generated  by  R'  and  S.  Note  that  by  construction  the  map  S R'  — > S'  is 
surjective.  This  implies  that  R'[x]  C S'  is  hnite.  Also,  the  map  S C S'  induces  a 
surjection  on  Spec,  see  Lemma [10.35. 15[  We  conclude  by  Lemma [10.121.6|  and  the 
normal  case  we  just  discussed.  □ 
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00Q2  Lemma  10.122.11.  Suppose  R C S is  an  inclusion  of  reduced  rings.  Assume 
x £ S be  strongly  transcendental  over  R,  and  S finite  over  i?[a:].  Then  R — »•  S is 
not  quasi-finite  at  any  prime  of  S. 


Proof.  Let  q C S be  any  prime.  Choose  a minimal  prime  q'  C q.  According  to 


Lemmas  10.122.9  and  10.122.10  the  extension  R/(RC\  q')  C S/ q'  is  not  quasi-finite 

S is  not 

□ 


at  the  prime  corresponding  to  q.  By  Lemma  [10. 121. 6|  the  extension  R 
quasi-finite  at  q. 


00Q8  Lemma  10.122.12.  Let  R be  a ring.  Let  S = R[x]/I.  Let  q C S be  a prime. 
Assume  R -A  S is  quasi-finite  at  q.  Let  S'  C S be  the  integral  closure  of  R in  S. 
Then  there  exists  an  element  g £ S' , g £ q such  that  S'g  = Sg. 


Proof.  Let  p be  the  image  of  q in  Spec(R).  The  assumption  that  R -A  S is  quasi- 
finite  at  q implies  there  exists  an  /£/,/  = anxn  + . . . + ao  such  that  some  a,;  ^ p. 
In  particular  there  exists  a relation  bmxm  + . . . + bo  =0  with  bj  £ S' , j = 0, ...  ,m 
and  bj  ^ qC\  S'  for  some  j.  We  prove  the  lemma  by  induction  on  m. 


The  case  bm  £ q.  In  this  case  we  have 
bmX  + bm- 1.  Then 


bmx  £ S'  by  Lemma  10.122.1 


Set  b'm_ 


1 — 


b'm_iXm  1 bm- 2Xm  2 + . . . + 6g  — 0 


Since  b'm_1  is  congruent  to  &m_i  modulo  S'  fl  q we  see  that  it  is  still  the  case  that 
one  of  b'm_1,bm-2,  ■ ■ ■ ,b o is  not  in  S'  n q.  Thus  we  win  by  induction  on  m. 


The  case  brn  q.  In  this  case  x is  integral  over  S'bm,  in  fact  bmx  £ S'  by  Lemma 
10.122.1  Hence  the  injective  map  S'bm  — ► Sbm  is  also  surjective,  i.e. , an  isomorphism 
as  desired.  □ 


00Q9 


Theorem  10.122.13  (Zariski’s  Main  Theorem).  Let  R be  a ring.  Let  R — »•  S be 
a finite  type  R-algebra.  Let  S'  C S be  the  integral  closure  of  R in  S.  Let  q C S be 
a prime  of  S.  If  R — ► S is  quasi-finite  at  q then  there  exists  a g £ S' , g £ q such 
that  S'g  = Sg. 


Proof.  There  exist  finitely  many  elements  X\, . . . ,xn  £ S such  that  S is  finite  over 
the  f?-sub  algebra  generated  by  xi, . . . ,xn.  (For  example  generators  of  S over  R.) 
We  prove  the  proposition  by  induction  on  the  minimal  such  number  n. 


The  case  n = 0 is  trivial,  because  in  this  case  S'  = S , see  Lemma  10.35.3 


The  case  n = 1.  We  may  and  do  replace  R by  its  integral  closure  in  S,  in  particular 
this  means  that  R C S.  Consider  the  map  ip  : i?[a;]  — > S,  x i-A  X\.  (We  will  see 
that  tp  is  not  injective  below.)  By  assumption  ip  is  finite.  Hence  we  are  in  Situa- 
tion IIP. 122.51  Let  J C S'  be  the  “conductor  ideal”  defined  in  Situation  IIP. 122.51 
Consider  the  diagram 


S/VJ  ^ R/{R  C VJ)  [x] 


^Rf(RnVJ) 


According  to  Lemma 


10.122.7 

transcendental  over  R/ (7?nV J).  Hence  by  Lemma 

VJ) 


the  image  of  x in  the  quotient  S/y/j  is  strongly 

the  ring  map  R/{R  fl 


10.122.11 

S/y/j  is  not  quasi-finite  at  any  prime  of  S/ yj  J.  By  Lemma 


10.121.6 


we 
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deduce  that  q does  not  lie  in  V{J)  C Spec(5).  Thus  there  exists  an  element  s £ J, 
s £ q.  By  definition  of  J we  may  write  s = ip(f)  for  some  polynomial  / £ i?[x].  Now 
let  / = Ker(i?[a;]  -A  S).  Since  <p(f)  € J we  get  (R[x]/I) / = Sv^y  Also  s £ q means 
that  / ^ Thus  t^_1(q)  is  a prime  of  R[x]/I  at  which  R — > R[x]/I  is  quasi- 

finite,  see  Lemma  10.121.5  Let  C C R[x\/I  be  the  integral  closure  of  R.  By  Lemma 
10.122.12  there  exists  an  element  h £ C,  h ^ </2-1(q)  such  that  Ch  = (R[x]/I)h-  We 


conclude  that  (R[x\/I) fh  = S^f^  is  isomorphic  to  a principal  localization  C v of 
C for  some  h!  £ C,  h!  £ <^-1(q).  Since  ip(C)  C S'  we  get  g = ip(h')  € S' , g ^ q and 
moreover  the  injective  map  S'g  -A  Sg  is  also  surjective  because  by  our  choice  of  h! 
the  map  CV  -A  Sg  is  surjective. 

The  case  n > 1.  Consider  the  subring  R'  C S which  is  the  integral  closure  of 
R[x i, . . . ,xn-i]  in  S.  By  Lemma  10.121.6  the  extension  S/R'  is  quasi-finite  at  q. 
Also,  note  that  S is  finite  over  R'[xn].  By  the  case  n = 1 above,  there  exists  a 
g'  £ Rr,  g'  £ q such  that  {R')g'  — Sg' . At  this  point  we  cannot  apply  induction  to 
R -A  R'  since  R'  may  not  be  finite  type  over  R.  Since  S is  finitely  generated  over  R 
we  deduce  in  particular  that  ( R')g < is  finitely  generated  over  R.  Say  the  elements 
g',  and  Hi/ (g')ni , ■ ■ ■ ,Vn /(gl)nN  with  y j £ R'  generate  ( R')g / over  R.  Let  R"  be 
the  i?-sub  algebra  of  R'  generated  by  aq, . . . , xn-i,  y±, . . . , yjv,  g' ■ This  has  the 
property  ( R")g / = Sgi.  Surjectivity  because  of  how  we  chose  y,,  injectivity  because 
R"  C R' , and  localization  is  exact.  Note  that  R"  is  finite  over  R[x i, . . . , xn-i\ 
because  of  our  choice  of  R' , see  Lemma  10.35.4  Let  q"  = R"r\ q.  Since  (R") q»  = Sq 
we  see  that  R -A  R"  is  quasi-finite  at  q",  see  Lemma  10.121.2|  We  apply  our 


induction  hypothesis  to  R -A  R" , q"  and  X\, . . . , xn-i  £ R"  and  we  find  a subring 
R'"  C R"  which  is  integral  over  R and  an  element  g"  £ R'" , g"  ^ q"  such  that 
(R'")g>>  = (. R")g ».  Write  the  image  of  g'  in  {R")g»  as  g"'/{g")n  for  some  g”’  £ R!" . 
Set  g = g" g'"  £ R!" . Then  it  is  clear  that  g £ q and  ( R"')g  = Sg.  Since  by 
construction  we  have  R!"  C S'  we  also  have  S'g  = Sg  as  desired.  □ 

00QA  Lemma  10.122.14.  Let  R -a  S be  a finite  type  ring  map.  The  set  of  points  q of 
Spec (5)  at  which  S/R  is  quasi-finite  is  open  in  Spec (S). 


Proof.  Let  q C S be  a point  at  which  the  ring  map  is  quasi-finite.  By  Theorem 
10.122.13  there  exists  an  integral  ring  extension  R — > S',  S'  C S and  an  element 


g 


£ S\ 


g ^ q such  that  Sg  = Sg. 


Since  S and  hence  Sg  are  of  finite  type  over 


Sg  = S where 


R we  may  find  finitely  many  elements  y±, , yjsr  of  S'  such  that 
S " C S'  is  the  sub  f?-algebra  generated  by  g,yi,-,..,  Vn-  Since  S"  is  finite  over  R 
(see  Lemma  10.35.4)  we  see  that  S”  is  quasi-finite  over  R (see  Lemma  10.121.4).  It 
is  easy  to  see  that  this  implies  that  Sg  is  quasi-finite  over  R,  for  example  because 
the  property  of  being  quasi-finite  at  a prime  depends  only  on  the  local  ring  at  the 
prime.  Thus  we  see  that  Sg  is  quasi-finite  over  R.  By  the  same  token  this  implies 
that  R — » S is  quasi-finite  at  every  prime  of  S which  lies  in  D(g).  □ 


00QB  Lemma  10.122.15.  Let  R -A  S be  a finite  type  ring  map.  Suppose  that  S is 
quasi-finite  over  R.  Let  S'  C S be  the  integral  closure  of  R in  S.  Then 

(1)  Spec(5')  -A  Spec^7)  is  a homeomorphism  onto  an  open  subset, 

(2)  if  g £ S'  and  D(g)  is  contained  in  the  image  of  the  map,  then  S'g  = Sg, 
and 

(3)  there  exists  a finite  R-algebra  S"  C S'  such  that  (1)  and  (2)  hold  for  the 
ring  map  S"  -A  S. 
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Proof.  Because  S/R  is  quasi-finite  we  may  apply  Theorem  10.122.13  to  each  point 
q of  Spec(S).  Since  Spec(S')  is  quasi-compact,  see  Lemma  10.16.10  we  may  choose 
a finite  number  of  gt  £ S',  i = 1 , ,n  such  that  S'g.  = Sgi , and  such  that  gi, ...  ,gn 
generate  the  unit  ideal  in  S (in  other  words  the  standard  opens  of  Spec(S')  associated 
to  g\, . . . , gn  cover  all  of  Spec(S')). 


Suppose  that  D{g)  C Spec(S")  is  contained  in  the  image.  Then  D(g)  C [J  D(gi). 
In  other  words,  <?i, . . . , gn  generate  the  unit  ideal  of  Sg . Note  that  S'gg.  = Sggi  by 
our  choice  of  gi.  Hence  S'g  = Sg  by  Lemma 

We  construct  a finite  algebra  S"  C S'  as  in  (3).  To  do  this  note  that  each  S'g.  = Sgi 
is  a finite  type  I?-algebra.  For  each  i pick  some  elements  y.,3  £ S'  such  that  each 
S'g.  is  generated  as  I?-algebra  by  1 /gi  and  the  elements  yij.  Then  set  S"  equal  to 
the  sub  f?-algebra  of  S'  generated  by  all  gi  and  all  the  y^.  Details  omitted.  □ 


10.23.2 


10.123.  Applications  of  Zariski’s  Main  Theorem 


Here  is  an  immediate  application  characterizing  the  finite  maps  of  1-dimensional 
semi-local  rings  among  the  quasi-finite  ones  as  those  where  equality  always  holds 
in  the  formula  of  Lemma  IIP. 120.81 

Lemma  10.123.1.  Let  Ac  B be  an  extension  of  domains.  Assume 

(1)  A is  a local  Noetherian  ring  of  dimension  1, 

(2)  A — > B is  of  finite  type,  and 

(3)  the  extension  K = f.f.(A)  C L = f.f.(B)  is  a finite  field  extension. 

Then  B is  semi-local.  Let  x £ m^,,  x ^ 0.  Let  m; , i = 1, . . . ,n  be  the  maximal 
ideals  of  B.  Then 

[L  : K]ordA{x ) > [re(rrq)  : n(mA)\ordBm.{x) 

where  ord  is  defined  as  in  Definition  \ 10. 120. We  have  equality  if  and  only  if 
A — » B is  finite. 


Proof.  The  ring  B is  semi-local  by  Lemma  10.112.2  Let  B'  be  the  integral  closure 
of  A in  B.  By  Lemma  10.122.15  we  can  find  a finite  A-subalgebra  C C B'  such  that 
on  setting  n,;  = C fi  irq  we  have  Cni  = Bmi  and  the  primes  rii , . . . , nn  are  pairwise 
distinct.  The  ring  C is  semi-local  by  Lemma  10.112.2  Let  pj,  j = 1, . . . ,m  be  the 


other  maximal  ideals  of  C (the  “missing  points”).  By  Lemma [l0.120.8| we  have 

ord  a{x^L:K^)  = E .[«(rij)  : ^(rrqOJordcv  (x)  + E ,[k(Pj)  : ^(myOlordcy  (a;) 


hence  the  inequality  follows.  In  case  of  equality  we  conclude  that  m = 0 (no 
“missing  points”).  Hence  C C B is  an  inclusion  of  semi- local  rings  inducing  a 
bijection  on  maximal  ideals  and  an  isomorphism  on  all  localizations  at  maximal 
ideals.  So  if  b £ B,  then  I = {x  £ C \ xb  £ C}  is  an  ideal  of  C which  is  not 
contained  in  any  of  the  maximal  ideals  of  C , and  hence  I = C,  hence  b £ C.  Thus 
B = C and  B is  finite  over  A.  □ 


Here  is  a more  standard  application  of  Zariski’s  main  theorem  to  the  structure  of 
local  homomorphisms  of  local  rings. 

Lemma  10.123.2.  Let  (R,  itir)  — > (5,  ms)  be  a local  homomorphism  of  local  rings. 
Assume 

(1)  R — >•  S is  essentially  of  finite  type, 
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(2)  k(ttir)  C n{m s)  is  finite,  and 

(3)  dim(S/m#S)  = 0. 

Then  S is  the  localization  of  a finite  R-algebra. 


Proof.  Let  S'  be  a finite  type  R-algebra  such  that  S = S',  for  some  prime  q'  of 
S'.  By  Definition  10.121.3  we  see  that  R — > S'  is  quasi-finite  at  q'.  After  replacing 
S'  by  S',  for  some  g'  £ S',  g'  fL  q'  we  may  assume  that  R — > S'  is  quasi-finite, 
see  Lemma  10.122.14  Then  by  Lemma  10.122.15  there  exists  a finite  .R-algebra  S" 
and  elements  g'  £ S' , g'  ^ q'  and  g"  £ S"  such  that  S',  = S"„  as  R-algebras.  This 
proves  the  lemma.  □ 


07NC  Lemma  10.123.3.  Let  R — > S be  a ring  map , q a prime  of  S lying  over  p in  R. 

If 

(1)  R is  Noetherian, 

(2)  R — ► S is  of  finite  type,  and 

(3)  R — > S is  quasi-finite  at  q , 

then  Rp  0^  S = SA  x B for  some  R£ -algebra  B. 


Proof.  There  exists  a finite  R-algebra  S'  C S and  an  element  g £ S',  g £ q'  = S'nq 
such  that  S'g  = Sg  and  in  particular  S',  = Sq,  see  Lemma 


10.122.15 


We  have 


r;  ®r  s'  = (s;,)A  x b' 

by  Lemma[l0.96.8|  Note  that  we  have  a commutative  diagram 


r;  s sqA 

A 

®r  s' — *-  (s;,)A 


where  the  right  vertical  is  an  isomorphism  and  the  lower  horizontal  arrow  is  the 
projection  map  of  the  product  decomposition  above.  The  lemma  follows.  □ 
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00QC 


00QD 


We  study  the  behaviour  of  dimensions  of  fibres,  using  Zariski’s  main  theorem. 
Recall  that  we  defined  the  dimension  dim^X)  of  a topological  space  X at  a point 
x in  Topology,  Definition  5.9. 1| 


Definition  10.124.1.  Suppose  that  R — > S is  of  finite  type,  and  let  q C S 
be  a prime  lying  over  a prime  p of  R.  We  define  the  relative  dimension  of  S/R 
at  q,  denoted  dimq (S/R),  to  be  the  dimension  of  Spec(S  0_r  k(p))  at  the  point 
corresponding  to  q.  We  let  dim(S/R)  be  the  supremum  of  dimq(S/R)  over  all  q. 
This  is  called  the  relative  dimension  of  S/R. 


In  particular,  R — >•  S is  quasi-finite  at  q if  and  only  if  dimq  (S/R)  = 0.  The  following 
lemma  is  more  or  less  a reformulation  of  Zariski’s  Main  Theorem. 

00QE  Lemma  10.124.2.  Let  R — > S be  a finite  type  ring  map.  Let  q C S be  a prime. 
Suppose  that  dim q(S/R)  = n.  There  exists  a g £ S,  g ^ q such  that  Sg  is  quasi- 
finite  over  a polynomial  algebra  R[t i, . . . ,tn\. 
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Proof.  The  ring  S = S n(p)  is  of  finite  type  over  re(p).  Let  q be  the  prime  of  S 
corresponding  to  q.  By  definition  of  the  dimension  of  a topological  space  at  a point 
there  exists  an  open  U C Spec(S')  with  q £U  and  dim(17)  = n.  Since  the  topology 
on  Spec(S')  is  induced  from  the  topology  on  Spec(S')  (see  Remark  10.16.8),  we  can 
find  a g £ S,  g ^ q with  image  g £ S such  that  D(g)  C U.  Thus  after  replacing  S 
by  Sg  we  see  that  dim(S’)  = n. 

Next,  choose  generators  xi, . . . , Xn  for  S as  an  .R-algebra.  By  Lemma[l0.114.4|there 
exist  elements  y-[. . . . , yn  in  the  Z-subalgebra  of  S generated  by  Xi, . . . , Xn  such 
that  the  map  R[ti, . . . , tn\  — > S,  ti  K > yt  has  the  property  that  Av(p)[ti . . . ,t„]  — > S 
is  finite.  In  particular,  S is  quasi-finite  over  R[ti, . . . ,tn\  at  q.  Hence,  by  Lemma 
10.122.14  we  may  replace  S by  Sg  for  some  g £ S,  g £ q such  that  R[t i, . . . , tn]  — > S' 
is  quasi-finite.  □ 


Lemma  10.124.3.  Let  R S be  a ring  map.  Let  q C S be  a prime  lying  over 
the  prime  p of  R.  Assume 

(1)  R — >•  S is  of  finite  type, 

(2)  dimq(S'/l?)  = n,  and 

(3)  t.rdegK{p)K{ q)  = r. 

Then  there  exist  f £ R,  f ^ p,  g £ S,  g ^ c\  and  a quasi-finite  ring  map 


tp  : Rf[x  i, . . . ,xn]  — > Sg 

such  that  (p~1(qSg)  = (p^+i,  • • • , xn)Rf[xr+i,  ■ ■ - ,xn\ 


Proof.  After  replacing  S'  by  a principal  localization  we  may  assume  there  exists  a 
quasi-finite  ring  map  p : R[t±, . . . , tn]  — > S,  see  Lemma  10.124.2  Set  q7  = <p~1(q). 
Let  q'  C R ( p ) [t i , . . . ,tn\  be  the  prime  corresponding  to  q'.  By  Lemma  10.114.6  there 
exists  a finite  ring  map  n(p)[xi, . . . ,xn\  — > At(p)[fi, . . . , tn\  such  that  the  inverse 
image  of  q'  is  (xr+i, . . . ,xn).  Let  hi  £ «(p)[ti,  ■ • • , tn]  be  the  image  of  xt.  We 
can  find  an  element  f £ R,  f ^ p and  hi  £ Rf  [ii, . . . , tn\  which  map  to  hi  in 
ft(p)[fi, . . . , tn\.  Then  the  ring  map 

Rf  \_Xl ) • * * j Xn\  A Rf  [t\  , , tn] 

becomes  finite  after  tensoring  with  k(p).  In  particular,  Rf[t\, . . . , tn]  is  quasi- 


00QF 


finite  over  Rf[x\, . . . ,xn]  at  the  prime  q'Rf[ti, . . . ,tn}.  Hence,  by  Lemma  10.122.14 
there  exists  a g £ Rf[ti, . . ■ , tn\,  g fL  q'Rf\t\, . . . , tn\  such  that  Rf[x i, ... , xn\  - 
Rf[t\, . ■ . , fra,  1/fl]  is  quasi-finite.  Thus  we  see  that  the  composition 

Rf  [*^1 ; • ■ ■ ) Xn]  t Rf  [ti,  . . . , tn,  1 / g\  A Sp(g) 

is  quasi-finite  and  we  win.  □ 

Lemma  10.124.4.  Let  R — > S be  a finite  type  ring  map.  Let  q C S be  a prime 
lying  over  p C R.  If  R -4  S is  quasi-finite  at  q,  then  dim(Sq)  < dim(i?p). 


00QG 


Proof.  If  Rp  is  Noetherian  (and  hence  Sq  Noetherian  since  it  is  essentially  of 
finite  type  over  Rp)  then  this  follows  immediately  from  Lemma  10.111.6  and  the 
definitions.  In  the  general  case  we  can  use  Zariski’s  Main  Theorem  10.122.13|  to 


write  Sq  = 


S'*L 


for  some  ring  S'  integral  over  Rp 


Lemma  IIP. 111.31 


Thus  the  result  follows  from 

□ 


Lemma  10.124.5.  Let  k be  afield.  Let  S be  a finite  type  k-algebra.  Suppose  there 
is  a quasi-finite  k-algebra  map  k[t\, . . . ,tn\  C S.  Then  dim(5')  < n. 
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Proof.  By  Lemma  10.113.1  the  dimension  of  any  local  ring  of  k[ti, . . . ,tn]  is  at 
most  n.  Thus  the  result  follows  from  Lemma  Tl 0 . 1 24 . 41  □ 


00QH  Lemma  10.124.6.  Let  R — »•  S be  a finite  type  ring  map.  Let  q C S be  a prime. 
Suppose  that  dimq  (S/ R ) = n.  There  exists  an  open  neighbourhood  V ofqin  Spec(S') 
such  that  diniq >(S/R)  < n for  all  q'  £ V. 

Proof.  By  Lemma [10. 124. 2|  we  see  that  we  may  assume  that  S is  quasi-finite  over 
a polynomial  algebra  R[ti, . . . , tn\.  Considering  the  fibres,  we  reduce  to  Lemma 
110.124.51  □ 


In  other  words,  the  lemma  says  that  the  set  of  points  where  the  fibre  has  dimension 
< n is  open  in  Spec(5').  The  next  lemma  says  that  formation  of  this  open  commutes 
with  base  change.  If  the  ring  map  is  of  finite  presentation  then  this  set  is  quasi- 
compact open  (see  below). 

OOQI  Lemma  10.124.7.  Let  R — ► S be  a finite  type  ring  map.  Let  R R'  be  any  ring 
map.  Set  S'  = R'  ®R  S and  denote  f : Spe^S")  — > Spec(S’)  the  associated  map  on 
spectra.  Let  n > 0.  The  inverse  image  /_1({q  £ Spec(S')  | dimq(5y.R)  < n })  is 
equal  to  |q'  £ Spec^')  | dimqi(S' /R')  < n}. 

Proof.  The  condition  is  formulated  in  terms  of  dimensions  of  fibre  rings  which 
are  of  finite  type  over  a field.  Combined  with  Lemma  |10. 115.61  this  yields  the 
lemma.  □ 


00QJ  Lemma  10.124.8. 

Let  n > 0.  The  set 


Let  R — l S be  a ring  homomorphism  of  finite  presentation. 


Vn  = {q  £ Spec(5)  | dimq(5/i?)  < n} 
is  a quasi-compact  open  subset  ofSpec(S). 

Proof.  It  is  open  by  Lemma  10.124.6  Let  S = R[x\, . . . , xn]/(fi, . . . , fm)  be  a 
presentation  of  S.  Let  Rq  be  the  Z-subalgebra  of  R generated  by  the  coefficients  of 
the  polynomials  /*.  Let  S0  = R0[x1, . . . , xn]/(/i, . . . , fm).  Then  S = R ®Ro  S0.  By 

under  the  quasi-compact 
is 
□ 


Lemma  10.124.7  Vn  is  the  inverse  image  of  an  open  Vb,n 
continuous  map  Spec(5)  — > Spec(S'o).  Since  Sq  is  Noetherian  we  see  that  Vo,n 
quasi-compact. 


00QK 


Lemma  10.124.9.  Let  R be  a valuation  ring  with  residue  field  k and  field  of 
fractions  I\ . Let  S be  a domain  containing  R such  that  S is  of  finite  type  over  R. 
If  S (g)R  k is  not  the  zero  ring  then 

dim(S  ®R  k)  = dim(S  (g> R K) 

In  fact,  Spec (S®Rk)  is  equidimensional. 

Proof.  It  suffices  to  show  that  dimq  (S/k)  is  equal  to  d\m(S  ®RK)  for  every  prime 
q of  S containing  m RS.  Pick  such  a prime.  By  Lemma  |10.124.6l  the  inequality 
dimq(5/fc)  > dim(5  K)  holds.  Set  n = dimq(5/fe).  By  Lemma  [lO. 124.2  after 
replacing  S by  Sg  for  some  g £ S,  g fL  q there  exists  a quasi-finite  ring  map 
.R[ti, . . . , f„]  — > S.  If  dim  (S®RK)  < n,  then  I\[t\, . . . ,tn]  — > S®RK  has  a nonzero 
kernel.  Say  f = J2  ai^i  ■ • • tlrr  ■ After  dividing  / by  a nonzero  coefficient  of  / with 
minimal  valuation,  we  may  assume  / £ R{t\, . . . , tn]  and  some  aj  does  not  map  to 
zero  in  k.  Hence  the  ring  map  k[t\, . . . , tn]  — > S (g>R  k has  a nonzero  kernel  which 
implies  that  dim(S'  ®R  k ) < n.  Contradiction.  □ 
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10.125.  Algebras  and  modules  of  finite  presentation 


05N4 


OOQP 


OOQQ 
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In  this  section  we  discuss  some  standard  results  where  the  key  feature  is  that  the 
assumption  involves  a finite  type  or  finite  presentation  assumption. 

Lemma  10.125.1.  Let  R -A  S be  a ring  map.  Let  R—^R'  be  a faithfully  flat  ring 
map.  Set  S'  = R!  <S)r  S.  Then  R -A  S is  of  finite  type  if  and  only  if  R!  — > S'  is  of 
finite  type. 

Proof.  It  is  clear  that  if  R — > S is  of  finite  type  then  R'  — > S'  is  of  finite  type. 
Assume  that  R'  -A  S’  is  of  finite  type.  Say  y\,...,ym  generate  S'  over  R' . Write 
y:j  = JA  aij  Xji  for  some  aij  £ R'  and  Xji  £ S.  Let  A C S be  the  i?-subalgebra 
generated  by  the  x -^ . By  flatness  we  have  A'  :=  R'  A C S',  and  by  construction 
yj  £ A'.  Hence  A!  = S' . By  faithful  flatness  A = S.  □ 

Lemma  10.125.2.  Let  R -A  S be  a ring  map.  Let  R -A  R'  be  a faithfully  flat 
ring  map.  Set  S'  = R'  S.  Then  R -A  S is  of  finite  presentation  if  and  only  if 
R'  -A  S'  is  of  finite  presentation. 

Proof.  It  is  clear  that  if  R -A  S is  of  finite  presentation  then  R'  — > S'  is  of  finite 
presentation.  Assume  that  R'  — > S'  is  of  finite  presentation.  By  Lemma  10.125.1 
we  see  that  R — > S is  of  finite  type.  Write  S = R[x\, . . . ,xn\/ 1 . By  flatness 
S'  = R'[x i, . . . , xn]/R'  <g>  I.  Say  gi, . . . , gm  generate  R'  ® I over  R'[x i, . . . , xn}. 
Write  gj  = J2i  aij  ® fji  f°r  some  £ R'  and  £ I.  Let  J C I be  the  ideal 
generated  by  the  fa.  By  flatness  we  have  R'  (8>r  J C R'  <S>/e  L and  both  are  ideals 
over  R'[x i, . . . , xn).  By  construction  g7  £ R'  J.  Hence  R’  <8>r  J = R'  (8>r  I-  By 
faithful  flatness  J = I.  □ 

Lemma  10.125.3.  Let  R be  a ring.  Let  I C R be  an  ideal.  Let  S C R be  a 
multiplicative  subset.  Set  R'  = S~1(R/I)  = S~1R/S~1I. 

(1)  For  any  finite  R' -module  M'  there  exists  a finite  R-module  M such  that 
S~1(M/IM)  = M'. 

(2)  For  any  finitely  presented  R' -module  M'  there  exists  a finitely  presented 
R-module  M such  that  S~1(M / IM)  = M' . 

Proof.  Proof  of  (1).  Choose  a short  exact  sequence  0 K'  ( R')®n  -A  M'  -A-  0. 

Let  K C R®n  be  the  inverse  image  of  K'  under  the  map  R®n  -A  ( R')®n . Then 
M = R®n/K  works. 

Proof  of  (2).  Choose  a presentation  ( R')®m  -A  ( R')®n  -A  M'  -A  0.  Suppose  that 
the  first  map  is  given  by  the  matrix  A'  = (a'?)  and  the  second  map  is  determined 
by  generators  x\  £ M' , i = 1, . . . , n.  As  R'  = S~1(R/I)  we  can  choose  s £ S and 
a matrix  A = ( ) with  coefficients  in  R such  that  a-  = atj/s  mod  S~lI.  Let 
M be  the  finitely  presented  f?-module  with  presentation  R®m  -A  i?®n  — > M — > 0 
where  the  first  map  is  given  by  the  matrix  A and  the  second  map  is  determined 


by  generators  Xi  £ M,  i = 1, . . . , n.  Then  the  map  M 
isomorphism  S~1(M/IM)  = M' . 


M' , Xi  i-a  x\  induces  an 
□ 


05N6 


Lemma  10.125.4.  Let  R be  a ring.  Let  S C R be  a multiplicative  subset.  Let  M 
be  an  R-module. 

(1)  If  S~1A1  is  a finite  S'-1  R-module  then  there  exists  a finite  R-module  M' 
and  a map  M'  -A  M which  induces  an  isomorphism  S~1M'  -A  S~lM . 
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(2)  If  S~1M  is  a finitely  presented  S~l  R-module  then  there  exists  an  R- 
module  M'  of  finite  presentation  and  a map  M'  — » M which  induces 
an  isomorphism  S~1M'  — > S~1M. 


05GJ 


Proof.  Proof  of  (1).  Let  xi, . . . , xn  £ M be  elements  which  generate  S 1M  as  an 
5,_1i?-module.  Let  M'  be  the  f?-submodule  of  M generated  by  X\, . . . ,xn. 

Proof  of  (2).  Let  Xi, . . . ,xn  £ M be  elements  which  generate  S~1M  as  an  S~1R- 
module.  Let  K = Ker(f?®ra  — ► M)  where  the  map  is  given  by  the  rule  (ai, . . . ,an)  H >■ 
J2aiXi-  By  Lemma  10.5. 3|  we  see  that  S~1K  is  a finite  S'_1f?-module.  By  (1)  we 
can  find  a finite  submodule  K'  C K with  S~1K'  = S~1K.  Take  M'  = Coker(/i'  — > 
R®n).  □ 


Lemma  10.125.5.  Let  R be  a ring.  Let  p C R be  a prime  ideal.  Let  M be  an 
R-module. 


00QR 


(1)  If  Mp  is  a finite  Rp-module  then  there  exists  a finite  R-module  M'  and  a 
map  M'  — ► M which  induces  an  isomorphism  M'  — ► Mp . 

(2)  If  Mp  is  a finitely  presented  Rv  -module  then  there  exists  an  R-module  M' 
of  finite  presentation  and  a map  M'  — > M which  induces  an  isomorphism 

Mp  Mp . 


Proof.  This  is  a special  case  of  Lemma  10.125.4 


□ 


Lemma  10.125.6.  Let  <p  : R — » S be  a ring  map.  Let  q G S be  a prime  lying  over 
pel?.  Assume 

(1)  S is  of  finite  presentation  over  R, 

(2)  ip  induces  an  isomorphism  Rp  = 5q . 

Then  there  exist  f £ R,  f £ p and  an  Rf  -algebra  C such  that  Sf  = Rf  x C as 
Rf  -algebras. 


OOQS 


Proof.  Write  S = . . . , xra]/(gi,  ■ ■ ■ , gm )■  Let  a*  £ Rp  be  an  element  mapping 

to  the  image  of  xt  in  Sq.  Write  ai  = bi/f  for  some  f £ R,  f £ p.  After  replacing  R 
by  Rf  and  Xj  by  x*  — a,  we  may  assume  that  S = R[x i, . . . , xn\/(g i, . . . , gm)  such 
that  Xj  maps  to  zero  in  S q . Then  if  Cj  denotes  the  constant  term  of  g,;  we  conclude 
that  Ci  maps  to  zero  in  Rp.  After  another  replacement  of  R we  may  assume  that 
the  constant  coefficients  Cj  of  the  gj  are  zero.  Thus  we  obtain  an  l?-algebra  map 
S — > R,  Xi  i— > 0 whose  kernel  is  the  ideal  (xi, . . . , xn). 


Note  that  q = pS  + (xi,...,xra).  Write  gj  = Y^ajixi  + h.o.t..  Since  S q = Rp 
we  have  p <g>  «(p)  = q (gi  K(q).  It  follows  that  m x n matrix  A = ( a,j ) defines  a 
surjective  map  «(p)®m  — » «(p)®n.  Thus  after  inverting  some  element  of  R not  in  p 
we  may  assume  there  are  bij  £ R such  that  bijgj  = x,  + h.o.t..  We  conclude  that 
(xi, . . . ,xn)  = (xi, . . . ,xra)2  in  S.  It  follows  from  Lemma  10.20.5  that  (xi, . . . ,xn) 
is  generated  by  an  idempotent  e.  Setting  C = eS  finishes  the  proof.  □ 


Lemma  10.125.7.  Let  R be  a ring.  Let  S,  S'  be  of  finite  presentation  over  R. 
Let  q C S and  q'  C S'  be  primes.  If  Sq  = Sqi  as  R-algebras,  then  there  exist  g £ S , 
g £ q and  g'  £ S' , g'  £ q'  such  that  Sg  = S'gl  as  R-algebras. 


Proof.  Let  if  : Sq  — > Sq>  be  the  isomorphism  of  the  hypothesis  of  the  lemma. 
Write  S = R[xlt . . . , x„]/(/i, . . . , fr)  and  S'  = R[yi, . . . , ym\/J-  For  each  i = 
1 choose  a fraction  hi/gi  with  hi,gi  £ R[yi,  ■ ■ . ,ym\  and  ft  mod  J not  in 

q'  which  represents  the  image  of  x,  under  if.  After  replacing  S'  by  S'gi  gn  and 
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R[yi,  Um+i]  (mapping  ym+\  to  1/ (gi . . . gn))  we  may  assume  that  fi(xi)  is 

the  image  of  some  hi  £ R[yi,  ■ ■ ■ , ym\-  Consider  the  elements  fj(hi, . . . , hn)  £ 
R[y i, . . . , ym].  Since  ip  kills  each  fj  we  see  that  there  exists  a g 
g mod  J £ q'  such  that  gfj(hi, . . . , hn)  £ J for  each  j = 1, 

S'  by  S'g  and  R[yi, ... , ym,ym+ 1]  as  before  we  may  assume  that  fj(hi, . . . , hn)  £ 
Thus  we  obtain  a ring  map  S —>■  S',  x,  i—j  hi  which  induces  ip  on  local  rings.  By 
Lemma  10.6.2  the  map  S'  — > S is  of  finite  presentation.  By  Lemma  10.125.6  we 


€ R[yi,...,ym}, 

r.  After  replacing 
J. 


may  assume  that  S = S'  x C . Thus  localizing  S at  the  idempotent  corresponding 
to  the  factor  C we  obtain  the  result.  □ 

07RD  Lemma  10.125.8.  Let  R be  a ring.  Let  I C R be  a locally  nilpotent  ideal.  Let 
S — ^ S'  be  an  R-algebra  map  such  that  S — > S' /IS'  is  surjective  and  such  that  S' 
is  of  finite  type  over  R.  Then  S -A  S'  is  surjective. 

Proof.  Write  S'  = R[x i, . . . ,xm]/K  for  some  ideal  K.  By  assumption  there  exist 
gj  = Xj  + Yf  G i?[®i,  ■ ■ ■ , in]  with  8j  j £ I and  with  gj  mod  I\  £ Im(S  -A  S'). 

Hence  it  suffices  to  show  that  gi, ... , gm  generate  R[x i, . . . , xn].  Let  Rq  C R be  a 
finitely  generated  Z-subalgebra  of  R containing  at  least  the  8:hj.  Then  R0  fl  / is 
a nilpotent  ideal  (by  Lemma  10.31.4).  It  follows  that  Rq[xi,  . . . ,xn]  is  generated 
by  <7i, . . . , gm  (because  Xj  H > gj  defines  an  automorphism  of  Ro[x\, . . . , xm\,  details 
omitted).  Since  R is  the  union  of  the  subrings  Rq  we  win.  □ 


087P 


Lemma  10.125.9.  Let  R be  a ring.  Let  I C R be  an  ideal.  Let  S — » S'  be  an 
R-algebra  map.  Let  LS  C q C S be  a prime  ideal.  Assume  that 
(1)  S — ^ S'  is  surjective, 

Sq/ISq  — > S'q/IS'q  is  an  isomorphism, 

S is  of  finite  type  over  R, 

S'  of  finite  presentation  over  R,  and 
S'g  is  flat  over  R. 

is  an  isomorphism  for  some  g £ S , g 


(2) 

(3) 

(4) 

(5) 

Then  Sn 


S9 


q- 


Proof.  Let  J = Ker(5l  — > S').  By  Lemma  10.6. 2|  J is  a finitely  generated  ideal. 


Since  S' 


is  flat  over  R we  see  that  Jg/IJq  C Sq//Sq  (apply  Lemma 


10.38.12 


0 — > J — > S — > S'  — > 0).  By  assumption  (2)  we  see  that  Jq//Jq  is  zero. 


Nakayama’s  lemma  (Lemma  10.19.1)  we  see  that  there  exists  a g £ S 


that  Jg  = 0. 


Hence  Sg  = S'g  as  desired. 


to 
By 

g q such 

□ 


07RE 


Lemma  10.125.10.  Let  R be  a ring.  Let  I C R be  an  ideal.  Let  S — » S'  be  an 
R-algebra  map.  Assume  that 

(1)  / is  locally  nilpotent, 

(2)  S/IS  — > S' /IS'  is  an  isomorphism, 

(3)  S is  of  finite  type  over  R, 

(4)  S'  of  finite  presentation  over  R,  and 

(5)  S'  is  flat  over  R. 

Then  S — > S'  is  an  isomorphism. 

Proof.  By  Lemma  10.125.8|the  map  S — ► S'  is  surjective.  As  / is  locally  nilpotent, 


so  are  the  ideals  IS  and  IS'  (Lemma  10.31.2).  Hence  every  prime  ideal  q of  S 
contains  IS  and  (trivially)  Sq//Sq  = S'/IS'.  Thus  Lemma  10.125.9  applies  and 

follows  that 

□ 


10.125.9 

we  see  that  Sq  — » S'  is  an  isomorphism  for  every  prime  q C S. 


IF 


S -A  S'  is  injective  for  example  by  Lemma  10.23.1 
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10.126.  Colimits  and  maps  of  finite  presentation 


OOQL  In  this  section  we  prove  some  preliminary  lemmas  which  will  eventually  help  us 
prove  result  using  absolute  Noetherian  reduction.  We  begin  discussing  how  we  will 
think  about  colimits  in  this  section. 


Let  (A,  >)  a partially  ordered  set.  A system  of  rings  over  A is  given  by  a ring  R\ 
for  every  A £ A,  and  a morphism  R\  — > whenever  X < p.  These  morphisms 
have  to  satisfy  the  rule  that  R\  -A  — ► Rv  is  equal  to  the  map  R\  — > Rv  for 
all  A < p < v.  See  Categories,  Section  4.21  We  will  often  assume  that  (/,  <)  is 
directed , which  means  that  A is  nonempty  and  given  X,  p € A there  exists  a v £ A 
with  A < v and  /i  < v . Recall  that  the  colimit  coliniA  R\  is  sometimes  called  a 
“direct  limit”  in  this  case  (but  we  will  not  use  this  terminology). 


OOQN  Lemma  10.126.1.  Let  R — > A be  a ring  map.  There  exists  a directed  system  A\ 
of  R- algebras  of  finite  presentation  such  that  A = coliniA  A\.  If  A is  of  finite  type 
over  R we  may  arrange  it  so  that  all  the  transition  maps  are  surjective. 


Proof.  Compare  with  the  proof  of  Lemma  |10.8.13|  Consider  any  finite  subset 
S C A,  and  any  finite  collection  of  polynomial  relations  E among  the  elements  of 
S.  So  each  s £ S corresponds  to  xs  £ A and  each  e £ E consists  of  a polynomial 
fe  £ R[XS;  s £ S]  such  that  fe{xs)  = 0.  Let  As,e  = R[XS',  s £ S\/ (/e;  e £ E)  which 
is  a finitely  presented  R-algebra.  There  are  canonical  maps  A$tE  ~ > A.  If  S'  C S' 
and  if  the  elements  of  E correspond,  via  the  map  R[XS;  s £ S]  — > R[XS;  s £ S'],  to 
a subset  of  E',  then  there  is  an  obvious  map  As,e  As',e’  commuting  with  the 
maps  to  A.  Thus,  setting  A equal  the  set  of  pairs  (S,  E)  with  ordering  by  inclusion 
as  above,  we  get  a directed  partially  ordered  set.  It  is  clear  that  the  colimit  of  this 
directed  system  is  A. 

For  the  last  statement,  suppose  A = R[x\, . . . , xn\/I.  In  this  case,  consider  the 
subset  A'  C A consisting  of  those  systems  (S,  E)  above  with  S = {aq, . . . , xn}.  It  is 
easy  to  see  that  still  A = coliniA' eA'  Ay.  Moreover,  the  transition  maps  are  clearly 
surjective.  □ 


It  turns  out  that  we  can  characterize  ring  maps  of  finite  presentation  as  follows. 
This  in  some  sense  says  that  the  algebras  of  finite  presentation  are  the  “compact” 
objects  in  the  category  of  R-algebras. 

OOQO  Lemma  10.126.2.  Let  p : R —¥  S be  a ring  map.  Then  ip  is  of  finite  presentation 
if  and  only  if  for  every  directed  system  A\  of  R- algebras  we  have 

coliniA  Homes',  A>)  = Homes',  coliniA  A\) 

Proof.  Suppose  S = R[x\, . . . ,xn\/(fi, . . . , fm).  If  x : S colimA,*,  is  a map, 
then  each  xt  maps  to  some  element  in  the  image  of  some  A\t . We  may  pick  p > X i, 
i = 1, . . . , n and  assume  x(xi)  is  the  image  of  yi  £ for  i = 1, . . . , n.  Consider 
Zj  = fj(yi,  , yn  ) £ A M.  Since  x is  a homomorphism  the  image  of  Zj  in  colimA  A\ 
is  zero.  Hence  there  exists  a p,j  > p such  that  Zj  maps  to  zero  in  Afl  . Pick  v > pj, 
j = 1, . . . , to.  Then  the  images  of  are  zero  in  Av.  This  exactly  means 

that  the  j p map  to  elements  i/(  £ Au  which  satisfy  the  relations  fj(y'i,  ■ ■ ■ , y'n ) = 0. 
Thus  we  obtain  a ring  map  S — > Av  as  desired. 

Conversely,  suppose  the  displayed  formula  holds  always.  By  Lemma  |10. 126.1]  we 
may  write  S = coliniA  S\  with  S\  of  finite  presentation  over  R.  Then  the  identity 
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map  factors  as 


S ->  Sx  ->  S' 


for  some  A.  This  implies  that  S is  finitely  presented  over  S\  by  Lemma  10.6.2  part 
(4)  applied  to  S — >■  S\  — >■  S.  Applying  part  (2)  of  the  same  lemma  to  R — >■  5a  — > S 
we  conclude  that  S is  of  finite  presentation  over  R.  □ 


But  more  is  true.  Namely,  given  R = colim^  R\  we  see  that  the  category  of  finitely 
presented  i?-modules  is  equivalent  to  the  limit  of  the  category  of  finitely  presented 
i?A-modules.  Similarly  for  the  categories  of  finitely  presented  f?-algebras. 

05LI  Lemma  10.126.3.  Let  A be  a ring  and  let  M,N  be  A-modules.  Suppose  that 
R = colim i£i  Ri  is  a directed  colimit  of  A- algebras. 

(1)  If  M is  a finite  A-module,  and  u,u'  : M -A  N are  A-module  maps  such 
that  u 0 1 = u'  0 1 : M 0 a R ^ N 0 a R then  for  some  i we  have 
u 0 1 = u'  0 1 : M 0a  Ri  — ► N 0a  Ri  ■ 

(2)  If  N is  a finite  A-module  and  u : M N is  an  A-module  map  such 
that  u 0 1 : M (g)^  R N 0a  R is  surjective,  then  for  some  i the  map 
u0l:M0ARi^N  0A  Ri  is  surjective. 

(3)  If  N is  a finitely  presented  A-module,  and  v : N0aR->  M0aR  is  an  R- 
module  map,  then  there  exists  an  i and  an  Rj -module  map  Vi  : N 0a  Ri  — > 
M 0 a Ri  such  that  v = Vi  0 1 . 

(4)  If  M is  a finite  A-module,  N is  a finitely  presented  A-module,  and  u : 
M — > N is  an  R-module  map  such  that  u 0 1 : M 0a  R N 0 a R is  an 
isomorphism,  then  for  some  i the  map  u 0 1 : M 0a  Ri  — t N Ri  is  an 
isomorphism. 

Proof.  To  prove  (1)  assume  u is  as  in  (1)  and  let  x\, . . . , xm  € M be  generators. 
Since  N0aR  = colinij  N0ARi  we  may  pick  an  i £ I such  that  u(xj)0l  = u'{xj)0 1 
in  M0a Ri,  j = 1,  • . • , m.  For  such  an  i we  have  u(g>l  = u'0l  : M0aRi  — > N0aRi- 

To  prove  (2)  assume  u 0 1 surjective  and  let  yi,  ■ ■ ■ ,ym  £ N be  generators.  Since 
N 0a  R = colinq  N (g)^  Ri  we  may  pick  an  i £ I and  Zj  £ M (gu  Ri,  j = 1 , ,m 
whose  images  in  N 0a  R equal  yj  01.  For  such  an  i the  map  u 0 1 : M 0a  Ri  — > 
N 0 a Ri  is  surjective. 

To  prove  (3)  let  y\, . . . , ym  £ N be  generators.  Let  K = Ker(A®m  — ► N)  where 
the  map  is  given  by  the  rule  (ai, . . . , am ) i— > QjXj.  Let  be  generators 

for  K.  Say  ks  = (ks  1, . . . , ksm).  Since  M (g)^  R = colinp  M 0a  Ri  we  may  pick  an 
i £ I and  Zj  £ M 0a  Ri,  j = 1, . . . , m whose  images  in  M (gu  R equal  v(yj  0 1).  We 
want  to  use  the  Zj  to  define  the  map  Vi  : N 0a  Ri  M 0a  Ri-  Since  K 0a  Ri  — t 
Rfm  — > N 0a  Ri  — t 0 is  a presentation,  it  suffices  to  check  that  £s  = JT  kSjZj  is 
zero  in  M (g^  R;  for  each  s = 1 , ...  ,t.  This  may  not  be  the  case,  but  since  the 
image  of  £s  in  M 0a  R is  zero  we  see  that  it  will  be  the  case  after  increasing  i a bit. 

To  prove  (4)  assume  u 0 1 is  an  isomorphism,  that  M is  finite,  and  that  N is  finitely 
presented.  Let  v : N 0a  R — > M 0a  R be  an  inverse  to  u0  1.  Apply  part  (3)  to 
get  a map  Vi  : N 0a  Ri  ->  M 0a  Ri  for  some  i.  Apply  part  (1)  to  see  that,  after 
increasing  i we  have  Vi  o (u  0 1)  = id M®RRi  and  (u  0 1)  o m = id ■ □ 

05N7  Lemma  10.126.4.  Suppose  that  R = coliniig/f?i  is  a directed  colimit  of  rings. 

Then  the  category  of  finitely  presented  R-modules  is  the  colimit  of  the  categories  of 
finitely  presented  R\-modules.  More  precisely 
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(1)  Given  a finitely  presented  R-module  M there  exists  a A £ A and  a finitely 
presented  R\-module  M\  such  that  M = M\  ®rx  R. 

(2)  Given  a A € A,  finitely  presented  R\-modules  M\,N\,  and  an  R-module 
map  ip  : M\  ®rx  R — > N\  ®rx  R,  then  there  exists  a p > A and  an 
R^-module  map  : M\  8ra  i?M  — > N\  <S>rx  R m such  that  ip  — p^  8 1r. 

(3)  Given  a A £ A,  finitely  presented  R\-modules  M\,  N\,  and  R-module  maps 
Px,  ifx  '■  M\  — i N\  such  that  <£>  8 1 r = if  ® 1 r,  then  p®  l r = if  8 1 r^ 
for  some  p > A. 


Proof.  To  prove  (1)  choose  a presentation  R®m  — > J?®"  — > M — > 0.  Suppose  that 
the  first  map  is  given  by  the  matrix  A = ( atj ).  We  can  choose  a A £ A and  a matrix 
A\  = with  coefficients  in  R\  which  maps  to  A in  R.  Then  we  simply  let 

M\  be  the  f?^-nrodule  with  presentation  f?®m  — > Rfn  — > M\  -G  0 where  the  first 
arrow  is  given  by  A\. 


Parts  (2)  and  (3)  follow  from  Lemma  10.126.3 


□ 


Lemma  10.126.5.  Let  A be  a ring  and  let  B,C  be  A-algebras.  Suppose  that 
R = colinpg/  Ri  is  a directed  colimit  of  A-algebras. 

(1)  If  B is  a finite  type  A-algebra,  and  u,u'  : B -G  C are  A-algebra  maps 

such  that  u®l=u'  <g>  1 : B <S)a  R — > C (S>a  R then  for  some  i we  have 
^((g>l  = ^I,  : B ® a Ri  — t C (g>A  Ri  ■ 

(2)  If  C is  a finite  type  A-algebra  and  u : B -G  C is  an  A-algebra  map  such 

that  u (g>  1 : B R — > C R is  surjective,  then  for  some  i the  map 

u(&l  : B ® a Ri  C ®a  Ri  is  surjective. 

(3)  If  C is  of  finite  presentation  over  A and  v : C R — ^ B ®a  R is  an  R- 

algebra  map,  then  there  exists  an  i and  an  Ri-algebra  map  vt  : C^aRi  — t 
B ® a Ri  such  that  v = Vi  (8>  1 . 

(4)  If  B is  a finite  type  A-algebra,  C is  a finitely  presented  A-algebra,  and 

u ® 1 : B (8 >a  R -G  C (8>a  R is  an  isomorphism,  then  for  some  i the  map 

m®1  : B (8>a  Ri  C ®a  Ri  is  an  isomorphism. 


Proof.  To  prove  (1)  assume  u is  as  in  (1)  and  let  X\, . . . ,xm  G B be  generators. 
Since  B®aR  = colim,  B®ARi  we  may  pick  an  i G I such  that  u(xj)i 8>1  = u'{xj)®l 
in  B^aRi,  j = 1,.  • • ,m.  For  such  an  i we  have  U(8>1  = u' ® \ : B®aRi  — ^ C®aRi- 

To  prove  (2)  assume  u ® 1 surjective  and  let  y\, . . . ,ym  G C be  generators.  Since 
B®aR  = Colima  B®ARi  we  may  pick  an  i G I and  Zj  £ B^aRi,  j = 1, . . . , m whose 
images  in  C 8) a R equal  y:j  0 1.  For  such  an  i the  map  u 8 1 : B 8 a Ri  C 8 a Ri 
is  surjective. 

To  prove  (3)  let  Ci, . . . , cm  G C be  generators.  Let  K = Ker(A[cn, . . . , xm]  — > N) 
where  the  map  is  given  by  the  rule  Xj  i— > J2cj-  Let  fi,.. ft  be  generators  for  I\  as 
an  ideal  in  A[x i, . . . , xm}.  We  think  of  fj  = fj(x i, . . . , xm)  as  a polynomial.  Since 
B 8a  R = colini,;  B 8 a Ri  we  may  pick  an  i G I and  Zj  G B 8a  Ri,  j = l, ...  ,m 
whose  images  in  B 8a  R equal  v(cj  8 1).  We  want  to  use  the  Zj  to  define  a map 
Vi  : C 8 a Ri  — > B 8a  Ri-  Since  K 8a  Ri  — ► Ri[x i,  • ■ • , xm]  -G  C 8 a Ri  — >•  0 is 
a presentation,  it  suffices  to  check  that  = fj{z\, . . . , zrn)  is  zero  in  B 8a  Ri  for 
each  s = 1, ...  ,t.  This  may  not  be  the  case,  but  since  the  image  of  £s  in  B 8a  R 
is  zero  we  see  that  it  will  be  the  case  after  increasing  i a bit. 

To  prove  (4)  assume  it  8 1 is  an  isomorphism,  that  B is  a finite  type  A-algebra,  and 
that  C is  a finitely  presented  A-algebra.  Let  v : B 8a  R — ► C 8 a R be  an  inverse 


10.126.  COLIMITS  AND  MAPS  OF  FINITE  PRESENTATION 


722 


to  it®  1.  Let  in  : C®a  Ri  — >•  B 2)  a Ri  be  as  in  part  (3).  Apply  part  (1)  to  see  that, 
after  increasing  i we  have  o (it  ® 1)  = klgg^^  and  (u  ® 1)  o Vi  = idc®RRi  ■ LI 

05N9  Lemma  10.126.6.  Suppose  that  R = colim Ri  is  a directed  colimit  of  rings. 

Then  the  category  of  finitely  presented  R-algebras  is  the  colimit  of  the  categories  of 
finitely  presented  R\-algebras.  More  precisely 

(1)  Given  a finitely  presented  R-algebra  A there  exists  a X G A and  a finitely 
presented  R\-algebra  A\  such  that  A = A\  ®rx  R. 

(2)  Given  a A £ A,  finitely  presented  R\-algebras  A\,B\,  and  an  R-algebra 
map  ip  : A\  ®rx  R B\  <8>rx  R,  then  there  exists  a p > A and  an 
R^-algebra  map  : Ax  ®rx  R M —>  B\  <B)rx  R ^ such  that  p = p^  <g>  1r. 

(3)  Given  a A 6 A,  finitely  presented  R\-algebras  A\,  B\,  and  R-algebra  maps 
Pxt'tpx  : Ax  -A  Bx  such  that  p ® 1r  = if  ® 1 r,  then  p ® 1 r^  = ip  ® 1 r^ 
for  some  p > A. 


OOQT 


Proof.  To  prove  (1)  choose  a presentation  A = R[x i, . . . , xn\/(fi, . . . , /m).  We  can 
choose  a A € A and  elements  fx.j  G . . . , a;n]  mapping  to  fj  G R\x\, . . . , xn]. 

Then  we  simply  let  Ax  = Rx[x  i, . . .,xn]/(fx,  i,  ■ ■ -,fx,m)- 


Parts  (3)  and  (4)  follow  from  Lemma  10.126.5 


□ 


Lemma  10.126.7.  Suppose  R -A  S is  a local  homomorphism  of  local  rings.  There 
exists  a directed  set  (A,  <),  and  a system  of  local  homomorphisms  Rx  — > Sx  of  local 
rings  such  that 

(1)  The  colimit  of  the  system  Rx  — > S x is  equal  to  R —>  S. 

(2)  Each  Rx  is  essentially  of  finite  type  over  Z. 

(3)  Each  Sx  is  essentially  of  finite  type  over  Rx- 


Proof.  Denote  tp  : R — ► S the  ring  map.  Let  m C R be  the  maximal  ideal  of  R 
and  let  n C S'  be  the  maximal  ideal  of  S.  Let 


A = {(A,B)  | A c R,  B c S,  #A  < oo,  #B  < oo,  <p(A)  C B}. 

As  partial  ordering  we  take  the  inclusion  relation.  For  each  A = ( A,  B ) € A we  let 
R'x  be  the  sub  Z-algebra  generated  by  a € A,  and  we  let  S'x  be  the  sub  Z-algebra 
generated  by  6,  b G B.  Let  Rx  be  the  localization  of  R'x  at  the  prime  ideal  R'x  H m 
and  let  Sx  be  the  localization  of  S'x  at  the  prime  ideal  S'x  D n.  In  a picture 


The  transition  maps  are  clear.  We  leave  the  proofs  of  the  other  assertions  to  the 
reader.  □ 


OOQU  Lemma  10.126.8.  Suppose  R —¥  S is  a local  homomorphism  of  local  rings.  As- 
sume that  S is  essentially  of  finite  type  over  R.  Then  there  exists  a directed  set 
(A,  <),  and  a system  of  local  homomorphisms  Rx  — > Sx  of  local  rings  such  that 

(1)  The  colimit  of  the  system  Rx  — > Sx  is  equal  to  R — > S. 

(2)  Each  Rx  is  essentially  of  finite  type  over  Z. 

(3)  Each  Sx  is  essentially  of  finite  type  over  Rx- 
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(4)  For  each.  X < p,  the  map  S\  ®rx  R m —>  S ^ presents  S f as  the  localization 
of  a quotient  of  S\  ®rx  . 

Proof.  Denote  ip  : R — ► S the  ring  map.  Let  m C R be  the  maximal  ideal  of  R and 
let  n C S be  the  maximal  ideal  of  S.  Let  x±, . . . , xn  £ S'  be  elements  such  that  S is 
a localization  of  the  sub  i?-algebra  of  S generated  by  x±, . . . , xn.  In  other  words,  S 
is  a quotient  of  a localization  of  the  polynomial  ring  R[x i, . . . , xn]. 

Let  A = {A  C R | ffA  < oo}  be  the  set  of  finite  subsets  of  R.  As  partial  ordering 
we  take  the  inclusion  relation.  For  each  A = A £ A we  let  R'x  be  the  sub  Z-algebra 
generated  by  a £ A,  and  we  let  Sx  be  the  sub  Z-algebra  generated  by  p{a),  a & A 
and  the  elements  x\, . . . , xn.  Let  R\  be  the  localization  of  R'x  at  the  prime  ideal 
R'x  D m and  let  S\  be  the  localization  of  S'x  at  the  prime  ideal  Sx  n n.  In  a picture 


p(A)  II  {xi} 


A 


■si 


R\ 


■Sx 

A 


Rx 


S 


R 


It  is  clear  that  if  A C B corresponds  to  A < p in  A,  then  there  are  canonical  maps 
R\  —A  R^,  and  S\  -A  S M and  we  obtain  a system  over  the  directed  set  A. 

The  assertion  that  R = colim  R\  is  clear  because  all  the  maps  R\  — > R are  injective 
and  any  element  of  R eventually  is  in  the  image.  The  same  argument  works  for 
S = colim  S\.  Assertions  (2),  (3)  are  true  by  construction.  The  final  assertion 
holds  because  clearly  the  maps  S'x  <S)r'x  R'^  — > S ^ are  surjective.  □ 

OOQV  Lemma  10.126.9.  Suppose  R — >■  S is  a local  homomorphism  of  local  rings.  As- 
sume that  S is  essentially  of  finite  presentation  over  R.  Then  there  exists  a directed 
set  (A,  <),  and  a system  of  local  homomorphism  R\  — > S\  of  local  rings  such  that 

(1)  The  colimit  of  the  system  R\  — > S\  is  equal  to  R — > S. 

(2)  Each  R\  is  essentially  of  finite  type  over  Z. 

(3)  Each  S\  is  essentially  of  finite  type  over  R\. 

(4)  For  each  A < p the  map  S\  ®rx  R ^ —>  S ^ presents  S M as  the  localization 
of  S\  ®rx  Rfj,  at  a prime  ideal. 

Proof.  By  assumption  we  may  choose  an  isomorphism  $ : (R[x\, . . . , a,’n]//)q  — > S 
where  I C . . . , xn]  is  a finitely  generated  ideal,  and  q C R[x\, . . . , xn\/ 1 

is  a prime.  (Note  that  R H q is  equal  to  the  maximal  ideal  m of  R.)  We  also 
choose  generators  f\, ... . frn  £ I for  the  ideal  I.  Write  R in  any  way  as  a colimit 
R = colim  R\  over  a directed  set  (A,  <),  with  each  R\  local  and  essentially  of 
finite  type  over  Z.  There  exists  some  Ao  £ A such  that  fj  is  the  image  of  some 
fj, Ao  £ -Ra0[zi,  For  all  A > A0  denote  fh\  £ R\[xi, . . . ,xn]  the  image  of 

fj.Xa-  Thus  we  obtain  a system  of  ring  maps 

R\[xi, . . . ,Xn]/(fitx,  ■ ■ ■ , fn,\)  -t  R[xi,  ■ ■ ■ , Xn\/ (/i,  . . . , fn)  —A  S 

Set  qx  the  inverse  image  of  q.  Set  Sx  = {Rx[%i,  ■ ■ ■ ,xn]/(h,x,  • ■ ■ , fn,x))qx-  We 
leave  it  to  the  reader  to  see  that  this  works.  □ 


OOQW  Remark  10.126.10.  Suppose  that  R—>S  is  a local  homomorphism  of  local  rings, 
which  is  essentially  of  finite  presentation.  Take  any  system  (A,  <),  Rx  — > Sx  with 
the  properties  listed  in  Lemma  |10. 126.8]  What  may  happen  is  that  this  is  the 
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“wrong”  system,  namely,  it  may  happen  that  property  (4)  of  Lemma  10.126.9 
not  satisfied.  Here  is  an  example.  Let  k be  a field.  Consider  the  ring 

R = k[[z,y1,y2,...]]/{yf  - zyi+1). 


is 


Set  S = R/zR.  As  system  take  A = N and  Rn  = k[[z,  yi, . . . , yn]]/{{yi  — 
zyi+i}i<n-i)  and  Sn  = Rn/(z,y £).  All  the  maps  S„  <g )Rn  Rn+i  ->■  Rn+i  are  not 
localizations  (i.e. , isomorphisms  in  this  case)  since  1 (8  Pn+i  maps  to  zero.  If  we 
take  instead  S'n  = Rn/zRn  then  the  maps  S'n  <S>Rn  Rn+ i — > S^+1  are  isomorphisms. 
The  moral  of  this  remark  is  that  we  do  have  to  be  a little  careful  in  choosing  the 
systems. 


Lemma  10.126.11.  Suppose  R — » S is  a local  homomorphism  of  local  rings. 
Assume  that  S is  essentially  of  finite  presentation  over  R.  Let  M be  a finitely 
presented  S-module.  Then  there  exists  a directed  set  (A,  <),  and  a system  of  local 
homomorphisms  R\  —¥  S\  of  local  rings  together  with  S\-modules  M\,  such  that 

(1)  The  colimit  of  the  system  R\  — > S\  is  equal  to  R — ► S.  The  colimit  of  the 
system  M\  is  M . 

(2)  Each  R\  is  essentially  of  finite  type  over  Z. 

(3)  Each  S\  is  essentially  of  finite  type  over  R\. 

(4)  Each  M\  is  finite  over  S\ . 

(5)  For  each  A < y the  map  S\  R M — > S ^ presents  S M as  the  localization 
of  S\  ®rx  Rfj,  at  a prime  ideal. 

(6)  For  each  A < y the  map  M\  ®S\  is  an  isomorphism. 


Proof.  As  in  the  proof  of  Lemma  [l0.126.9|  we  may  first  write  R = colimAA  as  a 
directed  colimit  of  local  Z-algebras  which  are  essentially  of  finite  type.  Next,  we 
may  assume  that  for  some  Ai  £ A there  exist  fjt\ ± £ R\1  [xi, . . . , xn]  such  that 

S = colimA>Al  S\,  with  Sx  = (-RaI^i,  • • • , xn\/(fi,\,  ■ ■ ■ , fm,\))qx 
Choose  a presentation 

s®s  _J.  5©*  M _J.  o 

of  M over  S.  Let  A £ Mat(f  x s,  S)  be  the  matrix  of  the  presentation.  For  some 
A2  £ A,  A2  > Ai  we  can  find  a matrix  A\2  £ Mat(t  x s,  S\2)  which  maps  to  A.  For 

all  A > A2  we  let  M\  = Cokei^S1®5  Sf*).  We  leave  it  to  the  reader  to  see  that 
this  works.  □ 


00QY  Lemma  10.126.12.  Suppose  R — > S is  a ring  map.  Then  there  exists  a directed 
set  (A,  <),  and  a system  of  ring  maps  Rx  — > S\  such  that 

(1)  The  colimit  of  the  system  R\  -A  S\  is  equal  to  R —>  S. 

(2)  Each  R\  is  of  finite  type  over  Z. 

(3)  Each  S\  is  of  finite  type  over  R\. 

Proof.  This  is  the  non-local  version  of  Lemma  TlO.  126.71  Proof  is  similar  and  left 
to  the  reader.  □ 

OOQZ  Lemma  10.126.13.  Suppose  R — > S is  a ring  map.  Assume  that  S is  of  finite 
type  over  R.  Then  there  exists  a directed  set  (A,  <),  and  a system  of  ring  maps 
R\  — > S\  such  that 

(1)  The  colimit  of  the  system  R\  — > S\  is  equal  to  R—t  S. 

(2)  Each  R\  is  of  finite  type  over  Z. 

(3)  Each  S\  is  of  finite  type  over  R\. 
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(4)  For  each  A < /.i  the  map  S\  ®rx  Rm  — » presents  S M as  a quotient  of 

S\  -R^- 

Proof.  This  is  the  non-local  version  of  Lemma  TlO.  126.81  Proof  is  similar  and  left 
to  the  reader.  □ 

00R0  Lemma  10.126.14.  Suppose  R —¥  S is  a ring  map.  Assume  that  S is  of  finite 
presentation  over  R.  Then  there  exists  a directed  set  (A,  <),  and  a system  of  ring 
maps  R\  -4  S\  such  that 

(1)  The  colimit  of  the  system  R\  — > S\  is  equal  to  R -4  S. 

(2)  Each  R\  is  of  finite  type  over  Z. 

(3)  Each  S\  is  of  finite  type  over  R\. 

(4)  For  each  A < p,  the  map  S\  0rx  R p — > 5^  is  an  isomorphism. 

Proof.  This  is  the  non-local  version  of  Lemma  TlO.  126.91  Proof  is  similar  and  left 
to  the  reader.  □ 

00R1  Lemma  10.126.15.  Suppose  R -A  S is  a ring  map.  Assume  that  S is  of  finite 
presentation  over  R.  Let  M be  a finitely  presented  S-module.  Then  there  exists  a 
directed  set  (A,  <),  and  a system  of  ring  maps  R\  — > S\  together  with  S\-modules 
M\,  such  that 

(1)  The  colimit  of  the  system  R\  — > S\  is  equal  to  R -4  S.  The  colimit  of  the 
system  M\  is  M . 

(2)  Each  R\  is  of  finite  type  over  Z. 

(3)  Each  S\  is  of  finite  type  over  R\. 

(4)  Each  M\  is  finite  over  S\. 

(5)  For  each  A < p,  the  map  S\  ®rx  R ^ is  an  isomorphism. 

(6)  For  each  A < p,  the  map  M\  S M —>  is  an  isomorphism. 

In  particular,  for  every  A £ A ice  have 

M = M\  ®S\  S = M\  (&rx  R- 

Proof.  This  is  the  non-local  version  of  Lemma TlO.  126. Ill  Proof  is  similar  and  left 
to  the  reader.  □ 

10.127.  More  flatness  criteria 

00R3  The  following  lemma  is  often  used  in  algebraic  geometry  to  show  that  a finite 
morphism  from  a normal  surface  to  a smooth  surface  is  flat.  It  is  a partial  converse 
to  Lemma  |10. 111.9]  because  an  injective  finite  local  ring  map  certainly  satisfies 
condition  (3). 

00R4  Lemma  10.127.1.  Let  R — > S be  a local  homomorphism  of  Noetherian  local  rings. 
Assume 

(1)  R is  regular, 

(2)  S Cohen- Macaulay, 

(3)  dim(5)  = dim(R)  + dim(S'/m^5'). 

Then  R — >■  S is  flat. 

Proof.  By  induction  on  dim(R).  The  case  dim(R)  = 0 is  trivial,  because  then  R 
is  a field.  Assume  dim(R)  > 0.  By  (3)  this  implies  that  dim  (A)  > 0.  Let  qi, . . . , qr 
be  the  minimal  primes  of  S.  Note  that  q^  7$  m rS  since 

dim(S,/qi)  = dim(S)  > dim(5/mijS') 
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the  first  equality  by  Lemma  10.103.3  and  the  inequality  by  (3).  Thus  pj  = R D q, 
is  not  equal  to  m^.  Pick  x £ m,  x m2,  and  x ^ p*,  see  Lemma  10.14.2  Hence 


we  see  that  x is  not  contained  in  any  of  the  minimal  primes  of  S.  Hence  a;  is  a 
nonzerodivisor  on  S by  (2),  see  Lemma  10.103.2  and  S/xS  is  Cohen-Macaulay  with 
dim(S/xS)  = dim(S)  — 1.  By  (1)  and  Lemma  10.105.3  the  ring  R/xR  is  regular 

S/xS  is  flat. 

□ 


with  dim(R/xR)  = dim(i?)  — 1.  By  induction  we  see  that  R/xR  — > 
Hence  we  conclude  by  Lemma  [l 0. 98. 10|  and  the  remark  following  it. 


Lemma  10.127.2.  Let  R,  —fShea  homomorphism  of  Noetherian  local  rings. 
Assume  that  R is  a regular  local  ring  and  that  a regular  system  of  parameters  maps 
to  a regular  sequence  in  S . Then  R —¥  S is  flat. 


Proof.  Suppose  that  x±,...,Xd  are  a system  of  parameters  of  R which  map  to 
a regular  sequence  in  S.  Note  that  S/(x±, . . . ,Xd)S  is  flat  over  R/{x\, . . . , xf) 
as  the  latter  is  a field.  Then  Xd  is  a nonzerodivisor  in  S/(x\, . . . , Xd-i)S  hence 
S/(xi, . . . , Xd~i)S  is  flat  over  R/(xi, . . . , Xd-i)  by  the  local  criterion  of  flatness 
(see  Lemma  10.98.10  and  remarks  following).  Then  Xd-i  is  a nonzerodivisor  in 
S/(xi, . . . , Xd-2)S  hence  S/ (xi, . . . , Xd-i)S  is  flat  over  R/ (xi, . . . , Xd- 2)  by  the  local 
criterion  of  flatness  (see  Lemma  10.98.10  and  remarks  following).  Continue  till  one 
reaches  the  conclusion  that  S is  flat  over  R.  □ 


The  following  lemma  is  the  key  to  proving  that  results  for  finitely  presented  modules 
over  finitely  presented  rings  over  a base  ring  follow  from  the  corresponding  results 
for  finite  modules  in  the  Noetherian  case. 


00R6  Lemma  10.127.3.  Let  R—tS,  M,  A,  Rx  -A  S\,  Mx  he  as  in  Lemma 


10.126.11 


Assume  that  M is  flat  over  R.  Then  for  some  A £ A the  module  Mx  is  flat  over 
R\. 


Proof.  Pick  some  A £ A and  consider 


Tor 


lx  = Ker(mA  Mx  ->  Mx). 

See  Remark  |10.74.9  The  right  hand  side  shows  that  this  is  a finitely  generated 
SA-module  (because  Sx  is  Noetherian  and  the  modules  in  question  are  finite).  Let 
£1, . . . , fn  be  generators.  Because  M is  flat  over  R we  have  that  0 = Ker(rriA-R  ®r 
M — > M).  Since  (g>  commutes  with  colimits  we  see  there  exists  a A'  > A such  that 
each  fi  maps  to  zero  in  mxRy  My.  Hence  we  see  that 

Torf*(MA)JRA/mA)  — > Torf*'  (My,  Ry/mxRy) 

is  zero.  Note  that  Mx  ®Rx  Rx/mx  is  flat  over  i?A/mA  because  this  last  ring  is  a 
field.  Hence  we  may  apply  Lemma [10.98. 14|  to  get  that  My  is  flat  over  Ry . □ 

Using  the  lemma  above  we  can  start  to  reprove  the  results  of  Section  10.98  in  the 
non-Noetherian  case. 


046Y  Lemma  10.127.4.  Suppose  that  R -A  S is  a local  homomorphism  of  local  rings. 
Denote  m the  maximal  ideal  of  R.  Let  u : M — ► JV  be  a map  of  S -modules.  Assume 

(1)  S is  essentially  of  finite  presentation  over  R, 

(2)  M,  N are  finitely  presented  over  S, 

(3)  N is  flat  over  R,  and 

(4)  u : M/mM  — » N/mN  is  injective. 

Then  u is  injective,  and  N/u(M ) is  flat  over  R. 
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Proof.  By  Lemma  |10.126.lT1  and  its  proof  we  can  find  a system  R\  — > S\  of 
local  ring  maps  together  with  maps  of  ^-modules  u\  : M\  — > N\  satisfying  the 
conclusions  (1)  - (6)  for  both  N and  M of  that  lemma  and  such  that  the  colimit  of 
the  maps  u\  is  u.  By  Lemma  10.127.3  we  may  assume  that  N\  is  flat  over  R\  for 
all  sufficiently  large  A.  Denote  rtiA  C R\  the  maximal  ideal  and  n\  = R\/m\ , resp. 
k = R/m  the  residue  fields. 


Consider  the  map 

'La  : M\/m\M\  <g>KA  k — M/mM. 

Since  S\/m\S\  is  essentially  of  finite  type  over  the  field  n\  we  see  that  the  tensor 
product  S\/m\S\  <g>KX  n is  essentially  of  finite  type  over  n.  Hence  it  is  a Noetherian 
ring  and  we  conclude  the  kernel  of  La  is  finitely  generated.  Since  M/mM  is  the 
colimit  of  the  system  M\/m\M\  and  k is  the  colimit  of  the  fields  K\  there  exists  a 
A'  > A such  that  the  kernel  of  'La  is  generated  by  the  kernel  of 

'La,  A'  : M\/m\M\  ®KX  Ky  — * My /my  My. 

By  construction  there  exists  a multiplicative  subset  W C S\  ®rx  Ry  such  that 
Sy  = VL_1(S'a  ®rx  Ry)  and 

W~1(M\/m\M\  <g>KA  Ky)  = My  /my  My. 


Now  suppose  that  x is  an  element  of  the  kernel  of 


LA>  : My /my  My  <g>Kv  k — M/mM. 

Then  for  some  w £ W we  have  wx  £ M\/m\M\  ® k.  Hence  wx  £ Ker (La).  Hence 
wx  is  a linear  combination  of  elements  in  the  kernel  of  La,a'-  Hence  wx  = 0 in 
My  /my  My  k,  hence  x = 0 because  w is  invertible  in  Sy.  We  conclude  that 

the  kernel  of  La'  is  zero  for  all  sufficiently  large  A'! 


By  the  result  of  the  preceding  paragraph  we  may  assume  that  the  kernel  of  La  is 
zero  for  all  A sufficiently  large,  which  implies  that  the  map  M\/m\M\  — > M/mM 
is  injective.  Combined  with  u being  injective  this  formally  implies  that  also  u\  : 
M\/m\M\  -A  N\/m\N\  is  injective.  By  Lemma  10.98.1  we  conclude  that  (for  all 
sufficiently  large  A)  the  map  u\  is  injective  and  that  N\/u\(M\)  is  flat  over  R\. 
The  lemma  follows.  □ 


046Z  Lemma  10.127.5.  Suppose  that  R -A  S is  a local  ring  homomorphism  of  local 
rings.  Denote  m the  maximal  ideal  of  R.  Suppose 

(1)  S is  essentially  of  finite  presentation  over  R, 

(2)  S is  flat  over  R,  and 

(3)  f £ S is  a nonzerodivisor  in  S/mS. 

Then  S/fS  is  flat  over  R,  and  f is  a nonzerodivisor  in  S. 

Proof.  Follows  directly  from  Lemma  [10. 127. 4|  □ 

0470  Lemma  10.127.6.  Suppose  that  R -A  S is  a local  ring  homomorphism  of  local 
rings.  Denote  m the  maximal  ideal  of  R.  Suppose 

(1)  R -A  S is  essentially  of  finite  presentation, 

(2)  R -A  S is  flat , and 

(3)  /i, . . . , fc  is  a sequence  of  elements  of  S such  that  the  images  f1,...,fc 
form  a regular  sequence  in  S/mS. 
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Then  fi,.  ■■  ,fc  is  a regular  sequence  in  S and  each  of  the  quotients  S/(fi, . . . , fi) 
is  flat  over  R. 

Proof.  Induction  and  Lemmari0.127.5l  □ 


Here  is  the  version  of  the  local  criterion  of  flatness  for  the  case  of  local  ring  maps 
which  are  locally  of  finite  presentation. 

0471  Lemma  10.127.7.  Let  R —¥  S be  a local  homomorphism  of  local  rings.  Let  I ^ R 
he  an  ideal  in  R.  Let  M he  an  S -module.  Assume 

(1)  S is  essentially  of  finite  presentation  over  R, 

(2)  M is  of  finite  presentation  over  S, 

(3)  Tor?(M,R/I)  = 0,  and 

(4)  M/IM  is  flat  over  R/ 1 . 

Then  M is  flat  over  R. 


Proof.  Let  A,  R\  — > S\,  Mx  be  as  in  Lemma  [10.126. llj  Denote  I\  C R\  the 
inverse  image  of  I.  In  this  case  the  system  R/I  — ► S/IS,  M/IM , R\  — > S\/I\S\ , 
and  M\/I\M\  satisfies  the  conclusions  of  Lemma  10.126.11  as  well.  Hence  by 
Lemma  10.127.3  we  may  assume  (after  shrinking  the  index  set  A)  that  MX/IXMX 
is  flat  for  all  A.  Pick  some  A and  consider 


Torf A (M\,  R\/I\)  = Ker (Ix  ®rx  Mx  -a  Mx). 

See  Remark  |10.74.9|  The  right  hand  side  shows  that  this  is  a finitely  generated 
SA-module  (because  Sx  is  Noetherian  and  the  modules  in  question  are  finite). 
Let  £i,...,£„  be  generators.  Because  Tor)j (M,R/I)  = 0 and  since  (g»  commutes 
with  colimits  we  see  there  exists  a X1  > A such  that  each  fz  maps  to  zero  in 
TorfA'  (My,  Ry  /I y).  The  composition  of  the  maps 


R\>  Tor i X(MX,RX/IX) 

surjective  by  Lemma|l0.98.12| 

Y 

Torf A (Mx,  Ry / 1 xRy) 

surjective  up  to  localization  by  Lemma|l0.98.13| 

Y 

Torf  x'(My,Ry/IxRy) 

surjective  by  Lemma|l0.98.12| 

Y 

TorfA'  ( My,Ry/Iy ). 


is  surjective  up  to  a localization  by  the  reasons  indicated.  The  localization  is 
necessary  since  My  is  not  equal  to  Mx  Ry.  Namely,  it  is  equal  to  Mx  (g )gx  Sy 
and  Sy  is  the  localization  of  Sx  ®rx  Ry  whence  the  statement  up  to  a localization 
(or  tensoring  with  Sy).  Note  that  Lemma  10.98.12  applies  to  the  first  and  third 
arrows  because  MX/IXMX  is  flat  over  Rx/Ix  and  because  My/IxMy  is  flat  over 
Ry / IxRy  as  it  is  a base  change  of  the  flat  module  MX/IXMX.  The  composition 
maps  the  generators  fi  to  zero  as  we  explained  above.  We  finally  conclude  that 
Tor^' A'  (My,  Ry/Iy)  is  zero.  This  implies  that  My  is  flat  over  Ry  by  Lemma 
110.98,101  □ 
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00R7 


Please  compare  the  lemma  below  to  Lemma  10.98.15  (the  case  of  Noetherian  local 
rings)  and  LemmaflO.  100.8  (the  case  of  a nilpotent  ideal  in  the  base). 


Lemma  10.127.8  (Critere  de  platitude  par  fibres).  Let  R,  S,  S'  be  local  rings 
and  let  R -A  S —>  S'  be  local  ring  homomorphisms.  Let  M be  an  S' -module.  Let 
m G R be  the  maximal  ideal.  Assume 


(1)  The  ring  maps  R — > S and  R -A  S'  are  essentially  of  finite  presentation. 

(2)  The  module  M is  of  finite  presentation  over  S' . 

(3)  The  module  M is  not  zero. 

(4)  The  module  M/mM  is  aflat  S/mS -module. 

(5)  The  module  M is  a flat  R-module. 

Then  S is  flat  over  R and  M is  a flat  S-module. 


Proof.  As  in  the  proof  of  Lemma  [10.126.9|  we  may  first  write  R = colim  i?  a as  a 
directed  colimit  of  local  Z-algebras  which  are  essentially  of  finite  type.  Denote  pA 
the  maximal  ideal  of  R.  Next,  we  may  assume  that  for  some  Ai  £ A there  exist 
fjM  £ R\!  [xi, . . . , xn]  such  that 

S = colimA>Ai  S\ , with  S\  = (Aa^i,  • • • ,xn]/(h,x,  ■ ■ ■ , fu, x))qx 

For  some  A2  £ A,  A2  > Ai  there  exist  fjj.x2  £ R\2  [xi, . . . , xn,  y±, . . . , ym\  with  images 
9j,  a2  e S\2  [yi , . . . , ym\  such  that 

S'  = coliniA>A2  Sx,  with  S'x  = (Sa[2/i, . . .,ym]/{g1>x,  ■ ■ ■ ,9v,\))q'x 
Note  that  this  also  implies  that 

SX  = {Rxlxij  ■ . . , x„,  2/1 , ...  , 2/m]/ (f/l,Aj  • • ■ 1 9v,\))q'x 
Choose  a presentation 

(5/)©s  M ->  0 

of  M over  S'.  Let  A £ Mat(f  x s,  S')  be  the  matrix  of  the  presentation.  For  some 
A3  £ A,  A3  > A2  we  can  find  a matrix  Aa3  £ Mat(f  x s,  S a3)  which  maps  to  A.  For 
all  A > A3  we  let  Mx  = Coker {(S'x)®s  ^ (. S'x)®* ). 


With  these  choices,  we  have  for  each  A3  < A < p that  Sx  R M — > S^  is  a 

localization,  S'x<8>s>,  <S/i  —>  S'  is  a localization,  and  the  map  MX®S'  — > M ^ is  an 

isomorphism.  This  also  implies  that  S'x  R ^ — > S'^  is  a localization.  Thus,  since 

M is  flat  over  R we  see  by  Lemma  10.127.3  that  for  all  A big  enough  the  module 
Mx  is  flat  over  Rx.  Moreover,  note  that  m = colimpA,  S/mS  = colim Sx/pxSx, 
S' /mS'  = colim S'x/pxS'x,  and  M/mM  = colim Mx /pxMx.  Also,  for  each  A3  < A < 
p we  see  (from  the  properties  listed  above)  that 

S'x/PxS'x  ®Sa/p,sa  ^ S'Jp^ 

is  a localization,  and  the  map 

Mx/lpxMx  SJp^  — > M^/p^M^ 

is  an  isomorphism.  Hence  the  system  ( Sx/pxSx  — > Sx/pxSx,  Mx/pxMx ) is  a system 
as  in  Lemma  |10.126.1l1  as  well.  We  may  apply  Lemma  |10. 127.3]  again  because 
M/mM  is  assumed  flat  over  S/mS  and  we  see  that  Mx/pxMx  is  flat  over  Sx/pxSx 
for  all  A big  enough.  Thus  for  A big  enough  the  data  Rx  — > Sx  —>  S'X,MX  satisfies 
the  hypotheses  of  Lemma  10.98.15  Pick  such  a A.  Then  S = Sx  <8>rx  R is  flat  over 
R,  and  M = Mx 


flat). 


S'x  is  flat  over  S (since  the  base  change  of  a flat  module  is 

□ 
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The  following  is  an  easy  consequence  of  the  “critere  de  platitude  par  fibres”  Lemma 
|10. 127.8)  For  more  results  of  this  kind  see  More  on  Flatness,  Section  [37.11 

05UV  Lemma  10.127.9.  Let  R,  S,  S'  be  local  rings  and  let  R -A  S -A  S’  be  local  ring 
homomorphisms.  Let  M be  an  S' -module.  Let  m C R be  the  maximal  ideal.  Assume 

(1)  R — ► S'  is  essentially  of  finite  presentation, 

(2)  R — ► S is  essentially  of  finite  type, 

(3)  M is  of  finite  presentation  over  S' , 

(4)  M is  not  zero, 

(5)  M/mM  is  a flat  S /mS -module,  and 

(6)  M is  a flat  R-module. 

Then  S is  essentially  of  finite  presentation  and  flat  over  R and  M is  aflat  S -module. 


Proof.  As  S is  essentially  of  finite  presentation  over  R we  can  write  S = C„  for 
some  finite  type  R-algebra  C.  Write  C = R[x i, . . . , xn]/I.  Denote  q C R[ X\, . . . , xn] 
be  the  prime  ideal  corresponding  to  q.  Then  we  see  that  S = B/J  where  B = 
R[x i, . . . , xn]q  is  essentially  of  finite  presentation  over  R and  J = IB.  We  can  find 
f\, ... , fk  € J such  that  the  images  /,  G B/mB  generate  the  image  J of  J in  the 
Noetherian  ring  B/mB.  Hence  there  exist  finitely  generated  ideals  J'  C J such 
that  B/J'  — > B/J  induces  an  isomorphism 

{B/J')  R/m  — > B/J  R/m  = S/mS. 

For  any  J'  as  above  we  see  that  Lemma  |10. 127.8)  applies  to  the  ring  maps 

R — ► B/J’  —a  S' 


and  the  module  M.  Hence  we  conclude  that  B/J'  is  flat  over  R for  any  choice  J' 
as  above.  Now,  if  J'  C J'  C J are  two  finitely  generated  ideals  as  above,  then  we 
conclude  that  B/J'—>  B/J"  is  a surjective  map  between  flat  -R-algebras  which  are 
essentially  of  finite  presentation  which  is  an  isomorphism  modulo  m.  Hence  Lemma 
10.127.4  implies  that  B/J'  = B/J",  i.e. , J'  = J".  Clearly  this  means  that  J is 


finitely  generated,  i.e.,  S is  essentially  of  finite  presentation  over  R.  Thus  we  may 
apply  Lemma  10.127.8  to  R — > S — > S'  and  we  win.  □ 


10.128.  Openness  of  the  flat  locus 
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00R9  Lemma  10.128.1.  Let  k be  a field.  Let  S be  a finite  type  k-algebra.  Let  f\, ... , f) 
be  elements  of  S . Assume  that  S is  Cohen- Macaulay  and  equidimensional  of  di- 
mension d,  and  that  dim  V{f\, . . . , ff)  < d — i.  Then  equality  holds  and  /i, . . . , /* 
forms  a regular  sequence  in  S q for  every  prime  q of  V{fi, . . . , fi). 


Proof.  If  S is  Cohen-Macaulay  and  equidimensional  of  dimension  d,  then  we  have 
dim(S,m)  = d for  all  maximal  ideals  m of  S,  see  Lemma  10.113.7  By  Proposition 
10.102.5|  we  see  that  for  all  maximal  ideals  m € V{f\, . . . , ft)  the  sequence  is  a 
regular  sequence  in  Sm  and  the  local  ring  Sm/(/i, . . . , ff)  is  Cohen-Macaulay  of 
dimension  d — i.  This  actually  means  that  S/{f\,... , ff)  is  Cohen-Macaulay  and 
equidimensional  of  dimension  d — i.  □ 
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OORA  Lemma  10.128.2.  Suppose  that  R -A  S is  a ring  map  which  is  finite  type , flat. 
Let  d be  an  integer  such  that  all  fibres  S ®r  k(p)  are  Cohen- Macaulay  and  equidi- 
mensional  of  dimension  d.  Let  fi, . .. , ft  be  elements  of  S . The  set 

{q  £ V(fi, . . . , fi)  | /i, . . . , fl  are  a regular  sequence  in  S’q/pS'q  where  p = R fl  q} 

is  open  in  V(fi, . . . , fl). 

Proof.  Write  S = S/(fi, . . . , fi).  Suppose  q is  an  element  of  the  set  defined  in  the 
lemma,  and  p is  the  corresponding  prime  of  R.  We  will  use  relative  dimension  as 


defined  in  Definition  10.124.1  First,  note  that  d = dimq(S'/f?)  = dim(5q/p<S'q)  + 
trdegre(p)  K(q)  by  Lemma  10.115.3  Since  /i, . . . , /,;  form  a regular  sequence  in  the 


Noetherian  local  ring  Sq/pSq  general  dimension  theory  tells  us  that  dim(.S'q/p<S'q)  = 
dim(S,q/pS'q)  — i.  By  the  same  Lemma  10.115.3  we  then  conclude  that  dimq(S,/i?)  = 
dim(5'q/pS’q)  +trdegK(p)  «(q)  = d — i.  By  Lemma  10.124.6  we  have  dimq/(5/i?)  < 
d — i for  all  q'  £ P(/i, . . . , /»)  = Spec(S')  in  a neighbourhood  of  q.  Thus  after 
replacing  S by  Sg  for  some  g £ S,  g q we  may  assume  that  the  inequality  holds 
for  all  q\  The  result  follows  from  Lemma  10.128.1  □ 


00RB  Lemma  10.128.3.  Let  R — » S is  a ring  map.  Consider  a finite  homological 
complex  of  finite  free  S -modules: 


F.:0^Sn 


S'1 


Vj+i  gm  Vi 


Sn 


Vi- 1, 


Vi. 


Sn0 


For  every  prime  q of  S consider  the  complex  F,.q  = F#  q ®rk(p)  where  p is  inverse 
image  of  q in  R.  Assume  there  exists  an  integer  d such  that  R — »•  S is  finite  type, 
flat  with  fibres  S <S> r n(p)  Cohen- Macaulay  of  dimension  d.  The  set 


{q  £ Spec(S')  | F,q  is  exact} 


is  open  in  Spec(S). 


Proof.  Let  q be  an  element  of  the  set  defined  in  the  lemma.  We  are  going  to  use 


Proposition  10.101.10  to  show  there  exists  a g £ S,  g £ q such  that  D(g)  is  contained 
in  the  set  defined  in  the  lemma.  In  other  words,  we  are  going  to  show  that  after 
replacing  S'  by  S^,  the  set  of  the  lemma  is  all  of  Spec(S).  Thus  during  the  proof 
we  will,  finitely  often,  replace  S by  such  a localization.  Recall  that  Proposition 
10.101.10]  characterizes  exactness  of  complexes  in  terms  of  ranks  of  the  maps  ipt 
and  the  ideals  in  case  the  ring  is  local.  We  first  address  the  rank  condition. 

Set  7*j  = Ui  — rii+i  + . . . + (— 1 )e~lne.  Note  that  r,  + rj+i  = n*  and  note  that  r,;  is 
the  expected  rank  of  tpi  (in  the  exact  case). 


By  Lemma  10.98.5  we  see  that  if  _F..q  is  exact,  then  the  localization  F,^  is  exact. 


In  particular  the  complex  Fm  becomes  exact  after  localizing  by  an  element  g £ S, 
g q.  In  this  case  Proposition  |10. 101. 10|  applied  to  all  localizations  of  S at  prime 
ideals  implies  that  all  {n  + 1)  x (n  + l)-minors  of  <pi  are  zero.  Thus  we  see  that 
the  rank  of  of  (pi  is  at  most  r». 

Let  Ii  C S denote  the  ideal  generated  by  the  x Ty-minors  of  the  matrix  of  By 
Proposition 


10.101.10 


the  complex  Ft  q is  exact  if  and  only  if  for  every  1 < i < e 
we  have  either  (/j)q  = Sq  or  (A)q  contains  a S^/pS^-regular  sequence  of  length  i. 
Namely,  by  our  choice  of  ry  above  and  by  the  bound  on  the  ranks  of  the  ipi  this  is 
the  only  way  the  conditions  of  Proposition  |10.101.10|  can  be  satisfied. 
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If  (/j)q  = S q,  then  after  localizing  S at  some  element  g £ q we  may  assume  that 
Ii  = S.  Clearly,  this  is  an  open  condition. 


If  (Ii) q ^ S q,  then  we  have  a sequence  fi,...,fi  £ (Ii)q  which  form  a regular 
sequence  in  Sq/pSq.  Note  that  for  any  prime  q'cS  such  that  (fi,  - ■ ■ , fi)  q'  we 
have  (7j)q/  = Sq/.  Thus  the  result  follows  from  Lemma 


10.128.2 


□ 


00RC  Theorem  10.128.4.  Let  R be  a ring.  Let  R — »•  S be  a ring  map  of  finite  presen- 
tation. Let  M be  a finitely  presented  S -module.  The  set 


{q  £ Spec  (S')  | Mq  is  flat  over  R} 

is  open  in  Spec(S). 


Proof.  Let  q £ Spec(S)  be  a prime.  Let  p C R be  the  inverse  image  of  q in  R. 
Note  that  Mq  is  flat  over  R if  and  only  if  it  is  flat  over  Rv.  Let  us  assume  that  Mq 
is  flat  over  R.  We  claim  that  there  exists  a g £ S,  g qL  q such  that  Mg  is  flat  over 
R. 


We  first  reduce  to  the  case  where  R and  S are  of  finite  type  over  Z.  Choose 
a directed  partially  ordered  set  A and  a system  (R\  — >•  as  in  Lemma 

|10.126.15]  Set  Pa  equal  to  the  inverse  image  of  p in  R\.  Set  qA  equal  to  the  inverse 
image  of  q in  Sa-  Then  the  system 


((7?a)Pa,  (SA)qx,  (MA)qJ 

is  a system  as  in  Lemma  |10.126.lH  Hence  by  Lemma  |10. 127.3]  we  see  that  for 
some  A the  module  M\  is  flat  over  R\  at  the  prime  qA-  Suppose  we  can  prove  our 
claim  for  the  system  (R\  -A  S\,M\,  qA).  In  other  words,  suppose  that  we  can  find 
a g £ S\,  g q\  such  that  (M\)g  is  flat  over  R\.  By  Lemma  10.126. 

M = M\  R and  hence  also  Mg  = (M\)g  ®nx  R.  Thus  by  Lemma 
deduce  the  claim  for  the  system  (R  -A  S , M,  q). 


we  have 


10.38.7 


we 


At  this  point  we  may  assume  that  R and  S are  of  finite  type  over  Z.  We  may  write 
S as  a quotient  of  a polynomial  ring  R[x i, . . . , xn\.  Of  course,  we  may  replace  S by 
R[x i, . . . , xn]  and  assume  that  S'  is  a polynomial  ring  over  R.  In  particular  we  see 
that  R — > S is  flat  and  all  fibres  rings  S k( p)  have  global  dimension  n. 


Choose  a resolution  F,  of  M over  S with  each  F)  finite  free,  see  Lemma  10.70.1 
Let  Kn  = Ker(Fn_i  — > Fn_ 2).  Note  that  (Kn) q is  flat  over  R , since  each  Fi  is  flat 
over  R and  by  assumption  on  M,  see  Lemma  |10.38.13~1  In  addition,  the  sequence 


0 Rn/pKn  — > F„_i/pFn_i  Fo/pFo  — > M/pM  — > 0 

R 

is  exact  upon  localizing  at  q,  because  of  vanishing  of  Tor.-  p (n(p),Mq).  Since  the 
global  dimension  of  Sq/pSq  is  n we  conclude  that  Kn/pKn  localized  at  q is  a finite 
free  module  over  Sq/pSq.  By  Lemma  10.98.4  (A'„)q  is  free  over  Sq.  In  particular, 
there  exists  a g £ 5,  g fL  q such  that  (. Kn)g  is  hnite  free  over  Sg. 


By  Lemma  10.128.3  there  exists  a further  localization  Sg  such  that  the  complex 

0 -A  Krl 


n—l 


Fn 


is  exact  on  all  fibres  of  R — > S.  By  Lemma [10.98. 5 1 this  implies  that  the  cokernel  of 
Fi  — >•  F0  is  flat.  This  proves  the  theorem  in  the  Noetherian  case.  □ 
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10.129.  Openness  of  Cohen-Macaulay  loci 


In  this  section  we  characterize  the  Cohen-Macaulay  property  of  finite  type  algebras 
in  terms  of  flatness.  We  then  use  this  to  prove  the  set  of  points  where  such  an 
algebra  is  Cohen-Macaulay  is  open. 

Lemma  10.129.1.  Let  S be  a finite  type  algebra  over  afield  k.  Let  ip  : k[y-[ , . . . , yfi  — > 
S be  a finite  ring  map.  As  subsets  of  Spec(S')  we  have 

{q  | S q flat  over  k[y±, . . . , 2/d] } = {q  | Sq  CM  and  dimq(5'/fc)  = d} 

For  notation  see  Definition\10.124.1\ 


Proof.  Let  q C S be  a prime.  Denote  p = k[y\, . . . ,yd]  fi  q.  Note  that  always 
dim(S'q)  < dim(fc[?/i, . . . , yd]p)  by  Lemma[lO. 124.4  for  example.  Moreover,  the  field 
extension  «(p)  C «;(q)  is  finite  and  hence  trdegfc(«(p))  = trdegfe(«:(q)). 


Let  q be  an  element  of  the  left  hand  side.  Then  Lemma  |10.111.9]  applies  and  we 
conclude  that  S q is  Cohen-Macaulay  and  dim(S'q)  = dim(fc[t/i, . . . , yd]p).  Combined 
with  the  equality  of  transcendence  degrees  above  and  Lemma |10. 115.31  this  implies 
that  dimq(S'/fc)  = d.  Hence  q is  an  element  of  the  right  hand  side. 


Let  q be  an  element  of  the  right  hand  side.  By  the  equality  of  transcendence  degrees 
above,  the  assumption  that  dimq(S'/A;)  = d and  Lemma  10.115.3  we  conclude  that 
dim(Sq)  = dim(fc[?/i, . . . ,yd]p)-  Hence  Lemma  10.127.1  applies  and  we  see  that  q is 
an  element  of  the  left  hand  side.  □ 


Lemma  10.129.2.  Let  S be  a finite  type  algebra  over  a field  k.  The  set  of  primes 
q such  that  Sq  is  Cohen-Macaulay  is  open  in  S. 

This  lemma  is  a special  case  of  Lemma |10. 129.4] below,  so  you  can  skip  straight  to 
the  proof  of  that  lemma  if  you  like. 


Proof.  Let  q C S be  a prime  such  that  Sq  is  Cohen-Macaulay.  We  have  to  show 
there  exists  a g £ S,  g qL  q such  that  the  ring  Sg  is  Cohen-Macaulay.  For  any 
g £ S,  g fL  q we  may  replace  S by  Sg  and  q by  qS'g.  Combining  this  with  Lemmas 
|10.114.5l  and  |10.115.3  we  may  assume  that  there  exists  a finite  injective  ring  map 
k[yi,  ...,yd]^S  with  d = dim(S'q)  + trdegfc(«;(q)).  Set  p = %i, . . . ,yd]  n q.  By 
construction  we  see  that  q is  an  element  of  the  right  hand  side  of  the  displayed 
equality  of  Lemma  [10. 129. 1|  Hence  it  is  also  an  element  of  the  left  hand  side. 


By  Theorem  |10. 128.4  we  see  that  for  some  g £ S,  g ^ q the  ring  Sg  is  flat  over 


k[yi, . . . ,yd\-  Hence  by  the  equality  of  Lemma  10.129.1  again  we  conclude  that  all 
local  rings  of  Sg  are  Cohen-Macaulay  as  desired.  □ 

Lemma  10.129.3.  Let  k be  a field.  Let  S be  a finite  type  k algebra.  The  set  of 
Cohen-Macaulay  primes  forms  a dense  open  U C Spec(S'). 


Proof.  The  set  is  open  by  Lemma  10.129.2  It  contains  all  minimal  primes  q C 5 
since  the  local  ring  at  a minimal  prime  Sq  has  dimension  zero  and  hence  is  Cohen- 
Macaulay.  □ 

Lemma  10.129.4.  Let  R be  a ring.  Let  R — » S be  of  finite  presentation  and  flat. 
For  any  d > 0 the  set 

q € Spec(S')  such  that  setting  p = R n q the  fibre  ring\ 

Sq/pSq  Is  Cohen-Macaulay  and  dimq(S'/I?)  = d 
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is  open  in  Spec(A). 

Proof.  Let  q be  an  element  of  the  set  indicated,  with  p the  corresponding  prime 
of  R.  We  have  to  find  a g £ S,  g ^ q such  that  all  fibre  rings  of  R — > Sg  are  Cohen- 
Macaulay.  During  the  course  of  the  proof  we  may  (finitely  many  times)  replace  S 
by  Sg  for  a g £ S,  g ^ q.  Thus  by  Lemma  10.124.2  we  may  assume  there  is  a quasi- 
finite  ring  map  R[ti, . . . , td]  -*  S with  d = dimq {S/R).  Let  q'  = R[ti, . . . , td]  H q. 
By  Lemma  10.129.l|  we  see  that  the  ring  map 

R[tl,  ■ ■ ■ ,td\q'  /pR[tl,  ■ ■ ■ ,td\q'  > Sq/p-Sq 

is  flat.  Hence  by  the  critere  de  platitude  par  fibres  Lemma  [10.127. 8|  we  see  that 
R[t\,  ■ ■ . ,td] q'  — > Sq  is  flat.  Hence  by  Theorem  10.128.4  we  see  that  for  some  g € S, 
g £ q the  ring  map  R[ti, . . . ,td]  -A  Sg  is  flat.  Replacing  S by  Sg  we  see  that  for 
every  prime  tcS,  setting  r'  = R\t\, . . . , td]  fl  r and  p'  = R n r the  local  ring  map 
R[ti, . . . , td]X'  — > St  is  flat.  Hence  also  the  base  change 

R[h,  ■ ■ ■ ,td]x' /p' R[h,  ■ ■ ■ ,td\x'  — > Sx/p'Sx 

is  flat.  Hence  by  Lemma  [lO.  129.1  applied  with  k = n(pl)  we  see  t is  in  the  set  of 
the  lemma  as  desired.  □ 


00RI  Lemma  10.129.5.  Let  R be  a ring.  Let  R — ► S be  flat  of  finite  presentation.  The 
set  of  primes  q such  that  the  fibre  ring  S^rk{  p),  with  p = l?nq  is  Cohen- Macaulay 
is  open  and  dense  in  every  fibre  of  Spec(S’)  — ► Spec(l?). 

Proof.  The  set,  call  it  W,  is  open  by  Lemma  |l0.129.4|  It  is  dense  in  the  fibres 
because  the  intersection  of  W with  a fibre  is  the  corresponding  set  of  the  fibre  to 
which  Lemma [10. 129. 3|  applies.  □ 

00RJ  Lemma  10.129.6.  Let  k be  a field.  Let  S be  a finite  type  k-algebra.  Let  k C I\  be 
a field  extension,  and  set  Sk  = K <S>k  S.  Let  q C S be  a prime  of  S.  Let  qx  C Sk 
be  a prime  of  Sk  lying  over  q.  Then  S q is  Cohen- Macaulay  if  and  only  if  ( Sx)qK 
is  Cohen- Macaulay. 


Proof.  During  the  course  of  the  proof  we  may  (finitely  many  times)  replace  S 
by  Sg  for  any  g G S,  g ^ q.  Hence  using  Lemma  10.114.5  we  may  assume  that 
dim(S')  = dimq(Sy/c)  =:  d and  find  a finite  injective  map  k[x i, . . . ,Xd]  —>  S.  Note 
that  this  also  induces  a finite  injective  map  K[x\, . . . , xj\  —>  Sk  by  base  change.  By 
Lemma  10.115.6  we  have  dimqK(5^/A')  = d.  Set  p = k[x i, . . . ,Xd]  D q and  p k = 
. . . , Xd\  fl  q/i . Consider  the  following  commutative  diagram  of  Noetherian 
local  rings 


{Sk) 


q k 


k[x i, . . . ,xd]P 


■ K[x i, . . . ,xd\Vf 


By  Lemma [10. 129. 1|  we  have  to  show  that  the  left  vertical  arrow  is  flat  if  and  only 
if  the  right  vertical  arrow  is  flat.  Because  the  bottom  arrow  is  flat  this  equivalence 
holds  by  Lemma  10.99.1  □ 


00RK 


Lemma  10.129.7.  Let  R be  a ring.  Let  R S be  of  finite  type.  Let  R — > R' 
be  any  ring  map.  Set  S'  = R'  S.  Denote  f : Spec(S")  — >•  Spec(£)  the  map 
associated  to  the  ring  map  S S' . Set  W equal  to  the  set  of  primes  q such  that 


10.130.  DIFFERENTIALS 


735 


the  fibre  ring  S q n{p),  p = R C q is  Cohen- Macaulay,  and  let  W'  denote  the 

analogue  for  S' /R! . Then  W'  = f~1(W). 


Proof.  Trivial  from  Lemma  IIP. 129.61  and  the  definitions.  □ 

00RL  Lemma  10.129.8.  Let  R be  a ring.  Let  R — » S be  a ring  map  which  is  (a) 
flat,  (b)  of  finite  presentation,  (c)  has  Cohen- Macaulay  fibres.  Then  we  can  write 
S = Sq  x . . . x Sn  as  a product  of  R- algebras  Sd  such  that  each  Sd  satisfies  (a),  (b), 
(c)  and  has  all  fibres  equidimensional  of  dimension  d. 


Proof.  For  each  integer  d denote  Wd  C Spec (S)  the  set  defined  in  Lemma  10.129.4 


Clearly  we  have  Spec(S)  = ]J  Wd,  and  each  Wd  is  open  by  the  lemma  we  just 
quoted.  Hence  the  result  follows  from  Lemma  [10. 22. 3|  □ 


10.130.  Differentials 


OORM  In  this  section  we  define  the  module  of  differentials  of  a ring  map. 

OORN  Definition  10.130.1.  Let  p : R — ► S be  a ring  map  and  let  M be  an  S-module. 
A derivation , or  more  precisely  an  R-derivation  into  M is  a map  D : S M which 
is  additive,  annihilates  elements  of  <p(R),  and  satisfies  the  Leibniz  rule:  D(ab)  = 
aD(b ) + D(a)b. 

Note  that  D(ra)  = rD{a ) if  r £ R and  a £ S.  The  set  of  all  R-derivations 
forms  an  S-module:  Given  two  R-derivations  D,  D'  the  sum  D + D'  : S — > M, 
a i — y D(a)  + D'(a)  is  an  R-derivation,  and  given  an  R-derivation  D and  an  element 
c £ S the  scalar  multiple  cD  : S — > M,  a K > cD{a)  is  an  R-derivation.  We  denote 
this  S-module 

Der  r(S,M). 

Also,  if  a : M -A  N is  an  S’-module  map,  then  the  composition  a o D is  an  R- 
derivation  into  N.  In  this  way  the  assignment  M *— > Der r(S,M)  is  a covariant 
functor. 


Consider  the  following  map  of  free  S-modules 

*K«. ")]  • ©„,)6S.  m. .»  ® ®,€B  SM  ->  ®,« sw 

defined  by  the  rules 

[(a,  b)}  i — > [a  + b]  - [a]  - [6] , [(/,£?)] 


aes 


[fg}~  f[g]-g[f),  M 


k0)] 


with  obvious  notation.  Let  Llg/d i be  the  cokernel  of  this  map.  There  is  a map 
d : S — t which  maps  a to  the  class  da  of  [a]  in  the  cokernel.  This  is  an 

R-derivation  by  the  relations  imposed  on  Lls/i i,  in  other  words 

d(a  + 6)  = da  + d&,  d (fg)  = fdg  + gdf,  dr  = 0 


where  a,b,  f,g  £ S and  r £ R. 


07BK  Definition  10.130.2.  The  pair  (Lls/R,d)  is  called  the  module  of  Kahler  differen- 
tials or  the  module  of  differentials  of  S over  R. 

OORO  Lemma  10.130.3.  The  module  of  differentials  of  S over  R has  the  following 
universal  property.  The  map 

Homs^flg/jj, M) — >Derpi(S,M),  a — > ao  d 
is  an  isomorphism  of  functors. 
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Proof.  By  definition  an  5-derivation  is  a rule  which  associates  to  each  a £ 5 an 
element  D(a)  £ M.  Thus  D gives  rise  to  a map  [D\  : 05 [a]  -A  M.  However,  the 
conditions  of  being  an  5-derivation  exactly  mean  that  [D]  annihilates  the  image  of 
the  map  in  the  displayed  presentation  of  ft  s/r  above.  □ 

031G  Lemma  10.130.4.  Let  I be  a directed  partially  ordered  set.  Let  (5;  -A  Si,ipu>) 
be  a system  of  ring  maps  over  I , see  Categories,  Section^. 21  \ Then  we  have 

ft s/r  = colinp  f lsi/Ri  ■ 

Proof.  This  is  clear  from  the  presentation  of  ft  s/r  given  above.  □ 

OORP  Lemma  10.130.5.  Suppose  that  R -A  5 is  surjective.  Then  fts/R  = 0. 

Proof.  You  can  see  this  either  because  all  5-derivations  clearly  have  to  be  zero, 
or  because  the  map  in  the  presentation  of  fts/R  is  surjective.  □ 


Suppose  that 
OORQ  (10.130.5.1) 


is  a commutative  diagram  of  rings.  In  this  case  there  is  a natural  map  of  modules 
of  differentials  fitting  into  the  commutative  diagram 


ft. S/R 
A 
d 


fts'/R' 

A 

d 


5 


3-  S' 


To  construct  the  map  just  use  the  obvious  map  between  the  presentations  for  fts/R 
and  fts’/R’-  Namely, 


© 5^ //)]  © © 5'[(/\  </)]  ® © 5'[r'] 

KM)]  s-s-  [(M),M))] 

K f,g)\  ^ [(¥>(/)>  <M))] 

[r]  ha  [f){r )] 

©5[(a,6)]®©5[(/,fl)]®©5[r]- 


©5' [o'] 
■ ©5[a] 


The  result  is  simply  that  fdg  £ ft  s/r  is  mapped  to  tp(f)dip(g). 


00RR  Lemma  10.130.6. 

with  kernel  I C 5. 


In  diagram  ( 10.130.5.1 ),  suppose  that  S — > S'  is  surjective 
Then  ft  s/r  -a  fts'/R'  surjective  with  kernel  generated  as 
an  S -module  by  the  elements  da,  where  a £ 5 is  such  that  (p(a)  £ /3(R').  (This 
includes  in  particular  the  elements  d(i),  i £ I.) 


Proof.  Consider  the  map  of  presentations  above.  Clearly  the  right  vertical  map 
of  free  modules  is  surjective.  Thus  the  map  is  surjective.  A diagram  chase  shows 
that  the  following  elements  generate  the  kernel  as  an  5-module  for  sure:  ida,  i £ 
I,  a £ 5,  and  da,  with  a £ 5 such  that  ip(a)  = P{r')  for  some  r'  £ R' . Note  that 
ip(i)  = tp(ia)  = 0 = /3( 0),  and  that  d(/a)  = ida  + adi.  Hence  ida  = d(*a)  — ad*  is 
an  5-linear  combination  of  elements  of  the  second  kind.  □ 
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00RS  Lemma  10.130.7.  Let  A — ► B — ► C be  ring  maps.  Then  there  is  a canonical 
exact  sequence 

C ^ B/A  —■ y Lie /A  ~ ^ ^ C/B  ~ > 0 

of  C -modules. 


Proof.  We  get  a diagram  (|10. 130.5.1 1 by  putting  R = A,  S = C,  R!  = B,  and 


10.130.6 


S'  = C.  By  Lemma 
is  generated  by  the  elements  d(c),  where  c 
lemma  follows. 


the  map  Lie /A  LIc/b  is  surjective,  and  the  kernel 

£ C is  in  the  image  of  B — ► C.  The 

□ 


OORT  Lemma  10.130.8.  Let  tp  : A — > B be  a ring  map. 

(1)  If  S C A is  a multiplicative  subset  mapping  to  invertible  elements  of  B, 
then  LIb/a  = LIb/s~1a- 

(2)  If  S C B is  a multiplicative  subset  then  S~1LIb/a  — LIr-^b/a- 

Proof.  To  show  the  equality  of  (1)  it  is  enough  to  show  that  any  A-derivation 
D : B -A  M annihilates  the  elements  <p(s)_1.  This  is  clear  from  the  Leibniz 
rule  applied  to  1 = ty2(s)<^(s)-1.  To  show  (2)  note  that  there  is  an  obvious  map 
S~1LIb/a  —■ ► Lis-1  B/A-  To  show  it  is  an  isomorphism  it  is  enough  to  show  that 
there  is  a ^.-derivation  cb  of  S~1B  into  S~1LIr/a-  To  define  it  we  simply  set 
d'(6/s)  = (l/s)d6—  (l/s2)6ds.  Details  omitted.  □ 


00RU  Lemma  10.130.9.  In  diagram  [10.130.5.1] , suppose  that  S -A  S'  is  surjective 
with  kernel  I C S,  and  assume  that  R'  = R.  Then  there  is  a canonical  exact 
sequence  of  S' -modules 


I /I2  — > LLS/r  <g >5  S'  — t LIs>/r 


0 


The  leftmost  map  is  characterized  by  the  rule  that  f £ I maps  to  df  (g>  1 . 


Proof.  The  middle  term  is  LIs/r  S/I.  For  f £ I denote  / the  image  of  / in 
I /I2 . To  show  that  the  map  / i— »•  df  (g>  1 is  well  defined  we  just  have  to  check  that 
d/1/2  (81  = 0 if  /i,/2  G I.  And  this  is  clear  from  the  Leibniz  rule  d/1/2  (8  1 = 
(/id/2  + /2d/i)  (8  1 = d/2  (8  /1  + d/i  (8/2  = 0.  A similar  computation  show  this 
map  is  S'  = S/I- linear. 


The  map  LIs/r  S'  — > Llgi/R  is  the  canonical  ^'-linear  map  associated  to  the 
S'-linear  map  LIs/r  — ► Llgi/R.  It  is  surjective  because  LIs/r  — t Lls'/R  is  surjective 
by  Lemma [10. 130. 6[ 


The  composite  of  the  two  maps  is  zero  because  df  maps  to  zero  in  LI 5/ /R  for  f £ I. 
Note  that  exactness  just  says  that  the  kernel  of  LIr/r  —>  Llg> /R  is  generated  as  an  S- 
submodule  by  the  submodule  ILLr/r  together  with  the  elements  d /,  with  f £ I.  We 
know  by  Lemma  10.130.6  that  this  kernel  is  generated  by  the  elements  d(a)  where 
ip(a)  = /3(r)  for  some  r £ R.  But  then  a = ct(r)  + a — a(r),  so  d(a)  = d(a  — a(r)). 
And  a — a(r)  £ I since  ip(a  — a(r))  = ip(a)  — <p(a(r))  = (3(r)  — /3(r)  = 0.  We 
conclude  the  elements  df  with  f £ I already  generate  the  kernel  as  an  ^-module, 
as  desired.  □ 


02HP 


Lemma  10.130.10.  In  diagram  ( 10.130.5.1 ),  suppose  that  S — * S'  is  surjective 
with  kernel  I C S , and  assume  that  R!  = R.  Moreover,  assume  that  there  exists  an 


10.130.  DIFFERENTIALS 


738 


R-algebra  map  S'  — > S which  is  a right  inverse  to  S —>  S' . Then  the  exact  sequence 
of  S' -modules  of  Lemma \ 10.1 3CL9  turns  into  a short  exact  sequence 

I /I2 


0 — » I /I2  — > LIS/r  S' 
which  is  even  a split  short  exact  sequence. 


n 


S'/R 


Proof.  Let  /3  : S'  — >■  S be  the  right  inverse  to  the  surjection  a : S — > S’,  so 
S = I ® (3(S ').  Clearly  we  can  use  /3  : fl s'/r  — ► s/Ri  to  get  a right  inverse  to  the 
map  Sts/R  S'  — > flgi/R.  On  the  other  hand,  consider  the  map 

D : S — >■  I /I2,  x i — >■  x — /3(a(x)) 

It  is  easy  to  show  that  D is  an  R-derivation  (omitted).  Moreover  xD(s)  = 0 if  x £ 
I,s  £ S.  Hence,  by  the  universal  property  D induces  a map  r : LIs/r®rS'  —t  I/I2. 
We  omit  the  verification  that  it  is  a left  inverse  to  d : I /I2  — > flg/R  S'.  Hence 
we  win.  □ 


02HQ  Lemma  10.130.11.  Let  R — >•  5 be  a ring  map.  Let  I C S be  an  ideal.  Let  n > 1 
be  an  integer.  Set  S'  = S/In+1.  The  map  LIs/r  _■ ► ^ S’/R  induces  an  isomorphism 

nS/R  <8s  S/r  — ► f h'/R  S/In. 


Proof.  This  follows  from  Lemma 
the  Leibniz  rule  for  d. 


10.130.9 


and  the  fact  that  d(/"+1)  C Infls/R.  by 

□ 


00RV 


Lemma  10.130.12.  Suppose  that  we  have  ring  maps  R —¥  R'  and  R —¥  S.  Set 
S'  = S<S)rR',  so  that  we  obtain  a diagram  (. 10.130.5.1 ).  Then  the  canonical  map 
defined  above  induces  an  isomorphism  fls/R  ®R  R'  = f ls'/R'- 


Proof.  Let  d S'  = S ®r  R'  Sls/R  ®R  R'  denote  the  map  d '(J2ai  <8>  xf)  = 
d(aj)  (8 )Xi-  It  exists  because  the  map  S x R'  — > LIr/r  ®R  R' , (a,  x)  i-a  da  ®r  x is  R- 
bilinear.  This  is  an  R'-derivation,  as  can  be  verified  by  a simple  computation.  We 
will  show  that  (flS/R  ®r  R',d')  satisfies  the  universal  property.  Let  D : S'  — >•  M' 
be  an  R'  derivation  into  an  S'-module.  The  composition  5 -A  S’  -A  M'  is  an 
R-derivation,  hence  we  get  an  S-linear  map  ipo  ■ LI  s/r  — > M' . We  may  tensor  this 
with  R!  and  get  the  map  ip'D  : LIS/r<8>r  R'  —• y M' , tp'D(r / ® x)  = x<pd(t])-  It  is  clear 
that  D = ip'D  o d7.  □ 


The  multiplication  map  S (8)r  S’  -A  S'  is  the  R-algebra  map  which  maps  a ® b to  ab 
in  S.  It  is  also  an  S-algebra  map,  if  we  think  of  S (£)r  S as  an  S-algebra  via  either 
of  the  maps  S — > S ®r  S. 

00RW  Lemma  10.130.13.  Let  R — » S be  a ring  map.  Let  J = Ker(S  ®r  S — > S)  be  the 
kernel  of  the  multiplication  map.  There  is  a canonical  isomorphism  of  S -modules 
H S/r  — t J/J 2 , adb  i-a  a ® b — ab  ® 1. 

Proof.  First  we  show  that  the  rule  adb  H > a®  b — a&  ® 1 is  well  defined.  In  order 
to  do  this  we  have  to  show  that  dr  and  adb  + bda  — d{ab ) map  to  zero.  The  first 
because  r ® 1 — 1 ® r = 0 by  definition  of  the  tensor  product.  The  second  because 

(a®  6 — a&  ® 1)  + (6  ® a — 6a®  1)  — (1  ® — a6®  1)  = (a®l  — l®a)(l®6— &®1) 

is  in  J 2 . 
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We  construct  a map  in  the  other  direction.  We  may  think  of  5 — > S®rS,  «Oa®l 
as  the  base  change  of  R — > S.  Hence  we  have  tts®RSiS  = Sls/R  (S  ®r  S),  by 
Lemma |10.130.12|  At  this  point  the  sequence  of  Lemma |10.130.9l  gives  a map 

J/J2^-  S®RS/S  ®S®aS  S = (rts/R  (S  S))  ®s®Rs  S = 12 s/r ■ 

We  leave  it  to  the  reader  to  see  it  is  the  inverse  of  the  map  above.  □ 

00RX  Lemma  10.130.14.  If  S = R[x\, . . . , xn\,  then  £Is/r  cl  finite  free  S-module 
with  basis  dx\ , . . . , dxn . 


Proof.  We  first  show  that  dxi, . . . , dxn  generate  CIs/r  as  an  S-module.  To  prove 
this  we  show  that  dg  can  be  expressed  as  a sum  Yl  ftdaq  for  any  g £ R[x i, . . . , xn]. 
We  do  this  by  induction  on  the  (total)  degree  of  g.  It  is  clear  if  the  degree  of  g is  0, 
because  then  d g = 0.  If  the  degree  of  g is  > 0,  then  we  may  write  g as  c+H  9ixi  with 
c £ R and  deg(^i)  < deg(g).  By  the  Leibniz  rule  we  have  d g = 12  9i&xi  + 12  xi^9ii 
and  hence  we  win  by  induction. 


Consider  the  ^-derivation  d/dxi  : R[x i, . . . , xn]  -A  i?[xi, . . . , xn].  (We  leave  it  to 
the  reader  to  define  this;  the  defining  property  being  that  d/dxjf  xj)  = Sij.)  By  the 
universal  property  this  corresponds  to  an  S-module  map  li  : fls/R  ~ > R\xi,  ■ ■ ■ , xn\ 
which  maps  dxi  to  1 and  dxj  to  0 for  j ^ i.  Thus  it  is  clear  that  there  are  no 
S- linear  relations  among  the  elements  dxi, . . . , dxn.  □ 

OORY  Lemma  10.130.15.  Suppose  R — » S is  of  finite  presentation.  Then  £Is/r  a 
finitely  presented  S-module. 


00RZ 


Proof.  Write  S = R[x i, . . . , xn)/{fi,  ■ • • , fm)-  Write  I = (/i, . • • , fm)-  According 
to  Lemma  10. 130. 9| there  is  an  exact  sequence  of  S-modules 

III2  * ^R[x-L,...,xn]/R  S -A  Qs/R.  0 

The  result  follows  from  the  fact  that  7//2  is  a finite  S-module  (generated  by  the 
images  of  the  ff),  and  that  the  middle  term  is  finite  free  by  Lemma  10.130.14  □ 


Lemma  10.130.16.  Suppose  R -£■  S is  of  finite  type.  Then  fls/R  finitely 
generated  S-module. 


Proof.  This  is  very  similar  to,  but  easier  than  the  proof  of  Lemma  10.130.15  □ 


10.131.  Finite  order  differential  operators 

09CH  In  this  section  we  introduce  differential  operators  of  finite  order. 

09CI  Definition  10.131.1.  Let  R -A  S be  a ring  map.  Let  M,  N be  S-modules.  Let 
fc  > 0 be  an  integer.  We  inductively  define  a differential  operator  D : M ^ N of 
order  k to  be  an  R- linear  map  such  that  for  all  g £ S the  map  m i-a  D{gm)  — gD(m) 
is  a differential  operator  of  order  k — 1.  For  the  base  case  fc  = 0 we  define  a 
differential  operator  of  order  0 to  be  an  S-linear  map. 

If  D : M -A  N is  a differential  operator  of  order  fc,  then  for  all  g £ S the  map  gD 
is  a differential  operator  of  order  fc.  The  sum  of  two  differential  operators  of  order 
fc  is  another.  Hence  the  set  of  all  these 

Difffe(M,  N)  = Di Sks/R(M,  N) 

is  an  S-module.  We  have 

Diff°(M, N)  c Diff1  (M, N)  c Diff2(M, N)  c ... 
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09CJ  Lemma  10.131.2.  Let  R — > S be  a ring  map.  Let  L,M,N  be  S-modules.  If 
D : L — > M and  D'  : M — ► N are  differential  operators  of  order  k and  k' , then 
D'  o D is  a differential  operator  of  order  k + k' . 


Proof.  Let  g £ S.  Then  the  map  which  sends  x £ L to 
D'(D(gx))  - gD\D{x ))  = D'(D(gx ))  - D'(gD(x ))  + D'(gD(x ))  - gD'(D(x)) 

is  a sum  of  two  compositions  of  differential  operators  of  lower  order.  Hence  the 
lemma  follows  by  induction  on  k + k' . □ 

09CK  Lemma  10.131.3.  Let  R -A  S be  a ring  map.  Let  M be  an  S-module.  Let  k>Q. 
There  exists  an  S-module  P^R(M)  and  a canonical  isomorphism 

Dif?s/R{M,N)  = Horn  s{Pks/R{M),N) 
functorial  in  the  S-module  N. 

Proof.  The  existence  of  PR^R(M)  follows  from  general  category  theoretic  argu- 
ments (insert  future  reference  here),  but  we  will  also  give  a construction.  Set 
F = ©m£M  S[m]  where  [to]  is  a symbol  indicating  the  basis  element  in  the  sum- 
mand corresponding  to  m.  Given  any  differential  operator  D : M ^ N we  obtain 
an  S-linear  map  Lr>  : F -A  N sending  [to]  to  D(m).  If  D has  order  0,  then  Lr 
annihilates  the  elements 

[to  + to']  - [to]  - [to'],  g0[m]  - [g0m\ 

where  go  £ S and  to,  to'  £ M.  If  D has  order  1,  then  Lr  annihilates  the  elements 

[to  + to']  - [to]  - [to'],  /[to]  - [/to],  posh M ~ go\gim\  - gi[g0m}  + [gig0m\ 

where  f £ R1  go,gi  £ S,  and  to  £ M.  If  D has  order  k,  then  Lp  annihilates  the 
elements  [to  + to']  — [to]  — [to'],  /[to]  — [/to],  and  the  elements 

0o0i  ■■■9k M ~ ^ 0o  • • ■ 9i  ■ • ■ 0fc [0*to]  + . . . + (-l)fe+1  [00  . . . 0fcm] 

Conversely,  if  L : F — > N is  an  5-linear  map  annihilating  all  the  elements  listed  in 
the  previous  sentence,  then  to  i— > L{[m\)  is  a differential  operator  of  order  k.  Thus 
we  see  that  PR,R(M)  is  the  quotient  of  F by  the  submodule  generated  by  these 
elements.  □ 


09CL 


Definition  10.131.4.  Let  R — > S be  a ring  map.  Let  M be  an  S-module.  The 
module  PR,R{M)  constructed  in  Lemma 
parts  of  order  k of  M. 


10.131.3 


is  called  the  module  of  principal 


Note  that  the  inclusions 

Diff°(M, N ) c Diff1(M, N)  C Diff2(M, N)  c ... 
correspond  via  Yoneda’s  lemma  (Categories,  Lemma|4.3.5[)  to  surjections 
Ps/r(M)  -a-  Ps/r(M)  — > Ps/r{M ) = M 

09CM  Example  10.131.5.  Let  R — > S be  a ring  map  and  let  N be  an  S-module.  Observe 
that  Diff1(S,  N)  = Der/j(S,  IV)®  N.  Namely,  if  D : S — > N is  a differential  operator 
of  order  1 then  an  ■ S — > N defined  by  o\d(0)  :=  D(g)  — gD{  1)  is  an  I?-derivation 
and  D = an  + ^d(i)  where  : S — > N is  the  linear  map  sending  g to  gx.  It  follows 
that  PR/R  = LIr/r  © S by  the  universal  property  of  LIr/r. 
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09CN  Lemma  10.131.6.  Let  R —A  S be  a ring  map.  Let  M be  an  S-module.  There  is 
a canonical  short  exact  sequence 

o -a  ns/R ®sm- a Ps/r(m)  ->■ M ->  0 

functorial  in  M called  the  sequence  of  principal  parts. 


Proof.  The  map  PR,R(M)  — A M is  given  above.  Let  N be  an  U-module  and  let 
D : M —A  IV  be  a differential  operator  of  order  1.  For  m £ M the  map 

9 ' — > D{gm)  - gD(m) 


is  an  .ft-derivation  S —A  N by  the  axioms  for  differential  operators  of  order  1. 
Thus  it  corresponds  to  a linear  map  Dm  : fls/R  —A  N determined  by  the  rule 
adb  i-a  aD(bm ) — abD(m ) (see  Lemma  10.130.3).  The  map 

&s/r  xM  — A N,  (77,  m)  1 — a Dm(g) 
is  5-bilinear  (details  omitted)  and  hence  determines  an  S'-linear  map 


<r d : LIs/r  M N 

In  this  way  we  obtain  a map  Diff1(M,  N)  -A  Homs(Sls//2  M,N),  D 1— A an 
functorial  in  N.  By  the  Yoneda  lemma  this  corresponds  a map  LIs/r  <8>s  M — A 
P-'  (M).  It  is  immediate  from  the  construction  that  this  map  is  functorial  in  M . 

The  sequence 

^ s/r  M —A  Pg/R(M)  aMa  0 
is  exact  because  for  every  module  N the  sequence 

0 —A  Homs(M,  N)  -A  Diff1  (M,  TV)  -A  Homs(Os/iJ:  ®s  M,  N ) 
is  exact  by  inspection. 

To  see  that  LI$/r  <8>s  M —a  Pr,r(M)  is  injective  we  argue  as  follows.  Choose  an 
exact  sequence 

0 —A  M’  — a F — a M — a 0 


with  F a free  S'-module.  This  induces  an  exact  sequence 

0 -A  Diff1  (M,  IV)  -A  Diff1  (F,  N)  -a  Diff1  (M',  IV) 
for  all  IV.  This  proves  that  in  the  commutative  diagram 


0 ^ ns/R  ®s  M’ > P^/r(M') > M’ >■  0 

\ ¥ | 

0 s-  flS/R  <g)S  F s-  PR/r(F) F >-  0 


V y 

0 S-  Cls/R  M S-  Pg/R(M) 


I 

0 


V 

0 


M ^0 

0 


the  middle  column  is  exact.  The  left  column  is  exact  by  right  exactness  of 
— . By  the  snake  lemma  (see  Section  10.4|  it  suffices  to  prove  exactness  on  the 
left  for  the  free  module  F.  Using  that  Pg/R{~)  commutes  with  direct  sums  we 


10.132.  THE  NAIVE  COTANGENT  COMPLEX 


742 


reduce  to  the  case  M = S.  This  case  is  a consequence  of  the  discussion  in  Example 
110.131.51  □ 

09CP  Remark  10.131.7.  Suppose  given  a commutative  diagram  of  rings 

B >B' 


A 

a R-module  M,  a B'-module  M' , and  a R-linear  map  M — > M' . Then  we  get  a 
compatible  system  of  module  maps 

... Ph/A,{M') Pb,A'W) Pb'/AM ') 

AAA 

■ • • P2b/a(M) Pb/aW P°b/a(M) 


These  maps  are  compatible  with  further  composition  of  maps  of  this  type.  The 
easiest  way  to  see  this  is  to  use  the  description  of  the  modules  Pr/A{M)  in  terms 
of  generators  and  relations  in  the  proof  of  Lemma  1 1 0 . 1 3 1 . 3]  but  it  can  also  be  seen 
directly  from  the  universal  property  of  these  modules.  Moreover,  these  maps  are 


compatible  with  the  short  exact  sequences  of  Lemma  10.131.6 


10.132.  The  naive  cotangent  complex 

00S0  Let  R — > S be  a ring  map.  Denote  R[S]  the  polynomial  ring  whose  variables  are 
the  elements  s £ S.  Let’s  denote  [s]  £ i?[5]  the  variable  corresponding  to  s £ S. 
Thus  R[S]  is  a free  i?-module  on  the  basis  elements  [si]  . . . [s„]  where  sp . . . , sn  is 
an  unordered  sequence  of  elements  of  S.  There  is  a canonical  surjection 


07BL  (10.132.0.1) 


R[S]  — ► 5,  [a] 


whose  kernel  we  denote  / C R[S].  It  is  a simple  observation  that  I is  generated 
by  the  elements  [s  + s']  — [s]  — [s'],  [s][s']  — [ss']  and  [r]  — r.  According  to  Lemma 
|10.130.9lthere  is  a canonical  map 

07BM  (10.132.0.2)  I/I2  — ► QR[S]/R  g>fl[s]  S 


whose  cokernel  is  canonically  isomorphic  to  Iis/R-  Observe  that  the  S'-module 
Qr[S]/r  ®i?[S]  S is  free  on  the  generators  d[s]. 


07BN 


Definition  10.132.1.  Let  R — > S be  a ring  map.  The  naive  cotangent  complex 
NLs/r  is  the  chain  complex  (10.132.0.21 

NLS/r  = (I/I2  — <g>ij[s]  S) 


with  I /I2  placed  in  (homological)  degree  1 and  Hr{s]/r®r[S]  S placed  in  degree  0. 
We  will  denote  Hi(LS/r)  = Ri(AL5/fl)j®]the  homology  in  degree  1. 


®This  module  is  sometimes  denoted  Ts/r  in  the  literature. 
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Before  we  continue  let  us  say  a few  words  about  the  actual  cotangent  complex 
(Cotangent,  Section  75.3).  Given  a ring  map  R — > S there  exists  a canonical 
simplicial  P-algebra  P,  whose  terms  are  polynomial  algebras  and  which  comes 
equipped  with  a canonical  homotopy  equivalence 

P.  —>S 


The  cotangent  complex  Lr/r  of  S over  R is  defined  as  the  chain  complex  associated 
to  the  cosimplicial  module 


ftp./R  ®p.  S 

The  naive  cotangent  complex  as  defined  above  is  canonically  isomorphic  to  the 
truncation  t<iLr/r  (see  Homology,  Section |12. 13  and  Cotangent,  Section  75.10). 
In  particular,  it  is  indeed  the  case  that  Hi(NLs/r)  = Hi(Lr/r ) so  our  definition 
is  compatible  with  the  one  using  the  cotangent  complex.  Moreover,  Hq(Ls/r)  = 
Hq(NLs/r)  = Qs/r  as  we’ve  seen  above. 


Let  R — ► S be  a ring  map.  A presentation  of  S over  R is  a surjection  a : P — > S of 
P-algebras  where  P is  a polynomial  algebra  (on  a set  of  variables).  Often,  when  S 
is  of  finite  type  over  P we  will  indicate  this  by  saying:  “Let  P[si, . . . ,xn]  -A  S'  be 
a presentation  of  S/P”,  or  “Let  0 -A  J — » R[x\,  . . . , xn]  — > S — > 0 be  a presentation 
of  S/P”  if  we  want  to  indicate  that  I is  the  kernel  of  the  presentation.  Note  that 
the  map  P[S]  — > S used  to  define  the  naive  cotangent  complex  is  an  example  of  a 
presentation. 


Note  that  for  every  presentation  a we  obtain  a two  term  chain  complex  of  S-modules 

NL(a)  : I //2  — ^ fl p/r  ®p  S. 

Here  the  term  I /I2  is  placed  in  degree  1 and  the  term  QP/R®S  is  placed  in  degree 
0.  The  class  of  / £ I in  I /I2  is  mapped  to  d/(g>  1 in  VtP/R®S.  The  cokernel  of  this 
complex  is  canonically  f Is/r,  see  Lemma  10.130.9  We  call  the  complex  NL(a ) the 


naive  cotangent  complex  associated  to  the  presentation  a : P — >•  S of  S/R.  Note 
that  if  P = P[S]  with  its  canonical  surjection  onto  S,  then  we  recover  NLg/R.  If 
P = R[x i, . . . , xn ] then  will  sometimes  use  the  notation  I /I2  -A  ©)=1  n Sdxi  to 
denote  this  complex. 


Suppose  we  are  given  a commutative  diagram 


S ^ S' 

0 

06RQ  (10.132.1.1) 

P >R' 


of  rings.  Let  a : P — > S be  a presentation  of  S over  P and  let  a : P'  -A  S'  be 
a presentation  of  S'  over  PL  A morphism  of  presentations  from  a : P -A-  S to 
a!  : P'  -A  S'  is  defined  to  be  an  P-algebra  map 

V?  : P P’ 

such  that  (f>  o a = a'  o ip.  Note  that  in  this  case  <p(I)  C I',  where  I = Ker(a) 
and  I'  = Ker(a').  Thus  ip  induces  a map  of  S-modules  I /I2  — > I' /(I')2  and  by 
functoriality  of  differentials  also  an  S-module  map  f 1p/r  <S>  S — > S2P/ /R>  ® S' . These 
maps  are  compatible  with  the  differentials  of  NL(oi)  and  NL(a')  and  we  obtain  a 
map  of  naive  cotangent  complexes 
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It  is  often  convenient  to  consider  the  induced  map  NL(a)  S'  -A  NL(a'). 


In  the  special  case  that  P = R[S]  and  P'  = R' [5"]  the  map  <j>  : S -A  S’  induces  a 
canonical  ring  map  p : P -A  P'  by  the  rule  [s]  K > [</>(s)].  Hence  the  construction 
above  determines  canonical(!)  maps  of  chain  complexes 


NLs/r  — > NLs>/r >,  and  NLS/r<S>sS ' — > NLS'/r' 

associated  to  the  diagram  (10.132.1.11.  Note  that  this  construction  is  compatible 
with  composition:  given  a commutative  diagram 


we  see  that  the  composition  of 


NL 


S/R 


NLS'/ri 


NLS"/Rii 


is  the  map  NLg/R  -A  NLgn  jRn  given  by  the  outer  square. 


00S1 


It  turns  out  that  NL(a ) is  homotopy  equivalent  to  NLg/R  and  that  the  maps  con- 
structed above  are  well  defined  up  to  homotopy  (homotopies  of  maps  of  complexes 
are  discussed  in  Homology,  Section  [l2.12|  but  we  also  spell  out  the  exact  meaning 
of  the  statements  in  the  lemma  below  in  its  proof). 


Lemma  10.132.2.  Suppose  given  a diagram  (10.132.1.1). 
at!  : P'  —*■  S'  be  presentations. 


Let  a : P -A  S and 


(1)  There  exists  a morphism  of  presentations  from  a to  a1 . 

(2)  Any  two  morphisms  of  presentations  induce  homotopic  morphisms  of  com- 
plexes NL(a)  — > NL(a'). 

(3)  The  construction  is  compatible  with  compositions  of  morphisms  of  presen- 
tations (see  proof  for  exact  statement). 

(4)  If  R -A  R'  and  S — > S'  are  isomorphisms,  then  for  any  map  ip  of  pre- 
sentations from  a to  a'  the  induced  map  NL(a)  — > NL(a')  is  a homotopy 
equivalence  and  a quasi-isomorphism. 


In  particular,  comparing  a to  the  canonical  presentation  ( 10.132.0.1 ) we  conclude 
there  is  a quasi-isomorphism  NL(a)  — > NLg/R  well  defined  up  to  homotopy  and 
compatible  with  all  functorialities  (up  to  homotopy). 


Proof.  Since  P is  a polynomial  algebra  over  R we  can  write  P = R[xa,a  £ A] 
for  some  set  A.  As  a'  is  surjective,  we  can  choose  for  every  a £ A an  element 
fa  £ P'  such  that  a' (fa)  = <j>(a(xa)).  Let  p>  : P = R[xa,  a £ A]  — >•  P'  be  the  unique 
l?-algebra  map  such  that  p(xa)  = fa.  This  gives  the  morphism  in  (1). 

Let  p>  and  ip'  morphisms  of  presentations  from  a to  a! . Let  I = Ker(a)  and 
/'  = Ker(a').  We  have  to  construct  the  diagonal  map  h in  the  diagram 


I/I 2 Llp/R  S 


<pl 

/ ft 

ip  1 Vo 

' 

N 

j / j~  — >-  n pr  / Rt  <s>  p>  s' 
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where  the  vertical  maps  are  induced  by  tp,  tp'  such  that 

tp\  — tp\  = h o d and  tpo  — tp'0  = d o h 

Consider  the  map  D = tp  — tp'  : P -A  P' . Since  both  tp  and  <p  are  compatible  with 
a and  a'  we  conclude  that  tp  — tp'  : P I' . Also  tp  — tp'  is  R- linear  and 

(V  ~ = V{f){v  ~ <f'){9)  + (<P  ~ p'X/Vts) 

Hence  the  induced  map  D : P -A  I' /{I')2  is  a f?-derivation.  Thus  we  obtain  a 
canonical  map  h : flp/R  <8>p  S — > I' /{I')2  such  that  D = /sod.  A calculation 
(omitted)  shows  that  h is  the  desired  homotopy. 

Suppose  that  we  have  a commutative  diagram 


and  that 

(1)  a:P  ^ S, 

(2)  a'  : P'  -A  S',  and 

(3)  a"  : P"  -A  S" 

are  presentations.  Suppose  that 

(1)  tp  : P — > P is  a morphism  of  presentations  from  a to  a'  and 

(2)  tp'  : P'  — > P"  is  a morphism  of  presentations  from  a'  to  a" . 

Then  it  is  immediate  that  tp'  o tp  : P — ► P"  is  a morphism  of  presentations  from  a 
to  a " and  that  the  induced  map  NL(a)  — » NL(a")  of  naive  cotangent  complexes  is 
the  composition  of  the  maps  NL[a)  — > NL(a')  and  NL(a ) — > NL(a')  induced  by  tp 
and  tp' . 

In  the  simple  case  of  complexes  with  2 terms  a quasi-isomorphism  is  just  a map 
that  induces  an  isomorphism  on  both  the  cokernel  and  the  kernel  of  the  maps 
between  the  terms.  Note  that  homotopic  maps  of  2 term  complexes  (as  explained 
above)  define  the  same  maps  on  kernel  and  cokernel.  Hence  if  tp  is  a map  from 
a presentation  q of  S over  R to  itself,  then  the  induced  map  NL(a)  — » NL[a) 
is  a quasi-isomorphism  being  homotopic  to  the  identity  by  part  (2).  To  prove 
(4)  in  full  generality,  consider  a morphism  tp'  from  a ' to  a which  exists  by  (1). 
The  compositions  NL{a)  -A  NL(a')  — ► NL(a)  and  NL(a')  -A-  NL(a)  -A  NL(a')  are 
homotopic  to  the  identity  maps  by  (3) , hence  these  maps  are  homotopy  equivalences 
by  definition.  It  follows  formally  that  both  maps  NL(a)  — > NL(a!)  and  NL(a')  — ► 
NL(a ) are  quasi-isomorphisms.  Some  details  omitted.  □ 

08Q1  Lemma  10.132.3.  Let  A B be  a polynomial  algebra.  Then  NLB ^ is  homotopy 
equivalent  to  the  chain  complex  (0  -A  Qb/a)  with  LIb/a  in-  degree  0. 

Proof.  Follows  from  Lemma  [10. 132. 2|  and  the  fact  that  idB  : B — > B is  a presen- 
tation of  B over  A with  zero  kernel.  □ 

The  following  lemma  is  part  of  the  motivation  for  introducing  the  naive  cotangent 
complex.  The  cotangent  complex  extends  this  to  a genuine  long  exact  cohomology 
sequence.  If  5 A C is  a local  complete  intersection,  then  one  can  extend  the 
sequence  with  a zero  on  the  left,  see  More  on  Algebra,  Lemma[l5.25.6| 
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00S2 


07VC 


07BP 


065V 


Lemma  10.132.4  (Jacobi-Zariski  sequence).  Let  A -A  B -A  C be  ring  maps. 
Choose  a presentation  a : A[xs , s £ S]  — > B with  kernel  I . Choose  a presentation  /3  : 
B[yt,t  £ T]  -A  C with  kernel  J.  Let  7 : A[xs,yt]  -A  C be  the  induced  presentation 
of  C with  kernel  K.  Then  we  get  a canonical  commutative  diagram 

0 »-  Qa\xs\/A  ® C ^A[xs,Vt\/A  ® c S-  ^B[yt]/B  <8>  C »-  0 


I /I2  ® C >■  K/K2 


J/J 2 ^ 0 


with  exact  rows.  We  get  the  following  exact  sequence  of  homology  groups 

Hi{NLb/a®bC)  -a  Hi(Lc/a)  Hi{Lq/b)  — ► C ®B  Db/a  —■ y H c/a  —■ * H c/b  — ► 0 

of  C -modules  extending  the  sequence  of  Lemma  10.130.7  If  Torf  (flB/AiC)  = 0, 
then  Hi(NLB /a  ®bC)  = Hi(Lb/a)  (&b  C. 


Proof.  The  precise  definition  of  the  maps  is  omitted.  The  exactness  of  the  top  row 
follows  as  the  d.Ts,  dyt  form  a basis  for  the  middle  module.  The  map  7 factors 

-Ajxsi  I lt\  -A  B[yt\  -A  C 

with  surjective  first  arrow  and  second  arrow  equal  to  /3.  Thus  we  see  that  K -A  J 
is  surjective.  Moreover,  the  kernel  of  the  first  displayed  arrow  is  IA[xs,yt\-  Hence 
I/I2  ®C  surjects  onto  the  kernel  of  K/K 2 -A  J/J 2 . Finally,  we  can  use  Lemma 
|10.132.2|to  identify  the  terms  as  homology  groups  of  the  naive  cotangent  complexes. 
The  final  assertion  follows  as  the  degree  0 term  of  the  complex  NLB /a  is  a free  B- 
module.  □ 


Remark  10.132.5.  Let  A — > B and  <f>  : B — > C be  ring  maps.  Then  the  compo- 
sition NLb/a  -A  NLq/a  — i ► NLc/B  is  homotopy  equivalent  to  zero.  Namely,  this 
composition  is  the  functoriality  of  the  naive  cotangent  complex  for  the  square 


B 

A 


Write  J = Ker(R[C']  -A  C).  An  explicit  homotopy  is  given  by  the  map  $Ja[B]/a 
B - A J/J 2 which  maps  the  basis  element  d [b]  to  the  class  of  {4>(b)\  — b in  J/J 2 . 

Lemma  10.132.6.  Let  A -A  B be  a surjective  ring  map  with  kernel  I.  Then 
NLb /a  is  homotopy  equivalent  to  the  chain  complex  (I / 1 2 -A  0)  with  I/I 2 in  degree 
1.  In  particular  Hi{Lb/a)  — I / 12 ■ 

Proof.  Follows  from  Lemma  |10. 132.2]  and  the  fact  that  A — > B is  a presentation 
of  B over  A.  □ 


Lemma  10.132.7.  Let  A -A  B -A  C be  ring  maps.  Assume  A -A  C is  surjective 
(so  also  B -A  C is).  Denote  I = Ker(A  -A  C)  and  J = Ker(B  -A  C).  Then  the 
sequence 

I /I2  -A  J/J 2 -A  nB/A  ®b  B/J  -A  0 

is  exact. 


Proof.  Follows  from  Lemma  |10. 132.4]  and  the  description  of  the  naive  cotangent 
complexes  NLc/B  and  NLq/a  in  Lemma 


10.132.6 


□ 
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00S4  Lemma  10.132.8  (Flat  base  change).  Let  R —A  S be  a ring  map.  Let  a : P —A  S be 
a presentation.  Let  R —A  R'  be  a flat  ring  map.  Let  a'  : P'  ®r  R!  —a  S'  = S <®r  R' 
be  the  induced  presentation.  Then  NL(a)  (®r  R'  = NL(a)  ®s  S'  = NL(a').  In 
particular,  the  canonical  map 

NLs/r®rR'  — a NLs®rr'/r' 

is  a homotopy  equivalence  if  R —A  R'  is  flat. 

Proof.  This  is  true  because  Ker(a')  = R'  <®r  Ker(a)  since  R — A R'  is  flat.  □ 

07BQ  Lemma  10.132.9.  Let  Ri  — A Si  be  a system  of  ring  maps  over  the  directed  partially 
ordered  set  I.  Set  R = colim  1?^  and  S = colirn  S{ . Then  NL$/r  = colim  NLgi/R.  ■ 

Proof.  Recall  that  NLg/R  is  the  complex  I /I2  -A  0sgS5'd[s]  where  I C R[S]  is 
the  kernel  of  the  canonical  presentation  R[S]  — A S.  Now  it  is  clear  that  R[S ] = 
colim  Ri  [5j]  and  similarly  that  I = colim/^  where  R = Ker(i?j[Si]  — > Si).  Hence 
the  lemma  is  clear.  □ 


07BR 


07BS 


08JZ 


Lemma  10.132.10.  If  S C A is  a multiplicative  subset  of  A,  then  NLg- ia/a 
homotopy  equivalent  to  the  zero  complex. 

Proof.  Since  A — >•  S,_1H  is  flat  we  see  that  NLs~i^/^®aS~1A  -a  NLg- ia/s-ia 
is  a homotopy  equivalence  by  flat  base  change  (Lemma |10. 132.8 1 . Since  the  source 
of  the  arrow  is  isomorphic  to  NLg-i^/A  and  the  target  of  the  arrow  is  zero  (by 
Lemma  10.132.6)  we  win.  □ 


Lemma  10.132.11.  Let  S C A is  a multiplicative  subset  of  A.  Let  S lA—>Bbe 
a ring  map.  Then  NLb/a  —a  NLB/g- is  an  homotopy  equivalence. 

Proof.  Choose  a presentation  a : P —A  B of  B over  A.  Then  fl  : S~1P  —A  B is  a 
presentation  of  B over  S~1A.  A direct  computation  shows  that  we  have  NL(a)  = 
NL(/3 ) which  proves  the  lemma  as  the  naive  cotangent  complex  is  well  defined  up 
to  homotopy  by  Lemma  10.132.2  □ 


Lemma  10.132.12.  Let  A —A  B be  a ring  map.  Let  g £ B.  Suppose  a : P — A B 
is  a presentation  with  kernel  I.  Then  a presentation  of  Bg  over  A is  the  map 


P ■■  p M — ► b9 

extending  a and  sending  x to  1 /g.  The  kernel  J of  ft  is  generated  by  I and  the 
element  fx  — 1 where  f £ P is  an  element  mapped  to  g £ B by  a.  In  this  situation 
we  have 

(1)  j/j2  = (i/r-)g  ®Bg{fx-i), 

(2)  f2p[a:]/A  C^P[x]  H g — I^P/A  ®P  Rg  © BgdiX, 

(3)  NL(J3)  = NL(a)  ®B  Bg  © (Bg  4 Bg) 

Hence  the  canonical  map  NLB/A®BBg  -A-  NLBg/A  is  a homotopy  equivalence. 

Proof.  Since  P[x]/(I,  fx  — 1)  = B[x]/(gx  — l)  = Bg  we  get  the  statement  about  I 
and  fx—  1 generating  J.  To  prove  the  other  statements  one  can  use  the  commutative 
diagram 


0 Lip/ A <8>  Bg  LIP[x]/a  ® Bg  5-  f lB[x]/B  ® Bg  0 


- J/J 2 {fx-l)/{fx-  l)2 


(■ i/i2)9 


^0 
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with  exact  rows  of  Lemma  |10. 132.4]  Then  the  only  question  left  over  is:  why 
is  (I/I2)g  -A  J/J2  injective?  It  is  enough  to  show  that  a(I  D J2)  = 0 where 
a : I -A  If /I'j  is  the  canonical  map.  So  consider  the  extension  of  a to  the  P- 
algebra  map  7r  : P[:r]  —>  Pf/lj  given  by  7r(a;)  = 1//,  and  note  that  7r(J2)  = 
7 r( J)2  = tt(I[x])2  = 0,  since  n(fx  — 1)  = 0 implies  7r(J)  = 7t(/[t]).  □ 


00S7  Lemma  10.132.13.  Let  A -A  B be  a ring  map.  Let  S C B be  a multiplicative 
subset.  The  canonical  map  NLb/a  ®bS~1B  — ► NLg-igi a is  a quasi-isomorphism. 


Proof.  We  have  S~iB  = colimses  Bg  where  we  think  of  S'  as  a directed  partially 
ordered  set  (ordering  by  divisibility),  see  Lemma  10.9.9  By  Lemma  10.132.12  each 
of  the  maps  NLb/a®bB9  — > NLb  /a  are  quasi- isomorphisms.  The  lemma  follows 
from  Lemma  110.132.91  □ 


00S3  Lemma  10.132.14.  Let  R be  a ring.  Let  Ai  -A  Aq,  and  B\  -A  B o be  two  two 
term  complexes.  Suppose  that  there  exist  morphisms  of  complexes  p : A,  -A-  B,  and 
ip  : B,  — > A,  such  that  p o ip  and  ip  op  are  homotopic  to  the  identity  maps.  Then 
Ai  (B  B0  = B i © Aq  as  R-modules. 

Proof.  Choose  a map  h : Aq  -a  Bi  such  that 

kUi  — ipi  o ipi  = h o dA  and  id^o  — ipo  ° <Po  = ° h. 

Similarly,  choose  a map  h!  : Bq  —>  A\  such  that 

idsj  — = ho  ds  and  ids0  — ipo  ° V'o  = ds  ° h. 

A trivial  computation  shows  that 

{ id^ij  o 1/q  + h o ip0\  = f ipi  h\  f p i -h'\ 

V 0 idBo  J \~dB  To]  \d>A  4>o  J 

This  shows  that  both  matrices  on  the  right  hand  side  are  invertible  and  proves  the 
lemma.  □ 


00S5  Lemma  10.132.15.  Let  R -A-  S be  a ring  map  of  finite  type.  For  any  presentations 
a : . . . , xn]  -A  S,  and  /?  : R[yi, . . . , ym\  -A  S we  have 

I /I2  © S®m  “ J/J2  © S®n 

as  S -modules  where  I = Keif  a ) and  J = Ker{/3). 

Proof.  See  Lemmas  IIP.  132.21  and  IIP.  132. 141  □ 

PPS6  Lemma  10.132.16.  Let  R —¥  S be  a ring  map  of  finite  type.  Let  g £ S . For  any 
presentations  a : R[xi, . . . , xn\  -A-  S , and  pi  : R[yi, . . . , ym\  -A  Sg  we  have 

(. I/I2)g  © S®m  “ J/J2  © S®" 

as  Sg-modules  where  I = Ker(a)  and  J = Ker(pl). 

Proof.  By  Lemma|l0.132.15l  we  see  that  it  suffices  to  prove  this  for  a single  choice 
of  a and  pi.  Thus  we  may  take  /?  the  presentation  of  Lemma  |10.132.12|  and  the 
result  is  clear.  □ 
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10.133.  Local  complete  intersections 

0058  The  property  of  being  a local  complete  intersection  is  somehow  an  intrinsic  property 
of  a Noetherian  local  ring.  However,  for  the  moment  we  just  define  this  property 
for  finite  type  algebras  over  a held. 

0059  Definition  10.133.1.  Let  k be  a held.  Let  S'  be  a hnite  type  /c-algebra. 

(1)  We  say  that  S is  a global  complete  intersection  over  k if  there  exists  a 
presentation  S = k[x i, . . . , xn]/(fi, . . . , fc)  such  that  dim(S)  = n — c. 

(2)  We  say  that  S is  a local  complete  intersection  over  k if  there  exists  a 
covering  Spec(S)  = |J  D(gi)  such  that  each  of  the  rings  Sgi  is  a global 
complete  intersection  over  k. 

We  will  also  use  the  convention  that  the  zero  ring  is  a global  complete  intersection 
over  k. 


Suppose  S is  a global  complete  intersection  S = k[x\, . . . ,xn]/(fi, . . . , fc)  as  in 
the  definition.  Recall  that  dirn(S)  = n — c means  that  all  irreducible  components 
of  Spec(S)  have  dimension  < n — c.  Since  all  maximal  ideals  of  the  polynomial 
ring  have  local  rings  of  dimension  n we  conclude  that  all  irreducible  components 
of  Spec(S')  have  dimension  > n — c.  See  Section  10.59  In  other  words,  Spec(S')  is 
equidimensional  of  dimension  — c. 


OOSA  Lemma  10.133.2.  Let  k be  a field.  Let  S be  a finite  type  k-algebra.  Let  g £ S . 

(1)  If  S is  a global  complete  intersection  so  is  Sg. 

(2)  If  S is  a local  complete  intersection  so  is  Sg . 


Proof.  The  second  statement  follows  immediately  from  the  first.  For  the  hrst, 
say  that  S = k[xi, . . . , xn]/(fi, . . . , fc)  with  n — c = dim(S).  By  the  remarks 
above  S is  equidimensional  of  dimension  n — c,  so  dim(S'g)  = n — c as  well  (or 
it  is  the  zero  ring  in  which  case  the  lemma  is  true  by  convention).  Let  g'  £ 
k[x i,...,xn]  be  an  element  whose  residue  class  corresponds  to  g.  Then  Sg  = 
k[x  r,  ...,xn,  xn+i]/ (/i, . . . , fc,  xn+1  g'  - 1)  as  desired.  □ 

OOSB  Lemma  10.133.3.  Let  k be  a field.  Let  S be  a finite  type  k-algebra.  If  S is  a local 
complete  intersection,  then  S is  a Cohen- Macaulay  ring. 


Proof.  Choose  a maximal  prime  m of  S.  We  have  to  show  that  Sm  is  Cohen- 
Macaulay.  By  assumption  we  may  assume  S = k[x\, . . . , xn\/(fi, . . . , fc)  with 
dim(S)  = n — c.  Let  m'  C k[x i, . . . ,xn]  be  the  maximal  ideal  corresponding  to 
m.  According  to  Proposition  10.113.2  the  local  ring  k[x\, . . . , xn\m'  is  regular  lo- 
cal of  dimension  n.  In  particular  it  is  Cohen-Macaulay  by  Lemma  |10.105.3|  By 
dimension  theory  (see  Section  10.591  the  ring  Sm  = k[x\, . . . , xn\mi/(fi, . . . , fc) 
has  dimension  > n — c.  By  assumption  dim(S'm)  < n — c.  Thus  we  get  equality. 
This  implies  that  /i, . . . , fc  is  a regular  sequence  in  k[x i, . . . , in]m/  and  that  Sm  is 
Cohen-Macaulay,  see  Proposition |10. 102. 5 □ 


The  following  is  the  technical  key  to  the  rest  of  the  material  in  this  section.  An 
important  feature  of  this  lemma  is  that  we  may  choose  any  presentation  for  the 
ring  S,  but  that  condition  (1)  does  not  depend  on  this  choice. 

00SC  Lemma  10.133.4.  Let  k be  a field.  Let  S be  a finite  type  k-algebra.  Let  q be 
a prime  of  S.  Choose  any  presentation  S = k[x i, . . . ,xn]/I.  Let  q'  be  the  prime 


10.133.  LOCAL  COMPLETE  INTERSECTIONS 


750 


of  k[x i, . . . ,xn]  corresponding  to  q.  Set  c = height^ q')  — height(q),  in  other  words 
diniq(S)  = n — c (see  Lemma  10.115.4).  The  following  are  equivalent 

(1)  There  exists  a g G S , g ^ q such  that  Sg  is  a global  complete  intersection 
over  k. 


(2)  The  ideal  Iq'  C k[x i, . . . ,xn]q>  can  be  generated  by  c elements. 

(3)  The  conormal  module  (J / 12) q can  be  generated  by  c elements  over  Sq. 

(4)  The  conormal  module  (J/J2)q  is  a free  Sq-module  of  rank  c. 

(5)  The  ideal  Iq>  can  be  generated  by  a regular  sequence  in  the  regular  local 
ring  k[x i, . . .,xn]q>. 

In  this  case  any  c elements  of  Iq>  which  generate  Iq'  / q ' Iq'  form  a regular  sequence 
in  the  local  ring  k[x i, . . . , £ra]q'. 


Proof.  Set  R = k[x i, . . . , xn]q /.  This  is  a Cohen-Macaulay  local  ring  of  dimension 
height (q'),  see  for  example  Lemma 


10.133.3 


Moreover,  R = R/IR  = R/Iq>  = Sq  is 
a quotient  of  dimension  height (q).  Let  f\, ... , fc  G Iq>  be  elements  which  generate 
(///2)q.  By  Lemma  10.19.1  we  see  that  /i, . . . , fc  generate  Iq>.  Since  the  dimensions 
work  out,  we  conclude  by  Proposition[T0.102.5|that  /i, . . . , fc  is  a regular  sequence 
in  R.  By  Lemma  10.68.2  we  see  that  (///2)q  is  free.  These  arguments  show  that 
(2),  (3),  (4)  are  equivalent  and  that  they  imply  the  last  statement  of  the  lemma, 
and  therefore  they  imply  (5). 


If  (5)  holds,  say  Iq>  is  generated  by  a regular  sequence  of  length  e,  then  height(q)  = 
dim(S'q)  = dim(fc[xi, . . . , xn]q>)  — e = height^')  — e by  dimension  theory,  see  Section 
10.59|  We  conclude  that  e = c.  Thus  (5)  implies  (2). 


We  continue  with  the  notation  introduced  in  the  first  paragraph.  For  each  fi  we 
may  find  di  G k[x i, . . . ,xn],  di  ^ q'  such  that  f(  = difi  G k[x i, . . . ,xn\.  Then  it  is 
still  true  that  Iq>  = (/(,...,  f()R.  Hence  there  exists  a g'  G k[x\, . . . , xn],  g'  ^ q' 
such  that  Ig'  = (/(,...,  /').  Moreover,  pick  g"  G k[x\, . . . , xn],  g"  £ q'  such  that 
dim(Sg")  = dimqSpec(5).  By  Lemma  10.115.4 
Finally,  set  g equal  to  the  image  of  g'g 


this  dimension  is  equal  to  n — c. 
len  we  see  that 


Sg  — k[x i,  ■ • • , xn , xn+\)/ (fi,  • ■ • , /c,  a^n+i g g 1) 
and  by  our  choice  of  g"  this  ring  has  dimension  n — c.  Therefore  it  is  a global 
complete  intersection.  Thus  each  of  (2),  (3),  and  (4)  implies  (1). 


Assume  (1).  Let  Sg  = k[yi, . . . , ym]/(/ij  be  a presentation  of  Sg  as  a global 

complete  intersection.  Write  J = (/i, . . . , ft).  Let  q"  C k[y\, . . . , ym]  be  the  prime 
corresponding  to  qSg.  Note  that  t = m — dim(S’g)  = height(q")  — height(q),  see 
Lemma  |10. 115.41  for  the  last  equality.  As  seen  in  the  proof  of  Lemma  |10.133.3l 
(and  also  above)  the  elements  /i , ■ ■ . , ft  form  a regular  sequence  in  the  local  ring 
k[yi, . . . ,ym]  q"-  By  Lemma  10.68.2  we  see  that  (J  / J2)q  is  free  of  rank  t.  By  Lemma 
IIP. 132.161  we  have 

j/j2  ®s;^  ( i/i2)g  ® s™ 

Thus  (///2)q  is  free  of  rank  t + n~m  = m — dim(iS'g)  + n — m = n — dim(5'g)  = 
height(q')  — height(q)  = c.  Thus  we  obtain  (4).  □ 


The  result  of  Lemma  [10. 133. 4|  suggests  the  following  definition. 

00SD  Definition  10.133.5.  Let  fc  be  a field.  Let  S'  be  a local  fc-algebra  essentially  of 
finite  type  over  fc.  We  say  S is  a complete  intersection  (over  k)  if  there  exists  a 
local  fc-algebra  R and  elements  fi,  ■ ■ ■ , fc  £ mR  such  that 
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(1)  R is  essentially  of  finite  type  over  fc , 

(2)  R is  a regular  local  ring, 

(3)  /i , . . . , fc  form  a regular  sequence  in  R,  and 

(4)  S = R/(fi, . . ■ , fc)  as  fc- algebras. 


By  the  Cohen  structure  theorem  (see  Theorem  10.152.8 1 any  complete  Noetherian 
local  ring  may  be  written  as  the  quotient  of  some  regular  complete  local  ring.  Hence 
we  may  use  the  definition  above  to  define  the  notion  of  a complete  intersection  ring 
for  any  complete  Noetherian  local  ring.  We  will  discuss  this  in  Divided  Power 
Algebra,  Section  |23.8|  In  the  meantime  the  following  lemma  shows  that  such  a 
definition  makes  sense. 


00SE  Lemma  10.133.6.  Let  A — >•  B — ► C be  surjective  local  ring  homomorphisms. 
Assume  A and  B are  regular  local  rings.  The  following  are  equivalent 

(1)  Ker(A  -a  C)  is  generated  by  a regular  sequence, 

(2)  Ker(A  — ► C)  is  generated  by  dim(A)  — dim((7)  elements, 

(3)  Ker(B  — > C ) is  generated  by  a regular  sequence,  and 

(4)  Ker(B  — > C ) is  generated  by  dim(H)  — dim(C')  elements. 


Proof.  A regular  local  ring  is  Cohen-Macaulay,  see  Lemma  |10.105.3l  Hence  the 
equivalences  (1)  <t=>  (2)  and  (3)  <t=>  (4),  see  Proposition  10.102.5  By  Lemma  10.105.4 
the  ideal  Ker(A  -A  B)  can  be  generated  by  dim(A)  — dirn(H)  elements.  Hence  we 
see  that  (4)  implies  (2). 


It  remains  to  show  that  (1)  implies  (4).  We  do  this  by  induction  on  dim(A)— dim(H). 
The  case  dim(A)  — dim(H)  = 0 is  trivial.  Assume  dim(A)  > dim(U).  Write 
I = Ker(A  — > C)  and  J = Ker(A  -A  B).  Note  that  J C I.  Our  assumption  is 
that  the  minimal  number  of  generators  of  / is  dim(A)  — dim(C’).  Let  mC  Abe  the 
maximal  ideal.  Consider  the  maps 


J/mJ  — >•  I/ml  — >•  m/m2 


By  Lemma  10.105.4  and  its  proof  the  composition  is  injective.  Take  any  element 
x £ J which  is  not  zero  in  J/mJ.  By  the  above  and  Nakayama’s  lemma  x is  an 
element  of  a minimal  set  of  generators  of  I . Hence  we  may  replace  A by  A/xA  and 
I by  I/xA  which  decreases  both  dim(A)  and  the  minimal  number  of  generators  of 
I by  1.  Thus  we  win.  □ 


00SF  Lemma  10.133.7.  Let  k be  a field.  Let  S be  a local  k-algebra  essentially  of  finite 
type  over  fc.  The  following  are  equivalent: 

(1)  S is  a complete  intersection  over  fc, 

(2)  for  any  surjection  R — >•  S with  R a regular  local  ring  essentially  of  finite 
presentation  over  k the  ideal  Ker(R  — >•  S)  can  be  generated  by  a regular 
sequence, 

(3)  for  some  surjection  R — » S with  R a regular  local  ring  essentially  of  finite 
presentation  over  k the  ideal  Ker{R  — > S)  can  be  generated  by  dim(l?)  — 
dim(5')  elements, 

(4)  there  exists  a global  complete  intersection  A over  k and  a prime  a of  A 
such  that  S = Aa,  and 

(5)  there  exists  a local  complete  intersection  A over  k and  a prime  a of  A such 
that  S = Aa. 
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Proof.  It  is  clear  that  (2)  implies  (1)  and  (1)  implies  (3).  It  is  also  clear  that 
(4)  implies  (5).  Let  us  show  that  (3)  implies  (4).  Thus  we  assume  there  exists 
a surjection  R — ► S with  R a regular  local  ring  essentially  of  finite  presentation 
over  k such  that  the  ideal  Kerf  I?,  — ► S)  can  be  generated  by  dimfl?)  — dim  (S') 
elements.  We  may  write  R = (k[xi, . . . ,xn]/ J)q  for  some  J C k[x i,...,xn\  and 
some  prime  q C k[ x\, . . . , xn ] with  J C q.  Let  / C k[x i, . . . , xn\  be  the  kernel  of  the 
map  k[x  i,...,xn\  — t S so  that  S = (k[xi, xn\/I)q.  By  assumption  (//J)q  is 
generated  by  dimfi?)  — dimfS1)  elements.  We  conclude  that  Iq  can  be  generated  by 


10.133.6 


From  Lemma 


10.133.4 


dim(A:[a:i, . . . , xn]q)  — dim(S)  elements  by  Lemma 

we  see  that  for  some  g £ k[ x\, . . . ,xn],  g ^ q the  algebra  (k[x i, . . . , xn]/I)g  is  a 
global  complete  intersection  and  S is  isomorphic  to  a local  ring  of  it. 

To  finish  the  proof  of  the  lemma  we  have  to  show  that  (5)  implies  (2).  Assume  (5) 
and  let  7r  : R — > S be  a surjection  with  R a regular  local  fc-algebra  essentially  of  finite 
type  over  k.  By  assumption  we  have  S = Aa  for  some  local  complete  intersection  A 
over  k.  Choose  a presentation  R = (k[y i, . . . , ym\/ J) q with  J C q C k[yi, . . . , ym}. 
We  may  and  do  assume  that  J is  the  kernel  of  the  map  k[yi, . . . ,ym]  — > R.  Let 
I C k[y i, . . . , ym\  be  the  kernel  of  the  map  k[yi, . . . , ym ] —>S  = Aa.  Then  J C I 
and  ( I / J)q  is  the  kernel  of  the  surjection  7r  : R — >■  S.  So  S = (fc[i/i, . . . ,t/m]//)q. 


By  Lemma  10.125.7  we  see  that  there  exist  g 
g'  ^ q such  that  Ag  = (k[yi, . 


e A,  g £ a and  g'  G k[yi, . . . , ym], 
) Vth]/ After  replacing  A by  Ag  and  ) • • • > Vm] 
by  k[y i, . . . , ym+i]  we  may  assume  that  A = k[y\, . . . , ym]/I.  Consider  the  surjective 
maps  of  local  rings 

k[yi,  • • .,ym}q  R -t  S. 

We  have  to  show  that  the  kernel  of  R — > S is  generated  by  a regular  sequence.  By 
Lemma  10.133.4  we  know  that  k[y i, . . . , ym\q  —■ *■  Aa  = S has  this  property  (as  A is 
a local  complete  intersection  over  k).  We  win  by  Lemma  10.133.6  □ 


00SG  Lemma  10.133.8.  Let  k be  a field.  Let  S be  a finite  type  k-algebra.  Let  q be  a 
prime  of  S.  The  following  are  equivalent: 


(1)  The  local  ring  Sq  is  a complete  intersection  ring  (Definition  10.133.5). 

(2)  There  exists  a g G S,  g ^ q such  that  Sg  is  a local  complete  intersection 
over  k. 

(3)  There  exists  a g £ S' , g ft  q such  that  Sg  is  a global  complete  intersection 
over  k. 

(4)  For  any  presentation  S = k[x\, . . . , xn]/I  with  q'  C k[x\, . . . ,xn]  corre- 
sponding to  q any  of  the  equivalent  conditions  (1)  - (5)  of  Lemma  10. 133.  f 
hold. 


Proof.  This  is  a combination  of  Lemmas  IIP.  133. 4land  IIP.  133. 71  and  the  definitions. 

□ 


00SH  Lemma  10.133.9.  Let  k be  afield.  Let  S be  a finite  type  k-algebra.  The  following 
are  equivalent: 

(1)  The  ring  S is  a local  complete  intersection  over  k. 

(2)  All  local  rings  of  S are  complete  intersection  rings  over  k. 

(3)  All  localizations  of  S at  maximal  ideals  are  complete  intersection  rings 
over  k. 
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Proof.  This  follows  from  Lemma  10.133.8  the  fact  that  Spec(5)  is  quasi-compact 
and  the  definitions.  □ 

The  following  lemma  says  that  being  a complete  intersection  is  preserved  under 
change  of  base  field  (in  a strong  sense). 

00SI  Lemma  10.133.10.  Let  k C K be  a field  extension.  Let  S be  a finite  type  algebra 
over  k.  Let  c\k  be  a prime  of  Sk  = K S and  let  q be  the  corresponding  prime 


of  S . Then  S q is  a complete  intersection  over  k (Definition  10.133.5)  if  and  only 
if  (Sk) qK  is  a complete  intersection  over  K. 

Proof.  Choose  a presentation  S = k[xi, . . . , xn]/I.  This  gives  a presentation 
Sk  = K[xi, . . . ,xn]/lK  where  Ik  = I<  I.  Let  q'K  C K[x\, ...  ,x„],  resp. 
q'  C k[xi, . . . , xn]  be  the  corresponding  prime.  We  will  show  that  the  equiva- 
lent conditions  of  Lemma  10.133.4  hold  for  the  pair  (S  = k[x i, . . . , a ;„]//,  q)  if  and 
only  if  they  hold  for  the  pair  (Sk  = K[x i, . . . , xn]/lK,  q k)-  The  lemma  will  follow 
from  this  (see  Lemma  10.133.8). 


I 


By  Lemma  10.115.6  we  have  dimq  S = dimqji.  Sk-  Hence  the  integer  c occurring 
in  Lemma  10.133.4  is  the  same  for  the  pair  (S  = k[x i, . . . , xn]/I,  q)  as  for  the  pair 
(Sk  = K[x\, . . . , Xn]/lK,  C|A')-  On  the  other  hand  we  have 

^(*1  ) ®K(q')  k(^k)  I ^klxt^.^Xn]  ^(^\k) 

= I ®k[xi,...,xn] 

= (K  ®k  I)  @>K[xi,...,xn]  K(q k) 

Ik®K[x i,...,xn] 

] = dim«(q ’k)IK  ®K[xu...,3. 


K ) 


c(q/c) 


Thus  it 


Therefore,  dimre(q/)  / ®fc[a.1) 
follows  from  Nakayama’s  Lemma  [l 0 . 1 9 . 1 1 that  the  minimal  number  of  generators  of 
Iq>  is  the  same  as  the  minimal  number  of  generators  of  (Ik) q'  ■ Thus  the  lemma 
follows  from  characterization  (2)  of  Lemma  10.133.4  □ 


00SJ  Lemma  10.133.11.  Let  k -A  K be  a field  extension.  Let  S be  a finite  type  k- 
algebra.  Then  S is  a local  complete  intersection  over  k if  and  only  if  S (S)fc  K is  a 
local  complete  intersection  over  K . 


Proof.  This  follows  from  a combination  of  Lemmas  110.133. 91  and  110.133. 101  But 
we  also  give  a different  proof  here  (based  on  the  same  principles). 

Set  S'  = S <S>k  K-  Let  a : k[x i, . . • , xn\  — > S be  a presentation  with  kernel  I.  Let 
a1  : K[xi, . . . , xn ] —>■  S'  be  the  induced  presentation  with  kernel  I'. 

Suppose  that  S’  is  a local  complete  intersection.  Pick  a prime  q C S'.  Denote  q'  the 
corresponding  prime  of  K[x\, . . . ,xn\,  p the  corresponding  prime  of  S,  and  p'  the 
corresponding  prime  of  k[xi, . . . , xn\.  Consider  the  following  diagram  of  Noetherian 
local  rings 

S'q  ■< K[xi, . . .,xn]q> 

I 


S0 


k[x i, . . . ,a;„]p- 


,fe 


By  Lemma  10.133.4  we  know  that  Sp  is  cut  out  by  some  regular  sequence  /i, 
in  k[x i, . . . , xn\p' . Since  the  right  vertical  arrow  is  flat  we  see  that  the  images  of 
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fi, . . . , /c  form  a regular  sequence  in  K[x\, . . . , xn]q> . Because  tensoring  with  K over 


k is  an  exact  functor  we  have  S'  = K[x i, 


vn\  q 


/(A 


, fe).  Hence  by  Lemma 


10.133.4  again  we  see  that  S'  is  a local  complete  intersection  in  a neighbourhood 
of  q.  Since  q was  arbitrary  we  see  that  S'  is  a local  complete  intersection  over  K. 

Suppose  that  S'  is  a local  complete  intersection.  Pick  a maximal  ideal  m of  S. 
Let  m'  denote  the  corresponding  maximal  ideal  of  k[x i, . . . , xn].  Denote  k = ft(m) 
the  residue  held.  By  Remark  10.16.8  the  primes  of  S'  lying  over  m correspond 
to  primes  in  K <8>*.  n.  By  the  Hilbert-Nullstellensatz  Theorem  |10.33.1|  we  have 
[k  : k]  < oo.  Hence  K k is  finite  nonzero  over  K.  Hence  K n has  a finite 
number  > 0 of  primes  which  are  all  maximal,  each  of  which  has  a residue  held 


finite  over  K (see  Section  10.52).  Hence  there  are  finitely  many  > 0 prime  ideals 
ncS'  lying  over  m,  each  of  which  is  maximal  and  has  a residue  held  which  is  finite 
over  K.  Pick  one,  say  n C S',  and  let  n'  C K[x\, . . . ,xn]  denote  the  corresponding 
prime  ideal  of  K[x\, . . . ,xn\.  Note  that  since  V(mS')  is  finite,  we  see  that  n is  an 
isolated  closed  point  of  it,  and  we  deduce  that  mS(,  is  an  ideal  of  dehnition  of  S'n. 


This  implies  that  dim(Sm)  > dim(S'(l),  for  example  by  Lemma  10.111.6  or  by  the 


characterization  of  dimension  in  terms  of  minimal  number  of  generators  of  ideal  of 
dehnition,  see  Section  10.59  (In  reality  the  dimensions  are  equal  but  we  do  not 
need  this. 


Consider  the  corresponding  diagram  of  Noetherian  local  rings 


A.  [xr , , Xn ] n ’ 


k[x  1 


According  to  Lemma  10.132.8|  we  have  NL(a)  (g>s  S'  = NL(a'),  in  particular 
I' /(I')2  = I / 12  S' . Thus  (///2)m®sm  k and  (/'/(//)2)n  ®s’a  K(n)  have  the  same 
dimension.  Since  (I'/(/,)2)n  is  free  of  rank  n — dimS^  we  deduce  that  (/ /I2) 
be  generated  by  n — dirnS^  < n — dirnSA  elements.  By  Lemma  10.133.4 


can 
we  see 


that  S'  is  a local  complete  intersection  in  a neighbourhood  of  m.  Since  m was  any 
maximal  ideal  we  conclude  that  S is  a local  complete  intersection.  □ 


We  end  with  a lemma  which  we  will  later  use  to  prove  that  given  ring  maps  T — > 
A — » B where  B is  syntomic  over  T,  and  B is  syntomic  over  A,  then  A is  syntomic 
over  T. 

02JP  Lemma  10.133.12.  Let 

B S 


A -z R 

be  a commutative  square  of  local  rings.  Assume 

(1)  R and  S = S/m^S  are  regular  local  rings, 

(2)  A = R/I  and  B = S/J  for  some  ideals  I,  J , 

(3)  J C S and  J = J / iur  D J C S are  generated  by  regular  sequences,  and 

(4)  A—>B  and  R — )•  S are  flat. 

Then  I is  generated  by  a regular  sequence. 
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Proof.  Set  B = B/muB  = B/vciaB  so  that  B = S/J.  Let  fi,...,fc  € J be 
elements  such  that  £ J form  a regular  sequence  generating  J.  Note 


10.133.6 


By  Lemma 


10.98.3 


the  ring 
The  map 


that  c = dim(S')  — dim(f?),  see  Lemma 

fc ) is  flat  over  R.  Hence  S/(fi, . . . , fc)  + IS  is  flat  over  A. 

Sy(/i, . . . , fc)  + IS  — ► B is  therefore  a surjection  of  finite  S/IS'-modules  flat  over  A 
which  is  an  isomorphism  modulo  m^,  and  hence  an  isomorphism  by  Lemma|l0.98.1[ 
In  other  words,  J = (fi,  ■ ■ ■ , fc)  + IS. 


By  Lemma  |10.133.6|  again  the  ideal  J is  generated  by  a regular  sequence  of  c = 
dim(5')  — dim(B)  elements.  Hence  J/msJ  is  a vector  space  of  dimension  c.  By 
the  description  of  J above  there  exist  g i , . . . , gc-c  £ / such  that  J is  generated  by 
fi, . . . , fc,  gi,  ■ ■ ■ , gc-c  (use  Nakayama’s  Lemma  fl0.19.1 ).  Consider  the  ring  A'  = 
R/(gi, . . . , gc-c)  and  the  surjection  A!  — > A.  We  see  from  the  above  that  B = 
s/(fi,  ■ ■ • , fc,  gi,  ■ ■ ■ , gc-c)  is  flat  over  A ' (as  S/(fi,... , fc)  is  flat  over  R).  Hence 
A'  — > B is  injective  (as  it  is  faithfully  flat,  see  Lemma  10.38.17). 
factors  through  A we  get  A'  = A.  Note  that  dim(H)  = dim(H) 
dim(S)  = dim(i?) 


dim(S'),  see  Lemma 


10.111.7 


Since  this  map 
+ dim(B),  and 


Hence  c — c = dim(i?)  — dim(H) 


by  elementary  algebra.  Thus  / = (g i , . . . , gc-c)  is  generated  by  a regular  sequence 
according  to  Lemma [10. 133.6  □ 
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00SK 


Syntomic  ring  maps  are  flat  finitely  presented  ring  maps  all  of  whose  fibers  are  local 
complete  intersections.  We  discuss  general  local  complete  intersection  ring  maps  in 


More  on  Algebra,  Section  15.25 


00SL  Definition  10.134.1.  A ring  map  R — > S is  called  syntomic , or  we  say  S'  is  a flat 
local  complete  intersection  over  R if  it  is  flat,  of  finite  presentation,  and  if  all  of  its 


fibre  rings  S «(p)  are  local  complete  intersections,  see  Definition  10.133.1 


Clearly,  an  algebra  over  a field  is  syntomic  over  the  field  if  and  only  if  it  is  a local 
complete  intersection.  Here  is  a pleasing  feature  of  this  definition. 

00SM  Lemma  10.134.2.  Let  R — > S be  a ring  map.  Let  R — » R'  be  a faithfully  flat 
ring  map.  Set  S'  = R'  <g>R  S.  Then  R S is  syntomic  if  and  only  if  R'  —>  S'  is 
syntomic. 


Proof.  By  Lemma[l0.125.2|and  Lemma[l0.38.8|this  holds  for  the  property  of  being 
flat  and  for  the  property  of  being  of  finite  presentation.  The  map  Spec(i?')  — ► 
Spec(-R)  is  surjective,  see  Lemma  10.38.16  Thus  it  suffices  to  show  given  primes 
p'  C R'  lying  over  p C R that  S «(p)  is  a local  complete  intersection  if  and 
only  if  S'  k(p')  is  a local  complete  intersection.  Note  that  S'  k>  n(p')  = 
S (gi#  «;(p)  ®K(p)  Ac(p/)-  Thus  Lemma  10.133.11  applies.  □ 

00SN  Lemma  10.134.3.  Any  base  change  of  a syntomic  map  is  syntomic. 


Proof.  This  is  true  for  being  flat,  for  being  of  finite  presentation,  and  for  having 
local  complete  intersections  as  fibres  by  Lemmas |10.38.7[  |10.6.2| and |10.133.lT|  □ 


OOSO  Lemma  10.134.4.  Let  R — )•  S be  a ring  map.  Suppose  we  have  g\ , . . . gm  £ S 
which  generate  the  unit  ideal  such  that  each  R — > Sgi  is  syntomic.  Then  R —¥  S is 
syntomic. 
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Proof.  This  is  true  for  being  flat  and  for  being  of  finite  presentation  by  Lemmas 
|10.38.19l  and  |10.23.3[  The  property  of  having  fibre  rings  which  are  local  complete 
intersections  is  local  on  S by  its  very  definition,  see  Definition  |10.133TH  □ 

OOSP  Definition  10.134.5.  Let  R — 7 S be  a ring  map.  We  say  that  R — 7 S is  a relative 

global  complete  intersection  if  we  are  given  a presentation  S = R[xi, . . . , xn\/(fi, . . . , fc) 
such  that  every  nonempty  fibre  has  dimension  n — c. 


The  following  lemma  is  occasionally  useful  to  find  global  presentations. 

07CF  Lemma  10.134.6.  Let  S be  a finitely  presented  R-algebra  which  has  a presentation 
S = R[x\, . . . , xn\/I  such  that  I /I2  is  free  over  S.  Then  S has  a presentation 
S = R[Vi,  • • ■ , 2/m]/ (fi,  ■ ■ ■ , fc)  such,  that  (/i, . . . , fc)/ (/i, . . . , fc)2  is  free  with  basis 
given  by  the  classes  of  fi, . . . , fc. 


Proof.  Note  that  / is  a finitely  generated  ideal  by  LemmaflOlO]  Let  f\ , . . . , /e  g / 
be  elements  which  map  to  a basis  of  I /I2 . By  Nakayama’s  lemma  (Lemma  10.19.1 ) 
there  exists  aj£l  + I such  that 

g-I  C (/i,...,/c) 


Hence  we  see  that 


S = R[xi,...,xn\/(f1,...,fc)[l/g]  = R[x!,...,  xn,xn+1]/(f fc,gxn+1  - 1) 

as  desired.  It  follows  that  /i, . . . , fc,gxn+ 1 — 1 form  a basis  for  (/1; . . . , fcigxn+ 1 — 
1)/ (/i)  • • • , fc,9Xn+ 1 ^ l)2  for  example  by  applying  Lemma 


10.132.12 


OOSQ  Example  10.134.7.  Let  n,  to  > 1 be  integers.  Consider  the  ring  map 
R Z [dr , . . . , Un+m]  7 S Z [64  , . . . , C\ , . . . , Cm] 

Oi  I 7 61  + Cl 

a2  1 — > 62  + bici  + c2 


□ 


^n+ri 


In  other  words,  this  is  the  unique  ring  map  of  polynomial  rings  as  indicated  such 
that  the  polynomial  factorization 

xn  + aix"-1  + . . . + an+m  = ( xn  + + . . . + bn)(xm  + Cia;m_1  + . . . + cm) 

holds.  Note  that  S is  generated  by  n + m elements  over  R (namely,  bi,Cj)  and  that 
there  are  n + m equations  (namely  au  = ak(bi,Cj)).  In  order  to  show  that  S'  is  a 
relative  global  complete  intersection  over  R it  suffices  to  prove  that  all  fibres  have 
dimension  0. 


To  prove  this,  let  R — > k be  a ring  map  into  a field  k.  Say  maps  to  on  £ k. 
Consider  the  fibre  ring  Sk  = k S.  Let  k — 7 K be  a field  extension.  A fc-algebra 
map  of  Sk  —7  K is  the  same  thing  as  finding  /3i, . . . , f3n,  71, . . . , £ K such  that 

xn  + a\Xn  1 + . . . + oin+m  = (xn  + /3ixn  1 + . . . + /3n)(xm  + ^\Xm  1 + . . . + 7 m). 

Hence  we  see  there  are  at  most  finitely  many  choices  of  such  n+TO-tuples  in  K.  This 
proves  that  all  fibres  have  finitely  many  closed  points  (use  Hilbert’s  Nullstellensatz 
to  see  they  all  correspond  to  solutions  in  k for  example)  and  hence  that  R —7  S is 
a relative  global  complete  intersection. 
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Another  way  to  argue  this  is  to  show  Z[a\, , a„+m]  — > Z[b±, . . . , bn,  Ci, . . . , cm]  is 
actually  also  a finite  ring  map.  Namely,  by  Lemma  10.37.5  each  of  bi,Cj  is  integral 
over  R,  and  hence  R 


S is  finite  by  Lemma[10.35.4 
00SR  Example  10.134.8.  Consider  the  ring  map 

R — Z • • • 5 Cln\  ^ R — Z[oq,  • • • 7 OLf] 
cl\  i — y cx i + . . . + o?n 


Oil  • • - QL' 


In  other  words  this  is  the  unique  ring  map  of  polynomial  rings  as  indicated  such 
that 

i "i — 

xn  + Oia;"-1  + . . . + an  = II  (x  + aA 

1 


holds  in  Z[aii,x].  Another  way  to  say  this  is  that  a.j  maps  to  the  ith  elementary 
symmetric  function  in  ol\ ,...,an.  Note  that  S is  generated  by  n elements  over 
R subject  to  n equations.  Hence  to  show  that  S'  is  a global  relative  complete 
intersection  over  R we  have  to  show  that  the  fibre  rings  S (g#  n(p)  have  dimension 
0.  This  follows  as  in  Example  10.134.7  because  the  ring  map  Z[ai,...,an]  — ► 
Z[a1; . . . , an]  is  actually  finite  since  each  £ S satisfies  the  monic  equation  xn  — 
aia;"-1  + . . . + (— 1 )nan  over  R. 


03HS  Lemma  10.134.9.  Suppose  that  A is  a ring,  and  P(x)  = xn  + 6ixn_1  + . . . + bn  £ 
A[x \ is  a monic  polynomial  over  A.  Then  there  exists  a syntomic,  finite  locally  free, 
faithfully  flat  ring  extension  A C A!  such  that  P(x)  = IXi=i  n(x  ~ ft)  for  certain 
ft  £ A! . 


00SS 


Proof.  Take  A!  = A igifj  S,  where  R and  S are  as  in  Example  10.134.8  where 
1?  — > A maps  ai  to  bi,  and  let  = — 1 (g>  a*.  □ 


Lemma  10.134.10.  Let  S = , xn]/(fi, . . . , fc)  be  a relative  global  com- 

plete intersection  over  R. 

(1)  For  any  R — )•  R'  the  base  change  R'  (g)#  S = R'[x i, . . . , xn\/(fi, . . . , fc)  is 
a relative  global  complete  intersection. 

(2)  For  any  g £ S which  is  the  image  of  h £ R[x\, . . . , xn\  the  ring  Sg  = 
R[x i, . . . , xn,  xn+i]/ (/i, . . . , fc,  hxn+ 1 — 1)  is  a relative  global  complete  in- 
tersection. 

(3)  If  R S factors  as  R — > Rf  — ► S for  some  f £ R.  Then  the  ring 
S = Rf[x\, . . . , xn]/(fi, . . . , fc)  is  a relative  global  complete  intersection 
over  Rf . 


Proof.  By  Lemma  [10.115.5|  the  fibres  of  a base  change  have  the  same  dimension 
as  the  fibres  of  the  original  map.  Moreover  R'  R[xi, . . . , xn\/(fi, . . . , fc)  = 
R'[x\, . . . , xn\/(fi, . . . , fc).  Thus  (1)  follows.  The  proof  of  (2)  is  that  the  localiza- 
tion at  one  element  can  be  described  as  Sg  = S[xn+\}/ (gxn+i  — 1).  Assertion  (3) 
follows  from  (1)  since  under  the  assumptions  of  (3)  we  have  Rf  ®R  S = S.  □ 

00ST  Lemma  10.134.11.  Let  R be  a ring.  Let  S = R[x\, . . . , xn\/(fi, . . . , fc).  We  will 
find  h £ R[x\, . . . , xn]  which  maps  to  g £ S such  that 

Sg  — R\x i,  - - - , xn,  xnf. i]/ (fl , • ■ • , fc,  hxn+ 1 1) 
is  a relative  global  complete  intersection  over  R in  each  of  the  following  cases: 
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(1)  Let  I C R be  an  ideal.  If  the  fibres  of  Spec (S/IS)  — > Spec  {R/I)  have 
dimension  n — c,  then  we  can  find  (h,  g)  as  above  such  that  g maps  to 

1 £ S/IS. 

(2)  Let  pC  R be  a prime.  If  dim(S  <g)R  «;(p))  = n — c,  then  we  can  find  ( h,g ) 
as  above  such  that  g maps  to  a unit  of  S ®R  n(p). 

(3)  Let  q C S be  a prime  lying  over  p C R.  If  dimq{S/R)  = n — c,  then  we 
can  find  {h,g)  as  above  such  that  g ^ q. 


Proof.  Ad  (1).  By  Lemma  |l0.124.6|  there  exists  an  open  subset  W C Spec(S) 
containing  V(IS)  such  that  all  fibres  of  W — > Spec (R)  have  dimension  < n — c.  Say 
W = Spec(S)  \ V{J).  Then  V(J)  fl  V{IS)  = 0 hence  we  can  find  a g G J which 
maps  to  1 £ S/IS.  Let  h £ R[x i, . . . , xn]  be  any  preimage  of  g. 


Ad  (2).  By  Lemma  10.124.6  there  exists  an  open  subset  W C Spec(S)  containing 
Spec(S  ®R  re(p))  such  that  all  fibres  of  W — > Spec (R)  have  dimension  < n — c.  Say 
W = Spec(S)  \ V{J).  Then  V(J  ■ S ®R  n{p))  = 0.  Hence  we  can  find  a g £ J 
which  maps  to  a unit  in  S <8>r  n(p)  (details  omitted).  Let  h £ f?[si, . . . , xn]  be  any 
preimage  of  g. 


Ad  (3).  By  Lemma  10.124.6  there  exists  a g £ S,  g ^ q such  that  all  nonempty 
fibres  of  R — > Sg  have  dimension  < n — c.  Let  h £ R[x i, . . . , xn ] be  any  element 
that  maps  to  g.  □ 


The  following  lemma  says  we  can  do  absolute  Noetherian  approximation  for  relative 
complete  intersections. 

00SU  Lemma  10.134.12.  Let  R be  a ring.  Let  S be  a relative  global  complete  inter- 
section with  presentation  S = R[x i, . . . , xn]/(fi, . . . , fc).  There  exist  a finite  type 
Z-subalgebra  Rq  C R such  that  fi  £ Rq[x\,  . . . , xn\  and  such  that 

S0  = Ro[xi,  ...,xn}/ {f fc) 

is  a relative  global  intersection  over  Rq. 


Proof.  Let  Rq  C R be  the  Z-algebra  of  R generated  by  all  the  coefficients  of  the 
polynomials  /i, . . . , fc.  Let  S0  = i?o[*i,  • ■ ■ , xn\/{h,  ■ ■ ■ , fc)-  Clearly,  S'  = R®RoS0. 
Pick  a prime  q C S and  denote  p C R,  qo  C So,  and  p0  C Rq  the  primes  it  lies 
over.  Because  dim(S  «(p))  = n — c we  also  have  dim(So  (8>_r0  k(Po))  = n — c,  see 
Lemma  10.115.5[  By  Lemma [10. 124.6  there  exists  a g £ So,  g qL  qo  such  that  all 
nonempty  fibres  of  Rq  — > ( Sq)9  have  dimension  < n — c.  As  q was  arbitrary  and 
Spec(S)  quasi-compact,  we  can  find  finitely  many  cq, . . . , gm  £ So  such  that  (a)  for 
j = 1, ...  ,m  the  nonempty  fibres  of  Rq  (So)Si  have  dimension  < n — c and  (b) 
the  image  of  Spec(S)  — >•  Spec(So)  is  contained  in  D(gi)  U . . . U D{gm).  In  other 
words,  the  images  of  g±, . . . ,gm  in  S = R <gtRo  So  generate  the  unit  ideal.  After 
increasing  Ro  we  may  assume  that  g i, . . . ,gm  generate  the  unit  ideal  in  So-  By  (a) 
the  nonempty  fibres  of  Rq  — > Sq  all  have  dimension  < n — c and  we  conclude.  □ 


OOSV  Lemma  10.134.13.  Let  R be  a ring.  Let  S = R[x\, . . . , xn]/(fi, . . . , fc)  be  a 
relative  global  complete  intersection.  For  every  prime  q of  S,  let  q'  denote  the 
corresponding  prime  of  R[x i, . . . , xn\ . Then 

(1)  fi, . . . , fc  is  a regular  sequence  in  the  local  ring  R[x i, . . . , a,’n]q', 

(2)  each  of  the  rings  R[xi, ...  ,xn\q'/(fi,. ..,  fi)  is  flat  over  R,  and 

(3)  the  S -module  (fi, . . . , /c)/(/i, . . . , /c)2  is  free  with  basis  given  by  the  ele- 
ments fi  mod  {fi,..  ■ ,/c)2. 
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Proof.  First,  by  Lemma  10.68.2  part  (3)  follows  from  part  (1).  Parts  (1)  and 
(2)  immediately  reduce  to  the  Noetherian  case  by  Lemma  10.134.12]  (some  minor 
details  omitted).  Assume  R is  Noetherian.  By  Lemma  10.133.4|  for  example  we 
see  that  form  a regular  sequence  in  the  local  ring  i?[ x±, . . . ,xn\q>  <3)r 

«(p).  Moreover,  the  local  ring  . . . ,ccn]q/  is  flat  over  Rp.  Since  R , and  hence 

R[ Xi, . . . , xn] q'  is  Noetherian  we  may  apply  Lemma  10.98.3  to  conclude.  □ 


00SW  Lemma  10.134.14.  A relative  global  complete  intersection  is  syntomic,  i.e.,  flat. 

Proof.  Let  R — > S be  a relative  global  complete  intersection.  The  fibres  are  global 
complete  intersections,  and  S is  of  finite  presentation  over  R.  Thus  the  only  thing 

□ 


to  prove  is  that  R — > S is  flat.  This  is  true  by  (2)  of  Lemma  10.134.13 


00SY  Lemma  10.134.15.  Let  R —¥  S be  a ring  map.  Let  q C S be  a prime  lying  over 
the  prime  p of  R.  The  following  are  equivalent: 

There  exists  an  element  g £ S,  g ^ q such  that  R — ► Sg  is  syntomic. 
There  exists  an  element  g £ S,  g ^ q such  that  Sg  is  a relative  global 
complete  intersection  over  R. 

There  exists  an  element  g £ S,  g ^ q,  such  that  R — ► Sg  is  of  finite 
presentation , the  local  ring  map  Rp  — > S q is  flat , and  the  local  ring  ^q/p^q 
is  a complete  intersection  ring  over  «(p)  (see  Definition  10.133.3jj. 

(1) 


(1) 

(2) 

(3) 


Proof.  The  implication  (1)  =>  (3)  is  Lemma  10.133.8  The  implication  (2) 
is  Lemma [lO.  134. 14  It  remains  to  show  that  (3)  implies  (2). 


Assume  (3).  After  replacing  S by  Sg  for  some  g £ S,  g ^ q we  may  assume 
S is  finitely  presented  over  R.  Choose  a presentation  S = R[xi, . . . , xn\/I.  Let 
c = n — dim q(S/R).  Let  q'  C R[x\, . . . , xn]  be  the  prime  corresponding  to  q.  Write 
«(p)  = k.  Note  that  S k = k [xi, . . . , xn\/I  where  I C k[x i, . . . , xn]  is  the  ideal 
generated  by  the  image  of  I.  Let  if  C k[x i, . . . , x„]  be  the  prime  ideal  generated  by 
the  image  of  q'.  By  Lemma  10.133.8  we  see  that  Lemma  10.133.4  holds  for  I and 


q . Thus  the  dimension  of  In' /q  In'  over  «(q  ) is  c.  Pick  /i,  • • • , fc  £ I mapping  to 


a basis  of  this  vector  space.  The  images  fj  £ I generate  Iq>  (by  Lemma  10.133.4). 
Set  S'  = . . . , xn\/ (A,  ■ . . , fc).  Let  J be  the  kernel  of  the  surjection  S'  — > S. 

Since  S is  of  hnite  presentation  J is  a finitely  generated  ideal  (Lemma  10.6.2). 
Consider  the  short  exact  sequence 

0H>J->S"->S'-)>0 


07BT 


As  Sq  is  flat  over  R we  see  that  Jp>  <S>r  k S',  k is  injective  (Lemma  10.38.12 ). 
However,  by  construction  S'q,  <S)r  k maps  isomorphically  to  5q  k.  Hence  we 
conclude  that  Jq/  k = Jq>/pJq>  = 0.  By  Nakayama’s  lemma  (Lemma  10.19.1) 
we  conclude  that  there  exists  a g £ . . . ,xn],  g fL  q'  such  that  Jg  = 0.  In  other 

words  S'Q  = Sg.  After  further  localizing  we  see  that  S’  (and  hence  S)  becomes  a 
relative  global  complete  intersection  by  Lemma[l0.134.1l1  as  desired.  □ 


Lemma  10.134.16.  Let  R be  a ring.  Let  S = . . . ,xn]/I  for  some  finitely 

generated  ideal  I.  If  g £ S is  such  that  Sg  is  syntomic  over  R,  then  (I/I2)g  is  a 
finite  projective  Sg  -module. 


Proof.  By  Lemma  |10.134.15|  there  exist  finitely  many  elements  gi,...,gm  £ S 
which  generate  the  unit  ideal  in  Sg  such  that  each  is  a relative  global  complete 
intersection  over  R.  Since  it  suffices  to  prove  that  ( I/I2)gg  is  finite  projective,  see 
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Lemma  10.77.2  we  may  assume  that  Sg  is  a relative  global  complete  intersection. 
In  this  case  the  result  follows  from  Lemmas  IIP. 132.161  and  IIP. 134.131  □ 


00SZ  Lemma  10.134.17.  Let  R — ► S , S — ► S'  be  ring  maps. 

(1)  If  R — ► S and  S — > S'  are  syntomic,  then  R — » S'  is  syntomic. 

(2)  If  R — ► S'  and  S — ► S'  are  relative  global  complete  intersections,  then 
R — >•  S'  is  a relative  global  complete  intersection. 


Proof.  Assume  R 


flat  by  Lemma  10.38.4 


S and  S — > S'  are  syntomic.  This  implies  that  R — > S'  is 
It  also  implies  that  R — > S'  is  of  finite  presentation  by 


Lemma  10.6.2  Thus  it  suffices  to  show  that  the  fibres  of  R — > S'  are  local  complete 


intersections.  Choose  a prime  pci?.  We  have  a factorization 

k(p)  ->•  S ®R  n(p)  ->  S'  k(p). 

By  assumption  S «(p)  is  a local  complete  intersection,  and  by  Lemma  10.134.3 


we  see  that  S <S>r  k(p)  is  syntomic  over  S k(p).  After  replacing  S'  by  S'  n(p) 
and  S'  by  S'  «(p)  we  may  assume  that  R is  a field.  Say  R = k. 


Choose  a prime  q'  C S'  lying  over  the  prime  q of  S.  Our  goal  is  to  find  a <7'  £ S', 
g'  fL  q'  such  that  S',  is  a global  complete  intersection  over  k.  Choose  a g £ S,  g £ q 
such  that  Sg  = k[x  i, . . . , xn]/(fi, ...  ,fc)  is  a global  complete  intersection  over  k. 
Since  Sg  -4  S'  is  still  syntomic  also,  and  g ^ q'  we  may  replace  S by  Sg  and  S'  by 
S'g  and  assume  that  S = k[x i, . . . , xn}/ (fi,... , fc)  is  a global  complete  intersection 
over  k.  Next  we  choose  a g'  £ S',  g'  £ q'  such  that  S'  = S[j/i, . . . , ym]/ (hi,...,  hd) 
is  a relative  global  complete  intersection  over  S.  Hence  we  have  reduced  to  part 
(2)  of  the  lemma. 


Suppose  that  R -4  S and  S — »■  S'  are  relative  global  complete  intersections.  Say 
S = R[x  i, . . .,xn]/(fi, . . . ,fc)  and  S'  = S[yi, . . .,ym\/(hi,  ■ ■ -,hd).  Then 

S'  = i?[xi,  ...,xn,yi,...,  ym\/(fu  ■ ■ ■ , fc,  K,  ■■■, h'd ) 

for  some  lifts  /i'  £ i?[xi, . . . , xn,  y\, . . . , ym]  of  the  hj.  Hence  it  suffices  to  bound 
the  dimensions  of  the  fibres.  Thus  we  may  yet  again  assume  R = k is  a field.  In 
this  case  we  see  that  we  have  a ring,  namely  S,  which  is  of  finite  type  over  k and 
equidimensional  of  dimension  n — c,  and  a finite  type  ring  map  S — > S'  all  of  whose 
nonempty  fibre  rings  are  equidimensional  of  dimension  m — d.  Then,  by  Lemma 
|10.111.6l  for  example  applied  to  localizations  at  maximal  ideals  of  S',  we  see  that 
dim(S')  <n  — c + m — d as  desired.  □ 


The  following  lemma  will  be  improved  later,  see  Smoothing  Ring  Maps,  Proposition 

EH 

00T0  Lemma  10.134.18.  Let  R be  a ring  and  let  I C R be  an  ideal.  Let  R/I  — >•  S be 
a syntomic  map.  Then  there  exists  elements  gt  £ S which  generate  the  unit  ideal 
of  S such  that  each  S9i  = Si/ISi  for  some  relative  global  complete  intersection  Si 
over  R. 


Proof.  By  Lemma 


10.134.15 


we  find  a collection  of  elements  ^ £ S which  gener- 


ate the  unit  ideal  of  S such  that  each  Sgi  is  a relative  global  complete  intersection 
over  R/I.  Hence  we  may  assume  that  S is  a relative  global  complete  intersec- 
tion. Write  S = (R/I)[x\, . . . ,xn]/(f1, . . . , fc)  as  in  Definition  10.134.5  Choose 
fi,...,fc  £ R[x !,...,  xn]  lifting  Set  s = R[xh  ■ ■ ■ > xn]/(fi, . . . , fc). 
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we  can  find  g £ S mapping  to  1 in  S 
such  that  Sg  is  a relative  global  complete  intersection  over  R.  Since  S = Sg/ISg 
this  finishes  the  proof.  □ 


Note  that  S/IS  = S.  By  Lemma 


10.134.11 


10.135.  Smooth  ring  maps 


00T1 


Let  us  motivate  the  definition  of  a smooth  ring  map  by  an  example.  Suppose  R is 
a ring  and  S = R[x,y]/(f)  for  some  nonzero  f £ R.[x,y].  In  this  case  there  is  an 
exact  sequence 


S — » Sdx  ® Sdy  — > f ls/R  — ► 0 


10.132 


We  conclude  that 


where  the  first  arrow  maps  1 to  fyd.r  + f^di/  see  Section 
fls/R  is  locally  free  of  rank  1 if  the  partial  derivatives  of  f generate  the  unit  ideal 
in  S.  In  this  case  S is  smooth  of  relative  dimension  1 over  R.  But  it  can  happen 
that  Ils/R  is  locally  free  of  rank  2 namely  if  both  partial  derivatives  of  / are  zero. 
For  example  if  for  a prime  p we  have  p = 0 in  R and  f = xp  + yp  then  this  happens. 
Here  R -A  S is  a relative  global  complete  intersection  of  relative  dimension  1 which 
is  not  smooth.  Hence,  in  order  to  check  that  a ring  map  is  smooth  it  is  not  sufficient 
to  check  whether  the  module  of  differentials  is  free.  The  correct  condition  is  the 
following. 


00T2  Definition  10.135.1.  A ring  map  R — > S is  smooth  if  it  is  of  finite  presentation 
and  the  naive  cotangent  complex  NLg/R  is  quasi- isomorphic  to  a finite  projective 
S-module  placed  in  degree  0. 


In  particular,  if  R — >■  S is  smooth  then  the  module  LIs/r  is  a finite  projective 
S'-module.  Moreover,  by  Lemma  |10. 135.21  the  naive  cotangent  complex  of  any 
presentation  has  the  same  structure.  Thus,  for  a surjection  a : R[x i, . . . , xn]  — > S 
with  kernel  I the  map 

I ! I t ft  ®n[3,i)...1a,n]  S 

is  a split  injection.  In  other  words  ©"=1  Sdxi  = I /I2  ® Llg/R  as  S-modules.  This 
implies  that  I /I2  is  a finite  projective  S-module  too! 

05GK  Lemma  10.135.2.  Let  R —¥  S be  a ring  map  of  finite  presentation.  If  for  some 
presentation  a of  S over  R the  naive  cotangent  complex  NL(a ) is  quasi-isomorphic 
to  a finite  projective  S-module  placed  in  degree  0,  then  this  holds  for  any  presenta- 
tion. 


Proof.  Immediate  from  Lemma  TlO.  132.21  □ 

00T3  Lemma  10.135.3.  Let  R — > S be  a smooth  ring  map.  Any  localization  Sg  is 
smooth  over  R.  If  f £ R maps  to  an  invertible  element  of  S , then  Rf  — » S is 
smooth. 


00T4 


Proof.  By  Lemma  10.132.13  the  naive  cotangent  complex  for  Sg  over  R is  the 
base  change  of  the  naive  cotangent  complex  of  S over  R.  The  assumption  is  that 
the  naive  cotangent  complex  of  S/R  is  Llg/R  and  that  this  is  a finite  projective 
S-module.  Hence  so  is  its  base  change.  Thus  Sg  is  smooth  over  R. 


The  second  assertion  follows  in  the  same  way  from  Lemma  [10. 132.  ll]  □ 

Lemma  10.135.4.  Let  R -A  S be  a smooth  ring  map.  Let  R —¥  R'  be  any  ring 
map.  Then  the  base  change  R'  — ► S'  = R!  ®R  S is  smooth. 
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Proof.  Let  a : R[xi, . . . , xn]  —¥  S be  a presentation  with  kernel  I.  Let  a'  : 
R'[x —>  R'  S be  the  induced  presentation.  Let  I'  = Ker(a').  Since 
0 — > I — > R[x i, . . . ,xn]  — > S — > 0 is  exact,  the  sequence  R' ®rI  — > R'[x i, . . . ,xn]  — ► 


there  is  a short  exact  sequence 

0 — >•  I /I2  —>  ^R[xi,...,x„]/R  ®R[xi,...,x„]  ^ ~ t ~ t 0 

and  the  S-module  Hs/r  is  finite  projective.  In  particular  I / 12  is  a direct  summand 
of  flmXl ,...,xn\/R  ®R[xi,...,xnl  S.  Consider  the  commutative  diagram 


R'  ®r  S — > 0 is  exact.  Thus  R'  ®r  I I'  is  surjective.  By  Definition  10.135.1 


R'  ®R  (I /I'2) 


I'Ki'f 


■ R'  ®R  (^R[xi,...,x„]/R 


S) 


f^R/[xi,...,xn]/R/  ^i?/[xx)...,xn]  *^) 


Since  the  right  vertical  map  is  an  isomorphism  we  see  that  the  left  vertical  map  is 
injective  and  surjective  by  what  was  said  above.  Thus  we  conclude  that  NL(a')  is 
quasi-isomorphic  to  £ls'/R'  — S'  D s/R ■ And  this  is  finite  projective  since  it  is 

the  base  change  of  a finite  projective  module.  □ 

00T5  Lemma  10.135.5.  Let  k be  a field.  Let  S be  a smooth  k-algebra.  Then  S is  a 
local  complete  intersection. 


Proof.  By  Lemmas  10.135.4  and  10.133.lT1  it  suffices  to  prove  this  when  k is  alge- 
braically closed.  Choose  a presentation  a : k[x i, . . . ,xn]  — > S with  kernel  I.  Let 
m be  a maximal  ideal  of  S,  and  let  m'  D I be  the  corresponding  maximal  ideal  of 


k[x i, . . . ,xn\.  We  will  show  that  condition  (5)  of  Lemma  10.133.4  holds  (with  m 
instead  of  q).  We  may  write  m'  = (aq  — aq, . . . , xn  — an)  for  some  cq  £ k,  because 
k is  algebraically  closed,  see  Theorem  |10.33.1  By  our  assumption  that  k — > S is 
smooth  the  S’-module  map  d : I / 1 2 — > ® 'l=1  Sdxi  is  a split  injection.  Hence  the 
corresponding  map  I/m'I  -A  ®K(m')dXi  is  injective.  Say  dimK(m/)(//m,/)  = c 
and  pick  /i,...,/c  £ I which  map  to  a /c(m')-basis  of  I/m'I.  By  Nakayama’s 
Lemma  10.19.1  we  see  that  /i, . . . , fc  generate  Im>  over  fc[xi, . . . , xn]m>.  Consider 


the  commutative  diagram 


■I /I2 


■ I/m'I 


n 


k[xi  ,...,xn\/k 


■ ® Sdxi 


dajji —>Xi—ai 


■ m '/{m'f 


(proof  commutativity  omitted).  The  middle  vertical  map  is  the  one  defining  the 
naive  cotangent  complex  of  a.  Note  that  the  right  lower  horizontal  arrow  induces 
an  isomorphism  ® K(m')dXj  — > m'/(m')2.  Hence  our  generators  fi,  ■ ■ ■ , fc  of  7m/ 
map  to  a collection  of  elements  in  k[x i,...,xn]m/  whose  classes  in  m,/(m,)2  are 
linearly  independent  over  ^(1x1/).  Therefore  they  form  a regular  sequence  in  the  ring 


hence  Sg  is  a global  complete  intersection  over  k for  some  g £ S,  g fL  m.  As  this 
works  for  any  maximal  ideal  of  S we  conclude  that  S'  is  a local  complete  intersection 
over  k.  □ 


k[x  1, . . . , xn]m'  by  Lemma  10.105.3  This  verifies  condition  (5)  of  Lemma  10.133.4 
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Definition  10.135.6.  Let  R be  a ring.  Given  integers  n > c > 0 and  f\, ... , fc  £ 
R[xi,  we  say 

S = R[xi, . . . , xn\/(fi,  ■ ■ . , fc) 


is  a standard  smooth  algebra  over  R if  the  polynomial 


g = det 


/ dfi/dxi 
dfi/dx2 


df2/dxi 

df2/dx2 


dfc/dx  A 

dfc/dx2 


\dfi/dxc  df2/dxc  ...  dfc/dxc) 


maps  to  an  invertible  element  in  S. 


00T7  Lemma  10.135.7.  Let  S = R[x\, . . . , xn]/(fi, . . . , fc)  = R[x\, . . . , xn]/I  be  a 
standard  smooth  algebra.  Then 

(1)  the  ring  map  R -A  S is  smooth, 

(2)  the  S-module  TIs/r  is  free  on  dxc+ 1, . . . , dxn, 

(3)  the  S-module  I / 1 2 is  free  on  the  classes  of  f\ , . . . , fc, 

(4)  for  any  g £ S the  ring  map  R -+  Sg  is  standard  smooth, 

(5)  for  any  ring  map  R — ► R'  the  base  change  R'  — > R'  (g )r  S is  standard 
smooth, 

(6)  if  f £ R maps  to  an  invertible  element  in  S,  then  Rf  -A  S is  standard 
smooth,  and 

(7)  the  ring  S is  a relative  global  complete  intersection  over  R. 


Proof.  Consider  the  naive  cotangent  complex  of  the  given  presentation 
(/l.--,/c)/(/l,...,/c)2— SdXi 

Let  us  compose  this  map  with  the  projection  onto  the  first  c direct  summands 
of  the  direct  sum.  According  to  the  definition  of  a standard  smooth  algebra 
the  classes  /,;  mod  (fi, . . . , fc)2  map  to  a basis  of  0‘_1  Sdxi-  We  conclude  that 
(/i, . . . , fc)/(fi,  ■ ■ ■ , fc)2  is  free  of  rank  c with  a basis  given  by  the  elements  fi  mod 
(/i, . . . , fc)2,  and  that  the  homology  in  degree  0,  i.e.,  LIr/r,  of  the  naive  cotangent 
complex  is  a free  ^-module  with  basis  the  images  of  dxc+j , j = 1, ...  ,n  — c.  In 
particular,  this  proves  R — > S is  smooth. 


The  proofs  of  (4)  and  (6)  are  omitted.  But  see  the  example  below  and  the  proof  of 
Lemma  1 10. 134.101 

Let  ip  : R — > R'  be  any  ring  map.  Denote  S'  = R'[x\, . . . ,xn]/(ff , . . . , ff) 
where  fv  is  the  polynomial  obtained  from  / £ R[x\, . . . , xn\  by  applying  ip  to 
all  the  coefficients.  Then  S'  = R'  (§>r  S.  Moreover,  the  determinant  of  Definition 


10.135.6  for  S' /R'  is  equal  to  gv . Its  image  in  S'  is  therefore  the  image  of  g via 
R[x i, . . . , xn]  — > S — > S'  and  hence  invertible.  This  proves  (5). 

To  prove  (7)  it  suffices  to  show  that  S «(p)  has  dimension  n — c.  By  (5)  it 
suffices  to  prove  that  any  standard  smooth  algebra  k[x i, . . . , xn ]/ (/i, . . . , fc)  over 
a field  k has  dimension  n — c.  We  already  know  that  k[ x\, . . . , xn]/(fi, . . . , fc)  is  a 

Hence,  since  I /I2  is  free  of  rank  c 

□ 


10.135.5 


local  complete  intersection  by  Lemma 
we  see  that  it  dimension  n — c,  by  Lemma  10.133.4]  for  example. 
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Example  10.135.8.  Let  R be  a ring.  Let  /i, . . . , fc  £ R[x\, . . . , xn\.  Let 


/dfi/dx-i  df2/dx  i 
dfi/dx2  df2/dx  2 


dfc/dx  A 

dfc/d  x2 


\dfi/dxc  df2/dxc  ...  dfc/dxc) 

Set  S = R[x i, . . . , xn+i]/ (/!,...,  fc,  xn+i h — 1).  This  is  an  example  of  a standard 
smooth  algebra,  except  that  the  presentation  is  wrong  and  the  variables  should  be 
in  the  following  order:  X\, . . . , xc,  xn+±,  xc+i, . . . , xn. 


00T9  Lemma  10.135.9.  A composition  of  standard  smooth  ring  maps  is  standard 
smooth. 


OOTA 


Proof.  Suppose  that  R S and  S — > S'  are  standard  smooth.  We  choose  presen- 

tations S = R[x\, ... , xn\/ (/i, . . . , fc)  and  S'  = S[yi, . . . ,ym]/(gi, . . . , gd).  Choose 
elements  g';/  £ R[x\, . . . ,xn,yi, . . . ,ym]  mapping  to  the  gj.  In  this  way  we  see 
S'  = R[x  i,  • • ■ , xn,  2/i, . . . , 2/m]/(/i,  ...,fc,g[,...,  g’d).  To  show  that  S'  is  standard 
smooth  it  suffices  to  verify  that  the  determinant 


fdfi/dxi 

dfjdx  i dgi/dxi 

. . . dgd/dxi\ 

dfi/dxc 

...  dfc/dxc  dgi/dxc 

. . . dgd/ dxc 

0 

0 dgi/dyi 

■■■  dgd/dyi 

V o 

0 dgx/dya 

■■■  dgd/dydJ 

is  invertible  in  S'.  This  is  clear  since  it  is  the  product  of  the  two  determinants 
which  were  assumed  to  be  invertible  by  hypothesis.  □ 

Lemma  10.135.10.  Let  R -A  S be  a smooth  ring  map.  There  exists  an  open 
covering  of  Spec (S)  by  standard  opens  D{g)  such  that  each  Sg  is  standard  smooth 
over  R.  In  particular  R -A  S is  syntomic. 


Proof.  Choose  a presentation  a : R[x\, ... , xn\  -A  S with  kernel  I = (/i, . . . , fm). 
For  every  subset  E C {1,  ...,m}  consider  the  open  subset  Ue  where  the  classes 
fe,e  £ E freely  generate  the  finite  projective  S'-module  I /I2,  see  Lemma 
We  may  cover  Spec(S')  by  standard  opens  D(g)  each  completely  contained  in  one 
of  the  opens  Ue-  For  such  a g we  look  at  the  presentation 


10.78.3 


. R\x i , . . . , xn , t Sg 


mapping  xn+i  to  1/g.  Setting  J = Ker(/3)  we  use  Lemma  10.132.12  to  see  that 
J/J2  = (/ /I2)g  © Sg  is  free.  We  may  and  do  replace  S by  Sg.  Then  using  Lemma 
10. 134. 6|  we  may  assume  we  have  a presentation  a : R[x i, . . . , xn]  — > S with  kernel 
I = (/i, . . . ,fc)  such  that  I /I2  is  free  on  the  classes  of  /i, . . . , fc. 


Using  the  presentation  a obtained  at  the  end  of  the  previous  paragraph,  we  more 
or  less  repeat  this  argument  with  the  basis  elements  dx±, . . . ,dxn  of  LLr[Xi, ...,x„\/r- 
Namely,  for  any  subset  E C {1, . . . ,n}  of  cardinality  c we  may  consider  the  open 
subset  Ue  of  Spec(S')  where  the  differential  of  NL{a)  composed  with  the  projection 

S®c  ^ j-jj-2  — ^ LlR[Xlt...:Xri\/R  ®R[xi,...,xn]  S — » 5da;i 

is  an  isomorphism.  Again  we  may  find  a covering  of  Spec(S')  by  (finitely  many) 
standard  opens  D{g)  such  that  each  D(g)  is  completely  contained  in  one  of  the  opens 


10.135.  SMOOTH  RING  MAPS 


765 


Ue-  By  renumbering,  we  may  assume  E = {1, . . . , c}.  For  a g with  D(g)  C Ue  we 
look  at  the  presentation 


[3  . R[xi , ■ ■ • , xn , £n_|_i]  y Sg 


mapping  xn+i  to  1 / g.  Setting  J = Ker(/3)  we  conclude  from  Lemma  10.132.12  that 
J = (/i, . . . , fc,  fxn+ 1 — 1)  where  a(f)  = g and  that  the  composition 


J/J  t lli{[a;i,...,x„+i]/R  ®il[xi,...,xn+t]  Sg  > ®: 


Sgd-Xi  I 


1 5gdxn-|_i 


is  an  isomorphism.  Reordering  the  coordinates  as  Xi, . . . , xc,  xn+i,  xc+i, . . . , xn  we 
we  conclude  that  Sg  is  standard  smooth  over  R as  desired. 


This  finishes  the  proof  as  standard  smooth  algebras  are  syntomic  (Lemmas|10.135.7 


and  10.134.14)  and  being  syntomic  over  R is  local  on  S (Lemma  10. 134.41. 


□ 


00TB  Definition  10.135.11.  Let  R — y S be  a ring  map.  Let  q be  a prime  of  S.  We  say 
R — »■  S is  smooth  at  q if  there  exists  a g € S,  g tfL  q such  that  R — y Sg  is  smooth. 


For  ring  maps  of  finite  presentation  we  can  characterize  this  as  follows. 

07BU  Lemma  10.135.12.  Let  R — * S be  of  finite  presentation.  Let  q he  a prime  of  S. 
The  following  are  equivalent 

(1)  R —y  S is  smooth  at  q, 

(2)  Hi(Ls/n)q  = 0 and  fls/n.q  is  a projective  Sq-module,  and 

(3)  Hi(Ls/R)q  = 0 and  Llg/R  q is  a fiat  Sq-module. 


Proof.  We  will  use  without  further  mention  that  formation  of  the  naive  cotan- 
gent complex  commutes  with  localization,  see  Section  |10.132|  especially  Lemma 
10.132.13  It  is  clear  that  (1)  implies  (2)  implies  (3).  Assume  (3)  holds.  Note 
that  Lls/R  is  a finitely  presented  S'-module,  see  Lemma  10.130.15  Hence  Lls/R.,q 
is  a finite  free  module  by  Lemma  10.77.4  Writing  S„  as  the  colimit  of  principal 
localizations  we  see  from  Lemma|10. 126.4  that  we  can  find  a g £ S,  g q such  that 
( Lls/R)g  is  finite  free.  Choose  a presentation  a : R[ x±, . . . ,xn ] — y S with  kernel  I. 
We  may  work  with  NL{a)  instead  of  NLR/Rl  see  Lemma  10.132.2  The  surjection 


r[xi,...,x„]/r  s — y LlS/R  —y  0 


has  a right  inverse  after  inverting  g because  ( LlR/R)g  is  projective.  Hence  the  image 
of  d : ( I/I2)g  —y  Qr[Xi,...,x„)/r  Sg  is  a direct  summand  and  this  map  has  a right 
inverse  too.  We  conclude  that  H\  (Ls/R)g  is  a quotient  of  (I/I2)g.  In  particular 
Hi{Ls/R)g  is  a finite  S^-module.  Thus  the  vanishing  of  Hi(Lg/R)q  implies  the 
vanishing  of  Hi(Ls/R)gg'  for  some  g'  £ S,  g'  fL  q.  Then  R —y  Sggi  is  smooth  by 
definition.  □ 


00TC  Lemma  10.135.13.  Let  R —y  S be  a ring  map.  Then  R 
only  if  R —y  S is  smooth  at  every  prime  q of  S. 


S is  smooth  if  and 


Proof.  The  direct  implication  is  trivial.  Suppose  that  R — y S is  smooth  at  every 


prime  q of  S.  Since  Spec(S')  is  quasi-compact,  see  Lemma  10.16.10.  there  exists  a 


finite  covering  Spec(S')  = (J  E{gi ) such  that  each  S9i  is  smooth.  By  Lemma  10.23.3 
this  implies  that  S is  of  finite  presentation  over  R.  According  to  Lemma  10.132.13 
we  see  that  NLg/R<S>sSgi  is  quasi-isomorphic  to  a finite  projective  S^-module.  By 
Lemma  110.77.2  this  implies  that  NLR/R  is  quasi-isomorphic  to  a finite  projective 
5-module  □ 
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OOTD  Lemma  10.135.14.  A composition  of  smooth  ring  maps  is  smooth. 

Proof.  This  follows  from  a combination  of  Lemmas|10. 135. 10[|10. 135^9]  and[T0. 135. 13[ 
(You  can  also  prove  this  in  many  different  ways;  including  easier  ones.)  □ 

OOTE  Lemma  10.135.15.  Let  R be  a ring.  Let  S = R[xi, . . . ,xn\/(fi, . . . , fc)  be  a 
relative  global  complete  intersection.  Let  c|  C S be  a prime.  Then  R — > S is  smooth 
at  q if  and  only  if  there  exists  a subset  I C {1, . . . , n}  of  cardinality  c such  that  the 
polynomial 

gi  — det (dfj / dxf) j— y ...,c,  ze/- 
does  not  map  to  an  element  of  q. 


Proof.  By  Lemma  [10.134. 13]  we  see  that  the  naive  cotangent  complex  associated 
to  the  given  presentation  of  S is  the  complex 


s ■ f> 


0 S-dZi,  fj 


The  maximal  minors  of  the  matrix  giving  the  map  are  exactly  the  polynomials  gj . 


Assume  gj  maps  to  g £ S,  with  g ^ q.  Then  the  algebra  Sg  is  smooth  over 
R.  Namely,  its  naive  cotangent  complex  is  quasi-isomorphic  to  the  complex  above 
localized  at  g , see  Lemma [10.132. 13]  And  by  construction  it  is  quasi-isomorphic  to 
a free  rank  n — c module  in  degree  0. 


Conversely,  suppose  that  all  gi  end  up  in  q.  In  this  case  the  complex  above  tensored 
with  «(q)  does  not  have  maximal  rank,  and  hence  there  is  no  localization  by  an 
element  g £ S,  g ^ q where  this  map  becomes  a split  injection.  By  Lemma  10.132.13 
again  there  is  no  such  localization  which  is  smooth  over  R.  □ 


00TF  Lemma  10.135.16.  Let  R . — >•  S be  a ring  map.  Let  q C S be  a prime  lying  over 
the  prime  p of  R.  Assume 

(1)  there  exists  a g £ S , g ^ q such  that  R — >■  Sg  is  of  finite  presentation, 

(2)  the  local  ring  homomorphism  Rv  —¥  S q is  flat , 

(3)  the  fibre  S <8>r  k(p)  is  smooth  over  k(p)  at  the  prime  corresponding  to  q. 
Then  R S is  smooth  at  q. 


Proof.  By  Lemmas  10.134.15]  and  10.135.5  we  see  that  there  exists  a g £ S 
such  that  Sg  is  a relative  global  complete  intersection.  Replacing  S by  Sg  we 
may  assume  S = R[x\, . . . , xn]/(fi, . . . , fc)  is  a relative  global  complete  inter- 
section. For  any  subset  I C {1,  ...,n}  of  cardinality  c consider  the  polynomial 
gi  = det(dfj/dxi)j=iy...:Cgei  of  Lemma [lO. 135. 15  Note  that  the  image  g1  of  gi  in 
the  polynomial  ring  K(p)[aq, . . . , xn\  is  the  determinant  of  the  partial  derivatives  of 
the  images  fj  of  the  fj  in  the  ring  n(p)[xi, . . . ,xn].  Thus  the  lemma  follows  by 
applying  Lemma  10.135.15  both  to  R — > S and  to  k(p)  -a  S re(p).  □ 


Note  that  the  sets  U,  V in  the  following  lemma  are  open  by  definition. 

00TG  Lemma  10.135.17.  Let  R — » S be  a ring  map  of  finite  presentation.  Let  R — » R' 
be  a flat  ring  map.  Denote  S'  = R'  S the  base  change.  Let  U C Spec(£)  be 
the  set  of  primes  at  which  R -A  S is  smooth.  Let  V C Spec(5,/)  the  set  of  primes 
at  which  R'  —¥  S'  is  smooth.  Then  V is  the  inverse  image  of  U under  the  map 
f : Spec(S")  -4  Spec (5). 
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Proof.  By  Lemma  10.132.8  we  see  that  NLs/r®sS'  is  homotopy  equivalent  to 


NLs'/r'-  This  already  implies  that  f 1(U)  C V. 


Let  q' 
that  q 


C S'  be  a prime  lying  over  q c 5.  Assume  q'  £ V.  We  have  to  show 
£ U.  Since  S — >•  S'  is  flat,  we  see  that  Sa 


is  faithfully  flat  (Lemma 
10.38.17[).  Thus  the  vanishing  of  Hi(Lgi / #/)q/  implies  the  vanishing  of  Hi(Lg/R)q. 


% 


By  Lemma|10.77.5  applied  to  the  5q-module  (f Is/r)<\  and  the  map  Sq  — > S'a,  we  see 


that  is  projective.  Hence  R — > S is  smooth  at  q by  Lemma 


10.135.12 


□ 


02UQ 


Lemma  10.135.18.  Let  k C K be  a field  extension.  Let  S be  a finite  type  algebra 
over  k.  Let  q k be  a prime  of  Sr  = K <S>k  S and  let  q be  the  corresponding  prime  of 
S.  Then  S is  smooth  over  k at  q if  and  only  if  Sr  is  smooth  at  q r over  K. 


□ 


04B1 


Proof.  This  is  a special  case  of  Lemma [10.135. 17 

Lemma  10.135.19.  Let  R be  a ring  and  let  I C R be  an  ideal.  Let  R/ 1 -A  S be  a 
smooth  ring  map.  Then  there  exists  elements  gi  £ S which  generate  the  unit  ideal 
of  S such  that  each  Sgi  = Si/ISi  for  some  ( standard ) smooth  ring  Si  over  R. 


Proof.  By  Lemma 


10.135.10 


we  find  a collection  of  elements  gt  £ S which  generate 


the  unit  ideal  of  S such  that  each  Sgi  is  standard  smooth  over  R/I.  Hence  we  may 
assume  that  S is  standard  smooth  over  R/I.  Write  S = (R/I)[x i, . . . , xn]/(f11 . . . , fc) 
10. 135.6|  Choose  /i, . . . , fc  £ R[x  i,  ...,xn\  lifting  f1,...,fc.  Set 

=l,...,c 


as  in  Definition 
S = R[x i, . . . , x. 


,xn+i]/(fi,---,fc,xn+1A~-  1)  where  A = det(||1)iij=i r.  as  in 


Example  |10. 135.8  This  proves  the  lemma. 


□ 
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00TH  In  this  section  we  define  formally  smooth  ring  maps.  It  will  turn  out  that  a ring  map 
of  finite  presentation  is  formally  smooth  if  and  only  if  it  is  smooth,  see  Proposition 
Il0.136.13l 

00TI  Definition  10.136.1.  Let  R — > S be  a ring  map.  We  say  S is  formally  smooth 
over  R if  for  every  commutative  solid  diagram 

S ^ A/I 

N 

\ ^ 

\ 

\ 

A 

R A 

where  I C A is  an  ideal  of  square  zero,  a dotted  arrow  exists  which  makes  the 
diagram  commute. 

OOTJ  Lemma  10.136.2.  Let  R — ^ S be  a formally  smooth  ring  map.  Let  R — » R'  be 
any  ring  map.  Then  the  base  change  S'  = R'  ®r  S is  formally  smooth  over  R' . 


Proof.  Let  a solid  diagram 

S ^ R'  « )R  S *-  A/I 

^ v \ 

""  ^ \ 

^ ^ \ 

^ ^ \ 

R >-  R' ^ A 


as  in  Definition  |10. 136.1]  be  given.  By  assumption  the  longer  dotted  arrow  exists. 
By  the  universal  property  of  tensor  product  we  obtain  the  shorter  dotted  arrow.  □ 


10.136.  FORMALLY  SMOOTH  MAPS 


768 


031H  Lemma  10.136.3.  A composition  of  formally  smooth  ring  maps  is  formally 
smooth. 


Proof.  Omitted.  (Hint:  This  is  completely  formal,  and  follows  from  considering  a 
suitable  diagram.)  □ 


OOTK 


Lemma  10.136.4.  A polynomial  ring  over  R is  formally  smooth  over  R. 


Proof.  Suppose  we  have  a diagram  as  in  Definition  10.136.1  with  S = R{xy:j  £ J]. 
Then  there  exists  a dotted  arrow  simply  by  choosing  lifts  aj  £ A of  the  elements  in 
A/ 1 to  which  the  elements  Xj  map  to  under  the  top  horizontal  arrow.  □ 


OOTL  Lemma  10.136.5.  Let  R —A  S be  a ring  map.  Let  P —A  S be  a surjective  R-algebra 
map  from  a polynomial  ring  P onto  S.  Denote  J C P the  kernel.  Then  R —A  S is 
formally  smooth  if  and  only  if  there  exists  an  R-algebra  map  a : S — A P/  J2  which 
is  a right  inverse  to  the  surjection  P/J 2 — A S . 


Proof.  Assume  R — A S is  formally  smooth.  Consider  the  commutative  diagram 


S — 

A N 


R 


■P/J 


■P/J2 


By  assumption  the  dotted  arrow  exists.  This  proves  that  a exists. 
Conversely,  suppose  we  have  a a as  in  the  lemma.  Let  a solid  diagram 


S *A/I 

..  \ 


R >■  A 

as  in  Definition  |10. 136.1]  be  given.  Because  P is  formally  smooth  by  Lemma 
|10. 136.4]  there  exists  an  .R-algebra  homomorphism  ip  : P —A  A which  lifts  the  map 
P — A S — A A/I.  Clearly  ip(J)  C I and  since  I2  = 0 we  conclude  that  ip(J2)  = 0. 
Hence  ip  factors  as  ip  : P/J2  —A  A.  The  desired  dotted  arrow  is  the  composition 
ip  o a : S — > A.  □ 


OOTM 


Remark  10.136.6. 

smooth  over  R. 


Lemma 


10.136.5 


holds  more  generally  whenever  P is  formally 


0311  Lemma  10.136.7.  Let  R -A  S be  a ring  map.  Let  P — >•  S be  a surjective  R-algebra 
map  from  a polynomial  ring  P onto  S.  Denote  J C P the  kernel.  Then  R — » S is 
formally  smooth  if  and  only  if  the  sequence 

0 — A J / J~  — A Llp/ft  ® R ^ — A Drip  — A 0 
of  Lemma\l 0.130./]  is  a split  exact  sequence. 


Proof.  Assume  S is  formally  smooth  over  R.  By  Lemma  10.136.5  this  means  there 
exists  an  R-algebra  map  S —A  P/J 2 which  is  a left  inverse  to  the  canonical  map 
P/J 2 —A  S.  This  means  that 


P/J 2 “ S © J/J 2 
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as  .R-algebras.  Note  that  the  middle  term  of  the  exact  sequence  is  Clp/R  ®p  S = 
£l(Pj j2)/ r ®r  S by  Lemma  10.130.11  A direct  computation  shows  that 

^(S®J/J2)/R  ®(S© j/jz)  S = Clg/R  ® J/ J 2 

as  desired. 


Assume  the  exact  sequence  of  the  lemma  is  split  exact.  Choose  a splitting  cr  : 
Cl s/r  — t Clp/R  <g)R  S.  For  each  A £ S choose  X\  £ P which  maps  to  A.  Next,  for 
each  A £ S'  choose  f\  £ J such  that 

df\  = dxA  - cr(dA) 

in  the  middle  term  of  the  exact  sequence.  We  claim  that  s : A i— > x\  — f\  mod  J2 
is  an  R- algebra  homomorphism  s : S — > P/J 2.  To  prove  this  we  will  repeatedly 
use  that  if  h £ J and  dh  = 0 in  Clp/R  ®r  S , then  h £ J2.  Let  A , p £ S.  Then 
cr(dA  + dp  — d(A  + /j,))  = 0.  This  implies 

d(zA  + x^  - xx+f,  - /a  - fp  + /a+„)  = 0 

which  means  that  x\  + x^  — x\+^  — f\  — f^  + fx+n  ^ > which  in  turn  means  that 

s(A)  + s(p)  = s( A + n).  Similarly,  we  have  er(Ad/i  + pdX  — dXp)  = 0 which  implies 
that 

p(dxx  - df\)  + A(dxA1  - d/M)  - dxXti  - d/A/i  = 0 
in  the  middle  term  of  the  exact  sequence.  Moreover  we  have 


d(x\xll)  = x\dx^  + x^dxx  = Xdx^  + jidx\ 


031J 


in  the  middle  term  again.  Combined  these  equations  mean  that  xxx^  — xx^  — /i/a  — 
\ftJ  + fxp  £ J2  which  means  that  s(X)s(p)  = s(Xp).  If  A £ R,  then  dA  = 0 and  we 
see  that  dfx  = da^,  hence  A — Xx  + fx  £ J2  and  hence  s( A)  = A as  desired.  At  this 
point  we  can  apply  Lemma  10.136.5  to  conclude  that  S/R  is  formally  smooth.  □ 


Proposition  10.136.8.  Let  R -A  S be  a ring  map.  Consider  a formally  smooth 
R-algebra  P and  a surjection  P — > S with  kernel  J.  The  following  are  equivalent 

(1)  S is  formally  smooth  over  R, 

(2)  for  some  P -A  S as  above  there  exists  a section  to  P / J 2 — ► S, 

(3)  for  all  P -A  S as  above  there  exists  a section  to  P/J2  — > S, 

(4)  for  some  P -A  S as  above  the  sequence  0 — > J / J2  — » ClP/R®S  — > Clg/R  — » 
0 is  split  exact, 

(5)  for  all  P -A  S as  above  the  sequence  0 -A  J / J2  -A  Clp/R  ® S — > Clg/R  — > 0 
is  split  exact,  and 

(6)  the  naive  cotangent  complex  NLg/R  is  quasi-isomorphic  to  a projective 
S -module  placed  in  degree  0. 


Proof.  It  is  clear  that  (1)  implies  (3)  implies  (2),  see  first  part  of  the  proof  of 
Lemma  10.136.5  It  is  also  true  that  (3)  implies  (5)  implies  (4)  and  that  (2)  implies 

Finally,  Lemma  10.1 36. 7| applied 


(4),  see  first  part  of  the  proof  of  Lemma  10.136.7 


to  the  canonical  surjection  R[S]  -A  S (10.132.0.1 


shows  that  (1)  implies  (6). 


Assume  (4)  and  let’s  prove  (6).  Consider  the  sequence  of  Lemma  10.132.4  associated 
to  the  ring  maps  R — ► P — > S.  By  the  implication  (1)  =>  (6)  proved  above  we  see 
that  NLp/r®rS  is  quasi-isomorphic  to  Clp/R  ®p  S placed  in  degree  0.  Hence 
Hi(NLp/R®pS)  = 0.  Since  P — > S is  surjective  we  see  that  NLg/P  is  homotopy 
equivalent  to  J/J 2 placed  in  degree  1 (Lemma  10.132.6).  Thus  we  obtain  the  exact 
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03  IK 


06A6 


06A7 


031L 


031M 


sequence  0 — ► Hi(Ls/R)  -a  J/J2  -A  LlP/R  <g>p  S -A  Llg/R  — ► 0.  By  assumption  we 
see  that  H\(Ls/r)  = 0 and  that  Llg/R  is  a projective  S'-module.  Thus  (6)  follows. 


Finally,  let’s  prove  that  (6)  implies  (1).  The  assumption  means  that  the  com- 
plex J/J2  — ► f Ip/r  <8  S where  P = J?[S]  and  P — > S is  the  canonical  surjection 
(10.132.0.1).  Hence  Lemma  10.136.7  shows  that  S is  formally  smooth  over  R.  □ 


Lemma  10.136.9.  Let  A -A  B -A  C be  ring  maps.  Assume  B -A  C is  formally 
smooth.  Then  the  sequence 


0 — > Llp/A  c — A LlC/A  LIq/B  ~ ^ 0 


of  Lemma  10.130. 7 is  a split  short  exact  sequence. 

Proof.  Follows  from  Proposition |10.136.8|  and  Lemma [l 0.1 32. 4[ 


□ 


Lemma  10.136.10.  Let  A -A  B -A  C be  ring  maps  with  A -A-  C formally  smooth 
and  B -A  C surjective  with  kernel  J C B.  Then  the  exact  sequence 


0 — y J / J2  — y Lip  j a ® p C — y Lip;  j a — t 0 
of  Lemma\l 0.130 is  split  exact. 


Proof.  Follows  from  Proposition |10. 136. 8[  Lemma |10.132.4[  and  Lemma [10. 130. 9| 

□ 


Lemma  10.136.11.  Let  A — > B — > C be  ring  maps.  Assume  A -A  C is  surjective 
(so  also  B -A  C is)  and  A -A  B formally  smooth.  Denote  I = Ker(A  — > C ) and 
J = Ker(B  — > C).  Then  the  sequence 


0 -A  J//2  -A  J/J2  ->•  Lip/ A <g )p  B / J -a  0 


of  Lemma  10.132.1  is  split  exact. 


Proof.  Since  A — > B is  formally  smooth  there  exists  a ring  map  a : B -A  A/ 12 
whose  composition  with  A -A-  B equals  the  quotient  map  A -a  A /I2.  Then  a 
induces  a map  J/J2  — ► J/J2  which  is  inverse  to  the  map  J/J2  — ► J/J2.  □ 


Lemma  10.136.12.  Let  R -A  S be  a ring  map.  Let  I C R be  an  ideal.  Assume 

(1)  J2  = 0, 

(2)  R -A  S is  flat,  and 

(3)  R/I  -A  S/IS  is  formally  smooth. 

Then  R -A  S is  formally  smooth. 


Proof.  Assume  (1),  (2)  and  (3).  Let  P = i?[{aA}ter]  — >•  S be  a surjection  of  R- 
algebras  with  kernel  J.  Thus  0 J — > P — > 5 A 0 is  a short  exact  sequence  of 
flat  i?-modules.  This  implies  that  J 0p  S = IS,  I 0p  P = IP  and  J 0 R J = JJ  as 
well  as  J D IP  = IJ.  We  will  use  throughout  the  proof  that 


LI(s/is)/{r/i)  — LIs/r  ( S/IS ) — LlS/R  0p  R/I  — LlS/R/ILlS/R 

and  similarly  for  P (see  Lemma [lO.  130. 12).  By  Lemma  10.136. 7|  the  sequence 
(10.136.12.1)  o -a  j/(jj  + j2)  -a  lip/r®p  s/is  -a  lis/r  ®s  s/is  -a  o 


is  split  exact.  Of  course  the  middle  term  is  ®tgT  S/ISdxt.  Choose  a splitting 
a : Llp/j. i ®p  S/IS  — > J /(IJ  + J2).  For  each  t £ T choose  an  element  ft  & J which 
maps  to  cr(da;t)  in  J/(JJ  + J2).  This  determines  a unique  A-module  map 


(j  \ Lip/ R (8 R S — Sdxt  — y J / J2 
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with  the  property  that  cr(dxt)  = ft-  As  cr  is  a section  to  d the  difference 

A = idj/72  — a o d 

is  a self  map  J/J2  -A  J/J2  whose  image  is  contained  in  (I  J + J2) / J2 . In  particular 
A ((/J+  J2)/J2)  =0  because  I2  = 0.  This  means  that  A factors  as 


J/J2  -A-  J/(JJ  + J2)  A (/J  + J2)/J2  -4  J/J2 


Using  again  that  the  sequence  (10.136.12.1)  is 

(. IJ+J2)/J 2 


where  A is  a S//S-module  map. 
split,  we  can  find  a S//S-module  map  5 : LlP/R  <8>p  S/IS  — ► (JJ  + J2)/ J2  such 
that  S o d is  equal  to  A.  In  the  same  manner  as  above  the  map  S determines 
an  S-module  map  6 : Qp/R  <S)p  S -A  J/J2.  After  replacing  a by  a + 6 a simple 
computation  shows  that  A = 0.  In  other  words  a is  a section  of  J/J2  — > flp/RgpS. 
By  Lemma  |10. 136.71 we  conclude  that  I?  -A  S'  is  formally  smooth.  □ 


00TN  Proposition  10.136.13.  Let  R -A  S be  a ring  map.  The  following  are  equivalent 

(1)  R -4  S is  of  finite  presentation  and  formally  smooth, 

(2)  R -A  S is  smooth. 


00TP 


Proof.  Follows  from  Proposition  10.136.8  and  Definition  10.135.1  (Note  that  LIr/r 
is  a finitely  presented  S-module  if  R -4  S is  of  finite  presentation,  see  Lemma 
10.130.151)  □ 


Lemma  10.136.14.  Let  R -4  S be  a smooth  ring  map.  Then  there  exists  a 
subring  Ro  C R of  finite  type  over  Z and  a smooth  ring  map  Ro  -A  So  such  that 

S = R <S>R0  So- 


Proof.  We  are  going  to  use  that  smooth  is  equivalent  to  finite  presentation  and 


R[x  1, . . . , xn\/I  -4  R[x  1, . . . , xn\/1 2 is  equivalent  to  the  condition  that 


fj  (^T  i ■ • • j hn)  — 


ajl32  f jlf  72 


for  certain  aki  £ . . . , xn\.  Let  R0  C R be  the  subring  generated  over  Z by  all 

the  coefficients  of  the  polynomials  fj,  hi,  a/d-  Set  So  = Rq[x\,  . . . , xn]/ (/1, . . . , fm), 
with  J0  = (/i,  • • • ,/m).  Let  cr0  : S0  -)•  J?Q[xi, . . . , xn]/Io  defined  by  the  rule 
Xi  eA  hi  mod  Iq;  this  works  since  the  aik  are  defined  over  Rq  and  satisfy  the  same 
relations.  Thus  by  Lemma[l0.136.5|the  ring  So  is  formally  smooth  over  Rq.  □ 


06CM  Lemma  10.136.15.  Let  R — > S be  a ring  map.  Let  R R'  be  a faithfully  flat 
ring  map.  Set  S'  = S gpR' . Then  R — > S is  formally  smooth  if  and  only  if  R'  — > S' 
is  formally  smooth. 


Proof.  If  R — > S is  formally  smooth,  then  R' 
To  prove  the  converse,  assume  R'  - 


10.136.2 


• S'  is  formally  smooth  by  Lemma 
S'  is  formally  smooth.  Note  that 
N®rR'  = Ng>sS'  for  any  S-module  N.  In  particular  S — > S'  is  faithfully  flat  also. 
Choose  a polynomial  ring  P = R[{xi}iej]  and  a surjection  of  J?-algebras  P -A  S 
with  kernel  J.  Note  that  P'  = P <g>R  R'  is  a polynomial  algebra  over  R' . Since 


10.136.  FORMALLY  SMOOTH  MAPS 


772 


it!  — > R'  is  flat  the  kernel  J'  of  the  surjection  P' 
exact  sequence  (see  Lemma  10.136.7 1 


S'  is  J R'.  Hence  the  split 


0 — y J'  / ( J' ) — y Qp/ / r/  ®p>  S'  — y Qs'/r.'  — ^ 
is  the  base  change  via  S -A-  S'  of  the  corresponding  sequence 


J / J2  — v Lip I ft  ®pS 


^ S/R  * 0 


see  Lemma  10.130.9 


As  S — > S'  is  faithfully  flat  we  conclude  two  things:  (1) 
this  sequence  (without  ')  is  exact  too,  and  (2)  f Is/r  is  a projective  S-module. 
Namely,  fls'/R'  is  projective  as  a direct  sum  of  the  free  module  Llpi/p*  <%>pr  S' 
and  ils/R  S'  = tls’/R'  by  what  we  said  above.  Thus  (2)  follows  by  descent 
of  projectivity  through  faithfully  flat  ring  maps,  see  Theorem  |10.94.5|  Hence  the 
sequence  0 -A  J/J2  — ► LlP/R  <8>p  S -A  LI$/r  -A  0 is  exact  also  and  we  win  by 
applying  Lemma|10.136?7|once  more.  □ 

It  turns  out  that  smooth  ring  maps  satisfy  the  following  strong  lifting  property. 

07K4  Lemma  10.136.16.  Let  R -A  S be  a smooth  ring  map.  Given  a commutative 
solid  diagram 

S ^ A/I 


R 


where  I C A is  a locally  nilpotent  ideal,  a dotted  arrow  exists  which  makes  the 
diagram  commute. 

Proof.  By  Lemma[l0.136.14|we  can  extend  the  diagram  to  a commutative  diagram 


Ro 


A ^ 


R- 


■A/I 

A 


with  R0  — > Sq  smooth,  R0  of  finite  type  over  Z,  and  S = Sq  0 r0  R.  Let  x\,...,xn  £ 
So  be  generators  of  So  over  Ro-  Let  ai, . . . , an  be  elements  of  A which  map  to  the 
same  elements  in  A/I  as  the  elements  x\, . . . ,xn.  Denote  Aq  C A the  subring 
generated  by  the  image  of  Ro  and  the  elements  ai, ...  ,an.  Set  Jo  = Ao  H I.  Then 
Aq/Iq  C A/ 1 and  So  — > A/ 1 maps  into  Aq/Iq.  Thus  it  suffices  to  find  the  dotted 
arrow  in  the  diagram 

So  • ^ Ao/Jo 

A 


Ro 


■ An 


The  ring  A0  is  of  finite  type  over  Z by  construction.  Hence  A0  is  Noetherian,  whence 
I0  is  nilpotent,  see  Lemma  10.31. 4|  Say  Iq  = 0.  By  Proposition  |10. 136. 13|  we  can 
successively  lift  the  So-algebra  map  So  -A  Aq/I0  to  So  — ► Aq/Iq,  So  -a  Aq/Iq,  . . ., 
and  finally  Sq  -a  Aq/Iq  = A0.  □ 
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10.137.  Smoothness  and  differentials 


05D4  Some  results  on  differentials  and  smooth  ring  maps. 

04B2  Lemma  10.137.1.  Given  ring  maps  A -A  B -A  C with  B -A  C smooth,  then  the 
sequence 

0 — > C (£)b  LIb/a  ~ ^ c/A  ^ c/b  — t 0 
of  Lemma \10.130.  7|  is  exact. 


Proof.  This  follows  from  the  more  general  Lemma  10.136.9  because  a smooth  ring 


map  is  formally  smooth,  see  Proposition  |10.136.13 
from  Lemma 


of  B -a  C. 


10.132.4 


But  it  also  follows  directly 


since  Hi(Lc/b)  = 0 is  part  of  the  definition  of  smoothness 

□ 


06A8  Lemma  10.137.2.  Let  A -A  B -A  C be  ring  maps  with  A 
surjective  with  kernel  J C B.  Then  the  exact  sequence 


C smooth  and  B -A  C 


0 — t J f J~  — t LIb  i a G — y LIq  j a — y o 

of  Lemma  10.130.!%  is  split  exact. 

Proof.  This  follows  from  the  more  general  Lemma  10.136. 10|  because  a smooth 


ring  map  is  formally  smooth,  see  Proposition  |10.136.13 


□ 


06A9  Lemma  10.137.3.  Let  A -A  B -A  C be  ring  maps.  Assume  A — » C is  surjective 
(so  also  B -A  C is)  and  A -A  B smooth.  Denote  I = Ker{A  -A  C ) and  J = 
Ker(B  -a  C).  Then  the  sequence 


0 ->  J/J2  ->  J/J2  - A nB/A  B/J  -A  0 
of  Lemma \10.132.7\is  exact. 


Proof.  This  follows  from  the  more  general  Lemma  10.136. ll]  because  a smooth 


ring  map  is  formally  smooth,  see  Proposition  |10.136.13 


□ 


05D5  Lemma  10.137.4.  Let  ip  : R -A  S be  a smooth  ring  map.  Let  a : S -A  R be  a left 
inverse  to  <p.  Set  I = Ker(cr).  Then 

(1)  I / 12  is  a finite  locally  free  R-module,  and 

(2)  if  I /I2  is  free,  then  SA  = R[[ti, . . . , td]\  as  R-algebras,  where  SA  is  the 
L-adic  completion  of  S. 


Proof.  By  Lemma 


10.130.10 


applied  to  R — > S — > R we  see  that  I /I2  = Ds/R®s,a 
R.  Since  by  definition  of  a smooth  morphism  the  module  Ds/r  is  finite  locally  free 
over  S we  deduce  that  (1)  holds.  If  I /I2  is  free,  then  choose  f\, ... . fd  £ I whose 
images  in  I /I2  form  an  A-basis.  Consider  the  l?-algebra  map  defined  by 


T : R[[x1,...,xd\]  — > S A 


U 


Denote  P = R[[x i, . . . , Xd\\  and  J = (x\, ... , Xd)  C P.  We  write  : P/Jn  -A  S/In 
for  the  induced  map  of  quotient  rings.  Note  that  S/I 2 = <p(R)  © I /I2.  Thus  T2 
is  an  isomorphism.  Denote  <72  : S/I 2 -A  P/J 2 the  inverse  of  We  will  prove  by 
induction  on  n that  for  all  n > 2 there  exists  an  inverse  an  : S/In  -A  P/Jn  of  Tra. 
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OOTQ 

OOTR 


OOTS 


Namely,  as  S is  formally  smooth  over  R (by  Proposition  10.136.13)  we  see  that  in 
the  solid  diagram 


S 


P/J11-1 


of  R-algebras  we  can  fill  in  the  dotted  arrow  by  some  R-algebra  map  r : S — > P/Jn 
making  the  diagram  commute.  This  induces  an  R-algebra  map  r : S/In  — > P/Jn 
which  is  equal  to  <rn-i  modulo  Jn.  By  construction  the  map  \I/n  is  surjective  and 
now  ro^n  is  an  i?-algebra  endomorphism  of  P/Jn  which  maps  Xt  to  x i + Sit„  with 
$i,n  € It  follows  that  is  an  isomorphism  and  hence  it  has  an  inverse 

<rn.  This  proves  the  lemma.  □ 


10.138.  Smooth  algebras  over  fields 


Warning:  The  following  two  lemmas  do  not  hold  over  nonperfect  fields  in  general. 

Lemma  10.138.1.  Let  k be  an  algebraically  closed  field.  Let  S be  a finite  type 
k-algebra.  Let  m C S be  a maximal  ideal.  Then 

dimK(m)  f lS/k  Ss  «(m)  = dirnK(m)  m/m2. 


Proof.  Consider  the  exact  sequence 

m/m2  -A  nS/k  Ss  «(m)  -A  fiK(m)/fc  ->  0 

of  Lemma  |10. 130.9)  We  would  like  to  show  that  the  first  map  is  an  isomorphism. 
Since  k is  algebraically  closed  the  composition  k — > «(m)  is  an  isomorphism  by  The- 
orem 10.33.1  So  the  surjection  S -A  re(m)  splits  as  a map  of  fc-algebras,  and  Lemma 
10.130.10  shows  that  the  sequence  above  is  exact  on  the  left.  Since  flre(m)/k  = 0, 
we  wm.  □ 


Lemma  10.138.2.  Let  k be  an  algebraically  closed  field.  Let  S be  a finite  type 
k-algebra.  Let  m C S be  a maximal  ideal.  The  following  are  equivalent: 

(1)  The  ring  Sm  is  a regular  local  ring. 

(2)  We  have  dirnK(m)  LlS/k  Ss  «(m)  < dim(5m). 

(3)  We  have  dirnK(m)  LlS/k  Ss  «(m)  = dim(5m). 

(4)  There  exists  a g £ S , g ^ m such  that  Sg  is  smooth  over  k.  In  other  words 
S/k  is  smooth  at  m. 


Proof.  Note  that  (1),  (2)  and  (3)  are  equivalent  by  Lemma  10.138.1  and  Definition 
110.109.71 


Assume  that  S is  smooth  at  m.  By  Lemma  10.135.10  we  see  that  Sg  is  standard 


smooth  over  k for  a suitable  g £ S,  g fL  m. 
f lsg/k  is  free  °f  rank  dim(5s).  Hence  by  Lemma 
dim(m/m2)  in  other  words  Sm  is  regular. 


Hence  by  Lemma  10.135.7|  we  see  that 
we  see  that  dim(S'm)  = 


10.138.1 


Conversely,  suppose  that  Sm  is  regular.  Let  d = dim(S,m)  = dimm/m2.  Choose  a 
presentation  S = k[x i, . . . , xn\/I  such  that  Xi  maps  to  an  element  of  m for  all  i.  In 
other  words,  m"  = (x\, . . . , xn)  is  the  corresponding  maximal  ideal  of  k[x i, . . . , xn]. 
Note  that  we  have  a short  exact  sequence 


I/m"I  -A  m"/(m")2  -A  m/(m)2  -a  0 
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Pick  c = n — d elements  fi,.  ■ ■ ,fd  £ I such  that  their  images  in  m" /{m")2  span 
the  kernel  of  the  map  to  m/ (m)2.  This  is  clearly  possible.  Denote  J = (f\, ... , fc). 
So  J C I.  Denote  S'  = k[x i, . . . ,xn]/J  so  there  is  a surjection  S'  -A  S.  Denote 
m'  = m"S"  the  corresponding  maximal  ideal  of  S'.  Hence  we  have 

k[x i, . . . , xn]  * S' *>  S 

A /. 

m'&T  - a.  tn*»— 


By  our  choice  of  J the  exact  sequence 

J/m"  J —>  m"/(m")2  -A  m'/K)2  — t 0 

shows  that  dinl(m'/(m,)2)  = d.  Since  S'm,  surjects  onto  Sm  we  see  that  dim(S’m/)  > 
d.  Hence  by  the  discussion  preceding  Definition  10.59.9  we  conclude  that  S'm,  is 
regular  of  dimension  d as  well.  Because  S'  was  cut  out  by  c = n — d equations 
we  conclude  that  there  exists  a g'  £ S' , g'  ^ m'  +1,"+  c/ 

Also  the  map  S'm, 


intersection  over  fc,  see  Lemma  10.133.4 


such  that  S'gl  is  a global  complete 


of  Noetherian  local  domains  of  the  same  dimension  and  hence  an  isomorphism.  By 

£ S,  g £ m and  g'  £ 


Lemma 


10.125.7 


S'm  is  a surjection 
■phism.  By 
S'.  </  £ m'. 


we  see  that  S' , = Sg  for  some  g £ s,  g £ m and  g • £ a1 , g' 

All  in  all  we  conclude  that  after  replacing  S by  a principal  localization  we  may 
assume  that  S is  a global  complete  intersection. 


At  this  point  we  may  write  S = k[x\, . . . , xn]/(fi, . . . , fc)  with  dimS  = n — c. 
Recall  that  the  naive  cotangent  complex  of  this  algebra  is  given  by 

0S-/;->0S- tei 

see  Lemma [10. 134. 13]  By  Lemma [10. 135. 15| in  order  to  show  that  S is  smooth  at  m 
we  have  to  show  that  one  of  the  c x c minors  gj  of  the  matrix  “A”  giving  the  map 
above  does  not  vanish  at  m.  By  Lemma  [l 0.1 38. 1|  the  matrix  A mod  m has  rank  c. 
Thus  we  win.  □ 


00TT  Lemma  10.138.3.  Let  k be  any  field.  Let  S be  a finite  type  k-algebra.  Let 

X = Spec(S).  Let  q C S be  a prime  corresponding  to  x £ X.  The  following  are 

equivalent: 

(1)  The  k-algebra  S is  smooth  at  q over  fc. 

(2)  We  have  dimK(q)  fls/k  ®S  «(q)  < dim^  X. 

(3)  We  have  dimK(q)  fls/k  «(q)  = dim^  X. 

Moreover,  in  this  case  the  local  ring  Sq  is  regular. 


Proof.  If  S is  smooth  at  q over  fc,  then  there  exists  a g £ S,  g ^ q such  that  Sg 
is  standard  smooth  over  fc,  see  Lemma [10.135. 10}  A standard  smooth  algebra  over 
fc  has  a module  of  differentials  which  is  free  of  rank  equal  to  the  dimension,  see 
Lemma  10.135.7  (use  that  a relative  global  complete  intersection  over  a held  has 
dimension  equal  to  the  number  of  variables  minus  the  number  of  equations).  Thus 
we  see  that  (1)  implies  (3).  To  finish  the  proof  of  the  lemma  it  suffices  to  show  that 
(2)  implies  (1)  and  that  it  implies  that  Sq  is  regular. 


Assume  (2).  By  Nakayama’s  Lemma  10.19.1  we  see  that  Lls/k,q  can  be  generated  by 
< dim^  X elements.  We  may  replace  S by  Sg  for  some  g £ S,  g ^ q such  that 
is  generated  by  at  most  dim^,  X elements.  Let  I\  D fc  be  an  algebraically  closed 
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field  extension  such  that  there  exists  a fc-algebra  map  if)  : /c(q)  — > K.  Consider 
Sk  = K <S>k  S.  Let  m C Sk  be  the  maximal  ideal  corresponding  to  the  surjection 


SK  = K S ■ 


I<  ®k  «(q) 


id 


K. 


Note  that  m fl  S = q,  in  other  words  m lies  over  q.  By  Lemma  1 1 0 . 1 1 5 . 6]  the 
dimension  of  XR  — Spec  (Sk)  at  the  point  corresponding  to  m is  dimx  X.  By 
Lemma  10.113.6  this  is  equal  to  dim((/Sjr )m).  By  Lemma  10.130.12  the  module 
of  differentials  of  Sk  over  K is  the  base  change  of  Lls/k,  hence  also  generated  by 
at  most  dimx  X = dim((S/f)m)  elements.  By  Lemma  10.138.2  we  see  that  Sk  is 
smooth  at  m over  K.  By  Lemma  [10. 135. 17|  this  implies  that  S is  smooth  at  q over 
k.  This  proves  (1).  Moreover,  we  know  by  Lemma  10.138.2  that  the  local  ring 

that 

□ 


(S/c  )m  is  regular.  Since  S q -A  (Sjr)m  is  flat  we  conclude  from  Lemma 
S q is  regular. 


10.109.9 


The  following  lemma  can  be  significantly  generalized  (in  several  different  ways). 

00TU  Lemma  10.138.4.  Let  k be  a field.  Let  R be  a Noetherian  local  ring  containing  k. 

Assume  that  the  residue  field  k = R/m  is  a finitely  generated  separable  extension 
of  k.  Then  the  map 

d : m/m2  — > LlR/k  ®R  «(m) 

is  injective. 

Proof.  We  may  replace  R by  R/m2.  Hence  we  may  assume  that  m2  = 0.  By 
assumption  we  may  write  k = k( x\, . . . ,xr,y)  where  x\, ...  ,xr  is  a transcendence 
basis  of  k over  k and  y is  separable  algebraic  over  k(x i, . . . ,xr).  Say  its  minimal 
equation  is  P(y)  = 0 with  P(T)  = Td  + J2i<daiTl , with  ai  € k(x i, . . . ,xr)  and 
P'(y)  0.  Choose  any  lifts  Xi  £ R of  the  elements  Xi  £ k.  This  gives  a commutative 

diagram 


R >-  K 


k{x  i,  ...,xr) 

of  fc-algebras.  We  want  to  extend  the  left  upwards  arrow  ip  to  a fc-algebra  map  from 
n to  R.  To  do  this  choose  any  y £ R lifting  y.  To  see  that  it  defines  a fc-algebra 
map  defined  on  n = k( x\, . . . , xr)[T\/(P)  all  we  have  to  show  is  that  we  may  choose 
y such  that  Pv{y)  = 0.  If  not  then  we  compute  for  8 £ m that 

P(y  + 5)  = P(y)  + P'(y)5 

because  m2  = 0.  Since  P'(y)S  = P'(y)S  we  see  that  we  can  adjust  our  choice  as 
desired.  This  shows  that  R = n ® m as  A-algebras!  From  a direct  computation  of 
^K©m/fc  the  lemma  follows.  □ 

00TV  Lemma  10.138.5.  Let  k be  a field.  Let  S be  a finite  type  k-algebra.  Let  q C S be 
a prime.  Assume  «(q)  is  separable  over  k.  The  following  are  equivalent: 

(1)  The  algebra  S is  smooth  at  q over  k. 

(2)  The  ring  Sq  is  regular. 


Proof.  Denote  R = S q and  denote  its  maximal  by  m and  its  residue  field  k.  By 
Lemma  10.138.4  and  10.130.9  we  see  that  there  is  a short  exact  sequence 

0 -A  m/m"  -A  LlR/k  <S>R  k — >■  LlK/k  — > 0 
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Note  that  f lR/k  = Ll 


‘S'/M 


see  Lemma 


10.130.8 


Moreover,  since  k is  separable  over 


k we  have  dimK  LlK/k  = trdegfe  (a)  . Hence  we  get 

dimK  LlR/k  K = dimK  m/m2  + trdegfc(7t)  > dim  I?  + trdegfe(ic)  = dimq  S 


(see  Lemma  10.115.3  for  the  last  equality)  with  equality  if  and  only  if  R is  regular. 
Thus  we  win  by  applying  Lemma  |10. 138. 3~|  □ 


00TW  Lemma  10.138.6.  Let  R —>  S be  a Q-algebra  map.  Let  f £ S be  such  that 
S2 s/r  — S df  © C for  some  S -submodule  C . Then 

(1)  f is  not  nilpotent,  and 

(2)  if  S is  a Noetherian  local  ring , then  f is  a nonzerodivisor  in  S. 


Proof.  For  a £ S write  d(a)  = 0(a)d/  + c(a)  for  some  0(a)  £ S and  c(a)  £ C. 
Consider  the  -R-derivation  S — > S,  a ha  9(a).  Note  that  9(f)  = 1. 

If  /"  = 0 with  n > 1 minimal,  then  0 = 9(fn)  = nf "~1  contradicting  the  minimal- 
ity of  n.  We  conclude  that  / is  not  nilpotent. 


Suppose  fa  = 0.  If  / is  a unit  then  a = 0 and  we  win.  Assume  / is  not  a unit. 
Then  0 = 9(fa)  = f9(a)  + a by  the  Leibniz  rule  and  hence  a £ (/).  By  induction 
suppose  we  have  shown  fa  = 0 =>  a £ (fn).  Then  writing  a = fnb  we  get  0 = 
9(fn+1b)  = (n  + l)fnb  + fn+19(b).  Hence  a = fnb  = - fn+19(b)/(n  + 1)  g (/n+1). 
Since  in  the  Noetherian  local  ring  S we  have  f)(.fn)  = 0,  see  Lemma  10.50.4  we 
win.  □ 


The  following  is  probably  quite  useless  in  applications. 

00TX  Lemma  10.138.7.  Let  k be  a field  of  characteristic  0.  Let  S be  a finite  type 
k-algebra.  Let  q C S be  a prime.  The  following  are  equivalent: 

(1)  The  algebra  S is  smooth  at  q over  k. 

(2)  The  Sq-module  Llg/k  q is  (finite)  free. 

(3)  The  ring  S q is  regular. 


Proof.  In  characteristic  zero  any  held  extension  is  separable  and  hence  the  equiva- 


lence of  (1)  and  (3)  follows  from  Lemma  10.138.5  Also  (1)  implies  (2)  by  definition 
of  smooth  algebras.  Assume  that  f ls/k,q  is  free  over  5/,.  We  are  going  to  use  the 


notation  and  observations  made  in  the  proof  of  Lemma  10.138.5 


So  R = Sq  with 


maximal  ideal  m and  residue  held  k.  Our  goal  is  to  prove  R is  regular. 

If  m/m2  = 0,  then  m = 0 and  R = n.  Hence  R is  regular  and  we  win. 

If  m/m2  ^ 0,  then  choose  any  / £ m whose  image  in  m/m2  is  not  zero.  By 


Lemma  10.138.4  we  see  that  df  has  nonzero  image  in  By  assumption 

^■R/k  — Hs7fc,q  is  finite  free  and  hence  by  Nakayama’s  Lemma  10.19.1  we  see  that 
df  generates  a direct  summand.  We  apply  Lemma|10.138.6  to  deduce  that  / is  a 
nonzerodivisor  in  R.  Furthermore,  by  Lemma  |10. 130. 9 we  get  an  exact  sequence 


(/)/(/2)  “ ^ ^R/k  R/ fR  — > Q(R/fR)/k  ->  0 


This  implies  that  f \R/fR)/k  is  finite  free  as  well.  Hence  by  induction  we  see  that 
R/ fR  is  a regular  local  ring.  Since  f £ m was  a nonzerodivisor  we  conclude  that 
R is  regular,  see  Lemma [10. 105. 7|  □ 
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OOTY 


07ND 


02HR 

02HS 


02HT 


Example  10.138.8.  Lemma  10.138.7 
standard  examples  are  the  ring  maps 


does  not  hold  in  characteristic  p > 0.  The 


Fp  — ► Fp[x]/(xp) 

whose  module  of  differentials  is  free  but  is  clearly  not  smooth,  and  the  ring  map 

(P  >  * 1  2) 

F p{t)  ->  Fp(t)[x,y\/(xp  + y2  + a) 
which  is  not  smooth  at  the  prime  q = ( y , xp  — a)  but  is  regular. 


Using  the  material  above  we  can  characterize  smoothness  at  the  generic  point  in 
terms  of  field  extensions. 


Lemma  10.138.9.  Let  R S be  an  injective  finite  type  ring  map  with  R and  S 
domains.  Then  R -A  S is  smooth  at  q = (0)  if  and  only  if  f.f.(R)  C /./.(£)  is  a 
separable  extension  of  fields. 


Proof.  Assume  R — > S is  smooth  at  (0).  We  may  replace  S by  Sg  for  some  nonzero 
g G S and  assume  that  R -A  S is  smooth.  Set  I\  = f.f.(R).  Then  K — » S tgiR  I\ 
is  smooth  (Lemma  10.135.4).  Moreover,  for  any  field  extension  I\  C K'  the  ring 
map  K'  — ► S (g>fl  K'  is  smooth  as  well.  Hence  S K'  is  a regular  ring  by  Lemma 
|10.138.3[  in  particular  reduced.  It  follows  that  S K is  a geometrically  reduced 

over  K.  Hence  f.f.(S)  is  geometrically  reduced  over  K,  see  Lemma  10.42.3  Hence 


f.f.(S)/K  is  separable  by  Lemma  10.43.1 


Conversely,  assume  that  f.f.(R)  C f.f.(S)  is  separable.  We  may  assume  R — > S is 
of  finite  presentation,  see  Lemma  |10.29.1|  It  suffices  to  prove  that  K — > S I\ 
is  smooth  at  (0),  see  Lemma  10.135.17  This  follows  from  Lemma  10.138.5[  the 
fact  that  a field  is  a regular  ring,  and  the  assumption  that  f.f.(R)  f.f.(S)  is 

separable.  □ 


10.139.  Smooth  ring  maps  in  the  Noetherian  case 

Definition  10.139.1.  Let  ip  : B'  — > B be  a ring  map.  We  say  <p  is  a small 
extension  if  B'  and  B are  local  Artinian  rings,  ip  is  surjective  and  I = Ker(t^)  has 
length  1 as  a R'-module. 

Clearly  this  means  that  I2  = 0 and  that  / = (x)  for  some  x € B'  such  that  m'x’  = 0 
where  m'  C B'  is  the  maximal  ideal. 

Lemma  10.139.2.  Let  R — > S be  a ring  map.  Let  q be  a prime  ideal  of  S lying 
over  pci?.  Assume  R is  Noetherian  and  R — > S of  finite  type.  The  following  are 
equivalent: 

(1)  R -A  S is  smooth  at  q, 

(2)  for  every  surjection  of  local  R-algebras  (B',mr)  — > (B,  m)  with  Ker{B ' — ► 
B ) having  square  zero  and  every  solid  commutative  diagram 

S 

* \ * 

\ 

\ 

A 

R B' 

such  that  q = S n m there  exists  a dotted  arrow  making  the  diagram  com- 
mute, 
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(3)  same  as  in  (2)  but  with  B'  -A  B ranging  over  small  extensions,  and 

(4)  same  as  in  (2)  but  with  B'  -A  B ranging  over  small  extensions  such  that 
in  addition  S — > B induces  an  isomorphism  «;(q)  = K.(m). 


Proof.  Assume  (1).  This  means  there  exists  a g £ S,  g ^ q such  that  R — > Sg  is 
smooth.  By  Proposition  10.136.13|we  know  that  R — > Sg  is  formally  smooth.  Note 
that  given  any  diagram  as  in  (2)  the  map  S — » B factors  automatically  through  S' q 
and  a fortiori  through  Sg.  The  formal  smoothness  of  Sg  over  R gives  us  a morphism 
Sg  — > B'  fitting  into  a similar  diagram  with  Sg  at  the  upper  left  corner.  Composing 
with  S — ► Sg  gives  the  desired  arrow.  In  other  words,  we  have  shown  that  (1) 
implies  (2). 

Clearly  (2)  implies  (3)  and  (3)  implies  (4). 


Assume  (4).  We  are  going  to  show  that  (1)  holds,  thereby  finishing  the  proof  of  the 
lemma.  Choose  a presentation  S = . . . , xn]/(fi, . . . , fm).  This  is  possible  as 

S is  of  finite  type  over  R and  therefore  of  finite  presentation  (see  Lemma  10.30.4). 
Set  / = (/i, . . . , fm).  Consider  the  naive  cotangent  complex 


d : I /I2 


0 m 

SdXj 


'j= i 


of  this  presentation  (see  Section  10.132|).  It  suffices  to  show  that  when  we  localize 
this  complex  at  q then  the  map  becomes  a split  injection,  see  Lemma  Il0.135.12] 
Denote  S'  = . . . , xn\/I2.  By  Lemma 


10.130.11 


we  have 


S <8 s’  fls'/R  — S 


Xl,. 


0 m 

j=i  Sd-Xj  ■ 


Thus  the  map 

d:  I/I2  — > S (g) s1  tis'/R 

is  the  same  as  the  map  in  the  naive  cotangent  complex  above.  In  particular  the  truth 
of  the  assertion  we  are  trying  to  prove  depends  only  on  the  three  rings  R—tS'—tS. 
Let  q'  C R[x\, . . . , xn]  be  the  prime  ideal  corresponding  to  q.  Since  localization 


commutes  with  taking  modules  of  differentials  (Lemma  10.130.8)  we  see  that  it 
suffices  to  show  that  the  map 


02HU  (10.139.2.1)  d:Iq>/ll  — ► Sq  /R 

coming  from  R — ► — > Sq  is  a split  injection. 

Let  N € N be  an  integer.  Consider  the  ring 

B’n  = S'q,/{a!)NS\,  = (S7(q')JVS")q' 

and  its  quotient  Bn  = B'N/IB'N.  Note  that  Bn  — Sq/c\NSq.  Observe  that  B'N 
is  an  Artinian  local  ring  since  it  is  the  quotient  of  a local  Noetherian  ring  by  a 
power  of  its  maximal  ideal.  Consider  a filtration  of  the  kernel  In  of  B'N  — > Bn  by 
B(¥-submodules 

0 C Jn,  1 c Jn,2  C . . . C J N,n{N)  = In 

such  that  each  successive  quotient  Jn,i/ has  length  1.  (As  B'N  is  Artinian 
such  a filtration  exists.)  This  gives  a sequence  of  small  extensions 

B'n  B'n/Jn,i  > B'n/  Jn,2  B'N/JN^n(N)  = B'Nj In  = Bn  = Sq/ q^^q 
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Applying  condition  (4)  successively  to  these  small  extensions  starting  with  the  map 
S — > Bn  we  see  there  exists  a commutative  diagram 


S Bn 


R B'n 


Clearly  the  ring  map  S -4  B'N  factors  as  S — > Sq  — > B'N  where  Sq  — > B'N  is  a local 
homomorphism  of  local  rings.  Moreover,  since  the  maximal  ideal  of  B'N  to  the 
Nth  power  is  zero  we  conclude  that  Sq  —t  B'N  factors  through  Sq/(q)NSq  = BN. 
In  other  words  we  have  shown  that  for  all  N £ N the  surjection  of  R-algebras 
B'n  — >•  Bn  has  a splitting. 

Consider  the  presentation 


In  -»  Bn  ®b'n  b’n/r  — > ^bn/r  ~ > 0 


coming  from  the  surjection  B'N  — > Bn  with  kernel  In  (see  Lemma  10.130.9 1.  By 
the  above  the  i?-algebra  map  B'N  — > Bn  has  a right  inverse.  Hence  by  Lemma 


10.130.10  we  see  that  the  sequence  above  is  split  exact!  Thus  for  every  N the  map 

In  — > Bn  ®b'n  ^ b'n/r 

is  a split  injection.  The  rest  of  the  proof  is  gotten  by  unwinding  what  this  means 
exactly.  Note  that 

In  = Iq'/(Iq,  + (q')iVniV) 

By  Artin-Rees  (Lemma  10.50.2)  we  find  a c > 0 such  that 

SJqN~cSq  ®Sq  IN  = SJqN~cSq  ®Stl  Iq'/$ 

for  all  N > c (these  tensor  product  are  just  a fancy  way  of  dividing  by  qw~c).  We 
may  of  course  assume  c > 1.  By  Lemma  [10. 130.111  we  see  that 

<V(q')*“%  Hb'n/r  = S'J(q')N-cS'q,  ^,/r 

we  can  further  tensor  this  by  Bn  = Sq/qN  to  see  that 


Vq  Sq  Vb'n/R  = Sq/ q Sq  ^,/R. 

Since  a split  injection  remains  a split  injection  after  tensoring  with  anything  we  see 
that 


Sq/q^Sq  (10.139.2.1)  = Sq/qN~cSq  ®Sq  ( In 


Bn  ®b'n  H b'n/r ) 


is  a split  injection  for  all  N > c.  By  Lemma  10.73.1  we  see  that  (10.139.2.1)  is  a 
split  injection.  This  finishes  the  proof.  □ 


10.140.  Overview  of  results  on  smooth  ring  maps 

00TZ  Here  is  a list  of  results  on  smooth  ring  maps  that  we  proved  in  the  preceding 
sections.  For  more  precise  statements  and  definitions  please  consult  the  references 
given. 

(1)  A ring  map  R — » S is  smooth  if  it  is  of  finite  presentation  and  the  naive 
cotangent  complex  of  S/R  is  quasi-isomorphic  to  a finite  projective  S- 
module  in  degree  0,  see  Definition |10. 1357T1 
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(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 
(9) 

(10) 

(11) 

(12) 


(13) 


(14) 

(15) 

(16) 


If  S is  smooth  over  R , then  f ls/R  is  a finite  projective  S'-module,  see 
discussion  following  Definition  |10.135TTj 


The  property  of  being  smooth  is  local  on  S , see  Lemma  10.135.13 


The  property  of  being  smooth  is  stable  under  base  change,  see  Lemma 

IIO. 135.41 

The  property  of  being  smooth  is  stable  under  composition,  see  Lemma 

IIP.  135. 141 


A smooth  ring  map  is  syntomic,  in  particular  flat,  see  Lemma  10.135.10 


A finitely  presented,  flat  ring  map  with  smooth  fibre  rings  is  smooth,  see 
Lemma  IIP.  135.161 

A finitely  presented  ring  map  R -A  S is  smooth  if  and  only  if  it  is  formally 
smooth,  see  Proposition  |10. 136. 13[ 

If  R — ► S is  a finite  type  ring  map  with  R Noetherian  then  to  check 
that  R — > S is  smooth  it  suffices  to  check  the  lifting  property  of  formal 
smoothness  along  small  extensions  of  Artinian  local  rings,  see  Lemma 
110.139.21 

A smooth  ring  map  R -A  S is  the  base  change  of  a smooth  ring  map 
Ro  — >•  So  with  R0  of  finite  type  over  Z,  see  Lemma|i0.136.14( 

Formation  of  the  set  of  points  where  a ring  map  is  smooth  commutes  with 
flat  base  change,  see  Lemma  [IP. 135. 17] 

If  S is  of  finite  type  over  an  algebraically  closed  field  k.  and  m C S a 
maximal  ideal,  then  the  following  are  equivalent 

(a)  S is  smooth  over  k in  a neighbourhood  of  m, 

(b)  Sm  is  a regular  local  ring, 

(c)  dim(Sm)  = dirnK(m)  Cls/k  ®s  «(m). 
see  Lemma  TlO.  138. 21 

If  S is  of  finite  type  over  a field  fc,  and  q C S a prime  ideal,  then  the 
following  are  equivalent 

(a)  S is  smooth  over  k in  a neighbourhood  of  q, 

(b)  dimq(S/fc)  = dimK(q)  Cls/k  ®s  «(q). 
see  Lemma  TlO  138.31 

If  S is  smooth  over  a field,  then  all  its  local  rings  are  regular,  see  Lemma 
II  0.1 38.31 

If  S is  of  finite  type  over  a field  k,  q C S a prime  ideal,  the  field  extension 
k C «(q)  is  separable  and  Sq  is  regular,  then  S is  smooth  over  k at  q,  see 
Lemma  IIP. 138.51 

If  S is  of  finite  type  over  a field  /c,  if  k has  characteristic  0,  if  q C S a 
prime  ideal,  and  if  Cls/k  q is  free,  then  S is  smooth  over  k at  q,  see  Lemma 
110.138.71 


Some  of  these  results  were  proved  using  the  notion  of  a standard  smooth  ring  map, 
see  Definition  |10.135.6|  This  is  the  analogue  of  what  a relative  global  complete 
intersection  map  is  for  the  case  of  syntomic  morphisms.  It  is  also  the  easiest  way 
to  make  examples. 


10.141.  Etale  ring  maps 

OPUfi  An  etale  ring  map  is  a smooth  ring  map  whose  relative  dimension  is  equal  to  zero. 
This  is  the  same  as  the  following  slightly  more  direct  definition. 
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00U1  Definition  10.141.1.  Let  R — > S be  a ring  map.  We  say  R — > S is  etale  if  it  is  of 
finite  presentation  and  the  naive  cotangent  complex  NLg/R  is  quasi- isomorphic  to 
zero.  Given  a prime  q of  S'  we  say  that  R — > S is  etale  at  q if  there  exists  a g £ S, 
g ^ q such  that  R — t Sg  is  etale. 


In  particular  we  see  that  LIs/r  = 0 if  S is  etale  over  R.  If  R — > S is  smooth,  then 
R -A  S is  etale  if  and  only  if  LIs/r  = 0-  From  our  results  on  smooth  ring  maps  we 
automatically  get  a whole  host  of  results  for  etale  maps.  We  summarize  these  in 
Lemma  |l0. 141.3  below.  But  before  we  do  so  we  prove  that  any  etale  ring  map  is 
standard  smooth. 


00U9  Lemma  10.141.2.  Any  etale  ring  map  is  standard  smooth.  More  precisely,  if 
R — > S is  etale , then  there  exists  a presentation  S = R[x\, . . . ,xn\/ (f\, . . . , fn) 
such  that  the  image  of  det(dfj /dxi)  is  invertible  in  S. 

Proof.  Let  R.  — > S be  etale.  Choose  a presentation  S = R[x\, . . . , xn]/I.  As 
R S is  etale  we  know  that 


cl  : I II 2 — ► £P)  SdXi 

' i=l  ...  n 


we  may  assume  (after  possibly  changing  the  presentation),  that  I = (/i,...,/c) 
such  that  the  classes  fi  mod  I2  form  a basis  of  I /I2.  It  follows  immediately  from 
the  fact  that  the  displayed  map  above  is  an  isomorphism  that  c = n and  that 
det (dfj/dxi)  is  invertible  in  S.  □ 


is  an  isomorphism,  in  particular  I /I2  is  a free  ^-module.  Thus  by  Lemma  10.134.6 


00U2  Lemma  10.141.3.  Results  on  etale  ring  maps. 

(1)  The  ring  map  R -A  Rf  is  etale  for  any  ring  R and  any  f € R. 

(2)  Compositions  of  etale  ring  maps  are  etale. 

(3)  A base  change  of  an  etale  ring  map  is  etale. 

(4)  The  propeRy  of  being  etale  is  local:  Given  a ring  map  R S and  elements 

gm  £ S which  generate  the  unit  ideal  such  that  R — > Sgj  is  etale 
for  j = 1, . . . , m then  R -A  S is  etale. 

(5)  Given  R -A  S of  finite  presentation,  and  a flat  ring  map  R R' , set 
S'  = R'  S.  The  set  of  primes  where  R'  — > S'  is  etale  is  the  inverse 
image  via  Spec(5')  — > Spec(5')  of  the  set  of  primes  where  R ^ S is  etale. 

(6)  An  etale  ring  map  is  syntomic,  in  particular  flat. 

(7)  If  S is  finite  type  over  a field  k,  then  S is  etale  over  k if  and  only  if 
& S/k  = 0- 

(8)  Any  etale  ring  map  R — » S is  the  base  change  of  an  etale  ring  map  Rq  -a 
Sq  with  i?o  of  finite  type  over  Z. 

(9)  Let  A = colim  A;  be  a filtered  colimit  of  rings.  Let  A — * B be  an  etale  ring 
map.  Then  there  exists  an  etale  ring  map  Aj  — > Bj  for  some  i such  that 

B = A®Ai  Bi. 

(10)  Let  A be  a ring.  Let  S be  a multiplicative  subset  of  A.  Let  S^A  — > B'  be 
etale.  Then  there  exists  an  etale  ring  map  A — » B such  that  B'  = S~1B. 


Proof.  In  each  case  we  use  the  corresponding  result  for  smooth  ring  maps  with  a 
small  argument  added  to  show  that  is  zero. 

Proof  of  (1).  The  ring  map  R — >•  Rf  is  smooth  and  ftRf/R  = 0. 
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Proof  of  (2).  The  composition  A — > C of  smooth  maps  A -A  B and  B — > C is 

By  Lemma  10.130.7  we  see  that  Sic/ A is  zero  as 

R'  be  arbitrary.  Then  R!  — > S'  = R'®rS 


smooth,  see  Lemma  10.135.14 
both  flc/B  and  SI b/a  are  zero. 

Proof  of  (3).  Let  R — >•  S be  etale  and  R 

Since  fls'/R1  = S'  SI s/R  by  Lemma 
ence  R'  — >•  S'  is  etale. 


is  smooth,  see  Lemma 
we  conclude  that  fig' /r 


10.135 


5Tl 

. He 


10.130.12 


Proof  of  (4).  Assume  the  hypotheses  of  (4).  By  Lemma  |l0.135.13  we  see  that 
R — > S is  smooth.  We  are  also  given  that  Sl$  ./R  = — 0 for  all  *•  Then 

SI s/r  = 0,  see  Lemma  10.23.2 


Proof  of  (5).  The  result  for  smooth  maps  is  Lemma  10.135.17  In  the  proof  of  that 
lemma  we  used  that  NLr/r  ®sS'  is  homotopy  equivalent  to  NLg' /r'.  This  reduces 
us  to  showing  that  if  M is  a finitely  presented  5-module  the  set  of  primes  q'  of  S' 
such  that  (M  S')q>  = 0 is  the  inverse  image  of  the  set  of  primes  q of  S such  that 
Mq  = 0.  This  is  true  (proof  omitted). 

Proof  of  (6).  Follows  directly  from  the  corresponding  result  for  smooth  ring  maps 
(Lemma  10.135.10 1. 


Proof  of  (7).  Follows  from  Lemma  10.138.3  and  the  definitions. 


Proof  of  (8).  Lemma  10.136.14  gives  the  result  for  smooth  ring  maps.  The  resulting 
smooth  ring  map  R0  — > S0  satisfies  the  hypotheses  of  Lemma  |10.129.8[  and  hence 
we  may  replace  So  by  the  factor  of  relative  dimension  0 over  i?o- 

Proof  of  (9).  Follows  from  (8)  since  Rq  — > A will  factor  through  A%  for  some  i. 

Proof  of  (10).  Follows  from  (9),  (1),  and  (2)  since  5_1A  is  a filtered  colimit  of 
principal  localizations  of  A.  □ 


Next  we  work  out  in  more  detail  what  it  means  to  be  etale  over  a field. 


00U3  Lemma  10.141.4.  Let  k be  a field.  A ring  map  k -A  S is  etale  if  and  only  if  S is 
isomorphic  as  a k-algebra  to  a finite  product  of  finite  separable  extensions  ofk. 

Proof.  If  k — > k!  is  a finite  separable  field  extension  then  we  can  write  k!  = k(a)  = 
k[x]/ (/).  Here  / is  the  minimal  polynomial  of  the  element  a.  Since  k'  is  separable 
over  k we  have  gcd (/,  f1)  = 1.  This  implies  that  d : k' ■ f — > k1  -dx  is  an  isomorphism. 
Hence  k — > k'  is  etale. 


00U4 


Conversely,  suppose  that  k — > S is  etale.  Let  k be  an  algebraic  closure  of  k.  Then 
S (g)fe  k is  etale  over  k.  Suppose  we  have  the  result  over  k.  Then  S k is  reduced 
and  hence  S is  reduced.  Also,  S k is  finite  over  k and  hence  S is  finite  over  k. 
Hence  S is  a finite  product  S = J)[  ki  of  fields,  see  Lemma  10.52.2  and  Proposition 
10.59.6  The  result  over  k means  S (g>fc  k is  isomorphic  to  a finite  product  of  copies 


of  fc,  which  implies  that  each  k C ki  is  finite  separable,  see  for  example  Lemmas 
Il0.43.llandll0.43.3l  Thus  we  have  reduced  to  the  case  k = k.  In  this  case  Lemma 
10.138.2  (combined  with  Llg/k  = 0)  we  see  that  Sm  = k for  all  maximal  ideals 
me  S.  This  implies  the  result  because  S is  the  product  of  the  localizations  at  its 
maximal  ideals  by  Lemma  10.52.2  and  Proposition  10. 59. 6|  again.  □ 


Lemma  10.141.5.  Let  R — > S be  a ring  map.  Let  q C S be  a prime  lying  over  p 
in  R.  If  S/R  is  etale  at  q then 

(1)  we  have  p5q  = q5q  is  the  maximal  ideal  of  the  local  ring  Sq,  and 
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00U6 


08WD 


00U7 


00U8 


(2)  the  field  extension  «(p)  C /-c(q)  is  finite  separable. 


Proof.  First  we  may  replace  S by  Sg  for  some  g £ S,  g ^ q and  assume  that  R -A  S 
is  etale.  Then  the  lemma  follows  from  Lemma  10.141.4|by  unwinding  the  fact  that 
S k(p)  is  etale  over  /-c(p).  □ 


Lemma  10.141.6.  An  etale  ring  map  is  quasi-finite. 

Proof.  Let  R S be  an  etale  ring  map.  By  definition  R — > S is  of  finite  type. 
For  any  prime  pel?  the  fibre  ring  S ®r  k(p)  is  etale  over  «(p)  and  hence  a finite 
products  of  fields  finite  separable  over  /c(p),  in  particular  finite  over  «(p).  Thus 
R -A  S is  quasi-finite  by  Lemma  |10. 121.4]  □ 

Lemma  10.141.7.  Let  R -A  S be  a ring  map.  Let  q be  a prime  of  S lying  over  a 
prime  p of  R.  If 

(1)  R -A  S is  of  finite  presentation, 

(2)  Rp  — » Sq  is  flat 

(3)  pSq  is  the  maximal  ideal  of  the  local  ring  S q , and 

(4)  the  field  extension  re(p)  C «(q)  is  finite  separable, 
then  R -A  S is  etale  at  q. 


Proof.  Apply  Lemma  |10. 121.2]  to  find  a g € S,  g ^ q such  that  q is  the  only 
prime  of  Sg  lying  over  p.  We  may  and  do  replace  S by  Sg.  Then  S ®r  «(p)  has  a 
unique  prime,  hence  is  a local  ring,  hence  is  equal  to  Sq/pSq  = «(q).  By  Lemma 


10.135.16  there  exists  a g £ S,  g q such  that  R — > Sg  is  smooth.  Replace  S by 


Sg  again  we  may  assume  that  R — > S is  smooth.  By  Lemma  10.135.10  we  may 


even  assume  that  R — > S is  standard  smooth,  say  S = R[x i, . . . , xn]/(fi, . . . , fc). 
Since  S ®r  «(p)  = /t(q)  has  dimension  0 we  conclude  that  n = c,  i.e. , if  R — > S is 
etale.  □ 


Lemma  10.141.8.  A ring  map  is  etale  if  and  only  if  it  is  flat,  unramified,  and  of 
finite  presentation. 


Proof.  This  follows  by  combining  Lemmas  10.141.3  (flatness  of  etale  maps),  |10.141.5| 


(etale  maps  are  unramified),  and  10.141.7  (flat  and  unramified  maps  of  finite  pre- 
sentation are  etale).  □ 


Here  is  a completely  new  phenomenon. 

Lemma  10.141.9.  Let  R — » S and  R ^ S'  be  etale.  Then  any  R-algebra  map 
S'  — » S is  etale. 


Proof.  First  of  all  we  note  that  S'  — > S is  of  finite  presentation  by  Lemma  10.6.2 


Let  q C S be  a prime  ideal  lying  over  the  primes  q'  C S'  and  p C R.  By  Lemma 
10.141.5  the  ring  map  S'q/pS'q  — > Sq,/pSq,  is  a map  finite  separable  extensions  of 
k(P).  In  particular  it  is  flat.  Hence  by  Lemma 
Thus  S'  — ^ S is  flat.  Moreover,  the  above  also 


we  see  that  S', 


Sq  is  flat. 


10.127.8 

shows  that  q'Sq  is  the  maximal  ideal 
of  Sq  and  that  the  residue  field  extension  of  S',  -A  Sq  is  finite  separable.  Hence 
from  Lemma  10.141.7  we  conclude  that  S'  — »•  S is  etale  at  q.  Since  being  etale  is 

□ 


local  (see  Lemma  10.141.3)  we  win. 


Lemma  10.141.10.  Let  q)  : R -A  S be  a ring  map.  If  R —>  S is  surjective,  flat 
and  finitely  presented  then  there  exist  an  idempotent  e £ R such  that  S = Re. 
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Proof.  Since  Spec(S')  — > Spec(i?)  is  a homeomorphism  onto  a closed  subset  (see 
Lemma  10.16. 7|)  and  is  open  (see  Proposition  10.40.8 1 we  see  that  the  image  is  D(e ) 
for  some  idempotent  e £ R (see  Lemma  10.20.3).  Thus  Re  -A  S induces  a bijection 
on  spectra.  Now  this  map  induces  an  isomorphism  on  all  local  rings  for  example 

Then  it  follows  that  Re  — »•  S is  also  injective,  for 

□ 


by  Lemmas  10.77.4  and  10.19.1 


example  see  Lemma|10.23.1 


04D1  Lemma  10.141.11.  Let  R be  a ring  and  let  I C R be  an  ideal.  Let  R/I  -A  S be 
an  etale  ring  map.  Then  there  exists  an  etale  ring  map  R -A  S such  that  S = S/IS 
as  R/I -algebras. 


Proof.  By  Lemma 

10.141.2 

we  can  write  S = {R/I)[x\, . . . , xn]/ (f1, . . . , fn)  as  in 

Definition 

10.135.6 

with  A = 

det((^ri)j)j=i)...jrl  invertible  in  S.  Just  take  some  lifts 

fi  and  set  S = R[xi, . . . ,xn,xn+i\/(fi,  ■ ■ .,fc,%n+i  A-l)  where  A = det(^)ij=ii...iC 
as  in  Example  |10. 135.8)  This  proves  the  lemma.  □ 


05YT  Lemma  10.141.12.  Consider  a commutative  diagram 


0 > J >■  B' >■  B > 0 

AAA 

0 ^ I >■  A! ^ A >■  0 


with  exact  rows  where  B'  -A  B and  A'  — > A are  surjective  ring  maps  whose  kernels 
are  ideals  of  square  zero.  If  A -a  B is  etale,  and  J = I B,  then  A'  -a  B'  is 
etale. 


Proof.  By  Lemma  10.141.11  there  exists  an  etale  ring  map  A!  — > C such  that 
C/IC  = B.  Then  A'  — » C is  formally  smooth  (by  Proposition  10.136.13)  hence 
we  get  an  H'-algebra  map  <p  : C — > B' . Since  A!  -A  C is  flat  we  have  I B = 
I C/IC  = IC.  Hence  the  assumption  that  J = I B implies  that  ip  induces 
an  isomorphism  IC  -A  J and  an  isomorphism  C/IC  -A  B' /IB',  whence  (p  is  an 
isomorphism.  □ 


00UA  Example  10.141.13.  Let  n,m>  1 be  integers.  Consider  the  ring  map 


R — ^ [ai , . . • , un-i_m] 


a i 
a2 


S — bn , c±, ... , cmj 

b i + ci 

b2  + hci  + c2 


bnc 


m 


of  Example  10.134.7 


Write  symbolically 


R — R[bl,  • • • j Cm]/ ({a^^bi,  Cj')  CLf~  }/c=l  ,...,n+m) 


10.141.  ETALE  RING  MAPS 


786 


where  for  example  a\(bi,Cj)  = b\  + c±.  The  matrix  of  partial  derivatives  is 


1 

Cl 

Cm 

0 

...  0 \ 

0 

1 

Cl 

Cm 

...  0 

0 

0 

1 

Cl 

• • ■ cm 

1 

bi 

0 

...  0 

0 

1 

bi 

...  0 

V° 

0 

1 

bi 

...  bn) 

The  determinant  A of  this  matrix  is  better  known  as  the  resultant  of  the  polynomials 
g = xn  + bix n~1  + ...  + &„  and  h = xm  + C\X m~1  + . . . + cm,  and  the  matrix  above 
is  known  as  the  Sylvester  matrix  associated  to  g,h.  In  a formula  A = Res x(g,h). 
The  Sylvester  matrix  is  the  transpose  of  the  matrix  of  the  linear  map 

a © b i — > ag  + bh 


Let  q C S'  be  any  prime.  By  the  above  the  following  are  equivalent: 

(1)  S is  etale  at  q, 

(2)  A = Res x(g,h)j£  q, 

(3)  the  images  g,  h £ K(q)[:r]  of  the  polynomials  g,h  are  relatively  prime  in 
n(q)[x}. 

The  equivalence  of  (2)  and  (3)  holds  because  the  image  of  the  Sylvester  matrix  in 
Mat(n  + nr,  7t(q))  has  a kernel  if  and  only  if  the  polynomials  g , h have  a factor  in 
common.  We  conclude  that  the  ring  map 

R — ► S[^l  = S[- — 

A Res  x{g,h) 

is  etale. 


Lemma[i0.141.2|tells  us  that  it  does  not  really  make  sense  to  define  a standard  etale 
morphism  to  be  a standard  smooth  morphism  of  relative  dimension  0.  As  a model 
for  an  etale  morphism  we  take  the  example  given  by  a finite  separable  extension 
k C k!  of  fields.  Namely,  we  can  always  find  an  element  a £ k!  such  that  k!  = k(a) 
and  such  that  the  minimal  polynomial  f(x)  £ k[x]  of  a has  derivative  f which  is 
relatively  prime  to  /. 

00UB  Definition  10.141.14.  Let  R be  a ring.  Let  g1  f € R[x].  Assume  that  / is  monic 
and  the  derivative  f is  invertible  in  the  localization  R[x\g/(f).  In  this  case  the 
ring  map  R -A  R[x]g/(f)  is  said  to  be  standard  etale. 

00UC  Lemma  10.141.15.  Let  R — > R[x\g/(f)  be  standard  etale. 

(1)  The  ring  map  R — >•  R[x\g/{f)  is  etale. 

(2)  For  any  ring  map  R — » R'  the  base  change  R'  — > R'\x\g/ (/)  of  the  standard 
etale  ring  map  R -A  R[x]g/(f)  is  standard  etale. 

(3)  Any  principal  localization  of  R[x\g/(f)  is  standard  etale  over  R. 

(4)  A composition  of  standard  etale  maps  is  not  standard  etale  in  general. 

Proof.  Omitted.  Here  is  an  example  for  (4).  The  ring  map  F2  — > F22  is  standard 
etale.  The  ring  map  F22  — F22  x F22  x F22  x F22  is  standard  etale.  But  the  ring 
map  F2  — > F22  x F22  x F22  x F22  is  not  standard  etale.  □ 
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OOUD 


OOUE 


Standard  etale  morphisms  are  a convenient  way  to  produce  etale  maps.  Here  is  an 
example. 

Lemma  10.141.16.  Let  R be  a ring.  Let  p be  a prime  of  R.  Let  /c(p)  C L be 
a finite  separable  field  extension.  There  exists  an  etale  ring  map  R -A  R'  together 
with  a prime  p'  lying  over  p such  that  the  field  extension  «;(p)  C ft(p')  is  isomorphic 
to  k(p)  C L. 


Proof.  By  the  theorem  of  the  primitive  element  we  may  write  L = Ac(p)[a].  Let 
/ £ «(p)  [rc]  denote  the  minimal  polynomial  for  a (in  particular  this  is  nronic).  After 
replacing  a by  ca  for  some  c £ Jl,  c ^ p we  may  assume  all  the  coefficients  of  / 
are  in  the  image  of  R — > «(p)  (verification  omitted).  Thus  we  can  find  a nronic 
polynomial  / £ R[x]  which  maps  to  / in  ft(p)[x].  Since  k(p)  C L is  separable,  we 
see  that  gcd (/,  / ) = 1.  Hence  there  is  an  element  7 £ L such  that  / (a) 7 = 1. 
Thus  we  get  a i?-algebra  map 


R[x,l/f]/(f)  — ► L 


1 //' 


a 

7 


The  left  hand  side  is  a standard  etale  algebra  R'  over  R and  the  kernel  of  the  ring 
map  gives  the  desired  prime.  □ 


Proposition  10.141.17.  Let  R -A  S be  a ring  map.  Let  q C S be  a prime.  If 
R -A  S is  etale  at  q,  then  there  exists  a g £ S,  g ^ q such  that  R—>Sg  is  standard 
etale. 


Proof.  The  following  proof  is  a little  roundabout  and  there  may  be  ways  to  shorten 
it. 


Step  1.  By  Definition  10.141.1  there  exists  a g £ S,  g q such  that  R Sg  is 
etale.  Thus  we  may  assume  that  S is  etale  over  R. 


Step  2.  By  Lemma  |10.141.3]  there  exists  an  etale  ring  map  Rg  -A  So  with  Rq  of 
finite  type  over  Z,  and  a ring  map  Rq  -a  R such  that  R = R<8)r0  So.  Denote  qo 
the  prime  of  So  corresponding  to  q.  If  we  show  the  result  for  (R0  — t So,qo)  then 
the  result  follows  for  (R  — >•  S,  q)  by  base  change.  Hence  we  may  assume  that  R is 
Noetherian. 


Step  3.  Note  that  R — > S is  quasi- finite  by  Lemma [10. 141. 6|  By  Lemma [10. 122. 15| 
there  exists  a finite  ring  map  R — > S1 , an  S-algebra  map  S1  — » S,  an  element 
g'  £ S'  such  that  g'  £ q such  that  S'  -ri  S induces  an  isomorphism  S’  , = Sg> . (Note 
that  of  course  S'  is  not  etale  over  R in  general.)  Thus  we  may  assume  that  (a) 
R is  Noetherian,  (b)  R — > S is  finite  and  (c)  R — > S is  etale  at  q (but  no  longer 
necessarily  etale  at  all  primes). 


Step  4.  Let  p C R be  the  prime  corresponding  to  q.  Consider  the  fibre  ring 
S K(p)-  This  is  a finite  algebra  over  «(p).  Hence  it  is  Artinian  (see  Lemma 


i— 1 


A, 


10.52.2)  and  so  a finite  product  of  local  rings 

S ®r  K(p)  = 

see  Proposition  10.59.6  One  of  the  factors,  say  A\,  is  the  local  ring  S^/pS),  which 
is  isomorphic  to  re(q),  see  Lemma  10.141.5 
other  primes,  say  q2,  • • . , q„  of  S lying  over  p. 


The  other  factors  correspond  to  the 
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Step  5.  We  may  choose  a nonzero  element  a £ K(q)  which  generates  the  finite 
separable  field  extension  n(p)  C it(q)  (so  even  if  the  field  extension  is  trivial  we  do 
not  allow  a = 0).  Note  that  for  any  A £ «(p)*  the  element  A a also  generates  ft(q) 
over  k(p).  Consider  the  element 

nTl 

. Ai  = S®R  n(p). 

1=1 

After  possibly  replacing  a by  \a  as  above  we  may  assume  that  t is  the  image  of 
t £ 5.  Let  I C f?[x]  be  the  kernel  of  the  i?-algebra  map  i?[x]  -A  S which  maps  x to 
t.  Set  S'  = R[x\/I,  so  S’  C S.  Here  is  a diagram 


By  construction  the  primes  q^,  j > 2 of  S all  lie  over  the  prime  (p,x)  of  i?[x], 
whereas  the  prime  q lies  over  a different  prime  of  i?[x]  because  a/0. 


Step  6.  Denote  q'  C S'  the  prime  of  S'  corresponding  to  q.  By  the  above  q is  the 
only  prime  of  S lying  over  q'.  Thus  we  see  that  S q = Sq>,  see  Lemma 
have  going  up  for  S' 


10.40.11 


S by  Lemma  10.35.20  since  S'  — ► S is  finite  as  R 


(we 

S 


is  finite).  It  follows  that  5', 
finite  injective  ring  map  S'  — 


-A  S q is  finite  and  injective  as  the  localization  of  the 
S.  Consider  the  maps  of  local  rings 


Rip  — ! Sqi  —>■  S q 


The  second  map  is  finite  and  injective.  We  have  Sq/pSq 
Hence  a fortiori  Sq/q'Sq  = /c(q).  Since 

«( P)  C rc(q')  C «(q) 


10.141.5 


/■c(q),  see  Lemma 


and  since  a is  in  the  image  of  fc(q')  in  «(q)  we  conclude  that  «(q')  = «(q).  Hence 
by  Nakayama’s  Lemma 


S',  —A  Sq  is  surjective.  In  other  words,  S',  = S, 


10.19.1 


applied  to  the  S', -module  map  S', 


Sq,  the  map 


q- 


Step  7.  By  Lemma  fl0.125.7l  there  exist  g € S,  g ^ q and  g'  £ S',  g'  £ q'  such 
that  S',  — Sg.  As  R is  Noetherian  the  ring  S'  is  finite  over  R because  it  is  an  R- 
submodule  of  the  finite  f?-module  S.  Hence  after  replacing  S by  S'  we  may  assume 
that  (a)  R is  Noetherian,  (b)  S finite  over  R,  (c)  S is  etale  over  R at  q,  and  (d) 
S = R[x]/I. 


Step  8.  Consider  the  ring  S k(p)  = k(p)[x]/J  where  1 = 1-  «(p)[x]  is  the  ideal 
generated  by  I in  «(p)[x].  As  «(p)[x]  is  a PID  we  know  that  I = (h)  for  some  monic 
h £ k(p).  After  replacing  h by  A • h for  some  A £ k(p)  we  may  assume  that  h is  the 
image  of  some  h £ i?[x].  (The  problem  is  that  we  do  not  know  if  we  may  choose  h 
monic.)  Also,  as  in  Step  4 we  know  that  S <B>. r «(p)  = Ai  x ...  x An  with  A\  = fc(q) 
a finite  separable  extension  of  «(p)  and  A2, . . . , An  local.  This  implies  that 

h = hjie22  ...henn 


for  certain  pairwise  coprime  irreducible  monic  polynomials  hi  £ «(p)[x]  and  certain 
e2, . . . , e„  > 1.  Here  the  numbering  is  chosen  so  that  Ai  = At(p)[x]/(/id)  as  «(p)[x]- 
algebras.  Note  that  hi  is  the  minimal  polynomial  of  a £ «(q)  and  hence  is  a 
separable  polynomial  (its  derivative  is  prime  to  itself). 
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Step  9.  Let  m £ I be  a monic  element;  such  an  element  exists  because  the  ring 
extension  R — > R{x\/I  is  finite  hence  integral.  Denote  m the  image  in  ft(p)[x].  We 
may  factor 

~n~d\  -j-d2  ~rdn 

m = kh1  h2  . . . hn 

for  some  d\  > 1,  dj  > ej,  j = 2, . . . , n and  k £ /c(p)[x]  prime  to  all  the  hi.  Set 
/ = ml  + h where  Zdeg(m)  > deg (h),  and  l > 2.  Then  / is  monic  as  a polynomial 
over  R.  Also,  the  image  / of  / in  «(p)[x]  factors  as 


/ = hihl2 


. —l—ldi—ld2 
rC  hr ^ h2 


-Id. 


■hnn  = hi(h2  ...h”+k  hj 


l^-ldi  — \—ld2 


rld. 


. hn  ")  = h\w 


with  w a polynomial  relatively  prime  to  hi.  Set  g = f (the  derivative  with  respect 
to  x). 


Step  10.  The  ring  map  R[x\  — > S = R[x)/I  has  the  properties:  (1)  it  maps  / to 
zero,  and  (2)  it  maps  g to  an  element  of  S'  \ q.  The  first  assertion  is  clear  since  / 
is  an  element  of  I.  For  the  second  assertion  we  just  have  to  show  that  g does  not 
map  to  zero  in  «(q)  = /«(p)[x]/(/ii).  The  image  of  g in  k(p)[x]  is  the  derivative  of 
/.  Thus  (2)  is  clear  because 


d / _ _d hi 
dx  W dx 


hi 


dw 
dx  ’ 


w is  prime  to  hi  and  hi  is  separable. 


Step  11.  We  conclude  that  <p  : R[x]/(f)  — > S is  a surjective  ring  map,  R[x]g/(f)  is 
etale  over  R (because  it  is  standard  etale,  see  Lemma  10.141.15)  and  <p(g)  £ q.  Pick 
an  element  g'  £ R[x]/(f)  such  that  also  </?(</)  ^ q and  Sv(gn  is  etale  over  R (which 
exists  since  S is  etale  over  R at  q).  Then  the  ring  map  R[x]gg> /(f)  — > Sv(g)  is  a 
surjective  map  of  etale  algebras  over  R.  Hence  it  is  etale  by  Lemma[l0.141.9  Hence 
it  is  a localization  by  Lemma [10. 141. 10  Thus  a localization  of  S at  an  element  not 
in  q is  isomorphic  to  a localization  of  a standard  etale  algebra  over  R which  is  what 
we  wanted  to  show.  □ 


The  following  two  lemmas  say  that  the  etale  topology  is  coarser  than  the  topology 
generated  by  Zariski  coverings  and  finite  flat  morphisms.  They  should  be  skipped 
on  a first  reading. 


00UF  Lemma  10.141.18.  Let  R — » S be  a standard  etale  morphism.  There  exists  a 
ring  map  R S1  with  the  following  properties 

(1)  R — ► S'  is  finite,  finitely  presented , and  flat  (in  other  words  S'  is  finite 
projective  as  an  R-module), 

(2)  Spec(5")  — > Spec (R)  is  surjective, 

(3)  for  every  prime  q C S,  lying  over  pci?  and  every  prime  q'  C S'  lying 
over  p there  exists  a g'  £ S' , g'  ^ q'  such  that  the  ring  map  R -A  S'g, 
factors  through  a map  : S — > S'g , with  y>^1(q ' S'g,)  = q. 


Proof.  Let  S = R[x\g/(f)  be  a presentation  of  S as  in  Definition|10. 141.14  Write 
/ = xn  + aix"”1  + ...+a„  with  a,;  £ R.  By  Lemma  10.134.9  there  exists  a finite 
locally  free  and  faithfully  flat  ring  map  R — >•  S'  such  that  / = ]Q(x  — af)  for  certain 
a*  £ S'.  Hence  R -A  S'  satisfies  conditions  (1),  (2).  Let  q C R[x]/(f)  be  a prime 


10.141.  ETALE  RING  MAPS 


790 


ideal  with  g ^ q (i.e.,  it  corresponds  to  a prime  of  S).  Let  p = RCi  q and  let  q'  C S' 
be  a prime  lying  over  p.  Note  that  there  are  n maps  of  17-algebras 

ipi:R[x\/(f)  — > S' 

X I > CXi 


OOUG 


To  finish  the  proof  we  have  to  show  that  for  some  i we  have  (a)  the  image  of  <Pi(g) 
in  K(q')  is  not  zero,  and  (b)  <pf  (t f)  = q.  Because  then  we  can  just  take  g'  = Pi(g), 
and  ip  = tpi  for  that  i. 

Let  / denote  the  image  of  / in  /c(p)[x].  Note  that  as  a point  of  Spec(«(p)[x]/(/)) 
the  prime  q corresponds  to  an  irreducible  factor  fi  of  /.  Moreover,  g qL  q means 
that  /i  does  not  divide  the  image  g of  g in  «(p)[x].  Denote  a.\, . . . ,an  the  images 
of  ai,...,an  in  K(q').  Note  that  the  polynomial  / splits  completely  in  «;(q')[x], 
namely 

7=  fx-af) 

Moreover  i Pi(g)  reduces  to  gifuf).  It  follows  we  may  pick  i such  that  /i(«i)  = 0 and 
g{ai)  ^ 0.  For  this  i properties  (a)  and  (b)  hold.  Some  details  omitted.  □ 


Lemma  10.141.19.  Let  R — » S be  a ring  map.  Assume  that 

(1)  R -A  S is  etale,  and 

(2)  Spec(S')  — >•  Spec(l?)  is  surjective. 

Then  there  exists  a ring  map  R — )•  S'  such  that 

(1)  R — > S'  is  finite , finitely  presented,  and  flat  (in  other  words  it  is  finite 
projective  as  an  R-module), 

(2)  Spec(S")  — ► Spec(l?)  is  surjective, 

(3)  for  every  prime  q'  C S'  there  exists  a g'  £ S' , g'  ^ q'  such  that  the  ring 
map  R S'gl  factors  as  R —>  S — > S' , . 


Proof.  By  Proposition  10.141.17  and  the  quasi-compactness  of  Spec(S')  (see  Lemma 
10.16.10 1 we  can  find  gi,...,gn  £ S generating  the  unit  ideal  of  S such  that 
ig  is  standard  etale.  If  we  prove  the  lemma  for  the  ring  map  R — > 


each  R 


lUi  „ S9i  then  the  lemma  follows  for  the  ring  map  R — ► S.  Hence  we  may 
assume  that  S = IIi=i  nSi  is  a Hnite  product  of  standard  etale  morphisms. 


For  each  i choose  a ring  map  R — > S[  as  in  Lemma  10.141.18  adapted  to  the 
standard  etale  morphism  R — ► Si.  Set  S'  = S[  ...  S'n\  we  will  use  the 
17-algebra  maps  S[  — > S'  without  further  mention  below.  We  claim  this  works. 
Properties  (1)  and  (2)  are  immediate.  For  property  (3)  suppose  that  q'  C S'  is 
a prime.  Denote  p its  image  in  Spec(17).  Choose  i £ {1, . . . ,n}  such  that  p is  in 
the  image  of  Spec(Sj)  — > Spec (H);  this  is  possible  by  assumption.  Set  q'  C S[  the 
image  of  q'  in  the  spectrum  of  S[.  By  construction  of  S'  there  exists  & g[  £ S[  such 


that  R — > (S')g'  factors  as  R — > Si  — > (S-)g>.  Hence  also  R 


Sk 


factors  as 


R — > Si 


(S'i)g'  Sg' 


as  desired. 


□ 


00UH  Lemma  10.141.20.  Let  R be  a ring.  Let  f £ R[x\  be  a monic  polynomial.  Let  p 
be  a prime  of  R.  Let  f mod  p = gh  be  a factorization  of  the  image  of  f in  k(p)  [x]  . 
Ifgcd(g,h)  = 1,  then  there  exist 

(1)  an  etale  ring  map  R -A  R! , 
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(2)  a prime  p'  C R!  lying  over  p,  and 

(3)  a factorization  f = gh  in 
such  that 

(1)  «(p)  = K(p'), 

(2)  g = g mod  p',  h = h mod  p',  and 

(3)  the  polynomials  g,h  generate  the  unit  ideal  in  R'[x\. 


Proof.  Suppose  g = b0xn  + 6iain_1  + ...  + &„,  and  h = c0xm  + Cixm_1  + . . . + cm 
with  bo,  cq  £ «(p)  nonzero.  After  localizing  R at  some  element  of  R not  contained 
in  p we  may  assume  bo  is  the  image  of  an  invertible  element  bo  £ R.  Replacing 
g by  g/bo  and  h by  boh  we  reduce  to  the  case  where  g , h are  monic  (verification 
omitted).  Say  g = xn  + biXn~1  + ...  + £>„,  and  h = xm  + c1xm~1  + . . . + cm.  Write 
f = xn+m  + aia;"-1  + . . . + an+m.  Consider  the  fibre  product 


R — R C^Z[ai  * j Cl  5 - • • 5 Cm] 


10.134.7 


where  the  map  Z [a*,]  —1  Z [bi,Cj]  is  as  in  Examples 
construction  there  is  an  i?-algebra  map 

R — R 1,  . . . , bn,  Cl,  ...  , Cm] 


and 


10.141.13 


By 


«(P) 


which  maps  bi  to  bi  and  Cj  to  Cj.  Denote  p'  C R'  the  kernel  of  this  map.  Since 
by  assumption  the  polynomials  g,  h are  relatively  prime  we  see  that  the  element 
A = Res x(g,h)  £ Z [h,Cj]  (see  Example  10.141.13)  does  not  map  to  zero  in  «(p) 
under  the  displayed  map.  We  conclude  that  R — » R'  is  etale  at  p'.  In  fact  a 
solution  to  the  problem  posed  in  the  lemma  is  the  ring  map  R — » i?'[l/A]  and  the 
prime  p'R'[l/A].  Because  Res x{f,g)  is  invertible  in  this  ring  the  Sylvester  matrix 
is  invertible  over  R'  and  hence  1 = aa  + bh  for  some  a,  6 £ R'\x\  see  Example 
110.141.131  □ 


00UI 


The  following  lemmas  say  roughly  that  after  an  etale  extension  a quasi-finite  ring 
map  becomes  finite.  To  help  interpret  the  results  recall  that  the  locus  where  a finite 
type  ring  map  is  quasi-finite  is  open  (see  Lemma  10.122.14)  and  that  formation  of 
this  locus  commutes  with  arbitrary  base  change  (see  Lemma  10.121.8). 


Lemma  10.141.21.  Let  R — > S'  — > S be  ring  maps.  Let  p C R be  a prime.  Let 
g £ S'  be  an  element.  Assume 

(1)  R S'  is  integral , 

(2)  R — ► S is  finite  type, 

(3)  S'g  = Sg,  and 

(4)  g invertible  in  S'  (8#  k( p). 


Then  there  exists  a f £ R,  f ^ p such  that  Rf  — )•  Sf  is  finite. 


00UJ 


Proof.  By  assumption  the  image  T of  V(g)  C Spec(S")  under  the  morphism 
Spec(S")  — ► Spec(l?)  does  not  contain  p.  By  Section  10.40  especially,  Lemma 
10.40.6  we  see  T is  closed.  Pick  / £ R,  f fL  p such  that  T n V(f)  = 0.  Then  we 


see  that  g becomes  invertible  in  Sj.  Hence  S ^ = Sf.  Thus  Sf  is  both  of  finite  type 
and  integral  over  Rf,  hence  finite.  □ 


Lemma  10.141.22.  Let  R — » S be  a ring  map.  Let  q G S be  a prime  lying  over 
the  prime  p C R.  Assume  R S finite  type  and  quasi-finite  at  q.  Then  there 
exists 
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(1)  an  etale  ring  map  R—>  R! , 

(2)  a prime  p'  C R'  lying  over  p, 

(3)  a product  decomposition 

R'  ®RS  = Ax  B 

with  the  following  properties 

(1)  K(p)  = /t(p'), 

(2)  R'  — >•  A is  finite, 

(3)  A has  exactly  one  prime  r lying  over  p' . and 

(4)  r lies  over  q. 


Proof.  Let  S'  C S be  the  integral  closure  of  R in  S.  Let  q'  = S’  n q.  By  Zariski’s 
Main  Theorem 


10.122.13 


there  exists  a g £ S',  g £ q'  such  that  S'g  = Sg. 
i k(p)  and  F'  = S'  ®r  «(p).  Denote  cf  the  prime  of  F' 


Consider 

the  fibre  rings  F = S i 
corresponding  to  q'.  Since  F'  is  integral  over  «(p)  we  see  that  cf  is  a closed  point 

Note  that  q defines  an  isolated  closed  point  q 

and 

We  conclude 


of  Spec(F'),  see  Lemma  10.35.17 


of  Spec(P)  (see  Definition  10.121.3 1.  Since  S'g  = Sg  we  have  Fg  = Fg , so  q 


q have  isomorphic  open  neighbourhoods  in  Spec(F)  and  Spec(P') 
the  set  {cf  } C Spec(F')  is  open.  Combined  with  q'  being  closed  (shown  above)  we 
conclude  that  cf  defines  an  isolated  closed  point  of  Spec(-F')  as  well. 


An  additional  small  remark  is  that  under  the  map  Spec(P)  — > Spec (Fr)  the  point 
q is  the  only  point  mapping  to  if.  This  follows  from  the  discussion  above. 


By  Lemma  10.22.3  we  may  write  F'  = F[x  F.'A  with  Spec(F{)  = {cf}.  Since  F'  = 
S'  ®r  «(p),  there  exists  an  s'  £ S'  which  maps  to  the  element  (r,  0)  £ F[  x FA  = F' 
for  some  r £ R,  r ^ p.  In  fact,  what  we  will  use  about  s'  is  that  it  is  an  element  of 
S' , not  contained  in  q',  and  contained  in  any  other  prime  lying  over  p. 


Let  f(x)  £ i?[x]  be  a monic  polynomial  such  that  /(s')  = 0.  Denote  f € k(p)[x]  the 


10.141.20 


we  can 


image.  We  can  factor  it  as  / = xeh  where  h( 0)  0.  By  Lemma 

find  an  etale  ring  extension  R R',  a prime  p'  lying  over  p,  and  a factorization 
f = hi  in  R'[x]  such  that  /c(p)  = re(p'),  xe  = h mod  p',  i = i mod  p',  and  we  can 
write  ah  + bi  = 1 in  R'[x\  (for  suitable  a,  b). 


Consider  the  elements  h(s'),i(s’)  £ R!  ®rS' . By  construction  we  have  h(s')i(s')  = 
f(s')  = 0.  On  the  other  hand  they  generate  the  unit  ideal  since  a(s')h(s')  + 
b(s')i(s')  = 1.  Thus  we  see  that  R'  ®rS'  is  the  product  of  the  localizations  at  these 
elements: 

R'  ®r  S'  = {R!  ®r  <S,,)h(s')  x ( R ’ ®r  S")i(s')  = S[  x S'2 

Moreover  this  product  decomposition  is  compatible  with  the  product  decomposition 
we  found  for  the  fibre  ring  F';  this  comes  from  our  choice  of  s' , h which  guarantee 
that  cf  is  the  only  prime  of  F'  which  does  not  contain  the  image  of  h(s')  in  F'. 
Here  we  use  that  the  fibre  ring  of  R'  ® r S'  over  R'  at  p'  is  the  same  as  F'  due  to  the 
fact  that  «(p)  = k(p').  It  follows  that  has  exactly  one  prime,  say  r',  lying  over 
p'  and  that  this  prime  lies  over  q.  Hence  the  element  g £ S'  maps  to  an  element  of 
not  contained  in  t'. 


The  base  change  R'  ®r  S inherits  a similar  product  decomposition 
R'®rS=  ( R ' ®R  S)Hs/)  x ( R ' ®R  S)^  = Si  x S2 
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It  follows  from  the  above  that  Si  has  exactly  one  prime,  say  r,  lying  over  p'  (consider 
the  fibre  ring  as  above),  and  that  this  prime  lies  over  q. 


Now  we  may  apply  Lemma  10.141.21  to  the  ring  maps  R!  — > S[  — > Si,  the  prime 
p'  and  the  element  g to  see  that  after  replacing  R!  by  a principal  localization  we 


can  assume  that  Si  is  finite  over  R'  as  desired. 


□ 


00UK  Lemma  10.141.23.  Let  R — )•  S be  a ring  map.  Let  p C R be  a prime.  Assume 
R — > S finite  type.  Then  there  exists 

(1)  an  etale  ring  map  R — > R' , 

(2)  a prime  p'  C R'  lying  over  p, 

(3)  a product  decomposition 

R'  S = Ai  x ...  x An  x B 


with  the  following  properties 

(1)  we  have  /-c(p)  = ft(p'), 

(2)  each  Ai  is  finite  over  R' , 

(3)  each  Ai  has  exactly  one  prime  t i lying  over  p',  and 

(4)  R!  — »•  B not  quasi-finite  at  any  prime  lying  over  p'. 


Proof.  Denote  F = S n(p)  the  fibre  ring  of  S/R  at  the  prime  p.  As  F is  of 
finite  type  over  k( p)  it  is  Noetherian  and  hence  Spec (F)  has  finitely  many  isolated 
closed  points.  If  there  are  no  isolated  closed  points,  i.e.,  no  primes  q of  S over  p 
such  that  S/R  is  quasi-finite  at  q,  then  the  lemma  holds.  If  there  exists  at  least 
one  such  prime  q,  then  we  may  apply  Lemma  10.141.22  This  gives  a diagram 


S >■  R’  ®R  S = Ai  x B' 


as  in  said  lemma.  Since  the  residue  fields  at  p and  p'  are  the  same,  the  fibre  rings  of 
S/R  and  ( A x B)/R'  are  the  same.  Hence,  by  induction  on  the  number  of  isolated 
closed  points  of  the  fibre  we  may  assume  that  the  lemma  holds  for  R'  — » B and  p'. 
Thus  we  get  an  etale  ring  map  R'  — >•  R" , a prime  p"  C R"  and  a decomposition 

R"  B'  = A2  x ...  x An  x B 

We  omit  the  verification  that  the  ring  map  R R” , the  prime  p"  and  the  resulting 
decomposition 

R"  S = ( R " Ai)  x A2  x ...  x An  x B 

is  a solution  to  the  problem  posed  in  the  lemma.  □ 

00UL  Lemma  10.141.24.  Let  R — )•  S be  a ring  map.  Let  p C R be  a prime.  Assume 
R — > S finite  type.  Then  there  exists 

(1)  an  etale  ring  map  R—$R', 

(2)  a prime  p'  C R'  lying  over  p, 

(3)  a product  decomposition 

R!  <g )r  S = Ai  x ...  x An  x B 
with  the  following  properties 

(1)  each  Ai  is  finite  over  R' , 
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(2)  each  Ai  has  exactly  one  prime  t * lying  over  p' , 

(3)  the  finite  field  extensions  k(p')  C n(t i)  are  purely  inseparable,  and 

(4)  Ft!  -A  B not  quasi-finite  at  any  prime  lying  over  p'. 


Proof.  The  strategy  of  the  proof  is  to  make  two  etale  ring  extensions:  first  we 
control  the  residue  fields,  then  we  apply  Lemma  [10. 141. 23 


Denote  F = S 0#  /t(p)  the  fibre  ring  of  S/R  at  the  prime  p.  As  in  the  proof 
of  Lemma  |10.141.23|  there  are  finitely  may  primes,  say  q i , . . . , q„  of  S'  lying  over 
R at  which  the  ring  map  R — > S is  quasi-finite.  Let  n(p)  C Li  C be  the 

subfield  such  that  At(p)  C Li  is  separable,  and  the  field  extension  Li  C K(q;)  is 
purely  inseparable.  Let  «(p)  Clbea  finite  Galois  extension  into  which  Li  embeds 
for  i = 1, . . . , n.  By  Lemma [lO.  141. 16  we  can  find  an  etale  ring  extension  R -A  R! 
together  with  a prime  p'  lying  over  p such  that  the  field  extension  /c(p)  C «;(p') 
is  isomorphic  to  «(p)  C L.  Thus  the  fibre  ring  of  R!  S at  p'  is  isomorphic  to 
L.  The  primes  lying  over  q;  correspond  to  primes  of  K(q,)  <8>K(V)  L which  is  a 
product  of  fields  purely  inseparable  over  L by  our  choice  of  L and  elementary  field 
theory.  These  are  also  the  only  primes  over  p'  at  which  R'  — > R'<S>rS  is  quasi-finite, 
by  Lemma  10.121.8  Hence  after  replacing  R by  R' , p by  p',  and  S'  by  R'  ®r  S we 
may  assume  that  for  all  primes  q lying  over  p for  which  S/R  is  quasi-finite  the  field 
extensions  k(p)  C «(q)  are  purely  inseparable. 

Next  apply  Lemma [10. 141. 23]  The  result  is  what  we  want  since  the  field  extensions 
do  not  change  under  this  etale  ring  extension.  □ 


10.142.  Local  homomorphisms 


Lemma  10.142.1.  Let  (R,  m#)  — > (S,ms)  be  a local  homomorphism  of  local  rings. 
Assume  S is  the  localization  of  an  etale  ring  extension  of  R.  Then  there  exists  a 
finite,  finitely  presented,  faithfully  flat  ring  map  R — > S'  such  that  for  every  maximal 
ideal  m'  of  S'  there  is  a factorization 

R^  S->  S'm,. 

of  the  ring  map  R — > S'm, . 


Proof.  Write  S = Tq  for  some  etale  S-algebra  T.  By  Proposition  10.141.17  we  may 
assume  T is  standard  etale.  Apply  Lemma [10.141 .18  to  the  ring  map  R — > T to  get 
R S' . Then  in  particular  for  every  maximal  ideal  m'  of  S'  we  get  a factorization 
ip  : T — > S' , for  some  g'  £ m'  such  that  q = <^_1(m'S',).  Thus  <p  induces  the  desired 


local  ring  map  S —>  S'a 


□ 


10.143.  Integral  closure  and  smooth  base  change 


Lemma  10.143.1.  Let  R be  a ring.  Let  f £ R{x\  be  a monic  polynomial.  Let 
R — )•  B be  a ring  map.  If  h £ B[x]/(f)  is  integral  over  R,  then  the  element  f'h  can 
be  written  as  f'h  = JA  biX1  with  bi  £ B integral  over  R. 


Proof.  Say  he  + rq/i6-1  + ...-(-  re  = 0 in  the  ring  B[x\/(f)  with  r,;  £ R.  There 
exists  a finite  free  ring  extension  B C B'  such  that  / = (x  — or) . . . (x  — af)  for 
some  a,  £ B' , see  Lemma  10.134.9  Note  that  each  at  is  integral  over  R.  We  may 
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represent  h = ho  + hix  + ...  + hd-ixd  1 with  hi  £ B.  Then  it  is  a universal  fact 
that 

f'h=  V\  h(ai)(x-a1)...(x-ai)...{x-ad) 

as  elements  of  B[x\/(f).  You  prove  this  by  evaluating  both  sides  at  the  points  on 
over  the  ring  Buniv  = Z [ai,hj\  (some  details  omitted).  By  our  assumption  that  h 
satisfies  he  + ri/ie_1  + . . . + re  = 0 in  the  ring  B[x\/(f)  we  see  that 

h(ai)e  + rih^atY^1  + . . . + re  = 0 

in  B' . Hence  h(cti)  is  integral  over  R.  Using  the  formula  above  we  see  that  f'h  = 
!Cj=o  in  B'[x]/(f)  with  Wj  £ B'  integral  over  R.  However,  since  f'h  £ 

B[x]/(f)  and  since  l,x,. ..  ,xd_1  is  a B'-basis  for  B'[x\/{f)  we  see  that  6'  £ B as 
desired.  □ 


03GE  Lemma  10.143.2.  Let  R —¥  S be  an  etale  ring  map.  Let  R B be  any  ring 
map.  Let  A C B be  the  integral  closure  of  R in  B . Let  A'  C S ®rB  be  the  integral 
closure  of  S in  S B . Then  the  canonical  map  S A — > A!  is  an  isomorphism. 


Proof.  The  map  S®rA  —$■  A!  is  injective  because  A C B and  R — > S is  flat.  We  are 
going  to  use  repeatedly  that  taking  integral  closure  commutes  with  localization,  see 
Lemma  10.35. 9|  Hence  we  may  localize  on  S.  by  Lemma  10.23.2|  (the  criterion  for 
checking  whether  an  S’-module  map  is  an  isomorphism).  Thus  we  may  assume  that 


S = R[x\g/(f)  = (R[x\/(f))g  is  standard  etale  over  R,  see  Proposition  10.141.17 


Applying  localization  one  more  time  we  see  that  A'  is  (A")g  where  A"  is  the  integral 
closure  of  R[x\/(f)  in  B\x]/{f).  Suppose  that  a £ A" . It  suffices  to  show  that  a is 


in  S 4.  By  Lemma 


10.143.1 


we  see  that  fa  = aiX1  with  at  £ A.  Since  f 


is  invertible  in  B[x\g/{f)  (by  definition  of  a standard  etale  ring  map)  we  conclude 
that  a £ S A as  desired. 


□ 


03GF  Example  10.143.3.  Let  p be  a prime  number.  The  ring  extension 


R = Z[1  /p]  c R'  = Z[1  /p\[x]/(x‘ 


p- 1 


+ ... 


1) 


has  the  following  property:  For  d < p there  exist  elements  ao, ... , ad- i £ R ' such 
that 

n(«i  — a,-) 

0<i<j<dV  31 

is  a unit  in  R' . Namely,  take  on  equal  to  the  class  of  xl  in  R'  for  i = 0, ...  ,p  — 1. 
Then  we  have 

Tp  1 = H (T-Oi) 

■M-  J-2=0,...,p—  1 

in  R’[T].  Namely,  the  ring  Q[s]/(a;p_1  + . . . + x + 1)  is  a field  because  the  cyclo- 
tornic  polynomial  xp~l  + . . . + x + 1 is  irreducible  over  Q and  the  cti  are  pairwise 
distinct  roots  of  Tp  — 1,  whence  the  equality.  Taking  derivatives  on  both  sides  and 
substituting  T = oti  we  obtain 

paf-1  = («i  - cci) . . . (a,  - at) ...  (a,  - or) 
and  we  see  this  is  invertible  in  R' . 


03GG 


Lemma  10.143.4.  Let  R — » S be  a smooth  ring  map.  Let  R —¥  B be  any  ring 
map.  Let  A C B be  the  integral  closure  of  R in  B.  Let  A'  C S B be  the  integral 
closure  of  S in  S B . Then  the  canonical  map  S A — > A'  is  an  isomorphism. 
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Proof.  Arguing  as  in  the  proof  of  Lemma  [10. 143. 2|  we  may  localize  on  S.  Hence 
we  may  assume  that  R — > S is  a standard  smooth  ring  map,  see  Lemma |10. 135. 10| 
By  definition  of  a standard  smooth  ring  map  we  see  that  S is  etale  over  a polyno- 
mial ring  R[x±, . . . ,xn\.  Since  we  have  seen  the  result  in  the  case  of  an  etale  ring 
extension  (Lemma  10.143.2)  this  reduces  us  to  the  case  where  S = i?[x].  Thus  we 
have  to  show 

f=y]  biX 1 integral  over  i?[s]  4=>  each  bi  integral  over  R. 


The  implication  from  right  to  left  holds  because  the  set  of  elements  in  B[x]  integral 
over  R[x\  is  a ring  (Lemma  10.35.7)  and  contains  x. 


Suppose  that  / G B[x]  is  integral  over  R[x],  and  assume  that  / = ^as 

degree  < d.  Since  integral  closure  and  localization  commute,  it  suffices  to  show 
there  exist  distinct  primes  p,q  such  that  each  b,  is  integral  both  over  R[l/p]  and 
over  R[\/q\.  Hence,  we  can  find  a finite  free  ring  extension  R C R'  such  that 
R'  contains  a±, . . . , with  the  property  that  — aj ) is  a unit  in  A/,  see 

Example  |10. 143.3]  In  this  case  we  have  the  universal  equality 


0 

(a* 


ai) ...  (x  - aj) ...  (x  - ad) 

Gq)  . . . (o.j  Qq)  . . . (o.j  G^) 


OK,  and  the  elements  /(a,)  are  integral  over  R'  since  ( R ' B)[x]  — ► R'  B , 

h i — ^ h(ai)  is  a ring  map.  Hence  we  see  that  the  coefficients  of  / in  (R1  B)[x] 

are  integral  over  over  R' . Since  R'  is  finite  over  R (hence  integral  over  R)  we  see 
that  they  are  integral  over  R also,  as  desired.  □ 


10.144.  Formally  unramified  maps 


OOUM  It  turns  out  to  be  logically  more  efficient  to  define  the  notion  of  a formally  unram- 
ified map  before  introducing  the  notion  of  a formally  etale  one. 

OOUN  Definition  10.144.1.  Let  R — > S be  a ring  map.  We  say  S is  formally  unramified 
over  R if  for  every  commutative  solid  diagram 


S ^ A/I 

\ 

\ M 
\ 

\ 

A 

R s-  A 


where  / C A is  an  ideal  of  square  zero,  there  exists  at  most  one  dotted  arrow 
making  the  diagram  commute. 

OOUO  Lemma  10.144.2.  Let  R —¥  S be  a ring  map.  The  following  are  equivalent: 

(1)  R — >•  S is  formally  unramified, 

(2)  the  module  of  differentials  Qs/r  zero. 


Proof.  Let  J = Iver(5l  S — > S)  be  the  kernel  of  the  multiplication  map.  Let 
AUniv  = S S/  J2.  Recall  that  IUniv  — J/  J2  is  isomorphic  to  fls/R,  see  Lemma 
Moreover,  the  two  i?-algebra  maps  <7i,<T2  : S — > Auniv . cti(s)  = s ® 
and  <72  (s)  = 1 (g>  s mod  J2  differ  by  the  universal  derivation  d : S — > 


10.130.13 
1 mod  J2 


n 


S/R 


= In 


Assume  R — > S formally  unramified.  Then  we  see  that  <J\  = a 2-  Hence  d(s)  = 0 
for  all  s € S.  Hence  LIs/r  = 0- 
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04E8 


04E9 


07QE 


04EA 


04EB 


Assume  that  Lls/R  = 0-  Let  A,I,R  — > A,S  -4  A/I  be  a solid  diagram  as  in 
Definition |10. 144.1]  Let  ti,t2  : S — > A be  two  dotted  arrows  making  the  diagram 
commute.  Consider  the  R-algebra  map  AuniV  — ► A defined  by  the  rule  Si  (g>  s2  H > 
ti(si)t2(s2).  We  omit  the  verification  that  this  is  well  defined.  Since  Auniv  — S as 
I-uniy  = Hs/r  = 0 we  conclude  that  t±  = t2.  □ 

Lemma  10.144.3.  Let  R -4  S'  be  a ring  map.  The  following  are  equivalent: 

(1)  R -4  S is  formally  unramified, 

(2)  R -A  Sq  is  formally  unramified  for  all  primes  q of  S,  and 

(3)  Rp  — > S q is  formally  unramified  for  all  primes  c\  of  S with  p = R n q. 


Proof.  We  have  seen  in  Lemma 
larly,  by  Lemma 


10.144.2  that  (1)  is  equivalent  to  fls/R  = 0.  Simi- 
we  see  that  (2)  and  (3)  are  equivalent  to  (fis/«)q  = 0 for 

□ 


10.130.8 

all  q . Hence  the  equivalence  follows  from  Lemma  |10.23.1| 


Lemma  10.144.4.  Let  A -4  B be  a formally  unramified  ring  map. 

(1)  For  S C A a multiplicative  subset.  S’-1  A — ► S~1B  is  formally  unramified. 

(2)  For  S C B a multiplicative  subset,  A — > S~1B  is  formally  unramified. 


Proof.  Follows  from  Lemma  10.144.3  (You  can  also  deduce  it  from  Lemma 


10.144.2  combined  with  Lemma  10.130.8  ) 


□ 


Lemma  10.144.5.  Let  R be  a ring.  Let  I be  a directed  partially  ordered  set.  Let 
{Si,  (pu> ) be  a system  of  R- algebras  over  I.  If  each  R -4  Si  is  formally  unramified , 
then  S = colimjg/  Si  is  formally  unramified  over  R 


Proof.  Consider  a diagram  as  in  Definition  |10. 144.1  By  assumption  there  exists 
at  most  one  it!- algebra  map  Si  — > A lifting  the  compositions  Si  — >•  S -A  A/ 1.  Since 
every  element  of  S is  in  the  image  of  one  of  the  maps  Si  — > S we  see  that  there  is 
at  most  one  map  S — > A fitting  into  the  diagram.  □ 


10.145.  Conormal  modules  and  universal  thickenings 

It  turns  out  that  one  can  define  the  first  infinitesimal  neighbourhood  not  just  for 
a closed  immersion  of  schemes,  but  already  for  any  formally  unramified  morphism. 
This  is  based  on  the  following  algebraic  fact. 

Lemma  10.145.1.  Let  R — » S be  a formally  unramified  ring  map.  There  exists 
a surjection  of  R-algebras  S'  — ► S whose  kernel  is  an  ideal  of  square  zero  with  the 
following  universal  property:  Given  any  commutative  diagram 

S — ^A/I 
R — A 

where  I C A is  an  ideal  of  square  zero,  there  is  a unique  R-algebra  map  a'  : S'  — »•  A 
such  that  S'  — > A — > A/ 1 is  equal  to  S'  — >■  S — ► A/ 1. 

Proof.  Choose  a set  of  generators  Zi  £ S,  i £ I for  S as  an  l?-algebra.  Let 
P = R[{xi}iei]  denote  the  polynomial  ring  on  generators  x j,  i £ I.  Consider  the 
-R-algebra  map  P — > S which  maps  Xi  to  Zi.  Let  J = Ker(P  — > S).  Consider  the 
map 

d : J/J 2 


Up/ r ®p  S 
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see  Lemma  10.130.9  This  is  surjective  since  £Is/r  = 0 by  assumption,  see  Lemma 
Note  that  Sip /r  is  free  on  da^,  and  hence  the  module  Slp/R  <8>p  S is  free 


10.144.2 

over  S.  Thus  we  may  choose  a splitting  of  the  surjection  above  and  write 


J/J2  =K®nP/R  ®P  S 

Let  J2  C J'  C J be  the  ideal  of  P such  that  J'  / J 2 is  the  second  summand  in  the 
decomposition  above.  Set  S'  = P/J'.  We  obtain  a short  exact  sequence 


0 -A  J/J'  -A  S'  ->  S -A  0 


and  we  see  that  J/J'  = K is  a square  zero  ideal  in  S'.  Hence 


R ^ S' 

is  a diagram  as  above.  In  fact  we  claim  that  this  is  an  initial  object  in  the  category 
of  diagrams.  Namely,  let  (I  C A,  a,  b)  be  an  arbitrary  diagram.  We  may  choose  an 
.R-algebra  map  j3  : P — > A such  that 


S — ^ Sk^p*-  A/ 1 


b 


is  commutative.  Now  it  may  not  be  the  case  that  P(J')  = 0,  in  other  words  it  may 
not  be  true  that  f)  factors  through  S'  = P/J' . But  what  is  clear  is  that  fd(J')  C I 
and  since  j3(J)  C / and  I2  = 0 we  have  /3(J2)  = 0.  Thus  the  “obstruction”  to 
finding  a morphism  from  (J/J'  C S',  1,  R — > S')  to  (I  C A,  a,  b)  is  the  corresponding 
S'-linear  map  /?  : J' / J2  — > I.  The  choice  in  picking  /3  lies  in  the  choice  of  /3(xj).  A 
different  choice  of  /3,  say  /?',  is  gotten  by  taking  f3'(xi ) = f3(xi)  + Si  with  Si  G I.  In 
this  case,  for  g £ J' , we  obtain 

/3'(»)  = «9)  + £a|1- 

Since  the  map  d|j//j2  : J'/J2  -a  ttp/R®pS  given  by  g i-A  J^dxj  is  an  isomorphism 
by  construction,  we  see  that  there  is  a unique  choice  of  Si  £ / such  that  /3'(g)  = 0 
for  all  g G J'.  (Namely,  Si  is  —/ 3(g)  where  g G J'/J 2 is  the  unique  element  with 
4^/-  = 1 if  i = j and  0 else.)  The  uniqueness  of  the  solution  implies  the  uniqueness 
required  in  the  lemma.  □ 


04EC 


In  the  situation  of  Lemma  10.145.1  the  .R-algebra  map  S' 
unique  isomorphism. 


S is  unique  up  to 


Definition  10.145.2.  Let  R -A  S be  a formally  unramified  ring  map. 

(1)  The  universal  first  order  thickening  of  S over  R is  the  surjection  of  R- 
algebras  S'  — > S of  Lemma  10.145.1 

(2)  The  conormal  module  of  R — > S is  the  kernel  I of  the  universal  first  order 
thickening  S'  — > S,  seen  as  a S’-module. 


We  often  denote  the  conormal  module  Cs/r  in  this  situation. 
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04ED  Lemma  10.145.3.  Let  I C R be  an  ideal  of  a ring.  The  universal  first  order 
thickening  of  R/I  over  R is  the  surjection  R/1 2 — » R/I.  The  conormal  module  of 
R/I  over  R is  C[R/IyR  = I/I2. 

Proof.  Omitted.  □ 

04EE  Lemma  10.145.4.  Let  A -A  B be  a formally  unramified  ring  map.  Let  ip  : B'  -A  B 
be  the  universal  first  order  thickening  of  B over  A. 

(1)  Let  S C A be  a multiplicative  subset.  Then  S~1B'  — ► S~1B  is  the  univer- 
sal first  order  thickening  of  S~XB  over  S~1A.  In  particular  S~1Cr/a  = 
C'S-1b/s-1a- 

(2)  Let  S C B be  a multiplicative  subset.  Then  S'  = ip~1(S)  is  a multiplicative 
subset  in  B'  and  ( S')~1B'  — » S~1B  is  the  universal  first  order  thickening 
of  S~1B  over  A.  In  particular  S~1CR/ a = Cg-i^/ A- 

Note  that  the  lemma  makes  sense  by  Lemma\l0.144-4\ 

Proof.  With  notation  and  assumptions  as  in  (1).  Let  ( S~1B )'  -A  S~lB  be  the 
universal  first  order  thickening  of  S~1B  over  iS_1A  Note  that  S~1B'  -A  S~1B  is 
a surjection  of  S'-1  Aalgebras  whose  kernel  has  square  zero.  Hence  by  definition 
we  obtain  a map  (S~1B)'  -A  S~1B'  compatible  with  the  maps  towards  S~1B. 
Consider  any  commutative  diagram 

B S-'B D/I 

A A | 

A ^S-XA ^ D 

where  / C D is  an  ideal  of  square  zero.  Since  B'  is  the  universal  first  order 
thickening  of  B over  A we  obtain  an  Aalgebra  map  B'  -A  D.  But  it  is  clear  that 
the  image  of  S in  D is  mapped  to  invertible  elements  of  D , and  hence  we  obtain  a 
compatible  map  S~1B'  -A  D.  Applying  this  to  D = (S~1B)’  we  see  that  we  get  a 
map  S~lB'  -A  We  omit  the  verification  that  this  map  is  inverse  to  the 

map  described  above. 

With  notation  and  assumptions  as  in  (2).  Let  ( S~1B )'  -A  S~1B  be  the  universal 
first  order  thickening  of  S~1B  over  A.  Note  that  ( S')~1B ' -A  S~lB  is  a surjection 
of  Aalgebras  whose  kernel  has  square  zero.  Hence  by  definition  we  obtain  a map 
(S~1B)'  -A  ( S')~1B ' compatible  with  the  maps  towards  S~1B.  Consider  any 
commutative  diagram 

B ^ S-'B ^ D/I 

A A i 

A 5-  A 5-  D 

where  / C D is  an  ideal  of  square  zero.  Since  B'  is  the  universal  first  order 
thickening  of  B over  A we  obtain  an  Aalgebra  map  B'  -A  D.  But  it  is  clear  that 
the  image  of  S'  in  D is  mapped  to  invertible  elements  of  D , and  hence  we  obtain  a 
compatible  map  ( S')~lB'  -A  D.  Applying  this  to  D = (S~1B)’  we  see  that  we  get 
a map  ( S')~1B ' -a  (S~1B)' . We  omit  the  verification  that  this  map  is  inverse  to 
the  map  described  above.  □ 


10.146.  FORMALLY  ETALE  MAPS 


800 


04EF  Lemma  10.145.5.  Let  R -A  A -A  B be  ring  maps.  Assume  A -A  B formally 
unramified.  Let  B'  -A  B be  the  universal  first  order  thickening  of  B over  A.  Then 
B'  is  formally  unramified  over  A,  and  the  canonical  map  LIa/rSaB  -A  Llp> /rSb1  B 
is  an  isomorphism. 


Proof.  We  are  going  to  use  the  construction  of  B'  from  the  proof  of  Lemma 
110.145.  II  although  in  principle  it  should  be  possible  to  deduce  these  results  for- 
mally from  the  definition.  Namely,  we  choose  a presentation  B = Pj J , where 
P = A[xi\  is  a polynomial  ring  over  A.  Next,  we  choose  elements  /,  G ./  such  that 
dfi  = dxi  <B>  1 in  Llp/A  Sp  B.  Having  made  these  choices  we  have  B'  = Pj  J'  with 


Consider  the  canonical  exact  sequence 


J'  — ( fi ) + J 2,  see  proof  of  Lemma  10.145.1 


see  Lemma  10.130.9 


J'  j (J')2  — )■  Llp/A  Sp  B'  — y Lip1  j a — t 0 

By  construction  the  classes  of  the  fi  £ J'  map  to  elements 
of  the  module  LIp/a  'Sip  B'  which  generate  it  modulo  J' / J2  by  construction.  Since 
J'/J2  is  a nilpotent  ideal,  we  see  that  these  elements  generate  the  module  altogether 
(by  Nakayama’s  Lemma  10.19.1).  This  proves  that  flp' /A  = 0 and  hence  that  B' 


is  formally  unramified  over  A,  see  Lemma  10.144.2 


Since  P is  a polynomial  ring  over  A we  have  LlP/R  = LIA/r  Sa  P © 0-PdXj.  We 
are  going  to  use  this  decomposition.  Consider  the  following  exact  sequence 


J'  / (J')2  -A  TLp/r  Sp  B'  -a  Lip* /R—t  0 

see  Lemma  10.130.9[  We  may  tensor  this  with  B and  obtain  the  exact  sequence 
J'  /(Jf)2  Sb'  B — > Llp/R  B — > Lip' jr  Sb'  B — > 0 


If  we  remember  that  J'  = (fi)  + J 2 then  we  see  that  the  first  arrow  annihilates 
the  submodule  J2/(J')2.  In  terms  of  the  direct  sum  decomposition  flp/R  Sp  B = 
Ll a/r  Sa  B ® 0f?dxi  given  we  see  that  the  submodule  (fi)/(J')2  Sb>  B maps 
isomorphically  onto  the  summand  0 Bdxi . Hence  what  is  left  of  this  exact  sequence 
is  an  isomorphism  LI  a/r  Sa  B — ► Lip* /R  ®b'  B as  desired.  □ 


10.146.  Formally  etale  maps 

00UP 

00UQ  Definition  10.146.1.  Let  R — > S be  a ring  map.  We  say  S is  formally  etale  over 
R if  for  every  commutative  solid  diagram 

S *A/I 

\ 

\ ' k 

\ 

\ 

A 

R ^ A 

where  I C A is  an  ideal  of  square  zero,  there  exists  a unique  dotted  arrow  making 
the  diagram  commute. 

Clearly  a ring  map  is  formally  etale  if  and  only  if  it  is  both  formally  smooth  and 
formally  unramified. 

00UR  Lemma  10.146.2.  Let  R -A  S be  a ring  map  of  finite  presentation.  The  following 
are  equivalent: 
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(1)  R -4  S is  formally  etale, 

(2)  R -4  S is  etale. 


Proof.  Assume  that  R S is  formally  etale.  Then  R — > S is  smooth  by  Proposi- 
tion 10.136.13  By  Lemma  10.144.2  we  have  LIs/r  = 0-  Hence  R — > S is  etale  by 
definition. 


Assume  that  R -A  S is  etale.  Then  R — > S is  formally  smooth  by  Proposition 
|10.136.13l  By  Lemma |10.144.2l it  is  formally  unramified.  Hence  R — > S is  formally 
etale.  □ 

031N  Lemma  10.146.3.  Let  R be  a ring.  Let  I be  a directed  partially  ordered  set.  Let 
(Si,ipu')  be  a system  of  R- algebras  over  I.  If  each  R -4  Si  is  formally  etale,  then 
S = colimiej  Si  is  formally  etale  over  R 

Proof.  Consider  a diagram  as  in  Definition 1 1 0 . 1 46  J|  By  assumption  we  get  unique 
.R-algebra  maps  Si  — » A lifting  the  compositions  Si  S A/I.  Hence  these  are 
compatible  with  the  transition  maps  (pa/  and  define  a lift  S —>  A.  This  proves 
existence.  The  uniqueness  is  clear  by  restricting  to  each  S{.  □ 

04EG  Lemma  10.146.4.  Let  R be  a ring.  Let  S C R be  any  multiplicative  subset.  Then 
the  ring  map  R -4  S~XR  is  formally  etale. 

Proof.  Let  I C A be  an  ideal  of  square  zero.  What  we  are  saying  here  is  that 
given  a ring  map  p : R -4  A such  that  <p(f)  mod  I is  invertible  for  all  / € S'  we 
have  also  that  <p(f)  is  invertible  in  A for  all  f £ S.  This  is  true  because  A*  is  the 
inverse  image  of  {A/ 1)*  under  the  canonical  map  A — > A/ 1.  □ 


10.147.  Unramified  ring  maps 

00US  The  definition  of  a G-unramified  ring  map  is  the  one  from  EGA.  The  definition  of 
an  unramified  ring  map  is  the  one  from  |Ray70|. 

00UT  Definition  10.147.1.  Let  R — > S be  a ring  map. 

(1)  We  say  R — > S is  unramified  if  R -4  S is  of  finite  type  and  Qs/r  = 0- 

(2)  We  say  R — > S is  G-unramified  if  R -A  S is  of  finite  presentation  and 
H s/r  = 0- 

(3)  Given  a prime  q of  S we  say  that  S is  unramified  at  q if  there  exists  a 
g £ S,  g ^ q such  that  R — > Sg  is  unramified. 

(4)  Given  a prime  q of  S we  say  that  S is  G-unramified  at  q if  there  exists  a 
g £ S,  g ^ q such  that  R — > Sg  is  G-unramified. 

Of  course  a G-unramified  map  is  unramified. 

OOUU  Lemma  10.147.2.  Let  R -4  S be  a ring  map.  The  following  are  equivalent 

(1)  R — * S is  formally  unramified  and  of  finite  type,  and 

(2)  R — » S is  unramified. 

Moreover,  also  the  following  are  equivalent 

(1)  R -4  S is  formally  unramified  and  of  finite  presentation,  and 

(2)  R -4  S is  G-unramified. 

Proof.  Follows  from  Lemmall0.144.2land  the  definitions.  □ 

OOUV  Lemma  10.147.3.  Properties  of  unramified  and  G-unramified  ring  maps. 
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(1)  The  base  change  of  an  unramified  ring  map  is  unramified.  The  base  change 
of  a G-unramified  ring  map  is  G-unramified. 

(2)  The  composition  of  unramified  ring  maps  is  unramified.  The  composition 
of  G-unramified  ring  maps  is  G-unramified. 

(3)  Any  principal  localization  R — > Rf  is  G-unramified  and  unramified. 

(4)  If  I C R is  an  ideal,  then  R — > R/I  is  unramified.  If  I C R is  a finitely 
generated  ideal,  then  R — > R/I  is  G-unramified. 

(5)  An  etale  ring  map  is  G-unramified  and  unramified. 

(6)  If  R — ► S is  of  finite  type  (resp.  finite  presentation) , q C S is  a prime  and 
(fls/n)q  = 0,  then  R — >•  S is  unramified  (resp.  G-unramified)  at  q. 

(7)  If  R—¥  S is  of  finite  type  (resp.  finite  presentation) , q C S is  a prime  and 
fl s/r  <8 >s  «(q)  = 0,  then  R — »•  S is  unramified  (resp.  G-unramified)  at  q. 

(8)  If  R S is  of  finite  type  (resp.  finite  presentation),  q C S is  a prime 
lying  over  p C R and  (^s®rk,(p)/k( p))q  = 0,  then  R -A  S is  unramified 
(resp.  G-unramified)  at  q. 

(9)  If  R — » S is  of  finite  type  (resp.  presentation) , q C S is  a prime  lying  over 

pCi?  and  p)/K(p))  <8>s®HK(p)  «(q)  = 0,  then  R ->•  S is  unramified 

(resp.  G-unramified)  at  q. 

(10)  If  R — ► S is  a ring  map,  gi,...,gm  £ S generate  the  unit  ideal  and 
R — » Sgj  is  unramified  (resp.  G-unramified)  for  j = 1 , ...  ,m,  then  R — > S 
is  unramified  (resp.  G-unramified). 

(11)  If  R — ► S is  a ring  map  which  is  unramified  (resp.  G-unramified)  at  every 
prime  of  S,  then  R — »•  S is  unramified  (resp.  G-unramified). 

(12)  If  R -A  S is  G-unramified,  then  there  exists  a finite  type  Z-algebra  Rq  and 
a G-unramified  ring  map  Rq  —>  Sq  and  a ring  map  Rq  —¥  R such  that 
S = R ®r0  Sq. 

(13)  If  R — >•  S is  unramified,  then  there  exists  a finite  type  Z-algebra  Rq  and 
an  unramified  ring  map  Rq  -a  Sq  and  a ring  map  Rq  R such  that  S is 
a quotient  of  R ®r0  Sq  . 


Proof.  We  prove  each  point,  in  order. 


Ad  (1).  Follows  from  Lemmas  10.130.12  and  10.13.2 


Ad  (2).  Follows  from  Lemmas  10.130.7  and  10.13.2 


Ad  (3).  Follows  by  direct  computation  of  VtRf  /r  which  we  omit. 
Ad  (4).  We  have  Q(r/i)/r  = 0,  see  Lemma 


10.130.5 


and  the  ring  map  R — > R/I  is 
of  finite  type.  If  / is  a finitely  generated  ideal  then  R — > R/I  is  of  finite  presentation. 


Ad  (5).  See  discussion  following  Definition  10.141.1 


Ad  (6).  In  this  case  fls/R  is  a finite  S'-module  (see  Lemma  10.130.16)  and  hence 
there  exists  a g € S,  g q such  that  (flg/R)g  = 0.  By  Lemma  10.130.8  this  means 
that  risg/R  = 0 and  hence  R —>  Sg  is  unramified  as  desired. 

Ad  (7).  Use  Nakayama’s  lemma  (Lemma  |10.19.1 1 to  see  that  the  condition  is 
equivalent  to  the  condition  of  (6). 

Ad  (8)  & (9).  These  are  equivalent  in  the  same  manner  that  (6)  and  (7)  are 
equivalent.  Moreover  1?s®bk(p)/«(p)  = £? s/R  {S  ®r  «(p))  by  Lemma  10.130.12 

Hence  we  see  that  (9)  is  equivalent  to  (7)  since  the  «(q)  vector  spaces  in  both  are 
canonically  isomorphic. 
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Ad  (10).  Follows  from  from  Lemmas  |10. 23. 2 and  10.130.8 


Ad  (11).  Follows  from  (6)  and  (7)  and  the  fact  that  the  spectrum  of  S is  quasi- 
compact. 


Ad  (12).  Write  S = . . . ,xn]/(g\, . . . ,gm )•  As  LlS/R  = 0 we  can  write 

d X'i  — ^ ( hijdgj  -}-  ^ ( ciijkgjdxk 

in  £lR[Xl,...,xn]/R  for  some  hij,aijk  £ R[x\, . . . , xn].  Choose  a finitely  generated  Z- 
subalgebra  Rq  C R containing  all  the  coefficients  of  the  polynomials  <jj,  hij,  a-ijk. 
Set  S0  = R0[xi, . . .,xn\/{gi, . . . ,gm )•  This  works. 

Ad  (13).  Write  S = i?[aq, . . . ,xn]/I.  As  Qs/r  = 0 we  can  write 

da;^  = Y hijdgtj  + Y 9'zkdxk 

in  $dR[Xl,...:xn]/R  for  some  hij  £ R[x\, . . . ,xn]  and  gij,g'ik  £ I-  Choose  a finitely 
generated  Z-subalgebra  Rq  C R containing  all  the  coefficients  of  the  polynomials 
9ijihij,g[k.  Set  S0  = R0[x1,...,xn]/(gij,g'lk).  This  works.  □ 

02FL  Lemma  10.147.4.  Let  R — > S be  a ring  map.  If  R — ► S is  unramified,  then 
there  exists  an  idempotent  e £ S S such  that  S S — >•  S is  isomorphic  to 
S S —¥  (S  S)e. 

Proof.  Let  J = Ker(S®nS  — > S).  By  assumption  J/J2  = 0,  see  Lemma 
Since  S is  of  finite  type  over  R we  see  that  J is  finitely  generated,  namely  by 
Xi  (g)  1 — 1 (g>  Xi,  where  Xi  generate  S over  R.  We  win  by  Lemma|i0.20.5|  □ 

00UW  Lemma  10.147.5.  Let  R — > S be  a ring  map.  Let  q C S be  a prime  lying  over  p 
in  R.  If  S/R  is  unramified  at  q then 

(1)  we  have  p5q  = qS'q  is  the  maximal  ideal  of  the  local  ring  S q,  and 

(2)  the  field  extension  ft(p)  C «(q)  is  finite  separable. 


10.130.13 


02UR 


Proof.  We  may  first  replace  S by  Sg  for  some  g G S,  g ^ q and  assume  that 
R — > S is  unramified.  The  base  change  S n(p)  is  unramified  over  «(p)  by 
Lemma  10.147.3  By  Lemma  10.138.3  it  is  smooth  hence  etale  over  n(p).  Hence  we 
see  that  S /-c(p)  = (R\p)~i^S/pS  is  a product  of  finite  separable  field  extensions 
of  «(p)  by  Lemma[l0.141.4|  This  implies  the  lemma.  □ 


Lemma  10.147.6.  Let  R — » S be  a finite  type  ring  map.  Let  q 5e  a prime  of 
S.  If  R S is  unramified  at  q then  R — >•  S is  quasi-finite  at  q.  In  particular,  an 
unramified  ring  map  is  quasi-finite. 


02FM 


Proof.  An  unramified  ring  map  is  of  finite  type.  Thus  it  is  clear  that  the  second 
statement  follows  from  the  first.  To  see  the  first  statement  apply  the  characteriza- 
tion of  Lemma  10.121.2  part  (2)  using  Lemma  10.147.5  □ 


Lemma  10.147.7.  Let  R — * S be  a ring  map.  Let  q be  a prime  of  S lying  over  a 
prime  p of  R.  If 

(1)  R — >•  S is  of  finite  type, 

(2)  p5q  is  the  maximal  ideal  of  the  local  ring  Sq,  and 

(3)  the  field  extension  re(p)  C «(q)  is  finite  separable, 
then  R S is  unramified  at  q . 
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Proof.  By  Lemma  10.147.3  (8)  it  suffices  to  show  that  ^s®bk(p)/k(p)  is  zero  when 
localized  at  q.  Hence  we  may  replace  S'  by  S'  «(p)  and  R by  «(p).  In  other 
words,  we  may  assume  that  R = k is  a field  and  S is  a finite  type  fc-algebra.  In  this 
case  the  hypotheses  imply  that  Sq  = «(q)  and  hence  S = «(q)  x S'  (see  Lemma 
10.121.1 1.  Hence  (Qs/k)<t  = ^K(q)/fc  which  is  zero  as  desired.  □ 


0395  Proposition  10.147.8.  Let  R — » S be  a ring  map.  Let  q C S be  a prime.  If 
R — )•  S is  unramified  at  q,  then  there  exist 

(1)  a g £ S,  g £ q, 

(2)  a standard  etale  ring  map  R —>  S' , and 

(3)  a surjective  R-algebra  map  S'  — )•  Sg. 


Proof.  This  proof  is  the  “same”  as  the  proof  of  Proposition  10.141.17  The  proof 
is  a little  roundabout  and  there  may  be  ways  to  shorten  it. 


Step  1.  By  Definition  10.147.1  there  exists  a g £ S,  g fL  q such  that  R 
unramified.  Thus  we  may  assume  that  S is  unramified  over  R. 


Sg  is 


Step  2.  By  Lemma  10.147.3  there  exists  an  unramified  ring  map  Rq  — > So  with 
Ro  of  finite  type  over  Z,  and  a ring  map  Rq  — i ► R such  that  S'  is  a quotient  of 
R®r0  Sq.  Denote  q0  the  prime  of  S0  corresponding  to  q.  If  we  show  the  result  for 
(Rq  —>  So,  qo)  then  the  result  follows  for  (R  — > S,  q)  by  base  change.  Hence  we  may 
assume  that  R is  Noetherian. 


Step  3.  Note  that  R — > S is  quasi-finite  by  Lemma [10. 147.6  By  Lemma  10.122.15 
there  exists  a finite  ring  map  R - 
such  that  g'  £ q such  that  S' 

S'  may  not  unramified  over  R. 

(b)  R — > S is  finite  and  (c)  R 
unramified  at  all  primes). 


S',  an  R- algebra  map  S'  — ► S,  an  element  g'  £ S' 
S induces  an  isomorphism  S' , = Sg’.  (Note  that 
Thus  we  may  assume  that  (a)  R is  Noetherian, 
S is  unramified  at  q (but  no  longer  necessarily 


Step  4.  Let  p C R be  the  prime  corresponding  to  q.  Consider  the  fibre  ring 
S <S)r  «(p).  This  is  a finite  algebra  over  /c(p).  Hence  it  is  Artinian  (see  Lemma 
10.52.2)  and  so  a finite  product  of  local  rings 


nTl 

Ai 

1=1 


see  Proposition  10.59. 6|  One  of  the  factors,  say  A\,  is  the  local  ring  S'q/pS'q  which 


is  isomorphic  to  re(q),  see  Lemma  10.147.5 
other  primes,  say  q2, . . . , q„  of  5 lying  over  p. 


The  other  factors  correspond  to  the 


Step  5.  We  may  choose  a nonzero  element  a £ «(q)  which  generates  the  finite 
separable  field  extension  /c(p)  C /t(q)  (so  even  if  the  field  extension  is  trivial  we  do 
not  allow  a = 0).  Note  that  for  any  A £ «(p)*  the  element  Aa  also  generates  K(q) 
over  re(p).  Consider  the  element 

nTl 

Ai  = S ®R  k(p). 

1=1 

After  possibly  replacing  a by  \a  as  above  we  may  assume  that  t is  the  image  of 
t £ S.  Let  I C i?[x]  be  the  kernel  of  the  .R-algebra  map  R[x]  -»  S which  maps  x to 
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t.  Set  S'  = R[x]/I,  so  S'  C S.  Here  is  a diagram 


By  construction  the  primes  qy , j > 2 of  S all  lie  over  the  prime  (p,x)  of  i?[x], 
whereas  the  prime  q lies  over  a different  prime  of  R[x]  because  a/0. 


Step  6.  Denote  q'  C S'  the  prime  of  S'  corresponding  to  q.  By  the  above  q is  the 
only  prime  of  S lying  over  q'.  Thus  we  see  that  Sq  = Sq 
have  going  up  for  S' 


see  Lemma  10.40.11 


S by  Lemma  10.35.20  since  S'  — ► S is  finite  as  R 


(we 

S 


is  finite).  It  follows  that  5', 
finite  injective  ring  map  S'  — 


-A  S q is  finite  and  injective  as  the  localization  of  the 
S.  Consider  the  maps  of  local  rings 


Rp  — t 'S'n'  — > Sq 


The  second  map  is  finite  and  injective.  We  have  S'q/pS’q 
Hence  a fortiori  Sq/q'Sq  = «(q).  Since 

«(p)  C K(q')  C «(q) 


10.147.5 


/■c(q),  see  Lemma 


and  since  a is  in  the  image  of  K(q')  in  «(q)  we  conclude  that  /t(q')  = /c(q).  Hence 
by  Nakayama’s  Lemma 


10.19.1 


S q is  surjective.  In  other  words,  S',  = S, 


applied  to  the  S', -module  map  S', 


Sq,  the  map 


q- 


Step  7.  By  Lemma  10.125.7  there  exist  g £ S,  g ^ q and  g'  £ S' , g'  qL  q'  such 
that  S' , — Sg.  As  R is  Noetherian  the  ring  S'  is  finite  over  R because  it  is  an  17- 
submodule  of  the  finite  S-module  S.  Hence  after  replacing  S by  S'  we  may  assume 
that  (a)  R is  Noetherian,  (b)  S finite  over  R , (c)  S is  unramified  over  R at  q,  and 
(d)  S = R[x]/I. 


Step  8.  Consider  the  ring  S k(p)  = n(p)[x]/I  where  1 = 1-  k(p)[x]  is  the  ideal 
generated  by  I in  k(p)[x].  As  k(p)[x]  is  a PID  we  know  that  I = (h)  for  some  monic 
h £ /c(p).  After  replacing  h by  A • h for  some  A £ k{ p)  we  may  assume  that  h is  the 
image  of  some  h £ H[a;].  (The  problem  is  that  we  do  not  know  if  we  may  choose  h 
monic.)  Also,  as  in  Step  4 we  know  that  S <B)r  «(p)  = A\  x . . . x An  with  A\  = «(q) 
a finite  separable  extension  of  «(p)  and  A2, . . . , An  local.  This  implies  that 

h = hih^2  . . . h 


for  certain  pairwise  coprime  irreducible  monic  polynomials  hi  £ «(p)[a;]  and  certain 
e2>  • ■ • j en  > 1.  Here  the  numbering  is  chosen  so  that  A;  = «(p )[x]/(hi')  as  «;(p)[x]- 
algebras.  Note  that  hi  is  the  minimal  polynomial  of  a £ re(q)  and  hence  is  a 
separable  polynomial  (its  derivative  is  prime  to  itself). 


Step  9.  Let  m £ I be  a monic  element;  such  an  element  exists  because  the  ring 
extension  R — > R[x]/I  is  finite  hence  integral.  Denote  m the  image  in  k(p)[x].  We 
may  factor 

to  = khi  h2~  . . . h 

for  some  d\  > 1,  dj  > ej,  j = 2, ...  ,n  and  k £ «(p)[x]  prime  to  all  the  hi.  Set 
f = ml  + h where  ldeg(m)  > deg (h),  and  l > 2.  Then  / is  monic  as  a polynomial 
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over  R.  Also,  the  image  / of  / in  k(p)[x]  factors  as 


f=h1he22...  hrnn +Fvr&r . . . kt  = Kihz . . . c +*x 


rj-en  -j-lrj-ldi  Y~ld>2  ~rldn  ~r  /-j-e 2 ~rGn  Z Z cZ  1 — 1 Z c£2  7 -Id 


■■■K")  = h1w 


with  w a polynomial  relatively  prime  to  hi . Set  g = f (the  derivative  with  respect 
to  x). 


Step  10.  The  ring  map  .R[x]  — ► S = R[x]/I  has  the  properties:  (1)  it  maps  / to 
zero,  and  (2)  it  maps  g to  an  element  of  S'  \ q.  The  first  assertion  is  clear  since  / 
is  an  element  of  I.  For  the  second  assertion  we  just  have  to  show  that  g does  not 
map  to  zero  in  re(q)  = k(#)[x\ / (h{) . The  image  of  g in  k(p)[x]  is  the  derivative  of 
/.  Thus  (2)  is  clear  because 


9 = 


d / 
dx 


+ h 


w is  prime  to  hi  and  hi  is  separable. 


OOUX 


Step  11.  We  conclude  that  ip  : R[x]/(f)  S is  a surjective  ring  map,  R[x\g/(f) 
is  etale  over  R (because  it  is  standard  etale,  see  Lemma  10.141.15 1 and  ip(g)  (jL  q. 
Thus  the  map  (R[x\/(f))g  — > Sv(g)  is  the  desired  surjection.  □ 


Lemma  10.147.9.  Let  R —>  S be  a ring  map.  Let  q be  a prime  of  S lying  over 
p C R.  Assume  that  R — ► S is  of  finite  type  and  unramified  at  q.  Then  there  exist 

(1)  an  etale  ring  map  R — > R' , 

(2)  a prime  p'  C R'  lying  over  p. 

(3)  a product  decomposition 

R!  ®RS  = Ax  B 


with  the  following  properties 

(1)  R'  — > A is  surjective,  and 

(2)  p 'A  is  a prime  of  A lying  over  p'  and  over  q. 


Proof.  We  may  replace  (R  — > S,  p,  q)  with  any  base  change  (R'  R'  S,  p',  q') 
by  a etale  ring  map  R — > R'  with  a prime  p'  lying  over  p,  and  a choice  of  q'  lying 
over  both  q and  p'.  Note  also  that  given  R—tR'  and  p'  a suitable  q'  can  always  be 
found. 


OOUY 


The  assumption  that  R — > S is  of  finite  type  means  that  we  may  apply  Lemma 
|10.141.24l  Thus  we  may  assume  that  S = Ai  x . . . x An  x B,  that  each  R — > Aj 
is  finite  with  exactly  one  prime  t , lying  over  p such  that  «(p)  C «(tj)  is  purely 
inseparable  and  that  R —>  B is  not  quasi- finite  at  any  prime  lying  over  p.  Then 
clearly  q = Xi  for  some  i,  since  an  unramified  morphism  is  quasi-finite  (see  Lemma 


10.147.6 1.  Say  q = ti.  By  Lemma  10.147.5  we  see  that  k( p)  C «(ri)  is  separable 
hence  the  trivial  field  extension,  and  that  p(A!)ri  is  the  maximal  ideal.  Also,  by 
Lemma  10.40.11  (which  applies  to  R — > Ai  because  a finite  ring  map  satisfies 
going  up  by  Lemma  10.35.20)  we  have  (^4i)n  = (Ai)p.  It  follows  from  Nakayama’s 
Lemma  10.19.1  that  the  map  of  local  rings  Rp  — > (Ai)p  = (Ai)ri  is  surjective.  Since 
Ai  is  finite  over  R we  see  that  there  exists  a / £ R,  f fL  p such  that  !?/—)•  {Ai)f 
is  surjective.  After  replacing  R by  Rf  we  win.  □ 


Lemma  10.147.10.  Let  R -A  S be  a ring  map.  Let  p be  a prime  of  R.  If  R S 
is  unramified  then  there  exist 

(1)  an  etale  ring  map  R R! , 
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(2)  a prime  p'  C R!  lying  over  p. 

(3)  a product  decomposition 

R!  S = A\  x . . . x A„  x B 


with  the  following  properties 

(1)  R!  -A  Ai  is  surjective, 

(2)  p 1 Ai  is  a prime  of  Ai  lying  over  p',  and 

(3)  there  is  no  prime  of  B lying  over  p'. 


Proof.  We  may  apply  Lemma[l0.141.24|  Thus,  after  an  etale  base  change,  we  may 
assume  that  S = A\  x . . . x An  x B,  that  each  R — > Ai  is  finite  with  exactly  one 
prime  t*  lying  over  p such  that  «(p)  C k(Tj)  is  purely  inseparable,  and  that  R — > B 
is  not  quasi-finite  at  any  prime  lying  over  p.  Since  R — > S is  quasi- finite  (see  Lemma 
10.147.6 1 we  see  there  is  no  prime  of  B lying  over  p.  By  Lemma  10.147.5|we  see  that 
«(p)  C k(v i)  is  separable  hence  the  trivial  field  extension,  and  that  p(Aj)ti  is  the 
maximal  ideal.  Also,  by  Lemma  10.40.11  (which  applies  to  R — > Ai  because  a finite 
ring  map  satisfies  going  up  by  Lemma  10.35.20 1 we  have  (A()ti  = (Aj)p.  It  follows 

that  the  map  of  local  rings  Rv  — ► (Aj)p  = (Aj)ti 


10.19.1 


from  Nakayama’s  Lemma 
is  surjective.  Since  A;  is  finite  over  R we  see  that  there  exists  a / £ R,  f £ p such 
that  Rf  — » (Ai)f  is  surjective.  After  replacing  R by  Rf  we  win.  □ 


10.148.  Henselian  local  rings 

04GE  In  this  section  we  discuss  a bit  the  notion  of  a henselian  local  ring.  Let  (/?.,  m,  k)  be 
a local  ring.  For  a £ R we  denote  a the  image  of  a in  n.  For  a polynomial  / £ R[T] 
we  often  denote  / the  image  of  / in  k[T].  Given  a polynomial  f £ R[T]  we  denote 
/'  the  derivative  of  / with  respect  to  T.  Note  that  / = /'. 

04GF  Definition  10.148.1.  Let  (R,  m,  re)  be  a local  ring. 

(1)  We  say  R is  henselian  if  for  every  monic  / £ R[T ] and  every  root  ao  £ n 
of  / such  that  /'(do)  ^ 0 there  exists  an  a £ R such  that  /(a)  =0  and 
do  = a. 

(2)  We  say  R is  strictly  henselian  if  R is  henselian  and  its  residue  field  is 
separably  algebraically  closed. 

Note  that  the  condition  /'(do)  ^ 0 is  equivalent  to  the  condition  that  do  is  a simple 
root  of  the  polynomial  /.  In  fact,  it  implies  that  the  lift  a £ R,  if  it  exists,  is  unique. 

06RR  Lemma  10.148.2.  Let  (i?,m,  k)  be  a local  ring.  Let  f £ R[T],  Let  a,b  £ R such 
that  f(a)  = f(b)  = 0,  a = b mod  m.  and  /'( a)  fL  m.  Then  a = b. 

Proof.  Write  f(x  + y)  — f(x)  = f (x)y  + g{x,  y)y2  in  R[x,y]  (this  is  possible  as  one 
sees  by  expanding  f(x  + y );  details  omitted).  Then  we  see  that  0 = f(b)  — f(a)  = 
f(a+(b  — a))  — / (a)  = f (a)(b  — a)  + c[b  — a)2  for  some  c £ R.  By  assumption  /'(d) 
is  a unit  in  R.  Hence  (6  — a)(l  + f'{a)~lc{b  — a))  = 0.  By  assumption  b — a £ m, 
hence  1 + f(a)~1c(b  — a)  is  a unit  in  R.  Hence  b — a = 0 in  R.  □ 

Here  is  the  characterization  of  henselian  local  rings. 

04GG  Lemma  10.148.3.  Let  (R,  m,  k)  be  a local  ring.  The  following  are  equivalent 

(1)  R is  henselian, 

(2)  for  every  f £ R[T ] and  every  root  do  £ n of  f such  that  /'(do)  ^ 0 there 
exists  an  a £ R such  that  f{a)  = 0 and  do  = a, 
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(3)  for  any  monic  f £ f?[T]  and  any  factorization  f = goho  with  gcd(go,  ho)  = 
1 there  exists  a factorization  f = gh  in  R[T]  such  that  go  = g and  ho  = h, 

(4)  for  any  monic  f £ i?[T]  and  any  factorization  f = goho  with  gcd(go,  ho)  = 
1 there  exists  a factorization  f = gh  in  R[T ] such  that  go  —g  and  ho  = h 
and  moreover  deg T(g)  = degT(g0), 

(5)  for  any  f £ A.[T]  and  any  factorization  f = goho  with  gcd(<?Oj^o)  = 1 
there  exists  a factorization  f = gh  in  R[T ] such  that  go  = g and  ho  = h, 

(6)  for  any  f £ R[T ] and  any  factorization  f = goho  with  gcd(go,ho)  = 1 
there  exists  a factorization  f = gh  in  R[T]  such  that  go  = g and  ho  = h 
and  moreover  deg T{g)  = degT(go), 

(7)  for  any  etale  ring  map  R — ► S and  prime  q of  S lying  over  m with  k = «(q) 
there  exists  a section  r : S — > R of  R — > S, 

(8)  for  any  etale  ring  map  R — > S and  prime  q of  S lying  over  m with  k = «;(q) 
there  exists  a section  r : S — »•  R of  R -A  S with  q = T-1(m), 

(9)  any  finite  R-algebra  is  a product  of  local  rings, 

(10)  any  finite  R-algebra  is  a finite  product  of  local  rings, 

(11)  any  finite  type  R-algebra  S can  be  written  as  A x B with  R — ► A finite 
and  R -A  B not  quasi-finite  at  any  prime  lying  over  m, 

(12)  any  finite  type  R-algebra  S can  be  written  as  A x B with  R — ► A finite 
such  that  each  irreducible  component  of  Spec(B  k)  has  dimension  > 1, 
and 

(13)  any  quasi-finite  R-algebra  S can  be  written  as  S = A x B with  R — » A 
finite  such  that  B (g)/j  k = 0. 


Proof.  Here  is  a list  of  the  easier  implications: 

2=>1  because  in  (2)  we  consider  all  polynomials  and  in  (1)  only  monic  ones, 

5=>3  because  in  (5)  we  consider  all  polynomials  and  in  (3)  only  monic  ones, 

6=>4  because  in  (6)  we  consider  all  polynomials  and  in  (4)  only  monic  ones, 

4=>3  is  obvious, 

6=>5  is  obvious, 

8=>7  is  obvious, 

10=>9  is  obvious, 

ll<t=>12  by  definition  of  being  quasi-finite  at  a prime, 

11=>13  by  definition  of  being  quasi-finite, 


Proof  of  1=>8.  Assume  (1).  Let  R — > S be  etale,  and  let  q C S be  a prime 
ideal  such  that  «(q)  = k.  By  Proposition  10.141.17  we  can  find  a g £ S,  g ^ q 
such  that  R — >•  Sg  is  standard  etale.  After  replacing  S by  Sg  we  may  assume  that 
S = R[t]g/ (/)  is  standard  etale.  Since  the  prime  q has  residue  field  k it  corresponds 
to  a root  oo  of  / which  is  not  a root  of  g.  By  definition  of  a standard  etale  algebra 
this  also  means  that  f'ifio)  0.  Since  also  / is  monic  by  definition  of  a standard 
etale  algebra  again  we  may  use  that  R is  henselian  to  conclude  that  there  exists  an 
a £ R with  do  = a such  that  /(a)  = 0.  This  implies  that  g{a)  is  a unit  of  R and  we 
obtain  the  desired  map  r : S = R[t]g/(f)  -A  R by  the  rule  f4a.  By  construction 
r_1(q)  = m.  This  proves  (8)  holds. 


Proof  of  7=^8.  (This  is  really  unimportant  and  should  be  skipped.)  Assume  (7) 
holds  and  assume  R — » S is  etale.  Let  qi, . . . , qr  be  the  other  primes  of  S lying 
over  m.  Then  we  can  find  a g £ S,  g £ q and  g £ q^  for  i = 1, . . . , r,  see  Lemma 
Apply  (7)  to  the  etale  ring  map  R -A  Sg  and  the  prime  qS^.  This  gives  a 
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section  rg  : Sg  -A  R such  that  the  composition  r : S — > Sg  — > R has  the  property 
r-1(q)  = m.  Minor  details  omitted. 


Proof  of  8=>11.  Assume  (8)  and  let  R — > S be  a finite  type  ring  map.  Apply 
Lemma  10.141.23  We  find  an  etale  ring  map  R — > R'  and  a prime  m'  C R'  lying 
over  m with  k = /t(m')  such  that  R!  ®r  S = A!  x B'  with  A!  finite  over  R!  and 
B'  not  quasi-finite  over  R'  at  any  prime  lying  over  m'.  Apply  (8)  to  get  a section 
r : Rr  — y R with  m = r_1(m').  Then  use  that 

S = (S  ®r  R!)  §§r' R = (A'  x B ')  dSiR^T  R = (A/  (S)r',t  R)  x ( B ' R) 

which  gives  a decomposition  as  in  (11). 


Proof  of  8=>10.  Assume  (8)  and  let  R -A  S be  a finite  ring  map.  Apply  Lemma 


with  k = k( m')  such  that  R'  ®r  S = A\  x . . . x A!n  x B'  with  A'  finite  over  R' 
having  exactly  one  prime  over  m'  and  B'  not  quasi-finite  over  R'  at  any  prime  lying 
over  mb  Apply  (8)  to  get  a section  r : R'  -A  R with  m = r_1(m').  Then  we  obtain 

S={S®R  R')®W,TR 
= (4'1x...x  A'n  x B')  ®r>'T  R 
= (A/  ®r\t  R)  X ...  X (A[  ®r>,t  R)  X ( B ' ®R':t  R) 

= Ax  x ...  x An  x B 


10.141.23  We  find  an  etale  ring  map  R — > R'  and  a prime  m'  C R'  lying  over  m 


The  factor  B is  finite  over  R but  R — > B is  not  quasi-finite  at  any  prime  lying  over 
m.  Hence  B = 0.  The  factors  Ai  are  finite  i?-algebras  having  exactly  one  prime 
lying  over  m,  hence  they  are  local  rings.  This  proves  that  S is  a finite  product  of 
local  rings. 

Proof  of  9=>10.  This  holds  because  if  S is  finite  over  the  local  ring  R,  then  it  has  at 
most  finitely  many  maximal  ideals.  Namely,  by  going  up  for  R — > S the  maximal 
ideals  of  S all  lie  over  m,  and  S/mS  is  Artinian  hence  has  finitely  many  primes. 

Proof  of  10=>1.  Assume  (10).  Let  / £ R[T ] be  a monic  polynomial  and  ao  £ n 
a simple  root  of  /.  Then  S = R[T]/(f ) is  a finite  i?.-algebra.  Applying  (10) 
we  get  S = A\  x . . . x Ar  is  a finite  product  of  local  i?-algebras.  In  particular 
we  see  that  S/mS  = ]\Ai/mAi  is  the  decomposition  of  k[T]/(/)  as  a product 
of  local  rings.  This  means  that  one  of  the  factors,  say  Ax/mAi  is  the  quotient 
k[T]/(/)  — >•  k[T\/(T  — ag).  Since  A\  is  a summand  of  the  finite  free  i?-module  S it 
is  a finite  free  I?- module  itself.  As  Ai/mAi  is  a n- vector  space  of  dimension  1 we  see 
that  Ai  = R as  an  I?-module.  Clearly  this  means  that  R — > A\  is  an  isomorphism. 
Let  a £ R be  the  image  of  T under  the  map  R[T ] — )•  S — > Ai  — > R.  Then  /(a)  = 0 
and  a = a o as  desired. 

Proof  of  13=>1.  Assume  (13).  Let  / £ R[T]  be  a monic  polynomial  and  ao  £ k a 
simple  root  of  /.  Then  Si  = R[T]/(f)  is  a finite  I?-algebra.  Let  g £ R{T ] be  any 
element  such  that  g = f /(T  — ao).  Then  S = (S \)g  is  a quasi-finite  I?-algebra  such 
that  S®rk  = K[T]g/(f)  — n[T\/(T—ao)  = k.  Applying  (13)  to  S we  get  S = AxB 
with  A finite  over  R and  B®rr  = 0.  In  particular  we  see  that  At  = S/mS  = A/mA. 
Since  A is  a summand  of  the  flat  I?-algebra  S we  see  that  it  is  finite  flat,  hence 
free  over  R.  As  A/mA  is  a k- vector  space  of  dimension  1 we  see  that  A = R as  an 
I?-module.  Clearly  this  means  that  I?  -A  A is  an  isomorphism.  Let  a £ R be  the 
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image  of  T under  the  map  R[T ] -A  S — > A — > R.  Then  /(a)  = 0 and  a = ao  as 
desired. 


Proof  of  8=>2.  Assume  (8).  Let  / £ i?[T]  be  any  polynomial  and  let  ao  £ k be  a 
simple  root.  Then  the  algebra  S = R[T]fi/(f)  is  etale  over  R.  Let  q C S'  be  the 
prime  generated  by  m and  T — b where  b £ R is  any  element  such  that  b = ao- 
Apply  (8)  to  S and  q to  get  r : S — > R.  Then  the  image  r(T)  = a £ R works  in 
(2). 

At  this  point  we  see  that  (1),  (2),  (7),  (8),  (9),  (10),  (11),  (12),  (13)  are  all  equiva- 
lent. The  weakest  assertion  of  (3),  (4),  (5)  and  (6)  is  (3)  and  the  strongest  is  (6). 
Hence  we  still  have  to  prove  that  (3)  implies  (1)  and  (1)  implies  (6). 


Proof  of  3=>1.  Assume  (3).  Let  / £ R[T } be  monic  and  let  ao  £ k be  a simple  root  of 
/.  This  gives  a factorization  / = ( T—ao)ho  with  ho(ao)  ^ 0,  so  gcd(T— ao,  ho)  = 1. 
Apply  (3)  to  get  a factorization  / = gh  with  g = T — ao  and  h = ho-  Set  S = 
R[T\/ (/)  which  is  a finite  free  R-algebra.  We  will  write  g,  h also  for  the  images  of 
g and  h in  S.  Then  gS  + hS  = S by  Nakayama’s  Lemma  10.19.1|  as  the  equality 
holds  modulo  m.  Since  gh  = / = 0 in  S this  also  implies  that  gS  n hS  = 0.  Hence 
by  the  Chinese  Remainder  theorem  we  obtain  S = S/ (g)  x S/ (h).  This  implies  that 
A = S/(g)  is  a summand  of  a finite  free  77-module,  hence  finite  free.  Moreover,  the 
rank  of  A is  1 as  A/mA  = n\T\/(T  — ao).  Thus  the  map  R — > A is  an  isomorphism. 
Setting  a £ R equal  to  the  image  of  T under  the  maps  R[T]  — > S — > A — ► 77  gives 
an  element  of  R with  /(a)  = 0 and  a = ao- 

Proof  of  1=>6.  Assume  (1)  or  equivalently  all  of  (1),  (2),  (7),  (8),  (9),  (10),  (11),  (12), 
(13).  Let  / £ R[T ) be  a polynomial.  Suppose  that  / = goho  is  a factorization  with 
gcd((?0j  ho)  = 1.  We  may  and  do  assume  that  go  is  monic.  Consider  S = R[T]/(f). 
Because  we  have  the  factorization  we  see  that  the  coefficients  of  / generate  the  unit 
ideal  in  R.  This  implies  that  S has  finite  fibres  over  i?,  hence  is  quasi-fmite  over  R. 
It  also  implies  that  S is  flat  over  R by  Lemma  10.98.2  Combining  (13)  and  (10) 
we  may  write  S = dj  x . . . x An  x B where  each  Ai  is  local  and  finite  over  R,  and 
B k = 0.  After  reordering  the  factors  Ai, . . . , An  we  may  assume  that 


K[T\/(g0)  = Ai/mAi  x . . . x Ar/mAr,  n[T\/(h0)  = Ar+i/mAr+x  x . . . x An/mAn 

as  quotients  of  k[T].  The  finite  flat  R-algebra  A = Ai  x ...  x Ar  is  free  as  an  77- 
module,  see  Lemma|i0.77.4  Its  rank  is  degT(go)-  Let  g £ R[T]  be  the  characteristic 
polynomial  of  the  77-lincar  operator  T : A — > A.  Then  g is  a monic  polynomial  of 
degree  degT(g)  = degT(<?o)  and  moreover  g = go-  By  Cayley-Hamilton  (Lemma 
10.15.1 1 we  see  that  <7(7a)  = 0 where  Ta  indicates  the  image  of  T in  A.  Hence 
we  obtain  a well  defined  surjective  map  R[T]/(g)  — » A which  is  an  isomorphism 
by  Nakayama’s  Lemma [l 0.19.1  The  map  R[T]  — > A factors  through  R[T]/(f)  by 
construction  hence  we  may  write  / = gh  for  some  h.  This  finishes  the  proof.  □ 


04GH 

(1)  If  R C S is  a finite  ring  extension  then  S is  a finite  product  of  henselian 
local  rings. 

(2)  If  R C S is  a finite  local  homomorphism  of  local  rings,  then  S is  a 
henselian  local  ring. 

(3)  If  R — > S is  a finite  type  ring  map,  and  q is  a prime  of  S lying  over  m at 
which  R -A  S is  quasi-finite,  then  Sq  is  henselian. 


Lemma  10.148.4.  Let  (i?,m,  k)  be  a henselian  local  ring. 
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(4)  If  R — > S is  quasi-finite  then  S q is  henselian  for  every  prime  q lying  over 

m. 


Proof.  Part  (2)  implies  part  (1)  since  S as  in  part  (1)  is  a finite  product  of  its 
localizations  at  the  primes  lying  over  m.  Part  (2)  follows  from  Lemma  10.148.3 
part  (10)  since  any  finite  S-algebra  is  also  a finite  S-algebra.  If  R 
as  in  (3),  then  S q is  a local  ring  of  a finite  S-algebra  by  Lemma 
Hence  (3)  follows  from  (1).  Part  (4)  follows  from  part  (3). 


10.148.3 


S and  q are 
part  (11). 
□ 


04GI  Lemma  10.148.5.  A filtered  colimit  of  henselian  local  rings  along  local  homomor- 
phisms  is  henselian. 


Proof.  Categories,  Lemma  [4.21.3|  says  that  this  is  really  just  a question  about  a 
colimit  of  henselian  local  rings  over  a directed  partially  ordered  set.  Let  (Ri,tpa') 
be  such  a system  with  each  ipa'  local.  Then  R = colinp  Ri  is  local,  and  its  residue 
field  k is  colimKj  (argument  omitted).  Suppose  that  / £ R[T ] is  rnonic  and  that 
ao  £ k is  a simple  root  of  /.  Then  for  some  large  enough  i there  exists  an  fi  £ Ri[T \ 
mapping  to  / and  an  aoy  £ Ki  mapping  to  ao-  Since  /i(ao,i)  £ Ki,  resp.  //(ao.i)  £ Ki 
maps  to  0 = /(ao)  £ k,  resp.  0 ^ /'(ao)  £ k we  conclude  that  ao,i  is  a simple  root 
of  fi . As  Ri  is  henselian  we  can  find  a*  £ Ri  such  that  fi(ai)  = 0 and  ao,»  = a,> 
Then  the  image  a £ R of  a*  is  the  desired  solution.  Thus  R is  henselian.  □ 


04GJ  Lemma  10.148.6.  Let  (S,  m,  k)  be  a henselian  local  ring.  Any  finite  type  R- 
algebra  S can  be  written  as  S = Ax  x . . . x An  x B with  Ai  local  and  finite  over  R 
and  R -A  B not  quasi-finite  at  any  prime  of  B lying  over  m. 


Proof.  This  is  a combination  of  parts  (11)  and  (10)  of  Lemma  10.148.3 


□ 


06DD  Lemma  10.148.7.  Let  (S,  m,  k)  be  a strictly  henselian  local  ring.  Any  finite  type 
R-algebra  S can  be  written  as  S = A±  x . . . x An  x B with  Ai  local  and  finite  over  R 
and  k C K(m^J  finite  purely  inseparable  and  R -A  B not  quasi-finite  at  any  prime 
of  B lying  over  m. 


Proof.  First  write  S = Ax  x . . . x An  x B as  in  Lemmafl0.148.6[  The  field  extension 
n C K(mA,  ) is  finite  and  k is  separably  algebraically  closed,  hence  it  is  finite  purely 
inseparable.  □ 

04GK  Lemma  10.148.8.  Let  (R,  m,  ft)  be  a henselian  local  ring.  The  category  of  finite 
etale  ring  extensions  R — » S is  equivalent  to  the  category  of  finite  etale  algebras 
k — > S via  the  functor  S ha  S/mS. 


Proof.  Denote  C — > V the  functor  of  categories  of  the  statement.  Suppose  that 
R -A  S is  finite  etale.  Then  we  may  write 

S = Ai  x ...  x An 

with  A.-,  local  and  finite  etale  over  S,  use  either  Lemma [10. 148. 6|or  Lemma|l0.148.3| 
part  (10).  In  particular  Ai/mAi  is  a finite  separable  field  extension  of  k,  see  Lemma 
|10.141.5]  Thus  we  see  that  every  object  of  C and  V decomposes  canonically  into 
irreducible  pieces  which  correspond  via  the  given  functor.  Next,  suppose  that  Si, 
S2  are  finite  etale  over  R such  that  = Si/mSi  and  K2  = S2/U1S2  are  fields  (finite 
separable  over  k).  Then  Si  (g)#  S 2 is  finite  etale  over  R and  we  may  write 


Si  Gif  S2  — Ax  x ...  x An 
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04GL 


04GM 


06RS 


as  before.  Then  we  see  that  Homes'!,  S2)  is  identified  with  the  set  of  indices 
i £ { 1 , . . . , n}  such  that  S2  — > Aj  is  an  isomorphism.  To  see  this  use  that  given  any 
i?-algebra  map  ip  : Si  — > S2  the  map  ip  x 1 : Si  S2  — > S 2 is  surjective,  and  hence 
is  equal  to  projection  onto  one  of  the  factors  Ai.  But  in  exactly  the  same  way  we 
see  that  HomK(«i,  K2 ) is  identified  with  the  set  of  indices  i £ {1, . . . , n}  such  that 
K2  — > Ai/mAi  is  an  isomorphism.  By  the  discussion  above  these  sets  of  indices 
match,  and  we  conclude  that  our  functor  is  fully  faithful.  Finally,  let  n C n'  be  a 
finite  separable  field  extension.  By  Lemma  [10.141 .16]  there  exists  an  etale  ring  map 
R -4  S and  a prime  q of  S lying  over  m such  that  n C «(q)  is  isomorphic  to  the 
given  extension.  By  part  (1)  we  may  write  S = A\  x . . . x An  x B.  Since  R -4  S 
is  quasi-finite  we  see  that  there  exists  no  prime  of  B over  m.  Hence  Sq  is  equal  to 
Ai  for  some  i.  Hence  R — > Aj  is  finite  etale  and  produces  the  given  residue  field 
extension.  Thus  the  functor  is  essentially  surjective  and  we  win.  □ 

Lemma  10.148.9.  Let  (R,  m,  k)  be  a strictly  henselian  local  ring.  Let  R -4  S be 
an  unramified  ring  map.  Then 

S = A\  x ...  x An  x B 

with  each  R -4  Aj  surjective  and  no  prime  of  B lying  over  m. 


Proof.  First  write  S = Ai  x ...  x An  x B as  in  Lemma [10. 148. 6|  Now  we  see  that 
R — > Ai  is  finite  unramified  and  Aj  local.  Hence  the  maximal  ideal  of  Aj  is  mAj  and 


Proof.  Let  / £ R[T ] be  monic.  Denote  fn  £ R/mn+1\T]  the  image.  Denote  f'n 
the  derivative  of  fn  with  respect  to  T.  Let  a0  £ n be  a simple  root  of  /0.  We  lift 
this  to  a solution  of  / over  R inductively  as  follows:  Suppose  given  an  £ R/mn+1 
such  that  an  mod  m = ao  and  fn(an)  = 0.  Pick  any  element  b £ R/mn+2  such  that 
an  = b mod  m”+1.  Then  fn+1(b)  £ m”+1/mn+2.  Set 

an+ 1 = b - fn+i(b)/f'n+1(b) 

(Newton’s  method).  This  makes  sense  as  f'n+1{b)  £ R/ m”+1  is  invertible  by  the 
condition  on  a 0.  Then  we  compute  /„+i(an+i)  = /n+i(6)  — /„+i(6)  = 0 in  R/mn+2. 
Since  the  system  of  elements  an  £ R/ mn+1  so  constructed  is  compatible  we  get  an 
element  a £ lim R/mn  = R (here  we  use  that  R is  complete).  Moreover,  /(a)  = 0 
since  it  maps  to  zero  in  each  R/mn.  Finally  a = Oq  and  we  win.  □ 


Lemma  10.148.11.  Let  ( R , m)  be  a local  ring  of  dimension  0.  Then  R is  henselian. 
Proof.  Let  R -A  S'  be  a finite  ring  map.  By  Lemma 


that  S'  is  a product  of  local  rings.  By  Lemma [10.35. 19 

mi, . 

Lemma  110.35.18 


10.148.3|  it  suffices  to  show 


S has  finitely  many  primes 
mr  which  all  lie  over  m.  There  are  no  inclusions  among  these  primes,  see 
hence  they  are  all  maximal.  Every  element  of  mi  D . . . fl  mr  is 
It  follows  S is  the  product  of  the  localizations  of  S at 

□ 


nilpotent  by  Lemma  10.16.2 


the  primes  rrij  by  Lemma  10.52.5[ 


08HQ 


Lemma  10.148.12.  Let  R — ^ S be  a ring  map  with  S henselian  local.  Given 
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(1)  an  etale  ring  map  R — > A, 

(2)  a prime  q of  A lying  over  p = R n ms, 

(3)  a k{\>) -algebra  map  «(q)  — > S/ms, 

then  there  exists  a unique  homomorphism  of  R-algebras  f : A -A  S such  that 
q = /_1(ms). 

Proof.  Consider  A S.  This  is  an  etale  algebra  over  S , see  Lemma  |10. 141.3] 
Moreover,  the  kernel 

q'  = Ker(A  S'  ->•  «(q)  <g>K(p)  k{ ms)  -A  n(ms)) 

of  the  map  using  the  map  given  in  (3)  is  a prime  ideal  lying  over  mg  with  residue 
field  equal  to  the  residue  field  of  S.  Hence  by  LemmaflO.  148. 3| there  exists  a unique 
splitting  r : A (gfj  S S with  r_1(ms)  = q'.  Set  / equal  to  the  composition 
A->  A®rS  -a  S.  □ 

08HR  Lemma  10.148.13.  Let  R -A  S be  a ring  map  with  S henselian  local.  Given 

(1)  an  R-algebra  A which  is  a filtered  colimit  of  etale  R-algebras, 

(2)  a prime  q of  A lying  over  p = R n ms, 

(3)  a Ac(p) -algebra  map  «(q)  — > S/ms, 

then  there  exists  a unique  homomorphism  of  R-algebras  f : A -A  S such  that 
q = /"'(ms). 

Proof.  Write  A = colim  A^  as  a filtered  colimit  of  etale  -R-algebras.  Set  q^  = A^n q. 
We  obtain  /,;  : A,;  — ► S by  applying  Lemma p.0. 148. 12[  Set  / = colim /j.  □ 

08HS  Lemma  10.148.14.  Let  R be  a ring.  Let  A -A  B be  an  R-algebra  homomorphism. 
If  A and  B are  filtered  colimits  of  etale  R-algebras,  then  B is  a filtered  colimit  of 
etale  A-algebras. 


Proof.  Write  A = colirnH,;  and  B = colimfL,-  as  filtered  colimits  with  A, 


and  Bj 


B factors  through  Bj,  see 


etale  over  R.  For  each  i we  can  find  a j such  that  A. 

Lemma  10.126.2  The  factorization  A*  — ► Bj  is  etale  by  Lemma  10.141.9  Since 
A -A  A®AiBj  is  etale  (Lemma  10.141.3)  it  suffices  to  prove  that  B = colim  AcS)a,  Bj 
where  the  colimit  is  over  pairs  (i,j)  and  factorizations  Ai  -A  Bj  — ► B of  Ai:  -a  B 
(this  is  a directed  system;  details  omitted).  This  is  clear  because  colim  A®  a,  Bj  = 
A®aB  = B.  □ 


08HT  Lemma  10.148.15.  Let  R be  a ring.  Given  a commutative  diagram  of  ring  maps 

S ■»•  K 

R *S' 


where  S , S'  are  henselian  local,  S,  S'  are  filtered  colimits  of  etale  R-algebras,  K is 
a field  and  the  arrows  S -A  K and  S'  — > K identify  K with  the  residue  field  of  both 
S and  S' . Then  there  exists  an  unique  R-algebra  isomorphism  S -A  S'  compatible 
with  the  maps  to  K . 


Proof.  Follows  immediately  from  Lemma [10.148. 13)  □ 

04GN  Lemma  10.148.16.  Let  (R,  m,  ft)  be  a local  ring.  There  exists  a local  ring  map 
R -A  Rh  with  the  following  properties 


10.148.  HENSELIAN  LOCAL  RINGS 


814 


(1)  Rh  is  henselian, 

(2)  Rh  is  a filtered  colimit  of  etale  R-algebras, 

(3)  m Rh  is  the  maximal  ideal  of  Rh , and 

(4)  K = Rh/mRh. 


Proof.  Consider  the  category  of  pairs  ( S , q)  where  R — > S'  is  an  etale  ring  map,  and 
q is  a prime  of  S lying  over  m with  k = «(q).  A morphism  of  pairs  (S',  q)  — > (S',  q') 
is  given  by  an  f?-algebra  map  p : S — ► S'  such  that  (p_1(q,)  = q.  We  set 

Rh  = colim(sjq)  S. 

This  clearly  implies  that  Rh  is  canonical,  since  no  choices  were  made  in  this  con- 
struction. Moreover,  property  (2)  is  clear. 


Let  us  show  that  the  category  of  pairs  is  filtered,  see  Categories,  Definition  |4.1 9. 1| 
The  category  contains  the  pair  (i?,  m)  and  hence  is  not  empty,  which  proves  part 
(1)  of  Categories,  Definition  4.19.1|  Note  that  for  any  pair  (S,  q)  the  prime  ideal 
q is  maximal,  for  example  since  k — > S/q  C «(q)  are  isomorphisms.  Suppose  that 
(S,  q)  and  (S',  q')  are  two  objects.  Set  S " = S S'  and  q"  = qS"  + q'5".  Then 
S" / q"  = S/q  i 2ir  S' / q'  = k by  what  we  said  above.  Moreover,  R — ► S"  is  etale 

Next, 


by  Lemma  10.141.3 


suppose  that  ip,  if 


This  proves  part  (2)  of  Categories,  Definition  4.19.1 
(S,  q)  — » (S',  q')  are  two  morphisms  of  pairs.  Consider 


S"  = (S'  s')  ®S'®RS'  S' 


with  prime  ideal 


q"  = (q'  (8 )S'  + S'®  q')  ®S'  + (S'  S')  <g>  q' 


Arguing  as  above  (base  change  of  etale  maps  is  etale,  composition  of  etale  maps 
is  etale)  we  see  that  S"  is  etale  over  R.  Moreover,  the  canonical  map  S'  — > S" 
(using  the  right  most  factor  for  example)  equalizes  tp  and  ip.  This  proves  part 

Hence  we  conclude  that  Rh  consists  of  triples 
and  two  such  triples  (S,  q,  /),  (S',q’,f)  define  the  same 


(3)  of  Categories,  Definition 
(S,  q,  /)  with  / G S, 
element  of  Rh  if  and  only  if  there  exists  a pair  (S" , q")  and  morphisms  of  pairs 
p : ( S , q)  ->  (S",  q")  and  tp'  : (S' , q')  ->  (Sn 


q")  such  that  <p(f)  = ip'(f). 


Suppose  that  x £ Rh.  Represent  a:  by  a triple  (S,  q,  /).  Let  qi, . . . , qr  be  the  other 
primes  of  S lying  over  m.  Then  we  can  find  a g £ S , g £ q and  g £ q^  for  i = 1, . . . , r, 
see  Lemma  10.14.2  Consider  the  morphism  of  pairs  (S,  q)  — ► (Sg,  q Sg).  In  this  way 
we  see  that  we  may  always  assume  that  x is  given  by  a triple  ( S , q,  /)  where  q is 
the  only  prime  of  S lying  over  m,  i.e.,  VnaS  = q.  But  since  R — > S is  etale,  we  have 
mS’q  = qS’q,  see  Lemma  10.141.5  Hence  we  actually  get  that  mS’  = q. 


Suppose  that  x fL  m Rh . Represent  a;  by  a triple  (S',  q,/)  with  mS  = q.  Then 
/ ^ mS,  i.e.,  / ^ q.  Hence  (S,  q)  — > (S/,  qS/)  is  a morphism  of  pairs  such  that  the 
image  of  / becomes  invertible.  Hence  x is  invertible  with  inverse  represented  by 
the  triple  (S/,  qS/,  1//).  We  conclude  that  Rh  is  a local  ring  with  maximal  ideal 
m Rh.  The  residue  field  is  k since  we  can  define  Rh /mRh  — > k by  mapping  a triple 
(S,  q,  /)  to  the  residue  class  of  / module  q. 


We  still  have  to  show  that  Rh  is  henselian.  Namely,  suppose  that  P £ Rh[T]  is  a 
monic  polynomial  and  ao  £ n is  a simple  root  of  the  reduction  P £ re[T].  Then  we 
can  find  a pair  (S,  q)  such  that  P is  the  image  of  a monic  polynomial  Q £ 5[T] . Since 
S — ► Rh  induces  an  isomorphism  of  residue  fields  we  see  that  S'  = S[T]/(Q)  has  a 
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prime  ideal  q'  = (q,  T — ao)  at  which  S -A  S'  is  standard  etale.  Moreover,  k = re( q'). 
Pick  g G S’,  g qL  q'  such  that  S"  = S’g  is  etale  over  S.  Then  (S',  q)  — >■  ( S ",  q 'S'')  is 
a morphism  of  pairs.  Now  that  triple  (S",  q'S",  class  of  T)  determines  an  element 
a £ Rh  with  the  properties  P(a)  = 0,  and  a = a0  as  desired.  □ 

04GP  Lemma  10.148.17.  Let  (R,  m,  n)  be  a local  ring.  Let  k C nsep  be  a separable 
algebraic  closure.  There  exists  a commutative  diagram 

K 5-  n s-  Ksep 


A 

A 

R 

Rh 

>-  Rsh 

with  the  following  properties 

(1)  the  map  Rh  —¥  Rsh  is  local 

(2)  Rsh  is  strictly  henselian, 

(3)  Rsh  is  a filtered  colimit  of  etale  R-algebras, 

(4)  m Rsh  is  the  maximal  ideal  of  Rsh,  and 

(5)  Ksep  = Rsh/mRsh. 


04GQ 


Proof.  This  can  be  proved  using  the  method  followed  in  the  proof  of  Lemma 
. The  only  difference  is  that,  instead  of  pairs,  one  uses  triples  (S,  q,  a) 
S etale,  q is  a prime  of  S lying  over  m,  and  a : «(q)  — > Ksep  is  an 
embedding  of  extensions  of  k. 


10.148.16 
where  R 


But  we  can  also  deduce  the  result  directly  from  the  result  of  Lemma  |10.148.16| 
Namely,  for  any  finite  separable  field  sub  extension  k C k'  C Ksep  there  exists  a 
unique  (up  to  unique  isomorphism)  finite  etale  local  ring  extension  Rh  C Rh(ti') 
whose  residue  field  extension  extension  reproduces  the  given  extension,  see  Lemma 
IIP. 148.81  Hence  we  can  set 


Rsh 


Rh{n') 


The  arrows  in  this  system,  compatible  with  the  arrows  on  the  level  of  residue  fields, 
exist  by  Lemma  |10.148.8|  This  will  produce  a henselian  local  ring  by  Lemma 
10.148.5  since  each  of  the  rings  Rh{n')  is  henselian  by  Lemma  10.148.4  By  con- 
struction the  residue  field  extension  induced  by  Rh  — > Rsh  is  the  field  extension 
k C nsep.  We  omit  the  proof  that  Rsh  is  a colimit  of  etale  f?-algebras.  □ 


Definition  10.148.18.  Let  (R,  m,  k)  be  a local  ring. 


(1) 

(2) 

(3) 


The  local  ring  map  R — » Rh  constructed  in  Lemma  10.148.16  is  called  the 
henselization  of  R. 

Given  a separable  algebraic  closure  n C Ksep  the  local  ring  map  R — >•  Rsh 
constructed  in  Lemma|l0.148.17  is  called  the  strict  henselization  of  R with 
respect  to  k C nsep . 

A local  ring  map  R — ► Rsh  is  called  a strict  henselization  of  R if  it  is 
isomorphic  to  one  of  the  local  ring  maps  constructed  in  Lemma [10. 148. 17] 


The  maps  R — ► Rh  -A  Rsh  are  flat  local  ring  homomorphisms.  By  Lemma 
the  i?-algebras  Rh  and  Rsh  are  well  defined  up  to  unique  isomorphism  by  the 
conditions  that  they  are  henselian  local,  filtered  colimits  of  etale  i?-algebras  with 
residue  field  k and  nsep . We  will  discuss  this  and  the  close  relationship  between  R 
and  its  henselization  in  More  on  Algebra,  Section  |15.36|  In  the  rest  of  this  section 


10.148.15 
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we  prove  some  lemmas  we  discuss  functoriality  properties  of  (strict)  henselizations. 
This  should  make  it  clear  exactly  how  canonical  these  constructions  really  are. 

04GR  Lemma  10.148.19.  Let  R — > S be  a local  map  of  local  rings.  Let  S — > Sh  be  the 
henselization.  Let  R — > A be  an  etale  ring  map  and  let  q be  a prime  of  A lying 
over  mfl  such  that  R/ = K(q).  Then  there  exists  a unique  morphism  of  rings 
f : A -A  Sh  fitting  into  the  commutative  diagram 

A r^Sk 

A / 

R ^ S 

such  that  f~1(mSh)  = q. 

Proof.  This  is  a special  case  of  Lemma  [10. 148. 12]  □ 

04GS  Lemma  10.148.20.  Let  R — )•  S be  a local  map  of  local  rings.  Let  R — » Rh  and 
S — >■  Sh  be  the  henselizations.  There  exists  a unique  local  ring  map  Rh  — > Sh  fitting 
into  the  commutative  diagram 


R >■ S 


Proof.  Follows  immediately  from  Lemma  10.148.13 


□ 


Here  is  a slightly  different  construction  of  the  henselization. 

04GV  Lemma  10.148.21.  Let  R be  a ring.  Let  p C R be  a prime  ideal.  Consider  the 
category  of  pairs  (S',  q)  where  R — )•  S is  etale  and  q is  a prime  lying  over  p such 
that  K(p)  = ft(q).  This  category  is  filtered  and 

( Rp)h  = colim(5  q)  S = colim(5  q)  Sq 

canonically. 


Proof.  A morphism  of  pairs  (S,  q)  -A  (S',q')  is  given  by  an  A-algebra  map  p : 
S — ► S'  such  that  </3”1(q')  = q.  Let  us  show  that  the  category  of  pairs  is  filtered, 
see  Categories,  Definition  |4. 19.1  The  category  contains  the  pair  (R,  p)  and  hence 


is  not  empty,  which  proves  part  (1)  of  Categories,  Definition  4.19.1  Suppose  that 


(S,  q)  and  (S' . q')  are  two  pairs.  Note  that  q,  resp.  q'  correspond  to  primes  of  the 
fibre  rings  S Cg>  ft(p),  resp.  S'  (g>  k(p)  with  residue  fields  «;(p),  hence  they  correspond 
to  maximal  ideals  of  S (8)  «(p),  resp.  S'  (g)  n(p).  Set  S”  = S (8)_r  S' . By  the  above 
there  exists  a unique  prime  q"  C S"  lying  over  q and  over  q'  whose  residue  field 
is  «;(p).  The  ring  map  R 


S"  is  etale  by  Lemma  10.141.3 


of  Categories,  Definition  4.19.1  Next,  suppose  that  p,ip 


This  proves  part  (2) 
(5,  q)  — >•  (S',  q')  are  two 


morphisms  of  pairs.  Consider 


s ” = (S'  S')  ®S’®nS'  S' 

Arguing  as  above  (base  change  of  etale  maps  is  etale,  composition  of  etale  maps  is 
etale)  we  see  that  S”  is  etale  over  R.  The  fibre  ring  of  S”  over  p is 

F"  = (F'  F')  F' 
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where  F',F  are  the  fibre  rings  of  S'  and  S.  Since  ip  and  if  are  morphisms  of  pairs 
the  map  F'  — > fc(p)  corresponding  to  p'  extends  to  a map  F"  -A  k( p)  and  in  turn 
corresponds  to  a prime  ideal  q"  C S"  whose  residue  field  is  ft'(p).  The  canonical 
map  S'  — > S"  (using  the  right  most  factor  for  example)  is  a morphism  of  pairs 
(S",q')  -A  (5",  q")  which  equalizes  ip  and  if.  This  proves  part  (3)  of  Categories, 
Definition  |4.19.1[  Hence  we  conclude  that  the  category  is  filtered. 


Recall  that  in  the  proof  of  Lemma  10.148.16  we  constructed  ( Rp)h  as  the  corre- 
sponding colimit  but  starting  with  Rp  and  its  maximal  ideal  pf?p.  Now,  given  any 
pair  (S',  q)  for  (f?,p)  we  obtain  a pair  (Sp,qSp)  for  (f?p,pf?p).  Moreover,  in  this 
situation 

Sp  = colim f€R,ftp  Sf. 

Hence  in  order  to  show  the  equalities  of  the  lemma,  it  suffices  to  show  that  any 
pair  (Sioc,  qzoc)  for  (Rv,pRv)  is  of  the  form  (Sp,  qSp)  for  some  pair  (S,  q)  over  (R,  p) 
(some  details  omitted).  This  follows  from  Lemma  10.141.3  □ 


08HU  Lemma  10.148.22.  Let  R — > S be  a ring  map.  Let  q C S be  a prime  lying  over 
p C R.  Let  R — > Rh  and  S — > Sh  be  the  henselizations  of  Rp  and  Sq.  The  local  ring 
map  Rh  — > Sh  of  Lemma  10.148.20  identifies  Sh  with  the  henselizat.ion  of  Rh  0#  S 
at  the  unique  prime  lying  over  mh  and  q. 


Proof.  By  Lemma  10.148.21  we  see  that  Rh,  resp.  Sh  are  filtered  colimits  of  etale 
R,  resp.  S-algebras.  Hence  we  see  that  Rh  S is  a filtered  colimit  of  etale  S- 
algebras  Aj  (Lemma  10.141.3 1.  By  Lemma  10.148.14  we  see  that  Sh  is  a filtered 
colimit  of  etale  Rh  0#  S-algebras.  Since  moreover  Sh  is  a henselian  local  ring 
with  residue  field  equal  to  ft(q),  the  statement  follows  from  the  uniqueness  result 
of  Lemma  110.148. 15l  □ 


05WP  Lemma  10.148.23. 

p in  R.  Assume  R -a 


Let  R — > S be  a ring  map.  Let  q be  a prime  of  S lying  over 
S is  quasi-finite  at  q.  The  commutative  diagram 


tdK 

-Tip 


R0 


Sa 


10.148.20  identifies  Sq  with  the  localization  of  Rp  0,rp  Sq  at  the  prime 


of  Lemma 
generated  by  q. 

Proof.  Note  that  Rp  0^  S is  quasi-finite  over  Rp  at  the  prime  ideal  corresponding 
to  q,  see  Lemma 
see  Lemma 


10.121.6 


10.148.4 


Hence  the  localization  S'  of  Rp 


Sq  is  henselian, 


algebras.  By  Lemma 


As  a localization  S'  is  a filtered  colimit  of  etale  Rp  Sq- 
we  see  that  Sq  is  the  henselization  of  Rp  0^  Sq. 

□ 


10.148.22 


Thus  S'  = Sq  by  the  uniqueness  result  of  Lemma  10.148.15 


05WQ  Lemma  10.148.24.  Let  R be  a local  ring  with  henselization  Rh . 
Then  Rn /IRh  is  the  henselization  of  R/I. 


Let  I C m r. 


Proof.  This  is  a special  case  of  Lemma  [10. 148. 23] 


□ 


10.148.  HENSELIAN  LOCAL  RINGS 


818 


04GT  Lemma  10.148.25.  Let  tp  : R -A  S be  a local  map  of  local  rings.  Let  S/ms  C nsep 
be  a separable  algebraic  closure.  Let  S — > Ssh  be  the  strict  henselization  of  S with 
respect  to  S/ms  C Ksep.  Let  R -A  A be  an  etale  ring  map  and  let  q be  a prime  of  A 
lying  over  mR.  Given  any  commutative  diagram 

At(q) s-  Ksep 

A + 

R/mR  V > S/ms 


there  exists  a unique  morphism  of  rings  f : A —¥  Ssh  fitting  into  the  commutative 
diagram 

A - ^SSk 

,,  f 

R—^S 

such  that  f~1(msh)  = q and  the  induced  map  re(q)  — > nsep  is  the  given  one. 

Proof.  This  is  a special  case  of  Lemma  [10.148. 12]  □ 

04GU  Lemma  10.148.26.  Let  R S be  a local  map  of  local  rings.  Choose  separable 
algebraic  closures  R/mR  C and  S/ms  C ■ Let  R — ► Rsh  and  S —>  Ssh  be 
the  corresponding  strict  henselizations.  Given  any  commutative  diagram 


sep 

Ki 

A 


K 


sep 

2 


R/ mR  > S/ms 


There  exists  a unique  local  ring  map  Rsh  — > Ssh  fitting  into  the  commutative  dia- 
gram 


R ► S 

and  inducing  <j>  on  the  residue  fields  of  Rsh  and  Ssh. 

Proof.  Follows  immediately  from  Lemma [10.148. 13)  □ 

04GW  Lemma  10.148.27.  Let  R be  a ring.  Let  p C R be  a prime  ideal.  Let  «(p)  C nsep 
be  a separable  algebraic  closure.  Consider  the  category  of  triples  (5,  q,  (f>)  where 
R — )•  S'  is  etale,  q is  a prime  lying  over  p,  and  <j>  : «(q)  — > Ksep  is  a nfp)- algebra 
map.  This  category  is  filtered  and 

(■ Rp)sh  = colim(Siq^)  S = colim(SiC|>)  5q 

canonically. 


Proof.  A morphism  of  triples  (5,  q,  (jf)  — >■  (S',  qh  </>')  is  given  by  an  l?-algebra  map 
: S — > S'  such  that  ip~1( q')  = q and  such  that  (ft  o ip  = <p.  Let  us  show  that 
the  category  of  pairs  is  filtered,  see  Categories,  Definition  |4.19.1|  The  category 
contains  the  triple  (R,  p,«(p)  C nsep)  and  hence  is  not  empty,  which  proves  part 
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(1)  of  Categories,  Definition  4.19.1  Suppose  that  (S,  q,ft  and  (S',  q',ft)  are  two 
triples.  Note  that  q,  resp.  q'  correspond  to  primes  of  the  fibre  rings  S ® n(p),  resp. 
S'  ® n(p)  with  residue  fields  finite  separable  over  k(p)  and  (f>,  resp.  ft  correspond 
to  maps  into  nsep . Hence  this  data  corresponds  to  /v(p)-algebra  maps 

(j>  : S ®R  «(p)  — > Ksep,  ft  : S'  ®R  ftp)  — > nsep. 

Set  S"  = S ®R  S'.  Combining  the  maps  the  above  we  get  a unique  «(p)-algebra 
map 

ft'  = <t>  ® ft  : S"  ®R  k(p)  — > Ksep 

whose  kernel  corresponds  to  a prime  q"  C S"  lying  over  q and  over  q',  and  whose 
residue  field  maps  via  ft'  to  the  compositum  of  </>(«(q))  and  ft(n(q'))  in  Ksep.  The 
ring  map  R -4  S"  is  etale  by  Lemma  10.141.3  Hence  (S” , q",  ft')  is  a triple  domi- 
nating both  (S,  q,</>)  and  (S',  ft,  ft).  This  proves  part  (2)  of  Categories,  Definition 
4.19.1  Next,  suppose  that  ip,  if)  : (S,  q,  ft)  — > (S',  q',  ft)  are  two  morphisms  of  pairs. 
Consider 

= (S'  ®v,S,i,  S')  ®S'®nS ' S' 

Arguing  as  above  (base  change  of  etale  maps  is  etale,  composition  of  etale  maps  is 
etale)  we  see  that  S”  is  etale  over  R.  The  fibre  ring  of  S"  over  p is 

F"  = (F'  ®lfi,F,ip  F')  ®f'0k(p)f'  F' 

where  F' , F are  the  fibre  rings  of  S'  and  S.  Since  ip  and  ft  are  morphisms  of  triples 
the  map  ft  : F'  — > Ksep  extends  to  a map  ft'  : F"  — > nsep  which  in  turn  corresponds 
to  a prime  ideal  q"  C S" . The  canonical  map  S'  — > S"  (using  the  right  most  factor 
for  example)  is  a morphism  of  triples  (S',q',ft)  — > (S" , q",  ft')  which  equalizes  ip 
and  i/>.  This  proves  part  (3)  of  Categories,  Definition  4.19.1  Hence  we  conclude 
that  the  category  is  filtered. 

We  still  have  to  show  that  the  colimit  Rcoiim  of  the  system  is  equal  to  the  strict 
henselization  of  Rp  with  respect  to  nsep.  To  see  this  note  that  the  system  of  triples 
(S,  q,  ft)  contains  as  a subsystem  the  pairs  (S,  q)  of  Lemma  10.148.21  Hence  Rcoiim 
contains  Rp  by  the  result  of  that  lemma.  Moreover,  it  is  clear  that  Rp  C Rcoiim 
is  a directed  colimit  of  etale  ring  extensions.  It  follows  that  RcoUm  is  henselian 
by  Lemmas  |10. 148.4]  and  |10. 148.5]  Finally,  by  Lemma  |10.141.16]  we  see  that  the 
residue  field  of  Rcoiim  is  equal  to  nsep . Hence  we  conclude  that  RcoUm  is  strictly 
henselian  and  hence  equals  the  strict  henselization  of  Rp  as  desired.  Some  details 
omitted.  □ 

Lemma  10.148.28.  Let  R — » S be  a ring  map.  Let  q C S be  a prime  lying 
over  pci?.  Choose  separable  algebraic  closures  «(p)  C nsftp  and  ft(q)  C nsftp . Let 
Rsh  and  Ssh  be  the  corresponding  strict  henselizations  of  Rp  and  Sp . Given  any 
commutative  diagram 


_ sep 


ftp) 


sep 


K(q) 


The  local  ring  map  Rsh  — > Ssh  of  Lemma  10.  If  8. 26  identifies  Ssh  with  the  strict 
henselization  of  Rsh  ®R  S at  a prime  lying  over  msh  and  q . 
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Proof.  The  proof  is  identical  to  the  proof  of  Lemma  [lO.  148. 22|  except  that  it  uses 
Lemma  IIP. 148.271  instead  of  Lemma  IIP. 148. 2T1  □ 

P5WR  Lemma  10.148.29.  Let  R — ► S be  a ring  map.  Let  q be  a prime  of  S lying 
over  p in  R.  Let  ft(q)  C Ksep  be  a separable  algebraic  closure.  Assume  R — > S is 
quasi-ftnite  at  q.  The  commutative  diagram 


TDSh 

-ftp 


R0 


S. 


sh 


of  Lemma  10.  If  8. 26  identifies  Sq  with  a localization  of  R^h  jep  S q. 


Proof.  The  residue  field  of  R^h  is  the  separable  algebraic  closure  of  «;(p)  in  nsep. 
Note  that  R*h  <8)r  S is  quasi-finite  over  R^h  at  the  prime  ideal  corresponding  to 
q,  see  Lemma 


IP. 121. 6 


Lemma  llP.  148.41  Note 


Hence  the  localization  S'  of  Rph  5q  is  henselian,  see 
that  the  residue  field  of  S'  is  nsep  since  it  contains  both  the 
separable  algebraic  closure  of  k( p)  and  n( q).  Furthermore,  as  a localization  S'  is  a 

1P.148.28I we  see  that  S°h 


filtered  colimit  of  etale  R^h  ®rp  ^-algebras.  By  Lemma 
is  a strict  henselization  of  Rf,h  go  Sq.  Thus  S'  = Sq  by  the  uniqueness  result  of 


P5WS 


P4GX 


□ 

Let 


Lemma  IIP. 148.151 

Lemma  10.148.30.  Let  R be  a local  ring  with  strict  henselization  Rsh. 

I C ttir.  Then  Rsh/IRsh  is  a strict  henselization  of  R/I. 

Proof.  This  is  a special  case  of  Lemma  [10. 148. 29|  □ 

Lemma  10.148.31.  Let  ip  : R — ► S be  a local  homomorphism  of  strictly  henselian 
local  rings.  Let  Pi, . . . ,Pn  £ R[x . . . ,xn]  be  polynomials  such  that  R[x  i, . . . ,xn]/(P\, 
is  etale  over  R.  Then  the  map 

Rn  — > Sn , (hi,...,  hn)  ^ (<p(hi), ...,  cp(hn)) 

induces  a bisection  between 

{(n, . . . ,rn)  G Rn  | Pi(ri,  ...,rn)  = 0,  i = l,...,n} 

and 

{(si,  ...,sn)eSn  I P'(s  i,  ...,sn)  = 0,  i = l,...,n) 
where  P'  £ S[xi, . . . , xn\  are  the  images  of  the  Pi  under  ip. 

Proof.  The  first  solution  set  is  canonically  isomorphic  to  the  set 
Homfl(i?[a;1, . . . , xn]/(P1, ...,  Pn),  R). 

As  R is  henselian  the  map  R — > R/mR  induces  a bijection  between  this  set  and  the 
set  of  solutions  in  the  residue  field  R/mR,  see  Lemma  10.148.3  The  same  is  true 
for  S.  Now  since  R[x i, . . . , xn]/(Pi, . . . , Pn)  is  etale  over  R and  R/mR  is  separably 
algebraically  closed  we  see  that  . . . , xn}/(P\, . . . , Pn)  is  a finite  product 

of  copies  of  R/mR.  Hence  the  tensor  product 

R/mnlxu  . . .,xn]/(Pi,  ...,Pn)  ®r/ mR  S/ms  = . . .,xn]/(P[, . . . ,P') 

is  also  a finite  product  of  copies  of  S/ms  with  the  same  index  set.  This  proves  the 


,Pn) 


lemma. 


□ 
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05D6  Lemma  10.148.32.  Let  R be  a henselian  local  ring.  Any  countably  generated 
Mittag-Leffler  module  over  R is  a direct  sum  of  finitely  presented  R-modules. 

Proof.  Let  M be  a countably  generated  and  Mittag-Leffler  l?-module.  We  claim 
that  for  any  element  x £ M there  exists  a direct  sum  decomposition  M = N ® K 
with  x £ TV,  the  module  N finitely  presented,  and  K Mittag-Leffler. 

Suppose  the  claim  is  true.  Choose  generators  x\,x2,  x3, . . . of  M.  By  the  claim  we 
can  inductively  find  direct  sum  decompositions 

M = Wl  © N2  © . . . © Nn  © Kn 

with  Ni  finitely  presented,  xi,...,xn  £ N\  © . . . © Nn,  and  Kn  Mittag-Leffler. 
Repeating  ad  infinitum  we  see  that  M = 0JVj. 

We  still  have  to  prove  the  claim.  Let  x £ M.  By  Lemma  |10.91.2|  there  exists 
an  endomorphism  a : M — > M such  that  a factors  through  a finitely  presented 
module,  and  a(x)  = x.  Say  a factors  as 


M 


P 


M 


Set  a = TToaoi:P— ► P,  so  i o a o 7r  = a3.  By  Lemma  10.15.2  there  exists  a monic 
polynomial  P £ R[T ] such  that  P(a ) = 0.  Note  that  this  implies  formally  that 
a2P(a)  = 0.  Hence  we  may  think  of  M as  a module  over  R[T]/(T2P).  Assume 
that  x ^ 0.  Then  a(x)  = x implies  that  0 = a2P(a)x  = P(l)x  hence  P(l)  = 0 in 
R/I  where  I = {r  £ R \ rx  = 0}  is  the  annihilator  of  x.  As  x ^ 0 we  see  I C m_R, 
hence  1 is  a root  of  P = P mod  m_R  £ R/mn\T).  As  R is  henselian  we  can  find  a 
factorization 

T2P  = (T2Q1)Q2 

for  some  Qi,  Q-i  £ R\T]  with  Q2  = (T  — l)e  mod  m_Rf?[T]  and  Qi(l)  ^ 0 mod  m_R, 
see  Lemma  10.148.3[  Let  N = Im(a2Qi(a)  : M — ► M)  and  K = Im(Q2(<r)  : 
M — > M).  As  T2Qi  and  Q2  generate  the  unit  ideal  of  R[T]  we  get  a direct  sum 
decomposition  M = N ® K.  Moreover,  Q2  acts  as  zero  on  N and  T2Qi  acts  as 
zero  on  K.  Note  that  TV  is  a quotient  of  P hence  is  finitely  generated.  Also  x £ N 
because  a2Q i(a)x  = Q i(l)x  and  <5i(l)  is  a unit  in  R.  By  Lemma 


10.88.9 


the 

modules  N and  K are  Mittag-Leffler.  Finally,  the  finitely  generated  module  N is 
finitely  presented  as  a finitely  generated  Mittag-Leffler  module  is  finitely  presented, 
see  Example  10.90.1  part  (1).  □ 


10.149.  Serre’s  criterion  for  normality 

0310  We  introduce  the  following  properties  of  Noetherian  rings. 

031P  Definition  10.149.1.  Let  R be  a Noetherian  ring.  Let  k > 0 be  an  integer. 

(1)  We  say  R has  property  (Rk)  if  for  every  prime  p of  height  < k the  local 
ring  Rp  is  regular.  We  also  say  that  R is  regular  in  codimension  < k. 

(2)  We  say  R has  property  (Sk)  if  for  every  prime  p the  local  ring  Rp  has 
depth  at  least  min{fc, dim(f?p)}. 

(3)  Let  M be  a finite  R-module.  We  say  M has  property  (Sk)  if  for  every 
prime  p the  module  Mp  has  depth  at  least  min{fc,  dim(Supp(Mp))}. 

Any  Noetherian  ring  has  property  (So)  (and  so  does  any  finite  module  over  it).  Our 
convention  that  dim(0)  = — oo  guarantees  that  the  zero  module  has  property  (Sk) 
for  all  k. 
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031Q  Lemma  10.149.2.  Let  R be  a Noetherian  ring.  Let  M be  a finite  R-module.  The 
following  are  equivalent: 

(1)  M has  no  embedded  associated  prime,  and 

(2)  M has  property  (Si). 


Proof.  Let  p be  an  embedded  associated  prime  of  M.  Then  there  exists  an- 
other associated  prime  q of  M such  that  p D q.  In  particular  this  implies  that 
dim(Supp(Mp))  > 1 (since  q is  in  the  support  as  well).  On  the  other  hand  pRp  is  as- 
sociated to  Mp  (Lemma|10.62.15 ) and  hence  depth(Mp)  = 0 (see  Lemma  10.62.18). 
In  other  words  (Si)  does  not  hold.  Conversely,  if  (Si)  does  not  hold  then  there 
exists  a prime  p such  that  dim(Supp(Mp))  > 1 and  depth(Mp)  = 0.  Then  we  see 
(arguing  backwards  using  the  lemmas  cited  above)  that  p is  an  embedded  associated 
prime.  □ 


031R  Lemma  10.149.3.  Let  R be  a Noetherian  ring.  The  following  are  equivalent: 

(1)  R is  reduced,  and 

(2)  R has  properties  (Ro)  and  (Si). 


Proof.  Suppose  that  R is  reduced.  Then  Rp  is  a field  for  every  minimal  prime  p 
of  R , according  to  Lemma  10.24.1  Hence  we  have  (Ro).  Let  p be  a prime  of  height 
> 1.  Then  A = Rp  is  a reduced  local  ring  of  dimension  > 1.  Hence  its  maximal 
ideal  m is  not  an  associated  prime  since  this  would  mean  there  exists  a x £ m with 
annihilator  m so  x2  = 0.  Hence  the  depth  of  A = Rv  is  at  least  one,  by  Lemma 


10.62.9  This  shows  that  (Si)  holds. 


Conversely,  assume  that  R satisfies  ( R0 ) and  (Si).  If  p is  a minimal  prime  of  R , 
then  Rp  is  a field  by  (Ro),  and  hence  is  reduced.  If  p is  not  minimal,  then  we  see 
that  Rp  has  depth  > 1 by  (Si)  and  we  conclude  there  exists  an  element  t £ pRp  such 
that  Rp  — > i?p[l/£]  is  injective.  This  implies  that  Rp  is  a subring  of  localizations  of 
R at  primes  of  smaller  height.  Thus  by  induction  on  the  height  we  conclude  that 
R is  reduced.  □ 


031S  Lemma  10.149.4  (Serre’s  criterion  for  normality).  Let  R be  a Noetherian  ring. 
The  following  are  equivalent: 

(1)  R is  a normal  ring,  and 

(2)  R has  properties  (Ri)  and  (S2). 


Proof.  Proof  of  (1)  =>  (2).  Assume  R is  normal,  i.e. , all  localizations  f?p  at  primes 
are  normal  domains.  In  particular  we  see  that  R has  (Ro)  and  (Si)  by  Lemma 
IIP. 149.31  Hence  it  suffices  to  show  that  a local  Noetherian  normal  domain  R of 
dimension  d has  depth  > min(2,  d)  and  is  regular  if  d = 1.  The  assertion  if  d = 1 
follows  from  LemmariO.118.71 


Let  R be  a local  Noetherian  normal  domain  with  maximal  ideal  m and  dimension 
d > 2.  Apply  Lemma  10.118.2  to  R.  It  is  clear  that  R does  not  fall  into  cases  (1) 
or  (2)  of  the  lemma.  Let  R — ► R'  as  in  (4)  of  the  lemma.  Since  R is  a domain  we 
have  R C R' . Since  m is  not  an  associated  prime  of  R'  there  exists  am£m  which 
is  a nonzerodivisor  on  R' . Then  Rx  = R'x  so  R and  R'  are  domains  with  the  same 
fraction  field.  But  finiteness  of  R C R'  implies  every  element  of  R'  is  integral  over 
R (Lemma  10.35.3)  and  we  conclude  that  R = R'  as  R is  normal.  This  means  (4) 
does  not  happen.  Thus  we  get  the  remaining  possibility  (3),  i.e., 
desired. 


depth(f?)  > 2 as 
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Proof  of  (2)  =>  (1).  Assume  R satisfies  (Ri)  and  (62).  By  Lemma  10.149.3  we 


conclude  that  R is  reduced.  Hence  it  suffices  to  show  that  if  R is  a reduced  local 
Noetherian  ring  of  dimension  d satisfying  (S2)  and  (i?i)  then  R is  a normal  domain. 


If  d = 0,  the  result  is  clear.  If  d = 1,  then  the  result  follows  from  Lemma  10.118.7 


Let  R be  a reduced  local  Noetherian  ring  with  maximal  ideal  m and  dimension 
d > 2 which  satisfies  (Ri)  and  (S'2).  By  Lemma  10.36.15|it  suffices  to  show  that  R is 
integrally  closed  in  its  total  ring  of  fractions  Q(R).  Pick  x £ Q(R)  which  is  integral 
over  R.  Then  R'  = R[x\  is  a finite  ring  extension  of  R (Lemma|10.35.5 ).  Because 
dim(i?p)  < d for  every  nonmaximal  prime  p C R we  have  Rp  = R!p  by  induction. 
Hence  the  support  of  R' / R is  {m}.  It  follows  that  R' / R is  annihilated  by  a power 
of  m (Lemma  10.61. 4|.  By  Lemma  10.118.2  this  contradicts  the  assumption  that 
the  depth  of  R is  > 2 = min(2,  d)  and  the  proof  is  complete.  □ 


0567  Lemma  10.149.5.  A regular  ring  is  normal. 


Proof.  Let  R be  a regular  ring.  By  Lemma  10.149.4|it  suffices  to  prove  that  R is 
(i?i)  and  (S'2).  As  a regular  local  ring  is  Cohen-Macaulay,  see  Lemma  10.105.3  it 
is  clear  that  R is  (S2).  Property  (Ah)  is  immediate.  □ 


031T  Lemma  10.149.6.  Let  R be  a Noetherian  normal  domain  with  fraction  field  K . 
Then 

(1)  for  any  nonzero  a £ R the  quotient  R/aR  has  no  embedded  primes,  and 
all  its  associated  primes  have  height  1 

(2) 

r= n r» 

' I height(p)  — l 

(3)  For  any  nonzero  x £ K the  quotient  R/ (RHxR)  has  no  embedded  primes, 
and  all  its  associates  primes  have  height  1. 


Proof.  By  Lemma|l0. 149.4  we  see  that  R has  (S2).  Hence  for  any  nonzero  element 
a £ R we  see  that  R/aR  has  (Si)  (use  Lemma  10.71.6  for  example)  Hence  R/aR 


has  no  embedded  primes  (Lemma  10.149.2 ) . We  conclude  the  associated  primes  of 


R/aR  are  exactly  the  minimal  primes  p over  (a),  which  have  height  1 as  a is  not 
zero  (Lemma  10.59.10 1.  This  proves  (1). 


Thus,  given  b £ R we  have  b £ aR  if  and  only  if  b £ aRp  for  every  minimal  prime 
p over  (a)  (see  Lemma  10.62.19 1.  These  primes  all  have  height  1 as  seen  above  so 
b/a  £ R if  and  only  if  b/a  £ Rp  for  all  height  1 primes.  Hence  (2)  holds. 

For  (3)  write  x = a/b.  Let  pi, ... , p.r  be  the  minimal  primes  over  ( ab ).  These  all 
have  height  1 by  the  above.  Then  we  see  that  RdxR  = Hi=i  r(Rr\xRPi)  by  part 
(2)  of  the  lemma.  Hence  R/(R  fl  xR)  is  a submodule  of  ® R/{R  D xRPi).  As  RPi 
is  a discrete  valuation  ring  (by  property  (i?i)  for  the  Noetherian  normal  domain 
R,  see  Lemma  10.149.4)  we  have  xRPi  = pefRPi  for  some  e*  £ Z.  Hence  the  direct 


sum  is  equal  to  ®e.>0-R/ p|e‘\  see  Definition 

associated  prime  of  the  module  R/p^  is  p.  Hence  the  set  of  associate  primes  of 
R/(Rn  xR)  is  a subset  of  { p ; } and  there  are  no  inclusion  relations  among  them. 
This  proves  (3).  □ 


10.63.1 


By  Lemma 


10.63.2 


the  only 
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10.150.  Formal  smoothness  of  fields 


03 1U  In  this  section  we  show  that  field  extensions  are  formally  smooth  if  and  only  if 
they  are  separable.  However,  we  first  prove  finitely  generated  field  extensions  are 
separable  algebraic  if  and  only  if  they  are  formally  unramified. 


090W  Lemma  10.150.1.  Let  k C K be  a finitely  generated  field  extension.  The  following 
are  equivalent 

(1)  K is  a finite  separable  field  extension  ofk, 

(2)  Qk/h  = 0, 

(3)  K is  formally  unramified  over  k, 

(4)  K is  unramified  over  k, 

(5)  K is  foi'mally  etale  over  k, 

(6)  K is  etale  over  k. 


031W 


Proof.  The  equivalence  of  (2)  and  (3)  is  Lemma  10.144.2  By  Lemma  10.141.4  we 
see  that  (1)  is  equivalent  to  (6).  Property  (6)  implies  (5)  and  (4)  which  both  in 
turn  imply  (3)  (Lemmas  10.146.2  10.147.3[  and  10.147.2 1.  Thus  it  suffices  to  show 
that  (2)  implies  (1).  Choose  a finitely  generated  fc-subalgebra  A C K such  that  K 
is  the  fraction  field  of  the  domain  A.  Set  S = A \ {0}.  Since  0 = LlK/k  = S~1flA/k 
(Lennna  10.130.8 1 and  since  flA/k  is  finitely  generated  (Lemma  10.130.16),  we  can 


replace  A by  a localization  A / to  reduce  to  the  case  that  flA/k  = 0 (details  omitted). 
Then  A is  unramified  over  k,  hence  K/k  is  finite  separable  for  example  by  Lemma 
10.147.5  applied  with  q = (0).  □ 


Lemma  10.150.2.  Let  K be  a field  of  characteristic  p > 0.  Let  a £ K . 
da  = 0 in  Qk/fp  if  and  only  if  a is  a pth  power. 


Then 


Proof.  By  Lemma  10.130.4  we  see  that  there  exists  a subfield  Fp  C L C K such 
that  Fp  C i is  a finitely  generated  field  extension  and  such  that  da  is  zero  in  /F . 
Hence  we  may  assume  that  K is  a finitely  generated  field  extension  of  Fp. 

Choose  a transcendence  basis  xi, ...  ,xr  £ K such  that  K is  finite  separable  over 


Pp  (^T  5 


r). 


We  remark  that  the  result  holds  for  the  purely  transcendental 
subfield  Fp(aq, . . . , xr)  C K.  Namely, 


n 


Fp(x1,...,xr)/F1 


— (~j~) . Fp(2;ij  • • ■ > 2y)d;z 


and  any  rational  function  all  of  whose  partial  derivatives  are  zero  is  a pth  power. 
Moreover,  we  also  have 

QK/ Fp  = 0 ,=1  Kd Xi 

since  Fp(xi, . . . , xr)  C K is  finite  separable  (computation  omitted).  Suppose  a £ K 
is  an  element  such  that  da  = 0 in  the  module  of  differentials.  By  our  choice  of  Xi  we 
see  that  the  minimal  polynomial  P{T)  £ k(x i, . . . ,xr)[T]  of  a is  separable.  Write 


P{T ) = Td  + alTd-i 

*-^i= 1 

and  hence 

0 = dP(a)  = Y ad~ldai 

in  H k/f.,,  ■ By  the  description  of  above  and  the  fact  that  P was  the  minimal 

polynomial  of  a,  we  see  that  this  implies  da^  = 0.  Hence  = b1’  for  each  i. 
Therefore  by  Fields,  Lemma  [9. 27. 2|  we  see  that  a is  a pth  power.  □ 
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Lemma  10.150.3.  Let  k be  a field  of  characteristic  p > 0.  Let  a±, . . . ,an  £ k be 
elements  such  that  da \ , . . . , dan  are  linearly  independent  in  Llk /Fp  . Then  the  field 

extension  k(a\p , . . . , al/p)  has  degree  pn  over  k. 


Proof.  By  induction  onn.  If  n = 1 the  result  is  Lemma  10.150.2  For  the  induction 
step,  suppose  that  k(a\^p , . . . , has  degree  pn_1  over  k.  We  have  to  show  that 
an  does  not  map  to  a pth  power  in  k(a\^p, . . . , ) ■ If  it  does  then  we  can  write 

, p 


-E, 


I=(ii  0<2j<p— 1 


A/aii/p. 


. . a, 


in-l/p 


Kai  . . . 


Applying  d we  see  that  dan  is  linearly  dependent  on  da^,  i < n.  This  is  a contra- 
diction. □ 

031X  Lemma  10.150.4.  Let  k be  a field  of  characteristic  p > 0.  The  following  are 
equivalent: 


(1)  the  field  extension  K/k  is  separable  (see  Definition  10.  f 1.1),  and 

(2)  the  map  K <S>k  U k/Fp  — > ^k/f,,  is  injective. 

Proof.  Write  K as  a directed  colimit  K = colinr^  Kt  of  finitely  generated  field 
extensions  k C Kt . By  definition  K is  separable  if  and  only  if  each  Ki  is  separable 
over  k1  and  by  Lemma 


10.130.4 


we  see  that  K ®k  TLk/ Fj  —>  Dk/f  is  injective  if 
and  only  if  each  Ki  (g)k  \lk/ pp  — > Q /fv  is  injective.  Hence  we  may  assume  that 
K/k  is  a finitely  generated  field  extension. 

Assume  k C K is  a finitely  generated  field  extension  which  is  separable.  Choose 
Xi, . . . ,xr+i  £ K as  in  Lemma  |10.41.3  In  this  case  there  exists  an  irreducible 
polynomial  G{X i, . . . ,Xr+i)  £ k[X i, . . . , Xr+i]  such  that  G(x i, . . . ,xr+i)  = 0 and 
such  that  dG/dXr+i  is  not  identically  zero.  Moreover  K is  the  field  of  fractions  of 
the  domain.  S = K[X i, . . . , Xr+\]/(G).  Write 

G = ^2aIXI,  XT  = 

Using  the  presentation  of  S above  we  see  that 


• Ar+ 1 ’ 


n 


S/Fp 


,,r+ 1 


SdXi 


(Y,XI&aI  + Y,dG/dXl&Xl) 


Since  flK/Fp  is  the  localization  of  the  S'-module  Llg/Fp  (see  Lemma  10.130.8)  we 
conclude  that 


K/Fp 


k ®k  nk  © ©i= 


KdXi 


(£XIdaI  + '£dG/dXidXi) 

Now,  since  the  polynomial  dG / dXr+\  is  not  identically  zero  we  conclude  that  the 
map  K flk/ f -A  LIs/fp  is  injective  as  desired. 

Assume  k C K is  a finitely  generated  field  extension  and  that  K®kLlk/Fp  — > flK/Fp 
is  injective.  (This  part  of  the  proof  is  the  same  as  the  argument  proving  Lemma 


10.43.1  ) Let  xi, . . . , xr  be  a transcendence  basis  of  I\  over  k such  that  the  degree 


of  inseparability  of  the  finite  extension  k(x\, . . . , xr)  C K is  minimal.  If  K is 
separable  over  k(x i,...,xr)  then  we  win.  Assume  this  is  not  the  case  to  get  a 
contradiction.  Then  there  exists  an  element  a £ K which  is  not  separable  over 
k(x i, . . . ,xr).  Let  P(T)  £ k(x i, . . . ,xr)\T]  be  its  minimal  polynomial.  Because  a 
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is  not  separable  actually  P is  a polynomial  in  Tp . Clear  denominators  to  get  an 
irreducible  polynomial 

G(XU  ...,Xr,T)  = YJ  ai,iXITi  £ k[Xi, . . . ,Xr,T\ 

such  that  G(xi, . . . , xr,  a)  = 0 in  L.  Note  that  this  means  k[X i, . . . , Xr,  T]/(G)  C 
L.  We  may  assume  that  for  some  pair  (/o,*o)  the  coefficient  a/0ij0  = 1.  We  claim 
that  dG/dXi  is  not  identically  zero  for  at  least  one  i.  Namely,  if  this  is  not  the 
case,  then  G is  actually  a polynomial  in  Xp , . . . , Xp,  Tp.  Then  this  means  that 


Pdar 


is  zero  in  LIx/fp-  Note  that  there  is  no  fc-linear  relation  among  the  elements 


{xTal  | aI}i  ^ 0 and  (/,i)  ± (I0Ao)} 


of  I\ . Hence  the  assumption  that  K Llk/F 
that  da/y  = 0 in  Llk/Fp  for  all  (/, i).  By  Lemma 


fiy/ f„  is  injective  this  implies 
we  see  that  each  a/,,  is  a 


10.150.2 


pth  power,  which  implies  that  G is  a pth  power  contradicting  the  irreducibility  of 
G.  Thus,  after  renumbering,  we  may  assume  that  dG /dXi  is  not  zero.  Then  we 
see  that  aq  is  separably  algebraic  over  k(x  2, ...  ,xr,  a),  and  that  X2 , ...  ,xr,a  is  a 
transcendence  basis  of  L over  k.  This  means  that  the  degree  of  inseparability  of 
the  finite  extension  k(x 2, . . . , xr,  a)  C L is  less  than  the  degree  of  inseparability  of 
the  finite  extension  k{x  1, . . . , xr ) C L , which  is  a contradiction.  □ 

031Y  Lemma  10.150.5.  Let  k C K be  an  extension  of  fields.  If  K is  formally  smooth 
over  k,  then  K is  a separable  extension  of  k. 


031Z 


0320 


Proof.  Assume  K is  formally  smooth  over  k.  By  Lemma[l0.136.9|we  see  that  K(&k 


n 


k/z  — t H kit,  is  injective.  Hence  K is  separable  over  k by  Lemma  10.150.4 


□ 


Lemma  10.150.6.  Let  k C K be  an  extension  of  fields.  Then  K is  formally 
smooth  over  k if  and  only  if  Hi(LK/k)  = 0. 


Proof.  This  follows  from  Proposition |10. 136.8  and  the  fact  that  a vector  spaces  is 
free  (hence  projective).  □ 


Lemma  10.150.7.  Let  k C K be  an  extension  of  fields. 

(1)  If  I\  is  purely  transcendental  over  k,  then  K is  formally  smooth  over  k. 

(2)  If  K is  separable  algebraic  over  k,  then  I\  is  formally  smooth  over  k. 

(3)  If  K is  separable  over  k,  then  K is  formally  smooth  over  k. 


Proof.  For  (1)  write  K = k(xj;j  £ J).  Suppose  that  A is  a fc-algebra,  and  I C A 
is  an  ideal  of  square  zero.  Let  ip  : K — > A/ 1 be  & fc-algebra  map.  Let  aj  £ A be  an 
element  such  that  aj  mod  / = ip(xj).  Then  it  is  easy  to  see  that  there  is  a unique 
fc-algebra  map  K — » A which  maps  Xj  to  aj  and  which  reduces  to  p mod  I.  Hence 
k C K is  formally  smooth. 


In  case  (2)  we  see  that  k C K is  a colimit  of  etale  ring  extensions.  An  etale  ring  map 


is  formally  etale  (Lemma  10.146.2 1.  Hence  this  case  follows  from  Lemma  10.146.3 
and  the  trivial  observation  that  a formally  etale  ring  map  is  formally  smooth. 


In  case  (3),  write  K = colim  A',;  as  the  filtered  colimit  of  its  finitely  generated  sub 
fc-extensions.  By  Definition  |10.41.1|  each  is  separable  algebraic  over  a purely 
transcendental  extension  of  k.  Hence  Ki/k  is  formally  smooth  by  cases  (1)  and  (2) 
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0321 


and  Lemma 


10.136.3 


Thus  H^Lxi/k)  = 0 by  Lemma 


10.150.6 


Hence  H1(LK/k)  = 


0 by  Lemma  10.132.9  Hence  K/k  is  formally  smooth  by  Lemma  10.150.6|again.  □ 


Lemma  10.150.8.  Let  k be  a field. 

(1)  If  the  characteristic  of  k is  zero,  then  any  extension  field  of  k is  formally 
smooth  over  k. 

(2)  If  the  characteristic  of  k is  p > 0,  then  k C K is  formally  smooth  if  and 
only  if  it  is  a separable  field  extension. 


Proof.  Combine  Lemmas  IIP.  150.1)1  and  H~0. 150. 71 


□ 


Here  we  put  together  all  the  different  characterizations  of  separable  field  extensions. 

0322  Proposition  10.150.9.  Let  k C K be  a field  extension.  If  the  characteristic  of  k 
is  zero  then 

(1)  K is  separable  over  k, 

(2)  K is  geometrically  reduced  over  k, 

(3)  K is  formally  smooth  over  k, 

(4)  Hi(LK/k)  = 0,  and 

(5)  the  map  K ®k  Qk/ z — > LLk/z  is  injective. 

If  the  characteristic  of  k is  p > 0,  then  the  following  are  equivalent: 

(1)  K is  separable  over  k, 

(2)  the  ring  K fc1//p  is  reduced , 

(3)  K is  geometrically  reduced  over  k, 

(4)  the  map  K f2fc/Fp  — >•  flK/Fp  is  injective, 

(5)  Hi{LK/k)  = 0,  and 

(6)  K is  formally  smooth  over  k. 


Proof.  This  is  a combination  of  Lemmas  10.43.1  10. 150. 8 1|  1 0 . 150.5  and  10.150.4 


□ 


Here  is  yet  another  characterization  of  finitely  generated  separable  field  extensions. 

037X  Lemma  10.150.10.  Let  k C K be  a finitely  generated  field  extension.  Then  K is 
separable  over  k if  and  only  if  K is  the  localization  of  a smooth  k-algebra. 


07BV 


Proof.  Choose  a finite  type  fc-algebra  R which  is  a domain  whose  fraction  field 
is  K.  Lemma  10.138.9  says  that  k — > R is  smooth  at  (0)  if  and  only  if  K/k  is 
separable.  This  proves  the  lemma.  □ 


Lemma  10.150.11.  Let  k C K be  a field  extension.  Then  K is  a filtered  colimit 
of  global  complete  intersection  algebras  over  k.  If  K/k  is  separable,  then  K is  a 
filtered  colimit  of  smooth  algebras  over  k. 


Proof.  Suppose  that  E C K is  a finite  subset.  It  suffices  to  show  that  there  exists 
a k subalgebra  A C K which  contains  E and  which  is  a global  complete  intersection 


(resp.  smooth)  over  k.  The  separable/smooth  case  follows  from  Lemma  10.150.10 
In  general  let  L C K be  the  subheld  generated  by  E.  Pick  a transcendence  ba- 
sis x\,...,Xd  G L over  k.  The  extension  k{x\, . . . , Xd)  C L is  finite.  Say  L = 
k(x  1, . . • ,Xd)[yi,  ■ ■ ■ ,yr\-  Pick  inductively  polynomials  Pi  G k(x i, . . . ,xd)[Yx, . . . ,Yr] 
such  that  Pi  = Pi(Y\, . . . , Yf)  is  rnonic  in  Y)  over  k(x±, . . . , Xd)\Yi, . . . , i]  and 
maps  to  the  minimum  polynomial  of  yi  in  k(x i, . . . , Xd)[y i,  ■ • • , J/*-i][5^]-  Then  it  is 
clear  that  P\, . . . ,Pr  is  a regular  sequence  in  k{x  i, . . . , xr)[Yi, . . . , Yr\  and  that  L = 
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k(x i, . . . , xr)[Yi, . . . , yr]/(Pi, . . . , Pr).  If  h £ k[x i, . . . , Xd]  is  a polynomial  such  that 
Pi  £ k[x i, . . . , Xd,  1 /h,  Yi, . . . , Yr],  then  we  see  that  P1; . . . , Pr  is  a regular  sequence 
in  k[xi, . . . ,xd,l/h,Y1:. . . ,Yr\  and  A = k[x\, . . . , xd,  1/h,  Yi, . . . , yr]/(Pi, . . . , Pr) 
is  a global  complete  intersection.  After  adjusting  our  choice  of  h we  may  assume 
E C A and  we  win.  □ 


10.151.  Constructing  flat  ring  maps 


03C2  The  following  lemma  is  occasionally  useful. 

03C3  Lemma  10.151.1.  Let  (P,  m,fc)  be  a local  ring.  Let  k C K be  a field  extension. 
There  exists  a local  ring  (P',  m',  k'),  a flat  local  ring  map  R — >•  R'  such  that  m'  = 
m R'  and  such  that  k C k'  is  isomorphic  to  k C K . 

Proof.  Suppose  that  k C k!  = k(a)  is  a monogenic  extension  of  fields.  Then  k ' 
is  the  residue  field  of  a flat  local  extension  R C R!  as  in  the  lemma.  Namely,  if 
a is  transcendental  over  k,  then  we  let  R'  be  the  localization  of  P[x]  at  the  prime 
mP[x].  If  a is  algebraic  with  minimal  polynomial  Td  + then  we  let 

P'  = R[T}/(Td  + £ A iTd~i). 

Consider  the  collection  of  triples  ( k',R  — > R',(f>),  where  k C k'  C K is  a sub  field, 
R — > R'  is  a local  ring  map  as  in  the  lemma,  and  <f>  : R'  -A  k!  induces  an  isomorphism 
P'/mP'  = k!  of  fc-extensions.  These  form  a “big”  category  C with  morphisms 
(&i,  Pi,  <j>x)  — > (Jx2 , P2,  <^2)  given  by  ring  maps  : R±  — > R2  such  that 


Pi s-  k\  K 


V> 

P2  — ^ k2 > K 


commutes.  This  implies  that  k\  C fc2- 

Suppose  that  I is  a directed  partially  ordered  set,  and  ((P*,  fcj,  </>*),  ifw)  is  a system 
over  /,  see  Categories,  Section  [4. 21|  In  this  case  we  can  consider 

Rf  = colimjg/  Ri 

This  is  a local  ring  with  maximal  ideal  mP',  and  residue  field  k!  = [Jig/  fcj.  More- 
over, the  ring  map  P — > R'  is  flat  as  it  is  a colimit  of  flat  maps  (and  tensor  products 
commute  with  directed  colimits).  Hence  we  see  that  (P',  k' , f)  is  an  “upper  bound” 
for  the  system. 

An  almost  trivial  application  of  Zorn’s  Lemma  would  finish  the  proof  if  C was  a set, 
but  it  isn’t.  (Actually,  you  can  make  this  work  by  finding  a reasonable  bound  on  the 
cardinals  of  the  local  rings  occurring.)  To  get  around  this  problem  we  choose  a well 
ordering  on  K.  For  x £ K we  let  I\  (x)  be  the  subfield  of  K generated  by  all  elements 
of  K which  are  < x.  By  transfinite  induction  on  x £ K we  will  produce  ring  maps 
P C R(x)  as  in  the  lemma  with  residue  field  extension  k C K(x).  Moreover,  by 
construction  we  will  have  that  R(x)  will  contain  R{y)  for  all  y < x.  Namely,  if  x 
has  a predecessor  x' , then  K{x)  = K(x')[x\  and  hence  we  can  let  R(x')  C R(x)  be 
the  local  ring  extension  constructed  in  the  first  paragraph  of  the  proof.  If  x does 
not  have  a predecessor,  then  we  first  set  R'(x)  = colim^^a,  R(x')  as  in  the  third 
paragraph  of  the  proof.  The  residue  field  of  R'(x)  is  K'(x)  = Ux'<xK(x ')•  Since 
K(x)  = K'(x)  [x]  we  see  that  we  can  use  the  construction  of  the  first  paragraph  of 
the  proof  to  produce  R'(x)  C P(x).  This  finishes  the  proof  of  the  lemma.  □ 
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09E0  Lemma  10.151.2.  Let  (R,  m,  k)  be  a local  ring.  If  k C K is  a separable  algebraic 
extension,  then  there  exists  a directed  pai'tially  ordered  set  I and  a system  of  finite 
etale  extensions  R C Ri,  i £ I of  local  rings  such  that  R'  = colim  Ri  has  residue 
field  K (as  extension  of  k). 


Proof.  Let  R C R'  be  the  extension  constructed  in  the  proof  of  Lemma  10.151.1 
By  construction  R'  = colimQSj4  Ra  where  A is  a well-ordered  set  and  the  transition 
maps  Ra  — > Ra+i  are  finite  etale  and  Ra  = colim/3<a  Rp  if  a is  not  a successor. 
We  will  prove  the  result  by  transfinite  induction. 


Suppose  the  result  holds  for  Ra , i.e.,  Ra  = colim  Ri  with  Ri  finite  etale  over 
R.  Since  Ra  Ra+i  is  finite  etale  there  exists  an  i and  a finite  etale  extension 
Ri  — > Ri, i such  that  Ra+\  = Ra  Ri. i-  Thus  Ra+ 1 = colimy^  R,tr  Rip  and 

the  result  holds  for  a + 1.  Suppose  a is  not  a successor  and  the  result  holds  for  Rp 
for  all  f3  < a.  Since  every  finite  subset  E C Ra  is  contained  in  Rp  for  some  (3  < a 
and  we  see  that  E is  contained  in  a finite  etale  subextension  by  assumption.  Thus 
the  result  holds  for  Ra.  □ 


07NE  Lemma  10.151.3.  Let  R be  a ring.  Let  p C R be  a prime  and  let  tt(p)  C L be  a 
finite  extension  of  fields.  Then  there  exists  a finite  free  ring  map  R — * S such  that 
q = pS  is  prime  and  n(p)  C tv(q)  is  isomorphic  to  the  given  extension  tt(p)  C L. 


Proof.  By  induction  of  the  degree  of  tc(p)  C L.  If  the  degree  is  1,  then  we  take 
R = S.  In  general,  if  there  exists  a sub  extension  re(p)  C Li  C L then  we  win 
by  induction  on  the  degree  (by  first  constructing  R C S'  corresponding  to  L'  / k( p) 
and  then  construction  S'  C S corresponding  to  L/L').  Thus  we  may  assume  that 
L D k(p)  is  generated  by  a single  element  a £ L.  Let  Xd  + J2i<daiXl  be  the 
minimal  polynomial  of  a over  k( p),  so  a i £ ft(p).  We  may  write  cu  as  the  image  of 
fi/g  for  some  fi,g  £ R and  g ^ p.  After  replacing  a by  ga  (and  correspondingly 
replacing  cu  by  gd~lai)  we  may  assume  that  cu  is  the  image  of  some  fi  £ R.  Then 
we  simply  take  S = R{x]/{xd  + ^ fiX1).  □ 


10.152.  The  Cohen  structure  theorem 

0323  Here  is  a fundamental  notion  in  commutative  algebra. 

0324  Definition  10.152.1.  Let  (JR,  m)  be  a local  ring.  We  say  R is  a complete  local 
ring  if  the  canonical  map 

R — > lim„  R/mn 

to  the  completion  of  R with  respect  to  m is  an  isomorphisnp°| 

Note  that  an  Artinian  local  ring  R is  a complete  local  ring  because  = 0 for 
some  n > 0.  In  this  section  we  mostly  focus  on  Noetherian  complete  local  rings. 

0325  Lemma  10.152.2.  Let  R be  a Noetherian  complete  local  ring.  Any  quotient  of  R 
is  also  a Noetherian  complete  local  ring.  Given  a finite  ring  map  R — » S , then  S is 
a product  of  Noetherian  complete  local  rings. 


1 ''This  includes  the  condition  that  |~|  m”  = (0);  in  some  texts  this  may  be  indicated  by  saying 
that  R is  complete  and  separated.  Warning:  It  can  happen  that  the  completion  limn  R/ m”  of  a 
local  ring  is  non-complete,  see  Examples.  Lemma|88.6.1|  This  does  not  happen  when  m is  finitely 


generated,  see  Lemma 


10.95.5 


in  which  case  the  completion  is  Noetherian,  see  Lemma 


10.96.5 
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032B 

0326 


0327 

0328 

0329 


032A 


Proof.  The  ring  S 
by  Lemma [10. 96.1 
by  Lemma[l0.96.8| 


is  Noetherian  by  Lemma [10. 30. 1[  As  an  A-module  S is  complete 
Hence  S is  the  product  of  the  completions  at  its  maximal  ideals 

□ 


Lemma  10.152.3.  Let  (R,  m)  be  a complete  local  ring.  If  m is  a finitely  generated 
ideal  then  R is  Noetherian. 


Proof.  See  Lemma Tl 0.96. 5 1 □ 

Definition  10.152.4.  Let  (l?,m)  be  a complete  local  ring.  A subring  A C R is 
called  a coefficient  ring  if  the  following  conditions  hold: 

(1)  A is  a complete  local  ring  with  maximal  ideal  A D m, 

(2)  the  residue  field  of  A maps  isomorphically  to  the  residue  field  of  R , and 

(3)  A n m = pA,  where  p is  the  characteristic  of  the  residue  field  of  R. 

Let  us  make  some  remarks  on  this  definition.  We  split  the  discussion  into  the 
following  cases: 

(1)  The  local  ring  R contains  a field.  This  happens  if  either  Q C R,  or  pR  = 0 
where  p is  the  characteristic  of  R/m.  In  this  case  a coefficient  ring  A is  a 
field  contained  in  R which  maps  isomorphically  to  R/m. 

(2)  The  characteristic  of  R/m  is  p > 0 but  no  power  of  p is  zero  in  R.  In 
this  case  A is  a complete  discrete  valuation  ring  with  uniformizer  p and 
residue  field  R/m. 

(3)  The  characteristic  of  i?/m  is  p > 0,  and  for  some  n > 1 we  have  pra_1  ^ 0, 
pn  = 0 in  R.  In  this  case  A is  an  Artinian  local  ring  whose  maximal  ideal 
is  generated  by  p and  which  has  residue  field  R/m. 

The  complete  discrete  valuation  rings  with  uniformizer  p above  play  a special  role 
and  we  baptize  them  as  follows. 

Definition  10.152.5.  A Cohen  ring  is  a complete  discrete  valuation  ring  with 
uniformizer  p a prime  number. 

Lemma  10.152.6.  Let  p be  a prime  number.  Let  k be  afield  of  characteristic  p. 
There  exists  a Cohen  ring  A with  A/pA  = k. 


Proof.  First  note  that  the  p-adic  integers  Zp  form  a Cohen  ring  for  Fp.  Let  k be 
an  arbitrary  field  of  characteristic  p.  Let  Zp  — > R be  a flat  local  ring  map  such 
that  rrift  = pR  and  R/pR  = k,  see  Lemma  10.151.1  Then  clearly  R is  a discrete 
valuation  ring.  Hence  its  completion  is  a Cohen  ring  for  k.  □ 


Lemma  10.152.7.  Let  p > 0 be  a prime.  Let  A be  a Cohen  ring  with  residue  field 
of  characteristic  p.  For  every  n > 1 the  ring  map 


Z/pnZ-+  A/pnA 


is  formally  smooth. 


Proof.  If  n = 1,  this  follows  from  Proposition  |10.150.9|  For  general  n we  argue 
by  induction  on  n.  Namely,  if  Z/p"Z  — > A/pnA  is  formally  smooth,  then  we 
can  apply  Lemma  10.136.12  to  the  ring  map  Z/pn+1Z  — >•  A/pn+1A  and  the  ideal 
I = (pn)  C Z/pn+1Z.  □ 


Theorem  10.152.8  (Cohen  structure  theorem).  Let  (R,  m)  be  a complete  local 
ring. 
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(1) 

(2) 


R has  a coefficient  ring  (see  Definition  10.152.4), 

if  m is  a finitely  generated  ideal,  then  R is  isomorphic  to  a quotient 


A[[£i,  . . . ,Xn}}/I 

where  A is  either  a field  or  a Cohen  ring. 


Proof.  Let  us  prove  a coefficient  ring  exists.  First  we  prove  this  in  case  the  charac- 
teristic of  the  residue  field  n is  zero.  Namely,  in  this  case  we  will  prove  by  induction 
on  n > 0 that  there  exists  a section 


(pn  : k — ^ R/mn 

to  the  canonical  map  R/ m"  — > n = R/m.  This  is  trivial  for  n = 1.  If  n > 1, 
let  ipn- 1 be  given.  The  field  extension  Q C n is  formally  smooth  by  Proposition 
|10.150.9)  Hence  we  can  find  the  dotted  arrow  in  the  following  diagram 


R/m 

A 

Vn-l 

K ■ 


n—  1 


R/m1' 


Q 


This  proves  the  induction  step.  Putting  these  maps  together 
lim„  ipn  : k — > R = lim„  R/mn 
gives  a map  whose  image  is  the  desired  coefficient  ring. 


Next,  we  prove  the  existence  of  a coefficient  ring  in  the  case  where  the  characteristic 
of  the  residue  field  k is  p > 0.  Namely,  choose  a Cohen  ring  A with  k = A/pA,  see 
Lemma [10. 152. 6|  In  this  case  we  will  prove  by  induction  on  n > 0 that  there  exists 
a map 

ipn  : A/pnA  — » R/mn 


whose  composition  with  the  reduction  map  R/m11  — > n produces  the  given  isomor- 
phism A/pA  = k.  This  is  trivial  for  n = 1.  If  n > 1,  let  <pn-i  be  given.  The  ring 
map  Z/p"Z  — > A/pnA  is  formally  smooth  by  Lemma  10.152.7  Hence  we  can  find 
the  dotted  arrow  in  the  following  diagram 


R/m11 

yT 

Jn-1 

A.  /PA  < Z/pnZ 


This  proves  the  induction  step.  Putting  these  maps  together 

lim„  ipn  : A = lim„  A/pnA  — >■  R = lim„  R/m'1 
gives  a map  whose  image  is  the  desired  coefficient  ring. 

The  final  statement  of  the  theorem  is  now  clear.  Namely,  if  yi, . . . , yn  are  generators 
of  the  ideal  m,  then  we  can  use  the  map  A — » i?  just  constructed  to  get  a map 

A[[xi, . . . ,xn]] — > R,  Xi  i — > yi. 

This  map  is  surjective  on  each  R/mn  and  hence  is  surjective  as  R is  complete.  Some 
details  omitted.  □ 
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032C  Remark  10.152.9.  If  k is  a field  then  the  power  series  ring  fc[[A'i, . . . ; XJ\\  is  a 
Noetherian  complete  local  regular  ring  of  dimension  d.  If  A is  a Cohen  ring  then 
A [[Ad . . . . , Xd\\  is  a complete  local  Noetherian  regular  ring  of  dimension  d+ 1.  Hence 
the  Cohen  structure  theorem  implies  that  any  Noetherian  complete  local  ring  is  a 
quotient  of  a regular  local  ring.  In  particular  we  see  that  a Noetherian  complete 
local  ring  is  universally  catenary,  see  Lemma |10. 104.8]  and  Lemma |10.105.3| 

032D  Lemma  10.152.10.  Let  (R,  m)  be  a Noetherian  complete  local  domain.  Then 
there  exists  a Rq  C R with  the  following  properties 

(1)  Rq  is  a regular  complete  local  ring, 

(2)  Rq  C R is  finite  and  induces  an  isomorphism  on  residue  fields, 

(3)  Rq  is  either  isomorphic  to  /c  [[ACi , . . . , Ad]]  where  k is  afield  or  A[[Xi,  . . . , Ad]] 
where  A is  a Cohen  ring. 


Proof.  Let  A be  a coefficient  ring  of  R.  Since  R is  a domain  we  see  that  either  A 
is  a field  or  A is  a Cohen  ring. 

Case  I:  A = k is  a field.  Let  d = dim(i?).  Choose  x\ ,...  ,xd  £ m which  generate  an 
ideal  of  definition  I C R.  (See  Section|i0.59  ) By  Lemma  10.95.9  we  see  that  R is  /- 
adically  complete  as  well.  Consider  the  map  Rq  = fc[[Xi, . . . , X^]]  — >•  R which  maps 
Xi  to  Xi . Note  that  Rq  is  complete  with  respect  to  the  ideal  I0  = (Ad, . . . , Xd), 
and  that  R/I0R  = R/IR  is  finite  over  k = Rq/Iq  (because  dim(/?/J)  = 0,  see 


Section  10.59  ) Hence  we  conclude  that  Rq  ► R is  finite  by  Lemma  10.95.12  Since 
dim(i?)  = dim(l?o)  this  implies  that  Rq  ► R is  injective  (see  Lemma  10.111.3), 
and  the  lemma  is  proved. 

Case  II:  A is  a Cohen  ring.  Let  d + 1 = dim(i?).  Let  p > 0 be  the  characteristic  of 
the  residue  field  k.  As  R is  a domain  we  see  that  p is  a nonzerodivisor  in  R.  Hence 
dim (R/pR)  = d,  see  Lemma  10.59.12|  Choose  X\ ,...  ,Xd  £ R which  generate  an 
ideal  of  definition  in  R/pR.  Then  I = (p,Xi, . . . , Xd)  is  an  ideal  of  definition  of  R. 
By  Lemma[l0.95.9|we  see  that  R is  /-adically  complete  as  well.  Consider  the  map 
Rq  = A[[A1; . . . , Xd]]  — >•  R which  maps  X,;  to  aq.  Note  that  Rq  is  complete  with 
respect  to  the  ideal  Iq  = {p,  A1; . . . , Xd),  and  that  R/IqR  = R/IR  is  finite  over 
k = Rq/Iq  (because  dim(/?//)  = 0,  see  Section  10.59  ) Hence  we  conclude  that 
Rq  — > R is  finite  by  Lemma  10.95. 12|  Since  dim(f?)  = dim(i?o)  this  implies  that 
Rq  — > R is  injective  (see  Lemma  10.111.3),  and  the  lemma  is  proved.  □ 


10.153.  Japanese  rings 

0BI1  In  this  section  we  being  to  discuss  finiteness  of  integral  closure. 

032F  Definition  10.153.1.  Let  R be  a domain  with  held  of  fractions  K. 

(1)  We  say  R is  N-l  if  the  integral  closure  of  R in  K is  a finite  R-module. 

(2)  We  say  R is  N-2  or  Japanese  if  for  any  finite  extension  K C L of  fields 
the  integral  closure  of  R in  L is  finite  over  R. 

The  main  interest  in  these  notions  is  for  Noetherian  rings,  but  here  is  a non- 
Noetherian  example. 

0350  Example  10.153.2.  Let  k be  a Held.  The  domain  R = k[x\,  X2,  £3, . . .]  is  N-2,  but 
not  Noetherian.  The  reason  is  the  following.  Suppose  that  R C L and  the  Held  L is  a 
finite  extension  of  the  fraction  field  of  R.  Then  there  exists  an  integer  n such  that  L 
comes  from  a finite  extension  k(x  1, . . . , xn)  C L0  by  adjoining  the  (transcendental) 
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elements  xn+i,xn+2,  etc.  Let  So  be  the  integral  closure  of  k[x i, . . . ,xn\  in  Lq.  By 
Proposition  10.154.16  below  it  is  true  that  So  is  finite  over  k[x i, . . . , xn}.  Moreover, 
the  integral  closure  of  R in  L is  S = So[xn+i,xn+2, . . .]  (use  Lemma  10.36.8)  and 
hence  finite  over  R.  The  same  argument  works  for  R = Z[x’i,  X2,  £3,  • ■ .]. 

032G  Lemma  10.153.3.  Let  R be  a domain.  If  R is  N-l  then  so  is  any  localization  of 
R.  Same  for  N-2. 

Proof.  These  statements  hold  because  taking  integral  closure  commutes  with  lo- 
calization, see  Lemma  [10.35. 9|  □ 


032H 


Lemma  10.153.4.  Let  R be  a domain.  Let  /1,  ...,/„  £ R generate  the  unit  ideal. 
If  each  domain  Rf{  is  N-l  then  so  is  R.  Same  for  N-2. 

Proof.  Assume  Rfi  is  N-2  (or  N-l).  Let  L be  a finite  extension  of  the  fraction  field 
of  R (equal  to  the  fraction  field  in  the  N-l  case).  Let  S be  the  integral  closure  of  R 


in  L.  By  Lemma  10.35.9  we  see  that  Sfi  is  the  integral  closure  of  Rfi  in  L.  Hence 
Sfi  is  finite  over  Rfi  by  assumption.  Thus  S is  finite  over  R by  Lemma  10.23.2  □ 


0321  Lemma  10.153.5.  Let  R be  a domain.  Let  R C S be  a quasi-finite  extension  of 
domains  (for  example  finite).  Assume  R is  N-2  and  Noetherian.  Then  S is  N-2. 

Proof.  Let  K = f.f.(R)  C L = f.f.(S).  Note  that  this  is  a finite  field  extension 
(for  example  by  Lemma  10.121.2  (2)  applied  to  the  fibre  S®rK,  and  the  definition 
of  a quasi-finite  ring  map).  Let  S'  be  the  integral  closure  of  R in  S.  Then  S'  is 
contained  in  the  integral  closure  of  R in  L which  is  finite  over  R by  assumption.  As 


R is  Noetherian  this  implies  S'  is  finite  over  R.  By  Lemma  10.122.15  there  exist 
elements  gi, ...  ,gn  £ S'  such  that  S'g.  = S9i  and  such  that  gi, ...  ,gn  generate  the 
unit  ideal  in  S.  Hence  it  suffices  to  show  that  S'  is  N-2  by  Lemmas  10.153.3  and 
IIP. 153.41  Thus  we  have  reduced  to  the  case  where  S is  finite  over  R. 

Assume  R C S with  hypotheses  as  in  the  lemma  and  moreover  that  S is  finite  over 
R.  Let  M be  a finite  field  extension  of  the  fraction  field  of  S.  Then  M is  also  a 
finite  field  extension  of  f.f(R)  and  we  conclude  that  the  integral  closure  T of  R in 
M is  finite  over  R.  By  Lemma  [10.35.14  we  see  that  T is  also  the  integral  closure 
of  S in  M and  we  win  by  Lemma  10.35.13|  □ 


032J 


Lemma  10.153.6. 

R. 


Let  R be  a Noetherian  domain.  If  R[z , z 1]  is  N-l,  then  so  is 


Proof.  Let  R'  be  the  integral  closure  of  R in  its  field  of  fractions  K.  Let  S'  be  the 
integral  closure  of  R[z,  z _1]  in  its  field  of  fractions.  Clearly  R'  C S' . Since  K[z,  z_1] 
is  a normal  domain  we  see  that  S'  C K[z,  z-1].  Suppose  that  /i,...,/n  £ S' 
generate  S'  as  R[z,  z_1]-module.  Say  fi  = YfaijZ-i  (finite  sum),  with  ay  £ K.  For 
any  x £ R'  we  can  write 

x = ^2  hifo 

with  hi  £ R\z,z~1}.  Thus  we  see  that  R'  is  contained  in  the  finite  .R-submodule 
E Raij  C K.  Since  R is  Noetherian  we  conclude  that  R'  is  a finite  l?-module.  □ 

032K  Lemma  10.153.7.  Let  R be  a Noetherian  domain,  and  let  R G S be  a finite 
extension  of  domains.  If  S is  N-l,  then  so  is  R.  If  S is  N-2,  then  so  is  R. 

Proof.  Omitted.  (Hint:  Integral  closures  of  R in  extension  fields  are  contained  in 
integral  closures  of  S in  extension  fields.)  □ 
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032L  Lemma  10.153.8.  Let  R be  a Noetherian  normal  domain  with  fraction  field  K . 
Let  K C L be  a finite  separable  field  extension.  Then  the  integral  closure  of  R in  L 
is  finite  over  R. 


Proof.  Consider  the  trace  pairing  (Fields,  Definition  |9.19.6[) 

Lx  L — > K,  (x,  y ) i — » (. x , y)  :=  Trac  eL/K{xy). 

Since  L/K  is  separable  this  is  nondegenerate  (Fields,  Lemma [9.19.7).  Moreover, 
if  x £ L is  integral  over  R , then  Tracey //(-(a:)  is  integral  over  R also,  and  since  R 
is  normal  we  see  Trace^/^  (x)  £ R.  Pick  x\, . . . ,xn  £ L which  are  integral  over  R 
and  which  form  a if-basis  of  L.  Then  the  integral  closure  S C L is  contained  in 
the  f?-module 

M = {y  £ L | (xi, y)  £ R,  i = l,...,n} 

By  linear  algebra  we  see  that  M = R®n  as  an  A-module.  Hence  S C R®n  is  a 
finitely  generated  .R-module  as  R is  Noetherian.  □ 


03B7 


Example  10.153.9.  Lemma 


does  not  work  if  the  ring  is  not  Noetherian. 

where  —1 

The  invariant  ring  R = AG  is  the  C-algebra  generated 


10.153.8 

For  example  consider  the  action  of  G = {+1,  —1}  on  A = C[xi,  x^,  X3 
acts  by  mapping  x,;  to  — x 


by  all  XiXj.  Hence  R C A is  not  finite.  But  R is  a normal  domain  with  fraction 
field  K = Lg  the  G-invariants  in  the  fraction  field  L of  A.  And  clearly  A is  the 
integral  closure  of  R in  L. 


The  following  lemma  can  sometimes  be  used  as  a substitute  for  Lemma [10. 153. 8|  in 
case  of  purely  inseparable  extensions. 

OAEO  Lemma  10.153.10.  Let  R be  a Noetherian  normal  domain  with  fraction  field  K 
of  characteristic  p > 0.  Let  a £ K be  an  element  such  that  there  exists  a derivation 
D : R — * R with  D(a ) 7^  0.  Then  the  integral  closure  of  R in  L = K[x]/(xp  — a)  is 
finite  over  R. 


Proof.  After  replacing  x by  fx  and  a by  fpa  for  some  / £ R we  may  assume 
a £ R.  Hence  also  D(a)  £ R.  We  will  show  by  induction  on  * < p — 1 that  if 

y = ao  + aiX  + . . . + a^x*,  aj  £ K 

is  integral  over  R,  then  D(a)laj  £ R.  Thus  the  integral  closure  is  contained  in  the 
finite  l?-module  with  basis  D(a)-p+1xJ  , j = 0, . . . ,p  — 1.  Since  R is  Noetherian 
this  proves  the  lemma. 

If  i = 0,  then  y = ao  is  integral  over  R if  and  only  if  ao  £ R and  the  statement  is 
true.  Suppose  the  statement  holds  for  some  i < p — 1 and  suppose  that 

y = ao  + aix  + . . . + aj+ix*+1,  aj  £ K 

is  integral  over  R.  Then 

yp  = Oq  + a\a  + . . . + ap+1al+l 

is  an  element  of  R (as  it  is  in  K and  integral  over  R).  Applying  D we  obtain 
(of  + 2 a\a  +...  + (*  + 1 )ap+1al)D(a) 
is  in  R.  Hence  it  follows  that 

D{a)ai  + 2D(a)a2X  + ...  + (*  + l)D(a)ai+iX* 
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is  integral  over  R.  By  induction  we  find  D(a)l+1a,j  £ R for  j = 1, . . . , i + 1.  (Here 
we  use  that  1, .. . ,i  + 1 are  invertible.)  Hence  D(a)l+1ao  is  also  in  R because  it 
is  the  difference  of  y and  o D(a)l+1ajX which  are  integral  over  R (since  x is 
integral  over  R as  a £ R).  □ 

032M  Lemma  10.153.11.  A Noetherian  domain  of  characteristic  zero  is  N-l  if  and 
only  if  it  is  N-2  (i.e.,  Japanese). 

Proof.  This  is  clear  from  Lemma|l0.153.8|  since  every  field  extension  in  character- 
istic zero  is  separable.  □ 

032N  Lemma  10.153.12.  Let  R be  a Noetherian  domain  with  fraction  field  K of  char- 
acteristic p > 0.  Then  R is  N-2  if  and  only  if  for  every  finite  purely  inseparable 
extension  K C L the  integral  closure  of  R in  L is  finite  over  R. 


Proof.  Assume  the  integral  closure  of  R in  every  finite  purely  inseparable  field 
extension  of  K is  finite.  Let  K C L be  any  finite  extension.  We  have  to  show  the 
integral  closure  of  R in  L is  finite  over  R.  Choose  a finite  normal  field  extension 
K C M containing  L.  As  R is  Noetherian  it  suffices  to  show  that  the  integral  closure 
of  R in  M is  finite  over  R.  By  Fields,  Lemma  [9.26. 3|  there  exists  a subextension 
I\  C Minsep  C M such  that  Minsep/K  is  purely  inseparable,  and  M /Minsep  is 
separable.  By  assumption  the  integral  closure  R'  of  R in  Minsep  is  finite  over  R. 


By  Lemma  10.153.8  the  integral  closure  R"  of  R'  in  M is  finite  over  R' . Then  Rn 


is  finite  over  R by  Lemma  10.7.3  Since  R"  is  also  the  integral  closure  of  R in  M 
(see  Lemma  10.35.14)  we  win.  □ 


0320  Lemma  10.153.13.  Let  R be  a Noetherian  domain.  If  R is  N-l  then  i?[x]  is  N-l. 
If  R is  N-2  then  R[x]  is  N-2. 

Proof.  Assume  R is  N-l.  Let  R'  be  the  integral  closure  of  R which  is  finite  over  R. 


Hence  also  i?'[s]  is  finite  over  R[x\.  The  ring  i?'[cc]  is  normal  (see  Lemma  10.36.8), 
hence  N-l.  This  proves  the  first  assertion. 


For  the  second  assertion,  by  Lemma  10.153.7  it  suffices  to  show  that  R'[x\  is  N-2.  In 
other  words  we  may  and  do  assume  that  R is  a normal  N-2  domain.  In  characteristic 
zero  we  are  done  by  Lemma  |10.153.1~  In  characteristic  p > 0 we  have  to  show 
that  the  integral  closure  of  i?[x]  is  finite  in  any  finite  purely  inseparable  extension 
of  f.f.(R[x])  = K(x)  C L with  K = f.f.(R).  Clearly  there  exists  a finite  purely 
inseparable  field  extension  K C L ' and  q = pe  such  that  L C L' (x1^).  As  i?[x]  is 
Noetherian  it  suffices  to  show  that  the  integral  closure  of  i?[x]  in  L'  (x1/9)  is  finite 
over  i?[x].  And  this  integral  closure  is  equal  to  i?,[x1/'3]  with  R C R1  C L'  the 
integral  closure  of  R in  L' . Since  R is  N-2  we  see  that  R'  is  finite  over  R and  hence 
R'[x 1/?]  is  finite  over  R[x].  □ 

0332  Lemma  10.153.14.  Let  R be  a Noetherian  domain.  If  there  exists  an  f £ R such 
that  Rf  is  normal  then 

17=  {p  € Spec(i?)  | Rp  is  normal} 

is  open  in  Spec (R). 


Proof.  It  is  clear  that  the  standard  open  D(f)  is  contained  in  U.  By  Serre’s 
criterion  Lemma  [10. 149. 4|  we  see  that  p ^ U implies  that  for  some  q C p we  have 
either 
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(1)  Case  I:  depth(i?q)  < 2 and  dim(i?.q)  > 2,  and 

(2)  Case  II:  Rq  is  not  regular  and  dim(I?q)  = 1. 

This  in  particular  also  means  that  Rq  is  not  normal,  and  hence  f £ q.  In  case  I we 
see  that  depth  (i?q)  = depth(I?q//I?q)  + 1.  Hence  such  a prime  q is  the  same  thing 
as  an  embedded  associated  prime  of  R/fR.  In  case  II  q is  an  associated  prime  of 
R/fR  of  height  1.  Thus  there  is  a finite  set  E of  such  primes  q (see  Lemma  10.62.5 ) 
and 


Spec(I?)  \ U = V (q) 


as  desired. 


□ 


0333  Lemma  10.153.15.  Let  R be  a Noetherian  domain.  Assume 

(1)  there  exists  a nonzero  f £ R such  that  Rf  is  normal,  and 

(2)  for  every  maximal  ideal  m C R the  local  ring  Rm  is  N-l. 
Then  R is  N-l. 


032P 


Proof.  Set  K = f.f.(R).  Suppose  that  R C R'  C K is  a finite  extension  of  R 
contained  in  K . Note  that  Rf  = R'f  since  Rf  is  already  normal.  Hence  by  Lemma 
10.153.14  the  set  of  primes  p'  £ Spec (R')  with  R'p,  non-normal  is  closed  in  Spec(R'). 
Since  Spec(i?')  — > Spec(l?)  is  closed  the  image  of  this  set  is  closed  in  Spec(f?).  For 
such  a ring  R'  denote  ZR>  C Spec(I?)  this  image. 

Pick  a maximal  ideal  m C R.  Let  Rm  C R'm  be  the  integral  closure  of  the  local  ring 
in  K.  By  assumption  this  is  a finite  ring  extension.  By  Lemma  10.35.9|we  can  find 
finitely  many  elements  r\, . . . ,rn  £ K integral  over  R such  that  R'm  is  generated  by 
ri, . . . , rn  over  Rm.  Let  R'  = R[x i, . . . , xn\  C K.  With  this  choice  it  is  clear  that 
m & ZR>. 


As  Spec(l?)  is  quasi-compact,  the  above  shows  that  we  can  find  a finite  collection 
R C R[  C K such  that  p|  ZR>  = 0.  Let  R'  be  the  subring  of  K generated  by  all  of 
these.  It  is  finite  over  R.  Also  ZR*  = 0.  Namely,  every  prime  p'  lies  over  a prime 
p'  such  that  {R'j)v'  is  normal.  This  implies  that  R'p,  = (i?()p'  is  normal  too.  Hence 
R'  is  normal,  in  other  words  R'  is  the  integral  closure  of  R in  K.  □ 


Lemma  10.153.16  (Tate).  Let  R be  a ring.  Let  x £ R.  Assume 

(1)  R is  a normal  Noetherian  domain, 

(2)  R/xR  is  a domain  and  N-2, 

(3)  R = limn  R/xnR  is  complete  with  respect  to  x. 

Then  R is  N-2. 


Proof.  We  may  assume  x ^ 0 since  otherwise  the  lemma  is  trivial.  Let  K be  the 
fraction  field  of  R.  If  the  characteristic  of  K is  zero  the  lemma  follows  from  (1),  see 
Lemma[l0.153.11  Hence  we  may  assume  that  the  characteristic  of  K is  p > 0,  and 
we  may  apply  Lemma  10.153.12  Thus  given  K C L be  a finite  purely  inseparable 
field  extension  we  have  to  show  that  the  integral  closure  S of  R in  L is  finite  over 
R. 

Let  q be  a power  of  p such  that  Lq  C K . By  enlarging  L if  necessary  we  may 
assume  there  exists  an  element  y £ L such  that  yq  = x.  Since  R — » S induces  a 


homeomorphism  of  spectra  (see  Lemma  10.45.6 ) there  is  a unique  prime  ideal  q C 5 


lying  over  the  prime  ideal  p = xR.  It  is  clear  that 

q = {f  £S\fq  £p}  = yS 
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since  yq  = x.  Hence  Rp  and  S q are  discrete  valuation  rings,  see  Lemma  10.118.7 


By  Lemma  10.118.10  we  see  that  «(p)  C «(q)  is  a finite  field  extension.  Hence  the 
integral  closure  S'  C «(q)  of  R/xR  is  finite  over  R/xR  by  assumption  (2).  Since 
S/yS  C S'  this  implies  that  S/yS  is  finite  over  R.  Note  that  S/ynS  has  a finite 
filtration  whose  subquotients  are  the  modules  ylS/yl+1S  = S/yS.  Hence  we  see 
that  each  S/ynS  is  finite  over  R.  In  particular  S/xS  is  finite  over  R.  Also,  it  is 
clear  that  f~]  xnS  = (0)  since  an  element  in  the  intersection  has  c/tli  power  contained 
in  p| xnR  = (0)  (Lemma  10.50.4).  Thus  we  may  apply  Lemma  10.95.12  to  conclude 
that  S is  finite  over  R,  and  we  win.  □ 


Lemma  10.153.17.  Let  R be  a ring.  If  R is  Noetherian,  a domain,  and  N-2, 
then  so  is  i?[[a;]]. 


Proof.  Observe  that  i?[[x]]  is  Noetherian  by  Lemma  10.30.2  Let  R'  D R be  the 
integral  closure  of  R in  its  fraction  field.  Because  R is  N-2  this  is  finite  over  R. 
Hence  i?/[[2;]]  is  finite  over  i?[[a;]].  By  Lemma  10.36.9  we  see  that  i?7[[a:]]  is  a normal 
domain.  Apply  Lemma  10.153.16  to  the  element  x £ i?'[[a"]]  to  see  that  i?'[[x]]  is 
N-2.  Then  Lemma  10.153.7  shows  that  /?[[&]]  is  N-2.  □ 


10.154.  Nagata  rings 

Here  is  the  definition. 

Definition  10.154.1.  Let  R be  a ring. 

(1)  We  say  R is  universally  Japanese  if  for  any  finite  type  ring  map  R -A  S 
with  S a domain  we  have  that  S is  N-2  (i.e. , Japanese). 

(2)  We  say  that  R is  a Nagata  ring  if  R is  Noetherian  and  for  every  prime 
ideal  p the  ring  R/p  is  N-2. 

It  is  clear  that  a Noetherian  universally  Japanese  ring  is  a Nagata  ring.  It  is  our 
goal  to  show  that  a Nagata  ring  is  universally  Japanese.  This  is  not  obvious  at  all, 
and  requires  some  work.  But  first,  here  is  a useful  lemma. 

Lemma  10.154.2.  Let  R be  a Nagata  ring.  Let  R -A  S be  essentially  of  finite 
type  with  S reduced.  Then  the  integral  closure  of  R in  S is  finite  over  R. 


Proof.  As  S is  essentially  of  finite  type  over  R it  is  Noetherian  and  has  finitely 
many  minimal  primes  q1; . . . , qm,  see  Lemma  [10.30. 6 Since  S is  reduced  we  have 
Scn\ and  each  S qi  = K,  is  a field,  see  Lemmas 


10.24.4 


and 


10.24.1 


It  suffices 


to  show  that  the  integral  closure  A[  of  R in  each  is  finite  over  R.  This  is  true 
because  R is  Noetherian  and  A C Let  p;  C R be  the  prime  of  R corresponding 

to  q i.  As  S is  essentially  of  finite  type  over  R we  see  that  K,  = 5q.  = «;(qj)  is  a 
finitely  generated  field  extension  of  re(pj).  Hence  the  algebraic  closure  L,;  of  «(pj) 
in  C Ki  is  finite  over  ct(pi),  see  Fields,  Lemma  9.25.10  It  is  clear  that  A!i  is  the 
integral  closure  of  R/pi  in  Li,  and  hence  we  win  by  definition  of  a Nagata  ring.  □ 


Lemma  10.154.3.  Let  R be  a ring.  To  check  that  R is  universally  Japanese  it 
suffices  to  show:  If  R S is  of  finite  type,  and  S a domain  then  S is  N-l. 


Proof.  Namely,  assume  the  condition  of  the  lemma.  Let  R — > S be  a finite  type 
ring  map  with  S a domain.  Let  f.f.(S)  G L be  a finite  extension  of  its  fraction 
field.  Then  there  exists  a finite  ring  extension  S G S'  C L with  f.f.(S')  = L.  By 
assumption  S'  is  N-l,  and  hence  the  integral  closure  S''  of  S'  in  L is  finite  over  S'. 
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Thus  S"  is  finite  over  S (Lemma  10.7.3)  and  S"  is  the  integral  closure  of  S in  L 
(Lemma  10.35.14).  We  conclude  that  R is  universally  Japanese.  □ 


Lemma  10.154.4.  If  R is  universally  Japanese  then  any  algebra  essentially  of 
finite  type  over  R is  universally  Japanese. 

Proof.  The  case  of  an  algebra  of  finite  type  over  R is  immediate  from  the  definition. 
The  general  case  follows  on  applying  Lemma[l0.153.3 


□ 


Lemma  10.154.5.  Let  R be  a Nagata  ring.  If  R 
(for  example  finite ) then  S is  a Nagata  ring  also. 


S is  a quasi-finite  ring  map 


Proof.  First  note  that  S is  Noetherian  as  R is  Noetlierian  and  a quasi-finite  ring 
map  is  of  finite  type.  Let  q C S be  a prime  ideal,  and  set  p = R (~l  q.  Then 


R/p  C S/q  is  quasi-finite  and  hence  we  conclude  that  5/q  is  N-2  by  Lemma  10.153.5 
as  desired. 


Lemma  10.154.6.  A localization  of  a Nagata  ring  is  a Nagata  ring. 
Proof.  Clear  from  LemmariO.153.31 


□ 


□ 


Lemma  10.154.7.  Let  R be  a ring.  Let  /i,  ■ . . , fn  £ R generate  the  unit  ideal. 

(1)  If  each  Rfi  is  universally  Japanese  then  so  is  R. 

(2)  If  each  Rfi  is  Nagata  then  so  is  R. 

Proof.  Let  ip  : R — > S be  a finite  type  ring  map  so  that  S is  a domain.  Then 
ip(fi), ...,  p(fn)  generate  the  unit  ideal  in  S.  Hence  if  each  Sfi  = is  N-l 

then  so  is  S,  see  Lemma  10.153.4  This  proves  (1). 


If  each  Rfi  is  Nagata,  then  each  Rfi  is  Noetherian  and  hence  R is  Noetherian,  see 
Lemma  10.23.2  And  if  p C R is  a prime,  then  we  see  each  Rfi/pRfi  = (R/p)fi  is 
N-2  and  hence  we  conclude  R/p  is  N-2  by  Lemma  10.153.4  This  proves  (2).  □ 


Lemma  10.154.8.  A Noetherian  complete  local  ring  is  a Nagata  ring. 

Proof.  Let  R be  a complete  local  Noetherian  ring.  Let  p C R be  a prime.  Then 


R/p  is  also  a complete  local  Noetherian  ring,  see  Lemma  10.152.2  Hence  it  suffices 


to  show  that  a Noetherian  complete  local  domain  R is  N-2.  By  Lemmas  10.153.5 
and  |10. 152.10  we  reduce  to  the  case  R = fc[[Xi, . . . , Xd\]  where  k is  a field  or 
R = A[[Xl,  . . . , Xd/\  where  A is  a Cohen  ring. 

In  the  case  k[[Xi, . . . , X^] ] we  reduce  to  the  statement  that  a field  is  N-2  by  Lemma 
10. 153.171  This  is  clear.  In  the  case  A[[Xl,  . . . , A'J]  we  reduce  to  the  statement 


that  a Cohen  ring  A is  N-2.  Applying  Lemma [10.153. 16] once  more  with  x = p £ A 
we  reduce  yet  again  to  the  case  of  a field.  Thus  we  win.  □ 

Definition  10.154.9.  Let  (R,  m)  be  a Noetherian  local  ring.  We  say  R is  analyti- 
cally unramified  if  its  completion  RA  = limn  R/mn  is  reduced.  A prime  ideal  p C R 
is  said  to  be  analytically  unramified  if  R/p  is  analytically  unramified. 

At  this  point  we  know  the  following  are  true  for  any  Noetherian  local  ring  R: 
The  map  R — > RA  is  a faithfully  flat  local  ring  homomorphism  (Lemma 
The  completion  RA  is  Noetherian  (Lemma  10.96.5)  and  complete  (Lemma 
Hence  the  completion  RA  is  a Nagata  ring  (Lemma  10.154.8).  Moreover,  we  have 
seen  in  Section  10.152  that  RA  is  a quotient  of  a regular  local  ring  (Theorem 


10.96.3). 


10.96.4). 


10.152.8),  and  hence  universally  catenary  (Remark  10.152.9). 
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Lemma  10.154.10.  Let  (R,  m)  be  a Noetherian  local  ring. 

(1)  If  R is  analytically  unramified,  then  R is  reduced. 

(2)  If  R is  analytically  unramified,  then  each  minimal  prime  of  R is  analyti- 
cally unramified. 

(3)  If  R is  reduced  with  minimal  primes  q i , . . . , q t,  and  each  q,  is  analytically 
unramified,  then  R is  analytically  unramified. 

(4)  If  R is  analytically  unramified,  then  the  integral  closure  of  R in  its  total 
ring  of  fractions  Q(R)  is  finite  over  R. 

(5)  If  R is  a domain  and  analytically  unramified,  then  R is  N-l. 


Proof.  In  this  proof  we  will  use  the  remarks  immediately  following  Definition 
10.154.91  As  R —¥  RA  is  a faithfully  flat  local  ring  homomorphism  it  is  injective 
and  (1)  follows. 

Let  q be  a minimal  prime  of  R,  and  assume  R is  analytically  unramified.  Then 


q is  an  associated  prime  of  R (see  Proposition  10.62.6).  Hence  there  exists  an 
/ € R such  that  {x  £ R \ fx  = 0}  = q.  Note  that  (JS/q)A  = l?A/qA,  and  that 
{x  £ RA  | fx  = 0}  = qA,  because  completion  is  exact  (Lemma  10.96.2).  If  x £ RA 


is  such  that  x2  £ qA,  then  fx2  = 0 hence  (fx)2  = 0 hence  fx  = 0 hence  x £ qA. 
Thus  q is  analytically  unramified  and  (2)  holds. 

Assume  R is  reduced  with  minimal  primes  qi,...,qt,  and  each  q j is  analytically 
unramified.  Then  R — > R/qi  x ...  x i?/qt  is  injective.  Since  completion  is  exact 
(see  Lemma  10.96.2)  we  see  that  RA  C (l?/qi)A  x . . . x (R/ qt)A.  Hence  (3)  is  clear. 


Assume  R is  analytically  unramified.  Let  pi, . . . , ps  be  the  minimal  primes  of  RA. 
Then  we  see  that 

Q(RA)  = /?.A  x ...  x Aa 


with  each  RA.  a field  as  RA  is  reduced  (see  Lemma  10.24.4).  Hence  the  integral 


closure  S of  RA  in  Q(RA)  is  equal  to  S = Si  x . . . x Ss  with  St  the  integral 
closure  of  RA/pi  in  its  fraction  field.  In  particular  S is  finite  over  RA.  Denote  R' 
the  integral  closure  of  R in  Q(R).  As  R RA  is  flat  we  see  that  R'  ®r  Ra  C 


Q(R)  RA  C Q(RA).  Moreover  R'  (g)^  RA  is  integral  over  RA  (Lemma  10.35.11 ). 
Hence  R'  ®r  Ra  C S is  a l?A-submodule.  As  RA  is  Noetherian  it  is  a finite  RA- 
module.  Thus  we  may  find  /i, . . . , fn  £ R'  such  that  R'  Ra  is  generated  by  the 
elements  fi®  1 as  a f?A-module.  By  faithful  flatness  we  see  that  R'  is  generated  by 
f\, ... . fn  as  an  l?-module.  This  proves  (4). 


Part  (5)  is  a special  case  of  part  (4).  □ 

032Z  Lemma  10.154.11.  Let  R be  a Noetherian  local  ring.  Let  p C R be  a prime. 
Assume 

(1)  Rp  is  a discrete  valuation  ring,  and 

(2)  p is  analytically  unramified. 

Then  for  any  associated  prime  q of  RA/pRA  the  local  ring  (RA) q is  a discrete 
valuation  ring. 


Proof.  Assumption  (2)  says  that  RA /pRA  is  a reduced  ring.  Hence  an  associated 
prime  q C RA  of  RA/pRA  is  the  same  thing  as  a minimal  prime  over  pRA.  In 
particular  we  see  that  the  maximal  ideal  of  (i?A)q  is  p(RA)q.  Choose  x £ R such 
that  xRp  = pl?p.  By  the  above  we  see  that  x £ ( RA)q  generates  the  maximal  ideal. 
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As  R — > RA  is  faithfully  flat  we  see  that  x is  a nonzerodivisor  in  (RA)q.  Hence  we 
win.  □ 


0330  Lemma  10.154.12.  Let  (R,  m)  be  a Noetherian  local  domain.  Let  x £ in.  Assume 

(1)  x ^ 0, 

(2)  R/xR  has  no  embedded  primes,  and 

(3)  for  each  associated  prime  p C R of  R/xR  we  have 

(a)  the  local  ring  Rp  is  regular,  and 

(b)  p is  analytically  unramified. 

Then  R is  analytically  unramified. 


Proof.  Let  pi, . . . ,pt  be  the  associated  primes  of  the  R-module  R/xR.  Since  R/xR 
has  no  embedded  primes  we  see  that  each  pj  has  height  1,  and  is  a minimal  prime 
over  (a;).  For  each  i,  let  qila . . . , qis.  be  the  associated  primes  of  the  f?A-module 


we  see  that 


RA/piRA.  By  Lemma 


10.154.11 


we  see  that  (i?A)q  is  regular.  By  Lemma 


10.64.3 


0331 


AssB.(«A/xflA)  = UpeA.„(w)- AsWAVeiC)  = {%}. 


Let  y £ RA  with  y 2 = 0.  As  ( f?A)q. is  regular,  and  hence  a domain  (Lemma 


10.105.2 1 we  see  that  y maps  to  zero  in  (f?A)q.,.  Hence  y maps  to  zero  in  RA/xR‘ 


by  Lemma  10.62.19  Hence  y = xy' . Since  a;  is  a nonzerodivisor  (as  R — > RA  is 


flat)  we  see  that  ( y ')2  = 0.  Hence  we  conclude  that  y £ = (0)  (Lemma 

10.50.41).  □ 


Lemma  10.154.13.  Let  ( R,m ) be  a local  ring.  If  R is  Noetherian,  a domain,  and 
Nagata,  then  R is  analytically  unramified. 


Proof.  By  induction  on  dim(f?).  The  case  dim(f?)  = 0 is  trivial.  Hence  we  as- 
sume dim(f?)  = d and  that  the  lemma  holds  for  all  Noetherian  Nagata  domains  of 
dimension  < d. 


Let  R C S be  the  integral  closure  of  R in  the  field  of  fractions  of  R.  By  assumption 


S'  is  a finite  R- module.  By  Lemma  10.154.5  we  see  that  S is  Nagata.  By  Lemma 


10.111.4  we  see  dim(f?)  = dim(S).  Let  mi, . . . , m*  be  the  maximal  ideals  of  S.  Each 
of  these  lies  over  the  maximal  ideal  m of  R.  Moreover 


(mi  n...H tip)71  C mS 


SA 


is 


for  sufficiently  large  n as  S/mS  is  Artinian.  By  Lemma  10.96.2  RA 
an  injective  map,  and  by  the  Chinese  Remainder  Lemma  |10.14.3  combined  with 
Lemma  10.95.9  we  have  SA  = Sf  where  SA  is  the  completion  of  S with  respect  to 
the  maximal  ideal  m, . Hence  it  suffices  to  show  that  Smi  is  analytically  unramified. 
In  other  words,  we  have  reduced  to  the  case  where  R is  a Noetherian  normal  Nagata 
domain. 

Assume  R is  a Noetherian,  normal,  local  Nagata  domain.  Pick  a nonzero  x £ m 
in  the  maximal  ideal.  We  are  going  to  apply  Lemma  [10. 154.12]  We  have  to  check 
properties  (1),  (2),  (3) (a)  and  (3)(b).  Property  (1)  is  clear.  We  have  that  R/xR 


has  no  embedded  primes  by  Lemma  10.149.6  Thus  property  (2)  holds.  The  same 
lemma  also  tells  us  each  associated  prime  p of  R/xR  has  height  1.  Hence  Rp 


is  a 1-dimensional  normal  domain  hence  regular  (Lemma  10.118.7).  Thus  (3)(a) 
holds.  Finally  (3)(b)  holds  by  induction  hypothesis,  since  R/p  is  Nagata  (by  Lemma 
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10.154.5  or  directly  from  the  definition), 
ramified. 


Thus  we  conclude  R is  analytically  un- 

□ 


0BI2  Lemma  10.154.14.  Let  (R,  m)  be  a Noetherian  local  ring.  The  following  are 
equivalent 

(1)  R is  Nagata, 

(2)  for  R — » S finite  with  S a domain  and  ra'cS  maximal  the  local  ring  Sm> 
is  analytically  unramified, 

(3)  for  (R,  m)  — > finite  local  homomorphism  with  S a domain,  then  S 

is  analytically  unramified. 


Proof.  Assume  R is  Nagata  and  let  R -A  S and  m'  C S be  as  in  (2).  Then  S is 


Nagata  by  Lemma  10.154.5  Hence  the  local  ring  Sm>  is  Nagata  (Lemma  10.154.6 1. 


Thus  it  is  analytically  unramified  by  Lemma  10.154.13  It  is  clear  that  (2)  implies 
(3). 

Assume  (3)  holds.  Let  p C R be  a prime  ideal  and  let  f.f.(R/p)  C L be  a finite 
extension  of  fields.  To  prove  (1)  we  have  to  show  that  the  integral  closure  of  R/p  is 
finite  over  R/p.  Choose  X\,. . . ,xn  £ L which  generate  L over  f.f/R/p).  For  each 
i let  Pi{T)  = Tdi  + aipTdi~1  + . . . + be  the  minimal  polynomial  for  a over 
f.f.(R/p).  After  replacing  Xi  by  fiXi  for  a suitable  /,  £ /?,.  /)  p we  may  assume 


£ R/p.  In  fact,  after  further  multiplying  by  elements  of  m,  we  may  assume  a 


m/p  C R/p  for  all  i,j.  Having  done  this  let  S = R/p[x i, . . . ,xn]  C L.  Then  S is 
finite  over  R,  a domain,  and  S/xnS  is  a quotient  of  i?/m[Xi, . . . ,Tn]/(Tdl , . . . ,Tdn). 
Hence  S is  local.  By  (3)  S is  analytically  unramified  and  by  Lemma  10.154.10  we 


find  that  its  integral  closure  S’  in  L is  finite  over  S.  Since  S'  is  also  the  integral 
closure  of  R/p  in  L we  win.  □ 


The  following  proposition  says  in  particular  that  an  algebra  of  finite  type  over  a 
Nagata  ring  is  a Nagata  ring. 

0334  Proposition  10.154.15  (Nagata).  Let  R be  a ring.  The  following  are  equivalent: 

(1)  R is  a Nagata  ring, 

(2)  any  finite  type  R-algebra  is  Nagata,  and 

(3)  R is  universally  Japanese  and  Noetherian. 


Proof.  It  is  clear  that  a Noetherian  universally  Japanese  ring  is  universally  Nagata 
(i.e. , condition  (2)  holds).  Let  R be  a Nagata  ring.  We  will  show  that  any  finitely 
generated  i?-algebra  S is  Nagata.  This  will  prove  the  proposition. 

Step  1.  There  exists  a sequence  of  ring  maps  R = Rq  — » R\  — t R2  — t ...—>■  Rn  = S 
such  that  each  Ri  — > Ri+i  is  generated  by  a single  element.  Hence  by  induction  it 
suffices  to  prove  S is  Nagata  if  S = R[x\/I. 

Step  2.  Let  q C S'  be  a prime  of  S,  and  let  p C R be  the  corresponding  prime 
of  R.  We  have  to  show  that  S/q  is  N-2.  Hence  we  have  reduced  to  the  proving 
the  following:  (*)  Given  a Nagata  domain  R and  a monogenic  extension  R C S of 
domains  then  S is  N-2. 


Step  3.  Let  R be  a Nagata  domain  and  R C S a monogenic  extension  of  domains. 
Let  R C R'  be  the  integral  closure  of  R in  its  fraction  field.  Let  S'  be  the  subring 
of  f.f.(S)  generated  by  R'  and  S.  As  R'  is  finite  over  R (by  the  Nagata  property) 
also  S'  is  finite  over  S.  Since  S is  Noetherian  it  suffices  to  prove  that  S'  is  N-2 
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(Lemma  10.153.7 1.  Hence  we  have  reduced  to  proving  the  following:  (**)  Given  a 
normal  Nagata  domain  R and  a monogenic  extension  R C S of  domains  then  S is 
N-2. 


Step  4:  Let  R be  a normal  Nagata  domain  and  let  R C S be  a monogenic  extension 
of  domains.  Suppose  the  extension  of  fraction  fields  f.f.(R)  C f.f.(S)  is  purely 
transcendental.  In  this  case  S = i?[x],  By  Lemma  10.153.13]  we  see  that  S is  N- 
2.  Hence  we  have  reduced  to  proving  the  following:  (**)  Given  a normal  Nagata 
domain  R and  a monogenic  extension  R C S of  domains  inducing  a finite  extension 
of  fraction  fields  then  S is  N-2. 


Step  5.  Let  R be  a normal  Nagata  domain  and  let  R C S be  a monogenic  extension 
of  domains  inducing  a finite  extension  of  fraction  fields  K = f.f.(R)  C f.f.(S)  = L. 
Choose  an  element  x £ S which  generates  S as  an  iJ-algebra.  Let  L C M be  a 
finite  extension  of  fields.  Let  R'  be  the  integral  closure  of  R in  M.  Then  the 
integral  closure  S'  of  S in  M is  equal  to  the  integral  closure  of  R'[x\  in  M.  Also 
f.f.(R')  = M,  and  R C R'  is  finite  (by  the  Nagata  property  of  R).  This  implies 
that  R'  is  a Nagata  ring  (Lemma  10.154.5).  To  show  that  S'  is  finite  over  S is  the 
same  as  showing  that  S'  is  finite  over  R'  [x] . Replace  R by  R'  and  S by  S'  to  reduce 
to  the  following  statement:  (***)  Given  a normal  Nagata  domain  R with  fraction 
field  K,  and  x £ K,  the  ring  S C K generated  by  R and  x is  N-l. 


Step  6.  Let  R be  a normal  Nagata  domain  with  fraction  field  K.  Let  x = b/a  £ K . 
We  have  to  show  that  the  ring  S C K generated  by  R and  x is  N-l.  Note  that 
Sa  = Ra  is  normal.  Hence  by  Lemma  [10. 153. 15]  it  suffices  to  show  that  Sm  is  N-l 
for  every  maximal  ideal  m of  S'. 


With  assumptions  as  in  the  preceding  paragraph,  pick  such  a maximal  ideal  and 
set  n = R(lm.  The  residue  field  extension  «(n)  C /c(m)  is  finite  (Theorem  10.33.1) 
and  generated  by  the  image  of  x.  Hence  there  exists  a rnonic  polynomial  f(X)  = 
Xd  -)-  £i=i  d aiXd~l  with  f(x)  £ m.  Let  I<  C K"  be  a finite  extension  of  fields 
such  that  f(X)  splits  completely  in  K”[X],  Let  R'  be  the  integral  closure  of  R 
in  K” . Let  S'  C K'  be  the  subring  generated  by  R'  and  x.  As  R is  Nagata  we 
see  R!  is  finite  over  R and  Nagata  (Lemma  10.154.5).  Moreover,  S'  is  finite  over 
S.  If  for  every  maximal  ideal  m'  of  S'  the  local  ring  S'm,  is  N-l,  then  S^  is  N-l 
by  Lemma  |10. 153.15]  which  in  turn  implies  that  Sm  is  N-l  by  Lemma  |10. 153.7] 
After  replacing  R by  R'  and  S by  S',  and  m by  any  of  the  maximal  ideals  m/ 
lying  over  m we  reach  the  situation  where  the  polynomial  / above  split  completely: 
f(X)  = 1X1=1  d(X  — cLi)  with  ai  £ R.  Since  f(x)  £ m we  see  that  x — a*  £ m for 
some  i.  Finally,  after  replacing  x by  x — a*  we  may  assume  that  x £ m. 


To  recapitulate:  R is  a normal  Nagata  domain  with  fraction  field  K,  x £ I\  and  S 
is  the  subring  of  K generated  by  x and  R,  finally  m C S is  a maximal  ideal  with 
x £ m.  We  have  to  show  S'm  is  N-l. 


We  will  show  that  Lemma  10.154.12]  applies  to  the  local  ring  Sm  and  the  element 
x.  This  will  imply  that  Sm  is  analytically  unramified,  whereupon  we  see  that  it  is 
N-l  by  Lemma  [10. 154.10] 


We  have  to  check  properties  (1),  (2),  (3) (a)  and  (3)(b).  Property  (1)  is  trivial.  Let 
I = Ker(i?[X]  — ► S)  where  X 1— > x.  We  claim  that  I is  generated  by  all  linear 
forms  aX  + b such  that  ax  = b in  K.  Clearly  all  these  linear  forms  are  in  I.  If 
g = adXd  + . . . a-|  X + oq  £ I,  then  we  see  that  a^x  is  integral  over  R (Lemma 
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10.122.1 1 and  hence  b :=  adX  £ R as  R is  normal.  Then  g — ( adX  — b)Xd  1 £ I 


and  we  win  by  induction  on  the  degree.  As  a consequence  we  see  that 

S/xS  = R[X\/(X,I)  = R/J 

where 

J = {b  £ R | ax  = b for  some  a £ R}  = xR  fl  R 


By  Lemma  10.149.6  we  see  that  S/xS  = R/J  has  no  embedded  primes  as  an  R- 
module,  hence  as  an  R/  J-module,  hence  as  an  S'/xS'-module,  hence  as  an  ^-module. 
This  proves  property  (2).  Take  such  an  associated  prime  q C S with  the  property 
q C m (so  that  it  is  an  associated  prime  of  Sm/xSm  - it  does  not  matter  for  the 
arguments).  Then  q is  minimal  over  xS  and  hence  has  height  1.  By  the  sequence 
of  equalities  above  we  see  that  p = RC\  q is  an  associated  prime  of  R/J,  and  so  has 


height  1 (see  Lemma  10.149.6 1.  Thus  Rp  is  a discrete  valuation  ring  and  therefore 


Rp  C Sq  is  an  equality.  This  shows  that  S q is  regular.  This  proves  property  (3) (a). 
Finally,  (S’/q)m  is  a localization  of  S'/ q,  which  is  a quotient  of  S/xS  = R/J.  Hence 
(S/q)m  is  a localization  of  a quotient  of  the  Nagata  ring  R,  hence  Nagata  (Lemmas 
10.154.5|and  10.154.6)  and  hence  analytically  unramified  (Lemma  10.154.13).  This 
shows  (3)(b)  holds  and  we  are  done.  □ 

0335  Proposition  10.154.16.  The  following  types  of  rings  are  Nagata  and  in  particular 
universally  Japanese: 

(1)  fields, 

(2)  Noetherian  complete  local  rings, 

(3)  Z. 

(4)  Dedekind  domains  with  fraction  field  of  characteristic  zero, 

(5)  finite  type  ring  extensions  of  any  of  the  above. 


Proof.  The  Noetherian  complete  local  ring  case  is  Lemma  10.154.8  In  the  other 


09E1 


cases  you  just  check  if  R/p  is  N-2  for  every  prime  ideal  p of  the  ring.  This  is  clear 
whenever  R/p  is  a field,  i.e. , p is  maximal.  Hence  for  the  Dedekind  ring  case  we 
only  need  to  check  it  when  p = (0).  But  since  we  assume  the  fraction  field  has 
characteristic  zero  Lemma  TlO.  153.  Ill  kicks  in.  □ 

Example  10.154.17.  A discrete  valuation  ring  is  Nagata  if  and  only  if  it  is  N-2 
(this  follows  immediately  from  the  definition).  The  discrete  valuation  ring  A of 
Example  |10.118.5|  is  not  Nagata,  i.e.,  it  is  not  N-2.  Namely,  the  finite  extension 
A C R = A[f]  is  not  N-l.  To  see  this  say  / = Y/aixl-  For  every  n > 1 set 
gn  = J2i<n  aiXl  e A..  Then  hn  = {f  — gn)/xn  is  an  element  of  the  fraction  field  of 

R and  h?  £ fcp[[a;]]  C A.  Hence  the  integral  closure  R'  of  R contains  hi,h2,h^, 

Now,  if  R'  were  finite  over  R and  hence  A,  then  / = xnhn  + gn  would  be  contained 
in  the  submodule  A+xnR'  for  all  n.  By  Artin-Rees  this  would  imply  / £ A (Lemma 


10.50.4),  a contradiction. 


09E2  Lemma  10.154.18.  Let  (A,m)  be  a Noetherian  local  domain  which  is  Nagata  and 
has  fraction  field  of  characteristic  p.  If  a £ A has  a pth  root  in  AA , then  a is  has 
a pth  root  in  A. 

Proof.  Consider  the  ring  extension  A C B = A\x\/(xp  — a).  If  a does  not  have  a 
pth  root  in  A,  then  B is  a domain  whose  completion  isn’t  reduced.  This  contradicts 


our  earlier  results,  as  B is  a Nagata  (Proposition  10.154.15)  and  hence  analytically 
unramified  by  Lemma  [10. 154. 13]  □ 
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10.155.  Ascending  properties 


In  this  section  we  start  proving  some  algebraic  facts  concerning  the  “ascent”  of 
properties  of  rings.  To  do  this  for  depth  of  rings  one  uses  the  following  result  on 
ascending  depth  of  modules,  see  1DG671  IV,  Proposition  6.3.1]. 

Lemma  10.155.1.  We  have 

depth{M  ®R  N)  = depth(M)  + depth(N/mRN) 


IDG671  IV, 

Proposition  6.3.1] 


where  R -A  S is  a local  homomorphism  of  local  Noetherian  rings,  M is  a finite 
R-module,  and  N is  a finite  S-module  flat  over  R. 


Proof.  In  the  statement  and  in  the  proof  below,  we  take  the  depth  of  M as  an 
.R-module,  the  depth  of  M ®R  N as  an  R-module,  and  the  depth  of  N/9)iRN  as 
an  S/mflR-module.  Denote  n the  right  hand  side.  First  assume  that  n is  zero. 
Then  both  depth(M)  = 0 and  depth(N/mRN)  = 0.  This  means  there  is  a z £ M 
whose  annihilator  is  mR  and  a y £ N/mRN  whose  annihilator  is  ms/mRS.  Let 
y £ N be  a lift  of  y.  Since  N is  flat  over  R the  map  z : R/mR  — > M produces  an 
injective  map  N/mRN  — » M <g>R  N.  Hence  the  annihilator  of  z ® y is  mg.  Thus 
depth(M  <g>_R  IV)  = 0 as  well. 

Assume  n > 0.  If  depth{N/mRN)  > 0,  then  choose  an  f £ mg  which  maps  to  an 
IV/mfllV-regular  element  / £ S/mRS.  Then  depth.(N/mRN)  = depth(IV/(/,  mR)N)+ 
1 by  Lemma [10.71.71  According  to  Lemma[l0.98.1|the  element  f £ S is  a iV-regular 
element  and  N/fN  is  flat  over  R.  Hence  by  induction  on  n we  have 

depth(M  N/fN ) = depth(Af)  + depth(A/(/,  mR)N). 

Because  N/fN  is  flat  over  R the  sequence 


0 M ®RN  M ®RN  ^ M ®R  N/fN  0 


is  exact  where  the  first  map  is  multiplication  by  / (Lemma  10.38.12).  Hence  by 
Lemma  10.71.7  we  find  that  depth(M  (g>R  N)  = depth(M  N/fN)  + 1 and  we 

conclude  that  equality  holds  in  the  formula  of  the  lemma. 


If  n > 0,  but  depth(N/mRN)  = 0,  then  we  can  choose  an  M-regular  element 
/ £ mR.  As  N is  flat  over  R it  is  also  the  case  that  f is  M ®R  iV-regular.  By 
induction  on  n again  we  have 


depth (M/fM  ®_r  N)  = depth (M/fM)  + depth(N/mRN). 

In  this  case  depth(M®^IV)  = depth(M//M®^A)+l  and  depth(M)  = depth(M//M)+ 
1 by  Lemma  |10.71.7|  and  we  conclude  that  equality  holds  in  the  formula  of  the 
lemma.  □ 


Lemma  10.155.2.  Suppose  that  R — > S is  a flat  and  local  ring  homomorphism  of 
Noetherian  local  rings.  Then 

depth(S)  = depth(R)  + depth(S/mRS). 

Proof.  This  is  a special  case  of  Lemma[l0.155.1[  □ 

Lemma  10.155.3.  Let  R — » S be  a local  homomorphism  of  local  Noetherian  rings. 
Assume 

(1)  S/mRS  is  Cohen- Macaulay,  and 

(2)  R — > S is  flat. 
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Then  S is  Cohen- Macaulay  if  and  only  if  R is  Cohen- Macaulay. 


Proof.  This  follows  from  the  definitions  combined  with  Lemmas  IIP.  155.21  and 
IIP. 111. 71  □ 


P339  Lemma  10.155.4.  Let  ip  : R —¥  S be  a ring  map.  Assume 

(1)  R is  Noetherian, 

(2)  S is  Noetherian, 

(3)  ip  is  flat, 

(4)  the  fibre  rings  S «(p)  are  (Sk),  and 

(5)  R has  property  (Sk)- 

Then  S has  property  (Sk ) ■ 


Proof.  Let  q be  a prime  of  S lying  over  a prime  p of  R.  By  Lemma  IP.  155.2 
have 

depth(5q)  = depth(S'q/p5q)  +depth(i?p). 

On  the  other  hand,  we  have 

dim(J?.p)  + dim(S'q/pS'q)  > dim(S'q) 


we 


by  Lemma  IP. 111.6  (Actually  equality  holds,  by  Lemma  IP. 111. 7 but  strictly 


speaking  we  do  not  need  this.)  Finally,  as  the  fibre  rings  of  the  map  are  assumed 
(Sk)  we  see  that  depth(S'q/pS'q)  > min(fc,  dim(5,q/pS'q)).  Thus  the  lemma  follows 
by  the  following  string  of  inequalities 


depth(Sq) 


= depth(5q/pS'q)  + depth(f?p) 

> min(fc,  dim(Sq/pSq))  + min(fc,  dim(i?p)) 

= min(2fc,  dim(S'q/p5,q)  + k,  k + dim(i?p),  dim(<S'q/pS,q)  + dim(i?p)) 

> min(fc,  dim(5q)) 


as  desired. 


□ 


P33A  Lemma  10.155.5.  Let  ip  : R —>  S be  a ring  map.  Assume 

(1)  R is  Noetherian, 

(2)  S is  Noetherian 

(3)  ip  is  flat, 

(4)  the  fibre  rings  S k(p)  are  regular,  and 

(5)  R has  property  (Rk)- 

Then  S has  property  (Rk ) ■ 


Proof.  Let  q be  a prime  of  S lying  over  a prime  p of  R.  Assume  that  dim(S,q)  < k. 
Since  dim(S,q)  = dim(i?p)+dim(S'q/p5q)  by  Lemma  10.111.7  we  see  that  dim(i?p)  < 
k.  Hence  Rv  is  regular  by  assumption.  It  follows  that  S q is  regular  by  Lemma 

IIP. 11 1.81  □ 


033B  Lemma  10.155.6.  Let  p : R —¥  S be  a ring  map.  Assume 

(1)  ip  is  smooth, 

(2)  R is  reduced. 

Then  S is  reduced. 
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Proof.  First  assume  R is  Noetherian.  In  this  case  being  reduced  is  the  same  as 
having  properties  (Si)  and  (Rq),  see  Lemma  10.149.3  Note  that  S is  Noetherian, 
and  R — > S is  flat  with  regular  fibres  (see  the  list  of  results  on  smooth  ring  maps 
in  Section  10.140).  Hence  we  may  apply  Lemmas  10.155.4  and  10.155.5  and  we  see 
that  S is  (Si)  and  (Rq),  in  other  words  reduced  by  Lemma  10.149.3  again. 


In  the  general  case  we  may  find  a finitely  generated  Z-subalgebra  Rq  C R and  a 
smooth  ring  map  Rq  — > Sq  such  that  S = R <8>r0  Sq,  see  remark  (10)  in  Section 


assume  that  x comes  from  an  element  Xq  £ Sq.  After  enlarging  Rq  once  more  we 
may  assume  that  Xq  = 0 in  So-  However,  since  Rq  C R is  reduced  we  see  that  Sq 
is  reduced  and  hence  Xq  = 0 as  desired.  □ 


10.140  Now,  if  x £ S is  an  element  with  x 2 = 0,  then  we  can  enlarge  Rq  and 


033C  Lemma  10.155.7.  Let  ip  : R —>  S be  a ring  map.  Assume 

(1)  ip  is  smooth, 

(2)  R is  normal. 

Then  S is  normal. 


Proof.  First  assume  R is  Noetherian.  In  this  case  being  normal  is  the  same  as 
having  properties  (S2)  and  (i?i),  see  Lemma  10.149.4  Note  that  S is  Noetherian, 
and  R — > S is  flat  with  regular  fibres  (see  the  list  of  results  on  smooth  ring  maps 
in  Section  10.140).  Hence  we  may  apply  Lemmas  10.155.4  and  10.155.5  and  we  see 
that  S is  (S2)  and  (f?i),  in  other  words  normal  by  Lemma  10.149.4  again. 


The  general  case.  First  note  that  R is  reduced  and  hence  S is  reduced  by  Lemma 
|10.155.6|  Let  q be  a prime  of  S and  let  p be  the  corresponding  prime  of  R.  Note 
that  Rp  is  a normal  domain.  We  have  to  show  that  S q is  a normal  domain.  To 
do  this  we  may  replace  R by  Rp  and  S'  by  Sp.  Hence  we  may  assume  that  R is  a 
normal  domain. 


Assume  R — > S smooth,  and  R a normal  domain.  We  may  find  a finitely  generated 
Z-subalgebra  Rq  C R and  a smooth  ring  map  Rq  — > Sq  such  that  S = R So, 
see  remark  (10)  in  Section  10.140  As  Rq  is  a Nagata  domain  (see  Proposition 
10.154.16)  we  see  that  its  integral  closure  R'0  is  finite  over  Rq.  Moreover,  as  R is 
a normal  domain  it  is  clear  that  Rr0  C R.  Hence  we  may  replace  Rq  by  Rq  and 
So  by  R'0  ®r0  So  and  assume  that  Rq  is  a normal  Noetherian  domain.  By  the 
first  paragraph  of  the  proof  we  conclude  that  So  is  a normal  ring  (it  need  not  be 
a domain  of  course) . In  this  way  we  see  that  R = |J  R\  is  the  union  of  normal 
Noetherian  domains  and  correspondingly  S = colirnSv  ®r0  Sq  is  the  colimit  of 
normal  rings.  This  implies  that  S is  a normal  ring.  Some  details  omitted.  □ 


07NF  Lemma  10.155.8.  Let  ip  : R — > S be  a ring  map.  Assume 

(1)  p is  smooth, 

(2)  R is  a regular  ring. 

Then  S is  regular. 


Proof.  This  follows  from  Lemma  10.155.5  applied  for  all  (Rk)  using  Lemma  10.138.3 
to  see  that  the  hypotheses  are  satisfied.  □ 
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10.156.  Descending  properties 

In  this  section  we  start  proving  some  algebraic  facts  concerning  the  “descent”  of 
properties  of  rings.  It  turns  out  that  it  is  often  “easier”  to  descend  properties  than 
it  is  to  ascend  them.  In  other  words,  the  assumption  on  the  ring  map  R — > S are 
often  weaker  than  the  assumptions  in  the  corresponding  lemma  of  the  preceding 
section.  However,  we  warn  the  reader  that  the  results  on  descent  are  often  useless 
unless  the  corresponding  ascent  can  also  be  shown!  Here  is  a typical  result  which 
illustrates  this  phenomenon. 

Lemma  10.156.1.  Let  R—$S  be  a ring  map.  Assume  that 

(1)  R — >•  S is  faithfully  flat,  and 

(2)  S is  Noetherian. 

Then  R is  Noetherian. 

Proof.  Let  I0  C Ji  C I2  C . . . be  a growing  sequence  of  ideals  of  R.  By  assumption 
we  have  InS  = In+\S  = In+2S  = . . . for  some  n.  Since  R — > S is  flat  we  have  RS  = 
R S.  Hence,  as  R — > S is  faithfully  flat  we  see  that  InS  = In+\S  = In+2 S = . . . 
implies  that  In  = In+i  = In+ 2 = ...  as  desired.  □ 

Lemma  10.156.2.  Let  R S be  a ring  map.  Assume  that 

(1)  R — ► S is  faithfully  flat,  and 

(2)  S is  reduced. 

Then  R is  reduced. 


Proof.  This  is  clear  as  R — > S is  injective.  □ 

Lemma  10.156.3.  Let  R—^S  be  a ring  map.  Assume  that 

(1)  R — >•  S is  faithfully  flat,  and 

(2)  S is  a normal  ring. 

Then  R is  a normal  ring. 


Proof.  Since  S is  reduced  it  follows  that  R is  reduced.  Let  p be  a prime  of  R. 
We  have  to  show  that  Rv  is  a normal  domain.  Since  Sv  is  faithfully  over  Rv  too 
we  may  assume  that  R is  local  with  maximal  ideal  m.  Let  q be  a prime  of  S lying 
over  m.  Then  we  see  that  R — > Sq  is  faithfully  flat  (Lemma  10.38.17 1.  Hence  we 
may  assume  S is  local  as  well.  In  particular  S'  is  a normal  domain.  Since  R — > S is 
faithfully  flat  and  S is  a normal  domain  we  see  that  R is  a domain.  Next,  suppose 
that  a/b  is  integral  over  R with  a,b  £ R.  Then  a/b  £ S as  S is  normal.  Hence 
a G bS.  This  means  that  a : R — > R/bR  becomes  the  zero  map  after  base  change 
to  S.  By  faithful  flatness  we  see  that  a £ bR , so  a/b  £ R.  Hence  R is  normal.  □ 


Lemma  10.156.4.  Let  R^  S be  a ring  map.  Assume  that 

(1)  R — >•  S is  faithfully  flat,  and 

(2)  S is  a regular  ring. 

Then  R is  a regular  ring. 


Proof.  We  see  that  R is  Noetherian  by  Lemma  10.156.1  Let  pci?  be  a prime. 


Choose  a prime  q C S lying  over  p.  Then  Lemma  10.109.9  applies  to  Rv  — » 
we  conclude  that  Rp  is  regular.  Since  p was  arbitrary  we  see  R is  regular. 


Sq  and 
□ 


Lemma  10.156.5.  Let  R — > S be  a ring  map.  Assume  that 
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(1)  R — / S is  faithfully  flat,  and 

(2)  S is  Noetherian  and  has  property  (Sk). 
Then  R is  Noetherian  and  has  property  ( Sk ) ■ 


Proof.  We  have  already  seen  that  (1)  and  (2)  imply  that  R is  Noetherian,  see 
Lemma  |10.156.1|  Let  p C R be  a prime  ideal.  Choose  a prime  q C S lying 
over  p which  corresponds  to  a minimal  prime  of  the  fibre  ring  S «(p).  Then 


A — R0 


— > Sq  = B is  a flat  local  ring  homomorphism  of  Noetherian  local  rings 


with  m_4f?  an  ideal  of  definition  of  B.  Hence  dim(A)  = dim(H)  (Lemma  10.111.7) 
and  depth(A)  = depth(H)  (Lemma  10.155.2).  Hence  since  B has  (Sk)  we  see  that 
A has  (Sk)-  □ 


0353  Lemma  10.156.6.  Let  R S be  a ring  map.  Assume  that 

(1)  R — l S is  faithfully  flat,  and 

(2)  S is  Noetherian  and  has  property  (Rk). 

Then  R is  Noetherian  and  has  property  (Rk). 


Proof.  We  have  already  seen  that  (1)  and  (2)  imply  that  R is  Noetherian,  see 
Lemma  |10.156. 1|  Let  p d R be  a prime  ideal  and  assume  d i in  ( //p  j d k.  Choose  a 
prime  q C S lying  over  p which  corresponds  to  a minimal  prime  of  the  fibre  ring 
S®rk( p).  Then  A = i?p  — > S^  = B is  a flat  local  ring  homomorphism  of  Noetherian 
local  rings  with  m aB  an  ideal  of  definition  of  B.  Hence  dim(A)  = dim(H)  (Lemma 


10.111.7).  As  S has  (Rk)  we  conclude  that  B is  a regular  local  ring.  By  Lemma 
10.109.9  we  conclude  that  A is  regular.  □ 


0354  Lemma  10.156.7.  Let  R — > S be  a ring  map.  Assume  that 

(1)  R — > S is  smooth  and  surjective  on  spectra,  and 

(2)  S is  a Nagata  ring. 

Then  R is  a Nagata  ring. 


Proof.  Recall  that  a Nagata  ring  is  the  same  thing  as  a Noetherian  universally 
Japanese  ring  (Proposition  10.154.15 1.  We  have  already  seen  that  R is  Noetherian 
in  Lemma  |10. 156.1]  Let  R — > A be  a finite  type  ring  map  into  a domain.  According 
to  Lemma  10.154.3|it  suffices  to  check  that  A is  N-l.  It  is  clear  that  B = A S 
is  a finite  type  S'-algebra  and  hence  Nagata  (Proposition  10.154.15).  Since  A — ► B 
is  smooth  (Lemma  10.135.4)  we  see  that  B is  reduced  (Lemma  10.155.6).  Since  B 


is  Noetherian  it  has  only  a finite  number  of  minimal  primes  qi 

(0) 


qf  (see  Lemma 
A (by  going  down, 


10.30.6).  As  A — > B is  flat  each  of  these  lies  over  (0)  C 
see  Lemma  |10.38.18l)  The  total  ring  of  fractions  Q(B)  is  the  product  of  the  Li  = 
f.f.(Bfqi)  (Lemmas  10.24.4  and  10.24.1 ).  Moreover,  the  integral  closure  B'  of  B in 
Q(B)  is  the  product  of  the  integral  closures  B(  of  the  B / q*  in  the  factors  Li  (compare 
with  Lemma  10. 36.151.  Since  B is  universally  Japanese  the  ring  extensions  B/qi  C 
B'i  are  finite  and  we  conclude  that  B'  = J|.B'  is  finite  over  B.  Since  A — > B is 
flat  we  see  that  any  nonzerodivisor  on  A maps  to  a nonzerodivisor  on  B.  The 
corresponding  map 

Q(A)  ®aB  = (A\  {O})-1^  ®aB  = (A\  {O})-1^  ->  Q(B) 

is  injective  (we  used  Lemma  10.11.15]).  Via  this  map  A!  maps  into  B' . This  induces 
a map 


A'  <gu  B 


B' 
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which  is  injective  (by  the  above  and  the  flatness  of  A — > B).  Since  B'  is  a finite 
B-module  and  B is  Noetherian  we  see  that  A'  B is  a finite  13-module.  Hence 
there  exist  finitely  many  elements  Xi  € A'  such  that  the  elements  Xi  g 1 generate 
A!  B as  a B-module.  Finally,  by  faithful  flatness  of  A — > B we  conclude  that 
the  Xi  also  generated  A!  as  an  A-module,  and  we  win.  □ 


0355  Remark  10.156.8.  The  property  of  being  “universally  catenary”  does  not  de- 
scend; not  even  along  etale  ring  maps.  In  Examples,  Section  [88. 16|  there  is  a con- 
struction of  a finite  ring  map  A — ► B with  A local  Noetherian  and  not  universally 
catenary,  B semi-local  with  two  maximal  ideals  m,  n with  Bm  and  Bn  regular  of 
dimension  2 and  1 respectively,  and  the  same  residue  fields  as  that  of  A.  Moreover, 
generates  the  maximal  ideal  in  both  Bm  and  Bn  (so  A — > B is  unramified  as 
well  as  finite).  By  Lemma  10.147.10  there  exists  a local  etale  ring  map  A — > A' 
such  that  B ®a  A'  = B i x B2  decomposes  with  A1  — > Bi  surjective.  This  shows 
that  A'  has  two  minimal  primes  q;  with  A' / q.^  = Bi.  Since  Bi  is  regular  local  (since 
it  is  etale  over  either  Bm  or  Bn ) we  conclude  that  A!  is  universally  catenary. 


10.157.  Geometrically  normal  algebras 


037Y  In  this  section  we  put  some  applications  of  ascent  and  descent  of  properties  of  rings. 

037Z  Lemma  10.157.1.  Let  k be  a field.  Let  A be  a k-algebra.  The  following  properties 
of  A are  equivalent: 

(1)  k'  <S>k  A Is  a normal  ring  for  every  field  extension  k C k' , 

(2)  k'  <S>kA  is  a normal  ring  for  every  finitely  generated  field  extension  k C k' , 
and 

(3)  k'  g/.  A is  a normal  ring  for  every  finite  purely  inseparable  extension  k C 
k'. 

where  normal  ring  is  as  defined  in  Definition  \ 10.36. 11\ 

Proof.  It  is  clear  that  (1)  =>  (2)  =>  (3). 


Assume  (2)  and  let  k C k'  be  any  field  extension.  Then  we  can  write  k'  = colirn,  ki 
as  a directed  colimit  of  finitely  generated  field  extensions.  Hence  we  see  that  k'  g& 
A = colinp  ki  g*,  A is  a directed  colimit  of  normal  rings.  Thus  we  see  that  k!  g*,  A 


is  a normal  ring  by  Lemma  10.36.16  Hence  (1)  holds. 


Assume  (3)  and  let  k C K be  a finitely  generated  field  extension.  By  Lemma 
|10.44.3|  we  can  find  a diagram 

K a-  K' 

A 


k' 


where  k C k' . K C K'  are  finite  purely  inseparable  field  extensions  such  that 


k'  C K'  is  separable.  By  Lemma  10.150.10  there  exists  a smooth  /c'-algebra  B such 
that  K'  is  the  fraction  field  of  B.  Now  we  can  argue  as  follows:  Step  1:  k!  ®k  A is 
a normal  ring  because  we  assumed  (3).  Step  2:  B (g*,/  k'  (gfc  A is  a normal  ring  as 
k!  A — )•  B (g)/j/  k1  i&k  A is  smooth  (Lemma  10.135.4 ) and  ascent  of  normality  along 

smooth  maps  (Lemma  10.155.7).  Step  3.  K'  gfc'  k'  A = K'  g*,  A is  a normal 


ring  as  it  is  a localization  of  a normal  ring  (Lemma  10.36.13).  Step  4.  Finally 
K gfc  A is  a normal  ring  by  descent  of  normality  along  the  faithfully  flat  ring  map 
K'  g*.  A (Lemma  10.156.3).  This  proves  the  lemma. 


K gi,  A - 


□ 
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Definition  10.157.2.  Let  fc  be  a field.  A fc-algebra  R is  called  geometrically 
normal  over  k if  the  equivalent  conditions  of  Lemma  |10. 157.1]  hold. 

Lemma  10.157.3.  Let  k be  a field.  A localization  of  a geometrically  normal 
k-algebra  is  geometrically  normal. 

Proof.  This  is  clear  as  being  a normal  ring  is  checked  at  the  localizations  at  prime 
ideals.  □ 


Lemma  10.157.4.  Let  k be  a field.  Let  A,  B be  k-algebras.  Assume  A is  ge- 
ometrically normal  over  k and  B is  a normal  ring.  Then  A (g*.  B is  a normal 
ring. 


Bq.  Hence  it  suffices  to 


B q,  see  Lemma  10.36.13  and  Lemma  10.157.3 


Proof.  Let  r be  a prime  ideal  of  Ag^H.  Denote  p,  resp.  q the  corresponding  prime 
of  A,  resp.  B.  Then  (A  (g*,  B)x  is  a localization  of  Ap 
prove  the  result  for  the  ring  Ap 
Thus  we  may  assume  A and  B are  domains. 

Assume  that  A and  B are  domains  with  fractions  fields  K and  L.  Note  that  B is 
the  filtered  colimit  of  its  finite  type  normal  fc-sub  algebras  (as  A;  is  a Nagata  ring,  see 
Proposition  |10. 154. 16[  and  hence  the  integral  closure  of  a finite  type  fc-sub  algebra 
is  still  a finite  type  fc-sub  algebra  by  Proposition  10.154.15).  By  Lemma  10.36.16 


we  reduce  to  the  case  that  B is  of  finite  type  over  fc. 

Assume  that  A and  B are  domains  with  fractions  fields  K and  L and  B of  finite 
type  over  fc.  In  this  case  the  ring  K g*.  B is  of  finite  type  over  K1  hence  Noetherian 


(Lemma  10.30.1 ).  In  particular  K g&  B has  finitely  many  minimal  primes  (Lemma 
10.30.6).  Since  A — > A g*,  B is  flat,  this  implies  that  A g&  H has  finitely  many 


minimal  primes  (by  going  down  for  flat  ring  maps  - Lemma  10.38.18  - these  primes 
all  lie  over  (0)  C A).  Thus  it  suffices  to  prove  that  A g*,  U is  integrally  closed  in 


its  total  ring  of  fractions  (Lemma  10.36.15 1. 


We  claim  that  K g*,  B and  A g*,  L are  both  normal  rings.  If  this  is  true  then 
any  element  x of  Q{A®k  B)  which  is  integral  over  Ag*,  H is  (by  Lemma  10.36.12) 
contained  in  K g&  B n A <S)fc  L = A g*,  B and  we’re  done.  Since  A (&k  L is  a normal 
ring  by  assumption,  it  suffices  to  prove  that  K g*,  B is  normal. 

As  A is  geometrically  normal  over  fc  we  see  K is  geometrically  normal  over  fc  (Lemma 


10.157.3)  hence  K is  geometrically  reduced  over  fc.  Hence  K = (J  K , is  the  union 
of  finitely  generated  field  extensions  of  fc  which  are  geometrically  reduced  (Lemma 


10.42.2).  Each  K,  is  the  localization  of  a smooth  fc-algebra  (Lemma  10.150.10).  So 


Kj  g*.  B is  the  localization  of  a smooth  B-algebra  hence  normal  (Lemma  10.155.7). 
Thus  K B is  a normal  ring  (Lemma|10.36.16)  and  we  win.  □ 


10.158.  Geometrically  regular  algebras 

Let  fc  be  a field.  Let  A be  a Noetherian  fc-algebra.  Let  fc  C K be  a finitely  generated 
field  extension.  Then  the  ring  I\  g*,  A is  Noetherian  as  well,  see  Lemma  |10.30.7| 
Thus  the  following  lemma  makes  sense. 

Lemma  10.158.1.  Let  k be  a field.  Let  A be  a k-algebra.  Assume  A is  Noetherian. 
The  following  properties  of  A are  equivalent: 

(1)  k'  gj.  A is  regular  for  every  finitely  generated  field  extension  k C k' , and 

(2)  k'  gj.  A is  regular  for  every  finite  purely  inseparable  extension  k C k' . 
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Here  regular  ring  is  as  in  Definition  \ 10.1 09. 7| 


Proof.  The  lemma  makes  sense  by  the  remarks  preceding  the  lemma.  It  is  clear 
that  (1)  =>•  (2). 

Assume  (2)  and  let  k C K be  a finitely  generated  field  extension.  By  Lemma 
|10.44.3|  we  can  find  a diagram 

K >■  K' 

A 

k >■  k ' 


where  k C k' , K C K'  are  finite  purely  inseparable  field  extensions  such  that 
k!  C K'  is  separable.  By  Lemma  10.150.10  there  exists  a smooth  k! -algebra  B such 
that  K'  is  the  fraction  field  of  B.  Now  we  can  argue  as  follows:  Step  1:  k'  ®k  A is 
a regular  ring  because  we  assumed  (2).  Step  2:  B ®k‘  k'  (g)fc  A is  a regular  ring  as 
k'  A -A  B®^'  k'  ®kA  is  smooth  (Lemma  10.135.4)  and  ascent  of  regularity  along 
smooth  maps  (Lemma |l0. 155.8 ).  Step  3.  K'  <8fc'  k'  ®k  A = K'  ®k  A is  a regular 
ring  as  it  is  a localization  of  a regular  ring  (immediate  from  the  definition).  Step 
4.  Finally  K (g>fc  A is  a regular  ring  by  descent  of  regularity  along  the  faithfully  flat 
ring  map  K ®k  A 


K'  A (Lemma  10.156.4 1.  This  proves  the  lemma. 


□ 


Definition  10.158.2.  Let  k be  a field.  Let  R be  a Noetherian  fc-algebra.  The 
fc-algebra  R is  called  geometrically  regular  over  k if  the  equivalent  conditions  of 
Lemma  IIP. 158.  ll  hold. 


It  is  clear  from  the  definition  that  K <2>k  R is  a geometrically  regular  algebra  over 
I\  for  any  finitely  generated  field  extension  K of  k.  We  will  see  later  (More  on 
Algebra,  Proposition  15.27.1)  that  it  suffices  to  check  R®k  k!  is  regular  whenever 
k C k!  C kxlv  (finite). 


Lemma  10.158.3.  Let  k be  a field.  Let  A -A  B be  a faithfully  flat  k-algebra  map. 
If  B is  geometrically  regular  over  k,  so  is  A. 


Proof.  Assume  B is  geometrically  regular  over  k.  Let  k C k'  be  a finite,  purely 
inseparable  extension.  Then  A®k  k'  — > B ®k  k ' is  faithfully  flat  as  a base  change  of 
A —A  B (by  Lemmas  10.29.3  and  10.38.7)  and  B ®k  k'  is  regular  by  our  assumption 
on  B over  k.  Then  A ®k  k ' is  regular  by  Lemma  10.156.4  □ 


Lemma  10.158.4.  Let  k be  a field.  Let  A -a  B be  a smooth  ring  map  of  k- 
algebras.  If  A is  geometrically  regular  over  k,  then  B is  geometrically  regular  over 

k. 


Proof.  Let  k C k'  be  a finitely  generated  field  extension.  Then  A®k  k'  -A  B <8fc  k! 
is  a smooth  ring  map  (Lemma |10. 135.4)  and  A ®k  k'  is  regular.  Hence  B <8*.  k'  is 
regular  by  Lemma  [10. 155. 8|  □ 


Lemma  10.158.5.  Let  k be  a field.  Let  A be  an  algebra  over  k.  Let  k = colimfcj 
be  a directed  colimit  of  sub  fields.  If  A is  geometrically  regular  over  each  hi,  then  A 
is  geometrically  regular  over  k. 


Proof.  Let  k C k'  be  a finite  purely  inseparable  field  extension.  We  can  get  k! 
by  adjoining  finitely  many  variables  to  k and  imposing  finitely  many  polynomial 
relations.  Hence  we  see  that  there  exists  an  i and  a finite  purely  inseparable  field 
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extension  ki  C k[  such  that  ki  = k ®ki  K-  Thus  A®kk'  = A (g^  k[  and  the  lemma 
is  clear.  □ 


Lemma  10.158.6.  Let  k C k!  be  a separable  algebraic  field,  extension.  Let  A 
be  an  algebra  over  k' . Then  A is  geometrically  regular  over  k if  and  only  if  it  is 
geometrically  regular  over  k' . 


Proof.  Let  k C L be  a finite  purely  inseparable  field  extension.  Then  L'  = k'  ®k  L 
is  a field  (see  material  in  Fields,  Section  9.27)  and  A®k  L = A <S>fe'  L' . Hence  if  A 
is  geometrically  regular  over  k' , then  A is  geometrically  regular  over  k. 


Assume  A is  geometrically  regular  over  k.  Since  k!  is  the  filtered  colimit  of  finite 


extensions  of  k we  may  assume  by  Lemma  10.158.5  that  k' /k  is  finite  separable. 
Consider  the  ring  maps 

k — t A (g)^,  k — i A. 

Note  that  A®k  k'  is  geometrically  regular  over  k'  as  a base  change  of  A to  k! . Note 
that  A<S>kk'  — i A is  the  base  change  of  k'®kk'  -A  k!  by  the  map  k!  -A  A.  Since  k' /k 
is  an  etale  extension  of  rings,  we  see  that  k!  ®k  k!  -A  k'  is  etale  (Lemma  10.141.3). 
Hence  A is  geometrically  regular  over  k!  by  Lemma  10.158.4  □ 


10.159.  Geometrically  Cohen-Macaulay  algebras 

This  section  is  a bit  of  a misnomer,  since  Cohen-Macaulay  algebras  are  automat- 
ically geometrically  Cohen-Macaulay.  Namely,  see  Lemma  |10.129.6]  and  Lemma 
110.159.21  below. 


Lemma  10.159.1.  Let  k be  a field  and  let  k C K and  k C L be  two  field  extensions 
such  that  one  of  them  is  a field  extension  of  finite  type.  Then  K®kL  is  a Noetherian 
Cohen-Macaulay  ring. 


Proof.  The  ring  K (g)*,  L is  Noetherian  by  Lemma  10.30.7|  Say  AT  is  a finite 
extension  of  the  purely  transcendental  extension  k(t\ , . . . , tr).  Then  k(t\ , . . . , tr)®k 
L -A  K (g)*,  L is  a finite  free  ring  map.  By  Lemma [l0.111.9|  it  suffices  to  show  that 
k(ti, . . . , tr)  g)fc  L is  Cohen-Macaulay.  This  is  clear  because  it  is  a localization  of  the 
polynomial  ring  L[ti, . . . ,tr].  (See  for  example  Lemma  10.103.7  for  the  fact  that  a 
polynomial  ring  is  Cohen-Macaulay.)  □ 


Lemma  10.159.2.  Let  k be  a field.  Let  S be  a Noetherian  k-algebra.  Let  k C K 
be  a finitely  generated  field  extension,  and  set  Sk  = K <S>k  S.  Let  q C S be  a prime 
of  S.  Let  qx  C Sk  be  a prime  of  Sk  lying  over  q.  Then  Sq  is  Cohen-Macaulay  if 
and  only  if  ( Sk)<\k  is  Cohen-Macaulay. 


Proof.  By  Lemma 


10.30.7 


the  ring  Sk  is  Noetherian.  Hence  Sq  — >•  (SW)qjf  is  a 


flat  local  homomorphism  of  Noetherian  local  rings.  Note  that  the  fibre 


{SK)qK/c\(SK)qK  = («(q)  K)q> 


is  the  localization  of  the  Cohen-Macaulay  (Lemma  10.159.1)  ring  /c(q)  K at  a 
suitable  prime  ideal  q' . Hence  the  lemma  follows  from  Lemma  10.155.3(  □ 
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10.160.  Colimits  and  maps  of  finite  presentation,  II 

07RF  This  section  is  a continuation  of  Section  110.1261 

We  start  with  an  application  of  the  openness  of  flatness.  It  says  that  we  can 
approximate  flat  modules  by  flat  modules  which  is  useful. 

02JO  Lemma  10.160.1.  Let  R -A  S be  a ring  map.  Let  M be  an  S-module.  Assume 
that 

(1)  R -A  S is  of  finite  presentation, 

(2)  M is  a finitely  presented  S-module,  and 

(3)  M is  flat  over  R. 

In  this  case  we  have  the  following: 

(1)  There  exists  a finite  type  Z-algebra  Ro  and  a finite  type  ring  map  Rq  — > So 
and  a finite  So-module  Mq  such  that  Mq  is  flat  over  Rq,  together  with  a 
ring  maps  Rq  -A  R and  So  -a  S and  an  So-module  map  M0  -A  M such 
that  S = R So  and  M = S ®s0  Mo . 

(2)  If  R = colim^gA  R\  is  written  as  a directed  colimit,  then  there  exists  a 
A and  a ring  map  R\  -A  S\  of  finite  presentation,  and  an  S\-module 
M\  of  finite  presentation  such  that  M\  is  flat  over  R\  and  such  that 
S = R ®rx  S\  and  M = S <S>sx  Af\. 

(3)  If 

(R  -A  S , M)  = coliniAgA(7?A  ~ t S\,  M\) 
is  written  as  a directed  colimit  such  that 

(a)  ®rx  S\  — > S^  and  S^  ®sA  M\  -a  M m are  isomorphisms  for  p > X, 

(b)  R\  -A  S\  is  of  finite  presentation, 

(c)  M\  is  a finitely  presented  S\-module, 

then  for  all  sufficiently  large  A the  module  M\  is  flat  over  R\. 


Proof.  We  first  write  (R 
S\,M\)  as  in  as  in  Lemma  10.126.15 


S,  M)  as  the  directed  colimit  of  a system  ( R\  — >• 
Let  q C S'  be  a prime.  Let  p C R,  qA  C S\, 


and  p^  C R\  the  corresponding  primes.  As  seen  in  the  proof  of  Theorem |10. 128.4] 

((-S-a)pa  5 (SA)qA , (M\)qx  ) 

is  a system  as  in  Lemma |10.126.lT]  and  hence  by  Lemma  |10. 127.3]  we  see  that  for 
some  Aq  € A for  all  A > Aq  the  module  M\  is  flat  over  R\  at  the  prime  q>- 


By  Theorem  10.128.4  we  get  an  open  subset  U\  C Spec(SA)  such  that  M\  flat  over 
R\  at  all  the  primes  of  U\.  Denote  V\  C Spec(S)  the  inverse  image  of  U\  under  the 
map  Spec(S)  -A  Spec (S\).  The  argument  above  shows  that  for  every  q £ Spec(S) 
there  exists  a Aq  such  that  q £ V\  for  all  A > Aq.  Since  Spec(S)  is  quasi-compact 
we  see  this  implies  there  exists  a single  Aq  £ A such  that  Va0  = Spec(S). 


The  complement  Spec(S\0)\U\0  is  V(I)  for  some  ideal  I C S\0.  As  V\0  = Spec(S') 
we  see  that  IS  = S.  Choose  /i,  ■ . . , fr  £ I and  si, . . . , sn  £ S such  that  ^ /,.Sj  = 1. 
Since  colim  S\  = S,  after  increasing  Ao  we  may  assume  there  exist  8i  \0  £ S\0  such 
that  fisi, A0  = 1-  Hence  for  this  Aq  we  have  U\0  = Spec(S,A0).  This  proves  (1). 


Proof  of  (2).  Let  (Rq  -a  So,M0)  be  as  in  (1)  and  suppose  that  R = colim R,\ . 
Since  Rq  is  a finite  type  Z algebra,  there  exists  a A and  a map  Rq  — > R\  such  that 
Ro  -A  R\  A J!  is  the  given  map  Ro  ► R (see  Lemma  10.126.2).  Then,  part  (2) 
follows  by  taking  S\  = R\®r0  S0  and  M\  = S\  ®s0  Afo- 
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Finally,  we  come  to  the  proof  of  (3).  Let  ( R\  -A  S\,M\)  be  as  in  (3).  Choose 
(Ro  — > So, M0)  and  R0  -A  R as  in  (1).  As  in  the  proof  of  (2),  there  exists  a A0 
and  a ring  map  Ro  -A  R\0  such  that  Rq  — > R\0  — > R is  the  given  map  Rq  -a  R. 
Since  So  is  of  finite  presentation  over  Ro  and  since  S = colimSA  we  see  that  for 
some  Ai  > Ao  we  get  an  i?o-algebra  map  So  — > S\1  such  that  the  composition 
So  — > S^j  — > S is  the  given  map  So  — > S (see  Lemma  10.126.2).  For  all  A > Ai  this 
gives  maps 

H/a  : R\  S0  — > R\  S\1  = S\ 

the  last  isomorphism  by  assumption.  By  construction  Colima  4/ a is  an  isomorphism. 
Hence  is  an  isomorphism  for  all  A large  enough  by  Lemma  [l0.126.6|  In  the 
same  vein,  there  exists  a A2  > Ai  and  an  So-module  map  M0  — > M\0  such  that 
Mo  -A  M\2  a M is  the  given  map  Mo  -A  M (see  Lemma  10.126.3).  For  A > A2 
there  is  an  induced  map 


Sa  ®s0  Mo  — )>  S\  ®Sx2  -Ma2  — M\ 

and  for  A large  enough  this  map  is  an  isomorphism  by  Lemma  |10.126.4}  This 
implies  (3)  because  M0  is  flat  over  R0.  □ 

034Y  Lemma  10.160.2.  Let  R — > A — > B be  ring  maps.  Assume  A -A  B faithfully  flat 
of  finite  presentation.  Then  there  exists  a commutative  diagram 


R Ao Bq 

V 

R 5-  A 5-  B 


with  R -A  Ao  of  finite  presentation,  Ao  — > Bo  faithfully  flat  of  finite  presentation 
and  B = A ®a0  B0  ■ 


Proof.  We  first  prove  the  lemma  with  R replaced  Z. 
exists  a diagram 

Ao ^ A 


B0 ->  B 


By  Lemma  10.160.1  there 


where  A0  is  of  finite  type  over  Z,  B0  is  flat  of  finite  presentation  over  A0  such  that 
B = A (g>j40  Bq.  As  Ao  -a  Bo  is  flat  of  finite  presentation  we  see  that  the  image 
of  Spec(-Bo)  — > Spec(Ao)  is  open,  see  Proposition  10.40.8  Hence  the  complement 
of  the  image  is  V(Io)  for  some  ideal  Io  C A0.  As  A A 
map  Spec(-B) 


B is  faithfully  flat  the 


Spec(A)  is  surjective,  see  Lemma  10.38.16  Now  we  use  that  the 
base  change  of  the  image  is  the  image  of  the  base  change.  Hence  IoA  = A.  Pick  a 
relation  ^ fli'i  = 1,  with  r*  £ A,  fl  £ Jo-  Then  after  enlarging  Ao  to  contain  the 
elements  r,  (and  correspondingly  enlarging  B0)  we  see  that  A0  -A  B0  is  surjective 
on  spectra  also,  i.e. , faithfully  flat. 


Thus  the  lemma  holds  in  case  R = Z.  In  the  general  case,  take  the  solution  Aq  -a  B'0 
just  obtained  and  set  A0  = A’0  R , B0  = B'0  ®z  R.  □ 

07RG  Lemma  10.160.3.  Let  A = colim,e / A,;  be  a directed  colimit  of  rings.  Let  0 £ I 
and  tpo  : B0  ► Co  a map  of  A0- algebras.  Assume 
(1)  A Bq  -A  A (gu0  Co  is  finite, 
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(2)  Co  is  of  finite  type  over  Bq. 

Then  there  exists  an  i > 0 such  that  the  map  Aj  ®a0  Bq  — > M (gu0  Co  is  finite. 

Proof.  Let  x\,...,xm  be  generators  for  Co  over  Bo-  Pick  monic  polynomials 
Pj  £ A®a0  Bq[T ] such  that  Pj(l®Xj)  = 0 in  A®a0  Co-  For  some  !>0we  can  find 
Pj,i  £ Ai  ®a0  .Bo PI  mapping  to  Pj.  Since  C§>  commutes  with  colimits  we  see  that 
Pj,i{  1 <g>  Xj ) is  zero  in  A,  <g) a0  Cq  after  possibly  increasing  i.  Then  this  i works.  □ 

07RH  Lemma  10.160.4.  Let  A = colim,e / A,;  be  a directed  colimit  of  rings.  Let  0 £ / 
and  tpo  : B0  — > Cq  a map  of  A0- algebras.  Assume 

(1)  A ®a0  Bo  — ! ► A 0yio  Co  is  surjective, 

(2)  Co  is  of  finite  type  over  Bq. 

Then  for  some  i > 0 the  map  Aj  ®a0  Bo  — ► Aj  ®a0  Co  is  surjective. 

Proof.  Let  x\, . . . , xm  be  generators  for  Co  over  B0.  Pick  bj  £ A 0ao  B0  mapping 
to  1 0 Xj  in  A® a0  Co-  For  some  i > 0 we  can  find  bj^  £ A,  0 a0  Bo  mapping  to  bj. 
Then  this  i works.  □ 

07RI  Lemma  10.160.5.  Let  A = colim,;e / A,  be  a directed  colimit  of  rings.  Let  0 £ I 
and  tpo  '■  Bo  > Co  a map  of  Aq- algebras.  Assume 

(1)  A 0^o  Bo  — > A 0^o  Co  is  etale, 

(2)  Bo  -A  Cq  is  of  finite  presentation. 

Then  for  some  i > 0 the  map  Aj  0^o  Bo  — > Aj  0^o  Co  is  etale. 

Proof.  Note  that  Bq  — t Co  is  of  finite  presentation,  see  Lemma  |10.6.2|  Write 
Co  = Bo[xi, . . .,xn]/(fii0,  ■ ■ .,fm, o)-  Write  Bt  = A,  0ao  B0  and  Ct  = Aj  0ao  C0. 
Note  that  Cj  = -Bjpi, . . . , xn]/ (/i,j, . . . , fm,i)  where  fjj  is  the  image  of  /y0  in  the 
polynomial  ring  over  .Bj.  Write  B = A 0ao  B0  and  C = A 0ao  Cq-  Note  that 
C = B[x i, . . . , xn]/(fi, . . . , fm)  where  fj  is  the  image  of  fj  0 in  the  polynomial  ring 
over  B.  The  assumption  is  that  the  map 

d : (A, . . . , ...,  U2  — ► 0 Cdxk 

is  an  isomorphism.  Thus  for  sufficiently  large  i we  can  find  elements 

with  d A,j  = da’fc  in  QjCidXk-  Moreover,  on  increasing  i if  necessary,  we  see  that 
J2(9fj,i/dxk)^k,i  = fj,i  mod  (/pj, . . . , fm,i)2  since  this  is  true  in  the  limit.  Then 
this  i works.  □ 

The  following  lemma  is  an  application  of  the  results  above  which  doesn’t  seem  to 
fit  well  anywhere  else. 

034Z  Lemma  10.160.6.  Let  R -A  S be  a faithfully  flat  ring  map  of  finite  presentation. 
Then  there  exists  a commutative  diagram 

S ^ S' 


R 

where  R —>  S'  is  quasi-finite,  faithfully  flat  and  of  finite  presentation. 
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Proof.  As  a first  step  we  reduce  this  lemma  to  the  case  where  R is  of  finite  type 
over  Z.  By  Lemma  [10. 160. 2|  there  exists  a diagram 

So- 


■S 

A 


Rq 


R 


where  Rq  is  of  finite  type  over  Z,  and  So  is  faithfully  flat  of  finite  presentation  over 
Ro  such  that  S = R®r0  Sq.  If  we  prove  the  lemma  for  the  ring  map  Rq  — 1 So,  then 
the  lemma  follows  for  R — > S by  base  change,  as  the  base  change  of  a quasi-finite 
ring  map  is  quasi-finite,  see  Lemma  10.121.8  (Of  course  we  also  use  that  base 


changes  of  flat  maps  are  flat  and  base  changes  of  maps  of  finite  presentation  are  of 
finite  presentation.) 

Assume  R — > S is  a faithfully  flat  ring  map  of  finite  presentation  and  that  R 
is  Noetherian  (which  we  may  assume  by  the  preceding  paragraph).  Let  W C 
Spec(S')  be  the  open  set  of  Lemma  10.129.4l  As  R 
Spec  (S) 


S is  faithfully  flat  the  map 


Spec (R)  is  surjective,  see  Lemma  10.38.16 


By  Lemma  10.129.5  the 

x 


a i 


map  W -A  Spec(A)  is  also  surjective.  Hence  by  replacing  S with  a product  S, 

...  x Sgm  we  may  assume  W = Spec(S');  here  we  use  that  Spec(l?)  is  quasi-compact 
(Lemma  10.16.10),  and  that  the  map  Spec(5)  — > Spec(-R)  is  open  (Proposition 
10.40.8).  Suppose  that  p C R is  a prime.  Choose  a prime  q C S lying  over  p 


which  corresponds  to  a maximal  ideal  of  the  fibre  ring  S k(p).  The  Noetherian 
local  ring  5q  = Sq/pSq  is  Cohen-Macaulay,  say  of  dimension  d.  We  may  choose 
frj  in  the  maximal  ideal  of  S q which  map  to  a regular  sequence  in  S q . Choose 
a common  denominator  g £ S,  g £ q of  /1; . . . , fd,  and  consider  the  .R-algebra 

S'  = Sg/(fu...,fd). 

By  construction  there  is  a prime  ideal  q'  C S'  lying  over  p and  corresponding  to  q 
(via  Sg  —>  S'g).  Also  by  construction  the  ring  map  R — > S'  is  quasi-finite  at  q as 
the  local  ring 

S'„>/pS'q,  = Sq/(fu  ...,fd)+9Sq=  5q/( /1;  ...Jd) 

has  dimension  zero,  see  Lemma  |10. 121.21  Also  by  construction  R — > S1  is  of  fi- 
nite presentation.  Finally,  by  Lemma  10.98.3  the  local  ring  map  Rp  — > S'',  is  flat 
(this  is  where  we  use  that  R is  Noetherian).  Hence,  by  openness  of  flatness  (The- 
orem 10.128.4),  and  openness  of  quasi- finiteness  (Lemma  |10. 122. 14)  we  may  after 
replacing  g by  gg'  for  a suitable  g'  £ S,  g'  £ q assume  that  R — > S'  is  flat  and 
quasi-finite.  The  image  Spec(S')  — > Spec (R)  is  open  and  contains  p.  In  other  words 
we  have  shown  a ring  S'  as  in  the  statement  of  the  lemma  exists  (except  possibly 
the  faithfulness  part)  whose  image  contains  any  given  prime.  Using  one  more  time 
the  quasi-compactness  of  Spec(l?)  we  see  that  a finite  product  of  such  rings  does 
the  job.  □ 
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073W 

11.1.  Introduction 

073X  A reference  are  the  lectures  by  Serre  in  the  Seminaire  Cartan,  see  ISer55a . Serre  in 
turn  refers  to  [Deu68j  and  IANT44],  We  changed  some  of  the  proofs,  in  particular 
we  used  a fun  argument  of  Rieffel  to  prove  Wedderburn’s  theorem.  Very  likely  this 
change  is  not  an  improvement  and  we  strongly  encourage  the  reader  to  read  the 
original  exposition  by  Serre. 

11.2.  Noncommutative  algebras 

073Y  Let  A:  be  a field.  In  this  chapter  an  algebra  A over  fc  is  a possibly  noncommutative 
ring  A together  with  a ring  map  k — > A such  that  k maps  into  the  center  of  A and 
such  that  1 maps  to  an  identity  element  of  A.  An  A-module  is  a right  A-module 
such  that  the  identity  of  A acts  as  the  identity. 

073Z  Definition  11.2.1.  Let  A be  a fc-algebra.  We  say  A is  finite  if  dimfc(A)  < oo.  In 
this  case  we  write  [A  : k ] = dim*, (A). 

0740  Definition  11.2.2.  A skew  field  is  a possibly  noncommutative  ring  with  an  identity 
element  1,  with  1^0,  in  which  every  nonzero  element  has  a multiplicative  inverse. 

A skew  field  is  a fc-algebra  for  some  k (e.g.,  for  the  prime  field  contained  in  it).  We 
will  use  below  that  any  module  over  a skew  field  is  free  because  a maximal  linearly 
independent  set  of  vectors  forms  a basis  and  exists  by  Zorn’s  lemma. 

0741  Definition  11.2.3.  Let  A be  a fc-algebra.  We  say  an  A-module  M is  simple  if  it 
is  nonzero  and  the  only  A-submodules  are  0 and  M . We  say  A is  simple  if  the  only 
two-sided  ideals  of  A are  0 and  A. 

0742  Definition  11.2.4.  A fc-algebra  A is  central  if  the  center  of  A is  the  image  of 
fc  -»  A. 

0743  Definition  11.2.5.  Given  a fc-algebra  A we  denote  Aop  the  fc-algebra  we  get  by 
reversing  the  order  of  multiplication  in  A.  This  is  called  the  opposite  algebra. 

11.3.  Wedderburn’s  theorem 

0744  The  following  cute  argument  can  be  found  in  a paper  of  Rieffel,  see  IRie  65].  The 
proof  could  not  be  simpler  (quote  from  Carl  Faith’s  review). 

0745  Lemma  11.3.1.  Let  A be  a possibly  noncommutative  ring  with  1 which  contains 
no  nontrivial  two-sided  ideal.  Let  M be  a nonzero  right  ideal  in  A,  and  view  M as 
a right  A-module.  Then  A coincides  with  the  bicommutant  of  M . 
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Proof.  Let  A!  = EncU(M),  and  let  A"  = End^'(M)  (the  bicommutant  of  M).  Let 
R : A -A  A"  be  the  natural  homomorphism  R(a)(m)  = ma.  Then  R is  injective, 
since  f?(  1)  = idM  and  A contains  no  nontrivial  two-sided  ideal.  We  claim  that 
R{M)  is  a right  ideal  in  A " . Namely,  R(m)a"  = R(ma")  for  a"  £ A"  and  m in 
M , because  left  multiplication  of  M by  any  element  n of  M represents  an  element 
of  A' , and  so  ( nm)a " = n{ma"),  that  is,  ( R(m)a")(n ) = R{rna"){n)  for  all  n in 
M.  Finally,  the  product  ideal  AM  is  a two-sided  ideal,  and  so  A = AM.  Thus 
R(A)  = R(A)R{M),  so  that  R{A)  is  a right  ideal  in  A" . But  R(A)  contains  the 
identity  element  of  A" , and  so  R(A)  = A" . □ 

0746  Lemma  11.3.2.  Let  A be  a k-algebra.  If  A is  finite,  then 

(1)  A has  a simple  module, 

(2)  any  nonzero  module  contains  a simple  submodule, 

(3)  a simple  module  over  A has  finite  dimension  over  k,  and 

(4)  if  M is  a simple  A-module,  then  EndA(M)  is  a skew  field. 

Proof.  Of  course  (1)  follows  from  (2)  since  A is  a nonzero  A-module.  For  (2), 
any  submodule  of  minimal  (finite)  dimension  as  a fc-vector  space  will  be  simple. 
There  exists  a finite  dimensional  one  because  a cyclic  submodule  is  one.  If  M is 
simple,  then  mA  cMisa  sub-module,  hence  we  see  (3).  Any  nonzero  element  of 
End a(M)  is  an  isomorphism,  hence  (4)  holds.  □ 

0747  Theorem  11.3.3.  Let  A be  a simple  finite  k-algebra.  Then  A is  a matrix  algebra 
over  a finite  k-algebra  K which  is  a skew  field. 


Proof.  We  may  choose  a simple  submodule  M C A and  then  the  /c-algebra  K = 
EndA(Af)  is  a skew  field,  see  Lemma  11.3.2  By  Lemma  11.3. 1|  we  see  that  A = 
End k{M).  Since  K is  a skew  field  and  M is  finitely  generated  (since  dimfc(M)  < 
oo ) we  see  that  M is  finite  free  as  a left  A'-module.  It  follows  immediately  that 
A = Mat(n  x n,  I<op).  □ 


11.4.  Lemmas  on  algebras 

0748  Let  A be  a fc-algebra.  Let  B C A be  a subalgebra.  The  centralizer  of  B in  A is  the 
subalgebra 

C = {y  £ A | xy  = yx  for  all  x £ B}. 

It  is  a /c-algebra. 

0749  Lemma  11.4.1.  Let  A,  A!  be  k-algebras.  Let  B C A,  B'  C A!  be  subalgebras  with 

centralizers  C , C' . Then  the  centralizer  of  B (§>&  B'  in  A A'  is  C C . 

Proof.  Denote  C"  C A (S>fc  A'  the  centralizer  of  B B' . It  is  clear  that  C ®kC  C 
C" . Conversely,  every  element  of  C"  commutes  with  B ® 1 hence  is  contained  in 
C ®k  A'.  Similarly  C"  C A®k  C . Thus  C"  C C ®k  A'  n A C’  = C ®k  C’ . □ 

074A  Lemma  11.4.2.  Let  A be  a finite  simple  k-algebra.  Then  the  center  k1  of  A is  a 

finite  field  extension  of  k. 


Proof.  Write  A = Mat(n  x n,  K ) for  some  skew  field  I\  finite  over  k,  see  Theorem 
11.3.3  By  Lemma [ll.4.1|  the  center  of  A is  k ®k  k ' where  k!  C K is  the  center  of 
K.  Since  the  center  of  a skew  field  is  a field,  we  win.  □ 
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074B  Lemma  11.4.3.  Let  V be  a k vector  space.  Let  K be  a central  k-algebra  which 
is  a skew  field.  Let  W C V ®k  K be  a two-sided  K-sub  vector  space.  Then  W is 
generated  as  a left  K -vector  space  by  W D (V  ® 1). 

Proof.  Let  V'  C V be  the  fc-sub  vector  space  generated  by  v £ V such  that 
u ® 1 £ W.  Then  V'  ®k  K C W and  we  have 

W/(V'  ®k  K)  c (V/V)  ®k  K. 

If  v £ V/V'  is  a nonzero  vector  such  that  v ® 1 is  contained  in  W/V'  ®k  K,  then 
we  see  that  v ® 1 £ W where  v £ V lifts  v.  This  contradicts  our  construction  of  V' . 
Hence  we  may  replace  V by  V/V'  and  W by  W/V'  ®k  K and  it  suffices  to  prove 
that  Wn(P®l)is  nonzero  if  W is  nonzero. 

To  see  this  let  w £ W be  a nonzero  element  which  can  be  written  as  w = 
!Ci=i  nvi  ® ki  with  n minimal.  We  may  right  multiply  with  kf1  and  assume 
that  k\  = 1.  If  n = 1,  then  we  win  because  v\  ® 1 £ W.  If  n > 1,  then  we  see  that 
for  any  c £ K 

cv  — vc  = 7 Vi®  (cki  — kic)  £ W 

and  hence  cki  ~ kiC  = 0 by  minimality  of  n.  This  implies  that  ki  is  in  the  center 
of  K which  is  k by  assumption.  Hence  v = {v\  + Y/  kivf)  ® 1 contradicting  the 
minimality  of  n.  □ 

074C  Lemma  11.4.4.  Let  A be  a k-algebra.  Let  K be  a central  k-algebra  which  is  a 
skew  field.  Then  any  two-sided  ideal  I C A ®k  K is  of  the  form  J ®k  K for  some 
two-sided  ideal  J C A.  In  particular,  if  A is  simple,  then  so  is  A ®k  K. 


074D 


Proof.  Set  J = {a  £ A \ a®  1 £ I}.  This  is  a two-sided  ideal  of  A.  And  I = J®kK 
by  Lemma  11.4.3|  □ 

Lemma  11.4.5.  Let  R be  a possibly  noncommutative  ring.  Let  n > 1 be  an 
integer.  Let  Rn  = Mat{n  x n,  R). 

(1)  The  functors  M <— > M®n  and  N i-a  Ne n define  quasi-inverse  equivalences 
of  categories  Modn  o Modi • 

(2)  A two-sided  ideal  of  Rn  is  of  the  form  IRn  for  some  two-sided  ideal  I of 
R. 

(3)  The  center  of  Rn  is  equal  to  the  center  of  R. 


Proof.  Part  (1)  proves  itself.  If  J C Rn  is  a two-sided  ideal,  then  J = QfeuJejj 
and  all  of  the  summands  euJejj  are  equal  to  each  other  and  are  a two-sided  ideal 
I of  R.  This  proves  (2).  Part  (3)  is  clear.  □ 
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Lemma  11.4.6.  Let  A be  a finite  simple  k-algebra. 

(1)  There  exists  exactly  one  simple  A-module  M up  to  isomorphism. 

(2)  Any  finite  A-module  is  a direct  sum  of  copies  of  a simple  module. 

(3)  Two  finite  A-modules  are  isomorphic  if  and  only  if  they  have  the  same 
dimension  over  k. 

(4)  If  A = Mat(n  x n,  K)  with  I\  a finite  skew  field  extension  of  k,  then 
M = K®n  is  a simple  A-module  and  EndA^M)  = K°v . 

(5)  If  M is  a simple  A-module,  then  L = EndA(M)  is  a skew  field  finite  over 
k acting  on  the  left  on  M,  we  have  A = Endk(M) , and  the  centers  of  A 
and  L agree.  Also  [A  : k\[L  : k]  = dimk(AI)2 . 
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(6)  For  a finite  A-module  N the  algebra  B = EndA(N)  is  a matrix  algebra 
over  the  skew  field  L of  (5).  Moreover  Ends(N)  = A. 


Proof.  By  Theorem  11.3.3  we  can  write  A = Mat(n  x n,  K)  for  some  finite  skew 


field  extension  K of  k.  By  Lemma  11.4.5  the  category  of  modules  over  A is  equiva- 
lent to  the  category  of  modules  over  K.  Thus  (1),  (2),  and  (3)  hold  because  every 
module  over  K is  free.  Part  (4)  holds  because  the  equivalence  transforms  the  K- 
module  K to  M = K®n . Using  M = K®n  in  (5)  we  see  that  L = Kop . The 
statement  about  the  center  of  L = I\op  follows  from  Lemma QTA5]  The  statement 
about  Endi(M)  follows  from  the  explicit  form  of  M.  The  formula  of  dimensions 
is  clear.  Part  (6)  follows  as  N is  isomorphic  to  a direct  sum  of  copies  of  a simple 
module.  □ 


Lemma  11.4.7.  Let  A,  A'  be  two  simple  k-algebras  one  of  which  is  finite  and 
central  over  k.  Then  A 8>k  A!  is  simple. 


Proof.  Suppose  that  A'  is  finite  and  central  over  k.  Write  A'  = Mat(n  x n,K '), 
see  Theorem  11.3.3  Then  the  center  of  K'  is  k and  we  conclude  that  A 8>k  K' 

Hence  A <S)fc  A'  = Mat(n  x n,A8>k  K')  is  simple  by 

□ 


is  simple  by  Lemma  11.4.4 
Lemma  111.4.51 


Lemma  11.4.8.  The  tensor  product  of  finite  central  simple  algebras  over  k is 
finite,  central,  and  simple. 

Proof.  Combine  Lemmas  111.4.11  and  111.4.71  □ 


Lemma  11.4.9.  Let  A be  a finite  central  simple  algebra  over  k.  Let  k C k'  be  a 
field  extension.  Then  A'  = A <S>fc  k'  is  a finite  central  simple  algebra  over  k' . 

Proof.  Combine  Lemmas  111.4.11  and  111.4.71  □ 


Lemma  11.4.10.  Let  A be  a finite  central  simple  algebra  over  k.  Then  A(&kAop  = 
Mat(n  x n,  k ) where  n = [A  : k] . 

Proof.  By  Lemma [ll.4.8|  the  algebra  A (g)^  Aop  is  simple.  Hence  the  map 
A <8 >k  Aop  — » Endfc(H),  a®  a'  \ — » ( x i-A  axa') 
is  injective.  Since  both  sides  of  the  arrow  have  the  same  dimension  we  win.  □ 


11.5.  The  Brauer  group  of  a field 

Let  k be  a field.  Consider  two  finite  central  simple  algebras  A and  B over  k.  We  say 
A and  B are  similar  A there  exist  n,  m > 0 such  that  Mat(nxn,  A)  = Mat  (mxm,  B) 
as  fc-algebras. 

Lemma  11.5.1.  Similarity. 

(1)  Similarity  defines  an  equivalence  relation  on  the  set  of  isomorphism  classes 
of  finite  central  simple  algebras  over  k. 

(2)  Every  similarity  class  contains  a unique  ( up  to  isomorphism ) finite  central 
skew  field  extension  of  k. 

(3)  If  A = Mat(n  x n,K)  and  B = Mat{m  x m,K')  for  some  finite  central 
skew  fields  K , K'  over  k then  A and  B are  similar  if  and  only  if  K = K ’ 
as  k-algebras. 
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Proof.  Note  that  by  Wedderburn’s  theorem  (Theorem  11.3.3)  we  can  always  write 
a finite  central  simple  algebra  as  a matrix  algebra  over  a finite  central  skew  field. 
Hence  it  suffices  to  prove  the  third  assertion.  To  see  this  it  suffices  to  show  that  if 
A = Mat (n  x n,I\)  = Mat(m  x m,K')  = B then  K = K' . To  see  this  note  that 
for  a simple  module  M of  A we  have  End^M)  = I\op , see  Lemma  11.4.6  Hence 
A = B implies  Kop  = ( K')op  and  we  win.  □ 

Given  two  finite  central  simple  fc-algebras  A,  B the  tensor  product  A ®k  B is 
another,  see  Lemma  11.4.8  Moreover  if  A is  similar  to  A',  then  A ®k  B is  similar 
to  A!  B because  tensor  products  and  taking  matrix  algebras  commute.  Hence 
tensor  product  defines  an  operation  on  equivalence  classes  of  finite  central  simple 
algebras  which  is  clearly  associative  and  commutative.  Finally,  Lemma  |11.4.10| 
shows  that  A®^  Aop  is  isomorphic  to  a matrix  algebra,  i.e.,  that  A®/.  Aop  is  in  the 
similarity  class  of  k.  Thus  we  obtain  an  abelian  group. 

Definition  11.5.2.  Let  k be  a field.  The  Brauer  group  of  k is  the  abelian  group  of 
similarity  classes  of  finite  central  simple  fc-algebras  defined  above.  Notation  Br(fc). 

For  any  map  of  fields  k k'  we  obtain  a group  homomorphism 
Br(fc)  — > Br(£/),  A i — > A ®k  k' 


see  Lemma  11.4.9  In  other  words,  Br(— ) is  a functor  from  the  category  of  fields 
to  the  category  of  abelian  groups.  Observe  that  the  Brauer  group  of  a field  is  zero 
if  and  only  if  every  finite  central  skew  field  extension  k C K is  trivial. 

Lemma  11.5.3.  The  Brauer  group  of  an  algebraically  closed  field  is  zero. 

Proof.  Let  k C K be  a finite  central  skew  field  extension.  For  any  element  x £ K 
the  subring  k[x\  C K is  a commutative  finite  integral  fc-sub  algebra,  hence  a field, 
see  Algebra,  Lemma  |10.35.17l  Since  k is  algebraically  closed  we  conclude  that 
k[x]  = k.  Since  x was  arbitrary  we  conclude  k = K.  □ 

Lemma  11.5.4.  Let  A be  a finite  central  simple  algebra  over  a field  k.  Then 
[A  : k\  is  a square. 

Proof.  This  is  true  because  A®^k  is  a matrix  algebra  over  k by  Lemma  11.5.3  □ 


11.6.  Skolem-Noether 


Theorem  11.6.1.  Let  A be  a finite  central  simple  k-algebra.  Let  B be  a simple 
k-algebra.  Let  f,g  : B — ► A be  two  k-algebra  homomorphisms.  Then  there  exists 
an  invertible  element  x £ A such  that  f(b)  = xg{b)x~x  for  all  b £ B. 


Proof.  Choose  a simple  A-module  M.  Set  L = End^M).  Then  I is  a skew 
field  with  center  k which  acts  on  the  left  on  M,  see  Lemmas  [ILT21  and  [TTA61 
Then  M has  two  B ®k  Lop-module  structures  defined  by  m ( b®l ) = Imfifb)  and 
m- 2 ( b®l ) = lmg{b).  The  fc-algebra  B®kLop  is  simple  by  Lemma |ll.4.7  Since  B is 
simple,  the  existence  of  a fc-algebra  homomorphism  B — >•  A implies  that  B is  finite. 
Thus  B ®k  Lop  is  finite  simple  and  we  conlude  the  two  B Lop-module  structures 
on  M are  isomorphic  by  Lemma  11.4.6  Hence  we  find  (p  : M M intertwining 
these  operations.  In  particular  ip  is  in  the  commutant  of  L which  implies  that  p is 
multiplication  by  some  x £ A,  see  Lemma [ll.4.6|  Working  out  the  definitions  we 
see  that  a;  is  a solution  to  our  problem.  □ 
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Lemma  11.6.2.  Let  A be  a finite  simple  k-algebra.  Any  automorphism  of  A is 
inner.  In  particular,  any  automorphism  of  Mat(n  x n , k)  is  inner. 


Proof.  Note  that  A is  a finite  central  simple  algebra  over  the  center  of  A which  is 
a finite  field  extension  of  k,  see  Lemma  |ll.4.2|  Hence  the  Skolem-Noether  theorem 
(Theorem  11.6.11  applies.  □ 


11.7.  The  centralizer  theorem 


Theorem  11.7.1.  Let  A be  a finite  central  simple  algebra  over  k,  and  let  B be  a 
simple  subalgebra  of  A.  Then 

(1)  the  centralizer  C of  B in  A is  simple, 

(2)  [A  : k\  = [B  : k][C  : k],  and 

(3)  the  centralizer  of  C in  A is  B. 


Proof.  Throughout  this  proof  we  use  the  results  of  Lemma[ll.4.6| freely.  Choose  a 
simple  H-module  M.  Set  L = End/\(A7).  Then  L is  a skew  field  with  center  k which 
acts  on  the  left  on  M and  A = End/dM).  Then  M is  a right  B Lop-module  and 
C = End B®kL°p{M).  Since  the  algebra  B <Ak  Lop  is  simple  by  Lemma  11.4.7  we  see 
that  C is  simple  (by  Lemma  11.4. 6|  again) . 


Write  B (&k  Lop  = Mat(m  x m,K ) for  some  skew  field  I\  finite  over  k.  Then 
C = Mat(n  x n,  Kop)  if  M is  isomorphic  to  a direct  sum  of  n copies  of  the  simple 
B Lop-module  K®m  (the  lemma  again).  Thus  we  have  dim k(M)  = nm[K  : k], 
[B  : k][L  : k]  = m2[K  : k ],  [C  : k]  = n2[K  : k],  and  [A  : k][L  : k]  = dimfc(M)2  (by 
the  lemma  again).  We  conclude  that  (2)  holds. 


Part  (3)  follows  because  of  (2)  applied  toCcd  shows  that  [B  : k\  = \C'  : k ] where 
C'  is  the  centralizer  of  C in  A (and  the  obvious  fact  that  B C C').  □ 


Lemma  11.7.2.  Let  A be  a finite  central  simple  algebra  over  k,  and  let  B be  a 
simple  subalgebra  of  A.  If  B is  a central  k-algebra,  then  A = B <S)fc  C where  C is 
the  (central  simple)  centralizer  of  B in  A. 


the  tensor  product  is  simple.  Hence  the  natural  map  B C — > A is  injective  hence 

an  isomorphism.  □ 


Proof.  We  have  dimfc(H)  = dim k(B  <S)fc  C)  by  Theorem  11.7.1  By  Lemma  11.4.7 


Lemma  11.7.3.  Let  A be  a finite  central  simple  algebra  over  k.  If  I\  C A is  a 
subfield,  then  the  following  are  equivalent 

(1)  [A:  k]  = [K  : k}2 , 

(2)  K is  its  own  centralizer,  and 

(3)  K is  a maximal  commutative  subring. 


Proof.  Theorem  11.7.1  shows  that  (1)  and  (2)  are  equivalent.  It  is  clear  that  (3) 
and  (2)  are  equivalent.  □ 


Lemma  11.7.4.  Let  A be  a finite  central  skew  field  over  k.  Then  every  maximal 
subfield  K C A satisfies  [A  : fc]  = [ K : k]2 . 

Proof.  Special  case  of  Lemma[H.7.3|  □ 


11.8.  SPLITTING  FIELDS 


865 


11.8.  Splitting  fields 

074X 

074Y  Definition  11.8.1.  Let  A be  a finite  central  simple  fc-algebra.  We  say  a field 
extension  fc  C k!  splits  A1  or  k'  is  a splitting  field  for  A if  A®k  k'  is  a matrix  algebra 
over  k! . 


Another  way  to  say  this  is  that  the  class  of  A maps  to  zero  under  the  map  Br(fc)  — ► 

Br(fc'). 

074Z  Theorem  11.8.2.  Let  A be  a finite  central  simple  k-algebra.  Let  k C k!  be  a finite 
field  extension.  The  following  are  equivalent 

(1)  k'  splits  A , and 

(2)  there  exists  a finite  central  simple  algebra  B similar  to  A such  that  k'  C B 
and  [B  : k]  = [fc'  : k]2 . 


Proof.  Assume  (2).  It  suffices  to  show  that  B k!  is  a matrix  algebra.  We  know 
that  B <S>fe  Bop  = Endfc(-B).  Since  k!  is  the  centralizer  of  k'  in  Bop  by  Lemma 


course  this  centralizer  is  just  End*/ (13)  where  we  view  B as  a fc'  vector  space  via 
the  embedding  k'  — ► B.  Thus  the  result. 


11.7.3  we  see  that  B k'  is  the  centralizer  of  k (g>  k'  in  B ®j.  Bop  = Endfe(B).  Of 


Assume  (1).  This  means  that  we  have  an  isomorphism  A®j,  k'  = Endfc'(E)  for 
some  fc'-vector  space  V . Let  B be  the  commutant  of  A in  Endfc(P).  Note  that  k ' 
sits  in  B.  By  Lemma  11.7.2  the  classes  of  A and  B add  up  to  zero  in  Br(fc).  From 
the  dimension  formula  in  Theorem  111.7.11  we  see  that 

[B  : k][A  : fc]  = dimJt(P)2  = \k'  : k]2  dirndl/)2  = \k'  : k)2[A  : k]. 


Hence  [B  : k]  = [k'  : k]2 . Thus  we  have  proved  the  result  for  the  opposite  to  the 
Brauer  class  of  A.  However,  k'  splits  the  Brauer  class  of  A if  and  only  if  it  splits 
the  Brauer  class  of  the  opposite  algebra,  so  we  win  anyway.  □ 


0750  Lemma  11.8.3.  A maximal  subfield  of  a finite  central  skew  field  K over  k is  a 
splitting  field  for  K . 


Proof.  Combine  Lemma  Til. 7. 41  with  Theorem  111.8.21 


□ 
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Lemma  11.8.4.  Consider  a finite  central  skew  field  K over  k.  Let  d2  = [I\  : k\. 
For  any  finite  splitting  field  k!  for  K the  degree  [k1  : k]  is  divisible  by  d. 

Proof.  By  Theorem  |11.8.2|  there  exists  a finite  central  simple  algebra  B in  the 


Brauer  class  of  K such  that  [B  : k\  = [ k ' : k]2.  By  Lemma  11.5.1  we  see  that 
B = Mat(n  x n,K)  for  some  n.  Then  \k'  : fc]2  = n2d2  whence  the  result.  □ 


0752  Proposition  11.8.5.  Consider  a finite  central  skew  field  K over  k.  There  exists  a 
maximal  sub  field  k C k'  C K which  is  separable  over  k.  In  particular,  every  Brauer 
class  has  a finite  separable  spitting  field. 


Proof.  Since  every  Brauer  class  is  represented  by  a finite  central  skew  field  over  fc, 
we  see  that  the  second  statement  follows  from  the  first  by  Lemma[ll.8.3| 

To  prove  the  first  statement,  suppose  that  we  are  given  a separable  subfield  k!  C K. 
Then  the  centralizer  K ' of  fc'  in  K has  center  fc',  and  the  problem  reduces  to  finding 
a maximal  subfield  of  K ’ separable  over  fc'.  Thus  it  suffices  to  prove,  if  fc  K , that 
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we  can  find  an  element  x £ K,  x fL  k which  is  separable  over  k.  This  statement  is 
clear  in  characteristic  zero.  Hence  we  may  assume  that  k has  characteristic  p > 0. 
If  the  ground  field  k is  finite  then,  the  result  is  clear  as  well  (because  extensions  of 
finite  fields  are  always  separable).  Thus  we  may  assume  that  k is  an  infinite  field 
of  positive  characteristic. 


To  get  a contradiction  assume  no  element  of  K is  separable  over  k.  By  the  discussion 
in  Fields,  Section  9.27  this  means  the  minimal  polynomial  of  any  x £ K is  of  the 
form  Tq  — a where  q is  a power  of  p and  a £ k.  Since  it  is  clear  that  every  element 
of  K has  a minimal  polynomial  of  degree  < dimfc(A')  we  conclude  that  there  exists 
a fixed  p-power  q such  that  xq  £ k for  all  x £ K . 


Consider  the  map 


(■ ~)q  ■■  K 

and  write  it  out  in  terms  of  a fc-basis  {ai, . 


I< 

an}  of  K with  a i = 1.  So 


~2xiai)q  =y^Ji(x1,...,xn)ai. 

Since  multiplication  on  A is  fc-bilinear  we  see  that  each  /)  is  a polynomial  in 
Xi,...,xn  (details  omitted).  The  choice  of  q above  and  the  fact  that  k is  infi- 
nite shows  that  _/)  is  identically  zero  for  i > 2.  Hence  we  see  that  it  remains  zero  on 
extending  k to  its  algebraic  closure  k.  But  the  algebra  A (g*,  k is  a matrix  algebra, 
which  implies  there  are  some  elements  whose  gth  power  is  not  central  (e.g.,  eu). 
This  is  the  desired  contradiction.  □ 


The  results  above  allow  us  to  characterize  finite  central  simple  algebras  as  follows. 

0753  Lemma  11.8.6.  Let  k be  a field.  For  a k-algebra  A the  following  are  equivalent 

(1)  A is  finite  central  simple  k-algebra, 

(2)  A is  a finite  dimensional  k-vector  space,  k is  the  center  of  A,  and  A has 
no  nontrivial  two-sided  ideal , 

(3)  there  exists  d > 1 such  that  A g*,  k = Mat(d  x d,k), 

(4)  there  exists  d > 1 such  that  A (g*.  ksep  = Mat(d  x d,  ksep), 

(5)  there  exist  d > 1 and  a finite  Galois  extension  k C k'  such  that  A (g*,  k'  = 
Mat(d  x d,  k'), 

(6)  there  exist  n > 1 and  a finite  central  skew  field  K over  k such  that  A = 
Matin  x n , K ). 

The  integer  d is  called  the  degree  of  A. 


Proof.  The  equivalence  of  (1)  and  (2)  is  a consequence  of  the  definitions,  see 
Section  11.2  Assume  (1).  By  Proposition  11.8. 5|  there  exists  a separable  splitting 
field  k C k'  for  A.  Of  course,  then  a Galois  closure  of  k! /k  is  a splitting  field  also. 
Thus  we  see  that  (1)  implies  (5).  It  is  clear  that  (5)  =>  (4)  =>  (3).  Assume  (3). 
Then  A( g/j  A;  is  a finite  central  simple  fc-algebra  for  example  by  Lemma  11.4.5  This 


trivially  implies  that  A is  a finite  central  simple  A’-algebra.  Finally,  the  equivalence 
of  (1)  and  (6)  is  Wedderburn’s  theorem,  see  Theorem  11.3.3  □ 
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Homological  Algebra 


12.1.  Introduction 

Basic  homological  algebra  will  be  explained  in  this  document.  We  add  as  needed 
in  the  other  parts,  since  there  is  clearly  an  infinite  amount  of  this  stuff  around.  A 
reference  is  IML63I. 


12.2.  Basic  notions 

The  following  notions  are  considered  basic  and  will  not  be  defined,  and  or  proved. 
This  does  not  mean  they  are  all  necessarily  easy  or  well  known. 

(1)  Nothing  yet. 

12.3.  Preadditive  and  additive  categories 

Here  is  the  definition  of  a preadditive  category. 

Definition  12.3.1.  A category  A is  called  preadditive  if  each  morphism  set 
Mor_4(ir,y)  is  endowed  with  the  structure  of  an  abelian  group  such  that  the  com- 
positions 

Mor(a;,  y)  x Mor(y,  z)  — > Mor(:r,  z) 

are  bilinear.  A functor  F : A — > B of  preadditive  categories  is  called  additive  if  and 
only  if  F : Mor(a;,  y)  — » Mor(E(a;),  F(y))  is  a homomorphism  of  abelian  groups  for 
all  x,  y G Ob(A). 

In  particular  for  every  x,  y there  exists  at  least  one  morphism  x — > y,  namely  the 
zero  map. 

Lemma  12.3.2.  Let  A be  a preadditive  category.  Let  x be  an  object  of  A.  The 
following  are  equivalent 

(1)  x is  an  initial  object, 

(2)  x is  a final  object,  and 

(3)  idx  = 0 in  Mor^(*,  x). 

Furthermore,  if  such  an  object  0 exists,  then  a morphism  a : x — > y factors  through 
0 if  and  only  if  a = 0. 

Proof.  Omitted.  □ 

Definition  12.3.3.  In  a preadditive  category  A we  call  zero  object , and  we  denote 
it  0 any  final  and  initial  object  as  in  Lemma  1 1 2 . 3 . 2 1 above . 
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0101  Lemma  12.3.4.  Let  A be  a preadditive  category.  Let  x,  y £ Ob(M).  If  the  product 
x x y exists,  then  so  does  the  coproduct  xlly.  If  the  coproduct  a;  II y exists,  then  so 
does  the  product  x x y.  In  this  case  also  x II  y = x x y. 


Proof.  Suppose  that  z = x x y with  projections  p : z — >•  x and  q : z — > y.  Denote 
* : x -A  z the  morphism  corresponding  to  (1,0).  Denote  j : y -A  2 the  morphism 
corresponding  to  (0, 1).  Thus  we  have  the  commutative  diagram 


x 


l 

3-  x 


z 


where  the  diagonal  compositions  are  zero.  It  follows  that  i o p + j o q : z — ► z is 
the  identity  since  it  is  a morphism  which  upon  composing  with  p gives  p and  upon 
composing  with  q gives  q.  Suppose  given  morphisms  a : x — ► w and  b : y — > w. 
Then  we  can  form  the  map  aop  + boq:z^w.  In  this  way  we  get  a bijection 
Mor(z,  w)  = Mor(a;,  w)  x Mor(y,  w)  which  show  that  z = x II  y. 

We  leave  it  to  the  reader  to  construct  the  morphisms  p,  q given  a coproduct  a:  II  y 
instead  of  a product.  □ 


0102 


0103 


0105 


Definition  12.3.5.  Given  a pair  of  objects  x,  y in  a preadditive  category  A we  call 
direct  sum,  and  we  denote  it  x®y  the  product  xxy  endowed  with  the  morphisms 
i,j,p,q  as  in  Lemma[l2.3.4|  above. 


Remark  12.3.6.  Note  that  the  proof  of  Lemma  12.3.4  shows  that  given  p and  q 
the  morphisms  i,  j are  uniquely  determined  by  the  rules  p o i = idx. . q o j = idy, 
poj  = 0,  qoi  = 0.  Moreover,  we  automatically  have  iop  + joq  = idx®y.  Similarly, 
given  i,  j the  morphisms  p and  q are  uniquely  determined.  Finally,  given  objects 
x,  y,  z and  morphisms  i : x -4  z,  j : y -4  z,  p : z -4  x and  q : z -4  y such  that 
p o i = idx , qoj  = idy , po  j = 0,  qoi  = 0 and  iop  + joq  = idz , then  z is  the  direct 
sum  of  x and  y with  the  four  morphisms  equal  to  i,j,p,q. 


Lemma  12.3.7.  Let  A,  B be  preadditive  categories.  Let  F : A — » B be  an  additive 
functor.  Then  F transforms  direct  sums  to  direct  sums  and  zero  to  zero. 


Proof.  Suppose  F is  additive.  A direct  sum  7 of  x and  y is  characterized  by  having 
morphisms  i : x —>  z,  j : y -+  z,  p : z -+  x and  q : z -+  y such  that  p o i = idx, 
q o j = idy,  poj  = 0,  q o i = 0 and  iop  + joq  = idz,  according  to  Remark  1 12. 3. 6 
Clearly  F(x),F(y),F(z)  and  the  morphisms  F(i),  F(j),  F(p),  F(q)  satisfy  exactly 
the  same  relations  (by  additivity)  and  we  see  that  F(z)  is  a direct  sum  of  F(x)  and 
F(y).  □ 

0104  Definition  12.3.8.  A category  A is  called  additive  if  it  is  preadditive  and  finite 
products  exist,  in  other  words  it  has  a zero  object  and  direct  sums. 


Namely  the  empty  product  is  a finite  product  and  if  it  exists,  then  it  is  a final 
object. 

0106  Definition  12.3.9.  Let  A be  a preadditive  category.  Let  / : x — > y be  a morphism. 
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(1)  A kernel  of  / is  a morphism  i : z -A  x such  that  (a)  f o i = 0 and  (b) 

for  any  i'  : z'  x such  that  / o i’  = 0 there  exists  a unique  morphism 

g : z’  —A  z such  that  i'  = i o g. 

(2)  If  the  kernel  of  / exists,  then  we  denote  this  Ker(/)  -A  x. 

(3)  A cokernel  of  / is  a morphism  p : y —A  z such  that  (a)  p o / = 0 and  (b) 

for  any  p1  : y —A  z'  such  that  p'  o / = 0 there  exists  a unique  morphism 

g : z -A  z'  such  that  p'  = g o p. 

(4)  If  a cokernel  of  / exists  we  denote  this  y —A  Coker(/). 

(5)  If  a kernel  of  / exists,  then  a coimage  of  f is  a cokernel  for  the  morphism 
Ker (/)  —A  x. 

(6)  If  a kernel  and  coimage  exist  then  we  denote  this  x —A  Coim(/). 

(7)  If  a cokernel  of  / exists,  then  the  image  of  f is  a kernel  of  the  morphism 
y -A  Coker (/). 

(8)  If  a cokernel  and  image  of  / exist  then  we  denote  this  Im(/)  —A  y. 


We  first  relate  the  direct  sum  to  kernels  as  follows. 


09QG  Lemma  12.3.10.  Let  C be  a preadditive  category.  Let  x ® y with  morphisms 
i,j,p , q as  in  Lemma\l2.3.f  be  a direct  sum  in  C.  Then  i : x —A  x (By  is  a kernel  of 
q : x ® y — A y.  Dually,  p is  a cokernel  for  j. 


Proof.  Let  / :zAi®|/bea  morphism  such  that  q o / = 0.  We  have  to  show 
that  there  exists  a unique  morphism  g : z — A x such  that  f = io  g.  Since  i op  + j o q 
is  the  identity  on  x © y we  see  that 


f = (iop  + joq)of=iopof 


and  hence  g = p o f works.  Uniquess  holds  because  p o i is  the  identity  on  x.  The 
proof  of  the  second  statement  is  dual.  □ 


0107  Lemma  12.3.11.  Let  f : x —A  y be  a morphism  in  a preadditive  category  such  that 
the  kernel,  cokernel,  image  and  coimage  all  exist.  Then  f can  be  factored  uniquely 
as  x —A  Coim(f)  —A  Im(f)  —A  y. 

Proof.  There  is  a canonical  morphism  Coim(/)  —A  y because  Ker(/)  — A x — A y 
is  zero.  The  composition  Coim(/)  — A y — A Coker(/)  is  zero,  because  it  is  the 
unique  morphism  which  gives  rise  to  the  morphism  x — A y — A Coker(/)  which  is 
zero.  Hence  Coim(/)  —A  y factors  uniquely  through  Im(/)  —A  y,  which  gives  us  the 
desired  map.  □ 


0108  Example  12.3.12.  Let  k be  a field.  Consider  the  category  of  filtered  vector 
spaces  over  k.  (See  Definition  12.16.1  ) Consider  the  filtered  vector  spaces  (V,F) 
and  (W,  F)  with  V = W = k and 


FT 


(V  if  i < 0 
\ 0 if  i > 0 


and  FlW  = 


if  i < 0 
if  i > 0 


The  map  / : V — A W corresponding  to  id&  on  the  underlying  vector  spaces  has 
trivial  kernel  and  cokernel  but  is  not  an  isomorphism.  Note  also  that  Coim(/)  = V 
and  Im(/)  = W.  This  means  that  the  category  of  filtered  vector  spaces  over  k is 
not  abelian. 
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12.4.  Karoubian  categories 

09SF  Skip  this  section  on  a first  reading. 

09SG  Definition  12.4.1.  Let  C be  a preadditive  category.  We  say  C is  Karoubian  if 
every  idempotent  endomorphism  of  an  object  of  C has  a kernel. 


The  dual  notion  would  be  that  every  idempotent  endomorphism  of  an  object  has  a 
cokernel.  However,  in  view  of  the  (dual  of  the)  following  lemma  that  would  be  an 
equivalent  notion. 

09SH  Lemma  12.4.2.  Let  C be  a preadditive  category.  The  following  are  equivalent 

(1)  C is  Karoubian, 

(2)  every  idempotent  endomorphism  of  an  object  of  C has  a cokernel,  and 

(3)  given  an  idempotent  endomorphism  p : z — > z of  C there  exists  a direct 
sum  decomposition  z = x © y such  that  p corresponds  to  the  projection 
onto  y. 


Proof.  Assume  (1)  and  let  p : z — > z be  as  in  (3).  Let  x = Ker(p)  and  y = 
Ker(l  — p).  There  are  maps  x — > z and  y -A  2.  Since  (1  — p)p  = 0 we  see  that 
p : z z factors  through  y,  hence  we  obtain  a morphism  z — > y.  Similarly  we 
obtain  a morphism  z — > x.  We  omit  the  verification  that  these  four  morphisms 
induce  an  isomorphism  x = y ® z as  in  Remark  |12.3.6  Thus  (1)  =>  (3).  The 
implication  (2)  =>  (3)  is  dual.  Finally,  condition  (3)  implies  (1)  and  (2)  by  Lemma 
112.3. 101  □ 


05QV  Lemma  12.4.3.  Let  V be  a preadditive  category. 

(1)  IfV  has  countable  products  and  kernels  of  maps  which  have  a right  inverse, 
then  T>  is  Karoubian. 

(2)  If  T>  has  countable  coproducts  and  cokernels  of  maps  which  have  a left 
inverse,  then  V is  Karoubian. 

Proof.  Let  X be  an  object  of  T>  and  let  e : X -A  X be  an  idempotent.  The  functor 
W i — > Ker (Morx> (W,X)  4 Mor v{W,X)) 


if  representable  if  and  only  if  e has  a kernel.  Note  that  for  any  abelian  group  A 
and  idempotent  endomorphism  e : A — > A we  have 

Ker(e  : A — ► A)  = Ker(4>  : ^A->  ru-4) 

where 

$(ai,  a2,  a3, . . .)  = (eai  + (1  - e)a2,  ea2  + (1  - e)a3, . . .) 

Moreover,  $ has  the  right  inverse 

T(ai,  a2,  a3, . . .)  = (ai,  (1  - e)ai  + ea2,  (1  - e)a2  + ea3, . . .). 

Hence  (1)  holds.  The  proof  of  (2)  is  dual  (using  the  dual  definition  of  a Karoubian 
category,  namely  condition  (2)  of  Lemma  12.4.2).  □ 
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oozx 


0109 


010A 


010B 


010C 


010D 


05PJ 


010E 


12.5.  Abelian  categories 


An  abelian  category  is  a category  satisfying  just  enough  axioms  so  the  snake  lemma 
holds.  An  axiom  (that  is  sometimes  forgotten)  is  that  the  canonical  map  Coim(/)  — ► 
Im(/)  of  Lemma  12.3.11  is  always  an  isomorphism.  Example  12.3. 12| shows  that  it 


is  necessary. 


Definition  12.5.1.  A category  A is  abelian  if  it  is  additive,  if  all  kernels  and 
cokernels  exist,  and  if  the  natural  map  Coim(/)  — ► Im(/)  is  an  isomorphism  for  all 
morphisms  / of  A. 


Lemma  12.5.2.  Let  A be  a preadditive  category.  The  additions  on  sets  of  mor- 
phisms make  Aopp  into  a preadditive  category.  Furthermore,  A is  additive  if  and 
only  if  Aopp  is  additive,  and  A is  abelian  if  and  only  if  Aopp  is  abelian. 


Proof.  Omitted. 


□ 


Definition  12.5.3.  Let  / : x — > y be  a morphism  in  an  abelian  category. 

(1)  We  say  / is  injective  if  Ker(/)  = 0. 

(2)  We  say  / is  surjective  if  Coker(/)  = 0. 

If  x — > y is  injective,  then  we  say  that  x is  a subobject  of  y and  we  use  the  notation 
x C y.  If  x — > y is  surjective,  then  we  say  that  y is  a quotient  of  x. 

Lemma  12.5.4.  Let  f : x -A  y be  a morphism  in  an  abelian  category.  Then 

(1)  f is  injective  if  and  only  if  f is  a monomorphism,  and 

(2)  f is  surjective  if  and  only  if  f is  an  epimorphism. 

Proof.  Omitted.  □ 


In  an  abelian  category,  if  x C y is  a subobject,  then  we  denote 

y/x  = Coker (x  y). 

Lemma  12.5.5.  Let  A be  an  abelian  category.  All  finite  limits  and  finite  colimits 
exist  in  A. 

Proof.  To  show  that  finite  limits  exist  it  suffices  to  show  that  finite  products  and 
equalizers  exist,  see  Categories,  Lemma |4. 18. 4|  Finite  products  exist  by  definition 
and  the  equalizer  of  a,  b : x — » y is  the  kernel  of  a — b.  The  argument  for  finite 
colimits  is  similar  but  dual  to  this.  □ 

Example  12.5.6.  Let  A be  an  abelian  category.  Pushouts  and  fibre  products  in 
A have  the  following  simple  descriptions: 

(1)  If  a : x ^ y,  b : z ^ y are  morphisms  in  A,  then  we  have  the  fibre  product: 
x xy  z = Ker((a,  —b)  : x © z — > y). 

(2)  If  a : y -A  x,  b : y -A  2 are  morphisms  in  A,  then  we  have  the  pushout: 
a;  II v z = Coker((a,  —b)  : y — > x ® z). 

Definition  12.5.7.  Let  A be  an  additive  category.  We  say  a sequence  of  mor- 
phisms 

...—¥x—¥y—¥z—¥... 

in  A is  a complex  if  the  composition  of  any  two  (drawn)  arrows  is  zero.  If  A is 
abelian  then  we  say  a sequence  as  above  is  exact  at  y if  Im(a:  — > y)  = Ker (y  — > z). 
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We  say  it  is  exact  if  it  is  exact  at  every  object.  A short  exact  sequence  is  an  exact 
complex  of  the  form 

O^A^B^C^O. 


In  the  following  lemma  we  assume  the  reader  knows  what  it  means  for  a sequence 
of  abelian  groups  to  be  exact. 

05AA  Lemma  12.5.8.  Let  A be  an  abelian  category.  Let  0 — > M\  — > M2  —>  M3  — > 0 be 
a complex  of  A. 

(1)  Mi  — > M2  — > M3  -A  0 is  exact  if  and  only  if 

0 ->•  Horn a(M3,  A)  ->•  UomA{M2,  A)  ->•  Hom_4(M1,  A') 

is  an  exact  sequence  of  abelian  groups  for  all  objects  A of  A,  and 

(2)  0 — ► Mi  — >•  M2  — > M3  is  exact  if  and  only  if 

0 — > Hom^(A,  Mi)  -A-  Hom^ (A,M2)  -A-  Hom_/i(A,  Mi) 

is  an  exact  sequence  of  abelian  groups  for  all  objects  A of  A. 

Proof.  Omitted.  Hint:  See  Algebra,  Lemma [lO.  10. 1[  □ 

010F  Definition  12.5.9.  Let  A be  an  abelian  category.  Let  i : A — >•  B and  q : B — ► C 
be  morphisms  of  A such  that  0— > A — > B — > C — >■  0 is  a short  exact  sequence. 
We  say  the  short  exact  sequence  is  split  if  there  exist  morphisms  j : C — > B and 
p : B — > A such  that  ( B , i,j,p , q)  is  the  direct  sum  of  A and  C. 

010G  Lemma  12.5.10.  Let  A be  an  abelian  category.  Let  0— >■  A — > B — > C — >0  be  a 
short  exact  sequence. 

(1)  Given  a morphism  s : C — ^ B left  inverse  to  B -A  C , there  exists  a unique 
7r  : B — > A such  that  (s,  71)  splits  the  short  exact  sequence  as  in  Definition 

[TMM 

(2)  Given  a morphism  n : B — » A right  inverse  to  A — ?•  B,  there  exists  a 
unique  s : C — > B such  that  (s,7r)  splits  the  short  exact  sequence  as  in 
Definition  |1^.5.^t 

Proof.  Omitted.  □ 


08N2  Lemma  12.5.11.  Let  A be  an  abelian  category.  Let 


w 


V k V 
x • — — >-  z 

be  a commutative  diagram. 

(1)  The  diagram  is  cartesian  if  and  only  if 

n , (s>/),  ^ (k.-h) 

0 — > w > x ® y > z 

is  exact. 

(2)  The  diagram  is  cocartesian  if  and  only  if 

( g-f )K  _ (k,h)K  n 

w > x © y > z — » 0 


is  exact. 
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Proof.  Let  u = (g,  f)  : w -4  x ® y and  v = (k,  —h)  : x ® y — > z.  Let  p : x © y — > x 
and  q : x © y — > y be  the  canonical  projections.  Let  i : Ker(n)  — > x © y be  the 
canonical  injection.  By  Example|12.5.6[  the  diagram  is  cartesian  if  and  only  if  there 
exists  an  isomorphism  r : Ker(u)  — > w with  for  = qo  i and  g o r = p o i.  The 
sequence  0->«)4i®!/4zis  exact  if  and  only  if  there  exists  an  isomorphism 
r : Ker(t;)  — ► w with  uo  r = i.  But  given  r : Ker(u)  — > w,  we  have  / o r = q o i and 
gor  = poi\{  and  only  \iqouor  = for  = qoi  and  pouor  = gor=poi,  hence 
if  and  only  if  u o r = i.  This  proves  (1),  and  then  (2)  follows  by  duality.  □ 

08N3  Lemma  12.5.12.  Let  A be  an  abelian  category.  Let 

f 

w ^ y 

9 h 


be  a commutative  diagram. 

(1)  If  the  diagram  is  cartesian , then  the  morphism  Ker(f)  -A  Ker{k)  induced 
by  g is  an  isomorphism. 

(2)  If  the  diagram  is  cocartesian,  then  the  morphism  Coker(f)  -A  Coker(k) 
induced  by  h is  an  isomorphism. 

Proof.  Suppose  the  diagram  is  cartesian.  Let  e : Ker(/)  — > Ker (k)  be  induced  by 
g.  Let  i : Ker (/)  —>  w and  j : Ker(fc)  — > x be  the  canonical  injections.  There  exists 
t : Ker(fc)  -A  w with  fot  = 0 and  got  = j.  Hence,  there  exists  u : Ker(fc)  — ► Ker(/) 
with  iou  = t.  It  follows  goiouoe  = gotoe  = joe  = goi  and  foiouoe  = 0 = foi , hence 
i ouo  e = i.  Since  i is  a monomorphism  this  implies  u o e = idKer(/)-  Furthermore, 
we  have  joeou  = goiou  = got=j.  Since  j is  a monomorphism  this  implies 
e o u = idKer(fc)-  This  proves  (1).  Now,  (2)  follows  by  duality.  □ 

08N4  Lemma  12.5.13.  Let  A be  an  abelian  category.  Let 

f 

ui >■  y 

9 h 


be  a commutative  diagram. 

(1)  If  the  diagram  is  cartesian  and  k is  an  epimorphism,  then  the  diagram  is 
cocartesian  and  f is  an  epimorphism. 

(2)  If  the  diagram  is  cocartesian  and  g is  a monomorphism,  then  the  diagram 
is  cartesian  and  h is  a monomorphism. 


Proof.  Suppose  the  diagram  is  cartesian  and  k is  an  epimorphism.  Let  u = ( g , /)  : 
w — >•  x ® y and  let  v = (k,—h)  : x ® y — > z.  As  k is  an  epimorphism,  v is 
an  epimorphism,  too.  Therefore  and  by  Lemma  12.5.11  the  sequence  0 
i®j/4z-l0is  exact.  Thus,  the  diagram  is  cocartesian  by  Lemma 


12.5.11 


Finally,  / is  an  epimorphism  by  Lemma  |12.5.12|  and  Lemma  |12.5.4[  This  proves 
(1),  and  (2)  follows  by  duality.  □ 


05PK 


Lemma  12.5.14.  Let  A be  an  abelian  category. 
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(1)  If  x -A  y is  surjective,  then  for  every  z -A  y the  projection  x x.y  z -A  z is 
surjective. 

(2)  If  x -A  y is  injective,  then  for  every  x — ► z the  morphism  z -A  z Ux  y is 
injective. 

Proof.  Immediately  from  Lemma [l 2 . 5 . 4| and  Lemma  |l2.5.13[  □ 


08N5  Lemma  12.5.15.  Let  A be  an  abelian  category.  Let  f : x -A  y and  g : y -A  z be 
morphisms  with  g o f = 0.  Then,  the  following  statements  are  equivalent: 

(1)  The  sequence  x -A  y A z is  exact. 

(2)  For  every  h : w -A  y with  goh  = 0 there  exist  an  object  v,  an  epimorphism 
k : v -A  w and  a morphism  l : v — > x with  h o k = f o l . 

Proof.  Let  i : Ker(g)  -Ay  be  the  canonical  injection.  Let  p : x — > Coim(/)  be  the 
canonical  projection.  Let  j : Im (/)  -A  Ker(g)  be  the  canonical  injection. 

Suppose  (1)  holds.  Let  h : w -a  y with  g o h = 0.  There  exists  c : w -A  Ker(g)  with 
i o c = h.  Let  v = x XKer(9)  w with  canonical  projections  k : v -A  w and  l : v — X x, 
so  that  c o k = p o l.  Then,  hok  = iocok  = iojopol  = fol.  As  j o p is  an 
epimorphism  by  hypothesis,  k is  an  epimorphism  by  Lemma  |12.5.13|  This  implies 
(2). 

Suppose  (2)  holds.  Then,  g o i = 0.  So,  there  are  an  object  w,  an  epimorphism 
k : w — > Ker(g)  and  a morphism  l : w -A  x with  / o l = i o k.  It  follows  iojopol  = 
f ol  = io  k.  Since  i is  a monomorphism  we  see  that  j opo  l = k is  an  epimorphism. 
So,  j is  an  epimorphisms  and  thus  an  isomorphism.  This  implies  (1).  □ 


08N6  Lemma  12.5.16.  Let  A be  an  abelian  category.  Let 


I 9 

x >■  y >■  z 


k V i 
— v s*  w 


be  a commutative  diagram. 

(1)  If  the  first  row  is  exact  and  k is  a monomorphism,  then  the  induced  se- 
quence Ker(a)  -A  Ker((3)  -a  Ker( 7)  is  exact. 

(2)  If  the  second  row  is  exact  and  g is  an  epimorphism,  then  the  induced 
sequence  Coker(a)  -A  Coker(/3)  -A  Cokeiip/ ) is  exact. 


Proof.  Suppose  the  first  row  is  exact  and  k is  a monomorphism.  Let  a : Ker(a)  — > 
Ker(/3)  and  b : Ker(/3)  -a  Ker(y)  be  the  induced  morphisms.  Let  h : Ker(o)  -a 
x,  i : Ker(/3)  -a  y and  j : Ker(7)  A 7 be  the  canonical  injections.  As  j is  a 
monomorphism  we  have  b o a = 0.  Let  c : s -A  Ker(/3)  with  b o c = 0.  Then, 
go  ioc  = joboc=0.  By  Lemma  12.5.15  there  are  an  object  t,  an  epimorphism 
d : t — > s and  a morphism  e : t -A  x with  i o c o d = foe.  Then,  k o a o e = 
/3ofoe  = /3oiocod  = 0.  Asfcisa  monomorphism  we  get  a o e = 0.  So,  there 
exists  to  : t -A  Ker(a)  with  hom  = e.  It  follows  ioaom  = fohom  = foe  = iocod. 
As  i is  a monomorphism  we  get  a o to  = c o d.  Thus,  Lemma  12.5.15  implies  (1), 
and  then  (2)  follows  by  duality.  □ 
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010H  Lemma  12.5.17.  Let  A be  an  abelian  category.  Let 


0 


be  a commutative  diagram  with  exact  rows. 

(1)  There  exists  a unique  morphism  8 : Ker( 7)  — ► Coker(a)  such  that  the 
diagram 


y M — y x z Ker (7)  — >-  Ker( 7) 

P 5 

\ 4,  Y 

u ss»  Coker(a)  Hu  u Coker(a) 

commutes,  where  n and  n'  are  the  canonical  projections  and  l and  i'  are 
the  canonical  coprojections. 

(2)  The  induced  sequence 

Ker(a)  -4  Ker(/3)  4 Ker( 7)  4 Coker(a)  4 Coker(/3)  -4  Coker{ 7) 

exact.  If  f is  injective  then  so  is  f , and  if  l is  surjective  then  so  is  l1. 


Proof.  As  7T  is  an  epimorphism  and  t is  a monomorphism  by  Lemma  12.5.13 
uniqueness  of  S is  clear.  Let  p = y xz  Ker(y)  and  q = Coker(o)  IIU  v.  Let  h : 
Ker(/3)  —ty,i:  Ker(q)  — )•  z and  j : Ker(7r)  — >•  p be  the  canonical  injections.  Let 
p : u — * Coker(a)  be  the  canonical  projection.  Keeping  in  mind  Lemma  12.5.13 
get  a commutative  diagram  with  exact  rows 


we 


0 


0 

0 


Ker(7r) ^ p 


A-  Ker(7) 

i 

9 

s-  Z — 

7 

l Y 
S-  w 


p l' 

Coker(a)  q 


0 

0 


As/o(0o7r'=7o*o7r  = O and  as  the  third  row  of  the  diagram  above  is  exact, 
there  is  an  a : p — »•  u with  k o a = ft  o n' . As  the  upper  right  quadrangle  of  the 
diagram  above  is  cartesian,  Lemma  12.5.12  yields  an  epimorphism  b : x — > Ker(-7r) 
with  77'  o j o b = f.  It  follows  koaojob  = /3oir'ojob  = (3of  = koa.  As  k 
is  a monomorphism  this  implies  a o j o b = a.  It  follows  poaojob  = poa  = 0. 
As  b is  an  epimorphism  this  implies  p o a o j = 0.  Therefore,  as  the  top  row  of  the 
diagram  above  is  exact,  there  exists  8 : Ker(7)  — > Coker(a)  with  8 o n = p o a.  It 
follows  io<5o7^  = ^,opoa  = ^/ofcoa  = ^/o/3o7^,  as  desired. 
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As  the  upper  right  quadrangle  in  the  diagram  above  is  cartesian  there  is  a c : 
Ker(/3)  -a  p with  n'  o c = h and  n o c = g' . It  follows  l o 5 o g'  = lo5ottoc  = 
i'  o ft  o 7r'  o c = i!  o ft  o h = 0.  As  l is  a monomorphism  this  implies  S o g'  = 0. 


Next,  let  d : r — > Ker(7)  with  S o d = 0.  Applying  Lemma  12.5.15  to  the  exact 
sequence  p -7  Ker(7)  -A-  0 and  d yields  an  object  s,  an  epimorphism  m : s — > r and 
a morphism  n : s -A-  p with  n o n = d o m.  As  poaon  = Sodom  = 0,  applying 
Lemma  12.5.15  to  the  exact  sequence  a ;4«4  Coker(a)  and  a on  yields  an  object 
t , an  epimorphism  e : t -A  s and  a morphism  £ : t — > x with  aonoe  = ao £.  It 
holds  /3  o ir'  o n o e = k o a o ( = /3  o / o (.  Let  f]  = 7r'onoe-/o(  : t — ► y. 
Then,  ft  o rj  = 0.  It  follows  that  there  is  a d : t — > Ker(/3)  with  g = ho  D.  It  holds 
i o g'  o = g o h ot?  = joir'ono£  - g ° f ° C = ioTrono£  = iodomoe.  As* 
is  a monomorphism  we  get  g'o‘d  = domoe.  Thus,  as  m o e is  an  epimorphism, 

g[  rs . / \ 5. 


Lemma 


12.5.15 


implies  that  Ker(/3)  -A-  Ker(y) 


claim  follows  by  Lemma |12.5.16|  and  duality. 


Coker(a)  is  exact.  Then,  the 

□ 


08N7  Lemma  12.5.18.  Let  A be  an  abelian  category.  Let 


be  a commutative  diagram  with  exact  rows.  Then , the  induced  diagram 


Ker(a)  — Ker(ft)  — Ker("f)  ——>■  Coker(a)  — Coker(ft)  — Coker( 7) 

v x,  v 
Ker(a')  — Ker(ft')  — >■  Ker( 7')  — 3-  Coker(a')  — s-  Coker(ft')  — >-  Coker (7') 


commutes. 


Proof.  Omitted.  □ 

05QA  Lemma  12.5.19.  Let  A be  an  abelian  category.  Let 

w x y x 


ot 

to 

7 

' ^ 

> 

\ 

w' > x' 3-  y' 3-  z' 


be  a commutative  diagram  with  exact  rows. 

(1)  If  a,  7 are  surjective  and  S is  injective,  then  ft  is  surjective. 

(2)  If  ft,  S are  injective  and  a is  surjective,  then  7 is  injective. 
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Proof.  Assume  0,7  are  surjective  and  S is  injective.  We  may  replace  w'  by 
Im('u/  — » x'),  i.e. , we  may  assume  that  w'  — > x ' is  injective.  We  may  replace  z 
by  Im(y  — ► z),  i.e.,  we  may  assume  that  y — > z is  surjective.  Then  we  may  apply 
Lemma  112.5.171  to 

Ker(y  — » z) >-  y s-  z >■  0 

Y Y 

0 >-  Ker (y'  z') 5-  y ' >■  z' 

to  conclude  that  Ker(y  — ► z)  — > Ker {y'  — ► z')  is  surjective.  Finally,  we  apply 
Lemma  112.5.171  to 

w >■  x s*  Ker(y  — > z) =-  0 

j V 

0 & w' ->  x' Ker(y'  — > z') 


to  conclude  that  x — > x'  is  surjective.  This  proves  (1).  The  proof  of  (2)  is  dual  to 
this.  □ 


05QB  Lemma  12.5.20.  Let  A be  an  abelian  category.  Let 


v •>  w #*■  x y ■* »«>  z 


a 

/8 

7 

5 

' ^ 

( \ 

Y 

v' w' >■  x' >■  y' s-  z' 


IES521  Lemma  4.5 
page  16] 


be  a commutative  diagram  with  exact  rows.  If  /3, 6 are  isomorphisms,  e is  injective, 
and  a is  surjective  then  7 is  an  isomorphism. 


Proof.  Immediate  consequence  of  Lemma[l2.5.19[ 


□ 


12.6.  Extensions 


0101 

010J  Definition  12.6.1.  Let  A be  an  abelian  category.  Let  A,  C € Ob(A).  An  exten- 
sion E of  B by  A is  a short  exact  sequence 

0-5>A-5>E-S>B-S>0. 

By  abuse  of  language  we  often  omit  mention  of  the  morphisms  A—>E  and  E — »•  B, 
although  they  are  definitively  part  of  the  structure  of  an  extension. 

010K  Definition  12.6.2.  Let  A be  an  abelian  category.  Let  A,  B £ Ob(A).  The  set  of 
isomorphism  classes  of  extensions  of  B by  A is  denoted 

Ext^(il,  A). 

This  is  called  the  Ext-group. 

This  definition  works,  because  by  our  conventions  A is  a set,  and  hence  Ext_/i(.B,  A) 
is  a set.  In  any  of  the  cases  of  “big”  abelian  categories  listed  in  Categories,  Remark 


later  that  this  is  always  the  case  when  A has  either  enough  projectives  or  enough 
injectives.  Insert  future  reference  here. 


4.2.2  one  can  check  by  hand  that  Ext_4 {B,A)  is  a set  as  well.  Also,  we  will  see 
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Actually  we  can  turn  Ext^(— , — ) into  a functor 

Aopp  x A — > Sets,  (A,  B)  >—>  Ext a(A,  B) 

as  follows: 

(1)  Given  a morphism  B'  — >■  B and  an  extension  E of  B by  A we  define 
E'  = E x b B'  so  that  we  have  the  following  commutative  diagram  of 
short  exact  sequences 

0 ^ A 3-  E' 3-  B' > 0 

Y V 

0 3-  A E 3-  B 3-0 

The  extension  E'  is  called  the  pullback  of  E via  B'  — X B. 

(2)  Given  a morphism  A — X A1  and  an  extension  E of  B by  A we  define 
E'  = A!  11^  E so  that  we  have  the  following  commutative  diagram  of 
short  exact  sequences 


A ^ j 

? 3-  B 

Y 

0*  . s-  A! 3-  E' * B s*  0 

The  extension  E'  is  called  the  pushout  of  E via  A — ► A' . 

To  see  that  this  defines  a functor  as  indicated  above  there  are  several  things  to  verify. 
First  of  all  functoriality  in  the  variable  B requires  that  ( ExbB ')  x^  B"  = ExbB" 
which  is  a general  property  of  fibre  products.  Dually  one  deals  with  functoriality 
in  the  variable  A.  Finally,  given  A — > A'  and  B'  — >■  B we  have  to  show  that 

A'  H a{Exb  B ')  = {A'  II  aE)xb  B' 

as  extensions  of  B'  by  A! . Recall  that  A'  II  ^ E is  a quotient  of  A!  © E.  Thus  the 
right  hand  side  is  a quotient  of  A!  © E xB  B' , and  it  is  straightforward  to  see  that 
the  kernel  is  exactly  what  you  need  in  order  to  get  the  left  hand  side. 

Note  that  if  Ey  and  E2  are  extensions  of  B by  A,  then  Ei  © E2  is  an  extension  of 
B © B by  A © A.  We  pull  back  by  the  diagonal  map  B — Y B © B and  we  push  out 
by  the  sum  map  A © A —x  A to  get  an  extension  E\  + E2  of  B by  A. 

0 3-  A © A 3-  Ex  © E2 B © B 3-  0 

E 

Y Y 

0 3-  A 3-  E' 3-  B © B =#*  0 

a A A 

A 

0 3-  A 3“  El  © E2  3“  B 3“  0 

The  extension  E\  + E2  is  called  the  Baer  sum  of  the  given  extensions. 

010L  Lemma  12.6.3.  The  construction  {E\,E2)  i— > Ei  + E2  above  defines  a commuta- 
tive group  law  on  Ext^(B,A)  which  is  functorial  in  both  variables. 


Proof.  Omitted. 


□ 
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05E2  Lemma  12.6.4.  Let  A be  an  abelian  category.  Let  0 -A  Mi 
a short  exact  sequence  in  A. 

(1)  There  is  a canonical  six  term  exact  sequence  of  abelian  groups 


M2  — >•  M3  -A  0 be 


0 


■ RomA{M3,  N) 


■ Hom_/i(M2,  N) 


Rom  A(M1:N) 


ExtA(M3 , N) 


ExtA(M2l  N ) 


ExtA(Mi,N) 


for  all  objects  N of  A,  and 

(2)  there  is  a canonical  six  term  exact  sequence  of  abelian  groups 


0 


■ Hom_4(7V,  Mi) 


Hom^A,  M2) 


■ Hom_4(7V,  M3) 


ExtA(N,  Mi) 
for  all  objects  N of  A. 


ExtA(N , M2) 


ExtA(N , M3) 


Proof.  Omitted.  Hint:  The  boundary  maps  are  defined  using  either  the  pushout 
or  pullback  of  the  given  short  exact  sequence.  □ 

12.7.  Additive  functors 


010M  Recall  that  we  defined,  in  Categories,  Definition|4.23.1|the  notion  of  a “right  exact” , 
“left  exact”  and  “exact”  functor  in  the  setting  of  a functor  between  categories  that 
have  finite  (co)limits.  Thus  this  applies  in  particular  to  functors  between  abelian 
categories. 

010N  Lemma  12.7.1.  Let  A and  B be  abelian  categories.  Let  F : A — t B be  a functor. 

(1)  If  F is  either  left  or  right  exact,  then  it  is  additive. 

(2)  If  F is  additive  then  it  is  left  exact  if  and  only  if  for  every  short  exact 
sequence  0— > A — > B — > C — )•  0 the  sequence  0 — > F(A)  — » F(B)  — > F(C ) 
is  exact. 

(3)  If  F is  additive  then  it  is  right  exact  if  and  only  if  for  every  short  exact 

sequence  the  sequence  F(A)  — > F(B)  — >■  F(C)  — ► 0 

is  exact. 

(4)  If  F is  additive  then  it  is  exact  if  and  only  if  for  every  short,  exact  sequence 
0— > B — > C — >0  the  sequence  0 — > F(A)  — > F(B)  — > F(C)  — > 0 is 
exact. 

Proof.  Let  us  first  note  that  if  F commutes  with  the  empty  limit  or  the  empty 
colimit,  then  F( 0)  = 0.  In  particular  F applied  to  the  zero  morphism  is  zero.  We 
will  use  this  below  without  mention. 

Suppose  that  F is  left  exact,  i.e. , commutes  with  finite  limits.  Then  F(A  x A)  = 
F(A)  x F(A)  with  projections  F(p)  and  F(q).  Hence  F(A®A)  = i7'(A)©l;l(A)  with 
all  four  morphisms  F(i),  F(j),  F(p),  F(q)  equal  to  their  counterparts  in  B as  they 

Then  f = F(p  + q)  is  a morphism 


satisfy  the  same  relations,  see  Remark  12.3.6 


/ : F(A)  © F{A)  F(A)  such  that  / o F(i)  = F(p  oi  + qo  i)  = F(idA)  = id^^p 
And  similarly  / o F(j)  = id^.  We  conclude  that  F(p  + q)  = F(p)  + F(q).  For  any 
pair  of  morphisms  a,b  : B — >•  A the  map  g = F(i  oa  + job)  : F{B)  — > F(A)  © F(A) 


12.7.  ADDITIVE  FUNCTORS 


882 


is  a morphism  such  that  F(p)  o g = F(p  o (i  o a + j o b))  = F(a ) and  similarly 
F(q)  o g = F(b).  Hence  g = F(i)  o F(a)  + F(j)  o F(b).  The  sum  of  a and  b is  the 
composition 

B l0a+J°b  >.40d^A 

Applying  F we  get 


F{B) 


F{i)oF(a)+F(j)oF(b) 


F{A)®F{A) 


F(p)+F(q ) 


A. 


where  we  used  the  expressions  for  / and  g obtained  above.  Hence  F is  additivej^] 

Denote  / :B-)Ca  map  from  B to  C.  Exactness  ofO  A B C just  means 
that  A = Ker (/).  Clearly  the  kernel  of  / is  the  equalizer  of  the  two  maps  / and 
0 from  B to  C.  Hence  if  F commutes  with  limits,  then  F(Ker(/))  = Ker(F(/)) 
which  exactly  means  that  0 — > F{A)  — > F(B)  — >•  F(C)  is  exact. 


Conversely,  suppose  that  F is  additive  and  transforms  any  short  exact  sequence 
0— > A — > B — > C — >-0  into  an  exact  sequence  0 -A-  F(A)  —¥  F(B)  — > F(C). 
Because  it  is  additive  it  commutes  with  direct  sums  and  hence  finite  products  in  A. 
To  show  it  commutes  with  finite  limits  it  therefore  suffices  to  show  that  it  commutes 
with  equalizers.  But  equalizers  in  an  abelian  category  are  the  same  as  the  kernel  of 
the  difference  map,  hence  it  suffices  to  show  that  F commutes  with  taking  kernels. 
Let  / : A — > B be  a morphism.  Factor  / as  A —)•/—>■  B with  /'  : A — > I surjective 
and  i : I — > B injective.  (This  is  possible  by  the  definition  of  an  abelian  category.) 
Then  it  is  clear  that  Ker(/)  = Ker(/').  Also  0 — ► Ker(//)  — »•  A —)•/—)•  0 and 
0— > I — > B — > B /I  — >-0  are  short  exact.  By  the  condition  imposed  on  F we  see 
that  0 — > F(Ker(/'))  — ► F{A)  —>  F(I)  and  0 — > F(I)  — > F(B)  -A  F(B/I)  are  exact. 
Hence  it  is  also  the  case  that  F(Ker(/'))  is  the  kernel  of  the  map  F(A)  — > F(B ), 
and  we  win. 


The  proof  of  (3)  is  similar  to  the  proof  of  (2).  Statement  (4)  is  a combination  of 
(2)  and  (3).  □ 

0100  Lemma  12.7.2.  Let  A and  B be  abelian  categories.  Let  F : A — ► B be  an  exact 
functor.  For  every  pair  of  objects  A1  B of  A the  functor  F induces  an  abelian  group 
homomorphism 

ExtA{B,A)  — > ExtB(F{B),F{A)) 
which  maps  the  extension  E to  F(E). 

Proof.  Omitted.  □ 


The  following  lemma  is  used  in  the  proof  that  the  category  of  abelian  sheaves  on  a 
site  is  abelian,  where  the  functor  b is  sheafification. 

03A3  Lemma  12.7.3.  Let  a : A — t B and  b : B — t A be  functors.  Assume  that 

(1)  A,  B are  additive  categories,  a,  b are  additive  functors,  and  a is  right 
adjoint  to  b, 

(2)  B is  abelian  and  b is  left  exact,  and 

(3)  ba  = idA. 

Then  A is  abelian. 


4’m  sure  there  is  an  infinitely  slicker  proof  of  this. 
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Proof.  As  B is  abelian  we  see  that  all  finite  limits  and  colimits  exist  in  B by  Lemma 
|12.5.5[  Since  b is  a left  adjoint  we  see  that  b is  also  right  exact  and  hence  exact,  see 
Categories,  Lemma  [4. 24. 5[  Let  p : Bi  — ► B2  be  a morphism  of  B.  In  particular,  if 
K = Ker(i?i  — ► B2),  then  K is  the  equalizer  of  0 and  p and  hence  bK  is  the  equalizer 
of  0 and  bp,  hence  bK  is  the  kernel  of  bp.  Similarly,  if  Q = Coker(I?i  -A  B2),  then 
Q is  the  coequalizer  of  0 and  p and  hence  bQ  is  the  coequalizer  of  0 and  bp,  hence 
bQ  is  the  cokernel  of  bp.  Thus  we  see  that  every  morphism  of  the  form  bp  in  A has 
a kernel  and  a cokernel.  However,  since  ba  = id  we  see  that  every  morphism  of  A 
is  of  this  form,  and  we  conclude  that  kernels  and  cokernels  exist  in  A.  In  fact,  the 
argument  shows  that  if  if  : A\  — > A2  is  a morphism  then 


Ker(-i^)  = bKer(aip),  and  Coker(?/>)  = bCokei(aif). 

Now  we  still  have  to  show  that  Coim (if)  = Im (ip).  We  do  this  as  follows.  First 
note  that  since  A has  kernels  and  cokernels  it  has  all  finite  limits  and  colimits  (see 
proof  of  Lemma  12.5.5).  Hence  we  see  by  Categories,  Lemma  4.24.5  that  a is  left 
exact  and  hence  transforms  kernels  (=equalizers)  into  kernels. 


Coim('0)  = Coker  (Keifif)  — ► A\) 

= 6Coker(a(Ker(^>)  — > Ai)) 
= 6Coker(Ker(ai/>)  — ► aAi)) 
= bCoim(aif) 

= blm(aif) 

= 6Ker(aA2  — ► Coker (aif)) 
= Ker(6aA2  -A  bCoker(aif)) 
= Ker(A2  -A-  feCoker(aV’)) 

= Ker(A2  -A  Coker(^)) 

= Im(,i/») 

Thus  the  lemma  holds. 


by  definition 
by  formula  above 
a preserves  kernels 
by  definition 
B is  abelian 
by  definition 
b preserves  kernels 
ba  = id_4 
by  formula  above 
by  definition 


□ 


12.8.  Localization 


05QC  In  this  section  we  note  how  Gabriel-Zisman  localization  interacts  with  the  additive 
structure  on  a category. 

05QD  Lemma  12.8.1.  Let  C be  a preadditive  category.  Let  S be  a left  or  right  multi- 
plicative system.  There  exists  a canonical  preadditive  structure  on  S~lC  such  that 
the  localization  functor  Q : C — » S~1C  is  additive. 


Proof.  We  will  prove  this  in  the  case  S is  a left  multiplicative  system.  The  case 
where  S is  a right  multiplicative  system  is  dual.  Suppose  that  X,  Y are  objects  of 
C and  that  a,  ft  : X -A  Y are  morpliisms  in  S~1C.  According  to  Categories,  Lemma 

this  case  we  define  a + /?  to  be  the  equivalence  class  of  s~1(f  + g).  In  the  rest  of 
the  proof  we  show  that  this  is  well  defined  and  that  composition  is  bilinear.  Once 
this  is  done  it  is  clear  that  Q is  an  additive  functor. 


.26.5  we  may  represent  these  by  pairs  s 1 /,  s 1 g with  common  denominator  s.  In 


Let  us  show  construction  above  is  well  defined.  An  abstract  way  of  saying  this  is 
that  filtered  colimits  of  abelian  groups  agree  with  filtered  colimits  of  sets  and  to 
use  Categories,  Equation  (4.26.7.1).  We  can  work  this  out  in  a bit  more  detail 
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as  follows.  Say  s : Y -A  Yi  and  f,g  : X — > Y\.  Suppose  we  have  a second 
representation  of  a,0  as  ( s' )~1f,  ( s')~1g ' with  s'  : Y — > Y2  and  f,g'  : X — ► Y2. 
By  Categories,  Remark |4. 26. 7| we  can  find  a morphism  S3  : Y — > Y3  and  morphisms 
a\  : Y\  — > Y3,  a2  : I2  — > Y3  such  that  a±  o s = S3  = 02  o s'  and  also  a\  o f = a2  o /' 
and  a\  o g = a2  o g' . Hence  we  see  that  s~1(f  + 5)  is  equivalent  to 

1 (°i  0 (/  + 9))  = V 1 (ai  ° / + cii  ° g) 

= S3  x(a2  ° /'  + 02  off') 

= S3  1(a2  0 {f'  + g')) 

which  is  equivalent  to  (s/)_1(/,  + g'). 

Fix  s : Y — > Y'  and  f,g  : X — > Y'  with  a = s-1/  and  [}  = s~1g  as  morphisms 
X — > Y in  S~1C.  To  show  that  composition  is  bilinear  first  consider  the  case  of  a 
morphism  7 : Y — > Z in  S~1C.  Say  7 = t~xh  for  some  h : Y — > Z'  and  t : Z —>  Z’ 
in  5.  Using  LMS2  we  choose  morphisms  a : Y'  — > Z"  and  t'  : Z1  —>  Z"  in  S such 
that  a o s = t'  o h.  Picture 


Z 

t 

Y — 'l+Z' 


S t' 


Then  7 o a = (f  o ^)_1(a  0 /)  and  7 o /3  = (t’  o t)~1(a  o g).  Hence  we  see  that 
7 o (a  + j3)  is  represented  by  (t'  o t)~1{a  o (/  + g))  = (■ t ’ o <)_1(a  o / + a o g)  which 
represents  700  + 70^. 


Finally,  assume  that  <5  : W — > X is  another  morphism  of  S~lC.  Say  8 = r~1i  for 
some  * : W — > X'  and  r : X — > X'  in  S.  We  claim  that  we  can  find  a morphism 
s : Y'  — >•  Y"  in  S and  morphisms  a",  b"  : X'  — > Y"  such  that  the  following  diagram 
commutes 


Y 


/.g./  + g ^ y, 


W- 


X 


" l//  II  1 1.11 

, a -b  ,a  +b  ^ yh 


Namely,  using  LMS2  we  can  first  choose  Si  : Y'  -^r  U , s2  : Y'  Y2  in  S and 
a : X'  — > Yi,  b : X'  — t Y2  such  that  a o s = si  o / and  b o s = s2  o f . Then  using 
that  the  category  Y'/S  is  filtered  (see  Categories,  Remark  4.26.71,  we  can  find  a 
s'  : Y'  — > Y"  and  morphisms  a ' : Y\  — >■  Y" , b'  : Y2  -A  Y"  such  that  s'  = a'  o s!  and 
s'  = b'  o s2.  Setting  a " = a!  o a and  b"  = b'  o b works.  At  this  point  we  see  that  the 
compositions  ao  5 and  fio8  are  represented  by  (s'  o s)-1a"  and  (s'  o s)-16".  Hence 


a o 8 + f3  o 8 is  represented  by  (s'  os)  1 ( 
representative  of  (a  + j3)  o 8. 


+ b")  which  by  the  diagram  again  is  a 

□ 
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05QE 


05QF 


Lemma  12.8.2.  Let  C be  an  additive  category.  Let  S be  a left  or  right  multi- 
plicative system.  Then  S~1C  is  an  additive  category  and  the  localization  functor 
Q : C — > S~lC  is  additive. 


Proof.  By  Lemma  12.8.1  we  see  that  S~1C  is  preadditive  and  that  Q is  additive. 
Recall  that  the  functor  Q commutes  with  finite  colimits  (resp.  finite  limits),  see 
Categories,  Lemmas  4.26.9  and  4.26.17  We  conclude  that  S~1C  has  a zero  object 
and  direct  sums,  see  Lemmas|12.3.2  and  1 1 2.3~ll  □ 


The  following  lemma  describes  the  kernel  (see  Definition  12.9.51  of  the  localization 
functor  in  case  we  invert  a multiplicative  system. 


Lemma  12.8.3.  Let  C be  an  additive  category.  Let  S be  a multiplicative  system. 
Let  X be  an  object  of  C.  The  following  are  equivalent 

(1)  Q(X)  = 0 in  S^C, 

(2)  there  exists  Y £ Ob(C)  such  that  0 : X — > Y is  an  element  of  S,  and 

(3)  there  exists  Z £ Ob(C)  such  that  0 : Z — >■  X is  an  element  of  S. 


Proof.  If  (2)  holds  we  see  that  0 = Q(0)  : Q(X)  — > Q(Y)  is  an  isomorphism.  In 
the  additive  category  S~1C  this  implies  that  Q{ X)  = 0.  Hence  (2)  =>  (1).  Similarly, 
(3)  =>  (1).  Suppose  that  Q(X)  = 0.  This  implies  that  the  morphism  / : 0 — > X 


there  exists  a morphism  g : Z — > 0 such  that  fg  £ S.  This  proves  (1)  =>  (3). 
Similarly,  (1)  =>  (2).  □ 

05QG 

(1)  If  S is  a left  multiplicative  system,  then  the  category  has  cokernels 

and  the  functor  Q : A — ► S~XA  commutes  with  them. 

(2)  If  S is  a right  multiplicative  system,  then  the  category  S~XA  has  kernels 
and  the  functor  Q : A -A  S_1A  commutes  with  them. 

(3)  If  S is  a multiplicative  system,  then  the  category  S~lA  is  abelian  and  the 
functor  Q : A—t  S~XA  is  exact. 


Lemma  12.8.4.  Let  A be  an  abelian  category. 


is  transformed  into  an  isomorphism  in  S lC.  Hence  by  Categories,  Lemma  4.26.21 


Proof.  Assume  S'  is  a left  multiplicative  system.  Let  a : X — ► Y be  a morphism 
of  S-1A  Then  a = s-1/  for  some  s : Y — > Y'  in  S and  / : X -A  Y' . Since  Q(s) 
is  an  isomorphism  we  see  that  the  existence  of  Coker(a  : A'  — > Y)  is  equivalent  to 
the  existence  of  Coker(Q(/)  : X — >•  Y').  Since  Coker(Q(/))  is  the  coequalizer  of  0 
and  Q(f)  we  see  that  Coker(Q(/))  is  represented  by  Q(Coker(/))  by  Categories, 
Lemma  4.26.9  This  proves  (1). 

Part  (2)  is  dual  to  part  (1). 


If  S is  a multiplicative  system,  then  S is  both  a left  and  a right  multiplicative 
system.  Thus  we  see  that  S~1A  has  kernels  and  cokernels  and  Q commutes  with 
kernels  and  cokernels.  To  finish  the  proof  of  (3)  we  have  to  show  that  Coim  = Im 
in  S'_1A.  Again  using  that  any  arrow  in  SI_1A  is  isomorphic  to  an  arrow  Q(f)  we 
see  that  the  result  follows  from  the  result  for  A.  □ 


12.9.  Serre  subcategories 

02MN  In  Ser53i  Chapter  I,  Section  1]  a notion  of  a “class”  of  abelian  groups  is  defined. 

This  notion  has  been  extended  to  abelian  categories  by  many  authors  (in  slightly 
different  ways).  We  will  use  the  following  variant  which  is  virtually  identical  to 
Serre’s  original  definition. 
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02MO 


02MP 


0754 


02MQ 


02MR 


Definition  12.9.1.  Let  A be  an  abelian  category. 

(1)  A Serve  subcategory  of  A is  a nonempty  full  subcategory  C of  A such  that 
given  an  exact  sequence 

with  A,C  £ Ob(C),  then  also  B £ Ob(C). 

(2)  A weak  Serve  subcategory  of  A is  a nonempty  full  subcategory  C of  A such 
that  given  an  exact  sequence 

A0  — y A\  — y A2  — y A3  — y A4 

with  A0,  Ai,  A3,  A4  in  C,  then  also  A2  in  C. 

In  some  references  the  second  notion  is  called  a “thick”  subcategory  and  in  other 
references  the  first  notion  is  called  a “thick”  subcategory.  However,  it  seems  that 
the  notion  of  a Serre  subcategory  is  universally  accepted  to  be  the  one  defined 
above.  Note  that  in  both  cases  the  category  C is  abelian  and  that  the  inclusion 
functor  C — y A is  a fully  faithful  exact  functor.  Let’s  characterize  these  types  of 
subcategories  in  more  detail. 

Lemma  12.9.2.  Let  A be  an  abelian  category.  Let  C be  a subcategory  of  A.  Then 
C is  a Serre  subcategory  if  and  only  if  the  following  conditions  are  satisfied: 

(1)  0 £ Ob(C), 

(2)  C is  a strictly  full  subcategory  of  A, 

(3)  any  subobject  or  quotient  of  an  object  of  C is  an  object  of  C, 

(4)  if  A £ Ob(A)  is  an  extension  of  objects  of  C then  also  A £ Ob(C). 

Moreover,  a Serre  subcategory  is  an  abelian  category  and  the  inclusion  functor  is 
exact. 

Proof.  Omitted.  □ 

Lemma  12.9.3.  Let  A be  an  abelian  category.  Let  C be  a subcategory  of  A.  Then 
C is  a weak  Serre  subcategory  if  and  only  if  the  following  conditions  are  satisfied: 

(1)  0 £ Ob(C), 

(2)  C is  a strictly  full  subcategory  of  A, 

(3)  kernels  and  cokernels  in  A of  morphisms  between  objects  of  C are  in  C, 

(4)  if  A £ Ob(A)  is  an  extension  of  objects  of  C then  also  A £ Ob(C). 

Moreover,  a weak  Serre  subcategory  is  an  abelian  category  and  the  inclusion  functor 
is  exact. 

Proof.  Omitted.  □ 

Lemma  12.9.4.  Let  A,  B be  abelian  categories.  Let  F : A —¥  B be  an  exact 
functor.  Then  the  full  subcategory  of  objects  C of  A such  that  F(C ) = 0 forms  a 
Serre  subcategory  of  A. 

Proof.  Omitted.  □ 

Definition  12.9.5.  Let  A,  B be  abelian  categories.  Let  F : A — y B be  an  exact 
functor.  Then  the  full  subcategory  of  objects  C of  A such  that  F(C)  = 0 is  called 
the  kernel  of  the  functor  F,  and  is  sometimes  denoted  Ker(P). 
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Any  Serre  subcategory  of  an  abelian  category  is  the  kernel  of  an  exact  functor. 
In  Examples,  Section  |88.64|  we  discuss  this  for  Serre’s  original  example  of  torsion 
groups. 

02MS  Lemma  12.9.6.  Let  A be  an  abelian  category.  Let  C C A be  a Serre  subcategory. 
There  exists  an  abelian  category  A/C  and  an  exact  functor 

F : A — » A/C 

which  is  essentially  surjective  and  whose  kernel  is  C.  The  category  A/C  and  the 
functor  F are  characterized  by  the  following  universal  property:  For  any  exact 
functor  G : A — >•  B such  that  C C Ker(G ) there  exists  a factorization  G = LI  o F 
for  a unique  exact  functor  H : A/C  — ► B. 


Proof.  Consider  the  set  of  arrows  of  A defined  by  the  following  formula 
S = {/  £ Arrows(A)  | Ker(/),  Coker (/)  £ Ob(C)}. 


We  claim  that  S'  is  a multiplicative  system.  To  prove  this  we  have  to  check  MSI, 


MS2,  MS3,  see  Categories,  Definition  4.26.1 


It  is  clear  that  identities  are  elements  of  S.  Suppose  that  / : A -A  B and  g : B -A  C 
are  elements  of  S.  There  are  exact  sequences 


0 — ► Ker (/)  — ► Ker(g/)  — ► Ker(g) 
Coker (/)  — ► Coker (gf)  — ► Coker(g)  -A  0 


Hence  it  follows  that  gf  £ S.  This  proves  MSI.  (In  fact,  a similar  argument 
will  show  that  S is  a saturated  multiplicative  system,  see  Categories,  Definition 
4.26.201) 

Consider  a solid  diagram 

A 3-  B 

9 

t i s 

j / V 

c > ni.i  ii 

with  t £ S.  Set  W = CJIaB  = Coker  ((i,  —g)  : A — » C®B).  Then  Ker(f)  -A  Ker(s) 
is  surjective  and  Coker(t)  — > Coker(s)  is  an  isomorphism.  Hence  s is  an  element  of 
S.  This  proves  LMS2  and  the  proof  of  RMS2  is  dual. 


Finally,  consider  morphisms  f,g:B—>C  and  a morphism  s : A — > B in  S 
such  that  /os  = g o s.  This  means  that  (/  — g)  o s = 0.  In  turn  this  means 
that  I = Im(/  — g)  C C is  a quotient  of  Coker(s)  hence  an  object  of  C.  Thus 
t : C — > C'  = C/I  is  an  element  of  S such  that  t o (/  — g)  =0,  i.e.,  such  that 
t o / = t o g.  This  proves  LMS3  and  the  proof  of  RMS3  is  dual. 


Having  proved  that  S'  is  a multiplicative  system  we  set  A/C  = S^A,  and  we  set  F 
equal  to  the  localization  functor  Q.  By  Lemma  12.8.4  the  category  A/C  is  abelian 
and  F is  exact.  If  X is  in  the  kernel  of  F = Q,  then  by  Lemma  12.8.3|  we  see  that 
0 : X — ^ Z is  an  element  of  S and  hence  X is  an  object  of  C,  i.e.,  the  kernel  of  F 
is  C.  Finally,  if  G is  as  in  the  statement  of  the  lemma,  then  G turns  every  element 
of  S into  an  isomorphism.  Hence  we  obtain  the  functor  F[  : A/C  —¥  B from  the 
universal  property  of  localization,  see  Categories,  Lemma [4. 26. 8|  □ 
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06XK  Lemma  12.9.7.  Let  A,  B be  abelian  categories.  Let  F : A —¥  B be  an  exact 
functor.  Then  C = Ker(F)  if  and  only  if  the  induced  functor  F : A/C  — ► B is 
faithful. 

Proof.  The  “only  if”  direction  is  true  because  the  kernel  of  F is  zero  by  construc- 
tion. Namely,  if  / : X — > Y is  a morphism  in  A/C  such  that  F(f)  = 0,  then 
A(Im(/))  = Im(F(/))  = 0,  hence  Im(/)  = 0 by  the  assumption  on  the  kernel  of  F. 
Thus  / = 0. 

For  the  “if”  direction,  let  X be  an  object  of  A such  that  F(X)  = 0.  Then  A(idA')  = 
idF,X)  = 0,  thus  idx  = 0 in  A/C  by  faithfulness  of  F.  Hence  X = 0 in  A/C , that 
is  X € Ob(C).  □ 


12.10.  K-groups 

02MT 

02MU  Definition  12.10.1.  Let  A be  an  abelian  category.  We  denote  Ko(A)  the  zeroth 
K -group  of  A.  It  is  the  abelian  group  constructed  as  follows.  Take  the  free  abelian 
group  on  the  objects  on  A and  for  every  short  exact  sequence  0— > A— > B — > C — >-0 
impose  the  relation  [B]  — [A]  — [C]  = 0. 


Another  way  to  say  this  is  that  there  is  a presentation 


0 Z[A  ->  B C] 


A — yB — yC  scs 


® m 

A^Oh(A) 


KM) 


02MV 


with  [A  -»  B — > C\  [B\  — [A]  — [C\  of  K0(A).  The  short  exact  sequence 
0 — ^ 0 — ^ 0 — ^ 0 — ^ 0 leads  to  the  relation  [0]  = 0 in  K0(A).  There  are  no  set- 
theoretical  issues  as  all  of  our  categories  are  “small”  if  not  mentioned  otherwise. 
Some  examples  of  A'-groups  for  categories  of  modules  over  rings  where  computed 


in  Algebra,  Section  10.54 


Lemma  12.10.2.  Let  F : A — ► B be  an  exact  functor  between  abelian  categories. 
Then  F induces  a homomorphism  of  K-groups  Kq(F)  : Kq(A)  — ► Kq(B)  by  simply 
setting  A'0(A)([A])  = [-F(A)]. 


Proof.  Proves  itself. 


□ 


Suppose  we  are  given  an  object  M of  an  abelian  category  A and  a complex  of  the 
form 

02MW  (12.10.2.1)  ... > M — 10  M — M — M 

In  this  situation  we  define 

7J°(M,  ip,ip)  = Ker(^)/Im(c/?),  and  H1(M,  (p,  ip)  = Ker(tp)/lm(ip). 

02MX  Lemma  12.10.3.  Let  A be  an  abelian  category.  Let  C C A be  a Serre  subcategory 
and  set  B = A/C. 

(1)  The  exact  functors  C — > A and  A —t  B induce  an  exact  sequence 

Ko (C)  — t KM)  ~ * *o(B)  0 

of  K-groups,  and 
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(2)  the  kernel  of  K${C)  — > Kq(A)  is  equal  to  the  collection  of  elements  of  the 
form 

[H°(M,ip,ip)]  — [H1(M,ip,tp)] 


where  (M,ip,ip)  is  a complex  as  in  (12. 10. 2 .7 ) with  the  property  that  it 
becomes  exact  in  B;  in  other  words  that  iJu(M,  ip,  if)  and  H1(M,  ip,  ip)  are 
objects  ofC. 


Proof.  We  omit  the  proof  of  (1).  The  proof  of  (2)  is  in  a sense  completely  combi- 
natorial. First  we  remark  that  any  class  of  the  type  [ H°(M , ip,  ip)]  — [fJ1(Af,  ip,  ip)] 
is  zero  in  Kq(A)  by  the  following  calculation 

0 = [M\  - [M] 

= [Ker(<p)]  + [Im(<p)]  — [Ker(^>)]  — [Im(^)] 

= [Ker((^)/Im(i/))]  — [Ker(i/?)/Im(</?)] 

= [H\M,q>,iP)\-[H\M,y,ip)] 

as  desired.  Hence  it  suffices  to  show  that  any  element  in  the  kernel  of  I\q(C)  — >■ 
Kq{A)  is  of  this  form. 

Any  element  x in  K0(C)  can  be  represented  as  the  difference  x = [P]  — [ Q ] of  two 
objects  of  C (fun  exercise).  Suppose  that  this  element  maps  to  zero  in  I\0(A).  This 
means  that  there  exist 

(1)  a finite  set  I = I+  H I~ , 

(2)  for  each  i £ I a short  exact  sequence 

0 -»  Ai  ->•  Bi  -)•  Ci  ->•  0 


in  the  abelian  category  A 

such  that 

[p]  - = Ei67+([^]  - ^ - M)  - m - Pd) 

in  the  free  abelian  group  on  the  objects  of  A.  We  can  rewrite  this  as 

[p] + E.s/t(iA]  + [ft]) + = id  + E.€/-  (M  + ic'd)  + E,6I+ib*]- 

Since  the  right  and  left  hand  side  should  contain  the  same  objects  of  A counted 
with  multiplicity,  this  means  there  should  be  a bijection  r between  the  terms  which 
occur  above.  Set 

T+  = {p}  H {a,  c}  x 1+  H {6}  x r 

and 

T~  = {p}  H {a,  c}  x I~  H {&}  x 1+ . 

Set  T = T+  H T~  = {p,  q}  H {a,  b , c}  x I.  For  t £ T define 


' p 

if 

t = p 

Q 

if 

t = q 

Ai 

if 

t = (a,i 

Bi 

if 

t = (b,i 

{ ^ 

if 

t = (c,i 

o(t)  = 
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Hence  we  can  view  r : T+  — > T~  as  a bijection  such  that  Oft)  = 0{r{t))  for  all 
t G T+ . Let  tg  = r(p)  and  let  tg  G T+  be  the  unique  element  such  that  r(tg  ) = g. 
Consider  the  object 

M+  = ©,€I,  OW 

By  using  r we  see  that  it  is  equal  to  the  object 


Consider  the  map 


M+ 


which  on  the  summand  Oft)  = Ai  corresponding  to  t = ( a,i ),  i G I+  uses  the 
map  Ai  — ► Bi  into  the  summand  0((b,i))  = Bi  of  and  on  the  summand 
Oft)  = Bi  corresponding  to  (b,i),  i G I~  uses  the  map  Bt  — > Ci  into  the  summand 
0((c,i))  = Ci  of  M~ . The  map  is  zero  on  the  summands  corresponding  to  p and 
(c,  i),  i G I+ . Similarly,  consider  the  map 


ip  : M~ 


M+ 


which  on  the  summand  0(t)  = Ai  corresponding  to  t = ( a,i ),  t G I”  uses  the 
map  Ai  — > Bi  into  the  summand  0((b7i))  = Bi  of  M+  and  on  the  summand 
0(t)  = Bi  corresponding  to  (b,i),  i G I+  uses  the  map  Bi  — > Ci  into  the  summand 
0((c,i))  = Ci  of  M+ . The  map  is  zero  on  the  summands  corresponding  to  q and 
i&I~. 

Note  that  the  kernel  of  ip  is  equal  to  the  direct  sum  of  the  summand  P and  the 
summands  0((c,i))  = Ci,  i G I+  and  the  subobjects  Ai  inside  the  summands 
0((b,  i))  = Bi,  i G I~ . The  image  of  ip  is  equal  to  the  direct  sum  of  the  summands 
0((c,i))  = Ci,  i G I+  and  the  subobjects  Ai  inside  the  summands  0((b,i))  = Bi} 
i € /*,  In  other  words  we  see  that 


P = Ker((/?)/Im(i/>). 

In  exactly  the  same  way  we  see  that 

Q = Ker(ip)/lm((p). 

Since  as  we  remarked  above  the  existence  of  the  bijection  r shows  that  M+  = M~ 
we  see  that  the  lemma  follows.  □ 


12.11.  Cohomological  delta-functors 

010P 

010Q  Definition  12.11.1.  Let  A,  B be  abelian  categories.  A cohomological  8-functor 
or  simply  a 8 -functor  from  A to  B is  given  by  the  following  data: 

(1)  a collection  Fn  : A — > B,  n > 0 of  additive  functors,  and 

(2)  for  every  short  exact  sequence  0->d->B->C->0of^la  collection 
Sa^b^c  '■  Fn{C ) —>■  Fn+1(A),  n > 0 of  morphisms  of  B. 

These  data  are  assumed  to  satisfy  the  following  axioms 
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(1)  for  every  short  exact  sequence  as  above  the  sequence 
0 ^ F°(A) F°{B) >■  F°(C) 


is  exact,  and 

(2)  for  every  morphism  (A  B C)  ( A ' — > B'  — > C')  of  short  exact 

sequences  of  A the  diagrams 

Fn(C) >■  Fn+1(A) 

Y c Y 

Fn(C')  — A'^B'^C'>  Fn+1(A') 
are  commutative. 

Note  that  this  in  particular  implies  that  F°  is  left  exact. 

010R  Definition  12.11.2.  Let  A,B  be  abelian  categories.  Let  ( Fn,5p ) and  (Gu,Sg) 
be  (5-functors  from  A to  B.  A morphism  of  5 -functors  from  F to  G is  a collection 
of  transformation  of  functors  tn  : Fn  — ► Gn , n > 0 such  that  for  every  short  exact 
sequence  0— ¥ A— > B — > C — >■  0 of  A the  diagrams 

Fn(C)  — ^ Fn+1(A) 

<5  F,A^B->C 

t”  tn  + 1 

Y r Y 

Gn  (| C ) 1 (A) 

are  commutative. 

OIOS  Definition  12.11.3.  Let  A,B  be  abelian  categories.  Let  F = ( Fu,8f ) be  a 5- 
functor  from  A to  B.  We  say  F is  a universal  S -functor  if  an  only  if  for  every 
(5-functor  G = ( Gn7Sc ) and  any  morphism  of  functors  t : F°  — > G°  there  exists  a 
unique  morphism  of  (5-functors  {t"}n>o  : F — > G such  that  t = t°. 

010T  Lemma  12.11.4.  Let  A,B  be  abelian  categories.  Let  F = ( Fu,Sf ) be  a 8-functor 
from  A to  B.  Suppose  that  for  every  n > 0 and  any  A £ Ob(A)  there  exists  an 
injective  morphism  u : A — » B (depending  on  A and  n)  such  that  Fn(u)  : Fn(A)  — > 
Fn(B ) is  zero.  Then  F is  a universal  8-functor. 

Proof.  Let  G = (Gu,8g)  be  a (5-functor  from  A to  B and  let  t : F°  — > G°  be 
a morphism  of  functors.  We  have  to  show  there  exists  a unique  morphism  of  8- 
functors  {f"}„> o : F — > G such  that  t = t°.  We  construct  tn  by  induction  on  n. 
For  n = 0 we  set  t°  = t.  Suppose  we  have  already  constructed  a unique  sequence  of 
transformation  of  functors  tl  for  i < n compatible  with  the  maps  8 in  degrees  < n. 

Let  A £ Ob(A).  By  assumption  we  may  choose  a embedding  u : A — >•  B such 
that  Fn+1(u)  = 0.  Let  C = B/u(A).  The  long  exact  cohomology  sequence  for 
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the  short  exact  sequence  0— > A — > B — > C — » 0 and  the  5-functor  F gives  that 
Fn+1(A ) = Coker(Fn(i3)  — » Fn[C))  by  our  choice  of  u.  Since  we  have  already 
defined  tn  we  can  set 

tn+l  . Gn+1(A) 

equal  to  the  unique  map  such  that 


Coker {Fn(B)  ->•  Fn{C )) 

& F,A—t  B —tC 

\ 

Fn+1(A) 


Coker(Gn(B)  -»•  Gn(C)) 
<5g,a^b^c 

^Gn+1(A) 


commutes.  This  is  clearly  uniquely  determined  by  the  requirements  imposed.  We 
omit  the  verification  that  this  defines  a transformation  of  functors.  □ 


010U  Lemma  12.11.5.  Let  A,B  be  abelian  categories.  Let  F : A — ► B be  a functor. 
If  there  exists  a universal  S -functor  ( Fn , Sp)  from  A to  B with  F°  = F,  then  it  is 
determined  up  to  unique  isomorphism  of  5 -functors. 


Proof.  Immediate  from  the  definitions. 


□ 


12.12.  Complexes 


010V  Of  course  the  notions  of  a chain  complex  and  a cochain  complex  are  dual  and  you 
only  have  to  read  one  of  the  two  parts  of  this  section.  So  pick  the  one  you  like. 
(Actually,  this  doesn’t  quite  work  right  since  the  conventions  on  numbering  things 
are  not  adapted  to  an  easy  transition  between  chain  and  cochain  complexes.) 

A chain  complex  A.  in  an  additive  category  A is  a complex 

A dn-L.  i a dn  A 

...—>■  An+\ > An  — > An_  i — > . . . 


of  A.  In  other  words,  we  are  given  an  object  Aj  of  A for  all  i 6 Z and  for  all  i € Z 
a morphism  di  : A*  — > Aj_i  such  that  di— i o di  = 0 for  all  i.  A morphism  of  chain 
complexes  f : A.  — » Bt  is  given  by  a family  of  morphisms  /)  : A,  — >•  Bi  such  that 
all  the  diagrams 


Ai  — ^ Ai—i 

di 


fi 


fi-l 


Bj *>  B 


i- 1 


commute.  The  category  of  chain  complexes  of  A is  denoted  Ch(A).  The  full  sub- 
category consisting  of  objects  of  the  form 

. . . — v A2  — ^ Ai  — y Aq  — y 0 — > 0 — t . . . 


is  denoted  Ch>0(A).  In  other  words,  a chain  complex  A.  belongs  to  Ch>0(A)  if 
and  only  if  Ai  = 0 for  all  i < 0.  A homotopy  h between  a pair  of  morphisms  of 
chain  complexes  f,g:A,^>B,  is  is  a collection  of  morphisms  hi  : Ai  — > Bi+\  such 
that  we  have 

fi  Qi  — di- (-1  o hi  T hi— 1 o di 

for  all  i.  Clearly,  the  notions  of  chain  complex,  morphism  of  chain  complexes, 
and  homotopies  between  morphisms  of  chain  complexes  makes  sense  even  in  a 
preadditive  category. 
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010W  Lemma  12.12.1.  Let  A be  an  additive  category.  Let  f,g:B,^C.  be  morphisms 
of  chain  complexes.  Suppose  given  morphisms  of  chain  complexes  a : A,  — ► B,, 
and  c \ C*  — t D% . If  {hi  : Bi  — » Cj+i}  defines  a homotopy  between  f and  g,  then 
{ci+i  o hi  o ai]  defines  a homotopy  between  c o / o a and  c o g o a. 

Proof.  Omitted.  □ 


In  particular  this  means  that  it  makes  sense  to  define  the  category  of  chain  com- 
plexes with  maps  up  to  homotopy.  We’ll  return  to  this  later. 

010X  Definition  12.12.2.  Let  A be  an  additive  category.  We  say  a morphism  a : A,  — ► 
B , is  a homotopy  equivalence  if  there  exists  a morphism  b : B,  A,  such  that 
there  exists  a homotopy  between  aob  and  id  a and  there  exists  a homotopy  between 
boa  and  ids . If  there  exists  such  a morphism  between  A,  and  Bt , then  we  say 
that  A,  and  Bt  are  homotopy  equivalent. 


In  other  words,  two  complexes  are  homotopy  equivalent  if  they  become  isomorphic 
in  the  category  of  complexes  up  to  homotopy. 

010Y  Lemma  12.12.3.  Let  A be  an  abelian  category. 

(1)  The  category  of  chain  complexes  in  A is  abelian. 

(2)  A morphism  of  complexes  f : A,  — > B,  is  injective  if  and  only  if  each 
fn  : An  — > Bn  is  injective. 

(3)  A morphism  of  complexes  f : Am  — >•  Bm  is  surjective  if  and  only  if  each 
fn  : An  — > Bn  is  surjective. 

(4)  A sequence  of  chain  complexes 

A.  A B.  4 C. 

is  exact  at  B,  if  and  only  if  each  sequence 


Ai 


Si 


Bi 


a 


is  exact  at  B , . 


Proof.  Omitted. 


□ 


For  any  i £ Z the  ith  homology  group  of  a chain  complex  A,  in  an  abelian  category 
is  defined  by  the  following  formula 

Hi{A .)  = Ker(dj)/Im(dj+i). 

If  / : Am  — > B,  is  a morphism  of  chain  complexes  of  A then  we  get  an  induced 
morphism  Hi(f ) : Hi{Am)  — » Hi(B .)  because  clearly  /j(Ker(dj  : Ai  —>  A;_ i))  C 
Ker (di  : Bi  — > and  similarly  for  Im(di+i).  Thus  we  obtain  a functor 

Hi  : Ch (A)  — > A. 

010Z  Definition  12.12.4.  Let  A be  an  abelian  category. 

(1)  A morphism  of  chain  complexes  / : A,  — > B,  is  called  a quasi-isomorphism 
if  the  induced  map  Hi(f)  : Hi(Am)  — > Hi(B .)  is  an  isomorphism  for  all 

i e z. 

(2)  A chain  complex  A,  is  called  acyclic  if  all  of  its  homology  objects  Hi(A .) 
are  zero. 

0110  Lemma  12.12.5.  Let  A be  an  abelian  category. 
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(1)  If  the  maps  f,g  : A,  — > B,  are  homotopic,  then  the  induced  maps  Hi{f) 
and  Hi(g)  are  equal. 

(2)  If  the  map  f : A,  — ► B,  is  a homotopy  equivalence,  then  f is  a quasi- 
isomorphism. 

Proof.  Omitted.  □ 

0111  Lemma  12.12.6.  Let  A he  an  abelian  category.  Suppose  that 

0 -»  A.  — ► B.  ->•  C.  — >•  0 

is  a short  exact  sequence  of  chain  complexes  of  A.  Then  there  is  a canonical  long 
exact  homology  sequence 


Proof.  Omitted.  The  maps  come  from  the  Snake  Lemma  12.5.17  applied  to  the 
diagrams 


0 


Ai/Im.(dA,i+i) >-  Bi/Im(dBji+i) Ci/lm(dc,i+ 1) 


dA,i 

>•  Ker 


dB,i 

Ker  (dB,i-i) 


dc,i 

Y 

>■  Ker  {dc,i-\) 


0 


□ 


A cochain  complex  Am  in  an  additive  category  A is  a complex 
. . . -►  A71-1  An  A An+1  -^  ... 

of  A.  In  other  words,  we  are  given  an  object  A1  of  A for  all  * G Z and  for  all  i € Z 
a morphism  dl  : A1  — > Al+1  such  that  dl+1  odl  = 0 for  all  i.  A morphism  of  cochain 
complexes  f : Am  — > B*  is  given  by  a family  of  morphisms  /*  : A1  — > Bl  such  that 
all  the  diagrams 

Ai  >-  Ai+1 

dz 

S'  fi+1 

v 

B7  d ' BiJrl 

commute.  The  category  of  cochain  complexes  of  A is  denoted  CoCh(A).  The  full 
subcategory  consisting  of  objects  of  the  form 

. . . -)•  0 -»  0 -4  A0  -»  A1  ->  A2  -)•  . . . 

is  denoted  CoCh>0(»4).  In  other  words,  a cochain  complex  A*  belongs  to  the 
subcategory  CoCli>0(A)  if  and  only  if  A1  = 0 for  all  i < 0.  A homotopy  h between 
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a pair  of  morphisms  of  cochain  complexes  f,g  : A*  B*  is  is  a collection  of 
morphisms  hl  : A1  — ► B 1-1  such  that  we  have 

f - <f  = d i_1  o \j  + hi+1  o dl 

for  all  i.  Clearly,  the  notions  of  cochain  complex,  morphism  of  cochain  complexes, 
and  homotopies  between  morphisms  of  cochain  complexes  makes  sense  even  in  a 
preadditive  category. 

0112  Lemma  12.12.7.  Let  A be  an  additive  category.  Let  f,g  : Bm  — > C * be  morphisms 
of  cochain  complexes.  Suppose  given  morphisms  of  cochain  complexes  a : A*  — > B* , 
and  c : C*  — * D* . If  {h1  : Bl  — ► C®-1}  defines  a homotopy  between  f and  g,  then 
{c1^1  o hl  o a*}  defines  a homotopy  between  c o / o a and  c o g o a. 

Proof.  Omitted.  □ 

In  particular  this  means  that  it  makes  sense  to  define  the  category  of  cochain 
complexes  with  maps  up  to  homotopy.  We’ll  return  to  this  later. 

0113  Definition  12.12.8.  Let  A be  an  additive  category.  We  say  a morphism  a : A*  — > 
B * is  a homotopy  equivalence  if  there  exists  a morphism  b : B * — ► A * such  that 
there  exists  a homotopy  between  aob  and  id^  and  there  exists  a homotopy  between 
boa  and  ids.  If  there  exists  such  a morphism  between  A*  and  B* , then  we  say 
that  A * and  B * are  homotopy  equivalent. 

In  other  words,  two  complexes  are  homotopy  equivalent  if  they  become  isomorphic 
in  the  category  of  complexes  up  to  homotopy. 

0114  Lemma  12.12.9.  Let  A be  an  abelian  category. 

(1)  The  category  of  cochain  complexes  in  A is  abelian. 

(2)  A morphism  of  cochain  complexes  f : A*  — >•  B*  is  injective  if  and  only  if 
each  /”  : An  — » Bn  is  injective. 

(3)  A morphism  of  cochain  complexes  f : A*  — ► B*  is  surjective  if  and  only  if 
each  /”  : An  — > Bn  is  surjective. 

(4)  A sequence  of  cochain  complexes 

A*  4 B*  4 c* 

is  exact  at  B*  if  and  only  if  each  sequence 
Ai  -A-  Bi  ^4  & 

is  exact  at  Bl . 

Proof.  Omitted.  □ 

For  any  i £ Z the  zth  cohomology  group  of  a cochain  complex  A*  is  defined  by  the 
following  formula 

LP(A*)  = Ker(<f  )/Im(<f-1). 

If  / : A*  —>  B * is  a morphism  of  cochain  complexes  of  A then  we  get  an  induced 
morphism  Hl(f)  : Hl(A *)  — ► H'(Bm)  because  clearly  /*(Ker(di  : A 1 — ► Al+1))  C 
Ker(cP  : Bl  — > Bl+1 ),  and  similarly  for  Im(eP_1).  Thus  we  obtain  a functor 

Hl  : CoCh(yl)  — > A. 

0115  Definition  12.12.10.  Let  A be  an  abelian  category. 
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(1)  A morphism  of  cochain  complexes  / : A*  — > B*  of  A is  called  a quasi- 
isomorphism if  the  induced  maps  Hl(f)  : Hl{A *)  — > Hl(B *)  is  an  isomor- 
phism for  all  i £ Z. 

(2)  A cochain  complex  A*  is  called  acyclic  if  all  of  its  cohomology  objects 
Hl(A *)  are  zero. 

0116  Lemma  12.12.11.  Let  A he  an  abelian  category. 

(1)  If  the  maps  f,  g : A*  — > B * are  homotopic,  then  the  induced  maps  Hl(f) 
and  Hl(g)  are  equal. 

(2)  If  f : A*  — > B*  is  a homotopy  equivalence,  then  f is  a quasi-isomorphism. 

Proof.  Omitted.  □ 

0117  Lemma  12.12.12.  Let  A be  an  abelian  category.  Suppose  that 

OAi’-t^AC’-lO 

is  a short  exact  sequence  of  chain  complexes  of  A.  Then  there  is  a canonical  long 
exact  homology  sequence 


Proof.  Omitted.  The  maps  come  from  the  Snake  Lemma  12.5.17  applied  to  the 
diagrams 

AVlm(4“1) >■  /r/Iin(i4  'j ; >■  CVlm^1) >■  0 


d\ 


dn 


df~i 


0 ^ Ker(d^+i) 


Ker(4+1) 


Ker  (d£l) 


□ 


12.13.  Truncation  of  complexes 

0118  Let  A be  an  abelian  category.  Let  A,  be  a chain  complex.  There  are  several  ways 
to  truncate  the  complex  A, . 

(1)  The  “stupid”  truncation  cr<n  is  the  subcomplex  cr<nAm  defined  by  the  rule 
(tT<nA#)i  = 0 if  i > n and  (cr<nA.)j  = A,;  if  i < n.  In  a picture 

T<nA»  . . . ^ 0 An  A„_1  . . . 

Y v 

A.  . . . ^ An+i  An  An—\  . . . 

Note  the  property  a'<nA#/<r<rl_iA.  = A„[— n]. 
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(2)  The  “ stupid ” truncation  a>n  is  the  quotient  complex  a>nAt  defined  by 
the  rule  (a>nAt)i  = At  if  i > n and  {a>nA,)i  = 0 if  i < n.  In  a picture 


A . 


Y 

&>nAt 


■ A. 


n+1 


■ Ar. 


A. 


n+1 


Ar 


' An— 


n—  1 


0 


The  map  of  complexes  o>nA%  -A  a>n+iA,  is  surjective  with  kernel  An[—n\. 

(3)  The  canonical  truncation  r>nA . is  defined  by  the  picture 


^~>nAm 


t 

A, 


A. 


n+1 


V 

■ An+i 


Ker(d„) 


0 


V 

■A, 


' An—  1 


Note  that  these  complexes  have  the  property  that 

l| 

[0  it  i < n 

(4)  The  canonical  truncation  r<nA . is  defined  by  the  picture 
Am  . . . ^ An+\  An  An—i 


r<nAm 


Y Y 

Coker(dn+i) >■  An- 1 


Note  that  these  complexes  have  the  property  that 


Hi(r<nAm) 


Hi(Am) 

0 


if  i < n 
if  i > n 


Let  A be  an  abelian  category.  Let  A*  be  a cochain  complex.  There  are  four  ways 
to  truncate  the  complex  A*. 

(1)  The  “stupid”  truncation  er>„  is  the  subcomplex  a>nA*  defined  by  the  rule 
(a>nA*)1  = 0 if  i < n and  ( a>nA *)1  = Aj  if  i > n.  In  a picture 


a>nA*  . . . > 0 An >■  An+1 


Y Y t Y 

1 j\^n+ 1 


Note  the  property  a>nA* / a>n+\A*  = An[—ri\. 

(2)  The  “ stupid ” truncation  a<n  is  the  quotient  complex  a<nA*  defined  by 
the  rule  (a<nA*Y  = 0 if  i > n and  ( a<nA *)*  = A1  if  i < n.  In  a picture 


An~l > An >-  An+1 

y 

a<nA • ... =►  A11-1 >-  An ^0- 


Tlie  map  of  complexes  a<nA*  a<n-\A*  is  surjective  with  kernel  An  [— n] . 
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(3)  The  canonical  truncation  r<nA*  is  defined  by  the  picture 
r<nA*  . . . ^ A71-1 ^ Ker(dn) >■  0 


V 

Am 


V 

■A71-1 


■ An 


■ An+1 


Note  that  these  complexes  have  the  property  that 

H\T<nAm)  = * * - n 

y - n ’ \ 0 if  !>n 

(4)  The  canonical  truncation  r>nA*  is  defined  by  the  picture 

A*  ... ^An~l s-  An s-  An+1  - 


y 

r>nA • 


■ Coker(d"_1) 


■ An+1 


Note  that  these  complexes  have  the  property  that 

0 if  j<n 


H\r>nA *)  = 


Hl(A*)  if  i > 


12.14.  Homotopy  and  the  shift  functor 

0119  It  is  an  annoying  feature  that  signs  and  indices  have  to  be  part  of  any  discussion 
of  homological  algebra^] 

011A  Definition  12.14.1.  Let  A be  an  additive  category.  Let  A . be  a chain  complex 
with  boundary  maps  d,A,n  '■  An  — > An_ ±.  For  any  k £ Z we  define  the  k-shift.ed, 
chain  complex  A [A:],  as  follows: 

(1)  we  set  j4[fc]n  = An+k,  and 

(2)  we  set  dA[k],n  • A[A:]n  t epual  to  cl  a [/c]  .n  ( 1)  dA^n+k- 

If  / : A,  — > B,  is  a morphism  of  chain  complexes,  then  we  let  f[k]  : A[k]t  — > B[k\, 
be  the  morphism  of  chain  complexes  with  f[k]n  = fk+n- 

Of  course  this  means  we  have  functors  [k]  : Ch(_4)  — ► Ch(A)  which  mutually 
commute  (on  the  nose,  without  any  intervening  isomorphisms  of  functors),  such 
that  A[fc][Z],  = A[k  + l ].  and  with  [0]  = idch(A)- 

011B  Definition  12.14.2.  Let  A be  an  abelian  category.  Let  A,  be  a chain  complex 
with  boundary  maps  dA,n  ■ An  — > An_\.  For  any  fc  e Z we  identify  Hi+k(A,)  — > 
Hi(A[k\,)  via  the  identification  Ai+k  = A[k]i. 

This  identification  is  functorial  in  A,.  Note  that  since  no  signs  are  involved  in 
this  definition  we  actually  get  a compatible  system  of  identifications  of  all  the  ho- 
mology objects  Hi-k{A[k\m),  which  are  further  compatible  with  the  identifications 
A[fc][Z],  = A[k  + l],  and  with  [0]  = idch(A)- 

Let  A be  an  additive  category.  Suppose  that  A . and  B,  are  chain  complexes, 
a,b  : A%  — » B , are  morphisms  of  chain  complexes,  and  {hi  : Ai  — > -Bi+i}  is  a 
homotopy  between  a and  b.  Recall  that  this  means  that  ai  — bi  = di+iohi  + hi-iodi. 


2I  am  sure  you  think  that  my  conventions  are  wrong.  If  so  and  if  you  feel  strongly  about  it 
then  drop  me  an  email  with  an  explanation. 
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What  if  a = b?  Then  we  obtain  the  formula  0 = di+iohi  + hi-io  di,  in  other  words, 
—di+ 1 o hi  = hi_i  o di . By  definition  above  this  means  the  collection  {hi}  above 
defines  a morphism  of  chain  complexes 

A,  — > B{  1].. 

Such  a thing  is  the  same  as  a morphism  A[—  1],  — > B , by  our  remarks  above.  This 
proves  the  following  lemma. 

011C  Lemma  12.14.3.  Let  A be  an  additive  category.  Suppose  that  A , and  Bm  are 
chain  complexes.  Given  any  morphism  of  chain  complexes  a : A,  — >•  B,  there  is  a 
bijection  between  the  set  of  homotopies  from  a to  a andM.ovch{A){A,,B[l\t).  More 
generally , the  set  of  homotopies  between  a and  b is  either  empty  or  a principal 
homogeneous  space  under  the  group  Movch(A){A,,  B[l]«). 

Proof.  See  above.  □ 


011D  Lemma  12.14.4.  Let  A be  an  abelian  category.  Let 

0 -A  A.  — ► B.  -A  C,  — ► 0 

be  a sort  exact  sequence  of  complexes.  Suppose  that  {sn  : Cn  — ► Bn}  is  a family 
of  morphisms  which  split  the  short  exact  sequences  0 — » An  — > Bn  — ► Cn  — > 0.  Let 
7 r„  : Bn  — > An  be  the  associated  projections,  see  Lemma\l2. 5.1C\  Then  the  family 
of  morphisms 

Tn— 1 ° ds,n  ° ■ Cn  f An—\ 

define  a morphism  of  complexes  6(s)  : C,  — > A[—  1].. 


011E 


Proof.  Denote  i : A,  -A  B,  and  q : B,  — > C,  the  maps  of  complexes  in  the 
short  exact  sequence.  Then  in-\  o 7rn_i  o dB,n  ° sn  = dB,n  ° sn  — sn- 1 o dc,n- 
Hence  in-2  ° dA,n- i ° ^n- i ° ds,n  ° sn  = ds,n- i ° (^B,n  ° sn  — sn-i  ° dc,n)  = 
—dB,n- 1 ° sn- 1 ° dc,n  as  desired.  □ 


Lemma  12.14.5.  Notation  and  assumptions  as  in  Lemma  12.14-4 
morphism  of  complexes  S(s)  : C , — > A[—  1],  induces  the  maps 


above. 


The 


Hi(6(s))  : Hi{C.)  — > Hi(A[- 1].)  = H^A.) 


which  occur  in  the  long  exact  homology  sequence  associated  to  the  short  exact  se- 
quence of  chain  complexes  by  Lemma  \12.12.6\ 


Proof.  Omitted. 


□ 


011F  Lemma  12.14.6.  Notation  and  assumptions  as  in  Lemma  12.14-4  above.  Suppose 
{s^  : Cn  — ► Bn}  is  a second  choice  of  splittings.  Write  s'n  =s„+t„o/i„  for  some 
unique  morphisms  hn  : Cn  — > An.  The  family  of  maps  {hn  : Cn  — > A[—  l]n+1}  is  a 
homotopy  between  the  associated  morphisms  5{s),5(s')  : C,  — » A[—  1].. 


Proof.  Omitted. 


□ 


011G  Definition  12.14.7.  Let  A be  an  additive  category.  Let  A*  be  a cochain  complex 
with  boundary  maps  dnA  : An  — > An+1.  For  any  k £ Z we  define  the  k-shifted 
cochain  complex  A[k ]*  as  follows: 

(1)  we  set  A[k]n  = An+k,  and 

(2)  we  set  dA^  : A[k]n  — > A[k]n+1  equal  to  dA^  = (— 1 )kdrA~k . 
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If  / : A*  B * is  a morphism  of  cochain  complexes,  then  we  let  f[k\  : A[k ]*  — > B[k]m 
be  the  morphism  of  cochain  complexes  with  f[k]n  = fk+n . 

Of  course  this  means  we  have  functors  [k]  : CoCh(_4)  — >•  CoCh(_4)  which  mutually 
commute  (on  the  nose,  without  any  intervening  isomorphisms  of  functors)  and  such 
that  H[/c][Z]*  = A[k  + 1 ]*  and  with  [0]  = idcoCh(A)- 

011H  Definition  12.14.8.  Let  A be  an  abelian  category.  Let  A*  be  a cochain  complex 
with  boundary  maps  d\  : An  — ► An+1.  For  any  k G Z we  identify  Ht+k(A*)  — ► 
Hl(A[k]*)  via  the  identification  Al+k  = A[k]1. 

This  identification  is  functorial  in  A*.  Note  that  since  no  signs  are  involved  in 
this  definition  we  actually  get  a compatible  system  of  identifications  of  all  the  ho- 
mology objects  Hl~k(A[k]*),  which  are  further  compatible  with  the  identifications 
H[fc][Z]*  = A[k  + Z]*  and  with  [0]  = idGoch(^). 

Let  A be  an  additive  category.  Suppose  that  A * and  B * are  cochain  complexes, 
a,b  : A*  Bm  are  morphisms  of  cochain  complexes,  and  {h1  : A1  — > Bl~1}  is  a 
homotopy  between  a and  b.  Recall  that  this  means  that  a1  — b1  = d^1  oh1 +hl+1  odl . 
What  if  a = &?  Then  we  obtain  the  formula  0 = dl~l  o h1  + hl+1  o dz,  in  other  words, 
— cZl_1  o hl  = hl+1  o dr.  By  definition  above  this  means  the  collection  {h1}  above 
defines  a morphism  of  cochain  complexes 

A*  — » B[-  1]V 

Such  a thing  is  the  same  as  a morphism  A[l]*  — > B * by  our  remarks  above.  This 
proves  the  following  lemma. 

0111  Lemma  12.14.9.  Let  A be  an  additive  category.  Suppose  that  A*  and  Bm  are 
cochain  complexes.  Given  any  morphism  of  cochain  complexes  a : A*  — » Bm  there  is 
a bijection  between  the  set  of  homotopies  from  a to  a and  yioTcoCh(A)(A* , B[—  1]*). 
More  generally , the  set  of  homotopies  between  a and  b is  either  empty  or  a principal 
homogeneous  space  under  the  group  MorC;0c/i(^)(^-*, B[—  1]*). 

Proof.  See  above.  □ 

011J  Lemma  12.14.10.  Let  A be  an  additive  category.  Let 

0 — S>  A*  — S>  B*  — C*  — S>  0 


be  a complex  (!)  of  complexes.  Suppose  that  we  are  given  splittings  Bn  = An  ® Cn 
compatible  with  the  maps  in  the  displayed  sequence.  Let  sn  : Cn  — > Bn  and  nn  : 
Bn  — > An  be  the  corresponding  maps.  Then  the  family  of  morphisms 

nn+1  o(Z"os":C"->  An+1 
define  a morphism  of  complexes  5 : C*  —¥  A[l]*. 

Proof.  Denote  i : A*  — > B*  and  q : B*  -A  C*  the  maps  of  complexes  in  the 
short  exact  sequence.  Then  in+1  o 7rn+1  o dg  o s"  = rfg  o s"  - sn+1  o d!f,.  Hence 
in+2  O d ^+1  O 7 Tn+1  o dnB  O Sn  = d”+1  O (d%  o Sn-  sn+1  O rfg.)  = -d™+1  O Sn+1  O (Zg.  as 
desired.  □ 


011K 


Lemma  12.14.11.  Notation  and  assumptions  as  in  Lemma  12. If. 10  above.  As- 
sume in  addition  that  A is  abelian.  The  morphism  of  complexes  d : C*  — » H[l]* 
induces  the  maps 


Hl{5 ) : H\C')  — > ^(^[1]*)  = Hi+1(A') 
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which  occur  in  the  long  exact  homology  sequence  associated  to  the  short  exact  se- 
quence of  cochain  complexes  by  Lemma \ 12.12.lty 

Proof.  Omitted.  □ 


011L 


Lemma  12.14.12.  Notation  and  assumptions  as  in  Lemma  12. If.  10  Let  a : 
A*  — ► B* , (3  : B*  — » C*  be  the  given  morphisms  of  complexes.  Suppose  ( s')n  : 
Cn  — > Bn  and  (71')™  : Bn  -A  An  is  a second  choice  of  splittings.  Write  ( s')n  = 
sn  + an  o hn  and  (n')n  = tt™  + gn  o f3n  for  some  unique  morphisms  hn  : Cn  — » An 
and  gn  : Cn  — ► An . Then 


(1)  gn  = —hn,  and 

(2)  the  family  of  maps  {gn  : Cn  — > A[l]™-1}  is  a homotopy  between  6,  S'  : 
C * -A-  A[l]*,  more  precisely  ( S')n  = Sn  + gn+1  o dg,  + dr^1  j o gn. 


Proof.  As  (s')™  and  (71')”  are  splittings  we  have  (71')"  o (s')n  = 0.  Hence 


0 = (tt"  + gn  o pn)  o (sn  +an  o hn)  =gno(3nosn+Trnoanohn  = gn  + hn 


which  proves  (1).  We  compute  (S')n  as  follows 

(7 rn+1  + gn+1  o j3n+l)  od"o  (s11  +ano  hn)  =6n  + gn+1  odl  + dnAohn 
Since  hn  = —gn  and  since  = — dA  we  conclude  that  (2)  holds.  □ 


12.15.  Graded  objects 

09MF  We  make  the  following  definition. 

0125  Definition  12.15.1.  Let  A be  an  additive  category.  Th e category  of  graded  objects 
of  A,  denoted  Gr(A),  is  the  category  with 

(1)  objects  A = {A1)  are  families  of  objects  A1,  i £ Z of  objects  of  A,  and 

(2)  morphisms  / : A = {A1)  B = (Bz)  are  families  of  morphisms  /*  : A 1 — ► 
Bi  of  A. 

If  A has  countable  direct  sums,  then  we  can  asssociate  to  an  object  A = ( A l)  of 
Gr(A)  the  object 

A = 0 A 

and  set  klA  = A1 . In  this  case  Gr(A)  is  equivalent  to  the  category  of  pairs  (A,k) 
consisting  of  an  object  A oi  A and  a direct  sum  decomposition 

A = (T)  k'A 

by  direct  summands  indexed  by  Z and  a morphism  ( A , k ) — > ( B , k ) of  such  objects 
is  given  by  a morphism  tp  : A — > B of  A such  that  ip(klA)  C klB  for  all  i £ 
Z.  Whenever  our  additive  category  A has  countable  direct  sums  we  will  use  this 
equivalence  without  further  mention. 

However,  with  our  definitions  an  additive  or  abelian  category  does  not  necessarily 
have  all  (countable)  direct  sums.  In  this  case  our  definition  still  makes  sense.  For 
example,  if  A = Vectfc  is  the  category  of  finite  dimensional  vector  spaces  over  a 
field  k,  then  Gr(Vectfc)  is  the  category  of  vector  spaces  with  a given  gradation 
all  of  whose  graded  pieces  are  finite  dimensional,  and  not  the  category  of  finite 
dimensional  vector  spaces  with  a given  graduation. 
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0126  Lemma  12.15.2.  Let  A be  an  abelian  category.  The  category  of  graded  objects 
Gr(A)  is  abelian. 

Proof.  Let  / : A = {A1)  —»•£?  = ( Bl ) be  a morphism  of  graded  objects  of  A 
given  by  morphisms  /*  : A1  — »•  Bl  of  A.  Then  we  have  Ker(/)  = (Ker(/Z))  and 
Coker (/)  = (Coker(/*))  in  the  category  Gr(A).  Since  we  have  Im  = Coim  in  A we 
see  the  same  thing  holds  in  Gr(A).  □ 

OAMH  Remark  12.15.3  (Warning).  There  are  abelian  categories  A having  countable 
direct  sums  but  where  countable  direct  sums  are  not  exact.  An  example  is  the 
opposite  of  the  category  of  abelian  sheaves  on  R.  Namely,  the  category  of  abelian 
sheaves  on  R has  countable  products,  but  countable  products  are  not  exact.  For 
such  a category  the  functor  Gr(A)  — ► A,  (A1)  h>0A‘  described  above  is  not  exact. 
It  is  still  true  that  Gr(A)  is  equivalent  to  the  category  of  graded  objects  (A,  k ) of 
A,  but  the  kernel  in  the  category  of  graded  objects  of  a map  ip  : (A,  k)  — > ( B , k ) is 
not  equal  to  Ker(yj)  endowed  with  a direct  sum  decomposition,  but  rather  it  is  the 
direct  sum  of  the  kernels  of  the  maps  Ad  A — > klB. 

09MG  Definition  12.15.4.  Let  A be  an  additive  category.  If  A = (A1)  is  a graded 
object,  then  the  kth  shift  A[fc]  is  the  graded  object  with  A[k]1  = Ak+l . 

If  A and  B are  graded  objects  of  A,  then  we  have 

09MH  (12.15.4.1)  HomGrM)(A,R[fc])  = HomGr(^)(A[-fc],  R) 

and  an  element  of  this  group  is  sometimes  called  a map  of  graded  objects  homoge- 
neous of  degree  k. 

Given  any  set  G we  can  define  G-graded  objects  of  A as  the  category  whose  objects 
are  A = (A9)seG  families  of  objects  parametrized  by  elements  of  G.  Morphisms 
/ : A — > B are  defined  as  families  of  maps  f9  : A9  — > B9  where  g runs  over  the 
elements  of  G.  If  G is  an  abelian  group,  then  we  can  (unambiguously)  define  shift 
functors  [g]  on  the  category  of  G-graded  objects  by  the  rule  {A[g\)9°  = A9+9° . A 
particular  case  of  this  type  of  construction  is  when  G = Z x Z.  In  this  case  the 
objects  of  the  category  are  called  bigraded  objects  of  A.  The  ( p , q ) component  of 
a bigraded  object  A is  usually  denoted  Ap’q.  For  (a,  b)  £ Z x Z we  write  A[a,  b)  in 
stead  of  A[(a,  b)].  A morphism  A — > A[a,  b]  is  sometimes  called  a map  of  bidegree 
(a,  b). 

12.16.  Filtrations 

0120  A nice  reference  for  this  material  is  |Del7H  Section  1],  (Note  that  our  conventions 
regarding  abelian  categories  are  different.) 

0121  Definition  12.16.1.  Let  A be  an  abelian  category. 

(1)  A decreasing  filtration  F on  an  object  A is  a family  (FnA)nez  of  subob- 
jects of  A such  that 

Ad  ...  D FnA  D Fn+1  A D ...D  0 

(2)  A filtered  object  of  A is  pair  (A,  F)  consisting  of  an  object  A of  A and  a 
decreasing  filtration  F on  A. 

(3)  A morphism  (A,  F)  — > (B,F)  of  filtered  objects  is  given  by  a morphism 
tp  : A — >■  B of  A such  that  p{FlA)  C F’B  for  all  i £ Z. 

(4)  The  category  of  filtered  objects  is  denoted  Fil(A). 


12.16.  FILTRATIONS 


903 


(5)  Given  a filtered  object  (A,  F)  and  a subobject  X C A the  induced  filtration 
on  X is  the  filtration  with  FnX  = X (1  FnA. 

(6)  Given  a filtered  object  (A,F)  and  a surjection  i r : A — » P the  quotient 
filtration  is  the  filtration  with  FnY  = ir(FnA). 

(7)  A filtration  F on  an  object  A is  said  to  be  finite  if  there  exist  n,  m such 
that  FnA  = A and  FmA  = 0. 

(8)  Given  a filtered  object  (A,  F)  we  say  fj  FlA  exists  if  there  exists  a biggest 
subobject  of  A contained  in  all  F1  A.  We  say  (J  Fl A exists  if  there  exists 
a smallest  subobject  of  A containing  all  FlA. 

(9)  The  filtration  on  a filtered  object  ( A , F)  is  said  to  be  separated  if  fj;  FlA  = 
0 and  exhaustive  if  (J  FlA  = A. 


By  abuse  of  notation  we  say  that  a morphism  / : (A,  F)  — > (B,  F ) of  filtered  objects 
is  injective  if  / : A — ► B is  injective  in  the  abelian  category  A.  Similarly  we  say 
/ is  surjective  if  / : A — ► B is  surjective  in  the  category  A.  Being  injective  (resp. 
surjective)  is  equivalent  to  being  a monomorphism  (resp.  epimorphism)  in  Fil(A). 
By  Lemma  12A6.2  this  is  also  equivalent  to  having  zero  kernel  (resp.  cokernel). 


0122  Lemma  12.16.2.  Let  A be  an  abelian  category.  The  category  of  filtered  objects 
Fil(A)  has  the  following  properties: 

(1)  It  is  an  additive  category. 

(2)  It  has  a zero  object. 

(3)  It  has  kernels  and  cokernels , images  and  coimages. 

(4)  In  general  it  is  not  an  abelian  category. 


Proof.  It  is  clear  that  Fil(A)  is  additive  with  direct  sum  given  by  (A,  F)®(B,  F)  = 
(A©B,  F)  where  FP(A©  B)  = Fp A© Fp B . The  kernel  of  a morphism  / : (A,  F)  — > 
(B,  F ) of  filtered  objects  is  the  injection  Ker(/)  C A where  Ker(/)  is  endowed  with 
the  induced  filtration.  The  cokernel  of  a morphism  / : A — >•  B of  filtered  objects 
is  the  surjection  B — >•  Coker (/)  where  Coker (/)  is  endowed  with  the  quotient 
filtration.  Since  all  kernels  and  cokernels  exist,  so  do  all  coimages  and  images.  See 
Example  12.3.12  for  the  last  statement.  □ 


0123  Definition  12.16.3.  Let  A be  an  abelian  category.  A morphism  / : A — ► B of 
filtered  objects  of  A is  said  to  be  strict  if  f{FlA)  = /(A)  D F‘B  for  all  i £ Z. 

This  also  equivalent  to  requiring  that  f~1(FtB)  = FlA  + Ker  (/)  for  all  is  Z.  We 
characterize  strict  morphisms  as  follows. 


05SI  Lemma  12.16.4.  Let  A be  an  abelian  category.  Let  f : A 
filtered  objects  of  A.  The  following  are  equivalent 
(1)  f is  strict, 


B be  a morphism  of 


(2)  the  morphism  Coim(f)  — > Im(f)  of  Lemma  12.3.11  is  an  isomorphism. 


Proof.  Note  that  Coim(/)  — > Im(/)  is  an  isomorphism  of  objects  of  A,  and  that 
part  (2)  signifies  that  it  is  an  isomorphism  of  filtered  objects.  By  the  description 
of  kernels  and  cokernels  in  the  proof  of  Lemma  12.16.2|  we  see  that  the  filtration 
on  Coim(/)  is  the  quotient  filtration  coming  from  A — > Coim (/).  Similarly,  the 
filtration  on  Im(/)  is  the  induced  filtration  coming  from  the  injection  Im(/)  —>■ 
B.  The  definition  of  strict  is  exactly  that  the  quotient  filtration  is  the  induced 
filtration.  □ 
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05SK  Lemma  12.16.5.  Let  A be  an  abelian  category.  Let  f : A — ► B be  a strict 
monomorphism  of  filtered  objects.  Let  g : A C be  a morphism  of  filtered  objects. 
Then  f ® g : A — > B @ C is  a strict  monomorphism. 

Proof.  Clear  from  the  definitions.  □ 

05SL  Lemma  12.16.6.  Let  A be  an  abelian  category.  Let  f : B — ► A be  a strict 
epimorphism  of  filtered  objects.  Let  g : C — >•  A be  a morphism  of  filtered  objects. 
Then  f®g:B®C^A  is  a strict  epimorphism. 

Proof.  Clear  from  the  definitions.  □ 


0124  Lemma  12.16.7.  Let  A be  an  abelian  category.  Let  ( A,F ),  (B,F)  be  filtered 
objects.  Let  u : A — ► B be  a morphism  of  filtered  objects.  If  u is  injective  then  u 
is  strict  if  and  only  if  the  filtration  on  A is  the  induced  filtration.  If  u is  surjective 
then  u is  strict  if  and  only  if  the  filtration  on  B is  the  quotient  filtration. 


Proof.  This  is  immediate  from  the  definition.  □ 

05SJ  Lemma  12.16.8.  Let  A be  an  abelian  category.  Let  f : A — ► B,  g : B — ► C be 
strict  morphisms  of  filtered  objects. 

(1)  In  general  the  composition  g o f is  not  strict. 

(2)  If  g is  injective,  then  g o f is  strict. 

(3)  If  f is  surjective,  then  g o f is  strict. 


Proof.  Let  B a vector  space  over  a field  k with  basis  ei,e2,  with  the  filtration 
FnB  = B for  n < 0,  with  F°B  = ke-\ . and  FnB  = 0 for  n > 0.  Now  take 
A = k(e i + e2)  and  C = B/ke 2 with  filtrations  induced  by  B , i.e. , such  that  A — )•  B 
and  B — » C are  strict  (Lemma  12.16.7).  Then  Fn{A)  = A for  n < 0 and  Fn(A)  = 0 
for  n > 0.  Also  Fn(C ) = C for  n < 0 and  Fn(C ) = 0 for  n > 0.  So  the  (nonzero) 
composition  A — > C is  not  strict. 


Assume  g is  injective.  Then 

g(f(F*A))=g(f(A)nF»B) 

= g(f(A))ng(FP(B)) 

= (gof)(A)n(g(B)nF*C) 

= (gof)(A)nFPC. 

The  first  equality  as  / is  strict,  the  second  because  g is  injective,  the  third  because 
g is  strict,  and  the  fourth  because  (g  o f)(A)  C g{B). 

Assume  / is  surjective.  Then 

(gof)-\FiC)  = f-1(FiB  + Ker(g)) 

= f~1(FiB)  + /-1(Ker(g)) 

= FlA  + Ker (/)  + Ker(g  o /) 

= FlA  + Ker(g  o /) 

The  first  equality  because  g is  strict,  the  second  because  / is  surjective,  the  third 
because  / is  strict,  and  the  last  because  Ker(/)  C Ker(g  of).  □ 


The  following  lemma  says  that  subobjects  of  a filtered  object  have  a well  defined 
filtration  independent  of  a choice  of  writing  the  object  as  a cokernel. 
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0129  Lemma  12.16.9.  Let  A be  an  abelian  category.  Let  ( A,F ) be  a filtered  object  of 
A.  Let  X C Y C A be  subobjects  of  A.  On  the  object 

Y/X  = Ker(A/X  -A  A/Y) 

the  quotient  filtration  coming  from  the  induced  filtration  on  Y and  the  induced 
filtration  coming  from  the  quotient  filtration  on  A/X  agree.  Any  of  the  morphisms 
X Y,  X A,  Y A,  Y —>■  A/X,  Y ->  Y/X,  Y/X  -a  A/X  are  strict  (with 
induced/quotient  filtrations) . 

Proof.  The  quotient  filtration  Y/X  is  given  by  FP(Y/X ) = FPY/(X  D FPY)  = 
FpY/Fp  X because  FPY  = Y D FPA  and  FPX  = In  FPA.  The  induced  filtration 
from  the  injection  Y/X  — > A/X  is  given  by 

FP(Y/X)  = Y/X  n Fp(A/X ) 

= Y/X<l(FpA  + X)/X 
= (Y  n FPA)/{X  n FPA) 

= FpY/FpX. 

Hence  the  first  statement  of  the  lemma.  The  proof  of  the  other  cases  is  similar.  □ 

05SM  Lemma  12.16.10.  Let  A be  an  abelian  category.  Let  A,B,C  £ Fil(A).  Let 
f:A—>B  and  g : A — » C be  morphisms  Then  there  exists  a pushout 


9 g' 

C CUAB 


in  Fil(A).  If  f is  strict,  so  is  f . 

Proof.  Set  C H^  B equal  to  Coker((l,  —1)  : A — > C ® B)  in  Fil(^4).  This  cokernel 
exists,  by  Lemma  12.16.2  It  is  a pushout,  see  Example  12.5.6  Note  that  FP(C  xA 
B)  is  the  image  of  FPC  ® FPB.  Hence 


(fT  (Fp{C  xA  B))  = g(f~\FpB)))  + FPC 


Whence  the  last  statement. 


□ 


05SN  Lemma  12.16.11.  Let  A be  an  abelian  category.  Let  A,B,C  £ Fil(A).  Let 
f : B — >•  A and  g : C — > A be  morphisms  Then  there  exists  a pushout 


B xAC 
g' 


B 

g 

A 


in  Fil(A).  If  f is  strict,  so  is  f . 

Proof.  This  lemma  is  dual  to  Lemma Tl2. 16. 101  □ 


Let  A be  an  abelian  category.  Let  (A,  F)  be  a filtered  object  of  A.  We  denote 
gr pf{A)  = grp(A)  the  object  FPA/FP+1 A of  A.  This  defines  an  additive  functor 
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Recall  that  we  have  defined  the  category  Gr(_4)  of  graded  objects 


12.15  For  ( A,F ) in  Fil(A)  we  may  set 

gr(A)  = the  graded  object  of  A whose  pth  graded  piece  is 
and  if  A has  countable  direct  sums,  then  we  simply  have 

gr(A)  = 0gr?(A) 

This  defines  an  additive  functor 


of  A in  Section 
grp(A ) 


gr  : Fil(A)  — ► Gr(A) , (A,F)  i — > gr(A) . 

05SP  Lemma  12.16.12.  Let  A be  an  abelian  category. 

(1)  Let  A be  a filtered  object  and  X C A.  Then  for  each  p the  sequence 

0 -¥  grP{X)  -A  grP(A)  ->■  grP(A/X ) 0 

is  exact  (with  induced  filtration  on  X and  quotient  filtration  on  A/X). 

(2)  Let  f : A — >•  B be  a morphism  of  filtered  objects  of  A.  Then  for  each  p 
the  sequences 

0 —>  gjp(Ker(Kf))  — > grp(A)  — > grp(Coim(f ))  — > 0 

and 


0 — > gA>{Im{f))  — > grp(B ) — ► grp(Coker(f))  —*■  0 
are  exact. 


Proof.  We  have  FP+1X  =1(1  Fp+lA , hence  map  grp(X)  —>■  gr P(A)  is  injective. 
Dually  the  map  grp(^4)  gr P(A/X)  is  surjective.  The  kernel  of  FPA/FP+1A  — > 

A/X  + Fp+1A  is  clearly  Fp+1A  + XnFpA/Fp+1A  = FPX/FP+1X  hence  exactness 
in  the  middle.  The  two  short  exact  sequence  of  (2)  are  special  cases  of  the  short 
exact  sequence  of  (1).  □ 


0127  Lemma  12.16.13.  Let  A be  an  abelian  category.  Let  f : A — >•  B be  a morphism 
of  finite  filtered  objects  of  A.  The  following  are  equivalent 

(1)  / is  strict , 

(2)  the  morphism  Coim(f)  — > Im(f)  is  an  isomorphism, 

(3)  gr(Coim(f))  — » gr(Im(fj)  is  an  isomorphism, 

(4)  the  sequence  gr(Ker(f ))  — ► gr(A)  — > gr{B)  is  exact, 

(5)  the  sequence  gr(A)  — ► gr(B)  — > gr(Coker(f))  is  exact,  and 

(6)  the  sequence 

0 — ► gr(Ker{f))  — > gr(A)  — > gr(B)  — > gr(Coker(f))  — ► 0 
is  exact. 


By  Lemma  |12.16.12 


Proof.  The  equivalence  of  (1)  and  (2)  is  Lemma  12.16.4 
we  see  that  (4),  (5),  (6)  imply  (3)  and  that  (3)  implies  (4),  (5),  (6).  Hence  it 
suffices  to  show  that  (3)  implies  (2) . Thus  we  have  to  show  that  if  / : A — > B is  an 
injective  and  surjective  map  of  finite  filtered  objects  which  induces  and  isomorphism 
gr(.A)  — > gr (B),  then  / induces  an  isomorphism  of  filtered  objects.  In  other  words, 
we  have  to  show  that  f(FpA)  = FPB  for  all  p.  As  the  filtrations  are  finite  we  may 
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prove  this  by  descending  induction  on  p.  Suppose  that  f(Fp+1A ) = FP+1B.  Then 
commutative  diagram 


0 Fp+1A •>  FPA >■  grp(A) s-  0 


/ 

/ 

' 

0 >-  Fp+lB =►  FPB >■  gr P[B) >-  0 


and  the  five  lemma  imply  that  f{FpA ) = FPB. 


□ 


0128  Lemma  12.16.14.  Let  A be  an  abelian  category.  Let  A B — >■  C be  a complex 
of  filtered  objects  of  A.  Assume  a : A — ► B and  (3  : B — ► C are  strict  morphisms  of 
filtered  objects.  Then  gr(Ker((3) / Im(a))  = Ker(gr(/3)) / Im(gr(a))) . 


Proof.  This  follows  formally  from  Lemma  12.16.12|  and  the  fact  that  Coim(a)  = 


Im(a)  and  Coim(/3)  = Im(/3)  by  Lemma  12.16.4 


□ 


05QH  Lemma  12.16.15.  Let  A be  an  abelian  category.  Let  A — » B — ► C be  a complex 
of  filtered  objects  of  A.  Assume  31,13,(7  have  finite  filtrations  and  that  gr{A)  — > 
gr(B)  — > gr(C ) is  exact.  Then 

(1)  for  each  p £ Z the  sequence  grp(A)  — > grp{B)  — > giA’iC)  is  exact, 

(2)  for  each  p £ Z the  sequence  FP(A)  FP(B)  — > FP(C)  is  exact, 

(3)  for  each  p £ Z the  sequence  A/FP{A)  — > B/FP(B)  —*■  C/FP(C)  is  exact, 

(4)  the  maps  A — >•  13  and  B — ^ C are  strict,  and 

(5)  A — > B — > C is  exact  (as  a sequence  in  A). 

Proof.  Part  (1)  is  immediate  from  the  definitions.  We  will  prove  (3)  by  induction 
on  the  length  of  the  filtrations.  If  each  of  A , 13,  (7  has  only  one  nonzero  graded  part, 
then  (3)  holds  as  gr(3l)  = A,  etc.  Let  n be  the  largest  integer  such  that  at  least 
one  of  FnA,  FnB,  FnC  is  nonzero.  Set  A'  = A/FnA,  B’  = B/FnB , C’  = C/FnC 
with  induced  filtrations.  Note  that  gr(A)  = FnA  ® gr(A')  and  similarly  for  B 
and  C.  The  induction  hypothesis  applies  to  A!  — > 13'  — >•  C",  which  implies  that 
A/FP{A)  -A  B/FP(B)  — > C/FP(C)  is  exact  for  p > n.  To  conclude  the  same  for 
p = n + 1,  i.e. , to  prove  that  A — > B — > C is  exact  we  use  the  commutative  diagram 


0 ^ FnA A > A' ^ 0 

Y 

0 FnB ^ B ^ B ’ 0 

Y 

0fe_^F"(7  >-() 


whose  rows  are  short  exact  sequences  of  objects  of  A.  The  proof  of  (2)  is  dual.  Of 
course  (5)  follows  from  (2). 

To  prove  (4)  denote  / : A — )•  13  and  g : B — ► (7  the  given  morphisms.  We  know 
that  f(Fp(A))  = Ker (FP(B)  FP(C))  by  (2)  and  f(A)  = Ker(g)  by  (5).  Hence 
f(Fp(A))  = Ker (FP(B)  ->  FP{C))  = Ker (g)C\Fp(B)  = f(A)CiFp(B)  which  proves 
that  / is  strict.  The  proof  that  g is  strict  is  dual  to  this.  □ 
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12.17.  Spectral  sequences 

01 1M  A nice  discussion  of  spectral  sequences  may  be  found  in  [Eis95l . See  also  IMcCOll. 
ILan02] . etc. 

011N  Definition  12.17.1.  Let  A be  an  abelian  category. 

(1)  A spectral  sequence  in  A is  given  by  a system  (Er,dr)r> i where  each  Er 
is  an  object  of  A,  each  dr  : Er  — ► Er  is  a morphism  such  that  dr  o dr  = 0 
and  Er+i  = Ker(dr)/Im(dT.)  for  r > 1. 

(2)  A morphism  of  spectral  sequences  f : (Er,dr)r> \ — > ( K,d'r ) r>i  is  given 
by  a family  of  morphisms  fr  : Er  -A  E'r  such  that  fr  o dr  = d'r  o fr 
and  such  that  fr+i  is  the  morphism  induced  by  fr  via  the  identifications 
Er+ 1 = Ker(dr)/Im(dr)  and  E'r+l  = Ker(d(,)/Im(d(,). 

We  will  sometimes  loosen  this  definition  somewhat  and  allow  Er+ 1 to  be  an  object 
with  a given  isomorphism  Er+ 1 — ► Ker(dr)/Im(dr).  In  addition  we  sometimes  have 
a system  (Er,  dr)r>ro  for  some  r o € Z satisfying  the  properties  of  the  definition 
above  for  indices  > ro.  We  will  also  call  this  a spectral  sequence  since  by  a simple 
renumbering  it  falls  under  the  definition  anyway.  In  fact,  the  cases  ro  = 0 and 
ro  = — 1 can  be  found  in  the  literature. 

Given  a spectral  sequence  (Er,dr)r> i we  define 

0 = Bi  C B2  C . . . C Br  C . . . C Zr  C . . . C Z2  C Zx  = Ei 

by  the  following  simple  procedure.  Set  B2  = Im(di)  and  Z2  = Ker(di).  Then  it  is 
clear  that  d2  : Z2/B2  — > Z2/B2.  Hence  we  can  define  B$  as  the  unique  subobject 
of  Ei  containing  B2  such  that  B^/B2  is  the  image  of  d2.  Similarly  we  can  define 
Zj,  as  the  unique  subobject  of  E\  containing  B2  such  that  Z^/B2  is  the  kernel  of 
d2.  And  so  on  and  so  forth.  In  particular  we  have 

Er  = Zr/Br 

for  all  r > 1.  In  case  the  spectral  sequence  starts  at  r = ?'o  then  we  can  similarly 
construct  Zr  as  subobjects  in  Ero.  In  fact,  in  the  literature  one  sometimes  finds 
the  notation 

0 = Br(Er ) C Br+i(Er)  C Br+2(Er ) C . . . C Zr+2(Er)  C Zr+1(Er)  C Zr(Er)  = Er 

to  denote  the  filtration  described  above  but  starting  with  Er. 

0110  Definition  12.17.2.  Let  A be  an  abelian  category.  Let  (Er,dr)r> i be  a spectral 
sequence. 

(1)  If  the  subobjects  Zx  = fj  Zr  and  B ^ = (J  Br  of  Ei  exist  then  we  define 
the  ZirraQof  the  spectral  sequence  to  be  the  object  E ^ = Zoo/B^. 

(2)  We  say  that  the  spectral  sequence  degenerates  at  Er  if  the  differentials 
dri  dr+ 1, . . . are  all  zero. 

Note  that  if  the  spectral  sequence  degenerates  at  Er,  then  we  have  Er  = Er+ 1 = 

. . . = Eqo  (and  the  limit  exists  of  course).  Also,  almost  any  abelian  category  we 
will  encounter  has  countable  sums  and  intersections. 


■'’This  notation  is  not  universally  accepted.  In  some  references  an  additonial  pair  of  subobjects 
Zoo  and  Boo  of  E\  such  that  0 = B\  C B2  C . . . C Boo  C Zoo  C . . . C Z2  C Z\  = E\  is  part  of 
the  data  comprising  a spectral  sequence! 
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OAMI  Remark  12.17.3  (Variant).  It  is  often  the  case  that  the  terms  of  a spectral 
sequence  have  additional  structure,  for  example  a grading  or  a bigrading.  To  acco- 
modate this  (and  to  get  around  certain  technical  issues)  we  introduce  the  following 
notion.  Let  A be  an  abelian  category.  Let  (Tr)r>i  be  a sequence  of  translation  or 
shift  functors,  i.e.,  Tr  : A -A  A is  an  isomorphism  of  categories.  In  this  setting  a 
spectral  sequence  is  given  by  a system  (Er,  dr)r> i where  each  Er  is  an  object  of  A, 
each  dr  : Er  -A  TrEr  is  a morphism  such  that  Trdr  o dr  = 0 so  that 

^ 7 ' -1  77  A 771  E . rp  77,  Trdr^  2 77,  

• • • ">  -L  y jZ/y  A"  J_j  y A"  y JE/y  ^ JZj  y ... 

is  a complex  and  .EV+i  = Ker(dr)/Im(Tr_1dr)  for  r > 1.  It  is  clear  what  a morphism 
of  spectral  sequences  means  in  this  setting.  In  this  setting  we  can  still  define 

0 = Si  C B2  C . . . C Br  C . . . C Zr  C . . . C Z2  C Zi  = Ei 
and  Zac  and  B x (if  they  exist)  as  above. 

12.18.  Spectral  sequences:  exact  couples 

011P 

011Q  Definition  12.18.1.  Let  A be  an  abelian  category. 

(1)  An  exact  couple  is  a datum  (A,  E,a,  f,  g)  where  A,  E are  objects  of  A 
and  a,  /,  g are  morphisms  as  in  the  following  diagram 


A£g feA 


with  the  property  that  the  kernel  of  each  arrow  is  the  image  of  its  prede- 
cessor. So  Ker(a)  = Im(/),  Ker (/)  = Im(g),  and  Ker(g)  = Im(a). 

(2)  A morphism  of  exact  couples  t : (A,  E,  a , /,  g)  —>  (A',  E' , a',  /',  g')  is  given 
by  morphisms  : A — > A'  and  : E — ► E'  such  that  a'  o ^ o a, 
/'  ° tE  = tA  o /,  and  g'  otA=tEo  g. 

011R  Lemma  12.18.2.  Let  (A,  E,  a,  /,  g)  be  an  exact  couple  in  an  abelian  category  A. 
Set 

(1)  d = gof:E—>E  so  that  d o d = 0, 

(2)  E' = Ker(d)/ Im(d), 

(3)  A'  = Im(a), 

(4)  a1  : A'  — ► A'  induced  by  a, 

(5)  f : E'  —¥  A'  induced  by  f, 

(6)  g'  : A'  E'  induced  by  “g  o a-1  ”. 

Then  we  have 

(1)  Ker(d ) = f~1(Ker(g ))  = f~1(Im(a)), 

(2)  7m(d)  = g(Im(f))  = g{Ker{a)), 

(3)  (A7 , E' ,ar , /' , g')  is  an  exact  couple. 

Proof.  Omitted.  □ 

Hence  it  is  clear  that  given  an  exact  couple  (A,  E , a,  /,  <7)  we  get  a spectral  sequence 
by  setting  E1  =E,d1=  d,  E2  = E',  d2  = d'  = g1  o /',  = E",  d3  = d"  = g"  o /", 

and  so  on. 
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011S  Definition  12.18.3.  Let  A be  an  abelian  category.  Let  (A,E,a,f,g)  be  an 
exact  couple.  The  spectral  sequence  associated  to  the  exact  couple  is  the  spectral 
sequence  (Er,dr)r> i with  E3  = E,  d\  = d:  E2  = E' , d2  = d'  = g'  o /',  E3  = E ", 
d3  = d"  = g"  o f",  and  so  on. 

OUT  Lemma  12.18.4.  Let  A be  an  abelian  category.  Let  {A,  E,a,  /,  g)  be  an  exact 
couple.  Let  (Er,dr)r>i  be  the  spectral  sequence  associated  to  the  exact  couple.  In 
this  case  we  have 

0 = Bi  C . . . C Br+ 1 = g(Ker(ar ))  C . . . C Zr+1  = f~1(Im(ar))  C . . . C Zx  = E 

and  the  map  dr+i  : Er+ 1 — >■  Er+ 1 is  described  by  the  following  rule:  For  any  (test) 
object  T of  A and  any  elements  x : T — > Zr+ 1 and  y : T — >•  A such  that  fox  = ar  oy 
we  have 

dr+ i o x = g~oy 

where  x : T — > Er+  \ is  the  induced  morphism. 

Proof.  Omitted.  □ 

Note  that  in  the  situation  of  the  lemma  we  obviously  have 

Boo  = g (UrKer(cO)  C = J"1  Im(or)) 

provided  (jKer(ar')  and  f'|Im(Q;r)  exist.  This  produces  as  limit  Eao  = Zoo/B^, 
see  Definition  112. 17.21 

OAMJ  Remark  12.18.5  (Variant).  Let  A be  an  abelian  category.  Let  S,T  : A — > 
A be  shift  functors,  i.e. , isomorphisms  of  categories.  We  will  indicate  the  n-fold 
compositions  by  Sn A and  TnA  for  A £ Ob(A)  and  n £ Z.  In  this  situation  an  exact 
couple  is  a datum  ( A,E,a,f,g ) where  A , E are  objects  of  A and  a : A — > T~1A1 
f : E — A,  g : A — ► SE  are  morphisms  such  that 

TE  — ^ TA  A SE  SA 

is  an  exact  complex.  Let’s  visualize  this  as  follows 


TE  SE  E T 'SE 


We  set  d = g o f : E — > SE.  Then  do  S ld  = jo/oS  xg  ° S 1 f = 0 because 
/ o S~lg  = 0.  Set  E’  = Ker(d)/Im(S,-1d).  Set  A’  = Im(Ta).  Let  a’  : A1  T~x A! 
induced  by  a.  Let  f : E’  — > A!  be  induced  by  / which  works  because  /(Ker(d))  C 
Ker(g)  = Im(Ta).  Finally,  let  g’  : A!  -A  TSE’  induced  by  “Tgo  (Ta)_1’|^j 

In  exactly  the  same  way  as  above  we  find 

(1)  Ker(d)  = r\Kev(g))  = f-\lm(Ta)), 

(2)  Im(d)  = g(lm(f))  = g{ Ker(a)), 

(3)  ( A E’  ,a' , /'  ,g')  is  an  exact  couple  for  the  shift  functors  TS  and  T. 


4This  works  because  TSE'  = Ker(TSd)/Im(Td)  and  Tg(Ker{Ta))  = Tg{lm{Tf))  = 
Im(T(d))  and  TS(d)(Im(Tg))  = Im (TSg  o TSf  o Tg)  = 0. 
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We  obtain  a spectral  sequence  (as  in  Remark  12.17.3 ) with  E\  = E . E2  = E' , etc, 
with  dr  : Er  -A  Tr~1SEr  for  all  r > 1.  Lemma |12. 18.41  tells  us  that 


SBr+i  = g(Ker(T  r+1ao...oT  iaoa)) 


and 

Zr+1  = o T2a  o . . . o Tra)) 

in  this  situation.  The  description  of  the  map  dr+  \ is  similar  to  that  given  in  the 
lemma.  (It  may  be  easier  to  use  these  explicit  descriptions  to  prove  one  gets  a 
spectral  sequence  from  such  an  exact  couple.) 


12.19.  Spectral  sequences:  differential  objects 

011U 

011V  Definition  12.19.1.  Let  A be  an  abelian  category.  A differential  object  of  A is 
a pair  (A,  d)  consisting  of  an  object  A of  A endowed  with  a selfmap  d such  that 
dod  = 0.  A morphism  of  differential  objects  (A,  d)  — > ( B , d)  is  given  by  a morphism 
a : A -A  B such  that  d o a = a o d. 

011W  Lemma  12.19.2.  Let  A be  an  abelian  category.  The  category  of  differential  objects 
of  A is  abelian. 

Proof.  Omitted.  □ 


011X  Definition  12.19.3.  For  a differential  object  (A,d)  we  denote 

H(A,d)  = Ker(d)/Im(d) 


its  homology. 

011Y  Lemma  12.19.4.  Let  A be  an  abelian  category.  Let  0 — > (A,c?)  -A  (B,  d)  — i 
(C,  d)  — > 0 be  a short  exact  sequence  of  differential  objects.  Then  we  get  an  exact 
homology  sequence 

...^  H(C , d)  -4  H(A,  d)  ->•  H{B , d)  ->•  H(C , d)  ->•  . . . 

Proof.  Apply  Lemma[l2.12.12|to  the  short  exact  sequence  of  complexes 


0 

-A 

A 

-A 

B 

-A 

c 

-A 

0 

1 

4 

i 

0 

-A 

A 

-A 

B 

-A 

c 

-A 

0 

1 

4 

1 

0 

-A 

A 

-A 

B 

-A 

c 

-A 

0 

where  the  vertical  arrows  are  d. 


□ 


We  come  to  an  important  example  of  a spectral  sequence.  Let  A be  an  abelian 
category.  Let  (A,  d)  be  a differential  object  of  A.  Let  a : (A,  d)  (A,  d)  be  an 
endomorphism  of  this  differential  object.  If  we  assume  a injective,  then  we  get  a 
short  exact  sequence 


0 — »•  (A,  d)  -A  (A,  d)  -A  (A/aA,  d)  — > 0 


12.19.  SPECTRAL  SEQUENCES:  DIFFERENTIAL  OBJECTS 


912 


of  differential  objects.  By  the  Lemma [l 2.1 9. 4|  we  get  an  exact  couple 
H{A,  d) ^ H(A,  d ) 


H(A/aA,  d) 


where  g is  the  canonical  map  and  / is  the  map  defined  in  the  snake  lemma.  Thus  we 
get  an  associated  spectral  sequence!  Since  in  this  case  we  have  E\  = H(A/aA,d) 
we  see  that  it  makes  sense  to  define  Eq  = A/aA  and  do  = d.  In  other  words,  we 
start  the  spectral  sequence  with  r = 0.  According  to  our  conventions  in  Section 
|12.17|we  define  a sequence  of  subobjects 

0 = B0  C . . . C Br  C . . . C Zr  C . . . C Z0  = E0 
with  the  property  that  Er  = Zr/ Br.  Namely  we  have  for  r > 1 that 

(1)  Br  is  the  image  of  (ar-1)_1(cL4.)  under  the  natural  map  A — > A/aA, 

(2)  Zr  is  the  image  of  d~1{ar  A)  under  the  natural  map  A — ► A/aA,  and 

(3)  dr  : Er  Er  is  given  as  follows:  given  an  element  z £ Zr  choose  an 
element  y £ A such  that  d(z)  = ar{y).  Then  dr(z+Br+aA)  = y+Br+aA. 

Warning:  It  is  not  necessarily  the  case  that  aA  C ( ar~1)~1{dA ),  nor  aA  C 
d~l(ar A).  It  is  true  that  ( ar~'1)~1(dA ) C d_1(ar'A).  We  have 

d~1(arA)  + aA 
r=  (a^-HdA)  + aA' 

It  is  not  hard  to  verify  directly  that  (1)  - (3)  give  a spectral  sequence. 

011Z  Definition  12.19.5.  Let  A be  an  abelian  category.  Let  ( A,d ) be  a differential 
object  of  A.  Let  a : A — > A be  an  injective  selfmap  of  A which  commutes  with 
d.  The  spectral  sequence  associated  to  ( A , d,  a)  is  the  spectral  sequence  (Er,  dr)r> o 
described  above. 


OAMK  Remark  12.19.6  (Variant).  Let  A be  an  abelian  category  and  let  S,  T : A — ► 
A be  shift  functors,  i.e. , isomorphisms  of  categories.  Assume  that  TS  = ST  as 
functors.  Consider  pairs  {A,  d)  consisting  of  an  object  A of  A and  a morphism 
d : A — ► SA  such  that  d o S~1d  = 0.  The  category  of  these  objects  is  abelian.  We 
define  H(A,d)  = Ker(d)/Im(S_1d)  and  we  observe  that  H(SA,Sd)  = SH(A,d) 
(canonical  isomorphism).  Given  a short  exact  sequence 

0 ->•  (A,  d)  ->•  (B,  d)  ->•  (C,  d)  — >•  0 


we  obtain  a long  exact  homology  sequence 

. . . -►  S-'HiC,  d)  -►  H(A,  d)  -►  H(B,  d)  H{C,  d)  ->  SH(A,  d)  -»■  . . . 


(note  the  shifts  in  the  boundary  maps).  Since  ST  = TS  the  functor  T defines  a shift 
functor  on  pairs  by  setting  T(A,d)  = ( TA,Td ).  Next,  let  a : ( A,d ) —¥  T~1{A,d) 


be  injective  with  cokernel  ( Q , d).  Then  we  get  an  exact  couple  as  in  Remark  12.18.5 
with  shift  functors  TS  and  T given  by 


( H{A,d),S  H{Q,d),a,f,g) 


where  a : H(A,d)  — » T~1H(A,d)  is  induced  by  a,  the  map  / : S~1H{Q,d)  — > 
H(A,d)  is  the  boundary  map  and  g : H(A,d)  — > TH(Q,d)  = TS(S~1H(Q,d)) 
is  induced  by  the  quotient  map  A -A  TQ.  Thus  we  get  a spectral  sequence  as 
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above  with  E\  = S~1H(Q , d)  and  differentials  dr  : Er  -A  TrSEr.  As  above  we  set 
E0  = S~1Q  and  d0  : E0  — ► SE0  given  by  S~1d  : S~1Q  — >■  Q.  If  according  to  our 
conventions  we  define  Br  C Zr  C Eq,  then  we  have  for  r > 1 that 

(1)  SBr  is  the  image  of 

(■ T~r+1a  o ...  o T~1a)~1lm(T~rS~1d) 

under  the  natural  map  T~1A  — > Q , 

(2)  Zr  is  the  image  of 

(S~1T-1d)-1  Im(a  o . . . o Tr"1a) 
under  the  natural  map  S~1T~1A  — > S~XQ. 

The  differentials  can  be  described  as  follows:  if  x £ Zr,  then  pick  x'  £ S~1T~1A 
mapping  to  x.  Then  S~1T~1d( x')  is  (a  o . . . o Tr~1a)(y)  for  some  y £ Tr~1A. 
Then  dr( x)  £ TrSEr  is  represented  by  the  class  of  the  image  of  y in  TrSE0  = TrQ 
modulo  TrSBr. 


12.20.  Spectral  sequences:  filtered  differential  objects 

012A  We  can  build  a spectral  sequence  starting  with  a filtered  differential  object. 

012B  Definition  12.20.1.  Let  A be  an  abelian  category.  A filtered  differential  ob- 
ject ( K , F,  d)  is  a filtered  object  (. K , F ) of  A endowed  with  an  endomorphism 
d : (AT,  F)  — » (AT,  F)  whose  square  is  zero:  d o d = 0. 


To  describe  the  spectral  sequence  associated  to  such  an  object  we  assume,  for 
the  moment,  that  A is  an  abelian  category  which  has  countable  direct  sums  and 


countable  direct  sums  are  exact  (this  is  not  automatic,  see  Remark  12.15.3).  Let 
( K , F,  d)  be  a filtered  differential  object  of  A.  Note  that  each  FnK  is  a differential 
object  by  itself.  Consider  the  object  A = 0 FnK  and  endow  it  with  a differential 
d by  using  d on  each  summand.  Then  (A,  d)  is  a differential  object  of  A which 
comes  equipped  with  a grading.  Consider  the  map 


: A 


Fn  1A.  This  is  clearly  an  injective  mor 
->  ( A,d ).  Hence,  by  Definition  12.19.5 


we 


which  is  given  by  the  inclusions  FnA 
phism  of  differential  objects  a : (A,  d) 
get  a spectral  sequence.  We  will  call  this  the  spectral  sequence  associated  to  the 
filtered  differential  object  (K,F,d). 

Let  us  figure  out  the  terms  of  this  spectral  sequence.  First,  note  that  A/aA  = gr(AT) 
endowed  with  its  differential  d = gr(d).  Hence  we  see  that 

E0  = gr(K),  do  = gr(d). 

Hence  the  homology  of  the  graded  differential  object  gr(A')  is  the  next  term: 

Ef  = H(gr(K),gr(d)). 

In  addition  we  see  that  Eq  is  a graded  object  of  A and  that  do  is  compatible  with 
the  grading.  Hence  clearly  E1  is  a graded  object  as  well.  But  it  turns  out  that  the 
differential  d\  does  not  preserve  this  grading;  instead  it  shifts  the  degree  by  1. 

To  work  this  out  precisely,  we  define 

Zp  _ FPR  n d-1(Fp+rK)  + FP+1K 


FP+1I< 
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and 


Bp  = 


FPI<  n d{Fp~r+1K)  + FP+1K 


Fp+1K 

This  notation,  although  quite  natural,  seems  to  be  different  from  the  notation  in 
most  places  in  the  literature.  Perhaps  it  does  not  matter,  since  the  literature  does 
not  seem  to  have  a consistent  choice  of  notation  either.  With  these  choices  we  see 
that  Br  C E0,  resp.  Zr  C E0  (as  defined  in  Section  12.19)  is  equal  to  0p  Bp,  resp. 

Ep  = ZP/BP 


@ Zp.  Hence  if  we  define 


for  r > 0 and  p € Z,  then  we  have  Er  = ©P  Ep.  We  can  define  a differential 
dP:EP  ->  Ep+r  by  the  rule 


z + FP+1K  i — >dz  + Fp+r+1K 


where  z £ FPK  D d~1{FP+rK). 

012C  Lemma  12.20.2.  Let  A be  an  abelian  category.  Let  (. K,F,d ) be  a filtered  differ- 
ential object  of  A.  There  is  a spectral  sequence  (Er,dr)r> o in  Gr(A)  associated  to 
(K,  F,  d)  such  that  dr  : Er  — ► Er[r\  for  all  r and  such  that  the  graded  pieces  Ep  and 
maps  d\ 1 : Ep  — > Ep+r  are  as  given  above.  Furthermore,  Ep  = gipK,  d$  = grP{d), 
and  Ep  = F[(grpK1  d). 


Proof.  If  A has  countable  direct  sums  and  if  countable  direct  sums  are  exact,  then 
this  follows  from  the  discussion  above.  In  general,  we  proceed  as  follows;  we  strongly 
suggest  the  reader  skip  this  proof.  Consider  the  object  A = ( FP+1I\ ) of  Gr(*4),  i.e., 
we  put  FP+1K  in  degree  p (the  funny  shift  in  numbering  to  get  numbering  correct 
later  on).  We  endow  it  with  a differential  d by  using  d on  each  component.  Then 
{A,d)  is  a differential  object  of  Gr(_4).  Consider  the  map 


a : A — > A[—  1] 

which  is  given  in  degree  p by  the  inclusions  FP+1A  — >•  FPA.  This  is  clearly  an  injec- 
tive morphism  of  differential  objects  a : (A,d)  —I  (A,  d)[—  1].  Hence,  we  can  apply 
Remark  12.19.6  with  S = id  and  T = [1],  The  corresponding  spectral  sequence 
(Er,dr)  r>o  in  Gr(*4)  is  the  spectral  sequence  we  are  looking  for.  Let  us  unwind  the 
definitions  a bit.  First  of  all  we  have  Er  = (Ep)  is  an  object  of  Gr(„4).  Then,  since 
TrS  = H we  have  dr  : Er  — > EJr]  which  means  that  dp  : Ep  — >•  EP+r. 


To  see  that  the  description  of  the  graded  pieces  hold,  we  argue  as  above.  Namely, 
first  we  have  E0  = Coker(a  : A — >•  a1[ — 1])  and  by  our  choice  of  numbering  above 
this  gives  Eq  = gr PI\.  The  first  differential  is  given  by  d^  = grpd  : E%  Eq. 
Next,  the  description  of  the  boundaries  Br  and  the  cocycles  Zr  in  Remark|l2.19.6| 
translates  into  a straightforward  manner  into  the  formulae  for  Zf  and  Bp  given 
above.  □ 


012D  Lemma  12.20.3.  Let  A be  an  abelian  category.  Let  ( K,F,d ) be  a filtered  differ- 
ential object  of  A.  The  spectral  sequence  (Er,dr)r> o associated  to  ( K,F,d ) has 

dF1:Ep1=  H(grPK)  — > H{gF+1K)  = Ep+1 


equal  to  the  boundary  map  in  homology  associated  to  the  short  exact  sequence  of 
differential  objects 

0 ->  gfP+1K  -t  FpK/Fp+2K  -t  gfPR  0. 
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012E 


012F 


012G 

012H 

0121 


Proof.  This  is  clear  from  the  formula  for  the  differential  d\  given  just  above  Lemma 
112.20.21  □ 

Definition  12.20.4.  Let  A be  an  abelian  category.  Let  ( K,F,d ) be  a filtered 
differential  object  of  A.  The  induced  filtration  on  H(K,d)  is  the  filtration  defined 
by  FPH(K,  d)  = lm(H(FpK,  d)  -A  H(K,  d)). 


Writing  out  what  this  means  we  see  that 

Ker(d)  G FPI<  - 


FPH(K,  d)  = 

and  hence  we  see  that 

Ker(d)  D FpK  + Im(d) 


Im(d) 


Im(d) 


grpH(I<)  = 


Ker (d)  n FpK 


Ker (d)  n F^K  + Im(d)  Ker(d)  n Fp+1K  + Im(d)  n FpK 


Lemma  12.20.5.  Let  A be  an  abelian  category.  Let  ( K,F,d ) be  a filtered  differ- 
ential object  of  A.  If  Zfe  and  exist  (see  proof),  then 

(1)  the  limit  E x exists  and  is  graded  having  E ^ in  degree  p,  and 

(2)  the  associated  graded  gr(H(K))  of  the  cohomology  of  K is  a graded  sub- 
quotient of  the  graded  limit  object  Ea 0 . 


Proof.  The  objects  Z^,  B^,  and  the  limit  = Z^/Boc  of  Definition  12.17.2 
are  objects  of  Gr(„4)  by  our  construction  of  the  spectral  sequence  in  the  proof  of 
Lemma  12.20.2  Since  Zr  = ® Zp  and  Br  = ® Bp,  if  we  assume  that 

f]r(FpK  n d~x(Fp+rK)  + Fp+1I< ) 


and 


zf0  = f)rz(  = 
Bp00  = {J  Bpr  = 


Fp+1K 

Ur(PpA'  n d(Fp~r+1K)  + Fp+1I<) 


Fp+1K 

exist,  then  Zx  and  Bx  exist  with  degree  p parts  and  Bff,  (follows  from  an 
elementary  argument  about  unions  and  intersections  of  graded  subobjects).  Thus 

„ _ f)r(FPK  n d-\Fp+rK ) + Fp+1K) 

°°  ~ U .r(FpK  n diFP-r+iR)  + Fp+1K ) ' 
where  the  top  and  bottom  exist.  We  have 

(12.20.5.1)  Ker(d)  n FPK  + Fp+lK  C Q (. FPK  D d~x(Fp+rK)  + Fp+1  K) 
and 

(12.20.5.2)  (J  ( FpK  G d(Fp~r+1K)  + Fp+1I\ ) C Im(d)  n FpK  + Fp+1K. 
Thus  a subquotient  of  E^,  is 

Ker(d)  n FPI\  + FP+1K  _ Ker (d)  n FPK 

frn(d)  ("I  FpK  + Fp+1I<  ~ Im (d)  n FpK  + Ker (d)  n Fp+1K 

Comparing  with  the  formula  given  for  grpH(K)  in  the  discussion  following  Defini- 
tion 112.20.41  we  conclude.  □ 

Definition  12.20.6.  Let  A be  an  abelian  category.  Let  ( K,F,d ) be  a filtered 
differential  object  of  A.  We  say  the  spectral  sequence  associated  to  ( K , F,  d) 


(1)  weakly  converges  to  H(K)  if  giH(K)  = Ex  via  Lemma  12.20.5 
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(2)  abuts  to  H ( K ) if  it  weakly  converges  to  H ( K ) and  we  have  p|  FPH(K)  = 0 
and  |J  FPH (K)  = H(K), 

Unfortunately,  it  seems  hard  to  find  a consistent  terminology  for  these  notions  in 
the  literature. 


012J 


Lemma  12.20.7.  Let  A be  an  abelian  category.  Let  ( K,F,d ) be  a filtered  differ- 
ential object  of  A.  The  associated  spectral  sequence 


(1)  weakly  converges  to  H(K)  if  and  only  if  for  every  p £ Z we  have  equality 
in  equations  {12.20.51})  and  (12.20.5.1), 

(2)  abuts  to  H{K)  if  and  only  if  it  weakly  converges  to  H(K)  and  ff\v(Ker(d)C\ 
FpI\  + Im(d ))  = Im(d)  and  (J  (Ker(d)  fl  FPK  + Im(d))  = Ker(d). 


Proof.  Immediate  from  the  discussions  above. 


□ 


12.21.  Spectral  sequences:  filtered  complexes 


012K 

012L 


Definition  12.21.1.  Let  A be  an  abelian  category.  A filtered  complex  Km  of  A is 
a complex  of  Fil(A)  (see  Definition  12.16.1). 


We  will  denote  the  filtration  on  the  objects  by  F.  Thus  FpKn  denotes  the  pth  step 
in  the  filtration  of  the  nth  term  of  the  complex.  Note  that  each  FPK*  is  a complex 
of  A.  Hence  we  could  also  have  defined  a filtered  complex  as  a filtered  object  in 
the  (abelian)  category  of  complexes  of  A.  In  particular  gr Km  is  a graded  object  of 
the  category  of  complexes  of  A. 


To  describe  the  spectral  sequence  associated  to  such  an  object  we  assume,  for 
the  moment,  that  A is  an  abelian  category  which  has  countable  direct  sums  and 
countable  direct  sums  are  exact  (this  is  not  automatic,  see  Remark  12.15.3).  Let 
us  denote  d the  differential  of  K.  Forgetting  the  grading  we  can  think  of  @ Kn 
as  a filtered  differential  object  of  A.  Hence  according  to  Section  |12.20|  we  obtain 
a spectral  sequence  (Er,dr)r> 0-  In  this  section  we  work  out  the  terms  of  this 
spectral  sequence,  and  we  endow  the  terms  of  this  spectral  sequence  with  additional 
structure  coming  from  the  grading  of  I\. 


First  we  point  out  that  Eg  = gr PK*  is  a complex  and  hence  is  graded.  Thus  E0  is 
bigraded  in  a natural  way.  It  is  customary  to  use  the  bigrading 

£o  = 0 E%'9,  £T  = grP^P+9 

The  idea  is  that  p + q should  be  thought  of  as  the  total  degree  of  the  (co)homology 
classes.  Also,  p is  called  the  filtration  degree , and  q is  called  the  complementary 
degree.  The  differential  do  is  compatible  with  this  bigrading  in  the  following  way 

do  = 0dg,a,  ^ Ep’q+1- 


Namely,  dg  is  just  the  differential  on  the  complex  gr PI\*  (which  occurs  as  grpE0 
just  shifted  a bit). 


To  go  further  we  identify  the  objects  Bp  and  Zp  introduced  in  Section  |12.20 


as 


graded  objects  and  we  work  out  the  corresponding  decompositions  of  the  differen- 
tials. We  do  this  in  a completely  straightforward  manner,  but  again  we  warn  the 
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reader  that  our  notation  is  not  the  same  as  notation  found  elsewhere.  We  define 
ryp  q _ FPRP+1  n d~1{FP+rKP+c‘+1)  + Fp+1RP+q 
r ~ Fp+  i Kp+i 

and 

FpRp+q  n d{FP~r+1  KP+v-1)  + FP+lRP+c> 
r ~ Fp+ i RP+i 

and  of  course  Ep’q  = Zp’q /Bp’q.  With  these  definitions  it  is  completely  clear  that 
Zp  = ®g  ZP’q,  BP  = ®g  BP’q,  and  Ep  = ©g  Eprq.  Moreover,  we  have 

0 C . . . C Bp’q  C . . . C ZP’q  c . . . C EP-q 


Also,  the  map  dp  decomposes  as  the  direct  sum  of  the  maps 

dp’q  : Ep'q  — > EP+r’q~r+ 1,  z + Fp+1Rp+q  i — y dz  T Fp+r+1Rp+q+1 
where  z £ FPRP+q  n d~1{FP+rRP+q+1). 


012M 


Lemma  12.21.2.  Let  A be  an  abelian  category.  Let  ( R*,F ) be  a filtered  complex 
of  A.  There  is  a spectral  sequence  (Er,  dr)r>o  in  the  category  of  bigraded  objects  of 
A associated  to  (R*,F)  such  that  dr  has  bidegree  (r,  — r + 1)  and  such  that  Er  has 
bigraded  pieces  Ep’q  and  maps  dp,q  : E P,q  —¥  EP+r’q~r+1  as  given  above.  Further- 
more, we  have  EP’q  = grP(Rp+q),  dfjq  = grP{dp+q),  and  EP’q  = Hp+q (grP (R *)). 


Proof.  If  A has  countable  direct  sums  and  if  countable  direct  sums  are  exact,  then 
this  follows  from  the  discussion  above.  In  general,  we  proceed  as  follows;  we  strongly 
suggest  the  reader  skip  this  proof.  Consider  the  bigraded  object  A = (Fp+l Rp+1+q) 
of  A , i.e. , we  put  Fp+1  Rp+1+q  in  degree  (p,  q)  (the  funny  shift  in  numbering  to  get 
numbering  correct  later  on).  We  endow  it  with  a differential  d : A — > A[0, 1]  by 
using  d on  each  component.  Then  ( A,d ) is  a differential  bigraded  object.  Consider 
the  map 

a : A ->  A[-l,  1] 


which  is  given  in  degree  (p,q)  by  the  inclusion  Fv+1Rp+q  — >■  FpRp+q.  This  is 
an  injective  morphism  of  differential  objects  a : ( A,d ) — ► (A,  d)[—  1, 1],  Hence,  we 
can  apply  Remark  12.19.6|  with  S = [0,1]  and  T = [1,-1].  The  corresponding 
spectral  sequence  (Er,dr)r> o of  bigraded  objects  is  the  spectral  sequence  we  are 
looking  for.  Let  us  unwind  the  definitions  a bit.  First  of  all  we  have  Er  = (EP’q). 
Then,  since  TrS  = [r,  — r + 1 we  have  dr  : Er  -A  Er[r , — r + 1]  which  means  that 
dp  : EP’q  EP+r’q-r+1. 


To  see  that  the  description  of  the  graded  pieces  hold,  we  argue  as  above.  Namely, 
first  we  have 


E0  = Coker(ct  : A -A  A[—  1, 1])[0,  —1]  = Coker(a[0,  —1]  : A[ 0,  —1]  —¥  A[—  1,  0]) 
and  by  our  choice  of  numbering  above  this  gives 

Ep0'q  = Coker (Fp+1Rp+q  ->•  FpRp+q)  = gr pRp+q 

The  first  differential  is  given  by  dfjq  = gr pdp+q  : Bq’9  — >■  Eff'q+1 . Next,  the  descrip- 
tion of  the  boundaries  Br  and  the  cocycles  Zr  in  Remark  |12.19.6|  translates  into  a 
straightforward  manner  into  the  formulae  for  Zp,q  and  Bp’q  given  above.  □ 

012N  Lemma  12.21.3.  Let  A be  an  abelian  category.  Let  ( R*,F ) be  a filtered  complex 
of  A.  Assume  A has  countable  direct  sums.  Let  (Er,dr)r>  o be  the  spectral  sequence 
associated  to  (R*,F). 
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(1)  The  map 

dP,q  . EP-.q  = HP+«(giP(K *))  — s>  Ep+1’q  = Hp+q+1{gip+1(K%)) 

is  equal  to  the  boundary  map  in  cohomology  associated  to  the  short  exact 
sequence  of  complexes 

0 -A  gF+^K')  FPK*/FP+2K * ->  grp+1(K')  -A  0. 

(2)  Assume  that  d(FpK ) C FP+1K  for  all  p £ Z.  Then  d induces  the  zero 
differential  on  grp(K*)  and  hence  Ep,q  = grp(K*)p+q . Furthermore,  in 
this  case 

dp{q  : Ep’q  = grP(K')p+q  — ► Ep'q  = gF+l{K')p+q+1 
is  the  morphism  induced  by  d. 

Proof.  This  is  clear  from  the  formula  given  for  the  diffirential  dp’q  just  above 
Lemma  112.21.21  □ 

0120  Lemma  12.21.4.  Let  A be  an  abelian  category.  Let  a : (K',F)  -A  (L*,F)  be  a 
morphism  of  filtered  complexes  of  A.  Let  (Er(K),  dr)r> o,  resp.  (Er(L),dr)r> o be 
the  spectral  sequence  associated  to  {K*,F),  resp.  ( Lm,F ).  The  morphism  a induces 
a canonical  morphism  of  spectral  sequences  {ar  : Er(K ) — > Er(L)}r> o compatible 
with  the  bigradings. 

Proof.  Obvious  from  the  explicit  representation  of  the  terms  of  the  spectral  se- 
quences. □ 

012P  Definition  12.21.5.  Let  A be  an  abelian  category.  Let  (K* , F)  be  a filtered  com- 
plex of  A.  The  induced  filtration  on  Hn[K *)  is  the  filtration  defined  by  FpHn(K *)  = 
Im (Hn(FpK*)  ->  Hn(K *)). 


012R 


OBDT 


Writing  out  what  this  means  we  see  that 


(12.21.5.1) 


FpH1l{K\d) 


Ker(d)  0 FpKn  + Im (d)  O Kn 

Im(d)  0 K n 


and  hence  we  see  that 
(12.21.5.2)  grp  Hn  (K*) 


Ker  (d)  O FpKn 

Ker(d)  O Fp+1Kn  + Im(d)  O FpKn 


(one  intermediate  step  omitted). 


012Q  Lemma  12.21.6.  Let  A be  an  abelian  category.  Let  ( K*,F ) be  a filtered  complex 
of  A.  If  Z™  and  B™  exist  (see  proof),  then 

(1)  the  limit  Boo  exists  and  is  a bigraded  object  having  E™  = Z^  / B™  in 
bidegree  ( p,q ), 

(2)  the  pth  graded  part  grpHn{K*)  of  the  nth  cohomology  object  of  K*  is  a 
subquotient  of  Epfl~p . 


Boo,  and  the  limit  Boo  = Zoo/Boo  of  Definition  12.17.2 


Proof.  The  objects  Z0 
are  bigraded  objects  of  A by  our  construction  of  the  spectral  sequence  in  Lemma 
Since  Zr  = 0 Zp'q  and  Br  = 0 Bp’q,  if  we  assume  that 

rzv.c  H ™ Pi  FpKp+qnd-1(Fp+rKp+q+1)  + Fp+1Kp+q 

A ~ I LA’  — | | 


12.21.2 


Fp+1  KP+q 
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012S 


012T 


OBDU 


OBDV 


and 

| | | FPKp+qFd{Fp-r+1Kp+q-l)  + FP+1Kp+q 

° — Ur'°r’  - Ur  Fp+1Kp+i 

exist,  then  Z ^ and  exist  with  bidegree  (p,  q)  parts  Zffi  and  Bffi  (follows  from 

an  elementary  argument  about  unions  and  intersections  of  bigraded  objects).  Thus 

fl r(FpKp+q  n d~1(Fp+rKp+q+1)  + Fp+1Kp+q) 

°°  \Jr(FpKp+q  n d{Fp~r+1  KP+q~1)  + Fp+1Kp+q) 

where  the  top  and  the  bottom  exist.  With  n = p + q we  have 

(12.21.6.1) 

Ker (d)  n FpI\n  + Fp+1Kn  c Q (. FpKn  n (T1(FP+rKn+1)  + Fp+1Kn) 

and 

(12.21.6.2) 

(J  (FpKn  n dlyFP-^K11-1)  + Fp+1I<n)  C Im(d)  n FpKn  + Fp+1Kn. 

Thus  a subquotient  of  Eg?  is 


Ker(d)  n FpKn  + Fp+1Kn  _ Ker (d)  n FpKn 

Im(d)  n FpKn  + Fp+1Kn  ~ Im(d)  n FpKn  + Ker(d)  n Fp+1Kn 


Comparing  with  (12.21.5.2)  we  conclude. 


□ 


Definition  12.21.7.  Let  A be  an  abelian  category.  Let  (Er,  dr)r>ro  be  a spectral 
sequence  of  bigraded  objects  of  A with  dr  of  bidegree  (r,  — r + 1).  We  say  such  a 
spectral  sequence  is 

(1)  regular  if  for  all  p,q  £ Z there  is  a b = b(p7q)  such  that  the  maps  dP’q  : 
EP,q  — > EP+r’q~r+1  are  zero  for  r > b, 

(2)  coregular  if  for  all  p,  g € Z there  is  a b = b(jp , q)  such  that  the  maps 

dp-r, q+r-l  . Ep-r,q+r- 1 ^ Ep,q  ^ zem  for  r > 

(3)  bounded  if  for  all  n there  are  only  a finite  number  of  nonzero  EP^n~p, 

(4)  bounded  below  if  for  all  n there  is  a b = b{n)  such  that  EP'™~P  = 0 for 
p>  b. 

(5)  bounded  above  if  for  all  n there  is  a b = b(n ) such  that  Ep^~p  = 0 for 
p < b. 


Bounded  below  means  that  if  we  look  at  Ep'q  on  the  line  p + q = n (whose  slope 
is  — 1)  we  obtain  zeros  as  (p,  q)  moves  down  and  to  the  right.  As  mentioned  above 
there  is  no  consistent  terminology  regarding  these  notions  in  the  literature. 


Lemma  12.21.8.  In  the  situation  of  Definition  12.21.7.  Let  Zp’q1Bp'q  C Ef.fi  be 
the  ( p,  q)-graded  parts  of  Zr,Br  defined  as  in  Section  12.17. 

(1)  The  spectral  sequence  is  regular  if  and  only  if  for  all  p:q  there  exists  an 
r = r(p,  q)  such  that  Zp’q  = Zffix  = . . . 

(2)  The  spectral  sequence  is  coreqular  if  and  only  if  for  all  p,  q there  exists  an 
r = r(p, q)  such  that  Bp’q  = Bffi1  = ... 

(3)  The  spectral  sequence  is  bounded  if  and  only  if  it  is  both  bounded  below 
and  bounded  above. 

(4)  If  the  spectral  sequence  is  bounded  below,  then  it  is  regular. 

(5)  If  the  spectral  sequence  is  bounded  above,  then  it  is  coregular. 


Proof.  Omitted.  Hint:  If  Ef’q  = 0,  then  we  have  Effi  = 0 for  all  r'  > r.  □ 
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012U 


Definition  12.21.9.  Let  A be  an  abelian  category.  Let  (K*,F)  be  a filtered 
complex  of  A.  We  say  the  spectral  sequence  associated  to  ( K*,F ) 


012V 


(1)  weakly  converges  to  H*(K *)  if  gr pHn(K*)  = Epffl~p  via  Lemma  12.21.6 
for  all  p,  n £ Z, 

(2)  abuts  to  H*(K *)  if  it  weakly  converges  to  H*  (. K *)  and  |"|p  FpHn(K *)  = 0 
and  Up  FpHn{K *)  = Hn (K* ) for  all  n, 

(3)  converges  to  H*(K *)  if  it  is  regular,  abuts  to  H*(K*),  and  Hn(K *)  = 
limp  Hn  (K* ) /FpHn  (K* ) . 

Weak  convergence,  abutment,  or  convergence  is  symbolized  by  the  notation  Ep,q  => 
Hp+q{K *).  As  mentioned  above  there  is  no  consistent  terminology  regarding  these 
notions  in  the  literature. 

Lemma  12.21.10.  Let  A be  an  abelian  category.  Let  (K*,F)  be  a filtered  complex 
of  A.  The  associated  spectral  sequence 

(1)  weakly  converges  to  H*(K *)  if  and  only  if  for  every  p,q  £ Z we  have 
equality  in  equations  ( 12.21.6.2 ) and  \12.21.6A ), 

(2)  abuts  to  H*(K)  if  and  only  if  it  weakly  converges  to  H*(K*)  and  we  have 
r\p{Ker{d)nFpKn  + Im(d)nKn)  = Im(d)nKn  and  \Jp(Ker{d)  nFpKn  + 
Im(d)  PI  Kn)  = ker(ci)  fl  Kn . 


Proof.  Immediate  from  the  discussions  above. 


□ 


012W  Lemma  12.21.11.  Let  A be  an  abelian  category.  Let  ( K*,F ) be  a filtered  complex 


of  A.  Assume  that  the  filtration  on  each  Kn  is  finite  (see  Definition  12.16.1).  Then 

(1)  the  spectral  sequence  associated  to  (K*,F)  is  bounded, 

(2)  the  filtration  on  each  Hn(K *)  is  finite, 

(3)  the  spectral  sequence  associated  to  (K*,F)  converges  to  H*(K *), 

(4)  if  C C A is  a weak  Serre  subcategory  and  for  some  r we  have  Ep'q  £ C for 
all  p,q  £ Z,  then  Hn(K *)  is  in  C. 

Proof.  Part  (1)  follows  as  Eq'11~p  = gr pKn.  Part  (2)  is  clear  from  Equation 
( 12.21.5.1 ).  We  will  use  Lemma  12.21.10  to  prove  that  the  spectral  sequence  weakly 


converges.  Fix  p,  n £ Z.  Looking  at  the  right  hand  side  of  (12.21.6.11  we  see  that 


we  get  FpKn  D Ker(d)  + Fp+1Kn  because  Fp+rKn  = 0 for  r > 0.  Thus  (|l2.21.6.l|) 
is  an  equality.  Look  at  the  left  hand  side  of  (|12.21.6.I).  The  expression  is  equal 
to  the  right  hand  side  since  FP~r+1Kn~ 1 = Kn~ 1 for  r 0.  Thus  (12.21.6.1)  is 


an  equality.  Since  the  filtration  on  Hn{I\*)  is  finite  by  (2)  we  see  that  we  have 
abutment.  To  prove  we  have  convergence  we  have  to  show  the  spectral  sequence  is 
regular  which  follows  as  it  is  bounded  (Lemma  12.21.8|)  and  we  have  to  show  that 
Hn{K*)  = lim Hn(K*)/FpHn(K*)  which  follows  from  the  fact  that  the  filtration 
on  H*(K *)  is  finite  proved  in  part  (2). 

Proof  of  (4).  Assume  that  for  some  r > 0 we  have  Ep’q  £ C for  some  weak 
Serre  subcategory  C of  A.  Then  E‘f+A  is  in  C as  well,  see  Lemma  12.9.3  By 
boundedness  proved  above  (which  implies  that  the  spectral  sequence  is  both  regular 
and  coregular,  see  Lemma  12.21.8)  we  can  find  an  r'  > r such  that  Eff1  = Eplq 


for  all  p,  q with  p + q = n.  Thus  Hn(K*)  is  an  object  of  A which  has  a finite 
filtration  whose  graded  pieces  are  in  C.  This  implies  that  Hn(K*)  is  in  C by  Lemma 
112.9.31  □ 
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Lemma  12.21.12.  Let  A be  an  abelian  category.  Let  ( K*,F ) be  a filtered  complex 
of  A.  Assume  that  the  filtration  on  each  Kn  is  finite  (see  Definition  12.16.1 ) and 
that  for  some  r we  have  only  a finite  number  of  nonzero  Ep,q . Then  only  a finite 
number  of  Hn(K*)  are  nonzero  and  we  have 

£(-i  )n[Hn{K-)\  = V(-i  r+q[Er\ 


in  Kq(A')  where  A!  is  the  smallest  weak  Serve  subcategory  of  A containing  the 
objects  Ep’q. 


Proof.  Denote  E(:ven  and  E°dd  the  even  and  odd  part  of  Er  defined  as  the  direct 
sum  of  the  (p,  q)  components  with  p + q even  and  odd.  The  differential  dr  defines 
maps  ip  : Ef.ven  — > E°dd  and  ip  : E°dd  — > Ef.ven  whose  compositions  either  way  give 
zero.  Then  we  see  that 


[Eerven]  - [ Kdd ] = [Ker(p)]  + [Im(p)]  - [Ker(V>)]  - pmtyO] 
= [Ker(p)/Im(-0)]  — [Ker(^)/Im(<p] 

r TTie-ueni  rrr'oddi 

~ L^r+1  J 1-^V+lJ 


Note  that  all  the  intervening  objects  are  in  the  smallest  Serre  subcategory  contain- 
ing containing  the  objects  Ep,q.  Continuing  in  this  manner  we  see  that  we  can 
increase  r at  will.  Since  there  are  only  a finite  number  of  pairs  (p,  q)  for  which 
Ep,q  is  nonzero,  a property  which  is  inherited  by  Er+ 1,  Er+2,  ■ ■ we  see  that  we 
may  assume  that  dr  = 0.  At  this  stage  we  see  that  Hn(K*)  has  a finite  filtration 
(Lemma  12.21.11 1 whose  graded  pieces  are  exactly  the  EP,n~p  and  the  result  is 
clear.  □ 


The  following  lemma  is  more  a kind  of  sanity  check  for  our  definitions.  Surely,  if 
we  have  a filtered  complex  such  that  for  every  n we  have 

Hn(FpK*)  = 0 for  p 0 and  Hn(FpKm)  = Hn (K*)  for  p < 0, 

then  the  corresponding  spectral  sequence  should  converge? 

0BK5  Lemma  12.21.13.  Let  A be  an  abelian  category.  Let  (K*,F)  be  a filtered  complex 
of  A.  Assume 

(1)  for  every  n there  exist  po{n)  such  that  Hn(FpK *)  = 0 for  p > po(n), 

(2)  for  every  n there  exist  p\(n)  such  that  Hn(FpK *)  — > Hn(K *)  is  an  iso- 
morphism for  p < pi  (n) . 

Then 

(1)  the  spectral  sequence  associated  to  (K*,F)  is  bounded , 

(2)  the  filtration  on  each  Hn(K *)  is  finite, 

(3)  the  spectral  sequence  associated  to  ( K*,F ) converges  to  H*(K*). 


Proof.  Fix  n.  Using  the  long  exact  cohomology  sequence  associated  to  the  short 
exact  sequence  of  complexes 

0 ->  FP+1K*  ->  FpK*  ->  gipK*  ->  0 


we  find  that  Ef’n  p = 0 for  p > max(po(n),po(n+l))  andp  < min(p1(n),pi(n+l)). 
Hence  the  spectral  sequence  is  bounded  (Definition  12.21.7).  This  proves  (1). 


It  is  clear  from  the  assumptions  and  Definition  12.21.5  that  the  filtration  on  Hn(K*) 
is  finite.  This  proves  (2). 
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Next  we  prove  that  the  spectral  sequence  weakly  converges  to  H*(Km)  using  Lemma 
12.21.101  Let  us  show  that  we  have  equality  in  (|12.21.6.T|).  Namely,  for  p + r > 


Pv{n-\-l)  the  map 


d : FpKn  n d~l(Fp+rKn+1)  ->  Fp+rKn+1 


ends  up  in  the  image  of  d : Fp+rKn  —y  Fp+rKn+ 1 because  the  complex  Fp+rK * is 
exact  in  degree  n + 1.  We  conclude  that  FpKn  fl  d~1(Fp+rKn+1)  = d(Fp+r Kn)  + 
Ker(d)  fl  FpKn . Hence  for  such  r we  have 


Ker(d)  C FpKn  + Fp+1I<n  = FpKn  n d~x  (Fp+r  Kn+X)  + Fp+1Kn 


which  proves  the  desired  equality.  To  show  that  we  have  equality  in  (12.21.6.21  we 
use  that  for  p — r + 1 < p\  (n  — 1)  we  have 


d(Fp-r+1Kn~1)  = Im (d)  n Fp~r+1Kn 


because  the  map  Fp  r+1I\ * — ► K*  induces  an  isomorphism  on  cohomology  in 
degree  n — 1.  This  shows  that  we  have 

FpKn  n d(Fp-r+1^n-1)  + Fp+1Kn  = Irn(d)  n FpI\n  + Fp+1Kn 


for  such  r which  proves  the  desired  equality. 

To  see  that  the  spectral  sequence  abuts  to  H*(K *)  using  Lemmafl2.21.10|we  have  to 
show  that  np(Ker(d)nFp/trn  + Im(d)nA'™)  = Im(d)n/vn  and  [jp(Ker(d)r\FpKn  + 
Im(d)  n Kn)  = ker(d)  n Kn.  For  p > po(n)  we  have  Ker(d)  fl  FpKn  + Im(d)  n Kn  = 
Im(d)  H Kn  and  for  p <p\  (n)  we  have  Ker(d)  H FpKn  + Im(d)  fl  Kn  = ker (d)  n Kn . 
Combining  weak  convergence,  abutment,  and  boundedness  we  see  that  (2)  and  (3) 
are  true.  □ 


12.22.  Spectral  sequences:  double  complexes 

012X 

012Y  Definition  12.22.1.  Let  A be  an  additive  category.  A double  complex  in  A is 
given  by  a system  ({Ap’q,d{’q ,dp'q }Pl9ez),  where  each  Ap,q  is  an  object  of  A and 
dp'q  : Ap,q  — > Ap+1,9  and  dp,q  : Ap,q  —$■  Ap,q+1  are  morphisms  of  A such  that  the 
following  rules  hold: 

(1)  dp+1’q  o dp{q  = 0 

(2)  dp’q+1  o dp'q  = 0 

(3)  dp’q+1  o dp'q  = dp+1’q  o dp’q 
for  all  p,  q £ Z. 

This  is  just  the  cochain  version  of  the  definition.  It  says  that  each  is  a cochain 
complex  and  that  each  dP:*  is  a morphism  of  complexes  Ap —$■  Ap+l'*  such  that 
dp+1'  o dp{  * = 0 as  morphisms  of  complexes.  In  other  words  a double  complex  can 
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be  seen  as  a complex  of  complexes.  So  in  the  diagram 


dp,q 

. 1 _4p+i,9 

A A 


any  square  commutes.  Warning:  In  the  literature  one  encounters  a different  defini- 
tion where  a “bicomplex”  or  a “double  complex”  has  the  property  that  the  squares 
in  the  diagram  anti-commute. 

0A5J  Example  12.22.2.  Let  A,  B , C be  abelian  categories.  Suppose  that 

<g ):AxB  — >C,  (X,  Y)  h — >X<g )Y 

is  a functor  which  is  bilinear  on  morphisms,  see  Categories,  Defi.nition|4.2.20|for  the 
definition  of  A x B.  Given  a complexes  X * of  A and  Y*  of  B we  obtain  a double 
complex 

K*'*  = X * ® Y* 

in  C.  Here  the  first  differential  Kp,q  — > Kp+1’q  is  the  morphism  Xp  ® Yq  — >■ 
Xp+1tg>Yq  induced  by  the  morphism  Xp  — > Xp+1  and  the  identity  on  Yq.  Similarly 
for  the  second  differential. 


Let  A*  * be  a double  complex.  It  is  customary  to  denote  the  complex 

with  terms  Ker(d^9)/Im(<i^  1:<?)  (varying  q)  and  differential  induced  by  c?2 ■ Then 
H'j r(Hp (A*  * j)  denotes  its  cohomology  in  degree  q.  It  is  also  customary  to  denote 
Hjj(A'  ')  the  complex  with  terms  Ker(d2’9)/Im(d2’9~  ) (varying  p)  and  differential 
induced  by  d\.  Then  Hp (Hqr ^A*  *))  denotes  its  cohomology  in  degree  q.  It  will  turn 
out  that  these  cohomology  groups  show  up  as  the  terms  in  the  spectral  sequence 
for  a filtration  on  the  associated  to  total  complex. 


012Z 


Definition  12.22.3.  Let  A be  an  additive  category.  Let  A*’*  be  a double  com- 
plex. The  associated  simple  complex  sA * , also  sometimes  called  the  associated  total 
complex  is  given  by 


sAn 


0 Ap’q 

n=p+q 


(if  it  exists)  with  differential 


d 


n 

sA 


V 

z — ' n—p-\-Q 


(d^  + i-iyd™) 


Alternatively,  we  sometimes  write  Tot(A*’*)  to  denote  this  complex. 

If  countable  direct  sums  exist  in  A or  if  for  each  n at  most  finitely  many  Ap’n~p  are 
nonzero,  then  sA*  exists.  Note  that  the  definition  is  not  symmetric  in  the  indices 
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There  are  two  natural  filtrations  on  the  simple  complex  sA*  associated  to  the  double 
complex  A*’*.  Namely,  we  define 


^(.4“)  = ®^^  and 


•)  = ® A'-K 

VA'i+i=n,  j>p 


It  is  immediately  verified  that  (sA',Fj)  and  (sA*,F//)  are  filtered  complexes. 
By  Section  |12.21|  we  obtain  two  spectral  sequences.  It  is  customary  to  denote 
('Er/dr)r> o the  spectral  sequence  associated  to  the  filtration  Fj  and  to  denote 
("Er,"dr)r> o the  spectral  sequence  associated  to  the  filtration  Fn.  Here  is  a de- 
scription of  these  spectral  sequences. 


0130  Lemma  12.22.4.  Let  A be  an  abelian  category.  Let  K *’*  be  a double  complex. 
The  spectral  sequences  associated  to  K *’*  have  the  following  terms: 

(1)  ' E %’q  = Rp’q  with  'dg’9  = (-1  )pdp2'q  : Kp’q  ->  Kp'q+1, 

(2)  " E p’q  = Rq,p  with  "dg’9  = d9’p  : Rq’p  ->•  Rq+1’p, 

(3)  'Ep'q  = Hq(Rp-m)  with  'df9  = Hq{dp{'), 

(4)  "E{'q  = Hq(R*’p)  with  "dp{q  = (-1  )qHq(d*2’p), 

(5)  'E%>q=H*(HqII(R^)), 

(6)  "Ep'q  = Hpn{Hq{R^)). 


Proof.  Omitted. 


□ 


0131 


0132 


These  spectral  sequences  define  two  filtrations  on  Hn(sR*).  We  will  denote  these 
Fj  and  Fjj. 


Definition  12.22.5.  Let  A be  an  abelian  category.  Let  R,  % be  a double  complex. 
We  say  the  spectral  sequence  (' Er,'dr)r> o weakly  converges  to  Hn(sR *),  abuts  to 


Hn(sR *),  or  converges  to  Hn(sR *)  if  Definition  12.21.9  applies.  Similarly  we 


— \ / i — — a — — — v / -ri * — j ~ 

say  the  spectral  sequence  ("Er/'dr)r> o weakly  converges  to  Hn(sRm),  abuts  to 
Hn(sR *),  or  converges  to  Hn(sR *)  if  Definition  12.21.9  applies. 


As  mentioned  above  there  is  no  consistent  terminology  regarding  these  notions  in 
the  literature.  In  the  situation  of  the  definition,  we  have  weak  convergence  of  the 
first  spectral  sequence  if  for  all  n 

gr  Fl{Hn{sR‘))  = (Bp+^n'EPJ 

via  the  canonical  comparison  of  Lemma  |12.21.6|  Similarly  the  second  spectral 
sequence  ("Er,"dr)r>o  weakly  converges  if  for  all  n 

gr  Fii(Hn(sK-))=(BP+q=n"EPJ 

via  the  canonical  comparison  of  Lemma  |12.21.6 

Lemma  12.22.6.  Let  A be  an  abelian  category.  Let  R *’*  be  a double  complex. 
Assume  that  for  every  n £ Z there  are  only  finitely  many  nonzero  Rp,q  withp+q  = 
n.  Then 

(1)  the  two  spectral  sequences  associated  to  R *’*  are  bounded, 

(2)  the  filtrations  Fj,  Tjj  on  each  Hn(R%)  are  finite, 

(3)  the  spectral  sequences  if  Er,  'dr)r> o and  (" Er,  "dr)r> o converge  to  H*  (sR%), 

(4)  if  C C A is  a weak  Serre  subcategory  and  for  some  r we  have  'Ep,q  £ C 
for  all  p,q  £ Z,  then  Hn(sR *)  is  in  C.  Similarly  for  ("Er,"dr)r>o. 


Proof.  Follows  immediately  from  Lemma[l2.21.11| 
Here  is  our  first  application  of  spectral  sequences. 


□ 
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0133  Lemma  12.22.7.  Let  A be  an  abelian  category.  Let  K * be  a complex.  Let  A *'* 
be  a double  complex.  Let  ap  : Kp  — > Ap,°  be  morphisms.  Assume  that 

(1)  For  every  n £ Z there  are  only  finitely  many  nonzero  Ap’q  with  p + q = n. 

(2)  We  have  A™  = 0 if  q < 0. 

(3)  The  morphisms  ap  give  rise  to  a morphism  of  complexes  a : K*  — > A*'0. 

(4)  The  complex  Ap ’*  is  exact  in  all  degrees  q ^ 0 and  the  morphism  Kp  — > 
Ap’°  induces  an  isomorphism  Kp  — >■  Ker[dffa). 

Then  a induces  a quasi-isomorphism 

I\*  — > sA* 


of  complexes.  Moreover,  there  is  a variant  of  this  lemma  involving  the  second 
variable  q instead  of  p. 


Proof.  The  map  is  simply  the  map  given  by  the  morphisms  Kn  -a  An’°  -A  sAn, 
which  are  easily  seen  to  define  a morphism  of  complexes.  Consider  the  spectral 
sequence  (f  Er,'dr)r> o associated  to  the  double  complex  A*'*.  By  Lemma  12.22.6 


this  spectral  sequence  converges  and  the  induced  filtration  on  Hn{sA *)  is  finite 
for  each  n.  By  Lemma  12.22.4  and  assumption  (4)  we  have  ’Ep'q  = 0 unless 
<7  = 0 and  ’Ep'°  = Kp  with  differential  ’dff®  identified  with  Hence  'Ep’°  = 
HP(K*)  and  zero  otherwise.  This  clearly  implies  = dffq  = . . . = 0 for  degree 
reasons.  Hence  we  conclude  that  Hn(sAm)  = Hn(K*).  We  omit  the  verification 
that  this  identification  is  given  by  the  morphism  of  complexes  K * — > sH*  introduced 
above.  □ 


08BI  Remark  12.22.8.  Let  A be  an  additive  category.  Let  A*'*'*  be  a triple  complex. 
The  associated  total  complex  is  the  complex  with  terms 

Tot"(A*’*’*)  = Ap’q’r 

p-\-q-\-r=n 

and  differential 


xTot(A* 


Jp-\-q-\-r=n 


dP,qx  + (_1)Pdr.9T  + (_! 


With  this  definition  a simple  calculation  shows  that  the  associated  total  complex 
is  equal  to 


Tot  (A*’*’*)  = Tot(Toti2(A*'**))  = Tot(Tot23(A*’*’*)) 


In  other  words,  we  can  either  first  combine  the  first  two  of  the  variables  and  then 
combine  sum  of  those  with  the  last,  or  we  can  first  combine  the  last  two  variables 
and  then  combine  the  first  with  the  sum  of  the  last  two. 


09IZ  Lemma  12.22.9.  Let  M * be  a complex  of  abelian  groups.  Let 

. . . -»•  A*  ->  A*  -a  A*  ->  M*  — > 0 

be  an  exact  complex  of  complexes  of  abelian  groups  such  that  for  all  p £ Z the 
complexes 

. . . — > Ker(dpA.)  —>  Ker[dPA.)  -A  Ker{dpA.)  — ► Ker{dpM.)  — > 0 

are  exact  as  well.  Set  Ap,q  = Aq_p  to  obtain  a double  complex.  Then  Tbt(A*’*)  — > 
M*  induced  by  A*  -A  M*  is  a quasi-isomorphism. 
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Proof.  Write  T * = Tot(A*'*).  Let  x £ Ker(d^.)  represent  a cohomology  class 
£.  Write  x = J2i=n  ox*  with  x*  £ A\.  Assume  n > 0.  Then  xn  is  in  the 
kernel  of  . and  maps  to  zero  in  the  cohomology  of  A*_1  (because  it  maps  to  an 
element  which  is  the  boundary  of  x„_i  up  to  sign).  The  condition  on  exactness 
of  kernels  of  differentials  implies  that  the  cohomology  class  of  xn  is  in  the  image 
of  Hn{A'n+1)  — ► Hn{A'n)  (details  omitted).  Thus  we  can  modify  x by  a boundary 
and  reach  the  situation  where  xn  is  a boundary.  Modifying  x once  more  we  see 
that  we  may  assume  xn  = 0.  By  induction  we  see  that  every  cohomology  class  £ 
is  represented  by  a cocycle  x = Xo-  Finally,  the  condition  on  exactness  of  kernels 
tells  us  two  such  cocycles  Xo  and  x'0  are  cohomologous  if  and  only  if  their  image  in 
H°(M*)  are  the  same.  □ 

09J0  Lemma  12.22.10.  Let  M * be  a complex  of  abelian  groups.  Let 

0 ->  M*  — >•  A*  — >■  A*  — >•  A*  — t . . . 

be  an  exact  complex  of  complexes  of  abelian  groups  such  that  for  all  p £ Z the 
complexes 

0 — > Coker(dpM.)  — ► Coker{dpA.)  — > Coker(dpA.)  — > Coker{dpA.)  —»•... 

are  exact  as  well.  Set  Ap,q  = Aq  to  obtain  a double  complex.  Let  Totir(A*’*)  be  the 
product  total  complex  associated  to  the  double  complex  (see  proof).  Then  the  map 
M * — ► Totn(Am’m)  induced  by  M * — )•  A*  is  a quasi-isomorphism. 

Proof.  Abbreviating  T * = TotT(A*’*)  we  define 

Tn  = TT  Ap’q  = TT  Aq 

Hp-\-q=n  *‘p-\-q=n  " 

As  differential  we  use 

d((xPj9))  = (fp(xp-itq)  + (— l)pdyt»  (xPj9_i)) 

Let  x £ Ker(dy.)  represent  a cohomology  class  £ £ H°(T*).  Write  x = (x,;)  with 
Xi  £ A~l.  Note  that  xq  maps  to  zero  in  Coker(A)"1  — >■  A ().  Hence  we  see  that 
xo  = mo  + d(y)  for  some  Too  £ M°.  Then  d(mo)  = 0 because  d(xo)  = 0 as  x is 
a cocycle.  Thus,  replacing  f by  something  in  the  image  of  H°(M°)  — t H°(T*)  we 
may  assume  that  Xo  is  in  the  image  of  d : Aq  — ► Aq. 

Assume  x0  £ ^(A^1  — » Aq).  We  claim  that  in  this  case  ( = 0.  To  prove  this  we 
find,  by  induction  on  n elements  yi,...,yn  with  yi  £ A“*_1  such  that  xo  = d(yo) 
and  Xj  = fj-\(yj- 1)  + (—  iyd(yj).  This  is  clear  for  n = 0.  Proof  of  induction  step 
is  omitted.  Taking  y = (yf)  we  find  that  d(y)  = £. 

This  shows  that  H°(M *)  — > H°(T*)  is  surjective.  We  omit  the  proof  of  injectivity. 

□ 


12.23.  Injectives 

0134 

0135  Definition  12.23.1.  Let  A be  an  abelian  category.  An  object  J £ Ob(M)  is  called 
injective  if  for  every  injection  A ^ B and  every  morphism  A — > J there  exists  a 
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morphism  B — >•  J making  the  following  diagram  commute 

A >■ B 

/ 

/ 

/ 

A 

J 

Here  is  the  obligatory  characterization  of  injective  objects. 

0136  Lemma  12.23.2.  Let  A be  an  abelian  category.  Let  I be  an  object  of  A.  The 
following  are  equivalent: 

(1)  The  object  I is  injective. 

(2)  The  functor  B H > Horn^H,  I)  is  exact. 

(3)  Any  short  exact  sequence 

in  A is  split. 

(4)  We  have  Ext^(B,I)  = 0 for  all  B £ Ob(A). 

Proof.  Omitted.  □ 

0137  Lemma  12.23.3.  Let  A be  an  abelian  category.  Suppose  I u,  uj  £ fl  is  a set  of 
injective  objects  of  A.  IfY\ucn^  exists  then  it  is  injective. 

Proof.  Omitted.  □ 

0138  Definition  12.23.4.  Let  A be  an  abelian  category.  We  say  A has  enough  injectives 
if  every  object  A has  an  injective  morphism  A -£  J into  an  injective  object  J. 

0139  Definition  12.23.5.  Let  A be  an  abelian  category.  We  say  that  A has  functorial 
injective  embeddings  if  there  exists  a functor 

J : A — > Arrows  (.4) 

such  that 

(1)  so  J = kU, 

(2)  for  any  object  A £ Ob(A)  the  morphism  J(A)  is  injective,  and 

(3)  for  any  object  A £ Ob(A)  the  object  t(J(A))  is  an  injective  object  of  A. 
We  will  denote  such  a functor  by  A i-)-  {A  — > J(A)). 

12.24.  Projectives 

013A 

013B  Definition  12.24.1.  Let  A be  an  abelian  category.  An  object  P £ Ob(A)  is 
called  projective  if  for  every  surjection  A — > B and  every  morphism  P — > B there 
exists  a morphism  P — > A making  the  following  diagram  commute 


A 


P 


Here  is  the  obligatory  characterization  of  projective  objects. 

013C  Lemma  12.24.2.  Let  A be  an  abelian  category.  Let  P be  an  object  of  A.  The 
following  are  equivalent: 
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(1)  The  object  P is  projective. 

(2)  The  functor  B i— > Hom^(P,  B)  is  exact. 

(3)  Any  short  exact  sequence 

0 -4  A -A  B -4  P -A  0 

in  A is  split. 

(4)  We  have  ExtA(P,  A)  = 0 for  all  A £ Ob(M). 

Proof.  Omitted.  □ 

Lemma  12.24.3.  Let  A be  an  abelian  category.  Suppose  Pu,  u>  £ Ll  is  a set  of 
projective  objects  of  A.  If  ^ ea;*s^s  then  it  is  projective. 

Proof.  Omitted.  □ 

Definition  12.24.4.  Let  A be  an  abelian  category.  We  say  A has  enough  pro- 
jectives  if  every  object  A has  an  surjective  morphism  P — >•  A from  an  projective 
object  P onto  it. 

Definition  12.24.5.  Let  A be  an  abelian  category.  We  say  that  A has  functorial 
projective  surjections  if  there  exists  a functor 

P : A — > Arrows  (.4) 

such  that 

(1)  toJ  = idA, 

(2)  for  any  object  A £ Ob(A)  the  morphism  P(A)  is  surjective,  and 

(3)  for  any  object  A £ Ob(_4)  the  object  s(P(A))  is  an  projective  object  of 

A. 

We  will  denote  such  a functor  by  A K > (P(A)  — ► A). 


12.25.  Injectives  and  adjoint  functors 


Here  are  some  lemmas  on  adjoint  functors  and  their  relationship  with  injectives. 
See  also  Lemma Tl2. 7.31 

Lemma  12.25.1.  Let  A and  B be  abelian  categories.  Let  u : A — > B and  v : B — > A 
be  additive  functors.  Assume 

(1)  u is  right  adjoint  to  v,  and 

(2)  v transforms  injective  maps  into  injective  maps. 

Then  u transforms  injectives  into  injectives. 


Proof.  Let  / be  an  injective  object  of  A.  Let  tp  : N — > M be  an  injective  map  in  B 
and  let  a : N — > ul  be  a morphism.  By  adjointness  we  get  a morphism  a : vN  — > I 
and  by  assumption  vip  : vN  -A  vM  is  injective.  Hence  as  / is  an  injective  object  we 
get  a morphism  /3  : vM  -A  I extending  a.  By  adjointness  again  this  corresponds  to 
a morphism  /3  : M — > ul  as  desired.  □ 


Remark  12.25.2.  Let  A,  B , u : A — > B and  v : B — > A be  as  in  Lemma  12.25.1 
In  the  presence  of  assumption  (1)  assumption  (2)  is  equivalent  to  requiring  that  v 
is  exact.  Moreover,  condition  (2)  is  necessary.  Here  is  an  example.  Let  A — >■  B be 
a ring  map.  Let  u : Mods  — > Modyi  be  u(N)  = NA  and  let  v : Mod^  — > Mods  be 
v(M)  = M B.  Then  u is  right  adjoint  to  v,  and  u is  exact  and  v is  right  exact, 
but  v does  not  transform  injective  maps  into  injective  maps  in  general  (i.e. , v is 
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not  left  exact).  Moreover,  it  is  not  the  case  that  u transforms  injective  13-modules 
into  injective  A-modules.  For  example,  if  A = Z and  B = Z/pZ,  then  the  injective 
13-module  Z/pZ  is  not  an  injective  Z-module.  In  fact,  the  lemma  applies  to  this 
example  if  and  only  if  the  ring  map  A -A  B is  flat. 

Lemma  12.25.3.  Let  A and  B be  abelian  categories.  Let  u : A B and  v : B — >•  A 
be  additive  functors.  Assume 

(1)  u is  right  adjoint  to  v, 

(2)  v transforms  injective  maps  into  injective  maps, 

(3)  A has  enough  injectives,  and 

(4)  vB  = 0 implies  B = 0 for  any  B £ Ob(I3). 

Then  B has  enough  injectives. 


Proof.  Pick  B £ Ob (£>).  Pick  an  injection  vB  — > I for  I an  injective  object  of  A. 
According  to  Lemma |l2. 25. 1|  and  the  assumptions  the  corresponding  map  B — ► ul 
is  the  injection  of  B into  an  injective  object.  □ 


Remark  12.25.4.  Let  A,  B , u : A — > B and  v : B — > A be  as  In  Lemma  12.25.3 
In  the  presence  of  conditions  (1)  and  (2)  condition  (4)  is  equivalent  to  v being 
faithful.  Moreover,  condition  (4)  is  needed.  An  example  is  to  consider  the  case 
where  the  functors  u and  v are  both  the  zero  functor. 


Lemma  12.25.5.  Let  A and  B be  abelian  categories.  Let  u : A —>  B and  v : B — >■  A 
be  additive  functors.  Assume 

(1)  u is  right  adjoint  to  v, 

(2)  v transforms  injective  maps  into  injective  maps, 

(3)  A has  enough  injectives, 

(4)  vB  = 0 implies  B = 0 for  any  B £ Ob(£>),  and 

(5)  A has  functorial  injective  hulls. 

Then  B has  functorial  injective  hulls. 


Proof.  Let  A K > {A  — > J(A))  be  a functorial  injective  hull  on  A.  Then  13  i— > (13  — > 
uJ(vB))  is  a functorial  injective  hull  on  B.  Compare  with  the  proof  of  Lemma 
112.25.31  □ 


Lemma  12.25.6.  Let  A and  B be  abelian  categories.  Let  u : A—)  B be  a functor. 
If  there  exists  a subset  V C Ob(f?)  such  that 

(1)  every  object  of  B is  a quotient  of  an  element  ofV,  and 

(2)  for  every  P £ V there  exists  an  object  Q of  A such  that  Horn _/i(Q,  A)  = 
Homg(P,  u(A))  functorially  in  A, 

then  there  exists  a left  adjoint  v of  u. 


Proof.  By  the  Yoneda  lemma  (Categories,  Lemma  4.3.5 ) the  object  Q of  A corre- 
sponding to  P is  defined  up  to  unique  isomorphism  by  the  formula  Homyt  (Q,  A)  = 
Homg(P, u(A)).  Let  us  write  Q = v(P).  Denote  ip  : P — >•  u(v(P))  the  map  cor- 
responding to  ic b(p)  in  Hom^(u(P), v(P)).  Functoriality  in  (2)  implies  that  the 
bijection  is  given  by 

Hom_/i(u(P),  A)  —7 - Homg(P,  u(A)),  ip  > u(tp)  o iP 
For  any  pair  of  elements  Pi , P2  £ P there  is  a canonical  map 


HomB(P2,Pi)  -+  Hom^(u(P2),u(Pi)),  ip  v(ip) 
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which  is  characterized  by  the  rule  u(v(<p))  o ip2  = iPl  o ip  in  Homg(P2,  u(v(Pi))). 
Note  that  ip  ha  v(tp)  is  compatible  with  composition;  this  can  be  seen  directly  from 
the  characterization.  Hence  P ha  v(P)  is  a functor  from  the  full  subcategory  of  B 
whose  objects  are  the  elements  of  V. 

Given  an  arbitrary  object  B of  B choose  an  exact  sequence 

P2  -A  Pi  -A  B -a  0 


which  is  possible  by  assumption  (1).  Define  v(B)  to  be  the  object  of  A fitting  into 
the  exact  sequence 

v{P-2)  ~ > v(Pi)  — > v(B)  -A  0 


Then 


Hom^(i;(P),  A)  = Ker(Hom^(t;(Pi),  A)  -A  Horn^u^),  A)) 

= Ker(Homg(Pi,  u(A))  — » Homg(P2,  u(H))) 

= Homg(P,  u(A)) 

Hence  we  see  that  we  may  take  V = Ob(P),  i.e.,  we  see  that  v is  everywhere 
defined.  □ 


12.26.  Essentially  constant  systems 

0A2D  In  this  section  we  discuss  essentially  constant  systems  with  values  in  additive  cat- 
egories. 

0A2E  Lemma  12.26.1.  Let  I be  a category , let  A be  a pre- additive  Karoubian  category, 
and  let  M '.X—^A  be  a diagram. 

(1)  Assume  X is  filtered.  The  following  are  equivalent 

(a)  M is  essentially  constant, 

(b)  X = colim  M exists  and  there  exists  a cofinal  filtered  subcategory 
1'cl  and  for  i'  £ Ob^')  a direct  sum  decomposition  My  = Xy@Zy 
such  that  Xi / maps  isomorphically  to  X and  Zy  to  zero  in  Mi n for 
some  i'  -A  i"  in  X' . 

(2)  Assume  X is  cofiltered.  The  following  are  equivalent 

(a)  M is  essentially  constant, 

(b)  X = lim  M exists  and  there  exists  an  initial  cofiltered  subcategory 
X'  c X and  for  i'  £ Ob(P)  a direct  sum  decomposition  MP  = Xi'®ZP 
such  that  X maps  isomorphically  to  XP  and  Mi n -A  Zp  is  zero  for 
some  i"  -A  i'  in  X' . 


X is  filtered  and  M is  essentially  constant.  Let  X = 

Let  X'  be 


Mi  as  in  Categories,  Definition  4.22.1 


Proof.  Assume  (l)(a),  i.e., 
colim  Mi.  Choose  i and  X 
the  full  subcategory  consisting  of  objects  which  are  the  target  of  a morphism  with 
source  i.  Suppose  i'  £ Ob(X')  and  choose  a morphism  i -A  i! . Then  X — > M,;  — > Mp 
composed  with  Mj>  — ► X is  the  identity  on  X.  As  A is  Karoubian,  we  find  a direct 
summand  decomposition  MP  = XP  ® ZP,  where  Zy  = Ker(Mj/  -A  X)  and  Xy 
maps  isomorphically  to  X.  Pick  i -A  k and  i'  -A  k such  that  My  aXa  Mj  -a  M k 
equals  My  -A  M k as  in  Categories,  Definition  |4.22.l|  Then  we  see  that  My  -A  M k 
annihilates  Zy.  Thus  (1) (b)  holds. 


Assume  (l)(b),  i.e.,  X is  filtered  and  we  have  X'  C X and  for  i!  £ Ob(I')  a direct  sum 
decomposition  My  = Xy  ® Zy  as  stated  in  the  lemma.  To  see  that  M is  essentially 
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constant  we  can  replace  X by  X' , see  Categories,  Lemmas  4.22.8  and  4.17.2  Pick 
any  i £ Ob  (I)  and  denote  A'  — » Mj  the  inverse  of  the  isomorphism  A}  — > X followed 
by  the  inclusion  map  X,  — ► Mj.  If  j is  a second  object,  then  choose  j — » k such 
that  Zj  — > Mfc  is  zero.  Since  X is  filtered  we  may  also  assume  there  is  a morphism 


i — ► k (after  possibly  increasing  k).  Then  Mj  — > X — ► Mi  — )•  Mk  and  Mj 


Mk 


both  annihilate  Zj. 
annihilates  the  summand  Zk,  we  find  that  M,  — > X — > M,  —$■  Mi  and  Mj 


Thus  after  postcomposing  by  a morphism  Mk  — > Mi  which 

Mi 


are  equal,  i.e. , M is  essentially  constant. 
The  proof  of  (2)  is  dual. 


□ 


0A2F  Lemma  12.26.2.  LetX  be  a category.  Let  A be  an  additive,  Karoubian  category. 
Let  F : X — > A and  G : X — > A be  functors.  The  following  are  equivalent 

(1)  colinix-F®G  exists,  and 

(2)  colimx  F and  colimx  G exist. 

In  this  case  colimx  F © G = colimx  F © colinix  G. 


Proof.  Assume  (1)  holds.  Set  W = colinix  F © G.  Note  that  the  projection  onto 
F defines  natural  tranformation  F © G — ► F © G which  is  idempotent.  Hence  we 
obtain  an  idempotent  endomorphism  W 


W by  Categories,  Lemma  4.14.7 


Since 

A is  Karoubian  we  get  a corresponding  direct  sum  decomposition  W = X © Y,  see 
Lemma  12.4.2  A straightforward  argument  (omitted)  shows  that  X = colinix  A 
and  Y = colinix  G.  Thus  (2)  holds.  We  omit  the  proof  that  (2)  implies  (1).  □ 


0A2G  Lemma  12.26.3.  Let  X be  a filtered  category.  Let  A be  an  additive,  Karoubian 
category.  Let  F : X — >•  A and  G : X — ► A be  functors.  The  following  are  equivalent 

(1)  F © G : X — >■  A is  essentially  constant,  and 

(2)  F and  G are  essentially  constant. 


Proof.  Assume  (1)  holds.  In  particular  W = colimx  F © G exists  and  hence  by 
Lemma  |12.26.2|  we  have  W = X © Y with  X = colinix  F and  Y = colimx  G. 
A straightforward  argument  (omitted)  using  for  example  the  characterization  of 
Categories,  Lemma  [4.22.6  shows  that  F is  essentially  constant  with  value  X and 
G is  essentially  constant  with  value  Y.  Thus  (2)  holds.  The  proof  that  (2)  implies 
(1)  is  omitted.  □ 


12.27.  Inverse  systems 

02MY  Let  C be  a category.  In  Categories,  Section[4.21|we  defined  the  notion  of  an  inverse 
system  over  a partially  ordered  set  (with  values  in  the  category  C).  If  the  partially 
ordered  set  is  N = {1,2,3,...}  with  the  usual  ordering  such  an  inverse  system 
over  N is  often  simply  called  an  inverse  system.  It  consists  quite  simply  of  a pair 
(Mj,/jj/)  where  each  Mj,  i £ N is  an  object  of  C,  and  for  each  i > i' , i,i'  £ N 
a morphism  fn>  : Mi  — > M such  that  moreover  /jv'  ° fw  = fa " whenever  this 
makes  sense.  It  is  clear  that  in  fact  it  suffices  to  give  the  morphisms  M2  — > Mr, 
M:i  — > M2,  and  so  on.  Hence  an  inverse  system  is  frequently  pictured  as  follows 

Mi  M2  M3  <—  . . . 

Moreover,  we  often  omit  the  transition  maps  tpi  from  the  notation  and  we  simply 
say  “let  (Mj)  be  an  inverse  system”. 
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The  collection  of  all  inverse  systems  with  values  in  C forms  a category  with  the 
obvious  notion  of  morphism. 

02MZ  Lemma  12.27.1.  Let  C be  a category. 

(1)  If  C is  an  additive  category , then  the  category  of  inverse  systems  with 
values  in  C is  an  additive  cateogry. 

(2)  IfC  is  an  abelian  category,  then  the  category  of  inverse  systems  with  values 
in  C is  an  abelian  cateogry.  A sequence  ( Kt ) — ► (Lf)  — > (Mi)  of  inverse 
systems  is  exact  if  and  only  if  each  Ki  — )•  L,  — ► Ni  is  exact. 

Proof.  Omitted.  □ 


The  limit  (see  Categories,  Section  4.21 ) of  such  an  inverse  system  is  denoted  lim  Ml: 
or  lim,;  Mi.  If  C is  the  category  of  abelian  groups  (or  sets),  then  the  limit  always 
exists  and  in  fact  can  be  described  as  follows 

Imp  Mi  = {( Xi ) € I <Pi(xi)  = Xi~i,  i = 2,3, . . .} 

see  Categories,  Section  [4. 15|  However,  given  a short  exact  sequence 

0 — > ( Ai ) — > (Bi)  — > (Ci)  — > 0 


of  inverse  systems  of  abelian  groups  it  is  not  always  the  case  that  the  associated 
system  of  limits  is  exact.  In  order  to  discuss  this  further  we  introduce  the  following 
notion. 


02N0  Definition  12.27.2.  Let  C be  an  abelian  category.  We  say  the  inverse  system 
(Ai)  satisfies  the  Mittag-Leffler  condition , or  for  short  is  ML,  if  for  every  i there 
exists  a c = c(i)  > i such  that 

Im(H;s  — t Ai)  = Im(j4c  — > Ai) 

for  all  k > c. 


It  turns  out  that  the  Mittag-Leffler  condition  is  good  enough  to  ensure  that  the  lim- 
functor  is  exact,  provided  one  works  within  the  abelian  category  of  abelian  groups, 
or  abelian  sheaves,  etc.  It  is  shown  in  a paper  by  A.  Neernan  (see  |Nee02n  that 
this  condition  is  not  strong  enough  in  a general  abelian  category  (where  limits  of 
inverse  systems  exist). 

02N1  Lemma  12.27.3.  Let 

0 — > (Af)  — > (Bi)  — > (Ci)  — > 0 

be  a short  exact  sequence  of  inverse  systems  of  abelian  groups. 

(1)  In  any  case  the  sequence 

0 linp  Ai  — > linp  1 1,  — > linp  Ci 

is  exact. 

(2)  If  (Bi)  is  ML,  then  also  (Ci)  is  ML. 

(3)  If  (Ai)  is  ML,  then 

0 — >•  linp  Ai  — > linq  Bi  — > lim,  Ci  — » 0 

is  exact. 


Proof.  Nice  exercise.  See  Algebra,  Lemma  10.86.1  for  part  (3). 


□ 
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Lemma  12.27.4.  Let 

(A i)  — > (Bi)  — * ( Ci ) — > (Di) 

be  an  exact  sequence  of  inverse  systems  of  abelian  groups.  If  the  system  ( Ai ) is  ML, 
then  the  sequence 

lim,;  Bi  — > linq  Ci  — >•  lim,  Di 

is  exact. 

Proof.  Let  Zt  = Ker (Ci  — > Di)  and  A = Im(A;  — > Bi).  Then  lim  Zi  = Ker(limCi  — 
lim  Zb)  and  we  get  a short  exact  sequence  of  systems 

0 — > ( Ii ) —¥  ( Bi ) —>■  (Zi)  0 


Moreover,  by  Lemma  12.27.3  we  see  that  (/,;)  has  (ML),  thus  another  application 


of  Lemma|12.27.3| shows  that  lim  Bi  — >■  lim  is  surjective  which  proves  the  lemma. 

□ 

The  following  characterization  of  essentially  constant  inverse  systems  shows  in  par- 
ticular that  they  have  ML. 

Lemma  12.27.5.  Let  A be  an  abelian  category.  Let  (Ai)  be  an  inverse  system  in  A 
with  limit  A = lim  A,.  Then  (Ai)  is  essentially  constant  (see  Categories,  Definition 
.1)  if  and  only  if  there  exists  an  i and  for  all  j > i a direct  sum  decomposition 

Aj  are  compatible  with  the  direct  sum 


Ii 


Aj  = A 


Zj  such  that  (a)  the  maps  Aj 


decompositions,  (b)  for  all  j there  exists  some  j'  > j such  that  Zj / — > Zj  is  zero. 

Proof.  Assume  (Ai)  is  essentially  constant.  Then  there  exists  an  i and  a morphism 

Aj  factors 


A such  that  for  all  j > i there  exists  a j'  > j such  that  Aji 


as  Aj> 


Ai  — > A — > Aj  (the  last  map  comes  from  A = lim  7b).  Hence  setting 


Zj  = Ker(Aj  — >•  A)  for  all  j > i works.  Proof  of  the  converse  is  omitted. 


□ 


Lemma  12.27.6.  Let 


0 


0 


(Ai)  — > (Bi)  — > (Ci) 

be  an  exact  sequence  of  inverse  systems  of  abelian  groups.  If  (Ai)  has  ML  and  (Ci) 
is  essentially  constant,  then  (Bi)  has  ML. 

Proof.  After  renumbering  we  may  assume  that  Ct  = C (&  Zt  compatible  with 
transition  maps  and  that  for  all  i there  exists  an  i'  > i such  that  Z^  — >■  Zi  is  zero, 
see  Lemma  12.27.5  Pick  i.  Let  c > i by  an  integer  such  that  Im(Ac  — > A)  = 
Im(A;;/  — ► Ai)  for  all  i!  > c.  Let  c'  > c be  an  integer  such  that  Zct  — > Zc  is  zero. 
For  i'  > c'  consider  the  maps 


Bi  ---  > C ® Zi  . 17  0 
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Because  Zj  — > Zc  is  zero  the  image  Im(Bc/  — >•  Bc ) is  an  extension  C by  a subgroup 
A'  C Ac  which  contains  the  image  of  Ac>  — > Ac.  Hence  Im(i3c/  — > Bi)  is  an 
extension  of  C by  the  image  of  A!  which  is  the  image  of  Ac  — » A,  by  our  choice  of 
c.  In  exactly  the  same  way  one  shows  that  lm.(Bi'  — > Bi)  is  an  extension  of  C by 
the  image  of  Ac  — ► A,.  Hence  Im(Hc/  — > Bi)  = Im(Hj/  — > Bi)  and  we  win.  □ 


070E 


The  “correct”  version  of  the  following  lemma  is  More  on  Algebra,  Lemma  15.68.2 


Lemma  12.27.7.  Let 

(A 2 A 1 A A) 

be  an  inverse  system  of  complexes  of  abelian  groups  and  denote  A~2  — » A — ► 
A0  — >•  A1  its  limit.  Denote  (H)1),  ( H) ) the  inverse  systems  of  cohomologies,  and 
denote  H°  the  cohomologies  of  A~2  — > A-1  — >•  A0  — » A1.  If  (A)2)  and  (A”1) 
are  ML  and  (Hf)1)  is  essentially  constant,  then  H°  = limif?. 


12.27.3 


Proof.  Let  Zf  = Ker(A|  — * Af+1)  and  If  = Im(A^_1  — ► Af).  Note  that  limZ?  = 
Ker(limA?  — > linrA*)  as  taking  kernels  commutes  with  limits.  The  systems 
and  (/?)  have  ML  as  quotients  of  the  systems  (A)2)  and  (A)1),  see  Lemma 
Thus  an  exact  sequence 

0 (Jj  x)  {Zi  x)  — > (Hi  ')^0 

of  inverse  systems  where  (If)  ) has  ML  and  where  (H)1)  is  essentially  constant  by 


assumption.  Hence  (Zt  *)  has  ML  by  Lemma 


12.27.6 


The  exact  sequence 


o (A  ) ->•  (A  ) - ' *■  (h  ) o 


12.27.3 


and  an  application  of  Lemma 
Finally,  the  exact  sequence 

0 

and  Lemma 


shows  that  lim  A{  1 — ► lim  I)  is  surjective. 


12.27.3 


(Z?)  -i  0 

show  that  lirn/j0  — > lim  Z)  — > limU?  — > 0 is  exact.  Putting 


everything  together  we  win. 


□ 


Sometimes  we  need  a version  of  the  lemma  above  where  we  take  limits  over  big 
ordinals. 

OAAT  Lemma  12.27.8.  Let  a be  an  ordinal.  Let  K*,  /3  < a be  an  inverse  system  of 
complexes  of  abelian  groups  over  a.  If  for  all  /3  < a the  complex  K * is  acyclic  and 
the  map 

Kp  — > lim7</3  AT" 

is  surjective,  then  the  complex  lirng<Q  K * is  acyclic. 

Proof.  By  transfinite  induction  we  prove  this  holds  for  every  ordinal  a and  every 
system  as  in  the  lemma.  In  particular,  whilst  proving  the  result  for  a we  may 
assume  the  complexes  lim7<(g  K)  are  acyclic. 

Let  x £ lim/3<a  K®  with  d(x)  = 0.  We  will  find  a y £ Kj)1  with  d (y)  = x.  Write 
x = (xp)  where  xp  £ Kff  is  the  image  of  x for  /3  < a.  We  will  construct  y = ( yp ) 
by  transfinite  induction. 

For  /?  = 0 let  y0  £ K fj1  be  any  element  with  d(yo)  = xo- 

For  /3  = 7 + 1 a successor,  we  have  to  find  an  element  yp  which  maps  both  to 
y1  by  the  transition  map  / : K*  — > I\*  and  to  xp  under  the  differential.  As  a 
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first  approximation  we  choose  y'p  with  d (y'p)  = xp.  Then  the  difference  y7  — f (y'p) 
is  in  the  kernel  of  the  differential,  hence  equal  to  d(z7)  for  some  z1  £ K~2.  By 
assumption,  the  map  f~2  : K~f2  — > K~ 2 is  surjective.  Hence  we  write  z1  = f(zp) 
and  change  y'p  into  yp  = y'p  + d (zp)  which  works. 

If  /3  is  a limit  ordinal,  then  we  have  the  element  (y7)7</3  in  lim  1<pK~1  whose 
differential  is  the  image  of  xp.  Thus  we  can  argue  in  exactly  the  same  manner  as 
above  using  the  termwise  surjective  map  of  complexes  / : K * -A  lim7<(g  K*  and 
the  fact  (see  first  paragraph  of  proof)  that  we  may  assume  lim7</3  K * is  acyclic  by 
induction.  □ 


12.28.  Exactness  of  products 

060J 

060K  Lemma  12.28.1.  Let  I be  a set.  For  i £ I let  Li  — > Mi  -A  Ni  be  a complex  of 
abelian  groups.  Let  Hi  = Ker(ALi  — > Ni) / Im(Li  -A  Mf)  be  the  cohomology.  Then 

is  a complex  of  abelian  groups  with  homology  I!  hi- 
proof. Omitted.  □ 
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Derived  Categories 


13.1.  Introduction 

We  first  discuss  triangulated  categories  and  localization  in  triangulated  categories. 
Next,  we  prove  that  the  homotopy  category  of  complexes  in  an  additive  category 
is  a triangulated  category.  Once  this  is  done  we  define  the  derived  category  of  an 
abelian  category  as  the  localization  of  the  of  homotopy  category  with  respect  to 
quasi-isomorphisms.  A good  reference  is  Verdier’s  thesis  [Ver96|. 

13.2.  Triangulated  categories 

Triangulated  categories  are  a convenient  tool  to  describe  the  type  of  structure  in- 
herent in  the  derived  category  of  an  abelian  category.  Some  references  are  [ Ver  96] . 

IKS06I.  and  [Nee  m- 

13.3.  The  definition  of  a triangulated  category 

In  this  section  we  collect  most  of  the  definitions  concerning  triangulated  and  pre- 
triangulated categories. 

Definition  13.3.1.  Let  V be  an  additive  category.  Let  [n]  : V — > T>,  E H > E[n] 
be  a collection  of  additive  functors  indexed  by  n £ Z such  that  [n]  o [m]  = [n  + to] 
and  [0]  = id  (equality  as  functors).  In  this  situation  we  define  a triangle  to  be  a 
sextuple  (A,  Y,  Z , /,  g , h)  where  A',  Y,  Z £ Ob(V)  and  / : A — >■  Y,  g : Y —*Z  and 
h : Z — > A[l]  are  morphisms  of  D.  A morphism  of  triangles  (A,  Y,  Z1  f , g,h)  — ► 
(A',  Y',  Z',  f,  g',  h')  is  given  by  morphisms  a : X — > A',  b : Y -)•  Y'  and  c : Z ->  Z' 
of  V such  that  bo  f = f o a,  co  g = g'  o b and  a[l]  o h = h'  o c. 

A morphism  of  triangles  is  visualized  by  the  following  commutative  diagram 


Here  is  the  definition  of  a triangulated  category  as  given  in  Verdier’s  thesis. 

Definition  13.3.2.  A triangulated  category  consists  of  a triple  (V,  {[n]}n6z. T) 
where 

(1)  T>  is  an  additive  category, 

(2)  [n]  : V — »•  T>,  E i-»  E[n]  is  a collection  of  additive  functors  indexed  by 
n € Z such  that  [n]  o [to]  = [n  + to]  and  [0]  = id  (equality  as  functors), 
and 
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(3)  T is  a set  of  triangles  called  the  distinguished  triangles 
subject  to  the  following  conditions 

TR1  Any  triangle  isomorphic  to  a distinguished  triangle  is  a distinguished  tri- 
angle. Any  triangle  of  the  form  (X,  X , 0,  id,  0,  0)  is  distinguished.  For  any 
morphism  / : X — > Y of  T>  there  exists  a distinguished  triangle  of  the 
form  (X,  Y,  Z,  /,  g,  h). 

TR2  The  triangle  (X,Y,  Z,  f,  g,h)  is  distinguished  if  and  only  if  the  triangle 
(Y,Z,X[l],g,h,-f[l})  is. 

TR3  Given  a solid  diagram 

X — Y 9 >-  Z ^ X[l] 

I 

a b I a[l] 

Y Y , Y , 

X'  — h-  Y'  — g-^  Z'  — X'[l] 

whose  rows  are  distinguished  triangles  and  which  satisfies  b o / = /'  o a, 
there  exists  a morphism  c : Z -A  Z'  such  that  (a,  b , c)  is  a morphism  of 
triangles. 

TR4  Given  objects  X,  Y . Z of  V , and  morphisms  / : X -A  Y,  g : Y -A  Z, 
and  distinguished  triangles  (X,  Y,  Qi,  /, pi,  d\),  ( X , Z,  Q2,  g°f,P2,  ^2),  and 
(Y,  Z,Q3,g,p3,d3),  there  exist  morphisms  a : Qi  — > Q2  and  b : Q2  — t Q3 
such  that 

(a)  (Qi,  Q 2,  Q 3,  a,  b,pi\l]  o ds)  is  a distinguished  triangle, 

(b)  the  triple  (id_Y , g,  a)  is  a morphism  of  triangles  (X,  Y,  Qi , /,  pi , d\ ) — ► 
(X,  Z,  Q2,3°/, P2,d2),  and 

(c)  the  triple  (/,idz,6)  is  a morphism  of  triangles  (X,  Z,  Q2,  g°f,  P2,  ^2)  ~ ^ 
(Y,  Y,  Q3,g,P3,d3). 

We  will  call  (I?,  [ ],T)  a pre-triangulated  category  if  TR1,  TR2  and  TR3  holdQ 

The  explanation  of  TR4  is  that  if  you  think  of  Q\  as  Y/X,  Q2  as  ZjX  and  Q 3 as 
Z/Y,  then  TR4(a)  expresses  the  isomorphism  (. Z/X)/(Y/X ) = Z/Y  and  TR4(b) 
and  TR4(c)  express  that  we  can  compare  the  triangles  X — ► Y — ► Qi  — t X[l]  etc 
with  morphisms  of  triangles.  For  a more  precise  reformulation  of  this  idea  see  the 
proof  of  Lemma |13.10.2| 

The  sign  in  TR2  means  that  if  (X,  Y,  Z,  /,  g , h)  is  a distinguished  triangle  then  in 

the  long  sequence 

(13.3.2.1) 

...  -A  Z[- 1]  X 4 Y A Z A X[l]  Y[  1]  Z[l]  -a  . . . 

each  four  term  sequence  gives  a distinguished  triangle. 

As  usual  we  abuse  notation  and  we  simply  speak  of  a (pre-)triangulated  category 
T>  without  explicitly  introducing  notation  for  the  additional  data.  The  notion  of  a 
pre-triangulated  category  is  useful  in  finding  statements  equivalent  to  TR4. 

We  have  the  following  definition  of  a triangulated  functor. 


■'■We  use  [ ] as  an  abbreviation  for  the  family  {[u]}nez- 
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Definition  13.3.3.  Let  V , V'  be  pre-triangulated  categories.  An  exact  functor , 
or  a triangulated  functor  from  T>  to  T>'  is  a functor  F : T>  — > T>'  together  with  given 
functorial  isomorphisms  £ x ■ -F(A[1])  — 1 F(A)[1]  such  that  for  every  distinguished 
triangle  (A',  Y,  Z,  /,  g , h)  of  V the  triangle  (F( A),  F(Y),F(Z),  F(f ),  F(g),£x°F(h)) 
is  a distinguished  triangle  of  V . 


An  exact  functor  is  additive,  see  Lemma  [13.4.15  When  we  say  two  triangulated 
categories  are  equivalent  we  mean  that  they  are  equivalent  in  the  2-category  of 
triangulated  categories.  A 2-morphism  a : (F,£)  — > (F',£')  in  this  2-category  is 
simply  a transformation  of  functors  a : F -A  F'  which  is  compatible  with  £ and 


i.e., 


Yo[l] 

a*  1 

F'o[l] 


Y*WoF 

1-ka 

^ [1]  o F' 


commutes. 


Definition  13.3.4.  Let  (T>,  [ } , T)  be  a pre-triangulated  category.  A pre-triangulated 
subcategor^  is  a pair  (V , Tr)  such  that 

(1)  V is  an  additive  subcategory  of  V which  is  preserved  under  [1]  and  [—1], 

(2)  T'  C T is  a subset  such  that  for  every  (A,  Y,  Z,  /,  g , h)  £ T'  we  have 
A ,Y,Z  £ Ob(X>')  and  f,g,h  £ Arrows (D'),  and 

(3)  (V , [ ],T')  is  a pre-triangulated  category. 

If  2?  is  a triangulated  category,  then  we  say  (D,,7”/)  is  a triangulated  subcategory  if 
it  is  a pre-triangulated  subcategory  and  (!?',  [ ],T')  is  a triangulated  category. 


In  this  situation  the  inclusion  functor  V — > V is  an  exact  functor  with  fx  ’■  A[l]  — > 
A[l]  given  by  the  identity  on  A[l]. 


We  will  see  in  Lemma  13.4.1  that  for  a distinguished  triangle  (A,  Y , Z1  /,  g , h)  in  a 
pre-triangulated  category  the  composition  go  f : X — >•  Z is  zero.  Thus  the  sequence 
(13.3.2.11  is  a complex.  A homological  functor  is  one  that  turns  this  complex  into 
a long  exact  sequence. 


Definition  13.3.5.  Let  V be  a pre-triangulated  category.  Let  A be  an  abelian 
category.  An  additive  functor  H : T>  — ► A is  called  homological  if  for  every  distin- 
guished triangle  (A,  Y,  Z , /,  g,  h ) the  sequence 


H( X)  -A  H(Y)  —A  H{Z) 


is  exact  in  the  abelian  category  A.  An  additive  functor  H : T>opp  — > A is  called 
cohomological  if  the  corresponding  functor  T>  — > Aopp  is  homological. 


If  H : T>  — > A is  a homological  functor  we  often  write  Hn( A)  = H(X[n])  so  that 
H( A)  = H°( X).  Our  discussion  of  TR2  above  implies  that  a distinguished  triangle 
(A,  V,  A,  /,  g , h)  determines  a long  exact  sequence 
(13.3.5.1) 

TTn  / ir\  rTn  /T/\  H(9)  TTn  / r?\  H(h) 


H~\Z) 


H°(X) 


?f- H°(Y ) 


H°(Z) 


H\X) 


2This  definition  may  be  nonstandard.  If  T>'  is  a full  subcategory  then  T7  is  the  intersection  of 
the  set  of  triangles  in  T>'  with  see  Lemma  13.4.14  In  this  case  we  drop  T7  from  the  notation. 
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This  will  be  called  the  long  exact  sequence  associated  to  the  distinguished  triangle 
and  the  homological  functor.  As  indicated  we  will  not  use  any  signs  for  the  mor- 
phisms  in  the  long  exact  sequence.  This  has  the  side  effect  that  maps  in  the  long 
exact  sequence  associated  to  the  rotation  (TR2)  of  a distinguished  triangle  differ 
from  the  maps  in  the  sequence  above  by  some  signs. 

0150  Definition  13.3.6.  Let  A be  an  abelian  category.  Let  V be  a triangulated  cate- 
gory. A <5 -functor  from  A to  V is  given  by  a functor  G : A — » T>  and  a rule  which 
assigns  to  every  short  exact  sequence 

0-)d4B4(7->0 

a morphism  8 = Sa^b^-c  ■ G(C)  — ► G(A)[1]  such  that 

(1)  the  triangle  (G(A),G(B),G(C),G(a),G(b),  Sa^-b^-c)  is  a distinguished 

triangle  of  T>  for  any  short  exact  sequence  as  above,  and 

(2)  for  every  morphism  (A  — > B — ► C)  — > ( A ' —tB'—t  C')  of  short  exact 
sequences  the  diagram 

G{C) -G(A)[1] 

OA->B->C 

Y s 

G(G')  G(A')[1] 

is  commutative. 

In  this  situation  we  call  (G(A),G(B),G(G),G(a),  G(b),  6a->b->c)  the  image  of  the 
short  exact  sequence  under  the  given  5-functor. 

Note  how  a (5-functor  comes  equipped  with  additional  structure.  Strictly  speaking 
it  does  not  make  sense  to  say  that  a given  functor  A — > D is  a (5-functor,  but  we 
will  often  do  so  anyway. 

13.4.  Elementary  results  on  triangulated  categories 

05QN  Most  of  the  results  in  this  section  are  proved  for  pre-triangulated  categories  and  a 
fortiori  hold  in  any  triangulated  category. 

0146  Lemma  13.4.1.  Let  T>  be  a pre-triangulated  category.  Let  (X,  Y,  Z,  /,  g,  h)  be  a 
distinguished  triangle.  Then  g o f = 0,  ho  g = 0 and  f[l\oh  = 0. 

Proof.  By  TR1  we  know  (X,  X,  0, 1,  0,  0)  is  a distinguished  triangle.  Apply  TR3 
to 

1] 
i[i] 

1] 

Of  course  the  dotted  arrow  is  the  zero  map.  Hence  the  commutativity  of  the 
diagram  implies  that  g o f = 0.  For  the  other  cases  rotate  the  triangle,  i.e. , apply 
TR2.  □ 

0149  Lemma  13.4.2.  LeVD  be  a pre-triangulated  category.  For  any  object  W ofT>  the 
functor  Homx>(W,  — ) is  homological,  and  the  functor  Bomx>(—,W)  is  cohomologi- 
cal. 


X >■  X ^ 0 X 

i / 

I f V 0 V . 

X — ^ Y — U-  7 — ^ X 
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Proof.  Consider  a distinguished  triangle  (X,Y,  Z,  f,g,h).  We  have  already  seen 
that  g o f = 0,  see  Lemma  |13.4.1|  Suppose  a : W — > Y is  a morphism  such  that 
g o a = 0.  Then  we  get  a commutative  diagram 

W — W >■  0 ^ W[  1] 

b a 0 : b[l] 

V v 

X >■  Y >■  Z > X[l] 

Both  rows  are  distinguished  triangles  (use  TR1  for  the  top  row).  Hence  we  can  fill 
the  dotted  arrow  b (first  rotate  using  TR2,  then  apply  TR3,  and  then  rotate  back). 
This  proves  the  lemma.  □ 

014A  Lemma  13.4.3.  Let  V be  a pre-triangulated  category.  Let 

(a,  b,  c)  : ( X,Y,Z,f,g,h ) ->  (X'  ,Y' , Z' , f , g' , h') 

be  a morphism  of  distinguished  triangles.  If  two  among  a , b , c are  isomorphisms  so 
is  the  third. 


Proof.  Assume  that  a and  c are  isomorphisms.  For  any  object  W of  T>  write 
Hw(~)  = Hom-p(H/,  — ).  Then  we  get  a commutative  diagram  of  abelian  groups 


HW(Z[- 1]) HW{X) HW(Y) HW(Z) HW(X[1]) 

Y Y Y Y Y 

HW(Z'[- 1]) HW{X') *-  HW(Y') *-  Hw(Z') ^ HW(X'[  1]) 


09WA 


By  assumption  the  right  two  and  left  two  vertical  arrows  are  bijective.  As  H\v 


is  homological  by  Lemma  13.4.2  and  the  five  lemma  (Homology,  Lemma  12.5.20) 
it  follows  that  the  middle  vertical  arrow  is  an  isomorphism.  Hence  by  Yoneda’s 
lemma,  see  Categories,  Lemma |4.3.5| we  see  that  b is  an  isomorphism.  This  implies 
the  other  cases  by  rotating  (using  TR2).  □ 

Remark  13.4.4.  Let  V be  an  additive  category  with  translation  functors  [n]  as  in 
Definition  13.3.1  Let  us  call  a triangle  (X,  Y.  Z,  /,  g.  h)  specm^]  if  for  every  object 
W of  V the  long  sequence  of  abelian  groups 


...->•  Homu (W.  X)  ->•  Horn V(W,  Y)  ->•  Horn D(W,  Z)  ->•  Horn V(W,  X[l]) 
is  exact.  The  proof  of  Lemma |13. 4. 3|  shows  that  if 

(a,  b,  c)  : (. X,Y,Z,f,g,h ) —>  (X' ,Y' , Z' , f ,g' ,ti) 


is  a morphism  of  special  triangles  and  if  two  among  a,  b , c are  isomorphisms  so  is  the 
third.  There  is  a dual  statement  for  co-special  triangles,  i.e.,  triangles  which  turn 
into  long  exact  sequences  on  applying  the  functor  Homx>(— , W).  Thus  distinguished 
triangles  are  special  and  co-special,  but  in  general  there  are  many  more  (co-)special 
triangles,  then  there  are  distinguished  triangles. 

05QP  Lemma  13.4.5.  Let  T>  be  a pre-triangulated  category.  Let 

(0,  6, 0),  (0,  b ',  0)  : (X,  Y,  Z,  /,  g,  h)  —>  (X,  Y,  Z,  /,  g,  h) 
be  endomorphisms  of  a distinguished  triangle.  Then  bb'  = 0. 


^This  is  nonstandard  notation. 
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Proof.  Picture 


A 


> Y 


Z 


0 

6,6'  - ‘ 

. ot 
' A 

\y? 

X 


=-  Y 


>-  Z 


X 


X 


Applying  Lemma  13.4.2  we  find  dotted  arrows  a and  /3  such  that  6'  = f o a and 
b = /3  o g.  Then  bbl  = /3ogofoa  = 0&sgof  = 0by  Lemma  |13.4.1 


□ 


05QQ  Lemma  13.4.6.  Let  T>  be  a pre-triangulated  category.  Let  ( X , Y,  Z , /,  g , h)  be  a 
distinguished  triangle.  If 


is  commutative  and  a 2 = a,  c2  = c,  then  there  exists  a morphism  b : Y —>  Y with 
b2  = b such  that  (a,  b , c)  is  an  endomorphism  of  the  triangle  ( X , Y,  Z,  /,  g,  h). 

Proof.  By  TR3  there  exists  a morphism  b'  such  that  (a,  b' , c)  is  an  endomorphism 
of  (X,Y,  Z,  /,  g,h).  Then  (0,  (6')2  — 6',0)  is  also  an  endomorphism.  By  Lemma 
13.4.5  we  see  that  ( b ')2  — b'  has  square  zero.  Set  b = b'  — (26'  — 1)((6')2  — 6')  = 


3(6')2  — 2(6')3.  A computation  shows  that  (a,  6,  c)  is  an  endomorphism  and  that 
62  — 6 = (4(6')2  — 46'  — 3)((6')2  — b')2  = 0.  □ 


014B  Lemma  13.4.7.  Let  T>  be  a pre-triangulated  category.  Let  f : X Y be  a 
morphism  ofT>.  There  exists  a distinguished  triangle  (A',  Y,  Z1  /,  g,  h)  which  is 
unique  up  to  ( nonunique ) isomorphism  of  triangles.  More  precisely,  given  a second 
such  distinguished  triangle  (X,Y,  Z' , f , g' ,h')  there  exists  an  isomorphism 

(1, 1,  c)  : (A,  Y,  Z,  /,  g,  h)  — ► (A,  Y,  Z\  /,  gf , ti) 


Proof.  Existence  by  TR1.  Uniqueness  up  to  isomorphism  by  TR3  and  Lemma 
113.4.31  □ 

05QR  Lemma  13.4.8.  Let  T>  be  a pre-triangulated  category.  Let  f : X Y be  a 
morphism  ofD.  The  following  are  equivalent 

(1)  / is  an  isomorphism, 

(2)  (A,  Y,  0,  /,  0,  0)  is  a distinguished  triangle,  and 

(3)  for  any  distinguished  triangle  (A,  Y,  Z,  f,  g,  h)  we  have  Z = 0. 


Proof.  By  TR1  the  triangle  (A,  A,  0, 1, 0,  0)  is  distinguished.  Let  (A,  Y,  Z,  f,  g , h) 
be  a distinguished  triangle.  By  TR3  there  is  a map  of  distinguished  triangles 
(1,  /,  0)  : (A,  A',  0)  —>  (A,  Y,  Z).  If  / is  an  isomorphism,  then  (1,  /,  0)  is  an  isomor- 
phism of  triangles  by  Lemma  13.4.3  and  Z = 0.  Conversely,  if  Z = 0,  then  (1,  /,  0) 
is  an  isomorphism  of  triangles  as  well,  hence  / is  an  isomorphism.  □ 


05QS  Lemma  13.4.9.  Let  V be  a pre-triangulated  category.  Let  (A,  Y,  Z , /,  g,  h)  and 
(A' , Y' , Z' , /' , g' ,h')  be  triangles.  The  following  are  equivalent 

(1)  (A  ® A',  Y © Y',  Z ® Z' , f ® /',  g ® g' , h 0 h')  is  a distinguished  triangle, 

(2)  both  (A,  Y,  Z,  /,  g,  h)  and  (A',  Y',  Z' , /' ,g' , h')  are  distinguished  triangles. 


13.4.  ELEMENTARY  RESULTS  ON  TRIANGULATED  CATEGORIES 


943 


Proof.  Assume  (2).  By  TR1  we  may  choose  a distinguished  triangle  (. X © X',  Y © 
Y',Q,f  © By  TR3  we  can  find  morphisms  of  distinguished  triangles 

(X,Y,ZJ,g,h)^(X®X\Y®Yl,QJ®f,g",h")  and  (X' ,Y' , Z' , f , gf , h!)  -> 
(X  © X1,  Y © Y',  Q,  f © /',  g",  h").  Taking  the  direct  sum  of  these  morphisms  we 
obtain  a morphism  of  triangles 

(X  © X',  Y ®Y' , Z ® Z' , f ® f,g  ®g',h © ti) 

(1.1, c) 

( 

(X®X',Y®Y',Q,f®f',g",h"). 


In  the  terminology  of  Remark  13.4.4  this  is  a map  of  special  triangles  (because  a 
direct  sum  of  special  triangles  is  special)  and  we  conclude  that  c is  an  isomorphism. 
Thus  (1)  holds. 

Assume  (1).  We  will  show  that  (X,Y,  Z,  f,g,h)  is  a distinguished  triangle.  First 
observe  that  (A',  Y.  Z,  f,g , h)  is  a special  triangle  (terminology  from  Remark  13.4.4) 
as  a direct  summand  of  the  distinguished  hence  special  triangle  (X©X',  Y ®Y' , Z® 
Z' , /©/',  g®g' , h®h').  Using  TR1  let  (A,  Y,  Q,  /,  g" , h")  be  a distinguished  triangle. 
By  TR3  there  exists  a morphism  of  distinguished  triangles  (X  © X'  ,Y  © Y' , Z © 
Z' , / © /',  g © g',  h © h!)  — ► (A',  Y,  Q , /,  g" , h").  Composing  this  with  the  inclusion 
map  we  get  a morphism  of  triangles 

(1, 1,  c)  : (A,  Y,  Z,  /,  g,  h ) — ■>  (A,  Y,  Q,  /,  g" , h") 


By  Remark  13.4.4  we  find  that  c is  an  isomorphism  and  we  conclude  that  (2) 
holds.  □ 


05QT  Lemma  13.4.10.  Let  V be  a pre-triangulated  category.  Let  (A,  Y,  Z , /,  g,  h ) be  a 
distinguished  triangle. 

(1)  If  h = 0,  then  there  exists  a right  inverse  s : Z -+Y  to  g. 

(2)  For  any  right  inverse  s : Z Y of  g the  map  f®s:X®Z^-Y  is  an 
isomorphism. 

(3)  For  any  objects  X’ , Z’  ofD  the  triangle  (X' , A'  © Z' , Z' , (1,0),  (0,1),  0)  is 
distinguished. 


05QU 


Proof.  To  see  (1)  use  that  Homx>(Z,  Y)  — > Hom-p (Z,  Z)  — >■  Horn v{Z,  X[l])  is  exact 
by  Lemma  13.4.2  By  the  same  token,  if  s is  as  in  (2),  then  h = 0 and  the  sequence 


0 ->■  Hom-p  (IT,  A)  ->  Honip  (W.  Y)  ->  Honip(IU  Z)  ->■  0 


is  split  exact  (split  by  s : Z — > Y).  Hence  by  Yoneda’s  lemma  we  see  that  A ®Z  — » Y 
is  an  isomorphism.  The  last  assertion  follows  from  TR1  and  Lemma  [13. 4. 9|  □ 

Lemma  13.4.11.  Let  V be  a pre-triangulated  category.  Let  f : X — >•  Y be  a 
morphism  ofT>.  The  following  are  equivalent 

(1)  / has  a kernel, 

(2)  / has  a cokemel, 

(3)  / is  isomorphic  to  a map  K © Z — » Z © Q induced  by  idz  ■ 


Proof.  Any  morphism  isomorphic  to  a map  of  the  form  A ' ® Z — » Z © Y'  has  both 
a kernel  and  a cokernel.  Hence  (3)  =>  (1),  (2).  Next  we  prove  (1)  =>  (3).  Suppose 
first  that  / : A — ► Y is  a monomorphism,  i.e. , its  kernel  is  zero.  By  TR1  there 
exists  a distinguished  triangle  (A ,Y,  Z,  f,g,h).  By  Lemma  13.4.1  the  composition 
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h{—  1]  o / = 0.  As  / is  a monomorphism  we  see  that  /i[ — 1]  = 0 and  hence  h = 0. 
Then  Lemma  13.4.10  implies  that  Y = A ® Z,  i.e.,  we  see  that  (3)  holds.  Next, 
assume  / has  a kernel  K.  As  K — > X is  a monomorphism  we  conclude  A"  = K © A7 
and  f\x>  : X'  — v Y is  a monomorphism.  Hence  Y = X'  ® Y'  and  we  win.  The 
implication  (2)  =>  (3)  is  dual  to  this.  □ 

Lemma  13.4.12.  Let  V be  a pre-triangulated  category.  IfD  has  countable  prod- 
ucts, then  T>  is  Karoubian.  If  V has  countable  coproducts,  then  T>  is  Karoubian. 

Proof.  Assume  V has  countable  products.  By  Homology,  Lemma[l2.4.3|it  suffices 
to  check  that  morphisms  which  have  a right  inverse  have  kernels.  Any  morphism 


which  has  a right  inverse  is  an  epimorphism,  hence  has  a kernel  by  Lemma  13.4.11 
The  second  statement  is  dual  to  the  first.  □ 


The  following  lemma  makes  it  slightly  easier  to  prove  that  a pre-triangulated  cate- 
gory is  triangulated. 

014C  Lemma  13.4.13.  Let  V be  a pre-triangulated  category.  In  order  to  prove  TRf 
it  suffices  to  show  that  given  any  pair  of  composable  morphisms  f : X -A  Y and 
g :Y  -A  Z there  exist 

(1)  isomorphisms  i : X'  X , j : Y'  Y and  k : Z'  -A  Z , and  then  setting 
f = j~1fi  : X'  — > Y'  and  g'  = k~1gj  : Y'  -A  Z'  there  exist 

(2)  distinguished  triangles  {X' ,Y' ,Qi,  f ,pi,d\),  (A7,  Z' , Q2,  g'°f' ,P2,  ^2)  and 
(Y',  Z',  Q3,g',P3,  dz),  such  that  the  assertion  of  TRf  holds. 


05QX 


Proof.  The  replacement  of  X ,Y,  Z by  X',Y',Z'  is  harmless  by  our  definition  of 
distinguished  triangles  and  their  isomorphisms.  The  lemma  follows  from  the  fact 
that  the  distinguished  triangles  (A7,  Y' , Qi,  f,pi,  di),  (A7,  Z' , Q2,  g'°f  ,P2,  ^2)  and 
(A7,  Z' , Q3,gr ,P3,  ^3)  are  unique  up  to  isomorphism  by  Lemma  13.4.7  □ 


Lemma  13.4.14.  Let  T>  be  a pre-triangulated  category.  Assume  that  T>'  is  an 
additive  full  subcategory  ofT>.  The  following  are  equivalent 

(1)  there  exists  a set  of  triangles  T'  such  that  (V  ,T')  is  a pre-triangulated 
subcategory  ofV, 

(2)  T>'  is  preserved  under  [1],  [— 1]  and  given  any  morphism  f : X —>Y  in  D' 
there  exists  a distinguished  triangle  (A',  Y,  Z , /,  g,  h ) in  T>  such  that  Z is 
isomorphic  to  an  object  ofT>'. 

In  this  case  T7  is  the  set  of  distinguished  triangles  (A,  Y,  Z,  /,  g,  h)  of  V such  that 
X,  Y,  Z £ Ob(V)  and  f,g,h£  ArrowsifD').  Finally,  ifV  is  a triangulated  category, 
then  (1)  and  (2)  are  also  equivalent  to 

(3)  V is  a triangulated  subcategory. 


Proof.  Omitted. 


□ 


05QY  Lemma  13.4.15.  An  exact  functor  of  pre-triangulated  categories  is  additive. 

Proof.  Let  F : V — > V be  an  exact  functor  of  pre-triangulated  categories.  Since 
(0,  0,  0, 10,  1q,  0)  is  a distinguished  triangle  of  V the  triangle 


(F(0),  F(0),  F(0),  1f(o),  1f(o),  A'(O)) 


Hence  F(0)  is  the  zero  object  of  V . This  also  implies  that  F applied  to  any  zero 
morphism  is  zero  (since  a morphism  in  an  additive  category  is  zero  if  and  only  if  it 


is  distinguished  in  V . This  implies  that  1^(0)  0 1f(o)  is  zero,  see  Lemma 


13.4.1 
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factors  through  the  zero  object).  Next,  using  that  (. X , X © Y,  Y,  (1, 0),  (0, 1),  0)  is 
a distinguished  triangle,  we  see  that  (F(X),  F(X  © Y),  F(Y),  F(l,  0),  F(0, 1),  0)  is 
one  too.  This  implies  that  the  map  F(l,  0)  © F( 0, 1)  : F(X)  © F(Y)  — > F(X  © Y) 
is  an  isomorphism,  see  Lemma  13.4. 10|  We  omit  the  rest  of  the  argument.  □ 


Lemma  13.4.16.  Let  F : T>  T>'  be  a fully  faithful  exact  functor  of  pre- 
triangulated categories.  Then  a triangle  (X,  Y,  Z , /,  g,  h)  of  D is  distinguished  if 
and  only  if  (F(X),  F(Y),  F(Z),  F(f),  F(g),  F(h))  is  distinguished  inV . 


014Y 


Proof.  The  “only  if”  part  is  clear.  Assume  (F(X),  F(Y),  F(Z))  is  distinguished  in 
V . Pick  a distinguished  triangle  (. X,Y,Z',f,g',h' ) in  V.  By  Lemma  13.4.7  there 
exists  an  isomorphism  of  triangles 

(1,1,  c')  : (F(X),F(Y),F(Z))  — ► (F(X),F(Y),  F(Z')). 


Since  F is  fully  faithful,  there  exists  a morphism  c : Z — ► Z'  such  that  F(c)  = c! . 
Then  (1, 1,  c)  is  an  isomorphism  between  (. X , Y,  Z)  and  (X,  Y,  Z').  Hence  (X,  Y,  Z) 
is  distinguished  by  TR1.  □ 


Lemma  13.4.17.  Let  T>,  V . T>"  be  pre-triangulated  categories.  Let  F : V — »•  D' 
and  F'  : T>'  — > T>"  be  exact  functors.  Then  F'  o F is  an  exact  functor. 


Proof.  Omitted.  □ 

05QZ  Lemma  13.4.18.  Let  T>  be  a pre-triangulated  category.  Let  A be  an  abelian 
category.  Let  FI  : T>  -A  A be  a homological  functor. 

(1)  Let  T>'  be  a pre-triangulated  category.  Let  F : D'  T>  be  an  exact  functor. 
Then  the  composition  G o F is  a homological  functor  as  well. 

(2)  Let  A'  be  an  abelian  category.  Let  G : A — > A!  be  an  exact  functor.  Then 
G o H is  a homological  functor  as  well. 


Proof.  Omitted. 


□ 


0151  Lemma  13.4.19.  LetT>  be  a triangulated  category.  Let  A be  an  abelian  category. 
Let  G : A -+V  be  a 5-functor. 

(1)  Let  T>'  be  a triangulated  category.  Let  F : T>  — » D'  be  an  exact  functor. 
Then  the  composition  F o G is  a 5 -functor  as  well. 

(2)  Let  A'  be  an  abelian  category.  Let  Ft  : A!  — »•  A be  an  exact  functor.  Then 
G o H is  a 5-functor  as  well. 


Proof.  Omitted. 


□ 


05SR  Lemma  13.4.20.  Let  T>  be  a triangulated  category.  Let  A be  an  abelian  category. 
Let  G : A — » T>  be  a 5-functor.  Let  H : T>  — > B be  a homological  functor.  Assume 
that  F[~1(G(A))  = 0 for  all  A in  A.  Then  the  collection 

{HnoG,Hn(5A^B^c)}n>0 

is  a 5 -functor  from  A — >■  B,  see  Homology,  Definition \ 12.1  LI 

Proof.  The  notation  signifies  the  following.  If  0 — >0isa  short 
exact  sequence  in  A,  then 


5 = 5a^b^c  : G(C)  ^ G(A)[  1] 
is  a morphism  in  V such  that  (G(A) , G(B) , G[C) , a,  b , 5)  is  a distinguished  triangle, 


see  Definition 


13.3.6 


Then  Hn{5)  : Hn{G(C ))  -A  Hn{G{A)[  1])  = Hn+1(G(A))  is 
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clearly  functorial  in  the  short  exact  sequence.  Finally,  the  long  exact  cohomology 
sequence  (13.3.5.1)  combined  with  the  vanishing  of  H~1(G(C))  gives  a long  exact 
sequence 

0 -A  H°(G(A))  -A  H°(G(B))  -A  H°(G(C))  H1(G(A))  -a  . . . 


in  B as  desired. 


□ 


The  proof  of  the  following  result  uses  TR4. 

05R0  Proposition  13.4.21.  Let  V be  a triangulated  category.  Any  commutative  dia- 
gram 

A >-  Y 


X' > Y' 

can  be  extended  to  a diagram 

X ^ Y 


where  all  the  squares  are  commutative,  except  for  the  lower  right  square  which  is 
anticommutative.  Moreover,  each  of  the  rows  and  columns  are  distinguished  trian- 
gles. Finally,  the  morphisms  on  the  bottom  row  (resp.  right  column)  are  obtained 
from  the  morphisms  of  the  top  row  (resp.  left  column)  by  applying  [1]. 

Proof.  During  this  proof  we  avoid  writing  the  arrows  in  order  to  make  the  proof  leg- 
ible. Choose  distinguished  triangles  ( X , Y,  Z),  {X' , Y' , Z'),  ( X , X' , X"),  (Y,  Y' , Y"), 
and  (X,Y',A).  Note  that  the  morphism  X -A  Y'  is  both  equal  to  the  composition 
X — ► Y — > Y'  and  equal  to  the  composition  X a I'  A F.  Hence,  we  can  find 
morphisms 

(1)  a : Z -a  A and  b : A — > Y",  and 

(2)  a1  : X"  -a.  A and  b’  : A -A  Z' 

as  in  TR4.  Denote  c : Y"  -A-  Z[  1]  the  composition  Y"  -A  Y[l]  -A  Z\  1]  and  denote 
d \ Z’  - A A"[l]  the  composition  Z'  -A  X'[\\  -A  A"[l].  The  conclusion  of  our 
application  TR4  are  that 

(1)  (Z,  A,  Y" , a,  b , c),  (A'",  A,  Z' , a1,  b' , d)  are  distinguished  triangles, 

(2)  (A,  Y,  Z)  -A  (A,  Y',  A),  (A,  Y' , A)  -A  (Y,  Y' , Y"),  (A,  A',  A")  -A  (A,  Y',  A), 
(A,  Y' , A)  -a  (A',  Y' , Z')  are  morphisms  of  triangles. 
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First  using  that  (X,X',X")  -A  (A,  Y',A)  and  (X,  Y',A)  — > (Y,Y',Y").  are  mor- 
phisms  of  triangles  we  see  the  first  of  the  commutative  diagrams 


is  commutative.  The  second  is  commutative  too  using  that  (X,  Y.  Z)  -A  (A',  Y',  A) 
and  (A,  Y7,A)  -A  (A ',Y',Z')  are  morphisms  of  triangles.  At  this  point  we  choose 
a distinguished  triangle  (A'",  Y" . Z")  starting  with  the  map  boa':  X"  -A-  Y" . 

Next  we  apply  TR4  one  more  time  to  the  morphisms  X"  — > A — >•  Y"  and  the  tri- 
angles (. X”,A,Z',a',b',c ■),  (X",  Y",  Z"),  and  (A,  Y",  Z[l],  6,  c,  — a[l])  to  get  mor- 
phisms a"  : Z'  -A  Z"  and  b " : Z"  -A  Z[  1].  Then  (Z7,  Z" , Z[l],  a",  b",  -67[lj  o o[l]) 
is  a distinguished  triangle,  hence  also  (Z,Z',Z”,—br  o a,a'',—b")  and  hence  also 
(Z,  Z',  Z",  b'oa,  a",  b").  Moreover,  (A",  A,  Z’)  -A  (A",  Y" , Z")  and  (A",  Y",  Z")  -A 
(A,  Y77,  Z[l],  b,  c,  — a[l])  are  morphisms  of  triangles.  At  this  point  we  have  defined 
all  the  distinguished  triangles  and  all  the  morphisms,  and  all  that’s  left  is  to  verify 
some  commutativity  relations. 

To  see  that  the  middle  square  in  the  diagram  commutes,  note  that  the  arrow 
Y'  -a  Z'  factors  as  Y'  — a A — A Z’  because  (A,  Y’,A)  -a  (A 7,Y7,Z7)  is  a mor- 
phism of  triangles.  Similarly,  the  morphism  Y'  -a  Y"  factors  as  Y'  — > A — A Y" 
because  (A,  Y7,A)  -a  (Y,Y',Y")  is  a morphism  of  triangles.  Hence  the  mid- 
dle square  commutes  because  the  square  with  sides  (A,  Z\  Z" , Y")  commutes  as 
(A",  A,  Z')  -A  (A'",  Y" , Z")  is  a morphism  of  triangles  (by  TR4).  The  square  with 
sides  (Y",  Z",  Y[l],  Z[l])  commutes  because  (A'",  Y" , Z")  —A  (A,  Y",  Z[l\,b,  c,  — a[l]) 
is  a morphism  of  triangles  and  c : Y"  -A  Z[l]  is  the  composition  Y"  -A  Y[  1]  -A  Z[l]. 
The  square  with  sides  (Z7,  A7[l],  A77[l],  Z")  is  commutative  because  (A",  A,  Z')  —A 
(A",y",Z")  is  a morphism  of  triangles  and  d : Z’  — A A"[l]  is  the  compo- 
sition Z'  -A  A7[l]  -a  A"[l].  Finally,  we  have  to  show  that  the  square  with 
sides  (Z",A"[1],Z[1],A[2])  anticommutes.  This  holds  because  (A ",Y",Z")  -A 
(A,  Y",  Z[l],  b,  c,  — a[l])  is  a morphism  of  triangles  and  we’re  done.  □ 


13.5.  Localization  of  triangulated  categories 

05R1  In  order  to  construct  the  derived  category  starting  from  the  homotopy  category  of 
complexes,  wc  will  use  a localization  process. 

05R2  Definition  13.5.1.  Let  V be  a pre-triangulated  category.  We  say  a multiplicative 
system  S is  compatible  with  the  triangulated  structure  if  the  following  two  conditions 
hold: 

MS5  For  s £ S we  have  s[n]  £ S for  all  n £ Z. 
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05R3 


05R4 


MS6  Given  a solid  commutative  square 


X 


X' 


> Y 


-s-  Z 


> Y'i#=-j>-  Z' 


■X\l] 
*[i] 
X'[l] 


whose  rows  are  distinguished  triangles  with  s,  s'  £ S there  exists  a mor- 
phism s"  : Z — ^ Z ' in  S such  that  (s,  s' , s'')  is  a morphism  of  triangles. 


It  turns  out  that  these  axioms  are  not  independent  of  the  axioms  defining  multi- 
plicative systems. 


Lemma  13.5.2.  LetD  be  a pre-triangulated  category.  Let  S be  a set  of  morphisms 
of  T>  and  assume  that  axioms  MSI,  MS5,  MS6  hold  ( see  Categories,  Definition 


f.26.1  and  Definition  13.5.1).  Then  MS2  holds. 


Proof.  Suppose  that  / : X — > Y is  a morphism  of  V and  t : X — > X’  an  element  of 
S.  Choose  a distinguished  triangle  {X,Y,  Z,  f ,g,h).  Next,  choose  a distinguished 
triangle  (X'  ,Y' , Z,  f , g'  ,t[  1]  oh)  (here  we  use  TR1  and  TR2).  By  MS5,  MS6  (and 
TR2  to  rotate)  we  can  find  the  dotted  arrow  in  the  commutative  diagram 


[1] 

t[i] 

[1] 

with  moreover  s'  £ S.  This  proves  LMS2.  The  proof  of  RMS2  is  dual.  □ 

Lemma  13.5.3.  Let  F : D — » V be  an  exact  functor  of  pre-triangulated  categories. 
Let 

S = {/  £ Arrows(fD)  \ F{f)  is  an  isomorphism } 

Then  S is  a saturated  ( see  Categories,  Definition  \f.26.2(fjj  multiplicative  system 
compatible  with  the  triangulated  structure  on  D . 

Proof.  We  have  to  prove  axioms  MSI  - MS6,  see  Categories,  Definitions |4. 26.  l] and 
|4.26.20|and  Definition |13. 5. 1[  MSI,  MS4,  and  MS5  are  direct  from  the  definitions. 
MS6  follows  from  TR3  and  Lemma  |13.4.3|  By  Lemma  |13.5.2|  we  conclude  that 
MS2  holds.  To  finish  the  proof  we  have  to  show  that  MS3  holds.  To  do  this  let 
/,  g : X — > Y be  morphisms  of  V,  and  let  t : Z — > X be  an  element  of  S such  that 
/ o t = g o t.  As  V is  additive  this  simply  means  that  a o t = 0 with  a = f — g. 
Choose  a distinguished  triangle  ( Z , X,  Q,  t,  d,  h)  using  TR1.  Since  a o t = 0 we  see 
by  Lemma|l3.4.2|  there  exists  a morphism  i : Q Y such  that  i o d = a.  Finally, 
using  TR1  again  we  can  choose  a triangle  ( Q , Y,  W,  i,j , k).  Here  is  a picture 


X >-  Y Z =-  X 

t is'  1 

Y V ' 

X' ^ Y' > Z >■  X' 


Z^X^Q -Z[  1] 

1 i 

Y 

x — 

a 

j 

w 
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OK,  and  now  we  apply  the  functor  F to  this  diagram.  Since  t £ S we  see  that 


F(Q)  = 0,  see  Lemma  13.4.8  Hence  F{j)  is  an  isomorphism  by  the  same  lemma, 
i.e.,  j £ S.  Finally,  joa=joiod  = 0asjoi  = 0.  Thus  j o f = j o g and  we  see 
that  LMS3  holds.  The  proof  of  RMS3  is  dual.  □ 

05R5  Lemma  13.5.4.  Let  H : T>  — » A be  a homological  functor  between  a pre-triangulated 
category  and  an  abelian  category.  Let 

S = {/  £ ArrowsfD)  \ Hl(f)  is  an  isomorphism  for  all  i £ Zj 


Then  S is  a saturated  (see  Categories,  Definition  4-26. 2d\)  multiplicative  system 
compatible  with  the  triangulated  structure  on  V. 


Proof.  We  have  to  prove  axioms  MSI  - MS6,  see  Categories,  Definitions |4. 26.  l] and 
|4.26.20|and  Definition |13. 5. 1|  MSI,  MS4,  and  MS5  are  direct  from  the  definitions. 
MS6  follows  from  TR3  and  the  long  exact  cohomology  sequence  ( 13.3.5.1 1.  By 


Lemma  13.5.2  we  conclude  that  MS2  holds.  To  finish  the  proof  we  have  to  show 
that  MS3  holds.  To  do  this  let  f,g:X^Y  be  morphisms  of  V,  and  let  t : Z — > X 
be  an  element  of  S such  that  / o t = g o t.  As  V is  additive  this  simply  means  that 
a o t = 0 with  a = f — g.  Choose  a distinguished  triangle  ( Z,X,Q,t,g,h ) using 
TR1  and  TR2.  Since  a o t = 0 we  see  by  Lemma  [13.4.2|  there  exists  a morphism 
i : Q — >■  Y such  that  i o g = a.  Finally,  using  TR1  again  we  can  choose  a triangle 
(Q,  Y , W,  i,  j,  k).  Here  is  a picture 


OK,  and  now  we  apply  the  functors  Hl  to  this  diagram.  Since  t £ S we  see  that 
W{Q)  = 0 by  the  long  exact  cohomology  sequence  (13.3.5.1).  Hence  Hl(j)  is  an 
isomorphism  for  all  i by  the  same  argument,  i.e.,  j £ S.  Finally,  j o a = j oio g = 0 
as  j o i = 0.  Thus  j o f = j o g and  we  see  that  LMS3  holds.  The  proof  of  RMS3  is 
dual.  □ 


05R6  Proposition  13.5.5.  Let  D be  a pre-triangulated  category.  Let  S be  a multiplica- 
tive system  compatible  with  the  triangulated  structure.  Then  there  exists  a unique 
structure  of  a pre-triangulated  category  on  S~1D  such  that  the  localization  functor 
Q : V — > S~lrD  is  exact.  Moreover,  if  V is  a triangulated  category,  so  is  S~lV. 


Proof.  We  have  seen  that  S~lV  is  an  additive  category  and  that  the  localization 
functor  Q is  additive  in  Homology,  Lemma  12.8.2  It  is  clear  that  we  may  define 
Q(X)[n]  = Q(X[n])  since  S is  preserved  under  the  shift  functors  [n]  by  MS5. 
Finally,  we  say  a triangle  of  S~lrD  is  distinguished  if  it  is  isomorphic  to  the  image 
of  a distinguished  triangle  under  the  localization  functor  Q. 


Proof  of  TR1.  The  only  thing  to  prove  here  is  that  if  a : Q(X)  — > Q(Y ) is  a 
morphism  of  S~1V,  then  a fits  into  a distinguish  triangle.  Write  a = Q(s)~1  °Q{f) 
for  some  s : Y — > Y'  in  S and  / : X — ► Y' . Choose  a distinguished  triangle 
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( X , Y',  Z,  f,g,  h)  in  V.  Then  we  see  that  (Q(X),  Q(Y),Q(Z),a,  Q(g)  o Q(s),Q(h)) 
is  a distinguished  triangle  of  S~lT>. 

Proof  of  TR2.  This  is  immediate  from  the  definitions. 

Proof  of  TR3.  Note  that  the  existence  of  the  dotted  arrow  which  is  required  to  exist 
may  be  proven  after  replacing  the  two  triangles  by  isomorphic  triangles.  Hence  we 
may  assume  given  distinguished  triangles  (X,  Y,  Z,  /,  g,  h)  and  (X' , Y' , Z',  /',  g' , h') 
of  T>  and  a commutative  diagram 


Q(X) 


Q(f) 


Q(Y) 


Q(X')  Q(Y') 


in  S lrD.  Now  we  apply  Categories,  Lemma [4.26. 10  to  find  a morphism  f"  : Xh 
Y"  in  T>  and  a commutative  diagram 


C > A 

" < X 

k 

s 

/ 

/" 

[ l J 

//  t 

/' 


Y 


Y" 


V 


in  T>  with  s,t  £ S and  a = s 1k,  b = t ll.  At  this  point  we  can  use  TR3  for  V and 
MS6  to  find  a commutative  diagram 


X 


X" 

A 


X’ 


- Y - 

i 

y 

Y" 


X 


Y’ 


Z’ 


[1] 
s[i] 
' X"  [1] 

-X'[l] 


with  r £ S.  It  follows  that  setting  c = Q(r)  1Q(m)  we  obtain  the  desired  morphism 
of  triangles 

(Q(X),Q(Y),  Q(Z ),  Q(f),Q(g ),  Q(h)) 

( a,b,c ) 

(Q(X'),  Q(Y'),  Q(Z'),  Q(f'),  Q(g'),Q(h')) 

This  proves  the  first  statement  of  the  lemma.  If  T>  is  also  a triangulated  category, 
then  we  still  have  to  prove  TR4  in  order  to  show  that  S~lrD  is  triangulated  as 
well.  To  do  this  we  reduce  by  Lemma  [13.4.13|  to  the  following  statement:  Given 
composable  morphisms  a : Q(X)  — » Q(Y)  and  b : Q{Y)  — ► Q(Z)  we  have  to 
produce  an  octahedron  after  possibly  replacing  Q(X),  Q(Y),  Q(Z)  by  isomorphic 
objects.  To  do  this  we  may  first  replace  Y by  an  object  such  that  a = Q(f) 
for  some  morphism  / : X Y in  T>.  (More  precisely,  write  a = s-1/  with 
s : Y'  — > Y'  in  S and  / : X — > Y' . Then  replace  Y by  Y' .)  After  this  we  similarly 
replace  Z by  an  object  such  that  b = Q(g)  for  some  morphism  g : Y — >•  Z.  Now 
we  can  find  distinguished  triangles  (X,  Y , Qi,  f,Pi,  di),  (X,  Z,  Q2,  g ° /,  P2>  c^),  and 
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(Y,  Z,  Q3,  g,p3,  (I3)  in  V (by  TR1),  and  morphisms  a : Q\  — > Q2  and  b : Q2  — > Q3 
as  in  TR4.  Then  it  is  immediately  verified  that  applying  the  functor  Q to  all  these 
data  gives  a corresponding  structure  in  S-1I?  □ 


The  universal  property  of  the  localization  of  a triangulated  category  is  as  follows 
(we  formulate  this  for  pre-triangulated  categories,  hence  it  holds  a fortiori  for  tri- 
angulated categories) . 


05R7 


Lemma  13.5.6.  Let  T>  be  a pre-triangulated  category.  Let  S be  a multiplica- 
tive system  compatible  with  the  triangulated  category.  Let  Q : I?  — ► S-11?  be  the 
localization  functor,  see  Proposition  \ 13.5. 5[ 


(1)  If  H : T>  A is  a homological  functor  into  an  abelian  category  A such 
that  H(s)  is  an  isomorphism  for  all  s £ S , then  the  unique  factorization 
H'  : S~lV  — >•  A such  that  H = H'  o Q (see  Categories,  Lemma  4-26.8)  is 
a homological  functor  too. 

(2)  If  F : T>  — ► T>'  is  an  exact  functor  into  a pre-triangulated  category  T>'  such 
that  F(s)  is  an  isomorphism  for  all  s £ S , then  the  unique  factorization 
F'  : S'-1!?  —*■  V such  that  F = F'  o Q (see  Categories,  Lemma  4-26.8 ) is 
an  exact  functor  too. 


Proof.  This  lemma  proves  itself.  Details  omitted. 


□ 


The  following  lemma  describes  the  kernel  (see  Definition  13.6.51  of  the  localization 
functor. 


05R8  Lemma  13.5.7.  Let  V be  a pre-triangulated  category.  Let  S be  a multiplicative 
system  compatible  with  the  triangulated  structure.  Let  Z be  an  object  ofD.  The 
following  are  equivalent 

(1)  Q(Z)  = 0 in  S-1X>, 

(2)  there  exists  Z'  £ Ob(2?)  such  that  0 : Z — ► Z'  is  an  element  of  S, 

(3)  there  exists  Z'  £ Ob(2?)  such  that  0 : Z'  — > Z is  an  element  of  S,  and 

(4)  there  exists  an  object  Z'  and  a distinguished  triangle  ( X , Y,  Z © Z' , /,  g , h) 
such  that  f £ S. 

If  S is  saturated,  then  these  are  also  equivalent  to 

(4)  the  morphism  0 -A  Z is  an  element  of  S , 

(5)  the  morphism  Z — > 0 is  an  element  of  S, 

(6)  there  exists  a distinguished  triangle  (X,Y,  Z,  f,  g,h)  such  that  f £ S. 


Proof.  The  equivalence  of  (1),  (2),  and  (3)  is  Homology,  Lemma  12.8.3  If  (2) 
holds,  then  {Z'[—  1],  Z'\—  1]  © Z,  Z,  (1, 0),  (0, 1),  0)  is  a distinguised  triangle  (see 
Lemma  13.4.101  with  “0  £ S”.  By  rotating  we  conclude  that  (4)  holds.  If 


( X , y,  Z © Z' , /,  g,  h ) is  a distinguished  triangle  with  f £ S then  Q(f)  is  an  isomor- 
phism hence  Q(Z  © Z')  = 0 hence  Q(Z)  = 0.  Thus  (1)  - (4)  are  all  equivalent. 


Next,  assume  that  S is  saturated.  Note  that  each  of  (4),  (5),  (6)  implies  one  of 
the  equivalent  conditions  (1)  - (4).  Suppose  that  Q(Z)  = 0.  Then  0 — > Z is  a 
morphism  of  T>  which  becomes  an  isomorphism  in  S'-1!?.  According  to  Categories, 
Lemma  4.26.21  the  fact  that  S is  saturated  implies  that  0 — ► Z is  in  S.  Hence  (1)  => 
(4).  Dually  (1)  =>  (5).  Finally,  if  0 — > Z is  in  S,  then  the  triangle  (0,  Z,  Z,  0,  id^,  0) 
is  distinguished  by  TR1  and  TR2  and  is  a triangle  as  in  (4).  □ 
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05R9  Lemma  13.5.8.  Let  T>  be  a triangulated  category.  Let  S be  a saturated  mul- 
tiplicative system  in  T>  that  is  compatible  with  the  triangulated  structure.  Let 
(X,  Y,  Z,  f,  g,h)  be  a distinguished  triangle  in  T>.  Consider  the  category  of  mor- 
phisms  of  triangles 


X = {(s,  s',  s")  : (X,  Y,  Z,  f,  g,  h)  -A  (X1 , Y1,  Z' , /',  g’ , h')  | s,  s',  s"  G 5} 


Then  I is  a filtered  category  and  the  functors  I -A  X/S,  I — > Y/S,  and  I — ► Z/S 
are  cofinal. 


Proof.  We  strongly  suggest  the  reader  skip  the  proof  of  this  lemma  and  instead 
work  it  out  on  a napkin. 

The  first  remark  is  that  using  rotation  of  distinguished  triangles  (TR2)  gives  an 
equivalence  of  categories  between  X and  the  corresponding  category  for  the  distin- 
guished triangle  (Y,  Z,  X[l],  g,  h,  — /[l]).  Using  this  we  see  for  example  that  if  we 
prove  the  functor  X -A  X/S  is  cofinal,  then  the  same  thing  is  true  for  the  functors 
X ->•  Y/S  and  X -A  Z/S. 

Note  that  if  s : X — ► X'  is  a morphism  of  S,  then  using  MS2  we  can  find  s'  : Y — > Y' 
and  /'  : X'  —A  Y'  such  that  /'  o s = s'  o /,  whereupon  we  can  use  MS6  to  complete 
this  into  an  object  of  X.  Hence  the  functor  X — ► X/S  is  surjective  on  objects.  Using 
rotation  as  above  this  implies  the  same  thing  is  true  for  the  functors  X -A  Y/S  and 
X -a  Z/S. 

Suppose  given  objects  Si  : X — > Xi  and  S2  : X — >■  X2  in  X/S  and  a morphism  a : 
Xi  -A  X2  in  X/S.  Since  S is  saturated,  we  see  that  a G S,  see  Categories,  Lemma 
|4.26.21|  By  the  argument  of  the  previous  paragraph  we  can  complete  si  : X — y X\ 
to  an  object  (si,si,s")  : (X,Y,Z,f,g,h)  -A  (Xi,  Y1:  Zlt  /i, glt  hi)  in  X.  Then  we 
can  repeat  and  find  (a,  b,  c)  : (Xi,  Yi,  Z\,  /i,  gi,  hi)  -A  (X2,Y2,  Z2,  f2,  g2,h2)  with 
a,  b,  c G S completing  the  given  a : X\  — ► X2.  But  then  (a,  b,  c)  is  a morphism  in  X. 
In  this  way  we  conclude  that  the  fuctor  I -a  X/S  is  also  surjective  on  arrows.  Using 
rotation  as  above,  this  implies  the  same  thing  is  true  for  the  functors  X -a  Y/S  and 
X -a  Z/S. 


The  category  X is  nonempty  as  the  identity  provides  an  object.  This  proves  the 


condition  (1)  of  the  definition  of  a filtered  category,  see  Categories,  Definition  4.19.1 


We  check  condition  (2)  of  Categories,  Definition  4.19.1  for  the  category  X.  Suppose 
given  objects  (si,  s'1;  s")  : {X,Y,Z,  f,g,h)  -A  (Xi,  Yi,  Zu  /1,  glt  hi)  and  {s2,s2,s2)  : 
(X,  Y,  Z,  f,g,h)  -A  (X2,  Y2,  Z2,  f2,g2,h2)  in  X.  We  want  to  find  an  object  of  X which 
is  the  target  of  an  arrow  from  both  (Xl5  Yi,  Zi,  fi,  <71,  hi)  and  (X2,  Y2,  Z2,  f2,g2,  h2). 
By  Categories,  Remark  4.26.7  the  categories  X/S , Y/S,  Z/S  are  filtered.  Thus 
we  can  find  X -A  X3  in  X/S  and  morpliisms  s : X2  -A  X3  and  a : X±  — > 
X3.  By  the  above  we  can  find  a morphism  (s,  s',s")  : (X2,Y2,  Z2,  f2,  g2,h2)  —>■ 
( X3,Y3,Z3,f3,g3,h3 ) with  s',s"  G S.  After  replacing  (X2 ,Y2,Z2)  by  ( X3,Y3,Z3 ) 
we  may  assume  that  there  exists  a morphism  a : Xi  -A  X2  in  X/S.  Repeating  the 
argument  for  Y and  Z (by  rotating  as  above)  we  may  assume  there  is  a morphism 
a : X 1 -A  X2  in  X/S , b : Y±  — ► Y2  in  Y/S,  and  c : Z\  -A  Z2  in  Z/S.  However, 
these  morphisms  do  not  necessarily  give  rise  to  a morphism  of  distinguished  tri- 
angles. On  the  other  hand,  the  necessary  diagrams  do  commute  in  S~lrD.  Hence 
we  see  (for  example)  that  there  exists  a morphism  s2  : Y2  — > Y3  in  S such  that 
s'2of2oa  = s2obof1.  Another  replacement  of  (X2 , Y2 ,Z2)  as  above  then  gets  us  to 
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the  situation  where  f2  o a = b o fi . Rotating  and  applying  the  same  argument  two 
more  times  we  see  that  we  may  assume  (a,  6,  c)  is  a morphism  of  triangles.  This 
proves  condition  (2). 


Next  we  check  condition  (3)  of  Categories,  Definition  4.19.1  Suppose  (si,  s4,  s")  : 
( X,Y,Z ) -A  Zi)  and  (s2,s'2,S2)  : (X,Y,  Z)  -A  (X2,Y2,  Z2)  are  objects  of 

X,  and  suppose  (a,  b , c),  (a',  b/d)  are  two  morphisms  between  them.  Since  a o sj  = 
a ’ o si  there  exists  a morphism  S3  : X2  -A  X3  such  that  S3  o a = S3  o a'.  Using  the 
surjectivity  statement  we  can  complete  this  to  a morphism  of  triangles  (S3,  S3,  S3)  : 
(X2,Y2,Z2)  -a  (. X3,Y3,Z3 ) with  s3,  s'3,  S3  e S.  Thus  (s3  o S2.S3  o s^Sg  o s'2')  : 
(X,  y,  Z)  -A  (X3,Y3,  Z3)  is  also  an  object  of  I and  after  composing  the  maps 
(a,b,c),(a',b',c.)  with  (S3,  S3,  S3)  we  obtain  a = a'.  By  rotating  we  may  do  the 
same  to  get  b = b'  and  c = d . 


Finally,  we  check  that  X -A  X/S  is  cofinal,  see  Categories,  Definition  |4.17.1 
The  first  condition  is  true  as  the  functor  is  surjective.  Suppose  that  we  have 
an  object  s : X -A  X’  in  X/S  and  two  objects  (si,  sj , s")  : (X,  Y.  Z,  /,  g,  h)  -A 
{X1,Y1,Z1J1,g1,h1)  and  (s2,  s'2,  s2)  : (X,Y,  Z,  f,g,h)  -A  (X2,Y2,  Z2,f2,g2,h2)  in 
X as  well  as  morphisms  t\  : X'  -a  X3  and  t2  : X'  -a  X2  in  X/S.  By  property 
(2)  of  X proved  above  we  can  find  morphisms  ( S3,  S3,  S3 ) : (Xi,  Y\,  Z3,  /1,  g3,  hi)  — ► 
(-^3,  Y3,  Z3,  f3,  g3l  h3)  and  (S4,  S4,  s")  : (X2,  Y2,  Z2,  f2,g2,  h2)  -A  (X3,  Y3,  Z3,  f3,  g3l  h3) 
in  I.  We  would  be  done  if  the  compositions  X'  -a  X\  -a  X3  and  X'  -A  X\  -A  X3 
where  equal  (see  displayed  equation  in  Categories,  Definition  |4.17.1[).  If  not,  then, 
because  X/S  is  filtered,  we  can  choose  a morphism  X3  -a  X4  in  S such  that  the 
compositions  X'  — > X3  — >•  X3  -A  X4  and  X'  -A  X3  —A  X3  -a  X4  are  equal.  Then 
we  finally  complete  X3  -A  X4  to  a morphism  (X3,  Y3,Z3)  -a  (X4, 14,  Z±)  in  X and 
compose  with  that  morphism  to  see  that  the  result  is  true.  □ 


13.6.  Quotients  of  triangulated  categories 


05RA 


Given  a triangulated  category  and  a triangulated  subcategory  we  can  construct 
another  triangulated  category  by  taking  the  “quotient”.  The  construction  uses 
a localization.  This  is  similar  to  the  quotient  of  an  abelian  category  by  a Serre 
subcategory,  see  Homology,  Section  |12.9[  Before  we  do  the  actual  construction  we 


briefly  discuss  kernels  of  exact  functors. 


05RB  Definition  13.6.1.  Let  D be  a pre-triangulated  category.  We  say  a full  pre- 
triangulated subcategory  V'  of  V is  saturated  if  whenever  X © Y is  isomorphic  to 
an  object  of  V then  both  X'  and  Y are  isomorphic  to  objects  of  V . 


A saturated  triangulated  subcategory  is  sometimes  called  a thick  triangulated  sub- 
category. In  some  references,  this  is  only  used  for  strictly  full  triangulated  sub- 
categories (and  sometimes  the  definition  is  written  such  that  it  implies  strictness). 
There  is  another  notion,  that  of  an  epaisse  triangulated  subcategory.  The  definition 
is  that  given  a commutative  diagram 


X 


S 


^Y 


s-X[l] 


where  the  second  line  is  a distinguished  triangle  and  S and  T isomorphic  to  objects 
of  T>' , then  also  X'  and  Y are  isomorphic  to  objects  of  V.  It  turns  out  that  this 
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is  equivalent  to  being  saturated  (this  is  elementary  and  can  be  found  in  lRic89a|) 
and  the  notion  of  a saturated  category  is  easier  to  work  with. 

05RC  Lemma  13.6.2.  Let  F :T>  -A  2?'  be  an  exact  functor  of  pre-triangulated  categories. 
Let  T>"  be  the  full  subcategory  ofV  with  objects 

Ob(X>")  = {X  £ Ob(X>)  | F(X)  = 0} 

Then  T>"  is  a strictly  full  saturated  pre-triangulated  subcategory  of  T>.  If  T>  is  a 
triangulated  category , then  T>"  is  a triangulated  subcategory. 


Proof.  It  is  clear  that  V"  is  preserved  under  [1]  and  [—1].  If  (X,Y,Z,f,g,h) 
is  a distinguished  triangle  of  V and  F(X)  = F(Y)  = 0,  then  also  F(Z)  = 0 
as  (F(X),F(Y),F(Z),F(f),F(g),F(h))  is  distinguished.  Hence  we  may  apply 
Lemma  |13.4.14  to  see  that  V"  is  a pre-triangulated  subcategory  (respectively  a 
triangulated  subcategory  if  V is  a triangulated  category).  The  final  assertion  of 
being  saturated  follows  from  F(X)  © F(Y)  = 0 =>  F(X)  = F(Y ) =0.  □ 


05RD  Lemma  13.6.3.  Let  H : T>  -A  A be  a homological  functor  of  a pre-triangulated 
category  into  an  abelian  category.  Let  V be  the  full  subcategory  ofV  with  objects 

Ob(X>')  = {X  G Ob(Z>)  | H(X[n])  = 0 for  all  n £ Z} 

Then  V is  a strictly  full  saturated  pre-triangulated  subcategory  of  V.  If  V is  a 
triangulated  category , then  D'  is  a triangulated  subcategory. 


Proof.  It  is  clear  that  V is  preserved  under  [1]  and  [—1].  If  (X,Y,  Z,  f, g,h)  is 
a distinguished  triangle  of  T>  and  H(X[n])  = H(Y[n\)  = 0 for  all  n,  then  also 
H(Z[n\)  = 0 for  all  n by  the  long  exact  sequence  (|13.3.5.1 ).  Hence  we  may  apply 
Lemma  |13.4.14  to  see  that  V is  a pre-triangulated  subcategory  (respectively  a 
triangulated  subcategory  if  V is  a triangulated  category).  The  assertion  of  being 
saturated  follows  from 


H((X  0 Y) [n] ) = 0 =>  H(X[n]  © Y[n})  = 0 

=>  H(X[n])®H(Y[n])=  0 
=>  H(X[n})  = H(Y[n ])  = 0 

for  all  n £ Z.  □ 


05RE  Lemma  13.6.4.  Let  H : T>  — » A be  a homological  functor  of  a pre-triangulated 
category  into  an  abelian  category.  Let  Vjj , T>fj , VbH  be  the  full  subcategory  ofV  with 
objects 

Ob(V+)  = {X  £ Ob(X>)  | H{X[n])  = 0 for  all  n < 0} 

Ob {Vfi)  = {X  £ Ob(V)  | H{X[n])  = 0 for  all  n > 0} 

Ob(VbH)  = {X  £ Ob(fD)  | H(X[n\)  = 0 for  all  \n\  > 0} 

Each  of  these  is  a strictly  full  saturated  pre-triangulated  subcategory  ofT).  IfVis 
a triangulated  category,  then  each  is  a triangulated  subcategory. 


Proof.  Let  us  prove  this  for  ©>)).  It  is  clear  that  it  is  preserved  under  [1]  and  [— 1], 
If  (. X , Y,  Z,  /,  g , h)  is  a distinguished  triangle  of  V and  H(X[n])  = H(Y[n])  = 0 for 
all  n<0,  then  also  H(Z[n ])  = 0 for  all  n <C  0 by  the  long  exact  sequence  ( 13.3.5.1 ). 
Hence  we  may  apply  Lemma  13.4.14  to  see  that  V ^ is  a pre-triangulated  subcate- 


gory (respectively  a triangulated  subcategory  if  V is  a triangulated  category) . The 
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05RF 

05RG 

05RH 


assertion  of  being  saturated  follows  from 

H{{X  © y)[n])  = 0 =>•  H(X[n]  © Y[n})  = 0 

=>  H{X[n])  ® H(Y[n])  =0 
=>  H(X[n})  = H(Y[n ])  = 0 

for  all  n £ Z.  □ 


Definition  13.6.5.  Let  V be  a (pre-)triangulated  category. 

Let  F : T>  V be  an  exact  functor.  The  kernel  of  F is  the  strictly  full 


(1) 

(2) 


saturated  (pre-)triangulated  subcategory  described  in  Lemma  13.6.2 
Let  F[  : V — > A be  a homological  functor.  The  kernel  of  F[  is  the  strictly 


full  saturated  (pre-)triangulated  subcategory  described  in  Lemma  13.6.3 
These  are  sometimes  denoted  Ker(F)  or  Ker (H). 


The  proof  of  the  following  lemma  uses  TR4. 


Lemma  13.6.6.  LeFD  be  a triangulated  category.  LeFD1  C T>  be  a full  triangulated 
subcategory.  Set 


(13.6.6.1) 


( f £ ArrowslfD)  such  that  there  exists  a distinguished  triangle 
\ ( X , Y,  Z,  /,  g,  h)  of  V with  Z isomorphic  to  an  object  of  V 


Then  S is  a multiplicative  system  compatible  with  the  triangulated  structure  on  D. 
In  this  situation  the  following  are  equivalent 

(1)  S is  a saturated  multiplicative  system, 

(2)  T>'  is  a saturated  triangulated  subcategory. 


Proof.  To  prove  the  first  assertion  we  have  to  prove  that  MSI,  MS2,  MS3  and 
MS5,  MS6  hold. 


Proof  of  MSI.  ft  is  clear  that  identities  are  in  S because  ( X , X,  0, 1,  0,  0)  is  distin- 
guished for  every  object  X of  V and  because  0 is  an  object  of  V . Let  / : X Y 
and  g : Y — > Z be  composable  morphisms  contained  in  S.  Choose  distinguished 
triangles  (X,Y,Q1:  f,p1,d1),  (X,  Z,Q2,  g o f,p2,d2),  and  (Y,  Z,  Q3,  g,p3,  d3).  By 
assumption  we  know  that  Q i and  Qj,  are  isomorphic  to  objects  of  V . By  TR4  we 
know  there  exists  a distinguished  triangle  (Qi,Q2,Q3,a,b,c).  Since  V is  a trian- 
gulated subcategory  we  conclude  that  Q2  is  isomorphic  to  an  object  of  V . Hence 
g ° / e S. 


Proof  of  MS3.  Let  a : X — > Y be  a morphism  and  let  t : Z — > X be  an  element 
of  S such  that  a o t = 0.  To  prove  LMS3  it  suffices  to  find  an  s £ S such  that 
soa  = 0,  compare  with  the  proof  of  Lemma|l3.5.3|  Choose  a distinguished  triangle 
(Z,  X , Q , t,  g , h)  using  TR1  and  TR2.  Since  a o t = 0 we  see  by  Lemma  13.4.2  there 
exists  a morphism  i : Q — > Y such  that  i o g = a.  Finally,  using  TR1  again  we  can 
choose  a triangle  (Q,  Y,  W,  i,  s,  k).  Here  is  a picture 


z x q — 

1 i 

Y 

X 

a 


w 
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Since  t £ S we  see  that  Q is  isomorphic  to  an  object  of  V . Hence  s £ S.  Finally, 
soa  = sojoj  = 0assoj  = 0by  Lemma  [13. 4.1|  We  conclude  that  LMS3  holds. 
The  proof  of  RMS3  is  dual. 

Proof  of  MS5.  Follows  as  distinguished  triangles  and  V are  stable  under  transla- 
tions 

Proof  of  MS6.  Suppose  given  a commutative  diagram 


with  s,  s'  £ S.  By  Proposi 
As  s,  s'  are  elements  of  S we  see  that  X" , Y"  are  isomorphic  to  objects  of  V . Since 
V is  a full  triangulated  subcategory  we  see  that  Z"  is  also  isomorphic  to  an  object 
of  V . Whence  the  morphism  Z — > Z'  is  an  element  of  S.  This  proves  MS6. 


This 


MS2  is  a formal  consequence  of  MSI,  MS5,  and  MS6,  see  Lemma  13.5.2 
finishes  the  proof  of  the  first  assertion  of  the  lemma. 

Let’s  assume  that  S is  saturated.  (In  the  following  we  will  use  rotation  of  distin- 
guished triangles  without  further  mention.)  Let  X®Y  be  an  object  isomorphic  to  an 
object  of  V . Consider  the  morphism  / : 0 — ► X.  The  composition  0 — > X — > X®Y 
is  an  element  of  S as  (0,  X © Y,  X © Y,  0, 1,  0)  is  a distinguished  triangle.  The  com- 
position Y[— 1]  — » 0 — » X is  an  element  of  S as  (X,  X ® Y,Y,  (1,0),  (0, 1),  0)  is  a 
distinguished  triangle,  see  Lemma  13.4.10  Hence  0 — >•  X is  an  element  of  S (as  S 


is  saturated).  Thus  X is  isomorphic  to  an  object  of  V as  desired. 
Finally,  assume  V is  a saturated  triangulated  subcategory.  Let 


w A-  x 4 y -4  z 


be  composable  morphisms  of  V such  that  fg , gh  £ > S'.  We  will  build  up  a picture 
of  objects  as  in  the  diagram  below. 


Q 12  Q23 


W X Y >■  Z 


First  choose  distinguished  triangles  (W,X,Q  1),  (X,  Y,  Q2),  ( Y,Z,Q3 ) (W,  Y,  Q12), 
and  (X,Z,Q2 3).  Denote  s : Q 2 — t Qi[l]  the  composition  Q2  — > X[l]  — ► Qi[l]. 
Denote  t : Q3  — > Q 2[\]  the  composition  Q3  — »•  Y[l]  — ► Q2[L}.  By  TR4  applied  to 
the  composition  W — >■  X — >■  Y and  the  composition  X — > Y -A  Z there  exist  a 
distinguished  triangles  (Qi,  Q 12,  Q2 ) and  (Q 2,  Q 23,  Q 3)  which  use  the  morphisms  s 
and  t.  The  objects  Q 12  and  Q23  are  isomorphic  to  objects  of  V as  W — > Y and 
X — > Z are  assumed  in  S.  Hence  also  s[l]t  is  an  element  of  S as  S is  closed  under 
compositions  and  shifts.  Note  that  s[l]t  = 0 as  Y[l]  Q2[V\  — > X[2]  is  zero,  see 
Hence  Q3  ® Qi[2]  is  isomorphic  to  an  object  of  V , see  Lemma 


Lemma  13.4.1 


13.6.  QUOTIENTS  OF  TRIANGULATED  CATEGORIES 


957 


13.4.10[  By  assumption  on  V we  conclude  that  Qs^Qi  are  isomorphic  to  objects 
of  V . Looking  at  the  distinguished  triangle  (Qi,Qi2,Q2)  we  conclude  that  Q2  is 
also  isomorphic  to  an  object  of  V . Looking  at  the  distinguished  triangle  ( A , Y,  Q 2) 
we  finally  conclude  that  g £ S.  (It  is  also  follows  that  h,f  £ S,  but  we  don’t  need 
this.)  □ 


05RI  Definition  13.6.7.  Let  I?  be  a triangulated  category.  Let  B be  a full  triangulated 
subcategory.  We  define  the  quotient  category  V/B  by  the  formula  V/B  = S'-1!?, 
where  S is  the  multiplicative  system  of  V associated  to  B via  Lemma[l3.6.6|  The 
localization  functor  Q : V — > T> /B  is  called  the  quotient  functor  in  this  case. 


05RJ 


Note  that  the  quotient  functor  Q : V — > V/B  is  an  exact  functor  of  triangulated 
categories,  see  Proposition  13.5.5|  The  universal  property  of  this  construction  is 
the  following. 


Lemma  13.6.8.  Let  V be  a triangulated  category.  Let  B be  a full  triangulated 
subcategory  ofD.  Let  Q : V — * V/B  be  the  quotient  functor. 

(1)  If  H : T>  -A  A is  a homological  functor  into  an  abelian  category  A such 
that  B C Ker(H)  then  there  exists  a unique  factorization  H'  : V/B  — > A 
such  that  H = H'  o Q and  H'  is  a homological  functor  too. 

(2)  If  F : V -A  V is  an  exact  functor  into  a pre-triangulated  category  V such 
that  B C Ker(F)  then  there  exists  a unique  factorization  F'  : V/B  — > V 
such  that  F = F'  o Q and  F'  is  an  exact  functor  too. 


Proof.  This  lemma  follows  from  Lemma  |13.5.6|  Namely,  if  / : X — > Y is  a 
morphism  of  V such  that  for  some  distinguished  triangle  (A',  Y,  Z , /,  g , h)  the  object 
Z is  isomorphic  to  an  object  of  B , then  H(f ),  resp.  F(f)  is  an  isomorphism  under 
the  assumptions  of  (1),  resp.  (2).  Details  omitted.  □ 


Ob  (Ker(Q))  = 


The  kernel  of  the  quotient  functor  can  be  described  as  follows. 

05RK  Lemma  13.6.9.  Let  V be  a triangulated  category.  Let  B be  a full  triangulated 
subcategory.  The  kernel  of  the  quotient  functor  Q : V -A  V/B  is  the  strictly  full 
subcategory  ofV  whose  objects  are 

Z £ Ob(2?)  such  that  there  exists  a Z'  £ Ob(2?) 
such  that  Z ® Z'  is  isomorphic  to  an  object  of  B 

In  other  words  it  is  the  smallest  strictly  full  saturated  triangulated  subcategory  ofV 
containing  B. 

Proof.  First  note  that  the  kernel  is  automatically  a strictly  full  triangulated  sub- 
category containing  summands  of  any  of  its  objects,  see  Lemma  13.6. 2|  The  de- 
scription of  its  objects  follows  from  the  definitions  and  Lemma  13.5.7  part  (4).  □ 

Let  V be  a triangulated  category.  At  this  point  we  have  constructions  which  induce 
order  preserving  maps  between 

(1)  the  partially  ordered  set  of  multiplicative  systems  S in  V compatible  with 
the  triangulated  structure,  and 

(2)  the  partially  ordered  set  of  full  triangulated  subcategories  B C V. 
Namely,  the  constructions  are  given  by  5 i->  B(S)  = Ker(Q  : V — ► S~1V)  and 

i.e., 


B S(B)  where  S(B)  is  the  multiplicative  set  of  (|13. 6.6.1 1 
S(B)  = 


f £ Arrows(2?)  such  that  there  exists  a distinguished  triangle 
(A,  Y,  Z , /,  <7,  h)  of  V with  Z isomorphic  to  an  object  of  B 


13.6.  QUOTIENTS  OF  TRIANGULATED  CATEGORIES 


958 


Note  that  it  is  not  the  case  that  these  operations  are  mutually  inverse. 

05RL  Lemma  13.6.10.  Let  V be  a triangulated  category.  The  operations  described  above 
have  the  following  properties 

(1)  S(B(S))  is  the  “ saturation ” of  S,  i.e.,  it  is  the  smallest  saturated  multi- 
plicative system  in  V containing  S,  and 

(2)  B(S(B))  is  the  “saturation’  of  B , i.e.,  it  is  the  smallest  strictly  full  satu- 
rated triangulated  subcategory  ofV  containing  B. 

In  particular,  the  constructions  define  mutually  inverse  maps  between  the  (partially 
ordered)  set  of  saturated  multiplicative  systems  mV  compatible  with  the  triangulated 
structure  on  V and  the  (partially  ordered)  set  of  strictly  full  saturated  triangulated 
subcategories  ofV. 


Proof.  First,  let’s  start  with  a full  triangulated  subcategory  B.  Then  B(S(B))  = 


Ker(Q  : V — > V/B)  and  hence  (2)  is  the  content  of  Lemma  13.6.9 


Next,  suppose  that  S is  multiplicative  system  in  V compatible  with  the  triangula- 
tion on  V.  Then  B(S)  = Ker (Q  : V — > S~1V).  Hence  (using  Lemma 
localized  category) 


13.4.8 


the 


S(B(S))  = 


f £ Arrows(H)  such  that  there  exists  a distinguished) 
triangle  (. X , Y,  Z,  f,  g,  h)  of  V with  Q(Z)  =0  J 

= {/  £ Arrows(Z?)  | Q(f)  is  an  isomorphism} 

= S = S' 


in  the  notation  of  Categories,  Lemma  [4.26.21[  The  final  statement  of  that  lemma 
finishes  the  proof.  □ 


05RM  Lemma  13.6.11.  Let  H : V — >•  A be  a homological  functor  from  a triangulated 
category  V to  an  abelian  category  A , see  Definition  13.3.5  The  subcategory  Ker(H) 
of  V is  a strictly  full  saturated  triangulated  subcategory  of  V whose  corresponding 
saturated  multiplicative  system  ( see  Lemma  13. 6.131)  is  the  set 

S = {/  £ Arrows(V)  \ Hl(f)  is  an  isomorphism  for  all  i £ Z}. 

The  functor  H factors  through  the  quotient  functor  Q : V — > V / Ker(H) . 


Proof.  The  category  Ker (H)  is  a strictly  full  saturated  triangulated  subcategory 
of  V by  Lemma  |13.6.3|  The  set  S'  is  a saturated  multiplicative  system  compatible 
with  the  triangulated  structure  by  Lemma  |13.5.4|  Recall  that  the  multiplicative 
system  corresponding  to  Ker(H)  is  the  set 


/ £ Arrows(2?)  such  that  there  exists  a distinguished  triangle 
( X , Y,  Z,  /,  g,  h)  with  Hl(Z)  = 0 for  all  i 


By  the  long  exact  cohomology  sequence,  see  (13.3.5.1),  it  is  clear  that  / is  an 


element  of  this  set  if  and  only  if  / is  an  element  of  S.  Finally,  the  factorization  of 
H through  Q is  a consequence  of  Lemma  13.6.8  □ 


It  is  clear  that  in  the  lemma  above  the  factorization  of  H through  V/Ker (H)  is  the 
universal  factorization.  Namely,  if  F : V — > V is  an  exact  functor  of  triangulated 
categories  and  if  there  exists  a homological  functor  H'  : V — ► A such  that  H = 
H'  o F,  then  F factors  through  the  quotient  functor  Q : V — > V/Kei (H). 
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13.7.  Adjoints  for  exact  functors 


0A8C  Results  on  adjoint  functors  between  triangulated  categories. 

0A8D  Lemma  13.7.1.  Let  F : T>  -A  T>'  be  an  exact  functor  between  triangulated  cate- 
gories. If  F has  a right  adjoint,  then  it  is  an  exact  functor. 

Proof.  Let  G be  a right  adjoint.  Let  X be  an  object  of  T>  and  A an  object  of  V . 
Since  F is  an  exact  functor  we  see  that 


Morp(A,  G(A[1])  = Mor^  (F(X),  A[l}) 

= Mor^(P(X)[— 1],A) 
= Mor^(F(X[-l]),A) 
= MorP(A[-l],G(A)) 
= Morp(X,  G(A)[1]) 


By  Yoneda’s  lemma  (Categories,  Lemma  4.3.5)  we  obtain  a canonical  isomorphism 
G(A)[1]  = G(A[1]).  Let  A — A B — A C — A A[  1]  be  a distinguished  triangle  in  V . 
Choose  a distinguished  triangle 


G{A)  -A  G(B)  -A  A -a  G(A)[1] 

in  V.  Then  F(G(A))  —A  F(G(B))  — > F(X)  -A  F(G(A))[1]  is  a distinguished 
triangle  in  T>' . By  TR3  we  can  choose  a morphism  of  distinguished  triangles 


F(G(A)) F(G(B)) F(X) F(G(A))[1] 


v 

A 

9-  B 

9-  G 

5-  A 

Since  G is  the  adjoint  the  new  morphism  determines  a morphism  X — a G(C ) such 
that  the  diagram 


G(A) 9-  G{B) 9-  X 9-  G(A)[1] 

V 

G(A) 9-  G{B) 9-  G(G) 9-  G(A)[1] 


commutes.  Applying  the  cohomological  functor  Homx>'(W,  — ) for  an  object  W of 
V we  deduce  from  the  5 lemma  that 


Horn v(W,X)  -A  Horn*,' (W,G(G)) 

is  a bijection  and  using  the  Yoneda  lemma  once  more  we  conclude  that  X -A  G(G) 
is  an  isomorphism.  Hence  we  conclude  that  G(A)  — A G(B)  —A  G(G)  -A  G(A)[1]  is 
a distinguished  triangle  which  is  what  we  wanted  to  show.  □ 

09J1  Lemma  13.7.2.  Let  V,  V be  triangulated  categories.  Let  F : V — A V and 
G : D'  —A  D be  functors.  Assume  that 

(1)  F and  G are  exact  functors, 

(2)  F is  fully  faithful, 

(3)  G is  a right  adjoint  to  F,  and 

(4)  the  kernel  of  G is  zero. 

Then  F is  an  equivalence  of  categories. 
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Go  F is  an  isomorphism 
Let  X be  an  object  of  V . Choose  a distinguished 


Proof.  Since  F is  fully  faithful  the  adjunction  map  id 
(Categories,  Lemma  4.24.3). 
triangle 

F(G(X))  ->  X -»  Y -A  F(G(A))[1] 


in  V . Applying  G and  using  that  G(F{G(X)))  = G{X)  we  find  a distinguished 
triangle 

G(X)  -a  G(X)  ->  G(Y)  -a  G(X)[1] 


Hence  G(Y)  = 0.  Thus  V = 0.  Thus  F(G(X))  — ► X is  an  isomorphism.  □ 


13.8.  The  homotopy  category 

05RN  Let  A be  an  additive  category.  The  homotopy  category  K (A)  of  A is  the  category  of 
complexes  of  A with  morphisms  given  by  morphisms  of  complexes  up  to  homotopy. 
Here  is  the  formal  definition. 

013H  Definition  13.8.1.  Let  A be  an  additive  category. 

(1)  We  set  Comp(A)  = CoCh(A)  be  the  category  of  (cochain)  complexes. 

(2)  A complex  I\*  is  said  to  be  bounded  below  if  Kn  = 0 for  all  nCO. 

(3)  A complex  I\*  is  said  to  be  bounded  above  if  Kn  = 0 for  all  n 0. 

(4)  A complex  K*  is  said  to  be  bounded  if  Kn  = 0 for  all  |n|  0. 

(5)  We  let  Comp+(A),  Comp- (A),  resp.  Comp6 (A)  be  the  full  subcategory 
of  Comp(A)  whose  objects  are  the  complexes  which  are  bounded  below, 
bounded  above,  resp.  bounded. 

(6)  We  let  K(A)  be  the  category  with  the  same  objects  as  Comp(A)  but  as 
morphisms  homotopy  classes  of  maps  of  complexes  (see  Homology,  Lemma 
1212.7[). 

(7)  We  let  K+{A),  K~(A ),  resp.  Kb(A)  be  the  full  subcategory  of  K(A) 
whose  objects  are  bounded  below,  bounded  above,  resp.  bounded  com- 
plexes of  A. 

It  will  turn  out  that  the  categories  K(A),  I\  + {A ),  K~(A),  and  Kb{A)  are  trian- 
gulated categories.  To  prove  this  we  first  develop  some  machinery  related  to  cones 
and  split  exact  sequences. 


13.9.  Cones  and  termwise  split  sequences 
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Let  A be  an  additive  category,  and  let  K(A)  denote  the  category  of  complexes  of 
A with  morphisms  given  by  morphisms  of  complexes  up  to  homotopy.  Note  that 
the  shift  functors  [n]  on  complexes,  see  Homology,  Definition  12.14.7  give  rise  to 
functors  [n]  : K(A)  — >•  K(A)  such  that  [n]  o [m]  = [n  + m]  and  [0]  = id. 


014E  Definition  13.9.1.  Let  A be  an  additive  category.  Let  / : K * — >•  L*  be  a 
morphism  of  complexes  of  A.  The  cone  of  / is  the  complex  G(/)*  given  by  C(f)n  = 
Ln  ® Kn+1  and  differential 


rln  — 

ac(f)  - 


inL  fn+1 
0 -dnK+1 


It  comes  equipped  with  canonical  morphisms  of  complexes  i : L*  — >•  G(/)*  and 
p : G(/)*  -A  K*[  1]  induced  by  the  obvious  maps  Ln  ->  G(/)n  ->  Kn+1. 
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In  other  words  (K,L,C(f),  f,i,p)  forms  a triangle: 

K*  —»!/*—»  C(/)#  ->  Km[  1] 

The  formation  of  this  triangle  is  functorial  in  the  following  sense. 
014F  Lemma  13.9.2.  Suppose  that 


a b 


K*  "/2>  t\ 

is  a diagram  of  morphisms  of  complexes  which  is  commutative  up  to  homotopy. 
Then  there  exists  a morphism  c : C(fa)9  —¥  C(f2)*  which  gives  rise  to  a mor- 
phism of  triangles  ( a,b,c ) : (if*,  L\,  C(/i)*,  /i,  fa, Pi)  ->  (K% , L*2,  C{f2)*,  f2,  fa,P2) 
of  K{A). 

Proof.  Let  hn  : K ” — ► L^-1  be  a family  of  morphisms  such  that  b o f1  — f2  o a = 
d o h + h o d.  Define  cn  by  the  matrix 

C"  = (q  J^l1)  : Ll  © Kl+1  ^L2®  K2+1 

A matrix  computation  show  that  c is  a morphism  of  complexes.  It  is  trivial  that 
co  i1  = i2  o b,  and  it  is  trivial  also  to  check  that  p2  o c = a o p\.  □ 

Note  that  the  morphism  c : C(/i)*  — > C(f2)m  constructed  in  the  proof  of  Lemma 
|13.9.2| in  general  depends  on  the  chosen  homotopy  h between  f2o  a and  bo  fa. 

08RI  Lemma  13.9.3.  Suppose  that  f : K * — ► L*  and  g : L*  M * are  morphisms  of 
complexes  such  that  go  f is  homotopic  to  zero.  Then  g factors  through  a morphism 

C(f)*  — »•  M*  of  K(A). 

Proof.  The  assumptions  say  that  the  diagram 

K* >-  L* 

f 

a 

0 p-  M* 


commutes  up  to  homotopy.  Since  the  cone  on  0 — > M* 
C(0  — > M *)  = M * of  Lemma  13.9.2  is  the  desired  map. 


is  M*  the  map  C{f)m  — >■ 
□ 


Note  that  the  morphism  C(/)*  — >•  M*  constructed  in  the 
general  depends  on  the  chosen  homotopy. 


proof  of  Lemma  13.9.3 


014G  Definition  13.9.4.  Let  A be  an  additive  category.  A termwise  split  injection 
a : A*  — » B*  is  a morphism  of  complexes  such  that  each  An  — > Bn  is  isomorphic 
to  the  inclusion  of  a direct  summand.  A termwise  split  surjection  fj  : B * — ► C * is 
a morphism  of  complexes  such  that  each  Bn  -A  Cn  is  isomorphic  to  the  projection 
onto  a direct  summand. 
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014H  Lemma  13.9.5.  Let  A be  an  additive  category.  Let 

A* 

f 


a b 


be  a diagram  of  morphisms  of  complexes  commuting  up  to  homotopy.  If  f is  a split 
injection,  then  b is  homotopic  to  a morphism  which  makes  the  diagram  commute.  If 
g is  a split  surjection,  then  a is  homotopic  to  a morphism  which  makes  the  diagram 
commute. 


Proof.  Let  hn  : An  -A  Dn~l  be  a collection  of  morphisms  such  that  bf  — ga  = 
dh  + hd.  Suppose  that  nn  : Bn  — > An  are  morphisms  splitting  the  morphisms  fn. 
Take  b'  = b — dhn  — hnd.  Suppose  sn  : Dn  — > Cn  are  morphisms  splitting  the 
morphisms  gn  : Cn  — > Dn.  Take  a'  = a + dsh  + shd.  Computations  omitted.  □ 


The  following  lemma  can  be  used  to  replace  a morphism  of  complexes  by  a mor- 
phism where  in  each  degree  the  map  is  the  injection  of  a direct  summand. 

013N  Lemma  13.9.6.  Let  A be  an  additive  category.  Let  a : K * — > L%  be  a morphism 
of  complexes  of  A.  There  exists  a factorization 


K* 


L% 


such  that 

(1)  a is  a termwise  split  injection  (see  Definition  13.9.4), 

(2)  there  is  a map  of  complexes  s : L*  — > L*  such  that  nos 
that  s o 7r  is  homotopic  to  id . 


13.9.4 


idL- 


Moreover,  if  both  Km  and  L * are  in  I\  + (A),  K (A),  or  Kb(A),  then  so 


and  such 
is  L* . 


Proof.  We  set 

Ln  = Ln  © Kn  © Kn+1 

and  we  define 

(dnL  0 0 \ 

d\=  0 d\  id*„+1 

V 0 0 -dnK+l) 

In  other  words,  L*  = L*  © (7(1^.).  Moreover,  we  set 

( a \ 

a = idK™ 

V 0 ) 

which  is  clearly  a split  injection.  It  is  also  clear  that  it  defines  a morphism  of 
complexes.  We  define 

7T  = (id^n  0 0) 

so  that  clearly  n o a = a.  We  set 
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so  that  7T  o s = id^..  Finally,  let  hn  : Ln  -A  Ln~1  be  the  map  which  maps  the 
summand  Kn  of  Ln  via  the  identity  morphism  to  the  summand  Kn  of  Ara_1.  Then 
it  is  a trivial  matter  (see  computations  in  remark  below)  to  prove  that 

id^.  — soTT  = doh  + hod 

which  finishes  the  proof  of  the  lemma.  □ 

0130  Remark  13.9.7.  To  see  the  last  displayed  equality  in  the  proof  above  we  can  argue 
with  elements  as  follows.  We  have  sir(l,  k,  k+)  = (l,  0,  0).  Hence  the  morphism  of  the 
left  hand  side  maps  (l,  k , k+ ) to  (0,  k,  k+).  On  the  other  hand  h(l,  k,  k+)  = (0, 0,  k) 
and  d(l,k,k+)  = (dl,  dk  + k+ , —dk+).  Hence  (dh  + hd)(l,k,k+)  = d(0,  0,  k)  + 
h(dl , dk  + k+ , —dk+)  = (0,  k,  —dk)  + (0, 0,  dk  + k+)  = (0,  k,  k+ ) as  desired. 

0642  Lemma  13.9.8.  Let  A be  an  additive  category.  Let  a : K*  — » L*  be  a morphism 
of  complexes  of  A.  There  exists  a factorization 


K * 


■K* 


IS 


such  that 

(1)  a is  a termwise  split  surjection  (see  Definition  13. 9. j), 

(2)  there  is  a map  of  complexes  s : K*  — ► K*  such  that  s o i = idx^  and  such 
that  i o s is  homotopic  to  idp-. . 

Moreover,  if  both  K * and  L * are  in  K+(A),  K~  (A),  or  Kb(A),  then  so  is  K* . 
Proof.  Dual  to  Lemma  113.9.61  Take 


K"  = Kn 


r n— 1 


Lr‘ 


and  we  define 

(dnK  0 0 \ 

dl  = 0 -dr1  idun 

V 0 0 dnL  J 

in  other  words  K*  = K*  ® C(  1^. [_!]).  Moreover,  we  set 

a = (a  0 idi^) 

which  is  clearly  a split  surjection.  It  is  also  clear  that  it  defines  a morphism  of 
complexes.  We  define 

f'AKr, 

i=  0 

V o 

so  that  clearly  a o i = a.  We  set 

s = (idi^n  0 0) 

so  that  s o i = idif«.  Finally,  let  hn  : Kn  — > I\n~ 1 be  the  map  which  maps  the 
summand  Ln_1  of  Kn  via  the  identity  morphism  to  the  summand  Ln~ 1 of  A""-1. 
Then  it  is  a trivial  matter  to  prove  that 

id^-.  — ios  = doh  + hod 

which  finishes  the  proof  of  the  lemma.  □ 
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0141  Definition  13.9.9.  Let  A be  an  additive  category.  A termwise  split  sequence  of 
complexes  of  A is  a complex  of  complexes 


together  with  given  direct  sum  decompositions  Bn  = An  © Cn  compatible  with  an 
and  j3n.  We  often  write  sn  : Cn  — » Bn  and  7rn  : Bn  An  for  the  maps  induced  by 
the  direct  sum  decompositions.  According  to  Homology,  Lemma  [12.14.10|  we  get 
an  associated  morphism  of  complexes 


05SS 


8 : C*  — > A*  [1] 

which  in  degree  n is  the  map  7 r"+1  o dg  o sn.  In  other  words  (A*,  B*,  C* , a,  /?,  <5) 
forms  a triangle 

A*  — > B'  -A  C*  -A  A*[l] 

This  will  be  the  triangle  associated  to  the  termwise  split  sequence  of  complexes. 


Lemma  13.9.10.  Let  A be  an  additive  category.  Let  0 — » A* 
termwise  split  exact  sequences  as  in  Definition  13.9.9  Let  (n') 
collection  of  splittings.  Denote  S'  : C* 
second  set  of  splittings.  Then 


B* 

{s') 


» C*  -»  0 be 
be  a second 


A*  [1]  the  morphism  associated  to  this 


(1,1,1)  : {A\B\C\a,p,5)  — ► (A*  ,Bm  ,C*  ,a,  /?,  S') 


is  an  isomorphism  of  triangles  in  K (A) . 


Proof.  The  statement  simply  means  that  8 and  S'  are  homotopic  maps  of  com- 
plexes. This  is  Homology,  Lemma[l2.14.12|  □ 

014J  Remark  13.9.11.  Let  A be  an  additive  category.  Let  0 — > A*  — > B*  — ► C*  — > 0, 
i = 1, 2 be  termwise  split  exact  sequences.  Suppose  that  a : A*  — > A*,  b : B*  — >•  B* , 
and  c : C*  — ^ C * are  morphisms  of  complexes  such  that 


A* — -67 


a b 


commutes  in  K(A).  In  general,  there  does  not  exist  a morphism  b'  : B*  — » B * 
which  is  homotopic  to  b such  that  the  diagram  above  commutes  in  the  category  of 
complexes.  Namely,  consider  Examples,  Equation  (88.54.0.1).  If  we  could  replace 
the  middle  map  there  by  a homotopic  one  such  that  the  diagram  commutes,  then 
we  would  have  additivity  of  traces  which  we  do  not. 


086L  Lemma  13.9.12.  Let  A be  an  additive  category.  Let  0 —¥  A*  —¥  B*  C*  0, 
i = 1,2,3  be  termwise  split  exact  sequences  of  complexes.  Let  b : B*  — ► B*  and 
b'  : B * B * be  morphisms  of  complexes  such  that 


A{ B{ Cl  A* B\ C\ 


b 

0 

and 

0 

b' 

f \ 

f 

> 

a*  — - B\ Cl  A*  — - b: 67 


commute  in  K (A) . Then  b'  o b = 0 in  K (A) . 
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Proof.  By  Lemma  13.9.5  we  can  replace  b and  b'  by  homotopic  maps  such  that  the 
right  square  of  the  left  diagram  commutes  and  the  left  square  of  the  right  diagram 


commutes.  In  other  words,  we  have  Im(6n)  C Im(A2 
In^AJf  — » Bf )■  Then  b o b'  = 0 as  a map  of  complexes. 


B%)  and  Ker((6')n)  3 
□ 


014K  Lemma  13.9.13.  Let  A be  an  additive  category.  Let  /i  : K*  —$■  L\  and  /2  '■  K* 

L * be  morphisms  of  complexes.  Let 

(a,b,c)  : — >•  (Kl  L\,  C(/2)*,  /2,  i2,p2) 

be  any  morphism  of  triangles  of  K (.A) . If  a and  b are  homotopy  equivalences  then 


Proof.  Let  a-1  : K*  — > K*  be  a morphism  of  complexes  which  is  inverse  to  a 
in  K(A).  Let  5_1  : L*  — ► L\  be  a morphism  of  complexes  which  is  inverse  to  b 
in  K(A).  Let  d : C(/2)*  — >•  C(/i)*  be  the  morphism  from  Lemma  13.9.2  applied 
to  /i  o a-1  = 6_1  o /2.  If  we  can  show  that  coc'  and  c'oc  are  isomorphisms  in 
K(A)  then  we  win.  Hence  it  suffices  to  prove  the  following:  Given  a morphism  of 
triangles  (1,  l,c)  : (K* , L*  ,C(f)* , f,i,p)  in  K(A)  the  morphism  c is  an  isomorphism 
in  K{A).  By  assumption  the  two  squares  in  the  diagram 


L* 


L* 


■c{fY 


■K'i  1] 


■c(fr 


■K-[  1] 


014L 


commute  up  to  homotopy.  By  construction  of  C(f)*  the  rows  form  termwise  split 
sequences  of  complexes.  Thus  we  see  that  (c—  l)2  = 0 in  K(A)  by  Lemma  13.9.12 
Hence  c is  an  isomorphism  in  K (*4)  with  inverse  2 — c.  □ 

Hence  if  a and  b are  homotopy  equivalences  then  the  resulting  morphism  of  triangles 
is  an  isomorphism  of  triangles  in  K(A).  It  turns  out  that  the  collection  of  triangles 
of  K(A)  given  by  cones  and  the  collection  of  triangles  of  K(A)  given  by  termwise 
split  sequences  of  complexes  are  the  same  up  to  isomorphisms,  at  least  up  to  sign! 

Lemma  13.9.14.  Let  A be  an  additive  category. 

(1)  Given  a termwise  split  sequence  of  complexes  (a  : A*  —>  B* , (3  : B*  — ► 
C*,sn,irn)  there  exists  a homotopy  equivalence  C(a )*  — >•  C*  such  that  the 
diagram 

A* ^ B* C{aY  A*[  1] 


V 

A* 


V 

B* 


-p 


C* 


■H*[l] 


defines  an  isomorphism  of  triangles  in  K (.A) . 

(2)  Given  a morphism  of  complexes  f : K * — > Lm  there  exists  an  isomorphism 
of  triangles 


K * 


> L* 


M* 


■K-[l) 


V 

L* 


■c(fY 


-p 


K-[  1] 


Y 

K' 
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where  the  upper  triangle  is  the  triangle  associated  to  a termwise  split  exact 
sequence  K * — > L*  — > M* . 

Proof.  Proof  of  (1).  We  have  C(a)n  = B"  © An+1  and  we  simply  define  C(a)n  — » 
Cn  via  the  projection  onto  Bn  followed  by  f3n.  This  defines  a morphism  of  com- 
plexes because  the  compositions  An+1  -A  Bn+1  — > Cn+1  are  zero.  To  get  a ho- 
motopy  inverse  we  take  C*  — > C{a)*  given  by  (sn,—5n)  in  degree  n.  This  is 
a morphism  of  complexes  because  the  morphism  Sn  can  be  characterized  as  the 
unique  morphism  Cn  -A  An+1  such  that  d o sn  — sn+1  o d = a o Sn,  see  proof  of 
Homology,  Lemma  12.14.10  The  composition  C * — > C(f )*  — > C*  is  the  identity. 


The  composition  C(/)#  — > C*  — > C(f)*  is  equal  to  the  morphism 

sn  o /3n  0^ 

K-5n  o fjn  0y 

To  see  that  this  is  homotopic  to  the  identity  map  use  the  homotopy  hn  : C(a)r 
C(a)n given  by  the  matrix 

0 0^ 

V71 -U  0 J 

It  is  trivial  to  verify  that 

1 0\  ( sn\  tnn  (d  an\  ( 0 0\  . / 0 0\  (d  an+1 


n — nn  05  An+1  _ ^ gn-1  m 4 n 


: C(a)n  = Bn®A 


1 An  = C(a) 


n—  1 


01/  l -S' 


(/?"  0)  = 


0 —d / \7r"  0/  Un+1  0 0 -d 


To  finish  the  proof  of  (1)  we  have  to  show  that  the  morphisms  —p  : C{a )*  -+  A*[  1] 
(see  Definition  13.9. 1|)  and  C(a)*  -+  C*  -+  A*  [1]  agree  up  to  homotopy.  This  is  clear 
from  the  above.  Namely,  we  can  use  the  homotopy  inverse  (s,  —5)  : C * — > C(ot)*  and 
check  instead  that  the  two  maps  C*  — > zl*[l]  agree.  And  note  that  po(s,  — 5 ) = —6 
as  desired. 


Proof  of  (2).  We  let  / 
Lemma  |13.9.6 


K* 


L\ 


L* 


L * and  7r  : L* 


L * be  as  in 


By  Lemmas  13.9.2  and  13.9.13  the  triangles  {K* ,L* ,C(f),i,p) 


and  (K* , L* ,C(f),i,p)  are  isomorphic.  Note  that  we  can  compose  isomorphisms 
of  triangles.  Thus  we  may  replace  L*  by  L*  and  / by  /.  In  other  words  we  may 
assume  that  / is  a termwise  split  injection.  In  this  case  the  result  follows  from  part 
(1).  □ 


014M  Lemma  13.9.15.  Let  A he  an  additive  category.  Let  A*  -+  A* 


AT 


be  a sequence  of  composahle  morphisms  of  complexes.  There  exists  a commutative 
diagram 


-At 


Bi 


b-2 


■ A' 
- : 

A 


BT 


such  that  each  morphism  B*  -+  B*+1  is  a split  injection  and  each  B * -+  A*  is  a 
homotopy  equivalence.  Moreover,  if  all  A*  are  in  K+{A),  K~(A),  or  Kb(A),  then 
so  are  the  BT . 


Proof.  The  case  n = 1 is  without  content.  Lemma  113.9.61  is  the  case  n = 2. 
Suppose  we  have  constructed  the  diagram  except  for  H*.  Apply  Lemma  13.9.6  to 
the  composition  B*_1  — > A*_1  — > A*.  The  result  is  a factorization  B*_1  -+  B*  —> 
AT  as  desired.  □ 
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014N  Lemma  13.9.16.  Let  A be  an  additive  category.  Let  {a  : A*  — > B* , j3  : Bm  — ► 
C*,sn,Trn)  be  a termwise  split  sequence  of  complexes.  Let  {A* , B* , C* , a,  0,6)  be  the 
associated  triangle.  Then  the  triangle  (C*[—  1],  A*,  B* , (5[—  1],  a,  /3)  is  isomorphic  to 
the  triangle  (C*[—  1],  A*,  C(<5[—  1])*,  <5[—  1],  i,p). 


Proof.  We  write  Bn  = An  ® Cn  and  we  identify  an  and  /3n  with  the  natural 
inclusion  and  projection  maps.  By  construction  of  <5  we  have 


d 


n 

B ~ 


On  the  other  hand  the  cone  of  <5[ — 1]  : C*  [—1]  — > A*  is  given  as  C(<5[—  1])"  = An®Cn 
with  differential  identical  with  the  matrix  above!  Whence  the  lemma.  □ 


0140  Lemma  13.9.17.  Let  A be  an  additive  category.  Let  f : K*  -A  L*  be  a morphism 
of  complexes.  The  triangle  (L°,  C(f)*,  K*  [1],  i,p, /[l])  is  the  triangle  associated  to 
the  termwise  split  sequence 

0->Lm->C(f)m->Km[l]->0 

coming  from  the  definition  of  the  cone  of  f. 

Proof.  Immediate  from  the  definitions.  □ 


13.10.  Distinguished  triangles  in  the  homotopy  category 

014P  Since  we  want  our  boundary  maps  in  long  exact  sequences  of  cohomology  to  be  given 
by  the  maps  in  the  snake  lemma  without  signs  we  define  distinguished  triangles  in 
the  homotopy  category  as  follows. 


014Q  Definition  13.10.1.  Let  A be  an  additive  category.  A triangle  (X,Y,  Z,  f,  g,h) 
of  K{A)  is  called  a distinguished  triangle  of  K(A)  if  it  is  isomorphic  to  the  triangle 
associated  to  a termwise  split  exact  sequence  of  complexes,  see  Definition  |13.9.9[ 
Same  definition  for  K+(A),  K~(A),  and  Kb(A). 


Note  that  according  to  Lemma  13.9.14  a triangle  of  the  form  {K*  ,Lm  ,C(f)* , f,  i,  —p) 
is  a distinguished  triangle.  This  does  indeed  lead  to  a triangulated  category,  see 
Proposition |13. 10. 3[  Before  we  can  prove  the  proposition  we  need  one  more  lemma 
in  order  to  be  able  to  prove  TR4. 


014R  Lemma  13.10.2.  Let  A be  an  additive  category.  Suppose  that  a : A*  — > Bm 
and  ft  : B * — > C*  are  split  injections  of  complexes.  Then  there  exist  distinguished 
triangles  (A*,  B* , Q*,  a,pi,  di),  (A’ ,Cm ,Q', /3oa,p2,d2)  and  (B* , Cm , Q*,  /3,p3,  d3) 
for  which  TRj  holds. 


Proof.  Say  7r”  : Bn  -A  An,  and  7Tg  : Cn  — > Bn  are  the  splittings.  Then  also 
A * — > Cm  is  a split  injection  with  splittings  irlj  = 7rf  o 773 . Let  us  write  Q*,  Q * and 
Q*  for  the  “quotient”  complexes.  In  other  words,  Q™  = Ker(7r"),  Q3  = Ker(7Tg) 
and  Qlf  = Ker(7T2  )■  Note  that  the  kernels  exist.  Then  Bn  = An  © Q"  and  Cn  = 
Bn  © Q 3,  where  we  think  of  An  as  a subobject  of  Bn  and  so  on.  This  implies 
Cn  = An  © Q”  © Q3.  Note  that  -ntf  = tt”  o 773  is  zero  on  both  Q"  and  Qff.  Hence 
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QT  ® Q 3 . Consider  the  commutative  diagram 

0 

-A 

A* 

-A 

B* 

-A 

Ql 

-A 

0 

4 

1 

i 

0 

-A 

A* 

-A 

C* 

-A 

Q* 

-A 

0 

4 

i 

i 

0 

-A 

B* 

-A 

c* 

-A 

Qs 

-A 

0 

The  rows  of  this  diagram  are  termwise  split  exact  sequences,  and  hence  determine 
distinguished  triangles  by  definition.  Moreover  downward  arrows  in  the  diagram 
above  are  compatible  with  the  chosen  splittings  and  hence  define  morpliisms  of 
triangles 

(A*  Am[  1])  — > (A*  -a  <7*  ->Q;  -►  A*[l]) 

and 

(A*  -a  C*  -a  Q*2  -a  A*[l])  — > (B*  R*[l]). 

Note  that  the  splittings  Q'f  -A  Cn  of  the  bottom  split  sequence  in  the  diagram 
provides  a splitting  for  the  split  sequence  0 — > Q*  — > Q’  A ► Q*  -A  0 upon  composing 
with  Cn  -A  Qg.  It  follows  easily  from  this  that  the  morphism  <5  : Q*  — > Q*[  1]  in 
the  corresponding  distinguished  triangle 

(Qi  Q*  Q*  Q*[l]) 

is  equal  to  the  composition  Q*  -a  B * [1]  -A  Q*  [1] . Hence  we  get  a structure  as  in 
the  conclusion  of  axiom  TR4.  □ 


014S  Proposition  13.10.3.  Let  A be  an  additive  category.  The  category  K(A)  of 
complexes  up  to  homotopy  with  its  natural  translation  functors  and  distinguished 
triangles  as  defined  above  is  a triangulated  category. 


Proof.  Proof  of  TR1.  By  definition  every  triangle  isomorphic  to  a distinguished 
one  is  distinguished.  Also,  any  triangle  (A*,  A*,  0, 1,  0, 0)  is  distinguished  since 
0 A A*  A A*  A 0 A 0 is  a termwise  split  sequence  of  complexes.  Finally, 
given  any  morphism  of  complexes  / : K*  -a  L * the  triangle  (. K , L,C(f),  /,  i,  —p)  is 
distinguished  by  Lemma[l3.9.14| 


Proof  of  TR2.  Let  (X,  Y,  Z,  /,  g,  h)  be  a triangle.  Assume  (Y,  Z,  X[l],  g,h, —f[l]) 
is  distinguished.  Then  there  exists  a termwise  split  sequence  of  complexes  A*  — ► 
B * -A  C * such  that  the  associated  triangle  (A*,  B* , C* , a,  /?,  5)  is  isomorphic  to 
(Y,Z,X[l],g,h,—f[l\).  Rotating  back  we  see  that  (. X,Y,Z,f,g,h ) is  isomorphic 
to  (C*[—  1],  A*,  B* , — 5[—  1],  a,  f3).  It  follows  from  Lemma  13.9.16  that  the  trian- 
gle (C*[—  1],  A*,  B',  (S[—  1],  a,  /?)  is  isomorphic  to  (C'*[—  1],  A*,  C7(<5[—  1])*,  <S[—  1],  i,p). 
Precomposing  the  previous  isomorphism  of  triangles  with  —1  on  Y it  follows  that 
(. X,Y,  Z,  f,g,h ) is  isomorphic  to  (C*[—  1],  A*,  C(<5[—  1])*,  <5[—  1],  i,  — p).  Hence  it  is 
distinguished  by  Lemma  13.9.14  On  the  other  hand,  suppose  that  (X,  Y.  Z , /,  g , h) 
is  distinguished.  By  Lemma|13.9.14|this  means  that  it  is  isomorphic  to  a triangle  of 
the  form  (K*  ,L*  ,C(f),  f,i,—p)  f°r  some  morphism  of  complexes  /.  Then  the  ro- 
tated triangle  (Y,  Z,  X[l],  <7,  h,  —/[!])  is  isomorphic  to  (L*,C(f),  K*[l],i,  —p,  — /[  1]) 


which  is  isomorphic  to  the  triangle  (L*,  C(f),  AT*[1],  i,p, /[!]).  By  Lemma  13.9.17 


this  triangle  is  distinguished.  Hence  (Y,Z,X[l\,g,h,—f[l\)  is  distinguished  as  de- 
sired. 


Proof  of  TR3.  Let  (X,  Y,  Z,  /,  g,  h)  and  (X',  Y' , Z',  /',  g\  h')  be  distinguished  trian- 
gles of  K(A)  and  let  a : X — »•  X1  and  b : Y — >•  Y'  be  morphisms  such  that  foa  = bo 
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/.  By  Lemma  13.9.14  we  may  assume  that  ( X , Y,  Z , /,  g , /i)  = (X,  Y,  C(f),  /,  i,  —p) 
and  = (X'  ,Y'  f'  ,i' At  this  point  we  simply  ap- 


ply Lemma  13.9.2  to  the  commutative  diagram  given  by  /,  f , a,  b. 

Proof  of  TR4.  At  this  point  we  know  that  K(A)  is  a pre-triangulated  category. 


Hence  we  can  use  Lemma  13.4.13  Let  A * — a B%  and  B * — > C * be  composable 
morphisms  of  K(A).  By  Lemma  13.9.15  we  may  assume  that  A * — A B * and  B*  — A 


05RP 


C*  are  split  injective  morphisms.  In  this  case  the  result  follows  from  Lemma|13.10.2| 

□ 

Remark  13.10.4.  Let  A be  an  additive  category.  Exactly  the  same  proof  as  the 
proof  of  Proposition  13.10.3  shows  that  the  categories  K+(A),  K~(A),  and  I\b(A) 


05RQ 


are  triangulated  categories.  Namely,  the  cone  of  a morphisms  between  bounded 
(above,  below)  is  bounded  (above,  below).  But  we  prove  below  that  these  are 
triangulated  subcategories  of  K(A)  which  gives  another  proof. 

Lemma  13.10.5.  Let  A be  an  additive  subcategory.  The  categories  K+(A), 
K~{A),  and  I\b{A)  are  full  triangulated  subcategories  of  K(A). 

Proof.  Each  of  the  categories  mentioned  is  a full  additive  subcategory.  We  use  the 
criterion  of  Lemma  [13.4. 14|  to  show  that  they  are  triangulated  subcategories.  It  is 
clear  that  each  of  the  categories  K+(A)1  I\~(A),  and  Kb(A)  is  preserved  under 
the  shift  functors  [1] , [ — 1] . Finally,  suppose  that  / : 4'  A B*  is  a morphism  in 
I\+(A ),  K~(A),  or  Kb(A).  Then  {A* , Bm , C(f)* , f,i,  ~p)  is  a distinguished  triangle 
of  K(A)  with  C(f)*  € K+(A),  K~(A ),  or  Kb(A)  as  is  clear  from  the  construction 
of  the  cone.  Thus  the  lemma  is  proved.  (Alternatively,  K * —A  L * is  isomorphic  to 
an  termwise  split  injection  of  complexes  in  K+(A),  K~  (A ),  or  Kb(A),  see  Lemma 
13.9.6  and  then  one  can  directly  take  the  associated  distinguished  triangle.)  □ 


014X  Lemma  13.10.6.  Let  A,  B be  additive  categories.  Let  F : A —A  B be  an  additive 
functor.  The  induced  functors 

F : K(A)  — > K(B) 

F : K+(A)  — A K+(B) 

F : K~(A)  — A K~(B) 

F : K\A)  —A  I\b(B) 

are  exact  functors  of  triangulated  categories. 

Proof.  Suppose  A*  -a  B*  — > C*  is  a termwise  split  sequence  of  complexes  of  A 
with  splittings  (sn,irn)  and  associated  morphism  S : Cm  — > A*[l],  see  Definition 
.9.9  Then  F(A')  —A  F(B *)  —A  F(C*)  is  a termwise  split  sequence  of  complexes 
with  splittings  (F(sn),F( 7r"))  and  associated  morphism  F(S)  : F{C*)  —A  F(A*)[1]. 
Thus  F transforms  distinguished  triangles  into  distinguished  triangles.  □ 

13.11.  Derived  categories 

In  this  section  we  construct  the  derived  category  of  an  abelian  category  A by  in- 
verting the  quasi-isomorphisms  in  K(A).  Before  we  do  this  recall  that  the  functors 
Hl  : Cornp(A)  -A  A factor  through  K(A),  see  Homology,  Lemma  12.12.11  More- 
over, in  Homology,  Definition  12.14.8  we  have  defined  identifications  Hl(K*[n])  = 
Hl+n(K*).  At  this  point  it  makes  sense  to  redefine 

H‘(K*)  = H°(K*[i\) 


05RR 
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05RS 


05ST 


05RT 


05RU 


in  order  to  avoid  confusion  and  possible  sign  errors. 

Lemma  13.11.1.  Let  A be  an  abelian  category.  The  functor 

H°  : K{A)  — ► A 

is  homological. 

Proof.  Because  H°  is  a functor,  and  by  our  definition  of  distinguished  triangles 
it  suffices  to  prove  that  given  a termwise  split  short  exact  sequence  of  complexes 
0 A A*  -)  B*  ->  C"  A 0 the  sequence  H°(A*)  -a  H°(B*)  -a  H°{C*)  is  exact. 
This  follows  from  Homology,  Lemma  [12. 12. 12|  □ 

In  particular,  this  lemma  implies  that  a distinguished  triangle  ( X , Y,  Z , /,  g , /i)  in 

I\  (A)  gives  rise  to  a long  exact  cohomology  sequence 

(13.11.1.1) 

. . . *-  H\X)  H\Y)  Hi(Z)  Hi+1(X) >-  . . . 


see  (|13.3.5.1 1.  Moreover,  there  is  a compatibility  with  the  long  exact  sequence  of  co- 
homology associated  to  a short  exact  sequence  of  complexes  (insert  future  reference 
here).  For  example,  if  (A*,  B* , C* , a,  /?,  5)  is  the  distinguished  triangle  associated 
to  a termwise  split  exact  sequence  of  complexes  (see  Definition  13.9.9),  then  the 


cohomology  sequence  above  agrees  with  the  one  defined  using  the  snake  lemma,  see 
Homology,  Lemma|12.12.12|and  for  agreement  of  sequences,  see  Homology,  Lemma 
Il2.l4.lll' 

Recall  that  a complex  K*  is  acyclic  if  Hl(Km ) = 0 for  all  i £ Z.  Moreover,  recall 
that  a morphism  of  complexes  / : K*  — A L%  is  a quasi-isomorphism  if  and  only  if 
Hz(f)  is  an  isomorphism  for  all  i.  See  Homology,  Definition  12.12.10 


Lemma  13.11.2.  Let  A be  an  abelian  category.  The  full  subcategory  Ac(A)  of 
K(A)  consisting  of  acyclic  complexes  is  a strictly  full  saturated  triangulated  sub- 
category of  K (M) . The  corresponding  saturated  multiplicative  system  ( see  Lemma 
13.6. 1C\)  ofK(A)  is  the  set  Qis(A)  of  quasi-isomorphisms.  In  particular,  the  kernel 
of  the  localization  functor  Q : K(A)  — t Qis(A)-1  K (A)  is  Ac(A)  and  the  functor 
H°  factors  through  Q. 


Proof.  We  know  that  H°  is  a homological  functor  by  Lemma  13.11.1 
lemma  is  a special  case  of  Lemma |13.6.11| 


Thus  this 
□ 


Definition  13.11.3.  Let  A be  an  abelian  category.  Let  Ac(M)  and  Qis(M)  be  as 
in  Lemma  |13.11.2|  The  derived  category  of  A is  the  triangulated  category 

D(A)  = K(A)/Ac{A)  = Qis(A)_1A'(A). 

We  denote  H°  : D(A)  A the  unique  functor  whose  composition  with  the  quotient 
functor  gives  back  the  functor  H°  defined  above.  Using  Lemma  13.6. 4|we  introduce 
the  strictly  full  saturated  triangulated  subcategories  D+ (A) , D~  (A) , Db (A)  whose 
sets  of  objects  are 

Ob (D+(A))  = {X  £ Ob (D{A)) 

Ob(D-(A))  = {X  £ Ob(D(A)) 

Ob (Db(A))  = {X  £ Ob(D(.A)) 

The  category  Db(A ) is  called  the  bounded  derived  category  of  A. 


Hn(X)  = 0 for  all  n < 0} 
Hn  (X)  = 0 for  all  n > 0} 
Hn(X)  = 0 for  all  \n\  > 0} 
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09PA 


05RV 


If  K*  and  A * are  complexes  of  A then  we  sometimes  say  “A'*  is  quasi-isomorphic 
to  A*”  to  indicate  that  AT*  and  A*  are  isomorphic  objects  of  D(A). 


Remark  13.11.4.  In  this  chapter,  we  consistently  work  with  “small”  abelian 
categories  (as  is  the  convention  in  the  Stacks  project).  For  a “big”  abelian  category 
A,  it  isn’t  clear  that  the  derived  category  D(A)  exists,  because  it  isn’t  clear  that 
morphisms  in  the  derived  category  are  sets.  In  fact,  in  general  they  aren’t,  see 
Examples,  Lemma  [88.52.1  However,  if  A is  a Grothendieck  abelian  category,  and 


given  A'*,  A*  in  K(A ),  then  by  Injectives,  Theorem  19.12.6  there  exists  a quasi- 
isomorphism A*  — ► /*  to  a K-injective  complex  I*  and  Lemma  [13. 29. 2|  shows  that 


Hom£>(_4)  (AT* , A* ) = Horn  k{a)(K\P) 


which  is  a set.  Some  examples  of  Grothendieck  abelian  categories  are  the  category 
of  modules  over  a ring,  or  more  generally  the  category  of  sheaves  of  modules  on  a 
ringed  site. 


Each  of  the  variants  D+(A),  D (A),Db(A)  can  be  constructed  as  a localization  of 
the  corresponding  homotopy  category.  This  relies  on  the  following  simple  lemma. 

Lemma  13.11.5.  Let  A be  an  abelian  category.  Let  K*  be  a complex. 

(1)  If  Hn(K*)  = 0 for  all  n <C  0,  then  there  exists  a quasi-isomorphism 
K * — > A*  with  A*  bounded  below. 

(2)  If  Hn(K *)  = 0 for  all  n 0,  then  there  exists  a quasi-isomorphism 
M*  -A  A'*  with  M*  bounded  above. 

(3)  If  Hn(K*)  = 0 for  all  |n|  0,  then  there  exists  a commutative  diagram 

of  morphisms  of  complexes 


K * A* 

M* > TV* 


where  all  the  arrows  are  quasi-isomorphisms,  A*  bounded  below,  M*  bounded 
above,  and  N*  a bounded  complex. 

Proof.  Pick  a -C  0 <C  b and  set  M*  = r<aK* , A*  = K* , and  N*  = A* /M* . 
See  Homology,  Section  [12.13  for  the  truncation  functors.  □ 

To  state  the  following  lemma  denote  Ac+(A),  Ac- (A),  resp.  Ac b(A)  the  intersection 
of  K+(A),  K~(A),  resp.  Kb(A)  with  Ac(A).  Denote  Qis+(A),  Qis“(A),  resp. 
Qisb(A)  the  intersection  of  K+(A),  K~(A),  resp.  Kb(A)  with  Qis(A). 

05RW  Lemma  13.11.6.  Let  A be  an  abelian  category.  The  subcategories  Ac+(A), 
Ac~(A),  resp.  Acb(A)  are  strictly  full  saturated  triangulated  subcategories  of  K+ (A), 
K~(A),  resp.  Kb(A).  The  corresponding  saturated  multiplicative  systems  (see 


13.6.10 ) are  the  sets  Qis+(A),  Qis  (A),  resp.  Qis°(A). 


Lemma 

(1)  The  kernel  of  the  functor  A'+(_4)  — > D+(A)  is  Ac+  (A)  and  this  induces 
an  equivalence  of  triangulated  categories 

K+(A)/Ac+(A ) = Qis+iAy'K+iA)  — ► D+(A) 

(2)  The  kernel  of  the  functor  I\~  (A)  — > D~  (A)  is  Ac~  (A)  and  this  induces 
an  equivalence  of  triangulated  categories 

K~ (A) / Ac~ (A)  = Qis~ (A)~l K~ {A)  — > D~(A) 


13.12.  THE  CANONICAL  DELTA-FUNCTOR 


972 


(3)  The  kernel  of  the  functor  Kb(A)  — > Db(A)  is  Acb(A)  and  this  induces  an 
equivalence  of  triangulated  categories 

Kb(A)/Acb(A ) = Qit/’(A)-1Kb(A)  — A Db(A) 

Proof.  The  initial  statements  follow  from  Lemma  |13.6.11|  by  considering  the  re- 
striction of  the  homological  functor  H°.  The  statement  on  kernels  in  (1),  (2),  (3) 
is  a consequence  of  the  definitions  in  each  case.  Each  of  the  functors  is  essentially 
surjective  by  Lemma|l3.11.5|  To  finish  the  proof  we  have  to  show  the  functors  are 
fully  faithful.  We  first  do  this  for  the  bounded  below  version. 


Suppose  that  K* , L * are  bounded  above  complexes.  A morphism  between  these 
in  D(A)  is  of  the  form  s-1/  for  a pair  / : K*  — A (L7)*,  s : L*  -A  {L')m  where  s 
is  a quasi-isomorphism.  This  implies  that  (L7)*  has  cohomology  bounded  below. 
Hence  by  Lemma  13.11.5  we  can  choose  a quasi-isomorphism  s'  : ( L ')*  -A  (L")* 
with  ( L ")*  bounded  below.  Then  the  pair  (s'  o /,  s'  o s ) defines  a morphism  in 
Qis+(A)_1.A+(.A).  Hence  the  functor  is  “full”.  Finally,  suppose  that  the  pair 
/ : K*  — > (. L ')*,  s ; L*  — y ( L')*  defines  a morphism  in  Qis+(A)_1A'+(A)  which  is 
zero  in  D(A).  This  means  that  there  exists  a quasi-isomorphism  s'  : ( L ')*  -A  (L77)* 
such  that  s'  of  = 0.  Using  Lemma  13.11.5  once  more  we  obtain  a quasi-isomorphism 
s"  : {L"Y  -A  {L'"Y  with  (L'"y  bounded  below.  Thus  we  see  that  s"os'o/  = 0 
which  implies  that  s~l  f is  zero  in  Qis+(A)_1  A'+(_4).  This  finishes  the  proof  that 
the  functor  in  (1)  is  an  equivalence. 


The  proof  of  (2)  is  dual  to  the  proof  of  (1).  To  prove  (3)  we  may  use  the  result  of  (2). 
Hence  it  suffices  to  prove  that  the  functor  Qis&(A)_1  A'b(_4)  — > Qis- (A)-1  AT- (A) 
is  fully  faithful.  The  argument  given  in  the  previous  paragraph  applies  directly  to 
show  this  where  we  consistently  work  with  complexes  which  are  already  bounded 
above.  □ 


13.12.  The  canonical  delta- functor 

014Z  The  derived  category  should  be  the  receptacle  for  the  universal  cohomology  functor. 
In  order  to  state  the  result  we  use  the  notion  of  a (5-functor  from  an  abelian  category 
into  a triangulated  category,  see  Definition |13. 3. 6| 

Consider  the  functor  Comp(A)  — > K(A).  This  functor  is  not  a (5-functor  in  general. 
The  easiest  way  to  see  this  is  to  consider  a nonsplit  short  exact  sequence  0 — ► 
A—tB—tC—tOoi  objects  of  A.  Since  Hom^^^CfO],  A[l])  = 0 we  see  that 
any  distinguished  triangle  arising  from  this  short  exact  sequence  would  look  like 
(A[0],  H[0],  C[0],  o,  6, 0).  But  the  existence  of  such  a distinguished  triangle  in  K(A) 
implies  that  the  extension  is  split.  A contradiction. 

It  turns  out  that  the  functor  Comp(A)  — » D{A)  is  a (5-functor.  In  order  to  see  this 
we  have  to  define  the  morphisms  5 associated  to  a short  exact  sequence 

OaTaB’-aC'aO 

of  complexes  in  the  abelian  category  A.  Consider  the  cone  C(a)*  of  the  morphism 
a.  We  have  C(a)n  = Bn  ® An+1  and  we  define  qn  : C(a)n  -A  Cn  via  the  projection 
to  Bn  followed  by  bn.  Hence  a morphism  of  complexes 
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It  is  clear  that  q o i = b where  i is  as  in  Definition  |13.9.1[  Note  that,  as  a*  is 
injective  in  each  degree,  the  kernel  of  q is  identified  with  the  cone  of  id^*  which  is 
acyclic.  Hence  we  see  that  q is  a quasi-isomorphism.  According  to  Lemma|l3.9.14| 
the  triangle 

(■ A,B,C(a),a,i,-p ) 

is  a distinguished  triangle  in  K(A).  As  the  localization  functor  K(A)  — t D(A)  is 
exact  we  see  that  (A,  B , C(a),  a,  i,  — p ) is  a distinguished  triangle  in  D(A).  Since  q 
is  a quasi-isomorphism  we  see  that  q is  an  isomorphism  in  D(A).  Hence  we  deduce 
that 

(A,B,C,a,b,  -poq-1) 

is  a distinguished  triangle  of  D(A).  This  suggests  the  following  lemma. 

0152  Lemma  13.12.1.  Let  A be  an  abelian  category.  The  functor  Comp(A)  —¥  D(A) 
defined  has  the  natural  structure  of  a 6-functor,  with 

= -poq^1 

withp  and  q as  explained  above.  The  same  construction  turns  the  functors  Comp+  (A)  — > 
D+(A),  Comp-  (A)  — > D~(A),  and  Compb(A)  Db(A)  into  6 -functors. 

Proof.  We  have  already  seen  that  this  choice  leads  to  a distinguished  triangle 
whenever  given  a short  exact  sequence  of  complexes.  We  have  to  show  that  given 
a commutative  diagram 


0 

0 


*Am 


f 

Y 


(A') 


0 

0 


we  get  the  desired  commutative  diagram  of  Definition  13.3.6  (2).  By  Lemma  13.9.2 
the  pair  (/,  g)  induces  a canonical  morphism  c : C(a)*  — ► C(a')*.  It  is  a simple 
computation  to  show  that  q'  o c = h o q and  / [1]  o p = p'  o c.  From  this  the  result 
follows  directly.  □ 


0153  Lemma  13.12.2.  Let  A be  an  abelian  category.  Let 

0 >■  A* >-0 

Y Y 

o — d*  — ->  /:•  — - • — > o 


be  a commutative  diagram  of  morphisms  of  complexes  such  that  the  rows  are  short 
exact  sequences  of  complexes,  and  the  vertical  arrows  are  quasi-isomorphisms.  The 
5-functor  of  Lemma\l3.12.1\  above  maps  the  to  short  exact  sequences  0 — > A*  — ► 
Bm  — > C*  — > 0 and  0 —¥  D*  — > E * — ► F*  — > 0 to  isomorphic  distinguished  triangles. 

Proof.  Trivial  from  the  fact  that  K(A)  — > D(A)  transforms  quasi-isomorphisms 
into  isomorphisms  and  that  the  associated  distinguished  triangles  are  functorial.  □ 

0154  Lemma  13.12.3.  Let  A be  an  abelian  category.  Let 

0 >-  A* >-  Bm >-  C * 0 


13.12.  THE  CANONICAL  DELTA-FUNCTOR 


974 


be  a short  exact  sequences  of  complexes.  Assume  this  short  exact  sequence  is 
termwise  split.  Let  [A* , Bm  ,C*  ,a,  /3,6)  be  the  distinguished  triangle  of  K (A)  asso- 
ciated to  the  sequence.  The  5-functor  of  Lemma\  13.  T2f7\  above  maps  the  short  exact 
sequences  0 — » Am  — > Bm  -A  C*  — > 0 to  a triangle  isomorphic  to  the  distinguished 
triangle 

(A* , B* ,C° ,a,  (3,5). 

Proof.  Follows  from  Lemmari3.9.141  □ 


08J5  Remark  13.12.4.  Let  A be  an  abelian  category.  Let  AT*  be  a complex  of  A.  Let 
a £ Z.  We  claim  there  is  a canonical  distinguished  triangle 

T<aK * — > K*  -A  T>a+\K*  -A  (r<„A'*)[l] 

in  D{A).  Here  we  have  used  the  canonical  truncation  functors  r from  Homology, 
Section  |12.13|  Namely,  we  first  take  the  distinguished  triangle  associated  by  our 
(5-functor  (Lemma  13.12.1)  to  the  short  exact  sequence  of  complexes 

0 -A  T<qAT*  -A  K*  -A  K* /t< a K*  -A  0 

Next,  we  use  that  the  map  K * — > T>a+iA'*  factors  through  a quasi-isomorphism 
K* /r<aK*  -A  r>a+iK*  by  the  description  of  cohomology  groups  in  Homology, 
Section  12.13  In  a similar  way  we  obtain  canonical  distinguished  triangles 

r<aK * -a  r<a+1K * -a  Ha+1(K*)[—a  -!]->•  {r<aK')[  1] 


and 

Ha(K')[-a\  -A  r>aK*  -A  r>a+1K'  -A  Ha(K*)[—a  + 1] 
08Q2  Lemma  13.12.5.  Let  A be  an  abelian  category.  Let 

K-  -»•  k*  -a  ...  -a.  i<: 


be  maps  of  complexes  such  that 

(1)  iP(A'g)  = 0 for  « > 0, 

(2)  -A  H~3{K'+1)  is  zero. 

Then  the  composition  K*  -A  K*  factors  through  r<-nK * —>•  AT*  m D(A). 


Proof.  The  case  n = 1.  Since  t<qK * = K * in  D(A)  we  can  replace  AT*  by  t<qKq 
and  K * by  t<0K*.  Consider  the  distinguished  triangle 


t<_,AT 


R°(A'*)[0]  -A  (r^rifDtl] 


(Remark  13.12.4l.  The  composition  AT*  — > K * — > H°(K* ) [0]  is  zero  as  it  is  equal 
to  A'*  -A  HU(A* ) [0]  -A-  ff°(A'*)[0]  which  is  zero  by  assumption.  The  fact  that 
Homfl(^ (A"J,-)  is  a homological  functor  (Lemma  13.4.2),  allows  us  to  find  the 
desired  factorization.  For  n = 2 we  get  a factorization  A*  -A  t<_iAT*  by  the  case 
n = 1 and  we  can  apply  the  case  n = 1 to  the  map  of  complexes  r<_iA'*  — > r< _ i K* 
to  get  a factorization  r< _ -|  A*  -A  t<_2A'*.  The  general  case  is  proved  in  exactly 
the  same  manner.  □ 
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06UP 


06UQ 


06UR 


06XL 


13.13.  Triangulated  subcategories  of  the  derived  category 


Let  A be  an  abelian  category.  In  this  section  we  are  going  to  look  for  strictly  full 
saturated  triangulated  subcategories  V C D(A)  and  in  the  bounded  versions. 


Here  is  a simple  construction.  Let  B C A be  a weak  Serre  subcategory,  see  Ho- 
mology, Section  12.9  We  let  DB(A)  the  full  subcategory  of  D(A)  whose  objects 
are 


Ob(He(yl))  = {X  G Ob(D(yl))  | Hn(X)  is  an  object  of  B for  all  n} 

We  also  define  Dg(A)  = D+(A)  fl  DB{A)  and  similarly  for  the  other  bounded 
versions. 


Lemma  13.13.1.  Let  A be  an  abelian  category.  Let  B C A be  a weak  Serre 
subcategory.  The  category  DB(A)  is  a strictly  full  saturated  triangulated  subcategory 
of  D (A).  Similarly  for  the  bounded  versions. 


Proof.  It  is  clear  that  DB(A)  is  an  additive  subcategory  preserved  under  the  trans- 
lation functors.  If  A'  © Y is  in  DB(A),  then  both  Hn(X)  and  Hn(Y)  are  kernels  of 
maps  between  maps  of  objects  of  B as  Hn( X © Y)  = Hn(X ) (BHn(Y ).  Hence  both 
X and  Y are  in  DB  (A) . By  Lemma  13.4. 14|  it  therefore  suffices  to  show  that  given 
a distinguished  triangle  (X,Y,  Z,  f,g,h)  such  that  X and  Y are  in  DB(A)  then  Z 
is  an  object  of  DB(A).  The  long  exact  cohomology  sequence  (13.11.1.1)  and  the 
definition  of  a weak  Serre  subcategory  (see  Homology,  Definition  12.9.1)  show  that 
Hn(Z)  is  an  object  of  B for  all  n.  Thus  Z is  an  object  of  DB(A).  □ 


An  interesting  feature  of  the  situation  of  the  lemma  is  that  the  functor  D(B)  — » 
D{A)  factors  through  a canonical  exact  functor 

(13.13.1.1)  D(B) — > DB(A) 

After  all  a complex  made  from  objects  of  B certainly  gives  rise  to  an  object  of  DB(A) 
and  as  distinguished  triangles  in  DB{A)  are  exactly  the  distinguished  triangles  of 
D{A)  whose  vertices  are  in  DB(A)  we  see  that  the  functor  is  exact  since  D(B)  — ► 
D{A)  is  exact.  Similarly  we  obtain  functors  D+(B)  — > DB(A)  etc  for  the  bounded 
versions.  A key  question  in  many  cases  is  whether  the  displayed  functor  is  an 
equivalence. 


Now,  suppose  that  B is  a Serre  subcategory  of  A.  In  this  case  we  have  the  quotient 
functor  A — >■  A/B,  see  Homology,  Lemma  12.9.6  In  this  case  DB(A)  is  the  kernel 
of  the  functor  D(A)  — > D(A/B).  Thus  we  obtain  a canonical  functor 


D(A)/DB(A)  -a  D(A/B) 


by  Lemma  13.6.8|  Similarly  for  the  bounded 


versions. 


Lemma  13.13.2.  Let  A be  an  abelian  category.  Let  B C A be  a Serre  subcategory. 
Then  D{A)  — > D(A/B)  is  essentially  surjective. 


Proof.  We  will  use  the  description  of  the  category  A/B  in  the  proof  of  Homology, 


Lemma  12.9.6  Let  (A*,  d*)  be  a complex  of  A/B.  For  each  i we  have  an  object 
X1  of  A and  dl  = (s1,/1)  where  s 1 : Yl  — > X1  is  a morphism  of  A whose  kernel 
and  cokernel  are  in  B and  fl  : Yl  — > Xl+l  is  an  arbitrary  morphism  of  A.  Next, 
consider  the  complex 


. . . © Yi  © Yl+1  ->  Xi+1  © Yi+l  © Yi+ 2 -A  . . . 
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in  A with  differential  given  by 

/0  p si+1  \ 

| 0 0 — idyi+i  1 . 

\0  0 0 / 

This  complex  becomes  quasi- isomorphic  to  the  complex  (X*  ,dm)  in  A/B  by  the 
maps 

(idx,,  s\  0)  : Xi  © Yi  © Yl+1  -a  X* 

Calculation  omitted.  □ 

06XM  Lemma  13.13.3.  Let  A be  an  abelian  category.  Let  B C A be  a Serve  subcategory. 

Suppose  that  the  functor  v : A — >•  A/B  has  a left  adjoint  u : A/B  — * A such  that 
vu  = id.  Then 

D(A)/DB(A)  = D(A/B) 

and  similarly  for  the  bounded  versions. 

Proof.  The  functor  D(v)  : D(A)  —t  D(A/B ) is  essentially  surjective  by  Lemma 


to  an  isomorphism  in  D(A/B)  because  vuv  = v by  the  assumption  that  vu  = id. 
Thus  in  a distinguished  triangle  (uvX,  X,  Z,cx , g,  h)  the  object  Z is  an  object  of 
DB(A)  as  we  see  by  looking  at  the  long  exact  cohomology  sequence.  Hence  Cx 
is  an  element  of  the  multiplicative  system  used  to  define  the  quotient  category 
D(A)/Db(A).  Thus  uvX  = X in  D(A)/DB(A).  For  X,  Y £ Ob(A))  the  map 

Horn D(a)/Db(A)(X,Y)  — > Horn D(a/B)(vX,vY) 
is  bijective  because  u gives  an  inverse  (by  the  remarks  above).  □ 


13.13.2  For  an  object  X of  D(A)  the  adjunction  mapping  cx  '■  uvX  — ► X maps 


13.14.  Filtered  derived  categories 


05RX  A reference  for  this  section  is  p72l  I,  Chapter  V].  Let  A be  an  abelian  category. 
In  this  section  we  will  define  the  filtered  derived  category  DF(A)  of  A.  In  short,  we 
will  define  it  as  the  derived  category  of  the  exact  category  of  objects  of  A endowed 
with  a finite  filtration.  (Thus  our  construction  is  a special  case  of  a more  general 
construction  of  the  derived  category  of  an  exact  category,  see  for  example  IBiihlOj. 
|Kel90).f  Illusie’s  filtered  derived  category  is  the  full  subcategory  of  ours  consisting 
of  those  objects  whose  filtration  is  finite.  (In  our  category  the  filtration  is  still  finite 
in  each  degree,  but  may  not  be  uniformly  bounded.)  The  rationale  for  our  choice 
is  that  it  is  not  harder  and  it  allows  us  to  apply  the  discussion  to  the  spectral 
sequences  of  Lemma  13.21.3|  see  also  Remark |13.21.4 


We  will  use  the  notation  regarding  filtered  objects  introduced  in  Homology,  Section 
12.16  The  category  of  filtered  objects  of  A is  denoted  Fil(A).  All  nitrations  will 


be  decreasing  by  fiat. 


05RY  Definition  13.14.1.  Let  A be  an  abelian  category.  The  category  of  finite  filtered 
objects  of  A is  the  category  of  filtered  objects  (A,  F)  of  A whose  filtration  F is 
finite.  We  denote  it  Fil^(A). 

Thus  Fil^(A)  is  a full  subcategory  of  Fil(A).  For  each  p € Z there  is  a functor 
grp  : Fil^(A)  — > A.  There  is  a functor 

gr  = ®pSZ  gl’P  : Fil/("4)  -t  Gr(A) 
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where  Gr(A)  is  the  category  of  graded  objects  of  A,  see  Homology,  Definition 
|12.15.1|  Finally,  there  is  a functor 

(forget  F ) : Fil-^(A)  — > A 

which  associates  to  the  filtered  object  (A,  F)  the  underlying  object  of  A.  The 
category  Fil^  (A)  is  an  additive  category,  but  not  abelian  in  general,  see  Homology, 
Example  |12.3.12| 

Because  the  functors  grp,  gr,  (forget  F)  are  additive  they  induce  exact  functors  of 
triangulated  categories 

grp,  (forget  F)  : K{Fi\f  {A))  -A  K(A)  and  gr  : A'(Fil^ (A))  -►  AT(Gr(A)) 

by  Lemma  |13.10.6|  By  analogy  with  the  case  of  the  homotopy  category  of  an 
abelian  category  we  make  the  following  definitions. 

05RZ  Definition  13.14.2.  Let  A be  an  abelian  category. 

(1)  Let  a : AT*  -A  A*  be  a morphism  of  A'  (Fil-^  (A)) . We  say  that  a is  a filtered 
quasi-isomorphism  if  the  morphism  gr(a)  is  a quasi-isomorphism. 

(2)  Let  K*  be  an  object  of  AT(Fil-^(A)).  We  say  that  I\*  is  filtered  acyclic  if 
the  complex  gr(AT*)  is  acyclic. 


Note  that  a : A'*  — > L*  is  a filtered  quasi-isomorphism  if  and  only  if  each  grp(a)  is 
a quasi-isomorphism.  Similarly  a complex  K*  is  filtered  acyclic  if  and  only  if  each 
grp(K*)  is  acyclic. 

05S0  Lemma  13.14.3.  Let  A be  an  abelian  category. 

(1)  The  functor  K(Fil^ (A))  — > Gr(A),  K*  \ — > H°(gr(K*))  is  homological. 

(2)  The  functor  K(Fil^ (A))  —¥  A,  K*  i — > H°(grp(K*))  is  homological. 

(3)  The  functor  K(Fil^ (A))  — t A,  AT*  i — > H°((forget  F)K*)  is  homological. 


Proof.  This  follows  from  the  fact  that  H°  : K(A)  — > A is  homological,  see  Lemma 


13.11.1  and  the  fact  that  the  functors  gr,  grp,  (forget  F ) are  exact  functors  of  tri- 
angulated categories.  See  Lemma[i3.4.18|  □ 


05S1  Lemma  13.14.4.  Let  A be  an  abelian  category.  The  full  subcategory  FAc(A) 
of  K{FiV  (A))  consisting  of  filtered  acyclic  complexes  is  a strictly  full  saturated 
triangulated  subcategory  of  K(Fitf  (A)).  The  corresponding  saturated  multiplicative 
system  (see  Lemma  13.6.10 ) of  K(Fitf  (A))  is  the  set  FQis(A)  of  filtered  quasi- 
isomorphisms. In  particular,  the  kernel  of  the  localization  functor 

Q : K{Filf  (A))  — ► FQis{A)~1K{Fils (A)) 
is  FAc(A ) and  the  functor  H°  o gr  factors  through  Q. 


Proof.  We  know  that  H°  o gr  is  a homological  functor  by  Lemma  |l3.14.3[  Thus 
this  lemma  is  a special  case  of  Lemma |13.6.11|  □ 

05S2  Definition  13.14.5.  Let  A be  an  abelian  category.  Let  FAc(A)  and  FQis(A)  be 
as  in  Lemma|l3.14.4|  The  filtered  derived  category  of  A is  the  triangulated  category 


DF(A)  = A'(Fil/  (A))/FAc(A)  = FQis(A)'1A(Fil/  (A)). 
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05S3  Lemma  13.14.6.  The  functors  gr11 , gr,  (forget  F)  induce  canonical  exact  functors 

gr*3,  gr,  ( forget  F)  : DF(A)  — » D(A) 
which  commute  with  the  localization  functors. 


05S4 


05S5 


Proof.  This  follows  from  the  universal  property  of  localization,  see  Lemma  13.5.6 


provided  we  can  show  that  a filtered  quasi-isomorphism  is  turned  into  a quasi- 
isomorphism by  each  of  the  functors  grp,gr,  (forget  F).  This  is  true  by  definition 
for  the  first  two.  For  the  last  one  the  statement  we  have  to  do  a little  bit  of  work.  Let 
/ : K*  — > Lm  be  a filtered  quasi-isomorphism  in  If  (Fir  (-4)).  Choose  a distinguished 
triangle  (K* ,L* ,M* , f,g,h)  which  contains  /.  Then  M*  is  filtered  acyclic,  see 
Lemma  13.14.4  Hence  by  the  corresponding  lemma  for  K(A)  it  suffices  to  show 


that  a filtered  acyclic  complex  is  an  acyclic  complex  if  we  forget  the  filtration.  This 
follows  from  Homology,  Lemma[l2.16.15|  □ 


Definition  13.14.7.  Let  A be  an  abelian  category.  The  bounded  filtered  derived 
category  DFb(A ) is  the  full  subcategory  of  DF(A)  with  objects  those  X such  that 
gr(X)  £ Db(A).  Similarly  for  the  bounded  below  filtered  derived  category  DF+(A) 
and  the  bounded  above  filtered  derived  category  DF~  (.4) . 


Lemma  13.14.8.  Let  A be  an  abelian  category.  Let  K * £ K(Fif  (A)). 

(1)  If  Hn(gr(K *))  = 0 for  all  n < a,  then  there  exists  a filtered  quasi- 
isomorphism K * -A  L * with  Ln  = 0 for  all  n < a. 

(2)  If  Hn(gr(K*))  = 0 for  all  n > b,  then  there  exists  a filtered  quasi- 
isomorphism M * K*  with  Mn  = 0 for  all  n > b. 

(3)  If  Hn(gr(K *))  = 0 for  all  \n\  0,  then  there  exists  a commutative  dia- 

gram of  morphisms  of  complexes 


K • L* 

M* 


where  all  the  arrows  are  filtered  quasi-isomorphisms,  L * bounded  below, 
M%  bounded  above,  and  N * a bounded  complex. 


Proof.  Suppose  that  Hn(gr(K*))  = 0 for  all  n < a.  By  Homology,  Lemma  12.16.15 
the  sequence 

Ka~  1 Ka~X  Ka 

is  an  exact  sequence  of  objects  of  A and  the  morphisms  da~ 2 and  da_1  are  strict. 
Hence  Coim(da_1)  = Im(da_1)  in  Fil^(_4)  and  the  map  gr(Im(da-1))  — > gi(Ka) 
is  injective  with  image  equal  to  the  image  of  gr (Jf°_1)  -A  gr(A'a),  see  Homology, 
Lemma  12.16.13  This  means  that  the  map  K * — ► r>aA*  into  the  truncation 

T>aK * = (. . . -A  o -A  AT“/Im(d0_1)  -a  Ka+1 


is  a filtered  quasi-isomorphism.  This  proves  (1).  The  proof  of  (2)  is  dual  to  the 
proof  of  (1).  Part  (3)  follows  formally  from  (1)  and  (2).  □ 


To  state  the  following  lemma  denote  FAc+(>4),  FAc-(>4),  resp.  FAcb(_4)  the  inter- 
section of  A'+(Fil^  A),  AT_(Fil^.4),  resp.  A'b(Fil^_4)  withFAc(A).  Denote  FQis+ (.A), 
FQis“(A),  resp.  FQisb(A)  the  intersection  of  A'+(Fil-/  A),  A_(Fil^  A),  resp.  Kb(Fi\J  A) 
with  FQis(A). 
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05S6 


05S7 


05S8 


05S9 


Lemma  13.14.9.  Let  A be  an  abelian  category.  The  subcategories  FAc+(A), 
FAc~  (A),  resp.  FAcb(A)  are  strictly  full  saturated  triangulated  subcategories  of 
K+(FilfA),  K~(FilfA)  , resp.  Kb(Fitf  A).  The  corresponding  saturated  multi- 

plicative systems  (see  Lemma  13.6.  l(fy  are  the  sets  FQis+(A),  FQis~  (A),  resp. 
FQisb(A). 

(1)  The  kernel  of  the  functor  K+  (Fitf  A)  DF+(A)  is  FAc+(A)  and  this 

induces  an  equivalence  of  triangulated  categories 

K+ (Filf  A)  / FAc+ (A)  = FQis+{A)-lK+{Filf  A)  — > DF+(A) 

(2)  The  kernel  of  the  functor  K~  (Fitf A)  — ► DF~(A)  is  FAc~  (A)  and  this 
induces  an  equivalence  of  triangulated  categories 

K~  (Filf  A)  / FAc~  (A)  = FQis-{A)~lK-(Filf  A)  — ► DF~(A) 

(3)  The  kernel  of  the  functor  Kb(Fitf  A)  —>  DFb(A)  is  FAcb(A)  and  this 
induces  an  equivalence  of  triangulated  categories 

Kb{Filf  A) / FAcb(A)  = FQisb(A)~1Kb(Filf  A)  — > DFb(A ) 

Proof.  This  follows  from  the  results  above,  in  particular  Lemma[i3.14.8[  by  exactly 
the  same  arguments  as  used  in  the  proof  of  Lemma  |13.11.6|  □ 

13.15.  Derived  functors  in  general 

A reference  for  this  section  is  Deligne’s  expose  XVII  in  [AGV71j.  A very  general 
notion  of  right  and  left  derived  functors  exists  where  we  have  an  exact  functor 
between  triangulated  categories,  a multiplicative  system  in  the  source  category 
and  we  want  to  find  the  “correct”  extension  of  the  exact  functor  to  the  localized 
category. 

Situation  13.15.1.  Here  F : V — >■  V is  an  exact  functor  of  triangulated  categories 
and  S is  a saturated  multiplicative  system  in  D compatible  with  the  structure  of 
triangulated  category  on  V. 


Let  X € Ob(2?).  Recall  from  Categories,  Remark  4.26.7  the  filtered  category  X/S 
of  arrows  s : X — > X'  in  S with  source  X.  Dually,  in  Categories,  Remark  |4.26.15| 
we  defined  the  cofiltered  category  S/X  of  arrows  s : X'  — > X in  S with  target  X. 


13.15.1 


Let  X € 


Definition  13.15.2.  Assumptions  and  notation  as  in  Situation 
Ob(X>). 

(1)  we  say  the  right  derived  functor  RF  is  defined  at  X if  the  ind-object 

(V/S)  — (s  : X -»•  X')  i — ^ F(X') 

is  essentially  constant]^}  in  this  case  the  value  Y in  V is  called  the  value 
of  RF  at  X. 

(2)  we  say  the  left  derived  functor  LF  is  defined  at  X if  the  pro-object 

(S/X)  — > V,  (s  : X'  X)  ► F(X') 

is  essentially  constant;  in  this  case  the  value  Y in  D'  is  called  the  value  of 
LF  at  X. 

By  abuse  of  notation  we  often  denote  the  values  simply  RF(X)  or  LF(X). 


For  a discussion  of  when  an  ind-object  or  pro-object  of  a category  is  essentially  constant  we 


refer  to  Categories,  Section 


4.22 


13.15.  DERIVED  FUNCTORS  IN  GENERAL 


980 


05SA 


It  will  turn  out  that  the  full  subcategory  of  V consisting  of  objects  where  RF  is  de- 
fined is  a triangulated  subcategory,  and  RF  will  define  a functor  on  this  subcategory 
which  transforms  morphisms  of  S into  isomorphisms. 


Lemma  13.15.3.  Assumptions  and  notation  as  in  Situation 
Y be  a morphism  ofT>. 


13.15.1 


Let  f : X 


(1)  If  RF  is  defined  at  X and  Y then  there  exists  a unique  morphism  RF(f)  : 
RF(X)  — >•  RF(Y ) between  the  values  such  that  for  any  commutative  dia- 
gram 


f S' 

I , I 

Y —L^y' 


with  s,  s'  £ S the  diagram 


F(X) ^ F{X’) RF(X) 

V v 

F(Y) ->•  F(Y')  ->  RF(Y) 


commutes. 

(2)  If  LF  is  defined  at  X and  Y then  there  exists  a unique  morphism  LF(f)  : 
LF(X)  -A  LF(Y)  between  the  values  such  that  for  any  commutative  dia- 
gram 


X’ 


S 


X 


/' 

Y 

Y' 


f 

Y 

Y 


with  s,  s1  in  S the  diagram 


LF(X) F{X’) ^ F(X) 

\t 

LF(Y) > F(Y’) m F(Y) 


commutes. 


Proof.  Part  (1)  holds  if  we  only  assume  that  the  colimits 

RF(X)  = colims:X^.Y'  F(X')  and  RF(Y)  = coliins/:Y^y/  F(Y') 

exist.  Namely,  to  give  a morphism  RF(X)  RF(Y)  between  the  colimits  is  the 
same  thing  as  giving  for  each  s : X — ► X'  in  Ob(A/S’)  a morphism  F(X')  — > RF(Y ) 
compatible  with  morphisms  in  the  category  X/S.  To  get  the  morphism  we  choose 
a commutative  diagram 


/ /' 
I , I 
Y — ^ Y’ 
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with  s,  s'  in  S as  is  possible  by  MS2  and  we  set  F(X')  -A  RF(Y)  equal  to  the 
composition  F{X')  — > F(Y')  — » RF(Y).  To  see  that  this  is  independent  of  the 
choice  of  the  diagram  above  use  MS3.  Details  omitted.  The  proof  of  (2)  is  dual.  □ 


Lemma  13.15.4.  Assumptions  and  notation  as  in  Situation  13.15.1  Let  s : X — t 
Y be  an  element  of  S. 

(1)  RF  is  defined  at  X if  and  only  if  it  is  defined  at  Y . In  this  case  the  map 
RF(s ) : RF{X)  — > RF(Y ) between  values  is  an  isomorphism. 

(2)  LF  is  defined  at  X if  and  only  if  it  is  defined  at  Y . In  this  case  the  map 
LF(s)  : LF{X)  — » LF(Y ) between  values  is  an  isomorphism. 


Proof.  Omitted. 


□ 


05SU 


Lemma  13.15.5.  Assumptions  and  notation  as  in  Situation  13.15.1 
an  object  ofT>  and  n £ Z. 


Let  X be 


(1)  RF  is  defined  at  X if  and  only  if  it  is  defined  at  X[n].  In  this  case  there 
is  a canonical  isomorphism  RF(X)[n]  = RF(X[n])  between  values. 

(2)  LF  is  defined  at  X if  and  only  if  it  is  defined  at  X[n].  In  this  case  there 
is  a canonical  isomorphism  LF(X)[n]  — » LF(X\n ])  between  values. 


Proof.  Omitted. 


05SC 


13.15.1 


□ 

Let  (X,Y,Z,  f,g,h) 


Lemma  13.15.6.  Assumptions  and  notation  as  in  Situation 
be  a distinguished  triangle  of  V . If  RF  is  defined  at  two  out  of  three  of  X,Y,  Z , 
then  it  is  defined  at  the  third.  Moreover,  in  this  case 

(RF(X),  RF(Y),RF{Z ),  RF(f),  RF(g),  RF(h)) 

is  a distinguished  triangle  in  T>' . Similarly  for  LF. 

Proof.  Say  RF  is  defined  at  X,Y  with  values  A,  B.  Let  RF(f)  : A — » B be  the 
induced  morphism,  see  Lemma  13.15.3  We  may  choose  a distinguished  triangle 


(. A , B , C,  RF(f ),  b,  c)  in  V . We  claim  that  C is  a value  of  RF  at  Z. 

To  see  this  pick  s : X -A  X'  in  S such  that  there  exists  a morphism  a : A 


F(X') 


as  in  Categories,  Definition  4.22.1  We  may  choose  a commutative  diagram 

X ^ X' 

S' 

Y' 


with  s'  € S'  by  MS2.  Using  that  Y/S  is  filtered  we  can  (after  replacing  s'  by  some 
s"  : Y — ► Y"  in  S)  assume  that  there  exists  a morphism  (3  : B — > F(Y')  as  in 
Categories,  Definition  |4. 22. 1|  Picture 


A^^F(X') ^ A 


RF(f ) 

V 

B 


F(f’) 
^ F(Y')  - 


RF{f) 

Y 

B 


It  may  not  be  true  that  the  left  square  commutes,  but  the  outer  and  right  squares 
commute.  The  assumption  that  the  ind-object  {F{Y')}s':y’^,y  is  essentially  con- 
stant means  that  there  exists  a s"  : Y — ► Y"  in  S and  a morphism  h : Y'  — > Y" 
such  that  s"  = ho  s'  and  such  that  F(h)  equal  to  F(Y')  F(Y')  — > F(Y"). 
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Hence  after  replacing  Y'  by  Y"  and  j3  by  F{h ) o /3  the  diagram  will  commute  (by 
direct  computation  with  arrows). 

Using  MS6  choose  a morphism  of  triangles 

(a,  s',  s")  : (X,  Y,  Z,  /,  g,  h)  -A  (*',  Y' , Z\  /',  g' , ti) 

with  s"  £ S.  By  TR3  choose  a morphism  of  triangles 

(a,/3,7)  : (A,B,C,RF(f),b,c)  — ► (F(X'),  F(Y'),  F(Z'),  F(f'),  F(g'),  F(h')) 


By  Lemma  13.15.4  it  suffices  to  prove  that  RF(Z')  is  defined  and  has  value  C. 


Consider  the  category  I of  Lemma  13.5.8|  of  triangles 

: (A :\Y',Z'J',g',ti)  — ► {X"  ,Y" , Z" , f" , g"  ,h")  \ G S} 

To  show  that  the  system  F(Z")  is  essentially  constant  over  the  category  Z’ / S 
is  equivalent  to  showing  that  the  system  of  F(Z")  is  essentially  constant  over  X 
because  X — > Z' /S  is  cofinal,  see  Categories,  Lemma  4.22.8  (cofinality  is  proven  in 
Lemma  13.5.8).  For  any  object  W in  V we  consider  the  diagram 


colimx  Mor F(X")) 


colimx  Morx)/  (W,  F(Y")) 


Mor  V'{W,A) 


Mor 


colimx  Morx>'  {W,  F(Z")) 


colimx  Mor x>>  {W,  F(X"[1])) 


Mor  v(W,C) 


■ Morx>'  (W,  j4[1]) 


colimx  Morx)'  (W,  F(lr,,[l])) 


Moivl(W,B[l]) 


where  the  horizontal  arrows  are  given  by  composing  with  (a,f3, 7).  Since  filtered 
colimits  are  exact  (Algebra,  Lemma  10.8.9)  the  left  column  is  an  exact  sequence. 
Thus  the  5 lemma  (Homology,  Lemma  12.5.20)  tells  us  the 

colimx  Morx>'(W,  F(Z"))  — » Mor t>'(W,C) 

is  bijective.  Choose  an  object  : (Xr ,Y' , Z')  — > (X" , Y" , Z")  oiX.  Applying 

what  we  just  showed  to  W = F(Z")  and  the  element  idx(A")  of  the  colimit  we  find 
a unique  morphism  C(xn,Y",z")  '■  F(Z")  — ► C such  that  for  some  (X" , Y",  Z")  -A 
(. X"',Y"',Z ")  in  X 


F(Z")  -x  ’y  :Z->  C -A  F(Z')  ->  F(Z")  ->•  F{Zm)  equals  F{Z")  ->•  F(Z'") 

The  family  of  morphisms  C(x" ,Y" ,z")  form  an  element  c of  limxMor x>'{F(Z"),C) 
by  uniquness  (computation  omitted).  Finally,  we  show  that  colimx  F(Z")  = C via 
the  morphisms  C(xn ,Y" ,zn)  which  will  finish  the  proof  by  Categories,  Lemma|4.22.6 


Namely,  let  W be  an  object  of  V and  let  d(X",Y",z")  '■  F{Z")  — > W be  a family  o 
maps  corresponding  to  an  element  of  lirnx  Mor-D^FX-^"))  W).  If  d(X',Y',z')  0 7 = 0, 
then  for  every  object  (X" ,Y" , Z")  of  X the  morphism  d(x",Y",z")  is  zer°  by  the 
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existence  of  C(x" ,Y" ,z")  and  the  morphism  (X",Y",Z")  -A  (X'",  Y"' , Z")  in  X 
satisfying  the  displayed  equality  above.  Hence  the  map 

limx  Mor-p/  (F(Z"),W)  — > Morp,  (C,  W) 

(coming  from  precomposing  by  7)  is  injective.  However,  it  is  also  surjective  because 
the  element  c gives  a left  inverse.  We  conclude  that  C is  the  colimit  by  Categories, 
Remark  14.14.41  □ 


Lemma  13.15.7.  Assumptions  and  notation  as  in  Situation  13.15.1.  LetX,Y  be 
objects  ofV. 

(1)  If  RF  is  defined  at  X and  Y , then  RF  is  defined  at  X © Y . 

(2)  If  T>'  is  Karoubian  and  RF  is  defined  at  X ® Y,  then  RF  is  defined  at 
both  X and  Y . 

In  either  case  we  have  RF{X  © Y)  = RF{X)  © RF{Y).  Similarly  for  LF. 

Proof.  If  RF  is  defined  at  X and  Y . then  the  distinguished  triangle  X -A  X © 
Y — t Y — ► A[l]  (Lemma  13.4.10)  and  Lemma  13.15.6  shows  that  RF  is  defined  at 
X © Y and  that  we  have  have  a distinguished  triangle  RF(X)  — » RF(X  © Y)  — ► 
RF(Y) 


i?F(X)[l].  Applying  Lemma  13.4.10  to  this  once  more  we  find  that 


Thus 
'^Y' 


RF{X  © Y)  = RF(X ) © RF(Y).  This  proves  (1)  and  the  final  assertion. 

Conversely,  assume  that  RF  is  defined  at  X © Y and  that  V is  Karoubian.  Since 
S is  a saturated  system  S is  the  set  of  arrows  which  become  invertible  under  the 
additive  localization  functor  Q : V — > S~lrD , see  Categories,  Lemma  4.26.21 
for  any  s : X — ► X'  and  s'  : Y — > Y'  in  S the  morphism  s © s'  : X © Y — » X 
is  an  element  of  S.  In  this  way  we  obtain  a functor 

X/S  xY/S  — » (X  © Y)/S 

Recall  that  the  categories  X/S,Y/S,(X  ®Y)/S  are  filtered  (Categories,  Remark 
4.26.7).  By  Categories,  Lemma  4.22.9  X/Sx  Y/S  is  filtered  and  F\x/s  '■  X/S  — > V 
(resp.  G\y/s  '■  Y/S  — > V)  is  essentially  constant  if  and  only  if  F\x/s  0 Pri  : Y/S  x 
Y/S  — ► V (resp.  G\Y/s  0 Pr2  : Y/S  x Y/S  -A  V)  is  essentially  constant.  Below  we 
will  show  that  the  displayed  functor  is  cofinal,  hence  by  Categories,  Lemma [4. 2 2. 8 


we  see  that  -F|(x©y)/s  is  essentially  constant  implies  that  P|x/s0Pri©-F1i7S0Pr2  : 
X/S  x Y/S  -»•  V is  essentially  constant.  By  Homology,  Lemma  [12. 26. 3|  (and  this 
is  where  we  use  that  V is  Karoubian)  we  see  that  F\x/g  o prx  © F\Y/s  0 Pr2  being 
essentially  constant  implies  F \x/s  0 PH  and  F \Y/s  0 PH  are  essentially  constant 
proving  that  RF  is  defined  at  X and  Y . 

Proof  that  the  displayed  functor  is  cofinal.  To  do  this  pick  any  t : X © Y — > Z in  S. 
Using  MS2  we  can  find  morphisms  Z —>  X',  Z — >•  Y’  and  s : X X ',  s'  : Y — > Y' 
in  S such  that 

X ^ X © Y >-  Y 


X' 


Y' 


commutes.  This  proves  there  is  a map  Z — > X'  © Y'  in  (A'  © Y)/S,  i.e. , we  get 
part  (1)  of  Categories,  Definition  4.17.1  To  prove  part  (2)  it  suffices  to  prove  that 
given  t : X © Y — > Z and  morphisms  Sj  © s(  : Z — > X-  © Yf , i = 1, 2 in  {X  © Y)/S 
we  can  find  morphisms  a : X[  — > A',  b : X'2  X' , c:  : Y[  — > Y' . d : Y2  —¥  Y' 
in  S such  that  a o si  = b o s2  and  c o s[  = d o s'2.  To  do  this  we  first  choose  any 


13.15.  DERIVED  FUNCTORS  IN  GENERAL 


984 


05SE 


05SV 


05SW 


X'  and  Y'  and  maps  a,b,c,d  in  S\  this  is  possible  as  X/S  and  Y/S  are  filtered. 
Then  the  two  maps  a o s\,  b o s2  : Z — > X'  become  equal  in  S~lrD.  Hence  we  can 
find  a morphism  X'  — > X"  in  S equalizing  them.  Similarly  we  find  Y'  — > Y"  in  S 
equalizing  cos';  and  dos'2-  Replacing  X'  by  X"  and  Y'  by  Y"  we  get  aosi  = &os2 
and  c o s i — d o s 2 • 

The  proof  of  the  corresponding  statements  for  LF  are  dual.  □ 


Assumptions  and  notation  as  in  Situation  13.15.1 


Proposition  13.15.8. 

(1)  The  full  subcategory  £ of  V consisting  of  objects  at  which  RF  is  defined 
is  a strictly  full  triangulated  subcategory  ofV. 

We  obtain  an  exact  functor  RF  : £ — > V of  triangulated  categories. 


(2) 

(3) 

(4) 

(5) 

(6) 


Elements  of  S with  either  source  or  target  in  £ are  morphisms  of  £ . 

The  functor  S^1  £ — > S~lrD  is  a fully  faithful  exact  functor  of  triangulated 
categories. 

Any  element  of  Ss  = Arrows(£)C\  S is  mapped  to  an  isomorphism  by  RF. 
We  obtain  an  exact  functor 

V . 


RF 


s?£ 


(7)  If  T>'  is  Karoubian,  then  £ is  a saturated  triangulated  subcategory  ofD. 

A similar  result  holds  for  LF. 

Proof.  Since  S is  saturated  it  contains  all  isomorphisms  (see  remark  following 


Categories,  Definition  4.26.20).  Hence  (1)  follows  from  Lemmas  13.15.4  13.15.6 


and  13.15.5  We  get  (2)  from  Lemmas  13.15.3  13.15.5  and  13.15.6  We  get  (3)  from 
Lemma  13.15.4  The  fully  faithfulness  in  (4)  follows  from  (3)  and  the  definitions. 
The  fact  that  Sfjl£  -A  S'-1!?  is  exact  follows  from  the  fact  that  a triangle  in  Sfj  1£  is 
distinguished  if  and  only  if  it  is  isomorphic  to  the  image  of  a distinguished  triangle 

Part  (5)  follows  from  Lemma  13.15.4  The 
V'  through  an  exact  functor  Sjj1£  — ► V follows  from 

□ 


in  £,  see  proof  of  Proposition  13.5.5 
factorization  of  RF 


£ 


Lemma  13.5.6  Part  (7)  follows  from  Lemma  13.15.7 


Proposition  |13.15.8|  tells  us  that  RF  lives  on  a maximal  strictly  full  triangulated 
subcategory  of  S'-1!?  and  is  an  exact  functor  on  this  triangulated  category.  Picture: 


V 


V 


^ t fully  faithful  i 

s-iv^— — c-1 


Definition  13.15.9.  In  Situation  13.15.1  We  say  F is  right  deriveable , or  that 
RF  everywhere  defined  if  RF  is  defined  at  every  object  of  T>.  We  say  F is  left 
deriveable , or  that  LF  everywhere  defined  if  LF  is  defined  at  every  object  of  T>. 

In  this  case  we  obtain  a right  (resp.  left)  derived  functor 

(13.15.9.1)  RF  : S~lV  — > V , (resp.  LF  : S~lV  — » V'), 


see  Proposition  13.15.8  In  most  interesting  situations  it  is  not  the  case  that  RFoQ 
is  equal  to  F.  In  fact,  it  might  happen  that  the  canonical  map  F(X)  — > RF(X) 
is  never  an  isomorphism.  In  practice  this  does  not  happen,  because  in  practice  we 
only  know  how  to  prove  F is  right  deriveable  by  showing  that  RF  can  be  computed 
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by  evaluating  F at  judiciously  chosen  objects  of  the  triangulated  category  V.  This 
warrants  a definition. 


Definition  13.15.10.  In  Situation  13.15.1 


(1)  An  object  X of  V computes  RF  if  RF  is  defined  at  X and  the  canonical 
map  F(X)  — > RF(X)  is  an  isomorphism. 

(2)  An  object  X of  V computes  LF  if  LF  is  defined  at  X and  the  canonical 
map  LF(X)  — > F(X)  is  an  isomorphism. 


Lemma  13.15.11.  Assumptions  and  notation  as  in  Situation 
an  object  ofT>  and  n £ Z. 

(1)  X computes  RF  if  and  only  if  X[n]  computes  RF. 

(2)  X computes  LF  if  and  only  if  X[n]  computes  LF. 

Proof.  Omitted. 


13.15.1 


Let  X be 


□ 


Lemma  13.15.12.  Assumptions  and  notation  as  in  Situation  13.15.1  Let  ( X , Y,  Z,  f,  g , h) 
be  a distinguished  triangle  ofT>.  If  X,Y  compute  RF  then  so  does  Z . Similar  for 
LF. 


Proof.  By  Lemma  13.15.6|  we  know  that  RF  is  defined  at  Z and  that  RF  ap- 
plied to  the  triangle  produces  a distinguished  triangle.  Consider  the  morphism  of 
distinguished  triangles 

{F{X),  F(Y),F(Z),  F(f),  F(g),F(h)) 


(RF(X),  RF{Y),RF{Z),  RF(f),  RF(g),  RF(h )) 
Two  out  of  three  maps  are  isomorphisms,  hence  so  is  the  third. 
Lemma  13.15.13.  Assumptions  and  notation  as  in  Situation 


be  objects  ofV.  If  X { 
LF. 


□ 

Let  X , Y 

)Y  computes  RF , then  X andY  compute  RF . Similarly  for 


13.15.1 


Proof.  If  X © Y computes  RF,  then  RF( X © Y)  = F(X)  © F(Y ).  In  the  proof  of 

(X®Y)/S,  (s,s')  ha 
X'  be  an 


Lemma  13.15.7  we  have  seen  that  the  functor  X/S  x Y/S 
s © s'  is  cofinal.  We  will  use  this  without  further  mention.  Let  s : X 


element  of  S.  Then  F(X)  -A  F(X')  has  a section,  namely, 

F(X')  ->•  F(X'  © Y)  -A  RF{X'  © Y)  = RF(X  © Y)  = F(X)  © F(Y)  -a  F(X). 

where  we  have  used  Lemma  13.15.4  Hence  F(X')  = F(X)  © E for  some  object  E 
of  V such  that  E — a F(X'  © Y)  — > RF(X'  © Y)  = RF(X  © Y)  is  zero  (Lemma 
13.4.11 ).  Because  RF  is  defined  at  X'  © Y with  value  F(X)  © F(Y)  we  can  find 
a morphism  t : X'  © Y -A  Z of  S such  that  F(t)  annihilates  E.  We  may  assume 
Z = X"  © Y"  and  t = t'  © t"  with  t' , t"  £ S.  Then  F(f)  annihilates  E.  It  follows 
that  F is  essentially  constant  on  X/S  with  value  F{ X)  as  desired.  □ 


13.15.1 


Lemma  13.15.14.  Assumptions  and  notation  as  in  Situation 

(1)  If  for  every  object  X £ Ob(P)  there  exists  an  arrow  s : X — > X'  in  S such 
that  X'  computes  RF,  then  RF  is  everywhere  defined. 

(2)  If  for  every  object  X £ Ob(2?)  there  exists  an  arrow  s : X'  — > X in  S such 
that  X'  computes  LF,  then  LF  is  everywhere  defined. 
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Proof.  This  is  clear  from  the  definitions. 


□ 


06XN 


Lemma  13.15.15.  Assumptions  and  notation  as  in  Situation  13.15.1  If  there 
exists  a subset  X C Ob  (2?)  such  that 

(1)  for  all  X £ Ob(D)  there  exists  s : X — > X'  in  S with  X'  £ X,  and 

(2)  for  every  arrow  s : X — ► X'  in  S with  X , X'  £ X the  map  F(s)  : F(X)  — » 
F(X')  is  an  isomorphism, 


then  RF  is  everywhere  defined  and  every  X £ X computes  RF . Dually,  if  there 
exists  a subset  V C Ob(T>)  such  that 

(1)  for  all  X £ Ob(V)  there  exists  s : X'  — » X in  S with  X'  £ V , and 

(2)  for  every  arrow  s : X — ► X'  in  S with  X,  X'  £ V the  map  F(s)  : F(X)  — » 
F{ X')  is  an  isomorphism, 

then  LF  is  everywhere  defined  and  every  X £ V computes  LF. 


Proof.  Let  X be  an  object  of  V.  Assumption  (1)  implies  that  the  arrows  s : X — ► 
X'  in  S with  X'  £ X are  cofinal  in  the  category  X/S.  Assumption  (2)  implies  that 
F is  constant  on  this  cofinal  subcategory.  Clearly  this  implies  that  F : {X/S)  — >•  V 
is  essentially  constant  with  value  F(X')  for  any  s : X — ► X'  in  S with  X'  £ X.  □ 

05T2  Lemma  13.15.16.  Let  A,  B,C  be  triangulated  categories.  Let  S , resp.  S'  be  a satu- 
rated multiplicative  system  in  A,  resp.  B compatible  with  the  triangulated  structure. 
Let  F : A — ► B and  G : B — >•  C be  exact  functors.  Denote  F'  : A — > (iS")^1!?  the 
composition  of  F with  the  localization  functor. 

(1)  If  RF' , RG,  R{G  o F)  are  everywhere  defined,  then  there  is  a canonical 
transformation  of  functors  t : R{G  o F)  — > RG  o RF' . 

(2)  If  LF' , LG,  L{G  o F ) are  everywhere  defined,  then  there  is  a canonical 
transformation  of  functors  t : LG  o LF'  — ► L{G  o F). 


Proof.  In  this  proof  we  try  to  be  careful.  Hence  let  us  think  of  the  derived  functors 
as  the  functors 

RF'  : S-'A  -»•  {S'y'B,  R{G  o F)  : S~1A  ->  C,  RG  : {S’)~1B  ->■  C. 

Let  us  denote  Qa  ■ A — > S1-1^  and  Qb  ■ B ( S')~1B  the  localization  functors. 
Then  F'  = Qb  o F.  Note  that  for  every  object  Y of  B there  is  a canonical  map 

G{Y)  — > RG(Qb(Y)) 

in  other  words,  there  is  a transformation  of  functors  t'  : G — > RG  o QB.  Let  X be 
an  object  of  A.  We  have 

R{G  o F)(Qa(X))  = colims:x-tx'eS  G(F(X')) 

—t  colims:X->.x'€S  RG(Qb(F(X'))) 

= colim^x-KY >es  RG{F'{X')) 

= .RG(colims:x->x'es  F'{X')) 

= RG{RF'{X )). 

The  system  F'{X')  is  essentially  constant  in  the  category  ( S')~1B . Hence  we  may 
pull  the  colimit  inside  the  functor  RG  in  the  third  equality  of  the  diagram  above, 
see  Categories,  Lemma |4.22.5|  and  its  proof.  We  omit  the  proof  this  this  defines  a 
transformation  of  functors.  The  case  of  left  derived  functors  is  similar.  □ 
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13.16.  Derived  functors  on  derived  categories 


In  practice  derived  functors  come  about  most  often  when  given  an  additive  functor 
between  abelian  categories. 

Situation  13.16.1.  Here  F : A — > B is  an  additive  functor  between  abelian 
categories.  This  induces  exact  functors 

F : K(A)  -A  K{B),  K+(A)  —>■  K+{B),  K~(A) K~(B). 


We  also  denote  F the  composition  K(A)  — > D(B),  I\  + {A)  -A  D+(B),  and  K~{A)  -A 
D~{B)  of  F with  the  localization  functor  K(B)  -A  D(B),  etc.  This  situation  leads 
to  four  derived  functors  we  will  consider  in  the  following. 


(1)  The  right  derived  functor  of  F : K(A)  -A  D(B)  relative  to  the  multiplica- 
tive system  Qis(.4). 

(2)  The  right  derived  functor  of  F : K+(A)  -A  D+(B)  relative  to  the  multi- 
plicative system  Qis+(.4). 

(3)  The  left  derived  functor  of  F : K(A)  -A  D{B)  relative  to  the  multiplicative 
system  Qis(.A). 

(4)  The  left  derived  functor  of  F : K~(A)  -A  D~(B)  relative  to  the  multi- 
plicative system  Qis-  (.4) . 


Each  of  these  cases  is  an  example  of  Situation  13.15.1| 


Some  of  the  ambiguity  that  may  arise  is  alleviated  by  the  following. 


Lemma  13.16.2. 


In  Situation 


13.16.1 


(1)  Let  X be  an  object  of  K+(A).  The  right  derived  functor  of  K(A)  -A  D(B) 
is  defined  at  X if  and  only  if  the  right  derived  functor  of  K+ (A)  — > D+(B) 
is  defined  at  X . Moreover,  the  values  are  canonically  isomorphic. 

(2)  Let  X be  an  object  of  I\+  (A) . Then  X computes  the  right  derived  functor 
of  K (A)  — > D(B)  if  and  only  if  X computes  the  right  derived  functor  of 
K+(A)  -A  D+(B). 

(3)  Let  X be  an  object  of  K~ (A).  The  left  derived  functor  of  K (A)  -A  D{B) 
is  defined  at  X if  and  only  if  the  left  derived  functor  of  K~  (A)  -A  D~  (B) 
is  defined  at  X . Moreover,  the  values  are  canonically  isomorphic. 

(4)  Let  X be  an  object  of  K~  [A).  Then  X computes  the  left  derived  functor 
of  K (A)  -A  D(B)  if  and  only  if  X computes  the  left  derived  functor  of 
K~(A)  -A  D~(B). 


Proof.  Let  X be  an  object  of  K+(A).  Consider  a quasi-isomorphism  s : X — ► X' 
in  K{A).  By  Lemma  13.11.5  there  exists  quasi-isomorphism  X'  -A  X"  with  X" 
bounded  below.  Hence  we  see  that  X/Qis+(_4)  is  cofinal  in  X/Qis(>4).  Thus  it  is 
clear  that  (1)  holds.  Part  (2)  follows  directly  from  part  (1).  Parts  (3)  and  (4)  are 
dual  to  parts  (1)  and  (2).  □ 


Given  an  object  A of  an  abelian  category  A we  get  a complex 

H[0]  = (...a0aHa0a...) 

where  A is  placed  in  degree  zero.  Hence  a functor  A -A  K(A),  A i-a  A[0].  Let  us 
temporarily  say  that  a partial  functor  is  one  that  is  defined  on  a subcategory. 


Definition  13.16.3.  In  Situation 


13.16.1 
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(1)  The  right  derived  functors  of  F are  the  partial  functors  RF  associated  to 
cases  (1)  and  (2)  of  Situation  13.16.1 

(2)  The  left  derived  functors  of  F are  the  partial  functors  LF  associated  to 

(3) 

(4) 


cases  (3)  and  (4)  of  Situation  13.16.1 


An  object  A of  A is  said  to  be  right  acyclic  for  F,  or  acyclic  for  RF  if 
A[0]  computes  RF. 

An  object  A of  A is  said  to  be  left  acyclic  for  F,  or  acyclic  for  LF  if  A[0] 
computes  RF. 


The  following  few  lemmas  give  some  criteria  for  the  existence  of  enough  acyclics. 

05T6  Lemma  13.16.4.  Let  A he  an  abelian  category.  Let  L C Ob(A)  he  a subset 
containing  0 such  that  every  object  of  A is  a subobject  of  an  element  of  X.  Let 
a e Z. 

(1)  Given  K*  with  Kn  = 0 for  n < a there  exists  a quasi-isomorphism  K * — ► 
/*  with  Kn  — > In  injective  and  In  £ X for  all  n and  In  = 0 for  n < a, 

(2)  Given  K * with  F[n(K*)  = 0 for  n < a there  exists  a quasi-isomorphism 
K*  — > I*  with  In  £ X and  In  = 0 for  n < a. 

Proof.  Proof  of  part  (1).  Consider  the  following  induction  hypothesis  IHn:  There 
are  A7  £ X1  j < n almost  all  zero,  maps  d-7  : P -A  P+1  for  j < n and  injective  maps 
ad  : A'7  — ► P for  j < n such  that  the  diagram 

j^n—i >-  Kn > 4-1 

a a 

Y 

...  . j*  J"-1  In 


013L 


is  commutative,  such  that  d-7  o d-7  1 = 0 for  j < n and  such  that  a induces  isomor- 
phisms Hi(K*)  — ► Ker(d-7)/Im(d-7_1)  for  j < n.  Note  that  this  implies 

(13.16.4.1)  a(lm{dn£1))  C a(Ker(d^))  n Im(dn”1)  C a(Kn)  n Md”"1). 

If  these  inclusions  are  not  equalities,  then  choose  an  injection 

In  © Kn/lm{dnKl)  — > I 

with  I £ X.  Denote  a!  : Kn  — > I the  map  obtained  by  composing  a©l  : Kn  —>■/"© 
A'ra/Im(d^-_1)  with  the  displayed  injection.  Denote  d!  : /n_1  — > / the  composition 
d™”1  — ► In  — > I of  dra_1  by  the  inclusion  of  the  first  summand.  Then  a'(Kn)  D 
^(d')  = a,(Im(d^--1))  simply  because  the  intersection  of  a’ (Kn)  with  the  first 
summand  of  In  © A'n/Im(d^-_1)  is  equal  to  a'(Im (d^-1)).  Hence,  after  replacing 
/"  by  J,  a by  a'  and  d"~x  by  d'  we  may  assume  that  we  have  equality  in  Equation 


(13.16.4.1).  Once  this  is  the  case  consider  the  solid  diagram 


Kn/Ker(dnK) 


Kn+i 


P/Wd""1)  + a(Ker (dnK)))  > M 

The  horizontal  arrow  is  injective  by  fiat  and  the  vertical  arrow  is  injective  as  we  have 
equality  in  (13.16.4.1).  Hence  the  push-out  M of  this  diagram  contains  both  Kn+l 


and  In/(lm(dn  7)  + a(Ker(d^-)))  as  subobjects.  Choose  an  injection  M — ► In+1 
with  In+1  £ X.  By  construction  we  get  dn  : In  — > In+1  and  an  injective  map 
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an+1  : Kn+1  -A-  In+1.  The  equality  in  Equation  (13.16.4.1)  and  the  construction  of 
dn  guarantee  that  a : Hn(K*)  — » Ker(dn)/Im(dn_i)  is  an  isomorphism.  In  other 
words  IHn+ 1 holds. 


We  finish  the  proof  of  by  the  following  observations.  First  we  note  that  IHn  is  true 
for  n = a since  we  can  just  take  P = 0 for  j < a and  K a — ► Ia  an  injection  of 
I\a  into  an  element  of  X.  Next,  we  note  that  in  the  proof  of  IHn  =>•  IHn+\  we 
only  modified  the  object  In,  the  map  dn_1  and  the  map  an.  Hence  we  see  that 
proceeding  by  induction  we  produce  a complex  /*  with  In  = 0 for  n < a consisting 
of  objects  from  X,  and  a termwise  injective  quasi-isomorphism  a : K * — > /*  as 
desired. 


Proof  of  part  (2).  The  assumption  implies  that  the  morphism  K*  -A  r>a/\*  (Ho- 
) is  a quasi-isomorphism.  Apply  part  (1)  to  find  r>aAT*  — ► J*. 
The  composition  K*  — > /*  is  the  desired  quasi-isomorphism.  □ 


mology,  Section  12.13 


05T7  Lemma  13.16.5.  Let  A be  an  abelian  category.  Let  V C Ob(A)  be  a subset 
containing  0 such  that  every  object  of  A is  a quotient  of  an  element  of  V . Let 

a £ Z. 

(1)  Given  K*  with  Kn  = 0 for  n > a there  exists  a quasi-isomorphism  P * — ► 
K*  with  Pn  £ V and  Pn  — > Kn  surjective  for  all  n and  Pn  = 0 for  n>  a. 

(2)  Given  K*  with  Hn(K *)  = 0 for  n > a there  exists  a quasi-isomorphism 
P * — ► K*  with  Pn  £ V for  all  n and  Pn  = 0 for  n > a. 


Proof.  This  lemma  is  dual  to  Lemma  Tl 3. 16.41 


□ 


05T8 


Lemma  13.16.6. 

following  properties: 


In  Situation 


13.16.1 


Let  X C Ob(A)  be  a subset  with  the 


(1)  every  object  of  A is  a subobject  of  an  element  ofl, 

(2)  for  any  short  exact  sequence  0— > P — > Q — > R — )-0  of  A with  P,Q  £ I, 
then  R £ X,  and  0 -A  F(P)  — ► F(Q)  — > F(R)  — > 0 is  exact. 


Then  every  object  ofl  is  acyclic  for  RF . 


Proof.  We  may  add  0 to  X if  necessary.  Pick  A £ I.  Let  A[0]  — > K*  be  a 
quasi-isomorphism  with  K * bounded  below.  Then  we  can  find  a quasi-isomorphism 
K*  — > /*  with  /*  bounded  below  and  each  In  £ X,  see  Lemma  [13. 16. 4[  Hence  we 
see  that  these  resolutions  are  cofinal  in  the  category  A[0]/Qis+(A).  To  finish  the 
proof  it  therefore  suffices  to  show  that  for  any  quasi-isomorphism  A[0]  — » /*  with 
/*  bounded  above  and  I"  el  we  have  X(A)[0]  — ► F(I*)  is  a quasi- isomorphism. 
To  see  this  suppose  that  In  = 0 for  n < no . Of  course  we  may  assume  that  no  < 0. 
Starting  with  n = no  we  prove  inductively  that  Im(d"~1 2)  = Ker(dra)  and  Im(d_1) 
are  elements  of  X using  property  (2)  and  the  exact  sequences 

0 Ker {dn)  -»  In  -)•  Im(cT)  0. 

Moreover,  property  (2)  also  guarantees  that  the  complex 

0 -►  F(In°)  -►  F(Ino+1)  Fir1)  X(Im(<i_1))  ->  0 

is  exact.  The  exact  sequence  0 -a  Im(<i-1)  — >•  1°  — > /°/Im(d_1)  — » 0 implies  that 
/°/Im(<i_1)  is  an  element  of  X.  The  exact  sequence  0 — > A — > J°/Im(d_1)  — > 
Im(d°)  — > 0 then  implies  that  Im(<i0)  = Kei^d1)  is  an  elements  of  X and  from  then 
on  one  continues  as  before  to  show  that  Im(cP-1)  = Ker(d")  is  an  element  of  X for 
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all  n > 0.  Applying  F to  each  of  the  short  exact  sequences  mentioned  above  and 
using  (2)  we  observe  that  F(A)  [0]  — ► F(I*)  is  an  isomorphism  as  desired.  □ 


Lemma  13.16.7.  In  Situation  13.16.1  Let  V C Ob(A)  be  a subset  with  the 
following  properties: 

(1)  every  object  of  A is  a quotient  of  an  element  ofV, 

(2)  for  any  short  exact  sequence  0— > P — > Q — > R — >0  of  A with  Q,R  £V, 
then  P € V,  and  0 — ► F(P)  — ► F(Q)  — ► F(R)  — >■  0 is  exact. 

Then  every  object  ofV  is  acyclic  for  LF. 


Proof.  Dual  to  the  proof  of  Lemma  [13. 16. 6| 


□ 


13.17.  Higher  derived  functors 


The  following  simple  lemma  shows  that  right  derived  functors  “move  to  the  right” . 

Lemma  13.17.1.  Let  F : A B be  an  additive  functor  between  abelian  categories. 
Let  K * € K+{A)  and  a £ Z. 

(1)  If  Hl(K*)  = 0 for  alii  < a and  RF  is  defined  at  K* , then  Hl(RF(K *))  = 
0 for  all  i < a. 

(2)  If  RF  is  defined  at  K*  andr<aK\  then  Hi  (RF  (r<aK*))  = Hl(RF(K')) 
for  all  i < a. 

Proof.  Assume  K*  satisfies  the  assumptions  of  (1).  Let  A'*  — > L * be  any  quasi- 
isomorphism. Then  it  is  also  true  that  K*  — > r>aL*  is  a quasi-isomorphism  by  our 
assumption  on  K* . Hence  in  the  category  I\* /Qis+(A)  the  quasi-isomorphisms 
s : I\*  — > Lm  with  Ln  = 0 for  n < a are  cofinal.  Thus  RF  is  the  value  of  the 
essentially  constant  ind-object  F(L*)  for  these  s it  follows  that  Hl(RF(K*))  = 0 
for  i < 0. 


To  prove  (2)  we  use  the  distinguished  triangle 

T<aK*  — > K*  — > r>a+iA*  — > (t<„A*)[1] 


of  Remark  13.12.4  to  conclude  via  Lemma  13.15.6  that  RF  is  defined  at  r>a+iAT* 
as  well  and  that  we  have  a distinguished  triangle 

RF(r<aK *)  -»■  RF(K*)  RF(r>a+1K')  RF(r<aK')[l] 

in  D(B).  By  part  (1)  we  see  that  RF(r>a+iK *)  has  vanishing  cohomology  in 
degrees  < a + 1.  The  long  exact  cohomology  sequence  of  this  distinguished  triangle 
then  shows  what  we  want.  □ 


Definition  13.17.2.  Let  F : A — > B be  an  additive  functor  between  abelian 
categories.  Assume  RF  : D+(A)  D+(B)  is  everywhere  defined.  Let  i £ Z.  The 

ith  right  derived  functor  RlF  of  F is  the  functor 

RIF  = Hl  o RF  : A — » B 


The  following  lemma  shows  that  it  really  does  not  make  a lot  of  sense  to  take  the 
right  derived  functor  unless  the  functor  is  left  exact. 

Lemma  13.17.3.  Let  F : A — >■  B be  an  additive  functor  between  abelian  categories 
and  assume  RF  : D+(A)  — > D+(B)  is  everywhere  defined. 

(1)  We  have  RIF  = 0 for  i < 0, 

(2)  R°F  is  left  exact, 
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(3)  the  map  F — » R°F  is  an  isomorphism  if  and  only  if  F is  left  exact. 

Proof.  Let  A be  an  object  of  A.  Let  ^4[0]  — ► K * be  any  quasi-isomorphism.  Then 
it  is  also  true  that  A[0]  — >•  t>qK*  is  a quasi-isomorphism.  Hence  in  the  category 
A[0]/Qis+(.4.)  the  quasi-isomorphisms  s : A[0]  — ► K*  with  Kn  = 0 for  n < 0 are 
cofinal.  Thus  it  is  clear  that  H'1  (RF (A[0]))  = 0 for  i < 0.  Moreover,  for  such  an  s 
the  sequence 

0 — >■  A — >•  A'0  ->  K 1 

is  exact.  Hence  if  F is  left  exact,  then  0 — ► F(A)  — > F(K°)  — > Fi^K1)  is  exact  as 
well,  and  we  see  that  F(A)  — > H°(F(K*))  is  an  isomorphism  for  every  s : A[0]  — ► 
AT*  as  above  which  implies  that  iL°(i?F(H[0]))  = F(A). 

Let  O-J'A-lB-lC-yObea  short  exact  sequence  of  A.  By  Lemma  [13. 12. 1|  we 
obtain  a distinguished  triangle  (A[0],  B[0],  C[0],  a,  b,  c)  in  K+(A).  From  the  long 
exact  cohomology  sequence  (and  the  vanishing  for  i < 0 proved  above)  we  deduce 
that  0 — > R°F(A)  — > R°F(B)  — > R°F(C)  is  exact.  Hence  R°F  is  left  exact.  Of 
course  this  also  proves  that  if  F — > R°F  is  an  isomorphism,  then  F is  left  exact.  □ 

015C  Lemma  13.17.4.  Let  F : A B be  an  additive  functor  between  abelian  categories 
and  assume  RF  : D+(A)  — > D+(B ) is  everywhere  defined.  Let  A be  an  object  of  A. 

(1)  A is  right  acyclic  for  F if  and  only  if  F(A)  R°F(A ) is  an  isomorphism 
and  RlF(A)  = 0 for  all  i > 0, 

(2)  if  F is  left  exact,  then  A is  right  acyclic  for  F if  and  only  if  RlF(A)  = 0 
for  all  i > 0. 


Proof.  If  A is  right  acyclic  for  F,  then  JLF(H[0])  = F(H)[0]  and  in  particular 
F(A)  — > R°F(A)  is  an  isomorphism  and  RlF(A)  = 0 for  i ^ 0.  Conversely,  if 
F(A)  R°F(A ) is  an  isomorphism  and  RlF(A)  = 0 for  all  z > 0 then  F(H[0])  — ► 
AF(H[0])  is  a quasi-isomorphism  by  Lemma  13.17.3|part  (1)  and  hence  A is  acyclic. 


If  F is  left  exact  then  F = R°F,  see  Lemmafl3.17.3 


□ 


015D  Lemma  13.17.5.  Let  F : A—>  B be  a left  exact  functor  between  abelian  categories 
and  assume  RF  : D+(A)  — t D+(B)  is  everywhere  defined.  Let  0 A B C —> 
0 be  a short  exact  sequence  of  A. 

(1)  If  A and  C are  right  acyclic  for  F then  so  is  B. 

(2)  If  A and  B are  right  acyclic  for  F then  so  is  C . 

(3)  If  B and  C are  right  acyclic  for  F and  F(B)  —>  F(C)  is  surjective  then 

A is  right  acyclic  for  F . 

In  each  of  the  three  cases 


0 F(A)  F{B)  F(C)  ->  0 


is  a short  exact  sequence  of  B. 


Proof.  By  Lemma  13.12.1  we  obtain  a distinguished  triangle  (H[0],  B[0],  C[0],  a,  b,  c) 
in  K+{A).  As  RF  is  an  exact  functor  and  since  RIF  = 0 for  i < 0 and  R°F  = F 
(Lemma  13.17.3)  we  obtain  an  exact  cohomology  sequence 

0 F(A)  ->  F{B)  ->•  F(C)  ->•  R1F(A) 


in  the  abelian  category  B.  Thus  the  lemma  follows  from  the  characterization  of 
acyclic  objects  in  Lemma[l3.17.4|  □ 
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05TE  Lemma  13.17.6.  Let  F : A—¥  B be  an  additive  functor  between  abelian  categories 
and  assume  RF  : D+(A)  D+(B ) is  everywhere  defined. 

(1)  The  functors  RlF , i > 0 come  equipped  with  a canonical  structure  of  a 
S -functor  from  A — >■  B,  see  Homology,  Definition  \ 12.1  1~1\ 

(2)  If  every  object  of  A is  a subobject  of  a right  acyclic  object  for  F,  then 
{RlF,S}i> o is  a universal  5-functor,  see  Homology,  Definition  12.11.3 


13.11.3 


13.4.19 


Proof.  The  functor  A — » Comp+(„4),  A H[0]  is  exact.  The  functor  Comp+(„4)  — ► 
D+(A ) is  a (5-functor,  see  Lemma  13.12.1  The  functor  RF  : D+(A)  — ► D+(B)  is 
exact.  Finally,  the  functor  H°  : D+(B)  — ► B is  a homological  functor,  see  Definition 
Hence  we  get  the  structure  of  a (5-functor  from  Lemma [13. 4. 20| and  Lemma 
Part  (2)  follows  from  Homology,  Lemma  12.11.4  and  the  description  of 
acyclics  in  Lemma  |l3.17.4|  □ 

015E  Lemma  13.17.7  (Leray’s  acyclicity  lemma).  Let  F : A —>  B be  an  additive 
functor  between  abelian  categories  and  assume  RF  : D+(A)  — >•  D+(B)  is  everywhere 
defined.  Let  A * be  a bounded  below  complex  of  F-acyclic  objects.  The  canonical 
map 

F(A *)  — > RF(A*) 

is  an  isomorphism  in  D+(B),  i.e.,  A*  computes  RF. 


Proof.  First  we  claim  the  lemma  holds  for  a bounded  complex  of  acyclic  objects. 
Namely,  it  holds  for  complexes  with  at  most  one  nonzero  object  by  definition. 
Suppose  that  A*  is  a complex  with  An  = 0 for  n ^ [a,  b\.  Using  the  “stupid” 
truncations  we  obtain  a termwise  split  short  exact  sequence  of  complexes 

0 — > (j>a+iAm  — > A' * — > a<aA*  — > 0 

Thus  a distinguished  triangle  (a>a+iA* , Am , a<aAm). 
By  induction  hypothesis  the  two  outer  complexes  compute  RF.  Then  the  middle 
one  does  too  by  Lemma  [13.15.12[ 

Suppose  that  Am  is  a bounded  below  complex  of  acyclic  objects.  To  show  that 
F(A)  — > RF(A)  is  an  isomorphism  in  D+{B)  it  suffices  to  show  that  Hl(F(A))  — » 
Hl(RF(A))  is  an  isomorphism  for  all  i.  Pick  i.  Consider  the  termwise  split  short 
exact  sequence  of  complexes 

0 — > a>i+2A*  — > A ' — > cr<j_|_iH*  0. 

Note  that  this  induces  a termwise  split  short  exact  sequence 

0 — > <j>i+2F(A')  F(A*)  —>■  cr<i+1F(A*)  —>  0. 

Hence  we  get  distinguished  triangles 

(<J>i+2 A* , A* , A*) 

(a>i+2F(A»),  F(A*),a<i+1F(A*)) 

(RF(a>l+2A‘),  RF(A'),RF{a<i+lA')) 

Using  the  last  two  we  obtain  a map  of  exact  sequences 


see  Homology,  Section  12.13 


Hl(a>i+2F(A’)) iP(F(A*))§f#f  H'(a<i+1F(A')) H'+\a>i+2F(A*)) 

a 

Y Y ^ 

R'F(a>i+2A •) *- 


RlF(Am) 


RlF(a<i+1A •) 


Rl+1F(a>.l+2A •) 
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By  the  results  of  the  first  paragraph  the  map  j3  is  an  isomorphism.  By  inspection 
the  objects  on  the  upper  left  and  the  upper  right  are  zero.  Hence  to  finish  the  proof 
it  suffices  to  show  that  RlF(cr>i+ 2-4*)  = 0 and  Rt+1  F (cr>i+ 2-4")  = 0.  This  follows 
immediately  from  Lemma|l3.17.1|  □ 


Proposition  13.17.8.  Let  F : A —¥  B be  an  additive  functor  of  abelian  categories. 

(1)  If  every  object  of  A injects  into  an  object  acyclic  for  RF,  then  RF  is 
defined  on  all  of  K+ (A)  and  we  obtain  an  exact  functor 

RF  : D+(A)  — ^ D+(B) 

see  (13.15.9.1).  Moreover , any  bounded  below  complex  A*  whose  terms 
are  acyclic  for  RF  computes  RF. 

(2)  If  every  object  of  A is  quotient  of  an  object  acyclic  for  LF,  then  LF  is 
defined  on  all  of  K~  (A)  and  we  obtain  an  exact  functor 


LF  : D~(A)  — ■>  D~(B) 


see  (13.15.9.1).  Moreover,  any  bounded  above  complex  A*  whose  terms 
are  acyclic  for  LF  computes  LF. 


Proof.  Assume  every  object  of  A injects  into  an  object  acyclic  for  RF.  Let  X be  the 
set  of  objects  acyclic  for  RF.  Let  K * be  a bounded  below  complex  in  A.  By  Lemma 
|13.16.4|  there  exists  a quasi-isomorphism  a : K * — > /*  with  J*  bounded  below  and 
In  £ X.  Hence  in  order  to  prove  (1)  it  suffices  to  show  that  F(I*)  — » F((I')*)  is  a 
quasi-isomorphism  when  s : /*  — > (I1)*  is  a quasi- isomorphism  of  bounded  below 
complexes  of  objects  from  I,  see  Lemma  13.15.15  Note  that  the  cone  C(s)*  is  an 
acyclic  bounded  below  complex  all  of  whose  terms  are  in  X.  Hence  it  suffices  to 
show:  given  an  acyclic  bounded  below  complex  /*  all  of  whose  terms  are  in  X the 
complex  F(I *)  is  acyclic. 

Say  In  = 0 for  n < no-  Setting  Jn  = Im(eP)  we  break  /*  into  short  exact  se- 
quences 0 — > Jn  — > In+1  — ► Jn+1  — ► 0 for  n > no . These  sequences  induce 
distinguished  triangles  ( Jn,  In+1,  Jn+1)  in  D+(A)  by  Lemma  13.12.1  For  each 
k £ Z denote  H & the  assertion:  For  all  n < k the  right  derived  functor  RF  is 
defined  at  Jn  and  RLF(Jn)  = 0 for  i ^ 0.  Then  H f.  holds  trivially  for  k < no . 
If  Hn  holds,  then,  using  Proposition  13.15.8  we  see  that  RF  is  defined  at  Jn+1 
and  (RF(Jn),  RF(In+1),  RF(  Jn+1))  is  a distinguished  triangle  of  D+(B).  Thus 
the  long  exact  cohomology  sequence  (|13.11.1.1 ) associated  to  this  triangle  gives  an 
exact  sequence 


0 ->•  R-LF(Jn+L)  RuF(Jn ) ->  F{In+L)  -£  i?uF(Jn+i)  ->  0 


13.17.1 


we  see  that 


and  gives  that  RlF(Jn+1)  = 0 for  i £ {—1,0}.  By  Lemma 
R~1F(  Jn+1)  = 0.  This  proves  that  Hn+ 1 is  true  hence  H holds  for  all  k.  We  also 
conclude  that 

0 R°F(Jn)  ->•  F(/"+1)  ->■  R°F(Jn+1)  ->  0 
is  short  exact  for  all  n.  This  in  turn  proves  that  F(I')  is  exact. 


The  proof  in  the  case  of  LF  is  dual.  □ 

015F  Lemma  13.17.9.  Let  F : A —¥  B be  an  exact  functor  of  abelian  categories.  Then 

(1)  every  object  of  A is  right  acyclic  for  F, 

(2)  RF  : D+(A ) —¥  D+(A)  is  everywhere  defined, 

(3)  RF  : D(A)  D(A)  is  everywhere  defined, 
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(4)  every  complex  computes  RF,  in  other  words,  the  canonical  map  F(Km)  — ► 
RF(K *)  is  an  isomorphism  for  all  complexes,  and 

(5)  RZF  = 0 for  i ± 0. 

Proof.  This  is  true  because  F transforms  acyclic  complexes  into  acyclic  complexes 
and  quasi-isomorphisms  into  quasi-isomorphisms.  Details  omitted.  □ 


13.18.  Injective  resolutions 

013G  In  this  section  we  prove  some  lemmas  regarding  the  existence  of  injective  resolutions 
in  abelian  categories  having  enough  injectives. 

0131  Definition  13.18.1.  Let  A be  an  abelian  category.  Let  A £ Ob(A).  An  injective 
resolution  of  A is  a complex  /*  together  with  a map  A — > 1°  such  that: 

(1)  We  have  In  = 0 for  n < 0. 

(2)  Each  In  is  an  injective  object  of  A. 

(3)  The  map  A — > 1°  is  an  isomorphism  onto  Ker(d°). 

(4)  We  have  FT1  (I*)  = 0 for  i > 0. 

Hence  A[0]  — > I*  is  a quasi-isomorphism.  In  other  words  the  complex 

...—)•  0 -£■  A ^ 1°  ^ I1  ^ ... 

is  acyclic.  Let  K*  be  a complex  in  A.  An  injective  resolution  of  K*  is  a complex 
/*  together  with  a map  a : K*  — > /*  of  complexes  such  that 

(1)  We  have  In  = 0 for  n -C  0,  i.e.,  I*  is  bounded  below. 

(2)  Each  In  is  an  injective  object  of  A. 

(3)  The  map  a : I\*  — > /*  is  a quasi-isomorphism. 

In  other  words  an  injective  resolution  K * — » /*  gives  rise  to  a diagram 
^ 1L"-1 a-  Kn > Kn+1 > 

Y Y 

5-  ln  l 1 

which  induces  an  isomorphism  on  cohomology  objects  in  each  degree.  An  injective 
resolution  of  an  object  A of  A is  almost  the  same  thing  as  an  injective  resolution 
of  the  complex  A [0] . 

013J  Lemma  13.18.2.  Let  A be  an  abelian  category.  Let  K*  be  a complex  of  A. 

(1)  If  K*  has  an  injective  resolution  then  Hn{K*)  = 0 for  nCO. 

(2)  If  Hn(K*)  = 0 for  all  n <C  0 then  there  exists  a quasi-isomorphism  K*  — > 
L*  with  L * bounded  below. 


013K 


Proof.  Omitted.  For  the  second  statement  use  L*  = r>nK * for  some  nCO.  See 
Homology,  Section  12.13  for  the  definition  of  the  truncation  r>„.  □ 


Lemma  13.18.3.  Let  A be  an  abelian  category.  Assume  A has  enough  injectives. 

(1)  Any  object  of  A has  an  injective  resolution. 

(2)  If  Hn(K *)  = 0 for  all  n <C  0 then  K%  has  an  injective  resolution. 

(3)  If  K * is  a complex  with  Kn  = 0 for  n < a,  then  there  exists  an  injective 
resolution  a : K*  — ► /*  with  In  = 0 for  n < a such  that  each  an  : Kn  — > 
In  is  injective. 
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Proof.  Proof  of  (1).  First  choose  an  injection  A — > 1°  of  A into  an  injective  object 
of  A.  Next,  choose  an  injection  Iq/A  — > 1 1 into  an  injective  object  of  A.  Denote 


I1.  Next,  choose  an  injection  /1/Im(d°)  — » 1 2 into 
Denote  d 1 the  induced  map  1 1 — ► I2.  And  so  on.  By 
Lemma  13.18.2  part  (2)  follows  from  part  (3).  Part  (3)  is  a special  case  of  Lemma 
II  3.1fi.4l  □ 


d°  the  induced  map  1 0 
an  injective  object  of  A. 


013R  Lemma  13.18.4.  Let  A be  an  abelian  category.  Let  K*  be  an  acyclic  complex.  Let 
/*  be  bounded  below  and  consisting  of  injective  objects.  Any  morphism  K*  — ► /*  is 
homotopic  to  zero. 


Proof.  Let  a : K * — > /*  be  a morphism  of  complexes.  Assume  that  a?  = 0 for 
j < n.  We  will  show  that  there  exists  a morphism  h : Kn+1  — » In  such  that 
an  = h o d.  Thus  a will  be  homotopic  to  the  morphism  of  complexes  (3  defined  by 

f 0 if  j < n 

ft  = / an+1  — do  h if  j = n + 1 

[ a?  if  j > n + 1 

This  will  clearly  prove  the  lemma  (by  induction).  To  prove  the  existence  of  h note 
that  cyn  | d71-1  (K71-1)  = 0 since  an_1  = 0.  Since  K*  is  acyclic  we  have  dn~1( A'”-1)  = 
Ker(AT"  — > Kn+1).  Hence  we  can  think  of  an  as  a map  into  /"  defined  on  the 
subobject  Im (Kn  — > Kn+1)  of  Kn+1.  By  injectivity  of  the  object  In  we  can  extend 
this  to  a map  h : Kn+1  — > In  as  desired.  □ 


05TF  Remark  13.18.5.  Let  A be  an  abelian  category.  Using  the  fact  that  K(A)  is 
a triangulated  category  we  may  use  Lemma  |13.18.4|  to  obtain  proofs  of  some  of 
the  lemmas  below  which  are  usually  proved  by  chasing  through  diagrams.  Namely, 
suppose  that  a : K*  — > L*  is  a quasi-isomorphism  of  complexes.  Then 


{K*,L*,  C(a)',a,  i,  —p) 

is  a distinguished  triangle  in  K(A)  (Lemma  13.9. 14|)  and  C{f)*  is  an  acyclic  complex 
(Lemma |l3. 11.2 1.  Next,  let  J*  be  a bounded  below  complex  of  injective  objects. 
Then 


Horn  K(A)(C(a)\I*) RomK(A)(L\  7*) -Horn  K(A)(K\r) 

Horn K[A){C{a)*  [-!],!*) 


is  an  exact  sequence  of  abelian  groups,  see  Lemma  |13.4.2|  At  this  point  Lemma 
13.18.4  guarantees  that  the  outer  two  groups  are  zero  and  hence  Horn K(A){L* , I*)  = 
Horn  k{a)(K*,I*). 

013P  Lemma  13.18.6.  Let  A be  an  abelian  category.  Consider  a solid  diagram 


K * 


L* 


V > 

r 


where  /*  is  bounded  below  and  consists  of  injective  objects,  and  a is  a quasi- 
isomorphism. 
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(1)  There  exists  a map  of  complexes  (3  making  the  diagram  commute  up  to 
homotopy. 

(2)  If  a is  injective  in  every  degree  then  we  can  find  a /3  which  makes  the 
diagram  commute. 


Proof.  The  “correct”  proof  of  part  (1)  is  explained  in  Remark  13.18.5 
give  a direct  proof  here. 


We  also 


We  first  show  that  (2)  implies  (1).  Namely,  let  a : K — > L* , n1  s be  as  in  Lemma 


7 = /?  o a.  Set  /3  = j3o  s.  Then  we  have 


13.9.6 


Since  a is  injective  by  (2)  there  exists  a morphism  /3  : L*  — > I*  such  that 


/3oa  = /3oso7roQ~/?oa  = 7 


as  desired. 


Assume  that  a : K*  — >•  L*  is  injective.  Suppose  we  have  already  defined  (3  in  all 
degrees  < n — 1 compatible  with  differentials  and  such  that  q-7  = /3J  o a-7  for  all 
j < n — 1.  Consider  the  commutative  solid  diagram 


Kn-l  ^ Kn 


In~ 1 In 


Thus  we  see  that  the  dotted  arrow  is  prescribed  on  the  subobjects  a(Kn)  and 
dra_1(L"-1).  Moreover,  these  two  arrows  agree  on  a(d"_1(/\n_1)).  Hence  if 

013Q  (13.18.6.1)  a(dn~1(Kn~1))  = a(Kn)  r\dn~1{Ln~1) 


then  these  morphisms  glue  to  a morphism  a(Kn)  + dn~1(Ln~1)  — > In  and,  using 
the  injectivity  of  /",  we  can  extend  this  to  a morphism  from  all  of  Ln  into  /” . 
After  this  by  induction  we  get  the  morphism  (3  for  all  n simultaneously  (note  that 
we  can  set  f3n  = 0 for  all  n <C  0 since  /*  is  bounded  below  - in  this  way  starting 
the  induction). 


It  remains  to  prove  the  equality  (|13.18.6.T).  The  reader  is  encouraged  to  argue  this 
for  themselves  with  a suitable  diagram  chase.  Nonetheless  here  is  our  argument. 
Note  that  the  inclusion  a(dn~1(Kn~1))  C a(Kn ) D dn~1{Ln~ 1)  is  obvious.  Take 
an  object  T of  A and  a morphism  x : T — * Ln  whose  image  is  contained  in  the 
subobject  a(I\n)  r\dn~1(Ln~1).  Since  a is  injective  we  see  that  x = aox'  ioi  some 
x'  : T — > Kn . Moreover,  since  x lies  in  dn~1(Ln~1)  we  see  that  dn  o x = 0.  Hence 
using  injectivity  of  a again  we  see  that  dn  ox’  = 0.  Thus  x'  gives  a morphism 
\x']  : T — > Hn(I\*).  On  the  other  hand  the  corresponding  map  [a:]  : T — > Hn(L *) 
induced  by  x is  zero  by  assumption.  Since  a is  a quasi-isomorphism  we  conclude 
that  [x'\  = 0.  This  of  course  means  exactly  that  the  image  of  x'  is  contained  in 
dl1—  i (ATn— i ) and  we  win.  □ 
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013S  Lemma  13.18.7.  Let  A be  an  abelian  category.  Consider  a solid  diagram 

K* >■  L* 

“ / 

j A'f>i 

r 


where  /*  is  bounded  below  and  consists  of  injective  objects,  and  a is  a quasi- 
isomorphism. Any  two  morphisms  Pi , P2  making  the  diagram  commute  up  to  ho- 
motopy  are  homotopic. 


Proof.  This  follows  from  Remark|l3.18.5|  We  also  give  a direct  argument  here. 

If  we  can  show  that  Pio-x  is  homotopic 


13.9.6 


Let  a : K — > Lm , n,  s be  as  in  Lemma  ’ 
to  P2  o 7r,  then  we  deduce  that  Pi  ~ P2  because  7r  o s is  the  identity.  Hence  we  may 
assume  an  : I\n  — > Ln  is  the  inclusion  of  a direct  summand  for  all  n.  Thus  we  get 
a short  exact  sequence  of  complexes 


0 ->  K%  ->  L*  — S>  M*  ->  0 


which  is  termwise  split  and  such  that  M*  is  acyclic.  We  choose  splittings  Ln  = 
Kn  © Mn , so  we  have  /3"  : Kn  © Mn  — ► In  and  7"  : Kn  —>■/".  In  this  case  the 
condition  on  Pi  is  that  there  are  morphisms  h™  : I\n  — > /ra_1  such  that 

7 "-PiWn  =doh™  + h™+X  Od 

Thus  we  see  that 

- /32nk-  =rfo(ft?-^)  + (K+1  - hn2+1)  o d 

Consider  the  map  hn  : I\n(BMn  — > Jn_1  which  equals  hf-hlf  on  the  first  summand 
and  zero  on  the  second.  Then  we  see  that 

Pi-p2~(dohn  + hn+1)od) 

is  a morphism  of  complexes  L*  — > /*  which  is  identically  zero  on  the  subcomplex 
K* . Hence  it  factors  as  L * — > M*  — > /* . Thus  the  result  of  the  lemma  follows  from 
Lemma  113.18.41  □ 


05TG  Lemma  13.18.8.  Let  A be  an  abelian  category.  Let  /*  be  bounded  below  complex 
consisting  of  injective  objects.  Let  L * G K(A).  Then 

Mor K(a)(L* , I')  = MorD(_4)(L*,  /*). 

Proof.  Let  a be  an  element  of  the  right  hand  side.  We  may  represent  a = 7a  1 
where  a : Km  — > Lm  is  a quasi-isomorphism  and  7 : K * — > J*  is  a map  of  complexes. 
By  Lemma  13.18.6  we  can  find  a morphism  p : L*  — > I*  such  that  Poa  is  homotopic 
to  7.  This  proves  that  the  map  is  surjective.  Let  b be  an  element  of  the  left  hand 
side  which  maps  to  zero  in  the  right  hand  side.  Then  b is  the  homotopy  class  of 
a morphism  P : L*  — > /*  such  that  there  exists  a quasi-isomorphism  a : K*  — > L* 
with  p o a homotopic  to  zero.  Then  Lemma  [l 3 . 1 8 . 7|  shows  that  P is  homotopic  to 
zero  also,  i.e.,  6 = 0.  □ 


013T 


Lemma  13.18.9.  Let  A be  an  abelian  category.  Assume  A has  enough  injectives. 
For  any  short  exact  sequence  0 ->  4'  B*  ->  C'  ->  0 0/  Comp+(A)  there  exists 
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a commutative  diagram  in  Comp+  (A) 


0 

0 


0 

0 


where  the  vertical  arrows  are  injective  resolutions  and  the  rows  are  short  exact 
sequences  of  complexes.  In  fact,  given  any  injective  resolution  A*  —>  /*  we  may 
assume  /*  = /* . 


Proof.  Step  1.  Choose  an  injective  resolution  A*  — > /*  (see  Lemma  13.18.3)  or 
use  the  given  one.  Recall  that  Comp+(_4)  is  an  abelian  category,  see  Homology, 
Lemma[l2.12.9|  Hence  we  may  form  the  pushout  along  the  injective  map  A*  — >•  I* 
to  get 


0 

0 


^0 


^0 


Note  that  the  lower  short  exact  sequence  is  termwise  split,  see  Homology,  Lemma 
|12.23.2|  Hence  it  suffices  to  prove  the  lemma  when  0 — ► A*  — > B*  — >•  C*  — > 0 is 
termwise  split. 


Step  2.  Choose  splittings.  In  other  words,  write  Bn  = An  ® Cn.  Denote  S : C*  —>■ 
H*[l]  the  morphism  as  in  Homology,  Lemma  12.14.10  Choose  injective  resolutions 
/i  : A*  — ► I*  and  /3  : C*  — t I*.  (If  A*  is  a complex  of  injectives,  then  use  I*  = A*.) 
We  may  assume  /3  is  injective  in  every  degree.  By  Lemma  |13. 18. 6|  we  may  find  a 
morphism  S'  : /*  — > I*  [1]  such  that  S'  o /3  = fi  [1]  o S (equality  of  morphisms  of 
complexes) . Set  Ilf  = If  ® 


Define 


rtn  - 

ai2  ~ 


Hi 

0 


(<5')r 


and  define  the  maps  Bn  — » to  be  given  as  the  sum  of  the  maps  An  — > If  and 
Cn  — > If.  Everything  is  clear.  □ 


13.19.  Projective  resolutions 

0643  This  section  is  dual  to  Section  [13.18|  We  give  definitions  and  state  results,  but  we 
do  not  reprove  the  lemmas. 

0644  Definition  13.19.1.  Let  A be  an  abelian  category.  Let  A € Ob(>4).  An  projective 
resolution  of  A is  a complex  P*  together  with  a map  P°  — > A such  that: 

(1)  We  have  Pn  = 0 for  n > 0. 

(2)  Each  Pn  is  an  projective  object  of  A. 

(3)  The  map  P°  — ► A induces  an  isomorphism  Coker(d-1)  — > A. 

(4)  We  have  Hl{P*)  = 0 for  i < 0. 

Hence  P*  — > H[0]  is  a quasi-isomorphism.  In  other  words  the  complex 
...->•  P-1  P°  ->■  A ->■  0 -t  . . . 

is  acyclic.  Let  K*  be  a complex  in  A.  An  projective  resolution  of  K*  is  a complex 
P*  together  with  a map  a : P*  — »•  K*  of  complexes  such  that 
(1)  We  have  Pn  = 0 for  n 0,  i.e.,  P*  is  bounded  above. 
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(2)  Each  P”  is  an  projective  object  of  A. 

(3)  The  map  a : P*  — > K * is  a quasi-isomorphism. 

0645  Lemma  13.19.2.  Let  A be  an  abelian  category.  Let  K*  be  a complex  of  A. 

(1)  If  K*  has  a projective  resolution  then  Hn(K°)  = 0 for  n^>  0. 

(2)  If  Hn{K*)  = 0 for  n>  0 then  there  exists  a quasi-isomorphism  Lm  — > Km 
with  L * bounded  above. 


Proof.  Dual  to  Lemmari3.18.2l  □ 

0646  Lemma  13.19.3.  Let  A be  an  abelian  category.  Assume  A has  enough  projectives. 

(1)  Any  object  of  A has  a projective  resolution. 

(2)  If  Hn(K*)  = 0 for  a!!  n > 0 then  K*  has  a projective  resolution. 

(3)  If  K * is  a complex  with  Kn  = 0 for  n > a,  then  there  exists  a projective 
resolution  a : P*  —>  K*  with  Pn  = 0 for  n > a such  that  each  an  : Pn  — > 
Kn  is  surjective. 

Proof.  Dual  to  Lemmari3.18.3l  □ 


0647  Lemma  13.19.4.  Let  A be  an  abelian  category.  Let  K*  be  an  acyclic  complex.  Let 
Pm  be  bounded  above  and  consisting  of  projective  objects.  Any  morphism  P*  — > K* 
is  homotopic  to  zero. 


Proof.  Dual  to  Lemma Tl 3. 18.41 


□ 


0648  Remark  13.19.5.  Let  A be  an  abelian  category.  Suppose  that  a : K * — ► L* 
is  a quasi-isomorphism  of  complexes.  Let  P*  be  a bounded  above  complex  of 
projectives.  Then 


Horn  k(a){P\K')  — ► Horn  K(A)(P*,L*) 
is  an  isomorphism.  This  is  dual  to  Remark  13.18.5| 

0649  Lemma  13.19.6.  Let  A be  an  abelian  category.  Consider  a solid  diagram 


K* 

P* 


where  P*  is  bounded  above  and  consists  of  projective  objects,  and  a is  a quasi- 
isomorphism. 

(1)  There  exists  a map  of  complexes  (3  making  the  diagram  commute  up  to 
homotopy. 

(2)  If  a is  surjective  in  every  degree  then  we  can  find  a /3  which  makes  the 
diagram  commute. 

Proof.  Dual  to  Lemmari3.18.6l  □ 

064A  Lemma  13.19.7.  Let  A be  an  abelian  category.  Consider  a solid  diagram 


K* 

P* 


L* 
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where  P*  is  bounded  above  and  consists  of  projective  objects,  and  a is  a quasi- 
isomorphism. Any  two  morphisms  f3\ , /32  making  the  diagram  commute  up  to  ho- 
motopy  are  homotopic. 

Proof.  Dual  to  Lemma Tl 3. 18. 71  □ 

064B  Lemma  13.19.8.  Let  A be  an  abelian  category.  Let  P*  be  bounded  above  complex 
consisting  of  projective  objects.  Let  L*  € K(A).  Then 

MorK(A)  (P*,L*)  = MorD(^)  (P* , L*). 

Proof.  Dual  to  Lemmari3.18.8l  □ 

064C  Lemma  13.19.9.  Let  A be  an  abelian  category.  Assume  A has  enough  projectives. 
For  any  short  exact  sequence  0 — ► A*  — > B*  — > C*  — > 0 of  Comp+  (A)  there  exists 
a commutative  diagram  in  Comp+  {A) 


0 — - p;  — - p2*  — - p3*  — - 0 

" Y 

0 > A* >■  B* C* .-  0 


where  the  vertical  arrows  are  projective  resolutions  and  the  rows  are  short  exact 
sequences  of  complexes.  In  fact , given  any  projective  resolution  P*  — > C * we  may 
assume  P*  = P* . 

Proof.  Dual  to  Lemmari3.18.9l  □ 


064D  Lemma  13.19.10.  Let  A be  an  abelian  category.  Let  P* , K*  be  complexes.  Let 
n £ Z.  Assume  that 

(1)  P*  is  a bounded  complex  consisting  of  projective  objects, 

(2)  P!;  = 0 for  i < n,  and 

(3)  IP  (A'*)  =0  fori  >n. 

Then  Ho mK(A){P\K%)  = Ho mD{A){P\K‘)  = 0. 


Proof.  The  first  equality  follows  from  Lemma[l3.19.8  Note  that  there  is  a distin- 
guished triangle 

{t <n-\K* , K* , r>nK* ,f,g,h) 


by  Remark  13.12.4  Hence,  by  Lemma  13.4.2  it  suffices  to  prove  Honifj-(^)  (P*,  r<„_i K* 
0 and  Houix(A){P* ,T>nK*)  = 0.  The  first  vanishing  is  trivial  and  the  second  is 
Lemma  113.19.41  □ 


064E  Lemma  13.19.11.  Let  A be  an  abelian  category.  Let  f3  : P*  — > L * and  a : E * — > 
Lm  be  maps  of  complexes.  Let  n £ Z.  Assume 

(1)  P*  is  a bounded  complex  of  projectives  and  Pl  = 0 for  i < n, 

(2)  FT1  (a)  is  an  isomorphism  for  i > n and  surjective  for  i = n. 

Then  there  exists  a map  of  complexes  7 : P*  — )•  E*  such  that  007  and  /3  are 
homotopic. 


Proof.  Consider  the  cone  C*  = C(a)*  with  map  i : L*  — > C* . Note  that  i o (3  is 
zero  by  Lemma  [13. 19. 10|  Hence  we  can  lift  /3  to  E * by  Lemma  [13.4.2|  □ 
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13.20.  Right  derived  functors  and  injective  resolutions 


At  this  point  we  can  use  the  material  above  to  define  the  right  derived  functors 
of  an  additive  functor  between  an  abelian  category  having  enough  injectives  and  a 
general  abelian  category. 

Lemma  13.20.1.  Let  A be  an  abelian  category.  Let  I £ Ob(_4)  be  an  injective 
object.  Let  /*  be  a bounded  below  complex  of  injectives  in  A. 

(1)  /*  computes  RF  relative  to  Qis+(A)  for  any  exact  functor  F : I\  + (A)  — » 
T>  into  any  triangulated  category  T> . 

(2)  I is  right  acyclic  for  any  additive  functor  F : A — ► B into  any  abelian 
category  B. 


Proof.  Part  (2)  is  a direct  consequences  of  part  (1)  and  Definition  13.16.3  To  prove 
(1)  let  a : I* 


we 


K * be  a quasi-isomorphism  into  a complex.  By  Lemma  13.18.7 
see  that  a has  a left  inverse.  Hence  the  category  /* /Qis+  {A)  is  essentially  constant 
with  value  id  :/*—>■  I*.  Thus  also  the  ind-object 

/*/Qis+(A)  — (/*  — » K*)  i — * F(Km) 

is  essentially  constant  with  value  F(I') 
andll3.15.10l 


This  proves  (1),  see  Definitions  13.15.2 


□ 


Lemma  13.20.2.  Let  A be  an  abelian  category  with  enough  injectives. 

(1)  For  any  exact  functor  F : K+(A)  -A  V into  a triangulated  category  V the 
right  derived  functor 

RF  : D+(A)  — > V 

is  everywhere  defined. 

(2)  For  any  additive  functor  F : A —¥  B into  an  abelian  category  B the  right 
derived  functor 

RF  : D+(A)  — > D+{B) 
is  everywhere  defined. 


Proof.  Combine  Lemma [13.20. 1|  and  Proposition  13.17.8  for  the  second  assertion. 
To  see  the  first  assertion  combine  Lemma[l3.18.3|  Lemma|l3.20.1[  Lemma[l3.15.14[ 
and  Equation  ( 13.15.9.1 ).  □ 


Lemma  13.20.3.  Let  A be  an  abelian  category  with  enough  injectives.  Let  F : 
A — V B be  an  additive  functor. 

(1)  The  functor  RF  is  an  exact  functor  D+(A)  —>  D+{B). 

(2)  The  functor  RF  induces  an  exact  functor  K+(A)  D+(B). 

(3)  The  functor  RF  induces  a S -functor  Comp+  (A)  -A  D+(B). 

(4)  The  functor  RF  induces  a S -functor  A -A  D+{B). 


Proof.  This  lemma  simply  reviews  some  of  the  results  obtained  so  far.  Note  that 
by  Lemma[l3.20.2|i7P  is  everywhere  defined.  Here  are  some  references: 


(1)  The  derived  functor  is  exact:  This  boils  down  to  Lemma  13.15.6 

(2)  This  is  true  because  K+{A)  —>  D+(A)  is  exact  and  compositions  of  exact 
functors  are  exact. 

(3)  This  is  true  because  Comp+(_4)  — ► D+(A)  is  a 5-functor,  see  Lemma 


113.12.11 
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(4)  This  is  true  because  A —¥  Comp+(_4)  is  exact  and  precomposing  a 5- 
functor  by  an  exact  functor  gives  a 5-functor. 

□ 


015B 


Lemma  13.20.4.  Let  A be  an  abelian  category  with  enough  injectives.  Let  F : 
A — >•  B be  a left  exact  functor. 

(1)  For  any  short  exact  sequence  0 — > A*  — > B*  — ► C*  — > 0 of  complexes  in 
Comp+  (A)  there  is  an  associated  long  exact  sequence 

. . . Hi(RF{A*))  ->  H\RF{B *))  H\RF(C *))  ->  . . . 


(2) 

(3) 

(4) 


The  functors  RlF  : A — )•  B are  zero  for  i < 0.  Also  R°F  = F : A — > B. 
We  have  RlF(I)  = 0 for  i > 0 and  I injective. 

The  sequence  (RlF,S)  forms  a universal  5-functor  (see  Homoloqy,  Defini- 
tion\12.11.3\)  from  A to  B. 


Proof.  This  lemma  simply  reviews  some  of  the  results  obtained  so  far.  Note  that 
by  Lemma[l3.20.2|l?F  is  everywhere  defined.  Here  are  some  references: 

(1)  This  follows  from  Lemma  13.20.3  part  (3)  combined  with  the  long  exact 
cohomology  sequence  (13.11.1.1)  for  D+{B). 


(2) 

(3) 

(4) 


This  is  Lemma  13.17.3 


This  is  the  fact  that  injective  objects  are  acyclic. 


This  is  Lemma  13.17.6 


□ 


13.21.  Cartan-Eilenberg  resolutions 

015G  This  section  can  be  expanded.  The  material  can  be  generalized  and  applied  in 
more  cases.  Resolutions  need  not  use  injectives  and  the  method  also  works  in  the 
unbounded  case  in  some  situations. 

015H  Definition  13.21.1.  Let  A be  an  abelian  category.  Let  K * be  a bounded  below 
complex.  A Cartan-Eilenberg  resolution  of  K * is  given  by  a double  complex  /*■* 
and  a morphism  of  complexes  e : K * — » with  the  following  properties: 

(1)  There  exists  a i <C  0 such  that  Ip,q  = 0 for  all  p < i and  all  q. 

(2)  We  have  Ip ’q  = 0 if  q < 0. 

(3)  The  complex  IPi * is  an  injective  resolution  of  I\p. 

(4)  The  complex  Ker(d^’*)  is  an  injective  resolution  of  Ker (dpK). 

(5)  The  complex  Im(d^’*)  is  an  injective  resolution  of  Im(d^-). 

(6)  The  complex  HP(I *'*)  is  an  injective  resolution  of  FIP(K*). 

0151  Lemma  13.21.2.  Let  A be  an  abelian  category  with  enough  injectives.  Let  K*  be 
a bounded  below  complex.  There  exists  a Cartan-Eilenberg  resolution  of  I\* . 

Proof.  Suppose  that  Kp  = 0 for  p < n.  Decompose  K * into  short  exact  sequences 
as  follows:  Set  Zp  = Ker(dp ),  Bp  = Im(dp_1),  Hp  = Zp / Bp , and  consider 

0 ->  Zn  ->  Kn  ->  Bn+1  ->  0 
0 ->•  Bn+1  -)•  Zn+1  Hn+1  ->•  0 
0 ->  Zn+1  Kn+1  -)■  Bn+ 2 ->•  0 
0 h-  Bn+ 2 -)•  Z”+2  ->■  Hn+2  ->•  0 


Set  Ip,q  = 0 for  p < n.  Inductively  we  choose  injective  resolutions  as  follows: 
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(1) 

(2) 

(3) 


Choose  an  injective  resolution  Z 
Using  Lemma 


-¥  J, 


and  an  exact  sequence  of  complexes  0 
0 compatible  with  the  short  exact  sequence  0 
Using  Lemma 


13.18.9 


choose  injective  resolutions  Kn 


r7l+l,« 

H 

rTX  — | — 1 , • 


13.18.9 


->  /">*,  Bn+1 

jn,.  _ ^ jn,.  jn+ 1,. 

► -)■  Kn  -»  Bn+1  0. 

choose  injective  resolutions  Zn+1  — » Hn+l  —> 

rn+l,»  rn+l,» 

J r>  r J y 


H 


and  an  exact  sequence  of  complexes  0 —r  uB  —r  oz 
— > 0 compatible  with  the  short  exact  sequence  0 — > Bn+1 


Zn+1  Hn+ 1 Q. 


(4)  Etc. 

Taking  as  maps  d*  : Ip,m  — ► Jp+1:*  the  compositions  /p’*  — > J^+1’*  — > — > 

Jp+1’*  everything  is  clear.  □ 


015J  Lemma  13.21.3.  Let  F : A—>  B be  a left  exact  functor  of  abelian  categories.  Let 
I\m  be  a bounded  below  complex  of  A.  Let  /*'*  be  a Caidan-Eilenberg  resolution  for 
K* . The  spectral  sequences  ('Er,'dr)r> o and  (" Erf  dr)r> o associated  to  the  double 
complex  F (/* :*)  satisfy  the  relations 

’E™  = RqF(Kp)  and  " Ep’q  = FLpF(Hq(K *)) 

Moreover,  these  spectral  sequences  are  bounded,  converge  to  H*(RF(K*)),  and  the 
associated  induced  filtrations  on  Hn(RF(K*))  are  finite. 


Proof.  We  will  use  the  following  remarks  without  further  mention: 

(1)  As  /p,#  is  an  injective  resolution  of  Kp  we  see  that  RF  is  defined  at  A'p[0] 
with  value  F(JP’*). 

(2)  As  ffp (/*'*)  is  an  injective  resolution  of  F[p(K*)  the  derived  functor  RF 
is  defined  at  F{p(Km)[0]  with  value  F(HP(I *’*)). 

(3)  By  Homology,  Lemma  [12.22.7  the  total  complex  si*  is  an  injective  reso- 
lution of  K* . Hence  RF  is  defined  at  K*  with  value  F(sP). 

Consider  the  two  spectral  sequences  associated  to  the  double  complex  L*’*  = 
F(I *’*),  see  Homology,  Lemma  12.22.4  These  are  both  bounded,  converge  to 
H*(sL*),  and  induce  finite  filtrations  on  Hn(sL *),  see  Homology,  Lemma  12.22.6 
Since  sL * = s(F(P'*))  = F(sl *)  computes  Hn(RF(I\*))  we  find  the  final  assertion 
of  the  lemma  holds  true. 


Computation  of  the  first  spectral  sequence.  We  have  1 E\'q  = Hq(Lp’*)  in  other 
words 

'Ep’q  = Hq(F(Ip,m))  = RqF(Kp) 

as  desired.  Observe  for  later  use  that  the  maps  rdp'q  : 'Ep,q  — > ' Ep+1'q  are  the 
maps  RqF(Kp)  — ► RqF{Kp+1)  induced  by  Kp  — ► Kp+1  and  the  fact  that  RqF  is  a 
functor. 


Computation  of  the  second  spectral  sequence.  We  have  "Ep,q  = F[q(L*’p ) = 
F[q(F{I*’p)).  Note  that  the  complex  P-p  is  bounded  below,  consists  of  injectives, 
and  moreover  each  kernel,  image,  and  cohomology  group  of  the  differentials  is  an 
injective  object  of  A.  Hence  we  can  split  the  differentials,  i.e.,  each  differential  is 
a split  surjection  onto  a direct  summand.  It  follows  that  the  same  is  true  after 
applying  F.  Hence  "Ep,q  = F(F[q(I*’p))  = F(F[q(P'p)).  The  differentials  on  this 
are  (— l)q  times  F applied  to  the  differential  of  the  complex  Hp(P'*)  which  is  an 
injective  resolution  of  HP(K*).  Hence  the  description  of  the  E2  terms.  □ 
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Remark  13.21.4.  The  spectral  sequences  of  Lemma 


13.21.3 


are  functorial  in 


the  complex  K* . This  follows  from  functoriality  properties  of  Cartan-Eilenberg 
resolutions.  On  the  other  hand,  they  are  both  examples  of  a more  general  spectral 
sequence  which  may  be  associated  to  a filtered  complex  of  A.  The  functoriality  will 
follow  from  its  construction.  We  will  return  to  this  in  the  section  on  the  filtered 
derived  category,  see  Remark  [13. 26. 15| 


13.22.  Composition  of  right  derived  functors 

015L  Sometimes  we  can  compute  the  right  derived  functor  of  a composition.  Suppose 
that  A,  B,  C be  abelian  categories.  Let  F : A — > B and  G : B — > C be  left  exact 
functors.  Assume  that  the  right  derived  functors  RF  : D+(A)  — ► D+(B),  RG  : 
D+(B)  — > D+{C),  and  R(G  o F)  : D+(A)  — > D+(C ) are  everywhere  defined.  Then 
there  exists  a canonical  transformation 


t : R(G  of)  — ► RG  o RF 


of  functors  from  D+(A)  to  D+(C), 
not  always  be  an  isomorphism. 


see  Lemma  13.15.16 


This  transformation  need 


015M  Lemma  13.22.1.  Let  A,  B,C  be  abelian  categories.  Let  F : A B and  G : B — >•  C 
be  left  exact  functors.  Assume  A,  B have  enough  injectives.  The  following  are 
equivalent 

(1)  F(I)  is  right  acyclic  for  G for  each  injective  object  I of  A,  and 

(2)  the  canonical  map 


t : R(G  oF)  — > RGo  RF. 


is  isomorphism  of  functors  of  functors  from  D+(A)  to  D+(C). 


Proof.  If  (2)  holds,  then  (1)  follows  by  evaluating  the  isomorphism  t on  RF{I)  = 
F(I).  Conversely,  assume  (1)  holds.  Let  A*  be  a bounded  below  complex  of  A. 
Choose  an  injective  resolution  A*  — > I* . The  map  t is  given  (see  proof  of  Lemma 
13.15.16|)  by  the  maps 

R(G  o F)(A *)  = (G  o F)(Im)  = G(F(/*)))  ->  RG(F(I*))  = RG(RF(A*)) 
where  the  arrow  is  an  isomorphism  by  Lemma|l3.17.7|  □ 

015N  Lemma  13.22.2  (Grothendieck  spectral  sequence).  With  assumptions  as  in  Lemma 
13.22. 1\  and  assuming  the  equivalent  conditions  (1)  and  (2)  hold.  Let  X be  an  ob- 
ject of  D+(A).  There  exists  a spectral  sequence  (Er,dr)r> o consisting  of  bigraded 
objects  Er  of  C with  dr  of  bidegree  (r,  — r + 1)  and  with 

E = RpG(RqF(X )) 

Moreover,  this  spectral  sequence  is  bounded,  converges  to  R*(GoF)(X),  and  induces 
a finite  filtration  on  each  Rn(G  o F)(X). 


Proof.  We  may  represent  X by  a bounded  below  complex  A V Choose  an  injective 
resolution  A * — ► I*.  Choose  a Cartan-Eilenberg  resolution  F(I')  — ► /*■*  using 
Lemma |13.21.2|  Apply  the  second  spectral  sequence  of  Lemma |13.21.3|  □ 
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13.23.  Resolution  functors 


Let  A be  an  abelian  category  with  enough  injectives.  Denote  I the  full  additive 
subcategory  of  A whose  objects  are  the  injective  objects  of  A.  It  turns  out  that 
K+(I)  and  D+(A)  are  equivalent  in  this  case  (see  Proposition  13.23.1).  For  many 
purposes  it  therefore  makes  sense  to  think  of  D+  {A)  as  the  (easier  to  grok)  category 
K+(I)  in  this  case. 


Proposition  13.23.1.  Let  A be  an  abelian  category.  Assume  A has  enough  in- 
jectives. Denote  X C A the  strictly  full  additive  subcategory  whose  objects  are  the 
injective  objects  of  A.  The  functor 

K+{1)  — > D+(A) 


is  exact , fully  faithful  and  essentially  surjective,  i.e.,  an  equivalence  of  triangulated 
categories. 


Proof.  It  is  clear  that  the  functor  is  exact.  It  is  essentially  surjective  by  Lemma 
|13.18.3|  Fully  faithfulness  is  a consequence  of  Lemma |13.18.8|  □ 

Proposition  |13.23TT|  implies  that  we  can  find  resolution  functors.  It  turns  out  that 
we  can  prove  resolution  functors  exist  even  in  some  cases  where  the  abelian  category 
A is  a “big”  category,  i.e.,  has  a class  of  objects. 

Definition  13.23.2.  Let  A be  an  abelian  category  with  enough  injectives.  A 
resolution  /imcfojf^]  for  A is  given  by  the  following  data: 

(1)  for  all  K*  £ Ob(AT+(yl))  a bounded  below  complex  of  injectives  j(Km ), 
and 

(2)  for  all  K*  £ Ob(AT+(A))  a quasi-isomorphism  Ik-  ■ K*  j{K *). 

Lemma  13.23.3.  Let  A be  an  abelian  category  with  enough  injectives.  Given  a 
resolution  functor  (j,  i)  there  is  a unique  way  to  turn  j into  a functor  and  i into  a 
2-isomorphism  producing  a 2-commutative  diagram 


K+{A) 


D+{A) 


where  I is  the  full  additive  subcategory  of  A consisting  of  injective  objects. 

Proof.  For  every  morphism  a : K * — > Lm  of  I\+(A)  there  is  a unique  morphism 
j(a)  : j(K *)  — ► j(L *)  in  K+(I)  such  that 


K* 


>-  L* 


jiK^^jiL') 


13.18.6 


and 


13.18.7 


or 


is  commutative  in  K+(A).  To  see  this  either  use  Lemmas 
the  equivalent  Lemma|l3.18.8|  The  uniqueness  implies  that  j is  a functor,  and  the 
commutativity  of  the  diagram  implies  that  i gives  a 2-morphism  which  witnesses  the 
2-commutativity  of  the  diagram  of  categories  in  the  statement  of  the  lemma.  □ 


®This  is  likely  nonstandard  terminology. 
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Lemma  13.23.4.  Let  A be  an  abelian  category.  Assume  A has  enough  injec- 
tives.  Then  a resolution  functor  j exists  and  is  unique  up  to  unique  isomorphism 
of  functors. 

Proof.  Consider  the  set  of  all  objects  A'*  of  K+(A).  (Recall  that  by  our  conven- 
tions any  category  has  a set  of  objects  unless  mentioned  otherwise.)  By  Lemma 


13.18.3  every  object  has  an  injective  resolution.  By  the  axiom  of  choice  we  can 
choose  for  each  K*  an  injective  resolution  Ik*  '■  K*  — > j(K*).  □ 

Lemma  13.23.5.  Let  A be  an  abelian  category  with  enough  injectives.  Any  reso- 
lution functor  j : K+  (.4)  —¥  K+  (I)  is  exact. 


j{K*){  1].  Con- 


Proof.  Denote  in’  '■  AT*  —>  j(Km)  the  canonical  maps  of  Definition  13.23.2  First 
we  discuss  the  existence  of  the  functorial  isomorphism  j(K'[l]) 
sider  the  diagram 

K'{  1]  =K*[  1] 

Mb 


•[1] 

n 

>•  7 

By  Lemmas  13.18.6  and  13.18.7  there  exists  a unique  dotted  arrow  fic  in  K+(T) 


making  the  diagram  commute  in  A'+(.4).  We  omit  the  verification  that  this  gives 


a functorial  isomorphism.  (Hint:  use  Lemma  13.18.7  again.) 

Let  (A'* , A* , M* , /,  g,h)  be  a distinguished  triangle  of  K+(A).  We  have  to  show 
that  (j ( A'*) , j (L* ) , j (M* ),j{f),j(g),£ie°j{h))  is  a distinguished  triangle  of  K+  (1). 
Note  that  we  have  a commutative  diagram 


K* 


L* 


■ M* 


j{K *) 


m 


j(l-) 


As) 


K-[  1] 


j(M') 


■W)[  1] 


in  I\+(A)  whose  vertical  arrows  are  the  quasi-isomorphisms  IkAlAm-  Hence  we 
see  that  the  image  of  {j(K*),j(L*),j(M*),j(f),j(g),£K.  o j{h))  in  D+(A)  is  iso- 
morphic to  a distinguished  triangle  and  hence  a distinguished  triangle  by  TR1. 


Thus  we  see  from  Lemma  |Rh4.16|that  (j(K*),j(L*),j(M*),j(f),j(g),^K.  o j{h)) 
is  a distinguished  triangle  in  I\  + (I) . □ 

Lemma  13.23.6.  Let  A be  an  abelian  category  which  has  enough  injectives.  Let  j 
be  a resolution  functor.  Write  Q : A'+(„4)  — > D+(A)  for  the  natural  functor.  Then 
j = j'  ° Q for  a unique  functor  j'  : D+  (.4)  — > K+  (I)  which  is  quasi-inverse  to  the 
canonical  functor  K+(I)  — > D+(A). 

Proof.  By  Lemma [13. 11. 6\Q  is  a localization  functor.  To  prove  the  existence  of  j1 
it  suffices  to  show  that  any  element  of  Qis+  (.4)  is  mapped  to  an  isomorphism  under 


the  functor  j,  see  Lemma  13.5.6  This  is  true  by  the  remarks  following  Definition 
113.23.21  □ 

Remark  13.23.7.  Suppose  that  A is  a “big”  abelian  category  with  enough  in- 
jectives such  as  the  category  of  abelian  groups.  In  this  case  we  have  to  be  slightly 
more  careful  in  constructing  our  resolution  functor  since  we  cannot  use  the  axiom 
of  choice  with  a quantifier  ranging  over  a class.  But  note  that  the  proof  of  the 
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lemma  does  show  that  any  two  localization  functors  are  canonically  isomorphic. 
Namely,  given  quasi-isomorphisms  i : K*  — > I*  and  i!  : K*  — > J*  of  a bounded  be- 
low complex  K*  into  bounded  below  complexes  of  injectives  there  exists  a unique(!) 
morphism  a : /*  — > J*  in  K+(X)  such  that  i!  = ioa  as  morphisms  in  K+(I).  Hence 
the  only  issue  is  existence,  and  we  will  see  how  to  deal  with  this  in  the  next  section. 


13.24.  Functorial  injective  embeddings  and  resolution  functors 

0140  In  this  section  we  redo  the  construction  of  a resolution  functor  K+(A)  -A  K+(I) 
in  case  the  category  A has  functorial  injective  embeddings.  There  are  two  reasons 
for  this:  (1)  the  proof  is  easier  and  (2)  the  construction  also  works  if  ^4.  is  a “big” 
abelian  category.  See  Remark  [13. 24. 3|  below. 

Let  A be  an  abelian  category.  As  before  denote  I the  additive  full  subcategory 
of  A consisting  of  injective  objects.  Consider  the  category  InjRes(A)  of  arrows 
a : K*  -A  /*  where  K * is  a bounded  below  complex  of  A,  J*  is  a bounded  below 
complex  of  injectives  of  A and  a is  a quasi-isomorphism.  In  other  words,  a is  an 
injective  resolution  and  K * is  bounded  below.  There  is  an  obvious  functor 

s : InjRes(A)  — » Comp+(A) 
defined  by  (a  : K*  -a  /*)  ha  K*.  There  is  also  a functor 

t : InjRes(A)  — » K+(I) 
defined  by  (a  : K * -A  /*)  ha  /*. 

0141  Lemma  13.24.1.  Let  A be  an  abelian  category.  Assume  A has  functorial  injective 
embeddings,  see  Homology,  Definition  \ 1 2. 23fEj 

(1)  There  exists  a functor  in  j : Comp+  (A)  -A  InjRes(A)  such  that  soinj  = id. 

(2)  For  any  functor  inj  : Comp+  (A)  -A  InjRes(A)  such  that  s o inj  = id  we 
obtain  a resolution  functor,  see  Definition  \ 1 3. 23 .£[ 


Proof.  Let  A ha  (A  — > J(A))  be  a functorial  injective  embedding,  see  Homology, 


Definition  12.23.5  We  first  note  that  we  may  assume  J(0)  = 0.  Namely,  if  not 
then  for  any  object  A we  have  0 — > A -A-  0 which  gives  a direct  sum  decomposition 
J(A)  = J(0)  ® Ker(J(A)  —>  J(0)).  Note  that  the  functorial  morphism  A -A-  J(A) 
has  to  map  into  the  second  summand.  Hence  we  can  replace  our  functor  by  J' {A)  = 
Ker(J(A)  -A-  J(0))  if  needed. 


Let  K*  be  a bounded  below  complex  of  A.  Say  Kp  = 0 if  p < B.  We  are  going  to 
construct  a double  complex  /*•*  of  injectives,  together  with  a map  a : K*  -A  /*,Q 
such  that  a induces  a quasi-isomorphism  of  K * with  the  associated  total  complex 
of  /*'*.  First  we  set  Ip,q  = 0 whenever  q < 0.  Next,  we  set  Ip’°  = J(KP)  and 
ap  : Kp  -a  Jp,°  the  functorial  embedding.  Since  J is  a functor  we  see  that  I*’0  is  a 
complex  and  that  a is  a morphism  of  complexes.  Each  ap  is  injective.  And  Ip,°  = 0 
for  p < B because  J( 0)  = 0.  Next,  we  set  H’1  = J(Coker(A'p  -A  Ip’0)).  Again 
by  functoriality  we  see  that  I*'1  is  a complex.  And  again  we  get  that  H’1  =0  for 
p < B.  It  is  also  clear  that  Kp  maps  isomorphically  onto  Ker(Jp’°  -A  As  our 

third  step  we  take  Ip’2  = J(Coker(/p,°  -a  H’1))-  And  so  on  and  so  forth. 

At  this  point  we  can  apply  Homology,  Lemma  |12.22.7| to  get  that  the  map 

a : I\*  -A  si* 
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05TL 


0142 


is  a quasi-isomorphism.  To  prove  we  get  a functor  inj  it  rests  to  show  that  the 
construction  above  is  functorial.  This  verification  is  omitted. 

Suppose  we  have  a functor  inj  such  that  s o inj  = id.  For  every  object  K*  of 
Comp+(_4)  we  can  write 


inj(K')  = (iK.  : K*  j(K *)) 

This  provides  us  with  a resolution  functor  as  in  Definition |13. 23.2]  □ 

Remark  13.24.2.  Suppose  inj  is  a functor  such  that  s o inj  = id  as  in  part  (2) 
of  Lemma  13.24.1  Write  inj(K')  = (**-•  : K*  — ► j(K*))  as  in  the  proof  of  that 
lemma.  Suppose  a : K*  — > L*  is  a map  of  bounded  below  complexes.  Consider  the 
map  inj  (a)  in  the  category  InjRes(.4).  It  induces  a commutative  diagram 


K* 


L* 


•K 

mr 


inj  (a) 


il 

■m- 


of  morphisms  of  complexes.  Hence,  looking  at  the  proof  of  Lemma  [13.23. 3|  we  see 
that  the  functor  j : K+(A)  — > K+(T ) is  given  by  the  rule 

j(a  up  to  homotopy)  = inj  (a)  up  to  homotopy  G Horn K+(z)(j(K*),j(L*)) 

Hence  we  see  that  j matches  t o inj  in  this  case,  i.e. , the  diagram 

c»"'p+(-4) — ss -A'+rn 


K+(A) 


is  commutative. 


Remark  13.24.3.  Let  Mod(Ox)  be  the  category  of  Ox -modules  on  a ringed  space 
(X,  Ox)  (or  more  generally  on  a ringed  site).  We  will  see  later  that  ModijOx) 
has  enough  injectives  and  in  fact  functorial  injective  embeddings,  see  Injectives, 
Theorem  19.8.4  Note  that  the  proof  of  Lemma  13.23.4  does  not  apply  to  Mod(Ox)- 
But  the  proof  of  Lemma  13. 24. 1|  does  apply  to  Mod{Ox)-  Thus  we  obtain 

j : K+(Mod(Ox ))  — ► K+(l) 


which  is  a resolution  functor  where  X is  the  additive  category  of  injective  Ox- 
modules.  This  argument  also  works  in  the  following  cases: 

(1)  The  category  Mod^  of  R-modules  over  a ring  R. 

(2)  The  category  PMod(0)  of  presheaves  of  0-modules  on  a site  endowed 
with  a presheaf  of  rings. 

(3)  The  category  Mod(0)  of  sheaves  of  0-modules  on  a ringed  site. 

(4)  Add  more  here  as  needed. 
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05TM 

05TN 


0158 

0150 


015P 

05TP 
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13.25.  Right  derived  functors  via  resolution  functors 


The  content  of  the  following  lemma  is  that  we  can  simply  define  RF(K')  = 
F(j(K *))  if  we  are  given  a resolution  functor  j. 

Lemma  13.25.1.  Let  A be  an  abelian  category  with  enough  injectives  Let  F : 
A -A-  B be  an  additive  functor  into  an  abelian  category.  Let  ( i,j ) be  a resolution 
functor,  see  Definition  \13.23.2\  The  right  derived  functor  RF  of  F fits  into  the 
following  2-commutative  diagram 


D+{A) *-  K+{1) 


D+{B) 


where  j'  is  the  functor  from  Lemma\l3.23.6[ 


Proof.  By  Lemma  13.20.1  we  have  RF{K *)  = F(j(K*)). 


□ 


Remark  13.25.2.  In  the  situation  of  Lemma 


13.25.1 


we  see  that  we  have  actually 
lifted  the  right  derived  functor  to  an  exact  functor  F o j'  : D+(A ) -A  K+(B).  It  is 
occasionally  useful  to  use  such  a factorization. 


19.9.6 


12.16.3 


13.26.  Filtered  derived  category  and  injective  resolutions 

Let  A be  an  abelian  category.  In  this  section  we  will  show  that  if  A has  enough 
injectives,  then  so  does  the  category  Fil^(A)  in  some  sense.  One  can  use  this 
observation  to  compute  in  the  filtered  derived  category  of  A. 

The  category  Fil^  (A)  is  an  example  of  an  exact  category,  see  Injectives,  Remark 
A special  role  is  played  by  the  strict  morphisms,  see  Homology,  Definition 
i.e.,  the  morphisms  / such  that  Coim(/)  = Im(/).  We  will  say  that  a 
complex  A — >•  B — >•  C in  Fil^  (A)  is  exact  if  the  sequence  gr(A)  — > gr(B)  -A  gr(C) 
is  exact  in  A.  This  implies  that  A -A  B and  B — >•  C are  strict  morphisms,  see 
Homology,  Lemma[l2.16.15| 

Definition  13.26.1.  Let  A be  an  abelian  category.  We  say  an  object  I of  Fil^(_4) 
is  filtered  injective  if  each  grp(J)  is  an  injective  object  of  A. 

Lemma  13.26.2.  Let  A be  an  abelian  category.  An  object  I of  Fil^(A)  is  filtered 
injective  if  and  only  if  there  exist  a <b,  injective  objects  In,  a < n < b of  A and 
an  isomorphism  I = (J) 


a<n<b  n 


such  that  FPI  = ©„>p/„. 


Proof.  Follows  from  the  fact  that  any  injection  J 
injective  object.  Details  omitted. 


M of  A is  split  if  J is  an 

□ 


Lemma  13.26.3.  Let  A be  an  abelian  category.  Any  strict  monomorphism  u : 
I A of  Filf  (A)  where  I is  a filtered  injective  object  is  a split  injection. 

Proof.  Let  p be  the  largest  integer  such  that  FPI  ^ 0.  In  particular  grp(/)  = FPI. 
Let  I'  be  the  object  of  Fil^(A)  whose  underlying  object  of  A is  FPI  and  with  filtra- 
tion given  by  FrT'  = 0 for  n > p and  FnV  = I'  = FPI  for  n < p.  Note  that  I'  — ► I 
is  a strict  monomorphism  too.  The  fact  that  u is  a strict  monomorphism  implies 
that  FPI  -a  A/ FP+1(A)  is  injective,  see  Homology,  Lemma  12.16.13  Choose  a 
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splitting  s : A/FP+1A  -A  FPI  in  A.  The  induced  morphism  s'  : A -A  /'  is  a strict 
morphism  of  filtered  objects  splitting  the  composition  A.  Hence  we  can 

write  A = I'  ® Ker(s')  and  1 = 1'®  Ker(s'|/).  Note  that  Ker(s'|/)  -A  ker(s')  is  a 
strict  monomorphism  and  that  Ker(s,|/)  is  a filtered  injective  object.  By  induction 
on  the  length  of  the  filtration  on  I the  map  Ker(s'|/)  -A  ker(s')  is  a split  injection. 
Thus  we  win.  □ 

05TR  Lemma  13.26.4.  Let  A be  an  abelian  category.  Let  u : A -A  B be  a strict 
monomorphism  of  FiV  (A)  and  f : A -A  I a morphism  from  A into  a filtered 
injective  object  in  Fih(A).  Then  there  exists  a morphism  g : B -A  I such  that 
f = gou. 

Proof.  The  pushout  /':/—)•/  H^  B of  / by  u is  a strict  monomorphism,  see 
Homology,  Lemma|12.16.10|  Hence  the  result  follows  formally  from  Lemma|13.26.3| 

□ 

05TS  Lemma  13.26.5.  Let  A be  an  abelian  category  with  enough  injectives.  For  any 
object  A of  Filf  {A)  there  exists  a strict  monomorphism  A I where  I is  a filtered 
injective  object. 

Proof.  Pick  a < b such  that  grp(A)  = 0 unless  p £ {a,  a + 1, . . . , b}.  For  each 
n £ {a,  a + 1, . . . , b}  choose  an  injection  un  : A/FnA  -A  In  with  In  and  injective 
object.  Set  L = ©a<n<b  IP  with  filtration  FPI  = 0?i>  In  and  set  u : A — >•  I equal 
to  the  direct  sum  of  the  maps  un.  □ 

05TT  Lemma  13.26.6.  Let  A be  an  abelian  category  with  enough  injectives.  For  any 
object  A of  Filf  {A)  there  exists  a filtered  quasi-isomorphism  A[0]  — > /*  where  /*  is 
a complex  of  filtered  injective  objects  with  In  = 0 for  n < 0. 

Proof.  First  choose  a strict  monomorphism  uq  : A — > 7°  of  A into  a filtered 
injective  object,  see  Lemma  |13.26.5|  Next,  choose  a strict  monomorphism  u\  : 
Coker (uq)  -a  / 1 into  a filtered  injective  object  of  A.  Denote  d°  the  induced  map 
1 0 -A  I1.  Next,  choose  a strict  monomorphism  u-2  : Coker(wi)  -A  1 2 into  a filtered 
injective  object  of  A.  Denote  d1  the  induced  map  1 1 -a  I2.  And  so  on.  This  works 
because  each  of  the  sequences 

0 -A  Coker(url)  -A  In+1  — > Coker(?irl+i)  -A  0 

is  short  exact,  i.e. , induces  a short  exact  sequence  on  applying  gr.  To  see  this  use 
Homology,  Lemma |12.16.13]  □ 

05TU  Lemma  13.26.7.  Let  A be  an  abelian  category  with  enough  injectives.  Let  f : 
A -A  B be  a morphism  of  Fir  (A).  Given  filtered  quasi-isomorphisms  A[0]  — > /*  and 
-B  [0]  -a  J*  where  /*,  J*  are  complexes  of  filtered  injective  objects  with  /”  = Jn  = 0 
for  n < 0,  then  there  exists  a commutative  diagram 


0] 


0] 


J* 


r 
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Proof.  As  A[0]  — > I*  and  C[0]  -A  J*  are  filtered  quasi-isomorphisms  we  conclude 
that  a : A — > 7°,  b : B — > J°  and  all  the  morphisms  df . d " are  strict,  see  Homol- 
ogy, Lemma  |13.14.4|  We  will  inductively  construct  the  maps  fn  in  the  following 
commutative  diagram 


Because  A -a  7°  is  a strict  monomorphism  and  because  J°  is  filtered  injective,  we 
can  find  a morphism  /°  : 7°  -A  J°  such  that  /°o«  = bo  / , see  Lemma  13.26.4  The 


composition  d°j  o b o / is  zero,  hence  d°j  o /°  o a = 0,  hence  dff  o f°  factors  through 
a unique  morphism 

Coker  (a)  = Coim(d°)  = Im  (d°)  — > J1. 


05TV 


isomorphisms  A[0]  -A  /*  and  C[0]  — > J * where  7* , J*  a?’e  complexes  of  filtered 
injective  objects  with  In  = Jn  = 0 for  n < 0,  fben  there  exists  a commutative 
diagram 


0 


0 


■ A[0] 


V 

/* 


H[0] 


■M* 


■<7[0] 


J* 


■0 


■0 


where  the  lower  row  is  a termwise  split  sequence  of  complexes. 


Proof.  As  A[0]  -A  J*  and  C[0]  -A  J*  are  filtered  quasi-isomorphisms  we  conclude 
that  a : A -A  1° , c : C -A  J°  and  all  the  morphisms  d",  dj  are  strict,  see  Homology, 
Lemma  |13.14.4|  We  are  going  to  step  by  step  construct  the  south-east  and  the 


south  arrows  in  the  following  commutative  diagram 


As  4 A B is  a strict  monomorphism,  we  can  find  a morphism  b : B 1°  such 
that  b o a = a,  see  Lemma  |13.26.4|  As  A is  the  kernel  of  the  strict  morphism 
1°  -A  / 1 and  fj  = Coker(a)  we  obtain  a unique  morphism  b : C — > I1  fitting  into 
the  diagram.  As  c is  a strict  monomorphism  and  1 1 is  filtered  injective  we  can  find 
<5°  : J°  -a  J1,  see  Lemma  |13.26.4|  Because  B -a  C is  a strict  epimorphism  and 

J1 


J°  -A  1 1 
because  H — ) 


, see  Lemma  13.26.4  Because  B -a 
7°  — ► I1  — ► I2  is  zero,  we  see  that  C 


I2  is  zero.  Hence  d\  o <5° 


is  zero  on  C = Im(c).  Hence  d\  o <5°  factors  through  a unique  morphism 
Coker(c)  = Coim(dj)  = Im(dj)  — » I2. 

As  I2  is  filtered  injective  and  Irn(dj)  — > J1  is  a strict  monomorpliism  we  can  extend 


the  displayed  morphism  to  a morphism  (51  : J1  -A  I2 , see  Lemma  13.26.4  And  so 
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on.  We  set  M* 


/*  ® J*  with  differential 


d 


n 

M ~ 


(-l)n+1<5n\ 
dnj  ) 


Finally,  the  map  £?[0]  — > M*  is  given  by  b ® c o /3  : M — >•  1°  ® J°. 


□ 


05TW  Lemma  13.26.9.  Let  A be  an  abelian  category  with  enough  injectives.  For  ev- 
ery K * £ K+  (Fill  (*4))  there  exists  a filtered  quasi-isomorphism  K * -A  /*  with 
/*  bounded  below,  each  In  a filtered  injective  object,  and  each  Kn  -A  In  a strict 
monomorphism. 


Proof.  After  replacing  K*  by  a shift  (which  is  harmless  for  the  proof)  we  may 
assume  that  Kn  = 0 for  n < 0.  Consider  the  short  exact  sequences 

0 -A  Ker (d°K)  -A  K°  -A-  Coim (d^)  -A  0 
0 -A  Ker(d^)  -A  K 1 -A  Coim^d^)  -A  0 
0 -A  Ker(d|-)  -A  K2  -A  Coim(d|-)  -A  0 


of  the  exact  category  Fil^  (A)  and  the  maps  ut  : Coim(d^-)  -A  Ker(d^"1).  For  each 
i>0we  may  choose  filtered  quasi-isomorphisms 


Ker(dk)[0]  -»• 

Coim(d^)[0]  -A  I coim, i 


with 
Lemma 


Iker,n  I coim, i filtered  injective  and  zero  for  n 


< 0,  see  Lemma  |13.26.6 
we  may  lift  iq  to  a morphism  of  complexes  u* 


13.26.7 

Finally,  "for  each  i > 0 we  may  complete  the  diagrams 


By 


T • 

-Lcoim,i  7 xker,i-\- 1* 


■ Ker(4 


K) 


■K*[  0] 


Coim(dj 


K ) 


>0 


T* 

ker,i 


I* 


■I* 

coim,i 


with  the  lower  sequence  a termwise  split  exact  sequence,  see  Lemma  13.26.8  For 


* > 0 set  di  : /*  -a  J*+1  equal  to  di  = cii+i  o u*  o pi.  Note  that  d*  o dj_i  = 0 because 
Pi  o c*i  = 0.  Hence  we  have  constructed  a commutative  diagram 


I' 


II 


I 2 


K°  [0] 


■A^O] 


■ A2[0] 


Here  the  vertical  arrows  are  filtered  quasi-isomorphisms.  The  upper  row  is  a com- 
plex of  complexes  and  each  complex  consists  of  filtered  injective  objects  with  no 
nonzero  objects  in  degree  < 0.  Thus  we  obtain  a double  complex  by  setting  Ia’b  = Ib 
and  using 


j a,b  . ra,b  jb 

al  ‘ 1 ~ 1a 


Oj-\-  1 


ja-\-l,b 


the  map  dba  and  using  for 


rct,6  . ra,b  rb  . r6+ 1 ra,b-\- 1 

a2  1 ~ 1 a 1a  ~ 1 
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the  map  dbT  . Denote  Tot(/*'*)  the  total  complex  associated  to  this  double  complex, 


see  Homology,  Definition  12.22.3  Observe  that  the  maps  A"rl[0]  -A  /*  come  from 
maps  Kn  -A  In’°  which  give  rise  to  a map  of  complexes 

K*  — ► Tot  (/•■•) 

We  claim  this  is  a filtered  quasi-isomorphism.  As  gr(— ) is  an  additive  functor,  we 


05TX 


see  that  gr(Tot(/*’*))  = Tot(gr(/*’*)).  Thus  we  can  use  Homology,  Lemma  12.22.7 
to  conclude  that  gr(A'*)  — ► gr(Tot(/*’*))  is  a quasi-isomorphism  as  desired.  □ 

Lemma  13.26.10.  Let  A be  an  abelian  category.  LetK*,I * G K(Fitf  (A)).  As- 
sume K%  is  filtered  acyclic  and  /*  bounded  below  and  consisting  of  filtered  injective 
objects.  Any  morphism  K * — > I*  is  homotopic  to  zero:  Hom^^jj/^JA’*,  I*)  = 0. 

Proof.  Let  a : K*  -A  /*  be  a morphism  of  complexes.  Assume  that  cA  = 0 for 
j < n.  We  will  show  that  there  exists  a morphism  h : I\n+1  -A  In  such  that 
an  = h o d.  Thus  a will  be  homotopic  to  the  morphism  of  complexes  /?  defined  by 


0 


Pj  = 


an+l  _ 

a? 


if  j < n 

if  j = n + 1 

if  j > n + 1 


This  will  clearly  prove  the  lemma  (by  induction).  To  prove  the  existence  of  h note 
that  an  o d7^1  = 0 since  an_1  = 0.  Since  K*  is  filtered  acyclic  we  see  that  dff1 
and  d\  are  strict  and  that 

0 -A  Im (djr1)  -A  Kn  -a  Im (dnK)  -A  0 

is  an  exact  sequence  of  the  exact  category  Fil^(A),  see  Homology,  Lemma  12.16b 
Hence  we  can  think  of  an  as  a map  into  /”  defined  on  Im(d^-).  Using  that  Im(d^-) 
Kn+ 1 is  a strict  monomorphism  and  that  In  is  filtered  injective  we  may  lift  this 
map  to  a map  h : Kn+1  -a  In  as  desired,  see  Lemma  13.26.4  □ 


05TY 


Lemma  13.26.11.  Let  A be  an  abelian  category.  Let  /*  £ K(FiV  (A))  be  a 
bounded  below  complex  consisting  of  filtered  injective  objects. 

(1)  Let  a : K * — > L*  in  K(FiF  (A))  be  a filtered  quasi-isomorphism.  Then 
the  map 

Hom K(Fiif  , I*)  ~ > Hom{e(ra/(_4))(A',  /*) 

is  bijective. 

(2)  Let  L*  G K(A).  Then 

Horn K(Fiif(A))(L*,I*)  = Horn Df(A)(L* , I')- 
Proof.  Proof  of  (1).  Note  that 

(K',L*,C(a)*,a,i,-p) 


is  a distinguished  triangle  in  A"(Fil^  (A))  (Lemma  13.9.14)  and  C(/)*  is  a filtered 
acyclic  complex  (Lemma|13.14.4[).  Then 


HomK(Fil/(_4^(C'(a)*,  /*) 


■ HomX(Fil/(_4))(A*,  /*) 


■ Hom^pip^^J^*,  I*) 


HomApFil/^p(C'(a)*[— 1],  /*) 
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is  an  exact  sequence  of  abelian  groups,  see  Lemma  |13.4.2|  At  this  point  Lemma 
13.26.10|guarantees  that  the  outer  two  groups  are  zero  and  hence  Hom^^)  (L* , /*)  = 
Ho  mK^(K\n. 

Proof  of  (2).  Let  a be  an  element  of  the  right  hand  side.  We  may  represent 
a = 7 a-1  where  a : K * — > Lm  is  a filtered  quasi- isomorphism  and  7 : K * — > /* 
is  a map  of  complexes.  By  part  (1)  we  can  find  a morphism  /3  : L*  — > /*  such 
that  /3  o a is  homotopic  to  7.  This  proves  that  the  map  is  surjective.  Let  b be  an 
element  of  the  left  hand  side  which  maps  to  zero  in  the  right  hand  side.  Then  b 
is  the  homotopy  class  of  a morphism  /3  : L*  — > /*  such  that  there  exists  a filtered 
quasi-isomorphism  a : K*  — > L*  with  (jo  a homotopic  to  zero.  Then  part  (1)  shows 
that  /3  is  homotopic  to  zero  also,  i.e. , 6 = 0.  □ 


015Q  Lemma  13.26.12.  Let  A be  an  abelian  category  with  enough  injectives.  Let 
X f C Fitf  (A)  denote  the  strictly  full  additive  subcategory  whose  objects  are  the 
filtered  injective  objects.  The  canonical  functor 

K+(Xf)  — ► DF+(A) 


is  exact,  fully  faithful  and  essentially  surjective,  i.e.,  an  equivalence  of  triangulated 
categories.  Furthermore  the  diagrams 


K+ (If) *■  DF+(A)  K+(lf) >■  DF+(A) 


gr“ 

K+(X) 


gr * 

* D+(A ) 


forget  F 


forget  F 


K+(l) >■ D+(A ) 


are  commutative,  where  X C.  A is  the  strictly  full  additive  subcategory  whose  objects 
are  the  injective  objects. 


It  is  fully  faithful  by  Lemma  |13. 26.11]  It  is  an  exact  functor  by  our  definitions 
regarding  distinguished  triangles.  The  commutativity  of  the  squares  is  immedi- 
ate. □ 


Proof.  The  functor  K+(Xf ) -A  DF+(A)  is  essentially  surjective  by  Lemma  13.26.9 


015R 


Remark  13.26.13.  We  can  invert  the  arrow  of  the  lemma  only  if  A is  a category 
in  our  sense,  namely  if  it  has  a set  of  objects.  However,  suppose  given  a big  abelian 
category  A with  enough  injectives,  such  as  Mod(Ox)  for  example.  Then  for  any 
given  set  of  objects  {Ai}iej  there  is  an  abelian  subcategory  A'  C A containing 
all  of  them  and  having  enough  injectives,  see  Sets,  Lemma  |3.12.1  Thus  we  may 
use  the  lemma  above  for  A'.  This  essentially  means  that  if  we  use  a set  worth  of 
diagrams,  etc  then  we  will  never  run  into  trouble  using  the  lemma. 


Let  A,  B be  abelian  categories.  Let  T : A — » B be  a left  exact  functor.  (We  cannot 
use  the  letter  F for  the  functor  since  this  would  conflict  too  much  with  our  use  of 
the  letter  F to  indicate  filtrations.)  Note  that  T induces  an  additive  functor 

T : Filf  (A)  ^ Fi\f  (B) 

by  the  rule  T(A,F)  = ( T(A),F ) where  FPT(A)  = T(FPA)  which  makes  sense  as 
T is  left  exact.  (Warning:  It  may  not  be  the  case  that  gr(T(A))  = T(gr(A)).)  This 
induces  functors  of  triangulated  categories 

05TZ  (13.26.13.1)  T : K+(Filf  (A))  — » A'+(Fil/ (B)) 
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The  filtered  right  derived  functor  of  T is  the  right  derived  functor  of  Definition 
13.15.2  for  this  exact  functor  composed  with  the  exact  functor  7\ + (Fil^  (B))  — ► 


DF+(B ) and  the  multiplicative  set  FQis+(A).  Assume  A has  enough  injectives. 
At  this  point  we  can  redo  the  discussion  of  Section  13.20  to  define  the  filtered  right 
derived  functors 


015S  (13.26.13.2) 

of  our  functor  T. 


RT  : DF+(A)  — » DF+{B) 


However,  instead  we  will  proceed  as  in  Section  [l3.25j  and  it  will  turn  out  that  we 
can  define  RT  even  if  T is  just  additive.  Namely,  we  first  choose  a quasi-inverse 


we  see  that  j'  is  an  exact  functor  of  triangulated  categories.  Next,  we  note  that  for 
a filtered  injective  object  I we  have  a (noncanonical)  decomposition 

015T  (13.26.13.3)  I -®eZJP’  with  pPI  = ® > 

by  Lemma  [13.26.2[  Hence  if  T is  any  additive  functor  T : A — > B then  we  get  an 
additive  functor 

05U0  (13.26.13.4)  Text  : Xs  ->•  Fil* (B) 


f : DF+(A ) — » K+(lf)  of  the  equivalence  of  Lemma  13.26.12  By  Lemma  13.4.16 


by  setting  Text{I)  = ®T(JP)  with  FpText(I)  = ©9>pT(/g).  Note  that  we  have 
the  property  gr(Text(I))  = T(gr(J))  by  construction.  Hence  we  obtain  a functor 

05U1  (13.26.13.5)  Text  : K+(lf)  ->  K+(Filf  (B)) 

which  commutes  with  gr.  Then  we  define  (|13.26.13)2])  by  the  composition 

05U2  (13.26.13.6)  RT  = Text  o j'. 


Since  RT  : D+(A)  — t D+(B)  is  computed  by  injective  resolutions  as  well,  see 
Lemmas  13.20.lj  the  commutation  of  T with  gr,  and  the  commutative  diagrams  of 
Lemma  |13.26.12|  imply  that 


015U  (13.26.13.7) 


grp  o RT  = RT  o grp 


and 


015V  (13.26.13.8)  (forget  F)  o RT  = RT  o (forget  F) 

as  functors  DF+(A)  — > D+{B). 

The  filtered  derived  functor  RT  (|13.26.13)2|  induces  functors 

RT  : Fil^A)  —t  DF+(B), 

RT  : Comp+(Fil/ (A))  —t  DF+{B), 

RT  : KF+(A)  ->  DF+{B). 

Note  that  since  Fil^(A),  and  Comp+(Fil^  (A))  are  no  longer  abelian  it  does  not 
make  sense  to  say  that  RT  restricts  to  a 5-functor  on  them.  (This  can  be  repaired 
by  thinking  of  these  categories  as  exact  categories  and  formulating  the  notion  of  a 
5-functor  from  an  exact  category  into  a triangulated  category.)  But  it  does  make 
sense,  and  it  is  true  by  construction,  that  RT  is  an  exact  functor  on  the  triangulated 
category  KF+(A). 
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015W  Lemma  13.26.14.  Let  A,B  be  abelian  categories.  Let  T : A -A  B be  a left 
exact  functor.  Assume  A has  enough  injectives.  Let  ( K*,F ) be  an  object  of 
Comp+  (Fitf  (A)) . There  exists  a spectral  sequence  ( Er,  dr)r> o consisting  of  bigraded 
objects  Er  of  B and  dr  of  bidegree  (r,  — r + 1)  and  with 

E{’q  = Rp+qT(grp(K*)) 

Moreover,  this  spectral  sequence  is  bounded,  converges  to  R*T{K *),  and  induces 
a finite  filtration  on  each  RnT(K*).  The  construction  of  this  spectral  sequence  is 
functorial  in  the  object  K*  of  Comp+  (Fitf  (A))  and  the  terms  ( Er , dr)  for  r > 1 do 
not  depend  on  any  choices. 


Proof.  Choose  a filtered  quasi-isomorphism  K*  — > /*  with  /*  a bounded  below 
complex  of  filtered  injective  objects,  see  Lemma  |13.26.9|  Consider  the  complex 
RT{K*)  = Text(I *),  see  (13.26.13.6).  Thus  we  can  consider  the  spectral  sequence 
(Er,dr)r> o associated  to  this  as  a filtered  complex  in  B,  see  Homology,  Section 

we  have  Ep'q  = Rp+q(grp{T(I'))).  By  Equa- 


12.21 


tion 


By  Homology,  Lemma 


12.21.2 


13.26.13.3)  we  have  Ep’q  = Hp+q{T(grp(I*))),  and  by  definition  of  a filtered 

gr p(/*)  is  an  injective  resolution.  Hence 


injective  resolution  the  map  grp(K *) 
Ep{q  = Rp+qT(grp(K')). 


On  the  other  hand,  each  In  has  a finite  filtration  and  hence  each  T(In)  has  a 
finite  filtration.  Thus  we  may  apply  Homology,  Lemma  [12.21. 11|  to  conclude  that 
the  spectral  sequence  is  bounded,  converges  to  Hn(T(I*))  = RnT(K*)  moreover 
inducing  finite  filtrations  on  each  of  the  terms. 

Suppose  that  A'*  -A  L*  is  a morphism  of  Comp+(Fil^(A)).  Choose  a filtered 
quasi-isomorphism  L*  — > J*  with  J*  a bounded  below  complex  of  filtered  injective 
objects,  see  Lemma  |13.26.9[  By  our  results  above,  for  example  Lemma  |13.26.1l| 
there  exists  a diagram 

K* ^ A* 


/* W 


which  commutes  up  to  homotopy.  Hence  we  get  a morphism  of  filtered  complexes 
T(/*)  -A  T(J*)  which  gives  rise  to  the  morphism  of  spectral  sequences,  see  Homol- 
ogy, Lemma  [12.21.4  The  last  statement  follows  from  this.  □ 


015X  Remark  13.26.15.  As  promised  in  Remark  13.21.4  we  discuss  the  connection 
of  the  lemma  above  with  the  constructions  using  Cartan-Eilenberg  resolutions. 
Namely,  let  T : A -A  B be  a left  exact  functor  of  abelian  categories,  assume  A 
has  enough  injectives,  and  let  K*  be  a bounded  below  complex  of  A.  We  give  an 


alternative  construction  of  the  spectral  sequences  ' E and  " E of  Lemma  13.21.3 


First  spectral  sequence.  Consider  the  “stupid”  filtration  on  K*  obtained  by  setting 
FP(K *)  = a>p(K*),  see  Homology,  Section  12.13|  Note  that  this  stupid  in  the 


12.21.3 


Note  that 


sense  that  d(Fp(K*))  C FP+1(K*),  compare  Homology,  Lemma 
grp(K*)  = Kp[—p]  with  this  filtration.  According  to  Lemma  13.26.14  there  is  a 
spectral  sequence  with  Ei  term 


Ep’q  = Rp+qT(Kp[-p\)  = RqT(Kp) 


13.27.  EXT  GROUPS 


1017 


06XP 

06XQ 


06XR 


sequence  with  E\  term 


E{'q  = Rp+qT(H~p  (K*)\p\)  = R2p+qT(H~p(K *))  = ”E^j 

with  i = 2p+q  and  j = —p.  (This  looks  unnatural,  but  note  that  we  could  just  have 
well  developed  the  whole  theory  of  filtered  complexes  using  increasing  filtrations, 
with  the  end  result  that  this  then  looks  natural,  but  the  other  one  doesn’t.)  We 
leave  it  to  the  reader  to  see  that  the  differentials  match  up. 

Actually,  given  a Cartan-Eilenberg  resolution  K*  — > I*’*  the  induced  morphism 
K*  — > si * into  the  associated  simple  complex  will  be  a filtered  injective  resolution 
for  either  filtration  using  suitable  filtrations  on  si* . This  can  be  used  to  match  up 
the  spectral  sequences  exactly. 


13.27.  Ext  groups 

In  this  section  we  start  describing  the  Ext  groups  of  objects  of  an  abelian  category. 
First  we  have  the  following  very  general  definition. 

Definition  13.27.1.  Let  A be  an  abelian  category.  Let  i £ Z.  Let  A,  Y be  objects 
of  D(A).  The  ith  extension  group  of  X by  Y is  the  group 

Ext  U(X,Y)  = Horn  d(a)(X,Y[i\)  = HomD(jl)(A[-i],y). 

If  A,B  e Ob(A)  we  set  Ext \{A,B)  = Ext^(A[0],  B[0]). 

Since  Hom^^) (A,  — ),  resp.  Homfl^j-,!')  is  a homological,  resp.  cohomological 
functor,  see  Lemma  13.4.2|  we  see  that  a distinguished  triangle  (Y,Y' ,Y"),  resp. 
(A,  X',X")  leads  to  a long  exact  sequence 

. . . ->  Ext (4  (A,  Y)  ->•  Ext (4  (A,  Y')  ->•  Ext (4  (A,  Y")  ->•  Extjf^A,  Y)  ->  . . . 

respectively 

Ext  (4  (A" , Y)  Ext  (4  (A7,  Y)  ->  Ext^(A,  Y)  Ex#1  (A",  Y)  ->  . . . 

Note  that  since  D+(A),  D~{A),  Db(A)  are  full  subcategories  we  may  compute 
the  Ext  groups  by  Horn  groups  in  these  categories  provided  A,  Y are  contained  in 
them. 

In  case  the  category  A has  enough  injectives  or  enough  projectives  we  can  compute 
the  Ext  groups  using  injective  or  projective  resolutions.  To  avoid  confusion,  recall 
that  having  an  injective  (resp.  projective)  resolution  implies  vanishing  of  homology 
in  all  low  (resp.  high)  degrees,  see  Lemmas  1 1 3 . 1 8 . 2 1 and  |13.19.2| 


Lemma  13.27.2.  Let  A be  an  abelian  category.  LetX*7Y*  £ Ob(A'(A)). 
(1)  Let  Y*  — y I*  be  an  injective  resolution  (Definition  13.18.1).  Then 
Ext\{X*,Y*)  = Hom^  A *,!*[{]). 
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(2)  Let  P*  — > X * be  a projective  resolution  (Definition  13.19.1).  Then 
Ext\(X\Y *)  = Horn  K(A)(P'[-i],V). 

Proof.  Follows  immediately  from  Lemma[l3.18.8|and  Lemma [13.19.8|  □ 


In  the  rest  of  this  section  we  discuss  extensions  of  objects  of  the  abelian  category 
itself.  First  we  observe  the  following. 

06XS  Lemma  13.27.3.  Let  A be  an  abelian  category. 

(1)  Let  X,  Y be  objects  of  D(A).  Given  a,b  £ Z such  that  Hl(X ) = 0 for 
i > a and  FP  (Y)  = 0 for  j < b,  we  have  Exf\(X,  Y)  = 0 for  n < b — a 
and 

ExtbAa{X,Y)  = Horn  A(Ha  (X) , Hb  (Y)) 

(2)  Let  A,B£  Ob(„4).  For  i < 0 we  have  Ext\(B,A)  = 0.  We  have 
Ext°A(B,A ) = Horn* {B,  A). 

Proof.  Choose  complexes  X * and  Y*  representing  X and  Y.  Since  Y * — > r>bY* 
is  a quasi-isomorphism,  we  may  assume  that  Y J'  = 0 for  j < b.  Let  L * — > X* 
be  any  quasi-isomorphism.  Then  r<aF*  — > X * is  a quasi-isomorphism.  Hence  a 
morphism  X — > Y [n\  in  D(A)  can  be  represented  as  /s-1  where  s : L*  — > X * is  a 
quasi-isomorphism,  / : L*  — > y*[n]  a morphism,  and  Ll  = 0 for  i < a.  Note  that 
/ maps  Ll  to  Yl+n.  Thus  f = 0 A n<b  — a because  always  either  L1  or  Yl+n  is 
zero.  If  n = b — a,  then  / corresponds  exactly  to  a morphism  Ha(X ) — > Hb(Y). 
Part  (2)  is  a special  case  of  (1).  □ 


Let  A be  an  abelian  category.  Suppose  that  0 — » A — > A'  — » A"  — > 0 is  a short 
exact  sequence  of  objects  of  A.  Then  0 — >■  H[0]  — )•  H'[0]  — » A"[ 0]  — »•  0 leads  to  a 
distinguished  triangle  in  D(A)  (see  Lemma  13.12.1|)  hence  a long  exact  sequence  of 
Ext  groups 

0 ->  ExtVH,  -4)  -t  Ext^(H,  A')  ->  Ext^(H,  A")  ->  Ext^(H,  A)  -)►  . . . 


Similarly,  given  a short  exact  sequence  0 — > B — > B'  — > B"  — > 0 we  obtain  a long 
exact  sequence  of  Ext  groups 

0 ->•  Ext^(H",  A)  ->•  Ext^(H',  A)  -t  Ext^(H,  A)  ->•  Ext^(H",  A)  ->•  . . . 


We  may  view  these  Ext  groups  as  an  application  of  the  construction  of  the  derived 
category.  It  shows  one  can  define  Ext  groups  and  construct  the  long  exact  sequence 
of  Ext  groups  without  needing  the  existence  of  enough  injectives  or  projectives. 
There  is  an  alternative  construction  of  the  Ext  groups  due  to  Yoneda  which  avoids 
the  use  of  the  derived  category,  see  (Yon60] . 

06XT  Definition  13.27.4.  Let  A be  an  abelian  category.  Let  A,  B € Ob(yl).  A degree 
i Yoneda  extension  of  B by  A is  an  exact  sequence 


Zi_  2 Z0  ->  B 0 
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in  A.  We  say  two  Yoneda  extensions  E and  E'  of  the  same  degree  are  equivalent  if 
there  exists  a commutative  diagram 


0 **  A *•  Zi_  i 

A 

id 


> B -»() 

A 

id 


0 • * A . <►  Z'l_x >•  Z'l  < & B 0 


0 ■ A •>■  Z[_1 >■ . . . >■  Z'0,  - ->-  B s-  0 


where  the  middle  row  is  a Yoneda  extension  as  well. 


It  is  not  immediately  clear  that  the  equivalence  of  the  definition  is  an  equivalence 
relation.  Although  it  is  instructive  to  prove  this  directly  this  will  also  follow  from 
Lemma  113.27.51  below. 

Let  A be  an  abelian  category  with  objects  A , B.  Given  a Yoneda  extension  E : 
0 — y A — y Zi_ i — ► Zi-2  Zq  — )•  B — )•  0 we  define  an  associated  element 

5(E)  £ Ext l(B,A)  as  the  morphism  5(E)  = /s_1  : S[0]  — > A[i]  where  s is  the 
quasi-isomorphism 

(. . . ->■  0 ->■  A ->■  Z,_-j  Z0  ->  0 -5>  . . .)  — > f?[0] 

and  / is  the  morphism  of  complexes 

(. . . ->■  0 ->■  A ->■  Z»_i  Z0  ->  0 ->  . ..)  — > A[i] 

We  call  5(E)  = /s_1  the  class  of  the  Yoneda  extension.  It  turns  out  that  this  class 
characterizes  the  equivalence  class  of  the  Yoneda  extension. 

06XU  Lemma  13.27.5.  Let  A be  an  abelian  category  with  objects  A,  B . Any  element 
in  Ext\(B,A)  is  5(E)  for  some  degree  i Yoneda  extension  of  B by  A.  Given  two 
Yoneda  extensions  E,  E'  of  the  same  degree  then  E is  equivalent  to  E'  if  and  only 
if6(E)=5(E'). 

Proof.  Let  £ : i?[0]  — ► A[i]  be  an  element  of  Ext^(B,  A).  We  may  write  £ = /s-1 
for  some  quasi-isomorphism  s : L*  — > B[0]  and  map  / : L*  — > A[i],  After  replacing 
L*  by  r<0Lm  we  may  assume  that  L1  = 0 for  i > 0.  Picture 

L_i_1 >-  L~l >- . . . > L° >-  B >-  0 

Y 

A 

Then  setting  = (L~t+1  © A)/L~l  and  Zj  = L~i  for  j = i — 2, . . . , 0 we  see 
that  we  obtain  a degree  i extension  E of  B by  A whose  class  5(E)  equals  £. 

It  is  immediate  from  the  definitions  that  equivalent  Yoneda  extensions  have  the 
same  class.  Suppose  that  E : 0 — > A — ► Z,_i  — >•  ^_2  Z0  — > B — ► 0 and 

E'  : 0 — >•  A — >•  Z(_1  Z(_ 2 Z'0  B — >•  0 are  Yoneda  extensions  with 

the  same  class.  By  construction  of  D(A)  as  the  localization  of  K(A)  at  the  set  of 
quasi-isomorphisms,  this  means  there  exists  a complex  L * and  quasi-isomorphisms 

t : L*  ->(...->  0 A Zi_i  Z0  0 ->  ...) 
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and 


t'  : L*  0 ->■  A Z\_  1 Zq  ->•  0 . .) 

such  that  s ot  = s'  ot'  and  f o t = f'ot',  see  Categories,  Section  [4~2G]  Let  P" 
be  the  degree  i extension  of  B by  A constructed  from  the  pair  L*  — ► P[0]  and 
L*  — > A[i]  in  the  first  paragraph  of  the  proof.  Then  the  reader  sees  readily  that 
there  exists  “morphisms”  of  degree  i Yoneda  extensions  E"  — > E and  E"  — > E'  as 
in  the  definition  of  equivalent  Yoneda  extensions  (details  omitted).  This  finishes 
the  proof.  □ 


06XV  Lemma  13.27.6.  Let  A be  an  abelian  category.  Let  A,  B be  objects  of  A.  Then 
Ext^(B,A)  is  the  group  Ext^(B,A)  constructed  in  Homology , Definition 

Proof.  This  is  the  case  i = 1 of  Lemma  T13.27. 51  □ 


12.6.2 


13.28.  Unbounded  complexes 

06XW  A reference  for  the  material  in  this  section  is  |Spa88j.  The  following  lemma  is 
useful  to  find  “good”  left  resolutions  of  unbounded  complexes. 

06XX  Lemma  13.28.1.  Let  A be  an  abelian  category.  Let  V C Ob  (A.)  be  a subset. 
Assume  that  every  object  of  A is  a quotient  of  an  element  of  V.  Let  Km  be  a 
complex.  There  exists  a commutative  diagram 

P» ^ p» 

rl  ^ ^ ' • ' 


r<,r  t<2K • 


in  the  category  of  complexes  such  that 

(1)  the  vertical  arrows  are  quasi-isomorphisms, 

(2)  P*  is  a bounded  above  complex  with  terms  in  V , 

(3)  the  arrows  P*  — > P*+1  are  termwise  split  injections  and  each  cokernel 
Pf+i/Pf  is  an  element  ofV. 

Proof.  By  Lemma  |13.16.5|  any  bounded  above  complex  has  a resolution  by  a 
bounded  above  complex  whose  terms  are  in  V . Thus  we  obtain  the  first  com- 
plex P*.  By  induction  it  suffices,  given  Pf , P*  to  construct  P.*+1  and  the 
maps  P*  — ► P*+1  and  P*  — >•  T<n+\K* . Consider  the  cone  C*  of  the  composition 
P * — > T<nI\*  — > r<n+\K* . This  fits  into  the  distinguished  triangle 

P*  T<n+iK*  — > C{  — > P*[l] 

Note  that  C*  is  bounded  above,  hence  we  can  choose  a quasi-isomorphism  Q*  — > C* 
where  Q * is  a bounded  above  complex  whose  terms  are  elements  of  V . Take  the 
cone  C*  of  the  map  of  complexes  Q * — > P*[l]  to  get  the  distinguished  triangle 

Q*  ->  K\ i]  ->>  c2*  ->  Q*[i] 

By  the  axioms  of  triangulated  categories  we  obtain  a map  of  distinguished  triangles 


p;  — - c2*[-i]  — - or  — - p*[ i] 


V 

p* 


Y V 

Cl — -P*[  1] 


T<n+lK 
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in  the  triangulated  category  K(A).  Set  P*+1  = C*[—  1].  Note  that  (3)  holds  by 
construction.  Choose  an  actual  morphism  of  complexes  / : P*+1  — » T<n+\K* . The 
left  square  of  the  diagram  above  commutes  up  to  homotopy,  but  as  P*  -»  P*+1  is 
a termwise  split  injection  we  can  lift  the  homotopy  and  modify  our  choice  of  / to 
make  it  commute.  Finally,  / is  a quasi-isomorphism,  because  both  P*  — > P*  and 
Q * — > C*  are.  □ 


In  some  cases  we  can  use  the  lemma  above  to  show  that  a left  derived  functor  is 
everywhere  defined. 

0794  Proposition  13.28.2.  Let  F : A — )•  B be  a right  exact  functor  of  abelian  cate- 
gories. Let  V C Ob(^4)  be  a subset.  Assume 

(1)  every  object  of  A is  a quotient  of  an  element  ofV, 

(2)  for  any  bounded  above  acyclic  complex  P*  of  A with  P"  £ V for  all  n the 
complex  F(P*)  is  exact, 

(3)  A and  B have  colimits  of  systems  over  N, 

(4)  colimits  over  N are  exact  in  both  A and  B,  and 

(5)  F commutes  with  colimits  over  N. 

Then  LF  is  defined  on  all  of  D(A). 


Proof.  By  (1)  and  Lemma[l3.16.5  for  any  bounded  above  complex  K*  there  exists 
a quasi-isomorphism  P*  — > K * with  P*  bounded  above  and  P”  £ V for  all  n. 
Suppose  that  s : P*  — > ( P ')*  is  a quasi-isomorphism  of  bounded  above  complexes 
consisting  of  objects  of  V.  Then  P(P*)  — > F((P')m)  is  a quasi-isomorphism  because 
F(C(s)*)  is  acyclic  by  assumption  (2).  This  already  shows  that  LF  is  defined  on 
D~{A)  and  that  a bounded  above  complex  consisting  of  objects  of  V computes  LF, 
see  Lemma ri3. 15. 151 


Next,  let  K * be  an  arbitrary  complex  of  A.  Choose  a diagram 


pi 


P* 

J2 


r<iA'* *-  t<2K* 


as  in  Lemma  13.28.1  Note  that  the  map  colimP*  — > K * is  a quasi-isomorphism 
because  colimits  over  N in  A are  exact  and  1P(P •)  = Hz(I\m)  for  n > i.  We  claim 
that 


P(colimP*)  = colimP(P*) 


(termwise  colimits)  is  LF(K'),  i.e. , that  colimP*  computes  LF.  To  see  this,  by 
Lemma[l3.15.15[  it  suffices  to  prove  the  following  claim.  Suppose  that 


colim  Q*  = Q*  p*  = colim  P* 


is  a quasi-isomorphism  of  complexes,  such  that  each  P*,  Q*n  is  a bounded  above 
complex  whose  terms  are  in  V and  the  maps  P*  — i r<nPm  and  Q*n  — > r<nQ * are 
quasi-isomorphisms.  Claim:  F{a)  is  a quasi-isomorphism. 


The  problem  is  that  we  do  not  assume  that  a is  given  as  a colimit  of  maps  between 
the  complexes  P*  and  Q*.  However,  for  each  n we  know  that  the  solid  arrows  in 
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the  diagram 


Rm 


P • 


¥ 

L • 


Qn 


T<nOi 

T<nP*  = >-  T<nQ* 

are  quasi-isomorphisms.  Because  quasi-isomorphisms  form  a multiplicative  system 
in  K(A)  (see  Lemma  13.11.2)  we  can  find  a quasi-isomorphism  L*  — »•  P*  and  map 
of  complexes  L*  — > Q*n  such  that  the  diagram  above  commutes  up  to  homotopy. 
Then  r<nL*  — > Lm  is  a quasi-isomorphism.  Hence  (by  the  first  part  of  the  proof) 
we  can  find  a bounded  above  complex  R*  whose  terms  are  in  V and  a quasi- 
isomorphism R*  — > L * (as  indicated  in  the  diagram).  Using  the  result  of  the  first 
paragraph  of  the  proof  we  see  that  F(R*)  — t F(P')  and  F(Rm)  — > F(Q*n ) are  quasi- 
isomorphisms. Thus  we  obtain  a isomorphisms  Hl(F(P*))  — >•  Hl(F(Q^))  fitting 
into  the  commutative  diagram 


fP(F(P*)) ^ Hi(F(Q'n)) 

Y V 

H\F{P •)) ->//'(U(g*)) 


The  exact  same  argument  shows  that  these  maps  are  also  compatible  as  n varies. 
Since  by  (4)  and  (5)  we  have 

Pi(F(P*))  = iT(F(colimP*))  = ZP(colim  F(P*))  = colim  H\F(P*)) 

and  similarly  for  Q * we  conclude  that  Hl(a)  : Hl(F(P*)  — » HZ(F(Q°)  is  an  iso- 
morphism and  the  claim  follows.  □ 

070F  Lemma  13.28.3.  Let  A be  an  abelian  category.  Let  X C Ob(„4)  be  a subset. 
Assume  that  every  object  of  A is  a subobject  of  an  element  of  X.  Let  K * be  a 
complex.  There  exists  a commutative  diagram 

. . . ^ r>_2/\* *-  t>_xK' 


w.  if  i, y.  /• 

. ...  '2  l < Ji 

in  the  category  of  complexes  such  that 

(1)  the  vertical  arrows  are  quasi-isomorphisms, 

(2)  /*  is  a bounded  below  complex  with  terms  in  X, 

(3)  the  arrows  I*+1  — > I * are  termwise  split  surjections  and  Ker(Pn+1  — > If) 
is  an  element  ofX. 

Proof.  This  lemma  is  dual  to  Lemma  Tl 3. 28. 11  □ 

The  following  lemma  is  an  example  of  why  it  is  easier  to  work  with  unbounded 
derived  categories.  Namely,  without  having  the  unbounded  derived  functors,  the 
lemma  could  not  even  be  stated. 
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09T5  Lemma  13.28.4.  Let  F : A — >•  B and  G : B — >•  A be  functors  such  that  F is  a right 
adjoint  to  G.  If  the  derived  functors  RF  : D(A)  — > F>(J3)  and  LG  : D(B)  -4  D(A) 
exist , then  RF  is  a right  adjoint  to  LG. 

Proof.  Let  K * be  a complex  of  A and  let  M*  be  a complex  of  B.  Since  RF  is 
defined  at  A'*,  we  see  that  the  rule  which  assigns  to  a quasi-isomorphism  s : K*  — ► 
/*  the  object  F{I*)  is  essentially  constant  as  an  ind-object  of  D{B)  with  value 
RF(K*).  Similarly,  the  rule  which  assigns  to  a quasi- isomorphism  t : P*  — >•  M*  the 
object  G(Pm)  is  essentially  constant  as  a pro-object  of  D{A)  with  value  LG{M*). 
Thus  we  have 

HomD(B)(M‘, RF{K'))  = colim^.^.  Horn D(B)(M‘,  F(I*)) 

= colims:K*->./*  colim^p.^M*  Horn K^(P*,F(I*)) 

= colimt:p._>M*  colimg;K-»_).j*  Horn K(B)(P*  ,F(I*)) 

= colim colims:if.^/.  Homjfj^ (G(P*),  /*) 

= colim Homfl(^(G(F*),  Km) 

= Hom  D{A)(LG(M'),K') 

The  first  equality  holds  by  Categories,  Lemma  [4.22. 6|  The  second  equality  holds 
by  the  definition  of  morphisms  in  D(B).  The  third  equality  holds  by  Categories, 
Lemma  [4.14.9|  The  fourth  equality  holds  because  F and  G are  adjoint.  The  fifth 
equality  holds  by  definition  of  morphism  in  D{A).  The  sixth  equality  holds  by 
Categories,  Lemma [4. 22. 7[  □ 

13.29.  K-injective  complexes 

070G  The  following  types  of  complexes  can  be  used  to  compute  right  derived  functors  on 
the  unbounded  derived  category. 

070H  Definition  13.29.1.  Let  A be  an  abelian  category.  A complex  /*  is  K-injective 
if  for  every  acyclic  complex  M*  we  have  Homp^jjM*,  /*)  = 0. 

In  the  situation  of  the  definition  we  have  in  fact  Hompq^)  (M*[i],  /*)  = 0 for  all  i 
as  the  translate  of  an  acyclic  complex  is  acyclic. 

0701  Lemma  13.29.2.  Let  A he  an  abelian  category.  Let  I*  he  a complex.  The  following 
are  equivalent 

(1)  /*  is  K-injective, 

(2)  for  every  quasi-isomorphism  M * — ► N*  the  map 

Horn K(A)(N\r)  -»■  Horn 
is  bijective,  and 

(3)  for  every  complex  N * the  map 

Horn K(A)(N',P)  -»•  Horn D(A)(N*,I*) 
is  an  isomorphism. 

Proof.  Assume  (1).  Then  (2)  holds  because  the  functor  Hom^j  — ,/*)  is  coho- 
mological  and  the  cone  on  a quasi-isomorphism  is  acyclic. 

Assume  (2).  A morphism  N*  — > /*  in  D{A)  is  of  the  form  /s-1  : N*  — > /*  where 
s : M*  — > N * is  a quasi-isomorphism  and  / : M*  — > I*  is  a map.  By  (2)  this 
corresponds  to  a unique  morphism  N*  — >•  I*  in  K{A ),  i.e.,  (3)  holds. 
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090X 


070J 


0BK6 


070Y 


070K 


Assume  (3).  If  M*  is  acyclic  then  M*  is  isomorphic  to  the  zero  complex  in  D(A) 
hence  Horn D(a)(N* , I*)  = 0,  whence  KomK^(N* , I*)  = 0 by  (3),  i.e.,  (1)  holds. 

□ 


Lemma  13.29.3.  Let  A be  an  abelian  category.  Let  (A',  L,  M,  /,  g,  h)  be  a distin- 
guished triangle  of  K (A).  If  two  out  of  K,  L,  M are  K-injective  complexes,  then 
the  third  is  too. 


Proof.  Follows  from  the  definition,  Lemma  13.4.2 


triangulated  category  (Proposition  13.10.3). 


and  the  fact  that  K{A)  is  a 

□ 


Lemma  13.29.4.  Let  A be  an  abelian  category.  A bounded  below  complex  of 
injectives  is  K-injective. 


Proof.  Follows  from  Lemmas  113.29.21  and  113. 18.81 


□ 


Lemma  13.29.5.  Let  A be  an  abelian  category.  Let  T be  a set  and  for  each 
t £ T let  If  be  a K-injective  complex.  If  In  = If  exists  for  all  n,  then  /*  is  a 
K-injective  complex.  Moreover,  I * represents  the  product  of  the  objects  If  in  D{A). 


Proof.  Let  A*  be  an  complex.  Then  we  have 

Horn  K(A)(K\n  = nt6THom  K(A)(K\If) 

Since  taking  products  is  an  exact  functor  on  the  category  of  abelian  groups  we  see 
that  if  K * is  acyclic,  then  Homjf/^dA'*,  /*)  is  acyclic  because  this  is  true  for  each 


to  conclude  that 

Hom^AV)  = nteTHomc(^(A*,/t*) 

and  indeed  /*  represents  the  product  in  the  derived  category.  □ 

Lemma  13.29.6.  Let  A be  an  abelian  category.  Let  F : K(A)  — > V be  an 
exact  functor  of  triangulated  categories.  Then  RF  is  defined  at  every  complex  in 
I\  ( A ) which  is  quasi-isomorphic  to  a K-injective  complex.  In  fact,  every  K-injective 
complex  computes  RF. 


of  the  complexes  Hom^(_4)(A'*,  If).  Having  said  this,  we  can  use  Lemma  13.29.2 


Proof.  By  Lemma  [13.15.4|  it  suffices  to  show  that  RF  is  defined  at  a K-injective 
complex,  i.e.,  it  suffices  to  show  a K-injective  complex  /*  computes  RF.  Any  quasi- 
isomorphism /*  — »•  TV*  is  a homotopy  equivalence  as  it  has  an  inverse  by  Lemma 
13.29.2  Thus  I*  — ► 7*  is  a final  object  of  /*/Qis(A)  and  we  win.  □ 


Lemma  13.29.7.  Let  A be  an  abelian  category.  Assume  every  complex  has  a 
quasi-isomorphism  towards  a K-injective  complex.  Then  any  exact  functor  F : 
K ( A ) —>  T>'  of  triangulated  categories  has  a right  derived  functor 

RF  : D(A)  — S>  V 

and  RF(I*)  = F(I')  for  K-injective  complexes  /*. 


Proof.  To  see  this  we  apply  Lemma  13.15.15  with  T the  collection  of  K-injective 
complexes.  Since  (1)  holds  by  assumption,  it  suffices  to  prove  that  if  /*  — ► J* 
is  a quasi-isomorphism  of  K-injective  complexes,  then  F(I*)  — > F(J*)  is  an  iso- 
morphism. This  is  clear  because  /*  — > J*  is  a homotopy  equivalence,  i.e.,  an 
isomorphism  in  K(A),  by  Lemma  13.29.2  □ 
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The  following  lemma  can  be  generalized  to  limits  over  bigger  ordinals. 
070L  Lemma  13.29.8.  Let  A be  an  abelian  category.  Let 

■■■->/*->  I'  II 

be  an  inverse  system  of  K-injective  complexes.  Assume 

(1)  each  /*  is  K-injective, 

(2)  each  map  I™+i  y I™  *s  a SP^  surjection, 

(3)  the  limits  Im  = lim  Iff  exist. 

Then  the  complex  /*  is  K-injective. 


08BJ 


Proof.  We  urge  the  reader  to  skip  the  proof  of  this  lemma.  Let  M*  be  an 
acyclic  complex.  Let  us  abbreviate  Hn(a,b)  = Hom_/i(Ma,  ifj).  With  this  nota- 
tion HomA-(_4)(M*,  I*)  is  the  cohomology  of  the  complex 

niim^Km-2)  -A  lim  Hn(m,  to—  1)  — > lim  Hn(m,  m)  — > J^Jlim Hn(m,m 

m m mm 

in  the  third  spot  from  the  left.  We  may  exchange  the  order  of  and  lim  and  each 
of  the  complexes 

n Hn{m,m-  2)  -a  m - 1)  -t  to  + 1) 

m m mm 


is  exact  by  assumption  (1).  By  assumption  (2)  the  maps  in  the  systems 
. . . — ► H3(m , to  — 2)  — > H2{m,  m — 2)  — ► Hi(m,  m — 2) 


are  surjective.  Thus  the  lemma  follows  from  Homology,  Lemma  12.27.4 


□ 


It  appears  that  a combination  of  Lemmas  |13.28.3[  |13.29.4[  and  |13.29.8|  produces 
“enough  K-injectives”  for  any  abelian  category  with  enough  injectives  and  countable 
products.  Actually,  this  may  not  work!  See  Lemma |13. 32. 4|  for  an  explanation. 

Lemma  13.29.9.  Let  A and  B be  abelian  categories.  Let  u : A B and  v : B -A  A 
be  additive  functors.  Assume 

(1)  u is  right  adjoint  to  v,  and 

(2)  v is  exact. 

Then  u transforms  K-injective  complexes  into  K-injective  complexes. 


Proof.  Let  /*  be  a K-injective  complex  of  A.  Let  M*  be  a acyclic  complex  of  B. 
As  v is  exact  we  see  that  v(M *)  is  an  acyclic  complex.  By  adjointness  we  get 

0 = Horn  = Hom^-(g)(M*,  «,(/*)) 

hence  the  lemma  follows.  □ 


13.30.  Bounded  cohomological  dimension 

07K5  There  is  another  case  where  the  unbounded  derived  functor  exists.  Namely,  when 
the  functor  has  bounded  cohomological  dimension. 

07K6  Lemma  13.30.1.  Let  A be  an  abelian  category.  Let  d : Ob(A)  —>  {0, 1,2,...,  oo} 
be  a function.  Assume  that 

(1)  every  object  of  A is  a subobject  of  an  object  A with  d(A)  = 0, 

(2)  d(A  ® B)  < max{d(A),  d(B)}  for  A,B  £ A,  and 
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(3)  if  0 — > A — > B — » C — > 0 is  short  exact,  then  d(C)  < max{d(A)  — 1,  d(B)}. 
Let  K*  be  a complex  such  that  n + d{Kn ) tends  to  — oo  as  n —¥  — oo.  Then  there 
exists  a quasi-isomorphism  K * -A  L*  with  d(Ln)  = 0 for  all  n £ Z. 


Proof.  By  Lemma  13.16.4  we  can  find  a quasi-isomorphism  a>oK * -A  M*  with 
Mn  = 0 for  n < 0 and  d(Mn ) = 0 for  n > 0.  Then  K*  is  quasi-isomorphic  to  the 
complex 

. . . -»  K~2  -»  K -1  -a  M°  — ► M1  —)•... 


Hence  we  may  assume  that  d(Kn)  = 0 for  n 0.  Note  that  the  condition  n + 
d(I\n)  -A  — oo  as  n — > — oo  is  not  violated  by  this  replacement. 


We  are  going  to  improve  A * by  an  (infinite)  sequence  of  elementary  replacements. 
An  elementary  replacement  is  the  following.  Choose  an  index  n such  that  d(Kn)  > 
0.  Choose  an  injection  Kn  — ► M where  d(M)  = 0.  Set  M'  = Coker(A""  — ► 
M ® Kn+1).  Consider  the  map  of  complexes 


■ I\n~1 >.  ]£n ^ A"™-*"1 >-  Kn+2 


(. K'Y  : Kn~l >-  M > Kn+2 

It  is  clear  that  K * — » (A')*  is  a quasi-isomorphism.  Moreover,  it  is  clear  that 
d((K')n)  = 0 and 

d((K')n+1)  < max{d(An)  - 1,  d{M  ® Kn+1)}  < max{d(An)  - 1,  d(Kn+1)} 
and  the  other  values  are  unchanged. 

To  finish  the  proof  we  carefuly  choose  the  order  in  which  to  do  the  elementary 
replacements  so  that  for  every  integer  m the  complex  cr>mA'*  is  changed  only  a 
finite  number  of  times.  To  do  this  set 


£(Km)  = max{n  + d(Kn)  \ d(Kn ) > 0} 

and 

I = {n£  Z | £(A*)  =n  + d(Kn)  A d(Kn)  > 0} 

Our  assumption  that  n + d(Kn)  tends  to  — oo  as  n — > — oo  and  the  fact  that 
d{Kn ) = 0 for  n » 0 implies  £(A*)  < +oo  and  that  / is  a finite  set.  It  is  clear 
that  £((A')*)  < f(K*)  for  an  elementary  transformation  as  above.  An  elementary 
transformation  changes  the  complex  in  degrees  < £(A*)  + 1.  Hence  if  we  can  find 
finite  sequence  of  elementary  transformations  which  decrease  £(A*),  then  we  win. 
However,  note  that  if  we  do  an  elementary  transformation  starting  with  the  smallest 
element  n £ /,  then  we  either  decrease  the  size  of  I , or  we  increase  min  I.  Since 
every  element  of  / is  < £(A*)  we  see  that  we  win  after  a finite  number  of  steps.  □ 

07K7  Lemma  13.30.2.  Let  F : A — » B be  a left  exact  functor  of  abelian  categories.  If 

(1)  every  object  of  A is  a subobject  of  an  object  which  is  right  acyclic  for  F, 

(2)  there  exists  an  integer  n such  that  RnF  = 0, 

then  RF  : D(A)  — > D(B)  exists.  Any  complex  consisting  of  right  acyclic  objects  for 
F computes  RF  and  any  complex  is  the  source  of  a quasi-isomorphism  into  such  a 
complex. 
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Proof.  Note  that  the  first  condition  implies  that  RF  : D+(A)  D+(B)  exists, 


see  Proposition  13.17.8  Let  A be  an  object  of  A.  Choose  an  injection  A — >■  A' 
with  A!  acyclic.  Then  we  see  that  Rn+1F(A)  = RnF{A' /A)  = 0 by  the  long  exact 
cohomology  sequence.  Hence  we  conclude  that  Rn+1F  = 0.  Continuing  like  this 
using  induction  we  find  that  RmF  = 0 for  all  m > n. 


We  are  going  to  use  Lemma  13.30.1  with  the  function  d : Ob(„4)  — ► {0, 1,2,.. .} 
given  by  d(A)  = max{0}  U {i  \ RlF(A)  yf  0}.  The  first  assumption  of  Lemma 


13.30.1  is  our  assumption  (1).  The  second  assumption  of  Lemma  13.30.1  follows 


from  the  fact  that  RF  (H©  B)  = RF  [A)  ® RF  (B) . The  third  assumption  of  Lemma 
|13.30.1| follows  from  the  long  exact  cohomology  sequence.  Hence  for  every  complex 
K * there  exists  a quasi-isomorphism  K*  — > L * with  Ln  right  acyclic  for  F.  We 
claim  that  if  L*  M*  is  a quasi-isomorphism  of  complexes  of  right  acyclic  objects 
for  F,  then  F(L*)  — >•  F(M')  is  a quasi-isomorphism.  If  we  prove  this  claim  then  we 
are  done  by  Lemma  |13. 15. 15~1  To  prove  the  claim  pick  an  integer  i £ Z.  Consider 
the  distinguished  triangle 

C>i-ra-lL*  — > * — > Q*, 


i.e. , let  Q * be  the  cone  of  the  first  map.  Note  that  Q * is  bounded  below  and  that 
H3  (Q*)  is  zero  except  possibly  for  j = i — n — 1 or  j = i — n — 2.  We  may  apply 
RF  to  Q*.  Using  the  second  spectral  sequence  of  Lemma  [13. 21. 3|  and  the  assumed 
vanishing  of  cohomology  (2)  we  conclude  that  R3 F(Q*)  is  zero  except  possibly  for 
j £ {i  — n — 2, ...,«—  1}.  Hence  we  see  that  RF(a>i-n-\L*)  — ► RF{a>i-n-\M *) 
induces  an  isomorphism  of  cohomology  objects  in  degrees  > i.  By  Proposition 


cr>j_„_iF(M*).  We  conclude  that  F{L*)  — > F(M*)  is  an  isomorphism  in  degree  i 
as  desired.  □ 


13.17.8  we  know  that  RF(a>i-n-iL*)  = a>i-n-\F{L *)  and  RF{a>i-n-\M *)  = 


07K8  Lemma  13.30.3.  Let  F : A— > B be  a right  exact  functor  of  abelian  categories.  If 

(1)  every  object  of  A is  a quotient  of  an  object  which  is  left  acyclic  for  F, 

(2)  there  exists  an  integer  n such  that  LnF  = 0, 

then  LF  : D(A)  D(B)  exists.  Any  complex  consisting  of  left  acyclic  objects  for 
F computes  LF  and  any  complex  is  the  target  of  a quasi-isomorphism  into  such  a 
complex. 

Proof.  This  is  dual  to  Lemma I13.30. 21  □ 


13.31.  Derived  colimits 

0A5K  In  a triangulated  category  there  is  a notion  of  derived  colimit. 

090Z  Definition  13.31.1.  Let  V be  a triangulated  category.  Let  (Kn,  fn)  be  a system 
of  objects  of  T>.  We  say  an  object  K is  a derived  colimit , or  a homotopy  colimit  of 
the  system  (Kn)  if  the  direct  sum  0 Kn  exists  and  there  is  a distinguished  triangle 

© Kn  0 K n -t  K -£  0 Kn[  1] 

where  the  map  0 Kn  — » 0 Kn  is  given  by  1 — /„  in  degree  n.  If  this  is  the  case, 
then  we  sometimes  indicate  this  by  the  notation  K = hocolimA'„. 

By  TR3  a derived  colimit,  if  it  exists,  is  unique  up  to  (non-unique)  isomorphism. 
Moreover,  by  TR1  a derived  colimit  of  Kn  exists  as  soon  as  0 Kn  exists.  The 
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derived  category  D(Ab)  of  the  category  of  abelian  groups  is  an  example.  More 
generally  we  have  the  following  lemma. 

0A5L  Lemma  13.31.2.  Let  A be  an  abelian  category.  If  A has  exact  countable  direct 
sums,  then  D(A)  has  countable  direct  sums.  In  fact  given  a collection  of  complexes 
K*  indexed  by  a countable  index  set  I the  termwise  direct  sum  0 K*  is  the  direct 
sum  of  K*  in  D(A). 

Proof.  Let  L*  be  a complex.  Suppose  given  maps  on  : K*  — > L * in  D(A).  This 
means  there  exist  quasi-isomorpliisms  s-j  : M*  — > I\*  of  complexes  and  maps  of 
complexes  : M*  — > L*  such  that  on  = ftsf1.  By  assumption  the  map  of  com- 
plexes 

s;0m*-^0a7 

is  a quasi-isomorphism.  Hence  setting  / = 0 ft  we  see  that  a = fs~ 1 is  a map  in 
D(A)  whose  composition  with  the  coprojection  K*  — >•  0 K*  is  on.  We  omit  the 
verification  that  a is  unique.  □ 

093W  Lemma  13.31.3.  Let  A be  an  abelian  category.  Assume  colimits  over  N exist  and 
are  exact.  Then  countable  direct  sums  exists  and  are  exact.  Moreover,  if  (An,  /„) 
is  a system  over  N,  then  there  is  a short  exact  sequence 

o->®  © An  — > colim  An  — > 0 

where  the  first  map  in  degree  n is  given  by  1 — fn. 

Proof.  The  first  statement  follows  from  0 An  = colim(H1  ® . . . © An).  For  the 
second,  note  that  for  each  n we  have  the  short  exact  sequence 

0 — > A\  © . . . © An— i — > A\  © . . . © An  —>■  An  — > 0 

where  the  first  map  is  given  by  the  maps  1 — /$  and  the  second  map  is  the  sum  of 
the  transition  maps.  Take  the  colimit  to  get  the  sequence  of  the  lemma.  □ 

0949  Lemma  13.31.4.  Let  A be  an  abelian  category.  Let  Lf  be  a system  of  complexes 
of  A.  Assume  colimits  over  N exist  and  are  exact  in  A.  Then  the  termwise  colimit 
L * = colim  L*  is  a homotopy  colimit  of  the  system  in  D(A). 


Proof.  We  have  an  exact  sequence  of  complexes 

0 ->•  0 L*  — !•  0 T*  ->•  L*  -)•  0 


by  Lemma  13.31.3  The  direct  sums  are  direct  sums  in  D(A)  by  Lemma  13.31.2 


Thus  the  result  follows  from  the  definition  of  derived  colimits  in  Definition  113.31. ll 
and  the  fact  that  a short  exact  sequence  of  complexes  gives  a distinguished  triangle 
(Lemma  13.12.1 ).  □ 


The  following  lemma  tells  us  that  taking  maps  out  of  a compact  object  (to  be 
defined  later)  commutes  with  derived  colimits. 

094A  Lemma  13.31.5.  Let  T>  be  a triangulated  category  with  countable  direct  sums. 
Let  K € T>  be  an  object  such  that  for  every  countable  set  of  objects  En  € T>  the 
canonical  map 


0 Horn V(K,  En)  — ► Hom-p (K.  0 En) 
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is  a bijection.  Then,  given  any  system  Ln  of  T>  over  N whose  derived  colimit 
L = hocolimLn  exists  we  have  that 

colim  Homp(A',  Ln)  — »•  Horn x>(K,L) 

is  a bijection. 


Proof.  Consider  the  defining  distinguished  triangle 

(J)  Ln  Ln  — > L — > Ln  [1] 


Apply  the  cohomological  functor  Homx>(A',  — ) (see  Lemma  13.4.2).  By  elementary 
considerations  concerning  colimits  of  abelian  groups  we  get  the  result.  □ 


13.32.  Derived  limits 


08TB  In  a triangulated  category  there  is  a notion  of  derived  limit. 

08TC  Definition  13.32.1.  Let  V be  a triangulated  category.  Let  ( Kn , /„)  be  an  inverse 
system  of  objects  of  T>.  We  say  an  object  K is  a derived  limit,  or  a homotopy  limit 
of  the  system  (Kn)  if  the  product  Kn  exists  and  there  is  a distinguished  triangle 

K^l[Kn^Y[Kn^K[l} 

where  the  map  JI  Kn  — > JI  Kn  is  given  by  (fc„)  (kn  — fn+i(kn+i))-  If  this  is  the 
case,  then  we  sometimes  indicate  this  by  the  notation  K = R lim  Kn . 

By  TR3  a derived  limit,  if  it  exists,  is  unique  up  to  (non-unique)  isomorphism. 
Moreover,  by  TR1  a derived  limit  R lim  Kn  exists  as  soon  as  Kn  exists.  The 
derived  category  D(Ab)  of  the  category  of  abelian  groups  is  an  example.  More 
generally,  we  have  the  following  lemma. 

07KC  Lemma  13.32.2.  Let  A be  an  abelian  category  with  exact  countable  products. 
Then 

(1)  D(A)  has  countable  products, 

(2)  countable  products  Ki  in  D(A)  are  obtained  by  taking  termwise  products 
of  any  complexes  representing  the  Kit  and 

(3)  Hp(YlKi)  = Y\Hp(Ki). 

Proof.  Let  A*  be  a complex  representing  Ki  in  D(A).  Let  L*  be  a complex.  Sup- 
pose given  maps  on  : L*  — > K*  in  D(A).  This  means  there  exist  quasi-isomorphisms 
Si  : K*  — > M*  of  complexes  and  maps  of  complexes  /,;  : L*  — > M*  such  that 
cti  = sf 1 f j . By  assumption  the  map  of  complexes 

Sn^*  — >riM* 

is  a quasi-isomorphism.  Hence  setting  f = Yl  fi  we  see  that  a = s^1/  is  a map 
in  D(A)  whose  composition  with  the  projection  Y\K*  — )•  K*  is  a.^.  We  omit  the 
verification  that  a is  unique.  □ 


The  duals  of  Lemmas  13.31.3[  13.31.4  and|13.31~5  should  be  stated  here  and  proved. 
However,  we  do  not  know  any  applications  of  these  lemmas  for  now. 


0BK7  Lemma  13.32.3.  Let  A be  an  abelian  category  with  countable  products  and  enough 
injectives.  Let  ( Kn ) be  an  inverse  system  of  D~ (A).  Then  R\im.Kn  exists. 
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070M 


Proof.  It  suffices  to  show  that  Kn  exists  in  D(A).  For  every  n we  can  represent 
I\n  by  a bounded  below  complex  I*  of  injectives  (Lemma  13.18.3).  Then  Y[Kn  is 
represented  by  /*,  see  Lemma  13.29.5  □ 


Lemma  13.32.4.  Let  A be  an  abelian  category  with  countable  products  and  enough 
injectives.  Let  K * be  a complex.  Let  I*  be  the  inverse  system  of  bounded  below 
complexes  of  injectives  produced  by  Lemma  13.28.3  Then  /*  = lim  I*  exists,  is 
K-injective,  and  the  following  are  equivalent 


(1)  the  map  K*  — > /*  is  a quasi-isomorphism, 

(2)  the  canonical  map  K * — >•  R limr<_nA'*  is  an  isomorphism  in  D(A). 


13.32.3 


Proof.  The  statement  of  the  lemma  makes  sense  as  R lim  t>_„  AT*  exists  by  Lemma 

Choose  direct  sum 

If  for  all  n 


Each  complex  I*  is  K-injective  by  Lemma  13.29.4 

> 1.  Set  Cp  = If.  The  complex 


decompositions  I^+i  = C^+i 
/*  = lim/*  exists  because  we  can  take  Ip  = J]„>i  Cp.  Fix  p £ Z.  We  claim  there 
is  a split  short  exact  sequence 


o-^-n^n^o 

of  objects  of  A.  Here  the  first  map  is  given  by  the  projection  maps  Ip  If  and  the 
second  map  by  (x„)  K > ( xn  — fn+i(xn+i))  where  ff  ■ If — t I„-i  are  the  transition 
maps.  The  splitting  comes  from  the  map  n n Cp  = Ip.  We  obtain  a termwise 
split  short  exact  sequence  of  complexes 


1 11^*  II  l‘! 


0 


Hence  a corresponding  distinguished  triangle  in  K(A)  and  D(A).  By  Lemma 
|13.29.5|  the  products  are  K-injective  and  represent  the  corresponding  products  in 
D{A).  It  follows  that  /*  represents  R lim /.*  (Definition  13.32.1).  Moreover,  it  fol- 
lows that  /*  is  K-injective  by  Lemma  |13.29.3|  By  the  commutative  diagram  of 
Lemma |13. 28. 3|  we  obtain  a corresponding  commutative  diagram 


K* ^ RliuiT>-nK* 

Im s-  R lim  /* 


in  D(A).  Since  the  right  vertical  arrow  is  an  isomorphism  (as  derived  limits  are 
defined  on  the  level  of  the  derived  category  and  since  r>_„/v*  — > /*  is  a quasi- 
isomorphism), the  lemma  follows.  □ 


090Y  Lemma  13.32.5.  Let  A be  an  abelian  category  having  enough  injectives  and  exact 
countable  products.  Then  for  every  complex  there  is  a quasi-isomorphism  to  a K- 
injective  complex. 


Proof.  By  Lemma  13.32.4  it  suffices  to  show  that  K — > R\im.T>-nK  is  an  isomor- 
phism for  all  K in  D(A).  Consider  the  defining  distinguished  triangle 


R lim  r>_rl/L  — » n T>-nI<  ->•  -?•  (/?.  limr>_n/v)[l] 

By  Lemma [13. 32. 2|  we  have 
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09SI 


OATG 


09SJ 


09SK 


09SL 


It  follows  in  a straightforward  manner  from  the  long  exact  cohomology  sequence  of 
the  displayed  distinguished  triangle  that  Hp{R\xmT>_nI\)  = HP(K).  □ 


13.33.  Generators  of  triangulated  categories 


In  this  section  we  briefly  introduce  a few  of  the  different  notions  of  a generator  for 
a triangulated  category.  Our  terminology  is  taken  from  BV03  (except  that  we 
use  “saturated”  for  what  they  call  “epaisse”,  see  Definition  13.6.1). 


Let  D be  a triangulated  category.  Let  E be  an  object  of  V.  Denote  ( E)i  the  strictly 
full  subcategory  of  T>  consisting  of  objects  in  T>  isomorphic  to  direct  summands  of 
finite  direct  sums 

(D  i E[ni] 

of  shifts  of  E.  For  n > 1 let  ( E)n  denote  the  full  subcategory  of  D consisting  of  ob- 
jects of  D isomorphic  to  direct  summands  of  objects  X which  fit  into  a distinguished 
triangle 

A^X  ^B- » A[  1] 

where  A is  an  object  of  (E)  i and  B an  object  of  (E)n_ i.  Each  of  the  categories 
( E)n  is  a strictly  full  additive  subcategory  of  V preserved  under  shifts  and  under 
taking  summands.  But,  ( E)n  is  not  necessarily  closed  under  “taking  cones”,  hence 
not  necessarily  a triangulated  subcategory. 


Lemma  13.33.1.  Let  T>  be  a triangulated  category.  Let  E be  an  object  ofD.  The 
subcategory 

(E)  = U (E)n 

v-'n 

is  a strictly  full,  saturated,  triangulated  subcategory  ofD  and  it  is  the  smallest  such 
subcategory  ofD  containing  the  object  E. 


Proof.  To  prove  this  it  suffices  to  show:  if  A € {E)a  and  B £ {E)b  and  if  A -A  X — > 
B — ► A[  1]  is  a distinguished  triangle,  then  X £ ( E)a+b . We  omit  the  details.  □ 

Definition  13.33.2.  Let  V be  a triangulated  category.  Let  E be  an  object  of  V. 

(1)  We  say  E is  a classical  generator  of  T>  if  the  smallest  strictly  full,  saturated, 
triangulated  subcategory  of  T>  containing  E is  equal  to  T>,  in  other  words, 
if  (E)  = V. 

(2)  We  say  E is  a strong  generator  of  V if  (E)n  = V for  some  n > 1. 

(3)  We  say  E is  a weak  generator  or  a generator  of  T>  if  for  any  nonzero  object 
K of  2?  there  exists  an  integer  n and  a nonzero  map  E — > K\n\. 


This  definition  can  be  generalized  to  the  case  of  a family  of  objects. 

Lemma  13.33.3.  LetD  be  a triangulated  category.  LetE,K  be  objects  ofD.  The 
following  are  equivalent 

(1)  Hom(E,  K[i])  = 0 for  all  i £ Z, 

(2)  Horn (E',K)  = 0 for  all  E'  £ (E). 


Proof.  The  implication  (2)  =>  (1)  is  immediate.  Conversely,  assume  (1).  Then 
Hom(X,  K)  = 0 for  all  X in  (E) i.  Arguing  by  induction  on  n and  using  Lemma 
13.4.2  we  see  that  Hom(X,  K ) = 0 for  all  X in  ( E)n . □ 


Lemma  13.33.4.  Let  D be  a triangulated  category.  Let  E be  an  object  ofD.  If 
E is  a classical  generator  ofD,  then  E is  a generator. 


13.34.  COMPACT  OBJECTS 


1032 


Proof.  Assume  E is  a classical  generator.  Let  K be  an  object  of  V such  that 
Hom(.E,  I\  [z])  = 0 for  all  i £ Z.  By  Lemma  13.33.3|  Hom(£',  K)  = 0 for  all  E'  in 
(E).  However,  since  V = (E)  we  conclude  that  id#  = 0,  i.e.,  K = 0.  □ 


OATH  Remark  13.33.5.  Let  V be  a triangulated  category.  Let  E be  an  object  of  V. 
Let  T be  a property  of  objects  of  V.  Suppose  that 

(1)  if  Ki  £ E(A),  i = 1, . . . , r with  T{Ki)  for  i = 1, . . . , r,  then  T(@  Ki ), 

(2)  if  K — ► L — ► M — y K[  1]  is  a distinguished  triangle  and  T holds  for  two, 
then  T holds  for  the  third  object, 

(3)  if  T(K  © L)  then  T(K)  and  T(L),  and 

(4)  T(E[n\)  holds  for  all  n. 

Then  T holds  for  all  objects  of  (E). 


13.34.  Compact  objects 

09SM  Here  is  the  definition. 

07LS  Definition  13.34.1.  Let  V be  an  additive  category  with  arbitrary  direct  sums. 
A compact  object  of  T>  is  an  object  K such  that  the  map 

0.  Homp(.A,  Ef)  — > Homp(A",  ff)  Ex) 

is  bijective  for  any  set  I and  objects  Ei  £ Ob(2?)  parametrized  by  i £ I. 


This  notion  turns  out  to  be  very  useful  in  algebraic  geometry.  It  is  an  intrinsic 
condition  on  objects  that  forces  the  objects  to  be,  well,  compact. 

09QH  Lemma  13.34.2.  Let  T>  be  a (pre-)triangulated  category  with  direct  sums.  Then 
the  compact  objects  of  T>  form  the  objects  of  a Karoubian,  saturated,  strictly  full, 
(pre-)triangulated  subcategory  Vc  ofV. 


09SN 


Proof.  Let  ( X , Y.  Z , /,  g,  h)  be  a distinguished  triangle  of  V with  X and  Y compact. 
Then  it  follows  from  Lemma  13.4.2  and  the  five  lemma  (Homology,  Lemma  12.5.20) 
that  Z is  a compact  object  too.  It  is  clear  that  if  X (BY  is  compact,  then  X , Y are 
compact  objects  too.  Hence  Vc  is  a saturated  triangulated  subcategory.  Since  V is 
Karoubian  by  Lemma [13.4.12|  we  conclude  that  the  same  is  true  for  Vc.  □ 


Lemma  13.34.3.  Let  V be  a triangulated  category  with  direct  sums.  Let  Ei,  i £ I 
be  a family  of  compact  objects  ofV  such  that  0 Ei  generates  V.  Then  every  object 
X of  T>  can  be  written  as 

X = hocolimXn 


where  X\  is  a direct  sum  of  shifts  of  the  Ei  and  each  transition  morphism  fits  into 
a distinguished  triangle  Yn  — > Xn  -A  Xn+i  -A  Yn[  1]  where  Yn  is  a direct  sum  of 
shifts  of  the  Ei . 


Proof.  Set  Xi  = Ei[m\  where  the  direct  sum  is  over  all  triples  (i,m,<p) 

such  that  i £ I , m £ Z and  ip  : Ei[m]  — > X.  Then  X\  comes  equipped  with 
a canonical  morphism  X\  — > X.  Given  Xn  1 we  set  Y„  = ©(i  m tp)  ^i[m] 
where  the  direct  sum  is  over  all  triples  ( i,m,ip ) such  that  i £ I , m £ Z,  and 
p : Ei[m]  — » Xn  is  a morphism  such  that  Ei[m ] — > Xn  — > X is  zero.  Choose 
a distinguished  triangle  Yn  — > Xn  — > A"„+i  -A  Yn[  1]  and  let  Xn+1  ->  1 be  any 
morphism  such  that  Xn  — )■  Xn+1  — > X is  the  given  one;  such  a morphism  exists  by 
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our  choice  of  Yn.  We  obtain  a morphism  hocolimXn  — ► X by  the  construction  of 
our  maps  Xn  — >•  X.  Choose  a distinguished  triangle 


C — > hocolimXn  — > X — > C[l] 

Let  Ei[m]  — > C be  a morphism.  Since  Ei  is  compact,  the  composition  Ei[m]  — > 
X — > hocolimX„  factors  through  X„  for  some  n,  say  by  Ei[m\  — >•  X„.  Then  the 
construction  of  Yn  shows  that  the  composition  £,;[m]  — > X„  — » Xn+1  is  zero.  In 
other  words,  the  composition  Ei[m]  — > C — > hocolimXn  is  zero.  This  means  that 
our  morphism  Ei[m\  -A  C comes  from  a morphism  E, [to]  — > X[— 1].  The  construc- 
tion of  Xi  then  shows  that  such  morphism  lifts  to  hocolimA'„  and  we  conclude  that 
our  morphism  Ei  [to]  — > C is  zero.  The  assumption  that  © Ei  generates  T>  implies 
that  C is  zero  and  the  proof  is  done.  □ 


09SP  Lemma  13.34.4.  With  assumptions  and  notation  as  in  Lemma  13.34-3  If  C 
is  a compact  object  and  C — > X„  is  a morphism,  then  there  is  a factorization 
C E — » Xn  where  E is  an  object  of  ( E © . . . ® Eit)  for  some  i\, . . . , it  £ I. 


Proof.  We  prove  this  by  induction  on  n.  The  base  case  n = 1 is  clear.  If  n > 1 
consider  the  composition  C — >•  X„  — > yn-i[l]-  This  can  be  factored  through  some 
£"[1]  — » In— l [1]  where  E'  is  a finite  direct  sum  of  shifts  of  the  Ei.  Let  /'  C / be 
the  finite  set  of  indices  that  occur  in  this  direct  sum.  Thus  we  obtain 


E* (" #.  G E'  [1] 

V V Y V 

Yn- r ^ X„_i X„ r„_!  [1] 

By  induction  the  morphism  C'  X„_i  factors  through  E"  — > X„_i  with  E"  an 
object  of  ((Bier"  Ei)  for  some  finite  subset  I"  C I.  Choose  a distinguished  triangle 

E'  ->  E"  E E'[  1] 

then  E is  an  object  of  ((Biei'ui"  Ei)-  By  construction  and  the  axioms  of  a tri- 
angulated category  we  can  choose  morphisms  C —¥  E and  a morphism  E — > Xn 
fitting  into  morphisms  of  triangles  ( E',C',C ) -A  (E’,E",E)  and  ( E',E",E ) 
(F„_i,X„_i,X„).  The  composition  C — >•  E — > Xn  may  not  equal  the  given  mor- 
phism C Xn , but  the  compositions  into  Xn_i  are  equal.  Let  C —>  X„_i  be 
a morphism  that  lifts  the  difference.  By  induction  assumption  we  can  factor  this 
through  a morphism  E'"  — > Xn_i  with  E"  an  object  of  (0i6J//)  Ef)  for  some  finite 
subset  /'  C I.  Thus  we  see  that  we  get  a solution  on  considering  E © E"'  — ► Xn 
because  E © E'"  is  an  object  of  Ef).  □ 

09SQ  Definition  13.34.5.  Let  V be  a triangulated  category  with  arbitrary  direct  sums. 
We  say  T>  is  compactly  generated  if  there  exists  a set  Ei,  i £ I of  compact  objects 
such  that  © Ei  generates  V. 


The  following  proposition  clarifies  the  relationship  between  classical  generators  and 
weak  generators. 

09SR  Proposition  13.34.6.  Let  T>  be  a triangulated  category  with  direct  sums.  Let  E 
be  a compact  object  ofV.  The  following  are  equivalent 

(1)  E is  a classical  generator  for  T>c  and  T>  is  compactly  generated,  and 

(2)  E is  a generator  for  T>. 
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Proof.  If  E is  a classical  generator  for  T>c,  then  T>c  = ( E ).  It  follows  formally 
from  the  assumption  that  V is  compactly  generated  and  Lemma  |13. 33. 3|  that  E is 
a generator  for  T>. 

The  converse  is  more  interesting.  Assume  that  E is  a generator  for  V.  Let  X be  a 


compact  object  of  V.  Apply  Lemma  13.34.3  with  I = {1}  and  E\  = E to  write 

X = liocolimA„ 


as  in  the  lemma.  Since  X is  compact  we  find  that  X — > hocolimX^ 
Xn  for  some  n (Lemma  13.31.5).  Thus  X is  a direct  summand  of  X, 


13.34.4  we  see  that  A'  is  an  object  of  {E)  and  the  lemma  is  proven. 


factors  through 
By  Lemma 
□ 


13.35.  Brown  representability 

0A8E  A reference  for  the  material  in  this  section  is  [Nee  96|- 

0A8F  Lemma  13.35.1.  Let  V be  a triangulated  category  with  direct  sums  which  is 
compactly  generated.  Let  H : T>  — * Ab  be  a contravariant  cohomological  functor 
which  transforms  direct  sums  into  products.  Then  H is  representable. 

Proof.  Let  Et,  i £ I be  a set  of  compact  objects  such  that  @ieIEi  generates 
V.  We  may  and  do  assume  that  the  set  of  objects  {Ei}  is  preserved  under  shifts. 
Consider  pairs  (i,a)  where  i £ I and  a £ H(Ei)  and  set 


A, 


© 


(i,a) 


Ei 


|Nee96t  Theorem 

3-1]. 


Since  H(X\)  = [Q(i  a)  H{Ef)  we  see  that  (ci)(j,a)  defines  an  element  a\  £ H(X{).  Set 
Hi  = Homp(— , A’i).  By  Yoneda’s  lemma  (Categories,  Lemma  4.3.5)  the  element 
a\  defines  a natural  transformation  H\  — > H . 

We  are  going  to  inductively  construct  Xn  and  transformations  an  : Hn  — ► H 
where  Hn  = Homp(— , Xn).  Namely,  we  apply  the  procedure  above  to  the  functor 
Ker (Hn  — > H)  to  get  an  object 

Kn+ 1 = (£)  Ei 

and  a transformation  Homp(— , Kn+i)  — > Ker (Hn  — > H).  By  Yoneda’s  lemma  the 
composition  Homp(— , Kn+i)  — ► Hn  gives  a morphism  Kn+ \ — > Xn.  We  choose  a 
distinguished  triangle 

An+i  — > Xn  — > Xn+1  — > Kn+ i[l] 

in  T>.  The  element  an  £ H(Xn)  maps  to  zero  in  H(Kn+i)  by  construction.  Since 
H is  cohomological  we  can  lift  it  to  an  element  a„+i  £ H(Xn+ 1). 

We  claim  that  X = hocolimA'„  represents  H.  First  of  all,  by  our  definition  of 
derived  colimits  and  the  fact  that  H transforms  direct  sums  into  products,  we  see 
that  H{ X)  = lim7J(X„),.  Thus  a = (an)  gives  an  element  in  H{X)  and  hence  a 
natural  transformation  Homx>(— , X)  — > H such  that 

Homx>(— , X\)  — > Homx>(— , A2)  —¥  Hom-p(— , A3)  Hom-p(— , X)  — > H 

commutes.  For  each  i the  map  Hom-p^i,  A)  — ► H(Ef)  is  surjective,  by  construc- 
tion of  X\.  On  the  other  hand,  by  construction  of  Xn  — > Xn+i  the  kernel  of 
Homp(Kj, Xn)  — ► H(Ei)  is  killed  by  the  map  Homp(Ki, Xn)  — ► Homp(Ki,  A'n+i). 
Since 

Horn x>(Ei,X)  = colimHomp(£’i,  Xn) 
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0A8G 


by  Lemma  13.31.5  we  see  that  Homp (Ei,X)  H(Ei ) is  injective. 

To  finish  the  proof,  consider  the  subcategory 

T>'  = {Y  € Ob(X>)  | Hom-p ( F [n], X)  — > H(Y[n ])  is  an  isomorphism  for  all  n} 

As  Homp(— , X)  — ► H is  a transformation  between  cohomological  functors,  the 
subcategory  V is  a strictly  full,  saturated,  triangulated  subcategory  of  V (details 
omitted;  see  proof  of  Lemma  13.6.31.  Moreover,  as  both  H and  Homp(— , X) 
transform  direct  sums  into  products,  we  see  that  direct  sums  of  objects  of  T>'  are  in 
V' . Thus  derived  colimits  of  objects  of  V are  in  V' . Since  {Ei]  is  preserved  under 


shifts,  we  see  that  Ei  is  an  object  of  V for  all  i.  It  follows  from  Lemma  13.34.3 
that  V =T>  and  the  proof  is  complete.  □ 


Proposition  13.35.2.  Let  V be  a triangulated  category  with  direct  sums  which  is 
compactly  generated.  Let  F : T>  — >•  D'  be  an  exact  functor  of  triangulated  categories 
which  transforms  direct  sums  into  direct  sums.  Then  F has  an  exact  right  adjoint. 


|Nee96t  Theorem 

4-1]. 


Proof.  For  an  object  Y of  V consider  the  contravariant  functor 
V — »■  Ab,  LFi-a  Homp/ (F(W),Y) 

This  is  a cohomological  functor  as  F is  exact  and  tranforms  direct  sums  into  prod- 
ucts as  F transforms  direct  sums  into  direct  sums.  Thus  by  Lemma  13.35.1  we  find 
an  object  X of  V such  that  Homp (IF, X)  = Homp/(F(IF),  Y).  The  existence  of 
the  adjoint  follows  from  Categories,  Lemma [4. 24. 2[  Exactness  follows  from  Lemma 
113.7.11  □ 
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14.1.  Introduction 

0163  This  is  a minimal  introduction  to  simplicial  methods.  We  just  add  here  whenever 
something  is  needed  later  on.  A general  reference  to  this  material  is  perhaps  IGJ99I. 

An  example  of  the  things  you  can  do  is  the  paper  by  Quillen  on  Homotopical 
Algebra,  see  [Qui67|  or  the  paper  on  Etale  Homotopy  by  Artin  and  Mazur,  see 

IAM69I . 

14.2.  The  category  of  finite  ordered  sets 

0164  The  category  A is  the  category  with 

(1)  objects  [0],  [1],  [2], . . . with  [n]  = {0, 1,  2, ... , n}  and 

(2)  a morphism  [n]  — >■  [m]  is  a nondecreasing  map  {0, 1,  2, . . . , n}  — ► {0, 1,  2, ... , to} 
between  the  corresponding  sets. 

Here  nondecreasing  for  a map  p : [n]  — > [to]  means  by  definition  that  tp(i)  > 
ip(j)  if  i > j.  In  other  words,  A is  a category  equivalent  to  the  “big”  category 
of  finite  totally  ordered  sets  and  nondecreasing  maps.  There  are  exactly  n + 1 
morphisms  [0]  — > [n]  and  there  is  exactly  1 morphism  [n]  — > [0].  There  are  exactly 
(n  + l)(n  + 2)/2  morphisms  [1]  —>  [n]  and  there  are  exactly  n + 2 morphisms 
[n]  — ► [1],  And  so  on  and  so  forth. 

0165  Definition  14.2.1.  For  any  integer  n > 1,  and  any  0 < j < n we  let  SJ  : [n  — 1]  — ► 

[nj  denote  the  injective  order  preserving  map  skipping  j . For  any  integer  n > 0, 
and  any  0 < j < n we  denote  cr™  : [n  + 1]  — >•  [n]  the  surjective  order  preserving  map 
with  (crtl)-1({j})  = {j,  j + 1}. 

0166  Lemma  14.2.2.  Any  morphism  in  A can  be  written  as  a composition  of  the 
morphisms  Sf  and  af. 

Proof.  Let  tp  : [n]  — > [to]  be  a morphism  of  A.  If  j ^ Im(<p),  then  we  can  write 
ip  as  5 J1  o ip  for  some  morphism  ip  : [n]  — > [to  — 1],  If  ip(j)  = <p(j  + 1)  then  we 
can  write  ip  as  tp  o 1 for  some  morphism  ip  : [n  — 1\  [m] . The  result  follows 

because  each  replacement  as  above  lowers  n + m and  hence  at  some  point  ip  is  both 
injective  and  surjective,  hence  an  identity  morphism.  □ 

0167  Lemma  14.2.3.  The  morphisms  <5”  and  er"  satisfy  the  following  relations. 


1037 
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(1)  If0<i<j<n  + 1,  then  <5”+1  o 5™  = 5”+1  o In  other  words  the 

diagram 


commutes. 

(2)  If  0 < i < j < n — 1,  then  a "-1  o <5"  = o er””2.  In  other  words  the 
diagram 


[n~  2] 


commutes. 

(3)  If  0 < j < n—  1,  then  cr"-1  o 5™  = zd[„_  i]  and  a "_1  o 6f+1  = zd[„_  ij.  In 
other  words  the  diagram 


commutes. 

(4)  If  0 < j + 1 < * < n,  then  crj^1  o S™  = 5" ~i  ° cr”-2.  In  other  words  the 
diagram 


[n~  2] 


commutes. 
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0168 


0169 

016A 


016B 


(5)  If  0 < i < j < n — 1,  then  a ” 1 o <7™  = er”  1 o <r"+1.  In  other  words  the 
diagram 


commutes. 


Proof.  Omitted. 


□ 


Lemma  14.2.4.  The  category  A is  the  universal  category  with  objects  [n] , n > 
and  er"  such  that  (a)  every  morphism  is  a composition  of 


0 and  morphisms  5™ 


these  morphisms,  (b)  the  relations  listed  in  Lemma  14-2.3  are  satisfied,  and  (c)  any 
relation  among  the  morphisms  is  a consequence  of  those  relations. 

Proof.  Omitted.  □ 


14.3.  Simplicial  objects 


14.3.1.  Let  C be  a category. 

simplicial  object  U of  C is  a contravariant  functor  U from  A to  C,  in  a 
formula: 

U : Aopp  — ► C 

(2)  If  C is  the  category  of  sets,  then  we  call  U a simplicial  set. 

(3)  If  C is  the  category  of  abelian  groups,  then  we  call  U a simplicial  abelian 
group. 

(4)  A morphism  of  simplicial  objects  U — > U'  is  a transformation  of  functors. 

(5)  The  category  of  simplicial  objects  of  C is  denoted  Simp(C). 

This  means  there  are  objects  C/([0]),  E/([l]),  U([2]), . . . and  for  p any  nondecreasing 
map  ip  : [to]  — » [n]  a morphism  U(<p)  : t/([n])  — > U([m]),  satisfying  U(<poij;)  = 
Uty)  o U{ip). 

In  particular  there  is  a unique  morphism  U{  [0] ) — > U ( [n] ) and  there  are  exactly  n + 1 
morphisms  U([n])  — >•  C7 ( [0] ) corresponding  to  the  n + 1 maps  [0]  — ► [n].  Obviously 
we  need  some  more  notation  to  be  able  to  talk  intelligently  about  these  simplicial 
objects.  We  do  this  by  considering  the  morphisms  we  singled  out  in  Section  [l4.2| 
above. 

Lemma  14.3.2.  Let  C be  a category. 

(1)  Given  a simplicial  object  U in  C we  obtain  a sequence  of  objects  Un  = 

t/([n])  endowed  with  the  morphisms  d " = [/(<$")  : Un  Un_  i and 

s"  = U{a^)  : Un  — > Un+  ±.  These  morphisms  satisfy  the  opposites  of 
the  relations  displayed  in  Lemma\l4.2.3 

(2)  Conversely,  given  a sequence  of  objects  Un  and  morphisms  df,  s"  satisfy- 
ing these  relations  there  exists  a unique  simplicial  object  U in  C such  that 
Un  = U([n}),  d]  = U(S and  s™  = U(a ?). 


Definition 

(1)  A 
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(3)  A morphism  between  simplicial  objects  U and  U'  is  given  by  a family  of 
morphisms  Un  -A  U'n  commuting  with  the  morphisms  df  and  s". 

Proof.  This  follows  from  Lemma  Tl4. 2.41  □ 

016C  Remark  14.3.3.  By  abuse  of  notation  we  sometimes  write  di  : Un  -A  Un- 1 instead 
of  d",  and  similarly  for  Si  : Un  -A  Un+\.  The  relations  among  the  morphisms  d" 
and  sf  may  be  expressed  as  follows: 

(1)  If  i < j,  then  di  o dj  = dj-i  o di. 

(2)  If  i < j , then  di  o Sj  = Sj- 1 o di. 

(3)  We  have  id  = dj  o Sj  = dj+ 1 o Sj. 

(4)  If  i > j + 1,  then  di  o Sj  = Sj  o dj_  x. 

(5)  If  « < j,  then  Sj  o Sj  = s^+i  o s,. 

This  means  that  whenever  the  compositions  on  both  the  left  and  the  right  are 
defined  then  the  corresponding  equality  should  hold. 

We  get  a unique  morphism  Sq  = D(crg)  '■  Uq  — > U\  and  two  morphisms  dj  = f/(<5g), 
and  d\  = U (<5{)  which  are  morphisms  U\  -A-  Uq.  There  are  two  morphisms  Sg  = 
C/(<Tq),  = U(a\)  which  are  morphisms  U\  -A  U2-  Three  morphisms  dg  = U(5q), 

d\  = U{8\),  d\  = U(S2)  which  are  morphisms  U3  — > U2.  And  so  on. 

Pictorially  we  think  of  U as  follows: 

U*  Ui  Un 

Here  the  d-morphisms  are  the  arrows  pointing  right  and  the  s-morphisms  are  the 
arrows  pointing  left. 

016D  Example  14.3.4.  The  simplest  example  is  the  constant  simplicial  object  with 
value  X £ Ob(C).  In  other  words,  Un  = X and  all  maps  are  idx- 

016E  Example  14.3.5.  Suppose  that  Y — ► X is  a morphism  of  C such  that  all  the 
fibred  products  Y Xx  Y Xx  ■ ■ ■ Xx  Y exist.  Then  we  set  Un  equal  to  the  (n+  l)-fold 
fibre  product,  and  we  let  ip  : [n]  — > [m\  correspond  to  the  map  (on  “coordinates”) 
(do,  ■ ■ ■ ,ym)  (dv( 0), . . . ,yv(„)).  In  other  words,  the  map  U0  = Y ->Ui=Y  xxY 
is  the  diagonal  map.  The  two  maps  U\  = Y x \ Y -A  Uq  = Y are  the  projection 
maps. 

Geometrically  Example  1 1 4 . 3 . 5 1 above  is  an  important  example.  It  tells  us  that  it  is 
a good  idea  to  think  of  the  maps  d"  : Un  — >•  Un- 1 as  projection  maps  (forgetting 
the  jth  component),  and  to  think  of  the  maps  sf  : Un  —¥  Un+ 1 as  diagonal  maps 
(repeating  the  jth  coordinate).  We  will  return  to  this  in  the  sections  below. 

016F  Lemma  14.3.6.  Let  C be  a category.  Let  U be  a simplicial  object  ofC.  Each  of  the 
morphisms  s"  : Un  -A  Un+ 1 has  a left  inverse.  In  particular  s " is  a monomorphism. 

Proof.  This  is  true  because  d"+1  os"  = idj/ri . □ 


14.4.  Simplicial  objects  as  presheaves 

016G  Another  observation  is  that  we  may  think  of  a simplicial  object  of  C as  a presheaf 

And  in  fact,  if  U,  U'  are 


with  values  in  C over  A.  See  Sites,  Definition  7.2.2 
simplicial  objects  of  C,  then  we  have 

(14.4.0.1)  Mor  (U,U')  = Mor  PSh(A)(U,U'). 


016H 
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016J 


016K 


016L 


Some  of  the  material  below  could  be  replaced  by  the  more  general  constructions  in 
the  chapter  on  sites.  However,  it  seems  a clearer  picture  arises  from  the  arguments 
specific  to  simplicial  objects. 

14.5.  Cosimplicial  objects 

A cosimplicial  object  of  a category  C could  be  defined  simply  as  a simplicial  object 
of  the  opposite  category  Copp.  This  is  not  really  how  the  human  brain  works,  so  we 
introduce  them  separately  here  and  point  out  some  simple  properties. 

14.5.1.  Let  C be  a category. 

cosimplicial  object  U of  C is  a covariant  functor  U from  A to  C,  in  a 
formula: 

U : A — > C 

(2)  If  C is  the  category  of  sets,  then  we  call  U a cosimplicial  set. 

(3)  If  C is  the  category  of  abelian  groups,  then  we  call  U a cosimplicial  abelian 
group. 

(4)  A morphism  of  cosimplicial  objects  U — > U'  is  a transformation  of  functors. 

(5)  The  category  of  cosimplicial  objects  of  C is  denoted  CoSimp(C). 

This  means  there  are  objects  C/([0]),  17([1]),  t/([2]), . . . and  for  p any  nondecreasing 
map  ip  : [to]  — » [n]  a morphism  U(<p)  : U([m])  — > U([n}),  satisfying  U(poip)  = 
U(<p)  o U(ip). 

In  particular  there  is  a unique  morphism  U(  [n] ) — >•  U ( [0] ) and  there  are  exactly  n+ 1 
morphisms  C/([0])  — ► U([n])  corresponding  to  the  n + 1 maps  [0]  — ► [n].  Obviously 
we  need  some  more  notation  to  be  able  to  talk  intelligently  about  these  simplicial 
objects.  We  do  this  by  considering  the  morphisms  we  singled  out  in  Section  [l4.2| 
above. 

Lemma  14.5.2.  Let  C be  a category. 

(1)  Given  a cosimplicial  object  U in  C we  obtain  a sequence  of  objects  Un  = 
U([n])  endowed  with  the  morphisms  6™  = U(S ")  : Un- i — > Un  and  <r™  = 
U{a?)  : Un+ i — > Un.  These  morphisms  satisfy  the  1'elations  displayed  in 
Lemma \lf.2.3\ 

(2)  Conversely,  given  a sequence  of  objects  Un  and  morphisms  < 5",  cr"  satis- 
fying these  relations  there  exists  a unique  cosimplicial  object  U in  C such 
that  Un  = U([n]),  5™  = U{8‘j),  and  a ” = U(a1-  j. 

(3)  A morphism  between  cosimplicial  objects  U and  U'  is  given  by  a family  of 
morphisms  Un  —¥  U'n  commuting  with  the  morphisms  <5"  and  a ". 

Proof.  This  follows  from  Lemma  Tl4. 2.41  □ 

Remark  14.5.3.  By  abuse  of  notation  we  sometimes  write  Si  : Un-\  — >■  Un  instead 
of  d",  and  similarly  for  cq  : Un+\  Un.  The  relations  among  the  morphisms  Sf 
and  cr”  may  be  expressed  as  follows: 

(1)  If  i < j,  then  Sj  o 8i  = Si  o 8j-\. 

(2)  If  i < j , then  <jj  o Si  = Si  o 

(3)  We  have  id  = <jj  o Sj  = <jj  o 8j+ 1. 

(4)  If  i > j + 1,  then  Oj  o Si  = 8j_ i o <jj. 

(5)  If  i < j,  then  (jj  o cr^  = cq  o <jj+ 


Definition 

(1)  A 
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This  means  that  whenever  the  compositions  on  both  the  left  and  the  right  are 
defined  then  the  corresponding  equality  should  hold. 

We  get  a unique  morphism  <7q  = [/(oq)  : U\  — > Uq  and  two  morphisms  <5q  = U(5q), 
and  Sf  = U(S J)  which  are  morphisms  Uq  — > U\.  There  are  two  morphisms  <jg  = 
C/(ctq),  a\  = U(a\)  which  are  morphisms  U2  ->  U\.  Three  morphisms  <5§  = I/(<5g), 
Sf  = U(Sl),  = U(5%)  which  are  morphisms  U2  — > U3.  And  so  on. 


Pictorially  we  think  of  U as  follows: 

U0  ^ U±  g=E  U2 
>- 

Here  the  (5-morphisms  are  the  arrows  pointing  right  and  the  cr-morphisms  are  the 
arrows  pointing  left. 


016M  Example  14.5.4.  The  simplest  example  is  the  constant  cosimplicial  object  with 
value  X G Ob(C).  In  other  words,  Un  = X and  all  maps  are  idA. 

016N  Example  14.5.5.  Suppose  that  Y — > X is  a morphism  of  C such  that  all  the 
pushouts  Y Ha-  Y Ha-  . . . Ha-  Y exist.  Then  we  set  Un  equal  to  the  (n  + l)-fold 
pushout,  and  we  let  ip  : [n]  — > [to]  correspond  to  the  map 

( y in  ith  component)  ha  ( y in  ip(i) th  component) 

on  “coordinates”.  In  other  words,  the  map  U\  = YJlx  Y — > Uq  = Y is  the  identity 
on  each  component.  The  two  maps  Uq  = Y — >■  U\  = Y HA  Y are  the  two  natural 
maps. 


0B13  Example  14.5.6.  For  every  n > 0 we  denote  C[n]  the  cosimplicial  set 

A — > Sets,  [fc]  1 — » MorA([n],  [&]) 


This  example  is  dual  to  Example  14.11.2[ 


0160  Lemma  14.5.7.  Let  C be  a category.  Let  U be  a cosimplicial  object  ofC.  Each  of 
the  morphisms  <5™  : Un-i  -A  Un  has  a left  inverse.  In  particular  5™  is  a monomor- 
phism. 


Proof.  This  is  true  because  a™  1 o 8f  = id[/„  for  j < n. 


□ 


14.6.  Products  of  simplicial  objects 

016P  Of  course  we  should  define  the  product  of  simplicial  objects  as  the  product  in  the 
category  of  simplicial  objects.  This  may  lead  to  the  potentially  confusing  situation 
where  the  product  exists  but  is  not  described  as  below.  To  avoid  this  we  define  the 
product  directly  as  follows. 

016Q  Definition  14.6.1.  Let  C be  a category.  Let  U and  V be  simplicial  objects  of  C. 
Assume  the  products  Un  x Vn  exist  in  C.  The  product  of  U and  V is  the  simplicial 
object  U x V defined  as  follows: 

(1)  ( U x V)n  = Unx  Vn, 

(2)  d?  = (d?,d?),  and 

(3)  «?  = (*?,«?)■ 

In  other  words,  U x V is  the  product  of  the  presheaves  U and  V on  A. 
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016R  Lemma  14.6.2.  IfU  and  V are  simplicial  objects  in  the  category  C , and  ifUxV 
exists,  then  we  have 

Mor(W,  UxV)=  Mor(W,  U)  x Mor(W,  V ) 
for  any  third  simplicial  object  W of  C. 

Proof.  Omitted.  □ 

14.7.  Fibre  products  of  simplicial  objects 

016S  Of  course  we  should  define  the  fibre  product  of  simplicial  objects  as  the  fibre  product 
in  the  category  of  simplicial  objects.  This  may  lead  to  the  potentially  confusing 
situation  where  the  fibre  product  exists  but  is  not  described  as  below.  To  avoid 
this  we  define  the  fibre  product  directly  as  follows. 

016T  Definition  14.7.1.  Let  C be  a category.  Let  U,V,W  be  simplicial  objects  of  C. 
Let  a :V  — > U,  6 : W — » [/  be  morphisms.  Assume  the  fibre  products  Vn  Xj/n  Wn 
exist  in  C.  The  fibre  product  of  V and  W over  U is  the  simplicial  object  V x u W 
defined  as  follows: 

(1)  (V  xv  W)n  = Vn  xUn  Wn, 

(2)  d?  = (d?,d?),  and 

(3)  «?  = (*?,  s?). 

In  other  words,  V x u W is  the  fibre  product  of  the  presheaves  V and  W over  the 
presheaf  U on  A. 

016U  Lemma  14.7.2.  IfU,V,W  are  simplicial  objects  in  the  category  C,  and  if  a : V — > 
U,  b : W U are  morphisms  and  ifV  XuW  exists,  then  we  have 

Mor (T,  V xvW)  = Mor (T,  V)  xMor(T,J/)  Mor(T,  W) 

for  any  fourth  simplicial  object  T ofC. 

Proof.  Omitted.  □ 

14.8.  Pushouts  of  simplicial  objects 

016V  Of  course  we  should  define  the  pushout  of  simplicial  objects  as  the  pushout  in  the 
category  of  simplicial  objects.  This  may  lead  to  the  potentially  confusing  situation 
where  the  pushouts  exist  but  are  not  as  described  below.  To  avoid  this  we  define 
the  pushout  directly  as  follows. 

016W  Definition  14.8.1.  Let  C be  a category.  Let  U,V,W  be  simplicial  objects  of  C. 
Let  a : U V,  b : U W be  morphisms.  Assume  the  pushouts  Vn  H;y„  Wn  exist 
in  C.  The  pushout  of  V and  W over  U is  the  simplicial  object  V II u W defined  as 
follows: 

(1)  (VUuW)n  = VnUUn  Wn, 

(2)  = and 

(3) 

In  other  words,  VIIj/lT  is  the  pushout  of  the  presheaves  V and  W over  the  presheaf 
U on  A. 
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016X  Lemma  14.8.2.  IfU,V,W  are  simplicial  objects  in  the  category  C,  and  if  a : U — > 
V , b : U — )•  W are  morphisms  and  if  V Hy  W exists,  then  we  have 

Mor(F  Hy  W,T)  = Mor(V,  T)  xMor(u,T)  Mor(W,T) 

for  any  fourth  simplicial  object  T ofC. 

Proof.  Omitted.  □ 

14.9.  Products  of  cosimplicial  objects 

016Y  Of  course  we  should  define  the  product  of  cosimplicial  objects  as  the  product  in 
the  category  of  cosimplicial  objects.  This  may  lead  to  the  potentially  confusing 
situation  where  the  product  exists  but  is  not  described  as  below.  To  avoid  this  we 
define  the  product  directly  as  follows. 

016Z  Definition  14.9.1.  Let  C be  a category.  Let  U and  V be  cosimplicial  objects  of  C. 
Assume  the  products  UnxVn  exist  in  C.  The  product  ofU  and  V is  the  cosimplicial 
object  U x V defined  as  follows: 

(1)  ( U x V)n  =Unx  Vn, 

(2)  for  any  ip  : [n]  — > [m]  the  map  ( U x V){tp)  : Un  x Vn  — > Um  x Vm  is  the 
product  U(ip)  x V(tp). 

0170  Lemma  14.9.2.  If  U and  V are  cosimplicial  objects  in  the  category  C,  and  if 
U x V exists,  then  we  have 

Mor(W,  U x V)  = Mor(W,  U)  x Mor(W,  V) 

for  any  third  cosimplicial  object  W of  C. 

Proof.  Omitted.  □ 

14.10.  Fibre  products  of  cosimplicial  objects 

0171  Of  course  we  should  define  the  fibre  product  of  cosimplicial  objects  as  the  fibre 
product  in  the  category  of  cosimplicial  objects.  This  may  lead  to  the  potentially 
confusing  situation  where  the  product  exists  but  is  not  described  as  below.  To 
avoid  this  we  define  the  fibre  product  directly  as  follows. 

0172  Definition  14.10.1.  Let  C be  a category.  Let  U,V,W  be  cosimplicial  objects  of 
C.  Let  a : V — > U and  b : W — > U be  morphisms.  Assume  the  fibre  products 
Vn  x u.„  Wn  exist  in  C.  The  fibre  product  of  V and  W over  U is  the  cosimplicial 
object  V Xu  W defined  as  follows: 

(1)  (VxuW)n  = VnxUnWn, 

(2)  for  any  ip  : [n]  ->■  [m]  the  map  (V  XuW){ip)  '-VnxUn  Wn  -A  Vm  XUin  Wm 
is  the  product  V(ip)  Xm  W{p). 

0173  Lemma  14.10.2.  If  U,V,W  are  cosimplicial  objects  in  the  category  C,  and  if 
a : V — )•  U , b : W — )•  U are  morphisms  and  ifV  x u W exists,  then  we  have 

Mor (T,  V Xu  W)=  Mor (T,  V)  xMot(t.u)  Mor(T,  W) 

for  any  fourth  cosimplicial  object  T of  C. 

Proof.  Omitted.  □ 
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14.11.  Simplicial  sets 

0174  Let  U be  a simplicial  set.  It  is  a good  idea  to  think  of  Uq  as  the  0 -simplices,  the 
set  Ui  as  the  1 -simplices,  the  set  U2  as  the  2 -simplices,  and  so  on. 

We  think  of  the  maps  s"  : Un  — > Un+i  as  the  map  that  associates  to  an  n-simplex 
A the  degenerate  (n  + l)-simplex  B whose  (j,  j + l)-edge  is  collapsed  to  the  vertex 
j of  A.  We  think  of  the  map  d"  : Un  — > Un- 1 as  the  map  that  associates  to  an 
n-simplex  A one  of  the  faces,  namely  the  face  that  omits  the  vertex  j.  In  this  way  it 
become  possible  to  visualize  the  relations  among  the  maps  s”  and  d™  geometrically. 

0175  Definition  14.11.1.  Let  U be  a simplicial  set.  We  say  x is  an  n-simplex  of  U to 
signify  that  x is  an  element  of  Un.  We  say  that  y is  the  jthe  face  of  x to  signify 
that  d™x  = y.  We  say  that  2 is  the  jth  degeneracy  of  x if  2 = s™x.  A simplex  is 
called  degenerate  if  it  is  the  degeneracy  of  another  simplex. 

Here  are  a few  fundamental  examples. 

0176  Example  14.11.2.  For  every  n > 0 we  denote  A[n]  the  simplicial  set 

AoPP  Sets 

[k]  1 — MorA([fc],  [n]) 

We  leave  it  to  the  reader  to  verify  the  following  statements.  Every  m-simplex  of 
A[n]  with  m > n is  degenerate.  There  is  a unique  nondegenerate  n-simplex  of  A[n], 
namely  id[nj. 

0177  Lemma  14.11.3.  Let  U be  a simplicial  set.  Let  n > 0 be  an  integer.  There  is  a 
canonical  bijection 

Mor(A[n],  U)  — Un 

which  maps  a morphism  p to  the  value  of  p on  the  unique  nondegenerate  n-simplex 
°f  A[n]. 

Proof.  Omitted.  □ 


0178  Example  14.11.4.  Consider  the  category  A/[n]  of  objects  over  [n]  in  A,  see 
Categories,  Example  4.2.13  There  is  a functor  p : A/[n]  — > A.  The  fibre  category 
of  p over  [k],  see  Categories,  Section  4.34  has  as  objects  the  set  A[n]fc  of  fc-simplices 
in  A[n],  and  as  morphisms  only  identities.  For  every  morphism  p : [fc]  — > [l]  of  A, 
and  every  object  ip  '■  [l\  — ► [n]  in  the  fibre  category  over  [l]  there  is  a unique  object 
over  [fc]  with  a morphism  covering  ip,  namely  ip  op  : [ k ] — > [n].  Thus  A/[n]  is  fibred 
in  sets  over  A.  In  other  words,  we  may  think  of  A/[n]  as  a presheaf  of  sets  over 
A.  See  also,  Categories,  Example  |4.37.7|  And  this  presheaf  of  sets  agrees  with 


the  simplicial  set  A[n],  In  particular,  from  Equation  (|14.4.0.1 ) and  Lemma  14.11.3 
above  we  get  the  formula 


Mor  psh(A)  ( A/  [n] , U)  = Un 

for  any  simplicial  set  U . 

0179  Lemma  14.11.5.  Let  U,  V be  simplicial  sets.  Let  a,  b > 0 be  integers.  Assume 
every  n-simplex  of  U is  degenerate  if  n > a.  Assume  every  n-simplex  of  V is 
degenerate  if  n > b.  Then  every  n-simplex  of  U x V is  degenerate  if  n > a + b. 
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017Z 

0180 


017A 

017B 

017C 


Proof.  Suppose  n > a + b.  Let  (u,  v)  £ (U  x V)n  = Un  x Vn.  By  assumption,  there 
exists  a a : [n]  — > [a]  and  a u'  £ Ua  and  a (3  : [n]  — > [b]  and  a v'  £ 14  such  that 
u = U(a)(u')  and  v = V(/3)(vr).  Because  n > a + b,  there  exists  an  0 < i < a + b 
such  that  a(i)  = a(i  + 1)  and  (3(i)  = f3(i  + 1).  It  follows  immediately  that  ( u , v)  is 
in  the  image  of  s™_1.  □ 

14.12.  Truncated  simplicial  objects  and  skeleton  functors 

Let  A<n  denote  the  full  subcategory  of  A with  objects  [0],  [1],  [2], ... , [n].  Let  C be 
a category. 

Definition  14.12.1.  An  n-truncated  simplicial  object  of  C is  a contravariant  func- 
tor from  A<„  to  C.  A morphism  of  n-truncated  simplicial  objects  is  a transformation 
of  functors.  We  denote  the  category  of  n-truncated  simplicial  objects  of  C by  the 
symbol  Simpn(C). 

Given  a simplicial  object  U of  C the  truncation  sk nU  is  the  restriction  of  U to  the 
subcategory  A<„.  This  defines  a skeleton  functor 

sk„  : Simp(C)  — > Simpn(C) 

from  the  category  of  simplicial  objects  of  C to  the  category  of  n-truncated  simplicial 
objects  of  C.  See  Remark |14. 21. 6| to  avoid  possible  confusion  with  other  functors  in 
the  literature. 


14.13.  Products  with  simplicial  sets 


Let  C be  a category.  Let  U be  a simplicial  set.  Let  V be  a simplicial  object  of  C. 
We  can  consider  the  covariant  functor  which  associates  to  a simplicial  object  W of 
C the  set 


(14.13.0.1) 

( fn,v 


r t Tj r x , ,,  , Vw  : [ml  — > \n ] 

■ *n  ^ such  that  j.  , T r r / \ j* 

fm,U(v)(u)  ° V(<p)  = W(y)  O fn^ 


If  this  functor  is  of  the  form  Morgimp(C)(Qj  — ) then  we  can  think  of  Q as  the 
product  of  U with  V.  Instead  of  formalizing  this  in  this  way  we  just  directly  define 
the  product  as  follows. 


Definition  14.13.1.  Let  C be  a category  such  that  the  coproduct  of  any  two 
objects  of  C exists.  Let  U be  a simplicial  set.  Let  V be  a simplicial  object  of  C. 
Assume  that  each  Un  is  finite  nonempty.  In  this  case  we  define  the  product  U x V 
of  U and  V to  be  the  simplicial  object  of  C whose  nth  term  is  the  object 

(u  xp)n=n  vn 

■L-Lu£Un 

with  maps  for  Lp  : [m]  — > [n]  given  by  the  morphism 


Vn 


II 


u'GUrr. 


Vm 


which  maps  the  component  Vn  corresponding  to  u to  the  component  Vm  correspond- 
ing to  v!  = U(ip)(u)  via  the  morphism  V(tp).  More  loosely,  if  all  of  the  coproducts 
displayed  above  exist  (without  assuming  anything  about  C)  we  will  say  that  the 
product  U x V exists. 
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017D  Lemma  14.13.2.  LetC  be  a category  such  that  the  coproduct  of  any  two  objects  of 
C exists.  Let  U be  a simplicial  set.  Let  V be  a simplicial  object  of  C.  Assume  that 
each  Un  is  finite  nonempty.  The  functor  W H > Mor simp(c)  (U  x V,  W)  is  canonically 
isomorphic  to  the  functor  which  maps  W to  the  set  in  Equation  \lj.l3. 0~1 ). 

Proof.  Omitted.  □ 

017E  Lemma  14.13.3.  Let  C be  a category  such  that  the  coproduct  of  any  two  objects 
of  C exists.  Let  us  temporarily  denote  FSSets  the  category  of  simplicial  sets  all  of 
whose  components  are  finite  nonempty. 

(1)  The  rule  ( U , V)  H > U x V defines  a functor  FSSets  x Simp(C)  — > Simp{C). 

(2)  For  every  U,  V as  above  there  is  a canonical  map  of  simplicial  objects 

U x V — ► V 

defined  by  taking  the  identity  on  each  component  of  (U  x V)n  = W_uVn. 
Proof.  Omitted.  □ 


We  briefly  study  a special  case  of  the  construction  above.  Let  C be  a category.  Let 
X be  an  object  of  C.  Let  k > 0 be  an  integer.  If  all  coproducts  X II ...  II  X exist 
then  according  to  the  definition  above  the  product 

X x A [k] 

exists,  where  we  think  of  X as  the  corresponding  constant  simplicial  object. 

017F  Lemma  14.13.4.  With  X and  k as  above.  For  any  simplicial  object  V of  C we 
have  the  following  canonical  bijection 

Mor  simp(C)(X  X A[k],V)  — > More  (A,  14). 

wich  maps  7 to  the  restriction  of  the  morphism  7 k to  the  component  corresponding 
to  id[k]  ■ Similarly,  for  any  n > k,  if  W is  an  n-truncated  simplicial  object  of  C, 
then  we  have 


Mor SimPn{c)(skn(X  x A[k}),W)  = Mor c(X,Wk). 


Proof.  A morphism  7 : X x A[fc]  — > V is  given  by  a family  of  morphisms  7a  : 
X — ► Vn  where  a : [n]  — > [fe].  The  morphisms  have  to  satisfy  the  rules  that  for  all 
: [m]  -4  [n]  the  diagrams 


X 


vn 


ids 


V(<p) 


Y t r 

A S-  Vrr. 


commute.  Taking  a = idry,  we  see  that  for  any  ip  : [m]  -4  [fc]  we  have  7^  = 
V (y))o7id  . Thus  the  morphism  7 is  determined  by  the  value  of  7 on  the  component 
corresponding  to  idru.  Conversely,  given  such  a morphism  / : X — > Vj0  we  easily 
construct  a morphism  7 by  putting  7^  = V (a)  o f. 


The  truncated  case  is  similar,  and  left  to  the  reader. 


□ 


A particular  example  of  this  is  the  case  k = 0.  In  this  case  the  formula  of  the 
lemma  just  says  that 


Morc(X,  V0)  = MorSimp(C)(X,  V) 
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07K9 


019V 


0B14 


0B15 


where  on  the  right  hand  side  X indicates  the  constant  simplicial  object  with  value 
X.  We  will  use  this  formula  without  further  mention  in  the  following. 


14.14.  Horn  from  simplicial  sets  into  cosimplicial  objects 


Let  C be  a category.  Let  U be  a simplicial  object  of  C,  and  let  V be  a cosimplicial 
object  of  C.  Then  we  get  a cosimplicial  set  Home  (17,  V ) as  follows: 

(1)  we  set  Homc(17,  V)n  = Mor c(17„,  Vn),  and 

(2)  for  <p  : [to]  — > [ra]  we  take  the  map  Horn c{U,V)m  -A  Home (17,  V)n  given 
by  / i-A  V(ip)  o f o U(ip). 

This  is  our  motivation  for  the  following  definition. 

Definition  14.14.1.  Let  C be  a category  with  finite  products.  Let  V be  a cosim- 
plicial  object  of  C.  Let  17  be  a simplicial  set  such  that  each  Un  is  finite  nonempty. 
We  define  Hom(17,  V ) to  be  the  cosimplicial  object  of  C defined  as  follows: 

(1)  we  set  Hom(17,  V)n  = n«ec  Ki,  hr  other  words  the  unique  object  of  C 
such  that  its  A'-valued  points  satisfy 

Morc  (AT,  Horn  (17,  V)n)  = Map(17„,  Morc(X,  Vn)) 

and 

(2)  for  tp  : [to]  — > [n]  we  take  the  map  Hom(17,  V)m  — t Hom(17,  V)n  given  by 
/ ha  V (ip)  o / o U (ip)  on  X-valued  points  as  above. 


We  leave  it  to  the  reader  to  spell  out  the  definition  in  terms  of  maps  between  prod- 
ucts. We  also  point  out  that  the  construction  is  functorial  in  both  U (contravari- 
antly)  and  V (covariantly),  exactly  as  in  Lemma  14.13.3  in  the  case  of  products  of 
simplicial  sets  with  simplicial  objects. 


14.15.  Horn  from  cosimplicial  sets  into  simplicial  objects 


Let  C be  a category.  Let  17  be  a cosimplicial  object  of  C,  and  let  V be  a simplicial 
object  of  C.  Then  we  get  a simplicial  set  Home  (17,  V)  as  follows: 

(1)  we  set  Home (17,  V)n  = Morc(17n,  Vn),  and 

(2)  for  ip  : [to]  -A  [n]  we  take  the  map  Homc(17,  V)n  —>  Homc(17,  V)m  given 
by  / eA  V(ip)  o f o U(ip). 

This  is  our  motivation  for  the  following  definition. 

Definition  14.15.1.  Let  C be  a category  with  finite  products.  Let  V be  a simplicial 
object  of  C.  Let  17  be  a cosimplicial  set  such  that  each  Un  is  finite  nonempty.  We 
define  Hom(17,  V)  to  be  the  simplicial  object  of  C defined  as  follows: 

(1)  we  set  Hom(17,  V)n  = KLec/  hi  other  words  the  unique  object  of  C 
such  that  its  A'-valued  points  satisfy 

More  (A-,  Horn (17,  V)n)  = Map(17„,  Morc(X,  Vn)) 

and 

(2)  for  ip  : [to]  -a  [n]  we  take  the  map  Hom(17,  V)n  — > Hom(17,  V)m  given  by 
/ i-a  V (ip)  o f oU  (tp)  on  X-valued  points  as  above. 


We  leave  it  to  the  reader  to  spell  out  the  definition  in  terms  of  maps  between  prod- 
ucts. We  also  point  out  that  the  construction  is  functorial  in  both  U (contravari- 
antly)  and  V (covariantly),  exactly  as  in  Lemma  14.13.3  in  the  case  of  products  of 
simplicial  sets  with  simplicial  objects. 
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We  spell  out  the  construction  above  in  a special  case.  Let  X be  an  object  of  a 
category  C.  Assume  that  self  products  X x ...  x X exist.  Let  k be  an  integer. 
Consider  the  simplicial  object  U with  terms 


a€Mor([fc],[n]) 


x 


and  maps  given  ip  : [m]  — » [n] 


£%)  : n 


a€Mor([fc],[n]) 


x 


n 


a,GMor([fe],[m]) 


x,  (fa)c 


(/ijjoa'ja' 


In  terms  of  “coordinates”,  the  element  (xa)a  is  mapped  to  the  element  (x^o a')a'- 
We  claim  this  object  is  equal  to  Hom(C[fc],  X)  where  we  think  of  X as  the  constant 


simplicial  object  X and  where  C[k\  is  the  cosimplicial  set  from  Example  14.5.6 

017M  Lemma  14.15.2.  With  X,  k and  U as  above. 

(1)  For  any  simplicial  object  V of  C we  have  the  following  canonical  bijection 

Mor simP(C){V,U)  — Morc(Vfc,X). 

wich  maps  7 to  the  morphism  7*,  composed  with  the  projection  onto  the 
factor  corresponding  to  id[k]. 

(2)  Similarly,  ifW  is  an  k-truncated  simplicial  object  ofC,  then  we  have 

Mor simPk(C)(W,  skkU ) = Morc(Wfe,X). 

(3)  The  object  U constructed  above  is  an  incarnation  of  Hom(C'[fc],  X)  where 
C[k\  is  the  cosimplicial  set  from  Example  If.  5. 6 

Proof.  We  first  prove  (1).  Suppose  that  7 : V — i U is  a morphism.  This  is  given 
by  a family  of  morphisms  7«  : Vn  — > X for  a : [&]  — > [n].  The  morphisms  have  to 
satisfy  the  rules  that  for  all  tp  : [to]  — > [n]  the  diagrams 


X 


'y^oo 
idx 
7a' 


v„. 


V(<p) 


X-c 


Vm 


commute  for  all  a'  : [A;]  — > [to].  Taking  a!  = idj^j,  we  see  that  for  any  ip  : [k\  ^ [n] 
we  have  7^,  = 7id[fc]  0 P(y>).  Thus  the  morphism  7 is  determined  by  the  component 
of  7 k corresponding  to  klni . Conversely,  given  such  a morphism  / : Vk  — > X we 
easily  construct  a morphism  7 by  putting  7«  = / o V(ot). 

The  truncated  case  is  similar,  and  left  to  the  reader. 

Part  (3)  is  immediate  from  the  construction  of  U and  the  fact  that  C[k]n  = 
Mor([fc],  [n])  which  are  the  index  sets  used  in  the  construction  of  Un.  □ 


14.16.  Internal  Horn 

017G  Let  C be  a category  with  finite  nonempty  products.  Let  U,  V be  simplicial  objects 
C.  In  some  cases  the  functor 


Simp(C)opp 


Sets,  W 


Mor  Simp{c)(WxV,U) 
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is  representable.  In  this  case  we  denote  TLomiV. , U)  the  resulting  simplicial  object 
of  C,  and  we  say  that  the  internal  hom  of  V into  U exists.  Moreover,  in  this  case, 
given  X in  C,  we  would  have 

Mor c(X,-Hom(V,U)n)  = MorSimp(c)(X  x A [n],W>m{V,U)) 

= MorSimp(c)  (X  x A[n]  x V,  U) 

= MorSimp(c)  (X,  'Hom( A [n]  x V,U)) 

= More  (X,  'Horn (A [n]  x V,U) o) 

provided  that  'Hom{A[n\  x V,U)  exists  also.  The  first  and  last  equalities  follow 
from  Lemma  ri4. 13.41 

The  lesson  we  learn  from  this  is  that,  given  U and  V,  if  we  want  to  construct  the 
internal  hom  then  we  should  try  to  construct  the  objects 

TLom(A[n\  x V,U) o 

because  these  should  be  the  nth  term  of  TLom(V,  [/).  In  the  next  section  we  study 
a construction  of  simplicial  objects  “Hom(A[n],  I/)” . 


14.17.  Hom  from  simplicial  sets  into  simplicial  objects 


017H  Motivated  by  the  discussion  on  internal  hom  we  define  what  should  be  the  simplicial 
object  classifying  morpliisms  from  a simplicial  set  into  a given  simplicial  object  of 
the  category  C. 

0171  Definition  14.17.1.  Let  C be  a category  such  that  the  coproduct  of  any  two 
objects  exists.  Let  U be  a simplicial  set,  with  Un  finite  nonempty  for  all  n > 0. 
Let  V be  a simplicial  object  of  C.  We  denote  Hom(t/,  V)  any  simplicial  object  of  C 
such  that 

MorSimp(C)(W,  Hom (U,  V))  = Morsimp(c)(W  x U,  V ) 
functorially  in  the  simplicial  object  W of  C. 


Of  course  Hom(t/,  V)  need  not  exist.  Also,  by  the  discussion  in  Section  14.16  we 
expect  that  if  it  does  exist,  then  Hom(Z7,  V)n  = Hom({7  x A[n],  V)o-  We  do  not  use 
the  italic  notation  for  these  Hom  objects  since  Hom(C/,  V)  is  not  an  internal  hom. 


017J  Lemma  14.17.2.  Assume  the  category  C has  coproducts  of  any  two  objects  and 
countable  limits.  Let  U be  a simplicial  set , with  Un  finite  nonempty  for  all  n > 0. 
Let  V be  a simplicial  object  of  C.  Then  the  functor 


QOpp 


Sets 


is  representable. 


X i — > Mor simP(C)(X  x U,V) 


Proof.  A morphism  from  X x U into  V is  given  by  a collection  of  morphisms 
fu  : X — > Vn  with  n > 0 and  u £ Un.  And  such  a collection  actually  defines  a 
morphism  if  and  only  if  for  all  p : [m\  — > [n]  all  the  diagrams 


X^+Vn 


idx 


V(tp) 


Y 

A' 


/t/(v)(U)  J 

Vrr, 
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commute.  Thus  it  is  natural  to  introduce  a category  U and  a functor  V : U°vv  — ► C 
as  follows: 

(1)  The  set  of  objects  of  U is  U„>0  Un, 

(2)  a morphism  from  v!  £ Um  to  u £ Un  is  a p : [m]  — > [n]  such  that 
U(ip)(u)  = v! 

(3)  for  u £ Un  we  set  V(u)  = Vn,  and 

(4)  for  tp  : [to]  — ► [n]  such  that  U(ip)(u)  = u!  we  set  V(ip)  = V(tp)  : Vn  — > Vm. 
At  this  point  it  is  clear  that  our  functor  is  nothing  but  the  functor  defining 

lim^opp  V 

Thus  if  C has  countable  limits  then  this  limit  and  hence  an  object  representing  the 
functor  of  the  lemma  exist.  □ 


017K  Lemma  14.17.3.  A ssume  the  category  C has  coproducts  of  any  two  objects  and 
finite  limits.  Let  U be  a simplicial  set,  with  Un  finite  nonempty  for  all  n > 0. 
Assume  that  all  n-simplices  ofU  are  degenerate  for  all  n>  0.  Let  V be  a siinplicial 
object  of  C.  Then  the  functor 

copp  _ Sets 

X i — » MorSjmp(C)(X  x U,  V) 

is  representable. 


Proof.  We  have  to  show  that  the  category  U described  in  the  proof  of  Lemma 


14.17.2  has  a finite  subcategory  U'  such  that  the  limit  of  V over  U'  is  the  same 
as  the  limit  of  V over  U.  We  will  use  Categories,  Lemma  [4.17.4[  For  to  > 0 let 
U<m  denote  the  full  subcategory  with  objects  ]_j 


0 <n<m 


Um.  Let  Too  be  an  integer 
such  that  every  n-simplex  of  the  simplicial  set  U is  degenerate  if  n > too-  For  any 
to  > too  large  enough,  the  subcategory  U<m  satisfies  property  (1)  of  Categories, 
Definition  14.17.31 

Suppose  that  u £ Un  and  u'  £ Un/  with  n,  n!  < Too  and  suppose  that  p : [k]  — ► 
[n],  ip'  : [fc]  -A  [n’\  are  morphisms  such  that  U{ip)(u)  = U{ip'){u').  A simple 
combinatorial  argument  shows  that  if  k > 2too,  then  there  exists  an  index  0 < i < 
2too  such  that  <p(i)  = < p(i  + 1)  and  p'{i ) = p' [i  + 1).  (The  pigeon  hole  principle 
would  tell  you  this  works  if  k > TOq  which  is  good  enough  for  the  argument  below 
anyways.)  Hence,  if  k > 2too,  we  may  write  ip  = ipocr and  <p'  = if'oa^1  for  some 
if  : [k  — 1]  — > [ n ] and  some  if  \[k—  1]  — )•  [n'}.  Since  s*_1  : £/&_ i — > U ^ is  injective, 
see  Lemma [14.3.6  we  conclude  that  U(ip)(u)  = U(ip')(u')  also.  Continuing  in  this 
fashion  we  conclude  that  given  morphisms  u — » z and  u'  — » z oilA  with  u,  u'  £ ld<mo , 
there  exists  a commutative  diagram 


u 


with  a £ U<2m0  ■ 
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It  is  easy  to  deduce  from  this  that  the  finite  subcategory  U<2m0  works.  Namely, 
suppose  given  x'  £ Un  and  x"  £ Un'  with  n,  n!  < 2too  as  well  as  morpliisms  x'  — )•  x 
and  x"  — > x of  U with  the  same  target.  By  our  choice  of  Too  we  can  find  objects 
u,  u'  of  U<mo  and  morphisms  u — > x' , u ' — > x" . By  the  above  we  can  find  a £ U<2m0 
and  morphisms  u -A  a,  u!  — > a such  that 


017L 


is  commutative.  Turning  this  diagram  90  degrees  clockwise  we  get 


diagram  as  in  (2)  of  Categories,  Definition  4.17.3 


the  desired 
□ 


Lemma  14.17.4.  Assume  the  category  C has  coproducts  of  any  two  objects  and 
finite  limits.  Let  U be  a simplicial  set , with  Un  finite  nonempty  for  all  n > 0. 
Assume  that  all  n-simplices  ofU  are  degenerate  for  all  n 0.  Let  V be  a simplicial 
object  ofC.  Then  Horn ( 17,  V)  exists , moreover  we  have  the  expected  equalities 


Hom(t/,  V)n  = Hom(t/  x A[n],  V)q. 


Proof.  We  construct  this  simplicial  object  as  follows.  For  n > 0 let  Hom(t/,  V)n 
denote  the  object  of  C representing  the  functor 


X — ► MorSimp(C)(X  xUx  A[n],V) 

This  exists  by  Lemma  14.17.3|because  U x A [n]  is  a simplicial  set  with  finite  sets  of 
simplices  and  no  nondegenerate  simplices  in  high  enough  degree,  see  Lennna[l4.11.5| 
For  (p  : [to]  — > [n]  we  obtain  an  induced  map  of  simplicial  sets  <p  : A [to]  — ► A[n]. 
Hence  we  obtain  a morphism  X x U x A [to]  — > X x U x A[n]  functorial  in  A',  and 
hence  a transformation  of  functors,  which  in  turn  gives 


Hom(f7,  V)(ip)  : Hom(f7,  V)n  — > Hom({/,  V)m. 

Clearly  this  defines  a contravariant  functor  Hom(t/,  V)  from  A into  the  category  C. 
In  other  words,  we  have  a simplicial  object  of  C. 


We  have  to  show  that  Hom(C,  V)  satisfies  the  desired  universal  property 

MorSimp(c)(W,  Horn (17,  V))  = M0rSimp(c)(W  x U,  V ) 

To  see  this,  let  / : W — > Hom(C/,  V ) be  given.  We  want  to  construct  the  element  f : 
W x U — > V of  the  right  hand  side.  By  construction,  each  fn  : Wn  Hom(/7,  V)n 
corresponds  to  a morphism  fn  : Wn  x U x A[n]  — > V.  Further,  for  every  morphism 
ip  : [to]  — > [n]  the  diagram 


Wn  x U x A[to,|  — — — rf'  Wm  xUx  A [to] 

VF(c/?)xidxid 


idxidxip 

WnxUx  A[n] 


f, 


f , 

Y 

V 


is  commutative.  For  if  : [n]  -A  [k]  in  (A[n])fc  we  denote  ( fn)k : Wn  x 17fc  — ► Vj.  the 
component  of  (fn)k  corresponding  to  the  element  if.  We  define  f'n  : Wn  x Un  — > Vn 


14.17.  HOM  FROM  SIMPLICIAL  SETS  INTO  SIMPLICIAL  OBJECTS 


1053 


as  f'n  = (, fn)n  ;id,  in  other  words,  as  the  restriction  of  (/„)„  : Wn  xUnx  (A[n])„  —¥  Vn 
to  Wn  x Un  x id[„j.  To  see  that  the  collection  (/' ) defines  a morphism  of  simplicial 
objects,  we  have  to  show  for  any  ip  : [m]  [ n ] that  V (<p)  o f'n  = f'm°W  (ip)  x U (<p). 

The  commutative  diagram  above  says  that  ( fn)m,<p  '■  Wn  x Urn  — > Vm  is  equal  to 
(fm)m, id  ° W (<p)  : Wn  x Um  —>  Vm . But  then  the  fact  that  fn  is  a morphism  of 
simplicial  objects  implies  that  the  diagram 


W„  x Un  x (A[n])r 


id X U(ip)  Xip 


WnXUmX  (A[n])r 


Un 


- Vn 


V{<p) 


Un). 


' Vm 


is  commutative.  And  this  implies  that  (fn)m,tp  ° U(tp)  is  equal  to  V(ip)  o (/„)„, id- 
Altogether  we  obtain  V (ip)  o (fn)n,id  = ( fn)m,v  °U(ip)  = (fm)m, id  oW(tp)oU {p)  = 
{fm)m, id  °W(p)x  U(tp)  as  desired. 


On  the  other  hand,  given  a morphism  fl:WxU^Vwe  define  a morphism 
/ : W — > Hom(C7,  V)  as  follows.  By  Lemma[l4.13.4  the  morpliisms  id  : ll-7,,.  — > Wn 
corresponds  to  a unique  morphism  cn  : Wn  x A[n]  W.  Hence  we  can  consider 
the  composition 


Wn  x A[n]  xU^WxU^V. 

By  construction  this  corresponds  to  a unique  morphism  fn  : Wn  — >•  Horn (U,V)n. 
We  leave  it  to  the  reader  to  see  that  these  define  a morphism  of  simplicial  sets  as 
desired. 


We  also  leave  it  to  the  reader  to  see  that  / i->  f and  /'  i— >■  / are  mutually  inverse 
operations.  □ 

017N  Lemma  14.17.5.  A ssume  the  category  C has  coproducts  of  any  two  objects  and 
finite  limits.  Let  a : U —¥  V , b : U — * W be  morphisms  of  simplicial  sets.  Assume 
Un , Vn,  Wn  finite  nonempty  for  all  n > 0.  Assume  that  all  n-simplices  of  U,  V,  W 
are  degenerate  for  all  n>  0.  Let  T be  a simplicial  object  of  C.  Then 

Hom(V,  T)  x Hoin(£7,T)  Hom(W,  T)  = Hom^  Hy  W,  T) 

In  other  words,  the  fibre  product  on  the  left  hand  side  is  represented  by  the  Horn 
object  on  the  right  hand  side. 


Proof.  By  Lemma[l4.17.4  all  the  required  Horn  objects  exist  and  satisfy  the  correct 
functorial  properties.  Now  we  can  identify  the  nth  term  on  the  left  hand  side  as  the 
object  representing  the  functor  that  associates  to  X the  first  set  of  the  following 
sequence  of  functorial  equalities 


Mor(A  x A[n],Hom(Vir)  xHom(c/,T)  Hom(W,T)) 

= Mor (AT  x A[n], Hom(V, T))  xMor(xxA[n],Hom(i/,T))  Mor(A  x A[n], Hom(W, T)) 
= Mor  (A  x A[n]  x V,T)  xMor{XxA[n]xU>T)  Mor  (A  x A [n\  x W,T) 

= Mor  (A  x A[n]  x (VUv  W),T )) 

Here  we  have  used  the  fact  that 


(A  x A [n]  x V)  xXxA[n]xU  (A  x A[n]  xW)  = Ax  A[n]  x (PH  v W ) 

which  is  easy  to  verify  term  by  term.  The  result  of  the  lemma  follows  as  the  last 
term  in  the  displayed  sequence  of  equalities  corresponds  to  Hom(P  Hy  W,  T)n.  □ 
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14.18.  Splitting  simplicial  objects 

0170  A subobject  N of  an  object  X of  the  category  C is  an  object  N of  C together  with 
a monomorphism  N — > X.  Of  course  we  say  (by  abouse  of  notation)  that  the 
subobjects  N,  N'  are  equal  if  there  exists  an  isomorphism  N — >•  N'  compatible 
with  the  morphisms  to  X.  The  collection  of  subobjects  forms  a partially  ordered 
set.  (Because  of  our  conventions  on  categories;  not  true  for  category  of  spaces  up 
to  homotopy  for  example.) 

017P  Definition  14.18.1.  Let  C be  a category  which  admits  finite  nonempty  coprod- 
ucts. We  say  a simplicial  object  U of  C is  split  if  there  exist  subobjects  N(Um)  of 
Um . m > 0 with  the  property  that 

017Q  (14.18.1.1)  TT  r , r , . . N(Um)  — > Un 

*-tp:  [nj— >-[mJ  surjective 

is  an  isomorphism  for  all  n > 0. 

If  this  is  the  case,  then  N(Uq)  = Uq.  Next,  we  have  U\  = Uq  II  N{U\).  Second  we 
have 

u2  = u0  n n{Ui)  n n(Ui)  n n{u2). 

It  turns  out  that  in  many  categories  C every  simplicial  object  is  split. 

017R  Lemma  14.18.2.  Let  U be  a simplicial  set.  Then  U has  a splitting  with  N(Um) 
equal  to  the  set  of  nondegenerate  m-simplices. 

Proof.  Let  x £ Un.  Suppose  that  there  are  surjections  ip  : [n]  — >•  [k]  and  if  : 
[n\  — >•  [Z]  and  nondegenerate  simplices  y £ Uu,  z £ Ui  such  that  x = U(ip)(y)  and 
x = U(if)(z).  Choose  a right  inverse  £ : [Z]  — > [n]  of  if,  i.e.,  if  o £ = idpj . Then 
z = Z7(£)(x).  Hence  0 = U(£)(x)  = U{ip  o Z){y).  Since  z is  nondegenerate  we 
conclude  that  </?o^  : [Z]  — > [fc]  is  surjective,  and  hence  l > k.  Similarly  k>  l.  Hence 
we  see  that  (po£  : [l]  ^ [k]  has  to  be  the  identity  map  for  any  choice  of  right  inverse 
^ of  if.  This  easily  implies  that  if  = <p.  □ 

Of  course  it  can  happen  that  a map  of  simplicial  sets  maps  a nondegenerate  n- 
simplex  to  a degenerate  n-simplex.  Thus  the  splitting  of  Lemma  |14.18.2|  is  not 
functorial.  Here  is  a case  where  it  is  functorial. 

017S  Lemma  14.18.3.  Let  f : U V be  a morphism  of  simplicial  sets.  Suppose  that 
(a)  the  image  of  every  nondegenerate  simplex  ofU  is  a nondegenerate  simplex  ofV 
and  (b)  no  two  nondegenerate  simplices  ofU  are  mapped  to  the  same  simplex  ofV. 
Then  fn  is  injective  for  all  n.  Same  holds  with  “ injective ” replaced  by  “surjective” 
or  “bijective” . 

Proof.  Under  hypothesis  (a)  we  see  that  the  map  / preserves  the  disjoint  union 
decompositions  of  the  splitting  of  Lemma [14.18.2[  in  other  words  that  we  get  com- 
mutative diagrams 

>[m]  surjective  N(Um)  ^ Un 

Y 

I— t ; [77.]  — ; >[m]  surjective  N(Vm) *-  Vn. 

And  then  (b)  clearly  shows  that  the  left  vertical  arrow  is  injective  (resp.  surjective, 
resp.  bijective).  □ 
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017T  Lemma  14.18.4.  Let  U be  a simplicial  set.  Let  n > 0 be  an  integer.  The  rule 

u'm  = U , i n -<■ 
ip:[m\— >•  [zj , 2<n 

defines  a sub  simplicial  set  U'  C U with  U[  = Ui  for  i < n.  Moreover,  all  m- 
simplices  of  U1  are  degenerate  for  all  m > n. 


Proof.  If  a;  £ Um  and  x = U(p)(y)  for  some  y £ Ui,  i < n and  some  ip  : [to]  — )•  [*] 
then  any  image  U(ip)(x)  for  any  if  : [m']  —>  [m]  is  equal  to  U(tp  o if)(y)  and 
ip  o ijj  : [m']  — >•  [*].  Hence  U'  is  a simplicial  set.  By  construction  all  simplices  in 
dimension  n + 1 and  higher  are  degenerate.  □ 

017U  Lemma  14.18.5.  Let  U be  a simplicial  abelian  group.  Then  U has  a splitting 
obtained  by  taking  N(Uq)  = Uq  and  for  m>  1 taking 

N(Um)  = n'7  Ker{d?). 

Moreover,  this  splitting  is  functorial  on  the  category  of  simplicial  abelian  groups. 


Proof.  By  induction  on  n we  will  show  that  the  choice  of  N(Um)  in  the  lemma 
guarantees  that  (14.18.1.1)  is  an  isomorphism  for  m < n.  This  is  clear  for  n = 0. 
In  the  rest  of  this  proof  we  are  going  to  drop  the  superscripts  from  the  maps  di  and 
Si  in  order  to  improve  readability.  We  will  also  repeatedly  use  the  relations  from 
Remark  114.3.31 


First  we  make  a general  remark.  For  0 < i < m and  z £ Um  we  have  di(si(z))  = z. 
Hence  we  can  write  any  x £ Um+ 1 uniquely  as  x = x'  + x"  with  dt{x')  = 0 and 
x"  £ Im(si)  by  taking  x'  = (x  — Si(di(x)))  and  x"  = st(di(x)).  Moreover,  the 
element  z £ Um  such  that  x"  = Si(z)  is  unique  because  Si  is  injective. 

Here  is  a procedure  for  decomposing  any  x £ Un+i.  First,  write  x = xq  + so(zo) 
with  do(xo)  = 0.  Next,  write  xq  = xi  + with  dn{x i)  = 0.  Continue  like  this 

to  get 

x = x0  + So(Zo), 

Xq  = X\  + si(zi), 

Xi  = x2  + s2{z2), 


Xn  — l — Xn  Sn{Zn) 

where  dj  (xj)  = 0 for  all  i = n, . . . , 0.  By  our  general  remark  above  all  of  the  Xi  and 
Zi  are  determined  uniquely  by  x.  We  claim  that  xi  £ Ker(d0)nKer(di)n. . .DKer(di) 
and  Zi  £ Ker(fly)  fl  ...  Cl  Ker(di_i)  for  i = n, . . . , 0.  Here  and  in  the  following  an 
empty  intersection  of  kernels  indicates  the  whole  space;  i.e. , the  notation  Zq  £ 
Ker(do)  D . . . D Ker(di_i)  when  i = 0 means  Zq  £ Un  with  no  restriction. 

We  prove  this  by  ascending  induction  on  i.  It  is  clear  for  i = 0 by  construction  of 
Xo  and  zq.  Let  us  prove  it  for  0 < i < n assuming  the  result  for  i — 1.  First  of  all  we 
have  di(xi)  = 0 by  construction.  So  pick  a j with  0 < j < i.  We  have  dj(xi-i)  = 0 
by  induction.  Hence 

0 — dj(xi-i)  — dj(xi)  T dji^Sii^zffj  — dj(xf)  T 

The  last  equality  by  the  relations  of  Remark  |14.3.3|  These  relations  also  imply 
that  di_i(dj{xi))  = dj(di(xi ))  = 0 because  di(xi)  = 0 by  construction.  Then  the 
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uniqueness  in  the  general  remark  above  shows  the  equality  0 = x'  + x"  = dj(xi)  + 
Si-i(dj(zi))  can  only  hold  if  both  terms  are  zero.  We  conclude  that  dj(Xi)  = 0 and 
by  injectivity  of  Sj_i  we  also  conclude  that  dj(zi)  = 0.  This  proves  the  claim. 

The  claim  implies  we  can  uniquely  write 

x = s0(-o)  + si(zi)  + . . . + sn(zn)  + x0 

with  Xq  G N(Un+ 1)  and  Zi  G Ker(d0)  H . . . fl  Ker(dj_i).  We  can  reformulate  this  as 
saying  that  we  have  found  a direct  sum  decomposition 

Un+i  = N(Un+i)  ® ©:::  Si^Ker(do)  fl . . . n Ker(di_i)^ 

with  the  property  that 

Ker(do)  fl . . . n Ker(dj)  = N(Un+i)  ® ^ Si  ^Ker(dn)  fl . . . n Ker(d;_i)^ 

for  j = 0 ,n.  The  result  follows  from  this  statement  as  follows.  Each  of  the  z^ 
in  the  expression  for  x can  be  written  uniquely  as 

Zi  = Si(Zii)  + ■ • • + sn—l(z.in_i)  + Zifi 

with  Zit o G N(Un)  and  ^ • G Ker(d0)  D . . . D Ker(dj_i).  The  first  few  steps  in  the 
decomposition  of  Zi  are  zero  because  Z{  already  is  in  the  kernel  of  do, ... , d, . This 
in  turn  uniquely  gives 

x = x0  + s0(2o,o)  + Si(wo)  + ■ ■ ■ + Sn(znfi)  + V'  n Si(Sj(z'ij)). 

Continuing  in  this  fashion  we  see  that  we  in  the  end  obtain  a decomposition  of  x 
as  a sum  of  terms  of  the  form 


$22 


■ sik{z ) 


with  0 < i\  < i2  < . . . < ik  < n — k + 1 and  z G N(Un+i-k).  This  is  exactly  the 
required  decomposition,  because  any  surjective  map  [n  + 1]  — > [n  + 1 — k]  can  be 
uniquely  expressed  in  the  form 

„n—k  ^.n—  1 __n 

aik  •••%  ah 

with  0 < ii  < i2  < . . . < i^  < n — k + 1.  □ 


017V  Lemma  14.18.6.  Let  A be  an  abelian  category.  Let  U be  a simplicial  object  in 
A.  Then  U has  a splitting  obtained  by  taking  N(Uq)  = Uo  and  for  m > 1 taking 

N(Um)  = n"1'1  I<er(d: ?). 

1 >2  = 0 

Moreover,  this  splitting  is  functorial  on  the  category  of  simplicial  objects  of  A. 


Proof.  For  any  object  A of  A we  obtain  a simplicial  abelian  group  Mota(A,U). 
Each  of  these  are  canonically  split  by  Lemma[l4.18.5  Moreover, 

N(MoiA(A,Um))  = n^Ker^™)  = Mov  A(  A,  N(Um)). 

1 >2=0 


Hence  we  see  that  the  morphism  (|14.18.1.T ) becomes  an  isomorphism  after  applying 
the  functor  Mor_/i(kl,  — ) for  any  object  of  A.  Hence  it  is  an  isomorphism  by  the 
Yoneda  lemma.  □ 
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017W 


017X 


017Y 


OAMA 


0181 


Lemma  14.18.7.  Let  A be  an  abelian  category.  Let  / : U —¥  V be  a morphism 
of  simplicial  objects  of  A.  If  the  induced  morphisms  N(f)i  : N(U)i  N(V)i  are 
injective  for  all  i,  then  fa  is  injective  for  all  i.  Same  holds  with  “ injective ” replaced 
with  “surjective” , or  “isomorphism” . 

Proof.  This  is  clear  from  Lemma [14. 18. 6|  and  the  definition  of  a splitting.  □ 


Lemma  14.18.8.  Let  A be  an  abelian  category.  Let  U be  a simplicial  object  in 
A.  Let  N(Um)  as  in  Lemma  If. 18. 6 above.  Then  drffl{N{Um))  C N(Um- 1). 


Proof.  For  j = 0, 

114.3.31  The  result  follows. 


m— 2 we  have  d™  1d™  = by  the  relations  in  Remark 

□ 


Lemma  14.18.9.  Let  A be  an  abelian  category.  Let  U be  a simplicial  object  of 
A.  Let  n > 0 be  an  integer.  The  rule 


Im(U(ip)) 


defines  a sub  simplicial  object  U'  C U with  U[  = Ui  for  i < n.  Moreover,  N{U'm)  = 
0 for  all  m > n. 


Proof.  Pick  m,  i < n and  some  ip  : [m]  — » [*].  The  image  under  U(ip)  of  Im(t/(y>)) 
for  any  ip  : [m'\  — > [to]  is  equal  to  the  image  of  U(tpoip ) and  ipo ip  : [ml]  — > [*].  Hence 
U'  is  a simplicial  object.  Pick  to.  > n.  We  have  to  show  N(U'n J = 0.  By  definition 
of  N(Um)  and  N(U'm)  we  have  N{U'm)  = U'mC\  N(Um)  (intersection  of  subobjects). 
Since  U is  split  by  Lemma  14.18.6  it  suffices  to  show  that  U'm  is  contained  in  the 
sum 


E 


ip:[m]—t[m']  surjective,  m' <m 


lm(U  (ip)  | N(umt ) ) ■ 


By  the  splitting  each  Um<  is  the  sum  of  images  of  N(Um")  via  U(ip)  for  surjective 
maps  ip  : [to7]  — > [to"].  Hence  the  displayed  sum  above  is  the  same  as 


V 

^—^<p:[m\—>[m']  surjective,  m' <ra 


Im(E%)). 


Clearly  U'm  is  contained  in  this  by  the  simple  fact  that  any  p>  : [to]  — > [i],  i < n 
occurring  in  the  definition  of  U'm  may  be  factored  as  [to]  [to']  — »•  [i]  with  [to]  — > 
[to']  surjective  and  m!  < to  as  in  the  last  displayed  sum  above.  □ 


14.19.  Coskeleton  functors 

Let  C be  a category.  The  coskeleton  functor  (if  it  exists)  is  a functor 

cosk„  : Simp„(C)  — > Simp(C) 

which  is  right  adjoint  to  the  skeleton  functor.  In  a formula 

(14.19.0.1)  MorSimp(c)(H,cosknV)  = MorSimPri(c)(skn[7,  V) 

Given  a n-truncated  simplicial  object  V we  say  that  cosknV  exists  if  there  exists  a 
cosk„P  G Ob(Simp(C))  and  a morphism  skncosknP  — » V such  that  the  displayed 
formula  holds,  in  other  words  if  the  functor  U i— > MorsimPri(c)(sk„{7,  V)  is  repre- 
sentable. If  it  exists  it  is  unique  up  to  unique  isomorphism  by  the  Yoneda  lemma. 
See  Categories,  Section  |4~3| 
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0182  Example  14.19.1.  Suppose  the  category  C has  finite  nonempty  self  products.  A 
0-truncated  simplicial  object  of  C is  the  same  as  an  object  X of  C.  In  this  case  we 
claim  that  cosko(X)  is  the  simplicial  object  U with  Un  = Xn+1  the  (n+  l)-fold  self 
product  of  X , and  structure  of  simplicial  object  as  in  Example  |14.3.5|  Namely,  a 
morphism  V — > U where  V is  a simplicial  object  is  given  by  morphisms  Vn  — > Xn+1, 
such  that  all  the  diagrams 


Vn 


VX[0]— ►[n],0,-+i) 


Vo 


■ xn+1 


■ X 


commute.  Clearly  this  means  that  the  map  determines  and  is  determined  by  a 


unique  morphism  Vq  — > X.  This  proves  that  formula  (14.19.0.11  holds. 


Recall  the  category  A/[n],  see  Example  14.11.4  We  let  (A/[n])<m  denote  the  full 
subcategory  of  A/[n]  consisting  of  objects  [fcj  — > [n]  of  A/[n]  with  k < m.  In  other 
words  we  have  the  following  commutative  diagram  of  categories  and  functors 


(A /[n])<m A/[n] 

A <m A 


Given  a m-truncated  simplicial  object  U of  C we  define  a functor 

U(n)  : (A/[n])<^  > C 

by  the  rules 

{[k]  -t  [n])  i — Uk 

ip  : ([k']  -)■  [n])  -)•  ([k]  ->■  [n])  i — > U{ip)  : Uk  Uk> 

For  a given  morphism  tp  : [n]  [n'\  of  A we  have  an  associated  functor 

Tp  : (A/[n])<m  — » (A /[n'])<m 

which  maps  a : [fc]  — >•  [n]  to  ip  o a : [fe]  — > [n'\.  The  composition  U(n')  o Tp  is  equal 
to  the  functor  U (n) . 

0183  Lemma  14.19.2.  If  the  category  C has  finite  limits,  then  coskm  functors  exist 
for  all  m.  Moreover,  for  any  m-truncated  simplicial  object  U the  simplicial  object 
coskmU  is  described  by  the  formula 


( coskmU)n  = lim(A/M)°OT  U(n ) 

and  for  tp  : [n]  -4  [n']  the  map  coskmU (ip)  comes  from  the  identification  U(n')otp  = 
U(n)  above  via  Categories,  Lemma  j.lj.8. 


Proof.  During  the  proof  of  this  lemma  we  denote  coskm{7  the  simplicial  object 
with  (coskmC/)n  equal  to  lhn(A/[n])°pp  U(n).  We  will  conclude  at  the  end  of  the 
proof  that  it  does  satisfy  the  required  mapping  property. 


Suppose  that  V is  a simplicial  object.  A morphism  7 : V — > cosk mU  is  given  by  a 
sequence  of  morphisms  : Vn  — i * (cosk mU)n.  By  definition  of  a limit,  this  is  given 
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by  a collection  of  morphisms  7(a)  : Vn  ^ Uk  where  a ranges  over  all  a : [fc]  — ► [n] 
with  k < m.  These  morphisms  then  also  satisfy  the  rules  that 


Vn 

V(<p) 

Vr 


7(«) 


7(“') 


Uk 


um 


uv 


are  commutative,  given  any  0 < fc,  k!  < m,  0 < n,n'  and  any  ip  : [k]  — > [k']1 
ip  : [n]  — S ► [n'\,  a : [k]  — > [n]  and  a'  : [ k ']  -4  [: n ']  in  A such  that  ip  o a = a'  o ip. 
Taking  n = k,  ip  = a' , and  a = ip  = id[^j  we  deduce  that  7(0/)  = 7(id[^)  o V(a'). 
In  other  words,  the  morphisms  7(id[/cj),  k < m determine  the  morphism  7.  And  it 
is  easy  to  see  that  these  morphisms  form  a morphism  skmI/  — >■  U . 

Conversely,  given  a morphism  7 : sk^C  — > C7,  we  obtain  a family  of  morphisms  7(a) 
where  a ranges  over  all  a : [fc]  — > [n]  with  k < m by  setting  7(a)  = 7(id[fcj)  o V(a). 
These  morphisms  satisfy  all  the  displayed  commutativity  restraints  pictured  above, 
and  hence  give  rise  to  a morphism  V — > coskm?7.  □ 

0184  Lemma  14.19.3.  Let  C be  a category.  Let  U be  an  m-truncated  simplicial  object 
of  C.  For  n < m the  limit  lim^/^popp  U(n)  exists  and  is  canonically  isomorphic 
to  Un . 


Proof.  This  is  true  because  the  category  (A/[n])<m  has  an  final  object  in  this 
case,  namely  the  identity  map  [n]  — > [n].  □ 

0185  Lemma  14.19.4.  Let  C be  a category  with  finite  limits.  Let  U be  an  n-truncated 
simplicial  object  ofC.  The  morphism  skncosknU  — > U is  an  isomorphism. 

Proof.  Combine  Lemmas  Il4.19.2l  and  114.19.31  □ 


0186 


Let  us  describe  a particular  instance  of  the  coskeleton  functor  in  more  detail.  By 
abuse  of  notation  we  will  denote  sk„  also  the  restriction  functor  Simp„,(C)  — >■ 
Simpn(C)  for  any  n!  > n.  We  are  going  to  describe  a right  adjoint  of  the  functor  sk„  : 
Simpn+1(C)  -4  Simpn(C).  For  n > 1,  0 < i < j < n+ 1 define  : [n—  1]  -4  [n+1] 
to  be  the  increasing  map  omitting  i and  j.  Note  that  S^j1  = 5™+1o5f  = 
see  Lemma  14.2.3  This  motivates  the  following  lemma. 


14.19.5.  Let  n be  an  integer  > 1.  Let  U be  a n-truncated  simplicial 
C.  Consider  the  contravariant  functor  from  C to  Sets  which  associates  to 
an  object  T the  set 


Lemma 

object  of 


{(/o,  • • • , fn+ 1)  e More  (T,  Un)  | d'l  o/i  = d|,o/jV0<j<j<n+l} 
If  this  functor  is  representable  by  some  object  t/n+i  ofC,  then 

Un+i  = lim(A/[„+i])°w  U(n) 


Proof.  The  limit,  if  it  exists,  represents  the  functor  that  associates  to  an  object  T 
the  set 


{(/a)a:[fc]— ^[n+l],fc<n  I /qo^j  — LJ flp^j  0 fa  V Ip  ’.  [fc  ] t [k] , OL  \ [fc]  ^ \jl  T 1]}- 

In  fact  we  will  show  this  functor  is  isomorphic  to  the  one  displayed  in  the  lemma. 
The  map  in  one  direction  is  given  by  the  rule 
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This  satisfies  the  conditions  of  the  lemma  because 


d]_l0fsn+1=fs. 


‘o  5" 


= fs 


‘o  S’. 


= d?ofs 


by  the  relations  we  recalled  above  the  lemma.  To  construct  a map  in  the  other 
direction  we  have  to  associate  to  a system  (/o, . . . , fn+i)  as  in  the  displayed  formula 
of  the  lemma  a system  of  maps  fa.  Let  a : [k]  — > [n  + 1]  be  given.  Since  k < n the 
map  a is  not  surjective.  Hence  we  can  write  a = 6™+1  o if  for  some  0 < * < n + 1 
and  some  if  : [fc]  — > [n],  We  have  no  choice  but  to  define 


fa  = U(if)o  /;. 


Of  course  we  have  to  check  that  this  is  independent  of  the  choice  of  the  pair  (i,ip). 
First,  observe  that  given  i there  is  a unique  if  which  works.  Second,  suppose  that 
(j,  <f)  is  another  pair.  Then  i ^ j and  we  may  assume  i < j.  Since  both  i,j  are 
not  in  the  image  of  a we  may  actually  write  a = o £ and  then  we  see  that 
if  = Sj_1  o £ and  <f>  = 8™  o £.  Thus 


U(8j_1  o£)  o fa 

U (</>)  O fj 


as  desired.  We  still  have  to  verify  that  the  maps  fa  so  defined  satisfy  the  rules  of 
a system  of  maps  ( fa)a . To  see  this  suppose  that  if  : [k'\  — ► [fc],  a : [fe]  — > [n  + 1] 
with  k,  k'  < n.  Set  a'  = a o if.  Choose  i not  in  the  image  of  a.  Then  clearly  i is 
not  in  the  image  of  a'  also.  Write  a = <5"+1  o cf>  (we  cannot  use  the  letter  if  here 
because  we’ve  already  used  it).  Then  obviously  a!  = <5"+1  ocfoif.  By  construction 
above  we  then  have 


U(if)  ° fa  = u {if)  O U{<t>)  O fi  = u{(f  O if)  o fi  = fao ^ = fa, 

as  desired.  We  leave  to  the  reader  the  pleasant  task  of  verifying  that  our  construc- 
tions are  mutually  inverse  bijections,  and  are  functorial  in  T.  □ 

0187  Lemma  14.19.6.  Let  n be  an  integer  > 1.  Let  U be  a n-truncated  simplicial 
object  ofC.  Consider  the  contravariant  functor  from  C to  Sets  which  associates  to 
an  object  T the  set 

{(/o,  • • • , fn+i)  G More  (T,  Un)  | o/i  = <o/jV0<i<j<n  + l} 

If  this  functor  is  representable  by  some  object  Un+ 1 ofC,  then  there  exists  an  (n+1)- 
truncated  simplicial  object  U,  with  sknU  = U and  Un+i  = Un+i  such  that  the 
following  adjointness  holds 

Simpn+1(C){V1  U)  Mor Si7npn{C){^knV^  U) 

Proof.  By  Lemma  [14. 19. 3|  there  are  identifications 

Ui  = lim(A/[i])opp  U{i) 
for  0 < i < n.  By  Lemma [14. 19. 5|  we  have 

Un+ 1 = lim(A/[n+1])°K>  U(n). 
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0189 


Thus  we  may  define  for  any  ip  : [z]  — > [;j  with  i.  j < n + 1 the  corresponding  map 


U(tp)  : Uj  —¥  Ui  exactly  as  in  Lemma 
simplicial  object  U with  sk nU  = U . 


14.19.2 


This  defines  an  (n  + l)-truncated 


To  see  the  adjointness  we  argue  as  follows.  Given  any  element  7 : sknV  — > U 
of  the  right  hand  side  of  the  formula  consider  the  morphisms  fi  = yn  o df+1  : 
Vn+\  — > Vn  — > Un.  These  clearly  satisfy  the  relations  df_1  o /,  = d!f  o fj  and  hence 
define  a unique  morphism  Vn+ 1 — > Un+ 1 by  our  choice  of  Un+ 1.  Conversely,  given 
a morphism  7'  : V — > U of  the  left  hand  side  we  can  simply  restrict  to  A<„  to 
get  an  element  of  the  right  hand  side.  We  leave  it  to  the  reader  to  show  these  are 
mutually  inverse  constructions.  □ 


Remark  14.19.7.  Let  U,  and  Un+i  be  as  in  Lemma  14.19.6  On  T-valued  points 
we  can  easily  describe  the  face  and  degeneracy  maps  of  U . Explicitly,  the  maps 
di+1  : Un+ 1 ->•  Un  are  given  by 


And  the  maps  s 1?  : Un 


(/0)  • • • ) fn+ 1) 

Un+1  are  given  by 


fi- 


f 


/ un—  1 _ in—  1 _ p 

\Sj-l  ° ^0  ° ft 

„n—  1 _ m— 1 _ r 
sj—  1 0 0 J-, 


un—  1 _ 7Ti—  1 _ p 

si- 1 0 dj-i  0 /> 


n—  1 _ in — 1 _ p 

0 OJ, 


*3+ 1 

0^+2°/, 


srlorf: 


'71—1 


/) 


where  we  leave  it  to  the  reader  to  verify  that  the  RHS  is  an  element  of  the  displayed 


set  of  Lemma  14.19.6  For  n = 0 there  is  one  map,  namely  / 1— > (/,  /).  For  n = 1 
there  are  two  maps,  namely  / 1— > (/,  /,  sodif)  and  / 1— > (sodof,f,f).  For  n = 2 
there  are  three  maps,  namely  / (/,  /,  s0di/,  s0d2f),  f (s0d0f,f,f,sid2f), 

and  / 1 — ^ ( Si  do/ 1 S\d\f1  /,  /).  And  so  on  and  so  forth. 


14.19.6 


above  in  the  case  of  sim- 


Remark  14.19.8.  The  construction  of  Lemma 
plicial  sets  is  the  following.  Given  an  n-truncated  simplicial  set  U,  we  make  a 
canonical  (n  + l)-truncated  simplicial  set  U as  follows.  We  add  a set  of  (n  + 1)- 
simplices  Un+ 1 by  the  formula  of  the  lemma.  Namely,  an  element  of  Un+i  is  a 
numbered  collection  of  (/o, . . . , fn+ 1)  of  n-simplices,  with  the  property  that  they 
glue  as  they  would  in  a (n  + l)-simplex.  In  other  words,  the  ?’th  face  of  fj  is  the 
(j  — l)st  face  of  fi  for  i < j.  Geometrically  it  is  obvious  how  to  define  the  face 
and  degeneracy  maps  for  U.  If  V is  an  ( n + l)-truncated  simplicial  set,  then  its 
(n  + l)-simplices  give  rise  to  compatible  collections  of  n-simplices  (/0, . . . , fn+i) 
with  fi  £ Vn.  Hence  there  is  a natural  map  Mor(sknF,  U)  — > MorfV,  U)  which  is 
inverse  to  the  canonical  restriction  mapping  the  other  way. 
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Also,  it  is  enough  to  do  the  combinatorics  of  the  construction  in  the  case  of  trun- 
cated simplicial  sets.  Namely,  for  any  object  T of  the  category  C,  and  any  n- 
truncated  simplicial  object  U of  C we  can  consider  the  n-truncated  simplicial  set 
Mor(T,  U).  We  may  apply  the  construction  to  this,  and  take  its  set  of  (n  + 1)- 
simplices,  and  require  this  to  be  representable.  This  is  a good  way  to  think  about 
the  result  of  Lemma  114.19.61 


018A 


Remark  14.19.9.  Inductive  construction  of  coskeleta.  Suppose  that  C is  a cat- 
egory with  finite  limits.  Suppose  that  U is  an  m-truncated  simplicial  object  in  C. 
Then  we  can  inductively  construct  n-truncated  objects  Un  as  follows: 


(1)  To  start,  set  Um  = U. 

(2)  Given  Un  for  n > m set  Un+1  = Un,  where  Un  is  constructed  from  Un 
as  in  Lemmari4.19.6l 


Since  the  construction  of  Lemma  14.19.6  has  the  property  that  it  leaves  the  71- 
skeleton  of  Un  unchanged,  we  can  then  define  coskm/7  to  be  the  simplicial  object 
with  (coskm17)„  = [/"  = /7"+1  = . . ..  And  it  follows  formally  from  Lemma  14.19.6 
that  Un  satisfies  the  formula 


Mor  SimPn(c)(V,E/")  = MorSimPm(c)(skmV,t/) 
for  all  n > m.  It  also  then  follows  formally  from  this  that 


MorSimp(e)  (V,  coskTO17)  = MorSimPm(c)(skmP,  U) 

with  coskmf7  chosen  as  above. 

018B  Lemma  14.19.10.  Let  C be  a category  which  has  finite  limits. 

(1)  For  every  n the  functor  skn  : Simp{C ) — > Simpn{C)  has  a right  adjoint 
coskn . 

(2)  For  every  n'  > n the  functor  skn  : Simpn,(C ) — > Simpn(C)  has  a right 
adjoint,  namely  skn ' coskn . 

(3)  For  every  m > n > 0 and  every  n-truncated  simplicial  object  U of  C we 
have  coskmskmcosknU  = cosknU. 

(4)  IfU  is  a simplicial  object  ofC  such  that  the  canonical  map  U —¥  cosknsknU 
is  an  isomorphism  for  some  n > 0,  then  the  canonical  map  U — > coskmskmU 
is  an  isomorphism  for  all  m > n. 


Proof.  The  existence  in  (1)  follows  from  Lemma  14.19.2  above.  Parts  (2)  and  (3) 
follow  from  the  discussion  in  Remark  14.19.9  After  this  (4)  is  obvious.  □ 


09VS  Remark  14.19.11.  We  do  not  need  all  finite  limits  in  order  to  be  able  to  define 
the  coskeleton  functors.  Here  are  some  remarks 


(1)  We  have  seen  in  Examples  14.19.1  that  if  C has  products  of  pairs  of  objects 
then  cosko  exists. 

(2)  For  k > 0 the  functor  cosk*,  exists  if  C has  finite  connected  limits. 

This  is  clear  from  the  inductive  procedure  of  constructing  coskeleta  (Remarks 


14.19.8  and  14.19.9)  but  it  also  follows  from  the  fact  that  the  categories  (A/[n])<fc 


for  k > 1 and  n > k + 1 used  in  Lemma  |14.19.2  are  connected.  Observe  that  we 
do  not  need  the  categories  for  n < k by  Lemma  14.19.3  or  Lemma  14.19.4  (As  k 
gets  higher  the  categories  (A /[n])<fc  for  k > 1 and  n > k + 1 are  more  and  more 
connected  in  a topological  sense.) 
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018C 


018D 


08NJ 


018E 


Lemma  14.19.12.  Let  U , V be  n-truncated  simplicial  objects  of  a category  C. 
Then 


coskn(U  x V)  = cosknU  x cosknV 
whenever  the  left  and  right  hand  sides  exist. 


Proof.  Let  IP  be  a simplicial  object.  We  have 


Mor(W, cosk„([/  x V)) 


The  lemma  follows. 


Mor(sk„tP,  U x V) 

Mor(sk„fP  U)  x Mor(sk„IF,  V) 
Mor(W,  cosk„t/)  x Mor(W,  cosk„P) 
Mor(W,  cosk„17  x cosk„P) 


□ 


Lemma  14.19.13.  Assume  C has  fibre  products.  LetU,V,W  be  n-truncated  sim- 
plicial objects  of  the  category  C.  Then 

COSkn(V  XuW)  = cosknU  X cosknU  COSknV 


whenever  the  left  and  right  hand  side  exist. 


Proof.  Omitted,  but  very  similar  to  the  proof  of  Lemma  14.19.12  above. 


□ 


Lemma  14.19.14.  Let  C be  a category  with  finite  limits.  Let  X £ Ob(C).  The 
functor  C / X — > C commutes  with  the  coskeleton  functors  coskk  for  k > 1 . 


Proof.  The  statement  means  that  if  U is  a simplicial  object  of  C/X  which  we  can 
think  of  as  a simplicial  object  of  C with  a morphism  towards  the  constant  simplicial 
object  X,  then  cosk kU  computed  in  C/X  is  the  same  as  computed  in  C.  This  follows 
for  example  from  Categories,  Lemma 


k > 1 and  n > k + 1 used  in  Lemma 


4.16.2  because  the  categories  (A/[n])<fc  for 


14.19.21  are  connected.  Observe  that  we  do 


not  need  the  categories  for  n < k by  Lemma [14.19.3  or  Lemma  14.19.4 


□ 


Lemma  14.19.15.  The  canonical  map  A[n]  — > cosfci  sfci  A [n]  is  an  isomorphism. 

Proof.  Consider  a simplicial  set  U and  a morphism  /:[/—>•  A[n].  This  is  a rule 
that  associates  to  each  u £ Ui  a map  fu  : [*]  — >•  [n]  in  A.  Furthermore,  these 
maps  should  have  the  property  that  fu  o ip  = fu(ip)(u)  for  any  ip  : [j]  — >•  [z].  Denote 
ej  : [0]  — > [z]  the  map  which  maps  0 to  j.  Denote  F : Uq  — ► [n]  the  map  u i-»  /„( 0). 
Then  we  see  that 

UU)  = F(e)(u)) 

for  all  0 < j < i and  u £ Ui.  In  particular,  if  we  know  the  function  F then  we  know 
the  maps  fu  for  all  u £ Ui  all  z.  Conversely,  given  a map  F : Uq  —>  [n],  we  can  set 
for  any  z,  and  any  u £ Ui  and  any  0 < j < z 


fuU)  = F(e)(u)) 

This  does  not  in  general  define  a morphism  / of  simplicial  sets  as  above.  Namely, 
the  condition  is  that  all  the  maps  fu  are  nondecreasing.  This  clearly  is  equivalent 
to  the  condition  that  F(e*(zz))  < F(e1j,(u))  whenever  0 < j < j'  < i and  u £ Ui. 
But  in  this  case  the  morphisms 


e),e),  : [0] 
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both  factor  through  the  map  e*  ■,  : [1]  -A  [i]  defined  by  the  rules  0 j,  1 i -A  /.  In 
other  words,  it  is  enough  to  check  the  inequalities  for  i = \ and  u £ X\.  In  other 
words,  we  have 

Mor(f7,  A[n])  = Mor^kxt/,  skiA[n]) 

as  desired.  □ 


14.20.  Augmentations 

018F 

018G  Definition  14.20.1.  Let  C be  a category.  Let  U be  a simplicial  object  of  C.  An 
augmentation  e : U — > X ofU  towards  an  object  X of  C is  a morphism  from  U into 
the  constant  simplicial  object  X. 

018H  Lemma  14.20.2.  LetC  be  a category.  Let  X £ Ob(C).  Let  U be  a simplicial  object 
of  C.  To  give  an  augmentation  of  U towards  X is  the  same  as  giving  a morphism 
eo  : Uo  — i ► X such  that  eo  o dj  = e0  o d\. 

Proof.  Given  a morphism  e : U — > X we  certainly  obtain  an  eo  as  in  the  lemma. 
Conversely,  given  eo  as  in  the  lemma,  define  en  : Un  — > X by  choosing  any  morphism 
a : [0]  — > [n]  and  taking  e„  = eo  o U(a).  Namely,  if  /3  : [0]  — > [n]  is  another  choice, 
then  there  exists  a morphism  7 : [1]  — ► [n]  such  that  a and  /?  both  factor  as 
[0]  -A  [1]  -A  [n].  Hence  the  condition  on  eo  shows  that  en  is  well  defined.  Then  it  is 
easy  to  show  that  (e„)  : U — > X is  a morphism  of  simplicial  objects.  □ 


0181  Lemma  14.20.3.  Let  C be  a category  with  fibred  products.  Let  f : Y -A  X be  a 
morphism  ofC.  Let  U be  the  simplicial  object  of  C whose  nth  term  is  the  ( n+l)fold 
fibred  product  Y Xx  Y Xx  ■ ■ ■ Xx  Y.  See  Example  If  .3.5.  For  any  simplicial  object 
V of  C we  have 


Mor Silnp(C)(V,U)  = Mor Simpi(Q(skiV,  sk\U) 

= {.90  : V0  -A  Y | / o g0  o dj  = / o g0  o d}} 

In  particular  we  have  U = coski  skill. 

Proof.  Suppose  that  g : skiF  -a  skit/  is  a morphism  of  1-truncated  simplicial 
objects.  Then  the  diagram 


d. 


Vi 


0 


'V0 


9 1 

YxxY 


di 

Pr  1 


9o 


v 


pr0 


X 


is  commutative,  which  proves  that  the  relation  shown  in  the  lemma  holds.  We  have 
to  show  that,  conversely,  given  a morphism  go  satisfying  the  relation  / o g0  o dj  = 
f o g0  o d{  we  get  a unique  morphism  of  simplicial  objects  g : V -A  U.  This  is  done 
as  follows.  For  any  n > 1 let  gn>i  = g0  o P([0]  -A  [n],0  A*)  : Vn  Af.  The  equality 
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above  implies  that  / o gni  = f o gn>i+ 1 because  of  the  commutative  diagram 


Hence  we  get  (gnyo,  ■ . . ,gn,n ) -Vn— ^Yxx---XxY  = Un.  We  leave  it  to  the  reader 
to  see  that  this  is  a morphism  of  simplicial  objects.  The  last  assertion  of  the  lemma 
is  equivalent  to  the  first  equality  in  the  displayed  formula  of  the  lemma.  □ 

018J  Remark  14.20.4.  Let  C be  a category  with  fibre  products.  Let  V be  a simplicial 
object.  Let  e : V — > X be  an  augmentation.  Let  U be  the  simplicial  object  whose 
nth  term  is  the  (n  + l)st  fibred  product  of  Vo  over  A'.  By  a simple  combination  of 
Lemmas  |14.20.2|  and  |14.20.3|  we  obtain  a canonical  morphism  V — > U. 


018K 


14.21.  Left  adjoints  to  the  skeleton  functors 

In  this  section  we  construct  a left  adjoint  im\  of  the  skeleton  functor  skm  in  certain 
cases.  The  adjointness  formula  is 

MorSimPm(c)(C/,skmH)  = MorSimp(c)  (im\ U,V). 

It  turns  out  that  this  left  adjoint  exists  when  the  category  C has  finite  colimits. 


018L 


We  use  a similar  construction  as  in  Section  14.12  Recall  the  category  [n]/A  of 
objects  under  [n],  see  Categories,  Example  4.2.14  Its  objects  are  morphisms  a : 
[n]  — > [k]  and  its  morphisms  are  commutative  triangles.  We  let  ([n]/A)<m  denote 
the  full  subcategory  of  [n]/A  consisting  of  objects  [n]  — > [k]  with  k < m.  Given  a 
m-truncated  simplicial  object  U of  C we  define  a functor 

U(n):([n]/A)°^— >C 

by  the  rules 

(N  ->■  W)  1 — » uk 

ip  : ([n]  -)■  [k'])  ([n]  -A  [k])  i — * U(if>)  : Uk  ->•  Uk’ 

For  a given  morphism  tp  : [n]  —¥  [n'\  of  A we  have  an  associated  functor 

ip  : ([n']/A)<m  — > ([n]/A)<m 

which  maps  a : [ n'\  — > [fc]  to  p o a : \n\  — > [fc] . The  composition  U (n)  o p is  equal 
to  the  functor  U{n'). 

Lemma  14.21.1.  Let  C be  a category  which  has  finite  colimits.  The  functors  im\ 
exist  for  all  m.  Let  U be  an  m-truncated  simplicial  object  of  C.  The  simplicial 
object  im\U  is  described  by  the  foi'mula 

(im<U)n  = colim([n]/A)°PP  U(n) 

and  for  p : [n]  — > [n7]  the  map  im\U(p)  comes  from  the  identification  U(n)  o p = 


U(n')  above  via  Categories,  Lemma  j.lj.l 
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Proof.  In  this  proof  we  denote  im\U  the  simplicial  object  whose  nth  term  is  given 
by  the  displayed  formula  of  the  lemma.  We  will  show  it  satisfies  the  adjointness 
property. 

Let  V be  a simplicial  object  of  C.  Let  7 : U — > sk mV  be  given.  A morphism 

colim([rl]/A)°pp  U(n)-*T 

is  given  by  a compatible  system  of  morphisms  fa  : Uk  T where  a : [n]  — > [fc]  with 
k < to.  Certainly,  we  have  such  a system  of  morphisms  by  taking  the  compositions 

uk  ^ vk  ^ vn. 

Hence  we  get  an  induced  morphism  ( im\U)n  — > Vn.  We  leave  it  to  the  reader  to  see 
that  these  form  a morphism  of  simplicial  objects  7'  : im\U  —¥  V. 

Conversely,  given  a morphism  7'  : im\U  — > V we  obtain  a morphism  7 : C/  — >■  skmH 
by  setting  7*  : Ui  — > Vj  equal  to  the  composition 

Ui  — colim([i]/A)°PP  U(i)  ^ P, 

for  0 < i < n.  We  leave  it  to  the  reader  to  see  that  this  is  the  inverse  of  the 
construction  above.  □ 

018M  Lemma  14.21.2.  Let  C be  a category.  Let  U be  an  m-truncated  simplicial  object 
of  C.  For  any  n < m the  colimit 

colim([n]/A)opp  U(n) 

exists  and  is  equal  to  Un. 

Proof.  This  is  so  because  the  category  ([n]/A)<m  has  an  initial  object,  namely 
id  : [n]  — >■  [n].  □ 

018N  Lemma  14.21.3.  Let  C be  a category  which  has  finite  colimits.  Let  U be  an 
m-truncated  simplicial  object  of  C.  The  map  U — > skmim\U  is  an  isomorphism. 

Proof.  Combine  Lemmas I14.21.fi and  114.21.21  □ 

0180  Lemma  14.21.4.  If  U is  an  m-truncated  simplicial  set  and  n > m then  all  n- 
simplices  of  im\U  are  degenerate. 

Proof.  This  can  be  seen  from  the  construction  of  im\U  in  Lemma[l4.21.1|  but  we 
can  also  argue  directly  as  follows.  Write  V = im\U . Let  V'  C V be  the  simplicial 
subset  with  V(  = Vi  for  i < m and  all  i simplices  degenerate  for  * > to,  see  Lemma 
By  the  adjunction  formula,  since  skmV1  = U , there  is  an  inverse  to  the 
V'  —t  V.  Hence  V'  = V.  □ 

018P  Lemma  14.21.5.  Let  U be  a simplicial  set.  Let  n > 0 be  an  integer.  The 
morphism  in\sknU  — > U identifies  in\sknU  with  the  simplicial  set  U'  C U defined  in 
Lemma \lj.l8.I\ 

Proof.  By  Lemma [14. 21. 4|  the  only  nondegenerate  simplices  of  in\sknU  are  in  de- 
grees < n.  The  map  in\sknU  — >•  U is  an  isomorphism  in  degrees  < n.  Combined  we 
conclude  that  the  map  *ra!skn17  — > U maps  nondegenerate  simplices  to  nondegen- 
erate simplices  and  no  two  nondegenerate  simplices  have  the  same  image.  Hence 
Lemma  [14.18.3|  applies.  Thus  in\sknU  U is  injective.  The  result  follows  easily 
from  this.  □ 


14.18.4 


injectio 
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018Q  Remark  14.21.6.  In  some  texts  the  composite  functor 

Simp(C)  sk->  Simpm(C)  -^4-  Simp(C) 

is  denoted  skm.  This  makes  sense  for  simplicial  sets,  because  then  Lemma  [14.21.5| 
says  that  im\skmV  is  just  the  sub  simplicial  set  of  V consisting  of  all  i-simplices  of 
V,  i < m and  their  degeneracies.  In  those  texts  it  is  also  customary  to  denote  the 
composition 

Sirnp(C)  sk->  Simpm(C)  c°sk™  > Simp(C) 

by  coskm. 

018R  Lemma  14.21.7.  Let  U C V be  simplicial  sets.  Suppose  n > 0 and  x £ Vn, 
x 0 Un  are  such  that 

(1)  Vi  = Ui  for  i < n, 

(2)  Vn  = Un  U {x}, 

(3)  any  z £Vj,  z &Uj  for  j > n is  degenerate. 

Let  A[n]  — > V be  the  unique  morphism  mapping  the  nondegenerate  n-simplex  of 
A[n]  to  x.  In  this  case  the  diagram 


A 


V 

a 


i(„_i)isAvj-iA[n] U 


is  a pushout  diagram. 


Proof.  Let  us  denote  9A[n]  = *(ra_i)tskn_i  A[n]  for  convenience.  There  is  a natural 
map  U IIaA[n]  A[n]  ->  V.  We  have  to  show  that  it  is  bijective  in  degree  j for  all 
j.  This  is  clear  for  j < n.  Let  j > n.  The  third  condition  means  that  any 
z £ Vj,  z Uj  is  a degenerate  simplex,  say  0 = sj~1(z').  Of  course  z’  fL  Uj-±. 
By  induction  it  follows  that  z'  is  a degeneracy  of  x.  Thus  we  conclude  that  all 
j-simplices  of  V are  either  in  U or  degeneracies  of  x.  This  implies  that  the  map 
UUdA[n]A[n\  — >•  V is  surjective.  Note  that  a nondegenerate  simplex  of  LrH0A[„]  A[n] 
is  either  the  image  of  a nondegenerate  simplex  of  U,  or  the  image  of  the  (unique) 
nondegenerate  n-simplex  of  A[n].  Since  clearly  x is  nondegenerate  we  deduce  that 
bIH-dA[n]  A[n]  — > V maps  nondegenerate  simplices  to  nondegenerate  simplices  and  is 
injective  on  nondegenerate  simplices.  Hence  it  is  injective,  by  Lemma|l4.18.3|  □ 

018S  Lemma  14.21.8.  Let  U C V be  simplicial  sets,  with  Un,Vn  finite  nonempty  for 
all  n.  Assume  that  U and  V have  finitely  many  nondegenerate  simplices.  Then 
there  exists  a sequence  of  sub  simplicial  sets 

U = W°  C W1  C W2  C . . . Wr  = V 


such  that  Lemma  If  .21.1  applies  to  each  of  the  inclusions  W'  C Wx+1 . 


Proof.  Let  n be  the  smallest  integer  such  that  V has  a nondegenerate  simplex  that 
does  not  belong  to  U.  Let  x £ Vn,  x fL  Un  be  such  a nondegenerate  simplex.  Let 
W C V be  the  set  of  elements  which  are  either  in  U,  or  are  a (repeated)  degeneracy 
of  x (in  other  words,  are  of  the  form  V(ip)(x)  with  <p  : [to]  — > [n]  surjective).  It  is 
easy  to  see  that  IT  is  a simplicial  set.  The  inclusion  U C W satisfies  the  conditions 
of  Lemma [l 4.21.7|  Moreover  the  number  of  nondegenerate  simplices  of  V which  are 


14.22.  SIMPLICIAL  OBJECTS  IN  ABELIAN  CATEGORIES 


1068 


018T 


018U 


018V 


018Y 

018Z 


not  contained  in  W is  exactly  one  less  than  the  number  of  nondegenerate  simplices 
of  V which  are  not  contained  in  U.  Hence  we  win  by  induction  on  this  number.  □ 

Lemma  14.21.9.  Let  A be  an  abelian  category  Let  U be  an  m-truncated  simplicial 
object  of  A.  For  n > m we  have  N(im\  U)n  = 0. 


Proof.  Write  V = im\U.  Let  V'  C V be  the  simplicial  subobject  of  V with  V(  = Vi 


for  i < m and  N (V?)  = 0 for  * > to,  see  Lemma  14.18.9  By  the  adjunction  formula, 
since  skmV'  = U,  there  is  an  inverse  to  the  injection  V'  — > V.  Hence  V'  = V.  □ 

Lemma  14.21.10.  Let  A be  an  abelian  category.  Let  U be  a simplicial  object  of 
A.  Let  n > 0 be  an  integer.  The  morphism  in\sknU  — > U identifies  in\sknU  with 


the  simplicial  subobject  U'  C U defined  in  Lemma  If. 18.9 


Proof.  By  Lemma  14.21.9  we  have  N(in\sknU)i  = 0 for  * > n.  The  map  in\sknU  -A 
U is  an  isomorphism  in  degrees  < n,  see  Lemma  |14.21.3|  Combined  we  conclude 
that  the  map  in\sknU  — > U induces  injective  maps  N(in\sknU)i  — » N(U)i  for  all  i. 
Hence  Lemma  [14. 18.7|  applies.  Thus  in\sknll  — > U is  injective.  The  result  follows 
easily  from  this.  □ 


Here  is  another  way  to  think  about  the  coskeleton  functor  using  the  material  above. 


Lemma  14.21.11.  LetC  be  a category  with  finite  coproducts  and  finite  limits.  Let 
V be  a simplicial  object  ofC.  In  this  case 

(cosknsknV)n+i  = Hom(in!sfcn,A[n  + 1],  V)0. 

Proof.  By  Lemma  |14.13.4|  the  object  on  the  left  represents  the  functor  which 
assigns  to  X the  first  set  of  the  following  equalities 

Mor(A  x A[n  + 1],  cosk„sk„V)  = Mor(X  x sk„A[n+  l],sk„V) 

= Mor(X  x *„!sk„A[?r  + 1],  V). 

The  object  on  the  right  in  the  formula  of  the  lemma  is  represented  by  the  functor 
which  assigns  to  A'  the  last  set  in  the  sequence  of  equalities.  This  proves  the  result. 


In  the  sequence  of  equalities  we  have  used  that  skn(X  xA[n+l|)  = X x sk„A[n  + l] 
and  that  jni(Axsk„A[n+l])  = A'x*„!sk„A[n+l].  The  first  equality  is  obvious.  For 
any  (possibly  truncated)  simplicial  object  W of  C and  any  object  X of  C denote  tem- 
porarily More  (A,  W)  the  (possibly  truncated)  simplicial  set  [n]  i-A  More  (A,  Wn). 
From  the  definitions  it  follows  that  Mor([/  x A,  W)  = Mor(V,  More  (A,  W))  for  any 
(possibly  truncated)  simplicial  set  U.  Hence 


Mor(AT  x «n!sk„A[n  + 1],  W) 


Mor(*„!sk„A[n  + 1],  More(A,  W )) 
Mor(sk„A[n  + 1],  sk„  Morc(A,  W )) 
Mor(A  x sk„A[n+  l],sk„lF) 
Mor(i„i(A  x sk„  A[?r  + 1]),  W). 


This  proves  the  second  equality  used,  and  ends  the  proof  of  the  lemma.  □ 


14.22.  Simplicial  objects  in  abelian  categories 

Recall  that  an  abelian  category  is  defined  in  Homology,  Section  fl2.5| 

Lemma  14.22.1.  Let  A be  an  abelian  category. 

(1)  The  categories  Simp(A)  and  CoSimp(A)  are  abelian. 


14.22.  SIMPLICIAL  OBJECTS  IN  ABELIAN  CATEGORIES 


1069 


(2)  A morphism  of  (co)simplicial  objects  f : A -A  B is  injective  if  and  only  if 
each  fn  : An  — > Bn  is  injective. 

(3)  A morphism  of  (co)simplicial  objects  f : A -A  B is  surjective  if  and  only 
if  each  fn  : An  — > Bn  is  surjective. 

(4)  A sequence  of  (co)simplicial  objects 

aUb 


is  exact  at  B if  and  only  if  each  sequence 


Ai 


9K 


Ci 


is  exact  at  Bi. 


Proof.  Pre-additivity  is  easy.  A final  object  is  given  by  Un  = 0 in  all  degrees. 
Existence  of  direct  products  we  saw  in  Lemmas  14.6. 2|  and  14.9.2  Kernels  and 
cokcrnels  are  obtained  by  taking  termwise  kernels  and  cokernels.  □ 


For  an  object  A of  A and  an  integer  k consider  the  fc-truncated  simplicial  object  U 
with 

(1)  Ui  = 0 for  i < k, 

(2)  Uk  = A, 

(3)  all  morphisms  Ufp)  equal  to  zero,  except  t/(id[fej)  = id^- 

Since  A has  both  finite  limits  and  finite  colimits  we  see  that  both  cosk^C/  and  ik\U 
exist.  We  will  describe  both  of  these  and  the  canonical  map  ik\U  — > cosk kU . 

0190  Lemma  14.22.2.  With  A,  k and  U as  above,  so  Ui  = 0,  i < k and  Uk  = A. 

(1)  Given  a k-truncated  simplicial  object  V we  have 

Mor(U,V)  = {f  :A^Vk  | d?  o / = 0,  * = 0, ....  As} 

and 

Mor(Vj  U)  = {/  : Vk  -A  A \ f o s*”1  = 0,  i = 0, . . . , k - 1}. 

(2)  The  object  ik\U  has  nth  term  equal  to  ©Q  A where  a runs  over  all  sur- 
jective morphisms  a : [n]  — ► [fc]. 

(3)  For  any  <p  : [m]  [n]  the  map  ik\U(ip)  is  described  as  the  mapping 

which  maps  to  component  corresponding  to  a : [n]  — > [k] 
to  zero  if  a o ip  is  not  surjective  and  by  the  identity  to  the  component 
corresponding  to  a o ip  if  it  is  surjective. 

(4)  The  object  coskkU  has  nth  term  equal  to  ©/3  A,  where  ft  runs  over  all 
injective  morphisms  ft  : [k]  — > \n]. 

(5)  For  any  <p  : [m]  — > \n]  the  map  coskkU(tp)  is  described  as  the  mapping 
©/3  A — > ©£,  A which  maps  to  component  corresponding  to  ft  : [k\  — > [n] 
to  zero  if  ft  does  not  factor  through  ip  and  by  the  identity  to  each  of  the 
components  corresponding  to  ft'  such  that  ft  = ip  o ft'  if  it  does. 

(6)  The  canonical  map  c : ik\U  -A  coskkU  in  degree  n has  {a,  ft)  coefficient 
A — > A equal  to  zero  if  a o ft  is  not  the  identity  and  equal  to  id  a if  it  is. 

(7)  The  canonical  map  c : ik\U  — > coskkU  is  injective. 

Proof.  The  proof  of  (1)  is  left  to  the  reader. 

Let  us  take  the  rules  of  (2)  and  (3)  as  the  definition  of  a simplicial  object,  call  it 
U . We  will  show  that  it  is  an  incarnation  of  ik\U.  This  will  prove  (2),  (3)  at  the 
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same  time.  We  have  to  show  that  given  a morphism  f : U sk^V  there  exists  a 
unique  morphism  / : U -A  V which  recovers  f upon  taking  the  /c-skeleton.  From 
(1)  we  see  that  f corresponds  with  a morphism  fk  : A — » Vk  which  maps  into  the 
kernel  of  d!-  for  all  i.  For  any  surjective  a : [n]  — > [fc]  we  set  fa:A^Vn  equal  to 
the  composition  fa  = V(a)  o fk  : A — > Vn.  We  define  fn'-Un—>  Vn  as  the  sum  of 
the  fa  over  a : [n]  -A  [k]  surjective.  Such  a collection  of  fa  defines  a morphism  of 
simplicial  objects  if  and  only  if  for  any  p : [m]  — > [n]  the  diagram 


©a: 


A ■ 


a:[n]— >•[&]  surjective  j 


(3) 


Vn 


V(<p) 


a' :[m]— >■[&]  surjective  ^ " Vm 


is  commutative.  Choosing  p = a shows  our  choice  of  fa  is  uniquely  determined  by 
fk-  The  commutativity  in  general  may  be  checked  for  each  summand  of  the  left 
upper  corner  separately.  It  is  clear  for  the  summands  corresponding  to  a where  aop 
is  surjective,  because  those  get  mapped  by  id^  to  the  summand  with  a'  = a o p, 
and  we  have  fa>  = V ( a ')  o fk  = V(a  o ip)  o fk  = V (ip)  o fa.  For  those  where  a o <p 
is  not  surjective,  we  have  to  show  that  V (tp)  o fa  = 0.  By  definition  this  is  equal 
to  V (ip)  o V (a)  o fk  = V(a  o p)  o fk.  Since  a o p is  not  surjective  we  can  write  it  as 
5%  o ip,  and  we  deduce  that  V (<p)  o V (a)  o fk  = V (ip)  o o fk  = 0 see  above. 

Let  us  take  the  rules  of  (4)  and  (5)  as  the  definition  of  a simplicial  object,  call  it 
U.  We  will  show  that  it  is  an  incarnation  of  cosk kU . This  will  prove  (4),  (5)  at  the 
same  time.  The  argument  is  completely  dual  to  the  proof  of  (2),  (3)  above,  but  we 
give  it  anyway.  We  have  to  show  that  given  a morphism  / : sk^V  -A  U there  exists 
a unique  morphism  / : V U which  recovers  / upon  taking  the  fc-skeleton.  From 
(1)  we  see  that  / corresponds  with  a morphism  fk  : Vk  — > A which  is  zero  on  the 
image  of  s^-1  for  all  i.  For  any  injective  /3  : [k]  —>  [n]  we  set  fp  : Vn  -A  A equal  to 
the  composition  fp  = fk  o V (/?)  : Vn  -A  A.  We  define  /„  : Vn  Un  as  the  sum  of 
the  fp  over  /3  : [k]  -A  [n]  injective.  Such  a collection  of  fp  defines  a morphism  of 
simplicial  objects  if  and  only  if  for  any  <p  : [m]  — > [n]  the  diagram 


Vr 

V(v) 

Vr 


fn 

fm 


^^/3:[fc]— >-[n]  injective  A 


(5) 


f [m]  injective^ 


is  commutative.  Choosing  p = /3  shows  our  choice  of  fp  is  uniquely  determined  by 
fk-  The  commutativity  in  general  may  be  checked  for  each  summand  of  the  right 
lower  corner  separately.  It  is  clear  for  the  summands  corresponding  to  /3 ' where  tpo (5' 
is  injective,  because  these  summands  get  mapped  into  by  exactly  the  summand  with 
/?  = P°f3'  and  we  have  in  that  case  fp>  o V (tp)  = fk°V  (ft')  o V (p)  = fk  °V  (ft)  = fp. 
For  those  where  p o ft'  is  not  injective,  we  have  to  show  that  fp'  o V (p)  = 0.  By 
definition  this  is  equal  to  fk°V (ft')oV (p)  = fk°V (poft').  Since  poft'  is  not  injective 
we  can  write  it  as  ipoaf-1,  and  we  deduce  that  fk°V (ft')oV (p)  = /fcosf_1oI/ (ip)  = 0 
see  above. 
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The  composition  ik\U  — > cosk kU  is  the  unique  map  of  simplicial  objects  which  is 
the  identity  on  A = Uk  = ( ik\U)k  = (cosk kU)k-  Hence  it  suffices  to  check  that  the 
proposed  rule  defines  a morphism  of  simplicial  objects.  To  see  this  we  have  to  show 
that  for  any  p : [to]  — > [n]  the  diagram 


©a: 


a :[n] —»■[&]  surjective 

(3) 


A 


©a': 


[m] —»■[&]  surjective 


A 


(6) 

(6) 


' ©3: 


/3:[k\— ^[n]  injective 
(5) 


A 


' ©3' 


/3' : [k]  — >■  [m]  injective 


A 


is  commutative.  Now  we  can  think  of  this  in  terms  of  matrices  filled  with  only 
0’s  and  l’s  as  follows:  The  matrix  of  (3)  has  a nonzero  (a',  a)  entry  if  and  only 
if  a'  = a o ip.  Likewise  the  matrix  of  (5)  has  a nonzero  (/37,/3)  entry  if  and  only 
if  fi  = p o fj’ . The  upper  matrix  of  (6)  has  a nonzero  (a,/3)  entry  if  and  only  if 
a o (3  = idrfci.  Similarly  for  the  lower  matrix  of  (6).  The  commutativity  of  the 
diagram  then  comes  down  to  computing  the  (a, /3')  entry  for  both  compositions 
and  seeing  they  are  equal.  This  comes  down  to  the  following  equality 

#{(3\/3  = ipof3'Aao/3  = id[fc] } = # {a'  \ a!  = a o p A ol  o /?'  = id[fc] } 
whose  proof  may  safely  be  left  to  the  reader. 


Finally,  we  prove  (7).  This  follows  directly  from  Lemmas  |14. 18.71 114. 19.41 114.21.3 
and  114.21.91  □ 


0191 


0192 


Definition  14.22.3.  Let  A be  an  abelian  category.  Let  A be  an  object  of  A 
and  let  k be  an  integer  > 0.  The  Eilenberg-Maclane  object  K(A,  k ) is  given  by  the 
object  K {A,  k)  = iu\U  which  is  described  in  Lemma  14.22. 2| above. 


Lemma  14.22.4.  Let  A be  an  abelian  category.  Let  A be  an  object  of  A and  let 
k be  an  integer  > 0.  Consider  the  simplicial  object  E defined  by  the  following  rules 

(1)  En  = @a  A,  where  the  sum  is  over  a : [n]  [k+  1]  whose  image  is  either 

[k\  or  [k  + 1] . 

(2)  Given  p : [to]  — > [n]  the  map  En  — > Em  maps  the  summand  corresponding 
to  a via  idA  to  the  summand  corresponding  to  a o tp,  provided  Im(a  o p) 
is  equal  to  [£;]  or  [k  + 1] . 

Then  there  exists  a short  exact  sequence 


0 K(A,  k)^E^f  K{A,  k+  1)  0 

which  is  term  by  term  split  exact. 


Proof.  The  maps  K(A,k)n  — > En  resp.  En  — > I\(A,k  + l)n  are  given  by  the 
inclusion  of  direct  sums,  resp.  projection  of  direct  sums  which  is  obvious  from  the 
inclusions  of  index  sets.  It  is  clear  that  these  are  maps  of  simplicial  objects.  □ 

0193  Lemma  14.22.5.  Let  A be  an  abelian  category.  For  any  simplicial  object  V of  A 
we  have 

V = colim^  ini.sknV 

where  all  the  transition  maps  are  injections. 


Proof.  This  is  true  simply  because  each  Vm  is  equal  to  {in\ sk„P)m  as  soon  as 
n > to.  See  also  Lemma [l 4 . 2 1 . 1 0|  for  the  transition  maps.  □ 
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14.23.  Simplicial  objects  and  chain  complexes 


0194 


Let  A be  an  abelian  category.  See  Homology,  Section  |12.12|  for  conventions  and 
notation  regarding  chain  complexes.  Let  U be  a simplicial  object  of  A.  The  asso- 
ciated chain  complex  s(U ) of  U,  sometimes  called  the  Moore  complex , is  the  chain 
complex 

. . . ->■  U2  -t  Ui  U0  ->■  0 -)■  0 ->■  . . . 


with  boundary  maps  dn  : Un  -A  Un-i  given  by  the  formula 

d n = E"  n(- w- 

z J i— o 

This  is  a complex  because,  by  the  relations  listed  in  Remark  14.3.3[  we  have 

dn  O dn+i  = 


= E„<,<  (-l)W<o<+> 

z — J0<i<j<n-\-l  J z — rf'r: 


Jn>i>j>0 


= o. 


The  signs  cancel!  We  denote  the  associated  chain  complex  s(U).  Clearly,  the 
construction  is  functorial  and  hence  defines  a functor 


s : Simp  (.A)  — > Ch>o(^4). 

Thus  we  have  the  confusing  but  correct  formula  s(U)n  = Un. 

0195  Lemma  14.23.1.  The  functor  s is  exact. 

Proof.  Clear  from  Lemmari4.22.ll  □ 

0196  Lemma  14.23.2.  Let  A be  an  abelian  category.  Let  A be  an  object  of  A and  let  k 
be  an  integer.  Let  E be  the  object  described  in  Lemma  1 14.22.4\  Then  the  complex 
s(E)  is  acyclic. 

Proof.  For  a morphism  a : [n]  — »•  [k  + 1]  we  define  a!  : [n  + 1]  — > [&  + 1]  to  be  the 
map  such  that  a'  |[„j  = a and  a' (n  + 1)  = k + 1.  Note  that  if  the  image  of  a is  [k]  or 
[fc  + 1],  then  the  image  of  a'  is  [fc  + 1].  Consider  the  family  of  maps  hn  : En  — >■  En+ 1 
which  maps  the  summand  corresponding  to  a to  the  summand  corresponding  to  a' 
via  the  identity  on  A.  Let  us  compute  dn+i  o hn  — /in_i  o dn.  We  will  first  do  this 
in  case  the  category  A is  the  category  of  abelian  groups.  Let  us  use  the  notation 
xa  to  indicate  the  element  x € A in  the  summand  of  En  corresponding  to  the  map 
a occurring  in  the  index  set.  Let  us  also  adopt  the  convention  that  xa  designates 
the  zero  element  of  En  whenever  Im(a)  is  not  [k\  or  [A;  + 1] . With  these  conventions 
we  see  that 

* Tl  1 

dn+l(hn(xa))  = E=0  (”1)*a:a'oJ"+1 

and 

bjn—li.dn{x 0f)')  / . . ^ ( 1)  ^(qo 5V-)' 

It  is  easy  to  see  that  a'  o Sf+1  = (a  o 5?)'  for  i = 0, . . . , n.  It  is  also  easy  to  see  that 
cJ  o Slf+l  = a.  Thus  we  see  that 

(dn+ 1 0 hn  hn—  1 O drfjlXof)  — ( 1)  xa 

These  identities  continue  to  hold  if  A is  any  abelian  category  because  they  hold 
in  the  simplicial  abelian  group  [n]  1— »•  Hom(H,  En);  details  left  to  the  reader.  We 
conclude  that  the  identity  map  on  E is  homotopic  to  zero,  with  homotopy  given  by 


14.23.  SIMPLICIAL  OBJECTS  AND  CHAIN  COMPLEXES 


1073 


the  system  of  maps  h'n  = (— 1 )n+1hn  : En  — > En+\.  Hence  we  see  that  E is  acyclic, 
for  example  by  Homology,  Lemma[l2.12.5|  □ 

0197  Lemma  14.23.3.  Let  A be  an  abelian  category.  Let  A be  an  object  of  A and  let 
k be  an  integer.  We  have  Hi(s(K (H,  k)))  = A if  i = k and  0 else. 

Proof.  First,  let  us  prove  this  if  k = 0.  In  this  case  we  have  K(A,  0)„  = A for 
all  n.  Furthermore,  all  the  maps  in  this  simplicial  abelian  group  are  id^,  in  other 
words  A'(H,0)  is  the  constant  simplicial  object  with  value  A.  The  boundary  maps 
dn  = ]Cr=o(—  = 0 if  n odd  and  = kU  if  n is  even.  Thus  s(A(H,0))  looks 

like  this 

. . . -4  A A A -4  A -4  A -A  0 

and  the  result  is  clear. 


Next,  we  prove  the  result  for  all  k by  induction.  Given  the  result  for  k consider  the 
short  exact  sequence 


0 -4  K(A,  fc)  A 4-  K(A,  k + 1)  -4  0 

from  Lemma  14.22.4|  By  Lemmafl4.22.1  the  associated  sequence  of  chain  complexes 
is  exact.  By  Lemma  14.23.2  we  see  that  s(E)  is  acyclic.  Hence  the  result  for 
k + 1 follows  from  the  long  exact  sequence  of  homology,  see  Homology,  Lemma 
112.12.61  □ 


There  is  a second  chain  complex  we  can  associate  to  a simplicial  object  of  A. 
Recall  that  by  Lemma[l4.18.6|any  simplicial  object  U of  A is  canonically  split  with 
N(Um)  = flfco1  Ker(d™).  We  define  the  normalized  chain  complex  N (U)  to  be  the 
chain  complex 


. . . 4-  N(U2)  4 iV(Gi)  -A  N(Uq)  ->0^04... 

with  boundary  map  dn  : N(Un)  -4-  N{Un-\)  given  by  the  restriction  of  ( — l)™d™ 
to  the  direct  summand  N(Un)  of  Un.  Note  that  Lemma  14.18.8  implies  that 
d™(N(Un))  C 1V([/„_1).  It  is  a complex  because  d ” o d™+{  = d™  o d”+1  and  <+1  is 
zero  on  N(Un+i)  by  definition.  Thus  we  obtain  a second  functor 


N : Simp  (A)  -4  Ch>0(.4). 

Here  is  the  reason  for  the  sign  in  the  differential. 

0198  Lemma  14.23.4.  Let  A be  an  abelian  category.  Let  U be  a simplicial  object 
of  A.  The  canonical  map  N(Un)  -4  Un  gives  rise  to  a morphism  of  complexes 
N(U)  -4  s(U). 


Proof.  This  is  clear  because  the  differential  on  s(U)n  = Un  is  ]Tj(— l)zd"  and 
the  maps  d",  i < n are  zero  on  N(Un),  whereas  the  restriction  of  ( — 1 )rad™  is  the 
boundary  map  of  N(U)  by  definition.  □ 

0199  Lemma  14.23.5.  Let  A be  an  abelian  category.  Let  A be  an  object  of  A and  let 
k be  an  integer.  We  have  N(K(A , k))i  = A if  i = k and  0 else. 


Proof.  It  is  clear  that  N(K(A , k))i  = 0 when  i < k because  K (A,  k)i  = 0 in  that 
case.  It  is  clear  that  N(K(A,k))k  = A since  K(A,k)k- i = 0 and  K(A,k)k  = A. 
For  i > k we  have  N(K(A , fc))j  = 0 by  Lemma  14.21.9  and  the  definition  of  K(A,  k), 
see  Definition  114. 22.31  □ 


14.23.  SIMPLICIAL  OBJECTS  AND  CHAIN  COMPLEXES 


1074 


019A  Lemma  14.23.6.  Let  A be  an  abelian  category.  Let  U be  a simplicial  object  of 
A.  The  canonical  morphism  of  chain  complexes  N(U)  -A  s(U ) is  split.  In  fact, 

s(U)  = N(U)  © A(U) 

for  some  complex  A(U).  The  construction  U i-a  A(U)  is  functorial. 


Proof.  Define  A(U)n  to  be  the  image  of 


© 


tp:[n\—, ►[m]  surjective,  m<n 


N(Um)  Un 


which  is  a subobject  of  Un  complementary  to  N(Un)  according  to  Lemma  14.18.6 


and  Definition  14.18.1  We  show  that  A(U)  is  a subcomplex.  Pick  a surjective  map 
ip  : [n]  — > [m]  with  m < n and  consider  the  composition 


N(Um)  ^ Un 


un- 1. 


This  composition  is  the  sum  of  the  maps 
with  sign  (—1)%  i = 0, . . . , n. 


. U(tpoS 

N(Um ) --—4  17n_! 


First  we  will  prove  by  ascending  induction  on  to,  0 < to  < n ^ 1 that  all  the  maps 
U(p  o 5™)  map  N(Um)  into  A(U)n-\.  (The  case  to  = n — 1 is  treated  below.) 
Whenever  the  map  p o Sf  : [n  — 1]  -A  [m]  is  surjective  then  the  image  of  N(Um) 
under  U(tp  o 8™)  is  contained  in  A(U)n-\  by  definition.  If  p o 8™  : [n  — 1]  — > [to] 
is  not  surjective,  set  j = p(i)  and  observe  that  i is  the  unique  index  whose  image 
under  p is  j.  We  may  write  p o d"  = 8™  o ip  o 8™  for  some  ip  ; [n  — 1]  — > [to  — 1] . 
Hence  U(p  o 8f)  = U(ipo8™)o  dj1  which  is  zero  on  N (Um)  unless  j = m.  If  j = to, 
then  d™(N{Um))  C N{Um_ i)  and  hence  U{po87f){N(Um))  C t/(^o(5iIl)(IV(17m_i)) 
and  we  win  by  induction  hypothesis. 


To  finish  proving  that  A(U)  is  a subcomplex  we  still  have  to  deal  with  the  compo- 
sition 

NiUm)  ^ un  Un—\. 

in  case  to  = n — 1.  In  this  case  p = <r"-1  for  some  0 < j < n — 1 and  U{p)  = s"_1. 
Thus  the  composition  is  given  by  the  sum 


E 


(-1  )X" 


o s 


n—  1 


Recall  from  Remark 


14.3.3 


that  d™  o sj 


— dn  o 

- aj+1  o sj 


= id  and  these  drop 

n-l  j£ 


out  because  the  corresponding  terms  have  opposite  signs.  The  map  dip  o s'- 
j < n — 1,  is  equal  to  o d" ij.  Since  d% z\  maps  N(Un- 1)  into  N{Un-2 ), 

we  see  that  the  image  (N(Un-i))  is  contained  in  s™~2(N(Un- 2))  which  is 

contained  in  A(Un-i)  by  definition.  For  all  other  combinations  of  ( i,j ) we  have 
either  d^os”^1  = s™zl  od””1  (if  i < j),  or  df  os"-1  = s"_2od"JT11  (if  n>  i>  j + 1) 
and  in  these  cases  the  map  is  zero  because  of  the  definition  of  N{Un- 1).  □ 


019B  Lemma  14.23.7.  The  functor  N is  exact. 

Proof.  By  Lemma[l4.23.1|and  the  functorial  decomposition  of  Lemma[l4.23.6|  □ 
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019C  Lemma  14.23.8.  Let  A be  an  abelian  category.  LetV  be  a simplicial  object  of  A. 
The  canonical  morphism  of  chain  complexes  N(V)  — > s(V)  is  a quasi-isomorphism. 
In  other  words,  the  complex  A(V)  of  Lemma  lj.23.6  is  acyclic. 


Proof.  Note  that  the  result  holds  for  K(A,  k)  for  any  object  A and  any  k > 0,  by 
Lemmas  14.23. 3|  and  14.23.5  Consider  the  hypothesis  I Bnrn : for  all  V such  that 
Vj  = 0 for  j < m and  all  i < n the  map  N(V)  -A  s(P)  induces  an  isomorphism 
Hi(N(V))  Hi(s(V)). 

To  start  of  the  induction,  note  that  IHn  n is  trivially  true,  because  in  that  case 
N(V)n  = 0 and  s(V)n  = 0. 

Assume  IHn  m , with  to  < n.  Pick  a simplicial  object  V such  that  Vj  = 0 for 


j < m.  By  Lemma  14.22.2  and  Definition  14.22.3  we  have  K(Vm,m)  = ?'m!skmP. 
By  Lemma  14.21.10  the  natural  morphism 


K(Vm,  to)  = *m!skmP  -A  V 
is  injective.  Thus  we  get  a short  exact  sequence 

0 ->•  K{Vm,  to)  -a  V -A  W ->  0 

for  some  W with  Wi  = 0 for  i = 0, . . . , to.  This  short  exact  sequence  induces  a 
morphism  of  short  exact  sequence  of  associated  complexes 

0 ^ N(K(V,n.  to)) >-  N(V) >-  N(W)  - — s-  0 


0 


s{K(Vm,m)) 


s(V) 


s{W) 


0 


see  Lemmas  114. 23.11  and  114.23.71  Hence  we  deduce  the  result  for  V from  the  result 
on  the  ends.  □ 


14.24.  Dold-Kan 
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019E  Lemma  14.24.1.  Let  A be  an  abelian  category.  The  functor  N is  faithful,  and 
reflects  isomorphisms,  injections  and  surjections. 


Proof.  The  faithfulness  is  immediate  from  the  canonical  splitting  of  Lemma  14.18.6 


The  statement  on  reflecting  injections,  surjections,  and  isomorphisms  follows  from 
Lemma  114.18.71  □ 


019F  Lemma  14.24.2.  Let  A and  B be  abelian  categories.  Let  N : A B,  and 
S : B — ^ A be  functors.  Suppose  that 

(1)  the  functors  S and  N are  exact, 

(2)  there  is  an  isomorphism  g : N o S — > idjg  to  the  identity  functor  of  B, 

(3)  N is  faithful,  and 

(4)  S is  essentially  surjective. 

Then  S and  N are  quasi-inverse  equivalences  of  categories. 


Proof.  It  suffices  to  construct  a functorial  isomorphism  S(N(A))  = A.  To  do  this 
choose  B and  an  isomorphism  / : A -A  S(B).  Consider  the  map 

r1  o gs(B)  ° S(N(f))  : S(N(A))  S(N(S(B)))  S(B)  A. 
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It  is  easy  to  show  this  does  not  depend  on  the  choice  of  /,  B and  gives  the  desired 
isomorphism  S o N — » id_^ . □ 


019G  Theorem  14.24.3.  Let  A be  an  abelian  category.  The  functor  N induces  an 
equivalence  of  categories 


N : Simp(A)  — > Ch>o(A) 


Proof.  We  will  describe  a functor  in  the  reverse  direction  inspired  by  the  construc- 
tion of  Lemma  14.22.4  (except  that  we  throw  in  a sign  to  get  the  boundaries  right). 
Let  Am  be  a chain  complex  with  boundary  maps  '■  An  — > An_ i.  For  each  n > 0 
denote 


In  = 


|a  : [ra]  -4  {0, 1,  2, . . .}  | Im(a)  = [k\  for  some  fc|. 


For  a £ In  we  denote  k(a)  the  unique  integer  such  that  Im(o)  = [fc].  We  define  a 
simplicial  object  £(A.)  as  follows: 


(1)  S(A.)n  = ©ae/n  Afe(a),  which  we  will  write  as  ®„e/ii  Ak (a)  ■ a to  suggest 
thinking  of  “a”  as  a basis  vector  for  the  summand  corresponding  to  it, 

(2)  given  <p  : [m]  — > [ra]  we  define  S(A,)(ip)  by  its  restriction  to  the  direct 
summand  Ak^  ■ a of  S(A,)n  as  follows 

(a)  a o ip  £ Im  then  we  set  it  equal  to  zero, 

(b)  a o ip  £ Im  but  k{a  o ip)  not  equal  to  either  k(a)  or  k(a)  — 1 then  we 
set  it  equal  to  zero  as  well, 

(c)  if  a o p £ Im  and  k{a  o ip)  = k(a)  then  we  use  the  identity  map  to 
the  summand  Ak^aolp)  ■ (a  o ip)  of  S(A,)m,  and 

(d)  if  a o p £ Im  and  k(a  o ip)  = k(a)  — 1 then  we  use  (— l)k^dAtk(a)  to 
the  summand  Ak(a 0((3)  • (a  o ip)  of  S(A,)m. 

It  is  an  exercise  (FIXME)  to  show  that  this  is  a simplicial  complex;  one  has  to  use 
in  particular  that  the  compositions  dA}k  ° dA,fc- 1 are  all  zero. 


Having  verified  this,  the  correct  way  to  proceed  with  the  proof  would  be  to  prove 
directly  that  N and  S are  quasi-inverse  functors  (FIXME).  Instead  we  prove  this 
by  an  indirect  method  using  Eilenberg-Maclane  objects  and  truncations.  It  is  clear 
that  A,  i — y S(At)  is  an  exact  functor  from  chain  complexes  to  simplicial  objects.  If 
Ai  = 0 for  i = 0, . . . , n then  S(A,)i  = 0 for  i = 0, . . . , n.  The  objects  K (A,  k),  see 
Definition  14.22.3|  are  equal  to  5(j4[—  fc])  where  A[— k\  is  the  chain  complex  with  A 
in  degree  k and  zero  elsewhere. 


Moreover,  for  each  integer  k we  get  a sub  simplicial  object  S<k(A,)  by  considering 
only  those  a with  k(a)  < k.  In  fact  this  is  nothing  but  S(a<kA%),  where  a<kAm  is 
the  “stupid”  truncation  of  A,  at  k (which  simply  replaces  A,  by  0 for  i > k).  Also, 
by  Lemma  14.21.10  we  see  that  it  is  equal  to  ik\skkS(A .).  Clearly,  the  quotient 
S<k(A.)/S<k-i(A,)  = K(Ak,k)  and  the  quotient  S(A.)/S<k{A.)  = S{A/a<kA .) 
is  a simplicial  object  whose  ith  term  is  zero  for  i = 0, . . . , k.  Since  S<k-i(At) 
is  filtered  with  subquotients  K(Ai,i),  i < k we  see  that  N(S<k-i(A,))k  = 0 by 
exactness  of  the  functor  N , see  Lemma  14.23.7  All  in  all  we  conclude  that  the 
maps 


N(S(A.))k  <-  N(S<k(A.))k  -a  N(S(Ak[-k]))  = N(K(Ak,k))k  = 


are  functorial  isomorphisms. 
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It  is  actually  easy  to  identify  the  map  A k — > N(S(A,))k . Note  that  there  is  a 
unique  map  Ak  — > S(At)k  corresponding  to  the  summand  a = id[fcj.  Note  that 
Im(id[fc]  o Sf ) has  cardinality  k — 1 but  does  not  have  image  [k  — 1]  unless  i = k. 
Hence  d*  kills  the  summand  Ak  ■ idu.1  for  i = 0,  ...,k  — 1.  From  the  abstract 
computation  of  N(S(A,))k  above  we  conclude  that  the  summand  Ak  • idj*]  is  equal 
to  N(S(A,))k. 

In  order  to  show  that  N o S is  the  identity  functor  on  Ch>o(A),  the  last  thing  we 
have  to  verify  is  that  we  recover  the  map  d,A,k+ 1 : A^+i  — > Ak  as  the  differential  on 
the  complex  N(S{A,))  as  follows 

Ak+1  = N(S(A.))k+i  — t N(S(A.))k  = Ak 


By  definition  the  map  N(S(A,))k+ 1 N(S(A,))k  corresponds  to  the  restriction 

of  ( — to  N(S(A.))  which  is  the  summand  Ak+ i • id[fc+1j.  And  by  the 
definition  of  £(A.)  above  the  map  maps  Ak+ 1 ■ id[fc+i]  into  Ak  ■ id[fc]  by 

(—  l)fc+1dJ4,fe+1-  The  signs  cancel  and  hence  the  desired  equality. 


We  know  that  N is  faithful,  see  Lemma  14.24.1 
surjective 


14.24.2 


If  we  can  show  that  S is  essentially 
then  it  will  follow  that  N is  an  equivalence,  see  Homology,  Lemma 
Note  that  if  A . is  a chain  complex  then  S(At)  = colimn  S<n(At)  = 

it 


14.22.5 


colim„  S(cr<nAt)  = colim„  in\sknS(At)  by  construction  of  S.  By  Lemma 
suffices  to  show  that  in\V  is  in  the  essential  image  for  any  n-truncated  simplicial 
object  V.  By  induction  on  n it  suffices  to  show  that  any  extension 


0 -s>  S(A.)  ->  V ->  K(A,  n)  ->  0 


where  A,;  = 0 for  i > n is  in  the  essential  image  of  S.  By  Homology,  Lemma  12.7.2 
we  have  abelian  group  homomorphisms 


N 


Extsimp {A)(K(A,ti),S(A,))  ^ ExtCh>0(A)(^[-«]^.) 


between  ext  groups  (see  Homology,  Definition  12.6.2).  We  want  to  show  that  S is 
surjective.  We  know  that  N o S = id.  Hence  it  suffices  to  show  that  Ker(N)  = 0. 
Clearly  an  extension 


0 >■  0 >■  A„_  i An— 2 • • • Ao >■  0 

y I 

E 0 — ’ .‘5^  A A„_i ' An _ '/if----  7^". . . > A o yy  -y  0 

y y y v 

0 A >■  0 >■  0 >■  . . . ^ 0 >■  0 


of  A.  by  A[— n]  in  Ch(A)  is  zero  if  and  only  if  the  map  A -A  An_i  is  zero.  Thus 
we  have  to  show  that  any  extension 


0 -A  S(A.)  K(A,  n)  -Y  0 


such  that  A = N(V)n  — > N(V)n-i  is  zero  is  split.  By  Lemma  14.22.2  we  have 


MoT(K(A,n),V)  = {/  : A ->  f|”=(jKer(d?  : Vn  -A  W-i)} 
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and  if  A — N(V)n  — > N(V)n-i  is  zero,  then  the  intersection  occurring  in  the 
formula  above  is  equal  to  A.  Let  i : K(A1n ) — > V be  the  morphism  corresponding 
to  id+i  on  the  right  hand  side  of  the  displayed  formula.  Clearly  this  is  a section  to 
the  map  V — ► I\(A,n ) and  the  extension  is  split  as  desired.  □ 


14.25.  Dold-Kan  for  cosimplicial  objects 
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Let  A be  an  abelian  category.  According  to  Homology,  Lemma [12. 5. 2|  also  Aopp  is 
abelian.  It  follows  formally  from  the  definitions  that 

CoSimp(A)  = SimP(^4opp)opp. 


Thus  Dold-Kan  (Theorem  14.24.3)  implies  that  CoSimp(A)  is  equivalent  to  the 
category  Ch>o  iKAopp)opp . And  it  follows  formally  from  the  definitions  that 

CoCh>0(A)  = Ch>0  (Aopp)opp. 


Putting  these  arrows  together  we  obtain  an  equivalence 


Q : CoSimp(A)  — > CoCh>0(A). 
In  this  section  we  describe  Q. 


First  we  define  the  cochain  complex  s(U ) associated  to  a cosimplicial  object  U. 
It  is  the  cochain  complex  with  terms  zero  in  negative  degrees,  and  s(U)n  = Un 
for  n > 0.  As  differentials  we  use  the  maps  dn  : s{U)n  — > s(U)n+1  defined  by 
dn  = Er=+o(— In  other  words  the  complex  s(U)  looks  like 


0 


U0 


■Ux 


520-S21+S22 


U2 


This  is  sometimes  also  called  the  Moore  complex  associated  to  U. 

On  the  other  hand,  given  a cosimplicial  object  U of  A set  Q(U)°  = Uq  and 


Q(U)n  = Coker ( ©"Cj,1 1 Tn-i  Un  ). 

The  differential  dn  : Q{U)n  Q(U)n+1  is  induced  by  (— l)n+1 , i.e.,  by  fitting 
the  morphism  (— l)n+1 into  a commutative  diagram 


Un~ 

I 

Q(U)n 


(-i  r+1s 


71+1 

71+1 


- Un+ 1 


^ Q{U)n+1 . 


We  leave  it  to  the  reader  to  show  that  this  diagram  makes  sense,  i.e.,  that  the  image 
of  6™  maps  into  the  kernel  of  the  right  vertical  arrow  for  i = 0, . . . , n — 1.  (This  is 
dual  to  Lemma  14.18.8  ) Thus  our  cochain  complex  Q(U)  looks  like  this 

0 -A  Q(U)°  — t Q(H)1  — t Q(U)2  -t  . . . 


0191 


This  is  called  the  normalized  cochain  complex  associated  to  U. 
Dold-Kan  Theorem  14.24.3  is  the  following. 


The  dual  to  the 


Lemma  14.25.1.  Let  A be  an  abelian  category. 

(1)  The  functor  s : CoSimp(A)  CoCh>o(A)  is  exact. 

(2)  The  maps  s(U)n  — > Q(U)n  define  a morphism  of  cochain  complexes. 
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(3)  There  exists  a functorial  direct  sum  decomposition  s(U)  = A(U)  ® Q(U ) 
in  CoCh>0(A) . 

(4)  The  functor  Q is  exact. 

(5)  The  morphism  of  complexes  s{U)  — > Q(U)  is  a quasi-isomorphism. 

(6)  The  functor  U H >•  Q(U )*  defines  an  equivalence  of  categories  CoSimp(A)  — > 
CoCh>0(A). 

Proof.  Omitted.  But  the  results  are  the  exact  dual  statements  to  Lemmas|14.23.1[ 
|14.23.4[  |14.23.6[  |14.23.7[  |14.23.8[  and  Theorem |14.24.3|  □ 
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019J 


019K 


Consider  the  simplicial  sets  A[0]  and  A[l].  Recall  that  there  are  two  morphisms 


eo.ei  : A[0]  — >■  A[l], 


coming  from  the  morphisms  [0]  — > [1]  mapping  0 to  an  element  of  [1]  = {0, 1}.  Recall 
also  that  each  set  A [1] ^ is  finite.  Hence,  if  the  category  C has  finite  coproducts, 
then  we  can  form  the  product 


U x A[l] 

for  any  simplicial  object  U of  C,  see  Definition  14.13.1  Note  that  A[0]  has  the 


property  that  A[0]fc  = {*}  is  a singleton  for  all  k > 0.  Hence  U x A[0]  = U.  Thus 
eo,  ei  above  gives  rise  to  morphisms 


e0,ei  :U^Ux  A[l], 

Definition  14.26.1.  Let  C be  a category  having  finite  coproducts.  Suppose  that 
U and  V are  two  simplicial  objects  of  C.  Let  a,b  : U — > V be  two  morphisms. 

(1)  We  say  a morphism 

h : U x A[l]  — t V 

is  a homotopy  connecting  a to  b if  a = h o eo  and  b = h o e±. 

(2)  We  say  morphisms  a and  b are  homotopic  if  there  exists  a homotopy 
connecting  a to  b or  a homotopy  connecting  b to  a. 


Warning:  Being  homotopic  is  not  an  equivalence  relation  on  the  set  of  all  mor- 
phisms from  U to  V!  The  relation  “there  exists  a homotopy  from  a to  6”  is  not 
symmetric. 


It  turns  out  we  can  define  homotopies  between  pairs  of  maps  of  simplicial  objects 
in  any  category.  To  do  this  you  just  work  out  what  it  means  to  have  the  morphisms 
hn  : (U  x A[l])„  — ► Vn  in  terms  of  the  mapping  property  of  coproducts. 

Let  C be  a category  with  finite  coproducts.  Let  U,  V be  simplicial  objects  of  C.  Let 
a,b  : U — ► V be  morphisms.  Further,  suppose  that  h : U x A[l]  — > V is  a homotopy 
connecting  a to  b.  For  every  n > 0 let  us  write 


A[l]n  — {< > ■ ■ ■ i an+ ll 


where  a"  : [n]  — ► [1]  is  the  map  such  that 


lU) 


f 0 if  j < i 

\ 1 if  j > i 


hn:(Ux  A[l])„  = ]J  Un  ■ a?  — ► Vn 


Thus 
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019L 


07KA 

019M 


08RJ 

019N 

08Q3 


has  a component  hn/l  : Un 


Vn  which  is  the  restriction  to  the  summand  corre- 
.n  + l. 


sponding  to  a"  for  all  i = 0, 

Lemma  14.26.2.  In  the  situation  above,  we  have  the  following  relations: 


(1) 

We 

have 

hn 

,0  — 

and  h7 

(2) 

We 

have 

d7 

O hn,i  ~ 

= hn— i 

(3) 

We 

have 

O hn,i  ~ 

= hn— i 

(4) 

We 

have 

sn 

O h"n,i  ~ 

= hn+ 1, 

(5) 

We 

have 

on 

bJ 

° h"n,i  = 

= ^n+l, 

j J J 

Conversely,  given  a system  of  maps  hn ti  satisfying  the  properties  listed  above,  then 
these  define  a morphisms  h which  is  a homotopy  between  a and  b. 


Proof.  Omitted.  You  can  prove  the  last  statement  using  the  fact,  see  Lemma  14.2.4 
that  to  give  a morphism  of  simplicial  objects  is  the  same  as  giving  a sequence  of 
morphisms  hn  commuting  with  all  d™  and  sf.  □ 

Example  14.26.3.  Suppose  in  the  situation  above  a = b.  Then  there  is  a trivial 
homotopy  between  a and  b , namely  the  one  with  hn^i  = an  = bn. 

Remark  14.26.4.  Let  C be  any  category  (no  assumptions  whatsoever).  We  say 
that  a pair  of  morphisms  a,  b : U — > V of  simplicial  objects  are  homotopic  if  there 
exist  morphism^]  hn^  : Un  — y V„,  for  n > 0,  i = 0, . . . , n + 1 satisfying  the  relations 
of  Lemma  14.26.2  (potentially  with  the  roles  of  a and  b switched).  This  is  a “better” 


definition,  because  it  applies  to  any  category.  Also  it  has  the  following  property: 
if  F : C — » C is  any  functor  then  a homotopic  to  b implies  trivially  that  F(a)  is 
homotopic  to  F(b).  Since  the  lemma  says  that  the  newer  notion  is  the  same  as  the 
old  one  in  case  finite  coproduct  exist,  we  deduce  in  particular  that  functors  preserve 
the  old  notion  whenever  both  categories  have  finite  coproducts. 

Remark  14.26.5.  Let  C be  any  category.  Suppose  two  morphisms  a,a'  : U —>  V of 
simplicial  objects  are  homotopic.  Then  for  any  morphism  b : V — > W the  two  maps 
bo  a,  bo  a'  : U — > W are  homotopic.  Similarly,  for  any  morphism  c : X — > U the  two 
maps  aoc,  a'  oc  : X — > V are  homotopic.  In  fact  the  maps  boaoc,  boa'  oc  : X — >■  W 
are  homotopic.  Namely,  if  the  maps  hHti  : U — ► U define  a homotopy  between  a 
and  a'  then  the  maps  b o hH:i  o c define  a homotopy  between  b o a o c and  bo  a'  o c. 

Definition  14.26.6.  Let  U and  V be  two  simplicial  objects  of  a category  C.  We 
say  a morphism  a : U — > V is  a homotopy  equivalence  if  there  exists  a morphism 
b : V — > U such  that  aob  is  homotopic  to  idy  and  boa  is  homotopic  to  id;/-  If  there 
exists  such  a morphism  between  U and  V,  then  we  say  that  U and  V are  homotopy 
equivalent 

Example  14.26.7.  The  simplicial  set  A[m]  is  homotopy  equivalent  to  A[0]. 
Namely,  there  is  a unique  morphism  / : A[m]  —>  A[0]  and  we  take  g : A[0]  — > A[m] 
to  be  given  by  the  inclusion  of  the  last  0-simplex  of  A[m].  We  have  / o g = id  and 
we  will  give  a homotopy  h : A[m]  x A[l]  — ► A[m]  between  id/x[m]  and  9°  f ■ Namely 
h given  by  the  maps 

Mor a ( [n] , [m])  x MorA([n],  [1])  MorA([n],  [m]) 


iIn  the  literature,  often  the  maps  hn+i,i  ° '■  Un  — > are  used  instead  of  the  maps  hn^. 

Of  course  the  relations  these  maps  satisfy  are  different  from  the  ones  in  Lemma 


14.26.2 


“^Warning:  This  notion  is  not  an  equivalence  relation  on  objects  in  general. 
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which  send  (p,  a)  to 

if  u(k)  = 0 
| m if  a(k ) = 1 

Note  that  this  only  works  because  we  took  g to  be  the  inclusion  of  the  last  0-simplex. 
If  we  took  g to  be  the  inclusion  of  the  first  0-simplex  we  could  find  a homotopy  from 
g o f to  id/\[m] . This  is  an  illustration  of  the  asymmetry  inherent  in  homotopies  in 
the  category  of  simplicial  sets. 


The  following  lemma  says  that  U x A[l]  is  homotopy  equivalent  to  U . 

0190  Lemma  14.26.8.  Let  C be  a category  with  finite  coproducts.  Let  U be  a simplicial 

object  of'C.  Consider  the  maps  ei,  eo  : U — > U x A[l],  and  n : U x A[l]  — > U,  see 

Lemma  \ 14.13.3\ 

(1)  We  have  n o e\  = 7r  o eo  = idjj,  and 

(2)  The  morphisms  idjjx a[i]>  and  eo  ° tt  are  homotopic. 

(3)  The  morphisms  idjjx  a[i],  and  e\  o tt  are  homotopic. 


Proof.  The  first  assertion  is  trivial.  For  the  second,  consider  the  map  of  simplicial 
sets  A[l]  x A[l]  — A[l]  which  in  degree  n assigns  to  a pair  (/3i , ^2),  Pi  : [ n ] — > [1] 
the  morphism  /3  : [n]  — > [1]  defined  by  the  rule 

P(i)  = max{/?i(*),/32(*)}. 


It  is  a morphism  of  simplicial  sets,  because  the  action  A[l](</?)  : A[l]„  — > A[l]m  of 
ip  : [m]  — ► [n]  is  by  precomposing.  Clearly,  using  notation  from  Section  14.26|  we 
have  /?  = /?i  if  #2  = «o  and  P = an+ 1 if  P‘2  = an+i-  This  implies  easily  that  the 
induced  morphism 

U x A[l]  x A[l]  — > U x A[l] 

of  Lemma  14.13.3  is  a homotopy  between  id[/XA[i]  and  eo  o 7 r.  Similarly  for  ei  o 7r 
(use  minimum  instead  of  maximum).  □ 


019P  Lemma  14.26.9.  Let  f : Y X be  a morphism  of  a category  C with  fibre 
products.  Assume  f has  a section  s.  Consider  the  simplicial  object  U constructed 
in  Example\lj.3.5\  starting  with  f.  The  morphism  U — ► U which  in  each  degree  is 
the  self  map  (so  f)n+1  ofYxx---*xY  given  bysof  on  each  factor  is  homotopic  to 
the  identity  on  U.  In  particular,  U is  homotopy  equivalent  to  the  constant  simplicial 
object  X. 


Proof.  Set  <7°  = idv  and  g1  = so/.  We  use  the  morphisms 

Y Xx  ■ ■ ■ Xx  Y X Mor([n],  [1])  ->  Yxx.-.xXY 

(yo,...,yn)  x a h>  (ga^0)  (y0) , ■ ■ ■ , ga{n)  (yn)) 

where  we  use  the  functor  of  points  point  of  view  to  define  the  maps.  Another  way  to 
say  this  is  to  say  that  hn, 0 = id,  hn>n+\  = (so/)n+1  and  h„,i  = id^1  x (sof)n+1  \ 
We  leave  it  to  the  reader  to  show  that  these  satisfy  the  relations  of  Lemma [14. 26. 2| 
Hence  they  define  the  desired  homotopy.  See  also  Remark|l4. 26. 4| which  shows  that 
we  do  not  need  to  assume  anything  else  on  the  category  C.  □ 

08Q4  Lemma  14.26.10.  Let  C be  a category. 

(1)  If  at,  bt  : Xt  — ► Yt,  t £ T are  homotopic  morphisms  between  simplicial 
objects  of  C,  then  n ^t'>  n&t : n Yt  are  homotopic  morphisms 

between  simplicial  objects  ofC,  provided  Y\Xt  and  \\Yt  exist  in  Simp(C). 
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(2)  If(Xt,Yt),  t GT  are  homotopy  equivalent  pairs  of  simplicial  objects  ofC, 
then  Xt  and  J~[  Yt  are  homotopy  equivalent  pairs  of  simplicial  objects  of 
C,  provided  Y\Xt  and  Yt  exist  in  Simp{C). 

Proof.  If  ht  = (ht,n,i)  are  homotopies  connecting  at  and  bt  (see  Remark  |14.26.4|), 
then  h = (nt  ht,n,i)  is  a homotopy  connecting  at  and  bt.  This  proves  (1).  Part 
(2)  follows  from  part  (1)  and  the  definitions.  □ 


14.27.  Homotopies  in  abelian  categories 


019Q  Let  A be  an  abelian  category.  Let  U,  V be  simplicial  objects  of  A.  Let  a,b  : U — > V 
be  morphisms.  Further,  suppose  that  h : U x A [1]  — > V is  a homotopy  connecting  a 
and  b.  Consider  the  two  morphisms  of  chain  complexes  s(a),s(b)  : s(U)  — > s(P). 
Using  the  notation  introduced  above  Lemma [14. 26. 2|  we  define 

■ Un  t Ui-|-i 

by  the  formula 

019R  (14.27.0.1)  s(h)n  = V”  (-1  )i+1/in+M+i  o 

Let  us  compute  dn+ 1 o s(h)n  + s(h)n- 1 o dn.  We  first  compute 

dn+i°s(h)n  = ^Ln^_1)J+i+1^+1  ° kn+M+1  ° s? 


= E 
+E 
- E 
+E 
+E 
+Er 


(-iy+i+1hn>i+i  O s"_1  o 


l<i+l<j<n+l 


l<i+l=j  <n-\-l 


(-1  )j+i+1hn,i+l 


n>i=j>  0 


(-i  y+j+1hn,i 


Jn>i>j> 0 J 

We  leave  it  to  the  reader  to  see  that  the  first  and  the  last  of  the  four  sums  cancel 
exactly  against  all  the  terms  of 

n—  1 n 

s(h)n- 1 ° dn  = EE(-irfl+J/i  n,i+ 1 VS™  1 ° dj. 


i=0  j— 0 


Hence  we  obtain 


n+1 


dn+l  O s(h)n  + s(h)n-i  o dn  = y^(-l )23h.nd  + Yx-l)2'+1hn>i 

j= 1 


*=0 


— hn,n+ 1 hn,  0 

— Un  bn 


Thus  we’ve  proved  part  of  the  following  lemma. 

019S  Lemma  14.27.1.  Let  A be  an  abelian  category.  Let  a,b  : U — * V be  morphisms 
of  simplicial  objects  of  A.  If  a,  b are  homotopic,  then  s(a),s(b)  : s(U ) -A  s(P),  and 
N(a),  N(b)  : N(U ) —A  N(V)  are  homotopic  maps  of  chain  complexes. 
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019T 


019U 


019W 


07KB 


019X 


Proof.  The  part  about  s(a)  and  s(b)  is  clear  from  the  calculation  above  the  lemma. 
On  the  other  hand,  if  follows  from  Lemma  14.23.6  that  N(a),  N(b ) are  compositions 

N(U)  -A  s{U)  -A  s{V)  -A  N(V) 


where  we  use  s(a ),  s(b)  in  the  middle.  Hence  the  assertion  follows  from  Homology, 
Lemma  [HHH  □ 


Lemma  14.27.2.  Let  A be  an  abelian  category.  Let  a : U -A  V be  a morphism  of 
simplicial  objects  of  A.  If  a is  a homotopy  equivalence,  then  s(a ) : s(U ) -A  s(P), 
and  N(a)  : N(U)  -A  N(V)  are  homotopy  equivalences  of  chain  complexes. 

Proof.  Omitted.  See  Lemma  fl4. 27. II  above.  □ 


14.28.  Homotopies  and  cosimplicial  objects 


Let  C be  a category  with  finite  products.  Let  V be  a cosimplicial  object  and  consider 
Hom(A[l],  V),  see  Section  14.14|  The  morphisms  eo,ei  : A[0]  -A  A[l]  produce  two 
morphisms  eo,ei  : Hom(A[l],  V)  -A  V. 


Definition  14.28.1.  Let  C be  a category  having  finite  products.  Suppose  that 
U and  V are  two  cosimplicial  objects  of  C.  We  say  morphisms  a,b  : U -A  V are 
homotopic  if  there  exists  a morphism 


h:U  — > Hom(A[l],  V) 

such  that  a = eo  o h and  b = e\  o h.  In  this  case  h is  called  a homotopy  connecting 
a and  b. 


This  is  really  exactly  the  same  as  the  notion  we  introduced  for  simplicial  objects 
earlier.  In  particular,  recall  that  A[l]„  is  a finite  set,  and  that 


bn  — {hn  cf)  ■ U I I Vn 

11o£A[1]„ 

is  given  by  a collection  of  maps  hUja  : Un  — ► Vn  parametrized  by  elements  of 
A[l]„  = MorA([n],  [1]).  As  in  Lemma  14.26.2  these  morphisms  satisfy  some  rela- 
tions. Namely,  for  every  f : [n]  —¥  [m]  in  A we  should  have 


(14.28.1.1)  hm,a  o U{f)  = V{f)  o hn,aof 

The  condition  that  a = eo  o h means  that  an  = /in,0:[n]_>[i]  where  0 : [n]  -A  [1]  is 
the  constant  map  with  value  zero.  Similarly,  we  should  have  bn  = /in.i:[n]-v[i]-  In 
particular  we  deduce  once  more  that  the  notion  of  homotopy  can  be  formulated 
between  cosimplicial  objects  of  any  category,  i.e. , existence  of  products  is  not  nec- 
essary. Here  is  a precise  formulation  of  why  this  is  dual  to  the  notion  of  a homotopy 
between  morphisms  of  simplicial  objects. 

Lemma  14.28.2.  Let  C be  a category  having  finite  products.  Suppose  that  U and 
V are  two  cosimplicial  objects  ofC.  Let  a,b  : U -A  V be  morphisms  of  cosimplicial 
objects.  Recall  that  U , V correspond  to  simplicial  objects  U' , V'  of  Copp . Moreover 
a,  b correspond  to  morphisms  a',  b'  : V'  — > U' . The  following  are  equivalent 

(1)  The  morphisms  a,b  : U -A  V of  cosimplicial  objects  are  homotopic. 

(2)  The  morphisms  a' ,b'  : V'  -A  U'  of  simplicial  objects  ofCopp  are  homotopic. 
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Proof.  If  C has  finite  products,  then  Copp  has  finite  coproducts.  And  the  con- 
travariant  functor  (— )'  : C — > Copp  transforms  products  into  coproducts.  Then  it  is 
immediate  from  the  definitions  that  (Hom(A[l],  V))'  = V'  x A[l].  And  so  on  and 
so  forth.  □ 


019Y  Lemma  14.28.3.  Let  C,  C , T>,  D'  be  categories  such  thatC,C'  have  finite  products, 
and  T> , T>'  have  finite  coproducts. 

(1)  Let  a,b  : U -A  V be  morphisms  of  simplicial  objects  ofV.  Let  F : V -4  V 
be  a covariant  functor.  If  a and  b are  homotopic,  then  F(a),  F(b ) are 
homotopic  morphisms  F(U ) — > F(V)  of  simplicial  objects. 

(2)  Let  a,b  : U -A  V be  morphisms  of  cosimplicial  objects  ofC.  Let  F : C -A  C 
be  a covariant  functor.  If  a and  b are  homotopic,  then  F(a),  F{b)  are 
homotopic  morphisms  F(U ) -A  F(V)  of  cosimplicial  objects. 

(3)  Let  a,b  : U -A  V be  morphisms  of  simplicial  objects  ofV.  Let  F : V -A  C 
be  a contravariant  functor.  If  a and  b are  homotopic,  then  F(a),  F(b)  are 
homotopic  morphisms  F(V)  — > F(U)  of  cosimplicial  objects. 

(4)  Let  a,b  : U -A  V be  morphisms  of  cosimplicial  objects  ofC.  Let  F : C — )•  V 
be  a contravariant  functor.  If  a and  b are  homotopic,  then  F(a),  F(b)  are 
homotopic  morphisms  F(V)  — > F(U)  of  simplicial  objects. 


Proof.  By  Lemma[l4. 28. 2| above,  we  can  turn  F into  a covariant  functor  between 
a pair  of  categories  which  have  finite  coproducts,  and  we  have  to  show  that  the 
functor  preserves  homotopic  pairs  of  maps.  It  is  explained  in  Remark |14. 26. 4 how 
this  is  the  case.  Even  if  the  functor  does  not  commute  with  coproducts!  □ 


019Z  Lemma  14.28.4.  Let  f : Y — * X be  a morphism  of  a category  C with  pushouts. 
Assume  f has  a section  s.  Consider  the  cosimplicial  object  U constructed  in  Exam- 
ple\14-5~^\  starting  with  f.  The  morphism  U — » U which  in  each  degree  is  the  self 
map  of  Y IIx  • ■ • Hx  Y given  by  so  f on  each  factor  is  homotopic  to  the  identity  on 
U . In  particular,  U is  homotopy  equivalent  to  the  constant  cosimplicial  object  X . 


Proof.  The  dual  statement  which  is  Lemm.ari4.26. 91  Hence  this  lemma  follows  on 
applying  Lemma  14.28.2  □ 


01A0  Lemma  14.28.5.  Let  A be  an  abelian  category.  Let  a,b  : U — > V be  morphisms 
of  cosimplicial  objects  of  A.  If  a,  b are  homotopic,  then  s(a),s(b)  : s(U ) — >•  s(V), 
and  Q(a),Q(b)  : Q{U)  — > Q(V)  are  homotopic  maps  of  cochain  complexes. 


Proof.  Let  (— )'  : A Aopp  be  the  contravariant  functor  A i— »•  A.  By  Lemma 
14.28.4  the  maps  a'  and  b'  are  homotopic.  By  Lemma  14.27.1  we  see  that  s(a') 


and  s{b')  are  homotopic  maps  of  chain  complexes.  Since  s(a ')  = (s(a))7  and  s(b')  = 
(s(b))'  we  conclude  that  also  s(a ) and  s(b)  are  homotopic  by  applying  the  additive 
contravariant  functor  (— )"  : Aopp  -A  A.  The  result  for  the  Q-complexes  follows 
from  the  direct  sum  decomposition  of  Lemma  14.25.1  for  example.  □ 


14.29.  More  homotopies  in  abelian  categories 

OlAl  Let  A be  an  abelian  category.  In  this  section  we  show  that  a homotopy  between 
morphisms  in  Ch>o(-4)  always  comes  from  a morphism  U x A[l]  — > V in  the 
category  of  simplicial  objects.  In  some  sense  this  will  provide  a converse  to  Lemma 
|14.27.1|  We  first  develop  some  material  on  homotopies  between  morphisms  of  chain 
complexes. 
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01A2  Lemma  14.29.1.  Let  A be  an  abelian  category.  Let  A be  a chain  complex.  Con- 
sider the  covariant  functor 

B i — > {(a,  b,  h)  | a,  6 : A -A  1?  and  h a homotopy  between  a,  b} 

There  exists  a chain  complex  o A such  that  Mor^®!)  (oA, —)  is  isomorphic  to  the 
displayed  functor.  The  construction  A H > oA  is  functorial. 

Proof.  We  set  oAn  = An  © An  ® A„_ i,  and  we  define  d0A,n  by  the  matrix 

/ d.A.n  0 idA„_i  \ 

doA.n  = I 0 I : ® ® An_i  — > An_ \ ® An_i  ® An_ 2 

\ 0 0 dA.n—1 ) 

If  A is  the  category  of  abelian  groups,  and  (x,y,z)  £ An  ® A„  ® A„_i  then 
doA,n(x,y,z)  = ( dn{x ) + z,dn(y)  — z,  — dn-i(z)).  It  is  easy  to  verify  that  d2  = 0. 
Clearly,  there  are  two  maps  o a,  ob  : A — > oA  (first  summand  and  second  summand), 
and  a map  oA  -A  A[—  1]  which  give  a short  exact  sequence 

0— >A®A-*oA— >•  A[ — 1]  -a  0 

which  is  termwise  split.  Moreover,  there  is  a sequence  of  maps  ohn  : A„  — > oA„+i, 
namely  the  identity  from  An  to  the  summand  A„  of  oAn+i,  such  that  oh  is  a 
homotopy  between  o a and  ob. 

We  conclude  that  any  morphism  / : oA  -a  B gives  rise  to  a triple  (a,  6,  h)  by  setting 
a = f o o a,  b = f oob  and  hn  = fn+i  ° ohn.  Conversely,  given  a triple  (a,  b,  h)  we 
get  a morphism  / : oA  -A  B by  taking 

fn  1)- 

To  see  that  this  is  a morphism  of  chain  complexes  you  have  to  do  a calculation. 
We  only  do  this  in  case  A is  the  category  of  abelian  groups:  Say  (x,  y,  z)  € oAra  = 
An  ® An  ® An_1.  Then 

fn-xidnix,  y,z))  = fn-i(dn(x)  + z,dn(y)  - z,-dn-\(z)) 

= an(dn{x))  + an(z)  + bn(dn{y))  - bn(z)  - hn-2(dn-i(z)) 

and 

dn(fn(x,y,z)  = dn(an(x)  + bn(y)  + hn-i(z)) 

= dn(an(x))  + dn(bn(y ))  + dn{hn-1(z)) 

which  are  the  same  by  definition  of  a homotopy.  □ 


Note  that  the  extension 


01A3 


0 -a  A ® A -a  oA 


A[— 1]  -a  0 

> A[— 1]„  with  the  property  that  the 


comes  with  sections  of  the  morphisms  oA. 
associated  morphism  <5  : A[—  1]  -A  (A  ® A)  [ — 1] , see  Homology,  Lemma  12.14.4 
equals  the  morphism  (1,-1)  : A[ — 1] 


Lemma  14.29.2. 


A[— 1]  ® A[— 1]. 

Let  A be  an  abelian  category.  Let 
0 -a  A ® A -a  B -a  C -A  0 


be  a short  exact  sequence  of  chain  complexes  of  A.  Suppose  given  in  addition 
morphisms  sn  : Cn  -A  Bn  splitting  the  associated  short  exact  sequence  in  degree 
n.  Let  S(s ) : C — > (A  ® A) [ — 1]  = A[—  1]  ® A[— 1]  be  the  associated  morphism  of 
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complexes,  see  Homology,  Lemma  12.14-4 
(1,  —1)  : A[— 1]  —>  A[—  1]  ® A[—  1],  then  there  is  a unique  morphism  B 
into  a commutative  diagram 


If  S(s)  factors  through  the  morphism 

oA  fitting 


Aq 

3A >■  J 

3 

~1 

' 

’ 

f 

A .y  A[ 

-1] 

where  the  vertical  maps  are  compatible  with  the  splittings  sn  and  the  splittings  of 
oAn  — > A[—  l]n  as  well. 


Proof.  Denote  ( pn 


12.14.4 


Qn)  '■ 

{a,  b) 


B„ 


> ATi 
A - 


E)  An  the  morphism  7rn  of  Homology,  Lemma 
B , and  r : B — ► C for  the  maps  in  the  short 


Also  write  (a,  b)  : A 

exact  sequence.  Write  the  factorization  of  S(s)  as  S(s)  = (1,  —1)  o /.  This  means 
that  pn_  1 O dB,n  ° sn  = fn,  and  g„_i  o dB,n  ° sn  = -fn,  and  Set  Bn  -+  oAn  = 
An  ® An  ® An_ i equal  to  (pn,  qn,  fn  ° rn). 


Now  we  have  to  check  that  this  actually  defines  a morphism  of  complexes.  We  will 
only  do  this  in  the  case  of  abelian  groups.  Pick  x £ Bn.  Then  x = an(x\)  + bn(x2)  + 
sn(x 3)  and  it  suffices  to  show  that  our  definition  commutes  with  differential  for  each 
term  separately.  For  the  term  an(xi)  we  have  (pn,  qn , fn  0 rn)(an(x  1))  = (aq,  0,  0) 
and  the  result  is  obvious.  Similarly  for  the  term  bn{x2).  For  the  term  sn(x 3)  we 
have 


(Pm  qn,  fn  ° rn)(dn(sn(x3)))  (.Pn,  qn,  fn  ® Di)( 

an(fn(x 3))  - bn(fn(x 3))  + sn(dn(x 3))) 

= (fn(x3),-fn(X3),fn(dn(x3))) 

by  definition  of  fn.  And 

dn(Pn,  qn,  f n ® rn')(sn(x3)')  — dn  (0,  0,  fn  (1C3)) 

= (fn(x 3),  fn(x3 ),  dJ4[_i]  n(</n(X3))) 

The  result  follows  as  / is  a morphism  of  complexes.  □ 


01A4  Lemma  14.29.3.  Let  A be  an  abelian  category.  Let  U , V be  simplicial  objects 
of  A.  Let  a,b  : U — > V be  a pair  of  morphisms.  Assume  the  corresponding  maps 
of  chain  complexes  N(a),N(b)  : N(U)  —>  N(V)  are  homotopic  by  a homotopy 
{Nn  : N(U)n  — t lV(P)n_|_i}.  Then  a,b  are  homotopic  in  the  sense  of  Definition 
14-26. 1\  Moreover,  one  can  choose  the  homotopy  h : U x A[l]  — > V such  that 


Nn  = N(h)n  where  N(h)  is  the  homotopy  coming  from  h as  in  Section  14-21 


Proof.  Let  (oN(U),oa,ob,oh)  be  as  in  Lemma  14.29. 1|  and  its  proof.  By  that 
lemma  there  exists  a morphism  o N(U)  — » N(V)  representing  the  triple  ( N(a),N(b ),  {iV„}). 
We  will  show  there  exists  a morphism  if  : N(U  x A[l])  — >•  oN(U)  such  that 
oa  = ip  o N(e o),  and  0b  = ip  o N(e i).  Moreover,  we  will  show  that  the  homo- 
topy between  N(eo),N(e\)  : N(U)  — ¥ N(U  x A[l])  coming  from  (14.27.0.1)  and 
Lemma  14.27.1  with  h = id[/XA[i]  is  mapped  via  ip  to  the  canonical  homotopy 
0h  between  the  two  maps  0a,  0b  : N(U)  —>  0N(U).  Certainly  this  will  imply  the 
lemma. 


Note  that  N : Sirnp(A)  — > Ch>0(A)  as  a functor  is  a direct  summand  of  the 
functor  N : Simp(A)  — >•  Ch>0(-4).  Also,  the  functor  o is  compatible  with  direct 
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sums.  Thus  it  suffices  instead  to  construct  a morphism  if  : s(U  x A[l])  — > os(U) 
with  the  corresponding  properties.  This  is  what  we  do  below. 


By  Definition  14.26.1  the  morphisms  eo  : U U x A [1]  and  e\  : U — »•  U x A[l]  are 
homotopic  with  homotopy  idy  x a[i]  • By  Lemma  14.27.1|we  get  an  explicit  homotopy 
{hn  : s(U)n  — > s(U  x A[l])„_|_i}  between  the  morphisms  of  chain  complexes  s(eo)  : 
s(U)  —*■  s(U  x A[l] ) and  s(ei)  : s(U)  —*■  s(U  x A[l]).  By  Lemma  14.29.2  above  we 
get  a corresponding  morphism 


$ : o s(U)  ->  s(U  x A[l]) 

According  to  the  construction,  $„  restricted  to  the  summand  s(U)[—  l]n  = s(U)n-\ 
of  os(U)n  is  equal  to  hn-\.  And 

hn- 1 = Ei=0  (-!)i+lsr  • <+l  : Un-l  0,  Un  ' 

with  obvious  notation. 


On  the  other  hand,  the  morphisms  e,  : U — > U x A [1]  induce  a morphism  (eo,  ei)  : 
U © U — ► U x A[l].  Denote  W the  cokernel.  Note  that,  if  we  write  (U  x A[l])n  = 
©a-M-qil  Un  ■ cn,  then  we  may  identify  Wn  = @"=1  Un  ■ a”  with  a"  as  in  Section 
|14.26|  We  have  a commutative  diagram 

0 ► U®U U X A[l] > W ■ & 0 

7T 

Y 

u 


This  implies  we  have  a similar  commutative  diagram  after  applying  the  functor  s. 
Next,  we  choose  the  splittings  an  : s{W)n  — > s(U xA[l])„  by  mapping  the  summand 
Un-a™  C Wn  via  (—1,1)  to  the  summands  Un ■ a{} © Un ■ a™  C (PxA[l])„.  Note  that 
s(7r)n  o cr„  = 0.  It  follows  that  (1, 1)  o 5(a)n  = 0.  Hence  5(a)  factors  as  in  Lemma 
14.29.2  By  that  lemma  we  obtain  a canonical  morphism  4i  : s(U  x A[l])  — > os(U). 


To  compute  T we  first  compute  the  morphism  5(a)  : s(W)  -A  s(t/)[— 1]  ® s(17)[— 1]. 
According  to  Homology,  Lemma [l2.14.4|  and  its  proof,  to  do  this  we  have  compute 


5’s( t/x<5[l]),n  ° &n  &n—  1 ° n 

and  write  it  as  a morphism  into  Un- 1 • a g_1  ® U„- 1 • a”-1.  We  only  do  this  in  case 
A is  the  category  of  abelian  groups.  We  use  the  short  hand  notation  xa  for  x £ Un 
to  denote  the  element  x in  the  summand  Un  ■ a of  (U  x A[l])„.  Recall  that 

4(c/x5[i]),n  = 

where  d™  maps  the  summand  Un-a  to  the  summand  Un-\-(ao5™)  via  the  morphism 
d™  of  the  simplicial  object  U.  In  terms  of  the  notation  above  this  means 

* ^ 71 

^s([/x<5[l]), «(■£«)  / Q(~l)  (h'i  (x))ao6™ 

Starting  with  xa  £ Wn,  in  other  words  a = a™  for  some  j £ {1, . . . , n},  we  see  that 
o’n(xa)  = xa  — and  hence 

(ds(ux6[i»,n°an)(xa)  = ^.=0(-1)t(dT(a;))aoi,T*  - J^i=0(-iyK(x))aSogn 
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08NI< 


To  compute  ds( w),n(xoi)i  we  have  to  omit  all  terms  where  a o 5™  = ckg  \ an  1 
Hence  we  get 


E 


i=0, ,ti  and  ao6™j£aQ 


(p'n—l  ® ^s(W),n) (*^ck)  — 
or  ((-l)l(rf?(^))ao5r 


Clearly  the  difference  of  the  two  terms  is  the  sum 


* ^2=0, ...,n  and  ao8V,=cx.Q 


(-l)‘«(z))arl) 


Of  course,  if  a o 5™  = Og-1  then  the  term  drops  out.  Recall  that  a = a"  for  some 
j € {1, . . . , n}.  The  only  way  a™o<5"  = is  if  j = n and  i = n.  Thus  we  actually 
get  0 unless  j = n and  in  that  case  we  get  (—  l)n (d™(x)) a™-\  — (— l)n(d™(x))an-i . 
In  other  words,  we  conclude  the  morphism 


5(a)n  : Wn  -A  (s(U)[- 1]  © s(!7)[— 1])„  = £/n_i  © Un_x 


is  zero  on  all  summands  except  Un  ■ a™  and  on  that  summand  it  is  equal  to 
((— l)"d”,  — (— 1 )nd™)-  (Namely,  the  first  summand  of  the  two  corresponds  to  the 
factor  with  a™-1  because  that  is  the  map  [n  — 1]  — ► [1]  which  maps  everybody  to 
0,  and  hence  corresponds  to  eg.) 


We  obtain  a canonical  diagram 


0 *-  s(U)  © s(U) *■  os(U) >■  s(J7)[-l] *■  0 

$ 

Y Y 

0 s(U)  © s(U) s(U  x A[l]) ^ s(W) ^ 0 

T 

Y V 

0 s(U)  © s(U) os(U) ^ s(C/)[— 1] 0 


We  claim  that  $ o $ is  the  identity.  To  see  this  it  is  enough  to  prove  that  the 
composition  of  $ and  5(a)  as  a map  s(C/)[— 1]  — ► s(W)  — > s(C/)  [ — 1]  ©s(t/)  [ — 1]  is  the 
identity  in  the  first  factor  and  minus  identity  in  the  second.  By  the  computations 
above  it  is  ((-l)ndg , -(-l)nd(f)  o (-l)ns"  = (1,  -1)  as  desired.  □ 


14.30.  Trivial  Kan  fibrations 


Recall  that  for  n > 0 the  simplicial  set  A[n]  is  given  by  the  rule  [k\  i-a  MorA([fc],  [n]), 
see  Example  14.11.2  Recall  that  A[n]  has  a unique  nondegenerate  n-simplex  and 


all  nondegenerate  simplices  are  faces  of  this  n-simplex.  In  fact,  the  nondegenerate 
simplices  of  A[n]  correspond  exactly  to  injective  morphisms  [k]  — » [n],  which  we 
may  identify  with  subsets  of  [n].  Moreover,  recall  that  Mor(A[n],  X)  = Xn  for  any 
simplicial  set  X (Lemma  14.11.3).  We  set 


<9A[n]  = *(n-!)!skn_i  A[n] 


and  we  call  it  the  boundary  of  A[n].  From  Lemma  14.21.5  we  see  that  <9A[n]  C A[n] 
is  the  simplicial  subset  having  the  same  nondegenerate  simplices  in  degrees  < n — 1 
but  not  containing  the  nondegenerate  n-simplex. 
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08NL  Definition  14.30.1.  A map  X — ► Y of  simplicial  sets  is  called  a trivial  Kan 
fibration  if  X0  -A  Y0  is  surjective  and  for  all  n > 1 and  any  commutative  solid 
diagram 


dA[n]  — 

s-  X 

* 

/ 

/ 

P 

A 

n] 

— ^Y 

a dotted  arrow  exists  making  the  diagram  commute. 


A trivial  Kan  fibration  satisfies  a very  general  lifting  property. 

08NM  Lemma  14.30.2.  Let  f : X -a  Y"  be  a trivial  Kan  fibration  of  simplicial  sets.  For 
any  solid  commutative  diagram 


W — ^-3-  Y 


of  simplicial  sets  with  Z -A  W (termwise)  injective  a dotted  arrow  exists  making 
the  diagram  commute. 


Proof.  Suppose  that  Z W.  Let  n be  the  smallest  integer  such  that  Zn  Wn. 
Let  x £ Wn,  x fL  Zn.  Denote  Z'  C W the  simplicial  subset  containing  Z,  x , and  all 
degeneracies  of  x.  Let  ip  : A[n]  — > Z'  be  the  morphism  corresponding  to  x (Lemma 


(3  define  a morphism  b'  : Z'  -A  X.  In  other  words,  we  have  extended  the  morphism 
& to  a bigger  simplicial  subset  of  Z. 

The  proof  is  finished  by  an  application  of  Zorn’s  lemma  (omitted).  □ 

08NN  Lemma  14.30.3.  Let  f : X -A  Y be  a trivial  Kan  fibration  of  simplicial  sets.  Let 
Y'  -A  Y be  a morphism  of  simplicial  sets.  Then  X x y Y'  -A  Y'  is  a trivial  Kan 
fibration. 


14.11.3 1.  Then  ^|dA[n]  maps  into  Z as  all  the  nondegenerate  simplices  of  <9A[n]  end 
up  in  Z.  By  assumption  we  can  extend  b o <^|aA[n]  to  ft  : A[n]  -A  X.  By  Lemma 
14.21.7  the  simplicial  set  Z'  is  the  pushout  of  A[n]  and  Z along  d\[n].  Hence  b and 


08NP 


Proof.  This  follows  immediately  from  the  functorial  properties  of  the  fibre  product 
(Lemma  14.7.2)  and  the  definitions.  □ 


Lemma  14.30.4.  The  composition  of  two  trivial  Kan  fibrations  is  a trivial  Kan 
fibration. 


Proof.  Omitted.  □ 

08NQ  Lemma  14.30.5.  Let  . . . -a  U2  -a  U1  -a  U°  be  a sequence  of  trivial  Kan  fibra- 
tions. Let  U = limf/*  defined  by  taking  Un  = lim/7^.  Then  U -A  U°  is  a trivial 
Kan  fibration. 


Proof.  Omitted.  Hint:  use  that  for  a countable  sequence  of  surjections  of  sets  the 
inverse  limit  is  nonempty.  □ 

08NR  Lemma  14.30.6.  Let  Xj  -a  Yj  be  a set  of  trivial  Kan  fibrations.  Then  n Xi 
[[Yi  is  a trivial  Kan  fibration. 
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08Q5 


08NS 


08NT 


08NU 


08NV 


Proof.  Omitted.  □ 

Lemma  14.30.7.  A filtered  colimit  of  trivial  Kan  fibrations  is  a trivial  Kan  fibra- 
tion. 


Proof.  Omitted.  Hint:  See  description  of  filtered  colimits  of  sets  in  Categories, 
Section  14.191  □ 


Lemma  14.30.8.  Let  f : X -A  Y be  a trivial  Kan  fibration  of  simplicial  sets. 
Then  f is  a homotopy  equivalence. 


Proof.  By  Lemma[l4.30.2|we  can  choose  an  right  inverse  g : Y — > X to  /.  Consider 
the  diagram 


<9A[1 


x X 


A[l]  x X ■ 


X 

Y 


Here  the  top  horizontal  arrow  is  given  by  idx  and  go  f where  we  use  that  (9A[1]  x 
X)n  = Xn  H Xn  for  all  n > 0.  The  bottom  horizontal  arrow  is  given  by  the  map 
A[l]  -A  A[0]  and  / : X — > Y.  The  diagram  commutes  as  / o g o f = f . By  Lemma 
114.30.21  we  can  fill  in  the  dotted  arrow  and  we  win.  □ 


14.31.  Kan  fibrations 


Let  n , k be  integers  with  0 < k < n and  1 < n.  Let  (Jq , ...  ,crn  be  the  n + 1 faces 
of  the  unique  nondegenerate  n-simplex  a of  A[n],  i.e.,  ct,  = diU.  We  let 

A k[n]  C A[n] 

be  the  kth  horn  of  the  n-simplex  A[n].  It  is  the  simplicial  subset  of  A[n]  generated 
by  <To>  • • ■ > <5fc,  • • • , an.  In  other  words,  the  image  of  the  displayed  inclusion  contains 
all  the  nondegenerate  simplices  of  A[n]  except  for  a and  ov 

Definition  14.31.1.  A map  X — >•  Y of  simplicial  sets  is  called  a Kan  fibration  if 
for  all  k,  n with  1 < n,  0 < k < n and  any  commutative  solid  diagram 


A, 


k[n  \ 


X 


Y 


a dotted  arrow  exists  making  the  diagram  commute.  A Kan  complex  is  a simplicial 
set  X such  that  X -A  * is  a Kan  fibration,  where  * is  the  constant  simplicial  set  on 
a singleton. 


Note  that  Aj,[n]  is  always  nonempty.  This  a morphism  from  the  empty  simplicial 
set  to  any  simplicial  set  is  always  a Kan  fibration.  It  follows  from  Lemma  [14.30. 2| 
that  a trivial  Kan  fibration  is  a Kan  fibration. 

Lemma  14.31.2.  Let  f : X — ► Y be  a Kan  fibration  of  simplicial  sets.  Let  Y'  -A  Y 
be  a morphism  of  simplicial  sets.  Then  X x y Y'  — > Y'  is  a Kan  fibration. 


Proof.  This  follows  immediately  from  the  functorial  properties  of  the  fibre  product 
(Lemma  14.7.2)  and  the  definitions.  □ 
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08NW  Lemma  14.31.3.  The  composition  of  two  Kan  fibrations  is  a Kan  fibration. 

Proof.  Omitted.  □ 

08NX  Lemma  14.31.4.  Let  . . . — > U2  — > U1  — > U°  be  a sequence  of  Kan  fibrations.  Let 
U = lim  Ul  defined  by  taking  Un  = lim  [/* . Then  U — ► U°  is  a Kan  fibration. 

Proof.  Omitted.  Hint:  use  that  for  a countable  sequence  of  surjections  of  sets  the 
inverse  limit  is  nonempty.  □ 

08NY  Lemma  14.31.5.  Let  Xt  -A  be  a set  of  Kan  fibrations.  Then  nxi^n  Yi  is 
a Kan  fibration. 

Proof.  Omitted.  □ 

The  following  lemma  is  due  to  J.C.  Moore,  see  [Moo55i . 

08NZ  Lemma  14.31.6.  Let  X be  a simplicial  group.  Then  X is  a Kan  complex. 

Proof.  The  following  proof  is  basically  just  a translation  into  English  of  the  proof 
in  the  reference  mentioned  above.  Using  the  terminology  as  explained  in  the  intro- 
duction to  this  section,  suppose  / : Afc[n]  — > X is  a morphism  from  a horn.  Set 
Xi  = f((Ji)  £ Xn_i  for  i = 0, . . . , k, . . . , n.  This  means  that  for  i < j we  have 
diXj  = dj-iXi  whenever  i.  j ^ k.  We  have  to  find  an  r € Xn  such  that  Xi  = diX 
for  i = 0, . . . , k, . . . , n. 

We  first  prove  there  exists  a u £ Xn  such  that  dru  = a for  i < k.  This  is  trivial  for 
k = 0.  If  k > 0,  one  defines  by  induction  an  element  ur  £ Xn  such  that  diUr  = Xi 
for  0 < i < r.  Start  with  u°  = sqXo-  If  r < k — 1,  we  set 

y = sr+i({dr+iu  ) xr+i),  u = u y . 

An  easy  calculation  shows  that  diyr  = 1 (unit  element  of  the  group  A'n_i)  for  i < r 
and  dr+iyr  = ( dr+iur)~1xr+i . It  follows  that  diUr+1  = Xi  for  i < r + 1.  Finally, 
take  u = uk^1  to  get  u as  promised. 

Next  we  prove,  by  induction  on  the  integer  r,  0 < r < n — fc,  there  exists  a/£  Xn 
such  that 

diXr  = Xi  for  i < k and  i > n — r. 

Start  with  x°  = u for  r = 0.  Having  defined  xr  for  r < n — k — 1 we  set 

Zr  = Sn-r-i((dn-rXry1Xn-r),  Xr+1  = XT  ZT 

A simple  calculation,  using  the  given  relations,  shows  that  diZr  = 1 for  i < k and 
i > n — r and  that  dn-r(zr ) = ( dn-rxr)~1xn-r . It  follows  that  diXr+1  = Xi  for 
i < k and  i > n — r — 1.  Finally,  we  take  x = xn~k  which  finishes  the  proof.  □ 

08P0  Lemma  14.31.7.  Let  f : X —>Y  be  a homomorphism  of  simplicial  abelian  groups 
which  is  termwise  surjective.  Then  f is  a Kan  fibration  of  simplicial  sets. 

Proof.  Consider  a commutative  solid  diagram 


A k[n]^r~X 

T 


b 


Y 
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as  in  Definition  14.31.1  The  map  a corresponds  to  xq , . . . ,Xk,  ■ ■ ■ ,xn  £ A'„_i 
satisfying  diXj  = dj_\Xi  for  i < j,  i,j  ^ k.  The  map  b corresponds  to  an  element 
y £ Yn  such  that  dty  = f(xi)  for  i ^ k.  Our  task  is  to  produce  an  i € Xn  such 
that  diX  = Xi  for  i ^ k and  f{x)  = y. 


Since  / is  termwise  surjective  we  can  find  x £ Xn  with  /( x)  = y.  Replace  y by 
0 = y — f{x)  and  Xi  by  Xi  — diX  for  i ^ k.  Then  we  see  that  we  may  assume  y = 0. 
In  particular  f(xi)  = 0.  In  other  words,  we  can  replace  X by  Ker (/)  C X and  Y 
by  0.  In  this  case  the  statement  become  Lemma  14.31.6  □ 


08P1  Lemma  14.31.8.  Let  f : X — >•  Y be  a homomorphism  of  simplicial  abelian  groups 
which  is  termwise  surjective  and  induces  a quasi-isomorphism  on  associated  chain 
complexes.  Then  f is  a trivial  Kan  fibration  of  simplicial  sets. 


Proof.  Consider  a commutative  solid  diagram 


<9  A n s-  X 

* 

/ 

/ 

A 

r / 

n]  — - — ^ Y 

as  in  Definition  14.30.1 
diXj  = dj-iXi  for  i < j. 


The  map  a corresponds  to  xq,  . . . , xn  £ Xn_i  satisfying 
The  map  b corresponds  to  an  element  y £ Yn  such  that 


diy  = f{xi).  Our  task  is  to  produce  an  x £ Xn  such  that  diX  = Xi  and  f(x)  = y. 


Since  / is  termwise  surjective  we  can  find  x £ Xn  with  f(x)  = y.  Replace  y by 
0 = y—f{x)  and  x,  by  Xi—diX.  Then  we  see  that  we  may  assume  y = 0.  In  particular 
f(xi)  = 0.  In  other  words,  we  can  replace  X by  Ker(/)  C A'  and  Y by  0.  This 
works,  because  by  Homology,  Lemma  |12.12.6|  the  homology  of  the  chain  complex 
associated  to  Ker(/)  is  zero  and  hence  Ker (/)  — ► 0 induces  a quasi-isomorphism  on 
associated  chain  complexes. 


Since  X is  a Kan  complex  (Lemma  |14.31.6  | we  can  find  x £ Xn  with  diX  = Xi 
for  i = 0, . . . ,n  — 1.  After  replacing  Xi  by  Xi  — diX  for  i = 0, ...  ,n  we  may 
assume  that  xq  = Xi  = ...  = xn-i  = 0.  In  this  case  we  see  that  di xn  = 0 for 
i = 0,  ...,n  — 1.  Thus  xn  £ N(X)n_i  and  lies  in  the  kernel  of  the  differential 
N( X)n-i  — > N{ A)n_2.  Here  N(X)  is  the  normalized  chain  complex  associated  to 
A,  see  Section  14.23  Since  N( X)  is  quasi-isomorphic  to  s(X)  (Lemma  14.23.8) 

N(Xn)  whose  differential  is  x 


and  thus  acyclic  we  find  x £ 
question  posed  by  the  lemma  and  we  are  done. 


This  x answers  the 
□ 


08P2  Lemma  14.31.9.  Let  f : X Y be  a map  of  simplicial  abelian  groups.  If  f is 
termwise  swjecti?;^]  and  a homotopy  equivalence  of  simplicial  sets,  then  f induces 
a quasi-isomorphism  of  associated  chain  complexes. 


Proof.  By  assumption  there  exists  a map  g : Y — > X of  simplicial  sets,  a homotopy 
h : Xx  A[l]  — > X between  gof  and  idx,  and  a homotopy  h!  :Yx  A[l]  — > Y between 
fog  and  idv-  During  this  proof  we  will  write  Hn( X)  = Hn(s(X))  = Hn{N{ X)), 
see  Section [14.231 


:iThis  assumption  is  not  necessary.  Also  the  proof  as  currently  given  is  not  the  right  one.  A 
better  proof  is  to  define  the  homotopy  groups  of  Kan  complex  and  show  that  these  are  equal  to 
the  homology  groups  of  the  associated  complex  for  a simplicial  abelian  group. 
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Note  that  ILg(X)  is  the  cokernel  of  the  difference  map  d\  — do  : Xi  — ► Xg.  Observe 
that  x £ X0  corresponds  to  a morphism  A[0]  — > X.  Composing  h with  the  induced 
map  A[0]  x A[l]  -A  A'  x A[l]  we  see  that  x and  g(f( x))  are  equal  to  dox'  and  d\X 1 
for  some  x ' £ Ai.  Similarly  for  y £ Fg.  We  conclude  that  / defines  a bijection 
H0(X)  -a  H0(Y). 

Let  n > 1.  Consider  the  simplicial  set  S which  is  the  pushout  of 

<9A[n] ; 


S 


Concretely,  we  take 

Sk  = W ■ [&]  — > [n]  | ip  is  surjective}  II  {*}. 

Denote  E = Z[S\  the  free  abelian  group  on  S.  The  inclusion  A[0]  — > S coming  from 
* £ Sq  determines  an  injection  K{ Z,  0)  — > E whose  cokernel  is  the  object  A'(Z,  n), 
we  have  a short  exact  sequence 

0 -A  K( Z,  0)  -A  E -a  K( Z,  n)  -A  0 
14.22.3|  and  the  description  of  the  Eilenberg-Maclane  objects  in 


i.e. 


See  Definition 


Lemma  [14.22.2  Note  that  the  extension  above  is  split,  for  example  because  the 
element  £ = [id[„j]  — [*]  £ En  satisfies  = 0 and  maps  to  the  “generator”  of 
K( Z,  n).  We  have 

Moig}mp(ge£s)  {S,  A)  Morgjmpf^5^  (A,  A)  Ag  X 


2=0,. 


Ker(di  : Xn  — > Ara_i) 


This  uses  the  choice  of  our  splitting  above  and  the  description  of  morphisms  out 
of  Eilenberg-Maclane  objects  given  in  Lemma  |14.22.2|  Note  that  we  can  think 
of  P|i=o  nKer (d*  : Xn  — ► Xn_i ) as  the  cycles  in  degree  n in  the  normalized 
chain  complex  associated  to  A,  see  Section  [14.23|  If  two  maps  a,  & : S'  — >■  A are 
homotopic  (as  maps  of  simplicial  sets),  then  the  corresponding  maps  a',  b'  : E — > X 
are  homotopic  as  maps  of  simplicial  abelian  groups  (because  taking  the  free  abelian 
group  on  is  a functor).  Thus  if  a,  resp.  b correspond  to  (ag,a„),  resp.  (6p,6„)  in 
the  formula  above,  then  ag  and  bo  define  the  same  element  of  Hq(X)  and  an  and 
bn  define  the  same  class  in  Hn( A).  See  Lemma  14.27.1 


We  come  the  final  arguments  of  the  proof.  An  element  y of  Hn(Y)  can  be  repre- 
sented by  an  element  yn  in  f~j):=0  n Ker (di  : Yn  -A  Yn_ i).  Let  a : S —>  Y be  the 
map  of  simplicial  sets  corresponding  to  (0,  yn).  Then  b = goa  corresponds  to  some 
( bo,bn ) as  above  for  A.  Using  the  homotopy  h’  we  see  (f(bo),  f{bn))  and  (0 ,yn) 
come  from  homotopic  maps  S —¥  Y and  hence  yn  and  f(bn ) define  the  same  element 
of  Hn(Y).  Clearly  this  shows  that  Hn{f)  is  surjective.  Conversely,  suppose  xn  in 
rii=o,...,nKei'(di  : xn  -t  A„_i)  and  f(xn)  = d(y')  with  y'  £ N(Yn+1).  Since  / is 
termwise  surjective  so  is  the  induced  map  / : A(An+1)  — ► N(Yn+i)  (see  Lemma 
14.23.6).  Thus  we  can  pick  x'  £ N( A„+i)  mapping  to  y' . After  replacing  xn  by 


xn  — d(x')  we  reach  the  point  where  f(xn ) = 0.  This  means  that  the  morphism 
a : S'  -A  A corresponding  to  (0,a:n)  has  the  property  that  / o a is  the  constant 
morphism  with  value  0 in  Y.  Hence  g o f o a is  also  a constant  morphism,  i.e., 
corresponds  to  a pair  (6g,0).  Since  as  before  xn  and  0 represent  the  same  element 
of  Hn( A)  we  conclude.  □ 


14.32.  A HOMOTOPY  EQUIVALENCE 


1094 


14.32.  A homotopy  equivalence 


01A5  Suppose  that  A,  B are  sets,  and  that  / : A — >•  B is  a map.  Consider  the  associated 
map  of  simplicial  sets 

cosk0  (A)  ^ ...  A x A x A ^ >■  Ax  A ■<  A^ 


cosk0(l?)  ^ . . . B x B x B f > B x B < 

See  Example |14.19.1|  The  case  n = 0 of  the  following  lemma  says  that  this  map  of 
simplicial  sets  is  a trivial  Kan  fibration  if  f is  surjective. 

01A6  Lemma  14.32.1.  Let  f : V — * U be  a morphism  of  simplicial  sets.  Let  n > 0 be 
an  integer.  Assume 

(1)  The  map  fi  : Vi  Ui  is  a bijection  for  i < n. 

(2)  The  map  fn  : Vn  —>  Un  is  a surjection. 

(3)  The  canonical  morphism  U —¥  cosknsknU  is  an  isomorphism. 

(4)  The  canonical  morphism  V — > cosknsknV  is  an  isomorphism. 

Then  f is  a trivial  Kan  fih'ation. 


Proof.  Consider  a solid  diagram 


<9  A [k] 


V 

V 


A 


:*] 


u 


as  in  Definition  |14.30.l|  Let  x £ Uk  be  the  fc-simplex  corresponding  to  the  lower 
horizontal  arrow.  If  k < n then  the  dotted  arrow  is  the  one  corresponding  to  a 
lift,  y £ 14  of  x;  the  diagram  will  commute  as  the  other  nondegenerate  simplices  of 
A [k]  are  in  degrees  < k where  / is  an  isomorphism.  If  k > n,  then  by  conditions 
(3)  and  (4)  we  have  (using  adjointness  of  skeleton  and  coskeleton  functors) 


Mor(A[fc],[/)  = Mor(sk„A[fc],  sk„C7)  = Mor(sk„<9A[fc],  sk„[/)  = Mor(9A[fc],  U) 

and  similarly  for  V because  skn A[fc]  = skn<9A[/c]  for  k > n.  Thus  we  obtain  a 
unique  dotted  arrow  fitting  into  the  diagram  in  this  case  also.  □ 


Let  A,B  be  sets.  Let  f°,  f1  : A — > B be  maps  of  sets.  Consider  the  induced 
maps  J0,/1  : cosk0(A)  — > cosk0(i?)  abusively  denoted  by  the  same  symbols.  The 
following  lemma  for  n = 0 says  that  f°  is  homotopic  to  f1.  In  fact,  the  homotopy 
is  given  by  the  map  h : cosk0(A)  x A[l]  — >•  cosk0(A)  with  components 

hm  : Ax  . . . x Ax  MorA([m],  [1])  — > A x . . . x A, 

(a0,  • . . , am,  a)  ^ (/“(0)(a0), . . . , /a(m)(am)) 

To  check  that  this  works,  note  that  for  a map  ip  : [fc]  — » [m]  the  induced  maps  are 
(a  o j • ■ • ) Q"m  ) i-A  (av(0), . . . ,av(fc))  and  a ^ a o ip.  Thus  h = ( hm)m>0  is  clearly  a 
map  of  simplicial  sets  as  desired. 

01A9  Lemma  14.32.2.  Let  Z0,/1  : V U be  maps  of  a simplicial  sets.  Let  n > 0 be 
an  integer.  Assume 
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(1)  The  maps  ff  : Vi  — > Ui,  j = 0, 1 are  equal  for  i < n. 

(2)  The  canonical  morphism  U — » cosknsknU  is  an  isomorphism. 

(3)  The  canonical  morphism  V — » cosknsknV  is  an  isomorphism. 
Then  f°  is  homotopic  to  f1. 


First  proof.  Let  W be  the  n-truncated  simplicial  set  with  Wi  = Ui  for  * < n and 
Wn  = Unl  ~ where  ~ is  the  equivalence  relation  generated  by  f°(y)  ~ f1(y)  for 
y £ Vn.  This  makes  sense  as  the  morphisms  U{p)  : Un  -A  Ui  corresponding  to 
ip  : [z]  — > [n]  for  i < n factor  through  the  quotient  map  Un  — > Wn  because  f°  and 
/ 1 are  morphisms  of  simplicial  sets  and  equal  in  degrees  < n.  Next,  we  upgrade  W 
to  a simplicial  set  by  taking  cosknW.  By  Lemma |l4. 32. 1| the  morphism  g : U —>■  W 
is  a trivial  Kan  fibration.  Observe  that  g o f°  = g o f1  by  construction  and  denote 
this  morphism  f : V W.  Consider  the  diagram 


aA[i] 


x V ■ 


fj1 


U 


A[l]  x V ■ 


W 


By  Lemma  14.30.2  the  dotted  arrow  exists  and  the  proof  is  done. 


□ 


Second  proof.  We  have  to  construct  a morphism  of  simplicial  sets  h : V x A[l]  — ► 
U which  recovers  fl  on  composing  with  ej.  The  case  n = 0 was  dealt  with  above 
the  lemma.  Thus  we  may  assume  that  n > 1.  The  map  A[l]  — >•  coskiskiA[l]  is  an 

Thus  we  see  that  A[l]  — >•  cosk„sk„A[l]  is  an 
And  hence  V x A[l]  ->  cosk„sk„(F  x 


isomorphism,  see  Lemma  14.19.15 


isomorphism  as  n > 1,  see  Lemma 


14.19.10 


14.19.12  In  other  words,  in  order  to 


A[l])  is  an  isomorphism  too,  see  Lemma 
construct  the  homotopy  it  suffices  to  construct  a suitable  morphism  of  n-truncated 
simplicial  sets  h : sk„K  x sk„A[l]  sk nU. 


For  k = 0, . . . , n—  1 we  define  hk  by  the  formula  hk(v,  a)  = f°(v)  = f 1 ( v ).  The  map 
hn  : Vn  x MorA([fc],  [1])  — >•  Un  is  defined  as  follows.  Pick  v £ Vn  and  a : [n]  — > [1]: 

(1)  If  Im(a)  = {0},  then  we  set  hn(v,  a)  = f°{v). 

(2)  If  Im(a)  = {0, 1},  then  we  set  hn(v,a)  = f°(v). 

(3)  If  Im(a)  = {1},  then  we  set  hn(v,a)  = /1(u). 

Let  (p  : [k]  — > [/]  be  a morphism  of  A<n.  We  will  show  that  the  diagram 


Vi  x Mor([Z],  [1]) *Ut 

Y 

Vk  x Mor([fc],  [1]) » uk 


commutes.  Pick  v £ VJ  and  a : [l\  — t [1].  The  commutativity  means  that 
hk(V(p)(v),ao  p)  = U(<p)(hi(v,a)). 

In  almost  every  case  this  holds  because  hk{V(p)(v),  a o ip)  = f°(y{p)fv))  and 
U(p)(hi(v,a))  = U(ip)(f°(v)),  combined  with  the  fact  that  f°  is  a morphism  of 
simplicial  sets.  The  only  cases  where  this  does  not  hold  is  when  either  (A)  Im(a)  = 
{1}  and  l = n or  (B)  Im(aoy>)  = {1}  and  k = n.  Observe  moreover  that  necessarily 
f°(v)  = /1(r))  for  any  degenerate  n-simplex  of  V.  Thus  we  can  narrow  the  cases 
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above  down  even  further  to  the  cases  (A)  Im(a)  = {1},  l = n and  v nondegenerate, 
and  (B)  Im(a  o ip)  = {1},  k = n and  V((p)(v)  nondegenerate. 

In  case  (A),  we  see  that  also  Im(ao^)  = {1}.  Hence  we  see  that  not  only  hi(v,  a)  = 
/1(a)  but  also  hk(V(ip)(v),a  o ip)  = /1(V(tp)(i;)).  Thus  we  see  that  the  relation 
holds  because  / 1 is  a morphism  of  simplicial  sets. 

In  case  (B)  we  conclude  that  l = k = n and  <p  is  bijective,  since  otherwise  V(ip)(v) 
is  degenerate.  Thus  <p  = id[ni,  which  is  a trivial  case.  □ 

01AB  Lemma  14.32.3.  Let  A,  B be  sets,  and  that  f : A -A  B is  a map.  Consider  the 
simplicial  set  U with  n-simplices 

A x b A x b ■ ■ ■ xb  A (n  + 1 factors). 

see  Example \lj. 3.5\  If  f is  surjective,  the  morphism  U -A  B where  B indicates  the 
constant  simplicial  set  with  value  B is  a trivial  Kan  fibration. 

Proof.  Observe  that  U fits  into  a cartesian  square 

U ^cosk0(l?) 


B cosko(A) 

Since  the  right  vertical  arrow  is  a trivial  Kan  fibration  by  Lemma|l4.32.1|  so  is  the 
left  by  Lemma  [14. 30.3|  □ 

14.33.  Standard  resolutions 

08N8  Some  of  the  material  in  this  section  can  be  found  in  [God  731  Appendix  1]  and 
(111721  I 1.5]. 

08N9  Situation  14.33.1.  Let  A , S be  categories  and  let  * : A — > S be  a functor  with  a 
left  adjoint  F : S — ► A. 

In  this  very  general  situation  we  will  construct  a simplicial  object  X in  the  category 
of  functors  from  A to  A.  Please  keep  the  following  example  in  mind  while  we  do 
this. 

08NA  Example  14.33.2.  As  an  example  of  the  above  we  can  take  i : Rings  — > Sets  to 
be  the  forgetful  functor  and  F : Sets  — >•  Rings  to  be  the  functor  that  associates  to 
a set  E the  polynomial  algebra  Z [E]  on  E over  Z.  The  simplicial  object  X when 
evaluated  on  an  ring  A will  give  the  simplicial  ring 

Z[Z[Z[A]]]  J||Z[Z[A]]^Z[A] 

which  comes  with  an  augmentation  towards  A.  We  will  also  show  this  augmentation 
is  a homotopy  equivalence. 

For  the  general  construction  we  will  use  the  horizontal  composition  as  defined  in 
Categories,  Section[4.27[  The  definition  of  the  adjunction  morphisms  k : Foi  id^ 
and  t : idg  — ► i o F in  Categories,  Section  [4.24|  shows  that  the  compositions 

08NB  (14.33.2.1)  i^AioFoi^^i  and  F F oio  F ^ F 


14.33.  STANDARD  RESOLUTIONS 


1097 


09CB 


08NC 


are  the  identity  morphisms.  Here  to  define  the  morphism  t * 1 we  silently  identify 
i with  idg  ° * and  1 stands  for  id^  : i — ► i.  We  will  use  this  notation  and  these 
relations  repeatedly  in  what  follows.  For  n > 0 we  set 

Xn  = {Fo  j)0("+1)  =FoioFo...oioF 

In  other  words,  Xn  is  the  (n  + l)-fold  composition  of  F o i with  itself.  We  also 
set  X_i  = idyi.  We  have  Xn+m+1  = Xn  o Xm  for  all  n,m  > —1.  We  will  endow 
this  sequence  of  functors  with  the  structure  of  a simplicial  object  of  Fun(M,  A)  by 
constructing  the  morphisms  of  functors 


d'j  : Xn  — > Xn-i,  Sj  : Xn  — > Xn+i 
satisfying  the  relations  displayed  in  Lemma[l4.2.3[  Namely,  we  set 
dj  = * k * 

Finally,  write  cq  = k : Xq  -A  X_i. 


and  s'j  = lxj-ioF  *t*  lioX„_j_i 


Example  14.33.3.  In  Example 


14.33.2 


we  have  Xn(A)  = Z[Z[. . . [A] . . .]]  with 


n + 1 brackets.  We  describe  the  maps  constructed  above  using  a typical  element 
£ = J2ni[nij[aij]\  of  Xx(A).  The  maps  d0,di  : Z[Z[A]]  -A  Z[A\  are  given  by 

do{0  = '^2ninij[aij\  and  di(£)  = X]  nAnijaiA- 

The  maps  so,Si  : Z[Z[A]]  — » Z[Z[Z[A]]]  are  given  by 

so(£)  = nil[niAaij}]]  and  «i(£)  = 


Lemma  14.33.4.  In  Situation  14-33.1  the  system  X = (A„,d",s™)  is  a simpli- 
cial object  of  Fun(A1  A)  and  e o defines  an  augmentation  e from  X to  the  constant 
simplicial  object  with  value  A'_i  = id_ 4. 


Proof.  Suppose  that  we  have  shown  that  A is  a simplicial  object.  Then  to  prove 
that  cq  = k defines  an  augmentation  we  have  to  check  that  cq  o df  = cq  ° d\  as 


morphisms  Xi  — > A'_i,  see  Lemma  14.20.2  In  other  words,  we  have  to  check  that 
the  diagram 


F o i o F o i ■ 

k*l  Foi 

F o i ■ 


1 Foi*k 


■Foi 

k 

Y 

- idyl 


is  commutative.  More  precisely  we  should  write  this  as  the  equality 


( k A ljd^)  O (lEoi  A k')  — (lid^  * O {k  ~k  luoz) 


as  morphisms  ( F o i)  o (F  o 1)  — > idyi  o idyi.  Applying  the  general  property  of 
Categories,  Lemma  |4.27.2|  both  sides  expand  to  k-kk  when  equality  holds. 


To  prove  that  A is  a simplicial  object  we  have  to  check  (see  Remark  14.3.3): 


(1)  If  i < j,  then  di  o dj  = dj-i  o di- 

(2)  If  i < j,  then  di  o Sj  = Sj-i  o di- 

(3)  We  have  id  = dj  o Sj  = dj+ 1 o Sj. 

(4)  If  i > j + 1,  then  di  o Sj  = Sj  o dj-j. 

(5)  If  i < j,  then  Si  o Sj  = Sj+ 1 o Si- 
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Relation  (1)  is  proved  in  exactly  the  same  manner  as  the  proof  of  the  equality 
e0  ° rfi  = e0  ° d\  above. 

The  simplest  case  of  equality  (5)  is  the  commutativity  of  the  diagram 


F o i 
F o i o F o i ■ 


1 


■ F o i o F o i 

1 p-kt-klio  Foi 

■FoioFoioFoi 


which  holds  because  both  compositions  expand  to  the  morphism  from 

F o id_4  o id_4  ojtoFo(*oF)o(jof')oi.  All  other  cases  of  (5)  are  proved  in  the 
same  manner. 


The  simplest  case  of  equalities  (2)  and  (4)  is  the  commutativity  of  the  diagram 


F o i o F o i 


1 


Foi 


^FoioFoi+t 

V 

FoioFoioFoi 


lF*k-klioFoioF 


1 Foi*t 

F o i o F o i 


which  again  holds  because  both  compositions  expand  to  give  Ip-kk-kli-kt  as  maps 
from  F o [i  o F)  o i o id_4  to  F o id^  o i o (F  o i).  All  other  cases  of  (2)  and  (4)  are 
proved  in  the  same  manner. 


The  relations  (3)  are  the  only  nontrivial  ones  and  these  are  consequences  of  the  fact 
that  the  compositions  in  ( 14.33.2.1 ) are  the  identity.  For  example,  the  simplest  case 
of  (3)  states  that  the  compositions 


Foi 

tk  1 Foi 

F o i o F o i 


1 Foi*t 


■ F o i o F o i 
Foi 


go  around  the  diagram  either  way  evaluate  out  to  the  identity.  Going  around  the 
top  the  composition  evaluates  to  If  * {(k  * R)  o (R  a t))  which  is  the  identity  by 
what  was  said  above.  The  other  cases  of  (3)  are  proved  in  the  same  manner.  □ 


Before  reading  the  proof  of  the  following  lemma,  we  strongly  urge  the  reader  to  look 
at  the  example  discussed  in  Example |14. 33. 6| in  order  to  understand  the  purpose  of 
the  lemma. 


Lemma  14.33.5.  In  Situation 
lj  * e : i o X - 
are  homotopy  equivalences. 


14-33.1  the  maps 
y i,  and  e*lf  : Xo  F 


F 


Proof.  Denote  en  : Xn  — > A_i  the  components  of  the  augmentation  morphism. 
We  observe  that  en  = the  (n  + l)-fold  ^-composition  of  k.  Recall  that 

t : ids  -A  * o F is  the  adjunction  map.  We  have  the  morphisms 

t*(n+1)  * X.  . i >io^Fo  j)°(n+ 1)  = i o Xn 

which  are  right  inverse  to  1,;  * en  and  the  morphisms 

If  * t*(n+1)  : F — > (F  o i)°(n+1)  oF  = XnoF 
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which  are  right  inverse  to  en  * Ip.  These  morphisms  determine  morphisms  of 
simplicial  objects  b : i — ► i o X and  c : F aIoF  (proof  omitted).  To  finish  it 
suffices  to  construct  a homotopy  between  the  morphisms  1,  bo  (l,;*e)  : ioX  — » i o X 
and  between  the  two  morphisms  1,co(£*1f)  : X o F — ► X o F. 


To  show  the  morphisms  b o (lj  * e),  1 : i o X -A  i o X are  homotopic  we  have  to 
construct  morphisms 


i o Xn  — ^ i o Xn 


for  n > 0 and  0 < j < n + 1 satisfying  the  relations  described  in  Lemma  14.26.2 

We  are  forced  to  set  hU} o = 1 and 


See  also  Remark  14.26.4 


hn,n+l  =bnO  (lj  * en)  = (t*(n+1)  * lj)  o (lj  A fc*(n+1)) 


Thus  a logical  choice  is 

hnJ  = (t*U)  *l)o(lj*ft*«)*l) 


Here  and  in  the  rest  of  the  proof  we  drop  the  subscript  from  1 if  it  is  clear  by 
knowing  the  source  and  the  target  of  the  morphism  what  this  subscript  should  be. 
Writing 

i o Xn  = ioFoio...oFoi 


we  can  think  of  the  morphism  hnj  as  collapsing  the  first  j pairs  (Foi)  to  idg  using 
then  adding  a ids  in  front  and  expanding  this  to  j pairs  (i  o F)  using 
We  have  to  prove 


(1)  We  have  d7^  o hnj  = hn- i,j-i  o d™  for  j > m. 

(2)  We  have  d ^ o hnj  = hn_ ij  o d ^ for  j < m. 

(3)  We  have  o hnJ  = hn+1J+1  o for  j > m. 

(4)  We  have  o hnj  = hn+ o for  j < m. 


Recall  that  d7^  is  given  by  applying  k to  the  (m  + l)st  pair  (F  o i)  in  the  functor 
Xn  = (F  o j)°(n+1) . Thus  it  is  clear  that  (2)  holds  (because  k does  *-commute  with 
k,  but  not  with  t).  Similarly,  s7^  is  given  by  applying  1 p-kt-kii  to  the  (m+  l)st  pair 
(F  o i)  in  Xn  = (F  o *)°ln+1l.  Thus  it  is  clear  that  (4)  holds.  In  the  two  remaining 
cases  one  uses  the  fact  that  the  compositions  in  (14.33.2.1)  are  the  identity  causes 
the  drop  in  the  index  j.  Some  details  omitted. 


To  show  the  morphisms  1,  c o (e  * lp-)  : X o F — > X o F are  homotopic  we  have  to 
construct  morphisms 


‘"J 


xn  O F 


XnoF 


for  n > 0 and  0 < j < n + 1 satisfying  the  relations  described  in  Lemma  14.26.2 

We  are  forced  to  set  hn$  = 1 and 


See  also  Remark  14.26.4 


hn,n+ i =cn  o (en  * 1F)  = (lf  *t*(n+1))  o (k^n+1)  * 1F) 


Thus  a logical  choice  is 

hn>j  = (If  * t*(i)  * 1)  o ( k*u)  * 1) 


Here  and  in  the  rest  of  the  proof  we  drop  the  subscript  from  1 if  it  is  clear  by 
knowing  the  source  and  the  target  of  the  morphism  what  this  subscript  should  be. 
Writing 

Xn  o F = FoioFo...oioF 
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we  can  think  of  the  morphism  hnj  as  collapsing  the  first  j pairs  (Foi)  to  ids  using 
k*^\  then  inserting  a ids  just  after  the  first  F and  expanding  this  to  j pairs  (ioF) 
using  We  have  to  prove 

(1)  We  have  d™  o hnJ  = ° d”  for  3 > m- 

(2)  We  have  d7^  o hnj  = hn-ij  o d^  for  j < to. 

(3)  We  have  o hnj  = hn. i-ij+i  o for  j > to. 

(4)  We  have  s JJ,  o hnj  = hn+ ij  o s ^ for  j < m. 

Recall  that  dj^  is  given  by  applying  k to  the  (m  + l)st  pair  (F  o i)  in  the  functor 
Xn  = (F  o i)°(n+1\  Thus  it  is  clear  that  (2)  holds  (because  k does  ^-commute  with 
k , but  not  with  t).  Similarly,  s ^ is  given  by  applying  1 p-kt-kii  to  the  (m+  l)st  pair 
(F  o i)  in  Xn  = (Fo  i)°ln+1b  Thus  it  is  clear  that  (4)  holds.  In  the  two  remaining 


cases  one  uses  the  fact  that  the  compositions  in  (14.33.2.1)  are  the  identity  causes 
the  drop  in  the  index  j.  Some  details  omitted. 


□ 


Example  14.33.6.  Going  back  to  the  example  discussed  in  Example 
Lemma  |14.33.5|  signifies  that  for  any  ring  A the  map  of  simplicial  rings 


14.33.2 


our 


mm]]) 


■.mm 


\m) 


A- 


is  a homotopy  equivalence  on  underlying  simplicial  sets.  Moreover,  the  inverse  map 
constructed  in  Lemma  14.33.5| is  in  degree  n given  by 

with  obvious  notation.  In  the  other  direction  the  lemma  tells  us  that  for  every  set 
E there  is  a homotopy  equivalence 

Z[Z[Z[Z [E]})}  g=E  Z[Z[Z[£]]]  = Z[Z [Ej] 


Z [E\ 


Z [E] 


Z [E] 


of  rings.  The  inverse  map  constructed  in  the  lemma  is  in  degree  n given  by  the  ring 
map 

i,..,eP[ei]M  • • ■ [ep]  I — t J2mei,...,epl  ■ ■ M ...][...  [e2] [ep\ . . .] 
(with  obvious  notation). 
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15.1.  Introduction 


05E4  In  this  chapter  we  prove  some  results  in  commutative  algebra  which  are  less  elemen- 
tary than  those  in  the  first  chapter  on  commutative  algebra,  see  Algebra,  Section 
10.1  A reference  is  Mat  70a1. 


15.2.  Advice  for  the  reader 

0910  More  than  in  the  chapter  on  commutative  algebra,  each  of  the  sections  in  this  chap- 


ter stands  on  its  own.  Starting  with  Section  15.47  we  freely  use  the  (unbounded) 
derived  category  of  modules  over  rings  and  all  the  machinery  that  comes  with  it. 


15.3.  Stably  free  modules 

0BC2  Here  is  what  seems  to  be  the  generally  accepted  definition. 

0BC3  Definition  15.3.1.  Let  R be  a ring. 

(1)  Two  modules  M,  N over  R are  said  to  be  stably  isomorphic  if  there  exist 
n,  m > 0 such  that  M ® R®m  = N ® R®m  as  P-modules. 

(2)  A module  M is  stably  free  if  it  is  stably  isomorphic  to  a free  module. 

Observe  that  a stably  free  module  is  projective. 

0BC4  Lemma  15.3.2.  Let  R be  a ring.  Let  0 — > P'  — t P — ► P"  — > 0 be  a short  exact 

sequence  of  finite  projective  R-modules.  If  2 out  of  3 of  these  modules  are  stably 

free,  then  so  is  the  third. 

Proof.  Since  the  modules  are  projective,  the  sequence  is  split.  Thus  we  can  choose 
an  isomorphism  P = P'  ® P" . If  P'  ® P®n  and  P"  ® P®m  are  free,  then  we  see 
that  P ® RPn+m  is  free.  Suppose  that  P'  and  P are  stably  free,  say  P ® R®n  is 
free  and  P'  ® P®m  is  free.  Then 

P"  ® (P'  ® P®m)  ® P®"  = (P"  ® P')  ® P®m  ® P®n  = (P  ® R®n)  ® P®m 
is  free.  Thus  P"  is  stably  free.  By  symmetry  we  get  the  last  of  the  three  cases.  □ 

0BC5  Lemma  15.3.3.  Let  R be  a ring.  Let  I C R be  an  ideal.  Assume  that  every 

element  of  1 + 1 is  a unit  (in  other  words  I is  contained  in  the  radical  of  R).  For 

every  finite  stably  free  R/ 1 -module  E there  exists  a finite  stably  free  R-module  M 
such  that  M/IM  = E. 
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Proof.  Choose  a n and  to  and  an  isomorphism  E ® (i?/J)®n  = (R/I)®m.  Choose 
R-linear  maps  ip  : R®m  -A  i?®n  and  ip  : R®n  —A  i?®m  lifting  the  projection 
(A//)®m  -A  (R/I)®n  and  injection  (R//)®n  -A  (i?/7)®m.  Then  : i?®n  -A  R®n 
reduces  to  the  identity  modulo  I.  Thus  the  determinant  of  this  map  is  invertible 
by  our  assumption  on  I.  Hence  P = Ker(<p)  is  stably  free  and  lifts  E.  □ 

The  lift  of  the  previous  lemma  is  unique  up  to  isomorphism  by  the  following  lemma. 

0BC6  Lemma  15.3.4.  Let  R be  a ring.  Let  I C R be  an  ideal.  Assume  that  every 
element  of  1 + I is  a unit.  If  P and  P'  are  finite  projective  R-modules  such  that 
P/IP  ^ P'/IP',  then  P^P'. 

Proof.  Fix  an  isomorphism  P/IP  = P'/IP' . Since  P is  projectve  we  can  choose 
a lift  ip  : P -A  P'  of  the  map  P -A  P/IP  -A  P'/IP' . Simiarly  we  choose  a lift 
ip  : P'  A P of  the  map  P'  -A  P'/IP'  -A  P/IP.  Then  ip  o ip  : P P is  & map 
whose  reduction  modulo  I is  the  identity.  By  Nakayama’s  lemma  (Algebra,  Lemma 
dies  that  ip  o <p  is  surjective.  Hence  it  is  an  isomorphism  (Algebra, 

. Similarly  for  ip  o ip.  This  P = P' . □ 

15.4.  A comment  on  the  Artin-Rees  property 

07VD  Some  of  this  material  is  taken  from  |CdJ02l.  A general  discussion  with  additional 
references  can  be  found  in  IEH051  Section  1], 

Let  A be  a Noetherian  ring  and  let  I C A be  an  ideal.  Given  a homomorphism 
/ : M — > N of  finite  A-modules  there  exists  a c > 0 such  that 

f(M)  n InN  C f(In~cM) 

for  all  n > c,  see  Algebra,  Lemma|l0.50.3|  In  this  situation  we  will  say  c works  for 
f in  the  Artin-Rees  lemma. 

07VE  Lemma  15.4.1.  Let  A be  a Noetherian  ring.  Let  I C A be  an  ideal  contained  in 
the  Jacobson  radical  of  A.  Let 

S :LUM  A N and  S'  : L -A  M ^A  N 
be  two  complexes  of  finite  A-modules  as  shown.  Assume  that 

(1)  c works  in  the  Artin-Rees  lemma  for  f and  g, 

(2)  the  complex  S is  exact,  and 

(3)  f = f mod  Ic+lM  and  g'  = g mod  IC+1N . 

Then  c works  in  the  Artin-Rees  lemma  for  g'  and  the  complex  S'  is  exact. 

Proof.  We  first  show  that  g'(L)  fl  InM  C g'(In~cL)  for  n > c.  Let  a be  an 
element  of  M such  that  g'(a)  £ InN.  We  want  to  adjust  a by  an  element  of  f'(L), 
i.e,  without  changing  g'{a),  so  that  a £ In~cM.  Assume  that  a £ IrM , where 
r < n — c.  Then 

9(a)  = g\a ) + (g  - g')(a ) £ InN  + Jr+c+1JV  = Ir+C+1N. 

By  Artin-Rees  for  g we  have  g(a)  £ g(Ir+1M).  Say  g(a)  = g(a\)  with  a\  £ Ir+1M. 
Since  the  sequence  S is  exact,  a — ai  £ f(L).  Accordingly,  we  write  a = f(b)  + a i 
for  some  b £ L.  Then  f(b)  = a — a\  £ IrM.  Artin-Rees  for  / shows  that  if  r > c, 
we  may  replace  b by  an  element  of  Ir~cL.  Then  in  all  cases,  a = f'(b)  + <22,  where 
a2  = (/  — f)(b)  + ai  £ Ir+1M.  (Namely,  either  c > r and  (/  — /')(&)  £ Ir+1M 


10.19.1  this  imi 


Lemma  10.15.4 
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by  assumption,  or  c < r and  b £ Ir  c,  whence  again  (/  — f')(b)  £ jc+1/r  CM  = 
Ir+1M.)  So  we  can  adjust  a by  the  element  f(b)  £ f'{L)  to  increase  r by  1. 

In  fact,  the  argument  above  shows  that  (g,)-1(/nM)  C /' (L)  + In~cM  for  all  n>  c. 
Hence  S'  is  exact  because 

(fl,)“1(0)  = cf]f(L)  + r~cM  = f'(L) 

as  I C rad(A),  see  Algebra,  Lemma  [lO. 50. 5|  □ 


Given  an  ideal  I C A of  a ring  A and  an  A-module  M we  set 

Grj(Af)  = © InM/In+1M. 


We  think  of  this  as  a graded  Gr/(A)-module. 


07VF 


Lemma  15.4.2.  Assumptions  as  in  Lemma  15. 4-1  Let  Q = 


Coker(g').  Then  Grj(Q)  = Grj(Q')  as  graded  Gri (A) -modules. 


Coker(g)  and  Q'  = 


Proof.  In  degree  n we  have  Gr i(Q)n  = InN/(In+1N  + g(M)nInN)  and  similarly 
for  Q' . We  claim  that 


g(M)  n InN  C In+1N  + g'(M)  n InN. 

By  symmetry  (the  proof  of  the  claim  will  only  use  that  c works  for  g which  also 
holds  for  g'  by  the  lemma)  this  will  imply  that 

In+1N  + g(M)  n InN  = In+1N  + g'{M)  n InN 

whence  Gr i(Q)n  and  Gr i(Q')n  agree  as  subquotients  of  N,  implying  the  lemma. 
Observe  that  the  claim  is  clear  for  n < c as  / = /'  mod  IC+1N.  If  n > c,  then 
suppose  b £ g(M)  n InN.  Write  b = g(a ) for  a £ In~cM.  Set  b'  = g'(a).  We  have 
b—  b'  = (g  - g')(a)  £ Jn+1A^  as  desired.  □ 

07VG  Lemma  15.4.3.  Let  A — ► B be  a flat  map  of  Noetherian  rings.  Let  I C A be 
an  ideal.  Let  f : M N be  a homomorphism  of  finite  A-modules.  Assume  that  c 
works  for  f in  the  Artin-Rees  lemma.  Then  c works  for  /®  1 : M 0^4  B -A  N B 
in  the  Artin-Rees  lemma  for  the  ideal  IB. 

Proof.  Note  that 

(/  0 1 )(M)  n InN  0AB  = (/01)  ((/  0 1)-^™  0A  B )) 

On  the  other  hand, 

(/  0 1 )-\rN  0yi  B)  = Ker (M  ®AB^N®A  B/(InN  0A  B)) 

= Ker(M  ®AB^  ( N/InN ) 0A  B) 

As  A — >•  B is  flat  taking  kernels  and  cokernels  commutes  with  tensoring  with  B1 
whence  this  is  equal  to  /_1(/nA')  0^  B.  By  assumption  /-1(/n N)  is  contained  in 
Ker(/)  + In~cM.  Thus  the  lemma  holds.  □ 
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15.5.  Fibre  products  of  rings 


Fibre  products  of  rings  have  to  do  with  pushouts  of  schemes.  Some  cases  of  pushouts 
of  schemes  are  discussed  in  More  on  Morphisms,  Section  [36TTT| 

Lemma  15.5.1.  Let  R be  a ring.  Let  A — >•  B and  C — ^ B be  R-algebra  maps. 
Assume 

(1)  R is  Noetherian, 

(2)  A,  B , C are  of  finite  type  over  R, 

(3)  A — ► B is  surjective,  and 

(4)  B is  finite  over  C. 

Then  A Xb  C is  of  finite  type  over  R. 


Proof.  Set  D = A x b C . There  is  a commutative  diagram 
0 ^1 s-  A B *-0 

0 &I a-  0 


with  exact  rows.  Choose  yi, . . . , yn  £ B which  are  generators  for  B as  a C-module. 
Choose  Xi  £ A mapping  to  y,>  Then  1,  x\, . . . , xn  are  generators  for  A as  a D- 
module.  The  map  D — > A x C is  injective,  and  the  ring  A x C is  finite  as  a 
H-module  (because  it  is  the  direct  sum  of  the  finite  D- modules  A and  C).  Hence 
the  lemma  follows  from  the  Artin-Tate  lemma  (Algebra,  Lemma  10.50.7).  □ 


Lemma  15.5.2.  Let  R be  a Noetherian  ring.  Let  I be  a finite  set.  Suppose  given 
a cartesian  diagram 


p — 


Q 


n n 


Lib; 
>■ 


II  Bi 


with  if>i  and  tpi  surjective,  and  Q,  Ai,  Bi  of  finite  type  over  R.  Then  P is  of  finite 
type  over  R. 


Proof.  Follows  from  Lemma  |15.5.1|  and  induction  on  the  size  of  I.  Namely,  let 
1 = 1'  H {*o}-  Let  P'  be  the  ring  defined  by  the  diagram  of  the  lemma  using  I'. 
Then  P'  is  of  finite  type  by  the  lemma.  Finally,  P sits  in  a fibre  product  diagram 


P Al0 

P' *Bl0 


to  which  the  lemma  applies.  □ 

Lemma  15.5.3.  Suppose  given  a cartesian  diagram  of  rings 


B' »-  R\ 


01Z8 
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i.e.,  B'  = BXf/R1 . Ifh£B'  corresponds  to  g £ B and  f £ R'  such  that  s(g)  = t(f), 
then  the  diagram 

Bg  * Rs(g)  = Rt(f) 


(B')h {R’)f 

is  cartesian  too. 


Proof.  Note  that  B'  = {(6,  r')  £ B x R'  \ s(b)  = t(r')}.  So  h = ( g,f ) £ B' . 
First  we  show  that  (B')h  maps  injectively  into  Bg  x ( R')f . Namely,  suppose  that 
( x,y)/hn  maps  to  zero.  This  means  that  gNx  = 0 for  some  N and  fMy  is  zero  for 
some  M.  Thus  hmax^N,M^(x,y)  = 0 in  B'  and  hence  ( x,y)/hn  = 0 in  B'h.  Next, 
suppose  that  x/gn  and  y/fm  are  elements  which  map  to  the  same  element  of  Rs(g)- 
This  means  that  s(g)N (t(f)ms(x)  — s(g)nt(y))  = 0 in  R'  for  some  N 0.  We  can 
rewrite  this  as  s(gm+Nx ) = t{fn+Ny).  Hence  we  see  that  the  pair  ( x/gn,y/fm ) is 
the  image  of  the  element  (gm+Nx,  fn+Ny)/hn+m+N  of  ( B')h-  □ 

08KH  Situation  15.5.4.  In  the  following  we  will  consider  ring  maps 

B ^ A ^ A' 


where  we  assume  A!  — > A is  surjective  with  kernel  I.  In  this  situation  we  set 
B'  = B x a A!  to  obtain  a cartesian  square 

A* A! 


B -e B' 


0B7J 


Lemma  15.5.5. 


In  Situation 


15.5.4 


we  have 


Spec (B')  = Spec(B)  HSpec(A)  Spec(H') 


as  topological  spaces. 


Proof.  Since  B1  = B Xa  A1  we  obtain  a commutative  square  of  spectra,  which 
induces  a continuous  map 


can  : Spec(H)  HSpec(A)  Spec(H')  — > Spec {B') 

as  the  source  is  a pushout  in  the  category  of  topological  spaces  (which  exists  by 
Topology,  Section  5.28). 

To  show  the  map  can  is  surjective,  let  q'  C B'  be  a prime  ideal.  If  q'  n I = 0 (here 
and  below  we  take  the  liberty  of  considering  I as  an  ideal  of  B'  as  well  as  an  ideal  of 
A),  then  q'  corresponds  to  a prime  ideal  of  B and  is  in  the  image.  If  not,  then  pick 
h £ I flq'.  In  this  case  Bh  = Ah  = 0 and  the  ring  map  B'h  — > A'h  is  an  isomorphism, 
see  Lemma  15.5.3  Thus  we  see  that  q'  corresponds  to  a unique  prime  ideal  p'  C A! 
which  meets  /. 


Since  B'  — > B is  surjective,  we  see  that  can  is  injective  on  the  summand  Spec(-B). 
We  have  seen  above  that  Spec(A')  — >•  Spec(!T)  is  injective  on  the  complement 
of  V{I)  C Spec(xF).  Since  V(I)  C Spec(H')  is  eactly  the  image  of  Spec(H)  — ► 
Spec(H')  a trivial  set  theoretic  argument  shows  that  can  is  injective. 
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To  finish  the  proof  we  have  to  show  that  can  is  open.  To  do  this,  observe  that  an 
open  of  the  pushout  is  of  the  form  V HU'  where  V C Spec  (B)  and  U'  C Spec(A') 
are  opens  whose  inverse  images  in  Spec(A)  agree.  Let  v £ V.  We  can  find  a g & B 
such  that  v £ D{g)  C V.  Let  f £ Abe  the  image.  Pick  f £ A'  mapping  to  /. 
Then  D(f')  n U'  n V(I)  = D(f')  n V(I).  Hence  V(I)  n D{f)  and  D{f)  D (U')c  are 
disjoint  closed  subsets  of  D(f)  = Spec(A)-,).  Write  ( U')c  = V(J)  for  some  ideal 
J C A1.  Since  A!y  —i/,  /IA'j,  x A'^/J'A'^  is  surjective  by  the  disjointness  just 
shown,  we  can  find  an  a"  £ A/,  mapping  to  1 in  A/, /I  A/,  and  mapping  to  zero 
in  A'f,/J'A'f,.  Clearing  denominators,  we  find  an  element  a'  £ J mapping  to  fn  in 
A.  Then  D(a!  f ) C U' . Let  h!  = ( gn,a'f ) £ B' . Since  B'h,  = Bgn  A'a,f,  by  a 
previously  cited  lemma,  we  see  that  D{h)  pulls  back  to  an  open  neighbourhood  of 
v in  the  pushouti,  i.e. , the  image  of  VII  U contains  an  open  neighbourhood  of  the 
image  of  v.  We  omit  the  (easier)  proof  that  the  same  thing  is  true  for  v!  £ U'  with 
u'  <£  V(I).  □ 


In  Situation  115.5.41  we’d  like  to  understand  IT-modules  in  terms  of  modules  over 
A! , A , and  B.  In  order  to  do  this  we  consider  the  functor  (where  the  fibre  product 
of  categories  as  constructed  in  Categories,  Example  4.30.3) 

(15.5.5.1)  Mods/ — ^ Mods  XModA  ModA',  L'  > — > (II  <g>s'  B,L'  <g>s'  A' ,can) 


where  can  is  the  canonical  identification  L'  <8>s'  B <8»s  A = L'  ®b'  A'  A.  In  the 
following  we  will  write  ( N , M' , tp)  for  an  object  of  the  right  hand  side,  i.e.,  N is  a 
H-module,  M'  is  an  H'-module  and  <p  : N (g>s  A — > M'  giyu  A is  an  isomorphism. 
However,  it  is  often  more  convenient  think  of  tp  as  a R-linear  map  p : N — >•  M'/IM' 
which  induces  an  isomorphism  TV*  ®s  A — >•  M'  ®a'  A = M'/IM' . 


Lemma  15.5.6.  In  Situation 
namely  the  functor 


15. 5. 4 the  functor  ( 15.5.5.1 ) has  a right  adjoint , 


F : (TV,  M' , p)  i — > N xv^M  M' 


where  M = M'/IM' . Moreover,  the  composition  of  F with  (15.5.5.1)  is  the  identity 
functor  on  Mods  ><ModA  ModA'  ■ In  other  words,  setting  N'  = N xV)M  M'  we  have 
N'  (S>s'  B = N and  N'  &B'  A'  = M' . 


Proof.  The  adjointness  statement  is  that  for  a H'-module  I!  and  a triple  (N,  M' , p) 
we  have 

Homs'  (L',NxViMM')  = Horns(L'(g)s'S,TV)xHomA(L'®B,A,M)HomA/(L'(8)s'H,,M') 

This  follows  from  Algebra,  Lemma  |10.13.3|  and  the  fact  that  an  element  of  the  left 
hand  side  is  given  by  a pair  of  H'-linear  maps  L'  — ► TV  and  L'  — > M'  agreeing 
as  maps  to  M.  To  prove  the  final  assertion,  recall  that  B'  = B x a A'  and  N'  = 
TV  x ip,M  M'  and  extend  these  equalities  to 


and 


M- 


N- 


M' 


I\ 


■TV'- 


where  /,  J,  K , L are  the  kernels  of  the  horizontal  maps  of  the  original  diagrams.  We 
present  the  proof  as  a sequence  of  observations: 

(1)  K = IM'  (see  statement  lemma), 

(2)  B'  — > B is  surjective  with  kernel  J and  J — > I is  bijective, 
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(3)  N'  — > N is  surjective  with  kernel  L and  L — >■  AT  is  bijective, 

(4)  JN’  C L, 

(5)  lm(N  — >•  M)  generates  M as  an  A- module  (because  N (&b  A = M), 

(6)  lm(N'  — ► M')  generates  M'  as  an  A'-module  (because  it  holds  modulo  I\ 
and  L maps  isomorphically  to  K), 

(7)  JN'  = L (because  L = K = INI'  is  generated  by  images  of  elements  xn' 
with  x £ I and  n'  £ N’  by  the  previous  statement), 

(8)  N'  B = N (because  N = N'/L,  B = B’ / J,  and  the  previous  state- 
ment) , 

(9)  there  is  a map  7 : N'  <8>b'  A ' — » M' , 

(10)  7 is  surjective  (see  above), 

(11)  the  kernel  of  the  composition  N'  <S>s'  A'  — > M'  — > M is  generated  by 
elements  Z (g)  1 and  n' ®x  with  l £ K , n'  £ N',  x £ I (because  M = N®bA 
by  assumption  and  because  N'  — > N and  A'  — ► A are  surjective  with 
kernels  L and  /), 

(12)  any  element  of  N'  ® b1  A'  in  the  submodule  generated  by  the  elements  l <g)  1 
and  n'  ® x with  l £ L,  n'  £ N' , x £ I can  be  written  as  l <g>  1 for  some 
l £ L (because  J maps  isomorphically  to  I we  see  that  n'  ®x  = n'x<S>  1 in 
N'  A!\  similarly  xn’  ® a'  = n'  (8)  xa!  = n! {xa!)  <g>  1 in  N'  ®b'  A!  when 
n'  £ N\  x £ J and  a'  £ A';  since  we  have  seen  that  JN'  = L this  proves 
the  assertion), 

(13)  the  kernel  of  7 is  zero  (because  by  (10)  and  (11)  any  element  of  the  kernel 
is  of  the  form  l (8)  1 with  l £ L which  is  mapped  to  l £ I\  C M'  by  7). 

This  finishes  the  proof.  □ 


Lemma  15.5.7.  In  the  situation  of  Lemma  15.5.6  for  a B' -module  L'  the  adjunc- 
tion map 

L'  — » (Lr  ®b>  B)  x(i/0B/j4)  (. L ' <8 )B>  A1) 
is  surjective  but  in  general  not  injective. 

Proof.  As  in  the  proof  of  Lemma  |15.5.6  let  J C B'  be  the  kernel  of  the  map 
B'  — > B.  Then  L'  8)3,  B = LI / JL' . Hence  to  prove  surjectivity  it  suffices  to 
show  that  elements  of  the  form  (0,  z)  of  the  fibre  product  are  in  the  image  of  the 
map  of  the  lemma.  The  kernel  of  the  map  L'  <8>b'  A!  — > L'  A is  the  image  of 
L'  ®b'  I — »•  L'  ®b'  A' . Since  the  map  J — > I induced  by  B'  — > A'  is  an  isomorphism 
the  composition 


L'  8b'  J — * L'  — > (fL'  ®b'  B)  X(l'®biA)  {L1  8b'  A') 

induces  a surjection  of  L'  8b'  J onto  the  set  of  elements  of  the  form  (0,  z).  To 
see  the  map  is  not  injective  in  general  we  present  a simple  example.  Namely,  take 
a field  k,  set  B'  = k[x,y\/(xy),  A = B'/(x),  B = B'/(y),  A = B'/(x,y)  and 
L'  = B' /{x  — y).  In  that  case  the  class  of  x in  L'  is  nonzero  but  is  mapped  to  zero 
under  the  displayed  arrow.  □ 


Lemma  15.5.8.  In  Situation 


phism  of  Mods  x ModA  ModA1  with  N I 

Ni  x«,  Ml 


15.5.4  let.  (N\, 

IV2  and  — > 


(IV2 , M2 , ) be  a mor- 

Then 


M2  surjective. 


N2  Xmo  Ml 


where  M\  = M[/IM[  and  M2  = M2/IM2  is  surjective. 
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Proof.  Pick  (x2,y2)  £ N2  Xjj2  M2.  Choose  X\  £ Ni  mapping  to  x2.  Since  M[  — X 
Mi  is  surjective  we  can  find  y i £ M[  mapping  to  Then  (xi,yi)  maps  to 

{x2,y'2)  in  N2  Xm2  M2.  Thus  it  suffices  to  show  that  elements  of  the  form  (0,2/2) 
are  in  the  image  of  the  map.  Here  we  see  that  y2  £ IM2.  Write  y2  = J2  Uy2 ,i  with 
ti  £ I.  Choose  yiti  £ M[  mapping  to  y2t *.  Then  y\  = ^Uy M £ IM[  and  the 
element  (0,  j/i)  does  the  job.  □ 

08KK 

ring  map.  Set  D = D'  ®b>  B,  C = D'  ®b‘  A',  and  C = D'  ®b‘  A.  This  leads  to  a 
big  commutative  diagram 

C ■* C' 


A A! 


B<- B' 


D ^ D' 


Situation  15.5.9.  Let  A,  A',  B,  B' , I be  as  in  Situation 


15.5.4 


Let  B'  — > D'  be  a 


of  rings.  Observe  that  we  do  not  assume  that  the  map  D'  — X D xp  C is  an 
isomorphism.  In  this  situation  we  have  the  functor 


08KL  (15.5.9.1)  Mode'  — > Mode  XModc  Mode',  L'  1 — > ( L ’ ®e'  D,L'  ®d'  C',can ) 


analogous  to  (15.5.5.11.  Note  that  L'  ®d’  D = L ®e'  (D1  ®b'  B)  = L ®b>  B and 
similarly  L'  ®D’  Cr  = L i 2>d'  {D'  ®B‘  A’)  = L ®B‘  A'  hence  the  diagram 


Mode' Mode  xModc  Mode' 

Y 

Mode' Mode  xModA  Mod^' 


is  commutative.  In  the  following  we  will  write  (N,  M ip)  for  an  object  of  Mode  x Modc 
Mode',  i.e. , N is  a D-module,  M’  is  an  C'-module  and  p : N ®b  A — X M'  ®A'  A 
is  an  isomorphism  of  C-modules.  However,  it  is  often  more  convenient  think  of  <p 
as  a H-linear  map  <p  : N — > M'/IM'  which  induces  an  isomorphism  N ®b  A — x 
M’  ®A.  A = M'/IM'. 


08KM  Lemma  15.5.10.  In  Situation 
namely  the  functor 


15.5.9  the  functor  (15.5.9.1)  has  a right  adjoint, 


F : (TV,  M' , ip)  1 — ► IV  xv,m  M' 


where  M = M'/IM' . Moreover,  the  composition  of  F with  (15.5.9.1 ) is  the  identity 
functor  on  Modo  XModc  Mode  ■ In  other  words,  setting  N'  = N xVjm  M'  we  have 
N'  <g>D'  D = N and  N'  ®D,  C'  = M' . 


Proof.  The  adjointness  statement  is  that  for  a ZT-module  L'  and  a triple  (TV,  M' , <p) 
we  have 

Honie^i',  NxViMM ')  = HomD(L'®D'D , N)xB0lac(L'®D,c,M)Bomc,{IJ,®D/C' , M') 
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This  follows  from  Algebra,  Lemma |10.13.3|  and  the  fact  that  an  element  of  the  left 
hand  side  is  given  by  a pair  of  .D'-linear  maps  I!  — > N and  L'  — > M'  agreeing  as 
maps  to  M . The  final  assertion  follows  from  the  corresponding  assertion  of  Lemma 
115.5.61  □ 


Lemma  15.5.11. 

J = Ker{B'  ->•  B). 


In  Situation  15.5.9  the  map  JD'  — >•  IC  is  surjective  where 


Proof.  Since  C'  = D'®b’  A'  we  have  that  IC'  is  the  image  of  D'®b'I  = C'®a'I  — t 
C' . As  the  ring  map  B'  — > A'  induces  an  isomorphism  J — > I the  lemma  follows.  □ 

Lemma  15.5.12.  Let  A,  A' , B,  B' ,C,C' , D,  D' , I,  M' , M,  N,ip  be  as  in  Lemma 
15.5. 1C\  If  N finite  over  D and  M'  finite  over  C' , then  N'  = N Xm  M'  is  finite 
over  D' . 


Proof.  We  will  use  the  results  of  Lemmafl5. 5. 101  without  further  mention.  Choose 
generators  xi,...,xr  oi  N over  B and  generators  yi, ...  ,ys  of  M'  over  A! . Using 
that  N = N'  ®b,'  D and  D'  — >■  D is  surjective  we  can  find  iti, . . . , ur  £ N'  mapping 
to  Xi, . . . , xr  in  N.  Using  that  M'  = N'  ®b>'  C'  we  can  find  v\, . . . , vt  £ N’  such 
that  Vi  = vj  ® cij  f°r  some  c'i3  £ C'.  In  particular  we  see  that  the  images  Vj  of 
the  Vj  generate  M'  over  C' . We  claim  that  U\, ...  ,ur,  Vi, . . . , Vf  generate  N'  as  a 
U'-module.  Namely,  pick  ^ £ N'.  We  first  choose  d.\. , d'r  £ D ' such  that  £ and 
Yf,  dfuj  map  to  the  same  element  of  N.  This  is  possible  because  D'  — > D is  surjective 
and  Xi, . . . , xr  generate  N.  The  difference  ^ d[ui  is  of  the  form  (0, 9)  for  some  9 
in  IM’.  Say  9 is  ]U  tjV3  with  tj  £ IC.  By  Lemma  15.5.11  we  can  choose  Sj  £ JD' 
mapping  to  tj.  Because  N'  = N x«  M'  it  follows  that  £ = Kui  + sjvj  as 
desired.  □ 


Lemma  15.5.13.  With  A,  A' , B,  B' ,C,C , D1 D’ ,/  as  in  Situation 


15.5.9 


(1)  Let  (N,M',<p)  be  an  object  of  Modo  *Modc  Mode-  If  M'  is  flat  over  A' 
and  N is  flat  over  B,  then  N'  = N x m M'  is  flat  over  B' . 

(2)  If  L'  is  a D' -module  flat  over  B' , then  L'  = (L®d'D)'X-(l®d,c){L®d'C'). 

(3)  The  category  of  D' -modules  flat  over  B'  is  equivalent  to  the  categories  of 
objects  ( N , M' , ip)  of  Modjo  XModc  Mode  with  N flat  over  B and  M'  flat 
over  A' . 


Proof.  Proof  of  (1).  Let  J C B'  be  an  ideal.  We  have  to  show  that  J®b'  N'  — > N’ 
is  injective,  see  Algebra,  Lemma [10. 38. 5|  We  know  that 

J/(J  n I)  ®B>  N'  = J/{J  C\I)®B  N N 

is  injective  as  N is  flat  over  B.  As  Jnl  — > J — > J/( JfM)  — > 0 is  exact,  we  conclude 
that  it  suffices  to  show  that  (J  D J)  <S>_b'  N'  — > N'  is  injective.  Thus  we  may  assume 
that  J C /;  in  particular  we  can  think  of  J as  an  A'-module  and  an  ideal  of  A'  and 

J ®B'  N'  = J ®A>  A'  ®B,  N'  = J ®A'  M' 

which  maps  injectively  into  M'  by  our  assumption  that  M'  is  flat  over  A' . We 
conclude  that  J ®b<  At'  — > N'  — > M'  is  injective  and  hence  the  first  map  is  injective 
as  desired. 


Proof  of  (2).  This  follows  by  tensoring  the  short  exact  sequence  0 — > B'  — > B®A'  — ► 
A — > 0 with  L'  over  B ' and  using  that  L'  ®b>'  D = L'  ®b'  B1  L'  ®b>'  C = L'  ®b'  A! , 


and  L'  ®D>  C = L'  ®B'  A,  see  discussion  in  Situation  15.5.9 
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Proof  of  (3).  Immediate  consequence  of  (1)  and  (2).  □ 

Lemma  15.5.14.  Let  A,  A' , B,  B'  ,C,C' , D,  D' , I , M' , M,  N,  ip  be  as  in  Lemma 
\15.5.10\  If 

(1)  N is  finitely  presented  over  D and  flat  over  B , 

(2)  M'  finitely  presented  over  C'  and  flat  over  A! , and 

(3)  the  ring  map  B'  — > D'  factors  as  B'  — ► D"  — > D"  with  B'  — > D"  flat  and 
D"  — > D'  of  finite  presentation, 

then  N'  = N Xjk  M'  is  finitely  presented  over  D' . 

Proof.  Choose  a surjection  D'"  = D"[x i,...,xn]  — > D'  with  finitely  generated 
kernel  J . By  Algebra,  Lemma  10.35.2l|  it  suffices  to  show  that  N'  is  finitely  pre- 
sented as  a D'"-module.  Moreover,  D'"  ®b'  B — ► D'  ®b'  B = D and  D"'  A ' — X 

D'  ®b>  A'  = C'  are  surjections  whose  kernels  are  generated  by  the  image  of  J , 
hence  N is  a finitely  presented  D'"  (&b'  B-module  and  M'  is  a finitely  presented 
D"'  <&b'  A'-module  by  Algebra,  Lemma  10.35.21  again.  Thus  we  may  replace  D ' 
by  D'"  and  D by  D'"  <g) b'  B,  etc.  Since  D"'  is  flat  over  B' , it  follows  that  we  may 
assume  that  B'  — x D'  is  flat. 

Assume  B'  — x D'  is  flat.  By  Lemma  15.5.12  the  module  N'  is  finite  over  D' . 
Choose  a surjection  (D')®n  — X N'  with  kernel  K'.  By  base  change  we  obtain  maps 
D®B  ->  N,  ( C’)®n  ->  M\  and  C®n  ->  M with  kernels  Kn,  Kc> , and  Kc.  There 
is  a canonical  map 

K'  — x I<d  xkc  Kc 

On  the  other  hand,  since  N'  = N Xm  M'  and  D'  = D Xc  C'  (by  Lemma  15.5.13) 
there  is  also  a canonical  map  Kb  Xkc  Kc  — > K'  inverse  to  the  displayed  ar- 
row. Hence  the  displayed  map  is  an  isomorphism.  By  Algebra,  Lemma  |l0.5.3|  the 
modules  Kb  and  Kc  are  finite.  We  conclude  from  Lemma  [15.5.12  that  K ' is  a 
finite  D'-module  provided  that  Kb  — ^ Kc  and  Kc  — > Kc  induce  isomorphisms 
Kb®bA  = Kc  = Kc  ®A'  A.  This  is  true  because  the  flatness  assumptions  implies 
the  sequences 

Q^Kd^  D®n  and  0 -X  Kc,  c (C")®n  — ► M'  ->  0 

stay  exact  upon  tensoring,  see  Algebra,  Lemma [l0.38.12[  □ 

Let  A , A' 


Lemma  15.5.15.  Let  A,A',B,B',I  be  as  in  Situation 
be  a system  consisting  of  an  B-algebra  D,  a A1  -algebra  C 
D 


15.5.4 
' and 


Let  ( D , C',  ip) 
an  isomorphism 


A — > C' /IC  = C.  Set  D'  = D Xc  C (as  in  Lemma  15.5.6).  Then 

(1)  B'  — » D'  is  finite  type  if  and  only  if  B — > D and  A'  — » C'  are  finite  type, 

(2)  B'  — ► D'  is  flat  if  and  only  if  B — >•  D and  A!  — > C'  are  flat, 

(3)  B'  — > D'  is  flat  and  of  finite  presentation  if  and  only  if  B D and 
A!  — > C'  are  flat  and  of  finite  presentation, 

(4)  B'  — > D'  is  smooth  if  and  only  if  B D and  A!  — > C'  are  smooth, 

(5)  B'  — > D'  is  etale  if  and  only  if  B —X  D and  A'  — > C'  are  etale. 

Moreover,  if  D'  is  a flat  B' -algebra,  then  D'  — > ( D ' ®b'  B)  X(b'®b,a)  (D1  ®b‘  A') 
is  an  isomorphism.  In  this  way  the  category  of  flat  B' -algebras  is  equivalent  to  the 
categories  of  systems  (D,C' , <p)  as  above  with  D flat  over  B and  C'  flat  over  A! . 

Proof.  The  implication  “=>”  follows  from  Algebra,  Lemmas|10.13.2[|l0.38.7||10.135.4| 


and  10.141.3  because  we  have  D'  <S>b>  B = D and  D'  ®b'  A!  = C'  by  Lemma [15. 5. 6 
Thus  it  suffices  to  prove  the  implications  in  the  other  direction. 
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Ad  (1).  Assume  D of  finite  type  over  B and  C'  of  finite  type  over  A'.  We  will  use 
the  results  of  Lemma|l5.5.6| without  further  mention.  Choose  generators  Xi, ...  ,xr 
of  D over  B and  generators  yi,.. . ,ys  of  C'  over  A'.  Using  that  N = N'  ®b'  B 
and  B'  — > B is  surjective  we  can  find  u\ , . . . ,ur  £ D'  mapping  to  x\, . . . , xr  in  D. 
Using  that  C'  = D'  ®b'  A'  we  can  hnd  V\ , . . . , vt  £ D'  such  that  yi  = Y2  Vj  ® a C for 
some  £ A'.  In  particular,  the  images  of  Vj  in  C'  generate  C'  as  an  A'-algebra. 
Set  N = r + t and  consider  the  cube  of  rings 


A[x i, . . .,xN]  -6 A![x i, . . . ,x/v] 


B'[xi,  . . . , Xn]  — > D’ , Xi  i ^ Ui  and  xr+j  i— > Vj. 


Then  we  see  that  the  induced  maps  B[x\, . . . ,Xn]  — > D and  A'[xi, . . . ,Xn]  —> 
C'  are  surjective,  in  particular  finite.  We  conclude  from  Lemma  |15.5.12|  that 
B'[x\, . . . ,Xn\  — > D'  is  finite,  which  implies  that  D'  is  of  finite  type  over  B'  for 
example  by  Algebra,  Lemma[l0.6.2| 


Ad  (2).  The  implication  ll<="  follows  from  Lemma  15.5.13 
statement  follows  from  the  final  statement  of  LemmaTl5. 5.131 


Moreover,  the  final 


Ad  (3).  Assume  B — >■  D and  A'  — > C'  are  flat  and  of  finite  presentation.  The  flatness 
of  B'  — > D'  we’ve  seen  in  (2).  We  know  B'  — > D'  is  of  finite  type  by  (1).  Choose  a 
surjection  B'[x i, . . . , a; jv]  — t D' . By  Algebra,  Lemma  10.6.3  the  ring  D is  of  finite 
presentation  as  a B[x i, . . . , a;Ar]-module  and  the  ring  C'  is  of  finite  presentation  as 
a A'[xi, . . . , £jv]-module.  By  Lemma  15.5.14  we  see  that  D'  is  of  finite  presentation 
asa5'[ii,... , ^ArJ-module,  i.e.,  B'  — »•  D'  is  of  finite  presentation. 


Ad  (4).  Assume  B — > D and  A'  — ► C smooth.  By  (3)  we  see  that  B'  — > D'  is  flat 
and  of  finite  presentation.  By  Algebra,  Lemma  |10.135.16|  it  suffices  to  check  that 
D'  ®b'  k is  smooth  for  any  field  k over  B' . If  the  composition  J — > B'  — > k is  zero, 
then  B'  — > k factors  as  B'  — > B — > k and  we  see  that 


D'  (£)b'  k = D'  ®b'  B (&b  k = D ®b  k 

is  smooth  as  B — > D is  smooth.  If  the  composition  J — > B'  — > k is  nonzero,  then 
there  exists  an  h £ J which  does  not  map  to  zero  in  k.  Then  B'  — » k factors  as 
B'  — > B'h  — > k.  Observe  that  h maps  to  zero  in  B , hence  Bh  = 0.  Thus  by  Lemma 


D'  ®B'  k = D'  ®B'  B'h  ®B,h  k = C'h  ®A'h  k 
is  smooth  as  A'  — > C'  is  smooth. 


15.5.3  we  have  B'h  = A'h  and  we  get 
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Ad  (5).  Assume  B — ► D and  A!  — > C'  are  etale.  By  (4)  we  see  that  B'  -A  D' 
is  smooth.  As  we  can  read  off  whether  or  not  a smooth  map  is  etale  from  the 
dimension  of  fibres  we  see  that  (5)  holds  (argue  as  in  the  proof  of  (4)  to  identify 
fibres  - some  details  omitted).  □ 


08KR 


Remark  15.5.16.  In  Situation  15.5.9  Assume  B'  — > D'  is  of  finite  presentation 
and  suppose  we  are  given  a D'-module  L' . We  claim  there  is  a bijective  correspon- 
dence between 


(1)  surjections  of  D'-modules  U — > Q'  with  Q'  of  finite  presentation  over  D' 
and  flat  over  B' , and 

(2)  pairs  of  surjections  of  modules  ( L ' ®D'  D — > Q1,  L'  <g>D>  C'  — > Q2)  with 

(a)  Q i of  finite  presentation  over  D and  flat  over  B , 

(b)  Q 2 of  finite  presentation  over  C'  and  flat  over  A' , 

(c)  Qi®d  C = Q2  C as  quotients  of  L'  C. 

The  correspondence  between  these  is  given  by  Q i-A  (Q±,  Q2)  with  Qi  = Q (g)n>  D 
and  Q2  = Q ®d>  C' . And  for  the  converse  we  use  Q = Qi  xq12  Q2  where  Q12  the 
common  quotient  Qi  <8>d  C = Q2  <8>c"  C of  L'  ®D'  C.  As  quotient  map  we  use 


L'  — ( L ' <g)D>  D ) y.(L'®D,c)  (L1  C')  — Q\  x q12  Q2  = Q 

where  the  first  arrow  is  surjective  by  Lemma  |15.5.7  and  the  second  by  Lemma 
|15.5.8|  The  claim  follows  by  Lemmas  |15.5.13|  and  15.5. 14| 


15.6.  Fitting  ideals 

07Z6  The  fitting  ideals  of  a finite  module  are  the  ideals  determined  by  the  construction 
of  Lemma  115.6.21 

07Z7  Lemma  15.6.1.  Let  R be  a ring.  Let  A be  an  n x m matrix  with  coefficients  in 
R.  Let  Ir(A)  be  the  ideal  generated  by  the  r x r-minors  of  A with  the  convention 
that  Iq{A)  = R and  Ir(A)  = 0 if  r > min(n,m).  Then 

(1)  Iq(A)  d h{A)  D I2(A) . . 

(2)  if  B is  an  ( n + n')  x m matrix,  and  A is  the  first  n rows  of  B , then 
Ir+n'(B)  C Ir(A), 

(3)  if  C is  an  n x n matrix  then  Ir(CA)  C Ir{A). 

(4)  If  A is  a block  matrix 

A 1 0 

0 A2 

then  Ir{A)  = X^n+r2=r  (A;i)/r2  (A2)  ■ 

(5)  Add  more  here. 

Proof.  Omitted.  (Hint:  Use  that  a determinant  can  be  computed  by  expanding 
along  a column  or  a row.)  □ 

07Z8  Lemma  15.6.2.  Let  R be  a ring.  Let  M be  a finite  R-module.  Choose  a presen- 
tation 

R — > R®n  — > M — > 0. 

of  M . Let  A = be  the  matrix  of  the  map  ©/eji?  — ?•  R®n . The 

ideal  Fitk(M)  generated  by  the  ( n — k)  x (n  — k)  minors  of  A is  independent  of  the 
choice  of  the  presentation. 
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Proof.  Let  K C i?®n  be  the  kernel  of  the  surjection  R®n  -A  M.  Pick  zi, ... , zn-k  £ 
K and  write  Zj  = ( Z\j , . . . , z„j).  Another  description  of  the  ideal  Fit^(M)  is  that 
it  is  the  ideal  generated  by  the  (n  — k)  x (n  — fc)  minors  of  all  the  matrices  (zij)  we 
obtain  in  this  way. 

Suppose  we  change  the  surjection  into  the  surjection  R®n+n  — >•  M with  kernel  K' 
where  we  use  the  original  map  on  the  first  n standard  basis  elements  of  R®n+n 
and  0 on  the  last  n!  basis  vectors.  Then  the  corresponding  ideals  are  the  same. 
Namely,  if  z\, . . . ,zn-k  £ K as  above,  let  z'  = (zij,  ■ ■ ■ , znj,  0, . . . , 0)  £ K'  for 
j = 1, . . . , n — k and  z'n+j,  = (0, . . . , 0, 1, 0, . . . , 0)  £ K' . Then  we  see  that  the  ideal 
of  ( n — k)x  ( n — k ) minors  of  ( ) agrees  with  the  ideal  of  {n  + n'  — k)  x {n  + n1  — k) 
minors  of  (zb).  This  gives  one  of  the  inclusions.  Conversely,  given  z[, . . . , z'n+n,_k 
in  K'  we  can  project  these  to  R®n  to  get  zi, . . . , zn+n>_k  in  K.  By  Lemma  15.6.1 
we  see  that  the  ideal  generated  by  the  ( n + n!  — k)  x {n  + n'  — k)  minors  of  (z'j) 
is  contained  in  the  ideal  generated  by  the  ( n — k)  x (n  — k)  minors  of  {zij).  This 
gives  the  other  inclusion. 

Let  i?.®m  — > M be  another  surjection  with  kernel  L.  By  the  previous  paragraph  we 
may  assume  to  = n.  By  Algebra,  Lemma  10.5.2  we  can  choose  a map  R®n  — > i?.®m 
commuting  with  the  surjections  to  M.  Let  C = {cu)  be  the  matrix  of  this  map 
(it  is  a square  matrix  as  n = to).  Then  given  z i, . ..  ,zn-k  £ AT  as  above  we  get 


Czi, . . . , Czn_k  £ L.  By  Lemma  15.6.1  we  get  one  of  the  inclusions.  By  symmetry 
we  get  the  other.  □ 

07Z9  Definition  15.6.3.  Let  R be  a ring.  Let  M be  a finite  f?-module.  Let  k > 0. 


The  kth  fitting  ideal  of  M is  the  ideal  Fitfc(M)  constructed  in  Lemma  15.6.2  Set 
Fit_i(M)  = 0. 

Since  the  fitting  ideals  are  the  ideals  of  minors  of  a big  matrix  (numbered  in  reverse 


ordering  from  the  ordering  in  Lemma  15.6.1)  we  see  that 


0 = Fit_i(M)  C Fito(M)  C Fiti(M)  C . . . C Fitt(Af)  = R 


07ZA 


for  some  1 > 0.  Here  are  some  basic  properties  of  fitting  ideals. 
Lemma  15.6.4.  Let  R be  a ring.  Let  M be  a finite  R-module. 

(1)  If  M can  be  generated  by  n elements,  then  Fitn{M ) = R. 

(2)  Given  a second  finite  R-module  M'  we  have 


Fitk  {M  © M' ) = V Fitk  (M)Fitk>  ( M' ) 

*-^k+k'=l 

(3)  If  R — ?>  R'  is  a ring  map,  then  Fitk(M  <S>r  R')  is  the  ideal  of  R'  generated 
by  the  image  of  Fitk{M). 

(4)  If  M is  an  R-module  of  finite  presentation,  then  Fitk{M ) is  a finitely 
generated  ideal. 

(5)  If  M — ► M'  is  a surjection,  then  Fitk{M)  C Fitk{M'). 

(6)  Add  more  here. 


Proof.  Part  (1)  follows  from  the  fact  that  Iq{A)  = R in  Lemma  15.6.1  part  (2) 


follows  form  the  corresponding  statement  in  Lemma  15.6.1  Part  (3)  follows  from 


the  fact  that  <g> rR1  is  right  exact,  so  the  base  change  of  a presentation  of  M is 
a presentation  of  M iS>r  R'  ■ Proof  of  (4).  Let  R®m  —A  R®n  — > M — > 0 be  a 
presentation.  Then  Fit fc(M)  is  the  ideal  generated  by  the  n — k x n — k minors  of 
the  matrix  A.  Part  (5)  is  immediate  from  the  definition.  □ 
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07ZB  Example  15.6.5.  Let  R be  a ring.  The  fitting  ideals  of  the  finite  free  module 
M = 1?®"  are  are  Fitfc(M)  = 0 for  k < n and  Fit/.(M)  = R for  k > n. 

07ZC  Lemma  15.6.6.  Let  R be  a ring.  Let  M be  a finite  R-module.  Let  k > 0.  Let  p 
be  a prime  ideal  with  Fitk(M)  p.  Then  there  exists  an  f £ R,  f ^ p such  that 
Mf  can  be  generated  by  k elements  over  Rf. 


Proof.  By  Nakayama’s  lemma  (Algebra,  Lemma  10.19.1)  we  see  that  Mf  can  be 
generated  by  k elements  over  Rf  for  some  / £ R,  / ^ p if  M ft(p)  can  be 
generated  by  k elements.  This  reduces  the  problem  to  the  case  where  R is  a field 
and  p = (0).  In  this  case  the  result  follows  from  Example  15.6.5  □ 


07ZD  Lemma  15.6.7.  Let  R be  a ring.  Let  M be  a finite  R-module.  Let  r > 0. 
following  are  equivalent 


The 


(1)  M is  finite  locally  free  of  rank  r (Algebra,  Definition  10.77.1), 

(2)  Fitr-i(M)  = 0 and  FitT(M)  = R,  and 

(3)  Fitk(M)  = 0 for  k < r and  Fitk(M)  = R for  k>  r. 
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Proof.  It  is  immediate  that  (2)  is  equivalent  to  (3)  because  the  fitting  ideals  form 
an  increasing  sequence  of  ideals.  Since  the  formation  of  Fitfc(M)  commutes  with 
base  change  (Lemma  15.6.4)  we  see  that  (1)  implies  (2)  by  Example  15.6.5  and 


glueing  results  (Algebra,  Section  10.23).  Conversely,  assume  (2).  By  Lemma  15.6.6 
we  may  assume  that  M is  generated  by  r elements.  Thus  a presentation  0 e , R — ► 


R®r  — >■  M — > 0.  But  now  the  assumption  that  Fitr_i(M)  = 0 implies  that  all 
entries  of  the  matrix  of  the  map  ©;gj  R — > -R®r  are  zero.  Thus  M is  free.  □ 


Lemma  15.6.8.  Let  R be  a local  ring.  Let  M be  a finite  R-module.  Let  k > 0. 
Assume  that  Fitk(M)  = (/)  for  some  f £ R.  Let  M'  be  the  quotient  of  M by 
{i£M|/i  = 0}.  Then  M'  can  be  generated  by  k elements. 


Proof.  Choose  generators  x\, . . . , xn  £ M corresponding  to  the  surjection  R®n  — >■ 
M.  Since  R is  local  if  a set  of  elements  E C (/)  generates  (/),  then  some  e £ E 
generates  (/),  see  Algebra,  Lemma  10.19.1  Hence  we  may  pick  z i, . . . , zn-k  in  the 
kernel  of  i?®n  — ► M such  that  some  (n  — k ) x (n  — k)  minor  of  the  nx  ( n — k ) matrix 
A = ( Zij ) generates  (/).  After  renumbering  the  a we  may  assume  the  first  minor 
det(^)i<ij<„_fe  generates  (/),  i.e.,  det(zii)i<ij<„_fc  = uf  for  some  unit  u £ R. 
Every  other  minor  is  a multiple  of  /.  By  Algebra,  Lemma  [10.14.5|  there  exists  a 
n — k x n — k matrix  B such  that 


AB  = f 


uln- 


n—kxn—k 

c 


for  some  matrix  C with  coefficients  in  R.  This  implies  that  for  every  i < n — k the 
element  yi  = uXi  + Y2j  cjixj  is  annihilated  by  /.  Since  M/  Ryi  is  generated  by 
the  images  of  xn-k+ i,  . . . , xn  we  win.  □ 


15.7.  Lifting 

07LW  In  this  section  we  collection  some  lemmas  concerning  lifting  statements  of  the  fol- 
lowing kind:  If  A is  a ring  and  I C A is  an  ideal,  and  ( is  some  kind  of  structure 
over  A/ 1,  then  we  can  lift  £ to  a similar  kind  of  structure  £ over  A or  over  some 
etale  extension  of  A.  Here  are  some  types  of  structure  for  which  we  have  already 
proved  some  results: 
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(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 
(9) 

(10) 


idempotents,  see  Algebra,  Lemmas  10.31.5  and  10.31.6 


projective  modules,  see  Algebra,  Lemma  10.76.4 
finite  stably  free  modules,  see  Lemma  15.3.3 


basis  elements,  see  Algebra,  Lemmas  10.100.1  and  10.100.3 
ring  maps,  i.e. , proving  certain  algebras  are  formally  smooth,  see  Algebra, 
Lemma [10. 136. 4[  Proposition |10. 136. 13|  and  Lemma [10. 136.161 
syntomic  ring  maps,  see  Algebra,  Lemma  10.134.18 
smooth  ring  maps,  see  Algebra,  Lemma  10.135.19 


etale  ring  maps,  see  Algebra,  Lemma  10.141.11 


factoring  polynomials,  see  Algebra,  Lemma  10.141.20 
Algebra,  Section  10.148  discusses  henselian  local  rings. 


and 


The  interested  reader  will  find  more  results  of  this  nature  in  Smoothing  Ring  Maps, 
Section  16.4  in  particular  Smoothing  Ring  Maps,  Proposition  |16.4.~2| 


Let  A be  a ring  and  let  I C A be  an  ideal.  Let  £ be  some  kind  of  structure 
over  A/ 1.  In  the  following  lemmas  we  look  for  etale  ring  maps  A — ¥ A'  which 
induce  isomorphisms  A/I  — > A' /IA'  and  objects  £'  over  A'  lifting  £.  A general 
remark  is  that  given  etale  ring  maps  A — > A'  — >■  A!'  such  that  A/I  = A! /IA' 
and  A' /I A'  = A" /I A"  the  composition  A — > A"  is  also  etale  (Algebra,  Lemma 
10.141.3|  and  also  satisfies  A/ 1 = A" /I A" . We  will  frequently  use  this  in  the 
following  lemmas  without  further  mention.  Here  is  a trivial  example  of  the  type  of 
result  we  are  looking  for. 


Lemma  15.7.1.  Let  A be  a ring,  let  I C A be  an  ideal,  letu  £ A/ 1 be  an  invertible 
element.  There  exists  an  etale  ring  map  A — > A'  which  induces  an  isomorphism 
A/ 1 — > Al  // A’  and  an  invertible  element  u'  £ A'  lifting  u. 


Proof.  Choose  any  lift  / £ A of  u and  set  A'  = Af  and  u the  image  of  / in  A' . □ 

07LY  Lemma  15.7.2.  Let  A be  a ring,  let  I C A be  an  ideal,  let  e £ A/I  be  an 
idempotent.  There  exists  an  etale  ring  map  A — ► A'  which  induces  an  isomorphism 
A/ 1 — > At  /I A'  and  an  idempotent  e'  £ A!  lifting  e. 


07LZ 


07M0 


Proof.  Choose  any  lift  x £ A of  e.  Set 


A!  = A[t]/ if 


t) 


1 

t — 1 + x 


The  ring  map  A — > A'  is  etale  because  (2 1 — l)dt  = 0 and  (2 1 — l)(2f  — 1)  = 1 which 
is  invertible.  We  have  A' /I A'  = A/I[t]/(t2  — t)[t_^+3]  — A/I  the  last  map  sending 
t to  e which  works  as  e is  a root  of  t2  — t.  This  also  shows  that  setting  e'  equal  to 
the  class  of  t in  A'  works.  □ 

Lemma  15.7.3.  Let  A be  a ring,  let  I C A be  an  ideal.  Let  Spec(A//)  = Ilje  j Uj 
be  a finite  disjoint  open  covering.  Then  there  exists  an  etale  ring  map  A — > A' 
which  induces  an  isomorphism  A/I  — > A' // A'  and  a finite  disjoint  open  covering 
Spec(A')  = U jeJ  Uj  lifting  the  given  covering. 


Proof.  This  follows  from  Lemma  15. 7. 2| and  the  fact  that  open  and  closed  subsets 
of  Spectra  correspond  to  idempotents,  see  Algebra,  Lemma  [10. 20. 3[  □ 


Lemma  15.7.4.  Let  A — ► B be  a ring  map  and  J C B an  ideal.  If  A B is 
etale  at  every  prime  ofV(J),  then  there  exists  a g £ B mapping  to  an  invertible 
element  of  B/J  such  that  A'  = Bg  is  etale  over  A. 
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Proof.  The  set  of  points  of  Spec (B)  where  A — > B is  not  etale  is  a closed  subset 

Write  this  as  V{J')  for  some  ideal 


of  Spec (B),  see  Algebra,  Definition  10.141.1 
J'  C B.  Then  V(J')  fl  V(J)  = 0 hence  J + J1  = B by  Algebra,  Lemma  10.16.2 
Write  1 = f + g with  f £ J and  g £ J' . Then  g works.  □ 


Next  we  have  three  lemmas  saying  we  can  lift  factorizations  of  polynomials. 

OALH  Lemma  15.7.5.  Let  A be  a ring,  let  I C A be  an  ideal.  Let  f £ A[x\  be  a monic 
polynomial.  Let  f = gh  be  a factorization  of  f in  A/I\x]  such  that  g and  h are 
monic  and  generate  the  unit  ideal  in  A/I[x\.  Then  there  exists  an  etale  ring  map 
A — > A'  which  induces  an  isomorphism  A/ 1 — > A' /I A'  and  a factorization  f = g'h' 
in  A'[x\  with  g' , h'  monic  lifting  the  given  factorization  over  A/ 1. 


Proof.  We  will  deduce  this  from  results  on  the  universal  factorization  proved  ealier; 
however,  we  encourage  the  reader  to  find  their  own  proof  not  using  this  trick.  Say 
deg(g)  = n and  deg (h)  =m  so  that  deg (/)  = n+m.  Write  / = xn+m+Y^  Q.iXn+m~l 
for  some  ai, . . . , an+m  £ A.  Consider  the  ring  map 


Li  — Z [gi  , . . . , un_|_m]  t S — Z [&i , . . . , bn , Ci , . . . , cm] 

of  Algebra,  Example |10. 141.131  Let  R — > A be  the  ring  map  which  sends  ai  to  ai. 
Set 

B = A®rS 

By  construction  the  image  fs  of  / in  B[x ] factors,  say  fs  = gBhs  with  gR  = 
xn  + ]C(1  <8)  bi)xn~'1  and  similarly  for  hR-  Write  g = xn  + YlPixn~l  and  h = 
xm  + 7 iXm~l.  The  A-algebra  map 

B — > A/I,  1 <8)  !->• /3j,  l(g>Cii->-7i 


maps  gs  and  hR  to  g and  h in  A/I[x\.  The  displayed  map  is  surjective;  denote 
J C B its  kernel.  From  the  discussion  in  Algebra,  Example  |10.141.13]  it  is  clear 
that  A — > B is  etale  at  all  points  of  V(J)  C Spec(B).  Choose  g £ B as  in  Lemma 
15.7.4  and  consider  the  A-algebra  Bg.  Since  g maps  to  a unit  in  B/J  = A/I  we 
obtain  also  a map  Bg/IBg  — ► A/I  of  A/J-algebras.  Since  A/I  — > Bg/IBg  is  etale, 
also  Bg/IBg  — > A/ 1 is  etale  (Algebra,  Lemma  10.141.9 1.  Hence  there  exists  an 
idempotent  e £ Bg/IBg  such  that  A/I  = ( Bg/IBg)e  (Algebra,  Lemma  10.141.10 1. 
Choose  a lift  h £ Bg  of  e.  Then  A — > A'  = (Bg)h  with  factorization  given  by  the 
image  of  the  factorization  fR  = gBhs  in  A!  is  a solution  to  the  problem  posed  by 


the  lemma. 


□ 


The  assumption  on  the  leading  coefficient  in  the  following  lemma  will  be  removed 
in  Lemma  115.7.71 

07M1  Lemma  15.7.6.  Let  A be  a ring,  let  I C A be  an  ideal.  Let  f £ A[x\  be  a monic 
polynomial.  Let  f = gh  be  a factorization  of  f in  A/I\x\  and  assume 

(1)  the  leading  coefficient  ofg  is  an  invertible  element  of  A/ 1,  and 

(2)  g,  h generate  the  unit  ideal  in  A/I[x\. 

Then  there  exists  an  etale  ring  map  A — ► A'  which  induces  an  isomorphism  A/I 
A1  /I A1  and  a factorization  f = g'h'  in  A'[x]  lifting  the  given  factorization  over 

A/I. 
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Proof.  Applying  Lemma[l5.7.1|  we  may  assume  that  the  leading  coefficient  of  g is 
the  reduction  of  an  invertible  element  u £ A.  Then  we  may  replace  g by  uTlg  and 
h by  uh.  Thus  we  may  assume  that  ~g  is  monic.  Since  / is  monk:  we  conclude  that 
h is  monic  too.  In  this  case  the  result  follows  from  Lemma  15.7.51  □ 


07M2  Lemma  15.7.7.  Let  A be  a ring,  let  I C A be  an  ideal.  Let  f £ A\ x\  be  a monic 
polynomial.  Let  f = gh  be  a factorization  of  f in  A/I\x\  and  assume  that  g,  h 
generate  the  unit  ideal  in  A/I[x\.  Then  there  exists  an  etale  ring  map  A — ► A' 
which  induces  an  isomorphism  A/ 1 — > A' /I A'  and  a factorization  f = g'h'  in  A'[ x\ 
lifting  the  given  factorization  over  A/I . 


Proof.  Say  / = xd  + a\Xd~l  + . . . + a(i  has  degree  d.  Write  g = Yl^jX3  and 
h = ■ Then  we  see  that  1 = Y^jCd-j-  It  follows  that  Spec(A/J)  is  covered 

by  the  standard  opens  D(bjCd-j )•  However,  each  point  p of  Spec(A/J)  is  contained 
in  at  most  one  of  these  as  by  looking  at  the  induced  factorization  of  / over  the  field 
k(P)  we  see  that  deg(g  mod  p)  + deg(/i  mod  p)  = d.  Hence  our  open  covering  is  a 
disjoint  open  covering.  Applying  Lemma|l5.7.3  (and  replacing  A by  A')  we  see  that 
we  may  assume  there  is  a corresponding  disjoint  open  covering  of  Spec(A).  This 
disjoint  open  covering  corresponds  to  a product  decomposition  of  A,  see  Algebra, 
Lemma TlO. 22. 31  It  follows  that 


A = A0  x . . . x Ad,  I = 70  x ...  x Id, 

where  the  image  of  g , resp.  h in  Aj /Ij  has  degree  j , resp.  d—j  with  invertible  leading 
coefficient.  Clearly,  it  suffices  to  prove  the  result  for  each  factor  Aj  separatedly. 
Hence  the  lemma  follows  from  Lemma Tl5. 7.61  □ 

07M3  Lemma  15.7.8.  Let  R — ► S be  a ring  map.  Let  I C R be  an  ideal  of  R and  let 
J C S be  an  ideal  of  S.  If  the  closure  of  the  image  ofV(J)  in  Spec(-R)  is  disjoint 
from  V(I),  then  there  exists  an  element  f £ R which  maps  to  1 in  R/I  and  to  an 
element  of  J in  S. 


Proof.  Let  I'  C R be  an  ideal  such  that  V(I')  is  the  closure  of  the  image  of  V(J). 
Then  V{I)  D V(I')  = 0 by  assumption  and  hence  I + 1'  = R by  Algebra,  Lemma 
10.16.2  Write  1 = g + f with  g £ I and  / £ I'.  We  have  V(f')  D V(J)  where  /' 
is  the  image  of  / in  S.  Hence  ( f)n  £ J for  some  n,  see  Algebra,  Lemma  10.16.2 
Replacing  / by  /"  we  win. 


□ 


07M4  Lemma  15.7.9.  Let  A be  a ring , let  I C A be  an  ideal.  Let  A — ► B be  an 
integral  ring  map.  Lete  £ B/IB  be  an  idempotent.  Then  there  exists  an  etale  ring 
map  A — >■  A'  which  induces  an  isomorphism  A/I  — > A! /IA'  and  an  idempotent 
e!  £ B ®^4  A ' lifting  e. 


Proof.  Choose  an  element  y £ B lifting  e.  Then  z = y2  — y is  an  element  of  IB. 
By  Algebra,  Lemma  10.37.4  there  exist  a monic  polynomial  g( x)  = xd  + Y ajx^ 
of  degree  d with  aj  £ I such  that  g(z)  = 0 in  B.  Hence  f(x)  = g(x 2 — x)  £ A[x\ 
is  a monic  polynomial  such  that  f(x)  = xd(x  — l)d  mod  I and  such  that  f(y)  = 0 
in  B.  By  Lemma  |l5.7.6|  we  can  find  an  etale  ring  map  A — > A!  which  induces  an 
isomorphism  A/I  — > A' // A'  and  such  that  f = gh  in  A[x]  with  g(x)  = xd  mod  I A' 
and  h(x)  = (x  — l)d  mod  IA' . After  replacing  A by  A'  we  may  assume  that  the 
factorization  is  defined  over  A.  In  that  case  we  see  that  b\  = g(y)  £ B is  a lift 


of 


-d  — 


and  b2  = h(y)  G B is  a lift  of  (e  — l)d  = (— l)d(l  — e)d  = (— l)d(l  — e) 
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and  moreover  6i62  = 0.  Thus  ( bi,bfi)B  / IB  = B/IB  and  H(6i,62)  C Spec(i3)  is 
disjoint  from  V(IB).  Since  Spec(B)  — > Spec(A)  is  closed  (see  Algebra,  Lemmas 


10.35.20  and  10.40.6)  we  can  find  an  a £ A which  maps  to  an  invertible  element  of 


A/I  whose  image  in  B lies  in  (61, 62),  see  Lemma  15.7.8  After  replacing  A by  the 


localization  Aa  we  get  that  (61,62)  = B.  Then  Spec(H)  = D(b\)  II  D( 62);  disjoint 
union  because  6162  = 0.  Let  e £ B be  the  idempotent  corresponding  to  the  open 


and  closed  subset  Dlb-fi),  see  Algebra,  Lemma  10.20.3  Since  61  is  a lift  of  e and  62 
is  a lift  of  ±(1  — e)  we  conclude  that  e is  a lift  of  e by  the  uniqueness  statement  in 
Algebra,  Lemma  [10.20.3 


□ 


07M5  Lemma  15.7.10.  Let  A be  a ring , let  I C A be  an  ideal.  Let  P be  finite  projec- 
tive A/ 1 -module.  Then  there  exists  an  etale  ring  map  A — » A'  which  induces  an 
isomorphism  A/I  — > A' /I A'  and  a finite  projective  A' -module  P'  lifting  P. 

Proof.  We  can  choose  an  integer  n and  a direct  sum  decomposition  (A//)®”  = 
P ® K for  some  i?//-module  K.  Choose  a lift  ip  : A®"  — » A®"  of  the  projector  p 
associated  to  the  direct  summand  P.  Let  / £ A[x\  be  the  characteristic  polynomial 
of  Set  B = A[x\/(f).  By  Cayley-Hamilton  (Algebra,  Lemma  10.15.1|)  there  is  a 
map  B — > EndJ4(A®Ti)  mapping  x to  ip.  For  every  prime  p D I the  image  of  / in 
ft(p)  is  (x  — l)rxn~r  where  r is  the  dimension  of  P ®a/i  «(p).  Hence  (x  — l)nxn 
maps  to  zero  in  B <S>a  «(p)  for  all  p D I.  Hence  the  image  of  (x  — l)nxn  in  B is 
contained  in 

Up3,',s  = <U„/ij)iS  = '/lB 

the  first  equality  because  B is  a free  A-module  and  the  second  by  Algebra,  Lemma 
Thus  (x  — l)NxN  is  contained  in  IB  for  some  N.  It  follows  that  xN  + (1  — 


10.16.2 

x)N  is  a unit  in  B/IB  and  that 

e = image  of 


„N 


N 


in  B/IB 


is  an  idempotent  as  both  assertions  hold  in  X[x\/{xn(x  — 1)^).  The  image  of  e in 
EndA//((A/J)®")  is 

= P 


P 


pN  + (l-p)N 


as  p is  an  idempotent.  After  replacing  A by  an  etale  extension  A'  as  in  the  lemma, 
we  may  assume  there  exists  an  idempotent  e £ B which  maps  to  e in  B/IB,  see 
Lemma|l5.7.9|  Then  the  image  of  e under  the  map 

B = A[x\/ (/)  — ► EndA(A®"). 


is  an  idempotent  element  p which  lifts  p.  Setting  P = Im(p)  we  win. 


□ 


07EV  Lemma  15.7.11.  Let  A be  a ring.  Let  0 — K — ► A®m  — > M —>■  0 be  a sequence 
of  A-modules.  Consider  the  A-algebra  C = Sym*A(M)  with  its  presentation  a : 
A[yi  , . . . , ym]  — >•  C coming  from  the  surjection  A®m  — > M.  Then 


NL(a)  = (K  ®aC  -a-  Cdyj) 

j=l, m. 


(see  Algebra,  Section  10.132 ) in  particular  Hc/a  = M C. 
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Proof.  Let  J = Ker(a).  The  lemma  asserts  that  J/J2  = K <8> A C.  Note  that  a 
is  a homomorphism  of  graded  algebras.  We  will  prove  that  in  degree  d we  have 
( J/J2)d  = K <g)A  Cd- 1-  Note  that 

Jd  = Ker(Syn4(A®m)  Sym dA{M))  = lm(K  ®A  Sym dA\A®m)  ->  Syml(A®m)), 

see  Algebra,  Lemma  10.12.2  It  follows  that  ( J2)d  = J2a+b=d  J a ' '^>  the  image  of 

K ®A  K ®A  Syrn^-2(A®m)  Syrn^(A®m). 

The  cokernel  of  the  map  K 0 a Sym^2(A®m)  — > Sym^1(A®m)  is  SymJ'1(M)  by 
the  lemma  referenced  above.  Hence  it  is  clear  that  ( J/J2)d  = Jd/(J2)d  is  equal  to 

Coker  (A"  <g>A  K ®A  Syru^A®™)  ->■  K ®A  Sym  ^(A®™))  = K ®A  Sym  dA\M) 

= K (g^  Cd- 1 

as  desired.  □ 

Lemma  15.7.12.  Let  A be  a ring.  Let  M be  an  A-module.  Then  C = Sym*A(Al ) 
is  smooth  over  A if  and  only  if  M is  a finite  projective  A-module. 

Proof.  Let  a : C — > A be  the  projection  onto  the  degree  0 part  of  C.  Then 
J = Ker(er)  is  the  part  of  degree  > 0 and  we  see  that  J/J2  = M as  an  A-module. 
Hence  if  A — >■  C is  smooth  then  M is  a finite  projective  A-module  by  Algebra, 
Lemma  IIP. 137.41 

Conversely,  assume  that  M is  finite  projective  and  choose  a surjection  A®n  — >•  M 
with  kernel  K.  Of  course  the  sequence  0 — > K — > A®n  — > M — > 0 is  split  as  M is 
projective.  In  particular  we  see  that  K is  a finite  A-module  and  hence  C is  of  finite 
presentation  over  A as  C is  a quotient  of  A[ aq, . . . ,xn]  by  the  ideal  generated  by 
I\  C 0 Axi.  The  computation  of  Lemma  15.7.11  shows  that  NLq/A  is  homotopy 
equivalent  to  ( K — ► M)  ®A  C.  Hence  NLC/A  is  quasi-isomorphic  to  C ®A  M 
placed  in  degree  0 which  means  that  C is  smooth  over  A by  Algebra,  Definition 
110.135.11  □ 

Lemma  15.7.13.  Let  A be  a ring,  let  I C A be  an  ideal.  Consider  a commutative 
diagram 

B 


A 


> A/I 

where  B is  a smooth  A-algebra.  Then  there  exists  an  etale  ring  map  A —>■  A'  which 
induces  an  isomorphism  A/ 1 — » A' /I A1  and  an  A-algebra  map  B — » A'  lifting  the 
ring  map  B — > A/I . 

Proof.  Let  J C B be  the  kernel  of  B — > A/ 1 so  that  B/J  = A/ 1.  By  Algebra, 
Lemma  [l0. 137.3|  the  sequence 

0 ->  I/I2  ->  J/J 2 ->  0/3/ A ®b  B/J  ->  0 

is  split  exact.  Thus  P = J/{J2  + IB)  = O B/A  ® b B/J  is  a finite  projective  A/I- 
module.  Choose  an  integer  n and  a direct  sum  decomposition  A//®"  = P®K.  By 
Lemma  15.7.10|we  can  find  an  etale  ring  map  A — > A!  which  induces  an  isomorphism 
A/ 1 — > A' /I A'  and  a finite  projective  A-module  K which  lifts  K.  We  may  and 
do  replace  A by  A'.  Set  B'  = B ®A  Sym *A{K).  Since  A — > Sym*A(K)  is  smooth 
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by  Lemma  15.7.12  we  see  that  B — > B'  is  smooth  which  in  turn  implies  that 
A — >■  B'  is  smooth  (see  Algebra,  Lemmas  10.135.4  and  10.135.13).  Moreover  the 
section  Sym^(AT)  — > A determines  a section  B'  -A-  B and  we  let  B'  — > A/ 1 be  the 
composition  B'  -A  B -A  A/I.  Let  J'  C B'  be  the  kernel  of  B'  — > A/I.  We  have 
JB'  C J'  and  B ®A  K C J' . These  maps  combine  to  give  an  isomorphism 

(A//)®"  “ J/J 2 © K — A J'/((  J')2  + IB1) 

Thus,  after  replacing  B by  B'  we  may  assume  that  J/(J 2 + IB)  = CIb/a  <8>b  B/J 
is  a free  A//-module  of  rank  n. 

In  this  case,  choose  /i, . . . , fn  € J which  map  to  a basis  of  J/(J2  + IB).  Consider 
the  finitely  presented  A-algebra  C = B/(fi, . . . , fn).  Note  that  we  have  an  exact 
sequence 


o -4 > Hi{LC/A)  -A  (/i,  . . . , fn)/ (/i,  . . . , fn)2  t toB/A  ®B  C 


to C/A  0 


see  Algebra,  Lemma  10.132.4  (note  that  H\(Lbia ) = 0 and  that  toB/A  is  finite 
projective,  in  particular  flat  so  the  Tor  group  vanishes).  For  any  prime  q D J of  B 
the  module  flB/A, q is  free  of  rank  n because  D-b/a  is  finite  projective  and  because 
tos /a®b  B / J is  free  of  rank  n.  By  our  choice  of  /i, . . . , /„  the  map 

((/l)  ■ • • i fn)  / (/l  ? • ■ • j /n)2)q  — ► toB/A^ 

is  surjective  modulo  I . Hence  we  see  that  this  map  of  modules  over  the  local  ring 
Cq  has  to  be  an  isomorphism.  Thus  Hi(Lc/A)q  = 0 and  toe /a, q = 0.  By  Algebra, 
Lemma [10. 135. 12|  we  see  that  A — > C is  smooth  at  the  prime  q of  C corresponding 
to  q.  Since  toe/A,<\  = 0 it  is  actually  etale  at  q.  Thus  A — > C is  etale  at  all  primes  of 
C containing  JC.  By  Lemma|l5.7.4|we  can  find  an  f £ C mapping  to  an  invertible 
element  of  C/JC  such  that  A — > Cf  is  etale.  By  our  choice  of  / it  is  still  true 
that  Cf/JCf  = A/I.  The  map  Cf/ICf  -A  A/I  is  surjective  and  etale  by  Algebra, 
Lemma  10.141.9  Hence  A/I  is  isomorphic  to  the  localization  of  Cf/ICf  at  some 
element  g £ C,  see  Algebra,  Lemma  10.141.10  Set  A'  = Cfg  to  conclude  the 
proof.  □ 
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Some  of  the  results  of  Section[l5.7|may  be  viewed  as  results  about  henselian  pairs. 
In  this  section  a pair  is  a pair  (A,  I)  where  A is  a ring  and  I C A is  an  ideal.  A 
morphism  of  pairs  (A,  I)  -A  ( B,J ) is  a ring  map  ip  : A — ► B with  tp(I)  C J.  As 


in  Section  15.7  given  an  object  £ over  A we  denote  £ the  “base  change”  of  £ to  an 


object  over  A/ 1 (provided  this  makes  sense). 


09XE  Definition  15.8.1.  A henselian  pair  is  a pair  (A,  I)  satisfying 

(1)  I is  contained  in  the  Jacobson  radical  of  A,  and 

(2)  for  any  monic  polynomial  / € A[T]  and  factorization  / = goho  with 
go,  ho  € A/I[T\  monic  generating  the  unit  ideal  in  A/I[T ],  there  exists  a 
factorization  / = gh  in  A[T]  with  g , h monic  and  go  = g and  ho  = h. 


Observe  that  if  A is  a local  ring  and  I = m is  the  maximal  ideal,  then  (A,  I)  is 
a henselian  pair  if  and  only  if  A is  a henselian  local  ring,  see  Algebra,  Lemma 
|10. 148.3)  In  Lemma  |15.8.7|  we  give  a number  of  equivalent  characterizations  of 
henselian  pairs  (and  we  will  add  more  as  time  goes  on). 
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09XG 


Lemma  15.8.2.  Let  (A,  I)  be  a pair  with  I locally  nilpotent.  Then  the  functor 
B i ^ B/IB  induces  an  equivalence  between  the  category  of  etale  algebras  over  A 
and  the  category  of  etale  algebras  over  A/I . Moreover,  the  pair  is  henselian. 


Proof.  Essential  surjectivity  holds  by  Algebra,  Lemma  |10.141.lT  If  B , B'  are 


etale  over  A and  B/IB  — > B' /IB'  is  a morphism  of  A/J-algebras,  then  we  can  lift 
this  by  Algebra,  Lemma [10-136. 16[  Finally,  suppose  that  f,g  : B -A  B'  are  two 
A-algebra  maps  with  / mod  I = g mod  I.  Choose  an  idempotent  e £ B (g )a  B 
generating  the  kernel  of  the  multiplication  map  B®aB  — > B,  see  Algebra,  Lemmas 


10.147.4  and  10.147.3  (to  see  that  etale  is  unramified).  Then  (/<8>g)(e)  £ IB.  Since 


IB  is  locally  nilpotent  (Algebra,  Lemma  10.31.2)  this  implies  (/  0 <?)(e)  = 0 by 
Algebra,  Lemma  10.31. 5[  Thus  / = g. 

It  is  clear  that  I is  contained  in  the  radical  of  A.  Let  / £ A[T\  be  a monic  polynomial 
and  let  / = goho  be  a factorization  of  f = f mod  I with  go,  ho  £ A/I[T ] monic 
generating  the  unit  ideal  in  A/I[T],  By  Lemma  15.7.5  there  exists  an  etale  ring  map 
A — > A'  which  induces  an  isomorphism  A/ 1 — > A' /I A'  such  that  the  factorization 
lifts  to  a factorization  into  monic  polynomials  over  A! . By  the  above  we  have 
A = A!  and  the  factorization  is  over  A.  □ 


Lemma  15.8.3.  Let  ( A,  I ) be  a pair.  If  A is  I-adically  complete,  then  the  pair  is 
henselian. 


Proof.  By  Algebra,  Lemma[l0.95.6|the  ideal  I is  contained  in  the  radical  of  A.  Let 
f £ A\T\  be  a monic  polynomial  and  let  / = goho  be  a factorization  of  / = / mod  I 


we  can  succesively  lift  this  factorization  to  / mod  In  = gnhn  with  gn,  hn  monic  in 
A/In[T]  for  all  n > 1.  As  A = lim  A/In  this  finishes  the  proof.  □ 

Lemma  15.8.4.  Let  ( A , I)  be  a pair.  If  I is  contained  in  the  Jacobson  radical  of 
A,  then  the  map  from  idempotents  of  A to  idempotents  of  A/ 1 is  injective. 


with  go,  ho  £ A/I\T\  monic  generating  the  unit  ideal  in  A/I\T\. 


Proof.  An  idempotent  of  a local  ring  is  either  0 or  1.  Thus  an  idempotent  is 
determined  by  the  set  of  maximal  ideals  where  it  vanishes,  by  Algebra,  Lemma 
110.23.11  ' □ 

Lemma  15.8.5.  Let  ( A , I ) be  a pair.  Let  A -A  B be  an  integral  ring  map  such 
that  B/IB  = Ci  x C2  as  A/I-algebra  with  A/I  -A  C'i  injective.  Any  element 
b £ B mapping  to  (0, 1)  in  B/IB  is  the  zero  of  a monic  polynomial  f £ A\T\  with 
f mod  / = gTn  and  g( 0)  a unit  in  A/I . 


Proof.  Let  b 

map  A\T ] — > 

Hence  the  image  of  Spec(l?)  in  Spec(A[T])  is  closed  by  Algebra,  Lemmas  10.40.6 


£ B map  to  (0, 1)  in  C'i  x C2.  Let  J C A\T\  be  the  kernel  of  the 
B,  T 1— >■  b.  Since  B is  integral  over  A,  it  is  integral  over  A\T\. 


and  10.35.20 


Hence  this  image  is  equal  to  V(J)  = Spec(A[T]/J)  by  Algebra, 

Lemma|10.29.5  Intersecting  with  the  inverse  image  of  V (/)  our  choice  of  b shows 
we  have  V(J  + IA[T])  C V(T2  — T).  Hence  there  exists  an  n > 1 and  g £ J 
with  g mod  IA[T]  = ( T 2 — T)n.  On  the  other  hand,  as  A -A  B is  integral  there 
exists  a monic  polynomial  h £ J.  Note  that  h( 0)  mod  / maps  to  zero  under  the 
composition  A\T]  -A  B -A  B/IB  — >•  C'i.  Since  A/I  —>•  Ci  is  injective  we  conclude 
h mod  IA[T]  = /i0T  for  some  ho  £ A/I[T].  Set 


.f  = g + hm 
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for  m > n.  If  m is  large  enough,  this  is  a monic  polynomial  and 

/ mod  IA[T\  = (T2  - T)n  + h^Tm  = Tn({T  - l)n  + h^T71 
and  hence  the  desired  conclusion. 


□ 


09XH 


Lemma  15.8.6.  Let  (A ,/)  be  a pair.  Let  A -A  B be  a finite  type  ring  map  such 
that  B/IB  = Ci  x C2  with  A/I  — > C\  finite.  Let  B'  be  the  integral  closure  of  A 
in  B.  Then  we  can  write  B' /IB'  = C\  x C2  such  that  the  map  B' /IB'  — > B/IB 
preserves  product  decompositions  and  there  exists  a g £ B'  mapping  to  (1,  0)  in 


Bq  an  isomorphism. 


C\  x C'2  with  B'g 

Proof.  Observe  that  A — > B is  quasi-finite  at  every  prime  of  the  closed  subset 
T = Spec(Ci)  C Spec(U)  (this  follows  by  looking  at  fibre  rings,  see  Algebra, 
Definition  10.121.3).  Consider  the  diagram  of  topological  spaces 


Spec(-B) 


Spec(B') 


Spec(A) 


By  Algebra,  Theorem  10.122. 13|for  every  p £ T there  is  a hp  £ B'  ,hp  ^ p such  that 


B'h  -A  Bh  is  an  isomorphism.  The  union  U = (J  D(hp)  gives  an  open  U C Spec (B') 
such  that  0 1 (L/)  — > U is  a homeomorphism  and  T C <j)~l{U).  Since  T is  open  in 
il)~1(y{I))  we  conclude  that  cf(T ) is  open  in  U D {if’)"1  (V  {I)) . Thus  4>{T)  is  open 
in  (i/),)_1(l/(/)).  On  the  other  hand,  since  C\  is  finite  over  A/I  it  is  finite  over 
B' . Hence  4>{T)  is  a closed  subset  of  Spec(H')  by  Algebra,  Lemmas  10.40.6  and 
10.35.20|  We  conclude  that  Spec {B' /IB')  D </>(T)  is  open  and  closed.  By  Algebra, 
Lemma  10.22.3  we  get  a corresponding  product  decomposition  B' /IB'  = C[  x C'2. 
The  map  B' /IB'  — > B/IB  maps  C[  into  C\  and  C2  into  C2  as  one  sees  by  looking 
at  what  happens  on  spectra  (hint:  the  inverse  image  of  <f>(T)  is  exactly  T;  some 
details  omitted).  Pick  a g € B'  mapping  to  (1,0)  in  C[  x C'2  such  that  D(g)  C t/; 
this  is  possible  because  Spec(C()  and  Spec((72)  are  disjoint  and  closed  in  Spec(B') 
and  Spec(C()  is  contained  in  U.  Then  B'g  — » Bg  defines  a homeomorphism  on 
spectra  and  an  isomorphism  on  local  rings  (by  our  choice  of  U above).  Hence  it  is 
an  isomorphism,  as  follows  for  example  from  Algebra,  Lemma  |l0. 23. 1|  Finally,  it 
follows  that  C’i  = Ci  and  the  proof  is  complete.  □ 

09X1  Lemma  15.8.7.  Let  (A,  I)  be  a pair.  The  following  are  equivalent 

(1)  (A,  I)  is  a henselian  pair, 

(2)  given  an  etale  ring  map  A — » A'  and  an  A-algebra  map  o : A!  -A  A/I, 
there  exists  an  A-algebra  map  A'  — > A lifting  a , 

(3)  for  any  finite  A-algebra  B the  map  B -A  B/IB  induces  a bijection  on 
idempotents,  and 

(4)  for  any  integral  A-algebra  B the  map  B -A  B/IB  induces  a bijection  on 
idempotents. 

Proof.  Assume  (2)  holds.  Then  I is  contained  in  the  Jacobson  radical  of  A,  since 
otherwise  there  would  be  a nonunit  f £ A not  contained  in  / and  the  map  A -A  Af 
would  contradict  (2).  Hence  IB  C B is  contained  in  the  Jacobson  radical  of  B for  B 


integral  over  A because  Spec(U)  -a  Spec(A)  is  closed  by  Algebra,  Lemmas  10.40.6 
and  10.35.20  Thus  the  map  from  idempotents  of  B to  idempotents  of  B/IB  is 
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injective  by  Lemma  15.8.4  On  the  other  hand,  since  (2)  holds,  every  idempotent 
of  B lifts  to  an  idempotent  of  B/IB  by  by  Lemma  15.7.9|  In  this  way  we  see  that 
(2)  implies  (4). 


The  implication  (4)  =>  (3)  is  trivial. 


Assume  (3).  Let  m be  a maximal  ideal  and  consider  the  finite  map  A — >•  B = 
A/(I  0 m).  The  condition  that  B — ► B/IB  induces  a bijection  on  idempotents 
implies  that  I C m (if  not,  then  B = A/I  x A/m  and  B/IB  = A/I).  Thus  we  see 
that  I is  contained  in  the  Jacobson  radical  of  A.  Let  / € A\T\  be  monic  and  suppose 
given  a factorization  / = goho  with  go,  ho  € A/I\T\  monic.  Set  B = A[T\/(f).  Let 
e be  the  nontrivial  idempotent  of  B/IB  corresponding  to  the  decomposition 

B/IB  = A/I[T\/(g0)  x A[T\/(h0) 

of  A-algebras.  Let  e € B be  an  idempotent  lifting  e which  exists  as  we  assumed 
(3).  This  gives  a product  decomposition 

B = eB  x (1  — e)B 


Note  that  B is  free  of  rank  deg(/)  as  an  A-module.  Hence  eB  and  (1  — e)B  are 
finite  locally  free  A-modules.  However,  since  eB  and  (1  — e)B  have  constant  rank 
deg(go)  and  deg(h0)  over  A/I  we  find  that  the  same  is  true  over  Spec(A).  We 
conclude  that 


/ = det a{T  :B->B)  = det A(T  : eB  -A  eB)  det A(T  : (1  - e)B  (1  - e)B) 


is  a factorization  into  monic  polynomials  reducing  to  the  given  factorization  modulo 
I.  Thus  (3)  implies  (1). 

Assume  (1).  Let  A -A  A'  be  an  etale  ring  map  and  let  cr  : A'  -A  A/ 1 be  an  A- algebra 
map.  This  implies  that  A! /I A!  = A/ 1 x C for  some  ring  C.  Let  A"  C A!  be  the 
integral  closure  of  A in  A'.  By  Lemma  15.8.6  we  can  write  A" /I A"  = A/ 1 xC  such 
that  A" /I A"  — > A' /I A'  maps  A/ 1 isomorphically  to  A1  /I A1  and  C'  to  C and  such 
that  there  exists  a a £ A"  mapping  to  (1,0)  in  A/I  x C'  such  that  A"  = A'a.  By 


Lemma  15.8.5  we  see  that  a satisfies  a monic  polynomial  / € A[T]  whose  reduction 
modulo  I factors  as  / = goTn  where  T,  g0  generate  the  unit  ideal  in  A/I[T ].  Thus 
by  assumption  we  can  factor  / as  / = gh  where  g is  a monic  lift  of  go  and  h 
is  a monic  lift  of  Tn.  Because  I is  contained  in  the  Jacobson  radical  of  A,  we 
find  that  g and  h generate  the  unit  ideal  in  A[T]  (details  omitted;  hint:  use  that 
A[T\/(g,h)  is  finite  over  A).  Thus  A[T]/(f)  = A[T\/(h)  x A[T\/(g)  and  we  find 
a corresponding  product  decomposition  A"  = A"  x A'/.  By  construction  we  have 
A"//A"  = A/ 1 and  A'/ /I A!./  = C . Since  A"  is  integral  over  A and  I is  contained 
in  the  Jacobson  radical  of  A we  see  that  a maps  to  an  invertible  element  of  A!{. 
Hence  A"  = A"  x (Af,')^  It  follows  that  A — ► A"  is  integral  as  well  as  etale,  hence 
finite  locally  free.  However,  A"//A"  = A/I  thus  A"  has  rank  1 as  an  A-module 
along  V(I).  Since  / is  contained  in  the  Jacobson  radical  of  A we  conclude  that 
A"  has  rank  1 everywhere  and  it  follows  that  A -A  A"  is  an  isomorphism.  Thus 
A'  — > A'a  = A"  —>  (A") a = A"  = A is  the  desired  lift  of  a.  In  this  way  we  see  that 
(1)  implies  (2).  □ 


09XJ 


Lemma  15.8.8.  Let  A be  a ring.  Let  I,JcAbe  ideals  with  V(I)  = V(J).  Then 
(A,  I)  is  henselian  if  and  only  if  (A,  J)  is  henselian. 
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Proof.  For  any  integral  ring  map  A — > B we  see  that  V(IB)  = V(JB).  Hence 
idempotents  of  B/IB  and  B/  JB  are  in  bijective  correspondence  (Algebra,  Lemma 
10.20.3 1.  It  follows  that  B — > B/IB  induces  a bijection  on  sets  of  idempotents 
if  and  only  if  B — ► B/JB  induces  a bijection  on  sets  of  idempotents.  Thus  we 
conclude  by  Lemma [15.8.7|  □ 

Lemma  15.8.9.  Let  (A,  I)  be  a henselian  pair  and  let  A— » B be  an  integral  ring 
map.  Then  (B,  IB)  is  a henselian  pair. 

Proof.  Immediate  from  the  fourth  characterization  of  henselian  pairs  in  Lemma 
15.8.7  and  the  fact  that  the  composition  of  integral  ring  maps  is  integral.  □ 


Lemma  15.8.10. 

Then  Q L 


jeJ  Ab  rijeJ 


Let  J be  a set  and  let  {(Aj,  Ij)}jej  be  a collection  of  pairs. 
) is  Henselian  if  and  only  if  so  is  each  (Aj,  Ij). 


Proof.  For  every  j 
so  Lemma 
Henselian. 


15.8.9 


£ J,  the  projection  YljejAj 


Aj  is  an  integral  ring  map, 


proves  that  each  (Aj,Ij)  is  Henselian  if  (Wj^j  Aj,\\jeJ  Ij) 


is 


Conversely,  suppose  that  each  ( Aj,Ij ) is  a Henselian  pair.  Then  every  1 + x with 

g j Aj  because  it  is  so  componentwise  by  Algebra,  Lemma 


x e n,w  I3 is  a unit  inru 


10.18.1 


and  Definition 


15.8.1 


10.18.1 


again,  JI jejIj  is 


Thus,  by  Algebra,  Lemma 
contained  in  the  Jacobson  radical  of  Iljej  Ab  Continuing  to  work  componentwise, 
it  likewise  follows  that  for  every  monic  f £ (I IjejA?)P1  and  eveiT  factorization 
/ = g0h0  with  monic  g0,h0  £ (II,.  A Up  ./  = (Iljej  that  gen- 
erate the  unit  ideal  in  II, there  exists  a factorization  / = gh 

in  (IIJ6  j Aj)\T\  with  g , h monic  and  reducing  to  go,  ho-  In  conclusion,  according 
to  Definition 


15.8.1 


dljej  Ab  FI je  jlj ) is  a Henselian  pair. 


□ 


Lemma  15.8.11.  Let  (A,  I)  be  a henselian  pair.  Let  p C A be  a prime  ideal. 
Then  V(p  + I)  is  connected. 


Proof.  By  Lemma  15.8.9  we  see  that  (A/p,  I + p/p)  is  a henselian  pair.  Thus  it 


suffices  to  prove:  If  (A,  I)  is  a henselian  pair  and  A is  a domain,  then  Spec  (A//)  = 
V(I)  is  connected.  If  not,  then  A/ 1 has  a nontrivial  idempotent,  whence  by  Lemma 
|15.8.7|  A has  a nontrivial  idempotent.  This  is  a contradiction.  □ 

Lemma  15.8.12.  Let  (A,  I)  be  a henselian  pair.  The  functor  B — > B/IB  deter- 
mines an  equivalence  between  finite  etale  A-algebras  and  finite  etale  A/I-algebras. 

Proof.  Let  B , B'  be  two  A-algebras  finite  etale  over  A.  Then  B'  — > B " = B B' 


is  finite  etale  as  well  (Algebra,  Lemmas  10.141.3  and  10.35.11 ).  Now  we  have  1-to-l 
correspondences  between 

(1)  A-algebra  maps  B — ► B' , 

(2)  sections  of  B'  B" , and 

(3)  idempotents  e of  B"  such  that  B'  -A  B"  -A  eB"  is  an  isomorphism. 

The  bijection  between  (2)  and  (3)  sends  a : B"  — > B'  to  e such  that  (1  — e) 
is  the  idempotent  that  generates  the  kernel  of  a which  exists  by  Algebra,  Lem- 
mas 10.141.9  and  10.141.10|  There  is  a similar  correspondence  between  A/7- 
algebra  maps  B/IB  — > B' /IB'  and  idempotents  e of  B" /IB"  such  that  B' /IB'  — > 
B" /IB"  —A  e(B" / IB")  is  an  isomorphism.  However  every  idempotent  e of  B" /IB" 
lifts  uniquely  to  an  idempotent  e of  B"  (Lemma  15.8.7).  Moreover,  if  B" /IB"  — > 
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e(B" / IB")  is  an  isomorphism,  then  B'  — > eB"  is  an  isomorphism  too  by  Nakayama’s 
lemma  (Algebra,  Lemma  10.19.1 ).  In  this  way  we  see  that  the  functor  is  fully  faith- 
ful. 


Essential  surjectivity.  Let  A/ 1 ->  C be  a finite  etale  map.  By  Algebra,  Lemma 
there  exists  an  etale  map  A — ► B such  that  B/IB  = C.  Let  B'  be  the 


10.141.11 


integral  closure  of  A in  B.  By  Lemma  15.8.6  we  have  B' /IB'  = CxC  for  some  ring 
C'  and  B'  = Bg  for  some  g £ B'  mapping  to  (1,0)  £ C x C' . Since  idempotents 
lift.  (Lemma  |15.8.7)  we  get  B'  = B[  x B2  with  C = B\  / IB\  and  C'  = B'2/IB'2. 
The  image  of  g in  B[  is  invertible  and  ( B'2)g  = 0 because  IB'  is  contained  in  the 
Jacobson  radical  of  B'  (for  example  because  (B' , IB')  is  a henselian  pair  by  Lemma 
15.8.9).  We  conclude  that  B[  = Bg  is  finite  etale  over  A and  the  proof  is  done.  □ 


0A02  Lemma  15.8.13.  The  inclusion  functor 

category  of  henselian  pairs 
has  a left  adjoint  (A,  I)  i-a  ( Ah,Ih ). 


category  of  pairs 


Proof.  Let  (A,  J)  be  a pair.  Consider  the  category  C consisting  of  etale  ring  maps 
A -A  B such  that  A/ 1 — > B/IB  is  an  isomorphism.  We  will  show  that  the  category 
C is  directed  and  that  Ah  = colimsgc  B with  ideal  Ih  = IAh  gives  the  desired 
adjoint. 


We  first  prove  that  C is  directed  (Categories,  Definition  4.19.1).  It  is  nonempty 
because  id  : A — ► A is  an  object.  If  B and  B'  are  two  objects  of  C,  then  B"  = 
B <gu  B'  is  an  object  of  C (use  Algebra,  Lemma [lO.  141.3 ) and  there  are  morphisms 
B — »•  B"  and  B'  -A  B" . Suppose  that  f,g:B—tB'  are  two  maps  between  objects 
of  C.  Then  a coequalizer  is  B'  ®f.B,g  B'  which  is  etale  over  A by  Algebra,  Lemmas 
|10.141.3|and|10.141.9|  Thus  the  category  C is  directed. 

Since  B/IB  = A/I  for  all  objects  B of  C we  see  that  Ah/Ih  = Ah/IAh  = 
colim  B /IB  = colim  A/ 1 = A/ 1. 

Next,  we  show  that  Ah  = colim bgcB  with  Ih  = IAh  is  a henselian  pair.  To  do 


this  we  will  verify  condition  (2)  of  Lemma  15.8.7  Namely,  suppose  given  an  etale 
ring  map  Ah  — > A'  and  and  A^-algebra  map  a : A'  — ► Ah/Ih.  Then  there  exists 
a B £ C and  an  etale  ring  map  B B'  such  that  A!  = B'  ®b  Ah.  See  Algebra, 
Lemma 


s : B' 


10.141.3 


Since  Ah/Ih  = A/ IB,  the  map  a induces  an  A-algebra  map 
A/I.  Then  B' /IB'  = A/I  x C as  A/I- algebra,  where  C is  the  kernel  of 
the  map  B' /IB'  — y A/ 1 induced  by  s.  Let  g £ B'  map  to  (1,0)  £ A/I  x C.  Then 
B — ► B'  is  etale  and  A/ 1 — >•  B'g/IB'g  is  an  isomorphism,  i.e.,  B'g  is  an  object  of  C. 
Thus  we  obtain  a canonical  map  B'  — > Ah  such  that 


commute.  This  induces  a map  A'  = B'  ®b  Ah  — > Ah  compatible  with  tr  as  desired. 

Let  (A,  I)  — > (A',  I')  be  a morphism  of  pairs  with  (A',  I')  henselian.  We  will  show 
there  is  a unique  factorization  A — > Ah  — > A'  which  will  finish  the  proof.  Namely, 
for  each  A — > B in  C the  ring  map  A!  -A  B'  = A!  B is  etale  and  induces  an 


15.8.  HENSELIAN  PAIRS 


1127 


0A03 


OAGU 


OAGV 


isomorphism  A' /I'  — > B' //' B' . Hence  there  is  a section  <xg  ■ B'  — > A'  by  Lemma 
|15.8.7[  Given  a morphism  Bi  A 7?2  in  C we  claim  the  diagram 


commutes.  This  follows  once  we  prove  that  for  every  B in  C the  section  erg  is  the 
unique  A'-algebra  map  B'  — > A! . We  have  B'  B'  = B'  x R for  some  ring  R , 


see  Algebra,  Lemma  10.147.4  In  our  case  R/I'R  = 0 as  B' /I' B'  = A' //'.  Thus 
given  two  A'-algebra  maps  aB,a'B  ■ B'  A A!  then  e = (erg  (g>  a'B)( 0, 1)  £ A'  is 
an  idempotent  contained  in  I'.  We  conclude  that  e = 0 by  Lenrma[l5.8.4|  Hence 
<rB  = 0g  as  desired.  Using  the  commutativity  we  obtain 


colim  a b 


¥ A' 


Ah  = colimggc  B A colimggc  A ' B 

as  desired.  The  uniqueness  of  the  maps  aB  also  guarantees  that  this  map  is  unique. 
Hence  (A,  I)  A ( Ah,Ih ) is  the  desired  adjoint.  □ 


Lemma  15.8.14.  The  functor  of  Lemma  15.8.13  associates  to  a local  ring  (A,m) 
its  henselization. 


Proof.  First  proof:  in  the  proof  of  Algebra,  Lemma  |10.148.16|  it  is  shown  that 
the  henselization  of  A is  given  by  the  the  colimit  used  to  construct  Ah  in  Lemma 
15.8.13  Second  proof:  Both  the  henselization  S and  the  ring  Ah  of  Lemma  15.8.13 
are  filtered  colimits  of  etale  A-algebras,  henselian,  and  have  residue  fields  equal  to 
k(iti).  Hence  they  are  canonically  isomorphic  by  Algebra,  Lemma  10.148.15  □ 


Lemma  15.8.15.  Let  (A,  I)  he  a pair.  Let(Ah,Ih)  be  as  in  Lemma  15.8.13  Then 
A — > An  is  flat,  Ih  = IAh  and  A/In  A Ah/InAh  is  an  isomorphism  for  all  n. 


Proof.  In  the  proof  of  Lemma  15.8.13  we  have  seen  that  Ah  is  a filtered  colimit 


of  etale  A-algebras  B such  that  A/ 1 A B /IB  is  an  isomorphism  and  we  have  seen 
that  Ih  = IAh.  As  an  etale  ring  map  is  flat  (Algebra,  Lemma  10.141.3 1 we  conclude 
that  A —¥  Ah  is  flat  by  Algebra,  Lemma  10.38.3  Since  each  A — > B is  flat  we  find 
that  the  maps  A/In  —¥  B/InB  are  isomorphisms  as  well  (for  example  by  Algebra, 


Lemma 


10.100.3 1.  Taking  the  colimit  we  find  that  A/In  = Ah/InAh  as  desired.  □ 


Lemma  15.8.16.  Let  (A,  I)  be  a pair  with  A Noetherian.  Let  ( Ah,Ih ) be  as  in 
Lemma\l5.8.1S\  Then  the  map  of  I -adic  completions 

AA  -a  {Ah)A 

is  an  isomorphism.  Moreover,  Ah  is  Noetherian,  the  maps  A -a  Ah  — > AA  are  flat, 
and  Ah  -A  AA  is  faithfully  flat. 


Proof.  The  first  statement  is  an  immediate  consequence  of  Lemma [l5.8.15| and  in 
fact  holds  without  assuming  A is  Noetherian.  In  the  proof  of  Lemma  |15.8.13|  we 
have  seen  that  Ah  is  a filtered  colimit  of  etale  A-algebras  B such  that  A/ 1 -a  B /IB 
is  an  isomorphism.  For  each  such  A — » B the  induced  map  AA 


isomorphism  (see  proof  of  Lemma  15.8.15).  By  Algebra,  Lemma  10.96.2  the  ring 
map  B A-  AA  = BA  = (Ah)A  is  flat  for  each  B . Thus  Ah  A AA  = {Ah)A  is  flat  by 
Algebra,  Lemma 


10.38.6 


Since  Ih  = IAh  is  contained  in  the  radical  ideal  of  Ah 
and  since  Ah  A AA  induces  an  isomorphism  Ah/Ih  A A/ 1 we  see  that  Ah  A AA 
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is  faithfully  flat  by  Algebra,  Lemma  |i0. 38. 15|  By  Algebra,  Lemma [10. 96. 6| the  ring 
AA  is  Noetherian.  Hence  we  conclude  that  Ah  is  Noetherian  by  Algebra,  Lemma 


110.156.11 


□ 


0A04  Lemma  15.8.17.  Let  (A,  I)  = colim(Ai,A)  be  a colimit  of  pairs.  The  functor  of 


Lemma 


15.8.13  gives  Ah  = colimA^1  and  Ih  = colim  ih. 


Proof.  This  is  true  for  any  left  adjoint,  see  Categories,  Lemma [4. 24. 4| 


□ 


15.9.  Auto-associated  rings 

05GL  Some  of  this  material  is  in  Laz69 . 

05GM  Definition  15.9.1.  A ring  R is  said  to  be  auto-associated  if  R is  local  and  its 
maximal  ideal  m is  weakly  associated  to  R. 

05GN  Lemma  15.9.2.  An  auto-associated  ring  R has  the  following  property:  (P)  Every 
proper  finitely  generated  ideal  I C R has  a nonzero  annihilator. 


Proof.  By  assumption  there  exists  a nonzero  element  x £ R such  that  for  every 
f £ m we  have  fnx  = 0.  Say  / = (/i Then  x is  in  the  kernel  of  R — > 0 Rfi . 
Hence  we  see  that  there  exists  a nonzero  y £ R such  that  fty  = 0 for  all  i,  see 
Algebra,  Lemma  10.22.4  As  y £ Ann^(7)  we  win.  □ 


15.9.2 


Let 


05GP  Lemma  15.9.3.  Let  R be  a ring  having  property  (P)  of  Lemma 

u '.  N — t M be  a homomorphism  of  projective  R-modules.  Then  u is  universally 
injective  if  and  only  if  u is  injective. 


Proof.  Assume  u is  injective.  Our  goal  is  to  show  u is  universally  injective.  First  we 
choose  a module  Q such  that  N(BQ  is  free.  On  considering  the  map  N(BQ  — > M(BQ 
we  see  that  it  suffices  to  prove  the  lemma  in  case  N is  free.  In  this  case  N is  a 
directed  colimit  of  finite  free  .R-modules.  Thus  we  reduce  to  the  case  that  TV  is  a 
finite  free  R- module,  say  N = R®n.  We  prove  the  lemma  by  induction  on  n.  The 
case  n = 0 is  trivial. 

Let  u : R®n  — > M be  an  injective  module  map  with  M projective.  Choose  an 
.R-module  Q such  that  M 0 Q is  free.  After  replacing  u by  the  composition 
R®n  — > M — ?•  M © Q we  see  that  we  may  assume  that  M is  free.  Then  we 
can  find  a direct  summand  R®m  C M such  that  u(R®n)  C R®m.  Hence  we 
may  assume  that  M = R®m.  In  this  case  u is  given  by  a matrix  A = {aij) 
so  that  u(x  i, . . . , xn)  = Xian,  ■ ■ ■ xiaim )•  As  u is  injective,  in  particular 
u(x , 0, . . . , 0)  = (xan,  xai2,  ■ ■ ■ > xaim)  ^ 0 if  x ^ 0,  and  as  R has  property  (P)  we 
see  that  a^R  + a^R  + . . . + a\mR  = R.  Hence  see  that  R(an, . . . , aim)  C R®m 
is  a direct  summand  of  R®m,  in  particular  R®m / R{a\\, . . . , aim)  is  a projective 
i?-module.  We  get  a commutative  diagram 

0 s-  R R®n s-  i?®"-1 0 

1 U 

, . V Y 

0 R aiml  R®m  • R®m/R(alu  . . . , cnm) 0 


with  split  exact  rows.  Thus  the  right  vertical  arrow  is  injective  and  we  may  apply 
the  induction  hypothesis  to  conclude  that  the  right  vertical  arrow  is  universally 
injective.  It  follows  that  the  middle  vertical  arrow  is  universally  injective.  □ 
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05GQ 


05GR 


0521 


Lemma  15.9.4.  Let  R be  a ring.  The  following  are  equivalent 

(1)  R has  property  (P)  of  Lemma  15.9.2 1 

(2)  any  injective  map  of  projective  R-modules  is  universally  injective, 

(3)  if  u : IV  -A  M is  injective  and  N , M are  finite  projective  R-modules  then 
Coker(u)  is  a finite  projective  R-module, 

(4)  if  N C M and  N,  M are  finite  projective  as  R-modules,  then  N is  a direct 
summand  of  M , and 

(5)  any  injective  map  R — > R®"  is  a split  injection. 


(2)  is  Lemma  15.9.3  It  is  clear  that  (3)  and  (4) 


(3),  (4)  by  Algebra,  Lemma  [l0. 81. 4 Part  (5)  is  a 


Proof.  The  implication  (1) 
are  equivalent.  We  have  (2) 
special  case  of  (4).  Assume  (5).  Let  I = (oi, . . . , an)  be  a proper  finitely  generated 
ideal  of  R.  As  / ^ R we  see  that  R — > R®n,  x fa  (xa±, . . . ,xan)  is  not  a split 
injection.  Hence  it  has  a nonzero  kernel  and  we  conclude  that  Ann r(I)  0.  Thus 
(1)  holds.  □ 


Example  15.9.5.  If  the  equivalent  conditions  of  Lemma  15.9.4  hold,  then  it  is 
not  always  the  case  that  every  injective  map  of  free  R-moduies  is  a split  injection. 
For  example  suppose  that  R = k[x \,x2lx3, . . ]/ {x?).  This  is  an  auto-associated 
ring.  Consider  the  map  of  free  R-modules 


U ' (T) Rei  > , Rfi,  e*  1 1 fi  - Xifi+i. 

For  any  integer  n the  restriction  of  u to  ©i=1  n Ret  is  injective  as  the  images 
u(e  1), . . . , u(en)  are  R-linearly  independent.  Hence  u is  injective  and  hence  univer- 
sally injective  by  the  lemma.  Since  u ® idfc  is  bijective  we  see  that  if  u were  a split 
injection  then  u would  be  surjective.  But  u is  not  surjective  because  the  inverse 
image  of  /1  would  be  the  element 

} Xi . . . Xiei+ 1 = ei  + xie2  + XiX2e3  + .. . 

z — 0 

which  is  not  an  element  of  the  direct  sum.  A side  remark  is  that  Coker(u)  is  a 
flat  (because  u is  universally  injective),  countably  generated  .R-module  which  is 
not  projective  (as  u is  not  split),  hence  not  Mittag-Leffier  (see  Algebra,  Lemma 
10.92.11). 


15.10.  Flattening  stratification 

Let  R — > S be  a ring  map  and  let  N be  an  5-module.  For  any  R-algebra  R'  we 
can  consider  the  base  changes  S'  = S 0^  R'  and  M'  = M R'.  We  say  R — > R' 
flattens  M if  the  module  M'  is  flat  over  R'.  We  would  like  to  understand  the 
structure  of  the  collection  of  ring  maps  R — »•  R!  which  flatten  M.  In  particular  we 
would  like  to  know  if  there  exists  a universal  flattening  R -A  RUniv  of  M,  i.e. , a 
ring  map  R -A  RUniv  which  flattens  M and  has  the  property  that  any  ring  map 
R — > R'  which  flattens  M factors  through  R -A  Runiv  It  turns  out  that  such  a 
universal  solution  usually  does  not  exist. 


We  will  discuss  universal  flattenings  and  flattening  stratifications  in  a scheme  theo- 
retic setting  jF/X/S  in  More  on  Flatness,  Section  37.21  If  the  universal  flattening 
R -A  Runiv  exists  then  the  morphism  of  schemes  Spec(Ruraj„)  -A  Spec(R)  is  the 
universal  flattening  of  the  quasi-coherent  module  M on  Spec(5). 


15.11.  FLATTENING  OVER  AN  ARTINIAN  RING 


1130 


In  this  and  the  next  few  sections  we  prove  some  basic  algebra  facts  related  to  this. 
The  most  basic  result  is  perhaps  the  following. 

0522  Lemma  15.10.1.  Let  R be  a ring.  Let  M be  an  R-module.  Let  R,  R be  ideals  of 
R.  If  M/RM  is  flat  over  R/R  andM/RM  is  flat  over  R/R,  then  M/(IiC\  R)M 
is  flat  over  R/{I\  D R). 


Proof.  By  replacing  R with  R/{I\  fl  R)  and  M by  M / (R  n R)M  we  may  assume 
that  1 1 D R = 0.  Let  J C R be  an  ideal.  To  prove  that  M is  flat  over  R we  have 
to  show  that  J ®R  M — ► M is  injective,  see  Algebra,  Lemma  10.38.5  By  flatness 
of  M/RM  over  R/R  the  map 


J/(J  n R)  ®R  M = (J  + R)/R  ®R/Il  M/RM  — ► M/I1M 
is  injective.  As  0 — > ( J n R)  — > J — >•  J/(  J D Ji)  — > 0 is  exact  we  obtain  a diagram 


( J n R)  ®R  M **  J®rM ->  J/(  J n R)  M - » 0 

Y 

M = M >■  M/IiM 


hence  it  suffices  to  show  that  (J  D R)  M — > M is  injective.  Since  Ii  D I2  = 
0 the  ideal  J (1  R maps  isomorphically  to  an  ideal  J'  C R/I2  and  we  see  that 
(J  D R)  ®R  M = J'  ®r//2  M/RM.  By  flatness  of  M/RM  over  R/R  the  map 
J'®r/i2M/RM  -A-  M/I2M  is  injective,  which  clearly  implies  that  ( JnR)®RM  — ► 
M is  injective.  □ 


15.11.  Flattening  over  an  Artinian  ring 

05LJ  A universal  flattening  exists  when  the  base  ring  is  an  Artinian  local  ring.  It  exists 
for  an  arbitrary  module.  Hence,  as  we  will  see  later,  a flatting  stratification  exists 
when  the  base  scheme  is  the  spectrum  of  an  Artinian  local  ring. 

0524  Lemma  15.11.1.  Let  R be  an  Artinian  ring.  Let  M be  an  R-module.  Then  there 
exists  a smallest  ideal  I C R such  that  M/IM  is  flat  over  R/R 

Proof.  This  follows  directly  from  Lemma  [15. 10. 1|  and  the  Artinian  property.  □ 


This  ideal  has  the  following  universal  property. 

0525  Lemma  15.11.2.  Let  R be  an  Artinian  ring.  Let  M be  an  R-module.  Let  I C R 
be  the  smallest  ideal  I C R such  that  M/IM  is  flat  over  R/I.  Then  I has  the 
following  universal  property:  For  every  ring  map  ip  : R — ► R'  we  have 


R'  ®R  M is  flat  over  R!  <t=>  we  have  p{I)  = 0. 


Proof.  Note  that  I exists  by  Lemma  |15.11.1|  The  implication  =>  follows  from 
Algebra,  Lemma  10.38.7  Let  p : R — > R'  be  such  that  M <8>rR'  is  flat  over  R' . Let 
J = Ker(y>).  By  Algebra,  Lemma  10.100.7  and  as  R'  ®R  M = R!  ®R/j  M/JM  is 


flat  over  R'  we  conclude  that  M / JM  is  flat  over  R/  J.  Hence  I C J as  desired.  □ 
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15.12.  Flattening  over  a closed  subset  of  the  base 


Let  R — > S be  a ring  map.  Let  I C R be  an  ideal.  Let  M be  an  S'-module.  In  the 
following  we  will  consider  the  following  condition 

(15.12.0.1)  Vq  £ V(IS)  C Spec(5')  : Mq  is  flat  over  R. 

Geometrically,  this  means  that  M is  flat  over  R along  the  inverse  image  of  V(I) 
in  Spec(S').  If  R and  S are  Noetherian  rings  and  M is  a finite  .S-module,  then 
(15.12.0.1)  is  equivalent  to  the  condition  that  M/InM  is  flat  over  R/In  for  all 
n > 1,  see  Algebra,  Lemma  [10.98. 11| 

Lemma  15.12.1.  Let  R —fS  be  a ring  map.  Let  I C R be  an  ideal.  Let  M be  an 
S-module.  Let  R — )•  R!  be  a ring  map  and  IR'  C I'  C R'  an  ideal.  If  ( 15.12.0.1 ) 
holds  for  ( R — ► S,  I,  M),  then  ( 15.12.0.1 ) holds  for  ( R ' — ► S <&r  1?',  I' , M ®r  R'). 


Proof.  Assume  (15.12.0.i|)  holds  for  (R  — » S,  I C R,  M).  Let  I'(S®rR')  C q'  be  a 
prime  of  S ®r  R' . Let  q C 5 be  the  corresponding  prime  of  S.  Then  IS  C q.  Note 
that  (M  ®r  R')q'  is  a localization  of  the  base  change  Mq  (gi#  R' . Hence  (M  ®r  i?')q/ 
is  flat  over  R'  as  a localization  of  a flat  module,  see  Algebra,  Lemmas  |10.38.7|  and 
110.38.191  □ 


Lemma  15.12.2.  Let  R -A  S be  a ring  map.  Let  I C R be  an  ideal.  Let  M be  an 
S-module.  Let  R — > R'  be  a ring  map  and  IR'  C I'  C R'  an  ideal  such  that 

(1)  the  map  V(I')  V(I)  induced  by  Spec(R')  — >■  Spec (R)  is  surjective,  and 

(2)  R'p,  is  flat  over  R for  all  primes  p'  £ V(I'). 

If  (f 15.12 . 0.1 ) holds  for  (R' 

(R  -A  S,  I , M). 


S R',I',M  <S> r R'),  then  (15.12.0.1)  holds  for 


Proof.  Assume  ( 15.12.0.1 ) holds  for  ( R ' — > S 0 r R' , IR',  M R').  Pick  a prime 
IS  C q C S.  Let  / C p C R be  the  corresponding  prime  of  R.  By  assumption  there 
exists  a prime  p'  £ V(I')  of  R'  lying  over  p and  Rv  R'pl  is  flat.  Choose  a prime 
q'  C «(q)  ® K(p)  k(pO  which  corresponds  to  a prime  q'  C S ®r  R'  which  lies  over  q 
and  over  p'.  Note  that  (S  (8 )r  R') q/  is  a localization  of  Sq  <8)_rp  R'p,.  By  assumption 
the  module  (M  ®r  R')q’  is  flat  over  R'p,.  Hence  Algebra,  Lemma 
that  Mq  is  flat  over  Rp  which  is  what  we  wanted  to  prove. 


10.99.1 


implies 

□ 


Lemma  15.12.3.  Let  R — » S be  a ring  map  of  finite  presentation.  Let  M be 
an  S-module  of  finite  presentation.  Let  R'  = colim^gA  R\  be  a directed  colimit  of 
R-algebras.  Let  I\  C R\  be  ideals  such  that  I\R^,  C /„  for  all  fi  > A and  set 
I'  = colim^/A.  If  { 15.12.0.1 ) holds  for  ( R ' — » S R',I',M  ®r  R'),  then  there 
exists  a A £ A such  that  ( 15.12.0.1 ) holds  for  ( R\  — ► S R\,  I\,  M ® r R\). 


Proof.  We  are  going  to  write  S\  = S R\,  S'  = S ®r  R' , M\  = M ®r  R\, 
and  M'  = M ®r  R' . The  base  change  S'  is  of  finite  presentation  over  R'  and  M' 
is  of  finite  presentation  over  S'  and  similarly  for  the  versions  with  subscript  A,  see 
Algebra,  Lemma [l0.13.2[  By  Algebra,  Theorem  |10. 128. 4| the  set 

U'  = {q'  £ Spec  (S')  \ M'q,  is  flat  over  R'} 

is  open  in  Spec(S").  Note  that  V(I'S')  is  a quasi-compact  space  which  is  contained 
in  U'  by  assumption.  Hence  there  exist  finitely  many  gl  £ S',  j = 1 ,...  ,m  such 
that  D{gl)  C U'  and  such  that  1 5(1' S')  C [jD(g'j).  Note  that  in  particular 
is  a flat  module  over  R' . 
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05LN 

05LP 

05LQ 

05LR 


05LS 


We  are  going  to  pick  increasingly  large  elements  A £ A.  First  we  pick  it  large  enough 
so  that  we  can  find  gjt\  £ S\  mapping  to  gl.  The  inclusion  V(I'S')  C (jD(g'j) 
means  that  I' S'  + (g[, . . . , g'm)  = S'  which  can  be  expressed  as  1 = zshs  + ^ fjg'j 
for  some  zs  £ I',  hs,fj  £ S'.  After  increasing  A we  may  assume  such  an  equation 
holds  in  S\.  Hence  we  may  assume  that  V ( I\S\ ) C (J  D(gj^x).  By  Algebra,  Lemma 


10.160.1  we  see  that  for  some  sufficiently  large  A the  modules  (M\)g  x are  flat  over 


R\ . In  particular  the  module  M\  is  flat  over  R\  at  all  the  primes  lying  over  the 
ideal  I\.  □ 

15.13.  Flattening  over  a closed  subsets  of  source  and  base 


In  this  section  we  slightly  generalize  the  discussion  in  Section  fl5. 12|  We  strongly 
suggest  the  reader  first  read  and  understand  that  section. 

Situation  15.13.1.  Let  R — > S be  a ring  map.  Let  J C S be  an  ideal.  Let  M be 
an  S’-module. 

In  this  situation,  given  an  A-algebra  R'  and  an  ideal  I'  C R'  we  set  S'  = S R' 
and  M'  = M <g>p  R' . We  will  consider  the  condition 

(15.13.1.1)  Vq'  G V(I'S'  + JS ')  C Spe^S")  : M',  is  flat  over  R' . 

Geometrically,  this  means  that  M'  is  flat  over  R!  along  the  intersection  of  the 
inverse  image  of  V(I')  with  the  inverse  image  of  V(J).  Since  (R  — » S,J,M)  are 


fixed,  condition  (15.13.1.11  only  depends  on  the  pair  (A',/')  where  R'  is  viewed  as 
an  f?-algebra. 


15.13.1 


let  R'  — > R"  be  an  R-algebra  map.  Let 


Lemma  15.13.2.  In  Situation 
I'  C R'  and  I'R"  C I"  C R"  be  ideals.  If  ( 15.13.1.1 ) holds  for  ( R',I '),  then 
(15.13.1. 1\  holds  for  (A",  I"). 


Proof.  Assume  (15.13.1.11  holds  for  (R',I').  Let  I" S"  + JS"  C q"  be  a prime 
of  S".  Let  q'  C S'  be  the  corresponding  prime  of  S'.  Then  both  I' S'  C q'  and 
JS'  C q'  because  the  corresponding  conditions  hold  for  q".  Note  that  (M")q«  is 
a localization  of  the  base  change  M',  <S>r  R" ■ Hence  is  flat  over  R"  as  a 

localization  of  a flat  module,  see  Algebra,  Lemmas  m A8A|  and  |10.38.19|  □ 

R 


Lemma  15.13.3.  In  Situation 


15.13.1 


let  R' 


be  ideals.  Assume 


be  an  R-algebra  map.  Let 
Spec(l?')  is  surjective, 


/'  C R’  and  I'R"  C I"  C R 

(1)  the  map  V(I ")  -A  V(I')  induced  by  Spec (R") 
and 

(2)  A"„  is  flat  over  R'  for  all  primes  p"  £ V(I"). 

If  ( 15.13.1.1 ) holds  for  (. R",I "),  then  ( 15.13.1.1 ) holds  for  ( R',I '). 

Proof.  Assume  (15.13.1.1])  holds  for  ( R",I ").  Pick  a prime  I' S'  + JS'  C q'  C S'. 
Let  I'  C p'  C R'  be  the  corresponding  prime  of  R' . By  assumption  there  exists 
a prime  p"  £ V{I")  of  R"  lying  over  p'  and  R'p,  -A-  Rp„  is  flat.  Choose  a prime 
q"  C K(q,)(8re(p')  k(P,/)-  This  corresponds  to  a prime  q"  C S"  = S'®r>  R"  which  lies 
over  q'  and  over  p".  In  particular  we  see  that  I" S"  C q"  and  that  JS"  C q".  Note 
that  (S'  R")q"  is  a localization  of  5',  r Rp„.  By  assumption  the  module 

( M ' R")q"  is  flat  over  f?"„.  Hence  Algebra,  Lemma 


is  flat  over  R'p,  which  is  what  we  wanted  to  prove. 


10.99.1 


implies  that  M', 

□ 
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Lemma  15.13.4.  In  Situation 


15.13.1 


assume  R -A  S is  essentially  of  finite 


presentation  and  M is  an  S -module  of  finite  presentation.  Let  R'  = colim,\eA-RA 
be  a directed  colimit  of  R-algebras.  Let  I\  C R\  be  ideals  such  that  I\R M C for 
all  p > A and  set  I ' = colim,\  I\.  If  \15.13.1A ) holds  for  (R' ,1'),  then  there  exists 
a A £ A such  that  ( 15.13.1.1 ) holds  for  (R\,  I\). 


Proof.  We  first  prove  the  lemma  in  case  R S is  of  finite  presentation  and  then 
we  explain  what  needs  to  be  changed  in  the  general  case.  We  are  going  to  write 
S\  = S <8>r  R\,  S'  = S R ’ , M\  = M <S>r  R\ , and  M'  = M ® r R'.  The  base 

change  S'  is  of  finite  presentation  over  R!  and  M'  is  of  finite  presentation  over  S' 
and  similarly  for  the  versions  with  subscript  A,  see  Algebra,  Lemma  [10.13.2|  By 
Algebra,  Theorem |10. 128. 4|  the  set 

U’  = {q'  £ Spec(5")  | M'q,  is  flat  over  R'} 

is  open  in  Spec(S").  Note  that  V{I'S'  + JS')  is  a quasi-compact  space  which  is 
contained  in  U'  by  assumption.  Hence  there  exist  finitely  many  gl  £ S',  j = 
1, . . . , m such  that  D(g'j)  C U'  and  such  that  V (I' S'  + JS')  C [J  D(gl).  Note  that 
in  particular  (M')g>  is  a flat  module  over  R' . 

We  are  going  to  pick  increasingly  large  elements  A £ A.  First  we  pick  it  large  enough 
so  that  we  can  find  gp\  £ S\  mapping  to  g) . The  inclusion  V {I'S'  + JS')  C [J  D(g'j) 
means  that  I' S'  + J S'  + (g[, . . . , g'm)  = S'  which  can  be  expressed  as 

1 = ytkt  + Zshs  + hgl 


for  some  zs  £ V , yt  £ J,  kt,hs,fj  £ S'.  After  increasing  A we  may  assume  such 
an  equation  holds  in  S\.  Hence  we  may  assume  that  V(I\S\  + JS\)  C (J  D(gj  ^). 
By  Algebra,  Lemma  [10. 160. 1|  we  see  that  for  some  sufficiently  large  A the  modules 
(M\)g.  x are  flat  over  R\.  In  particular  the  module  M\  is  flat  over  R\  at  all  the 
primes  corresponding  to  points  of  V(I\S\  + JS\). 


In  the  case  that  S is  essentially  of  finite  presentation,  we  can  write  S = E “1C  where 
R — > C is  of  finite  presentation  and  E C C is  a multiplicative  subset.  We  can  also 
write  M = Y,~1N  for  some  finitely  presented  C-module  N,  see  Algebra,  Lemma 
10.125.3  At  this  point  we  introduce  C\,  C' , N\,  N'.  Then  in  the  discussion  above 


we  obtain  an  open  U'  C Spec(C')  over  which  N'  is  flat  over  R' . The  assumption 
that  (15.13.1.1)  is  true  means  that  1 1(1'  S'  + J S')  maps  into  U' , because  for  a prime 
q'  C S',  corresponding  to  a prime  r'  C C'  we  have  M',  = AT',.  Thus  we  can  find 
g)  £ C'  such  that  (J  D(g'j)  contains  the  image  of  V(I'S'  + JS').  The  rest  of  the 
proof  is  exactly  the  same  as  before.  □ 


Lemma  15.13.5. 


In  Situation 


15.13.1 


Let  I C R be  an  ideal.  Assume 


(1)  R is  a Noetherian  ring, 

(2)  S is  a Noetherian  ring, 

(3)  M is  a finite  S-module,  and 

(4)  for  each  n > 1 and  any  prime  q £ V(J  + IS)  the  module  (M/InM)q 
flat  over  R/In. 


is 


Then  (15. 13.1  A |)  holds  for  ( R , I),  i.e.,  for  every  prime  q £ V ( J+IS ) the  localization 
M„  is  fiat  over  R. 


Proof.  Let  q £ V(J  + IS).  Then  Algebra,  Lemma  10.98.11  applied  to  R — > Sq 
and  Mq  implies  that  Mq  is  flat  over  R.  □ 
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15.14.  Flattening  over  a Noetherian  complete  local  ring 


05LV  The  following  three  lemmas  give  a completely  algebraic  proof  of  the  existence  of 
the  “local”  flattening  stratification  when  the  base  is  a complete  local  Noetherian 
ring  R and  the  given  module  is  finite  over  a finite  type  R-algebra  S. 

0526  Lemma  15.14.1.  Let  R — > S be  a ring  map.  Let  M be  an  S-module.  Assume 
(!)  is  a complete  local  Noetherian  ring, 

(2)  S is  a Noetherian  ring,  and 

(3)  M is  finite  over  S. 

Then  there  exists  an  ideal  I Cm  such  that 

(1)  (M/IM) q is  flat  over  R/I  for  all  primes  q of  S/IS  lying  over  m,  and 

(2)  if  J C R is  an  ideal  such  that  (M/JM)„  is  flat  over  R/J  for  all  primes  q 
lying  over  m,  then  I C J. 

In  other  words,  I is  the  smallest  ideal  of  R such  that 
S,  m,  M)  where  R = R/I,  S = S/IS.  rh  = m/I  and  M = M/IM . 

Proof.  Let  J C R be  an  ideal.  Apply  Algebra,  Lemma  |10.98.1l1  to  the  module 
M/JM  over  the  ring  R/J.  Then  we  see  that  (M/JM)q  is  flat  over  R/J  for  all 
primes  q of  S/JS  if  and  only  if  M / (J  + mn)M  is  flat  over  R/(J  + m")  for  all  n > 1. 
We  will  use  this  remark  below. 


15.12.0.1 ) holds  for  ( R 


For  every  n > 1 the  local  ring  R/mn  is  Artinian.  Hence,  by  Lemma  15.11.1  there 
exists  a smallest  ideal  In  D m”  such  that  M /InM  is  flat  over  R/In.  It  is  clear  that 
In- |_i  +m”  is  contains  In  and  applying  Lemma [15.10.1  we  see  that  In  = In+\  +nx". 
Since  R = lim„  R/mn  we  see  that  I = lim^  In/mn  is  an  ideal  in  R such  that 
In  = I + mn  for  all  n > 1.  By  the  initial  remarks  of  the  proof  we  see  that  I verifies 
(1)  and  (2).  Some  details  omitted.  □ 

0527  Lemma  15.14.2.  With  notation  R -A  S , M , and  I and  assumptions  as  in  Lemma 
Consider  a local  homomorphism  of  local  rings  ip  : (R,  m)  — » (f?,,m,)  such 


15.14.1 


that  R'  is  Noetherian.  Then  the  following  are  equivalent 

(1)  condition  (15.12.0.1)  holds  for  ( R ' — > S <S)r  R',  m',  M <%>rR') 

(2)  p(I)  = 0. 


and 


Proof.  The  implication  (2)  =>  (1)  follows  from  Lemma  15.12.1  Let  ip  : R -A  R' 
be  as  in  the  lemma  satisfying  (1).  We  have  to  show  that  <p(I)  = 0.  This  is 
equivalent  to  the  condition  that  <p(I)R'  = 0.  By  Artin-Rees  in  the  Noetherian 


local  ring  R'  (see  Algebra,  Lemma  10.50.4)  this  is  equivalent  to  the  condition  that 


ip(I)R'  + (m')"  = (in')"  for  all  n > 0.  Hence  this  is  equivalent  to  the  condition  that 
the  composition  tpn  : R — > R'  — > R' /(m')n  annihilates  I for  each  n.  Now  assumption 
(1)  for  ip  implies  assumption  (1)  for  ipn  by  Lemma  15.12.1  This  reduces  us  to  the 
case  where  R'  is  Artinian  local. 


Assume  R'  Artinian.  Let  J = Ker(y>). 
construction  of  I in  Lemma 


We  have  to  show  that  I C J.  By  the 


15.14.1  it  suffices  to  show  that  ( M/JM)q  is  flat  over 
R/J  for  every  prime  q of  S/JS  lying  over  m.  As  R'  is  Artinian,  condition  (1) 
signifies  that  M (g>^  R'  is  flat  over  R' . As  R'  is  Artinian  and  R/J  — ► If  is  a 
local  injective  ring  map,  it  follows  that  R/J  is  Artinian  too.  Hence  the  flatness 
of  M R1  = M/JM  ®r/j  R!  over  R'  implies  that  M/JM  is  flat  over  R/J  by 
Algebra,  Lemma  [l 0 . 1 00 . 7|  This  concludes  the  proof.  □ 
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0528  Lemma  15.14.3.  With  notation  R -A  S , M , and  I and  assumptions  as  in  Lemma 
\15.14-1\  In  addition  assume  that  R — )•  S is  of  finite  type.  Then  for  any  local 
homomorphism  of  local  rings  ip  : ( R , m)  — > (R1 , m')  the  following  are  equivalent 

(1)  condition  ( 15.12.0.1 |)  holds  for  (R'  -A-  S R' , m',  M <S>r  R!) 

(2)  p(I)  = 0. 


and 


Proof.  The  implication  (2)  =t-  (1)  follows  from  Lemma  15.12.1  Let  p : R — > R'  be 


as  in  the  lemma  satisfying  (1).  As  R is  Noetherian  we  see  that  R — > S is  of  finite 
presentation  and  M is  an  S'-module  of  finite  presentation.  Write  R'  = colim>,  R\  as 
a directed  colimit  of  local  P-subalgebras  R\  C R' , with  maximal  ideals  m,\  = R\P\m' 
such  that  each  R\  is  essentially  of  finite  type  over  R.  By  Lemma  |15.12.3  we  see 
that  condition  (15.12.0.1)  holds  for  (Rx  -A  S Rx,mx,M  Rx)  for  some  A. 
Hence  Lemma|15.14.2  applies  to  the  ring  map  R — » Rx  and  we  see  that  I maps  to 
zero  in  Rx,  a fortiori  it  maps  to  zero  in  R' . □ 


15.15.  Descent  flatness  along  integral  maps 

052Y  First  a few  simple  lemmas. 

052Z  Lemma  15.15.1.  Let  R be  a ring.  Let  P(T)  be  a monic  polynomial  with  coeffi- 
cients in  R.  If  there  exists  ana  £ R such  that  P(a)  = 0,  then  P{T)  = (T  — a)Q(T) 
for  some  monic  polynomial  Q(T ) £ R[T ]. 

Proof.  By  induction  on  the  degree  of  P.  If  deg(P)  = 1,  then  P(T)  = T — a and 
the  result  is  true.  If  deg(P)  > 1,  then  we  can  write  P(T)  = (T  — a)Q{T)  + r for 
some  polynomial  Q £ R[T } of  degree  < deg(P)  and  some  r £ R by  long  division. 
By  assumption  0 = P(a ) = (a  — a)Q(a)  + r = r and  we  conclude  that  r = 0 as 
desired.  □ 


0530  Lemma  15.15.2.  Let  R be  a ring.  Let  P(T)  be  a monic  polynomial  with  co- 
efficients in  R.  There  exists  a finite  free  ring  map  R -A  R!  such  that  P{T)  = 
(T  — a)Q{T)  for  some  a £ R'  and  some  monic  polynomial  Q(T ) £ R'\T]. 


0531 


Proof.  Write  P(T)  = Td+aiT’“~1  + . . .+ao*  Set  R'  = R[x]/{xd-\-a\Xd~l+. . .+ao). 
Set  a equal  to  the  congruence  class  of  x.  Then  it  is  clear  that  P(a)  = 0.  Thus  we 
win  by  Lemma  15.15.1  □ 


Lemma  15.15.3.  Let  R — > S be  a finite  ring  map.  There  exists  a finite  free  ring 
extension  R C R'  such  that  S <S>r  R ' is  a quotient  of  a ring  of  the  form 


R'[T1,...,Tn]/(P1(T1),...,Pn(Tn)) 


with  Pi{T)  = nj=i,...,di(r  ~ aij)  for  some  € R! . 


Proof.  Let  xi, . . . ,xn  £ S be  generators  of  S over  R.  For  each  i we  can  choose 
a monic  polynomial  Pi{T)  £ R[T]  such  that  P(xj)  = 0 in  S,  see  Algebra,  Lemma 
10.35.3  Say  deg(Pi)  = d*.  By  Lemma  15.15.2  (applied  ^ dn  times)  there  exists  a 


finite  free  ring  extension  R C R'  such  that  each  Pi  splits  completely: 


Am  = rU 

for  certain  aik  £ R'  ■ Let  R'[Ti, . . . ,Tn]  S R'  be  the  P'-algebra  map  which 
maps  T)  to  x^  (g)  1.  As  this  maps  Pj(Tj)  to  zero,  this  induces  the  desired  surjection. 

□ 
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0532  Lemma  15.15.4.  Let  R be  a ring.  Let  S = R[T\, . . . ,Tra]/J.  Assume  J contains 

elements  of  the  form  Pi(Ti ) with  Pi(T)  = .=1  ~ ao)  for  some  aij  € R- 

For  k = (fci, . . . , kn)  with  1 < ki  < di  consider  the  ring  map 

'■  Rpi, . . . , Tn]  — > R , Tj  i — > oiiki 

Set  Jk  = $fc(J).  Then  the  image  of  S~pec(S)  —>  Spec (R)  is  equal  to  V’(f'|  Jk). 
Proof.  This  lemma  proves  itself.  Hint:  P(fl  Jk)  = U V{Jk)-  □ 

The  following  result  is  due  to  Ferrand,  see  IFer69j . 

0533  Lemma  15.15.5.  Let  R — ► S be  a finite  injective  homomorphism  of  Noetherian 
rings.  Let  M be  an  R-module.  If  M i 2ir  S is  a flat  S -module,  then  M is  a flat 
R-module. 


Proof.  Let  M be  an  R-module  such  that  M S is  flat  over  S.  By  Algebra, 
Lemma [10.38.8|  in  order  to  prove  that  M is  flat  we  may  replace  R by  any  faithfully 
flat  ring  extension.  By  Lennna|l5.15.3|we  can  find  a finite  locally  free  ring  extension 
R C R'  such  that  S'  = S®rR'  = R'pi, . . . , Tn]/J  for  some  ideal  J C R'[Ti, . . . , Tn] 
which  contains  the  elements  of  the  form  Pj(Tj)  with  Pi{T)  = JI  .=i  d (T  — ctij)  for 
some  £ R! . Note  that  R!  is  Noetherian  and  that  R!  C S'  is  a finite  extension  of 
rings.  Hence  we  may  replace  R by  R'  and  assume  that  S has  a presentation  as  in 


Lemma 

15.15.4 

10.35.15 

Thus 

15.15.4 


we  conclude  that  I = p|  Jk  is  an  ideal  such 
that  V(I)  = Spec(R).  This  means  that  I C yj (0),  and  since  R is  Noetherian  that 
I is  nilpotent.  The  maps  induce  commutative  diagrams 


from  which  we  conclude  that  M/JkM  is  flat  over  R/Jfc.  By  Lemma  15.10.1 


see  that  M/IM  is  flat  over  R/I.  Finally,  applying  Algebra,  Lemma  10.100.5 
conclude  that  M is  flat  over  R. 


we 

we 

□ 


0534 


Lemma  15.15.6.  Let  R — » S be  an  injective  integral  ring  map.  Let  M be  a finitely 
presented  module  over  R[x\ , . . . , xn] . If  M <S)r  S is  flat  over  S,  then  M is  flat  over 


R. 


Proof.  Choose  a presentation 

R[x i, . . . , xn\m  — > R[xi, . . . , xn]®r  — > M — > 0. 

Let’s  say  that  the  first  map  is  given  by  the  r x t-matrix  T = (fij)  with  /y  £ 
R[x\, . . . , xn}.  Write  fjj  = ^fijjx1  with  £ R (multi-index  notation).  Con- 
sider diagrams 

R »■  S 


R\ S a 

where  R\  is  a finitely  generated  Z-subalgebra  of  R containing  all  fjj  and  S\  is  a 
finite  l?A-subalgebra  of  S.  Let  M\  be  the  finite  R^[xi, . . . ,a;n]-module  defined  by 
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a presentation  as  above,  using  the  same  matrix  T but  now  viewed  as  a matrix  over 
R\[xi, . . . ,xn].  Note  that  S is  the  directed  colimit  of  the  S\  (details  omitted).  By 
Algebra,  Lemma  10.160.1  we  see  that  for  some  A the  module  M\  ®rx  S\  is  flat  over 
S\.  By  Lemma  15.15.5  we  conclude  that  M\  is  flat  over  R\.  Since  M = M\  ®rx  R 
we  win  by  Algebra,  Lemma  10.38.7  □ 


15.16.  Torsion  free  modules 

In  this  section  we  discuss  torsion  free  modules  and  the  relationship  with  flatness 
(especially  over  dimension  1 rings). 

Definition  15.16.1.  Let  R be  a domain.  Let  M be  an  .R-module. 

(1)  We  say  an  element  x £ M is  torsion  if  there  exists  a nonzero  f £ R such 
that  fx  = 0. 

(2)  We  say  M is  torsion  free  if  the  only  torsion  element  of  M is  0. 

Let  A be  a domain  and  let  S = R\ {0}  be  the  multiplicative  set  of  nonzero  elements 
of  R.  Then  an  A-module  M is  torsion  free  if  and  only  if  M — > S_1M  is  injective. 
In  other  words,  if  and  only  if  the  map  M — > M 0#  K is  injective  where  K = S~lR 
is  the  fraction  held  of  R. 

Lemma  15.16.2.  Let  R be  a domain.  Let  M be  an  R-module.  The  set  of  torsion 
elements  of  M forms  a submodule  Mtors  C M.  The  quotient  module  M/Mtors  is 
torsion  free. 

Proof.  Omitted.  □ 

Lemma  15.16.3.  Let  R be  a domain.  Let  M be  a torsion  free  R-module.  For  any 
multiplicative  set  S C R the  module  S~lM  is  a torsion  free  S_1  R-module. 

Proof.  Omitted.  □ 

Lemma  15.16.4.  Let  R — > R'  be  a flat  homomorphism  of  domains.  If  M is  a 
torsion  free  R-module , then  M 0#  R!  is  a torsion  free  R' -module. 

Proof.  If  M is  torsion  free,  then  M C M 0#  K is  injective  where  K is  the  fraction 

held  of  R.  Since  R'  is  hat  over  R we  see  that  M 0#  R'  — » ( M 0jj  K ) 0^  R'  is 

injective.  Since  M 0^  K is  isomorphic  to  a direct  sum  of  copies  of  K , it  suffices  to 
see  that  K 0^  R'  is  torsion  free.  This  is  true  because  it  is  a localization  of  R' . □ 

Lemma  15.16.5.  Let  R be  a domain.  Let  0 — >■  M — >■  M'  —t  M"  — >■  0 be  a short 
exact  sequence  of  R-modules.  If  M and  M"  are  torsion  free,  then  M'  is  torsion 
free. 

Proof.  Omitted.  □ 


Lemma  15.16.6.  Let  R be  a domain.  Let  M be  an  R-module.  Then  M is  torsion 
free  if  and  only  if  Mm  is  a torsion  free  Rm-module  for  all  maximal  ideals  m of  R. 


Proof.  Omitted.  Hint:  Use  Lemma[l5.16.3  and  Algebra,  Lemma  10.23.1| 


□ 


Lemma  15.16.7.  Let  R be  a domain.  Let  M be  a finite  R-module.  Then  M is 
torsion  free  if  and  only  if  M is  a submodule  of  a finite  free  module. 
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Proof.  If  M is  a submodule  of  R®n,  then  M is  torsion  free.  For  the  converse, 
assume  M is  torsion  free.  Let  K be  the  fraction  field  of  R.  Then  M K is  a 
finite  dimensional  AT-ve ctor  space.  Choose  a basis  ei, . . . ,er  for  this  vector  spce. 
Let  X\, . . . , xn  be  generators  of  M.  Write  Xi  = Y^(aij /bij)ej  for  some  a,j,  bij  £ R 
with  0.  Set  b = J~[.  ■ bij.  Since  M is  torsion  free  the  map  M — ► M K is 
injective  and  the  image  is  contained  in  R®r  = Re\jb  © ...  © Rer/b.  □ 


OAUV  Lemma  15.16.8.  Let  R be  a Noetherian  domain.  Let  M be  a nonzero  finite 
R-module.  The  following  are  equivalent 

(1)  M is  torsion  free, 

(2)  M is  a submodule  of  a finite  free  module, 

(3)  (0)  is  the  only  associated  prime  of  M, 

(4)  (0)  is  in  the  support  of  M and  M has  property  (Si),  and 

(5)  (0)  is  in  the  support  of  M and  M has  no  embedded  associated  prime. 


Proof.  We  have  seen  the  equivalence  of  (1)  and  (2)  in  Lemma 


15.16.7  We  have 


seen  the  equivalence  of  (4)  and  (5)  in  Algebra,  Lemma  10.149.2  The  equivalence 
between  (3)  and  (5)  is  immediate  from  the  definition.  A localization  of  a torsion 
free  module  is  torsion  free  (Lemma  15.16.3|),  hence  it  is  clear  that  a M has  no 
associated  primes  different  from  (0).  Thus  (1)  implies  (5).  Conversely,  assume  (5). 
If  M has  torsion,  then  there  exists  an  embedding  R/I  C M for  some  nonzero  ideal 
I of  R.  Hence  M has  an  associated  prime  different  from  (0)  (see  Algebra,  Lemmas 


10.62.3  and  10.62.7l.  This  is  an  embedded  associated  prime  which  contradicts  the 
assumption.  □ 


0538  Lemma  15.16.9.  Let  R be  a domain.  Any  flat  R-module  is  torsion  free. 

Proof.  If  x £ R is  nonzero,  then  x : R — > R is  injective,  and  hence  if  M is  flat 
over  R , then  x : M -r  M is  injective.  Thus  if  M is  flat  over  R , then  M is  torsion 
free.  □ 


0539  Lemma  15.16.10.  Let  A be  a valuation  ring.  An  A-module  M is  flat  over  A if 
and  only  if  M is  torsion  free. 


Proof.  The  implication  “flat  =>  torsion  free”  is  Lemma  15.16.9  For  the  converse, 


assume  M is  torsion  free.  By  the  equational  criterion  of  flatness  (see  Algebra, 


Lemma  10.38.11 1 we  have  to  show  that  every  relation  in  M is  trivial.  To  do  this 
assume  that  X]i=i  n QiXi  = 0 with  x^  £ M and  /)  £ A.  After  renumbering  we 
may  assume  that  u(ai)  < v(ai)  for  all  i.  Hence  we  can  write  a*  = a[ai  for  some 
a'  £ A.  Note  that  a\  = 1 . As  A is  torsion  free  we  see  that  x\  = — Xu>2  a'ix%-  Thus, 
if  we  choose  y,  = Xj,  i = 2, . . . , n then 


Xi  = 


o>  2 


~aj  Vi, 


= Vi,  (i  > 2)  0 = or  • (-o'-)  + aj  ■ 1 (j  > 2) 


shows  that  the  relation  was  trivial  (to  be  explicit  the  elements  a,y  are  defined  by 
setting  oy  = —o'-  and  = 5ij  for  i,j  > 2).  □ 


0AUW  Lemma  15.16.11.  Let  A be  a Dedekind  domain  (for  example  a PID  or  a discrete 
valuation  ring). 

(1)  An  A-module  is  flat  if  and  only  if  it  is  torsion  free. 

(2)  A finite  torsion  free  A-module  is  finite  locally  free. 
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(3)  A finite  torsion  free  A-module  is  finite  free  if  A is  a PID  or  a discrete 
valuation  ring. 


Proof.  Proof  of  (1).  Since  a PID  is  a Dedekind  domain  (Algebra,  Lemma  10.119.13 ) 
it  suffices  to  prove  this  for  Dedekind  domains.  By  Lemma  |15.16.6  and  Algebra, 
Lemma  |10.38.19]  it  suffices  to  check  the  statement  over  Am  for  m C A maximal. 
Since  Am  is  a discrete  valuation  ring  (Algebra,  Lemma  10.119.15 1 we  win  by  Lemma 
115.10.101 


Proof  of  (2).  Follows  from  Algebra,  Lemma  10.77.2  and  (1). 


Proof  of  (3).  If  A is  a discrete  valuation  ring  this  follows  from  (2)  and  the  definitions. 
Let  A be  a PID  and  let  M be  a finite  torsion  free  module.  By  Lemma  15.16.7  we 
see  that  M C A®71  for  some  n.  We  argue  that  M is  free  by  induction  on  M.  The 
case  n = 1 expresses  exactly  the  fact  that  A is  a PID.  If  n > 1 let  M'  c R®n~1  be 
the  image  of  the  projection  onto  the  last  n — 1 summands  of  R®n.  Then  we  obtain 
a short  exact  sequence  0 — ► I — > M — ► M'  — >•  0 where  I is  the  intersection  of  M 
with  the  first  summand  R of  R®n . By  induction  we  see  that  M is  an  extension  of 
finite  free  fi'-modules,  whence  finite  free.  □ 

Lemma  15.16.12.  Let  R be  a domain.  Let  M,  N be  R-modules.  If  N is  torsion 
free,  so  is  Horn ^(M,  TV). 

Proof.  Choose  a surjection  ©,,e/  R — > M.  Then  Hom^(M,  TV)  C II, e/  N.  □ 


15.17.  Reflexive  modules 


Here  is  our  definition. 

Definition  15.17.1.  Let  R be  a domain.  We  say  an  T?-module  M is  reflexive  if 
the  natural  map 

j : M — > Hom^(Honifl;(Af,  R),  R) 

which  sends  m € M to  the  map  sending  ip  e Hom^M,  R)  to  <p(m)  £ R is  an 
isomorphism. 

We  can  make  this  definition  for  more  general  rings,  but  already  the  definition 
above  has  drawbacks.  It  would  be  wise  to  restrict  to  Noetherian  domains  and  finite 
torsion  free  modules  and  (perhaps)  impose  some  regularity  conditions  on  R (e.g., 
R is  normal). 

Lemma  15.17.2.  Let  R be  a domain  and  let  M be  an  R-module. 

(1)  If  M is  reflexive,  then  M is  torsion  free. 

(2)  If  M is  finite,  then  j : M — > Hom^(Hom r(M,R),R)  is  injective  if  and 
only  if  M is  torsion  free 

Proof.  Follows  immediately  from  Lemmas  |15. 16. 12]  and  |15. 16. 7[  □ 

Lemma  15.17.3.  Let  R be  a discrete  valuation  ring  and  let  M be  a finite  R- 
module.  Then  the  map  j : M — >•  Homfl(Hom^j(M,  R),  R)  is  surjective. 

Proof.  Let  Mtors  C M be  the  torsion  submodule.  Then  we  have  Houir(AI,  R)  = 
Horn/j (M/Mtors,R)  (holds  over  any  domain).  Hence  we  may  assume  that  M is 
torsion  free.  Then  M is  free  by  Lemma  [l 5 . 1 6 . 1 1 1 and  the  lemma  is  clear.  □ 
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0AV1  Lemma  15.17.4.  Let  R be  a Noetherian  domain.  Let  M be  a finite  R-module. 

Then  M is  reflexive  if  and  only  if  Mm  is  a reflexive  Rm-module  for  all  maximal 
ideals  m of  R. 

Proof.  Omitted.  Hint:  Use  Algebra,  Lemmas [l(T.23.1|  and|10. 10. 2|  □ 

0AV2  Lemma  15.17.5.  Let  R be  a Noetherian  domain.  Let  M be  a finite  R-module. 
The  following  are  equivalent 

(1)  M is  reflexive, 

(2)  there  exists  a short  exact  sequence  0— > M — > F — > N — >-0  with  F finite 
free  and  N torsion  free. 


Proof.  We  will  use  without  further  mention  that  Hom#(./V,  N')  is  a finite  R- module 
for  any  finite  R- modules  N and  N',  see  Algebra,  Lemma  [lO. 70. 9 Given  an  exact 
sequence  0 — > M — > F — > N — >■  0 as  in  (2)  we  take  duals  to  get  an  exact  sequence 

Hom^(M,  R)  4—  Horn r(F,  R)  4—  Hom^(Af,  R)  4—  0 
Dualizing  again  we  obtain  a commutative  diagram 


Homfl(Homfl(M,  R),  R) >-  Honif{(HoniR(.F,  R),  R) >■  Homij;(Homfl(./V,  R),R) 

M >■  F >■  N 


We  do  not  know  the  top  row  is  exact.  But  we  do  know  the  middle  arrow  is  an 
isomorphism  as  F is  finite  free  and  hence  reflexive.  Moreover,  if  S = R \ {0},  then 
inverting  S commutes  with  taking  Hom^j  for  finite  i?-modules,  see  Algebra,  Lemma 
llO. 10.21  Since  S_1M  and  S~1N  are  finite  free  over  the  fraction  field  K = S'-1!? 
of  R,  we  find  that  the  vertical  maps  are  isomorphisms  after  inverting  S.  Since 
Horn (Horn !?),  1?)  is  torsion  free  (Lemma  15.16.12),  it  follows  in  particular 
that  the  left  top  horizontal  arrow  is  injective.  Since  N is  torsion  free  the  right 
vertical  arrow  is  injective  (Lemma  15.17.2).  Now  a diagram  chase  shows  that  M is 
reflexive. 


Assume  M is  reflexive.  Choose  a presentation  i?®m  — ► i?®n  — > Hom^(M,  R)  — > 0. 
Dualizing  and  using  reflivity  we  get  an  exact  sequence 

0 Horn# (Horn# (M,  R),R)  i?®n  ^ N ->•  0 
with  N = Im(i?®”  — ► i?®m)  a torsion  free  module.  □ 

0AV3  Lemma  15.17.6.  Let  R be  a Noetherian  domain.  Let  M be  a finite  R-module. 
Let  N be  a reflexive  R-module.  Then  Homfl(M,  N)  is  reflexive. 


Proof.  Choose  a presentation  i?®m  — > i?®"  — ► M — > 0.  Then  we  obtain 
0 ->  Horn fl(M,  N)  ->  N®n  -S-  N'  ->■  0 

with  N'  = Im(A^®n  — > N®m)  torsion  free.  Choose  a sequence  0 — > N — > F — > 
N"  — >•  0 with  N"  torsion  free  as  in  Lemma  15.17.5  We  obtain  an  injective  map 
S : Hoirifl(A7,  N)  — »•  F®n.  A snake  lemma  argument  shows  there  is  a short  exact 
sequence 

0 -»•  N'  — > Coker(<5)  ->■  (!V")®n  -t  0 

Thus  Coker(<5)  is  an  extension  of  torsion  free  modules,  hence  torsion  free  (Lemma 
15.16.51).  □ 
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Definition  15.17.7.  Let  R be  a Noetherian  domain.  Let  M be  a finite  l?-module. 
The  module  M**  = Hom#(Honifl;(M,  R),  R)  is  called  the  reflexive  hull  of  M. 

This  makes  sense  because  the  reflexive  hull  is  reflexive  by  Lemma  |15.17.6[  The 
assignment  M K > M**  is  a functor.  If  p : M — > N is  an  /2-module  map  into  a 
reflexive  //-module  N,  then  p factors  M — > M**  — >•  N through  the  reflexive  hull  of 
M.  Another  way  to  say  this  is  that  taking  the  reflexive  hull  is  the  left  adjoint  to 
the  inclusion  functor 

finite  reflexive  modules  C finite  modules 


over  a Noetherian  domain  R. 


Lemma  15.17.8.  Let  R be  a Noetherian  local  ring.  Let  M,  N he  finite  R-modules. 

(1)  If  N has  depth  > 1,  then  Hom^(M,  N)  has  depth  > 1. 

(2)  If  N has  depth  > 2,  then  Hom^(M,  N)  has  depth  > 2. 


Proof.  Choose  a presentation  /?®m  — > i?®"  — > M — > 0.  Dualizing  we  get  an  exact 
sequence 


0 ->•  Horn r(M,  N)  ->•  N®n  — ► N'  — >•  0 

with  N'  = Im(A'®n  — > N®m).  A submodule  of  a module  with  depth  > 1 has 
depth  > 1;  this  follows  immediately  from  the  definition.  Thus  part  (1)  is  clear.  For 
(2)  note  that  here  the  assumption  and  the  previous  remark  implies  N'  has  depth 
> 1.  The  module  N®n  has  depth  > 2.  From  Algebra,  Lemma  10.71.6  we  conclude 
Hom^M,  N)  has  depth  >2.  □ 


Lemma  15.17.9.  Let  R be  a Noetherian  ring.  Let  M,  N be  finite  R-modules. 

(1)  If  N has  property  (Si),  then  Hoiur(M,  N)  has  property  (S i). 

(2)  If  N has  property  (S2),  then  Homn(M,N)  has  property  (S^). 

(3)  If  R is  a domain,  N is  torsion  free  and  (S2),  then  Honifl(M,  N)  is  torsion 
free  and  has  property  (S^)- 


Proof.  Since  localizing  at  primes  commutes  with  taking  Horn#  for  finite  -R-modules 


Lemma  15.17.10.  Let  R be  a Noetherian  ring.  Let  ip  : M — * N be  a map 
of  R-modules.  Assume  that  for  every  prime  p of  R at  least  one  of  the  following 
happens 

(1)  Mp  — ► Np  is  injective,  or 

(2)  p ^Ass(M). 

Then  ip  is  injective. 


Proof.  Let  p be  an  associated  prime  of  Ker(^).  Then  there  exists  an  element 
x £ Mp  which  is  in  the  kernel  of  Mp  — > Np  and  is  annihilated  by  pi?p  (Algebra, 
Lemma  10.62. 15|) . This  is  impossible  in  all  three  cases.  Hence  Ass(Ker(</2))  = 0 and 
" □ 


we  conclude  Ker(y>)  = 0 by  Algebra,  Lemma  10.62.7 


Lemma  15.17.11.  Let  R be  a Noetherian  ring.  Let  <p  : M — ► be  a map  of  R- 
modules.  Assume  M is  finite  and  that  for  every  prime  p of  R one  of  the  following 
happens 

(1)  Mp  — > Np  is  an  isomorphism,  or 

(2)  depth(Mp)  > 2 and  p ^ Ass(N). 
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Then  p is  an  isomorphism. 


Proof.  By  Lemma  15.17.10  we  see  that  ip  is  injective.  Let  N'  C N be  an  finitely 
generated  .R-module  containing  the  image  of  M.  Then  Ass (Np)  = 0 implies 
Ass(A'')  = 0.  Hence  the  assumptions  of  the  lemma  hold  for  M — > N' . In  or- 
der to  prove  that  (p  is  an  isomorphism,  it  suffices  to  prove  the  same  thing  for 
every  such  N'  C N.  Thus  we  may  assume  N is  a.  finite  17-module.  In  this  case, 
p ^ Ass(N)  =>  depth(IVp)  > 1,  see  Algebra,  Lemma  10.62.18  Consider  the  short 
exact  sequence 

0— >M— )-Q— >0 

defining  Q.  Looking  at  the  conditions  we  see  that  either  Qp  = 0 in  case  (1)  or 

This  implies  that  Q does 


depth(Qp)  > 1 in  case  (2)  by  Algebra,  Lemma  10.71.6 
not  have  any  associated  primes,  hence  Q = 0 by  Algebra,  Lemma[l0.62.7| 


□ 


Lemma  15.17.12.  Let  R be  a Noetherian  domain.  Let  ip  : M — ► N be  a map  of 
R-modules.  Assume  M is  finite,  N is  torsion  free,  and  that  for  every  prime  p of  R 
one  of  the  following  happens 

(1)  Mp  — > Np  is  an  isomorphism,  or 

(2)  depth(Mp)  > 2. 

Then  ip  is  an  isomorphism. 


OAVA 
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Proof.  This  is  a special  case  of  Lemma[l5.17.11|  □ 

Lemma  15.17.13.  Let  R be  a Noetherian  domain.  Let  M be  a finite  R-module. 
The  following  are  equivalent 

(1)  M is  reflexive, 

(2)  for  every  prime  p of  R one  of  the  following  happens 

(a)  Mp  is  a reflexive  Rp -module,  or 

(b)  depth.(Rp)  > 2 and  depth(Mp)  > 2. 


Proof.  If  (1)  is  true,  then  (2)  holds  by  Lemmas  15.17.4  and  15.17.8 
assume  (2)  is  true.  Set  N = Horn R (Horn R(M , R) , R.)  so  that 


Conversely, 


IVp  = Homflt  (Horn^.p  (Mp,  Rv),  Rp) 


(Algebra,  Lemma  10.10.2)  for  every  prime  p of  R.  We  apply  Lemma  15.17.12  to  the 
map  j : M — > N . This  is  allowed  because  M is  finite,  N is  torsion  free  by  Lemma 
15.16.12[  in  case  (2) (a)  the  map  Mp  — » Np  is  an  isomorphism,  and  in  case  (2)(b) 
we  have  depth(Mp)  >2.  □ 


Lemma  15.17.14.  Let  R be  a Noetherian  normal  domain  with  fraction  field  K . 
Let  M be  a finite  R-module.  The  following  are  equivalent 

(1)  M is  reflexive, 

(2)  M is  torsion  free  and  has  property  (Sfi), 

(3)  M is  torsion  free  and  M = C\height( p)=i  where  the  intersection  happens 
in  M ®R  K . 


Proof.  By  Algebra,  Lemma  10.149.4  we  see  that  R satisfies  (i?i)  and  (S2).  Observe 
that  in  all  three  cases  M is  a torsion  free  module  (Lemma  15.17.2 ).  Let  p be  a prime 
of  height  1,  hence  Rp  is  a discrete  valuation  ring  by  (i?i).  By  Lemma  15.16.11  we 


see  that  Mp  is  finite  free,  in  particular  reflexive.  The  same  is  true  for  M(0p  Since 
R is  normal,  we  have  depth(i?p)  > 2 for  every  prime  of  heigth  > 2 by  (S2)  for  R. 
Thus  Lemma  15.17.13  applies  to  show  the  equivalence  of  (1)  and  (2). 
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Assume  the  equivalent  conditions  (1)  and  (2)  hold  and  let  M'  = Dheight(p)=i -^p- 
Then  M'  is  torsion  free,  M C M'  and  Mp  = Mp  for  every  prime  of  height  1.  Since 
we’ve  seen  M has  depth  > 2 at  primes  of  height  > 1,  we  see  that  M — >•  M'  is  an 
isomorphism  by  Lemma  |l5. 17. 12} 

Assume  (3).  The  map  M — > M**  induces  an  isomorphism  at  all  the  primes  p 
of  height  1,  because  Mp  is  finite  free  as  we’ve  seen  above.  Thus  the  condition 
M = Dheight(p)— l ^p  implies  that  M = M**  and  we  win.  □ 

OAVC  Lemma  15.17.15.  Let  R be  a Noetherian  normal  domain.  Let  M be  a finite 
R-module.  Then  the  reflexive  hull  of  M is  the  intersection 

M **  = n , , , Mp/(Mp)tors  = n t ^ (M/Mtors)P 

' *height(  p)  = l ' 'hetght(p)=l 

taken  in  M K . 


Proof.  Let  p be  a prime  of  height  1.  The  kernel  of  Mp  — > M (g>#  K is  the  torsion 
submodule  (. Mp)tors  of  Mp.  Moreover,  we  have  ( M/Mtors)p  = Mp/{Mp)tors  and 
this  is  a finite  free  module  over  the  discrete  valuation  ring  Rp  (Lemma |15.16.lT). 
Then  Mp/(Mp)tors  — > (Mp)**  = ( M**)p  is  an  isomorphism,  hence  the  lemma  is  a 
consequence  of  Lemma |15. 17.14]  □ 

0BM4  Lemma  15.17.16.  Let  A be  a Noetherian  normal  domain  with  fraction  field  K. 

Let  L be  a finite  extension  of  K.  If  the  integral  closure  B of  A in  L is  finite  over 
A,  then  B is  reflexive  as  an  A-module. 


Proof.  It  suffices  to  show  that  B = P|  Bp  where  the  intersection  is  over  height  1 
primes  p C A,  see  Lemma  15.17.14  Let6ef'|.Bp.  Let  xd  + aixd~1  + . . . +aa  be  the 
minimal  polynomial  of  b over  K.  We  want  to  show  £ A.  By  Algebra,  Lemma 
10.37.6  we  see  that  a,  £ Ap  for  all  i and  all  hieght  one  primes  p.  Hence  we  get 
what  we  want  from  Algebra,  Lemma  10.149.6|  (or  the  lemma  already  cited  as  A is 
a reflexive  module  over  itself).  □ 


15.18.  Content  ideals 

0AS9  The  definition  may  not  be  what  you  expect. 

OASA  Definition  15.18.1.  Let  A be  a ring.  Let  M be  a flat  A-module.  Let  x £ M. 
If  the  set  of  ideals  I in  A such  that  x £ IM  has  a smallest  element,  we  call  it  the 
content  ideal  of  x. 

Note  that  since  M is  flat  over  A,  for  a pair  of  ideals  /,  I'  of  A we  have  IM  n I'M  = 
(/  D I')  M as  can  be  seen  by  tensoring  the  exact  sequence 
/ + /'->•  0 by  M. 

OASB  Lemma  15.18.2.  Let  A be  a ring.  Let  M be  a flat  A-module.  Let  x £ M . The 
content  ideal  of  x,  if  it  exists,  is  finitely  generated. 

Proof.  Say  x £ IM.  Then  we  can  write  x = X^i=i  nfixi  with  fi  £ I and 
Xi  £ M.  Hence  x £ I'M  with  /'  = (/i, . . . , /„).  □ 

OASC  Lemma  15.18.3.  Let  (A,  m)  be  a local  ring.  Let  u : M — >■  N be  a map  of  flat 
A-modules  such  that  u : M / m M — > N/mN  is  injective.  If  x £ M has  content  ideal 
I,  then  u(x)  has  content  ideal  I as  well. 
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Proof.  It  is  clear  that  u(x)  £ IN.  If  u(x)  £ I'N,  then  u(x)  £ (/'  n I)N,  see 
discussion  following  Definition  |15.18.l)  Hence  it  suffices  to  show:  if  x £ I'N  and 
I'  cl,/'  / I,  then  u(x)  ^ I'N.  Since  ///'  is  a nonzero  finite  A-module  (Lemma 
15.18.2 1 there  is  a nonzero  map  x '■  1 1 1'  ~ 
lemma  (Algebra,  Lemma  10.19.1 1.  Since  / 

x qL  I"M  where  I"  = Ker(y).  Hence  x is  not  in  the  kernel  of  the  map 


A/m  of  A-modules  by  Nakayama’s 
is  the  content  ideal  of  x we  see  that 


IM  = I ® A M A/m  ( 


M = M/mM 


Applying  our  hypothesis  on  u we  conclude  that  u(x)  does  not  map  to  zero  under 
the  map 

IN  = I ®aN  A/m  <g>  N ^ N/mN 

and  we  conclude.  □ 


OASD  Lemma  15.18.4.  Let  A be  a ring.  Let  M be  a flat  Mittag-Leffler  module.  Then 
every  element  of  M has  a content  ideal. 

Proof.  This  is  a special  case  of  Algebra,  Lemma[l0.90.2|  □ 


15.19.  Flatness  and  finiteness  conditions 

054A  In  this  section  we  discuss  some  implications  of  the  type  “flat  + finite  type  =>  finite 
presentation”.  We  will  revisit  this  result  in  the  chapter  on  flatness,  see  More  on 
Flatness,  Section  |37.1|  A first  result  of  this  type  was  proved  in  Algebra,  Lemma 

m 

053A  Lemma  15.19.1.  Let  R be  a ring.  Let  S = R[x\1 . . . , xn]  be  a polynomial  ring 
over  R.  Let  AI  be  an  S-module.  Assume 

(1)  there  exist  finitely  many  primes  pi, ... , pm  of  R such  that  the  map  R — ► 
K[  Rp  is  injective, 

(2)  M is  a finite  S-module, 

(3)  M flat  over  R,  and 

(4)  for  every  prime  p of  R the  module  Mv  is  of  finite  presentation  over  Sv. 
Then  M is  of  finite  presentation  over  S. 

Proof.  Choose  a presentation 

0-^K^S®r^M^0 


of  M as  an  5-module.  Let  q be  a prime  ideal  of  5 lying  over  a prime  p of  R. 
By  assumption  there  exist  finitely  many  elements  k\ ,...  ,kt  £ K such  that  if  we 
set  K'  = C K then  I\'p  = Kp  and  K'p.  = Kp.  for  j = 1 Setting 

M'  = S®r /K'  we  deduce  that  in  particular  M'  = Mq.  By  openness  of  flatness,  see 
Algebra,  Theorem  10.128.4  we  conclude  that  there  exists  a g £ 5,  g £ q such  that 
M'g  is  flat  over  R.  Thus  M'  — > Mg  is  a surjective  map  of  flat  f?-modules.  Consider 
the  commutative  diagram 


M'g ~Mg 

n (M'g)Pj  — -n  {Mg)V] 
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The  bottom  arrow  is  an  isomorphism  by  choice  of  k\ , . . . , kt  ■ The  left  vertical  arrow 
is  an  injective  map  as  R — > RVj  is  injective  and  M'g  is  flat  over  R.  Hence  the 

top  horizontal  arrow  is  injective,  hence  an  isomorphism.  This  proves  that  Mg  is  of 
finite  presentation  over  Sg.  We  conclude  by  applying  Algebra,  Lemma  10.23.2  □ 


Lemma  15.19.2.  Let  R -A  S be  a ring  homomorphism.  Assume 

(1)  there  exist  finitely  many  primes  pi, ... , pm  of  R such  that  the  map  R — ► 

is  injective, 

(2)  R — >•  S is  of  finite  type, 

(3)  S flat  over  R,  and 

(4)  for  every  prime  p of  R the  ring  Sp  is  of  finite  presentation  over  Rv . 

Then  S is  of  finite  presentation  over  R. 


Proof.  By  assumption  S'  is  a quotient  of  a polynomial  ring  over  R.  Thus  the  result 
follows  directly  from  Lemma[l5.19.1|  □ 

053C  Lemma  15.19.3.  Let  R be  a ring.  Let  S = R[x i, . . . ,£„]  be  a graded  polynomial 
algebra  over  R,  i.e.,  deg(aii)  > 0 but  not  necessarily  equal  to  1.  Let  M be  a graded 
S-module.  Assume 

(1)  R is  a local  ring, 

(2)  M is  a finite  S-module,  and 

(3)  M is  flat  over  R. 

Then  M is  finitely  presented  as  an  S-module. 


Proof.  Let  M = ® Md  be  the  grading  on  M.  Pick  homogeneous  generators 
mi, ... , mr  G M of  M.  Say  deg(m,)  = di  G Z.  This  gives  us  a presentation 


0 -A  K -i  S(-di)  -A  M -A  0 

i=l,...,r 

which  in  each  degree  d leads  to  the  short  exact  sequence 


0 


Sd-di  — > Aid  o. 


By  assumption  each  Md  is  a finite  flat  S-module.  By  Algebra,  Lemma  10.77.4 
this  implies  each  Md  is  a finite  free  i?-module.  Hence  we  see  each  Kd  is  a finite 
S-module.  Also  each  Kd  is  flat  over  R by  Algebra,  Lemma  10.38.13(  Hence  we 
conclude  that  each  I\d  is  finite  free  by  Algebra,  Lemma  [10.77. 4 again. 


Let  m be  the  maximal  ideal  of  R.  By  the  flatness  of  M over  R the  short  exact 
sequences  above  remain  short  exact  after  tensoring  with  k = K(m).  As  the  ring 
S 0^  k is  Noetherian  we  see  that  there  exist  homogeneous  elements  k\, . . . ,kt  G K 
such  that  the  images  kj  generate  K k over  S k.  Say  deg (kj)  = ej.  Thus  for 
any  d the  map 


Sd-ej  — > Kd 

becomes  surjective  after  tensoring  with  k.  By  Nakayama’s  lemma  (Algebra,  Lemma 
10.19.1 1 this  implies  the  map  is  surjective  over  R.  Hence  K is  generated  by  k\, . . . , kt 
over  S and  we  win.  □ 


053D  Lemma  15.19.4.  Let  R be  a ring.  Let  S = ®n>oSn  be  a graded  R-algebra. 
Let  M = ©^gz  Md  be  a graded  S-module.  Assume  S is  finitely  generated  as  an 
R-algebra,  assume  Sq  is  a finite  R-algebra,  and  assume  there  exist  finitely  many 
primes  pj,  i = 1, . . . , m such  that  R — > J([  i?Pj.  is  injective. 
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05GS 

053E 


0535 

053H 


(1)  If  S is  flat  over  R,  then  S is  a finitely  presented  R-algebra. 

(2)  If  M is  flat  as  an  R-module  and  finite  as  an  S-module,  then  M is  finitely 
presented  as  an  S-module. 

Proof.  As  S is  finitely  generated  as  an  P-algebra,  it  is  finitely  generated  as  an 
So  algebra,  say  by  homogeneous  elements  t\,. . . ,t„  £ S of  degrees  d\, . . . , dn  > 0. 
Set  P = P[ aii,  • • • , xn\  with  deg(^j)  = dt.  The  ring  map  P — > S,  Xi  — > U is  finite 
as  So  is  a finite  P-module.  To  prove  (1)  it  suffices  to  prove  that  S is  a finitely 
presented  P-module.  To  prove  (2)  it  suffices  to  prove  that  M is  a finitely  presented 
P-module.  Thus  it  suffices  to  prove  that  if  S = P is  a graded  polynomial  ring  and 
M is  a finite  S-module  flat  over  P,  then  M is  finitely  presented  as  an  S-module. 


By  Lemma  15.19.3  we  see  Mp  is  a finitely  presented  Sp-module  for  every  prime  p 
of  R.  Thus  the  result  follows  from  Lemmari5.19.ll  □ 

Remark  15.19.5.  Let  P be  a ring.  When  does  R satisfy  the  condition  mentioned 
in  Lemmas  |15.19.1[  |15.19.2|  and  |15.19.4|?  This  holds  if 


(1) 

(2) 

(3) 

(4) 

(5)  R has  finitely  many  weakly  associated  primes,  see  Algebra,  Lemma  10.65.16 
Thus  these  lemmas  hold  in  all  cases  listed  above. 


R is  local, 

R is  Noetherian, 

R is  a domain, 

R is  a reduced  ring  with  finitely  many  minimal  primes,  or 


The  following  lemma  will  be  improved  on  in  More  on  Flatness,  Proposition |37. 13. 9| 

Lemma  15.19.6.  Let  A he  a valuation  ring.  Let  A -A  B be  a ring  map  of  finite 
type.  Let  M be  a finite  B -module. 

(1)  If  B is  flat  over  A,  then  B is  a finitely  presented  A-algebra. 

(2)  If  M is  flat  as  an  A-module,  then  M is  finitely  presented  as  a B -module. 

Proof.  We  are  going  to  use  that  an  A-module  is  flat  if  and  only  if  it  is  torsion  free, 
see  Lemma  15.16.10[  By  Algebra,  Lemma[l0.56.10  we  can  find  a graded  A-algebra 
S with  Sq  = A and  generated  by  finitely  many  elements  in  degree  1,  an  element 
f £ Si  and  a finite  graded  P-module  N such  that  B = S(f)  and  M = Af(jy  If  M is 
torsion  free,  then  we  can  take  N torsion  free  by  replacing  it  by  N/Ntors,  see  Lemma 
|15.16.2|  Similarly,  if  B is  torsion  free,  then  we  can  take  S torsion  free  by  replacing 
it  by  S/Stors ■ Hence  in  case  (1),  we  may  apply  Lemma  15.19. 4|  to  see  that  S is 
a finitely  presented  A-algebra,  which  implies  that  B = S^f)  is  a finitely  presented 
A-algebra.  To  see  (2)  we  may  first  replace  S by  a graded  polynomial  ring,  and  then 
we  may  apply  Lemma|l5.19.3  to  conclude.  □ 


15.20.  Blowing  up  and  flatness 

In  this  section  we  begin  our  discussion  of  results  of  the  form:  “After  a blow  up  the 
strict  transform  becomes  flat” . More  results  of  this  type  may  be  found  in  More  on 
Flatness,  Section  137.28 


Definition  15.20.1.  Let  R be  a domain.  Let  M be  an  P-module.  Let  P C P'  be 
an  extension  of  domains.  The  strict  transform  of  M along  R Pfl  is  the  torsion 
free  P'-module 

M'  = ( M <g>*  P')/(M  R')tors. 


'This  is  somewhat  nonstandard  notation. 
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The  following  is  a very  weak  version  of  flattening  by  blowing  up,  but  it  is  already 
sometimes  a useful  result. 

0531  Lemma  15.20.2.  Let  (R,  m)  be  a local  domain  with  fraction  field  K.  Let  S be  a 
finite  type  R-algebra.  Let  M be  a finite  S-module.  For  every  valuation  ring  A C K 
dominating  R there  exists  an  ideal  /Cm  and  a nonzero  element  a £ I such  that 

(1)  I is  finitely  generated, 

(2)  A has  center  on  R[^], 

(3)  the  fibre  ring  of  R —>  R[^]  at  m is  not  zero,  and 

(4)  the  strict  transform  Sija  of  S along  R — > /?[-]  is  flat  and  of  finite  presen- 
tation over  R,  and  the  strict  transform  Mj^a  of  M along  R -A  -R[f]  is  flat 
over  R and  finitely  presented  over  Si  ta- 
proot. Note  that  the  assertion  makes  sense  as  R[^]  is  a domain,  and  R — > R[^] 
is  injective,  see  Algebra,  Lemmas  |10. 69. 7|  and |10.69.8|  Before  we  start  the  proof  of 
the  Lemma,  note  that  there  is  no  loss  in  generality  assuming  that  S = R[x i, . . . , xn\ 
is  a polynomial  ring  over  R.  We  also  fix  a presentation 


Let  Ma  be  the  strict  transform  of  M along  R -A  A. 
SA  = A[x i, 


It  is  a finite  module  over 
By  Lemma  |15.16.10|  we  see  that  Ma  is  flat  over  A.  By 


Lemma[l5.19.6|we  see  that  Ma  is  finitely  presented.  Hence  there  exist  finitely  many 
elements  k\ ,kt  £ S®r  which  generate  the  kernel  of  the  presentation  5®r  — > Ma 
as  an  SU-module.  For  any  choice  of  a £ I C m satisfying  (1),  (2),  and  (3)  we 
denote  Mpa  the  strict  transform  of  M along  R — » It  is  a finite  module  over 

Sf  a = R[^][x i, . . . , xn\.  By  Algebra,  Lemma  10.69.10  we  have  A = colim/a  R[^}- 
This  implies  that  Sa  = colim  S/Q  and  Ma  = coiim/j0  M/j0.  Thus  we  may  choose 
a £ I C R such  that  k\, . . . , kt  are  elements  of  Sf  ra  and  map  to  zero  in  Mj>a.  For 
any  such  pair  (/,  a)  we  set 


M'r, 


= sZ/TsI„ 


kj- 


Since  MA  = Sf/  £ SAkj  we  see  that  also  Ma  = colim/ 
may  apply  Algebra,  Lemma 


Mj  a.  At  this  point  we 
(3)  to  conclude  that  a is  flat  for  some  pair 


10.160.1 

(I,  a).  (This  lemma  does  not  apply  a priori  to  the  system  M/j0  as  the  transition 
maps  may  not  satisfy  the  assumptions  of  the  lemma.)  Since  flatness  implies  torsion 
free  ( Lemma  15.16.9),  we  also  conclude  that  M\  a = Mpa  for  such  a pair  and  we 
win.  □ 


0BBJ  Lemma  15.20.3.  Let  R be  a ring.  Let  M be  a finite  R-module.  Let  f £ R be 
an  element  such  that  Mf  is  finite  locally  free  of  rank  r.  Then  there  exists  a finitely 
generated  ideal  I C R with  V(f)  = V{I)  such  that  for  all  a £ I with  R ' = -R[f]  the 
strict  transform 

M'  = (M  R') / a-power  torsion 

is  finite  locally  free  of  rank  r. 

Proof.  Choose  a surjection  R®n  -A  M.  Choose  a finite  submodule  K C Ker(J?®"  — > 
M)  such  that  R®n/K  -A  M becomes  an  isomorphism  after  inverting  /.  Set 
Mi  = S®n/K  and  suppose  we  can  prove  the  lemma  for  Mi.  Say  / C R is  the 
corresponding  ideal.  Then  for  a £ I the  map 

M[  = (Mi  i?')/a-power  torsion  — M'  = (M  i?')/a-power  torsion 


15.21.  COMPLETION  AND  FLATNESS 


1148 


is  surjective.  It  is  also  an  isomorphism  after  inverting  a in  R'  as  R'a  = Rf , see 
Algebra,  Lemma  10.69.4  But  a is  a nonzerodivisor  on  M[ , whence  the  displayed 


map  is  an  isomorphism.  Thus  it  suffices  to  prove  the  lemma  in  case  M is  a finitely 
presented  A-module. 

Assume  M is  a finitely  presented  R-module.  Then  J = Fitr(M)  C S is  a finitely 
generated  ideal.  We  claim  that  I = fj  works. 

We  first  check  that  V(f)  = V(I).  The  inclusion  V(f)  C V(I)  is  clear.  Conversely,  if 
/ ^ p,  then  p is  not  an  element  of  V ( J ) by  Lemma  15.6.4  Thus  p ^ V ( fJ ) = V(I). 

Let  a £ I and  set  R'  = R\^ ].  We  may  write  a = fb  for  some  b £ J.  By  Algebra, 
Lemmas  110.69. 21  and  IIP. 69.51  we  see  that  JR'  = bR1  and  b is  a nonzerodivisor  in 
R' . Let  p'  C R'  = R[^]  be  a prime  ideal.  Then  JR’p,  is  generated  by  b.  It  follows 
from  Lemma  115.6.8  that  M',  can  be  generated  by  r elements.  Since  M'  is  finite, 
£ M'  and  g £ R',  g £ p'  such  that  the  corresponding  map 


there  exist  mi, 


,mr 


(R' 


i©r 


M'  becomes  surjective  after  inverting  g. 


Finally,  consider  the  ideal  J'  = Fitfc-i(M').  Note  that  J' R'g  is  generated  by  the 
coefficients  of  relations  between  mi, . . . , mr  (compatibility  of  fitting  ideal  with  base 
change).  Thus  it  suffices  to  show  that  J'  = 0,  see  Lemma  15.6.7|  Since  R'a  = Rf 
(Algebra,  Lemma  10.69.4)  and  M'a  = Mf  is  free  of  rank  r we  see  that  J'  = 0.  Since 
a is  a nonzerodivisor  in  R'  we  conclude  that  J'  = 0 and  we  win.  □ 


15.21.  Completion  and  flatness 

06LD  In  this  section  we  discuss  when  the  completion  of  a “big”  flat  module  is  flat. 

05BC  Lemma  15.21.1.  Let  R be  a ring.  Let  I C R be  an  ideal.  Let  A be  a set.  Assume 
R is  Noetherian  and  complete  with  respect  to  I . There  is  a canonical  map 

(®a6/)  -ILe^ 

from  the  I-adic  completion  of  the  direct  sum  into  the  product  which  is  universally 
injective. 


Proof.  By  definition  an  element  x of  the  left  hand  side  is  x = (xn)  where  xn  = 
(xnta)  £ ©agyi  R/In  such  that  xn^a  = xn+ijQ  mod/".  As  R = i?A  we  see  that 
for  any  a there  exists  a ya  £ R such  that  xn,a  = ya  mod  /".  Note  that  for  each  n 
there  are  only  finitely  many  a such  that  the  elements  xn<a  are  nonzero.  Conversely, 
given  (jja)  £ JIq,  R such  that  for  each  n there  are  only  finitely  many  a such  that 
ya  mod  /"  is  nonzero,  then  this  defines  an  element  of  the  left  hand  side.  Hence  we 
can  think  of  an  element  of  the  left  hand  side  as  infinite  “convergent  sums”  ya 
with  ya  £ R such  that  for  each  n there  are  only  finitely  many  ya  which  are  nonzero 
modulo  /".  The  displayed  map  maps  this  element  to  the  element  to  ( ya ) in  the 
product.  In  particular  the  map  is  injective. 


Let  Q be  a finite  i?-module.  We  have  to  show  that  the  map 


Q ((J) 


'aeA 


R 


Q (JJ 


aeA 


R 


is  injective,  see  Algebra,  Theorem  10.81.3 

Q 


Choose  a presentation  R®k  -A  R®r‘ 


0 and  denote  q\1 . ■ ■ ,qm  € Q the  corresponding  generators  for  Q.  By  Artin- 
Rees  (Algebra,  Lemma  10.50.2)  there  exists  a constant  c such  that  Im(/?®fc  -A 


15.21.  COMPLETION  AND  FLATNESS 


1149 


A®m)  n (IN)®m  c Im((/Ar-C)®fc  i?®m).  Let  us  contemplate  the  diagram 


©?=i  (©aeA  R) 


©ti  (ru^) 


©r=i  (e«£A^)/ 


©7=1  (IUaR) 


Q®R(®aeARY 


■ Q ®r  (ELsa  r) ^ 0 


with  exact  rows.  Pick  an  element  ]Tb  ]Ta  yja  of  ®j=1  _ m (©agA  R)  ■ If  this 
element  maps  to  zero  in  the  module  Q®b.  (IlaeA  R)  ■ the11  we  see  in  particular  that 
Qj  ® Vj,a  = 0 in  Q for  each  a.  Thus  we  can  find  an  element  (z\>a, . . . , Zk,a)  G 
©(=i,...,fc  R which  maps  to  {yi,a,  • • • , Dm, a)  G ©j=1,...,m  R-  Moreover,  if  yjt0l  £ INa 
for  j = 1, . . . , to,  then  we  may  assume  that  z;jQ  £ jNa-c  for  i _ i ; . tk.  Hence 
the  sum  J2a  zi,<*  “convergent”  and  defines  an  element  of  ©i=1  k (©Qgj4  R)A 
which  maps  to  the  element  J2a  Hi, a we  started  out  with.  Thus  the  right  vertical 
arrow  is  injective  and  we  win.  □ 

The  following  lemma  can  also  be  deduced  from  Lemma [15. 21. 4| below. 

06LE  Lemma  15.21.2.  Let  R be  a ring.  Let  I C R be  an  ideal.  Let  A be  a set.  Assume 
R is  Noetherian.  The  completion  (©a6A^)A  *s  a flat  R-module. 

Proof.  Denote  RA  the  completion  of  R with  respect  to  I.  As  R — > RA  is  flat  by 
Algebra,  Lemma  10.96.2  it  suffices  to  prove  that  R)A  is  a flat  f?A-module 


(use  Algebra,  Lemma  10.38.4p.  Since 


'aeA 


a€A 


we  may  replace  R by  RA  and  assume  that  R is  complete  with  respect  to  I (see  Alge- 
bra, Lemma  10.96.41).  In  this  case  Lemma  15.21.1  tells  us  the  map  (©Qg 4 R)A^ 
IlacA  R universally  injective.  Thus,  by  Algebra,  Lemma  10.81.7  it  suffices  to 
show  that  JlagA  R is  huh  By  Algebra,  Proposition  10.89.5  (and  Algebra,  Lemma 
10.89.4)  we  see  that  JlaeA  R is  hat-  hi 


0911 


Lemma  15.21.3.  Let  A be  a Noetherian  ring.  Let  I be  an  ideal  of  A.  Let  M be  a 
finite  A-module.  For  every  p > 0 there  exists  a c > 0 such  that  Tor^(M,  A/ In+C)  — > 
Torf{M,  A/In)  is  zero. 

Rm 


K 


M ->  0. 


Proof.  Proof  for  p = 1.  Choose  a short  exact  sequence  0 
Then  Tor A/I11)  = Kn(In)®t/InK.  By  Artin-Rees  (Algebra,  Lemma  10.50.2) 


there  is  a constant  c > 0 such  that  AT  n (7™+°)®*  c InK.  Thus  the  result  for  p = 1. 
For  p > 1 we  have  Tor £(M,  A/In ) = Toip_1(K,  A/In).  Thus  the  lemma  follows  by 


induction. 


□ 


0912  Lemma  15.21.4.  Let  A be  a Noetherian  ring.  Let  I be  an  ideal  of  A.  Let  (Mn) 
be  an  inverse  system  of  A-modules  such  that 

(1)  Mn  is  a flat  A/ In -module, 

(2)  Mn+i  -A  Mn  is  surjective. 

Then  M = lim  Mn  is  a flat  A-module  and  Q M = lim  Q Mn  for  every  finite 
A-module  Q. 
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Proof.  We  first  show  that  Q <S>a  M = lim  Q gA  Mn  for  every  finite  A-module  Q. 
Choose  a resolution  F%  > F\  > F0  > Q > 0 by  finite  free  A- modules  F. \.  Then 

F2  gA  Mn  — > F\  lg>A  Mn  — t Fq  gA  Mn 


is  a chain  complex  whose  homology  in  degree  0 is  Q gA  Mn  and  whose  homology 
in  degree  1 is 

Torf  (Q,  Mn)  = Tor f(Q,  A/In ) g A/i*  Mn 
as  Mn  is  flat  over  A/In.  By  Lemma  15.21.3  we  see  that  this  system  is  essentially 
constant  (with  value  0).  It  follows  from  Homology,  Lemma  12.27.7  that  limQ  <S>A 
A/In  = Coker(limTi  gA  Mn  — > lim  Eo  gA  Mn).  Since  Fi  is  finite  free  this  equals 
Coker(.Fj  g^  M — > F0  gA  M)  = Q g^  M. 

Next,  let  Q — > Q'  be  an  injective  map  of  finite  A-modules.  We  have  to  show  that 
Q gA  M — »•  Q'  gA  M is  injective  (Algebra,  Lemma  10.38.5).  By  the  above  we  see 

Ker(Q  gA  M — > Q’  g a M)  = Ker(lim  Q g a Mn  — > lim  Q'  g a M„). 


For  each  n we  have  an  exact  sequence 

Torf  (Q7,  Mn)  ->  Tor  f(Q",  Mn)  — >■  Q gA  Mn  -»•  Q'  ®A  Mn 

where  Q"  = Coker(Q  — 1 Q')-  Above  we  have  seen  that  the  inverse  systems  of  Tor’s 
are  essentially  constant  with  value  0.  It  follows  from  Homology,  Lemma  |12.27.7| 
that  the  inverse  limit  of  the  right  most  maps  is  injective.  □ 


OAGW  Lemma  15.21.5.  Let  R be  a ring.  Let  I C R be  an  ideal.  Let  M be  an  R-module. 
Assume 

(1)  / is  finitely  generated, 

(2)  R/I  is  Noetherian, 

(3)  M/IM  is  flat  over  R/ 1 , 

(4)  Tor?(M,R/I)  = 0. 

Then  the  I-adic  completion  i?A  is  a Noetherian  ring  and  AfA  is  flat  over  i?A. 


Proof.  By  Algebra,  Lemma  10.98.8  the  modules  M/InM  are  flat  over  R/In  for 
all  n.  By  Algebra,  Lemma  10.95.5  we  have  (a)  i?A 
and  (b)  R/In  = i?A//"i?A 


and  M A are  I-adically  complete 
for  all  n.  By  Algebra,  Lemma  10.96.5  the  ring  RA 


is 


Noetherian.  Applying  Lemma  15.21.4  we  conclude  that  MA  = lim  M/InM  is  flat 
as  an  i?A-module.  □ 


15.22.  The  Koszul  complex 

0621  We  define  the  Koszul  complex  as  follows. 

0622  Definition  15.22.1.  Let  R be  a ring.  Let  tp  : E — > R be  an  .R-module  map. 
The  Koszul  complex  K . (<p)  associated  to  <p  is  the  commutative  differential  graded 
algebra  defined  as  follows: 

(1)  the  underlying  graded  algebra  is  the  exterior  algebra  K,(ip)  = A (E), 

(2)  the  differential  d : Kt  (ip)  -a  K,(ip)  is  the  unique  derivation  such  that 
d(e)  = <p(e)  for  all  e £ E = Ki(ip). 

Explicitly,  if  e\  A . . . A en  is  one  of  the  generators  of  degree  n in  then 

d{e  1 A . . . A en)  = V'  (-l)I+V(ej)ei  A . . . A ej  A . . . A e„. 
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It  is  straightforward  to  see  that  this  gives  a well  defined  derivation  on  the  tensor 
algebra,  which  annihilates  e (g>  e and  hence  factors  through  the  exterior  algebra. 

We  often  assume  that  E is  a finite  free  module,  say  E = R®n.  In  this  case  the  map 
ip  is  given  by  a sequence  of  elements  £ R. 

0623  Definition  15.22.2.  Let  I?  be  a ring  and  let  /i, . . . , fr  € R.  The  Koszul  complex 
on  fi, fr  is  the  Koszul  complex  associated  to  the  map  {fi,  ■ ■ ■ ,fr)  ■ A®r  — > R- 
Notation  A'.(/.),  K.(fu  . . . , fr),  K.{R , /i,  — , fr),  or  K.(R,  /.). 

Of  course,  if  E is  finite  locally  free,  then  K.(ip)  is  locally  on  Spec(A)  isomorphic 
to  a Koszul  complex  K,  (/i, . . . , fr).  This  complex  has  many  interesting  formal 
properties. 

0624  Lemma  15.22.3.  Let  cp  : E — »•  R and  tp'  : E'  — > R be  R-module  maps.  Let  ip  : E — »• 
E'  be  an  R-module  map  such  that  ip'  o ip  = ip.  Then  ip  induces  a homomorphism  of 
differential  graded  algebras  Km{ip)  — » A.  (<//). 

Proof.  This  is  immediate  from  the  definitions.  □ 

0625  Lemma  15.22.4.  Let  fi, . . . , fr  £ R be  a sequence.  Let  ( Xij ) be  an  invertible 
r x r-matrix  with  coefficients  in  R.  Then  the  complexes  Kt(f,)  and 

X\ jfj,  ^ X2 jfj,  ■ ■ ■ , Xrjfj ) 

are  isomorphic. 

Proof.  Set  gi  = The  matrix  {xjf)  gives  an  isomorphism  x : R®r  — > R®r 

such  that  (<71, . . . ,gr)  = (/i, . . . , fr)  o x.  Hence  this  follows  from  the  functoriality 
of  the  Koszul  complex  described  in  Lemma [15. 22. 3|  □ 

0626  Lemma  15.22.5.  Let  R be  a ring.  Let  ip  : E — » R be  an  R-module  map.  Let 
e £ E with  image  f = <p(e)  in  R.  Then 

f = de  + ed 

as  endomorphisms  of  AT.  (ip) . 

Proof.  This  is  true  because  d(ea)  = d(e)a  — ed(a)  = fa  — ed(a).  □ 

0663  Lemma  15.22.6.  Let  R be  a ring.  Let  /i,  • ■ ■ , fr  £ R be  a sequence.  Multiplication 
by  fj  on  Kt(f,)  is  homotopic  to  zero,  and  in  particular  the  cohomology  modules 
Hi(K,(f,))  are  annihilated  by  the  ideal  (/i, . . . , fr). 

Proof.  Special  case  of  Lemma [15. 22. 5|  □ 

In  Derived  Categories,  Section  fi 3 .9|  we  defined  the  cone  of  a morphism  of  cochain 
complexes.  The  cone  C(f ).  of  a morphism  of  chain  complexes  / : A,  — > Bm  is  the 
complex  C{f),  given  by  C{f)n  = Bn  ® An_i  and  differential 

0627  (15.22.6.1)  iCU),n  = (“*•"  J"^) 

It  comes  equipped  with  canonical  morphisms  of  complexes  i : Bt  — > C(/)#  and 
p : C(f ).  — ► A,[—  1]  induced  by  the  obvious  maps  Bn  — >•  C(f)n  — ► An_x. 
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0628  Lemma  15.22.7.  Let  R be  a ring.  Let  p : E — ► R be  an  R-module  map.  Let 
f £ R.  Set  E'  = E ® R and  define  tp1  : E'  — >•  R by  ip  on  E and  multiplication  by  f 
on  R.  The  complex  K,(p')  is  isomorphic  to  the  cone  of  the  map  of  complexes 

f : K.{p)  — ♦ K,(p). 

Proof.  Denote  eo  £ E'  the  element  1 £ R C R ® E.  By  our  definition  of  the  cone 
above  we  see  that 

C(f)n  = Kn{<p)  © Kn_i{p)  = A n(E)  © A n-\E)  = A n{E') 

where  in  the  last  = we  map  (0,  e\  A ...  A e„_i)  to  eo  A ei  A . . . A e„_i  in  A n{E').  A 
computation  shows  that  this  isomorphism  is  compatible  with  differentials.  Namely, 
this  is  clear  for  elements  of  the  first  summand  as  p'\e  = p and  dc(f)  restricted  to 
the  first  summand  is  just  d^.O)-  On  the  other  hand,  if  ei  A ...  A e„_i  is  in  the  first 
summand,  then 

dc(/)(0,  ci  A . . . A en_i)  = fe\  A ...  A en_i  — d,K,(p){c l A ...  A e„_i) 
and  on  the  other  hand 


dif.O')(eo  A ei  A ...  A en_i) 

= y^.  „ (— l)V,(ei)eo  A ...  A ej  A ...  A e„_i 

= fe i A ...  A en-\  + 'V'  (-l)V(el)e0  A ...  A ej  A ...  A en_i 

L — '2=l,...,n— 1 

= fe i A ...  A en_i  - e0  ( V'  (-l)I+V(ei)ei  A ...  A ej  A ...  A en_i ) 

which  is  the  image  of  the  result  of  the  previous  computation.  □ 

0629  Lemma  15.22.8.  Let  R be  a ring.  Let  /i, . . . , fr  be  a sequence  of  elements  of  R. 
The  complex  Km(f\, . . . , fr)  is  isomorphic  to  the  cone  of  the  map  of  complexes 

fn  : ...,  fr-i)  — i K.(fx, . . . , /r_i). 

Proof.  Special  case  of  Lemma [15. 22. 7|  □ 

062A  Lemma  15.22.9.  Let  R be  a ring.  Let  A.  be  a complex  of  R-modules.  Letf,g£R. 
Let  C(f ).  be  the  cone  of  f : A,  — >•  A,.  Define  similarly  C(g),  and  C(fg),.  Then 
C(fg),  is  homotopy  equivalent  to  the  cone  of  a map 

C(/).[1]->C(<?). 

Proof.  We  first  prove  this  if  A . is  the  complex  consisting  of  R placed  in  degree  0. 
In  this  case  the  map  we  use  is 

0 ^0 ^R— f-^R ^0 

i 

V g V 

0 >-  R — U-  R >■  0 s-  0 


The  cone  of  this  is  the  chain  complex  consisting  of  R © R placed  in  degrees  1 and 
0 and  differential  (15.22.6.1) 


9 1 

0 -/ 
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We  leave  it  to  the  reader  to  show  this  this  chain  complex  is  homotopic  to  the 
complex  fg-.R^-R.  In  general  we  write  C(/).  and  C(g ).  as  the  total  complex  of 
the  double  complexes 

(R  A R)  A,  and  (R  A R)  ®R  A . 

and  in  this  way  we  deduce  the  result  from  the  special  case  discussed  above.  Some 
details  omitted.  □ 


062B  Lemma  15.22.10.  Let  R be  a ring.  Let  <p  : E R be  an  R-module  map.  Let 
f,g  £ R.  Set  E'  = E ® R and  define  (p'j , tp'g , ip'j g : E'  — ► R by  ip  on  E and 
multiplication  by  f,g,fg  on  R.  The  complex  K.(tp'fg)  is  isomorphic  to  the  cone  of 
a map  of  complexes 

1]  — >•  K.(v'g). 


Proof.  By  Lemma  15.22.7  the  complex  A”.  (fij)  is  isomorphic  to  the  cone  of  mul- 
tiplication by  / on  A m(<p)  and  similarly  for  the  other  two  cases.  Hence  the  lemma 
follows  from  Lemma  Il5. 22.91  □ 


062C  Lemma  15.22.11.  Let  R be  a ring.  Let  fi, . . . , fi- i be  a sequence  of  elements  of 
R.  Let  f,g£  R.  The  complex  K,(fi, . . . ,fi-i,fg)  is  homotopy  equivalent  to  the 
cone  of  a map  of  complexes 

K.(fl,.  . . , fr-lj)[l}  —>K.{fi,...,  fr-1,9) 

Proof.  Special  case  of  Lemma [15. 22. 10|  □ 

0664  Lemma  15.22.12.  Let  A be  a ring.  Let  fi, . . . , fr,  gi,...,gs  be  elements  of  A. 
Then  there  is  an  isomorphism  of  Koszul  complexes 

K.{A , /i, . . . , fr,gi,  ...,ga)  = Tot(K.(A,  /i, . . . , fr)  igu  K,(A,gi, . . .,gs)). 

Proof.  Omitted.  Hint:  If  AT,(H,  /i, . . . , fr)  is  generated  as  a differential  graded 
algebra  by  x\,...,xr  with  d(a:j)  = fi  and  K,(A,  gi, . . . , gs)  is  generated  as  a 
differential  graded  algebra  by  yi,...,ys  with  d(jjj)  = gj , then  we  can  think  of 
I\,(A1  fi,  ■ ■ . , fr,gi,  - ■ ■ ,gs)  as  the  differential  graded  algebra  generated  by  the  se- 
quence of  elements  Xi, . . . , xr,  j/i, . . . , yr  with  d(ajj)  = fi  and  d (yfi  = gj.  □ 


0913  Lemma  15.22.13.  Let  R be  a ring.  Let  fi, . . . , fi  £ R.  The  extended  alternating 
Cech  complex 


R 


ll  **0  ll,  ,,  R^ofi  '■■■  > Rfl—fr 


>-i0  - i 

is  a colimit  of  the  Koszul  complexes  K(R , . . . , /"). 

Proof.  The  transition  maps  K{R,  /" , . . . , /")  — > K(R,  /"+1, . . . , /”+1)  are  the 
maps  sending  A ...  A Civ  to  fi  +1  ...  A ...  A eip  where  the  indices  are  such 
that  {1,  ...,r}  = {ii,...,  ir}.  In  particular  the  transition  maps  are  always  1 in 
degree  r and  equal  to  fi  ...  fi  in  degree  0.  The  terms  of  the  colimit  are  equal  to  the 
terms  of  the  extended  alternating  Cech  complex  by  Algebra,  Lemma  10.9.9  □ 
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062D 

062E 


062F 


062G 


15.23.  Koszul  regular  sequences 


Please  take  a look  at  Algebra,  Sections  |10.67[  |10.68[  and  1 1 0 . 7 1 1 before  looking  at 
this  one. 


Definition  15.23.1.  Let  A be  a ring.  Let  r > 0 and  let  f\ , ....  fr  £ R be  a 
sequence  of  elements.  Let  M be  an  A-module.  The  sequence  is  called 

(1)  M-Koszul-regular  if  Hi(K,(fi, . . . , fr)  M)  = 0 for  all  0, 

(2)  M -Hi-regular  if  iLi(A'.(/1; . . . , fr)  M)  = 0, 

(3)  Koszul-regular  if  Hi(K.(fi, . . . , fr))  = 0 for  all  0,  and 

(4)  Hi-Koszul-regular  if  . . . , fr ))  = 0. 

We  will  see  in  Lemmas  |15.23.2| and |15.23.5|  that  for  elements  /i , . . . , fr  of  a ring  R 
we  have  the  following  implications 

fi , . . . , fr  is  a regular  sequence  =>•  /i , . . . , fr  is  a Koszul-regular  sequence 

=>•  /i, . . . , fr  is  an  Hi -regular  sequence 
=>  fi , . . . , fr  is  a quasi-regular  sequence. 


In  general  none  of  these  implications  can  be  reversed,  but  if  A is  a Noetherian 
local  ring  and  fi, . . . , fr  £ m^,  then  the  four  conditions  are  all  equivalent  (Lemma 


15.23.6 1 . If  / = /i  £ R is  a length  1 sequence  then  it  is  clear  that  the  following  are 


and 


all  equivalent 

(1)  / is  a regular  sequence  of  length  one, 

(2)  / is  a Koszul-regular  sequence  of  length  one, 

(3)  / is  a Hi-regular  sequence  of  length  one. 

It  is  also  clear  that  these  imply  that  / is  a quasi-regular  sequence  of  length  one.  But 
there  do  exist  quasi-regular  sequences  of  length  1 which  are  not  regular  sequences. 
Namely,  let 

R = k[x,y0,yi, . . .]/(xy0,  xyi  - y0,xy2  - y1; . . .) 


and  let  / be  the  image  of  x in  R.  Then  / is  a zerodivisor,  but  ©,l>0(/ra)/(/Il+1)  = 
k[x ) is  a polynomial  ring. 


Lemma  15.23.2.  An  M -regular  sequence  is  M -Koszul-regular.  A regular  sequence 
is  Koszul-regular. 


Proof.  Let  R be  a ring  and  let  M be  an  A-module.  It  is  immediate  that  an  M- 
regular  sequence  of  length  1 is  M-Koszul-regular.  Let  f\. ... . fr  be  an  M- regular 
sequence.  Then  /i  is  a nonzerodivisor  on  M . Hence 

0 —>  K.(/2, . . . , fr)  0 M A A'.(/2, . . . , fr)  « M -»■  A'.(72, . . . Jr)  ® M/fiM  0 


is  a short  exact  sequence  of  complexes  where  fi  is  the  image  of  /,;  in  A/(/i).  By 
Lemma  15.22.8  the  complex  A'#(A,  fi,  - , fr)  is  isomorphic  to  the  cone  of  multi- 

plication by  fi  on  A'.(/2, . . . , fr).  Thus  AT. (A,  /i , . . . , fr)  ® M is  isomorphic  to 
the  cone  on  the  first  map.  Hence  K,(f2i . . . , fr)  ® M/fiM  is  quasi-isomorphic  to 
K,(fi, . . . , fr)  (g)  M.  As  /2, . . . , fr  is  an  M//iM-regular  sequence  in  A/ (/i)  the 
result  follows  from  the  case  r = 1 and  induction.  □ 


Lemma  15.23.3.  Let  fi, . . . , fr-i  £ A be  a sequence  and  f,g  £ A.  Let  M be  an 
R-module. 

(1)  Iffi,-  ■ ■ , fr- i,  / and  f1: . . . , /, — i,  g are  M -Hi-regular  then  /i, . . . , fr-i,fg 
is  M -Hi-regular  too. 


15.23.  KOSZUL  REGULAR  SEQUENCES 


1155 


(2)  ///i, . . . , fr-uf  and  /i, . . . , fr-i,f  are  M -Koszul-regular  then  /i, . . . , /, — i,  fg 
is  M -Koszul-regular  too. 

Proof.  By  Lemma  [l 5 . 22 . 1 1 1 we  have  exact  sequences 

...,  fr_u  /)®M)  -A  HflK.J i, . . . , fr-i,  f g)®M)  . . , fr_i,g)®M) 

for  allu  □ 

062H  Lemma  15.23.4.  Lei  ip  : R S be  a flat  ring  map.  Let  f-[. ... , fr  £ R.  Let  M 
be  an  R-module  and  set  N = M ®R  S . 

(1)  If  /i, . . . , /r  m R is  an  M -H\-regular  sequence,  then  p(fi),  ■ ■ ■ , p(fr)  Is 
an  N -Hi-regular  sequence  in  S. 

(2)  If  fi, . . . , fr  is  an  M -Koszul-regular  sequence  in  R,  then  <p(fi), . . . , tp(fr) 
is  an  N -Koszul-regular  sequence  in  S. 


0621 


Proof.  This  is  true  because  I\,  (/i, fr)®R  S = K,(ip(f\), . . . , tp(fr))  and  there- 
fore (K.J1, . ..Jr)  ®R  M)  ®R  S = K,((p(fi), ...,  tp(fr))  ®s  N.  □ 


Lemma  15.23.5.  yin  M-Hi-regular  sequence  is  M -quasi-regular. 


Proof.  Let  R be  a ring  and  let  M be  an  f?-module.  Let  f\, ... , fr  be  an  M-H i- 
regular  sequence.  Denote  J = (/i, . . . , fr).  The  assumption  means  that  we  have  an 
exact  sequence 

A2(f?r)  <g>  M -A  i?®r  <g>  M -a  JM  ->  0 

where  the  first  arrow  is  given  by  e*  A ej  ® m i— ► ( flej  — fjef)  <S>  to.  In  particular  this 
implies  that 

JM/J2M  = JM  ®R  R/J  = ( M/JM)®r 


is  a finite  free  module.  To  finish  the  proof  we  have  to  prove  for  every  n > 2 the 
following:  if 


C = Lm  Tr  , "'//r  • • • /,' 


£ Jn+1M 


then  to/  G JM  for  all  /.  Note  that  fi, ■ ■ ■ , fr-ijf  is  an  M-Hi-regular  sequence 
by  Lemma[l5.23.3|  Hence  we  see  that  the  required  result  holds  for  the  multi-index 
I = (0, . . . , 0,  n).  It  turns  out  that  we  can  reduce  the  general  case  to  this  case  as 
follows. 


Let  S = R[x\,  X2,  ■ ■ ■ , xr,  l/xr\.  The  ring  map  R — > S is  faithfully  flat,  hence 


we  see  that 

gi  fl  f r i • • • gr—1  fr  — 1 ^r—lj^rfr  7 9r  (1  / Xr)  f r 

is  an  M-H  /-regular  sequence  in  S.  Finally,  note  that  our  element  £ can  be  rewritten 
£ = y ~ mi  (gi  + xrgr)  1 • ■ ■ (<?i — 1 + xrgr)  r 1 ( xrgr ) 1 

and  the  coefficient  of  <7™  in  this  expression  is 

mixlf  . . .x]r  G J(M  ®R  S). 

Since  the  monomials  xlf  . . . xlrr  form  part  of  an  i?-basis  of  S over  R we  conclude 
that  to/  £ J for  all  / as  desired.  □ 


fi, . . . , fr  is  an  M-Hi-regular  sequence  in  S , see  Lemma  15.23.4|  By  Lemma  15.22.4 


For  nonzero  finite  modules  over  Noetherian  local  rings  all  of  the  types  of  regular 
sequences  introduced  so  far  are  equivalent. 
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09CC  Lemma  15.23.6.  Let  ( R , m)  be  a Noetherian  local  ring.  Let  M be  a nonzero  finite 
R-module.  Let  fi,  ■ ■ ■ , fr  G m.  The  following  are  equivalent 

(1)  /i, . . . , fr  is  an  M -regular  sequence, 

(2)  /i , . . . , fr  is  a M -Koszul-regular  sequence, 

(3)  /i, . . . , fr  is  an  M-Hi-regular  sequence, 

(4)  /i, . . . , fr  is  an  M -quasi-regular  sequence. 

In  particular  the  sequence  fi , . . . , fr  is  a regular  sequence  in  R if  and  only  if  it  is  a 
Koszul  regular  sequence,  if  and  only  if  it  is  a Hi-regular  sequence,  if  and  only  if  it 
is  a quasi-regular  sequence. 


0665 


Proof.  The  implication  (1)  =>  (2)  is  Lemma  15.23.2 
immediate.  The  implication  (3) 


(4)  is  Lemma  15.23.5 


(1)  is  Algebra,  Lemma  10.68.6 


The  implication  (2)  =>  (3)  is 
The  implication  (4)  => 
□ 


Lemma  15.23.7.  Let  A be  a ring.  Let  I C A be  an  ideal.  Let  gi,...,gm  be 
a sequence  in  A whose  image  in  A/I  is  Hi-regular.  Then  I fl  (gi,  - ■ ■ ,gm)  = 

i{gi,---,gm)- 


Proof.  Consider  the  exact  sequence  of  complexes 

0 — > / R*(A,gi, . . . ,gm ) — > K»(A,gi, . . . ,gm ) — i K,(A/ 1,  g\, . . . ,gm ) —>  0 
Since  the  complex  on  the  right  has  H \ = 0 by  assumption  we  see  that 
Coker(/®m  ->  I)  — > Coker(A®m  ->■  A) 

is  injective.  This  is  equivalent  to  the  assertion  of  the  lemma.  □ 

0666  Lemma  15.23.8.  Let  A be  a ring.  Let  I C J C A be  ideals.  Assume  that 
J/I  C A/I  is  generated  by  an  Hi-regular  sequence.  Then  I fl  J2  = IJ. 


Proof.  To  prove  this  choose  gi, . . . , gm  £ J whose  images  in  A/ 1 form  a Hi -regular 
sequence  which  generates  J/I.  In  particular  J = I + (gi, ...  ,gm)-  Suppose  that 
x £ / n J2.  Because  x G J2  can  write 

x = ^2  aijgtgj  + ^ ajgj  + a 


0667 


with  aij  G A,  aj  G I and  a G I2.  Then  Y^aij9i9j  Gin  {g\, . . . , gm)  hence  by 
Lemma  15.23.7  we  see  that  aij9i9j  G I(gi,  ■ ■ ■ , gm)-  Thus  x G IJ  as  desired.  □ 


Lemma  15.23.9.  Let  A be  a ring.  Let  I be  an  ideal  generated  by  a quasi-regular 
sequence  fi,  ■ . . , fn  in  A.  Let  g±, . . . , gm  G A be  elements  whose  images  JR, . . . , gm 
form  an  Hi-regular  sequence  in  A/I.  Then  fi, . . . , fn,g i, . . . ,gm  is  a quasi-regular 
sequence  in  A. 


Proof.  We  claim  that  gi,...,gm  forms  an  ill-regular  sequence  in  A/Id  for  every 
d.  By  induction  assume  that  this  holds  in  A/Jd_1.  We  have  a short  exact  sequence 
of  complexes 

0 -A  K.{A,g.)  /d-1//d  -t  K.(A/Id,g.)  -A  K,{A/Id~\ g.)  0 

Since  fi  is  quasi- regular  we  see  that  the  first  complex  is  a direct  sum  of  copies 

of  K,(A/I,gi, . . . ,gm)  hence  acyclic  in  degree  1.  By  induction  hypothesis  the  last 
complex  is  acyclic  in  degree  1.  Hence  also  the  middle  complex  is.  In  particular, 
the  sequence  gi, . . . ,gm  forms  a quasi- regular  sequence  in  A/Id  for  every  d > 1,  see 
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Lemma  |15.23.5[  Now  we  are  ready  to  prove  that  fi,  g\, . . . , gm  is  a quasi- 

regular sequence  in  A.  Namely,  set  J = (A> . . . , fn,g i, . . . ,gm)  and  suppose  that 
(with  multinomial  notation) 


E 


n fN„M  r-  jd+1 

&N  M T Q € J 

\N\  + \M\=d 

for  some  cln,m  £ A.  We  have  to  show  that  ajv,M  £ J for  all  N,M.  Let  e £ 
{0, 1, . . . , d}.  Then 

fN  M c / \e+l  , jd—e+1 

<\N\=d-e,\M\=eaN’Mf  9 G ^1,  ■ ■ ■ , 9m)  +1 

Because  gi, . . . ,gm  is  a quasi-regular  sequence  in  A/Id~e+1  we  deduce 

r.i  i o-n,m/n  € (<?i,  • • • ,gm)  + id  6+1 

z AT  |=d— e 

for  each  M with  \M\  = e.  By  Lemma 


E, 


15.23.7 


applied  to  Id  e /Id  e+1  in  the  ring 
Aj /d-e+i  this  implies  J/\N\=d_e  aNMfN  € Id~e(gi,  ■ • ■ , 5m)-  Since  A is 
quasi-regular  in  >1  this  implies  that  ajy,M  £ J for  each  N,  M with  \N\  = d — e and 
\M\  = e.  This  proves  the  lemma.  □ 


Lemma  15.23.10.  Let  A be  a ring.  Let  I be  an  ideal  generated  by  an  Hi-regular 
sequence  fi,  ■ . ■ , fn  in  A.  Let  g\, . . . , gm  £ A be  elements  whose  images  g1, . . . , gm 
form  an  Hi-regular  sequence  in  A/I.  Then  A> . . . ■ ■ -,gm  is  an  H\-regular 

sequence  in  A. 


Proof.  We  have  to  show  that  Hi(A,  fi, . . . , /„,  gi, . . . , g m)  = 0.  To  do  this  consider 
the  commutative  diagram 

A2(A®”+m) >-  A®n+m s-  A 0 


A 2(A/I®m)  A/I®m > A/I  0 

Consider  an  element  (ai, . . . ,an+m)  £ A®n+rn  which  maps  to  zero  in  A.  Because 
gl. . . . , grn  form  an  TA-regular  sequence  in  A/ 1 we  see  that  (a„+i, . . . , an+m)  is 
the  image  of  some  element  a of  /\2{A/ I®m).  We  can  lift  a to  an  element  a £ 
A 2(^j©n-t-m)  an(j  substract  the  image  of  it  in  A®n+m  from  our  element  (ai, . . . , an+m). 
Thus  we  may  assume  that  an+i . . . . , an+m  £ I.  Since  I = (fi, ... , fn)  we  can  mod- 
ify our  element  (ai, . . . , an+m)  by  linear  combinations  of  the  elements 

(0,  • • ■ j5.j,  0, . . . , 0,  A,  0, . . . , 0) 

in  the  image  of  the  top  left  horizontal  arrow  to  reduce  to  the  case  that  an+i , . . . , an+m 
are  zero.  In  this  case  (ai, . . . , an,  0, . . . , 0)  defines  an  element  of  H\(A,  fi,  . . . , fn) 
which  we  assumed  to  be  zero.  □ 


068L  Lemma  15.23.11.  Let  A be  a ring.  Let  fi, . ■ ■ , fn,gi,  ■ ■ ■ ,gm  & A be  an  Hi- 
regular  sequence.  Then  the  images  g1: . . . , gm  in  A/(f\ , . . . , /„)  form  an  Hi  -regular 
sequence. 

Proof.  Set  I = (Ai  • • • j fn)-  We  have  to  show  that  any  relation  £E=1  m®j9j  in 
A/ 1 is  a linear  combination  of  trivial  relations.  Because  I = (fi, . . . , fn)  we  can 
lift  this  relation  to  a relation 
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in  A.  By  assumption  this  relation  in  A is  a linear  combination  of  trivial  relations. 
Taking  the  image  in  A/ 1 we  obtain  what  we  want.  □ 


0669  Lemma  15.23.12.  Let  A be  a ring.  Let  I be  an  ideal  generated  by  a Koszul- 
regular  sequence  in  A.  Let  gi,...,gm  € A be  elements  whose  images 

g1,...,  gm  form  a Koszul-regular  sequence  in  A/I . Then  fi,  ...,/„,  gi, ... , gm  is  a 
Koszul-regular  sequence  in  A. 


Proof.  Our  assumptions  say  that  A.(A,  fi, . . . , fn)  is  a finite  free  resolution  of  A/ 1 
and  K,(A/I,g  1; . . . , <?m)  is  a finite  free  resolution  of  A/(fi,gj)  over  A/I.  Then 


K,(A,  fn,gi  5 • • • 1 9m  ) = Tot(A'.(A,  /i,  ...,/„)  <8u  A'.  (A,  51  j • • • i 9m)) 

= A/I  ®A  K,(A1g1, . . .,gm) 

A.  (A//,  g1, . . . ,5m) 

- A/(fu9j) 


The  first  equality  by  Lemma  15.22.12  The  first  quasi-isomorphism  = by  (the  dual 
of)  Homology,  Lemma  12.22.7  as  the  </th  row  of  the  double  complex  A".  (A,  /i, . . . , fn)®A 
AT,(A , gi, ... , gm ) is  a resolution  of  A/I ®a  Kq(A , gi, ... , gm).  The  second  equality 
is  clear.  The  last  quasi-isomorphism  by  assumption.  Hence  we  win.  □ 


To  conclude  in  the  following  lemma  it  is  necessary  to  assume  that  both  f\,...,  fn 
and  /i,  <71 , . . . , gm  are  Koszul-regular.  A counter  example  to  dropping  the 

assumption  that  f\, , fn  is  Koszul-regular  is  Examples,  Lemma |88. 13. 1| 

068M  Lemma  15.23.13.  Let  A be  a ring.  Let  fi,  gi, ...,  gm  £ A.  If  both 

/i>  • ■ • , fn  and  /i,...,/mSi,.--,5m  are  Koszul-regular  sequences  in  A,  theng1, . . . ,gm 
in  A/(fi , . . . , /„)  form  a Koszul-regular  sequence. 


Proof.  Set  I = (/i, . . . , fn).  Our  assumptions  say  that  K,(A,  fi, . . . , fn)  is  a finite 
free  resolution  of  A/ 1 and  A', (A,  /i,  gi, ... , gm)  is  a finite  free  resolution  of 

A/(fi,gj)  over  A.  Then 


A/ ( fi ; 9j  ) — A,  (A,  /l,  . • • , /n,  <?1,  . • . , gm) 

= Tot(A'.(A,  /i,  ...,/„)  ® a A'. (A,  51, ...  ,gm)) 
= a/I  ®>A  K\(A,g1, . . .,gm) 

A.  (A//,  5i , ■ • ■ 1 9m) 


The  first  quasi-isomorphism  = by  assumption.  The  first  equality  by  Lemma|15.22.12 


The  second  quasi-isomorphism  by  (the  dual  of)  Homology,  Lemma  12.22.7  as  the 
qth  row  of  the  double  complex  A'.  (A,  fi, ... , fn)^>AKt(A1  gi,. . . ,gm)  is  a resolution 
of  A/I  ®a  Kq{A , 51, . . . , gm).  The  second  equality  is  clear.  Hence  we  win.  □ 


066A  Lemma  15.23.14.  Let  R be  a ring.  Let  I be  an  ideal  generated  by  f i, . . . , fr  £ R. 

(1)  If  I can  be  generated  by  a quasi-regular  sequence  of  length  r,  then  f\,...,fr 
is  a quasi-regular  sequence. 

(2)  If  I can  be  generated  by  an  Hi -regular  sequence  of  length  r,  then  f\ , . . . , fr 
is  an  Hi-regular  sequence. 

(3)  If  I can  be  generated  by  a Koszul-regular  sequence  of  length  r,  then  fi , . . . , fr 
is  a Koszul-regular  sequence. 
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Proof.  If  / can  be  generated  by  a quasi- regular  sequence  of  length  r,  then  I /I2 
is  free  of  rank  r over  R/I.  Since  j\, ... , fr  generate  by  assumption  we  see  that 
the  images  ft  form  a basis  of  I//2  over  R/I.  It  follows  that  fi,  ■ ■ ■ , fr  is  a quasi- 
regular sequence  as  all  this  means,  besides  the  freeness  of  I//2,  is  that  the  maps 
Sym^///(7//2)  — > /ra//n+1  are  isomorphisms. 


We  continue  to  assume  that  / can  be  generated  by  a quasi-regular  sequence,  say 
gi, ...  ,gr.  Write  gj  = Y Oijfi-  As  f\. ... , fr  is  quasi-regular  according  to  the  pre- 
vious paragraph,  we  see  that  det(aij)  is  invertible  mod  I.  The  matrix  a,y  gives  a 
map  R®r  — > R®r  which  induces  a map  of  Koszul  complexes  a : K,(R.  j\, . . . . fr)  — > 
K,(R,gi, . . . ,gr),  see  Lemma  15.22.3  This  map  becomes  an  isomorphism  on  in- 
verting det(ay).  Since  the  cohomology  modules  of  both  K,(R,  A, . . . , fr)  and 
K,(R.  gll . . . , gr ) are  annihilated  by  /,  see  Lemma  15.22.6  we  see  that  a is  a quasi- 
isomorphism. Hence  if  gi, . . . , gr  is  LA-regular,  then  so  is  fi, . . . , fr.  Similarly  for 
Koszul-regular.  □ 


063Q  Lemma  15.23.15.  Let  A -A  B be  a ring  map.  Let  f\ , . . . , fr  be  a sequence  in  B 
such  that  B/(fi, . . . , fr ) is  A- flat.  Let  A A'  be  a ring  map.  Then  the  canonical 
map 

H\(K,(B,  A, . . . , fr))  ®A  A'  — ► A,...,  f'r)) 

is  surjective,  where  B'  = B (g)^  A!  and  f[  £ B'  is  the  image  of  fi . 


Proof.  The  sequence 

A 2{B®r)  ->  B®r  — ► B — ► B/J  ->•  0 


is  a complex  of  H-modules  with  B/J  flat  over  A and  cohomology  group  Hi  = 
Hi(K,(B,  A,  •••!  fr))  in  the  spot  B®r.  If  we  tensor  this  with  A!  we  obtain  a 
complex 

A2((.B,)®r)  ->•  (B')®r  B'  -)•  B'/J'  ->■  0 

which  is  exact  at  B'  and  B'/J'.  In  order  to  compute  its  cohomology  group  H[  = 
Hi(K,(B',  A,...,  /'))  at  ( B')®r  we  split  the  first  sequence  above  into  short  exact 
sequences  0— > J — > B — > B/  J — >-0  and  Ouif->  B®r  — > J — > 0 and  A 2(B®r)  —>■ 
I\  — > Hi  — > 0.  Tensoring  with  A!  over  A we  obtain  the  exact  sequences 


0 ->•  J <8u  A!  -)•  B ®A  A'  -a  (B/J) 

K ®A  A'  B®r  ®aA'^J®aA'-£Q 
A 2(B®r)  ®A  A'  ->■  K ®A  A!  ->■  Hi  A!  ->■  0 


where  the  first  one  is  exact  as  B/J  is  flat  over  A,  see  Algebra,  Lemma  10.38.12 
Hence  we  conclude  what  we  want.  □ 


068P  Lemma  15.23.16.  Let  R be  a ring.  Let  ai, . . . ,an  £ R be  elements  such  that  R — ► 
R®n , x i — t (xai, . . . ,xan)  is  injective.  Then  the  element  YaAi  of  the  polynomial 
ring  R[ti, . . . ,tn]  is  a nonzerodivisor. 

Proof.  If  one  of  the  c q is  a unit  this  is  just  the  statement  that  any  element  of  the 
form  A + ^2^2  + • • ■ + antn  is  a nonzerodivisor  in  the  polynomial  ring  over  R. 

Case  I:  R is  Noetherian.  Let  q^  , j = 1, . . . , m be  the  associated  primes  of  R.  We 
have  to  show  that  each  of  the  maps 

: Symd(i?®")  — > Symd+1(i?®n) 
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is  injective.  As  Symd(i?®n)  is  a free  R-module  its  associated  primes  are  qy.  j = 
1 ,m.  For  each  j there  exists  an  i = i(j)  such  that  ^ because  there  exists 
an  x £ R with  q^a;  = 0 but  aiX  ^ 0 for  some  i by  assumption.  Hence  ai  is  a unit  in 
Rgj  and  the  map  is  injective  after  localizing  at  qj.  Thus  the  map  is  injective,  see 
Algebra,  Lemma  [10.62. 19 

Case  II:  R general.  We  can  write  R as  the  union  of  Noetherian  rings  R\  with 
a\, . . . , an  £ R\.  For  each  R\  the  result  holds,  hence  the  result  holds  for  R.  □ 


068Q  Lemma  15.23.17.  Let  R be  a ring.  Let  /i , . . . , be  a Koszul-regular  sequence 

in  R.  Consider  the  faithfully  flat,  smooth  ring  map 


R 


S — R[{tij} 

i<ji  Ai  A 


22  i ' 


t_1l 

i °nn  J 


For  1 < i < n set 

9i  = t'ifi  e S- 

Then  g±, ...  ,gn  is  a regular  sequence  in  S and  (/i, . . . , fn)S  = (gi, . . . ,gn ). 


Proof.  The  equality  of  ideals  is  obvious  as  the  matrix 

An  t\ 2 ti3  . . A 

0 t22  ^23 

0 0 ^33 


V / 

is  invertible  in  S.  Because  f\, ... . fn  is  a Koszul-regular  sequence  we  see  that 
the  kernel  of  R — >■  R®n,  x >->•  (xfi, . . . , xfn)  is  zero  (as  it  computes  the  nthe 


We  conclude  that  /2,...,/n  is  a Koszul-regular  sequence  in  5'/ (52)  by  Lemma 


|15.23.13]  Hence  by  induction  on  n we  see  that  the  images  g.2, ... , gn  of  52,  • ■ • , 9n  in 
S' / (92)[{tij}2<i<j , • • • Anil]  form  a regular  sequence.  This  in  turn  means  that 

gi, ...  ,gn  forms  a regular  sequence  in  S.  □ 


15.24.  Regular  ideals 

07CU  We  will  discuss  the  notion  of  a regular  ideal  sheaf  in  great  generality  in  Divisors, 
Section  |30.17[  Here  we  define  the  corresponding  notion  in  the  affine  case,  i.e.,  in 
the  case  of  an  ideal  in  a ring. 

07CV  Definition  15.24.1.  Let  R be  a ring  and  let  I C R be  an  ideal. 

(1)  We  say  / is  a regular  ideal  if  for  every  p £ V(I)  there  exists  a g £ R, 
g £ p and  a regular  sequence  f\, . . . , fr  £ Rg  such  that  Ig  is  generated  by 

(2)  We  say  I is  a Koszul-regular  ideal  if  for  every  p £ V(I)  there  exists  a 
g £ R,  g p and  a Koszul-regular  sequence  /1, . . . , fr  £ Rg  such  that  Ig 
is  generated  by  /1, . . . , fr. 

(3)  We  say  / is  a Hi-regular  ideal  if  for  every  p £ V(I)  there  exists  a g £ R, 
g ^ p and  an  l^-regular  sequence  /1,  ■ . . , fr  £ Rg  such  that  Ig  is  generated 
by  h,...,fr- 


15.24.  REGULAR  IDEALS 


1161 


(4)  We  say  I is  a quasi-regular  ideal  if  for  every  p £ V(J)  there  exists  a 
g £ R,  g p and  a quasi-regular  sequence  f\ , . . . , fr  £ Rg  such  that  Ig  is 
generated  by  /i , . . . , fr. 


It  is  clear  that  given  I C R we  have  the  implications 

I is  a regular  ideal  =>  I is  a Koszul-regular  ideal 
=>  I is  a Hi-regular  ideal 
=>  I is  a quasi-regular  ideal 

see  Lemmas  |15.23.2|  and  |15.23.5|  Such  an  ideal  is  always  finitely  generated. 

07CW  Lemma  15.24.2.  A quasi-regular  ideal  is  finitely  generated. 

Proof.  Let  I C R be  a quasi-regular  ideal.  Since  V(I)  is  quasi-compact,  there 
exist  gi, ...  ,gm  £ R such  that  V(I)  C D(g i)  U . . . U D(gm)  and  such  that  Igj  is 
generated  by  a quasi-regular  sequence  gji, . . . , gjr.  £ Rgj . Write  gji  = g'^/g/f1 
for  some  g'i}  £ I.  Write  1 + x = for  some  x £ I which  is  possible  as 

V(I)  C D(g1)  U . . . U D(gm).  Note  that  Spec(i?)  = D(g1)  U . . . U D(gm)(JD(x) 
Then  I is  generated  by  the  elements  g'7-  and  x as  these  generate  on  each  of  the 
pieces  of  the  cover,  see  Algebra,  Lemma  10.23.2|  □ 

08RK  Lemma  15.24.3.  Let  I C R be  a quasi-regular  ideal  of  a ring.  Then  I /I2  is  a 


finite  projective  R/ 1 -module. 

Proof.  This  follows  from  Algebra,  Lemma [10.77. 2|  and  the  definitions. 


□ 


We  prove  flat  descent  for  Koszul-regular,  Hi-regular,  quasi-regular  ideals. 

068N  Lemma  15.24.4.  Let  A—^Bhea  faithfully  flat  ring  map.  Let  I CL  A be  an  ideal. 
If  IB  is  a Koszul-regular  (resp.  Hi-regular,  resp.  quasi-regular)  ideal  in  B,  then  I 
is  a Koszul-regular  (resp.  Hi-regular,  resp.  quasi-regular)  ideal  in  A. 


Proof.  We  fix  the  prime  p D I throughout  the  proof.  Assume  IB  is  quasi-regular. 
By  Lemma  15.24.2| IB  is  a finite  module,  hence  / is  a finite  A-module  by  Algebra, 
Lemma  110.82.21  ~As  A — > B is  flat  we  see  that 

I/I2  ®A/I  B/IB  = I/I2  = IB /{IB)2. 

As  IB  is  quasi-regular,  the  B/IB- module  IB /(IB)2  is  finite  locally  free.  Hence 
I /I2  is  finite  projective,  see  Algebra,  Proposition 


10.82.3 


In  particular,  after  re- 
placing A by  Af  for  some  / £ A,  f p we  may  assume  that  I /I2  is  free  of  rank  r. 
Pick  /i, . . . , fr  £ I which  give  a basis  of  I /I2.  By  Nakayama’s  lemma  (see  Algebra, 
Lemma  10.19.1 1 we  see  that,  after  another  replacement  A Ay- 
generated  by  /i, . . . , fr. 


as  above,  I is 


Proof  of  the  “quasi-regular”  case.  Above  we  have  seen  that  I /I2  is  free  on  the 
r-generators  f\. ... , fr . To  finish  the  proof  in  this  case  we  have  to  show  that  the 
maps  Sym d(I/I2)  — ► Jd/Jd+1  are  isomorphisms  for  each  d > 2.  This  is  clear  as  the 
faithfully  flat  base  changes  Sym d(IB/(IB)2)  -A  (I B)d / (I B)d+1  are  isomorphisms 
locally  on  B by  assumption.  Details  omitted. 


Proof  of  the  “Hi -regular”  and  “Koszul-regular”  case.  Consider  the  sequence  of 
elements  fi,  ■ ■ ■ , fr  generating  I we  constructed  above.  By  Lemma  |15.23.14|  we 
see  that  /i, . . . , fr  map  to  a Hi-regular  or  Koszul-regular  sequence  in  Bg  for  any 
g £ B such  that  IB  is  generated  by  an  Hi-regular  or  Koszul-regular  sequence. 
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07CX 


Hence  K,{A , /i, . . . , fr)  (8>a  Bg  has  vanishing  Hi  or  Hi , i > 0.  Since  the  homology 
of  K,(B,  fi, . . . , fr)  = K,(A , /i, . . . , fr)  5 is  annihilated  by  IB  (see  Lemma 


15.22.6)  and  since  V(IB)  C Us  as  above  Di.9)  we  conclude  that  K,{A,  fi,. . . , fr)®A 
B has  vanishing  homology  in  degree  1 or  all  positive  degrees.  Using  that  A — > B is 
faithfully  flat  we  conclude  that  the  same  is  true  for  K,(A,  f\, . . . , fr).  □ 


Lemma  15.24.5.  Let  A be  a ring.  Let  I C J C A be  ideals.  Assume  that 
J / 1 C A/ 1 is  a Hi -regular  ideal.  Then  I D J2  = I J . 


Proof.  Follows  immediately  from  Lemma[l5.23.8|by  localizing. 


□ 


15.25.  Local  complete  intersection  maps 


07CY  We  can  use  the  material  above  to  define  a local  complete  intersection  map  between 
rings  using  presentations  by  (finite)  polynomial  algebras. 

07CZ  Lemma  15.25.1.  Let  A — * B be  a finite  type  ring  map.  If  for  some  presen- 
tation a : A[x i, . . . ,xn\  —¥  B the  kernel  I is  a Koszul-regular  ideal  then  for  any 
presentation  /3  : A[yi, . . . , ym ] -A  B the  kernel  J is  a Koszul-regular  ideal. 

Proof.  Choose  fj  £ A[x  i, . . . , xn]  with  a(fj)  = P(yj)  and  gt  £ A[yi,  ...,ym\  with 
f3(gi)  = a(x i).  Then  we  get  a commutative  diagram 

A[  xi,  ...,xn,yi,..  .,ym] — »-  A[xi,  ...,xn] 

Xi^gi 

A[yi,  ■ ■ ■ ,Vm] B 


Note  that  the  kernel  A'  of  A[xi,  yj]  — > B is  equal  to  AT  = (. I,yj  — fj ) = ( J,Xi  — fi ). 
particular,  as  I is  finitely  generated  by  Lemma  15.24.2  we  see  that  J = K/(xi  — 
is  finitely  generated  too. 


In 

fi) 


Pick  a prime  q C B.  Since  I /I2  ®B®ra  = J / J2  0 B®n  (Algebra,  Lemma 
we  see  that 

dim  J/J2  «(q)  + n = dim///2  0b  «(q)  + m. 

Pick  pi,...,pt  G / which  map  to  a basis  of  I/I2  0 «(q)  = I 0a[x-;]  K(<l)-  Pick 
qi, . . ■ , qs  £ J which  map  to  a basis  of  J/J20k( q)  = J®A[yj]  «(q).  So  s + n = t+m. 
By  Nakayama’s  lemma  there  exist  h £ A[x.i]  and  h!  £ A[y.j\  both  mapping  to 
a nonzero  element  of  «;(q)  such  that  Ih  = (j>i,  ■ ■ ■ ,Pt)  in  A[aij,l//«]  and  Jh'  = 
(qi, . . . ,qs)  in  A[yj,l/h'].  As  / is  Koszul-regular  we  may  also  assume  that  Ih  is 
generated  by  a Koszul  regular  sequence.  This  sequence  must  necessarily  have  length 
t = dim///2  0 b ft(q),  hence  we  see  that  pi, . . . ,pt  is  a Koszul-regular  sequence  by 
Lemma |15. 23.14]  As  also  y-\  — f\, ... . yrn  — frn  is  a,  regular  sequence  we  conclude 

2/1  fl ) • • • j 2 lm  fmiPl  t • • • )Pt 


10.132.15) 


is  a Koszul-regular  sequence  in  A [ay , y, , 1/h]  (see  Lemma  15.23.12).  This  sequence 
generates  the  ideal  AT/i-  Hence  the  ideal  Khh'  is  generated  by  a Koszul-regular 
sequence  of  length  m + t = n + s.  But  it  is  also  generated  by  the  sequence 


*^1  9l  j • • • ? 9ni  Ql  i • • • i Qs 

of  the  same  length  which  is  thus  a Koszul-regular  sequence  by  Lemma  |15.23.14| 
Finally,  by  Lemma |15. 23. 13] we  conclude  that  the  images  of  or, . . . , qs  in 

~ 9n)  -A[yjA/h"} 


A[xi,Vj,  1 /hh']/(xi  - gi,. . . ,xn 
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07D0 


07D1 


07D2 


07D3 


07D4 


form  a Koszul-regular  sequence  generating  Jh".  Since  h"  is  the  image  of  hh!  it 
doesn’t  map  to  zero  in  «;(q)  and  we  win.  □ 


This  lemma  allows  us  to  make  the  following  definition. 

Definition  15.25.2.  A ring  map  A — > B is  called  a local  complete  intersection  if 
it  is  of  finite  type  and  for  some  (equivalently  any)  presentation  B = A[x i, . . . , xn\/I 
the  ideal  I is  Koszul-regular. 

This  notion  is  local. 


Lemma  15.25.3.  Let  R -A  S be  a ring  map.  Let  <jq, . . . , gm  £ S generate  the  unit 
ideal.  If  each  R -A  Sg.  is  a local  complete  intersection  so  is  R -A  S. 


Proof.  Let  S = R[x i, . . . , xn\/I  be  a presentation.  Pick  hj  £ . . . , xn ] map- 

ping to  gj  in  S.  Then  R[xi, . . . , xn,  a;n+i]/(J,  xn+i hj  — 1)  is  a presentation  of  Sg. . 
Hence  Ij  = (I,xn+ihj  — 1)  is  a Koszul-regular  ideal  in  R[x i, . . . ,xn,xn+i].  Pick 
a prime  I C q C R[x\, . . . , xn}.  Then  hj  ^ q for  some  j and  q^  = (q,  xn+\hj  — 1) 
is  a prime  ideal  of  V(Ij)  lying  over  q.  Pick  fi,. . ■ ,fr  £ I which  map  to  a basis  of 
I / 12 ®K(q).  Then  xn+\hj  — 1,  fr  is  a sequence  of  elements  of  Ij  which  map  to 

a basis  of  Ij  (g> /c(qj).  By  Nakayama’s  lemma  there  exists  an  h £ R[x\, . . . ,xn,  ain+i] 
such  that  (Ij)h  is  generated  by  xn+i hj  — 1,  /lt . . . , fr.  We  may  also  assume  that 
{Ij)h  is  generated  by  a Koszul  regular  sequence  of  some  length  e.  Looking  at  the 
dimension  of  Ij  ® K(qj)  we  see  that  e = r + 1.  Hence  by  Lemma 


that  xnj-\  hj  l,./*i 

h £ R[x i, . . . ,xn,xn+i],  h ^ q j.  By  Lemma 


15.23.14 


we  see 


fr  is  a Koszul-regular  sequence  generating  {Ij)h  for  some 

we  see  that  Iy  is  generated 


15.23.13 

by  a Koszul-regular  sequence  for  some  h'  £ R[xi, . . . , xn],  h’  ^ q as  desired. 


□ 


Lemma  15.25.4.  Let  R be  a ring.  Let  R[x\, . . . , xn] . If  R[x±, . . . , xn]/(fi, . . . , fc) 
be  a relative  global  complete  intersection.  Then  /i,...,/c  is  a Koszul  regular  se- 
quence. 


Proof.  Recall  that  the  homology  groups  Hi(Km(f .))  are  annihilated  by  the  ideal 
(/i, . . . , fc).  Hence  it  suffices  to  show  that  Hi(K,(f,))c[  is  zero  for  all  primes  q C 
R[x i, . . . , xn]  containing  (/i, . . . , /c).  This  follows  from  Algebra,  Lemma  10.134.13 
and  the  fact  that  a regular  sequence  is  Koszul  regular  (Lemma|15.23.2 1. 

Lemma  15.25.5.  A syntomic  ring  map  is  a local  complete  intersection. 


□ 


Proof.  Combine  Lemmas  15.25.4  and  15.25.3  and  Algebra,  Lemma  10.134.15  □ 


For  a local  complete  intersection  R — > S we  have  Hn{Lg/R ) = 0 for  n > 2.  Since 
we  haven’t  (yet)  defined  the  full  cotangent  complex  we  can’t  state  and  prove  this, 
but  we  can  deduce  one  of  the  consequences. 

Lemma  15.25.6.  Let  A — » B — » C be  ring  maps.  Assume  B — ► C is  a local 
complete  intersection  homomorphism.  Choose  a presentation  a : A[ics,s  £ S']  — > B 
with  kernel  I.  Choose  a presentation  (3  : B[y\, . . . , ym]  -A  C with  kernel  J.  Let 
7 : A[xs,yt]  -A  C be  the  induced  presentation  of  C with  kernel  K.  Then  we  get  a 
canonical  commutative  diagram 


0 Qa[xs\/A  ® c ^A[xa,yt\/A  ® c S-  HB[yt]/B  ® C >-  0 


K/K2 


J/J2 ^ 0 


0 


I /I2  ® C 
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with  exact  rows.  In  particular,  the  six  term  exact  sequence  of  Algebra,  Lemma 
m can  be  completed  vjith  a zero  on  the  left , t.e.,  the  sequence 

0 -A  Hi(NLb/a®bC)  — > H\{Lc/a)  ~ > Hi(Lc/b)  ^b/a®bC  — » LIc/a  ^ c/b  0 

is  exact. 


Proof.  The  only  thing  to  prove  is  the  injectivity  of  the  map  I /I2  (g)  C — > K/K 2 . 
By  assumption  the  ideal  J is  Koszul-regular.  Hence  we  have  IA[xs , Vj\  H K 2 = II\ 
by  Lemma  15.24.5  This  means  that  the  kernel  of  K/K 2 -A  J / J2  is  isomorphic  to 
IA[xs,yj\/IK.  Since  I /I2  CSu  C = IA[xs,yj]/ IK  this  provides  us  with  the  desired 
injectivity  of  I /I2  ®a  C -a  K/K 2 so  that  the  result  follows  from  the  snake  lemma, 
see  Homology,  Lemma[l2.5.17|  □ 


07D5  Lemma  15.25.7.  Let  A -A  B -A  C be  ring  maps.  If  B -A  C is  a filtered  colimit  of 
local  complete  intersection  homomorphisms  then  the  conclusion  of  Lemma \15.25.6\ 
remains  valid. 


Proof.  Follows  from  Lemma  15.25.6  and  Algebra,  Lemma  10.132.9 


□ 


15.26.  Cartier’s  equality  and  geometric  regularity 

07E0  A reference  for  this  section  and  the  next  is  jMat70al  Section  39].  In  order  to 
comfortably  read  this  section  the  reader  should  be  familiar  with  the  naive  cotangent 
complex  and  its  properties,  see  Algebra,  Section[l0.132| 

07E1  Lemma  15.26.1  (Cartier  equality).  Let  K/k  be  a finitely  generated  field  extension. 
Then  flx/k  and  Hi(Lx/k ) are  finite  dimensional  and  trdegk(K)  = dim K^K/k  ~ 
dim#  Hi(LK/k). 


Proof.  We  can  find  a global  complete  intersection  A = k[x i, . . . , xn}/{f\, . . . , /c) 
over  k such  that  K is  isomorphic  to  the  fraction  field  of  A,  see  Algebra,  Lemma 
10.150.11  and  its  proof.  In  this  case  we  see  that  NLK/k  is  homotopy  equivalent  to 
the  complex 


® K 


0 KdtXi 


by  Algebra,  Lemmas|10.132.2land|10.132.13|  The  transcendence  degree  of  K over  k 
is  the  dimension  of  A (by  Algebra,  Lemma  10.115.1 ) which  is  n — c and  we  win.  □ 


07E2  Lemma  15.26.2.  Let  K C L C M be  field  extensions.  Then  the  Jacobi- Zariski 
sequence 


0 -a  Hi(Ll/k)®lM  -a  Hi{Lm/k)  -a  Hi(Lm/l)  -a  VIl/k®lM  -a  LIm/k  — ► ^m/l  — ^ ► 0 
is  exact. 


Proof.  Combine  Lemma  [l 5 . 25 . 7|  with  Algebra,  Lemma  [10. 150. ll|  □ 

07E3  Lemma  15.26.3.  Given  a commutative  diagram  of  fields 


K K' 

A 

k k' 
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with  k C k'  and  K C K'  finitely  generated  field  extensions  the  kernel  and  cokernel 
of  the  maps 

ot  : ^K/k®K  A'  — ► ^K'/k'  and  (3  : Hi(LK/k)  ®>A  K'  — i > Hi(LK>/ki) 
are  finite  dimensional  and 

dim  Ker(a ) — dim  Coker(a)  — dim  Kerffi)  + dim  Coker(/3)  = trdegk(k')  — trdegK(K') 
Proof.  The  Jacobi-Zariski  sequences  for  k C k'  C K'  and  k C K C K'  are 
0 -A  — > Hi{Lk' /k)  y Hi(LKi/k')  — > — > Clx'/k  ^K'/k  ~ t 0 

and 


0 — > H\{LK/k)®K'  -A  Hi(LK>/k)  -a  H\(LKi/k)  — > £lK/k®K'  — ► ClK>/k  -a  VLk, /k  -a  0 

By  Lemma  15.26.1  the  vector  spaces  flk> /k,  ^k'/k,  Hi(Lk'/k)>  and  Hi(Lk>/k) 
are  finite  dimensional  and  the  alternating  sum  of  their  dimensions  is  trdeg k(k')  — 
trdegA'(A').  The  lemma  follows.  □ 


15.27.  Geometric  regularity 


07E4 


Let  k be  a field.  Let  (A,  m,  K)  be  a Noetherian  local  fc-algebra.  The  Jacobi-Zariski 
sequence  (Algebra,  Lemma  [lO.  132.4)  is  a canonical  exact  sequence 


n 


K/k 


0 


07E5 


H\{LK/k)  > m/m2  -A  Q A/k  ®a  AT 

because  Hi(Lk/a)  = m/m2  by  Algebra,  Lemma  10.132.6  We  will  show  that  exact- 
ness on  the  left  of  this  sequence  characterizes  whether  or  not  a regular  local  ring  A 
is  geometrically  regular  over  k.  We  will  link  this  to  the  notion  of  formal  smoothness 
in  Section [15.311 

Proposition  15.27.1.  Let  k be  a field  of  characteristic  p > 0.  Let  (A,  m,  K)  be  a 
Noetherian  local  k-algebra.  The  following  are  equivalent 

(1)  A is  geometrically  regular  over  k, 

(2)  for  all  k C k!  C kl^v  finite  over  k the  ring  A ®k  k'  is  regular, 

(3)  A is  regular  and  the  canonical  map  Hi(LK/k ) — > m/m2  is  injective,  and 

(4)  A is  regular  and  the  map  flk/ p ®fc  AT  -a  ft  a/ fp  ®a  A is  injective. 

Proof.  Proof  of  (3)  =>  (1).  Assume  (3).  Let  k C k'  be  a finite  purely  inseparable 
extension.  Set  A'  = A ®k  k' . This  is  a local  ring  with  maximal  ideal  m'.  Set 
K'  = A' / m'.  We  get  a commutative  diagram 


0 Hx{LK/k)  <g>  K' 


■ m/m2  <g>  K' 


^ A/k  ®a  K' 


n 


K/k 


) K' 


Hi{LK>/ki) 


■ m'/(m')5 


■ A'/k ' ®A'  K'  ■ 


V 

■ ^ K'/k ' 


with  exact  rows.  The  third  vertical  arrow  is  an  isomorphism  by  base  change  for 
modules  of  differentials  (Algebra,  Lemma  10.130.12).  Thus  a is  surjective.  By 
Lemma Tl5. 26. 31  we  have 

dimKer(a)  — dimKer(/3)  + dimCoker(/3)  = 0 

(and  these  dimensions  are  all  finite).  A diagram  chase  shows  that  dimm,/(m'  )2  < 
dimm/m2.  However,  since  A — > A'  is  finite  flat  we  see  that  dirn(A)  = dim/A'),  see 
Algebra,  Lemma  10.111.6  Hence  A'  is  regular  by  definition. 
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Equivalence  of  (3)  and  (4).  Consider  the  Jacobi-Zariski  sequences  for  rows  of  the 
commutative  diagram 


to  get  a commutative  diagram 


0 


0 


m/m2 


■ Hi(LK/k) 


■ ft  A/ Fp  ®A  A * ^K/Fp  ^ 0 

A A 


' ^fc/Fp  <8>fc  K ■ 


n 


K/ Fp 


n 


K/k 


0 


with  exact  rows.  We  have  used  that  H\ (Lk/a)  = ni/m2  and  that  H\  (LK/Fp)  = 0 
as  K/Fp  is  separable,  see  Algebra,  Proposition 
kernels  of  Hi(LK/k ) -A  m/m2  and  ttk/ fp 
dimension. 


10.150.9 


Thus  it  is  clear  that  the 


K 


ft  A/ fp  ®a  K have  the  same 


Proof  of  (2)  =7  (4)  following  Faltings,  see  |Fal78aj.  Let  ai, ...  ,an  £ k be  el- 
ements such  that  dai,...,dan  are  linearly  independent  in  tlk/Fn-  Consider  the 
field  extension  k'  = k(a\^p, . . . , al/p).  By  Algebra,  Lemma 


10.150.3 


we  see  that 

k'  = k[x i, . . . , xn}/{x\  — Oi, . . . , x?  — an).  In  particular  we  see  that  the  naive  cotan- 


gent complex  of  k'/k  is  homotopic  to  the  complex  ©7=1 
the  zero  differential  as  A{xp  — a,j)  = 0 in  ^k\x1,...,xTl]/k- 


©i= i,...,nk'  with 

Set  A!  = A k'  and 
K'  = A' /m'  as  above.  By  Algebra,  Lemma  10.132.8  we  see  that  NLa'/a  is  homo- 
topy  equivalent  to  the  complex  0 -=1  n A — > n A'  with  the  zero  differen- 

tial, i.e.,  Hi(La’ /a)  and  ^A'/A  are  free  °f  rank  n.  The  Jacobi-Zariski  sequence  for 
Fp  — y A — y Af  is 

Hi(La'/a)  ^A/Fp  ®A  A'  —A  flA'/Fp  ~ 1 ^A'/A  0 

Using  the  presentation  A[x i, . . . ,xn]  -A  A 1 with  kernel  (x?  — a,j)  we  see,  unwinding 


the  maps  in  Algebra,  Lemma  10.132.4  that  the  jth  basis  vector  of  Hi{LA' /a)  maps 


to  d a,j  <8»  1 in  ® A' . As \lA' /a  is  free  (hence  flat)  we  get  on  tensoring  with  K' 

an  exact  sequence 

K,(Bn  -A  nA/Fp  K'  A nA'/Fp  ®A>  k'  —>  K'®n  0 

We  conclude  that  the  elements  Aaj  (g>  1 generate  Ker(/3)  and  we  have  to  show  that 
are  linearly  independent,  i.e.,  we  have  to  show  dim(Ker(/3))  = n.  Consider  the 
following  big  diagram 


0 


0 


m'/(m')2 


m/m2  (g>  K' 


■ ^A'/Fp 


.A'' 


^K'/Fp 


-^0 


n 


A/Fp 


K' 


n 


K/Fp 


: K' 


-^0 


By  Lemma  15.26.1  and  the  Jacobi-Zariski  sequence  for  Fp  — > K — > K'  we  see  that 


the  kernel  and  cokernel  of  7 have  the  same  finite  dimension.  By  assumption  A'  is 
regular  (and  of  the  same  dimension  as  A1  see  above)  hence  the  kernel  and  cokernel 
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of  a have  the  same  dimension.  It  follows  that  the  kernel  and  cokernel  of  fi  have  the 
same  dimension  which  is  what  we  wanted  to  show. 


The  implication  (1)  =>  (2)  is  trivial.  This  finishes  the  proof  of  the  proposition.  □ 

07E6  Lemma  15.27.2.  Let  k be  a field  of  characteristic  p > 0.  Let  (A,m,K)  be  a 
Noetherian  local  k-algebra.  Assume  A is  geometrically  regular  over  k.  Let  k C F C 
K be  a finitely  generated  subextension.  Let  ip  : k[y\, . . . , ym\  -A  A be  a k-algebra 
map  such  that  yi  maps  to  an  element  of  F in  K and  such  that  dyi , . . . , dym  map 
to  a basis  ofLlF/k.  Set  p = </?-1(m).  Then 

%i,  • ■ .,ym] P -t  A 

is  flat  and  A/p  A is  regular. 

Proof.  Set  A0  = k[yi, . . . , ym]p  with  maximal  ideal  rtio  and  residue  field  K0.  Note 
that  LlA0/k  is  free  of  rank  m and  LlA0/k  ® -Ko  — > H K0/k  is  an  isomorphism.  It  is 
clear  that  A0  is  geometrically  regular  over  k.  Hence  Hi[LKo/k)  — ► mo/mg  is  an 
isomorphism,  see  Proposition |15.27T|  Now  consider 

Hi{LKo/k)  ® K tn0/mg  ® K 

V Y 

H\{LK/k) m/m2 


Since  the  left  vertical  arrow  is  injective  by  Lemma|l5.26.2  and  the  lower  horizontal 
by  Proposition  |15.27.1|  we  conclude  that  the  right  vertical  one  is  too.  Hence  a 
regular  system  of  parameters  in  A0  maps  to  part  of  a regular  system  of  parameters 
in  A.  We  win  by  Algebra,  Lemmas  |10.127.2l  and  |10. 105. 3|  □ 


15.28.  Topological  rings  and  modules 

07E7  Let’s  quickly  discuss  some  properties  of  topological  abelian  groups.  An  abelian 
group  M is  a topological  abelian  group  if  M is  endowed  with  a topology  such  that 
addition  M x M — > M,  ( x , y)  i— > x+y  and  inverse  M — >•  M,  x i— »•  — x are  continuous. 
A homomorphism  of  topological  abelian  groups  is  just  a homomorphism  of  abelian 
groups  which  is  continuous.  The  category  of  commutative  topological  groups  is 
additive  and  has  kernels  and  cokernels,  but  is  not  abelian  (as  the  axiom  Im  = Coirn 
doesn’t  hold).  If  N C M is  a subgroup,  then  we  think  of  N and  M/N  as  topological 
groups  also,  namely  using  the  induced  topology  on  N and  the  quotient  topology  on 
M/N  (i.e. , such  that  M — » M/N  is  submersive).  Note  that  if  N C M is  an  open 
subgroup,  then  the  topology  on  M/N  is  discrete. 

We  say  the  topology  on  M is  linear  if  there  exists  a fundamental  system  of  neigh- 
bourhoods of  0 consisting  of  subgroups.  If  so  then  these  subgroups  are  also  open. 
An  example  is  the  following.  Let  I be  a directed  partially  ordered  set  and  let  Gj 
be  an  inverse  system  of  (discrete)  abelian  groups  over  I . Then 

G = linpgj  Gi 

with  the  inverse  limit  topology  is  linearly  topologized  with  a fundamental  system 
of  neighbourhoods  of  0 given  by  Ker(G  — > Gf).  Conversely,  let  M be  a linearly 
topologized  abelian  group.  Choose  any  fundamental  system  of  open  subgroups 
Ui  C M,  i £ I (i.e.,  the  form  a fundamental  system  of  open  neighbourhoods  and 
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each  Ui  is  a subgroup  of  M).  Setting  i > i'  <=$  Ui  C Up  we  see  that  / is  a directed 
partially  ordered  set.  We  obtain  a homomorphism  of  linearly  topologized  abelian 
groups 

c : M — > lim  ieiM/Ui. 

It  is  clear  that  M is  separated  (as  a topological  space)  if  and  only  if  c is  injective. 
We  say  that  M is  complete  if  c is  an  isomorphisirj^]  We  leave  it  to  the  reader  to 
check  that  this  condition  is  independent  of  the  choice  of  fundamental  system  of 
open  subgroups  {Ui}iei  chosen  above.  In  fact  the  topological  abelian  group  MA  = 
lim i£j  M/Ui  is  independent  of  this  choice  and  is  sometimes  called  the  completion 
of  M.  Any  G = lim  G,  as  above  is  complete,  in  particular,  the  completion  MA  is 
always  complete. 

07E8  Definition  15.28.1  (Topological  rings).  Let  R be  a ring  and  let  M be  an  17- 
module. 

(1)  We  say  R is  a topological  ring  if  R is  endowed  with  a topology  such  that 
both  addition  and  multiplication  are  continuous  as  maps  RxR  -A  R where 
R x R has  the  product  topology.  In  this  case  we  say  M is  a topological 
module  if  M is  endowed  with  a topology  such  that  addition  M x M — > M 
and  scalar  multiplication  R x M — > M are  continuous. 

(2)  A homomorphism  of  topological  modules  is  just  a continuous  /7-module 
map.  A homomorphism  of  topological  rings  is  a ring  homomorphism  which 
is  continuous  for  the  given  topologies. 

(3)  We  say  M is  linearly  topologized  if  0 has  a fundamental  system  of  neigh- 
bourhoods consisting  of  submodules.  We  say  R is  linearly  topologized  if  0 
has  a fundamental  system  of  neighbourhoods  consisting  of  ideals. 

(4)  If  R is  linearly  topologized,  we  say  that  I C R is  an  ideal  of  definition  if 
/ is  open  and  if  every  neighbourhood  of  0 contains  1"  for  some  n. 

(5)  If  R is  linearly  topologized,  we  say  that  R is  pre- admissible  if  R has  an 
ideal  of  definition. 

(6)  If  R is  linearly  topologized,  we  say  that  R is  admissible  if  it  is  pre- 
admissible  and  complete^} 

(7)  If  Z?  is  linearly  topologized,  we  say  that  R is  pre-adic  if  there  exists  an 
ideal  of  definition  I such  that  {/"}„> o forms  a fundamental  system  of 
neighbourhoods  of  0. 

(8)  If  R is  linearly  topologized,  we  say  that  R is  adic  if  R is  pre-adic  and 
complete. 

Note  that  a (pre)adic  topological  ring  is  the  same  thing  as  a (pre) admissible  topo- 
logical ring  which  has  an  ideal  of  definition  I such  that  In  is  open  for  all  n > 1. 

Let  R be  a ring  and  let  M be  an  A-module.  Let  / C R be  an  ideal.  Then  we  can 
consider  the  linear  topology  on  R which  has  {In}n> o as  a fundamental  system  of 
neighbourhoods  of  0.  This  topology  is  called  the  I- adic  topology;  R is  a pre-adic 
topological  ring  in  the  /-adic  topology^  Moreover,  the  linear  topology  on  M which 
has  {InM}n> o as  a fundamental  system  of  open  neighbourhoods  of  0 turns  M into 

2We  include  being  separated  as  part  of  being  complete  as  we’d  like  to  have  a unique  limits 
in  complete  groups.  There  is  a definition  of  completeness  for  any  topological  group,  agreeing, 
modulo  the  separation  issue,  with  this  one  in  our  special  case. 

^By  our  conventions  this  includes  separated. 

^Thus  the  7-adic  topology  is  sometimes  called  the  I- pre-adic  topology. 
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07E9 

07EA 

07EB 


07EC 


a topological  i?-module.  This  is  called  the  I-adic  topology  on  M.  We  see  that  M 
is  I-adically  complete  (as  defined  in  Algebra,  Definition  10.95.3)  if  and  only  M is 
complete  in  the  i-adic  topologjQ  In  particular,  we  see  that  R is  i-adically  complete 
if  and  only  if  R is  an  adic  topological  ring  in  the  i-adic  topology. 


As  a special  case,  note  that  the  discrete  topology  is  the  0-adic  topology  and  that 
any  ring  in  the  discrete  topology  is  adic. 


Lemma  15.28.2.  Let  ip  : R — ► S be  a ring  map.  Let  I C R and  J C S be  ideals 
and  endow  R with  the  I-adic  topology  and  S with  the  J-adic  topology.  Then  p is  a 
homomorphism  of  topological  rings  if  and  only  if  p(In)  C J for  some  n > 1. 


Proof.  Omitted. 


□ 


15.29.  Formally  smooth  maps  of  topological  rings 

There  is  a version  of  formal  smoothness  which  applies  to  homomorphisms  of  topo- 
logical rings. 

Definition  15.29.1.  Let  R — > S be  a homomorphism  of  topological  rings  with 
R and  S linearly  topologized.  We  say  S is  formally  smooth  over  R if  for  every 
commutative  solid  diagram 

S ► A/J 

\ 

\ M 
X 

\ 

A 

R ft*  A 

of  homomorphisms  of  topological  rings  where  A is  a discrete  ring  and  J C A is  an 
ideal  of  square  zero,  a dotted  arrow  exists  which  makes  the  diagram  commute. 


We  will  mostly  use  this  notion  when  given  ideals  incU  and  n C S and  we  endow  R 
with  the  m-adic  topology  and  S with  the  n-adic  topology.  Continuity  of  p : R — > S 
holds  if  and  only  if  p{mm)  C n for  some  m > 1,  see  Lemma  15.28.2  It  turns  out 
that  in  this  case  only  the  topology  on  S is  relevant. 


Lemma  15.29.2.  Let  p : f?  — >•  S be  a ring  map. 


then  R S is  formally  smooth  for  any  linear  topology  on  R and  any 
pre-adic  topology  on  S such  that  R -A  S is  continuous. 

(2)  Let  n C S and  m C R ideals  such  that  p is  continuous  for  the  m-adic 
topology  on  R and  the  n-adic  topology  on  S . Then  the  following  are  equiv- 
alent 

(a)  p is  formally  smooth  for  the  m-adic  topology  on  R and  the  n-adic 
topology  on  S,  and 

(b)  p is  formally  smooth  for  the  discrete  topology  on  R and  the  n-adic 
topology  on  S. 


(1)  If  R -A  S is  formally  smooth  in  the  sense  of  Algebra,  Definition  10.136.1 


Proof.  Assume  R ^ S is  formally  smooth  in  the  sense  of  Algebra,  Definition 
If  S has  a pre-adic  topology,  then  there  exists  an  ideal  n C S such 


10.136.1 


that  S has  the  n-adic  topology.  Suppose  given  a solid  commutative  diagram  as  in 


J It  may  happen  that  the  I- adic  completion  MA  is  not  /-adically  complete,  even  though  MA 
is  always  complete  with  respect  to  the  limit  topology.  If  I is  finitely  generated  then  the  7-adic 


topology  and  the  limit  topology  on  MA  agree,  see  Algebra,  Lemma 


10.95.5 


and  its  proof. 
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Definition 


15.29.1 


Continuity  of  S — > A/  J means  that  nfc  maps  to  zero  in  A/J 
for  some  k > 1,  see  Lemma  [15.28.2|  We  obtain  a ring  map  if  : S — ► A from  the 


assumed  formal  smoothness  of  S over  R.  Then  if(nk)  C J hence  ip(n2k)  = 0 as 
J 2 = 0.  Hence  if  is  continuous  by  Lemma  15.28.2 


This  proves  (1). 


The  proof  of  (2)(b)  =>  (2)(a)  is  the  same  as  the  proof  of  (1).  Assume  (2)(a). 
Suppose  given  a solid  commutative  diagram  as  in  Definition  |15.29T]  where  we  use 
the  discrete  topology  on  R.  Since  ip  is  continuous  we  see  that  <p(m")  C n for  some 
m > 1.  As  S'  — > A/J  is  continuous  we  see  that  nk  maps  to  zero  in  A/J  for  some 
k > 1.  Hence  m"fc  maps  into  J under  the  map  R — »•  A.  Thus  m2nk  maps  to  zero  in 
A and  we  see  that  R — ► A is  continuous  in  the  m-adic  topology.  Thus  (2)  (a)  gives 
a dotted  arrow  as  desired.  □ 


07NI  Definition  15.29.3.  Let  R — > S be  a ring  map.  Let  n C S be  an  ideal.  If  the 
equivalent  conditions  (2) (a)  and  (2)(b)  of  Lemma  15.29.2  hold,  then  we  say  R -A  S 
is  formally  smooth  for  the  n-adic  topology. 


This  property  is  inherited  by  the  completions. 

07ED  Lemma  15.29.4.  Let  (R,  m)  and  (S,  n)  be  rings  endowed  with  finitely  generated 
ideals.  Endow  R and  S with  the  m-adic  and  n-adic  topologies.  Let  R —¥  S be  a 
homomorphism  of  topological  rings.  The  following  are  equivalent 

(1)  R — > S is  formally  smooth  for  the  n-adic  topology, 

(2)  R — > SA  is  formally  smooth  for  the  nA-adic  topology, 

(3)  RA  — > SA  is  formally  smooth  for  the  nA-adic  topology. 

Here  RA  and  SA  are  the  m-adic  and  n-adic  completions  of  R and  S. 


Proof.  The  assumption  that  m is  finitely  generated  implies  that  RA  is  mi?A-adically 
complete,  that  m RA  = mA  and  that  RA/mnRA  = R/ m“,  see  Algebra,  Lemma 


10.95.5  and  its  proof.  Similarly  for  (S',  n).  Thus  it  is  clear  that  diagrams  as  in 
Definition  15.29.1  for  the  cases  (1),  (2),  and  (3)  are  in  1-to-l  correspondence.  □ 


The  advantage  of  working  with  adic  rings  is  that  one  gets  a stronger  lifting  property. 

07NJ  Lemma  15.29.5.  Let  R -A  S be  a ring  map.  Let  n be  an  ideal  of  S.  Assume  that 
R —¥  S is  formally  smooth  in  the  n-adic  topology.  Consider  a solid  commutative 
diagram 

S *A/J 

is  li 

\ M 
\ 

\ 

A 

R f A 

of  homomorphisms  of  topological  rings  where  A is  adic  and  A/J  is  the  quotient  (as 
topological  ring)  of  A by  a closed  ideal  J C A such  that  J*  is  contained  in  an  ideal 
of  definition  of  A for  some  t > 1.  Then  there  exists  a dotted  arrow  in  the  category 
of  topological  rings  which  makes  the  diagram  commute. 

Proof.  Let  I C A be  an  ideal  of  definition  so  that  I D J4  for  some  n.  Then 
A = lim  A/In  and  A/J  = lim  A/J  + In  because  J is  assumed  closed.  Consider  the 
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07EE 


07EF 


07EG 


following  diagram  of  discrete  R algebras  An<m  = A/ Jn  + Im: 
A/J3  + I3 ^ A/J2  + I3 >■  A/J  + I3 

Y Y 

A/J3  + 1 2 >■  A/J2  + I2  - — 9^  A/J  + I2 

V v 

A/J3  + I 9-  A/J2  + I 9-  A/J  + I 


Note  that  each  of  the  commutative  squares  defines  a surjection 
An+l,m+l  ^ AnJr\ )Tn  X An  m Anrn+i 

of  A-algebras  whose  kernel  has  square  zero.  We  will  inductively  construct  i?-algebra 


maps  ip„ 


S 


Namely,  we  have  the  maps  <pijm  = ip  mod  J + Ir‘ 


Note  that  each  of  these  maps  is  continuous  as  ip  is.  We  can  inductively  choose 
the  maps  <pn, l by  starting  with  our  choice  of  yq.i  and  lifting  up,  using  the  formal 
smoothness  of  S over  R,  along  the  right  column  of  the  diagram  above.  We  construct 
the  remaining  maps  pn,m  by  induction  on  n + m.  Namely,  we  choose  y>n+i,m+i 
by  lifting  the  pair  (</?n+i)m,  <pn,m+\)  along  the  displayed  surjection  above  (again 
using  the  formal  smoothness  of  S over  R).  In  this  way  all  of  the  maps  ipnjm 
are  compatible  with  the  transition  maps  of  the  system.  As  J*  C I we  see  that  for 
example  <pn  = ipnt,n  mod  In  induces  a map  S — > A/In.  Taking  the  limit  tp  = lim  ipn 
we  obtain  a map  S — > A = lim  A/In.  The  composition  into  A/J  agrees  with  ip 
as  we  have  seen  that  A/  J = lim  A/J  + In.  Finally  we  show  that  ip  is  continuous. 
Namely,  we  know  that  ip(nr)  C J + Ir / J for  some  r by  our  assumption  that  ip  is 
a morphism  of  topological  rings,  see  Lemma  15.28.2  Hence  <y9(nr)  C J + I hence 
p{yirt)  C I as  desired.  □ 

Lemma  15.29.6.  Let  R — » S be  a ring  map.  Let  n C n'  C S be  ideals.  If  R S 
is  formally  smooth  for  the  n-adic  topology , then  R -A  S is  formally  smooth  for  the 
W-adic  topology. 


Proof.  Omitted. 


□ 


Lemma  15.29.7.  A composition  of  formally  smooth  continuous  homomorphisms 
of  linearly  topologized  rings  is  formally  smooth. 

Proof.  Omitted.  (Hint:  This  is  completely  formal,  and  follows  from  considering  a 
suitable  diagram.)  □ 

Lemma  15.29.8.  Let  R,  S be  rings.  Let  n C S be  an  ideal.  Let  R -A  S be 
formally  smooth  for  the  n-adic  topology.  Let  R — > R'  be  any  ring  map.  Then 
R'  — ► S'  = S 0#  R'  is  formally  smooth  in  the  W = n S'-adic  topology. 


S~ — *.S' ^A/J 

^ A ' 

\ \ A 
^ ^ \ 

R >-  R' 


Proof.  Let  a solid  diagram 
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as  in  Definition  15.29.1  be  given.  Then  the  composition  S — > S'  — > A/J  is  contin- 
uous. By  assumption  the  longer  dotted  arrow  exists.  By  the  universal  property  of 
tensor  product  we  obtain  the  shorter  dotted  arrow.  □ 


07EH 


We  have  seen  descent  for  formal  smoothness  along  faithfully  flat  ring  maps  in  Alge- 
bra, Lemma  10. 136.151  Something  similar  holds  in  the  current  setting  of  topological 
rings.  However,  here  we  just  prove  the  following  very  simple  and  easy  to  prove  ver- 
sion which  is  already  quite  useful. 


Lemma  15.29.9.  Let  R,  S be  rings.  Let  n C S be  an  ideal.  Let  R — » R'  be  a ring 
map.  Set  S'  = S ®R  R'  and  n'  = n S.  If 

(1)  the  map  R —¥  R!  embeds  R as  a direct  summand  of  R!  as  an  R-module, 
and 

(2)  R'  — > S'  is  formally  smooth  for  the  W -adic  topology, 
then  R -A  S is  formally  smooth  in  the  n -adic  topology. 


Proof.  Let  a solid  diagram 

S&s%tA/J 

R >■  A 


as  in  Definition  15.29.1  be  given.  Set  A'  = A R'  and  J'  = Im(J  0#  R'  — > A'). 
The  base  change  of  the  diagram  above  is  the  diagram 


S' >-  A'/ J' 

A N , 

\ Ip  A 

\ 

R' ^ A' 

with  continuous  arrows.  By  condition  (2)  we  obtain  the  dotted  arrow  if'  : S'  — > A' . 
Using  condition  (1)  choose  a direct  summand  decomposition  R'  = R®  C as  R- 
modules.  (Warning:  C isn’t  an  ideal  in  R' .)  Then  A'  = A 0 A C.  Set 

J"  = Im(  J ®RC  A®RC)  C J'  C A'. 

Then  J'  = J 0 J"  as  A-modules.  The  image  of  the  composition  if  : S — > A'  of  if' 
with  S — ^ S'  is  contained  in  A + J'  = A 0 J" . However,  in  the  ring  A + J'  = A 0 J" 
the  A-submodule  J"  is  an  ideal!  (Use  that  J2  = 0.)  Hence  the  composition 
S — > A + J'  — > {A  + J') / J"  = A is  the  arrow  we  were  looking  for.  □ 

The  following  lemma  will  be  improved  on  in  Section |l5.31| 

07EI  Lemma  15.29.10.  Let  k be  a field  and  let  (A,m,  A')  be  a Noetherian  local  k- 
algebra.  If  k —¥  A is  formally  smooth  for  the  m -adic  topology,  then  A is  a regular 
local  ring. 


Proof.  Let  fco  C k be  the  prime  field.  Then  fco  is  perfect,  hence  k/kg  is  separable, 
hence  formally  smooth  by  Algebra,  Lemma  10.150.7  By  Lemmas  |15.29.2  and 
|15.29.7|  we  see  that  fco  — t A is  formally  smooth  for  the  m-adic  topology  on  A. 
Hence  we  may  assume  fc  = Q or  fc  = Fp. 

By  Algebra,  Lemmas  10.96.3  and  10.109.9  it  suffices  to  prove  the  completion  AA  is 
regular.  By  Lemma  15.29.4  we  may  replace  A by  AA . Thus  we  may  assume  that 
A is  a Noetherian  complete  local  ring.  By  the  Cohen  structure  theorem  (Algebra, 
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Theorem  10.152.8)  there  exist  a map  K 
I\  — > A is  a fc-algebra  map. 


A.  As  k is  the  prime  field  we  see  that 


Let  xi,...,xn  £ m be  elements  whose  images  form  a basis  of  m/m2.  Set  T = 
K[[X i, . . . , X„]].  Note  that 

A/m 2 = K[x  1? . . . ,xn]/(xiXj) 

and 

T/v4^K[X1,...,Xn]/(XiXj)- 

Let  A/m 2 -a  T/m \ be  the  local  AT-algebra  isomorphism  given  by  mapping  the  class 
of  Xi  to  the  class  of  Xi.  Denote  /i  : A — > T/m\  the  composition  of  this  isomorphism 
with  the  quotient  map  A — > A/m2 . The  assumption  that  k — > A is  formally  smooth 
in  the  m-adic  topology  means  we  can  lift  /i  to  a map  /2  : A — > T/ m^,  then  to 
a map  /3  : A — > T/m^,  and  so  on,  for  all  n > 1.  Warning:  the  maps  fn  are 
continuous  fc-algebra  maps  and  may  not  be  AT-algebra  maps.  We  get  an  induced 
map  / : A — > T = limT/m^  of  local  /c-algebras.  By  our  choice  of  /i,  the  map 
/ induces  an  isomorphism  m/m2  -A  mr/niy  hence  each  /„  is  surjective  and  we 
conclude  / is  surjective  as  A is  complete.  This  implies  dirn(A)  > dim(T)  = n. 
Hence  A is  regular  by  definition.  (It  also  follows  that  / is  an  isomorphism.)  □ 


The  following  result  will  be  improved  on  in  Section  [15.311 

07EJ  Lemma  15.29.11.  Let  k be  a field.  Let  (A.m,  K)  be  a regular  local  k-algebra  such 
that  K/k  is  separable.  Then  k — > A is  formally  smooth  in  the  m-adic  topology. 


Proof.  It  suffices  to  prove  that  the  completion  of  A is  formally  smooth  over  k, 
see  Lemma  [15.29.4|  Hence  we  may  assume  that  A is  a complete  local  regular  k- 
algebra  with  residue  held  K separable  over  k.  Since  K is  formally  smooth  over  k 


by  Algebra,  Proposition |10.15(L9|  we  can  successively  find  maps 

„ K 


■ A/m4 ^ A/m3 A/m2 


K 


of  fc-algebras.  Since  A is  complete  this  defines  a fc-algebra  map  K — > A.  Pick 
ai,...,an  £ m which  map  to  a AT-basis  of  m/m2.  Consider  the  A'-algebra  map 

c : K[[x-l,  . . . ,xn]]  — )>  A 

which  maps  Xi  to  cq  (existence  of  c follows  from  the  universal  property  of  the 
powerseries  ring).  By  construction  the  maps  K\fx\, . . . , xn]\  — > A/me  are  surjective 
for  all  e > 1.  Since  AT[[ri, . . . ,xn]]  is  complete  we  see  that  c is  surjective.  Since 
dim(A)  = n as  A is  regular  and  since  AT[[a;i, . . . ,xn]\  is  a domain  of  dimension  n 
we  see  that  the  kernel  of  c is  zero.  Hence  c is  an  isomorphism. 


We  win  because  the  power  series  ring  AT[[aii, . . . ,£„]]  is  formally  smooth  over  k. 
Namely,  AT  is  formally  smooth  over  k and  K[xi, . . . ,xn]  is  formally  smooth  over 
AT  as  a polynomial  algebra.  Hence  A'[cci, . . . , xn]  is  formally  smooth  over  k by 

Af[a;i, . . . , xn]  is  formally  smooth 
Finally,  it  follows  that  k -A 


Algebra,  Lemma  10.136.3 
for  the  (aii, 


It  follows  that  k 


ccn)-adic  topology  by  Lemma  15.29.2 


AT[[a;i, . . . , xn]\  is  formally  smooth  for  the  (xi, . . . , x„)-adic  topology  by  Lemma 
115.29.41  □ 
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07VH 


07NK 

07NL 


07NM 


Lemma  15.29.12.  Let  A — >•  B be  a finite  type  ring  map  with  A Noetherian.  Let 
q C B be  a prime  ideal  lying  over  p C A.  The  following  are  equivalent 

(1)  A — )•  B is  smooth  at  q,  and 

(2)  Av  — > Bq  is  formally  smooth  in  the  q-adic  topology. 


Proof.  The  implication  (2)  =>  (1)  follows  from  Algebra,  Lemma  10.139.2  Con- 
versely, if  A — > B is  smooth  at  q,  then  A — > Bg  is  smooth  for  some  g £ B, 
g qL  q.  Then  A — >■  Bg  is  formally  smooth  by  Algebra,  Proposition  10.136.13  Hence 


Ap  — > Bq  is  formally  smooth  as  localization  preserves  formal  smoothness  (for  exam- 
ple by  the  criterion  of  Algebra,  Proposition|10.136.8|and  the  fact  that  the  cotangent 
complex  behaves  well  with  respect  to  localization,  see  Algebra,  Lemmas  |10.132.lT 
and  10.132.13).  Finally,  Lemma  15.29.2  implies  that  Ap  — » B, 
in  the  q-adic  topology. 


q is  formally  smooth 
□ 


15.30.  Some  results  on  power  series  rings 


Questions  on  formally  smooth  maps  between  Noetherian  local  rings  can  often  be 
reduced  to  questions  on  maps  between  power  series  rings.  In  this  section  we  prove 
some  helper  lemmas  to  facilitate  this  kind  of  argument. 

Lemma  15.30.1.  Let  K be  a field  of  characteristic  0 and  A = K[[xi, . . . , xn]]. 
Let  L be  a field  of  characteristic  p > 0 and  B = L[[x i, . . . , xn]\.  Let  A be  a Cohen 
ring.  Let  C = A[[xi, . . . , xn]\ . 

(1)  Q -)>  A is  formally  smooth  in  the  m-adic  topology. 

(2)  Fp  — > B is  formally  smooth  in  the  m-adic  topology. 

(3)  Z — > C is  formally  smooth  in  the  m-adic  topology. 


Proof.  By  the  universal  property  of  power  series  rings  it  suffices  to  prove: 

(1)  Q — > K is  formally  smooth. 

(2)  Fp  — > L is  formally  smooth. 

(3)  Z — > A is  formally  smooth  in  the  m-adic  topology. 

The  first  two  are  Algebra,  Proposition  |10.150.9|  The  third  follows  from  Algebra, 
Lemma  10. 152. 7]  since  for  any  test  diagram  as  in  Definition  15.29.1  some  power  of 
p will  be  zero  in  A/  J and  hence  some  power  of  p will  be  zero  in  A.  □ 


Lemma  15.30.2.  Let  K be  a field  and  A = K[[ aq, . . . ,xn}\.  Let  A be  a Cohen 
ring  and  let  B = A[[xi, . . . , xn]] . 

(1)  If  yi, . . . ,yn  £ A is  a regular  system  of  parameters  then  K[[yi, . . . , yn\\  — > 
A is  an  isomorphism. 

(2)  If  z\, . . . , zr  £ A form  part  of  a regular  system  of  parameters  for  A,  then 
r <n  and  A/{zu  . . . ,zr)  = K[[yu  . . . , yn-r]]- 

(3)  Ifp , yi, . . . ,yn  £ B is  a regular  system  of  parameters  then  A[[j/i, . . . , yn\\  — > 
B is  an  isomorphism. 

(4)  If  p,  zi, . . . , zr  £ B form  part  of  a regular  system  of  parameters  for  B, 
then  r < n and  B/(zi, ... , zr)  = A[[j/i, . . . , yn-r]\ ■ 

Proof.  Proof  of  (1).  Set  A'  = A'[[j/i, . . . , yn}}.  It  is  clear  that  the  map  Ad  — > A 
induces  an  isomorphism  A' /m\,  — > A/m\  for  all  n > 1.  Since  A and  A!  are  both 
complete  we  deduce  that  A!  — > A is  an  isomorphism.  Proof  of  (2) . Extend  z\ , . . . , zr 
to  a regular  system  of  parameters  Z\, . . . , zr,yi, . . . , yn-r  of  A.  Consider  the  map 
Ad  = K\\z\, . . . , zr,  yi, . . . , yn-r\ } — ► A.  This  is  an  isomorphism  by  (1).  Hence  (2) 
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follows  as  it  is  clear  that  A' /{z\, . . . , zr)  = K[[yi, . . . , yn_r]].  The  proofs  of  (3)  and 
(4)  are  exactly  the  same  as  the  proofs  of  (1)  and  (2).  □ 

07NN  Lemma  15.30.3.  Let  A — >■  B be  a local  homomorphism  of  Noetherian  complete 
local  rings.  Then  there  exists  a commutative  diagram 

S 


R A 


with  the  following  properties: 

(1)  the  horizontal  arrows  are  surjective, 

(2)  if  the  characteristic  of  A/m  a is  zero,  then  S and  R are  power  series  rings 
over  fields, 

(3)  if  the  characteristic  of  A/m a is  p > 0,  then  S and  R are  power  series 
rings  over  Cohen  rings,  and 

(4)  R — > S maps  a regular  system  of  parameters  of  R to  part  of  a regular 
system  of  parameters  of  S. 

In  particular  R — > S is  flat  (see  Algebra,  Lemma  10.127.2)  with  regular  fibre  S/muS 
(see  Algebra,  Lemma  10.105 ,3[). 

Proof.  Use  the  Cohen  structure  theorem  (Algebra,  Theorem  10.152.8 1 to  choose 
a surjection  S — > B as  in  the  statement  of  the  lemma  where  we  choose  S to  be  a 
power  series  over  a Cohen  ring  if  the  residue  characteristic  is  p > 0 and  a power 
series  over  a field  else.  Let  J C S'  be  the  kernel  of  S — )■  B.  Next,  choose  a 
surjection  R = A[[xi, . . . ,xn]}  — > A where  we  choose  A to  be  a Cohen  ring  if  the 
residue  characteristic  of  A is  p > 0 and  A equal  to  the  residue  field  of  A otherwise. 
We  lift  the  composition  A[[xi, . . . , xra]]  — > A — )•  B to  a map  ip  : R — ► S.  This  is 
possible  because  A[[xi, . . . , x„]]  is  formally  smooth  over  Z in  the  m-adic  topology 
(see  Lemma  |15.30.1 ) by  an  application  of  Lemma  15.29.5  Finally,  we  replace  p 
by  the  map  ip'  : R = A[[xi, . . .,xn}\  ->  S'  = S[[yi, . . . ,yn)\  with  </|A  = <p|A  and 
= ip(xi)  + yi . We  also  replace  S — > B by  the  map  S'  — >•  B which  maps  yi 
to  zero.  After  this  replacement  it  is  clear  that  a regular  system  of  parameters  of  R 
maps  to  part  of  a regular  sequence  in  S'  and  we  win.  □ 


There  should  be  an  elementary  proof  of  the  following  lemma. 

09Q8  Lemma  15.30.4.  Let  S — > R and  S'  — » R be  surjective  maps  of  complete  Noe- 
therian local  rings.  Then  S Xr  S'  is  a complete  Noetherian  local  ring. 


Proof.  Let  k be  the  residue  field  of  R.  If  the  characteristic  of  k is  p > 0,  then  we 
denote  A a Cohen  ring  (Algebra,  Definition  10.152.5)  with  residue  field  k (Algebra, 
Lemma  10.152.6).  If  the  characteristic  of  k is  0 we  set  A = k.  Choose  a surjection 
R (as  in  the  Cohen  structure  theorem,  see  Algebra,  Theorem 

Ajjxi, . . . ,x, 

Next 


S and  ip 


A[[xi, . . . ,x»]] 

10.152.8|)  and  lift  this  to  maps  A[[xi, . . . , x„]] 
and  p'  : A[[xi, . . . , xn]}  — ► S'  using  Lemmas  |15.30.1|  and  |15.29.5 
fi  j • • • ; fm  £ S generating  the  kernel  of  S — >■  R and  /(,...,  /' 
kernel  of  S’  R.  Then  the  map 


£ S' 


} S 
choose 
generating  the 


A[[xi, . . . ,xn,yi  i • • • i Dm  i %1  ? • • • i Zm'  ] ] ^ $ X R ^5 

which  sends  Xi  to  (<^(x,),  (p'fxf))  and  y^  to  (fj,  0)  and  zy  to  (0 , /j)  is  surjective. 
Thus  S Xr  S'  is  a quotient  of  a complete  local  ring,  whence  complete.  □ 
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15.31.  Geometric  regularity  and  formal  smoothness 


07EK  In  this  section  we  combine  the  results  of  the  previous  sections  to  prove  the  following 
characterization  of  geometrically  regular  local  rings  over  fields.  We  then  recycle 
some  of  our  arguments  to  prove  a characterization  of  formally  smooth  maps  in  the 
m-adic  topology  between  Noetherian  local  rings. 

07EL  Theorem  15.31.1.  Let  k be  a field.  Let  (A,  m,  K ) be  a Noetherian  local  k-algebra. 
If  the  characteristic  of  k is  zero  then  the  following  are  equivalent 

(1)  A is  a regular  local  ring,  and 

(2)  k — > A is  formally  smooth  in  the  m-adic  topology. 

If  the  characteristic  of  k is  p > 0 then  the  following  are  equivalent 

(1)  A is  geometrically  regular  over  k, 

(2)  k -A  A is  formally  smooth  in  the  m-adic  topology. 

(3)  for  all  k C k'  C k 1/p  finite  over  k the  ring  A( 2>k  k'  is  regular, 

(4)  A is  regular  and  the  canonical  map  Hi{LK/k)  — > m/m2  is  injective,  and 

(5)  A is  regular  and  the  map  Qk/ fp  ®k  K —■ y ^a/fp  <S>a  K Is  injective. 


Proof.  If  the  characteristic  of  k is  zero,  then  the  equivalence  of  (1)  and  (2)  follows 
from  Lemmas  115. 29.101  and  115. 29. Ill 


If  the  characteristic  of  k is  p > 0,  then  it  follows  from  Proposition  15.27.1  that 


(1),  (3),  (4),  and  (5)  are  equivalent.  Assume  (2)  holds.  By  Lemma  15.29.8  we  see 
that  k'  -A  A'  = A ®k  k'  is  formally  smooth  for  the  m'  = mA-adic  topology.  Hence 
if  k C k!  is  finite  purely  inseparable,  then  A'  is  a regular  local  ring  by  Lemma 


15.29.10  Thus  we  see  that  (1)  holds. 


Finally,  we  will  prove  that  (5)  implies  (2).  Choose  a solid  diagram 


A 

A ' 


B/J 


k — —^B 

as  in  Definition  15.29.1  As  J2  = 0 we  see  that  J has  a canonical  B/J  module 
structure  and  via  if  an  A-module  structure.  As  if  is  continuous  for  the  m-adic 
topology  we  see  that  m"  J = 0 for  some  n.  Hence  we  can  filter  J by  B / J-submodules 
0 C J\  C J2  C . . . C Jn  = J such  that  each  quotient  Jt+i/Jt  is  annihilated  by  m. 
Considering  the  sequence  of  ring  maps  B -A  B / J1  -A  B/ J2  B/J  we  see 

that  it  suffices  to  prove  the  existence  of  the  dotted  arrow  when  J is  annihilated  by 
m,  i.e. , when  J is  a iL-vector  space. 


Assume  given  a diagram  as  above  such  that  J is  annihilated  by  m.  By  Lemma 


we  can  find  a ring  map  if  : A -A  B such  that  it  o if  = if.  Then  if  o i,  ip  : k — > B 
are  two  maps  whose  compositions  with  tt  are  equal.  Hence  D = if  o i — ip  : k — > J 
is  a derivation.  By  Algebra,  Lemma  |10. 130.31  we  can  write  D = £ o d for  some 
k- linear  map  £ : klk/Fp  _■ y J-  Using  the  AT-vector  space  structure  on  J we  extend 
£ to  a A’-linear  map  f1  : klk/Fp  K -A  J.  Using  (5)  we  can  find  a iL-linear  map 
£"  : klA/Fp  K whose  restriction  to  klk/Fp  ®k  K is  E/ . Write 

D'  : A — > flA/ fp  ~ t U^/Ff,  ®a  K J. 


15.29.11  we  see  that  Fp  — ► A is  formally  smooth  in  the  m-adic  topology.  Hence 
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07EM 


07NP 


07NQ 


Finally,  set  ip'  = ip  — D'  : A — ¥ B.  The  reader  verifies  that  ip'  is  a ring  map  such 
that  7r  o ipr  = ip  and  such  that  ip'  o i = ip  as  desired.  □ 

Example  15.31.2.  Let  k be  a field  of  characteristic  p > 0.  Suppose  that  a £ k 
is  an  element  which  is  not  a pth  power.  A standard  example  of  a geometrically 
regular  local  fc-algebra  whose  residue  field  is  purely  inseparable  over  k is  the  ring 


A = k[x,  y\(x,vp-a)/(yp  - a- x) 

Namely,  A is  a localization  of  a smooth  algebra  over  k hence  k — ¥ A is  formally 
smooth,  hence  k — ¥ A is  formally  smooth  for  the  m-adic  topology.  A closely  related 
example  is  the  following.  Let  k = F p(s)  and  K = F p{t)perf  We  claim  the  ring 
map 

k — ^ A = K [[a:]],  s i — ¥ t + x 
is  formally  smooth  for  the  (rr)-adic  topology  on  A.  Namely, 
with  basis  ds.  It  maps  to  the  element  da;  + dt  = da;  in  LIa/ f} 

w. 


is  1-dimensional 
We  leave  it  to 


condition  (5)  of  Theorem  15.31.1  holds  and  we  conclude  that  k —¥  A is  formally 
smooth  in  the  (a;)-adic  topology. 


Lemma  15.31.3.  Let  A —¥  B be  a local  homomorphism  of  Noetherian  local  rings. 
Assume  A — * B is  formally  smooth  in  the  m g-adic  topology.  Then  A —¥  B is  flat. 


Proof.  We  may  assume  that  A and  B a Noetherian  complete  local  rings  by  Lemma 
and  Algebra,  Lemma  10.96.6  (this  also  uses  Algebra,  Lemma  10.38.9|  and 
to  see  that  flatness  of  the  map  on  completions  implies  flatness  of  A —¥  B). 


15.29.4 


10.96.3 


Choose  a commutative  diagram 


S >-  B 

R ^ A 

as  in  Lemma Tl5. 30.31  with  R —¥  S flat.  Let  / C R be  the  kernel  of  R — > A.  Because 
B is  formally  smooth  over  A we  see  that  the  A-algebra  map 


S/IS 


B 


has  a section,  see  Lemma  |15.29.5|  Hence  B is  a direct  summand  of  the  flat  A- 
module  S/IS  (by  base  change  of  flatness,  see  Algebra,  Lemma  10.38.7 1,  whence 
flat.  □ 


Proposition  15.31.4.  Let  A —¥  B be  a local  homomorphism  of  Noetherian  local 
rings.  Let  k be  the  residue  field  of  A and  B = B®Ak  the  special  fibre.  The  following 
are  equivalent 

(1)  A-¥  B is  fiat  and  B is  geometrically  regular  over  k, 

(2)  A —¥  B is  flat  and  k —¥  B is  formally  smooth  in  the  rrrg -adic  topology, 
and 

(3)  A — » B is  formally  smooth  in  the  ms -adic  topology. 


Proof.  The  equivalence  of  (1)  and  (2)  follows  from  Theorem  15.31.1 


Assume  (3).  By  Lemma  15. 31. 3| we  see  that  A — > B is  flat.  By  Lemma  15.29.8 
see  that  k — ¥ B is  formally  smooth  in  the  rtVg-adic  topology.  Thus  (2)  holds. 


we 
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Assume  (2).  Lemma  15.29.4  tells  us  formal  smoothness  is  preserved  under  com- 
pletion. The  same  is  true  for  flatness  by  Algebra,  Lemma  [10. 96. 3[  Hence  we  may 
replace  A and  B by  their  respective  completions  and  assume  that  A and  B are 
Noetherian  complete  local  rings.  In  this  case  choose  a diagram 

S *- B 


R 


as  in  Lemma  |15.30.3|  We  will  use  all  of  the  properties  of  this  diagram  without 
further  mention.  Fix  a regular  system  of  parameters  ii, . . . ,td  of  R with  t\  = p in 
case  the  characteristic  of  k is  p > 0.  Set  S = S ®,r  k.  Consider  the  short  exact 
sequence 

0->  J ^ S ^ B ^0 

Since  B is  flat  over  A we  see  that  J (5>n  k is  the  kernel  of  S — > B.  As  B and 
S are  regular  we  see  that  J k is  generated  by  elements  X\, . . . , xr  which  form 

part  of  a regular  system  of  parameters  of  S,  see  Algebra,  Lemma  10.105.4  Lift 
these  elements  to  xi, ...  ,xr  £ J.  Then  f i, . . . , td,  x\, . . . , xr  is  part  of  a regular 
system  of  parameters  for  S.  Hence  S/ [x\, . . . , xr)  is  a power  series  ring  over  a field 
(if  the  characteristic  of  k is  zero)  or  a power  series  ring  over  a Cohen  ring  (if  the 
characteristic  of  k is  p > 0),  see  Lemma  15.30.2  Moreover,  it  is  still  the  case  that 
R -A  S/ (x\, . . . , xr)  maps  . . . , td  to  a part  of  a regular  system  of  parameters  of 
S/ ( x\ , . . . , xr).  In  other  words,  we  may  replace  S by  S/ (xi, . . . , xr)  and  assume  we 
have  a diagram 

S 5-  B 


as  in  Lemma 


15.30.3 


with  moreover  S = B.  In  this  case  the  map 
S A — > B 


is  an  isomorphism  as  it  is  surjective  and  an  isomorphism  on  special  fibres,  see 
Algebra,  Lemma  10.98.1  Thus  by  Lemma  [l5.29.8|  it  suffices  to  show  that  R -A  S 
is  formally  smooth  in  the  mg-adic  topology.  Of  course,  since  S = B,  we  have  that 
S is  formally  smooth  over  k = R/mn. 

Choose  elements  j/i, . . . , ym  £ S such  that  fi, . . . , td,  yi,  ■ ■ ■ , ym  is  a regular  system 
of  parameters  for  S.  If  the  characteristic  of  k is  zero,  choose  a coefficient  field  K C S 
and  if  the  characteristic  of  k is  p > 0 choose  a Cohen  ring  A C S with  residue  field 
K.  At  this  point  the  map  K[[ti, . . . ,tdiUii  ■ ■ ■ i Vm ]]  — t S (characteristic  zero  case) 
or  A[[t2,  • • • , td,  3/1,  • • • , ym\\  —t  S (characteristic  p > 0 case)  is  an  isomorphism,  see 
Lemma 1 15. 30. 2 From  now  on  we  think  of  S as  the  above  power  series  ring. 

The  rest  of  the  proof  is  analogous  to  the  argument  in  the  proof  of  Theorem|15.31.l| 
Choose  a solid  diagram 


S- 


Y ip 


■N/J 


R 


■N 
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as  in  Definition  15.29.1  As  J2  = 0 we  see  that  J has  a canonical  N/J  module 
structure  and  via  ip  a S'-module  structure.  As  ip  is  continuous  for  the  mg-adic 
topology  we  see  that  xrCpJ  = 0 for  some  n.  Hence  we  can  filter  J by  N/  J-submodnles 
0 C Ji  C J2  C . . . C Jn  = J such  that  each  quotient  is  annihilated  by  ms. 

Considering  the  sequence  of  ring  maps  N — ► N/ J\  N/J2  N/J  we  see 

that  it  suffices  to  prove  the  existence  of  the  dotted  arrow  when  J is  annihilated  by 
ms,  i.e. , when  J is  a AT-vector  space. 


Assume  given  a diagram  as  above  such  that  J is  annihilated  by  ms-  As  Q — > S 
(characteristic  zero  case)  or  Z — > S (characteristic  p > 0 case)  is  formally  smooth 
in  the  ms-adic  topology  (see  Lemma  15.30.1),  we  can  find  a ring  map  ip  : S — > N 
such  that  n o ip  = ip.  Since  S'  is  a power  series  ring  in  ti, ...  ,td  (characteristic 
zero)  or  t%,  ■ • • ,td  (characteristic p > 0)  over  a subring,  it  follows  from  the  universal 
property  of  power  series  rings  that  we  can  change  our  choice  of  ip  so  that  ip{ti) 
equals  <p(U)  (automatic  for  t\  = p in  the  characteristic  p case).  Then  ip  o i and 
ip  : R —>  N are  two  maps  whose  compositions  with  7r  are  equal  and  which  agree 
on  t\, ...  ,td-  Hence  D = ip  o i ~ ip  : R — I J is  a derivation  which  annihilates 
ti,...,td . By  Algebra,  Lemma  [10. 130.3  we  can  write  D = £ o d for  some  R-  linear 


map  £ : LLr/z  — ► J which  annihilates  dti, . . . , d td  (by  construction)  and  mi?fl/j/2 
(as  J is  annihilated  by  m^).  Hence  £ factors  as  a composition 


n 


R/Z 


0 


fc/Z 


J 


where  £'  is  fc-linear.  Using  the  AT-vector  space  structure  on  J we  extend  £'  to  a 
AT-linear  map 

P"  ■ Bfc/Z  (g it  I\  — » J. 

Using  that  S/k  is  formally  smooth  we  see  that 


fifc/ z N 


^s/z 


K 


is  injective  by  Theorem  15.31.1  (this  is  true  also  in  the  characteristic  zero  case  as 
it  is  even  true  that  — > flx/z  is  injective  in  characteristic  zero,  see  Algebra, 

Proposition  10.150.9).  Hence  we  can  find  a AT-linear  map  £'"  : K — > J 


whose  restriction  to  Dfc/Z  (gj,  K is  £".  Write 


D'  : S — > $Js/z 


^ SjZ 


K - — ^ J. 


Finally,  set  ip'  = ip  — D'  : S H > N.  The  reader  verifies  that  ip'  is  a ring  map  such 
that  7r  o ip'  = ip  and  such  that  ip'  o i = ip  as  desired.  □ 


As  an  application  of  the  result  above  we  prove  that  deformations  of  formally  smooth 
algebras  are  unobstructed. 

07NR  Lemma  15.31.5.  Let  A be  a Noetherian  complete  local  ring  with  residue  field  k. 

Let  B be  a Noetherian  complete  local  k-algebra.  Assume  k — » B is  formally  smooth 
in  the  m R-adic  topology.  Then  there  exists  a Noetherian  complete  local  ring  C and 
a local  homomorphism  A — ► C which  is  formally  smooth  in  the  m c~adic  topology 
such  that  C (g^  k = B. 
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Proof.  Choose  a diagram 

S 

R m A 


as  in  Lemma  |15.30.3[  Let  t\ , . . . , be  a regular  system  of  parameters  for  R with 
t\  = p in  case  the  characteristic  of  k is  p > 0.  As  B and  S = S®Ak  are  regular  we  see 
that  Kei^S1 2 3  — ► B)  is  generated  by  elements  aq, . . . , xr  which  form  part  of  a regular 
system  of  parameters  of  S,  see  Algebra,  Lemma  10.105.4  Lift  these  elements  to 
Xi, . . . , xr  € S.  Then  t\, . . . , ta,  ■ • . , xr  is  part  of  a regular  system  of  parameters 
for  S.  Hence  S/(x i, . . . , xr)  is  a power  series  ring  over  a field  (if  the  characteristic 
of  k is  zero)  or  a power  series  ring  over  a Cohen  ring  (if  the  characteristic  of  k is 
p > 0),  see  Lemma [15.30.2  Moreover,  it  is  still  the  case  that  R — ► S/{x\, . . . ,xr ) 
maps  t\, . . . , td  to  a part  of  a regular  system  of  parameters  of  S/ (xi, . . . , xr).  In 
other  words,  we  may  replace  S by  S/ (iri, . . . , xr)  and  assume  we  have  a diagram 


07NS 


as  in  Lemma  15.30.3  with  moreover  S = B.  In  this  case  R — > S is  formally  smooth 


in  the  ms-adic  topology  by  Proposition  15.31.4[  Hence  the  base  change  C = S®rA 


is  formally  smooth  over  A in  the  mc-adic  topology  by  Lemma [15. 29. 8| 


□ 


Remark  15.31.6.  The  assertion  of  Lemma 
suppose  that  we  have  a diagram 


15.31.5 


is  quite  strong.  Namely, 


B 


A s-  A! 


of  local  homomorphisms  of  Noetherian  complete  local  rings  where  A—¥  A'  induces 
an  isomorphism  of  residue  fields  k = A/vcia  = A//rrqv  and  with  B <S>a'  k formally 
smooth  over  k.  Then  we  can  extend  this  to  a commutative  diagram 

G B 

A A 

A *A' 


of  local  homomorphisms  of  Noetherian  complete  local  rings  where  A — >•  C is  for- 
mally smooth  in  the  mc-adic  topology  and  where  C (g>A  k = B <8 )a'  k.  Namely,  pick 
A — > C as  in  Lemma  15. 31.5|  lifting  B 8>a'  k over  k.  By  formal  smoothness  we  can 
find  the  arrow  C 


R,  see  Lemma 


15.29.5 


C A!  with  respect  to  the  ideal  C <8>a  m a> 


Denote  C 
Note  that  C 


A A'  the  completion  of 
4 A1  is  a Noetherian 


complete  local  ring  (see  Algebra,  Lemma  10.96.5 ) which  is  flat  over  A'  (see  Algebra, 
Lemma  10.98.11).  We  have  moreover 


(1)  C 0(4  A!  — > B is  surjective, 

(2)  if  A —>■  A'  is  surjective,  then  C -A  B is  surjective, 

(3)  if  A A'  is  finite,  then  C — > B is  finite,  and 
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(4)  if  A!  — > B is  flat,  then  C (g>^  A ' = B. 


Namely,  by  Nakayama’s  lemma  for  nilpotent  ideals  (see  Algebra,  Lemma  10.19.1) 
we  see  that  C 0^  k = B ®a'  k implies  that  C 0 a A! /m^,  — >•  B/mnA,B  is  surjective 
for  all  n.  This  proves  (1).  Parts  (2)  and  (3)  follow  from  part  (1).  Part  (4)  follows 
from  Algebra,  Lemma  [l0.98.1[ 


15.32.  Regular  ring  maps 


07BY 


07BZ 


Let  k be  a field.  Recall  that  a Noetherian  fc-algebra  A is  said  to  be  geometrically 
regular  over  k if  and  only  if  A 0^  k'  is  regular  for  all  finite  purely  inseparable 
extensions  k!  of  k,  see  Algebra,  Definition  10.158.2|  Moreover,  if  this  is  the  case 
then  A 0*.  k'  is  regular  for  every  finitely  generated  field  extension  k C kl , see 
Algebra,  Lemma  [10. 158. 1[  We  use  this  notion  in  the  following  definition. 


Definition  15.32.1.  A ring  map  R — > A is  regular  if  it  is  flat  and  for  every  prime 
pCi?  the  fibre  ring 

A 0#  k(p)  = Ap/pAp 

is  Noetherian  and  geometrically  regular  over  k(p). 


If  R -A  A is  a ring  map  with  A Noetherian,  then  the  fibre  rings  are  always  Noe- 
therian. 


07C0  Lemma  15.32.2  (Regular  is  a local  property).  Let  R — > A be  a ring  map  with  A 
Noetherian.  The  following  are  equivalent 

(1)  R — > A is  regular, 

(2)  i?p  — ► Aq  is  regular  for  all  q C A lying  over  p C R,  and 

(3)  Rm  — > Am/  is  regular  for  all  maximal  ideals  m'  C A lying  over  m in  R. 


Proof.  This  is  true  because  a Noetherian  ring  is  regular  if  and  only  if  all  the  local 
rings  are  regular  local  rings,  see  Algebra,  Definition  |10. 109.71  and  a ring  map  is 
flat  if  and  only  if  all  the  induced  maps  of  local  rings  are  flat,  see  Algebra,  Lemma 
110.38.191  ' □ 


07C1  Lemma  15.32.3  (Regular  maps  and  base  change).  Let  R — > A be  a regular  ring 
map.  For  any  finite  type  ring  map  R — > R'  the  base  change  R'  — > A ®rR'  is  regular 
too. 


Proof.  Flatness  is  preserved  under  any  base  change,  see  Algebra,  Lemma  [10. 38. 7| 
Consider  a prime  p'  C R'  lying  over  p C R.  The  residue  field  extension  «(p)  C k(p') 
is  finitely  generated  as  R'  is  of  finite  type  over  R.  Hence  the  fibre  ring 

(A  ®R  R!)  ®R,  k(p')  = A 0fl  k{ p)  <8>k(P)  k(p') 

is  Noetherian  by  Algebra,  Lemma  |10.30.7|  and  the  assumption  on  the  fibre  rings 
of  R — >-  A.  Geometric  regularity  of  the  fibres  is  preserved  by  Algebra,  Lemma 
110.158.11  □ 

07QI  Lemma  15.32.4  (Composition  of  regular  maps).  Let  A — ► B — ► C be  regular  ring 
maps.  If  the  fibre  rings  of  A — » C are  Noetherian,  then  A — » C is  regular. 

Proof.  Let  p C A be  a prime.  Let  n(p)  C k be  a finite  purely  inseparable  extension. 
We  have  to  show  that  C k is  regular.  By  Lemma  |15.32.3|  we  may  assume  that 
A = k and  we  reduce  to  proving  that  C is  regular.  The  assumption  is  that  B is 
regular  and  that  B — > C is  flat  with  regular  fibres.  Then  C is  regular  by  Algebra, 
LemmallO.111.81  Some  details  omitted.  □ 
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07EP 


07EQ 

07NT 

07QJ 

07QK 


OBFK 


Lemma  15.32.5.  Let  R be  a ring.  Let  ( Ai,ipa >)  be  a directed  system  of  smooth 
R-algebras.  Set  A = colim  A*.  If  the  fibre  rings  A <g)R  «(p)  are  Noetherian  for  all 
pci?,  then  R — * A is  regular. 


Proof.  Note  that  A is  flat  over  R by  Algebra,  Lemmas  10.38.3  and  10.135.10 
/c(p)  G k be  a finite  purely  inseparable  extension.  Note  that 

A ®R  «(p)  <8>re(P)  k = A k = colim  A,  k 


Let 


is  a colimit  of  smooth  fc-algebras,  see  Algebra,  Lemma  [10. 135.4  Since  each  local 

we  conclude  that 


ring  of  a smooth  fc-algebra  is  regular  by  Algebra,  Lemma 
all  local  rings  of  A 0#  k are  regular  by  Algebra,  Lemma 
lemma. 


10.138.3 


10.105.8 


This  proves  the 

□ 


Let’s  see  when  a field  extension  defines  a regular  ring  map. 

Lemma  15.32.6.  Let  k C K be  a field  extension.  Then  k — » K is  a regular  ring 
map  if  and  only  if  K is  a separable  field  extension  of  k. 


Proof.  If  k — > K is  regular,  then  K is  geometrically  reduced  over  k,  hence  K is 
separable  over  k by  Algebra,  Proposition  10.150.9|  Conversely,  if  K/k  is  separable, 
then  I\  is  a colimit  of  smooth  fc-algebras,  see  Algebra,  Lemma [10.150. ll]  hence  is 
regular  by  Lemma  15.32.5  □ 


Lemma  15.32.7.  Let  A — ► B — ► C be  ring  maps.  If  A — ► C is  regular  and  B C 
is  flat  and  surjective  on  spectra,  then  A — >•  B is  regular. 


Proof.  By  Algebra,  Lemma  [l 0 . 38 . 1 0|  we  see  that  A — > B is  flat.  Let  p C A be  a 
prime.  The  ring  map  B ®a  «(p)  —>  C Cu  re(p)  is  flat  and  surjective  on  spectra. 
Hence  B «(p)  is  geometrically  regular  by  Algebra,  Lemma  10.158.3  □ 


15.33.  Ascending  properties  along  regular  ring  maps 

This  section  is  the  analogue  of  Algebra,  Section  |10.155|  but  where  the  ring  map 
R -A  S is  regular. 

Lemma  15.33.1.  Let  ip  : R —¥  S be  a ring  map.  Assume 

(1)  ip  is  regular, 

(2)  S is  Noetherian,  and 

(3)  R is  Noetherian  and  reduced. 

Then  S is  reduced. 


Proof.  For  Noetherian  rings  being  reduced  is  the  same  as  having  properties  (Si) 

Hence  we  may  apply  Algebra,  Lemmas 

□ 


and  (i?0),  see  Algebra,  Lemma  10.149.3 
110.155.41  and  110.155.51 


Lemma  15.33.2.  Let  ip  : R —¥  S be  a ring  map.  Assume 

(1)  ip  is  regular, 

(2)  S is  Noetherian,  and 

(3)  R is  Noetherian  and  normal. 

Then  S is  normal. 


Proof.  For  Noetherian  rings  being  reduced  is  the  same  as  having  properties  (S2) 

Hence  we  may  apply  Algebra,  Lemmas 

□ 


and  (i?i),  see  Algebra,  Lemma  10.149.4 
110.155.41  and  110.155. 51 
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07NU 

07NV 

07NW 

07NX 

07NY 

0AP1 

07NZ 

OAGX 


15.34.  Permanence  of  properties  under  completion 


Given  a Noetherian  local  ring  (A,  m)  we  denote  AA  the  completion  of  A with  respect 
to  m.  We  will  use  without  further  mention  that  AA  is  a Noetherian  complete  local 
ring  with  maximal  ideal  mA  = mAA  and  that  A — > AA  is  faithfully  flat.  See  Algebra, 
Lemmas  10.96.6  10.96.4[  and  10.96.3 


Lemma  15.34.1.  Let  A be  a Noetherian  local  ring.  Then  dim(A)  = dim(AA). 


Proof.  By  Algebra,  Lemma  10.96.4  the  map  A — > AA  induces  isomorphisms 
A/m"  = AA/(mA)"  for  n > 1.  By  Algebra,  Lemma  10.51.12  this  implies  that 

lengthy  (A/m")  = lengthy  (AA/(mA)") 


for  all  n > 1.  Thus  d(A ) = ci(AA)  and  we  conclude  by  Algebra,  Proposition  10.59.8 
An  alternative  proof  is  to  use  Algebra,  Lemma [10.111.7|  □ 

Lemma  15.34.2.  Let  A be  a Noetherian  local  ring.  Then  depth(A)  = depth(AA). 

Proof.  See  Algebra,  Lemma [10. 155. 2|  □ 

Lemma  15.34.3.  Let  A be  a Noetherian  local  ring.  Then  A is  Cohen- Macaulay 
if  and  only  if  AA  is  so. 

Proof.  A local  ring  A is  Cohen-Macaulay  if  and  only  dim(A)  = depth(A).  As  both 
of  these  invariants  are  preserved  under  completion  (Lemmas  |15.34.I  and  15.34.2) 
the  claim  follows.  □ 

Lemma  15.34.4.  Let  A be  a Noetherian  local  ring.  Then  A is  regular  if  and  only 
if  AA  is  so. 

Proof.  If  AA  is  regular,  then  A is  regular  by  Algebra,  Lemma  10.109.9[  Assume 
A is  regular.  Let  m be  the  maximal  ideal  of  A.  Then  dimK(m)  m/m2  = dim(A)  = 
dim(AA)  (Lemma |15.34.1 ).  On  the  other  hand,  mAA  is  the  maximal  ideal  of  AA 
and  hence  m^A  is  generated  by  at  most  dim(AA)  elements.  Thus  AA  is  regular. 
(You  can  also  use  Algebra,  Lemma  10.111.8  ) □ 

Lemma  15.34.5.  Let  A be  a Noetherian  local  ring.  Then  A is  a discrete  valuation 
ring  if  and  only  if  AA  is  so. 

Proof.  This  follows  from  Lemmas|15.34.1|and|15.34.4|and  Algebra,  Lemma|10.118.7[ 

□ 


Lemma  15.34.6.  Let  A be  a Noetherian  local  ring. 

(1)  If  AA  is  reduced,  then  so  is  A. 

(2)  In  general  A reduced  does  not  imply  AA  is  reduced. 

(3)  If  A is  Nagata,  then  A is  reduced  if  and  only  if  AA  is  reduced. 


Proof.  As  A -I  AA  is  faithfully  flat  we  have  (1)  by  Algebra,  Lemma  10.156.2 


For  (2)  see  Algebra,  Example  10.118.5  (there  are  also  examples  in  characteristic 
zero,  see  Algebra,  Remark  10.118.6).  For  (3)  see  Algebra,  Lemmas  10.154.13  and 
110.154.101  □ 


Lemma  15.34.7.  Let  A — ► B be  a flat  local  homomorphism,  of  Noetherian  lo- 
cal rings  such  that  m aB  = mg  and  ^(m^)  = c(mg).  Then  A — ► B induces  an 
isomorphism  AA  — > BA  of  completions. 
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OAGY 


OAGZ 


07QP 


OAHO 


0AP2 


is  an  isomorphism.  □ 


15.35.  Permanence  of  properties  under  etale  maps 


In  this  section  we  consider  an  etale  ring  map  ip  : A — ► B and  we  study  which 
properties  of  A are  inherited  by  B and  which  properties  of  the  local  ring  of  B at  q 
are  inherited  by  the  local  ring  of  A at  p = <p>_1(q).  Basically,  this  section  reviews 
and  collects  earlier  results  and  does  not  add  any  new  material. 


We  will  use  without  further  mention  that  an  etale  ring  map  is  flat  (Algebra,  Lemma 


10.141.3 1 and  that  a flat  local  homomorphism  of  local  rings  is  faithfully  flat  (Alge- 


bra, Lemma  10.38.17). 


Lemma  15.35.1.  If  A —>  B is  an  etale  ring  map  and  q is  a prime  of  B lying  over 
pC  A,  then  Ap  is  Noetherian  if  and  only  if  Bq  is  Noetherian. 


Proof.  Since  Ap  — > Bq  is  faithfully  flat  we  see  that  Bq  Noetherian  implies  that  Ap 
is  Noetherian,  see  Algebra,  Lemma  10.156.1  Conversly,  if  Ap  is  Noetherian,  then 
Bq  is  Noetherian  as  it  is  a localization  of  a finite  type  Ap-algebra.  □ 


Lemma  15.35.2.  If  A B is  an  etale  ring  map  and  q is  a prime  of  B lying  over 
p C A,  then  dim(Ap)  = dim(Hq). 


Proof.  Namely,  because  Ap  — » Bq  is  flat  we  have  going  down,  and  hence  the 
inequality  dim(Ap)  < dim(Pq),  see  Algebra,  Lemma  10.111.1  On  the  other  hand, 
suppose  that  qo  C qi  C . . . C q„  is  a chain  of  primes  in  Bq.  Then  the  corresponding 
sequence  of  primes  po  C Pi  C . . . C p„  (with  p,  = qt  D Ap)  is  chain  also  (i.e.,  no 
equalities  in  the  sequence)  as  an  etale  ring  map  is  quasi-finite  (see  Algebra,  Lemma 
10.141.6])  and  a quasi-finite  ring  map  induces  a map  of  spectra  with  discrete  fibres 
(by  definition).  This  means  that  dim(Ap)  > dim(.Bq)  as  desired.  □ 


Lemma  15.35.3.  If  A B is  an  etale  ring  map  and  q is  a prime  of  B lying  over 

p C A,  then  Ap  is  regular  if  and  only  if  Bq  is  regular. 


Proof.  By  Lemma[i5.35.1  we  may  assume  both  Ap  and  Bq  are  Noetherian  in  order 
to  prove  the  equivalence.  Let  x±, . . . ,xt  € pAp  be  a minimal  set  of  generators.  As 


B 


q is  faithfully  flat  we  see  that  the  images  y i, 


, yt  in  Bq  form  a minimal 


system  of  generators  for  p Bq  = q Bq  (Algebra,  Lemma  10.141.5).  Regularity  of  Ap 
by  definition  means  t = dim(Ap)  and  similarly  for  Bq.  Hence  the  lemma  follows 
from  the  equality  dim(Ap)  = dim(Hq)  of  Lemma  15.35.2  □ 


Lemma  15.35.4.  If  A —¥  B is  an  etale  ring  map  and  A is  a Dedekind  domain, 
then  B is  a finite  product  of  Dedekind  domains.  In  particular,  the  localizations  Bq 
for  q C B maximal  are  discrete  valuation  rings. 


Proof.  The  statement  on  the  local  rings  follows  from  Lemmas  |15. 35. 2| and |15.35.3| 
and  Algebra,  Lemma  |10. 118.7]  It  follows  that  B is  a Noetherian  normal  ring  of 
dimension  1.  By  Algebra,  Lemma[i0.36.15|we  conclude  that  B is  a finite  procuct  of 
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normal  domains  of  dimension  1.  These  are  Dedekind  domains  by  Algebra,  Lemma 
110.119.151  □ 


15.36.  Permanence  of  properties  under  henselization 


07QL  Given  a local  ring  R we  denote  Rh,  resp.  Rsh  the  henselization,  resp.  strict  henseliza- 


tion of  R,  see  Algebra,  Definition  10.148.18  Many  of  the  properties  of  R are  re- 


flected in  Rh  and  Rsh  as  we  will  show  in  this  section. 


07QM  Lemma  15.36.1.  Let  (R,  m,  k)  be  a local  ring.  Then  we  have  the  following 

(1)  i?  — ► Rh  -A  Rsh  are  faithfully  flat  ring  maps, 

(2)  m Rh  = m'1  and  m Rsh  = m hRsh  = ms\ 

(3)  R/mn  = Rh/mnRh  for  all  n, 

(4)  there  exist  elements  Xi  £ Rsh  such  that  Rsh/mnRsh  is  a free  R/mn -module 
on  Xi  mod  m nRsh. 


07QN 


Proof.  By  construction  Rh  is  a colimit  of  etale  i?-algebras,  see  Algebra,  Lemma 
Since  etale  ring  maps  are  flat  (Algebra,  Lemma  10.141.3)  we  see  that 


10.148.16 

n is  flat  over  R by  Algebra,  Lemma 


R‘ 


10.38.3 


As  a flat  local  ring  homomorphism 
is  faithfully  flat  (Algebra,  Lemma  10.38.17)  we  see  that  R — > Rh  is  faithfully  flat. 
The  ring  map  Rh  — > Rsh  is  a colimit  of  finite  etale  ring  maps,  see  proof  of  Algebra, 


Lemma  10.148.17  Hence  the  same  arguments  as  above  show  that  Rh 


R 


sh 


IS 


faithfully  flat. 


Lemma  15.36.2.  Let  (R,  m,  «)  be  a local  ring.  Then 

(1)  R -A  Rh , Rh  — ► Rsh,  and  R — > Rsh  are  formally  etale, 

(2)  R — > Rh , Rh  — >•  Rsh,  resp.  R -A  Rsh  are  formally  smooth  in  the  mh , 
resp.  msh -topology. 


06LJ 


Proof.  Part  (1)  follows  from  the  fact  that  Rh  and  Rsh  are  directed  colimits  of  etale 
algebras  (by  construction),  that  etale  algebras  are  formally  etale  (Algebra,  Lemma 
10.146.21,  and  that  colimits  of  formally  etale  algebras  are  formally  etale  (Algebra, 


Lemma|10.146.3 ).  Part  (2)  follows  from  the  fact  that  a formally  etale  ring  map  is 
formally  smooth  and  Lemma [15. 29.2|  □ 


Lemma  15.36.3.  Let  R be  a local  ring.  The  following  are  equivalent 

(1)  R is  Noetherian, 

(2)  Rh  is  Noetherian,  and 

(3)  Rsh  is  Noetherian. 

In  this  case  we  have 


(a)  ( Rh)A  and  (Rsh)A  are  Noetherian  complete  local  rings, 

(b)  RA  -A  ( Rh)A  is  an  isomorphism, 

(c)  Rh  -A  (Rh)A  and  Rsh  -A  ( Rsh)A  are  flat, 

(d)  RA  -A  ( Rsh)A  is  formally  smooth  in  the  m^sh^-adic  topology. 
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06DH 


OASE 


06DI 


Proof.  Since  R -A  Rh  -A  Rsh  are  faithfully  flat  (Lemma  15.36.1 ),  we  see  that  Rh  or 
Rsh  being  Noetherian  implies  that  R is  Noetherian,  see  Algebra,  Lemma  10.156.1 
In  the  rest  of  the  proof  we  assume  R is  Noetherian. 

As  m C R is  finitely  generated  it  follows  that  mh  = mRh  and  msh  = m Rsh  are 


finitely  generated,  see  Lemma 


Algebra,  Lemma  10.152.3  This  proves  (a). 


15.36.1 


Hence  ( Rh)A  and  ( Rsh)A  are  Noetherian  by 


Note  that  (b)  is  immediate  from  Lemma  15.36.1  In  particular  we  see  that  ( Rh)A 


is  flat  over  R,  see  Algebra,  Lemma  [10.96.3 

Next,  we  show  that  Rh  — > ( Rh)A  is  flat.  Write  Rh  = colinq  R,  as  a directed  colimit 

\\if(Rh' 


10.38.6 


is  flat  over 


of  localizations  of  etale  i?-algebras.  By  Algebra,  Lemma  ' 
each  Ri,  then  Rh  — > (Rh)A  is  flat.  Note  that  Rh  = Rf  (by  construction).  Hence 
Rf  = ( Rh ) A by  part  (b)  is  flat  over  Ri  as  desired.  To  finish  the  proof  of  (c)  we  show 
that  Rsh  — > ( Rsh)A  is  flat.  To  do  this,  by  a limit  argument  as  above,  it  suffices 
to  show  that  ( Rsh)A  is  flat  over  R.  Note  that  it  follows  from  Lemma 
( Rsh)A  is  the  completion  of  a free  A-module.  By  Lemma 
over  R as  desired.  This  finishes  the  proof  of  (c). 

At  this  point  we  know  (c)  is  true  and  that  ( Rh)A  and  ( Rsh)A  are  Noetherian.  It 


15.21.2 


15.36.1 


that 

we  see  this  is  flat 


follows  from  Algebra,  Lemma  10.156.1  that  Rh  and  Rsh  are  Noetherian. 


Part  (d)  follows  from  Lemma  15.36.2  and  Lemma  15.29.4 


□ 


Lemma  15.36.4.  Let  R be  a local  ring.  The  following  are  equivalent:  R is  reduced, 
the  henselization  Rh  of  R is  reduced,  and  the  strict  henselization  Rsh  of  R is  reduced. 

Proof.  The  ring  maps  R — > Rh  — »•  Rsh  are  faithfully  flat.  Hence  one  direction  of 
the  implications  follows  from  Algebra,  Lemma  [10.156.2|  Conversely,  assume  R is 
reduced.  Since  Rh  and  Rsh  are  filtered  colimits  of  etale,  hence  smooth  JS-algebras, 
the  result  follows  from  Algebra,  Lemma[l0.155.6|  □ 

Lemma  15.36.5.  Let  R be  a local  ring.  Let  nil(R)  denote  the  ideal  of  nilpotent 
elements  of  R.  Then  nil(R)Rh  = nil(Rh)  and  nil(R)Rsh  = nil(Rsh). 

Proof.  Note  that  nil(R)  is  the  biggest  ideal  consisting  of  nilpotent  elements  such 
that  the  quotient  R/nil{R)  is  reduced.  Note  that  nil{R)Rh  consists  of  nilpotent 
elements  by  Algebra,  Lemma  10.31.2  Also,  note  that  Rh /nil(R)Rh  is  the  henseliza- 
tion of  R/nil(R)  by  Algebra,  Lemma  10.148.24  Hence  Rh /nil(R)Rh  is  reduced  by 


Lemma  |15.36.4|  We  conclude  that  nil(R)Rn  = nil(Rh)  as  desired.  Similarly  for 
the  strict  henselization  but  using  Algebra,  Lemma  [10. 148. 30[  □ 

Lemma  15.36.6.  Let  R be  a local  ring.  The  following  are  equivalent:  R is  a 
normal  domain,  the  henselization  Rh  of  R is  a normal  domain,  and  the  strict 
henselization  Rsh  of  R is  a normal  domain. 

Proof.  A preliminary  remark  is  that  a local  ring  is  normal  if  and  only  if  it  is  a 
normal  domain  (see  Algebra,  Definition  10.36.11).  The  ring  maps  R -A  Rh  — > Rsh 


are  faithfully  flat.  Hence  one  direction  of  the  implications  follows  from  Algebra, 


Lemma  |10.156.3[  Conversely,  assume  R is  normal.  Since  Rh  and  Rsh  are  filtered 
colimits  of  etale,  hence  smooth  l?-algebras,  the  result  follows  from  Algebra,  Lemma 
110.155.71  □ 


06LK 


Lemma  15.36.7.  Given  any  local  ring  R we  have  dim(l?)  = dim(i??l)  = dim(l?s?!'). 
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0AP3 


0AH1 


Proof.  Since  R -A  Rsh  is  faithfully  flat  (Lemma  15.36.1 1 we  see  that  dim(f?s")  > 
dim(f?)  by  going  down,  see  Algebra,  Lemma  10.111.1  For  the  converse,  we  write 
Rsh  _ coiim  fjc  as  a directed  colimit  of  local  rings  Ri  each  of  which  is  a localization 
of  an  etale  R-algebra.  Now  if  qo  C qi  C . . . C q„  is  a chain  of  prime  ideals  in  Rsh, 
then  for  some  sufficiently  large  i the  sequence 

Ri  n q0  C Ri  n qi  C ...  C Ri  D q„ 

is  a chain  of  primes  in  Rt.  Thus  we  see  that  dim(f?s?l)  < sup4  dim(l?j).  But  by  the 


result  of  Lemma  15.35.2  we  have  dim(f?i)  = dim(i?)  for  each  i and  we  win.  □ 


Lemma  15.36.8.  Given  a Noetherian  local  ring  R we  have  depthfR)  = depth(Rh)  = 
depth(Rsh) . 

Proof.  By  Lemma  15.36.3  we  know  that  Rh  and  Rsh  are  Noetherian.  Hence  the 
lemma  follows  from  Algebra,  Lemma[l0.155.2|  □ 

Lemma  15.36.9.  Let  R be  a Noetherian  local  ring.  The  following  are  equivalent: 
R is  Cohen- Macaulay,  the  henselization  Rh  of  R is  Cohen- Macaulay,  and  the  strict 
henselization  Rsh  of  R is  Cohen- Macaulay. 

we  know  that  Rh  and  Rsh  are  Noetherian,  hence  the 
Since  we  have  depthfi?)  = depth(.Bfe)  = depth(i?sh)  and 


15.36.3 


Proof.  By  Lemma 
lemma  makes  sense. 

dim(l?)  = dim(l?ft  ) = dim(l?s/l)  by  Lemmas  15.36.8  and  15.36.7  we  conclude.  □ 


Lemma  15.36.10.  Let  R be  a Noetherian  local  ring.  The  following  are  equivalent: 
R is  a regular  local  ring,  the  henselization  Rh  of  R is  a regular  local  ring,  and  the 
strict  henselization  Rsh  of  R is  a regular  local  ring. 


Proof.  By  Lemma  15.36.3  we  know  that  Rh  and  Rsh  are  Noetherian,  hence  the 
lemma  makes  sense.  Let  m be  the  maximal  ideal  of  R.  Let  Xi,...,xt  £ m be 
a minimal  system  of  generators  of  m,  i.e. , such  that  the  images  in  m/m2  form  a 
basis  over  n = R/m.  Because  R Rh  and  R — > Rsh  are  faithfully  flat,  it  follows 


that  the  images  xf, . . . , xt 

, h 


h in  Rh, 
h 


in  Rsh  are  a minimal  system 


resp.  xf  , .... 

of  generators  for  m11  = m Rh,  resp.  msh  = m Rsh.  Regularity  of  R by  definition 
means  t = dim(i?)  and  similarly  for  Rh  and  Rsh.  Hence  the  lemma  follows  from 
the  equality  of  dimensions  dim(l?)  = dim(i?ft-)  = dim (Rsh 


of  Lemma  15.36.7 


□ 


Lemma  15.36.11.  Let  R.  be  a Noetherian  local  ring.  Then  R is  a discrete  val- 
uation ring  if  and  only  if  Rh  is  a discrete  valuation  ring  if  and  only  if  Rsh  is  a 
discrete  valuation  ring. 


Proof.  This  follows  from  Lemmas|15.36.7|and|15.36.10|and  Algebra,  Lemma|10.118.7[ 

□ 

Lemma  15.36.12.  Let  A be  a ring.  Let  B be  a filtered  colimit  of  etale  A-algebras. 
Let  p be  a prime  of  A.  If  B is  Noetherian,  then  there  are  finitely  many  primes 
qi, . . . , q r lying  over  p,  we  have  = II  «(qi),  and  each  of  the  field  extensions 

«(p)  C K(q*)  is  separable  algebraic. 

Proof.  Write  B as  a filtered  colimit  B = colimRi  with  A — > Bi  etale.  Then  on  the 
one  hand  B (g>^  k( p)  = colimHj  «(p)  is  a filtered  colimit  of  etale  K(p)-algebras, 
and  on  the  other  hand  it  is  Noetherian.  An  etale  K(p)-algebra  is  a finite  product 


of  finite  separable  field  extensions  (Algebra,  Lemma  10.141.4).  Hence  there  are  no 
nontrivial  specializations  between  the  primes  (which  are  all  maximal  and  minimal 
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primes)  of  the  algebras  Bj  «(p)  and  hence  there  are  no  nontrivial  specializations 
between  the  primes  of  B ft(p).  Thus  B k(p)  is  reduced  and  has  finitely  many 
primes  which  all  minimal.  Thus  it  is  a finite  product  of  fields  (use  Algebra,  Lemma 


separable  extensions  and  hence  the  final  statement  of  the  lemma  follows.  □ 

07QQ  Lemma  15.36.13.  Let  R be  a Noetherian  local  ring.  Let  p C R be  a prime.  Then 

^®rk(P)=TT.  , «(qi)  resp.  Rsh  ®R  «(p)  = TT  «(tj) 

where  q i , . . . , q^,  resp.  ri, . . . , rs  are  the  prime  of  Rh,  resp.  Rsh  lying  over  p.  More- 
over, the  field,  extensions  «(p)  C «(qj)  resp.  re(p)  C ft(qi)  are  separable  algebraic. 


10.24.4  or  Algebra,  Proposition  10.59.6).  Each  of  these  fields  is  a colimit  of  finite 


Proof.  This  can  be  deduced  from  the  more  general  Lemma  15.36. 12|using  that  the 
henselization  and  strict  henselization  are  Noetherian  (as  we’ve  seen  above) . But  we 
also  give  a direct  proof  as  follows. 


We  will  use  without  further  mention  the  results  of  Lemmas  115.36.11  and  115.36.31 
Note  that  Rh/pRh.  resp.  Rsh/pRsh  is  the  henselization,  resp.  strict  henselization  of 


R/p,  see  Algebra,  Lemma  10.148.24  resp.  Algebra,  Lemma  10.148.30  Hence  we  may 


replace  R by  R/p  and  assume  that  R is  a Noetherian  local  domain  and  that  p = (0). 
Since  Rh,  resp.  Rsh  is  Noetherian,  it  has  finitely  many  minimal  primes  qi, . . . , q t, 
resp.  ti, . . . , ts.  Since  R — ► Rh,  resp.  R — ► Rsh  is  flat  these  are  exactly  the  primes 
lying  over  p = (0)  (by  going  down) . Finally,  as  R is  a domain,  we  see  that  Rh,  resp. 

15.36.4  Thus  we  see  that  Rh  Sr  f-f-{R ) = Rh  Sr  «(p) 
Sr  k(p)  is  a reduced  Noetherian  ring  with  finitely 


Rsh,  reciuce(j)  see  Lemma 
resp.  Rsh  Sr  f.f.{R ) = Rs 
many  primes,  all  of  which  are  minimal  (and  hence  maximal).  Thus  these  rings  are 
Artinian  and  are  products  of  their  localizations  at  maximal  ideals,  each  necessarily 


a field  (see  Algebra,  Proposition  10.59.6  and  Algebra,  Lemma  10.24.1). 


The  final  statement  follows  from  the  fact  that  R — > Rh,  resp.  R — > Rsh  is  a colimit 
of  etale  ring  maps  and  hence  the  induced  residue  field  extensions  are  colimits  of 
finite  separable  extensions,  see  Algebra,  Lemma  10.141.5  □ 


15.37.  Field  extensions,  revisited 

07P0  In  this  section  we  study  some  peculiarities  of  field  extensions  in  characteristic  p > 0. 

07P1  Definition  15.37.1.  Let  p be  a prime  number.  Let  k — > K be  an  extension  of 
fields  of  characteristic  p.  Denote  kKp  the  compositum  of  k and  I\p  in  K. 

(1)  A subset  {xi}  C K is  called  p-independent  over  k if  the  elements  xE  = 

where  0 < ej  < p are  linearly  independent  over  kKp. 

(2)  A subset  {a^}  of  K is  called  a p-basis  of  K over  k if  the  elements  xE  form 
a basis  of  K over  kKp . 

This  is  related  to  the  notion  of  a p-basis  of  a Fp-algebra  which  we  will  discuss  later 
(insert  future  reference  here). 

07P2  Lemma  15.37.2.  Let  k C K be  a field  extension.  Assume  k has  characteristic 
p > 0.  Let  {xi}  be  a subset  of  K.  The  following  are  equivalent 

(1)  the  elements  {aij}  are  p-independent  overk,  and 

(2)  the  elements  dxi  are  K -linearly  independent  in  TLK/k. 
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Any  p -independent  collection  can  be  extended  to  ap-basis  of  K overk.  In  particular, 
the  field  AT  has  a p-basis  over  k.  Moreover,  the  following  are  equivalent: 

(a)  {xi}  is  ap-basis  of  K overk,  and 

(b)  dxi  is  a basis  of  the  K -vector  space  flx/k- 

Proof.  Assume  (2)  and  suppose  that  J2aExE  = 0 is  a linear  relation  with  aE  £ 
kKp.  Let  9t  : K —t  K be  a fc-derivation  such  that  Oi(xj)  = dij  (Kronecker  delta). 
Note  that  any  fc-derivation  of  AT  annihilates  kKp.  Applying  to  the  given  relation 
we  obtain  new  relations 


E 


E,ei>  0 


eiaEx  l1 


■ xp 


...x„ 


= 0 


Hence  if  we  pick  aExE  as  the  relation  with  minimal  total  degree  \E\  =Ylei  f°r 
some  «e/0,  then  we  get  a contradiction.  Hence  (2)  holds. 


If  {Xi}  is  a p-basis  for  K over  fc,  then  K = kKp[Xf\/{Xp  — xf).  Hence  we  see  that 
d Xi  forms  a basis  for  flE/k  over  K.  Thus  (a)  implies  (b). 

Let  {ai;}  be  a p-independent  subset  of  K over  fc.  An  application  of  Zorn’s  lemma 
shows  that  we  can  enlarge  this  to  a maximal  p-independent  subset  of  K over  fc.  We 
claim  that  any  maximal  p-independent  subset  {2^}  of  K is  a p-basis  of  K over  fc. 
The  claim  will  imply  that  (1)  implies  (2)  and  establish  the  existence  of  p-bases.  To 
prove  the  claim  let  L be  the  subfield  of  I\  generated  by  kKp  and  the  x^.  We  have 
to  show  that  L = K.  If  x £ K but  x ^ L,  then  xp  £ L and  L(x)  = L[z]/{zp  — x). 
Hence  {2^}  U {2;}  is  p-independent  over  fc,  a contradiction. 


Finally,  we  have  to  show  that  (b)  implies  (a).  By  the  equivalence  of  (1)  and  (2)  we 
see  that  {2;^ } is  a maximal  p-independent  subset  of  K over  fc.  Hence  by  the  claim 
above  it  is  a p-basis.  □ 


07P3 


Lemma  15.37.3.  Let  fc  C K be  a field  extension.  Let  {Ka}a^A  be  a collection  of 
subfields  of  K with  the  following  properties 

(1)  fc  C Ka  for  all  a £ A, 

(2) fc  = na6A^a, 

(3)  for  a,  a'  £ A there  exists  an  a"  £ A such  that  Kar>  C Ka  D Kai. 

Then  for  n > 1 and  V C A'®"  a K -vector  space  we  have  V D fc®"  / 0 i/  and  only 
ifV  n A'®"  7^  0 for  all  a £ A. 


Proof.  By  induction  on  n.  The  case  n = 1 follows  from  the  assumptions.  Assume 
the  result  proven  for  subspaces  of  A'®"-1.  Assume  that  V C A'®”  has  nonzero 
intersection  with  AT®"  for  all  a £ A.  If  V n 0 © fc®"-1  is  nonzero  then  we  win. 
Hence  we  may  assume  this  is  not  the  case.  By  induction  hypothesis  we  can  find  an 
a such  that  LflO®  AT®"-1  is  zero.  Let  v = {x\, ... , xn)  £ V fl  Ka  be  a nonzero 
element.  By  our  choice  of  a we  see  that  X\  is  not  zero.  Replace  v by  xf1v  so  that 
v = (1,  X2,  ■ ■ ■ , xn).  Note  that  if  v'  = (2^, . . . , x'n)  £ V fl  Ka , then  v'  — x^v  = 0 by 
our  choice  of  a.  Hence  we  see  that  V n AT®"  = Kav.  If  we  choose  some  a'  such 
that  ATq/  C Ka,  then  we  see  that  necessarily  v £ V fl  AT®,"  (by  the  same  arguments 
applied  to  a').  Hence 


X2, 


n 


a' GA.Kai  CiCa 


K„ 


which  equals  fc  by  (2)  and  (3). 


□ 
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C I<a  fl  Ka 


Lemma  15.37.4.  Let  K be  afield  of  characteristic  p . Let  {Ka}aeA  be  a collection 
of  subfields  of  I\  with  the  following  properties 

(1)  Kp  C Ka  for  all  a £ A, 

(2)  K*  = r\aBAKa, 

(3)  for  a,  a'  £ A there  exists  an  a”  £ A such  that  Ka 

Then 

(1)  the  intersection  of  the  kernels  of  the  maps  LIk/fp 

(2)  for  any  finite  extension  K C L we  have  Lp  = p|a6j4  LpKa 

Proof.  Proof  of  (1).  Choose  a p-basis  {xi\  for  K over  Fp.  Suppose  that  rj  = 
Yliei'  yidxi  maps  to  zero  in  VLK/Ka  for  every  a £ A.  Here  the  index  set  I ' is  finite. 
By  Lemma |15.37.2|  this  means  that  for  every  a there  exists  a relation 

-E  „ _ ^ 


n 


K/Ka  is  zero , 


«E,o 


0-E,c 


where  E runs  over  multi-indices  E = (ej)jgj'  with  0 < e*  < p.  On  the  other  hand, 
Lemma  15.37.2  guarantees  there  is  no  such  relation  Y^aEXE  = 0 with  qe  £ Kp. 


This  is  a contradiction  by  Lemma  15.37.3 


Proof  of  (2).  Suppose  that  we  have  a tower  K C M C L of  finite  extensions  of 
fields.  Set  Ma  = MpKa  and  La  = LpKa  = LpMa.  Then  we  can  first  prove  that 
Mp  = C\aeAMa,  and  after  that  prove  that  Lp  = f\a(zALa.  Hence  it  suffices  to 
prove  (2)  for  primitive  field  extensions  having  no  nontrivial  subfields.  First,  assume 
that  L = K(6)  is  separable  over  K.  Then  L is  generated  by  6P  over  K,  hence  we 
may  assume  that  9 £ Lp.  In  this  case  we  see  that 

Lp  = Kp  ®Kp9®...  Kp9d~x  and  LpKa  = Ka  © KJ 

where  d = [L  : K\.  Thus  the  conclusion  is  clear  in  this  case, 
where  L = K(9)  with  9P  = t £ K,  t £ Kp.  In  this  case  we  have 

Lp  = Kp  © Kpt  © . . . Kptp~ 1 and  LpI\n  = I\n  © Knt  ■ 


)...  Ka0d-1 
The  other  case  is 


. . . Kntp 


-l 
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□ 

As  k' 


Again  the  result  is  clear. 

Lemma  15.37.5.  Let  k be  a field  of  characteristic  p > 0.  Let  n,  m > 0. 
ranges  through  all  subfields  kp  C k'  C k with  [k  : k']  < oo  the  subfields 

f.f.(k'[[x^, xp])[y^, ypm})  C f.f.(k[[  xu  xd]][y  i, . . . , ym\) 

form  a family  of  subfields  as  in  Lemma  \ 15.37.J\  Moreover,  each  of  the  ring  exten- 
sions k’[[x\, . . .,xpn])[y\,  ■■■,ypn\  C k[[x  i, . . . , xn]\[yi, . ..,ym]  is  finite. 

Proof.  Write  A = fe[[cci, . . . ,xn]\[yi, . . . ,ym\  and  A!  = k'[[x{ , . . . , xp]][y^, . . . , j/gJ. 
We  also  set  K = f.f.(A)  and  K'  = f.f.(A').  The  ring  extension  k'[[xp, . . . , x^]]  C 
k[[x i,...,Xd]]  is  finite  by  Algebra,  Lemma  10.96.7  which  implies  that  A — > A'  is 
finite.  For  / £ A we  see  that  fp  £ A' . Hence  Kp  C K' . Any  element  of  K'  can  be 
written  as  a/bp  with  a £ A'  and  b £ A nonzero.  Suppose  that  f/gp  £ K , f,g  £ A, 
g ^ 0 is  contained  in  K'  for  every  choice  of  k! . Fix  a choice  of  h!  for  the  moment. 
By  the  above  we  see  f / gp  = a/bp  for  some  a £ A'  and  some  nonzero  b £ A.  Hence 
bpf  £ A' . For  any  A'-derivation  D : A A we  see  that  0 = D(bpf)  = WD{f) 
hence  D(f)  = 0 as  A is  a domain.  Taking  D = dXi  and  D = dy  we  conclude 


that  that  / £ k[[x\ 


&■ 


, yp] . Applying  a ^'-derivation  6 : k — > k we 


similarly  conclude  that  all  coefficients  of  / are  in  k' , i.e. , / £ A' . Since  it  is  clear 
that  A = p|fe/  A'  where  k'  ranges  over  all  subfields  as  in  the  lemma  we  win.  □ 
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15.38.  The  singular  locus 


07P6  Let  R be  a Noetherian  ring.  The  regular  locus  Reg(A')  of  X = Spec (R)  is  the  set 
of  primes  p such  that  Rp  is  a regular  local  ring.  The  singular  locus  Sing(A)  of 
X = Spec (R)  is  the  complement  X \ Reg(X),  i.e. , the  set  of  primes  p such  that  Rp 
is  not  a regular  local  ring.  By  the  discussion  preceding  Algebra,  Definition [10T09T 
we  see  that  Reg(X)  is  stable  under  generalization  In  the  section  we  study  conditions 
that  guarantee  that  Reg(X)  is  open. 

07P7  Definition  15.38.1.  Let  R be  a Noetherian  ring.  Let  X = Spec(i?). 

(1)  We  say  R is  J-0  if  Reg(X)  contains  a nonempty  open. 

(2)  We  say  R is  J-l  if  Reg(X)  is  open. 

(3)  We  say  R is  J-2  if  any  finite  type  i?-algebra  is  J-l. 


The  ring  Q[t]/(x2)  does  not  satisfy  J-0.  On  the  other  hand  J-l  implies  J-0  for 
domains  and  even  reduced  rings  as  such  a ring  is  regular  at  the  minimal  primes. 
Here  is  a characterization  of  the  J-l  property. 

07P8  Lemma  15.38.2.  Let  R be  a Noetherian  ring.  Let  X = Spec(i?).  The  ring  R is 
J-l  if  and  only  ifV( p)  0 Reg(X)  contains  a nonempty  open  subset  ofV( p)  for  all 
p e Reg(X). 


Proof.  This  follows  immediately  from  Topology,  Lemma |5.15.5[  □ 

07P9  Lemma  15.38.3.  Let  R be  a Noetherian  ring.  Let  X = Spec (R).  Assume  that 
for  all  p C R the  ring  R/p  is  J-0.  Then  R is  J-l. 


07PA 


Proof.  We  will  show  that  the  criterion  of  Lemma  15.38.2  applies.  Let  p £ Reg(X) 
be  a prime  of  height  r.  Pick  fi,...,fr€  p which  map  to  generators  of  pRp.  Since 
p £ Reg(X)  we  see  that  f-\ ....  ,fr  maps  to  a regular  sequence  in  Rp,  see  Algebra, 
Lemma  [10.105. 3|  Thus  by  Algebra,  Lemma  [10.67.6|  we  see  that  after  replacing  R 
by  Rg  for  some  g G R,  g ^ p the  sequence  /i , . . . , fr  is  a regular  sequence  in  R. 
Next,  let  p C q be  a prime  ideal  such  that  (i?/p)q  is  a regular  local  ring.  By  the 
assumption  of  the  lemma  there  exists  a non-empty  open  subset  of  V (p)  consisting 
of  such  primes,  hence  it  suffices  to  prove  Rq  is  regular.  Note  that  f\, ... , fr  is  a 
regular  sequence  in  Rq  such  that  Rq/(fi, . . . , fr)Rq  is  regular.  Hence  Rq  is  regular 
by  Algebra,  Lemma  10.105.7  □ 


Lemma  15.38.4.  Let  R — >•  S be  a ring  map.  Assume  that 

(1)  R is  a Noetherian  domain, 

(2)  R -A  S is  injective  and  of  finite  type,  and 

(3)  S is  a domain  and  J-0. 


Then  R is  J-0. 


Proof.  After  replacing  S by  Sg  for  some  nonzero  g G S we  may  assume  that  S'  is  a 
regular  ring.  By  generic  flatness  we  may  assume  that  also  R — > S is  faithfully  flat, 
see  Algebra,  Lemma[l0.117.1|  Then  R is  regular  by  Algebra,  Lemma [l 0 . 1 56 . 4|  □ 

07PB  Lemma  15.38.5.  Let  R — » S be  a ring  map.  Assume  that 

(1)  R is  a Noetherian  domain  and  J-0, 

(2)  R — >•  S is  injective  and  of  finite  type,  and 

(3)  S is  a domain  and  f.f.(R)  —>  f.f.(S)  is  separable. 

Then  S is  J-0. 
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Proof.  We  may  replace  R by  a principal  localization  and  assume  R is  a regular 
ring.  By  Algebra,  Lemma  10.138.9  the  ring  map  R — > S is  smooth  at  (0).  Hence 
after  replacing  S'  by  a principal  localization  we  may  assume  that  S is  smooth  over 
R.  Then  S is  regular  too,  see  Algebra,  Lemma  10.155.8[  □ 


Lemma  15.38.6.  Let  R be  a Noetherian  ring.  The  following  are  equivalent 

(1)  R is  J-2, 

(2)  every  finite  type  R-algebra  which  is  a domain  is  J-0, 

(3)  every  finite  R-algebra  is  J-l, 

(4)  for  every  prime  p and  every  finite  purely  inseparable  extension  «;(p)  C L 
there  exists  a finite  R-algebra  R'  which  is  a domain , which  is  J-0,  and 
whose  field  of  fractions  is  L. 


Proof.  It  is  clear  that  we  have  the  implications  (1)  =>  (2)  and  (2)  =>  (4).  Recall 
that  a domain  which  is  J-l  is  J-0.  Hence  we  also  have  the  implications  (1)  =>  (3) 
and  (3)  =»  (4). 

Let  R — >■  S be  a finite  type  ring  map  and  let’s  try  to  show  S is  J-l.  By  Lemma 


see  (2)  =>  (1). 

Assume  (4).  We  will  show  that  (2)  holds  which  will  finish  the  proof.  Let  R — > S be 
a finite  type  ring  map  with  S a domain.  Let  p = Ker(i?  -A  S).  Set  K = f.f.(S). 
There  exists  a diagram  of  fields 


15.38.3  it  suffices  to  prove  that  S/q  is  J-0  for  every  prime  q of  S.  In  this  way  we 


K >-  K' 

Ac(p|  ■ L 


where  the  horizontal  arrows  are  finite  purely  inseparable  field  extensions  and  where 
I\' /L  is  separable,  see  Algebra,  Lemma  10.41.4  Choose  R'  C L as  in  (4)  and  let 
S'  be  the  image  of  the  map  S (g>R  R'  — > K' . Then  S'  is  a domain  whose  fraction 
field  is  K' , hence  S'  is  J-0  by  Lemma  15.38.5  and  our  choice  of  R' . Then  we  apply 
Lemma  Il5.38.4l  to  see  that  S is  J-0  as  desired.  □ 


15.39.  Regularity  and  derivations 

07PD  Let  R — > S be  a ring  map.  Let  D : R — > R be  a derivation.  We  say  that  D extends 
to  S if  there  exists  a derivation  D'  : S -A  S such  that 

S S 

D' 

R— d-^R 

is  commutative. 

07PE  Lemma  15.39.1.  Let  R be  a ring.  Let  D : R -A  R be  a derivation. 

(1)  For  any  ideal  I C R the  derivation  D extends  canonically  to  a derivation 
DA  : RA  — > RA  on  the  I-adic  completion. 

(2)  For  any  multiplicative  subset  S C R the  derivation  D extends  uniquely  to 
the  localization  S~1R  of  R. 
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If  R C R!  is  an  finite  type  extension  of  rings  such  that  Rg  = R'g  for  some  nonzero- 
divisor  g £ R,  then  gN D extends  to  R'  for  some  N > 0. 

Proof.  Proof  of  (1).  For  n > 2 we  have  D(In)  C Jn_1  by  the  Leibniz  rule.  Hence 
D induces  maps  Dn  : R/In  — > R/In~ 1.  Taking  the  limit  we  obtain  DA.  We  omit 
the  verification  that  DA  is  a derivation. 

Proof  of  (2).  To  extend  D to  S~1R  just  set  D(r/s ) = D(r)/s  — rD(s)/s2  and  check 
the  axioms. 

Proof  of  the  final  statement.  Let  xi, . . . , xn  £ R'  be  generators  of  R'  over  R.  Choose 
an  N such  that  gNXi  £ R.  Consider  gN+1D.  By  (2)  this  extends  to  Rg.  Moreover, 
by  the  Leibniz  rule  and  our  construction  of  the  extension  above  we  have 

gN+1D(xi)  = gN+1D(g~NgNXi)  = - NgNXiD(g ) + gD(gN xf) 
and  both  terms  are  in  R.  This  implies  that 

gN+1D(xe11 . . . x®n)  = dx T ■ ■ ■ z?-1  ■ ■ ■ xengN+1D{xi) 

is  an  element  of  R' . Hence  every  element  of  R'  (which  can  be  written  as  a sum 
of  monomials  in  the  x*  with  coefficients  in  R)  is  mapped  to  an  element  of  R'  by 
gN+1D  and  we  win.  □ 

07PF  Lemma  15.39.2.  Let  R be  a regular  ring.  Let  f £ R.  Assume  there  exists  a 
derivation  D : R R such  that  D(f)  is  a unit  of  R/(f).  Then  R/{f ) is  regular. 


Proof.  It  suffices  to  prove  this  when  R is  a local  ring  with  maximal  ideal  m and 
residue  field  n.  In  this  case  it  suffices  to  prove  that  / ^ m2,  see  Algebra,  Lemma 


□ 


10.105.3 


However,  if  / S m2  then  D(f)  £ m by  the  Leibniz  rule,  a contradiction. 


07PG  Lemma  15.39.3.  Let  R be  a regular  F.p-algebra.  Let  f £ R.  Assume  there  exists 
a derivation  D : R -A  R such  that  D(f)  is  a unit  of  R.  Then  R[z\/(zp  — /)  is 
regular. 


Proof.  Apply  Lemma  15.39.2  to  the  extension  of  D to  R[z\  which  maps  z to 
zero.  □ 


07PH  Lemma  15.39.4.  Let  p be  a prime  number.  Let  B be  a domain  with  p = 0 in  B. 
Let  f £ B be  an  element  which  is  not  a pth  power  in  the  fraction  field  of  B . If  B is 
of  finite  type  over  a Noetherian  complete  local  ring , then  there  exists  a derivation 
D : B — » B such  that  D(f)  is  not  zero. 


Proof.  Let  R be  a Noetherian  complete  local  ring  such  that  there  exists  a finite 
type  ring  map  R -A  B.  Of  course  we  may  replace  R by  its  image  in  B , hence  we  may 
assume  R is  a domain  of  characteristic  p > 0 (as  well  as  Noetherian  complete  local). 
By  Algebra,  Lemma  10.152.10  we  can  write  R as  a finite  extension  of  &[[xi, . . . , xn}\ 
for  some  field  k and  integer  n.  Hence  we  may  replace  R by  A;[[xi, . . . ,xn]].  Next, 
we  use  Algebra,  Lemma  10.114.7|  to  factor  R — > B as 

RC  R[yi,...,yd]  CB'  CB 

with  B'  finite  over  R[yi, . . . ,yd\  and  B'g  = Bg  for  some  nonzero  g £ R.  Note  that 
f = gpNf  £ B'  for  some  large  integer  N . It  is  clear  that  /'  is  not  a pth  power  in 
f.f.(B')  = f.f.(B).  If  we  can  find  a derivation  D'  : B'  — ► B'  with  D'(f')  ^ 0,  then 
guarantees  that  D = gM D'  extends  to  S for  some  M > 0. 


Lemma  15.39.1 


Then 
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D(f)  = gN D'(f)  = gMD'(g-pNf ) = gM~PND'(f')  is  nonzero.  Thus  it  suffices  to 
prove  the  lemma  in  case  B is  a finite  extension  of  A = A: [[an, . . . , a;n]][yi, . . . , ym}. 


Note  that  d / is  not  zero  in  H/./.(b)/ fp>  see  Algebra,  Lemma  10.150.2  We  ap- 
ply Lemma  |15.37.5  to  find  a subfield  k!  C k of  finite  index  such  that  with  A!  = 
k'[[x\, . . . , , . . . , yP J the  element  d/  does  not  map  to  zero  in  f2/./.(B)//./.(A')- 

Thus  we  can  choose  a f.f.(A')- derivation  D'  : f.f.(B)  — ► f.f.(B)  with  D'{f)  ^ 0. 
Since  A!  C A and  A C B are  finite  by  construction  we  see  that  A'  C B is  finite. 
Choose  bi, . . . , bt  £ B which  generate  B as  an  A'-module.  Then  D'(bi)  = fi/gt  for 
some  fi,  gi  £ B with  gi  ^ 0.  Setting  D = g\  . . . gtD'  we  win.  □ 


07PI  Lemma  15.39.5.  Let  A be  a Noetherian  complete  local  domain.  Then  A is  J-0. 


Proof.  By  Algebra,  Lemma  [10. 152.10]  we  can  find  a regular  subring  Ao  C A with 
A finite  over  Ao.  If  /./.(Ao)  C /./.(A)  is  separable,  then  we  are  done  by  Lemma 
|15.38.5|  If  not,  then  Ao  and  A have  characteristic  p > 0.  For  any  subextension 
/./.(A0)  C M C /./.(A)  there  exists  a finite  subextension  A0  C B C A such  that 
f.f.(B)  = M.  Hence,  arguing  by  induction  on  [/./.(A)  : /./.(Ao )]  we  may  assume 
there  exists  Ao  C B C A such  that  B is  J-0  and  f.f.(B)  C /./.(A)  has  no  nontrivial 
subextensions.  In  this  case,  if  f.f.(B)  C f.f.(A)  is  separable,  then  we  see  that  A is 
J-0  by  Lemma  15.38.5  If  not,  then  /./.(A)  = f.f.(B)[z\/(zp  — b ) for  some  b £ B 


which  is  not  a pth  power  in  f.f.(B).  By  Lemma  15.39.4  we  can  find  a derivation 
D : B — > B with  D(f)  ^ 0.  Applying  Lemma  15.39.3  we  see  that  Ap  is  regular  for 
any  prime  p of  A lying  over  a regular  prime  of  B and  not  containing  D(f).  As  B 
is  J-0  we  conclude  A is  too.  □ 


07PJ  Proposition  15.39.6.  The  following  types  of  rings  are  J-2: 

(1)  fields, 

(2)  Noetherian  complete  local  rings, 

(3)  Z, 

(4)  Dedekind  domains  with  fraction  field  of  characteristic  zero, 

(5)  finite  type  ring  extensions  of  any  of  the  above. 


Proof.  For  fields,  Z and  Dedekind  domains  of  characteristic  zero  you  just  check 


condition  (4)  of  Lemma  15.38.6 
note  that  if  R 


In  the  case  of  Noetherian  complete  local  rings, 
R'  is  finite  and  R is  a Noetherian  complete  local  ring,  then  R'  is 
a product  of  Noetherian  complete  local  rings,  see  Algebra,  Lemma flO.  152. 2|  Hence 
it  suffices  to  prove  that  a Noetherian  complete  local  ring  which  is  a domain  is  J-0, 
which  is  Lemma ri5. 39. 51  □ 


15.40.  Formal  smoothness  and  regularity 

07PK  The  title  of  this  section  refers  to  Proposition  |15.40.2[ 

07PL  Lemma  15.40.1.  Let  A — » B be  a local  homomorphism  of  Noetherian  local  rings. 
Let  D : A — » A be  a derivation.  Assume  that  B is  complete  and  A — >•  B is  formally 
smooth  in  the  m s~adic  topology.  Then  there  exists  an  extension  D'  : B — » B of  D. 
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Proof.  Denote  B[e]  = B[x\/(x2)  the  ring  of  dual  numbers  over  B.  Consider  the 
ring  map  tp  : A — > B[e\,  a \ > a + eD(a).  Consider  the  commutative  diagram 


B B 

A 1 A 

A — ^ B[e\ 


By  Lemma  15.29.5  and  the  assumption  of  formal  smoothness  of  B/A  we  find  a map 
ip  : B — )•  B[e]  fitting  into  the  diagram.  Write  ip(b)  = b + eD'fb).  Then  D'  : B — ► B 
is  the  desired  extension.  □ 


07PM 


Proposition  15.40.2.  Let  A -A  B be  a local  homomorphism  of  Noetherian  com- 
plete local  rings.  The  following  are  equivalent 

(1)  A — ► B is  regular, 

(2)  A — ► B is  flat  and  B is  geometrically  regular  over  k, 

(3)  A — >•  B is  flat  and  k —¥  B is  formally  smooth  in  the  m -g-adic  topology, 
and 

(4)  A—tB  is  formally  smooth  in  the  ms-adic  topology. 


Proof.  We  have  seen  the  equivalence  of  (2),  (3),  and  (4)  in  Proposition  15.31.4 
It  is  clear  that  (1)  implies  (2).  Thus  we  assume  the  equivalent  conditions  (2),  (3), 
and  (4)  hold  and  we  prove  (1). 


Let  p be  a prime  of  A.  We  will  show  that  B 0 a «(p)  is  geometrically  regular  over 
k(p).  By  Lemma  15.29.8  we  may  replace  A by  A/p  and  B by  B /pB.  Thus  we  may 
assume  that  A is  a domain  and  that  p = (0). 


Choose  A0  C A as  in  Algebra,  Lemma  |10.152.10)  We  will  use  all  the  properties 
stated  in  that  lemma  without  further  mention.  As  Aq  — > A induces  an  isomorphism 
on  residue  fields,  and  as  B/mAB  is  geometrically  regular  over  A/m-A  we  can  find  a 
diagram 


with  A0  — >•  C formally  smooth  in  the  mc-adic  topology  such  that  B = C 0ao  A, 
see  Remark  15.31.6  (Completion  in  the  tensor  product  is  not  needed  as  Aq  — » A is 
finite,  see  Algebra,  Lemma [1 0.96.1  ) Hence  it  suffices  to  show  that  C <8>a0  /./.(A0) 


is  a geometrically  regular  algebra  over  f.f.(A0). 


The  upshot  of  the  preceding  paragraph  is  that  we  may  assume  that  A = fc[[cci, . . . , xn] 
where  k is  a Held  or  A = A[[aq, . . . , xn]]  where  A is  a Cohen  ring.  In  this  case  B is 
a regular  ring,  see  Algebra,  Lemma  10.111.8  Hence  B ®a  f.f.(A)  is  a regular  ring 


too  and  we  win  if  the  characteristic  of  f.f.(A)  is  zero. 


Thus  we  are  left  with  the  case  where  A = fc[[xi, . . . , xn]]  and  k is  a field  of  char- 
acteristic p > 0.  Set  K = f.f.(A).  Let  L Z>  K be  a finite  purely  inseparable  field 
extension.  We  will  show  by  induction  on  [L  : K]  that  B L is  regular.  The  base 
case  is  L = K which  we’ve  seen  above.  Let  K C M C L be  a subfield  such  that  L 
is  a degree  p extension  of  M obtained  by  adjoining  a pth  root  of  an  element  / £ M. 
Let  A'  be  a finite  A-subalgebra  of  M with  fraction  field  M.  Clearing  denominators, 
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we  may  and  do  assume  / £ A'.  Set  A”  = A'[z]/(zp  — /)  and  note  that  A!  C A"  is 
finite  and  that  the  fraction  field  of  A"  is  L.  By  induction  we  know  that  B ®A  M 
ring  is  regular.  We  have 


B®AL  = B®AM[z\/{zp  - f) 

By  Lemma  15.39.4  we  know  there  exists  a derivation  D : A'  — >•  A'  such  that  D(f)  ^ 
0.  As  A'  ^ B <g>j4  A'  is  formally  smooth  in  the  m-adic  topology  by  Lemma  [l5.29.9| 
we  can  use  Lemma  [l 5. 40. 1|  to  extend  I?  to  a derivation  D'  : B A!  — ► B ®A  A' . 
Note  that  D'(f)  = D(f)  is  a unit  in  B®AM  as  D(f)  is  not  zero  in  A'  C M.  Hence 
B L is  regular  by  Lemma  15.39.3  and  we  win.  □ 
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Let  A be  a Noetherian  local  ring  A.  In  Section  15.34  we  have  seen  that  some  but 
not  all  properties  of  A are  reflected  in  the  completion  AA  of  A.  To  study  this  further 
we  introduce  some  terminology.  For  a prime  q of  A the  fibre  ring 


AA  ®A  K(q)  = (AA)q/q(AA)q  = (A/q)A  ®A/q  K(q) 

is  called  a formal  fibre  of  A.  We  think  of  the  formal  fibre  as  an  algebra  over  «;(q). 
Thus  A —>  AA  is  a regular  ring  homomorphism  if  and  only  if  all  the  formal  fibres 
are  geometrically  regular  algebras. 


Definition  15.41.1.  A ring  R is  called  a G-ring  if  R is  Noetherian  and  for  every 
prime  p of  R the  ring  map  Rp  — >•  (i?p)A  is  regular. 


By  the  discussion  above  we  see  that  R is  a G-ring  if  and  only  if  every  local  ring 
Rp  has  geometrically  regular  formal  fibres.  Note  that  if  Q C R,  then  it  suffices  to 
check  the  formal  fibres  are  regular.  Another  way  to  express  the  G-ring  condition  is 
described  in  the  following  lemma. 

07PN  Lemma  15.41.2.  Let  R be  a Noetherian  ring.  Then  R is  a G-ring  if  and  only  if 
for  every  pair  of  primes  q C p C R the  algebra 

W q)p  ®A/q  «(q) 

is  geometrically  regular  over  re(q). 


Proof.  This  follows  from  the  fact  that 

Rp  ®r  «(q)  = (-R/q)p  ®r/ q «(q) 

as  algebras  over  /c(q).  □ 

07PP  Lemma  15.41.3.  Let  R R'  be  a finite  type  map  of  Noetherian  rings  and  let 

q' > p' > R' 


q >-  p1:. ; - A'  R. 


be  primes.  Assume  R — > R'  is  quasi-finite  at  p'. 

(1)  If  the  formal  fibre  Rp  ®r  re(q)  is  geometrically  regular  over  At(q),  then  the 
formal  fibre  R'p,  ®r>  K(q')  is  geometrically  regular  over  K(q'). 

(2)  If  the  formal  fibres  of  Rp  are  geometrically  regular,  then  the  formal  fibres 
of  Ry  are  geometrically  regular. 
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(3)  If  R —¥  R'  is  quasi-finite  and  R is  a G-ring,  then  R'  is  a G-ring. 

Proof.  It  is  clear  that  (1)  =>  (2)  =>  (3).  Assume  R£  <S>r  «(q)  is  geometrically 


regular  over  «(q).  By  Algebra,  Lemma  10.123.3  we  see  that 

R£  ®rR'  = (i?p/)A  x B 

for  some  Rp -algebra  B.  Hence  R'p,  — > (l?p,)A  is  a factor  of  a base  change  of  the 
map  f?p  — > f?p . It  follows  that  (R'p,)A  ®ri  ft(q')  is  a factor  of 

Rp  ®R  R'  ®R>  /c(q')  = Rp  ®R  k{ q)  ®K(q)  «(q'). 

Thus  the  result  follows  as  extension  of  base  field  preserves  geometric  regularity,  see 
Algebra,  Lemma  10.158.1  □ 


07PQ  Lemma  15.41.4.  Let  R be  a Noetherian  ring.  Then  R is  a G-ring  if  and  only  if 
for  every  finite  free  ring  map  R —¥  S the  formal  fibres  of  S are  regular  rings. 

Proof.  Assume  that  for  any  finite  free  ring  map  R — >•  S the  ring  S has  regular 
formal  fibres.  Let  q C p C R be  primes  and  let  «(q)  C L be  a finite  purely 
inseparable  extension.  To  show  that  R is  a G-ring  it  suffices  to  show  that 

Rp  ®R  sdq)  L 

is  a regular  ring.  Choose  a finite  free  extension  R — ► R'  such  that  q'  = q R'  is 
a prime  and  such  that  Ac(q')  is  isomorphic  to  L over  /t(q),  see  Algebra,  Lemma 
10.151.3[  By  Algebra,  Lemma  10.96.8  we  have 

Rp  = 

where  p'  are  the  primes  of  R'  lying  over  p.  Thus  we  have 

Rp  Or  «(q)  ®«(q)  L = Rp  ®R  R!  «(q')  = ]J(i?p/)A  ®r'^  «(q') 

Our  assumption  is  that  the  rings  on  the  right  are  regular,  hence  the  ring  on  the  left 
is  regular  too.  Thus  R is  a G-ring.  The  converse  follows  from  Lemma  15.41.3|  □ 


07PR 


Lemma  15.41.5.  Let  k be  afield  of  characteristic  p.  Let  A = k\\x  i, . . • , xn]][yi, . . . , yn 
and  denote  I\  = f.f.(A).  Let  p C A be  a prime.  Then  Ap  K is  geometrically 
regular  over  K . 

Proof.  Let  L D K be  a finite  purely  inseparable  held  extension.  We  will  show  by 
induction  on  [L  : K]  that  Ap  ® L is  regular.  The  base  case  is  L = K:  as  A is 
regular,  Ap  is  regular  (Lemma  15.34.4),  hence  the  localization  Ap  <g>  K is  regular. 

Let  K C M C L be  a subheld  such  that  L is  a degree  p extension  of  M obtained 
by  adjoining  a pth  root  of  an  element  / £ M.  Let  B be  a hnite  A-subalgebra  of  M 
with  fraction  held  M.  Clearing  denominators,  we  may  and  do  assume  / £ B.  Set 
C = B[z\/(zp  — f)  and  note  that  B C C is  hnite  and  that  the  fraction  held  of  C is 
L.  Since  A C B C C are  hnite  and  L/M/K  are  purely  inseparable  we  see  that  for 
every  element  of  B or  C some  power  of  it  lies  in  A.  Hence  there  is  a unique  prime 
r C B,  resp.  qcG  lying  over  p.  Note  that 

AA  M = Ra  M 

see  Algebra,  Lemma  |10.96.8|  By  induction  we  know  that  this  ring  is  regular.  In 
the  same  manner  we  have 

A;®aL  = Ca  ®cL  = B?  ®b  M[z]/(zp  - f ) 
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the  last  equality  because  the  completion  of  C = B[z\/(zp  — /)  equals  B£[z]/(zp  — /). 
By  Lemma  15.39.4  we  know  there  exists  a derivation  D : B — > B such  that  D(f)  ^ 


0.  In  other  words,  g = D(f ) is  a unit  in  M\  By  Lemma  15.39.1  D extends  to  a 
derivation  of  BVl  B£  and  B(a®bM  (successively  extending  through  a localization,  a 
completion,  and  a localization).  Since  it  is  an  extension  we  end  up  with  a derivation 
of  B£  ®bM  which  maps  f to  g and  g is  a unit  of  the  ring  J3A  feM.  Hence  Hp  L 
is  regular  by  Lemma  |15.39.3|  and  we  win.  □ 

07PS  Proposition  15.41.6.  A Noetherian  complete  local  ring  is  a G-ring. 


Proof.  Let  A be  a Noetherian  complete  local  ring.  By  Lemma[l5.41.2|it  suffices 
to  check  that  B = A/ q has  geometrically  regular  formal  fibres  over  the  minimal 
prime  (0)  of  B.  Thus  we  may  assume  that  A is  a domain  and  it  suffices  to  check  the 
condition  for  the  formal  fibres  over  the  minimal  prime  (0)  of  A.  Set  K = f.f(A). 

We  can  choose  a subring  Ao  C A which  is  a regular  complete  local  ring  such  that 
A is  finite  over  Ho,  see  Algebra,  Lemma  10. 152.101  Moreover,  we  may  assume  that 
Ho  is  a power  series  ring  over  a field  or  a Cohen  ring.  By  Lemma  |15.41.3|  we  see 
that  it  suffices  to  prove  the  result  for  H0. 


Assume  that  H is  a power  series  ring  over  a held  or  a Cohen  ring, 
regular  the  localizations  Hp  are  regular  (see  Algebra,  Definition 


10.109.7 


Since  H is 
and  the 


discussion  preceding  it).  Hence  the  completions  HA  are  regular,  see  Lemma  15.34.4 
Hence  the  fibre  Hp  g)^  I\  is,  as  a localization  of  Hp  , also  regular.  Thus  we  are 
done  if  the  characteristic  of  K is  0.  The  positive  characteristic  case  is  the  case 
H = &[[xi, . . . , Xd\]  which  is  a special  case  of  Lemma  15.41.5  □ 


07PT  Lemma  15.41.7.  Let  R be  a Noetherian  ring.  Then  R is  a G-ring  if  and  only  if 
Rm  has  geometrically  regular  formal  fibres  for  every  maximal  ideal  m of  R. 

Proof.  Assume  Rm  — >•  R A is  regular  for  every  maximal  ideal  m of  R.  Let  p be  a 
prime  of  R and  choose  a maximal  ideal  p C m.  Since  Rm  — > R A is  faithfully  flat  we 
can  choose  a prime  p'  if  1?A  lying  over  p Rm.  Consider  the  commutative  diagram 


r: 


(K) 


p' 


(KK 


A 

A 

Lm 

— Rp 

— K 

By  assumption  the  ring  map  Rm  — > i?A  is  regular.  By  Proposition  15.41.6  (1?A )p/  — ► 
(Rm) p'  is  regular.  The  localization  1?A  ->  (i?A)p/  is  regular.  Hence  Rm  — ► (1?A )p, 
is  regular  by  Lemma[l5.32.4  Since  it  factors  through  the  localization  Rp,  also  the 

to  see  that 

□ 


ring  map  Rp  — >•  (1?A  )p/  is  regular.  Thus  we  may  apply  Lemma 


Rv  — >•  Rp  is  regular. 


15.32.7 


07QR  Lemma  15.41.8.  Let  R.  be  a Noetherian  local  ring  ring  which  is  a G-ring.  Then 
the  henselization  Rh  and  the  strict  henselization  Rsh  are  G-rings. 


Proof.  We  will  use  the  criterion  of  Lemma  15.41.7  Let  q C Rh  be  a prime  and 
set  p = R C q.  Set  qi  = q and  let  q2 , - - - , q<  be  the  other  primes  of  Rh  lying  over  p, 
so  that  Rh  k( p)  = JIi=i  t K(9i)>  see  Lemma  15.36.13  Using  that  ( Rh)A  = 1?A 
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(Lemma  |15.36.3 ) we  see 


n, 


{R  r «(q»)  = {R  ) ®Rh  {R  0r  k(p))  = R ®r  «(p) 


Hence  (Rh)A  ®Rh  Ac(q*)  is  geometrically  regular  over  «(p)  by  assumption.  Since 
K(q,)  is  separable  algebraic  over  re(p)  it  follows  from  Algebra,  Lemma  10.158.6  that 
(. Rh)A  ®R h «(qj)  is  geometrically  regular  over  ft(q;). 

Let  r C Rsh  be  a prime  and  set  p = R n r.  Set  ti  = r and  let  r2, . . . , ts  be  the 
other  primes  of  Rsh  lying  over  p,  so  that  Rsh  0#  «(p)  = J1-=;L  t Ac(q*) , see  Lemma 
115.36.131  Then  we  see  that 


•sh\A 


n ,<*“> 


» <s(t,)  = (Ra  ) ®R.,  («•“  ®R  K(P»  = (K"*)A  ®R  K(P) 


Note  that  RA  — »■  ( Rsh)A  is  formally  smooth  in  the  m^s/oA-adic  topology,  see 
Lemma  15.36.3  Hence  RA  — ► ( Rsh)A  is  regular  by  Proposition  15.40.2  We  con- 


clude that  (Rsll)A  ®Rh  /c(qj)  is  regular  over  k(p)  by  Lemma  15.32.4  as  RA  ®R  «(p) 
is  regular  over  k(p)  by  assumption.  Since  k(x j)  is  separable  algebraic  over  «(p) 
it  follows  from  Algebra,  Lemma  10.158.6  that  ( Rsh)A  ®rsh  K(tj)  is  geometrically 
regular  over  k(x j).  □ 


07PU  Lemma  15.41.9.  Let  p be  a prime  number.  Let  A be  a Noetherian  complete  local 
domain  with  fraction  field  I\  of  characteristic  p.  Let  q C t[i]  be  a maximal  ideal 
lying  over  the  maximal  ideal  of  A and  let  (0)  / t C q be  a prime  lying  over  (0)  C A. 
Then  A[s]A  ®A[a;]  «(t)  is  geometrically  regular  over  «(r). 

Proof.  Note  that  K C k(x)  is  finite.  Hence,  given  a finite  purely  inseparable 
extension  «(r)  C L there  exists  a finite  extension  of  Noetherian  complete  local 
domains  A C B such  that  k(x)  (5>a  B surjects  onto  L.  Namely,  you  take  B C L a 
finite  A-subalgebra  whose  field  of  fractions  is  L.  Denote  t'  C B\x\  the  kernel  of  the 
map  B[x]  = A[x\  ®a  B —¥  k(x)  ®a  B — > L so  that  n(x')  = L.  Then 


A[x]q  ®A[x]  L = A[x]A  <gu[x]  B[x\  ®B[x]  K(t')  = JI  ®-B[x]  K(t') 


where  qi, . . . , qt  are  the  primes  of  B[x]  lying  over  q,  see  Algebra,  Lemma  10.96.8 


Thus  we  see  that  it  suffices  to  prove  the  rings  B[x]A  ®b[x]  K(t')  are  regular.  This 
reduces  us  to  showing  that  A[cc]A  ®a[x]  K(r)  is  regular  in  the  special  case  that 
K = k(x). 


Assume  K = k(x).  In  this  case  we  see  that  rA'[a;]  is  generated  by  x 
f £ K and 


A[x]A  0a[x]  k(x)  = (A[a;]A  0a  K)/(x  - f ) 


/ for  some 


The  derivation  D = d/d;r  of  A[x]  extends  to  K[x\  and  maps  x — f to  a unit  of 
K [x] . Moreover  D extends  to  A[cr]A  0a  K by  Lemma  15.39.1  As  A 
formally  smooth  (see  Lemmas 


15.29.2 


and 


15.29.4 1 the  ring  A[x 


A[  x\ 


iS 

A 0a  K is  regular 


by  Proposition  15.40.2  (the  arguments  of  the  proof  of  that  proposition  simplify 
significantly  in  this  particular  case).  We  conclude  by  Lemma  15.39.2  □ 
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Proposition  15.41.10.  Let  R be  a G-ring.  If  R S is  essentially  of  finite  type 
then  S is  a G-ring. 
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Proof.  Since  being  a G-ring  is  a property  of  the  local  rings  it  is  clear  that  a 
localization  of  a G-ring  is  a G-ring.  Conversely,  if  every  localization  at  a prime  is 
a G-ring,  then  the  ring  is  a G-ring.  Thus  it  suffices  to  show  that  Sq  is  a G-ring  for 
every  finite  type  R-algebra  S and  every  prime  q of  S.  Writing  S'  as  a quotient  of 
R[x i, . . . , xn]  we  see  from  Lemma  15.41.3  that  it  suffices  to  prove  that  R[x i, . . . , xn\ 
is  a G-ring.  By  induction  on  n it  suffices  to  prove  that  i?[a;]  is  a G-ring.  Let  q C R[x] 
be  a maximal  ideal.  By  Lemma |15.41.7|  it  suffices  to  show  that 


R[a 


R[  a 


is  regular.  If  q lies  over  p C R,  then  we  may  replace  R by  Rp.  Hence  we  may  assume 
that  R is  a Noetherian  local  G-ring  with  maximal  ideal  m and  that  q C i?[a"]  lies 
over  m.  Note  that  there  is  a unique  prime  q'  C iiA[x]  lying  over  q.  Consider  the 
diagram 


-(^ANq')A 

A 


-RMq 


R'' 


xW 


Since  R is  a G-ring  the  lower  horizontal  arrow  is  regular  (as  a localization  of  a 
base  change  of  the  regular  ring  map  R — > f?A).  Suppose  we  can  prove  the  right 
vertical  arrow  is  regular.  Then  it  follows  that  the  composition  R[x]q  — » (i?A[x]q')A 
is  regular,  and  hence  the  left  vertical  arrow  is  regular  by  Lemma|l5.32.7|  Hence  we 
see  that  we  may  assume  R is  a Noetherian  complete  local  ring  and  q a prime  lying 
over  the  maximal  ideal  of  R. 


Let  R be  a Noetherian  complete  local  ring  and  let  q C 7?[x]  be  a maximal  ideal 
lying  over  the  maximal  ideal  of  R.  Let  r C q be  a prime  ideal.  We  want  to  show 
that  l?.[x]A  Gflfz]  k(x)  is  a geometrically  regular  algebra  over  /c(t).  Set  p = R nr. 
Then  we  can  replace  R by  i?/p  and  q and  r by  their  images  in  i?/p[x],  see  Lemma 
15.41.2  Hence  we  may  assume  that  R is  a domain  and  that  r n R = (0). 

By  Algebra,  Lemma  10. 152.10]  we  can  find  Rq  C R which  is  regular  and  such 
that  R is  finite  over  Rq . Applying  Lemma  15.41.3|  we  see  that  it  suffices  to  prove 


7?[x]q  ®r[x]  k(x)  is  geometrically  regular  over  n(r)  when,  in  addition  to  the  above, 
R is  a regular  complete  local  ring. 

Now  R is  a regular  complete  local  ring,  we  have  qCtC  i?[x],  we  have  (0)  = R n r 
and  q is  a maximal  ideal  lying  over  the  maximal  ideal  of  R.  Since  R is  regular 
the  ring  _R[x]  is  regular  (Algebra,  Lemma  10.155.8|.  Hence  the  localization  i?[x]q  is 

Hence  the 


15.34.4 


regular.  Hence  the  completions  i?[x]A  are  regular,  see  Lemma 
fibre  l?[x]A  «(t)  is,  as  a localization  of  i?[x]A,  also  regular.  Thus  we  are  done 

if  the  characteristic  of  f.f.(R)  is  0. 

If  the  characteristic  of  R is  positive,  then  R = k[[x i, . . . , xn]].  In  this  case  we  split 
the  argument  in  two  subcases: 


(1)  The  case  r = (0).  The  result  is  a direct  consequence  of  Lemma  15.41.5 


(2)  The  case  r ^ (0).  This  is  Lemma  15.41.9 


□ 


07PW 


Remark  15.41.11.  Let  R be  a G-ring  and  let  I C R be  an  ideal.  In  general  it 
is  not  the  case  that  the  J-adic  completion  f?A  is  a G-ring.  An  example  was  given 
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0A41 


0AH2 


0AH3 


by  Nishimura  in  [Nis  m.  A generalization  and,  in  some  sense,  clarification  of  this 
example  can  be  found  in  the  last  section  of  iDumOOj. 

Proposition  15.41.12.  The  following  types  of  rings  are  G-rings: 

(1)  fields, 

(2)  Noetherian  complete  local  rings, 

(3)  Z. 

(4)  Dedekind  domains  with  fraction  field  of  characteristic  zero, 

(5)  finite  type  ring  extensions  of  any  of  the  above. 

Proof.  For  fields,  Z and  Dedekind  domains  of  characteristic  zero  this  follows  im- 
mediately from  the  definition  and  the  fact  that  the  completion  of  a discrete  val- 
uation ring  is  a discrete  valuation  ring.  A Noetherian  complete  local  ring  is  a 

The  statement  on  finite  type  overrings  is  Proposi- 

□ 


G-ring  by  Proposition  15.41.6 
tion  I15.41.10l 


Lemma  15.41.13.  Let  (A,  m)  be  a henselian  local  ring.  Then  A is  a filtered 
colimit  of  a system  of  henselian  local  G-rings  with  local  transition  maps. 


Proof.  Write  A = colimA^  as  a filtered  colimit  of  finite  type  Z-algebras.  Let  pi 
be  the  prime  ideal  of  A,  lying  under  m.  We  may  replace  A.j  by  the  localization  of 
Aj  at  pi.  Then  A,;  is  a Noetherian  local  G-ring  (Proposition  15.41.12).  By  Lemma 
15.8.17  we  see  that  A = colirn  A/.  By  Lemma  15.41.8  the  rings  Af  are  G-rings.  □ 


Lemma  15.41.14.  Let  A be  a G-ring.  Let  I C A be  an  ideal  and  let  AA  be  the 
completion  of  A with  respect  to  I.  Then  A — > AA  is  regular. 


to  its  completion  has  geometrically  regular  fibres,  see  Lemma 


15.41.7 


be  the  inverse  image  of  m,t  in  A.  Note  that  Ih  C m,!  and  hence  I C m as  ( Ah,Ih ) 
is  a henselian  pair.  Recall  that  Ah  is  Noetherian,  Ih  = IAh,  and  that  A — ► Ah 


IMat70al  Theorem 
79] 


Proof.  The  ring  map  A — »•  AA  is  flat  by  Algebra,  Lemma  10.96.2  The  ring  AA  is 
Noetherian  by  Algebra,  Lemma[l0.96.6[  Thus  it  suffices  to  check  the  third  condition 
of  Lemma  15.32.2  Let  m'  C AA  be  a maximal  ideal  lying  over  m C A.  By  Algebra, 
Lemma  10.95.6|  we  have  /AA  c m'.  Since  AA//AA  = A/ 1 we  see  that  / cm, 
m/I  = m'//AA,  and  A/m  = AA/m'.  Since  AA/m'  is  a field,  we  conclude  that  m 
is  a maximal  ideal  as  well.  Then  Am  — > AA,  is  a flat  local  ring  homomorphism  of 
Noetherian  local  rings  which  identifies  residue  fields  and  such  that  mAA,  = m'AA, . 
Thus  it  induces  an  isomorphism  on  complete  local  rings,  see  Lemma  |15.34.7|  Let 
(Am)A  be  the  completion  of  Am  with  respect  to  its  maximal  ideal.  The  ring  map 

(AA)m,  ->  ((AA)m,)A  = (Am)A 

is  faithfully  flat  (Algebra,  Lemma  |10.96.3|.  Thus  we  can  apply  Lemma |l5. 32. 7|  to 
the  ring  maps 

Am  — * (AA)mz  — > (Am)A 

to  conclude  because  Am  — ► (Am)A  is  regular  as  A is  a G-ring.  □ 

Lemma  15.41.15.  Let  A be  a G-ring.  Let  I C A be  an  ideal.  Let  ( Ah,Ih ) be  the 
henselization  of  the  pair  (A,  I),  see  Lemma  15.8.13  Then  Ah  is  a G-ring. 


Proof.  Let  m/l  C Ah  be  a maximal  ideal.  We  have  to  show  that  the  map  from 

AK 


Let  m 
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induces  an  isomorphism  on  J-adic  completions,  see  Lemma|l5.8.16|  Then  the  local 
homomorphism  of  Noetherian  local  rings 


^4m  ~ t A^h 


induces  an  isomorphism  on  completions  at  maximal  ideals  by  Lemma  15.34. 7|  (de- 
tails omitted).  Let  q,!  be  a prime  of  A^h  lying  over  q C Am.  Set  qi  = q,! 
and  let  q2,  • ■ ■ , q*  be  the  other  primes  of  Ah  lying  over  q,  so  that  Ah  ®A  «(q)  = 
n,=i  see  Lemma  15.36.12  Using  that  {Ah)Ah  = (Am)A  as  discussed 

above  we  see 


n. 


Li=i, K(qi)  = w)  ®Am  K(q))  = (Am)A  ®Am  K(q) 

Hence,  as  one  of  the  components,  the  ring 

(A^h)A  ®A»h  «(qh) 

mn 

is  geometrically  regular  over  «(q)  by  assumption  on  A.  Since  K(qh)  is  separable 
algebraic  over  «(q)  it  follows  from  Algebra,  Lemma  10.158.6  that 

(A^h)A  ®ahu  k( qh) 


is  geometrically  regular  over  K(qh)  as  desired. 


□ 


15.42.  Properties  of  formal  fibres 


OBIR 


In  this  section  we  redo  some  of  the  arguments  of  Section  15.41  for  to  be  able  to 
talk  intelligently  about  properties  of  the  formal  fibres  of  Noetherian  rings. 


Let  P be  a property  of  ring  maps  k — > R where  k is  a field  and  R is  Noetherian. 
We  say  P holds  for  the  fibres  of  a ring  homomorphism  A -A  B with  B Noetherian 
if  P holds  for  /c(q)  — > B tgiA  /-c(q)  for  all  primes  q of  A.  In  the  following  we  will  use 
the  following  assertions 

(A)  P(k  — > R)  =>  P{k'  -A  R®k  k')  for  finitely  generated  field  extensions  k' /k, 

(B)  P(k  -l  Rp),  Vp  G Spec(i?)  o P(k  ->■  R), 

(C)  given  flat  maps  A — > B — ► C of  Noetherian  rings,  if  the  fibres  of  A -A  B 
have  P and  B — > C is  regular,  then  the  fibres  of  A — > C have  P, 

(D)  given  flat  maps  A — ► B — > C of  Noetherian  rings  if  the  fibres  of  A — > C 
have  P and  B — ► C is  faithfully  flat,  then  the  fibres  of  A — > B have  P, 

(E)  add  more  here. 

Given  a Noetherian  local  ring  A we  say  “the  formal  fibres  of  A have  P”  if  P holds 
for  the  fibres  of  A — > AA . We  say  that  R is  a P-ring  if  R is  Noetherian  and  for  all 
primes  p of  R the  formal  fibres  of  Rp  have  P. 

OBIS  Lemma  15.42.1.  Let  R be  a Noetherian  ring.  Let  P be  a property  as  above.  Then 
R is  a P-ring  if  and  only  if  for  every  pair  of  primes  q C p C R the  «(q  )-algebra 

(R/ q)p  ®R/ q «(q) 

has  property  P. 


Proof.  This  follows  from  the  fact  that 

Rp  ®R  K(q)  = (-R/q)p  ®R/q  «(q) 


as  algebras  over  ft(q). 


□ 
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0BK8  Lemma  15.42.2.  Let  R —¥  A be  a homomorphism  of  Noetherian  rings.  Assume 
P has  property  (B).  The  following  are  equivalent 

(1)  the  fibres  of  R — ► A have  P, 

(2)  the  fibres  of  Rp  — > Aq  have  P for  all  q C A lying  over  p C R,  and 

(3)  the  fibres  of  Rm  — > Am/  have  P for  all  maximal  ideals  m'  C A lying  over 
m in  R. 


Proof.  Let  p C R be  a prime.  Then  the  fibre  over  p is  the  ring  A ®R  k(p)  whose 
spectrum  maps  bijectively  onto  the  subset  of  Spec(A)  consisting  of  primes  q lying 
over  p,  see  Algebra,  Remark  |10.16.8|  For  such  a prime  q choose  a maximal  ideal 
qCm'  and  set  m = R fl  m'.  Then  pCm  and  we  have 

(A  ®R  /c(p))q  = (Am/  ®Rm  k{ p))q 

as  ft(q)-algebras.  Thus  (1),  (2),  and  (3)  are  equivalent  because  by  (B)  we  can  check 
property  P on  local  rings.  □ 

OBIT  Lemma  15.42.3.  Let  R — > R'  be  a finite  type  map  of  Noetherian  rings  and  let 


q' ^p' 

q ^p 


>-  R' 
R 


be  primes.  Assume  R — > R'  is  quasi-finite  at  p'.  Assume  P satisfies  (A)  and  (B). 

(1)  If  k( q)  -4-  Rp  ®R  «(q)  has  P,  then  «(q')  -A  R'p,  ®R>  «(q')  has  P. 

(2)  If  the  formal  fibres  of  Rp  have  P,  then  the  formal  fibres  of  R'p,  have  P. 

(3)  If  R R'  is  quasi-finite  and  R is  a P-ring,  then  R'  is  a P-ring. 


Proof.  It  is  clear  that  (1)  =>  (2)  =>  (3).  Assume  P holds  for  k( q) 
By  Algebra,  Lemma  10.123.3|  we  see  that 


Rp  «(q). 


RP 


R!  = ( R',)A  x B 


for  some  Rp -algebra  B.  Hence  R'p,  -A  (R’p>)A  is  a factor  of  a base  change  of  the 
map  Rp  — >•  Rp . It  follows  that  ( Rp,)A  ®r>  K(q')  is  a factor  of 


Rp  (8 )R  R'  ®R:  K(q')  = RA  ®R  «;(q)  (8>K(q)  «(q')- 


Thus  the  result  follows  from  the  assumptions  on  P. 


□ 


OBIU  Lemma  15.42.4.  Let  R be  a Noetherian  ring.  Assume  P satisfies  (C)  and  (D). 
Then  R is  a P-ring  if  and  only  if  the  formal  fibres  of  Rm  have  P for  every  maximal 
ideal  m of  R. 


Proof.  Assume  the  formal  fibres  of  Rm  have  P for  all  maximal  ideals  m of  R.  Let 
p be  a prime  of  R and  choose  a maximal  ideal  p C m.  Since  Rm  — > R ^ is  faithfully 
flat  we  can  choose  a prime  p'  if  R ^ lying  over  pRm.  Consider  the  commutative 
diagram 

RA (RA)P (RA)A 

| A A 

Rm  Alp  Rp 
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By  assumption  the  fibres  of  the  ring  map  Rm  — > R A have  P.  By  Proposition  15.41.6 
(^m)p'  is  regular.  The  localization  R A 

PA 


(PA  )A,  is  regular  by  Lemma 


P by  (C).  Since  Rn 


(K)$> 


15.32.4 


(PA)p/  is  regular.  Hence 
Hence  the  fibres  of  Rm  — ► (PA)A,  have 


factors  through  the  localization  Rp,  also  the  fibres 


of  Rp  — l (i?m)p/  have  P.  Thus  we  may  apply  (D)  to  see  that  the  fibres  of  Rp 


have  P. 


R$ 

□ 


OBIV  Proposition  15.42.5.  Let  R be  a P-ring  where  P satisfies  (A),  (B),  (C),  and 
(D).  If  R S is  essentially  of  finite  type  then  S is  a P-ring. 

Proof.  Since  being  a P-ring  is  a property  of  the  local  rings  it  is  clear  that  a 
localization  of  a P-ring  is  a P-ring.  Conversely,  if  every  localization  at  a prime  is 
a P-ring,  then  the  ring  is  a P-ring.  Thus  it  suffices  to  show  that  S„  is  a P-ring  for 
every  finite  type  P-algebra  S and  every  prime  q of  S.  Writing  S as  a quotient  of 
R[x i, . . . , xn\  we  see  from  Lemma  15.42.3  that  it  suffices  to  prove  that  R[x i, . . . , xn\ 
is  a P-ring.  By  induction  on  n it  suffices  to  prove  that  R[x]  is  a P-ring.  Let  q C i?[x] 
be  a maximal  ideal.  By  Lemma |15.42.4|  it  suffices  to  show  that  the  fibres  of 


R[a 


R[  a 


have  P.  If  q lies  over  p C P,  then  we  may  replace  R by  Rp.  Hence  we  may  assume 
that  R is  a Noetherian  local  P-ring  with  maximal  ideal  m and  that  q C P[x]  lies 
over  m.  Note  that  there  is  a unique  prime  q'  C PA[x]  lying  over  q.  Consider  the 
diagram 


R[a 


(PA 


■R/‘ 


Jq'J 


R[x]  q 

Since  R is  a P-ring  the  fibres  of  R[x\  — >•  PA[x]  have  P because  they  are  base  changes 
of  the  fibres  of  R — > PA  by  a finitely  generated  field  extension  so  (A)  applies.  Hence 
the  fibres  of  the  lower  horizontal  arrow  have  P for  example  by  Lemma [15.42. 2 The 
right  vertical  arrow  is  regular  because  PA  is  a G-ring  (Propositions  15.41.6  and 


15.41.10 1.  It  follows  that  the  fibres  of  the  composition  J?[x]q  -A  (PA[x]q/)A  have  P 
by  (C).  Hence  the  fibres  of  the  left  vertical  arrow  have  P by  (D)  and  the  proof  is 
complete.  □ 

0BK9  Lemma  15.42.6.  Let  A be  a P-ring  where  P satisfies  (B)  and  (D).  Let  I C A 
be  an  ideal  and  let  AA  be  the  completion  of  A with  respect  to  I.  Then  the  fibres  of 
A — y AA  have  P. 


Proof.  The  ring  map  A — »■  AA  is  fiat  by  Algebra,  Lemma  10.96.2  The  ring  AA  is 


Noetherian  by  Algebra,  Lemma[l0.96.6|  Thus  it  suffices  to  check  the  third  condition 
of  Lemma  15.42.2  Let  m'  C AA  be  a maximal  ideal  lying  over  m C A.  By  Algebra, 
Lemma  10.95.6|  we  have  P4A  c m'.  Since  AA/IAA  = A/ 1 we  see  that  / Cm, 
m/I  = m ' /IAA,  and  A/m  = AA/m'.  Since  AA / m'  is  a field,  we  conclude  that  m 
is  a maximal  ideal  as  well.  Then  Am  — ► AA,  is  a flat  local  ring  homomorphism  of 
Noetherian  local  rings  which  identifies  residue  fields  and  such  that  mAA,  = m'AA,. 
Thus  it  induces  an  isomorphism  on  complete  local  rings,  see  Lemma  |15.34.7|  Let 
(Am)A  be  the  completion  of  Am  with  respect  to  its  maximal  ideal.  The  ring  map 

(AA)m,  -a  ((AA)m,)A  = (Am)A 
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is  faithfully  flat  (Algebra,  Lemma  10.96.3 1.  Thus  we  can  apply  (D)  to  the  ring 
maps 

Am  — ► (AA)m/  —>  (Am)A 

to  conclude  because  the  fibres  of  Am  — ► (Am)A  have  P as  A is  a P-ring.  □ 

Lemma  15.42.7.  Let  A be  a P-ring  where  P satisfies  (A),  (B),  (C),  and  (D).  Let 
I C A be  an  ideal.  Let  ( Ah,Ih ) be  the  henselization  of  the  pair  (A,/),  see  Lemma 


15.8.13  Then  Ah  is  a P-ring. 


Proof.  Let  mh  C Ah  be  a maximal  ideal.  We  have  to  show  that  the  fibres  of 
Am'*  ~ ' *■  (Aj,/,)A  have  P,  see  Lemma  15.42.4  Let  m be  the  inverse  image  of  mh  in 


A.  Note  that  Ih  C mh  and  hence  / C m as  (Ah,Ih)  is  a henselian  pair.  Recall 
that  Ah  is  Noetherian,  Ih  = IAh , and  that  A — » Ah  induces  an  isomorphism  on  I- 
adic  completions,  see  Lemma|l5.8.16|  Then  the  local  homomorphism  of  Noetherian 
local  rings 

Am  —¥  A^h 

induces  an  isomorphism  on  completions  at  maximal  ideals  by  Lemma  15.34. 7|  (de- 

Set  qi  = qh 

h ®a  «(q)  = 

as  discussed 


tails  omitted).  Let  q"  be  a prime  of  A^h  lying  over  q C An 
and  let  q2, . . . , q*  be  the  other  primes  of  Ah  lying  over  q,  so  that  Ah  ®a  /c(q)  = 

Using  that  ( Ah)\  = (Am)A 


ni=i  t«(qi),  see  Lemma 


15.36.12 


n, 


above  we  see 

Li=l,...lt^)A  K(qi)  = (Am'*)A  ®A*mh  K(q))  = (Am)A  ®Am  «(q) 

Hence,  looking  at  local  rings  and  using  (B),  we  see  that 

«(q)  — > (AmOA  K(qh) 


has  P as  «(q)  — ► (Am)A 

«(qfc)  - 


«(q)  does  by  assumption  on  A.  By  (A)  we  see  that 
a (A^)A  ®ah  n(qh)  <gK(q)  «(q'1) 


has  property  P.  Since  K(q/l)  is  separable  algebraic  over  «(q)  we  see  that  K(q^)®K(q) 
K(q/l)  contains  n{qh)  as  a factor.  Hence  applying  (B)  once  more  we  find  that 


(Ami.)A  8a'  K(q/l) 


has  P as  desired. 


OBIW 


Lemma  15.42.8.  Properties  (A),  (B),  (C),  and  (D)  hold  for  P(k 
geometrically  reduced  over  k 


□ 

R)  = “R  is 


Proof.  Part  (A)  follows  from  the  definition  of  geometrically  reduced  algebras  (Al- 
gebra, Definition|10.42.ij.  Part  (B)  follows  too:  a ring  is  reduced  if  and  only  if  all 
local  rings  are  reduced.  Part  (C).  This  follows  from  Lemma  15.33.1  Part  (D).  This 
follows  from  Algebra,  Lemma[l0.156.2|  □ 


OBIX 


Lemma  15.42.9.  Properties  (A),  (B),  (C),  and  (D)  hold  for  P(k 
geometrically  normal  over  k ” . 


R)  = “R  is 

Proof.  Part  (A)  follows  from  the  definition  of  geometrically  normal  algebras  (Al- 
gebra, Definition  10.157.2 1.  Part  (B)  follows  too:  a ring  is  normal  if  and  only  if  all 
of  its  local  rings  are  normal.  Part  (C).  This  follows  from  Lemma  15.33.2  Part  (D). 
This  follows  from  Algebra,  Lemma[l0.156.3|  □ 
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0BJ9 


OBIZ 


07QS 


Lemma  15.42.10.  Fixn>  1.  Properties  (A),  (B),  (C),  and  (D)  hold  for  P(k  ^ 
R ) = “R  has  (Sn) 


Proof.  Let  k — > R be  a ring  map  where  k is  a field  and  R a Noetherian  ring.  Let 
k C k'  be  a finitely  generated  field  extension.  Then  the  fibres  of  the  ring  map 
R — >•  R 0*,  k!  are  Cohen-Macaulay  by  Algebra,  Lemma  10.159.1  Hence  we  may 


apply  Algebra,  Lemma  10.155.4  to  the  ring  map  R — > R 0*,  k'  to  see  that  if  R 
has  (Sn)  so  does  R 0*,  k' . This  proves  (A).  Part  (B)  follows  too:  a Noetherian 
rings  has  (Sn)  if  and  only  if  all  of  its  local  rings  have  (Sn).  Part  (C).  This  follows 
from  Algebra,  Lemma|lO.  155.4] as  the  fibres  of  a regular  homomorphism  are  regular 
and  in  particular  Cohen-Macaulay.  Part  (D).  This  follows  from  Algebra,  Lemma 
110.156.51  □ 


Lemma  15.42.11.  Fixn>  1.  Properties  (A),  (B),  (C),  and  (D)  hold  for  P(k  — ► 
R)  = ‘R  is  Cohen-Macaulay” . 


Proof.  Follows  immediately  from  Lemma[l5.42.10|and  the  trivial  fact  that  a Noe- 
therian ring  is  Cohen-Macaulay  if  and  only  if  it  satisfies  conditions  (Sn)  for  all 
n.  □ 


Lemma  15.42.12.  Fixn>  0.  Properties  (A),  (B),  (C),  and  (D)  hold  for  P(k  — >• 
R)  = ‘R  <g>k  k'  has  ( Rn ) for  all  finite  extensions  k' /k”. 

Proof.  Let  k — > R be  a ring  map  where  k is  a field  and  R a Noetherian  ring. 
Assume  P(k  — > R)  is  true.  Let  k C K be  a finitely  generated  Held  extension.  By 
Algebra,  Lemma  [10.44. 3|  we  can  find  a diagram 

K >■  K' 

A 

k k' 


where  k C k' , K C K'  are  finite  purely  inseparable  field  extensions  such  that  k!  C 
K'  is  separable.  By  Algebra,  Lemma  10.150.10  there  exists  a smooth  /c'-algebra  B 
such  that  K'  is  the  fraction  field  of  B.  Now  we  can  argue  as  follows:  Step  1:  R®k  k' 
satisfies  (Sn)  because  we  assumed  P for  k — ► R.  Step  2:  R 0*,  k'  — >•  R®kk'  0*/  B 
is  a smooth  ring  map  (Algebra,  Lemma  10.135.4|)  and  we  conclude  R 0*,  k'  0*,/  B 
satisfies  (Sn)  by  Algebra,  Lemma  10.155.5  (and  using  Algebra,  Lemma  10.138.3  to 
see  that  the  hypotheses  are  satisfied).  Step  3.  R 0*,  k'  g)*/  K'  = R 0/c  K'  satisfies 
( Rn ) as  it  is  a localization  of  a ring  having  ( Rn ).  Step  4.  Finally  R 0*,  AT  satisfies 
(Rn)  by  descent  of  (Rn)  along  the  faithfully  flat  ring  map  K 0*,  A — > K'  g*,  A 
(Algebra,  LemmaflO. 156.61.  This  proves  (A).  Part  (B)  follows  too:  a Noetherian 
ring  has  (Rn)  if  and  only  if  all  of  its  local  rings  have  ( Rn ).  Part  (C).  This  follows 
from  Algebra,  Lemma|l0.155.5]as  the  fibres  of  a regular  homomorphism  are  regular 
(small  detail  omitted).  Part  (D).  This  follows  from  Algebra,  Lemma  10.156.6  (small 
detail  omitted).  □ 


15.43.  Excellent  rings 

In  this  section  we  discuss  Grothendieck’s  notion  of  excellent  rings.  For  the  defi- 
nitions of  G-rings,  J-2  rings,  and  universally  catenary  rings  we  refer  to  Definition 
|15.41.1[  Definition  |15. 38.1]  and  Algebra,  Definition 1 1 0 . 1 043} 


07QT  Definition  15.43.1.  Let  R be  a ring. 
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(1)  We  say  R is  quasi- excellent  if  R is  Noetherian,  a G-ring,  and  J-2. 

(2)  We  say  R is  excellent  if  R is  quasi-excellent  and  universally  catenary. 


Thus  a Noetherian  ring  is  quasi-excellent  if  it  has  geometrically  regular  formal  fibres 
and  if  any  finite  type  algebra  over  it  has  closed  singular  set.  For  such  a ring  to 
be  excellent  we  require  in  addition  that  there  exists  (locally)  a good  dimension 
function. 

Lemma  15.43.2.  Any  localization  of  a finite  type  ring  over  a (quasi-) excellent 
ring  is  (quasi-)  excellent. 


Proof.  For  finite  type  algebras  this  follows  from  the  definitions  for  the  properties 
J-2  and  universally  catenary.  For  G-rings,  see  Proposition  |15.41.10|  We  omit  the 
proof  that  localization  preserves  (quasi-) excellency.  □ 

Proposition  15.43.3.  The  following  types  of  rings  are  excellent: 

(1)  fields, 

(2)  Noetherian  complete  local  rings, 

(3)  z 

(4)  Dedekind  domains  with  fraction  field  of  characteristic  zero, 

(5)  finite  type  ring  extensions  of  any  of  the  above. 


Proof.  See  Propositions|15.41.12|and|15.39.6|to  see  that  these  rings  are  G-rings  and 
have  J-2.  Any  Cohen-Macaulay  ring  is  universally  catenary,  see  Algebra,  Lemma 
|10. 104.8)  In  particular  fields,  Dedekind  rings,  and  more  generally  regular  rings  are 
universally  catenary.  Via  the  Cohen  structure  theorem  we  see  that  complete  local 
rings  are  universally  catenary,  see  Algebra,  Remark  10.152. 9[  □ 


The  material  developed  above  has  some  consequences  for  Nagata  rings. 

Lemma  15.43.4.  Let  (A,m)  be  a Noetherian  local  ring.  The  following  are  equiv- 
alent 

(1)  A is  Nagata,  and 

(2)  the  formal  fibi'es  of  A are  geometrically  reduced. 


Proof.  Assume  (2).  By  Algebra,  Lemma  10.154.14  we  have  to  show  that  if  A — > B 
is  finite,  B is  a domain,  and  m'  C B is  a maximal  ideal,  then  Bmi  is  analytically 
unramified.  Combining  Lemma [15.42.8| and 1 15. 4274] and  Proposition |15.42~5)  we  see 
that  the  formal  fibres  of  Bm>  are  geometrically  reduced.  In  particular  BA,®Bf-f-(B) 
is  reduced  and  it  follows  that  BA,  is  reduced,  i.e.,  Bmi  is  analytically  unramified. 

Assume  (1).  Let  q C A be  a prime  ideal  and  let  «(q)  C /\  be  a finite  extension. 
We  have  to  show  that  AA  K is  reduced.  Let  A/q  C B C K be  a local  subring 
finite  over  A whose  fraction  field  is  K.  To  construct  B choose  X\,...,xn  £ I\ 
which  generate  I\  over  «(q)  and  which  satisfy  rnonic  polynomials  Pj(T)  = Tdi  + 
aipTdi~l  + . . . + aitdi  = 0 with  a ij  £ m.  Then  let  B be  the  A-subalgebra  of 
I\  generated  by  x\, . . . , xn.  (For  more  details  see  the  proof  of  Algebra,  Lemma 


10.154.14  ) Then 


Aa  ®a  K = (AA  B)q  = BA 

Since  BA  is  reduced  by  Algebra,  Lemma  [lO.  154. 14)  the  proof  is  complete. 


□ 


07QV  Lemma  15.43.5.  A quasi-excellent  ring  is  Nagata. 
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Proof.  Let  R be  quasi-excellcnt.  Using  that  a finite  type  algebra  over  R is  quasi- 


excellent  (Lemma  15.43.2)  we  see  that  it  suffices  to  show  that  any  quasi-excellent 


0AZ5 


domain  is  N-l,  see  Algebra,  Lemma  |10.154.3|  Applying  Algebra,  Lemma  [10. 153. 15| 
(and  using  that  a quasi-excellent  ring  is  J-2)  we  reduce  to  showing  that  a quasi- 
excellent  local  domain  R is  N-l.  As  R — > RA  is  regular  we  see  that  RA  is  reduced 
by  Lemma  |15.33.1[  In  other  words,  R is  analytically  unramified.  Hence  R is  N-l 
by  Algebra,  Lemma  [10. 154. 10|  □ 

15.44.  Abelian  categories  of  modules 

Let  R be  a ring.  The  category  Mod#  of  R-modules  is  an  abelian  category.  Here  are 
some  examples  of  subcategories  of  Mod/?  which  are  abelian  (we  use  the  terminology 
introduced  in  Homology,  Definition |12. 9. 1| as  well  as  Homology,  Lemmas |12. 9. 2| and 


12.9.3]): 

(1) 

(2) 


(3) 

(4) 

(5) 

(6) 


The  category  of  coherent  R- modules  is  a weak  Serre  subcategory  of  Mod#. 
This  follows  from  Algebra,  Lemma [l 0.89. 2 1 

Let  S C R be  a multiplicative  subset.  The  full  subcategory  consisting  of 
.R-modules  M such  that  multiplication  by  s £ S is  an  isomorphism  on 
M is  a Serre  subcategory  of  Mod#.  This  follows  from  Algebra,  Lemma 

mm 

Let  I C R be  a finitely  generated  ideal.  The  full  subcategory  of  I- power 
torsion  modules  is  a Serre  subcategory  of  Mod#.  See  Lemmap.5.69.5 


In  some  texts  a torsion  module  is  defined  as  a module  M such  that  for  all 
x £ M there  exists  a nonzerodivisor  f £ R such  that  fx  = 0.  The  full 
subcategory  of  torsion  modules  is  a Serre  subcategory  of  Mod#. 

If  R is  not  Noetherian,  then  the  category  Mod^9  of  finitely  generated  R- 
modules  is  not  abelian.  Namely,  if  I C R is  a non-finitely  generated  ideal, 
then  the  map  R—^R/I  does  not  have  a kernel  in  Mod^9. 

If  R is  Noetherian,  then  coherent  .R-modules  agree  with  finitely  generated 


(i.e.,  finite)  -R-modules,  see  Algebra,  Lemmas  10.89.4  10.89.3  and  10.30.4 
Hence  Mod^,9  is  abelian  by  (1)  above,  but  in  fact, in  this  case  the  category 
Mod^9  is  a (strong)  Serre  subcategory  of  Mod#. 


15.45.  Injective  abelian  groups 

01D6  In  this  section  we  show  the  category  of  abelian  groups  has  enough  injectives.  Recall 
that  an  abelian  group  M is  divisible  if  and  only  if  for  every  x £ M and  every  n £ N 
there  exists  a y £ M such  that  ny  = x. 

01D7  Lemma  15.45.1.  An  abelian  group  J is  an  injective  object  in  the  category  of 
abelian  groups  if  and  only  if  J is  divisible. 

Proof.  Suppose  that  J is  not  divisible.  Then  there  exists  an  x £ J and  n £ N 
such  that  there  is  no  y £ J with  ny  = x.  Then  the  morphism  Z -)  J,  m 4 mx 
does  not  extend  to  D Z.  Hence  J is  not  injective. 

Let  A C B be  abelian  groups.  Assume  that  J is  a divisible  abelian  group.  Let 
p : A — > J be  a morphism.  Consider  the  set  of  homomorphisms  p'  : A'  -4  J with 
A C A!  C B and  p'\a  = P-  Define  (A! ,p')  > (A"  ,p")  if  and  only  if  A!  D A" 
and  p'\a"  = p" ■ If  {Ai,Pi)iei  is  a totally  ordered  collection  of  such  pairs,  then  we 
obtain  a map  A.j  -4  J defined  by  a £ At  maps  to  Pi{a).  Thus  Zorn’s  lemma 
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applies.  To  conclude  we  have  to  show  that  if  the  pair  (A',p')  is  maximal  then 
A'  = B.  In  other  words,  it  suffices  to  show,  given  any  subgroup  A C B , A ^ B and 
any  p : A — > J,  then  we  can  find  p'  : A!  — > J with  A C A'  C B such  that  (a)  the 
inclusion  A C A'  is  strict,  and  (b)  the  morphism  ip'  extends  ip. 

To  prove  this,  pick  x G B,  x ^ A.  If  there  exists  noneN  such  that  nx  G A,  then 
A © Z = A + Zx.  Hence  we  can  extend  ip  to  A'  = A + Zx  by  using  p on  A and 
mapping  x to  zero  for  example.  If  there  does  exist  anngN  such  that  nx  G A,  then 
let  n be  the  minimal  such  integer.  Let  z G J be  an  element  such  that  nz  = p(nx). 
Define  a morphism  Up  : A © Z — ► J by  (o,  to)  i— > p{a)  + mz.  By  our  choice  of  z the 
kernel  of  tp  contains  the  kernel  of  the  map  A © Z — > B,  (a,  m)  <— > a + mx.  Hence  ip 
factors  through  the  image  A'  = A + Zx,  and  this  extends  the  morphism  p.  □ 

We  can  use  this  lemma  to  show  that  every  abelian  group  can  be  embedded  in  a 
injective  abelian  group.  But  this  is  a special  case  of  the  result  of  the  following 
section. 


15.46.  Injective  modules 


01D8  Some  lemmas  on  injective  modules. 

OAVD  Definition  15.46.1.  Let  I?  be  a ring.  An  R-module  J is  injective  if  and  only  if 
the  functor  Homfl;(— , J)  : Mod/?  — > Mod/?  is  an  exact  functor. 


The  functor  Hom^(— ,M)  is  left  exact  for  any  .R-module  M,  see  Algebra,  Lemma 
|10.10.1|  Hence  the  condition  for  J to  be  injective  really  signifies  that  given  an  injec- 
tion of  R-modules  M — > M'  the  map  Horn r(M' , J)  — ► Hom#(M,  J ) is  surjective. 

Before  we  reformulate  this  in  terms  of  Rxt-modules  we  discuss  the  relationship 

OAUL 

There  is  a canonical  isomorphism  Ext^{M,N)  = N)  compatible  with  the 

long  exact  sequences  of  Algebra,  Lemmas \ 1 0. 70. 6\  and \ 1 0. 10. 7|  and  the  6-term  exact 
sequences  of  Homology,  Lemma  \ 12. 6.  J\ 

Proof.  Omitted.  □ 


between  Ext]j(M,  N)  and  extensions  as  in  Homology,  Section  12.6 
Lemma  15.46.2.  Let  R be  a ring.  Let  A be  the  abelian  category  of  R-modules. 


OAVE  Lemma  15.46.3.  Let  R be  a ring.  Let  J be  an  R-module.  The  following  are 
equivalent 

(1)  J is  injective, 

(2)  J)  = 0 for  every  R-module  M. 


OAVF 


Proof.  Let  0 M"  — >•  M'  — > M — > 0 be  a short  exact  sequence  of  R-modules. 
Consider  the  long  exact  sequence 


0 HomH(M,  J)  ->  HomR(M',  J)  ->•  HomH(M",  J) 
->•  Ext  r(M,  J)  ->•  Ext  lR(M',  J)  ->•  Ext  r{M",  J)^  ... 


of  Algebra,  Lemma  10.70.7  Thus  we  see  that  (2)  implies  (1).  Conversely,  if  J 


is  injective  then  the  Ext-group  is  zero  by  Homology,  Lemma  |12.23.2|  and  Lemma 


115.46.21  □ 

Lemma  15.46.4.  Let  R be  a ring.  Let  J be  an  R-module.  The  following  are 
equivalent 
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(1)  J is  injective, 


(2)  Ext^R/I,  J)  = 0 for  every  ideal  I C R,  and 

(3)  for  an  ideal  I C R and  module  map  I — ► J there  exists  an  extension 

R -t  J. 


Proof.  We  have  seen  the  implication  (1)  =>•  (2)  in  Lemma  15.46.3  Given  a module 
map  / — > J as  in  (3)  we  obtain  an  extension  of  R/ 1 by  J by  pushout 


If  (2)  holds,  then  the  lower  short  exact  sequence  is  split  by  Homology,  Lemma 
12.23.2|  By  choosing  a splitting  E — > J,  we  obtain  an  extension  R — >•  E — ► J of  the 
given  map  I — > J.  Thus  (2)  =>  (3). 

Assume  (3).  Let  M C N be  an  inclusion  of  R- modules.  Let  ip  : M — > J be  a 
homomorphism.  We  will  show  that  <p  extends  to  N which  finishes  the  proof  of  the 
lemma.  Consider  the  set  of  homomorphisms  ip'  : M'  — » J with  M C M'  C N and 
<p'\m  = P-  Define  ( M\<p ')  > ( M",ip ")  if  and  only  if  M'  D M"  and  p'\m"  = p"  ■ 
If  is  a totally  ordered  collection  of  such  pairs,  then  we  obtain  a map 

U6J  Mi  — ► J defined  by  a £ Mi  maps  to  ipi (a).  Thus  Zorn’s  lemma  applies.  To 
conclude  we  have  to  show  that  if  the  pair  (M',ip')  is  maximal  then  M'  = N.  In 
other  words,  it  suffices  to  show,  given  any  subgroup  M C N,  M ^ N and  any 
p : M — »•  J,  then  we  can  find  <p'  : M'  — > J with  M C M'  C N such  that  (a)  the 
inclusion  M C M'  is  strict,  and  (b)  the  morphism  ip'  extends  ip. 

To  prove  this,  pick  x € N,  x fL  M.  Let  I = {f  £ R \ fx  £ M}.  This  is  an  ideal  of 
R.  Define  a homomorphism  ip  : I — > J by  / i— > tp(fx).  Extend  to  a map  ip  : R — >•  J 
which  is  possible  by  assumption  (3).  By  our  choice  of  I the  kernel  of  M ® R — ► J, 
(y,  /)  i ^ y—'tpif)  contains  the  kernel  of  the  map  M®R  — ► N , (y,  /)  y+fx.  Hence 
this  homomorphism  factors  through  the  image  M'  = M + Rx  and  this  extends  the 
given  homomorphism  as  desired.  □ 


In  the  rest  of  this  section  we  prove  that  there  are  enough  injective  modules  over  a 
ring  R.  We  start  with  the  fact  that  Q/Z  is  an  injective  abelian  group.  This  follows 
from  Lemma  115.45. 11 

01D9  Definition  15.46.5.  Let  R be  a ring. 

(1)  For  any  l?-module  M over  R we  denote  Mv  = Hom(M,  Q/Z)  with  its 
natural  A-module  structure.  We  think  of  M i— > Mv  as  a contravariant 
functor  from  the  category  of  h'-modules  to  itself. 

(2)  For  any  A-module  M we  denote 

^(M)  = 0 aMRH 

mGM 

the  free  module  with  basis  given  by  the  elements  [m]  with  m £ M . We  let 
F{M)  — > M,  fi[mi\  H > Y2  fimi  be  the  natural  surjection  of  l?-modules. 

We  think  of  M i— » ( F(M ) — > M ) as  a functor  from  the  category  of  R- 
modules  to  the  category  of  arrows  in  l?-modules. 

01DA  Lemma  15.46.6.  Let  R be  a ring.  The  functor  M i->  Mv  is  exact. 
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Proof.  This  because  Q/Z  is  an  injective  abelian  group  by  Lemma  15.45.1  □ 


There  is  a canonical  map  ev  : M — > (Afv)v  given  by  evaluation:  given  x £ M we 
let  ev(x)  £ (Mv)v  = Hom(Mv,  Q/Z)  be  the  map  ip  ip(x). 

01DB  Lemma  15.46.7.  For  any  R-module  M the  evaluation  map  ev  : M — > (Mv)v  is 
injective. 


Proof.  You  can  check  this  using  that  Q/Z  is  an  injective  abelian  group.  Namely, 
if  x £ M is  not  zero,  then  let  M'  C M be  the  cyclic  group  it  generates.  There 
exists  a nonzero  map  M'  — > Q/Z  which  necessarily  does  not  annihilate  x.  This 
extends  to  a map  ip  : M -A  Q/Z  and  then  ev(x)(ip)  = <p(x)  ^ 0.  □ 


The  canonical  surjection  F(M)  —¥  M of  .R-modules  turns  into  a canonical  injection, 
see  above,  of  .R-modules 

(Mv)v  — > (F(MV))V. 

Set  J(M)  = (F(MV))V.  The  composition  of  ev  with  this  the  displayed  map  gives 
M — > J{M)  functorially  in  M. 

01DC  Lemma  15.46.8.  Let  R he  a ring.  For  every  R-module  M the  R-module  J(A1) 
is  injective. 


01DD 


Proof.  Note  that  J(M ) = as  an  ^-module.  As  the  product  of  injective 

modules  is  injective,  it  suffices  to  show  that  f?v  is  injective.  For  this  we  use  that 


RomR(N,  f?v)  = Homfl(7V,Homz(l?,Q/Z))  = Nv 
and  the  fact  that  (— )v  is  an  exact  functor  by  Lemma[l5.46.6 


□ 


Lemma  15.46.9.  Let  R be  a ring.  The  construction  above  defines  a covariant 
functor  M <— > ( M J(M ))  from  the  category  of  R-modules  to  the  category  of 
arrows  of  R-modules  such  that  for  every  module  M the  output  M — > J{M ) is  an 
injective  map  of  M into  an  injective  R-module  J(AL). 


Proof.  Follows  from  the  above. 


□ 


In  particular,  for  any  map  of  .R-modules  M — * N there  is  an  associated  morphism 
J(M)  -A  J(N)  making  the  following  diagram  commute: 

M >-N 

J(M) ^ J(N) 

This  is  the  kind  of  construction  we  would  like  to  have  in  general.  In  Homology, 
Section[l2.23|we  introduced  terminology  to  express  this.  Namely,  we  say  this  means 
that  the  category  of  .R-modules  has  functorial  injective  embeddings. 


15.47.  Derived  categories  of  modules 

0914  In  this  section  we  put  some  generalities  concerning  the  derived  category  of  modules 
over  a ring. 

Let  A be  a ring.  The  category  of  A-modules  has  products  and  products  are  exact. 
The  category  of  A-modules  has  enough  injectives  by  Lemma [15. 46. 9|  Hence  every 
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complex  of  A-modules  is  quasi-isomorphic  to  a K-injective  complex  (Derived  Cate- 
gories, Lemma  13.32.5).  It  follows  that  D{A)  has  countable  products  (Derived  Cat- 
egories, Lemmafl3.32.2 1 and  in  fact  arbitrary  products  (Injectives,  Lemma[l9.13.4). 
This  implies  that  every  inverse  system  of  objects  of  D(A)  has  a derived  limit  (well 


defined  up  to  isomorphism),  see  Derived  Categories,  Section  13.32 


0915  Lemma  15.47.1.  Let  R — ► S be  a flat  ring  map.  If  I*  is  a K-injective  complex 
of  S -modules,  then  I*  is  K-injective  as  a complex  of  R-modules. 


Proof.  This  is  true  because  Horn K(r){M*,I*)  = Homif(s)(M*  S,  /*)  by  Alge- 
bra, Lemma  10.13.3  and  the  fact  that  tensoring  with  S is  exact.  □ 


0916  Lemma  15.47.2.  Let  R — > S be  an  epimorphism  of  rings.  Let  1*  be  a complex  of 
S -modules.  If  I*  is  K-injective  as  a complex  of  R-modules,  then  I * is  a K-injective 
complex  of  S -modules. 


Proof.  This  is  true  because  Kom.K(R)(N* , I*)  = Hornes) (AT* , /*)  for  any  complex 
of  5'-modules  AT*,  see  Algebra,  Lemma  [10. 106. 14[  □ 

0917  Lemma  15.47.3.  Let  A — ► B be  a ring  map.  If  1*  is  a K-injective  complex  of 
A-modules,  then  Hom^H, /*)  is  a K-injective  complex  of  B -modules. 

Proof.  This  is  true  because  Hom#(#)(./V*, Hom^(13, /*))  = Hom#(yi)(A/'*, /*)  by 
Algebra,  Lemma  |10.13.4|  □ 


15.48.  Computing  Tor 

064F  Let  R be  a ring.  We  denote  D(R)  the  derived  category  of  the  abelian  category 
Modi?  of  H-modules.  Note  that  Mod#  has  enough  projectives  as  every  free  17- 
module  is  projective.  Thus  we  can  define  the  left  derived  functors  of  any  additive 
functor  from  Modi?  to  any  abelian  category. 


This  applies  in  particular  to  the  functor  — M : Mod#  — > Mod/?  whose  right 
derived  functors  are  the  Tor  functors  Torf  (— , M),  see  Algebra,  Section  : 
is  also  a total  right  derived  functor 


10.74 


There 


064G  (15.48.0.1) 


- : D~(R)  — » D~(R) 


which  is  denoted  — M.  Its  satellites  are  the  Tor  modules,  i.e.,  we  have 


H~P{N  M)  = Torf  (AT,  M). 


A special  situation  occurs  when  we  consider  the  tensor  product  with  an  l?-algebra 
A.  In  this  case  we  think  of  — A as  a functor  from  Mod#  to  Mod^.  Hence  the 
total  right  derived  functor 

064H  (15.48.0.2)  -®\A-.D~(R) — > D~  (A) 

which  is  denoted  — A.  Its  satellites  are  the  tor  groups,  i.e.,  we  have 

H~P(N  A)  = Torf  (AT,  A). 

In  particular  these  Tor  groups  naturally  have  the  structure  of  A-modules. 
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06XY 

0641 


064J 


06XZ 
06  Y0 

06Y1 


15.49.  Derived  tensor  product 


We  can  construct  the  derived  tensor  product  in  greater  generality.  In  fact,  it  turns 
out  that  the  boundedness  assumptions  are  not  necessary,  provided  we  choose  K- 
flat  resolutions.  In  this  section  we  use  Homology,  Example  12.22.2  and  Homology, 
Definition  12.22.3  to  turn  a pair  of  complexes  of  modules  into  a double  complex 
and  its  associated  total  complex. 


Lemma  15.49.1.  Let  R be  a ring.  Let  P * be  a complex  of  R-modules.  Let 
a,  [5  : A*  — ► M*  be  homotopy  equivalent  maps  of  complexes.  Then  a and  f3  induce 
homotopy  equivalent  maps 


Tot(a  (8  idp ),  Tot(f3  (8  idp)  : Tot{L * ®R  P*)  — > Tot(M * <8p  P*). 

In  particular  the  construction  A*  K > Tot(L*  ®R  P*)  defines  an  endo-functor  of  the 
homotopy  category  of  complexes. 


Proof.  Say  a = f)  + dh  + h.d  for  some  homotopy  h defined  by  hn  : Ln  — >■  Mn  l. 
Set 

Hn  = 0 ha  (8  idpb  : fR  La  ®R  Pb  — ► fR  M0"1  <8p  Pb 

a-\-b=n  a-\-b=n  a-\-b=n 

Then  a straightforward  computation  shows  that 

Tot(a  ® idp)  = Tot(/3  (8  idp)  + dH  + Hd 

as  maps  Tot(L*  (8 r P*)  — > Tot(M*  ®p  P*).  □ 

Lemma  15.49.2.  Let  R be  a ring.  Let  P*  be  a complex  of  R-modules.  The  functor 
K(Modp)  — K(ModR ),  L*  i — > Tot(L * ®R  P*) 
is  an  exact  functor  of  triangulated  categories. 


Proof.  By  our  definition  of  the  triangulated  structure  on  Jf(Modp)  we  have  to 
check  that  our  functor  maps  a termwise  split  short  exact  sequence  of  complexes  to 
a termwise  split  short  exact  sequence  of  complexes.  As  the  terms  of  Tot(P*  (8pP*) 
are  direct  sums  of  the  tensor  products  La  ®R  Pb  this  is  clear.  □ 


The  following  definition  will  allow  us  to  think  intelligently  about  derived  tensor 
products  of  unbounded  complexes. 

Definition  15.49.3.  Let  R be  a ring.  A complex  K * is  called  K-fiat  if  for  every 
acyclic  complex  M*  the  total  complex  Tot(M*  ®R  K *)  is  acyclic. 

Lemma  15.49.4.  Let  R be  a ring.  Let  K*  be  a K-flat  complex.  Then  the  functor 

K(ModR ) — t K(ModR),  L*  i — t Tot{L*  ®R  K*) 


transforms  quasi-isomorphisms  into  quasi-isomorphisms. 


Proof.  Follows  from  Lemma  15.49.2  and  the  fact  that  quasi-isomorphisms  in  A'(Modp) 
and  A'(ModA)  are  characterized  by  having  acyclic  cones.  □ 


Lemma  15.49.5.  Let  R — > R'  be  a ring  map.  If  I\*  is  a K-flat  complex  of 
R-modules , then  A*  <8p  R!  is  a K-flat  complex  of  R'  -modules. 


Proof.  Follows  from  the  definitions  and  the  fact  that  (K*®rR')®Ri  L*  = K*®RL* 
for  any  complex  A*  of  P'-modules.  □ 
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0795 


06Y2 


064K 


06Y3 


06Y4 


Lemma  15.49.6.  Let  R be  a ring.  If  K* , L * are  K-flat  complexes  of  R-modules, 
then  Tot(K * ®r  A*)  is  a K-flat  complex  of  R-modules. 

Proof.  Follows  from  the  isomorphism 

Tot(M*  (giR  Tot  (A'*  <g >r  A*))  = Tot  (Tot  (M*  ®R  AT*)  ®R  A*) 
and  the  definition.  □ 


Lemma  15.49.7.  Let  R be  a ring.  Let  (K*,  AT* , AT*)  be  a distinguished  triangle 
in  K{ModR) . If  two  out  of  three  of  AT*  are  K-flat,  so  is  the  third. 


Proof.  Follows  from  Lemma  15.49.2  and  the  fact  that  in  a distinguished  triangle 
in  A'(Modyi)  if  two  out  of  three  are  acyclic,  so  is  the  third.  □ 


Lemma  15.49.8.  Let  R be  a ring.  Let  P*  be  a bounded  above  complex  of  flat 
R-modules.  Then  P*  is  K-flat. 


Proof.  Let  A*  be  an  acyclic  complex  of  P-modules.  Let  £ £ if71  (Tot  (A*  <g>R  P*)). 
We  have  to  show  that  £ = 0.  Since  Tot"  (A*  P*)  is  a direct  sum  with  terms 

La  ®RPb  we  see  that  £ comes  from  an  element  in  P"(Tot(r<mA*  ®jjP'))  for  some 
to  £ Z.  Since  T<mA * is  also  acyclic  we  may  replace  A*  by  r<mA*.  Hence  we  may 
assume  that  A*  is  bounded  above.  In  this  case  the  spectral  sequence  of  Homology, 
Lemma  112.22.61  has 

'Ep’q  = Hp(L * ®RPq) 

which  is  zero  as  Pq  is  flat  and  A*  acyclic.  Hence  IP  (Tot  (A*  ®r  P*))  =0.  □ 


In  the  following  lemma  by  a colimit  of  a system  of  complexes  we  mean  the  termwise 
colimit. 


Lemma  15.49.9.  Let  R be  a ring.  Let  AT*  — ► AT*  be  a system  of  K-flat 

complexes.  Then  colinx,  AT*  is  K-flat. 

Proof.  Because  we  are  taking  termwise  colimits  it  is  clear  that 
colim.  Tot (M*  ®R  AT*)  = Tot(M*  (g)R  colinp  A'*) 

Hence  the  lemma  follows  from  the  fact  that  filtered  colimits  are  exact.  □ 


Lemma  15.49.10.  Let  R be  a ring.  For  any  complex  M*  there  exists  a K-flat 
complex  K * and  a quasi-isomorphism  Km  — > M* . Moreover  each  AT"  is  a flat 
R-module. 


Proof.  Let  V c Ob(ModR)  be  the  class  of  flat  P-modules.  By  Derived  Categories, 
Lemma  13.28. 1|  there  exists  a system  AT*  — » AT * —>■...  and  a diagram 


I<1 

' a* 

T<1  M*  - 

— >■  t<2M 

with  the  properties  (1),  (2),  (3)  listed  in  that  lemma.  These  properties  imply  each 
complex  AT*  is  a bounded  above  complex  of  flat  modules.  Hence  AT*  is  K-flat 
by  Lemma  15.49.8  The  induced  map  colim,;  K*  M * is  a quasi-isomorphism 

by  construction.  The  complex  colinu  AT*  is  K-flat  by  Lemma  15.49.9  The  final 
assertion  of  the  lemma  is  true  because  the  colimit  of  a system  of  flat  modules  is 
flat,  see  Algebra,  Lemma[l0.38.3|  □ 


15.49.  DERIVED  TENSOR  PRODUCT 
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Remark  15.49.11.  In  fact,  we  can  do  better  than  Lemma 


we  can  find  a quasi-isomorphism  P * 
endowed  with  a filtration 


15.49.10 


Namely, 


M * where  P*  is  a complex  of  ^-modules 


0 = P_iP*  C F0P * C PiP*  C . . . C P* 
by  subcomplexes  such  that 

(1)  P*  ={JFPP\ 

(2)  the  inclusions  FtP*  — ► Pi+1P*  are  termwise  split  injections, 

(3)  the  quotients  Pj+iP* / P2P*  are  isomorphic  to  direct  sums  of  shifts  A[k\ 
(as  complexes,  so  differentials  are  zero). 

This  was  shown  in  Differential  Graded  Algebra,  Lemma  [22.13.4|  Moreover,  given 
such  a complex  we  obtain  a distinguished  triangle 

0 F'p%  0 pip'  -»• M%  ->  0 

in  D(A).  Using  this  we  can  sometimes  reduce  statements  about  general  complexes 
to  statements  about  A[k]  (this  of  course  only  works  if  the  statement  is  preserved 
under  taking  direct  sums).  More  precisely,  let  T be  a property  of  objects  of  D(A). 
Suppose  that 

(1)  if  Ki  £ L>(A),  i £ I is  a family  of  objects  with  T(Ki)  for  all  i £ I,  then 
n@Ki), 

(2)  if  K — > L — ► M — > K{\\  is  a distinguished  triangle  and  T holds  for  two, 
then  T holds  for  the  third  object, 

(3)  T(A[k])  holds  for  all  k. 

Then  T holds  for  all  objects  of  D(A). 

064L  Lemma  15.49.12.  Let  R be  a ring.  Let  a : P*  — > Q * be  a quasi-isomorphism 
of  K-flat  complexes  of  R-modules.  For  every  complex  L*  of  R-modules  the  induced 
map 

Tot(idL  <8>  a)  : Tot(L * <2)r  P*)  — > Tot{L*  (&r  Q*) 
is  a quasi-isomorphism. 

Proof.  Choose  a quasi-isomorphism  K * — > L * with  K*  a K-flat  complex,  see 
Lemma [15.49. 10|  Consider  the  commutative  diagram 

Tot  (A'*  P*) ^ Tot  (A'*  Qm) 

" Y 

Tot  (A*  P*) *-  Tot  (A*  ®R  Q') 

The  result  follows  as  by  Lemma |15.49.4|  the  vertical  arrows  and  the  top  horizontal 
arrow  are  quasi-isomorphisms.  □ 


Let  A be  a ring.  Let  M*  be  an  object  of  D(R).  Choose  a K-flat  resolution  A'*  — ► 
M* , see  Lemma  |15. 49.10]  By  Lemmas  |15.49.1|  and  |15.49.2|  we  obtain  an  exact 
functor  of  triangulated  categories 


A:(Modfl)  — > A'(Modfl),  A*  i — > Tot  (A*  AT*) 

By  Lemma  15.49.4  this  functor  induces  a functor  D(R)  — > D(R)  simply  because 


D(R)  is  the  localization  of  A^Mod^)  at  quasi-isomorphism.  By  Lemma  15.49.12 


the  resulting  functor  (up  to  isomorphism)  does  not  depend  on  the  choice  of  the 
K-flat  resolution. 


15.50.  DERIVED  CHANGE  OF  RINGS 
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Definition  15.49.13.  Let  R be  a ring.  Let  M*  be  an  object  of  D{R).  The  derived 
tensor  product 

- M*  : D(R)  — » D(R) 

is  the  exact  functor  of  triangulated  categories  described  above. 


This  functor  extends  the  functor  (15.48.0.11.  It  is  clear  from  our  explicit  construc- 
tions that  there  is  a canonical  isomorphism 


M*  L*  = L*  M* 

whenever  both  L*  and  M*  are  in  D(R).  Hence  when  we  write  M*  Lm  we  will 
usually  be  agnostic  about  which  variable  we  are  using  to  define  the  derived  tensor 
product  with. 


15.50.  Derived  change  of  rings 


06Y5  Let  R — > A be  a ring  map.  Let  N be  an  A-module.  We  can  also  use  K-flat 
resolutions  to  define  a functor 


- <g>£  N : D(R)  ->•  D(A) 

which  is  the  left  derived  functor  of  the  functor  Mod/?  — ► Mod^,  M i 
particular,  taking  TV  = A we  obtain  a derived  base  change  functor 

-®rA  : D(R)  ->  D{A) 


M ® r N . In 


extending  the  functor  (15.48.0.2).  Namely,  for  every  complex  of  fJ-modules  M* 
we  can  choose  a K-flat  resolution  K*  — > M*  and  set  M*  N = Km  ®/{  N.  You 


can  use  Lemmas  15.49.10  and  15.49.12  to  see  that  this  is  well  defined.  However,  to 
cross  all  the  t’s  and  dot  all  the  i’s  it  is  perhaps  more  convenient  to  use  some  general 
theory. 


06Y6  Lemma  15.50.1.  The  construction  above  is  independent  of  choices  and  defines 
an  exact  functor  of  triangulated  categories  — N : D(R)  — > D{A).  There  is  a 
functorial  isomorphism 

Etg^N  = (£  ®h  A)  N 

for  E in  D(R). 

Proof.  To  prove  the  existence  of  the  derived  functor  — N we  use  the  general 
theory  developed  in  Derived  Categories,  Section  13.15  Set  V = JV(Modfl)  and 

V = D(A).  Let  us  write  F : V — > V the  exact  functor  of  triangulated  categories 
defined  by  the  rule  F{M*)  = M*<E)rN.  We  let  S be  the  set  of  quasi- isomorphisms  in 

V = KT(Modfl).  This  gives  a situation  as  in  Derived  Categories,  Situation  13.15.1|so 


that  Derived  Categories,  Defmition|13.15.2|applies.  We  claim  that  LF  is  everywhere 
defined.  This  follows  from  Derived  Categories,  Lemma  13.15.15  with  V C Ob(2?) 


the  collection  of  K-flat  complexes:  (1)  follows  from  Lemma  15.49.10  and  (2)  follows 
from  Lemma  1 1 5 . 49 . 1 2l  Thus  we  obtain  a derived  functor 

LF  : D(R ) = S-XV  — > V = D{A) 


see  Derived  Categories,  Equation  ( 13.15.9.1]).  Finally,  Derived  Categories,  Lemma 


13.15.15  guarantees  that  LF(K*)  = F(K*)  = K%  ®rN  when  K*  is  K-flat,  i.e. , LF 


is  indeed  computed  in  the  way  described  above.  Moreover,  by  Lemma  |15. 49. 5|  the 
complex  K*  A is  a K-flat  complex  of  A-modules.  Hence 

(. K * A)®\N  = (K*  A)®aN  = K%  ®A  N = Jv  * N 
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which  proves  the  final  statement  of  the  lemma. 


□ 


08YT 


Remark  15.50.2  (Warning).  Let  R — > A be  a ring  map,  and  let  TV  and  TV'  be 
A-modules.  Denote  Nr  and  NR  the  restriction  of  TV  and  TV'  to  R-modules,  see 
Algebra,  Section 


10.13 


\ TV'  and  TV  <g>£  N'R  of 


In  this  situation,  the  objects  Nr 
D{A)  are  in  general  not  isomorphic!  In  other  words,  one  has  to  pay  careful  attention 
as  to  which  of  the  two  sides  is  being  used  to  provide  the  A-module  structure. 


For  a specific  example,  set  R = k[x,y],  A = R/(xy ),  N = R/{x)  and  N'  = A = 
R/ ( xy ).  The  resolution  0 -A  I?  — R -A  N'R  — > 0 shows  that  N01RNR  = TV[1]©TV  in 
D(A).  The  resolution  0 — » R A R — > NR  — ► 0 shows  that  Nr  0^  N'  is  represented 
by  the  complex  A — > A.  To  see  these  two  complexes  are  not  isomorphic,  one  can 
show  that  the  second  complex  is  not  isomorphic  in  D(A)  to  the  direct  sum  of  its 
cohomology  groups,  or  one  can  show  that  the  first  complex  is  not  a perfect  object 
of  D{A)  whereas  the  second  one  is.  Some  details  omitted. 

08YU  Lemma  15.50.3.  Let  A — >■  B — ► C be  ring  maps.  Let  M be  an  A-module,  N a 
B -module,  and  I\  a C -module.  Then 

(M  0^  N)  ©b  K = (M  K)  (N  <g>^  C)  = (M  <g^  C ) 0%  (TV  <g>^  K) 
in  D(C). 


Proof.  Let  M*  — > M be  a free  resolution  of  M as  an  A-module  and  let  TV*  be  a 
free  resolution  of  TV  as  a R-module.  We  have 

M®\N  = M * TV 

= M*  ®a  B 0B  TV 
«-  Tot ((M*  Oa  B)  0b  TV*) 

= Tot (M*  ®a  TV*) 


Here  the  arrow  is  a quasi-isomorphism  in  D(B)  as  M*  ®a  B is  a bounded  above 


complex  of  free  B-modules,  hence  K-flat  (Lemma  15.49.8 ) and  hence  Lemma  15.49.4 


applies.  Now  the  complex  Tot(TW*  ®a  TV*)  is  a complex  of  free  H-modules  hence 
we  see  that 


(M  ®\  N)  0^  K = Tot (M*  ©A  TV*)  0B  K = Tot(M*  ®a  TV*  ®B  K) 

On  the  other  hand, 

M 0^  K = M*  0a  K and  TV  0^)  C = TV*  0B  C 

and  the  second  is  a bounded  above  complex  of  free  C-modules  hence  we  see  that 

{M0laK)0^{N0lbC)  =Tot{{M'0AK)0c(N,0BC))  = Tot(M*  ®AN*  ®B  K) 

which  proves  the  first  equality  of  the  statement  of  the  lemma.  To  prove  the  second 
we  use  that 


M0\C  = M*  0a  C and  TV 0^  K = TV*  0B  K 
and  the  first  is  a bounded  above  complex  of  free  C-modules  so  that 
(M  0a  C)  0^  (TV0g  K)  = Tot((M*  0 a C)  0C  (N*0BK))  = Tot  (M*  0 a N*0bK) 
as  before.  □ 


15.51.  TOR  INDEPENDENCE 
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15.51.  Tor  independence 


065Y  Consider  a commutative  diagram 

A s-  A' 

R ^R' 


of  rings.  Given  an  object  K of  D(A)  we  can  consider  its  restriction  to  an  object  of 
D(R).  We  can  then  consider  take  the  derived  change  of  rings  of  K to  an  object  of 
D(A')  and  D(R').  We  claim  there  is  a functorial  comparison  map 

065Z  (15.51.0.1)  K®\R' — > K Cd\  A' 

in  D(R').  To  construct  this  comparison  map  choose  a K-flat  complex  K*  of  21- 
modules  representing  K.  Next,  choose  a quasi-isomorphism  E * — > I\*  where  E * is 
a K-flat  complex  of  i?-modules.  The  map  above  is  the  map 

K R'  = E*  ®R  R'  — > K*  ®A  A'  = I<  <g>^  A' 

In  general  there  is  no  chance  that  this  map  is  an  isomorphism. 


0660 
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However,  we  often  encounter  the  situation  where  the  diagram  above  is  a “base 
change”  diagram  of  rings,  i.e. , A!  = A 0#  R' . In  this  situation,  for  any  A- module 
M we  have  M A!  = M ®#  R'.  Thus  — R ’ is  equal  to  — (gu  A!  as  a functor 
Modyi  — > Modyp.  In  general  this  equality  does  not  extend  to  derived  tensor 
products.  In  other  words,  the  comparison  map  is  not  an  isomorphism.  A simple 
example  is  to  take  R = k[x\,  A = R!  = A'  = k[x\/{x)  = k and  K*  = A[0].  Clearly, 
a necessary  condition  is  that  Tor^(A,  R')  = 0 for  all  p > 0. 


Definition  15.51.1.  Let  R be  a ring.  Let  A,  B be  l?-algebras.  We  say  A and  B 
are  Tor  independent  over  R if  Tor^  (A,  B)  = 0 for  all  p > 0. 


Lemma  15.51.2.  The  comparison  map  (15.51.0.1)  is  an  isomorphism  if  A1  = 
A (g) R R'  and  A and  R'  are  Tor  independent  over  R. 


Proof.  To  prove  this  we  choose  a free  resolution  F*  — >•  R'  of  R'  as  an  f?-module. 
Because  A and  R'  are  Tor  independent  over  R we  see  that  F*  A is  a free  A- 
module  resolution  of  A'  over  A.  By  our  general  construction  of  the  derived  tensor 
product  above  we  see  that 

K* ®A  A!  “ Tot(K*0A(F*®flA))  = Tot (K* ®RF*)  “ Tot {E*®RF%)  “ E*®rR' 
as  desired.  □ 


08HW  Lemma  15.51.3.  Consider  a commutative  diagram  of  rings 

A'  ^ R' ^ B' 

AAA 

A R B 

Assume  that  R'  is  flat  over  R and  A!  is  flat  over  A R'  and  B'  is  flat  over 
R!  ®R  B.  Then 


Tor*1  (A,  B)  (A'  ®R‘  &)  = Torf(A',B') 


15.52.  SPECTRAL  SEQUENCES  FOR  TOR 
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Proof.  By  Algebra,  Section [l0.75|  there 


are  canonical  maps 


Torf  (A,  B)  — ^ Torf  (A  ®rR',B  ®r  R')  — > Torf ' ( A ',  B' 


These  induce  a map  from  left  to  right  in  the  formula  of  the  lemma. 


Take  a free  resolution  F,  — > A of  A as  an  F-module.  Then  we  see  that  F,  ®R  R'  is  a 
resolution  of  A®rR' . Hence  Torf  (A®rR! , B®rR!)  is  computed  by  F,®rB®rR'  . 
By  our  assumption  that  R'  is  flat  over  R,  this  computes  Torf  (A,  B)  ®R  R' . Thus 
Torf  (A  ®R  R' , B ®R  R')  = Torf  (A,  B)  ®R  R'  (uses  only  flatness  of  R'  over  R). 


By  Lazard’s  theorem  (Algebra,  Theorem  10.80.4)  we  can  write  A',  resp.  B'  as  a 
filtered  colimit  of  finite  free  A ®R  R' , resp.  B ®R  F'-modules.  Say  A / = colim  M, 
and  B'  = colim  Nj . The  result  above  gives 


Torf  (Mi,  Nj)  = Torf  (A,  B)  ®a®rb  (Mi  ®R,  Nj) 


as  one  can  see  by  writing  everything  out  in  terms  of  bases.  Taking  the  colimit  we 
get  the  result  of  the  lemma.  □ 


08HX  Lemma  15.51.4.  Let  R be  a ring.  Let  A,  B be  R-algebras.  The  following  are 
equivalent 

(1)  A and  B are  Tor  independent  over  R, 

(2)  for  every  pair  of  primes  p C A and  q C B lying  over  the  same  prime 
r C R the  rings  Ap  and  Bq  are  Tor  independent  over  Rv,  and 

(3)  For  every  prime  s of  A ®R  B the  module 

Tor^(A,  B)s  = Forf c ( Ap , Fq  )s 
(where  p = Afls,  q = Ffls  and  x = R n s)  is  zero. 


Proof.  Let  s be  a prime  of  A ®R  B as  in  (3).  The  equality 

Torf  (A,  H)  s = Torf ' (Ap,  Sq)5 

where  p = Ads,  q = B C is  and  t = R D s follows  from  Lemma  |15.51.3|  Hence 
(2)  implies  (3).  Since  we  can  test  the  vanishing  of  modules  by  localizing  at  primes 
(Algebra,  Lemma  10.23.1)  we  conclude  that  (3)  implies  (1).  For  (1)  =>  (2)  we  use 
that 

Torf c (Ap,  Fq)  = Torf  (A,  B)  (^4p  ®Rt  Bq) 

again  by  Lemma  15.51.3|  □ 


15.52.  Spectral  sequences  for  Tor 

06 1Y  In  this  section  we  collect  various  spectral  sequences  that  come  up  when  considering 
the  Tor  functors. 

061Z  Example  15.52.1.  Let  R be  a ring.  Let  K,  be  a bounded  above  chain  complex 
of  F-modules.  Let  M be  an  F-module.  Then  there  is  a spectral  sequence  with 
E2- page 

Tor =>  Hi+j(K . M) 

and  another  spectral  sequence  with  Fp-page 

Tor =►  Hi+j(K.  Af) 

This  follows  from  the  dual  to  Derived  Categories,  Lemma[l3.21.3| 
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068F  Example  15.52.2.  Let  R —>  S be  a ring  map.  Let  M be  an  A-module  and  let  N 
be  an  P’-module.  Then  there  is  a spectral  sequence 

Torf  (Tor « (M,  S),N)^  Tor *+m(M,  N). 

To  construct  it  choose  a A-free  resolution  Pm  of  M.  Then  we  have 
M N = P*  ®R  N = (P*  ®R  S)  <g>s  N 
and  then  apply  the  first  spectral  sequence  of  Example  |15.52.1 
0620  Example  15.52.3.  Consider  a commutative  diagram 

B B'  = B®a  A! 

A 

A s-  A1 


and  P-modules  M,  N.  Set  M'  = M®aA'  = M®bB'  and  N'  = N®aA'  = N®bB'. 
Assume  that  A — > B is  flat  and  that  M and  N are  A-flat.  Then  there  is  a spectral 
sequence 

Torf  (Tor? (M,  N),  A')  =>  Torf^M',  N') 

The  reason  is  as  follows.  Choose  free  resolution  A,  — > M as  a U-module.  As  B and 
M are  A-flat  we  see  that  A,  ®A  A!  is  a free  A'-resolution  of  M' . Hence  we  see  that 
the  groups  Tor^  ( M',N ')  are  computed  by  the  complex 

(P.  ®A  A')  N'  = (P.  ®B  N)  ®A  A'  = (P.  ®B  N)  A' 


0662 


the  last  equality  because  F»®B  N is  & complex  of  flat  A-modules  as  N is  flat  over 
A.  Hence  we  obtain  the  spectral  sequence  by  applying  the  spectral  sequence  of 
Example  |15.52.1| 

Example  15.52.4.  Let  K*,L * be  objects  of  D~{R).  Then  there  are  spectral 
sequences 

E%’q  = Hp{K * Hq{L *))  =>  Hp+q(K * P*) 

with  dp’q  ■ Ep,q  — ► P2+2,?_1  and 

Hq{Hp(K*)  Hp+q{K • P*) 


After  replacing  K*  and  P*  by  bounded  above  complexes  of  projectives,  these  spec- 
tral sequences  are  simply  the  two  spectral  sequences  for  computing  the  cohomology 
of  Tot  (A'*  <g>  L*)  discussed  in  Homology,  Section  12.22 


15.53.  Products  and  Tor 
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The  simplest  example  of  the  product  maps  comes  from  the  following  situation. 
Suppose  that  A'*,  P*  G D(R).  Then  there  are  maps 

(15.53.0.1)  PA  (AT*)  ®R  PA (P* ) — ► Hi+j(K*  <gj^  P*) 


Namely,  to  define  these  maps  we  may  assume  that  one  of  K*,L * is  a K-flat  com- 
plex of  Pi-modules  (for  example  a bounded  above  complex  of  free  or  projective  R- 
modules).  In  that  case  A'*  ® „ P*  is  represented  by  the  complex  Tot(AT*  ®RL*),  see 
Section 


15.49 


(or  Section  15.48).  Next,  suppose  that  £ € Hl(K *)  and  ( G PA(P*). 
Choose  k G Ker(Kt  -A  AT  +i)  and  l G Ker(PJ  — > LJ+l ) representing  £ and  £.  Then 


we  set 


£ U ( = class  of  k ® l in  4P*+-7(Tot(A'*  ®R  P*)). 
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This  make  sense  because  the  formula  (see  Homology,  Definition  12.22.3 1 for  the 
differential  d on  the  total  complex  shows  that  k®l  is  a cocycle.  Moreover,  if  k!  = 
dxik")  for  some  k"  G A'1-1,  then  k'  ®>Z  = d (k"®l)  because  l is  a cocycle.  Similarly, 
altering  the  choice  of  l representing  £ does  not  change  the  class  of  k®l.  It  is  equally 
clear  that  U is  bilinear,  and  hence  to  a general  element  of  Hl(K *)  ®R  LP(L*)  we 
assign 


^ ® Ci  1 ^ ^ U C i 


in  iP+-?(Tot(A*  ®rL*)). 


Let  R — > A be  a ring  map.  Let  K*,L*  G D(R).  Then  we  have  a canonical 
identification 


0681  (15.53.0.2)  (A*  A)  (L*  A)  = (K*  L*)  A 

in  D(A).  It  is  constructed  as  follows.  First,  choose  K-flat  resolutions  P*  — > K*  and 
Q * — > L * over  A.  Then  the  left  hand  side  is  represented  by  the  complex  Tot ((P*®R 
A)  ®a  (Q*  <8>r  -A))  and  the  right  hand  side  by  the  complex  Tot(P*  ®R  Q°)  ®R  A. 
These  complexes  are  canonically  isomorphic.  Thus  the  construction  above  induces 
products 

Tor *{K\A)  ®A  Tor^j (L* , A)  — ► Tor*+m(A*  A*,  A) 

which  are  occasionally  useful. 
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Let  M,  N be  A-modules.  Using  the  general  construction  above,  the  canonical  map 
M N — > M ®R  N and  functoriality  of  Tor  we  obtain  canonical  maps 

(15.53.0.3)  Tor^(M,  A)  ®A  Tor *(N,A)  — > Tor *+m(M  ®R  N,A) 


Here  is  a direct  construction  using  projective  resolutions.  First,  choose  projective 
resolutions 


P.  ->  M,  Q.  -A  N,  T.  — ► M ®R  N 

over  R.  We  have  H0(Tot(P,®RQ,))  = M®RN  by  right  exactness  of  ®R.  Hence  De- 
rived Categories,  Lemmas |l3. 19. 6|  and  |13.19~  guarantee  the  existence  and  unique- 
ness of  a map  of  complexes  /i  : Tot(P.  ®R  Q,)  -A  T.  such  that 
This  induces  a canonical  map 


(M  <g>^  A)  (N  A)  = Tot((P.  ®R  A)  ®A  ( Q . ®R  A)) 

= Tot  {P.®rQ.)®rA 
Tm  ®R  A 


= ( M ®R  N) 


in  D(A).  Hence  the  products  (15.53.0.3)  above  are  constructed  using  (15.53.0.1) 
over  A to  construct 


Tor*(M,  A)  ®A  Tor  * (IV,  A)  ->  H~n-m{{M  A)  {N  A)) 

and  then  composing  by  the  displayed  map  above  to  end  up  in  Tor^+m(M ®R  N , A). 

An  interesting  special  case  of  the  above  occurs  when  M = N = B where  B is  an 
A-algebra.  In  this  case  we  obtain  maps 

Tor^(P,  A)  ®a  Tor^(£,  A)  — > Tor^(H  ®R  A,  A)  — *•  Tor^(P,  A) 


the  second  arrow  being  induced  by  the  multiplication  map  B ®R  B -A  B via  func- 
toriality for  Tor.  In  other  words  we  obtain  an  A-algebra  structure  on  Torf  (B,  A). 
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This  algebra  structure  has  many  intriguing  properties  (associativity,  graded  com- 
mutative, B-algebra  structure,  divided  powers  in  some  case,  etc)  which  we  will 
discuss  elsewhere  (insert  future  reference  here). 

068K  Lemma  15.53.1.  Let  R be  a ring.  Let  A,B,C  be  R-algebras  and  let  B — ► C be 
an  R-algebra  map.  Then  the  induced  map 

Tor^(B,A)  — * Tor^(C,A) 
is  an  A-algebra  homomorphism. 

Proof.  Omitted.  Hint:  You  can  prove  this  by  working  through  the  definitions, 
writing  all  the  complexes  explicitly.  □ 


15.54.  Pseudo-coherent  modules 


064N  Suppose  that  R is  a ring.  Recall  that  an  R-module  M is  of  finite  type  if  there 
exists  a surjection  f?®“  — > M and  of  finite  presentation  if  there  exists  a presentation 
R®a i — > f?®“ 0 — > M — ► 0.  Similarly,  we  can  consider  those  R-modules  for  which 
there  exists  a length  n resolution 

064P  (15.54.0.1)  R®a"  -»  f?®a— 1 ->•...  R®a°  — ► M -»  0 

by  finite  free  A-modules.  A module  is  called  pseudo-coherent  of  we  can  find  such  a 
resolution  for  every  n.  Here  is  the  formal  definition. 

064Q  Definition  15.54.1.  Let  R be  a ring.  Denote  D(R)  its  derived  category.  Let 
to  £ Z. 

(1)  An  object  Km  of  D(R)  is  m-pseudo-coherent  if  there  exists  a bounded 
complex  E * of  finite  free  R-modules  and  a morphism  a : E * — > K * such 
that  Hl(a)  is  an  isomorphism  for  i > m and  Hm(a)  is  surjective. 

(2)  An  object  K * of  D(R)  is  pseudo-coherent  if  it  is  quasi-isomorphic  to  a 
bounded  above  complex  of  finite  free  A-modules. 

(3)  An  R-module  M is  called  m-pseudo-coherent  if  if  M[ 0]  is  an  m-pseudo- 
coherent  object  of  D(R). 

(4)  An  f?-module  M is  called  pseudo-coheren^  if  M[ 0]  is  a pseudo-coherent 
object  of  D(R). 


As  usual  we  apply  this  terminology  also  to  complexes  of  R-modules.  Since  any 
morphism  E * — > K * in  D{R)  is  represented  by  an  actual  map  of  complexes,  see 
Derived  Categories,  Lemma[l3.19.8[  there  is  no  ambiguity.  It  turns  out  that  Km  is 
pseudo-coherent  if  and  only  if  I\*  is  m-pseudo-coherent  for  all  m £ Z,  see  Lemma 
|15.54.5|  Also,  if  the  ring  is  Noetherian  the  condition  can  be  understood  as  a finite 
generation  condition  on  the  cohomology,  see  Lemma  15.54.16  Let  us  first  relate 
this  to  the  informal  discussion  above. 


064R  Lemma  15.54.2.  Let  R be  a ring  and  m £ Z.  Let  (Km , L* , M* , /,  g,  h)  be  a 
distinguished  triangle  in  D(R). 

(1)  If  K*  is  (m  + 1 )-pseudo-coherent  and  L * is  m-pseudo-coherent  then  M* 
is  m-pseudo-coherent. 

(2)  * are  m-pseudo-coherent,  then  L*  ism-pseudo-coherent. 

(3)  If  L*  is  (to  + 1) -pseudo-coherent  and  M * is  m-pseudo-coherent,  then  K * 
is  (to  + 1) -pseudo-coherent. 


^This  clashes  with  what  is  meant  by  a pseudo- coherent  module  in  IBou61l. 
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Proof.  Proof  of  (1).  Choose  a : P*  — > K*  with  P*  a bounded  complex  of  finite 
free  modules  such  that  H'l{a)  is  an  isomorphism  for  i > m + 1 and  surjective  for 
i = m+1.  We  may  replace  P*  by  a>m+iPm  and  hence  we  may  assume  that  Pl  — 0 
for  * < to  + 1.  Choose  (3  : E*  -+  L*  with  E * a bounded  complex  of  finite  free 
modules  such  that  Hl(f3)  is  an  isomorphism  for  i > m and  surjective  for  i = m.  By 
Derived  Categories,  Lemma[l3.19.11|we  can  find  a map  a : P*  — > E*  such  that  the 
diagram 

Km L* 


Pm  — e* 

is  commutative  in  D(R).  The  cone  C(a)*  is  a bounded  complex  of  finite  free 
A-modules,  and  the  commutativity  of  the  diagram  implies  that  there  exists  a mor- 
phism of  distinguished  triangles 

(P*,E*,C(a)*)  — > (K* ,L* ,M*). 


It  follows  from  the  induced  map  on  long  exact  cohomology  sequences  and  Homol- 
ogy, Lemmas  12.5.19  and  12.5.20  that  C(a)*  M*  induces  an  isomorphism  on 
cohomology  in  degrees  > to  and  a surjection  in  degree  to.  Hence  M * is  m-pseudo- 
coherent. 


Assertions  (2)  and  (3)  follow  from  (1)  by  rotating  the  distinguished  triangle.  □ 

064S  Lemma  15.54.3.  Let  R be  a ring.  Let  K%  be  a complex  of  R-modules.  Let  m e Z. 

(1)  If  Km  is  m-pseudo- coherent  and  Hl{K *)  = 0 for  i > to,  then  Hm(K*)  is 
a finite  type  R-module. 

(2)  If  K*  is  m-pseudo-coherent  and  Hl(Km)  = 0 fori  > m+1,  then  Hm+1(Km) 
is  a finitely  presented  R-module. 

Proof.  Proof  of  (1).  Choose  a bounded  complex  E * of  finite  projective  P.-modules 
and  a map  a : Em  — > K*  which  induces  an  isomorphism  on  cohomology  in  degrees 
> to  and  a surjection  in  degree  to.  It  is  clear  that  it  suffices  to  prove  the  result 
for  E* . Let  n be  the  largest  integer  such  that  En  ^ 0.  If  n = to,  then  the  result 
is  clear.  If  n > to,  then  Pn_1  — ► En  is  surjective  as  Hn(E*)  = 0.  As  En  is  finite 
projective  we  see  that  En~ 1 = E'  ® En.  Hence  it  suffices  to  prove  the  result  for 
the  complex  (E1)*  which  is  the  same  as  E * except  has  E ' in  degree  n — 1 and  0 in 
degree  n.  We  win  by  induction  on  n. 

Proof  of  (2).  Choose  a bounded  complex  E*  of  finite  projective  R- modules  and  a 
map  a : E * — > K * which  induces  an  isomorphism  on  cohomology  in  degrees  > to 
and  a surjection  in  degree  to.  As  in  the  proof  of  (1)  we  can  reduce  to  the  case  that 
E‘  = 0 for  i > to  + 1.  Then  we  see  that  Hm+1(K*)  = Hm+1(E*)  = Coker(£'m  — > 
Em+1)  which  is  of  finite  presentation.  □ 

064T  Lemma  15.54.4.  Let  R be  a ring.  Let  M be  an  R-module.  Then 

(1)  M is  O-pseudo-coherent.  if  and  only  if  M is  a finite  type  R-module, 

(2)  M is  {—l)-pseudo-coherent  if  and  only  if  M is  a finitely  presented  R- 
module, 

(3)  M is  (—d) -pseudo-coherent  if  and  only  if  there  exists  a resolution 

R®ad  _ ^ i?©“ o > o 
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of  length  d , and 

(4)  M is  pseudo-coherent  if  and  only  if  there  exists  an  infinite  resolution 

P®Ql  ->•  P®a°  — >■  M — >•  0 


by  finite  free  R-modules. 


064U 


Proof.  If  M is  of  finite  type  (resp.  of  finite  presentation),  then  M is  0-pseudo- 
coherent  (resp.  (~l)-pseudo-coherent)  as  follows  from  the  discussion  preceding 


Definition  15.54.1 


Conversely,  if  M is  O-pseudo-coherent,  then  M = H°(M[ 0]) 
If  M is  (—1) -pseudo-coherent,  then  it  is  0- 
pseudo-coherent  hence  of  finite  type.  Choose  a surjection  P®“  — >•  M and  denote 
K = Ker(P®“  — > M).  By  Lemma  15.54.2  we  see  that  K is  O-pseudo-coherent, 


is  of  finite  type  by  Lemma  15.54.3 


hence  of  finite  type,  whence  M is  of  finite  presentation. 


To  prove  the  third  and  fourth  statement  use  induction  and  an  argument  similar  to 
the  above  (details  omitted).  □ 

Lemma  15.54.5.  Let  R be  a ring.  Let  K*  be  a complex  of  R-modules.  The 
following  are  equivalent 

(1)  K * is  pseudo-coherent, 

(2)  K * is  m-pseudo-coherent  for  every  m £ Z,  and 

(3)  K*  is  quasi-isomorphic  to  a bounded  above  complex  of  finite  projective 
R-modules. 

If  (1),  (2),  and  (3)  hold  and  Hl(K*)  = 0 for  i > b,  then  we  can  find  a quasi- 
isomorphism F*  — > K * with  Fl  finite  free  R-modules  and  Fl  = 0 for  i > b. 


Proof.  We  see  that  (1)  =>  (3)  as  a finite  free  module  is  a finite  projective  P-module. 
Conversely,  suppose  P * is  a bounded  above  complex  of  finite  projective  P-modules. 
Say  Pl  = 0 for  i > no . We  choose  a direct  sum  decompositions  Fn°  = Pn°  © Cn° 
with  Fn°  a finite  free  l?-module,  and  inductively 

Fn~ i = P”"1  © Cn  © Cn~l 

for  n < no  with  Fn°  a finite  free  P-module.  As  a complex  F*  has  maps  Fn~ 1 — >•  Fn 
which  agree  with  Pn_1  — » Pra,  induce  the  identity  Cn  — > Cn , and  are  zero  on  C”"-1. 
The  map  P*  — > P*  is  a quasi-isomorphism  (even  a homotopy  equivalence)  and  hence 
(3)  implies  (1). 

Assume  (1).  Let  E * be  a bounded  above  complex  of  finite  free  R- modules  and  let 
E*  — > K*  be  a quasi-isomorphism.  Then  the  induced  maps  <r>mP*  — > K*  from 
the  stupid  truncation  of  E*  to  K*  show  that  K*  is  m-pseudo-coherent.  Hence  (1) 
implies  (2). 

Assume  (2) . Since  K*  is  O-pseudo-coherent  we  see  in  particular  that  K * is  bounded 
above.  Let  b be  an  integer  such  that  Hl(K *)  = 0 for  i > b.  By  descending  induction 
on  n £ Z we  are  going  to  construct  finite  free  P-modules  Fl  for  i >n,  differentials 
dl  : Fl  — > Fl+1  for  i > n,  maps  a : Fl  — > Kl  compatible  with  differentials,  such 
that  (1)  Hl(a ) is  an  isomorphism  for  i > n and  surjective  for  i = n,  and  (2)  Fl  = 0 
for  i > b.  Picture 


Kr 


pri 


> Kn 


. pn+ 1 


Kn+1 
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The  base  case  is  n = 6+1  where  we  can  take  Fl  = 0 for  all  i.  Induction  step.  Let  Cm 


be  the  cone  on  a (Derived  Categories,  Definition  13.9.1).  The  long  exact  sequence 


of  cohomology  shows  that  Hl[C*)  = 0 for  i > n.  By  Lemma  15.54.2  we  see  that 
C * is  (n  — l)-pseudo-coherent.  By  Lemma  15.54.3  we  see  that  iLra_i(C'*)  is  a finite 
R-module.  Choose  a finite  free  .R-module  Fn~L  and  a map  /3  : Fn~l  -+  Cn_1  such 
that  the  composition  Fra_1  — ► C1"-1  -+  Cn  is  zero  and  such  that  Pn_1  surjects 
onto  iL"_1(C'*).  Since  Cn_1  = Kn~x  © Fn  we  can  write  /3  = (a"-1,  — d"-1).  The 
vanishing  of  the  composition  F"_1  — » C"-1  -+  Cn  implies  these  maps  fit  into  a 
morphism  of  complexes 


F 


n—  1 


^n+l 


K 


n—  1 


Kn 


V 

iLn+1 


Moreover,  these  maps  dehne  a morphism  of  distinguished  triangles 

{Fn  -+  . . .) (L"-1  -+...) > +™-1 > (Fn  -+  . . ,)[1] 

P 

(Fn  -+...) >-  K* >-  C ’ ^ (Fn  +>  . . .)  [1] 


Hence  our  choice  of  /3  implies  that  the  map  of  complexes  (i7’n_1  -+  . . .)  -+  K * 
induces  an  isomorphism  on  cohomology  in  degrees  > n and  a surjection  in  degree 
n — 1.  This  finishes  the  proof  of  the  lemma.  □ 


064V  Lemma  15.54.6.  Let  R be  a ring.  Let  (K* , L* , M* , /,  g,h)  be  a distinguished 
triangle  in  D(R).  If  two  out  of  three  of  K*,L*,M*  are  pseudo-coherent  then  the 
third  is  also  pseudo- coherent. 


Proof.  Combine  Lemmas  115. 54.21  and  115.54.51  □ 

064W  Lemma  15.54.7.  Let  R be  a ring.  Let  K * be  a complex  of  R-modules.  Let  to  € Z. 

(1)  If  Hl(K%)  = 0 for  all  i > to,  then  K*  is  m-pseudo-coherent. 

(2)  If  Hl(K*)  = 0 for  i > to  and  Hm(K *)  is  a finite  R-module,  then  K*  is 
m-pseudo-coherent. 

(3)  If  Hl(K*)  = 0 for  i > m + 1,  the  module  Hm+1(K *)  is  of  finite  presenta- 
tion, and  Hm{K*)  is  of  finite  type,  then  I\ * is  m-pseudo-coherent. 


Proof.  It  suffices  to  prove  (3).  Set  M = Hm+1(K*).  Note  that  T>m+iK*  is 
quasi-isomorphic  to  M[—m  — 1].  By  Lemma  15.54.4  we  see  that  M[—m  — 1]  is 
m-pseudo-coherent.  Since  we  have  the  distinguished  triangle 

(T<mK\K*,T>m+1K*) 

(Derived  Categories,  Remark  13.12.4)  by  Lemma  15.54.2|  it  suffices  to  prove  that 
T<rnK*  is  pseudo-coherent.  By  assumption  iLm(r<mR'*)  is  a finite  type  l?-module. 
Hence  we  can  find  a finite  free  R-module  E and  a map  E — » Ker(d^)  such  that  the 
composition  E -+  Ker(d^)  -+  Hm(T<mK*)  is  surjective.  Then  E[—m\  — > T<mK * 
witnesses  the  fact  that  r<mK*  is  TO-pseudo-coherent.  □ 


064X  Lemma  15.54.8.  Let  R be  a ring.  Let  m £ Z.  If  I\* 
(resp.  pseudo-coherent)  so  are  K*  and  L* . 


) L*  is  m-pseudo-coherent 
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Proof.  In  this  proof  we  drop  the  superscript  *.  Assume  that  K ® L is  m-pseudo- 
coherent.  It  is  clear  that  K , L £ D~(R).  Note  that  there  is  a distinguished  triangle 


064Y 


(. K ® L,  K ffi  L,  L ffi  L[  1])  = (A',  K,  0)  ® (L,  L,  L ® L[l]) 

see  Derived  Categories,  Lemma  13.4.9  By  Lemma  |l5.54.2  we  see  that  L ® L[  1] 
is  m-pseudo-coherent.  Hence  also  A[l]  ® L[ 2]  is  m-pseudo-coherent.  By  induction 
L[n]  ® L[n  + 1]  is  m-pseudo-coherent.  By  Lemma  15.54.7  we  see  that  L[n\  is  m- 
pseudo-coherent  for  large  n.  Hence  working  backwards,  using  the  distinguished 
triangles 

(L[n],L[n\  ® L[n  — 1],  L[n  — 1]) 

we  conclude  that  L[n],L[n  — 1 L are  m-pseudo-coherent  as  desired.  The 
pseudo-coherent  case  follows  from  this  and  Lemma  15.54.5  □ 


Lemma  15.54.9.  Let  R be  a ring.  Let  m £ Z.  Let  I\*  be  a bounded  above  complex 
of  R-modules  such  that  Kl  is  (m  — i)-pseudo-coherent  for  all  i.  Then  AT*  is  m- 
pseudo-coherent.  In  particular,  if  K*  is  a bounded  above  complex  of  pseudo-coherent 
R-modules,  then  K * is  pseudo-coherent. 


Proof.  We  may  replace  K * by  * (for  example)  and  hence  assume  that 

AT*  is  bounded.  Then  the  complex  K * is  m-pseudo-coherent  as  each  Kl[—i\  is  m- 
pseudo-coherent  by  induction  on  the  length  of  the  complex:  use  Lemma  |15.54.2| 
and  the  stupid  truncations.  For  the  final  statement,  it  suffices  to  prove  that  A'*  is 
m-pseudo-coherent  for  all  m £ Z,  see  Lemma  15.54.5  This  follows  from  the  first 
part.  □ 


066B  Lemma  15.54.10.  Let  R be  a ring.  Let  m £ Z.  Let  K*  £ D ( R ) such  that 
Hl(K°)  is  (m  — i) -pseudo-coherent  (resp.  pseudo-coherent ) for  all  i.  Then  A'*  is 
m-pseudo-coherent  (resp.  pseudo-coherent). 


064Z 


Proof.  Assume  K*  is  an  object  of  D~(R)  such  that  each  is  (m— i)-pseudo- 

coherent.  Let  n be  the  largest  integer  such  that  Hn(I\ *)  is  nonzero.  We  will  prove 
the  lemma  by  induction  on  n.  If  n < m,  then  K*  is  m-pseudo-coherent  by  Lemma 
|15.54.7|  If  n > m,  then  we  have  the  distinguished  triangle 


{T<n^K\K\Hn{K')[-n]) 


(Derived  Categories,  Remark  13.12.4)  Since  Hn(K*)[—n]  is  m-pseudo-coherent  by 
assumption,  we  can  use  Lemma  15.54.2  to  see  that  it  suffices  to  prove  that  r<n_iA'* 
is  m-pseudo-coherent.  By  induction  on  n we  win.  (The  pseudo-coherent  case  follows 
from  this  and  Lemma  15.54.5  ) □ 


Lemma  15.54.11.  Let  A — »•  B be  a ring  map.  Assume  that  B is  pseudo-coherent 
as  an  A-module.  Let  AT*  be  a complex  of  B -modules.  The  following  are  equivalent 

(1)  K%  is  m-pseudo-coherent  as  a complex  of  B -modules,  and 

(2)  K%  is  m-pseudo-coherent  as  a complex  of  A-modules. 

The  same  equivalence  holds  for  pseudo-coherence. 


Proof.  Assume  (1).  Choose  a bounded  complex  of  finite  free  H-modules  E * and 
a map  a : E * — > K*  which  is  an  isomorphism  on  cohomology  in  degrees  > m and 
a surjection  in  degree  m.  Consider  the  distinguished  triangle  (A*,  AT*,  C(a)*).  By 
Lemma  15.54. 7|  C{a)*  is  ?n-pseudo-coherent  as  a complex  of  A-modules.  Hence 
it  suffices  to  prove  that  E * is  pseudo-coherent  as  a complex  of  A-modules,  which 


15.54.  PSEUDO-COHERENT  MODULES 


1227 


follows  from  Lemma  15.54.9  The  pseudo-coherent  case  of  (1) 
this  and  Lemmall5.54.5l 


(2)  follows  from 


Assume  (2).  Let  n be  the  largest  integer  such  that  Hn(K *)  ^ 0.  We  will  prove  that 
K*  is  m-pseudo-coherent  as  a complex  of  A-modules  by  induction  on  n — to.  The 


case  n < m follows  from  Lemma  15.54.7  Choose  a bounded  complex  of  finite  free 
A-modules  E * and  a map  a : E * — > K * which  is  an  isomorphism  on  cohomology  in 
degrees  > to  and  a surjection  in  degree  to.  Consider  the  induced  map  of  complexes 

a 0 1 : E*  0 a B — >■  K* . 

Note  that  C(a0l)*  is  acyclic  in  degrees  > n as  Hn(E)  — >■  Hn(E* ®aB)  — > Hn(I\*) 
is  surjective  by  construction  and  since  H‘  (E*  0 a B)  = 0 for  i > n by  the  spectral 
sequence  of  Example  15.52.4  On  the  other  hand,  C(a0l)*  is  TO-pseudo-coherent  as 
a complex  of  A-modules  because  both  K*  and  E*  (&aB  (see  Lemma  15.54.9)  are  so, 
see  Lemma  15.54.2  Hence  by  induction  we  see  that  £7(0:01)*  is  m-pseudo-coherent 
as  a complex  of  A-modules.  Finally  another  application  of  Lemma  |15.54.2|  shows 
that  K*  is  m-pseudo-coherent  as  a complex  of  B-modules  (as  clearly  E * 0a  B is 
pseudo-coherent  as  a complex  of  A-modules).  The  pseudo-coherent  case  of  (2)  => 
(1)  follows  from  this  and  Lemma  15.54.5  □ 


0650  Lemma  15.54.12.  Let  A — ► B be  a ring  map.  Let  K*  be  an  m-pseudo-coherent 
(resp.  pseudo-coherent)  complex  of  A-modules.  Then  K * 0^  B is  an  m-pseudo- 
coherent  (resp.  pseudo-coherent)  complex  of  B -modules. 


066C 


Proof.  First  we  note  that  the  statement  of  the  lemma  makes  sense  as  K * is 
bounded  above  and  hence  K*  0^  B is  defined  by  Equation  (15.48.0.2).  Having 
said  this,  choose  a bounded  complex  E*  of  finite  free  A-modules  and  a : E*  — > K * 
with  Hl{a)  an  isomorphism  for  i > to  and  surjective  for  i = m.  Then  the  cone 
C(a)*  is  acyclic  in  degrees  > to.  Since  — 0^  B is  an  exact  functor  we  get  a 
distinguished  triangle 

(E*  0^  B , K*  0^  B,  C(a)m  0^  B) 


of  complexes  of  H-modules.  By  the  dual  to  Derived  Categories,  Lemma  |13.17.1| 
we  see  that  Hl(C(a)*  0^  B)  = 0 for  i > m.  Since  E * is  a complex  of  projective 
A-modules  we  see  that  E*  0^  B = E*  0a  B and  hence 

E*  0a  B — > K*  0^  B 

is  a morphism  of  complexes  of  A-modules  that  witnesses  the  fact  that  K * 0^  B is 
TO-pseudo-colrerent.  The  case  of  pseudo-coherent  complexes  follows  from  the  case 
of  TO-pseudo-coherent  complexes  via  Lemma|l5.54.5|  □ 


Lemma  15.54.13.  Let  A — » B be  a flat  ring  map.  Let  M be  an  m-pseudo-coherent 
(resp.  pseudo-coherent)  A-module.  Then  M 0a  B is  an  m-pseudo-coherent  (resp. 
pseudo-coherent)  B -module. 


Proof.  Immediate  consequence  of  Lemma 
M 0a  B because  B is  flat  over  A. 


15.54.12 


and  the  fact  that  M0^B  = 

□ 


The  following  lemma  also  follows  from  the  stronger  Lemma  |15.54.14~} 

066D  Lemma  15.54.14.  Let  R be  a ring.  Let  fi,...,frGRbe  elements  which  generate 
the  unit  ideal.  Let  m £ Z.  Let  K*  be  a complex  of  R-modules.  If  for  each  i the 
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complex  K * ®R  Rft  is  m-pseudo- coherent  (resp.  pseudo-coherent) , then  K * is  im- 
ps eudo- coherent  (resp.  pseudo-coherent). 


Proof.  We  will  use  without  further  mention  that  — ®R  Rfi  is  an  exact  functor  and 
that  therefore 


H','(K*)f  . = Hl(K*)  ®R  Rfi  = H\K * ®RRfi). 

Assume  K*  ®R  Rfi  is  m-pseudo-coherent  for  * = 1, , r.  Let  n £ Z be  the  largest 
integer  such  that  Hn(K * ®R  Rf  J is  nonzero  for  some  i.  This  implies  in  particular 
that  = 0 for  i > n (and  that  Hn(K%)  0)  see  Algebra,  Lemma  10.23.2 

We  will  prove  the  lemma  by  induction  on  n — m.  If  n < m,  then  the  lemma  is 

If  n > m,  then  Hn(K*)fi  is  a finite  Rft -module  for  each 
Hence  Hn(K*)  is  a finite  R-module,  see  Algebra,  Lemma 
Choose  a finite  free  R-module  E and  a surjection  E — > Hn(Km).  As  E 
is  projective  we  can  lift  this  to  a map  of  complexes  a : E[—n]  — > K* . Then  the 
cone  C(a)*  has  vanishing  cohomology  in  degrees  > n.  On  the  other  hand,  the 


true  by  Lemma 


15.54.7 


i,  see  Lemma  15.54.3 


10.23.2 


complexes  C{a )*  ®R  Rf,  are  m-pseudo-coherent  for  each  i,  see  Lemma  15.54.2 


Hence  by  induction  we  see  that  C(a )*  is  m-pseudo-coherent  as  a complex  of  R- 
modules.  Applying  Lemma |15. 54. 2| once  more  we  conclude.  □ 


068R  Lemma  15.54.15.  Let  R be  a ring.  Let  m £ Z.  Let  K * be  a complex  of  R- 
modules.  Let  R — ► R'  be  a faithfully  flat  ring  map.  If  the  complex  K*  ®R  R'  is 
m-pseudo-coherent  (resp.  pseudo-coherent),  then  K * is  m-pseudo-coherent  (resp. 
pseudo-coherent). 


Proof.  We  will  use  without  further  mention  that  — ®R  R'  is  an  exact  functor  and 
that  therefore 


Hl{K*  ) ®R  R1  = H\K * ®rR!). 

Assume  K*  ®rR'  is  m-pseudo-coherent.  Let  n £ Z be  the  largest  integer  such  that 
Hn(K*)  is  nonzero;  then  n is  also  the  largest  integer  such  that  Hn(K * ®R  R')  is 
nonzero.  We  will  prove  the  lemma  by  induction  on  n — m.  If  n < m,  then  the  lemma 
is  true  by  Lemma  15.54.7  If  n > m,  then  Hn(K*)  ®R  R'  is  a finite  i?'-module,  see 


Lemma  15.54.3 


Hence  H 

Choose  a finite  free  17-module  E and  a surjection  E 
we  can  lift  this  to  a map  of  complexes  a : E[—n]  — > 


(A'*)  is  a finite  A-module,  see  Algebra,  Lemma  10.82.2 

H 
K*. 


n(K°).  As  E is  projective 
Then  the  cone  C(a)*  has 
vanishing  cohomology  in  degrees  > n.  On  the  other  hand,  the  complex  C(a)*®RR/ 
is  ?n-pseudo-coherent,  see  Lemma  15.54.2|  Hence  by  induction  we  see  that  C(a)* 
is  m-pseudo-coherent  as  a complex  of  A-modules.  Applying  Lemma  15.54.2|  once 
more  we  conclude.  □ 


066E  Lemma  15.54.16.  Let  R be  a Noetherian  ring.  Then 

(1)  A complex  of  R-modules  K * is  m-pseudo-coherent  if  and  only  if  K*  £ 
D~  (R)  and  Hl(K *)  is  a finite  R-module  for  i > m. 

(2)  A complex  of  R-modules  K*  is  pseudo-coherent  if  and  only  if  K*  £ D~{R) 
and  Hl(K*)  is  a finite  R-module  for  all  i. 

(3)  An  R-module  is  pseudo-coherent  if  and  only  if  it  is  finite. 


Proof.  In  Algebra,  Lemma  10.70.1|  we  have  seen  that  any  finite  -R-module  is 
pseudo-coherent.  On  the  other  hand,  a pseudo-coherent  module  is  finite,  see  Lemma 


15.54.4  Hence  (3)  holds.  Suppose  that  K*  is  an  ?n-pseudo-coherent  complex.  Then 


there  exists  a bounded  complex  of  finite  free  R-modules  E*  such  that  Hl(K *)  is 
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isomorphic  to  H\E *)  for  j > to  and  such  that  Hm(K *)  is  a quotient  of 
Thus  it  is  clear  that  each  H'  (K* ) , i > m is  a finite  module.  The  converse  impli- 
cation in  (1)  follows  from  Lemma  15.54.10  and  part  (3).  Part  (2)  follows  from  (1) 
and  Lemma  115.54.51  □ 


087Q  Remark  15.54.17.  Let  R be  ring  map.  Let  L , M,  N be  R-modules.  Consider 
the  canonical  map 

Hom^M,  ./V)  ®R  L — > Horn R(M,  N <g>R  L) 

Choose  a two  term  free  resolution  Ej  — > Fq  — > M — > 0.  Assuming  L flat  over  R we 
obtain  a commutative  diagram 


0 s-  Horn r(M,  N)  ®r  L >■  Hom^(J70;  AT)  ®R  L ^ Homfl(Fi,  N)  L 

Y 

0 >■  Homfl(M,  N ®R  L) >■  Homfl(E0,  AT  <g>R  L ) * a*  tlomR(F1,  N ®R  L) 


with  exact  rows.  We  conclude  that  if  Fq  and  Ej  are  finite  free,  i.e. , if  M is  finitely 
presented,  then  the  first  displayed  map  is  an  isomorphism.  Similarly,  if  M is  (— m)- 
pseudo-coherent  and  still  assuming  L is  flat  over  R , then  the  map 

Ext r{M,  N)®rL-+  Ext  jj(M,  N ®R  L) 


is  an  isomorphism  for  i < to. 

087R  Remark  15.54.18.  Let  R be  ring  map.  Let  M,  N be  E-modules.  Let  R 
a flat  ring  map.  By  Algebra,  Lemma 


10.72.1 


R!  be 

we  have  Ext  r/  (M  R1 , N (g)R  R’)  = 


Ext lR(M,  N ®r  R1).  Combined  with  Remark 


15.54.17 


we  conclude  that 


Hom^(M,  N)  ®R  R'  = Homfl/(M  ®R  R' , N ®R  R') 


if  M is  a finitely  presented  R-module  and  that 

Ext N)  ®R  R’  = Ext^j,  (M  ®R  R',  N ®R  R') 

is  an  isomorphism  for  * < to  if  M is  (— m)-pseudo-coherent.  In  particular  if  R is 
Noetherian  and  M is  a finite  module  this  holds  for  all  i. 


15.55.  Tor  dimension 

0651  Instead  of  resolving  by  projective  modules  we  can  look  at  resolutions  by  flat  mod- 
ules. This  leads  to  the  following  concept. 

0652  Definition  15.55.1.  Let  R be  a ring.  Denote  D(R)  its  derived  category.  Let 
u,  b £ Z . 

(1)  An  object  K*  of  D(R)  has  tor-amplitude  in  [a,  b]  if  Hl(K * M ) = 0 for 

all  E-modules  M and  all  i qL  [a,  b ]. 

(2)  An  object  K*  of  D{R !)  has  finite  tor  dimension  if  it  has  tor-amplitude  in 
[a,  b]  for  some  a,  b. 

(3)  An  E-module  M lias  tor  dimension  < d if  if  M[ 0]  as  an  object  of  D(R) 
has  tor-amplitude  in  [— d,  0]. 

(4)  An  E-module  M has  finite  tor  dimension  if  M[ 0]  as  an  object  of  D(R) 
has  finite  tor  dimension. 

We  observe  that  if  K*  has  finite  tor  dimension,  then  K*  £ Db(R). 
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0653 


0654 


0655 


066F 


Lemma  15.55.2.  Let  R be  a ring.  Let  K * be  a bounded  above  complex  of  flat 
R-modules  with  tor-amplitude  in  [a,b\.  Then  Cokeriflfff  ) is  a flat  R-module. 


Proof.  As  K * is  a bounded  above  complex  of  flat  modules  we  see  that  A'*  ®RM  = 
K * M.  Hence  for  every  A-module  M the  sequence 

Ka  ®R  M 


Ka~2  ®R  M ->  Ka_1  ®R  M 


is  exact  in  the  middle.  Since  Ka  2 —>■  I\a  1 


Ka 


Coker  (d 


<a— 1\ 

K J 


0 is  a flat 


resolution  this  implies  that  Tory (Coker(d^-  ),M)  = 0 for  all  A-modules  M.  This 


means  that  Coker(dJ-  ) is  flat,  see  Algebra,  Lemma  10.74.8 


□ 


Lemma  15.55.3.  Let  R be  a ring.  Let  K*  be  an  object  of  D(R).  Let  a,b  £ Z. 
The  following  are  equivalent 

(1)  K*  has  tor-amplitude  in  [a,b\. 

(2)  K*  is  quasi-isomorphic  to  a complex  E * of  flat  R-modules  with  El  = 0 
fori  <jL  [a,  b\. 


Proof.  If  (2)  holds,  then  we  may  compute  K*2)RM  = E*<S)rM  and  it  is  clear  that 
(1)  holds.  Assume  that  (1)  holds.  We  may  replace  K*  by  a projective  resolution. 
Let  n be  the  largest  integer  such  that  Kn  0.  If  n > b,  then  A"”-1  — > Kn  is 
surjective  as  Hn(K *)  = 0.  As  Kn  is  projective  we  see  that  A'”-1  = K'  ® Kn. 
Hence  it  suffices  to  prove  the  result  for  the  complex  (AT')*  which  is  the  same  as 
AT*  except  has  AT'  in  degree  n—1  and  0 in  degree  n.  Thus,  by  induction  on  n,  we 
reduce  to  the  case  that  K * is  a complex  of  projective  -R-modules  with  Kl  = 0 for 
i > b. 


Set  E*  = T>aK*.  Everything  is  clear  except  that  Ea  is  flat  which  follows  immedi- 
ately from  Lemma|l5.55.2|and  the  definitions.  □ 

Lemma  15.55.4.  Let  R be  a ring.  Let  (A'* , L* , M* , /,  g,  h)  be  a distinguished 
triangle  in  D(R).  Let  a,b  € Z. 

(1)  If  AT*  has  tor-amplitude  in  [a  -f  1,  b + 1]  and  Lm  has  tor-amplitude  in  [a,  b] 
then  M*  has  tor-amplitude  in  [a,  b]. 

(2)  If  K* , M*  have  tor-amplitude  in  [a,  6],  then  L*  has  tor-amplitude  in  [a,  b\. 

(3)  If  L*  has  tor-amplitude  in  [a+ 1, 6+ 1]  and  M*  has  tor-amplitude  in  [a,  b], 
then  K*  has  tor-amplitude  in  [a  + 1,  b + 1] . 

Proof.  Omitted.  Hint:  This  just  follows  from  the  long  exact  cohomology  sequence 
associated  to  a distinguished  triangle  and  the  fact  that  — M preserves  distin- 
guished triangles.  The  easiest  one  to  prove  is  (2)  and  the  others  follow  from  it  by 
translation.  □ 


Lemma  15.55.5.  Let  R be  a ring.  Let  M be  an  R-module.  Let  d > 0.  The 
following  are  equivalent 

(1)  M has  tor  dimension  < d,  and 

(2)  there  exists  a resolution 

with  Fi  a flat  R-module. 

In  particular  an  R-module  has  tor  dimension  0 if  and  only  if  it  is  a flat  R-module. 


15.55.  TOR  DIMENSION 


1231 


Proof.  Assume  (2).  Then  the  complex  E * with  E~l  = Fi  is  quasi-isomorphic  to 
M.  Hence  the  Tor  dimension  of  M is  at  most  d by  Lemma  |15.55.3|  Conversely, 
assume  (1).  Let  P*  ->  M be  a projective  resolution  of  M.  By  Lemma  15.55.2  we 
see  that  T>-dP * is  a flat  resolution  of  M of  length  d,  i.e.,  (2)  holds.  □ 

066G  Lemma  15.55.6.  Let  R be  a ring.  Let  a,b  £ Z.  If  AT*  ® A*  has  tor  amplitude  in 
[a,  6J  so  do  K*  and  A*. 

Proof.  Clear  from  the  fact  that  the  Tor  functors  are  additive.  □ 


066H  Lemma  15.55.7.  Let  R be  a ring.  Let  K*  be  a bounded  complex  of  R-modules 
such  that  Kl  has  tor  amplitude  in  [a  — i,b  — i]  for  all  i.  Then  K * has  tor  amplitude 
in  [a,  b] . In  particular  if  K*  is  a finite  complex  of  R-modules  of  finite  tor  dimension, 
then  K*  has  finite  tor  dimension. 


Proof.  Follows  by  induction  on  the  length  of  the  finite  complex:  use  Lemma[~15.55.4| 
and  the  stupid  truncations.  □ 

0661  Lemma  15.55.8.  Let  R be  a ring.  Let  a,b  £ Z.  Let  K * £ Db(R ) such  that 
Hl(K *)  has  tor  amplitude  in  [a  — i,  b — *]  for  all  i.  Then  AT*  has  tor  amplitude  in 
[a,  b] . In  particular  if  K * £ D~  ( R ) and  all  its  cohomology  groups  have  finite  tor 
dimension  then  K*  has  finite  tor  dimension. 


Proof.  Follows  by  induction  on  the  length  of  the  finite  complex:  use  Lemma  15.55.4 
and  the  canonical  truncations.  □ 


0B66  Lemma  15.55.9.  Let  A — >•  B be  a ring  map.  Let  AT*  and  A*  be  complexes  of 
B-modules.  Let  a,b,  c,  d £ Z.  If 

(1)  K*  as  a complex  of  B-modules  has  tor  amplitude  in  [a,b], 

(2)  A*  as  a complex  of  A-modules  has  tor  amplitude  in  [c,  d], 

then  K*  (g)^  L * as  a complex  of  A-modules  has  tor  amplitude  in  [a  + c,  b + d] . 


Proof.  We  may  assume  that  K*  is  a complex  of  flat  B-modules  with  Kl  = 0 for 
i £ [a,b\,  see  Lemma  15.55.3  Let  M be  an  A-module.  Choose  a free  resolution 
F*  — > M.  Then 


(A'*  (g^  A*)  M = Tot  (Tot  (AT*  0jL')  F*)  = Tot  (A"*  Tot  (A*  <8u  F*)) 

see  Homology,  Remark  12.22.8  for  the  second  equality.  By  assumption  (2)  the 
complex  Tot  (A*  (g)^  F*)  has  nonzero  cohomology  only  in  degrees  [c,d\.  Hence  the 
spectral  sequence  of  Homology,  Lemma  |12.22.4|  for  the  double  complex  I\* 


Tot  (A*  (gu  A*)  proves  that  ( K * 
degrees  [a  + c,  b + d] . 


ys 


A*)  M has  nonzero  cohomology  only  in 

□ 


066J  Lemma  15.55.10.  Let  A B be  a ring  map.  Assume  that  B is  flat  as  an  A- 
module.  Let  K*  be  a complex  of  B-modules.  Let  a,b  £ Z.  If  K * as  a complex  of 
B-modules  has  tor  amplitude  in  [a,  b],  then  A'*  as  a complex  of  A-modules  has  tor 
amplitude  in  [a,  b] . 

Proof.  This  is  a special  case  of  Lemma  |15.55.9[  but  can  also  be  seen  directly  as 
follows.  We  have  AT*  (g>^  M = AT*  (g)^  (M  g)^  B)  since  any  projective  resolution  of 
AT*  as  a complex  of  B-modules  is  a flat  resolution  of  I\*  as  a complex  of  A-modules 
and  can  be  used  to  compute  K * (g)^  M.  □ 
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066L 


066M 
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Lemma  15.55.11.  Let  A — ► A be  a ring  map.  Assume  that  A has  tor  dimension 
< d as  an  A-module.  Let  K*  be  a complex  of  B -modules.  Let  a,b  £ Z.  //A'* 
as  a complex  of  B -modules  has  tor  amplitude  in  [a,  b],  then  K * as  a complex  of 
A-modules  has  tor  amplitude  in  [a  — d,b\. 


Proof.  This  is  a special  case  of  Lemma  |15.55.9  but  can  also  be  seen  directly  as 
follows.  Let  M be  an  A-module.  Choose  a free  resolution  F * — > M.  Then 


A'*  0^  M = Tot  (A'*  0A  A*)  = Tot  (AT*  ®B  (A*  0 a B ))  = K * 0^  (M  0^  B). 

By  our  assumption  on  B as  an  A-module  we  see  that  M 0^  B has  cohomology  only 
in  degrees  —d,  —d  + 1, . . . , 0.  Because  K * has  tor  amplitude  in  [a,  b]  we  see  from 
the  spectral  sequence  in  Example  15.52.4 


only  in  degrees  [—d  + a,  b]  as  desired. 


that  AT*  0^  (M  0^  B)  has  cohomology 

□ 


Lemma  15.55.12.  Let  A — >■  B be  a ring  map.  Let  a,b  £ Z.  Let  AT*  be  a complex 
of  A-modules  with  tor  amplitude  in  [a,  6].  Then  AT*0^  A as  a complex  of  B-modules 
has  tor  amplitude  in  [a,  b]. 


Proof.  By  Lemma  15.55.3|  we  can  find  a quasi-isomorphism  E*  — >•  AT*  where  A* 
is  a complex  of  flat  A-modules  with  El  = 0 for  i [a,  b\.  Then  E * 0 a B computes 
AT*  0^  B by  construction  and  each  El  0 a A is  a flat  A-module  by  Algebra,  Lemma 
|10.38.7|  Hence  we  conclude  by  Lemma [15. 55. 3|  □ 


Lemma  15.55.13.  Let  A — * B be  a flat  ring  map.  Let  d > 0.  Let  M be  an 
A-module  of  tor  dimension  < d.  Then  M 0 a B is  a B -module  of  tor  dimension 


< d. 


Proof.  Immediate  consequence  of  Lemma  15.55.12  and  the  fact  that  M 0^  B = 


M 0^4  B because  B is  flat  over  A. 


□ 


Lemma  15.55.14.  Let  A — ► B be  a ring  map.  Let  K * be  a complex  of  B-modules. 
Let  a,b  £ Z.  The  following  are  equivalent 

(1)  K*  has  tor  amplitude  in  [a,b\  as  a complex  of  A-modules, 

(2)  AT*  has  tor  amplitude  in  [a,  b]  as  a complex  of  Ap -modules  for  every  prime 
q C B with  p = A n q , 

(3)  A'^  has  tor  amplitude  in  [a,  b]  as  a complex  of  Ap -modules  for  every  max- 
imal ideal  m C B with  p = A D m. 


Proof.  Assume  (3)  and  let  M be  an  A-module.  Then  Hl  = Hl(K*  0^  M ) is  a 


A-module  and  (Hl)m  = A1  (A'* 
Lemma  10.23.1  Thus  (3) 

(3). 


p Mp).  Hence  Hl  = 0 for  i £ [a,  6]  by  Algebra, 
(1).  We  omit  the  proofs  of  (1)  (2)  and  (2)  => 

□ 


Lemma  15.55.15.  Let  R be  a ring.  Let  f\, . . . , fr  £ R be  elements  which  generate 
the  unit  ideal.  Let  a,b  £ Z.  Let  AT*  be  a complex  of  R-modules.  If  for  each  i the 
complex  AT*  0#  Rfi  has  tor  amplitude  in  [a,  b\,  then  K * has  tor  amplitude  in  [a,  b\. 


Proof.  This  follows  immediately  from  Lemmafl5.55.14  but  can  also  be  seen  directly 
as  follows.  Note  that  — 0^  Rft  is  an  exact  functor  and  that  therefore 

Hl(K')h  = H\K *)  0ij  Rf{  = A* (AT*  0R  Rfi). 


and  similarly  for  every  A-module  M we  have 

A* (A'*  0^  M) f.  = A* (AT*  0^  M)  ®R  Rfi  = H'(K'  0fl  Rfi  0^  Mfi). 


15.57.  PROJECTIVE  DIMENSION 


1233 


Hence  the  result  follows  from  the  fact  that  an  R-module  N is  zero  if  and  only  if 
Nf.  is  zero  for  each  i,  see  Algebra,  Lemma  10.23.2  □ 


068S  Lemma  15.55.16.  Let  R be  a ring.  Let  a,b  £ Z.  Let  K * be  a complex  of  R- 
modules.  Let  R — » R'  be  a faithfully  flat  ring  map.  If  the  complex  K*  g#  R'  has 
tor  amplitude  in  [a,  b],  then  K*  has  tor  amplitude  in  [ a,b ]. 


Proof.  Let  M be  an  R-module.  Since  R — > R'  is  flat  we  see  that 
(M  K •)  ®R  R'  = ((M  ®R  R')  ®£,  {Km  ®R  Rf) 

and  taking  cohomology  commutes  with  tensoring  with  R' . Hence  Tor = 
Tor^  [M  ®r  R',K*  (&r  R').  Since  R — > R'  is  faithfully  flat,  the  vanishing  of 
Torf  (M ®rR! , K * ®rR!)  for  i £ [a,  6]  implies  the  same  thing  for  Tor f (M,  K*).  □ 

066P  Lemma  15.55.17.  Let  R be  a ring  of  finite  global  dimension  d.  Then 

(1)  every  module  has  finite  tor  dimension  < d, 

(2)  a complex  of  R-modules  K*  with  ^ 0 only  if  i £ [a,  6]  has  tor 

amplitude  in  [a  — d,  b\ , and 

(3)  a complex  of  R-modules  K * has  finite  tor  dimension  if  and  only  if  K * £ 
D\R). 


Proof.  The  assumption  on  R means  that  every  module  has  a finite  projective 
resolution  of  length  at  most  d1  in  particular  every  module  has  finite  tor  dimension. 
The  second  statement  follows  from  Lemma  115.55.81  and  the  definitions.  The  third 
statement  is  a rephrasing  of  the  second.  □ 
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In  this  section  we  collect  various  spectral  sequences  that  come  up  when  considering 
the  Ext  functors.  For  any  pair  of  objects  L,  K of  the  derived  category  D(R)  of  a 
ring  R we  denote 

Ext  nR(L,K)  = Horn  D{R)(L,K[n]) 


according  to  our  general  conventions  in  Derived  Categories,  Section  13.27 


For  M an  l?-module  and  K £ D+{R)  there  is  a spectral  sequence 


(15.56.0.1)  Extjj(M,  H\K))  =>  Ext K) 


and  if  K is  represented  by  the  bounded  below  complex  K * of  .R-modules  there  is  a 
spectral  sequence 

(15.56.0.2)  Ext-jj (M,  IC)  =>  Ext £j(M,  K) 


15.57.  Projective  dimension 

0A5M  We  defined  the  projective  dimension  of  a module  in  Algebra,  Definition  |10. 10872] 

0A5N  Definition  15.57.1.  Let  R be  a ring.  Let  I\  be  an  object  of  D(R).  We  say  K has 
finite  projective  dimension  if  K can  be  represented  by  a finite  complex  of  projective 
modules.  We  say  K as  projective-amplitude  in  [a,  b]  if  K is  quasi-isomorphic  to  a 
complex 

...-)•  0 Pa  ^ Pa+1  Pb~l  Pb  ->•  0 -)•  . . . 

where  P*  is  a projective  R-module  for  all  i £ Z. 
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Clearly,  K has  bounded  projective  dimension  if  and  only  if  K has  projective- 
amplitude  in  [a,  b]  for  some  a,  b € Z.  Furthermore,  if  AT  has  bounded  projective 
dimension,  then  AT  is  bounded.  Here  is  the  obligatory  lemma. 

0A5P  Lemma  15.57.2.  Let  R be  a ring.  Let  K be  an  object  of  D(R).  Let  a,b  £ Z.  The 
following  are  equivalent 

(1)  K has  projective-amplitude  in  [a,  b], 

(2)  ExtfR(K,  N ) = 0 for  all  R-modules  N and  all  i (jj  [—6,  —a]. 

Proof.  Assume  (1).  We  may  assume  K is  the  complex 

. . . ->•  0 Pa  ->•  P°+1  Pb~ 1 ->  Pb  ->•  0 ->  . . . 

where  Pl  is  a projective  P-module  for  all  i £ Z.  In  this  case  we  can  compute  the 
ext  groups  by  the  complex 

...->•  0 ->•  Homfl(P\  N)  Homfl(PQ,  N)  ->•  0 ->•  . . . 

and  we  obtain  (2). 

Assume  (2)  holds.  Choose  an  injection  Hn(K)  — ► I where  I is  an  injective 
P-module.  Since  Homjj(-,/)  is  an  exact  functor,  we  see  that  Ext_n(A',  I)  = 
Kom ji{Hn (K) , I).  We  conclude  that  Hn(K)  is  zero  for  n qL  [a,  b).  In  particular,  K 
is  bounded  above  and  we  can  choose  a quasi-isomorphism 

P*  K 


with  Pl  projective  (for  example  free)  for  all  i £ Z and  Pl 
Derived  Categories,  Lemma  13.16.5  Let  Q = Coker(Pa_1 


0 for  i > b.  See 
Pa).  Then  K is 


quasi-isomorphic  to  the  complex 
...->0  ->Q- 


P 


CL- (-1 


-5>  P°  0 ->• 


Denote  K'  = (Pa+1  Pb ) the  corresponding  object  of  D(R).  We  obtain  a 

distinguished  triangle 

K'  -)•  K ->•  Q[-a]  ->•  AT'[1] 

in  D(R).  Thus  for  every  P-module  an  exact  sequence 

Ext"°(A',,7V)  ->  Ext \Q,N)  Ext1_a(AT,  TV) 


By  assumption  the  term  on  the  right  vanishes.  By  the  implication  (1)  =>  (2)  the 
term  on  the  left  vanishes.  Thus  Q is  a projective  P-module  by  Algebra,  Lemma 


IIO  J..JI 


□ 


0A5Q  Example  15.57.3.  Let  k be  a field  and  let  P be  the  ring  of  dual  numbers  over 
k,  i.e. , P = k[x]/(x2).  Denote  e £ R the  class  of  x.  Let  M = P/(e).  Then  M is 
quasi-isomorphic  to  the  complex 

p4p4p->... 


but  M does  not  have  finite  projective  dimension  as  defined  in  Algebra,  Definition 


10.108.2  This  explains  why  we  consider  bounded  (in  both  directions)  complexes  of 


projective  modules  in  our  definition  of  bounded  projective  dimension  of  objects  of 

d(r). 
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15.58.  Injective  dimension 

0A5R  This  section  is  the  dual  of  the  section  on  projective  dimension. 

0A5S  Definition  15.58.1.  Let  P be  a ring.  Let  I\  be  an  object  of  D(R).  We  say 
I\  has  finite  injective  dimension  if  K can  be  represented  by  a finite  complex  of 
injective  P-modules.  We  say  K has  injective-amplitude  in  [a,  b]  if  K is  isomorphic 
to  a complex 

...-)•  0 -)•/“->  Ia+1  /&_1  ->•  Ib  0 ->•  . . . 

with  I*  an  injective  R- module  for  all  i £ Z. 

Clearly,  K has  bounded  injective  dimension  if  and  only  if  K has  injective-amplitude 
in  [a,  b]  for  some  a,b  £ Z.  Furthermore,  if  K has  bounded  injective  dimension,  then 
K is  bounded.  Here  is  the  obligatory  lemma. 

0A5T  Lemma  15.58.2.  Let  R be  a ring.  Let  K be  an  object  of  D{R).  Let  a,b  £ Z.  The 
following  are  equivalent 

(1)  K has  injective-amplitude  in  [a,  b], 

(2)  Extft(N,  K ) = 0 for  all  R-modules  N and  all  i ^ [a,  b], 

(3)  Exf(R/I,K)  = 0 for  all  ideals  I C R and  all  i (jL  [a,  b\. 

Proof.  Assume  (1).  We  may  assume  K is  the  complex 

...->■  0 ->/“->  Ia+1  /b_1  ->  Ib  ->  0 ->  . . . 

where  P*  is  a injective  P-module  for  all  is  Z.  In  this  case  we  can  compute  the  ext 
groups  by  the  complex 

0 —)•  ftomR(N,  Ia)  ->•  . . . ->  KomR(N,  Jb)  — )•  0 — >■  . . . 
and  we  obtain  (2).  It  is  clear  that  (2)  implies  (3). 

Assume  (3)  holds.  Choose  a nonzero  map  R — > Hn(K).  Since  Hom^P,  — ) is 
an  exact  functor,  we  see  that  Ext^(P,  K)  = Horn R(R,Hn(K))  = Hn(K).  We 
conclude  that  Hn(K)  is  zero  for  n fL  [a,b].  In  particular,  K is  bounded  below  and 
we  can  choose  a quasi-isomorphism 

K /* 

with  I1  injective  for  all*  £ Z and  P = 0 for  i < a.  See  Derived  Categories,  Lemma 

...->•  0 I6-1  -»  J 0 -)•  . . . 

Denote  K'  = (/“  Ib~1)  the  corresponding  object  of  D(R).  We  obtain  a 

distinguished  triangle 

J[-b]  ->  K ->  K'  J[  1 - b] 

in  D(R).  Thus  for  every  ideal  I C R an  exact  sequence 

Ext b(R/I,K')  ->  Ext1(P/J,  J)  ->■  Ext1+b(P//,  K) 

By  assumption  the  term  on  the  right  vanishes.  By  the  implication  (1)  =>  (2)  the 
term  on  the  left  vanishes.  Thus  J is  a injective  P-module  by  Lemma [15. 46. 4|  □ 


13.16.4 


Let  J = Ker(/b  — > Ib+1).  Then  K is  quasi-isomorphic  to  the  complex 
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0A5V 
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Example  15.58.3.  Let  k be  a field  and  let  R be  the  ring  of  dual  numbers  over 
k,  i.e. , R = k[x]/{x2).  Denote  e £ R the  class  of  x.  Let  M = R/(e).  Then  M is 
quasi-isomorphic  to  the  complex 

...  ->  R 4 R .4  A 


and  A is  an  injective  A-module.  However  one  usually  does  not  consider  M to  have 
finite  injective  dimension  in  this  situation.  This  explains  why  we  consider  bounded 
(in  both  directions)  complexes  of  injective  modules  in  our  definition  of  bounded 
injective  dimension  of  objects  of  D(R). 

Lemma  15.58.4.  Let  R be  a ring.  Let  K £ D(R). 

(1)  If  K is  in  Db(R)  and  Hl(K)  has  finite  injective  dimension  for  all  i,  then 
K has  finite  injective  dimension. 

(2)  If  K*  represents  K,  is  a bounded  complex  of  R-modules,  and  Kl  has  finite 
injective  dimension  for  all  i,  then  K has  finite  injective  dimension. 


Proof.  Omitted.  Hint:  Apply  the  spectral  sequences  of  Derived  Categories,  Lemma 


13.21.3  to  the  functor  F = HomR(N,  — ) to  get  a computation  of  Ext^(lV,  K ) and 
use  the  criterion  of  Lemma  115.58.21  □ 

Lemma  15.58.5.  Let  (A,  m,  k)  be  a local  Noetherian  ring.  Let  K £ D+{R)  have 
finite  cohomology  modules.  Then  the  following  are  equivalent 

(1)  K has  finite  injective  dimension,  and 

(2)  Ex?r(k,  K)  = 0 for  i>0. 

Proof.  Say  Hl(K)  = 0 for  * < a.  Then  Ext l(M,K)  = 0 for  i < a and  all 
.R-modules  M.  Say  FxtlR(n,  K)  = 0 for  i > b.  We  will  show  by  induction  on 
dim(Supp(M))  that  Ext*(M,  K)  = 0 for  all  finite  R-modules  M.  This  will  prove 


the  lemma  by  Lemma 


15.58.2 


We  will  use  that  the  modules  Ext  l(M,K)  are  finite 


by  our  assumption  on  I\  (bounded  below  with  finite  cohomology  modules),  the 


spectral  sequence  (15.56.0.1),  and  Algebra,  Lemma  10.70.9 


The  base  case.  If  dim(Supp(M))  = 0 then  we  can  use  induction  on  the  length  of  M, 
see  Algebra,  Lemma  [10.61.3|  If  the  length  is  1,  then  M = k and  the  result  holds. 
If  lengtlr(M)  > 1,  then  we  can  find  an  exact  sequence  0 — >•  M'  — > M — >•  n — > 0 with 
length  (A/7)  < length(M)  and  the  result  for  M follows  from  the  result  for  M'  and 
k by  the  long  exact  sequence  of  Ext’s. 

Assume  dim(Supp(M))  > 0.  Consider  the  exact  sequence  0 — ^ C — ^ M — > M'  — ► 0 
of  Algebra,  Lemma|l0.66.2  Using  the  long  exact  sequence  of  Ext’s  and  the  induc- 
tion hypothesis  for  C , we  see  that  it  suffices  to  prove  the  vanishing  for  M' . Thus  we 
may  assume  M has  no  embedded  associated  primes.  Let  / £ m be  an  element  which 
is  not  contained  in  any  associated  primes  of  M (to  find  / use  dim(Supp(M))  > 0, 
use  M has  no  embedded  associated  primes,  and  use  Algebra,  Lemma  |10.14.2[). 
Then  / is  a nonzerodivisor  on  M (Algebra,  Lemma  10.62.9|)  and  we  can  consider 
the  short  exact  sequence 

0 -»  M — ► M M/fM  ->•  0 
This  produces  the  long  exact  sequence 

...->•  Ext \M,  K)  4 Ext b{M,  I<)  ->  Ext b+1{M/fM,  K)  —>•... 
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By  induction  hypothesis  for  M/fM  we  see  that  Ext b+1(M/fM,K)  is  zero.  Since 
f £ m and  Extb(M,  A")  is  finite,  we  conclude  by  Nakayama’s  lemma  (Algebra, 
Lemma  10.19.1)  that  Extb(M,  K)  is  zero.  □ 


15.59.  Horn  complexes 

0A8H  Let  R be  a ring.  Let  L*  and  M*  be  two  complexes  of  A-modules.  We  construct  a 
complex  Horn* (L*,M*).  Namely,  for  each  n we  set 

Horn"  (A*,  AT)  = TT  Hom^L"9,  Mp ) 

^~n—p-\-q 

It  is  a good  idea  to  think  of  Horn"  as  the  A-module  of  all  A-linear  maps  from  A* 
to  M*  (viewed  as  graded  modules)  which  are  homogenous  of  degree  n.  In  this 
terminology,  we  define  the  differential  by  the  rule 

d(/)  = dMo/-(-l)"/odL 

for  f £ Horn" (A*,  M*).  We  omit  the  verification  that  d2  = 0.  This  construction  is  a 
special  case  of  Differential  Graded  Algebra,  Example|22.19.6|  It  follows  immediately 
from  the  construction  that  we  have 

0A5X  (15.59.0.1)  Hn  (Horn*  (A* , M* ) ) = Hom^(ij)  (A* , M*  [n] ) 

for  all  n £ Z. 

0A5Y  Lemma  15.59.1.  Let  R be  a ring.  Given  complexes  K*,L*,M*  of  R-modules 
there  is  a canonical  isomorphism 

Horn* (K* , Horn* = Horn* ( Tot(K * ®rL*),M*) 

of  complexes  of  R-modules. 


Proof.  Let  a be  an  element  of  degree  n on  the  left  hand  side.  Thus 
a 

Each  ap’q  is  an  element 


= (ap’q)  £ TT  Homfl(A-9,Homp(L*,M*)) 

■*-p-\-q=n 


ap,q  = (ar’s’«)  G TT  KomR{K-q,  Horn R(L~s,Mr)) 

■*~r-\-s-\-q=n 

If  we  make  the  identifications 

0A5Z  (15.59.1.1)  RomR(K-q,RomR(L-s,Mr))  = RomR(K~q  ®R  L~s , Mr) 
then  by  our  sign  rules  we  get 


d(c^’9)  = dHom-(L.,M.)  o ar’s’q  - (-1 Y 


' o d 


K 


= dM  o ar’s’q  - (-iy+sar's’q  odL-  (-iy+s+qar’s’q  o d*- 
On  the  other  hand,  if  /3  is  an  element  of  degree  n of  the  right  hand  side,  then 
(3  = (I3r’s’q)  £ TT  Horn R(K-q®RL~yMr) 

A J-r+s+g=n 

and  by  our  sign  rule  (Homology,  Definition  12.22.3)  we  get 

d(/r-s’9)  = dM  o ^ q - (-i  ri3r's’q  o dTot(A-.0L.) 

= dM  O pr’s’q  - (-1  y+»+q  (/3^s'9  O dK  + (-1  )-qf3r’s’q  O di) 

Thus  we  see  that  the  map  induced  by  the  identifications  (15.59.1.ij)  indeed  is  a 
morphism  of  complexes.  □ 
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0A8I  Lemma  15.59.2.  Let  R be  a ring.  Given  complexes  K*,L*,M*  of  R-modules 
there  is  a canonical  morphism 

Tot  (Horn*  (L* , M* ) ®R  Horn *{Km,Lm))  — > Horn *(K*,M*) 

of  complexes  of  R-modules. 

Proof.  An  element  a of  degree  n of  the  left  hand  side  is 

a = (ap’9)  € K.omp{L\M')®R'Roviq{K\L') 

p-\-q—n 

The  element  ap,q  is  a hnite  sum  ap,q  = ^ /3f  <S>  7 f with 

Pf  = (PP1  e n + Horn R(L~s,Mr) 

J-  J-r_| -s=p 

and 

7?  = (Tr)  e IT  Horn r{K-\Lu) 

A -M-u-\-v=q 

The  map  is  given  by  sending  a to  S = ( 5r,v ) with 

Sr,v  = y pr  s Q s,v  £ Uom^K~v ^ 

For  given  r + v = n this  sum  is  Hnite  as  there  are  only  finitely  many  nonzero  ap’q, 
hence  only  finitely  many  nonzero  /3f  and  7®.  By  our  sign  rules  we  have 

d (ap’q)  = dHom  + (—  l)pdHom*(if\L*)(a:p’9) 

= Y (dM  0 Pi  ° A9  “ i^YPi  odL°  Tl) 

+ (-l)p  Y [pPi  0 di  0 A9  - (~l)qPP  0 t1  0 dif ) 

= Y (dM  0 Pi  0 7?  - ^l)nPPi  0 7 qi  0 die) 

It  follows  that  the  rules  a 1— »•  <5  is  compatible  with  differentials  and  the  lemma  is 
proved.  □ 

0A60  Lemma  15.59.3.  Let  R be  a ring.  Given  complexes  K*,L*,M*  of  R-modules 
there  is  a canonical  morphism 

Tbt(Hom* (L* , M* ) ®R  K*)  — S>  Horn* (Horn* (K',L'),M*) 

of  complexes  of  R-modules  functorial  in  all  three  complexes. 

Proof.  Consider  an  element  /3  of  degree  n of  the  right  hand  side.  Then 

13  = (/ 3p’q ) G TT  Horn* (Horn ~q(K*,L*),  Mp) 

■*-p-\-q=n 

Each  (3p,q  is  an  element 

PP'q  = (Pp'r's)  € TT  Homfl(Homfl(A-,  L~r),Mp) 

-1-  - t-p-\~r-\-s=n 

We  can  apply  the  differentials  dM  and  dHom*  (if vi*)  to  the  element  /3P’9  and  we 
can  apply  the  differentials  d^,  dz,  dM  to  the  element  f3p’r,s.  We  omit  the  precise 
definitions.  The  our  sign  rules  tell  us  that 

d((3p’rn  = dM(PP’r’s ) - ( l)ndHom*(if • .l*)  (/3p,r,s) 

= dM((3p,r’s)  - (-1)"  (d L((3p'r’s)  - (-l)r+sdK(f3p’r’s)) 

= dM{Pp’r,s)  ~ (-l)"d L(Pp’r’s)  + (— l)pdA'(/3p,r,s) 
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On  the  other  hand,  an  element  a of  degree  n of  the  left  hand  side  looks  like 
a = (at,s)  G Horn4 (Lm,Mm)  0 Ks 

Each  at,s  maps  to  an  element 

^ e TT  Homfl(L-r,  Mp)  ®R  Ks 

■*-p-\-r-\-s=n 

By  our  sign  rules  and  with  conventions  as  above  we  get 

dK’r’s)  = dHom.(L.,M.)(ap’r’s)  + (-l)p+rdx(ap'r’s) 

= dM(ap’r’s)  - (-l)p+rdL(ap’r’s)  + (~l)p+rdK(ap’r’s) 

To  define  our  map  we  will  use  the  canonical  maps 

cp,r,s  : RomR(L~r,Mp)  0*  Ks  — > KomR(RomR(Ks , L~r),  Mp) 

which  sends  <p®k  to  the  map  if)  K > (p(ijj(k)).  This  is  functorial  in  all  three  variables. 
However,  since  the  signs  above  do  not  match  we  need  to  use  instead  some  map 


€p,r,sCp,r,s 

for  some  sign  £p,r,s-  Looking  at  the  signs  above  we  find  that  we  need  to  find  a 
solution  for  the  equations 

£p,r,s  — £p-\-l,r,si  £p,r,s{_  1)  — ^p,r+l,s?  ^p,r,s(  1)  — £p,r,s+l 

A good  solution  is  to  take  ePtr,s  = (— l)rs-  The  choice  of  this  sign  is  explained  in 
the  remark  following  the  proof.  □ 


0A61  Remark  15.59.4.  In  the  yoga  of  super  vector  spaces  the  sign  used  in  the  proof 
of  Lemma  15.59.3  above  can  be  explained  as  follows.  A super  vector  space  is  just  a 
vector  space  V which  comes  with  a direct  sum  decomposition  V = V+  ® V~ . Here 
we  think  of  the  elements  of  V+  as  the  even  elements  and  the  elements  of  V~  as  the 
odd  ones.  Given  two  super  vector  spaces  V and  W we  set 

(V  0 W)+  = (V+  0 W+)  © {V~  0 W~) 


and  similarly  for  the  odd  part.  In  the  category  of  super  vector  spaces  the  isomor- 
phism 

V®W — > IH0F 

is  defined  to  be  the  usual  one,  except  that  on  the  summand  V~  0 W~  we  use  the 
negative  of  the  usual  identification.  In  this  way  we  obtain  a tensor  category  (where 
0 is  symmetric  and  associative  with  1).  The  category  of  super  vector  spaces  has 
an  internal  horn  which  we  denote  Hv . One  checks  that  the  canonical  isomorphisms 
Hom(H,  W)  = W 0 Vv  and  Hom(I/,  IH)V  = V 0 VEv  do  not  involve  signs.  Finally, 
given  three  super  vector  spaces  U,  V,  W we  can  consider  the  analogue 

c : Hom(H,  W)  0 U — > Hom(Hom(f7,  V),W) 


of  the  maps  cPjrjS  which  occur  in  the  lemma  above.  Using  the  formulae  given  above 
(which  do  not  involve  signs)  this  becomes  a map 

IU0Uv0t/— >W0C/0Uv 


which  involves  a (—1)  on  elements  w 0 vv  0 u if  and  u are  odd. 
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0A62 


0A5W 


0A63 


0A64 


0A65 


Lemma  15.59.5.  Let  R be  a ring.  Given  complexes  K*,L * of  R-modules  there 
is  a canonical  morphism 

K*  — > Horn* (A*,  Tot(K*  ®RL')) 

of  complexes  of  R-modules  functorial  in  both  complexes. 

Proof.  Let  a be  an  element  of  degree  n of  the  right  hand  side.  Thus 

a = (aP-9)  e TT  Horn R(L~q,  Tot p(Km  ®R  L*)) 

■*-  ■*-p-\-q=n 

Each  ap,q  is  an  element 

ap'q  = (ar's'q)  £ ® Horn  R(L~q,  Kr  ®R  Ls) 

VJ-'  r-\-s-\-q=n 

By  our  sign  rules  we  get 

dK-s’«)  = dTot(A-.0si.}  o ar’s’q  - (-1  )nar’s’q  o dL 

= dKo  ar’s’q  + (-l)rdL  o ar’s’q  - (—l)nar,s’q  o dL 

Now  an  element  /3  £ Kn  we  send  to  a with  an,n~q,q  = /3  ® idL-q  and  ar,s,q  = 0 
if  r n.  This  is  indeed  an  element  as  above,  as  for  fixed  q there  is  only  one 
nonzero  ar’s,q.  The  description  of  the  differential  shows  this  is  compatible  with 
differentials.  □ 


15.60.  Derived  hom 


Let  R be  a ring.  The  derived  hom  we  will  define  in  this  section  is  a functor 
D(R)opp  x D(R)  — > D(R),  ( K , L)  i — RRom(K,  L) 


We  will  sometimes  write  R HomA(/\,  L)  if  we  want  to  indicate  the  ring  that  is  being 
used.  This  is  an  internal  hom  in  the  derived  category  of  f?-modules  in  the  sense 
that  it  is  characterized  by  the  formula 

(15.60.0.1)  Homfl(fl) (K,  R Hom(L,  M))  = RomD{R)(K  ®^  L,  M) 

for  objects  K,  L,  M of  D(R).  Note  that  this  formula  characterizes  the  objects  up  to 
unique  isomorphism  by  the  Yoneda  lemma.  A construction  can  be  given  as  follows. 
Choose  a K-injective  complex  I * of  f?-modules  representing  M,  choose  a complex 
L*  representing  L,  and  set 


R Hom(L,  M)  = Hom *(L*,/*) 


with  notation  as  in  Section  |15.59|  A generalization  of  this  construction  is  dis- 


cussed in  Differential  Graded  Algebra,  Section  22.21 
Categories,  Lemma  13.29.2| that  we  have 

(15.60.0.2)  Hn (R Hom(L,  M))  = Ho mD{R)(L,  M[n\) 


From  (15.59.0.1)  and  Derived 


for  all  n £ Z.  In  particular,  the  object  I?  Hom(L,  M)  of  D(R)  is  well  defined,  i.e. , 
independent  of  the  choice  of  the  K-injective  complex  I*. 


Lemma  15.60.1.  Let  R be  a ring.  Let  K,L,M  be  objects  of  D(R).  There  is  a 
canonical  isomorphism 

R Hom (K,  R Hom (L,  M))  = R Hom(AT  ®]\  L,  M) 


in  D(R)  functorial  in  K,L,M  which  recovers  ( 15.60.0.1 ) by  taking  H° . 
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Proof.  Choose  a K-injective  complex  /*  representing  M and  a K-flat  complex  of 
A-modules  A * representing  A.  For  any  complex  of  A-modules  K*  we  have 


Horn* (AT* , Horn* ( A* , /* ) ) = Horn* (Tot (A'*  A*),  /*) 


by  Lemma  15.59.1  The  lemma  follows  by  the  definition  of  A Horn  and  because 
Tot(Af*  (§)#  A*)  represents  the  derived  tensor  product.  □ 


0A66  Lemma  15.60.2.  Let  A be  a ring.  Let  P*  be  a bounded  above  complex  of  projective 
R-modules.  Let  L*  be  a complex  of  R-modules.  Then  AHom(P* , A*)  is  represented 
by  the  complex  Horn*  (P* , A* ) . 


Proof.  By  (15.59.0.11  and  Derived  Categories,  Lemma  13.19.8  the  cohomology 
groups  of  the  complex  are  “correct”.  Hence  if  we  choose  a quasi-isomorphism 
A*  — » /*  with  /*  a K-injective  complex  of  A-modules  then  the  induced  map 


Horn*  (P*,  A*)  — >•  Horn*  (P*,  /*) 


is  a quasi-isomorphism.  As  the  right  hand  side  is  our  definition  of  AHom(P*,  A*) 
we  win.  □ 


0A67  Lemma  15.60.3.  Let  R be  a ring.  Let  K,L,M  be  objects  of  D(R).  There  is  a 
canonical  morphism 


AHom(A,  M)  K — > A Horn  (A  Horn  (A',  A),  M) 


in  D{R ) functorial  in  K,L,M. 

Proof.  Choose  a K-injective  complex  /*  representing  M,  a K-injective  complex  J* 
representing  A,  and  a K-flat  complex  AT*  representing  K.  The  map  is  defined  using 
the  map 


Tot  (Horn*  (J*,  I*)  <g>fi  Km)  — > Horn*  (Horn*  (A'*,  J*),/*) 


of  Lemma  15.59.3 
D(R). 


We  omit  the  proof  that  this  is  functorial  in  all  three  objects  of 

□ 


0A8J  Lemma  15.60.4.  Let  A be  a ring.  Given  K,L,M  in  D(R)  there  is  a canonical 
morphism 

A Hom(A,  M)  <g>^  A Hom(AT,  A)  — > R Hom(AT,  M) 


in  D{R). 
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Proof.  In  general  (without  suitable  finiteness  conditions)  we  do  not  see  how  to  get 
this  map  from  Lemma  |15.59.2|  Instead,  we  use  the  maps 

AHom(A,  M)  R Hom( A',  L)  <g>*)  A 


AHom(A,  M)  <g>^  I?  Horn  (I?  Horn  (A',  A),  L) 


l?Hom(A,  M ) £5^  L 


AHom(AHom(A,  A),  M) 
M 


gotten  by  applying  Lemma  15.60.3  then  R — > AHom(A,  A)  induces  the  next 
arrow,  then  apply  Lemma  15.60.3  then  R — > l?Hom(A,  A)  induces  the  final  arrow. 
Finally,  we  use  Lemma [15.60. 1|  to  translate  the  composition 

AHom(A,  M)  R Hom( A,  L)  A — » M 

into  a map  as  in  the  statement  of  the  lemma.  □ 


0A6B  Lemma  15.60.5.  Let  R be  a ring.  Given  complexes  K,L  in  D(R)  there  is  a 
canonical  morphism 

A — > R Hom(  A,  A L) 

in  D(R ) functorial  in  both  K and  L. 


Proof.  Choose  a K-flat  complexes  A'*  and  A*  representing  K and  L.  Choose  a 
quasi-isomorphism  Tot(A*  Lm)  — > /*  where  /*  is  K-injective.  Then  we  use  the 
map 

A*  ->•  Horn*  (A*,  Tot  (A*  A*))  Horn*  (A*,  A) 

where  the  first  map  is  the  map  from  Lemma |15. 59. 5[  □ 


15.61.  Perfect  complexes 

0656  A perfect  complex  is  a pseudo-coherent  complex  of  finite  tor  dimension.  We  will 
not  use  this  as  the  definition,  but  define  perfect  complexes  over  a ring  directly  as 
follows. 

0657  Definition  15.61.1.  Let  R be  a ring.  Denote  D{R)  the  derived  category  of  the 
abelian  category  of  A-modules. 

(1)  An  object  K of  D(R)  is  perfect  if  it  is  quasi-isomorphic  to  a bounded 
complex  of  finite  projective  A-modules. 

(2)  An  A-module  M is  perfect  if  M[ 0]  is  a perfect  object  in  D(R). 

For  example,  over  a Noetherian  ring  a finite  module  is  perfect  if  and  only  if  it  has 
finite  projective  dimension,  see  Lemma [l 5. 61. 3 1 and  Algebra,  Definition |10. 10872) 


0658 


Lemma  15.61.2.  Let  K * be  an  object  of  D{R).  The  following  are  equivalent 
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066Q 


066R 

066S 

066T 

066U 

066V 


(1)  K*  is  perfect,  and 

(2)  K * is  pseudo-coherent  and  has  finite  tor  dimension. 

If  (1)  and  (2)  hold  and  K*  has  tor-amplitude  in  [a,  b\,  then  K * is  quasi-isomorphic 
to  a complex  E * of  finite  projective  R-modules  with  E1  = 0 for  i £ [a,  &]. 


Proof.  It  is  clear  that  (1)  implies  (2),  see  Lemmas  15.54.5  and  15.55.3|  Assume 
(2)  holds  and  that  K * has  tor-amplitude  in  [a, 6].  In  particular,  Hl(K*)  = 0 for 
i > b.  Choose  a complex  F * of  finite  free  R-modules  with  Fl  = 0 for  i > b and  a 
quasi-isomorphism  F*  —>■  K * (Lemma  15.54.5).  Set  E*  = r>aF* . Note  that  El  is 
finite  free  except  Ea  which  is  a finitely  presented  I?-module.  By  Lemma fl5.55.2|F?a 
is  flat.  Hence  by  Algebra,  Lemma [10. 77. 2| we  see  that  Ea  is  finite  projective.  □ 

Lemma  15.61.3.  Let  M be  a module  over  a ring  R.  The  following  are  equivalent 

(1)  M is  a perfect  module,  and 

(2)  there  exists  a resolution 

0 ^ Fd  Pi  -j-Po-tAf-tO 

with  each  Fi  a finite  projective  R-module. 

Proof.  Assume  (2).  Then  the  complex  E*  with  E~l  = Ft  is  quasi- isomorphic 


to  M\0],  Hence  M is  perfect.  Conversely,  assume  (1).  By  Lemmas  15.61.2  and 
15.54.4  we  can  find  resolution  E*  — ► M with  E~l  a finite  free  l?-module.  By 

-l 


Lemma  15.55.2  we  see  that  Fd  = Coker (Ed 


Ed)  is  flat  for  some  d sufficiently 


large.  By  Algebra,  Lemma  [10. 77. 2|  we  see  that  Fd  is  finite  projective.  Hence 
0 ->•  Fd  ->•  E~d+1  — >•  . . . — ► E°  — )•  M — ► 0 


is  the  desired  resolution. 


□ 


Lemma  15.61.4.  Let  R be  a ring.  Let  (K* , L* , M* , /,  g,h)  be  a distinguished 
triangle  in  D{R) . If  two  out  of  three  of  K * , L* , M * are  perfect  then  the  third  is  also 
perfect. 


Proof.  Combine  Lemmas  15.61.2 , |15. 54.6'  and  15.55.4|  □ 

Lemma  15.61.5.  Let  R be  a ring.  If  K * ® L*  is  perfect,  then  so  are  K*  and  L* . 
Proof.  Follows  from  Lemmas |15. 61. 2| |15.54.8[  and|15.55.6|  □ 


Lemma  15.61.6.  Let  R be  a ring.  Let  K*  be  a bounded  complex  of  perfect  R- 
modules.  Then  K*  is  a perfect  complex. 


Proof.  Follows  by  induction  on  the  length  of  the  finite  complex:  use  Lemma  15.61.4 
and  the  stupid  truncations.  □ 


Lemma  15.61.7.  Let  R be  a ring.  If  K*  £ Db(R)  and  all  its  cohomology  modules 
are  perfect,  then  K*  is  perfect. 


Proof.  Follows  by  induction  on  the  length  of  the  finite  complex:  use  Lemma[~15.61.4| 
and  the  canonical  truncations.  □ 


Lemma  15.61.8.  Let  A — » B be  a ring  map.  Assume  that  B is  perfect  as  an 
A-module.  Let  K*  be  a perfect  complex  of  B -modules.  Then  K * is  perfect  as  a 
complex  of  A-modules. 
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066W 


066X 


066Y 


068T 


066Z 
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Proof.  Using  Lemma  |15.61.2|  this  translates  into  the  corresponding  results  for 
pseudo-coherent  modules  and  modules  of  finite  tor  dimension.  See  Lemma|l5.55.1l] 
and  Lemma ri5. 54. Ill  for  those  results.  □ 


Lemma  15.61.9.  Let  A — ► B be  a ring  map.  Let  K*  be  a perfect  complex  of 
A-modules.  Then  K*  g^  B is  a perfect  complex  of  B -modules. 


Proof.  Using  Lemma  |15.61.2|  this  translates  into  the  corresponding  results  for 


pseudo-coherent  modules  and  modules  of  finite  tor  dimension.  See  Lemma  15.55.12 
and  Lemma Tl5. 54. 121  for  those  results.  □ 


Lemma  15.61.10.  Let  A — > B be  a flat  ring  map.  Let  M be  a perfect  A-module. 
Then  M g^  B is  a perfect  B -module. 

Proof.  By  Lemma  [15.61.3|  the  assumption  implies  that  M has  a finite  resolution 
A.  by  finite  projective  R-modules.  As  A — > B is  flat  the  complex  A,  g^  B is  a finite 
length  resolution  of  M g^  B by  finite  projective  modules  over  B.  Hence  M g^  B 
is  perfect.  □ 

Lemma  15.61.11.  Let  R be  a ring.  Let  f±, . . . , fr  £ R be  elements  which  generate 
the  unit  ideal.  Let  K * be  a complex  of  R-modules.  If  for  each  i the  complex  AT*  g^ 
Rf{  is  perfect,  then  K*  is  perfect. 

Proof.  Using  Lemma  |15.61.2|  this  translates  into  the  corresponding  results  for 
pseudo-coherent  modules  and  modules  of  finite  tor  dimension.  See  Lemma|l5.55.15] 
and  Lemma Tl 5 . 54 . 1 41  for  those  results.  □ 


Lemma  15.61.12.  Let  R be  a ring.  Let  a,b  £ Z.  Let  K*  be  a complex  of  R- 
modules.  Let  R — ► R'  be  a faithfully  flat  ring  map.  If  the  complex  K * g r R'  has 
tor  amplitude  in  [a,b],  then  K*  has  tor  amplitude  in  [a,b\. 


Proof.  Using  Lemma  |15.61.2|  this  translates  into  the  corresponding  results  for 


pseudo-coherent  modules  and  modules  of  finite  tor  dimension.  See  Lemma  15.55.16 
and  Lemma Tl5. 54. 151  for  those  results.  □ 


Lemma  15.61.13.  Let  R be  a regular  ring  of  finite  dimension.  Then 

(1)  an  R-module  is  perfect  if  and  only  if  it  is  a finite  R-module,  and 

(2)  a complex  of  R-modules  K*  is  perfect  if  and  only  if  K*  £ Db(R)  and  each 
Hl(K*)  is  a finite  R-module. 


Proof.  By  Algebra,  Lemma  |10. 109.8]  the  assumption  on  R means  that  A has  fi- 
nite global  dimension.  Hence  every  module  has  finite  tor  dimension,  see  Lemma 
15.55.17|  On  the  other  hand,  as  R is  Noetherian,  a module  is  pseudo-coherent  if 


and  only  if  it  is  finite,  see  Lemma  15.54.16  This  proves  part  (1). 


Let  Km  be  a complex  of  A-modules.  If  K*  is  perfect,  then  it  is  in  Db(R)  and  it 
is  quasi-isomorphic  to  a finite  complex  of  finite  projective  .R-modules  so  certainly 
each  Hl(K *)  is  a finite  R-module  (as  R is  Noetherian).  Conversely,  suppose  that 
A'*  is  in  Db(R)  and  each  Hl(K*)  is  a finite  R-module.  Then  by  (1)  each  Hl{I\ *) 
is  a perfect  R-module,  whence  K * is  perfect  by  Lemma  |15.61.7|  □ 


Lemma  15.61.14.  Let  A be  a ring.  Let  K £ D(A)  be  perfect.  Then  Ky  = 
RHom(A',  A)  is  a perfect  complex  and  I\  = (A'v)v.  There  are  functorial  isomor- 
phisms 


K'J  g \L  = R Horn  (AT,  L)  and  R°(ATV  g^  L)  = Ext°A(K,  L) 
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for  L £ D(A). 


Proof.  We  can  represent  K by  a complex  K * of  finite  projective  A-modules.  By 
Lemma  15.60.2  the  object  A'v  is  represented  by  the  complex  A*  = Horn* (K*,  A). 
Note  that  En  = HomA(A'_n,  A)  and  the  differentials  of  E * are  the  transpose  of  the 
differentials  of  K* . Thus  the  formula  (ATV)V  = K is  clear  from  the  fact  that  the 
double  dual  of  a finite  projective  module  is  itself. 


The  second  equality  follows  from  the  first  by  Lemma  |15.60.1|  and  Derived  Cate- 
gories, Lemma  13.19.8|  as  well  as  the  definition  of  Ext  groups,  see  Derived  Cate- 
gories, Section [13.27  Let  us  prove  the  first  equality. 


Let  L*  be  a complex  of  d-modules  representing  L.  The  object  on  the  left  of  the 
first  equality  is  represented  by  Tot  (A*  (g>A  L*).  The  object  on  the  right  of  the  first 
equality  sign  is  represented  by  the  complex  Horn* (A'*,  A*)  by  the  same  lemma  as 
before.  Thus  the  equality  follows  from  the  fact  that 

HomA(A'n,  A)  ®A  Lm  = HomA(A'",  Lm) 

for  all  n,  m because  AT”  is  finite  projective.  To  be  a bit  more  precise  we  define  the 
map  on  the  level  of  complexes 

Tot  (A*  A*)  = Tot  (Horn*  (H,  A*)  <g>A  Horn*  (AT*,  A))  — >■  Horn*  (A'*,  A*) 


using  Lemma  |15.59.2|  and  then  the  statement  above  shows  this  is  an  isomorphism 
of  complexes.  □ 

OBKB  Lemma  15.61.15.  Let  A be  a ring.  Let  (Arn)n6N  be  a system  of  perfect  objects  of 
D(A).  Let  K = hocolimKn  be  the  derived  colimit  (Derived  Categories,  Definition 


13.31.1 ).  Then  for  any  object  E of  D(A)  we  have 

Rjiom{K , E)  = Alim  A (g 


K1 


where  (K(()  is  the  inverse  system  of  dual  perfect  complexes. 

= R\rniR'Hom(Kn,E)  which 


Proof.  By  Lemma 


15.61.14 


we  have  R lim  A < 


fits  into  the  distinguished  triangle 

Alim  RRomlKn,  A)  — > A Aom(A'n,  A)  — > A A om(Kn,  A) 

Because  K similarly  fits  into  the  distinguished  triangle  0 Kn  — > 0 Kn  -A  K 
it  suffices  to  show  that  A Aom(A'„,  A)  = A Aom(0  Kn,  A).  This  is  a formal 

consequence  of  (15.60.0.i|)  and  the  fact  that  derived  tensor  product  commutes  with 
direct  sums.  □ 


0BC7  Lemma  15.61.16.  Let  A = colinpg/  Ri  be  a filtered  colimit  of  rings. 

(1)  Given  a perfect  K in  D{R)  there  exists  an  i £ I and  a perfect  Ki  in  D(Ri) 
such  that  K = Ki  (g)^.  A in  D{R). 

(2)  Given  0 £ I and  A'o,  Lq  € D(R)  with  Kq  perfect,  we  have 

Homfl(f;)(A'o  <g>^0  A,  L0  ig>^o  A)  = colim^o  RomD{Ri)(K0  Ai;  A0  Ri) 

In  other  words,  the  triangulated  category  of  perfect  complexes  over  A is  the  colimit 
of  the  triangulated  categories  of  perfect  complexes  over  Ri . 
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Proof.  We  will  use  the  results  of  Algebra,  Lemmas  |10. 126.31  and  |10.126.4|  without 
further  mention.  These  lemmas  in  particular  say  that  the  category  of  finitely  pre- 
sented P-modules  is  the  colimit  of  the  categories  of  finitely  presented  P^-modules. 
Since  finite  projective  modules  can  be  characterized  as  summands  of  finite  free 
modules  (Algebra,  Lemma  10.77.2)  we  see  that  the  same  is  true  for  the  category 
of  finite  projective  modules.  This  proves  (1)  by  our  definition  of  perfect  objects  of 
D(R). 

To  prove  (2)  we  may  represent  Kq  by  a bounded  complex  K*  of  finite  projective 
Ao-modules.  We  may  represent  Lq  by  a K-flat  complex  L*  (Lemma  15.49.10 1 . Then 
we  have 


HomD(R)(A0  ®^0  R,  L0  ®^0  R)  = Horn k{r)(K*  ®Ro  R,  L*  ®Ro  R) 

by  Derived  Categories,  Lemma  [l3.19.8|  Similarly  for  the  Horn  with  R replaced  by 
Ri . Since  in  the  right  hand  side  only  a finite  number  of  terms  are  involved,  since 

BomR(Kf  ®Ro  R , Lq0  ®Ro  R)  = colim.t>0  Homfl.  (K$  Ro  Rt,  Lq0  ®Ro  R, ) 


by  the  lemmas  cited  at  the  beginning  of  the  proof,  and  since  filtered  colimits  are 
exact  (Algebra,  Lemma  10.8.9)  we  conclude  that  (2)  holds  as  well.  □ 


15.62.  Lifting  complexes 

0BC8  Let  R be  a ring.  Let  I C R be  an  ideal.  The  lifting  problem  we  will  consider  is  the 
following.  Suppose  given  an  object  K of  D{R)  and  a complex  E*  of  P/I-modules 
such  that  E*  represents  K R/I  in  D(R).  Question:  Does  there  exist  a complex 
of  P-modules  P * lifting  E*  representing  K in  D(R)1  In  general  the  answer  to  this 
question  is  no,  but  in  good  cases  something  can  be  done.  We  first  discuss  lifting 
acyclic  complexes. 

0BC9  Lemma  15.62.1.  Let  R be  a ring.  Let  I C R be  an  ideal.  Let  V be  a class  of 
R-modules.  Assume 

(1)  each  P G V is  a projective  R-module, 

(2)  if  Pi  GV  and  Pi  © P2  G V,  then  P2  € V,  and 

(3)  if  f : Pi  — ► P-2,  Pi,P2  G V is  surjective  modulo  I,  then  f is  surjective. 
Then  given  any  bounded  above  acyclic  complex  E*  whose  terms  are  of  the  form 
P/IP  for  P G V there  exists  a bounded  above  acyclic  complex  P*  whose  terms  are 
in  V lifting  E* . 

Proof.  Say  El  = 0 for  i > b.  Assume  given  n and  a morphism  of  complexes 

pn  ^ pn+ 1 ^ pb  q ^ 

V Y V 

En  ^r0.En+1  Eb *•  0 

with  Pl  G V,  with  Pn  — > Pn+1  Pb  acyclic  in  degrees  > n + 1,  and 

with  vertical  maps  inducing  isomorphisms  Pl / IP1  — » El.  In  this  situation  one  can 
inductively  choose  isomorphisms  P*  = Zl®Zl+1  such  that  the  maps  Pl  — > Pl+1  are 
given  by  Zl®Zl+1  — y Zl+1  — ► Z'l+1(BZl+2.  By  property  (2)  and  arguing  inductively 
we  see  that  Zl  G V.  Choose  Pn_1  g p and  an  isomorphism  Pn_1//Pn_1  — > Pn_1. 
Since  Pn_1  is  projective  and  since  Zn /IZn  = Im(Pn_1  — > En),  we  can  lift  the  map 
P"_1  — > En~l  — > En  to  a map  Pn_1  — > Zn . By  property  (3)  the  map  Pn_1  — > Zn 
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is  surjective.  Thus  we  obtain  an  extension  of  the  diagram  by  adding  P n_1  and  the 
maps  just  constructed  to  the  left  of  Pn.  Since  a diagram  of  the  desired  form  exists 
for  n > b we  conclude  by  induction  on  n.  □ 

OBCA  Lemma  15.62.2.  Let  R be  a ring.  Let  I C R be  an  ideal.  Let  V be  a class  of 
R-modules.  Let  K £ D(R)  and  let  E * be  a complex  of  R/ 1 -modules  representing 
K Assume 

(1)  each  P £ V is  a projective  R-module, 

(2)  Pi  £ V and  Pi  ® P2  £ V if  and  only  if  Pi,  P2  £ V, 

(3)  if  f : Pi  — P-2,  Pi , P2  £ P is  surjective  modulo  I,  then  f is  surjective, 

(4)  E * is  bounded  above  and  Ez  is  of  the  form  P/ IP  for  P £ V , and 

(5)  K can  be  represented  by  a bounded  above  complex  whose  terms  are  in  P . 
Then  there  exists  a bounded  above  complex  P*  whose  terms  are  in  V with  P*  /IP* 
isomorphic  to  E*  and  representing  K in  D(R). 


Proof.  By  assumption  (5)  we  can  represent  K by  a bounded  above  complex  K* 
whose  terms  are  in  V . Then  K R/I  is  represented  by  K*  /IK*.  Since  E * is  a 
bounded  above  complex  of  projective  P/I-modules  by  (4),  we  can  choose  a quasi- 
isomorphism 5 : E*  — > K* /IK*  (Derived  Categories,  Lemma  13.19. 8|).  Let  C*  be 
cone  on  6.  (Derived  Categories,  Definition  13.9.1).  The  module  Cl  is  the  direct 
sum  of  I\l/IKl  ® Ez+1  hence  is  of  the  form  P/IP  for  some  P £ V as  (2)  says  in 
particular  that  V is  preserved  under  taking  sums.  Since  C*  is  acyclic,  we  can  apply 
Lemma  [l  5 . 62 . 1 1 and  find  a acyclic  lift  A*  of  C*.  The  complex  A*  is  bounded  above 
and  has  terms  in  V.  In 


K*  > .1* 

| V 

K*  /IK* ^ C* ^ E*[  1] 


we  can  find  the  dotted  arrow  making  the  diagram  commute  by  Derived  Categories, 
Lemma  13.19.6  We  will  show  below  that  it  follows  from  (1),  (2),  (3)  that  Kl  — > AT 
is  the  inclusion  of  a direct  summand  for  every  i.  By  property  (2)  we  see  that 
P*  = Coker(A*  — > A1)  is  in  V.  Thus  we  can  take  P*  = Coker(A'*  — > _A*)[—  1]  to 
conclude. 


To  finish  the  proof  we  have  to  show  the  following:  Let  / : Pi  — > P2,  Pi,  P2  £ V 
and  P1//P1  — >•  P2//P2  is  split  injective  with  cokernel  of  the  form  P3//P3  for  some 
P3  £ V,  then  / is  split  injective.  Write  Ei  = Pi/IPi.  Then  E2  = E\  © E3.  Since 
P2  is  projective  we  can  choose  a map  g : P2  — >•  P3  lifting  the  map  E2  — > E3.  By 
condition  (3)  the  map  g is  surjective,  hence  split  as  P3  is  projective.  Set  P[  = Ker(g) 
and  choose  a splitting  P2  = P[  © P3.  Then  P[  £ V by  (2).  We  do  not  know  that 
g o / = 0,  but  we  can  consider  the  map 

□ o projection  , 

T'l  — > ±2  >•  x\ 

The  composition  modulo  I is  an  isomorphism.  Since  P[  is  projective  we  can  split 
Pi  = T © P[.  If  T = 0,  then  we  are  done,  because  then  P2  — > P[  is  a splitting  of 
/.  We  see  that  T £ V by  (2).  Calculating  modulo  I we  see  that  T/IT  = 0.  Since 
0 £ V (as  the  summand  of  any  P in  V)  we  see  the  map  0 — >■  T is  surjective  and  we 
conclude  that  T — 0 as  desired.  □ 
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09AR  Lemma  15.62.3.  Let  R be  a ring.  Let  I C R be  an  ideal.  Let  E%  be  a complex  of 
R/ 1 -modules.  Let  K be  an  object  of  D(R).  Assume  that 

(1)  E * is  a bounded  above  complex  of  projective  R/I-modules, 

(2)  K g^j  R/I  is  represented  by  E*  in  D(R/I),  and 

(3)  I is  a nilpotent  ideal. 

Then  there  exists  a bounded  above  complex  R*  of  projective  R-modules  representing 
K in  D(R)  such  that  P * g/{  R/I  is  isomorphic  to  E* . 


Proof.  We  apply  Lemma  |15.62.2|  using  the  class  V of  all  projective  R-modules. 
Properties  (1)  and  (2)  of  the  lemma  are  immediate.  Property  (3)  follows  from 


Nakayama’s  lemma  (Algebra,  Lemma  10.19.1 1.  Property  (4)  follows  from  the  fact 
that  we  can  lift  projective  R//-modules  to  projective  R-modules,  see  Algebra, 
Lemma  10.76.4  To  see  that  (5)  holds  it  suffices  to  show  that  K is  in  D~{R). 
We  are  given  that  K g^  R/I  is  in  D~(R/I)  (because  E*  is  bounded  above).  We 
will  show  by  induction  on  n that  K g^  R/In  is  in  D~  (R/In).  This  will  finish  the 
proof  because  I being  nilpotent  exactly  means  that  In  = 0 for  some  n.  We  may 
represent  K by  a K-flat  complex  K*  with  flat  terms  (Lemma |15.49.10 1 . Then  de- 
rived tensor  products  are  represented  by  usual  tensor  products.  Thus  we  consider 
the  exact  sequence 


0 ->  K*  ®R  /"//"+1  ->  K*  R/I 


n+1 


K'  ®R  R/In  0 


Thus  the  cohomology  of  K g^  R/In+1  sits  in  a long  exact  sequence  with  the  coho- 
mology of  K g^  R/In  and  the  cohomology  of 

k g£  r/r+l  = k g£  r/i  r/in+l 

The  first  cohomologies  vanish  above  a certain  degree  by  induction  assumption 
and  the  second  cohomologies  vanish  above  a certain  degree  because  K*  g^  R/I 
is  bounded  above  and  Jn//n+1  [s  in  degree  0.  □ 


OBCB  Lemma  15.62.4.  Let  R be  a ring.  Let  I C R be  an  ideal.  Let  E * be  a complex  of 
R/ 1 -modules.  Let  K be  an  object  of  D(R).  Assume  that 

(1)  E*  is  a bounded  above  complex  of  finite  stably  free  R/I-modules, 

(2)  K g^  R/I  is  represented  by  E*  in  D(R/I), 

(3)  K * is  pseudo-coherent,  and 

(4)  every  element  of  1 + I is  invertible. 

Then  there  exists  a bounded  above  complex  R*  of  finite  stably  free  R-modules  rep- 
resenting K in  D(R)  such  that  P * g rR/I  is  isomorphic  to  E* . Moreover,  if  El  is 
free,  then  P%  is  free. 


Proof.  We  apply  Lemma  15.62.2  using  the  class  V of  all  finite  stably  free  R- 
modules.  Property  (1)  of  the  lemma  is  immediate.  Property  (2)  follows  from 
Property  (3)  follows  from  Nakayama’s  lemma  (Algebra,  Lemma 


Lemma  15.3.2 


10.19.1).  Property  (4)  follows  from  the  fact  that  we  can  lift  finite  stably  free  R/I- 
modules  to  finite  stably  free  A-modules,  see  Lemma  15.3.3  Part  (5)  holds  because 


a pseudo-coherent  complex  can  be  represented  by  a bounded  above  complex  of  finite 
free  .R-modules.  The  final  assertion  of  the  lemma  follows  from  Lemmari5.3.4l  □ 


OBCC 


Lemma  15.62.5.  Let  (R,  m,  n)  be  a local  ring.  Let  K £ D(R)  be  pseudo-coherent. 
Set  di  = dimre  Hl{K  g^  k).  Then  di  < oo  and  for  some  b £ Z we  have  d,  = 0 for 
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i > b.  Then  there  exists  a complex 

...->•  R®dfc-2  R®d <>-1  R®d*>  0 -)•  . . . 

representing  K in  D(R). 

Proof.  Observe  that  K (g^  n is  pseudo-coherent  as  an  object  of  D(k),  see  Lemma 
|15. 54.12|  Hence  the  cohomology  spaces  are  finite  dimensional  and  vanish  above 
some  cutoff.  Every  object  of  D(k)  is  isomorphic  in  D(n ) to  a complex  E*  with  zero 
differentials.  In  particular  El  = k 
obtain  the  desired  result. 


is  finite  free.  Applying  Lemma 


15.62.4 


we 

□ 


OBCD 


Lemma  15.62.6.  Let  R be  a ring.  Let  p C R be  a prime.  Let  K £ D{R)  be 
perfect.  Set  di  = dimK(p)  Hl(K  (g^  re(p)).  Then  di  < oo  and  only  a finite  number 
are  nonzero.  Then  there  exists  an  f £ R,  f ^ p and  a complex 


-)•  0 


E>®da 


D®“a+1 


R ' 


f 


0 


representing  K g^  Rf  in  D(Rf). 

Proof.  Observe  that  K g^  n(p)  is  perfect  as  an  object  of  D(k( p)),  see  Lemma 
|15.61.9|  Hence  only  a finite  number  of  di  are  nonzero  and  they  are  all  finite. 
Applying  Lemma|l5.62.5  we  get  a complex  representing  I\  having  the  desired  shape 
over  the  local  ring  Rp.  We  have  Rp  = colimR/  for  f £ A,  f £ p (Algebra,  Lemma 
10.9.9).  We  conclude  by  Lemma  15.61.16  Some  details  omitted.  □ 


OBCE  Lemma  15.62.7.  Let  R be  a ring.  Let  I C R be  an  ideal.  Let  E * be  a complex  of 
R/ 1 -modules.  Let  K be  an  object  of  D(R).  Assume  that 

(1)  E * is  a bounded  above  complex  of  finite  projective  R/ 1 -modules, 

(2)  K (gjj  R/I  is  represented  by  E*  in  D(R/I), 

(3)  K is  pseudo-coherent,  and 

(4)  ( R , I ) is  a henselian  pair. 

Then  there  exists  a bounded  above  complex  P * of  finite  projective  R-modules  repre- 
senting K in  D(R)  such  that  P * (gjj  R/I  is  isomorphic  to  E* . Moreover,  if  El  is 
free,  then  Pl  is  free. 


Proof.  We  apply  Lemma  |15.62.2  using  the  class  V of  all  finite  projective  R- 
modules.  Properties  (1)  and  (2)  of  the  lemma  are  immediate.  Property  (3)  follows 
from  Nakayama’s  lemma  (Algebra,  Lemma  10.19.1).  Property  (4)  follows  from  the 
fact  that  we  can  lift  finite  projective  A/l-modules  to  finite  projective  f?-modules, 
observe  that  since  ( R , I)  is  a henselian  pair,  any  etale  ring 
R'  such  that  R/I  = R'/IR ' has  a section.  Part  (5)  holds  because  a 


see  Lemma  15.7.10 
map  R 

pseudo-coherent  complex  can  be  represented  by  a bounded  above  complex  of  finite 
free  .R-modules.  The  final  assertion  of  the  lemma  follows  from  Lemma  115.3.41  □ 


15.63.  Splitting  complexes 

OBCF  In  this  section  we  discuss  conditions  which  imply  an  object  of  the  derived  category 
of  a ring  is  a direct  sum  of  its  truncations.  Our  method  is  to  use  the  following 
lemma  (under  suitable  hypotheses)  to  split  the  canonical  distinguised  triangles 

r<,;A-  ->  AT*  -4  r>i+1AT*  ->  (t^AT*)^] 
in  D(R),  see  Derived  Categories,  Remark  13.12.4| 
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OBCG  Lemma  15.63.1.  Let  R be  a ring.  Let  K * and  A*  be  complexes  of  R-modules 
such  that  L * is  perfect  of  tor-amplitude  in  [a,  b] . 

(1)  IfH\K •)  = 0 fori>a,  then  Horn D(R)(L\Ka)  = 0. 

(2)  If  Hl(K*)  = 0 for  i > a + 1,  then  given  any  distinguished  triangle  K * — » 
M * — » A*  — * A'*[l]  t/iere  is  an  isomorphism  M*  = A'*  © A*  m A>(A) 
compatible  with  the  maps  in  the  distinguished  triangle. 

(3)  If  Hl(K*)  = 0 for  i > a,  then  the  isomorphism  in  (2)  exists  and  is  unique. 


Proof.  We  may  assume  A*  is  a finite  complex  of  finite  free  A-modules  with  Az  = 0 
for  i qL  [a,  b\,  see  Lemma  15.61.2  If  Hl{K *)  = 0 for  i > a,  then  AT*  is  quasi- 
isomorphic to  hence  we  may  assume  that  Kl  = 0 for  i > a.  Then  we 

obtain 

Hom£)(fi)  (A*,  A")  = Hom*(fl)  (A*,  if*)  = 0 
by  Derived  Categories,  Lemma  [13. 19. 8|  This  proves  (1).  Under  the  hypotheses  of 
(2)  we  see  that  HomD(^(A’,  AT*[1])  = 0 by  (1),  hence  the  distinguished  triangle 
is  split  by  Derived  Categories,  Lemma  13.4.10  The  uniqueness  of  (3)  follows  from 
(1).  □ 


0A1U  Lemma  15.63.2.  Let  R be  a ring.  Let  p C R be  a prime  ideal.  Let  A'*  be  a 
pseudo-coherent  complex  of  R-modules.  Assume  that  for  some  i £ Z the  map 

Hj (K* ) ®R  k( p)  — > H\I<*  ©^  K(p)) 

is  surjective.  Then  there  exists  an  f £ R,  f ^ p such  that  r>i+i(A'*  <S>r  Rf) 
is  a perfect  object  of  D{Rf)  with  tor  amplitude  in  [i  + l,oo].  Thus  a canonical 
isomorphism 

A*  Rf  = r<i(K * Rf)  © r>i+i(A*  Rf) 

in  D(Rf). 


Proof.  In  this  proof  all  tensor  products  are  over  R and  we  write  k = n(p).  We 
may  assume  that  A'*  is  a bounded  above  complex  of  finite  free  A-modules.  Let  us 
inspect  what  is  happening  in  degree  i: 

A'i_1  ATi  ^ Ki+l  -^  ... 


Let  0 C V C W C A'1  © k be  defined  by  the  formulas 

V = Im  ( K l~1  ©/«—>■  Kl  © k)  and  W = Ker  (A"*  © n — > Kl+1  © n) 

Set  dim(U)  = r,  dim(W/V)  = s,  and  dim(ATi©«;/W/)  = t.  We  can  pick  aq, . . . , xr  € 
AT1-1  which  map  by  d l~1  to  a basis  of  V.  By  our  assumption  we  can  pick  yi,.. . ,ys  £ 
Kerfcf ) mapping  to  a basis  of  W/V.  Finally,  choose  £ Kl  mapping  to 

a basis  of  Kl  © k/W.  Then  we  see  that  the  elements  d%(z\), . . . , dl(zt)  £ Kl+1 
are  linearly  independent  in  Kl+1  ©^ j k.  By  Algebra,  Lemma  10.78.3  we  may  after 
replacing  R by  Rf  for  some  / £ A,  / ^ p assume  that 

(1)  dl(xa),yb,  zc  is  an  A-basis  of  Kl , 

(2)  dl(z\), . . . , dl{zt)  are  A-linearly  independent  in  Kl+1 , and 

(3)  the  quotient  El+1  = Kz+1  / ^ Rd‘(zc)  is  finite  projective. 

Since  dl  annihilates  dl~1(xa)  and  y^,  we  deduce  from  condition  (2)  that  El+1  = 
Coker(cf  : Kl  — > Kl+1).  Thus  we  see  that 

T>i+1AT*  = (. . . -»•  0 -¥  Ei+1  -»•  Ki+2  ->...) 
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0A1V 


is  a bounded  complex  of  finite  projective  modules  sitting  in  degrees  [z+1,  6]  for  some 
b.  Thus  r>i+iK*  is  perfect  of  amplitude  [i  + 1,6].  Since  T<jAT*  has  no  cohomology 
in  degrees  > i,  we  may  apply  Lemma|l5.63.1|to  the  distinguished  triangle 


r<iK * ->  K*  t>1+1K * (T<iKm)[l] 


(Derived  Categories,  Remark  13.12.4)  to  conclude. 


□ 


Lemma  15.63.3.  Let  R be  a ring.  Let  p C R be  a prime  ideal.  Let  K * be  a 
pseudo-coherent  complex  of  R-modules.  Assume  that  for  some  RZ  the  maps 

i?i(AT*)0flK(p)  — » H\K*^k(p))  and  p)  — > H1-1  {K*  p)) 


are  surjective.  Then  there  exists  an  f £ R,  f qL  p such  that 

(!)  t>  i+i(K*  ®R  Rf)  is  a perfect  object  of  D(Rf)  with  tor  amplitude  in  [i  + 
l,oo], 

(2)  Hl(K*)f  is  a finite  free  Rf -module,  and 

(3)  there  is  a canonical  direct  sum  decomposition 

K*  ®R  Rf  “ r<i-1(Ka  ®R  Rf)  © r>i+1{K * ®R  Rf) 

in  D(Rf). 


Proof.  We  get  (1)  from  Lemma  15.63.2  as  well  as  a splitting  K*®RRf  = t<iK*®r 
Rf®T>i+1K-®RRf  in  D(Rf).  Applying  Lemma  15.63.2|once  more  to  T<iK'®RRf 
we  obtain  (after  suitably  choosing  /)  a splitting  r<iK * ®R  Rf  = T<i-\K*  ®R  Rf  0 
Hz(K*)f  in  D(Rf)  as  well  as  the  conclusion  that  Hl(K)f  is  a flat  perfect  module, 
i.e.,  finite  projective.  □ 


068U  Lemma  15.63.4.  Let  R be  a ring.  Let  p C R be  a prime  ideal.  Let  i £ Z.  Let  K * 
be  a pseudo-coherent  complex  of  R-modules  such  that  Hl(K * ©H  ft(p))  = 0.  Then 
there  exists  an  f £ R,  f £ p and  a canonical  direct  sum  decomposition 


K * Rf  = T>i+i(K * ®R  Rf)  0 r<j_i(A*  ®R  Rf) 

in  D{Rf)  with  r>i+1(A'*  Rf)  a perfect  complex  with  tor-amplitude  in  [ i + 1,  oo]. 


Proof.  This  is  an  often  used  special  case  of  Lemma  15.63.2 
as  follows. 


A direct  proof  is 

We  may  assume  that  AT*  is  a bounded  above  complex  of  finite  free 
A-modules.  Let  us  inspect  what  is  happening  in  degree  i: 

...->•  IC-2  ->•  R®1  R®m  -s-  R®n  Ki+2  -^  ... 


Let  A be  the  m x l matrix  corresponding  to  A'*-1  — > K‘  and  let  B be  the  n x m 
matrix  corresponding  to  Kl  — > Kl+1.  The  assumption  is  that  A mod  p has  rank  r 
and  that  B mod  p has  rank  m — r.  In  other  words,  there  is  some  r x r minor  a of 
A which  is  not  in  p and  there  is  some  (m  — r)  x (m  — r)-minor  6 of  B which  is  not 
in  p.  Set  / = ab.  Then  after  inverting  / we  can  find  direct  sum  decompositions 
A"1-1  = R®l~r  © R®r,  AT*  = R®r  0 R®m~r,  Ki+1  = R®m~r  © R®n-m+r  guch  that 

the  module  map  AT*-1  — ?•  K1  kills  of  R®l~r  and  induces  an  isomorphism  of  R®r  onto 
the  corresponding  summand  of  AT*  and  such  that  the  module  map  Kl  — > Kl+1  kills 
of  R®r  and  induces  an  isomorphism  of  R®m~r  onto  the  corresponding  summand  of 
I\l+1.  Thus  AT*  becomes  quasi- isomorphic  to 

...-»•  Rh~2  -»■  R®l~r  0 ->  R®n~m+r  Ki+2  -)•  . . . 


and  everything  is  clear. 


□ 
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068V  Lemma  15.63.5.  Let  R be  a ring.  Let  a,b  £ Z.  Let  AT*  be  a pseudo-coherent 
complex  of  R-modules.  The  following  are  equivalent 

(1)  K * is  perfect  with  tor  amplitude  in  [a,  b], 

(2)  for  every  prime  p we  have  Hl(K * g^  «(p))  = 0 for  all  i £ [a,  b],  and 

(3)  for  every  maximal  ideal  m we  have  Hl{K * g^  k(tti))  = 0 for  all  i qL  [a,  b\. 


Proof.  We  omit  the  proof  of  the  implications  (1)  =>•  (2)  =>  (3).  Assume  (3).  Let 
i 6 Z with  i ^ [a,  b\.  By  Lemma  15.63.4  we  see  that  the  assumption  implies  that 
Hl(K*)m  = 0 for  all  maximal  ideals  of  R.  Hence  Hl{K *)  = 0,  see  Algebra,  Lemma 
10.23.1|  Moreover,  Lemma  15.63.4|  now  also  implies  that  for  every  maximal  ideal 
m there  exists  an  element  f € R,  f £ m such  that  K*  g#  Rf  is  perfect  with 
tor  amplitude  in  [a,  b].  Hence  we  conclude  by  appealing  to  Lemmas  15.61.11  and 
115.55.151  □ 


068W  Lemma  15.63.6.  Let  R be  a ring.  Let  K*  be  a pseudo-coherent  complex  of  R- 
modules.  Consider  the  following  conditions 

(1)  K*  is  perfect, 

(2)  for  every  prime  ideal  p the  complex  AT*  g#  Rv  is  perfect, 

(3)  for  every  maximal  ideal  m the  complex  K*  g#  Rm  is  perfect, 

(4)  for  every  prime  p we  have  Hl(Km  g^  /c(p))  = 0 for  all  !<C0, 

(5)  for  every  maximal  ideal  m we  have  Hl(K*  g^  ft(m))  = 0 for  all  iCO. 
We  always  have  the  implications 

(1)  =►  (2)  ^ (3)  ^ (3)  (4)  ^ (5) 


If  K*  is  in  D ( R ),  then  all  conditions  are  equivalent. 


Proof.  By  Lemma  15.61.9  we  see  that  (1)  implies  (2).  It  is  immediate  that  (2) 

(3).  Since  every  prime  p is  contained  in  a maximal  ideal  m,  we  can  apply  Lemma 
to  the  map  R] 


15.61.9 


Rv  to  see  that  (3)  implies  (2).  Applying  Lemma 


to  the  residue  maps  Rv  n(p)  and  R„ 
implies  (5). 


15.61.9 


K.(m)  we  see  that  (2)  implies  (4)  and  (3) 


Assume  R is  local  with  maximal  ideal  m and  residue  field  n.  We  will  show  that  if 
HZ(K*  gL  k)  = 0 for  i < a for  some  a,  then  AT  is  perfect.  This  will  show  that  (4) 
implies  (2)  and  (5)  implies  (3)  whence  the  first  part  of  the  lemma.  First  we  apply 
Lemma  15.63.4  with  i = a — 1 to  see  that  AT*  = r<a_iA'*  ® r>aK * in  D(R)  with 
r>aA'*  perfect  of  tor-amplitude  contained  in  [a,  oo].  To  finish  we  need  to  show  that 
r<a-iK  is  zero,  i.e.,  that  its  cohomology  groups  are  zero.  If  not  let  i be  the  largest 
index  such  that  M = FP(t<0_i K)  is  not  zero.  Then  M is  a finite  A-module  because 
r<a-iK*  is  pseudo-coherent  (Lemmas  15.54.3  and  15.54.8).  Thus  by  Nakayama’s 
lemma  (Algebra,  Lemma  10.19.1)  we  find  that  M gjj  k is  nonzero.  This  implies 
that 

fr‘((r<0_ili-)  g^  k)  = H'(K • g£  «) 

is  nonzero  which  is  a contradiction. 


Assume  the  equivalent  conditions  (2)  - (5)  hold  and  that  AT*  is  in  D~{R).  Say 
= 0 for  i < a.  Pick  a maximal  ideal  m of  R.  It  suffices  to  show  there  exists 
an  / € R,  f m such  that  K * g^  Rf  is  perfect  (Lemma  15.61.11  and  Algebra, 
Lemma  10.16.10).  After  possibly  choosing  a smaller  a we  may  assume  that  also 
Hl(K*  gfl  k)  = 0 for  i < a.  By  Lemma  15.63.4 


after  replacing  R by  Rf  for  some 
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/ £ R,  f $ m we  can  write  Km  = T<a-;i  K*  © r>aK * in  D(R).  Since  Hl(K *)  = 0 
for  i < a we  see  that  = 0 in  D(R ) as  desired.  □ 

The  following  lemma  useful  in  order  to  find  perfect  complexes  over  a polynomial 
ring  B = A[x i, . . .,xd\. 

Lemma  15.63.7.  Let  A — ► B be  a ring  map.  Let  a,b  £ Z.  Let  d > 0.  Let  K * be 
a complex  of  B -modules.  Assume 

(1)  the  ring  map  A — ► B is  flat, 

(2)  for  every  prime  p C A the  ring  B ©a  /c(p)  has  finite  global  dimension  < d, 

(3)  K * is  pseudo-coherent  as  a complex  of  B -modules,  and 

(4)  K * has  tor  amplitude  in  [a,  b]  as  a complex  of  A-modules. 

Then  K * is  perfect  as  a complex  of  B -modules  with  tor  amplitude  in  [a  — d,b\. 

Proof.  We  may  assume  that  K*  is  a bounded  above  complex  of  finite  free  13- 
modules.  In  particular,  K*  is  flat  as  a complex  of  A-modules  and  K * ©a  M = 
K*  M for  any  A-module  M.  For  every  prime  p of  A the  complex 

Km  ©a  «(p) 

is  a bounded  above  complex  of  finite  free  modules  over  B ©a  re(p)  with  vanishing 
Hl  except  for  i £ [a,  b\.  As  B ©a  k(p)  has  global  dimension  d we  see  from  Lemma 


15.55.17  that  K*  ©^  k(p)  has  tor  amplitude  in  [a  — d,  b}.  Let  q be  a prime  of  B lying 


over  p.  Since  lv*  ©^  n(p)  is  a bounded  above  complex  of  free  B ©^  «(p)-modules 
we  see  that 


K * 


Hence  the  arguments  above  imply  that  Hl(Km 
conclude  by  Lemma  [15.63.5[ 


b K(n)  = K * ®b  «(q) 

= (K*  ©A  k(p))  ®b®ak(p)  K(q) 

= (K*  ©a  «(p))  «(q) 

^ «(q))  = 0 for  i ^ [a  — d,  b\.  We 

□ 


09PC 


The  following  lemma  is  a local  version  of  Lemma  |15.63.7|  It  can  be  used  to  find 
perfect  complexes  over  reglar  local  rings. 

Lemma  15.63.8.  Let  A — » 13  be  a local  ring  homomorphism.  Let  a,b  £ Z.  Let 
d > 0.  Let  K * be  a complex  of  B -modules.  Assume 

(1)  the  ring  map  A — » 13  is  flat, 

(2)  the  ring  B/mAB  is  regular  of  dimension  d, 

(3)  K*  is  pseudo-coherent  as  a complex  of  B -modules,  and 

(4)  K * has  tor  amplitude  in  [a,  b]  as  a complex  of  A-modules,  in  fact  it  suffices 
if  Hl(K*  ©^  K(rriA))  is  nonzero  only  for  i £ [a,  b\. 

Then  K%  is  perfect  as  a complex  of  B -modules  with  tor  amplitude  in  [a  — d,  b]. 

Proof.  By  (3)  we  may  assume  that  K * is  a bounded  above  complex  of  finite  free 
13-modules.  We  compute 

K*  ©g  K(ms)  = I<*  ©b  K(ms) 

= (K*  ©A  k(iTIa))  ®B/mAB  k(hIb) 

= iK * K{mA))  ®B/mAB  «(ms) 
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The  first  equality  because  K * is  a bounded  above  complex  of  flat  R-modules.  The 
second  equality  follows  from  basic  properties  of  the  tensor  product.  The  third 
equality  holds  because  K*  ®a  /v(m^)  = K* /vhaK*  is  a bounded  above  complex  of 
flat  B/myiB-modules.  Since  K * is  a bounded  above  complex  of  flat  A-modules  by 
(1),  the  cohomology  modules  Hl  of  the  complex  K * (g> a ^(rrci)  are  nonzero  only  for 
i £ [a,  b]  by  assumption  (4).  Thus  the  spectral  sequence  of  Example  15.52.1  and  the 
fact  that  B/mAB  has  finite  global  dimension  d (by  (2)  and  Algebra,  Proposition 

^ s(mfl))  is  zero  for  j qL  [a  — d,b\.  This  finishes  the 

□ 


10.109.1 1 shows  that  H^{K* 
proof  by  Lemma  15.63.5| 
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07LQ  In  this  section  we  prove  that  the  perfect  complexes  are  exactly  the  compact  objects 
of  the  derived  category  of  a ring.  First  we  show  the  following. 

OATI  Lemma  15.64.1.  Let  R be  a ring.  The  full  subcategory  Dperf(R)  C D(R)  of 
perfect  objects  is  the  smallest  strictly  full,  saturated,  triangulated  subcategory  con- 
taining R = 7?. [0] . In  other  words  Dperf(R)  = (R).  In  particular,  R is  a classical 
generator  for  Dperf(R). 

Proof.  To  see  what  the  statement  means,  please  look  at  Derived  Categories,  Def- 
initions 113.6.11  and  113.33.21  It  was  shown  in  Lemmas  115.61.41  and  115.61.51  that 
Dperf(R)  C D(R)  is  a strictly  full,  saturated,  triangulated  subcategory  of  D(R). 
Of  course  R £ Dperf(R). 

Recall  that  (R)  = (J (R)n.  To  finish  the  proof  we  will  show  that  if  M £ Dperf(R ) 
is  represented  by 

. . . ->  0 Ma  -A  Ma+l  Mb  0 -)•  . . . 

with  M*  finite  projective,  then  M £ (R)b_a+ i-  The  proof  is  by  induction  on  b — a. 
By  definition  (R)i  contains  any  finite  projective  R- module  placed  in  any  degree; 
this  deals  with  the  base  case  b — a = 1 of  the  induction.  In  general,  we  consider  the 
distinguished  triangle 

Mb[-b\  ->•  M*  ->  cr<b_iM*  ->•  Mb[-b  + 1] 

By  induction  the  truncated  complex  is  in  (R) b_a  and  Mb[—b]  is  in  (R)i- 

Hence  M * £ (R)b_a+ 1 by  definition.  □ 


Let  R be  a ring.  Recall  that  D(R)  has  direct  sums  which  are  given  simply  by  taking 
direct  sums  of  complexes,  see  Derived  Categories,  Lemma  13.31.2|  We  will  use  this 
in  the  lemmas  of  this  section  without  further  mention. 


07LR  Lemma  15.64.2.  Let  R be  a ring.  Let  K £ D(R)  be  an  object  such  that  for  every 
countable  set  of  objects  En  £ D(R)  the  canonical  map 

Hom^/^AT,  En)  — » HoniD^^A,  En) 

is  a bijection.  Then,  given  any  system  L*n  of  complexes  over  N we  have  that 
colimHom D{R)(K,L*n)  — > Horn D(R)(K,L*) 
is  a bijection,  where  L*  is  the  termwise  colimit,  i.e.,  Lm  = colimL™  for  all  m £ Z. 
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Proof.  Consider  the  short  exact  sequence  of  complexes 

0 ->•  (£)  I/*  ->  (J)  L*n  -+  L*  -)•  0 

where  the  first  map  is  given  by  1 — tn  in  degree  n where  tn  : A*  -A  L*  , is  the 
transition  map.  By  Derived  Categories,  Lemma  |13.12.1|  this  is  a distinguished 
triangle  in  D(R).  Apply  the  homological  functor  HomD(fl)(A",-),  see  Derived 
Categories,  Lemma[i3.4.2|  Thus  a long  exact  cohomology  sequence 


HornD(R)  (A,  colim  L*n  [- 1] ) 


HomB(R)(A,©A*[l]) 


Since  we  have  assumed  that  Honing)  (A,  0 L*)  is  equal  to  ®HomD(Ji)(A',L') 
we  see  that  the  first  map  on  every  row  of  the  diagram  is  injective  (by  the  explicit 
description  of  this  map  as  the  sum  of  the  maps  induced  by  1 — tn).  Hence  we 
conclude  that  Homcjjj)  (AT,  colim  A*)  is  the  cokernel  of  the  first  map  of  the  middle 
row  in  the  diagram  above  which  is  what  we  had  to  show.  □ 


The  following  proposition,  characterizing  perfect  complexes  as  the  compact  objects 
(Derived  Categories,  Definition  13.34.1 ) of  the  derived  category,  shows  up  in  various 
places.  See  for  example  [Ric89b[  proof  of  Proposition  6.3]  (this  treats  the  bounded 
case),  TT90  Theorem  2.4.3]  (the  statement  doesn’t  match  exactly),  and  jBN931 
Proposition  6.4]  (watch  out  for  horrendous  notational  conventions). 


07LT  Proposition  15.64.3.  Let  R be  a ring.  For  an  object  K of  D{R)  the  following 
are  equivalent 

(1)  A is  perfect,  and 

(2)  A is  a compact  object  of  D(R). 


Proof.  Assume  A is  perfect,  i.e.,  A is  quasi-isomorphic  to  a bounded  complex 
P*  of  finite  projective  modules,  see  Definition  |15.61.1|  If  A is  represented  by 
the  complex  E * , then  0 A is  represented  by  the  complex  whose  degree  n term  is 
0 A".  On  the  other  hand,  as  Pn  is  projective  for  all  n we  have  Homfl(fi)  (P*,  A*)  = 
Hoiiift-fB) (P* , K * ) for  every  complex  of  P-modules  A'*,  see  Derived  Categories, 
Lemma[l3.19.8  Thus  Homfl(B)(P',  A*)  is  the  cohomology  of  the  complex 

]^[  Homfl(Pn,  A”-1)  ->  I]H0mfl(Pn,An)  ->  []  RomR(Pn,  En+1). 


Since  P*  is  bounded  we  see  that  we  may  replace  the  Jj  signs  by  0 signs  in  the  com- 
plex above.  Since  each  P"  is  a finite  P-module  we  see  that  Homfl(P",  0?;  A™)  = 
0.  Hom/j(Pn,  A™)  for  all  n,m.  Combining  these  remarks  we  see  that  the  map  of 
Derived  Categories,  Definition  |13. 34.11  is  a bijection. 

Conversely,  assume  K is  compact.  Represent  A by  a complex  K*  and  consider  the 
map 

A*  — > 0 r>„A* 

n>  0 — 
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where  we  have  used  the  canonical  truncations,  see  Homology,  Section  [12.13|  This 
makes  sense  as  in  each  degree  the  direct  sum  on  the  right  is  finite.  By  assumption 
this  map  factors  through  a finite  direct  sum.  We  conclude  that  K — ► r>nK  is  zero 
for  at  least  one  n,  i.e. , I\  is  in  D~(R). 


Since  K £ D~(R)  and  since  every  i?-module  is  a quotient  of  a free  module,  we 
may  represent  K by  a bounded  above  complex  K*  of  free  iJ-modules,  see  Derived 
Categories,  Lemma[l3.16.5|  Note  that  we  have 


KU  = U „ o>nK' 


where  we  have  used  the  stupid  truncations,  see  Homology,  Section[l2.13[  Hence  by 
Lemma  15.64.2  we  see  that  1 : K*  — > K*  factors  through  cr>nK*  —>  K*  in  D(R). 
Thus  we  see  that  1 : K*  -A  K*  factors  as 


K* 


L% 


K* 


in  D(R)  for  some  complex  Lm  which  is  bounded  and  whose  terms  are  free  i+modules. 
Say  L1  = 0 for  * £ [a,  b ].  Fix  a,  b from  now  on.  Let  c be  the  largest  integer  <6+1 
such  that  we  can  find  a factorization  of  Ik • as  above  with  Ll  is  finite  free  for  i < c. 
We  will  show  by  induction  that  c = b + 1.  Namely,  write  Lc  = 0AgAl?.  Since 
Lc_1  is  finite  free  we  can  find  a finite  subset  A'  C A such  that  Lc_1  -+  Lc  factors 
through  ©AgA/  R C Lc.  Consider  the  map  of  complexes 


given  by  the  projection  onto  the  factors  corresponding  to  A \ A'  in  degree  i.  By 
our  assumption  on  K we  see  that,  after  possibly  replacing  A'  by  a larger  finite 
subset,  we  may  assume  that  7r  o p = 0 in  D(R).  Let  ( L ')*  C L*  be  the  kernel 
of  7T.  Since  7i  is  surjective  we  get  a short  exact  sequence  of  complexes,  which 
gives  a distinguished  triangle  in  D(R)  (see  Derived  Categories,  Lemma  13.12.11. 
Since  Honi£>(fl)(A',  — ) is  homological  (see  Derived  Categories,  Lemma  13.4.2)  and 
7r  o ip  = 0,  we  can  find  a morphism  tp'  : K*  -+  ( L ')*  in  D(R)  whose  composition 
with  ( L ')*  -+  L*  gives  ip.  Setting  ip’  equal  to  the  composition  of  ip  with  (L')%  -+  L * 
we  obtain  a new  factorization.  Since  ( L ')*  agrees  with  L*  except  in  degree  c and 
since  ( L')c  = 0AgA/  R the  induction  step  is  proved. 


The  conclusion  of  the  discussion  of  the  preceding  paragraph  is  that  Ik  ■ K -A  I\ 
factors  as 


K 


K 


in  D(R)  where  L can  be  represented  by  a finite  complex  of  free  A-modules.  In 
particular  we  see  that  L is  perfect.  Note  that  e = ip  o ip  £ End£>(fl)(L)  is  an 
idempotent.  By  Derived  Categories,  Lemma  13.4.12  we  see  that  L = Ker(e)  © 
Ker(l  — e).  The  map  ip  : K L induces  an  isomorphism  with  Ker(l  — e)  in  D(R). 
Hence  we  finally  conclude  that  K is  perfect  by  Lemma[l5.61.5|  □ 


07LU  Lemma  15.64.4.  Let  R be  a ring.  Let  I C R be  an  ideal.  Let  K be  an  object  of 
D(R).  Assume  that 

(1)  K (g>^2  R/I  is  perfect  in  D(R/I),  and 

(2)  I is  a nilpotent  ideal. 

Then  K is  perfect  in  D{R). 
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projective  f?-modules.  □ 


09AS  Lemma  15.64.5.  Let  R be  a ring.  Let  I,  J C R be  ideals.  Let  K be  an  object  of 
D(R).  Assume  that 

(1)  K R/I  is  perfect  in  D(R/I),  and 

(2)  K ©^  R/ J is  perfect  in  D(R/  J). 

Then  K ©^  R/IJ  is  perfect  in  D(R/IJ). 

Proof.  It  is  clear  that  we  may  assume  replace  R by  R/IJ  and  K by  K ©^  R/IJ . 
Then  R — »•  R/{IC\  J)  is  a surjection  whose  kernel  has  square  zero.  Hence  by  Lemma 

that  I n J = 0. 


15.64.4 


it  suffices  to  prove  that  K ©^  R/{I  D J)  is  perfect.  Thus  we  may  assume 


We  prove  the  lemma  in  case  / D J = 0.  First,  we  may  represent  K by  a K-flat 
complex  K * with  all  I\n  flat,  see  Lemma |l5.49.10|  Then  we  see  that  we  have  a 
short  exact  sequence  of  complexes 


0 — 5>  K*  -A  K* /IK*  © K*/JK*  ->  K*/(I  + J)K*  ->  0 


Note  that  K* /IK*  represents  K ©^  R/I  by  construction  of  the  derived  tensor 
product.  Similarly  for  K* / JK*  and  K* /(I  + J)K* . Note  that  K* /(/  + J)K*  is  a 
perfect  complex  of  R/(I  + J)-modules,  see  Lemma  [15.61.9  Hence  the  complexes 
K* /IK*,  and  K* / JK*  and  K* /(I  + J)I\*  have  finitely  many  nonzero  cohomology 


groups  (since  a perfect  complex  has  finite  Tor-amplitude,  see  Lemma  15.61.2 ) . We 
conclude  that  K £ Db{R)  by  the  long  exact  cohomology  sequence  associated  to 
short  exact  sequence  of  complexes  displayed  above.  In  particular  we  assume  K* 
is  a bounded  above  complex  of  free  f?-modules  (see  Derived  Categories,  Lemma 
13.16.5). 


We  will  now  show  that  K is  perfect  using  the  criterion  of  Proposition  |15.64.3| 
Thus  we  let  Ej  £ D{R)  be  a family  of  objects  parametrized  by  a set  J.  We  choose 
complexes  E*  with  flat  terms  representing  Ej,  see  for  example  Lemma  15.49.10  It 
is  clear  that 


0 E*/IE*  © E*/JE*  -►  E*/(I  + J)E*  0 

is  a short  exact  sequence  of  complexes.  Taking  direct  sums  we  obtain  a similar 
short  exact  sequence 

0 ->  0 E*  0 E*/IE*  © E*/JE*  ->  0 E*/(I  + J)E*  -A  0 


(Note  that  — ©>#  R/I  commutes  with  direct  sums.)  This  short  exact  sequence  de- 


termines a distinguished  triangle  in  D(R),  see  Derived  Categories,  Lemma  13.12.1 


Apply  the  homological  functor  Hom^^^Ff,  — ) (see  Derived  Categories,  Lemma 
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13.4.2 ) to  get  a commutative  diagram 


®ttomD{R)(K\E‘/(I  + J))[-l] 


Horn D{R)(K\®  E'/{I  + J))[-l] 


© HomD(fl)  (K* , E* /I  © m J)  [-1] HomD(fi)  [K\  © E]jl  © E*  / J)  [-1] 


©Horn  d{r)(K\E;) 


Horn  d{r)(K*,®E') 


© Horn d[r)(K\E; /I  © E'/J^^M HomD(fl) (if*, © E'/I  © E* / J) 


© HomD(fl)  (K*,E* /(I  + J)) HomD(R) (**,  © E'/{I  + J)) 


with  exact  columns.  It  is  clear  that,  for  any  complex  E * of  R-modules  we  have 


Horn  d{r){K\E'/I)  = Horn  k{r)(K*  , E* /I) 

= KomK(R/I)(K*/IK\Eyi) 
= KornD{R/I)(Km/IKm,Em/I) 


and  similarly  for  when  dividing  by  J or  I + J,  see  Derived  Categories,  Lemma 
|13.19.8|  Derived  Categories.  Thus  all  the  horizontal  arrows,  except  for  possibly  the 
middle  one,  are  isomorphisms  as  the  complexes  K* /IK* , K* /JK*,  K*/(I  + J)K* 
are  perfect  complexes  of  R/I , R/J,  R/(I  + ©-modules,  see  Proposition |15. 64 13  It 
follows  from  the  5-lemma  (Homology,  Lemma  12.5.201  that  the  middle  map  is  an 
isomorphism  and  the  lemma  follows  by  Proposition  15.64.3|  □ 


15.65.  Relatively  finitely  presented  modules 

0659  Let  R be  a ring.  Let  A — > B be  a finite  map  of  finite  type  R.-algebras.  Let  M be  a 
finite  R-module.  In  this  case  it  is  not  true  that 

M of  finite  presentation  over  BoMof  finite  presentation  over  A 

A counter  example  is  R = k[xi,  X2, 23, . . .],  A = R,  B = R/{xi),  and  M = B.  To 
“fix”  this  we  introduce  a relative  notion  of  finite  presentation. 

05GY  Lemma  15.65.1.  Let  R ^ A be  a ring  map  of  finite  type.  Let  M be  an  A-module. 
The  following  are  equivalent 

(1)  for  some  presentation  a : R[x\, . . . ,xn ] — > A the  module  M is  a finitely 
presented  R[a;i, . . . , xn\-module, 

(2)  for  all  presentations  a : R[x\, . . . , xn\  — ► A the  module  M is  a finitely 
presented  R[x  1, . . . , xn\-module,  and 

(3)  for  any  surjection  A'  — > A where  A'  is  a finitely  presented  R-algebra,  the 
module  M is  finitely  presented  as  A' -module. 

In  this  case  M is  a finitely  presented  A-module. 
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Proof.  If  a : R[x\, . . . , xn]  -A  A and  ft  : R[y\, . . . ,ym\  -A  A are  presentations. 
Choose  fj  £ R[x i, . . . , xn]  with  a{fj)  = (3(yj)  and  £ R[yu  . . . , ym]  with  /3(gi ) = 
a(xi).  Then  we  get  a commutative  diagram 


R[x  1,  ■ ••  ,xn,yi, . . .,ym] 

Xi^-gt 

Y 

R[yi,---,Vm] 


Vj^fo 


■ R[x i, . . .,xn] 


■ A 


Hence  the  equivalence  of  (1)  and  (2)  follows  by  applying  Algebra,  Lemmas  10.6.4 
and  10.35.21  The  equivalence  of  (2)  and  (3)  follows  by  choosing  a presentation 
A!  = R[x i, . . . , xn\/(fi, . . . , fm ) and  using  Algebra,  Lemma  10.35.21  to  show  that 


Ad  is  finitely  presented  as  A'-module  if  and  only  if  Ad  is  finitely  presented  as  a 
R[x i, . . . , a;„]-module.  □ 


05GZ  Definition  15.65.2.  Let  R — > A be  a finite  type  ring  map.  Let  M be  an  A- 
module.  We  say  Ad  is  an  A-module  finitely  presented  relative  to  R if  the  equivalent 
conditions  of  Lemma  115.65.11  hold. 


Note  that  if  R — >■  A is  of  finite  presentation,  then  Ad  is  an  A-module  finitely 
presented  relative  to  R if  and  only  if  M is  a finitely  presented  A-module.  It  is 
equally  clear  that  A as  an  A-module  is  finitely  presented  relative  to  R if  and  only 
if  A is  of  finite  presentation  over  R.  If  R is  Noetherian  the  notion  is  uninteresting. 
Now  we  can  formulate  the  result  we  were  looking  for. 

05H0  Lemma  15.65.3.  Let  R be  a ring.  Let  A — ► B be  a finite  map  of  finite  type  R- 
algebras.  Let  Ad  be  a B -module.  Then  Ad  is  an  A-module  finitely  presented  relative 
to  R if  and  only  if  Ad  is  a B-module  finitely  presented  relative  to  R. 

Proof.  Choose  a surjection  R[xi, . . . , xn]  — ► A.  Choose  j/i,...,ym  £ B which 
generate  B over  A.  As  A — > B is  finite  each  j/j  satisfies  a monic  equation  with 
coefficients  in  A.  Hence  we  can  find  monic  polynomials  Pj(T ) £ . . . , a;n][T] 

such  that  Pj(yj)  = 0 in  B.  Then  we  get  a commutative  diagram 


R[x i,  • • ■ ,xn] s-  R.[xi, . . . ,xn,yi, . . . ,ym\/(Pj(yj)) 

V 

A s-  B 


Since  the  top  arrow  is  a finite  and  finitely  presented  ring  map  we  conclude  by 
Algebra,  Lemma |10.35.2lj  and  the  definition.  □ 


With  this  result  in  hand  we  see  that  the  relative  notion  makes  sense  and  behaves 
well  with  regards  to  finite  maps  of  rings  of  finite  type  over  R.  It  is  also  stable  under 
localization,  stable  under  base  change,  and  ’’glues”  well. 

065A  Lemma  15.65.4.  Let  R be  a ring,  f £ R an  element,  Rf  — * A is  a finite  type 
ring  map,  g £ A,  and  Ad  an  A-module.  df  Ad  of  finite  presentation  relative  to  Rf, 
then  Adg  is  an  Ag -module  of  finite  presentation  relative  to  R. 

Proof.  Choose  a presentation  Rf[x i, . . . ,xn]  — > A.  We  write  Rf  = R[x0\/(fx 0 — 
1).  Consider  the  presentation  R\x q,Xi,  . . . ,xn,xn+i]  — >•  Ag  which  extends  the 
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given  map,  maps  xq  to  the  image  of  1//,  and  maps  xn+i  to  1/g.  Choose  g'  £ 
R[x o,  Xi, . . . , xn ] which  maps  to  g (this  is  possible).  Suppose  that 

Rf\x  i, . . . ,x„]®s  -A  Rf[x  i, . . . ,x„]et  — s>  M -a  0 

is  a presentation  of  M given  by  a matrix  (hij).  Pick  /iC  £ R[x o,Xi, . . . ,xn\  which 
map  to  hij.  Then 

R[x0,  xi,...,xn,  x„+i]®s+2t  — ► R[x  o,  X!, . . . , xn,  xn+i}m  —>  Mg  -a  0 

is  a presentation  of  Mj.  Here  the  t x (s  + 2 t)  matrix  defining  the  map  has  a first 
txs  block  consisting  of  the  matrix  /|C , a second  txt  block  which  is  (x0f—)It,  and 
a third  block  which  is  (xn+\ g'  — 1 )It.  □ 

065B  Lemma  15.65.5.  Let  R — > A be  a finite  type  ring  map.  Let  M be  an  A-module 
finitely  presented  relative  to  R.  For  any  ring  map  R — > R'  the  A®R  R' -module 

M ®A  A1  = M R! 
is  finitely  presented  relative  to  R' . 

Proof.  Choose  a surjection  R[x i, . . . , xn ] ->  A.  Choose  a presentation 
R[x i, . . . , x„]®s  — > l?[xi, . . . , xn]®1  — )•  M — > 0 

Then 

R'[x i, . . . , x„]®s  -A  R'[x i, . . . , xn]®t  -A  M i?'  — >-  0 
is  a presentation  of  the  base  change  and  we  win.  □ 

0670  Lemma  15.65.6.  Let  R -A  A be  a finite  type  ring  map.  Let  M be  an  A-module 
finitely  presented  relative  to  R.  Let  A —>■  A'  be  a ring  map  of  finite  presentation. 
The  A' -module  M ig)^  A'  is  finitely  presented  relative  to  R. 

Proof.  Choose  a surjection  R[xi, . . . ,xn]  — > A.  Choose  a presentation  A!  = 
A[yi , . ■ . ,ym]/(gi,  ■ ■ ■ ,gi )■  Pick  g[  £ R[x  i, . . . ,xn,yi, ....  ym\  mapping  to  . Say 

R[x i, . . . , xn]  ® A — > R[x i, . . . , xn]®4  — Tf  — > 0 
is  a presentation  of  M given  by  a matrix  (hij).  Then 
R[x  i, . . . , xn,  2/i, . . . , ym\®s+tl  -t  R[%o,  xi,...,xn,yi,..,,  ym]m  -t  M ®A  A!  0 

is  a presentation  of  M g)^  A' . Here  the  t x (s  + It)  matrix  defining  the  map  has  a 
first  txs  block  consisting  of  the  matrix  hij , followed  by  l blocks  of  size  txt  which 
are  gilt.  □ 

065C  Lemma  15.65.7.  Let  R —¥  A — >•  B be  finite  type  ring  maps.  Let  M be  a B-module. 
If  M is  finitely  presented  relative  to  A and  A is  of  finite  presentation  over  R,  then 
M is  finitely  presented  relative  to  R. 

Proof.  Choose  a surjection  A[x i, . . . , xn]  — > B.  Choose  a presentation 
A[x\, . . . , x„]®s  -A  A[x\, . . . , xn ] ® ( -£  M — ¥ 0 
given  by  a matrix  (hij).  Choose  a presentation 

A = R[yi, . . . ,ym\/(gi,  ■ ■ ■ ,gu)- 

Choose  hF  £ R[yi, ..  .,ym,x  i, . . . ,xn]  mapping  to  hij.  Then  we  obtain  the  presen- 
tation 


R[yii  ■ ■ ■ . . . ,xn\®s+tu  R(y!,. ..  1ym,x1,. . . ,xn]0t  ->  M — ^ 0 
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065D 


0671 


0672 


065E 

065F 


where  the  t x (s  + tzi)-matrix  is  given  by  a first  txs  block  consisting  of  h'i:-  followed 
by  u blocks  of  size  t x t given  by  gilt,  i = 1, . . . , u.  □ 

Lemma  15.65.8.  Let  R —¥  A be  a finite  type  ring  map.  Let  M be  an  A-module. 
Let  f\, . . . , fr  £ A generate  the  unit  ideal.  The  following  are  equivalent 

(1)  each  Mf.  is  finitely  presented  relative  to  R,  and 

(2)  M is  finitely  presented  relative  to  R. 

Proof.  The  implication  (2)  =>  (1)  is  in  Lemma  15.65.4  Assume  (1).  Write  1 = 
J2fi9i  in  A.  Choose  a surjection  R[x\, . . . , xn,  yi, . . . , yr,  z\, . . . , zr]  — > A.  such 
that  yt  maps  to  /,;  and  z,;  maps  to  gi-  Then  we  see  that  there  exists  a surjection 


P = R[x  i, 


) %n,  Vl , 


yr,z1,...,zr]/(^2yizi  - 1)  — > A. 


By  Lemma  15.65.1  we  see  that  M y\  is  a finitely  presented  Afi -module,  hence  by 
Algebra,  Lemma  10.23.2|we  see  that  M is  a finitely  presented  A-module.  Hence  M 
is  a hnite  P- module  (with  P as  above).  Choose  a surjection  P®*  — )■  M.  We  have  to 
show  that  the  kernel  K of  this  map  is  a finite  P-module.  Since  PVi  surjects  onto  Aft 


we  see  by  Lemma  15.65.1  and  Algebra,  Lemma  10.5.3  that  the  localization  KVi  is  a 


finitely  generated  PVi -module.  Choose  elements  kij  £ K,  i = 1, ...  ,r,  j = 1, ...  ,Si 
such  that  the  images  of  kh:]  in  Ky.  generate.  Set  K ' C K equal  to  the  P-module 
generated  by  the  elements  kij.  Then  K/ 1\'  is  a module  whose  localization  at  yt  is 
zero  for  all  i.  Since  (t/i, . . . , yr)  = P we  see  that  K / K'  = 0 as  desired.  □ 

Lemma  15.65.9.  Let  R — >•  A be  a finite  type  ring  map.  Let  0 — >•  M’  — »•  M — > 
M"  -A  0 be  a short  exact  sequence  of  A-modules. 

(1)  If  M' , M"  are  finitely  presented  relative  to  R,  then  so  is  M. 

(2)  If  M'  is  a finite  type  A-module  and  M is  finitely  presented  relative  to  R , 
then  M"  is  finitely  presented  relative  to  R. 

Proof.  Follows  immediately  from  Algebra,  Lemma[l0.5.3|  □ 

Lemma  15.65.10.  Let  P — » A be  a finite  type  ring  map.  Let  M,  M’  be  A-modules. 
If  M © M'  is  finitely  presented  relative  to  R,  then  so  are  M and  M' . 

Proof.  Omitted.  □ 

15.66.  Relatively  pseudo-coherent  modules 


This  section  is  the  analogue  of  Section  |15.65|  for  pseudo-coherence. 

Lemma  15.66.1.  Let  R be  a ring.  Let  K*  be  an  object  of  D~(R).  Consider  the 
R-algebra  map  P[a;]  — > R which  maps  x to  zero.  Then 

Km  ®r[x]R  = K‘®K‘[1] 

in  D(R). 

Proof.  Choose  a projective  resolution  P*  — > K * over  R.  Then 

P*  OrP[.t]  A-  P*  Or  R[x] 

is  a double  complex  of  projective  P[cc]-modules  whose  associated  total  complex  is 
quasi-isomorphic  to  P*.  Hence 

K*  R “ Tot(P*  Or  R[x]  A P*  Or  iZ[®])  ®fl[x]  R = Tot (P*  4 P*) 

= P*©P*[1]  “ Km@Km[l] 
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as  desired. 


□ 


065G  Lemma  15.66.2.  Let  R be  a ring  and  K*  a complex  of  R-modules.  Let  m £ Z. 
Consider  the  R-algebra  map  R[a;]  — »•  R which  maps  x to  zero.  Then  K * is  m- 
pseudo-coherent  as  a complex  of  R-modules  if  and  only  if  K*  is  m-pseudo-coherent 
as  a complex  of  R[x\-modules. 

Proof.  This  is  a special  case  of  Lemma[l5.54.11|  We  also  prove  it  in  another  way 
as  follows. 


Note  that  0 — > R[:r]  —>  R[a;]  — > R 


0 is  exact.  Hence  R is  pseudo-coherent  as  an 

To 


R[a;]-module.  Thus  one  implication  of  the  lemma  follows  from  Lemma  15.54.11 


prove  the  other  implication,  assume  that  K * is  m-pseudo-coherent  as  a complex  of 
R[a;]-modules.  By  Lemma  15.54.12  we  see  that  K * R is  m-pseudo-coherent  as 
a complex  of  -R-modules.  By  Lemma  15.66.1  we  see  that  K*  © AT*[1]  is  m-pseudo- 
coherent  as  a complex  of  R-modules.  Finally,  we  conclude  that  K * is  m-pseudo- 
coherent  as  a complex  of  R-modules  from  Lemma  [15.54. 8[  □ 


065H  Lemma  15.66.3.  Let  R — ► A be  a ring  map  of  finite  type.  Let  K * be  a complex 
of  A-modules.  Let  m £ Z.  The  following  are  equivalent 

(1)  for  some  presentation  a : R[x i,...,xn\  — t A the  complex  K * is  an  m- 
pseudo-coherent  complex  of  R[x±, . . . ,xn\-modules, 

(2)  for  all  presentations  a : R[xi, . . . , xn]  —¥  A the  complex  K*  is  an  m- 
pseudo-coherent  complex  of  R[x±, . . . ,xn\-modules. 

In  particular  the  same  equivalence  holds  for  pseudo-coherence. 


Proof.  If  a : R[x  i,...,xn]  — >•  A and  /3  : R[yi,  ■ ■ ■ , ym\  — t A are  presentations. 
Choose  fj  e R[xi, . . . , xn]  with  a(fj)  = P(yj)  and  £ R[y1,  with  /3(gj)  = 

a(Xi).  Then  we  get  a commutative  diagram 


R[x  i,  ...,xn,yi,..  .,ym] — R[x  i, . . . ,xn] 

Xi^gi 

Y 

R[yi,  ■ ■ ■ ,ym ] A 

After  a change  of  coordinates  the  ring  homomorphism  R[xi, . . . , xn,  y i, . . . , ym\  —>• 
R[x i, ...  ,xn)  is  isomorphic  to  the  ring  homomorphism  which  maps  each  yi  to  zero. 
Similarly  for  the  left  vertical  map  in  the  diagram.  Hence,  by  induction  on  the 
number  of  variables  this  lemma  follows  from  Lemma[l5.66.2[  The  pseudo-coherent 
case  follows  from  this  and  Lemma Tl5. 54. 51  □ 


0651  Definition  15.66.4.  Let  R — > A be  a finite  type  ring  map.  Let  K*  be  a complex 
of  A-modules.  Let  M be  an  A-module.  Let  m £ Z. 

(1)  We  say  K * is  m-pseudo-coherent  relative  to  R if  the  equivalent  conditions 
of  Lemma  115.66.31  hold. 

(2)  We  say  K * is  pseudo-coherent  relative  to  R if  Km  is  m-pseudo-coherent 
relative  to  R for  all  m £ Z. 

(3)  We  say  M is  m-pseudo-coherent  relative  to  R if  M[ 0]  is  m-pseudo-coherent. 

(4)  We  say  M is  pseudo-coherent  relative  to  R if  M[0]  is  pseudo-coherent 
relative  to  R. 
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Part  (2)  means  that  Km  is  pseudo-coherent  as  a complex  of  R[x i 
for  any  surjection  R[yi, . . . ,ym\  — ► A,  see  Lemma  15.54.5 
following  pleasing  property. 


, £ra]-modules 
This  definition  has  the 


Lemma  15.66.5.  Let  R be  a ring.  Let  A — ► B be  a finite  map  of  finite  type 
R-algebras.  LetmGZ.  Let  I\*  be  a complex  of  B -modules.  Then  K*  ism-pseudo- 
coherent  (resp.  pseudo-coherent)  relative  to  R if  and  only  if  K*  seen  as  a complex 
of  A-modules  is  m-pseudo- coherent  (pseudo-coherent)  relative  to  R. 


Proof.  Choose  a surjection  R[xi, . . . ,xn]  A.  Choose  y\,...,ym  G B which 
generate  B over  A.  As  A -A  B is  finite  each  y,  satisfies  a monic  equation  with 
coefficients  in  A.  Hence  we  can  find  monic  polynomials  Pj(T)  £ . . . ,ain][T] 

such  that  Pj(yj)  = 0 in  B.  Then  we  get  a commutative  diagram 


R[xi,  ■ ■ -,xn,yi,  ■ ■ ■ ,ym] 


R[x i, P[xi, ...,xn,yi,.. . ,ym\/{Pj(yj)) 

I 

A >■  B 


0674 


The  top  horizontal  arrow  and  the  top  right  vertical  arrow  satisfy  the  assumptions 
of  Lemma  15.54.11  Hence  K*  is  m-pseudo-coherent  (resp.  pseudo-colierent)  as 
a complex  of  i?[xi, . . . , x„]-modules  if  and  only  if  K*  is  m-pseudo-coherent  (resp. 
pseudo-coherent)  as  a complex  of  R[xi, ...  ,xn,yi, ... , ym\ -modules.  □ 


Lemma  15.66.6.  Let  R be  a ring.  Let  R —¥  A be  a finite  type  ring  map.  Let 
to  € Z.  Let  (K*,L*,M*,  f,g,h)  be  a distinguished  triangle  in  D{A). 

(1)  If  K*  is  (m+1) -pseudo- coherent  relative  to  R and  L * is  m-pseudo-coherent 
relative  to  R then  M*  is  m-pseudo-coherent  relative  to  R. 

(2)  If  K*,M * are  m-pseudo-coherent  relative  to  R,  then  L*  is  m-pseudo- 
coherent  relative  to  R. 

(3)  If  Lm  is  (to  + 1) -pseudo-coherent,  relative  to  R and  M*  is  m-pseudo- 
coherent  relative  to  R,  then  K*  is  (to  + 1)  -pseudo-coherent  relative  to 
R. 


Moreover,  if  two  out  of  three  of  K*,L*,M*  are  pseudo-coherent  relative  to  R,  the 
so  is  the  third. 


Proof.  Follows  immediately  from  Lemma [15.54. 2 1 and  the  definitions.  □ 

0675  Lemma  15.66.7.  Let  R —>  A be  a finite  type  ring  map.  Let  M be  an  A-module. 

Then 

(1)  M is  O-pseudo-coherent  relative  to  R if  and  only  if  M is  a finite  type 
A-module, 

(2)  M is  (— 1)  -pseudo- coherent  relative  to  R if  and  only  if  M is  a finitely 
presented  relative  to  R, 

(3)  M is  (— d) -pseudo-coherent  relative  to  R if  and  only  if  for  every  surjection 
R[x i, . . . , xn]  A there  exists  a resolution 

R[x i, . . . , xn]®ad  — > R[x i, . . . , xn\®ad~ 1 R[ xi, . . . , xn}®a°  — > M — > 0 

of  length  d,  and 
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(4)  M is  pseudo-coherent  relative  to  R if  and  only  if  for  every  presentation 
R[x i, . . . , xn ] — > A there  exists  an  infinite  resolution 

...->•  R[x  i, . . . , xnfai  ->  R[x  i, . . . , a:„]0ao  -A  M -A  0 

by  finite  free  R[x i, . . . , x„] -modules. 

Proof.  Follows  immediately  from  Lemma[l5.54.4|and  the  definitions.  □ 

0676  Lemma  15.66.8.  Let  R ^ A be  a finite  type  ring  map.  Let  m £ Z.  Let  A'*,  A*  £ 
D(A).  If  AT*  ® L*  is  m-pseudo-coherent  (resp.  pseudo-coherent)  relative  to  R so 
are  K * and  L* . 


Proof.  Immediate  from  Lemma  T15.54. 81  and  the  definitions.  □ 

0677  Lemma  15.66.9.  Let  R -A  A be  a finite  type  ring  map.  Let  m £ Z.  Let  K* 
be  a bounded  above  complex  of  A-modules  such  that  Kl  is  (m  — i)  -pseudo-coherent 
relative  to  R for  all  i.  Then  K * is  m-pseudo-coherent  relative  to  R.  In  particular, 
if  K*  is  a bounded  above  complex  of  A-modules  pseudo-coherent  relative  to  R,  then 
K*  is  pseudo-coherent  relative  to  R. 

Proof.  Immediate  from  Lemma  Tl5. 54. 91  and  the  definitions.  □ 

0678  Lemma  15.66.10.  Let  R -A  A be  a finite  type  ring  map.  Let  to  £ Z.  Let 
K*  £ D~(A)  such  that  Hl(K')  is  (m  — i)-pseudo-coherent  (resp.  pseudo- coherent) 
relative  to  R for  all  i.  Then  K*  is  m-pseudo-coherent  (resp.  pseudo-coherent) 
relative  to  R. 


Proof.  Immediate  from  Lemma  115.54.101  and  the  definitions.  □ 

0679  Lemma  15.66.11.  Let  R be  a ring,  f £ R an  element,  Rf  — ► A is  a finite  type 
ring  map,  g £ A,  and  K*  a complex  of  A-modules.  If  Km  is  m-pseudo-coherent 
(resp.  pseudo- coherent)  relative  to  Rf,  then  K * ®aA9  is  m-pseudo-coherent  (resp. 
pseudo-coherent)  relative  to  R. 


Proof.  First  we  show  that  K*  is  TO-pseudo-coherent  relative  to  R.  Namely,  sup- 
pose Rf[xi, . . . ,xn]  — i A is  surjective.  Write  Rf  = R[xo\/(fxo  — 1).  Then 
R[x  o,X\, . . . ,xn]  — > A is  surjective,  and  Rf[x  i,...,xn\  is  pseudo-coherent  as  an 
R[xq,  ...,  xn] -module.  Hence  by  Lemma  15.54.11  we  see  that  A'*  is  m-pseudo- 
coherent  as  a complex  of  A[a;o,  X\, . . . , x„]-modules. 


Choose  an  element  g'  £ R[xq , xi, . . . , xn]  which  maps  to  g £ A.  By  Lemma  15.54.12 
we  see  that 


A'* 


1 . 


JR[x0 


,x±,...,x„]  Xi,  . . . , xn,  A 


Xo,X±,...,Xn]  -^[*£0;  Xi,  ...  , Xn , ^ ] 


= K*  ®AAf 

is  TO-pseudo-coherent  as  a complex  of  R[x o,  x\,...,  xn,  ^J-modules.  write 


R[x o , x i , . . . , xn , ] A[xo , * - * , xn , /(^n+i g 1 ) • 

9 

As  l?[:ro;  Xi, . . . , xn,  )p-}  is  pseudo-coherent  as  a R[x o, . . . , xn,  a;ra_|_i]-module  we  con- 
clude (see  Lemma  15.54.11)  that  AT*  Ag  is  m-pseudo-coherent  as  a complex  of 
R[x o, . . . , xn,  a;ra+i]-modules  as  desired.  □ 
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067A  Lemma  15.66.12.  Let  R — >•  A be  a finite  type  ring  map.  Let  m £ Z.  Let  K * be  a 
complex  of  A-modules  which  is  m-pseudo-coherent  (resp.  pseudo-coherent)  relative 
to  R.  Let  R —¥  R'  be  a ring  map  such  that  A and  R'  are  Tor  independent  over  R. 
Set  A!  = A($>r  R' . Then  K * g^  A'  is  is  m-pseudo-coherent  (resp.  pseudo- coherent) 
relative  to  R' . 


Proof.  Choose  a surjection  R[x i, . . . , xn]  — ► A.  Note  that 

K*  g^  A'  = K*  g£  R'  = K*  ®\Xl^Xn]  R'[xu  ...,xn] 
by  Lemma [l 5 . 5 1 . 2 1 applied  twice.  Hence  we  win  by  Lemma [15.54. 12|  □ 

067B  Lemma  15.66.13.  Let  R . — >•  A — » B be  finite  type  ring  maps.  Let  m £ Z.  Let  Km 
be  a complex  of  A-modules.  Assume  B as  a B-module  is  pseudo- coherent  relative  to 
A.  If  K*  is  m-pseudo-coherent  (resp.  pseudo-coherent)  relative  to  R,  then  Km  ®\B 
is  m-pseudo-coherent  (resp.  pseudo-coherent)  relative  to  R. 


Proof.  Choose  a surjection  A(y\, . . . , ym\  — » B.  Choose  a surjection  R[x i, . . . , xn]  — > 
A.  Combined  we  get  a surjection  . . . , xn,  yi,  ■ ■ ■ ym\  — > B.  Choose  a resolution 
E*  — > B of  B by  a complex  of  finite  free  A(y1, . . . , y„]-modules  (which  is  possible 
by  our  assumption  on  the  ring  map  A —¥  B).  We  may  assume  that  A'*  is  a bounded 
above  complex  of  flat  H-modules.  Then 

K*  ®\B  = Tot  (A'*  gA  B[0]) 

= Tot  (A'*  igu  A[y1,  ...,ym]  ®A[yu...,Vm]  5[0j) 

= Tot  ((AT*  (gA  A[yi, . . ■ ,ym])  ®A[yi,...,yrri)  E *) 

= Tot  (A'*  ®A  E*) 


in  D{A[yi , . . . , ym ]).  The  quasi-isomorphism  = comes  from  an  application  of  Lemma 


15.49.8  Thus  we  have  to  show  that  Tot  (A'*  (g)^  E*)  is  m-pseudo-coherent  as  a com- 
plex of  R[x i, . . . , xn,  j/i, . . . ym]-modules.  Note  that  Tot(A'*  E *)  has  a filtration 
by  subcomplexes  with  successive  quotients  the  complexes  AT*  (g^  El[—i\.  Note  that 
for  i <C  0 the  complexes  K*  g a El[— i\  have  zero  cohomology  in  degrees  < m and 
hence  are  m-pseudo-coherent  (over  any  ring).  Hence,  applying  Lemma  15.66.6  and 
induction,  it  suffices  to  show  that  K*  g a El[— i]  is  pseudo-coherent  relative  to  R 
for  all  i.  Note  that  E1  = 0 for  i > 0.  Since  also  El  is  finite  free  this  reduces  to 
proving  that  K*  g^  A\y^, ... , ym\  is  m-pseudo-coherent  relative  to  R which  follows 
from  Lemma ri5.66. 121  for  instance.  □ 


067C  Lemma  15.66.14.  Let  R — > A — > B be  finite  type  ring  maps.  Let  m £ Z.  Let  M 
be  an  A-module.  Assume  B is  flat  over  A and  B as  a B-module  is  pseudo-coherent 
relative  to  A.  If  M is  m-pseudo-coherent  (resp.  pseudo-coherent)  relative  to  R , 
then  M g^  B is  m-pseudo-coherent  (resp.  pseudo-coherent)  relative  to  R. 

Proof.  Immediate  from  Lemmari5.66.13l  □ 


067D  Lemma  15.66.15.  Let  R be  a ring.  Let  A — > B be  a map  of  finite  type  R-algebras. 
Let  m £ Z.  Let  K * be  a complex  of  B -modules.  Assume  A is  pseudo-coherent 
relative  to  R.  Then  the  following  are  equivalent 

(1)  K * is  m-pseudo-coherent  (resp.  pseudo-coherent)  relative  to  A,  and 

(2)  K*  is  m-pseudo-coherent  (resp.  pseudo-coherent)  relative  to  R. 
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Proof.  Choose  a surjection  R[x i, . . . , xn } — > A.  Choose  a surjection  A[y\, . . . , ym]  — ► 
B.  Then  we  get  a surjection 


R[x  i,  .■■,xn,y1,...,ym]-t  A[yi , . . . ,ym] 

which  is  a flat  base  change  of  R[x i, . . . ,xn\  -A  A.  By  assumption  A is  a pseudo- 
coherent  module  over  R[x\, . . . , xn]  hence  by  Lemma  15.54.13  we  see  that  A[yi, . . . , yr 
is  pseudo-coherent  over  R[xi, . . . ,xn,yi, . . . ,ym\.  Thus  the  lemma  follows  from 
Lemma  Tl 5 . 54. 1 1 1 and  the  definitions.  □ 


067E  Lemma  15.66.16.  Let  R — »•  A be  a finite  type  ring  map.  Let  K * be  a complex  of 
A-modules.  Let  m£  Z.  Let  fi, ...  ,fr  £ A generate  the  unit  ideal.  The  following 
are  equivalent 

(1)  each  K * Af.  is  m-pseudo-coherent  relative  to  R,  and 

(2)  K * is  m-pseudo-coherent  relative  to  R. 

The  same  equivalence  holds  for  pseudo-coherence. 


Proof.  The  implication  (2)  =>  (1)  is  in  Lemma  15.66.11 
1 = fi9i  iR  4h  Choose  a surjection  R[x i, . . . , x 


Assume  (1).  Write 
Zi, ...  ,zr]  — > A.  such 


vn^y  1 j • ■ • j Z/i 

that  yi  maps  to  fi  and  Zi  maps  to  gi.  Then  we  see  that  there  exists  a surjection 


P = R[x  i, 


> xni  y 1-, 


,yr,zu---,Zr\/(y'yiZi-  1)  — > A. 


Note  that  P is  pseudo-coherent  as  an  R[xi, . . . ,xn,yi, . . 
and  that  P[l/yi\  is  pseudo-coherent  as  an  R[x i, . . . , xn,  y\, 
module.  Hence  by  Lemma  15.54.11  we  see  that  A'*  is  an  m-pseudo-coherent 

complex  of  P[l/y,]-modules  for  each  i.  Thus  by  Lemma 


,Vr,z  l,--- 

■ • tUri  . 


2r]-module 

■ ,zr,i/yi\- 


15.54.14 


we  see  that  K * is 


pseudo-coherent  as  a complex  of  P-modules,  and  Lemma~[l5.54.11  shows  that  K* 
is  pseudo-coherent  as  a complex  of  R[ X\, . . . , xn , y\, . . . , yr,  z±, . . . , 2y]-modules.  □ 


067F  Lemma  15.66.17.  Let  R be  a Noetherian  ring.  Let  R -A  A be  a finite  type  ring 
map.  Then 

(1)  A complex  of  A-modules  K * is  m-pseudo-coherent  relative  to  R if  and 
only  if  K*  £ D~{A)  and  Hl(K*)  is  a finite  A-module  for  i > m. 

(2)  A complex  of  A-modules  K%  is  pseudo-coherent  relative  to  R if  and  only 
if  K*  £ D~  (A)  and  Hl(K *)  is  a finite  A-module  for  all  i. 

(3)  An  A-module  is  pseudo-coherent  relative  to  R if  and  only  if  it  is  finite. 


Proof.  Immediate  consequence  of  Lemma [15.54. 16|  and  the  definitions. 


□ 


15.67.  Pseudo-coherent  and  perfect  ring  maps 

067G  We  can  define  these  types  of  ring  maps  as  follows. 

067H  Definition  15.67.1.  Let  A — > B be  a ring  map. 

(1)  We  say  A — > B is  a pseudo-coherent  ring  map  if  it  is  of  finite  type  and  B, 
as  a H-module,  is  pseudo-coherent  relative  to  A. 

(2)  We  say  A — > B is  a perfect  ring  map  if  it  is  a pseudo-coherent  ring  map 
such  that  B as  an  A-module  has  finite  tor  dimension. 

This  terminology  may  be  nonstandard.  Using  Lemma |l5. 66. 7|  we  see  that  A — » B 
is  pseudo-coherent  if  and  only  if  B = A[x±, . . . ,xn\/I  and  B as  an  A[x\, . . . ,Xrf\- 
module  has  a resolution  by  finite  free  A[x i, . . . , xn]-modules.  The  motivation  for 
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the  definition  of  a perfect  ring  map  is  Lemma|l5.61.2[  The  following  lemmas  gives 
a more  useful  and  intuitive  characterization  of  a perfect  ring  map. 

068Y  Lemma  15.67.2.  A ring  map  A — ► B is  perfect  if  and  only  if  B = A\x 1; . . . , xn]/I 

and  B as  an  A[x  i, . . . , xn]-module  has  a finite  resolution  by  finite  projective  A\x  i, . . . , xn}- 
modules. 


Proof.  If  A — > B is  perfect,  then  B = A[x i, . . . ,xn]/I  and  B is  pseudo-coherent 
as  an  A[x\, . . . , xn]-module  and  has  finite  tor  dimension  as  an  A-module.  Hence 
Lemma  15.63.7  implies  that  B is  perfect  as  a A[x\, . . . , irra]-module,  i.e. , it  has  a 
finite  resolution  by  finite  projective  A[x i, . . . , a;n]-modules  (Lemma  15.61.3 1.  Con- 
versely, if  B = A[x i, . . . , xn]/I  and  B as  an  A\xi, . . . , x„]-module  has  a finite  res- 
olution by  finite  projective  A[x i, . . . , irra]-modules  then  B is  pseudo-coherent  as  an 
A[x i, . . . , a;n]-module,  hence  A — > B is  pseudo-coherent.  Moreover,  the  given  reso- 
lution over  A[x i, . . . , xn]  is  a finite  resolution  by  flat  A-modules  and  hence  B has 
finite  tor  dimension  as  an  A-module.  □ 


0671 


Lots  of  the  results  of  the  preceding  sections  can  be  reformulated  in  terms  of  this 
terminology.  We  also  refer  to  More  on  Morphisms,  Sections |36.42| and |36.43| for  the 
corresponding  discussion  concerning  morphisms  of  schemes. 

Lemma  15.67.3.  A finite  type  ring  map  of  Noetherian  rings  is  pseudo-coherent. 
Proof.  See  Lemma fl 5. 66. 171  □ 


067J  Lemma  15.67.4.  A ring  map  which  is  flat  and  of  finite  presentation  is  perfect. 

Proof.  Let  A — > B be  a ring  map  which  is  flat  and  of  finite  presentation.  It  is 
clear  that  B has  finite  tor  dimension.  By  Algebra,  Lemma  [10. 160. 1|  there  exists  a 
finite  type  Z-algebra  Aq  C A and  a flat  finite  type  ring  map  Aq  — > Bq  such  that 
B = Bq  ®Ao  A.  By  Lemma  15.66.17  we  see  that  Aq  -a  Bq  is  pseudo-coherent.  As 
A0  — > Bq  is  flat  we  see  that  Bq  and  A are  tor  independent  over  Aq,  hence  we  may 
use  Lemma|i5.66.12|to  conclude  that  A — > B is  pseudo-coherent.  □ 

067K  Lemma  15.67.5.  Let  A 

finite  dimension.  Then  A - 


> B be  a finite  type  ring  map  with  A a regular  ring  of 
B is  perfect. 


Proof.  By  Algebra,  Lemma  10.109.8  the  assumption  on  A means  that  A has  fi- 
nite global  dimension.  Hence  every  module  has  finite  tor  dimension,  see  Lemma 
|15. 55.17}  in  particular  B does.  By  Lemma [l 5. 6 7. 3 1 the  map  is  pseudo-coherent.  □ 

07EN  Lemma  15.67.6.  A local  complete  intersection  homomorphism  is  perfect. 

Proof.  Let  A — > B he  a local  complete  intersection  homomorphism.  By  Defi- 
nition 15.25.2  this  means  that  B = A[x±, . . . , xn]/I  where  I is  a Koszul  ideal  in 


A[xi, . . . , xn\.  By  Lemmas  15.67.2  and  15.61.3  it  suffices  to  show  that  I is  a perfect 
module  over  A[x i,...,xn].  By  Lemma  |15.61.11|  this  is  a local  question.  Hence 
we  may  assume  that  I is  generated  by  a Koszul-regular  sequence  (by  Definition 
15.24.1 1.  Of  course  this  means  that  I has  a finite  free  resolution  and  we  win.  □ 


15.68.  Rlim  of  abelian  groups  and  modules 

07KV  We  briefly  discuss  i?lim  on  abelian  groups  and  modules.  In  this  section  we  will 
denote  A6(N)  the  abelian  category  of  inverse  systems  of  abelian  groups.  This 
makes  sense  as  an  inverse  system  of  abelian  groups  is  the  same  thing  as  a sheaf  of 
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groups  on  the  category  N (with  a unique  morphism  i — > j if  i < j),  see  Remark 
|15.68.4|  Many  of  the  arguments  in  this  section  duplicate  the  arguments  used  to 
construct  the  cohomological  machinery  for  modules  on  ringed  sites. 

07KW  Lemma  15.68.1.  The  functor  lim  : A&(N)  — > Ab  has  a right  derived  functor 

08U4  (15.68.1.1)  Rlim  : D(Ab(N)) — > D(Ab) 

As  usual  we  set  i?plim(RT)  = HP(R  lim(RT)).  Moreover,  we  have 

(1)  for  any  ( An ) in  A6(N)  we  have  Rp\imAn  = 0 for  p > 1, 

(2)  the  object  Rlim  An  of  D{Ab)  is  represented  by  the  complex 

t 1 1 An,  ( Xn ) I f (xn  ,fn+  l('^'n+l)) 
sitting  in  degrees  0 and  1, 

(3)  if  ( An ) is  ML,  then  R1  lim  An  = 0,  i.e.,  ( An ) is  right  acyclic  for  lim, 

(4)  every  K*  £ D(Ab(N))  is  quasi-isomorphic  to  a complex  whose  terms  are 
right  acyclic  for  lim,  and 

(5)  if  each  Kp  = ( Kp ) is  right  acyclic  for  lim,  i.e.,  of  R1  lim„  Kp  = 0,  then 
RlimK  is  represented  by  the  complex  whose  term  in  degree  p is  lim„  Kp. 


Proof.  Let  (An)  be  an  arbitrary  inverse  system.  Let  ( Bn ) be  the  inverse  system 
with 

Bn  = An  © An_i  © ...  © A1 


and  transition  maps  given  by  projections.  Let  An  -A  Bn  be  given  by  (1,  fn,  fn-\  o 
fm  ■ ■ ■ j f'2  ° ■ ■ ■ ° fn  where  ft  : Ai  — > Ai_ \ are  the  transition  maps.  In  this  way  we 
see  that  every  inverse  system  is  a subobject  of  a ML  system  (Homology,  Section 


12.27 1.  It  follows  from  Derived  Categories,  Lemma  13.16.6  using  Homology,  Lemma 
12.27.3  that  every  ML  system  is  right  acyclic  for  lim,  i.e.,  (3)  holds.  This  already 
implies  that  RF  is  defined  on  D+(J46(N)),  see  Derived  Categories,  Proposition 
13.17.8  Set  Cn  = A„_i  © . . . © A\  for  n > 1 and  C\  = 0 with  transition  maps 
given  by  projections  as  well.  Then  there  is  a short  exact  sequence  of  inverse  systems 
0 -A-  ( An ) -»  (Bn)  ->•  (Cn)  ->■  0 where  Bn  Cn  is  given  by  ( Xi ) (xt- fi+1(xi+1)). 

Since  (Cn)  is  ML  as  well,  we  conclude  that  (2)  holds  (by  proposition  reference  above) 


which  also  implies  (1).  Finally,  this  implies  by  Derived  Categories,  Lemma  13.30.2 
that  Rlim  is  in  fact  defined  on  all  of  D(A6(N)).  In  fact,  the  proof  of  Derived 
Categories,  Lemma  13.30.2  proceeds  by  proving  assertions  (4)  and  (5).  □ 


We  give  two  simple  applications.  The  first  is  the  “correct”  formulation  of  Homology, 
Lemma  112.27.71 

0918  Lemma  15.68.2.  Let 

(An2  A„1  — s-  A°n  — s-  A i) 

be  an  inverse  system  of  complexes  of  abelian  groups  and  denote  A~2  — ► A — ► 
An  — > A1  its  limit.  Denote  (Hi^1),  (H®)  the  inverse  systems  of  cohomologies,  and 
denote  B~x , H°  the  cohomologies  of  A~ 2 — t A~x  — > A0  — > A1.  If 

(1)  (A~2)  and  (A~x)  have  vanishing  R1  lim, 

(2)  (H~x)  has  vanishing  i?.1  lim, 

then  H°  = lim  Hf . 
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Proof.  Let  K £ D(Ab( N))  be  the  object  represented  by  the  system  of  complexes 
whose  nth  constituent  is  the  complex  A~2  — > A~x  — > A°  — >■  A\.  We  will  compute 


The  first  has  id-page 


H°(R  lim  K)  using  both  spectral  sequences^ of  Derived  Categories,  Lemma  13.21.3 


0 0 l?1  lim  A ° R1  lim  A, J, 

A-2  a-i  ao  ai 


with  horizontal  differentials  and  all  higher  differentials  are  zero.  The  second  has 
E2  page 

i?1 1 imH~2  0 R)  lim  Rj  lim  Hf 
lim  H~2  lirnTJ”1  limH^  limiJ7 

and  degenerates  at  this  point.  The  result  follows.  □ 


0919  Lemma  15.68.3.  LeED  be  a triangulated  category.  Let  ( Kn ) be  an  inverse  system 
of  objects  of  T> . Let  K be  a derived  limit  of  the  system  ( Kn ).  Then  for  every  L in 
T>  we  have  short  exact  sequences 

0 — >■  R1  limHomx)(L,  Kn[  1])  — ► Homx>(L,  K)  — > lim Hom®(L,  Kn ) — >•  0 


Proof.  This  follows  from  Derived  Categories,  Definition|13.32.1|and  Lemma  13.4.2 
and  the  description  of  lim  and  R1  lim  in  Lemma  15.68.1  above.  □ 


091A 


Remark  15.68.4  (Rlim  as  cohomology).  Consider  the  category  N whose  objects 
are  natural  numbers  and  whose  morphisms  are  unique  arrows  i — > j if  j > i.  Endow 
N with  the  chaotic  topology  (Sites,  Example  7.6.6)  so  that  a sheaf  T is  the  same 
thing  as  an  inverse  system 


•Rl  ^ ^ 


of  sets  over  N.  Note  that  T(N,Jr)  = lim  Tn . For  an  inverse  system  of  abelian 
groups  Tn  we  have 

Rp  lim  Rn  =Rp(N,J-) 

because  both  sides  are  the  higher  right  derived  functors  of  T i-A  lim  Tn  = H°( N,  J7). 
Thus  the  existence  of  Rlim  also  follows  from  the  general  material  in  Cohomology 
on  Sites,  Sections  |21.3|and|21.19[ 

Warning.  An  object  of  D(Ab( N))  is  a complex  of  inverse  systems  of  abelian 
groups.  You  can  also  think  of  this  as  an  inverse  system  ( K *)  of  complexes.  However, 
this  is  not  the  same  thing  as  an  inverse  system  of  objects  of  D{Ab)-:  we  will  come 
back  and  explain  the  difference  later. 


The  products  in  the  following  lemma  can  be  seen  as  termwise  products  of  complexes 
or  as  products  in  the  derived  category  D(Ab ),  see  Derived  Categories,  Lemma 
|13.32.2|  This  lemma  in  particular  shows  the  notation  in  this  section  is  compatible 
with  the  notation  introduced  in  Derived  Categories,  Section  |13.32|  See  Remark 


15.68.16  for  more  explanation. 


7To  use  these  spectral  sequences  we  have  to  show  that  /lt(N)  has  enough  injectives.  A inverse 
system  (/„)  of  abelian  groups  is  injective  if  and  only  if  each  I„  is  an  injective  abelian  group  and 
the  transition  maps  are  split  surjections.  Every  system  embeds  in  one  of  these.  Details  omitted. 


15.68.  RLIM  OF  ABELIAN  GROUPS  AND  MODULES 


1270 


07KX  Lemma  15.68.5.  Let  K = (A*)  be  an  object  of  D(Ab(N)).  There  exists  a 
canonical  distinguished  triangle 

A lim  A'  -a  TT  A*-aTT  A*  -a  Alim A [1] 

-U-n 

in  D(Ab)  where  the  middle  map  fits  into  the  commutative  diagrams 


unK — - n„  i<: 

K © K+1  k* 


whose  vertical  maps  are  projections  and  where  tt  : A"*+1  — >■  A'*  is  the  transition 
map  of  the  system. 


Proof.  Suppose  that  for  each  p the  inverse  system  (Kp)  is  right  acyclic  for  lim. 
By  Lemma |15.68.1|  this  gives  a short  exact  sequence 

0^hm„A^[]  KP-*\[  Kp  -A  0 

for  each  p.  Since  the  complex  consisting  of  lim„  Kp  computes  R lim  K by  Lemma 
115.68.11  we  see  that  the  lemma  holds  in  this  case. 


Next,  assume  K = (A*)  is  general.  By  Lemma  15.68.1  there  is  a quasi-isomorphism 
A — >■  L in  A(A&(N))  such  that  (L^)  is  acyclic  for  each  p.  Then  A*  is  quasi- 
isomorphic to  ]”[  L*  as  products  are  exact  in  Ab,  whence  the  result  for  L (proved 
above)  implies  the  result  for  K.  □ 


07KY 


Lemma  15.68.6.  With  notation  as  in  Lemma  15.68.5  the  long  exact  cohomology 
sequence  associated  to  the  distinguished  triangle  breaks  up  into  short  exact  sequences 

0 -A  R1  lim.,,  JJP-^A*)  -A  Ap(Alim K)  -A  lim„  Hp{K'n)  -A  0 


Proof.  The  long  exact  sequence  of  the  distinguished  triangle  is 


091B 


. . . -»•  TPYAlim  A)  ->  TT  HP(K*)  -a  TT  HP(K‘)  -a  Hp+1  (R  lim  K)  ^ ... 


The  map  in  the  middle  has  kernel  lim„  HP{K *)  by  its  explicit  description  given  in 
the  lemma.  The  cokernel  of  this  map  is  R1  lim„  HP(K*)  by  Lemma  15.68.1  □ 


Lemma  15.68.7.  Let  E — >•  D be  a morphism  of  D(Ab(N)).  Let  ( En ),  resp.  ( Dn ) 
be  the  system  of  objects  of  D(Ab)  associated  to  E,  resp.  D.  If  ( En ) -A  ( Dn ) is  an 
isomorphism  of  pro- objects,  then  A lim  A — > A lim  A is  an  isomorphism  in  D{Ab). 


Proof.  The  assumption  in  particular  implies  that  the  pro-objects  Hp{En ) and 
Hp(Dn)  are  isomorphic.  By  the  short  exact  sequences  of  Lemma  15.68.6  it  suffices 
to  show  that  given  a map  (A„)  — > ( Bn ) of  inverse  systems  of  abelian  groupsc  which 
induces  an  isomorphism  of  pro-objects,  then  lim  An  = lim  Bn  and  AAiinAn  = 
A1  lim  Bn . 


The  assumption  implies  there  are  1 < m±  < m2  < m3  < . . . and  maps  <pn  : Brrln  -a 
An  such  that  (pn)  '■  (5m„)  (An)  is  a map  of  systems  which  is  inverse  to  the  given 
map  ip  = (ipn)  '■  (A„)  -A  ( Bn ) as  a morphism  of  pro-objects.  What  this  means 
is  that  (after  possibly  replacing  mn  by  larger  integers)  we  may  assume  that  the 
compositions  Amn  -A-  Bmn  -A  An  and  Bmri  -A  An  -A  Bn  are  equal  to  the  transition 
maps  of  the  inverse  systems.  Now,  if  (bn)  £ limA„  we  can  set  an  = ipmri(bmri). 
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This  defines  an  inverse  lim  Bn  — > lim  An  (computation  omitted) . Let  us  use  the 
cokernel  of  the  map 

n Bn  — > n Bn 

as  an  avatar  of  i?1  lim Bn  (Lemma |l5.68.l[).  Any  element  in  this  cokernel  can  be 
represented  by  an  element  {bf)  with  6.j  = 0 if  * 7^  mn  for  some  n (computation 
omitted) . We  can  define  a map  R 1 lim  Bn  -A  R 1 lim  An  by  mapping  the  class  of 
such  a special  element  ( bn ) to  the  class  of  (ipn(bmri)).  We  omit  the  verification  this 
map  is  inverse  to  the  map  R1  lim  An  — > R1  lim  Bn.  □ 


Lemma  15.68.8.  Let  ( An ) be  an  inverse  system  of  abelian  groups.  The  following 
are  equivalent 

(1)  ( An ) is  zero  as  a pro-object, 

(2)  lim  An  = 0 and  R1  lim  An  = 0 and  the  same  holds  for  ©;£N(A„). 


Proof.  It  follows  from  Lemma  15.68.7 
Im(Am  -7  An)  so  that  An  = An,n  D 


that  (1)  implies  (2).  For  m > n let  An>m  = 
An,n+i  A Note  that  (A„)  is  zero  as 


a pro-object  if  and  only  if  for  every  n there  is  an  m > n such  that  An 


= 0. 


Note  that  ( An ) is  ML  if  and  only  if  for  every  n there  is  an  mn  > n such  that 


An 

An 


= A. 


n,m+ 1 — • ■ 


In  the  ML  case  it  is  clear  that  limAn  = 0 implies  that 


= 0 because  the  maps  An+\ <r 


Anrn  are  surjective. 


Assume  ( An ) is  not  zero  as  a pro-object  and  not  ML.  Then  we  can  pick  an  n and 
a sequence  of  integers  n < mi  < m2  < . . . and  elements  Xi  £ Ami  whose  image 
yt  £ An  is  not  in  An>mi+1.  Set  Bn  = ©iSNA„.  Let  £ = (£„)  £ \[Bn  be  the 
element  with  £n  = 0 unless  n = mt  and  £mi  = (0, . . . , 0,  Xi,  0, . . .)  with  Xi  placed  in 
the  ith  summand.  We  claim  that  £ is  not  in  the  image  of  the  map  J~[  B, 
of  Lemma  15.68.1  This  shows  that  A21  lim  A?, 


n^n 

is  nonzero  and  finishes  the  proof. 
Namely,  suppose  that  £ is  the  image  of  rj  = (zi,  22,  ■ . .)  with  zn  = fT,  zn,i  £ ©f  An. 
Observe  that  Xi  = zmiti  mod  Ami:mi+i-  Then  is  the  image  of  zmiii  under 

Ami  — > Ami_  1,  and  so  on,  and  we  conclude  that  zn^  is  the  image  of  zmi,i  under 
Am.  — > An.  We  conclude  that  zn>i  is  congruent  to  yi  modulo  Anymi+i-  In  particular 
zn,i  7^  0.  This  is  impossible  as  zn ^ An  hence  only  a finite  number  of  zn>i 
can  be  nonzero.  □ 


Let  (An)  be  an  inverse  system  of  rings.  We  will  denote  Mod( N,  ( An ))  the  category 
of  inverse  systems  (Mn)  of  abelian  groups  such  that  each  Mn  is  given  the  structure 
of  a An-module  and  the  transition  maps  Mn+ 1 -A  Mn  are  Ara+i-module  maps.  This 
is  an  abelian  category.  Set  A = lim  An.  Given  an  object  (M„)  of  Mod{ N,  (An))  the 
limit  lim  Mn  is  an  A-module. 

091D  Lemma  15.68.9.  In  the  situation  above.  The  functor  lim  : Mod{ N,  (An))  -A 
ModA  has  a right  derived  functor 

I? lim  : D{Mod{ N,  (A„)))  — > D{A) 

As  usual  we  set  J?.plim(/\)  = HP(R  lim(A')).  Moreover,  we  have 

(1)  for  any  {An)  in  Mod{ N,  (A„))  we  have  Rp\i\n.An  = 0 for  p > 1, 

(2)  the  object  R.\\m.An  of  D (ModA)  is  represented  by  the  complex 

An  A | An,  ( Xn ) 1 A ( Xn  fn+i(xn+i)) 
sitting  in  degrees  0 and  1, 

(3)  if  ( An ) is  ML,  then  R1  lim  An  = 0,  i.e.,  (A„)  is  right  acyclic  for  lim, 
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(4)  every  K*  £ D(Mod( N,  (A„)))  is  quasi-isomorphic  to  a complex  whose 
terms  are  right  acyclic  for  lim,  and 

(5)  if  each  Kp  = ( Kp ) is  right  acyclic  for  lim,  i.e.,  of  R 1 lim„  Kp  = 0,  then 
Alim  AT  is  represented  by  the  complex  whose  term  in  degree  p is  limnKp. 


Proof.  The  proof  of  this  is  word  for  word  the  same  as  the  proof  of  Lemma|15.68.1| 

□ 


Remark  15.68.10.  This  remark  is  a continuation  of  Remark  15.68.4  A sheaf  of 
rings  on  N is  just  an  inverse  system  of  rings  (A„).  A sheaf  of  modules  over  (An)  is 
exactly  the  same  thing  as  an  object  of  the  category  Mod( N,  (Ara))  defined  above. 

The  derived  functor  Alim  of  Lemma  15.68.9  is  simply  AT(N,  — ) from  the  derived 
category  of  modules  to  the  derived  category  of  modules  over  the  global  sections 
of  the  structure  sheaf,  is  true  in  general  that  cohomology  of  groups  and  modules 
agree,  see  Cohomology  on  Sites,  Lemma  [21. 12.4| 

Lemma  15.68.11.  Let  (An)  be  an  inverse  system  of  rings.  Every  K £ D(Mod(  N,  (A„))) 
can  be  represented  by  a system  of  complexes  (M*)  such  that  all  the  transition  maps 


m: 


n+1 


M*  are  surjective. 


Proof.  Let  K be  represented  by  the  system  (AT*).  Set  M*  = A'*.  Suppose  we  have 
constructed  surjective  maps  of  complexes  M*  -A  M*_x  M*  and  homotopy 

equivalences  ipe  : I\*  — ► M*  such  that  the  diagrams 


Kl+i 


m;+1 


■ k: 


Y 

■m; 


commute  for  all  e < n.  Then  we  consider  the  diagram 


lxn+ 1 


at: 


m: 


By  Derived  Categories,  Lemma  13.9.8  we  can  factor  the  composition  K*+1  — ► M*  as 
AT*+1  — > M*+1  -a  M*  such  that  the  first  arrow  is  a homotopy  equivalence  and  the 
second  a termwise  split  surjection.  The  lemma  follows  from  this  and  induction.  □ 


Lemma  15.68.12.  Let  (An)  be  an  inverse  system  of  rings.  Every  K £ D{Mod{  N,  (A„))) 
can  be  represented  by  a system  of  complexes  (A'*)  such  that  each  K * is  K-flat. 


Proof.  First  use  Lemma  15.68.11  to  represent  AT  by  a system  of  complexes  (M*) 


such  that  all  the  transition  maps  M*+l  -A  M*  are  surjective.  Next,  let  K*  -A  M* 


be  a quasi-isomorphism  with  K * a K-flat  complex  of  A -| -modules  (Lemma  15.49.10 1. 
Suppose  we  have  constructed  AT*  — > A'*_1  A'*  and  maps  of  complexes 

ipe  : K*  -A  M*  such  that 

■ K* 


K+i 


m:+1 


Y 

■m; 
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commutes  for  all  e < n.  Then  we  consider  the  diagram 

r*  > k: 


M'+i 


V'n 


■Ml 


in  D(An+i).  As  M*+1  -A  Ml  is  termwise  surjective,  the  complex  C * fitting  into 
the  left  upper  corner  with  terms 


Cp  = Mp+1  x mp  Kl 


is  quasi-isomorphic  to  M*+1  (details  omitted) . Choose  a quasi-isomorphism  A'*+1  — > 
C*  with  A'*+1  K-flat.  Thus  the  lemma  holds  by  induction.  □ 


091H  Lemma  15.68.13.  Let  ( An ) be  an  inverse  system  of  rings.  Given  K, L £ D(Mod( N,  (A„))) 
there  is  a canonical  derived  tensor  product  K L in  D( N,  (A„))  compatible  with 
the  maps  to  D(An).  The  construction  is  symmetric  in  K and  L and  an  exact 
functor  of  triangulated  categories  in  each  variable. 


Proof.  Choose  a representive  (AT*)  for  K such  that  each  AT*  is  a K-flat  complex 
(Lemma  15.68.12).  Then  you  can  define  AT  L as  the  object  represented  by  the 


system  of  complexes 


(Tot (A'*  <gu„  L'n)) 


for  any  choice  of  representative  (A*)  for  L.  This  is  well  defined  in  both  variables 
by  Lemmas  15.49.4  and  15.49.12  Compatibility  with  the  map  to  D(An ) is  clear. 
Exactness  follows  exactly  as  in  Lemma [15.49.2|  □ 


As  in  the  case  of  abelian  groups  an  object  M = ( Af* ) of  D(Mod( N,  (A„)))  is 
an  inverse  system  of  complexes  of  modules,  which  is  not  the  same  thing  as  an 
inverse  system  of  objects  in  the  derived  categories.  In  the  following  lemma  we  show 
how  an  inverse  system  of  objects  in  derived  categories  always  lifts  to  an  object  of 
D(Mod(N,(An))). 

0911  Lemma  15.68.14.  Let  ( An ) be  an  inverse  system  of  rings.  Suppose  that  we  are 
given 

(1)  for  every  n an  object  Kl  of  D(An),  and 

(2)  for  every  n a map  <pn  : A*+1  — > Kl  of  D(An+ 1)  where  we  think  of  Kl  as 
an  object  of  D(An+ 1)  by  restriction  via  the  restriction  map  An+ 1 -A  An. 

There  exists  an  object  M = (A/*)  £ D(Mod( N,  (A„)))  and  isomorphisms  ipn  : 
All  Kn  in  D(An)  such  that  the  diagrams 


Ml+ 1 


1pn+l 


■ M* 

'Ipn 


Kl 


Kl 


commute  in  D(An+ 1). 
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Proof.  Namely,  set  M * = K*.  Suppose  we  have  constructed  M*  -A  M*_T  -A 
...—)•  M * and  maps  of  complexes  ipe  : M*  — > K * such  that  the  diagrams  above 
commute  for  all  e < n.  Then  we  consider  the  diagram 


K+i 


M* 

±v± n 
V 

ic 


in  D(An. |_i).  By  the  definition  of  morphisms  in  D(An+ 1)  we  can  find  a quasi- 
isomorphism tWi  : M*+ 1 -A  A'*+1  of  complexes  of  An+i-modules  such  that  there 
exists  a morphism  of  complexes  M*+1  -A  M*  of  A„+1-modules  representing  the 
composition  ip-1  otpno  ipn+i  in  D(An+ 1).  Thus  the  lemma  holds  by  induction.  □ 


07KZ 


Remark  15.68.15.  With  assumptions  as  in  Lemma  15.68.14  A priori  there 
are  many  isomorphism  classes  of  objects  M of  D(Mod( IN , (A„)))  which  give  rise 
to  the  system  (K',tpn)  as  above.  For  each  such  M we  can  consider  the  complex 
AlirnM  £ D(A)  where  A = limAjj.  By  Lemma  15.68.5  there  exists  a canonical 
distinguished  triangle 

A lim  M -A  TT  A * -A  TT  K*  -A  R lim  Mill 

in  D(A).  Hence  we  see  that  the  isomorphism  class  of  AlimM  in  D{A)  is  inde- 
pendent of  the  choices  made  in  constructing  M,  by  axiom  TR3  of  triangulated 
categories  and  Derived  Categories,  Lemma  13.4.3| 


08U5 


Remark  15.68.16.  Let  (Kn)  be  an  inverse  system  of  objects  of  D(Ab).  Let 
I\  = R,  lim  Kn  be  a derived  limit  of  this  system  (see  Derived  Categories,  Section 
13.32|).  Such  a derived  limit  exists  because  D(Ab)  has  countable  products  (Derived 


Categories,  Lemma  13.32.2 ).  By  Lemma  15.68.14  we  can  also  lift  (AT„)  to  an  object 


M of  D( N).  Then  K = AlimM  where  Alim  is  the  functor  (15.68.1.1)  because 
AlirnM  is  also  a derived  limit  of  the  system  (A'n)  (by  Lemma  15.68.5)  and  derived 
limits  are  unique  up  to  isomorphism.  In  particular  for  every  p £ Z there  is  a 
canonical  short  exact  sequence 

0 -)■  A1  lim  Ap_1(ATri)  ->  HP(K)  ->  lim Hp(Kn)  -a  0 


as  follows  from  Lemma  |15.68.5|  for  M.  This  can  also  been  seen  directly,  without 
invoking  the  existence  of  M,  by  applying  the  argument  of  the  proof  of  Lemma 
15.68.5  to  the  (defining)  distinguished  triangle  AT  — ► Y[Kn  — ► Y[Kn 


All]- 
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Remark  15.68.17.  Let  A be  a ring.  Let  (En)  be  an  inverse  system  of  objects  of 
D(A).  We’ve  seen  above  that  a derived  limit  Alim En  exists.  Thus  for  every  object 
AT  of  D{A)  also  the  derived  limit  Alim(AT  En ) exists.  It  turns  out  that  we  can 

construct  these  derived  limits  functorially  in  K and  obtain  an  exact  functor 

Alim(—  <g>^  En)  : D(A)  — *•  D(A) 

of  triangulated  categories.  Namely,  we  first  lift  (En)  to  an  object  E of  D(N,  A), 
see  Lemma  15.68.14  (The  functor  will  depend  on  the  choice  of  this  lift.)  Next, 
observe  that  there  is  a “diagonal”  or  “constant”  functor 
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mapping  the  complex  A'*  to  the  constant  inverse  system  of  complexes  with  value 
AT*.  Then  we  simply  define 

Alim(AT  0^  En ) = Alim(A(AT)  0L  E ) 


where  on  the  right  hand  side  we  use  the  functor  R lim  of  Lemma  |15.68.9|  and  the 
functor  — 0L  — of  Lemma Il5.68.13 


Lemma  15.68.18.  Let  A be  a ring.  Let  E — >•  D — >•  F — ► A[l]  be  a distinguished 
triangle  o/ D(N,  A).  Let  (En),  resp.  (D„),  resp.  (Fn)  be  the  system  of  objects  of 
D(A)  associated  to  E,  resp.  D,  resp.  F.  Then  for  every  K £ D{A)  there  is  a 
canonical  distinguished  triangle 


Alim(A'  0^  En)  — ► Alim(/f  0^  Dn)  — »•  Alim(AT  0^  Fn)  — > Alim(A'  0^  An)[l] 


in  D{A)  with  notation  as  in  Remark  15.68.17 

Proof.  This  is  clear  from  the  construction  in  R.emarkll5.68.17|and  the  fact  that  A : 
D(A)  — >•  D( N,  A),  — 0L  — , and  Alim  are  exact  functors  of  triangulated  categories. 

□ 


Lemma  15.68.19.  Let  A be  a ring.  Let  E — ► D be  a morphism  of  D(N,A). 
Let  (En),  resp.  (Dn)  be  the  system  of  objects  of  D(A)  associated  to  E,  resp.  D. 
If  (En)  — ► (Dn)  is  an  isomorphism  of  pro-objects , then  for  every  K £ D(A)  the 
corresponding  map 


Alim(A'  0^  En)  — > Alim(AT  0^  Dn) 


in  D{A)  is  an  isomorphism  (notation  as  in  Remark  15.68.17). 
Proof.  Follows  from  the  definitions  and  Lemma H5.68.71 


□ 


15.69.  Torsion  modules 


In  this  section  “torsion  modules”  will  refer  to  modules  supported  on  a given  closed 
subset  V(I)  of  an  affine  scheme  Spec(A).  This  is  different,  but  analogous  to,  the 
notion  of  a torsion  module  over  a domain  (Definition  15.16.1). 


Definition  15.69.1.  Let  R be  a ring.  Let  M be  an  A-module. 

(1)  Let  / C A be  an  ideal.  We  say  M is  an  I -power  torsion  module  if  for 
every  m £ M there  exists  an  n > 0 such  that  Inm  = 0. 

(2)  Let  / £ A.  We  say  M is  an  f -power  torsion  module  if  for  each  to  £ M, 
there  exists  an  n > 0 such  that  /"to  = 0. 


Thus  an  /-power  torsion  module  is  the  same  thing  as  a I- power  torsion  module  for 
I = (/).  We  will  use  the  notation 


M[In ) = {to  £ M I /"to  = 0} 


and 

M[I°°]  = [J  M[In] 

for  an  A-module  M.  Thus  M is  I- power  torsion  if  and  only  if  M = M[I°°]  if  and 
only  if  M = \JM[In]. 
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05E8  Lemma  15.69.2.  Let  R be  a ring.  Let  I be  an  ideal  of  R.  Let  M be  an  I -power 
torsion  module.  Then  M admits  a resolution 


. . . — ?•  K'2  — >•  K\  -t  K0  — ► M — )•  0 
with  each  Ki  a direct  sum  of  copies  of  R/In  for  n variable. 


Proof.  There  is  a canonical  surjection 

R/ IUm  — t A/  — > 0 

where  nm  is  the  smallest  positive  integer  such  that  I "m  ■ m = 0.  The  kernel  of  the 
preceding  surjection  is  also  an  /-power  torsion  module.  Proceeding  inductively,  we 
construct  the  desired  resolution  of  M.  □ 


05EA  Lemma  15.69.3.  Let  R be  a ring.  Let  I be  an  ideal  of  R.  For  any  R-module  M 
set  M[In]  = {to  £ M | /"to  = 0}.  If  I is  finitely  generated  then  the  following  are 
equivalent 

(1)  M[I\  = 0, 

(2)  M[In]  = 0 for  all  n > 1,  and 

(3)  if  I = (/i, . . . , ft) , then  the  map  is  injective. 


05EB 


Proof.  This  follows  from  Algebra,  Lemma  10.22. 4| 


Lemma  15.69.4.  Let  R be  a ring.  Let  I be  a finitely  generated  ideal  of  R. 

(1)  For  any  R-module  M we  have  (M/M[I°°])[I\  = 0. 

(2)  An  extension  of  I -power  torsion  modules  is  I -power  torsion. 


□ 


Proof.  Let  to.  £ M.  If  to  maps  to  an  element  of  (M/M[/°°])[/]  then  /to  C M[I°°}. 
Write  I = (/i, . . . , ft).  Then  we  see  that  fam  £ M[I°°],  i.e.,  Ini  fim  = 0 for  some 
Hi  > 0.  Thus  we  see  that  INm  = 0 with  N — n*  + 2.  Hence  to  maps  to  zero  in 
{M/M[I°°\)  which  proves  the  first  statement  of  the  lemma. 

For  the  second,  suppose  that  0 — > M'  — > M — >■  M"  — > 0 is  a short  exact  sequence 
of  modules  with  M'  and  M"  both  /-power  torsion  modules.  Then  M[I°° ] D M' 
and  hence  M/M[I°° ] is  a quotient  of  M"  and  therefore  I- power  torsion.  Combined 
with  the  first  statement  and  Lemma |15.69.3|  this  implies  that  it  is  zero  □ 

0A6K  Lemma  15.69.5.  Let  I be  a finitely  generated  ideal  of  a ring  R.  The  I -power  tor- 
sion modules  form  a Serve  subcategory  of  the  abelian  category  Modn,  see  Homology, 
Definition  \ 12.9. 1\ 

Proof.  It  is  clear  that  a submodule  and  a quotient  module  of  an  I- power  torsion 
module  is  I- power  torsion.  Moreover,  the  extension  of  two  I- power  torsion  mod- 
ules is  I- power  torsion  by  Lemma  |15.69.4[  Hence  the  statement  of  the  lemma  by 
Homology,  Lemma |12.9.2|  □ 

0953  Lemma  15.69.6.  Let  R be  a ring  and  let  I C R be  a finitely  generated  ideal. 
The  subcategory  I°° -torsion  C Modn  depends  only  on  the  closed  subset  Z = V(I)  C 
Spec(/?).  In  fact,  an  R-module  M is  I -power  torsion  if  and  only  if  its  support  is 
contained  in  Z . 


Proof.  Let  M be  an  /?-module.  Let  x £ M.  If  x £ A/[/°°],  then  x maps  to  zero 
in  Mf  for  all  / £ I.  Hence  x maps  to  zero  in  A/p  for  all  p 7 J /.  Conversely,  if  x 
maps  to  zero  in  Mp  for  all  p /,  then  x maps  to  zero  in  Mf  for  all  / £ I.  Hence 
if  / = (/1, . . . , fr ),  then  /"‘x  = 0 for  some  7ij  > 1.  It  follows  that  x £ M[I^ni]. 
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Thus  M[I°°]  is  the  kernel  of  M — > Ylp^z  The  second  statement  of  the  lennna 

follows  and  it  implies  the  first.  □ 


15.70.  Formal  glueing  of  module  categories 


05E5 


05E7 


Fix  a noetherian  scheme  X , and  a closed  subscheme  Z with  complement  U . Our 
goal  is  to  explain  how  coherent  sheaves  on  X can  be  constructed  (uniquely)  from 
coherent  sheaves  on  the  formal  completion  of  X along  Z,  and  those  on  U with 
a suitable  compatibility  on  the  overlap.  We  first  do  this  using  only  commutative 
algebra  (this  section)  and  later  we  explain  this  in  the  setting  of  algebraic  spaces 
(Pushouts  of  Spaces,  Section  64.3). 


Here  are  some  references  treating  some  of  the  material  in  this  section:  |Art70l 
Section  2],  [FR701  Appendix],  |BL95j.  |MB96j.  and  |d.J95l  Section  4.6]. 


Lemma  15.70.1.  Let  ip  : R —¥  S be  a ring  map.  Let  I C R be  an  ideal.  The 
following  are  equivalent 

(1)  ip  is  flat  and  R/I  —¥  S/IS  is  faithfully  flat , 

(2)  ip  is  flat,  and  the  map  Spec  (S/IS)  — > Spec  (R/I)  is  surjective. 

(3)  ip  is  flat,  and  the  base  change  functor  M i— >•  M ®R  S is  faithful  on  modules 
annihilated  by  I , and 

(4)  ip  is  flat,  and  the  base  change  functor  M i— ► M ®rS  is  faithful  on  I -power 
torsion  modules. 


Proof.  If  R 


S is  flat,  then  R/In  — > S/InS  is  flat  for  every  n,  see  Algebra, 


Lemma  10.38.7  Hence  (1)  and  (2)  are  equivalent  by  Algebra,  Lemma  10.38.16 


The  equivalence  of  (1)  with  (3)  follows  by  identifying  I- torsion  l?-modules  with 
.R/7-modules,  using  that 


M®rS  = M ®r/i  S/IS 

for  .R-modules  M annihilated  by  I,  and  Algebra,  Lemma [10. 38. 14|  The  implication 
(4)  =>  (3)  is  immediate.  Assume  (3).  We  have  seen  above  that  R/In  — ► S/InS 
is  flat,  and  by  assumption  it  induces  a surjection  on  spectra,  as  Spec (R/In)  = 
Spec  (R/I)  and  similarly  for  S.  Hence  the  base  change  functor  is  faithful  on  modules 
annihilated  by  I71.  Since  any  I- power  torsion  module  M is  the  union  M = UK 
where  Mn  is  annihilated  by  In  we  see  that  the  base  change  functor  is  faithful 
on  the  category  of  all  I- power  torsion  modules  (as  tensor  product  commutes  with 
colimits).  □ 


05E9  Lemma  15.70.2.  Assume  (ip  : R — ► S,  I)  satisfies  the  equivalent  conditions  of 
Lemma  \15.70.1\  The  following  are  equivalent 

(1)  for  any  I -power  torsion  module  M , the  natural  map  M M <S)r  S is  an 
isomorphism,  and 

(2)  R/I  -A  S/IS  is  an  isomorphism. 


Proof.  The  implication  (1)  =>  (2)  is  immediate.  Assume  (2).  First  assume  that 
M is  annihilated  by  I.  In  this  case,  M is  an  l?//-module.  Hence,  we  have  an 
isomorphism 

M®rS  = M ®R/I  S/IS  = M ®R/I  R/I  = M 
proving  the  claim.  Next  we  prove  by  induction  that  M — > M®rS  is  an  isomorphism 
for  any  module  M is  annihilated  by  In . Assume  the  induction  hypothesis  holds  for 
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n and  assume  M is  annihilated  by  In+1.  Then  we  have  a short  exact  sequence 

0 -A  InM  -a  M -a  M/InM  -A  0 
and  as  R — > S is  flat  this  gives  rise  to  a short  exact  sequence 

0 -A  InM  ®R  S -a  M ®R  S -A  M/InM  0 

Using  that  the  canonical  map  is  an  isomorphism  for  M'  = InM  and  M"  = M/InM 
(by  induction  hypothesis)  we  conclude  the  same  thing  is  true  for  M.  Finally, 
suppose  that  M is  a general  I- power  torsion  module.  Then  M = (J  Mn  where  Mn 
is  annihilated  by  In  and  we  conclude  using  that  tensor  products  commute  with 
colimits.  □ 


05EC  Lemma  15.70.3.  Assume  ip  : R -A  S is  a flat  ring  map  and  I C R is  a finitely 
generated  ideal  such  that  R/I  -A  S/ IS  is  an  isomorphism.  Then 

(1)  for  any  R-module  M the  map  M -A  M ®R  S induces  an  isomorphism 
M[I°°]  -A  (M  ®R  S)  [(/S')00]  of  I -power  torsion  submodules, 

(2)  the  natural  map 

Horn R(M,  N ) — » Homs(M  ®R  S,  N ®R  S ) 

is  an  isomorphism  if  either  M or  N is  I -po  wer  torsion,  and 

(3)  the  base  change  functor  M i-a  M ®R  S defines  an  equivalence  of  categories 
between  I-power  torsion  modules  and  IS -power  torsion  modules. 


091M 


Proof.  Note  that  the  equivalent  conditions  of  both  Lemma  |15.70.1|  and  Lemma 


15.70.2  are  satisfied.  We  will  use  these  without  further  mention.  We  first  prove  (1). 
Let  M be  any  i?-module.  Set  M'  = M/M[I°°]  and  consider  the  exact  sequence 

0 -A  M[I°°]  -a  M — M'  -a  0 

As  M[I°° ] = M[I°°]®RS  we  see  that  it  suffices  to  show  that  ®RS)[(I S)°°]  = 0. 

Write  I = (fi, . . . , ft).  By  Lemma  15.69.4  we  see  that  = 0.  Hence  for  every 

n > 0 the  map 


M'  — ► 0.=i  t M',  x ^ (f?x, ...,  ffx) 

is  injective.  As  S is  flat  over  R also  the  corresponding  map  M'®RS  -A  ®i=1  t M'Cd R 
S is  injective.  This  means  that  (M1  ®R  S1)^11]  = 0 as  desired. 


Next  we  prove  (2).  If  N is  I- power  torsion,  then  N ®R  S = N and  the  displayed 
map  of  (2)  is  an  isomorphism  by  Algebra,  Lemma  10.13.3  If  M is  /-power  torsion, 
then  the  image  of  any  map  M —>  N factors  through  M[I°°]  and  the  image  of  any 
map  M S -A  N ®R  S factors  through  (N  ®R  5)[(/5)°°].  Hence  in  this  case  part 
(1)  guarantees  that  we  may  replace  N by  fV[/°°]  and  the  result  follows  from  the 
case  where  N is  I- power  torsion  we  just  discussed. 


Next  we  prove  (3).  The  functor  is  fully  faithful  by  (2).  For  essential  surjectivity,  we 
simply  note  that  for  any  IS- power  torsion  S'- module  N,  the  natural  map  N®RS  — ► 
N is  an  isomorphism.  □ 


Lemma  15.70.4.  Assume  ip  : R -A  S is  a flat  ring  map  and  I C R is  a finitely 
qenerated  ideal  such  that  R/I  -A  S/ IS  is  an  isomorphism.  For  any  f t .....  fr  G R 
such  that  V(f1,...,fr)  = V(I) 

(1)  the  map  of  Koszul  complexes  K(R,  /1; . . . , fr)  -A  K(S,  /i, . . . , fr)  is  a 
quasi-isomorphism,  and 
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05ED 


05EE 


05EF 


(2)  The  map  of  extended  alternating  Cech  complexes 

R IL0  Rfi„  ni0<U  ->■■■-+  Rfl-fr 


s n,„  Sfi0  ->  ni0<il  sh0fH 

is  a quasi-isomorphism. 


Sfl-fr 


Proof.  In  both  cases  we  have  a complex  A.  of  R modules  and  we  want  to  show 
that  A.  -A  K . <B)r  S is  a quasi-isomorphism.  By  Lemma  15.70.2  and  the  flatness 
of  R — ^ S this  will  hold  as  soon  as  all  homology  groups  of  K are  /-power  torsion. 

Since  the  alternating  Cech 


15.22.6 


This  is  true  for  the  Koszul  complex  by  Lemma 
complex  is  a colimit  of  Koszul  complexes  (Lemma  15.22.13)  the  case  of  the  Koszul 
complex  implies  the  second  statement  too.  □ 

Lemma  15.70.5.  Let  R be  a ring.  Let  I = (/i,...,/„)  be  a finitely  generated 
ideal  of  R.  Let  M be  the  R-module  generated  by  elements  e±, . . . , en  subject  to  the 
relations  fi.ej  — fjei  = 0.  There  exists  a short  exact  sequence 

0— »AT— ?•/— 

such  that  K is  annihilated  by  I. 

Proof.  This  is  just  a truncation  of  the  Koszul  complex.  The  map  M — ► I is  is 
determined  by  the  rule  e,  ha  /,;.  If  m = Eaie*  's  in  the  kernel  of  M -A  /,  i.e., 

E aifi  = 0;  then  fjm  = E fjO-iCi  = (E  =0.  □ 

Lemma  15.70.6.  Let  R be  a ring.  Let  I = (fi, . • . , fn)  be  a finitely  generated 
ideal  of  R.  For  any  R-module  N set 

TT  (N  r > {Qci,  ■ ■ ■ , xn)  g N®n  I fjXj  = fjXj} 

1[  '1,}  {hx,...,fnx)\xeN} 

For  any  R-module  N there  exists  a canonical  short  exact  sequence 
0 -A  ExtR(R/I,  N ) -a  Hi(N,  /.)  -a  Hom^AT,  N) 
where  K is  as  in  Lemma\l5. 70.  <5| 

Proof.  The  notation  above  indicates  the  Ext-groups  in  Mod#  as  defined  in  Homol- 


R 


ogy,  Section  12.6  These  are  denoted  Ext#(M,  N).  Using  the  long  exact  sequence 
of  Homology,  Lemma |12.6.4|  associated  to  the  short  exact  sequence  0 —A  I 
R/I  — > 0 and  the  fact  that  Ext#(A,  N)  = 0 we  see  that 

Ext#(A//,  N)  = Coker(7V  —A  Hom(J,  N)) 


Using  the  short  exact  sequence  of  Lemma [15.70. 5|  we  see  that  we  get  a complex 
N -A  Horn (M,  N)  -A  Horn# (A',  N) 

whose  homology  in  the  middle  is  canonically  isomorphic  to  Ext #(/?//,  IV).  The 
proof  of  the  lemma  is  now  complete  as  the  cokernel  of  the  first  map  is  canonically 
isomorphic  to  Hi(N,  /.).  □ 

Lemma  15.70.7.  Let  R be  a ring.  Let  I = (fi,...,fn)  be  a finitely  generated 
ideal  of  R.  For  any  R-module  N the  Koszul  homology  group  Hi(N,  /,)  defined  in 
Lemma \l5.70.6\is  annihilated  by  I. 
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Proof.  Let  (x\, . . . , xn ) £ N®n  with  fiXj  = fjXi.  Then  we  have  fi(xi, . . . , xn)  = 
( fiXi , . . . , fiXn).  In  other  words  ft  annihilates  Hi{N , /.).  □ 


05EG 


We  can  improve  on  the  full  faithfulness  of  Lemma  |15.70.3|  by  showing  that  Ext- 
groups  whose  source  is  /-power  torsion  are  insensitive  to  passing  to  S as  well.  See 
Dualizing  Complexes,  Lemma  45.9.9  for  a derived  version  of  the  following  lemma. 


Lemma  15.70.8.  Assume  ip  : R —¥  S is  a flat  ring  map  and  I C R is  a finitely 
generated  ideal  such  that  R/ 1 -A  S/IS  is  an  isomorphism.  Let  Ad , N he  R-modules. 
Assume  Ad  is  I -power  torsion.  Given  an  short  exact  sequence 


0 — y N ®r  S — y E — ^ Ad  (S)  r S — t 0 


there  exists  a commutative  diagram 


0 >■  N >■  E >■  Ad >■  0 

| V 

0 5-  N ®R  S E > Ad  ®R  S ^ 0 


with  exact  rows. 


Proof.  As  Ad  is  /-power  torsion  we  see  that  Ad  S = Ad , see  Lemma  15.70.2 
We  will  use  this  identification  without  further  mention.  As  R — ► S is  flat,  the  base 
change  functor  is  exact  and  we  obtain  a functorial  map  of  Ext-groups 

Ext«(M,  N)  — A Ext s {Ad  ®R  S , N ®R  S ), 

see  Homology,  Lemma [12.7.2[  The  claim  of  the  lemma  is  that  this  map  is  surjective 
when  Ad  is  /-power  torsion.  In  fact  we  will  show  that  it  is  an  isomorphism.  By 
Lemma  15.69.2|we  can  find  a surjection  Ad'  -A  Ad  with  Ad'  a direct  sum  of  modules 
of  the  form  R/In.  Using  the  long  exact  sequence  of  Homology,  Lemma  12.6.4 


we 


see  that  it  suffices  to  prove  the  lemma  for  Ad' . Using  compatibility  of  Ext  with 
direct  sums  (details  omitted)  we  reduce  to  the  case  where  Ad  = R/dn  for  some  n. 

Let  be  generators  for  /".  By  Lemma  15.70.6  we  have  a commutative 

diagram 


05EJ 


0 *-  Ext R{R/In,  N) ^ Hi(N,  /.) ^ Horn/? (AT,  N) 

" Y 

0 ^ Ext s{S/InS,  N®S) ^ Hi  (TV  <g>  S,  /.) ^ Homs(A'  ®S,N®S) 


with  exact  rows  where  K is  as  in  Lemma  [15.70.5|  Hence  it  suffices  to  prove  that 
the  two  right  vertical  arrows  are  isomorphisms.  Since  AT  is  annihilated  by  /"  we 
see  that  Hom/}(A',  N)  = Homs(/f  ®r  S,  N &R  S)  by  Lemma  15.70.3  As  R — > S is 
flat  we  have  Z/i(iV,  /.)  0r  S = dd\{N ®r  S,f,).  As  H\{N , /.)  is  annihilated  by  /", 


see  Lemma  15.70.7  we  have  dd1(N , /.)  (g)fl  S = dd1{N,  /.)  by  Lemma  15.70.2  □ 


Let  R — > S be  a ring  map.  Let  fi,  ■ ...  ft  £ R and  / = (//, . . . , ft).  Then  for  any 
A-module  Ad  we  can  define  a complex 

(15.70.8.1)  0 aMaI0hSx  n S)u  X 


where  a{m ) = (m  (g)  1,  m/1, . . . , m/1)  and 

/3(m',mi, . . .,mf)  = ((m'/l-mi®!, . . . ,m7l  — mt®l),  (m1-m2, . . . ,mt_i-mt). 
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We  would  like  to  know  when  this  complex  is  exact. 


05EK  Lemma  15.70.9.  Assume  <p  : R -A  S is  a flat  ring  map  and  I = (/i, . . . , ft)  C R 
is  an  ideal  such  that  R/I  — > S/IS  is  an  isomorphism.  Let  M be  an  R-module. 
Then  the  complex  ( 15.70.8.1 ) is  exact. 


Proof.  First  proof.  Denote  Cr 


ing  Cecil  complexes  of  Lemma  15.70.4 
flat  terms,  we  see  that  M Cr 


Cs  the  quasi-isomorphism  of  extended  alternat- 
Since  these  complexes  are  bounded  with 


M ®r  Cs  is  a quasi-isomorphism  too  (Lemmas 


15.49.8  and  15.49.12 ) . Now  the  complex  (15.70.8.1)  is  a truncation  of  the  cone  of 


the  map  M ®r  Cr  ^ M ®r  Cs  and  we  win. 


Second  computational  proof.  Let  m £ M.  If  a(m)  = 0,  then  m £ M[I°°],  see 
Lemma  15.69.3  Pick  n such  that  Inm  = 0 and  consider  the  map  tp  : R/In  -A  M. 
If  m 0 1 = 0,  then  tp  0 lg  = 0,  hence  <p  = 0 (see  Lemma  15.70.3)  hence  m = 0.  In 
this  way  we  see  that  a is  injective. 


Let  ( m',m [, . . . ,m't)  £ Ker (ft).  Write  = mil ff  for  some  n > 0 and  rrq  £ M. 
We  may,  after  possibly  enlarging  n assume  that  ff  m'  = m;  ® 1 in  M 0#  5 and 
/"nii  — ffnij  = 0 in  M . In  particular  we  see  that  (mi, . . . , rnt ) defines  an  element 
£ of  Hi(M,  (/f  . . . , ff)).  Since  HfaM,  (/?, . . . , / ?))  is  annihilated  by  Itn+l  (see 
Lemma  15.70.7)  and  since  R — > S is  flat  we  see  that 


Hi(M,  (/r,  ■ • ■ , ft))  = HfaM,  (/r, . . . , /,"))  ®rS  = H\(M  ®R  s,  (/r, . . . , /f )) 

by  Lemma|l5.70.2|The  existence  of  vn!  implies  that  £ maps  to  zero  in  the  last  group, 
i.e.,  the  element  £ is  zero.  Thus  there  exists  an  m £ M such  that  m*  = ffm.  Then 


(m! , m' 


l)  ■ 


,m't)  — a(m)  = (m",0,  ...,0)  for  some  vn"  £ ( M ®r  5)[(/5)°°]. 


Lemma  15.70.3  we  conclude  that  m"  £ M[I°°]  and  we  win. 


By 

□ 


05EL  Remark  15.70.10.  In  this  remark  we  define  a category  of  glueing  data.  Let 
R -A  S’  be  a ring  map.  Let  fi,  ■ ■ ■ , ft  £ R and  / = {fi,  ■ ■ ■ , ft)-  Consider  the 
category  Glue(i?  — >•  S,  fi , . . . , ft ) as  the  category  whose 

(1)  objects  are  systems  (M7,  Afa,  on,  a%j),  where  M'  is  an  5-module,  M*  is 

an  Ry.-module,  a*  : — ► Mj  0^  5 is  an  isomorphism,  and  : 

( Mf)f . -A  ( Mj)f . are  isomorphisms  such  that 

(a)  ciij  o on  = aj  as  maps  ( — ► (Mj)fil  and 

(b)  ajk  o dij  = atik  as  maps  -?•  ( Mk)fifj  (cocycle  condition). 

(2)  morphisms  (M7,  Mt,  a,;,  a,j ) -A  (N' , Niy  fa,  faj)  are  given  by  maps  <p’  : 
M’  -A  N'  and  pi  : Af  — > iV)  compatible  with  the  given  maps  a,,  fa,  a^,  fa j. 

There  is  a canonical  functor 


Can  : Modj?  — > Glue(i?  — > S,  /1, . . . , ft),  M 1 — > (. M ®r  S,  Mft,  cani;  can^) 

where  can.;  : (M  0^5)^  — ► M f.  S and  can.^  : (M f.)f.  -A  (M ) j.  are  the 

canonical  isomorphisms.  For  any  object  M = (M',  Mi,  at,  a^j ) of  the  category 
Glue(i?  — > S,  /1, . . . , /t)  we  define 

H°( M)  = {{m!  ,mf)  | a^m')  =mi<S)  1 ,a,j(m,;)  = m^} 

in  other  words  defined  by  the  exact  sequence 

0 -►  H°( M)  -A  M’  x JJ  Mi  ->  n M’t.  * n«)„ 
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similar  to  (15.70.8.1).  We  think  of  H°( M)  as  an  A-module.  Thus  we  also  get  a 
functor 

H°  : Glue(i?  -A  S,  fi, . . . , ft)  — > Modfl 


Our  next  goal  is  to  show  that  the  functors  Can  and  H°  are  sometimes  quasi-inverse 
to  each  other. 


05EM  Lemma  15.70.11.  Assume  p : R -A  S is  a flat  ring  map  and  I = (/i, . . . , ft)  C R 
is  an  ideal  such  that  R/I  — > S/IS  is  an  isomorphism.  Then  the  functor  H°  is  a 
left  quasi-inverse  to  the  functor  Can  of  Remark  15.70.10 

Proof.  This  is  a reformulation  of  Lemma  115.70. 91  □ 


05EN  Lemma  15.70.12.  A ssume  p : R -A  S is  a flat  ring  map  and  let  I = (/i, . . . , ft)  C 
R be  an  ideal.  Then  Glue(R  — > S,  f±, . . . , ft)  is  an  abelian  category,  and  the  functor 
Can  is  exact  and  commutes  with  arbitrary  colimits. 


Proof.  Given  a morphism  (pfpf)  : (M' , Mi,  on,  cnj)  — > (TV' , Ni:  fa,  fij)  of  the 
category  Glue(i?  — > S,  f\, . . . , ft)  we  see  that  its  kernel  exists  and  is  equal  to  the 
object  (Ker(ip'),Ker(tpi),ai,aij)  and  its  cokernel  exists  and  is  equal  to  the  object 
(Coker(<//),  Coker(<p*),  /?*,  fy).  This  works  because  R — » S is  flat,  hence  taking 
kernels/cokernels  commutes  with  — (g>#  S.  Details  omitted.  The  exactness  follows 
from  the  R- flatness  of  Rft  and  S , while  commuting  with  colimits  follows  as  tensor 
products  commute  with  colimits.  □ 

05EP  Lemma  15.70.13.  Let  ip  : R -A  S be  a flat  ring  map  and  (/i, . . . , ft)  = R.  Then 
Can  and  H°  are  quasi-inverse  equivalences  of  categories 

ModR  = Glue(R  -A  S,  /i, . . . , ft) 


Proof.  Consider  an  object  M = (M7,  M,,  Oj,  ay)  of  Glue(i?  — ► S,  /i, . . . , ft).  By 
Algebra,  Lemma  10.23.4  there  exists  a unique  module  M and  isomorphisms  M /,  -A 
Mi  which  recover  the  glueing  data  a,j . Then  both  M'  and  M S are  S’-modules 
which  recover  the  modules  Mt  S upon  localizing  at  /,;.  Whence  there  is  a 
canonical  isomorphism  M ®RS  — > M’ . This  shows  that  M is  in  the  essential  image 
of  Can.  Combined  with  Lemma  Tl5. 70. Ill  the  lemma  follows.  □ 


05EQ  Lemma  15.70.14.  Let  p : R — >•  5 be  a flat  ring  map  and  I = (fi,  ■ ■ ■ , ft)  and 
ideal.  Let  R — ► R'  be  a flat  ring  map,  and  set  S'  = S ®R  R' . Then  we  obtain  a 
commutative  diagram  of  categories  and  functors 


ModR  Can>  Glue(R  -A  S,  /i, . . . , ft)  — > ModR 


—®rR' 


—<S>rR' 


—<S>rR' 


ModR,  Glue(R'  -a  S' , /r, . . . , /*)  ModR, 


Proof.  Omitted.  □ 

05ER  Proposition  15.70.15.  Assume  p : R S is  aflat  ring  map  and  I = (/i, . . . , ft)  C 
R is  an  ideal  such  that  R/I  — > S/IS  is  an  isomorphism.  Then  Can  and  H°  are 
quasi-inverse  equivalences  of  categories 

ModR  = Glue(R  -A  S,  fi, . . . , ft) 
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Proof.  We  have  already  seen  that  H°  o Can  is  isomorphic  to  the  identity  functor, 
see  Lemma  15.70.11  Consider  an  object  M = (M7,  Mt,  a,;,  ) of  Glue(i?  — >■ 

S,  fi, . . . , ft).  We  get  a natural  morphism 

’k  : (iJ°(M)  <S)r  S,  — s>  (M1,  Mi:  on,  ai3-). 

Namely,  by  definition  i/°( M)  conies  equipped  with  compatible  R- module  maps 
/7°(M)  -A  M'  and  H°( M)  -A  Mj.  We  have  to  show  that  this  map  is  an  isomor- 
phism. 

Pick  an  index  i and  set  R'  = Rfi.  Combining  Lemmas  15.70.14 


and 


15.70.13 


we  see 


that  ^ ®rR'  is  an  isomorphism.  Hence  the  kernel,  resp.  cokernel  of  4/  is  a system 
of  the  form  (Ji,  0,0,  0),  resp.  (Q,  0,0,0).  Note  that  H°((K,  0,0,0))  = K,  that  H° 
is  left  exact,  and  that  by  construction  is  bijective.  Hence  we  see  K = 0,  i.e., 

the  kernel  of  ik  is  zero. 


The  conclusion  of  the  above  is  that  we  obtain  a short  exact  sequence 
0 H°{ M)  ®R  S -A  M'  -»  Q -A  0 

and  that  Mi  = iL°(M)/;.  Note  that  we  may  think  of  Q as  an  A-module  which  is 
/-power  torsion  so  that  Q = Q S.  By  Lemma [15.70.8|  we  see  that  there  exists  a 
commutative  diagram 

0 >■  H°(M) >■  E >-  Q ^ 0 

Y '' 

0 H°{ M)  ®R  S M' *-  Q ^ 0 


with  exact  rows.  This  clearly  determines  an  isomorphism  Can(A)  — > (M' , Mi,  a.i,  ctij) 
in  the  category  Glue(A  — > S,  f\,  ■■■,  ft)  and  we  win.  (Of  course,  a posteriori  we 
have  Q = 0.)  □ 

0ALK  Lemma  15.70.16.  Let  ip  : R -A  S'  be  a flat  ring  map  and  let  I C R be  a finitely 
generated  ideal  such  that  R/I  — > S/ IS  is  an  isomorphism. 

(1)  Given  an  R-module  N , an  S-module  M'  and  an  S-module  map  tp  : M'  — ► 
N S whose  kernel  and  cokernel  are  I -power  torsion,  there  exists  an  R- 
module  map  ip  : M — >■  N and  an  isomorphism  M S = M'  compatible 
with  ip  and  ip. 

(2)  Given  an  R-module  M , an  S-module  N'  and  an  S-module  map  ip  : M Cg>^ 
S — ^ Nr  whose  kernel  and  cokernel  are  I -power  torsion,  there  exists  an 
R-module  map  ip  : M — ► TV  and  an  isomorphism  N (£)r  S = N1  compatible 
with  ip  and  ip. 

In  both  cases  we  have  Ker(ip ) = Ker(ip)  and  Coker(ip)  = Coker(ip). 


Proof.  Proof  of  (1).  Say  I = (/i,  .•■,/*)•  It  is  clear  that  the  localization  p>fi  is 
an  isomorphism.  Thus  we  see  that  (M1  ,N fi,tpfi,cariij)  is  an  object  of  Glue(J?  — » 
S,fi,...,  ft),  see  Remark  15.70.10  By  Proposition  15.70.15  we  conclude  that  there 
exists  an  A-module  M such  that  M'  = M <8>r  S and  Nf.  = Mf.  compatibly  with 
the  isomorphisms  p y and  cariij.  There  is  a morphism 

(M  S , Mf. , cani,  can.ij)  = (M' , Nf.  ,pft,  canij)  — > ( N <S>r  S,  Nf. , can,,  can^) 


of  Glue(A  — ► S,  /i, . . . , ft)  which  uses  p in  the  first  component.  This  corresponds 
to  an  A-module  map  ip  : M — ► N (by  the  equivalence  of  categories  of  Proposition 
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15.70.15 1.  The  composition  of  the  base  change  of  M — > N with  the  isomorphism 
M'  = M S is  ip,  in  other  words  M — » N is  compatible  with  ip. 

Proof  of  (2).  This  is  just  the  dual  of  the  argument  above.  Namely,  the  localization 
Pf.  is  an  isomorphism.  Thus  we  see  that  (N' , Mf.,  tpf1 , can.ij)  is  an  object  of 
Glu  e(R  — »•  ft),  see  Remark  15.70. 10|  By  Proposition  15.70.15  we  conclude 

that  there  exists  an  17-module  N such  that  N'  = N®rS  and  N f.  = M f.  compatibly 
with  the  isomorphisms  ipf1  and  cantj.  There  is  a morphism 

(M  S,  M 'f. , cant , cariij ) — > (A7  ,Mfi,ipfi,  cariij ) = (N  ® r 5,  Nft , carii , cariij ) 

of  Glue(i?  — ► S.  fi , ft)  which  uses  ip  in  the  first  component.  This  corresponds 
to  an  i?-module  map  if  : M -A  N (by  the  equivalence  of  categories  of  Proposition 
15.70.15|).  The  composition  of  the  base  change  of  M -A  N with  the  isomorphism 
N'  = N g r S is  ip,  in  other  words  M N is  compatible  with  <p. 


The  final  statement  follows  for  example  from  Lemma  15.70.3| 


□ 


Next,  we  specialize  Proposition  15.70.15  to  get  something  more  useable.  Namely, 
if  I = (/)  is  a principal  ideal  then  the  objects  of  Glu e(R  — > S,  f)  are  simply  triples 
(M7 , and  there  is  no  cocycle  condition  to  check! 

05ES  Theorem  15.70.17.  Let  R be  a ring,  and  let  f € R.  Let  ip  : R — > S be  a flat  ring 
map  inducing  an  isomorphism  R/  fR  —>  S/  fS.  Then  the  functor 

ModR  — » Mods  ><Modsf  ModRf,  M \ — > (M  S,Mf,  can) 
is  an  equivalence. 

Proof.  The  category  appearing  on  the  right  side  of  the  arrow  is  the  category  of 
triples  {M' where  M'  is  an  5-module,  M\  is  a Rf- module,  and  a\  : M'f  — ► 
M\  gfl  5 is  a 5/-isomorphism,  see  Categories,  Example |4. 30. 3|  Hence  this  theorem 
is  a special  case  of  Proposition  |15.70.15|  □ 


05ET 


A useful  special  case  of  Theorem  |15.70.17  is  when  R is  noetherian,  and  5 is  a 
completion  of  R at  an  element  /.  The  completion  R — > S is  flat,  and  the  functor 
M ha  M ®r  S can  be  identified  with  the  /- adic  completion  functor  when  M is 
finitely  generated.  To  state  this  more  precisely,  let  Mod^9  denote  the  category  of 
finitely  generated  17,-modules. 

Proposition  15.70.18.  Let  R be  a noetherian  ring.  Let  f G R be  an  element.  Let 
Rn  be  the  f-adic  completion  of  R.  Then  the  functor  M i— > ( MA,Mf , can)  defines 
an  equivalence 


Mod ^ 


ModftA 


'Mod 


Mod ' 


XRA)f 


<fg 

Rf 


Proof.  The  ring  map  R — > RA  is  flat  by  Algebra,  Lemma  10.96.2  It  is  clear 
that  R/fR  = RA/fRA.  By  Algebra,  Lemma  10.96.1  the  completion  of  a finite 


A-module  M is  equal  to  M ®r  Ra  . Hence  the  displayed  functor  of  the  proposition 
is  equal  to  the  functor  occurring  in  Theorem  |15.70.17|  In  particular  it  is  fully 
faithful.  Let  (Mi,  M2,  if)  be  an  object  of  the  right  hand  side.  By  Theorem  15.70.17 
there  exists  an  A-module  M such  that  Mi  = M ®r  Ra  and  M2  = Mf.  As  R 
RA  x Rf  is  faithfully  flat  we  conclude  from  Algebra,  Lemma 


10.23.2 


finitely  generated,  i.e.,  M £ Modp9.  This  proves  the  proposition. 


that  M is 

□ 
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05EU 


05EV 


OBNI 


OBNJ 


Remark  15.70.19.  The  equivalences  of  Proposition  15.70.15  Theorem  15.70.17 
and  Proposition  |15.70.18|  preserve  properties  of  modules,  for  example  if  M cor- 
responds  to  M = (M',  Mi,  ai,  Qy)  then  M is  finite,  or  finitely  presented,  or  flat, 
or  projective  over  R if  and  only  if  M'  and  Mi  have  the  corresponding  property 
over  S and  Rft.  This  follows  from  the  fact  that  Jl-^Sx]]^  is  faithfully  flat 
and  descend  and  ascent  of  these  properties  along  faithfully  flat  maps,  see  Algebra, 
Lemma|l0.82.2|and  Theorem|10.94.5|  These  functors  also  preserve  the  ^-structures 
on  either  side.  Thus,  it  defines  equivalences  of  various  categories  built  out  of  the 
pair  (Mod#,  (g>),  such  as  the  category  of  algebras. 

Remark  15.70.20.  Given  a differential  manifold  X with  a compact  closed  sub- 
manifold Z having  complement  U , specifying  a sheaf  on  X is  the  same  as  specifying 
a sheaf  on  U,  a sheaf  on  an  unspecified  tubular  neighbourhood  T of  Z in  X,  and  an 
isomorphism  between  the  two  resulting  sheaves  along  T D U . Tubular  neighbour- 
hoods do  not  exist  in  algebraic  geometry  as  such,  but  results  such  as  Proposition 
|15.70.15|  Theorem  15.70.17[  and  Proposition  15.70.18  allow  us  to  work  with  formal 
neighbourhoods  instead. 


15.71.  The  Beauville-Laszlo  theorem 


Let  R be  a ring  and  let  / be  an  element  of  R.  Denote  RA  = lim  R/ fnR  the  /- adic 
completion  of  R.  In  this  section  we  discuss  a slight  generalization  of  a theorem 
of  Beauville  and  Laszlo  IBL95).  The  theorem  of  Beauville  and  Laszlo  in  turn 
can  be  compared  with  Theorem  15.70.17  taken  with  S = RA  and  its  specialization 
Proposition  15.70.18  The  theorem  asserts  that  under  suitable  conditions,  a module 
over  R can  be  constructed  by  “glueing  together”  modules  over  RA  and  Rf  along 
an  isomorphism  between  the  base  extensions  to  ( RA)f . For  a comparison  with  flat 
descent,  please  see  Remark  [l 5. 71. 6[ 

In  [BTj95]  it  is  assumed  that  / is  a nonzerodivisor  on  both  R and  M.  In  fact  one 
only  needs  to  assume  that 


is  bijective  and  that 


R[f° 


M[f° 


RAir 


Mi 2>R  Ra 


is  injective.  This  optimization  was  partly  inspired  by  an  alternate  approach  to 
glueing  introduced  in  [klTH  §1.3]  for  use  in  the  theory  of  nonarchimedean  analytic 
spaces.  One  can  establish  similar  results  even  without  any  restrictions  on  R and 
M,  but  for  this  one  must  work  at  the  level  of  derived  categories.  See  [Bhal4l  §5] 
for  more  details. 


Lemma  15.71.1.  Let  R be  a ring  and  let  f £ R.  For  every  positive  integer  n the 
map  R/fnR  —¥  RA  / fnRA  is  an  isomorphism. 

Proof.  This  is  a special  case  of  Algebra,  Lemma[l0.95.5|  □ 

We  will  use  the  notation  introduced  in  Section  |15.69|  Thus  for  an  R-module  M, 
we  denote  M[fn]  the  submodule  of  M annihilated  by  /"  and  we  put 

Uoo 

M[fn]  = ker (M  -X  Mf). 

If  M = we  say  that  M is  an  /-power  torsion  module. 
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OBNK 


OBNL 


OBNM 


OBNN 


OBNP 


OBNQ 


OBNR 


Lemma  15.71.2.  Let  R be  a ring  and  f £ R.  For  any  f -power  torsion  R-module 
M,  we  have  M = M ®R  Ra  . 


Proof.  By  Lemma [l 5 . 71 . 1 1 we  see  that  if  M is  annihilated  by  /”,  then 
M ®R  RA  = M ®R/fnR  RA/fnRA  = M ®R/fnR  R/fnR  = M. 


Since  M = \JM[fn]  and  since  tensor  products  commute  with  colimits  (Algebra, 
Lemma  10.11.9),  we  obtain  the  desired  isomorphism.  □ 


Lemma  15.71.3.  Let  R be  a ring  and  f £ R.  The  R-module  RA  ® Rf  is  faithful: 
for  every  nonzero  R-module  M , the  module  M <&R  (RA  © Rf)  is  also  nonzero. 


However,  the  map  M -A  M ®R  (RA  © Rf)  need  not  be  injective;  see  Example 
115.71. 101 


Proof.  If  M 0 but  M ®rRj  = 0,  then  M is  /-power  torsion.  By  Lemma 
we  find  that  M ®R  RA  = M =7  0. 

Lemma  15.71.4.  Let  R be  a ring  and  f £ R.  The  map  Spec  (RA)  H Spec  (Rf)  — t 
Spec(R)  is  surjective. 


15.71.2 

□ 


Proof.  Recall  that  Spec(R)  = V(f)UD(f)  where  V(f)  = Spec (R/fR)  and  D(f)  = 
Spec  (Rf),  see  Algebra,  Section  [lO. 16  and  especially  Lemmas  10.16.7  and  10.16.6 
Thus  the  lemma  follows  as  the  map  R — > R/fR  factors  through  _RA.  □ 

Lemma  15.71.5.  Let  R be  a ring  and  f £ R.  Let  M be  an  R-module.  If 
M <g)R  (RA  © Rf)  is  finitely  generated  as  a module  over  RA  © Rf,  then  M is  a 
finitely  generated  R-module. 


Proof.  If  M ®R  (i?A  © Rf)  is  finitely  generated,  then  (by  writing  each  generator 
as  a sum  of  simple  tensors)  it  admits  a finite  generating  set  consisting  of  elements 
of  M.  That  is,  there  exists  a morphism  from  a finite  free  .R-module  to  M whose 
cokernel  is  killed  by  tensoring  with  RA  © Rf,  we  may  thus  deduce  the  claim  by 
applying  Lemma[l5.71.3|to  this  cokernel.  □ 


Remark  15.71.6.  While  R -A  Rf  is  always  flat,  R — > RA  is  typically  not  flat 
unless  R is  Noetherian  (see  Algebra,  Lemma  10.96.2  and  the  discussion  in  Examples, 
Section  88.11).  Consequently,  we  cannot  in  general  apply  faithfully  flat  descent  as 
discussed  in  Descent,  Section  34.3  to  the  morphism  R — > RA  © Rf.  Moreover,  even 
in  the  Noetherian  case,  the  usual  definition  of  a descent  datum  for  this  morphism 
refers  to  the  ring  RA  ©/{  RA , which  we  will  avoid  considering  in  this  section. 


Let  R be  a ring  and  let  / £ R.  We  now  introduce  a key  restriction  on  the  pair 
(R, /).  Consider  the  sequence 

(15.71.6.1)  0aR->Ra®R/->(Ra)/a0, 


in  which  the  map  on  the  right  is  the  difference  between  the  two  canonical  homo- 
morphisms.  If  this  sequence  is  exact,  then  we  say  that  (R,/)  is  a glueing  pair. 


Lemma  15.71.7. 


Let  R be  a ring  and  let  f £ R. 


The  sequence  (15.71.6.1)  is 


(1)  exact  on  the  light, 

(2)  exact  on  the  left  if  and  only  if  R[f°°]  — > RA[/°°]  is  injective,  and 

(3)  exact  in  the  middle  if  and  only  if  R[f°°]  — > RA[/°°]  is  surjective. 

In  particular,  (R,  /)  is  a glueing  pair  if  and  only  if  R[f°°]  —A  RA[/°°]  is  bijective. 


IBL95I  Lemme  1]. 


|BL951 

Lemme  2(a)]. 
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OBNS 

OBNT 

OBNU 


OBNV 

OBNW 


Proof.  Let  x £ (1?A)/.  Write  x = x' / fn  with  x'  £ RA 
x"  £ R and  y £ RA  using  that  R/fnR  = RA/fnRA  by  Lemma  15.71.1 
see  that  (y,  — x" / fn ) maps  to  x.  Thus  (1)  holds. 


Write  x ' = x"  + fny  with 
Then  we 


Part  (2)  follows  from  the  fact  that  Ker(i?  -A  Rf)  = R[f°°]. 

If  the  sequence  is  exact  in  the  middle,  then  elements  of  the  form  (x,  0)  with  x £ 
RA  [/°°]  are  in  the  image  of  the  first  arrow.  This  implies  that  -A  RA[f°°]  is 

surjective.  Conversely,  assume  that  R[f°°]  — > RA[f°°]  is  surjective.  Let  (x,y)  be  an 
element  in  the  middle  which  maps  to  zero  on  the  right.  Write  y = y' / fn  for  some 
y'  £ R.  Then  we  see  that  fnx  — y ' is  annihilated  by  some  power  of  / in  RA . By 
assumption  we  can  write  fnx  — y'  = z for  some  z £ R[f°°].  Then  y = y" / fn  where 
y"  = y'  + z is  in  the  kernel  of  R -A  R/ fnR.  Hence  we  see  that  y can  be  represented 
as  y" '/l  for  some  y'"  £ R.  Then  x - y'"  is  in  RA[f°°}.  Thus  x - y'"  = z'  £ R[f°°]. 
Then  (x,  y"'/l)  = (y'"  + z' , {y'"  + z')/l)  as  desired.  □ 


Remark  15.71.8.  Suppose  that  / is  a nonzerodivisor.  Then  Algebra,  Lemma 
10.95.2  shows  that  / is  a nonzerodivisor  in  RA . Hence  ( R , /)  is  a glueing  pair. 


Remark  15.71.9.  If  7?  — A RA  is  flat,  then  for  each  positive  integer  n tensoring 
the  sequence  0 -A  R[fn ] -A  R — > R with  RA  gives  the  sequence  0 — ► R[fn]®RRA  — > 
RA  -A-  RA.  Combined  with  Lemma  15.71.2  we  conclude  that  R[fn } -A  RA[fn]  is 
an  isomorphism.  Thus  (R,  /)  is  a glueing  pair.  This  holds  in  particular  if  R is 
Noetherian,  see  Algebra,  Lemma [10. 96. 2| 

Example  15.71.10.  Let  k be  a held  and  put 

R = k[f , Ti,  r2, . . ,]/(/Ti,/T2  - Ti,  fT3  - T2, . . .). 


Then  (R,  f)  is  not  a glueing  pair  because  the  map  R[/°°]  -A  RA[f°°)  is  not  injective 
as  the  image  of  Ti  is  /-divisible  in  RA . For 

R = fc[/,T1,T2,...]/(/T1,/2T2,...), 

the  map  R[f°°]  -A  RA[f°°]  is  not  surjective  as  the  element  Ti  + /T2  + f2T3  + ...  is 
not  in  the  image.  In  particular,  by  Remark|15.71.9|  these  are  both  examples  where 
R -a  RA  is  not  flat. 


By  analogy  with  the  definition  of  a glueing  pair,  we  make  a similar  definition  for 
modules.  Let  R be  a ring  and  let  / £ R.  For  any  i?-module  M , we  may  tensor 


(15.71.6.1)  with  M to  obtain  a sequence 

(15.71.10.1)  0 -a  M -a  (M  ®R  Ra)  © (M  ®R  Rf) 


(Ra) / — t 0 


Observe  that  M®RRf  = Mf  and  that  M®R{RA)f  = ( M®rRa)  f . If  this  sequence 
is  exact,  we  say  that  M is  glueable. 

Lemma  15.71.11.  Let  R be  a ring  and  let  f £ R.  Let  M be  an  R-module.  The 


sequence  (15.71.10.1)  is 

(1)  exact  on  the  right, 

(2)  exact  on  the  left  if  and  only  if  M[f°°]  -A  (M ®R  RA)[f°°]  is  injective,  and 

(3)  exact  in  the  middle  if  and  only  if  M[f°°]  -A  (M ©i7-RA)[/°°]  is  surjective. 
Thus  M is  glueable  if  and  only  if  M[f°°]  -A  (M  ®R  7?A)[/°°]  is  bijective.  If  (R,  f) 
is  a glueing  pair,  then  M is  glueable  if  M[f°°]  -A  (M  ®R  RA)[f°°]  is  injective. 
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OBNX 


OBNY 


Proof.  We  will  use  the  results  of  Lemma  115.71.71  without  further  mention.  The 
functor  M — is  right  exact  (Algebra,  Lemma  10.11.10)  hence  we  get  (1). 

The  kernel  of  M — ► M Rf  = Mf  is  Thus  (2)  follows. 


If  the  sequence  is  exact  in  the  middle,  then  elements  of  the  form  (x,  0)  with  x £ 
(M  ®R  RA)[f°°]  are  in  the  image  of  the  first  arrow.  This  implies  that  M[f°°]  — > 
(. M RA)[/°°]  is  surjective.  Conversely,  assume  that  M[f°°]  — ► (M  f?A)[/°°] 

is  surjective.  Let  (x,  y)  be  an  element  in  the  middle  which  maps  to  zero  on  the 
right.  Write  y = y' / fn  for  some  y'  £ M.  Then  we  see  that  fnx  — y'  is  annihilated 
by  some  power  of  / in  M RA.  By  assumption  we  can  write  fnx  — y'  = z 
for  some  z £ Then  y = y" / fn  where  y"  = y'  + z is  in  the  kernel  of 

M — > M/fnM.  Hence  we  see  that  y can  be  represented  as  y'" /I  for  some  y'"  £ M. 
Then  x - y'"  is  in  (M  ®R  RA)[f°°]'.  Thus  x - y'"  = z'  £ Then  (x,  y'"  / 1)  = 

(yr"  + z' , (y'"  + z')/ 1)  as  desired. 


If  (i?,  /)  is  a glueing  pair,  then  (15.71.10.1)  is  exact  in  the  middle  for  any  M by 
Algebra,  Lemma  [10.11.10[  This  gives  the  final  statement  of  the  lemma.  □ 


Remark  15.71.12.  Let  ( R , /)  be  a glueing  pair  and  let  M be  an  i?-module.  Here 
are  some  observations  which  can  be  used  to  determine  whether  M is  glueable. 

(1)  By  Lemma  15.71.11  we  see  that  M is  glueable  if  and  only  if  M[f°°]  — > 
M ®R  i?A  is  injective.  This  holds  if  M[f]  -A  MA  is  injective,  i.e. , when 

M[f}nr\ZifnM  = 0-  ' ' 

(2)  If  Tor f (M,  ( RA)f ) = 0,  then  M is  glueable  (use  Algebra,  Lemma  10.74.2 ). 
This  is  equivalent  to  saying  that  Torf  (M,i?A)  is  /-power  torsion.  In 
particular,  any  flat  l?-module  is  glueable. 

If  R — > iiA  is  flat,  then  Torf  (M,  i?A)  = 0 for  every  R- module  so  every 
i?-module  is  glueable.  This  holds  in  particular  when  R is  Noetherian,  see 
Algebra,  Lemma [10. 96. 2| 


(3) 


Example  15.71.13  (Non  glueable  module).  Let  R be  the  ring  of  germs  at  0 of  C°° 
functions  on  R.  Let  / £ R be  the  function  f(x)  = x.  Then  / is  a nonzerodivisor 
in  R,  so  (R,f)  is  a glueing  pair  and  i?A  = R[[.t]].  Let  ip  £ R be  the  function 
(p(x)  = exp(— l/x2).  Then  has  zero  Taylor  series,  so  ip  £ Ker(i?  —A  RA).  Since 
ip(x)  7^  0 for  x 0,  we  see  that  tp  is  a nonzerodivisor  in  R.  The  function  tp/f  also 
has  zero  Taylor  series,  so  its  image  in  M = R/pR  is  a nonzero  element  of  M[f] 
which  maps  to  zero  in  M RA  = RA  /tpRA  = RA.  Hence  M is  not  glueable. 


IBL95I  §4, 

Remarques] 


We  next  make  some  calculations  of  Tor  groups. 

0BNZ  Lemma  15.71.14.  Let  (R,  f)  be  a glueing  pair.  For  each  positive  integer  n,  we 
have  Torf{RAJnR)  = 0. 


Proof.  From  the  exact  sequence  0 -A  R[fn]  fnR  -A  0 we  see  that  it 

suffices  to  check  that  R[fn]  Ra  — > RA  is  injective.  By  Lemma  15.71.2  we  have 
R[fn]  RA  = R[fn]  and  by  Lemma  15.71.7  we  see  that  R[fn]  -A  RA  is  injective 
as  (R.  /)  is  a glueing  pair.  □ 

0BP0  Lemma  15.71.15.  Let  (R,  f)  be  a glueing  pair.  Then  Tor^(RA , R/ R[f°°])  =0. 

Proof.  We  have  R/R[f°°]  = colim  R/R[fn]  = colirn  fnR.  As  formation  of  Tor 
groups  commutes  with  filtered  colimits  (Algebra,  Lemma  10.75.2)  we  may  apply 
Lemma  115.71. 141  □ 
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0BP1  Lemma  15.71.16.  Let  (R,  f)  be  a glueing  pair.  For  every  R-module  M,  we  have 
Tor?(RA,  Coker(M  -a  Mf))  = 0. 

Proof.  Set  M'  = Then  Coker(M  -A  Mf)  = Coker (M1  -A  Mf)  hence 

we  may  and  do  assume  that  / is  a nonzerodivisor  on  M.  In  this  case  M C Mf 
and  Mf/M  = colim  M/fnM  where  the  transition  maps  are  given  by  multiplication 
by  /.  Since  formation  of  Tor  groups  commutes  with  colimits  (Algebra,  Lemma 
10.75.2 1 it  suffices  to  show  that  Torf (RA,M/fnM)  = 0. 


We  first  treat  the  case  M = R/R[f°°].  By  Lemma  15.71.7  we  have  M 0#  RA  = 
RA  / RA[f°°).  From  the  short  exact  sequence  0 -A  M — )•  M — )•  M/fnM  A 0 we 
obtain  the  exact  sequence 


Tor  ?(RA,R/R[f°°]) 


■Tor  f(RA,M//"M) 

r 


.RA/RA\fo 


RA/RA[f° 


(RA/RA[r})/{P(RA/RA  [/“])) 


by  Algebra,  Lemma  [l0.74.2|  Here  the  diagonal  arrow  is  injective.  Since  the  first 

we  deduce  that  Torf  (RA  ,M/f 7 


group  Torf  (RA , R/R[f°°])  is  zero  by  Lemma 
0 as  desired. 


15.71.15 


To  treat  the  general  case,  choose  a surjection  F — > M with  F a free  R/R[f°°]- 
module,  and  form  an  exact  sequence 

0 -a  N -A  F/fnF  -a  M/fnM  -a  0. 

By  Lemma  |15.71.2|  this  sequence  remains  unchanged,  and  hence  exact,  upon  ten- 
soring  with  RA.  Since  Torf  (RA,  F/  fnF)  = 0 by  the  previous  paragraph,  we  deduce 
that  Torf (RA,M/fnM)  = 0 as  desired.  □ 


Let  ( R , /)  be  a glueing  pair.  This  means  that  the  diagram 

R >■ RA 

Rf (. RA)f 


is  cocartesian.  Consider  the  category  Glue(f?  -A  RA,f)  introduced  in  Remark 
15.70.10|  We  will  call  an  object  {M' ,M\,a{)  of  Glue(l?  -A  RA,f)  a glueing  da- 
tum. It  consists  of  an  l?A-module  M' , a f?/-module  M\ , and  an  isomorphism 
a\  : ( M')f  -A  Mi  RA.  There  is  an  obvious  functor 

Can  : Mod#  — > Glu e(R  -A  RA , /),  M \ — » (M  1?A,  My,  can) 
and  there  is  a functor 

H°  : Glu e(R  A S,  /i, . . . , ft)  — Modfl,,  (Mf  M1,a1)  i — > Ker(M'0M1  -A  {M') f) 
in  the  reverse  direction,  see  Remark |l5. 70. 10| 

0BP2  Theorem  15.71.17.  Let  (R,  f)  be  a glueing  pair.  The  functor  Can  : Modn  — ► 
Glue{R  -A  RA,f)  determines  an  equivalence  of  the  full  subcategory  of  glueable  R- 
modules  to  the  category  Glue(R  -A  RA , /)  of  glueing  data. 


Slight  generalization 
of  IBL951  Lemme 
3(a)] 


M)  = 


Slight  generalization 
of  the  main  theorem 

of  |BL95j. 
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0BP3 


0BP4 


0BP5 


0BP9 


Proof.  The  functor  is  fully  faithful  due  to  the  exactness  of  ( 15.71.10.1 ) for  glueable 
modules,  which  tells  us  exactly  that  H°  o Can  = id  on  the  full  subcategory  of 
glueable  modules.  Hence  it  suffices  to  check  essential  surjectivity.  That  is,  we 
must  show  that  an  arbitrary  glueing  datum  (M' , Mi , a±)  arises  from  some  glueable 
-R-module. 


We  first  check  that  the  map  M'  ® M\  -A  (Mr)  f used  in  the  definition  of  the  functor 
H°  is  surjective.  Observe  that  (x,y)  £ M'  ®Mi  maps  to  d (x,y)  = x/l  — (y®  1) 

in  ( M')f . If  z £ ( M’)f , then  we  can  write  aq (z)  = YYVi  ® 9i  with  9i  G and 
yi  £ M\.  Write  a~1(yi  ® 1)  = y[/ fn  for  some  y[  £ M'  and  n > 0 (we  can  pick 
the  same  n for  all  i).  Write  (ji  = a,;  + fnbi  with  as*  £ R and  bi  £ RA.  Then  with 
y = YY  aiVi  £ Mi  and  x = Y2  bj'y[  £ M’  we  have  d(x,  —y)  = z as  desired. 

Put  M = H°((M',Mi,ai))  = Ker(d).  We  obtain  an  exact  sequence  of  i?-modules 

(15.71.17.1)  0 -A  M -A  M'  ® Mi  -A  {M')f  -a  0. 

We  will  prove  that  the  maps  M -A  M'  and  M -a  Mi  induce  isomorphisms  M ®r 
RA  -A  M'  and  M ®r  Rf  -A  Mi.  This  will  imply  that  M is  a glueable  R- module 
giving  rise  to  the  original  glueing  datum. 


Since  / is  a nonzerodivisor  on  Mi,  we  have  M[f°°]  = M'[f°°].  This  yields  an  exact 
sequence 

(15.71.17.2)  0 -a  M/M[f°°]  -A  Mi  -a  ( M’)f/M ' -a  0. 


Since  R -A  Rf  is  flat,  we  may  tensor  this  exact  sequence  with  Rf  to  deduce  that 
M Rf  = ( M/M[f°° ])  Rf  -A  Mi  is  an  isomorphism. 


We  now  have  an  isomorphism  Mf  -a  Mi,  hence  an  isomorphism  M (RA)f  ► 
Mi  i?.A,  and  thus  using  ai  and  Lemma  15.71.11  a surjection  M (i?A  ® 
i?./)  -A  ( M')f . Thus  given  2 £ M'  we  can  write  z/\  = z'  + Zi  in  (. M')f  for  some 
z'  £ M RA  and  z\  & Mf.  Then  (z  — z' , Zi)  £ M = Ker(d).  Hence  z — z'  and  z' 
are  in  the  image  of  M ®R  RA  -A  M' . It  follows  that  M RA  -A  M'  is  surjective. 


By  Lemma 


15.71.16 


(. M')f ))  = 0.  The  sequence 
(15.71.17.2)  thus  remains  exact  upon  tensoring  over  R with  RA.  Using  oq  and 


we  have  Torf  (i?A,  Coker(M' 
mains  exact  upon  tensoring  o- 

Lemma|15.71.2| the  resulting  exact  sequence  can  be  written  as 
(15.71.17.3)  0 -A  (M/M[/°°])  <g )R  RA  -a  (M')/  -a  {M')f/M' 


This  yields  an  isomorphism  (M/M[/°°])  i?A  = M' /M'[f°°].  This  implies  that 
in  the  diagram 


M[f°°]  ®r  RA ^ M <8>_r  RA ^ (M/M[/°°])  ®R  RA ^ 0 


V 

0 9-  M'[/°°] 


V 

M' 


V 

M'/M't/00] ^ 0, 


the  third  vertical  arrow  is  an  isomorphism.  Since  the  rows  are  exact  and  the  first 
vertical  arrow  is  an  isomorphism  by  Lemma  15.71.2  and  = M'f/00],  the  five 

lemma  implies  that  M ®r  Ra  -a  M'  is  injective.  This  completes  the  proof.  □ 


Remark  15.71.18.  Let  (R,  f)  be  a glueing  pair.  Let  M be  a (not  necessarily 
glueable)  i?-module.  Setting  M'  = M RA  and  M-|  = Mf  we  obtain  the  glueing 
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datum  Can(M)  = (M7,  Mi,  can).  Then  M = M\,  can)  is  a glueable  R- 

module  and  the  canonical  map  M — > M gives  isomorphisms  M © R RA  — > M 0 R Ra 


and  M 


f 


15.71.17 


Mf,  see  Theorem 

M -A  M © )R  RA  © Mf 


From  the  exactness  of  the  sequences 
M ®r  (RA)f  -A  0 


and 


0 -A  M -A  M ®R  RA  © Mf  -A  M ®R  (RA)f  -A  0 
we  conclude  that  M — > M is  surjective. 


Recall  that  flat  7?-modules  over  a glueing  pair  (R,  /)  are  glueable  (Remark  15.71.12 ). 
Hence  the  following  lemma  shows  that  Theorem  |15.71.17]  determines  an  equiva- 
lence between  the  category  of  flat  R-modules  and  the  category  of  glueing  data 
(M1 , Mi,ai)  where  M 7 and  Mi  are  flat  over  RA  and  Rf. 

0BP7  Lemma  15.71.19.  Let  (R,  f)  be  a glueing  pair.  Let  M be  a (not  necessarily 
glueable)  R-module.  Then  M is  flat  if  and  only  if  M (g)R  RA  is  flat  over  RA  and 
Mf  is  flat  over  Rf. 

Proof.  One  direction  of  the  lemma  follows  from  Algebra,  Lemma[l0.38.7[  For  the 
other  direction,  assume  M ®rRa  is  flat  over  RA  and  Mf  is  flat  over  Rf.  Let  M be 
as  in  Remark  15.71.18  If  M is  flat  over  R , then  applying  Algebra,  Lemma  10.387 
to  the  short  exact  sequence  0 — ► Ker(M  -A  M)  — >■  M -A  M -A  0 we  find  that 

and  we 


15.71.3 


Ker (M  -a  M)  ®r  ( RA  © Rf)  is  zero.  Hence  M = M by  Lemma 
conclude.  In  other  words,  we  may  replace  M by  M and  assume  M is  glueable.  Let 
TV  be  a second  i?-module.  It  suffices  to  prove  that  Torf  (M,  N)  = 0,  see  Algebra, 
Lemma  110.74.81 

The  long  the  exact  sequence  of  Tors  associated  to  the  short  exact  sequence  0 -A 
R — > RA  © Rf  — > (RA  )f  - A 0 and  N gives  an  exact  sequence 

0 -A  Torf  (RA,  IV)  -A  Torf((i?A)/,  N) 

and  isomorphisms  Torf  (RA,  N)  = Tor f ((i?A)/,  IV)  for  i > 2.  Since  Tori((I?A)/,  N ) = 
Torf  (i?A,  N)f  we  conclude  that  / is  a nonzerodivisor  on  Torf(I?A,IV)  and  invert- 
ible on  Torf  (RA , N)  for  i > 2.  Since  M ($iR  RA  is  flat  over  RA  we  have 

Torf  (M  Ra,  N)  = (M®r  Ra)  Torf  (RA,  N) 

by  the  spectral  sequence  of  Example  |15.52.2  Writing  M ®R  RA  as  a filtered  col- 
imit  of  finite  free  7?A-modules  (Algebra,  Theorem  10.80.4 1 we  conclude  that  / is  a 
nonzerodivisor  on  Torf  (M  <S>R  RA , IV)  and  invertible  on  Torf  (M  ®R  RA , IV) . Next, 
we  consider  the  exact  sequence  0 — >■  M — >■  M <S>R  RA  © Mf  -A  M ( RA)f  -A  0 
coming  from  the  fact  that  M is  glueable  and  the  associated  long  exact  sequence  of 
Tor.  The  relevant  part  is 


Torf  (M,  IV) 


■ Torf  (M  ©a  RA,  N) 


■Torf (M©fl  ( RA)f,N ) 


Torf  (IW  ©fl  JRA,  A0 


Torf  (M©fl  (RA)f,N) 


We  conclude  that  Torf  (M,  IV)  = 0 by  our  remarks  above  on  the  action  on  / on 
Torf  (M  ©^j  RA,  N).  □ 


15.71.  THE  BEAUVILLE-LASZLO  THEOREM 


1292 


Observe  that  we  have  seen  the  result  of  the  following  lemma  for  “finitely  generated” 
in  Lemmall5. 71.51 

0BP6  Lemma  15.71.20.  Let  (R,  f)  be  a glueing  pair.  Let  M be  a (not  necessarily 
glueable)  R-module.  Then  M is  a finite  projective  R-module  if  and  only  if  M ®rRa 
is  finite  projective  over  RA  and  Mf  is  finite  projective  over  Rf. 


First  proof.  Assume  that  M ®>R  RA  is  a finite  projective  module  over  RA  and 
that  Mf  is  a finite  projective  module  over  Rf.  Our  task  is  to  prove  that  M is  finite 
projective  over  R.  We  will  use  Algebra,  Lemma  [10.77.2|  without  further  mention. 
By  Lemma  15.71.19  we  see  that  M is  flat.  By  Lemma  15.71.5  we  see  that  M is 
finite.  Choose  a short  exact  sequence  0 — ► K — > R®n  — > M — > 0.  Since  a finite 
projective  module  is  of  finite  presentation  and  since  the  sequence  remains  exact 
after  tensoring  with  RA  (by  Algebra,  Lemma  10.38.12)  and  Rf,  we  conclude  that 
K ®R  RA  and  Kf  are  finite  modules.  Using  the  lemma  above  we  conclude  that  K 
is  finitely  generated.  Hence  M is  finitely  presented  and  hence  finite  projective.  □ 


Second  proof.  Assume  that  M ®R  RA  is  a finite  projective  module  over  RA  and 
that  Mf  is  a finite  projective  module  over  Rf.  Our  task  is  to  prove  that  M is  finite 
projective  over  R. 


Case  I:  Assume  that  M ®R  RA  = ( RA)®n  and  Mf  = R®n  for  some  n. 
presentation 

0R  -A  R®m  -a  M -A  0 

iei 


Choose  a 


This  is  possible  because  M is  a finite  R-module  by  the  first  case  of  the  lemma. 
Let  A = ( a,ij ) be  the  matrix  of  the  first  map  so  that  Fitfc(M)  is  generated  by  the 
(to  — k)  x (to  — fc)-minors  of  A.  By  our  assumption  we  see  that  Fit„_i(M),  resp. 
Fit„(M)  generates  the  zero,  resp.  unit  ideal  in  RA  and  Rf,  see  Lemma  15.6.7  Since 
Spec(RA)  H Spec(Ry)  -A  Spec(R)  is  surjective  (Lemma  15.71.4 1 we  conclude  that 
Fitn(M)  generates  the  unit  ideal  in  R.  Since  R — > RA  ® Rf  is  injective,  we  see 
that  Fit„_i(M)  is  zero.  Hence  M is  finite  locally  free  of  rank  n by  the  lemma  cited 
above. 


Case  II:  general  case.  Choose  an  n and  isomorphisms  (RA)®n  = M <2)r  Ra  ® C' 
and  R®n  = Mf  © C\.  Then  we  have 

{C')f®  ( RA)®n  = ( C')f  © Mf  ®R  Ra  © Ci  Ra  = ( RA)®n  © Ci  RA 

In  other  words,  the  (RA) /-modules  (C')/  and  Ci  ®r  Ra  become  isomorphic  after 
adding  n copies  of  the  free  module.  This  gives  a glueing  datum 


((C7)/  © (7?A)®”,  Ci  © R®n,  af) 

such  that  in  Glue(i?  — > RA,  f ) we  have 

((RA)®2n,  Rf2n,  «i  ©can)  = ((C7)  / © ( RA)®n , Ci  ®Rfn,  «i)  © {M®RRA,Mf,  can) 

By  Case  I we  see  that  i7°((i?A)®2n,  R®2n,  or  © can)  is  a finite  projective  .R-module 
and  hence  the  summand  M = H°(M®rRa  ,Mf,  can)  is  a finite  projective  R-module 
as  well.  By  Remark 


15.71.18 


I we  see  that  M -a  M is  surjective.  Let  K be  the  kernel 

of  this  map;  since  M is  a flat  R-module,  we  must  have  K ®R  (RA  © Rf)  = 0.  By 
Lemma  15.71.3  this  forces  K = 0,  so  M = M.  □ 
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BL95  it  is  assumed  that  / is  a nonzerodivisor  in  R.  Even 


15.71.17  says  something  new:  the  results  of  BL95  only 


Remark  15.71.21.  In 

in  this  setting  Theorem 
apply  to  modules  on  which  / is  a nonzerodivisor  (and  hence  glueable  in  our  sense). 
Lemma  15.71.20  also  provides  a slight  extension  of  the  results  of  IBL95I:  not  only 
can  we  allow  M to  have  nonzero  /-power  torsion,  we  do  not  even  require  it  to  be 
glueable. 


15.72.  Derived  Completion 

09 IN  Some  references  for  the  material  in  this  section  are  |DG02j.  |GM92j.  |Lurll]  (es- 
pecially Chapter  4).  Our  exposition  follows  IBS13I.  The  analogue  (or  “dual”)  of 
this  section  for  torsion  modules  is  Dualizing  Complexes,  Section  |45.9|  The  rela- 
tionship between  the  derived  category  of  complexes  with  torsion  cohomology  and 
derived  complete  complexes  can  be  found  in  Dualizing  Complexes,  Section  [45. 12| 

Let  K £ D(A).  Let  f £ A.  We  denote  T(K,  /)  a derived  limit  of  the  system 

. . . K -4  K -4  K 


in  D(A). 

091P  Lemma  15.72.1.  Let  A be  a ring.  Let  f £ A.  Let  K £ D(A).  The  following  are 
equivalent 

(1)  Extf\(Af,  I\)  = 0 for  all  n, 

(2)  Hom£)(74)(E,  K)  = 0 for  all  E in  D(Ay), 

(3)  T(K,  f)  = 0, 

(4)  for  every  p £ Z we  have  T(HP(K),  f)  = 0, 

(5)  for  every  p £ Z we  have  Hom^  (Ay,  HP(K ))  = 0 and  Ext\{Af,Hp(K))  = 
0, 

(6)  RRom(Af,K)  = 0, 

(7)  add  more  here. 


Proof.  It  is  clear  that  (2)  implies  (1)  and  that  (1)  is  equivalent  to  (6).  Assume 
(1).  Let  /*  be  a K-injective  complex  of  A-modules  representing  K.  Condition 
(1)  signifies  that  Hom^  (Ay,/*)  is  acyclic.  Let  M*  be  a complex  of  Ay-modules 
representing  E.  Then 


Horn D(a)(E,K)  = HomK(A)(M‘ , I')  = Homif(^/)(M*,  Honu(A/,  /*)) 


by  Algebra,  Lemma  10.13.4  As  Hom^A/,/*)  is  a K-injective  complex  of  Ay- 


modules  by  Lemma  |15.47.3|  the  fact  that  it  is  acyclic  implies  that  it  is  homotopy 
equivalent  to  zero  (Derived  Categories,  Lemma [13.29.2 1.  Thus  we  get  (2). 

A free  resolution  of  the  A-module  Ay  is  given  by 


0->£P)  A^Ay^O 

where  the  first  map  sends  the  (xo,  x±, . . .)  to  (fx q — %i,  fx  1 — X2,  ■ ■ ■)  and  the  second 
map  sends  (aio,  xi, . . .)  to  Xq  + X\j f + Xn / f2  + . . ..  Applying  Homyi(-,  /*)  we  get 


0 Horn A{Af,I*)  > II  ^ 1 1 /#  > 0 


This  means  that  the  object  T{K1  f)  is  a representative  of  i?Hom^(Ay,  A')  in  D(A). 
Thus  the  equivalence  of  (1)  and  (3). 
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There  is  a spectral  sequence 

E™  = Ext qA(Af,HP(K))  =>  Ext p/q(Af,K) 

(details  omitted).  This  spectral  sequence  degenerates  at  E2  because  Af  has  a 
length  1 resolution  by  projective  A-modules  (see  above)  hence  the  E2-pa,ge  has 
only  2 nonzero  rows.  Thus  we  obtain  short  exact  sequences 

0 -»  Ext  1A(Af,Hp~1(K))  ->•  Ext pA{Af,K)  ->•  HomA(A/,  HP(K))  0 

This  proves  (4)  and  (5)  are  equivalent  to  (1).  □ 


091Q  Lemma  15.72.2.  Let  A be  a ring.  Let  K £ D(A).  The  set  I of  f £ A such  that 
T(K , /)  = 0 is  a radical  ideal  of  A. 

Proof.  We  will  use  the  results  of  Lemma|15. 72.  ^without  further  mention.  If  f £ I, 
and  g £ A,  then  Agf  is  an  Ay-module  hence  Ext(^(Ag/,  I\ ) = 0 for  all  n , hence 
gf  £ I.  Suppose  f,g  £ I.  Then  there  is  a short  exact  sequence 


0 Af+9  Af(f+g ) ® Ag(f+g)  Agf(f+g)  0 

because  /,  g generate  the  unit  ideal  in  A f+g . This  follows  from  Algebra,  Lemma 
|10.22.1|  and  the  easy  fact  that  the  last  arrow  is  surjective.  From  the  long  exact 
sequence  of  Ext  and  the  vanishing  of  Ext^(A^(j+ff),  K),  Ext^(As(y+s),  K),  and 
Ext A(Agf(f+g),K)  for  all  n we  deduce  the  vanishing  of  Ext r^(Af+g,K)  for  all  n. 
Finally,  if  fn  £ I for  some  n > 0,  then  f £ I because  T(K.  f)  = T{K , fn ) or 
because  Af  = Afn.  □ 


091R  Lemma  15.72.3.  Let  A be  a ring.  Let  I C A be  an  ideal.  Let  M be  an  A-module. 

(1)  If  M is  I-adically  complete,  then  T(M , f)  = 0 for  all  f £ I . 

(2)  Conversely,  ifT(M,f)  = 0 for  all  f £ I and  I is  finitely  generated,  then 
M — > lim  M/InM  is  surjective. 


Proof.  Proof  of  (1).  Assume  M is  /-adically  complete.  By  Lemma  15.72.1 


it 

M 


suffices  to  prove  Ext^(A/,  M)  = 0 and  Hom^Ay,  M)  = 0.  Since  M = lim  M/I 
and  since  Hom^ (Af,M/InM)  = 0 it  follows  that  Horn ^(Af,M)  = 0.  Suppose  we 
have  an  extension 


0^M-+E->Af^0 

For  n > 0 pick  en  £ E mapping  to  1//".  Set  Sn  = fen+ 1 — en  £ M for  n > 0. 
Replace  en  by 

en  = en  + fin  + f Sn+1  + f~$n+ 2 + ■ ■ ■ 

The  infinite  sum  exists  as  M is  complete  with  respect  to  I and  / £ I.  A simple 
calculation  shows  that  fe'n+l  = e'n.  Thus  we  get  a splitting  of  the  extension  by 
mapping  1 / fn  to  e'n. 


Proof  of  (2).  Assume  that  I = (/i, . . . , fr)  and  that  T(M,  /*)  = 0 for  i = 1, . . . , r. 
By  Algebra,  Lemma  10.95.7  we  may  assume  I = (/)  and  T(M , /)  = 0.  Let  xn  £ M 
for  n > 0.  Consider  the  extension 


0-tM-tE-tAf-tO 


given  by 


E = M ® (J)  Aen  j (xn  - fen+i  + en) 
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mapping  en  to  1//™  in  Ay  (see  above).  By  assumption  and  Lemma  15.72.1  this 
extension  is  split,  hence  we  obtain  an  element  x + eg  which  generates  a copy  of  Ay- 
in  E.  Then 

x + e0  = x - x0  + fe i = x — xq  — xi  + /2e2  = . . . 


Since  M/fnM  = E/ fnE  by  the  snake  lemma,  we  see  that  x = xo  + fx i + . . . + 
fn~1xn-i  modulo  fnM.  In  other  words,  the  map  M — > limM/ fnM  is  surjective 
as  desired.  □ 


Motivated  by  the  results  above  we  make  the  following  definition. 

091S  Definition  15.72.4.  Let  A be  a ring.  Let  I\  £ Z?(A).  Let  I C A be  an  ideal.  We 
say  K is  derived  complete  with  respect  to  I if  for  every  f £ I we  have  T(K , /)  = 0. 
If  M is  an  A-module,  then  we  say  M is  derived  complete  with  respect  to  I if  M[ 0]  £ 
D(A)  is  derived  complete  with  respect  to  /. 

The  full  subcategory  Dcomp(A)  = Dcomp(A,  I)  C D{A)  consisting  of  derived  com- 
plete objects  is  a strictly  full,  saturated  triangulated  subcategory,  see  Derived 
Categories,  Definitions  |13.3.4|  and  |13.6.1|  By  Lemma  |15.72.2|  the  subcategory 
Dcomp{A1 1)  depends  only  on  the  radical  \fl  of  I,  in  other  words  it  depends  only 
on  the  closed  subset  Z = V(I)  of  Spec(A).  The  subcategory  Dcomp(A,  I)  is  pre- 
served under  products  and  homotopy  limits  in  D(A).  But  it  is  not  preserved  under 
countable  direct  sums  in  general.  We  will  often  simply  say  M is  a derived  complete 
module  if  the  choice  of  the  ideal  I is  clear  from  the  context. 

091T  Proposition  15.72.5.  Let  I C A be  a finitely  generated  ideal  of  a ring  A.  Let  M 
be  an  A-module.  The  following  are  equivalent 

(1)  M is  I-adically  complete,  and 

(2)  M is  derived  complete  with  respect  to  I and  f)InM  = 0. 

Proof.  This  is  clear  from  the  results  of  Lemma fl5.72.3l  □ 


The  next  lemma  shows  that  the  category  C of  derived  complete  modules  is  abelian. 
It  turns  out  that  C is  not  a Grothendieck  abelian  category,  see  Examples,  Section 
IS8J01 

091U 

(1)  The  derived  complete  A-modules  form  a weak  Serve  subcategory  C of  Mod  a- 

(2)  Dc{A)  C D(A)  is  the  full  subcategory  of  derived  complete  objects. 


Lemma  15.72.6.  Let  I be  an  ideal  of  a ring  A. 


Proof.  Part  (2)  is  immediate  from  Lemma  15.72.1  and  the  definitions.  For  part  (1), 
suppose  that  M N is  a map  of  derived  complete  modules.  Denote  K = ( M — ► N) 
the  corresponding  object  of  D(A).  Pick  f £ I.  Then  ExtJ  (Ay,  AT)  is  zero  for  all 
n because  Ext^  ( Ay,  M)  and  Ext ^(A/,AT)  are  zero  for  all  n.  Hence  K is  derived 
complete.  By  (2)  we  see  that  Ker(M  — > N)  and  Coker(M  — > N ) are  objects  of 
C.  Finally,  suppose  that  0 Mi  — > M2  — l M3  — ► 0 is  a short  exact  sequence  of 
A-modules  and  M1;  M3  are  derived  complete.  Then  it  follows  from  the  long  exact 
sequence  of  Ext’s  that  M2  is  derived  complete.  Thus  C is  a weak  Serre  subcategory 
by  Homology,  Lemma [12.9.3  □ 


If  the  ring  is  i-adically  complete,  then  one  obtains  an  ample  supply  of  derived 
complete  complexes. 
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Lemma  15.72.7.  Let  A be  a ring  and  I C A an  ideal.  If  A is  I-adically  complete 
then  any  pseudo-coherent  object  of  D(A)  is  derived  complete. 


Proof.  Let  K be  a pseudo-coherent  object  of  D(A).  By  definition  this  means  K 
is  represented  by  a bounded  above  complex  K * of  finite  free  A-modules.  Since  A 
is  I-adically  complete,  hence  derived  complete  (Lemma  15.72.3).  It  follows  that 
Hn(K)  is  derived  complete  for  all  n,  by  part  (1)  of  Lemma  15.72.6 


implies  that  K is  derived  complete  by  part  (2)  of  the  same  lemma. 


This  in  turn 

□ 


Lemma  15.72.8.  Let  A be  a ring.  Let  f,g£  A.  Then  for  K £ D(A)  we  have 
I?Hom(Ay,  i?Hom(Ag,  K))  = HHom(A/ff,  K ). 

Proof.  This  follows  from  Lemma  115.60.  II  □ 


Lemma  15.72.9.  Let  I be  a finitely  generated  ideal  of  a ring  A.  The  inclusion 
functor  Dcomp(A,  I)  — » D(A)  has  a left  adjoint,  i.e.,  given  any  object  K of  D(A) 
there  exists  a map  K — > I\A  of  K into  a derived  complete  object  of  D(A)  such  that 
the  map 

Horn D{A){KA,E)  — » HomD(A)(if,£) 

is  bijective  whenever  E is  a derived  complete  object  of  D (A).  In  fact,  if  I is  gener- 
ated by  fi, ...,  fr  £ A,  then  we  have 

K A = -RHom  ((A  ->  JJ.o  Afio  -£  nio<il  ALo In  AL-L^K) 

functorially  in  K . 


Proof.  Define  K A by  the  last  displayed  formula  of  the  lemma.  There  is  a map  of 
complexes 


^ ni0  Aho  a0<il  al0  /n  ->•  • ■ • ^ Ah-u)  — >•  ^ 

which  induces  a map  K — > KA . It  suffices  to  prove  that  KA  is  derived  complete 
and  that  K — > KA  is  an  isomorphism  if  I\  is  derived  complete. 


Let  f £ A.  By  Lemma[l5.72.8  the  object  R Hom(A^,  KA)  is  equal  to 


I?  Horn  ({Af  JJ  AfftQ  ->  Y[ 


A 


io<il 


fl 


0 fix  -t  •••  Affx...fr)^K) 


If  / £ I,  then  /i , . . . , fr  generate  the  unit  ideal  in  Af,  hence  the  extended  alternat- 
ing Cecil  complex 


Af  II, , V II AfL oAl  Affl—Ir 

is  zero  in  D(A)  by  Lemma[l5.22.13|  (In  fact,  if  / = f,  for  some  i,  then  this  complex 
is  homotopic  to  zero;  this  is  the  only  case  we  need.)  Hence  HHom(A/,  KA)  = 0 
and  we  conclude  that  KA  is  derived  complete  by  Lemma [l5.72.1| 

Conversely,  if  K is  derived  complete,  then  RAom(Af,  K)  is  zero  for  all  / = 
fi0  . . . fip,  p > 0.  Thus  K — > KA  is  an  isomorphism  in  D(A).  □ 


Lemma  15.72.10.  Let  A be  a ring  and  let  I C A be  a finitely  generated  ideal. 
Let  Km  be  a complex  of  A-modules  such  that  f : K*  — > K*  is  an  isomorphism  for 
some  f £ I,  i.e.,  K*  is  a complex  of  A f -modules.  Then  the  derived  completion  of 
K*  is  zero. 


15.72.  DERIVED  COMPLETION 


1297 


0A6E 


091W 


OBKC 


09 1Y 


091Z 


Proof.  Indeed,  in  this  case  the  AHom(A,  A)  is  zero  for  any  derived  complete 
complex  A , see  Lemma  15.72.1|  Hence  KA  is  zero  by  the  universal  property  in 
Lemma  115.72.91  □ 

Lemma  15.72.11.  Let  A be  a ring  and  let  I C A be  a finitely  generated  ideal.  Let 
K,L<=D(A).  Then 

A Horn  (A',  L)a  = R Hom(  A,  LA)  = AHom(AA,  LA) 


Proof.  By  Lemma  15.72.9  we  know  that  derived  completion  is  given  by  R Hom(C,  — ) 
for  some  C £ D(A).  Then 

R Hom(C,  R Hom( A,  A))  = A.Hom(C'  gL  A,  L)  = R Horn ( K,  R Horn (C,  A)) 

by  Lemma  15.60.1  This  proves  the  first  equation.  The  map  A — > KA  induces  a 
map 

AHom(AA,  Aa)  ->  A Horn  (A,  Aa) 

which  is  an  isomorphism  in  D(A ) by  definition  of  the  derived  completion  as  the  left 
adjoint  to  the  inclusion  functor.  □ 

Lemma  15.72.12.  Let  A be  a ring  and  let  I C A be  an  ideal.  Let  ( Kn ) be  an 
inverse  system  of  objects  of  D{A)  such  that  for  all  f £ I and  n there  exists  an 
e = e(n,  /)  such  that  fe  is  zero  on  Kn.  Then  for  A £ D(A)  the  object  K'  = 
Alim(A'  g^  A„ ) is  derived  complete  with  respect  to  I . 

Proof.  Since  the  category  of  derived  complete  objects  is  preserved  under  Alim  it 
suffices  to  show  that  each  K g^  Kn  is  derived  complete.  By  assumption  for  all 
/ £ I there  is  an  e such  that  fe  is  zero  on  A g^  Kn.  Of  course  this  implies  that 
T(K  g^  Kn , /)  = 0 and  we  win.  □ 

Situation  15.72.13.  Let  A be  a ring.  Let  / = (/i,-..,/r)  C A.  Let  A'*  = 
K,(A , /", . . . , /")  be  the  Koszul  complex  on  /", ...,/"  viewed  as  a cochain  complex 
in  degrees  — r,  — r + 1, . . . , 0.  Using  the  functoriality  of  Lemma  [15.22.3|  we  obtain 
an  inverse  system 

■ ■ • — t A*  — » A*  A* 

compatible  with  the  inverse  system  H°(K*)  = A/ (/", . . . , /")  and  compatible  with 
the  maps  A — » A*. 

A key  feature  of  the  discussion  below  will  use  that  for  m > n the  map 
K~p  = A p{A®r)  ->■  Ap(A®r)  = K~p 
is  given  by  multiplication  by  /™-n  . . . /' 

In  Situation 


on  the  basis  element  A ...  A 


Lemma  15.72.14. 

Alim(A'  g^  A*)  is  derived  complete  with  respect  to  I . 


15.72.13  For  A £ D(A)  the  object  A'  = 


Proof.  This  is  a special  case  of  Lemma  15.72.12  because  /"  acts  by  an  endomor- 
phism of  A*  which  is  homotopic  to  zero  by  Lemma  15.22.6|  □ 

In  Situation  15.72.13  Let  K £ D(A).  The  following  are 


Lemma  15.72.15. 

equivalent 

(1)  A is  derived  complete  with  respect  to  I,  and 

(2)  the  canonical  map  A — > Alim(A  g^  K*)  is  an  isomorphism  of  D(A). 
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Proof.  If  (2)  holds,  then  K is  derived  complete  with  respect  to  I by  Lemma 
|15.72.14]  Conversely,  assume  that  K is  derived  complete  with  respect  to  I.  Con- 
sider the  filtrations 

AT*  D cr>_r+iA*  D a>-r+2K'n  D ...  D cr>-iA*  D u>oA*  = A 


by  stupid  truncations  (Homology,  Section  12.13).  Because  the  construction  A lim(A'(g> 
E ) is  exact  in  the  second  variable  (Lemma  |15. 68. 18}  we  see  that  it  suffices  to  show 

Alim  (K  <g>^  (a>pK^/a>p+1K^))  = 0 

for  p < 0.  The  explicit  description  of  the  Koszul  complexes  above  shows  that 
R\im{K®\(a>PK/a>p+1K-n))  = 0^  . ^ T(K,  fh  . . . h_p) 

which  is  zero  for  p < 0 by  assumption  on  K.  □ 


0920  Lemma  15.72.16.  In  Situation 


15.72.13  The  functor  which  sends  K £ D(A)  to 


the  derived  limit  K'  = Alim(A'  A'*)  is  the  left  adjoint  to  the  inclusion  functor 


Dr 


0(A)  — > D(A)  constructed  in  Lemma\l5. 72.9. 


First  proof.  The  assignment  K K'  is  a functor  and  K'  is  derived  complete 
with  respect  to  I by  Lemma  15.72.14  By  a formal  argument  (omitted)  we  see  that 
it  suffices  to  show  K — > K'  is  an  isomorphism  if  K is  derived  complete  with  respect 
to  I.  This  is  Lemmall5.72.15l  □ 


Second  proof.  Denote  K i->  I\A  the  adjoint  constructed  in  Lemma  15.72.9  By 
that  lemma  we  have 


KA  = R Horn  ((A—>  JT  A/ia  — > H 


io<h 


At.  r. 

0Jzl 


A 


fi—f< 


),K 


In  Lemma  15.22.13|  we  have  seen  that  the  extended  alternating  Cech  complex 


ll,  ^ ll, 


A 


fi0  /«1 


A 


fl-.fr 


L*o  " u -*-Ai0<n 

is  a colimit  of  the  Koszul  complexes  Kn  = K(A,  /")  sitting  in  degrees 

0, . . . , r.  Note  that  Kn  is  a finite  chain  complex  of  finite  free  ri-modules  with  dual 
(as  in  Lemma  15.61.14)  i?Hom^(A'",4)  = Kn  where  Kn  is  the  Koszul  cochain 
complex  sitting  in  degrees  — r, . . . , 0 (as  usual).  Thus  it  suffices  to  show  that 

R Hom(hocolimAn , K ) = A lim(A’  (g)^  Kn) 

This  follows  from  Lemmari5.61.15l  □ 


As  an  application  of  the  relationship  with  the  Koszul  complex  we  obtain  that  de- 
rived completion  has  finite  cohomological  dimension. 

OAAJ  Lemma  15.72.17.  Let  A be  a ring  and  let  I C A be  an  ideal  which  can  be  generated 
by  r elements.  Then  derived  completion  has  finite  cohomological  dimension: 

(1)  If  I\  — ► L is  a morphism  of  D(A)  which  induces  an  isomorphism  on 
Hl(K)  —*■  Hl(L)  fori  > 0 then  Hl(K A)  — ► H'(LA)  is  an  isomorphism  for 

i > 1. 

(2)  If  K — * L is  a morphism  of  D(A)  which  induces  an  isomorphism  on 
HZ(K)  — > Hl(L)  fori  < 0 then  Hl(K A)  — ► Hl(LA)  is  an  isomorphism  for 
i < —r  — 1. 
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Proof.  Say  I is  generated  by  f\ .....  fr.  By  Lemma [15. 72. 16|  we  have 

H\Ka)  = iP (R lim  K K*) 


and  hence  this  fits  into  a short  exact  sequence 

0 R1  lim  <g>^  K*)  ->  H\K A)  lim H\K  K°)  ->  0 


by  Lemma 
W (K)  for  j 


15.68.6 


Thus  it  suffices  to  prove  that  Hl(K  K*)  only  depends  on 
£ {i, . . . ,i  + r}.  As  A'*  is  a complex  of  finite  free  modules  sitting  in 
degrees  — r, . . . , 0 this  follows  from  an  straightforward  argument  which  we  omit.  □ 


OBKD  Lemma  15.72.18.  Let  A be  a ring  and  let  I C A be  a finitely  generated  ideal.  Let 
K * be  a filtered  complex  of  A-modules.  There  exists  a canonical  spectral  sequence 
( Er , dr)r> i of  bigraded  derived  complete  A-modules  with  dr  of  bidegree  (r,  — r + 1) 
and  with 

E{’q  = Hp+q  {{grp  K*)A) 

If  the  filtration  on  each  Kn  is  finite,  then  the  spectral  sequence  is  bounded  and 
converges  to  H*((K*)A). 


Proof.  By  Lemma  15.72.9  we  know  that  derived  completion  is  given  by  R Hom(C,  — ) 
for  some  C £ Db(A).  By  Lemmas 


15.72.17 


and 


15.57.2 


we  see  that  C has  finite  pro- 


jective dimension.  Thus  we  may  choose  a bounded  complex  of  projective  modules 
P*  representing  C . Then 

M*  = Horn*  (P*,  A'*) 


is  a complex  of  A-modules  representing  (AT*)A.  It  comes  with  a filtration  given 
by  FPM * = Hom*(P*,  FPK').  We  see  that  FPM * represents  ( FPK')A  and  hence 
gr PM*  represents  (grA'*)A.  Thus  we  find  our  spectral  sequence  by  taking  the 
spectral  sequence  of  the  filtered  complex  M *,  see  Homology,  Section  [12.211  If  the 
filtration  on  each  Kn  is  finite,  then  the  filtration  on  each  Mn  is  finite  because  P* 
is  a bounded  complex.  Hence  the  final  statement  follows  from  Homology,  Lemma 
112.21.111  □ 


OBKE  Example  15.72.19.  Let  A be  a ring  and  let  I C A be  a finitely  generated 
ideal.  Let  Km  be  a complex  of  A-modules.  We  can  apply  Lemma  |15.72.18]  with 
FPK*  = r<-pKm.  Then  we  get  a bounded  spectral  sequence 

Ep’q  = Hp+q{H-p{K*)A\p\)  = H2p+q{H-p(K*)A) 

converging  to  Hp+q((K*)A).  After  renumbering  p = —j  and  q = i + 2j  we  find  that 
for  any  K £ D(A)  there  is  a bounded  spectral  sequence  (E'r,d'r)r> 2 of  bigraded 
derived  complete  modules  with  d!r  of  bidegree  (r,  — r + 1),  with 

(. F'2y’j  = H\W{K)a) 

and  converging  to  PI+1(ATA). 

0924  Lemma  15.72.20.  Let  A — ► B be  a ring  map.  Let  I C A be  an  ideal.  The  inverse 
image  of  Dcomp(A,  I)  under  the  restriction  functor  D (B)  — > D(A)  is  Dcomp(B,  IB). 


Proof.  Using  Lemma  15.72.2  we  see  that  L £ D(B)  is  in  Dcomp(B , IB)  if  and  only 
if  T(L,  f)  is  zero  for  every  local  section  / £ I.  Observe  that  the  cohomology  of 
T(A,  /)  is  computed  in  the  category  of  abelian  groups,  so  it  doesn’t  matter  whether 
we  think  of  / as  an  element  of  A or  take  the  image  of  / in  B.  The  lemma  follows 
immediately  from  this  and  the  definition  of  derived  complete  objects.  □ 
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0925  Lemma  15.72.21.  Let  A -A  A be  a ring  map.  Let  I C A be  a finitely  generated 
ideal.  If  A B is  flat  and  A/ 1 = B/IB,  then  the  restriction  functor  D(B)  — > 
D(A)  induces  an  equivalence  Dcomp(B,IB)  — > Dcomp(A,  I). 


Proof.  Choose  generators  ft, ... , fr  of  I.  Denote  C\  — » CB  the  quasi-isomorphism 

(A,  I). 


15.70.4 


Let  K £ D 


comp 


of  extended  alternating  Cech  complexes  of  Lemma 
Let  /*  be  a K- injective  complex  of  A-modules  representing  K.  Since  Ext(^(A/,  A') 
and  ExtA(Bf,K)  are  zero  for  all  / £ I and  n £ Z (Lemma  15.72.1 1 we  conclude 
that  CA  — > A and  CB  -A  B induce  quasi-isomorphisms 


I*  = Hoku (A,/*)  — > Tot(HomA(C*  ,/*)) 


and 

Horn a(A,I*)  — » Tot(Hom A(CB,F)) 

Some  details  omitted.  Since  CA  — > CB  is  a quasi-isomorphism  and  /*  is  K-injective 
we  conclude  that  Honiyi(.B,  /*)  — ► /*  is  a quasi-isomorphism.  As  the  complex 
HomJ4(l?,  /*)  is  a complex  of  A- modules  we  conclude  that  K is  in  the  image  of  the 
restriction  map,  i.e.,  the  functor  is  essentially  surjective 


In  fact,  the  argument  shows  that  F : Dcomp(A , I)  -A  Dcomp(B,  IB),  K i->  Hom^A,  I*) 
is  a left  inverse  to  restriction.  Finally,  suppose  that  L £ D comp(B , I B) . Represent 
A by  a K-injective  complex  J*  of  A-modules.  Then  J*  is  also  K-injective  as  a 
complex  of  A-modules  (Lemma  15.47.1)  hence  A(restriction  of  L)  = Hom^A,  J*). 
There  is  a map  J*  — > Hom^A,  J*)  of  complexes  of  A-modules,  whose  composition 
with  Homyi(A,  J*)  — > J*  is  the  identity.  We  conclude  that  F is  also  a right  inverse 
to  restriction  and  the  proof  is  finished.  □ 


15.73.  Derived  completion  for  a principal  ideal 

OBKF  In  this  section  we  discuss  what  happens  with  derived  completion  when  the  ideal  is 
generated  by  a single  element. 

091X  Lemma  15.73.1.  Let  A be  a ring.  Let  f £ A.  If  there  exists  an  integer  c > 1 
such  that  A[fc ] = A[fc+1 } = A[fc+2)  = . . . (for  example  if  A is  Noetherian),  then 
for  all  n > 1 there  exist  maps 

(A  -A-  A)  — > A/(fn),  and  A/(fn+c)  — » (A  A A) 

in  D(A)  inducing  an  isomorphism  of  the  pro-objects  {A/(/™)}  and  {(/"  : A — > A)} 
in  D(A). 

Proof.  The  first  displayed  arrow  is  obvious.  We  can  define  the  second  arrow  of 
the  lemma  by  the  diagram 

A/Ain^A 
r i 


Since  the  top  horizontal  arrow  is  injective  the  complex  in  the  top  row  is  quasi- 
isomorphic to  A/ fn+c A.  We  omit  the  calculation  of  compositions  needed  to  show 
the  statement  on  pro  objects.  □ 
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Lemma  15.73.2.  Let  A be  a ring  and  f £ A.  Set  I = (/).  In  this  situation  we 
have  the  naive  derived  completion  K H »•  K'  = R\im(K  A/ fn A)  and  the  derived 

completion 


r 


K ha  A'A  = R]im(K  <g>^  {A  2-a  A)) 


of  Lemma  15.72.16  The  natural  transformation  of  functors  KA 
morphism  if  and  only  if  the  f -power  torsion  of  is  bounded. 


K'  is  an  iso- 


Proof.  If  the  /-power  torsion  is  bounded,  then  the  pro-objects  {(/ra  : A — > A)} 
and  {A/ fnA}  are  isomorphic  by  Lemma  15.73.1  Hence  the  functors  are  isomorphic 
by  Lemma |15.68.7|  Conversely,  we  see  from  Lemma  15.68.18  that  the  condition  is 
exactly  that 

Alim(A'  0^  A[fn}) 

is  zero  for  all  K £ D(A).  Here  the  maps  of  the  system  (A[fn])  are  given  by 


multiplication  by  /.  Taking  K = A and  K = ©ieN  A we  see  from  Lemma  15.68.8 
this  implies  (A[/”])  is  zero  as  a pro-object,  i.e. , fn~1A[fn]  = 0 for  some  n,  i.e., 
^[/™-1]  = A[/n],  i-e->  the  /-power  torsion  is  bounded. 


□ 


09AT  Example  15.73.3.  Let  A be  a ring.  Let  f £ A be  a nonzerodivisor.  An  example 
to  keep  in  mind  is  A = Zp  and  / = p.  Let  M be  an  A-module.  Claim:  M is  derived 
complete  with  respect  to  / if  and  only  if  there  exists  a short  exact  sequence 


0 -A  A^  A->M 


0 


where  AT,  L are  /-adically  complete  modules  whose  /-torsion  is  zero.  Namely,  if 
there  is  a such  a short  exact  sequence,  then 

M (A  -A  A)  = ( K/fnK  -a  L/fnL) 

fn 

because  / is  a nonzerodivisor  on  K and  L and  we  conclude  that  R lim(M  0^  (A  -^-a 
A))  is  quasi-isomorphic  to  I\  -a  L,  i.e.,  M.  This  shows  that  M is  derived  complete 
by  Lemma  |15.72.15|  Conversely,  suppose  that  M is  derived  complete.  Choose  a 
surjection  F -A  M where  A is  a free  A-module.  Since  / is  a nonzerodivisor  on  F 
the  derived  completion  of  F is  L = lim  F/fnF.  Note  that  L is  /-torsion  free:  if 
(xn)  with  xn  £ F represents  an  element  £ of  L and  /£  = 0,  then  xn  = xn+i  + fnzn 
and  fxn  = fnyn  for  some  zn,yn  £ F.  Then  fnyn  = fxn  = fxn+1  + fn+1zn  = 
fn+1Vn+i  + fn+1zn  and  since  / is  a nonzerodivisor  on  F we  see  that  yn  £ fF  which 
implies  that  xn  £ fnF , i.e.,  £ = 0.  Since  L is  the  derived  completion,  the  universal 
property  gives  a map  L -A  M factoring  F -A  M.  Let  K = Ker (L  -A  M)  be  the 
kernel.  Again  K is  /-torsion  free,  hence  the  derived  completion  of  K is  lim  K/fnK. 
On  the  other  hand,  both  I\  and  L are  derived  complete,  hence  K is  too  by  Lemma 


15.72.6  It  follows  that  K = lim  K/fnK  and  the  claim  is  proved. 


OBKG  Example  15.73.4.  Let  A be  a ring  and  let  f £ A.  Denote  K i-a  KA  the  derived 
completion  with  respect  to  (/).  Let  M be  an  A-module.  Using  that 

MA  = lim(M  A M) 

by  Lemma|l5.72.16] and  using  Lemma |15. 68. 6| we  obtain 
H~1(Ma)  = limM[/"]  = Tf(M) 
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the  f-adic  Tate  module  of  M.  Here  the  maps  M[fn ] — > M[fn  1]  are  given  by 
multiplication  by  /.  Then  there  is  a short  exact  sequence 

0 ->•  R1  limM[/"]  ->•  H°(MA)  -»  lim M/fnM  0 

describing  H°(MA).  We  have  H1(MA)  = R1  lim M/fnM  = 0 as  the  transition 


maps  are  surjective  (Lemma  15.68.1 1.  All  the  other  cohomologies  of  MA  are  zero 


OBKH 


for  trivial  reasons.  We  claim  that  for  K £ D(A)  there  are  short  exact  sequences 
0 ->•  H°(Hn(K)A)  Hn{KA)  Tf(Hn+1(K))  0 

Namely  this  follows  from  the  spectral  sequence  of  Example  |15.72.19l  because  it 
degenerates  at  E2  (as  only  i = —1,  0 give  nonzero  terms). 

15.74.  Derived  completion  for  Noetherian  rings 

Let  A be  a ring  and  let  I C A be  an  ideal.  For  any  K £ D(A)  we  can  consider  the 
derived  limit 

K'  = R\rm(K®\  A/In) 

This  is  a functor  in  K , see  Remark  15.68.17  The  system  of  maps  A — > A/In 
induces  a map  K — > K'  and  K'  is  derived  complete  with  respect  to  I (Lemma 
15.72.12 1.  This  “naive”  derived  completion  construction  does  not  agree  with  the 
adjoint  of  Lemma  15.72.9  in  general.  For  example,  if  A = Zp  © Qp/Zp  with  the 


second  summand  an  ideal  of  square  zero,  K = A[0],  and  / = (p),  then  the  naive 
derived  completion  gives  Zp[0],  but  the  construction  of  Lemma[l5.72.9  gives  I\  A = 
Zp[l]  © Zp[0]  (computation  omitted). 

The  main  goal  of  this  section  is  the  show  that  the  naive  derived  completion  is  equal 
to  derived  completion  if  A is  Noetherian. 


0921  Lemma  15.74.1.  In  Situation  15.72.13  If  A is  Noetherian,  then  for  every  n 
there  exists  an  m > n such  that  K’n  — > K * factors  through  the  map  K ^ + 
A/ifT1,  ■ ■ ■ , f™)-  In  other  words,  the  pro-objects  {Tv*}  and  {A/(/f, . . . , /")}  of 
D(A)  are  isomorphic. 

Proof.  Note  that  the  Koszul  complexes  have  length  r.  Thus  the  dual  of  Derived 
Categories,  Lemma  13.12.5  implies  it  suffices  to  show  that  for  every  p < 0 and 
n £ N there  exists  an  m > n such  that  I Iv(K!fj)  — > HP(K*)  is  zero.  Since  A is 


Noetherian,  we  see  that 


Hp(K ) = 


Ker (Kp  A^+1) 


MAT1  -»■  K%) 

is  a finite  A-module.  Moreover,  the  map  Kpn  — > Kp  is  given  by  a diagonal  matrix 
whose  entries  are  in  the  ideal  ■ ■ ■ ,/™-n)  if  p < 0 (in  fact  they  are  in  the 

|p|th  power  of  that  ideal).  Note  that  HP(K *)  is  annihilated  by  I = (/", . . . , /"), 
see  Lemma  15.22.6  Now  R C (f™~n,  • ■ ■ , /™_n)  for  m = n + tr.  Thus  by  Artin- 
Rees  (Algebra,  Lemma  10.50.2)  for  some  m large  enough  we  see  that  the  image  of 

Kp+1)  is  contained  in  IKer(Kp  Kp+1). 

□ 


Kpn  — > Kp  intersected  with  Ker(A() 
For  this  m we  get  the  zero  map. 


0922  Proposition  15.74.2.  Let  A be  a Noetherian  ring.  Let  I C A be  an  ideal.  The 
functor  which  sends  K £ D(A)  to  the  derived  limit  K'  = i?lim(A  A/In)  is 
the  left  adjoint  to  the  inclusion  functor  Dcomp(A ) — > D(A)  constructed  in  Lemma 
\15.72dA 
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Proof.  Say  (/i,...,/r)  = I and  let  Tv*  be  the  Koszul  complex  with  respect  to 
By  Lemma[l5.72.16|it  suffices  to  prove  that 

R\im{K  K*)  = R lim(  A'  A/ (ft, ...,  f ?))  = Rlim{K  A/In). 


By  Lemma  15.74.1  the  pro-objects  { K *}  and  {A/(/f, . . . , /")}  of  D(A)  are  isomor- 
phic. It  is  clear  that  the  pro-objects  {A/(/f, . . . , /")}  and  {A/In}  are  isomorphic. 
Thus  the  map  from  left  to  right  is  an  isomorphism  by  Lemma  |15. 68. 19}  □ 


As  an  application  of  the  proposition  above  we  identify  the  derived  completion  in 
the  Noetherian  case  for  pseudo-coherent  complexes. 

0A06  Lemma  15.74.3.  Let  A be  a Noetherian  ring  and  I C A an  ideal.  Let  K be 
an  object  of  D(A)  such  that  Hn(A)  a finite  A-module  for  all  n € Z.  Then  the 
cohomology  modules  Hn(KA)  of  the  derived  completion  are  the  I-adic  completions 
of  the  cohomology  modules  Hn(K). 


Proof.  The  complex  T<rnK  is  pseudo-coherent  for  all  m by  Lemma  15.54.16  Thus 
T<mK  is  represented  by  a bounded  above  complex  P*  of  finite  free  A-modules. 

*L  A/rn  _ v/rnv  u (r.  = R\jm  P*  / Pl  P*  (Proposition 


Then  T<mK®\  A/In  = P'/InP\  Hence  (r<r 
15.74.2 1 and  since  the  i?lim  is  just  given  by  termwise  lim  (Lemma  |15.68.9 ) and 


since  /-adic  completion  is  an  exact  functor  on  finite  A-modules  (Algebra,  Lemma 
10.96.2 1 we  conclude  the  result  holds  for  r<mAT.  Hence  the  result  holds  for  K as 
derived  completion  has  finite  cohomological  dimension,  see  Lemma  [15. 72. 17|  □ 


09B9  Lemma  15.74.4.  Let  I be  a finitely  generated  ideal  of  a ring  A.  Let  M be  a 
derived  complete  A-module.  If  M/IM  = 0,  then  M = 0. 

Proof.  Assume  that  M/IM  is  zero.  Let  I = (/i, . . . , fr).  Let  i < r be  the  largest 
integer  such  that  N = M/(fi, . . . , f/)M  is  nonzero.  If  i does  not  exist,  then  M = 0 
which  is  what  we  want  to  show.  Then  N is  derived  complete  as  a cokernel  of  a map 


between  derived  complete  modules,  see  Lemma  15.72.6  By  our  choice  of  i we  have 
that  : TV  — > N is  surjective.  Hence 


lim(. . . N ^±4  N ^±4  N) 


fi+l 


is  nonzero,  contradicting  the  derived  completeness  of  N. 


□ 


09BA  Lemma  15.74.5.  Let  I be  an  ideal  of  a Noetherian  ring  A.  Let  M be  a derived 
complete  A-module.  If  M/IM  is  a finite  A/I-module,  then  M = lim  M/InM  and 
M is  a finite  AA  -module. 


Proof.  Assume  M/IM  is  finite.  Pick  xi € M which  map  to  generators 
of  M/IM.  We  obtain  a map  A®*  — > M mapping  the  *th  basis  vector  to  Xj.  By 
Proposition  15.74.2  the  derived  completion  of  A is  AA  = lim  A/In.  As  M is  derived 
complete,  we  see  that  our  map  factors  through  a map  q : (AA)®*  — > M.  The 
module  Coker(g)  is  zero  by  Lemma  15.74.4  Thus  M is  a finite  AA-module.  Since 
AA  is  Noetherian  and  complete  with  respect  to  IAA , it  follows  that  M is  I-adically 
complete  (use  Algebra,  Lemmas  10.96.5  10.95.11  and  10.50.2 1.  □ 
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15.75.  Taking  limits  of  complexes 


09B6  In  this  section  we  discuss  what  happens  when  we  have  a “formal  deformation”  of 
a complex  and  we  take  its  limit.  More  precisely,  we  have  a ring  A an  ideal  I and 
objects  Kn  £ D(A/In)  which  fit  together  in  the  sense  that 

Kn  = Kn+1  g£/JB+1  A/T. 

Under  some  additional  hypotheses  we  can  show  that  K = R\im.Kn  reproduces  the 
system  in  the  sense  that  Kn  = K g^  A/In.  We  do  not  know  if  the  following  lemma 
holds  for  unbounded  complexes. 

09AU  Lemma  15.75.1.  Let  A be  a ring  and  I C A an  ideal.  Suppose  given  Kn  £ 
D{A/In)  and  maps  Kn+ 1 -A  Kn  in  D(A/In+1) . If 

(1)  A is  Noetherian, 

(2)  K i is  bounded  above,  and 

(3)  the  maps  induce  isomorphisms  Kn+\  A/In  -A  Kn, 

then  K = RY\m.Kn  is  a derived  complete  object  of  D~  (A)  and  K g^  A/In  -A  Kn 
is  an  isomorphism  for  all  n. 


Proof.  Suppose  that  Hl(Ki)  = 0 for  i > b.  Then  we  can  find  a complex  of  free 


A/7-modules  P*  representing  K\  with  P[  = 0 for  i > b.  By  Lemma  15.62.3  we  can, 
by  induction  on  n > 1,  find  complexes  P*  of  free  A//ra-modules  representing  Kn 
and  maps  P*  — > P*_7  representing  the  maps  Kn  -A  Kn-\  inducing  isomorphisms 
(!)  of  complexes  P'/P^P*  -A  P*_v 

Thus  we  have  arrived  at  the  situation  where  R lim  K. 
limP*,  see  Lemma  15.68.9  and  Remark  1 1 5.68. 1 5~ 


is  represented  by  P*  = 
The  complexes  P*  are  uni- 
formly bounded  above  complexes  of  flat  A//"-modules  and  the  transition  maps 
are  termwise  surjective.  Then  P*  is  a bounded  above  complex  of  flat  T-modules 


by  Lemma 


15.21.4 


It  follows  that  K (g)^  A/P  is  represented  by  P*  (g>^  A/P.  We 


15.21.4 


The  transition 


have  P*  ® a A/P  = lim  P*  A/P  termwise  by  Lemma 
maps  P*+1  A/P  -A  P*  <S)a  A/P  are  isomorphisms  for  n > t.  Hence  we  have 
limP*  ®aA/P  = PlimP*  (g^T//4.  By  assumption  and  our  choice  of  P*  the  com- 
plex P*  g a A//4  = P*  g A/in  A/P  represents  Kn  g \/i„  A/P  = Kt  for  all  n > t. 
We  conclude 


P*  gA  A/P  = PlimP*  gA  A/P  = R lim Kt  = Kt 

In  other  words,  we  have  K g^  A/P  = Kt.  This  proves  the  lemma  as  it  follows  that 
K is  derived  complete  by  Proposition |15.74~2)  □ 

09AV  Lemma  15.75.2.  Let  A be  a ring  and  I C A an  ideal.  Suppose  given  Kn  £ 
D(A/In ) and  maps  Kn+i  -A-  I\n  in  D(A/In+1).  Assume 

(1)  A is  I-adically  complete, 

(2)  K i is  pseudo-coherent,  and 

(3)  the  maps  induce  isomorphisms  Kn+ 1 ®x//"+i  A/In  -A  Kn. 

Then  K = PlimA'n  is  a pseudo-coherent,  derived  complete  object  of  D (A)  and 
K g^  A/In  — > Kn  is  an  isomorphism  for  all  n. 


Proof.  By  assumption  we  can  find  a bounded  above  complex  of  finite  free  A/I- 
modules  P*  representing  P\,  see  Definition  15.54. 1|  By  Lemma  15.62.3  we  can,  by 
induction  on  n > 1,  find  complexes  P*  of  finite  free  A//n-modules  representing  Kn 
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and  maps  P*  — > P*_i  representing  the  maps  Kn  — ► AA-i  inducing  isomorphisms 
(!)  of  complexes  P'/I^P*  -A  P'_x. 


Thus  R \\mKn  is  represented  by  P * = limP*,  see  Lemma  15.68.9  and  Remark 


15.68.15 


Since  A is  /-adically  complete  the  modules  Pl  are  finite  free  A-modules. 
Thus  K is  pseudo-coherent.  Moreover,  P*  is  a bounded  above  complex  of  flat  A- 
modules.  It  follows  that  K 8a  A/P  is  represented  by  P*  8 a A/P.  We  have  P*  8 a 
A/P  = limP*<S>AA/P  termwise.  The  transition  maps  P'+1<2>aA/P  P*<S>aA/P 
are  isomorphisms  for  n > t.  Hence  we  have  lim  P*  (8> A A/P  = R lim P*  8 a A/P. 
By  assumption  and  our  choice  of  P*  the  complex  P*  (8a  A/P  = P*  ®A/in  A/P 
represents  Kn  8a//-  A/P  = I\t  for  all  n>t.  We  conclude 


P*  8a  A/P  = R lim P*  8a  A/P  = Plim  ATt  = Kt 


In  other  words,  we  have  K 8a  A/P  = Kt.  Finally,  I\n  is  a derived  complete 
object  of  D(A)  as  it  is  annihilated  by  In.  Since  the  category  of  derived  objects  is 
preserved  under  homotopy  limits  we  see  that  K is  derived  complete.  This  proves 
the  lemma.  □ 


09AW  Lemma  15.75.3.  Let  A be  a ring  and  I C A an  ideal.  Suppose  given  Kn  £ 
D(A/In ) and  maps  Kn+\  — >■  I\n  in  D(A/In+1) . Assume 

(1)  A is  Radically  complete, 

(2)  Ki  is  a perfect  object,  and 

(3)  the  maps  induce  isomorphisms  Kn+i  8^/j„+i  A/In  K.n. 

Then  K = Plim Kn  is  a perfect,  derived  complete  object  of  D(A)  and  K®\A/ In  — ► 
Kn  is  an  isomorphism  for  all  n. 


Proof.  By  Lemma [15. 75.2| we  see  that  K is  bounded  above,  pseudo-coherent,  and 
that  K 8^  A/In  — ► Kn  is  an  isomorphism  for  all  n.  Thus  it  suffices  to  show 
that  Hl(K  8^  k)  = 0 for  i < 0 and  every  surjective  map  A — > k whose  kernel 
is  a maximal  ideal  m,  see  Lemma  15.63.6[  Since  A is  /-adically  complete  we  have 
/Cm,  see  Algebra,  Lemma  [10. 95. 6|  Hence 


K 8a  k = K 8a  A/ 1 ' 


$A/I 


K = Ki 


* A/ 1 ' 


and  we  get  what  we  want  as  K\  has  finite  tor  dimension  by  Lemma  15.61.2  □ 


15.76.  Some  evaluation  maps 

OATJ  In  this  section  we  prove  that  certain  canonical  maps  of  R Horn’s  are  isomorphisms 
for  suitable  types  of  complexes. 

0A68  Lemma  15.76.1.  Let  R be  a ring.  Let  K,L,M  be  objects  of  D(R).  the  map 
R Horn (L,  M)  — > R Hom(P  Hom(P,  L),M ) 

of  Lemma\15.60~ 3|  is  an  isomorphism  in  the  following  two  cases 

(1)  K perfect,  or 

(2)  K is  pseudo-coherent,  L £ D+(R),  and  M finite  injective  dimension. 

Proof.  Choose  a K-injective  complex  /*  representing  M,  a K-injective  complex 
J*  representing  L,  and  a bounded  above  complex  of  finite  projective  modules  K * 
representing  K.  Consider  the  map  of  complexes 

Tot  (Horn*  ( J* , /* ) 8fl  K*)  — Horn*  (Horn*  (A",  J*),/*) 
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of  Lemma  115.59.31  Note  that 

(FT  Homfl(J-r,  P))  Ks  = TT  Horn  R(J~r,  Ip)  ®R  Ks 

\J--a-p+r=t  / a Ap+r 

because  Ks  is  finite  projective.  The  map  is  given  by  the  maps 

cP,r,s  : Ho  mR(J~r,  P)  ®R  IP  — > Homfl(Hom  R(KS,  J~r ),  P) 

which  are  isomorphisms  as  Ks  is  finite  projective.  For  every  element  a = (ap,r’s) 
of  degree  n of  the  left  hand  side,  there  are  only  finitely  many  values  of  s such  that 
ap'r’s  is  nonzero  (for  some  p , r with  n = p+r+s).  Hence  our  map  is  an  isomorphism 
if  the  same  vanishing  condition  is  forced  on  the  elements  /?  = (/3p,r,s)  of  the  right 
hand  side.  If  K * is  a bounded  complex  of  finite  projective  modules,  this  is  clear. 
On  the  other  hand,  if  we  can  choose  /*  bounded  and  J*  bounded  below,  then  ft p,r’s 
is  zero  for  p outside  a fixed  range,  for  s 0,  and  for  r 0.  Hence  among  solutions 
of  n = p + r + s with  /3P,T’,'S  nonzero  only  a finite  number  of  s values  occur.  □ 

0A69  Lemma  15.76.2.  Let  R be  a ring.  Let  K,L,M  be  objects  of  D(R).  the  map 

R Horn (L,  M)  <g>£.  I<  — > R Hom(A  Horn (AT,  L),  M ) 

of  Lemma\15.60~^  is  an  isomorphism  if  the  following  three  conditions  are  satisfied 

(1)  L,M  have  finite  injective  dimension, 

(2)  J?Hom(L,  M)  has  finite  tor  dimension, 

(3)  for  every  n € Z the  truncation  T<nI\  is  pseudo-coherent 


Proof.  Pick  an  integer  n and  consider  the  distinguished  triangle 


r<nK  — > K — > t>„+iA  — * r<nA'[l] 


see  Derived  Categories,  Remark  13.12.4  By  assumption  (3)  and  Lemma  15.76.1 


the  map  is  an  isomorphism  for  r<nK . Hence  it  suffices  to  show  that  both 


l?Hom(L,  M)  (g>^  T>n+i/\  and  i?Hom(i?Hom(r>„+i/\,  L),  M) 


have  vanishing  cohomology  in  degrees  < n — c for  some  c.  This  follows  immediately 
from  assumptions  (2)  and  (1).  □ 


0A6A  Lemma  15.76.3.  Let  R -A  R'  be  a flat  ring  map.  Let  K,L  £ D{R).  If  K is 
pseudo-coherent  and  L £ D+(R),  then  there  is  a canonical  isomorphism 

R Hom(A',  L)  ®R  R'  — » R Hom(A'  ® R R' , L ®R  R!) 

in  D{R'). 


Proof.  We  represent  K by  a bounded  above  complex  K * of  finite  free  A-modules. 
We  represent  A by  a bounded  below  complex  A*  of  R-modules.  Then  we  see  that 
R Horn  (A,  A)  is  represented  by  Horn*  (A'*,  A*)  and  that  AHom(AT  R',  A R') 


is  represented  by  Horn* (A"*  R' , A*  ®R  R').  See  Lemma  15.60.2  Thus  it  suffices 
to  observe  that  the  canonical  map 

Horn* (A'*,  A*)  R'  — S>  Horn* (if*  ®r  R' , A*  R!) 

coming  from  the  maps  on  components 

RomR{K~q,  Lp)  ®R  R'  — > RomRI(K~q  ®R  R’ , Lp  ®R  R1) 
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is  an  isomorphism.  Each  of  the  component  maps  is  an  isomorphism  as  K~q  is 
finite  free  and  the  map  in  total  is  an  isomorphism  as  the  products  in  the  defini- 
tion of  Horn* (A'*, L*)  are  finite  (whence  commute  with  tensor  products)  by  the 
boundedness  properties  of  the  complexes  K*  and  L* . □ 

OATK  Lemma  15.76.4.  Let  R be  a ring.  Let  K,L,M  be  objects  of  D(R).  There  is  a 
canonical  map 

K <g>^  R Hom(M,  L)  — > AHom(M,  K <g>^  L) 

which  is  an  isomorphism  in  the  following  cases 

(1)  M perfect,  or 

(2)  K is  perfect,  or 

(3)  M is  pseudo-coherent,  L G D+(R),  and  K has  finite  tor  dimension. 
Proof.  The  map  is  obtained  as  the  composition 

K (g^  R Hom(M,  L)  — » R Hom(L,  K (g^  L)  (g^  R Hom(M,  L)  — > R Hom(M,  K (g^  L) 

where  we  have  used  the  maps  of  Lemmas  |15.60.5|  and  |15.60.4| 

Proof  in  case  M is  perfect.  Note  that  both  sides  of  the  arrow  transform  distin- 
guished triangles  in  M into  distinguished  triangles  and  commute  with  direct  sums. 
Hence  it  suffices  to  check  it  holds  when  M = R[n],  see  Derived  Categories,  Remark 
I13.33.5land  Lemma ri5.64. II  In  this  case  the  result  is  obvious. 

Proof  in  case  I\  is  perfect.  Same  argument  as  in  the  previous  case. 

Proof  in  case  (3).  We  may  represent  K by  a finite  complex  K*  of  flat  R- modules, 
see  Lemma [15. 55. 3|  We  represent  M by  a bounded  above  complex  M*  of  finite  free 
P-modules,  see  Definition  |15.54.1|  We  represent  L by  a bounded  below  complex 
L*  of  injectives.  Then  the  object  on  the  LHS  is  represented  by 

Tot {K*  <gfl  Horn* (M*, I/*)) 

and  the  object  on  the  RHS  by 

Horn*  (M*,  Tot  (AT*  ®rL*)) 

Both  complexes  have  in  degree  n the  module 

Kp  ®RomR(M-r,Lq)  = RomR(M~r , Kp  ®R  Lq) 

because  M~r  is  finite  free  (as  well  these  are  finite  direct  sums).  We  omit  the 
verification  that  the  map  defined  above  induces  the  canonical  isomorphism  between 
these  modules.  □ 


15.77.  Miscellany 

0926  Some  results  which  do  not  fit  anywhere  else. 

09BB  Lemma  15.77.1.  Let  A be  a Noetherian  ring.  Let  I C A be  an  ideal.  Let  M , 
N be  finite  A-modules.  Set  Mn  = M/InAl  and  Nn  = N/InN . Then  the  systems 
(Rom a(Mu,  Nn))  and  (IsomA(Mn,  Nn))  are  Mittag-Leffler. 
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Proof.  Note  that  Nn)  = HomA(Af,  Nn).  Choose  a presentation 

A®4  A®s  — >•  Af  — >■  0 


The  transpose  of  T induces  a map  p : N®s  — >•  .IV®4  such  that 

HomA(M,iV„)  = 1 (/"TV®*)  / /"  jV®s . 

By  Artin-Rees  there  exists  an  integer  c such  that 

<p~1(InN®t)  = Ker(^)  + In~cp~1{IcN®t) 

for  all  n > c,  see  Algebra,  Lemma  |10.50.3|  Thus  it  is  clear  that  the  images  of 
HomA(Af,  Nn)  — > HomA(Af,  Nm)  stabilize  for  n > m + c. 


The  result  for  isomorphisms  follows  from  the  case  of  homomorphisms  applied  to 
both  (Horn (Mn,Nn))  and  (Horn (Nn,Mn))  and  the  following  fact:  for  n > m > 0, 
if  we  have  maps  a : Mn  — ► Nn  and  /3  : Nn  — > Mn  which  induce  an  isomorphisms 
Mm  — > Nm  and  Nm  — >■  Mm,  then  a and  /3  are  isomorphisms.  Namely,  then  a o /? 
is  surjective  by  Nakayama’s  lemma  (Algebra,  Lemma  10.19.1 1 hence  a o j3  is  an 
isomorphism  by  Algebra,  Lemma[l0.15.4|  □ 


09BC  Lemma  15.77.2.  Let  A be  a Noetherian  ring.  Let  I C A be  an  ideal.  Let  M , N 
be  finite  A-modules.  Set  Mn  = M / InM  and  Nn  = N/InN.  If  Mn  = Nn  for  all  n, 
then  MA  = 7VA  as  AA -modules. 


Proof.  By  Lemma  15.77. l|the  system  (IsomA  {Mn . Nn))  is  Mittag-Leffler.  By  as- 
sumption each  of  the  sets  IsomA(M„,  Nn)  is  nonempty.  Hence  limIsomA(ALn,  Nn) 
is  nonempty.  Since  lim IsomA (AL„ , Nn)  = Isom(Af A, 7VA)  (use  Algebra,  Lemma 
10.97.1)  we  obtain  an  isomorphism.  □ 


0927  Lemma  15.77.3.  Let  A be  a Noetherian  ring.  Let  I C A be  an  ideal.  Let  M , N 
be  finite  A-modules  with  N annihilated  by  I . For  each  p > 0 there  exists  an  n such 
that  the  map  ExtfA(M,N)  — ► ExtpA(InM,  N)  is  zero. 

Proof.  The  result  is  clear  for  p = 0 (with  n = 1).  Choose  a short  exact  sequence 
0 -A  A'  -A  A®4  — >■  M — >■  0.  For  n pick  a short  exact  sequence  0 — > L — >•  A®s  — ► 
InM  — »•  0.  It  is  clear  that  we  can  construct  a map  of  short  exact  sequences 


0 L sftS#  0 

Y Y 

0 > K >■  A®5 ^ M ^ 0 


such  that  A®s  — > A®4  has  image  in  (Jn)®4.  By  Artin-Rees  (Algebra,  Lemma 
10.50.2)  we  see  that  L — > K has  image  contained  in  In~cI\  if  n > c.  At  this  point 


the  exact  sequence 


Horn A (A®*,  N)  -)>  HomA(A',  N)  ->■  Ext \(M,  N)  ->•  0 

and  the  corresponding  sequence  for  Ext  1A(InM,  N ) show  that  the  lemma  holds  for 
p = 1 with  n = c + 1.  Moreover,  we  see  that  the  result  for  p—  1 and  the  module  K 
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implies  the  result  for  p and  the  module  M by  the  commutativity  of  the  diagram 

Ext Pa\L,  N)  Ext pA{InM,  N ) 

I 

Ext^1  (In~cK,  N) >-  Ext N) ^ Ext^(M,  N) 

for  p > 1.  Some  details  omitted.  □ 


0928  Lemma  15.77.4.  Let  A be  a Noetherian  ring.  Let  I C A be  an  ideal.  Let  M 
be  a finite  A-module.  There  exists  an  integer  n > 0 such  that  InM  M factors 
through  the  map  I M M in  D(A). 


Proof.  Consider  the  distinguished  triangle 

I <g>^  M ->•  M ->  A/I  <g>^  M[  1] 

By  the  axioms  of  a triangulated  category  it  suffices  to  prove  that  InM  -A  A/ 1 
M is  zero  in  D(A)  for  some  n.  Choose  generators  of  I and  let  K = 

A'.  (A,  fi, . . . , fr)  be  the  Koszul  complex,  and  consider  the  factorization  A — ► K — y 
A/ 1 of  the  quotient  map.  Then  we  see  that  it  suffices  to  show  that  InM  -A  K®aM 
is  zero  in  D(A)  for  some  n > 0.  Suppose  that  we  have  found  an  n > 0 such  that 
InM  — > K Cu  M factors  through  r>t{K  M)  in  D(A).  Then  the  obstruction 
to  factoring  through  r>t+i(K  (5>a  M)  is  an  element  in  Ext* (InM,  Ht( K M)). 
The  finite  A-module  Ht(K  Cu  M ) is  annihilated  by  /.  Then  by  Lemma  15.77.3 


we  can  after  increasing  n assume  this  obstruction  element  is  zero.  Repeating  this 
a finite  number  of  times  we  find  n such  that  InM  — ► K Cu  M factors  through 
0 = T>r+i(K  (g)^  M)  in  D(A)  and  we  win.  □ 


0929  Lemma  15.77.5.  Let  R be  a Noetherian  local  ring.  Let  I C R be  an  ideal  and  let 
E be  a nonzero  module  over  R/I . If  R/I  has  finite  projective  dimension  and  E has 
finite  projective  dimension  over  R/ 1 , then  E has  finite  projective  dimension  over 
R and 

V^r^E)  = pdR(R/I)  + pdR/j{E) 

Proof.  We  will  use  that,  for  a finite  module,  having  finite  projective  dimension 
over  R , resp.  R/I  is  the  same  as  being  a perfect  module,  see  discussion  following 
Definition  15.61.1[  We  see  that  E has  finite  projective  dimension  over  R by  Lemma 


15.61.7  Thus  we  can  apply  Auslander-Buchsbaum  (Algebra,  Proposition  10.110.1) 


to  see  that 


pd  r{E)  + depth(El)  = depth(R),  pd  r/j(E)  + depth(El)  = depth(f?//), 


and 


pd  r(R/I)  + depth(i?/7)  = depth(i?) 


Note  that  in  the  first  equation  we  take  the  depth  of  E as  an  A-module  and  in  the 
second  as  an  A/J-module.  However  these  depths  are  the  same  (this  is  trivial  but 
also  follows  from  Algebra,  Lemma  10.71.9).  This  concludes  the  proof.  □ 
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15.78.  Weakly  etale  ring  maps 

Most  of  the  results  in  this  section  are  from  the  paper  IQli83|  by  Olivier.  See  also 
the  related  paper  [Fer67j. 

Definition  15.78.1.  A ring  A is  called  absolutely  flat  if  every  A-module  is  flat 
over  A.  A ring  map  A — > 5 is  weakly  etale  or  absolutely  flat  if  both  A -A  5 and 
5 B -A  B are  flat. 


For  example  a localization  is  weakly  etale.  An  etale  ring  map  is  weakly  etale.  Here 
is  a simple,  yet  key  property. 

Lemma  15.78.2.  Let  A -A  B be  a ring  map  such  that  B B — >■  B is  flat.  Let 
N be  a B -module.  If  N is  flat  as  an  A-module,  then  N is  flat  as  a B -module. 

Proof.  Assume  N is  a flat  as  an  A-module.  Then  the  functor 
Mods  — > Mod b®ab,  N'  N N' 
is  exact.  As  B B — > B is  flat  we  conclude  that  the  functor 

Mods  — Mods,  N'  i->  ( N N')  ®b®ab  B = N ®b  N' 
is  exact,  hence  N is  flat  over  B.  □ 

Definition  15.78.3.  Let  A be  a ring.  Let  d > 0 be  an  integer.  We  say  that  A 
has  weak  dimension  < d if  every  A-module  has  tor  dimension  < d. 

Lemma  15.78.4.  Let  A — ► B be  a weakly  etale  ring  map.  If  A has  weak  dimension 
at  most  d,  then  so  does  B . 


Proof.  Let  N be  a 5-module.  If  d = 0,  then  N is  flat  as  an  A-module,  hence  flat 
as  a 5-module  by  Lemma  [15.78.2[  Assume  d > 0.  Choose  a resolution  F.  — > N 
by  free  5-modules.  Our  assumption  implies  that  K = Im(Frf  -A  Fd-\)  is  A- flat, 
see  Lemma  15.55.2  Hence  it  is  5-flat  by  Lemma  15.78.2[  Thus  0 — > K — > F^-i  — ► 
. . . — > F$  — s > N y 0 is  a flat  resolution  of  length  d and  we  see  that  N has  tor 
dimension  at  most  d.  □ 


Lemma  15.78.5.  Let  A be  a ring.  The  following  are  equivalent 

(1)  A has  weak  dimension  < 0, 

(2)  A is  absolutely  flat,  and 

(3)  A is  reduced  and  every  prime  is  maximal. 

In  this  case  every  local  ring  of  A is  a field. 


Proof.  The  equivalence  of  (1)  and  (2)  is  immediate.  Assume  A is  absolutely  flat. 
This  implies  every  ideal  of  A is  pure,  see  Algebra,  Definition |10. 1074]  Hence  every 
finitely  generated  ideal  is  generated  by  an  idempotent  by  Algebra,  Lemma[l0.107.5[ 
If  / € A,  then  (/)  = (e)  for  some  idempotent  e £ A and  D(f)  = 5(e)  is  open  and 


closed  (Algebra,  Lemma  10.20.1 1.  This  already  implies  every  ideal  of  A is  maximal 


for  example  by  Algebra,  Lemma  10.25.5|  Moreover,  if  / is  nilpotent,  then  e = 0 
hence  / = 0.  Thus  A is  reduced. 

Assume  A is  reduced  and  every  prime  of  A is  maximal.  Let  M be  an  A-module. 
Our  goal  is  to  show  that  M is  flat.  We  may  write  M as  a filtered  colimit  of  finite 


A-modules,  hence  we  may  assume  M is  finite  (Algebra,  Lemma  10.38.3 1 . There  is 
a finite  filtration  of  M by  modules  of  the  form  A/I  (Algebra,  Lemma  10.5.4),  hence 
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we  may  assume  that  M = A/ 1 (Algebra,  Lemma [l 0.38. 13 1.  Thus  it  suffices  to  show 
every  ideal  of  A is  pure.  Since  A every  local  ring  of  A is  a field  (by  Algebra,  Lemma 


10.24.1  and  the  fact  that  every  prime  of  A is  minimal),  we  see  that  every  ideal  / C A 


is  radical.  Note  that  every  closed  subset  of  Spec(A)  is  closed  under  specialization. 
Thus  every  (radical)  ideal  of  A is  pure  by  Algebra,  Lemma  10.107.4  □ 


Lemma  15.78.6.  A product  of  fields  is  an  absolutely  flat  ring. 

Proof.  Let  A)  be  a family  of  fields.  If  / = (/,)  £ Y\Ki,  then  the  ideal  generated 
by  / is  the  same  as  the  ideal  generated  by  the  idempotent  e = (ef)  with  et  = 0, 1 
according  to  whether  /,  is  0, 1.  Thus  D{f)  = D(e)  is  open  and  closed  and  we 
conclude  by  Lemma [15.78.5  and  Algebra,  Lemma [10.25. 5 □ 


Lemma  15.78.7.  Let  A — ► B and  A — > A'  be  ring  maps.  Let  B'  = B A'  be 
the  base  change  of  B. 

(1)  If  B B — ► B is  flat,  then  B'  0^'  B'  — » B'  is  flat. 

(2)  If  A — ► B is  weakly  etale,  then  A'  — > B'  is  weakly  etale. 

Proof.  Assume  B 0^  B — >•  B is  flat.  The  ring  map  B'  0^/  B'  — > B'  is  the  base 
change  of  B ®a  B — > B by  A — > A! . Hence  it  is  flat  by  Algebra,  Lemma  10.38.7 


This  proves  (1).  Part  (2)  follows  from  (1)  and  the  fact  (just  used)  that  the  base 
change  of  a flat  ring  map  is  flat.  □ 

Lemma  15.78.8.  Let  A — » B be  a ring  map  such  that  B 0^  B — ► B is  flat. 

(1)  If  A is  an  absolutely  flat  ring,  then  so  is  B. 

(2)  If  A is  reduced  and  A -A  B is  weakly  etale,  then  B is  reduced. 


Proof.  Part  (1)  follows  immediately  from  Lemma  15.78.2  and  the  definitions.  If 
A is  reduced,  then  there  exists  an  injection  A — > A'  = DIpcA  minimal  °f  ^ into 
an  absolutely  flat  ring  (Algebra,  Lemma  10.24.2  and  Lemma  15.78.6).  If  A — > B is 
flat,  then  the  induced  map  B — ► B'  = B 0^4  A'  is  injective  too.  By  Lemma  15.78.7 
the  ring  map  A'  — > B'  is  weakly  etale.  By  part  (1)  we  see  that  B'  is  absolutely  flat. 


□ 


By  Lemma  15.78.5  the  ring  B'  is  reduced.  Hence  B is  reduced. 

Lemma  15.78.9.  Let  A—^B  and  B — ► C be  ring  maps. 

(1)  If  B ®a  B -A  B and  C 0 b C — > C are  flat,  then  C C — >•  C is  flat. 

(2)  If  A B and  B — ► C are  weakly  etale,  then  A — ► C is  weakly  etale. 

Proof.  Part  (1)  follows  from  the  factorization 

C <8 A C — » C C — > C 

of  the  multiplication  map,  the  fact  that 

C 0B  C = (C  0A  C ) ®b®ab  B , 

the  fact  that  a base  change  of  a flat  map  is  flat,  and  the  fact  that  the  composition 


of  flat  ring  maps  is  flat.  See  Algebra,  Lemmas  10.38.7  and  10.38.4  Part  (2)  follows 


from  (1)  and  the  fact  (just  used)  that  the  composition  of  flat  ring  maps  is  flat.  □ 

Lemma  15.78.10.  Let  A — ► B — > C be  ring  maps. 

(1)  If  B — ► C is  faithfully  flat  and  C 0U  C — >•  C is  flat,  then  B 0^  B — ► B is 
flat. 

(2)  If  B — * C is  faithfully  flat  and  A — » C is  weakly  etale,  then  A — » B is 
weakly  etale. 
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Proof.  Assume  B — > C is  faithfully  flat  and  C g^  C — > C is  flat, 
commutative  diagram 


c g a c c 


Consider  the 


B B »-  B 


The  vertical  arrows  are  flat,  the  top  horizontal  arrow  is  flat.  Hence  C is  flat  as  a 
B <g)A  .B-module.  The  map  B — i C is  faithfully  flat  and  C = B C.  Hence  B 

is  flat  as  all  (S>a  H-module  by  Algebra,  Lemma  10.38.9  This  proves  (1).  Part  (2) 
follows  from  (1)  and  the  fact  that  A — > B is  flat  if  A — ► C is  flat  and  B — > C is 
faithfully  flat  (Algebra,  Lemma  10.38.9).  □ 


Lemma  15.78.11.  Let  A be  a ring.  Let  B — >•  C be  an  A-algebra  map  of  weakly 
etale  A-algebras.  Then  B — >•  C is  weakly  etale. 


Proof.  Write  B — >•  C as  the  composition  B -A  B g^  C — > C.  The  first  map  is 
flat  as  the  base  change  of  the  flat  ring  map  A — > C.  The  second  is  the  base  change 
of  the  flat  ring  map  B g^  B — > B by  the  ring  map  B g^  B -a  B ®a  C,  hence 
flat.  Thus  B —>  C is  flat.  The  ring  map  C C — t C C is  surjective,  hence 
an  epimorphism.  Thus  Lemma  [15. 78. 2|  implies,  that  since  C is  flat  over  C ®a  C it 
follows  that  C is  flat  over  C C.  □ 


Lemma  15.78.12.  Let  A — >•  B be  a ring  map  such  that  B Cu  B — ► B is  flat. 
Then  TLb/a  = 0,  i.e.,  B is  formally  unramified  over  A. 


Proof.  Let  I C B B be  the  kernel  of  the  flat  surjective  map  B B — » B. 
Then  I is  a pure  ideal  (Algebra,  Definition  10.107.1 1,  so  I2  = I (Algebra,  Lemma 


10.107.2).  Since  fisM  = ///2  (Algebra,  Lemma  10.130.13 1 we  obtain  the  vanishing. 
This  means  B is  formally  unramified  over  A by  Algebra,  Lemma|10.144.2|  □ 


Lemma  15.78.13.  Let  A B be  a ring  map.  Then  A -A  B is  weakly  etale  in 
each  of  the  following  cases 

(1)  B = 5I_1A  is  a localization  of  A, 

(2)  A — » B is  etale, 

(3)  B is  a filtered  colimit  of  weakly  etale  A-algebras. 


Proof.  An  etale  ring  map  is  flat  and  the  map  B B — > B is  also  etale  as  a map 


between  etale  A-algebras  (Algebra,  Lemma  10.141.9).  This  proves  (2). 

Let  Bi  be  a directed  system  of  weakly  etale  A-algebras.  Then  B = colim  Bt  is  flat 
over  A by  Algebra,  Lemma[l0.38.3|  Note  that  the  transition  maps  Bt  — > B^  are  flat 
by  Lemma[l5.78.11|  Hence  B is  flat  over  B,  for  each  i,  and  we  see  that  B is  flat  over 
Bi  g^4  Bi  by  Algebra,  Lemma  10.38.4  Thus  B is  flat  over  B g_a  B = colim  Bi  g a Bi 
by  Algebra,  Lemma  [l0. 38. 6[ 

Part  (1)  can  be  proved  directly,  but  also  follows  by  combining  (2)  and  (3).  □ 

Lemma  15.78.14.  Let  K C L be  an  extension  of  fields.  If  L g k L — )•  L is  flat, 
then  L is  an  algebraic  separable  extension  of  K. 

Proof.  By  Lemma  15.78.10  we  see  that  any  subfield  K C L'  C L the  map  L'  ®k 
L'  — > L'  is  flat.  Thus  we  may  assume  L is  a finitely  generated  field  extension  of 


K.  In  this  case  the  fact  that  L/K  is  formally  unramified  (Lemma  15.78.12)  implies 
that  L/K  is  finite  separable,  see  Algebra,  Lemma  10.150.1  □ 


15.78.  WEAKLY  ETALE  RING  MAPS 


1313 


092Q  Lemma  15.78.15.  Let  K be  a field.  Let  K — ► B be  a ring  map  such  that  B®kB  — ► 
B is  fiat.  Then  B is  a filtered  colimit  of  etale  K -algebras. 

Proof.  A field  is  absolutely  flat  ring,  lienee  B is  a absolutely  flat  ring  by  Lemma 
15.78.8  Hence  B is  reduced  and  every  local  ring  is  a field,  see  Lemma|l5.78.5| 

Let  q C B be  a prime.  The  ring  map  B ^ B q is  weakly  etale,  hence  Bq  is  weakly 


etale  over  I\  (Lemma  15.78.9).  Thus  Bv  is  a separable  algebraic  extension  of  K by 
Lemma  115.78. 141 

Let  K C A C B be  a finitely  generated  TV-sub  algebra.  Then  every  minimal  prime 

Thus  «(p)  as 


p C A is  the  image  of  a prime  q of  B,  see  Algebra,  Lemma  10.29.5 


a subfield  of  Bq  = «(q)  is  separable  algebraic  over  K.  Hence  every  generic  point 


of  Spec(A)  is  closed  (Algebra,  Lemma  10.34.9).  Thus  dirn(A)  = 0.  Then  A is  the 
product  of  its  local  rings,  e.g.,  by  Algebra,  Proposition  |10.59(6|  Moreover,  since  A 
is  reduced,  all  local  rings  are  equal  to  their  residue  fields  wich  are  finite  separable 
over  K.  This  means  that  A is  etale  over  K by  Algebra,  Lemma[l0.141.4|and  finishes 
the  proof.  □ 

092R  Lemma  15.78.16.  Let  A -A  B be  a ring  map.  If  A — ► B is  weakly  etale,  then 
A — >■  B induces  separable  algebraic  residue  field  extensions. 

Proof.  Let  p be  a prime  of  A.  Then  /c(p)  — ► B ($>a  k( p)  is  weakly  etale  by  Lemma 


15.78.7 


15.78.15 


Hence  B &A  «(p)  is  a filtered  colimit  of  etale  «(p)-algebras  by  Lemma 
Hence  for  q C B lying  over  p the  extension  re(p)  C «(q)  is  a filtered 
colimit  of  finite  separable  extensions  by  Algebra,  Lemma  [10. 141. 4|  □ 

092S  Lemma  15.78.17.  Let  A be  a ring.  The  following  are  equivalent 

(1)  A has  weak  dimension  < 1, 

(2)  every  ideal  of  A is  flat, 

(3)  every  finitely  generated  ideal  of  A is  flat, 

(4)  every  submodule  of  a flat  A-module  is  flat,  and 

(5)  every  local  ring  of  A is  a valuation  ring. 


Proof.  If  A has  weak  dimension  < 1,  then  the  resolution  0 


A/I  ->•  0 


-a  A- 
■(2). 

M where  F is  a 


shows  that  every  ideal  I is  is  flat  by  Lemma  15.55.2  Hence  (1) 

Assume  (4).  Let  M be  an  A-module.  Choose  a surjection  F - 
free  A-module.  Then  Ker(F  — > M)  is  flat  by  assumption,  and  we  see  that  M has 
tor  dimension  < 1 by  Lemma  15.55.5  Hence  (4)  =>  (1). 

Every  ideal  is  the  union  of  the  finitely  generated  ideals  contained  in  it.  Hence  (3) 


implies  (2)  by  Algebra,  Lemma  10.38.3  Thus  (3)  <t=>  (2). 


Assume  (2).  Suppose  that  TV  c M with  M a flat  A-module.  We  will  prove  that  TV 
is  flat.  We  can  write  M = colim  M,  with  each  M,  finite  free,  see  Algebra,  Theorem 
|10.80.4|  Setting  TVj  C AT,;  the  inverse  image  of  TV  we  see  that  TV  = colim  TV*.  By 
Algebra,  Lemma  |10.38.3[  it  suffices  to  prove  TV,  is  flat  and  we  reduce  to  the  case 
M = 7?®n.  In  this  case  the  module  TV  has  a finite  filtration  by  the  submodules 
7?®T  n TV  whose  subquotients  are  ideals.  By  (2)  these  ideals  are  flat  and  hence  TV  is 
flat  by  Algebra,  Lemma  10.38.13  Thus  (2)  =>  (4). 


Assume  A satisfies  (1)  and  let  p C A be  a prime  ideal.  By  Lemmas  15.78.13  and 


15.78.4  we  see  that  Ap  satisfies  (1).  We  will  show  A is  a valuation  ring  if  A is 
a local  ring  satisfying  (3).  Let  / £ m be  a nonzero  element.  Then  (/)  is  a flat 
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nonzero  module  generated  by  one  element.  Hence  it  is  a free  A-module  by  Algebra, 
Lemma  [10. 77. 4|  It  follows  that  / is  a nonzerodivisor  and  A is  a domain.  If  I C A 
is  a finitely  generated  ideal,  then  we  similarly  see  that  / is  a finite  free  A-module, 
hence  (by  considering  the  rank)  free  of  rank  1 and  I is  a principal  ideal.  Thus  A is 
a valuation  ring  by  Algebra,  Lemma  10.49.15  Thus  (1)  =>  (5). 


Assume  (5).  Let  I C A be  a finitely  generated  ideal.  Then  Ip  C Ap  is  a finitely 


generated  ideal  in  a valuation  ring,  hence  principal  (Algebra,  Lemma  10.49.15), 
hence  flat.  Thus  I is  flat  by  Algebra,  Lemma  10.38.19|  Thus  (5)  =>  (3).  This 
finishes  the  proof  of  the  lemma.  □ 

092T  Lemma  15.78.18.  Let  J be  a set.  For  each  j £ J let  Aj  be  a valuation  ring  with 
fraction  field  I\j . Set  A = Y[Aj  and  K = Kj . Then  A has  weak  dimension  at 
most  1 and  A K is  a localization. 


Proof.  Let  / C A be  a finitely  generated  ideal.  By  Lemma  15.78.17  it  suffices 
to  show  that  I is  a flat  A-module.  Let  Ij  C Aj  be  the  image  of  I.  Observe  that 
Aj,  hence  I — > fl I:j  is  surjective  by  Algebra,  Proposition  10.88.2l  Thus 


I,  = J 


I = Y\Ij.  Since  Aj  is  a valuation  ring,  the  ideal  Ij  is  generated  by  a single  element 
(Algebra,  Lemma  10.49.15[).  Say  Ij  = ( fj ).  Then  / is  generated  by  the  element 


/ = (fj)-  Let  e £ A be  the  idempotent  which  has  a 0 or  1 in  Aj  depending  on 
whether  fj  is  0 or  1.  Then  f = ge  for  some  nonzerodivisor  g £ A:  take  g = (gj) 
with  gj  = 1 if  f7  = 0 and  g7  = fj  else.  Thus  I = (e)  as  a module.  We  conclude  I is 
flat  as  (e)  is  a direct  summand  of  A.  The  final  statement  is  true  because  K = S'-1  A 
where  S = (Aj  \ {0}).  □ 

092U  Lemma  15.78.19.  Let  A be  a normal  domain  with  fraction  field  K.  There  exists 
a cartesian  diagram 

A s-  K 


Y 

V 


L 


of  rings  where  V has  weak  dimension  at  most  1 and  V 
epimorphism  of  rings. 


L is  a flat,  injective, 


Proof.  For  every  x £ K , x ^ A pick  Vx  C K as  in  Algebra,  Lemma  10.49.11  Set 


V = Ux&k\a  Lx  and  L = IIxeAAA  K-  The  ring  V has  weak  dimension  at  most  1 
by  Lemma  [15. 78. 18|  which  also  shows  that  V — > K is  a localization.  A localization 
is  flat  and  an  epimorphism,  see  Algebra,  Lemmas  |10.38. 19]  and  |10. 106. 5|  □ 


092V  Lemma  15.78.20.  Let  A be  a ring  of  weak  dimension  at  most  1.  If  A 
flat,  injective,  epimorphism  of  rings,  then  A is  integrally  closed  in  B. 


B is  a 


Proof.  Let  x £ B be  integral  over  A.  Let  A'  = A[x\  C B.  Then  A'  is  a finite  ring 
extension  of  A by  Algebra,  Lemma  |10.35.5  To  show  A = A'  it  suffices  to  show 
A — > A'  is  an  epimorphism  by  Algebra,  Lemma  10.106.6[  Note  that  A'  is  flat  over 
A by  assumption  on  A and  the  fact  that  B is  flat  over  A (Lemma  15.78.17).  Hence 
the  composition 

A A — ^ B A — ^ B $5.4  B — ^ B 

is  injective,  i.e.,  A'  (&a  A'  = A'  and  the  lemma  is  proved.  □ 
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Lemma  15.78.21.  Let  A be  a normal  domain  with  fraction  field  K . Let  A —>•  B 
be  weakly  etale.  Then  B is  integrally  closed  in  B K . 


Proof.  Choose  a diagram  as  in  Lemma[l5.78.19 
gives  a cartesian  diagram 


As  A — > B is  flat,  the  base  change 


B s-  B ®a  K 

Y 

B®aV >■  b®al 


of  rings.  Note  that  V — > B ®A  V is  weakly  etale  (Lemma  15.78.7 1,  hence  B ®A  V 
has  weak  dimension  at  most  1 by  Lemma [15. 78. 4[  Note  that  B ®A  V — > B ®A  L is  a 
flat,  injective,  epimorphism  of  rings  as  a flat  base  change  of  such  (Algebra,  Lemmas 


10.38.7  and  10.106.3).  By  Lemma  15.78.20  we  see  that  B ®a  V is  integrally  closed 


in  B®aL.  It  follows  from  the  cartesian  property  of  the  diagram  that  B is  integrally 
closed  in  B ®A  K.  □ 


Lemma  15.78.22.  Let  A -A  B be  a ring  homomorphism.  Assume 

(1)  A is  a henselian  local  ring, 

(2)  A —>  B is  integral, 

(3)  B is  a domain. 

Then  B is  a henselian  local  ring  and  A — ► B is  a local  homomorphism.  If  A 
is  strictly  henselian,  then  B is  a strictly  henselian  local  ring  and  the  extension 
^(m^)  C K(m b)  of  residue  fields  is  purely  inseparable. 


Proof.  Write  B as  a filtered  colimit  B = colimlli  of  finite  A-sub  algebras.  If  we 
prove  the  results  for  each  Bi,  then  the  result  follows  for  B.  See  Algebra,  Lemma 
|10. 148.5  If  A — > B is  finite,  then  B is  a product  of  local  henselian  rings  by  Algebra, 
Lemma  10.148. 4[  Since  B is  a domain  we  see  that  B is  a local  ring.  The  maximal 
ideal  of  B lies  over  the  maximal  ideal  of  A by  going  up  for  A — > B (Algebra, 
Lemma  10.35.20 ).  If  A is  strictly  henselian,  then  the  field  extension  k(tua)  C k(itib) 
being  algebraic,  has  to  be  purely  inseparable.  Of  course,  then  ft(m b)  is  separably 
algebraically  closed  and  B is  strictly  henselian.  □ 


Lemma  15.78.23.  Let  A — ► B and  A — ► C be  local  homomorphisms  of  local 
rings.  If  A C is  integral  and  either  K(triA)  C Av(mc)  or  it(mx)  C Karris)  is  purely 
inseparable,  then  D = B ®A  C is  a local  ring  and  B -A  D and  C D are  local. 


Proof.  Any  maximal  ideal  of  D lies  over  the  maximal  ideal  of  B by  going  up 
for  the  integral  ring  map  B — > D (Algebra,  Lemma  10.35.20).  Now  H/rngd  = 
K(nrs)®AC'  = K(mB)®K(mA)  C/mAC.  The  spectrum  of  C/mAC  consists  of  asingle 
point,  namely  me-  Thus  the  spectrum  of  D/msD  is  the  same  as  the  spectrum  of 
k(it VB)<8>re(mA)  K(mc)  which  is  a single  point  by  our  assumption  that  either  k(itia)  C 
«(m c)  or  k( ttia)  C re(m_B)  is  purely  inseparable.  This  proves  that  D is  local  and 
that  the  ring  maps  B — ^ D and  C — >•  D are  local.  □ 


Theorem  15.78.24  (Olivier).  Let  A — » B be  a local  homomorphism  of  local  rings. 
If  A is  strictly  henselian  and  A — > B is  weakly  etale,  then  A = B. 


Proof.  We  will  show  that  for  all  p C A there  is  a unique  prime  q C B lying  over 
p and  k(p)  = «;(q).  This  implies  that  B ®A  B — >•  B is  bijective  on  spectra  as  well 
as  surjective  and  flat.  Hence  it  is  an  isomorphism  for  example  by  the  description 
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of  pure  ideals  in  Algebra,  Lemma  |10. 107.4]  Hence  A — >•  B is  a faithfully  flat 
epimorphism  of  rings.  We  get  A = B by  Algebra,  Lemma  [10.106. 7| 

Note  that  the  fibre  ring  B®ak(p)  is  a colimit  of  etale  extensions  of  «(p)  by  Lemmas 
|15.78.7|  and  |15. 78.15]  Hence,  if  there  exists  more  than  one  prime  lying  over  p or 
if  «(p)  ft(q)  for  some  q,  then  B (g)^  L has  a nontrivial  idempotent  for  some 
(separable)  algebraic  field  extension  L D «(p). 


Let  «(p)  C L be  an  algebraic  field  extension.  Let  A'  C L be  the  integral  closure 
of  A/p  in  L.  By  Lemma  15.78.22  we  see  that  A'  is  a strictly  henselian  local  ring 
whose  residue  field  is  a purely  inseparable  extension  of  the  residue  field  of  A.  Thus 
B®aA'  is  a local  ring  by  Lemma  15.78.23  On  the  other  hand,  B(&aA'  is  integrally 


closed  in  B L by  Lemma  15.78.21  Since  B 0^  A'  is  local,  it  follows  that  the 
ring  B 0^  L does  not  have  nontrivial  idempotents  which  is  what  we  wanted  to 
prove.  □ 
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The  following  definition  seems  to  be  the  generally  accepted  one.  To  parse  it,  observe 
that  if  A C B is  an  integral  extension  of  local  domains,  then  A — > B is  a local  ring 
homomorphism  by  going  up  (Algebra,  Lemma  10.35.20 1. 


Definition  15.79.1.  Let  A be  a local  ring.  We  say  A is  unibranch  if  the  reduction 
Ared  is  a domain  and  if  the  integral  closure  A'  of  Aret/  in  its  field  of  fractions  is 
local.  We  say  A is  geometrically  unibranch  if  A is  unibranch  and  moreover  the 
residue  field  of  A'  is  purely  inseparable  over  the  residue  field  of  A. 


IGD671  Chapter  0 
(23.2.1)] 


Let  A be  a local  ring.  Here  is  an  equivalent  formulation 

(1)  A is  unibranch  if  A has  a unique  minimal  prime  p and  the  integral  closure 
of  A/p  in  its  fraction  field  is  a local  ring,  and 

(2)  A is  geometrically  unibranch  if  A has  a unique  minimal  prime  p and  the 
integral  closure  of  A/p  in  its  fraction  field  is  a local  ring  whose  residue 
field  is  purely  inseparable  over  the  residue  field  of  A. 


A local  ring  which  is  normal  is  geometrically  unibranch  (follows  from  Definition 


15.79.1  and  Algebra,  Definition  10.36.11).  The  following  two  lemmas  suggest  that 


being  (geometrically)  unibranch  is  a reasonable  property  to  look  at. 


0BQ0  Lemma  15.79.2.  Let  A be  a local  ring.  Let  Ah  be  the  henselization  of  A.  The 
following  are  equivalent 

(1)  A is  unibranch,  and 

(2)  Ah  has  a unique  minimal  prime. 


|GD671  Chapter  IV 
Proposition  18.6.12] 


Proof.  Denote  m the  maximal  ideal  of  the  ring  A.  Recall  that  the  residue  field 
k = A/m  is  the  same  as  the  residue  field  of  Ah. 


Assume  (2).  Let  p/l  be  the  unique  minimal  prime  of  Ah . The  flatness  of  A — ► Ah 
implies  that  p = Aflp1*  is  the  unique  minimal  prime  of  A (by  going  down,  see 
Algebra,  Lemma  10.38.18).  Also,  since  Ah/pAh  = (A/p)h  (see  Algebra,  Lemma 
10.148.30)  is  reduced  by  Lemma  15.36.4|  we  see  that  ph  = pAh.  Let  A'  be  the 


integral  closure  of  A/p  in  its  fraction  field.  We  have  to  show  that  A'  is  local.  Since 
A — > A!  is  integral,  every  maximal  ideal  of  A!  lies  over  m (by  going  up  for  integral 
ring  maps,  see  Algebra,  Lemma  10.35.20).  If  A'  is  not  local,  then  we  can  find 
distinct  maximal  ideals  rtii , m2 . Choose  elements  fi , f2  G A'  with  /)  G m,  and 
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fi  & m3_j.  We  find  a finite  subalgebra  B = A[/i,/2]  C A'  with  distinct  maximal 
ideals  B (~l  , i = 1,2.  Note  that  the  inclusions 


A/p  c B c «(p) 

give,  on  tensoring  with  the  flat  ring  map  A — > Ah  the  inclusions 

Ah/ph  c B®AAh  c «(p)  Ah  c n(ph) 

the  last  inclusion  because  «(p)  Ah  = n(p)  ®A/9  Ah/ph  is  a localization  of  the 
domain  Ah/ph.  Note  that  B ®A  n has  at  least  two  maximal  ideals  because  B/mB 
has  two  maximal  ideals.  Hence,  as  Ah  is  henselian  we  see  that  B®AAh  is  a product 

But  we’ve  just  seen  that  B®A  Ah 


10.148.6 


of  > 2 local  rings,  see  Algebra,  Lemma 
is  a subring  of  a domain  and  we  get  a contradiction. 

Assume  (1).  Let  p C A be  the  unique  minimal  prime  and  let  A'  be  the  integral 
closure  of  A/p  in  its  fraction  field.  Let  A — > B be  a local  map  of  local  rings  inducing 
an  isomorphism  of  residue  fields  which  is  a localization  of  an  etale  A-algebra.  In 
particular  ms  is  the  unique  prime  containing  mB.  Then  B'  = A!  ®A  B is  integral 
over  B and  the  assumption  that  A -A  A'  is  local  implies  that  B'  is  local  (Lemma 
15.78.23 1.  On  the  other  hand,  A'  — > B'  is  the  localization  of  an  etale  ring  map, 
hence  B'  is  normal,  see  Algebra,  Lemma  10.155.7  Thus  B'  is  a (local)  normal 
domain.  Finally,  we  have 

B/pB  C B®a  «(p)  = B'  ®A,  f.f.(A’)  c f.f.(B') 


Hence  B/pB  is  a domain,  which  implies  that  B has  a unique  minimal  prime  (since 
by  flatness  of  A — ► B these  all  have  to  lie  over  p).  Since  Ah  is  a filtered  colimit 
of  the  local  rings  B it  follows  that  Ah  has  a unique  minimal  prime.  Namely,  if 
fg  = 0 in  Ah  for  some  non-nilpotent  elements  /,  g , then  we  can  find  a B as  above 
containing  both  / and  g which  leads  to  a contradiction.  □ 


06DM  Lemma  15.79.3.  Let  A be  a local  ring.  Let  Ash  be  a strict  henselization  of  A. 
The  following  are  equivalent 

(1)  A is  geometrically  unibranch,  and 

(2)  Ash  has  a unique  minimal  prime. 

Proof.  This  proof  is  almost  exactly  the  same  as  the  proof  of  Lemma  |15.79.2| 
Denote  m the  maximal  ideal  of  the  ring  A.  Denote  k,  nsh  the  residue  field  of  A, 
Ash. 


Assume  (2).  Let  ps/l  be  the  unique  minimal  prime  of  Ash.  The  flatness  of  A — > As 


integral  closure  of  A/p  in  its  fraction  field.  We  have  to  show  that  A!  is  local  and 
that  its  residue  field  is  purely  inseparable  over  k.  Since  A — > A'  is  integral,  every 
maximal  ideal  of  A'  lies  over  m (by  going  up  for  integral  ring  maps,  see  Algebra, 
Lemma  10.35.20 1.  If  A!  is  not  local,  then  we  can  find  distinct  maximal  ideals  mi,  m2. 
Choosing  elements  /i,/2  £ A'  with  £ m,; , /,;  ^ m3_i  we  find  a finite  subalgebra 
B = A[/i,  f2\  C A'  with  distinct  maximal  ideals  Brim;,  i = 1,  2.  If  A'  is  local  with 
maximal  ideal  m',  but  A/m  C A'/m'  is  not  purely  inseparable,  then  we  can  find 
/ £ A'  whose  image  in  A'/m'  generates  a finite,  not  purely  inseparable  extension 


[Art66l  Lemma 
and  |GD671 

Chapter  IV 
Proposition  18.8 
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of  A/m  and  we  find  a finite  local  subalgebra  B = A[f]  C A'  whose  residue  field  is 
not  a purely  inseparable  extension  of  A/m.  Note  that  the  inclusions 

A/ p CBC  K(p) 

give,  on  tensoring  with  the  flat  ring  map  A -A  Ash  the  inclusions 

Ash/psh  cB®a  Ash  c «(p)  Ash  c n(psh) 

the  last  inclusion  because  n(p)  Ash  = «(p)  Ash/psh  is  a localization  of  the 
domain  Ash/psh.  Note  that  B(&AKsh  has  at  least  two  maximal  ideals  because  B/mB 
either  has  two  maximal  ideals  or  one  whose  residue  held  is  not  purely  inseparable 
over  k,  and  because  nsh  is  separably  algebraically  closed.  Hence,  as  Ash  is  strictly 
henselian  we  see  that  B®a  Ash  is  a product  of  > 2 local  rings,  see  Algebra,  Lemma 


a contradiction. 


10.148.7  But  we’ve  just  seen  that  B 0u  Ash  is  a subring  of  a domain  and  we  get 


Assume  (1).  Let  p C A be  the  unique  minimal  prime  and  let  A'  be  the  integral 
closure  of  A/p  in  its  fraction  held.  Let  A -A  B be  a local  map  of  local  rings  which  is 
a localization  of  an  etale  A-algebra.  In  particular  ms  is  the  unique  prime  containing 
m aB.  Then  B'  = A'  <£>a  B is  integral  over  B and  the  assumption  that  A — > A'  is 
local  with  purely  inseparable  residue  held  extension  implies  that  B'  is  local  (Lemma 
15.78.23 1.  On  the  other  hand,  A'  -A  B'  is  the  localization  of  an  etale  ring  map, 
hence  B'  is  normal,  see  Algebra,  Lemma  10.155.7  Thus  B'  is  a (local)  normal 


domain.  Finally,  we  have 

B/pB  C B®a  «(p)  = B'  ®A>  /-/.(A')  C f.f.(B') 


Hence  B/pB  is  a domain,  which  implies  that  B has  a unique  minimal  prime  (since 
by  hatness  of  A — > B these  all  have  to  lie  over  p).  Since  Ash  is  a hltered  colim.it 
of  the  local  rings  B it  follows  that  Ash  has  a unique  minimal  prime.  Namely,  if 
fg  = 0 in  Ash  for  some  non-nilpotent  elements  /,  g,  then  we  can  hnd  a B as  above 
containing  both  / and  g which  leads  to  a contradiction.  □ 


06DU  Lemma  15.79.4.  Let  k be  an  algebraically  closed  field.  Let  A,  B be  strictly 
henselian  local  k-algebras  with  residue  field  equal  to  k.  Let  C be  the  strict  henseliza- 
tion  ofA®kB  at  the  maximal  ideal  B + A®*,  rug . Then  the  minimal  primes 

of  C correspond  1-fo-l  to  pairs  of  minimal  primes  of  A and  B. 


Proof.  First  note  that  a minimal  prime  r of  C maps  to  a minimal  prime  p in  A 
and  to  a minimal  prime  q of  B because  the  ring  maps  A — > C and  B -A  C are 


hat  (by  going  down  for  hat  ring  map  Algebra,  Lemma  10.38.18).  Hence  it  suffices 


to  show  that  the  strict  henselization  of  (A/p  0*,  B / o/)mA®kB+A®kmB  has  a unique 


minimal  prime  ideal.  By  Algebra,  Lemma  10.148.30  the  rings  A/p,  B / q are  strictly 
henselian.  Hence  we  may  assume  that  A and  B are  strictly  henselian  local  domains 
and  our  goal  is  to  show  that  C has  a unique  minimal  prime.  By  Lemma|l5.79.3|the 
integral  closure  A'  of  A in  its  fraction  held  is  a normal  local  domain  with  residue 
held  k.  Similarly  for  the  integral  closure  B'  of  B into  its  fraction  held.  By  Algebra, 


Lemma  10.157.4  we  see  that  A'  0*,  B'  is  a normal  ring.  Hence  its  localization 


R — (A  gfc  B )mA,®kBl+A,<g>kmB, 

is  a normal  local  domain.  Note  that  A®^B  — >•  A!  0fc  B'  is  integral  (hence  gong  up 
holds  - Algebra,  Lemma  10.35.20)  and  that  m a>  ®k  B'  + A'  0*,  mg/  is  the  unique 
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OBRE 

OBRF 


09EG 


OBRG 


maximal  ideal  of  A7  0/,.  B'  lying  over  m.4  0*  B + A 0^  tn b-  Hence  we  see  that 

R = (A  0fc  B )mA®kB+A®kmB 
by  Algebra,  Lemma  10.40.ll!  It  follows  that 

(A  0fc  S)mA0A._B+A®fcm_B  ^ R 

is  integral.  We  conclude  that  R is  the  integral  closure  of  {A  0&  B)mA®kB+A®k mB 
in  its  fraction  field,  and  by  Lemma  |15.79.3|  once  again  we  conclude  that  C has  a 
unique  prime  ideal.  □ 

15.80.  Group  actions  and  integral  closure 

This  section  is  in  some  sense  a continuation  of  Algebra,  Section [10.371 

Lemma  15.80.1.  Let  ip  : A -A  B be  a surjection  of  rings.  Let  G be  a finite  group 
or  order  n acting  on  p : A -A  B . If  b £ BG , then  there  exists  a monic  polynomial 
P £ Ag[T]  which  maps  to  ( T — b)n  in  BG[T], 

Proof.  Choose  a £ A lifting  b and  set  P = Y\aeG^  ~ CT(a ))•  D 

Lemma  15.80.2.  Let  R be  a ring.  Let  G be  a finite  group  acting  on  R.  Let 
I C R be  an  ideal  such  that  cr(I)  C I for  all  a £ G.  Then  RG / IG  C (R/I)G  is  an 
integral  extension  of  rings  which  induces  homeomorphisms  on  spectra  and  purely 
inseparable  extensions  of  residue  fields. 

Proof.  Since  IG  = RG  D I it  is  clear  that  the  map  is  injective.  Lemma  |l5.80.l| 
shows  that  Algebra,  Lemma  10.45.10  applies.  □ 

Lemma  15.80.3.  Let  R be  a ring.  Let  G be  a finite  group  of  order  n action  on 
R.  Let  A be  an  RG -algebra. 

(1)  for  b £ (A  0flG  R)G  there  exists  a monic  polynomial  P £ A[T ] whose 
image  in  (A  ®rg  R)g[T]  is  ( T — b)n , 


(2)  for  a £ A mapping  to  zero  in  (A  0#g  R)g  we  have  (T  — a)n  = Tn 
A[T\. 


m 


Proof.  Write  A as  the  quotient  of  a polynomial  algebra  P over  RG . Then  {P  ®rg 
R)g  = P because  P is  free  as  an  i?G-module.  Hence  part  (1)  follows  from  Lemma 
115.80.11 

Let  J = Ker(P  -A  A).  Lift  a as  in  (2)  to  an  element  f £ P.  Then  / 0 1 maps  to 
zero  in  A 0^g  R.  Hence  / 0 1 is  in  ( J')G  where  J'  C P 0#g  R is  the  image  of  the 
map  J ®rg  R -a  P 0jjg  R.  Apply  Lemma|i5.80.1|to  / 0 1 and  the  surjective  ring 
map 

SymjjG  ( J)  0flc  R — S>  A'  C Sym^G  (P)  ®rg  R 
which  defines  A'.  We  obtain  P £ (Sym^j g(J)®rg  R)g[T]  mapping  to  (T-/01)" 
in  A'[T].  Apply  part  (1)  to  see  that  there  exists  a P'  £ Sym*RG  (J)[T,  T']  whose 
image  is  (T7  — P)n.  Since  Symjjc  (P)  is  still  free  over  RG  we  conclude  that  P' 
maps  to  (T7  — (T  — /)")”  in  Sym^G(P).  On  the  other  hand,  tracing  through  the 
construction  of  the  polynomials  P and  P7  in  Lemma  15.80.1  we  see  that  P'  is 
congruent  to  (T7  — Tn)n  modulo  the  irrelevant  ideal  of  the  graded  ring  Sym^G(J). 
It  follows  that 

(T7  - (T  - a)n)n  = (T7  - Tn)n 

in  A[T7,  T\.  Setting  T'  = 0 for  example  we  obtain  the  statement  of  the  lemma.  □ 
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OBRH  Lemma  15.80.4.  Let  R be  a ring.  Let  G be  a finite  group  acting  on  R.  Let 
RG  -a  A be  a ring  map.  The  map 

A — y (A  ® RG  R) G 

is  an  isomorphism  if  RG  -A  A is  fiat.  In  general  the  map  is  integral,  induces  a 
homeomorphism  on  spectra,  and  induces  purely  inseparable  residue  field  extensions. 

Proof.  The  first  statement  follows  from  Lemma  |15.80.3|  and  Algebra,  Lemma 


10.45.10 


To  see  the  second  consider  the  exact  sequence  0 -A  RG  — > R — > ® 


<tG  G 


R 

where  the  second  map  sends  x to  (a(x)—x).  Tensoring  with  A the  sequence  remains 
exact  if  RG  -A  A is  flat.  □ 

OBRI  Lemma  15.80.5.  Let  G be  a finite  group  acting  on  a ring  R.  For  any  two  primes 
q,  q'  C R lying  over  the  same  prime  in  RG  there  exists  a a £ G with  <r(q)  = q'. 

Proof.  The  extension  RG  C R is  integral  because  every  x G R is  a root  of  the 
monic  polynomial  IIo-pg^  — a(x))  RG[T]-  Thus  there  are  no  inclusion  relations 
among  the  primes  lying  over  a given  prime  p (Algebra,  Lemma  10.35.18 1.  If  the 
lemma  is  wrong,  then  we  can  choose  x G q',  x $.  cr(q)  for  all  a G G.  See  Algebra, 
Lemma 


10.14.2 


Then  y = \\aeG  cr{x)  is  in  RG  and  in  p = RG  n q'.  On  the  other 
hand,  x'tf.  rr(q)  for  all  a means  a(x)  q for  all  a.  Hence  y £ q as  q is  a prime  ideal. 
This  is  impossible  asj/epcq.  □ 

OBRJ  Lemma  15.80.6.  Let  G be  a finite  group  acting  on  a ring  R.  Let  q G R be  a 
prime  lying  over  p C RG . Then  K(q)/tc(p)  is  an  algebraic  normal  extension  and  the 
map 

D = {a  G G | er(q)  = q}  — > Aiii(/c(q)/«(p)) 

is  surjectiv^ 

Proof.  With  A = ( RG)P  and  B = A g R we  see  that  A = BG  as  localization 
is  flat,  see  Lemma  |15.80.4|  Observe  that  p A and  qf?  are  prime  ideals,  D is  the 
stabilizer  of  q B,  and  k( p)  = «(p A)  and  «(q)  = «;(q B).  Thus  we  may  replace  R by 
B and  assume  that  p is  a maximal  ideal.  Since  R C RG  is  an  integral  ring  extension, 
we  find  that  the  maximal  ideals  of  R are  exactly  the  primes  lying  over  p (follows 


from  Algebra,  Lemmas  10.35.18  and  10.35.20).  By  Lemma  15.80.5  there  are  finitely 
many  of  them  q = q i , q2, . . . , qm  and  they  form  a single  orbit  for  G.  By  the  Chinese 
remainder  theorem  (Algebra,  Lemma  10.14.3)  the  map  R -A  ;1  mP/cr(qj) 
surjective. 

First  we  prove  that  the  extension  is  normal.  Pick  an  element  a G ft(q).  We  have  to 
show  that  the  minimal  polynomial  P of  a over  k( p)  splits  completely.  By  the  above 
we  can  choose  a G q2  (~l  . . . fl  qm  mapping  to  a in  /t(q).  Consider  the  polynomial 
Q = \l„eG{T  — u{a))  in  RG[T ].  The  image  of  Q in  R[T]  splits  completely  into 
linear  factors,  hence  the  same  is  true  for  its  image  in  «(q)[T].  Since  P divides  the 
image  of  Q in  «(p)[T]  we  conclude  that  P splits  completely  into  linear  factors  over 
ft(q)  as  desired. 

Since  /t(q)/ft(p)  is  normal  we  may  assume  re(q)  = K\  <g>K(p)  ^2  with  k( p)  C n\ 
purely  inseparable  and  «(p)  C «2  Galois,  see  Fields,  Lemma  9.26.3  a G K2  which 
generates  «2  over  «(p)  if  it  is  finite  and  a subfield  of  degree  > G|  if  it  is  infinite 
(to  get  a contradiction).  This  is  possible  by  Fields,  Lemma  9.18. 1|  Pick  a,  P,  and 


^Recall  that  we  use  the  notation  Gal  only  in  the  case  of  Galois  extensions. 
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Q as  in  the  previous  paragraph.  If  a'  £ K2  is  a Galois  conjugate  of  a,  then  the 
above  shows  there  exists  a er  £ G such  that  a (a)  maps  to  a'.  By  our  choice  of  a 
(vanishing  at  other  maximal  ideals)  this  implies  o £ D and  that  the  image  of  a in 
Aut(fv(q)/«;(p))  maps  a to  a! . Hence  the  surjectivity  or  the  desired  absurdity  in 
case  a has  degree  > |G|  over  «(p).  □ 

OBRK  Lemma  15.80.7.  Let  A be  a normal  domain  with  fraction  field  K . Let  L/ K be 
a (possibly  infinite)  Galois  extension.  Let  G = Gal(L/K ) and  let  B be  the  integral 
closure  of  A in  L. 

(1)  For  any  two  primes  c\,q'  C B lying  over  the  same  prime  in  A there  exists 
a o £ G with  cr(q)  = q'. 

(2)  Let  q C B be  a prime  lying  over  p C A.  Then  K(q)//t(p)  is  an  algebraic 
normal  extension  and  the  map 

D = {o  £ G | <r(q)  = q}  — » Aut(n(q)  / n(p)) 
is  surjective. 


Proof.  Proof  of  (1).  Consider  pairs  ( M,o ) where  K C M C L is  a subfield 
such  that  M/K  is  Galois,  a £ Gal(M/A)  with  cr(q  n Af)  = q'  n M.  We  say 
(M/o')  > (M,a)  if  and  only  if  M C M'  and  o'\m  = c.  Observe  that  (K/i&k) 
is  such  a pair  as  A = K 0 B since  A is  a normal  domain.  The  collection  of  these 
pairs  satisfies  the  hypotheses  of  Zorn’s  lemma,  hence  there  exists  a maximal  pair 
(M,a).  If  M ^ L,  then  we  can  find  Af  C M'  C L with  M'  /M  finite  and  M' /K 
Galois  (Fields,  Lemma  9.15.5).  Choose  <r'  £ G&1(M'  / K)  whose  restriction  to  M is 
a (Fields,  Lemma  9.21.2).  Then  the  primes  cr'(q  0 M')  and  q'  0 M'  restrict  to  the 
same  prime  of  BCiM.  Since  BnM  = (. SnAf')Gal(M  we  can  use  Lemma  15.80.5 


to  find  r £ Ga \(M' /M)  with  r(cr'(q  0 M'))  = q'  0 M' . Hence  (M' , to  a1)  > (M,  a) 
contradicting  the  maximality  of  (M,  a). 


Part  (2)  is  proved  in  exactly  the  same  manner  as  part  (1).  We  write  out  the  details. 
Pick  a £ Aut(/t(q)/«;(p)).  Consider  pairs  (M,<r)  where  K C M C L is  a subfield 
such  that  M/K  is  Galois,  er  £ Ga \(M/K)  with  cr(q  D M)  = q 0 M and 


At(q  O M) 


At(q  O M) 


■«(q) 


■«(q) 


commutes.  We  say  (. M',a ')  > ( M,a ) if  and  only  if  M C AT  and  o'\m  = cr.  As 
above  (A',  idA')  is  such  a pair.  The  collection  of  these  pairs  satisfies  the  hypotheses 
of  Zorn’s  lemma,  hence  there  exists  a maximal  pair  (A7/,  er).  If  M ^ L,  then  we  can 
find  M C M'  C L with  M'/M  finite  and  M'/K  Galois  (Fields,  Lemma  9.15.5). 


Choose  a'  £ Gal(Af'/ K)  whose  restriction  to  M is  a (Fields,  Lemma  9.21.2).  Then 


the  primes  tr'(q  D M')  and  q D M'  restrict  to  the  same  prime  of  B D M.  Adjusting 
the  choice  of  o'  as  in  the  first  paragraph,  we  may  assume  that  cr'(q  D M')  = qfl  M' . 
Then  o'  and  a define  maps  «(q  D M')  — > «(q)  which  agree  on  «(q  n M ).  Since 
B fl  M = (B  D Af')Gal(M  we  can  use  Lemma  15.80.6  to  find  r £ Gal(M'/Af) 
with  r(q  D M')  = q D M'  such  that  too  and  a induce  the  same  map  on  «(q  D A l'). 
There  is  a small  detail  here  in  that  the  lemma  first  guarantees  that  K(qnM')/K(qD 
M)  is  normal,  which  then  tells  us  that  the  difference  between  the  maps  is  an 
automorphism  of  this  extension  (Fields,  Lemma  9.14.9),  to  which  we  can  apply 
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the  lemma  to  get  r.  Hence  ( M',t  o a')  > ( M,a ) contradicting  the  maximality  of 
(M,  cr).  " □ 


15.81.  Ramification  theory 

09E3  In  this  section  and  the  next  we  use  the  following  definitions. 

09E4  Definition  15.81.1.  We  say  that  A — > B or  A c B is  an  extension  of  discrete 
valuation  rings  if  A and  B are  discrete  valuation  rings  and  A — > B is  injective  and 
local.  In  particular,  if  tta  and  ttb  are  uniformizers  of  A and  B , then  t:a  = for 
some  e > 1 and  unit  u of  B.  The  integer  e does  not  depend  on  the  choice  of  the 
uniformizers  as  it  is  also  the  unique  integer  > 1 such  that 

vciaB  = meB 

The  integer  e is  called  the  ramification  index  of  B over  A.  We  say  that  B is  weakly 
unramified  over  A if  e = 1.  If  the  extension  of  residue  fields  ka  = A/vaa  C kb  = 
B/mB  is  finite,  then  we  set  / = [kb  : ka]  and  we  call  it  the  residual  degree  or 
residue  degree  of  the  extension  A C B. 


Note  that  we  do  not  require  the  extension  of  fraction  fields  to  be  finite. 


09E5 


OBRL 


Lemma  15.81.2.  Let  A C B be  an  extension  of  discrete  valuation  rings  with 
fraction  fields  K C L.  If  the  extension  K C L is  finite,  then  the  residue  field 
extension  is  finite  and  we  have  ef  < [L  : K] . 


Proof.  Finiteness  of  the  residue  field  extension  is  Algebra,  Lemma  10.118.10 
inequality  follows  from  Algebra,  Lemmas  |10. 118.91  and  |10.51.12l 


The 

□ 


Lemma  15.81.3.  Let  A C B C C be  extensions  of  discrete  valuation  rings.  Then 
the  ramification  indices  of  B /A  and  C / B multiply  to  give  the  ramification  index  of 
C/A.  In  a formula  ec/A  = ^b/a^cib-  Similarly  for  the  residual  degrees  in  case 
they  are  finite. 


Proof.  This  is  immediate  from  the  definitions  and  Fields,  Lemma  [9. 7. 6|  □ 

09E6  Lemma  15.81.4.  Let  A C B be  an  extension  of  discrete  valuation  rings  inducing 
the  field  extension  K C L.  If  the  characteristic  of  K is  p > 0 and  L is  purely 
inseparable  over  K , then  the  ramification  index  e is  a power  of  p. 


Proof.  Write  tta  = uttb  for  some  u £ B*.  On  the  other  hand,  we  have  TTqB  £ K for 
some  p-power  q.  Write  nqB  = vtt\  for  some  v £ A*  and  k £ Z.  Then  7 xqA  = uqTTqB  = 
uqveTTlA.  Taking  valuations  in  B we  conclude  that  ke  = q.  □ 


In  the  following  lemma  we  discuss  what  it  means  for  an  extension  A C B of  discrete 
valuation  rings  to  be  “unramified”,  i.e. , have  ramification  index  1 and  separable 
(possibly  nonalgebraic)  extension  of  residue  fields.  However,  we  cannot  use  the 
term  “unramified”  itself  because  there  already  exists  a notion  of  an  unramified  ring 
map,  see  Algebra,  Section  |10.147|  We  will  say  “A  C B is  formally  smooth”  to 
indicate  this  situation. 

09E7  Lemma  15.81.5.  Let  A C B be  an  extension  of  discrete  valuation  rings.  The 
following  are  equivalent 

(1)  A — > B is  formally  smooth  in  the  m B-adic  topology,  and 

(2)  A -A  B is  weakly  unramified  and  ka  C kb  is  a separable  field  extension. 
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09E8 


09E9 


09EA 


09EB 


09EC 


Proof.  This  follows  from  Proposition  |15.31.4|  and  Algebra,  Proposition  |10.150.9| 

□ 

Remark  15.81.6.  Let  A be  a discrete  valuation  ring  with  fraction  field  K.  Let 
I\  C L be  a finite  separable  field  extension.  Let  B C L be  the  integral  closure  of  A 
in  L.  Picture: 

B 5-  L 

A 


A 


K 


By  Algebra,  Lemma|iO. 153.8  the  ring  extension  Ac  Bis  finite,  hence  B is  Noether- 
ian.  By  Algebra,  Lemma  10.111.4|the  dimension  of  B is  1,  hence  B is  a Dedekind 
domain,  see  Algebra,  Lemma  |10.119.15|  Let  mi , . . . , mn  be  the  maximal  ideals  of 
B (i.e.,  the  primes  lying  over  m^).  We  obtain  extensions  of  discrete  valuation  rings 

A C Bmi 

and  hence  ramification  indices  and  residue  degrees  fi.  We  have 

[L:A-]=V  dfi 

^ * 7 = 1 71. 


by  Algebra,  Lemma [10. 120. 8|  applied  to  a uniformizer  in  A.  We  observe  that  n = 1 
if  A is  henselian  (by  Algebra,  Lemma  10.148.4),  e.g.  if  A is  complete. 


Definition  15.81.7.  Let  A be  a discrete  valuation  ring  with  fraction  field  K.  Let 
L D K be  a finite  separable  extension.  With  B and  m,,  i = 1, . . . , n as  in  Remark 


15.81.6  we  say  the  extension  L/K  is 


(1)  unramified  with  respect  to  A if  e»  = 1 and  the  extension  ka  C fc(rrij)  is 
separable  for  all  i, 

(2)  totally  ramified  with  respect  to  A if  n = 1 and  the  residue  field  extension 
k a C /v(rrii)  is  trivial, 

(3)  tamely  ramified  with  respect  to  A if  either  the  characteristic  of  ka  is  0 

or  the  characteristic  of  ka  is  p > 0,  the  field  extensions  ka  C are 

separable,  and  the  ramification  indices  e,  are  prime  to  p. 

If  the  discrete  valuation  ring  A is  clear  from  context,  then  we  sometimes  say  L/I\ 
is  unramified,  totally  ramified,  or  tamely  ramified  for  short. 

Lemma  15.81.8.  Let  A he  a discrete  valuation  ring  with  fraction  field  K . Let 
I\  C L be  a Galois  extension  with  Galois  group  G.  Then  G acts  on  the  ring  B of 
Remark \l5.81.(\and  acts  transitively  on  the  set  of  maximal  ideals  of  B. 

Proof.  Observe  that  A = BG  as  A is  integrally  closed  in  K and  K = LG . Hence 
this  lemma  is  a special  case  of  Lemma  |15.80.5|  □ 

Lemma  15.81.9.  Let  A be  a discrete  valuation  ring  with  fraction  field  K . Let 
K C L be  a Galois  extension.  Then  there  are  e > 1 and  f > 1 such  that  = e and 


fi  = f for  all  i (notation  as  in  Remark  15.81.6).  In  particular  [L  : K]  = nef . 
Proof.  Immediate  consequence  of  Lemma [15. 81. 8|  and  the  definitions. 


□ 


Definition  15.81.10.  Let  A be  a discrete  valuation  ring  with  fraction  field  K.  Let 
K C L be  a Galois  extension  with  Galois  group  G.  Let  B be  the  integral  closure 
of  A in  L. 
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(1)  For  a maximal  ideal  m C B the  decomposition  group  associated  to  m is 
the  subgroup  D = {a  £ G | cr(m)  = m}  of  G. 

(2)  The  kernel  / of  the  map  D — > Aut(«;(m)/KA)  is  called  the  inertia  group. 


09ED 


09EE 


Note  that  the  field  /c(m)  may  be  inseparable  over  ka ■ In  particular  the  field  exten- 
sion ka  C «;(m)  need  not  be  Galois.  If  ka  is  perfect,  then  it  is. 

Lemma  15.81.11.  Let  A be  a discrete  valuation  ring  with  fraction  field  K and 
residue  field  k.  Let  K C L be  a Galois  extension  with  Galois  group  G.  Let  B be 
the  integral  closure  of  A in  L.  Let  m be  a maximal  ideal  of  B.  Then 

(1)  the  field  extension  k C k{ m)  is  normal,  and 

(2)  D — y Aut(K{xn) / k)  is  surjective. 

If  for  some  (equivalently  all)  maximal  ideal(s)  m C B the  field  extension  k C «(m) 
is  separable,  then 

(3)  k C k( m)  is  Galois,  and 

(4)  D — ► Gal(K(m) / k)  is  surjective. 

Here  D C G is  the  decomposition  group  of  m. 


Proof.  Observe  that  A = BG  as  A is  integrally  closed  in  K and  K = LG . Thus 


parts  (1)  and  (2)  follow  from  Lemma  15.80.6  The  “equivalently  all”  part  of  the 


lemma  follows  from  Lemma  15.81.8 


Assume  ka  C k( m)  is  separable.  Then  parts 

(3)  and  (4)  follow  immediately  from  (1)  and  (2).  □ 


Lemma  15.81.12.  Let  A be  a discrete  valuation  ring  with  fraction  field  K . Let 
I\  CL  L be  a Galois  extension  with  Galois  group  G.  Let  B be  the  integral  closure  of 
A in  L.  Let  m C B be  a maximal  ideal.  The  inertia  group  I of  m has  the  following 
structure 


(1)  if  the  characteristic  of  ka  is  0,  then  I is  finite  cyclic  of  order  e, 

(2)  if  the  characteristic  of  k a is  p > 0,  then  there  is  a short  exact  sequence 
of  groups  1—tP—tI—tIt—tO  where  P is  a p-group  and  It  is  cyclic 
of  order  prime  to  p.  In  fact,  the  order  of  It  is  the  prime  to  p part  of  the 
integer  e. 

Here  e is  the  integer  of  Lemma  \15.81.9\ 


Proof.  Recall  that  |G|  = [L  : K ] = nef,  see  Lemma  15.81.9  Since  G acts  transi- 


tively on  the  set  {mi, . . . , mn}  of  maximal  ideals  of  B (Lemma  15.81.8)  and  since 
D is  the  stabilizer  of  an  element  we  see  that  \D\  = ef.  By  Lemma  15.81.11  we  have 


e/  = \D\  = |/|  ■ |Aut(/c(m)/«u)| 


As  «;(m)  is  normal  over  ka  the  order  of  Aut^m)/^)  differs  from  / by  a power  of 
p (small  detail  omitted).  Hence  the  prime  to  p part  of  |/|  is  equal  to  the  prime  to 
p part  of  e. 


Set  C = Bm.  Then  / acts  on  C over  A and  trivially  on  the  residue  field  of  C.  Let 
ix a C A and  7rq  £ C be  uniformizers.  Write  71,4  = wkq  for  some  unit  u in  C.  For 
a £ I write  er(7rq)  = uairc  for  some  unit  ua  in  C.  Then  we  have 

7TA  = a(7TA)  = <j(u)(uaTTC)e  = a(u)u%TTc  = ^-^UeaTTA 

u 

Since  cr(u)  = u mod  me  as  a £ I we  see  that  ua  maps  to  an  eth  root  of  unity  in 
kc ■ We  obtain  a homomorphism 
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Since  nc  has  characteristic  p,  the  group  p,e(nc)  is  cyclic  of  order  at  most  the  prime 
to  p part  of  e (see  Fields,  Section  9.16).  Thus  it  suffices  to  prove  that  the  kernel  of 
X is  a p-group.  Let  cr  be  a nontrivial  element  of  the  kernel.  Then  cr(m^)  C m^1  for 
all  i.  Let  m be  the  order  of  cr.  Pick  c £ C such  that  cr(c)  ^ c.  Then  cr(c)  — c £ m^, 
<t(c)  — c ^ m^1  for  some  i and  we  have 

0 = am(c)  - c 

= crm(c)  - crm-1(c)  + . . . + cr(c)  - C 

= n i - c) 

= m(a(c)  — c)  mod  m^"1 

It  follows  that  p\m  (or  m = 0 if  p = 1).  Thus  every  element  of  the  kernel  of  \ has 
order  divisible  by  p , i.e. , Ker(y)  is  a p-group.  □ 

09EH  Lemma  15.81.13.  Let  A be  a discrete  valuation  ring  with  fraction  field  K . Let  L 
be  a Galois  extension  of  K.  Let  m C B be  a maximal  ideal  of  the  integral  closure  of 
A in  L.  Let  I C G be  the  corresponding  inertia  subgroup.  Then  B1  is  the  integral 
closure  of  A in  L1  and  A — >■  (Bi)bi nm  is  etale. 

Proof.  It  follows  from  the  definitions  that  B1  is  the  integral  closure  of  A in  L1 . 

We  first  prove  the  final  statement  in  case  I?  is  a discrete  valuation  ring,  i.e.,  when 
G is  the  decomposition  group  of  m.  As  / acts  trivially  on  kb  it  follows  from  Lemma 
15.80.2  that  the  extension  nBi  = BI/(BI  fl  m)  C kb  is  purely  inseparable.  Since 
G/I  acts  faithfully  on  kb,  we  conclude  that  G/I  acts  faithfully  on  kbi  over  ha- 
By  Galois  theory  we  see  that  [kbi  : > \G/I\.  On  the  other  hand,  we  have 

we  see  that  A c B1  is 


15.81.2 


[L1  : K]  = \G/I\  by  Galois  theory.  By  Lemma 
weakly  unramified  and  that  [kbi  : ka]  = \G/I\.  Thus  kbi  is  Galois  over  ka  (with 
group  G/I),  in  particular  separable.  By  Algebra,  Lemma  10.141.7  we  find  that 
A — > B1  is  etale.  (In  particular,  L1  /K  is  unramified  with  respect  to  A.) 

In  general  we  reduce  to  the  case  discussed  in  the  previous  paragraph  by  splitting  B 
using  Algebra,  Lemma  10.141.23|  (An  alternative  is  to  use  completion  to  do  this.) 
We  omit  the  details.  □ 


09EI  Lemma  15.81.14  (Krasner’s  lemma).  Let  A be  a complete  local  domain  of  di- 
mension 1.  Let  P{t)  £ A[t\  be  a polynomial  with  coefficients  in  A.  Let  a € A be  a 
root  of  P but  not  a root  of  the  derivative  P'  = dP/dt.  For  every  c > 0 there  exists 
an  integer  n such  that  for  any  Q £ A[t]  whose  coefficients  are  in  the  polynomial 
P + Q has  a root  fi  £ A with  /?  — a £ . 

Proof.  Choose  a nonzero  tt  £ m.  Since  the  dimension  of  A is  1 we  have  m = \J (t). 
By  assumption  we  may  write  P'(a)-1  = 7 r_ma  for  some  m > 0 and  a £ A.  We 
may  and  do  assume  that  c > m + 1.  Pick  n such  that  C (7rc+m).  Pick  any  Q 
as  in  the  statement.  For  later  use  we  observe  that  we  can  write 

P(x  + y)  = P(x)  + P\x)y  + R(x,  y)y2 

for  some  R(x,y)  £ A[x,y\.  We  will  show  by  induction  that  we  can  find  a sequence 
ex nm  Wn+i  i ^-m-f-2?  ■ • ■ such  that 

(1)  Ofc  = a mod  nc, 

(2)  ak+1  -ak£  (7rfc),  and 


15.81.  RAMIFICATION  THEORY 


1326 


(3)  (P  + Q)(afc)G(7 rm+fc). 

Setting  (3  = lim  ak  will  finish  the  proof. 

Base  case.  Since  the  coefficients  of  Q are  in  (7rc+rra)  we  have  (P  + Q)(a)  £ (7rc+m). 
Hence  am  = a works.  This  choice  guarantees  that  ak  = a mod  irc  for  all  k > m. 

Induction  step.  Given  a k we  write  otk+\  = otk+S  for  some  S £ (7rfc).  Then  we  have 

(P  + Q)(a.k+{)  = P{ak  + <5)  + Q(ak  + S) 

Because  the  coefficients  of  Q are  in  {■nc+m)  we  see  that  Q(ak  + S)  = Q{ak)  mod 
nc+m+k . Qn  the  other  hand  we  have 


P(ak  + $)  — P{ak ) + P'(ak)S  + P{aki  <5)d2 

Note  that  P'(ak)  = P'(a ) mod  (7rm+1)  as  ak  = a mod  Trm+1.  Hence  we  obtain 
P(cuk  + 5)  = P(ctfc)  + P\ot)5  mod  7rfc+m+1 


Recombining  the  two  terms  we  see  that 

(P  + Q)(ak+ 1)  = (P  + Q)(ak)  + P'(a)S  mod  Trk+m+1 

Thus  a solution  is  to  take  S = — P'(a)_1(P  + Q)(ak)  = — n~ma(P  + Q)(ak)  which 
is  contained  in  (nk)  by  induction  assumption.  □ 

09EJ  Lemma  15.81.15.  Let  A be  a discrete  valuation  ring  with  field  of  fractions  K. 
Let  A's  be  the  completion  of  A with  fraction  field  PTA . If  K A C M is  a finite 
separable  extension , then  there  exists  a finite  separable  extension  K C L such  that 
M = KA  ®K  L. 


Proof.  Note  that  AA  is  a discrete  valuation  ring  too  (by  Lemmas  15.34.4  and 
15.34.1 1.  In  particular  AA  is  a domain.  The  proof  will  work  more  generally  for 


Noetherian  local  rings  A such  that  AA  is  a local  domain  of  dimension  1. 

Let  9 £ M be  an  element  that  generates  M over  I\A.  (Theorem  of  the  primitive 
element.)  Let  P(t)  £ KA[t]  be  the  minimal  polynomial  of  9 over  KA.  Let  ir  £ 
be  a nonzero  element.  After  replacing  9 by  nn9  we  may  assume  that  the  coefficients 
of  P(t)  are  in  AA.  Let  B = AA[9]  = AA[t\/ (P(t)).  Note  that  B is  a complete  local 
domain  of  dimension  1 because  it  is  finite  over  A and  contained  in  M.  Since  M is 
separable  over  K the  element  9 is  not  a root  of  the  derivative  of  P.  For  any  integer 
n we  can  find  a monic  polynomial  Pi  £ A[t\  such  that  P — Pi  has  coefficients  in 
irnAA[t],  By  Krasner’s  lemma  (Lemma  15.81.14 1 we  see  that  Pi  has  a root  (3  in  B 
for  n sufficiently  large.  Moreover,  we  may  assume  (if  n is  chosen  large  enough)  that 
9 — f3  £ irB.  Consider  the  map  $ : AA[t]/(Pi)  — i B of  AA-algebras  which  maps  t to 
/?.  Since  B = -kB  + Ei<deg(p)  Aa9 l,  the  map  <1>  is  surjective  by  Nakayama’s  lemma. 
As  deg(Pi)  = deg(P)  it  follows  that  $ is  an  isomorphism.  We  conclude  that  the 
ring  extension  L = K[t\/(Pi(t))  satisfies  KA  L = M.  This  implies  that  L is  a 
field  and  the  proof  is  complete.  □ 


09EK  Definition  15.81.16.  Let  A be  a discrete  valuation  ring.  We  say  A has  mixed 
characteristic  if  the  characteristic  of  the  residue  field  of  A is  p > 0 and  the  charac- 
teristic of  the  fraction  field  of  A is  0.  In  this  case  we  obtain  an  extension  of  discrete 
valuation  rings  Z ^ C A and  the  absolute  ramification  index  of  A is  the  ramification 
index  of  this  extension. 
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15.82.  Eliminating  ramification 


09EL  In  this  section  we  discuss  a result  of  Helmut  Epp,  see  |Epp73|.  We  strongly  en- 
courage the  reader  to  read  the  original.  Our  approach  is  slightly  different  as  we  try 
to  handle  the  mixed  and  equicharacteristic  cases  by  the  same  method.  For  related 
results,  see  also  |Pon98],  |Pon99] . |Kuh03j.  and  IZK99] . 

09EM  Remark  15.82.1.  Let  A — ► B be  an  extension  of  discrete  valuation  rings  with 
fraction  fields  K C L.  Let  K C K\  be  a finite  extension  of  fields.  Let  A±  C K\ 
be  the  integral  closure  of  A in  K\.  On  the  other  hand,  let  L\  = (L  ®k  K\)red- 
Then  L\  is  a nonempty  finite  product  of  finite  field  extensions  of  L.  Let  B\  be  the 
integral  closure  of  B in  Li.  We  obtain  compatible  commutative  diagrams 

Lf.  /.  ~i  B - rsa  /b| 

M A 

and 

I< >-  A',  A a*  Ax 


In  this  situation  we  have  the  following 

(1)  By  Algebra,  Lemma  10.119.16  the  ring  A\  is  a Dedekind  domain  and  B \ 
is  a finite  product  of  Dedekind  domains. 

(2)  Note  that  L ® k K\  = (B  A\)„  where  7r  £ A is  a uniformizer  and  that 
7r  is  a nonzerodivisor  on  B A\.  Thus  the  ring  map  B A\  — > B\  is 
integral  with  kernel  consisting  of  nilpotent  elements.  Hence  Spec(!?i)  — ► 
Spec {B  A\)  is  surjective  on  spectra  (Algebra,  Lemma  10.35.15).  The 
map  Spec(R<8)AAi)  -A  Spec(Ai)  is  surjective  as  Ai/m^Ai  -a  B/mAB®K/A 
Ai/waAi  is  an  injective  ring  map  with  A\/vciaAi  Artinian.  We  conclude 
that  Spec(!?i)  -A  Spec(Ai)  is  surjective. 

(3)  Let  lrq,  i = 1, . . .n  with  n > 1 be  the  maximal  ideals  of  Ai.  For  each 
i = 1 , ,n  let  my,  j = 1 , . . . , m*  with  rrii  > 1 be  the  maximal  ideals  of 
Bi  lying  over  m, . We  obtain  diagrams 


B (Bi)mi 

A ^(A^ 


of  extensions  of  discrete  valuation  rings. 

(4)  If  A is  henselian  (for  example  complete),  then  A\  is  a discrete  valuation 
ring,  i.e. , n = 1.  Namely,  A\  is  a union  of  finite  extensions  of  A which  are 
domains,  hence  local  by  Algebra,  Lemma  [10. 148.4 

(5)  If  B is  henselian  (for  example  complete),  then  B\  is  a product  of  discrete 
valuation  rings,  i.e.,  rrii  = 1 for  i = 1, . . . ,n. 

(6)  If  I\  C Ki  is  purely  inseparable,  then  Ai  and  B\  are  both  discrete  valua- 
tion rings,  i.e.,  n = 1 and  m\  = 1.  This  is  true  because  for  every  b € B\ 
a p-power  power  of  b is  in  B , hence  B\  can  only  have  one  maximal  ideal. 

(7)  If  K C Ki  is  finite  separable,  then  L\  = L K\  and  is  a finite  product 

of  finite  separable  extensions  too.  Hence  A C Ai  and  B C l?i  are  finite 

by  Algebra,  Lemma  [10. 153. 8[ 

(8)  If  A is  Nagata,  then  A c A±  is  finite. 

(9)  If  B is  Nagata,  then  B C Bi  is  finite. 
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09EN 


09EP 


09EQ 


09EV 


Let  A C B be  an  extension  of  discrete  valuation  rings  with  fraction  fields  K C L. 
The  goal  in  this  section  is  to  find  extensions  I\  C Ki  as  in  such  that  the  extensions 
(^4i)m;  C (B i)mi.  of  Remark  15.82.1  are  all  weakly  unramified  or  even  formally 
smooth. 


The  simplest  (but  nontrivial)  example  of  this  is  Abhyankar’s  lemma  (Lemma  15.82.6 1 


Definition  15.82.2.  Let  A -A  B be  an  extension  of  discrete  valuation  rings  with 
fraction  fields  K C L. 

(1)  We  say  a finite  field  extension  K C K\  is  a weak  solution  for  A C B if  all 
the  extensions  (Ai)mi  C (Bi)mi.  of  Remark  15.82.1  are  weakly  unramified. 

(2)  We  say  a finite  field  extension  K C K i is  a solution  for  A C B if  each 
extension  (Ai)„ 
tTL; 


15.82.1 


is  formally  smooth  in  the 


C (Bi)m..  of  Remark 
ntj-adic  topology. 

We  say  a solution  K C K\  is  a separable  solution  if  K C K\  is  separable. 


In  general  (weak)  solutions  do  not  exist;  there  is  an  example  in  |Epp73|.  We  will 


Epp73| 


prove  the  existence  of  weak  solutions  in  Theorem  15.82.23  following 
case  the  residue  field  extension  satisfies  a mild  condition.  We  will  then  deduce  the 
existence  of  solutions  and  sometimes  separable  solutions  in  geometrically  meaning- 
ful cases  in  Proposition |15. 82. 25| and  Lemma[l5.82.9|  The  following  example  shows 
that  in  general  one  needs  inseparable  extensions  to  get  a solution. 


Example  15.82.3.  Let  k be  a perfect  field  of  characteristic  p > 0.  Let  A = A; [[a;]] 
and  K = fc(( x)).  Let  B = A\xx/p],  Any  weak  solution  I\  C K\  for  A — » B is 
inseparable  (and  any  finite  inseparable  extension  of  K is  a solution).  We  omit  the 
proof. 


Solutions  are  stable  under  further  extensions  (follows  from  Lemma  15.82.4 1 . This 


may  not  be  true  for  weak  solutions.  Weak  solutions  are  in  some  sense  stable  under 


totally  ramified  extensions,  see  Lemma  15.82.7 


Lemma  15.82.4.  Let  A -A  B be  an  extension  of  discrete  valuation  rings  with 
fraction  fields  K C L.  Assume  that  A — ► B is  formally  smooth  in  the  m s~adic 
topology.  Then  for  any  finite  extension  K C K\  we  have  L\  = L Ki,  B\  = 
B (g> a A\,  and  each  extension  (Ai)mi  C (B i)miJ  (see  Remark  15.82.1)  is  formally 
smooth  in  the  niij-adic  topology. 


Proof.  We  will  use  the  equivalence  of  Lemma  |15.81.5|  without  further  mention. 
Let  ir  £ A and  7 q £ (Ai)mi  be  uniformizers.  As  ka  C kb  is  separable,  the  ring 

{B  <g)A  (A1)m.)/7Ti(B  <g>A  (AOmJ  = B/ttB^aika  (A1)m./7Ti(A1)nti 

is  a product  of  fields  each  separable  over  Kmi.  Hence  the  element  7i \ in  B®a  (A-|  )m, 
is  a nonzerodivisor  and  the  quotient  by  this  element  is  a product  of  fields.  It  follows 
that  B Ai  is  a Dedekind  domain  in  particular  reduced.  Thus  B A±  C Bi  is 
an  equality.  □ 


Lemma  15.82.5.  Let  A be  a discrete  valuation  ring  with  uniformizer  n . Letn  > 2. 
Then  K\  = K[jT1/n]  is  a degree  n extension  of  K and  the  integral  closure  A\  of  A 
in  Ki  is  the  ring  A[ n1/™]  which  is  a discrete  valuation  ring  with  ramification  index 
n over  A. 


Proof.  This  lemma  proves  itself. 


□ 
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The  following  lemma  is  a very  general  version  of  Abhyankar’s  lemma  for  discrete 
valuation  rings.  Observe  that  kb/^a  is  not  assumed  to  be  an  algebraic  extension 
of  fields. 

OBRM  Lemma  15.82.6  (Abhyankar’s  lemma).  Let  Ac  B be  an  extension  of  valuation 
rings.  Assume  that  either  the  residue  characteristic  of  A is  0 or  it  is  p,  the  ramifi- 
cation index  e is  prime  to  p,  and  kb/ka  is  a separable  field  extension.  Let  K\/I\ 
be  a finite  extension.  Using  the  notation  of  Remark\15.82.1\  assume  e divides  the 
ramification  index  of  A C (Ai)mi  for  some  i.  Then  (Ai)mi  C (B i)mi.  is  formally 
smooth  for  all  j = 1, . . . , TOj. 


Proof.  Let  7r  £ A be  a uniformizer.  Let  7Ti  be  a uniformizer  of  ( Ai)mi . Write 
7 r = wr l1  with  u a unit  of  (Ai)mi  and  e\  the  ramification  index  of  A C (Ai)m;. 


Claim:  we  may  assume  that  u is  an  eth  power  in  K i . Namely,  let  K2  be  an  extension 
of  K\  obtained  by  adjoining  a root  of  xe  = u\  thus  K2  is  a factor  of  Ki[x\/(xe  — u). 
Then  K2/K\  is  a finite  separable  extension  (by  our  assumption  on  e)  and  hence 
Ai  C A2  is  finite.  Since  (Ai)mi  — ► (Ai)mi  [x\/(xe  — u ) is  finite  etale  (as  e is  prime 
to  the  residue  characteristic  and  u a unit)  we  conclude  that  (A2)mi  is  a factor  of 
a finite  etale  extension  of  (Ai)m.  hence  finite  etale  over  (Ai)mi  itself.  The  same 
reasoning  shows  that  f?i  C B2  induces  finite  etale  extensions  (f?i)miJ  C (B2)mij. 
Pick  a maximal  ideal  mb  C B2  lying  over  m C B\  (of  course  there  may  be  more 
than  one)  and  consider 

(-Sl)mij  ^ (^2)mG 


(-/4-l)mi  (-^2)m' 


where  m'  C A 2 is  the  image.  Now  the  horizontal  arrows  have  ramification  index 
1 and  induce  finite  separable  residue  field  extensions.  Thus,  using  the  equivalence 
of  Lemma  15.81.5  we  see  that  it  suffices  to  show  that  the  right  vertical  arrow  is 
formally  smooth.  Since  u has  a eth  root  in  K2  we  obtain  the  claim. 


Assume  u has  an  eth  root  in  I\\.  Since  e|ei  and  since  u has  a eth  root  in  I\\  we 
see  that  7 t = 9e  for  some  9 £ K\ . Let  K[9]  C A'i  be  the  subfield  generated  by  9. 
By  Lemma  15.82.5  the  integral  closure  of  A in  K[9 ] is  the  discrete  valuation  ring 
A[9\.  If  we  can  prove  the  lemma  for  the  extension  K C K[9\,  then  K C K[9 ] is  a 
solution  for  A C B and  we  conclude  by  Lemma[l5.82.4| 

Assume  Ad  = A'[7r1/,e]  and  set  9 = 7 r1/6.  Let  7 tb  be  a uniformizer  for  B and  write 
7r  = w^b  f°r  some  unit  w of  B.  Then  we  see  that  Li  = L &K  is  obtained  by 
adjoining  7 tb/9  which  is  an  eth  root  of  the  unit  w.  Thus  B C Bi  is  finite  etale. 
Thus  for  any  maximal  ideal  mCBi  consider  the  commutative  diagram 


B ^ CBi)m 

e ? 

A ^ Ai 


Here  the  numbers  along  the  arrows  are  the  ramification  indices.  By  multiplicativity 
of  ramification  indices  (Lemma  15.81.3 1 we  conclude  1=1.  Looking  at  the  residue 
field  extensions  we  find  that  «(m)  is  a finite  separable  extension  of  kb  which  is 
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separable  over  ka-  Therefore  k( m)  is  separable  over  ka  which  is  equal  to  the 
residue  field  of  A1  and  we  win  by  Lemma[l5.81.5|  □ 


Lemma  15.82.7.  Let  A -A  B be  an  extension  of  discrete  valuation  rings  with 
fraction  fields  K C L.  Assume  that  A — ► B is  weakly  unramified.  Then  for  any 
finite  separable  extension  K\/K  totally  ramified  with  respect  to  A we  have  that 
Li  = L Ki  is  a field,  A\  and  B\  = B Ai  are  discrete  valuation  rings,  and 


the  extension  Ai  C Bi  (see  Remark  15.82.1)  is  weakly  unramified. 


Proof.  Let  n £ A and  £ Ay  be  uniformizers.  As  Ki/K  is  totally  ramified  with 
respect  to  A we  have  nf  = Uitt  for  some  unit  u\  in  A\.  Hence  A\  is  generated  by 
7Ti  over  A and  the  minimal  polynomial  P{t)  of  7Ti  over  K has  the  form 

Pit)  = te  + ae-\te  1 + . . . + ag 


with  Oj  £ (71)  and  Oq  = wn  for  some  unit  u of  A.  Note  that  e = [Ki  : K ] as  well. 
Since  A — > B is  weakly  unramified  we  see  that  7r  is  a uniformizer  of  B and  hence 
B i = B[t\/(P(t))  is  a discrete  valuation  ring  with  uniformizer  the  class  of  t.  Thus 
the  lemma  is  clear.  □ 


09ES 


Lemma  15.82.8.  Let  A -A  B — » C be  extensions  of  discrete  valuation  rings  with 
fraction  fields  K C L C M . Let  K C K\  be  a finite  extension. 

(1)  If  K i is  a (weak)  solution  for  A — » C,  then  K\  is  a (weak)  solution  for 
A->  B. 

(2)  If  Ki  is  a (weak)  solution  for  A — > B and  L\  = (L®k  K\)red  is  a product 
of  fields  which  are  (weak)  solutions  for  B — >■  C,  then  K\  is  a weak  solution 
for  A-t  C. 


Proof.  Let  L\  = (L  Ki)red  and  M\  = (M  (&k  Ki)red  and  let  B i C L\  and 
Ci  C M\  be  the  integral  closure  of  B and  C.  Note  that  M\  = (M  <S) z,  Li)red  and 
that  Li  is  a (nonempty)  finite  product  of  finite  extensions  of  L.  Hence  the  ring  map 
B\  — > Ci  is  a finite  product  of  ring  maps  of  the  form  discussed  in  Remark|l5.82.1| 
In  particular,  the  map  Spec(Ci)  — > Spec(Hi)  is  surjective.  Choose  a maximal  ideal 
m C Ci  and  consider  the  extensions  of  discrete  valuation  rings 


(Ai)Ainm  (Hl)sinm  — ► (Ci)m 

If  the  composition  is  weakly  unramified,  so  is  the  map  (Ai)^inm  — > (^i)sinm- 
If  the  residue  field  extension  K^inm  — > is  separable,  so  is  the  subextension 
KAinm  — > KBinm-  Taking  into  account  Lemma  15.81.5  this  proves  (1).  A similar 
argument  works  for  (2).  □ 


OBRN  Lemma  15.82.9.  Let  A C B be  an  extension  of  discrete  valuation  rings.  Assume 

(1)  the  extension  K C L of  fraction  fields  is  separable, 

(2)  B is  Nagata,  and 

(3)  there  exists  a solution  for  A C B. 

Then  there  exists  a separable  solution  for  A C B. 


Proof.  The  lemma  is  trivial  if  the  characteristic  of  K is  zero;  thus  we  may  and  do 
assume  that  the  characteristic  of  K is  p > 0. 


Let  I\  C Ki  be  a finite  extension.  Since  L/K  is  separable,  the  algebra  L (g) k Ki  is 
reduced  (Algebra,  Lemma  10.42.6 1.  Since  B is  Nagata,  the  ring  extension  B C Bi 
is  finite  (Remark  15.82.1)  and  f?i  is  a Nagata  ring.  Moreover,  if  K C Ki  C K2 
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is  a tower  of  finite  extensions,  then  the  same  thing  is  true,  i.e. , the  ring  extension 
Bi  C B2  is  finite  too  where  B2  is  the  integral  closure  of  B (or  Bi)  in  L K2. 


Let  K C K2  be  a solution  for  A -A  B.  There  exists  a subheld  K C K\  C K2 
such  that  K\/K  is  separable  and  K2/K\  is  purely  inseparable  (Fields,  Lemma 


9.13.6).  Thus  it  suffices  to  show  that  if  we  have  K C K\  C I\2  with  K2/K i purely 
inseparable  of  degree  p,  then  K C K\  is  a solution  for  A C B.  Using  the  remarks 
above,  we  may  replace  A by  a localization  (Ai)m.  and  B by  (B i)m  (notation  as  in 
Remark  15.82.1)  and  reduce  to  the  problem  discussed  in  the  following  paragraph. 


Assume  that  K C K\  is  a purely  inseparable  extension  of  degree  p which  is  a 
solution  for  A C B.  Problem:  show  that  A -A  B is  formally  smooth.  By  the 
discussion  in  Remark  |15.82.1|  we  see  that  A\  and  Bi  are  discrete  valuation  rings 
and  as  discussed  above  B C Si  is  finite.  Consider  the  diagrams 


and 


kb  — kbj 
A “ 
d 1 

dd 

Ha  ^ K>Ai 


of  extensions  of  discrete  valuation  rings  and  residue  fields.  Here  e,  eu,e<{,l  denote 
ramihcation  indices,  so  eeu  = ea-  Also  d,du,dd,  1 denote  the  inseparable  degrees 
(Fields,  Dehnition  9.13.7 ),  so  ddu  = dd  (Fields,  Lemma  9.13.9 ).  By  Algebra,  Lemma 
|10. 120.8]  and  the  fact  that  L C L K\  is  a degree  p held  extension,  we  see  that 
eudu  = P (this  is  where  we  really  use  that  B is  Nagata;  this  need  not  be  true  if 
the  extension  B C Bj  is  not  hnite).  We  have  eddd  < p by  Lemma  15.81.2  Thus  it 
follows  that  e = d = 1 as  desired.  □ 


09ET  Lemma  15.82.10.  Let  A -A  B be  an  extension  of  discrete  valuation  rings.  There 
exists  a commutative  diagram 

B ^ B' 

A ■ wl' 

of  extensions  of  discrete  valuation  rings  such  that 

(1)  the  extensions  K C K'  and  L C L'  of  fraction  fields  are  separable  alge- 
braic, 

(2)  the  residue  fields  of  A'  and  B'  are  separable  algebraic  closures  of  the 
residue  fields  of  A and  B,  and 

(3)  if  a solution,  weak  solution,  or  separable  solution  exists  for  A'  —¥  B' , then 
a solution,  weak  solution,  or  separable  solution  exists  for  A—tB. 


Proof.  By  Algebra,  Lemma  10.151.2  there  exists  an  extension  A C A!  which  is 
a filtered  colimit  of  hnite  etale  extensions  such  that  the  residue  held  of  A'  is  a 
separable  algebraic  closure  of  the  residue  held  of  A.  Then  A C Af  is  an  extension  of 
discrete  valuation  rings  such  that  the  induced  extension  K C K'  of  fraction  helds 
is  separable  algebraic. 


Let  B C B'  be  a strict  lrenselization  of  B . Then  B C B'  is  an  extension  of  discrete 
valuation  rings  whose  fraction  held  extension  is  separable  algebraic.  By  Algebra, 
Lemma  |10.148.25|  there  exists  a commutative  diagram  as  in  the  statement  of  the 
lemma.  Parts  (1)  and  (2)  of  the  lemma  are  clear. 
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Let  K'  C K[  be  a (weak)  solution  for  A'  B' . Since  A'  is  a colimit,  we  can  find 

a finite  etale  extension  A C A[  and  a finite  extension  f.f.(A'f)  C K\  such  that 
K[  = K'  0f  f (a1)  K\.  As  A C A\  is  finite  etale  and  B'  strictly  henselian,  it  follows 
that  B'  (&a  A)  is  a finite  product  of  rings  isomorphic  to  B' . Hence 

L'  tgiK  Ki  = U ®K  f.f.(A[)  K\ 

is  a finite  product  of  rings  isomorphic  to  V ®k'  K[.  Thus  we  see  that  I\  C K\  is 
a (weak)  solution  for  A — ► B' . Hence  it  is  also  a (weak)  solution  for  A — » B by 
Lemma  115.82.81  □ 

09EU  Lemma  15.82.11.  Let  A B be  an  extension  of  discrete  valuation  rings  with 
fraction  fields  K C L.  Let  K C K\  be  a normal  extension.  Say  G = Aut(Ki/ K) . 
Then  G acts  on  the  rings  K\,  L\,  A\  and  B\  of  Remark\  15.8 2. 1\  and  acts  transitively 
on  the  set  of  maximal  ideals  of  B\ . 

Proof.  Everything  is  clear  apart  from  the  last  assertion.  If  there  are  two  or  more 
orbits  of  the  action,  then  we  can  find  an  element  b G B i which  vanishes  at  all  the 
maximal  ideals  of  one  orbit  and  has  residue  1 at  all  the  maximal  ideals  in  another 
orbit.  Then  b'  = YlaeG  a^})  a ^-invariant  element  of  B\  C L\  = (L  (g k Ki)red 
which  is  in  some  maximal  ideals  of  Bi  but  not  in  all  maximal  ideals  of  B\.  Lifting 
it  to  an  element  of  L Ki  and  raising  to  a high  power  we  obtain  a G-invariant 
element  b"  of  L K\  mapping  to  (b')N  for  some  N > 0;  in  fact,  we  only  need  to 
do  this  in  case  the  characteristic  is  p > 0 and  in  this  case  raising  to  a suitably  large 
p-power  q defines  a canonical  map  (L  Ki)red  L K\.  Since  K = {K\)G 
we  conclude  that  b"  G L.  Since  b"  maps  to  an  element  of  B\  we  see  that  b"  G B 
(as  B is  normal).  Then  on  the  one  hand  it  must  be  true  that  b"  G ms  as  b'  is  in 
some  maximal  ideal  of  B\  and  on  the  other  hand  it  must  be  true  that  b"  ^ mg  as 
b'  is  not  in  all  maximal  ideals  of  B\.  This  contradiction  finishes  the  proof  of  the 
lemma.  □ 


09EW  Lemma  15.82.12.  Let  A be  a discrete  valuation  ring  with  uniformizer  n . If  the 
residue  characteristic  of  A is  p > 0,  then  for  every  n > 1 and  p-power  q there  exists 
a degree  q separable  extension  L/ K totally  ramified  with  respect  to  A such  that  the 
integral  closure  B of  A in  L has  ramification  index  q and  a uniformizer  ttb  such 
that  TTg  = TT  + 7 rnb  and  -KqB  = 7r  + (7 TB)nqb'  for  some  b,  b'  G B. 


Proof.  If  the  characteristic  of  K is  zero,  then  we  can  take  the  extension  given 
by  7 tb  = 7T,  see  Lemma  15.82.5  If  the  characteristic  of  K is  p > 0,  then  we  can 
take  the  extension  of  K given  by  zq  — nnz  = n1~q.  Namely,  then  we  see  that 
yq  — Trn+q~1y  = 7r  where  y = ttz.  Taking  ttb  = y we  obtain  the  desired  result.  □ 


09EX  Lemma  15.82.13.  Let  A be  a discrete  valuation  ring.  Assume  the  reside  field  ka 
has  characteristic  p > 0 and  that  a G A is  an  element  whose  residue  class  in  ka 
is  not  a pth  power.  Then  a is  not  a pth  power  in  K and  the  integral  closure  of  A 
in  A'[a1/p]  is  the  ring  A[a1//p]  which  is  a discrete  valuation  ring  weakly  unramified 
over  A. 


Proof.  This  lemma  proves  itself.  □ 

09EY  Lemma  15.82.14.  Let  A C B C G be  extensions  of  discrete  valuation  rings  with 
fractions  fields  K C L C M . Let  7 t G A be  a uniformizer.  Assume 
(1)  B is  a Nagata  ring, 


15.82.  ELIMINATING  RAMIFICATION 


1333 


(2)  A C B is  weakly  unramified, 

(3)  M is  a degree  p purely  inseparable  extension  of  L. 

Then  either 

(1)  A — > C is  weakly  unramified,  or 

(2)  C = B[ tt1/*],  or 

(3)  there  exists  a degree  p separable  extension  Ki/K  totally  ramified  with 
respect  to  A such  that  L\  = L (&k  K\  and  Mi  = M Ki  are  fields 
and  the  maps  of  integral  closures  A\  -A  B\  -A  C\  are  weakly  unramified 
extensions  of  discrete  valuation  rings. 


Proof.  Let  e be  the  ramification  index  of  C over  B. 
If  not,  then  e = p by  Lemmas  15.81.2  and  15.81.4 


If  e = 1,  then  we  are  done. 
This  in  turn  implies  that  the 
residue  fields  of  B and  C agree.  Choose  a uniformizer  ttc  of  C.  Write  ttpc  = un  for 
some  unit  u of  C.  Since  7 £ L , we  see  that  u £ B*.  Also  M = L[ttc\- 

Suppose  there  exists  an  integer  m > 0 such  that 

u = 5P  7T*  + &7rm 

^0  <i<m  1 

with  bi  £ B and  with  b £ B an  element  whose  image  in  kb  is  not  a pth  power. 
Choose  an  extension  K C Ki  as  in  Lemma  15.82.12  with  n = m + 2 and  denote  tt' 
the  uniformizer  of  the  integral  closure  A\  of  A in  A'i  such  that  tt  = (tt')p  + (tt ')npa 
for  some  a £ A\.  Let  B\  be  the  integral  closure  of  B in  L (&k  A'i • Observe  that 
A\  -A  B i is  weakly  unramified  by  Lemma[l5.82.7|  In  B\  we  have 

. . „..,,n p 


b,W)i+iy  + 6(7r')(m+1)p  + (T')np&i 


U7T  = ( > 

for  some  b\  £ B\  (computation  omitted).  We  conclude  that  Mi  is  obtained  from 
Ai  by  adjoining  a pth  root  of 


b + (n1) 


f\n—m—  1 7 
0 1 


Since  the  residue  field  of  Bi  equals  the  residue  field  of  B we  see  from  Lemma 
15.82.13  that  Mi/Li  has  degree  p and  the  integral  closure  Ci  of  Bi  is  weakly 


unramified  over  B[ . Thus  we  conclude  in  this  case. 


If  there  does  not  exist  an  integer  m as  in  the  preceding  paragraph,  then  u is  a pth 
power  in  the  7r-adic  completion  of  Bi.  Since  B is  Nagata,  this  means  that  u is  a 
pth  power  in  Bi  by  Algebra,  Lemma  |10. 154.181  Whence  the  second  case  of  the 
statement  of  the  lemma  holds.  □ 


09EZ  Lemma  15.82.15.  Let  A be  a local  ring  annihilated  by  a prime  p whose  maximal 
ideal  is  nilpotent.  There  exists  a ring  map  a : ka  -a  A which  is  a section  to  the 
residue  map  A — > ka-  If  A -a  A'  is  a local  homomorphism  of  local  rings,  then  we 
can  choose  a similar  ring  map  a'  : ka'  -a  A'  compatible  with  a provided  that  the 
extension  ka  C ka1  is  separable. 

Proof.  Separable  extensions  are  formally  smooth  by  Algebra,  Proposition|10.150.9| 
Thus  the  existence  of  o follows  from  the  fact  that  Fp  —A  ka  is  separable.  Similarly 
for  the  existence  of  a'  compatible  with  cr.  □ 

09F0  Lemma  15.82.16.  Let  A be  a discrete  valuation  ring  with  fraction  field  K of 
characteristic  p > 0.  Let  t;  £ AT.  Let  L be  an  extension  of  K obtained  by  adjoining 
a root  of  zp  — z = £.  Then  L/ K is  Galois  and  one  of  the  following  happens 
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(1)  L = K, 

(2)  L/K  is  unramified  with  respect  to  A of  degree  p, 

(3)  L/K  is  totally  ramified  with  respect  to  A with  ramification  index  p,  and 

(4)  the  integral  closure  B of  A in  L is  a discrete  valuation  ring,  A C B is 
weakly  unramified,  and  A — ► B induces  a purely  inseparable  residue  field 
extension  of  degree  p. 

Let  n be  a uniformizer  of  A.  We  have  the  following  implications: 

(A)  If  £ £ A,  then  we  are  in  case  (1)  or  (2). 

(B)  If  £ = 7 r~na  where  n > 0 is  not  divisible  by  p and  a is  a unit  in  A,  then 
we  are  in  case  (3) 

(C)  If  £ = 7 T~na  where  n > 0 is  divisible  by  p and  the  image  of  a in  ka  is  not 
a pth  power,  then  we  are  in  case  (4). 

Proof.  The  extension  is  Galois  of  order  dividing  p by  the  discussion  in  Fields, 
Section  |9.24|  It  immediately  follows  from  the  discussion  in  Section  |15.81|  that  we 
are  in  one  of  the  cases  (1)  - (4)  listed  in  the  lemma. 

Case  (A).  Here  we  see  that  A — > A[x\/(xv  — x — £)  is  a finite  etale  ring  extension. 
Hence  we  are  in  cases  (1)  or  (2). 

Case  (B).  Write  £ = n~na  where  p does  not  divide  n.  Let  B C L be  the  integral 
closure  of  A in  L.  If  C = Bm  for  some  maximal  ideal  m,  then  it  is  clear  that 
pordc(z)  = — nordc(7r).  In  particular  A C C has  ramification  index  divisible  by  p. 
It  follows  that  it  is  p and  that  B = C. 

Case  (C).  Set  k = n/p.  Then  we  can  rewrite  the  equation  as 

{TTkz)p  -Trn-k(Trkz)  = a 

Since  A[y\/(yp  — irn~ky  — a)  is  a discrete  valuation  ring  weakly  unramified  over  A, 
the  lemma  follows.  □ 


09F1  Lemma  15.82.17.  Let  A C B C C be  extensions  of  discrete  valuation  rings  with 
fractions  fields  K C L C M . Assume 

(1)  Ac  B weakly  unramified, 

(2)  the  characteristic  of  K is  p, 

(3)  M is  a degree  p Galois  extension  of  L,  and 

(4)  KA  = n„>1«B  ■ 

Then  there  exists  a Galois  extension  K\/K  totally  ramified  with  respect  to  A which 
is  a weak  solution  for  A—^C. 


Proof.  Since  the  characteristic  of  L is  p we  know  that  M is  an  Artin-Schreier 
extension  of  L (Fields,  Lemma  9.24.1).  Thus  we  may  pick  2 £ M,  z ^ L such  that 
£ = zp  — z £ L.  Choose  n > 0 such  that  7t”£  £ B.  We  pick  z such  that  n is  minimal. 
If  n = 0,  then  M/L  is  unramified  with  respect  to  B (Lemma  15.82.16)  and  we  are 
done.  Thus  we  have  n > 0. 


Assumption  (4)  implies  that  ka  is  perfect.  Thus  we  may  choose  compatible  ring 
maps  (j  : ka  — ^ Aj-KnA  and  a : k/j  — > B/nnB  as  in  Lemma  15.82.15  We  lift  the 
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second  of  these  to  a map  of  sets  a : kb  — > Then  we  can  write 

? = fr(Ai)7r“l  + 6 

for  some  A i £ kb  and  b £ B.  Let 


I = {i  £ {n, . . . ,1}  | Xi  £ ka} 


and 

J = {j  G {n, . . . , 1}  | Xi  nA} 
We  will  argue  by  induction  on  the  size  of  the  finite  set  J. 


The  case  J = 0.  Here  for  all  i £ {n, . . . , 1}  we  have  cr(Aj)  = at  + nnbi  for  some 
at  £ A and  bi  £ B by  our  choice  of  a.  Thus  £ = n~na  + b for  some  a £ A and 
b £ B.  If  p\n,  then  we  write  a = <Zq  + 7rai  for  some  a o,  aq  £ A (as  the  residue  field 
of  A is  perfect).  We  compute 

(z  - 7 T~n/pao)p  -{z-  ir~n/pa0)  = 7r<n_1>(ai  + 7 + b' 


for  some  b'  £ B.  This  would  contradict  the  minimality  of  n.  Thus  p does  not 
divide  n.  Consider  the  degree  p extension  I\\  of  K given  by  wp  — w = 7r_na.  By 
Lemma  I15.82.16]  this  extension  is  Galois  and  totally  ramified  with  respect  to  A. 
Thus  Li  = L ®k  Ki  is  a field  and  A\  C B\  is  weakly  unramified  (Lemma|15. 82.71. 
By  Lemma [15.82. 16|  the  ring  Mi  = M (&k  K 1 is  either  a product  of  p copies  of  Li 
(in  which  case  we  are  done)  or  a field  extension  of  Li  of  degree  p.  Moreover,  in  the 
second  case,  either  C\  is  weakly  unramified  over  Bi  (in  which  case  we  are  done) 
or  Mi/Li  is  degree  p,  Galois,  and  totally  ramified  with  respect  to  B\.  In  this  last 
case  the  extension  Mi/Li  is  generated  by  the  element  z — w and 

(z  — w)p  — (z  — w)  = zp  — z — ( wp  — w)  = b 


with  b £ B (see  above).  Thus  by  Lemma  15.82.16  once  more  the  extension  Mi/Li 
is  unramified  with  respect  to  B 1 and  we  conclude  that  K\  is  a weak  solution  for 
A — > C . From  now  on  we  assume  J 7^  0. 


Suppose  that  j',j  £ J such  that  j ' = pr j for  some  r > 0.  Then  we  change  our 
choice  of  z into 

d = z — (cr(Aj)7r_-?  + 0-(Ap7r-PJ  + . . . + a(Ap  )j t~p  j) 

Then  £ changes  into  £'  = (z')p  — (zr)  as  follows 

£'  = £ — er(Aj)7r-J  + a(Xp  )t r--5  + something  in  B 

Writing  £'  = Y^i=n  1 CT(^)7r_*  + ^ as  before  we  find  that  A'  = \ for  i 7^  j,j'  and 
A'  = 0.  Thus  the  set  J has  gotten  smaller.  By  induction  on  the  size  of  J we  may 
assume  no  such  pair  j,  j'  exists.  (Please  observe  that  in  this  procedure  we  may  get 
thrown  back  into  the  case  that  J = 0 we  treated  above.) 

For  j £ J write  Xj  = p,p  1 for  some  rj  > 0 and  /ij  £ hb  which  is  not  a pth 
power.  This  is  possible  by  our  assumption  (4).  Let  j £ J be  the  unique  index 
such  that  jp~rj  is  maximal.  (The  index  is  unique  by  the  result  of  the  preceding 
paragraph.)  Choose  r > ma x(rj  + 1)  and  such  that  jpr~rj  > n for  j £ J.  Choose 
a separable  extension  I\\/K  totally  ramified  with  respect  to  A of  degree  pr  such 
that  the  corresponding  discrete  valuation  ring  A\  C K 1 has  uniformizer  tt'  with 


®If  B is  complete,  then  we  can  choose  a to  be  a ring  map. 
ring  map,  then  cr  maps  ka  into  A. 


If  A is  also  complete  and  a is  a 
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{tt')p  = n+Trn+1a  for  some  a £ A\  (Lemma  15.82.12 1.  Observe  that  L\  = L®kK\ 
is  a field  and  that  Li/L  is  totally  ramified  with  respect  to  B (Lemma  1 15. 82. 7 1. 
Computing  in  the  integral  closure  B\  we  get 


£ = Eie/ ^)^ripr + Eie  J ^ w u )~jpr + 

for  some  b\  £ B\.  Note  that  cr(Aj)  for  i £ I is  a pth  power  modulo  nn,  i.e.,  modulo 
(n')np  . Hence  we  can  rewrite  the  above  as 


£ = EieJ  xi  (V)  ^ + Eie  j a(Vj)pr3  W)  Jpr  + h 

As  in  the  previous  paragraph  we  change  our  choice  of  z into 


-Eie/ (W)  1 + ■■■+*{  V) ipr  x) 

-EjeJ  ^ + ■ ■ ■ + cr{lij)prj  1{Tr')-°pr 

to  obtain 


(z')p  -z'  = EigJ  xi(7r')  * + Eje  j CT(^i)(7r0  ^ ^ + b'i 

for  some  b\  £ B\.  Since  there  is  a unique  j such  that  jpr~rj  is  maximal  and  since 
jpr~rj  is  bigger  than  i £ / and  divisible  by  p,  we  see  that  M\/L\  falls  into  case  (C) 
of  Lemma |15.82.16|  This  finishes  the  proof.  □ 


09F2  Lemma  15.82.18.  Let  A be  a ring  which  contains  a primitive  pth  root  of  unity 
£.  Set  w = 1 — C-  Then 


P{z)  = 


(1  +wz)p  - 1 


wp 


E 


0<i<p 


OiZ 


is  an  element  of  A[z]  and  in  fact  cq  £ ( w ).  Moreover,  we  have 


P{z  i + z 2 + wz\Z2)  = P{z\)  + P(z2)  + wpP(zi)P(z2) 


in  the  polynomial  ring  A[z  1, z2\. 


Proof.  It  suffices  to  prove  this  when 

A = Z[C]  = Z[: r \/(xp~1  + . . . + x + 1) 


is  the  ring  of  integers  of  the  cyclotomic  field.  The  polynomial  identity  tp  — 1 = 
(t  — 1 ){t  — C)  • • ■ {t  — Cp_1)  (which  is  proved  by  looking  at  the  roots  on  both  sides) 
shows  that  tp_1  + ...+£  + l = (t  — £)...(<  — Cp_1)-  Substituting  t = 1 we  obtain 
p = (1  — C)(l  — 0)  • • • (1  — Cp_1)-  The  maximal  ideal  (p,w)  = (w)  is  the  unique 
prime  ideal  of  A lying  over  p (as  fields  of  characteristic  p do  not  have  nontrivial  pth 
roots  of  1).  It  follows  that  p = uwp~ 1 for  some  unit  u.  This  implies  that 


a,;  = 


1 (p 


uw 


i—1 


for  p > i > 1 and  — 1 + ai  = pw/wp  = u.  Since  P{— 1)  = 0 we  see  that  0 = (— l)p  — it 
modulo  (w).  Hence  ai  £ (w)  and  the  proof  if  the  first  part  is  done.  The  second 
part  follows  from  a direct  computation  we  omit.  □ 
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09F3  Lemma  15.82.19.  Let  A be  a discrete  valuation  ring  of  mixed  characteristic 
(0,p)  which  contains  a primitive  pth  root  of  1.  Let  P(t)  £ A[t]  be  the  polynomial  of 
Lemma \15.82.1^  Let  f £ K.  Let  L be  an  extension  of  K obtained  by  adjoining  a 
root  of  P(z)  = £.  Then  L/K  is  Galois  and  one  of  the  following  happens 

(1)  L = K, 

(2)  L/K  is  unramified  with  respect  to  A of  degree  p, 

(3)  L/K  is  totally  ramified  with  respect  to  A with  ramification  index  p,  and 

(4)  the  integral  closure  B of  A in  L is  a discrete  valuation  ring,  A C B is 
weakly  unramified,  and  A -A  B induces  a purely  inseparable  residue  field 
extension  of  degree  p. 

Let  n be  a uniformizer  of  A.  We  have  the  following  implications: 

(A)  If  f £ A,  then  we  are  in  case  (1)  or  (2). 

(B)  If  f = 7 T~na  where  n > 0 is  not  divisible  by  p and  a is  a unit  in  A,  then 
we  are  in  case  (3) 

(C)  If  f = 7 T~na  where  n > 0 is  divisible  by  p and  the  image  of  a in  ka  is  not 
a pth  power,  then  we  are  in  case  (f). 

Proof.  Adjoining  a root  of  P(z)  = £ is  the  same  thing  as  adjoining  a root  of 
yP  = wp(l  + £).  Since  K contains  a primitive  pth  root  of  1 the  extension  is  Galois 

It  immediately  follows 


of  order  dividing  p by  the  discussion  in  Fields,  Section  9.23 


from  the  discussion  in  Section  15.81  that  we  are  in  one  of  the  cases  (1)  - (4)  listed 
in  the  lemma. 


Case  (A).  Here  we  see  that  A -A  A[x]/{P{x)  — £)  is  a finite  etale  ring  extension. 
Hence  we  are  in  cases  (1)  or  (2). 

Case  (B).  Write  £ = n~na  where  p does  not  divide  n.  Let  B C L be  the  integral 
closure  of  A in  L.  If  C = Bm  for  some  maximal  ideal  m,  then  it  is  clear  that 
pordc{z)  = — nordc(7r).  In  particular  A C C has  ramification  index  divisible  by  p. 
It  follows  that  it  is  p and  that  B = C. 

Case  (C).  Set  k = n/p.  Then  we  can  rewrite  the  equation  as 

(t Tkz)p  - nn-k(nkz)  Tn-ik{nkzY  = a 

Since  A[y]/{yp  — nn~ky  — ^ aj7Tn_*fe?/*  — a)  is  a discrete  valuation  ring  weakly 
unramified  over  A,  the  lemma  follows.  □ 


Let  A be  a discrete  valuation  ring  of  mixed  characteristic  (0,p)  containing  a prim- 
itive pth  root  of  1.  Let  w £ A and  P(t)  £ A\t\  be  as  in  Lemma  15.82.18  Let  L be 
a finite  extension  of  K.  We  say  L/K  is  a degree  p extension  of  finite  level  if  L is 
a degree  p extension  of  K obtained  by  adjoining  a root  of  the  equation  P(z)  = £ 
where  £ £ I\  is  an  element  with  wpl ■ £ m^. 


This  definition  is  relevant  to  the  discussion  in  this  section  due  to  the  following 
straightforward  lemma. 

09F4  Lemma  15.82.20.  Let  A C B C C be  extensions  of  discrete  valuation  rings  with 
fractions  fields  K C L C M . Assume  that 

(1)  A has  mixed  characteristic  (0,p), 

(2)  A C B is  weakly  unramified, 

(3)  B contains  a primitive  pth  root  of  1,  and 

(4)  M/L  is  Galois  of  degree  p. 
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Then  there  exists  a Galois  extension  K\/K  totally  ramified  with  respect  to  A which 
is  either  a weak  solution  for  A — ► C or  is  such  that  Mi/ Li  is  a degree  p extension 
of  finite  level. 


Proof.  Let  7r  £ A be  a uniformizer.  By  Rummer  theory  (Fields,  Lemma  9.23.1) 
M is  obtained  from  L by  adjoining  the  root  of  yp  = b for  some  b £ L. 

If  ords(6)  is  prime  to  p,  then  we  choose  a degree  p separable  extension  K C A'i 
totally  ramified  with  respect  to  A (for  example  using  Lemma  15.82.12).  Let  A\  be 
the  integral  closure  of  A in  K\ . By  Lemma  15.82.7|  the  integral  closure  Bi  of  B in 
L\  = L®k  Ki  is  a discrete  valuation  ring  weakly  unramified  over  A\.  If  I\  C K\  is 
not  a weak  solution  for  A — > C,  then  the  integral  closure  C\  of  C in  M\  = M 0k  Ki 
is  a discrete  valuation  ring  and  Bi  — > C\  has  ramification  index  p.  In  this  case,  the 
field  M\  is  obtained  from  Li  by  adjoining  the  pth  root  of  b with  ord b,  (b)  divisible 
by  p.  Replacing  A by  A±,  etc  we  may  assume  that  b = n nu  where  u £ B is  a unit 
and  n is  divisible  by  p.  Of  course,  in  this  case  the  extension  M is  obtained  from  L 
by  adjoining  the  pth  root  of  a unit. 


Suppose  M is  obtained  from  L by  adjoining  the  root  of  yp  = u for  some  unit  u of  B. 
If  the  residue  class  of  u in  kb  is  not  a pth  power,  then  B C C is  weakly  unramified 
(Lemma  15.82.13)  and  we  are  done.  Otherwise,  we  can  replace  our  choice  of  y by 
y/v  where  vp  and  u have  the  same  image  in  kb ■ After  such  a replacement  we  have 

yp  = 1 + nb 


for  some  b £ B.  Then  we  see  that  P{z)  = irb/wp  where  z = (y  — 1 )/w.  Thus  we 
see  that  the  extension  is  a degree  p extension  of  finite  level  with  £ = nb/wp.  □ 


Let  A be  a discrete  valuation  ring  of  mixed  characteristic  (0,p)  containing  a prim- 
itive pth  root  of  1.  Let  w £ A and  P(t)  £ A\t\  be  as  in  Lemma  15.82.18  Let  L be 
a degree  p extension  of  K of  finite  level.  Choose  z £ L generating  L over  K with 
£ = P(z)  £ K.  Choose  a uniformizer  7 r for  A and  write  w = unei  for  some  integer 
ei  = ord^w’)  and  unit  u £ A.  Finally,  pick  n > 0 such  that 

f"(eA 


The  level  of  L/K  is  the  smallest  value  of  the  quantity  n/e i taking  over  all  z gener- 
ating L/K  with  £ = P{z)  £ K. 


We  make  a couple  of  remarks.  Since  the  extension  is  of  finite  level  we  know  that 
we  can  choose  z such  that  n < pe i.  Thus  the  level  is  a rational  number  contained 
in  [0,p).  If  the  level  is  zero  then  L/K  is  unramified  with  respect  to  A by  Lemma 
15.82.19[  Our  next  goal  is  to  lower  the  level. 

09F5  Lemma  15.82.21.  Let  A C B C C be  extensions  of  discrete  valuation  rings  with 
fractions  fields  K C L C M . Assume 

(1)  A has  mixed  characteristic  (0,p), 

(2)  A C B weakly  unramified, 

(3)  B contains  a primitive  pth  root  of  1, 

(4)  M/L  is  a degree  p extension  of  finite  level  l > 0, 

(5)  Kj4  = n„>i  Kpg  ■ 

Then  there  exists  a finite  separable  extension  I\i  of  K totally  ramified  with  respect 
to  A such  that  either  Ki  is  a weak  solution  for  A -A  C , or  the  extension  Mi/ Li  is 
a degree  p extension  of  finite  level  < max(0,  l — 1,21  — p). 
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09F6 


09F7 


Proof.  Let  7r  £ A be  a uniformizer.  Let  w £ B and  P £ B[t]  be  as  in  Lemma 
15.82. 18|  (for  B).  Set  e\  = ords(w),  so  that  w and  7rei  are  associates  in  B.  Pick 


z £ M generating  M over  L with  £ = P(z)  £ I\  and  n such  that  7r"£  £ B as  in  the 
definition  of  the  level  of  M over  L,  i.e.,  I = n/e i. 


The  proof  of  this  lemma  is  completely  similar  to  the  proof  of  Lemma  15.82.17  To 
explain  what  is  going  on,  observe  that 

(15.82.21.1)  P(z)  = zp  -z  mod  TT~n+ei  B 

for  any  z £ L such  that  n~nP(z)  £ B (use  that  z has  valuation  at  worst  — n/p  and 
the  shape  of  the  polynomial  P).  Moreover,  we  have 

(15.82.21.2)  £i  + £2  + wp£  16  = £1  + £2  mod  tt -2n+peiP 

for  £i,£2  £ 7 r~nB.  Finally,  observe  that  n — e 1 = (l  — l)/ei  and  —2 n + pe  1 = 
— (21  — p)e  1.  Write  m = n — e 1 max(0,  l — 1,21  — p ).  The  above  shows  that  doing 
calculations  in  n~n B / TT~n+m B the  polynomial  P behaves  exactly  as  the  polynomial 
zp  — z.  This  explains  why  the  lemma  is  true  but  we  also  give  the  details  below. 

Assumption  (4)  implies  that  ka  is  perfect.  Observe  that  m < e\  and  hence  A/n m 
is  annihilated  by  w and  hence  p.  Thus  we  may  choose  compatible  ring  maps  a : 
ka  — t A/TrmA  and  a : kb  — > B/TrmB  as  in  Lemma  15.82.15  We  lift  the  second  of 
these  to  a map  of  sets  <r  : kb  —>  B.  Then  we  can  write 

£ = E ^aiX^  + n-^b 

z — *i=n,. . . ,n— m+1 

for  some  \ £ kb  and  b £ B.  Let 

I = {i  £ {n, . . . , n — to  + 1}  | Xi  £ ka} 

and 

J = {j  £ {n, . . . , n - m + 1}  | \ £ ka} 

We  will  argue  by  induction  on  the  size  of  the  finite  set  J. 

The  case  J = 0.  Here  for  all  i £ {n, . . . , n — m + 1}  we  have  <r(Aj)  = a.;  + Trn~mbi 
for  some  a,  £ A and  bi  £ B by  our  choice  of  a.  Thus  £ = 7r ~na  + n~n+mb  for 
some  a £ A and  b £ B.  If  p\n,  then  we  write  a = + 7roi  for  some  ao,  01  £ A 

(as  the  residue  field  of  A is  perfect).  Set  z\  = — 7r_n/pao.  Note  that  P(zi)  £ 7 r~nB 
and  that  z + Z\  + wzz\  is  an  element  generating  M over  L (note  that  wz\  ^ —1  as 
n < pe  1).  Moveover,  by  Lemma  15.82.18  we  have 

P(z  + zx+  wzz\)  = P(z)  + P(zi)  + wpP(z)P(z1)  £ K 


— n-\-m 


B 


and  by  equations  (15.82.21.1)  and  (15.82.21.2)  we  have 

P(z)  + P(zi)  + wpP(z)P(z1)  = £ + z{  - zi  mod  tt 

for  some  b'  £ B.  This  contradict  the  minimality  of  n\  Thus  p does  not  divide  n. 
Consider  the  degree  p extension  Ki  of  K given  by  P(y)  = —TT~na.  By  Lemma 
|15.82.19]  this  extension  is  separable  and  totally  ramified  with  respect  to  A.  Thus 
L\  = L Ki  is  a field  and  A\  C B\  is  weakly  unramified  (Lemma  15.82.7).  By 
Lemma  15.82.19  the  ring  M\  = M ® k Ki  is  either  a product  of  p copies  of  L\  (in 
which  case  we  are  done)  or  a field  extension  of  L\  of  degree  p.  Moreover,  in  the 
second  case,  either  C\  is  weakly  unramified  over  Bi  (in  which  case  we  are  done) 
or  Mi/Li  is  degree  p,  Galois,  totally  ramified  with  respect  to  B\.  In  this  last  case 
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the  extension  M\/L\  is  generated  by  the  element  z + y + wzy  and  we  see  that 
P(z  + y + wzy)  £ L i and 

P(z  + y + wzy)  = P(z)  + P(y)  + wpP(z)P(y) 

= f - n~na  mod  7 T~n+mB1 

= 0 mod  t T-n+mB1 

in  exactly  the  same  manner  as  above.  By  our  choice  of  m this  means  exactly  that 
Mi/Li  has  level  at  most  max(0, 1 — 1,21  —p).  From  now  on  we  assume  that  J ^ 0. 

Suppose  that  j',j  £ J such  that  j'  = prj  for  some  r > 0.  Then  we  set 

Z\  = —a(Xj)n~:i  — cr(Ap7r_p'J  — ...  — a(Xp  )tt~p  j 

and  we  change  2 into  z'  = z + z\  + wzz\ . Observe  that  z'  £ M generates  M over 
L and  that  we  have  = P(z')  = P(z)  + P{z\)  + wP(z)P(zi)  £ L with 


= £ — cr(\j)ir  J + er(  Xp  )n  i mod  n 


— n+m 


B 


by  using  equations  (15.82.21Tj)  and  (15.82.21.2)  as  above.  Writing 

r = E ^ aiX^  + n-^b' 

as  before  we  find  that  A-  = A j for  i ^ j,j'  and  A'  =0.  Thus  the  set  J has  gotten 
smaller.  By  induction  on  the  size  of  J we  may  assume  there  is  no  pair  j,  j'  of  J 
such  that  j' / j is  a power  of  p.  (Please  observe  that  in  this  procedure  we  may  get 
thrown  back  into  the  case  that  J = 0 we  treated  above.) 

For  j £ J write  A j = pp  1 for  some  rj  > 0 and  pj  £ hb  which  is  not  a pth 
power.  This  is  possible  by  our  assumption  (4).  Let  j £ J be  the  unique  index 
such  that  jp~rj  is  maximal.  (The  index  is  unique  by  the  result  of  the  preceding 
paragraph.)  Choose  r > ma X+-  + 1)  and  such  that  jpr~rj  > n for  j £ J.  Let 
K\/K  be  the  extension  of  degree  pr , totally  ramified  with  respect  to  A,  defined 
by  (7I',)P  = 7r-  Observe  that  7r'  is  the  uniformizer  of  the  corresponding  discrete 
valuation  ring  + C K\.  Observe  that  L\  = L K\  is  a field  and  L\/L  is  totally 
ramified  with  respect  to  B (Lemma  15.82.7).  Computing  in  the  integral  closure  B1 
we  get 

T-n+mbi 


z ' 7 £ I 


^jO(N)r’‘W)-’r' 


for  some  b\  £ B\.  Note  that  a{Xi)  for  i £ I is  a gth  power  modulo  7rm,  i.e.,  modulo 
(n')mp  . Hence  we  can  rewrite  the  above  as 


^ = EieJ<  w 


j\~ip 


E J€J 


— n+m 


bi 


Similar  to  our  choice  in  the  previous  paragraph  we  set 


>\-w 


a(pj)p 


Zi  ~J2,eI  (^O')  l + ---+xp  (t r') 

- Ej6J  ri  + 

and  we  change  our  choice  of  2 into  z'  = z + z 1 + wzz\ . Then  2 ' generates  M\  over 
Li  and  £'  = P(z')  = P{z)  + P(z\)  + wpP(z)P(zi)  £ L\  and  a calculation  shows 
that 


+£.P,  ^j)(*rjpr~Tj  + wi-n+m)prK 
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for  some  b[  £ B\.  There  is  a unique  j such  that  jpr~rj  is  maximal  and  jpr~rj  is 
bigger  than  i £ I.  If  jpr~rj  < (n  — m)pr  then  the  level  of  the  extension  Mi/L1  is 
less  than  max(0,  l — 1,  21  — p).  If  not,  then,  as  p divides  jpr~rj , we  see  that  M\/L\ 

This  finishes  the  proof. 


falls  into  case  (C)  of  Lemma  15.82.19 


□ 


09F8  Lemma  15.82.22.  Let  A C B C C be  extensions  of  discrete  valuation  rings  with 
fraction  fields  K C L C M . Assume 

(1)  the  residue  field  k of  A is  algebraically  closed  of  characteristic  p > 0, 

(2)  A and  B are  complete, 

(3)  A — >■  B is  weakly  unramified, 

(4)  M is  a finite  extension  of  L, 

(5)  k = r\n>iKB 

Then  there  exists  a finite  extension  K C K\  which  is  a weak  solution  for  A — > C . 
Proof.  Let  M'  be  any  finite  extension  of  L and  consider  the  integral  closure  C'  of 


B in  M' . Then  C'  is  finite  over  B as  B is  Nagata  by  Algebra,  Lemma  10.154.8 


Moreover,  C'  is  a discrete  valuation  ring,  see  discussion  in  Remark  15.82.1  More- 


over C'  is  complete  as  a R-module,  hence  complete  as  a discrete  valuation  ring,  see 
Algebra,  Section  [10.95|  It  follows  in  particular  that  C is  the  integral  closure  of  B 
in  M (by  definition  of  valuation  rings  as  maximal  for  the  relation  of  domination). 

Let  M C M'  be  a finite  extension  and  let  C'  C M'  be  the  integral  closure  of  B as 
above.  By  Lemma  [l5.82.8|  it  suffices  to  prove  the  result  for  A — > B — ► C . Hence 


we  may  assume  that  M/L  is  normal,  see  Fields,  Lemma  9.15.3 
If  M/L  is  normal,  we  can  find  a chain  of  finite  extensions 
L = L°  C L1  C L2  C . . . C Lr  = M 
such  that  each  extension  L3+l /L3  is  either: 

(a)  purely  inseparable  of  degree  p, 

(b)  totally  ramified  with  respect  to  and  Galois  of  degree  p, 

(c)  totally  ramified  with  respect  to  B°  and  Galois  cyclic  of  order  prime  to  p, 

(d)  Galois  and  unramified  with  respect  to  B3 . 

Here  B3  is  the  integral  closure  of  B in  L3 . Namely,  since  M/L  is  normal  we  can 
write  it  as  a compositum  of  a Galois  extension  and  a purely  inseparable  extension 


(Fields,  Lemma  9.26.31.  For  the  purely  inseparable  extension  the  existence  of  the 


filtration  is  clear.  In  the  Galois  case,  note  that  G is  “the”  decomposition  group 
and  let  I C G be  the  inertia  group.  Then  on  the  one  hand  I is  solvable  by  Lemma 
15.81.12  and  on  the  other  hand  the  extension  M1  / L is  unramified  with  respect  to 
B by  Lemma[l5.81.13|  This  proves  we  have  a filtration  as  stated. 

We  are  going  to  argue  by  induction  on  the  integer  r.  Suppose  that  we  can  find 
a finite  extension  K C K\  which  is  a weak  solution  for  A — >•  B1  where  B 1 is  the 
integral  closure  of  B in  L1.  Let  K[  be  the  normal  closure  of  K\/K  (Fields,  Lemma 
9.15.3).  Since  A is  complete  and  the  residue  held  of  A is  algebraically  closed  we 
see  that  K[/Ki  is  separable  and  totally  ramified  with  respect  to  A\  (some  details 
omitted).  Hence  I\  C K[  is  a weak  solution  for  A — > B1  as  well  by  Lemma  15.82.7 


In  other  words,  we  may  and  do  assume  that  K\  is  a normal  extension  of  K.  Having 
done  so  we  consider  the  sequence 

L°  = (L°  ®K  K\)red  C L\  = (L1  ®K  Kx)red  c ...cL\  = (Lr  ®K  Kx)red 
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and  the  corresponding  integral  closures  B\.  Note  that  C\  = B[  is  a product 
of  discrete  valuation  rings  which  are  transitively  permuted  by  G = Aut(/t'i/iv) 
by  Lemma  |15.82.11|  In  particular  all  the  extensions  of  discrete  valuation  rings 
Ai  -+  (C!)m  are  isomorphic  and  a solution  for  one  will  be  a solution  for  all  of  them. 
We  can  apply  the  induction  hypothesis  to  the  sequence 

^1  ~ ^ *■  (^i)sjnm  —>■■■—>  (B[)bi nm  = (Ci)m 

to  get  a solution  K\  C K2  for  Ai  — > (Ci)m.  The  extension  I\  C K2  will  then  be 
a solution  for  A -A  C by  what  we  said  before.  Note  that  the  induction  hypothesis 
applies:  the  ring  map  Ai  — > (B^)Binm  is  weakly  unramified  by  our  choice  of  K\ 
and  the  sequence  of  fraction  Held  extensions  each  still  have  one  of  the  properties 
(a),  (b),  (c),  or  (d)  listed  above.  Moreover,  observe  that  for  any  finite  extension 
kb  C k we  still  have  k = f' \kp  . 


Thus  everything  boils  down  to  finding  a weak  solution  for  A C C when  the  field 
extension  L C M satisfies  one  of  the  properties  (a),  (b),  (c),  or  (d). 

Case  (d).  This  case  is  trivial  as  here  B — >■  C is  unramified  already. 

Case  (c) . Say  M/L  is  cyclic  of  order  n prime  to  p.  Because  M/L  is  totally  ramified 
with  respect  to  B we  see  that  the  ramification  index  of  B C C is  n and  hence 
the  ramication  index  of  A C C is  n as  well.  Choose  a uniformizer  tt  £ A and  set 
Ki  = K [7T1/™].  Then  K\/K  is  a solution  for  A C C by  Abhyankar’s  lemma  (Lemma 


15.82.6). 


Case  (b).  We  divide  this  case  into  the  mixed  characteristic  case  and  the  equichar- 


acteristic  case.  In  the  equicharacteristic  case  this  is  Lemma  15.82.17  In  the  mixed 
characteristic  case,  we  first  replace  K by  a finite  extension  to  get  to  the  situation 


where  M/L  is  a degree  p extension  of  finite  level  using  Lemma  15.82.20  Then  the 
level  is  a rational  number  l € [0,p),  see  discussion  preceding  Lemma  15.82.21  If 
the  level  is  0,  then  B — > C is  weakly  unramified  and  we’re  done.  If  not,  then  we 
can  replacing  the  field  K by  a finite  extension  to  obtain  a new  situation  with  level 


l1  < max(0,  l — 1,  21  — p)  by  Lemma  15.82.21  If  l = p — e for  e < 1 then  we  see  that 


l1  < p — 2e.  Hence  after  a finite  number  of  replacements  we  obtain  a case  with  level 
< p — 1.  Then  after  at  most  p — 1 more  such  replacements  we  reach  the  situation 
where  the  level  is  zero. 


Case  (a)  is  Lemma  15.82.14  This  is  the  only  case  where  we  possibly  need  a purely 
inseparable  extension  of  K,  namely,  in  case  (2)  of  the  statement  of  the  lemma  we 
win  by  adjoining  a pth  power  of  the  element  7r.  This  finishes  the  proof  of  the 
lemma.  □ 


At  this  point  we  have  collected  all  the  lemmas  we  need  to  prove  the  main  result  of 
this  section. 


09F9 


Theorem  15.82.23  (Epp).  Let  A C B be  an  extension  of  discrete  valuation  rings 
with  fraction  fields  I\  C L.  If  the  characteristic  of  ka  is  p > 0,  assume  that  every 
element  of 


n 


n>  1 


n 


pn 

B 


is  separable  algebraic  over  ka-  Then  there  exists  a finite  extension  K C K 1 which 
is  a weak  solution  for  A — >•  B as  defined  in  Definition  \ 15. 82. 2\ 
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Proof.  If  the  characteristic  of  ka  is  zero  or  if  the  residue  characteristic  is  p,  the 
ramification  index  is  prime  to  p , and  the  residue  field  extension  is  separable,  then 


this  follows  from  Abhyankar’s  lemma  (Lemma  15.82.6).  Namely,  suppose  the  ram- 


ification index  is  e.  Choose  a uniformizer  ir  £ A.  Let  K\/K  be  be  the  extension 
obtained  by  adjoining  an  eth  root  of  7 r.  By  Lemma  15.82.5|we  see  that  the  integral 
closure  A\  of  A in  K\  is  a discrete  valuation  ring  with  ramification  index  over  A. 
Thus  A1  — > (I?i)m  is  formally  smooth  for  all  maximal  ideals  m of  B1  by  Lemma 
|15.82.6|  and  a fortiori  these  are  weakly  unramified  extensions  of  discrete  valuation 
rings. 

From  now  on  we  let  p be  a prime  number  and  we  assume  that  ka  has  characteristic  p. 
We  first  apply  Lemma [15.82. 10| to  reduce  to  the  case  that  A and  B have  separably 
closed  residue  fields.  Since  ka  and  kb  are  replaced  by  their  separable  algebraic 
closures  by  this  procedure  we  see  that  we  obtain 


1 


>1 


from  the  condition  of  the  theorem. 


Let  7r  e A be  a uniformizer.  Let  AA  and  BA  be  the  completions  of  A and  B.  We 
have  a commutative  diagram 

B ^BA 


A 


■AA 


of  extensions  of  discrete  valuation  rings.  Let  KA  be  the  fraction  field  of  AA.  Suppose 
that  we  can  find  a finite  extension  KA  C M which  is  (a)  a weak  solution  for 
AA  -A  BA  and  (b)  a compositum  of  a separable  extension  and  an  extension  obtained 


by  adjoining  a p-power  root  of  7 r.  Then  by  Lemma  15.81.15  we  can  find  a finite 
extension  I\  C K i such  that  KA  K\  = M.  Let  Ai,  resp.  A A be  the  integral 
closure  of  A , resp.  AA  in  resp.  M.  Since  A -A  AA  is  formally  smooth  (Lemma 
15.81.5)  we  see  that  Ai  -A  AA  is  formally  smooth  (Lemma|15.82.4  and  A\  and  AA 
are  discrete  valuation  rings  by  discussion  in  Remark  15.82.1).  We  conclude  from 

BA . Applying 
B. 


Lemma 

Lemma 


15.82.8 


15.82.8 


part  (2)  that  K C K\  is  a weak  solution  for  A 
part  (1)  we  see  that  A C A'i  is  a weak  solution  for  A 


Thus  we  may  assume  A and  B are  complete  discrete  valuation  rings  with  separably 
closed  residue  fields  of  characteristic  p and  with  ka  A n„>i  < . We  are  also  given 
a uniformizer  7r  £ A and  we  have  to  find  a weak  solution  for  A -A  B which  is  a 
compositum  of  a separable  extension  and  a field  obtained  by  taking  p-power  roots 
of  7 r.  Note  that  the  second  condition  is  automatic  if  A has  mixed  characteristic. 

Set  k = n„>i  • Observe  that  k is  an  algebraically  closed  field  of  characteristic  p. 
If  A has  mixed  characteristic  let  A be  a Cohen  ring  for  k and  in  the  equicharacteristic 
case  set  A = &[[£]].  We  can  choose  a ring  map  A -A  A which  maps  t to  7r  in  the 
equicharacteristic  case.  In  the  equicharacteristic  case  this  follows  from  the  Cohen 


structure  theorem  (Algebra,  Theorem  10.152.8 1 and  in  the  mixed  characteristic  case 
this  follows  as  Zp  — ► A is  formally  smooth  in  the  adic  topology  (Lemmas  15.81.5 


and  15.29.5).  Applying  Lemma  15.82.8  we  see  that  it  suffices  to  prove  the  existence 


of  a weak  solution  for  A — > B which  in  the  equicharacteristic  p case  is  a compositum 
of  a separable  extension  and  a field  obtained  by  taking  p- power  roots  of  t.  However, 
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since  A = &[[£]]  in  the  equicharacteristic  case  and  any  extension  of  k((t))  is  such  a 
compositum,  we  can  now  drop  this  requirement! 

Thus  we  arrive  at  the  situation  where  A and  B are  complete,  the  residue  field  k 
of  A is  algebraically  closed  of  characteristic  p > 0,  we  have  k = (~)kpb  , and  in  the 
mixed  characteristic  case  p is  a uniformizer  of  A (i.e. , A is  a Cohen  ring  for  k).  If  A 
has  mixed  characteristic  choose  a Cohen  ring  A for  kb  and  in  the  equicharacteristic 
case  set  A = kb [[£]]■  Arguing  as  above  we  may  choose  a ring  map  A — > A lifting 
k — » kb  and  mapping  a uniformizer  to  a uniformizer.  Since  k C kb  is  separable 
the  ring  map  A — > A is  formally  smooth  in  the  adic  topology  (Lemma  |15.81.5 ). 
Hence  we  can  find  a ring  map  A — ► B such  that  the  composition  A — »•  A — ► B is  the 
given  ring  map  A — > B (see  Lemma  15.29.5 1 . Since  A and  B are  complete  discrete 


valuation  rings  with  the  same  residue  field,  B is  finite  over  A (Algebra,  Lemma 
10.95.121).  This  reduces  us  to  the  special  case  discussed  in  Lemma  115. 82. 221  □ 


09IH  Lemma  15.82.24.  Let  A -A  B be  an  extension  of  discrete  valuation  rings  with 
fraction  fields  K C L.  Assume  B is  essentially  of  finite  type  over  A.  Let  K C K' 
be  an  algebraic  extension  of  fields  such  that  the  integral  closure  A!  of  A in  K'  is 
Noetherian.  Then  the  integral  closure  B'  of  B in  L'  = {L®xK')red  is  Noetherian  as 
well.  Moreover,  the  map  Spec (Br)  -A  Spec(A')  is  surjective  and  the  corresponding 
residue  field  extensions  are  finitely  generated  field  extensions. 


Proof.  Let  A -a  C be  a finite  type  ring  map  such  that  B is  a localization  of  C at 
a prime  p.  Then  C'  = C ®aA'  is  a finite  type  A'-algebra,  in  particular  Noetherian. 

A'  is  integral,  so  is  C -A  C . Thus  B = Cp  C C^is  integral  too. 


Since  A 


It 


follows  that  the  dimension  of  Cp  is  1 (Algebra,  Lemma  10.111.4).  Of  course  Cp  is 
Noetherian.  Let  qi, . . . , qn  be  the  minimal  primes  of  C^.  Let  A?'  be  the  integral 
closure  of  B = Cv,  or  equivalently  by  the  above  of  C'p  in  the  field  of  fractions  of 

applied  to  the 


10.118.12 


C',/q,;.  It  follows  from  Krull-Akizuki  (Algebra,  Lemma 

finitely  many  localizations  of  C'p  at  its  maximal  ideals)  that  each  B;  is  Noetherian. 
Moreover  the  residue  field  extensions  in  Cp  — ► B'  are  finite  by  Algebra,  Lemma 
10.118.10  Finally,  we  observe  that  B'  = Y\B[  is  the  integral  closure  of  B in 
L'  = (L  K')red ■ □ 

0911  Proposition  15.82.25.  Let  A -A  B be  an  extension  of  discrete  valuation  rings 
with  fraction  fields  K C L.  If  B is  essentially  of  finite  type  over  A,  then  there  exists 
a finite  extension  K C K\  which  is  a solution  for  A -A  B as  defined  in  Definition 

I JMM 


Proof.  Observe  that  a weak  solution  is  a solution  if  the  residue  field  of  A is  per- 
fect, see  Lemma[l5.81.5|  Thus  the  proposition  follows  immediately  from  Theorem 


sumption  that  A — > B is  essentially  of  finite  type).  If  the  residue  characteristic  of 
A is  p > 0 we  will  also  deduce  it  from  Epp’s  theorem. 

Let  Xi  € A,  i £ I be  a set  of  elements  mapping  to  a p-base  of  the  residue  field  k of 
A.  Set 

^ = U >i  A[ti,n]/ (ti"n  — Xi) 

where  the  transition  maps  send  1 to  tvin.  Observe  that  A'  is  a filtered  colimit 
of  weakly  unramified  finite  extensions  of  discrete  valuation  rings  over  A.  Thus  A' 


15.82.23  if  the  residue  characteristic  of  A is  0 (and  in  fact  we  do  not  need  the  as- 


See fdTTMl  Lemma 
2.13]  for  a special 
case. 
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is  a discrete  valuation  ring  and  A — > A!  is  weakly  unramified.  By  construction  the 
residue  field  k!  = A' /m A A'  is  the  perfection  of  n. 


Let  K'  = f.f.(A').  We  may  apply  Lemma  15.82.24  to  the  extension  K C K’ . 
Thus  B'  is  a finite  product  of  Dedekind  domains.  Let  mi, ... , m„  be  the  maximal 
ideals  of  B'.  Using  Epp’s  theorem  (Theorem  15.82.23 1 we  find  a weak  solution 
K'  = f.f.(A')  C K[  for  each  of  the  extensions  A!  C B'm  . Since  the  residue  field  of 
A'  is  perfect,  these  are  actually  solutions.  Let  K'  C K[  be  a finite  extension  which 
contains  each  K[.  Then  K'  C K[  is  still  a solution  for  each  A!  C B'm  by  Lemma 
11  5.82.41 


Let  Ax  be  the  integral  closure  of  A in  K[.  Note  that  A!x  is  a Dedekind  domain 
by  the  discussion  in  Remark  15.82.1  applied  to  K'  C K[.  Thus  Lemma  |15.82.24| 


applies  to  K C K[.  Therefore  the  integral  closure  B[  of  B in  Lx  = ( L (E k K[)reci 
is  a Dedekind  domain  and  because  K'  C K[  is  a solution  for  each  A!  C B'm  we  see 
that  -A  (i?i)m  is  formally  smooth  for  each  maximal  ideal  m C B[. 


By  construction,  the  field  K[  is  a filtered  colimit  of  finite  extensions  of  K.  Say 
K[  = colim,;gj  Ki.  For  each  i let  Ai,  resp.  Bi  be  the  integral  closure  of  A,  resp.  B 
in  Ki,  resp.  Li  = ( L (Ek  Ki)red-  Then  it  is  clear  that 


A[  = colim  A,  and  B[  = colirn  Bi 


Since  the  ring  maps  Ai  -A  A\  and  Bi  — > B[  are  injective  integral  ring  maps  and 
since  A'x  and  B[  have  finite  spectra,  we  see  that  for  all  i large  enough  the  ring 
maps  Ai  — > A'x  and  Bi  — > B[  are  bijective  on  spectra.  Once  this  is  true,  for  all  i 
large  enough  the  maps  At  — > A[  and  Bt  — > B[  will  be  weakly  unramified  (once  the 
uniformizer  is  in  the  image) . It  follows  from  multiplicativity  of  ramification  indices 
that  Ai  — > Bi  induces  weakly  unramified  maps  on  all  localizations  at  maximal  ideals 
of  Bi  for  such  i.  Increasing  i a bit  more  we  see  that 

Bi  ®Al  — a B[ 


induces  surjective  maps  on  residue  fields  (because  the  residue  fields  of  B[  are  finitely 
generated  over  those  of  A'x  by  Lemma  15.82.24 ).  Picture  of  residue  fields  at  maximal 
ideals  lying  under  a chosen  maximal  ideal  of  B[: 


KBi  ^ Kfl.,  3-  . . . Kb[ 

A A 

KAi  K4li'  • ■ • KA'1 

Thus  tiBi  is  a finitely  generated  extension  of  KAi  such  that  the  compositum  of 
and  KA't  in  kb[  is  separable  over  ka^  . Then  that  happens  already  at  a finite  stage: 
for  example,  say  kb[  is  finite  separable  over  nA>(x then  just  increase 
i such  that  x\,...,xn  are  in  Kg.  and  such  that  all  generators  satisfy  separable 
polynomial  equations  over  KAi(x i, . . . ,xn).  This  means  that  Ai  — > Bi  is  formally 
smooth  at  all  maximal  ideals  of  Bi  and  the  proof  is  complete.  □ 

OBRP  Lemma  15.82.26.  Let  A — » B be  an  extension  of  discrete  valuation  rings  with 
fraction  fields  K C L.  Assume 

(1)  B is  essentially  of  finite  type  over  A, 

(2)  either  A or  B is  a Nagata  ring,  and 

(3)  L/K  is  separable. 
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Then  there  exists  a separable  solution  for  A -A  B (Definition  15.82.2). 

Proof.  Observe  that  if  A is  Nagata,  then  so  is  B (Algebra,  Lemma  10.154.6  and 


Proposition  10.154.15 1.  Thus  the  lemma  follows  on  combining  Proposition  15.82.25 
and  LemmaTl5.82.9l  □ 


15.83.  Picard  groups  of  rings 

OAFW  We  first  define  invertible  modules  as  follows. 

0B8H  Definition  15.83.1.  Let  R be  a ring.  An  R-module  M is  invertible  if  the  functor 

Modfl  — > Mod^j  N i — > M N 

is  an  equivalence  of  categories.  An  invertible  -R-module  is  said  to  be  trivial  if  it  is 
isomorphic  to  A as  an  A-rnodule. 

0B8I  Lemma  15.83.2.  Let  R be  a ring.  Let  M be  an  R-module.  Equivalent  are 

(1)  M is  finite  locally  free  module  of  rank  1. 

(2)  M is  invertible,  and 

(3)  there  exists  an  R-module  N such  that  M N = R. 

Moreover,  in  this  case  the  module  N is  (3)  is  isomorphic  to  Horn r(M,R). 

Proof.  Assume  (1).  Consider  the  module  N = Hom^(M,  R)  and  the  evaluation 
map  M N = M Horn r(M,  R)  -a  R.  If  / £ R such  that  Mf  = Rf,  then  the 

evaluation  map  becomes  an  isomorphism  after  localization  at  / (details  omitted). 
Thus  we  see  the  evaluation  map  is  an  isomorphism  by  Algebra,  Lemma  |10.23.2| 
Thus  (1)  =>  (3). 

Assume  (3).  Then  the  functor  K K »•  K g#  IV  is  a quasi-inverse  to  the  functor 
K ha  K <S>n  M.  Thus  (3)  =>  (2).  Conversely,  if  (2)  holds,  then  K ha  K g/j  M is 
essentially  surjective  and  we  see  that  (3)  holds. 

Assume  the  equivalence  conditions  (2)  and  (3)  hold.  Denote  ijj  : M N -a  R the 
isomorphism  from  (3).  Choose  an  element  £ = JA=i  nxi®Vi  such  that  = 1. 
Consider  the  isomorphisms 

M ->  M ®rM  ®rN  — M 

where  the  first  arrow  sends  a;  to  Y^xi®x®Ui  and  t- second  arrow  sends  x®x' 
to  ip(x'  g>  y)x.  We  conclude  that  x ha  ^{x  ® Vi)xi  is  an  automorphism  of  M. 
This  automorphism  factors  as 

M -a  R®n  ->  M 


where  the  first  arrow  is  given  by  a:  ha  (il)(x®y i), . . . , if(x®yn))  and  the  second  arrow 
by  (ai, . . . , an)  ha  aixi-  In  this  way  we  conclude  that  M is  a direct  summand  of 
a finite  free  R-module.  This  means  that  M is  finite  locally  free  (Algebra,  Lemma 
10.77.2).  Since  the  same  is  true  for  N by  symmetry  and  since  M N = R,  we 
see  that  AI  and  N both  have  to  have  rank  1.  □ 


The  set  of  isomorphism  classes  of  these  modules  is  often  called  the  class  group  or 
Picard  group  of  R.  The  group  structure  is  determined  by  assigning  to  the  isomor- 
phism classes  of  the  invertible  modules  L and  L'  the  isomorphism  class  of  L L' . 
The  inverse  of  an  invertible  module  L is  the  module 

R®-1  =Homfl(L,R), 
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OBCH 


because  as  seen  in  the  proof  of  Lemma  15.83.2  the  evaluation  map  L © R L®  1 — > R 
is  an  isomorphism.  Let  us  denote  the  Picard  group  of  R by  Pic(-R). 


Lemma  15.83.3.  Let  R be  a UFD.  Then  Pic(R)  is  trivial. 

Proof.  Let  L be  an  invertible  T-module.  By  Lemma  |15.83.2|  we  see  that  L is 
a finite  locally  free  T-module.  In  particular  L is  torsion  free  and  finite  over  R. 
Pick  a nonzero  element  ip  £ Horn r(L,R)  of  the  dual  invertible  module.  Then 
I = <p(L)  C R is  an  ideal  which  is  an  invertible  module.  Pick  a nonzero  / £ I and 
let 

/ = upl1  ...perr 

be  the  factorization  into  prime  elements  with  pj  pairwise  distinct.  Since  L is  is  finite 
locally  free  there  exists  a a.;  £ R,  at  ^ ( pt ) such  that  Iai  = ( gt ) for  some  gt  £ Rai- 
Then  pi  is  still  a prime  element  of  the  UFD  Rai  and  we  can  write  gt  = pff  g\  for 
some  g\  £ Rai  not  divisible  by  pi.  Since  / £ Iai  we  see  that  e*  > Cj.  We  claim  that 
I is  generated  by  h = p^1  . . . pfr  which  finishes  the  proof. 


To  prove  the  claim  it  suffices  to  show  that  Ia 


such  that  Ia  is  a principal  ideal  (Algebra,  Lemma  10.23.2). 
J C {1. 


is  generated  by  h for  any  a £ R 
= ( g )•  Let 


Say  Ia 


, r}  be  the  set  of  i such  that  pi  is  a nonunit  (and  hence  a prime  element) 
in  Ra.  Because  / £ Ia  = ( g ) we  find  the  prime  factorization  g = v JlieJ  pb-3  with  v 
a unit  and  bj  < ej.  For  each  j £ J we  have  Iaaj  = gRaaj  = gjRaaj:  in  other  words 
g and  gj  map  to  associates  in  Raaj  ■ By  uniqueness  of  factorization  this  implies  that 
bj  = Cj  and  the  proof  is  complete.  □ 


Recall  that  we  have  defined  in  Algebra,  Section  10.54  a group  K0(R)  as  the  free 


group  on  isomorphism  classes  of  finite  projective  l?-modules  modulo  the  relations 
[M']  + [M"]  = [M'  © M"). 

OAFX  Lemma  15.83.4.  Let  R be  a ring.  There  is  a map 

det  : K0(R)  — > Pic(R) 


which  maps  [M]  to  the  class  of  the  invertible  module  A n(M)  if  M is  a finite  locally 
free  module  of  rank  n. 


Proof.  Let  M be  a finite  projective  R-module.  There  exists  a product  decom- 
position R = i?o  x ...  x Rt  such  that  in  the  corresponding  decomposition  M = 
Mo  x ...  x AIt  of  M we  have  that  Af  is  finite  locally  free  of  rank  i over  Ri . This 
follows  from  Algebra,  Lemma  10.77.2  (to  see  that  the  rank  is  locally  constant)  and 
Algebra,  Lemmas  10.20.3  and  10.22.3  (to  decompose  R into  a product).  In  this 
situation  we  define 


det (M)  = A°Ro{M0)  x ...  x AtRt(Mt) 

as  an  i?-module.  This  is  a finite  locally  free  module  of  rank  1 as  each  term  is  finite 
locally  free  of  rank  1.  To  finish  the  proof  we  have  to  show  that 

det  (AT  © M")  3*  det  (AT)  © det  (AT") 

whenever  AT  and  AT”  are  finite  projective  i?-modules.  Decompose  R into  a product 
of  rings  Rij  such  that  A/'  = J)[  ML  and  M"  = J)[  M"  where  ML  has  rank  i and 
AT'  has  rank  j.  This  reduces  us  to  the  case  where  AT  and  M"  have  constant  rank 

LJ  J 

say  i and  j.  In  this  case  we  have  to  prove  that 

Ai+j (AT  © M")  “ A* (AT)  © Aj(M") 
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the  proof  of  which  we  omit.  □ 

OAFY  Lemma  15.83.5.  Let  R be  a ring.  There  is  a map 

c : perfect  complexes  over  R — > Kq(R) 
with  the  following  properties 

(1)  c(K{n\)  = (—l)nc(K)  for  a perfect  complex  K, 

(2)  if  K — > L — > M — > A'[l]  is  a distinguished,  triangle  of  perfect  complexes, 
then  c(L)  = c(K)  + c{M), 

(3)  if  K is  represented  by  a finite  complex  M * consisting  of  finite  projective 
modules,  then  c(K ) = ]P(— l)*[Mj]. 

Proof.  Let  K be  a perfect  object  of  D{R).  By  definition  we  can  represent  K by  a 
finite  complex  M*  of  finite  projective  f?-modules.  We  define  c by  setting 

c(K)  = YJ(-mMn] 

in  Kq(R).  Of  course  we  have  to  show  that  this  is  well  defined,  but  once  it  is  well 
defined,  then  (1)  and  (3)  are  immediate.  For  the  moment  we  view  the  map  c as 
defined  on  complexes  of  finite  projective  A-modules. 

Suppose  that  L*  -a  M * is  a surjective  map  of  finite  complexes  of  finite  projective 
A-modules.  Let  K * be  the  kernel.  Then  we  obtain  short  exact  sequences  of  R- 
modules 

0 -A  Kn  -A  Ln  — 5>  Mn  — S>  0 

which  are  split  because  M"  is  projective.  Hence  K*  is  also  a finite  complex  of  finite 
projective  f?-modules  and  c(L')  = c(I\*)  + c(M*)  in  K0{R). 

Suppose  given  finite  complex  M*  of  finite  projective  A-modules  which  is  acyclic. 
Say  Mn  = 0 for  n ^ [a,  b] . Then  we  can  break  M * into  short  exact  sequences 

0 -»  Ma  Ma+1  -A  Na+1  ->  0, 

0 ->  Na+1  -A  Ma+2  Na+3  0, 


0 Nb~3  ->•  Mb~2  Nb~2  -5>  0, 
0 -s>  Nb~2  ->■  M6"1  ->•  Mb  ->•  0 


Arguing  by  descending  induction  we  see  that  Nb  2, . . . , Na+1  are  finite  projective 
12-modules,  the  sequences  are  split  exact,  and 

c(M*)  = ^(-l)[Mn]  = ^(-l)"([fV"_1]  + [Nn])  = 0 

Thus  our  construction  gives  zero  on  acyclic  complexes. 


It  follows  formally  from  the  results  of  the  preceding  two  paragraphs  that  c is  well 
defined  and  satisfies  (2).  Namely,  suppose  the  finite  complexes  M*  and  L*  of  finite 
projective  I?-modules  represent  the  same  object  of  D(R).  Then  we  can  represent 
the  isomorphism  by  a map  / : M*  — > Lm  of  complexes,  see  Derived  Categories, 
Lemma  13.19.8  We  obtain  a short  exact  sequence  of  complexes 

0 — >■  L*  — >■  C(f)*  — ► AT*[1]  —>  0 

see  Derived  Categories,  Definition!  13. 9.1]  Since  / is  a quasi-isomorphism,  the  cone 
C(f)*  is  acyclic  (this  follows  for  example  from  the  discussion  in  Derived  Categories, 
Section  13.121.  Hence 

0 = c(C(f)*)  = c{L*)  + c(/v*[l])  = c{L*)  - c{IC) 
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as  desired.  We  omit  the  proof  of  (2)  which  is  similar. 


□ 


OAFZ  Lemma  15.83.6.  Let  R be  a regular  local  ring.  Let  f £ R.  Then  Pic(Rf)  = 0. 

Proof.  Let  L be  an  invertible  l?/-module.  In  particular  L is  a finite  i?/-module. 


There  exists  a finite  R-module  M such  that  Mf  = L,  see  Algebra,  Lemma  10.125.3 


By  Algebra,  Proposition  10.109.1  we  see  that  M has  a finite  free  resolution  F,  over 
R.  It  follows  that  L is  quasi- isomorphic  to  a finite  complex  of  free  l?/-modules. 
Hence  by  Lemma  15.83.5  we  see  that  [L\  = n[Rf]  in  Kq(R)  for  some  n £ Z. 
Applying  the  map  of  Lemma |15.83.4|  we  see  that  L is  trivial.  □ 

0AG0  Lemma  15.83.7.  A regular  local  ring  is  a UFD. 


Proof.  Recall  that  a regular  local  ring  is  a domain,  see  Algebra,  Lemma  10.105.2 


We  will  prove  the  unique  factorization  property  by  induction  on  the  dimension  of 
the  regular  local  ring  R.  If  dim(i?)  = 0,  then  R is  a field  and  in  particular  a UFD. 
Assume  dim(R)  > 0.  Let  x £ m,  x fL  m2.  Then  R/{x)  is  regular  by  Algebra, 
Lemma [10. 105. 3[  hence  a domain  by  Algebra,  Lemma |l0.105.2[  hence  a;  is  a prime 
element.  Let  p C R be  a height  1 prime.  We  have  to  show  that  p is  principal,  see 


Algebra,  Lemma  10.119.6  We  may  assume  x ^ p,  since  if  a:  S p,  then  p = ( x ) and 


we  are  done.  For  every  nonmaximal  prime  q C R the  local  ring  R q is  a regular  local 
ring,  see  Algebra,  Lemma  10.109.6  By  induction  we  see  that  p Rq  is  principal.  In 
particular,  the  LG-module  ps  = p Rx  C Rx  is  a finitely  presented  JG-module  whose 
localization  at  any  prime  is  free  of  rank  1.  By  Algebra,  Lemma  10.77.2|we  see  that 
pa,  is  an  invertible  Rx -module.  By  Lemma  15.83.6  we  see  that  pa.  = ( y ) for  some 
y € Rx.  We  can  write  y = xef  for  some  / € p and  e € Z.  Factor  / = a\. . .ar 


into  irreducible  elements  of  R (Algebra,  Lemma  10.119.3).  Since  p is  prime,  we  see 
that  ai  (z  p for  some  i.  Since  px  = ( y ) is  prime  and  ai\y  in  Rx,  it  follows  that  px  is 
generated  by  cq  in  Rx,  i.e. , the  image  of  at  in  Rx  is  prime.  As  a;  is  a prime  element, 


we  find  that  cq  is  prime  in  R by  Algebra,  Lemma  10.119.7  Since  ( a, ) C p and  p 
has  height  1 we  conclude  that  (cq)  = p as  desired.  □ 


15.84.  Extensions  of  valuation  rings 

0ASF  This  section  is  the  analogue  of  Section  |15.81| for  general  valuation  rings. 

0ASG  Definition  15.84.1.  We  say  that  A — > B or  A C B is  an  extension  of  valuation 
rings  if  A and  B are  valuation  rings  and  A — > B is  injective  and  local.  Such  an 
extension  induces  a commutative  diagram 


A\{0} B\  {0} 


Ta rB 


where  Ta  and  T#  are  the  value  groups.  We  say  that  B is  weakly  unramified  over 
A if  the  lower  horizontal  arrow  is  a bijection.  If  the  extension  of  residue  fields 
ka  = A/ntA  C kb  = B/mB  is  finite,  then  we  set  / = [kb  ■ «a]  and  we  call  it  the 
residual  degree  or  residue  degree  of  the  extension  A C B. 

Note  that  Ta  — > T#  is  injective,  because  the  units  of  A are  the  inverse  of  the  units 
of  B under  the  map  A — ► B.  Note  also,  that  we  do  not  require  the  extension  of 
fraction  fields  to  be  finite. 
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OASH  Lemma  15.84.2.  Let  A C B be  an  extension  of  valuation  rings  with  fraction 
fields  K C L.  If  the  extension  K C L is  finite,  then  the  residue  field  extension  is 
finite,  the  index  o/Fa  rnTg  is  finite,  and 

[rB  : rA][NB  : KA]  < [L  : K\. 

Proof.  Let  61; . . . , bn  £ B be  units  whose  images  in  Kg  are  linearly  independent 
over  ka-  Let  £ B be  nonzero  elements  whose  images  in  Tb/Ta  are 

pairwise  distinct.  We  claim  that  biCj  are  A'-linearly  independent  in  L.  Namely,  we 
claim  a sum 

y dijbi.Cj 

with  aij  £ K not  all  zero  cannot  be  zero.  Choose  (io,jo)  with  v(ai0j0bi0Cj0)  minimal. 
Replace  a ij  by  aij/ai0j0,  so  that  ai0j0  = 1.  Let 

P = {(*,  j)  I v{aijbiCj)  = v{aiojobiocjo)} 

By  our  choice  of  Ci, . . . , cm  we  see  that  (i,j)  £ P implies  j = jo-  Hence  if  {i,j)  £ P, 
then  v(aij)  = v(ai0j0)  = 0,  i.e. , is  a unit.  By  our  choice  of  b±, . . . , bn  we  see  that 

Ea-ijbi 
(i,j)eP  13 

is  a unit  in  B.  Thus  the  valuation  of  j)^p  aijbiCj  is  v(cj0)  = v(ai0j0bi0Cj0).  Since 
the  terms  with  (i,  j)  rf  P in  the  first  displayed  sum  have  strictly  bigger  valuation, 
we  conclude  that  this  sum  cannot  be  zero,  thereby  proving  the  lemma.  □ 

OASI  Lemma  15.84.3.  Let  A -A  B be  a flat  local  homomorphism  of  Noetherian  local 
normal  domains.  Let  f £ A and  h £ B such  that  f = whn  for  some  n > 1 and 
some  unit  w of  B.  Assume  that  for  every  height  1 prime  p C A there  is  a height 
1 prime  q C B lying  over  p such  that  the  extension  Ap  C Bq  is  weakly  unramified. 
Then  f = ugn  for  some  g £ A and  unit  u of  A. 


Proof.  The  local  rings  of  A and  B at  height  1 primes  are  discrete  valuation  rings 
(Algebra,  Lemma  10.118.7).  Thus  the  assumption  makes  sense  (via  Definition 
15.81.1).  Let  pi,...,pr  be  the  primes  of  A minimal  over  /.  These  have  height 
1 by  Algebra,  Lemma  10.59.10  For  each  i let  q,j  C B,  j = 1, . . . , n be  the  height 
1 primes  of  B lying  over  pj.  Say  we  number  them  so  that  APi  — >■  Bqi is  weakly 
unramified.  Since  / maps  to  an  nth  power  times  a unit  in  Bq. , we  see  that  the 
valuation  Vi  of  / in  APi  is  divisible  by  n.  Consider  the  exact  sequence 

0 — 1 1 — > A — > ApJpP  Ap. 

A -*-2=1, ...,r 

Applying  the  exact  functor  — (g)^  B we  obtain 

0 — > I <S>a  B — >•  B — >•  I I I I Bq 

where  e-ij  is  the  ramification  index  of  Ap.  —>  Bq 
set  of  elements  h ' of  B which  have  valuation  > e 


,/q  y^A: 


P; 


. It  follows  that  I B is  the 
i,0Vi/n  at  qij.  Since  / = whn  in 
B we  see  that  h has  valuation  eiji’i/n  at  q,;.j . Thus  h' /h  £ B by  Algebra,  Lemma 
|10. 149.61  It  follows  that  I ®a  B is  a free  R-module  of  rank  1.  Therefore  I is  a free 
A-module  of  rank  1,  see  Algebra,  Lemma  [10. 77. 5|  Let  g £ I be  a generator.  Then 
we  see  that  g and  h differ  by  a unit  in  B.  Working  backwards  we  conclude  that  the 
valuation  of  g vn  APi  is  Vi/n.  Hence  gn  and  / differ  by  a unit  in  A (by  Algebra, 
Lemma  10.149.6)  as  desired.  □ 
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OASJ  Lemma  15.84.4.  Let  A be  a valuation  ring.  Let  A — ► B be  an  etale  ring  map 
and  let  m C B be  a prime  lying  over  the  maximal  ideal  of  A.  Then  A C Bm  is  an 
extension  of  valuation  rings  which  is  weakly  unramified. 


Proof.  The  ring  A has  weak  dimension  < 1 by  Lemma  15.78.17  Then  B has 


weak  dimension  < 1 by  Lemmas  15.78.4|  and  1 15. 78. 18]  hence  the  local  ring  Bm  is 


a valuation  ring  by  Lemma  [15.78. 17|  Since  the  extension  f.f.(A)  C f.f.(Bm)  is 
finite,  we  see  that  the  T^  has  finite  index  in  the  value  group  of  Bm.  Thus  for  every 
h £ Bm  there  exists  an  n > 0,  an  element  f £ A,  and  a unit  w £ Bm  such  that 
/ = whn  in  Bm.  We  will  show  that  this  implies  / = ugn  for  some  g £ A and  unit 
u £ A;  this  will  show  that  the  value  groups  of  A and  Bm  agree,  as  claimed  in  the 
lemma. 

Write  A = colim  Ai  as  the  colimit  of  its  local  subrings  which  are  essentially  of  finite 


type  over  over  Z.  Since  A is  a normal  domain  (Algebra,  Lemma  10.49.10),  we  may 


assume  that  each  Ai  is  normal  (here  we  use  that  taking  normalizations  the  local 
rings  remain  essentially  of  finite  type  over  Z by  Algebra,  Proposition  10.154.16). 
For  some  i we  can  find  an  etale  extension  A,  — ► Bi  such  that  B = A , Bi , see 
Algebra,  Lemma  10.141.3  Let  m;  be  the  intersection  of  Bi  with  m.  Then  we  may 
apply  Lemma  15.84.3  to  the  ring  map  At  -4  (Bi)mi  to  conclude.  The  hypotheses 


of  the  lemma  are  satisfied  because: 

(1)  Aj  and  (. Bf)m . are  Noetherian  as  they  are  essentially  of  finite  type  over  Z, 

(2)  Ai  — > (Bi) mi  is  flat  as  Ai  — > Bi  is  etale, 

(3)  Bi  is  normal  as  Ai  — > Bi  is  etale,  see  Algebra,  Lemma  10.155.7 


(4)  for  every  height  1 prime  of  Ai  there  exists  a height  1 prime  of  (Bi)mi  lying 
over  it  by  Algebra,  Lemma  10.112.2|  and  the  fact  that  Spec((73,)mi)  — ► 
Spec(Ai)  is  surjective, 

(5)  the  induced  extensions  (Afjp  — » (Bf)q  are  unramified  for  every  prime  q 
lying  over  a prime  p as  Ai  — > Bi  is  etale. 

This  concludes  the  proof  of  the  lemma.  □ 

0ASK  Lemma  15.84.5.  Let  A be  a valuation  ring.  Let  Ah,  resp.  Ash  be  its  henselization, 
resp.  strict  henselization.  Then 

Ac  Ah  c Ash 

are  extensions  of  valuation  rings  which  induce  bijections  on  value  groups,  i.e.,  which 
are  weakly  unramified. 

Proof.  Write  Ah  = colin^T?,;  )qi  where  A — > Bi  is  etale  and  q,;  C Bi  is  a prime  ideal 
lying  over  m.4 , see  Algebra,  Lemma  [l0.148.2ij  Then  Lemma  [15.84. 4|  tells  us  that 
(Bi) is  a valuation  ring  and  that  the  induced  map 

(^  \ {0})M*  > ((Bi)m  \ {0})/ (Bi)*q. 

is  bijective.  By  Algebra,  Lemma  10. 49. 5|  we  conclude  that  Ah  is  a valuation  ring. 
It  also  follows  that  (A\  {0})/A*  — ► (Ah  \ |0})/(Afl)*  is  bijective.  This  proves  the 
lemma  for  the  inclusion  A C Ah.  To  prove  it  for  A C Ash  we  can  use  exactly  the 
same  argument  except  we  replace  Algebra,  Lemma  10.148.2T1  by  Algebra,  Lemma 


10.148.271  Since  Ash  = (Ah)sh  we  see  that  this  also  proves  the  assertions  of  the 
lemma  for  the  inclusion  Ah  C Ash.  □ 
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OASN 


15.85.  Structure  of  modules  over  a PID 

We  work  a little  bit  more  generally  (following  the  papers  |War691  and  |War70|  by 
Warfield)  so  that  the  proofs  work  over  valuation  rings. 

Lemma  15.85.1.  Let  P be  a module  over  a ring  R.  The  following  are  equivalent 

(1)  P is  a direct  summand  of  a direct  sum  of  modules  of  the  form  R/  fR,  for 
f £ R varying. 

(2)  for  every  short  exact  sequence  0— > A — > B — > C — )•  0 of  R-modules  such 
that  fA  = A D fB  for  all  f £ R the  map  Honifj(P,  B)  — * Homft(P,  C)  is 
surjective. 

Proof.  Let  0— > A — > B — > C — f 0 be  an  exact  sequence  as  in  (2).  To  prove 
that  (1)  implies  (2)  it  suffices  to  prove  that  Horn  r(R/ fR,  B)  -A  Horn  r(R/ fR,C) 
is  surjective  for  every  / £ R.  Let  if  : R/ fR  ->Cbea  map.  Say  ^(1)  is  the  image 
of  b £ B.  Then  fb  £ A.  Hence  there  exists  an  a € A such  that  fa  = fb.  Then 
f(b  — a)  = 0 hence  we  get  a morphism  p : R/ fR  —¥  B mapping  1 to  b — a which 
lifts  if. 

Conversely,  assume  that  (2)  holds.  Let  / be  the  set  of  pairs  (/,  tp)  where  / £ R and 
ip  : R/ fR  — > P.  For  i £ I denote  (/,.  ipi)  the  corresponding  pair.  Consider  the  map 

B = ®ieIR/hR^p 

which  sends  the  element  r in  the  summand  R/ fiR  to  tpi(r ) in  P.  Let  A = Ker(F  — ► 

P).  Then  we  see  that  (1)  is  true  if  the  sequence 

0 ->  A -S>  B -A  P ->  0 

is  an  exact  sequence  as  in  (2).  To  see  this  suppose  / £ R and  a £ A maps  to  fb  in 

B.  Write  b = (j'i)iei  with  almost  all  vy  = 0.  Then  we  see  that 

f *52  win)  = 0 

in  P.  Hence  there  is  an  zq  £ I such  that  fi0  = f and  yjj0(l)  = ’YhVi{ri)-  Let 

Xi0  £ R/ fi0R  be  the  class  of  1.  Then  we  see  that 

a {Ti)i^il  (0;  • * * 3 0;  Xio  , 0,  . . .) 

is  an  element  of  A and  fa  = b as  desired.  □ 

Lemma  15.85.2  (Generalized  valuation  rings).  Let  R be  a ring.  The  following  [War70| 
are  equivalent 

(1)  For  a,b  £ R either  a divides  b or  b divides  a. 

(2)  Every  finitely  generated  ideal  is  principal  and  R is  local. 

(3)  The  set  of  ideals  of  R are  linearly  ordered  by  inclusion. 

This  holds  in  particular  if  R is  a valuation  ring. 

Proof.  Assume  (2)  and  let  a,b  £ R.  Then  (a,  b)  = (c).  If  c = 0,  then  a = b = 0 
and  a divides  b.  Assume  c / 0.  Write  c = ua  + vb  and  a = wc  and  b = zc.  Then 
c(l  — uw  — vz)  = 0.  Since  R is  local,  this  implies  that  1 — uw  — vz  £ m.  Hence 
either  w or  z is  a unit,  so  either  a divides  b or  b divides  a.  Thus  (2)  implies  (1). 

Assume  (1).  If  R has  two  maximal  ideals  m,  we  can  choose  a £ mi  with  a ^ m-2 
and  6 £ m2  with  b qL  mi.  Then  a does  not  divide  b and  b does  not  divide  a.  Hence 


WarGfL  Corollary 
1] 
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R has  a unique  maximal  ideal  and  is  local.  It  follows  easily  from  condition  (1)  and 
induction  that  every  finitely  generated  ideal  is  principal.  Thus  (1)  implies  (2). 

It  is  straightforward  to  prove  that  (1)  and  (3)  are  equivalent.  The  final  statement 
is  Algebra,  Lemma  [10. 49. 3[  □ 

Lemma  15.85.3.  Let  R be  a ring  satisfying  the  equivalent  conditions  of  Lemma 
15.85.2  Then  every  finitely  presented  R-module  is  isomorphic  to  a finite  direct  sum 


0 


IWar70i  Theorem 
1] 


of  modules  of  the  form  R/  fR. 

Proof.  Let  M be  a finitely  presented  .R-module.  Let  x\, . . . , xn  £ M be  a minimal 
set  of  generators.  Let  I C R be  the  annihilator  of  M For  some  i the  annihilator 
/,  of  Xi  is  I:  we  have  I = fjR  and  the  set  of  ideals  are  linearly  ordered.  After 
renumbering  we  may  assume  I\  = I.  We  set  A = Rx\  C M.  Consider  the 
exact  sequence  0— > A — > M — > M/ A — )•  0.  Since  A is  finite,  we  see  that  M/A  is  a 


finitely  presented  R-module  (Algebra,  Lemma  10.5.3)  with  fewer  generators.  Hence 
M/A  = ©J=1  m R/fjR  by  induction.  On  the  other  hand,  we  claim  that  A — > M 
satisfies  the  property:  if  / £ R,  then  f A = A D fM.  Namely,  if  x £ A D /M,  then 
x = Y/  friXi  and  x = gx\.  Hence  g = fr\  and  we  see  that  x £ fA.  By  Lemma 
15.85.1  the  sequence  is  split  and  we  find  M = A©0J=1  m R/fjR.  Then  A = R/I 
is  finitely  presented  (as  a summand  of  M ) and  hence  I is  finitely  generated,  hence 
principal.  This  finishes  the  proof.  □ 

OASQ  Lemma  15.85.4.  Let  R be  a ring  such  that  every  local  ring  of  R at  a maximal  ideal 
satisfies  the  equivalent  conditions  of  Lemma  \ 1 5. 85. Then  every  finitely  presented 
R-module  is  a summand  of  a finite  direct  sum  of  modules  of  the  form  R/ fR  for  f 
in  R varying. 

Proof.  Let  M be  a finitely  presented  R-module.  We  first  show  that  M is  a sum- 
mand of  a direct  sum  of  modules  of  the  form  R/ fR  and  at  the  end  we  argue  the 
direct  sum  can  be  taken  to  be  finite.  Let 


|War70l  Theorem 

3] 


be  a short  exact  sequence  of  R-modules  such  that  fA  = A fl  fB  for  all  / G R.  By 
Lemma  15.85.1  we  have  to  show  that  Horn r(M,B)  — > HoniR(M,  C ) is  surjective. 


It  suffices  to  prove  this  after  localization  at  maximal  ideals  m,  see  Algebra,  Lemma 
110.23. 1|  Note  that  the  localized  sequences  0 — » Am  — >■  Bm  — > Cm  — > 0 satisfy  the 
condition  that  fAm  = Am  D fBm  for  all  / G Rm  (because  we  can  write  / = uf  with 
u G Rm  a unit  and  /'  G R and  because  localization  is  exact).  Since  M is  finitely 
presented,  we  see  that 

Horn R{M,B)m  = Horn Rm(Mm,Bm)  and  Homfl(M,C')m  = Homflm  (Mm,  Cm) 

by  Algebra,  Lemma  [10.10.2|  The  module  Mm  is  a finitely  presented  Rm-module. 
By  Lemma  15.85.3  we  see  that  Mm  is  a direct  sum  of  modules  of  the  form  Rm//Rm. 


Thus  we  conclude  by  Lemma  15.85.1  that  the  map  on  localizations  is  surjective. 

At  this  point  we  know  that  M is  a summand  of  R/  fiR.  Consider  the  map 
M -A  ©i67  R/fiR.  Since  M is  a finite  R-module,  the  image  is  contained  in 
©,67'  R/fiR  for  some  finite  subset  /'  C I.  This  finishes  the  proof.  □ 

OASR  Definition  15.85.5.  Let  R be  a domain. 

(1)  We  say  R is  a Bezout  domain  if  every  finitely  generated  ideal  of  R is 
principal. 
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(2)  We  say  R is  an  elementary  divisor  domain  if  for  all  n,  m > 1 and  every 
n x to  matrix  A , there  exist  invertible  matrices  U,  V of  size  n x n,  m x m 
such  that 


UAV  = 


(h 

0 

0 

-\ 

0 

h 

0 

0 

0 

h 

V- 

■> 

with  /i , — , fmin(n,m)  € R and  f1\f2\  . . .. 


It  is  apparently  still  an  open  question  as  to  whether  every  Bezout  domain  R is  an 
elementary  divisor  domain  (or  not).  This  is  equivalent  to  the  question  of  whether 
every  finitely  presented  module  over  I?  is  a direct  sum  of  cyclic  modules.  The 
converse  implication  is  true. 

OASS  Lemma  15.85.6.  An  elementary  divisor  domain  is  Bezout. 

Proof.  Let  a,  b £ R be  nonzero.  Consider  the  1x2  matrix  A = (a  b ).  Then  we 
see  that  u(a  b)V  = (/  0)  with  u £ R invertible  and  V = ( gij ) an  invertible  2x2 
matrix.  Then  / = uagu  + ubg2i  and  (311,521)  = R-  It  follows  that  (a,  b)  = (/). 
An  induction  argument  (omitted)  then  shows  any  finitely  generated  ideal  in  R is 
generated  by  one  element.  □ 


OAST  Lemma  15.85.7.  The  localization  of  a Bezout  domain  is  Bezout.  Every  local  ring 
of  a Bezout  domain  is  a valuation  ring.  A local  domain  is  Bezout  if  and  only  if  it 
is  a valuation  ring. 


Proof.  We  omit  the  proof  of  the  statement  on  localizations.  The  final  statement 
is  Algebra,  Lemma  10.49.15  The  second  statement  follows  from  the  other  two.  □ 


OASU  Lemma  15.85.8.  Let  R be  a Bezout  domain. 

(1)  Every  finite  submodule  of  a free  module  is  finite  free. 

(2)  Every  finitely  presented  R-module  M is  a direct  sum  of  a finite  free  module 
and  a torsion  module  Mtors  which  is  a summand  of  a module  of  the  form 
©1=1,. R/fiR  fi,---,fn&R  nonzero. 

Proof.  Proof  of  (1).  Let  M C F be  a finite  submodule  of  a free  module  F.  Since  M 
is  finite,  we  may  assume  F is  a finite  free  module  (details  omitted).  Say  F = R®n. 
We  argue  by  induction  on  n.  If  n = 1,  then  M is  a finitely  generated  ideal,  hence 
principal  by  our  assumption  that  R is  Bezout.  If  n > 1,  then  we  consider  the  image 
I of  M under  the  projection  R ®n  — ► R onto  the  last  summand.  If  I = (0),  then 
M C 7?®n_1  and  we  are  done  by  induction.  If  I ^ 0,  then  I = (/)  = R.  Hence 
M = R © Ker (M  — ► I)  and  we  are  done  by  induction  as  well. 


Let  M be  a finitely  presented  I?-module.  Since  the  localizations  of  R are  maximal 
ideals  are  valuation  rings  (Lemma  15.85.7)  we  may  apply  Lemma  15.85.4  Thus  M 
is  a summand  of  a module  of  the  form  R®r  © ©{=1  n R/fiR  with  /)  7^  0.  Since 
taking  the  torsion  submodule  is  a functor  we  see  that  Mtors  is  a summand  of  the 
module  ©i=1  n R/fiR  and  M/Mtors  is  a summand  of  R®r . By  the  first  part 
of  the  proof  we  see  that  M/Mtors  is  finite  free.  Hence  M = Mtors  © M/Mtors  as 
desired.  □ 
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OASV  Lemma  15.85.9.  Let  R be  a PID.  Every  finite  R-module  M is  of  isomorphic  to 
a module  of  the  form 

, R/fiR 

for  some  r,  n > 0 and  fi, . . . , fn  £ R nonzero. 


Proof.  A PID  is  a Noetherian  Bezout  ring.  By  Lemma  [15.85.8|  it  suffices  to  prove 
the  result  if  M is  torsion.  Since  M is  finite,  this  means  that  the  annihilator  of 
M is  nonzero.  Say  fM  = 0 for  some  f £ R nonzero.  Then  we  can  think  of  M 
as  a module  over  R/ fR.  Since  R/ fR  is  Noetherian  of  dimension  0 (small  detail 
omitted)  we  see  that  R/ fR  = fl  Rj  is  a finite  product  of  Artinian  local  rings 
Ri  (Algebra,  Proposition  10.59.6).  Each  Ri,  being  a local  ring  and  a quotient 
of  a PID,  is  a generalized  valuation  ring  in  the  sense  of  Lemma  15.85.2  (small 
detail  omitted).  Write  M 


= Y\Mj  with  Mj  = ejM  where  ej 


£ R/ fR  is  the 


idempotent  corresponding  to  the  factor  Rj.  By  Lemma  15.85.3  we  see  that  Mj  = 


Rj/  f j%R 3 


for  some  f yi  £ Rj.  Choose  lifts  fjt  £ R and  choose  gji  £ R 


®i=l,...,r; 

with  (gji)  = ( fj,fji )■  Then  we  conclude  that 

M - 0 R/gri  R 

as  an  l?-module  which  finishes  the  proof. 


□ 


One  can  also  prove  that  a PID  is  a elementary  divisor  domain  (insert  future  refer- 
ence here),  by  proving  lemmas  similar  to  the  following. 

OASW  Lemma  15.85.10.  Let  R be  a Bezout  domain.  Let  n > 1 and  fi,  ■ ■ ■ , fn  £ R 
generate  the  unit  ideal.  There  exists  an  invertible  n x n matrix  in  R whose  first 
row  is  fi . . . fn. 


Proof.  This  follows  from  Lemma[l5.85.8|but  we  can  also  prove  it  directly  as  follows. 
By  induction  on  n.  The  result  holds  for  n = 1.  Assume  n > 1.  We  may  assume 
fifi=0  after  renumbering.  Choose  f £ R such  that  (/)  = (/i,  • ■ • , fn- i).  Let  A be 
an  (n  — 1)  x (n  — 1)  matrix  whose  first  row  is  fi/f,  ■ . . , /„_i//.  Choose  a,b  £ R 
such  that  af  — bfn  = 1 which  is  possible  because  1 £ (/i, . . . , fn)  = (/,/«)•  Then 
a solution  is  the  matrix 


f 

0 

...  0 

fn\ 

/ 

0 

1 

...  0 

0 

0 

0 

...  1 

0 

0 

...  0 

a) 

V 

A 


°\ 

0 

0 ij 


Observe  that  the  left  matrix  is  invertible  because  it  has  determinant  1.  □ 
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Smoothing  Ring  Maps 


16.1.  Introduction 


The  main  result  of  this  chapter  is  the  following: 

A regular  map  of  Noetherian  rings  is  a filtered  colimit  of  smooth  ones. 


This  theorem  is  due  to  Popescu,  see  |Pop90  . A readable  exposition  of  Popescu’s 


proof  was  given  by  Richard  Swan,  see  Swa98j  who  used  notes  by  Andre  and  a 
paper  of  Ogoma,  see  |Ogo94|. 


Our  exposition  follows  Swan’s,  but  we  first  prove  an  intermediate  result  which  lets 
us  work  in  a slightly  simpler  situation.  Here  is  an  overview.  We  first  solve  the 
following  “lifting  problem” : A flat  infinitesimal  deformation  of  a filtered  colimit  of 
smooth  algebras  is  a filtered  colimit  of  smooth  algebras.  This  result  essentially  says 
that  it  suffices  to  prove  the  main  theorem  for  maps  between  reduced  Noetherian 
rings.  Next  we  prove  two  very  clever  lemmas  called  the  “lifting  lemma”  and  the 
“desingularization  lemma” . We  show  that  these  lemmas  combined  reduce  the  main 
theorem  to  proving  a Noetherian,  geometrically  regular  algebra  A over  a field  k is  a 
filtered  limit  of  smooth  fc-algebras.  Next,  we  discuss  the  necessary  local  tricks  that 
go  into  the  Popescu-Ogoma-Swan-Andre  proof.  Finally,  in  the  last  three  sections 
we  give  the  proof. 


We  end  this  introduction  with  some  pointers  to  references.  Let  A be  a lienselian 
Noetherian  local  ring.  We  say  A has  the  approximation  property  if  for  any  . . . , f m £ 
A[x i, . . . , xn\  the  system  of  equations  /i  = 0, . . . , fm  = 0 has  a solution  in  the  com- 
pletion of  A if  and  only  if  it  has  a solution  in  A.  This  definition  is  due  to  Artin. 
Artin  first  proved  the  approximation  property  for  analytic  systems  of  equations, 
see  [Art68l.  In  Art69a  Artin  proved  the  approximation  property  for  local  rings 
essentially  of  finite  type  over  an  excellent  discrete  valuation  ring.  Artin  conjec- 
tured (page  26  of  (Art69aj)  that  every  excellent  henselian  local  ring  should  have 
the  approximation  property. 


At  some  point  in  time  it  became  a conjecture  that  that  every  regular  homomorphism 
of  Noetherian  rings  is  a filtered  colimit  of  smooth  algebras  (see  for  example  |Ray72|, 
|Pop81|,  |Art82j.  |AD83|i.  We’re  not  sure  who  this  conjecture^  is  due  to.  The 
relationship  with  the  approximation  property  is  that  if  A — > AA  is  a colimit  of 
smooth  algebras,  then  the  approximation  property  holds  (insert  future  reference 
here).  Moreover,  the  main  theorem  applies  to  the  map  A — > AA  if  A is  an  excellent 


lrThe  question/conjecture  as  formulated  in  IArt82l.  1AD83I  , and  [Po  Pij  is  stronger  and 
was  shown  to  be  equivalent  to  the  original  version  in  ICP84I. 
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local  ring,  as  one  of  the  conditions  of  an  excellent  local  ring  is  that  the  formal 
fibres  are  geometrically  regular.  Note  that  excellent  local  rings  were  defined  by 
Grothendieck  and  their  definition  appeared  in  print  in  1965. 

In  lArt82|  it  was  shown  that  R — > RA  is  a filtered  colimit  of  smooth  algebras  for 
any  local  ring  R essentially  of  finite  type  over  a field.  In  [AR88]  it  was  shown  that 
R — ► RA  is  a filtered  colimit  of  smooth  algebras  for  any  local  ring  R essentially  of 
finite  type  over  an  excellent  discrete  valuation  ring.  Finally,  the  main  theorem  was 
shown  in  |Pop85|,  |Pop86|,  |Pop90  , Ogo94  , and  Swa98]  as  discussed  above. 

Conversely,  using  some  of  the  results  above,  in  ]Rot90]  it  was  shown  that  any  local 
ring  with  the  approximation  property  is  excellent. 

The  paper  |Spi99|  provides  an  alternative  approach  to  the  main  theorem,  but  it 
seems  hard  to  read  (for  example  |Spi99(  Lemma  5.2]  appears  to  be  an  incorrectly 
reformulated  version  of  IKlk73l  Lemma  3]).  There  is  also  a Bourbaki  lecture  about 
this  material,  see  |Tei95j . 


16.2.  Colimits 


07C2  In  Categories,  Section  4.19|  we  discuss  filtered  colimits.  In  particular,  note  that 
Categories,  Lemma  |4.21.3  tells  us  that  colimits  over  filtered  index  categories  are 
the  same  thing  as  colimits  over  directed  partially  ordered  sets. 


07C3  Lemma  16.2.1.  Let  R — ► A be  a ring  map.  Let  £ be  a set  of  R- algebras  such  that 
each  A £ £ is  of  finite  presentation  over  R.  Then  the  following  two  statements  are 
equivalent 

(1)  A is  a filtered  colimit  of  elements  of  £ , and 

(2)  for  any  R algebra  map  A — > A with  A of  finite  presentation  over  R we 
can  find  a factorization  A — > B — > A with  B £ £ . 


Proof.  Suppose  that  I — > £,  i K »•  Ai  is  a diagram  such  that  A = colinpAj. 
Let  A — > A with  A of  finite  presentation  over  R.  Pick  a presentation  A = 
R[x\, . . . , xn]/(fi, . . . , fm).  Say  A — > A maps  xs  to  Xs  £ A.  We  can  find  an 
i £ Ob(I)  and  elements  as  £ Ai  whose  image  in  A is  As.  Increasing  i if  necessary 
we  may  also  assume  that  /t(ai, . . . , an)  = 0 in  Ai.  Hence  we  can  factor  A — > A 
through  Ai  by  mapping  xs  to  as. 

Conversely,  suppose  that  (2)  holds.  Consider  the  category  T whose  objects  are  17- 
algebra  maps  A — » A with  A £ £ and  whose  morphisms  are  commutative  diagrams 

A * A' 


A 

of  17-algebras.  We  claim  that  I is  a filtered  index  category  and  that  A = colimj  A. 
To  see  that  I is  filtered,  let  A — > A and  A!  — > A be  two  objects.  Then  we  can 
factor  A®rA'  — > A through  an  object  of  I by  assumption  (2)  and  the  fact  that  the 
elements  of  £ are  of  finite  presentation  over  R.  Suppose  that  ip,  if  : A — ► A!  are  two 
morphisms  of  I.  Let  x±, . . . , xn  be  generators  of  A as  an  17-algebra.  By  assumption 
(2)  we  can  factor  the  17-algebra  map  A' /(tpf r*)  — if>(xi))  A through  an  object  of 
T.  This  proves  that  I is  filtered.  We  omit  the  proof  that  A = colimx  A.  □ 
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16.3.  Singular  ideals 


07C4  Let  R — > A be  a ring  map.  The  singular  ideal  of  A over  R is  the  radical  ideal  in 
A cutting  out  the  singular  locus  of  the  morphism  Spec(A)  -A  Spec(.R).  Here  is  a 
formal  definition. 


07C5 


Definition  16.3.1.  Let  R — >■  A be  a ring  map.  The  singular  ideal  of  A over  R , 
denoted  Ha/r  is  the  unique  radical  ideal  Ha/r  C A with 

V(Ha/r ) ={q€  Spec(A)  | R — > A not  smooth  at  q} 

This  makes  sense  because  the  set  of  primes  where  R — > A is  smooth  is  open,  see 
Algebra,  Definition  10.135.11  In  order  to  find  an  explicit  set  of  generators  for  the 


singular  ideal  we  first  prove  the  following  lemma. 

07C6  Lemma  16.3.2.  Let  R be  a ring.  Let  A = R[x\, . . . ,xn]/(fi, . . . , fm).  Let  q C A. 
Assume  R -A  A is  smooth  at  q.  Then  there  exists  an  a £ A,  a (jL  q,  an  integer  c, 
0 < c < min  (n,m),  subsets  U C {l,...,n},  V C {1, . . . ,m } of  cardinality  c such 
that 

a — a!  det(dfj/dxi)jeVtieU 

for  some  a'  £ A and 

aft  € ( fj,j  £ V)  + (/i, . . . , fm)2 

for  all  £ £ {1, . . . , m}. 

Proof.  Set  I = (/i, . . . , fm)  so  that  the  naive  cotangent  complex  of  A over  R is  ho- 
motopy  equivalent  to  I /I2  — > ® Adxi,  see  Algebra,  Lemma  10.132.2  We  will  use 
the  formation  of  the  naive  cotangent  complex  commutes  with  localization,  see  Alge- 
bra,  Section  1 10. 1321  especially  Algebra,  Lemma [10. 132. 13}  By  Algebra,  Definitions 
10.135.1  and  10. 135. ll]  we  see  that  (J//2)a  -a-  ® Aadx,  is  a split  injection  for  some 
a £ A,  a qL  p.  After  renumbering  x\, . . . , xn  and  /i, . . . , fm  we  may  assume  that 
/i, . . . , fc  form  a basis  for  the  vector  space  I /I2  ®a  «(q)  and  that  dccc+i, . . . , dx™ 
map  to  a basis  of  LIa/r  «(q).  Hence  after  replacing  a by  aa!  for  some  a!  £ A, 
a!  qL  q we  may  assume  /i, . . . , fc  form  a basis  for  (///2)0  and  that  dxc+i, . . . , dxn 
map  to  a basis  of  (£Ia/r)o.-  In  this  situation  aN  for  some  large  integer  N satisfies 
the  conditions  of  the  lemma  (with  U = V = {1,  ,c}).  □ 


We  will  use  the  notion  of  a strictly  standard  element  in  a A over  R.  Our  notion  is 
slightly  weaker  than  the  one  in  Swan’s  paper  [Swa  98].  We  also  define  an  elementary 
standard  element  to  be  one  of  the  type  we  found  in  the  lemma  above.  We  compare 
the  different  types  of  elements  in  Lemma[l6.4.7| 

07C7  Definition  16.3.3.  Let  R — ► A be  a ring  map  of  finite  presentation.  We  say  an 
element  a £ A is  elementary  standard  in  A over  R if  there  exists  a presentation 
A = R[x i, . . . , xn]/(fi, . . . , fm)  and  0 < c < min(n,  in)  such  that 

07C8  (16.3.3.1)  a = a1  det(dfj/dxi)ij=i,._.tC 

for  some  a'  £ A and 

07C9  (16.3.3.2)  afc+j  £ (f±, . . . , fc)  + (/i, . . . , /m)2 

for  j = 1, . . . , m — c.  We  say  a £ A is  strictly  standard  in  A over  R if  there  exists 
a presentation  A = R[x i, . . . , xn]/ (/i, . . . , fm)  and  0 < c < min(n,  m)  such  that 

07ER  (16.3.3.3)  a = X!Jc{1  n}  |/|  c ai  det(S/jySa;i)j=i,...,c,  iei 
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for  some  aj  £ A and 

07ES  (16.3.3.4)  afc+j  £ (A, . . . , fc)  + (A, . . • , fm? 

for  j = 1, . . . , to  — c. 


The  following  lemma  is  useful  to  find  implications  of  (16.3.3.3). 

07ET  Lemma  16.3.4.  Let  R be  a ring.  Let  A = R[xi, . . . ,xn]/(fi, . . . , fm)  and  write 
I = (/i, . . . , /„).  Let  a € A.  Then  (16.3.3.3)  implies  there  exists  an  A-linear  map 
if  : ©1=1  n Adxi  — > A®c  such  that  the  composition 


(/l'-’/e)>  I /I2  0 Adx, 


*s  multiplication  by  a.  Conversely , if  such  a if  exists , then  ac  satisfies  (16. 3. 
Proof.  This  is  a special  case  of  Algebra,  Lemma  10.14.4|  □ 


07CA  Lemma  16.3.5  (Elkik).  Let  R -A  A be  a ring  map  of  finite  presentation.  The 
singular  ideal  Ha/r.  is  the  radical  of  the  ideal  generated  by  strictly  standard  elements 
in  A over  R and  also  the  radical  of  the  ideal  generated  by  elementary  standard 
elements  in  A over  R. 


07CB 


07CC 


Proof.  Assume  a is  strictly  standard  in  A over  R.  We  claim  that  Aa  is  smooth 
over  R,  which  proves  that  a £ Ha/r-  Namely,  let  A = R[x i, . . . , xn]/ (fi, . . . , fm), 
c,  and  a'  £ A be  as  in  Definition  16.3.3  Write  / = (/i, . . . , fm ) so  that  the  naive 
cotangent  complex  of  A over  R is  given  by  I /I2  — > © Adxi.  Assumption  ( 16.3.3.4) 
implies  that  (J//2)a  is  generated  by  the  classes  of  fc . Assumption  (16.3.3.3) 

implies  that  the  differential  ( I/I2)a  ©Aada;i  has  a left  inverse,  see  Lemma 

16.3.4  Hence  R — > Aa  is  smooth  by  definition  and  Algebra,  Lemma [10. 132. 13] 


Let  He,Hs  C A be  the  radical  of  the  ideal  generated  by  elementary,  resp.  strictly 
standard  elements  of  A over  R.  By  definition  and  what  we  just  proved  we  have 
He  C Hs  C Ha/r-  The  inclusion  Ha/r  C He  follows  from  Lemma|16.3.2[  □ 


Example  16.3.6.  The  set  of  points  where  a finitely  presented  ring  map  is  smooth 
needn’t  be  a quasi-compact  open.  For  example,  let  R = k[x,  j/i,  y2, 2/3, . . .]/(xyi) 
and  A = R/(x).  Then  the  smooth  locus  of  R — > A is  (J  D(yi)  which  is  not  quasi- 
compact. 


Lemma  16.3.7.  Let  R -A  A be  a ring  map  of  finite  presentation.  Let  R — > R'  be 
a ring  map.  If  a £ A is  elementary,  resp.  strictly  standard  in  A over  R,  then  a®  1 
is  elementary,  resp.  strictly  standard  in  A ®r  R'  over  R' . 


Proof.  If  A = R[x  1, . . . ,xn]/(fi, . . . , fm)  is  a presentation  of  A over  R,  then  A®# 
R'  = R'[x  1, . . . , xn ]/ (/(,...,  fm)  is  a presentation  of  A ®r  R'  over  R'.  Here  /j  is 
the  image  of  fj  in  R'[x  1 , . . . , xn\ ■ Hence  the  result  follows  from  the  definitions.  □ 

07EU  Lemma  16.3.8.  Let  f?  — >■  A — >■  A be  ring  maps  with  A of  finite  presentation  over 
R.  Assume  that  Ha/rA  = A.  Then  there  exists  a factorization  A — ^ H — >■  A with 
B smooth  over  R. 


Proof.  Choose  /j £ HA/r  and  Ai, . . . , Xr  £ A such  that  /,;A,;  = 1 in  A. 
Set  B = A[x  1, . . . , xr\/(fiXi  + . . . + frxr  — 1)  and  define  B — > A by  mapping  Xi  to 
A;.  Details  omitted.  □ 
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16.4.  Presentations  of  algebras 


Some  of  the  results  in  this  section  are  due  to  Elkik.  Note  that  the  algebra  C in  the 
following  lemma  is  a symmetric  algebra  over  A.  Moreover,  if  R is  Noetherian,  then 
C is  of  finite  presentation  over  R. 


Lemma  16.4.1.  Let  R be  a ring  and  let  A be  a finitely  presented  R-algebra.  There 
exists  finite  type  R-algebra  map  A — >•  C which  has  a retraction  with  the  following 
two  properties 


(1)  for  each  a € A such  that  R — > Aa  is  a local  complete  intersection  (More 
on  Algebra,  Definition  15.25.2 ) the  ring  Ca  is  smooth  over  Aa  and  has  a 
presentation  Ca  = R[yi,  • ■ ■ , Vm]/ J such  that  J / J2  is  free  over  Ca,  and 

(2)  for  each  a £ A such  that  Aa  is  smooth  over  R the  module  flca/R  free 
over  Ca . 


Proof.  Choose  a presentation  A = R[x\, . . . , xn]/I  and  write  I = (/i,...,/m). 
Define  the  A-module  K by  the  short  exact  sequence 

0 — 5>  K ->  A®m  I /I2  0 


where  the  jth  basis  vector  ej  in  the  middle  is  mapped  to  the  class  of  fj  on  the 
right.  Set 

C = Sym  *A(I/I2). 


The  retraction  is  just  the  projection  onto  the  degree  0 part  of  C.  We  have  a 
surjection  R[x  i, . . . ,xn,y±, . . . , ym\  — ► C which  maps  yj  to  the  class  of  fj  in  I /I2. 
The  kernel  J of  this  map  is  generated  by  the  elements  f\, , fm  and  by  elements 
Y/ hjVj  with  hj  £ R[x\, . . . , xn]  such  that  Y^jej  defines  an  element  of  K.  By 
Algebra,  Lemma  [lO.  132. 4|  applied  to  R — > A — > C and  the  presentations  above  and 
More  on  Algebra,  Lemma[l5.7.11  there  is  a short  exact  sequence 

(16.4.1.1)  I/I2  ®AC  ^ J/J2  ^ K®AC  -r  0 


of  (7-modules.  Let  h £ R[x i, . . . , xn]  be  an  element  with  image  a £ A.  We  will  use 
as  presentations  for  the  localized  rings 

Aa  = R[x0,xi, . . . ,xn]/T  and  Ca  = R[x0,  . . . , xn,  yi, . . . , ym\/  J' 

where  /'  = {hx o — 1, 1)  and  J'  = (hx o — 1,  J).  Hence  /'/(/')2  = Ca  © I /I2  <S>a  Ca 
and  J' /(J')2  = Ca  ® ( J/J2)a  as  (7a-modules.  Thus  we  obtain 

(16.4.1.2)  Ca  ® I / 12  ®A  Ca  — > C-a  ® (J / J2)a  ~ > R ®A  Ca  0 

as  the  sequence  of  Algebra,  Lemma  [l0.132.4|  corresponding  to  R Aa  — > Ca  and 
the  presentations  above. 


Next,  assume  that  a £ A is  such  that  Aa  is  a local  complete  intersection  over  R. 
Then  ( I/I2)a  is  finite  projective  over  Aa,  see  More  on  Algebra,  Lemma  15.24.3 
Hence  we  see  Ka  ® ( I/I2)a  = A®m  is  free.  In  particular  Ka  is  finite  projective  too. 
By  More  on  Algebra,  Lemma  15.25.6  the  sequence  (16.4.1.21  is  exact  on  the  left. 
Hence 

J'/{J ')2  = Ca  © I /I2  ®A  Ca  © K ®A  Ca  ^ <7®m+1 


This  proves  (1).  Finally,  suppose  that  in  addition  Aa  is  smooth  over  R.  Then  the 
same  presentation  shows  that  Itca/R  is  the  cokernel  of  the  map 


. Cadxi  © ©.  . Cadyj 
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The  summand  Ca  of  J' /(J')2  in  the  decomposition  above  corresponds  to  hx o — 1 
and  hence  maps  isomorphically  to  the  summand  CadxQ.  The  summand  I / / 2 Ca 

of  J' /(J')2  maps  injectively  to  ©i=1  n Cadxi  with  quotient  DAa/R  ®aq  Ca.  The 
summand  I\  ®a  Ca  maps  injectively  to  ©;>1  Cadyj  with  quotient  isomorphic  to 
I/I2  (g>A  Ca.  Thus  the  cokernel  of  the  last  displayed  map  is  the  module  I /I2  ®a 
Ca  ® Qa„/r  Ca.  Since  (7//2)a  ® au/r  is  free  (from  the  definition  of  smooth 
ring  maps)  we  see  that  (2)  holds.  □ 


The  following  proposition  was  proved  for  smooth  ring  maps  over  henselian  pairs  by 
Elkik  in  [Elk  731.  For  smooth  ring  maps  it  can  be  found  in  [Ara  SD,  where  it  is 
also  proven  that  ring  maps  between  smooth  algebras  can  be  lifted. 

07M8  Proposition  16.4.2.  Let  R — A Rq  be  a surjective  ring  map  with  kernel  I. 

(1)  If  Rq  -A  Aq  is  a syntomic  ring  map , then  there  exists  a syntomic  ring  map 
R —a  A such  that  A/IA  = Aq. 

(2)  If  Rq  —a  Aq  is  a smooth  ring  map , then  there  exists  a smooth  ring  map 
R —a  A such  that  A/IA  = Aq. 


Proof.  Assume  Rq  — A Aq  syntomic,  in  particular  a local  complete  intersection 
(More  on  Algebra,  Lemma|i5.25.5 1.  Choose  a presentation  A0  = R0[x i, . . . ,xn]/J0. 
Set  Cq  = Sym^n(J0 / Jq).  Note  that  J0 / Jq  is  a finite  projective  A0-module  (Algebra, 
Lemma  10.134.16).  By  Lemma  16.4. 1|  the  ring  map  Ao  —A  Cq  is  smooth  and  we 
can  find  a presentation  Cq  = Rq [y± , . . . , ym] /Kq  with  Kq/Kq  free  over  Cq.  By 
Algebra,  Lemma  10.134.6  we  can  assume  Cq  = ■ ■ • , ym\/(f  i,  ■ ■ • , fc)  where 


fi,---,Jc  maps  to  a basis  of  K0/I< l over  Cq.  Choose  fi,...,fc  G R[yi,  - - ■ , yc] 
lifting  fi,---,fc  and  set 


By  construction  Cq  = C/IC.  By  Algebra,  Lemma  10.134.11  we  can  after  replacing 
C by  Cg  assume  that  C is  a relative  global  complete  intersection  over  R.  We  con- 
clude that  there  exists  a finite  projective  A0-module  Po  such  that  Co  = Sym^o(P0) 
is  isomorphic  to  C/IC  for  some  syntomic  P-algebra  C. 


Choose  an  integer  n and  a direct  sum  decomposition  A®"  = Po  ® Qo-  By  More  on 
Algebra,  Lemma [l5.7.10|  we  can  find  an  etale  ring  map  C — A C’  which  induces  an 
isomorphism  C/IC  —A  C/IC'  and  a finite  projective  C'-module  Q such  that  Q/IQ 
is  isomorphic  to  Q o ®a0  C/IC.  Then  D = Sym *c{Q)  is  a smooth  C'-algebra  (see 
More  on  Algebra,  Lemma  15.7.12).  Picture 


R 


C 


C' 


D 


■ Ao 


V 

D/ID 


R/I 


C/IC 


C'/IC 
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Observe  that  our  choice  of  Q gives 

D/ID  = SymC///c.(Qo  0^  C/IC ) 

= Sym^(Qo)  <SU0  C/IC 
= Sym^0(Q0)  ®A0  Sym*Ao{P0) 
= Sym^o(Q0©-Po) 

= Sym  X(A$n) 

= A0[x i, . . . ,xn\ 


Choose  f\, ... . fn  £ D which  map  to  Xi, . . . , xn  in  D/ID  = Aq[x\,  . . . , xn].  Set 
A = D/(fi, . . . , fn).  Note  that  A0  = A/ 1 A.  We  claim  that  R — > A is  syntomic  in 
a neighbourhood  of  V{IA).  If  the  claim  is  true,  then  we  can  find  a / £ A mapping 
to  1 £ do  such  that  Af  is  syntomic  over  R and  the  proof  of  (1)  is  finished. 


Proof  of  the  claim.  Observe  that  R — > D is  syntomic  as  a composition  of  the 
syntomic  ring  map  R — > C,  the  etale  ring  map  C — > C"  and  the  smooth  ring  map 
C'  — » D (Algebra,  Lemmas  10.134.17  and  10.135.10 1.  The  question  is  local  on 
Spec(D),  hence  we  may  assume  that  D is  a relative  global  complete  intersection 
(Algebra,  Lemma  [lOT 34. 15[).  Say  D = R[y1,  . . . , ym]/(gi,  • ■ • , gs).  Let  /{,  ■ ■ ■ , f'n  € 
R[yi, . . . , ym\  be  lifts  of  fn . Then  we  can  apply  Algebra,  Lemma  10.134.11 

to  get  the  claim. 


Proof  of  (2).  Since  a smooth  ring  map  is  syntomic,  we  can  find  a syntomic  ring 
map  R — > A such  that  Aq  = A/ 1 A.  By  assumption  the  fibres  of  R — > A are  smooth 
over  primes  in  V(I)  hence  R — > A is  smooth  in  an  open  neighbourhood  of  V(IA) 
(Algebra,  Lemma  10.135.16|.  Thus  we  can  replace  A by  a localization  to  obtain 
the  result  we  want.  □ 


We  know  that  any  syntomic  ring  map  R — > A is  locally  a relative  global  complete 
intersection,  see  Algebra,  Lemma  |10. 134.15]  The  next  lemma  says  that  a vector 
bundle  over  Spec(A)  is  a relative  global  complete  intersection. 

07CG  Lemma  16.4.3.  Let  R — > A be  a syntomic  ring  map.  Then  there  exists  a smooth 
R-algebra  map  A — > C with  a retraction  such  that  C is  a global  relative  complete 
intersection  over  R,  i.e., 

C — R\x\ , . . . , xn]/ , . . . , /c) 
flat  over  R and  all  fibres  of  dimension  n — c. 

Proof.  Apply  Lemma[l6.4.1|to  get  A — ► C.  By  Algebra,  Lemma [10. 134. 6| we  can 
write  C = R.[x i, . . . , xn]/(fi, . . . , fc)  with  fl  mapping  to  a basis  of  J / J2.  The  ring 
map  R — > C is  syntomic  (hence  flat)  as  it  is  a composition  of  a syntomic  and  a 
smooth  ring  map.  The  dimension  of  the  fibres  is  n — c by  Algebra,  Lemma|lO.  133.4] 
(the  fibres  are  local  complete  intersections,  so  the  lemma  applies).  □ 

07CH  Lemma  16.4.4.  Let  R — » A be  a smooth  ring  map.  Then  there  exists  a smooth 
R-algebra  map  A — > B with  a retraction  such  that  B is  standard  smooth  over  R, 
i.e., 

B = R[xi, . . . , xn]/(fi, ...  ,fc) 
and  det(dfj/dxi)i,j—i^  ^c  is  invertible  in  B. 


16.4.  PRESENTATIONS  OF  ALGEBRAS 


1364 


Proof.  Apply  Lemma  [l6.4.3|  to  get  a smooth  f?-algebra  map  A — > C with  a retrac- 
tion such  that  C = R[x  i, . . . , xn ]/ (/i, . . . , fc)  is  a relative  global  complete  intersec- 
tion over  R.  As  C is  smooth  over  R we  have  a short  exact  sequence 

0 cCfj  ^ ®.  , n°/R  ^ 0 
Since  LIc/r  is  a projective  C- module  this  sequence  is  split.  Choose  a left  inverse  t 
to  the  first  map.  Say  t(dxi)  = so  that  Si  = (Kronecker  delta). 

Let 

B'  = C[yi,  ...,yc]  = R[x  i, . . . , xn,  yx, . . . , yc]/(fi,  ■ ■ ■ , fc) 

The  i?-algebra  map  C -A  B'  has  a retraction  given  by  mapping  yj  to  zero.  We 
claim  that  the  map 


. . . , Zn)  ^ B , Zi  I y Xi  ^ ' . Cijyj 

is  etale  at  every  point  in  the  image  of  Spec (C)  — >■  Spec(lT).  In  ClBi /R[zi,...,zn\  we 
have 

Qj.  Qj. 

0 = dfj  ~ Zli  d^ldZi  ~ = d%  m0d  > yc)^B'/R[Zl,...,zn] 

Since  0 = dzi  = da;,;  modulo  S B'dyj  + (j/i, . . . , yc)LlBi /r[Z1). ,.iZn]  we  conclude  that 


^B'/ii[zi,...,z„]/(j/l)  • • • )3/c)^B'/.R[z1,...,z„]  — 0. 

As  £1B'/r[z i,...,z„]  is  a finite  .B'-module  by  Nakayama’s  lemma  there  exists  a j £ 
1 + (yi,  ■ ■■, Vc ) that  (fIs'/R[Zl,...lZn])9  = 0-  This  proves  that  R[zx, . . 
is  unramified,  see  Algebra,  Definition  |10.147.1~)  For  any  ring  map  R 
fc  is  a field  we  obtain  an  unramified  ring  map  k[z\, . . . ,zn]  —4  (B'g)  (8>r  fc  between 
smooth  fc-algebras  of  dimension  n.  It  follows  that  k[z\, . . . , zn\  —4  ( B'Q ) (g> j j fc  is  flat 
by  Algebra,  Lemmas  10.127.l|  and  |10. 138.2]  By  the  critere  de  platitude  par  fibre 


zn\  ->  B'g 
4 fc  where 


(Algebra,  Lemma 
Algebra,  Lemma 
Note  that  C 
a retraction.  Moreover,  R[z\ 
we  can  write 


B'g  is  flat.  Finally, 
B'g  is  etale.  Set  B = B'g. 
B is  smooth  and  has  a retraction,  so  also  A — 4 B is  smooth  and  has 
zn\  — 4 B is  etale.  By  Algebra,  Lemma  10.141.2 


10.127.8)  we  conclude  that  R{z\,...,zn] 
0.141.7  implies  that  R[zi 


B — R[zi, . ...  zn 


Wl, 


c]  / (ffl)  ■ • • ! 9c ) 


with  det (dgj/dwi)  invertible  in  B.  This  proves  the  lemma. 


□ 


07CI  Lemma  16.4.5.  Let  R —4  A be  a ring  map.  If  A is  a filtered  colimit  of  smooth 
R-algebras,  then  A is  a filtered  colimit  of  standard  smooth  R-algebras. 


Proof.  Let  A —4  A be  an  i?-algebra  map  with  A of  finite  presentation  over  R. 
According  to  Lemma  16.2.1  we  have  to  factor  this  map  through  a standard  smooth 
algebra,  and  we  know  we  can  factor  it  as  A — 4 B — 4 A with  B smooth  over  R. 
Choose  an  i?-algebra  map  B — 4 C with  a retraction  C — 4 B such  that  C is  standard 
smooth  over  R,  see  Lemma|16.4.4|  Then  the  desired  factorization  is  A — 4 B — 4 C — 4 
B->A.  □ 


07EY  Lemma  16.4.6.  Let  R —4  A be  a standard  smooth  ring  map.  Let  E C A be  a finite 
subset  of  order  \E\  = n.  Then  there  exists  a presentation  A = _R[xi, . . . ,xn+m\/(fi, . . . 
with  c > n,  with  deb(dfj/dxi)ij=i  c invertible  in  A,  and  such  that  E is  the  set 
of  congruence  classes  of  Xi, ...  ,xn. 
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Proof.  Choose  a presentation  A = R[yi, . ■ - ,ym]/(ffi,  ■ ■ • ,ffd)  such  that  the  im- 
age of  det(dgj/dyi)ij=i:  ^,i  is  invertible  in  A.  Choose  an  enumerations  E 
. . . . , a„}  and  choose  hi  £ R[yi,  ■ ■ ■ ,ym]  whose  image  in  A is  a^.  Consider  the 
presentation 

A = R[x  i,  ...,xn,yi,..  .,ym]/(xi  -hi,...,xn-  hn,gi,  ...,gd) 
and  set  c = n + d.  □ 


07EZ 


Lemma  16.4.7.  Let  R — >•  A be  a ring  map  of  finite  presentation.  Let  a £ A. 
Consider  the  following  conditions  on  a: 

(1)  Aa  is  smooth  over  R, 

(2)  Aa  is  smooth  over  R and  fl Aa/R  stably  free, 

(3)  Aa  is  smooth  over  R and  fl Aa/R  /bee, 

(4)  Aa  is  standard  smooth  over  R, 

(5)  a is  strictly  standard  in  A over  R, 

(6)  a is  elementary  standard  in  A over  R. 

Then  we  have 


(a)  (4) 

(b)  (6) 

(c)  (6) 

(d)  (5) 

(e)  (2) 

(f)  (4) 


(3)  =►  (2)  =►  (1), 

(5), 

(4) , 

(2), 

the  elements  ae,  e > eg  are  strictly  standard  in  A over  R, 
the  elements  ae,  e > eo  are  elementary  standard  in  A over  R. 


Proof.  Part  (a)  is  clear  from  the  definitions  and  Algebra,  Lemma  10.135.7  Part 


(b)  is  clear  from  Definition  16.3.3 


Proof  of  (c).  Choose  a presentation  A = R[xi, . . . , xn]/(fi, . . . , fm)  such  that 
(16.3.3.1|)  and  (16.3.3.2)  hold.  Choose  h £ R[x\, . . . ,xn]  mapping  to  a.  Then 

Aa  **  ■ j ^n]/ (x0h  1,  h , . . . , fn}‘ 

Write  J = (xq h — 1,  /i, . . . , /„).  By  ( 16.3.3.2 ) we  see  that  the  Aa-module  J/J2  is 
generated  by  XqL  — 1,  /i, . . . , fc  over  Aa.  Hence,  as  in  the  proof  of  Algebra,  Lemma 
|10.134.6j  we  can  choose  a g £ 1 + J such  that 

Aa  R\x o , . . . , Xn , / (x^h  1)  fl , • • • > fn , 9%n+ 1 1 ) • 

At  this  point  (16.3.3.1)  implies  that  R — > Aa  is  standard  smooth  (use  the  coordi- 
nates Xq , x\, . . . , xc,  xn+\  to  take  derivatives). 


Proof  of  (d).  Choose  a presentation  A = R[x\, . . . , xn\/(fi, . . . , fm)  such  that 
(16.3.3.3|  and  (16.3.3.4[)  hold.  We  already  know  that  Aa  is  smooth  over  R,  see 
Lemma  16.3.5  As  above  we  get  a presentation  Aa  = R[xq,  X\, . . . , a;ra]/J  with  J/J 2 
free.  Then  f Ia0/r  ® J/J2  — A®n+1  by  the  definition  of  smooth  ring  maps,  hence 
we  see  that  is  stably  free. 


Proof  of  (e).  Choose  a presentation  A = R[x\, . . . , xn]/I  with  I finitely  generated. 
By  assumption  we  have  a short  exact  sequence 


0 — > ( I /I2)a  — > 03  Aadxi  — > LIa  /R  0 

which  is  split  exact.  Hence  we  see  that  (I/I2)a  ® fl Aa/R  is  a free  Aa-module. 

Since  ClAa/R  is  stably  free  we  see  that  ( I/I2)a  is  stably  free  as  well.  Thus  replac- 
ing the  presentation  chosen  above  by  A = R[x\, . . . , xn,  xn+i, . . . , xn+r\/ J with 
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J = (/,  x„+i, . . . , xn+r)  for  some  r we  get  that  (J/J2)0  is  (finite)  free.  Choose 
fx, ...  i fc  G J which  map  to  a basis  of  (J/J2)a.  Extend  this  to  a list  of  generators 
fi, . . . , fm  € J.  Consider  the  presentation  A = . . . , xn+r\/(fi, . . . , fm).  Then 

( 16.3.3.4|)  holds  for  ae  for  all  sufficiently  large  e by  construction.  Moreover,  since 
(J / J-)a  -A  @i=1  n Aadxi  is  a split  injection  we  can  find  an  Aa-linear  left  inverse. 
Writing  this  left  inverse  in  terms  of  the  basis  fi,  ■ ■ ■ , fc  and  clearing  denominators 
we  find  a linear  map  Tpo  : A®n  -A  A®c  such  that 


A®c 


A J/J 


2 /^d/ 


® 


Adxt  ^ A®' 


i= 1,. 


is  multiplication  by  ae°  for  some  eo  > 1.  By  Lemma  16.3.4  we  see  (16.3.3.3)  holds 
for  all  ace°  and  hence  for  ae  for  all  e with  e > ccq. 


Proof  of  (f).  Choose  a presentation  Aa  = R[x\, . . . , xn]/(fi, . . . , fc)  such  that 
det(dfj/dXi)ij—it'"iC  is  invertible  in  Aa.  We  may  assume  that  for  some  m < n 
the  classes  of  the  elements  x±, . . . , xm  correspond  a,/ 1 where  ai, . . . , am  € A are 
generators  of  A over  R,  see  Lemma  16.4.6  After  replacing  Xi  by  aN Xi  for  m < i < n 


we  may  assume  the  class  of  Xi  is  ai/1  G Aa  for  some  at  G A.  Consider  the  ring  map 
4/  : R[xi, . . . ,xn] — > A,  Xi  i — > at. 

This  is  a surjective  ring  map.  By  replacing  fj  by  aN  fj  we  may  assume  that  fj  G 


R[x\, . . . , xn]  and  that  4/(/j)  = 0 (since  after  all  /j(ai/l, 


i/l)  = 0 in  Aa). 


Let  J = Ker(T).  Then  A = . . . ,xn]/J  is  a presentation  and  fi,.  ■■  ,fc  € J 

are  elements  such  that  ( J/J2)a  is  freely  generated  by  and  such  that 

det (dfj /dxi)ij- maps  to  an  invertible  element  of  Aa.  It  follows  that  ( 16.3.3.1 ) 
and  (|16.3.3.2 ) hold  for  ae  and  all  large  enough  e as  desired.  □ 


16.5.  Intermezzo:  Neron  desingularization 


0BJ1 


0BJ2 


We  interrupt  the  attack  on  the  general  case  of  Popescu’s  theorem  to  an  easier  but 
already  very  interesting  case,  namely,  when  I?  -a  A is  a homomorphism  of  discrete 
valuation  rings.  This  is  discussed  in  [Art69a,  Section  4]. 


Situation  16.5.1.  Here  R C A is  an  extension  of  discrete  valuation  rings  with 
ramification  index  1 (More  on  Algebra,  Definition  15.81.1).  Moreover,  we  assume 
given  a factorization 


R 


A 


with  R — > A flat  and  of  finite  type.  Let  q = ker(y>)  and  p = tp  ^m*). 


In  Situation  116.5.11  let  tt  G R be  a uniformizer.  Recall  that  flatness  of  A over  R 
signifies  that  tt  is  a nonzerodivisor  on  A (More  on  Algebra,  Lemma  15.16.10).  By 
our  assumption  on  R C A we  see  that  tt  maps  to  uniformizer  of  A.  Since  tt  G p we 
can  consider  Neron’s  affine  blowup  algebra  (see  Algebra,  Section  10.69) 

<f'-A'  = A[k]  > A 


wich  comes  endowed  with  an  induced  map  to  A sending  a/7Tra,  a G p™  to  TT~nip(a) 
in  A.  We  will  denote  q'  C p'  C A'  the  corresponding  prime  ideals  of  A' . Observe 
that  the  isomorphism  class  of  A!  does  not  depend  on  our  choice  of  uniformizer. 
Repeating  the  construction  we  obtain  a sequence 


A ->  A'  ->  A"  -»•  . . . ->  A 
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0BJ3 


0BJ4 


0BJ5 


Lemma  16.5.2.  In  Situation  16.5.1  Neron’s  blowup  is  functorial  in  the  following 
sense 

(1)  if  a G A,  a ^ p,  then  Neron’s  blowup  of  Aa  is  A'a,  and 

(2)  if  B -A  A is  a surjection  of  flat  finite  type  R-algebras  with  kernel  I then 
A!  is  the  quotient  of  B'/IB'  by  its  n-power  torsion. 


Proof.  Both  (1)  and  (2)  are  special  cases  of  Algebra,  Lemma  10.69.3  In  fact, 
whenever  we  have  A\  — > A2  — > A such  that  P1A2  = p2,  we  have  that  A'2  is  the 
quotient  of  A!x  ©^  A2  by  its  7r-power  torsion.  □ 


Lemma  16.5.3.  In  Situation  16.5.1  assume  that  R -A  A is  smooth  at  p and  that 
R/nR  C A/ 7tA  is  a separable  field  extension.  Then  R -A  A'  is  smooth  at  p'  and 
there  is  a short  exact  sequence 

^a/r  ©a  Ap,  -a  SIa'/r, p'  ~ 1 y (A'/VA')®,0  -a  0 

where  c = dim((A/7rA)p). 

Proof.  By  Lemma  [l6.5.2|  we  may  replace  A by  a localization  at  an  element  not  in 
p;  we  will  use  this  without  further  mention.  Write  k = R/nR.  Since  smoothness  is 
stable  under  base  change  (Algebra,  Lemma  10.135.4)  we  see  that  A/nA  is  smooth 
over  k at  p.  Hence  (A/7rA)p  is  a regular  local  ring  (Algebra,  Lemma  10.138.3). 
Choose  gx , . . . , gc  G p which  map  to  a regular  system  of  parameters  in  (A/7rA)p . 
Then  we  see  that  p = (n,  gx, . . . , gc)  after  possibly  replacing  A by  a localization. 
Note  that  7r,  g2,  ■ ■ ■ , gc  is  a regular  sequence  in  Ap  (first  n is  a nonzerodivisor  and 
then  Algebra,  Lemma[l0.105.3  for  the  rest  of  the  sequence).  After  replacing  A by 
a localization  we  may  assume  that  n,  gx, . . . , gc  is  a regular  sequence  in  A (Algebra, 
Lemma  10.67.6).  It  follows  that 

A'  = A[y1,...,yc]/(ny1  - glt . . . , nyc  - gc) 

by  Algebra,  Lemma |l0. 69. 9[  In  particular,  we  obtain  an  exact  sequence 

(A')®c  > £Ia/r  A'  © A' dyi  — > TIa' /r  ~ ^ 0 

where  the  ithe  basis  element  in  the  first  module  is  mapped  to  —dgi  + 7rdy;  in  the 
second.  To  finish  the  proof  it  therefore  suffices  to  show  that  dgi , . . . , d gc  forms  part 
of  a basis  for  £Ia/r .p-  Since  Ha/r,p  is  a finite  free  Ap-module  (part  of  the  definition 
of  smoothness)  it  suffices  to  show  that  the  images  of  dgi  are  «(p)-linearly  indepen- 


dent in  TIa/r^/k  = Q(A/ttA)/k,p  (equality  by  Algebra,  Lemma  10.130.12 1.  Since 
k C «(p)  C A/7tA  we  see  that  «(p)  is  separable  over  n (Algebra,  Definition  10.41.1 ). 


The  desired  linear  independence  now  follows  from  Algebra,  Lemma  |10. 138.4  □ 


Lemma  16.5.4.  In  Situation  16.5.1  assume  that  R — > A is  smooth  at  q and  that 
we  have  a surjection  of  R-algebras  B — > A with  kernel  I.  Assume  R -A  B smooth 
at  pB  = (B  — > A)-1p.  If  the  cokernel  of 

I / 12  ©A  A ^ Hb/ R A 

is  a free  A-module,  then  R — > A is  smooth  at  p. 

Proof.  The  cokernel  of  the  map  I /I2  -A  TIb/r$$>b  A is  Ha/r,  see  Algebra,  Lemma 
10.130.9  Let  d = dimq(A/I?)  be  the  relative  dimension  of  R — > A at  q,  i.e. , the 
dimension  of  Spec(A[l/7r])  at  q.  See  Algebra,  Definition  10.124.ll  Then  ^A/R.q  is 

iehy 


free  over  Aq  of  rank  d (Algebra,  Lemma  10.138.3).  Thus  if  the  hypothesis  of  the 


lemma  holds,  then  Ha/r  ©a  A is  free  of  rank  d.  It  follows  that  Ha/r  ©a  k(p)  has 
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dimension  d (as  it  is  true  upon  tensoring  with  A/ttA).  Since  R — > A is  flat  and  since 


p is  a specialization  of  q,  we  see  that  dimp(A/i?)  > d by  Algebra,  Lemma  10.124.6 
Then  it  follows  that  R — > A is  smooth  at  p by  Algebra,  Lemmas  |10.135.16|  and 
110.138.31  □ 


Lemma  16.5.5.  In  Situation  16.5.1  assume  that  R -A  A is  smooth  at  q and  that 
R/nR  C A/nA  is  a separable  extension  of  fields.  Then  after  a finite  number  of 
affine  Neron  blowups  the  algebra  A becomes  smooth  over  R at  p . 

Proof.  We  choose  an  R-algebra  B and  a surjection  B -A  A.  Set  p b = (B  — ► 
A)_1(p)  and  denote  r the  relative  dimension  of  R — > B at  ps-  We  choose  B such 
that  R — > B is  smooth  at  pB-  For  example  we  can  take  B to  be  a polynomial 
algebra  in  r variables  over  R.  Consider  the  complex 

I /I2  ®a  A 


52 


B/R 


A 


of  Lemma  16.5.4  By  the  structure  of  finite  modules  over  A (More  on  Algebra, 


Lemma  15.85.9|)  we  see  that  the  cokernel  looks  like 

A/neiA 


A®d©0. 


" 2—1 , ,n 

for  some  d > 0,  n > 0,  and  > 1.  Observe  that  d is  the  relative  dimension  of  A/R 


at  q (Algebra,  Lemma 

10.138.3 

done  by  Lemma  1 16. 5. 4 

10.138.3).  If  the  defect  e = Xa=i  n e*  zer0:  then  we  are 


Next,  we  consider  what  happens  when  we  perform  the  Neron  blowup.  Recall  that  A' 
is  the  quotient  of  B' /IB'  by  its  7r-power  torsion  (Lemma|16.5.2 ) and  that  R B' 
is  smooth  at  pBr  (Lemma  16.5.3).  Thus  after  blowup  we  have  exactly  the  same 
setup.  Picture 

0 ^ V ^ B' >-  A! >■  0 


0 ->■  / ->  B a*  A ->  0 

Since  I C ps,  we  see  that  / — ► /'  factors  through  ttI'.  Hence  if  we  look  at  the 
induced  map  of  complexes  we  get 


/'/(/')2  ©A'  A ■ 
A 


I /I2  A ■ 


^B’/R  ®B'  A : 


■ AT 


n 


®B  A : 


-M 


B/R 

Let  c = dim((13/7rR)pB).  Observe  that  M C M'  are  free  A-modules  of  rank  r.  The 
quotient  M' /M  has  length  at  most  c by  Lemma  16.5.3  Let  N C M and  N'  C M' 
be  the  images  of  the  horizontal  maps.  Then  N C N'  are  free  A-modules  of  rank 
r — d.  Since  I maps  into  irl'  we  see  that  N C nN' . Hence  N'/N  has  length  at  least 
r — d.  We  conclude  by  a simple  lemma  with  modules  over  discrete  valuation  rings 
that  e decreases  by  at  least  i — d — c (we  will  see  below  this  quantity  is  > 0) . 

Since  B is  smooth  over  R of  relative  dimension  r at  Pb  we  see  that  r = c + 
trdeg K(«(pa))  by  Algebra,  Lemma  10.115.3  Let  J = Ker(A  — » Aq)  so  that  A/J 


is  a domain  with  Aq  = (A/J)q.  It  follows  that  Ag  = ( A/J)g  for  some  g € A, 
g q and  hence  dimq((A/J)/I?)  is  d as  this  is  true  for  A.  By  the  same  lemma 
as  before  applied  twice,  the  fraction  field  of  A/J  has  transcendence  degree  d over 
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f.f.(R)  = i?[  1 / 7r] . Applying  the  dimension  formula  (Algebra,  Lemma  10.112.1)  to 
R—^A/J  we  find 


1 < dim((A/J)p)  < 1 + d — trdegK(/c(p))  = 1 + d — r + c 

First  inequality  as  ( A/J)p  has  at  least  two  primes.  Equality  as  k(p)  = k(Pb)-  Thus 
we  see  that  r — d — c > 0 and  zero  if  and  only  if  r = d + c. 


To  finish  the  proof  we  have  to  show  that  N'  is  stricly  bigger  than  n~1N;  this  is  the 
key  computation  one  has  to  do  in  Neron’s  argument.  To  do  this,  we  consider  the 
exact  sequence 


I/I2  <S>B  «(Pb)  I^B/R  ®B  «(p b)  ^ A/R  «(p)  0 


(follows  from  Algebra,  Lemma  10.130.9).  Since  we  may  assume  that  R — ► A is  not 


smooth  at  p we  see  that  the  dimension  s of  LIa/r  «(p)  is  bigger  than  d.  On  the 
other  hand  the  first  arrow  factors  through  the  injective  map 

pbp/p2bp  -a-  nB/R  ®B  k(Pb) 

of  Algebra,  Lemma  10.138.4)  note  that  /-c(p)  is  separable  over  k by  our  assumption 
on  R/nR  C A/tA.  Hence  we  conclude  that  we  can  find  generators  gi, . . . ,gr  £ I 
such  that  gj  £ p2  for  j > r — s.  Then  the  images  of  gj  in  A!  are  in  ir2I'  for  j > r — s. 
Since  r — s < r — d we  find  that  at  least  one  of  the  minimal  generators  of  N becomes 
divisible  by  7r2  in  N' . Thus  we  see  that  e decreases  by  at  least  1 and  we  win.  □ 


If  R — > A is  an  extension  of  discrete  valuation  rings,  then  R — > A is  regular  if  and 
only  if  (a)  the  ramification  index  is  1,  (b)  f.f.(R)  C /./.(A)  is  separable,  and  (c) 
R/mR  C A/rriA  is  separable.  Thus  the  following  result  is  a special  case  of  general 
Neron  desingularization  in  Theorem  |16. 13.  f| 

0BJ7  Lemma  16.5.6.  Let  R C A be  an  extension  of  discrete  valuation  rings  which 
has  ramification  index  1 and  induces  a separable  extension  of  residue  fields  and  of 
fraction  fields.  Then  A is  a filtered  colimit  of  smooth  R-algebras. 


Proof.  By  Lemma[l6.2.1|it  suffices  to  show  that  any  R — > A — > A as  in  Situation 
|16.5.1| can  be  factored  as  A — >•  B — > A with  B a smooth  l?-algebra.  After  replacing 
A by  its  image  in  A we  may  assume  that  A is  a domain  whose  fraction  field  f.f.(A) 
is  a subfield  of  /./.(A).  In  particular,  f.f.(A)  is  separable  over  f.f.(R)  by  our 
assumptions.  Then  R — > A is  smooth  at  q = (0)  by  Algebra,  Lemma  10.138.9 
After  a finite  number  of  Neron  blowups,  we  may  assume  R — > A is  smooth  at  p, 
see  Lemma[l6.5.4|  Then,  after  replacing  A by  a localization  at  an  element  a £ A, 
a ^ p it  becomes  smooth  over  R and  the  lemma  is  proved.  □ 
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The  goal  in  this  section  is  to  prove  (Proposition  16.6.3 1 that  the  collection  of  alge- 
bras which  are  filtered  colimits  of  smooth  algebras  is  closed  under  infinitesimal  flat 
deformations.  The  proof  is  elementary  and  only  uses  the  results  on  presentations 
of  smooth  algebras  from  Section  |16.4| 


Lemma  16.6.1.  Let  R — » A be  a ring  map.  Let  I C R be  an  ideal.  Assume  that 

(1)  J2  = 0,  and 

(2)  A//A  is  a filtered  colimit  of  smooth  Rj I-algebras. 
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Let  ip  : A — >•  A be  an  R-algebra  map  with  A of  finite  presentation  over  R.  Then 
there  exists  a factorization 

A -»  B/  J — ► A 

where  B is  a smooth  R-algebra  and  J C IB  is  a finitely  generated  ideal. 


Proof.  Choose  a factorization 


A/IA  A/I  A 

with  B standard  smooth  over  R/T,  this  is  possible  by  assumption  and  Lemma 
116.4.51  Write 

B = A/IA[ti, . . . , tr\/ (gi, ... , gs) 

and  say  B A/IA  maps  tj  to  the  class  of  A,;  modulo  I A.  Choose  g±,.  ..,gs  £ 
A[ti,...,tr]  lifting  gi,...,gs.  Write  <p(gi)(A = J2eijTij  for  some  ey  £ / 
and  [iij  G A.  Define 

A — A[ti , . . . , tr,  di,j  ] / ( gi  ^ ' C-ij  dij  ) 

and  consider  the  map 

A ^ A,  a i ^ pigi),  ti  i ^ Aj,  dij  i ^ 


We  have 

A'/IA'  = A/IA[ti, . . .,tr]/(gi, . . -,gs)[dij]  = B[dZJ\ 

This  is  a standard  smooth  algebra  over  R/I  as  B is  standard  smooth.  Choose  a 
presentation  A'/IA ’ = R/I[x\, . . . , xn]/(fi, . . . , fc)  with  det(dfj/dxi)ij=i,...,c  in- 
vertible in  A'/IA'.  Choose  lifts  fi,...,fc  £ R[  x\, . . . , xn]  of  /i, . . . , fc.  Then 

B — R\x i,  . . . , Xn:  (fl1  • . . j fc,  2^n+l  det (dfj/ dx i)i1j=\,...,c  f) 


07CL 


is  smooth  over  R.  Since  smooth  ring  maps  are  formally  smooth  (Algebra,  Propo- 
sition 10.136.13)  there  exists  an  .R-algebra  map  B — > A'  which  is  an  isomorphism 
modulo  I.  Then  B — > A'  is  surjective  by  Nakayama’s  lemma  (Algebra,  Lemma 
10.19.1).  Thus  A'  = B/J  with  J C IB  finitely  generated  (see  Algebra,  Lemma 
10.6.31)  □ 


Lemma  16.6.2.  Let  R — ► A be  a ring  map.  Let  I C R be  an  ideal.  Assume  that 


(1)  I2  = 0, 

(2)  A/IA  is  a filtered  colimit  of  smooth  R/I-algebras,  and 

(3)  R — > A is  flat. 


Let  tp  : B — ► A be  an  R-algebra  map  with  B smooth  over  R.  Let  J C IB  be  a 
finitely  generated  ideal.  Then  there  exists  R-algebra  maps 


bAb'Aa 


such  that  B'  is  smooth  over  R,  such  that  a(J)  = 0 and  such  that  j3oa  = tp  mod  I A. 

Proof.  If  we  can  prove  the  lemma  in  case  J = (/i),  then  we  can  prove  the  lemma 
by  induction  on  the  number  of  generators  of  J.  Namely,  suppose  that  J can  be 
generated  by  n elements  h\, . . . ,hn  and  the  lemma  holds  for  all  cases  where  J is 
generated  by  n—1  elements.  Then  we  apply  the  case  n = 1 to  produce  B — >■  B'  — >•  A 
where  the  first  map  kills  of  hn.  Then  we  let  J'  be  the  ideal  of  B'  generated  by  the 
images  of  hi, . . . , hn- \ and  we  apply  the  case  for  n — 1 to  produce  B'  — > B"  — > A. 
It  is  easy  to  verify  that  B — y B"  — > A does  the  job. 
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Assume  J = (h)  and  write  h = XX  eA  for  some  e*  £ I and  bi  £ B.  Note  that 
0 = <p(h)  = As  A is  flat  over  R,  the  equational  criterion  for  flatness 

(Algebra,  Lemma  10.38.11)  implies  that  we  can  find  Xj  £ A,  j = 1, . . . , m and 
aij  £ R such  that  ip(bi)  = jRj  aij^j  and  XXi  eiaij  = 0-  Set 

C — B[x~L)  . . . , Xm]  / {bi  5 ' G'ij  Xj  ) 

with  C — > A given  by  ip  and  Xj  H > Xj.  Choose  a factorization 

C -)•  B'/J'  -»•  A 


as  in  Lemma  16.6.1  Since  B is  smooth  over  R we  can  lift  the  map  B — > C — > B'/J' 
to  a map  if  : B — ► S'.  We  claim  that  if>(h)  = 0.  Namely,  the  fact  that  tf>  agrees 
with  B — > C — > B'/J'  mod  I implies  that 


if  A)  = ^2aij£j  + fa 

for  some  £$  £ B'  and  6i  £ IB' . Hence  we  see  that 

ip{h)  = eA)  = ^2  eiaij£j  + 5Z  = 0 

because  of  the  relations  above  and  the  fact  that  J2  = 0.  □ 


07CM  Proposition  16.6.3.  Let  R — >■  A be  a ring  map.  Let  I C R be  an  ideal.  Assume 
that 

(1)  I is  nilpotent, 

(2)  A/ 1 A is  a filtered  colimit  of  smooth  R/I-algebms,  and 

(3)  R — ► A is  flat. 

Then  A is  a colimit  of  smooth  R-algebras. 


Proof.  Since  In  = 0 for  some  n,  it  follows  by  induction  on  n that  it  suffices  to 
consider  the  case  where  1 2 = 0.  Let  p : A — ► A be  an  f?-algebra  map  with  A of 
finite  presentation  over  R.  We  have  to  find  a factorization  A — > B — > A with  B 
smooth  over  R1  see  Lemma  16.2.1  By  Lemma  16.6.1  we  may  assume  that  A = B / J 
with  B smooth  over  R and  J £ IB  a.  finitely  generated  ideal.  By  Lemma  16.6.2|we 
can  find  a (possibly  noncommutative)  diagram 


of  f?-algebras  which  commutes  modulo  I and  such  that  a(  J)  = 0.  The  map 
D : B — > /A,  b i — > ip(b)  — /3{a(b)) 

is  a derivation  over  R hence  we  can  write  it  as  D = £ o dB  m for  some  B-linear 
map  £ : LIb/r  ~ i * I A.  Since  LIb/r  is  a finite  projective  H-module  we  can  write 
£ = XXi=i  „ eAi  f°r  some  ti  £ I and  U-linear  maps  S*  : LIb/r  — ► A.  (Details 
omitted.  Hint:  write  LIb/r  as  a direct  sum  of  a finite  free  module  to  reduce  to  the 
finite  free  case.)  We  define 

B"  = Sym*B,  (0.=i  n nB/R  ®B,a  B ') 

and  we  define  /?'  : B"  — * A by  /?  on  B'  and  by 

yd  |ith  summand  & (3 
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and  a'  : B -A  B"  by 

a'(b)  = a(b)  ® ^ eidB/R(b)  <g>  1 ® 0 ® . . . 
At  this  point  the  diagram 


B s-  B" 


does  commute.  Moreover,  it  is  direct  from  the  definitions  that  a'(J)  = 0 as  I2  = 0. 
Hence  the  desired  factorization.  □ 

16.7.  The  lifting  lemma 

07CN  Here  is  a fiendishly  clever  lemma. 

07CP  Lemma  16.7.1.  Let  R be  a Noetherian  ring.  Let  A be  an  R-algebra.  Let  tt  £ R 
and  assume  that  AnnB( tt)  = AnnB(TT2)  and  Ann\(it)  = Ann^ir2).  Suppose  we 
have  R-algebra  maps  R/tt2R  -a  C — > A/7T2A  with  C of  finite  presentation.  Then 
there  exists  an  R-algebra  homomorphism  D — > A and  a commutative  diagram 

R/tt2R C >■  A/tt2A 

R/ttR ^ D/ttD A/7tA 

with  the  following  properties 

(a)  D is  of  finite  presentation, 

(b)  R — >•  D is  smooth  at  any  prime  q with  tt  ^ q, 

(c)  R -A  D is  smooth  at  any  prime  q with  tt  £ q lying  over  a prime  of  C 
where  R/n2R  -a  C is  smooth,  and 

(d)  C/ttC  -A  D/ttD  is  smooth  at  any  prime  lying  over  a prime  of  C where 
R/tt2R  -a  C is  smooth. 

Proof.  We  choose  a presentation 

C = R[xu...,  xn\/{f fm) 

We  also  denote  I = (f±, . . . , fm ) and  I the  image  of  / in  R/tt2R[xi,  . . . , xn].  Since 
R is  Noetherian,  so  is  C.  Hence  the  smooth  locus  of  R/n2R  — > C is  quasi-compact, 
see  Topology,  Lemma [5. 8. 2 1 Applying  Lemma[l6.3.2|  we  may  choose  a finite  list  of 
elements  a\, ...  ,ar  £ R[x i, . . . , xn)  such  that 

(1)  the  union  of  the  open  subspaces  Spec(C'afc)  C Spec(C')  cover  the  smooth 
locus  of  R/tt2R  — > C , and 

(2)  for  each  k = 1, . . . , r there  exists  a finite  subset  Ek  C {1, . . . , m}  such  that 
( I/I2)ak  is  freely  generated  by  the  classes  of  fj,  j £ Ek. 

Set  Ik  = ( fj,j  £ Ek)  C / and  denote  Ik  the  image  of  Ik  in  R/tt2R[x\,  . . . ,xn\.  By 
(2)  and  Nakayama’s  lemma  we  see  that  (/ /Ik)ak  is  annihilated  by  1 + b'k  for  some 
b'k  e Tak-  Suppose  b'k  is  the  image  of  bk/(ak)N  for  some  bk  £ I and  some  integer  N. 
After  replacing  ak  by  akbk  we  get 

(3)  (Ik)ak  = (I)ak. 

Thus,  after  possibly  replacing  ak  by  a high  power,  we  may  write 
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(4)  dkft  = T,jeEk  hk,efj  + 71-2 9k / 

for  any  £ £ {1  and  some  hJie,gi/  £ R[x\, . . . , xn}.  If  £ £ Ek  we  choose 

h°k£  = dkSej  (Kronecker  delta)  and  gk,£  = 0.  Set 

D = R[xi,  ...,xn,zi,..  .,zm\/{fj  ~ nzj,pk/). 

Here  j £ { 1, . . . , to},  k £ {1, . . . , r},  £ £ {1, . . . , to},  and 

Pk,t  = akze  - V'  hi  ezj  - ngk,e- 
Note  that  for  £ £ Ek  we  have  pk,e  = 0 by  our  choices  above. 

The  map  R — > D is  the  given  one.  Say  C — > A/7r2A  maps  Xi  to  the  class  of  A* 
modulo  7 r2.  For  an  element  / £ R[x\, . . . , xn]  we  denote  /(A)  £ A the  result  of 
substituting  \ for  Xj.  Then  we  know  that  fj{ A)  = 7r 2gj  for  some  fij  £ A.  Define 
D — >•  A by  the  rules  Xi  K >•  \ and  z:j  K >•  7r/ij.  This  is  well  defined  because 

Pk,e  >->•  ak(\)nge  - y M.  e{X)np,j  - ngk,e{\) 

— 'jG-Efc  5 

= 7r  (ak(X)fj,i  - £ - gkAx)) 

Substituting  Xi  = A j in  (4)  above  we  see  that  the  expression  inside  the  brackets 
is  annihilated  by  7r2,  hence  it  is  annihilated  by  7r  as  we  have  assumed  AnnA(7r)  = 
AmiA(7r2).  The  map  C —>  D/nD  is  determined  by  Xi  ha  Xi  (clearly  well  defined). 
Thus  we  are  done  if  we  can  prove  (b),  (c),  and  (d). 

Using  (4)  we  obtain  the  following  key  equality 

t rpk,e  = t Takzt  - y 7i -hk  iZj  - n2gk,e 

= -ak{fe  - t rzt)  + akfe  + Y2jeEk  K/A  ~ *zi)  - HjeEk  hk,efj  ~ 

= - ak(fe  - 7 TZt)  + J2jeEk  hlAh  ~ nzA 

The  end  result  is  an  element  of  the  ideal  generated  by  fj  — nzj.  In  particular,  we 
see  that  D[\/n]  is  isomorphic  to  R[1/tt][xi,  . . . ,xn,  z\, . . . , zm\/(fj  — nzj)  which  is 
isomorphic  to  -R[l/7r][iri, . . . ,xn]  hence  smooth  over  R.  This  proves  (b). 

For  fixed  k £ {1, . . . , r}  consider  the  ring 

Rk  R [x  1 , • • • , Xn , Z\ , . . . , ^m]/(y}  7 ^Zjjj  £ Ek , Pk,^) 

The  number  of  equations  is  to  = \Ek  \ + (to  — \Ek\)  as  pk te  is  zero  if  £ £ Ek.  Also, 
note  that 

(■ Dk/nDk)ak  = R/nR[xi,...,xn,l/ak,zi,...,zTn]/(fj,j  £ Ek,pk}i) 

= (C/TrC)ak  [zu...,  zm\/(akze  - y K,lzi) 

= (U/T TC)ak[zhj  £ Ek\ 

In  particular  (Dk/irDk)ak  is  smooth  over  ( C/irC)ak . By  our  choice  of  ak  we  have 
that  ( C/nC)ak  is  smooth  over  R/irR  of  relative  dimension  n—  \Ek\,  see  (2).  Hence 
for  a prime  qk  C Dk  containing  n and  lying  over  Spec (Cak)  the  fibre  ring  of  R — > Dk 
is  smooth  at  qj,  of  dimension  n.  Thus  R — > Dk  is  syntomic  at  q*,  by  our  count  of 
the  number  of  equations  above,  see  Algebra,  Lemma [10.134. if]  Hence  R -A  Dk  is 
smooth  at  qfc,  see  Algebra,  Lemma [10.135. 16) 
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To  finish  the  proof,  let  q C D be  a prime  containing  7r  lying  over  a prime  where 
R/n2R  — ► C is  smooth.  Then  a*,  ^ q for  some  k by  (1).  We  will  show  that  the 
surjection  Dk  — > D induces  an  isomorphism  on  local  rings  at  q.  Since  we  know  that 
the  ring  maps  C/nC  — > Dk/i:Dk  and  R -A  Dk  are  smooth  at  the  corresponding 
prime  qj,  by  the  preceding  paragraph  this  will  prove  (c)  and  (d)  and  thus  finish  the 
proof. 

First,  note  that  for  any  i the  equation  Ttpk,t  = —dk{fe  — nze)+12j£Ek  K/Uj  -TTZj) 
proved  above  shows  that  f^—nz^  maps  to  zero  in  {Dk)ak  and  in  particular  in  ( D k)qk . 
The  relations  (4)  imply  that  akfe  = J2jeEk  K,Jj  in  ^//2-  Since  (■ h/ll)ak  is  free 
011  /j>  j € Ek  we  see  that 

ak'Kj,  - 5^.  hk',ihk,j' 

is  zero  in  Cak  for  every  k,k',H  and  j £ Ek.  Hence  we  can  hnd  a large  integer  N 
such  that 

a"  (• ak,hU  - K'Aj) 

is  in  Ik  + 7 t2R[x\,  . . . , xn}.  Computing  modulo  7r  we  have 
akPk’,e  — ak'Pk,t  + X>t  ,e Pky 

= —ak  K',ezf  + ak'  hk,ezJ  + J2  ht,/>akzj'  -J2J2  ht,eK,j'zj 
= (ak'K,e  - hk',eKj')  zj 

with  Einstein  summation  convention.  Combining  with  the  above  we  see  a^+1pk':e 
is  contained  in  the  ideal  generated  by  Ik  and  ir  in  R[x i, ...  ,xn,  Zi, ... , zm].  Thus 
Pk\e  maps  into  7r {Dk)ak.  On  the  other  hand,  the  equation 

TTPk\e  = -ak>  (ft  - nze)  + V . K'Afi'  - 7TZf) 

— j 

shows  that  7r pk'^  is  zero  in  ( Dk)ak . Since  we  have  assumed  that  Ann^j(7r)  = 
Ann#(7r2)  and  since  {Dk) qk  is  smooth  hence  flat  over  R we  see  that  Ann(£)fc)  (7r)  = 
Ann(£)fc)q  (7T2).  We  conclude  that  pk' j.  maps  to  zero  as  well,  hence  Dq  = (Dk) qfc 
and  we  win.  □ 


16.8.  The  desingularization  lemma 

07CQ  Here  is  another  fiendishly  clever  lemma. 

07CR  Lemma  16.8.1.  Let  R be  a Noetherian  ring.  Let  A be  an  R-algebra.  Let  tt  £ R 
and  assume  that  Ann\{it)  = Ann\(ir2).  Let  A — > A be  an  R-algebra  map  with  A of 
finite  presentation.  Assume 

(1)  the  image  of  ir  is  strictly  standard  in  A over  R,  and 

(2)  there  exists  a section  p : A/e^A  — > R/n4R  which  is  compatible  with  the 
map  to  A/7t4A. 

Then  we  can  find  R-algebra  maps  A — >■  5 — >■  A with  B of  finite  presentation  such 
that  a B C Hr/r  where  a = AnnR^AnnR^2)  / AnnR^)) . 


16.8.  THE  DESINGULARIZATION  LEMMA 


1375 


Proof.  Choose  a presentation 


A — R\x  1,  . . . , Xn]/(/i,  . . . , /m) 


and  0 < c < min(n,  m)  such  that  (16.3.3.3)  holds  for  7r  and  such  that 

nfc+j  e (/l,  . . . , fc)  + (fl,  ■ • • , /m)2 


07CS  (16.8.1.1) 


for  j = 1, . . . , to  — c.  Say  p maps  Xi  to  the  class  of  rj  £ R.  Then  we  can  replace  Xi  by 
Xi  — r*.  Hence  we  may  assume  p(xi)  = 0 in  R/ttaR.  This  implies  that  fj( 0)  £ 7t4I? 
and  that  A — > A maps  Xi  to  7r4Ai  for  some  \ £ A.  Write 


fj  = fj  (0)  + J2l=1  n rRXi  + 


This  implies  that  the  constant  term  of  dfj/dxt  is  r^j. 
and  we  see  that 


Apply  p to  (16.3.3.3)  for  7r 


7t  = 7y  detfr^l^i  c mod  7r4l? 

^/c{i,...,n},  |i|=c  v 3 J3 

for  some  rj  £ R.  Thus  we  have 

wr  =y  n det(r,i)1=i  c 

for  some  u £ 1 + 7r3!?.  By  Algebra,  Lemma  10.14.4|this  implies  there  exists  a n x c 
matrix  (s^)  such  that 


unSjk  = rudk  for  all  j.k  = 1, ...  ,c 

(Kronecker  delta).  We  introduce  auxiliary  variables  v\, . . . ,vc,w\, . . . ,wn  and  we 
set 

hi  = Xi  — 7T2  > Si-jVi  — 7T3Wi 

In  the  following  we  will  use  that 


R[xi, . . . , xn,  ur, . . . , vc,  w1: . . . , wn]/{hi,  ...,hn)  = R[v  i, . ..  ,vc,wlt . . . , wn\ 

without  further  mention.  In  . . . , xn , Vi, . . . , vc,  w\, . . . , wn]/{h\, . . . , hn)  we 

have 


f j — i hi,  • • • , xn  hn') 

= . ir2rjiSikVk  + ^ n3rjiWi  mod  7r4 

= ir3Vj  + 7 r3rjiWi  mod  7r4 

for  1 < j < c.  Hence  we  can  choose  elements  gj  £ R[v\, . . . , vc,  w\, . . . , wn] 
such  that  gj  = Vj  + ^ r^iUj  mod  tt  and  such  that  fj  = n3gj  in  the  i?-algebra 
R[x  i,  ...,xn,vi,..  .,vc,wi, . . .,wn]/(h  i, . . . ,hn).  We  set 

B = R[x  i,  ...,xn,v\,...,vc,w\,..  .,wn]/(fi,  ...,fn,h\,...,hnig-L,..  .,gc). 

The  map  A — >■  B is  clear.  We  define  B — > A by  mapping  Xi  — > 7r4A i,  Vi  ha  0,  and 
Wi  ha  7tA Then  it  is  clear  that  the  elements  fj  and  hi  are  mapped  to  zero  in  A. 
Moreover,  it  is  clear  that  gi  is  mapped  to  an  element  t of  7tA  such  that  n3t  = 0 
(as  fi  = 7 x3gi  modulo  the  ideal  generated  by  the  h's).  Hence  our  assumption  that 
AnnA(7r)  = AnnA(7r2)  implies  that  t = 0.  Thus  we  are  done  if  we  can  prove  the 
statement  about  smoothness. 
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Note  that  Bn r = An[v  1, . . . . vc]  because  the  equations  gi  = 0 are  implied  by  /,;  = 0. 
Hence  B v is  smooth  over  R as  A w is  smooth  over  R by  the  assumption  that  n is 
strictly  standard  in  A over  R,  see  Lemma  |16.3.5[ 


Set  B'  = i?[iq,  ...,vc,w\,.. . :wn}/(gi, . . . ,gc).  As  gt  = Vi  + Y^rjiwi  mod  7r  we  see 
that  B'  jnB'  = R/ttR[wi,  . . . , wn].  Hence  R — > B'  is  smooth  of  relative  dimension 
n at  every  point  of  V(7r)  by  Algebra,  Lemmas  10.134.11  and  10.135.16  (the  first 
lemma  shows  it  is  syntomic  at  those  primes,  in  particular  flat,  whereupon  the  second 
lemma  shows  it  is  smooth). 


Let  q C B be  a prime  with  7r  £ q and  for  some  r € a,  r £ q.  Denote  q'  = B'  fl  q.  We 
claim  the  surjection  B'  -A  B induces  an  isomorphism  of  local  rings  {B') q/  -A  Bq. 
This  will  conclude  the  proof  of  the  lemma.  Note  that  Bq  is  the  quotient  of  (B') q> 
by  the  ideal  generated  by  fc+j,  j = 1, . . . ,m  — c.  We  observe  two  things:  first  the 
image  of  fc+j  in  (B’)q>  is  divisible  by  7r2  and  second  the  image  of  nfc+j  in  (B')q> 
can  be  written  as  ^j^ h fc+ji  fc+j2  by  (16.8.1.11.  Thus  we  see  that  the  image  of 
each  nfc+j  is  contained  in  the  ideal  generated  by  the  elements  n2fc+ji.  Hence 


nfc+j  = 0 in  ( B’)qi  as  this  is  a Noetherian  local  ring,  see  Algebra,  Lemma  10.50.4 
As  R — > (B')qf  is  flat  we  see  that 

( Ann# (7r2 ) / Amift (77) ) (B')q>  = Ann(Bq  (7r2)/Ann(Bq  (tt) 


Because  r € a is  invertible  in  (B')q>  we  see  that  this  module  is  zero.  Hence  we  see 
that  the  image  of  fc+j  is  zero  in  (B')q>  as  desired.  □ 


07CT  Lemma  16.8.2.  Let  R be  a Noetherian  ring.  Let  A he  an  R-algebra.  Let  n € R 
and  assume  that  Ann^n)  = Ann^n2)  and  Ann\(n)  — Ann\(n2) . Let  A — > A and 
D — > A he  R-algebra  maps  with  A and  D of  finite  presentation.  Assume 

(1)  7T  is  strictly  standard  in  A over  R,  and 

(2)  there  exists  an  R-algebra  map  A/n4A  — > D/n4D  compatible  with  the  maps 
to  A/7T4A. 

Then  we  can  find  an  R-algebra  map  B — > A with  B of  finite  presentation  and 
R-algebra  maps  A — » B and  D — ^ B compatible  with  the  maps  to  A such  that 
Hd/rB  C Hb/d  and  HD/RB  C HB/R. 

Proof.  We  apply  Lenmia  1 1 6.8. 1 1 1 o 

D — s>  A®rD  — > A 


and  the  image  of  n in  D.  By  Lemma  |16.3.7|  we  see  that  n is  strictly  standard  in 
A®rD  over  D.  As  our  section  p : ( A <g>R  D)/n4(A  <g )R  D)  -+  D/n4D  we  take 
the  map  induced  by  the  map  in  (2).  Thus  Lemma  16.8.1  applies  and  we  obtain 
a factorization  A ®R  D — > B — > A with  B of  finite  presentation  and  aB  C HB/D 
where 


q = Ann£)(Ann£)(7r2)/Ann£)(7r)). 

For  any  prime  q of  D such  that  Dq  is  flat  over  R we  have  Ann^  (n2) / AimB  (n)  = 0 
because  annihilators  of  elements  commutes  with  flat  base  change  and  we  assumed 
AnnB(7r)  = AnnB(7r2).  Because  D is  Noetherian  we  see  that  Annu(7r2)/Ann£i(7r) 
is  a finite  D-module,  hence  formation  of  its  annihilator  commutes  with  localization. 
Thus  we  see  that  a q.  Hence  we  see  that  D — > B is  smooth  at  any  prime  of  B 
lying  over  q.  Since  any  prime  of  D where  R — > D is  smooth  is  one  where  Dq  is  flat 
over  R we  conclude  that  HD/RB  C HB/D.  The  final  inclusion  HD/RB  C HB/R 
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follows  because  compositions  of  smooth  ring  maps  are  smooth  (Algebra,  Lemma 
10.135  141).  □ 


Lemma  16.8.3.  Let  R be  a Noetherian  ring.  Let  A be  an  R-algebra.  Let  n £ R 
and  assume  that  AnnR(i:)  = AnnR(n2)  and  Ann^'n)  = j4wia(7t2).  Let  A A be 
an  R-algebra  map  with  A of  finite  presentation  and  assume  7 r is  strictly  standard 
in  A over  R.  Let 

A/tt8A  A/tt8A 

be  a factorization  with  C of  finite  presentation.  Then  we  can  find  a factorization 
A — x B — x A with  B of  finite  presentation  such  that  Rv  — x B ^ is  smooth  and  such 
that 

hC/(r/^r)  ■ A/tt8A  C sJhb/r A mod  tt8A. 


Proof.  Apply  Lemma  16.7.1  to  get  R 
D/n4D 


D — x A with  a factorization  C /ttaC  -a 
A/7t4A  such  that  R -A  D is  smooth  at  any  prime  not  containing  7r  and  at 
any  prime  lying  over  a prime  of  C /t:4C  where  R/n8R  — x C is  smooth.  By  Lemma 
|16.8.2|  we  can  find  a finitely  presented  .R-algebra  B and  factorizations  A — x B — x A 
and  D — X B — x A such  that  HD/RB  C HB/R.  We  omit  the  verification  that  this  is 
a solution  to  the  problem  posed  by  the  lemma.  □ 


16.9.  Warmup:  reduction  to  a base  field 


In  this  section  we  apply  the  lemmas  in  the  previous  sections  to  prove  that  it  suffices 
to  prove  the  main  result  when  the  base  ring  is  a field,  see  Lemma[l6.9.4| 

Situation  16.9.1.  Here  R — x A is  a regular  ring  map  of  Noetherian  rings. 

Let  R — x A be  as  in  Situation|16.9.1|  We  say  PT  holds  for  R — x A if  A is  a filtered 
colimit  of  smooth  R-algebras. 


Lemma  16.9.2.  Let  Ri  — x Aj,  i = 1,2  be  as  in  Situation 
Ri  — x Aj,  i = 1,2,  then  PT  holds  for  R!  x R2  ->  Aj  x A2. 


16.9.1 


If  PT  holds  for 


Proof.  Omitted.  Hint:  A product  of  colimits  is  a colimit.  □ 

Lemma  16.9.3.  Let  R — x A — x A be  ring  maps  with  A of  finite  presentation  over 
R.  Let  S C R be  a multiplicative  set.  Let  S—1A  — X B'  — x S~4A  be  a factorization 
with  B ' smooth  over  S~1R.  Then  we  can  find  a factorization  A — X B — > A such 
that  some  s £ S maps  to  an  elementary  standard  element  in  B over  R. 


Proof.  We  first  apply  Lemma  16.4.4  to  R_1R  -A  B' . Thus  we  may  assume  B'  is 
standard  smooth  over  R_1R.  Write  A = R[xi, . . . , xn]/ (gi, ... , gt)  and  say  Xi  ha 
Aj  in  A.  We  may  write  B'  = S~x R[x\, . . . ,xn+rn]/ {f\, . . . , fc)  for  some  c > n 
where  det(d/j/9xj)jj=ii...iC  is  invertible  in  B'  and  such  that  A — > B'  is  given  by 
Xi  ha  Xi,  see  Lemma  [16.4.6|  After  multiplying  Xi,  i > n by  an  element  of  S and 
correspondingly  modifying  the  equations  fj  we  may  assume  B'  -A  S~x  A maps  Xi 
to  Aj/1  for  some  Aj  £ A for  i > n.  Choose  a relation 


1 — no  dtAid f j / dxf)i^j= i5...5c  T ^ ^ 

J — L,...?C 

for  some  aj  £ S,_1R[a:i, . . . ,xn+rn].  Since  each  element  of  S is  invertible  in  B'  we 
may  (by  clearing  denominators)  assume  that  fj,  aj  £ R[xi, . . . ,xn+m]  and  that 

s0  = a0  det(5/i/dxj)jii=i)...]C  + ^ a.jfj 

3 — 
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for  some  so  £ S.  Since  gj  maps  to  zero  in  . . . , xn+m\/ (fi, . . . , xc ) we  can 

find  elements  Sj  £ S such  that  Sjgj  = 0 in  l?|xi, . . . , x„+m]/(/i, . . . , fc).  Since  fj 
maps  to  zero  in  S'-1  A we  can  find  s'  £ S such  that  s'  fj(Xi,  ■ ■ ■ , A n+m)  = 0 in  A. 
Consider  the  ring 

B R[x i, . . . j £n_j_m]/ (s-^/i , . . . , sc/c,  , . . . , gt ) 

and  the  factorization  A — >■  .B  — >■  A with  B — >•  A given  by  Xi  K >•  A^.  We  claim  that 
s = SoSi . . . StSi ...  s^.  is  elementary  standard  in  B over  R which  finishes  the  proof. 
Namely,  Sjgj  £ (/i, . . . , fc)  and  hence  sgj  £ (s'i/i, . . . , s'cfc).  Finally,  we  have 

a0  det(9s'-/j/9xi)i,j=i)...iC  + (s': . . . s'  . . . stays'/,  = sos^  . . . s'c 

which  divides  s as  desired.  □ 


07F5  Lemma  16.9.4.  If  for  every  Situation  16.9.1  where  R is  a field  PT  holds,  then 
PT  holds  in  general. 


Proof.  Assume  PT  holds  for  any  Situation  |16.9.1|  where  R is  a field.  Let  R — > A 
be  as  in  Situation  16.9.1  arbitrary.  Note  that  R/I  A/IA  is  another  regular  ring 
map  of  Noetherian  rings,  see  More  on  Algebra,  Lemma  |15.32.3[  Consider  the  set 
of  ideals 

I = {I  c R | R/I  — > A/IA  does  not  have  PT} 

We  have  to  show  that  I is  empty.  If  this  set  is  nonempty,  then  it  contains  a maximal 
element  because  R is  Noetherian.  Replacing  R by  R/I  and  A by  A/I  we  obtain  a 
situation  where  PT  holds  for  R/I  — ► A/IA  for  any  nonzero  ideal  of  R.  In  particular, 
we  see  by  applying  Proposition |16. 6. 3| that  R is  a reduced  ring. 

Let  A — > A be  an  R-algebra  homomorphism  with  A of  finite  presentation.  We  have 
to  find  a factorization  A — > B — > A with  B smooth  over  R , see  Lemma  116.2.1 


Let  S’  C i?  be  the  set  of  nonzerodivisors  and  consider  the  total  ring  of  fractions 
Q = S~XR  of  R.  We  know  that  Q = K\  x . . . x Kn  is  a product  of  fields,  see  Algebra, 


Lemmas  10.24.4  and  10.30.6 
the  ring  map  S~XR  — > 5’^1A. 
with  B'  smooth  over  S~1R. 


By  Lemma  16.9.2  and  our  assumption  PT  holds  for 
Hence  we  can  find  a factorization  S’-1  A — > B'  — > A 


We  apply  Lemma  16.9.3  and  find  a factorization  A — > B — > A such  that  some  ir  £ S 
is  elementary  standard  in  B over  R.  After  replacing  A by  B we  may  assume  that  7r  is 
elementary  standard,  hence  strictly  standard  in  A.  We  know  that  R/n8R  — ► A/7t8A 
satisfies  PT.  Hence  we  can  find  a factorization  R/n8R  — » A/tt8A  — ► C — > A/7t8A 
with  R/tt8 R — ► C smooth.  By  Lemma  16.7.1  we  can  find  an  i?-algebra  map  D — ► A 
with  D smooth  over  R and  a factorization  R/ir4R  — > A/ir4A  — > D/ir4D  — > A/7T4A. 
By  Lemma  [16.8.2|  we  can  find  A — ► B — > A with  B smooth  over  R which  finishes 
the  proof.  □ 


16.10.  Local  tricks 


07F6 

07F7  Situation  16.10.1.  We  are  given  a Noetherian  ring  R and  an  R-algebra  map 
A — ► A and  a prime  q C A.  We  assume  A is  of  finite  presentation  over  R.  In  this 
situation  we  denote  6a  = \JHa/rA. 
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Let  R — > A — > A D q be  as  in  Situation  |16.10.1|  We  say  R — > A — > A D q can  be 
resolved  if  there  exists  a factorization  4 ->  5 ->  A with  B of  finite  presentation  and 
f)A  C hs  ^ q.  In  this  case  we  will  call  the  factorization  A — > B — > A a resolution  of 
R — ^ A — y A Z)  q. 


Lemma  16.10.2.  Let  R — > A — > A D q be  as  in  Situation 
7Ti, . . . , 7Tr  £ R map  to  elements  of  q.  Assume 

(1)  for  i = 1, . . . , r we  have 


16.10.1 


Let  r > 1 and 


and 


AnnR/^s  ^&i_i)R{'Ki)  — AnnR/(w8  ^8_jR(irf) 


Ann  a/ (-7r®  ,...,71-®^ ) A — AnnR/(^f  ,...,irf_1)A(7ri ) 


(2)  for  i = 1 ,...  ,r  the  element  tt^  maps  to  a strictly  standard  element  in  A 
over  R. 

Then , if 

R/{ >1 , . . • , 7T®)i?  -A  A/{-k\,  . . . , 7T®)A  -5>  A/ (7T®,  . . . , 7T®)A  D q/(7lf , . . . , 7T®)A 
can  be  resolved,  so  can  R — > A — > A D q . 

Proof.  We  are  going  to  prove  this  by  induction  on  r. 

The  case  r = 1.  Here  the  assumption  is  that  there  exists  a factorization  A/nf  — > 
C — > A/t®  which  resolves  the  situation  modulo  7rf.  Conditions  (1)  and  (2)  are  the 
assumptions  needed  to  apply  Lemma  16.8.3  Thus  we  can  “lift”  the  resolution  C 
to  a resolution  ofi?— > A— >ADq. 

The  case  r > 1.  In  this  case  we  apply  the  induction  hypothesis  for  r — 1 to  the 
situation  R/nf  — > A/nf  — »•  A/7if  D q/nfA.  Note  that  property  (2)  is  preserved  by 
Lemma  116.3.71  □ 


Lemma  16.10.3.  Let  R -A  A 

Assume  that  q is  minimal  over  6a  arid  that  Rv 


A D q be  as  in  Situation  16.10.1  Let  p = R D q . 


A, 


can  be  resolved. 


Then  there  exists  a factorization  A 
that  Hc/rA  <£_  q. 


C — > A with  C of  finite  presentation  such 


Proof.  Let  A„ 


C 


Aq  be  a resolution  of  i?p 


A„ 


q 75  qAq.  By  our 

assumption  that  q is  minimal  over  6^  this  means  that  Hq/r  Aq  = Aq.  By  Lemma 
we  may  assume  that  C is  smooth  over  Ap.  By  Lemmafl6.4.4 


16.3.8 


we  may  assume 

that  C is  standard  smooth  over  Rp.  Write  A = R[x i, . . . , xn\/(g\, . ■ ■ ,gt)  and  say 
A A is  given  by  a h i-A  \.  Write  C = Rp[xi, . .. , xn+m\/(fi,  ■ ■ ■ , fc)  for  some 
c>  n such  that  A —>■  C maps  Xi  to  Xi  and  such  that  det(dfj/dxi)ij=it...iC  is  invert- 
ible in  C,  see  Lemma|l6.4.6|  After  clearing  denominators  we  may  assume  f\,...,fc 
are  elements  of  . . . , xn+m].  Of  course  det(dfj/dxi)ij-i....^c  is  not  invertible  in 
R[ x\, . . . , xn+m]/ (/i, . . . , fc)  but  it  becomes  invertible  after  inverting  some  element 
so  £ R,  So  ^ p.  As  gj  maps  to  zero  under  R[x\, . . . ,xn)  — > A — > C we  can  find 
Sj  £ R,  Sj  p such  that  Sjgj  is  zero  in  R[x\, . . . ,xn+m]/(fi,  ■ ■ ■ , fc)-  Write  fj  = 
Fj(x  i, . . . , xn+m,  1)  for  some  polynomial  Fj  £ R[x  i, . . . , xn,  Xn+1, ...,  Xn+m+1]  ho- 
mogeneous in  In+i, . . . , Xn+m+1.  Pick  Xn+i  £ A,  i = 1, . . . , m+1  with  Xn+m+1  £ q 
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such  that  xn+i  maps  to  \n+i/\n+rn+i  in  Aq.  Then 


Fj( Ai, . . . , A n+m+i)  = (An+m+1)des^ii’^Fj(A1, . 

= (A„+m+1)de^)/J(A1;. 
= 0 


^ An+i  A„+m  t ^ 

• j ) T > • • • > T 1 t J 

^n+m+1  ^n+m+1 

, 'W+l  -W+m  \ 

■ > T ) • • * ) T J 

'^n+m+1  ^n+m+1 


in  Aq.  Thus  we  can  find  Ao  € A,  Ao  ^ q such  that  Aoi^(Ai, . . . , A„+m+i)  = 0 in  A. 
Now  we  set  B equal  to 

B.\Xq,  ■ . • , / (f/1 , . . . , CJt  i X()  F\  (X\ , . . . , £n+m+l ) j • • * ? XqFc(x\  , . . . , £n+m+l  ) ) 

which  we  map  to  A by  mapping  Xi  to  A i.  Let  b be  the  image  of  Xo^iSoSi  ■ ■ ■ St  in 
B.  Then  Bf,  is  isomorphic  to 

RsqSi  [*£0;  «^1)  • • ■ i Xn+m+h  1/ 3l0*^n+m+l]/ (/ 1;  • ■ • i f c) 

which  is  smooth  over  R by  construction.  Since  b does  not  map  to  an  element  of  q, 
we  win.  □ 


07FA 


Lemma  16.10.4. 

Assume 


Let  R — > A -A  A D q be  as  in  Situation 


16.10.1 


Let  p 


.RHq. 


(1)  q is  minimal  over  1) a , 

(2)  Rp  — > Ap  — > Aq  D qAq  can  be  resolved,  and 

(3)  dirn(Aq)  = 0. 

Then  J?-ti->ADq  can  be  resolved. 


Proof.  By  (3)  the  ring  Aq  is  Artinian  local  hence  qAq  is  nilpotent.  Thus  (h^)ArAq  = 
0 for  some  N > 0.  Thus  there  exists  a A £ A,  A ^ q such  that  A (1)a)N  = 0 in  A. 

we  can  find  a 


16.10.3 


Say  Hair  = (ai, . . . , ar)  so  that  A af  = 0 in  A.  By  Lemma 
factorization  A C —>■  A with  C of  finite  presentation  such  that  i)c  't-  q-  Write 
C = A[xi,...,  xn\/{f fm).  Set 


B = A[x i, . . . ,xn,yi, 


,Vr 


, Z,  tij\/ ( fj 


'yiLj,zyi ) 


where  Uj  is  a set  of  rm  variables.  Note  that  there  is  a map  B — ► C[yi,  z]/(ytz) 
given  by  setting  ttj  equal  to  zero.  The  map  B — > A is  the  composition  B — > 
C[yi,  z\/(yiz)  — > A where  C[yi,  z\/(yiz)  — > A is  the  given  map  C — > A,  maps  z to  A, 
and  maps  yi  to  the  image  of  af  in  A. 


We  claim  that  B is  a solution  for  R — > A — > A D q.  First  note  that  Bz  is  iso- 
morphic to  C[y\, . . . , yr,  z,  z-1]  and  hence  is  smooth.  On  the  other  hand,  Bye  = 
A[xi , yi,  yf1 ,tij,i  ^ f]  which  is  smooth  over  A.  Thus  we  see  that  z and  a^ye  (com- 
positions of  smooth  maps  are  smooth)  are  all  elements  of  Hr/r.  This  proves  the 
lemma.  □ 


16.11.  Separable  residue  fields 

07FB  In  this  section  we  explain  how  to  solve  a local  problem  in  the  case  of  a separable 
residue  field  extension. 

07FC  Lemma  16.11.1  (Ogoma).  Let  A be  a Noetherian  ring  and  let  M be  a finite 
A-module.  Let  S C A be  a multiplicative  set.  If  n £ A and  Ker(n  : S~lM  — > 
S~1M)  = Ker(ir2  : S^1M  — > S~1M ) then  there  exists  an  s £ S such  that  for  any 
n > 0 we  have  Ker(snn  : M — > M)  = Ker((sn tt)2  : M — > M). 
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Proof.  Let  K = Ker(7r  : M -A-  M ) and  K'  = {m  £ M \ n2m  = 0 in  S,_1M}  and 
Q = I\' /K.  Note  that  S~lQ  = 0 by  assumption.  Since  A is  Noetherian  we  see 
that  Q is  a finite  A-module.  Hence  we  can  find  an  s £ S such  that  s annihilates  Q. 
Then  s works.  □ 


07FD  Lemma  16.11.2.  Let  A be  a Noetherian  ring.  Let  I C A be  an  ideal.  Let  I C c| 
be  a prime.  Let  n,e  be  positive  integers  Assume  that  q"Aq  C JAq  and  that  Aq  is  a 
regular  local  ring  of  dimension  d.  Then  there  exists  an  n > 0 and  7Ti, . . . ,ird  £ A 
such  that 

(1)  (7Ti,...,7rd)Aq  = qAq, 

(2)  7 r”, . . . , 7 rj  £ 7,  and 

(3)  for  i = 1, . . . , d we  have 

ArmA/(7r',...,7r|_1)A(7Tj)  A?177.A/(7r^ ,...,7r7_1)A ) • 


Proof.  Set  S = A \ q so  that  Aq  = S'-1  A.  First  pick  7Ti, . . . , nu  with  (1)  which  is 
possible  as  Aq  is  regular.  By  assumption  7r"  £ I Aq.  Thus  we  can  find  Si,  • . . , Su  £ S 
such  that  Si7r"  £ I.  Replacing  m by  Si7r,;  we  get  (2).  Note  that  (1)  and  (2)  are 
preserved  by  further  multiplying  by  elements  of  S.  Suppose  that  (3)  holds  for 
i = 1 for  some  t £ {0, ...,d}.  Note  that  7Ti, . . . , 7 is  a regular  sequence 

in  S'-1  A,  see  Algebra,  Lemma  10.105.3  In  particular  7rf, . . . ,7Tj,7rt+i  is  a regular 
sequence  in  S'-1  A = Aq  by  Algebra,  Lemma 


10.67.8  Hence  we  see  that 


Anns-iA/(we,...lWf_i)(7Ti)  Ann5-iA/(we)...)7r|_i)(7r,; ). 


Thus  we  get  (3)  for  i = f + 1 after  replacing  7rt+i  by  S7rt+i  for  some  s £ S'  by  Lemma 
16.11.1  By  induction  on  t this  produces  a sequence  satisfying  (1),  (2),  and  (3).  □ 


07FE 


Lemma  16.11.3.  Let  i->A->ADq  be  as  in  Situation 


16.10.1 


where 


(1)  k is  a field, 

(2)  A is  Noetherian, 

(3)  q is  minimal  over  t) a, 

(4)  Aq  is  a regular  local  ring,  and 

(5)  the  field  extension  k C /c(q)  is  separable. 


Then  k — > A — > A D q can  be  resolved. 


Proof.  Set  d = dimAq.  Set  R = k[x\, . . . ,Xd\.  Choose  n > 0 such  that  q”Aq  c 
fj ^4 Aq  which  is  possible  as  q is  minimal  over  f )a-  Choose  generators  a\ ,...,ar  of 
HA/r.  Set 

B — A[x . . . , Xu,  %ij\/ i ^ ^ ^ ij®j ) 


Each  Baj  is  smooth  over  R it  is  a polynomial  algebra  over  Aaj  [x\, . . . , Xu\  and  Aaj 
is  smooth  over  k.  Hence  BXi  is  smooth  over  R.  Let  B — > C be  the  R-algebra  map 
constructed  in  Lemma  |16.4.1|  which  comes  with  a R-algebra  retraction  C — > B. 
In  particular  a map  C — » A fitting  into  the  diagram  above.  By  construction  CXi 
is  a smooth  R-algebra  with  f Ic^./R  free.  Hence  we  can  find  c > 0 such  that  xf 
is  strictly  standard  in  C/R,  see  Lemma  16.4.7  Now  choose  7Ti, . . . ,ttu  £ A as  in 
Lemma  16.11.2  where  n = n,  e = 8c, 
for  some  7Tj,-  £ A.  There  is  a map  B - 


q = q and  I = \ ~)a-  Write  7r" 
-A  A given  by  x,  i-a  7q  and  Zij 


— S \.jaj 
i y A,-,-.  Set 
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R = k[x i, . . . , Xd\-  Diagram 


k 


A 


Now  we  apply  Lemma  fl6.10.2|  to  R — > C — > A D q and  the  sequence  of  elements 
x\,...,xd  of  R.  Assumption  (2)  is  clear.  Assumption  (1)  holds  for  R by  inspection 
and  for  A by  our  choice  of  . . . ,7 xd.  (Note  that  if  AnnA(7r)  = AnnA(7r2),  then  we 

have  AnnA(7r)  = AnnA(7rc)  for  all  c > 0.)  Thus  it  suffices  to  resolve 


R/{x\,  ...,xed)^C/(x\,...,xed)^  A/«,  ■ ■ ■ , <)  D q/K,  ...,ned) 

for  e = 8c.  By  Lemma  [16.10.4|  it  suffices  to  resolve  this  after  localizing  at  q.  But 
since  x\, ...  ,xd  map  to  a regular  sequence  in  Aq  we  see  that  R — > A is  flat,  see 
Algebra,  Lemma  [10. 127. 2|  Hence 

R/(xt,  ■ ■ • , Xd)  Aq/K,  • • • , TTrf) 


is  a flat  ring  map  of  Artinian  local  rings.  Moreover,  this  map  induces  a separable 
field  extension  on  residue  fields  by  assumption.  Thus  this  map  is  a filtered  colimit 
of  smooth  algebras  by  Algebra,  Lemma[l0.150.11  and  Proposition|16.6.3l  Existence 
of  the  desired  solution  follows  from  Lemma  Tl  6. 2.  II  □ 


16.12.  Inseparable  residue  fields 


07FF  In  this  section  we  explain  how  to  solve  a local  problem  in  the  case  of  an  inseparable 
residue  field  extension. 

07FG  Lemma  16.12.1.  Let  k be  a field  of  characteristic  p > 0.  Let  (A,m,  K)  be  an 
Artinian  local  k-algebra.  Assume  that  dim Hi(Lx/k)  < oo.  Then  A is  a filtered 
colimit  of  Artinian  local  k-algebras  A with  each  map  A — > A flat,  with  m^A  = m, 
and  with  A essentially  of  finite  type  over  k. 


Proof.  Note  that  the  flatness  of  A — >■  A implies  that  A — > A is  injective,  so  the 
lemma  really  tells  us  that  A is  a directed  union  of  these  types  of  subrings  A C A. 
Let  n be  the  minimal  integer  such  that  mn  = 0.  We  will  prove  this  lemma  by 
induction  on  n.  The  case  n = 1 is  clear  as  a field  extension  is  a union  of  finitely 
generated  field  extensions. 


Pick  Ai,...,Ad  £ m which  generate  m.  As  K is  formally  smooth  over  Fp  (see 
Algebra,  Lemma  10.150.7 1 we  can  find  a ring  map  cr  : K — > A which  is  a section  of 
the  quotient  map  A — > K . In  general  a is  not  a fc-algebra  map.  Given  a we  define 


'IG  : K[xi, ... , xd]  — > A 

using  <j  on  elements  of  K and  mapping  Xi  to  \.  Claim:  there  exists  a cr  : K — * A 
and  a subfield  k C F C K finitely  generated  over  k such  that  the  image  of  k in  A 
is  contained  in  tya(F[x i, . . . ,Xd\). 


We  will  prove  the  claim  by  induction  on  the  least  integer  n such  that  m"  = 0.  It  is 
clear  for  n = 1.  If  n > 1 set  I = m’1-1  and  A'  = A/ 1.  By  induction  we  may  assume 
given  cr'  : K — > A'  and  k C F'  C K finitely  generated  such  that  the  image  of  k — > 
A -»  A'  is  contained  in  A'  = Tct/(F,[ xi,  . . . , a^]).  Denote  t'  : k — ► A'  the  induced 
map.  Choose  a lift  cr  : K — » A of  o'  (this  is  possible  by  the  formal  smoothness 
of  K/Fp  we  mentioned  above).  For  later  reference  we  note  that  we  can  change  a 
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to  er  + D for  some  derivation  D : K I.  Set  A = F[x\, . . . ,Xd\/(x i, . . . ,xd)n. 
Then  ^ a induces  a ring  map  T : A — > A.  The  composition  with  the  quotient 
map  A -A  A'  induces  a surjective  map  A — > A'  with  nilpotent  kernel.  Choose  a lift 
r : k — > A of  t'  (possible  as  k/Fp  is  formally  smooth).  Thus  we  obtain  two  maps 
k — > A,  namely  To-  o r : k — > A and  the  given  map  i : k A.  These  maps  agree 

modulo  /,  whence  the  difference  is  a derivation  9 = i — o r : k — > I.  Note  that 

if  we  change  cr  into  a + D then  we  change  9 into  9 — D\k. 

Choose  a set  of  elements  {yj}jej  of  k whose  differentials  d yj  form  a basis  of  f lk/Fp ■ 
The  Jacobi-Zariski  sequence  for  Fp  C k C K is 

0 -A  Hi(LK/k)  -A  fifc/Fp  ® I<  -A  nK/ Fp  — t ^K/k  ~ ► 0 

As  dim7Ji(L^-/fc)  < oowe  can  find  a finite  subset  Jo  C J such  that  the  image  of  the 
first  map  is  contained  in  Kdyj.  Hence  the  elements  dyj,  j £ J \Jq  map  to 

A'-linearly  independent  elements  of  flK/Fp.  Therefore  we  can  choose  a D : K — > I 
such  that  9 — D\k  = £ o d where  £ is  a composition 

nk/Fp  = 0 ,gJ  kdy0  -A  ® ;gjQ  kdVj  —A  / 

Let  fj  = £(d yj)  £ I for  j £ J0.  Change  a into  cr  + D as  above.  Then  we  see 
that  9(a)  = XqeJo  for  a £ k where  da  = J2ajdyj  in  f lk/Fp ■ Note  that  I is 
generated  by  the  monomials  XE  = AJ1  . . . \^d  of  total  degree  |£’|  = ^ei  = n— 1 
in  Ai, . . . , A d-  Write  fj  = J2e  cj,eXe  with  chE  £ K.  Replace  F'  by  F = F'(cj^E)- 
Then  the  claim  holds. 


Choose  cr  and  F as  in  the  claim.  The  kernel  of  is  generated  by  finitely  many 
polynomials  g±, . . . , gt  £ K[x i, . . . , Xd\  and  we  may  assume  their  coefficients  are  in 
F after  enlarging  F by  adjoining  finitely  many  elements.  In  this  case  it  is  clear  that 
the  map  A = F[x  i, . . .,xd]/(gi,  ...,gt)->  K[x  i, . . .,xd]/(gi,  ...,gt)=A  is  flat.  By 
the  claim  A is  a /c-subalgebra  of  A.  It  is  clear  that  A is  the  filtered  colimit  of  these 
algebras,  as  I\  is  the  filtered  union  of  the  subfields  F.  Finally,  these  algebras  are 
essentially  of  finite  type  over  k by  Algebra,  Lemma  [10. 53. 4[  □ 

07FH  Lemma  16.12.2.  Let  k be  a field,  of  characteristic  p > 0.  Let  A be  a Noetherian 
geometrically  regular  k-algebra.  Let  q C A be  a prime  ideal.  Let  n > 1 be  an 
integer  and  let  E C Aq/q"Aq  be  a finite  subset.  Then  we  can  find  m > 0 and 
ip  : k[yi, . . . , ym\  -A  A with  the  following  properties 

(1)  setting  p = <p>-1(q)  we  have  qAq  = pAq  and  k[y i, . . . , ym]p  Aq  is  flat, 

(2)  there  is  a factorization  by  homomorphisms  of  local  Artinian  rings 

h(yii  • • • j Pm] p/p  k[yi, . . . , j/m]p  t D > Aq/ q Aq 

where  the  first  arrow  is  essentially  smooth  and  the  second  is  flat , 

(3)  E is  contained  in  D modulo  q" Aq . 


Proof.  Set  A = Aq/qnAq.  Note  that  dim  H\  (LKj^/k)  < oo  by  More  on  Algebra, 


Proposition  15.27.1  Pick  Ac  A containing  E such  that  A is  local  Artinian, 
essentially  of  finite  type  over  k,  the  map  A — >•  A is  flat,  and  generates  the 

Denote  F = A/m-A  the  residue  field  so 


16.12.1 


maximal  ideal  of  A,  see  Lemma 
that  k C F C K.  Pick  Ai, . . . , At  £ A which  map  to  elements  of  A in  A such  that 
moreover  the  images  of  dAi, . . . ,dAf  form  a basis  of  Llp/k-  Consider  the  map  ip'  : 
k[yi, . . . ,yt\  -A  A sending  yj  to  Aj . Set  p'  = (<p/)_1(q).  By  More  on  Algebra,  Lemma 
15.27.2  the  ring  map  k[yi, . . . ,yt\ p>  -A  Aq  is  flat  and  Aq/p'Aq  is  regular.  Thus  we 
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can  choose  further  elements  At+i, . . . , Am  £ A which  map  into  A C A and  which 
map  to  a regular  system  of  parameters  of  Aq/p'Aq.  We  obtain  ip  : k[y1; . . . , ym]  — > A 
having  property  (1)  such  that  k[yi, . . . , ym]p/pnk[yi,  ■ ■ • , ym\ p — ► A factors  through 
A.  Thus  k[y±, . . . , ym]p/pnk[yi, . . . , ym]p  — > A is  flat  by  Algebra,  Lemma  10.38.9 
By  construction  the  residue  held  extension  k(p)  C F is  finitely  generated  and 
£If/k( p)  = 0.  Hence  it  is  finite  separable  by  More  on  Algebra,  Lemma 


15.26.1 


10.53.4 


Thus  k[yi,...,ym]p/pnk[yi,...,ym]p  ->  A is  hnite  by  Algebra,  Lemma 

Finally,  we  conclude  that  it  is  etale  by  Algebra,  Lemma  [l0.141.7|  Since  an  etale 
ring  map  is  certainly  essentially  smooth  we  win. 


□ 


Lemma  16.12.3.  Let  ip  : k[yi , . . . , ym\  — > A,  n,  q,  p and 
k[yi,  ■ • ■ , ym\p/ p"  D — >•  Aq/ qnAq 


be  as  in  Lemma  16.12.2  Then  for  any  A £ A \ q there  exists  an  integer  q > 0 and 
a factorization 

k[yi,  • • • , ym] p/pn  D —>  D'  — > Aq/ q'Wq 

such  that  D — ► D'  is  an  essentially  smooth  map  of  local  Artinian  rings,  the  last 
arrow  is  flat,  and  Xq  is  in  D' . 

Proof.  Set  A = Aq/q"Aq.  Let  A be  the  image  of  A in  A.  Let  a £ «(q)  be  the  image 
of  A in  the  residue  held.  Let  k C F C «(q)  be  the  residue  held  of  D.  If  a is  in 
F then  we  can  hnd  an  x £ D such  that  xX  = 1 mod  q.  Hence  (xA)9  = 1 mod  (q)9 
if  q is  divisible  by  p.  Hence  Xq  is  in  D.  If  a is  transcendental  over  F,  then  we 
can  take  D'  = (Z)[A])m  equal  to  the  subring  generated  by  D and  A localized  at 
m = D[A]  l~l  qA.  This  works  because  -D[A]  is  in  fact  a polynomial  algebra  over  D 
in  this  case.  Finally,  if  A mod  q is  algebraic  over  F,  then  we  can  hnd  a p-power  q 
such  that  aq  is  separable  algebraic  over  F,  see  Fields,  Section  |9.27|  Note  that  D 


and  A are  henselian  local  rings,  see  Algebra,  Lemma  10.148.11  Let  D — > D'  be 


a hnite  etale  extension  whose  residue  held  extension  is  F C F(aq),  see  Algebra, 
Lemma  10.148.8  Since  A is  henselian  and  F(aq)  is  contained  in  its  residue  held 
we  can  hnd  a factorization  D'  — > A.  By  the  first  part  of  the  argument  we  see  that 
Xqq'  £ D'  for  some  q'  > 0.  □ 


Lemma  16.12.4.  Let  k — > A — > A D q be  as  in  Situation 

(1)  k is  a field  of  characteristic  p > 0, 

(2)  A is  Noetherian  and  geometrically  regular  over  k, 

(3)  q is  minimal  over  \ )a- 
Then  k — ► A — ► A D q can  be  resolved. 


16.10.1 


where 


Proof.  The  lemma  is  proven  by  the  following  steps  in  the  given  order.  We  will 
justify  each  of  these  steps  below. 

(1)  Pick  an  integer  N > 0 such  that  qwAq  C iJ^/fcAq. 

(2)  Pick  generators  ai, . . . , at  £ A of  the  ideal  Ha/r- 

(3)  Set  d = dim(Aq). 

(4)  Set  B = A[x\, . . . ,xd,Zij}/(xfN  - J2zijaj)- 

(5)  Consider  B as  a k[x i,. . . , s^J-algebra  and  let  B — ► C be  as  in  Lemma 
116.4.11  We  also  obtain  a section  C — >■  B. 

(6)  Choose  c > 0 such  that  each  xq  is  strictly  standard  in  C over  k[x i, . . . , x^]. 

(7)  Set  n = N + dc  and  e = 8c. 
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(8)  Let  E C Aq/q"Aq  be  the  images  of  generators  of  A as  a fc-algebra. 

(9)  Choose  an  integer  m and  a fc-algebra  map  ip  : k[yi, . . . ,ym\  — > A and  a 
factorization  by  local  Artinian  rings 

k[yi,  • • ■ ? ym]p/p  fc[yi>  • • * ? ym\p  t d > Aq  j q Aq 

such  that  the  first  arrow  is  essentially  smooth,  the  second  is  flat,  E is 
contained  in  D , with  p = <£-1( q)  the  map  k[y±, . . . , ym]p  —■ y Aq  is  flat,  and 
PAq  = qAq- 

(10)  Choose  7r-| , . . . , Tici  G p which  map  to  a regular  system  of  parameters  of 
k[yi,-..,ym]v- 

(11)  Let  R = k[yi, . . . ,ym,h, . . . ,tm]  and  % = mU. 

(12)  If  necessary  modify  the  choice  of  77  such  that  for  i = 1, . . . , d we  have 

AnnR/(7f,...,7f_i)R(7i)  = Annfl/(7e,...;7a_i)i?(7?) 

(13)  There  exist  Si, . . . , 5d  £ A,  <5,  ^ q and  a factorization  D — > D'  — >•  Aq/q"Aq 
with  D'  local  Artinian,  D — » D'  essentially  smooth,  the  map  D ' — > 
Aq/q”Aq  flat  such  that,  with  7r'  = Siiti,  we  have  for  i = 1, . . . , d 

(a)  {ir'i)2N  = X)  aj^ij  iR  A where  A y mod  q”Aq  is  an  element  of  D' , 

(b)  AnnA/(7r/e)...iff/e_i)(7 r',;)  = AnnA/(T«i...ye_i)(7r'-), 

(c)  Si  mod  q"Aq  is  an  element  of  D' . 

(14)  Define  B A by  sending  Xi  to  7r'  and  2y  to  Ay  found  above.  Define 
C — > A by  composing  the  map  B — > A with  the  retraction  C -A  B. 

(15)  Map  R — > A by  <p  on  k[yi, . . . ,ym]  and  by  sending  ti  to  Si.  Further 
introduce  a map 

k[x  r,  ...,xd]  — » R = k[yi, . . . ,ym,ti, . . .,td] 

by  sending  x^  to  y*  = 77  tu 

(16)  It  suffices  to  resolve 

R C (S)fc[x !,...,xd]  R “ t A D q 

(17)  Set  I = (7® , . . . , 7^)  C R. 

(18)  It  suffices  to  resolve 

R/J  —■ y C ®fc[x i,...,xd]  R/ 1 A/ 7A  7)  q/7A 

(19)  We  denote  r C R = fc[yi, . . . , ym,  t\, . . . , td\  the  inverse  image  of  q. 

(20)  It  suffices  to  resolve 

(R/I)t  t C ®k[xi,...,x4 ] {R/I)x  t Aq/JAq  I)  qAq//Aq 

(21)  Set  J = (7rf, . . . ,t r^)  in  fc[j/i, . . . ,ym]. 

(22)  It  suffices  to  resolve 

(7?/ JR) p ■>  C1  ®fc[x1  ,...,xd]  (^/ JR)p  t Aq/ </Aq  d qAq/ TAq 

(23)  It  suffices  to  resolve 

(R/VnR)p  ->•  (^/P^)p  Aq / 9^ Aq  =>  qAq/q”Aq 

(24)  It  suffices  to  resolve 


(i?/p”i?)p  -a  (i?/p"i?)p  -a  Aq/q"Aq  D qAq/q”Aq 
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(25)  The  ring  D'[ti, . . . , tj[  is  given  the  structure  of  an  i?p/p"f?p-algebra  by 
the  given  map  %i, . . . , ym]p/pnk[yi,  ■ • • , 2/m]p  D'  and  by  sending  U to 
ti . It  suffices  to  find  a factorization 

B {R/pnR)p  —• ► D'[ti , . . . ,td]  — > Aq/ qnAq 

where  the  second  arrow  sends  ti  to  Si  and  induces  the  given  homomor- 
phism D'  Aq/q”Aq. 

(26)  Such  a factorization  exists  by  our  choice  of  D'  above. 

We  now  give  the  justification  for  each  of  the  steps,  except  that  we  skip  justifying 
the  steps  which  just  introduce  notation. 

Ad  Q.  This  is  possible  as  q is  minimal  over  t)A  = ^HA/kK. 

Ad  0.  Note  that  Aa.  is  smooth  over  k.  Hence  Ba. , which  is  isomorphic  to  a 
polynomial  algebra  over  Aa\x  is  smooth  over  k[x±, . . . , Xd\.  Thus  Bx. 

is  smooth  over  k[xi, . . . , xj\.  By  Lemma  16.4.1  we  see  that  CXi  is  smooth  over 
k[x\, . . . , Xd\  with  finite  free  module  of  differentials.  Hence  some  power  of  Xi  is 


strictly  standard  in  C over  k[ x\, . . . , xn]  by  Lemma  16.4.7 
Ad  0.  This  follows  by  applying  Lemma  [16.12.2 


Ad  (10).  Since  k[y±, . . . , ym\p  —t  Aq  is  flat  and  pAq  = qAq  by  construction  we 
see  that  dim(fc[?/i, . . . ,ym\p)  = d by  Algebra,  Lemma  10.111.7  Thus  we  can  find 
7Ti , . . . , TTd  £ A which  map  to  a regular  system  of  parameters  in  Aq . 

Ad  ( 12 ).  By  Algebra,  LemmaflO. 105.3  any  permutation  of  the  sequence  7r1; . . . , 772 
is  a regular  sequence  in  k[y±, . . . , ym]p-  Hence  71  = 7Titi, . . . ,7d  = 'Xddd  is  a regular 
sequence  in  Rp  = k[yi, . . . , ym]p\ti,  ■ ■ ■ , fd],  see  Algebra,  Lemma  10.67.9  Let  S = 
k[yi, . . . , ym]  \ p so  that  Rp  = S~1R.  Note  that  7Ti, . . . , 772  and  71, . . . , 7d  remain 
regular  sequences  if  we  multiply  our  77  by  elements  of  S.  Suppose  that 

AnniJ/(7l,...,7 f_1)«(7i)  = Anni?/(7«i...i7e_i)i?(7?) 

holds  for  i = 1, . . . , t for  some  t £ {0, . . . , d}.  Note  that  7®, . . . , 7®,  7t+i  is  a regular 
sequence  in  S'-1!?  by  Algebra,  Lemma  10.67.8  Hence  we  see  that 

Anns-ijj/^ ^^(yi)  = Anns-iiJ/(7;r..i7«_i)(7!2). 

Thus  we  get 

Annfl/(7ei...)7te)H(7t+i)  = Annfl/(7fj...i7f)H(T^+1) 
after  replacing  'Kt+i  by  577+1  for  some  s £ S by  Lemma  |16.11.1|  By  induction  on 
t this  produces  the  desired  sequence. 


Ad  (13).  Let  S = A \ q so  that  Aq  = S-1A.  Set  A = Aq/q”Aq.  Suppose  that 
we  have  a t £ {0, . . . , d}  and  dj, . . . , St  £ S and  a factorization  D — > D'  -A  A as 
in  (13)  such  that  (a),  (b),  (c)  hold  for  i = 1,  We  have  £ HA/k Aq  as 


q^Aq  c HA/kAq  by  0.  Hence  7 £ HA/kA.  Hence  n^+1  £ HA/kD 1 as  D'  — ► A is 
faithfully  flat,  see  Algebra,  Lemma  10.81.11  Recall  that  HA/k  = (au  • ■ • j°t)-  Say 
7ri+i  = Y^ajdj  in  D'  and  choose  Cj  £ Aq  lifting  dj  £ D' . Then  = Y^cjaj  + e 
with  e £ q”Aq  C qn~N  HA/kAq.  Write  e = Y^a3c'j  f°r  some  cj  £ qra-ArAq.  Hence 
^t+i  = S(7rt+ici  + nt+ic'j)aj-  Note  that  ^t+pCj  maps  to  zero  in  A;  this  trivial  but 
key  observation  will  ensure  later  that  (a)  holds.  Now  we  choose  s £ S such  that 
there  exist  yt+ij  £ A such  that  on  the  one  hand  n ^+1Cj  + ^t+iCj  = yt+ij/s2N  in 
S'-1A  and  on  the  other  (s7rt+1)27V  = At+ijUj  in  A (minor  detail  omitted).  We 
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may  further  replace  s by  a power  and  enlarge  D'  such  that  s maps  to  an  element  of 
D' . With  these  choices  maps  to  s2N dj  which  is  an  element  of  D' . Note  that 
7Ti , . . . . 7i(i  are  a regular  sequence  of  parameters  in  S^1  A by  our  choice  of  ip.  Hence 
7Ti, . . . , 7 Td  forms  a regular  sequence  in  Aq  by  Algebra,  LemmaflO.  105.3  It  follows 
that  7 t'I,  . . . , 7r'( , S7rt+i  is  a regular  sequence  in  S'-1  A by  Algebra,  Lemma  10.67.8 
Thus  we  get 

A.nns-iA/(7r'«,...,7r'|)(S7rt+i)  Anng— iA/(7r'f, .. .,7r/|)((^^rt+i)  )■ 

Hence  we  may  apply  Lemma |l6.11.1| to  find  an  s'  £ S such  that 

AnnA/(w/=i...iW/e)((s')9s7rt+i)  = AnnA/(w/ev..i7r,e)(((s09S7rt+i)2). 

for  any  q > 0.  By  Lemma  [16.12.3  we  can  choose  q and  enlarge  D'  such  that  ( s')q 
maps  to  an  element  of  D' . Setting  St+ 1 = ( s')qs  and  we  conclude  that  (a),  (b), 
(c)  hold  for  i = 1,...,£  + 1.  For  (a)  note  that  Xt+ij  = (s')2Nq Ht+ij  works.  By 
induction  on  t we  win. 


Ad  (16).  By  construction  the  radical  of  H(c®k[n;i  j r)/rA  contains  Namely, 
the  elements  a,j  € H-A/k  map  to  elements  of  HB/k[x1,...,xn]i  hence  map  to  elements 


of  HC/k[x i,...,x„]>  hence  a3  (g>  1 map  to  elements  of  #c®fc[xi „d]R/R-  Moreover,  if 

we  have  a solution  C ®fc[Xl,...,xn]  R—>T—t  A of 

R — t C ®jt[Xl,...,Xd]  R — t A D q 

then  Ht/r  c HT/k  as  R is  smooth  over  fc.  Hence  T will  also  be  a solution  for  the 
original  situation  k — > A — > A D q. 


Ad  (18).  Follows  on  applying  Lemma  16.10.2  to  R — > C <8>fc[Xlj...,X(i]  R — > A D q and 
the  sequence  of  elements  qf, . . . ,7^.  We  note  that  since  xf  are  strictly  standard  in 
C over  k[x  1, . . . ,Xd]  the  elements  7?  are  strictly  standard  in  C <8>fc[Xi,...,xd]  R over 
R by  Lemma  16.3.7  The  other  assumption  of  Lemma  16.10.2  holds  by  steps  (12) 
and  (fl3[) . 

Ad  (20 ).  Apply  Lemma  16.10.4  to  the  situation  in  ( 18 ).  In  the  rest  of  the  arguments 
the  target  ring  is  local  Artinian,  hence  we  are  looking  for  a factorization  by  a smooth 
algebra  T over  the  source  ring. 


Ad  (22 1.  Suppose  that  C <S>fc[Xl,...lX<J]  ( R/JR)P  — > T — > Aq/JAq  is  a solution  to 
( R / JR) p t C ®fc[Xlj...jXd]  {R/  JR) p t Aq/ TAq  Z)  qAq/ TAq 
Then  C (S>fe[Xl,...,Xd]  (R/I)t  Aq//Aq  is  a solution  to  the  situation  in  (20). 


Ad  (23).  Our  n = N + dc  is  large  enough  so  that  pnk[yi, . . . , ym\v  C Jp  and 
q"Aq  c J Aq . Hence  if  we  have  a solution  C Ofc[Xl>...  Xd]  (R/pnR)p  — > T — > Aq/qnAq 
of  ( 22  then  we  can  take  T / JT  as  the  solution  for  ( 23 1 . 


Ad  (24).  This  is  true  because  we  have  a section  C — > B in  the  category  of  77- 
algebras. 


Ad  ( 25 1 . This  is  true  because  D'  is  essentially  smooth  over  the  local  Artinian  ring 
& [j/i,  • • ■ ,ym\P/pnk[yi, . . .,ym\ p and 

Rp  / P Rp  = k[yi  j • • • ) 2/m]  p / p ft  [2/1  > • • • ) 2/m]  p [til  • ■ • 1 id]  ■ 


Hence  D'[ti, . . . , O]  is  a filtered  colimit  of  smooth  i?p/p'li?p-algebras  and  -B<8>fc[Xl,...jXd] 
(Rp/pnRp)  factors  through  one  of  these. 
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Ad  (26).  The  final  twist  of  the  proof  is  that  we  cannot  just  use  the  map  B — >•  D' 
which  maps  Xi  to  the  image  of  7r(  in  D'  and  z-ij  to  the  image  of  A,y  in  D'  because 
we  need  the  diagram 


B 

A 


D'[ti,  ...,td] 


■ Rp/pnRp 


k[  xi,  ...,Xd]  — 

to  commute  and  we  need  the  composition  B — y D'\t\, . . . , td]  —>  Aq/qr 


Aq  to  be  the 


map  of  ( 14 ) . This  requires  us  to  map  Xi  to  the  image  of  TT%ti  in  D'  [ti , . . . , td]  ■ Hence 
we  map  Zij  to  the  image  of  \ijt?N/6fN  in  D'[t\, . . . , td]  and  everything  is  clear.  □ 


16.13.  The  main  theorem 


07GB  In  this  section  we  wrap  up  the  discussion. 

07GC  Theorem  16.13.1  (Popescu).  Any  regular  homomorphism  of  Noetherian  rings  is 
a filtered  colimit  of  smooth  ring  maps. 


Proof.  By  Lemma [l 6. 9. 4|  it  suffices  to  prove  this  for  k — > A where  A is  Noetherian 
and  geometrically  regular  over  k.  Let  k — > A — > A be  a factorization  with  A a finite 
type  fc-algebra.  It  suffices  to  construct  a factorization  A — >■  H -A  A with  B of  finite 
type  such  that  \)b  = A,  see  Lemma  |16.3.8|  Hence  we  may  perform  Noetherian 
induction  on  the  ideal  [)a-  Pick  a prime  q D 1)a  such  that  q is  minimal  over  t)A-  It 
now  suffices  to  resolve  k — > A — > A D q (as  defined  in  the  text  following  Situation 

If  the 


16.10.1).  If  the  characteristic  of  k is  zero,  this  follows  from  Lemma  16.11.3 


characteristic  of  k is  p > 0,  this  follows  from  Lemma[l6.12.4| 


□ 


16.14.  The  approximation  property  for  G-rings 


07QX  Let  R be  a Noetherian  local  ring.  In  this  case  R is  a G-ring  if  and  only  if  the  ring 
map  R -A  is  regular,  see  More  on  Algebra,  Lemma  15.41.7  In  this  case  it  is 
true  that  the  henselization  Rh  and  the  strict  henselization  Rsh  of  R are  G-rings, 
see  More  on  Algebra,  Lemma  [15.41.8|  Moreover,  any  algebra  essentially  of  finite 
type  over  a field,  over  a complete  local  ring,  over  Z,  or  over  a characteristic  zero 
Dedekind  ring  is  a G-ring,  see  More  on  Algebra,  Proposition  15.41.12  This  gives 
an  ample  supply  of  rings  to  which  the  result  below  applies. 


Let  R be  a ring.  Let  /i,  • • • , fm  £ R[x i>  • ■ ■ , xn].  Let  S be  an  i?-algebra.  In  this 
situation  we  say  a vector  (ai, . . . , an)  £ Sn  is  a solution  in  S if  and  only  if 

fj(ai, . . . , an)  = 0 in  S,  for  j = 1, . . . ,m 


Of  course  an  important  question  in  algebraic  geometry  is  to  see  when  systems  of 
polynomial  equations  have  solutions.  The  following  theorem  tells  us  that  having 
solutions  in  the  completion  of  a local  Noetherian  ring  is  often  enough  to  show  there 
exist  solutions  in  the  henselization  of  the  ring. 


07QY  Theorem  16.14.1.  Let  R be  a Noetherian  local  ring.  Let  /i , . . . , fm  £ R[x i , . . . , xn] . 
Suppose  that  (ai, . . . ,an ) £ (i?A)ra  is  a solution  in  i?A.  If  R is  a henselian  G-ring , 
then  for  every  integer  N there  exists  a solution  (6i, . . . , bn ) £ Rn  in  R such  that 
ai  — bi  £ m N RA . 
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Proof.  Let  Cj  £ R be  an  element  such  that  at  — Cj  £ nvv.  Choose  generators 
= (di, . . . , djvr)-  Write  a,  = c,  + Consider  the  polynomial  ring 

and  the  elements 

3j  — fj(.C  1 T ^ ' 3'l,ldli  ■ ■ ■ , Cn  T ^ ' Xnjdnj')  £ 

The  system  of  equations  gj  = 0 has  the  solution  (a,^).  Suppose  that  we  can  show 
that  gj  as  a solution  (b,,i)  in  R.  Then  it  follows  that  = Cj  + bijdi  is  a solution 
of  fj  = 0 which  is  congruent  to  ai  modulo  mw.  Thus  it  suffices  to  show  that 
solvability  over  i?A  implies  solvability  over  R. 

Let  A C RA  be  the  hbsubalgebra  generated  by  ai, . . . , an.  Since  we’ve  assumed  R 
is  a G-ring,  i.e. , that  R -A  RA  is  regular,  we  see  that  there  exists  a factorization 

A B i?A 


with  f?  smooth  over  i?,  see  Theorem  16.13.1  Denote  k = f?/m  the  residue  field.  It 
is  also  the  residue  field  of  RA,  so  we  get  a commutative  diagram 


B > R' 


R 


V 

K 


Since  the  vertical  arrow  is  smooth,  More  on  Algebra,  Lemma  [15. 7. 13|  implies  that 
there  exists  an  etale  ring  map  R — > R'  which  induces  an  isomorphism  R/m  — ¥ 
R' /mR'  and  an  A.-algebra  map  B — ► R'  making  the  diagram  above  commute.  Since 
R is  henselian  we  see  that  R — )•  R'  has  a section,  see  Algebra,  Lemma  10.148.3 
Let  bi  £ R be  the  image  of  ai  under  the  ring  maps  A — > B — > R'  — > R.  Since  all  of 
these  maps  are  i?-algebra  maps,  we  see  that  (b\, . . . , bn ) is  a solution  in  R.  □ 


Given  a Noetherian  local  ring  (f?,  m),  an  etale  ring  map  R — ► R' , and  a maximal 
ideal  m'  C R'  lying  over  m with  «(m)  = K(tn,),  then  we  have  inclusions 

R C Rm>  c Rh  C f?A , 

by  Algebra,  Lemma  [10.148. 19]  and  More  on  Algebra,  Lemma  [15. 36.3| 

07QZ  Theorem  16.14.2.  Let  R be  a Noetherian  local  ring.  Let  /i , ■ . . , fm  £ R[x\ , . . . , xn\ . 
Suppose  that  (ai, . . . ,an)  £ ( RA)n  is  a solution.  If  R is  a G-ring,  then  for  every 
integer  N there  exist 

(1)  an  etale  ring  map  R — > R' , 

(2)  a maximal  ideal  m'  C R'  lying  over  m 

(3)  a solution  (6i, . . . , bn)  £ (l?7)"  in  R' 
such  that  «(m)  = K(m')  and  at  — bi  £ (m ')N RA . 


Proof.  We  could  deduce  this  theorem  from  Theorem|16.14.1|using  that  the  henseliza- 

and  writing  Rh  as  a di- 


15.41.8 


tion  Rh  is  a G-ring  by  More  on  Algebra,  Lemma 
rected  colimit  of  etale  extension  R' . Instead  we  prove  this  by  redoing  the  proof  of 
the  previous  theorem  in  this  case. 


Let  d £ R be  an  element  such  that  a,;  — c,;  £ m v . Choose  generators  mN  = 
(di, . . . , cZm)-  Write  ai  = Cj  + Y^ai,idi-  Consider  the  polynomial  ring  R[xij\  and 
the  elements 


gj  = fj (ci  + X!  xLidi, . • • , cn  + ^ x„tid„ti)  £ R[xij] 
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The  system  of  equations  gj  = 0 has  the  solution  (a,,;).  Suppose  that  we  can  show 
that  gj  as  a solution  (fc^z)  in  R!  for  some  etale  ring  map  R -A  R!  endowed  with  a 
maximal  ideal  m'  such  that  re(m)  = K(m').  Then  it  follows  that  bi  = a + Y/bi,idi 
is  a solution  of  fj  = 0 which  is  congruent  to  at  modulo  Thus  it  suffices 

to  show  that  solvability  over  RA  implies  solvability  over  some  etale  ring  extension 
which  induces  a trivial  residue  field  extension  at  some  prime  over  m. 

Let  A C RA  be  the  f?-subalgebra  generated  by  ax, ...  ,an.  Since  we’ve  assumed  R 
is  a G-ring,  i.e. , that  R — > RA  is  regular,  we  see  that  there  exists  a factorization 

A^>  B RA 


with  B smooth  over  R,  see  Theorem  16.13.1  Denote  k = R/m  the  residue  field.  It 
is  also  the  residue  field  of  RA,  so  we  get  a commutative  diagram 


B > R' 


R 


V 

K 


Since  the  vertical  arrow  is  smooth,  More  on  Algebra,  Lemma  |15.7.13  implies  that 
there  exists  an  etale  ring  map  R -A  R'  which  induces  an  isomorphism  R/m  — > 
R' /mR'  and  an  i?-algebra  map  B — ¥ R'  making  the  diagram  above  commute.  Let 
bi  £ R'  be  the  image  of  eq  under  the  ring  maps  A — > B — > R' . Since  all  of  these 
maps  are  i?-algebra  maps,  we  see  that  (6i, . . . , bn)  is  a solution  in  R! . □ 


0A1W 


Example  16.14.3.  Let  {R,  m)  be  a Noetherian  local  ring  with  henselization  Rh 
The  map  on  completions  RA 
Lemma 


15.36.3 


— > {Rh)A  is  an  isomorphism,  see  More  on  Algebra, 
Since  also  Rh  is  Noetherian  (ibid.)  we  may  think  of  Rh  as  a 
subring  of  its  completion  (because  the  completion  is  faithfully  flat).  In  this  way  we 
see  that  we  may  identify  Rh  with  a subring  of  RA . 


Let  us  try  to  understand  which  elements  of  RA  are  in  Rh . For  simplicity  we  assume 
R is  a domain  with  fraction  field  K.  Clearly,  every  element  / of  Rh  is  algebraic  over 
R,  in  the  sense  that  there  exists  an  equation  of  the  form  anfn  + . . . + axf  + do  = 0 
for  some  oq  £ R with  n > 0 and  an  ^ 0. 


Conversely,  assume  that  f £ RA,  n £ N,  and  do ,...,an  £ R with  an  ^ 0 such 
that  anfn  + . . . + axf  + a0  =0.  If  R is  a G-ring,  then,  for  every  N > 0 there 
exists  an  element  g £ Rh  with  angn  + . . . + axg  + a0  = 0 and  / — g £ m N RA,  see 
Theorem  |16.14.2|  We’d  like  to  conclude  that  f = g when  N 0.  If  this  is  not 
true,  then  we  find  infinitely  many  roots  g of  P(T)  in  Rh.  This  is  impossible  because 
(1)  Rh  C Rh  (g>_R  K and  (2)  Rh  K is  a finite  product  of  field  extensions  of  K. 
Namely,  R -A  K is  injective  and  R — > Rh  is  flat,  hence  Rh  — > Rh  K is  injective 


and  (2)  follows  from  More  on  Algebra,  Lemma  15.36.13 


Conclusion:  If  R is  a Noetherian  local  domain  with  fraction  field  K and  a G-ring, 
then  Rh  C RA  is  the  set  of  all  elements  which  are  algebraic  over  K. 


16.15.  Approximation  for  henselian  pairs 

0AH4  We  can  generalize  the  discussion  of  Section  |16.14|  to  the  case  of  henselian  pairs. 
Henselian  pairs  where  defined  in  More  on  Algebra,  Section  |15.8| 


16.16.  OTHER  CHAPTERS 


1391 


0AH5 


Lemma  16.15.1.  Let  {A,  I)  be  a henselian  pair  with  A Noetherian.  Let  AA  be 
the  I-adic  completion  of  A.  Assume  at  least  one  of  the  following  conditions  holds 

(1)  A -A  AA  is  a regular  ring  map, 

(2)  A is  a Noetherian  G-ring,  or 


(3)  (A,  I)  is  the  henselization  (More  on  Algebra,  Lemma  15.8.13)  of  a pair 
(. B , J)  where  B is  a Noetherian  G-ring. 

Given  /i, . . . , fm  £ A[x i, . . . , xn\  and  d\ ,...  ,an  £ AA  such  that  fj(a i, . . . , an)  = 0 
for  j = 1, ...  ,m,  for  every  N > 1 there  exist  a±, . . . , an  £ A such  that  a*  — cq  £ IN 
and  such  that  fj(a\, . . . , an)  = 0 for  j = 1, . . . , m. 


Proof.  By  More  on  Algebra,  Lemma  15.41.15  we  see  that  (3)  implies  (2).  By  More 


on  Algebra,  Lemma  15.41.14  we  see  that  (2)  implies  (1).  Thus  it  suffices  to  prove 
the  lemma  in  case  A — > AA  is  a regular  ring  map. 

Let  di , . . . , an  be  as  in  the  statement  of  the  lemma.  By  Theorem  |16.13.1|  we  can 
find  a factorization  A — > B — > AA  with  A -A  P smooth  and  b\ , . . . , bn  £ B with 
fj(bi, . . . ,bn ) = 0 in  B.  Denote  <7  : B — >•  AA  — » A/IN  the  composition.  By  More 
on  Algebra,  Lemma|l5.7.13|we  can  find  an  etale  ring  map  A — > A'  which  induces  an 
isomorphism  A/IN  — > A' /IN  A!  and  an  A-algebra  map  a : B —>■  A'  lifting  o\  Since 
(A,  I)  is  henselian,  there  is  an  A-algebra  map  x '■  A'  A,  see  More  on  Algebra, 
Lemma  15.8.7  Then  setting  = x(cr(6,))  gives  a solution.  □ 
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Sheaves  of  Modules 


17.1.  Introduction 


In  this  chapter  we  work  out  basic  notions  of  sheaves  of  modules.  This  in  particular 
includes  the  case  of  abelian  sheaves,  since  these  may  be  viewed  as  sheaves  of  Z- 
modules.  Basic  references  are  |Ser55bl.  DG67  and  IAGV71I. 


We  work  out  what  happens  for  sheaves  of  modules  on  ringed  topoi  in  another 
chapter  (see  Modules  on  Sites,  Section  18.1),  although  there  we  will  mostly  just 
duplicate  the  discussion  from  this  chapter. 


17.2.  Pathology 

A ringed  space  is  a pair  consisting  of  a topological  space  X and  a sheaf  of  rings  O. 
We  allow  O = 0 in  the  definition.  In  this  case  the  category  of  modules  has  a single 
object  (namely  0).  It  is  still  an  abelian  category  etc,  but  it  is  a little  degenerate. 
Similarly  the  sheaf  O may  be  zero  over  open  subsets  of  X , etc. 

This  doesn’t  happen  when  considering  locally  ringed  spaces  (as  we  will  do  later). 


17.3.  The  abelian  category  of  sheaves  of  modules 


Let  (A,  Ox)  be  a ringed  space,  see  Sheaves,  Definition  6.25.1  Let  J7,  Q be  sheaves 
of  Ox-modules,  see  Sheaves,  Definition  |6. 10.1  Let  ip,  ip  : J7  — > Q be  morphisms  of 
sheaves  of  Ox-modules.  We  define  p + ip  : T — > Q to  be  the  map  which  on  each 
open  U C X is  the  sum  of  the  maps  induced  by  ip,  ip.  This  is  clearly  again  a map 
of  sheaves  of  Ox-modules.  It  is  also  clear  that  composition  of  maps  of  Ox-modules 
is  bilinear  with  respect  to  this  addition.  Thus  Mod(Ox ) is  a pre-additive  category, 


see  Homology,  Definition  12.3.1 


We  will  denote  0 the  sheaf  of  Ox-modules  which  has  constant  value  {0}  for  all 
open  U C X.  Clearly  this  is  both  a final  and  an  initial  object  of  Mod(Ox )■  Given 
a morphism  of  Ox-modules  <p  : J-  —>  Q the  following  are  equivalent:  (a)  ip  is  zero, 
(b)  ip  factors  through  0,  (c)  ip  is  zero  on  sections  over  each  open  U,  and  (d)  <px  = 0 


for  all  x € X.  See  Sheaves,  Lemma  6.16.1 


Moreover,  given  a pair  J7,  Q of  sheaves  of  Ox-modules  we  may  define  the  direct 
sum  as 

A©  g = X x g 


with  obvious  maps  ( i,j,p,q ) as  in  Homology,  Definition  12.3.5  Thus  Mod(Ox)  is 
an  additive  category,  see  Homology,  Definition |12. 3. 8| 
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Let  ip  : F — > Q be  a morphism  of  Ox-modules.  We  may  define  Ker(yj)  to  be  the 
subsheaf  of  F with  sections 

Ker(p)(U)  ={s£  F(U)  \ <p(s)  = 0 in  Q(U)} 

for  all  open  U C X.  It  is  easy  to  see  that  this  is  indeed  a kernel  in  the  category 
of  Ox-modules.  In  other  words,  a morphism  a : TL  — > F factors  through  Ker(yj)  if 
and  only  if  ip  o a = 0.  Moreover,  on  the  level  of  stalks  we  have  Ker(y>)x  = Kev(ipx). 

On  the  other  hand,  we  define  Coker(^)  as  the  sheaf  of  Ox-modules  associated  to 
the  presheaf  of  Ox-modules  defined  by  the  rule 

U ► Coker (g(U)  -A  F{U))  = F (U)  / p(Q  {U)) . 

Since  taking  stalks  commutes  with  taking  sheafification,  see  Sheaves,  Lemma|6.17.2| 
we  see  that  Coker(</?)x  = Coker(<^x).  Thus  the  map  Q — > Coker(</?)  is  surjective  (as 


a map  of  sheaves  of  sets),  see  Sheaves,  Section  6.16  To  show  that  this  is  a cokernel, 
note  that  if  /?  : Q — > 'H  is  a morphism  of  Ox-modules  such  that  /?  o ip  is  zero, 
then  you  get  for  every  open  U C X a map  induced  by  /3  from  Q{U) / p{T{U))  into 


%{U).  By  the  universal  property  of  sheafification  (see  Sheaves,  Lemma  6.20.1)  we 
obtain  a canonical  map  Coker(</?)  — > H such  that  the  original  /3  is  equal  to  the 
composition  Q — >•  Coker((/s)  — >•  Ti.  The  morphism  Coker(^)  — ► T~L  is  unique  because 
of  the  surjectivity  mentioned  above. 

01AG  Lemma  17.3.1.  Let  (X,Ox)  be  a ringed  space.  The  category  Mod(Ox)  is  an 
abelian  category.  Moreover  a complex 

is  exact  at  Q if  and  only  if  for  all  x £ X the  complex 

F x ^ Qx  ^ 'M'X 

is  exact  at  Qx . 

Proof.  By  Homology,  Definition  12.5. 1|  we  have  to  show  that  image  and  coimage 
agree.  By  Sheaves,  Lemma  6.16.1  it  is  enough  to  show  that  image  and  coimage 


have  the  same  stalk  at  every  x £ X . By  the  constructions  of  kernels  and  cokernels 
above  these  stalks  are  the  coimage  and  image  in  the  categories  of  Ox.x-modules. 
Thus  we  get  the  result  from  the  fact  that  the  category  of  modules  over  a ring  is 
abelian.  □ 

Actually  the  category  Mod(Ox)  has  many  more  properties.  Here  are  two  construc- 
tions we  can  do. 

(1)  Given  any  set  I and  for  each  i £ I a Ox-module  we  can  form  the  product 


II  * 


Liei 

which  is  the  sheaf  that  associates  to  each  open  U the  product  of  the 
modules  Fi(U).  This  is  also  the  categorical  product,  as  in  Categories, 
Definition  14.14.51 

(2)  Given  any  set  I and  for  each  i £ I a Ox-module  we  can  form  the  direct 
sum 


©,  T 


'ie.i 


which  is  the  sheafification  of  the  presheaf  that  associates  to  each  open 
U the  direct  sum  of  the  modules  Fi{U).  This  is  also  the  categorical 
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coproduct,  as  in  Categories,  Definition  |4.14.6[  To  see  this  you  use  the 
universal  property  of  sheafification. 

Using  these  we  conclude  that  all  limits  and  colimits  exist  in  Mod{Ox)- 

Lemma  17.3.2.  Let  ( X,Ox ) be  a ringed  space. 

(1)  All  limits  exist  in  Mod(Ox )•  Limits  are  the  same  as  the  corresponding 
limits  of  presheaves  of  Ox -modules  ( i.e .,  commute  with  taking  sections 
over  opens). 

(2)  All  colimits  exist  in  Mod{Ox)-  Colimits  are  the  sheafification  of  the  corre- 
sponding colimit  in  the  category  of  presheaves.  Taking  colimits  commutes 
with  taking  stalks. 

(3)  Filtered  colimits  are  exact. 

(4)  Finite  direct  sums  are  the  same  as  the  corresponding  finite  direct  sums  of 
presheaves  of  Ox  -modules. 


Proof.  As  Mod(Ox)  is  abelian  (Lemma  17.3.1 1 it  has  all  finite  limits  and  colimits 
(Homology,  Lemma  |l2.5.5 ).  Thus  the  existence  of  limits  and  colimits  and  their 
description  follows  from  the  existence  of  products  and  coproducts  and  their  de- 
scription (see  discussion  above)  and  Categories,  Lemmas  4.14.10  and  4.14.11  Since 
sheafification  commutes  with  taking  stalks  we  see  that  colimits  commute  with  tak- 
ing stalks.  Part  (3)  signifies  that  given  a system  0 — ► F — > Qi  — > TL  — > 0 of 
exact  sequences  of  O x -modules  over  a directed  partially  ordered  set  I the  sequence 
0 — » colim  T%  — > colimt/j  — > colimTU  — » 0 is  exact  as  well.  Since  we  can  check 
exactness  on  stalks  (Lemma  17.3.1)  this  follows  from  the  case  of  modules  which  is 
Algebra,  Lemma  10.8. 9|  We  omit  the  proof  of  (4).  □ 


The  existence  of  limits  and  colimits  allows  us  to  consider  exactness  properties  of 
functors  defined  on  the  category  of  (D-modules  in  terms  of  limits  and  colimits, 


as  in  Categories,  Section  4.23  See  Homology,  Lemma  12.7.1  for  a description  of 


exactness  properties  in  terms  of  short  exact  sequences. 


Lemma  17.3.3.  Let  f : (X,Ox)  — > (Y,Oy)  be  a morphism  of  ringed  spaces. 

(1)  The  functor  /*  : Mod(Ox)  — > Mod(Oy)  is  left  exact.  In  fact  it  commutes 
with  all  limits. 

(2)  The  functor  f*  : Mod(Oy)  — ► Mod(Ox)  is  right  exact.  In  fact  it  commutes 
with  all  colimits. 

(3)  Pullback  f~1  : Ab(Y)  — ► Ab(X)  on  abelian  sheaves  is  exact. 


Proof.  Parts  (1)  and  (2)  hold  because  (/*,/*)  is  an  adjoint  pair  of  functors,  see 
Sheaves,  Lemma  6.26.2  and  Categories,  Section  4.24  Part  (3)  holds  because  exact- 
ness can  be  checked  on  stalks  (Lemma  17.3.1)  and  the  description  of  stalks  of  the 
pullback,  see  Sheaves,  Lemma [6.22. 1|  □ 


Lemma  17.3.4.  Let  j : U -A  X be  an  open  immersion  of  topological  spaces.  The 
functor  j\  : Ab(U)  — > Ab(X)  is  exact. 


Proof.  Follows  from  the  description  of  stalks  given  in  Sheaves,  Lemma[6.31.6|  □ 

Lemma  17.3.5.  Let  (X,Ox)  be  a ringed  space.  Let  I be  a set.  For  i £ I,  let  Fi 
be  a sheaf  of  Ox -modules.  For  U C X quasi-compact  open  the  map 


®.eU‘<[,>^(©,€U*) {U) 
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is  bijective. 

Proof.  If  s is  an  element  of  the  right  hand  side,  then  there  exists  an  open  covering 
U = [JjGjUj  such  that  s|tr3-  is  a finite  sum  SF  with  sji  £ ^i( Uj ).  Because 

U is  quasi-compact  we  may  assume  that  the  covering  is  finite,  i.e. , that  J is  finite. 
Then  I'  = U jeJIj  is  a finite  subset  of  I.  Clearly,  s is  a section  of  the  subsheaf 
0.pJ,  Ti.  The  result  follows  from  the  fact  that  for  a finite  direct  sum  sheafification 
is  not  needed,  see  Lemma  117.3.21  above.  □ 


17.4.  Sections  of  sheaves  of  modules 


Let  (A',  Ox)  be  a ringed  space.  Let  J7  be  a sheaf  of  Ox-modules.  Let  s £ T(A,  IF)  = 
F( X)  be  a global  section.  There  is  a unique  map  of  O \ -modules 

Ox  — ► T,  f — ► fs 

associated  to  s.  The  notation  above  signifies  that  a local  section  / of  Ox,  he.,  a 
section  / over  some  open  U , is  mapped  to  the  multiplication  of  / with  the  restriction 
of  s to  U.  Conversely,  any  map  ip  : Ox  — > IF  gives  rise  to  a section  s = <p(l)  such 
that  p>  is  the  morphism  associated  to  s. 

Definition  17.4.1.  Let  (A , Ox)  be  a ringed  space.  Let  J7  be  a sheaf  of  Ox- 
modules.  We  say  that  J7  is  generated  by  global  sections  if  there  exist  a set  /,  and 
global  sections  £ T(A,  J7),  i £ I such  that  the  map 


which  is  the  map  associated  to  Sj  on  the  summand  corresponding  to  i,  is  surjective. 
In  this  case  we  say  that  the  sections  s*  generate  T . 

We  often  use  the  abuse  of  notation  introduced  in  Sheaves,  Section[6.11|  where,  given 
a local  section  s of  IF  defined  in  an  open  neighbourhood  of  a point  x £ X , we  denote 
sx,  or  even  s the  image  of  s in  the  stalk  J~x. 

Lemma  17.4.2.  Let  (A,  Ox)  be  a ringed  space.  Let  J-  be  a sheaf  of  Ox -modules. 
Let  I be  a set.  Let  £ T(A,  J-),  i £ I be  global  sections.  The  sections  Si  generate 
T if  and  only  if  for  all  x £ X the  elements  Si:X  £ Tx  generate  the  Ox,x~module  JFX. 

Proof.  Omitted.  □ 

Lemma  17.4.3.  Let  (A , Ox)  be  a ringed  space.  Let  T,  Q be  sheaves  of  Ox- 
modules.  If  J-  and  Q are  generated  by  global  sections  then  so  is  T <8>ox  S- 

Proof.  Omitted.  □ 

Lemma  17.4.4.  Let  (A,  Ox)  be  a ringed  space.  Let  IF  be  a sheaf  of  Ox -modules. 
Let  I be  a set.  Let  Si,  i £ I be  a collection  of  local  sections  of  IF,  i.e.,  Si  £ T(Ui) 
for  some  opens  Ui  C A.  There  exists  a unique  smallest  subsheaf  of  Ox -modules  Q 
such  that  each  Si  corresponds  to  a local  section  of  Q. 

Proof.  Consider  the  subpresheaf  of  Ox-modules  defined  by  the  rule 

U i — > {sums  ^ fi(si\u)  where  J is  finite,  U C Ui  for  i £ J,  and  /,;  £ Ox(U)} 

Let  Q be  the  sheafification  of  this  subpresheaf.  This  is  a subsheaf  of  IF  by  Sheaves, 
Lemma  [6.16.3[  Since  all  the  finite  sums  clearly  have  to  be  in  Q this  is  the  smallest 
subsheaf  as  desired.  □ 
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01AQ  Definition  17.4.5.  Let  (X,  Ox)  be  a ringed  space.  Let  F be  a sheaf  of  Ox- 
modules.  Given  a set  /,  and  local  sections  Sj,  i £ I of  F we  say  that  the  subsheaf 
Q of  Lemma  |17.4.4|  above  is  the  subsheaf  generated  by  the  Si . 

01AR  Lemma  17.4.6.  Let  (X,Ox)  be  a ringed  space.  Let  F be  a sheaf  of  Ox -modules. 

Given  a set  I , and  local  sections  Si,  i £ I of  F.  Let  Q be  the  sub  sheaf  generated 
by  the  Si  and  let  x £ X.  Then  Qx  is  the  Ox,x~ submodule  of  Fx  generated  by  the 
elements  Si  X for  those  i such  that  s^  is  defined  at  x. 

Proof.  This  is  clear  from  the  construction  of  Q in  the  proof  of  Lemma[l7.4.4|  □ 


17.5.  Supports  of  modules  and  sections 

01AS 

01AT  Definition  17.5.1.  Let  (X,Ox)  be  a ringed  space.  Let  F be  a sheaf  of  Ox- 
modules. 

(1)  The  support  of  F is  the  set  of  points  x £ X such  that  Fx  ^ 0. 

(2)  We  denote  Supp(Jr)  the  support  of  F . 

(3)  Let  s £ T(X,F)  be  a global  section.  The  support  of  s is  the  set  of  points 
x £ X such  that  the  image  sx  £ Fx  of  s is  not  zero. 

Of  course  the  support  of  a local  section  is  then  defined  also  since  a local  section  is 
a global  section  of  the  restriction  of  F. 

01AU  Lemma  17.5.2.  Let  (X,0 x)  be  a ringed  space.  Let  F be  a sheaf  of  Ox -modules. 
Let  U C X open. 

(1)  The  support  of  s £ F(U)  is  closed  in  U. 

(2)  The  support  of  fs  is  contained  in  the  intersections  of  the  supports  of  f £ 
Ox{U)  and  s £ F(U). 

(3)  The  support  of  s + s'  is  contained  in  the  union  of  the  supports  of  s,  s'  £ 
F(U). 

(4)  The  support,  of  F is  the  union  of  the  supports  of  all  local  sections  of  F. 

(5)  If  ip  : F — >•  Q is  a morphism  of  Ox -modules,  then  the  support  of  <p(s)  is 
contained  in  the  support  of  s £ F(U). 

Proof.  This  is  true  because  if  sx  = 0,  then  s is  zero  in  an  open  neighbourhood  of 
x by  definition  of  stalks.  Similarly  for  /.  Details  omitted.  □ 


In  general  the  support  of  a sheaf  of  modules  is  not  closed.  Namely,  the  sheaf  could 
be  an  abelian  sheaf  on  R (with  the  usual  archimedean  topology)  which  is  the  direct 
sum  of  infinitely  many  nonzero  skyscraper  sheaves  each  supported  at  a single  point 
Pi  of  R.  Then  the  support  would  be  the  set  of  points  p,  which  may  not  be  closed. 


Another  example  is  to  consider  the  open  immersion  j : U = (0,  oo)  — > R = X, 
and  the  abelian  sheaf  j\Ziu-  By  Sheaves,  Section  6.31  the  support  of  this  sheaf  is 
exactly  U. 


01AV  Lemma  17.5.3.  Let  X be  a topological  space.  The  support  of  a sheaf  of  rings  is 
closed. 


Proof.  This  is  true  because  (according  to  our  conventions)  a ring  is  0 if  and  only 
if  1 = 0,  and  hence  the  support  of  a sheaf  of  rings  is  the  support  of  the  unit 
section.  □ 
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01  AW 


01AX 


01AY 


01AZ 


01B0 


17.6.  Closed  immersions  and  abelian  sheaves 


Recall  that  we  think  of  an  abelian  sheaf  on  a topological  space  X as  a sheaf  of 
Z Y-modules.  Thus  we  may  apply  any  results,  definitions  for  sheaves  of  modules  to 
abelian  sheaves. 

Lemma  17.6.1.  Let  X be  a topological  space.  Let  Z C X be  a closed  subset. 
Denote  i : Z -A  X the  inclusion  map.  The  functor 

i,  : Ab{Z)  — ¥ Ab(X) 

is  exact,  fully  faithful,  with  essential  image  exactly  those  abelian  sheaves  whose 
support,  is  contained  in  Z.  The  functor  i~x  is  a left  inverse  to  i *. 


and  Lemma [l 7.3. 1[  The  rest  was  shown  in  Sheaves,  Lemma [6. 32. 3|  □ 

Let  F be  a sheaf  on  X.  There  is  a canonical  subsheaf  of  T which  consists  of  exactly 
those  sections  whose  support  is  contained  in  Z.  Here  is  the  exact  statement. 

Lemma  17.6.2.  Let  X be  a topological  space.  Let  Z C X be  a closed  subset.  Let 
T be  a sheaf  on  X . For  U C X open  set 

T(U,Tlz(F))  = {s  € F(U)  | the  support  of  s is  contained  in  Z D U} 

Then  TLz{F)  is  an  abelian  subsheaf  of  T . It  is  the  largest  abelian  subsheaf  of  T 
whose  support  is  contained  in  Z . The  construction  T K > Hz{F)  is  functorial  in  the 
abelian  sheaf  T. 

Proof.  This  follows  from  Lemma  Il7. 5.21  □ 


Proof.  Exactness  follows  from  the  description  of  stalks  in  Sheaves,  Lemma  6.32.1 


This  seems  like  a good  opportunity  to  show  that  the  functor  i*  has  a right  adjoint 
on  abelian  sheaves. 


Lemma  17.6.3.  Let  i : Z -A  X be  the  inclusion  of  a closed  subset  into  the 
topological  space  X.  Henof|j]  r : Ab(X)  — ► Ab(Z)  the  functor  J-  H > i~1'Hz{F). 
Then  v is  a right  adjoint  to  i*,  in  a formula 

Mor  Ab(X){i*G,F)  = Mor  Ab(Z)(g,iF). 

In  particular  *»  commutes  with  arbitrary  colimits. 


Proof.  Note  that  i*vT  = Hz^F).  Since  i*  is  fully  faithful  we  are  reduced  to 
showing  that 

Mor^, ,(x)(i*G,F)  = MorAKx){i*Q,TLz{F)). 

This  follows  since  the  support  of  the  image  via  any  homomorphism  of  a section  of 
i*g  is  supported  on  Z,  see  Lemma[i7.5.2[  □ 


Remark  17.6.4.  In  Sheaves,  Remark 


6.32.5 


we  showed  that  i*  as  a functor  on 


the  categories  of  sheaves  of  sets  does  not  have  a right  adjoint  simply  because  it  is 
not  exact.  However,  it  is  very  close  to  being  true,  in  fact,  the  functor  i*  is  exact 
on  sheaves  of  pointed  sets,  sections  with  support  in  Z can  be  defined  for  sheaves  of 
pointed  sets,  and  r makes  sense  and  is  a right  adjoint  to  i*. 


'This  is  likely  nonstandard  notation. 
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02US 

02UT 


01B1 


01B2 
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17.7.  A canonical  exact  sequence 


We  give  this  exact  sequence  its  own  section. 

Lemma  17.7.1.  Let  X be  a topological  space.  Let  U C X be  an  open  subset  with 
complement  Z C X.  Denote  j : U -A  X the  open  immersion  and  i : Z -A  X the 
closed  immersion.  For  any  sheaf  of  abelian  groups  J-  on  X the  adjunction  mappings 
jij*X  —• ► X and  X -A  i*i*X  give  a short  exact  sequence 

0 ->  j\j*X  a Ja  iJ*X  -A  0 

of  sheaves  of  abelian  groups.  For  any  morphism  p : X — > Q of  abelian  sheaves  on 
X we  obtain  a morphism  of  short  exact  sequences 

0 >-  j\j*X s-  X i.ti* X s-  0 


j\j*G >■  Q 0 


Proof.  We  may  check  exactness  on  stalks  (Lemma  17.3.1).  For  a description  of 
the  stalks  in  question  see  Sheaves,  Lemmas  |6.31.6|  and  6.32. 1|  We  omit  the  proof 
of  the  functorial  behaviour  of  the  exact  sequence.  □ 


17.8.  Modules  locally  generated  by  sections 


Let  (X,Ox)  be  a ringed  space.  In  this  and  the  following  section  we  will  often 
restrict  sheaves  to  open  subspaces  U C X,  see  Sheaves,  Section  6.31  In  particular, 
we  will  often  denote  the  open  subspace  by  (U,  Ojj)  instead  of  the  more  correct 


notation  {U,Ox\u)>  see  Sheaves,  Definition  6.31.2 

Consider  the  open  immersion  j : U = (0,  oo)  — > R = X,  and  the  abelian  sheaf 
j\Zu.  By  Sheaves,  Section  6.31  the  stalk  of  j\Zjj  at  x = 0 is  0.  In  fact  the  sections 
of  this  sheaf  over  any  open  interval  containing  0 are  0.  Thus  there  is  no  open 
neighbourhood  of  the  point  0 over  which  the  sheaf  can  be  generated  by  sections. 


Definition  17.8.1.  Let  (X,Ox)  be  a ringed  space.  Let  J7  be  a sheaf  of  Ox- 
modules.  We  say  that  X is  locally  generated  by  sections  if  for  every  x € X there 
exists  an  open  neighbourhood  U such  that  F\u  is  globally  generated  as  a sheaf  of 
O ^-modules. 


In  other  words  there  exists  a set  I and  for  each  i a section  Si  € X(U)  such  that  the 
associated  map 

0iejCV— ^ 

is  surjective. 

Lemma  17.8.2.  Let  f : (X,Ox)  -A  (Y,Oy)  be  a morphism  of  ringed  spaces.  The 
pullback  f*Q  is  locally  generated  by  sections  if  Q is  locally  generated  by  sections. 


Proof.  Given  an  open  subspace  V of  Y we  may  consider  the  commutative  diagram 
of  ringed  spaces 


(f~lV,Of-lV)y 

f 

(V,Ov) - 


(X,Ox) 

f 

(' Y,Oy ) 
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We  know  that  f*Q\f-iv  = (f)*(G |y),  see  Sheaves,  Lemma 
assume  that  G is  globally  generated. 


6.26.3 


Thus  we  may 


We  have  seen  that  f*  commutes  with  all  colimits,  and  is  right  exact,  see  Lemma 
|17.3.3|  Thus  if  we  have  a surjection 

® Oy 0 

then  upon  applying  f*  we  obtain  the  surjection 

©a£>nf5^«. 

This  implies  the  lemma.  □ 


17.9.  Modules  of  finite  type 

01B4 

01B5  Definition  17.9.1.  Let  (X,Ox)  be  a ringed  space.  Let  T be  a sheaf  of  Ox- 
modules.  We  say  that  IF  is  of  finite  type  if  for  every  x £ X there  exists  an  open 
neighbourhood  U such  that  IF\u  is  generated  by  finitely  many  sections. 

01B6  Lemma  17.9.2.  Let  f : (X,Ox)  —>  (T,  Oy)  be  a morphism  of  ringed  spaces.  The 
pullback  f*Q  of  a finite  type  Oy  -module  is  a finite  type  Ox -module. 

Proof.  Arguing  as  in  the  proof  of  Lemma  |17.8.2|  we  may  assume  Q is  globally 
generated  by  finitely  many  sections.  We  have  seen  that  f*  commutes  with  all 
colimits,  and  is  right  exact,  see  Lemma |l7.3.3|  Thus  if  we  have  a surjection 

® Oy  -»■  Q ->■  0 

then  upon  applying  f*  we  obtain  the  surjection 

®.  , Ox^tG^r  o. 

This  implies  the  lemma.  □ 

01B7  Lemma  17.9.3.  Let  X be  a ringed  space.  The  image  of  a morphism  of  Ox- 
modules  of  finite  type  is  of  finite  type.  Let  0 — ► T\  — ► IF 2 —>  J-3  —I ► 0 be  a short 
exact  sequence  of  Ox -modules.  If  IF\  and  J-3  are  of  finite  type,  so  is 

Proof.  The  statement  on  images  is  trivial.  The  statement  on  short  exact  sequences 
comes  from  the  fact  that  sections  of  J-3  locally  lift  to  sections  of  IF2  and  the  cor- 
responding result  in  the  category  of  modules  over  a ring  (applied  to  the  stalks  for 
example).  □ 

01B8  Lemma  17.9.4.  Let  X be  a ringed  space.  Let  ip  : Q — ► F be  a homomorphism 
of  Ox -modules.  Let  x £ X.  Assume  J-  of  finite  type  and  the  map  on  stalks 
ipx  ■ Gx  — > Xx  surjective.  Then  there  exists  an  open  neighbourhood  x £ U C X such 
that  <p\u  is  surjective. 

Proof.  Choose  an  open  neighbourhood  U C X such  that  T is  generated  by 
si,...,sn  £ T{U)  over  U.  By  assumption  of  surjectivity  of  tpx , after  shrinking 
U we  may  assume  that  Sj  = <p(U)  for  some  L £ G(U).  Then  U works.  □ 

01B9  Lemma  17.9.5.  Let  X be  a ringed  space.  Let  IF  be  an  Ox-module.  Let  x £ X. 
Assume  IF  of  finite  type  and  IFX  = 0.  Then  there  exists  an  open  neighbourhood 
x £ U C X such  that  IF\u  is  zero. 
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01BA 


01BB 


01BC 


01BD 


01BE 


Proof.  This  is  a special  case  of  Lemma[l7.9.4|applied  to  the  morphism  0 — » F . □ 

Lemma  17.9.6.  Let  (X,Ox)  be  a ringed  space.  Let  J-  be  a sheaf  of  Ox -modules. 
If  F is  of  finite  type  then  support  of  F is  closed. 

Proof.  This  is  a reformulation  of  Lemmari7.9.5l  □ 


Lemma  17.9.7.  Let  X be  a ringed  space.  Let  I be  a partially  ordered  set  and  let 
{Ft,  fa')  be  a system  over  I consisting  of  sheaves  of  Ox -modules  (see  Categories, 
Section  f.21).  Let  F = colimJ-)  be  the  colimit.  Assume  (a)  I is  directed,  (b)  J-  is 
a finite  type  Ox -module,  and  (c)  X is  quasi- compact.  Then  there  exists  an  i such 
that  Tt  -A  F is  surjective.  If  the  transition  maps  fa / are  injective  then  we  conclude 
that  F = Ti  for  some  i £ I . 


Proof.  Let  x £ X.  There  exists  an  open  neighbourhood  U C X of  x and  finitely 
many  sections  Sj  £ F(U),  j = 1, . . . , m such  that  s\, . . . ,sm  generate  F as  Ojj- 
module.  After  possibly  shrinking  U to  a smaller  open  neighbourhood  of  x we  may 
assume  that  each  Sj  comes  from  a section  of  Ft  for  some  i £ I . Hence,  since  X is 
quasi-compact  we  can  find  a finite  open  covering  X = (Jj=i  m and  for  each 
j an  index  ij  and  finitely  many  sections  Sji  £ Fl;j  {U f)  whose  images  generate  the 
restriction  of  F to  U j.  Clearly,  the  lemma  holds  for  any  index  % £ I which  is  > all 
ij.  □ 

Lemma  17.9.8.  Let  X be  a ringed  space.  There  exists  a set  of  Ox-modules 
{F\i£i  of  finite  type  such  that  each  finite  type  O x -module  on  X is  isomorphic  to 
exactly  one  of  the  Ft . 


Proof.  For  each  open  covering  U : X = [JUj  consider  the  sheaves  of  Ox-modules 
F such  that  each  restriction  F\jjj  is  a quotient  of  Of)7  for  some  r;-  > 0.  These  are 

parametrized  by  subsheaves  /C,  C O®/'  and  glueing  data 


Tjj1  '■  / (^ll^nc/,/)  t Ojj  Jnu  /(lCj'\ujnu y) 


see  Sheaves,  Section  [6. 33|  Note  that  the  collection  of  all  glueing  data  forms  a set. 
The  collection  of  all  coverings  U : X = Ujg  J U%  where  J — > V{X),  j ha  Uj  is 
injective  forms  a set  as  well.  Hence  the  collection  of  all  sheaves  of  Ox-modules 
gotten  from  glueing  quotients  as  above  forms  a set  T.  By  definition  every  finite 
type  Ox-module  is  isomorphic  to  an  element  of  T.  Choosing  an  element  out  of 
each  isomorphism  class  inside  T gives  the  desired  set  of  sheaves  (uses  axiom  of 
choice) . □ 


17.10.  Quasi-coherent  modules 

In  this  section  we  introduce  an  abstract  notion  of  quasi-coherent  Ox-module.  This 
notion  is  very  useful  in  algebraic  geometry,  since  quasi-coherent  modules  on  a 
scheme  have  a good  description  on  any  affine  open.  However,  we  warn  the  reader 
that  in  the  general  setting  of  (locally)  ringed  spaces  this  notion  is  not  well  behaved 
at  all.  The  category  of  quasi-coherent  sheaves  is  not  abelian  in  general,  infinite 
direct  sums  of  quasi-coherent  sheaves  aren’t  quasi-coherent,  etc,  etc. 

Definition  17.10.1.  Let  (X,  0\)  be  a ringed  space.  Let  J7  be  a sheaf  of  Ox- 
modules.  We  say  that  J7  is  a quasi-coherent  sheaf  of  Ox -modules  if  for  every  point 
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x £ X there  exists  an  open  neighbourhood  x £ U C X such  that  T\u  is  isomorphic 
to  the  cokernel  of  a map 

®jej0u-^®iei°u 

The  category  of  quasi-coherent  Ox-modules  is  denoted  QCoh(Ox)- 

The  definition  means  that  X is  covered  by  open  sets  U such  that  T\u  has  a pre- 
sentation of  the  form 

©jeJ  °u  — > © ig/  °u  -»■  ?\u  -»■  0. 

Here  presentation  signifies  that  the  displayed  sequence  is  exact.  In  other  words 

(1)  for  every  point  x of  X there  exists  an  open  neighbourhood  such  that  F\u 
is  generated  by  global  sections,  and 

(2)  for  a suitable  choice  of  these  sections  the  kernel  of  the  associated  surjection 
is  also  generated  by  global  sections. 

01BF  Lemma  17.10.2.  Let  (X,Ox)  be  a ringed  space.  The  direct  sum  of  two  quasi- 
coherent  Ox -modules  is  a quasi-coherent  Ox -module. 

Proof.  Omitted.  □ 


02CF  Remark  17.10.3.  Warning:  It  is  not  true  in  general  that  an  infinite  direct  sum 
of  quasi-coherent  Ox-modules  is  quasi-coherent.  For  more  esoteric  behaviour  of 
quasi-coherent  modules  see  Example  |17. 10. 9| 

01BG  Lemma  17.10.4.  Let  f : (X,Ox)  — > (Y,Oy)  be  a morphism  of  ringed  spaces. 
The  pullback  f*Q  of  a quasi-coherent  Oy -module  is  quasi-coherent. 


Proof.  Arguing  as  in  the  proof  of  Lemma  17.8.2  we  may  assume  Q has  a global 
presentation  by  direct  sums  of  copies  of  Oy.  We  have  seen  that  f*  commutes  with 
all  colimits,  and  is  right  exact,  see  Lemma[l7.3.3|  Thus  if  we  have  an  exact  sequence 

©.  Or— ►©.  Oy^g^o 

then  upon  applying  f*  we  obtain  the  exact  sequence 


i£l 


0. 


This  implies  the  lemma. 


□ 


This  gives  plenty  of  examples  of  quasi-coherent  sheaves. 

01BH  Lemma  17.10.5.  Let  (X,  Ox)  be  ringed  space.  Let  a : R — > T(X,Ox)  be  a ring 
homomorphism  from  a ring  R into  the  ring  of  global  sections  on  X.  Let  M be  an 
R-module.  The  following  three  constructions  give  canonically  isomorphic  sheaves 
of  Ox -modules: 

(1)  Let  7r  : (X,Ox)  — > ({*},i?)  be  the  morphism  of  ringed  spaces  with  n : 
X — > {*}  the  unique  map  and  with  n-map  rf  the  given  map  a : R — > 

T(X,Ox)-  SetFi  =7 t*M. 

(2)  Choose  a presentation  j R — > ©j6/  R —>  M 0.  Set 

^=Coter(©jsjOx^©i6/Ox). 
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01BI 


01BJ 


Here  the  map  on  the  component  Ox  corresponding  to  j £ J given  by  the 
section  Y^ia(rij)  where  the  rij  are  the  matrix  coefficients  of  the  map  in 
the  presentation  of  M . 

(3)  Set  T-&  equal  to  the  sheaf  associated  to  the  presheaf  U Ox(U)  M , 
where  the  map  R — > Ox(U)  is  the  composition  of  a and  the  restriction 
map  Ox(X)  — >■  Ox(U). 

This  construction  has  the  following  properties: 

(1)  The  resulting  sheaf  of  Ox -modules  Tm  — X\  — Xi  = T3  is  quasi- coherent. 

(2)  The  construction  gives  a functor  from  the  category  of  R-modules  to  the 
category  of  quasi- coherent  sheaves  on  X which  commutes  with  arbitrary 
colimits. 

(3)  For  any  x £ X we  have  Tm,x  = Ox,x  ®rM  functorial  in  M . 

(4)  Given  any  Ox -module  Q we  have 

MorCx  (Jm,  Q)  = Horn R(M,  T(X,  g)) 

where  the  R-module  structure  on  T(X,  Q)  comes  from  the  T(A',  Ox) -module 
structure  via  a. 


Proof.  The  isomorphism  between  T\  and  comes  from  the  fact  that  7r*  is  de- 


fined as  the  sheafification  of  the  presheaf  in  (3),  see  Sheaves,  Section  6.26  The 


isomorphism  between  the  constructions  in  (2)  and  (1)  comes  from  the  fact  that  the 
functor  7T*  is  right  exact,  so  7r*(0J-eji?)  — > 7r*(0ig/i?)  — > ir*M  — )•  0 is  exact,  7r* 
commutes  with  arbitrary  direct  sums,  see  Lemma|17.3.3[  and  finally  the  fact  that 
tt*(R)  = Ox. 

Assertion  (1)  is  clear  from  construction  (2).  Assertion  (2)  is  clear  since  7r*  has 
these  properties.  Assertion  (3)  follows  from  the  description  of  stalks  of  pullback 

Assertion  (4)  follows  from  adjointness  of  7r* 

□ 


sheaves,  see  Sheaves,  Lemma  6.26.4 
and  7T*. 


Definition  17.10.6.  In  the  situation  of  Lemma  17.10.5  we  say  Tm  is  the  sheaf 
associated  to  the  module  M and  the  ring  map  a.  If  R = i (X,  Ox)  and  a = id#  we 
simply  say  Tm  is  the  sheaf  associated  to  the  module  M. 

Lemma  17.10.7.  Let  (X,  Ox)  be  ringed  space.  Set  R = T(A,  Ox)-  Let  M be 
an  R-module.  Let  Tm  be  the  quasi- coherent  sheaf  o f O x -modules  associated  to  M . 
If  g : ( Y,Oy ) — > (X,Ox)  is  a morphism  of  ringed  spaces,  then  g*TM  is  the  sheaf 
associated  to  the  T (Y,  Oy) -module  T(Y,CV)  M. 


Proof.  The  assertion  follows  from  the  first  description  of  Tm  in  Lemma  17.10.5 
n*M,  and  the  following  commutative  diagram  of  ringed  spaces 

(Y,Oy)—^({*},T(Y,Oy)) 

induced  by  g ** 

(X,Ox)^^({*},T(X,Ox)) 


as 


(Also  use  Sheaves,  Lemma|6.26.3  ) 


□ 


01BK 


Lemma  17.10.8.  Let  (X,Ox)  be  a ringed  space.  Let  x € X be  a point.  Assume 
that  x has  a fundamental  system  of  quasi-compact  neighbourhoods.  Consider  any 
quasi- coherent  Ox -module  T . Then  there  exists  an  open  neighbourhood  U of  x such 
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that  F\jj  is  isomorphic  to  the  sheaf  of  modules  Fm  on  (U,Ou)  associated  to  some 
r (U,Ojj) -module  M. 


Proof.  First  we  may  replace  A'  by  an  open  neighbourhood  of  x and  assume  that 
F is  isomorphic  to  the  cokernel  of  a map 

4-  :®.  Ox— >®.  Ox. 

The  problem  is  that  this  map  may  not  be  given  by  a “matrix” , because  the  module 
of  global  sections  of  a direct  sum  is  in  general  different  from  the  direct  sum  of  the 
modules  of  global  sections. 


Let  x £ E C X be  a quasi-compact  neighbourhood  of  x (note:  E may  not  be  open). 
Let  x £ U C E be  an  open  neighbourhood  of  x contained  in  E.  Next,  we  proceed 

e T{x,®ieIox) 


as  in  the  proof  of  Lemma 


17.3.5 


For  each  j £ J denote  Sj 
the  image  of  the  section  1 in  the  summand  Ox  corresponding  to  j.  There  exists 
a finite  collection  of  opens  Ujk,  k £ Kj  such  that  E C Ufce/f  ©fe  and  such  that 
each  restriction  Sj\ujk  is  a finite  sum  J2ieI.k  fjki  with  Ij k C I,  and  fjki  in  the 
summand  Ox  corresponding  to  i £ I.  Set  Ij  = U kekj  This  is  a finite  set. 

Since  U C E C ( JkeK  Ujk  the  section  sj\u  is  a section  of  the  finite  direct  sum 
©i67  Ox.  By  Lemma  17.3.2  we  see  that  actually  Sj ( u is  a sum  /,;,  and 


Ox.  By  Lemma  17, 
fjj  £ Ox(U)  = T(U,Ou': 

At  this  point  we  can  define  a module  M as  the  cokernel  of  the  map 


with  matrix  given  by  the  (/©.  By  construction  (2)  of  Lemma  17.10.5 
Fm  has  the  same  presentation  as  F\u  and  therefore  Fm  — F\xj. 


we  see  that 
□ 


01BL  Example  17.10.9.  Let  X be  countably  many  copies  Li,  L2,  L3, . . . of  the  real 
line  all  glued  together  at  0;  a fundamental  system  of  neighbourhoods  of  0 being 
the  collection  {f7n}„eN,  with  Un  D Li  = (— 1/n,  l/n).  Let  Ox  be  the  sheaf  of 
continuous  real  valued  functions.  Let  / : R -A  R be  a continuous  function  which  is 
identically  zero  on  (—1, 1)  and  identically  1 on  (—00,  —2)  U (2,  00).  Denote  fn  the 
continuous  function  on  X which  is  equal  toin  /(n:r)  on  each  Lj  = R.  Let  1l 
be  the  characteristic  function  of  Lj.  We  consider  the  map 


®jeN°*^® 


j,ie  N 


Ox, 


fj^LiGi 


with  obvious  notation.  This  makes  sense  because  this  sum  is  locally  finite  as  fj  is 
zero  in  a neighbourhood  of  0.  Over  Un  the  image  of  ej , for  j > 2 n is  not  a finite 
linear  combination  ^ gijOij  with  gij  continuous.  Thus  there  is  no  neighbourhood 
of  0 <E  A such  that  the  displayed  map  is  given  by  a “matrix”  as  in  the  proof  of 
Lemma  117. 10. 81  above. 


Note  that  ®JgN  Ox  is  the  sheaf  associated  to  the  free  module  with  basis  ej  and 
similarly  for  the  other  direct  sum.  Thus  we  see  that  a morphism  of  sheaves  asso- 
ciated to  modules  in  general  even  locally  on  X does  not  come  from  a morphism  of 
modules.  Similarly  there  should  be  an  example  of  a ringed  space  X and  a quasi- 
coherent  Ox- module  F such  that  F is  not  locally  of  the  form  Fm-  (Please  email 
if  you  find  one.)  Moreover,  there  should  be  examples  of  locally  compact  spaces  X 
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01BM 

01BN 


OIBO 

01BP 


01BQ 


and  maps  Tm  — t J~N  which  also  do  not  locally  come  from  maps  of  modules  (the 
proof  of  Lemma  17.10.8  shows  this  cannot  happen  if  N is  free). 


17.11.  Modules  of  finite  presentation 


Definition  17.11.1.  Let  (X,  Ox)  be  a ringed  space.  Let  T be  a sheaf  of  Ox- 
modules.  We  say  that  J-  is  of  finite  presentation  if  for  every  point  x £ X there  exists 
an  open  neighbourhood  x £ U C X , and  n,m  £ N such  that  T\u  is  isomorphic  to 
the  cokernel  of  a map 

(J)  — ■»  (J) 

N-L-' 2=l,...,n 

This  means  that  X is  covered  by  open  sets  U such  that  T\u  has  a presentation  of 
the  form 

(J)  Ou — > (J)  . -t  F\u  ->  0. 

Here  presentation  signifies  that  the  displayed  sequence  is  exact.  In  other  words 

(1)  for  every  point  x of  X there  exists  an  open  neighbourhood  such  that  T\u 
is  generated  by  finitely  many  global  sections,  and 

(2)  for  a suitable  choice  of  these  sections  the  kernel  of  the  associated  surjection 
is  also  generated  by  finitely  many  global  sections. 

Lemma  17.11.2.  Let  (X,Ox)  be  cl  ringed  space.  Any  Ox-module  of  finite  pre- 
sentation is  quasi- coherent. 

Proof.  Immediate  from  definitions.  □ 

Lemma  17.11.3.  Let  ( X,Ox ) be  a ringed  space.  Let  J-  be  a Ox-module  of  finite 
presentation. 

(1)  If  ip  : 0®r  — )•  J-  is  a surjection,  then  Ker(ip)  is  of  finite  type. 

(2)  If  9 : Q — )•  T is  surjective  with  Q of  finite  type,  then  Ker{6)  is  of  finite 
type. 

Proof.  Proof  of  (1).  Let  x £ X.  Choose  an  open  neighbourhood  U C X of  x such 
that  there  exists  a presentation 

0®m  X,  JL.  jr\u  o. 

Let  ek  be  the  section  generating  the  fcth  factor  of  0®r.  For  every  k = 1, . . . , r we 
can,  after  shrinking  U to  a small  neighbourhood  of  x,  lift  ip{ek)  to  a section  ej,  of 
OfTn  over  U.  This  gives  a morphism  of  sheaves  a : Off  0®n  such  that  ip oa  = ip. 
Similarly,  after  shrinking  U , we  can  find  a morphism  /3  : 0®n  — ► 0®r  such  that 
ip  o p = ip.  Then  the  map 

0 £)©!-  /3o\,l—0oci^ 

is  a surjection  onto  the  kernel  of  ip. 

To  prove  (2)  we  may  locally  choose  a surjection  r/  : 0®r  — ► Q.  By  part  (1)  we  see 
Ker(0  o r\)  is  of  finite  type.  Since  Kei^f?)  = Ty(Ker(0  o rf])  we  win.  □ 

Lemma  17.11.4.  Let  f : (X,  Ox)  (Y,CV)  be  a morphism  of  ringed  spaces. 
The  pullback  f*Q  of  a module  of  finite  presentation  is  of  finite  presentation. 
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Proof.  Exactly  the  same  as  the  proof  of  Lemma  |17.10.4|  but  with  finite  index 
sets.  □ 


01BR  Lemma  17.11.5.  Let  (X,Ox)  be  a ringed  space.  Set  R = T(X,Ox).  Let  M be 
an  R-module.  The  Ox -module  Tm  associated  to  M is  a directed  colimit  of  finitely 
presented  Ox -modules. 


01BS 


Proof.  This  follows  immediately  from  Lemma[l7T03]and  the  fact  that  any  module 


is  a directed  colimit  of  finitely  presented  modules,  see  Algebra,  Lemma  10.8.13  □ 


Lemma  17.11.6.  Let  X be  a ringed  space.  Let  I be  a partially  ordered  set  and  let 
(Xiyifiii/)  be  a system  over  I consisting  of  sheaves  of  Ox -modules  (see  Categories, 
Section  f.  21).  Assume 


(1)  I is  directed, 

(2)  Q is  an  Ox -module  of  finite  presentation,  and 

(3)  X has  a cofinal  system  of  open  coverings  U : X = |J/gJ  with  J finite 
and  Uj  D Uy  quasi-compact  for  all  j,j'  £ J. 


Then  we  have 


colinp  Homj^CJ,  Ff)  = Uomx(G,  colim,;  J7,). 


Proof.  Let  a be  an  element  of  the  right  hand  side.  For  every  point  x £ X we 
may  choose  an  open  neighbourhood  U C X and  finitely  many  sections  Sj  £ G(U) 
which  generate  G over  U and  finitely  many  relations  Y^fkjSj  = k = 1 ,...,n 
with  fkj  £ Ox{U)  which  generate  the  kernel  of  ©/=1  m Ou  —t  G-  After  possibly 
shrinking  U to  a smaller  open  neighbourhood  of  x we  may  assume  there  exists  an 
index  i £ I such  that  the  sections  a(sj)  all  come  from  sections  s'  £ Ti(U).  After 
possibly  shrinking  U to  a smaller  open  neighbourhood  of  x and  increasing  i we  may 
assume  the  relations  J2  fkjs'j  = 0 hold  in  Fi{U).  Hence  we  see  that  a\u  lifts  to  a 
morphism  G\u  — > for  some  index  i £ I. 


01BT 

0B8J 


By  condition  (3)  and  the  preceding  arguments,  we  may  choose  a finite  open  covering 
X = [J  ._i  m Uj  such  that  (a)  G\uj  is  generated  by  finitely  many  sections  Sjk  £ 
G(Uj),  (b)  the  restriction  a\ u comes  from  a morphism  ay  : G — > fFu  for  some 
ij  £ J,  and  (c)  the  intersections  U?  ft  Up  are  all  quasi-compact.  For  every  pair 
(j,j')  £ {1,  ■ • ■ ,nx}2  and  any  k we  can  find  we  can  find  an  index  i > ma x(ij,iji) 
such  that 


{sjk \l/jnUji  ))  — {sjk\lJjnUp)) 

see  Sheaves,  Lemma  6.29.1  (2).  Since  there  are  finitely  many  of  these  pairs  (j,  jr) 
and  finitely  many  Sjk  we  see  that  we  can  find  a single  i which  works  for  all  of  them. 
For  this  index  i all  of  the  maps  ipipoaj  agree  on  the  overlaps  UjDUji  as  the  sections 
Sjk  generate  G over  this  overlap.  Hence  we  get  a morphism  Q — > Ti  as  desired.  □ 


Remark  17.11.7.  In  the  lemma  above  some  condition  beyond  the  condition  that 
X is  quasi-compact  is  necessary.  See  Sheaves,  Example  6.29. 2| 


Lemma  17.11.8.  Let  (A',  Ox)  be  a ringed  space.  Let  T be  a finitely  presented  Ox- 
module.  Let  x £ X such  that  Tx  = C?®r  . Then  there  exists  an  open  neighbourhood 
U of  x such  that  F\u  = 0®r . 


Proof.  Choose  s\,...,sr  £ Tx  mapping  to  a basis  of  Offx  by  the  isomorphism. 
Choose  an  open  neighbourhood  U of  x such  that  s,  lifts  to  s*  £ X{U).  After 
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shrinking  U we  see  that  the  induced  map  V : Ofjr  — >•  T\u  is  surjective  (Lennna 
17.9.4).  By  Lemma  17.11.3  we  see  that  Ker(ip)  is  of  finite  type.  Then  Ker (ip)x  = 0 
implies  that  Ker  (ip)  becomes  zero  after  shrinking  U once  more  (Lemma|17.9.5 ).  □ 


17.12.  Coherent  modules 


01BU  The  category  of  coherent  sheaves  on  a ringed  space  X is  a more  reasonable  object 
than  the  category  of  quasi-coherent  sheaves,  in  the  sense  that  it  is  at  least  an  abelian 
subcategory  of  Mod(Ox)  no  matter  what  X is.  On  the  other  hand,  the  pullback 
of  a coherent  module  is  “almost  never”  coherent  in  the  general  setting  of  ringed 
spaces. 

01BV  Definition  17.12.1.  Let  (X,  Ox)  be  a ringed  space.  Let  IF  be  a sheaf  of  Ox- 
modules.  We  say  that  IF  is  a coherent  Ox -module  if  the  following  two  conditions 
hold: 

(1)  IF  is  of  finite  type,  and 

(2)  for  every  open  U C X and  every  finite  collection  s,  £ F(U ),  i = 1, . . . , n 
the  kernel  of  the  associated  map  ®i=1  n Ou  — » IF\u  is  of  finite  type. 

The  category  of  coherent  (Ox -modules  is  denoted  Coh(Ox )■ 

01BW  Lemma  17.12.2.  Let  (X,Ox)  be  a ringed  space.  Any  coherent  Ox-module  is  of 
finite  presentation  and  hence  quasi-coherent. 

Proof.  Let  IF  be  a coherent  sheaf  on  X.  Pick  a point  x £ X.  By  (1)  of  the 
definition  of  coherent,  we  may  find  an  open  neighbourhood  U and  sections  sl. 
i = 1, . . . , n of  IF  over  U such  that  4/  : ®i=1  n Ou  F is  surjective.  By  (2)  of 
the  definition  of  coherent,  we  may  find  an  open  neighbourhood  V,  x £ V C U and 
sections  t\,. ..  ,tm  of  ®,=1  n Oy  which  generate  the  kernel  of  4'|y.  Then  over  V 
we  get  the  presentation 

(J)  Ou  -»  IF\V  -t  0 

as  desired.  □ 


01BX 


01BY 


Example  17.12.3.  Suppose  that  X is  a point.  In  this  case  the  definition  above 
gives  a notion  for  modules  over  rings.  What  does  the  definition  of  coherent  mean? 
It  is  closely  related  to  the  notion  of  Noetherian,  but  it  is  not  the  same:  Namely,  the 
ring  R = C[xi,  X2,  £3, . . .]  is  coherent  as  a module  over  itself  but  not  Noetherian  as 
a module  over  itself.  See  Algebra,  Section  [10.89  for  more  discussion. 


Lemma  17.12.4.  Let  (X I,  Ox)  be  a ringed  space. 

(1)  Any  finite  type  subsheaf  of  a coherent  sheaf  is  coherent. 

(2)  Let  ip  : F — »•  Q be  a morphism  from  a finite  type  sheaf  IF  to  a coherent 
sheaf  Q.  Then  Ker(ip)  is  finite  type. 

(3)  Let  (p  : IF  Q be  a morphism  of  coherent  Ox-modules.  Then  Ker(p)  and 
Coker(ip)  are  coherent. 

(4)  Given  a short  exact  sequence  of  Ox -modules  0 — > T\  — > IF 2 — > X3  — > 0 if 
two  out  of  three  are  coherent  so  is  the  third. 

(5)  The  category  Coh(Ox)  is  a weak  Serre  subcategory  of  Mod(0 x)  ■ In  partic- 
ular, the  category  of  coherent  modules  is  abelian  and  the  inclusion  functor 
Coh(Ox)  —>  Mod(Ox)  is  exact. 
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01BZ 


Proof.  Condition  (2)  of  Definition  17.12.1  holds  for  any  subsheaf  of  a coherent 
sheaf.  Thus  we  get  (1). 


Assume  the  hypotheses  of  (2).  Let  us  show  that  Ker(<p)  is  of  finite  type.  Pick 
x G A.  Choose  an  open  neighbourhood  U of  x in  A such  that  T\u  is  generated  by 
Si, . . . , sn.  By  Definition  17.12.1  the  kernel  K,  of  the  induced  map  ©"=1  Ou  — > G, 
H > <p{si)  is  of  finite  type.  Hence  Ker(<p)  which  is  the  image  of  the  composition 
K,  — ► ©^  Ou  — > T is  of  finite  type. 


Assume  the  hypotheses  of  (3).  By  (2)  the  kernel  of  ip  is  of  finite  type  and  hence  by 
(1)  it  is  coherent. 


With  the  same  hypotheses  let  us  show  that  Cokcr(y>)  is  coherent.  Since  Q is  of 
finite  type  so  is  Coker (y>).  Let  U C X be  open  and  let  s,  G Coker (y>)  (17),  i = 
1, . . . , n be  sections.  We  have  to  show  that  the  kernel  of  the  associated  morphism 
'L  : ®”_i  On  —>  Coker(</?)  has  finite  type.  There  exists  an  open  covering  of  U such 
that  on  each  open  all  the  sections  s,  lift  to  sections  s*  of  Q.  Hence  we  may  assume 
this  is  the  case  over  U . Thus  4'  lifts  to  ’L  : 0f=1  Ou  —>  G Consider  the  following 
diagram 

0 Ker(T) ©”=1  Ov Q 0 


0 >-  Ker('f') >-  ©”=1  Ou *-  Coker^) 0 


By  the  snake  lemma  we  get  a short  exact  sequence  0 
Im(tyj)  — »•  0.  Hence  by  Lemma  17.9.3 


Ker(4/)  — > Ker(if') 
we  see  that  Ker(4/)  has  finite  type. 


Proof  of  part  (4).  Let  0 — > T\  — > T2  — > T3  — > 0 be  a short  exact  sequence  of  Ox- 
modules.  By  part  (3)  it  suffices  to  prove  that  if  T\  and  7-3  are  coherent  so  is  X 2. 
By  Lemma  [17.9.3|  we  see  that  has  finite  type.  Let  S\,..  .,sn  be  finitely  many 
local  sections  of  T-i  defined  over  a common  open  U of  A.  We  have  to  show  that 
the  module  of  relations  A between  them  is  of  finite  type.  Consider  the  following 
commutative  diagram 


0 

- flY' 

vi-/  i— 

1 Ou 

v 

Y 

0 >-  J~\  »-  T 2 >-  7-3 »-  0 


with  obvious  notation.  By  the  snake  lemma  we  get  a short  exact  sequence  0 — > K — > 
JC 3 — » T\  where  /C3  is  the  module  of  relations  among  the  images  of  the  sections  s, 
in  7-3.  Since  T$  is  coherent  we  see  that  1C 3 is  finite  type.  Since  T\  is  coherent  we 
see  that  the  image  I of  A3  — » T\  is  coherent.  Hence  A is  the  kernel  of  the  map 
A 3 — > X between  a finite  type  sheaf  and  a coherent  sheaves  and  hence  finite  type 

by  (2). 


Proof  of  (5).  This  follows  because  (3)  and  (4)  show  that  Homology,  Lemma  12.9.3 
applies.  □ 


Lemma  17.12.5.  Let  (A,  Ox)  be  a ringed  space.  Let  J-  be  an  Ox -module.  Assume 
Ox  is  a coherent  Ox -module.  Then  T is  coherent  if  and  only  if  it  is  of  finite 
presentation. 
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Proof.  Omitted.  □ 

01C0  Lemma  17.12.6.  Let  X be  a ringed  space.  Let  : Q -A  T be  a homomorphism 
of  Ox -modules.  Let  x £ X.  Assume  Q of  finite  type,  T coherent  and  the  map  on 
stalks  <px  : Qx  — > Tx  injective.  Then  there  exists  an  open  neighbourhood  x G U C X 
such  that  tp\u  is  injective. 

Proof.  Denote  K.  C Q the  kernel  of  p.  By  Lemma  [17.12.4|  we  see  that  K.  is  a finite 
type  Ox-module.  Our  assumption  is  that  ICX  = 0.  By  Lemma  [17.9.5|  there  exists 
an  open  neighbourhood  U of  x such  that  IC\u  = 0.  Then  U works.  □ 


17.13.  Closed  immersions  of  ringed  spaces 

01C1  When  do  we  declare  a morphism  of  ringed  spaces  i : ( Z,Oz ) — > ( X,Ox ) to  be  a 
closed  immersion? 


Motivated  by  the  example  of  a closed  immersion  of  normal  topological  spaces 
(ringed  with  the  sheaf  of  continuous  functors),  or  differential  manifolds  (ringed 
with  the  sheaf  of  differentiable  functions),  it  seems  natural  to  assume  at  least: 

(1)  The  map  i is  a closed  immersion  of  topological  spaces. 

(2)  The  associated  map  Ox  — > i*Oz  is  surjective.  Denote  the  kernel  by  1. 


Already  these  conditions  imply  a number  of  pleasing  results:  For  example  we  prove 
that  the  category  of  Oz-modules  is  equivalent  to  the  category  of  Ox-modules  an- 


nihilated by  I generalizing  the  result  on  abelian  sheaves  of  Section  17.6 


However,  in  the  Stacks  project  we  choose  the  definition  that  guarantees  that  if  i 
is  a closed  immersion  and  (A,  Ox)  is  a scheme,  then  also  [Z,  Oz)  is  a scheme. 
Moreover,  in  this  situation  we  want  **  and  i*  to  provide  an  equivalence  between 
the  category  of  quasi-coherent  O^-modules  and  the  category  of  quasi-coherent  Ox- 
modules  annihilated  by  T.  A minimal  condition  is  that  i*Oz  is  a quasi-coherent 
sheaf  of  Ox-modules.  A good  way  to  guarantee  that  i*Oz  is  a quasi-coherent  Ox- 
module  is  to  assume  that  I is  locally  generated  by  sections.  We  can  interpret  this 
condition  as  saying  u(Z,Oz)  is  locally  on  (A,  Ox)  defined  by  setting  some  regular 
functions  fi , i.e.,  local  sections  of  Ox,  equal  to  zero”.  This  leads  to  the  following 
definition. 


01C2  Definition  17.13.1.  A closed  immersion  of  ringed  space^j  is  a morphism  i : 
( Z,Oz ) — > (A,  Ox)  with  the  following  properties: 

(1)  The  map  i is  a closed  immersion  of  topological  spaces. 

(2)  The  associated  map  Ox  — t i*Oz  is  surjective.  Denote  the  kernel  by  X. 

(3)  The  Ox-module  T is  locally  generated  by  sections. 


Actually,  this  definition  still  does  not  guarantee  that  i*  of  a quasi-coherent  Oz~ 
module  is  a quasi-coherent  Ox-module.  The  problem  is  that  it  is  not  clear  how  to 
convert  a local  presentation  of  a quasi-coherent  O^-module  into  a local  presentation 
for  the  pushforward.  However,  the  following  is  trivial. 

01C3  Lemma  17.13.2.  Let  i : (Z,Oz)  — t (A , Ox)  be  a closed  immersion  of  locally 
ringed  spaces.  Let  T be  a quasi-coherent  O z-module.  Then  i^T  is  locally  on  X the 
cokernel  of  a map  of  quasi-coherent  Ox -modules. 


‘Ah  is  is  nonstandard  notation;  see  discussion  above. 
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Proof.  This  is  true  because  i*Oz  is  quasi-coherent  by  definition.  And  locally  on  Z 
the  sheaf  T is  a cokernel  of  a map  between  direct  sums  of  copies  of  Oz ■ Moreover, 
any  direct  sum  of  copies  of  the  the  same  quasi-coherent  sheaf  is  quasi-coherent. 
And  finally,  i*  commutes  with  arbitrary  colimits,  see  Lemma  17.6.3  Some  details 
omitted.  □ 


01C4  Lemma  17.13.3.  Let  i : (Z,Oz)  — > (X,Ox)  be  a morphism  of  ringed  spaces. 
Assume  i is  a homeomorphism  onto  a closed  subset  of  X and  that  Ox  —>  1*0 z is 
surjective.  Let  T be  an  O z -module.  Then  i*T  is  of  finite  type  if  and  only  if  T is 
of  finite  type. 


Proof.  Suppose  that  T is  of  finite  type.  Pick  x £ X.  If  x Z,  then  i*T  is 
zero  in  a neighbourhood  of  x and  hence  finitely  generated  in  a neighbourhood  of 
x.  If  x = i(z),  then  choose  an  open  neighbourhood  z £ V C Z and  sections 
si,...,sn  £ X(V)  which  generate  T over  V.  Write  V = Z n U for  some  open 
U C X.  Note  that  U is  a neighbourhood  of  x.  Clearly  the  sections  sz  give  sections 
Si  of  i*T  over  U.  The  resulting  map 

@ Ou  — » i*F\u 

N-L-'  2=1,..., n 

is  surjective  by  inspection  of  what  it  does  on  stalks  (here  we  use  that  Ox  — > i*Oz 
is  surjective).  Hence  i*T  is  of  finite  type. 

Conversely,  suppose  that  i*T  is  of  finite  type.  Choose  z & Z.  Set  x = i(z). 
By  assumption  there  exists  an  open  neighbourhood  U C X of  x,  and  sections 
si, . . . , sn  £ ( i*T)(U ) which  generate  i*T  over  U.  Set  V = Z ft  U.  By  definition  of 
i*  the  sections  s,  correspond  to  sections  sz  of  T over  V . The  resulting  map 

0.  °v  — > X\v 

is  surjective  by  inspection  of  what  it  does  on  stalks.  Hence  J-  is  of  finite  type.  □ 

08KS  Lemma  17.13.4.  Let  i : ( Z,Oz ) — > (X,Ox)  be  a morphism  of  ringed  spaces. 
Assume  i is  a homeomorphism  onto  a closed  subset  of  X and  : Ox  -4  i*Oz  is 
surjective.  Denote  X C Ox  the  kernel  of  iK  The  functor 

i*  : Mod(Oz)  — t Mod(Ox) 

is  exact,  fully  faithful,  with  essential  image  those  Ox-modules  Q such  thatXQ  = 0. 


Proof.  We  claim  that  for  a O^-module  T the  canonical  map 

i*  i*T  — > T 


is  an  isomorphism.  We  check  this  on  stalks.  Say  z £ Z and  x = i(z).  We  have 


fi*i*F)z  = (i*X)x  <g>e>x,*  ®z,z  = Fz  ®ox,u:  ®z,z  = 

by  Sheaves,  Lemma [6.26.4  the  fact  that  Oz.z  is  a quotient  of  Ox,x- 
Lemma  6.32.1  It  follows  that  i*  is  fully  faithful. 


and  Sheaves, 


Let  Q be  a Ox-module  with  IQ  = 0.  If  x £ X,  x fL  i(Z ),  then  Qx  = 0 because 


we  can  write  Q = i*J-  for  a unique  abelian  sheaf  J-  on  Z.  Let  W C Z be  open, 
/ £ Oz(W)  and  s £ jF(W).  We  define  fs  £ X(W).  Since  i ^ is  surjective  we 
can  find  opens  Uj  C X such  that  W = (J  1 (CA,-)  and  /|*_1(t/J)  is  the  image  of 
fj  £ Ox(Uj).  Note  that  is  an  element  of  Jr(i_1(t/,))  = Q(Ui).  Thus  we 


Xx  = Ox.x  in  this  case.  Thus  we  see  that  Q us  supported  on  Z.  By  Lemma  17.6.1 
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can  form  Sj  = fjs  £ T(i~l{Uj))  = GfUf).  By  our  assumption  that  IQ  = 0 the 
sections  Sj  are  independent  of  the  choice  of  fj  lifting  /|i_1(t/j)  and  glue  to  a section 
fs  of  T over  W.  In  this  way  T becomes  an  ©^-module  such  that  Q = i*T . □ 

17.14.  Locally  free  sheaves 

01C5  Let  (A",  Ox)  be  a ringed  space.  Our  conventions  allow  (some  of)  the  stalks  Ox,x  to 
be  the  zero  ring.  This  means  we  have  to  be  a little  careful  when  defining  the  rank 
of  a locally  free  sheaf. 

01C6  Definition  17.14.1.  Let  (X,  Ox)  be  a ringed  space.  Let  A"  be  a sheaf  of  Ox- 
modules. 

(1)  We  say  T is  locally  free  if  for  every  point  x £ X there  exists  a set  I 
and  an  open  neighbourhood  x £ U C X such  that  F\  u is  isomorphic  to 
0,G/  Ox  | u as  an  0x|c-niodule. 

(2)  We  say  T is  finite  locally  free  if  we  may  choose  the  index  sets  / to  be 
finite. 

(3)  We  say  T is  finite  locally  free  of  rank  r if  we  may  choose  the  index  sets  I 
to  have  cardinality  r. 

A finite  direct  sum  of  (finite)  locally  free  sheaves  is  (finite)  locally  free.  However, 
it  may  not  be  the  case  that  an  infinite  direct  sum  of  locally  free  sheaves  is  locally 
free. 

01C7  Lemma  17.14.2.  Let  (A,  Ox)  be  a ringed  space.  Let  J-  be  a sheaf  of  Ox -modules. 
If  J-  is  locally  free  then  it  is  quasi- coherent. 

Proof.  Omitted.  □ 

01C8  Lemma  17.14.3.  Let  f : (X,Ox)  — t {Y,Oy)  be  a morphism  of  ringed  spaces.  If 
Q is  a locally  free  Oy-module,  then  f*Q  is  a locally  free  Ox-module. 

Proof.  Omitted.  □ 

01C9  Lemma  17.14.4.  Let  (A ,Ox)  be  a ringed  space.  Suppose  that  the  support  of 
Ox  is  X,  i.e.,  all  stalk  of  Ox  are  nonzero  rings.  Let  J-  be  a locally  free  sheaf  of 
Ox -modules.  There  exists  a locally  constant  function 

rankx  '■  X — > {0, 1,  2, . . .}  U {oo} 

such  that  for  any  point  x £ X the  cardinality  of  any  set  I such  that  F is  isomorphic 
t°  ©.;ej  Ox  in  a neighbourhood  of  x is  rankjr{x). 

Proof.  Under  the  assumption  of  the  lemma  the  cardinality  of  I can  be  read  off 
from  the  rank  of  the  free  module  J~x  over  the  nonzero  ring  Ox.xi  and  it  is  constant 
in  a neighbourhood  of  x.  □ 

089Q  Lemma  17.14.5.  Let  (A,  Ox)  be  a ringed  space.  Let  r > 0.  Let  ip  : T — ► Q be  a 
map  of  finite  locally  free  Ox -modules  of  rank  r.  Then  ip  is  an  isomorphism  if  and 
only  if  ip  is  surjective. 

Proof.  Assume  p is  surjective.  Pick  x £ X.  There  exists  an  open  neighbourhood 
U of  x such  that  both  F\u  and  Q\u  are  isomorphic  to  0®r . Pick  lifts  of  the  free 
generators  of  Q\u  to  obtain  a map  if  : Q\jj  — >•  F\u  such  that  pluot/j  = id.  Hence  we 
conclude  that  the  map  T(U,F)  -A  T(U,Q)  induced  by  ip  is  surjective.  Since  both 
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OBCI 


01CA 


01CB 


05NA 


r(Z7,  X)  and  T(U,  Q ) are  isomorphic  to  T(U,  Ou)®r  as  an  T(i7,  0[/)-module  we  may 
apply  Algebra,  Lemma  10.15.4  to  see  that  T(U,  J-)  — > T(U,G)  is  injective.  This 
finishes  the  proof.  □ 


Lemma  17.14.6.  Let  (X,  Ox)  be  a ringed  space.  If  all  stalks  Ox.x  are  local  rings, 
then  any  direct  summand  of  a finite  locally  free  Ox-module  is  finite  locally  free. 


Proof.  Assume  T is  a direct  summand  of  the  finite  locally  free  Ox-module  TL.  Let 


finite  presentation  as  a summand  of  TL.)  □ 


17.15.  Tensor  product 


Let  (A,  Ox)  be  a ringed  space.  Let  T , G be  Ox-modules.  We  have  briefly  discussed 
the  tensor  product  in  the  setting  of  change  of  rings  in  Sheaves,  Sections  |6.6|  and 
In  exactly  the  same  way  we  define  first  the  tensor  product  presheaf 

F ®p,ox  G 


6.20 


as  the  rule  which  assigns  to  U C X open  the  Ox(b0-module  F(U)  ®ox(u)  G(U). 
Having  defined  this  we  define  the  tensor  product  sheaf  as  the  sheafification  of  the 
above: 

F ®ox  G = {F  ®p,ox  G)* 

This  can  be  characterized  as  the  sheaf  of  Ox-modules  such  that  for  any  third  sheaf 
of  Ox-modules  TL  we  have 


Hom0x(Jr  ®0x  G,TL)  = Biliri0x  {F  x Q,H). 

Here  the  right  hand  side  indicates  the  set  of  bilinear  maps  of  sheaves  of  Ox-modules 
(definition  omitted). 

The  tensor  product  of  modules  M,  N over  a ring  R satisfies  symmetry,  namely 
M <8r  N = N M,  hence  the  same  holds  for  tensor  products  of  sheaves  of 
modules,  i.e. , we  have 

fF  ®ox  G = G ®ox  F 

functorial  in  T , Q.  And  since  tensor  product  of  modules  satisfies  associativity  we 
also  get  canonical  functorial  isomorphisms 

{F  ®e>x  G)  ®Oj  H = F ®ox  {G  ®ox  F.) 

functorial  in  J- Q,  and  R. 


Lemma  17.15.1.  Let  (X,Ox)  be  a ringed  space.  Let  J-,  G be  Ox-modules.  Let 
x € X.  There  is  a canonical  isomorphism  of  Ox, x -modules 

( F ®ox  G)x  = Fx  0Ox.ro  Gx 

functorial  in  T and  G ■ 


Proof.  Omitted. 


□ 


Lemma  17.15.2.  Let  (X,  Ox)  be  a ringed  space.  Let  T' , Q'  be  presheaves  of 
Ox-modules  with  sheafifications  T , G ■ Then  T ®ox  G = (F1  ®P,ox  G')# ■ 


Proof.  Omitted. 


□ 
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01CC  Lemma  17.15.3.  Let  (X,Ox)  be  a ringed  space.  Let  G be  an  Ox-module.  If 
F\  — > J-2  — ► F$  — > 0 is  an  exact  sequence  of  Ox -modules  then  the  induced  sequence 

F\  ®ox  G -4 > F2  ®o.v  G — > F3  ®ox  G — i 0 


is  exact. 


Proof.  This  follows  from  the  fact  that  exactness  may  be  checked  at  stalks  (Lemma 


17.3.1),  the  description  of  stalks  (Lemma  17.15.1)  and  the  corresponding  result  for 
tensor  products  of  modules  (Algebra,  Lemma  10.11.10).  □ 


01CD  Lemma  17.15.4.  Let  f : ( X,Ox ) -4  ( Y,Oy ) be  a morphism  of  ringed  spaces. 
Let  F , G be  Oy  -modules.  Then  /*(. F ®oY  G)  = f*F  ®oY  f*Q  functorially  in  F , 

Q. 


Proof.  Omitted. 


□ 


01CE  Lemma  17.15.5.  Let  ( X,Ox ) be  a ringed  space.  Let  F , Q be  Ox-modules. 

(1)  If  F , G are  locally  generated  by  sections,  so  is  F ®e>x  S- 

(2)  If  F , Q are  of  finite  type,  so  is  T Q . 

(3)  If  T , Q are  quasi- coherent,  so  is  T Oc)x  Q . 

(4)  If  T , Q are  of  finite  presentation,  so  is  IF  <8>ox  S ■ 

(5)  If  F is  of  finite  presentation  and  Q is  coherent,  then  F®ox  Q Is  coherent. 

(6)  If  F , Q are  coherent,  so  is  F ®ox  G ■ 

(7)  If  F,  G are  locally  free,  so  is  F ®ox  G ■ 


Proof.  We  first  prove  that  the  tensor  product  of  locally  free  Ox-modules  is  locally 
free.  This  follows  if  we  show  that  (©i6/£W)  ®ox  (®jejOx)  = 

The  sheaf  ©igj  Ox  is  the  sheaf  associated  to  the  presheaf  U 1-4  ®ieIOx{U). 
Hence  the  tensor  product  is  the  sheaf  associated  to  the  presheaf 


We  deduce  what  we  want  since  for  any  ring  R we  have  (®ie/  R)  ®r  (® R)  = 

R- 


If  F2  — > F\  — > F — > 0 is  exact,  then  by  Lemma  17.15.3  the  complex  F2  ® G — > 
F\  ® G -4  F ® G -40is  exact.  Using  this  we  can  prove  (5).  Namely,  in  this 
case  there  exists  locally  such  an  exact  sequence  with  Fi,  i = 1,2  finite  free.  Hence 
the  two  terms  F%®Q  are  isomorphic  to  finite  direct  sums  of  G ■ Since  finite  direct 
sums  are  coherent  sheaves,  these  are  coherent  and  so  is  the  cokernel  of  the  map, 
see  Lemma Tl7. 12.41 


And  if  also  G2  — > Gi  — > G — > 0 is  exact,  then  we  see  that 


F2  ®ox  G 1 ® Fi  ®ox  G 2 -4  F±  ®ox  Gi  -4  F ®ox  G —>  0 

is  exact.  Using  this  we  can  for  example  prove  (3).  Namely,  the  assumption  means 
that  we  can  locally  find  presentations  as  above  with  Fi  and  Qi  free  Ox-modules. 
Hence  the  displayed  presentation  is  a presentation  of  the  tensor  product  by  free 
sheaves  as  well. 


The  proof  of  the  other  statements  is  omitted. 


□ 


17.16.  FLAT  MODULES 


1414 


05NB 


05NC 

05ND 


05NE 


05NF 

05NG 


05NH 


Lemma  17.15.6.  Let  (X,  Ox)  be  a ringed  space.  For  any  Ox-module  F the 
functor 

Mod(Ox ) — > Mod(Ox),  Q 1 — > F 8 >o  S 
commutes  with  arbitrary  colimits. 


Proof.  Let  I be  a partially  ordered  set  and  let  {(?;}  be  a system  over  I.  Set 
Q = colinpC/j.  Recall  that  Q is  the  sheaf  associated  to  the  presheaf  Q'  : U K »• 


colimj  Gi(U),  see  Sheaves,  Section  6.29  By  Lemma  17.15.2  the  tensor  product 


F ®ox  S is  the  sheafification  of  the  presheaf 


U i — > F(U)  ®ox(U)  colimj  Qi{U)  = colimj  F(U)  ®ox(u)  Gi(U ) 

where  the  equality  sign  is  Algebra,  Lemma  |l0.11.9|  Hence  the  lemma  follows  from 
the  description  of  colimits  in  Mod(Ox)-  □ 


17.16.  Flat  modules 


We  can  define  flat  modules  exactly  as  in  the  case  of  modules  over  rings. 

Definition  17.16.1.  Let  (X,  Ox)  be  a ringed  space.  An  Ox-module  F is  flat  if 
the  functor 

Mod(Ox)  — t Mod(Ox )>  Q H t G ®o  F 

is  exact. 


We  can  characterize  flatness  by  looking  at  the  stalks. 

Lemma  17.16.2.  Let  ( X , Ox)  be  a ringed  space.  An  Ox-module  F is  flat  if  and 
only  if  the  stalk  Fx  is  a flat  Ox.x-module  for  all  x £ X . 


Proof.  Assume  Fx  is  a flat  Ox.s-module  for  all  x £ X.  In  this  case,  ifQ—tl-l—tIC 
is  exact,  then  also  Q ®ox  F — t hi  ®ox  F — > 1C ®ox  F is  exact  because  we  can  check 
exactness  at  stalks  and  because  tensor  product  commutes  with  taking  stalks,  see 
Lemma  |17.15.1|  Conversely,  suppose  that  F is  flat,  and  let  x £ X.  Consider  the 
skyscraper  sheaves  ix,*M  where  M is  a Ox.x-module.  Note  that 


again  by  Lemma  17.15.1 


M ®Ox,x 

Since  i. 


Fx  = ( ix,*M  ®ox  F)x 

..  * is  exact,  we  see  that  the  fact  that  T is  flat 


implies  that  MaM  ®ox  x Fx  is  exact.  Hence  Fx  is  a flat  Ox  ^-module. 


□ 


Thus  the  following  definition  makes  sense. 

Definition  17.16.3.  Let  (X,  Ox)  be  a ringed  space.  Let  x £ X.  An  Ox-module 
T is  fiat  at  x if  Fx  is  a flat  Ox.^-module. 


Hence  we  see  that  F is  a flat  Ox-module  if  and  only  if  it  is  flat  at  every  point. 

Lemma  17.16.4.  Let  (X,  Ox)  be  a ringed  space.  A filtered  colimit  of  flat  Ox- 
modules  is  flat.  A direct  sum  of  flat  Ox -modules  is  flat. 


Proof.  This  follows  from  Lemma [17.15. 6 Lemma[i7.15.1[  Algebra,  Lemma  10.8.9 
and  the  fact  that  we  can  check  exactness  at  stalks.  □ 


Lemma  17.16.5.  Let  (X,  Ox)  be  a ringed  space.  Let  U C X be  open.  The  sheaf 
ju'.Ojj  is  a flat  sheaf  of  Ox -modules. 


Proof.  The  stalks  of  ju'.Ojj  are  either  zero  or  equal  to  Ox,x- 


Apply  Lemma  17.16.2 


□ 
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05NI 


05NJ 


05NK 


05NL 


08BK 


Lemma  17.16.6.  Let  (A,  Ox)  be  a ringed  space. 

(1)  Any  sheaf  of  Ox-modules  is  a quotient  of  a direct  sum.  © jup.Oui- 

(2)  Any  Ox -module  is  a quotient  of  a flat  Ox -module. 


Proof.  Let  F be  an  Ox -module.  For  every  open  U C X and  every  s £ F(U) 
we  get  a morphism  ju\Ou  —y  F,  namely  the  adjoint  to  the  morphism  Ojj  — > F\u, 
1 i— y s.  Clearly  the  map 


© 


(U,s) 


Ju'.Ou 


F 


is  surjective,  and  the  source  is  flat  by  combining  Lemmas  17.16.4  and  17.16.5  □ 


Lemma  17.16.7.  Let  (A',  Ox)  he  a ringed  space.  Let 

0 F"  -A  F'  -A  F -y  0 


he  a short  exact  sequence  of  Ox -modules.  Assume  F is  flat.  Then  for  any  Ox- 
module  Q the  sequence 

0 — y F"  ® o G — t F'  G — > F ®e>  G — ■>  0 

is  exact. 


Proof.  Using  that  Tx  is  a flat  0x,armodule  for  every  x £ X and  that  exactness 
can  be  checked  on  stalks,  this  follows  from  Algebra,  Lemma[l0.38.12|  □ 

Lemma  17.16.8.  Let  (X ,Ox)  he  a ringed  space.  Let 

0 — y J- 2 — y \ — y t 0 

be  a short  exact  sequence  of  Ox -modules. 

(1)  If  J- 2 and  J-q  are  flat  so  is  T\. 

(2)  If  T\  and  J-jj  are  flat  so  is  . 

Proof.  Since  exactness  and  flatness  may  be  checked  at  the  level  of  stalks  this 
follows  from  Algebra,  Lemma  [l  0 . 38 . 1 3|  □ 

Lemma  17.16.9.  Let  (A fOx)  he  a ringed  space.  Let 

. . . — y J-  2 — y IF  \ — y Fq  — y Q — y 0 

be  an  exact  complex  of  Ox -modules.  If  Q and  all  Fi  are  flat  Ox -modules,  then  for 
any  Ox -module  G the  complex 

■ ■ ■ — y F2  ®ox  G —■ * F\  ®ox  G — t Fo  <8>ox  G —y  Q ®ox  G 

is  exact  also. 


Proof.  Follows  from  Lemma  17.16.7|  by  splitting  the  complex  into  short  exact 
sequences  and  using  Lemma  17.16.8  to  prove  inductively  that  lvn(Fi+\  — y Ff)  is 
flat.  □ 


The  following  lemma  gives  one  direction  of  the  equational  criterion  of  flatness  (Al- 
gebra, Lemma  10.38.11). 


Lemma  17.16.10.  Let  (A ,Ox)  he  a ringed  space.  Let  F be  a flat  Ox-module. 
Let  U C X be  open  and  let 


0u  (/, /..)>  F\v 
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be  a complex  of  Ou -modules.  For  every  x £ U there  exists  an  open  neighbourhood 
V C U of  x and  a factorization 

ofn  A 0®m  F\v 

of  {si, . . . ,s„)]y  such  that  A o (/l5 . . . , fn)\v  = 0. 


Proof.  Let  X C Ojj  be  the  sheaf  of  ideals  generated  by  ft, , fn . Then  Jf  fi  ® s, 
is  a section  of  X ®ov  F\u  which  maps  to  zero  in  J-\u-  As  J-\u  is  flat  the  map 
X ®Ou  d~\  u ->  F\ u is  injective.  Since  X <g> ov  F\u  is  the  sheaf  associated  to  the 
preslieaf  tensor  product,  we  see  there  exists  an  open  neighbourhood  V C U of  x 
such  that  J2fi\v  ® Si\v  is  zero  in  X(P)  ®o{v)  F{V).  Unwinding  the  definitions 
using  Algebra,  Lemma  10.106.10  we  find  ti, .. . ,tm  £ F(V)  and  a,j  £ 0{V)  such 
that  aijfi\v  = 0 and  Si|i/  = If  a^tj.  □ 


08BL  Lemma  17.16.11.  Let  (X,Ox)  be  a ringed  space.  Let  T be  locally  of  finite 
presentation  and  flat.  Then  J-  is  locally  a direct  summand  of  a finite  free  Ox- 
module. 


Proof.  After  replacing  X by  the  members  of  an  open  covering,  we  may  assume 
there  exists  a presentation 


o®r 


Of1 


T ^ 0 


Let  x £ X.  By  Lemma  17.16.10  we  can,  after  shrinking  X to  an  open  neighbourhood 
of  x , assume  there  exists  a factorization 


Of1  ->■  O®"1  — > T 

such  that  the  composition  C^®r  — ► Off1  -A-  O®"1  annihilates  the  first  summand  of 
Off . Repeating  this  argument  r — 1 more  times  we  obtain  a factorization 

Ofn  -A  Ofnr  -£  T 

such  that  the  composition  0®r  —A  Ofn  —¥  Off'7'  is  zero.  This  means  that  the 
surjection  OfTlr  -A  F has  a section  and  we  win.  □ 


17.17.  Flat  morphisms  of  ringed  spaces 

02N2  The  pointwise  definition  is  motivated  by  Lemma  |17.16.2|  and  Definition  |17.16.3| 
above. 

02N3  Definition  17.17.1.  Let  / : X — ► Y be  a morphism  of  ringed  spaces.  Let  x £ X. 
We  say  / is  said  to  be  flat  at  x if  the  map  of  rings  0Yj(x)  —>  Ox,x  is  We  say 
/ is  flat  if  / is  flat  at  every  x £ X. 

Consider  the  map  of  sheaves  of  rings  /**  : f~1Oy  — > Ox-  We  see  that  the  stalk  at  x 
is  the  ring  map  /J  : 0Yj(x)  > Ox,x-  Hence  / is  flat  at  x if  and  only  if  Ox  is  flat  at 
x as  an  /-1CV-module.  And  / is  flat  if  and  only  if  Ox  is  flat  as  an  /_1  C>y -module. 
A very  special  case  of  a flat  morphism  is  an  open  immersion. 

02N4  Lemma  17.17.2.  Let  f : X — > Y be  a flat  morphism  of  ringed  spaces.  Then  the 
pullback  functor  f*  : ModifOy ) -A  Mod{Ox ) is  exact. 
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Proof.  The  functor  f*  is  the  composition  of  the  exact  functor  / 1 : Mod(Oy)  — ► 
Mod{f~1Oy)  and  the  change  of  rings  functor 

Mod(f  1Oy)  -A  Mod(Ox),  X 1 — > X ®f~1oY 
Thus  the  result  follows  from  the  discussion  following  Definition  |17.17.1|  □ 

08KT  Definition  17.17.3.  Let  / : (X,  Ox)  — t (Y.  Oy)  be  a morphism  of  ringed  spaces. 
Let  X be  a sheaf  of  Ox-modules. 

(1)  We  say  that  X is  flat  over  Y at  a point  x £ X if  the  stalk  Xx  is  a flat 
Oy,f(x) -module. 

(2)  We  say  that  X is  flat  over  Y if  X is  flat  over  Y at  every  point  x of  X. 


With  this  definition  we  see  that  X is  flat  over  Y at  x if  and  only  if  X is  flat  at  x as 
an  /_1CV-module  because  ( f~1Oy)x  = 0Yjrx\  by  Sheaves,  Lemma 


6.21.5 


17.18.  Symmetric  and  exterior  powers 


01CF 


01CG 


Let  (X,  Ox)  be  a ringed  space.  Let  X be  an  Ox-algebra.  We  define  the  tensor 
algebra  of  X to  be  the  sheaf  of  noncommutative  Ox-algebras 

T(J-)=TOx(.F)  = 0 T”(.F). 

Here  T°(Jr)  = Ox,  T1(Jr)  = X and  for  n > 2 we  have 

T"(Jr)  = X ®ox  ■ ■ ■ ®ox  -F  ( n factors) 

We  define  A(X)  to  be  the  quotient  of  T(Jr)  by  the  two  sided  ideal  generated  by 
local  sections  s ® s of  T2(Jr)  where  s is  a local  section  of  X.  This  is  called  the 
exterior  algebra  of  X.  Similarly,  we  define  Sym(Jr)  to  be  the  quotient  of  T(Jr)  by 
the  two  sided  ideal  generated  by  local  sections  of  the  form  — t (g)  s of  T2(Jr). 

Both  A(Jr)  and  Sym(Jr)  are  graded  Ox-algebras,  with  grading  inherited  from  T(Jr). 
Moreover  Sym(Jr)  is  commutative,  and  A(X)  is  graded  commutative. 


Lemma  17.18.1.  In  the  situation  described  above.  The  sheaf  l\nX  is  the  sheafi- 
fication  of  the  presheaf 


See  Algebra,  Section  10.12 
presheaf 


U ^ An0x{u)(X(U)). 

Similarly,  the  sheaf  Symn X is  the  sheafification  of  the 


U _►  Symn0x{u)(X(U)). 


Proof.  Omitted.  It  may  be  more  efficient  to  define  Sym(Jr)  and  A(Jr)  in  this  way 
instead  of  the  method  given  above.  □ 


01CH  Lemma  17.18.2.  In  the  situation  described  above.  Let  x € X . There  are  canon- 
ical isomorphisms  of  Ox, x -modules  T(X)x  = T(Xx),  Sym(X)x  = Sym(Xx),  and 
A(X)x  = A(X „). 

Proof.  Clear  from  Lemmafl7.18.il  above,  and  Algebra,  Lemma  [l 0.1 2. 4|  □ 

01CI  Lemma  17.18.3.  Let  f : (X,Ox)  -A  ( Y,Oy ) be  a morphism  of  ringed  spaces. 
Let  X be  a sheaf  of  Oy -modules.  Then  f*T(X)  = T(f*X),  and  similarly  for  the 
exterior  and  symmetric  algebras  associated  to  X . 


Proof.  Omitted. 


□ 
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01CJ  Lemma  17.18.4.  Let  (X,Ox)  be  a ringed  space.  Let  F2  — > F\  -A  F — > 0 be  an 
exact  sequence  of  sheaves  of  Ox -modules.  For  each  n > 1 there  is  an  exact  sequence 

F 2 ®ox  Symn~l{F i)  -►  Symn{F i)  -A  Symn{F)  -A  0 

and  similarly  an  exact  sequence 

J~2  ®ox  Arl_1(Jri)  -A  A"^)  -A  An(F)  -A  0 


Proof.  See  Algebra,  Lemma [10.12. 2[  □ 

01CK  Lemma  17.18.5.  Let  (X,  Ox)  be  a ringed  space.  Let  F be  a sheaf  of  Ox -modules. 

(1)  If  F is  locally  generated  by  sections,  then  so  is  each  T 1'(F),  An(F),  and 
Symn(F). 

(2)  If  F is  of  finite  type,  then  so  is  each  Trl{F),  An(F),  and  Symn(F). 

(3)  If  J-  is  of  finite  presentation,  then  so  is  each  Tn(iF),  An(F),  and  Symn(F). 

(4)  If  F is  coherent,  then  for  n > 0 each  FfF),  An(F),  and  Symn(F)  is 
coherent. 

(5)  If  F is  quasi- coherent,  then  so  is  each  Tn(.7r),  An(F),  and  Symn(F). 

(6)  If  F is  locally  free,  then  so  is  each  T 1{F),  An(F),  and  Symn(F). 


Proof.  These  statements  for  Tn(F)  follow  from  Lemma  17.15.5| 

Statements  (1)  and  (2)  follow  from  the  fact  that  An(F)  and  Sym”(Jr)  are  quotients 
of  T"(J0- 


Statement  (6)  follows  from  Algebra,  Lemma  10.12.1 


For  (3)  and  (5)  we  will  use  Lemma  17.18.4  above.  By  locally  choosing  a presentation 
J-2  — > F\  — > J-  — > 0 with  T,  free,  or  finite  free  and  applying  the  lemma  we  see  that 


Symrl(Jr),  An{fF)  has  a similar  presentation;  here  we  use  (6)  and  Lemma  17.15.5 


To  prove  (4)  we  will  use  Algebra,  Lemma  10.12.3  We  may  localize  on  X and 
assume  that  J-  is  generated  by  a finite  set  (sj)jgj  of  global  sections.  The  lemma 
mentioned  above  combined  with  Lemma |17. 18. 1| above  implies  that  for  n > 2 there 
exists  an  exact  sequence 


0 Tn"2  ( F)  -A  T"  ( F)  -A  Sym11  (F)  -A  0 

where  the  index  set  J is  finite.  Now  we  know  that  T”^2(Jr)  is  finitely  generated 
and  hence  the  image  of  the  first  arrow  is  a coherent  subsheaf  of  T"(Jr),  see  Lemma 


01CL 

(1)  If  J-  is  quasi- coherent,  then  so  is  each  T(F),  A(F),  and  Sym(F). 

(2)  If  F is  locally  free,  then  so  is  each  T{F),  A (F),  and  Sym(F). 


17.12.4  By  that  same  lemma  we  conclude  that  Sym"(Jr)  is  coherent. 


□ 


Lemma  17.18.6.  Let  (X,Ox)  be  a ringed  space.  Let  F be  a sheaf  of  Ox -modules. 


Proof.  It  is  not  true  that  an  infinite  direct  sum  0 Qi  of  locally  free  modules 
is  locally  free,  or  that  an  infinite  direct  sum  of  quasi-coherent  modules  is  quasi- 
coherent.  The  problem  is  that  given  a point  x £ X the  open  neighbourhoods  Ui 
of  x on  which  Qi  becomes  free  (resp.  has  a suitable  presentation)  may  have  an 
intersection  which  is  not  an  open  neighbourhood  of  x.  However,  in  the  proof  of 
Lemma  |17.18.5|  we  saw  that  once  a suitable  open  neighbourhood  for  F has  been 
chosen,  then  this  open  neighbourhood  works  for  each  of  the  sheaves  T"( F ),  A n(F) 
and  Symn(Jr).  The  lemma  follows.  □ 
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17.19.  Internal  Horn 

01CM  Let  (A,  Ox)  be  a ringed  space.  Let  F,  G be  Ox-modules.  Consider  the  rule 

U i — > Yi.om.0x\u(F\u,G\u)- 

It  follows  from  the  discussion  in  Sheaves,  Section [6 . 33| that  this  is  a sheaf  of  abelian 
groups.  In  addition,  given  an  element  ip  £ HomciY|E/(J:'|c/,  G\u)  and  a section 
/ £ Ox(U)  then  we  can  define  ftp  £ Hotq.ox\u{F\u,  G\u)  by  either  precomposing 
with  multiplication  by  / on  F\u  or  postcomposing  with  multiplication  by  / on  G\u 
(it  gives  the  same  result).  Hence  we  in  fact  get  a sheaf  of  Ox-modules.  We  will 
denote  this  sheaf  Fomox{F,G).  There  is  a canonical  “evaluation”  morphism 

F ®Ox  'Homoxi.F,  G)  — > G- 

For  every  x £ X there  is  also  a canonical  morphism 

TLomox  (■^r,  S)x  -t  Horn ox,A^,Gx) 
which  is  rarely  an  isomorphism. 

01CN  Lemma  17.19.1.  Let  (A,  Ox)  be  a ringed  space.  Let  F,  G,  F be  Ox-modules. 
There  is  a canonical  isomorphism 

TLomox  ®ox  G,F)  — > TLomox  ( F , Fomox  (G ,F)) 

which  is  functorial  in  all  three  entries  (sheaf  Horn  in  all  three  spots).  In  par- 
ticular, to  give  a morphism.  F ®ox  G — >•  TL  is  the  same  as  giving  a morphism 
F — > 'Homox(G,'H). 

Proof.  This  is  the  analogue  of  Algebra,  Lemma  [10.11.8|  The  proof  is  the  same, 
and  is  omitted.  □ 

OICO  Lemma  17.19.2.  Let  (A,  Ox)  be  a ringed  space.  Let  F,  G be  Ox -modules. 

(1)  If  F2  — > F\  — > F — > 0 is  an  exact  sequence  of  Ox -modules,  then 

0 — > Homox  (F,  G)  — ► Thmox  (-^i  ,G)  — > Fomox  (-^2,  G) 

is  exact. 

(2)  If  0 — > G — t G\  — > G 2 is  an  exact  sequence  of  Ox-modules,  then 

0 — > rHomox{F',G)  — > 'Homox{F,Gi)  — Fomox(F , ^2) 
is  exact. 


Proof.  Omitted. 


□ 


01CP  Lemma  17.19.3.  Let  (A,  Ox)  be  a ringed  space.  Let  F , G be  Ox-modules.  If  F 
is  finitely  presented  then  the  canonical  map 

Homox  (F,  G)x  HomCx  i (. FX,GX ) 

is  an  isomorphism. 


Proof.  By  localizing  on  A we  may  assume  that  F has  a presentation 

F -£  0. 


Ox 


© i 


By  Lemma 


17.19.2 


this  gives  an  exact  sequence  0 — > Fomox  (-W  G)  0i=1  n G 


0 ■_!  m G-  'Faking  stalks  we  get  an  exact  sequence  0 -A  Fomox(F,G)a 


©i=i„ 


0j=i  m Gx  and  the  result  follows  since  Fx  sits  in  an  exact 
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sequence  Ox,x  — > ©;= i nOx,i  ->  Tx  ->  0 which  induces  the  exact 

sequence  0 ->■  Hom0x  a;(J7x,  Qx)  ->  ©,.. , „ Gx  — * ©j=i,...,m  which  is  the 

same  as  the  one  above.  □ 

01CQ  Lemma  17.19.4.  Let  (X,Ox)  be  a ringed  space.  Let  T , Q be  Ox-modules.  If  J-  is 
finitely  presented  then  the  sheaf  Homo X{F ,G)  is  locally  a kernel  of  a map  between 
finite  direct  sums  of  copies  of  G . In  particular,  if  G is  coherent  then  Homox(J~,G) 
is  coherent  too. 

Proof.  The  first  assertion  we  saw  in  the  proof  of  Lemma  [l7.19.3[  And  the  result 
for  coherent  sheaves  then  follows  from  Lemmari7.12.4l  □ 

0A6F  Lemma  17.19.5.  Let  X be  a topological  space.  Let  0\  — > Oo  be  a homomorphism 
of  sheaves  of  rings.  Then  we  have 

Hom0l  ( T0l , G ) = Hom02  ( T,  Hom0l  ( 02 , G)) 

bifunctorially  in  J-  £ Mod(02)  and  G £ Mod(Oi). 

Proof.  Omitted.  This  is  the  analogue  of  Algebra,  Lemma [l 0 . 1 3 . 4| and  is  proved  in 
exactly  the  same  way.  □ 


17.20.  Koszul  complexes 

062J  We  suggest  first  reading  the  section  on  Koszul  complexes  in  More  on  Algebra, 
Section  |15.22|  We  define  the  Koszul  complex  in  the  category  of  Ox-modules  as 
follows. 

062K  Definition  17.20.1.  Let  A be  a ringed  space.  Let  ip  : £ — >■  Ox  be  an  Ox-module 
map.  The  Koszul  complex  Km(ip)  associated  to  ip  is  the  sheaf  of  commutative 
differential  graded  algebras  defined  as  follows: 

(1)  the  underlying  graded  algebra  is  the  exterior  algebra  K,(ip)  = A(£ ), 

(2)  the  differential  d : Kt{ip)  — > Kt(ip)  is  the  unique  derivation  such  that 
d(e)  = ip(e)  for  all  local  sections  e of  £ = Ki(ip). 

Explicitly,  if  e\  A . . . A en  is  a wedge  product  of  local  sections  of  £,  then 

d(e i A . . . A en)  = V'  (-l)i+V(ei)ei  A ...  A ei  A ...  A e„. 

It  is  straightforward  to  see  that  this  gives  a well  defined  derivation  on  the  tensor 
algebra,  which  annihilates  e A e and  hence  factors  through  the  exterior  algebra. 

062L  Definition  17.20.2.  Let  A be  a ringed  space  and  let  f\, ... . fn  g T(A, Ox)- 
The  Koszul  complex  on  f\, ... , fr  is  the  Koszul  complex  associated  to  the  map 
{fi,  ■ ■ ■ , fn)  ■ 0%n  Ox-  Notation  K,(OxJ l,  • • • , fn),  or  K.(Ox,  /.)• 

Of  course,  given  an  Ox-module  map  ip  : £ Ox,  if  £ is  finite  locally  free,  then 
K,(ip)  is  locally  on  A isomorphic  to  a Koszul  complex  K,(Ox,  fi,  ■ ■ ■ , fn)- 


17.21.  Invertible  modules 


01CR  Similarly  to  the  case  of  modules  over  rings  (More  on  Algebra,  Section  15.83)  we 
have  the  following  definition. 
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01CS  Definition  17.21.1.  Let  (X,  Ox)  be  a ringed  space.  An  invertible  Ox-module  is 
a sheaf  of  Ox-modules  £ such  that  the  functor 

Mod(Ox)  — t Mod(Ox),  T\ — > £ ®0x  X 

is  an  equivalence  of  categories.  We  say  that  £ is  trivial  if  it  is  isomorphic  as  an 
Ox-module  to  Ox- 


Lemma  17.21.4  below  explains  the  relationship  with  locally  free  modules  of  rank  1. 

0B8K  Lemma  17.21.2.  Let  (X,Ox)  be  a ringed  space.  Let  £ be  an  Ox-module.  Equiv- 
alent are 


(1)  £ is  invertible,  and 

(2)  there  exists  an  Ox -module  Af  such  that  £ ®ox  N = Ox- 

In  this  case  £ is  locally  a direct  summand  of  a finite  free  Ox -module  and  the  module 
A f in  (3)  is  isomorphic  to  Homox  {£,  Ox)- 


Proof.  Assume  (1).  Then  the  functor  — ®ox  £ is  essentially  surjective,  hence 
there  exists  an  Ox-module  A f as  in  (2).  If  (2)  holds,  then  the  functor  — ®ox  A f is 
a quasi-inverse  to  the  functor  — ®ox  £ and  we  see  that  (1)  holds. 

Assume  (1)  and  (2)  hold.  Denote  if  '■  £ ®Ox  A f — > Ox  the  given  isomorphism.  Let 
x £ X.  Choose  an  open  neighbourhood  U an  integer  n > 1 and  sections  s*  £ £([/), 
ti  £ Af(U)  such  that  s*  8 tf)  = 1.  Consider  the  isomorphisms 

£\u  ~ > £\u  ®ov  £\u  ®0[,  A f\u  — t £\u 

where  the  first  arrow  sends  a;  to  Ysi®  s®U  and  the  second  arrow  sends  s®  s'  ®t 
to  f>(s'  ® t)s.  We  conclude  that  x >->•  Y ip{s  ® tf)Si  is  an  automorphism  of  C\jj. 
This  automorphism  factors  as 

£\u  0®n  -»•  £\u 

where  the  first  arrow  is  given  by  s i— > (^’(s®t i), . . . , ip(s®tn))  and  the  second  arrow 
by  (cii, . . . , an)  i y aiSi-  In  this  way  we  conclude  that  £\u  is  a direct  summand 
of  a finite  free  ©[/-module. 


Assume  (1)  and  (2)  hold.  Consider  the  evaluation  map 

£ ®ox  Homox  {£,  Ox)  — > Ox 

To  finish  the  proof  of  the  lemma  we  will  show  this  is  an  isomorphism  by  checking 
it  induces  isomorphisms  on  stalks.  Let  x £ X.  Since  we  know  (by  the  previous 
paragraph)  that  £ is  a finitely  presented  Ox-module  we  can  use  Lemma  17.19.3  to 
see  that  it  suffices  to  show  that 


£, 


Horn ox,v(£x,Ox,x)  — > Ox, x 


is  an  isomorphism.  Since  £x  ®ox  x A fx  = {£  ®ox  A f)x  = Ox,x  (Lemma  17.15.1) 
the  desired  result  follows  from  More  on  Algebra,  Lemma [15. 83. 2[  □ 

0B8L  Lemma  17.21.3.  Let  f : (X,Ox)  — > (Y,Oy)  be  a morphism  of  ringed  spaces. 
The  pullback  f*£  of  an  inverible  Oy -module  is  invertible. 


Proof.  By  Lemma  17.21.2  there  exists  an  Or-module  Af  such  that  £®oYAf  = Oy. 
Pulling  back  we  get  f*£®ox  f*Af  = Ox  by  Lemma|17.15.4|  Thus  f*£  is  invertible 
by  Lemma[l7.21.2|  □ 
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0B8M  Lemma  17.21.4.  Let  (X,  Ox)  be  a ringed  space.  Any  locally  free  Ox-module  of 
rank  1 is  invertible.  If  all  stalks  Ox,x  are  local  rings , then  the  converse  holds  as 
well  (but  in  general  this  is  not  the  case). 


Proof.  The  parenthetical  statement  follows  by  considering  a one  point  space  X 
with  sheaf  of  rings  Ox  given  by  a ring  R.  Then  invertible  Ox-modules  correspond 
to  invertible  f?-modules,  hence  as  soon  as  Pic(f?)  is  not  the  trivial  group,  then  we 
get  an  example. 

Assume  C is  locally  free  of  rank  1 and  consider  the  evaluation  map 

£ ®ox  Tdomox  (A  Ox)  — t Ox 


Looking  over  an  open  covering  trivialization  £,  we  see  that  this  map  is  an  isomor- 


phism. Hence  C is  invertible  by  Lemma  17.21.2 


Assume  all  stalks  Ox,x  are  local  rings  and  £ invertible.  In  the  proof  of  Lemma 
17.21.21  we  have  seen  that  £x  is  an  invertible  Ox  ^-module  for  all  x € X.  Since 


Ox,x  is  local,  we  see  that  Cx  = Ox,x  (More  on  Algebra,  Section  15.83).  Since  £ is 


of  finite  presentation  by  Lemma  [17. 21. 2|  we  conclude  that  £ is  locally  free  of  rank 
1 by  Lemma  [17.11. 8|  □ 


01CT  Lemma  17.21.5.  Let  (A (Ox)  be  a ringed  space. 

(1)  If  £,  N are  inveriible  Ox-modules,  then  so  is  £ ®ox  N ■ 

(2)  If  £ is  an  invertible  Ox-module,  then  so  is  T-Lomox{£,Ox)  and  the  eval- 
uation map  £ ®ox  7dj°mox(£>Ox)  — > Ox  is  an  isomorphism. 


Proof.  Part  (1)  is  clear  from  the  definition  and  part  (2)  follows  from  Lemma  17.21.2 
and  its  proof.  □ 


01CU  Definition  17.21.6.  Let  (X,Ox)  be  a ringed  space.  Given  an  invertible  sheaf 
£ on  X and  n £ Z we  define  the  nth  tensor  power  £®n  of  £ as  the  image  of  Ox 
under  applying  the  equivalence  T i— >■  T ®ox  £ exactly  n times. 


This  makes  sense  also  for  negative  n as  we’ve  defined  an  invertible  Ox-module  as 
one  for  which  tensoring  is  an  equivalence.  More  explicitly,  we  have 


{Ox  if  n = 0 

Homox  (£,  Ox)  if  n = — 1 

£ <8>ox  ■ ■ ■ ®ox  £ if  n > 0 
£®-1  ®ox  ■ ■ ■ ®Ox  £0-1  if  n<- 1 


see  Lemma  17.21.5  With  this  definition  we  have  canonical  isomorphisms  £® 


and  these  isomorphisms  satisfy  a commutativity  and  an  associa- 
tivity constraint  (formulation  omitted). 


Let  {X,  Ox)  be  a ringed  space.  We  can  define  a Z-graded  ring  structure  on 
®T(A,  £®")  by  mapping  s G T(A,  £®n)  and  t £ T(X,  £®m)  to  the  section  cor- 
responding to  s ® t in  T(X,  £®n+m).  We  omit  the  verification  that  this  defines  a 
commutative  and  associative  ring  with  1.  However,  by  our  conventions  in  Algebra, 
Section [10755] a graded  ring  has  no  nonzero  elements  in  negative  degrees.  This  leads 
to  the  following  definition. 
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01CV  Definition  17.21.7.  Let  ( X,Ox ) be  a ringed  space.  Given  an  invertible  sheaf  £ 
on  X we  define  the  associated  graded  ring  to  be 

r*(X,£)  = 0 T(X,C®n) 

n>0 

Given  a sheaf  of  Ox-modules  T we  set 

r*(X,£,.F)  = 0 Y{X,T®0x£®n) 

nG  Z 

which  we  think  of  as  a graded  r*(A,  £)-module. 


We  often  write  simply  r*(£)  and  r*(Jr)  (although  this  is  ambiguous  if  T is  in- 
vertible). The  multiplication  of  T*(£)  on  T*(Jr)  is  defined  using  the  isomorphisms 
above.  If  7 : T — ► Q is  a Ox-module  map,  then  we  get  an  r*(£)-module  homomor- 
phism 7 : r*(Jr)  — > T*(C/).  If  a : £ — > M is  an  Ox-module  map  between  invertible 
Ox-modules,  then  we  obtain  a graded  ring  homomorphism  F*(£)  — > T*(Af).  If 
/ : ( Y,Oy ) — > {X,  Ox)  is  a morphism  of  ringed  spaces  and  if  £ is  invertible  on 
X,  then  we  get  an  invertible  sheaf  f*  £ on  Y (Lemma  17.21.3 1 and  an  induced 
homomorphism  of  graded  rings 

r :r*(X,£)^r*(Y,/*£) 


Furthermore,  there  are  some  compatibilities  between  the  constructions  above  whose 
statements  we  omit. 


01CW  Lemma  17.21.8.  Let  (A,  Ox)  be  a ringed  space.  There  exists  a set  of  invertible 
modules  such  that  each  invertible  module  on  X is  isomorphic  to  exactly  one 

of  the  £i . 


Proof.  Recall  that  any  invertible  Ox-module  is  locally  a direct  summand  of  a finite 
free  Ox-module,  see  Lemma 


17.21.2 


For  each  open  covering  U : X = (J  -eJ  Uj  and 
map  r : J — >•  N consider  the  sheaves  of  Ox-modules  T such  that  Tj  = is  a 
direct  summand  of  O®1"^.  The  collection  of  isomorphism  classes  of  T:]  is  a set, 
because  HomC)t/(0®r,  0®r)  is  a set.  The  sheaf  T is  gotten  by  glueing  J7,,  see 
Sheaves,  Section [6. 33|  Note  that  the  collection  of  all  glueing  data  forms  a set.  The 
collection  of  all  coverings  U : X = {JjeJ  Ut  where  J — >•  V(X),  j >->■  Uj  is  injective 
forms  a set  as  well.  For  each  covering  there  is  a set  of  maps  r : J — > N.  Hence  the 
collection  of  all  J7  forms  a set.  □ 


This  lemma  says  roughly  speaking  that  the  collection  of  isomorphism  classes  of 
invertible  sheaves  forms  a set.  Lemma [l7.21.5| says  that  tensor  product  defines  the 
structure  of  an  abelian  group  on  this  set. 

01CX  Definition  17.21.9.  Let  (X,  Ox)  be  a ringed  space.  The  Picard  group  Pic(X) 
of  A'  is  the  abelian  group  whose  elements  are  isomorphism  classes  of  invertible 
Ox-modules,  with  addition  corresponding  to  tensor  product. 

01CY  Lemma  17.21.10.  Let  X be  a ringed  space.  Assume  that  each  stalk  Ox  x a local 

ring  with  maximal  ideal  nij.  Let  £ be  an  invertible  Ox-module.  For  any  section 
s £ r(A,  £)  the  set 

Xs  = {x  £ X | image  s ^ mx£x} 

is  open  in  X.  The  map  s : Oxs  — > £|xa  is  an  isomorphism,  and  there  exists  a 
section  s'  over  Xs  such  that  s'(s|x«)  = 1. 
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0B37 


Proof.  Suppose  x £ Xs 


We  have  an  isomorphism 

Cx  <g>Ox„  OC®-1),  — ► Ox,x 

and 


by  Lemma  17.21.5  Both  Cx  and  (.C®-1)^  are  free  0x,a;-niodules  of  rank  1.  We 
conclude  from  Algebra,  Nakayama’s  Lemma[i0.19.1|that  sx  is  a basis  for  Cx.  Hence 
there  exists  a basis  element  tx  £ (T®-1)^  such  that  sx  ® tx  maps  to  1.  Choose  an 
open  neighbourhood  U of  x such  that  tx  comes  from  a section  t of  (iZ®-1)^  over  U 
and  such  that  s®t  maps  to  1 € Ox(U).  Clearly,  for  every  x'  £ U we  see  that  s 
generates  the  module  Cx* . Hence  U C Xs.  This  proves  that  A's  is  open.  Moreover, 
the  section  t constructed  over  U above  is  unique,  and  hence  these  glue  to  give  te 
section  s'  of  the  lemma.  □ 

It  is  also  true  that,  given  a morphism  of  locally  ringed  spaces  / : Y — ► X (see 
Schemes,  Definition  |25. 2.1 ) that  the  inverse  image  f~1(Xs)  is  equal  to  Yfs,  where 
f*s  £ r(Y,  f* C)  is  the  pullback  of  s. 

17.22.  Rank  and  determinant 

Let  (X,  Ox)  be  a ringed  space.  Consider  the  category  C of  finite  locally  free  Ox- 


modules.  This  is  an  exact  category  (see  Injectives,  Remark  19.9.6)  whose  admissible 


epimorphisms  are  surjections  and  whose  admissible  monomorphisms  are  kernels 
of  surjections.  Moreover,  there  is  a set  of  isomorphism  classes  of  objects  of  C 
(proof  omitted).  Thus  we  can  form  the  Grothendieck  Jv-group  K(C),  which  is 
often  denoted  K^a'tve (X) . Explicitly,  in  this  case  KQalve(X)  is  the  abelian  group 
generated  by  [£\  for  £ a finite  locally  free  Ox-module,  subject  to  the  relations 

[?]  = [£]  + in 

whenever  there  is  a short  exact  sequence  0 — > £'  0 of  finite  locally 

free  Ox-modules. 

Ranks.  Given  a finite  locally  free  Ox-module  £,  the  rank  is  a locally  constant 
function 

r = re  : X — > Z>0,  x \ — s>  rank ox,*£x 

This  makes  sense  as  £x  = O®7^  and  this  uniquely  determines  r(x).  By  definition 
of  locally  free  modules  the  function  r is  locally  constant.  If  0 —>  £'  0 

is  a short  exact  sequence  of  finite  locally  free  Ox-modules,  then  rg  = rs>  + rs», 
Thus  the  rank  defines  a homomorphism 

W-AMaPcont(X,Z),  [£] 


is  naive  / 

^ 0 


re 


Determinants.  Given  a finite  locally  free  Ox-module  £ we  obtain  a disjoint  union 
decomposition 

X = x0  ui,hx2u... 

with  Xj  open  and  closed,  such  that  £ is  finite  locally  free  of  rank  i on  Xt  (this  is 
exactly  the  same  as  saying  the  rg  is  locally  constant).  In  this  case  we  define  det(£) 
as  the  invertible  sheaf  on  X which  is  equal  to  A®(£|x4)  on  Xi  for  all  i > 0.  Since 
the  decomposition  above  is  disjoint,  there  are  no  glueing  conditions  to  check.  By 


Lemma  17.22.1  below  this  defines  a homomorphism 

■’(*)—►  PicpQ,  [£] 


det  : K%aive‘ 


det(f ) 


of  abelian  groups. 
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0B38  Lemma  17.22.1.  Let  X be  a ringed  space.  Let  0 — > £'  — > £ — > £"  — > 0 be  a 
short  exact  sequence  of  finite  locally  free  Ox -modules,  Then  there  is  a canonical 
isomorphism 

det(f')  ®e>x  det(£")  — >■  det(£) 

of  Ox -modules. 

Proof.  We  can  decompose  X into  disjoint  open  and  closed  subsets  such  that  both 
£ ’ and  £"  have  constant  rank  on  them.  Thus  we  reduce  to  the  case  where  £ ' and 
£"  have  constant  rank,  say  r'  and  r" . In  this  situation  we  define 

Ar'  (£')  ®Qx  Ar"(£")  — ► Ar'+r"(£) 

as  follows.  Given  local  sections  s'x> . . . , s’r,  of  £'  and  local  sections  s", . . . , s",  of  £" 
we  map 

si  A ...  A 4'  ® s"  A ...  A s"„  to  si  A ...  A s'r,  A s”  A ...  A s"r,, 
where  s"  is  a local  lift  of  the  section  s"  to  a section  of  £.  We  omit  the  details.  □ 


17.23.  Localizing  sheaves  of  rings 


01CZ  Let  X be  a topological  space  and  let  Ox  be  a presheaf  of  rings.  Let  S C Ox  be 
a presheaf  of  sets  contained  in  Ox-  Suppose  that  for  every  open  U C X the  set 
S(U)  C Ox(U)  is  a multiplicative  subset,  see  Algebra,  Definition  10.9.1  In  this 
case  we  can  consider  the  presheaf  of  rings 


S~lOx  :U^S(U)-LOx(U). 


The  restriction  mapping  sends  the  section  f/s,  f £ Ox(U),  s £ S(U ) to  (/|vr)/(slv) 
if  V C U are  opens  of  A'. 

01D0  Lemma  17.23.1.  Let  X be  a topological  space  and  let  Ox  be  a presheaf  of  rings. 
Let  S C Ox  be  a pre-sheaf  of  sets  contained  in  Ox  ■ Suppose  that  for  every  open 
U C X the  set  S(U)  C Ox{U)  is  a multiplicative  subset. 

(1)  There  is  a map  of  presheaves  of  rings  Ox  S~lOx  such  that  every  local 
section  of  S maps  to  an  invertible  section  of  Ox  ■ 

(2)  For  any  homomorphism  of  presheaves  of  rings  Ox  — t A such  that  each 
local  section  of  S maps  to  an  invertible  section  of  A there  exists  a unique 
factorization  S~xOx  — > A. 

(3)  For  any  x £ X we  have 

(S-1Ox)x  = S-1Ox,x. 

(4)  The  sheafification  (S^^^Ox)#  is  a sheaf  of  rings  with  a map  of  sheaves  of 

rings  (Ox)#  (S~1Ox)#  which  is  universal  for  maps  of  (Ox)#  into 

sheaves  of  rings  such  that  each  local  section  of  S maps  to  an  invertible 
section. 

(5)  For  any  x £ X we  have 


Proof.  Omitted. 


(S~lOx)#  = S~1Ox,. 


□ 
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Let  X be  a topological  space  and  let  Ox  be  a presheaf  of  rings.  Let  S C Ox  be 
a presheaf  of  sets  contained  in  Ox-  Suppose  that  for  every  open  U C X the  set 
S(U)  C Ox{U)  is  a multiplicative  subset.  Let  F be  a presheaf  of  Ox-modules  In 
this  case  we  can  consider  the  presheaf  of  5”1  Ox-modules 

s-xf  -.u  ^ s(u)-1f(u). 

The  restriction  mapping  sends  the  section  t/s,  t G F(U),  s € S(U)  to  (t|v)/(s|y) 
if  V C U are  opens  of  A'. 


Lemma  17.23.2.  Let  X be  a topological  space.  Let  Ox  be  a presheaf  of  rings.  Let 
S C Ox  be  a pre-sheaf  of  sets  contained  in  0 \ ■ Suppose  that  for  every  open  U C X 
the  set  S(U)  C Ox(U ) is  a multiplicative  subset.  For  any  presheaf  of  O x -modules 
F we  have 


S~1T  = S~1Oi 


Vp.O; 


F 


(see  Sheaves,  Section  6.6  for  notation)  and  if  F and  Ox 


are  sheaves  then 


(S^F)*  = (S~1Ox)*  F 


(see  Sheaves,  Section  6.20  for  notation). 


Proof.  Omitted. 


□ 


17.24.  Modules  of  differentials 


In  this  section  we  briefly  explain  how  to  define  the  module  of  relative  differentials  for 
a morphism  of  ringed  spaces.  We  suggest  the  reader  take  a look  at  the  corresponding 
section  in  the  chapter  on  commutative  algebra  (Algebra,  Section  10.130). 


Definition  17.24.1.  Let  A be  a topological  space.  Let  ip  : 0±  — > O2  be  a 
homomorphism  of  sheaves  of  rings.  Let  F be  an  C^-module.  A Oi-derivation  or 
more  precisely  a p-derivation  into  J-  is  a map  D : O2  —>  J~  which  is  additive, 
annihilates  the  image  of  0 1 — > O 2,  and  satisfies  the  Leibniz  rule 


D{ab)  = aD(b ) + D{a)b 


for  all  a,b  local  sections  of  O2  (wherever  they  are  both  defined).  We  denote 
Dergij  (O2,  F)  the  set  of  (^-derivations  into  T. 


This  is  the  sheaf  theoretic  analogue  of  Algebra,  Definition |17. 24.1]  Given  a deriva- 
tion D : O2  — t T as  in  the  definition  the  map  on  global  sections 


D-.r(x,o2)  — >r(x,x) 

is  a T(A,  (^-derivation  as  in  the  algebra  definition.  Note  that  if  a : T — > Q is  a 
map  of  ^2-modules,  then  there  is  an  induced  map 


DereL  (O2,  F)  — > L>er0l{02,Q) 


given  by  the  rule  DgqoI).  In  other  words  we  obtain  a functor. 

Lemma  17.24.2.  Let  X be  a topological  space.  Let  ip  : 0 1 — > 02  be  a homomor- 
phism of  sheaves  of  rings.  The  functor 


Mod(02 ) — > Ab,  F 1 — > Der0l(0 2, F) 


is  representable. 
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Proof.  This  is  proved  in  exactly  the  same  way  as  the  analogous  statement  in 
algebra.  During  this  proof,  for  any  sheaf  of  sets  T on  X,  let  us  denote  02[T\  the 
sheafification  of  the  presheaf  U H > 02(U)[J-{U)\  where  this  denotes  the  free  0i(f/)- 
module  on  the  set  T(U).  For  s £ X{U)  we  denote  [s]  the  corresponding  section  of 
02  [*F]  over  U . If  T is  a sheaf  of  02-modules,  then  there  is  a canonical  map 

c-.02[T]  — >•  T 

which  on  the  presheaf  level  is  given  by  the  rule  fs[s]  ha  fss.  We  will  employ 
the  short  hand  [s]  ha  s to  describe  this  map  and  similarly  for  other  maps  below. 
Consider  the  map  of  02-modules 

02  [02  X 02]  © 02  [02  X 02]  © 02  [0i]  -A  02  [02] 

[(a,  b )]  © [(/,  g)\  © [h]  ' — > [a  + b\  - [a]  - [b}  + 

[fg]  -9[f]-  f[g}+ 
Mh)] 

with  short  hand  notation  as  above.  Set  LIq2/q1  equal  to  the  cokernel  of  this  map. 
Then  it  is  clear  that  there  exists  a map  of  sheaves  of  sets 


(17.24.2.1) 


d : 02 


a 


o2/oi 


mapping  a local  section  / to  the  image  of  [/]  in  LIq2/0i.  By  construction  d is  a 
0i-derivation.  Next,  let  T be  a sheaf  of  02-modules  and  let  D : 02  — > T be  a 
0i-derivation.  Then  we  can  consider  the  02-linear  map  02  [02]  -A  X which  sends 
[g]  to  D(g).  It  follows  from  the  definition  of  a derivation  that  this  map  annihilates 
sections  in  the  image  of  the  map  (17.24.2.1)  and  hence  defines  a map 


an  ■ fl o2/0 1 — > F 

Since  it  is  clear  that  D = ao  ° d the  lemma  is  proved. 


□ 


Definition  17.24.3.  Let  X be  a topological  space.  Let  (p  : 0\  — > 02  be  a 
homomorphism  of  sheaves  of  rings  on  A'.  The  module  of  differentials  of  tp  is  the 
object  representing  the  functor  T ha  Dero1  (02,  J7)  which  exists  by  Lemma  17.24.2 


It  is  denoted  flo2/On  and  the  universal  tp-derivation  is  denoted  d : 02  -A  1 lo2/0 !■ 


Note  that  Q02/O1  the  cokernel  of  the  map  (17.24.2.1)  of  02-modules.  Moreover 
the  map  d is  described  by  the  rule  that  cl/  is  the  image  of  the  local  section  [/] . 

Lemma  17.24.4.  Let  X be  a topological  space.  Let  <p  : 0 1 — > 0 2 be  a homomor- 
phism of  sheaves  of  rings  on  X . Then  Qo2/Oi  the  sheaf  associated  to  the  presheaf 
U HA  ^o2(u)/o1{u)- 


Proof.  Consider  the  map  (17.24.2.1).  There  is  a similar  map  of  presheaves  whose 
value  on  the  open  U is 

02 (U)  [02 (17)  X 02 (17)] ©02 (U)  [02 (U)  X 02 (U)} ©02 (U) [01  (17)]  -A  02 (17)  [02 (U)} 

The  cokernel  of  this  map  has  value  ^o2(U)/Oi(u)  over  U by  the  construction  of 
the  module  of  differentials  in  Algebra,  Definition  |10. 130.2]  On  the  other  hand, 
the  sheaves  in  (17.24.2.1)  are  the  sheafifications  of  the  presheaves  above.  Thus  the 
result  follows  as  sheafification  is  exact.  □ 


Lemma  17.24.5.  Let  X be  a topological  space.  Let  tp  : 0 1 — > 02  be  a homomor- 
phism of  sheaves  of  rings.  For  U C X open  there  is  a canonical  isomorphism 

^Oa/Oilu  = ^(02|e/)/(0i|c/) 
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compatible  with  universal  derivations. 


Proof.  Holds  because  Ho2/Oi 


is  the  cokernel  of  the  map  (17.24.2.1). 


□ 


Lemma  17.24.6.  Let  f : Y X be  a continuous  map  of  topological  spaces. 
Let  ip  : 0\  — > 02  be  a homomorphism  of  sheaves  of  rings  on  X . Then  there  is 
a canonical  identification  f~1^o2/01  — ^ f~102/f~101  compatible  with  universal 
derivations. 


Proof.  This  holds  because  the  sheaf  Tlo2/01  is  the  cokernel  of  the  map  (17.24.2.1) 
and  a similar  statement  holds  for  Hf-1o2/f~101i  because  the  functor  /_i  is  exact, 
and  because  f~\02[02})  = /“^LT1^],  f~\02[02  x 02])  = f~x02{f-'02  x 
f~x02\  and  f~x{p2\0 ,])  = /“ 1 02 [Z"1  C>i] - □ 


Lemma  17.24.7.  Let  X be  a topological  space.  Let  (D\  -A  02  be  a homomorphism 
of  sheaves  of  rings  on  X.  Let  x £ X.  Then  we  have  Ho2/Oi,x  = ^ o2  x/Oi  x- 


Proof.  This  is  a special  case  of  Lemma  17.24.6  for  the  inclusion  map  {cc}  — > X.  An 
alternative  proof  is  the  use  Lemma  |17.24.4  Sheaves,  Lemma  [6. 17. 2|  and  Algebra, 
Lemma  IIP.  130.41  □ 


Lemma  17.24.8.  Let  X be  a topological  space.  Let 

02^0'2 

0% — 


be  a commutative  diagram  of  sheaves  of  rings  on  X.  The  map  02  — > Or2  composed 
with  the  map  d : 0'2  — f lo'2/0[  a Oi-derivation.  Hence  we  obtain  a canonical 

map  of  02-modules  LIq2/o1  — > Llo'2/0[-  It  uniquely  characterized  by  the  property 
that  d(f)  mapsto  d(ip(f))  for  any  local  section  f of  02.  In  this  way  becomes 

a functor  on  the  category  of  arrows  of  sheaves  of  rings. 


Proof.  This  lemma  proves  itself. 


□ 


Lemma  17.24.9.  In  Lemma 
kernel  X C 02  and  assume  that 
of  02-modules 


17.2f.8  suppose  that  02  02  is  surjective  with 


Ox  = 0\ . Then  there  is  a canonical  exact  sequence 


I/I2  — >•  H02/0l  <g >o2  02  — > Ho’2/o  1 — > 0 
The  leftmost  map  is  characterized  by  the  rule  that  a local  section  f of  I maps  to 
df  ® 1 . 


Proof.  For  a local  section  / of  I denote  / the  image  of  / in  I/I2.  To  show  that 
the  map  / 1— >•  d/  <S>  1 is  well  defined  we  just  have  to  check  that  d/1/2  (g>  1 = 0 if 
/1,  f2  are  local  sections  of  I.  And  this  is  clear  from  the  Leibniz  rule  d/1/2  <8>  1 = 
(/id/2  + /2d/i)(g>l  = d/2  ® /1  + d/2  <8>  /1  = 0.  A similar  computation  show  this  map 
is  02  = Cb/I-linear.  The  map  on  the  right  is  the  one  from  Lemma  17.24.8  To 


see  that  the  sequence  is  exact,  we  can  check  on  stalks  (Lemma  17.3.1 ).  By  Lemma 
|17.24.7|this  follows  from  Algebra,  Lemma[l0.130.9|  □ 


Definition  17.24.10.  Let  (/,/**)  : (X,  Ox)  — ► ( S,Os ) be  a morphism  of  ringed 
spaces. 
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(1)  Let  T be  an  Ox-module.  An  S -derivation  into  T is  a / 1 Os-derivation, 


or  more  precisely  a /^-derivation  in  the  sense  of  Definition  17.24.1 
denote  Der s(Ox,P)  the  set  of  ^-derivations  into  T. 


We 


(2)  The  sheaf  of  dijfei'entials  Llx/s  of  X over  S is  the  module  of  differentials 


Q ox/f~1Os  endowed  with  its  universal  S-derivation  dx/s  : Ox 
Here  is  a particular  situation  where  derivations  come  up  naturally. 


n 


x/s- 


Lemma  17.24.11.  Let  (/,/**)  : (X,  Ox)  — > (S,Os)  be  a morphism  of  ringed 
spaces.  Consider  a short  exact  sequence 


0 — >•  X — >•  Xl  — >-  Ox  -+  0 

Here  A is  a sheaf  of  f~lOs~algebras,  it  : A — >•  Ox  is  a surjection  of  sheaves  of 
f~x Os-algebras,  and  X = Kerin)  is  its  kernel.  Assume  I an  ideal  sheaf  with  square 
zero  in  A.  So  X has  a natural  structure  of  an  Ox -module.  A section  s : Ox  — t A 
of  tt  is  a f~1Os~algebra  map  such  that  it  o s = id.  Given  any  section  s : Ox  -+  A 
of  it  and  any  S -derivation  D : Ox  — > X the  map 


s + D : Ox  -t  A 


is  a section  of  it  and  every  section  s'  is  of  the  form  s + D for  a unique  S -derivation 

D. 


Proof.  Recall  that  the  Ox-module  structure  on  X is  given  by  hr  = hr  (multiplica- 
tion in  A)  where  h is  a local  section  of  Ox , and  h is  a local  lift  of  h to  a local  section 
of  A,  and  r is  a local  section  of  X.  In  particular,  given  s , we  may  use  h = s(h).  To 
verify  that  s + D is  a homomorphism  of  sheaves  of  rings  we  compute 


(s  + D)(ab) 


s(ab)  + D(ab) 
s(a)s(b)  + aD(b)  + D(a)b 
s(a)s(b)  + s(a)D(b)  + D(a)s(b) 
(s{a)  + D(a))(s(b)  + D(b)) 


by  the  Leibniz  rule.  In  the  same  manner  one  shows  s + D is  a /_1  Os-algebra  map 
because  D is  an  S'-derivation.  Conversely,  given  s'  we  set  D = s'  — s.  Details 
omitted.  □ 


08RU 


Lemma  17.24.12.  Let 


be  a commutative  diagram  of  ringed  spaces. 

(1)  The  canonical  map  Ox  -+  f*Ox'  composed  with  /*  dx'/s'  '■  f*£>x'  -+ 
f*Llx'/sr  is  a S-derivation  and  we  obtain  a canonical  map  of  Ox-modules 
^x/s  -t  fMx'/S1- 

(2)  The  commutative  diagram 


f-'Ox  r —yA-t  Ox> 

A 


f~1h~1Os 


(h'y'Os’ 
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01UW 


08TG 

08TH 

08TI 

08TJ 


induces  by  Lemmas  17.24-6  and  17.24-8  a canonical  map  f~l^x/s  — ► 

/S'- 

These  two  maps  correspond  (via  adjointness  of  /*  and  f*  and  via  f*Llx/s  = 
f~1Llx/s  ®/-!ox  Ox'  and  Sheaves,  Lemma  6.20.2)  to  the  same  Ox'-module  ho- 
momorphism 

Cf  ■ f*^x/s  — > /S' 

which  is  uniquely  characterized  by  the  property  that  f*dx/s(a ) mapsto  dX’ /s’(f*a) 
for  any  local  section  a of  Ox  ■ 


Proof.  Omitted. 
Lemma  17.24.13.  Let 


□ 


X" 


X' 


X 


9 

f 

' 

\ 

■S' 


■ s 


be  a commutative  diagram  of  ringed  spaces.  With  notation  as  in  Lemma \17.24-lfy 
we  have 


cf°g  — cg  ° 9 cf 


as  maps  (/  o g)*ftx/s  -t  ^x"/S" 

Proof.  Omitted. 


□ 


17.25.  The  naive  cotangent  complex 


This  section  is  the  analogue  of  Algebra,  Section  10.132  for  morphisms  of  ringed 
spaces.  We  urge  the  reader  to  read  that  section  first. 


Let  X be  a topological  space.  Let  A — t B be  a homomorphism  of  sheaves  of  rings. 
In  this  section,  for  any  sheaf  of  sets  f on  I we  denote  A[£]  the  sheafification  of 
the  presheaf  U A(U)[£(U)\.  Here  A(U)[£(U)]  denotes  the  polynomial  algebra 
over  A{U)  whose  variables  correspond  to  the  elements  of  £(U).  We  denote  [e]  £ 
A(U)[£(U)\  the  variable  corresponding  to  e £ £ (U).  There  is  a canonical  surjection 
of  A-algebras 


(17.25.0.1) 


A[B]  — ► B,  [ b } 


whose  kernel  we  denote  1 C A[B\.  It  is  a simple  observation  that  I is  generated  by 
the  local  sections  [&][&']  — [W]  and  [a]  — a.  According  to  Lemma  17.24.9  there  is  a 
canonical  map 


(17.25.0.2) 


l/l2  — > Qa[b]/a  &U[B]  B 


whose  cokernel  is  canonically  isomorphic  to  flg/A- 

Definition  17.25.1.  Let  X be  a topological  space.  Let  A — > B be  a homomor- 
phism of  sheaves  of  rings.  The  naive  cotangent  complex  NLB/a  is  the  chain  complex 
([17  25.0.2D 

NLB/A  = (l/l2  — » TLa[B\/a  <8U[B]  B) 

with  T/I2  placed  in  (homological)  degree  1 and  £Ia\B\/a  GU[0]  ® placed  in  degree 

0. 
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This  construction  satisfies  a functoriality  similar  to  that  discussed  in  Lemma[l7.24.8| 
for  modules  of  differentials.  Namely,  given  a commutative  diagram 


B B' 

A 

08TK  (17.25.1.1) 

A *~A! 

of  sheaves  of  rings  on  X there  is  a canonical  23-linear  map  of  complexes 

NLB/A  — > NLb>/Ai 

Namely,  the  maps  in  the  commutative  diagram  give  rise  to  a canonical  map  A[B\  — > 
A'[B']  which  maps  X into  X'  = Ker(.4'[U']  -A  B').  Thus  a map  X/X 2 -A  X' /(X')2 
and  a map  between  modules  of  differentials,  which  together  give  the  desired  map 
between  the  naive  cotangent  complexes. 

We  can  choose  a different  presentation  of  B as  a quotient  of  a polynomial  algebra 
over  A and  still  obtain  the  same  object  of  D{B).  To  explain  this,  suppose  that  £ 
is  a sheaves  of  sets  on  X and  a : £ — > B a map  of  sheaves  of  sets.  Then  we  obtain 
an  A-algebra  homomorphism  A[£]  -A  B.  Assume  this  map  is  surjective,  and  let 
J C A[£\  be  the  kernel.  Set 

NL(a)  = {J /J2  — ■>  SIa[£]/a  #) 

Here  is  the  result. 


08TL 


Lemma  17.25.2.  In  the  situation  above  there  is  a canonical  isomorphism  NL(a)  = 
NLq/a  in  D(B). 


Proof.  Observe  that  NLB/A  = NL( id#).  Thus  it  suffices  to  show  that  given  two 
maps  cq  : £i  -A  B as  above,  there  is  a canonical  quasi-isomorphism  NL(a i)  = 
NL{a2)  in  D(B ).  To  see  this  set  £ = £\  H £2  and  a = oq  H 02  : £ — > B.  Set 
Ji  = Ker(A[£i]  -A  B)  and  J = Ker(A[£]  -A  B).  We  obtain  maps  A[£i]  -A  A[£\ 
which  send  Ji  into  J . Thus  we  obtain  canonical  maps  of  complexes 

JVL(oj)  — > NL(a) 


08TM 


and  it  suffices  to  show  these  maps  are  quasi-isomorphism.  To  see  this  it  suffices  to 
check  on  stalks  (Lemma  17.3.1 1.  Here  by  Lemma  17.24.7  we  see  the  result  holds  by 
Algebra,  Lemma  |10.132.2l  ' □ 


Lemma  17.25.3.  Let  f : X Y be  a continuous  map  of  topological  spaces. 
Let  A — ?>  B be  a homomorphism  of  sheaves  of  rings  on  Y.  Then  f~x  NLB/A  = 

NLf-iB/f-iA. 


Proof.  Omitted.  Hint:  Use  Lemma \l 7. 24. 6 1 


□ 


The  cotangent  complex  of  a morphism  of  ringed  spaces  is  defined  in  terms  of  the 
cotangent  complex  we  defined  above. 

08TN  Definition  17.25.4.  The  naive  cotangent  complex  NLj  = NLx/y  of  a morphism 
of  ringed  spaces  / : (X,Ox)  ->  (y,CV)  is  NL0x/f- i0y. 
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Modules  on  Sites 


18.1.  Introduction 


In  this  document  we  work  out  basic  notions  of  sheaves  of  modules  on  ringed  topoi 
or  ringed  sites.  We  first  work  out  some  basic  facts  on  abelian  sheaves.  After  this  we 
introduce  ringed  sites  and  ringed  topoi.  We  work  through  some  of  the  very  basic 
notions  on  (pre)sheaves  of  0-modules,  analogous  to  the  material  on  (pre)sheaves 
of  0-modules  in  the  chapter  on  sheaves  on  spaces.  Having  done  this,  we  duplicate 
much  of  the  discussion  in  the  chapter  on  sheaves  of  modules  (see  Modules,  Section 


17.1).  Basic  references  are  |Ser55b|.  |DG67|  and  |AGV7li. 


18.2.  Abelian  presheaves 


Let  C be  a category.  Abelian  presheaves  were  introduced  in  Sites,  Sections  7.2  and 
|7.7|  and  discussed  a bit  more  in  Sites,  Section  |7.43|  We  will  follow  the  convention 
of  this  last  reference,  in  that  we  think  of  an  abelian  presheaf  as  a presheaf  of  sets 
endowed  with  addition  rules  on  all  sets  of  sections  compatible  with  the  restriction 
mappings.  Recall  that  the  category  of  abelian  presheaves  on  C is  denoted  PAb(C). 

The  category  PAb(C ) is  abelian  as  defined  in  Homology,  Definition  12.5.1  Given 
a map  of  presheaves  ip  : Gi  — i > G2  the  kernel  of  ip  is  the  abelian  presheaf  U <— > 
Ker(<7i(f7)  — >•  G2(U))  and  the  cokernel  of  p is  the  presheaf  U >->■  Coker  (£1  (£7)  — ► 
G2(U)).  Since  the  category  of  abelian  groups  is  abelian  it  follows  that  Coim  = Im 
because  this  holds  over  each  U.  A sequence  of  abelian  presheaves 


Gi  — > G2  — > G 3 

is  exact  if  and  only  if  Gi(U)  — ► G2{U)  — > Gs{U)  is  an  exact  sequence  of  abelian 
groups  for  all  U £ Ob(C).  We  leave  the  verifications  to  the  reader. 

Lemma  18.2.1.  Let  C be  a category. 

(1)  All  limits  and  colimits  exist  in  PAb(C). 

(2)  All  limits  and  colimits  commute  with  taking  sections  over  objects  of  C. 

Proof.  Let  X — > PAb(C),  i 1— > Jq  be  a diagram.  We  can  simply  define  abelian 
presheaves  L and  C by  the  rules 

L : U 1 — > linq  Fi{U) 

and 

C : U 1 — > colinq  Fi(U). 

It  is  clear  that  there  are  maps  of  abelian  presheaves  L — > Jq  and  JF.i  — > C , by  using 
the  corresponding  maps  on  groups  of  sections  over  each  U.  It  is  straightforward 
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to  check  that  L and  C endowed  with  these  maps  are  the  limit  and  colimit  of  the 
diagram  in  PAb(C).  This  proves  (1)  and  (2).  Details  omitted.  □ 


18.3.  Abelian  sheaves 

Let  C be  a site.  The  category  of  abelian  sheaves  on  C is  denoted  Ab(C).  It  is  the 
full  subcategory  of  PAb(C ) consisting  of  those  abelian  presheaves  whose  underlying 
presheaves  of  sets  are  sheaves.  Properties  (a)  - (£)  of  Sites,  Section  7.43  hold,  see 
Sites,  Proposition  7.43.3  In  particular  the  inclusion  functor  Ab{C)  — > PAb{C)  has 


a left  adjoint,  namely  the  sheafification  functor  Q i-a  Q# . 

We  suggest  the  reader  prove  the  lemma  on  a piece  of  scratch  paper  rather  than 
reading  the  proof. 


Lemma  18.3.1. 

on  C. 


Let  C be  a site.  Let  p : T -A  Q be  a morphism  of  abelian  sheaves 


(1) 

(2) 

(3) 


The  category  Ab(C)  is  an  abelian  category. 

The  kernel  Ker{p ) of  p is  the  same  as  the  kernel  of  p as  a morphism  of 
presheaves. 


The  morphism  p is  injective  ( Homology , Definition  12.5.3 ) if  and  only  if 
p is  injective  as  a map  of  presheaves  (Sites,  Definition  7.3.1),  if  and  only 
if  p is  injective  as  a map  of  sheaves  (Sites,  Definition  7.12.1). 


The  cokernel  Coker(p)  of  p is  the  sheafification  of  the  cokernel  of  p as  a 
morphism  of  presheaves. 


(4) 

(5)  The  morphism  p is  surjective  (Homology,  Definition  12.5.3)  if  and  only 

(6) 


if  p is  surjective  as  a map  of  sheaves  (Sites,  Definition  7.12.1). 
A complex  of  abelian  sheaves 


T 

is  exact  at  Q if  and  only  if  for  all  U € Ob(C)  and  all  s € Q(U)  mapping 
to  zero  in  TL(U)  there  exists  a covering  {[/,  — > U}i^j  in  C such  that  each 
is  in  the  image  of  F{Ui)  — >•  Q(Ui). 


Proof.  We  claim  that  Homology,  Lemma  |12.7.3|  applies  to  the  categories  A = 
Ab(C)  and  B = PAb(C),  and  the  functors  a : A —>  B (inclusion),  and  b : B — > A 
(sheafification).  Let  us  check  the  assumptions  of  Homology,  Lemma  12.7.3  As- 
sumption (1)  is  that  A,  B are  additive  categories,  a,  b are  additive  functors, 


and 


a is  right  adjoint  to  b.  The  first  two  statements  are  clear  and  adjointness  is  Sites, 


Section  7.43  (e).  Assumption  (2)  says  that  PAb(C)  is  abelian  which  we  saw  in  Sec- 


tion 18.2  and  that  sheafification  is  left  exact,  which  is  Sites,  Section  7.43  (£).  The 


final  assumption  is  that  ba  = id^4  which  is  Sites,  Section  7.43  (<5).  Hence  Homology, 


Lemma  12.7.3  applies  and  we  conclude  that  Ab(C)  is  abelian. 


In  the  proof  of  Homology,  Lemma  12.7.3  it  is  shown  that  Ker(<p)  and  Coker(</?)  are 


equal  to  the  sheafification  of  the  kernel  and  cokernel  of  p as  a morphism  of  abelian 
presheaves.  This  proves  (4).  Since  the  kernel  is  a equalizer  (i.e.,  a limit)  and  since 
sheafification  commutes  with  finite  limits,  we  conclude  that  (2)  holds. 

Statement  (2)  implies  (3).  Statement  (4)  implies  (5)  by  our  description  of  sheafifi- 
cation. The  characterization  of  exactness  in  (6)  follows  from  (2)  and  (5),  and  the 
fact  that  the  sequence  is  exact  if  and  only  if  Im(J7  -A  Q)  = Ker((?  —tW).  □ 
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Another  way  to  say  part  (6)  of  the  lemma  is  that  a sequence  of  abelian  sheaves 

T\  — > T2  — » T 3 

is  exact  if  and  only  if  the  slieahhcation  of  t/  ha  T2(U)  / Ti(U)  is  equal  to  the  kernel 

ofJWJa. 

Lemma  18.3.2.  Let  C be  a site. 

(1)  All  limits  and  colimits  exist  in  Ab(C). 

(2)  Limits  are  the  same  as  the  corresponding  limits  of  abelian  presheaves  over 
C ( i.e commute  with  taking  sections  over  objects  ofC). 

(3)  Finite  direct  sums  are  the  same  as  the  corresponding  finite  direct  sums  in 
the  category  of  abelian  pre-sheaves  over  C. 

(4)  A colimit  is  the  sheafification  of  the  corresponding  colimit  in  the  category 
of  abelian  presheaves. 

(5)  Filtered  colimits  are  exact. 


Proof.  By  Lemma  [18.2.1  limits  and  colimits  of  abelian  presheaves  exist,  and  are 
described  by  taking  limits  and  colimits  on  the  level  of  sections  over  objects. 


Let  I -A  Ab(C),  i ha  T,  be  a,  diagram.  Let  linq  Tt  be  the  limit  of  the  diagram  as  an 
abelian  presheaf.  By  Sites,  Lemma  [7. 10. 1|  this  is  an  abelian  sheaf.  Then  it  is  quite 
easy  to  see  that  linq  T is  the  limit  of  the  diagram  in  Ab(C).  This  proves  limits 
exist  and  (2)  holds. 


By  Categories,  Lemma  4.24.4  and  because  sheafification  is  left  adjoint  to  the  in- 
clusion functor  we  see  that  colinq  T exists  and  is  the  sheafification  of  the  colimit 
in  PAb(C).  This  proves  colimits  exist  and  (4)  holds. 


Finite  direct  sums  are  the  same  thing  as  finite  products  in  any  abelian  category. 
Hence  (3)  follows  from  (2). 

Proof  of  (5).  The  statement  means  that  given  a system  0 — > T — > Gi  — > Hi  — > 0 
of  exact  sequences  of  abelian  sheaves  over  a directed  partially  ordered  set  I the 
sequence  0 -A  colimJ^  -a  colimtq  -a  colim'H,  -A  0 is  exact  as  well.  A formal 
argument  using  Homology,  Lemma [l 2. 5. 8| and  the  definition  of  colimits  shows  that 
the  sequence  colimJ-j  -A  colimfq  -A  colim  Hi  -A  0 is  exact.  Note  that  colimJ^  — > 
colimtq  is  the  sheafification  of  the  map  of  presheaf  colimits  which  is  injective  as 
each  of  the  maps  Ti  -A  Gi  is  injective.  Since  sheafification  is  exact  we  conclude.  □ 


18.4.  Free  abelian  presheaves 

In  order  to  prepare  notation  for  the  following  definition,  let  us  agree  to  denote 
the  free  abelian  group  on  a set  S a^]  Z [5]  = 0sgS  Z.  It  is  characterized  by  the 
property 

MorA6(Z[S],A)=MorSet8(5,A) 

In  other  words  the  construction  S A Z[S]  is  a left  adjoint  to  the  forgetful  functor 
Ab  -A  Sets. 

Definition  18.4.1.  Let  C be  a category.  Let  Q be  a presheaf  of  sets.  The  free 
abelian  presheaf  Tig  on  Q is  the  abelian  presheaf  defined  by  the  rule 

U^Z[G(U)\. 


1 


In  other  chapters  the  notation  Z [S]  sometimes  indicates  the  polynomial  ring  over  Z on  S. 
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In  the  special  case  Q = hx  of  a representable  presheaf  associated  to  an  object  X of 
C we  use  the  notation  Z x = Z hx-  In  other  words 

Zx(U)  = Z[Motc(U,X)\. 

This  construction  is  clearly  functorial  in  the  presheaf  Q.  In  fact  it  is  adjoint  to  the 
forgetful  functor  PAb(C ) — » PSh(C).  Here  is  the  precise  statement. 

03A8  Lemma  18.4.2.  Let  C be  a category.  Let  Q , P be  a presheaves  of  sets.  Let  A be 
an  abelian  presheaf.  Let  U be  an  object  of  C.  Then  we  have 

Moi'psh(C){hu,P ) = P{U), 

MorpJ46(C)(Zg,  A)  = Morpgfc(c)(£,  •4), 

MorPj4b(C)(ZE/,yl)  = A(U). 

All  of  these  equalities  are  functorial. 

Proof.  Omitted.  □ 

03A9  Lemma  18.4.3.  Let  C be  a category.  Let  I be  a set.  For  each  i £ I let  Qi  be  a 
presheaf  of  sets.  Then 

ZUiSi  = ®ie/zs, 

in  PAb(C). 

Proof.  Omitted.  □ 

18.5.  Free  abelian  sheaves 

03CQ  Here  is  the  notion  of  a free  abelian  sheaf  on  a sheaf  of  sets. 

03AA  Definition  18.5.1.  Let  C be  a site.  Let  Q be  a presheaf  of  sets.  The  free  abelian 
sheaf  Z * on  Q is  the  abelian  sheaf  Zg  which  is  the  sheafification  of  the  abelian 
presheaf  on  Q.  In  the  special  case  Q = hx  of  a representable  presheaf  associated  to 
an  object  X of  C we  use  the  notation  Zf-. 

This  construction  is  clearly  functorial  in  the  presheaf  Q.  In  fact  it  provides  an 
adjoint  to  the  forgetful  functor  Ab(C)  —I  Sh(C).  Here  is  the  precise  statement. 

03AB  Lemma  18.5.2.  LetC  be  a site.  LetQ,  F be  a sheaves  of  sets.  Let  A be  an  abelian 
sheaf.  Let  U be  an  object  of  C.  Then  we  have 

Mor  Sh(C)(h*,F)  = F(U), 

MorA(l(C)(Z^,.A)  = Mov  Sh(C)(Q , A) , 

Mor^^c)  (Zy , *4)  = A(U). 

All  of  these  equalities  are  functorial. 

Proof.  Omitted.  □ 

03AC  Lemma  18.5.3.  LetC  be  a site.  LetQ  be  a presheaf  of  sets.  Then  Z*  = (Zg#)*. 


Proof.  Omitted. 


□ 
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18.6.  Ringed  sites 

04KQ  In  this  chapter  we  mainly  work  with  sheaves  of  modules  on  a ringed  site.  Hence  we 
need  to  define  this  notion. 


03AD 


18.6.1.  Ringed  sites. 

ringed  site  is  a pair  ( C , O)  where  C is  a site  and  O is  a sheaf  of  rings  on 
The  sheaf  O is  called  the  structure  sheaf  of  the  ringed  site. 

(2)  Let  ( C,0 ),  ( C',0 ')  be  ringed  sites.  A morphism  of  ringed  sites 

(/,/»)  :(C,0) —>(<?,  O') 


Definition 

(1)  A 
C. 


is  given  by  a morphism  of  sites  / : C — ► C (see  Sites,  Definition  7.15.1) 
together  with  a map  of  sheaves  of  rings  p : f~1C  — > O,  which  by  ad- 
junction is  the  same  thing  as  a map  of  sheaves  of  rings  p : O'  f*0. 

(3)  Let  (/,/#)  : (Ci,^)  ->  (C2,02)  and  (g,gi)  : (C2,02)  ->•  (C3,03)  be 
morphisms  of  ringed  sites.  Then  we  define  the  composition  of  morphisms 
of  ringed  sites  by  the  rule 

(g, g*)  ° (/,  /#)  = (g  ° /,  /“  ° g^)- 


Here  we  use  composition  of  morphisms  of  sites  defined  in  Sites,  Definition 
and  p o g & indicates  the  morphism  of  sheaves  of  rings 


7.15.4 


Os 


g*02 


s./' 


> g*f*0 1 = {g°  f)*0 1 


18.7.  Ringed  topoi 


01D2 

01D3 


A ringed  topos  is  just  a ringed  site,  except  that  the  notion  of  a morphism  of  ringed 
topoi  is  different  from  the  notion  of  a morphism  of  ringed  sites. 


Definition  18.7.1.  Ringed  topoi. 

(1)  A ringed  topos  is  a pair  (Sh(C),0)  where  C is  a site  and  O is  a sheaf  of 
rings  on  C.  The  sheaf  O is  called  the  structure  sheaf  of  the  ringed  site. 

(2)  Let  ( Sh(C),0 ),  ( Sh(C'),0 ')  be  ringed  topoi.  A morphism  of  ringed  topoi 

(f,P)-.(Sh(C),0)-^(Sh(C'),0') 


is  given  by  a morphism  of  topoi  / : Sh(C)  — > Sh{C')  (see  Sites,  Definition 
7.16.1 ) together  with  a map  of  sheaves  of  rings  p : J-1©'  — > O , which  by 
adjunction  is  the  same  thing  as  a map  of  sheaves  of  rings  /•*  : O'  f*G. 
(3)  Let  (/,/#)  : (Sh(C1),01)  ( Sh{C2),02 ) and  («?,«?#)  : ( Sh(C2),02 ) -> 

(Sh(C3),03)  be  morphisms  of  ringed  topoi.  Then  we  define  the  composi- 
tion of  morphisms  of  ringed  topoi  by  the  rule 

(. 9 > 9*)  ° (/,  /#)  = (9  ° /,  f ° 5#)- 


Here  we  use  composition  of  morphisms  of  topoi  defined  in  Sites,  Definition 
and  p o g$  indicates  the  morphism  of  sheaves  of  rings 


7.16.1 


o3 


g*02  g*f*01  = {go  /)*C>i 


Every  morphism  of  ringed  topoi  is  the  composition  of  an  equivalence  of  ringed  topoi 
with  a morphism  of  ringed  topoi  associated  to  a morphism  of  ringed  sites.  Here  is 
the  precise  statement. 
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03CR  Lemma  18.7.2.  Let  (/,/**)  : ( Sh(C),Oc ) — > (Sh(V),Ox>)  be  a morphism  of  ringed 
topoi.  There  exists  a factorization 

(Sh(c),o$ — d*  - {Sh{v),Ov) 

(e.e") 

(Sh(C'),Oa) (h'hi)  - ( Sh(V'),Ov ,) 


where 


(1) 

(2) 

(3) 

(4) 

(5) 

(6) 
(7) 


g : Sh(C)  — ► Sh(C')  is  an  equivalence  of  topoi  induced  by  a special  cocon- 
tinuous  functor  C —tC'  (see  Sites,  Definition  7.28.2), 
e : Sh(D)  — » Sh(D')  is  an  equivalence  of  topoi  induced  by  a special  cocon- 
tinuous  functor  V — ► V (see  Sites,  Definition  7.28.2), 

Oc  = g*Oc  and  g ^ is  the  obvious  map, 

Ot>'  = e*Oxi  and  ef  is  the  obvious  map, 

the  sites  C and  D'  have  final  objects  and  fibre  products  (i.e.,  all  finite 
limits), 

h is  a morphism  of  sites  induced  by  a continuous  functor  u : V — ► C 
which  commutes  with  all  finite  limits  (i.e.,  it  satisfies  the  assumptions  of 
Sites,  Proposition  7.15.6),  and 


given  any  set  of  sheaves  Ti  (resp.  Qj)  onC  (resp.  V)  we  may  assume  each 
of  these  is  a representable  sheaf  on  C (resp.  V ). 

Moreover,  if(f,  /**)  is  an  equivalence  of  ringed  topoi,  then  we  can  choose  the  diagram 
such  that  C = V , Oc>  = Ox><  and  (h,  /r)  is  the  identity. 


Proof.  This  follows  from  Sites,  Lemma  |7.28.6[  and  Sites,  Remarks  |7.28.7|  and 
7.28.8[  You  just  have  to  carry  along  the  sheaves  of  rings.  Some  details  omitted.  □ 


18.8.  2-morphisms  of  ringed  topoi 

04IB  This  is  a brief  section  concerning  the  notion  of  a 2-morphism  of  ringed  topoi. 

04IC  Definition  18.8.1.  Let  f,g  : ( Sh(C),Oc ) — > ( Sh(D),Oz> ) be  two  morphisms  of 
ringed  topoi.  A 2-morphism  from  f to  g is  given  by  a transformation  of  functors 
t ■ f*  g*  such  that 


Ov 


is  commutative. 

Pictorially  we  sometimes  represent  t as  follows: 

/ 


(Sh(C),Oe)  ^ (Sh(T>),  Ot>) 
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As  in  Sites,  Section  |7.35|  giving  a 2-morphism  t : /*  -A  <7*  is  equivalent  to  giving 
t : g-1  — »•  f~1  (usually  denoted  by  the  same  symbol)  such  that  the  diagram 

rxo-D  - — f g~lov 

Oc 

is  commutative.  As  in  Sites,  Section  |7.35|  the  axioms  of  a strict  2-category  hold 
with  horizontal  and  vertical  compositions  defined  as  explained  in  loc.  cit. 


18.9.  Presheaves  of  modules 


03CS  Let  C be  a category.  Let  0 be  a presheaf  of  rings  on  C.  At  this  point  we  have  not 
yet  defined  a presheaf  of  0-modules.  Thus  we  do  so  right  now. 

03CT  Definition  18.9.1.  Let  C be  a category,  and  let  0 be  a presheaf  of  rings  on  C. 

(1)  A presheaf  of  0 -modules  is  given  by  an  abelian  presheaf  T together  with 
a map  of  presheaves  of  sets 

OxJ->T 


such  that  for  every  object  U of  C the  map  0(U)  x T{U)  — > T(U)  defines 
the  structure  of  an  0(t/)-module  structure  on  the  abelian  group  J-(U). 

(2)  A morphism  tp  : T — X Q of  presheaves  of  0 -modules  is  a morphism  of 
abelian  presheaves  p : F — > Q such  that  the  diagram 


O xJ ^ I 


idx<£> 

Y 

Oxg 


V 

* g 


commutes. 

(3)  The  set  of  0-module  morphisms  as  above  is  denoted  HomC)(Jr,  Q). 

(4)  The  category  of  presheaves  of  0-modules  is  denoted  PMod(0). 


Suppose  that  0i  — X 02  is  a morphism  of  presheaves  of  rings  on  the  category  C.  In 
this  case,  if  T is  a presheaf  of  02-modules  then  we  can  think  of  T as  a presheaf  of 
0i-modules  by  using  the  composition 

0!  X J ->  02  X J ->  J. 

We  sometimes  denote  this  by  Jro1  to  indicate  the  restriction  of  rings.  We  call  this 
the  restriction  of  T . We  obtain  the  restriction  functor 

PMod(02)  — t PMod(Oi) 


On  the  other  hand,  given  a presheaf  of  0i-modules  g we  can  construct  a presheaf 
of  02-modules  02  ®p,Oi  G by  the  rule 

u >— X (02  ®Pi0l  g)  (u)  = 02(U)  ®Ol(t0  g(u) 

where  U £ Ob(C),  with  obvious  restriction  mappings.  The  index  p stands  for 
“presheaf”  and  not  “point”.  This  presheaf  is  called  the  tensor  product  presheaf. 
We  obtain  the  change  of  rings  functor 

PMod(Oi)  — X PMod{02) 
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03CU 


Lemma  18.9.2.  With  C,  0\  — X 02,  T and  Q as  above  there  exists  a canonical 
bijection 

Hom0l(<5,  F0l)  = Home>2(02  <8>P, o x G,F) 

In  other  words,  the  restriction  and  change  of  rings  functors  defined  above  are  adjoint 
to  each  other. 


Proof.  This  follows  from  the  fact  that  for  a ring  map  A — x B the  restriction  functor 
and  the  change  of  ring  functor  are  adjoint  to  each  other.  □ 


18.10.  Sheaves  of  modules 


03CV 

03CW 


Definition  18.10.1.  Let  C be  a site.  Let  0 be  a sheaf  of  rings  on  C. 


(1)  A sheaf  of  O -modules  is  a presheaf  of  0-modules  T , see  Definition  18.9.1 
such  that  the  underlying  presheaf  of  abelian  groups  T is  a sheaf. 

(2)  A morphism  of  sheaves  of  O-modules  is  a morphism  of  presheaves  of  di- 
modules. 

(3)  Given  sheaves  of  0-modules  T and  Q we  denote  Homo(Jr,  Q)  the  set  of 
morphism  of  sheaves  of  0-modules. 

(4)  The  category  of  sheaves  of  0-modules  is  denoted  Mod(0). 


This  definition  kind  of  makes  sense  even  if  0 is  just  a presheaf  of  rings,  although 
we  do  not  know  any  examples  where  this  is  useful,  and  we  will  avoid  using  the 
terminology  “sheaves  of  0-modules”  in  case  0 is  not  a sheaf  of  rings. 


18.11.  Sheaffflcation  of  presheaves  of  modules 


03CX 

03CY 


Lemma  18.11.1.  Let  C be  a site.  Let  0 be  a presheaf 
a presheaf  O-modules.  Let  0#  be  the  sheafification  of  0 
see  Sites,  Section  l.f.3.  Let  P#  be  the  sheafification  of  T 
groups.  There  exists  a map  of  sheaves  of  sets 


of  rings  on  C Let  T be 
as  a presheaf  of  rings, 
as  a presheaf  of  abelian 


0#xJ#  — x T* 


which  makes  the  diagram 

0 xJ *- 1 


O#  x P# P* 

commute  and  which  makes  P # into  a sheaf  of  O# -modules.  In  addition,  if  Q is 
a sheaf  of  0# -modules,  then  any  morphism  of  presheaves  of  O-modules  J-  — > Q 
(into  the  restriction  of  Q to  a O-module)  factors  uniquely  as  T — > J7#  —X  Q where 
J7^  —yQisa  morphism  of  O# -modules. 

Proof.  Omitted.  □ 

This  actually  means  that  the  functor  i : Mod{0 —X  PMod{0)  (combining  restric- 
tion and  including  sheaves  into  presheaves)  and  the  sheafification  functor  of  the 
lemma  # : PModifO)  —X  Mod(O^)  are  adjoint.  In  a formula 

Mor  PMod(0)(F  AS)  = Mor  Mod(0*)(-F#  >G) 
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An  important  case  happens  when  O is  already  a sheaf  of  rings.  In  this  case  the 
formula  reads 

Mor  pMod(0){F  ,iG)  = Mor  Mod(0){^,G) 
because  O = O # in  this  case. 

03EI  Lemma  18.11.2.  Let  C be  a site.  Let  O be  a presheaf  of  rings  on  C The  sheafifi- 
cation  functor 

PMod(O)  — *•  Mod{0*),  J~  i — > T* 

is  exact. 

Proof.  This  is  true  because  it  holds  for  sheafification  PAb(C)  — ► Ab(C).  See  the 
discussion  in  Section  118.31  □ 


Let  C be  a site.  Let  0\  — >■  0 2 be  a morphism  of  sheaves  of  rings  on  C.  In  Section 


18.9  we  defined  a restriction  functor  and  a change  of  rings  functor  on  presheaves  of 


modules  associated  to  this  situation. 


If  T is  a sheaf  of  02-inodules  then  the  restriction  To,  of  T is  clearly  a sheaf  of 
Cb-modules.  We  obtain  the  restriction  functor 

Mod(02)  — > Mod(Oi) 


On  the  other  hand,  given  a sheaf  of  C^-modules  G the  presheaf  of  02-modules 
O2  ®p,Oi  G is  in  general  not  a sheaf.  Hence  we  define  the  tensor  product  sheaf 
O 2 Oeu  G by  the  formula 

02  ®Oi  G = ( O2  <8>p,Oi  G)# 

as  the  sheafification  of  our  construction  for  presheaves.  We  obtain  the  change  of 
rings  functor 

Mod(Oi)  — > Mod(02) 

03CZ  Lemma  18.11.3.  With  X,  0\,  02,  X and  Q as  above  there  exists  a canonical 
bijection 

Homoj  = Homo2(C)2  <8>Oi  G,X) 

In  other  words,  the  restriction  and  change  of  rings  functors  are  adjoint  to  each 
other. 


Proof.  This  follows  from  Lemma  18.9.2  and  the  fact  that  Home>2(C>2  <S>e>i  G,X)  = 
H.om02(02  ®P,Oi  G,  X)  because  T is  a sheaf.  □ 


0930  Lemma  18.11.4.  Let  C be  a site.  Let  O —¥  O'  be  an  epimorphism  of  sheaves  of 
rings.  LetGi,G-2  be  O' -modules.  Then 

Hom0/ (£/i,£/2)  = Homo  (0i,  02)- 

In  other  words,  the  restriction  functor  Mod(O')  -A  Mod(0)  is  fully  faithful. 

Proof.  This  is  the  sheaf  version  of  Algebra,  Lemma  |10.106.14|  and  is  proved  in 
exactly  the  same  way.  □ 
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18.12.  Morphisms  of  topoi  and  sheaves  of  modules 

03D0  All  of  this  material  is  completely  straightforward.  We  formulate  everything  in 
the  case  of  morphisms  of  topoi,  but  of  course  the  results  also  hold  in  the  case  of 
morphisms  of  sites. 

03D1  Lemma  18.12.1.  Let  C,  V be  sites.  Let  f : Sh(C)  -A  Sh{V)  be  a morphism  of 
topoi.  Let  O be  a sheaf  of  rings  on  C.  Let  T be  a sheaf  of  O -modules.  There  is  a 
natural  map  of  sheaves  of  sets 

f*0  x /* T — ■>  f,T 

which  turns  f*T  into  a sheaf  of  f*(D -modules.  This  construction  is  functorial  in  T . 

Proof.  Denote  /i:OxJa  J the  multiplication  map.  Recall  that  /*  (on  sheaves 
of  sets)  is  left  exact  and  hence  commutes  with  products.  Hence  f*p  is  a map  as 
indicated.  This  proves  the  lemma.  □ 

03D2  Lemma  18.12.2.  Let  C , T>  be  sites.  Let  f : Sh(C)  — » Sh{T>)  be  a morphism  of 
topoi.  Let  O be  a sheaf  of  rings  on  V.  Let  Q be  a sheaf  of  O -modules.  There  is  a 
natural  map  of  sheaves  of  sets 

f~xO  x /_1<?  — x f~1G 

which  turns  f_1Q  into  a sheaf  of  f~lO -modules.  This  construction  is  functorial  in 

Q. 

Proof.  Denote  p : O xQ  -A  Q the  multiplication  map.  Recall  that  /-1  (on  sheaves 
of  sets)  is  exact  and  hence  commutes  with  products.  Hence  f~xp  is  a map  as 
indicated.  This  proves  the  lemma.  □ 

03D3  Lemma  18.12.3.  Let  C,  V be  sites.  Let  f : Sh(C)  -A  Sh{V)  be  a morphism  of 
topoi.  Let  O be  a sheaf  of  rings  on  V.  Let  Q be  a sheaf  of  O -modules.  Let  T be  a 
sheaf  of  f~xO -modules.  Then 

MorMod(/-i0)(/^1^, T)  = Mor Mod(0)(G,  f*F)- 

Here  we  use  Lemmas \ 1 8. 12.  and\18.12.1\  and  we  think  of  f*T  as  an  O -module  by 
restriction  via  O — > f*f~1(D. 

Proof.  First  we  note  that  we  have 

Mor^b(C)(/"10, F)  = Mor Ab(D)(G,  f*?). 

by  Sites,  Proposition  |7.43.3[  Suppose  that  a : f~lQ  -A  T and  /?  : Q — > f*T  are 
morphisms  of  abelian  sheaves  which  correspond  via  the  formula  above.  We  have 
to  show  that  a is  /_10-linear  if  and  only  if  /3  is  0-linear.  For  example,  suppose 
a is  f~xO- linear,  then  clearly  /*a  is  /*/-10-linear,  and  hence  (as  restriction  is  a 
functor)  is  CMinear.  Hence  it  suffices  to  prove  that  the  adjunction  map  Q -A  f*f~xG 
is  0-linear.  Using  that  both  /*  and  /-1  commute  with  products  (on  sheaves  of 
sets)  this  comes  down  to  showing  that 

oxg — ^ f*f~Hoxg ) 


g 


- f*rlg 
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is  commutative.  This  holds  because  the  adjunction  mapping  idsh(D)  —• > /*/_1  is 
a transformation  of  functors.  We  omit  the  proof  of  the  implication  /3  linear  =>  a 
linear.  □ 


03D4  Lemma  18.12.4.  Let  C,  V be  sites.  Let  f : Sh(C)  -A  Sh(T> ) be  a morphism  of 
topoi.  Let  O be  a sheaf  of  rings  on  C.  Let  F be  a sheaf  of  O -modules.  Let  Q be  a 
sheaf  of  f*0 -modules.  Then 


Mor Mod{0){®  f 1G,F)  — Mor Mod(f,o)(G,  f *F). 

Here  we  use  Lemmas\l 8. 1 2. <?|  and  18.12. l\  and  we  use  the  canonical  map  f~1firO 
O in  the  definition  of  the  tensor  product. 


Proof.  Note  that  we  have 

MorMod(0)((D  / 1G,F)  = MorMod(f-if,0){f  1G1Ff-ift0) 

by  Lemma[l8.11.3|  Hence  the  result  follows  from  Lemma [l 8.1 2. 3|  □ 


18.13.  Morphisms  of  ringed  topoi  and  modules 

03D5  We  have  now  introduced  enough  notation  so  that  we  are  able  to  define  the  pullback 
and  pushforward  of  modules  along  a morphism  of  ringed  topoi. 

03D6  Definition  18.13.1.  Let  (/,/**)  : (Sh(C),Oc)  -A  {Sh(T>),0-p)  be  a morphism  of 
ringed  topoi  or  ringed  sites. 

(1)  Let  F be  a sheaf  of  Oc -modules.  We  define  the  pushforward  of  F as  the 
sheaf  of  C-p-modules  which  as  a sheaf  of  abelian  groups  equals  f*T  and 
with  module  structure  given  by  the  restriction  via  /**  : Ox>  — > f*Oc  of  the 
module  structure 

f*Oc  x UF  — ► UF 

from  Lemmari8.12.ll 

(2)  Let  Q be  a sheaf  of  Op-modules.  We  define  the  pullback  f*Q  to  be  the 
sheaf  of  Oe-modules  defined  by  the  formula 

f*g  = oc  ®f~  iOD  rxQ 

where  the  ring  map  /_1Op  —>  Oc  is  /**,  and  where  the  module  structure 
is  given  by  Lemma  [18. 12. 2[ 

Thus  we  have  defined  functors 

/*  : Mod(Oc ) — >•  Mod(Ov) 
f*  : Mod(Ov)  — > Mod{Oc) 

The  final  result  on  these  functors  is  that  they  are  indeed  adjoint  as  expected. 

03D7  Lemma  18.13.2.  Let  (/,/**)  : ( Sh(C),Oc ) — ► ( Sh{fD),Ox> ) be  a morphism  of 
ringed  topoi  or  ringed  sites.  Let  F be  a sheaf  of  Oc -modules.  Let  Q be  a sheaf  of 
Ox> -modules.  There  is  a canonical  bijection 

Hom.0c(f*Q,F)  = Hom  o?,(GJ*F). 

In  other  words:  the  functor  f*  is  the  left  adjoint  to  /*. 
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Proof.  This  follows  from  the  work  we  did  before: 

Horn 0e{f*G,F)  = MorMod{0c)(Oc®f-Wv  r1^^) 

= Mor  Mod(f~10-D){f  1GiJrf-10T>) 

= Hornet  (£,/*  7"). 

Here  we  use  Lemmas  118.11.31  and  118.12.31  □ 

03D8  Lemma  18.13.3.  (/,  /#)  : (STi(Ci),  0i)  -»■  (Sh(C2),  02)  and  (g,  g #)  : (Sh(C2),  02)  -A 
{Sh(C^),0^)  be  morphisms  of  ringed  topoi.  There  are  canonical  isomorphisms  of 
functors  ( g o /)*  = g*  o /*  and  (g  o /)*  = /*  o g* . 

Proof.  This  is  clear  from  the  definitions.  □ 


18.14.  The  abelian  category  of  sheaves  of  modules 


03D9  Let  ( Sh(C),0 ) be  a ringed  topos.  Let  T,  Q be  sheaves  of  0-modules,  see  Sheaves, 
Definition  |6.10.1|  Let  ip,  if  : T — > Q be  morphisms  of  sheaves  of  0-modules.  We 
define  ip  + ip  : T — > Q to  be  the  sum  of  ip  and  if  as  morphisms  of  abelian  sheaves. 
This  is  clearly  again  a map  of  0-modules.  It  is  also  clear  that  composition  of 
maps  of  0-modules  is  bilinear  with  respect  to  this  addition.  Thus  Mod(0 ) is  a 
pre-additive  category,  see  Homology,  Definition|12.3.1| 

We  will  denote  0 the  sheaf  of  0-modules  which  has  constant  value  {0}  for  all 
objects  U of  C.  Clearly  this  is  both  a final  and  an  initial  object  of  Mod((D).  Given 
a morphism  of  0-modules  ip  : T — > Q the  following  are  equivalent:  (a)  ip  is  zero, 
(b)  ip  factors  through  0,  (c)  p is  zero  on  sections  over  each  object  U. 


Moreover,  given  a pair  J-,  Q of  sheaves  of  0-modules  we  may  define  the  direct  sum 
as 


•F©  Q = T x g 


with  obvious  maps  q)  as  in  Homology,  Definition  12.3.5 

additive  category,  see  Homology,  Definition |12. 3. 8[ 


Thus  Mod(0)  is  an 


Let  p : T — > Q be  a morphism  of  0-modules.  We  may  define  Ker(<p)  to  be  the 
kernel  of  p as  a map  of  abelian  sheaves.  By  Section  |18.3|  this  is  the  subsheaf  of  T 
with  sections 

Ker (p)(U)  ={s£  -7([/)  | p(s)  = 0 in  G(U)} 

for  all  objects  U of  C.  It  is  easy  to  see  that  this  is  indeed  a kernel  in  the  category 
of  0-modules.  In  other  words,  a morphism  a : TL  T factors  through  Ker(tp)  if 
and  only  if  p o a = 0. 


Similarly,  we  define  Coker(t^)  as  the  cokernel  of  p as  a map  of  abelian  sheaves. 
There  is  a unique  multiplication  map 


0 x Coker(<p)  — > Coker(<^) 

such  that  the  map  Q —A  Coker(tp)  becomes  a morphism  of  0-modules  (verification 
omitted).  The  map  Q — > Coker(^)  is  surjective  (as  a map  of  sheaves  of  sets, 
see  Section  18.3).  To  show  that  Coker(</?)  is  a cokernel  in  Mod(G),  note  that  if 
f3  : Q — > TL  is  a morphism  of  0-modules  such  that  /3  o p is  zero,  then  you  get 
for  every  object  U of  C a map  induced  by  /3  from  Q(U) / p^FfU))  into  TL(U).  By 
the  universal  property  of  sheafification  (see  Sheaves,  Lemma  6.20.1)  we  obtain  a 
canonical  map  Coker(tp)  — > TL  such  that  the  original  j3  is  equal  to  the  composition 
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Q -A  Coker(y>)  -A  TL.  The  morphism  Coker (y>)  -A  TL  is  unique  because  of  the 
surjectivity  mentioned  above. 

Lemma  18.14.1.  Let  ( Sh(C),0 ) be  a ringed  topos.  The  category  Mod(O)  is  an 
abelian  category.  The  forgetful  functor  Mod((D)  -A  Ab(C)  is  exact,  hence  kernels, 
cokernels  and  exactness  of  0 -modules,  correspond  to  the  corresponding  notions  for 
abelian  sheaves. 


Proof.  Above  we  have  seen  that  ModlO)  is  an  additive  category,  with  kernels 
and  cokernels  and  that  Mod(O)  — > Ab(C)  preserves  kernels  and  cokernels.  By 
Homology,  Definition  12.5. 1|  we  have  to  show  that  image  and  coimage  agree.  This 
is  clear  because  it  is  true  in  Ab(C).  The  lemma  follows.  □ 


Lemma  18.14.2.  Let  ( Sh(C),0 ) be  a ringed  topos.  All  limits  and  colimits  exist  in 
Mod(O)  and  the  forgetful  functor  Mod(O)  — > Ab(C ) commutes  with  them.  Moreover, 
filtered  colimits  are  exact. 


Proof.  The  final  statement  follows  from  the  first  as  filtered  colimits  are  exact  in 


Ab(C)  by  Lemma  18.3.2  Let  T — > Mod(C. ),  i ha  Ti  be  a diagram.  Let  lim,;  Tr  be 


the  limit  of  the  diagram  in  Ab(C).  By  the  description  of  this  limit  in  Lemma  18.3.2 
we  see  immediately  that  there  exists  a multiplication 

0 x lim,  T — > lim,-  Ti 


which  turns  lim,  T,  into  a sheaf  of  0-modules.  It  is  easy  to  see  that  this  is  the  limit 
of  the  diagram  in  Mod(C).  Let  colim,;  Ti  be  the  colimit  of  the  diagram  in  PAb(C). 
By  the  description  of  this  colimit  in  the  proof  of  Lemma|l8.2.1|we  see  immediately 
that  there  exists  a multiplication 

0 x colim,  Ti  — ► colinp  Tt 


which  turns  colim,  Tt  into  a presheaf  of  0-modulejL 
get  a sheaf  of  0-modules  (colinp  T)*,  see  Lemma 


18.11.1 


(colinp  Ti)*  is  the  colimit  of  the  diagram  in  Mod{0),  and  by  Lemma 
ting  the  0-module  structure  is  the  colimit  in  Ab(C). 


Applying  sheafification  we 
It  is  easy  to  see  that 
forget- 
□ 


18.3.2 


The  existence  of  limits  and  colimits  allows  us  to  consider  exactness  properties  of 
functors  defined  on  the  category  of  0-modules  in  terms  of  limits  and  colimits, 
as  in  Categories,  Section  |4.23|  See  Homology,  Lemma  |12.7.1|  for  a description  of 
exactness  properties  in  terms  of  short  exact  sequences. 

Lemma  18.14.3.  Let  f : ( Sh(C),Oc ) -A  (Sh(T>),  0-p)  be  a morphism  of  ringed 
topoi. 

(1)  The  functor  /*  is  left  exact.  In  fact  it  commutes  with  all  limits. 

(2)  The  functor  f*  is  right  exact.  In  fact  it  commutes  with  all  colimits. 

Proof.  This  is  true  because  (/*,/*)  is  an  adjoint  pair  of  functors,  see  Lemma 
|18.13.2|  See  Categories,  Section [4. 24|  □ 

Lemma  18.14.4.  Let  C be  a site.  If  {pi}i^i  is  a conservative  family  of  points, 
then  we  may  check  exactness  of  a sequence  of  abelian  sheaves  on  the  stalks  at  the 
points  Pi,  i £ I . If  C has  enough  points,  then  exactness  of  a sequence  of  abelian 
sheaves  may  be  checked  on  stalks. 

Proof.  This  is  immediate  from  Sites,  Lemma  [7. 37. 2|  □ 
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18.15.  Exactness  of  pushforward 

Some  technical  lemmas  concerning  exactness  properties  of  pushforward. 

Lemma  18.15.1.  Let  f : Sh(C)  — » Sh(T>)  be  a morphism  of  topoi.  The  following 
are  equivalent: 

(1)  f~1f^Tr  -A  T is  surjective  for  all  T in  Ab(C),  and 

(2)  /*  : Ab(C)  -A  Ab(T>)  reflects  surjections. 

In  this  case  the  functor  /*  : Ab(C ) — > Ab(D)  is  faithful. 

Proof.  Assume  (1).  Suppose  that  a : T — ► T'  is  a map  of  abelian  sheaves  on  C 
such  that  /*a  is  surjective.  As  /-1  is  exact  this  implies  that  f~1f*a  : /_1/*.F  — > 
f~1fieJ-'  is  surjective.  Combined  with  (1)  this  implies  that  a is  surjective.  This 
means  that  (2)  holds. 

Assume  (2).  Let  T be  an  abelian  sheaf  on  C.  We  have  to  show  that  the  map 
f-1f*Jr  — ► T is  surjective.  By  (2)  it  suffices  to  show  that  f*f~1f*lF  -A  f*T  is 
surjective.  And  this  is  true  because  there  is  a canonical  map  f*T  — > f*f~1f*J- 
which  is  a one-sided  inverse. 

We  omit  the  proof  of  the  final  assertion.  □ 

Lemma  18.15.2.  Let  f : Sh(C ) — > Sh(T>)  be  a morphism  of  topoi.  Assume  at  least 
one  of  the  following  properties  holds 

(1)  /*  transforms  surjections  of  sheaves  of  sets  into  surjections, 

(2)  /*  transforms  surjections  of  abelian  sheaves  into  surjections, 

(3)  /*  commutes  with  coequalizers  on  sheaves  of  sets, 

(4)  /*  commutes  with  pushouts  on  sheaves  of  sets, 

Then  /*  : Ab(C)  -A  Ab(fD)  is  exact. 

Proof.  Since  /*  : Ab(C)  — > Ab(T>)  is  a right  adjoint  we  already  know  that  it 
transforms  a short  exact  sequence  0 -A  T\  — > — > J-3  —A  0 of  abelian  sheaves  on 

C into  an  exact  sequence 


0 -A  -A  -A  /* 7-3 

see  Categories,  Sections [4. 23|and[4.24| and  Homology,  Section[l2.7|  Hence  it  suffices 
to  prove  that  the  map  fllF-i  —>  f*Fz  is  surjective.  If  (1),  (2)  holds,  then  this  is  clear 
from  the  definitions.  By  Sites,  Lemma  7.40.1  we  see  that  either  (3)  or  (4)  formally 
implies  (1),  hence  in  these  cases  we  are  done  also.  □ 


Lemma  18.15.3.  Let  f :T>  — > C be  a morphism  of  sites  associated  to  the  contin- 
uous functor  u : C — » T> . Assume  u is  almost  cocontinuous.  Then 

(1)  /*  : AbflD)  Ab(C)  is  exact. 

(2)  if  ft  : f~lOc  -A  Ov  is  given  so  that  f becomes  a morphism  of  ringed 
sites,  then  /*  : Mod(Ox>)  -A  Mod(Oc)  is  exact. 


Proof.  Part  (2)  follows  from  part  (1)  by  Lemma  18.14.2 
Sites,  Lemmas  |7.41.6|  and  |7. 40. 1| 


Part  (1)  follows  from 
□ 
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Let  u : C — > V be  a functor  between  sites.  Assume  that 


(a)  u is  cocontinuous,  and 

(b)  u is  continuous. 


-l 


Let  g : Sh(C)  — > Sh(T>)  be  the  morphism  of  topoi  associated  with  it,  see  Sites, 
Lemma  |7.20.1  Recall  that  g~l  = up,  i.< 

(. g~1Q){U ) = Q(u(U)),  see  Sites,  Lemma  7.20.5 
Ab(D)  — ► Ab(C)  has  a left  adjoint  g\.  By  Sites,  Lemma  7.20.5  the  functor  g\ = 
(up  )&  is  a left  adjoint  on  sheaves  of  sets.  Moreover,  we  know  that  g\ 
sheaf  associated  to  the  presheaf 


is  given  by  the  simple  formula 
We  would  like  to  show  that  g~x  : 


ShT  is  the 


V i — > colimy _>„([/)  F(U) 

where  the  colimit  is  over  ( Iy)opp  and  is  taken  in  the  category  of  sets.  Hence  the 
following  definition  is  natural. 

04BF  Definition  18.16.1.  With  m : C — > V satisfying  (a),  (b)  above.  For  T £ PAb(C) 
we  define  gp\T  as  the  presheaf 

V i — > colimy _>„(£/)  F(U) 

with  colimits  over  ( Iy)opp  taken  in  Ab.  For  T £ PAb(C)  we  set  g\Jr  = (gp \T)^ . 


The  reason  for  being  so  explicit  with  this  is  that  the  functors  gfh  and  g\  are  different. 
Whenever  we  use  both  we  have  to  be  careful  to  make  the  distinction  clear. 


04BG  Lemma  18.16.2.  The  functor  gp\  is  a left  adjoint  to  the  functor  up . The  functor 
g\  is  a left  adjoint  to  the  functor  g~x . In  other  words  the  formulas 

MorPAb(c)(J",up0)  = MoTPAb(p)(gp[T,g), 

Mor  Ab(c)(J7,g~1G)  = Mor  Ab(p)(giF,G) 
hold  bifunctorially  in  T and  Q . 


Proof.  The  second  formula  follows  formally  from  the  first,  since  if  T and  Q are 
abelian  sheaves  then 


Mor Ab(c){F,g  = Mor PAh(D)(gp\Jr,g) 

= MorAh(X))(3!Jr,  Q) 

by  the  universal  property  of  sheafification. 

To  prove  the  first  formula,  let  J-,  Q be  abelian  presheaves.  To  prove  the  lemma  we 
will  construct  maps  from  the  group  on  the  left  to  the  group  on  the  right  and  omit 
the  verification  that  these  are  mutually  inverse. 


Note  that  there  is  a canonical  map  of  abelian  presheaves  T upgp\F  which  on  sec- 

tions over  U is  the  natural  map  T(U)  colim see  Sites,  Lemma 
7.5.3  Given  a map  a : gv\T  — > Q we  get  upa  : upgp\F  — > upQ.  which  we  can 


precompose  by  the  map  F upgp\F . 


Note  that  there  is  a canonical  map  of  abelian  presheaves  gp\upQ  — » Q which  on 
sections  over  V is  the  natural  map  colim v^-u(u)S(u(U))  — » G(V).  It  maps  a 
section  s £ u(U ) in  the  summand  corresponding  to  t : V — > u(U)  to  t*s  £ Q{V). 
Hence,  given  a map  /3  : J-  — > upQ  we  get  a map  gp\/3  : gp\J-  — > gp\upQ  which  we  can 
postcompose  with  the  map  gp\upQ  Q above.  □ 
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04BH  Lemma  18.16.3.  Let  C and  T>  be  sites.  Let  u : C T>  be  a functor.  Assume  that 

(a)  u is  cocontinuous, 

(b)  u is  continuous,  and 

(c)  fibre  products  and  equalizers  exist  in  C and  u commutes  with  them. 

In  this  case  the  functor  g\  : Ab(C)  — > Ab(fD ) is  exact. 


0771 


Proof.  Compare  with  Sites,  Lemma  7.20.6  Assume  (a),  (b),  and  (c).  We  already 


know  that  g\  is  right  exact  as  it  is  a left  adjoint,  see  Categories,  Lemma |4.24.5|  and 
Homology,  Section [l 2. 7 We  have  g\  = (gp\  )#.  We  have  to  show  that  g\  transforms 
injective  maps  of  abelian  sheaves  into  injective  maps  of  abelian  presheaves.  Recall 
that  sheafification  of  abelian  presheaves  is  exact,  see  Lemma[l8.3.2|  Thus  it  suffices 
to  show  that  gp\  transforms  injective  maps  of  abelian  presheaves  into  injective  maps 
of  abelian  presheaves.  To  do  this  it  suffices  that  colimits  over  the  categories  ( Iy)opp 
of  Sites,  Section|7.5|transform  injective  maps  between  diagrams  into  injections.  This 
follows  from  Sites,  Lemma  7.5.1  and  Algebra,  Lemma[l0.8.11[  □ 


Lemma  18.16.4.  Let  C and  T>  be  sites.  Let  u : C — >•  T>  be  a functor.  Assume  that 

(a)  u is  cocontinuous, 

(b)  u is  continuous,  and 

(c)  u is  fully  faithful. 

For  g and  g\  as  above  the  canonical  map  F — > g~1g\F  is  an  isomorphism  for  all 
abelian  sheaves  F on  C. 


Proof.  Pick  V £ Ob (C).  We  will  show  that  g~lg\F(U)  = F(U).  First,  note  that 
g~1g\F{U)  = g\F{u{U)).  Hence  it  suffices  to  show  that  g\F(u(U))  = F(U).  We 
know  that  g\F  is  the  (abelian)  sheaf  associated  to  the  presheaf  gp\F  which  is  defined 
by  the  rule 

V i — colim v^.u(u')  F{U') 

with  colimit  taken  in  Ab.  If  V = u(U),  then,  as  u is  fully  faithful  this  colimit  is  over 
U -A  U'.  Hence  we  conclude  that  gp\F(u(U)  = F(U).  Since  u is  cocontinuous  and 
continuous  any  covering  of  u(U)  in  V can  be  refined  by  a covering  (!)  {u(Ut)  — > 
u(U)}  of  V where  {Ui  — ► U}  is  a covering  in  C.  This  implies  that  (gp\ F)+(u(U))  = 
F(U)  also,  since  in  the  colimit  defining  the  value  of  (gp\ F)+  on  u(U)  we  may  restrict 
to  the  cofinal  system  of  coverings  {u(Uj)  — > u{U)}  as  above.  Hence  we  see  that 
(. gp\F)+(u(U ))  = F(U)  for  all  objects  U of  C as  well.  Repeating  this  argument  one 
more  time  gives  the  equality  (gp\F)# (u(U))  = F(U ) for  all  objects  U of  C.  This 
produces  the  desired  equality  g~lg\F  = F.  □ 

04BI  Remark  18.16.5.  In  general  the  functor  g\  cannot  be  extended  to  categories  of 
modules  in  case  g is  (part  of)  a morphism  of  ringed  topoi.  Namely,  given  any  ring 
map  A — » B the  functor  M has  a right  adjoint  (restriction)  but  not  in 

general  a left  adjoint  (because  its  existence  would  imply  that  A — > B is  flat).  We 
will  see  in  Section [18.191  below  that  it  is  possible  to  define  j\  on  sheaves  of  modules 
in  the  case  of  a localization  of  sites.  We  will  discuss  this  in  greater  generality  in 
Section  118.401  below. 

08P3  Lemma  18.16.6.  Let  C and  T>  be  sites.  Let  g : Sh(C)  — > ShtfD)  be  the  morphism 
of  topoi  associated  to  a continuous  and  cocontinuous  functor  u : C — > T>. 

(1)  If  u has  a left  adjoint  w,  then  g\  agrees  with  gfh  on  underlying  sheaves  of 
sets  and  g\  is  exact. 
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(2)  If  in  addition  w is  cocontinuous,  then  g\  = h 1 and  g 1 = /i*  where 
h : Sh(V)  — > Sh(C)  is  the  morphism  of  topoi  associated  to  w. 

Proof.  This  Lemma  is  the  analogue  of  Sites,  Lemma  [7. 22. 1|  From  Sites,  Lemma 


7.18.3  we  see  that  the  categories  Ly  have  an  initial  object.  Thus  the  underlying 


set  of  a colimit  of  a system  of  abelian  groups  over  ( ly)opp  is  the  colimit  of  the 
underlying  sets.  Whence  the  agreement  of  gfh  and  g\  by  our  construction  of  g<  in 
Definition  18.16.1  The  exactness  and  (2)  follow  immediately  from  the  correspond- 
ing statements  of  Sites,  Lemma  7.22.1|  □ 
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03DD 

03DE  Definition  18.17.1.  Let  ( Sh{C),0 ) be  a ringed  topos.  Let  T be  a sheaf  of  di- 
modules. 

(1)  We  say  T is  a free  O -module  if  T is  isomorphic  as  an  O-module  to  a sheaf 
of  the  form  ® igJ  O. 

(2)  We  say  T is  finite  free  if  T is  isomorphic  as  an  di-module  to  a sheaf  of  the 
form  ® ,e/  di  with  a finite  index  set  I. 

(3)  We  say  T is  generated  by  global  sections  if  there  exists  a surjection 


from  a free  di-module  onto  IF. 

(4)  Given  r > 0 we  say  IF  is  generated  by  r global  sections  if  there  exists  a 
surjection  (D®r  —>  J7. 

(5)  We  say  IF  is  generated  by  finitely  many  global  sections  if  it  is  generated  by 
r global  sections  for  some  r > 0. 

(6)  We  say  IF  has  a global  presentation  if  there  exists  an  exact  sequence 
of  di-modules. 

(7)  We  say  IF  has  a global  finite  presentation  if  there  exists  an  exact  sequence 

® di-^0 

of  di-modules  with  I and  J finite  sets. 


Note  that  for  any  set  I the  direct  sum  @ieI0  exists  (Lemma  18.14.2)  and  is  the 
sheafification  of  the  presheaf  U i— >■  0ie/  0{U).  This  module  is  called  the  free 
O -module  on  the  set  I. 


03DF  Lemma  18.17.2.  Let  (/,/•*)  : (Sh(C),Oc)  — ► {Sh{fD),0-u)  be  a morphism  of 
ringed  topoi.  Let  T be  an  O-d -module. 

(1)  If  IF  is  free  then  f*T  is  free. 

(2)  If  T is  finite  free  then  f*T  is  finite  free. 

(3)  If  J-  is  generated  by  global  sections  then  f*T  is  generated  by  global  sec- 
tions. 

(4)  Given  r > 0 if  T is  generated  by  r global  sections,  then  f*JF  is  generated 
by  r global  sections. 

(5)  If  T is  generated  by  finitely  many  global  sections  then  f*T  is  generated 
by  finitely  many  global  sections. 
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(6)  If  T has  a global  presentation  then  f*T  has  a global  presentation. 

(7)  If  J-  has  a finite  global  presentation  then  f*J-  has  a finite  global  presen- 
tation. 


Proof.  This  is  true  because  f*  commutes  with  arbitrary  colimits  (Lemma  18.14.3) 
and  f*Ov  = Oc.  □ 


18.18.  Intrinsic  properties  of  modules 


03DG  Let  V be  a property  of  sheaves  of  modules  on  ringed  topoi.  We  say  V is  an  intrinsic 
property  if  we  have  VftF)  <t=>  V(f*T)  whenever  (/,  ft)  : ( Sh(C'),0 ')  — ► ( Sh(C),0 ) is 
an  equivalence  of  ringed  topoi.  For  example,  the  property  of  being  free  is  intrinsic. 
Indeed,  the  free  0-module  on  the  set  I is  characterized  by  the  property  that 


MorMod(0)((J)  ^ 0,  T)  — Uip;.MorSft(C)({*},  F) 


iei 


for  a variable  J-  in  Mod(0).  Alternatively,  we  can  also  use  Lemma  18.17.2 


to 


see  that  being  free  is  intrinsic.  In  fact,  each  of  the  properties  defined  in  Definition 
|18.17.1|is  intrinsic  for  the  same  reason.  How  will  we  go  about  defining  other  intrinsic 
properties  of  0-modules? 


The  upshot  of  Lemma  |18.7.2|  is  the  following:  Suppose  you  want  to  define  an 
intrinsic  property  V of  an  0-module  on  a topos.  Then  you  can  proceed  as  follows: 

(1)  Given  any  site  C,  any  sheaf  of  rings  0 on  C and  any  0-module  J - define 
the  corresponding  property  V(C,  0,F). 

(2)  For  any  pair  of  sites  C,  C , any  special  cocontinuous  functor  u : C —>  C', 
any  sheaf  of  rings  0 on  C any  0-module  F,  show  that 

Pft,0,F)^Vft',g*0,gSfF) 


where  g : Sh{C)  — > Sh(C')  is  the  equivalence  of  topoi  associated  to  u. 

In  this  case,  given  any  ringed  topos  ( Sh(C),0 ) and  any  sheaf  of  0-modules  F 


we  simply  say  that  F has  property  V if  V(C,0,F)  is  true.  And  Lemma  18.7.2 
combined  with  (2)  above  guarantees  that  this  is  well  defined. 


Moreover,  the  same  Lemma  [l 8 . 7 . 2 1 also  guarantees  that  if  in  addition 

(3)  For  any  morphism  of  ringed  sites  (/,/•*)  : (C,0c)  — > (D,Ot>)  such  that 
/ is  given  by  a functor  u : V — >•  C satisfying  the  assumptions  of  Sites, 
Proposition |7. 15. 6}  and  any  0-p-module  Q we  have 

P(V,Ov,F)^V(C,Oc,rF) 


then  it  is  true  that  V is  preserved  under  pullback  of  modules  w.r.t.  arbitrary  mor- 
phisms  of  ringed  topoi. 


We  will  use  this  method  in  the  following  sections  to  see  that:  locally  free,  locally 
generated  by  sections,  locally  generated  by  r sections,  finite  type,  finite  presenta- 
tion, quasi-coherent,  and  coherent  are  intrinsic  properties  of  modules. 


Perhaps  a more  satisfying  method  would  be  to  find  an  intrinsic  definition  of  these 
notions,  rather  than  the  laborious  process  sketched  here.  On  the  other  hand,  in 
many  geometric  situations  where  we  want  to  apply  these  definitions  we  are  given 
a definite  ringed  site,  and  a definite  sheaf  of  modules,  and  it  is  nice  to  have  a 
definition  already  adapted  to  this  language. 
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18.19.  Localization  of  ringed  sites 


03DH 


04IX 


03DI 


Let  (C,0)  be  a ringed  site.  Let  U £ Ob (C).  We  explain  the  counterparts  of  the 
results  in  Sites,  Section  [7. 24|  in  this  setting. 

Denote  Ou  = jfj^O  the  restriction  of  0 to  the  site  C/U.  It  is  described  by  the 
simple  rule  Ojj{V/U)  = 0(V).  With  this  notation  the  localization  morphism  ju 
becomes  a morphism  of  ringed  topoi 

Uu,jh)  ■ (■ Sh(C/U),Ou ) > ( Sh(C),0 ) 

namely,  we  take  jfj  : j/jl 0 -A  Ou  the  identity  map.  Moreover,  we  obtain  the 
following  descriptions  for  pushforward  and  pullback  of  modules. 

Definition  18.19.1.  Let  ( C,0 ) be  a ringed  site.  Let  U £ Ob (C). 

(1)  The  ringed  site  ( C /U,  Ou)  is  called  the  localization  of  the  ringed  site  (C,  O) 
at  the  object  U. 

(2)  The  morphism  of  ringed  topoi  (juOu)  '■  ( Sh(C/U),Ou ) -A  ( Sh(C),0 ) is 
called  the  localization  morphism. 

(3)  The  functor  ju*  '■  Mod(Ou ) — > Mod(0 ) is  called  the  direct  image  functor. 

(4)  For  a sheaf  of  0-modules  J-  on  C the  sheaf  jfjT  is  called  the  restriction 
of  T to  C/U.  We  will  sometimes  denote  it  by  X\c/u  or  even  F\u-  It  is 
described  by  the  simple  rule  ju(T)(X/U)  = J-(X). 

(5)  The  left  adjoint  ju\  : Mod(Ou ) —>  Mod(O)  of  restriction  is  called  extension 
by  zero.  It  exists  and  is  exact  by  Lemmas  |18.19.2|  and  |18.19.3[ 

As  in  the  topological  case,  see  Sheaves,  Section  |6.31[  the  extension  by  zero  ju\ 
functor  is  different  from  extension  by  the  empty  set  ju\  defined  on  sheaves  of  sets. 
Here  is  the  lemma  defining  extension  by  zero. 

Lemma  18.19.2.  Let  ( C,0 ) be  a ringed  site.  Let  U £ Ob(C).  The  restriction 
functor  j/j  : Mod(0)  -A  Mod(Ou)  has  a left  adjoint  ju\  '■  Mod(Ou)  -A  Mod{0).  So 

Mor  Mod(Ou)(G,ju-F)  = M°r  Mod(0){ju\Q , F) 
for  T £ Ob (Mod(0))  and  Q £ Ob (Mod{Ou))-  Moreover,  the  extension  by  zero  ju\Q 
of  G is  the  sheaf  associated  to  the  presheaf 


G(V  ^A  U) 

with  obvious  restriction  mappings  and  an  obvious  O -module  structure. 


Proof.  The  0-module  structure  on  the  presheaf  is  defined  as  follows.  If  f £ 0(V) 
and  s £ G(V  ^A  U),  then  we  define  / • s = fs  where  / £ Ou{t  '■  V — > U)  = Oi/V) 
(because  Ou  is  the  restriction  of  0 to  C/U). 


Similarly,  let  a : G — » J-\u  be  a morphism  of  0^-modules.  In  this  case  we  can 
define  a map  from  the  presheaf  of  the  lemma  into  T by  mapping 

G{V  A 


© 


V)  — ► F(V) 


>GMorc(V,(7) 

by  the  rule  that  s £ G{V  -^A  U)  maps  to  a(s ) £ X(V).  It  is  clear  that  this  is  0- 
linear,  and  hence  induces  a morphism  of  0-modules  a'  : ju\G  — > J-  by  the  properties 
of  sheafification  of  modules  (Lemma  18.11.1 ). 

Conversely,  let  /3  : ju\G  —• > X by  a map  of  0-modules.  Recall  from  Sites,  Section 
that  there  exists  an  extension  by  the  empty  set  jfj / : Sh(C/U)  -A  Sh(C)  on 


7.24 
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sheaves  of  sets  which  is  left  adjoint  to  jL,  . Moreover,  jy\G  is  the  sheaf  associated 
to  the  presheaf 

g(v  A u) 

Hence  there  is  a natural  map  jy\G  -A  ju\G  of  sheaves  of  sets.  Hence  precomposing 
/?  by  this  map  we  get  a map  of  sheaves  of  sets  jy\G  -A  H which  by  adjunction 
corresponds  to  a map  of  sheaves  of  sets  /?'  : Q -A-  T\u.  We  claim  that  /?'  is  ©(/-linear. 
Namely,  suppose  that  ip  : V — > U is  an  object  oiC/U  and  that  s,  s'  G G(<p  ■ V -A  U), 
and  / G ©(H)  = Oy{p  '■  V -A  f/).  Then  by  the  discussion  above  we  see  that 
/?'(s  + s'),  resp.  P'(fs)  in  F\u{<p  : V — > U)  correspond  to  f3(s  + s'),  resp.  (3{fs)  in 
F{V).  Since  /3  is  a homomorphism  we  conclude. 

To  conclude  the  proof  of  the  lemma  we  have  to  show  that  the  constructions  aAa' 
and  /?  i-a  /d7  are  mutually  inverse.  We  omit  the  verifications.  □ 


03DJ  Lemma  18.19.3.  Let  (0,0)  be  a ringed  site.  Let  U G Ob(C).  The  functor 
ju\  : Mod(Ou)  -A  Mod(0)  is  exact. 


Proof.  Since  ju\  is  a left  adjoint  to  jf  we  see  that  it  is  right  exact  (see  Categories, 
Lemma  4.24.5  and  Homology,  Section  12.71.  Hence  it  suffices  to  show  that  if  Q\  — ► 
G 2 is  an  injective  map  of  ©(/-modules,  then  ju\Gi  -A  ju\G2  is  injective.  The  map 
on  sections  of  presheaves  over  an  object  V (as  in  Lemma [18.19.2 1 is  the  map 


VJ-Z¥,eMorc(E,C/)  V 7 NL'VgMorcWC/)  V 

which  is  injective  by  assumption.  Since  sheafification  is  exact  by  Lemma  |18.11.2| 
we  conclude  ju\G l -A  ju\G2  is  injective  and  we  win.  □ 


04IY  Lemma  18.19.4.  Let  ( C,0 ) be  a ringed  site.  Let  f : V -A  U be  a morphism  of 
C.  Then  there  exists  a commutative  diagram 


(■ Sh{C/V),Ov ) — ( Sh(C/U),Ov ) 

(. hr) 

J^WU>3u) 

( Sh(C),0 ) 


of  ringed  topoi.  Here  is  the  localization  morphism  associated  to  the  object 

U/V  of  the  ringed  site  (C/V,Oy). 


Proof.  The  only  thing  to  check  is  that  jy  = j **  ° i-1(j(/),  since  everything  else 
follows  directly  from  Sites,  Lemma  7.24.7  and  Sites,  Equation  (7.24.7.11.  We  omit 
the  verification  of  the  equality.  □ 


08P4  Remark  18.19.5.  In  the  situation  of  Lemma 


18.19.2 


the  diagram 


ModfOy) ^ ModiOc ) 

3U\ 


forget 

Ab(C/U) 


iAb 

JU\ 


forget 

T 


^ Ab{C) 


commutes.  This  is  clear  from  the  explicit  description  of  the  functor  jjj\  in  the 
lemma. 
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03EJ  Remark  18.19.6.  Localization  and  presheaves  of  modules;  see  Sites,  Remark 
|7.24.9|  Let  C be  a category.  Let  0 be  a presheaf  of  rings.  Let  U be  an  object  of  C. 
Strictly  speaking  the  functors  j*j,  ju*  and  ju\  have  not  been  defined  for  presheaves 
of  0-modules.  But  of  course,  we  can  think  of  a presheaf  as  a sheaf  for  the  chaotic 


topology  on  C (see  Sites,  Examples  7.6.61.  Hence  we  also  obtain  a functor 

: PMod(O)  — *•  PMod(Ou) 

and  functors 

jv*,ju\  ■ PMod(Ou)  — > PMod{0 ) 


which  are  right,  left  adjoint  to  j jjy.  Inspecting  the  proof  of  Lemma  18.19.2 
that  ju\G  is  the  presheaf 


we  see 


V 


0 g(v  ^ U ) 

c^GMorc  (V,U) 


In  addition  the  functor  ju\  is  exact  (by  Lemma  18.19.3  in  the  case  of  the  discrete 


topologies).  Moreover,  if  C is  actually  a site,  and  0 is  actually  a sheaf  of  rings, 
then  the  diagram 

Mod(Ou)  — **  Mod(0) 


forget 


PMod(Ou) 


( )* 


PMod((D) 


commutes. 


0931  Remark  18.19.7  (Map  from  lower  shriek  to  pushforward) . Let  U be  an  object 
of  C.  For  any  abelian  sheaf  G on  C/JJ  there  is  a canonical  map 

c : ju'.G  — > ju*G 

Namely,  this  is  the  same  thing  as  a map  jyju'.G  — t G • Note  that  restriction 
commutes  with  sheafification.  Thus  we  can  use  the  presheaf  of  Lemma  |18.19.2| 
Hence  it  suffices  to  define  for  V/  U a map 

0 Q{V)  — ► G(V) 

ip£MoTC{.V,U)  ' v ’ 

compatible  with  restrictions.  We  simply  take  the  map  which  is  zero  on  all  sum- 
mands except  for  the  one  where  tp  is  the  structure  morphism  V — > U where  we 
take  1.  Moreover,  if  O is  a sheaf  of  rings  on  C and  Q is  an  CVy-module,  then  the 
displayed  map  above  is  a map  of  0-modules. 


18.20.  Localization  of  morphisms  of  ringed  sites 


04IZ 
04  JO 


This  section  is  the  analogue  of  Sites,  Section  [7. 27| 


Lemma  18.20.1.  Let  (/,/**)  : (C,0)  — > (X>,  O')  be  a morphism  of  ringed  sites 
where  f is  given  by  the  continuous  functor  u : V — > C.  Let  V be  an  object  of  V 
and  set  U = u{V).  Then  there  is  a canonical  map  of  sheaves  of  rings  ( /' )N  such 
that  the  diagram  of  Sites,  Lemma  |7.^7.1|  is  turned  into  a commutative  diagram  of 
ringed  topoi 


(Sh(C/U),  Ojj) 
(Sh(D/V),0'v) 


Sh{C),0 ) 
(/,/“) 
~{Sh{V),0’). 
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Moreover,  in  this  situation  we  have  f'^ju  = jy1  f*  and  f'^jtj  = jyf*. 
Proof.  Just  take  ( / ')**  to  be 

(f'T'O'y  = jylO'  = ^4  j^O  = Ou 


04  J1 


and  everything  else  follows  from  Sites,  Lemma  7.27.1  (Note  that  j-1  = j*  on 
sheaves  of  modules  if  j is  a localization  morphism,  hence  the  first  equality  of  functors 
implies  the  second.)  □ 

Lemma  18.20.2.  Let  (/,/**)  : ( 0,0 ) — > {V,0')  he  a morphism  of  ringed  sites 
where  f is  given  by  the  continuous  functor  u : V — »•  C.  Let  V £ Ob(2?);  U € Ob(C) 
and  c:U  —¥  u(V)  a morphism  ofC.  There  exists  a commutative  diagram  of  ringed 
topoi 

C Sh(C/U),Ou ) (Sh(C),0) 


(fa, ft) 

(Sh(T>/V),0'y) 


(Ju,j  rr) 


UvJv) 


(/,/*) 

{Sh{V),0'). 


The  morphism  ( /c,/| ) is  equal  to  the  composition  of  the  morphism 
(/',(/')“)  : (Sh(C/u(V)),Ou{v))  — > (. Sh(V/V),0'v ) 
of  Lemma\l8.20.1\  and  the  morphism 

(j,i“)  : (■ Sh(C/U),Ou ) —>  (, Sh{C/u{V)),Ou(y) ) 

of  Lemma  18.19.J\  Given  any  morphisms  b : V'  -A  V , a : U'  — )•  U and  d : U' 
u(V')  such  that 

U'  — u(V') 


4b) 


U 


u(V) 


commutes,  then  the  following  diagram  of  ringed  topoi 


(■ Sh(C/U'),Ow ) 
(fc'jf) 

\ 

(■ Sh{V/V'),0’y ,) 


Uu'  /U  djj/  /jj) 
Uv’ /v4y, /V) 


( Sh(C/U),Oir ) 
if  eft) 

(■ Sh(V/V),0'y ,) 


commutes. 


Proof.  On  the  level  of  morphisms  of  topoi  this  is  Sites,  Lemma  7.27.3  To  check 
that  the  diagrams  commute  as  morphisms  of  ringed  topoi  use  Lemmas  18.19.4| and 
|18.20.1|exactly  as  in  the  proof  of  Sites,  Lemma [7. 27. 3|  □ 

18.21.  Localization  of  ringed  topoi 


04ID 

04IE 


This  section  is  the  analogue  of  Sites,  Section  [7. 29|  in  the  setting  of  ringed  topoi. 

Lemma  18.21.1.  Let  ( Sh(C),0 ) be  a ringed  topos.  Let  J7  £ Sh(C)  be  a sheaf.  For 
a sheafTL  onC  denoteTLjr  the  sheaf  TLxF  seen  as  an  object  of  the  category  Sh(C)/F. 
The  pair  (Sh(C)/T,Or)  is  a ringed  topos  and  there  is  a canonical  morphism  of 
ringed  topoi 

■ (Sh(C)/T,  Ojr)  — > (Sh(C),  O) 
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which  is  a localization  as  in  Section \18.1fA  such  that 

(1)  the  functor  jf}  is  the  functor  H H > Hjr, 

(2)  the  functor  jff  is  the  functor  H H >■  LLjr, 

(3)  the  functor  jjri  on  sheaves  of  sets  is  the  forgetful  functor  Q / T K > Q , 

(4)  the  functor  jjr\  on  sheaves  of  modules  associates  to  the  Ojr-module  ip  : 
Q -A  T the  O -module  which  is  the  sheafification  of  the  presheaf 

^®se^eWI^)  = s} 

forV  e Ob(C). 


Proof.  By  Sites,  Lemma  7.29.1  we  see  that  Sh(C)/J-  is  a topos  and  that  (1)  and 
(3)  are  true.  In  particular  this  shows  that  jf^O  = Ojr  and  shows  that  Ojr  is  a 
sheaf  of  rings.  Thus  we  may  choose  the  map  j\ - to  be  the  identity,  in  particular 
we  see  that  (2)  is  true.  Moreover,  the  proof  of  Sites,  Lemma  7.29.1  shows  that  we 
may  assume  C is  a site  with  all  finite  limits  and  a subcanonical  topology  and  that 
T = hjj  for  some  object  U of  C.  Then  (4)  follows  from  the  description  of  jjr\  in 
Lemma  [18.19.2|  Alternatively  one  could  show  directly  that  the  functor  described 
in  (4)  is  a left  adjoint  to  jfr.  □ 


04J2  Definition  18.21.2.  Let  ( Sh(C),0 ) be  a ringed  topos.  Let  T G Sh(C). 

(1)  The  ringed  topos  (Sh(C) / J- , O jr)  is  called  the  localization  of  the  ringed 
topos  ( Sh(C),0 ) at  T . 

(2)  The  morphism  of  ringed  topoi  '■  (5/i(C)/Jr,  Ojr)  — > ( Sh(C),0 ) of 

Lemma |18.21.1|  is  called  the  localization  morphism. 


We  continue  the  tradition,  established  in  the  chapter  on  sites,  that  we  check  the 
localization  constructions  on  topoi  are  compatible  with  the  constructions  of  local- 
ization on  sites,  whenever  this  makes  sense. 


04J3 


Lemma  18.21.3.  With  ( Sh(C),0 ) and  J-  € Sh(C ) as  in  Lemma  18.21.l\  If 
? = h*  for  some  object  U of  C then  via  the  identification  Sh(C/U)  = Sh(C)/hfj  of 
Sites,  Lemma\7.2f.I\  we  have 


(1)  canonically  Ojj  = Ojr,  and 

(2)  with  these  identifications  we  have  = (ju>ju)- 


Proof.  The  assertion  for  underlying  topoi  is  Sites,  Lemma  [7729. 5|  Note  that  On 


is  the  restriction  of  O which  by  Sites,  Lemma  7.24.6  corresponds  to  O x hfj  under 


the  equivalence  of  Sites,  Lemma  7.24.4  By  definition  of  Ojr  we  get  (1).  What’s  left 
is  to  prove  that  jjr  = jfj  under  this  identification.  We  omit  the  verification.  □ 


Localization  is  functorial  in  the  following  two  ways:  We  can  “relocalize”  a local- 
ization (see  Lemma  18.21.4)  or  we  can  given  a morphism  of  ringed  topoi,  localize 
upstairs  at  the  inverse  image  of  a sheaf  downstairs  and  get  a commutative  diagram 
of  locally  ringed  spaces  (see  Lemma  18.22.1). 


04J4 


Lemma  18.21.4.  Let  (Sh(C),  O)  be  a ringed  topos.  If  s : Q T is  a morphism 
of  sheaves  on  C then  there  exists  a natural  commutative  diagram  of  morphisms  of 
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ringed  topoi 


(Sh(C)/Q,Og) 


U,r) 


(. Sh(C),0 ) 


(Sh(C)/r,Or) 


where  is  the  localization  morphism  of  the  ringed  topos  (Sh(C) / T , O jf)  at  the 

object  Q /T . 


Proof.  All  assertions  follow  from  Sites,  Lemma  7.29.6  except  the  assertion  that 
jg  = o We  omit  the  verification.  □ 


04J5  Lemma  18.21.5.  With  ( Sh(C),0 ),  s : Q -A  T as  in  Lemma  18.21.4  If  there 


exist  a morphism  f : V —¥  U of  C such  that  Q = hy  and  IF  = h*  and  s is 
induced  by  f,  then  the  diagrams  of  Lemma\l8.19.4\  and  Lemma\l8.21.4\  agree  via 


18.21.3 


the  identifications  {jrjjf)  = {ju,ju)  and  (jg,jg)  = (jv,jv)  of  Lemma 

Proof.  All  assertions  follow  from  Sites,  Lemma [7 . 2 9 . 7| except  for  the  assertion  that 
the  two  maps  agree.  This  holds  since  in  both  cases  the  map  j ^ is  simply  the 
identity.  Some  details  omitted.  □ 


04J6 

04IF 


18.22.  Localization  of  morphisms  of  ringed  topoi 


This  section  is  the  analogue  of  Sites,  Section  |7.30 
Lemma  18.22.1.  Let 


f : (Sh(C),0)  — > (Sh(V),  O') 

be  a morphism  of  ringed  topoi.  Let  Q be  a sheaf  on  V.  Set  T = f~xQ. 
exists  a commutative  diagram  of  ringed  topoi 


Then  there 


(Sh{C)/F,0T) 

(Sh(v)/g,o’g) 


(JaJg) 


( Sh(C),0 ) 
(/,/“) 
(Sh(V),Of) 


We  have  fijjr  = jgXf*  and  fljjr  = jgf*-  Moreover,  the  morphism  f is  charac- 
terized by  the  rule 


(fT'iV  A g)  = (f-'n  t). 


Proof.  By  Sites,  Lemma[L30T]we  have  the  diagram  of  underlying  topoi,  the  equal- 
ity fijfr  = jg1  /*,  and  the  description  of  (/')_1.  To  define  (/')**  we  use  the  map 


(/')“  = O'g  = rQX0'  ^4  jgXUO  = f'J^O  = 


or  equivalently  the  map 


(/')"  : (f'T'Og  = U'rX3gX°'  =r?r10' 


> j^o  = Of. 


We  omit  the  verification  that  these  two  maps  are  indeed  adjoint  to  each  other.  The 
second  construction  of  ( / ')$  shows  that  the  diagram  commutes  in  the  2-category  of 
ringed  topoi  (as  the  maps  jjr  and  ji  are  identities).  Finally,  the  equality  /.'jjt  = 
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04  J 7 


04J8 


jp  /*  follows  from  the  equality  f(jjr  = jc  /*  and  the  fact  that  pullbacks  of  sheaves 
of  modules  and  sheaves  of  sets  agree,  see  Lemma[l8.21.1|  □ 

Lemma  18.22.2.  Let 

f : (Sh(C),0)  — ► (Sh(V),0') 

be  a morphism  of  ringed  topoi.  Let  Q be  a sheaf  on  T>.  Set  T = f~xQ . If  f is  given 
by  a continuous  functor  u :T>  — * C and  Q = hy,  then  the  commutative  diagrams  of 
Lemma  18.20.1  and  Lemma  18.22.1  agree  via  the  identifications  of  Lemma  18.21~3 1 

Proof.  At  the  level  of  morphisms  of  topoi  this  is  Sites,  Lemma [7. 30. 2 1 This  works 
also  on  the  level  of  morphisms  of  ringed  topoi  since  the  formulas  defining  (/')•*  in 
the  proofs  of  Lemma[l8.20.1|and  Lemma [18.22. 1| agree.  □ 

Lemma  18.22.3.  Let  (f,ft)  : ( Sh(C),0 ) ( Sh(V),0 ')  be  a morphism  of  ringed 

topoi.  Let  Q be  a sheaf  on  V,  let  T be  a sheaf  on  C,  and  let  s : T -4  f~lQ  a 
morphism  of  sheaves.  There  exists  a commutative  diagram  of  ringed  topoi 

( Sh(C)/T , op — — (. Sh(C ),  O) 


UoJI) 

(Sh(v)/g,o'g) 


Ur,jjr) 


UeJg) 


(/,/*) 

(Ship), O'). 


The  morphism  (/s,/|)  is  equal  to  the  composition  of  the  morphism 

(/',  (/')“)  = {Sh(C)/rP,Of-xg)  — > (Sh(V)/g,0'g) 
of  Lemma  18. 22. 1\  and  the  morphism 

(j,f)  : (Sh(C)/F,OP  (ShiQ/rPPf-.g) 


of  Lemma  18.21.4\  Given  any  morphisms  b : g' 
f-p'  such  that 

T'  — *■  rxg' 


g,a-.T'^T,  and  s'  : T’ 


/_16 

I 

^rlQ 

commutes,  then  the  following  diagram  of  ringed  topoi 


T 


(■ Sh(C)/T',0 jr.) 


ifs'T:,) 


(Shp)/g',o'g,) 


u 


/ ? ’3  T’  / T 


u 


g'/G’Jg’/g 


(Sh(C)/F,  Op 
(/.,/*) 
(Shp)/g,o'g,) 


commutes. 


04J9 


Proof.  On  the  level  of  morphisms  of  topoi  this  is  Sites,  Lemma  7.30.3  To  check 
that  the  diagrams  commute  as  morphisms  of  ringed  topoi  use  the  commutative 
diagrams  of  Lemmas  |18.21.4|  and  |18.22.1|  □ 

Let  (/,/#)  : (Sh(C),0)  ->  (Shp),  O'),  s : T ->•  f~xg  be  as  in 
18.22.3  If  f is  given  by  a continuous  functor  u : V — >■  C and  g = hy, 
T = hf)  and  s comes  from  a morphism  c : U — » u(V),  then  the  commutative 


Lemma  18.22.4. 

Lemma 
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diagrams  of  Lemma  \18.20.2I  and  Lemma  \ 1 8. 22.  S\  agree  via  the  identifications  of 
Lemma  \ 18. 21.  A 

Proof.  This  is  formal  using  Lemmas  |18. 21. 5|  and  |18.22.2|  □ 


18.23.  Local  types  of  modules 


03DK 


According  to  our  general  strategy  explained  in  Section  18.18|  we  first  define  the 
local  types  for  sheaves  of  modules  on  a ringed  site,  and  then  we  immediately  show 
that  these  types  are  intrinsic,  hence  make  sense  for  sheaves  of  modules  on  ringed 
topoi. 


03DL 


03DM 


Definition  18.23.1.  Let  (C,  0)  be  a ringed  site.  Let  F be  a sheaf  of  0-modules. 

We  will  freely  use  the  notions  defined  in  Definition  |18.17.1 

(1)  We  say  F is  locally  free  if  for  every  object  U of  C there  exists  a covering 
{Ui  — > U}iej  of  C such  that  each  restriction  J-\c/Ui  's  a free  0U;-m°dule. 

(2)  We  say  F is  finite  locally  free  if  for  every  object  U of  C there  exists  a 
covering  {Ut  -A  U}iGj  of  C such  that  each  restriction  F\c/Ui  is  a finite 
free  0^ -module. 

(3)  We  say  F is  locally  generated  by  sections  if  for  every  object  U of  C there 
exists  a covering  {Ui  —>  17}ie/  of  C such  that  each  restriction  F\ c/Ui  is  an 
017., -module  generated  by  global  sections. 

(4)  Given  r > 0 we  sat  F is  locally  generated  by  r sections  if  for  every  object 
U of  C there  exists  a covering  {Ui  — >■  U}i&i  of  C such  that  each  restriction 
F\c/Ui  is  an  0f7, -module  generated  by  r global  sections. 

(5)  We  say  F is  of  finite  type  if  for  every  object  U of  C there  exists  a covering 
{Ui  — > U}ia  of  C such  that  each  restriction  F\c/Ui  is  an  0[/;-m°dule 
generated  by  finitely  many  global  sections. 

(6)  We  say  F is  quasi- coherent  if  for  every  object  U of  C there  exists  a covering 
{Ui  — ► U}iei  of  C such  that  each  restriction  F\c/Ui  is  an  0^ -module 
which  has  a global  presentation. 

(7)  We  say  F is  of  finite  presentation  if  for  every  object  U of  C there  exists 
a covering  {Ui  — > [/}.;<=/  of  C such  that  each  restriction  F\c/Ui  is  an  Out- 
module  which  has  a finite  global  presentation. 

(8)  We  say  F is  coherent  if  and  only  if  F is  of  finite  type,  and  for  every  object  U 
of  C and  any  si, . . . , sn  € F(U)  the  kernel  of  the  map  ©i=1  n Ou  — > F\u 
is  of  finite  type  on  (C/U,  Ou)- 


Lemma  18.23.2.  Any  of  the  properties  (1)  - (8)  of  Definition 
(see  discussion  in  Section  18.18). 


18.23.1 


is  intrinsic 


Proof.  Let  C,  V be  sites.  Let  u : C — > V be  a special  cocontinuous  functor.  Let  0 
be  a sheaf  of  rings  on  C.  Let  F be  a sheaf  of  0-modules  on  C.  Let  g : Sh(C)  — ► Sh(V) 
be  the  equivalence  of  topoi  associated  to  u.  Set  O'  = g*0,  and  let  <7®  : 0'  — g*0 
be  the  identity.  Finally,  set  F'  = g*F . Let  Vi  be  one  of  the  properties  (1)  - (7) 


and  only  if  Vi(V,  O’,  F')  holds. 

Assume  that  F has  Vi-  Let  V be  an  object  of  V.  One  of  the  properties  of  a special 
cocontinuous  functor  is  that  there  exists  a covering  {u(Ui)  — > V}i&i  in  the  site  V. 
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By  assumption,  for  each  i there  exists  a covering  {Utj  in  C such  that  each 

restriction  F\ui . is  Vg.  By  Sites,  Lemma  7.28.3  we  have  commutative  diagrams  of 
ringed  topoi 


{ShiC/Uij^OuJ ( Sh{C),0 ) 

(■ Sh(V/u{Ul3)),0'u{uJ (Sh(V),0') 


where  the  vertical  arrows  are  equivalences.  Hence  we  conclude  that  F'\u(jj..^  has 
property  Vg  also.  And  moreover,  {u(U7j)  -A  V}ie i.jeJ,  is  a covering  of  the  site  V. 
Hence  F'  has  property  Vi . 


Assume  that  F'  has  Vi . Let  U be  an  object  of  C.  By  assumption,  there  exists  a 
covering  {Vj  — > u(U)}iGj  such  that  F'\vi  has  property  Vg.  Because  u is  cocontinu- 
ous  we  can  refine  this  covering  by  a family  {u(Uj)  -A  u(U)}j<zj  where  {Uj  — >•  U}gej 
is  a covering  in  C.  Say  the  refinement  is  given  by  a : J — >■  I and  u{Uj ) — » Va(j) 
Restricting  is  transitive,  i.e. , (F'\vaU))\u(Uj)  = F'\ u(Uj)-  Hence  by  Lemma 
we  see  that  F'\u(ja  has  property  Vg.  Hence  the  diagram 


18.17.2 


(Sh(C/Uj),  0U;j) (Sh(C),  O) 

0 Sh(T>/u(U j)),  0'u(uJ  ( SUP ),  O') 

where  the  vertical  arrows  are  equivalences  shows  that  F\u-  has  property  Vg  also. 
Thus  F has  property  Vi  as  desired. 

Finally,  we  prove  the  lemma  in  case  Vi  = coherent  Assume  F is  coherent.  This 
implies  that  F is  of  finite  type  and  hence  F'  is  of  finite  type  also  by  the  first  part 
of  the  proof.  Let  V be  an  object  of  V and  let  Si, . . . , sn  € F'(V).  We  have  to  show 
that  the  kernel  JC  of  0 -=1  n Oy  ->  F'\v  is  of  finite  type  on  T>/V.  This  means 
we  have  to  show  that  for  any  V' /V  there  exists  a covering  {V(  — > V'}  such  that 
F'\y  is  generated  by  finitely  many  sections.  Replacing  V by  V'  (and  restricting 
the  sections  Sj  to  V')  we  reduce  to  the  case  where  V'  = V.  Since  it  is  a special 
cocontinuous  functor,  there  exists  a covering  {u(Ui)  — > V}iei  in  the  site  V.  Using 
the  isomorphism  of  topoi  Sh(C/Ui ) = Sh(V/u(Ui))  we  see  that  corresponds 

to  the  kernel  A,;  of  a map  0J=1  „ Oui  — > F\ut-  Since  F is  coherent  we  see  that 

K-i  is  of  finite  type.  Hence  we  conclude  (by  the  first  part  of  the  proof  again)  that 
IC\u(Ui)  °f  finite  type.  Thus  there  exist  coverings  {Vu  — >•  u(Ui)}  such  that  K, \yu 
is  generated  by  finitely  many  global  sections.  Since  {Vu  — > V}  is  a covering  of  V 
we  conclude  that  K,  is  of  finite  type  as  desired. 

Assume  F'  is  coherent.  This  implies  that  F'  is  of  finite  type  and  hence  F is  of 
finite  type  also  by  the  first  part  of  the  proof.  Let  U be  an  object  of  C,  and  let 
si, . . . , sn  £ F(U).  We  have  to  show  that  the  kernel  K,  of  0 -=1  n Ou  — ► F\u  is 
of  finite  type  on  C/U.  Using  the  isomorphism  of  topoi  Sh(C/U ) = Sh(V/u{U ))  we 
see  that  K\u  corresponds  to  the  kernel  K!  of  a map  0J=i  n Ou(u)  F'\u(u)-  As 


2The  mechanics  of  this  are  a bit  awkward,  and  we  suggest  the  reader  skip  this  part  of  the 
proof. 
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03DN 


T'  is  coherent,  we  see  that  K,'  is  of  finite  type.  Hence,  by  the  first  part  of  the  proof 
again,  we  conclude  that  K.  is  of  finite  type.  □ 


Hence  from  now  on  we  may  refer  to  the  properties  of  ©-modules  defined  in  Defini- 
tion [l8]23d]  without  specifying  a site. 

Lemma  18.23.3.  Let  ( Sh(C),0 ) be  a ringed  topos.  Let  X be  an  O-module.  As- 
sume that  the  site  C has  a final  object  X.  Then 


(1) 


(2) 


(3) 


(4) 


(5) 


(6) 


(7) 


The  following  are  equivalent 

(a)  T is  locally  free, 

(b)  there  exists  a covering  {Aj  — ► X}  in  C such  that  each  restriction 
jF\c/Xi  is  a locally  free  0Xi-module,  and 

(c)  there  exists  a covering  {Aj  — > X}  in  C such  that  each  restriction 
T\ c/Xi  is  a free  0Xi-module. 

The  following  are  equivalent 

(a)  T is  finite  locally  free, 

(b)  there  exists  a covering  {Xi  — > X}  in  C such  that  each  restriction 
F\c/Xi  Is  a finite  locally  free  Oxi~module,  and 

(c)  there  exists  a covering  {Xi  -A  X}  in  C such  that  each  restriction 
T\ c/Xi  is  a finite  free  Oxi-module. 

The  following  are  equivalent 

(a)  T is  locally  generated  by  sections, 

(b)  there  exists  a covering  {A f -A  X}  in  C such  that  each  restriction 
F\c/x,  Is  an  0Xi-module  locally  generated  by  sections,  and 

(c)  there  exists  a covering  {A f — » X}  in  C such  that  each  restriction 
J-\c/Xi  Is  an  Oxi-module  globally  generated  by  sections. 

Given  r > 0,  the  following  are  equivalent 

(a)  T is  locally  generated  by  r sections, 

(b)  there  exists  a covering  {Xi  — > Af}  in  C such  that  each  restriction 
X\c/Xi  Is  an  0Xi-module  locally  generated  by  r sections,  and 

(c)  there  exists  a covering  {Xi  — > Af}  in  C such  that  each  restriction 
T\ c/Xi  Is  an  Oxi-module  globally  generated  by  r sections. 

The  following  are  equivalent 

(a)  T is  of  finite  type, 

(b)  there  exists  a covering  {Xi  — > X } in  C such  that  each  restriction 
F\c /Xi  is  an  Oxi-module  of  finite  type,  and 

(c)  there  exists  a covering  {Xi  — > X } in  C such  that  each  restriction 
•T'lc/A'i  is  an  O Xi~module  globally  generated  by  finitely  many  sections. 

The  following  are  equivalent 

(a)  T is  quasi- coherent, 

(b)  there  exists  a covering  {A f — > X}  in  C such  that  each  restriction 
T\c/Xi  is  a quasi- coherent  0Xi  -module,  and 

(c)  there  exists  a covering  {A f — > X}  in  C such  that  each  restriction 
J-\ c/Xi  is  an  0Xi-module  which  has  a global  presentation. 

The  following  are  equivalent 

(a)  T is  of  finite  presentation, 

(b)  there  exists  a covering  { X j — > X } in  C such  that  each  restriction 
!F\ c/Xi  is  an  O Xi-module  of  finite  presentation,  and 
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03DO 


082S 

082T 


(c)  there  exists  a covering  {Xj  — > X}  in  C such  that  each  restriction 
T\ c/Xi  an  Oxi-module  has  a finite  global  presentation. 

(8)  The  following  are  equivalent 

(a)  J-  is  coherent , and 

(b)  there  exists  a covering  {Xi  — > X}  in  C such  that  each  restriction 
F\ c/Xi  is  a coherent  Oxi~module. 


Proof.  In  each  case  we  have  (a)  =>  ( b ).  In  each  of  the  cases  (1)  - (6)  condition 
(b)  implies  condition  (c)  by  axiom  (2)  of  a site  (see  Sites,  Definition  7.6.2)  and  the 
definition  of  the  local  types  of  modules.  Suppose  {X,  -a  X}  is  a covering.  Then 
for  every  object  U of  C we  get  an  induced  covering  {Xi  Xx  U — > U}.  Moreover,  the 
global  property  for  F\c /x,  in  part  (c)  implies  the  corresponding  global  property  for 
J-\ c/XiXxU  by  Lemma  18.17.2  hence  the  sheaf  has  property  (a)  by  definition.  We 
omit  the  proof  of  (b)  =>  (a)  in  case  (7).  □ 


Lemma  18.23.4.  Let  (/,/**)  : (Sh(C),Gc)  ( Sh(V),Ox> ) be  a morphism  of 

ringed  topoi.  Let  T be  an  Ox> -module. 

(1)  If  T is  locally  free  then  f*T  is  locally  free. 

(2)  If  T is  finite  locally  free  then  f*T  is  finite  locally  free. 

(3)  If  T is  locally  generated  by  sections  then  f*J°  is  locally  generated  by  sec- 
tions. 

(4)  If  T is  locally  generated  by  r sections  then  f*T  is  locally  generated  by  r 
sections. 

(5)  If  J-  is  of  finite  type  then  f*T  is  of  finite  type. 

(6)  If  J-  is  quasi- coherent  then  f*T  is  quasi- coherent. 

(7)  If  J-  is  of  finite  presentation  then  f*J-  is  of  finite  presentation. 


Proof.  According  to  the  discussion  in  Section  |18.18|  we  need  only  check  preser- 
vation under  pullback  for  a morphism  of  ringed  sites  (/,/**)  : (C,Oc)  -A  {T>,  Ox>) 
such  that  / is  given  by  a left  exact,  continuous  functor  u : T>  -A  C between  sites 
which  have  all  finite  limits.  Let  Q be  a sheaf  of  Ou-modules  which  has  one  of  the 
properties  (1)  - (6)  of  Definition  18.23.1  We  know  V has  a final  object  Y and 


X = u(Y)  is  a final  object  for  C.  By  assumption  we  have  a covering  {Yt  — > Y{ 
such  that  Q\-D/Yi  has  the  corresponding  global  property.  Set  X,;  = u(Y,j)  so  that 
{Xi  -A  X}  is  a covering  in  C.  We  get  a commutative  diagram  of  morphisms  ringed 
sites 

{C/Xi,  Oc\xi) *(C,Oc) 


(V/Y,Ov \Yi) 


(V,Ov) 


by  Sites,  Lemma  7.27.2  Hence  by  Lemma  18.17.2  that  f*Q\xt  has  the  correspond- 
ing global  property.  Hence  we  conclude  that  Q has  the  local  property  we  started 
out  with  by  Lemma  [18. 23. 3|  □ 


18.24.  Basic  results  on  local  types  of  modules 

Basic  lemmas  related  to  the  definitions  made  above. 

Lemma  18.24.1.  Let  ( 0,0 ) be  a ringed  site.  Let  6 : Q -A  T be  a surjective 
O -module  map  with  T of  finite  presentation  and  Q of  finite  type.  Then  Ker{9)  is 
of  finite  type. 
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Proof.  Omitted.  Hint:  See  Modules,  Lemma[l7.11.3| 


□ 


18.25.  Closed  immersions  of  ringed  topoi 


08M2 


08M3 


When  do  we  declare  a morphism  of  ringed  topoi  i : ( Sh(C ),  O)  — > ( Sh(V),0 ')  to  be 
a closed  immersion?  By  analogy  with  the  discussion  in  Modules,  Section  |17.13|  it 
seems  natural  to  assume  at  least: 


(1)  The  functor  i is  a closed  immersion  of  topoi  (Sites,  Definition  7.42.71. 

(2)  The  associated  map  O'  — > i*0  is  surjective. 


These  conditions  already  imply  a number  of  pleasing  results  which  we  discuss  in 
this  section.  However,  it  seems  prudent  to  not  actually  define  the  notion  of  a closed 
immersion  of  ringed  topoi  as  there  are  many  different  definitions  we  could  use. 


Lemma  18.25.1.  Leti  : ( Sh(C),0 ) — » (Sh(fD),0')  be  a morphism  of  ringed  topoi. 
Assume  i is  a closed  immersion  of  topi  and  $ : O'  — ► i*0  is  surjective.  Denote 
X C O'  the  kernel  of  iK  The  functor 


i * : Mod(0)  — > Mod(0') 


is  exact,  fully  faithful,  with  essential  image  those  O'  -modules  Q such  thatXQ  = 0. 


Proof.  By  Lemma [18.15. 2 and  Sites,  Lemma  7.42.8  we  see  that  i*  is  exact.  From 
the  fact  that  i*  is  fully  faithful  on  sheaves  of  sets,  and  the  fact  that  $ is  surjective 
it  follows  that  i*  is  fully  faithful  as  a functor  Mod(O)  -t  Mod{0').  Namely,  suppose 
that  a : i*T\  — > i*J~2  is  an  O'-module  map.  By  the  fully  faithfulness  of  i*  we  obtain 
a map  /3  : — > T2  of  sheaves  of  sets.  To  prove  /?  is  a map  of  modules  we  have  to 

show  that 

OxJi ^ Ti 


Ox  To 


-^To 


commutes.  It  suffices  to  prove  commutativity  after  applying  «*.  Consider 


O'  x T\ i*0  x i„ T\ s-  i* T\ 

V Y 

O'  x itJF\ 2 >■  1*0  x i*T 2 i*X~2 


We  know  the  outer  rectangle  commutes.  Since  i ^ is  surjective  we  conclude. 

To  finish  the  proof  we  have  to  prove  the  statement  on  the  essential  image  of  i*.  It 
is  clear  that  i*T  is  annihilated  by  X for  any  0-module  T . Conversely,  let  Q be  a 
CT-module  with  XQ  = 0.  By  definition  of  a closed  subtopos  there  exists  a subsheaf 
U of  the  final  object  of  T>  such  that  the  essential  image  of  i * on  sheaves  of  sets  is  the 
class  of  sheaves  of  sets  XL  such  that  XL  x U — > U is  an  isomorphism.  In  particular, 
i*0  x U = U.  This  implies  that  X x U = O xli.  Hence  our  module  Q satisfies 
Q x U = { 0}  xU  =U  (because  the  zero  module  is  isomorphic  to  the  final  object 
of  sheaves  of  sets).  Thus  there  exists  a sheaf  of  sets  T on  C with  i*T  = Q.  Since 
i*  is  fully  faithful  on  sheaves  of  sets,  we  see  that  in  order  to  define  the  addition 
T x J->  J and  the  multiplication  O x T — > T it  suffices  to  use  the  addition 
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(given  to  us  as  G is  a O'-module)  and  the  multiplication 

ij,0  X g — > G 

which  is  given  to  us  as  we  have  the  multiplication  by  O'  which  annihilates  X by 
assumption  and  i*0  = O' IX.  By  construction  G is  isomorphic  to  the  pushforward 
of  the  0-module  X so  constructed.  □ 


18.26.  Tensor  product 


03EK  In  Sections  18.9  and  18.11  we  defined  the  change  of  rings  functor  by  a tensor  product 
construction.  To  be  sure  this  construction  makes  sense  also  to  define  the  tensor 
product  of  presheaves  of  0-modules.  To  be  precise,  suppose  C is  a category,  0 is 
a presheaf  of  rings,  and  X,  G are  presheaves  of  0-modules.  In  this  case  we  define 
X ®p,o  G to  be  the  presheaf 

u ► cf®p,o  G)(u)  = x{u)  ®0{U)  g{u) 

If  C is  a site,  0 is  a sheaf  of  rings  and  X , G are  sheaves  of  0-modules  then  we  define 

X G = (X  ®Pio  G)^ 

to  be  the  sheaf  of  0-modules  associated  to  the  preslieaf  X ®Pio  G- 
Here  are  some  formulas  which  we  will  use  below  without  further  mention: 


(X  G)  ®p,o  TL  = X {G  ®P,o  X), 

and  similarly  for  sheaves.  If  0\  — > 02  is  a map  of  presheaves  of  rings,  then 
(X  (8>p,Oi  G)  i 0 2 = (X  <8>P,Oi  O2)  ®p,o2  ( G <8P,c>i  02), 

and  similarly  for  sheaves.  These  follow  from  their  algebraic  counterparts  and  sheafi- 
fication. 


Let  C be  a site,  let  0 be  a sheaf  of  rings  and  let  X,  Q,H  be  sheaves  of  0-modules. 
In  this  case  we  define 

Biline, (J7  x G,H)  = W € MorSh(C) {X  x Q ,%)  \ ip  is  0-bilinear}. 

With  this  definition  we  have 


Home,( X ®o  G , 7~L)  = BiUne^-T  x G,  X). 


03EL 


In  other  words  X <S>o  G represents  the  functor  which  associates  to  T~L  the  set  of 
bilinear  maps  X x Q — > TL.  In  particular,  since  the  notion  of  a bilinear  map  makes 
sense  for  a pair  of  modules  on  a ringed  topos,  we  see  that  the  tensor  product  of 
sheaves  of  modules  is  intrinsic  to  the  topos  (compare  the  discussion  in  Section 


18.18 1 . In  fact  we  have  the  following. 


Lemma  18.26.1.  Let  f : (Sh(C),Oc)  — > ( Sh(V),Ox> ) be  a morphism  of  ringed 
topoi.  Let  X,  G be  Ox>-modules.  Then  f*(X  ®o-d  G)  = f*X  ®e>c  f*Q  functorially 
in  X , Q . 
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Proof.  For  a sheaf  F of  Oc  modules  we  have 

Hom0c  (/* (F  ®a  G),F)  = Homoj,  (F  ®a  5,  f.H) 

= Bilin  Ov{F*G,f*H) 

= Bilin  f-ioM~1?xr1G,'H) 

= Homj-icp  (/_1  F ® f-i0l)  rLG,  F) 

= Kom0c(tF®f*Ov  f*G,F) 

The  interesting  “=”  in  this  sequence  of  equalities  is  the  third  equality.  It  follows 
from  the  definition  and  adjointness  of  /*  and  /-1  (as  discussed  in  previous  sections) 
in  a straightforward  manner.  □ 

03L6  Lemma  18.26.2.  Let  ( C,0 ) be  a ringed  site.  Let  F , Q be  sheaves  of  0 -modules. 

(1)  If  F,  Q are  locally  free,  so  is  F 0o  Q . 

(2)  If  F , Q are  finite  locally  free,  so  is  F ®o  G ■ 

(3)  If  F , Q are  locally  generated  by  sections,  so  is  F ®a  Q . 

(4)  If  T , Q are  of  finite  type,  so  is  T 0e>  Q . 

(5)  If  F , Q are  quasi- coherent,  so  is  F 0e>  G • 

(6)  If  F,  Q are  of  finite  presentation,  so  is  F ®o  G ■ 

(7)  If  F is  of  finite  presentation  and  Q is  coherent,  then  F ®o  Q is  coherent. 

(8)  If  F,  Q are  coherent,  so  is  F ®o  G ■ 

Proof.  Omitted.  Hint:  Compare  with  Sheaves  of  Modules,  Lemma|17.15.5|  □ 

18.27.  Internal  Horn 


04TT  Let  C be  a category  and  let  O be  a presheaf  of  rings.  Let  F , Q be  presheaves  of 
0-modules.  Consider  the  rule 


U i — t Hom0(7 (F\u,G\u)- 

For  ip  : V — > U in  C we  define  a restriction  mapping 

Hova.ou{F\u,G\u)  — > ’Rom.ov{F\v,G\v) 

by  restricting  via  the  relocalization  morphism  j : C/V  — > C/U,  see  Sites,  Lemma 


7.24.7 


Hence  this  defines  a presheaf  'Homo{F ,G).  In  addition,  given  an  ele- 
ment ip  G Hom0i  {F\u,  G\tj)  and  a section  / € 0(U)  then  we  can  define  ftp  € 
Homo | ^ {F\u,  G\u)  by  either  precomposing  with  multiplication  by  / on  F\u  or 
postcomposing  with  multiplication  by  / on  Q\u  (it  gives  the  same  result).  Hence 
we  in  fact  get  a preslieaf  of  0-modules.  There  is  a canonical  “evaluation”  morphism 

‘p,o  Lbmo{F,Q)  — » Q. 


Ft 


03EM  Lemma  18.27.1.  IfC  is  a site,  0 is  a sheaf  of  rings,  F is  a presheaf  of  0 -modules, 
and  Q is  a sheaf  of  0 -modules,  then  Homo  (F,G)  is  a sheaf  of  0 -modules. 


Proof.  Omitted.  Hints:  Note  first  that  HomolyF,  Q)  = 'Homo(F^ , Q),  which  re- 
duces the  question  to  the  case  where  both  F and  Q are  sheaves.  The  result  for 
sheaves  of  sets  is  Sites,  Lemma  [7.25. 1|  □ 


In  the  situation  of  the  lemma  the  “evaluation”  morphism  factors  through  the  tensor 
product  of  sheaves  of  modules 

F ®o  Foma  ( F , Q)  — > G ■ 
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03EN  Lemma  18.27.2.  Internal  hom  and  (co)limits.  Let  C be  a category  and  let  O be 
a presheaf  of  rings. 

(1)  For  any  presheaf  of  O -modules  F the  functor 

PMod(O)  — *•  PMod(0 ),  Q ^ t Hom0{F,  G) 

commutes  with  arbitrary  limits. 

(2)  For  any  presheaf  of  O -modules  G the  functor 

PMod(O)  — > PMod(0)opp , F i— ► Hom0(F , G) 
commutes  with  arbitrary  colimits , in  a formula 

Homo  (colimj  Fi,G)  = limj  Homo{Fi,G)- 
Suppose  that  C is  a site,  and  O is  a sheaf  of  rings. 

(3)  For  any  sheaf  of  O -modules  F the  functor 

Mod(0)  — t Mod{0),  G i — » Hom0{F , G) 

commutes  with  arbitrary  limits. 

(4)  For  any  sheaf  of  O -modules  Q the  functor 

Mod(O)  — ► Mod(0)opp , F i— »•  Hom0{F , G) 
commutes  with  arbitrary  colimits,  in  a formula 

Homo  (colimj  Ft,G)  = limj  Homo  (Ft , Q). 

Proof.  Let  X -A  PModlfO),  i i— »•  Gi  be  a diagram.  Let  U be  an  object  of  the  category 
C.  As  jfj  is  both  a left  and  a right  adjoint  we  see  that  limj  jfjGi  = ju  lim,  Gi-  Hence 
we  have 

Homo (F,  limj  Gi) (U)  = HoTa.0u{F\u ,\rm.iGi\u) 

= limj  HomoB  {F\u,Gi\u) 

= limj  Homo  {F,  Gi){U) 

by  definition  of  a limit.  This  proves  (1).  Part  (2)  is  proved  in  exactly  the  same  way. 
Part  (3)  follows  from  (1)  because  the  limit  of  a diagram  of  sheaves  is  the  same  as 
the  limit  in  the  category  of  presheaves.  Finally,  (4)  follow  because,  in  the  formula 
we  have 

Mor Mod(e>)  (colimj  FitG)  = MorPMod(e))  (colimf S'1  Fi:  G) 

as  the  colimit  colimj  F,  is  the  sheafification  of  the  colimit  colimf'S71  Fi  in  PMod(O). 
Hence  (4)  follows  from  (2)  (by  the  remark  on  limits  above  again).  □ 

03EO  Lemma  18.27.3.  Let  C be  a category.  Let  O be  a presheaf  of  rings. 

(1)  Let  F , G,  H be  presheaves  of  O -modules.  There  is  a canonical  isomor- 
phism 

Hom0{F  ®PjCi  G,H)  — » Homo(F,Homo{G,H)) 

which  is  functorial  in  all  three  entries  (sheaf  Hom  in  all  three  spots).  In 
particular, 

Mor pmo<i(0)(F ®p,o  G,H)  = Mor PMod(o)(F ,Homo(G ,H)) 
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(2)  Suppose  that  C is  a site,  O is  a sheaf  of  rings,  and  F , G , TL  are  sheaves 
of  O -modules.  There  is  a canonical  isomorphism 

'Homoi.F  ®o  G,TL)  — > Homo (F,  Homo {G,TL)) 

which  is  functorial  in  all  three  entries  (sheaf  Horn  in  all  three  spots).  In 
particular, 

Mor Mod(0)(F G,TL)  = MorMod(C) )(•?", Homo  {G, 'LL)) 

Proof.  This  is  the  analogue  of  Algebra,  Lemma  [l0.11.8|  The  proof  is  the  same, 
and  is  omitted.  □ 

03EP  Lemma  18.27.4.  Tensor  product  and  (co)limits.  Let  C be  a category  and  let  O 
be  a presheaf  of  rings. 

(1)  For  any  presheaf  of  O -modules  F the  functor 

PMod(O)  — > PMod(0),  G' — >F  ®p,o  G 
commutes  with  arbitrary  colimits. 

(2)  Suppose  that  C is  a site,  and  O is  a sheaf  of  rings.  For  any  sheaf  of 
O-modules  F the  functor 

Mod(O) — > Mod(O),  G i — >F®oG 
commutes  with  arbitrary  colimits. 

Proof.  This  is  because  tensor  product  is  adjoint  to  internal  horn  according  to 
Lemma [18. 27. 3|  See  Categories,  Lemma [4. 24. 4|  □ 

0932  Lemma  18.27.5.  Let  C be  a category,  resp.  a site  Let  O — » O'  be  a map  of 
presheaves,  resp.  sheaves  of  rings.  Then 

Hom0(C/,  F)  = Home>/(£,  Horn o {O' , F)) 

for  any  O'  -module  Q and  O-module  F . 

Proof.  This  is  the  analogue  of  Algebra,  Lemma  [l0.13.4|  The  proof  is  the  same, 
and  is  omitted.  □ 

18.28.  Flat  modules 

03EQ  We  can  define  flat  modules  exactly  as  in  the  case  of  modules  over  rings. 

03ER  Definition  18.28.1.  Let  C be  a category.  Let  O be  a presheaf  of  rings. 

(1)  A presheaf  F of  O-modules  is  called  flat  if  the  functor 

PMod((D)  — > PMod{0),  G i — y G <g>Pi0  F 

is  exact. 

(2)  A map  O — > O'  of  presheaves  of  rings  is  called  flat  if  O'  is  flat  as  a presheaf 
of  O-modules. 

(3)  If  C is  a site,  O is  a sheaf  of  rings  and  F is  a sheaf  of  O-modules,  then  we 
say  F is  flat  if  the  functor 

Mod(O)  — > Mod(O),  G^G®oF 

is  exact. 

(4)  A map  O — > O'  of  sheaves  of  rings  on  a site  is  called  flat  if  O'  is  flat  as  a 
sheaf  of  O-modules. 
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03ES 


03ET 


03EU 


03EV 


03EW 


The  notion  of  a flat  module  or  flat  ring  map  is  intrinsic  (Section  18.18). 


Lemma  18.28.2.  Let  C be  a category.  Let  O be  a presheaf  of  rings.  Let  T be  a 
presheaf  of  O -modules.  If  each  F(U)  is  a flat  0(U) -module,  then  T is  flat. 


Proof.  This  is  immediate  from  the  definitions. 


□ 


Lemma  18.28.3.  Let  C be  a category.  Let  O be  a presheaf  of  rings.  Let  T be  a 
presheaf  of  O -modules.  If  T is  a flat  O -module,  then  is  a flat  O^ -module. 


Proof.  Omitted.  (Hint:  Sheafification  is  exact.) 


□ 


Lemma  18.28.4.  Colimits  and  tensor  product. 

(1)  A filtered  colimit  of  flat  presheaves  of  modules  is  flat.  A direct  sum  of  flat 
presheaves  of  modules  is  flat. 

(2)  A filtered  colimit  of  flat  sheaves  of  modules  is  flat.  A direct  sum  of  flat 
sheaves  of  modules  is  flat. 


Proof.  Part  (1)  follows  from  Lemma  18.27.4  and  Algebra,  Lemma  10.8.9  by  looking 
at  sections  over  objects.  To  see  part  (2),  use  Lemma  18.27.4  and  the  fact  that  a 
filtered  colimit  of  exact  complexes  is  an  exact  complex  (this  uses  that  sheafification 
is  exact  and  commutes  with  colimits).  Some  details  omitted.  □ 


Lemma  18.28.5.  Let  C be  a category.  Let  O be  a presheaf  of  rings.  Let  U be  an 
object  of  C.  Consider  the  functor  ju  : C/U  — > C. 

(1)  The  presheaf  of  O -modules  ju\Ou  (see  Remark  18.19.6 ) is  flat. 

(2)  If  C is  a site,  O is  a sheaf  of  rings,  ju'.Ou  Is  a flat  sheaf  of  O-modules. 

Proof.  Proof  of  (1).  By  the  discussion  in  Remark|l8.19.6  we  see  that 

®W  = ©V£U0IC(W)0(V) 

which  is  a flat  (D(P)-module.  Hence  (1)  follows  from  Lemma  18.28.2|  Then  (2) 
follows  as  ju\Ou  = (ju'.Ou)#  (the  first  ju \ on  sheaves,  the  second  on  presheaves) 
and  Lemma  118.28.31  □ 


Lemma  18.28.6.  Let  C be  a category.  Let  O be  a presheaf  of  rings. 

(1)  Any  presheaf  of  O-modules  is  a quotient  of  a direct  sum  Q)  jup.Oui- 

(2)  Any  presheaf  of  O-modules  is  a quotient  of  a flat  presheaf  of  O-modules. 

(3)  If  C is  a site,  O is  a sheaf  of  rings,  then  any  sheaf  of  O-modules  is  a 
quotient  of  a direct  sum  @ jupOiJi- 

(4)  If  C is  a site,  O is  a sheaf  of  rings,  then  any  sheaf  of  O-modules  is  a 
quotient  of  a flat  sheaf  of  O-modules. 


Proof.  Proof  of  (1).  For  every  object  U of  C and  every  s £ F(U)  we  get  a morphism 
ju'.Ou  —t  J7,  namely  the  adjoint  to  the  morphism  Ou  —>  1F\ui  1 K > s.  Clearly  the 
map 

is  surjective.  The  source  is  flat  by  combining  Lemmas  |18.28.4|  and  |18.28.5|  which 
proves  (2).  The  sheaf  case  follows  from  this  either  by  sheafifying  or  repeating  the 
same  argument.  □ 
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03EX  Lemma  18.28.7.  Let  C be  a category.  Let  0 be  a presheaf  of  rings.  Let 

0 ->•  F"  -A  F'  -A  F ->  0 

be  a short  exact  sequence  of  presheaves  of  0 -modules.  Assume  F is  flat.  Then 

(1)  For  any  presheaf  Q of  0 -modules,  the  sequence 

0 -a  F"  G — * F'  ®Pyo  G F G — > 0 

is  exact. 

(2)  If  C is  a site,  and  O,  F,  F' , F" , and  G are  all  sheaves,  the  sequence 

0 — * F"  ®o  G — t F'  ®e>  G —y  F 1 2>o  G — > 0 

is  exact. 


Proof.  Choose  a flat  presheaf  of  0-modules  G'  which  surjects  onto  G ■ This  is 


possible  by  Lemma  18.28.6  Let  Q"  = Ker (G'  — t G)-  The  lemma  follows  by  applying 


the  snake  lemma  to  the  following  diagram 


0 -> 


0 


t 

F"  ®Pjo  G 

t 

F"  ®p,o  G' 

t 

F"  ®P)0  G" 


0 


0 


t t 

— ^ F'  ®p,o  G — y F ®p,o  G 

t t 

— > F'  ®p,o  G'  —y  F ®p,o  G' 

t t 

— > F'  ®Pjo  G"  — > F ®Pto  G" 

t 

0 


-A 

-A 

-A- 


0 

0 

0 


with  exact  rows  and  columns.  The  middle  row  is  exact  because  tensoring  with 
the  flat  module  G'  is  exact.  The  sheaf  case  follows  from  the  presheaf  case  as 
sheafification  is  exact.  □ 

03EY  Lemma  18.28.8.  Let  C be  a category.  Let  O be  a presheaf  of  rings.  Let 

0 — y F 2 — y F ] — y Fq  — y 0 
be  a short  exact  sequence  of  presheaves  of  0 -modules. 

(1)  If  Fi  and  Fg  are  flat  so  is  F\. 

(2)  If  F\  and  Fg  are  flat  so  is  F% . 

If  C is  a site  and  O is  a sheaf  of  rings  then  the  same  result  holds  Mod(O). 

Proof.  Let  Q*  be  an  arbitrary  exact  complex  of  preslieaves  of  0-modules.  Assume 
that  Fg  is  flat.  By  Lemma [l 8. 28. 7| we  see  that 

0 — > G * ®p,o  Fi  — y G * ®p,o  F\  —y  G*  ®p,o  Fo  - y 0 

is  a short  exact  sequence  of  complexes  of  presheaves  of  0-modules.  Hence  (1)  and 
(2)  follow  from  the  snake  lemma.  The  case  of  sheaves  of  modules  is  proved  in  the 
same  way.  □ 

03EZ  Lemma  18.28.9.  Let  C be  a category.  Let  0 be  a presheaf  of  rings.  Let 

. . . — y F 2 — y F\  — y Fg  — y Q — y 0 

be  an  exact  complex  of  presheaves  of  O -modules.  If  Q and  all  Ft  are  flat  O-modules, 
then  for  any  presheaf  G of  O-modules  the  complex 

■ . . —y  F2  ®p,o  G —y  F\  ®p,o  G ^ Fg  ®Pio  G —y  Q ®p,e>  G — y 0 
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is  exact  also.  If  C is  a site  and  O is  a sheaf  of  rings  then  the  same  result  holds 
Mod(0). 


Proof.  Follows  from  Lemma  18.28.7|  by  splitting  the  complex  into  short  exact 
sequences  and  using  Lemma  18.28.8  to  prove  inductively  that  In^Jy+i  — » Ff)  is 
flat.  □ 


05V4  Lemma  18.28.10.  Let  0\  — > O2  be  a map  of  sheaves  of  rings  on  a site  C.  If  G 
is  a flat  Oi-module,  then  G <S>Oi  O2  is  a flat  C>2-module. 


Proof.  This  is  true  because 


(G  O2)  ®e>2  H = G F 

(as  sheaves  of  abelian  groups  for  example). 


□ 


08FC 


The  following  lemma  gives  one  direction  of  the  equational  criterion  of  flatness  (Al- 
gebra, Lemma  10.38.11). 


Lemma  18.28.11.  Let  ( C,0 ) be  a ringed  site.  Let  F be  a flat  O-module.  Let  U 
be  an  object  of  C and  let 


Qu  (f\ 0®n  (su-,sF>  ^ 

be  a complex  of  Ojj -modules.  There  exists  a covering  {Ui  — > U}  and  for  each  i a 
factorization 

A o®m  F\Vi 

o/(si,...,sn)|c/i  such  thatAo{f1,...,fn)\u.  =0. 


Proof.  Let  T C Ou  be  the  sheaf  of  ideals  generated  by  f\, ....  fn.  Then  fj  g) Sj 
is  a section  of  T®ov  F\u  which  maps  to  zero  in  F\u-  As  F\u  is  flat  the  map 
F\u  — > F\u  is  injective.  Since  I ®ov  F\u  is  the  sheaf  associated  to  the  presheaf 
tensor  product,  we  see  there  exists  a covering  {Ui  — >•  17}  such  that  fj\uf  ® Sj\ui 
is  zero  in  I{Ufl)  ®o(Ui)  F(Ui).  Unwinding  the  definitions  using  Algebra,  Lemma 


08FD  Lemma  18.28.12.  Let  ( C,0 ) be  a ringed  site.  Let  F be  locally  of  finite  presenta- 
tion and  flat.  Then  given  an  object  U of  C there  exists  a covering  {Ui  — > U}  such 
that  F\jji  is  a direct  summand  of  a finite  free  Ojji-module. 


10.106.10  we  find  t\, 
and  Sj \ui  = Y^ajktk- 


,tm  G F(Ui)  and  ajk  G 0(Ui)  such  that  Y^ajkfj\ui  = 0 

□ 


Proof.  Choose  an  object  U of  C.  After  replacing  U by  the  members  of  a covering, 
we  may  assume  there  exists  a presentation 

0®r  <D®n  ->J->0 

By  Leimna[l8.28.1l]we  may  assume,  after  replacing  U by  the  members  of  a covering, 
assume  there  exists  a factorization 

0®n  -»•  0®ni  ->  F 

such  that  the  composition  0®r  — » 0®n  — > O®711  annihilates  the  first  summand  of 
Offl.  Repeating  this  argument  r — 1 more  times  we  obtain  a factorization 

e>®n  -»•  O®"-  ->  F 

such  that  the  composition  Off  — > 0®n  — > 0®nr  is  zero.  This  means  that  the 
surjection  0®Ur  -A  F has  a section  and  we  win.  □ 
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08M4  Lemma  18.28.13.  Let  C be  a site.  Let  O'  — x 0 be  a surjection  of  sheaves  of 
rings  whose  kernel  X is  an  ideal  of  square  zero.  Let  T'  be  an  O'  -module  and  set 
T = T'  /XT' . The  following  are  equivalent 

(1)  T'  is  a flat  O' -module,  and 

(2)  T is  a flat  O -module  and  X 0q  T — X T'  is  injective. 


Proof.  If  (1)  holds,  then  T = T'  0o'  O is  flat  over  O by  Lemma  18.28.10  and  we 
see  the  map  X 0O  T — X T'  is  injective  by  applying  — 0a'  -A'  to  the  exact  sequence 
O' 


0 -x  X 


O — X 0,  see  Lemma  18.28.7 


Assume  (2).  In  the  rest  of  the  proof 
we  will  use  without  further  mention  that  K.  0o'  T'  = K.  0o  T for  any  O'-module  K. 
annihilated  by  X.  Let  a : Q'  — x TL'  be  an  injective  map  of  O'-modules.  Let  Q C G' , 
resp.  Tl  C TL'  be  the  subsheaf  of  sections  annihilated  by  I.  Consider  the  diagram 


G 0O'  T' Q'  0o’  T' s-  G' /G  0o'  T' 0 

Y V 

n 0o>  T' 9-  W 0o>  T' H'/'H  0O'  T1 0 


Note  that  G' /G  and  Tl' /Tl  are  annihilated  by  X and  that  G' /G  -A  Tl' /Tl  is  injective. 
Thus  the  right  vertical  arrow  is  injective  as  T is  flat  over  O.  The  same  is  true 
for  the  left  vertical  arrow.  Hence  the  middle  vertical  arrow  is  injective  and  T'  is 
flat.  □ 


18.29.  Towards  constructible  modules 

0933  Recall  that  a quasi-compact  object  of  a site  is  one  such  that  every  covering  of  it 
can  be  refined  by  a finite  covering.  It  turns  out  that  if  every  object  of  a site  has  a 
covering  by  quasi-compact  objects,  then  the  modules  j\Ou  with  U quasi-compact 
form  a particularly  nice  set  of  generators  for  the  category  of  all  modules. 

0934  Lemma  18.29.1.  Let  ( 0,0 ) be  a ringed  site.  Let  {Ui  — x 17}  be  a covering  of  C. 
Then  the  sequence 

@ JUiXuUj'.OuiXuUj  — t jut'.Oui  — t j\Ou  — > 0 

is  exact. 

Proof.  This  holds  because  for  any  0-module  T the  functor  Home>(— , T)  turns  our 
sequence  into  the  exact  sequence  0 — >•  T(U)  — ► Y\T(Ui)  -A  Y\T(Ui  Xy  Ufl).  Then 
the  lemma  follows  from  Homology,  Lemma[l2.5.8[  □ 

0935  Lemma  18.29.2.  Let  C be  a site.  Let  W be  a quasi-compact  object  ofC. 

(1)  The  functor  Sh(C)  —X  Sets,  T i— X T(W)  commutes  with  coproducts. 

(2)  Let  O be  a sheaf  of  rings  on  C.  The  functor  Mod(O)  —X  Ab,  T i— X T(W) 
commutes  with  direct  sums. 

Proof.  Proof  of  (1).  Taking  sections  over  W commutes  with  filtered  colimits  with 
injective  transition  maps  by  Sites,  Lemma  |7.11.2|  If  T,  is  a family  of  sheaves  of 
sets  indexed  by  a set  I.  Then  }J  Tr  is  the  filtered  colimit  over  the  partially  ordered 
set  of  finite  subsets  E C I of  the  coproducts  Te  = JJj Since  the  transition 
maps  are  injective  we  conclude. 

Proof  of  (2).  Let  T be  a family  of  sheaves  of  0-modules  indexed  by  a set  I.  Then 
0 T%  is  the  filtered  colimit  over  the  partially  ordered  set  of  finite  subsets  E C I 
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0936 

0937 

0938 

0939 
093A 

093B 

093C 

09Y7 

093D 


of  the  direct  sums  JFe  = ©igs-Au  A filtered  colimit  of  abelian  sheaves  can  be 
computed  in  the  category  of  sheaves  of  sets.  Moreover,  for  E C E'  the  transition 
map  Te  — t Fe'  is  injective  (as  sheahfication  is  exact  and  the  injectivity  is  clear  on 
underlying  presheaves).  Hence  it  suffices  to  show  the  result  for  a finite  index  set  by 


Sites,  Lemma  7.11.2  The  finite  case  is  dealt  with  in  Lemma  18.3.2  (it  holds  over 
any  object  of  C).  □ 

Lemma  18.29.3.  Let  ( 0,0 ) be  a ringed  site.  Let  U be  a quasi-compact  object  of 
C.  Then  the  functor  Uom.o{j\Ou,  — ) commutes  with  direct  sums. 

Proof.  This  is  true  because  Homo(j\Ou,J-)  = F(U)  and  because  the  functor 
T i — ^ J~(U)  commutes  with  direct  sums  by  Lemma[l8.29.2 


□ 


In  order  to  state  the  sharpest  possible  results  in  the  following  we  introduce  some 
notation. 

Situation  18.29.4.  Let  C be  a site.  Let  B C Ob(C)  be  a set  of  objects.  We 
consider  the  following  conditions 

(1)  Every  object  of  C has  a covering  by  elements  of  B. 

(2)  Every  U £ B is  quasi-compact. 

(3)  For  a finite  covering  {Ui  — > U}  with  Ui,U  £ B the  fibre  products  Ui  XuUj 
are  quasi-compact. 

jd]j  holds. 


Lemma  18.29.5.  In  Situation 


18.294 


assume 

(1)  Every  sheaf  of  sets  is  the  target  of  a surjective  map  whose  source  is  a 
coproduct  ]Q  hfj,  with  Ui  in  B. 

(2)  If  O is  a sheaf  of  rings,  then  every  O -module  is  a quotient  of  a direct  sum 
© jup.Oui  with  Ui  in  B. 


Proof.  Follows  immediately  from  Lemmas  |18. 28. 6|  and  |18.29.1| 

and  |i|)  hold. 


□ 


Lemma  18.29.6.  In  Situation 


18.294 


(1)  Every  sheaf  of  sets  is  a filtered  colimit  of  sheaves  of  the  form 


(18.29.6.1) 


Coequalizer  I Uj=i,...,m  ^ 


# 
m °Vj 


LU 


A# 

»=!,.. .,n  UUi 


with  Ui  and  Vj  in  B. 

(2)  If  O is  a sheaf  of  rings,  then  every  O -module  is  a filtered  colimit  of  sheaves 
of  the  form 


(18.29.6.2)  Coker  ^]=h  JVpOVj  -> 

with  Ui  and  Vj  in  B. 


jupOui 


Proof.  Proof  of  (1).  By  Lemma  18.29.5  every  sheaf  of  sets  T is  the  target  of 


a surjection  whose  source  is  a coprod  Tq  of  sheaves  the  form  hfr  with  U £ B. 
Applying  this  to  Eq  Xjr  Eq  we  find  that  T is  a coequalizer  of  a pair  of  maps 


IljeJ  h% 


■ U;  eJ  rfji 


for  some  index  sets  /,  J and  Vj  and  Ui  in  B.  For  every  finite  subset  J'  C J there 
is  a finite  subset  I'  C / such  that  the  coproduct  over  j £ J'  maps  into  the  coprod 


over  i £ V via  both  maps,  see  Lemma  18.29.3  Thus  our  sheaf  is  the  colimit  of  the 
cokernels  of  these  maps  between  finite  coproducts. 
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Proof  of  (2).  By  Lemma  18.29.5  every  module  is  a quotient  of  a direct  sum  of 
modules  of  the  form  ju\@u  with  U £ B.  Thus  every  module  is  a cokernel 

Coker  (0y,  ;.A;.,!CY  — * 0,e/  lu,\0Uz 

for  some  index  sets  /,  J and  Vj  and  Ul  in  B.  For  every  finite  subset  J'  C J there  is 
a finite  subset  /'  C / such  that  the  direct  sum  over  j £ J7  maps  into  the  direct  sum 


over  i £ I',  see  Lemma  18.29.3  Thus  our  module  is  the  colimit  of  the  cokernels  of 
these  maps  between  finite  direct  sums.  □ 


Lemma  18.29.7.  In  Situation 


18.29.4  assume  ® and 
of  idngs.  Then  a cokernel  of  a map  between  modules  as  in  118. 29.622)  is  another 
module  as  in  ( 18.29.  d.1[). 


Proof.  Let  T = Coker(0 jyj\Oyi  0 jupOut)  as  in  (18.29.6.2).  It  suffices  to 
show  that  the  cokernel  of  a map  tp  : jw\Ow  — t -A  with  W £ B is  another  module 
of  the  same  type.  The  map  ip  corresponds  to  s £ J-{W).  Since  W is  quasi-compact 
we  can  find  a finite  covering  {Wk  — > W}  with  Wk  £ B such  that  s\wk  comes  from  a 
section  Ylski  of  0 jupOuf).  This  determines  maps  jwk\Owk  ~ > © jupOut-  Since 
0 jwk\Owk  -»  jw\Ow  is  surjective  (Lemma[l8.29.1[)  we  see  that  Coker(</?)  is  equal 
to 

Coker  (0M!Offi®0jv'i!^  > ^jup.Ou, 

as  desired.  □ 


Lemma  18.29.8.  In  Situation  18.29.4 
sheaf  of  rings.  Then  given  a map 

0 . 3Vj\Ovj  - 


assume 


0-  and  0 hold.  Let  O be 


0.  jup.Oui 


with  Ui  and  Vj  in  B , and  finite  coverings  {Uik  — > Ui}  by  Uik  £ B , there  exist  a 
finite  set  ofWi£B  and  a commutative  diagram 


®3vp.OVj 


■@3Ui\Ouik 


■ © jupOui 


inducing  an  isomorphism  on  cokernels  of  the  horizontal  maps. 


Proof.  Since  0 juik'.Ouik  — ► © ju^Oui  is  surjective  (Lemma  18.29.1 ),  we  can  find 
finite  coverings  {Vjm  — » Vj}  with  Vjm  £ B such  that  we  can  find  a commutative 
diagram 

© jvim\Ovim  — - ®moUik 


®3vpOVi 


@3u3.0ih 


Adding 

0 juik  x v.  uik, ! 0Uik  x v.  Uik, 

to  the  upper  left  corner  finishes  the  proof  by  Lemma  |18.29.1| 


□ 


18.29.  TOWARDS  CONSTRUCTIBLE  MODULES 


1474 


093G 


093H 


Lemma  18.29.9.  In  Situation 


18.29.4  assume  0.1L  and  Ijjj  hold.  Let  O be  a 


sheaf  of  rings.  Then  an  extension  of  modules  as  in  {18.29.6.2 f is  another  module 
as  in  (18.29.6.2). 


Proof.  Let  0 — >■  T\  — > T2  — > F3  — > 0 be  a short  exact  sequence  of  0-modules  with 
Ti  and  as  in  (|18.29.6.2).  Choose  presentations 


0 Av.  ->  0 Ai ji  — y 1 — y 0 and  0 At,  0 AWi  -t 


0 


In  this  proof  the  direct  sums  are  always  finite,  and  we  write  Ajj  = ju\Ou  for 
U £ B.  By  Lemma  18.29.8  we  may  replace  Wi  by  finite  coverings  {Wik  — > Wi} 
with  € B.  Thus  we  may  assume  the  map  0 A\v,  — t 4F$  lifts  to  a map  into  J~2- 
Consider  the  kernel 


IC2  — Ker(^^  AUi  ® (J)  A 


Wi 


^2) 


By  the  snake  lemma  this  kernel  surjections  onto  K. 3 = Ker(0J4wi  -t  F3).  Thus 
after  replacing  each  Tj  by  a finite  covering  with  elements  of  B (permissible  by 
Lemma  18.29.1)  we  may  assume  there  is  a map  04^.  -A  /C2  lifting  the  given 
map  0 A0  —>  K. 3.  Then  0Ay  ® 04^.  -A  /C2  is  surjective  which  finishes  the 
proof.  □ 


Lemma  18.29.10.  In  Situation 


18.29.4 


a sheaf  of  rings.  Let  A C Mod(0)  be  the  full  subcategory  of  modules  isomorphic  to 


|7]j,  ||),  and  ® 
jteqory  of  module; 


hold.  Let  O be 


a cokernel  as  in  \18.29.6~2).  If  the  kernel  of  every  map  of  O -modules  of  the  form 


0 


i=i,.. 


jvp.Oi 


0 


Jup.Oi 


with  Ui  and  Vj  in  B,  is  in  A,  then  A is  weak  Serve  subcategory  of  Mod(0). 

Proof.  We  will  use  the  criterion  of  Homology,  Lemma  |12.9.3|  By  the  results  of 
Lemmas  |18.29.7|  and  |18.29.9|  it  suffices  to  see  that  the  kernel  of  a map  T — > Q 
between  objects  of  A is  in  A.  To  prove  this  choose  presentations 


©4v,->©  Ajji  — y F — y 0 and 


In  this  proof  the  direct  sums  are  always  finite,  and  we  write  A\j  = ju\Ou  for  U G B. 


Using  Lemmas  18.29.1  and  18.29.8  and  arguing  as  in  the  proof  of  Lemma  18.29.9 
we  may  assume  that  the  map  T -A  Q lifts  to  a map  of  presentations 


0-4(7;  -0 

V 

0 ATj 0 AWi 5-  Q >-  0 


Then  we  see  that 

Ker(Jr  — ► Q)  = Coker  (0  Ayi  — > Ker  (0^,  ® ©**-©**)) 
and  the  lemma  follows  from  the  assumption  and  Lemma[l8.29.7|  □ 
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18.30.  Flat  morphisms 


Definition  18.30.1.  Let  (/,/**)  : ( Sh(C),0 ) — > ( Sh(C'),0 ')  be  a morphism  of 
ringed  topoi.  We  say  (/,  /•*)  is  flat  if  the  ring  map  /•*  : f~10'  — ► 0 is  flat.  We  say 
a morphism  of  ringed  sites  is  flat  if  the  associated  morphism  of  ringed  topoi  is  flat. 

Lemma  18.30.2.  Let  f : Sh(C)  —f  Sh{C ) be  a morphism  of  ringed  topoi.  Then 
/“ 1 : Ab(C')  — ► Ab(C),  T — ► rlT 

is  exact.  If  (/,/**)  : ( Sh(C),0 ) — > {Sh(C'),0')  is  a flat  morphism  of  ringed  topoi 
then 

/*  : Mod{0’)  — ► Mod(O),  T ► f*T 

is  exact. 


Proof.  Given  an  abelian  sheaf  Q on  C the  underlying  sheaf  of  sets  of  / 1Q  is  the 


same  as  /-1  of  the  underlying  sheaf  of  sets  of  Q,  see  Sites,  Section  7.43  Hence 
the  exactness  of  /-1  for  sheaves  of  sets  (required  in  the  definition  of  a morphism 
of  topoi,  see  Sites,  Definition  7.16.1)  implies  the  exactness  of  /-1  as  a functor  on 
abelian  sheaves. 

To  see  the  statement  on  modules  recall  that  f*T  is  defined  as  the  tensor  product 
f-1?  ft  O.  Hence  f*  is  a composition  of  functors  both  of  which  are  exact. 

□ 


Definition  18.30.3.  Let  / : ( Sh(C),0 ) — > (Sh(T>),0')  be  a morphism  of  ringed 
topoi.  Let  T be  a sheaf  of  0-modules.  We  say  that  T is  flat  over  (Sh(T>),0')  if  T 
is  flat  as  an  /_10,-module. 


This  is  compatible  with  the  notion  as  defined  for  morphisms  of  ringed  spaces,  see 
Modules,  Definition  17.17.3  and  the  discussion  following. 


18.31.  Invertible  modules 


Here  is  the  definition. 


Definition  18.31.1.  Let  (C,0)  be  a ringed  site. 

(1)  A finite  locally  free  0-module  T is  said  to  have  rank  r if  for  every  object 
U of  C there  exists  a covering  {Ui  —t  U}  of  U such  that  T\ui  is  isomorphic 
to  0®^  as  an  0\ji -module. 

(2)  An  0-module  C is  invertible  if  the  functor 

Mod{Q ) — > ModflD ),  J~  i — > T <g>0  £ 
is  an  equivalence. 

(3)  The  sheaf  0*  is  the  subsheaf  of  0 defined  by  the  rule 

U i— ► 0*(J7)  = {/  G 0(17)  | 3 g e 0{U)  such  that  fg  = 1} 

It  is  a sheaf  of  abelian  groups  with  multiplication  as  the  group  law. 


Lemma  18.39.7  below  explains  the  relationship  with  locally  free  modules  of  rank  1. 


Lemma  18.31.2.  Let  (C,0)  be  a ringed  site.  Let  C be  an  O -module.  The  following 
are  quivalent: 

(1)  C is  invertible,  and 
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(2)  there  exists  an  O-module  A f such  that  £ ®o  Af  = O . 

In  this  case  £ is  fiat  and  of  finite  presentation  and  the  module  Af  in  (2)  is  isomor- 
phic to  Homo(£,  O). 


Proof.  Assume  (1).  Then  the  functor  — ®o  £ is  essentially  surjective,  hence  there 
exists  an  O-module  Af  as  in  (2).  If  (2)  holds,  then  the  functor  — ®o  J\f  is  a quasi- 
inverse to  the  functor  — ®o  £ and  we  see  that  (1)  holds. 

Assume  (1)  and  (2)  hold.  Since  — ®o  £ is  an  equivalence,  it  is  exact,  and  hence 
£ is  flat.  Denote  if  : £ ®o  A /"  — » 0 the  given  isomorphism.  Let  U be  an  object 
of  C.  We  will  show  that  the  restriction  £ to  the  members  of  a covering  of  U 
is  a direct  summmand  of  a free  module,  which  will  certainly  imply  that  £ is  of 
finite  presentation.  By  construction  of  <S>  we  may  assume  (after  replacing  U by  the 
members  of  a covering)  that  there  exists  an  integer  n > 1 and  sections  Xi  £ £([/), 
yi  £ Af(U)  such  that  ® Vi)  = 1*  Consider  the  isomorphisms 

£\u  — > £\u  ®ov  £| u ®Ou  N\ u — > £\u 

where  the  first  arrow  sends  x to  fffxi  ®x®yi  and  the  second  arrow  sends  x ® x'  ® y 
to  if{x'  (g>  y) x.  We  conclude  that  x H > ijj(x  ® yi)xi  is  an  automorphism  of  £\u- 

This  automorphism  factors  as 

£\u  — > Ofrn  — > £\u 

where  the  first  arrow  is  given  by  x e- > (if(x  0 yf), . . . , ip{x  0 yn))  and  the  second 
arrow  by  (ai,...,a„)  i— > Y^aixi-  In  this  way  we  conclude  that  £\u  is  a direct 
summand  of  a finite  free  Of/'nmclule. 

Assume  (1)  and  (2)  hold.  Consider  the  evaluation  map 

£ ®o  Homo (£,  Ox)  — » Ox 

To  finish  the  proof  of  the  lemma  we  will  show  this  is  an  isomorphism.  By  Lemma 
118. 27. 31  we  have 

Horn 0(0,0)  = Hom0(Af  ®o  £,0)  — f Hom0 (AC,  Homo (£,  O)) 

The  image  of  1 gives  a morphism  A f — > Homo{£ , O).  Tensoring  with  £ we  obtain 
O = £ ®o  A f — > £ ®o  Homo  {£,  O) 

This  map  is  the  inverse  to  the  evaluation  map;  computation  omitted.  □ 

0B8P  Lemma  18.31.3.  Let  f : ( Sh(C),Oc ) — > (Sh(T>),Ox>)  be  a morphism  of  ringed 
topoi.  The  pullback  f*£  of  an  inverible  Ox> -module  is  invertible. 


040A 


Proof.  By  Lemma  18.31.2  there  exists  an  Op-module  Af  such  that  £®Ot>-^  — Oz>. 


Pulling  back  we  get  f* 
by  Lemma  18.31.2| 


f*Af  = Oc  by  Lemma|18.26.1|  Thus  f*£  is  invertible 

□ 


Lemma  18.31.4.  Let  ( C,0 ) be  a ringed  space. 

(1)  If  £,  Af  are  invertible  O -modules,  then  so  is  A. 

(2)  If  £ is  an  invertible  O-module,  then  so  is  Homo{£,0)  and  the  evaluation 
map  £ ®o  Homo{£i  O)  — > O is  an  isomorphism. 


Proof.  Part  (1)  is  clear  from  the  definition  and  part  (2)  follows  from  Lemma  18.31.2 
and  its  proof.  □ 


18.32.  MODULES  OF  DIFFERENTIALS 


1477 


040B  Lemma  18.31.5.  Let  (C,0)  be  a ringed  space.  There  exists  a set  of  invertible 
modules  {Ci}i^i  such  that  each  invertible  module  on  (C,  0)  is  isomorphic  to  exactly 
one  of  the  Ci . 


Proof.  Omitted,  but  see  Sheaves  of  Modules,  Lemma  17.21.8 


□ 


Lemma  [l 8 . 3 1 . 5 1 says  that  the  collection  of  isomorphism  classes  of  invertible  sheaves 
forms  a set.  Lemma  18.31.4  says  that  tensor  product  defines  the  structure  of  an 
abelian  group  on  this  set  with  inverse  of  C given  by  TLomo^C,  0). 


In  fact,  given  an  invertible  0-module  C and  n£  Z we  define  the  nth  tensor  power 
C®n  Qf  £ ag  tjle  jmage  0f  q under  applying  the  equivalence  / 4 J ®o  £ exactly  n 
times.  This  makes  sense  also  for  negative  n as  we’ve  defined  an  invertible  0-module 
as  one  for  which  tensoring  is  an  equivalence.  More  explicitly,  we  have 


{0  if  n = 0 

TLomoiC^O)  if  n = — 1 

C ®o  ■ ■ ■ <8>a  £ if  n > 0 
C®-1  <g>0  . . . <g>0  £®“1  if  n < — 1 


see  Lemma  18.31.4  With  this  definition  we  have  canonical  isomorphisms  C®n  (g>o 
C®m  jr0n+m , an(f  these  isomorphisms  satisfy  a commutativity  and  an  associa- 
tivity constraint  (formulation  omitted). 


040C  Definition  18.31.6.  Let  ( 0,0 ) be  a ringed  site.  The  Picard  group  Pic(0)  of  the 
ringed  site  is  the  abelian  group  whose  elements  are  isomorphism  classes  of  invertible 
0-modules,  with  addition  corresponding  to  tensor  product. 


18.32.  Modules  of  differentials 


04BJ 


In  this  section  we  briefly  explain  how  to  define  the  module  of  relative  differentials  for 
a morphism  of  ringed  topoi.  We  suggest  the  reader  take  a look  at  the  corresponding 
section  in  the  chapter  on  commutative  algebra  (Algebra,  Section  10.130). 


04BK  Definition  18.32.1.  Let  C be  a site.  Let  ip  : 0\  — > 02  be  a homomorphism  of 
sheaves  of  rings.  Let  T be  an  02-module.  A Oi-derivation  or  more  precisely  a 
< p-derivation  into  T is  a map  D : 02  — > T which  is  additive,  annihilates  the  image 
of  0i  — >•  02,  and  satisfies  the  Leibniz  rule 


D(ab)  = aD(b)  + D{a)b 

for  all  a,b  local  sections  of  02  (wherever  they  are  both  defined).  We  denote 
Der o1(02,-£)  the  set  of  (^-derivations  into  T. 

This  is  the  sheaf  theoretic  analogue  of  Algebra,  Definition |18. 32.1]  Given  a deriva- 
tion D : 02  — >■  T as  in  the  definition  the  map  on  global  sections 

D : T(02)  — > T(.F) 

clearly  is  a T(0i)-derivation  as  in  the  algebra  definition.  Note  that  if  a : T — » Q is 
a map  of  02-modules,  then  there  is  an  induced  map 

DerOl(02, T)  — ■>  DerOl(02,£) 

given  by  the  rule  D^qoD.  In  other  words  we  obtain  a functor. 
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Lemma  18.32.2.  LetC  be  a site.  Let  p : Oi  — > 02  be  a homomorphism  of  sheaves 
of  rings.  The  functor 

Mod(02)  — > Ab,  — > Der0l(p2,T) 

is  representable. 

Proof.  This  is  proved  in  exactly  the  same  way  as  the  analogous  statement  in 
algebra.  During  this  proof,  for  any  sheaf  of  sets  T on  C,  let  us  denote  02[.F]  the 
sheafification  of  the  presheaf  U ha  02{U)[J:{U)}  where  this  denotes  the  free  0i(f7)- 
module  on  the  set  T(U).  For  s € F{U)  we  denote  [s]  the  corresponding  section  of 
02[J-'}  over  U.  If  T is  a sheaf  of  02-modules,  then  there  is  a canonical  map 

c-.02[T\  — ► 7 

which  on  the  presheaf  level  is  given  by  the  rule  ^ fs[s]  ha  )T)  fss.  We  will  employ 
the  short  hand  [s]  ha  s to  describe  this  map  and  similarly  for  other  maps  below. 
Consider  the  map  of  02-modules 

02[02x02]©02[02x02]©02[01]  -a  02[02] 

[(a,  6)]  © [(/,  g))  © [h]  ' — > [a  + b\  - [a]  - [b}  + 

[fg]  -g[f]-  f[g\+ 
Mh)] 

with  short  hand  notation  as  above.  Set  LIq2/q1  equal  to  the  cokernel  of  this  map. 
Then  it  is  clear  that  there  exists  a map  of  sheaves  of  sets 

d : 02  — LIq2/o  1 

mapping  a local  section  / to  the  image  of  [/]  in  Llo2/o1-  By  construction  d is  a 
0i-derivation.  Next,  let  T be  a sheaf  of  02-modules  and  let  D : 02  — )•  T be  a 
0i-derivation.  Then  we  can  consider  the  02-linear  map  02[02]  -A  T which  sends 
[g]  to  D(g).  It  follows  from  the  definition  of  a derivation  that  this  map  annihilates 
sections  in  the  image  of  the  map  (18.32.2.1)  and  hence  defines  a map 


(18.32.2.1) 


Old  '■  > F 

Since  it  is  clear  that  D = old  ° d the  lemma  is  proved. 


□ 


Definition  18.32.3.  Let  C be  a site.  Let  <f>  : 0i  — > 02  be  a homomorphism 
of  sheaves  of  rings.  The  module  of  differentials  of  the  ring  map  (p  is  the  object 
representing  the  functor  T ha  Dero1(02,  J7)  which  exists  by  Lemma  18.32.2  It  is 


denoted  LIq2/q1,  and  the  universal  ip-derivation  is  denoted  d : 02  -A  LIq2/q1. 

Since  this  module  and  the  derivation  form  the  universal  object  representing  a func- 
tor, this  notion  is  clearly  intrinsic  (i.e.,  does  not  depend  on  the  choice  of  the  site 


underlying  the  ringed  topos,  see  Section  18.18).  Note  that  Llo2/01  is  the  cokernel 


of  the  map  ( 18.32.2.1 ) of  02-modules.  Moreover  the  map  d is  described  by  the  rule 


that  df  is  the  image  of  the  local  section  [/]. 

Lemma  18.32.4.  Let  C be  a site.  Let  (p  : 0 1 -A  02  be  a homomorphism  of 
presheaves  of  rings.  Then  Ll0#i0#  is  the  sheaf  associated  to  the  presheaf  U ha 
too2(V)/o1(u)- 


Proof.  Consider  the  map  (18.32.2.1).  There  is  a similar  map  of  presheaves  whose 
value  on  U £ Ob(C)  is 

02  (U)  [02 (U)  X 02 (t/)]  ©02  ( U ) [02  (U)  X 02  (U)}  ©02 (17) [0!  (17)]  -A-  02  ([/)  [02(U)} 
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The  cokernel  of  this  map  has  value  Qo2(u)/Oi(u)  over  U by  the  construction  of 
the  module  of  differentials  in  Algebra,  Definition  |10. 130.2]  On  the  other  hand, 
the  sheaves  in  (18.32.2.1)  are  the  sheahfications  of  the  presheaves  above.  Thus  the 
result  follows  as  sheafification  is  exact.  □ 


Lemma  18.32.5.  Let  f : Sh(T>)  — > Sh(C)  be  a morphism  of  topoi.  Let  ip  : 
O i -A  O 2 be  a homomorphism  of  sheaves  of  rings  on  C.  Then  there  is  a canonical 
identification  f~1Qo2/01  = ^ f~102/ f~101  compatible  with  universal  derivations. 


Proof.  This  holds  because  the  sheaf  CLq2/q2  is  the  cokernel  of  the  map  (18.32.2.1) 
and  a similar  statement  holds  for  Qf-1o2/f~1Oii  because  the  functor  /~x  is  exact, 


and  because  = f-102[f~102f  f~\0 2[02  x 02])  = f-102[f-102  x 

and  f~\02[0i})  = f-102[f~101}.  □ 


Lemma  18.32.6.  LetC  be  a site.  Let  p : O i — * O 2 be  a homomorphism  of  sheaves 
of  rings.  For  any  object  U of  C there  is  a canonical  isomorphism 


^o2/Oilt/  = ft(02\u)/(Oi\u) 
compatible  with  universal  derivations. 

Proof.  This  is  a special  case  of  Lemma  [18.32. 5[  □ 

Lemma  18.32.7.  LetC  be  a site.  Let 

02^0'2 

0i -0i 


be  a commutative  diagram  of  sheaves  of  rings  on  C.  The  map  02  — ► 02  composed 
with  the  map  d : 02  — » is  a 0\- derivation.  Hence  we  obtain  a canonical 

map  of  02-modules  Clo2/Oi  — > Q,q>  jqi  . It  is  uniquely  characterized  by  the  property 
that  d(f)  mapsto  d(ip(f))  for  any  local  section  f of  02.  In  this  way  f l_/w  becomes 
a functor  on  the  category  of  arrows  of  sheaves  of  rings. 


Proof.  This  lemma  proves  itself. 


□ 


Lemma  18.32.8.  In  Lemma 
kernel  X C 02  and  assume  that 


18.32.7 

bi  = o 


suppose  that  02  — >•  02  is  surjective  with 
. Then  there  is  a canonical  exact  sequence 


of  Or2 -modules 


I/X2  — >•  Cl02/0l  0O2  0'2  — > fl 0ij0 1 — > 0 
The  leftmost  map  is  characterized  by  the  rule  that  a local  section  f of  X maps  to 
df  ® 1. 


Proof.  For  a local  section  / of  I denote  / the  image  of  / in  I/I2.  To  show  that 
the  map  / i-A-  df  (g>  1 is  well  defined  we  just  have  to  check  that  d/i/2  <8>  1 = 0 if 
/i>  /2  are  local  sections  of  I.  And  this  is  clear  from  the  Leibniz  rule  d/1/2  <8>  1 = 
(/id/2  + /2d/i)  ® 1 = d/2  ® /1  + d/2  ® /1  = 0.  A similar  computation  show  this 


map  is  Or2  = 02/I-linear.  The  map  on  the  right  is  the  one  from  Lemma  18.32.7 


To  see  that  the  sequence  is  exact,  we  argue  as  follows.  Let  02  C 0'2  be  the  presheaf 
of  CR-algebras  whose  value  on  U is  the  image  of  02(U)  0'2(U).  By  Algebra, 

Lemma  [lO.  130. 9|  the  sequences 

I(U)/X(U)2  — ^o2([/)/Oi(t/)  ®o2{u)  02(^O  — * ^0"(£/)/e>i(uj  — > 0 
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are  exact  for  all  objects  U of  C.  Since  sheafification  is  exact  this  gives  an  ex- 
act sequence  of  sheaves  of  (Oy^-modules.  By  Lemma  18.32.4  and  the  fact  that 
(02  )#  = 02  we  conclude.  □ 


Here  is  a particular  situation  where  derivations  come  up  naturally. 

Lemma  18.32.9.  LetC  be  a site.  Let  p : 0 i — > 02  be  a homomorphism  of  sheaves 
of  rings.  Consider  a short  exact  sequence 

Here  A is  a sheaf  of  0\-algebras,  7r  : A —>  O2  is  a surjection  of  sheaves  of  Oy- 
algebras,  and  J-  = Ker{rr)  is  its  kernel.  Assume  J-  an  ideal  sheaf  with  square  zero 
in  A.  So  J-  has  a natural  structure  of  an  C>2-module.  A section  s : O2  -A  A of  tt 
is  a Oi-algebra  map  such  that  tt  o s = id.  Given  any  section  s : O2  -A  T of  tt  and 
any  p-derivation  D : (D\  — >•  T the  map 

s + D : Oi  -A  A 

is  a section  of  tt  and  every  section  s'  is  of  the  form  s + D for  a unique  p-derivation 

D. 


Proof.  Recall  that  the  02-module  structure  on  T is  given  by  hr  = hr  (multiplica- 
tion in  A)  where  h is  a local  section  of  02,  and  h is  a local  lift  of  h to  a local  section 
of  A,  and  t is  a local  section  of  T . In  particular,  given  s,  we  may  use  h = s(h).  To 
verify  that  s + D is  a homomorphism  of  sheaves  of  rings  we  compute 


(s  + D)(ab) 


s(ab)  + D(ab) 
s(a)s(b)  + aD(b)  + D(a)b 
s(a)s(b)  + s(a)D(b)  + D(a)s(b) 
(s(a)  + D(a))(s(b)  + D(b)) 


by  the  Leibniz  rule.  In  the  same  manner  one  shows  s + D is  a 0i-algebra  map 
because  D is  an  0i-derivation.  Conversely,  given  s'  we  set  D = s'  — s.  Details 
omitted.  □ 


18.32.10.  Let  X = ( Sh(C),G ) and  Y = (, Sh{C'),0 ')  be  ringed  topoi. 

X Y be  a morphism  of  ringed  topoi.  In  this  situation 

(1)  for  a sheaf  T of  0-modules  a Y -derivation  D : 0 — > T is  just  a fi- 
derivation,  and 

(2)  the  sheaf  of  differentials  LLx/y  of  X over  Y is  the  module  of  differentials 
°f  /**  : /~10/  — t 0,  see  Definition 

Thus  LIx/y  comes  equipped  with  a universal  Y -derivation  d x/y  '■  0 — > x/y ■ 
We  sometimes  write  flx/Y  = f2/. 

Recall  that  /*  : f~lO'  ->  0 so  that  this  definition  makes  sense. 

Lemma  18.32.11.  Let  X = ( Sh{Cx),Ox ),  Y = ( Sh{CY),0Y ),  X1  = ( Sh{CX'),Ox >), 
and  Y'  = (SIi(Cy'),  Oy>)  be  ringed  topoi.  Let 


18.32.3 


Definition 

Let  (/,/»): 


X' 


f 


X 


Y' >-  Y 
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be  a commutative  diagram  of  morphisms  of  ringed  topoi.  The  map  f^  : Ox  — t 
f*Ox'  composed  with  the  map  /*dx'/F'  '■  f*Ox'  — > /*H x> /v  a Y -derivation. 

Hence  we  obtain  a canonical  map  of  Ox -'modules  flx/Y  —• * f*^x'/Y'>  and  by  ad- 
jointness of  /*  and  f*  a canonical  Ox'  -module  homomorphism 

cf  '■  f*^x/Y  — * ftx'/Y'- 

It  is  uniquely  characterized  by  the  property  that  f*dx/y(t)  mapsto  dXi /Y'{f*t)  for 
any  local  section  t of  Ox . 

Proof.  This  is  clear  except  for  the  last  assertion.  Let  us  explain  the  meaning  of 
this.  Let  U £ Ob(Cx)  and  let  t £ Ox{U).  This  is  what  it  means  for  t to  be  a local 
section  of  Ox  ■ Now,  we  may  think  of  t as  a map  of  sheaves  of  sets  t : h .fr  — > Ox. 
Then  /_1f  : f~xhfj  -A  f~1Ox.  By  f*t  we  mean  the  composition 


/** 


Note  that  d^ :/y(t)  £ TLx/y{U).  Hence  we  may  think  of  d x/yif)  as  a map  d x/y(t)  ■ 
h*  0.x/y-  Then  f~1dx/Y(t)  : f~1h$  -A  f~1flx/Y-  By  f*dx/Y{t)  we  mean  the 
composition 


/’l'dx/y(0 


f flx/Y 


f*TLx/Y 


OK,  and  now  the  statement  of  the  lemma  means  that  we  have 

cf  ° f*t  = f*dx/Y(t ) 

as  maps  from  f~1hfj  to  flXi/Y'-  We  omit  the  verification  that  this  property  holds 
for  Cf  as  defined  in  the  lemma.  (Hint:  The  first  map  c'f  : Tlx/Y  f*Hx'/Y'  satisfies 
df{dx/Y{t))  = f*dX' /Y'{f^{t))  as  sections  of  f*£lx> /y>  over  {7,  and  you  have  to  turn 
this  into  the  equality  above  by  using  adjunction.)  The  reason  that  this  uniquely 
characterizes  cj  is  that  the  images  of  f*dx/y{t)  generate  the  (D^'-module  f*Hx/Y 
simply  because  the  local  sections  dx/Y(t)  generate  the  Ox-module  ilX/Y-  □ 
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09CQ 

09CR 


In  this  section  we  introduce  differential  operators  of  finite  order.  We  suggest  the 
reader  take  a look  at  the  corresponding  section  in  the  chapter  on  commutative 
algebra  (Algebra,  Section  10.131). 


Definition  18.33.1.  Let  C be  a site.  Let  ip  : 0\  — > O2  be  a homomorphism  of 
sheaves  of  rings.  Let  k > 0 be  an  integer.  Let  J7,  Q be  sheaves  of  02-modules.  A 
differential  operator  D : T — » Q of  order  k is  an  is  an  Oi-linear  map  such  that  for 
all  local  sections  g of  O 2 the  map  s ha  D{gs ) — gD{s)  is  a differential  operator  of 
order  k — 1.  For  the  base  case  k = 0 we  define  a differential  operator  of  oder  0 to 
be  an  02-linear  map. 


If  D : T -A  Q is  a differential  operator  of  order  k.  then  for  all  local  sections  g of 
O2  the  map  gD  is  a differential  operator  of  order  k.  The  sum  of  two  differential 
operators  of  order  k is  another.  Hence  the  set  of  all  these 

vk  i tt  n\  


Difffc(J-,0)=Diff^2/Oi(J-,0) 
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is  a T(C,  02)-module.  We  have 

Diff0  (F,G)  c Diff1  (JT,  Q)  c Diff2  ( J7,  g)  c . . . 

The  rule  which  maps  U £ Ob(C)  to  the  module  of  differential  operators  D : T\u  — > 
G\u  of  order  k is  a sheaf  of  02-modules  on  the  site  C.  Thus  we  obtain  a sheaf  of 
differential  operators  (if  we  ever  need  this  we  will  add  a definition  here). 

09CS  Lemma  18.33.2.  Let  C be  a site.  Let  0\  — > 02  be  a map  of  sheaves  of  rings.  Let 
£,F,G  be  sheaves  of  C>2-modules.  If  D : £ -A  T and  D'  : T -A  G are  differential 
operators  of  order  k and  k' , then  D'  o D is  a differential  operator  of  order  k + k' . 

Proof.  Let  g be  a local  section  of  02.  Then  the  map  which  sends  a local  section 
x of  £ to 

D\D(gx))  - gD\D(x))  = D\D{gx ))  - D'(gD(x ))  + D'(gD(x))  - gD\D(x )) 

is  a sum  of  two  compositions  of  differential  operators  of  lower  order.  Hence  the 
lemma  follows  by  induction  on  k + k! . □ 

09CT  Lemma  18.33.3.  Let  C be  a site.  Let  0\  — > 02  be  a map  of  sheaves  of  rings. 
Let  J-  be  a sheaf  of  O 2-modules.  Let  k > 0.  There  exists  a sheaf  of  O 2-modules 
V*2/0i(T)  and  a canonical  isomorphism 

Differ  Q)  = Hom02  (Vk02/0l  (F),  G) 

functorial  in  the  02-module  Q. 

Proof.  The  existence  follows  from  general  category  theoretic  arguments  (insert 
future  reference  here),  but  we  will  also  give  a direct  construction  as  this  construction 
will  be  useful  in  the  future  proofs.  We  will  freely  use  the  notation  introduced  in 
the  proof  of  Lemma |18.32.2|  Given  any  differential  operator  D : J7  ^ G we  obtain 
an  02-linear  map  Lo  : 02  [-T7]  — >•  G sending  [m]  to  D(m).  If  D has  order  0 then  Ld 
annihilates  the  local  sections 

[m  + m']  - [to]  - [to'],  g0[m]  - [g0m] 

where  go  is  a local  section  of  02  and  to,  to'  are  local  sections  of  T . If  D has  order 
1,  then  Lp  annihilates  the  local  sections 

[to  + to' - [to]  - [to'],  /[to]  -[/to],  gogi[m\  - go[gim\  - gi[gom\  + [gig0m\ 

where  / is  a local  section  of  0 1,  go,5i  are  local  sections  of  02,  and  to,  to'  are  local 
sections  of  J- . If  D has  order  k,  then  Ljj  annihilates  the  local  sections  [to  + to']  — 
[m]  — [to'],  /[to]  — [/to],  and  the  local  sections 

g0gi  ■ ■ ■ gk  [to]  - g0  . . . eg  . ..gk\g%m\  + . . . + (~l)fe+1[ffo  . ..gum] 

Conversely,  if  L : 02  [J7]  —*G  is  an  02-linear  map  annihilating  all  the  local  sections 
listed  in  the  previous  sentence,  then  m fa  L([to])  is  a differential  operator  of  order 
k.  Thus  we  see  that  'Pq2^0i(F)  is  the  quotient  of  02[/7]  by  the  02-submodule 
generated  by  these  local  sections.  □ 

09CU  Definition  18.33.4.  Let  C be  a site.  Let  0\  -A  02  be  a map  of  sheaves  of  rings. 
Let  J7  be  a sheaf  of  02-modules.  The  module  ^eVOi  (J7)  constructed  in  Lemma 
|18.33.3|  is  called  the  module  of  principal  parts  of  order  k of  T . 
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Note  that  the  inclusions 

Diff0  (F,G)  c Diff1  (F,Q)c  Diff2  (F,Q)C... 
correspond  via  Yoneda’s  lemma  (Categories,  Lemma |4. 3.5 ) to  surjections 


02/0 


vk/oM) 


K2ioM)  = f 


Lemma  18.33.5.  Let  C be  a site.  Let  O i — > O2  be  a homomorphism  of  presheaves 
of  rings.  Let  F be  a presheaf  of  O 2-modules.  Then  Vt.#  . #(F&)  is  the  sheaf 

associated  to  the  presheaf  U 1— > Po2(U)/01(u)A(P)) ■ 

Proof.  This  can  be  proved  in  exactly  the  same  way  as  is  done  for  the  sheaf  of 
differentials  in  Lemma  |18.32.4[  Perhaps  a more  pleasing  approach  is  to  use  the 
universal  property  of  Lemma  |18.33.3|  directly  to  see  the  equality.  We  omit  the 
details.  □ 


Lemma  18.33.6.  Let  C be  a site.  Let  0 1 — > O 2 be  a homomorphism  of  presheaves 
of  rings.  Let  F be  a presheaf  of  C>2-modules.  There  is  a canonical  short  exact 
sequence 

0 — > LIq2/q1  (g>e>2  F — > Vq2/q1  (.F)  — ► T — » 0 
functorial  in  T called  the  sequence  of  principal  parts. 


Proof.  Follows  from  the  commutative  algebra  version  (Algebra,  Lemma  10.131.6) 
and  Lemmas  118.32.41  and  118.33.51  □ 

Remark  18.33.7.  Let  C be  a site.  Suppose  given  a commutative  diagram  of 
sheaves  of  rings 

B 


a ZTmodule  F,  a S'-module  F' , and  a £>-linear  map  F — >•  F' . Then  we  get  a 
compatible  system  of  module  maps 


K,An 


■K/AF) 


P2b,aA) 


K/aA) 


K/aA) 


These  maps  are  compatible  with  further  composition  of  maps  of  this  type.  The 
easiest  way  to  see  this  is  to  use  the  description  of  the  modules  V^/A{ -M)  in  terms 
of  (local)  generators  and  relations  in  the  proof  of  Lemma  18.33.3  but  it  can  also  be 


seen  directly  from  the  universal  property  of  these  modules.  Moreover,  these  maps 
are  compatible  with  the  short  exact  sequences  of  Lemma  |18.33.6| 


18.34.  The  naive  cotangent  complex 


This  section  is  the  analogue  of  Algebra,  Section  10.132|and  Modules,  Section  17.25 
We  advise  the  reader  to  read  those  sections  first. 


Let  C be  a site.  Let  A — > B be  a homomorphism  of  sheaves  of  rings  on  C.  In  this 
section,  for  any  sheaf  of  sets  8 on  C we  denote  A[£\  the  sheafification  of  the  presheaf 
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U i-A  A(U)[£(U)\.  Here  A{U)[£(JJ)\  denotes  the  polynomial  algebra  over  A(U) 
whose  variables  correspond  to  the  elements  of  £{U).  We  denote  [e]  G A(U)[£(U)\ 
the  variable  corresponding  to  e € £(U).  There  is  a canonical  surjection  of  ,4- 
algebras 

08TU  (18.34.0.1)  A[B]  — » B,  [b]  i — > b 


whose  kernel  we  denote  I C A\B\.  It  is  a simple  observation  that  I is  generated  by 
the  local  sections  [&][{/]  — \bb']  and  [a]  — a.  According  to  Lemma  18.32.8  there  is  a 
canonical  map 


08TV  (18.34.0.2) 


1/X2  — > £Ia[b]/a  ®m[0]  B 


whose  cokernel  is  canonically  isomorphic  to  fl^/A- 


08TW 


Definition  18.34.1.  Let  C be  a site.  Let  A — > B be  a homomorphism  of  sheaves 
of  rings  onC.  The  naive  cotangent  complex  NL^/a  is  the  chain  complex  (18.34.0.2) 

NLb/a  = (I /I2  — > £Ia[B\/a  ®.A[0]  B) 


18.34.0.2 


with  Z/I2  placed  in  (homological)  degree  1 and  &a[b]/A  ®A[b]  B placed  in  degree 

0. 


This  construction  satisfies  a functoriality  similar  to  that  discussed  in  Lemma  18.32.7 
for  modules  of  differentials.  Namely,  given  a commutative  diagram 


B »-  B' 

A 

08TX  (18.34.1.1) 

A *~A! 

of  sheaves  of  rings  on  C there  is  a canonical  H-linear  map  of  complexes 

NLb/a  — * NLb> /a' 

Namely,  the  maps  in  the  commutative  diagram  give  rise  to  a canonical  map  A[B\  — » 
A'\B']  which  maps  X into  X'  = Ker {A![B'\  — > B').  Thus  a map  I/I2  -A  X' /(X1)2 
and  a map  between  modules  of  differentials,  which  together  give  the  desired  map 
between  the  naive  cotangent  complexes. 

We  can  choose  a different  presentation  of  B as  a quotient  of  a polynomial  algebra 
over  A and  still  obtain  the  same  object  of  D(B).  To  explain  this,  suppose  that  £ 
is  a sheaves  of  sets  on  C and  a : £ — > B a map  of  sheaves  of  sets.  Then  we  obtain 
an  A-algebra  homomorphism  A[£\  — > B.  Assume  this  map  is  surjective,  and  let 
J C A[£\  be  the  kernel.  Set 

NL(a)  = (J/J2  — A &A[£]/A  ®-4[£]  B) 

Here  is  the  result. 

08TY  Lemma  18.34.2.  In  the  situation  above  there  is  a canonical  isomorphism  NL(a)  = 
NLb/a  D(B). 

Proof.  Observe  that  NLq/a  = NL( idg).  Thus  it  suffices  to  show  that  given  two 
maps  cq  : £i  — > B as  above,  there  is  a canonical  quasi-isomorphism  NL(pt\)  = 
NL(a2)  in  D(B).  To  see  this  set  £ = £ i H £2  and  a = ay  H a2  : £ — > B.  Set 
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Ji  = Ker(.4[£j]  — » B)  and  J = Ker(.A[£]  — > B).  We  obtain  maps  A[£j\  -A-  A[£\ 
which  send  J.,  into  J . Thus  we  obtain  canonical  maps  of  complexes 


NL(ai) 


NL(a) 


and  it  suffices  to  show  these  maps  are  quasi-isomorphism.  To  see  this  we  argue 
as  follows.  First,  observe  that  Ho(NL(oti))  = Qb/A  and  H0(NL(a))  = Qb/A  by 
Lemma |18. 32. 8|  hence  the  map  is  an  isomorphism  on  Oth  homology  sheaves.  Simi- 
larly, we  claim  that  Hi{NL{af))  and  H\(NL(a))  are  the  sheaves  associated  to  the 
preslieaf  U H\(Lb{u)/A{u))-  If  the  claim  holds,  then  the  proof  is  finished. 

Proof  of  the  claim.  Let  a : £ -A  B be  as  above.  Let  B'  C B be  the  subpresheaf 
of  .4-algebras  whose  value  on  U is  the  image  of  A(U)[£(U)\  — ► B(U).  Let  X'  be 
the  presheaf  whose  value  on  U is  the  kernel  of  A(U)[£{U)\  -A  B(U).  Then  X is  the 
sheafification  of  X'  and  B is  the  sheafification  of  B' . Similarly,  Hi{NL(a))  is  the 
sheafification  of  the  presheaf 


U 1 — » Ker(I '(U)/X'(U)2  -A  ^a{U)[£{U)]/a(U)  ®A(U)[£(U)]  &'(U)) 

by  Lemma  18.32.4  By  Algebra,  Lemma  |l0.132.2|  we  conclude  H\(NL(a))  is  the 
sheaf  associated  to  the  presheaf  U Hi(Lb>(u)/a(u))-  Thus  we  have  to  show  that 
the  maps  Hi(Lb'(u)/A(u))  —• y Hi(Lb(U)/A(u))  induce  an  isomorphism  H[  — > Hi  of 
sheafifications. 


Injectivity  of  H[  — >•  Hi.  Let  / £ Hi{Lb'(u)/A{u))  maP  to  zero  in  Hi(U).  To  show: 
/ maps  to  zero  in  H[(U).  The  assumption  means  there  is  a covering  {Ui  — ► U} 
such  that  / maps  to  zero  in  H^Lboja / AiuS)  f°r  all  *•  Replace  U by  Ui  to  get  to 


we  can  find  a finitely  generated  subalgebra  B (U)  C B C B(U)  such  that  / maps  to 
zero  in  Hi(Lb/a(u))-  Since  B = (B')&  we  can  find  a covering  {Ui  -A  U}  such  that 
B -A  B(Ui ) factors  through  B'(Ui).  Hence  / maps  to  zero  in  Hi(L,B'(Ui)/A(Ui))  as 
desired. 


the  point  where  / maps  to  zero  in  Hi{Lb(u)/a(u))-  By  Algebra,  Lemma 


10.132.9 


The  surjectivity  of  H\  — » Hi  is  proved  in  exactly  the  same  way.  □ 

08TZ  Lemma  18.34.3.  Let  / : Sh(C)  -A  Sh(T>)  be  morphism  of  topoi.  Let  A — > B be  a 
homomorphism  of  sheaves  of  rings  on  T>.  Then  f NLb/ a = AL /-ig/ f-lA- 
Proof.  Omitted.  Hint:  Use  Lemmari8.32.5l  □ 


The  cotangent  complex  of  a morphism  of  ringed  topoi  is  defined  in  terms  of  the 
cotangent  complex  we  defined  above. 

08U0  Definition  18.34.4.  Let  X = ( Sh(C),0 ) and  Y = ( Sh(C'),0 ')  be  ringed  topoi. 
Let  (/,/*)  : X — > Y be  a morphism  of  ringed  topoi.  The  naive  cotangent  com- 
plex NLf  = NLx/y  of  the  given  morphism  of  ringed  topoi  is  NLox/f- igr.  We 
sometimes  write  NLx/y  = NLqx/qy  . 


18.35.  Stalks  of  modules 


04EM 


We  have  to  be  a bit  careful  when  taking  stalks  at  points,  since  the  colimit  defining 
a stalk  (see  Sites,  Equation  7.31.1.1)  may  not  be  filterecQ  On  the  other  hand,  by 
definition  of  a point  of  a site  the  stalk  functor  is  exact  and  commutes  with  arbitrary 
colimits.  In  other  words,  it  behaves  exactly  as  if  the  colimit  were  filtered. 


3Of  course  in  almost  any  naturally  occurring  case  the  colimit  is  filtered  and  some  of  the 
discussion  in  this  section  may  be  simplified. 
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04EN  Lemma  18.35.1.  Let  C be  a site.  Let  p be  a point  of  C. 

We  have  {P^)p  = Pp  for  any  presheaf  of  sets  on  C. 

The  stalk  functor  Sh(C)  — > Sets,  P \ Pp  is  exact  (see  Categories,  Defini- 
tion f.23.1\)  and  commutes  with  arbitrary  colimits. 

The  stalk  functor  PSh(C)  — > Sets,  P i->  Pp  is  exact  (see  Categories,  Defi- 


(1) 

(2) 


(3) 


nition  f.23.1 ) and  commutes  with  arbitrary  colimits. 


Sets, 


P K > Pp. 


Proof.  By  Sites,  Lemma  7.31.5  we  have  (1).  By  Sites,  Lemmas  7.31.4  we  see  that 
PSh{C)  —>  Sets,  P Pp  is  a left  adjoint,  and  by  Sites,  Lemma  7.31.5  we  see  the 
same  thing  for  PSh(C)  — ► 


Hence  the  stalk  functor  commutes  with 


arbitrary  colimits  (see  Categories,  Lemma  4.24.41.  It  follows  from  the  definition  of 
a point  of  a site,  see  Sites,  Definition 


7.31.2 


that  Sh(C)  -A  Sets,  P \ 


Tv  is  exact. 

Since  sheafification  is  exact  (Sites,  Lemma  7.10.14)  it  follows  that  PSh(C ) Sets, 

P i-a  Pp  is  exact.  □ 


In  particular,  since  the  stalk  functor  P i— > Pp  on  presheaves  commutes  with  all 
finite  limits  and  colimits  we  may  apply  the  reasoning  of  the  proof  of  Sites,  Proposi- 
tion 7.43.3  The  result  of  such  an  argument  is  that  if  J7  is  a (pre)sheaf  of  algebraic 
structures  listed  in  Sites,  Proposition  7.43.3  then  the  stalk  Pp  is  naturally  an  alge- 
braic structure  of  the  same  kind.  Let  us  explain  this  in  detail  when  P is  an  abelian 
presheaf.  In  this  case  the  addition  map  + : P x P — > P induces  a map 


+ : x = (J  x P)p  — ► Pp 

where  the  equal  sign  uses  that  stalk  functor  on  presheaves  of  sets  commutes  with 
finite  limits.  This  defines  a group  structure  on  the  stalk  Pp.  In  this  way  we  obtain 
our  stalk  functor 

PAb(C)  — > Ab,  Pi — » Tp 

By  construction  the  underlying  set  of  Tv  is  the  stalk  of  the  underlying  preslieaf  of 
sets.  This  also  defines  our  stalk  functor  for  sheaves  of  abelian  groups  by  precom- 
posing with  the  inclusion  Ab(C)  C PAb(C). 

04EP  Lemma  18.35.2.  Let  C be  a site.  Let  p be  a point  ofC. 

(1)  The  functor  Ab(C)  -A  Ab,  T >->•  Tp  is  exact. 

(2)  The  stalk  functor  PAb{C ) — > Ab,  J7  Pp  is  exact. 

(3)  For  P € Ob(PAb(C))  we  have  Pp  = P# . 

Proof.  This  is  formal  from  the  results  of  Lemma  fl8. 35. II  and  the  construction  of 
the  stalk  functor  above.  □ 


Next,  we  turn  to  the  case  of  sheaves  of  modules.  Let  ( 0,0 ) be  a ringed  site.  (It 
suffices  for  the  discussion  that  O be  a presheaf  of  rings.)  Let  J7  be  a presheaf  of 
0-modules.  Let  p be  a point  of  C.  In  this  case  we  get  a map 

. : Op  x Op  = (O  x 0)p  — > Op 
which  is  the  stalk  of  the  multiplication  map  and 

• : Op  x Pp  = (O  x P)p  — > Pp 

which  is  the  stalk  of  the  multiplication  map.  We  omit  the  verification  that  this 
defines  a ring  structure  on  Op  and  an  0p-module  structure  on  Pp.  In  this  way  we 
obtain  a functor 

PMod(O)  — > Mod(Op),  Pi — > Pp 
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By  construction  the  underlying  set  of  Tv  is  the  stalk  of  the  underlying  presheaf  of 
sets.  This  also  defines  our  stalk  functor  for  sheaves  of  0-modules  by  precomposing 
with  the  inclusion  Mod(0)  C PMod(0). 

04EQ  Lemma  18.35.3.  Let  (C,  O)  be  a ringed  site.  Let  p be  a point  of  C. 

(1)  The  functor  Mod(<D)  -A  Mod(Op),  T ha  Tp  is  exact. 

(2)  The  stalk  functor  PMod(O)  -A  Mod(Op),  J-  ^ J-p  is  exact. 

(3)  For  F £ Ob (PMod(0))  we  have  Fp  = Ff. 

Proof.  This  is  formal  from  the  results  of  Lemma  [18. 35. 2[  the  construction  of  the 
stalk  functor  above,  and  Lemma[l8.14.1|  □ 

05V5  Lemma  18.35.4.  Let  (/,/**)  : ( Sh(C),Oc ) -A  (Sh(T>),Ox>)  be  a morphism  of 
ringed  topoi  or  ringed  sites.  Let  p be  a point  of  C or  Sh(C)  and  set  g = / op.  Then 

(f*T)p  = Fq  Oc,P 

for  any  Ox> -module  F . 


Proof.  We  have 

rF=rxF®f-l07,  oc 

by  definition.  Since  taking  stalks  at  p (i.e. , applying  p_1)  commutes  with  ® by 
Lemma  18.26.1  we  win  by  the  relation  between  the  stalk  of  pullbacks  at  p and 
stalks  at  q explained  in  Sites,  Lemma  7.33.1  or  Sites,  Lemma  7.33.2  □ 


18.36.  Skyscraper  sheaves 


05V6 


Let  p be  a point  of  a site  Cora  topos  Sh(C).  In  this  section  we  study  the  exactness 
properties  of  the  functor  which  associates  to  an  abelian  group  A the  skyscraper 
sheaf  p*  A.  First,  recall  that  p*  : Sets  -A  Sh(C ) has  a lot  of  exactness  properties,  see 


Sites,  Lemmas  7.31.9  and  7.31.10 


05V7  Lemma  18.36.1.  Let  C be  a site.  Let  p be  a point  of  C or  of  its  associated  topos. 

(1)  The  functor  pa  : Ab  -a  Ab(C),  A ha  p*H  is  exact. 

(2)  There  is  a functorial  direct  sum  decomposition 

p~lp*A  = A®  1(A) 

for  A £ Ob(Ab). 


Proof.  By  Sites,  Lemma  7.31.9  there  are  functorial  maps  A — > p 1p*A  -A  A whose 


composition  equals  id_A-  Hence  a functorial  direct  sum  decomposition  as  in  (2)  with 
1(A)  the  kernel  of  the  adjunction  map  p~1pifA  -A  A.  The  functor  p*  is  left  exact 
by  Lemma  18.14. 3|  The  functor  p*  transforms  surjections  into  surjections  by  Sites, 
Lemma  7.31.10  Hence  (1)  holds.  □ 


To  do  the  same  thing  for  sheaves  of  modules,  suppose  given  a point  p of  a ringed 
topos  ( Sh(C),0 ).  Recall  that  p-1  is  just  the  stalk  functor.  Hence  we  can  think  of 
p as  a morphism  of  ringed  topoi 

(P, idop)  : (Sh(pt),Op)  — ► (Sh(C),(D). 

Thus  we  get  a pullback  functor  p*  : Mod(0)  -A  Mod(Op)  which  equals  the  stalk 
functor,  and  which  we  discussed  in  Lemma|l8.35.3|  In  this  section  we  consider  the 
functor  p*  : Mod(Op)  -A  Mod(0). 
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05V8 


05V9 


070Z 

0710 


0711 


05VA 


Lemma  18.36.2.  Let  ( Sh(C),0 ) be  a ringed  topos.  Let  p be  a point  of  the  topos 
Sh(C). 

(1)  The  functor  p*  : Mod(Op ) —¥  Mod(0),  M H > p*M  is  exact. 

(2)  There  is  a functorial  direct  sum  decomposition  of  Op-modules 

p~lp*M  = M © I{M ) 

for  M a Op-module. 

Proof.  This  follows  immediately  from  the  corresponding  result  for  abelian  sheaves 
in  Lemma  TlS. 36. 11  □ 

Example  18.36.3.  Let  G be  a group.  Consider  the  site  To  and  its  point  p , 
see  Sites,  Example  |7.32.6|  Let  R be  a ring  with  a G-action  which  corresponds 
to  a sheaf  of  rings  O on  To-  Then  Op  = R where  we  forget  the  G-action.  In 
this  case  p~1p*M  = Map (G,  M)  and  J(M)  = {/  : G — » M | /(1g)  = 0}  and 
M — >■  Map(G,  M)  assigns  to  to  £ M the  constant  function  with  value  to. 

18.37.  Localization  and  points 


Lemma  18.37.1.  Let  ( C,0 ) be  a ringed  site.  Let  p be  a point  of  C.  Let  U be  an 
object  of'C.  For  Q in  Mod(Ou)  we  have 

(. ju\Q)P  = Sq 

where  the  coproduct  is  over  the  points  q ofC/U  lying  over  p,  see  Sites,  Lemma 

m 


Proof.  We  use  the  description  of  ju\Q  as  the  sheaf  associated  to  the  presheaf 
v ©^Mor C(V,U)  &(v/<pU)  of  Lemma 


18.19.2 

TSM 


to  the  stalk  of  this  presheaf,  see  Lemma 

corresponding  to  p (see  Sites,  Section  |7.;ii|~  Hence  we  see  that 

(. ju\G)P  = colim^y)  ®v:V^UG{y/*U) 


The  stalk  of  ju\Q  at  p is  equal 
Let  u : C — > Sets  be  the  functor 


where  the  colimit  is  taken  in  the  category  of  abelian  groups.  To  a quadruple 
(V,y,ip,s)  occurring  in  this  colimit,  we  can  assign  x = u(ip)(y)  £ u{U).  Hence 
we  obtain 


(. ju\Q)P  = (J) 


■eu(u) 


Colim (cp:V—>U,y),  u(<p)(y)=x  G(V/ 


This  is  equal  to  the  expression  of  the  lemma  by  the  description  of  the  points  q lying 
over  x in  Sites,  Lemma  [7. 34. 2|  □ 

Remark  18.37.2.  Warning:  The  result  of  Lemma  18.37.1 


has  no  analogue  for 


Ju,*- 


18.38.  Pullbacks  of  flat  modules 

The  pullback  of  a flat  module  along  a morphism  of  ringed  topoi  is  flat.  This  is 
quite  tricky  to  prove,  except  when  there  are  enough  points.  Here  we  prove  it  only 
in  this  case  and  we  will  add  the  general  case  if  we  ever  need  it. 

Lemma  18.38.1.  Let  (0,0)  be  a ringed  site.  Let  p be  a point  ofC.  If  J-  is  a flat 
O -module,  then  Tp  is  a flat  Op-module. 


05VB 
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05VC 


05VD 


Proof.  Let  M be  an  0p-module.  Then 

( P*M  ®0  T)p  = p_1(p*M  ®0  T) 

= p~1pirM  ®0p  Tp 
= M <8>op  Fp  © I(M)  ©op  Fp 

where  we  have  used  the  description  of  the  stalk  functor  as  a pullback,  Lemma 
|18.26.1[  and  Lemma |18.36.2|  Since  p*  is  exact  by  Lemma |18.36.2[  it  is  clear  that  if 
T is  flat,  then  also  the  functor  M i— >■  M ®op  is  exact,  i.e.,  Tv  is  flat.  □ 


Lemma  18.38.2.  Let  {0,0)  be  a ringed  site.  Let  T be  a sheaf  of  O -modules.  Let 
{Pi\i£i  be  a conservative  family  of  points  of  C.  Then  T is  flat  if  and  only  if  TPi  is 
a flat  0Pi  -module  for  all  i £ I . 


Proof.  By  Lemma  |18.38.1|  we  see  one  of  the  implications.  For  the  converse,  use 
that  {F  ®o  Q)p  = FP  ®op  Gp  by  Lemma  18.26.1  (as  taking  stalks  at  p is  given  by 
and  Lemma 


P 


18.14.4 


□ 


Lemma  18.38.3.  Let  (/,/•*)  : ( Sh{C),Oc ) ( Sh{V),Ox> ) be  a morphism  of 

ringed  topoi  or  ringed  sites.  Assume  C has  enough  pomf.Q  Then  f*T  is  a flat 
Oc  -module  whenever  T is  a flat  Ox> -module. 


Proof.  Let  p be  a point  of  C and  set  q = / o p.  Then 

{f*T)p  = Tq  ®o„„  Oc,p 

Hence  if  T is  flat,  then  J-q  is  a flat  0x>,q"module  by  Lemma 


by  Lemma  18.35.4 


18.38.1  and  hence  by  Algebra,  Lemma  10.38.7  we  see  that  {f*T)p  is  a flat  Oc,f 


module.  This  implies  that  f*T  is  a flat  0c-module  by  Lemma [18.38.2 


□ 


18.39.  Locally  ringed  topoi 

04ER  A reference  for  this  section  is  |AGV711  Expose  IV,  Exercice  13.9]. 

04ES  Lemma  18.39.1.  Let  ( 0,0 ) be  a ringed  site.  The  following  are  equivalent 

(1)  For  every  object  U of  0 and  f £ 0(U)  there  exists  a covering  {Uj  A 11} 
such  that  for  each  j either  f\u,  is  invertible  or  (1  — f)\uj  invertible. 

(2)  For  every  object  U of  0 and  fi,...,fn  € 0(U)  which  generate  the  unit 
ideal  in  0{U ) there  exists  a covering  {Uj  -I  P}  such  that  for  each  j there 
exists  an  i such  that  fi\u-  Is  invertible. 

(3)  The  map  of  sheaves  of  sets 

(O  x 0)11(0  x O)  — >0x0 

which  maps  (/,  a)  in  the  first  component  to  (/,  af ) and  (/,  b ) in  the  second 
component  to  {f,b{  1 — /))  is  surjective. 

Proof.  It  is  clear  that  (2)  implies  (1).  To  show  that  (1)  implies  (2)  we  argue  by 
induction  on  n.  The  first  case  is  n = 2 (since  n = 1 is  trivial).  In  this  case  we  have 
ai/i  + 02/2  = 1 for  some  01,02  G 0{U).  By  assumption  we  can  find  a covering 
{Uj  —>  U}  such  that  for  each  j either  aifi\uj  is  invertible  or  a^filuj  is  invertible. 
Hence  either  fi  \ j,  is  invertible  or  f?  \ Uj  is  invertible  as  desired.  For  n > 2 we  have 
a\fi  + ■ ■ ■ + anfn  = 1 for  some  ai, . . . , an  £ 0(U).  By  the  case  n = 2 we  see  that 
we  have  some  covering  {Uj  —>  U}j&j  such  that  for  each  j either  fn\u  is  invertible 


4 


This  assumption  is  not  necessary,  see  introduction  to  this  section. 
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or  ai/i  + . . . + (in—\  fn-i  \u:j  is  invertible.  Say  the  first  case  happens  for  j £ Jn. 
Set  J'  = J \ Jn.  By  induction  hypothesis,  for  each  j £ J'  we  can  find  a covering 
{Ujk  — > U j }k£Kj  such  that  for  each  k £ Kj  there  exists  an  i £ {l,...,n  — 1} 
such  that  fi\ujk  is  invertible.  By  the  axioms  of  a site  the  family  of  morphisms 
{Uj  ->  U}jejn  U { Ujk  ->  U}j£j k^Kj  is  a covering  which  has  the  desired  property. 

Assume  (1).  To  see  that  the  map  in  (3)  is  surjective,  let  (/,  c)  be  a section  of  OxO 
over  U.  By  assumption  there  exists  a covering  {Uj  —X  17}  such  that  for  each  j 
either  / or  1 — / restricts  to  an  invertible  section.  In  the  first  case  we  can  take 
a = c|i/j(/|i/j)_1,  and  in  the  second  case  we  can  take  b = c|t^(l  — / 1 c/^ ) — 1 - Hence 
(/,  c)  is  in  the  image  of  the  map  on  each  of  the  members.  Conversely,  assume  (3) 
holds.  For  any  U and  / € 0(U ) there  exists  a covering  {Uj  -A-  17}  of  U such  that 
the  section  (/,  1)|[/  is  in  the  image  of  the  map  in  (3)  on  sections  over  Uj.  This 
means  precisely  that  either  / or  1 — / restricts  to  an  invertible  section  over  Uj , and 
we  see  that  (1)  holds.  □ 

04ET  Lemma  18.39.2.  Let  (C,  O)  be  a ringed  site.  Consider  the  following  conditions 

(1)  For  every  object  U of  C and  f £ 0{U)  there  exists  a covering  {Uj  — > U} 
such  that  for  each  j either  f\jj.  is  invertible  or  (1  — f)\uj  invertible. 

(2)  For  every  point  p of  C the  stalk  Op  is  either  the  zero  ring  or  a local  ring. 
We  always  have  (1)  =>  (2).  If  C has  enough  points  then  (1)  and  (2)  are  equivalent. 


Proof.  Assume  (1).  Let  p be  a point  of  C given  by  a functor  u : C — X Sets.  Let 
fp  £ Op.  Since  Op  is  computed  by  Sites,  Equation  (7.31.1.1)  we  may  represent  fp 
by  a triple  ( U,x,f ) where  x £ 17(17)  and  / £ 0(JJ).  By  assumption  there  exists  a 
covering  {Ui  —X  17}  such  that  for  each  i either  / or  1 — / is  invertible  on  U.  Because 
u defines  a point  of  the  site  we  see  that  for  some  i there  exists  an  Xi  £ u(Ui)  which 
maps  to  x £ u(U).  By  the  discussion  surrounding  Sites,  Equation  (7.31.1.1 1 we  see 
that  ( U,x,f ) and  (Ui,Xi,  f\uj)  define  the  same  element  of  Op.  Hence  we  conclude 
that  either  fp  or  1 — fp  is  invertible.  Thus  Op  is  a ring  such  that  for  every  element 
a either  a or  1 — a is  invertible.  This  means  that  Op  is  either  zero  or  a local  ring, 
see  Algebra,  Lemma[l0.17.2| 


Assume  (2)  and  assume  that  C has  enough  points.  Consider  the  map  of  sheaves  of 
sets 

OxOUOxO  — >0x0 


of  Lemma  18.39.1  part  (3).  For  any  local  ring  R the  corresponding  map  (R  x R)  H 
(7?  x R)  —>  R x R is  surjective,  see  for  example  Algebra,  Lemma  10.17.2  Since  each 
Op  is  a local  ring  or  zero  the  map  is  surjective  on  stalks.  Hence,  by  our  assumption 
that  C has  enough  points  it  is  surjective  and  we  win.  □ 


In  Modules,  Section  17.2  we  pointed  out  how  in  a ringed  space  (X,Ox)  there  can 
be  an  open  subspace  over  which  the  structure  sheaf  is  zero.  To  prevent  this  we  can 
require  the  sections  1 and  0 to  have  different  values  in  every  stalk  of  the  space  X. 
In  the  setting  of  ringed  topoi  and  ringed  sites  the  condition  is  that 

0# 


05D7  (18.39.2.1) 


Equalizer(0, 1 : * — > O) 


is  an  isomorphism  of  sheaves.  Here  * is  the  singleton  sheaf,  resp.  0#  is  the  “empty 
sheaf”,  i.e. , the  final,  resp.  initial  object  in  the  category  of  sheaves,  see  Sites,  Ex- 
ample |7.10.2[  resp.  Section  |7.41|  In  other  words,  the  condition  is  that  whenever 
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U £ Ob (C)  is  not  sheaf  theoretically  empty,  then  1,0  £ 0(U)  are  not  equal.  Let  us 
state  the  obligatory  lemma. 


05D8 


Lemma  18.39.3.  Let  { C , O ) be  a ringed  site.  Consider  the  statements 

(1)  \18.39.2A ) is  an  isomorphism,  and 

(2)  for  every  point  p of  C the  stalk  Op  is  not  the  zero  ring. 

We  always  have  (1)  =>  (2)  and  if  C has  enough  points  then  (1)  <t=>  (2). 


Proof.  Omitted. 


□ 


04EU 


04H7 


Lemmas  18.39.1  18.39.2[  and  |18. 39. 3| motivate  the  following  definition. 


Definition  18.39.4.  A ringed  site  (C,  O)  is  said  to  be  locally  ringed  site  if  ( 18.39.2.1 1 
is  an  isomorphism,  and  the  equivalent  properties  of  Lemma|l8.39.1|are  satisfied. 


In  (AGV711  Expose  IV,  Exercice  13.9]  the  condition  that  (18.39.2.1)  be  an  isomor- 
phism is  missing  leading  to  a slightly  different  notion  of  a locally  ringed  site  and 
locally  ringed  topos.  As  we  are  motivated  by  the  notion  of  a locally  ringed  space 
we  decided  to  add  this  condition  (see  explanation  above). 


Lemma  18.39.5.  Being  a locally  ringed  site  is  an  intrinsic  property.  More  pre- 
cisely, 

(1)  if  f : Sh(C')  — > Sh(C)  is  a morphism  of  topoi  and  ( 0,0 ) is  a locally  ringed 
site,  then  (C',f~10)  is  a locally  ringed  site,  and 

(2)  if  (/,/**)  : (Sh(C),  O’)  — > ( Sh(C),0 ) is  an  equivalence  of  ringed  topoi, 
then  ( 0,0 ) is  locally  ringed  if  and  only  if  (C',Or)  is  locally  ringed. 


Proof.  It  is  clear  that  (2)  follows  from  (1).  To  prove  (1)  note  that  as  /-1  is  exact 
we  have  /-1*  = *,  /_10#  = 0#,  and  /-1  commutes  with  products,  equalizers  and 
transforms  isomorphisms  and  surjections  into  isomorphisms  and  surjections.  Thus 
/-1  transforms  the  isomorphism  (18.39.2.1)  into  its  analogue  for  f~1(D  and  trans- 


forms the  surjection  of  Lemma  18.39.1  part  (3)  into  the  corresponding  surjection 
for  f~xO.  ' ' □ 


In  fact  Lemma  18.39.5  part  (2)  is  the  analogue  of  Schemes,  Lemma  25.2.2  It 


assures  us  that  the  following  definition  makes  sense. 

04H8  Definition  18.39.6.  A ringed  topos  ( Sh(C),(D ) is  said  to  be  locally  ringed  if  the 
underlying  ringed  site  (C,  O)  is  locally  ringed. 


Here  is  an  example  of  a consequence  of  being  locally  ringed. 

0B8Q  Lemma  18.39.7.  Let  ( Sh(C),0 ) be  a ringed  topos.  Any  locally  free  O-module  of 
rank  1 is  invertible.  If  (0,0)  is  locally  ringed,  then  the  converse  holds  as  well  (but 
in  general  this  is  not  the  case). 

Proof.  Assume  C is  locally  free  of  rank  1 and  consider  the  evaluation  map 

C ®o  Homo  {C,  O ) — > O 

Given  any  object  U of  C and  restricting  to  the  members  of  a covering  trivializing 
C , we  see  that  this  map  is  an  isomorphism  (details  omitted).  Hence  C is  invertible 
by  Lemma[l8.31.2| 

Assume  ( Sh{C),0 ) is  locally  ringed.  Let  U be  an  object  of  C.  In  the  proof  of 
Lemma  |l8.31.2|  we  have  seen  that  there  exists  a covering  {Ui  -A  U}  such  that 
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C\ c/Ui  is  a direct  summand  of  a finite  free  Ojji -module.  After  replacing  U by  Ui , 
let  p : Oyr  -A  0®r  be  a projector  whose  image  is  isomorphic  to  C\ c/u-  Then  p 
corresponds  to  a matrix 

P = ( pij ) £ Mat(r  x r,0(U )) 

which  is  a projector:  P2  = P.  Set  A = 0(U)  so  that  P £ Mat(r  x r,  A).  By 
Algebra,  Lemma  |10.77.2|  the  image  of  P is  a finite  locally  free  module  M over  A. 
Hence  there  are  /i, . . . , ft  £ A generating  the  unit  ideal,  such  that  Mfi  is  finite  free. 
By  Lemma |18. 39. 1|  after  replacing  U by  the  members  of  an  open  covering,  we  may 
assume  that  M is  free.  This  means  that  C\u  is  free  (details  omitted).  Of  course, 
since  C is  invertible,  this  is  only  possible  if  the  rank  of  C\jj  is  1 and  the  proof  is 
complete.  □ 

Next,  we  want  to  work  out  what  it  means  to  have  a morphism  of  locally  ringed 
spaces.  In  order  to  do  this  we  have  the  following  lemma. 

04H9  Lemma  18.39.8.  Let  (/,/**)  : ( Sh(C),Oc ) — > {Sh(T>),OT>)  be  a morphism  of 
ringed  topoi.  Consider  the  following  conditions 

(1)  The  diagram  of  sheaves 

f-\Vv)^o*c 

T ft 

f~x(Pv)  — — ^ Oc 

is  cartesian. 

(2)  For  any  point  p of  C,  setting  q = f op,  the  diagram 


Ox>,q  >-  Oc,p 

of  sets  is  cartesian. 

We  always  have  (1)  =>  (2).  If  C has  enough  points  then  (1)  and  (2)  are  equivalent. 
If  (Sh(C),Oc)  and  ( Sh(T>),Ox> ) are  locally  ringed  topoi  then  (2)  is  equivalent  to 

(3)  For  any  point  p of  C,  setting  g = / op,  the  ring  map  Ox>,q  Oc,P  is  a 
local  ring  map. 

In  fact,  properties  (2),  or  (3)  for  a conservative  family  of  points  implies  (1). 

Proof.  This  lemma  proves  itself,  in  other  words,  it  follows  by  unwinding  the  defi- 
nitions. □ 

04HA  Definition  18.39.9.  Let  (/,/**)  : ( Sh(C),Oc ) — > ( Sh(V),Ox> ) be  a morphism  of 
ringed  topoi.  Assume  ( Sh(C),Oc ) and  (Sh(V),0-D)  are  locally  ringed  topoi.  We 
say  that  (/,  /**)  is  a morphism  of  locally  ringed  topoi  if  and  only  if  the  diagram  of 
sheaves 


0*v)^0*c 

f-H 

Ov)  Oc 
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(see  Lemma  18.39.8)  is  cartesian.  If  (/,/**)  is  a morphism  of  ringed  sites,  then  we 
say  that  it  is  a morphism  of  locally  ringed  sites  if  the  associated  morphism  of  ringed 
topoi  is  a morphism  of  locally  ringed  topoi. 


It  is  clear  that  an  isomorphism  of  ringed  topoi  between  locally  ringed  topoi  is 
automatically  an  isomorphism  of  locally  ringed  topoi. 


04IG  Lemma  18.39.10.  Let  (/,/#)  : [Sh(C i),0i)  -¥  ( Sh(C2),02 ) and(g,g #)  : (Sh{C2),02)  -»■ 
(Sh{Cz),Of)  he  morphisms  of  locally  ringed  topoi.  Then  the  composition  ( g,g **)  o 
(/,/»)  (see  Definition  \ 1 8. 7. 1\)  is  also  a morphism  of  locally  ringed  topoi. 


Proof.  Omitted. 


□ 


04KR  Lemma  18.39.11.  If  f : Sh(C')  — > Sh(C)  is  a morphism  of  topoi.  If  O is  a sheaf 
of  lings  on  C,  then 

r\o*)  = (rio)*. 

In  particular,  if  O turns  C into  a locally  ringed  site,  then  setting  f $ = id  the 
morphism  of  ringed  topoi 

(/,/#)  :(Sh(C'),r10)^(Sh(C,0) 

is  a morphism  of  locally  ringed  topoi. 


Proof.  Note  that  the  diagram 


O* 


w—t(u,u  x) 

OxO 


(a,b)i— 


1 

o 


is  cartesian.  Since  / 1 is  exact  we  conclude  that 


ut— >(u,u  1) 

V 

f~lO  x f~lO 


{a,b)\-^ab 


1 


I 

f-xo 


is  cartesian  which  implies  the  first  assertion.  For  the  second,  note  that  ( C',f~10 ) 
is  a locally  ringed  site  by  Lemma  [18.39.5|  so  that  the  assertion  makes  sense.  Now 
the  first  part  implies  that  the  morphism  is  a morphism  of  locally  ringed  topoi.  □ 

04IH 

(1)  Let  ( 0,0 ) be  a locally  ringed  site.  Let  U be  an  object  ofC.  Then  the  local- 
ization (C/U,  Ou)  is  a locally  ringed  site,  and  the  localization  morphism 

UuJu)  ■ ( Sh(C/U),Ou ) -a  (Sh(C),0) 
is  a morphism  of  locally  ringed  topoi. 

(2)  Let  ( C,0 ) be  a locally  ringed  site.  Let  f : V — >•  U be  a morphism  of  C. 
Then  the  morphism 

(j,j#)  : (Sh(C/V),  Ov)  -A  (Sh(C/U),Ou) 
of  Lemma  \ 18.1 9~j\  is  a morphism  of  locally  ringed  topoi. 


Lemma  18.39.12.  Localization  of  locally  ringed  sites  and  topoi. 
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(3)  Let  (/,/**)  : (C,0)  — > ( V}0 ')  be  a morphism  of  locally  ringed  sites  where 
f is  given  by  the  continuous  functor  u : V — ► C.  Let  V be  an  object  of  T> 
and  let  U = u{V).  Then  the  morphism 

(/',(/')*)  : ( Sh(C/U),Ov ) -»■  ( Sh{V/V),0’v ) 

of  Lemma \18.20.1\  is  a morphism  of  locally  ringed  sites. 

(4)  Let  (/,/**)  : (C,0)  — > (V,0')  be  a morphism  of  locally  ringed  sites  where 
f is  given  by  the  continuous  functor  u : T>  — * C.  Let  V £ ObffD),  U £ 
Ob(C),  and  c : U — > u(V).  Then  the  morphism 

(/c,(/c)')  : ( Sh(C/U),Ou ) (, Sh(V/V),0'v ) 

of  Lemma  \ 18. 2(L. H is  a morphism  of  locally  ringed  topoi. 

(5)  Let  ( Sh(C),0 ) be  a locally  ringed  topos.  Let  T be  a sheaf  on  C.  Then  the 
localization  ( Sh(C)/J-,Ojr ) is  a locally  ringed  topos  and  the  localization 
morphism 

UrM  ■ (Sh(C)/T,Or)  ->•  (Sh(C),0) 


is  a morphism  of  locally  ringed  topoi. 

(6)  Let  ( Sh(C),0 ) be  a locally  ringed  topos.  Let  s : Q — >•  J7  be  a map  of  sheaves 
on  C . Then  the  morphism 

tiJ)  ■■  (Sh(C)/g,os)  — > (Sh(c)/r,Or) 

of  Lemma  \ 1 8. 21~f  | is  a morphism  of  locally  ringed  topoi. 

(7)  Let  f : ( Sh(C),0 ) — > ( Sh(V),Or ) be  a morphism  of  locally  ringed  topoi. 
Let  Q be  a sheaf  on  T> . Set  T = f~1g . Then  the  morphism 

(/',  (/')“)  : (Sh(C)/F,Or)  — ► (Sh(D)/g,Og) 

of  Lemma  \18.22.1\  is  a morphism  of  locally  ringed  topoi. 

(8)  Let  f : ( Sh(C),0 ) — > ( Sh(fD),0 ')  be  a morphism  of  locally  ringed  topoi. 
Let  g be  a sheaf  on  V,  let  T be  a sheaf  on  C,  and  let  s : T — > f~lg  be  a 
morphism  of  sheaves.  Then  the  morphism 

(/s,(/s)#)  = mC)/?,Or)  — ► (Sh(V)/g,<D'g) 

of  Lemma  \18.22.1f[is  a morphism  of  locally  ringed  topoi. 


Proof.  Part  (1)  is  clear  since  Ojj  is  just  the  restriction  of  O , so  Lemmas  18.39.5  and 
18.39.11  apply.  Part  (2)  is  clear  as  the  morphism  (j,  j*)  is  actually  a localization 
of  a locally  ringed  site  so  (1)  applies.  Part  (3)  is  clear  also  since  (f)^  is  just 
the  restriction  of  /**  to  the  topos  Sli(C)/J-,  see  proof  of  Lemma  18.22.1  (hence 
the  diagram  of  Definition  18.39.9|  for  the  morphism  /'  is  just  the  restriction  of 
the  corresponding  diagram  for  /,  and  restriction  is  an  exact  functor).  Part  (4) 
follows  formally  on  combining  (2)  and  (3).  Parts  (5),  (6),  (7),  and  (8)  follow 
from  their  counterparts  (1),  (2),  (3),  and  (4)  by  enlarging  the  sites  as  in  Lemma 
|18.7.2| and  translating  everything  in  terms  of  sites  and  morphisms  of  sites  using  the 
comparisons  of  Lemmas  18.21.3  18.21.5|  18.22.2|  and  18.22.4  (Alternatively  one 
could  use  the  same  arguments  as  in  the  proofs  of  (1),  (2),  (3),  and  (4)  to  prove  (5), 
(6),  (7),  and  (8)  directly.)  □ 
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18.40.  Lower  shriek  for  modules 


In  this  section  we  extend  the  construction  of  g\  discussed  in  Section  |18.16|  to  the 
case  of  sheaves  of  modules. 

Lemma  18.40.1.  Let  u : C —¥  T>  be  a continuous  and  cocontinuous  functor  between 
sites.  Denote  g : Sh{C ) — > Sh(Ox>)  the  associated  morphism  of  topoi.  Let  Ox>  be 
a sheaf  of  rings  on  V.  Set  Oc  = g~1Ox>  ■ Hence  g becomes  a morphism  of  ringed 
topoi  with  g*  = g~l . In  this  case  there  exists  a functor 

g\  : Mod(Oc)  — t Mod(Ox>) 

which  is  left  adjoint  to  g* . 

Proof.  Let  U be  an  object  of  C.  For  any  Op-module  Q we  have 
Hom  oc(ju\Ou,g~1G)  =g~lQ(U) 

= G(u(U)) 

= Hornet  (ju(u)\Ou(u)  5 G) 

because  g~l  is  described  by  restriction,  see  Sites,  Lemma  7.20.5  Of  course  a similar 


formula  holds  a direct  sum  of  modules  of  the  form  ju\Ou-  By  Homology,  Lemma 
12.25.6  and  Lemma [18.28. 6|  we  see  that  g\  exists. 


□ 


Remark  18.40.2.  Warning!  Let  u : C — >■  T>,  g,  Op,  and  Oc  be  as  in  Lemma 
|18.40.1[  In  general  it  is  not  the  case  that  the  diagram 

Mod(Oc) >-  Mod(Op) 


forget 

' 

Ab(C) 


forget 

Ab(T>) 


commutes  (here  gfb  is  the  one  from  Lemma  18.16.2).  There  is  a transformation  of 
functors 

gfb  o forget  — > forget  o g\ 

From  the  proof  of  Lemma  |18.40.1|  we  see  that  this  is  an  isomorphism  if  and  only 
if  g^hju'.Ou  y 9\ju\®u  is  an  isomorphism  for  all  objects  U of  C.  Since  we  have 
g\ju\Ou  = ju{uyPu(u)  this  holds  if  and  only  if 

g^bju\Ou  — t ju{uyPu{u ) 

is  an  isomorphism  for  all  objects  U of  C.  Note  that  for  such  a U we  obtain  a 
commutative  diagram 

C/U — y^V/uiU) 


V 

c 


■V 


of  cocontinuous  functors  of  sites,  see  Sites,  Lemma  7.27.4  and  therefore  g^bju\  = 
ju(uy.{g')fb  where  g ' : Sh(C/U)  — >•  Sh(T>/u{U))  is  the  morphism  of  topoi  induced 
by  the  cocontinuous  functor  u' . Hence  we  see  that  g\  = g^b  if  the  canonical  map 

(18.40.2.1)  (g')fbOu 

is  an  isomorphism  for  all  objects  U of  C. 


O 


u(U) 
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18.41.  Constant  sheaves 


0931  Let  E be  a set  and  let  C be  a site.  We  will  denote  E the  constant  sheaf  with  value 
E on  C.  If  E is  an  abelian  group,  ring,  module,  etc,  then  E is  a sheaf  of  abelian 
groups,  rings,  modules,  etc. 

093 J Lemma  18.41.1.  Let  C be  a site.  //0-aA— j-.B-AC-AOisa  short  exact 
sequence  of  abelian  groups,  then  0— > A — > B_  — > C_  — > 0 is  an  exact  sequence  of 
abelian  sheaves  and  in  fact  it  is  even  exact  as  a sequence  of  abelian  presheaves. 


Proof.  Since  sheafification  is  exact  it  is  clear  that  0— > A — > 13  — > C — >■  0 is  an 
exact  sequence  of  abelian  sheaves.  Thus  0— > A— > B_— C is  an  exact  sequence  of 
abelian  presheaves.  To  see  that  B — > C_  is  surjective,  pick  a set  theoretical  section 
s : C — y B.  This  induces  a section  s : C — > 13  of  sheaves  of  sets  left  inverse  to  the 
surjection  B_—>C.  □ 


093K  Lemma  18.41.2.  LetC  be  a site.  Let  A be  a ring  and  let  M and  Q be  A-modules. 
If  Q is  a finitely  presented  A-module,  then  we  have  M Q{U)  = M(U)  ®a  Q for 
allUeOb(C). 


Proof.  Choose  a presentation  A®m  — > A®n 
quence  M®m  -A  M®n  -A  M <g>  Q -A  0.  By 


-A  Q -A  0.  This  gives  an  exact  se- 
Lemma  18.41.1  we  obtain  an  exact 


sequence 

M(U)®m  -A  M(U)®n  M g)  Q(U)  -A  0 


which  proves  the  lemma.  (Note  that  taking  sections  over  U always  commutes  with 
finite  direct  sums,  but  not  arbitrary  direct  sums.)  □ 


093L  Lemma  18.41.3.  Let  C be  a site.  Let  A be  a coherent  ring.  Let  M be  a flat 
A-module.  For  U € Ob(C)  the  module  M(U)  is  a flat  A-module. 


Proof.  Let  / C A be  a finitely  generated  ideal.  By  Algebra,  Lemma  |10.38.5|  it 
suffices  to  show  that  M(U)  I -A  M(U ) is  injective.  As  A is  coherent  I is  finitely 

we  see  that  M_(U)®I  = M 


18.41.2 


presented  as  a A-module.  By  Lemma 
M is  flat  the  map  M ® I -A  M is  injective,  whence  M < 


M is  injective. 


/.  Since 

□ 


093M  Lemma  18.41.4.  Let  C be  a site.  Let  A be  a Noetherian  ring.  Let  I C A be  an 
ideal.  The  sheaf  AA  = limA/J"  is  a flat  A-algebra.  Moreover  we  have  canonical 
identifications 

A/ 1 A = A/I  = Aa//Aa  = AA//  • Aa  = A A//A  = A/ 1 
where  /A  = lim  ///". 


Proof.  To  prove  AA  is  flat,  it  suffices  to  show  that  AA(U)  is  flat  as  a A-module  for 
each  U £ Ob(C),  see  Lemmas  18.28.2  and  18.28.3  By  Lemma  18.41.3  we  see  that 

A A(U)  = lim  A /In(U) 


is  a limit  of  a system  of  flat  A//”-modules.  By  Lemma  18.41.1  we  see  that  the 
transition  maps  are  surjective.  We  conclude  by  More  on  Algebra,  Lemma[l5.21.4| 

To  see  the  equalities,  note  that  A(U)/IA(U)  = A/I{U)  by  Lemma 
follows  that  A/ 1 A = A/J  = A /I.  The  system  of  short  exact  sequences 


18.41.2 


It 


o -a  ijr\u)  -a  A/r{u)  -a  a /nu)  -a  o 
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has  surjective  transition  maps,  hence  gives  a short  exact  sequence 


0 -A  lim I/In{U) 
see  Homology,  Lemma 


12.27.3 


lim  A//"(Z7)  -a-  lim  A/I(U)  -a-  0 
Thus  we  see  that  A A//A  = A /I.  Since 
7Aa  c I ■ AA  c JA 
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it  suffices  to  show  that  IAA(U)  = 7A(f7)  for  all  U.  Choose  generators  I = 
fr ) . This  gives  a short  exact  sequence  0 — >■  K — > A®r  -A  7 — >■  0.  We 
obtain  short  exact  sequences 


o -a  (Kmn)/rnK{u)  -a  (A /r)®r(u)  -a  i/r{u)  -a  o 


By  Artin-Rees  (Algebra,  Lemma  10.50.2)  the  system  of  modules  on  the  left  hand 
side  has  ML.  (It  is  zero  as  a pro-object.)  Thus  we  see  that  (Afi)®r{U)  -A  7A(f7)  is 
surjective  by  Homology,  Lemma |12. 27. 3|  which  is  what  we  wanted  to  show.  □ 


Lemma  18.41.5.  Let  C be  a site.  Let  A be  a ring  and  let  M be  a A-module. 
Assume  Sh(C)  is  not  the  empty  topos.  Then 

(1)  M is  a finite  type  sheaf  of  A-modules  if  and  only  if  M is  a finite  A-module, 
and 

(2)  M_  is  a finitely  presented  sheaf  of  A-modules  if  and  only  if  M is  a finitely 
presented  A-module. 


Proof.  Proof  of  (1).  If  M is  generated  by  x\, . . . , xr  then  xi,...,xr  define  global 
sections  of  M_  which  generate  it,  hence  M_  is  of  finite  type.  Conversely,  assume  M_ 
is  of  finite  type.  Let  U £ C be  an  object  which  is  not  sheaf  theoretically  empty 
(Sites,  Definition  7.41.1).  Such  an  object  exists  as  we  assumed  Sh{C)  is  not  the 
empty  topos.  Then  there  exists  a covering  {Ui  -A  U}  and  finitely  many  sections 
Sij  £ M(Uj ) generating  M\n,.  After  refining  the  covering  we  may  assume  that 
Sij  come  from  elements  Xi3  of  M.  Then  Xij  define  global  sections  of  M_  whose 
restriction  to  U generate  M. 


Assume  there  exist  elements  x\,...,xr  of  M which  define  global  sections  of  M 
generating  M as  a sheaf  of  A-modules.  We  will  show  that  x\,...,xr  generate  M 
as  a A-module.  Let  x £ M.  We  can  find  a covering  {Ut  -a  U}iei  and  f,j  £ A (Ui) 
such  that  x\jji  = fi,jxj\ui-  After  refining  the  covering  we  may  assume  fij  £ A. 
Since  U is  not  sheaf  theoretically  empty  we  see  that  7^0.  Thus  we  can  pick  i £ I 
and  we  see  that  x = fi,jxj  i11  M as  desired. 

Proof  of  (2).  Assume  M is  a A-module  of  finite  presentation.  By  (1)  we  see  that  M 
is  of  finite  type.  Choose  generators  X\, . . . , xr  of  M as  a A-module.  This  determines 
a short  exact  sequence  0 — > I\  — > A®r  -A  M — > 0 which  turns  into  a short  exact 
sequence 

0 -A  7y  — >■  A®r  -aM->0 

by  Lemma[l8.41.1|  By  Lemma [18. 24. 1|  we  see  that  AT  is  of  finite  type.  Hence  K is 
a finite  A-module  by  (1).  Thus  M is  a A-module  of  finite  presentation.  □ 


18.42.  Locally  constant  sheaves 

093P  Here  is  the  general  definition. 

093Q  Definition  18.42.1.  Let  C be  a site.  Let  T be  a sheaf  of  sets,  groups,  abelian 
groups,  rings,  modules  over  a fixed  ring  A,  etc. 
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(1)  We  say  T is  a constant  sheaf  of  sets,  groups,  abelian  groups,  rings,  modules 
over  a fixed  ring  A,  etc  if  it  is  isomorphic  as  a sheaf  of  sets,  groups,  abelian 
groups,  rings,  modules  over  a fixed  ring  A,  etc  to  a constant  sheaf  E as  in 
Section  118.411 

(2)  We  say  T is  locally  constant  if  for  every  object  U of  C there  exists  a 
covering  {Ui  — A U}  such  that  J-\ui  is  a constant  sheaf. 

(3)  If  T is  a sheaf  of  sets  or  groups,  then  we  say  T is  finite  locally  constant  if 
the  constant  values  are  finite  sets  or  finite  groups. 

093R  Lemma  18.42.2.  Let  f : Sh(C)  — A Sh{D)  be  a morphism  of  topoi.  If  Q is  a locally 
constant  sheaf  of  sets , groups,  abelian  groups,  rings,  modules  over  a fixed  ring  A, 
etc  on  V,  the  same  is  true  for  f~lQ  on  C. 

Proof.  Omitted.  □ 

093S  Lemma  18.42.3.  Let  C be  a site  with  a final  object  X . 

(1)  Let  p : T —A  Q be  a map  of  locally  constant  sheaves  of  sets  on  C.  If  T is 
finite  locally  constant,  there  exists  a covering  {Ui  -A  X}  such  that  p\ui  is 
the  map  of  constant  sheaves  associated  to  a map  of  sets. 

(2)  Let  p : T —A  Q be  a map  of  locally  constant  sheaves  of  abelian  groups  on 
C.  If  T is  finite  locally  constant,  there  exists  a covering  {Ui  — A X}  such 
that  ip\ ui  is  the  map  of  constant  abelian  sheaves  associated  to  a map  of 
abelian  groups. 

(3)  Let  A be  a ring.  Let  p : J-  —A  Q be  a map  of  locally  constant  sheaves  of  A- 
modules  onC.  If  J7  is  of  finite  type,  then  there  exists  a covering  {Ui  — A X} 
such  that  p\ui  is  the  map  of  constant  sheaves  of  A-modules  associated  to 
a map  of  A-modules. 

Proof.  Proof  omitted.  □ 

093T  Lemma  18.42.4.  Let  C be  a site.  Let  A be  a ring.  Let  M , N be  A-modules.  Let 
F,Q  be  a locally  constant  sheaves  of  A-modules. 

(1)  If  M is  of  finite  presentation,  then 

Kom.\(M,N)  = HomtfiM,  N) 

(2)  If  M and  N are  both  of  finite  presentation,  then 

Isom\(M,N)  = Isom\(M , N) 

(3)  If  F is  of  finite  presentation,  then  'HomtfifF ,Q)  is  a locally  constant  sheaf 
of  A-modules. 

(4)  If  T and  Q are  both  of  finite  presentation,  then  Isom^T  ,Q)  is  a locally 
constant  sheaf  of  sets. 

Proof.  Proof  of  (1).  Set  E = Hohia (M,N).  We  want  to  show  the  canonical  map 

E — a UomtfiM,  N) 

is  an  isomorphism.  The  module  M has  a presentation  A®5  —A  A®*  — A M — > 0. 
Then  E sits  in  an  exact  sequence 

0 -A  £ -A  HoniA(A®*,  N)  —A  HomA(A®'s,  N) 
and  we  have  similarly 

0 —A  'HomAAfi,N)  —A  'Horn a (A®*,  N)  —A  Uomh  (A®s,  N) 
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This  reduces  the  question  to  the  case  where  M is  a finite  free  module  where  the 
result  is  clear. 


Proof  of  (3).  The  question  is  local  on  C,  hence  we  may  assume  J-  = M_  and  Q = N_ 
for  some  A-modules  M and  N.  By  Lemma  |18.41.5|  the  module  M is  of  finite 
presentation.  Thus  the  result  follows  from  (1). 

Parts  (2)  and  (4)  follow  from  parts  (1)  and  (3)  and  the  fact  that  Isom  can  be  viewed 
as  the  subsheaf  of  sections  of  TLom^J-,  Q)  which  have  an  inverse  in  J-).  □ 

093U  Lemma  18.42.5.  Let  C be  a site. 

(1)  The  category  of  finite  locally  constant  sheaves  of  sets  is  closed  under  finite 
limits  and  colimits  inside  Sh(C). 

(2)  The  category  of  finite  locally  constant  abelian  sheaves  is  a weak  Serre 
subcategory  of  Ab(C). 

(3)  Let  A be  a Noetherian  ring.  The  category  of  finite  type , locally  constant 
sheaves  of  A-modules  on  C is  a weak  Serre  subcategory  of  Mod(C,  A). 


Proof.  Proof  of  (1).  We  may  work  locally  on  C.  Hence  by  Lemma  |l8.42.3 


we 


may  assume  we  are  given  a finite  diagram  of  finite  sets  such  that  our  diagram  of 
sheaves  is  the  associated  diagram  of  constant  sheaves.  Then  we  just  take  the  limit 
or  colimit  in  the  category  of  sets  and  take  the  associated  constant  sheaf.  Some 
details  omitted. 


To  prove  (2)  and  (3)  we  use  the  criterion  of  Homology,  Lemma  12.9.3  Existence  of 
kernels  and  cokernels  is  argued  in  the  same  way  as  above.  Of  course,  the  reason  for 
using  a Noetherian  ring  in  (3)  is  to  assure  us  that  the  kernel  of  a map  of  finite  A- 
modules  is  a finite  A-module.  To  see  that  the  category  is  closed  under  extensions  (in 
the  case  of  sheaves  A-modules),  assume  given  an  extension  of  sheaves  of  A-modules 

O-s>Jr-5>£:-5>0-s>O 


on  C with  J- , Q finite  type  and  locally  constant.  Localizing  on  C we  may  assume  J- 
and  Q are  constant,  i.e.,  we  get 

0 -A  M-t  £ -t  iV^O 

for  some  A-modules  M,  N.  Choose  generators  jq, . . . , ym  of  N,  so  that  we  get  a 
short  exact  sequence  0 — > K — >•  A®m  — > N — »•  0 of  A-modules.  Localizing  further 
we  may  assume  yj  lifts  to  a section  Sj  of  £.  Thus  we  see  that  £ is  a pushout  as  in 
the  following  diagram 


0 > A0m  N ^0 

v v I 

0 ^ ^ N ^0 
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By  Lemma  18.42.3  again  (and  the  fact  that  K is  a finite  A-module  as  A is  Noether- 
ian) we  see  that  the  map  K_—t  M_  is  locally  constant,  hence  we  conclude.  □ 


Lemma  18.42.6.  Let  C be  a site.  Let  A be  a ring.  The  tensor  product  of  two 
locally  constant  sheaves  of  A-modules  onC  is  a locally  constant  sheaf  of  A-modules. 


Proof.  Omitted. 


□ 
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Inject  ives 


19.1.  Introduction 

In  future  chapters  we  will  use  the  existence  of  injectives  and  K-injective  complexes 
to  do  cohomology  of  sheaves  of  modules  on  ringed  sites.  In  this  chapter  we  explain 
how  to  produce  injectives  and  K-injective  complexes  first  for  modules  on  sites  and 
later  more  generally  for  Grothendieck  abelian  categories. 

We  observe  that  we  already  know  that  the  category  of  abelian  groups  and  the  cat- 
egory of  modules  over  a ring  have  enough  injectives,  see  More  on  Algebra,  Sections 
H5~45l  and  HA461 


19.2.  Baer’s  argument  for  modules 


There  is  another,  more  set-theoretic  approach  to  showing  that  any  I?-module  M can 
be  imbedded  in  an  injective  module.  This  approach  constructs  the  injective  module 
by  a transfinite  colimit  of  push-outs.  While  this  method  is  somewhat  abstract  and 
more  complicated  than  the  one  of  More  on  Algebra,  Section  15.46  it  is  also  more 
general.  Apparently  this  method  originates  with  Baer,  and  was  revisited  by  Cartan 
and  Eilenberg  in  |CE56j  and  by  Grothendieck  in  }Gro57|.  There  Grothendieck 
uses  it  to  show  that  many  other  abelian  categories  have  enough  injectives.  We  will 
get  back  to  the  general  case  later  (insert  future  reference  here). 


We  begin  with  a few  set  theoretic  remarks.  Let  {Bp}pea  be  an  inductive  system 
of  objects  in  some  category  C,  indexed  by  an  ordinal  a.  Assume  that  colim^gQ,  Bp 
exists  in  C.  If  A is  an  object  of  C,  then  there  is  a natural  map 


(19.2.0.1)  colim^eaMor c(A,Bp)  — > Morc(A,  colim^ga  Bp). 


because  if  one  is  given  a map  A — > Bp  for  some  f3,  one  naturally  gets  a map  from  A 
into  the  colimit  by  composing  with  Bp  — > colim^gc  Ba.  Note  that  the  left  colimit 
is  one  of  sets!  In  general,  (19.2.0.11  is  neither  injective  or  surjective. 


Example  19.2.1.  Consider  the  category  of  sets.  Let  A = N and  Bn  = {1, . . . , n} 
be  the  inductive  system  indexed  by  the  natural  numbers  where  Bn  — ► Bm  for 
n < m is  the  obvious  map.  Then  colimHn  = N,  so  there  is  a map  A — » colim  Bn, 
which  does  not  factor  as  A — > Bm  for  any  m.  Consequently,  colimMor(A,  Bn)  — » 
Mor(A,  colim  Bn)  is  not  surjective. 


Example  19.2.2.  Next  we  give  an  example  where  the  map  fails  to  be  injective. 
Let  Bn  = N/{1,  2, . . . , n},  that  is,  the  quotient  set  of  N with  the  first  n elements 
collapsed  to  one  element.  There  are  natural  maps  Bn  — > Bm  for  n < m,  so  the 
{Bn}  form  a system  of  sets  over  N.  It  is  easy  to  see  that  colim f?„  = {*}:  it  is  the 
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05NR 


05NS 


05NT 


one-point  set.  So  it  follows  that  Mor(A,  colim  Bn)  is  a one-element  set  for  every 
set  A.  However,  colim  Mor(A,  Bn)  is  not  a one-element  set.  Consider  the  family 
of  maps  A — > Bn  which  are  just  the  natural  projections  N — >-  N/{1,  2, . . . , n}  and 
the  family  of  maps  A — > Bn  which  map  the  whole  of  A to  the  class  of  1.  These  two 
families  of  maps  are  distinct  at  each  step  and  thus  are  distinct  in  colim  Mor(A,  Bn), 
but  they  induce  the  same  map  A — > colim  Bn . 


Nonetheless,  if  we  map  out  of  a finite  set  then  ( 19.2.0.1 ) is  an  isomorphism  always. 


Lemma  19.2.3.  Suppose  that,  in  (19.2.0.1),  C is  the  category  of  sets  and  A is  a 
finite  set,  then  the  map  is  a bijection. 

Proof.  Let  / : A — > colim  Bp.  The  range  of  / is  finite,  containing  say  elements 
Ci, . . . ,cr  € colim B^.  These  all  come  from  some  elements  in  Bp  for  /3  € a large 
by  definition  of  the  colimit.  Thus  we  can  define  / : A — > Bp  lifting  / at  a finite 
stage.  This  proves  that  (19.2.0.1)  is  surjective.  Next,  suppose  two  maps  f : A —> 
Bry,f  : A — > By  define  the  same  map  A — ► colim  Bp.  Then  each  of  the  finitely 
many  elements  of  A gets  sent  to  the  same  point  in  the  colimit.  By  definition  of 
the  colimit  for  sets,  there  is  (3  > 7,7'  such  that  the  finitely  many  elements  of  A 


get  sent  to  the  same  points  in  Bp  under  / and  f . This  proves  that  (19.2.0.1)  is 
injective.  □ 

The  most  interesting  case  of  the  lemma  is  when  a = to,  i.e. , when  the  system  {Bp} 
is  a system  {13„}raeN  over  the  natural  numbers  as  in  Examples  19.2.1  and  |19.2T2~ 


The  essential  idea  is  that  A is  “small”  relative  to  the  long  chain  of  compositions 
Bi  — > B2  — > . . .,  so  that  it  has  to  factor  through  a finite  step.  A more  general 
version  of  this  lemma  can  be  found  in  Sets,  Lemma|3.7.1[  Next,  we  generalize  this 
to  the  category  of  modules. 

Definition  19.2.4.  Let  C be  a category,  let  I C Arrow(C),  and  let  a be  an  ordinal. 
An  object  A of  C is  said  to  be  a-small  with  respect  to  I if  whenever  {Bp}  is  a system 
over  a with  transition  maps  in  /,  then  the  map  (|19.2.0.f ) is  an  isomorphism. 

In  the  rest  of  this  section  we  shall  restrict  ourselves  to  the  category  of  A-modules 
for  a fixed  commutative  ring  R.  We  shall  also  take  I to  be  the  collection  of  injective 
maps,  i.e.,  the  monomorphisms  in  the  category  of  modules  over  R.  In  this  case,  for 
any  system  {Bp}  as  in  the  definition  each  of  the  maps 

Bp  coliniggQ  Bp 


is  an  injection.  It  follows  that  the  map  (19.2.0.1)  is  an  injection.  We  can  in  fact 
interpret  the  Bp’ s as  submodules  of  the  module  B = colimp&a  Bp,  and  then  we 
have  B = U/jga  Bp.  This  is  not  an  abuse  of  notation  if  we  identify  Ba  with  the 
image  in  the  colimit.  We  now  want  to  show  that  modules  are  always  small  for 
“large”  ordinals  a. 

Proposition  19.2.5.  Let  R be  a ring.  Let  M be  an  R-module.  Let  k the  cardinality 
of  the  set  of  submodules  of  M . If  a is  an  ordinal  whose  cofinality  is  bigger  than  n, 
then  M is  a-small  with  respect  to  injections. 

Proof.  The  proof  is  straightforward,  but  let  us  first  think  about  a special  case.  If 
M is  finite,  then  the  claim  is  that  for  any  inductive  system  {Bp}  with  injections 
between  them,  parametrized  by  a limit  ordinal,  any  map  M — > colim  Bp  factors 


through  one  of  the  Bp.  And  this  we  proved  in  Lemma  19.2.3 
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Now  we  start  the  proof  in  the  general  case.  We  need  only  show  that  the  map 
(19.2.0.1|)  is  a surjection.  Let  / : M — > colimB^  be  a map.  Consider  the  subobjects 
{f~L{Bp)}  of  M,  where  Bp  is  considered  as  a subobject  of  the  colimit  B = U pBp. 
If  one  of  these,  say  / 1{Bp),  fills  M,  then  the  map  factors  through  Bp. 

So  suppose  to  the  contrary  that  all  of  the  f~1{Bp)  were  proper  subobjects  of  M. 
However,  we  know  that 

U r1(Bp)  = r1  (U  Bp)=M. 

Now  there  are  at  most  k different  subobjects  of  M that  occur  among  the  f~1(Ba ), 
by  hypothesis.  Thus  we  can  find  a subset  S C a of  cardinality  at  most  n such  that 
as  0 ' ranges  over  S,  the  f~1(Bp>)  range  over  all  the  f~1(Ba). 

However,  S has  an  upper  bound  a < a as  a has  cofinality  bigger  than  n.  In 
particular,  all  the  f~1(Bp>),  0 ' £ S are  contained  in  f~1(Bs).  It  follows  that 
f~1(Bs)  = M.  In  particular,  the  map  / factors  through  B&-  □ 

From  this  lemma  we  will  be  able  to  deduce  the  existence  of  lots  of  injectives.  Let 
us  recall  the  criterion  of  Baer. 

05NU  Lemma  19.2.6.  Let  R be  a ring.  An  R-module  Q is  injective  if  and  only  if  in 
every  commutative  diagram 

a >-  Q 

4 

/ 

/ 

/ 

R 

for  a C R an  ideal,  the  dotted  arrow  exists. 


Proof.  Assume  Q satisfies  the  assumption  of  the  lemma.  Let  M C N be  R- 
modules,  and  let  tp  : M — ► Q be  an  i?-module  map.  Arguing  as  in  the  proof  of 


More  on  Algebra,  Lemma  15.45.1  we  see  that  it  suffices  to  prove  that  if  M N , 


then  we  can  find  an  l?-module  M' , M C M'  C N such  that  (a)  the  inclusion 
M C M'  is  strict,  and  (b)  ip  can  be  extended  to  M' . To  find  M' , let  x £ N,  x M. 
Let  if  : R — ► N,  r i— >■  rx.  Set  a = By  assumption  the  morphism 


a±^M^Q 


can  be  extended  to  a morphism  ip'  : R — > Q.  Note  that  <p'  annihilates  the  kernel  of 
if  (as  this  is  true  for  ip).  Thus  tp'  gives  rise  to  a morphism  <p"  : Im (if)  — > Q which 
agrees  with  tp  on  the  intersection  M fi  Im  (if)  by  construction.  Thus  tp  and  tp"  glue 
to  give  an  extension  of  tp  to  the  strictly  bigger  module  M1  = T + Im ('(/>).  □ 


If  M is  an  i?-module,  then  in  general  we  may  have  a semi-complete  diagram  as  in 
Lemma  19.2.6  In  it,  we  can  form  the  push-out 


a 3-  Q 

V 

R *-'*ti&.R  ©a  Q- 


Here  the  vertical  map  is  injective,  and  the  diagram  commutes.  The  point  is  that 
we  can  extend  a — >•  Q to  R if  we  extend  Q to  the  larger  module  R ©„  Q. 
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The  key  point  of  Baer’s  argument  is  to  repeat  this  procedure  transfinitely  many 
times.  To  do  this  we  first  define,  given  an  R-module  M the  following  (huge)  pushout 


05NV  (19.2.6.1) 


CD  a ^DyjeHomfi(a,M)  ^ :>  ^ 

©a  ©yfflom R(a,M)  R ^ M(M)' 


Here  the  top  horizontal  arrow  maps  the  element  a £ a in  the  summand  correspond- 
ing to  ip  to  the  element  <p(a)  £ M . The  left  vertical  arrow  maps  a £ a in  the 
summand  corresponding  to  ip  simply  to  the  element  a £ R in  the  summand  corre- 
sponding to  ip.  The  fundamental  properties  of  this  construction  are  formulated  in 
the  following  lemma. 


05NW 


Lemma  19.2.7.  Let  R be  a ring. 

(1)  The  construction  M H > ( M — > M(M))  is  functorial  in  M . 

(2)  The  map  M — » M(M)  is  injective. 

(3)  For  any  ideal  a and  any  R-module  map  ip  : a — > M there  is  an  R-module 
map  ip'  : R — )■  M(M)  such  that 


M(M) 


commutes. 


Proof.  Parts  (2)  and  (3)  are  immediate  from  the  construction.  To  see  (1),  let 
X : M — > N be  an  .R-module  map.  We  claim  there  exists  a canonical  commutative 
diagram 


which  induces  the  desired  map  M (M)  — > M (TV).  The  middle  east-south-east  arrow 
maps  the  summand  a corresponding  to  i p via  ida  to  the  summand  a corresponding 
to  ip  = x ° V5-  Similarly  for  the  lower  east-south-east  arrow.  Details  omitted.  □ 

The  idea  will  now  be  to  apply  the  functor  M a transfinite  number  of  times.  We 
define  for  each  ordinal  a a functor  Ma  on  the  category  of  R-modules,  together 
with  a natural  injection  N -A  M a(N).  We  do  this  by  transfinite  induction.  First, 
Mi  = M is  the  functor  defined  above.  Now,  suppose  given  an  ordinal  a , and 
suppose  Mai  is  defined  for  a'  < a.  If  a has  an  immediate  predecessor  5,  we  let 


Ma  = M o M5. 


19.3.  G-MODULES 


1506 


If  not,  i.e. , if  a is  a limit  ordinal,  we  let 

M a(N)  = colima/<Q  Ma/(iV). 

It  is  clear  (e.g.,  inductively)  that  the  M a(N)  form  an  inductive  system  over  ordinals, 
so  this  is  reasonable. 

05NX  Theorem  19.2.8.  Let  k be  the  cardinality  of  the  set  of  ideals  in  R,  and  let  a be  an 
ordinal  whose  cofinality  is  greater  than  k.  Then  M a(N)  is  an  injective  R-module, 
and  N — > Ma(IV)  is  a functorial  injective  embedding. 

Proof.  By  Baer’s  criterion  Lemma  [l9.2.6[  it  suffices  to  show  that  if  a C R is  an 
ideal,  then  any  map  / : a — > M a(N)  extends  to  R — > M a(N).  However,  we  know 
since  a is  a limit  ordinal  that 

M a(N)  = colim/3<Q  Mp(N), 

so  by  Proposition  |19.2.5~1  we  find  that 

Homfl(a,  Ma(N))  = colim/3<Q  Homfl(a,  M p{N)). 

This  means  in  particular  that  there  is  some  f}'  < a such  that  / factors  through  the 
submodule  M p>{N),  as 


However,  by  the  fundamental  property  of  the  functor  M,  see  Lemma  19.2.7  part 
(3),  we  know  that  the  map  a — >•  M p>(N)  can  be  extended  to 

R->M(Mp,(N))  = Mp,+1(N), 


and  the  last  object  imbeds  in  Ma(iV)  (as  /?'  + 1 < a since  a is  a limit  ordinal).  In 
particular,  / can  be  extended  to  M a(N).  □ 


19.3.  G-modules 


04JE  We  will  see  later  (Differential  Graded  Algebra,  Section  22.12)  that  the  category  of 


modules  over  an  algebra  has  functorial  injective  embeddings.  The  construction  is 
exactly  the  same  as  the  construction  in  More  on  Algebra,  Section [15.46| 

04JF  Lemma  19.3.1.  Let  G be  a topological  group.  The  category  Mode  of  discrete 


G-modules,  see  Etale  Cohomology,  Definition  49-57.1  has  functorial  injective  hulls. 


Proof.  By  the  remark  above  the  lemma  the  category  Modzjg]  has  functorial  in- 
jective embeddings.  Consider  the  forgetful  functor  v : Mode  — > ModZ[G],  This 
functor  is  fully  faithful,  transforms  injective  maps  into  injective  maps  and  has  a 
right  adjoint,  namely 


u : M i— »•  u(M)  = {x  £ M \ stabilizer  of  x is  open} 


Since  it  is  true  that  v(M)  = 0 =>  M = 0 we  conclude  by  Homology,  Lemma 
112.25.51  □ 
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19.4.  Abelian  sheaves  on  a space 


01DF 

01DG  Lemma  19.4.1.  Let  X be  a topological  space.  The  category  of  abelian  sheaves  on 
X has  enough  injectives.  In  fact  it  has  functorial  injective  embeddings. 


Proof.  For  an  abelian  group  A we  denote  j : A — ► J(A)  the  functorial  injective 
embedding  constructed  in  More  on  Algebra,  Section  |15.46|  Let  T be  an  abelian 
sheaf  on  A'.  By  Sheaves,  Example  |6.7.5|  the  assignment 

1:U^1(U)  = H J{FX) 

is  an  abelian  sheaf.  There  is  a canonical  map  J-  —>  I given  by  mapping  s £ X(U) 
to  Ilxeu  j(Sx)  where  sx  £ Tx  denotes  the  germ  of  s at  x.  This  map  is  injective,  see 
Sheaves,  Lemma  for  example. 

It  remains  to  prove  the  following:  Given  a rule  x < ->  Ix  which  assigns  to  each  point 
x £ X an  injective  abelian  group  the  sheaf  I : U i-A  Y\.xeu  ^x  injective.  Note  that 


*=n 


xex  ’ 

is  the  product  of  the  skyscraper  sheaves  ix,*Ix  (see  Sheaves,  Section  6.27  for  nota- 
tion.) We  have 

MorJ4^(A' xi  lx*)  — Mor^k(jsf)  (X* , ix,*Ix')- 

see  Sheaves,  Lemma  6.27.3  Hence  it  is  clear  that  each  ix,*Ix  is  injective.  Hence 
the  injectivity  of  I follows  from  Homology,  Lemma[l2.23.3|  □ 


19.5.  Sheaves  of  modules  on  a ringed  space 

01DH 
01DI 

category  of  sheaves  of  Ox -modules  on  X has  enough  injectives.  In  fact  it  has 
functorial  injective  embeddings. 


Lemma  19.5.1.  Let  ( X,Ox ) be  a ringed  space,  see  Sheaves,  Section 


6.25  The 


Proof.  For  any  ring  R and  any  A-module  M we  denote  j : M 
functorial  injective  embedding  constructed  in  More  on  Algebra,  Section 
J7  be  a sheaf  of  O.Y-modules  on  X.  By  Sheaves,  Examples  |6.7.5  and 
assignment 


Jr{M)  the 
15.16[  Let 


6.15.6  the 


1:U^1(U)  = H JOXt.(  Fx) 


is  an  abelian  sheaf.  There  is  a canonical  map  T — > T given  by  mapping  s £ X{U) 
to  Ilxeu  jisx)  where  sx  £ Tx  denotes  the  germ  of  s at  x.  This  map  is  injective,  see 
Sheaves,  Lemma  for  example. 


It  remains  to  prove  the  following:  Given  a rule  x H > Ix  which  assigns  to  each  point 
iglan  injective  CW, re-module  the  sheaf  X : U H >■  Y\xeU  injective.  Note  that 


is  the  product  of  the  skyscraper  sheaves  ix ?* 
tion.)  We  have 


Ix  (see  Sheaves,  Section  6.27  for  nota- 


Hom^^.  x {^F gc^Ix)  Homox  (F  •)'ix^Ix)- 
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see  Sheaves,  Lemma  6.27.3  Hence  it  is  clear  that  each  iXl*Ix  is  an  injective  Ox- 


module  (see  Homology,  Lemma  12.25.1  or  argue  directly).  Hence  the  injectivity  of 
X follows  from  Homology,  Lemma  12.23.3|  □ 


19.6.  Abelian  presheaves  on  a category 

01DJ  Let  C be  a category.  Recall  that  this  means  that  Ob(C)  is  a set.  On  the  one  hand, 
consider  abelian  presheaves  on  C,  see  Sites,  Section[7)2|  On  the  other  hand,  consider 
families  of  abelian  groups  indexed  by  elements  of  Ob(C);  in  other  words  presheaves 
on  the  discrete  category  with  underlying  set  of  objects  Ob(C).  Let  us  denote  this 
discrete  category  simply  Ob(C).  There  is  a natural  functor 

i : Ob(C)  — > C 


and  hence  there  is  a natural  restriction  or  forgetful  functor 


v = ip  : PAb{C)  — > PAb(Ob(C)) 


compare  Sites,  Section  7.5 
on  Ob(C)  by  A. 


We  will  denote  presheaves  on  C by  B and  presheaves 


There  are  also  two  functors,  namely  ip  and  pi  which  assign  an  abelian  presheaf  on 


C to  an  abelian  presheaf  on  Ob(C),  see  Sites,  Sections  7.5  and  7.18  Here  we  will 
use  u = pi  which  is  defined  (in  the  case  at  hand)  as  follows: 


■“-w  = 

So  an  element  is  a family  (a^)^  with  </>  ranging  through  all  morphisms  in  C with 
target  U.  The  restriction  map  on  uA  corresponding  to  g : V -A  U maps  our  element 
{a^)^  to  the  element  ( ago 

There  is  a canonical  surjective  map  vuA  — > A and  a canonical  injective  map  B — » 
uvB.  We  leave  it  to  the  reader  to  show  that 


01DK 


Mor  PAb(c){B,uA)  = MorPA6(Ob(c))(uH,  A). 

in  this  simple  case;  the  general  case  is  in  Sites,  Section  |7.5|  Thus  the  pair  (u,v)  is 
an  example  of  a pair  of  adjoint  functors,  see  Categories,  Section  |4.24| 


At  this  point  we  can  list  the  following  facts  about  the  situation  above. 

(1)  The  functors  u and  v are  exact.  This  follows  from  the  explicit  description 
of  these  functors  given  above. 

(2)  In  particular  the  functor  v transforms  injective  maps  into  injective  maps. 

(3)  The  category  PAb(Ob(C))  has  enough  injectives. 

(4)  In  fact  there  is  a functorial  injective  embedding  4 4 (4  ->  J(A))  as 
in  Homology,  Definition  |12.23.5  Namely,  we  can  take  J(A)  to  be  the 
presheaf  U J(A(U)),  where  J(— ) is  the  functor  constructed  in  More 
on  Algebra,  Section  |~1 5.1 6|  for  the  ring  Z. 

Putting  all  of  this  together  gives  us  the  following  procedure  for  embedding  objects  B 


of  PAb{C))  into  an  injective  object:  B — > uJ(vB).  See  Homology,  Lemma  12.25.5 


Proposition  19.6.1.  For  abelian  presheaves  on  a category  there  is  a functorial 
injective  embedding. 


Proof.  See  discussion  above. 


□ 
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19.7.  Abelian  Sheaves  on  a site 

01DL  Let  C be  a site.  In  this  section  we  prove  that  there  are  enough  injectives  for  abelian 
sheaves  on  C. 

Denote  i : Ab(C)  — ► PAb(C)  the  forgetful  functor  from  abelian  sheaves  to  abelian 
presheaves.  Let  # : PAb(C)  — > Ab(C)  denote  the  slieafification  functor.  Recall 
that  ^ is  a left  adjoint  to  i,  that  # is  exact,  and  that  iT # = T for  any  abelian 
sheaf  T . Finally,  let  Q —>  J(G)  denote  the  canonical  embedding  into  an  injective 
presheaf  we  found  in  Section  |19.6| 

For  any  sheaf  T in  Ab(C)  and  any  ordinal  ft  we  define  a sheaf  Jp{T)  by  transfinite 
induction.  We  set  Jq(T)  = T.  We  define  J\{T)  = J(iT)&.  Sheafification  of  the 
canonical  map  iT  —¥  J{iT)  gives  a functorial  map 

T^MT) 

which  is  injective  as  # is  exact.  We  set  Ja+i{T)  = Ji(Ja{T)).  So  that  there  are 
canonical  injective  maps  Ja(T)  —>  Ja+i{T).  For  a limit  ordinal  /3,  we  define 

J (5  (*^*)  — ColimQ<(g  Ja{T). 

Note  that  this  is  a directed  colimit.  Hence  for  any  ordinals  a < f3  we  have  an 
injective  map  Ja(T)  — > Jp{T). 

01DM  Lemma  19.7.1.  With  notation  as  above.  Suppose  that  Q\  — > Qn.  is  an  injective 
map  of  abelian  sheaves  onC.  Let  a be  an  ordinal  and  letQi  —>  Ja{T)  be  a morphism 
of  sheaves.  There  exists  a morphism  Q 2 — ► JQ,+1(Jr)  such  that  the  following  diagram 
commutes 

Gi Gi 


S a (T'*j  ^ Ja+1  (T') 

Proof.  This  is  because  the  map  iGi  — > iGz  is  injective  and  hence  iGi  — > iJa(T) 
extends  to  iGi  — > J(iJa(T))  which  gives  the  desired  map  after  applying  the  sheafi- 
fication functor.  □ 

This  lemma  says  that  somehow  the  system  {Ja(T)}  is  an  injective  embedding  of 
T.  Of  course  we  cannot  take  the  limit  over  all  a because  they  form  a class  and 
not  a set.  However,  the  idea  is  now  that  you  don’t  have  to  check  injectivity  on  all 
injections  Gi  — t G2,  plus  the  following  lemma. 

01DN  Lemma  19.7.2.  Suppose  that  Gi,  i & I is  set  of  abelian  sheaves  onC.  There  exists 
an  ordinal  /3  such  that  for  any  sheaf  T,  any  i £ I,  and  any  map  ip  : Gi  — » Jp  (T) 
there  exists  an  a < /3  such  that  ip  factors  through  Ja  (T) . 

Proof.  This  reduces  to  the  case  of  a single  sheaf  G by  taking  the  direct  sum  of  all 
the  Gi- 

Consider  the  sets 

S = ]]  G(U). 

-LLygobCC)  v ' 

and 

^ = H„60b(c/MT)(C) 
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Then  Tp  = colimQ<jg  Ta  with  injective  transition  maps.  A morphism  Q — > Jp{F) 
factors  through  Ja{F)  if  and  only  if  the  associated  map  S — ► Tp  factors  through 
Ta.  By  Sets,  Lemma[3.7.1|if  the  cohnality  of  /3  is  bigger  than  the  cardinality  of  S, 
then  the  result  of  the  lemma  is  true.  Hence  the  lemma  follows  from  the  fact  that 
there  are  ordinals  with  arbitrarily  large  cofinality,  see  Sets,  Proposition  3.7.2  □ 


Recall  that  for  an  object  X of  C we  denote  Zx  the  presheaf  of  abelian  groups 
r(C/,ZY)  = ®^yZ,  see  Modules  on  Sites,  Section  |18.4|  The  sheaf  associated 

7# 


to  this  preslieaf  is  denoted 
characterized  by  the  property 


ZJ,  see  Modules  on  Sites, 


Section 


18.5 


It  can  be 


05NY  (19.7.2.1) 


MorA6(c)(Z  *,g)  = g(X) 


where  the  element  tp  of  the  left  hand  side  is  mapped  to  tp{\  • idx)  in  the  right  hand 
side.  We  can  use  these  sheaves  to  characterize  injective  abelian  sheaves. 

OIDO  Lemma  19.7.3.  Suppose  J is  a sheaf  of  abelian  groups  with  the  following  property : 
For  all  X £ Ob(C),  for  any  abelian  subsheaf  S C Zy  and  any  morphism  tp  : S — > J , 
there  exists  a morphism  Z y — ► J extending  tp.  Then  J is  an  injective  sheaf  of 
abelian  groups. 


Proof.  Let  F — > G be  an  injective  map  of  abelian  sheaves.  Suppose  tp  : F J 


we 


is  a morphism.  Arguing  as  in  the  proof  of  More  on  Algebra,  Lemma  15.45.1 
see  that  it  suffices  to  prove  that  if  F ^ G,  then  we  can  find  an  abelian  sheaf  F' , 
F C F'  C G such  that  (a)  the  inclusion  F C F'  is  strict,  and  (b)  tp  can  be  extended 
to  F' . To  find  F' , let  X be  an  object  of  C such  that  the  inclusion  F{X)  C G{X)  is 
strict.  Pick  s £ G(X),  s fL  F(X).  Let  tp  : Z_y-  — >•  G be  the  morphism  corresponding 
to  the  section  s via  (19.7.2.11.  Set  S = tp _1(Jr).  By  assumption  the  morphism 


S^F  A J 


can  be  extended  to  a morphism  tp'  : Zy-  — »•  J . Note  that  tp'  annihilates  the  kernel 
of  tp  (as  this  is  true  for  tp).  Thus  tp'  gives  rise  to  a morphism  tp"  : lm(tp)  -A  J 
which  agrees  with  tp  on  the  intersection  F nlm(i/>)  by  construction.  Thus  tp  and  tp" 
glue  to  give  an  extension  of  tp  to  the  strictly  bigger  subsheaf  F’  = F + Im('i/>).  □ 


01DP  Theorem  19.7.4.  The  category  of  sheaves  of  abelian  groups  on  a site  has  enough 
injectives.  In  fact  there  exists  a functorial  injective  embedding,  see  Homology,  Def- 
inition[T2.23.5l 


Proof.  Let  Gi,  i & I be  a set  of  abelian  sheaves  such  that  every  subsheaf  of  every 

Gi 


Z y-  occurs  as  one  of  the 


Apply  Lemma 


19.7.2 


to  this  collection  to  get  an 
ordinal  /3.  We  claim  that  for  any  sheaf  of  abelian  groups  F the  map  F — >•  Jp{F) 
is  an  injection  of  F into  an  injective.  Note  that  by  construction  the  assingment 
F (F  — > Jp{F))  is  indeed  functorial. 

The  proof  of  the  claim  comes  from  the  fact  that  by  Lemma[l9.7.3|it  suffices  to  extend 
any  morphism  7 : G — > Jp  (F)  from  a subsheaf  G of  some  Z^  to  all  of  Z^ . Then  by 
Lemma  19.7.2  the  map  7 lifts  into  Ja{F)  for  some  a < (3.  Finally,  we  apply  Lemma 
19.7.1  to  get  the  desired  extension  of  7 to  a morphism  into  Ja+i(F)  — >•  Jp(F).  □ 
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19.8.  Modules  on  a ringed  site 


01DQ 


Let  C be  a site.  Let  0 be  a sheaf  of  rings  on  C.  By  analogy  with  More  on  Algebra, 
Section  [15.46|  let  us  try  to  prove  that  there  are  enough  injective  0-modules.  First 
of  all,  we  pick  an  injective  embedding 


0 jw.Ou/X — >J 


'u,x 

where  J is  an  injective  abelian  sheaf  (which  exists  by  the  previous  section).  Here 
the  direct  sum  is  over  all  objects  U of  C and  over  all  0-submodules  X C ju\Ou- 
Please  see  Modules  on  Sites,  Section  18.19  to  read  about  the  functors  restriction 
and  extension  by  0 for  the  localization  functor  ju  : C/U  —>  C. 


For  any  sheaf  of  0-modules  F denote 

Fv  = TLom{F,  J) 


01DR 


with  its  natural  0-module  structure.  Insert  here  future  reference  to  internal  horn. 
We  will  also  need  a canonical  flat  resolution  of  a sheaf  of  0-modules.  This  we  can 
do  as  follows:  For  any  0-module  F we  denote 


= ®r 


Ju\Oi 


'UEOb(C),sEF(U)  ' 

This  is  a flat  sheaf  of  0-modules  which  comes  equipped  with  a canonical  surjection 
F(F)  — ► F,  see  Modules  on  Sites,  Lemma  18.28.6  Moreover  the  construction 
F i — ^ F(F)  is  functorial  in  F . 


Lemma  19.8.1.  The  functor  F Fw  is  exact. 

Proof.  This  because  J is  an  injective  abelian  sheaf.  □ 


There  is  a canonical  map  ev  : J-  — > (Fv)v  given  by  evaluation:  given  x £ F(U)  we 
let  ev(x)  £ (JrV)v  = 'Hom(JrV , J)  be  the  map  ip  i-A  <p{x). 

01DS  Lemma  19.8.2.  For  any  O-module  F the  evaluation  map  ev  : F — > (JrV)v  is 
injective. 


Proof.  You  can  check  this  using  the  definition  of  J . Namely,  if  s £ F(U)  is  not 
zero,  then  let  ju\Ou  — > F be  the  map  of  0-modules  it  corresponds  to  via  adjunction. 
Let  X be  the  kernel  of  this  map.  There  exists  a nonzero  map  F D ju\Ojj /X  — > J 
which  does  not  annihilate  s.  As  J is  an  injective  0-module,  this  extends  to  a map 
ip  : F -A  J . Then  ev(s)(ip)  = <p{s)  7^  0 which  is  what  we  had  to  prove.  □ 


The  canonical  surjection  F(F)  — > F of  0-modules  turns  into  a a canonical  injection, 
see  above,  of  0-modules 

(^V)V  —7  (P(JrV))V. 

Set  J(F)  = (F(FW))V . The  composition  of  ev  with  this  the  displayed  map  gives 
F — > J{F)  functorially  in  F. 

01DT  Lemma  19.8.3.  Let  0 be  a sheaf  of  rings.  For  every  O-module  F the  O-module 
J{F)  is  injective. 


Proof.  We  have  to  show  that  the  functor  Home>(t/,  J(F))  is  exact.  Note  that 
Horn o(G,J(F))  = Horn 0(£,  (F(.FV))V) 

= Rom0{G,  Hom(F{Fv),J)) 

= Horn  (Q®0F(FV),J) 
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Thus  what  we  want  follows  from  the  fact  that  F(JrV)  is  flat  and  J is  injective.  □ 

01DU  Theorem  19.8.4.  Let  C be  a site.  Let  O be  a sheaf  of  rings  onC.  The  category 
of  sheaves  of  O -modules  on  a site  has  enough  injectives.  In  fact  there  exists  a 
functorial  injective  embedding,  see  Homology,  Definition  \ 1 2. 237E} 

Proof.  From  the  discussion  in  this  section.  □ 

01DV  Proposition  19.8.5.  LetC  be  a category.  Let  O be  a presheaf  of  rings  onC.  The 
category  PMod(O)  of  presheaves  of  O -modules  has  functorial  injective  embeddings. 

Proof.  We  could  prove  this  along  the  lines  of  the  discussion  in  Section  [~19.6[  But 
instead  we  argue  using  the  theorem  above.  Endow  C with  the  structure  of  a site 
by  letting  the  set  of  coverings  of  an  object  U consist  of  all  singletons  {/  : V — > U} 
where  / is  an  isomorphism.  We  omit  the  verification  that  this  defines  a site.  A 
sheaf  for  this  topology  is  the  same  as  a presheaf  (proof  omitted).  Hence  the  theorem 
applies.  □ 


19.9.  Embedding  abelian  categories 


05PL  In  this  section  we  show  that  an  abelian  category  embeds  in  the  category  of  abelian 
sheaves  on  a site  having  enough  points.  The  site  will  be  the  one  described  in  the 
following  lemma. 

05PM  Lemma  19.9.1.  Let  A be  an  abelian  category.  Let 

Cov  = {{/  : V -A-  U}  | f is  surjective} . 

Then  {A,  Cov)  is  a site,  see  Sites,  Definition\7.6.2. 

Proof.  Note  that  Ob(M)  is  a set  by  our  conventions  about  categories.  An  iso- 
morphism is  a surjective  morphism.  The  composition  of  surjective  morphisms  is 
surjective.  And  the  base  change  of  a surjective  morphism  in  A is  surjective,  see 
Homology,  Lemma |12.5.14|  □ 


05PN 


Let  A be  a pre- additive  category.  In  this  case  the  Yoneda  embedding  A — ► PSh{A), 
X i-a  hx  factors  through  a functor  A -A  PAb(A). 


Lemma  19.9.2. 


in  Lemma  19.9.1 


Let  A be  an  abelian  category.  Let  C = (A,  Cov)  be  the  site  defined 
Then  X i-a  hx  defines  a fully  faithful,  exact  functor 


A 


Ab(C). 


Moreover,  the  site  C has  enough  points. 


Proof.  Suppose  that  / : V — > U is  a surjective  morphism  of  A.  Let  K = Ker (/). 
Recall  that  V Xy  V = Ker ((/,  — /)  : V © V — A U),  see  Homology,  Example  1 12. 5. 6 
In  particular  there  exists  an  injection  K © K — > V xvV.  Let  p,  q : V x v V -A  V 
be  the  two  projection  morphisms.  Note  that  p — q : V Xjj  V — » P is  a morphism 
such  that  / o (p  — q)  = 0.  Hence  p — q factors  through  K -a  V.  Let  us  denote  this 
morphism  by  c : V Xu  V — > K.  And  since  the  composition  A' © K — >■  V x jj  V — > I\ 
is  surjective,  we  conclude  that  c is  surjective.  It  follows  that 

V Xu  V ^ [/—a  0 

is  an  exact  sequence  of  A.  Hence  for  an  object  X of  A the  sequence 
0 -4  Hom^(t/, X)  ->  Horn A(V,X)  -A  Horn^F  xvV,X) 
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05PP 


05PQ 


05PR 


05SF 


is  an  exact  sequence  of  abelian  groups,  see  Homology,  Lemma[l2.5.8|  This  means 
that  hx  satisfies  the  sheaf  condition  on  C. 


The  functor  is  fully  faithful  by  Categories,  Lemma [4. 3. 5 The  functor  is  a left  exact 
functor  between  abelian  categories  by  Homology,  Lemma  [l2.5.8[  To  show  that  it 
is  right  exact,  let  X — > Y be  a surjective  morphism  of  A.  Let  U be  an  object  of  A, 
and  let  s £ hy{U)  = Mor^(t/,  Y)  be  a section  of  hy  over  U . By  Homology,  Lemma 
12.5.14  the  projection  U Xy  X — > U is  surjective.  Hence  {V  = U x>-  X —>■[/}  is  a 
covering  of  U such  that  s|y  lifts  to  a section  of  hx-  This  proves  that  hx  — t hy  is 
a surjection  of  abelian  sheaves,  see  Sites,  Lemma[7.12.2| 

The  site  C has  enough  points  by  Sites,  Proposition  |7.38.3  □ 


Remark  19.9.3.  The  Freyd-Mitchell  embedding  theorem  says  there  exists  a fully 
faithful  exact  functor  from  any  abelian  category  A to  the  category  of  modules  over 
a ring.  Lemma  |19.9.2|  is  not  quite  as  strong.  But  the  result  is  suitable  for  the 
stacks  project  as  we  have  to  understand  sheaves  of  abelian  groups  on  sites  in  detail 
anyway.  Moreover,  “diagram  chasing”  works  in  the  category  of  abelian  sheaves  on 
C,  for  example  by  working  with  sections  over  objects,  or  by  working  on  the  level 
of  stalks  using  that  C has  enough  points.  To  see  how  to  deduce  the  Freyd-Mitchell 
embedding  theorem  from  Lemma |19.9.2| see  Remark  |19.9.5[ 


Remark  19.9.4.  If  A is  a “big”  abelian  category,  i.e. , if  A has  a class  of  objects, 
then  Lemma  19.9.2  does  not  work.  In  this  case,  given  any  set  of  objects  E C Ob(M) 
there  exists  an  abelian  full  subcategory  A!  C A such  that  Ob(M')  is  a set  and 
E C Ob(M').  Then  one  can  apply  Lemma  19.9.2  to  A! . One  can  use  this  to  prove 
that  results  depending  on  a diagram  chase  hold  in  A. 


Remark  19.9.5.  Let  C be  a site.  Note  that  Ab(C)  has  enough  injectives,  see 
Theorem  19.7.4|  (In  the  case  that  C has  enough  points  this  is  straightforward 
because  p*I  is  an  injective  sheaf  if  / is  an  injective  Z-module  and  p is  a point.) 
Also,  Ab(C)  has  a cogenerator  (details  omitted).  Hence  Lemma  19.9.2  proves  that 
we  have  a fully  faithful,  exact  embedding  A — ?>  B where  B has  a cogenerator  and 
enough  injectives.  We  can  apply  this  to  Aopp  and  we  get  a fully  faithful  exact 
functor  i : A -A  V = Bopp  where  T>  has  enough  projectives  and  a generator.  Hence 
V has  a projective  generator  P.  Set  R = Morp  (P,  P).  Then 

A — > Mod^  X i — > Homp  (P,  X) . 


One  can  check  this  is  a fully  faithful,  exact  functor.  In  other  words,  one  retrieves 
the  Freyd-Mitchell  theorem  mentioned  in  Remark  |19.9.3|  above. 


Remark  19.9.6.  The  arguments  proving  Lemmas 


19.9.1 


and 


19.9.2 


exact  categories , see  (BiihlOl  Appendix  A]  and  |BBD82~ 
this  here  and  we  add  more  details  if  we  ever  need  it  in  the  stacks  project. 


work  also  for 
.1.4] . We  quickly  review 


Let  A be  an  additive  category.  A kernel- cokernel  pair  is  a pair  (i,p)  of  morphisms 
of  A with  * : A — >■  B,  p : B — ► C such  that  i is  the  kernel  of  p and  p is  the  cokernel 
of  i.  Given  a set  £ of  kernel-cokernel  pairs  we  say  i : A — > B is  an  admissible 
monomorphism  if  (i,p)  £ £ for  some  morphism  p.  Similarly  we  say  a morphism 
p : B — > C is  an  admissible  epimorphism  if  (z,p)  £ £ for  some  morphism  i.  The 
pair  (A,£)  is  said  to  be  an  exact  category  if  the  following  axioms  hold 
(1)  £ is  closed  under  isomorphisms  of  kernel-cokernel  pairs, 
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(2)  for  any  object  A the  morphism  1a  is  both  an  admissible  epimorphism  and 
an  admissible  monomorphism, 

(3)  admissible  monomorpliisms  are  stable  under  composition, 

(4)  admissible  epimorpliisms  are  stable  under  composition, 

(5)  the  push-out  of  an  admissible  monomorphism  * : A -A  B via  any  morphism 
A — y A!  exist  and  the  induced  morphism  i'  : A'  —y  B'  is  an  admissible 
monomorphism,  and 

(6)  the  base  change  of  an  admissible  epimorphism  p : B -A  C via  any  mor- 
phism C'  — > C exist  and  the  induced  morphism  p'  : B'  — > C is  an 
admissible  epimorphism. 

Given  such  a structure  let  C = {A,  Cov)  where  coverings  (i.e.,  elements  of  Cov) 
are  given  by  admissible  epimorphisms.  The  axioms  listed  above  immediately  imply 
that  this  is  a site.  Consider  the  functor 


F : A — > Ab(C),  X 


i-x 


exactly  as  in  Lemma  19.9.2  It  turns  out  that  this  functor  is  fully  faithful,  exact, 
and  reflects  exactness.  Moreover,  any  extension  of  objects  in  the  essential  image  of 
F is  in  the  essential  image  of  F. 


19.10.  Grothendieck’s  AB  conditions 


079A  This  and  the  next  few  sections  are  mostly  interesting  for  “big”  abelian  categories, 
i.e.,  those  categories  listed  in  Categories,  Remark  [4.2.2|  A good  case  to  keep  in 
mind  is  the  category  of  sheaves  of  modules  on  a ringed  site. 

Grothendieck  proved  the  existence  of  injectives  in  great  generality  in  the  paper 
|Cro571.  He  used  the  following  conditions  to  single  out  abelian  categories  with 
special  properties. 

079B  Definition  19.10.1.  Let  A be  an  abelian  category.  We  name  some  conditions 

AB3  A has  direct  sums, 

AB4  A has  AB3  and  direct  sums  are  exact, 

AB5  A has  AB3  and  filtered  colimits  are  exact. 

Here  are  the  dual  notions 
AB3*  A has  products, 

AB4*  A has  AB3*  and  products  are  exact, 

AB5*  A has  AB3*  and  filtered  limits  are  exact. 

We  say  an  object  U of  A is  a generator  if  for  every  N C M,  TV  ^ M in  A there  exists 
a morphism  U — > M which  does  not  factor  through  N.  We  say  A is  a Grothendieck 
abelian  category  if  it  has  AB5  and  a generator. 


Discussion:  A direct  sum  in  an  abelian  category  is  a coproduct.  If  an  abelian 
category  has  direct  sums  (i.e.,  AB3),  then  it  has  colimits,  see  Categories,  Lemma 


4.14.11  Similarly  if  A has  AB3*  then  it  has  limits,  see  Categories,  Lemma  4.14.10 


Exactness  of  direct  sums  means  the  following:  given  an  index  set  I and  short  exact 
sequences 

0 — y Ai  — y Bi  — ^ Cj  — y 0,  i I 

in  A then  the  sequence 


0 


®«=/  ^ 0,^-+  ®lPr 


iei 


i£l 


0 
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is  exact  as  well.  Without  assuming  AB4  it  is  only  true  in  general  that  the  sequence 
is  exact  on  the  right  (i.e.,  taking  direct  sums  is  a right  exact  functor  if  direct  sums 
exist) . Similarly,  exactness  of  filtered  colimits  means  the  following:  given  a directed 
partially  ordered  set  / and  a system  of  short  exact  sequences 

0 — 5>  Ai  — 5>  Bi  ->  Ci  0 

over  I in  A then  the  sequence 

0 — > coliniig/  Ai  — > colinqgj  II,  — > colimie/  Ci  — > 0 

is  exact  as  well.  Without  assuming  AB5  it  is  only  true  in  general  that  the  sequence 
is  exact  on  the  right  (i.e.,  taking  colimits  is  a right  exact  functor  if  colimits  exist). 
A similar  explanation  holds  for  AB4*  and  AB5*. 

19.11.  Injectives  in  Grothendieck  categories 

05AB  The  existence  of  a generator  implies  that  given  an  object  M of  a Grothendieck 
abelian  category  A there  is  a set  of  subobjects.  (This  may  not  be  true  for  a general 
“big”  abelian  category.) 

079C  Definition  19.11.1.  Let  A be  a Grothendieck  abelian  category.  Let  M be  an 
object  of  A.  The  size  \M\  of  M is  the  cardinality  of  the  set  of  subobjects  of  M . 

079D  Lemma  19.11.2.  Let  A be  a Grothendieck  abelian  category.  If  0 — > M'  — \ M — > 
M"  — > 0 is  a short  exact  sequence  of  A,  then  \M'\,  \M"\  < \M\. 

Proof.  Immediate  from  the  definitions.  □ 

079E  Lemma  19.11.3.  Let  A be  a Grothendieck  abelian  category  with  generator  U . 

(1)  If  \M\  < k,  then  M is  the  quotient  of  a direct  sum  of  at  most  k copies  of 
U. 

(2)  For  every  cardinal  n there  exists  a set  of  isomorphism  classes  of  objects 
M with  \M\  < k. 

Proof.  For  (1)  choose  for  every  proper  subobject  M'  C M a morphism  ipM'  ’■  U —• *■ 
M whose  image  is  not  contained  in  M' . Then  Q)MicM  <Pm>  ■ ®m'cn  U -t  M is 
surjective.  It  is  clear  that  (1)  implies  (2).  □ 

079F  Proposition  19.11.4.  Let  A be  a Grothendieck  abelian  category.  Let  M be  an 
object  of  A.  Let  n = \M\.  If  a is  an  ordinal  whose  cofinality  is  bigger  than  n,  then 
M is  a-small  with  respect  to  injections. 

Proof.  Please  compare  with  Proposition |19.2.~5|  We  need  only  show  that  the  map 
(19.2.0.1|)  is  a surjection.  Let  / : M — > colimS^  be  a map.  Consider  the  subobjects 
{f~l(Bp)}  of  M,  where  Bp  is  considered  as  a subobject  of  the  colimit  B = (J/3  Bp. 
If  one  of  these,  say  f~1(Bp),  fills  M,  then  the  map  factors  through  Bp. 

So  suppose  to  the  contrary  that  all  of  the  f~1{Bp)  were  proper  subobjects  of  M. 
However,  because  A has  AB5  we  have 

colim/_1(B/3)  = r1  (colim.Bg)  = M. 

Now  there  are  at  most  k different  subobjects  of  M that  occur  among  the  /_1(Ba), 
by  hypothesis.  Thus  we  can  find  a subset  S C a of  cardinality  at  most  k such  that 
as  0'  ranges  over  S,  the  /_1(Big/)  range  over  all  the  f~1{Ba). 
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However,  S has  an  upper  bound  a < a as  a has  cofinality  bigger  than  n.  In 
particular,  all  the  f~1(Bpi),  f}'  £ S are  contained  in  f~1(Bs).  It  follows  that 
f~1(Bs)  = M.  In  particular,  the  map  / factors  through  B&-  □ 

079G  Lemma  19.11.5.  Let  A be  a Grothendieck  abelian  category  with  generator  U . An 
object  I of  A is  injective  if  and  only  if  in  every  commutative  diagram 


M ► / 


U 


for  M C U a subobject,  the  dotted  arrow  exists. 


Proof.  Please  see  Lemma  19.2.6  for  the  case  of  modules.  Choose  an  injection 
A C B and  a morphism  p : A — ► I.  Consider  the  set  S of  pairs  {A' ,ip')  consisting 
of  subobjects  A C A!  C B and  a morphism  p'  : A!  — ► I extending  p.  Define  a 
partial  ordering  on  this  set  in  the  obvious  manner.  Choose  a totally  ordered  subset 
TCS.  Then 


A'  = colimteT  At 


colimteT  <Pt 


> I 


is  an  upper  bound.  Hence  by  Zorn’s  lemma  the  set  S has  a maximal  element 
[A' , p').  We  claim  that  A'  = B.  If  not,  then  choose  a morphism  if  : U — >•  B which 
does  not  factor  through  A! . Set  N = A'  C I if(U).  Set  M = if~1(N).  Then  the  map 


M -a  IV  ->•  A! 


I 


can  be  extended  to  a morphism  \ :U  —>  I.  Since  x|Ker(-t/>)  = 0 we  see  that  \ factors 
as 

U — >■  Im (ip)  > I 

Since  p'  and  p"  agree  on  N = A'  D Im(i/>)  we  see  that  combined  the  define  a 
morphism  A'  + lm('0)  — > I contradicting  the  assumed  maximality  of  A'.  □ 

079H  Theorem  19.11.6.  Let  A be  a Grothendieck  abelian  category.  Then  A has  func- 
torial  injective  embeddings. 

Proof.  Please  compare  with  the  proof  of  Theorem  |19.2.8|  Choose  a generator  U 
of  A.  For  an  object  M we  define  M (M)  by  the  following  pushout  diagram 

©MCI/  ©<?eHom(Ar,M)  ^ ^ M 


®NCU  ©vJSHom (U,M)  U ^ M(M). 


Note  that  M — > M (IV)  is  a functor  and  that  there  exist  functorial  injective  maps 
M — >•  M(M).  By  transfinite  induction  we  define  functors  M a(M)  for  every  ordinal 
a.  Namely,  set  M0(M)  = M.  Given  M a(M)  set  MQ+1(M)  = M(MQ(M)).  For  a 
limit  ordinal  /3  set 

M p(M)  = colima</3  M Q(M). 


Finally,  choose  an  ordinal  a whose  cofinality  is  greater  than  \U\,  see  Sets,  Proposi- 
tion 3.7.2  We  claim  that  M — > M a(M)  is  the  desired  functorial  injective  embed- 
ding. Namely,  if  N C U is  a subobject  and  p : IV  — >•  M a(M)  is  a morphism,  then  we 
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see  that  ip  factors  through  MQ/  (M)  for  some  a'  < a by  Proposition  19.11.4  By  con- 
struction of  M(— ) we  see  that  ip  extends  to  a morphism  from  U into  M a'+i(M)  and 
hence  into  MQ,(M).  By  Lemma[l9.11.5  we  conclude  that  M a(M)  is  injective.  □ 


19.12.  K-injectives  in  Grothendieck  categories 


0791 


079J 


The  material  in  this  section  is  taken  from  the  paper 
This  paper  generalizes  some  of  the  results  of 


|Ser03|  authored  by  Serpe. 


Spa88|  by  Spaltenstein  to  general 


Grothendieck  abelian  categories.  Our  Lemma [19.12.3  is  only  implicit  in  the  paper 


by  Serpe.  Our  approach  is  to  mimic  Grothendieck’s  proof  of  Theorem  19.11.6 


Lemma  19.12.1.  Let  A be  a Grothendieck  abelian  category  with  generator  U. 
Let  c be  the  function  on  cardinals  defined  by  c(n)  = |©a£re^|-  If  tt  : M N 
is  a surjection  then  there  exists  a subobject  M'  C M which  surjects  onto  N with 
\N'\<c{\N\). 


Proof.  For  every  proper  subobject  N'  C N choose  a morphism  y>jy/  : U — > M such 
that  U — >•  M -A  N does  not  factor  through  TV'.  Set 

N'  =lm(0  U—>m) 

K'Xs  N'CN  jV'CN  / 

Then  N'  works.  □ 


079K  Lemma  19.12.2.  Let  A be  a Grothendieck  abelian  category.  There  exists  a car- 
dinal re  such  that  given  any  acyclic  complex  M * we  have 

(1)  if  M * is  nonzero,  there  is  a nonzero  subcomplex  N * which  is  bounded 
above,  acyclic,  and  |-/Vn|  < re, 

(2)  there  exists  a surjection  of  complexes 

where  M*  is  bounded  above,  acyclic,  and  |M”|  < n. 

Proof.  Choose  a generator  U of  A.  Denote  c the  function  of  Lemma[l9.12.1|  Set 
k = sup{cn(|Lj),  n = 1,  2, 3, . . .}.  Let  n € Z and  let  g/>  : C/  — >•  Mn  be  a morphism. 
In  order  to  prove  (1)  and  (2)  it  suffices  to  prove  there  exists  a subcomplex  N*  C M* 
which  is  bounded  above,  acyclic,  and  \Nm\  < re,  such  that  ip  factors  through  Nn. 
To  do  this  set  Nn  = Nn+1  = Im(£/  -A  Mn  Mn+1),  and  Nm  = 0 for 

to  > n + 2.  Suppose  we  have  constructed  Nm  C Mm  for  all  to  > k such  that 

(1)  d(IVm)  C Nm+1,  to  > k, 

(2)  Im(7Vm_1  Nm ) = Ker(IVm  — > Nm+1)  for  all  to  > k + 1,  and 

(3)  |iVm|  < cmax{”-ro-°}(|C/|). 

for  some  k < n.  Because  M*  is  acyclic,  we  see  that  the  subobject  d_1(Ker(7Vfc  — ► 
Nk+1))  C Mfe_1  surjects  onto  Ker(Arfe  — > Nk+1).  Thus  we  can  choose  Nk_1  C 
Mfc_1  surjecting  onto  Ker(Nk  Nk+1)  with  |iVfc— 1 1 < cn~k+1(\U\)  by  Lemma 
|19.12.1|  The  proof  is  finished  by  induction  on  k.  □ 

079L  Lemma  19.12.3.  Let  A be  a Grothendieck  abelian  category.  Let  re  be  a cardinal 
as  in  Lemma  \ 19.12.Q  Suppose  that  I*  is  a complex  such  that 

(1)  each  P is  injective,  and 

(2)  for  every  bounded  above  acyclic  complex  M*  such  that  \Mn\  < re  we  have 
HomxM)(M*,7*)=0. 

Then  I*  is  an  K -injective  complex. 
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Proof.  Let  M * be  an  acyclic  complex.  We  are  going  to  construct  by  induction 
on  the  ordinal  a an  acyclic  subcomplex  A*  C M * as  follows.  For  a = 0 we  set 
N*  = 0.  For  a > 0 we  proceed  as  follows: 


(1) 

(2) 


(3) 


If  a = /3  + 1 and  A * = M*  then  we  choose  K*  = K* . 

If  a = (3  + 1 and  K*  ^ M*  then  AI*  /K*  is  a nonzero  acyclic  complex. 
We  choose  a subcomplex  N*  C AI* /K*  as  in  Lemma 
let  A*  C M*  be  the  inverse  image  of  N*. 

If  a is  a limit  ordinal  we  set  Nq  = colim  N* . 


19.12.2 


Finally,  we 


It  is  clear  that  AI*  = A'*  for  a suitably  large  ordinal  a.  We  will  prove  that 


Horn  K{A)(K*a,I*) 

is  zero  by  transfinite  induction  on  a.  It  holds  for  a = 0 since  A*  is  zero.  Suppose 
it  holds  for  [3  and  a = (3+  1.  In  case  (1)  of  the  list  above  the  result  is  clear.  In  case 
(2)  there  is  a short  exact  sequence  of  complexes 


0 -6  K*  -£  K*  N*  -»•  0 

Since  each  component  of  I*  is  injective  we  see  that  we  obtain  an  exact  sequence 


Horn K(A)(Kp,I*)  ->•  Horn k{a)(K*,I*)  ->•  HomK(^)(7V*,  I*) 

By  induction  the  term  on  the  left  is  zero  and  by  assumption  on  I*  the  term  on  the 
right  is  zero.  Thus  the  middle  group  is  zero  too.  Finally,  suppose  that  a is  a limit 
ordinal.  Then  we  see  that 


079M 


Horn* (A* , I*)  = lim/3<Q  Horn* (A'*,  I*) 

with  notation  as  in  More  on  Algebra,  Section  15.59|  These  complexes  compute 
morphisms  in  K(A)  by  More  on  Algebra,  Equation  (15.59.0.1).  Note  that  the 
transition  maps  in  the  system  are  surjective  because  I1  is  surjective  for  each  j. 
Moreover,  for  a limit  ordinal  a we  have  equality  of  limit  and  value  (see  displayed 
formula  above).  Thus  we  may  apply  Homology,  Lemma  12.27.8  to  conclude.  □ 


Lemma  19.12.4.  Let  A be  a Grothendieck  abelian  category.  Let  (A"*)jg/  be  a 
set  of  acyclic  complexes.  There  exists  a functor  M*  <— > M *(AI*)  and  a natural 
transformation  jM*  '■  M*  — > M *{AI*)  such 

(1)  Jm*  o,  (termwise)  injective  quasi-isomorphism , and 

(2)  for  every  i £ I and  w : K*  — > AI*  the  morphism  jMm  o w is  homotopic  to 
zero. 


Proof.  For  every  i £ I choose  a (termwise)  injective  map  of  complexes  K*  — > L* 
which  is  homotopic  to  zero  with  L*  quasi-isomorphic  to  zero.  For  example,  take  L* 
to  be  the  cone  on  the  identity  of  K*.  We  define  M *{M*)  by  the  following  pushout 
diagram 

0*6/  Ki  ^ 


0,6/  L i ^ M*(M*). 

Then  M*  — > M *(AI*)  is  a functor.  The  right  vertical  arrow  defines  the  functorial 
injective  map  jm*-  The  cokernel  of  j’m*  is  isomorphic  to  the  direct  sum  of  the 
cokernels  of  the  maps  K*  — >•  L*  hence  acyclic.  Thus  is  a quasi-isomorphism. 
Part  (2)  holds  by  construction.  □ 
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079N  Lemma  19.12.5.  Let  A be  a Grothendieck  abelian  category.  There  exists  a functor 
M*  i-a  N *(M*)  and  a natural  transformation  jm • : M * -A  N*(A 1*)  such 

(1)  Jm*  is  a (termwise)  injective  quasi-isomorphism , and 

(2)  for  every  n G Z ifte  map  Mn  — » N”(M*)  factors  through  a subobject 
In  C N"(M*)  where  In  is  an  injective  object  of  A. 


Proof.  Choose  a functorial  injective  embeddings  : M — » 7(M),  see  Theorem 
19.11.6  For  every  complex  M*  denote  the  complex  with  terms  Jn(M*)  = 


7(M" ) © I{Mn+1)  and  differential 


There  exists  a canonical  injective  map  of  complexes  um • : M*  — >■  by 

mapping  Mn  to  7(M")©7(M"+1)  via  the  maps  iMn  '■  M"  — t I(Mn)  and  ij^n+i  od  : 
Mn  — > M”+1  -A  I(Mn+1).  Hence  a short  exact  sequence  of  complexes 

0 -A  M*  ^ Q*(M*)  -A  0 


functorial  in  MV  Set 

N*(M*)  = C(t;M.)*[— 1]. 

Note  that 

N”(M*)  = Qn~1(AI*)  © J"(M*) 

with  differential 

~VM*  \ 

Hence  we  see  that  there  is  a map  of  complexes  j'm*  : M*  — > N*(M*)  induced  by  u. 
It  is  injective  and  factors  through  an  injective  subobject  by  construction.  The  map 
j'm*  is  a quasi-isomorphism  as  one  can  prove  by  looking  at  the  long  exact  sequence 
of  cohomology  associated  to  the  short  exact  sequences  of  complexes  above.  □ 


079P  Theorem  19.12.6.  Let  A be  a Grothendieck  abelian  category.  For  every  complex 
Mm  there  exists  a quasi-isomorphism  M * — ► 7*  such  that  Mn  — > 7"  is  injective  and 
7"  is  an  injective  object  of  A for  all  n and  7*  is  a K-injective  complex.  Moreover, 
the  construction  is  functorial  in  M* . 


Proof.  Please  compare  with  the  proof  of  Theorem  19.2.8|  and  Theorem  |19.11.6| 


Choose  a cardinal  n as  in  Lemmas  19.12.2  and  19.12.3  Choose  a set  (7C,*)ie/  of 


bounded  above,  acyclic  complexes  such  that  every  bounded  above  acyclic  complex 
K*  such  that  \Kn\  < n is  isomorphic  to  K*  for  some  i £ I.  This  is  possible  by 
Lemma  19.11.3  Denote  M*(— ) the  functor  constructed  in  Lemma  19.12.4  Denote 
N*(— ) the  functor  constructed  in  Lemma  19.12.5  Both  of  these  functors  come 
with  injective  transformations  id  — > M and  id  N. 


By  transfmite  induction  we  define  a sequence  of  functors  Ta(— ) and  corresponding 
transformations  id  — > Ta.  Namely  we  set  Tq(M*)  = M*.  If  TQ  is  given  then  we 
set 

Tq+i(M*)  = N*(M*(Ta(M*))) 

If  P is  a limit  ordinal  we  set 


T/3(M*)  = colima</3  Ta(M‘) 
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The  transition  maps  of  the  system  are  injective  quasi- isomorphisms.  By  AB5  we 
see  that  the  colimit  is  still  quasi-isomorphic  to  M *.  We  claim  that  M*  — ► TQ(M*) 
does  the  job  if  the  cofinality  of  a is  larger  than  max(/t,  \U\)  where  U is  a generator 


of  A.  Namely,  it  suffices  to  check  conditions  (1)  and  (2)  of  Lemma  19.12.3 


For  (1)  we  use  the  criterion  of  Lemma  19.11.5  Suppose  that  M C U and  ip  : M — ► 
T ”(M*)  is  a morphism  for  some  n £ Z.  By  Proposition  19.11.4  we  see  that  ip 


factor  through  T™,  (M*)  for  some  a'  < a.  In  particular,  by  the  construction  of  the 
functor  N*(— ) we  see  that  p factors  through  an  injective  object  of  A which  shows 
that  p lifts  to  a morphism  on  U . 

For  (2)  let  w : K*  -A  T a(M*)  be  a morphism  of  complexes  where  K * is  a bounded 
above  acyclic  complex  such  that  \Kn\  < k.  Then  K*  = K*  for  some  i £ I. 
Moreover,  by  Proposition  19.11.4|once  again  we  see  that  w factor  through  T£, (M*) 


for  some  a ' < a.  In  particular,  by  the  construction  of  the  functor  M*(— ) we  see 
that  w is  homotopic  to  zero.  This  finishes  the  proof.  □ 


19.13.  Additional  remarks  on  Grothendieck  abelian  categories 

07D6  In  this  section  we  put  some  results  on  Grothendieck  abelian  categories  which  are 
folklore. 

07D7  Lemma  19.13.1.  Let  A be  a Grothendieck  abelian  category.  Let  F : Aopp  — > Sets 
be  a functor.  Then  F is  representable  if  and  only  if  F commutes  with  colimits , i.e., 

F^colinii  Nf)  = lim  F(Ni) 

for  any  diagram  I — > A,  i £ T. 

Proof.  If  F is  representable,  then  it  commutes  with  colimits  by  definition  of  col- 
imits. 


Assume  that  F commutes  with  colimits.  Then  F{M  ® N)  = F(M)  F(N)  and 
we  can  use  this  to  define  a group  structure  on  F(M).  Hence  we  get  F : A — > Ab 
which  is  additive  and  right  exact,  i.e.,  transforms  a short  exact  sequence  O-^A'-A 
L — >•  M — > 0 into  an  exact  sequence  F(K)  <—  F(L)  <—  F(M)  <—  0 (compare  with 
Homology,  Section  12.7). 


Let  U be  a generator  for  A.  Set  A = (BS£F(u)  U-  suniv  = {s)sep(u)  € -F(A)  = 
rLeE([/)  F(U)-  Let  A C Abe  the  largest  subobject  such  that  suniV  restricts  to  zero 
on  A' . This  exists  because  A is  a Grothendieck  category  and  because  F commutes 
with  colimits.  Because  F commutes  with  colimits  there  exists  a unique  element 
Suniv  € F{A/A')  which  maps  to  suniv  in  F(A).  We  claim  that  A/ A'  represents  F, 
in  other  words,  the  Yoneda  map 


Suniv  '■  h^/A'  t F 

is  an  isomorphism.  Let  M £ Ob  (A)  and  s £ F(M).  Consider  the  surjection 


cm  '■ 


: Am  = 0 


tp  £ Hom^  ( U:  M ) 


u 


M. 


This  gives  F(cm){s)  — (sv)  £ Y[^F(U).  Consider  the  map 


if>  : Am  = U 

V£HomA(U,M) 


0 U = A 
^sGF(U) 
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which  maps  the  summand  corresponding  to  tp  to  the  summand  corresponding  to 
sv  by  the  identity  map  on  U.  Then  suniv  maps  to  (sv)v  by  construction,  in  other 
words  the  right  square  in  the  diagram 

A' > A > /•' 

A A s'""”  A 

? 0 . S 

K >■ Am »■  M 


07D8 


079Q 


commutes.  Let  K = Ker(T_M  -A  M).  Since  s restricts  to  zero  on  K we  see 
that  C A!  by  definition  of  A! . Hence  there  is  an  induced  morphism  M — A 

A/A' . This  construction  gives  an  inverse  to  the  map  ► F(M)  (details 

omitted).  □ 


Lemma  19.13.2.  A Grothendieck  abelian  category  has  Ab3*. 

Proof.  Let  Mi,  i £ I be  a family  of  objects  of  A indexed  by  a set  I.  The  functor 
F = JliG/  hMi  commutes  with  colimits.  Hence  Lemma  19.13.1  applies. 


□ 


Remark  19.13.3.  In  the  chapter  on  derived  categories  we  consistently  work  with 
“small”  abelian  categories  (as  is  the  convention  in  the  Stacks  project).  For  a “big” 
abelian  category  A it  isn’t  clear  that  the  derived  category  D(A)  exists  because 
it  isn’t  clear  that  morphisms  in  the  derived  category  are  sets.  In  general  this 
isn’t  true,  see  Examples,  Lemma  [88.52. 1|  However,  if  .A  is  a Grothendieck  abelian 
category,  and  given  K*,L * in  K(A),  then  by  Theorem  19.12.6  there  exists  a quasi- 
isomorphism L * -A  /*  to  a K-injective  complex  /*  and  Derived  Categories,  Lemma 
113.29.21  shows  that 


Ho  rnD(A){Km,Lm)  = Horn  k[a){K\F) 

which  is  a set.  Some  examples  of  Grothendieck  abelian  categories  are  the  category 
of  modules  over  a ring,  or  more  generally  the  category  of  sheaves  of  modules  on  a 
ringed  site. 

07D9  Lemma  19.13.4.  Let  A be  a Grothendieck  abelian  category.  Then 

(1)  D{A)  has  both  direct  sums  and  products, 

(2)  direct  sums  are  obtained  by  taking  termwise  direct  sums  of  any  complexes, 

(3)  products  are  obtained  by  taking  termwise  products  of  K-injective  com- 
plexes. 


Proof.  Let  K* , i £ I be  a family  of  objects  of  D(A)  indexed  by  a set  I.  We  claim 
that  the  termwise  direct  sum  ©,eJ  K*  is  a direct  sum  in  D(A).  Namely,  let  I*  be 
a K-injective  complex.  Then  we  have 

Horn D(A)(0ie7^,^‘)  = HoniK(^)((J)  ^ K*,T) 

= 11  ieVomK(A)(K-,n 

= n ieIHomD{A)(K-,n 

as  desired.  This  is  sufficient  since  any  complex  can  be  represented  by  a K-injective 
complex  by  Theorem  |19.12.6[  To  construct  the  product,  choose  a K-injective  reso- 
lution K*  —A  I*  for  each  i.  Then  we  claim  that  ]©  7 I*  is  a product  in  D(A).  This 
follows  from  Derived  Categories,  Lemma  [13.29. 5[  □ 
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07DA  Remark  19.13.5.  Let  R be  a ring.  Suppose  that  M„,  n £ Z are  R-modules. 
Denote  En  = Mn[—n ] £ D(R).  We  claim  that  E = 0M„[- n\  is  both  the  direct 
sum  and  the  product  of  the  objects  En  in  D(R).  To  see  that  it  is  the  direct  sum, 
take  a look  at  the  proof  of  Lemma  |19.13.4|  To  see  that  it  is  the  direct  product, 
take  injective  resolutions  Mn  — > /*.  By  the  proof  of  Lemma  19.13.4  we  have 

Y[En  = Y[rn[-n] 


in  D(R).  Since  products  in  Mod^  are  exact,  we  see  that  I * is  quasi-isomorphic  to 
E.  This  works  more  generally  in  D(A)  where  A is  a Grothendieck  abelian  category 
with  Ab4*. 

08U1  Lemma  19.13.6.  Let  F : A -A  B be  an  additive  functor  of  abelian  categories. 
Assume 


(1)  A is  a Grothendieck  abelian  category, 

(2)  B has  exact  countable  products,  and 

(3)  F commutes  with  countable  products. 

Then  RF  : D(A)  — > D{B)  commutes  with  derived  limits. 


Proof.  Observe  that  RF  exists  as  A has  enough  K-injectives  (Theorem  19.12.6  and 
Derived  Categories,  Lemma  13.29.6).  The  statement  means  that  if  K = RlimKn , 
then  RF(K)  = R\im.RF(Kn).  See  Derived  Categories,  Definition  13.32.1  for  no- 
tation. Since  RF  is  an  exact  functor  of  triangulated  categories  it  suffices  to  see 
that  RF  commutes  with  countable  products  of  objects  of  D(A).  In  the  proof  of 
Lemma  19.13.4  we  have  seen  that  products  in  D(A)  are  computed  by  taking  prod- 
ucts of  K-injective  complexes  and  moreover  that  a product  of  K-injective  complexes 
is  K-injective.  Moreover,  in  Derived  Categories,  Lemma  13.32.2  we  have  seen  that 
products  in  D(B)  are  computed  by  taking  termwise  products.  Since  RF  is  com- 
puted by  applying  f to  a K-injective  representative  and  since  we’ve  assumed  F 
commutes  with  countable  products,  the  lemma  follows.  □ 


OBKI 


The  following  lemma  is  some  kind  of  generalization  of  the  existence  of  Cartan- 
Eilenberg  resolutions  (Derived  Categories,  Section  13.21). 


Lemma  19.13.7.  Let  A be  a Grothendieck  abelian  category.  Let  K*  be  a filtered 
complex  of  A,  see  Homology,  Definition  \12.21.1\  Then  there  exists  a morphism 
j : K*  — » J*  of  filtered  complexes  of  A such  that 

(1)  Jn,  FpJn,  Jn/FpJn  and  FpJn/FpJn  are  injective  objects  of  A, 

(2)  J* , FPJ*,  Jm/FpJ*,  and  FPJ*/FP  J*  are  K-injective  complexes, 

(3)  j induces  quasi-isomorphisms  K*  — > J* , FPK * — > FPJ *,  Km/FpKm  — ► 
J* /FPJ* , and  Fp  K*  / Fp'  K*  ->•  FpJ*/Fp'j\ 


Proof.  By  Theorem  |19.12.6|  we  obtain  quasi-isomorphisms  i : K*  — > I * and  ip  : 
FPK*  — >•  Jp’*  as  well  as  commutative  diagrams 


K* 


FpI\ • 


pp  Km 


IP  ■ 


FpK * 


jp 

and 

1 

iP 

. . «P  rz 

/ ' 

- f*PP 

for  p'  < p 


such  that  ap  o ap  p = ap  and  oP  p o app  = app  . The  problem  is  that  the  maps 
ap  : Ip ’*  -A  /*  need  not  be  injective.  For  each  p we  choose  an  injection  tp  : Ip ’*  -A 
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Jp’*  into  an  acyclic  K-injective  complex  Jp,#  whose  terms  are  injective  objects  of 
A (first  map  to  the  cone  on  the  identity  and  then  use  the  theorem).  Choose  a map 
of  complexes  sp  : /*  — > JP)*  such  that  the  following  diagram  commutes 

K • ^ FPK* 


!•  jp,* 

tp 

JP ’* 


This  is  possible:  the  composition  FPK * -A  Jp'*  is  homotopic  to  zero  because  JPi* 


is  acyclic  and  K-injective  (Derived  Categories,  Lemma  13.29.2).  Since  the  objects 
jp,n-i  are  injective  anc[  sinCe  FPK71  — > Kn  — > In  are  injective  morphisms,  we  can 
lift  the  maps  FpKn  -A  Jp,Tl_1  giving  the  homotopy  to  a map  hn  : In  -A  Jp,n_1. 
Then  we  set  sp  equal  to  h o d + d o h.  (Warning:  It  will  not  be  the  case  that 
tp  = sp  o ap,  so  we  have  to  be  careful  not  to  use  this  below.) 


Consider 


J*  = 7*  x JP'* 


Because  products  in  D{A)  are  given  by  taking  products  of  K-injective  complexes 
(Lemma|19.13.4 1 and  since  JPl*  is  isomorphic  to  0 in  D(A)  we  see  that  J*  -A  I*  is 
an  isomorphism  in  D{A).  Consider  the  map 

j = i x (sp  o i)pGZ  : K*  — > /*  x IJ  Jp = J* 

By  our  remarks  above  this  is  a quasi-isomorphism.  It  is  also  injective.  For  p £ Z 
we  let  FpJ'  c J*  be 


Im 


ap  x (fp  o app  ) 


p'<p 


jp-,* 


r x TT  jp 

J-  J-p'  <p 


n , jv' 

a a//>p 


This  complex  is  isomorphic  to  the  complex  /p’  * x n P'>vjv%  as  aPp  = id  and 
t,p  is  injective.  Hence  FPJ * is  quasi-isomorphic  to  /p,#  (argue  as  above).  We 
have  j(FpKm)  C FPJ * because  of  the  commutativity  of  the  diagram  above.  The 
corresponding  map  of  complexes  FPK * -A  FPJ*  is  a quasi-isomorphism  by  what 
we  just  said.  Finally,  to  see  that  FP+1J * C Fp  J*  use  that  ap+lp  o app  = ap+lp 
and  the  commutativity  of  the  first  displayed  diagram  in  the  first  paragraph  of  the 
proof. 

We  claim  that  j : K * -A  J*  is  a solution  to  the  problem  posed  by  the  lemma. 
Namely,  Fp  Jn  is  an  injective  object  of  A because  it  is  isomorphic  to  Ip’n  x Y[pi>p  Jp  ,n 
and  products  of  injectives  are  injective.  Then  the  injective  map  FpJn  -A  Jn  splits 
and  hence  the  quotient  Jn /FpJn  is  injective  as  well  as  a direct  summand  of  the 
injective  object  Jn.  Similarly  for  FpJn/Fp  Jn.  This  in  particular  means  that 
0 -A  FPJ*  — > J*  — > J*  /FPJ*  A 0 is  a termwise  split  short  exact  sequence  of 
complexes,  hence  defines  a distinguished  triangle  in  K(A)  by  fiat.  Since  J*  and 
FPJ * are  K-injective  complexes  we  see  that  the  same  is  true  for  J* /FPJ*  by  De- 

A similar  argument  shows  that  FPJ'/FP  J*  is 


13.29.3 


rived  Categories,  Lemma 
K-injective.  By  construction  j : K*  — > J*  and  the  induced  maps  FPK * -A  Fp  J*  are 
quasi-isomorphisms.  Using  the  long  exact  cohomology  sequences  of  the  complexes 
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in  play  we  find  that  the  same  holds  for  K*/FPK * ->  J*/FPJ * and  FPK* /Fp'  K*  -> 
FpJ*/Fp'j V □ 
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Cohomology  of  Sheaves 


01DW 


20.1.  Introduction 

01DX  In  this  document  we  work  out  some  topics  on  cohomology  of  sheaves  on  topological 
spaces.  We  mostly  work  in  the  generality  of  modules  over  a sheaf  of  rings  and  we 
work  with  morphisms  of  ringed  spaces.  To  see  what  happens  for  sheaves  on  sites 
take  a look  at  the  chapter  Cohomology  on  Sites,  Section  [21.11  Basic  references  are 

[God 73  and  [Tve86  . 

20.2.  Topics 

01DY  Here  are  some  topics  that  should  be  discussed  in  this  chapter,  and  have  not  yet 
been  written. 

(1)  Ext-groups. 

(2)  Ext  sheaves. 

(3)  Tor  functors. 

(4)  Derived  pullback  for  morphisms  between  ringed  spaces. 

(5)  Cup-product. 

(6)  Etc,  etc,  etc. 


20.3.  Cohomology  of  sheaves 


01DZ  Let  X be  a topological  space.  Let  F be  a abelian  sheaf.  We  know  that  the  category 
of  abelian  sheaves  on  X has  enough  injectives,  see  Injectives,  Lemma  19.4.1  Hence 
we  can  choose  an  injective  resolution  ,F[0] 


0712  (20.3.0.1) 


I* . As  is  customary  we  define 
Hl{X,F)  = Hl(T(X,r)) 


to  be  the  ith  cohomology  group  of  the  abelian  sheaf  F.  The  family  of  functors 
HZ((X,—)  forms  a universal  (5-functor  from  Ab(X)  — > Ab. 

Let  / : X — ► Y be  a continuous  map  of  topological  spaces.  With  J"[0]  — »•  I * as 
above  we  define 


0713  (20.3.0.2)  Rif*F  = U*  (/*!*) 

to  be  the  ith  higher  direct  image  of  F . The  family  of  functors  Rl /*  forms  a universal 
(5-functor  from  Ab(X)  — ► Ab(Y). 

Let  (X,Ox)  be  a ringed  space.  Let  F be  an  Ox-module.  We  know  that  the 
category  of  Ox- modules  on  X has  enough  injectives,  see  Injectives,  Lemma|i9.5.1| 
Hence  we  can  choose  an  injective  resolution  ^[0]  —tl*.  As  is  customary  we  define 

0714  (20.3.0.3)  Hi(X,F)  = Hi{T(XX)) 


1526 
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0715 


0716 


05U3 


05U4 


0717 


0718 


to  be  the  ith  cohomology  group  of  F.  The  family  of  functors  FP((  A',—)  forms  a 
universal  5-functor  from  Mod(Ox ) — > Mod0x(A-). 

Let  / : (X,Ox)  — > (Y,Oy)  be  a morphism  of  ringed  spaces.  With  .F[0]  — > I*  as 
above  we  define 

(20.3.0.4)  = 

to  be  the  ith  higher  direct  image  of  J- . The  family  of  functors  Rl /*  forms  a universal 
5-functor  from  Mod(Ox ) — > Mod(Oy). 


20.4.  Derived  functors 


We  briefly  explain  an  approach  to  right  derived  functors  using  resolution  functors. 
Let  (X,Ox)  be  a ringed  space.  The  category  Mod(Ox)  is  abelian,  see  Modules, 
Lemma  |17.3.1[  In  this  chapter  we  will  write 

K(X)  = K{Ox)  = K{Mod(Ox ))  and  D{X)  = D(Ox)  = D(Mod(Ox ))■ 

and  similarly  for  the  bounded  versions  for  the  triangulated  categories  introduced 
in  Derived  Categories,  Definition  13.8.1  and  Definition  |13.11.3  By  Derived  Cate- 
gories, Remark |l3. 24. 3| there  exists  a resolution  functor 

j = jx  : K+(Mod(Ox ))  — ► K+(l) 

where  I is  the  strictly  full  additive  subcategory  of  Mod(Ox ) consisting  of  injective 
sheaves.  For  any  left  exact  functor  F : Mod(Ox)  — > B into  any  abelian  category 
B we  will  denote  RF  the  right  derived  functor  described  in  Derived  Categories, 
Section  [13.20  and  constructed  using  the  resolution  functor  jx  just  described: 

(20.4.0.5)  RF  = Foj'x:D+(X) — > D+(B) 

see  Derived  Categories,  Lemma  |13.25.1|  for  notation.  Note  that  we  may  think  of 
RF  as  defined  on  Mod(Ox),  Comp+  ( Mod(Ox ) ) , K+(X),  or  D+(X)  depending  on 
the  situation.  According  to  Derived  Categories,  Definition  |13.17.2|  we  obtain  the 
*th  right  derived  functor 

(20.4.0.6)  R!F  = Hl  o RF  : Mod{Ox)  — > B 

so  that  R°F  = F and  {RlF,  5}j>0  is  universal  5-functor,  see  Derived  Categories, 
Lemma  113.20.41 

Here  are  two  special  cases  of  this  construction.  Given  a ring  R we  write  K{R)  = 
I\  (Mod/j)  and  D{R)  = D(Modij)  and  similarly  for  bounded  versions.  For  any  open 
U C X we  have  a left  exact  functor  r(C7,  — ) : Mod(Ox)  — > ModoY([/)  which  gives 
rise  to 


(20.4.0.7) 


RT(U,  -)  : D+(X)  — ► D+(Ox(U)) 


by  the  discussion  above.  We  set  = RlY{U,  — ).  If  U = X we  recover 

(20.3.0.31.  If  / : X — ► Y is  a morphism  of  ringed  spaces,  then  we  have  the  left  exact 

Mod(Oy)  which  gives  rise  to  the  derived  pushforward 

Rf*  ■ D+(X)  — ► D+{Y) 


functor  /*  : Mod(Ox ) 

(20.4.0.8) 

The  fth  cohomology  sheaf  of  Rf*F*  is  denoted  Rlf*Fm  and  called  the  ith  higher 


direct  image  in  accordance  with  (20.3.0.41.  The  two  displayed  functors  above  are 
exact  functor  of  derived  categories. 
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Abuse  of  notation:  When  the  functor  f?/*,  or  any  other  derived  functor,  is 
applied  to  a sheaf  F on  X or  a complex  of  sheaves  it  is  understood  that  F has  been 
replaced  by  a suitable  resolution  of  F . To  facilitate  this  kind  of  operation  we  will 
say,  given  an  object  F*  £ D(X),  that  a bounded  below  complex  X*  of  injectives  of 
Mod(Ox ) represents  F%  in  the  derived  category  if  there  exists  a quasi-isomorphism 
F*  — ► X*.  In  the  same  vein  the  phrase  “let  a : F*  — > Q*  be  a morphism  of  D{ A')” 
does  not  mean  that  a is  represented  by  a morphism  of  complexes.  If  we  have  an 
actual  morphism  of  complexes  we  will  say  so. 

20.5.  First  cohomology  and  torsors 

02FN 

02FO  Definition  20.5.1.  Let  A'  be  a topological  space.  Let  Q be  a sheaf  of  (possibly 
non-commutative)  groups  on  X.  A torsor,  or  more  precisely  a Q-torsor,  is  a sheaf 
of  sets  F on  X endowed  with  an  action  Q x F —>  F such  that 

(1)  whenever  F(U)  is  nonempty  the  action  Q(U)  x F(U)  -*  F{U)  is  simply 
transitive,  and 

(2)  for  every  x £ X the  stalk  Fx  is  nonempty. 

A morphism  of  Q -torsors  F — > F'  is  simply  a morphism  of  sheaves  of  sets  compatible 
with  the  ^-actions.  The  trivial  Q-torsor  is  the  sheaf  Q endowed  with  the  obvious 
left  Q-  act  ion. 

It  is  clear  that  a morphism  of  torsors  is  automatically  an  isomorphism. 

02FP  Lemma  20.5.2.  Let  X be  a topological  space.  Let  Q be  a sheaf  of  (possibly  non- 
commutative)  groups  on  X . A Q-torsor  F is  trivial  if  and  only  if  F(X)  ^ 0. 

Proof.  Omitted.  □ 

02FQ  Lemma  20.5.3.  Let  X be  a topological  space.  Let  TL  be  an  abelian  sheaf  on  X . 

There  is  a canonical  bijection  between  the  set  of  isomorphism  classes  of  TL-torsors 
and  H1(X,TL). 

Proof.  Let  F be  a %-torsor.  Consider  the  free  abelian  sheaf  h\F\  on  F.  It  is  the 
sheafification  of  the  rule  which  associates  to  U C X open  the  collection  of  finite 
formal  sums  Y,  ni\si\  with  ni  £ Z and  s*  £ F(U).  There  is  a natural  map 

cr  : Z[X"]  — > Z 

which  to  a local  section  associates  Yni-  The  kernel  of  a is  generated  by 

the  local  section  of  the  form  [s]  — [s'].  There  is  a canonical  map  a : Ker(cr)  — > TL 
which  maps  [s]  — [s']  i— > h where  h is  the  local  section  of  TL  such  that  h ■ s = s'. 
Consider  the  pushout  diagram 

0 ^ Ker(cr) > Z [F\ ^ Z > 0 

a 

S'  I 

0 ^ TL ^ Z ^ 0 

Here  £ is  the  extension  obtained  by  pushout.  From  the  long  exact  cohomology 
sequence  associated  to  the  lower  short  exact  sequence  we  obtain  an  element  £ = 
fx  £ H1(X,TL)  by  applying  the  boundary  operator  to  1 £ H°( X,Z). 
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Conversely,  given  £ £ Hx(X,  H)  we  can  associate  to  £ a torsor  as  follows.  Choose 
an  embedding  T~L  — > X of  'H  into  an  injective  abelian  sheaf  I.  We  set  Q = I/'H  so 
that  we  have  a short  exact  sequence 

0 ^0 


The  element  £ is  the  image  of  a global  section  q £ Ha(X,  Q)  because  H [ (X.  T)  = 0 
(see  Derived  Categories,  Lemma  13.20.4).  Let  Jclbe  the  subsheaf  (of  sets)  of 
sections  that  map  to  q in  the  sheaf  Q.  It  is  easy  to  verify  that  X is  a torsor. 


We  omit  the  verification  that  the  two  constructions  given  above  are  mutually  in- 
verse. □ 


20.6.  First  cohomology  and  extensions 

0B39 

0B3A  Lemma  20.6.1.  Let  (X,  Ox)  be  a ringed  space.  Let  X be  a sheaf  of  Ox -modules. 
There  is  a canonical  bijection 

ExtMod{ox){Ox,X)  — > H\X,X) 

which  associates  to  the  extension 

0 — ► X — ► £ -A  Ox  ->  0 

the  image  of  1 £ V(X,Ox)  in 

Proof.  Let  us  construct  the  inverse  of  the  map  given  in  the  lemma.  Let  £ £ 
H1{X1  X).  Choose  an  injection  Jcl  with  I injective  in  Mod(Ox)-  Set  Q = TjT . 
By  the  long  exact  sequence  of  cohomology,  we  see  that  £ is  the  image  of  of  a section 
£ € T(Jf,  Q)  = Homox(C)A',  Q).  Now,  we  just  form  the  pullback 

0 >-  X ^ ^ Ox 0 

i 

Y 

0 ^ X ^1 ^ Q ^0 

see  Homology,  Section  [12.6[  □ 

20.7.  First  cohomology  and  invertible  sheaves 

09NT  The  Picard  group  of  a ringed  space  is  defined  in  Modules,  Section  [17.21| 

09NU  Lemma  20.7.1.  Let  (X,Ox)  be  a locally  ringed  space.  There  is  a canonical 
isomorphism 

H1(X,0*x)  = Pic(X). 

of  abelian  groups. 

Proof.  Let  C be  an  invertible  Ox-module.  Consider  the  presheaf  C*  defined  by 
the  rule 

U i — > { s £ C(U)  such  that  Ou  > Cu  is  an  isomorphism} 

This  presheaf  satisfies  the  sheaf  condition.  Moreover,  if  / £ 0*X(U)  and  s £ C*{U), 
then  clearly  fs  £ C*(U).  By  the  same  token,  if  s,s'  £ £*(U)  then  there  exists  a 
unique  / £ 0*X{U)  such  that  fs  = s'.  Moreover,  the  sheaf  C*  has  sections  locally 
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by  Modules,  Lemma  17.21.4 
we  get  a map 


In  other  words  we  see  that  C*  is  a 0^-torsor.  Thus 


invertible  sheaves  on  {X,  Ox)  torsors 

up  to  isomorphism  up  to  isomorphism 


We  omit  the  verification  that  this  is  a homomorphism  of  abelian  groups.  By  Lemma 


show  this  map  is  injective  and  surjective. 

Injective.  If  the  torsor  C*  is  trivial,  this  means  by  Lemma  |20.5.2|  that  C*  has  a 
global  section.  Hence  this  means  exactly  that  C = Ox  is  the  neutral  element  in 
Pic(X). 


20.5.3  the  right  hand  side  is  canonically  bijective  to  H1{X1  0*x).  Thus  we  have  to 


Surjective.  Let  F be  an  O Y-torsor.  Consider  the  presheaf  of  sets 
A : ► {F{U)  X 0x{U))/0*x(U) 

where  the  action  of  / £ 0*X{U)  on  (s,g)  is  {fs,f~1g).  Then  C\  is  a presheaf  of 
Ox-modules  by  setting  (s,g)  + { s',g ')  = {s,g  + {s' / s)g')  where  s'/s  is  the  local 
section  / of  0*x  such  that  fs  = s',  and  h{s,  g)  = {s,  hg)  for  h a local  section  of  Ox ■ 
We  omit  the  verification  that  the  slicafification  C = Cf  is  an  invertible  Ox-module 
whose  associated  O y-torsor  C*  is  isomorphic  to  F.  □ 
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01E0  The  following  lemma  says  there  is  no  ambiguity  in  defining  the  cohomology  of  a 
sheaf  F over  an  open. 

01E1  Lemma  20.8.1.  Let  X be  a ringed  space.  Let  U C X be  an  open  subspace. 

(1)  If!  is  an  injective  Ox-module  thenX\u  is  an  injective  Ojj-module. 

(2)  For  any  sheaf  of  Ox -modules  F we  have  HP{U,F)  = Hp{U,F\u). 


Proof.  Denote  j : U —>  X the  open  immersion.  Recall  that  the  functor  j~x  of 
restriction  to  U is  a right  adjoint  to  the  functor  j\  of  extension  by  0,  see  Sheaves, 
Moreover,  j\  is  exact.  Hence  (1)  follows  from  Homology,  Lemma 


Lemma  6.31.8 


112.25.11 


By  definition  HP{U,F)  = Hp{T{U,Xm))  where  F — > X*  is  an  injective  resolution 
in  Mod{Ox )•  By  the  above  we  see  that  F\u  — > X*\u  is  an  injective  resolution  in 
Mod{Ov).  Hence  HP{U,  F\v)  is  equal  to  HP{T{U,X*\V)).  Of  course  T{U,F)  = 
T{U,F\u)  for  any  sheaf  F on  X.  Hence  the  equality  in  (2).  □ 


Let  X be  a ringed  space.  Let  J7  be  a sheaf  of  Ox-modules.  Let  U C V C X be 
open  subsets.  Then  there  is  a canonical  restriction  mapping 

01E2  (20.8.1.1)  Hn{V,F)  — * Hn{U,F),  £ t— H\u 

functorial  in  F.  Namely,  choose  any  injective  resolution  F — > Xm . The  restriction 
mappings  of  the  sheaves  Xp  give  a morphism  of  complexes 

T(y,I#)  — >T{U,X‘) 

The  LHS  is  a complex  representing  f?T(V)  F)  and  the  RHS  is  a complex  representing 
RT{U,F).  We  get  the  map  on  cohomology  groups  by  applying  the  functor  Hn . As 
indicated  we  will  use  the  notation  f ha  £| u to  denote  this  map.  Thus  the  rule 
U ha  Hn{U,F ) is  a presheaf  of  Ox-modules.  This  presheaf  is  customarily  denoted 
lLn{F).  We  will  give  another  interpretation  of  this  presheaf  in  Lemma  20.12.4 
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01E3  Lemma  20.8.2.  Let  X be  a ringed  space.  Let  X be  a sheaf  of  Ox -modules.  Let 
U C X be  an  open  subspace.  Let  n > 0 and  let  £ £ Hn(U,X).  Then  there  exists  an 
open  covering  U = |Jig/  Ui  such  that  £1^  =0  for  all  i £ I. 

Proof.  Let  X — > X*  be  an  injective  resolution.  Then 

rrnrrr  ^ = Ker(XW(£/)  ->  X"+1(£/)) 

[ ’ 1 Im(Xn_1([/)  In(U)) 

Pick  an  element  £ £ In(U)  representing  the  cohomology  class  in  the  presentation 
above.  Since  X*  is  an  injective  resolution  of  X and  n > 0 we  see  that  the  complex  X* 
is  exact  in  degree  n.  Hence  Im(X”_1  — > X")  = Ker(X"  -A  X"+1)  as  sheaves.  Since 
£ is  a section  of  the  kernel  sheaf  over  U we  conclude  there  exists  an  open  covering 
U = such  that  £| ui  is  the  image  under  d of  a section  £ In~1{Ui). 

By  our  definition  of  the  restriction  f \ u,  as  corresponding  to  the  class  of  f \ u%  we 
conclude.  □ 


01E4  Lemma  20.8.3.  Let  f : X — ► Y be  a morphism  of  ringed  spaces.  Let  X be  a 
Ox-module.  The  sheaves  Rl  f^X  are  the  sheaves  associated  to  the  presheaves 


V ^ H\f-\V),T) 


with  restriction  mappings  as  in  Equation  \20. 8.1.1). 
for  Rl  /*  applied  to  a bounded  below  complex  X* . 


There  is  a similar  statement 


Proof.  Let  X — » X*  be  an  injective  resolution.  Then  Rlf*X  is  by  definition  the 
ith  cohomology  sheaf  of  the  complex 

/*x°  -a  ui1  ->  /*X2  -> . . . 


By  definition  of  the  abelian  category  structure  on  Oy-modules  this  cohomology 
sheaf  is  the  sheaf  associated  to  the  presheaf 

Ker(/,X*(P)  ->  f*T+\V)) 

Im(/*Xi_1(P)  /*X*(V)) 

and  this  is  obviously  equal  to 

Ker  (y(/-1(P))^y+1(/-1(P))) 
Im(I-1(/-1(b))Al'(/-1(k))) 

which  is  equal  to  Hl(f~^(y),X)  and  we  win.  □ 


01E5  Lemma  20.8.4.  Let  f : X —>Y  be  a morphism  of  ringed  spaces.  Let  X be  an  Ox- 
module.  Let  V C Y be  an  open  subspace.  Denote  g : /_1(V)  — > V the  restriction 
of  f . Then  we  have 

Rpg*(Jr\f-Hv))  = (Rpf*Jr)\v 

There  is  a similar  statement  for  the  derived  image  Rf*Xm  where  X*  is  a bounded 
below  complex  of  Ox -modules. 


Proof.  First  proof.  Apply  Lemmas  20.8.3  and  20.8.1  to  see  the  displayed  equality. 
Second  proof.  Choose  an  injective  resolution  X — > X*  and  use  that  X\ /-qvq  — > 
X*  | i (v)  is  an  injective  resolution  also.  □ 
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03BA  Remark  20.8.5.  Here  is  a different  approach  to  the  proofs  of  Lemmas  20.8.2  and 
20.8.3  above.  Let  (X,Ox)  be  a ringed  space.  Let  ix  ■ Mod(Ox ) — > PMod(Ox ) be 


the  inclusion  functor  and  let  # be  the  sheafification  functor.  Recall  that  ix  is  left 
exact  and  # is  exact. 

(1)  First  prove  Lemma  20.12.4  below  which  says  that  the  right  derived  func- 
tors of  ix  are  given  by  RpixP  = HP(F).  Here  is  another  proof:  The 
equality  is  clear  for  p = 0.  Both  (Rpix)p> o and  (Hp)p> o are  delta  func- 
tors vanishing  on  injectives,  hence  both  are  universal,  hence  they  are  iso- 
morphic. See  Homology,  Section  12.11| 

(2)  A restatement  of  Lemma  20.8.2  is  that  {Hj’ijF))#  = 0,  p > 0 for  any  sheaf 
of  Ox-modules  T . To  see  this  is  true,  use  that  # is  exact  so 

(Hp(X))*  = (RpixP)*  = Rp( # o ix)(R)  = 0 
because  # ° ix  is  the  identity  functor. 

(3)  Let  / : X — > Y be  a morphism  of  ringed  spaces.  Let  J-  be  an  Ox-module. 

The  presheaf  V Hp(f~1V , T)  is  equal  to  Rp(iY  ° f*)P-  You  can  prove 

this  by  noticing  that  both  give  universal  delta  functors  as  in  the  argument 
of  (1)  above.  Hence  Lemma  20.8.3  says  that  Rp f*JF  = (Rp(iY  ° /*)Jr)#. 


Again  using  that  # is  exact  a that  # o iY  is  the  identity  functor  we  see 
that 

Rpf* T = Rp( # o «y  o U)T  = (. RP(iY  o f,)?)# 
as  desired. 


20.9.  Mayer-Vietoris 


A special  case  of  that  spectral  sequence  is  the  Mayer-Vietoris  long  exact  sequence. 
Since  it  is  such  a basic,  useful  and  easy  to  understand  variant  of  the  spectral 
sequence  we  treat  it  here  separately. 

01EA  Lemma  20.9.1.  Let  X be  a ringed  space.  Let  U'  C U C X be  open  subspaces.  For 
any  injective  O x -module  X the  restriction  mapping  L (U)  — > R(U')  is  surjective. 


01E9  Below  will  construct  the  Cech-to-cohomology  spectral  sequence,  see  Lemma 


20.12.5 


Proof.  Let  j : U — ?•  X and  j'  : U' 


is  the  extension  by  zero  of  Ou  = Ox\u,  see  Sheaves,  Section  6.31 


X be  the  open  immersions.  Recall  that  j\Ou 

Since  j\  is  a left 


adjoint  to  restriction  we  see  that  for  any  sheaf  T of  Ox-modules 


Homox  (j\Ou , J-)  = Homo[/(0;7,  T\u)  = T(U) 


see  Sheaves,  Lemma  6.31.8  Similarly,  the  sheaf  j[Ou'  represents  the  functor  T i— >■ 
F(U').  Moreover  there  is  an  obvious  canonical  map  of  Ox-modules 

j'Pu'  — > j\Ou 


which  corresponds  to  the  restriction  mapping  F(U)  — > F(U')  via  Yoneda’s  lemma 
(Categories,  Lemma  4.3.5).  By  the  description  of  the  stalks  of  the  sheaves  j[Ou', 
j\Ojj  we  see  that  the  displayed  map  above  is  injective  (see  lemma  cited  above). 
Hence  if  X is  an  injective  Ox-nrodule,  then  the  map 


Homox  (j\Ou,X)  — Horn ox(jPu',X) 

is  surjective,  see  Homology,  Lemma [12. 23. 2|  Putting  everything  together  we  obtain 
the  lemma.  □ 
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01EB  Lemma  20.9.2  (Mayer-Vietoris) . Let  X be  a ringed  space.  Suppose  that  X = 
U U V is  a union  of  two  open  subsets.  For  every  Ox -module  F there  exists  a long 
exact  cohomology  sequence 

0 -)•  H°(X,F)  -»  H°(U,F)  ® H°(V,F)  ->  H°(U  n V,F)  — >■  F[1(X,F) 

This  long  exact  sequence  is  functorial  in  F . 


Proof.  The  sheaf  condition  says  that  the  kernel  of  (1,-1)  : F(U)  © F(V)  — ► 
F(U  n V)  is  equal  to  the  image  of  F(X)  by  the  first  map  for  any  abelian  sheaf  F. 
Lemma [20.9.1  above  implies  that  the  map  (1,-1)  : I(U)  ©X(V)  -A  I(U  fl  V ) is 
surjective  whenever  T is  an  injective  Ox-module.  Hence  if  F — > I*  is  an  injective 
resolution  of  F,  then  we  get  a short  exact  sequence  of  complexes 

o-^x*(x)  ->r(U)®x*(v)-> x'{unv)  ->•  o. 


Taking  cohomology  gives  the  result  (use  Homology,  Lemma  12.12.12 1 . We  omit  the 
proof  of  the  functoriality  of  the  sequence.  □ 


01EC  Lemma  20.9.3  (Relative  Mayer-Vietoris).  Let  f : X — ► Y be  a morphism  of 
ringed  spaces.  Suppose  that  X = U U V is  a union  of  two  open  subsets.  Denote 
a = f\u  : U — ► Y,  b = f\v  '■  V — > Y,  and  c = f\unv  '■  U HV  Y.  For  every 
Ox -module  T there  exists  a long  exact  sequence 

0 -A  f*J-  — ► a*(Jr|(/)  © 6*(Jr|y)  — > c*(-7r|[/nv')  —>  R1  f*J-  —>.. . 

This  long  exact  sequence  is  functorial  in  T . 


Proof.  Let  F — > I*  be  an  injective  resolution  of  T . We  claim  that  we  get  a short 
exact  sequence  of  complexes 

0 — > f*T*  — ^ afX*\u  © b*X*\y  — 7*  cfX*\uf}y  — > 0. 


Namely,  for  any  open  W C Y,  and  for  any  n > 0 the  corresponding  sequence  of 
groups  of  sections  over  W 

o -►  in(f~l(W))  ->  in{unf-1{W))®in{vnf-1(W))  Tn(t/nvn/”1(W))  o 


was  shown  to  be  short  exact  in  the  proof  of  Lemma |20.9.2[  The  lemma  follows  by 
taking  cohomology  sheaves  and  using  the  fact  that  T*\u  is  an  injective  resolution 
of  F\u  and  similarly  for  Im\v,I*\ur[y  see  Lemma  20.8.1  □ 


20.10.  The  Cech  complex  and  Cech  cohomology 


01ED  Let  X be  a topological  space.  Let  U : U = UJ£/  Ui  be  an  open  covering,  see 

.ntt 


= Ui  o n 


Topology,  Basic  notion  (13).  As  is  customary  we  denote  Ui0. 
for  the  {p  + l)-fold  intersection  of  members  of  U.  Let  T be  an  abelian  presheaf  on 
V.  Set 


&(U1F)  = n 


H1  Jr(Ui0...ip). 


<-(i0,...,ip)elP+1 

This  is  an  abelian  group.  For  s £ CP(U , T)  we  denote  s»0. 
Note  that  if  s £ CMfA.F)  and  i.  j £ I then  Sij  and 


its  value  in  F(Uio...ip). 
are  both  elements  of 


F{UznUf)  but  there  is  no  imposed  relation  between  and  Sji.  In  other  words,  we 


are  not  working  with  alternating  cochains  (these  will  be  defined  in  Section  20.24). 
We  define 

d : Cp(jU,  F)  — > CP+1(U,  F) 
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by  the  formula 

01EE  (20.10.0.1)  d(s)i0...ip+1  = 'EV..;,..-,.,'',,,,.., 

It  is  straightforward  to  see  that  d o d = 0.  In  other  words  C*(U,  J7)  is  a complex. 

01EF  Definition  20.10.1.  Let  X be  a topological  space.  Let  U : U = {J,eI  Ul  be 
an  open  covering.  Let  J-  be  an  abelian  preslieaf  on  X.  The  complex 
is  the  Cech  complex  associated  to  T and  the  open  covering  U.  Its  cohomology 
groups  Hl(C*  (U,  IF))  are  called  the  Cech  cohomology  groups  associated  to  J-  and 
the  covering  U.  They  are  denoted 

01EG  Lemma  20.10.2.  Let  X be  a topological  space.  Let  T be  an  abelian  presheaf  on 
X . The  following  are  equivalent 

(1)  T is  an  abelian  sheaf  and 

(2)  for  every  open  covering  U : U = U,e/  Ci  the  natural  map 

T(U)  -A  H°(U,T) 

is  bijective. 

Proof.  This  is  true  since  the  sheaf  condition  is  exactly  that  T(U)  H°fU,iF)  is 
bijective  for  every  open  covering.  □ 


20.11.  Cech  cohomology  as  a functor  on  presheaves 

01EH  Warning:  In  this  section  we  work  almost  exclusively  with  presheaves  and  categories 
of  presheaves  and  the  results  are  completely  wrong  in  the  setting  of  sheaves  and 
categories  of  sheaves! 

Let  X be  a ringed  space.  Let  U : U = (JieJ  t/j  be  an  open  covering.  Let  J7  be  a 
presheaf  of  Ox-modules.  We  have  the  Cech  complex  C*(U , X)  of  T just  by  thinking 
of  J7  as  a presheaf  of  abelian  groups.  However,  each  term  CP(U,  F)  has  a natural 
structure  of  a Ox  (^-module  and  the  differential  is  given  by  Ox(H)-module  maps. 
Moreover,  it  is  clear  that  the  construction 

J7  i — yC'iU.T) 


is  functorial  in  J7.  In  fact,  it  is  a functor 


01EI  (20.11.0.1)  C*(W,-)  : PMod{Ox)  — > Comp+(Mod ox(u)) 


01EJ 


see  Derived  Categories,  Definition  |13.8.1|  for  notation.  Recall  that  the  category 
of  bounded  below  complexes  in  an  abelian  category  is  an  abelian  category,  see 
Homology,  Lemma [12. 12. 9| 


Lemma  20.11.1.  The  functor  given  by  Equation  (20.11.0.1)  is  an  exact  functor 
(see  Homology,  Lemma  12.7.1). 


Proof.  For  any  open  W C U the  functor  J7  i— > 2F(W)  is  an  additive  exact  functor 
from  PMod(Ox ) to  Mode>x(;7).  The  terms  CP(U , J7)  of  the  complex  are  products  of 
these  exact  functors  and  hence  exact.  Moreover  a sequence  of  complexes  is  exact 
if  and  only  if  the  sequence  of  terms  in  a given  degree  is  exact.  Hence  the  lemma 
follows.  □ 
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01EK  Lemma  20.11.2.  Let  X be  a ringed  space.  Let  U : U = Ui6,  Ui  be  an  open 
covering.  The  functors  T ha  Hn(U,J 7)  form  a 6 -functor  from  the  abelian  category 
of  presheaves  of  Ox -modules  to  the  category  of  Ox  (U) -modules  (see  Homology, 


Definition  12.11.1). 


Proof.  By  Lemma  |20.11.1|  a short  exact  sequence  of  presheaves  of  Ox-modules 
0 — ^ J- 1 — ^ J- 2 — y J~ 3 — y 0 is  turned  into  a short  exact  sequence  of  complexes  of 


C,A'(C^)-modules.  Hence  we  can  use  Homology,  Lemma  12.12.12  to  get  the  boundary 
maps  Sx, '■  Hn{D,J73)  -A  Hn+1(U,T\)  and  a corresponding  long  exact 
sequence.  We  omit  the  verification  that  these  maps  are  compatible  with  maps 
between  short  exact  sequences  of  presheaves.  □ 


In  the  formulation  of  the  following  lemma  we  use  the  functor  jp\  of  extension  by  0 
for  presheaves  of  modules  relative  to  an  open  immersion  j : U -A  X.  See  Sheaves, 
Section  6.31  For  any  open  W C X and  any  presheaf  Q of  Ox  | [/-modules  we  have 


Ur'.G)(W) 


( g(W)  ifwcu 

\ 0 else. 


Moreover,  the  functor  jp\  is  a left  adjoint  to  the  restriction  functor  see  Sheaves, 
Lemma  |6.31.8[  In  particular  we  have  the  following  formula 

Horn  OxUp'.Ou,?)  = Homoo  (Ov , F\u)  = T{U). 

Since  the  functor  J7  ha  ,F(f7)  is  an  exact  functor  on  the  category  of  preslieaves  we 
conclude  that  the  preslieaf  jp\Ou  is  a projective  object  in  the  category  PMod(Ox), 
see  Homology,  Lemma  [12.24.2| 

Note  that  if  we  are  given  open  subsets  U C V C X with  associated  open  im- 
mersions juijv j then  we  have  a canonical  map  ( ju)p\Ou  -A  ( jv)p\Ov ■ It  is  the 
identity  on  sections  over  any  open  W C U and  0 else.  In  terms  of  the  identifica- 
tion Hova.ox{{ju)p\Ou,  (jv)p'.Ov)  = ( jv)p\Ov(U ) = Oy{U)  it  corresponds  to  the 
element  1 £ Oy{U). 

01EL  Lemma  20.11.3.  Let  X be  a ringed  space.  Let  U : U = {JieIUi  be  a covering. 
Denote  ji0...ip  ■ Ui0...ip  -A  X the  open  immersion.  Consider  the  chain  complex 
I\{U ).  of  presheaves  of  Ox -modules 


■ ■ ■ {jioh^pi^Uigi^ 

ioiii2 


ioii 


(§)(.jio)p'-OUi0  -A  0 A ... 


where  the  last  nonzero  term  is  placed  in  degree  0 and  where  the  map 


Uio.-iP+i)p'Ouio...ip+1  , 

is  given  by  (—  1)J  times  the  canonical  map.  Then  there  is  an  isomorphism 

Hom0x  (K(U)%1iF)  = C*{U,  T) 
functorial  in  J-  £ Ob (PMod(Ox)) ■ 


Proof.  We  saw  in  the  discussion  just  above  the  lemma  that 

Horn  ox(Uio-iP)p'-0Uio...ip,X)  = HUi0...ip). 
Hence  we  see  that  it  is  indeed  the  case  that  the  direct  sum 


{jio...ip)p\OlJi0...ip 
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represents  the  functor 


J:-  >11  . Hui0...ip). 


Hence  by  Categories,  Yoneda  Lemma  [4.3.5  we  see  that  there  is  a complex  K(IA), 
with  terms  as  given.  It  is  a simple  matter  to  see  that  the  maps  are  as  given  in  the 
lemma.  □ 


01EM 


Lemma  20.11.4.  Let  X be  a ringed  space.  LetlA  : U = U;e/  b e a covering.  Let 

Ou  C Ox  be  the  image  presheaf  of  the  map  © jp'.Ojji  — > Ox-  The  chain  complex 
K(U ),  of  presheaves  of  Lemma  20.11.3  above  has  homology  presheaves 


f 0 if  0 
l Ou  if  i = 0 


Proof.  Consider  the  extended  complex  K,xt  one  gets  by  putting  Ou  in  degree 
— 1 with  the  obvious  map  K(IA) o = ®io {ji0)P\Ouio  — ► Ou-  It  suffices  to  show 
that  taking  sections  of  this  extended  complex  over  any  open  W C X leads  to  an 
acyclic  complex.  In  fact,  we  claim  that  for  every  W C X the  complex  K,xt(W)  is 
homotopy  equivalent  to  the  zero  complex.  Write  I = I\  H I2  where  W C t/,  if  and 
only  if  i £ I±. 

If  I\  = 0,  then  the  complex  K.xt(W)  = 0 so  there  is  nothing  to  prove. 

If  I\  7^  0,  then  Ou{W)  = Ox(W)  and 

This  is  true  because  of  the  simple  description  of  the  presheaves  (ji0...iv)P\Ouio  ,v  • 
Moreover,  the  differential  of  the  complex  K.xt(W)  is  given  by 

d(s)io„,ip  = X!J=0i  iJ)+i 

The  sum  is  finite  as  the  element  s has  finite  support.  Fix  an  element  iax  £ I\. 
Define  a map 

h : KpXt(W)  — > K™\{W) 

by  the  rule 

7 / \ f 0 if  io  / i 

h0...ip+1  |Sii  ip+i  if  iQ  = ifix 

We  will  use  the  shorthand  h(s)i0...i  +1  = (i 0 = for  this.  Then  we  compute 

(dh  + hd)(s)i0...ip 

= EE  ( 1 Y hfs)i0,,,i-_1a.,,,iv  + (i  — io)d(s)i1,,,ip 

j ieh 

= v,iEE  ( 1)J'(*0  — — iiij ...ip  T (fo  — ^fi 

j>  1 *e/i 

which  is  equal  to  Si0...ip  as  desired.  □ 

01EN 

ing  ofU  C X.  The  Cecil  cohomology  functors  HP(IA,  — ) are  canonically  isomorphic 
as  a S -functor  to  the  right  derived  functors  of  the  functor 

H\U ,-)  : PMod(Ox ) — * Mod0x{u). 


Lemma  20.11.5.  Let  X be  a ringed  space.  LetlA  : U = |JigJ  Ut  be  an  open  cover- 
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Moreover,  there  is  a functorial  quasi-isomorphism 

C'{U,T)  — > RH°{U,T) 

where  the  right  hand  side  indicates  the  right  derived  functor 

RH°(U,~)  : D+{PMod{Ox ))  — ► D+(Ox(U )) 

of  the  left  exact  functor  H°(U,  — ). 

Proof.  Note  that  the  category  of  presheaves  of  Ojy-modules  has  enough  injec- 
tives,  see  Injectives,  Proposition 


19.8.5 


Note  that  H°(U,  — ) is  a left  exact  functor 
from  the  category  of  presheaves  of  Ox-modules  to  the  category  of  Ox(f^)-modules. 
Hence  the  derived  functor  and  the  right  derived  functor  exist,  see  Derived  Cate- 
gories, Section  |13.20[ 


Let  I be  a injective  presheaf  of  Ox-modules.  In  this  case  the  functor  Homo 
is  exact  on  PMod(Ox)-  By  Lemma [20.11.3  we  have 


:(-  Z) 


Homo*  (. K(U).,1)=  C*  (U,X). 


By  Lemma  20.11.4  we  have  that  KfU),  is  quasi-isomorphic  to  Ou[ 0].  Hence  by 
the  exactness  of  Horn  into  X mentioned  above  we  see  that  Hl(U,T)  = 0 for  all 
i > 0.  Thus  the  5-functor  (. Hn,S ) (see  Lemma  20.11.2)  satisfies  the  assumptions  of 


Homology,  Lemma|l2.11.4|  and  hence  is  a universal  5-functor. 


By  Derived  Categories,  Lemma  13.20.4  also  the  sequence  RlH°(U , — ) forms  a uni- 
versal  5-functor.  By  the  uniqueness  of  universal  5-functors,  see  Homology,  Lemma 
12.11.5  we  conclude  that  RzH°fU,~)  = H'(U,  —).  This  is  enough  for  most  appli- 


cations and  the  reader  is  suggested  to  skip  the  rest  of  the  proof. 

Let  T be  any  presheaf  of  Ox-modules.  Choose  an  injective  resolution  T — > I*  in 
the  category  PMod{Ox)-  Consider  the  double  complex  A9’9  with  terms 

Ap’q  =Cp{U,Xq). 

Consider  the  simple  complex  sA*  associated  to  this  double  complex.  There  is  a 
map  of  complexes 

C*(U,  F)  — > a A* 

coming  from  the  maps  CP(U,  F)  -A  Ap’°  and  there  is  a map  of  complexes 


H°(U,X*) 


aA9 


coming  from  the  maps  H°(U,Iq)  -A  A°'q  = C°(U,Xq).  Both  of  these  maps  are 
quasi-isomorphisms  by  an  application  of  Homology,  Lemma  |12. 22. 7|  Namely,  the 
columns  of  the  double  complex  are  exact  in  positive  degrees  because  the  Cech 


complex  as  a functor  is  exact  (Lemma  20.11.1 ) and  the  rows  of  the  double  complex 
are  exact  in  positive  degrees  since  as  we  just  saw  the  higher  Cech  cohomology 
groups  of  the  injective  presheaves  Iq  are  zero.  Since  quasi-isomorphisms  become 
invertible  in  D+  (Ox{U))  this  gives  the  last  displayed  morphism  of  the  lemma.  We 
omit  the  verification  that  this  morphism  is  functorial.  □ 
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OlEO 

01EP 


01EQ 


0B8R 


01ER 


20.12.  Cech  cohomology  and  cohomology 


Lemma  20.12.1.  Let  X be  a ringed  space.  Let  U : U = (jieIUi  be  a covering. 
Let  X be  an  injective  Ox -module.  Then 


HP(U,X) 


(1(U)  if  p = 0 
1 0 if  p > 0 


Proof.  An  injective  Ox-module  is  also  injective  as  an  object  in  the  category 
PMod(Ox ) (for  example  since  sheafification  is  an  exact  left  adjoint  to  the  inclusion 
functor,  using  Homology,  Lemma  12.25.1).  Hence  we  can  apply  Lemma  20.11.5|  (or 
its  proof)  to  see  the  result.  □ 


Lemma  20.12.2.  Let  X be  a ringed  space.  Let  IA  : U = be  a covering. 

There  is  a transformation 

— ) — > RT(U,  — ) 

of  functors  Mod(Ox)  — > D+(Ox(U)).  In  particular  this  provides  canonical  maps 
HP(U,F)  — ► HP(U,F)  for  T ranging  over  Mod(Ox)- 


Proof.  Let  T be  an  Ox-module.  Choose  an  injective  resolution  F — > I* . Consider 
the  double  complex  C*(U,T')  with  terms  Cp(U,Iq).  There  is  a map  of  complexes 

a : T{U,T)  — *•  Tot (C'(U,1')) 

coming  from  the  maps  Xq(U)  — > H°(U,Iq)  and  a map  of  complexes 


/3  : C*(U,F)  — > Tot (C'(U,1')) 


coming  from  the  map  T — > 1°.  We  can  apply  Homology,  Lemma  12.22.7  to  see  that 
a is  a quasi- isomorphism.  Namely,  Lemma |20. 12. 1|  implies  that  the  gth  row  of  the 
double  complex  C*(U,X')  is  a resolution  of  T(f/,I9).  Hence  a becomes  invertible  in 
D+  (Ox{U))  and  the  transformation  of  the  lemma  is  the  composition  of  /3  followed 
by  the  inverse  of  a.  We  omit  the  verification  that  this  is  functorial.  □ 


Lemma  20.12.3.  Let  X be  a topological  space.  Let  TL  be  an  abelian  sheaf  on  X . 
Let  U : X = [Jigj  Ui  be  an  open  covering.  The  map 


— A H\X,n) 

is  injective  and  identifies  H1  (11,11)  via  the  bijection  of  Lemma 
of  isomorphism  classes  of  TL-torsors  which  restrict  to  trivial  torsors  over  each  Ui. 


20.5.3  with  the  set 


Proof.  To  see  this  we  construct  an  inverse  map.  Namely,  let  T be  a 77-torsor 
whose  restriction  to  Ui  is  trivial.  By  Lemma  |20.5.2|  this  means  there  exists  a 
section  s*  £ F(Ui).  On  Ui0  D C/q  there  is  a unique  section  of  TL  such  that 
Si  oil  • sio\Uio  nUii  = A computation  shows  that  sioil  is  a Cech  cocycle 

and  that  its  class  is  well  defined  (i.e.,  does  not  depend  on  the  choice  of  the  sections 
Si).  The  inverse  maps  the  isomorphism  class  of  J-  to  the  cohomology  class  of  the 
cocycle  (s^q).  We  omit  the  verification  that  this  map  is  indeed  an  inverse.  □ 

Lemma  20.12.4.  Let  X be  a ringed  space.  Consider  the  functor  i : Mod(Ox)  — > 
PMod(Ox)-  It  is  a left  exact  functor  with  right  derived  functors  given  by 

Rpi(F)  = HP(F)  : U i— ► HP(U,F) 
see  discussion  in  Section\20.8\ 
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Proof.  It  is  clear  that  i is  left  exact.  Choose  an  injective  resolution  F — > 1* . By 
definition  Rpi  is  the  pth  cohomology  presheaf  of  the  complex  I*.  In  other  words, 
the  sections  of  Rpi(F)  over  an  open  U are  given  by 

Ker(I"(t/)  Aln+1(t/)) 

which  is  the  definition  of  HP(U,F).  □ 

01ES  Lemma  20.12.5.  Let  X be  a ringed  space.  Let  U : U = [JieIUi  be  a covering. 
For  any  sheaf  of  Ox -modules  F there  is  a spectral  sequence  (Er,dr)r> o with 

E™  = Hp(U,Hq{F)) 

converging  to  Hp+q(U,F).  This  spectral  sequence  is  functorial  in  F . 


Proof.  This  is  a Grothendieck  spectral  sequence  (see  Derived  Categories,  Lemma 
13.22.21)  for  the  functors 


i : Mod(Ox)  ->  PMod{Ox)  and  H°(U,  -)  : PMod(Ox)  ->  Mod0lf(;7). 


Namely,  we  have  H°(li,i(F))  = F(U)  by  Lemma 


20.12.1 


20.10.2 


Cech  acyclic  by  Lemma 
functors  on  PMod{Ox ) by  Lemma  20.11.5 
lemma. 


We  have  that  i(I)  is 
And  we  have  that  HP(U , — ) = RPH°(U,—)  as 
Putting  everything  together  gives  the 

□ 


01ET  Lemma  20.12.6.  Let  X be  a ringed  space.  Let  U : U = (JieJ  Ui  be  a covering. 
Let  T be  an  Ox-module.  Assume  that  Hl(Ui0.„i  ,F)  = 0 for  all  i >0,  all  p > 0 
and  all  ig, ...  ,ip  £ I . Then  HP(U,F)  = HP{U,F)  as  Ox{U) -modules. 

Proof.  We  will  use  the  spectral  sequence  of  Lemma[20T23]  The  assumptions  mean 
that  E 2,q  = 0 for  all  (p,  q)  with  q / 0.  Hence  the  spectral  sequence  degenerates  at 
E2  and  the  result  follows.  □ 

01EU  Lemma  20.12.7.  Let  X be  a ringed  space.  Let 

be  a short  exact  sequence  of  Ox -modules.  Let  U C X be  an  open  subset.  If  there 
exists  a cofinal  system,  of  open  coverings  U of  U such  that  Iil{U,T)  = 0,  then  the 
map  Q(U)  — » TL(U)  is  surjective. 

Proof.  Take  an  element  s £ TL{U).  Choose  an  open  covering  U : U = |JigJ  Ui  such 
that  (a)  H1^,  F)  = 0 and  (b)  s\ui  is  the  image  of  a section  Si  £ G(Ui).  Since  we 
can  certainly  find  a covering  such  that  (b)  holds  it  follows  from  the  assumptions  of 
the  lemma  that  we  can  find  a covering  such  that  (a)  and  (b)  both  hold.  Consider 
the  sections 

sioU  = six\uiQil  ~ sio \Ui0i±  ■ 

Since  s,  lifts  s we  see  that  Sj0 ^ £ FfUi^f).  By  the  vanishing  of  TIx(fA^F)  we  can 
find  sections  ti  £ FfUf)  such  that 

Sioil  =tii\UiQil  — tio\Uioil- 

Then  clearly  the  sections  s,  — t,  satisfy  the  sheaf  condition  and  glue  to  a section  of 
G over  U which  maps  to  s.  Hence  we  win.  □ 
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01EV  Lemma  20.12.8.  Let  X be  a ringed  space.  Let  T be  an  Ox-module  such  that 

HP(U,F)  = 0 

for  all  p > 0 and  any  open  covering  U : U = Uie/  ^ °f  an  °Pen  °f  X.  Then 
HP(U,F)  = 0 for  all  p > 0 and  any  open  U C X . 


Proof.  Let  T be  a sheaf  satisfying  the  assumption  of  the  lemma.  We  will  indicate 
this  by  saying  “ J-  has  vanishing  higher  Cech  cohomology  for  any  open  covering” . 
Choose  an  embedding  F — > T into  an  injective  Ox-module.  By  Lemma  [20.12.1  T 


has  vanishing  higher  Cech  cohomology  for  any  open  covering.  Let  Q = T / J-  so  that 
we  have  a short  exact  sequence 


By  Lemma[20.12.7|and  our  assumptions  this  sequence  is  actually  exact  as  a sequence 
of  presheaves!  In  particular  we  have  a long  exact  sequence  of  Cech  cohomology 
groups  for  any  open  covering  U , see  Lemma  |20.11.2|  for  example.  This  implies 
that  Q is  also  an  0x-m°dule  with  vanishing  higher  Cech  cohomology  for  all  open 
coverings. 

Next,  we  look  at  the  long  exact  cohomology  sequence 


0 


H°(U,J r) ->•  H°(l '.  7.  ) 


H° (U,  Q) 
H1  (U.  Q) 


for  any  open  U C X.  Since  X is  injective  we  have  Hn(U,I)  = 0 for  n > 0 
(see  Derived  Categories,  Lemma  13.20.4).  By  the  above  we  see  that  — ► 

H°(U,  Q)  is  surjective  and  hence  Hl(U,  JF)  = 0.  Since  T was  an  arbitrary  Ox- 
module  with  vanishing  higher  Cech  cohomology  we  conclude  that  also  Li1  if  7,  Q)  = 0 
since  Q is  another  of  these  sheaves  (see  above) . By  the  long  exact  sequence  this  in 
turn  implies  that  H2(U,J-)  = 0.  And  so  on  and  so  forth.  □ 


01EW  Lemma  20.12.9.  (Variant  of  Lemma  20.12.8.)  Let  X be  a ringed  space.  Let  B 
be  a basis  for  the  topology  on  X . Let  T be  an  Ox -module.  Assume  there  exists  a 
set  of  open  coverings  Cov  with  the  following  properties: 

(1)  For  every  U € Cov  with  U : U = (J,e/  Ui  we  have  U,Ui  G B and  every 
Ui0...ip  e B. 

(2)  For  every  U £ B the  open  coverings  of  U occurring  in  Cov  is  a cofinal 
system  of  open  coverings  ofU. 

(3)  For  every  U G Cov  we  have  HP(U,F)  = 0 for  all  p > 0. 

Then  HP{U,F)  = 0 for  all  p > 0 and  any  U € B. 

Proof.  Let  T and  Cov  be  as  in  the  lemma.  We  will  indicate  this  by  saying  “F 
has  vanishing  higher  Cech  cohomology  for  any  U £ Cov” . Choose  an  embedding 
T — > T into  an  injective  Ox-module.  By  Lemma  |20.12.1  I has  vanishing  higher 
Cech  cohomology  for  any  U £ Cov.  Let  Q = TjT  so  that  we  have  a short  exact 
sequence 
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By  Lemma  20.12.7  and  our  assumption  (2)  this  sequence  gives  rise  to  an  exact 
sequence 

0 ->•  F(U)  -A  1{U)  -»  Q(U)  ->•  0. 


for  every  U € B.  Hence  for  any  U € Cov  we  get  a short  exact  sequence  of  Cech 
complexes 

0 ->  Cm(U,  T)  ->•  C*(IA,  1)  ->  £*{U,  Q)  0 


since  each  term  in  the  Cecil  complex  is  made  up  out  of  a product  of  values  over 
elements  of  B by  assumption  (1).  In  particular  we  have  a long  exact  sequence  of 
Cech  cohomology  groups  for  any  open  covering  IA  € Cov.  This  implies  that  Q is 
also  an  Ox-module  with  vanishing  higher  Cech  cohomology  for  all  U € Cov. 


Next,  we  look  at  the  long  exact  cohomology  sequence 


0 


H°(U,JF) 4*  H°(U,I) w 


H°(U,  Q) 
H1  (U.  Q) 


for  any  U £ B.  Since  X is  injective  we  have  Hn(U,T)  = 0 for  n > 0 (see  Derived 
Categories,  Lemma  13.20.4).  By  the  above  we  see  that  H°(U,I)  — ► H°{U , Q)  is 
surjective  and  hence  Hl(U,  T)  = 0.  Since  T was  an  arbitrary  Ox- module  with  van- 
ishing higher  Cech  cohomology  for  all  U € Cov  we  conclude  that  also  Hl{U1  Q)  = 0 
since  Q is  another  of  these  sheaves  (see  above) . By  the  long  exact  sequence  this  in 
turn  implies  that  H2(U,J-)  = 0.  And  so  on  and  so  forth.  □ 

01EX  Lemma  20.12.10.  Let  f : X — >•  Y be  a morphism  of  ringed  spaces.  LetX  be  an 
injective  Ox -'module.  Then 

(1)  HP(V,  /*  1)  = 0 for  all  p > 0 and  any  open  covering  V : V = UjeJ  °f 

Y. 

(2)  HP(V , /*X)  = 0 for  all  p > 0 and  every  open  V C Y. 

In  other  words,  ffl  is  right  acyclic  for  T(f7,  — ) (see  Derived  Categories,  Definition 


13.16.3)  for  any  U C X open. 


Proof.  Set  U : / 1(C)  = (Jj£j  / 1 (Vj)-  It  is  an  open  covering  of  X and 

r(v,ui)=c\u,i). 

This  is  true  because 


mvj0...jp)  = A. f-\vj0...jp))  = i(f-\vj0)  n . . . n r\v0v))  = i(ujo...jp). 

Thus  the  first  statement  of  the  lemma  follows  from  Lemma  120.12.11  The  second 
statement  follows  from  the  first  and  Lemma [20. 12.81  □ 


The  following  lemma  implies  in  particular  that  /*  : Ab(X)  -A  Ab(Y)  transforms 
injective  abelian  sheaves  into  injective  abelian  sheaves. 

02N5  Lemma  20.12.11.  Let  f : X Y be  a morphism  of  ringed  spaces.  Assume  f is 
flat.  Then  ffl  is  an  injective  Oy  -module  for  any  injective  Ox  -module  I. 
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09SV 

09SW 


09SX 

09SY 


09SZ 


Proof.  In  this  case  the  functor  f*  transforms  injections  into  injections  (Modules, 


Lemma  17.17.2).  Hence  the  result  follows  from  Homology,  Lemma  12.25.1 


□ 


20.13.  Flasque  sheaves 

Here  is  the  definition. 

Definition  20.13.1.  Let  X be  a topological  space.  We  say  a presheaf  of  sets  T is 
flasque  or  flabby  if  for  every  U C V open  in  X the  restriction  map  T(V)  — > F{U) 
is  surjective. 


We  will  use  this  terminology  also  for  abelian  sheaves  and  sheaves  of  modules  if  A' 
is  a ringed  space.  Clearly  it  suffices  to  assume  the  restriction  maps  T(X)  — >•  T(U) 
is  surjective  for  every  open  U C X. 

Lemma  20.13.2.  Let  (A ~,Ox)  be  a ringed  space.  Then  any  injective  Ox-module 
is  flasque. 

Proof.  This  is  a reformulation  of  Lemma [20.9. II  □ 


Lemma  20.13.3.  Let  (A ,Ox)  be  a ringed  space.  Any  flasque  Ox-module  is 
acyclic  for  RT( X,  — ) as  well  as  RT(U , — ) for  any  open  U of  X. 


Proof.  We  will  prove  this  using  Derived  Categories,  Lemma  13.16.6  Since  every 


injective  module  is  flasque  we  see  that  we  can  embed  every  Ox-module  into  a 
flasque  module,  see  Injectives,  Lemma [l9.4.1|  Thus  it  suffices  to  show  that  given  a 
short  exact  sequence 

0 ->  T ->  g -+TL-+0 


with  T , Q flasque,  then  TL  is  flasque  and  the  sequence  remains  short  exact  after 
taking  sections  on  any  open  of  A.  In  fact,  the  second  statement  implies  the  first. 
Thus,  let  U C X be  an  open  subspace.  Let  s £ TL(U).  We  will  show  that  we  can 
lift  s to  a sequence  of  Q over  U.  To  do  this  consider  the  set  T of  pairs  (V,t)  where 
V C U is  open  and  t £ G(V)  is  a section  mapping  to  s\y  in  TL.  We  put  a partial 
ordering  on  T by  setting  (V,t)  < (V'fl1)  if  and  only  if  V C V'  and  t'\y  = t.  If 
(Va.  ta),  a £ A is  a totally  ordered  subset  of  T,  then  V = (J  Va  is  open  and  there 
is  a unique  section  t £ G(V)  restricting  to  ta  over  Va  by  the  sheaf  condition  on  Q. 
Thus  by  Zorn’s  lemma  there  exists  a maximal  element  (V,  t ) in  T.  We  will  show 
that  V = U thereby  finishing  the  proof.  Namely,  pick  any  x £ U.  We  can  find  a 
small  open  neighbourhood  W C U of  x and  t'  £ TL(W)  mapping  to  s\w  in  TL.  Then 
t'\wnv  ~t\wc\V  maps  to  zero  in  TL,  hence  comes  from  some  section  r'  £ F{W  HV). 
Using  that  J-  is  flasque  we  find  a section  r £ R(W)  restricting  to  r'  over  W'  D V. 
Modifying  t'  by  the  image  of  r we  may  assume  that  t and  t'  restrict  to  the  same 
section  over  W fl  V.  By  the  sheaf  condition  of  Q we  can  find  a section  t of  Q over 
W U V restricting  to  t and  t' . By  maximality  of  (V,t)  we  see  that  V fl  W = V. 
Thus  x £ V and  we  are  done.  □ 


The  following  lemma  does  not  hold  for  flasque  presheaves. 


Lemma  20.13.4.  Let  (A,  Ox)  be  a ringed  space.  Let  J-  be  a sheaf  of  Ox -modules. 
LetU  : U = [JUi  be  an  open  covering.  If  J-  is  flasque,  then  HP(U,  F)  = 0 for  p > 0. 


Proof.  The  presheaves  used  in  the  statement  of  Lemma  |20.12.5 


by  Lemma 


20.13.3 


Hence  HP{U,F)  = HP{U,F)  = 0 by  Lemma 


20.13.3 


are  zero 

□ 


again. 
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09T0  Lemma  20.13.5.  Let  (X,Ox)  — t (Y,Oy)  be  a morphism  of  ringed  spaces.  Let  T 
be  a sheaf  of  Ox -modules.  If  T is  flasque,  then  Rpf*J-  = 0 for  p > 0. 

Proof.  Immediate  from  Lemma [20.8.31  and  Lemma  120. 13.31  □ 


The  following  lemma  can  be  proved  by  an  elementary  induction  argument  for  finite 
coverings,  compare  with  the  discussion  of  Cecil  cohomology  in  fVakl. 

0A36  Lemma  20.13.6.  Let  X be  a topological  space.  Let  T be  an  abelian  sheaf  on 
X.  Let  U : U = Uez  Ui  be  an  open  covering.  Assume  the  restriction  mappings 
T(U)  -A  X{U')  are  surjective  for  U'  an  arbirtrary  union  of  opens  of  the  form 
UiQ.,.i  . Then  HP(U1F)  vanishes  for  p > 0. 


Proof.  Let  Y be  the  set  of  nonempty  subsets  of  I.  We  will  use  the  letters  A,  B,C, . . . 
to  denote  elements  of  Y . i.e. , nonempty  subsets  of  I.  For  a finite  nonempty  subset 
J C I let 

Vj  = {A  G Y | J C A} 

This  means  that  Vjr q = {A  G Y \ i G A}  and  Vj  = C\jejV{j}-  Then  Vj  C Vk  if 
and  only  if  J D K.  There  is  a unique  topology  on  Y such  that  the  collection  of 
subsets  Vj  is  a basis  for  the  topology  on  Y.  Any  open  is  of  the  form 

F = U,er'5. 

for  some  family  of  finite  subsets  J*.  If  Jt  C Jr  then  we  may  remove  Jr  from  the 
family  without  changing  V . Thus  we  may  assume  there  are  no  inclusions  among 
the  Jt.  In  this  case  the  minimal  elements  of  V are  the  sets  A = Jt.  Hence  we  can 
read  off  the  family  {Jt)t^T  from  the  open  V. 

We  can  completely  understand  open  coverings  in  Y . First,  because  the  elements 
A G Y are  nonempty  subsets  of  / we  have 

F=IUF«> 

To  understand  other  coverings,  let  V be  as  above  and  let  Vs  C Y be  an  open 
corresponding  to  the  family  (Js,t)teTs-  Then 


if  and  only  if  for  each  t G T there  exists  an  s G S and  ts  G Ts  such  that  Jt  = Js,ta  ■ 
Namely,  as  the  family  ( Jt)teT  is  minimal,  the  minimal  element  A = Jt  has  to  be  in 
Vs  for  some  s,  hence  A G Vjt  for  some  ts  G Ts.  But  since  A is  also  minimal  in  Vs 
we  conclude  that  Jts  = Jt- 


Next  we  map  the  set  of  opens  of  Y to  opens  of  X.  Namely,  we  send  Y to  U,  we 
use  the  rule 

Vj^Uj  = C]  Ui 
1 HeJ 

on  the  opens  Vj,  and  we  extend  it  to  arbitrary  opens  V by  the  rule 

The  classification  of  open  coverings  of  Y given  above  shows  that  this  rule  transforms 
open  coverings  into  open  coverings.  Thus  we  obtain  an  abelian  sheaf  Q on  Y by 
setting  QiY)  = T(U)  and  for  V = [jteT  Vjt  setting 

»<F>=^(lUtv) 
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and  using  the  restriction  maps  of  T . 


With  these  preliminaries  out  of  the  way  we  can  prove  our  lemma  as  follows.  We 
have  an  open  covering  V : Y = U,:g / V{i\  °f  Y.  By  construction  we  have  an  equality 

Cr(V,Q)=&QA,T) 


of  Cech  complexes.  Since  the  sheaf  Q is  flasque  on  Y (by  our  assumption  on  T in 
the  statement  of  the  lemma)  the  vanishing  follows  from  Lemma  20.13.4  □ 


20.14.  The  Leray  spectral  sequence 

01EY 

01EZ  Lemma  20.14.1.  Let  f : X — ► Y be  a morphism  of  ringed  spaces.  There  is  a 
commutative  diagram 


D+(X) 

Rf, 

D+(Y) 


RT(X.-) 

RT(Y,~) 


■D+(Ox(X)) 

restriction 

-D+(Oy(Y)) 


More  generally  for  any  V C Y open  and  U = f 1(E)  there  is  a commutative 
diagram 


D+(X) 


Rf, 


RT(U,-) 


■D+{Ox{U)) 


restriction 


D+{Y)  — RT(V'  } >■  D+(Oy(V)) 
See  also  Remark\20.1f.2\for  more  explanation. 


Proof.  Let  rres  : Mod(Ox)  — > Mod<pv(Y)  be  the  functor  which  associates  to  an 
Ox-module  T the  global  sections  of  T viewed  as  a 0y(Y)-module  via  the  map  /•*  : 
Oy(Y)  — > Ox{X).  Let  restriction  : Modox(x)  — > Modov(y)  be  the  restriction 
functor  induced  by  /•*  : Oy(Y)  Ox(X).  Note  that  restriction  is  exact  so  that 
its  right  derived  functor  is  computed  by  simply  applying  the  restriction  functor,  see 
Derived  Categories,  Lemma [13. 17. 9|  It  is  clear  that 

r res  = restriction  o T(X,  — ) = r(Y,  — ) o /* 


We  claim  that  Derived  Categories,  Lemma  |13.22.1|  applies  to  both  compositions. 
For  the  first  this  is  clear  by  our  remarks  above.  For  the  second,  it  follows  from 
Lemma  20.12.10  which  implies  that  injective  Ox-modules  are  mapped  to  r(Y,  — )- 
acyclic  sheaves  on  Y.  □ 


01F0 


20.14.2.  Here  is  a down-to-earth  explanation  of  the  meaning  of  Lemma 
t says  that  given  / : X — ► Y and  T £ ModlfDx)  and  given  an  injective 
resolution  F — > T*  we  have 


Remark 

20.14.11  1 


RT(X,F) 

Rf*x 

RT(Y,  Rf*F) 


is  represented  by  T{X,T*) 

is  represented  by  /*!* 
is  represented  by  T(Y,  /*!*) 
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the  last  fact  coming  from  Leray’s  acyclicity  lemma  (Derived  Categories,  Lemma 


13.17.7)  and  Lemma  20.12.10  Finally,  it  combines  this  with  the  trivial  observation 


that 

r(x,x*)  = r(Y,  /*!•). 

to  arrive  at  the  commutativity  of  the  diagram  of  the  lemma. 


01F1  Lemma  20.14.3.  Let  X be  a ringed  space.  Let  F be  an  Ox-module. 

(1)  The  cohomology  groups  Hl{U,F)  for  U C X open  of  F computed  as  an 
Ox -module,  or  computed  as  an  abelian  sheaf  are  identical. 

(2)  Let  f : X Y be  a morphism  of  ringed  spaces.  The  higher  direct  images 
Rlf*F  of  F computed  as  an  Ox-module,  or  computed  as  an  abelian  sheaf 
are  identical. 


There  are  similar  statements  in  the  case  of  bounded  below  complexes  of  Ox -modules. 


Proof.  Consider  the  morphism  of  ringed  spaces  (X,  Ox)  — > (X,  ZY)  given  by  the 
identity  on  the  underlying  topological  space  and  by  the  unique  map  of  sheaves  of 
rings  Zx  -A  Ox-  Let  F be  an  Ox-module.  Denote  Fab  the  same  sheaf  seen  as 
an  Z A-module,  i.e.,  seen  as  a sheaf  of  abelian  groups.  Let  F — >■  T*  be  an  injective 
resolution.  By  Remark  20.14.2  we  see  that  T( X,I*)  computes  both  l?r(X, F)  and 
RT(X,  Fab).  This  proves  (1). 


To  prove  (2)  we  use  (1)  and  Lemma  20.8.3  The  result  follows  immediately.  □ 


01F2  Lemma  20.14.4  (Leray  spectral  sequence).  Let  f : X -A  Y be  a morphism  of 
ringed  spaces.  Let  F*  be  a bounded  below  complex  of  Ox -modules.  There  is  a 
spectral  sequence 

E P’q  = Hp(Y,Rqf^F')) 

converging  to  Hp+q(X,F'). 


Proof.  This  is  just  the  Grothendieck  spectral  sequence  Derived  Categories,  Lemma 
13.22.2  coming  from  the  composition  of  functors  rres  = F(Y,  — )o /*  where  rres  is  as 
in  the  proof  of  Lemma  20.14.1  To  see  that  the  assumptions  of  Derived  Categories, 
Lemma[i3.22.2|are  satisfied,  see  the  proof  of  Lemma|20T4T]or  Remark|20.14.2[  □ 


01F3  Remark  20.14.5.  The  Leray  spectral  sequence,  the  way  we  proved  it  in  Lemma 
20.14.4  is  a spectral  sequence  of  T(Y,  CV)-modules.  However,  it  is  quite  easy  to 
see  that  it  is  in  fact  a spectral  sequence  of  T(X,  0x)-modules.  For  example  / 
gives  rise  to  a morphism  of  ringed  spaces  /'  : (X,  Ox)  — t (Y.  ftOx).  By  Lemma 


20.14.3  the  terms  Ep’q  of  the  Leray  spectral  sequence  for  an  Ox-module  F and  / 


are  identical  with  those  for  F and  f at  least  for  r > 2.  Namely,  they  both  agree 
with  the  terms  of  the  Leray  spectral  sequence  for  F as  an  abelian  sheaf.  And  since 
if*Ox)(Y)  = Ox{X)  we  see  the  result.  It  is  often  the  case  that  the  Leray  spectral 
sequence  carries  additional  structure. 


01F4  Lemma  20.14.6.  Let  f : X Y be  a morphism  of  ringed  spaces.  Let  F be  an 
O x -module. 

(1)  If  Rqf*F  = 0 for  q > 0,  then  HP{X,  F)  = HP(Y,  f*F)  for  all  p. 

(2)  If  Hp{Y,Rqf*F)  = 0 for  all  q and  p > 0,  then  Hq{X,F)  = H°(Y,  Rqf*F) 
for  all  q. 
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01F5 


01F6 


01F7 

01F8 


01F9 


01FA 


Proof.  These  are  two  simple  conditions  that  force  the  Leray  spectral  sequence 
to  degenerate  at  E2.  You  can  also  prove  these  facts  directly  (without  using  the 
spectral  sequence)  which  is  a good  exercise  in  cohomology  of  sheaves.  □ 

Lemma  20.14.7.  Let  f : X Y and  g : Y — » Z be  morphisms  of  ringed  spaces. 
In  this  case  Rg * o Rf * = R(g  o /)*  as  functors  from  D+(X)  — >•  D+(Z). 


Proof.  We  are  going  to  apply  Derived  Categories,  Lemma[l3.22.1|  It  is  clear  that 
<7*  o /*  = (g  o /)*,  see  Sheaves,  Lemma  6.21.2  It  remains  to  show  that  /*Z  is  <7*- 


acyclic.  This  follows  from  Lemma  20.12.10  and  the  description  of  the  higher  direct 
images  R1  <7*  in  Lemma  20.8.3  □ 


Lemma  20.14.8  (Relative  Leray  spectral  sequence).  Let  f : X — ► Y and  g :Y  — ► 
Z be  morphisms  of  ringed  spaces.  Let  X be  an  Ox -'module.  There  is  a spectral 
sequence  with 

Ef/1  = RPgjmUE) 

converging  to  Rp+q(g  o f)*X.  This  spectral  sequence  is  functorial  in  X , and  there 
is  a version  for  bounded  below  complexes  of  Ox -modules. 


Proof.  This  is  a Grothendieck  spectral  sequence  for  composition  of  functors  and 
follows  from  Lemma [20. 14.7|  and  Derived  Categories,  Lemma [13. 22. 2|  □ 


20.15.  Functoriality  of  cohomology 


Lemma  20.15.1.  Let  f : X Y be  a morphism  of  ringed  spaces.  Let  Q* , resp.  X% 
be  a bounded  below  complex  of  Oy -modules,  resp.  Ox-modules.  Let  p : Q*  — ► f*X* 
be  a morphism  of  complexes.  There  is  a canonical  morphism 

gm^RMxm) 

in  D+(Y).  Moreover  this  construction  is  functorial  in  the  triple  (Gm,X',p). 

Proof.  Choose  an  injective  resolution  X*  — > X*.  By  definition  i?/*(Jr*)  is  repre- 
sented by  /*T*  in  K+(Oy )■  The  composition 

g‘  —>  ur  —t  ur 

is  a morphism  in  K+(Y)  which  turns  into  the  morphism  of  the  lemma  upon  applying 
the  localization  functor  jy  ■ K+(Y ) — > D+(Y).  □ 


Let  / : X — > Y be  a morphism  of  ringed  spaces.  Let  Q be  an  CV-module  and  let  T 
be  an  Ox-module.  Recall  that  an  /-map  from  Q to  J-  is  a map  ip  : Q — > f*T,  or 
what  is  the  same  thing,  a map  ip  : f*Q  — > T . See  Sheaves,  Definition  6.21.7|  Such 
an  /-map  gives  rise  to  a morphism  of  complexes 

(20.15.1.1)  p : RT(Y , G)  — > RT(X,  X) 

in  D+  {OyiY)).  Namely,  we  use  the  morphism  Q — > Rf*J~  in  D+(Y)  of  Lemma 
20.15.1|  and  we  apply  i?r(Y,  — ).  By  Lemma  20.14.1  we  see  that  RT(X,  X)  = 
RT{Y,Rf*X)  and  we  get  the  displayed  arrow.  We  spell  this  out  completely  in 
Remark |20.15.2|  below.  In  particular  it  gives  rise  to  maps  on  cohomology 

(20.15.1.2)  p : Hi(Y1Q) — > H\X,X). 
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01FB  Remark  20.15.2.  Let  / : X — ► Y be  a morphism  of  ringed  spaces.  Let  Q be  an 
CV-module.  Let  F be  an  Ox-module.  Let  <p  be  an  /-map  from  Q to  F . Choose 
a resolution  F — > Xm  by  a complex  of  injective  Ox-modules.  Choose  resolutions 
Q — ► J*  and  /*X*  — > (J')m  by  complexes  of  injective  Oy-modules.  By  Derived 
Categories,  Lemma  13.18.6|there  exists  a map  of  complexes  (3  such  that  the  diagram 


01FC  (20.15.2.1) 


-UT- 


V 

J* 


fa* 


Y 

(J1)* 


commutes.  Applying  global  section  functors  we  see  that  we  get  a diagram 

r(Y,  /*!•)  = T(X,X*) 


qis 


■r  (Y,(J’)*) 


r(Y,j*) - 

The  complex  on  the  bottom  left  represents  RT(Y,  Q)  and  the  complex  on  the 
top  right  represents  RF(X,  F).  The  vertical  arrow  is  a quasi- isomorphism  by 
Lemma  |20.14.1|  which  becomes  invertible  after  applying  the  localization  functor 
K+(Oy{Y))  — > D+(Oy{Y)).  The  arrow  (20.15.1.1)  is  given  by  the  composition  of 
the  horizontal  map  by  the  inverse  of  the  vertical  map. 


20.16.  Refinements  and  Cech  cohomology 

09UY  Let  (X,  Ox)  be  a ringed  space.  Let  U : X = (Ji£j  Ui  and  V : X = Uje  j Vj  be  open 
coverings.  Assume  that  U is  a refinement  of  V.  Choose  a map  c : I — > J such  that 
Ui  C VcUj  for  all  i £ I.  This  induces  a map  of  Cech  complexes 

7 : c-(ya)  — ► c-{ua\  > (^(i0)...c(ip)k...ip) 

functorial  in  the  sheaf  of  Ox-modules  T . Suppose  that  d : I — > J is  a second 
map  such  that  Ui  C Vry  (,)  for  all  * £ I.  Then  the  corresponding  maps  7 and  7'  are 
homotopic.  Namely,  7 — 7'  = do  h + ho  d with  h : CP+1(V,  JF)  -a  Cp(U , JF)  given 
by  the  rule 

* 

h(f)i0...ip  — / ^ 0(-l)  ac(io).--c(io)c'(i0)...c'(ip) 

We  omit  the  computation  showing  this  works;  please  see  the  discussion  following 
) for  the  proof  in  a more  general  case.  In  particular,  the  map  on  Cech 
cohomology  groups  is  independent  of  the  choice  of  c.  Moreover,  it  is  clear  that  if 
W : X = Ua-sa  bbfc  is  a third  open  covering  and  V is  a refinement  of  W,  then  the 
composition  of  the  maps 

C*  (W,  T)  — > C*  (V,  JF)  — ► C*  (U,  T) 

associated  to  maps  I — » J and  J — > K is  the  map  associated  to  the  composition 
I — > K.  In  particular,  we  can  define  the  Cech  cohomology  groups 

Rp(A,  F)  = colimw  HP(U,  F) 

where  the  colimit  is  over  all  open  coverings  of  X partially  ordered  by  refinement. 


(20.26.0.2 


20.16.  REFINEMENTS  AND  CECH  COHOMOLOGY 


1548 


It  turns  out  that  the  maps  7 defined  above  are  compatible  with  the  map  to  coho- 
mology, in  other  words,  the  composition 

HP(V,X)  HP{U,X)  Lemmal2M^ai  Hp{ X,X) 


is  the  canonical  map  from  the  first  group  to  cohomology  of  Lemma  20.12.2  In  the 
lemma  below  we  will  prove  this  in  a slightly  more  general  setting.  A consequence 
is  that  we  obtain  a well  defined  map 


09UZ  (20.16.0.2) 


HP{X:  X)  = Colima  HP{U}  X)  — ► HP(X , X) 


from  Cech  cohomology  to  cohomology. 

01FD  Lemma  20.16.1.  Let  f : X — >■  Y be  a morphism  of  ringed  spaces.  Let  ip  : f*Q  — >• 
X be  an  f-map  from  an  Oy -module  Q to  an  Ox-module  X . Let  U : X = [Jig/  Ui 
and  V : Y = U jejVj  be  open  coverings.  Assume  thatU  is  a refinement  o//_1V  : 
X = (J j£j  f^1{Vj).  In  this  case  there  exists  a commutative  diagram 


C*(U , X) ^ RT{X,  X) 


C'{V,g) ^RT(Y:Q) 


in  D+  (Ox{X))  with  horizontal  arrows  given  by  Lemma  20.12.2  and  right  vertical 
arrow  by  (20.1 5. 1A ).  In  particular  we  get  commutative  diagrams  of  cohomology 
groups 


Hp(U , X) ^ H*(X,  X) 

7 

Hp{v,gj — Hp(Y,g ) 

where  the  right  vertical  arrow  is  (20.1 5. 1~2) 


Proof.  We  first  define  the  left  vertical  arrow.  Namely,  choose  a map  c : I — > J 
such  that  Ui  C /_1(Pc(i))  f°r  all  t€l.  In  degree  p we  define  the  map  by  the  rule 

7(s)io--.ip  = lP(s)c(io)...c(ip) 


This  makes  sense  because  tp  does  indeed  induce  maps  <?(I4(i0)...c(ip))  — > X(Ui0...ip) 
by  assumption.  It  is  also  clear  that  this  defines  a morphism  of  complexes.  Choose 
injective  resolutions  X — ► I*  on  X and  g — > J*  on  Y.  According  to  the  proof  of 
Lemma [20.12.2|  we  introduce  the  double  complexes  A*-*  and  B *•*  with  terms 

Bp,q  = CP(V,  Jq)  and  Ap’q  = Cp(U,lq). 


As  in  Remark  20.15.2  above  we  also  choose  an  injective  resolution  /*I  — ► (J')'  on 
Y and  a morphism  of  complexes  j3  : J — > ( J ')*  making  ( 20.15.2. l])  commutes.  We 
introduce  some  more  double  complexes,  namely  (B')*-*  and  (£?")•,•  with 


(B')p’9  = CP(V,  {J')q)  and  (B")p’9  = CP(V,  /*I9). 


Note  that  there  is  an  /-map  of  complexes  from  /*I*  to  I*.  Hence  it  is  clear  that 
the  same  rule  as  above  defines  a morphism  of  double  complexes 

7 : (B"r* 


A*'*. 
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Consider  the  diagram  of  complexes 


C*(V, 


The  two  horizontal  arrows  with  targets  sA*  and  sB * are  the  ones  explained  in 


Lemma  20.12.2  The  left  upper  shape  (a  pentagon)  is  commutative  simply  because 
(20.15.2.1)  is  commutative.  The  two  lower  squares  are  trivially  commutative.  It 
is  also  immediate  from  the  definitions  that  the  right  upper  shape  (a  square)  is 
commutative.  The  result  of  the  lemma  now  follows  from  the  definitions  and  the  fact 
that  going  around  the  diagram  on  the  outer  sides  from  C*(V,G)  to  T(X,I*)  either 
on  top  or  on  bottom  is  the  same  (where  you  have  to  invert  any  quasi-isomorphisms 
along  the  way).  □ 


20.17.  Cohomology  on  Hausdorflf  quasi-compact  spaces 

09 VO  For  such  a space  Cech  cohomology  agrees  with  cohomology. 

09V1  Lemma  20.17.1.  Let  X be  a topological  space.  Let  T be  an  abelian  sheaf.  Then 
the  map  H1( X,F)  -A  Hl(X,F)  defined  in  (20.16.0.2)  is  an  isomorphism. 


Proof.  Let  U be  an  open  covering  of  X.  By  Lemma  |20.12.5|  there  is  an  exact 
sequence 

0 -A  H 1(U,F)  -A  H\X,  X)  -A  H0(U,H\F)) 

Thus  the  map  is  injective.  To  show  surjectivity  it  suffices  to  show  that  any  element 
of  H°(U,  H}{F))  maps  to  zero  after  replacing  U by  a refinement.  This  is  immediate 
from  the  definitions  and  the  fact  that  fJ1(Jr)  is  a presheaf  of  abelian  groups  whose 
sheafification  is  zero  by  locality  of  cohomology,  see  Lemma [20.8. 2|  □ 

09V2  Lemma  20.17.2.  Let  X be  a Hausdorjf  and  quasi-compact  topological  space.  Let 
T be  an  abelian  sheaf  on  X.  Then  the  map  HP(X1F)  -A  HP(X1F)  defined  in 


( 20.16.0.2 ) is  an  isomorphism  for  all  p. 


Proof.  We  argue  by  induction  on  p that  the  map  cffi  : HP(X1F)  — > HP(X,F)  is 
an  isomorphism.  For  p = 0 the  result  is  clear  and  for  p = 1 the  result  holds  by 
Lemma  |20.17.1|  Thus  we  may  assume  p > 1 . 

Choose  an  injective  map  a : T — > I,  where  I is  an  injective  abelian  sheaf.  Let 
b : T — > Q be  the  quotient  by  T . Let  £ = (£»„...*„)  be  a cocycle  of  the  Cech  complex, 
giving  rise  to  an  element  f of  HP(U , F).  Then  a(f)  = d(?y)  for  some  cochain  77  for  I 
by  Lemma  20.12.1  The  image  0 = 6(77)  of  77  in  the  Cech  complex  for  Cl  is  a cocyle, 
hence  gives  rise  to  an  element  0 in  G).  A straightforward  argument  (using 

p > 2 and  hence  the  Cech  complex  of  I is  acyclic  in  degree  p—  1)  shows  that  the  rule 
which  assigns  the  element  0 £ LTP~X(U,  Q)  of  0 to  the  class  is  well  defined.  It  follows 
from  the  construction  that  Cj r(£)  = <9(c()-1(0))  where  d : HP~1(X,Q)  -A  HP(X,F) 
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is  the  boundary  coming  from  the  short  exact  sequence 
(details  omitted). 

Conversely,  let  9 = (0jo...j  x)  a cocycle  of  the  Cecil  complex  of  Q for  some  open 
covering  U.  We  would  like  to  lift  9 to  a cochain  for  I.  The  problem  is  that  the 
sequence  of  complexes 

o ->•  c%{u,f)  -a  c*{u,i)  — >•  6m(u,g)  ->•  o 


09V3 


may  not  be  exact  on  the  right.  Howeover,  we  know  that  for  all  p-tuples  i0  . . . iv-\ 
of  / there  exists  an  open  covering 

t/io  n . . . C Uip_x  = |J  Wio...ip_lyk 


such  that  9 


i0...ip- 1 I w. 


does  lift  to  a section  of  X over  W,- 


- "u ■■■"p— 1 1 " tp...tp_i1fc  — - - - iQ...ip_i ,k • Thus,  by 

Topology,  Lemma  5.12.4|after  refining  U,  we  can  lift  9 to  a (p—  l)-cochain  r/  in  the 
Cech  complex  of  X.  Then  d(r;)  = <z(£)  for  some  p-cocycle  £ for  T . In  other  words, 
every  element  of  colim  TP1-1  (7/,  Q)  comes  about  by  the  construction  of  the  previous 
paragraph  from  an  element  of  colim  HP(U,F). 


By  the  compatibility  of  the  construction  with  the  boundary  map  d : Hp~l(X , Q)  — ► 
HP(X,T),  the  surjectivity  of  the  map,  the  induction  hypothesis  saying  7 g~l  is  an 
isomorphism,  and  the  fact  that  17P_1(X,X)  = HP(X, I)  = 0,  it  follows  formally 
that  (?-p  is  surjective.  To  show  injectivity  one  has  to  show  that,  given  (;,r],9  linked 
as  above,  if  9 is  a boundary,  then  £ becomes  a boundary  after  replacing  U by  a 
refinement.  To  do  this  argue  as  above,  once  more  appealing  to  Topology,  Lemma 
15.12.41  Some  details  omitted.  □ 

Lemma  20.17.3.  Let  X be  a Hausdorff  and  locally  quasi-compact  space.  Let 
Z C X be  a quasi-compact  (hence  closed)  subset.  For  every  abelian  sheaf  T on  X 
we  have 

colim HP(U,T)  — > Hp{Z,F\z) 
where  the  colimit  is  over  open  neighbourhoods  U of  Z in  X. 


Proof.  We  first  prove  this  for  p = 0.  Injectivity  follows  from  the  definition  of  T\z 
and  holds  in  general  (for  any  subset  of  any  topological  space  X).  Next,  suppose 
that  s £ Lf°(Z,Fjz).  Then  we  can  find  opens  Ui  C X such  that  Z C (J  Ui  and  such 
that  s\zr\Ui  comes  from  s*  £ F(Ui).  It  follows  that  there  exist  opens  Wij  C Ui  D Uj 

I Wa  = 8j\ww  Applying  Topology,  Lemma 


with  Wij  D Z = Ui  PI  Uj  n z such  that  s, 


5.12.5  we  find  opens  Vj  of  X such  that  Vj  C Ui  and  such  that  Vi  D Vj  C Wij.  Hence 


we  see  that  s*|  vi  glue  to  a section  of  T over  the  open  neighbourhood  (J  Vi  of  Z. 


To  finish  the  proof,  it  suffices  to  show  that  if  I is  an  injective  abelian  sheaf  on 
X , then  Hp(Z,I\z)  = 0 for  p > 0.  This  follows  using  short  exact  sequences  and 
dimension  shifting;  details  omitted.  Thus,  suppose  £ is  an  element  of  iJp(Z,X|z) 
for  some  p > 0.  By  Lemma  20.17.2  the  element  £ comes  from  Hp(V,I\z)  for  some 
open  covering  V : Z = (J  Vi  of  Z.  Say  £ is  the  image  of  the  class  of  a cocycle 
£ = (£*0...ip)  in  Cp(V,X\z). 

Let  X'  CX\ z be  the  subpresheaf  defined  by  the  rule 
X\V)  = {S£l\z(V)  | 3(17, i),  U CX  open,  t £ X(U),  V = ZnU,  s = t\znu} 


Then  X\ z is  the  sheafification  of  X'.  Thus  for  every  ( p + l)-tuple  V . . .ip  we  can 
find  an  open  covering  Vio...iv  = (J  Wio...ip,k  such  that  £i0...i„|wio...il,,fc  is  a section  of 
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X' . Applying  Topology,  Lemma  5.12.4  we  may  after  refining  V assume  that  each 
£i0...iP  is  a section  of  the  presheaf  X' . 


Write  Vi  = Z H Ui  for  some  opens  Ut  C X.  Since  I is  Basque  (Lemma  20.13.2) 
and  since  fi0...ip  is  a section  of  X ' for  every  ( p + l)-tuple  io  ■ ■ -iv  we  can  choose  a 


section  s 


*0  • ••Ip 


e AUi  c 


J which  restricts  to  fi0...ip  on  Vj0.., 


= znu, 


IQ  • • •f'p 


(This 


appeal  to  injectives  being  Basque  can  be  avoided  by  an  additional  application  of 
Topology,  Lemma  5.12.5  ) Let  s = (s,0...jp)  be  the  corresponding  cochain  for  the 
open  covering  U = (J  Ui.  Since  d(£)  = 0 we  see  that  the  sections  d(s)i0. 
restrict  to  zero  on  Z D Ui 


•lp-\- 1 


Xq  . . .2.p_|_i  • 
lQ...lp+\  UiQ 


Hence,  by  the  initial  remarks  of  the  proof,  there 

*P+i  such 
we  can  find  U[  C Ui 


,ip+1  with  Z n Wi^ 


= 0.  By  Topology,  Lemma 


..ip+x  c W*. 


■in+l  Z V\  Ui0. 


exists  open  subsets  W, 
that  d(s)j0...ip+1  \wiQ 
such  that  Z C \JU-  and  such  that  U[ 
sin  i = sin...j  I u'  . is  a cocycle  for  X for  the  open  covering  U'  = (J  U-  of  an  open 

0 •••L"P  P iQ...ip 

neighbourhood  of  Z.  Since  X has  trivial  higher  Cecil  cohomology  groups  (Lemma 


5.12.5 

lp+1.  Then  s'  = «,.,p)  with 


20.12.1 ) we  conclude  that  s'  is  a coboundary.  It  follows  that  the  image  of  £ in  the 
Cech  complex  for  the  open  covering  Z = (J  Z fl  U[  is  a coboundary  and  we  are 
done.  □ 


20.18.  The  base  change  map 


02N6  We  will  need  to  know  how  to  construct  the  base  change  map  in  some  cases.  Since 
we  have  not  yet  discussed  derived  pullback  we  only  discuss  this  in  the  case  of  a 
base  change  by  a flat  morphism  of  ringed  spaces.  Before  we  state  the  result,  let 
us  discuss  flat  pullback  on  the  derived  category.  Namely,  suppose  that  g : X Y 
is  a flat  morphism  of  ringed  spaces.  By  Modules,  Lemma  17.17.2  the  functor 
g*  : Mod{Oy)  — > Mod(Ox)  is  exact.  Hence  it  has  a derived  functor 

g * ■ D+(Y)  —>  D+(X) 

which  is  computed  by  simply  pulling  back  an  representative  of  a given  object  in 
D+(Y),  see  Derived  Categories,  Lemma  13.17.9  Hence  as  indicated  we  indicate 
this  functor  by  g*  rather  than  Lg* . 


02N7  Lemma  20.18.1.  Let 


X' 


X 


f 


S' 


s 

be  a commutative  diagram  of  ringed  spaces.  Let  J be  a bounded  below  complex  of 
Ox -modules.  Assume  both  g and  g'  are  flat.  Then  there  exists  a canonical  base 
change  map 

g*Rf*X*  — > R(f')*{g'yT' 

in  D+(S'). 

Proof.  Choose  injective  resolutions  J-m  -A  X * and  ( g')*J — > J* ■ By  Lemma 


20.12.11  we  see  that  ( g')*J * is  a complex  of  injectives  representing  R(g')*(g')* T* ■ 
Hence  by  Derived  Categories,  Lemmas  |13.18.6|  and  |13.18.7|  the  arrow  ft  in  the 
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diagram 


W)*W)*F- 

A 

adjunction 

2* 


W)*J' 

A 


-2* 


02N8 


09V4 


09V5 


exists  and  is  unique  up  to  homotopy.  Pushing  down  to  S we  get 

UP  : /*2*  — ► U(gj*J'  = 

By  adjunction  of  g*  and  g * we  get  a map  of  complexes  <7*/* 2*  — >•  ■ Note 

that  this  map  is  unique  up  to  homotopy  since  the  only  choice  in  the  whole  process 
was  the  choice  of  the  map  p and  everything  was  done  on  the  level  of  complexes.  □ 

Remark  20.18.2.  The  “correct”  version  of  the  base  change  map  is  map 

Lg*Rf*T*  > R(f)*L(gy. T\ 

The  construction  of  this  map  involves  unbounded  complexes,  see  Remark  |20.29.2| 

20.19.  Proper  base  change  in  topology 

In  this  section  we  prove  a very  general  version  of  the  proper  base  change  theorem 
in  topology.  It  tells  us  that  the  stalks  of  the  higher  direct  images  RP /*  can  be 
computed  on  the  fibre. 

Lemma  20.19.1.  Let  f : (X,Ox)  — > ( Y,Oy ) be  a morphism  of  ringed  spaces. 
Let  y £ Y.  Assume  that 

(1)  X is  Hausdorff  and  locally  quasi-compact, 

(2)  f~1(y)  is  quasi- compact,  and 

(3)  / is  closed. 

Then  for  E in  D+(Ox)  we  have  {Rf*E)y  = RT(f~1(y),  E\f-i(yp  in  D+(Oy,y). 

Proof.  The  base  change  map  of  Lemma  20.18.1  gives  a canonical  map  ( Rf*E)v  — ► 
RT(f-1(y),E\f-i{y)).  To  prove  this  map  is  an  isomorphism,  we  represent  E by 
a bounded  below  complex  of  injectives  2* . By  Lemma  |20.17.3|  the  restrictions 
2™ | /-!(y)  are  acyclic  for  T(f~1(y),  — ).  Thus  RT(f~1(y),  E\f-i^)  is  represented 
by  the  complex  T(/_1(?/),2,|y-i(y)),  see  Derived  Categories,  Lemma 
other  words,  we  have  to  show  the  map 

colimy 2*(/-1(y))  — * T(. f~\y),r\f-1{y)) 


13.17.7 


In 


09V6 


is  an  isomorphism.  Using  Lemma  [20.17.3|  we  see  that  it  suffices  to  show  that  the 
collection  of  open  neighbourhoods  /_1(U)  of  f~1{y)  is  cofinal  in  the  system  of  all 
open  neighbourhoods.  If  f~1{y)  C U is  an  open  neighbourhood,  then  as  / is  closed 
the  set  V = Y \ /( X \ U)  is  an  open  neighbourhood  of  y with  /-1(U)  C U.  This 
proves  the  lemma.  □ 

Theorem  20.19.2  (Proper  base  change).  Consider  a cartesian  square  of  Haus- 
dorff', locally  quasi-compact  topological  spaces 


X1  = Y'  Xy  X ■ 
/' 

Y' 


X 


Y 


20.20.  COHOMOLOGY  AND  COLIMITS 


1553 


01FE 


01FF 


and  assume  that  f is  proper.  Let  E be  an  object  of  D+  (X) . 
map 


g~XRf*E  — ► Rf'if{g')~1E 


of  Lemma  20.18.1  is  an  isomorphism  in  D+(Y'). 


Then  the  base  change 


Proof.  Let  y'  £ Y'  be  a point  with  image  y £Y . It  suffices  to  show  that  the  base 
change  map  induces  an  isomorphism  on  stalks  at  y' . As  / is  proper  it  follows  that 
/'  is  proper,  the  fibres  of  / and  /'  are  quasi-compact  and  / and  /'  are  closed,  see 
Topology,  Theorem  |5. 16. 5|  Thus  we  can  apply  Lemma [20 . 1 9 . 1 1 twice  to  see  that 

(Rf*(g,)~1E)y>  = Rr{{fT1(i/Mg')-1E\(f>)-1(y')) 

and 

(Rf*E)y  = RT(f-1(y),E\f-1{y)) 

The  induced  map  of  fibres  ( f)~1(y' ) — > f~1(y)  is  a homeomorphism  of  topological 
spaces  and  the  pull  back  of  E\f-i^  is  (g')~1E\^f^-i^y,y  The  desired  result  follows. 

□ 


20.20.  Cohomology  and  colimits 


Let  A be  a ringed  space.  Let  (F, , 'p.-n' ) be  a directed  system  of  sheaves  of  Ox- 
modules  over  the  partially  ordered  set  /,  see  Categories,  Section  4.21  Since  for 
each  i there  is  a canonical  map  Fi  —>  colim,;  Fi  we  get  a canonical  map 

colim,;  HP(X,  Ff)  — ¥ HP(X , colmp  Fi) 

for  every  p > 0.  Of  course  there  is  a similar  map  for  every  open  XJ  C X.  These 
maps  are  in  general  not  isomorphisms,  even  for  p = 0.  In  this  section  we  generalize 


See  also  Modules,  Lemma  17.11.6  (in  the 


the  results  of  Sheaves,  Lemma  6.29.1 
special  case  Q = Ox)- 

Lemma  20.20.1.  Let  X be  a ringed  space.  Assume  that  the  underlying  topological 
space  of  X has  the  following  properties: 

(1)  there  exists  a basis  of  quasi-compact  open  subsets,  and 

(2)  the  intersection  of  any  two  quasi-compact  opens  is  quasi-compact. 

Then  for  any  directed  system  ( Fi,tpu /)  of  sheaves  of  O x -modules  and  for  any  quasi- 
compact open  U C X the  canonical  map 

colinq  Hq(U , Ff)  — > Hq{U,  colim.;  Fi) 
is  an  isomorphism  for  every  q > 0. 

Proof.  It  is  important  in  this  proof  to  argue  for  all  quasi-compact  opens  U C X 
at  the  same  time.  The  result  is  true  for  i = 0 and  any  quasi-compact  open  U C X 


by  Sheaves,  Lemma  6.29.1  (combined  with  Topology,  Lemma  5.26.1).  Assume  that 
we  have  proved  the  result  for  all  q < qo  and  let  us  prove  the  result  for  q = qo  + 1. 

By  our  conventions  on  directed  systems  the  index  set  I is  directed,  and  any  system  of 
Ox-modules  (Fi,q>w)  over  I is  directed.  By  Injectives,  Lemma  19.5.1  the  category 
of  Ox-modules  has  functorial  injective  embeddings.  Thus  for  any  system  (, Fi , tpu>) 
there  exists  a system  (Z;,  ipw)  with  each  F an  injective  Ox-module  and  a morphism 
of  systems  given  by  injective  Ox-module  maps  Fi  — > It.  Denote  Qi  the  cokernel 
so  that  we  have  short  exact  sequences 

0 — > Fi  — > Zj  — > Qi  — > 0. 
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We  claim  that  the  sequence 

0 — ► colimj  Ti  — > colim.jZj  -A  colinij  — * 0. 


is  also  a short  exact  sequence  of  Ox- modules.  We  may  check  this  on  stalks.  By 
Sheaves,  Sections  6.28  and  6.29|  taking  stalks  commutes  with  colimits.  Since  a di- 
rected colimit  of  short  exact  sequences  of  abelian  groups  is  short  exact  (see  Algebra, 
Lemma  10.8.9)  we  deduce  the  result.  We  claim  that  Hq(l 7,  colimj  I*)  = 0 for  all 
quasi-compact  open  U C X and  all  q > 1.  Accepting  this  claim  for  the  moment 
consider  the  diagram 


colinij  Hq°(U,Ii) s-  colimj  Hq°(U , Qj) s*  colinij  Hqo+1(U,  Tf) ->  0 

Y 

Hqo(U,  colinij  Zj) >-  Hq°  (U,  colimj  Qj) »-  Hqo+1  (U,  colimj  Zj) »-  0 


The  zero  at  the  lower  right  corner  comes  from  the  claim  and  the  zero  at  the  upper 
right  corner  comes  from  the  fact  that  the  sheaves  Zj  are  injective.  The  top  row  is 
exact  by  an  application  of  Algebra,  Lemma[l0.8.9|  Hence  by  the  snake  lemma  we 
deduce  the  result  for  q = q0  + 1. 

It  remains  to  show  that  the  claim  is  true.  We  will  use  Lemma  120.12.91  Let  B 
be  the  collection  of  all  quasi-compact  open  subsets  of  X.  This  is  a basis  for  the 
topology  on  X by  assumption.  Let  Cov  be  the  collection  of  finite  open  coverings 
U :U  = Uj=i  m Uj  with  each  of  U,  Uj  quasi-conrpact  open  in  X.  By  the  result 
for  g = 0we  see  that  for  U £ Cov  we  have 

C* (U,  colimj  Zj ) = colimj  C*  (U,Ii) 


follows.  □ 


Next  we  formulate  the  analogy  of  Sheaves,  Lemma  [6.29.4|  for  cohomology.  Let  X 
be  a spectral  space  which  is  written  as  a cofiltered  limit  of  spectral  spaces  X,  for  a 
diagram  with  spectral  transition  morphisms  as  in  Topology,  Lemma|5.23.5|  Assume 
given 


(1)  an  abelian  sheaf  Ti  on  X,  for  all  i £ Ob(Z), 

(2)  for  a : j — > i an  /a-map  <pa  : T — > Tj  of  abelian  sheaves  (see  Sheaves, 


Definition  6.21.7 ) 


such  that  ipc  = ipb  o ipa  whenever  c = a o b.  Set  T = colimj  1T  on  X. 


0A37  Lemma  20.20.2.  In  the  situation  discussed  above.  Let  i £ Ob(Z)  and  let  Ui  C W 
be  quasi-compact  open.  Then 


colima;j^iH*(f-1{Ui),Tj)  = HP{p-\Ui),T) 


for  all  p > 0.  In  particular  we  have  Hp( A',  T)  = colim  Hv(Xi,  Tf). 
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Proof.  The  case  p = 0 is  Sheaves,  Lemma  [6. 29. 4[ 


In  this  paragraph  we  show  that  we  can  find  a map  of  systems  (7 f)  : (Fi,ipa)  — t 
{Qii'ifa)  with  Qi  an  injective  abelian  sheaf  and  7 \ injective.  For  each  i we  pick  an 
injection  J~,  — > li  where  Z;  is  an  injective  abelian  sheaf  on  Xj.  Then  we  can  consider 
the  family  of  maps 


li  : Fi 


fb’*Ik 


Qi 


where  the  component  maps  are  the  maps  adjoint  to  the  maps  fb  lFi  — > Fk  — > Ik- 
For  a : j ->  iin  I there  is  a canonical  map 


■ fa  ^Qi  Qj 


whose  components  are  the  canonical  maps  fb  faob,*Ik  — ► fb,*Ik  for  b : k -A  j. 
Thus  we  find  an  injection  {7^ } : {Ti,ipa)  — » ( Qi,ipa ) of  systems  of  abelian  sheaves. 


Note  that  Qi  is  an  injective  sheaf  of  abelian  groups  on  C.; , see  Lemma  20.12.11  and 
Homology,  Lemma  [12. 23. 3[  This  finishes  the  construction. 


Arguing  exactly  as  in  the  proof  of  Lemma  20.20.1  we  see  that  it  suffices  to  prove 
that  HP(X,  colim/”1^)  = 0 for  p > 0. 


Set  Q = colim  f~ 1 Qi . To  show  vanishing  of  cohomology  of  Q on  every  quasi-compact 
open  of  X,  it  suffices  to  show  that  the  Cecil  cohomology  of  Q for  any  covering  U 
of  a quasi-compact  open  of  X by  finitely  many  quasi-compact  opens  is  zero,  see 
Lemma  |20.12.9|  Such  a covering  is  the  inverse  by  Pi  of  such  a covering  Ui  on  the 
space  Xi  for  some  i by  Topology,  Lemma [5. 23. 6|  We  have 

C'{U,Q)  = colim  a..j^i6,(f-1(Ui),Qj) 


by  the  case  p = 0. 


The  right  hand  side  is  a filtered  colimit  of  complexes  each 

Thus  we  conclude  by 


of  which  is  acyclic  in  positive  degrees  by  Lemma  20.12.1 


Algebra,  Lemma  10.8.9 


□ 


20.21.  Vanishing  on  Noetherian  topological  spaces 


02UU  The  aim  is  to  prove  a theorem  of  Grothendieck  namely  Proposition  20.21.6  See 
l(lro57j. 

02UV  Lemma  20.21.1.  Let  i : Z — >■  X be  a closed  immersion  of  topological  spaces.  For 
any  abelian  sheaf  T on  Z we  have  HP(Z,  T)  = HP(X,  uJ7). 


Proof.  This  is  true  because  is  exact  (see  Modules,  Lemma  17.6.11,  and  hence 
Rpi * = 0 as  a functor  (Derived  Categories,  Lemma  13.17.9).  Thus  we  may  apply 
Lemma  120.14.61  □ 


02UW  Lemma  20.21.2.  Let  X be  an  irreducible  topological  space.  Then  HP(X,A)  = 0 
for  all  p > 0 and  any  abelian  group  A. 

Proof.  Recall  that  A is  the  constant  sheaf  as  defined  in  Sheaves,  Definition  |6. 7. 4| 
It  is  clear  that  for  any  nonempty  open  U C X we  have  A(U)  = A as  X is  irreducible 
(and  hence  U is  connected).  We  will  show  that  the  higher  Cech  cohomology  groups 
HP(U , A)  are  zero  for  any  open  covering  U :U  = (Jigj  Ui  of  an  open  U C X.  Then 
the  lemma  will  follow  from  Lemmar20.12.8l 
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Recall  that  the  value  of  an  abelian  sheaf  on  the  empty  open  set  is  0.  Hence  we  may 
clearly  assume  Ui  ^ 0 for  all  i £ I.  In  this  case  we  see  that  Ui  ^ 0 for  all 
i,  i!  £ I.  Hence  we  see  that  the  Cech  complex  is  simply  the  complex 

n n a-> - 

io£l  (io,*i)e/2  (io,iiA2)e/3 

We  have  to  see  this  has  trivial  higher  cohomology  groups.  We  can  see  this  for 
example  because  this  is  the  Cech  complex  for  the  covering  of  a 1-point  space  and 
Cech  cohomology  agrees  with  cohomology  on  such  a space.  (You  can  also  directly 
verify  it  by  writing  an  explicit  homotopy.)  □ 

0A38  Lemma  20.21.3.  Let  X be  a topological  space  such  that  the  intersection  of  any 
two  quasi-compact  opens  is  quasi-compact.  Let  F C Z be  a subsheaf  generated  by 
finitely  many  sections  over  quasi-compact  opens.  Then  there  exists  a finite  filtration 

(o)=J0c  Jic...c  Jn=J: 

by  abelian  subsheaves  such  that  for  each  0 < i < n there  exists  a short  exact  sequence 
0 — * jihy  — * j\Zu  Xi/Fi-i  — > 0 

with  j : U —¥  X and  j'  : V — > X the  inclusion  of  quasi-compact  opens  into  X . 


Proof.  Say  F is  generated  by  the  sections  Si, . . . , st  over  the  quasi-compact  opens 
U\, . . . , Ut-  Since  Ui  is  quasi-compact  and  Si  a locally  constant  function  to  Z we  may 
assume,  after  possibly  replacing  Ui  by  the  parts  of  a finite  decomposition  into  open 
and  closed  subsets,  that  s,  is  a constant  section.  Say  Sj  = rq  with  rq  £ Z.  Of  course 
we  can  remove  (f7j,rq)  from  the  list  if  ni  = 0.  Flipping  signs  if  necessary  we  may 
also  assume  rq  > 0.  Next,  for  any  subset  / C {1, ...  ,t}  we  may  add  [Jig7  Ui  and 
gcd(rq,  i £ I)  to  the  list.  After  doing  this  we  see  that  our  list  (t/i,  rq), . . . , (Ut,  nt) 
satisfies  the  following  property:  For  x £ X set  Ix  = {i  £ {1, . . . , t}  | x £ Ui}.  Then 
gcd(rq,  i £ I x ) is  attained  by  rq  for  some  i £ Ix. 

As  our  filtration  we  take  Fq  = (0)  and  Tn  generated  by  the  sections  rq  over  Ui  for 
those  i such  that  rq  < n.  It  is  clear  that  Tn  = F for  n 0.  Moreover,  the  quotient 
Fn/Fn- 1 is  generated  by  the  section  n over  U = (Jn .<„  Ui  and  the  kernel  of  the 
map  j\Zjj  — > Fn / Fn—  \ is  generated  by  the  section  n over  V = Un  <n-i  Ui-  Thus  a 
short  exact  sequence  as  in  the  statment  of  the  lemma.  □ 

02UX  Lemma  20.21.4.  Let  X be  a topological  space.  Let  d > 0 be  an  integer.  Assume 

(1)  X is  quasi- compact, 

(2)  the  quasi-compact  opens  form  a basis  for  X , and 

(3)  the  intersection  of  two  quasi-compact  opens  is  quasi- compact. 

(4)  Hp(yX,j\'Lu)  = 0 for  all  p > d and  any  quasi-compact  open  j : U —y  X. 
Then  HP(X , F)  = 0 for  all  p > d and  any  abelian  sheaf  F on  X . 


Proof.  Let  S = Uncx  -U(U)  where  U runs  over  the  quasi-compact  opens  of  X. 
For  any  finite  subset  A = {si, . . . , s„}  C 5,  let  Fa  be  the  subsheaf  of  F generated 
by  all  Si  (see  Modules,  Definition  17.4.5).  Note  that  if  A c A,  then  Fa  C Fa1- 
Hence  {Fa}  forms  a system  over  the  directed  partially  ordered  set  of  finite  subsets 
of  S.  By  Modules,  Lemma  [17. 4. 6|  it  is  clear  that 


colim^  Fa  = F 


|Gro571  Page  168]. 


This  is  a special 
case  of  [Gro57l 
Proposition  3.6.1]. 
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by  looking  at  stalks.  By  Lemma  [20. 20. 1|  we  have 

HP{X7  F)  = colling  Hp(X7  Fa) 

Hence  it  suffices  to  prove  the  vanishing  for  the  abelian  sheaves  Fa-  In  other  words, 
it  suffices  to  prove  the  result  when  F is  generated  by  finitely  many  local  sections 
over  quasi-compact  opens  of  X. 

Suppose  that  F is  generated  by  the  local  sections  Si, . . . , s„.  Let  F'  C F be  the 
subsheaf  generated  by  si, . . . , s„_i.  Then  we  have  a short  exact  sequence 

0 -A  F’  -A  F -A  F/F ' -A  0 

From  the  long  exact  sequence  of  cohomology  we  see  that  it  suffices  to  prove  the 
vanishing  for  the  abelian  sheaves  F'  and  F/F'  which  are  generated  by  fewer  than 
n local  sections.  Hence  it  suffices  to  prove  the  vanishing  for  sheaves  generated  by 
at  most  one  local  section.  These  sheaves  are  exactly  the  quotients  of  the  sheaves 
jiZf,  where  U is  a quasi-compact  open  of  X. 

Assume  now  that  we  have  a short  exact  sequence 


0^/C 


J'—U 


F 0 


with  U quasi-compact  open  in  X.  It  suffices  to  show  that  Hq(X,IC)  is  zero  for 
q > d+ 1.  As  above  we  can  write  A as  the  filtered  colimit  of  subsheaves  1C  generated 
by  finitely  many  sections  over  quasi-compact  opens.  Then  F is  the  filtered  colimit 
of  the  sheaves  jiZ^/'/C'.  In  this  way  we  reduce  to  the  case  that  K,  is  generated 
by  finitely  many  sections  over  quasi-compact  opens.  Note  that  K,  is  a subsheaf  of 
ZY-  Thus  by  Lemma  20.21.3  there  exists  a finite  filtration  of  K.  whose  successive 
quotients  Q fit  into  a short  exact  sequence 


0 — A j\Zw  — * ~ t Q ~ t 0 

with  j"  : W -A-  X and  j'  : V -A  X the  inclusions  of  quasi-compact  opens.  Hence 
the  vanishing  of  HP(X,  Q)  for  p > d follows  from  our  assumption  (in  the  lemma) 
on  the  vanishing  of  the  cohomology  groups  of  j"Zw  and  j'\7iv  Returning  to  1C 
this,  via  an  induction  argument  using  the  long  exact  cohomology  sequence,  implies 
the  desired  vanishing  for  it  as  well.  □ 


02UY  Lemma  20.21.5.  Let  X be  an  irreducible  topological  space.  Let  TL  C Z be  an 
abelian  subsheaf  of  the  constant  sheaf.  Then  there  exists  a nonempty  open  U C X 
such  that  TL\u  = dZLr  for  some  d £ Z. 

Proof.  Recall  that  Z(V)  = Z for  any  nonempty  open  V of  X (see  proof  of  Lemma 
).  If  7Y  = 0,  then  the  lemma  holds  with  d = 0.  If  TL  0,  then  there  exists 
a nonempty  open  U C X such  that  TL(U)  0.  Say  TL(U)  = nZ  for  some  n > 1. 

Hence  we  see  that  nZTT  C H\u  C Z v.  If  the  first  inclusion  is  strict  we  can  find  a 
nonempty  U'  C U and  an  integer  1 <n'<n  such  that  n'Zrr,  C TL\u'  C Zlu"  This 
process  has  to  stop  after  a finite  number  of  steps,  and  hence  we  get  the  lemma.  □ 

02UZ  Proposition  20.21.6  (Grothendieck).  Let  X be  a Noetherian  topological  space.  IGro571  Theorem 
//dim(X)  < d,  then  HP(X,F)  = 0 for  all  p > d and  any  abelian  sheaf  F on  X.  3.6.5]. 

Proof.  We  prove  this  lemma  by  induction  on  d.  So  fix  d and  assume  the  lemma 
holds  for  all  Noetherian  topological  spaces  of  dimension  < d. 


20.21.2 
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Let  T be  an  abelian  sheaf  on  X.  Suppose  U C X is  an  open.  Let  Z C X denote 
the  closed  complement.  Denote  j : U — » X and  i : Z — » X the  inclusion  maps. 
Then  there  is  a short  exact  sequence 

0 ->  j\j*T  -»  T ->  iJ*X  -5>  0 

see  Modules,  Lemma[l7.7.1|  Note  that  j\j*T  is  supported  on  the  topological  closure 
Z'  of  17,  i.e.,  it  is  of  the  form  i'^T'  for  some  abelian  sheaf  T'  on  Z\  where  i'  : Z'  X 
is  the  inclusion. 


We  can  use  this  to  reduce  to  the  case  where  X is  irreducible.  Namely,  according 
to  Topology,  Lemma  |5.8.2|  A'  has  finitely  many  irreducible  components.  If  A'  has 
more  than  one  irreducible  component,  then  let  Z C A be  an  irreducible  component 
of  X and  set  U = X\Z.  By  the  above,  and  the  long  exact  sequence  of  cohomology, 
it  suffices  to  prove  the  vanishing  of  Hp(X,i*i*T)  and  HP(X,  for  p > d.  By 
Lemma 


Since  Z' 


20.21.1  it  suffices  to  prove  Hp(Z,i*  JF)  and  HP{Z' ,F')  vanish  for  p > d. 


and  Z have  fewer  irreducible  components  we  indeed  reduce  to  the  case  of 


an  irreducible  X. 

If  d = 0 and  X = {*},  then  every  sheaf  is  constant  and  higher  cohomology  groups 
vanish  (for  example  by  Lemma  20.21.2). 


Suppose  X is  irreducible  of  dimension  d.  By  Lemma [20.21 ,4|  we  reduce  to  the  case 
where  T = j\Z v for  some  open  U C X.  In  this  case  we  look  at  the  short  exact 
sequence 

0 ~ t (— t/ ) 


Zlx 


i*Zz  — y 0 


where  Z = X \ U.  By  Lemma  20.21.2  we  have  the  vanishing  of  Hp{ X,Zx)  for  all 


p > 1.  By  induction  we  have  Hp(X,i*Zz)  = HP(Z.  Zz)  = 0 for  p > d.  Hence  we 
win  by  the  long  exact  cohomology  sequence.  □ 


20.22.  Cohomology  with  support  in  a closed 

0A39  Let  X be  a topological  space  and  let  Z C A be  a closed  subset.  Let  T be  an  abelian 
sheaf  on  A'.  We  let 


r z(X,F)  = {se  T(X)  I Supp(s)  c z} 


be  the  sections  with  support  in  Z (Modules,  Definition  17.5.1 ).  This  is  a left  exact 
functor  which  is  not  exact  in  general.  Hence  we  obtain  a derived  functor 


RTz(X,—)  : D(X)  — ► D{Ab) 

and  cohomology  groups  with  support  in  Z defined  by  HZ(X,F)  = RqT z{ X,F). 


Let  X be  an  injective  abelian  sheaf  on  X.  Let  U = X \ Z.  Then  the  restriction  map 
I(X)  — > I(U)  is  surjective  (Lemma  20.9.1)  with  kernel  T z{ X,X).  It  immediately 
follows  that  for  K £ D( A)  there  is  a distinguished  triangle 


RTZ(X,  K)  -A  RT(X,K)  -a-  RT(U,K)  -a  RTz(X,K)[1] 
in  D(Ab).  As  a consequence  we  obtain  a long  exact  cohomology  sequence 
HZ(X,  K)  ->  TP  (A,  K)  ->  WiU,  K ) -a  Hz+l{X,  K)^  ... 
for  any  K in  D(X). 
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For  an  abelian  sheaf  T on  X we  can  consider  the  subsheaf  of  sections  with  support 
in  Z,  denoted  'Hz(Jr),  defined  by  the  rule 


HZ(E)(U)  = {se  F(U)  I Supp(s)  c u n Z} 


Using  the  equivalence  of  Modules,  Lemma  17.6.1  we  may  view  HzifF)  as  an  abelian 
sheaf  on  Z (see  also  Modules,  Lemmas  17.6.2  and  17.6.3 1.  Thus  we  obtain  a functor 

Ab( X)  — » Ab(Z),  T i — > HzifR)  viewed  as  a sheaf  on  Z 


which  is  left  exact,  but  in  general  not  exact. 

0A3A  Lemma  20.22.1.  Let  i : Z — ► X be  the  inclusion  of  a closed  subset.  Let  I be  an 
injective  abelian  sheaf  on  X . Then  TLz(I)  is  an  injective  abelian  sheaf  on  Z . 


Proof.  Observe  that  for  any  abelian  sheaf  Q on  Z we  have 
Horn  z{G,Uz{J:))  = Homx(A£,  F) 

because  after  all  any  section  of  AS  has  support  in  Z.  Since  A is  exact  (Modules, 
Lemma  17.6.1 ) and  T injective  on  X we  conclude  that  TLz{I)  is  injective  on  Z.  □ 


Denote 

KHz  ■ D{X)  — > D{Z) 

the  derived  functor.  We  set  TLqz(jF)  = RqrHz{X)  so  that  TL°Z(J:)  = RZ{F).  By  the 
lemma  above  we  have  a Grothendieck  spectral  sequence 

E™  = Hp{Z,Uqz(F))  =►  Hp+q(X,F) 

0A3B  Lemma  20.22.2.  Let  i : Z — * X be  the  inclusion  of  a closed  subset.  Let  Q be  an 
injective  abelian  sheaf  on  Z.  Then  TL^(i^G)  = 0 for  p > 0. 


Proof.  This  is  true  because  the  functor  A is  exact  and  transforms  injective  abelian 
sheaves  into  injective  abelian  sheaves  by  Lemma  20.12.11  □ 


Let  A be  a topological  space  and  let  Z c X be  a closed  subset.  We  denote  DZ{X) 
the  strictly  full  saturated  triangulated  subcategory  of  D(X)  consisting  of  complexes 
whose  cohomology  sheaves  are  supported  on  Z. 

0AEF  Lemma  20.22.3.  Leti  : Z — > X be  the  inclusion  of  a closed  subset  of  a topological 
space  X.  The  map  Ri * = A : D(Z)  — » D(X)  induces  an  equivalence  D{Z)  — ► 
Dz(X)  with  quasi-inverse 

*_1|dz(x)  = RHz\dz(x) 


Proof.  Recall  that  i 1 and  A is  an  adjoint  pair  of  exact  functors  such  that  i A* 
is  isomorphic  to  the  identify  functor  on  abelian  sheaves.  See  Modules,  Lemmas 


a left  inverse.  On  the  other  hand,  suppose  that  I\  is  an  object  of  DZ{X)  and 
consider  the  adjunction  map  K — >■  i*i~xK.  Using  exactness  of  A and  W1  this 
induces  the  adjunction  maps  Hn(K)  — >■  i*i~1Hn(K)  on  cohomology  sheaves.  Since 
these  cohomology  sheaves  are  supported  on  Z we  see  these  adjunction  maps  are 
isomorphisms  and  we  conclude  that  D(Z)  — > Dz{X)  is  an  equivalence. 

To  finish  the  proof  we  have  to  show  that  RRz{K)  = i~xK  if  I\  is  an  object  of 
Dz(X).  To  do  this  we  can  use  that  K = iifi~1K  as  we’ve  just  proved  this  is  the 
case.  Then  we  can  choose  a K-injective  representative  I*  for  Since  A is 

the  right  adjoint  to  the  exact  functor  i-1,  the  complex  AI*  is  K-injective  (Derived 


17.3.3 


and 


17.6.1 


Thus  A : D(Z)  — ► Dz{X)  is  fully  faithfull  and  i 1 determines 
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0A3C 


0A3D 


0A3E 


0A3F 


0A3G 


Categories,  Lemma  13.29.9 1.  We  see  that  RHz(K)  is  computed  by  RzifYL*)  = T* 
as  desired.  □ 


20.23.  Cohomology  on  spectral  spaces 


A key  result  on  the  cohomology  of  spectral  spaces  is  Lemma  |20.20.2|  which  loosely 
speaking  says  that  cohomology  commutes  with  cofiltered  limits  in  the  category  of 
spectral  spaces  as  defined  in  Topology,  Definition  |5.22.1|  This  can  be  applied  to 


give  analogues  of  Lemmas  |20.17.3|  and |20.19Tl  as  follows. 

Lemma  20.23.1.  Let  X be  a spectral  space.  Let  T be  an  abelian  sheaf  on  X . Let 
E C X be  a quasi-compact  subset.  Let  W C X be  the  set  of  points  of  X which 
specialize  to  a point  of  E. 

(1)  HP(W,E\w)  = colim  HP(U,  X)  where  the  colimit  is  over  quasi-compact 
open  neighbourhoods  of  E, 

(2)  HP(W\E1  T\w\e)  — colim Hp (U\E , J7\jj\e)  tfE  is  a constructible  subset. 

Proof.  From  Topology,  Lemma  [5.23.7|  we  see  that  W = lirnC/  where  the  limit  is 
over  the  quasi-compact  opens  containing  E.  Each  U is  a spectral  space  by  Topology, 


Lemma  5.22.4  Thus  we  may  apply  Lemma  20.20.2  to  conclude  that  (1)  holds.  The 
same  proof  works  for  part  (2)  except  we  use  Topology,  Lemma  5.23.8  □ 


Lemma  20.23.2.  Let  f : X — » Y be  a spectral  map  of  spectral  spaces.  Let  y £ Y. 
Let  E C Y be  the  set  of  points  specializing  to  y.  Let  J-  be  an  abelian  sheaf  on  X. 
Then  (Rpf*T)y  = HP{f~\E),F \f-^E)). 

Proof.  Observe  that  E = f]V  where  V runs  over  the  quasi-compact  open  neigh- 
brouhoods  of  y in  Y . Hence  f~1(E)  = fl/_1(^)-  This  implies  that  /_1(J?)  = 
lim/_1(Vr)  as  topological  spaces.  Since  / is  spectral,  each  /-1(F)  is  a spectral 
space  too  (Topology,  Lemma  5.22.4).  We  conclude  that  f~1(E)  is  a spectral  space 
and  that 

HP  {f-\E)  1T\f-,{E))  = colim  Hp{f-l{V),E) 


by  Lemma  20.20.2[  On  the  other  hand,  the  stalk  of  Rp f*T  at  y is  given  by  the 
colimit  on  the  right.  □ 

Lemma  20.23.3.  Let  X be  a profinite  topological  space.  Then  Hq(X,iF)  = 0 for 
all  q > 0 and  all  abelian  sheaves  J- . 


Proof.  Any  open  covering  of  X can  be  refined  by  a finite  disjoint  union  decompo- 
sition with  open  parts,  see  Topology,  Lemma|5.21.3|  Hence  if  T — > Q is  a surjection 
of  abelian  sheaves  on  X,  then  X(X)  G(X)  is  surjective.  In  other  words,  the 
global  sections  functor  is  an  exact  functor.  Therefore  its  higher  derived  functors 
are  zero,  see  Derived  Categories,  Lemma[l3.17.9|  □ 


The  following  result  on  cohomological  vanishing  improves  Grothendieck’s  result 
(Proposition  20.21.6)  and  can  be  found  in  (Sch92l. 


Proposition  20.23.4.  Let  X be  a spectral  space  of  Krull  dimension  d.  Let  T be 
an  abelian  sheaf  on  X . 

(1)  H«(X,F)  =0  for  q>d, 

(2)  Hd(X,E)  — > Hd(U1T)  is  surjective  for  every  quasi-compact  open  U C X, 

(3)  Hqz(X,F)  = 0 for  q>  d and  any  constructible  closed  subset  Z C X. 


Part  (1)  is  the  main 
theorem  of  [Sch92|. 
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Proof.  We  prove  this  result  by  induction  on  d. 


If  d = 0,  then  X is  a profinite  space,  see  Topology,  Lemma  5.22.7  Thus  (1)  holds  by 
Lemma  [20.23.31  If  U C X is  quasi-compact  open,  then  U is  also  closed  as  a quasi- 
compact subset  of  a Hausdorff  space.  Hence  X = UU(X\U)  as  a topological  space 
and  we  see  that  (2)  holds.  Given  Z as  in  (3)  we  consider  the  long  exact  sequence 

Hq~1(X,X)  -A  Hq~\X\Z}X)  -A  Hqz{X,X)  —A  Hq(X,X) 


Since  X and  U = X \ Z are  profinite  (namely  U is  quasi-compact  because  Z is 
constructive)  and  since  we  have  (2)  and  (1)  we  obtain  the  desired  vanishing  of  the 
cohomology  groups  with  support  in  Z. 


Induction  step.  Assume  d > 1 and  assume  the  proposition  is  valid  for  all  spectral 
spaces  of  dimension  < d.  We  first  prove  part  (2)  for  X.  Let  U be  a quasi-compact 
open.  Let  £ £ Hd(U,X).  Set  Z = X \ U.  Let  W C A be  the  set  of  points 
specializing  to  Z.  By  Lemma [20. 23. 1|  we  have 

Hd(W  \ Z,  X\  W\z)  = colimZcy  Hd(V  \ Z,  X) 


where  the  colimit  is  over  the  quasi-compact  open  neighbourhoods  V of  Z in  A. 
By  Topology,  Lemma  5.23.7  we  see  that  W \ Z is  a spectral  space.  Since  every 
point  of  W specializes  to  a point  of  Z,  we  see  that  W \ Z is  a spectral  space 
of  Krull  dimension  < d.  By  induction  hypothesis  we  see  that  the  image  of  £ in 
Hd{W  \ Z,X\w\z)  is  zero.  By  the  displayed  formula,  there  exists  a Z C V C X 
quasi-compact  open  such  that  £| v\z  = 0.  Since  V\Z  = VnU  we  conclude  by 
the  Mayer-Vietoris  (Lemma  20.9.2[)  for  the  covering  X = U D V that  there  exists  a 
£ £ iLd(A, X)  which  restricts  to  £ on  U and  to  zero  on  V.  In  other  words,  part  (2) 
is  true. 


Proof  of  part  (1)  assuming  (2).  Choose  an  injective  resolution  X — > I*.  Set 
G = Im(Xd_1  ->•  ld)  = Ker(Id  -A  ld+1) 

For  U C X quasi-compact  open  we  have  a map  of  exact  sequences  as  follows 


ld-\X) *G(X) ^Hd(X,X) ^0 

v y 

2rf"1(C7) *~G(U) Hd(U,  F) ^0 


The  sheaf  Id~l  is  flasque  by  Lemma  20.13.2  and  the  fact  that  d > 1.  By  part 
(2)  we  see  that  the  right  vertical  arrow  is  surjective.  We  conclude  by  a diagram 
chase  that  the  map  G(X)  -A  G{U)  is  surjective.  By  Lemma  20.13.6  we  conclude 
that  Hq(U,  Q)  = 0 for  q > 0 and  any  finite  covering  U : U = U\  U . . . U Un  of 


a quasi-compact  open  by  quasi-compact  opens.  Applying  Lemma  20.12.9  we  find 
that  Hq{U,g)  = 0 for  all  q > 0 and  all  quasi-compact  opens  U of  X.  By  Leray’s 


acyclicity  lemma  (Derived  Categories,  Lemma  13.17.7)  we  conclude  that 
Hq(x,  x)  = Hq  (r(x, x°)  -a  ...  -a  r(x,id~1)  -a  t(a,  g)) 

In  particular  the  cohomology  group  vanishes  if  q > d. 

Proof  of  (3).  Given  Z as  in  (3)  we  consider  the  long  exact  sequence 

Hq~l(X,  X)  -A  Hq-1(X\Z,  X)  -A  Hqz{X,X)  -A  Hq(X,X) 
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01FG 


Since  X and  U = X\Z  are  spectral  spaces  (Topology,  Lemma  5.22.41  of  dimension 
< d and  since  we  have  (2)  and  (1)  we  obtain  the  desired  vanishing.  □ 

20.24.  The  alternating  Cech  complex 

This  section  compares  the  Cech  complex  with  the  alternating  Cech  complex  and 
some  related  complexes. 

Let  X be  a topological  space.  Let  U : U = Uig/  be  an  open  covering.  For  p > 0 
set 


cpalt{u,F)  = 


s £ CP(U,  X)  such  that  s 
and  -s, 


*0 
= — S 


= 0 if  in  = im  for  some  n ^ m 
n...in...iv  in  any  case. 


01FH 


We  omit  the  verification  that  the  differential  d of  Equation  (20.10.0.1 1 maps  C^lt(U,  JF) 
into  Cp+\U,T). 

Definition  20.24.1.  Let  X be  a topological  space.  Let  U : U = (J ieIUi  be  an 
open  covering.  Let  J-  be  an  abelian  presheaf  on  X.  The  complex  C*[t(U,  F)  is  the 
alternating  Cech  complex  associated  to  J-  and  the  open  covering  U. 

Hence  there  is  a canonical  morphism  of  complexes 

C:lt(U,X)^C%U,T) 

namely  the  inclusion  of  the  alternating  Cech  complex  into  the  usual  Cech  complex. 

Suppose  our  covering  U : U = |Ji67  Ui  comes  equipped  with  a total  ordering  < on 
I.  In  this  case,  set 

n(i0 

This  is  an  abelian  group.  For  s £ C^rd(U,  F)  we  denote  Sj0... j its  value  in  J r(C/io  ^ ). 


We  define 


by  the  formula 


d(s) 


IQ  • • -Ip- 1- 


.=0-^ 


V 


01FI 


for  any  io  < . . . < ip+ 1.  Note  that  this  formula  is  identical  to  Equation  (20.10.0.1 ). 
It  is  straightforward  to  see  that  d o d = 0.  In  other  words  C*rd(U,  F)  is  a complex. 

Definition  20.24.2.  Let  X be  a topological  space.  Let  U : U = |Jig/  Ui  be  an 
open  covering.  Assume  given  a total  ordering  on  I.  Let  F be  an  abelian  presheaf 
on  X.  The  complex  C*ord{U,F)  is  the  ordered  Cech  complex  associated  to  F7  the 
open  covering  IA  and  the  given  total  ordering  on  I. 

This  complex  is  sometimes  called  the  alternating  Cech  complex.  The  reason  is  that 
there  is  an  obvious  comparison  map  between  the  ordered  Cech  complex  and  the 
alternating  Cech  complex.  Namely,  consider  the  map 

c:C:rd(U,F) 

given  by  the  rule 

0 if  in  = im  for  some  n ^ m 


"(«)» 


sgn(cr)i 


T(0)  ■ 


^(P) 


if  ^er(O)  ^cr(  1)  ^ ^ ^cr(p) 
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Here  a denotes  a permutation  of  {0, . . . ,p}  and  sgn(cr)  denotes  its  sign.  The  al- 
ternating and  ordered  Cech  complexes  are  often  identified  in  the  literature  via  the 
map  c.  Namely  we  have  the  following  easy  lemma. 

01FJ  Lemma  20.24.3.  Let  X be  a topological  space.  LetlA  : U = Uie,  Ui  be  an  open 
covering.  Assume  I comes  equipped  with  a total  ordering.  The  map  c is  a morphism 
of  complexes.  In  fact  it  induces  an  isomorphism 

c:C*ord(U,F)->C*alt(U,F) 

of  complexes. 

Proof.  Omitted.  □ 


There  is  also  a map 


7T  : C*{U,F) 


c:rd{u,F) 


which  is  described  by  the  rule 


n(s)i0...ip  — si0...ip 

whenever  *o  < i\  < . ■ . < ip. 

01FK  Lemma  20.24.4.  Let  X be  a topological  space.  Let  U : U = Ui  be  an  open 
covering.  Assume  I comes  equipped  with  a total  ordering.  The  map  n : C*(U,F)  — > 
C*rd(W,  J7)  is  a morphism  of  complexes.  It  induces  an  isomorphism 

n:C*alt(U,T)^C:rd(U,X) 


of  complexes  which  is  a left  inverse  to  the  morphism  c. 


Proof.  Omitted. 


□ 


01FL  Remark  20.24.5.  This  means  that  if  we  have  two  total  orderings  <i  and  <2  on  the 
index  set  I,  then  we  get  an  isomorphism  of  complexes  r = 712  o c\  : Cord-i(U , F)  — > 
Cord- 2(U,  F).  It  is  clear  that 

r(s)io...ip  =sign(cr)sit7(0)..,^(p) 

where  *o  <1  i\  <1  • ■ • <1  ip  and  V( 0)  <2  ia(  1)  <2  • • • <2  O(p)-  This  is  the  sense  in 
which  the  ordered  Cecil  complex  is  independent  of  the  chosen  total  ordering. 

01FM  Lemma  20.24.6.  Let  X be  a topological  space.  Let  IA  : U = Ui  be  an 
open  covering.  Assume  I comes  equipped  with  a total  ordering.  The  map  cot : is 
homotopic  to  the  identity  onC*  (fA1  F).  In  particular  the  inclusion  map  C*alt(lA , F)  — > 
C'(U,F)  is  a homot.opy  equivalence. 

Proof.  For  any  multi-index  ( ig , . . . ,ip)  £ Ip+1  there  exists  a unique  permutation 
a : {0, . . . ,p}  — > {0, . . . ,p}  such  that 

V(o)  < O(i)  < < O(p)  and  cr(j)  < o(j  + 1)  if  vy)  = ia(j+i)- 

We  denote  this  permutation  a = 


For  any  permutation  a : {0, . . . ,p}  — > {0, . . . ,p}  and  any  a,  0 < a < p we  denote 
a a the  permutation  of  {0, . . . ,p]  such  that 


Ca(j) 


f o-(j)  if  0 < j < a, 

\min{/  | j'  > aa{j  - 1),  / ^ <r(k),Vk  < a}  if  a<j 
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01FN 


So  if  p = 3 and  a,  t are 
id 

given  by 
0 1 2 

3 

and 

id 

0 

l 

2 

3 

<j 

3 

2 1 

0 

T 

3 

0 

2 

1 

then  we  have 

id 

0 

1 2 

3 

id 

0 

i 

2 

3 

co 

0 

1 2 

3 

TO 

0 

i 

2 

3 

Cl 

3 

0 1 

2 

and 

Tl 

3 

0 

1 

2 

c2 

3 

2 0 

1 

T2 

3 

0 

1 

2 

C3 

3 

2 1 

0 

T3 

3 

0 

2 

1 

It  is  clear  that  always  a o = id  and  ap  = a. 
Having  introduced  this  notation  we  define  for  s 

e 

CP+1(U,  T)  the  element  h{s) 

CP(U,T)  to  be  the  element  with  components 


(20.24.6.1) 


h(s) 


= £ 


0<a<.p 


(— l)asign(cra)sic 


(0)* 


T(a)^a(a)- 


i(p) 


where  a = <ri0 - V The  index  ia(a)  occurs  twice  in  ia(o)  ■ ■ ■ V(o)V„(a)  ■ ■ ■ *<ra(p)  once 
in  the  hrst  group  of  a + 1 indices  and  once  in  the  second  group  of  p — a + 1 indices 
since  a a(j)  = <r(a)  for  some  j > a by  definition  of  <ra.  Hence  the  sum  makes  sense 
since  each  of  the  elements  Sja(0)...i  , ( . ..j  ( . is  defined  over  the  open  Ui0...ip- 

Note  also  that  for  a = 0 we  get  Sj0...»p  and  for  a=  p we  get  (— l)psign(<7)si.0..»ff( 

We  claim  that 


(■ dh  + hd){s)io...ip  = sio...ip  - sign(o-)si<j(0)...i<T(p) 

where  a = We  omit  the  verification  of  this  claim.  (There  is  a PARI/gp 

script  called  first-homotopy.gp  in  the  stacks-project  subdirectory  scripts  which  can 
be  used  to  check  finitely  many  instances  of  this  claim.  We  wrote  this  script  to  make 
sure  the  signs  are  correct.)  Write 

k : C*  (IA1 T)  — >Cm(U1J7) 


for  the  operator  given  by  the  rule 

= sign(f7io-ip)si(r(o)...v(P)- 

The  claim  above  implies  that  k is  a morphism  of  complexes  and  that  k is  homotopic 
to  the  identity  map  of  the  Cech  complex.  This  does  not  immediately  imply  the 
lemma  since  the  image  of  the  operator  n is  not  the  alternating  subcomplex.  Namely, 
the  image  of  k is  the  “semi- alternating”  complex  Cpserni_alti]J  1 T)  where  s is  a p- 
cochain  of  this  complex  if  and  only  if 


Si0...ip  =sign  {a)sip(oy..ip(p) 

for  any  (i0, . . . ,ip)  £ Ip+1  with  er  = er*0'"®1’.  We  introduce  yet  another  variant  Cech 
complex,  namely  the  semi-ordered  Cech  complex  defined  by 


It  is  easy  to  see  that  Equation  (20.10.0.1])  also  defines  a differential  and  hence  that 
we  get  a complex.  It  is  also  clear  (analogous  to  Lemma  20.24.4 1 that  the  projection 
map 


^ semi-alt  ) F) 


^ semi-ord  (U,T) 


is  an  isomorphism  of  complexes. 
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01FO 


02FR 

02FU 


Hence  the  Lemma  follows  if  we  can  show  that  the  obvious  inclusion  map 

CPord(M^)^Clemi_ord{U,T) 

is  a homotopy  equivalence.  To  see  this  we  use  the  homotopy 
(20.24.6.2) 

, / y =f  0 if  io<ii<...<ip 

P \(  f)  ^2o...'ia-l*a*a*a+l  ■••ip  ^ ^0  i\  ^ ^ ia—  1 ^ ia  = ^a+1 

We  claim  that 

/ 77  i l \ / ^ ^ io  < ii  <...<  ip 

(dh+hdm,...,,  = (Sig  elae 

We  omit  the  verihcation.  (There  is  a PARI/gp  script  called  second-homotopy.gp 
in  the  stacks-project  subdirectory  scripts  which  can  be  used  to  check  finitely  many 
instances  of  this  claim.  We  wrote  this  script  to  make  sure  the  signs  are  correct.) 
The  claim  clearly  shows  that  the  composition 

^ semi-ord^J^ i *^*)  ^ *^*)  ^ C semi-ordi^ > ^~  ) 

of  the  projection  with  the  natural  inclusion  is  homotopic  to  the  identity  map  as 
desired.  □ 


20.25.  Alternative  view  of  the  Cech  complex 

In  this  section  we  discuss  an  alternative  way  to  establish  the  relationship  between 
the  Cech  complex  and  cohomology. 

Lemma  20.25.1.  Let  X be  a ringed  space.  Let  U : X = Ue/  Ui  be  an  open 
covering  of  X.  Let  J-  be  an  Ox-module.  Denote  lFi0...i  the  restriction  of  J-  to 
Ui0...ip-  There  exists  a complex  €* (U , T)  of  O \ -modules  with 

€>{U,T)  = J],  . >„ 

J-J-Zo  ...Ip 

and  differential  d : €P(U,J-)  — ► €P+1{U,J-)  as  in  Equation 
there  exists  a canonical  map 

which  is  a quasi-isomorphism,  i.e.,  €mfU,F)  is  a resolution  of  T . 

Proof.  We  check 

0 F ->  ->  ... 

is  exact  on  stalks.  Let  x £ X and  choose  £ I such  that  x £ U jfijE.  Then  define 

h : €'lKU,F)x  -a  £P-\U,  F)x 
as  follows:  If  s £ £P(U,F)X,  take  a representative 

s£€p(u,T)(V)  = TT  T(vnuion...nuip) 

*0-..2p 

defined  on  some  neighborhood  V of  x,  and  set 

Ms)io...*P-i  = sinxio...ip-i,v 


20.10.0.1 ).  Moreover, 
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By  the  same  formula  (for  p = 0)  we  get  a map  €°(Lt,iF)x  — >•  Tx.  We  compute 
formally  as  follows: 

{dh  + hd)(s)i0...ip  = =0(-1)ift(s)io...ij...ip  + d(s)in*io-iP 


Jj= o 

"V p 


= E (-1)' 

^j=o 


S ■ ~ "I-  S?n  7 


E (-i)j+i 

*—‘j= 0 


s-  - - 

^fix^O  • • ‘tj  • 


This  shows  h is  a homotopy  from  the  identity  map  of  the  extended  complex 
0^  Tx  -A  £°(U,T)X^£1(U,T)X  ->  ... 

to  zero  and  we  conclude.  □ 

With  this  lemma  it  is  easy  to  reprove  the  Cecil  to  cohomology  spectral  sequence  of 
Lemma  [20.12.51  Namely,  let  X,  U,  T as  in  Lemma  [20. 25. 1|  and  let  T — > I*  be  an 
injective  resolution.  Then  we  may  consider  the  double  complex 


By  construction  we  have 


A*’*  = T{X,  C{UX)). 


A^  = U . lq(Ul0...ip) 


02FS 


02FT 


Consider  the  two  spectral  sequences  of  Homology,  Section  |12.22|  associated  to  this 
double  complex,  see  especially  Homology,  Lemma[l2.22.4|  For  the  spectral  sequence 
('Er,'dr)r> o we  get  ’E2,q  = Hp (U , H9 (J7))  because  taking  products  is  exact  (Ho- 
mology, Lemma  12.28.1).  For  the  spectral  sequence  (" Er , ”dr)r> o we  get  "E%’q  = 0 
if  p > 0 and  " E2’q  = Hq(X,T).  Namely,  for  fixed  q the  complex  of  sheaves 
is  a resolution  (Lemma  20.25.1)  of  the  injective  sheaf  Iq  by  injective 
sheaves  (by  Lemmas  20.8.1  and  |20.12.11  and  Homology,  Lemma  12.23.3).  Hence 
the  cohomology  of  T(A',  £*(U,Iq))  is  zero  in  positive  degrees  and  equal  to  T(X,Iq) 
in  degree  0.  Taking  cohomology  of  the  next  differential  we  get  our  claim  about  the 
spectral  sequence  (" Er,"dr)r> o-  Whence  the  result  since  both  spectral  sequences 
converge  to  the  cohomology  of  the  associated  total  complex  of  A*’*. 

Definition  20.25.2.  Let  A be  a topological  space.  An  open  covering  X = (Jigj  U 
is  said  to  be  locally  finite  if  for  every  x € X there  exists  an  open  neighbourhood  W 
of  x such  that  {*  £ I \ W D Ui  ^ 0}  is  finite. 

Remark  20.25.3.  Let  X = (Jig/  Ui  be  a locally  finite  open  covering.  Denote 
ji  : U -A  X the  inclusion  map.  Suppose  that  for  each  i we  are  given  an  abelian 
sheaf  Ti  on  Ui.  Consider  the  abelian  sheaf  Q = ®igJ(ji)*Jrj.  Then  for  V C X 
open  we  actually  have 

W5)  = HieiTt(vnUi). 

In  other  words  we  have 


iei  J-J-ie/ 

This  seems  strange  until  you  realize  that  the  direct  sum  of  a collection  of  sheaves 
is  the  sheafification  of  what  you  think  it  should  be.  See  discussion  in  Modules, 


Section  17.3  Thus  we  conclude  that  in  this  case  the  complex  of  Lemma  20.25.1 


£P(W,J-)  = 0.  . {ji0...ip)*jr i, 


has  terms 
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which  is  sometimes  useful. 


20.26.  Cech  cohomology  of  complexes 


01FP  In  general  for  sheaves  of  abelian  groups  T and  Q on  X there  is  a cup  product  map 

Hl{X,T)  x H*(X,g)  — » Hi+i(X,T®z  G). 

In  this  section  we  define  it  using  Cech  cocycles  by  an  explicit  formula  for  the  cup 
product.  If  you  are  worried  about  the  fact  that  cohomology  may  not  equal  Cech  co- 
homology, then  you  can  use  hypercoverings  and  still  use  the  cocycle  notation.  This 
also  has  the  advantage  that  it  works  to  define  the  cup  product  for  hypercohomology 
on  any  topos  (insert  future  reference  here). 


Let  J7*  be  a bounded  below  complex  of  presheaves  of  abelian  groups  on  X.  We 
can  often  compute  LT"(A,  J7*)  using  Cech  cocycles.  Namely,  let  U : X = (J jp T Uj 
be  an  open  covering  of  A'.  Since  the  Cech  complex  C*(U,  F)  (Definition  20.10.1)  is 
functorial  in  the  presheaf  T we  obtain  a double  complex  C*(U , J -*).  The  associated 
total  complex  to  C*(U,  J7*)  is  the  complex  with  degree  n term 


Totn(C*(ZCJ-))  = 0 []■  ■ 

see  Homology,  Definition  |12.22.3|  A typical  element  in  Tot”  will  be  denoted  a = 
{cv..ip}  where  aio...ip  £ Tq(Uio...ip).  In  other  words  the  J'-degree  of  aio...ip  is 
q = n — p.  This  notation  requires  us  to  be  aware  of  the  degree  a lives  in  at  all 
times.  We  indicate  this  situation  by  the  formula  deg jr(ai0...i  ) = q.  According  to 
our  conventions  in  Homology,  Definition  |12.22.3|  the  differential  of  an  element  a of 
degree  n is  given  by 

d(a)io...ip+1  = X^o(~1)i%...W.iP+1  + (-1)P+1d^(aio...ip+1) 

where  djr  denotes  the  differential  on  the  complex  J-% . The  expression  aio  j.  i +i 
means  the  restriction  of  a-  ; • G J~(U-  ; • ) to  Ui„  i , . . 

The  construction  of  Tot (Cm(U,  J-'))  is  functorial  in  J7*.  As  well  there  is  a functorial 
transformation 


07M9  (20.26.0.1)  r(A,J7*) — » Tot(C*(U,  J7’)) 

of  complexes  defined  by  the  following  rule:  The  section  s £ T(A,  JFn')  is  mapped  to 
the  element  a = {ai0...ip}  with  cti0  = s|t/io  and  oti0...ip  = 0 for  p > 0. 

Refinements.  Let  V = {VjljeJ  be  a refinement  of  IA.  This  means  there  is  a map 
t : J — > I such  that  V)  C Ut(j)  for  all  j £ J.  This  gives  rise  to  a functorial 
transformation 


08BM  (20.26.0.2)  Tt  : Tot(C*(U,  J7*))  — > Tot(C*(V,  J7*)). 

defined  by  the  rule 

Given  two  maps  t,  t'  : J — > I as  above  the  maps  Tt  and  Tt'  constructed  above  are 
homotopic.  The  homotopy  is  given  by 

Ha)jo-jp  = 2^a=0(_  f)  at(jo)-tUa)t'Ua)-t'(jp) 
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for  an  element  a of  degree  n.  This  works  because  of  the  following  computation, 
again  with  a an  element  of  degree  n (so  d(a)  has  degree  n + 1 and  h(a ) has  degree 
n — 1): 


(d(h(a))  + h(d(a)))jo...jp  =El=0(-1)fc/lK0..^..oP  + 

{-l)Pdjr(h(a)j0...jp)  + 

Ep 

a=Q(  — 1)  d{&)t{j0)...t{ja)t'(ja)...t'{jp) 

=yp  yk~\-i)k+ac 

Z^fc=0  Z^a=fc+i1'  > ULt(j0)...t(jk)...t(ja)t'(ja)...t'(jp) 

yp  ya  (-i yk~ 

— ik= n 


Ife+a-i 


J a— 0 * ^k— 0 


t(Jo)—  (jp) 


5Za=0(_-1-)  +P+  ^(at(jo)-tUa)t'(ja.)-t'(jp)) 
=at'(j0)...t'(jp)  + ( 1)  P at(j0)-..t(jp) 

—Tti(a)j0,,,jp  — Tt(a)j0,,,jp 


We  leave  it  to  the  reader  to  verify  the  cancellations.  (Note  that  the  terms  having 
both  k and  a in  the  1st,  2nd  and  4th,  5th  summands  cancel,  except  the  ones  where 
a = k which  only  occur  in  the  4th  and  5th  and  these  cancel  against  each  other 
except  for  the  two  desired  terms.)  It  follows  that  the  induced  map 


Hn(Tt)  : Hn  (Tot  (C*(U,  X*)))  iJn(Tot(C*(V,  X*))) 


is  independent  of  the  choice  of  t.  We  define  Cecil  hypercohomology  as  the  limit  of 
the  Cech  cohomology  groups  over  all  refinements  via  the  maps  H*(Tt). 


In  the  limit  (over  all  open  coverings  of  X)  the  following  lemma  provides  a map 
of  Cech  hypercohomology  into  cohomology,  which  is  often  an  isomorphism  and  is 
always  an  isomorphism  if  we  use  hypercoverings. 

08BN  Lemma  20.26.1.  Let  (X,  Ox)  be  a ringed  space.  Let  U : X = (J;.g7  Ui  be  an  open 
covering.  For  a bounded  below  complex  X*  of  Ox -modules  there  is  a canonical  map 


Tot{f{u,F))  — > f?r(x,  x*) 

functorial  inF * and  compatible  with  | 20. 26. 0A ) and  {20.26.  OJI).  There  is  a spectral 
sequence  (Er,  dr)r>o  with 


Ep’q  = Hp  ( Tot(C*  (U , if  9 (X* ) ) 


converging  to  ffp+9(X,  X*). 


Proof.  Let  X*  be  a bounded  below  complex  of  injectives.  The  map  (20.26.0.1)  for 
X*  is  a map  T(X,X*)  — > Tot (C*(ff,X*)).  This  is  a quasi-isomorphism  of  complexes 
of  abelian  groups  as  follows  from  Homology,  Lemma  [1 2 . 22 . 7|  applied  to  the  double 


complex  C*(f/,X*)  using  Lemma 


20.12.1 


Suppose  X*  — > X*  is  a quasi-isomorphism 
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of  J7*  into  a bounded  below  complex  of  injectives.  Since  i?T(A,  J7*)  is  represented 
by  the  complex  F(A',  I*)  we  obtain  the  map  of  the  lemma  using 

Tot(C*(W,  J7*))  — > Tot (C#(W,I#)). 


We  omit  the  verification  of  functoriality  and  compatibilities.  To  construct  the 
spectral  sequence  of  the  lemma,  choose  a Cartan-Eilenberg  resolution  T*  — > T*'* , 
see  Derived  Categories,  Lemma  13.21.2  In  this  case  J7*  — >•  Tot(X*,#)  is  an  injective 
resolution  and  hence 

Tot(C*(W,Tot(I*’*))) 


we  can 


computes  i?T(A,  J7*)  as  we’ve  seen  above.  By  Homology,  Remark  12.22.8 
view  this  as  the  total  complex  associated  to  the  triple  complex  hence, 

using  the  same  remark  we  can  view  it  as  the  total  complex  associate  to  the  double 
complex  H*'*  with  terms 

An,m  = ^ Cp{U1Iq'm) 

p-\-q=n 

Since  Iq'*  is  an  injective  resolution  of  Tq  we  can  apply  the  first  spectral  sequence 
associated  to  A *’*  (Homology,  Lemma  [l2.22.4|)  to  get  a spectral  sequence  with 

E^m=0)  Cp{U,Hm{Tq)) 

p-\-q=n 

which  is  the  nth  term  of  the  complex  Tot (C*(W,  iLm(J7*)).  Hence  we  obtain  E2 
terms  as  described  in  the  lemma.  Convergence  by  Homology,  Lemma  12.22.6 


Let  X be  a topological  space,  let  U : X = [Jigi-  [/,  be  an  open  covering,  and  let  T% 
be  a bounded  below  complex  of  presheaves  of  abelian  groups.  Consider  the  map 
r : Tot (C*(W,  J7*))  ->  Tot (C*(W,  J-*))  defined  by 

r(a)i0...ip  = (-1  r^2aip...i0. 

Then  we  have  for  an  element  a of  degree  n that 


d{T(a))i0...ip+1 

= Y^o  (-1),T(“) 

= EP+1(-i)j+ 

A-'j= 0 


*0- 
p(p+ 1) 


■*p+i 


+ (-1  )p+1djr{T{a)io..A  ) 


a, 


^p+1  ••  A j ...Iq 


. I 1 I (p+1)(p+2)  , 

+ (-l)p+1+  5 df{a. 


Ip- (-1  • • -^0  / 


On  the  other  hand  we  have 


T(d(a))i 

= (-l) 
= (-l) 


,Q...lv-\-l 

(p  + l)(p+2) 
2 

(p  + l)(p+2) 
2 


+ (-1  )p+1djr(aip+1...io)j 


Thus  we  conclude  that  d(r(a))  =r(d(a))  because  p(p  + l)/2  = (p  + l)(p  + 2)/2  + 
p+1  mod  2.  In  other  words  r is  an  endomorphism  of  the  complex  Tot (C* (U , J7*)). 
Note  that  the  diagram 


r(x,j-*) 

4-  id 

r(x,j-*) 


Tot  (Cm(U1Fm)) 

4-  T 

Tot  (C*(W,  J7*)) 


commutes.  In  addition  r is  clearly  compatible  with  refinements.  This  suggests 
that  t acts  as  the  identity  on  Cech  cohomology  (i.e.,  in  the  limit  - provided  Cech 
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hypercohomology  agrees  with  hypercohomology,  which  is  always  the  case  if  we  use 
hypercoverings).  We  claim  that  r actually  is  homotopic  to  the  identity  on  the  total 
Cech  complex  Tot (C*(7/,  J7*)).  To  prove  this,  we  use  as  homotopy 

Ka)io._.ip  = Y^a=0ep(a)aio..-iaiI,...i«  with  ep(a ) = (-1)<P  aK"  ° 1>+P 


for  a of  degree  n.  As  usual  we  omit  writing  | rji(}  ip . This  works  because  of  the 
following  computation,  again  with  a an  element  of  degree  n: 

( d{h{a ))  + h{d(a)))io...ip  = EL^-1^^'- ■^■■■4  + 

(-1  )pdAh(a)io...ip)+ 

EP 

~ 5Z/-=o  5Za=c/— eP-i(a)ai0...iaip..Ik...ia  + 

EL  EL+i(“1)fce^-i{a  - ik...4...wp...l+ 

'y  ^ Q(~ ^)Pep(a)dj:'(cxi0,,,iaip,,,ia )+ 

Ea=0  Efc=0  ep(a)(_l)feaio...4...i„ip...ia+ 

=£p(0)G:ip...io  + ep(p)(  — 1)P  &i0...ip 


The  cancellations  follow  because 

+ and  (-l)fcCp_i(«  - 1)  + ep(a)(-l)fe  = 0 

We  leave  it  to  the  reader  to  verify  the  cancellations. 


Suppose  we  have  two  bounded  below  complexes  complexes  of  abelian  sheaves  T * 
and  Q% . We  define  the  complex  Tot(Jr*  ®z  G *)  to  be  to  complex  with  terms 
®p+q=n  -FV  ® Gq  and  differential  according  to  the  rule 

07MA  (20.26.1.1)  d(a  ® P)  = d{a)  ® /3  + (-l)deg(a)a  ® d(0) 

when  a and  /3  are  homogeneous,  see  Homology,  Definition  |12.22.3} 

Suppose  that  M * and  N*  are  two  bounded  below  complexes  of  abelian  groups. 
Then  if  to,  resp.  n is  a cocycle  for  M* , resp.  N*,  it  is  immediate  that  ?n  ® n is  a 
cocycle  for  Tot  (M*  ® N*).  Hence  a cup  product 

fP(M*)  x Hj{N*)  — > Hi+3(Tot(M * ® TV*)). 

This  is  discussed  also  in  More  on  Algebra,  Section [l5.53| 

So  the  construction  of  the  cup  product  in  hypercohomology  of  complexes  rests  on 
a construction  of  a map  of  complexes 

07MB  (20.26.1.2)  Tot  (Tot (d*(W,  J-*))  ®z  Tot {£*(U,Q*)j)  — > Tot(C*(W,  Tot^F*®^))) 
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This  map  is  denoted  U and  is  given  by  the  rule 

EP 

ne(n,m,p,r)aio...ir  ® pir...ip- 

r—0 

where  a has  degree  n and  f3  has  degree  m and  with 

e(n,m,p,r)  = (-l)(p+r)”+rp+r. 

Note  that  e(n,  m,p,  n)  = 1.  Hence  if  T*  = J"[0]  is  the  complex  consisting  in  a single 
abelian  sheaf  T placed  in  degree  0,  then  there  no  signs  in  the  formula  for  U (as 
in  that  case  cti0,,,ir  = 0 unless  r = n).  For  an  explanation  of  why  there  has  to  be 
a sign  and  how  to  compute  it  see  |AGV711  Exposee  XVII]  by  Deligne.  To  check 
(20.26.1.2)  is  a map  of  complexes  we  have  to  show  that 

d(a  U0)=  d{a)  U /3  + (-l)deg(a)a  U d(/3) 

by  the  definition  of  the  differential  on  Tot(Tot(C*(W,  J7*))  <g> z Tot (Cm(U,Gm)))  as 
given  in  Homology,  Definition  |12.22.3|  We  compute  first 

d{a  U P)i0...ip+1  = X^0(-1)',(Q!  u P)io...y...ip+i  + (-1)p+1^®e((Q!  U P)io...ip+1) 


= Y^+nYl3  S-l)3z{n>m>Pir)0Li, 

Z Jj=0  Z — 'r—0 


•2P+1 


EP-!-!  ^ ^p~l~  1 

J=0  l^r=j+S-ly<n'm^r-  ■)%... 


■*p+ 1 


n(-!)p+1e(n,m,p  + l,r)djr®g(aio...ir  0 Pir...ip+1) 
and  note  that  the  summands  in  the  last  term  equal 

{-l)p+1e(n,m,p  + l,r)  (d^(aio...ir)  0 Pir...ip+1  + (-l)"_raio...ir  <g)  dg(pir...ip+1))  . 
because  deg_F(aj0...iT.)  = n — r.  On  the  other  hand 


vP+1 

(d(a)  U P )i0...ip+1  = 2^r=0  e(n  + 1,  m,p  + 1,  r)d(a)io...iT  0 Pir...ip+1 

Ep~\~^-  % r 

r=0  z^=0  e(n  + L m’p  + r)(-1)J«<0...t}...<r  ® Ar...*p+1+ 

Ep+1 

e(n  + 1,  m,p  + 1,  r)(-l)rdjr(aio...iT.)  (S>  PiT...ip+1 

r=0 

and 

(a  U d(/3))i0...ip+1  = }^r=0  e(n>  rn  + l,p+l,  r)aio...ir  0 d(P)ir...ip+1 

r— ^P")"l  » ^P~|~  1 

= Sr=0  X,J=r  e(n> m + r)(-1),_rOio...<r  ® ftr...i;,..ip+1+ 

y]P+  e(n,m  + l,p  + l,r)(-l)p+1~raio...i7.  0 dg{pir...i, p+1) 

The  desired  equality  holds  if  we  have 

(-l)p+1e(n,  m,p  + 1,  r)  = e(n  + 1,  m,p  + 1,  r)(-l)r 
(— l)p+1e(n,  m,p+  1,  r)(-l)n_r  = (— l)"e(n,m  + 1 ,p  + 1,  r)(-l)p+1_r' 
e(n  + l,m,p+  l,r)(-l)r  = (-l)1+"e(n,  777  + l,p+  l,r  — 1) 

(— iye(n,  m,p,  r)  = (— l)ne(77,  m + l,p  + 1,  r)(— l)-7_r 
(— l)Je(n,  ?77, Pt  r — 1)  = e(n  + 1,  ?n,p  + 1,  r)(— l)-7 
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(The  third  equality  is  necessary  to  get  the  terms  with  r = j from  d{a)  U /3  and 
(—  l)na  U d(/3)  to  cancel  each  other.)  We  leave  the  verifications  to  the  reader. 
(Alternatively,  check  the  script  signs. gp  in  the  scripts  subdirectory  of  the  stacks 
project.) 

Associativity  of  the  cup  product.  Suppose  that  J7*,  Q*  and  1~L*  are  bounded  below 
complexes  of  abelian  groups  on  X.  The  obvious  map  (without  the  intervention  of 
signs)  is  an  isomorphism  of  complexes 

Tot  (Tot  (J7*  <g>z  G*)  ®z  nm)  — > Tot  ( J7*  <8>z  Tot  (Gm  ®z  ft*)). 

Another  way  to  say  this  is  that  the  triple  complex  J7*  ®z  G*  ®z  U*  gives  rise  to  a 
well  defined  total  complex  with  differential  satisfying 

d(a®  /3®  7)  = d(a)  ®>  /3®  7+  (— l)deg^Q^a®  d(/3)®>  7+  (— l)deg(a)+deg(^a®  /3(g>  d(y) 
for  homogeneous  elements.  Using  this  map  it  is  easy  to  verify  that 

(a  U (3)  U 7 = a U (/3  U 7) 

namely,  if  a has  degree  a,  f3  has  degree  b and  7 has  degree  c,  then 
((a  U /3)  U 7 )io...ip  = V'P  n e(a  + b , c,p,  r)(a  U P)io...ir  ® 7 ir...ip 

z — *r=0 

EP  % u 

n e(a  + b,  c,p , r)e(a,  6,  r,  s)aio...is  <g>  /3;s...;r  ®>  7i,..A 

r=0  z — Js=0  y 

and 

EP 

e(a,b  + c,p,s)aio...is  <g>  (^7)^....; 

s— 0 

e{a,b  + c,p,s)e(b,c,p  - s,r  - s)aii  i ® fa 

and  a trivial  mod  2 calculation  shows  the  signs  match  up.  (Alternatively,  check  the 
script  signs. gp  in  the  scripts  subdirectory  of  the  stacks  project.) 

Finally,  we  indicate  why  the  cup  product  preserves  a graded  commutative  structure, 
at  least  on  a cohomological  level.  For  this  we  use  the  operator  r introduced  above. 

Let  J7*  be  a bounded  below  complexes  of  abelian  groups,  and  assume  we  are  given 
a graded  commutative  multiplication 

A*  : Tot(J7*  <g»  J7*)  — > J7*. 

This  means  the  following:  For  s a local  section  of  Fa,  and  t a local  section  of  Tb 
we  have  s A t a local  section  of  Fa+h . Graded  commutative  means  we  have  s A t = 

(— l)abt  A s.  Since  A is  a map  of  complexes  we  have  d(s  At)  = d(s)  A t + (— l)as  A t. 
The  composition 

Tot  (Tot  (C*  (W , J7* ) ) ® Tot  (C*  (W , J7* ) ) ) -A  Tot(C*(£A  Tot(J7*®Z-7r*)))  -A  Tot  (C*(W,  J7*)) 

induces  a cup  product  on  cohomology 

Hn(Jot{C'(U,  J7*)))  x Hm (Tot (C*(U,X*)))  — > Hn+m (Tot(C* (U , J7*))) 

and  so  in  the  limit  also  a product  on  Cech  cohomology  and  therefore  (using  hy- 
percoverings if  needed)  a product  in  cohomology  of  J7*.  We  claim  this  product 
(on  cohomology)  is  graded  commutative  as  well.  To  prove  this  we  first  consider 
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an  element  a of  degree  n in  Tot {C'(U,T*))  and  an  element  /3  of  degree  m in 
Tot (C* (U,T*))  and  we  compute 

A'(aUj3)i0...ip  =2^r=0e(n,m,p,r)aio...ir  A0ir...ip 

= V'P  e(n,m,p,r)(-l)des(aio  'ir-)deg(^G...ip)i0  A aio...ir 

Z — *r  = 0 

because  A is  graded  commutative.  On  the  other  hand  we  have 
t(A*(t(/?)  U r(a)))io...ip  =\(p)  YZ=o  e(m’ n,P’  A T(a)iP-r-io 

EP 

r=0  e(m,  n,p,  r)x(r)x(P  - r)Pip_r...ip  A aio...ip_r 

EP 

e(m,n,p,p  - r)x(r)x(p  ~ r)Pir...ip  A aio...ir 

r= 0 

where  \(f)  = (— 1)  1 2 ’ . Since  we  proved  earlier  that  r acts  as  the  identity  on 
cohomology  we  have  to  verify  that 

e(n,  m,p,  r)(- i)("-r)(m-(P-r))  = (-l)nmx(p)e(m,  n,p,p  - r)y(r)x(p  - r) 

A trivial  mod  2 calculation  shows  these  signs  match  up.  (Alternatively,  check  the 
script  signs. gp  in  the  scripts  subdirectory  of  the  stacks  project.) 

Finally,  we  study  the  compatibility  of  cup  product  with  boundary  maps.  Suppose 
that 

0 — > T * — > J- * -A  J-*  0 and  0 <—  G±  <—  G*  t—  G*  ■£-  0 

are  short  exact  sequences  of  bounded  below  complexes  of  abelian  sheaves  on  X.  Let 
' H' * be  another  bounded  below  complex  of  abelian  sheaves,  and  suppose  we  have 
maps  of  complexes 

7i  : Tot (7?  G-)  — ► U' 

which  are  compatible  with  the  maps  between  the  complexes,  namely  such  that  the 
diagrams 

Tot(Jr*  G*)  Tot(Jr*  ®z  G*) 

71 

\ Y 

U'  ^ Tot (75  ®Z  Gl) 

and 

Tot(Jr*  ®z  G*)  ** Tot (J-*  ®z  G*) 

72 

Y Y 

TL*  ■< Tot (J7*  ®z  Gl) 

are  commutative. 

07MC  Lemma  20.26.2.  In  the  situation  above,  assume  Cech  cohomology  agrees  with 
cohomology  for  the  sheaves  and  Gj-  Let  a3  £ Hn (X , J7*)  and  61  £ Hm(X,  G*)- 
Then  we  have 

7i(5a3  U 61)  = (-l)"+173(a3  U dbf) 

in  Hn+m(X,'H*)  where  d indicates  the  boundary  map  on  cohomology  associated  to 
the  short  exact  sequences  of  complexes  above. 
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Proof.  We  will  use  the  following  conventions  and  notation.  We  think  of  T f as  a 
subsheaf  of  J-f  and  we  think  of  as  a subslieaf  of  G2-  Hence  if  s is  a local  section 
of  J- 1 we  use  s to  denote  the  corresponding  section  of  J-f  as  well.  Similarly  for 
local  sections  of  C?|.  Furthermore,  if  s is  a local  section  of  J-f  then  we  denote  s its 
image  in  ,F3 . Similarly  for  the  map  Q f —>  Qf.  In  particular  if  s is  a local  section  of 
J~2  and  s = 0 then  s is  a local  section  of  T f . The  commutativity  of  the  diagrams 
above  implies,  for  local  sections  s of  Tff  and  t of  G\  that  y2(s  ® t)  = y3(s  ® t ) as 
sections  of  Rp+q. 


0B8S 


Let  IA  : X = (J ieIUi  be  an  open  covering  of  A'.  Suppose  that  a3,  resp.  j3\  is  a 
degree  n,  resp.  m cocycle  of  Tot(C*(W,  J7*)),  resp.  Tot (Cm(U,G*))  representing  a3, 
resp.  b\.  After  refining  IA  if  necessary,  we  can  find  cochains  a2,  resp.  fl2  of  degree 
n,  resp.  m in  Tot(C*(lA,  T* )),  resp.  Tot (C*(IA,G*))  mapping  to  a3,  resp.  /?i.  Then 
we  see  that 

d(a2)  = d(a2)  = 0 and  d(/32)  = d(/32)  = 0. 

This  means  that  a.\  = d(a2)  is  a degree  n+l  cocycle  in  Tot {C*(U,  J7*))  representing 
9a3.  Similarly,  /33  = d(/32)  is  a degree  m + 1 cocycle  in  Tot(C*(U,  G*))  representing 
dbi . Thus  we  may  compute 


d{ 72(a2  U I32))  = 7 2{d(a2  U /32 )) 

= l2(d{a2)  U /32  + (— l)"a2  U d(/32)) 

= 72(«1  u p2)  + (-l)n72(«2  u fa) 

= 7i(ai  U /3i)  + (-l)n73(a3  U /33) 

So  this  even  tells  us  that  the  sign  is  (— l)ra+1  as  indicated  in  the  lenirngQ  □ 

Lemma  20.26.3.  Let  X be  a topological  space.  Let  O'  -*  O be  a surjection  of 
sheaves  of  rings  whose  kernel  L C O'  has  square  zero.  Then  M = H1( A,  I)  is  a 
R = H0(X,O) -module  and  the  boundary  map  d : R — » M associated  to  the  short 
exact  sequence 

O-^T^O'^O^O 


is  a derivation  (Algebra,  Definition  10.130.1). 

Proof.  The  map  O'  — > Rom(l,I)  factors  through  O as  I • I = 0 by  assumption. 
Hence  I is  a sheaf  of  0-modules  and  this  defines  the  i?-module  structure  on  M. 
The  boundary  map  is  additive  hence  it  suffices  to  prove  the  Leibniz  rule.  Let 
/ £ R.  Choose  an  open  covering  U : X = [jUi  such  that  there  exist  fi  £ Or(Ui) 
lifting  flu.  £ 0(Ui).  Observe  that  fi  — fj  is  an  element  of  X(£/j  0 Uj).  Then  d(f) 
corresponds  to  the  Cech  cohomology  class  of  the  1-cocycle  a with  aioil  = fio  — fi, . 
(Observe  that  by  Lemma 


20.12.3 


the  first  Cech  cohomology  group  with  respect  to 
U is  a submodule  of  M.)  Next,  let  g £ R be  a second  element  and  assume  (after 
possibly  refining  the  open  covering)  that  gi  £ Or(Ui)  lifts  g\ut  £ 0(Ui).  Then  we 
see  that  d(g)  is  given  by  the  cocycle  (3  with  (3ioil  = gio  — gix.  Since  figi  £ Or(Ui) 
lifts  fg\ui  we  see  that  d(fg)  is  given  by  the  cocycle  7 with 

7*0*1  = fia9ia  ~ fiidii  = ( fio  ~ /ii)3io  T /*i  (S^o  — 9ii ) = aioii9  T /Aon 


iThe  sign  depends  on  the  convention  for  the  signs  in  the  long  exact  sequence  in  cohomology 
associated  to  a triangle  in  D(X).  The  conventions  in  the  stacks  project  are  (a)  distinguished 
triangles  correspond  to  termwise  split  exact  sequences  and  (b)  the  boundary  maps  in  the  long 
exact  sequence  are  given  by  the  maps  in  the  snake  lemma  without  the  intervention  of  signs.  See 
Derived  Categories,  Section  13.10 
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by  our  definition  of  the  0-module  structure  on  T.  This  proves  the  Leibniz  rule  and 
the  proof  is  complete.  □ 


20.27.  Flat  resolutions 


A reference  for  the  material  m this  section  is  Spa88 . Let  (A,  Ox)  be  a ringed 
space.  By  Modules,  Lemma  |17.16.6  any  Ox- module  is  a quotient  of  a flat  Ox- 
module.  By  Derived  Categories,  Lemma  |13.16.5|  any  bounded  above  complex  of 
Ox-modules  has  a left  resolution  by  a bounded  above  complex  of  flat  Ox-modules. 
However,  for  unbounded  complexes,  it  turns  out  that  flat  resolutions  aren’t  good 
enough. 

Lemma  20.27.1.  Let  (X,Ox)  be  a ringed  space.  Let  Q * be  a complex  of  Ox- 
modules.  The  functor 


K(Mod{Ox ))  — > K(Mod{Ox)),  A* 

is  an  exact  functor  of  triangulated  categories. 


Tot(r  ®0a.  gm) 


Proof.  Omitted.  Hint:  See  More  on  Algebra,  Lemmas  15.49.1  and  15.49.2 


□ 


Definition  20.27.2.  Let  (X,  Ox)  be  a ringed  space.  A complex  X*  of  Ox-modules 
is  called  K-flat  if  for  every  acyclic  complex  Tm  of  Ox-modules  the  complex 

Tot  (A*  ®0x  A*) 

is  acyclic. 

Lemma  20.27.3.  Let  (X,  Ox)  be  a ringed  space.  Let  X*  be  a K-flat  complex. 
Then  the  functor 

K{Mod{Ox))  — s>  K(Mod{Ox)),  i — > Tot{T*  ®0x  1C') 

transforms  quasi-isomorphisms  into  quasi-isomorphisms. 


Proof.  Follows  from  Lemma|20]27T]and  the  fact  that  quasi-isomorphisms  are  char- 
acterized by  having  acyclic  cones.  □ 

Lemma  20.27.4.  Let  (X,Ox)  be  a ringed  space.  Let  X*  be  a complex  of  Ox- 
modules.  Then  X*  is  K-flat  if  and  only  if  for  all  x £ X the  complex  X*  of  Ox, x is 
K-flat  (More  on  Algebra,  Definition  15-49.3). 


Proof.  If  X*  is  K-flat  for  all  x € X then  we  see  that  X*  is  K-flat  because  <8>  and 
direct  sums  commute  with  taking  stalks  and  because  we  can  check  exactness  at 
stalks,  see  Modules,  Lemma  17.3. 1|  Conversely,  assume  Xm  is  K-flat.  Pick  x € X 
M * be  an  acyclic  complex  of  Ox.^-modules.  Then  ix^M*  is  an  acyclic  complex  of 
Ox-modules.  Thus  Tot [ix,*M*  tdox  £*)  is  acyclic.  Taking  stalks  at  x shows  that 
Tot(M*  ®ox,x  £*)  is  acyclic.  □ 

Lemma  20.27.5.  Let  (X (Ox)  be  a ringed  space.  If  X* , C * are  K-flat.  complexes 
of  Ox-modules,  then  TotfX * ®ox  £*)  is  a K-flat  complex  of  Ox-modules. 


Proof.  Follows  from  the  isomorphism 

Tot(A4*  Tot(/C*  £*))  = Tot  (Tot  (A4*  X*)  C£>ox  £*) 

and  the  definition.  □ 
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Lemma  20.27.6.  Let  (X,  Cb\')  be  a ringed,  space.  Let  (/C* , AH" , AH® ) be  a distin- 
guished triangle  in  K{Mod(Ox ))•  If  two  out  of  three  of  1C*  are  K-flat,  so  is  the 
third. 


Proof.  Follows  from  Lemma  [20. 27. 1|  and  the  fact  that  in  a distinguished  triangle 
in  K(Mod(Ox ))  if  two  out  of  three  are  acyclic,  so  is  the  third.  □ 

Lemma  20.27.7.  Let  f : (X,Ox)  —>  (Y,  Oy)  be  a morphism  of  ringed  spaces. 
The  pullback  of  a K-flat.  complex  of  Oy  -modules  is  a K-flat  complex  of  Ox -modules. 


Proof.  We  can  check  this  on  stalks,  see  Lemma  [20.27.4  Hence  this  follows  from 
Sheaves,  Lemma [6. 26. 4|  and  More  on  Algebra,  Lemma  15.49.5[  □ 


Lemma  20.27.8.  Let  (X,  Ox)  be  a ringed  space.  A bounded  above  complex  of  flat 
Ox -modules  is  K-flat. 


Proof.  We  can  check  this  on  stalks,  see  Lemma [20. 27. 4|  Thus  this  lemma  follows 
from  Modules,  Lemma [17. 16. 2|  and  More  on  Algebra,  Lemma [15. 49. 8|  □ 


In  the  following  lemma  by  a colimit  of  a system  of  complexes  we  mean  the  termwise 
colimit. 


Lemma  20.27.9.  Let  ( X , Ox)  be  a ringed  space.  Let  AC*  — > 1C*  — > . . . be  a system 
of  K-flat  complexes.  Then  colinp  1C*  is  K-flat. 


Proof.  Because  we  are  taking  termwise  colimits  it  is  clear  that 

colinp  Tot(Jr*  ®ox  ^i)  = Tot(Jr*  ®ox  colinij/C*) 

Hence  the  lemma  follows  from  the  fact  that  filtered  colimits  are  exact.  □ 


Lemma  20.27.10.  Let  (X,Ox)  be  a ringed  space.  For  any  complex  Q*  of  Ox- 
modules  there  exists  a commutative  diagram  of  complexes  of  Ox  -modules 

/y'I  ^ • • • 


T<iQ*  >T< 2G* *»*■** 


with  the  following  properties:  (1)  the  vertical  arrows  are  quasi-isomorphisms , (2) 
each  AC*  is  a bounded  above  complex  whose  terms  are  direct  sums  of  Ox -modules  of 
the  form  ju\Ojj,  and  (3)  the  maps  A*  — > AC*+1  are  termwise  split  injections  whose 
cokernels  are  direct  sums  of  Ox -modules  of  the  form  ju\Ou-  Moreover,  the  map 
colim/C*  — > Q*  is  a quasi-isomorphism. 


Proof.  The  existence  of  the  diagram  and  properties  (1),  (2),  (3)  follows  immedi- 
ately from  Modules,  Lemma [17. 16. 6|  and  Derived  Categories,  Lemma  13.28.1  The 
induced  map  colim/C*  — > Q*  is  a quasi-isomorphism  because  filtered  colimits  are 
exact.  □ 


Lemma  20.27.11.  Let  (X,Ox)  be  a ringed  space.  For  any  complex  Q*  there 
exists  a K-flat  complex  1C*  and  a quasi-isomorphism  1C*  Q* . 


Proof.  Choose  a diagram  as  in  Lemma  20.27.10 


Each  complex  AC*  is  a bounded 
above  complex  of  flat  modules,  see  Modules,  Lemma  17.16.5  Hence  AC*  is  K-flat 
by  Lemma  20.27.8  The  induced  map  colim/C*  — > Q*  is  a quasi-isomorphism  by 
construction.  Since  colimAC*  is  K-flat  by  Lemma  20.27.9  we  win.  □ 
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Lemma  20.27.12.  Let  (X,  Ox)  be  a ringed  space.  Let  a : V * — > Q*  be  a quasi- 
isomorphism of  K-flat  complexes  of  0 \ -modules.  For  every  complex  F*  of  Ox  - 
modules  the  induced  map 

Tot(idjr . 0 a)  : Tot{Fm  ®ox  'P*)  — * Tot(F*  ®ox  2*) 
is  a quasi-isomorphism. 


Proof.  Choose  a quasi-isomorphism  K.*  -A  F*  with  JC*  a K-flat  complex,  see 
Lemma  [20.27. 11|  Consider  the  commutative  diagram 

Tot (£*  0Ox  V) *■  Tot (/C*  ®0x  2*) 


Tot(Jr*  0Ox  V) 


■ Tot(J-*  0Ox  Q*) 


The  result  follows  as  by  Lemma  20.27.3|  the  vertical  arrows  and  the  top  horizontal 
arrow  are  quasi-isomorphisms.  □ 

Let  (X,  Ox)  be  a ringed  space.  Let  F*  be  an  object  of  D(Ox )■  Choose  a K-flat 
resolution  K*  — > F*,  see  Lemma  20.27.11  By  Lemma  [20. 27. 1|  we  obtain  an  exact 
functor  of  triangulated  categories 

K(Ox)  — ► K(Ox),  Q*  — ► Tot(5*  ®ox  JCm) 


By  Lemma  20.27.3  this  functor  induces  a functor  D(Ox)  — > D(Ox)  simply  because 


D(Ox ) is  the  localization  of  A'(Ox)  at  quasi-isomorphisms.  By  Lemma  20.27.12 


the  resulting  functor  (up  to  isomorphism)  does  not  depend  on  the  choice  of  the 
K-flat  resolution. 


Definition  20.27.13.  Let  (X,Ox)  be  a ringed  space.  Let  Fm  be  an  object  of 
D(Ox )•  The  derived  tensor  product 

- <g>£x  F'  : DiPx)  — ► D(Ox) 
is  the  exact  functor  of  triangulated  categories  described  above. 


It  is  clear  from  our  explicit  constructions  that  there  is  a canonical  isomorphism 

F*  0^x  S'  = G*  ®ox 

for  Q*  and  F * in  D(Ox).  Hence  when  we  write  Fm  ®ox  G*  we  will  usually  be 
agnostic  about  which  variable  we  are  using  to  define  the  derived  tensor  product 
with. 


Definition  20.27.14.  Let  (X,  Ox)  be  a ringed  space.  Let  F,  G be  Ox-modules. 
The  Tor’s  of  F and  G are  define  by  the  formula 

Tor  fx(F,G)=H~*(F8bxG) 
with  derived  tensor  product  as  defined  above. 


This  definition  implies  that  for  every  short  exact  sequence  of  Ox-modules  0 — >■ 
F\  -A  F2  — > F3  — t 0 we  have  a long  exact  cohomology  sequence 


T\  ®ox  G Fi  ®ox  G Fz  ®ox  G 0 


Tor?- * (FUG) Tor?-  (F2,  G) ->  Tor?-  (F3,  G) 
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for  every  CV-module  Q.  This  will  be  called  the  long  exact  sequence  of  Tor  associated 
to  the  situation. 

08BQ  Lemma  20.27.15.  Let  (X,  Ox)  be  a ringed,  space.  Let  T be  an  Ox-module.  The 
following  are  equivalent 

(1)  T is  a flat  Ox -module,  and 

(2)  Tor®x  ( J r,  Q)  = 0 for  every  Ox -module  Q. 

Proof.  If  T is  flat,  then  F ®ox  ~ is  an  exact  functor  and  the  satellites  vanish. 
Conversely  assume  (2)  holds.  Then  if  Q — > TL  is  injective  with  cokernel  Q , the  long 
exact  sequence  of  Tor  shows  that  the  kernel  of  F ®ox  0 F ®e>x  % is  a quotient 
of  Tor®*  (IF,  Q)  which  is  zero  by  assumption.  Hence  F is  flat.  □ 
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Let  / : {X,  Ox)  — > (Y,Oy)  be  a morphism  of  ringed  spaces.  We  can  use  K-flat 
resolutions  to  define  a derived  pullback  functor 

Lf*  : D(Oy)  ->  D(Ox) 

Namely,  for  every  complex  of  CV-modules  Q*  we  can  choose  a K-flat  resolution 
1C*  — > Q * and  set  Lf*Q * = f*K* . You  can  use  Lemmas  20.27.7  20.27.11  and 


|20.27.12l  to  see  that  this  is  well  defined.  However,  to  cross  all  the  t’s  and  dot  all 
the  i’s  it  is  perhaps  more  convenient  to  use  some  general  theory. 

06YJ  Lemma  20.28.1.  The  construction  above  is  independent  of  choices  and  defines 
an  exact  functor  of  triangulated  categories  Lf*  : D(Oy)  — t D(Ox)- 

Proof.  To  see  this  we  use  the  general  theory  developed  in  Derived  Categories, 


Section  13.15 


Set  V = I\(Oy)  and  V = D(Ox).  Let  us  write  F : V — >■  V the 
exact  functor  of  triangulated  categories  defined  by  the  rule  F(Q*)  = f*Q* . We  let  S 
be  the  set  of  quasi-isomorphisms  in  V = K ( Oy  )•  This  gives  a situation  as  in  Derived 
Categories,  Situation|13.15.1|so  that  Derived  Categories,  Definition 1 1 3 . 1 5 . 2 1 applies . 
We  claim  that  LF  is  everywhere  defined.  This  follows  from  Derived  Categories, 


Lemma  13.15.15  with  V C Ob (V)  the  collection  of  A"-flat  complexes:  (1)  follows 
from  Lemma  20.27.11  and  to  see  (2)  we  have  to  show  that  for  a quasi-isomorphism 
K, * — > /C*  between  K-flat  complexes  of  CV-modules  the  map  /*/C*  — > f*tC*  is  a 
quasi-isomorphism.  To  see  this  write  this  as 

/ X/C*  (8>/-ioy  Ox  — > / 1IC*  ®/- lev  Ox 

The  functor  /_1  is  exact,  hence  the  map  /-1/C*  — > /-1/C*  is  a quasi-isomorphism. 
By  Lemma  20.27.7  applied  to  the  morphism  ( X , f~lOy)  — > ( Y , Oy)  the  complexes 
/-1/C*  and  f~LIC*  axe  K-flat  complexes  of  /^CV-modules.  Hence  Lemma  20.27.12 


guarantees  that  the  displayed  map  is  a quasi-isomorphism.  Thus  we  obtain  a derived 
functor 

LF  : D(CV ) = S^V  — ► V = D(Ox) 


see  Derived  Categories,  Equation  ( 13.15.9. l]).  Finally,  Derived  Categories,  Lemma 
13.15.15  also  guarantees  that  LF{K,*)  = F{1C*)  = f*X*  when  K,*  is  K-flat,  i.e., 
Lf*  = LF  is  indeed  computed  in  the  way  described  above.  □ 

079U  Lemma  20.28.2.  Let  f : (X,Ox)  — > ( Y,Oy ) be  a morphism  of  ringed  spaces. 
There  is  a canonical  bifunctorial  isomorphism 

Lf*(F*  G*)  = Lf*T * Lf*g* 
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for  G Ob (B(X)). 


Proof.  We  may  assume  that  7*  and  Qm  are  K-flat  complexes.  In  this  case  7* 

Q * is  just  the  total  complex  associated  to  the  double  complex  7*®oYG%  ■ By  Lemma 
20.27.5  Tot(J7*  £*)  is  K-flat  also.  Hence  the  isomorphism  of  the  lemma  comes 


from  the  isomorphism 


Tot {f*7*  f*g *)  — > /* TotOF*  a*) 

whose  constituents  are  the  isomorphisms  /*.77p  <S>ox  f*Qq  — > f*(7p  ®oY  Gq)  of 
Modules,  Lemma [l 7.15.4[  □ 

08DE  Lemma  20.28.3.  Let  / : (A,  Ox)  — t (Y,Oy)  be  a morphism  of  ringed  spaces. 
There  is  a canonical  bifunctorial  isomorphism 

r Lf*g • = i'  rlg- 

for  7 * in  D(X)  and  g * in  D(Y ). 


Proof.  Let  J7  be  an  Ox-module  and  let  C/  be  an  CV-module.  Then  7 ®ox  f*G  — 
7 ®j-i 0y  f~xg  because  f*g  = Ox  ®/-ioy  /_1Cb  The  lemma  follows  from  this 
and  the  definitions.  □ 
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Let  (V,  Ox)  be  a ringed  space.  The  category  Mod(Ox)  is  a Grothendieck  abelian 
category:  it  has  all  colimits,  filtered  colimits  are  exact,  and  it  has  a generator, 
namely 


© 


U(ZX  open 


ju\Ou, 


see  Modules,  Section  |17.3|  and  Lemmas  |17.16.5|  and  |17.16.6[  By  Injectives,  Theo- 


rem |19.12.6|  for  every  complex  7 * of  Ox-modules  there  exists  an  injective  quasi- 
isomorphism 7 * — > X*  to  a K-injective  complex  of  Ox-modules.  Hence  we  can 
define 


RT(X,7*)  = Y{X,Tt) 

and  similarly  for  any  left  exact  functor,  see  Derived  Categories,  Lemma  |13.29.7| 
For  any  morphism  of  ringed  spaces  / : (A,  Ox)  — > (Y,Oy)  we  obtain 


Rf*  : D(X)  — ► D(Y) 


on  the  unbounded  derived  categories. 

079W  Lemma  20.29.1.  Let  f : (A,  Ox)  — > ( Y,Oy ) be  a morphism  of  ringed  spaces. 
The  functor  Rf * defined  above  and  the  functor  Lf*  defined  in  Lemma \20.28. 1\  are 
adjoint: 

Horn D{x)(Lf*g*,7*)  = Horn D[Y)(g\  Rf*7*) 
bifunctorially  in  7 * G Ob(D(A'))  and  g * G Ob (D(Y)). 


Proof.  This  follows  formally  from  the  fact  that  Rf*  and  Lf*  exist,  see  Derived 
Categories,  Lemma |13.28.4|  □ 
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Remark  20.29.2.  The  construction  of  unbounded  derived  functor  Lf*  and  Rf* 
allows  one  to  construct  the  base  change  map  in  full  generality.  Namely,  suppose 
that 


X' 

f 

Y 

s1 


is  a commutative  diagram  of  ringed  spaces.  Let  K be  an  object  of  D(Ox )■  Then 
there  exists  a canonical  base  change  map 


Lg*Rf*K  — ->  R{f')*L{g')*K 

in  D{Os')-  Namely,  this  map  is  adjoint  to  a map  L{f')*Lg*Rf*K  — > L{g')*K 
Since  L{f')*Lg*  = L{g')*Lf*  we  see  this  is  the  same  as  a map  L(g')*  Lf*  Rf*K  — >■ 
L(g')*K  which  we  can  take  to  be  L(g')*  of  the  adjunction  map  Lf*Rf*K  — > K. 


Remark  20.29.3.  Consider  a commutative  diagram 


X' >■  X 

k 


f 


Y'  - Y 


Z' 


of  ringed  spaces.  Then  the  base  change  maps  of  Remark|20.29.2|for  the  two  squares 
compose  to  give  the  base  change  map  for  the  outer  rectangle.  More  precisely,  the 
composition 


Lm*  o R(g  o /)*  = Lm*  o Rg * o Rf * 
-»•  Rg*  ° li*  o Rf , 
->  Rg'*  o Rfi  o Lk* 
= R(g'  o /')*  o Lk* 


is  the  base  change  map  for  the  rectangle.  We  omit  the  verification. 
Remark  20.29.4.  Consider  a commutative  diagram 


of  ringed  spaces.  Then  the  base  change  maps  of  Remark|20.29.2|for  the  two  squares 
compose  to  give  the  base  change  map  for  the  outer  rectangle.  More  precisely,  the 
composition 


L(h  o h')*  o Rf.  = L(h')*  o Lh*  o Rf. 

L{h')*  o Rfi  o Lg* 

Rf: : ° L(g'y  ° Lg* 

~ Rf*  ° L(g  o g')* 
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OBKJ 


OBKK 


OBKL 


is  the  base  change  map  for  the  rectangle.  We  omit  the  verification. 


Remark  20.29.5.  Let  / : (X,Ox)  —>  (Y,  Oy)  be  a morphism  of  ringed  spaces. 
The  adjointness  of  Lf*  and  f?/*  allows  us  to  construct  a relative  cup  product 

Rf*K  ®%y  Rf*L  — > RfJK  ®ox  L) 

in  D(Oy)  for  all  K,  L in  D{Ox )■  Namely,  this  map  is  adjoint  to  a map  Lf*{Rf*K® 
Rf*L)  — > K L for  which  we  can  take  the  composition  of  the  isomorphism 
Lf*(Rf*K  ®qv  Rf.L)  = Lf*Rf*K®%x  Lf*Rf*L  (Lemma|20.28.2|  with  the  map 
Lf*  Rf*K  ®qx  Lf*RfirL  — > I<  ®ox  L coming  from  the  counit  Lf*  o I?/*  — > id. 


Lemma  20.29.6.  Let  (A',  Ox)  be  a ringed  space.  Let  K be  an  object  of  D(Ox)- 
The  sheafification  of  U ^ Hq(U,K)  is  the  qth  cohomology  sheaf  Hq(K)  of  K . 


Proof.  Choose  a K-injective  complex  X*  representing  K.  Then 

Ker(X«([7)  -*lq+1{U)) 


Hq(U,  K)  = 


by  the  discussion  above, 
result  is  clear. 


Im(l9-i([/)  -+Zq(U))  ' 

Since  Hq(K)  = Ker(I«  ->•  Tq+1) /Im^"1 


lq)  the 

□ 


Lemma  20.29.7.  Let  (X,  Ox)  be  a ringed  space.  Let  R*  be  a filtered  complex 
of  Ox -modules.  There  exists  a canonical  spectral  sequence  (Er,dr)r> \ of  bigraded 
T(Jl,  Ox)~modules  with  dr  of  bidegree  (r,  — r + 1)  and 

E{’q  = Hp+q(X,  gfPR*) 

If  for  every  n we  have 

Hn  (X,  Fp R% ) = 0 for  p » 0 and  Hn  (X,  FPR* ) = Hn  {X,  X* ) for  p < 0 
then  the  spectral  sequence  is  bounded  and  converges  to  H*(X,  X*). 


Proof.  (For  a proof  in  case  the  complex  is  a bounded  below  complex  of  modules 
with  finite  filtrations,  see  the  remark  below.)  Choose  an  map  of  filtered  complexes 
j : X * — > J*  as  in  Injectives,  Lemma  19.13.7  The  spectral  sequence  is  the  spectral 


sequence  of  Homology,  Section |12.21|  associated  to  the  filtred  complex 
T(X,J*)  with  FpT{X,J')  = T(X,FpJm) 


Since  cohomology  is  computed  by  evaluating  on  K-injective  representatives  we  see 
that  the  E\  page  is  as  stated  in  the  lemma.  The  convergence  and  boundedness 
under  the  stated  conditions  follows  from  Homology,  Lemma[l2.21.13|  □ 

Remark  20.29.8.  Let  (X,Ox)  be  a ringed  space.  Let  X * be  a filtered  complex 
of  Ox-modules.  If  }s  bounded  from  below  and  for  each  n the  filtration  on 


there  is  a filtered  quasi-isomorphism  i : X * — > T * of  filtered  complexes  with  I* 
bounded  below,  the  filtration  on  X”  is  finite  for  all  n,  and  with  each  grpX”  an 
injective  O y-module.  Then  we  take  the  spectral  sequence  associated  to 


Xn  is  finite,  then  there  is  a construction  of  the  spectral  sequence  in  Lemma 


avoiding  Injectives,  Lemma  19.13.7  Namely,  by  Derived  Categories,  Lemma 


20.29.7 


13.26.9 


T(X,X*)  with  FpT(X,Z')  = T(X,Fpr) 


Since  cohomology  can  be  computed  by  evaluating  on  bounded  below  complexes  of 
injectives  we  see  that  the  E\  page  is  as  stated  in  the  lemma.  The  convergence  and 
boundedness  under  the  stated  conditions  follows  from  Homology,  Lemma[l2.21.11| 


Qt-1 
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In  fact,  this  is  a special  case  of  the  spectral  sequence  in  Derived  Categories,  Lemma 

I1D.26.141 


OBKM  Example  20.29.9.  Let  (X,  Ox)  be  a ringed  space.  Let  T * be  a complex  of  Ox- 
modules.  We  can  apply  Lemma  20.29.7  with  FpfF*  = . (If  T*  is  bounded 

below  we  can  use  Remark [20.29.8  ) Then  we  get  a spectral  sequence 

Ep’q  = Hp+q(X,  H~p(F%)\p))  = H2p+q(X,H~p(F *)) 


After  renumbering  p = —j  and  q = i + 2j  we  find  that  for  any  K £ D(Ox ) there  is 
a spectral  sequence  (E'r,  d'r)r> 2 of  bigraded  modules  with  d'r  of  bidegree  (r,  — r + 1), 
with 

{E'2yd  = H\X,H\K )) 

If  K is  bounded  below  (for  example),  then  this  spectral  sequence  is  bounded  and 
converges  to  Hl+HX,  K).  In  the  bounded  below  case  this  spectral  sequence  is 
an  example  of  the  second  spectral  sequence  of  Derived  Categories,  Lemma  [l3.21.3| 
(constructed  using  Cartan-Eilenberg  resolutions). 
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08BR 


Let  (X,  Ox)  be  a ringed  space.  Let  U C X be  an  open  subset.  Denote  j : (U,  Ou)  — ► 
(X,  Ox)  the  corresponding  open  immersion.  The  pullback  functor  j*  is  exact  as  it 
is  just  the  restriction  functor.  Thus  derived  pullback  Lj*  is  computed  on  any  com- 
plex by  simply  restricting  the  complex.  We  often  simply  denote  the  corresponding 
functor 


D{Ox)  ->  D{Ou),  E i-a  j*E  = E\u 


Similarly,  extension  by  zero  j\  : Mod{Ou)  — > Mod(Ox)  (see  Sheaves,  Section  6.31) 
is  an  exact  functor  (Modules,  Lemma  17.3.4).  Thus  it  induces  a functor 


j\  : D(Ov)  —>  D(Ox),  F^jxF 


by  simply  applying  j\  to  any  complex  representing  the  object  F. 

08BS  Lemma  20.30.1.  Let  X be  a ringed  space.  Let  U C X be  an  open  subspace.  The 
restriction  of  a K-injective  complex  of  Ox  -modules  to  U is  a K-injective  complex 
of  Ou -modules. 


Proof.  Follows  immediately  from  Derived  Categories,  Lemma[l3.29.9|and  the  fact 
that  the  restriction  functor  has  the  exact  adjoint  j\.  See  discussion  above.  □ 


08FE  Lemma  20.30.2.  Let  f : (X,Ox)  — > (Y,Oy)  be  a morphism  of  ringed  spaces. 
Given  an  open  subspace  V C Y , set  U = /-1(U)  and  denote  g : U — ► V the  induced 
morphism.  Then  (Rf*E) |y  = Rgit{E\u)  for  E in  D(Ox)- 


Proof.  Represent  E by  a K-injective  complex  I*  of  Ox -modules.  Then  Rf*(E)  = 


f*I*  and  Rg*(E\u)  = g*(I*|u)  by  Lemma  20.30.1 
Lemma  20.8.4  (with  p = 0). 


Hence  the  result  follows  from 

□ 


08BT  Lemma  20.30.3.  Let  (X,  Ox)  bo  a ringed  space.  Let  U C X be  an  open  subset. 
Denote  j : ( U,Ou ) — > (X,  Ox)  the  corresponding  open  immersion.  The  restriction 
functor  D(Ox)  — ► D{Ou)  is  a right  adjoint  to  extension  by  zero  j 1 : D(Ou)  — ► 

D(Ox). 
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Proof.  We  have  to  show  that 

Horn  D(0x)(j\E,F)  = Hou\D(0u){E,F\u) 

Choose  a complex  £*  of  0[/-modules  representing  E and  choose  a K-injective  com- 


plex X*  representing  F.  By  Lemma  20.30.1  the  complex X*\ jj  is  K-injective  as  well. 
Hence  we  see  that  the  formula  above  becomes 

Horn  D(0x){j\£*  ,%*)  = Hom£)(0[/)(£,,I,|(7) 


08BU 


which  holds  as  \u  and  j\  are  adjoint  functors  (Sheaves,  Lemma  6.31.8)  and  Derived 
Categories,  Lemma |13.29.2|  □ 

Lemma  20.30.4.  Let  (A,  Ox)  be  a ringed  space.  Let  X = U U V be  the  union  of 
two  open  subspaces.  For  any  object  E of  D (Ox)  we  have  a distinguished  triangle 


junv\E\unv  -*  Ju\E\u  ® jv\E \v  -t  E ->  junv'.E\unv[l] 


in  D(Ox)- 


Proof.  We  have  seen  above  that  the  restriction  functors  and  the  extension  by  zero 
functors  are  computed  by  just  applying  the  functors  to  any  complex.  Let  £*  be  a 
complex  of  Ox-modules  representing  E.  The  distinguished  triangle  of  the  lemma 


is  the  distinguished  triangle  associated  (by  Derived  Categories,  Section  13.12  and 


especially  Lemma  13.12.1 ) to  the  short  exact  sequence  of  complexes  of  Ox-modules 
0 -t  junv\£*\unv  ju\£*\u  © jv\£*\v  £ * -t  0 


08BV 


To  see  this  sequence  is  exact  one  checks  on  stalks  using  Sheaves,  Lemma  |6.31.8| 
(computation  omitted).  □ 

Lemma  20.30.5.  Let  (A',  Ox)  be  a ringed  space.  Let  X = U U V be  the  union  of 
two  open  subspaces.  For  any  object  E of  D (Ox)  we  have  a distinguished  triangle 


E -4  Rju,*E\u  © Rjv,*E\v  — > Rjunv,*E\unv  — ► E[  1] 


in  D(Ox)- 


Proof.  Choose  a K-injective  complex  X*  representing  E whose  terms  Xn  are  in- 


jective objects  of  Mod(Ox),  see  Injectives,  Theorem  19.12.6  We  have  seen  that 
Xm\U  is  a K-injective  complex  as  well  (Lemma |20. 30.1 ).  Hence  Rju,*E\u  is  repre- 
sented by  ju,*R*\u-  Similarly  for  V and  U CiV.  Hence  the  distinguished  triangle  of 
the  lemma  is  the  distinguished  triangle  associated  (by  Derived  Categories,  Section 


13.12  and  especially  Lemma  13.12.1)  to  the  short  exact  sequence  of  complexes 
0 — > X*  — > ju,*R*\u  © jv,*Rm\v  — t junv,*R*\unv  — > 0. 

This  sequence  is  exact  because  for  any  W C X open  and  any  n the  sequence 

o xn(W)  -►  x n(w  n u)®xn{w  nv)4  xn{w  ni/nk)^o 

is  exact  (see  proof  of  Lemma  20.9.2|) . □ 


08BW 


Lemma  20.30.6.  Let  (A,  Ox)  be  a ringed  space.  Let  X = U U V be  the  union  of 
two  open  subspaces  of  X.  For  objects  E,  F of  D (Ox)  we  have  a Mayer-  Vietoris 
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sequence 


... Ext  1(Eunv,Funv) 

Hom(£, F)  >-  Hom^c/nvq Funv ) 


where  the  subscripts  denote  restrictions  to  the  relevant  opens  and  the  Horn ’s  and 
Ext’s  are  taken  in  the  relevant  derived  categories. 


Proof.  Use  the  distinguished  triangle  of  Lemma  |20.30.4  to  obtain  a long  exact 
sequence  of  Horn’s  (from  Derived  Categories,  Lemma|13.4.2 ) and  use  that 

HomD(ox)(ju\E\u , F)  = 'RamD(ou){E\u , F\u) 

by  Lemma  20.30.3|  □ 


08BX  Lemma  20.30.7.  Let  (X,Ox)  be  a ringed  space.  Suppose  that  X = U U V is 
a union  of  two  open  subsets.  For  an  object  E of  D(Ox ) we  have  a distinguished 
triangle 


RT{X,  E)  ->•  RT(U,  E)  © RT{V,  E)  ->•  RT(U  D V,E)->  RT(X , E)[  1] 


and  in  particular  a long  exact  cohomology  sequence 

. . . ->  Hn(X,  E)  Hn(U,  E)  © H°(V,  E)  -+Hn(Un  V,  E)  -»•  Hn+1(X,  E) . 


The  construction  of  the  distinguished  triangle  and  the  long  exact  sequence  is  func- 
torial  in  E. 


Proof.  Choose  a K-injective  complex  I*  representing  E.  We  may  assume  In  is 
an  injective  object  of  Mod{Ox)  for  all  n , see  Injectives,  Theorem  19.12.6  Then 
RT(X,E)  is  computed  by  T(X,X*).  Similarly  for  U,  V,  and  U n V by  Lemma 
|20.30.1|  Hence  the  distinguished  triangle  of  the  lemma  is  the  distinguished  triangle 
associated  (by  Derived  Categories,  Section  13.12  and  especially  Lemma  13.12.1)  to 
the  short  exact  sequence  of  complexes 

0 ->•  0 ->•  -T{U)®1*{V)  ->  T\U  n V)  ->  0. 


We  have  seen  this  is  a short  exact  sequence  in  the  proof  of  Lemma  20.9.2  The  final 


statement  follows  from  the  functoriality  of  the  construction  in  Injectives,  Theorem 
119.12.61  □ 


08HZ  Lemma  20.30.8.  Let  f : X — » Y be  a morphism  of  ringed  spaces.  Suppose 
that  X = U U V is  a union  of  two  open  subsets.  Denote  a = f\u  : U Y , 
b = f\v  '■  V — > Y , and  c = f\unv  ■ U CiV  —tY.  For  every  object  E of  D(Ox)  there 
exists  a distinguished  triangle 

Rf*E  — > Ra*(E\u)  © Rb^(E\v)  — t Rct(E\ij(-]v)  — > Rf*E[  1] 

This  triangle  is  functorial  in  E. 


Proof.  Choose  a K-injective  complex  I*  representing  E.  We  may  assume  In  is  an 


injective  object  of  Mod(Ox)  for  all  n,  see  Injectives,  Theorem  19.12.6  Then  Rf*E 
is  computed  by  /*I*.  Similarly  for  U,  V , and  U D V by  Lemma  20.30. 1[  Hence 
the  distinguished  triangle  of  the  lemma  is  the  distinguished  triangle  associated  (by 
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08DF 


Derived  Categories,  Section  13.12  and  especially  Lemma  13.12.1)  to  the  short  exact 
sequence  of  complexes 


0 — > /*X  — t | u ® | y — y c*X  \unv  — t 0. 

This  is  a short  exact  sequence  of  complexes  by  Lemma  |20.9.3|  and  the  fact  that 
R1  = 0 for  an  injective  object  I of  Mod{Ox)-  The  final  statement  follows  from 
the  functoriality  of  the  construction  in  Injectives,  Theorem|19.12.6|  □ 

Lemma  20.30.9.  Let  (A,  Ox)  be  a ringed  space.  Let  j : U — >•  X be  an  open 
subspace.  Let  T C X be  a closed  subset  contained  in  U . 

(1)  If  E is  an  object  of  D(Ox)  whose  cohomology  sheaves  are  supported  on 
T,  then  E — > Rj*(E\jj)  is  an  isomorphism. 

(2)  If  F is  an  object  of  D(Ojj)  whose  cohomology  sheaves  are  supported  on 
T,  then  j\F  — > Rj*F  is  an  isomorphism. 


Proof.  Let  V = X \ T and  W = U fl  V.  Note  that  A'  = U U V is  an  open 
covering  of  X.  Denote  jw  '■  W — » V the  open  immersion.  Let  E be  an  object 
of  D(Ox)  whose  cohomology  sheaves  are  supported  on  T.  By  Lemma  20.30.2  we 


have  (Rj*E\u)\v  = Rjw,*(E\w ) = 0 because  E\w  = 0 by  our  assumption.  On 
the  other  hand,  Rj*{E\u)\u  = E\u.  Thus  (1)  is  clear.  Let  F be  an  object  of 
D(Ou)  whose  cohomology  sheaves  are  supported  on  T.  By  Lemma  20.30.2  we  have 
(Rj*F) \v  = Rjw,*(F\w)  = 0 because  F\w  = 0 by  our  assumption.  We  also  have 
{j\F)\v  = jw\{F\w)  = 0 (the  first  equality  is  immediate  from  the  definition  of 
extension  by  zero).  Since  both  (Rj*F)\jj  = F and  (j\F)\u  = F we  see  that  (2) 
holds.  □ 


We  can  glue  complexes! 

08DG  Lemma  20.30.10.  Let  (X ,Ox)  be  a ringed  space.  Let  X = U U V be  the  union 
of  two  open  subspaces  of  X . Suppose  given 

(1)  an  object  E ofD(Ox), 

(2)  a morphism  a : A — > E\u  of  D(Ou), 

(3)  a morphism  b : B -A  E \v  of  D(Ov), 

(4)  an  isomorphism  c : A\jj^y  — > B\jjny 
such  that 

a\unv  = b\unv  ° c. 

Then  there  exists  a morphism  F — > E in  D{Ox ) whose  restriction  to  U is  isomor- 
phic to  a and  whose  restriction  to  V is  isomorphic  to  b. 

Proof.  Denote  ju,  jv-  junv  the  corresponding  open  immersions.  Choose  a distin- 
guished triangle 

F — > Rju^A  ® Rjy^B  — i Rjunv,*{B\unv)  ->  ^[1] 
where  the  map  Rjy^B  — > Rjunv,*{B\uny)  is  the  obvious  one  and  where  Rju,*A  — »• 
Rjunv,*(B\unv ) is  the  composition  of  Rju,*A  — ► Rjunv,*{A\unv)  with  Rjunv,*c. 
Restricting  to  U we  obtain 

F\u  -t  2lffi  {Rjy*B)\u  -5>  {Rjunv,*(B\uny))\u  -t  -FV[1] 

Denote  j : U fl  V — > U.  Compatibility  of  restriction  to  opens  and  cohomology 
shows  that  both  (Rjy^B) \u  and  ( Rjunv,*{B\unv))\u  are  canonically  isomorphic 
to  Rj*(B\uny).  Hence  the  second  arrow  of  the  last  displayed  diagram  has  a section, 
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OBKN 


OBKP 


OBKQ 


OBKR 


OBKS 


and  we  conclude  that  the  morphism  F\u  — > A is  an  isomorphism.  Similarly,  the 
morphism  F\y  — > B is  an  isomorphism.  The  existence  of  the  morphism  F — ► E 
follows  from  the  Mayer-Vietoris  sequence  for  Horn,  see  Lemma  [20.30. 6[  □ 

20.31.  Derived  limits 


Let  (X,  Ox)  be  a ringed  space.  Since  the  triangulated  category  D(Ox ) has  products 
(Injectives,  Lemma  19.13.4)  it  follows  that  D{Ox)  has  derived  limits,  see  Derived 
Categories,  Definition  13.32.1  If  ( Kn ) is  an  inverse  system  in  D{Ox)  then  we 
denote  R lim  K, 


the  derived  limit. 


Lemma  20.31.1.  Let  f : (X,Ox)  —>  (P,  Oy)  be  a morphism  of  ringed  spaces. 
Then  Rf * commutes  with  R lim,  i.e.,  Rf * commutes  with  derived  limits. 


Proof.  Let  ( Kn ) be  an  inverse  system  in  D(0\)-  Consider  the  defining  distin- 
guished triangle 

R lim  Kn  ->  ll  K„  ll  Kn 

in  D{Ox)-  Applying  the  exact  functor  Rf * we  obtain  the  distinguished  triangle 
RfJRlhnKn)  Rf , (J[  A'„)  ->  Rf,  ([]  Kn) 


in  D(Oy).  Thus  we  see  that  it  suffices  to  prove  that  1?/*  commutes  with  products 
in  the  derived  category  (which  are  not  just  given  by  products  of  complexes,  see 


Injectives,  Lemma  19.13.4).  However,  since  Rf*  is  a right  adjoint  by  Lemma  20.29.1 


this  follows  formally  (see  Categories,  Lemma  4.24.4).  Caution:  Note  that  we  cannot 
apply  Categories,  Lemma  4.24.4  directly  as  R\imKn  is  not  a limit  in  D{Ox)-  □ 


Remark  20.31.2.  Let  (X,  Ox)  be  a ringed  space.  Let  ( Kn ) be  an  inverse  system 
in  D(Ox )■  Set  K = R\vca.Kn.  For  each  n and  m let  R™  = Hm[Kn)  be  the  mth 
cohomology  sheaf  of  Kn  and  similarly  set  Rm  = Hm(K).  Let  us  denote  Rf)  the 
presheaf 


U i — > Rfff{U)  = Hm(U,  Kn) 


Similarly  we  set  WfU)  = Fdm{U,K).  By  Lemma  20.29.6  we  see  that  RJff  is  the 
sheafification  of  hCff  and  Rm  is  the  sheafification  of  fCn . Here  is  a diagram 


k nm >-  nm 

R lim  Kn  lim  U™ ^ lim  U™ 


In  general  it  may  not  be  the  case  that  lim'H™  is  the  sheafification  of  lim  Rff.  If 
U C X is  an  open,  then  we  have  short  exact  sequences 

(20.31.2.1)  0 R1  lim U™~X{U)  -»•  Hm(U)  ->  KmH%{U)  -»•  0 

This  follows  from  the  fact  that  RT(U,  — ) commutes  with  derived  limits  (Injectives, 


Lemma  19.13.6)  and  More  on  Algebra,  Remark  15.68.16 


The  following  lemma  applies  to  an  inverse  system  of  quasi-coherent  modules  with 
surjective  transition  maps  on  a scheme. 


Lemma  20.31.3.  Let  (X,Ox)  be  a ringed  space.  Let  (Fn)  be  an  inverse  system 
of  Ox -'modules.  Let  B be  a set  of  opens  of  X . Assume 

(1)  every  open  of  X has  a covering  whose  members  are  elements  of  B, 
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(2)  Hp{U,Fn)  = 0 forp>0  and  U eB, 

(3)  the  inverse  system  Fn{U ) has  vanishing  R 1 lim  for  U £ B. 
Then  R lim  Tn  = lim  Tn . 


08U2 


Proof.  Set  Kn  = Tn  and  K = R,  lim  Tn . Using  the  notation  of  Remark  |20.31.2| 
and  assumption  (2)  we  see  that  for  U £ B we  have  TCff(U)  = 0 when  m ^ 0 
and  /H„(U)  = Fn(U).  From  Equation  (20.31.2.1)  and  assumption  (3)  we  see  that 
7 Tm(U)  = 0 when  m/0  and  equal  to  limJr„(17)  when  m = 0.  Sheahfying  using 
(1)  we  find  that  "Hm  = 0 when  m/0  and  equal  to  \iva.Fn  when  m = 0.  □ 


Lemma  20.31.4.  Let  (X,Ox)  be  a ringed  space.  Let  E £ D(Ox )■  Assume  there 
exists  a set  B of  opens  of  X such  that 

(1)  every  open  in  X has  a covering  whose  members  are  elements  of  B, 

(2)  Vm,  3 p(m)  such  that  Hp{U1Hm~p{E))  = 0 for  all  p > p(m ) and  U £ B. 
(For  example  if  HP(U,  Hq(E))  = 0 for  all  p > 0,  q < 0,  U £ B.) 

Then  the  canonical  map 

E — > RlimT>-nE 

is  an  isomorphism  in  D(Ox)- 


Proof.  (The  parenthetical  statement  holds  because  the  condition  HP(U , Hq(E))  = 
0 for  all  p > 0,  q < 0,  U £ B is  equivalent  to  p{m)  = max(0,  m)  in  the  lemma.)  The 
canonical  map  E — > R\\mr>-nE  comes  from  the  canonical  maps  E — > r>-nE.  Set 
I\n  = r>-nE  and  K = RlimKn.  We  will  use  the  notation  introduced  in  Remark 
20.31.2  Fix  to  £ Z.  Recall  (Derived  Categories,  Remark  13.12.4)  that  we  have 


distinguished  triangles 


Kn+\  —■ y Xn  — ► £ n[n]  — > Kn+ 1 [1] 

where  £l  = Hl{E)  denotes  the  *th  cohomology  sheaf  of  E.  Let  U £ B.  The 
associated  long  exact  cohomology  sequence  gives 


Hm(U,£-n[n-  1])  -»■  Hm{U,Kn+x)  Hm(U,Kn)  Hm{U1£~n[n]) 

The  first  and  the  last  groups  are  equal  to  Hm+n~1(U,£~n)  and  Hm+n(U,£~n). 
By  assumption  (2)  if  to  + n — 1 > p(m  — 1)  and  to  + n > p{jn),  i.e. , if  n > nm  = 
1 + ma x(p(to  — 1)  — to  + 1, p(m)  — to),  then  these  two  groups  are  zero.  We  conclude 
that  the  inverse  system 


n^{u)  -»■  w?{u)  n?{u) 

is  constant  for  n > nm.  We  conclude  that  these  inverse  systems  have  vanishing 
R1  lim  (for  all  to).  By  Equation  (20.31.2.1) 

Km(u)  = ...=  KZ+2  (U)  = Hnm+l(U)  = KZ  (U) 
for  all  U £ B.  By  property  (1)  we  find  that  /Hm  and  fCf(m+i  have  the  same  sheafi- 
fication  for  i > 0.  If  — nm  — i < to,  then  this  sheafification  is  equal  to  £m  by 
Lemma  20.29.6  applied  to  KUm+i  = T>-Urrl-iE . This  implies  that  E — » K induces 
an  isomorphism  on  cohomology  sheaves  which  is  what  we  wanted  to  prove.  □ 


The  lemma  above  can  be  used  to  compute  cohomology  in  certain  situations. 

0BKT  Lemma  20.31.5.  Let  ( X,Ox ) be  a ringed  space.  Let  K be  an  object  of  D(Ox)- 
Let  B be  a set  of  opens  of  X.  Assume 

(1)  every  open  of  X has  a covering  whose  members  are  elements  of  B, 
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(2)  HP(U , Hq(K))  = 0 for  all  p > 0,  q £ Z,  and  U £ B. 
Then  Hq(U,  K ) = H°(U,  Hq(K))  forq£Z  and  U £ B. 


Proof.  Observe  that  K = R limT>_raA”  by  Lemma  20.31.4  Let  U £ B.  By 


Equation  (20.31.2.11  we  get  a short  exact  sequence 

0 ->  R1  lim  iL9_1  (t/,  r>-nK)  ->  Hq(U,K ) ->  lim  Hq(U,r>-nK)  ->  0 


Condition  (2)  implies  Hq(U,T>-nK)  = H°(U,  Hq[r>-nK))  for  all  q by  using  the 
spectral  sequence  of  Example  |20.29.9[  The  spectral  sequence  converges  because 
r>-nK  is  bounded  below.  If  n > — q then  we  have  Hq(r>-nK)  = Hq(K).  Thus 
the  systems  on  the  left  and  the  right  of  the  displayed  short  exact  sequence  are 
eventually  constant  with  values  H°(U,  Hq~1(K))  and  H°(U,  Hq(K))  and  the  lemma 
follows.  □ 


Here  is  another  case  where  we  can  describe  the  derived  limit. 


OBKU  Lemma  20.31.6.  Let  (X,Ox)  be  a ringed  space.  Let  (Kn)  be  an  inverse  system 
of  objects  of  D (Ox)-  Let  B be  a set  of  opens  of  X.  Assume 

(1)  every  open  of  X has  a covering  whose  members  are  elements  of  B, 

(2)  for  all  U £ B and  all  q £ Z we  have 

(a)  HP(U,Hq(Kn))  =0forp>0, 

(b)  the  inverse  system  H°(U,  Hq(Kn))  has  vanishing  R1  lim. 

Then  Hq (i?lim I\n)  = lim  Hq(Kn)  for  q £ Z and  Rl  lim Hq (Kn)  = 0 for  t > 0. 


Proof.  Set  K = R. lim  Kn . We  will  use  notation  as  in  Remark|20.31.2|  Let  U £ B. 
By  Lemma  20.31.5  and  (2)(a)  we  have  Hq(U,Kn ) = H°(U,  Hq(Kn)).  Using  that 
the  functor  R,T  ( U.  — ) commutes  with  derived  limits  we  have 

Hq(U,  K)  = Hq(R\imRT(U,Kn))  = lim H°(U,  Hq(I<n)) 

where  the  final  equality  follows  from  More  on  Algebra,  Remark  |15.68.16]  and  as- 
sumption (2)(b).  Thus  Hq(U,K)  is  the  inverse  limit  the  sections  of  the  sheaves 
Hq(Kn ) over  U.  Since  lim  Hq(Kn)  is  a sheaf  we  find  using  assumption  (1)  that 
Hq(K ),  which  is  the  sheafification  of  the  presheaf  U i— >■  Hq(U,K ),  is  equal  to 
lim  Hq(Kn).  This  proves  the  first  statement.  The  second  is  Lemma  20.31.3  □ 


20.32.  Producing  K-injective  resolutions 

0719  Let  ( X , Ox)  be  a ringed  space.  Let  T*  be  a complex  of  CW-modules.  The  category 
Mod(Ox)  has  enough  injectives,  hence  we  can  use  Derived  Categories,  Lemma 
|13. 28. 3|  produce  a diagram 

H #~T>_  2Xm  — 

Y Y 

T»  T» 

x2 

in  the  category  of  complexes  of  Ox -modules  such  that 

(1)  the  vertical  arrows  are  quasi-isomorphisms, 

(2)  X*  is  a bounded  below  complex  of  injectives, 

(3)  the  arrows  X*+1  — >•  X*  are  termwise  split  surjections. 
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The  category  of  Ox-modules  has  limits  (they  are  computed  on  the  level  of  presheaves), 
hence  we  can  form  the  termwise  limit  I*  = lim„Z*.  By  Derived  Categories,  Lem- 
mas |13.29.4|  and  |13.29.8|  this  is  a K-injective  complex.  In  general  the  canonical 
map 

071A  (20.32.0.1)  X*  ->  Z* 

may  not  be  a quasi-isomorphism.  In  the  following  lemma  we  describe  some  condi- 
tions under  which  it  is. 


071B  Lemma  20.32.1.  In  the  situation  described  above.  Denote  Rm  = Hm(Xm)  the 
mth  cohomology  sheaf.  Let  B be  a set  of  open  subsets  of  X.  Let  d £ N.  Assume 

(1)  every  open  in  X has  a covering  whose  members  are  elements  of  B, 

(2)  for  every  U £ B we  have  HP(U , Hq)  = 0 for  p>  d and  q < (0 
Then  (20. 32. 0. 1 ) is  a quasi-isomorphism. 

Proof.  By  Derived  Categories,  Lennna[l3.32.4|it  suffices  to  show  that  the  canonical 
map  X*  — > R\im.T>_nX'  is  an  isomorphism.  This  follows  from  Lemma  20.31.4  with 
p(m)  = ma x(d,  m).  □ 


Here  is  a technical  lemma  about  the  cohomology  sheaves  of  the  inverse  limit  of  a 
system  of  complexes  of  sheaves.  In  some  sense  this  lemma  is  the  wrong  thing  to 
try  to  prove  as  one  should  take  derived  limits  and  not  actual  inverse  limits. 

08BY  Lemma  20.32.2.  Let  (X,Ox)  be  a ringed  space.  Let  (X*)  be  an  inverse  system  of 
complexes  of  Ox -'modules.  Let  m £ Z.  Assume  there  exist  a set  B of  open  subsets 
of  X and  an  integer  % such  that 

(1)  every  open  in  X has  a covering  whose  members  are  elements  of  B, 

(2)  for  every  U £ B 

(a)  the  systems  of  abelian  groups  X(f~2(U)  and  Jr™_1([/)  have  vanishing 
R 1 lim  (for  example  these  have  the  Mittag-Leffler  condition), 

(b)  the  system  of  abelian  groups  Hm~1  (X*(U))  has  vanishing  R1  lim  (for 
example  it  has  the  Mittag-Leffler  condition),  and 

(c)  we  have  Hm(X’(U))  = Hm(X'0  (17) ) for  all  n > n0. 

Then  the  maps  Hm(X*)  — >■  lim Hm(X*)  — > Hm(X*0)  are  isomorphisms  of  sheaves 
where  X*  = limJ7*  is  the  termwise  inverse  limit. 

Proof.  Let  U £ B.  Note  that  Hrn (X* (U ))  is  the  cohomology  of 

lim nX™~2{U)  -»•  lim nXff-^U)  -£  Inn nX?(U)  -A  lim nX(f  +1(U) 

in  the  third  spot  from  the  left.  By  assumptions  (2) (a)  and  (2)(b)  we  may  apply 
More  on  Algebra,  Lemma  [l5.68.2|  to  conclude  that 

Hm(X*  (U))  = liuiHm(X*(U)) 

By  assumption  (2)(c)  we  conclude 

Hm(X\U))  = Hm(X:(U)) 

for  all  n > no-  By  assumption  (1)  we  conclude  that  the  sheafification  of  U i— »• 
Hm(Xm(U))  is  equal  to  the  sheafification  of  C7  i — Hm(X*(U))  for  all  n > n0.  Thus 
the  inverse  system  of  sheaves  Hm(X*)  is  constant  for  n > no  with  value  Hm(X *) 
which  proves  the  lemma.  □ 


2It  suffices  if  Vm,  3p(m),  Hv{U.'Hm  p)  = 0 for  p > p{m). 
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08BZ 


08C0 


08C1 


08C2 


20.33.  Cech  cohomology  of  unbounded  complexes 

The  construction  of  Section [20726]  isn’t  the  “correct”  one  for  unbounded  complexes. 
The  problem  is  that  in  the  Stacks  project  we  use  direct  sums  in  the  totalization  of 
a double  complex  and  we  would  have  to  replace  this  by  a product.  Instead  of  doing 
so  in  this  section  we  assume  the  covering  is  finite  and  we  use  the  alternating  Cech 
complex. 


Let  (A',  Ox)  be  a ringed  space.  Let  J7*  be  a complex  of  presheaves  of  Ox-modules. 
Let  U : X = |Jig7  Ui  be  a finite  open  covering  of  A'.  Since  the  alternating  Cech 
complex  C*lt  (U,  T)  (Section  20.24 ) is  functorial  in  the  presheaf  T we  obtain  a double 
complex  C*lt(U.  J7*).  In  this  section  we  work  with  the  associated  total  complex.  The 
construction  of  Tot(C*lt(U,  J7*))  is  functorial  in  T% . As  well  there  is  a functorial 
transformation 


(20.33.0.1) 


T(A,  J7*)  — ► Tot(C*lt(W,  J7*)) 


of  complexes  defined  by  the  following  rule:  The  section  s £ T(A,  J7”)  is  mapped  to 
the  element  a = {ai0...ip}  with  aio  = s|j74  and  otia...ip  = 0 for  p > 0. 

Lemma  20.33.1.  Let  (X,Ox)  be  a ringed  space.  LetU  : X = (Ji  7 U,-,  be  a finite 
open  covering.  For  a complex  J7*  of  Ox -modules  there  is  a canonical  map 

Tot(C*H(U,T*))  > RT(X,jF*) 

functorial  in  T*  and  compatible  with  \20.33.0~ ). 


Proof.  Let  X*  be  a K-injective  complex  whose  terms  are  injective  Ox-moclules. 
The  map  (20.33.0.1)  for  X*  is  a map  T(A',X*)  — > Tot (C*lt(U,T*)).  This  is  a quasi- 


12.22.7 

applied  to  the  double  complex  C*lt  (U,Im)  using  Lemmas 

20.12.1 

and 

20.24.6 

Suppose  J7*  — > L*  is  a quasi-isomorphism  of  J7*  into  a K-injective  complex  whose 
terms  are  injectives  (Injectives,  Theorem|19.12.6 1.  Since  RF(X,  J7*)  is  represented 


by  the  complex  T(A, X*)  we  obtain  the  map  of  the  lemma  using 
Tot  (C:it(U,f))  — > Tot  (C:H(U,r)). 

We  omit  the  verification  of  functoriality  and  compatibilities. 


□ 


Lemma  20.33.2.  Let  (A ,Ox)  be  a ringed  space.  LetU  : X = (Jigj  Ui  be  a finite 
open  covering.  Let  T * be  a complex  of  Ox -modules.  Let  B be  a set  of  open  subsets 
of  X . Assume 

(1)  every  open  in  X has  a covering  whose  members  are  elements  of  B, 

(2)  we  have  Ui0...ip  £ B for  all  io,  ■ ■ ■ , iP  £ I, 

(3)  for  every  U £ B and  p > 0 we  have 

(a)  HP(U,Ti)  = 0, 

(b)  HP{U,  CokerfF*-1  -)•  Fq))  = 0,  and 

(c)  HP(U,  Hq(F))  = 0. 

Then  the  map 

Tot{C*lt(U , T'))  > RT(X,F') 


of  Lemma  20.33.1  is  an  isomorphism  in  D{Ab). 
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Proof.  If  T*  is  bounded  below,  this  follows  from  assumption  (3)  (a)  and  the  spectral 
sequence  of  Lemma |20.26.1|  and  the  fact  that 

Tot {Cllt{U,D)  — > Tot (C*(U,T*)) 


is  a quasi- isomorphism  by  Lemma  20.24.6  (some  details  omitted).  In  general,  by 
assumption  (3)(c)  we  may  choose  a resolution  T*  — > 1*  = lim I*  as  in  Lemma 


20.32.1  Then  the  map  of  the  lemma  becomes 
limn  Tot(C'lt(U , T^-nJ7'))  - 


lim  nT(X,l*n) 


Note  that  (3)(b)  shows  that  r>-nF*  is  a bounded  below  complex  satisfying  the 
hypothesis  of  the  lemma.  Thus  the  case  of  bounded  below  complexes  shows  each 
of  the  maps 

Tot  (c*alt(u,  T>_„  J--))  — > T(X,  rn) 

is  a quasi-isomorphism.  The  cohomologies  of  the  complexes  on  the  left  hand  side 
in  given  degree  are  eventually  constant  (as  the  alternating  Cecil  complex  is  finite). 
Hence  the  same  is  true  on  the  right  hand  side.  Thus  the  cohomology  of  the  limit 
on  the  right  hand  side  is  this  constant  value  by  Homology,  Lemma |12.27.7|  and  we 
win.  □ 


20.34.  Horn  complexes 


0A8K  Let  (A,  Ox)  be  a ringed  space.  Let  £*  and  M*  be  two  complexes  of  Ox-modules. 
We  construct  a complex  of  Ox-modules  'Horn* (C* , M*).  Namely,  for  each  n we  set 

Homn(£*,M*)  = T\  Homox  (£~q,Mp) 

*-n=p-\-q 

It  is  a good  idea  to  think  of  Horn n as  the  sheaf  of  Ox-modules  of  all  Ox-linear 
maps  from  C*  to  M*  (viewed  as  graded  Ox-modules)  which  are  homogenous  of 
degree  n.  In  this  terminology,  we  define  the  differential  by  the  rule 


0A8L 

0A8M 


d(f)  = dM°f-(-l)nfodc 

for  / e HoniQx(£* , M*).  We  omit  the  verification  that  d2  = 0.  This  construc- 
tion is  a special  case  of  Differential  Graded  Algebra,  Example  22.19.6  It  follows 
immediately  from  the  construction  that  we  have 


(20.34.0.1)  Hn{T(U,Hom*(£*,M*)))  = Horn K{0u)(C* , M*[n]) 

for  all  n £ Z and  every  open  U C X. 


Lemma  20.34.1.  Let  (A,  Ox)  be  a ringed  space.  Given  complexes  K,*,C*,M*  of 
Ox -modules  there  is  an  isomorphism 


Horn* (K.* , Horn* (C* , M*))  = Hom*(Tot(IC*  <g>0x  C*),M *) 


of  complexes  of  Ox -modules  functorial  in  K*,C*,  A4*. 


Proof.  Omitted.  Hint:  This  is  proved  in  exactly  the  same  way  as  More  on  Algebra, 
Lemma  115.59.11  □ 

0A8N  Lemma  20.34.2.  Let  (A,  Ox)  be  a ringed  space.  Given  complexes  K,* ,C* ,M*  of 
Ox -modules  there  is  a canonical  morphism 

Tot  {Horn* {C*,M*)®ox  Horn*  (A* , £*))  — >•  Horn*  (A* , M*) 

of  complexes  of  Ox -modules. 
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Proof.  Omitted.  Hint:  This  is  proved  in  exactly  the  same  way  as  More  on  Algebra, 
Lemma  115.59.21  □ 

0A8P  Lemma  20.34.3.  Let  (X,  Ox)  be  a ringed  space.  Given  complexes  JC*,£*,A4*  of 
Ox -modules  there  is  a canonical  morphism 

TotlfHom*  (C* , M*)  ®ox  1C*)  — ► Horn' ('Ham* (£*,  £*), M*) 

of  complexes  of  Ox  -modules  functorial  in  all  three  complexes. 

Proof.  Omitted.  Hint:  This  is  proved  in  exactly  the  same  way  as  More  on  Algebra, 
Lemma  115.59.31  □ 

0A8Q  Lemma  20.34.4.  Let  (X,Ox)  be  a ringed  space.  Given  complexes  JC*  ,£*,A4*  of 
Ox -modules  there  is  a canonical  morphism 

K*  — ■>  Worn*  (C* , Tot(JC*  ®0x  £*)) 

of  complexes  of  O x -modules  functorial  in  both  complexes. 

Proof.  Omitted.  Hint:  This  is  proved  in  exactly  the  same  way  as  More  on  Algebra, 
Lemma  115.59.51  □ 

0A8R  Lemma  20.34.5.  Let  (X,Ox)  be  a ringed  space.  LetX * be  a K-injective  complex 
of  Ox -modules.  Let  C*  be  a complex  of  Ox -modules.  Then 

H°(T(U,TLom* (£*,!*)))  = RomD(0u)(L\u,  M\v) 

for  all  U C X open. 


Proof.  We  have 


H0(T(U1'Homt(r,r)))  = RomK{Ou)(L\u,M\u) 

= Hom£)(CiJ/)(L|(7,  M\u) 


The  first  equality  is  (20.34.0.1).  The  second  equality  is  true  because  X*\u  is  K- 
injective  by  Lemma|20.30.1|  □ 


0A8S  Lemma  20.34.6.  Let  (X,Ox)  be  a ringed  space.  Let  ((P)*  - 
isomorphism  of  K-injective  complexes  of  Ox -modules.  Let  (£')* 
isomorphism  of  complexes  of  Ox -modules.  Then 

'Horn* (C*,  {!')•)  Horn* ((£')*, ^*) 
is  a quasi-isomorphism. 


I*  be  a quasi- 
> C*  be  a quasi- 


Proof.  Let  M be  the  object  of  D(Ox)  represented  by  I*  and  (X,)#-  Let  L be  the 
object  of  D(0. \)  represented  by  £*  and  (£')*.  By  Lemma  20.34.5  we  see  that  the 
sheaves 

H° (Hom* (£m , {!')*))  and  H° (Horn* ((£')•,!')) 
are  both  equal  to  the  sheaf  associated  to  the  presheaf 

U i — > Rom.D(0u')(L\u,  M\u) 

Thus  the  map  is  a quasi-isomorpliism.  □ 


0A8T  Lemma  20.34.7.  Let  (X,Ox)  be  a ringed  space.  LetX*  be  a K-injective  complex 
of  Ox -modules.  Let  C*  be  a K- flat  complex  of  Ox -modules.  ThenTLom*  (£*  ,X*)  is 
a K-injective  complex  of  Ox  -modules. 
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Proof.  Namely,  if  KL*  is  an  acyclic  complex  of  Ox-modules,  then 

Horn  K{0x)(IC*,Rom*(C*,X*))  = H°(T(X,Rom*(IC*,Rom*(C*,X*)))) 

= H°(T(X,  Rom*  (Tot(JC*  0Ox  £*),X*))) 
= Homx(ox)(Tot(/C*  ®ox  £*),!*) 

= 0 


The  first  equality  by  (20.34.0.1).  The  second  equality  by  Lemma  20.34.1  The 


third  equality  by  (20.34.0.1 1 . The  final  equality  because  Tot(/C*  ®e>x  £*)  is  acyclic 
because  C*  is  K-flat  (Definition  20.27.2)  and  because  X*  is  K-injective.  □ 


20.35.  Internal  hom  in  the  derived  category 


08DH 


08DI 


Let  (X,  Ox)  be  a ringed  space.  Let  L,M  be  objects  of  D(Ox )■  We  would  like  to 
construct  an  object  RRom[L1  M)  of  D(Ox ) such  that  for  every  third  object  K of 
D(Ox)  there  exists  a canonical  bijection 

(20.35.0.1)  Hom D(0x)(K,  RRom(L,  M))  = Ho mD(0x)(K  ®%x  L,M) 


Observe  that  this  formula  defines  RRom(L,  M)  up  to  unique  isomorphism  by  the 
Yoneda  lemma  (Categories,  Lemma  4.3.5). 


To  construct  such  an  object,  choose  a K-injective  complex  X*  representing  M and 
any  complex  of  Ox-modules  C*  representing  L.  Then  we  set 


RRom(L,  M)  = Rom*(C*,X *) 


08DK 


where  the  right  hand  side  is  the  complex  of  Ox-modules  constructed  in  Section 
|20.34|  This  is  well  defined  by  Lemma  [20. 34. 6|  We  get  a functor 

D(Ox)opp  x D(Ox)  — > D(Ox),  [K,  L)  RRom{K , L) 

As  a prelude  to  proving  ( 20.35.0. l|)  we  compute  the  cohomology  groups  of  R l-Lom(K , L ) . 


Lemma  20.35.1.  Let  ( X,Ox ) be  a ringed  space.  Let  L,M  be  objects  of  D{Ox)- 
For  every  open  U we  have 


H0(U,R-Hom(L,M ))  = Hom  D{0u){L\u , M\v) 


and  in  particular  H°(X,  RTLom(L,  M))  = Hom £>(0Y)(L,  M). 


Proof.  Choose  a K-injective  complex  X*  of  Ox-modules  representing  M and  a 
K-flat  complex  £*  representing  L.  Then  Rom*  (X*  ,1* ) is  K-injective  by  Lemma 
|20.34.7|  Hence  we  can  compute  cohomology  over  U by  simply  taking  sections  over 
U and  the  result  follows  from  Lemma  [20.34. 51  □ 


08DJ 


Lemma  20.35.2.  Let(X,Ox)  be  a ringed  space.  Let  K,  X,  M be  objects  of  D (Ox). 
With  the  construction  as  described  above  there  is  a canonical  isomorphism 

RRom{K,RRom{L,M ))  = RRom(K  L,M) 


in  D(Ox)  functorial  in  K,L,A1  which  recovers  \ 20.35.0.1 ) by  taking  H°(X,—). 


Proof.  Choose  a K-injective  complex  X*  representing  M and  a K-flat  complex  of 
Ox-modules  C*  representing  L.  Let  R*  be  the  complex  described  above.  For  any 
complex  of  Ox-modules  K*  we  have 


Rom* (K,*, Rom* {£*,!*))  = Rom*(Tot{IC*  <g>0x  C*),X*) 
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by  Lemma  20.34.1  Note  that  the  left  hand  side  represents  R 'Hom(K1  R 'Hom(L1  M )) 
(use  Lemma  20.34.7 ) and  that  the  right  hand  side  represents  R TLom{K ® ^ „ L,  M). 
This  proves  the  displayed  formula  of  the  lemma.  Taking  global  sections  and  using 
Lemma  20.35.1  we  obtain  (20.35.0.1).  □ 


08DL  Lemma  20.35.3.  Let  (A,  Ox)  be  a ringed  space.  Let  K,L  be  objects  of  D(Ox)- 
The  construction  of  R'Hom(K,L)  commutes  with  restrictions  to  opens , i.e.,  for 
every  open  U we  have  RRom(K\u , L\u)  = RTLom(K,  L)\u . 

Proof.  This  is  clear  from  the  construction  and  Lemma [20.30. II  □ 

0810  Lemma  20.35.4.  Let  (X,Ox)  be  a ringed  space.  The  bifunctor  RTLom ) 
transforms  distinguished  triangles  into  distinguished  triangles  in  both  variables. 

Proof.  This  follows  from  the  observation  that  the  assignment 

i — » Horn*  (£* , M*) 

transforms  a termwise  split  short  exact  sequences  of  complexes  in  either  variable 
into  a termwise  split  short  exact  sequence.  Details  omitted.  □ 

0A8U  Lemma  20.35.5.  Let  (X,  Ox)  be  a ringed  space.  Let  K,  L,  M be  objects  of  D (Ox)- 
There  is  a canonical  morphism 

R'Hom(L,M)  K — > RHom{RHom{K,  L),  M) 

in  D{Ox)  functorial  in  K,L,M. 

Proof.  Choose  a K-injective  complex  X*  representing  M,  a K-injective  complex 
J*  representing  L,  and  a K-flat  complex  /C*  representing  K . The  map  is  defined 
using  the  map 

Tot (fhom\J\T')  ®0x  1C *)  — ► Horn' (Worn* (/C*, 

of  Lemma  |20.34.3[  By  our  particular  choice  of  complexes  the  left  hand  side  repre- 
sents Rjhom^L,  M)®q  K and  the  right  hand  side  represents  R'Hom(R'Hom(K , L),M). 
We  omit  the  proof  that  this  is  functorial  in  all  three  objects  of  D(Ox)-  □ 

0A8V  Lemma  20.35.6.  Let  (X,  Ox)  be  a ringed  space.  Given  K,L,M  inD(Ox)  there 
is  a canonical  morphism 

RHom(L,M)  ®%x  R'Hom(K,L ) — > RHom{K,M) 


in  D{Ox)- 
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Proof.  In  general  (without  suitable  finiteness  conditions)  we  do  not  see  how  to  get 
this  map  from  Lemma  |20.34.2|  Instead,  we  use  the  maps 

RT-bom{L,M)  <8)qx  RT-k>m(K, L)  <8>qy  K 


R7-Lom(L,  M)  <S>e>Y  R'Hom(R'Hom(K,  K),  L) 


R'Hom{L,M')  L 


R'Hom(R'Hom(L , L),  M ) 
M 


gotten  by  applying  Lemma  20.35.5  twice  and  using  the  maps  Ox  - 
and  Ox  — t Rl-Lom(L,  L).  Finally,  we  use  Lemma  20.35.2  to  transli 
tion 

RT-Lom(L,  M)  <8>ox  RLLom{K , L)  <8>e>Y  K — > M 

into  a map  as  in  the  statement  of  the  lemma. 


□ 


0A8W  Lemma  20.35.7.  Let  (X,Ox)  be  a ringed  space.  Given  K,L  in  D(0\)  there  is 
a canonical  morphism 

K — > R'Hom[L1  K <g>£,x  L) 
in  D{Ox)  functorial  in  both  K and  L. 


0811 

0812 


0B69 


Proof.  Choose  K-flat  complexes  K*  and  £*  represeting  K and  L.  Choose  a K- 
injective  complex  X*  and  a quasi-isomorphism  Tot(/C*  ®ox  £*)  — > X*.  Then  we 
use 

/C*  -A  -Horn* (£*,  Tot (/C*  £*))  -»•  7W(£*,X*) 

where  the  first  map  comes  from  Lemma  [20. 34. 4[  □ 

Lemma  20.35.8.  Let  (X,Ox)  be  a ringed  space.  Let  L be  an  object  of  D{Ox)- 
Set  Lv  = RTiom{L,Ox)-  For  M in  D(Ox)  there  is  a canonical  map 

(20.35.8.1)  Xv  <g>J)x  M — > RTiom(L,  M) 

which  induces  a canonical  map 

H°(X,LV  0^x  M)  — > HomD(0x)(L,M) 

functorial  in  M in  D{Ox)- 


Proof.  The  map  (20.35.8.1)  is  a special  case  of  Lemma  20.35.6  using  the 
cation  M = RLLom(Ox,  M). 


identifi- 

□ 


Remark  20.35.9.  Let  / : X — > Y be  a morphism  of  ringed  spaces.  Let  K,L  be 
objects  of  D{Ox)-  We  claim  there  is  a canonical  map 


Rf*Rnom(L,K)  — ► R'Hom{Rf*L,Rfjq 
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Namely,  by  (20.35.0.1)  this  is  the  same  thing  as  a map  Rf*RHom(L,  K) 
Rf*L  — >•  Rft,K.  For  this  we  can  use  the  composition 

Rf*RHom(L,  K)  Rf*L  -a  Rf*(RHom(L,  K ) L)  -a 


0813 


where  the  first  arrow  is  the  relative  cup  product  (Remark  20.29.5)  and  the  second 
arrow  is  1?/*  applied  to  the  canonical  map  Rl~k>m(L,  K)  ®O.Y  L -A  K coming  from 
Lemma  20.35.6  (with  Ox  hr  one  of  the  spots). 

Remark  20.35.10.  Let  h : X — > Y be  a morphism  of  ringed  spaces.  Let  K,  L be 
objects  of  D{Oy)-  We  claim  there  is  a canonical  map 

Lh*R'Hom{K1  L)  — > R%om{Lh* K , Lh* L) 

in  D(Ox)-  Namely,  by  (20.35.0.1])  proved  in  Lemma  20.35.2  such  a map  is  the  same 
thing  as  a map 

Lh*  Rliom(K,  L)  <g>L  Lh*I<  — » Lh*L 

The  source  of  this  arrow  is  Lh*  (Rom(K , L)  (g)L  K)  by  Lemma 
suffices  to  construct  a canonical  map 

RRom{K , L)  <g)L  K — )>  L. 

For  this  we  take  the  arrow  corresponding  to 

id  : RHom{K,L ) — > RHom{K,L) 


20.28.2 


hence  it 


via  (|20.35.0.1]. 

0814  Remark  20.35.11.  Suppose  that 


is  a commutative  diagram  of  ringed  spaces.  Let  K,  L be  objects  of  D(Ox )■  We 
claim  there  exists  a canonical  base  change  map 

Lg*Rf*R'Hom{K,L ) — > R(f')*R'Hom(Lh*K,  Lh* L) 
in  D(Os’)-  Namely,  we  take  the  map  adjoint  to  the  composition 

L{f')*Lg*Rf*R-Uom(K,L ) = Lh* Lf* Rf*RHom{K,  L) 

-A  Lh*RHom{K,L ) 

->•  R'Hom{Lh*K,  Lh* L) 

where  the  first  arrow  uses  the  adjunction  mapping  Lf*Rf * — ► id  and  the  second 
arrow  is  the  canonical  map  constructed  in  Remark  |20. 35. 10| 


20.36.  Ext  sheaves 

0BQP  Let  ( X,Ox ) be  a ringed  space.  Let  K,L  £ D{Ox)-  Using  the  construction  of 
the  internal  horn  in  the  derived  category  we  obtain  a well  defined  sheaves  of  Ox- 
modules 


£xtn(K,L ) = Hn(R'Hom(K,  L)) 
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by  taking  the  nth  cohomology  sheaf  of  the  object  RHom (K,  L ) of  D(Ox )•  We  will 
sometimes  write  £xtTQx  (K,  L)  for  this  object.  By  Lemma 
£rf™-sheaf  is  the  sheafification  of  the  rule 

U i — > Ext£(0(7)  {K\u,  L\u) 

By  Example  |20.29.9|  there  is  always  a spectral  sequence 

Ep’q  = Hp(X,£xtq(K,  L)) 

converging  to  Ext^Jp^  (K,  L)  in  favorable  situations  (for  example  if  L is  bounded 
below  and  K is  bounded  above). 

20.37.  Global  derived  hom 

0B6A  Let  (X,  Ox)  be  a ringed  space.  Let  K,L  £ D(Ox).  Using  the  construction  of  the 
internal  hom  in  the  derived  category  we  obtain  a well  defined  object 

RRom(K,L)  = RT{X,R'Hom(K,L)) 

in  D(T(X,  Ox))-  We  will  sometimes  write  R Hom^  ( K,  L)  or  R Home>x  (K,  L)  for 
this  object.  By  Lemma [20. 35. 1| we  have 

H°(R Hom(iL,  L))  = Ho mD(0x){K,  L) 

and 

HP(R  Hom(A',  L))  = Ext pD(0x)(K,  L) 

20.38.  Strictly  perfect  complexes 

08C3  Strictly  perfect  complexes  of  modules  are  used  to  define  the  notions  of  pseudo- 
coherent  and  perfect  complexes  later  on.  They  are  defined  as  follows. 

08C4  Definition  20.38.1.  Let  (X,  Ox)  be  a ringed  space.  Let  £*  be  a complex  of 
Ox-modules.  We  say  £*  is  strictly  perfect  if  £l  is  zero  for  all  but  finitely  many  i 
and  £l  is  a direct  summand  of  a finite  free  Ox-module  for  all  i. 

Warning:  Since  we  do  not  assume  that  X is  a locally  ringed  space,  it  may  not  be 
true  that  a direct  summand  of  a finite  free  Ox-module  is  finite  locally  free. 

08C5  Lemma  20.38.2.  The  cone  on  a morphism  of  strictly  perfect  complexes  is  strictly 
perfect. 

Proof.  This  is  immediate  from  the  definitions.  □ 

09J2  Lemma  20.38.3.  The  total  complex  associated  to  the  tensor  product  of  two  strictly 
perfect  complexes  is  strictly  perfect. 

Proof.  Omitted.  □ 

09U6  Lemma  20.38.4.  Let  f : ( X,Ox ) —>  (Y,Oy)  be  a morphism  of  ringed  spaces. 
If  T%  is  a strictly  perfect  complex  of  Oy -modules,  then  f*T*  is  a strictly  perfect 
complex  of  Ox -modules. 

Proof.  The  pullback  of  a finite  free  module  is  finite  free.  The  functor  f*  is  additive 
functor  hence  preserves  direct  summands.  The  lemma  follows.  □ 


20.35.1 


we  see  that  this 
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08C6 


Lemma  20.38.5. 

modules 


Let  (X,Ox)  be  a ringed  space.  Given  a solid  diagram  of  Ox- 


£ ^F 


p 

Q 


with  £ a direct  summand  of  a finite  free  Ox -module  and  p surjective,  then  a dotted 
arrow  making  the  diagram  commute  exists  locally  on  X . 


08C7 


Proof.  We  may  assume  £ = O ®n  for  some  n.  In  this  case  finding  the  dotted  arrow 
is  equivalent  to  lifting  the  images  of  the  basis  elements  in  T(X,  F).  This  is  locally 
possible  by  the  characterization  of  surjective  maps  of  sheaves  (Sheaves,  Section 


6.16). 


□ 


Lemma  20.38.6.  Let  {X,Ox)  be  a ringed  space. 

(1)  Let  a : £*  — > Fm  be  a morphism  of  complexes  of  Ox -modules  with  £* 
strictly  perfect  and  Fm  acyclic.  Then  a is  locally  on  X homotopic  to  zero. 

(2)  Let  a : £*  — t F * be  a morphism  of  complexes  of  Ox -modules  with  £* 
strictly  perfect,  £l  = 0 for  i < a,  and  Hl(Fm)  = 0 for  i > a.  Then  a is 
locally  on  X homotopic  to  zero. 


Proof.  The  first  statement  follows  from  the  second,  hence  we  only  prove  (2).  We 
will  prove  this  by  induction  on  the  length  of  the  complex  £*.  If  £*  = £ [— n]  for 
some  direct  summand  £ of  a finite  free  Ox-module  and  integer  n > a,  then  the 
result  follows  from  Lemma  20.38.5  and  the  fact  that  Fn~x  — > Ker [Fn  — ► Fn+1)  is 
surjective  by  the  assumed  vanishing  of  Hn(F *).  If  £l  is  zero  except  for  i S [a,  b], 
then  we  have  a split  exact  sequence  of  complexes 

0 ->  £b[-b } a<b- 1£'  0 


which  determines  a distinguished  triangle  in  K{Ox)-  Hence  an  exact  sequence 

Homx(0x)(o-<b-i£*,  F')  ->■  Homx(0x)(£*,  F*)  RoTnK{0x)(£b[-b],  F') 

by  the  axioms  of  triangulated  categories.  The  composition  £b[—  b]  — »•  F * is  locally 
homotopic  to  zero,  whence  we  may  assume  our  map  comes  from  an  element  in  the 
left  hand  side  of  the  displayed  exact  sequence  above.  This  element  is  locally  zero 
by  induction  hypothesis.  □ 


08C8 


Lemma  20.38.7.  Let  (X,Ox)  be  a ringed  space.  Given  a solid  diagram  of  com- 
plexes of  Ox -modules 


■F* 


Q * 


with  £*  strictly  perfect,  £ J = 0 for  j < a and  H J (/)  an  isomorphism  for  j > a 
and  surjective  for  j = a,  then  a dotted  arrow  making  the  diagram  commute  up  to 
homotopy  exists  locally  on  X. 


Proof.  Our  assumptions  on  / imply  the  cone  C(f)*  has  vanishing  cohomology 
sheaves  in  degrees  > a.  Hence  Lemma[20.38.6| guarantees  there  is  an  open  covering 
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X = U Ui  such  that  the  composition  £’  — >•  F*  — > C{f)*  is  homotopic  to  zero  over 
Ui . Since 

g* ->  r ->  cw ->  g*[ i] 

restricts  to  a distinguished  triangle  in  K{Out)  we  see  that  we  can  lift  a \ u,  up  to 
homotopy  to  a map  a*  : £*  \ u,  G*\u,  as  desired.  □ 

08C9  Lemma  20.38.8.  Let  {X,Ox)  be  a ringed  space.  Let  £* , F*  be  complexes  of 
Ox -'modules  with  £*  strictly  perfect. 

(1)  For  any  element  a £ Hom£>(e)Y)(£*,  F’)  there  exists  an  open  covering 
X = U Ui  such  that  a\ ui  is  given  by  a morphism  of  complexes  at  : £’\ui  — ► 

F*\ u<- 

(2)  Given  a morphism  of  complexes  a : £’  — > T * whose  image  in  the  group 
Hom.D(Qx)(£* ,F')  is  zero,  there  exists  an  open  covering  X = IJf/j  such 
that  a\ui  is  homotopic  to  zero. 


08DM 


Proof.  Proof  of  (1).  By  the  construction  of  the  derived  category  we  can  find  a 
quasi-isomorphism  / : F*  — ► Q*  and  a map  of  complexes  /3  : £*  — >•  Q*  such  that 
a = f-1 
(2). 


1(3.  Thus  the  result  follows  from  Lemma  20.38.7 


We  omit  the  proof  of 
□ 


Lemma  20.38.9.  Let  (X,Ox)  be  a ringed  space.  Let  £* , F*  be  complexes  of 
Ox-modules  with  £m  strictly  perfect.  Then  the  internal  horn  Rliom{£% , J7*)  is 
represented  by  the  complex  TL * with  terms 

Un  = Q\ P)  n0mOx(£-q,Fp ) 

n—p-\-q 

and  differential  as  described  in  Section  [20. 35\ 


0815 


Proof.  Choose  a quasi-isomorphism  F*  — > X*  into  a K-injective  complex.  Let 
ifH'Y  be  the  complex  with  terms 

mr  = n x nom0x(c-q,ip) 

A -M-n=p-\-q 


which  represents  RHom(£* ,Fm)  by  the  construction  in  Section  20.35  It  suffices  to 
show  that  the  map 

TL’  — » {TL')* 

is  a quasi-isomorphism.  Given  an  open  U C X we  have  by  inspection 
H°(TL’(U))  = Hovo.K^0u){£*\u  ,X*\u)  -+  H0{{n')’{U))  = Horn 

By  Lemma  20.38.8  the  sheafification  of  C/  i — >-  H°{TL*  ([/))  is  equal  to  the  sheafifica- 
tion  of  U i— fll^JjTL')’  {U)) . A similar  argument  can  be  given  for  the  other  cohomol- 
ogy sheaves.  Thus  TL’  is  quasi-isomorphic  to  {TL')’  which  proves  the  lemma.  □ 


Lemma  20.38.10.  Let  {X,Ox)  be  a ringed  space.  Let  £’ , F*  be  complexes  of 
Ox -modules  with 

(1)  Fn  = 0 /orn«  0, 

(2)  £n  = 0 for  n>0,  and 

(3)  £n  isomorphic  to  a direct  summand  of  a finite  free  Ox -module. 

Then  the  internal  horn  RTLom{£’ , F’)  is  represented  by  the  complexTT  with  terms 


Tin  = ff)  TLom0x{£-q,Fp) 

n—p-\-q 

and  differential  as  described  in  Section  [20. 35\ 
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Proof.  Choose  a quasi-isomorphism  T*  — > X*  where  X*  is  a bounded  below  com- 
plex of  injectives.  Note  that  X*  is  K-injective  (Derived  Categories,  Lemma  13.29.4). 
Hence  the  construction  in  Section  20.35  shows  that  R7-Lom(£* , J7')  is  represented 
by  the  complex  (7X)*  with  terms 


(WT=II  +Kom0x(£ 

■ M-n=p+q 


~Q 


JP)  = ® ^ Uom0x(£-q,lp) 

n=p+q 


(equality  because  there  are  only  finitely  many  nonzero  terms).  Note  that  H*  is  the 
total  complex  associated  to  the  double  complex  with  terms  Homox  (£  ~q,  Fp)  and 
similarly  for  (7X)V  The  natural  map  (%')*  — > 77*  comes  from  a map  of  double 
complexes.  Thus  to  show  this  map  is  a quasi-isomorphism,  we  may  use  the  spectral 
sequence  of  a double  complex  (Homology,  Lemma  12.22. 6|) 

'E{’q  = Hp('Hom0x(£~q,F *)) 

converging  to  Hv+q(fK *)  and  similarly  for  (7X)V  To  finish  the  proof  of  the  lemma 
it  suffices  to  show  that  T*  — > X*  induces  an  isomorphism 

Hp{Hom0x  (£,?'))  — > Hp (Hom0x  (£,!')) 

on  cohomology  sheaves  whenever  £ is  a direct  summand  of  a finite  free  Ox-module. 
Since  this  is  clear  when  £ is  finite  free  the  result  follows.  □ 


20.39.  Pseudo-coherent  modules 

08CA  In  this  section  we  discuss  pseudo-coherent  complexes. 

08CB  Definition  20.39.1.  Let  (A',  Ox)  be  a ringed  space.  Let  £*  be  a complex  of 
Ox-modules.  Let  m £ Z. 

(1)  We  say  £*  is  m-pseudo- coherent  if  there  exists  an  open  covering  X = 1J  Ui 
and  for  each  i a morphism  of  complexes  cq  : £*  — > £*\ui  where  £)  is  strictly 
perfect  on  t/,  and  HJ (a,)  is  an  isomorphism  for  j > m and  17m(a,)  is 
surjective. 

(2)  We  say  £*  is  pseudo-coherent  if  it  is  m-pseudo-coherent  for  all  m. 

(3)  We  say  an  object  E of  D(Ox ) is  m-pseudo-coherent  (resp.  pseudo-coherent ) 
if  and  only  if  it  can  be  represented  by  a m-pseudo-coherent  (resp.  pseudo- 
coherent)  complex  of  Ox-modules. 

If  X is  quasi-compact,  then  an  m-pseudo-coherent  object  of  D{Ox)  is  in  D~(Ox )■ 
But  this  need  not  be  the  case  if  X is  not  quasi-compact. 

08CC  Lemma  20.39.2.  Let  (X,  Ox)  be  a ringed  space.  Let  E be  an  object  of  D(Ox)- 

(1)  If  there  exists  an  open  covering  X = 1J  Ui,  strictly  perfect  complexes  £* 

on  Ui,  and  maps  oii  : £*  — » E^  in  DlOuf)  with  H->  (cti)  an  isomorphism 
for  j > m and  surjective,  then  E is  m-pseudo-coherent. 

(2)  If  E is  m-pseudo-coherent,  then  any  complex  representing  E is  m-pseudo- 
coherent. 


Proof.  Let  F*  be  any  complex  representing  E and  let  X = {JUi  and  a,  : £i  — >■  E\jj. 
be  as  in  (1).  We  will  show  that  J7*  is  m-pseudo-coherent  as  a complex,  which  will 
prove  (1)  and  (2)  simultaneously.  By  Lemma  20.38.8  we  can  after  refining  the  open 
covering  X = 1J  [/*  represent  the  maps  at  by  maps  of  complexes  : £*  — > T * | u,  ■ 
By  assumption  HJ (on)  are  isomorphisms  for  j > m,  and  Hm(ai)  is  surjective 
whence  T*  is  m-pseudo-coherent.  □ 
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09U7  Lemma  20.39.3.  Let  f : (X,Ox)  — ► (Y,  Oy)  be  a morphism  of  ringed  spaces. 
Let  E be  an  object  of  D{Oy)  ■ If  E is  m-pseudo-coherent,  then  Lf*E  is  m-pseudo- 
coherent. 


08CD 


Proof.  Represent  E by  a complex  £*  of  Oy-modules  and  choose  an  open  covering 
Y = (J  Vi  and  a,  : £*  — >•  £*\ y.  as  in  Definition  20.39.1  Set  Ui  = /_1(1^).  By 


Lemma  20.39.2  it  suffices  to  show  that  Lf*£*\ui  is  m-pseudo-coherent.  Choose  a 
distinguished  triangle 


£*  — y £*\vi  ~ > C — ¥ f*[l] 

The  assumption  on  cti  means  exactly  that  the  cohomology  sheaves  H3  (C)  are  zero 
for  all  j > m.  Denote  /,;  : Ui  — > Vi  the  restriction  of  /.  Note  that  Lf*£*\u  = 
Applying  Lf*  we  obtain  the  distinguished  triangle 


Lf*£'  Lf*£\Vi  Lf*C  -»■  Lf*£‘[  1] 


By  the  construction  of  Lf*  as  a left  derived  functor  we  see  that  H3{Lf*C)  = 0 
for  j > m (by  the  dual  of  Derived  Categories,  Lemma  13.17.1).  Hence  H3 (Lf*a.i) 
is  an  isomorphism  for  j > m and  Hm(Lf*a.i)  is  surjective.  On  the  other  hand, 
Lf*£ * = /* £* . is  strictly  perfect  by  Lemma  [20.38.4  Thus  we  conclude.  □ 


Lemma  20.39.4.  Let  (A',  Ox)  be  a ringed  space  and  m £ Z.  Let  (. K , L,  M,  /,  g,  h) 
be  a distinguished  triangle  in  D(Ox)- 

(1)  If  K is  [m  + 1) -pseudo-coherent  and  L is  m-pseudo-coherent  then  M is 
m-pseudo-coherent. 

(2)  If  I\  anf  M are  m-pseudo-coherent,  then  L is  m-pseudo-coherent. 

(3)  If  L is  (m  + 1) -pseudo-coherent  and  M is  m-pseudo-coherent,  then  K is 
(to  + 1) -pseudo- coherent. 


Proof.  Proof  of  (1).  Choose  an  open  covering  X = (J  Ui  and  maps  a*  : K*  — ¥ I\\u , 
in  D(Oui)  with  /C*  strictly  perfect  and  H3{ai)  isomorphisms  for  j > to  + 1 and 
surjective  for  j = to  + 1.  We  may  replace  /C*  by  cr> m+i/C*  and  hence  we  may 
assume  that  ICf  = 0 for  j < m+  1.  After  refining  the  open  covering  we  may  choose 
maps  /3i  : C*  — >•  L\ui  in  DtjOuf)  with  C*  strictly  perfect  such  that  H3  ((3)  is  an 
isomorphism  for  j > m and  surjective  for  j = to.  By  Lemma|20.38.7|we  can,  after 
refining  the  covering,  find  maps  of  complexes  7*  : /C*  — > C * such  that  the  diagrams 


K 


ic: 


a 


are  commutative  in  D(Ojji)  (this  requires  representing  the  maps  on,  pi  and  K \ ^ — >• 
L\ui  by  actual  maps  of  complexes;  some  details  omitted).  The  cone  C(7j)*  is  strictly 
perfect  (Lemma  20.38.2).  The  commutativity  of  the  diagram  implies  that  there 
exists  a morphism  of  distinguished  triangles 

(£;,£?, C(7i)*)  — > (K^L^M^). 

It  follows  from  the  induced  map  on  long  exact  cohomology  sequences  and  Homol- 
ogy, Lemmas  12.5.19  and  12.5.20  that  C(ji)m  — > M \ Ui  induces  an  isomorphism  on 
cohomology  in  degrees  > to  and  a surjection  in  degree  to.  Hence  M is  m-pseudo- 
coherent  by  Lemma  [20.39.2 

Assertions  (2)  and  (3)  follow  from  (1)  by  rotating  the  distinguished  triangle.  □ 
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Lemma  20.39.5.  Let  (X,  Ox)  be  a ringed  space.  Let  I\,L  be  objects  of  D(Ox). 

(1)  If  K is  n-pseudo-coherent  and  Hl(K)  = 0 for  i > a and  L is  m-pseudo- 
coherent  and  H^(L)  = 0 for  j > b , then  K <S>qx  L is  t-pseudo-coherent 
with  t = ma x(m  + a,n  + b). 

(2)  If  I\  and  L are  pseudo-coherent,  then  K ®c>A.  L is  pseudo-coherent. 

Proof.  Proof  of  (1).  By  replacing  X by  the  members  of  an  open  covering  we  may 
assume  there  exist  strictly  perfect  complexes  /C*  and  £*  and  maps  a : /C*  — > K and 
/?:£*—>  L with  Hl(a)  and  isomorphism  for  i > n and  surjective  for  i = n and 
with  fP(/3)  and  isomorphism  for  i > m and  surjective  for  i = m.  Then  the  map 

a ®L  p : Tot(/C*  ®ox  £*)  — > K ®ox  L 

induces  isomorphisms  on  cohomology  sheaves  in  degree  i for  i > t and  a surjection 
for  i = t.  This  follows  from  the  spectral  sequence  of  tors  (details  omitted). 

Proof  of  (2).  We  may  first  replace  X by  the  members  of  an  open  covering  to 
reduce  to  the  case  that  K and  L are  bounded  above.  Then  the  statement  follows 
immediately  from  case  (1).  □ 

Lemma  20.39.6.  Let  (X,Ox)  be  a ringed  space.  Let  m £ Z.  If  K ® L is  m- 
pseudo-coherent  (resp.  pseudo-coherent)  in  D(Ox ) so  are  K and  L. 


Proof.  Assume  that  K ® L is  m-pseudo-coherent.  After  replacing  X by  the  mem- 
bers of  an  open  covering  we  may  assume  K © L £ D~(Ox),  hence  L £ D~(Ox)- 
Note  that  there  is  a distinguished  triangle 


(K  © L,  K © L,  L © L[  1])  = (K,  K,  0)  © (L,  L,L®  L[  1]) 

see  Derived  Categories,  Lemma  13.4.9  By  Lemma  |20.39.4  we  see  that  L © L[  1] 
is  m-pseudo-coherent.  Hence  also  L[l]  © L[ 2]  is  m-pseudo-coherent.  By  induction 
L[n]  ®L[n  + 1]  is  m-pseudo-coherent.  Since  L is  bounded  above  we  see  that  L[n]  is 
m-pseudo-coherent  for  large  n.  Hence  working  backwards,  using  the  distinguished 
triangles 

(L[n],L[n]  © L[n  — 1],  L[n  — 1]) 

we  conclude  that  L[n  — 1],  L[n  — 2 L are  m-pseudo-coherent  as  desired.  □ 


Lemma  20.39.7.  Let  ( X,Ox ) be  a ringed  space.  Letm  £ Z.  Let  J-*  be  a (locally) 
bounded  above  complex  of  O x -modules  such  that  Tl  is  (m  — i)  -pseudo- coherent  for 
all  i.  Then  J-%  is  m-pseudo-coherent. 


Proof.  Omitted.  Hint:  use  Lemma  20.39.4  and  truncations  as  in  the  proof  of  More 
on  Algebra,  Lemma  15.54.9[  □ 


Lemma  20.39.8.  Let  ( X,Ox ) be  a ringed  space.  Let  m £ Z.  Let  E be  an  object 
of  D(Ox)-  If  E is  (locally)  bounded  above  and  Hl( E ) is  (m  — i) -pseudo- cohei'ent 
for  all  i,  then  E is  m-pseudo-coherent. 


Proof.  Omitted.  Hint:  use  Lemma  20.39.4  and  truncations  as  in  the  proof  of  More 
on  Algebra,  Lemma  15.54.10[  □ 


Lemma  20.39.9.  Let  ( X,Ox ) be  a ringed  space.  Let  I\  be  an  object  of  D(Ox)- 
Let  m £ Z . 


(1)  If  K is  m-pseudo-coherent  and  Hl(K)  = 0 for  i > m,  then  Hm(K)  is  a 
finite  type  Ox -module. 
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(2)  If  K is  m-pseudo-coherent  and  Hl(I\)  = 0 for  i > m + 1,  then  Hm+1(K ) 
is  a finitely  presented  O x -module. 


Proof.  Proof  of  (1).  We  may  work  locally  on  X.  Hence  we  may  assume  there  exists 
a strictly  perfect  complex  8*  and  a map  a : 8*  — > K which  induces  an  isomorphism 
on  cohomology  in  degrees  > m and  a surjection  in  degree  m.  It  suffices  to  prove 
the  result  for  8* . Let  n be  the  largest  integer  such  that  8n  ^ 0.  If  n = m , then 
Hm(8 *)  is  a quotient  of  8n  and  the  result  is  clear.  If  n > m,  then  8n~l  — > 8n  is 
surjective  as  Hn(E*)  = 0.  By  Lemma  20.38.5  we  can  locally  find  a section  of  this 
surjection  and  write  8n~1  = 8'  © 8n . Hence  it  suffices  to  prove  the  result  for  the 
complex  (£')*  which  is  the  same  as  8 * except  has  8'  in  degree  n—1  and  0 in  degree 
n.  We  win  by  induction  on  n. 


Proof  of  (2).  We  may  work  locally  on  X.  Hence  we  may  assume  there  exists  a 
strictly  perfect  complex  8*  and  a map  a : 8*  —>  K which  induces  an  isomorphism 
on  cohomology  in  degrees  > m and  a surjection  in  degree  m.  As  in  the  proof 
of  (1)  we  can  reduce  to  the  case  that  8l  = 0 for  * > m + 1.  Then  we  see  that 
Hm+1{K)  =.  Hm+1(8 *)  = Coker(£m  — > 8m+1)  which  is  of  finite  presentation.  □ 


Lemma  20.39.10.  Let  (X,Ox)  be  « ringed  space.  Let  T be  a sheaf  of  Ox- 
modules. 

(1)  T viewed  as  an  object  of  D (Ox)  0 -pseudo-coherent  if  and  only  if  T is 

a finite  type  Ox -module,  and 

(2)  T viewed  as  an  object  of  D(Ox)  is  (— 1) -pseudo- coherent  if  and  only  if  T 
is  an  Ox -module  of  finite  presentation. 


Proof.  Use  Lemma  20. 39. 9| to  prove  the  implications  in  one  direction  and  Lemma 
120.39.81  for  the  other.  □ 


20.40.  Tor  dimension 

In  this  section  we  take  a closer  look  at  resolutions  by  flat  modules. 

Definition  20.40.1.  Let  (X,  Ox)  be  a ringed  space.  Let  E be  an  object  of  D(Ox)- 
Let  a,  b G Z with  a < b. 

(1)  We  say  E has  tor-amplitude  in  [o,  5]  if  Hl(E  X)  = 0 for  all  Ox- 
modules  T and  all  i fL  [a,  b\. 

(2)  We  say  E has  finite  tor  dimension  if  it  has  tor-amplitude  in  [a,  b]  for  some 
a , b. 

(3)  We  say  E locally  has  finite  tor  dimension  if  there  exists  an  open  covering 
X = (J  Ui  such  that  E \jj.  has  finite  tor  dimension  for  all  i. 

Note  that  if  E has  finite  tor  dimension,  then  E is  an  object  of  Db(0. x)  as  can  be 
seen  by  taking  T = Ox  hr  the  definition  above. 

Lemma  20.40.2.  Let  (X,Ox)  be  a ringed  space.  Let  8%  be  a bounded  above 
complex  of  flat  Ox-modules  with  tor-amplitude  in  [a,  b\.  Then  Cokefldffl1)  is  a flat 
Ox -module. 

Proof.  As  8*  is  a bounded  above  complex  of  flat  modules  we  see  that  8 * ®ox  ^ = 
8*  ®qy  X for  any  Ox-module  X . Hence  for  every  Ox-module  X the  sequence 

£a~2  ®ox  F -»■  £a_1  ®Ox  X^8a  ®0x  ? 
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is  exact  in  the  middle.  Since  £a~~  — >•  £°_1  Coker(da_1)  — > 0 is  a flat 

resolution  this  implies  that  Torf x (Cokerfrf0-1),  A)  = 0 for  all  Ox-modules  E. 
This  means  that  Coker(da_1)  is  flat,  see  Lemma 


20.27.15 


□ 


Lemma  20.40.3.  Let  (A,  Ox)  be  a ringed  space.  Let  E be  an  object  of  D(Ox)- 
Let  a,b  G Z with  a < b.  The  following  are  equivalent 


(1)  E has  tor-amplitude  in  [a,  6]. 

(2)  E is  represented  by  a complex  £*  of  flat  Ox -'modules  with  £l  = 0 for 
i & [a,  b\. 


Proof.  If  (2)  holds,  then  we  may  compute  E 0ox  E = £ * ®ox  and  it  is  clear 
that  (1)  holds. 


Assume  that  (1)  holds.  We  may  represent  E by  a bounded  above  complex  of  flat 
Ox-modules  1C* , see  Section  20.27  Let  n be  the  largest  integer  such  that  K,n  ^ 0. 

is  surjective  as  Hn(IC*)  = 0.  As  Kn  is  flat  we  see  that 


see  Section  [20.27 
If  n > b.  then  /Cn_1  — > K7 

Ker(/C"-1  — > A")  is  flat  (Modules,  Lemma  17.16.8).  Hence  we  may  replace  K*  by 
r<n_i/CV  Thus,  by  induction  on  n,  we  reduce  to  the  case  that  K*  is  a complex  of 
flat  Ox-modules  with  K.1  = 0 for  i > b. 


Set  £*  = r>a/CV  Everything  is  clear  except  that  £ a is  flat  which  follows  immediately 
from  Lemma r20. 40. 21  and  the  definitions.  □ 


Lemma  20.40.4.  Let  f : (A, Ox)  (Y,Oy)  be  a morphism  of  ringed  spaces. 
Let  E be  an  object  of  D(Oy).  If  E has  tor  amplitude  in  [a,  b],  then  Lf*E  has  tor 
amplitude  in  [a,  b] . 


Proof.  Assume  E has  tor  amplitude  in  [a,  b\.  By  Lemma  20.40. 3| we  can  represent 
£ by  a complex  of  £*  of  flat  O-modules  with  £ 1 = 0 for  i £ [a,  b ].  Then  Lf*E  is 
represented  by  f*£*.  By  Modules,  Lemma  17.17.2  the  modules  f*£l  are  flat.  Thus 
by  Lemma  20.40.3  we  conclude  that  Lf*E  has  tor  amplitude  in  [a,  b\.  □ 


Lemma  20.40.5.  Let  (A,  Ox)  be  a ringed  space.  Let  E be  an  object  of  D(Ox)- 
Let  a,  b € Z with  a < b.  The  following  are  equivalent 

(1)  E has  tor-amplitude  in  [ a,b }. 

(2)  for  every  x £ A the  object  Ex  of  D (Ox, x)  has  tor-amplitude  in  [a,  b\. 


Proof.  Taking  stalks  at  x is  the  same  thing  as  pulling  back  by  the  morphism  of 
ringed  spaces  (x,  Ox,x)  —■ ► (A,  Ox)-  Hence  the  implication  (1)  =>  (2)  follows  from 
Lemma  |20.40.4|  For  the  converse,  note  that  taking  stalks  commutes  with  tensor 
products  (Modules,  Lemma  17.15.1).  Hence 


^Ox„ 


Ex 


( E <8>cjx  J~)x  — Ex 
On  the  other  hand,  taking  stalks  is  exact,  so 

H\E  ?)x  = H\(E  E)x)  = H\EX  ®%x  Ex) 


and  we  can  check  whether  Hl  (E  0^  , E)  is  zero  by  checking  whether  all  of  its  stalks 
are  zero  (Modules,  Lemma  17.3.1).  Thus  (2)  implies  (1).  □ 


Lemma  20.40.6.  Let  (A,  Ox)  be  a ringed  space.  Let  (K,  L,  M,  f,  g,h)  be  a dis- 
tinguished triangle  in  D(0\)-  Let  a,b  € Z. 

(1)  If  K has  tor-amplitude  in  [a  + 1,6  + 1]  and  L has  tor-amplitude  in  [a,  6] 
then  M has  tor-amplitude  in  [a,  b } . 
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(2)  If  K and  M have  tor-amplitude  in  [a,  b] , then  L has  tor-amplitude  in  [a,  b] . 

(3)  If  L has  tor-amplitude  in  [a  + 1,  b + 1]  and  M has  tor-amplitude  in  [a,  b\, 
then  K has  tor-amplitude  in  [a  + 1,  b + 1] . 

Proof.  Omitted.  Hint:  This  just  follows  from  the  long  exact  cohomology  sequence 
associated  to  a distinguished  triangle  and  the  fact  that  — ^ preserves  distin- 

guished triangles.  The  easiest  one  to  prove  is  (2)  and  the  others  follow  from  it  by 
translation.  □ 

09J4  Lemma  20.40.7.  Let  (X,Ox)  be  a ringed  space.  Let  K,L  be  objects  of  D(Ox)- 
If  K has  tor-amplitude  in  [a,  b]  and  L has  tor-amplitude  in  [c,  d]  then  I\  ®ox  L has 
tor  amplitude  in  [a  + c,  b + d] . 

Proof.  Omitted.  Hint:  use  the  spectral  sequence  for  tors.  □ 

08CK  Lemma  20.40.8.  Let  (X,Ox)  be  a ringed  space.  Let  a,b  £ Z.  For  K,  L objects 
of  D (Ox)  if  K ® L has  tor  amplitude  in  [a,  b]  so  do  K and  L. 

Proof.  Clear  from  the  fact  that  the  Tor  functors  are  additive.  □ 


20.41.  Perfect  complexes 


08CL  In  this  section  we  discuss  properties  of  perfect  complexes  on  ringed  spaces. 

08CM  Definition  20.41.1.  Let  (X,Ox)  be  a ringed  space.  Let  £’  be  a complex  of 
Ox-modules.  We  say  £ * is  perfect  if  there  exists  an  open  covering  X = (J  Ui  such 
that  for  each  i there  exists  a morphism  of  complexes  £*  — > £*\iji  which  is  a quasi- 
isomorphism with  £*  a strictly  perfect  complex  of  -modules.  An  object  E of  of 
D(Ox ) is  perfect  if  it  can  be  represented  by  a perfect  complex  of  Ox-modules. 

08CN  Lemma  20.41.2.  Let  (X,Ox)  be  a ringed  space.  Let  E be  an  object  of  D(0\)- 

(1)  If  there  exists  an  open  covering  X = [J  Ui  and  strictly  perfect  complexes 
£*  on  Ui  such  that  £*  represents  E\jji  in  DlfDuf),  then  E is  perfect. 

(2)  If  E is  perfect , then  any  complex  representing  E is  perfect. 


Proof.  Identical  to  the  proof  of  Lemma[20.39.2|  □ 

OBCJ  Lemma  20.41.3.  Let  (X,Ox)  be  a ringed  space.  Let  E be  an  object  of  D(Ox)- 
Assume  that  all  stalks  Ox,x  o,re  local  rings.  Then  the  following  are  equivalent 

(1)  E is  perfect, 

(2)  there  exists  an  open  covering  X = 1J  Ui  such  that  E\jjt  can  be  represented 
by  a finite  complex  of  finite  locally  free  Oi^-modules,  and 

(3)  there  exists  an  open  covering  X = (J  Ui  such  that  E\ui  can  be  represented 
by  a finite  complex  of  finite  free  Oui-modules. 


Proof.  This  follows  from  Lemma  |20.41.2|  and  the  fact  that  on  X every  direct 


summand  of  a finite  free  module  is  finite  locally  free.  See  Modules,  Lemma  17.14.6 


□ 


08CP  Lemma  20.41.4.  Let  (X,  Ox)  be  a ringed  space.  Let  E be  an  object  of  D(Ox)- 
Let  a < b be  integers.  If  E has  tor  amplitude  in  [a,  b]  and  is  (a  — 1) -pseudo-coherent, 
then  E is  perfect. 
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Proof.  After  replacing  X by  the  members  of  an  open  covering  we  may  assume 
there  exists  a strictly  perfect  complex  £*  and  a map  a : £ * — > E such  that  H'  (a) 
is  an  isomorphism  for  i > a.  We  may  and  do  replace  Em  by  <j>a-\E* . Choose  a 
distinguished  triangle 

£•  ->  E ->•  C ->  f[l] 


From  the  vanishing  of  cohomology  sheaves  of  E and  £' 
we  obtain  C = K[a  — 2]  with  K,  = Ker (£a_1  — > E°). 
Applying  - 

JC  ®ox  J~  — ¥ 

that  Torf x {£',?)  = 0 where  £'  = Coker  (20-1 


and  the  assumption  on  a 
Let  T be  an  Ox-module. 
X the  assumption  that  E has  tor  amplitude  in  [a,  b]  implies 
£a_1  <8>ox  -F  h&s  image  Ker(£°_1  <g )qx  T — »•  Ea  ®ox  3~)-  It  follows 

—►£“).  Hence  £'  is  flat  (Lemma 
20.27.15 1.  Thus  £'  is  locally  a direct  summand  of  a finite  free  module  by  Modules, 
Thus  locally  the  complex 

£'  ->£a~x  -)•  ...-+£b 


Lemma  17.16.11 


is  quasi-isomorphic  to  E and  E is  perfect.  □ 

Lemma  20.41.5.  Let  (X,Ox)  be  a ringed  space.  Let  E be  an  object  of  D{Ox)- 
The  following  are  equivalent 

(1)  E is  perfect,  and 

(2)  E is  pseudo-coherent  and  locally  has  finite  tor  dimension. 


Proof.  Assume  (1).  By  definition  this  means  there  exists  an  open  covering  X = 
u Ui  such  that  E\Ut  is  represented  by  a strictly  perfect  complex.  Thus  E is  pseudo- 
coherent  (i.e. , m- pseudo-coherent  for  all  to)  by  Lemma  20.39.2  Moreover,  a direct 
summand  of  a finite  free  module  is  flat,  hence  E\ui  has  finite  Tor  dimension  by 
Lemma  20.40.3  Thus  (2)  holds. 


Assume  (2) . After  replacing  X by  the  members  of  an  open  covering  we  may  assume 
there  exist  integers  a < b such  that  E has  tor  amplitude  in  [a,b\.  Since  E is  m- 
pseudo-coherent  for  all  m we  conclude  using  Lemma  [20. 41. 4|  □ 


Lemma  20.41.6.  Let  f : (X,Ox)  — > (Y,Oy)  be  a morphism  of  ringed  spaces. 
Let  E be  an  object  of  D(Oy).  If  E is  perfect  in  D(Oy),  then  Lf*E  is  perfect  in 
D(Ox). 


Proof.  This  follows  from  Lemma 

10.41.5 

20.40.4 

proof  is  to  copy  the  proof  of  Lemma 

20.39.3 

) 

20.39.3 


(An  alternative 

□ 


Lemma  20.41.7.  Let  (X,0\)  be  a ringed  space.  Let  (K,  L,  M,  /,  g,  h)  be  a dis- 
tinguished triangle  in  D(Ox )•  If  two  out  of  three  of  K,L,M  are  perfect  then  the 
third  is  also  perfect. 


Proof.  First  proof:  Combine  Lemmas  20.41.5[  |20.39.4|  and  |20. 4(16  Second  proof 
(sketch):  Say  K and  L are  perfect.  After  replacing  X by  the  members  of  an 
open  covering  we  may  assume  that  I\  and  L are  represented  by  strictly  perfect 
complexes  K*  and  £*.  After  replacing  X by  the  members  of  an  open  covering  we 
may  assume  the  map  K — > L is  given  by  a map  of  complexes  a : A*  — > £*,  see 
Lemma |20.38.8|  Then  M is  isomorphic  to  the  cone  of  a which  is  strictly  perfect  by 

□ 


Lemma 


20.38.2 


Lemma  20.41.8.  Let  (X,Ox)  be  a ringed  space.  If  I\,L  are  perfect  objects  of 
D(Ox),  then  so  is  K (E)q  x L. 


09J5 
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Proof.  Follows  from  Lemmas  |W.41.5[  [20^.39. 5[  and|20.40.7|  □ 

Lemma  20.41.9.  Let  ( X , Ox)  be  a ringed  space.  If  K © L is  a perfect  object  of 
D(Ox),  then  so  are  K and  L. 

Proof.  Follows  from  Lemmas  |20. 41. 5[  |20.39.6[  and|20.40.8|  □ 

Lemma  20.41.10.  Let  (X,  Ox)  be  a ringed  space.  Let  j :U  — > X be  an  open  sub- 
space. Let  E be  a perfect  object  of  D(Ojj)  whose  cohomology  sheaves  are  supported 
on  a closed  subset  T C U with  j(T)  closed  in  X.  Then  Rj*E  is  a perfect  object  of 

D(Ox). 


Proof.  Being  a perfect  complex  is  local  on  X.  Thus  it  suffices  to  check  that  Rj*E 
is  perfect  when  restricted  to  U and  V = X \j(T).  We  have  Rj*E \jj  = E which  is 
perfect.  We  have  Rj*E\v  = 0 because  E\u\t  = 0.  □ 

Lemma  20.41.11.  Let  (A 1,  Ox)  be  a ringed  space.  Let  K be  a perfect  object  of 
D(Ox)-  Then  Kw  = RRom{I\ , Ox)  is  a perfect  object  too  and  (A'v)v  = K.  There 
are  functorial  isomorphisms 

A'v  M = RRom(K,  M) 

and 

H°{X,  X v M ) = RomD(0x)(K,  M) 

for  M in  D(Ox). 

Proof.  We  will  use  without  further  mention  that  formation  of  internal  horn  com- 
mutes with  restriction  to  opens  (Lemma  20.35.3 1.  In  particular  we  may  check  the 
first  two  statements  locally  on  X.  By  Lemma  20.35.8|to  see  the  final  statement  it 
suffices  to  check  that  the  map  (20.35.8.1 1 

A'v  M — > RRornlK,  M) 

is  an  isomorphism.  This  is  local  on  X as  well.  Hence  it  suffices  to  prove  the  lemma 
when  AT  is  represented  by  a strictly  perfect  complex. 

Assume  K is  represented  by  the  strictly  perfect  complex  £*.  Then  it  follows  from 
20.38.9  that  ATV  is  represented  by  the  complex  whose  terms  are  (£ -n)v  = 
(£~n,0 x)  in  degree  n.  Since  £~n  is  a direct  summand  of  a finite  free  Ox- 
module,  so  is  (£~n)w . Hence  ATV  is  represented  by  a strictly  perfect  complex  too.  It 
is  also  clear  that  (A'v)v  = K as  we  have  ((£-n)v)v  = £~n.  To  see  that  (20.35.8.1) 
is  an  isomorphism,  represent  M by  a K-fLat  complex  J7*.  By  Lemma |20.38.9  the 
complex  RRom(K,  M)  is  represented  by  the  complex  with  terms 


Lemma 

Homox 


(fp)  Romo 

n—p-\-q 


On  the  other  hand,  then  object  A'v 

® 


n=p+q 


(£-\Ep) 

L M is  represented  by  the  complex  with  terms 

tv  ®ox  {£~qy 


Thus  the  assertion  that  (20.35.8.l|)  is  an  isomorphism  reduces  to  the  assertion  that 
the  canonical  map 

T ®ox  Romox  (£>  Ox)  — > Romox  (£>  R) 


is  an  isomorphism  when  £ is  a direct  summand  of  a finite  free  Ox-module  and  J-  is 
any  Ox~module.  This  follows  immediately  from  the  corresponding  statement  when 
£ is  finite  free.  □ 
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09J6 


09J7 


01E6 


01E7 


01E8 


20.42.  Compact  objects 


In  this  section  we  study  compact  objects  in  the  derived  category  of  modules  on  a 
ringed  space.  We  recall  that  compact  objects  are  defined  in  Derived  Categories, 
Definition  13.34.1  On  suitable  ringed  spaces  the  perfect  objects  are  compact. 


Lemma  20.42.1.  Let  X be  a ringed  space.  Assume  that  the  underlying  topological 
space  of  X has  the  following  propeHies: 

(1)  X is  quasi- compact, 

(2)  there  exists  a basis  of  quasi-compact  open  subsets,  and 

(3)  the  intersection  of  any  two  quasi-compact  opens  is  quasi-compact. 

Then  any  perfect  object  of  D(0  \)  is  compact. 


Proof.  Let  K be  a perfect  object  and  let  KA  be  its  dual, 
Then  we  have 


see  Lemma  20.41.11 


H omD{0x)(K,M)  = H°(X,KA  ®£x  M) 


functorially  in  M in  D(Ox).  Since  Kf  ®g>y  — commutes  with  direct  sums  (by 
construction)  and  H°  does  by  Lemma  20.20.1  and  the  construction  of  direct  sums 
in  Injectives,  Lemma  19. 13. 4|  we  obtain  the  result  of  the  lemma.  □ 


20.43.  Projection  formula 


In  this  section  we  collect  variants  of  the  projection  formula.  The  most  basic  version 
is  Lemma  [20. 43.2|  After  we  state  and  prove  it,  we  discuss  a more  general  version 
involving  perfect  complexes. 


Lemma  20.43.1.  Let  X be  a ringed  space.  LetT  be  an  injective  Ox-module.  Let 
£ be  an  Ox -module.  Assume  £ is  finite  locally  free  on  X,  see  Modules,  Definition 
17.14-1  Then  £ ®ox  R is  an  injective  Ox -module. 

Proof.  This  is  true  because  under  the  assumptions  of  the  lemma  we  have 

Home>x  (IF,  £ <g>ox  I)  = Homo  Y (IF  ®ox  £A,Z) 

where  £A  = FLomox(£,Ox)  is  the  dual  of  £ which  is  finite  locally  free  also.  Since 
tensoring  with  a finite  locally  free  sheaf  is  an  exact  functor  we  win  by  Homology, 
Lemma  112.23.21  □ 


Lemma  20.43.2.  Let  f : X Y be  a morphism  of  ringed  spaces.  Let  J-  be  an 
Ox -module.  Let  £ be  an  Oy -module.  Assume  £ is  finite  locally  free  on  Y , see 
Modules,  Definition\l 7. lfil\  Then  there  exist  isomorphisms 

£ ®oY  Rqf*R  — ► Rqf*(f*£  ®ox  F) 

for  all  q > 0.  In  fact  there  exists  an  isomorphism 

£ ®oY  Rf*R  — ► Rf*(f*£  ®ox  J7) 

in  D+ (Y)  functorial  in  J- . 


Proof.  Choose  an  injective  resolution  T — > T*  on  X.  Note  that  f*£  is  finite  locally 
free  also,  hence  we  get  a resolution 

f*£  ®ox  T — ► f*£  ®ox 

which  is  an  injective  resolution  by  Lemma  |20. 43. 1|  Apply  /*  to  see  that 

RW*£  ®ox  F)  = Mrs  ®ox  I*). 
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Hence  the  lemma  follows  if  we  can  show  that  /*(/*  £ ®ox  F)  = £ ®oY  f*(E) 
functorially  in  the  Ox-module  F.  This  is  clear  when  £ = O®",  and  follows  in 
general  by  working  locally  on  Y.  Details  omitted.  □ 


Let  / : X — » Y be  a morphism  of  ringed  spaces.  Let  E £ D(Ox)  and  K £ D{Oy). 
Without  any  further  assumptions  there  is  a map 

Rf*E  ®%Y  I<  — > Rf.(E  ®%x  Lf*K) 


0B53  (20.43.2.1) 

Namely,  it  is  the  adjoint  to  the  canonical  map 

Lf*  (Rf*E  K)  = Lf*Rf.E8fex  Lf*K 


E®fcx  Lf*K 


coming  from  the  map  Lf*Rf*E  -A  E and  Lemmas  |20.28.2|  and  |20.29.1  A reason- 
ably general  version  of  the  projection  formula  is  the  following. 


0B54  Lemma  20.43.3.  Let  f : X — >•  Y be  a morphism  of  ringed  spaces.  Let  E £ D{Ox) 
and  K £ D(Oy).  If  K is  perfect,  then 

RUE  ®%Y  K = RfJE  ®%x  Lf*K) 

in  D(Oy). 


Proof.  To  check  (20.43.2.1 ) is  an  isomorphism  we  may  work  locally  on  Y , i.e. , we 
have  to  find  a covering  {V)  -A  T}  such  that  the  map  restricts  to  an  isomorphism  on 
Vj.  By  definition  of  perfect  objects,  this  means  we  may  assume  K is  represented 
by  a strictly  perfect  complex  of  Oy-modules.  Note  that,  completely  generally,  the 
statement  is  true  for  I\  = K\  ® K-2,  if  and  only  if  the  statement  is  true  for  K\  and 
K2.  Hence  we  may  assume  K is  a finite  complex  of  finite  free  Oy -modules.  In  this 
case  a simple  argument  involving  stupid  truncations  reduces  the  statement  to  the 
case  where  K is  represented  by  a finite  free  Oy-module.  Since  the  statement  is 
invariant  under  finite  direct  summands  in  the  K variable,  we  conclude  it  suffices  to 
prove  it  for  K = Oy[n]  in  which  case  it  is  trivial.  □ 


Here  is  a case  where  the  projection  formula  is  true  in  complete  generality. 

0B55  Lemma  20.43.4.  Let  f : X Y be  a morphism  of  ringed  spaces  such  that  f is  a 


homeomorphism  onto  a closed  subset.  Then  ( 20.43.2.1 ) is  an  isomorphism  always. 


Proof.  Since  / is  a homeomorphism  onto  a closed  subset,  the  functor  /*  is  exact 


(Modules,  Lemma  17.6.1 1.  Hence  i?/*  is  computed  by  applying  /*  to  any  represen- 
tative complex.  Choose  a K-flat  complex  /C*  of  Cfo-modules  representing  K and 
choose  any  complex  £*  of  Ox-modules  representing  E.  Then  Lf*K  is  represented 


by  /*/C*  which  is  a K-flat  complex  of  Ox-modules  (Lemma  20.27.7l.  Thus  the 


right  hand  side  of  (20.43.2.1)  is  represented  by 

/.Tot(f  <8>ox  /*£*) 

By  the  same  reasoning  we  see  that  the  left  hand  side  is  represented  by 

Tot(/*£*  ®0l.  AC*) 


Since  /*  commutes  with  direct  sums  (Modules,  Lemma  17.6.3)  it  suffices  to  show 
that 


f*{£  ®ox  m = f*£®oY!C 
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for  any  Ox-module  £ and  Oy-module  K..  We  will  check  this  by  checking  on  stalks. 
Let  y £ Y.  If  y £ f(X),  then  the  stalks  of  both  sides  are  zero.  If  y = f(x),  then 
we  see  that  we  have  to  show 


&x  ®Ox,*  (Px,z 


JY,V  ^ V 


Xy)  £x  ®Oy,v  X y 


(using  Sheaves,  Lemma  6.32.1  and  Lemma  6.26.4).  This  equality  holds  and  there- 
fore the  lemma  has  been  proved.  □ 


Remark  20.43.5.  The  map  (20.43.2.1)  is  compatible  with  the  base  change  map 
of  Remark  20.29.2  in  the  following  sense.  Namely,  suppose  that 


X' 


/' 


Y' 


X 


Y 


is  a commutative  diagram  of  ringed  spaces.  Let  E £ D(Ox)  and  I\  £ D(Oy)- 
Then  the  diagram 

Lg*  (Rf*E  K) - 


Lg*Rf*E®%  Lg*  K 


Rf*L(g')*E  Lg*K 


Lg*Rfst(E  Lf*K) 

b 

Rf'*L{g')*{E  Lf*K) 

t 

Rf'*{L{g')* E L{g')*Lf*K) 


Rf'*{L{g')* E <S>oy,  L{f')*Lg*K) 
is  commutative.  Here  arrows  labeled  t are  gotten  by  an  application  of  Lemma 


20.28.2|  arrows  labeled  b by  an  application  of  Remark |20.29.2[  arrows  labeled  p by 


an  application  of  (20.43.2.1),  and  c comes  from  L{g')*  o Lf*  = L(f ')*  o Lg* . We 
omit  the  verification. 
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Cohomology  on  Sites 


01FQ 


21.1.  Introduction 

01FR  In  this  document  we  work  out  some  topics  on  cohomology  of  sheaves.  We  work 
out  what  happens  for  sheaves  on  sites,  although  often  we  will  simply  duplicate  the 
discussion,  the  constructions,  and  the  proofs  from  the  topological  case  in  the  case. 
Basic  references  are  |AGV71|.  |God73|  and  |Ive86|. 

21.2.  Topics 

01FS  Here  are  some  topics  that  should  be  discussed  in  this  chapter,  and  have  not  yet 
been  written. 

(1)  Cohomology  of  a sheaf  of  modules  on  a site  is  the  same  as  the  cohomology 
of  the  underlying  abelian  sheaf. 

(2)  Hypercohomology  on  a site. 

(3)  Ext-groups. 

(4)  Ext  sheaves. 

(5)  Tor  functors. 

(6)  Higher  direct  images  for  a morphism  of  sites. 

(7)  Derived  pullback  for  morphisms  between  ringed  sites. 

(8)  Cup-product. 

(9)  Group  cohomology. 

(10)  Comparison  of  group  cohomology  and  cohomology  on  Tg- 

(11)  Cech  cohomology  on  sites. 

(12)  Cech  to  cohomology  spectral  sequence  on  sites. 

(13)  Leray  Spectral  sequence  for  a morphism  between  ringed  sites. 

(14)  Etc,  etc,  etc. 


21.3.  Cohomology  of  sheaves 

01FT  Let  C be  a site,  see  Sites,  Dcfinition|7.6.2|  Let  T be  a abelian  sheaf  on  C.  We  know 
that  the  category  of  abelian  sheaves  on  C has  enough  injectives,  see  Injectives, 
Theorem  19.7.4  Hence  we  can  choose  an  injective  resolution  ,F[0]  — > X* . For  any 
object  U of  the  site  C we  define 


071C  (21.3.0.1) 


Hl(U,  T)  = H\T(UX)) 


to  be  the  ith  cohomology  group  of  the  abelian  sheaf  J-  over  the  object  U.  In  other 
words,  these  are  the  right  derived  functors  of  the  functor  T K »•  TiJJ).  The  family 
of  functors  Hl(U,  — ) forms  a universal  5-functor  Ab(C)  — >•  Ab. 


1612 
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It  sometimes  happens  that  the  site  C does  not  have  a final  object.  In  this  case  we 
define  the  global  sections  of  a presheaf  of  sets  J-  over  C to  be  the  set 

071D  (21.3.0.2)  T{C,T)  = MorPS/l(c)(e,.F) 

where  e is  a final  object  in  the  category  of  presheaves  on  C.  In  this  case,  given  an 
abelian  sheaf  T on  C,  we  define  the  ith  cohomology  group  of  T on  C as  follows 

071E  (21.3.0.3)  Hi{C,F)  = Hi{Y{CX)) 


071F 


in  other  words,  it  is  the  ith  right  derived  functor  of  the  global  sections  functor.  The 
family  of  functors  Hl(C.,—)  forms  a universal  5-functor  Ab(C)  — > Ab. 


Let  / : Sh(C)  — > Sh(T>)  be  a morphism  of  topoi,  see  Sites,  Definition  7.16.1 
.F[0]  — > I * as  above  we  define 


(21.3.0.4) 


Rif*F=Hi(f*F) 


With 


to  be  the  ith  higher  direct  image  of  F.  These  are  the  right  derived  functors  of  /*. 
The  family  of  functors  Rzf*  forms  a universal  5-functor  from  Ab(C)  — » AbtfD). 


Let  (C,  0)  be  a ringed  site,  see  Modules  on  Sites,  Definition  18.6.1  Let  T be  an 
0-module.  We  know  that  the  category  of  0-modules  has  enough  injectives,  see 
Injectives,  Theorem  19.8.4  Hence  we  can  choose  an  injective  resolution  .F[0]  — 1 1*. 
For  any  object  U of  the  site  C we  define 


071G  (21.3.0.5) 


H\U,F)  = H\T{U,1')) 


to  be  the  the  ith  cohomology  group  of  T over  U.  The  family  of  functors 
forms  a universal  5-functor  Mod(0)  — >•  Mode>([/).  Similarly 

071H  (21.3.0.6)  Hi(C,F)  = Hi{T{C,l%)) 
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it  the  ith  cohomology  group  of  T on  C.  The  family  of  functors  Hl(C,—)  forms  a 
universal  5-functor  Mod{C)  — > Modr(c,e>)- 


Let  / : (. Sh(C),0 ) 


(, Sh(V),0 ')  be  a morphism  of  ringed  topoi,  see  Modules  on 
I*  as  above  we  define 


Sites,  Definition  18.7.1  With  .F[0] 

(21.3.0.7)  Rif*R  = Hi(fa') 


to  be  the  ith  higher  direct  image  of  J-.  These  are  the  right  derived  functors  of  /*. 
The  family  of  functors  J?*/*  forms  a universal  5-functor  from  Mod(O)  — > ModlO'). 


21.4.  Derived  functors 


071J  We  briefly  explain  an  approach  to  right  derived  functors  using  resolution  functors. 
Namely,  suppose  that  (C,  0)  is  a ringed  site.  In  this  chapter  we  will  write 

K(0)  = K(Mod(0))  and  D(O)  = D(Mod(0)) 


and  similarly  for  the  bounded  versions  for  the  triangulated  categories  introduced 
in  Derived  Categories,  Definition  13.8.1  and  Definition  |13.11.3  By  Derived  Cate- 
gories, Remark |l3. 24. 3| there  exists  a resolution  functor 

j = 3(C,0)  ■ I<+(Mod(0))  — ► K+(l) 


where  I is  the  strictly  full  additive  subcategory  of  Mod(0)  which  consists  of  injective 
0-modules.  For  any  left  exact  functor  F : Mod{0)  B into  any  abelian  category 
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B we  will  denote  RF  the  right  derived  functor  of  Derived  Categories,  Section|l3.20| 
constructed  using  the  resolution  functor  j just  described: 

05U5  (21.4.0.8)  RF  = Foj' : D+(0) — > D+(B) 

see  Derived  Categories,  Lemma  |13.25.1|  for  notation.  Note  that  we  may  think  of 
RF  as  defined  on  Mod(G),  Comp+  ( Mod(0 ) ) , or  K+(0)  depending  on  the  situation. 
According  to  Derived  Categories,  Definition|13.17.2lwe  obtain  the  ?'the  right  derived 
functor 


05U6 


(21.4.0.9)  RfF  = H’  o RF  : Mod(0)  — > B 

so  that  R°F  = F and  {RlF,5}i> 0 is  universal  (5-functor,  see  Derived  Categories, 
Lemma  113.20.41 


Here  are  two  special  cases  of  this  construction.  Given  a ring  R we  write  K(R)  = 
Af(Modfl)  and  D(R)  = D(Mod/j)  and  similarly  for  the  bounded  versions.  For  any 
object  U of  C have  a left  exact  functor  T(Z7,  — ) : Mod{0)  — > Mode>(jj)  which  gives 
rise  to 

RT(U,~)  : D+(0)  — > D+(0(U)) 

by  the  discussion  above.  Note  that  Hl(U , — ) = RlY(U,  — ) is  compatible  with 


(21.3.0.51  above.  We  similarly  have 

RY(C,-)  : D+(0)  — > D+(Y{C,0)) 

compatible  with  (21.3.0.6|).  If  / : ( Sh(C ),  O)  — ► ( Sh(T>),0 ')  is  a morphism  of  ringed 
topoi  then  we  get  a left  exact  functor  /*  : Mod(0)  — > Mod(Or)  which  gives  rise  to 
derived  pushforward 

Rf*  : D+(0)  ->  D+(0') 

The  ?'th  cohomology  sheaf  of  Rf*F*  is  denoted  Rl  and  called  the  ith  higher 


direct  image  in  accordance  with  (21.3.0.7).  The  displayed  functors  above  are  exact 
functor  of  derived  categories. 


21.5.  First  cohomology  and  torsors 

03AG 

03AH  Definition  21.5.1.  Let  C be  a site.  Let  Q be  a sheaf  of  (possibly  non-commutative) 
groups  on  C.  A pseudo  torsor,  or  more  precisely  a pseudo  Q-torsor , is  a sheaf  of 
sets  F on  C endowed  with  an  action  Q x T — ► F such  that 

(1)  whenever  F(U)  is  nonempty  the  action  Q{U)  x F(U)  — > F{U)  is  simply 
transitive. 

A morphism  of  pseudo  Q -torsors  F — > F'  is  simply  a morphism  of  sheaves  of  sets 
compatible  with  the  fz-actions.  A torsor , or  more  precisely  a Q-torsor,  is  a pseudo 
G-torsor  such  that  in  addition 

(2)  for  every  U £ Ob(C)  there  exists  a covering  {[/;  — >•  U}iej  of  U such  that 
F(Ui)  is  nonempty  for  all  i £ I. 

A morphism  of  G-torsors  is  simply  a morphism  of  pseudo  G-torsors.  The  trivial 
Q-torsor  is  the  sheaf  Q endowed  with  the  obvious  left  C?-action. 

It  is  clear  that  a morphism  of  torsors  is  automatically  an  isomorphism. 

03AI  Lemma  21.5.2.  Let  C be  a site.  Let  Q be  a sheaf  of  (possibly  non-commutative) 
groups  on  C.  A Q-torsor  F is  trivial  if  and  only  ifY(C,F)  ^ 0. 
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Proof.  Omitted.  □ 

03AJ  Lemma  21.5.3.  LetC  be  a site.  LetTL  be  an  abelian  sheaf  on  C.  There  is  a canon- 
ical bijection  between  the  set  of  isomorphism  classes  of  TL-torsors  and  1L1(C,'H). 

Proof.  Let  T be  a 'H-torsor.  Consider  the  free  abelian  sheaf  Z \T\  on  T . It  is 
the  sheafification  of  the  rule  which  associates  to  U £ Ob(C)  the  collection  of  finite 
formal  sums  ^ rij[sj]  with  n*  £ Z and  s,:  £ LF(U).  There  is  a natural  map 

a : Z[J"]  — > Z 

which  to  a local  section  associates  ")2ni-  The  kernel  of  a is  generated  by 

sections  of  the  form  [s]  — [s7].  There  is  a canonical  map  a : Ker(er)  — >■  TL  which  maps 
[s]  — [s']  i— > h where  h is  the  local  section  of  TL  such  that  h ■ s = s' . Consider  the 
pushout  diagram 

0 Ker(cr) > Z[T\ ^ Z >■  0 

a 

Y \ 

0 TL £ >-  Z 0 


Here  £ is  the  extension  obtained  by  pushout.  From  the  long  exact  cohomology 
sequence  associated  to  the  lower  short  exact  sequence  we  obtain  an  element  £ = 
fjr  £ iJ1(C,H)  by  applying  the  boundary  operator  to  1 £ H°(C,  Z). 

Conversely,  given  £ £ H 1(C,TL)  we  can  associate  to  £ a torsor  as  follows.  Choose 
an  embedding  TL  — > T of  TL  into  an  injective  abelian  sheaf  T.  We  set  Q = I/TL  so 
that  we  have  a short  exact  sequence 


0 TL >-  Q >-0 


The  element  £ is  the  image  of  a global  section  q £ H°(C,  Q)  because  H^LC,!)  = 0 
(see  Derived  Categories,  Lemma  13.20.4).  Let  Jclbe  the  subsheaf  (of  sets)  of 
sections  that  map  to  q in  the  sheaf  Q.  It  is  easy  to  verify  that  J-  is  a 'H-torsor. 


We  omit  the  verification  that  the  two  constructions  given  above  are  mutually  in- 
verse. □ 


21.6.  First  cohomology  and  extensions 

03F0 

03F1  Lemma  21.6.1.  Let  ( 0,0 ) be  a ringed  site.  Let  J-  be  a sheaf  of  O -modules  onC. 
There  is  a canonical  bijection 

ExtxMod(0)(0^)  — > H\C,T) 

which  associates  to  the  extension 

the  image  of  1 £ r(C,C>)  in  H1(C,LF). 

Proof.  Let  us  construct  the  inverse  of  the  map  given  in  the  lemma.  Let  £ £ 
H^C,  LF).  Choose  an  injection  Jcl  with  T injective  in  ModLO).  Set  Q = I/LF. 
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By  the  long  exact  sequence  of  cohomology,  we  see  that  £ is  the  image  of  of  a section 
£ € r(C,  Q ) = Horn o(0,  Q).  Now,  we  just  form  the  pullback 


0 


■ T 


£ 


O 


■0 


0 


■ T - 


V 

Q- 


see  Homology,  Section  12.6 


□ 


The  following  lemma  will  be  superseded  by  the  more  general  Lemma  21.12.4 

03F2  Lemma  21.6.2.  Let  ( 0,0 ) be  a ringed  site.  Let  ZF  be  a sheaf  of  O -modules  onC. 
Let  ZFab  denote  the  underlying  sheaf  of  abelian  groups.  Then  there  is  a functorial 
isomorphism 

H1(C,Tab)  = H1(C,T) 

where  the  left  hand  side  is  cohomology  computed  in  Ab(C)  and  the  right  hand  side 
is  cohomology  computed  in  Mod(O). 

Proof.  Let  Z denote  the  constant  sheaf  Z.  As  Ab(C ) = Mod(Z)  we  may  apply 


Lemma  21.6.1  twice,  and  it  follows  that  we  have  to  show 

Ext  M0d(o)(C,,^r)  = Ext^^z^Z,  J" ab). 

Suppose  that  0— > ZF  — > £ — > O — >■  0 is  an  extension  in  ModlfD).  Then  we  can  use 
the  obvious  map  of  abelian  sheaves  1 : Z — > O and  pullback  to  obtain  an  extension 
£ab,  like  so: 

0 s-  ZFab > £ab Z > 0 


0 


T 


£ 


O 


■*•0 


The  converse  is  a little  more  fun.  Suppose  that  0 — >•  Tab  — > £ab  — > Z — ► 0 is  an 
extension  in  Mod{ Z).  Since  Z is  a flat  Z- module  we  see  that  the  sequence 

0 — y J~ ab  (A  7 £ab  ®z  £A  > Z (8>z  £A  — y 0 


is  exact,  see  Modules  on  Sites,  Lemma  18.28.7 

can  form  the  pushout  via  the  (0-linear)  multiplication  map  p : T (8>z  O 
get  an  extension  of  O by  J7,  like  this 


Of  course  Z ®z  0 = 0.  Hence  we 

T to 


0 


■ ab  O ■ 


’ £ab  ®Z  O 


o 


0 


0 


w 

T 

Z ^ o 

>-0 


which  is  the  desired  extension.  We  omit  the  verification  that  these  constructions 
are  mutually  inverse.  □ 


21.7.  First  cohomology  and  invertible  sheaves 

040D  The  Picard  group  of  a ringed  site  is  defined  in  Modules  on  Sites,  Section  [l8.31[ 

040E  Lemma  21.7.1.  Let  ( C,0 ) be  a locally  ringed  site.  There  is  a canonical  isomor- 
phism 

H1(C,(D*)  = Pic(O). 

of  abelian  groups. 
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Proof.  Let  £ be  an  invertible  0-module.  Consider  the  presheaf  £*  defined  by  the 
rule 


U i — > { s £ £([/)  such  that  Ou  — — > £u  is  an  isomorphism} 

This  presheaf  satisfies  the  sheaf  condition.  Moreover,  if  / £ 0*(U ) and  s £ C*(U), 
then  clearly  fs  £ £*(U).  By  the  same  token,  if  s,s'  £ £*{U)  then  there  exists  a 
unique  / £ 0*(U)  such  that  fs  = s'.  Moreover,  the  sheaf  £*  has  sections  locally 
by  Modules  on  Sites,  Lemma [18.39.7  In  other  words  we  see  that  C*  is  a 0*-torsor. 
Thus  we  get  a map 


set  of  invertible  sheaves  on  (0,0)  set  of  0*-torsors 
up  to  isomorphism  up  to  isomorphism 


We  omit  the  verification  that  this  is  a homomorphism  of  abelian  groups.  By  Lemma 


show  this  map  is  injective  and  surjective. 

Injective.  If  the  torsor  C*  is  trivial,  this  means  by  Lemma  |21.5.2|  that  C*  has  a 
global  section.  Hence  this  means  exactly  that  £ = O is  the  neutral  element  in 
Pic(0). 

Surjective.  Let  F be  an  0*-torsor.  Consider  the  presheaf  of  sets 
£i  : 17  i— ► (F{U)  x 0(U))/0*{U) 

where  the  action  of  / £ 0*(U)  on  (s,g)  is  ( fs,f~1g ).  Then  £\  is  a presheaf  of 
0-modules  by  setting  (s,  <?)  -|-  (s',  g')  = {s,  g+{s' / s)g')  where  s' / s is  the  local  section 
/ of  0*  such  that  fs  = s' , and  h(s , g)  = (s,  hg)  for  h a local  section  of  0.  We  omit 
the  verification  that  the  sheafification  £ = Cf  is  an  invertible  0-module  whose 
associated  0*-torsor  £*  is  isomorphic  to  F.  □ 


21.5.3 


the  right  hand  side  is  canonically  bijective  to  Hl{C.,0*).  Thus  we  have  to 


21.8.  Locality  of  cohomology 


01FU  The  following  lemma  says  there  is  no  ambiguity  in  defining  the  cohomology  of  a 
sheaf  F over  an  object  of  the  site. 

03F3  Lemma  21.8.1.  Let  (C,0)  be  a ringed  site.  Let  U be  an  object  ofC. 

(1)  Ifl  is  an  injective  O-module  thenX\u  is  an  injective  Ojj-module. 

(2)  For  any  sheaf  of  0 -modules  F we  have  HP(U,F)  = Hp(C/U,F\u). 


Proof.  Recall  that  the  functor  jv  of  restriction  to  U is  a right  adjoint  to  the 
functor  ju\  of  extension  by  0,  see  Modules  on  Sites,  Section  18.19|  Moreover,  ju\  is 


exact.  Hence  (1)  follows  from  Homology,  Lemma  12.25.1 


By  definition  HP(U,F)  = HP(L* (U))  where  T — > I*  is  an  injective  resolution 
in  Mod(O).  By  the  above  we  see  that  F\u  — >•  L*\u  is  an  injective  resolution  in 
Mod(Ou ).  Hence  HP(U,  F\u)  is  equal  to  Hp(L*\u(U)).  Of  course  F(U)  = F\jj{U) 
for  any  sheaf  F on  C.  Hence  the  equality  in  (2).  □ 


03  YU 


The  following  lemma  will  be  use  to  see  what  happens  if  we  change  a partial  universe, 
or  to  compare  cohomology  of  the  small  and  big  etale  sites. 


Lemma  21.8.2.  Let  C and  V be  sites.  Let  u : C — >•  V 
u satisfies  the  hypotheses  of  Sites,  Lemma  7 .20.8.  Let  g : 


be  a functor.  Assume 
Sh(C)  ->  Sh{V)  be  the 


associated  morphism  of  topoi.  For  any  abelian  sheaf  F on  T>  we  have  isomorphisms 


RT{C,g~lF)  = RT(p,F), 
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in  particular  Hp(C,g  1F)  = HP(T>,F)  and  for  any  U £ Ob(C)  we  have  isomor- 
phisms 

RT(U,g~^F)  = RT(u(U),F), 

in  particular  HP(U,  g~xF)  = Hp(u(U),F).  All  of  these  isomorphisms  are  functorial 
in  F . 


Proof.  Since  it  is  clear  that  r(C,<7_1.X)  = T(V,F)  by  hypothesis  (e),  it  suffices  to 
show  that  g-1  transforms  injective  abelian  sheaves  into  injective  abelian  sheaves. 
As  usual  we  use  Homology,  Lemma  12. 25. l|  to  see  this.  The  left  adjoint  to  g_1  is 
g\  = /-1  with  the  notation  of  Sites,  Lemma  7.20.8  which  is  an  exact  functor.  Hence 
the  lemma  does  indeed  apply.  □ 


Let  (C,  ©)  be  a ringed  site.  Let  F be  a sheaf  of  ©-modules.  Let  ip  : U — > V be  a 
morphism  of  ©.  Then  there  is  a canonical  restriction  mapping 

01FV  (21.8.2.1)  Hn(V,F)  — » Hn(U,F),  f v 


functorial  in  F . Namely,  choose  any  injective  resolution  F — > I*.  The  restriction 
mappings  of  the  sheaves  Tp  give  a morphism  of  complexes 


r(P,x*) 


r(u,r) 


The  LHS  is  a complex  representing  f?T(P,  F)  and  the  RHS  is  a complex  representing 
RT(U,  F).  We  get  the  map  on  cohomology  groups  by  applying  the  functor  Hn.  As 
indicated  we  will  use  the  notation  £ i— > ffj  to  denote  this  map.  Thus  the  rule 
U i-A  Hn{U,F)  is  a presheaf  of  ©-modules.  This  presheaf  is  customarily  denoted 


H_n(F).  We  will  give  another  interpretation  of  this  presheaf  in  Lemma  21.11.5 


The  following  lemma  says  that  it  is  possible  to  kill  higher  cohomology  classes  by 
going  to  a covering. 

01FW  Lemma  21.8.3.  Let  (C,©)  be  a ringed  site.  Let  F be  a sheaf  of  © -modules.  Let 
U be  an  object  of  C.  Let  n > 0 and  let  f £ Hn(U,F).  Then  there  exists  a covering 
{U i — ^ U } of  C such  that  £| ni  =0  for  all  i £ I . 


Proof.  Let  F — > I*  be  an  injective  resolution.  Then 

Hn(u  n = Ker(ln(U)^ln+\U)) 

Pick  an  element  £ £ In(U)  representing  the  cohomology  class  in  the  presentation 
above.  Since  I*  is  an  injective  resolution  of  F and  n > 0 we  see  that  the  complex 
I*  is  exact  in  degree  n.  Hence  Im(Xn_1  —*■  In)  = Ker(I"  — >■  In+1)  as  sheaves. 
Since  £ is  a section  of  the  kernel  sheaf  over  U we  conclude  there  exists  a covering 
{Ui  — » U}  of  the  site  such  that  £| y.  is  the  image  under  d of  a section  £»  £ Xrl_1(/7j). 
By  our  definition  of  the  restriction  £|(/.  as  corresponding  to  the  class  of  f \ ur  we 
conclude.  □ 


072W  Lemma  21.8.4.  Let  f : (C,©c)  — > (T>,Ox>)  be  a morphism  of  ringed  sites  cor- 
responding to  the  continuous  functor  u : V — ► C.  For  any  F £ Ob (Mod(Oc))  the 
sheaf  Rl  f*F  is  the  sheaf  associated  to  the  presheaf 

H\u{V),F) 


V 
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03AK 


03AL 


03AM 


03AN 


Proof.  Let  J7  — > X*  be  an  injective  resolution.  Then  Rl is  by  definition  the 
ith  cohomology  sheaf  of  the  complex 

/*X°  — > /*IX  — A /*X2  —¥.. . 

By  definition  of  the  abelian  category  structure  on  CXp-modules  this  cohomology 
sheaf  is  the  sheaf  associated  to  the  presheaf 

Ker(f,T{V)  -A  f*T+1{V)) 

Im(/*Xi_1(P)  -A  f*Il(V)) 

and  this  is  obviously  equal  to 

Ker  {T(u(V))^li+1(u(V))) 

ImCP-iMP))  -+li(u{V))) 

which  is  equal  to  Hl(u(V)7J-)  and  we  win.  □ 


21.9.  The  Cech  complex  and  Cech  cohomology 


Let  C be  a category.  Let  U = {Ui  — )•  be  a family  of  morphisms  with  fixed 

target,  see  Sites,  Definition  7.6.1  Assume  that  all  fibre  products  Ut0  Xp  . . . Xu  Uip 
exist  in  C.  Let  J7  be  an  abelian  presheaf  on  C.  Set 


£w>=n((I 

This  is  an  abelian  group.  For  s £ CP(U,F)  we  denote  Sj0.„i  its  value  in  the  factor 
F(Uio  xv  ...xu  Uip).  We  define 

d : CP(U,  F)  — > CP+1{U , T) 


by  the  formula 

(21..9.0.1)  d{s)io...iv+1  = X]^0(-1)Jsi0...Z,..zJ^o><c---><v^P+1 

where  the  restriction  is  via  the  projection  map 

Uio  xv  ■ ■ ■ xv  Uip+ 1 — > Ui0  xv  •••  xu  Uij  xu  ...  Xu  Uip+1 . 

It  is  straightforward  to  see  that  d o d = 0.  In  other  words  C*(U,  J7)  is  a complex. 

Definition  21.9.1.  Let  C be  a category.  Let  U = {Ui  -A  U}iGi  be  a family  of 
morphisms  with  fixed  target  such  that  all  fibre  products  17,;0  X u ■ ■ ■ X-u  14,,  exist  in 
C.  Let  J-  be  an  abelian  preslieaf  on  C.  The  complex  C*{U,T)  is  the  Cech  complex 
associated  to  T and  the  family  U.  Its  cohomology  groups  Hl (C* {U , J7))  are  called 
the  Cech  cohomology  groups  of  J7  with  respect  to  U.  They  are  denoted  Hl{U7F). 


We  observe  that  any  covering  {[/,  — > U}  of  a site  C is  a family  of  morphisms  with 
fixed  target  to  which  the  definition  applies. 

Lemma  21.9.2.  LetC  be  a site.  Let  J7  be  an  abelian  presheaf  on  C . The  following 
are  equivalent 

(1)  J7  is  an  abelian  sheaf  on  C and 

(2)  for  every  covering  U = {Ui  -A  U}i^i  of  the  site  C the  natural  map 


T(U)  -A  H°(U,jF) 


(see  Sites,  Section  7.10)  is  bijective. 
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Proof.  This  is  true  since  the  sheaf  condition  is  exactly  that  T{U)  — ► H°(U,  F)  is 
bijective  for  every  covering  of  C.  □ 

Let  C be  a category.  Let  U = {Ui  — )•  U}i^j  be  a family  of  morphisms  of  C with  fixed 
target  such  that  all  fibre  products  UioXu. . . xuUip  exist  in  C.  Let  V = {Vj  V }j^j 
be  another.  Let  / : U —>V,a:I—tJ  and  /,:!/*—>■  Va^  be  a morphism  of  families 
of  morphisms  with  fixed  target,  see  Sites,  Section [778]  In  this  case  we  get  a map  of 
Cech  complexes 

03F4  (21.9.2.1)  tp  : C*(V,  F) — T) 

which  in  degree  p is  given  by 

ip{s)i0,,,ip  = ( fi0  X ...  X /jp)  SQ(j0)...a(jp) 


21.10.  Cech  cohomology  as  a functor  on  presheaves 

03AO  Warning:  In  this  section  we  work  exclusively  with  abelian  presheaves  on  a category. 
The  results  are  completely  wrong  in  the  setting  of  sheaves  and  categories  of  sheaves! 

Let  C be  a category.  Let  U = {Ui  — ► t/}ie/  be  a family  of  morphisms  with  fixed 
target  such  that  all  fibre  products  Ui0  Xjj  . . .Xu  Uip  exist  in  C.  Let  T be  an  abelian 
preslieaf  on  C.  The  construction 

JA — yC'iU.T) 


is  functorial  in  J- . In  fact,  it  is  a functor 


03AP  (21.10.0.2)  d*  («,-):  PAb{C) — > Comp+(A6) 


03AQ 


see  Derived  Categories,  Definition  |13.8. 1|  for  notation.  Recall  that  the  category 
of  bounded  below  complexes  in  an  abelian  category  is  an  abelian  category,  see 
Homology,  Lemma [12. 12. 9[ 


Lemma  21.10.1.  The  functor  given  by  Equation  (21.10.0.2)  is  an  exact  functor 
(see  Homology , Lemma  12.7.1). 


Proof.  For  any  object  W of  C the  functor  IF  i— > 1F(W)  is  an  additive  exact  functor 
from  PAb(C ) to  Ab.  The  terms  CP(U,1F)  of  the  complex  are  products  of  these  exact 
functors  and  hence  exact.  Moreover  a sequence  of  complexes  is  exact  if  and  only  if 
the  sequence  of  terms  in  a given  degree  is  exact.  Hence  the  lemma  follows.  □ 


03AR 


Lemma  21.10.2.  Let  C be  a category.  Let  IA  = {Ui  — > U}i^i  be  a family  of 
morphisms  with  fixed  target  such  that  all  fibre  products  Ui0  Xjj  ...  Xjj  Uip  exist  in 
C.  The  functors  T i->  Hn(U,J:)  form  a 5 -functor  from  the  abelian  category  PAb(C) 
to  the  category  of  Z-modules  (see  Homology,  Definition  12.11.1). 


Proof.  By  Lemma  |21.10.1|  a short  exact  sequence  of  abelian  presheaves  0 —>■ 
J~ i — ^ J~ 2 — ^ J~ 3 — ^ 0 is  turned  into  a short  exact  sequence  of  complexes  of  Z- 
modules.  Hence  we  can  use  Homology,  Lemma[l2.12.12|to  get  the  boundary  maps 
(5jr, : Hn(U,J:f)  Hn+1(U,T{)  and  a corresponding  long  exact  sequence. 
We  omit  the  verification  that  these  maps  are  compatible  with  maps  between  short 
exact  sequences  of  presheaves.  □ 
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03AS  Lemma  21.10.3.  Let  C be  a category.  Let  U = {Ui  -A  U}i^j  be  a family  of 
morphisms  with  fixed  target  such  that  all  fibre  products  Ui0  Xy  ...  Xjj  Uip  exist  in 
C . Consider  the  chain  complex  Z^,«  of  abelian  presheaves 

® ZUi0y.uUixy.uUi2  0Z  uioxuUH  0 ZU,0  - A 0 -A  . . . 

*0^1*2  Ml  *0 

where  the  last  nonzero  term  is  placed  in  degree  0 and  where  the  map 


Z uioxu...x„uip+1  — ► Z 


is  given  by  (-l)-'  times  the  canonical  map. 


Ui0xU—Ui....xuUip+1 
Then  there  is  an  isomorphism 


HompAj(c)(Z(71.,  F)  = C°(U,F) 


functorial  in  T £ Ob (PAb(C)). 

Proof.  This  is  a tautology  based  on  the  fact  that 

HompA6(c)(  0 Z Uioxu...xuuip,F)  = n Horn  PAh(c ) ( Z Ui0xu...xuuip,F) 

io  . . .ip  2q  . . .ip 

= HUio  Xu...XuUip) 

io  • • -iP 


see  Modules  on  Sites,  Lemma  18.4.2 


□ 


03AT 


Lemma  21.10.4.  Let  C be  a category.  Let  U = {/,;  : Ui  —A  be  a family  of 

morphisms  with  fixed  target  such  that  all  fibre  products  Ui0  x u . . . x u Ui  exist  in  C. 
The  chain  complex  Z^i#  of  presheaves  of  Lemma  21.10.3  above  is  exact  in  positive 
degrees,  i.e.,  the  homology  presheaves  Hi{ Z^,.)  are  zero  for  i > 0. 


Proof.  Let  V be  an  object  of  C.  We  have  to  show  that  the  chain  complex  of  abelian 
groups  7iu,»{V)  is  exact  in  degrees  > 0.  This  is  the  complex 


©Mii2  Z[Mor e{V,Ui0  xv  Uix  xv  Ui2)\ 


©.MiZ[Mor c(V,Ui0  x u Uix )] 


©,0Z[Morc(P,t/l0)] 


0 

For  any  morphism  ip  : V -A  U denote  Morv(P,  Ui)  = {< pi  : V — > Ui  \ ft  o ipx  = <p}. 
We  will  use  a similar  notation  for  Mory {V,  Uio  xv  . . . XuUip).  Note  that  composing 
with  the  various  projection  maps  between  the  fibred  products  Ui0  Xu  • ■ • Xu  Uip 
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preserves  these  morphism  sets.  Hence  we  see  that  the  complex  above  is  the  same 
as  the  complex 

©„  ©ioiii2  Z[Morv(U,  Ui0  XuU^Xu  Ui2)} 

©v©..  z[M°r,(F,f/io  XuUtJ] 

©„©ioZ[Mor,  v(V,Uio)\ 

0 

Next,  we  make  the  remark  that  we  have 

Movv{V,  Uioxv  ...xv  Uip ) = Morv(U,  U.io)  x ...x  Morv(V,  Uip) 

Using  this  and  the  fact  that  Z[A]  © Z[B\  = Z[i  H B]  we  see  that  the  complex 
becomes 

©v  Z [ILoim  Uio)  X MoiV(U,  Ui2)] 

©v  Z [Uioi,  MoiV(V,  Ui0)  x MoiV(U,  Uh)] 

©vZ[ILo  Movv(V,Uio)] 

0 

Finally,  on  setting  Sv  = Uie/  Morv(U,  Ui)  we  see  that  we  get 

0 (...4  Z [Sv  xS„x  S„]  -a  Z [Sv  X Sv ] ->  Z[SV]  0 — > . . 

Thus  we  have  simplified  our  task.  Namely,  it  suffices  to  show  that  for  any  nonempty 
set  S the  (extended)  complex  of  free  abelian  groups 

. . . -a  Z[S  X S x S]  ->  Z[S  x S]  ->  Z [S\  4za0a... 

is  exact  in  all  degrees.  To  see  this  fix  an  element  s £ S,  and  use  the  homotopy 

n(s0,...,sp)  1 t ^(gJs0,...1sp) 


with  obvious  notations. 


□ 
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03F5  Lemma  21.10.5.  Let  C be  a category.  Let  U = {/»  : Ui  — > be  a family  of 

morphisms  with  fixed  target  such  that  all  fibre  products  Ui0  Xjj  ...  X(j  Uip  exist  in 
C . Let  O be  a presheaf  of  rings  on  C . The  chain  complex 


Z u,%  ®p, z O 

is  exact  in  positive  degrees.  Here  Zyi#  is  the  cochain  complex  of  Lemma  21.10.3 
and  the  tensor  product  is  over  the  constant  presheaf  of  rings  with  value  Z. 


Proof.  Let  V be  an  object  of  C.  In  the  proof  of  Lemma  21.10.4  we  saw  that  Z^..(P) 


is  isomorphic  as  a complex  to  a direct  sum  of  complexes  which  are  homotopic  to  Z 
placed  in  degree  zero.  Hence  also  Z«:,(b)  ®z  O(b)  is  isomorphic  as  a complex  to 
a direct  sum  of  complexes  which  are  homotopic  to  0(V)  placed  in  degree  zero.  Or 
you  can  use  Modules  on  Sites,  Lemma  |18. 28. 9[  which  applies  since  the  presheaves 
Tiii  i are  flat,  and  the  proof  of  Lemma 


also. 


21.10.4 


shows  that  Hq(Zu,»)  is  a flat  presheaf 

□ 


03AU  Lemma  21.10.6.  Let  C be  a category.  Let  U = {/»  : Ui  — ► {7}jgj  be  a family  of 
morphisms  with  fixed  target  such  that  all  fibre  products  Ui0  x jj  . . . x jj  Uiv  exist  in  C. 
The  Cech  cohomology  functors  HP{U , — ) are  canonically  isomorphic  as  a 8-functor 
to  the  right  derived  functors  of  the  functor 

: PAb{C)  — *•  Ah. 

Moreover,  there  is  a functorial  quasi-isomorphism 

C'{U,T)  — > RH°(U,T) 

where  the  right  hand  side  indicates  the  derived  functor 

RH°(U,~ ) : D+(PAb{C))  — > £>+(Z) 
of  the  left  exact  functor  H°(U,  — ). 


Proof.  Note  that  the  category  of  abelian  presheaves  has  enough  injectives,  see 
Injectives,  Proposition 


19.6.1 


Note  that  — ) is  a left  exact  functor  from  the 

category  of  abelian  presheaves  to  the  category  of  Z-modules.  Hence  the  derived 
functor  and  the  right  derived  functor  exist,  see  Derived  Categories,  Section [l3.20| 

Let  I be  a injective  abelian  presheaf.  In  this  case  the  functor  Homp^^^-,!)  is 
exact  on  PAb(C).  By  Lemma  21.10.3  we  have 


Homp^b(C)(Zp/..,X)  — C*(U,X). 

By  Lemma  21.10.4  we  have  that  Z u.»  is  exact  in  positive  degrees.  Hence  by  the 
exactness  of  Horn  into  T mentioned  above  we  see  that  = 0 for  all  i > 

0.  Thus  the  (5-functor  ( Hn,8 ) (see  Lemma  21.10.2 1 satisfies  the  assumptions  of 


Homology,  Lemma|l2.11.4[  and  hence  is  a universal  5-functor. 

By  Derived  Categories,  Lemma  13.20.4  also  the  sequence  TTH^fU,  — ) forms  a uni- 


versal  5-functor.  By  the  uniqueness  of  universal  5-functors,  see  Homology,  Lemma 
12.11.5  we  conclude  that  RlH°(U,—)  = Hl(U,—).  This  is  enough  for  most  appli- 


cations and  the  reader  is  suggested  to  skip  the  rest  of  the  proof. 


Let  T be  any  abelian  presheaf  on  C.  Choose  an  injective  resolution  T — » T*  in  the 
category  PAb{C).  Consider  the  double  complex  A*'*  with  terms 

Ap’q  =Cp(U,lq). 
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03AV 


03F6 


03AW 


03AX 


Consider  the  simple  complex  sA*  associated  to  this  double  complex.  There  is  a 
map  of  complexes 

C*(U,  F)  — > a A* 

coming  from  the  maps  Cp  {U , J7)  — > Ap,°  =C*(jU,  1°)  and  there  is  a map  of  complexes 

H°{U,X9)  — > aA* 

coming  from  the  maps  H°(U,Iq)  — > A°’q  = C°(lL,Xq).  Both  of  these  maps  are 
quasi-isomorphisnrs  by  an  application  of  Homology,  Lemma  |12. 22. 7|  Namely,  the 
columns  of  the  double  complex  are  exact  in  positive  degrees  because  the  Cech 


complex  as  a functor  is  exact  (Lemma  21.10.1 ) and  the  rows  of  the  double  complex 


are  exact  in  positive  degrees  since  as  we  just  saw  the  higher  Cech  cohomology 
groups  of  the  injective  presheaves  Iq  are  zero.  Since  quasi-isomorphisms  become 
invertible  in  D+( Z)  this  gives  the  last  displayed  morphism  of  the  lemma.  We  omit 
the  verification  that  this  morphism  is  functorial.  □ 

21.11.  Cech  cohomology  and  cohomology 

The  relationship  between  cohomology  and  Cech  cohomology  comes  from  the  fact 
that  the  Cech  cohomology  of  an  injective  abelian  sheaf  is  zero.  To  see  this  we  note 
that  an  injective  abelian  sheaf  is  an  injective  abelian  presheaf  and  then  we  apply 
results  in  Cech  cohomology  in  the  preceding  section. 

Lemma  21.11.1.  Let  C be  a site.  An  injective  abelian  sheaf  is  also  injective  as 
an  object  in  the  category  PAb(C). 


Proof.  Apply  Homology,  Lemma[l2.25.1  to  the  categories  A = Ab(C),  B = PAb(C ), 


the  inclusion  functor  and  sheafification.  (See  Modules  on  Sites,  Section  18.3 
that  all  assumptions  of  the  lemma  are  satisfied. 


to  see 

□ 


Lemma  21.11.2.  Let  C be  a site.  LetlL  = { Ui  -A  U}i^i  be  a covering  ofC.  Let 
L be  an  injective  abelian  sheaf,  i.e.,  an  injective  object  of  Ab(C).  Then 

if  P = 0 
if  P>  0 


HP(U,X)  = 


Proof.  By  Lemma  21.11.1  we  see  that  X is  an  injective  object  in  PAb(C).  Hence 
we  can  apply  Lemma  21.10.6  (or  its  proof)  to  see  the  vanishing  of  higher  Cech 
cohomology  group.  For  the  zeroth  see  Lemma  [21. 9.2[  □ 

Lemma  21.11.3.  LetC  be  a site.  LetlA  = {Ui  —¥  C}je/  be  a covering  ofC.  There 
is  a transformation 

—)  — » RT(U,  — ) 

of  functors  Ab(C)  — > D+{ Z).  In  particular  this  gives  a transformation  of  functors 
HP{U,IF)  — ► Hp(U7IF)  for  T ranging  over  Ab(C). 

Proof.  Let  T be  an  abelian  sheaf.  Choose  an  injective  resolution  T — > X* . Con- 
sider the  double  complex  A*'*  with  terms  Ap'q  = CP(U,  Xq).  Moreover,  consider  the 
associated  simple  complex  sA*,  see  Homology,  Definition  |12. 22. 3 There  is  a map 
of  complexes 

a : T(UX)  — *•  sA9 

coming  from  the  maps  Xq{U)  — > H°fU,Xq)  and  a map  of  complexes 

p-.C9{U,F) — >sA* 
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03AY 


03AZ 


03F7 


coming  from  the  map  T — > Z°.  We  can  apply  Homology,  Lemma  12.22.7  to  see 
that  a is  a quasi-isomorphism.  Namely,  Lemma  |21.11.2|  implies  that  the  gth  row 
of  the  double  complex  A*'*  is  a resolution  of  T(U,Zq).  Hence  a becomes  invertible 
in  D+(Z)  and  the  transformation  of  the  lemma  is  the  composition  of  fi  followed  by 
the  inverse  of  a.  We  omit  the  verification  that  this  is  functorial.  □ 

Lemma  21.11.4.  Let  C be  a site.  Let  Q be  an  abelian  sheaf  onC.  LetlA  = {Ui  — > 
U}ieI  be  a covering  ofC.  The  map 

H1  (U,  g)  — > H1  (U,  G) 


is  injective  and  identifies  H 1{IA,Q)  via  the  bijection  of  Lemma  21.5.3  with  the  set 
of  isomorphism  classes  of  Q\u~torsors  which  restrict  to  trivial  torsors  over  each  Ui . 

Proof.  To  see  this  we  construct  an  inverse  map.  Namely,  let  T be  a t/|[/-torsor  on 


C/U  whose  restriction  to  C/Ui  is  trivial.  By  Lemma  21.5.2  this  means  there  exists 
a section  £ TfUf).  On  t/j0  Xjj  U. q there  is  a unique  section  of  Q such  that 
Sion  ■ SioluigXuUn  = \uiQ  xuU^  ■ An  easy  computation  shows  that  sioil  is  a Cech 
cocycle  and  that  its  class  is  well  defined  (i.e.,  does  not  depend  on  the  choice  of 
the  sections  Sj).  The  inverse  maps  the  isomorphism  class  of  T to  the  cohomology 
class  of  the  cocycle  (s^q).  We  omit  the  verification  that  this  map  is  indeed  an 
inverse.  □ 


Lemma  21.11.5.  Let  C be  a site.  Consider  the  functor  i : Ab(C)  -A  PAb(C).  It  is 
a left  exact  functor  with  right  derived  functors  given  by 

Rpi(T)  = HP(R)  : U ^ HP(U,T) 
see  discussion  in  Section^  1.81 


Proof.  It  is  clear  that  i is  left  exact.  Choose  an  injective  resolution  T — > Z* . By 
definition  RPi  is  the  pth  cohomology  presheaf  of  the  complex  I*.  In  other  words, 
the  sections  of  Rpi(lF)  over  an  object  U of  C are  given  by 

Ker(Xn(/7)  -A-  Zn+1{U)) 

Im(Z”-1(I/)  — >•  Zn(U))  ' 

which  is  the  definition  of  HP(U,  T).  □ 

Lemma  21.11.6.  Let  C be  a site.  LetlA  = {Ui  — > be  a covering  ofC.  For 

any  abelian  sheaf  T there  is  a spectral  sequence  (Er,dr)r> o with 

Ep’q  = Hp(lA,Hq(f)) 

converging  to  Hp+q(U,T).  This  spectral  sequence  is  functorial  in  T . 


Proof.  This  is  a Grothendieck  spectral  sequence  (see  Derived  Categories,  Lemma 


13.22.2)  for  the  functors 
i : Ab(C)  - 


PAb(C)  and  H°(U,  -)  : PAb(C)  ->•  Ab. 


Namely,  we  have  Ha(lA,  i(F))  = T{U)  by  Lemma 


acyclic  by  Lemma 


21.11.2 


21.9.2 


We  have  that  i(Z)  is  Cech 


on  PAb(C)  by  Lemma  21.10.6 


And  we  have  that  HP(IA,  — ) = RPH°(IA , — ) as  functors 
Putting  everything  together  gives  the  lemma.  □ 


Lemma  21.11.7.  Let  C be  a site.  Let  IA  = {Ui  —¥  U}i^j  be  a covering.  Let 
T £ Ob(A6(C)).  Assume  that  Hl{Ui0  Xjj  . . . Xy  Uip,F)  = 0 for  all  i > 0,  all  p > 0 
and  all  i0, . . . ,ip  £ I.  Then  HP(IA,T)  = HP{U,E)! 
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Proof.  We  will  use  the  spectral  sequence  of  Lemma|21. 11,61  The  assumptions  mean 
that  Ep,q  = 0 for  all  (p,  q)  with  q 0.  Hence  the  spectral  sequence  degenerates  at 
E2  and  the  result  follows.  □ 

03F8  Lemma  21.11.8.  Let  C be  a site.  Let 

be  a short  exact  sequence  of  abelian  sheaves  on  C.  Let  U be  an  object  of  C.  If  there 
exists  a cofinal  system  of  coverings  U of  U such  that  Hl(U,F)  = 0,  then  the  map 
g{U)  -A  7i(U)  is  surjective. 


03F9 


Proof.  Take  an  element  s £ 71(11).  Choose  a covering  U = {Ui  — > U}i&i  such  that 
(a)  HX(U,  T)  = 0 and  (b)  is  the  image  of  a section  s»  £ G(Ui)-  Since  we  can 
certainly  find  a covering  such  that  (b)  holds  it  follows  from  the  assumptions  of  the 
lemma  that  we  can  find  a covering  such  that  (a)  and  (b)  both  hold.  Consider  the 
sections 

sioh  = SnluigXuU^  - sio\UigXvUii. 

Since  s,  lifts  s we  see  that  Si0i1  £ E(Ui0  Xu  Hq).  By  the  vanishing  of  HX(U,F)  we 
can  find  sections  f,:  £ T(Ui)  such  that 

sioh  tii\Ui0XuUi1  ti0\ui0xuUi1' 

Then  clearly  the  sections  Si  — U satisfy  the  sheaf  condition  and  glue  to  a section  of 
G over  U which  maps  to  s.  Hence  we  win.  □ 


Lemma  21.11.9.  (Variant  of  Cohomology,  Lemma  20.12.8.)  Let  C be  a site.  Let 
Cove  be  the  set  of  coverings  of  C (see  Sites,  Definition  7.6.2 |f.  Let  B C Ob(C),  and 
Cov  C Cove  be  subsets.  Let  F be  an  abelian  sheaf  on  C.  Assume  that 

(1)  For  every  U £ Cov,  U = {Ui  — > we  have  U,Ui  £ B and  every 

Uio  Xu  ...  xu  Uip  £ B. 

(2)  For  every  U £ B the  coverings  of  U occurring  in  Cov  is  a cofinal  system 
of  coverings  of  U. 

(3)  For  every  U £ Cov  we  have  HP(U,F)  = 0 for  all  p > 0. 

Then  HP(U,F)  = 0 for  all  p > 0 and  any  U £ B. 


Proof.  Let  T and  Cov  be  as  in  the  lemma.  We  will  indicate  this  by  saying  llF 
has  vanishing  higher  Cech  cohomology  for  any  U £ Cov” . Choose  an  embedding 
T — > X into  an  injective  abelian  sheaf.  By  Lemma [21. 11. 2|X  has  vanishing  higher 
Cech  cohomology  for  any  U £ Cov.  Let  Q = TjT  so  that  we  have  a short  exact 
sequence 

0-4J->l->Q->0. 


By  Lemma  21.11.8  and  our  assumption  (2)  this  sequence  gives  rise  to  an  exact 
sequence 


0 -A  F(U)  ->■  1(U)  ->■  Q(U)  ->  0. 

for  every  U £ B.  Hence  for  any  U £ Cov  we  get  a short  exact  sequence  of  Cech 
complexes 

0 ->  C'(U,T)  ->  C'(U,1)  -A  C'(U,  Q)  ->•  0 
since  each  term  in  the  Cech  complex  is  made  up  out  of  a product  of  values  over 
elements  of  B by  assumption  (1).  In  particular  we  have  a long  exact  sequence  of 
Cech  cohomology  groups  for  any  covering  U £ Cov.  This  implies  that  Q is  also  an 
abelian  sheaf  with  vanishing  higher  Cech  cohomology  for  all  U £ Cov. 
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Next,  we  look  at  the  long  exact  cohomology  sequence 


0 


H°(U,R) *- ) 


H°(U , Q) 

H\u,Q) 


for  any  U £ B.  Since  X is  injective  we  have  Hn(U,l)  = 0 for  n > 0 (see  Derived 
Categories,  Lemma  13.20.4).  By  the  above  we  see  that  — > H°(U,Q) 

is  surjective  and  hence  Hi(U,T)  = 0.  Since  T was  an  arbitrary  abelian  sheaf 
with  vanishing  higher  Cech  cohomology  for  all  U £ Cov  we  conclude  that  also 
Ff1(br,  Q)  = 0 since  Q is  another  of  these  sheaves  (see  above).  By  the  long  exact 
sequence  this  in  turn  implies  that  H2{U,F)  = 0.  And  so  on  and  so  forth.  □ 


21.12.  Cohomology  of  modules 


Everything  that  was  said  for  cohomology  of  abelian  sheaves  goes  for  cohomology  of 
modules,  since  the  two  agree. 

Lemma  21.12.1.  Let  ( C,0 ) be  a ringed  site.  An  injective  sheaf  of  modules  is  also 
injective  as  an  object  in  the  category  PMod(0). 


Proof.  Apply  Homology,  Lemma  12.25.1|  to  the  categories  A = Mod(O),  B = 
PMod(0),  the  inclusion  functor  and  sheafification.  (See  Modules  on  Sites,  Section 
18111  to  see  that  all  assumptions  of  the  lemma  are  satisfied.)  □ 


Lemma  21.12.2.  Let  (0,0)  be  a ringed  site.  Consider  the  functor  i : Mod(C)  — > 
PMod(C).  It  is  a left  exact  functor  with  right  derived  functors  given  by 


Rpi{ A)  = Hp( T)  : U i— ► HP(U,T) 
see  discussion  in  Sectional. 81 


Proof.  It  is  clear  that  i is  left  exact.  Choose  an  injective  resolution  T — > I*  in 
Mod((D).  By  definition  Rpi  is  the  pth  cohomology  presheaf  of  the  complex  X*.  In 
other  words,  the  sections  of  Rpi(T)  over  an  object  U of  C are  given  by 

Ker (!”([/)  ->• ln+1(U )) 

Im ^ ln(U))  ' 

which  is  the  definition  of  HP(U,  P).  □ 


Lemma  21.12.3.  Let  [C,0)  be  a ringed  site.  LetlA  = {Ui  —r  U}iei  be  a covering 
of  C . LetX  be  an  injective  O-module,  i.e.,  an  injective  object  of  Mod(0).  Then 


Hp(U,l) 


il{U)  if  p = 0 
1 0 if  p>  0 


Proof.  Lemma[~21.10.3|gives  the  first  equality  in  the  following  sequence  of  equalities 
C*(U,T)  = MorpJ4b(C)(ZWi.,X) 

= MorpMod(Z)(Z^!#,X) 

= MorpMod(0)(Z^:.  0,1) 
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The  third  equality  by  Modules  on  Sites,  Lemma  |18.9.2[  By  Lemma  |21.12.1|  we 
see  that  X is  an  injective  object  in  PMod(O).  Hence  HompMo^Q)(-,I)  is  an  exact 
functor.  By  Lemmar21.10.5|we  see  the  vanishing  of  higher  Cech  cohomology  groups. 
For  the  zeroth  see  Lemma  [21.9.21  □ 


03FD 


Lemma  21.12.4.  Let  C be  a site.  Let  O be  a sheaf  of  rings  on  C.  Let  JF  be  an 
O -module,  and  denote  Tab  the  underlying  sheaf  of  abelian  groups.  Then  we  have 

Hi(C,Tab)  = Hi(C,T) 


and  for  any  object  U of  C we  also  have 

Hi(U,Tab)  = Hi(U,T). 

Here  the  left  hand  side  is  cohomology  computed  in  Ab(C)  and  the  right  hand  side  is 
cohomology  computed  in  Mod(O). 


Proof.  By  Derived  Categories,  Lemma  13.20.4  the  (5-functor  (T  >->■  Hp(U,T))p>o 
is  universal.  The  functor  Mod(0 ) — > Ab(C),  T >->•  JFab  is  exact.  Hence  (T 
Hp(U,Tab))P>o  is  a (5-functor  also.  Suppose  we  show  that  (J7  >->■  HP(U,  Fab))P>o  is 
also  universal.  This  will  imply  the  second  statement  of  the  lemma  by  uniqueness 
of  universal  (5-functors,  see  Homology,  Lemma  12.11.5  Since  Mod(0)  has  enough 


injectives,  it  suffices  to  show  that  H‘(U,Xab)  = 0 for  any  injective  object  X in 
Mod(0),  see  Homology,  Lemma  |12.11.4| 

Let  X be  an  injective  object  of  Mod(O).  Apply  Lemma  21.11.9  with  T = X,  B = C 
and  Cov  = Cove-  Assumption  (3)  of  that  lemma  holds  by  Lemma  21.12.3  Hence 
we  see  that  Hl{U,Xab)  = 0 for  every  object  U of  C. 


If  C has  a final  object  then  this  also  implies  the  first  equality.  If  not,  then  according 
to  Sites,  Lemma  7.28.5  we  see  that  the  ringed  topos  ( Sh(C),0 ) is  equivalent  to  a 
ringed  topos  where  the  underlying  site  does  have  a final  object.  Hence  the  lemma 
follows.  □ 


060L  Lemma  21.12.5.  Let  C be  a site.  Let  I be  a set.  For  i £ I let  !Fi  be  an  abelian 
sheaf  on  C.  Let  U £ Ob(C).  The  canonical  map 

HP(U,H  T,)  Hp(U,Tt) 

is  an  isomorphism  for  p = 0 and  injective  for  p = 1. 


Proof.  The  statement  for  p = 0 is  true  because  the  product  of  sheaves  is  equal 
to  the  product  of  the  underlying  presheaves,  see  Sites,  Lemma  [7.10.11  Proof  for 
p = 1.  Set  T =Y\Fi.  Let  £ £ H1{ U,T)  map  to  zero  in  J ~[H1{U,Fi).  By  locality 
of  cohomology,  see  Lemma  21.8.3[  there  exists  a covering  U = {Uj  —¥  U}  such 

this  means  £ comes  from  an  element 
> iL1(C/,  Ti)  are  injective  for  all  i (by 


21.11.4 


that  £|[/j  =0  for  all  j . By  Lemma 
£ £ Hx{fA,T).  Since  the  maps  H[  (U,  Tf) 

Lemma  21.11.4),  and  since  the  image  of  £ is  zero  in  Y[  Hl  (U,  Tj)  we  see  that  the 
image  £i  = 0 in  H^lfA^Ti).  However,  since  T = Y\Ti  we  see  that  C'(U,  F)  is 

we 

□ 


the  product  of  the  complexes  C'(U,Ti),  hence  by  Homology,  Lemma 
conclude  that  £ = 0 as  desired. 


12.28.1 


093X  Lemma  21.12.6.  Let  ( 0,0 ) be  a ringed  site.  Let  a : U'  — » XJ  be  a monomorphism 
in  C.  Then  for  any  injective  O -module  X the  restriction  mapping  X{U)  — > X(U')  is 
surjective. 
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Proof.  Let  j : C/U  — > C and  j'  : C/V  — > C be  the  localization  morphisms  (Modules 
on  Sites,  Section  18.19).  Since  j\  is  a left  adjoint  to  restriction  we  see  that  for  any 
sheaf  T of  0-modules 


Rom0U\Ou,F)  =Bom0u{0UlF\u)  = F(U) 

Similarly,  the  sheaf  j'Ojj’  represents  the  functor  T K > F(U').  Moreover  below  we 
describe  a canonical  map  of  0-modules 

j[Ou’  — > j\Ov 


which  corresponds  to  the  restriction  mapping  F(U)  — » fF{U')  via  Yoneda’s  lemma 
(Categories,  Lemma  4.3.51.  It  suffices  to  prove  the  displayed  map  of  modules  is 


injective,  see  Homology,  Lemma  12.23.2 


To  construct  our  map  it  suffices  to  construct  a map  between  the  presheaves  which 
assign  to  an  object  V of  C the  0(V)-module 


© 


t/j'GMorc  (V,U' 


0(V)  and  0 


VJGMorc(V,C7) 


0{V) 


see  Modules  on  Sites,  Lemma[l8.19.2|  We  take  the  map  which  maps  the  summand 
corresponding  to  tp'  to  the  summand  corresponding  to  = a o ip'  by  the  identity 
map  on  0{V).  As  a is  a monomorpliism,  this  map  is  injective.  As  sheafification  is 
exact,  the  result  follows.  □ 


21.13.  Limp  sheaves 

079X  Let  (C,  0)  be  a ringed  site.  Let  K be  a sheaf  of  sets  on  C (we  intentionally  use 
a roman  capital  here  to  distinguish  from  abelian  sheaves).  Given  an  abelian  sheaf 
T we  denote  T{K)  = Morgue)  (A",  F).  The  functor  T i-A  F(K)  is  a left  exact 
functor  Mod(0 ) — > Ab  hence  we  have  its  right  derived  functors.  We  will  denote 
these  HP(K,  T)  so  that  H°(K,  T)  = T[K). 

We  mention  two  special  cases.  The  first  is  the  case  where  K = hf}  for  some  object 
U of  C.  In  this  case  HP(K,T)  = HP(U,T),  because  M.ov Sh(c){h^ , J7)  = see 

Sites,  Section  7.13  The  second  is  the  case  0 = Z (the  constant  sheaf).  In  this  case 
the  cohomology  groups  are  functors  HP(K,—)  : Ab(C ) Ab.  Here  is  the  analogue 
of  Lemma  121.12.41 

079Y  Lemma  21.13.1.  Let  (C,0)  be  a ringed  site.  Let  K be  a sheaf  of  sets  on  C.  Let 
J-  be  an  0 -module  and  denote  J-ab  the  underlying  sheaf  of  abelian  groups.  Then 
Hp(K,T)=Hp(K1Tab). 

Proof.  Note  that  both  HP(K , A)  and  HP(K7  Tab)  depend  only  on  the  topos,  not  on 
the  underlying  site.  Hence  by  Sites,  Lemma|7.28.5  we  may  replace  C by  a “larger” 
site  such  that  K = hjj  for  some  object  U of  C.  In  this  case  the  result  follows  from 
Lemma  121.12.41  □ 

079Z  Lemma  21.13.2. 


sets  on  C.  Set  K'p  = K'  Xk  ■ ■ ■ Xk  K'  (p 


Let  C be  a site.  Let  K'  -A  K be  a surjective  map  of  sheaves  of 
1-factors).  For  every  abelian  sheaf  T 
there  is  a spectral  sequence  with  E\'q  = Hq(K'p7F)  converging  to  Hp+q(K,T). 

Proof.  After  replacing  C by  a “larger”  site  as  in  Sites,  Lemma  |7.28.5|  we  may 
assume  that  K,  K'  are  objects  of  C and  that  U = {K'  — > AT}  is  a covering.  Then  we 
have  the  Cech  to  cohomology  spectral  sequence  of  Lemma  21.11.6  whose  Ad  page 
is  as  indicated  in  the  statement  of  the  lemma.  □ 
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07 AO  Lemma  21.13.3.  Let  C be  a site.  Let  K be  a sheaf  of  sets  on  C. 
morphism  of  topoi  j : Sh(C/K)  —>■  Sh(C),  see  Sites,  Lemma 
preserves  injectives  and  HP(K,F)  = Hp(C/K,j~1F)  for  any  abelian  sheaf  F onC. 


7.29.3 


Consider  the 
Then  j-1 


Proof.  By  Sites,  Lemmas  |7.29.1|  and  |7.29.3|  the  morphism  of  topoi  j is  equivalent 
to  a localization.  Hence  this  follows  from  Lemma [21.8. II  □ 


072Y 


Keeping  in  mind  Lemma  21.13.1  we  see  that  the  following  definition  is  the  “correct 
one”  also  for  sheaves  of  modules  on  ringed  sites. 

Definition  21.13.4.  Let  C be  a site.  We  say  an  abelian  sheaf  F is  fcn^jif  for 
every  sheaf  of  sets  K we  have  HP(K,F)  = 0 for  all  p > 1. 


It  is  clear  that  being  limp  is  an  intrinsic  property,  i.e. , preserved  under  equivalences 
of  topoi.  A limp  sheaf  has  vanishing  higher  cohomology  on  all  objects  of  the  site,  but 
in  general  the  condition  of  being  limp  is  strictly  stronger.  Here  is  a characterization 
of  limp  sheaves  which  is  sometimes  useful. 

07A1  Lemma  21.13.5.  Let  C be  a site.  Let  F be  an  abelian  sheaf.  If 

(1)  HP{U,F)  = 0 forp  > 0 and  U € Ob(C),  and 

(2)  for  every  surjection  K'  -A  K of  sheaves  of  sets  the  extended  Cech  complex 

0 ->•  H°(K,  F)  ->•  F)  -a  H°(K’  x K K',F)  ^ ... 


is  exact, 

then  F is  limp  (and  the  converse  holds  too). 


Proof.  By  assumption  (1)  we  have  Hp (hf) , g~lI)  = 0 for  all  p > 0 and  all  objects 
U of  C.  Note  that  if  K = \\Ki  is  a coproduct  of  sheaves  of  sets  on  C then 
Hv(K,g~xT')  = Jj[  Hp(Ki,  g~xF).  For  any  sheaf  of  sets  K there  exists  a surjection 


see  Sites,  Lemma  7.13.5  Thus  we  conclude  that:  (*)  for  every  sheaf  of  sets  I\  there 
exists  a surjection  K’  — > K of  sheaves  of  sets  such  that  HP(K',F)  = 0 for  p > 0. 
We  claim  that  (*)  and  condition  (2)  imply  that  F is  limp.  Note  that  conditions  (*) 
and  (2)  only  depend  on  T as  an  object  of  the  topos  Sh(C)  and  not  on  the  underlying 
site.  (We  will  not  use  property  (1)  in  the  rest  of  the  proof.) 


We  are  going  to  prove  by  induction  on  n > 0 that  (*)  and  (2)  imply  the  following 
induction  hypothesis  IHn : HP(K,F)  = 0 for  all  0 < p < n and  all  sheaves  of  sets 
I\.  Note  that  IH0  holds.  Assume  IHn.  Pick  a sheaf  of  sets  I\.  Pick  a surjection 
K'  — > K such  that  HP(K’,  F)  = 0 for  all  p > 0.  We  have  a spectral  sequence  with 


E%'q  = H<(K’F) 


covering  to  Hp+q(K,F ),  see  Lemma  21.13.2  By  IH, 


we  see  that  Uf’9  = 0 for 


0 < q < n and  by  assumption  (2)  we  see  that  Ep’  = 0 for  p > 0.  Finally,  we  have 
E®’q  = 0 for  q > 0 because  Hq(K',  F)  = 0 by  choice  of  K' . Hence  we  conclude  that 
Hn+1(K,F)  = 0 because  all  the  terms  Elfjq  with  p + q = n + 1 are  zero.  □ 


^This  is  probably  nonstandard  notation.  Please  email  stacks.project@gmail.com  if  you  know 
the  correct  terminology. 
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072Z 


0730 

0731 


08J6 


21.14.  The  Leray  spectral  sequence 


The  key  to  proving  the  existence  of  the  Leray  spectral  sequence  is  the  following 
lemma. 


Lemma  21.14.1.  Let  f : (Sh(C),Oc)  — > ( Sh(V),Ox> ) be  a morphism  of  ringed 
topoi.  Then  for  any  injective  object  X in  Mod(Oc)  the  pushforward  f*T  is  limp. 


Proof.  Let  K be  a sheaf  of  sets  on  V.  By  Modules  on  Sites,  Lemma  18.7.2  we  may 


replace  C,  V by  “larger”  sites  such  that  / comes  from  a morphism  of  ringed  sites 
induced  by  a continuous  functor  u : V — > C such  that  K = hy  for  some  object  V 
of  V. 


Thus  we  have  to  show  that  Hq(V , fflL)  is  zero  for  q > 0 and  all  objects  V of  V when 
/ is  given  by  a morphism  of  ringed  sites.  Let  V = {Vj  — ► V}  be  any  covering  of  V. 
Since  u is  continuous  we  see  that  U = {u(Vj)  — > it(u)}  is  a covering  of  C.  Then  we 
have  an  equality  of  Cech  complexes 

dm(yja)  = dm(u,i) 


by  the  definition  of  /* . By  Lemma  |21.12.3|  we  see  that  the  cohomology  of  this 
complex  is  zero  in  positive  degrees.  We  win  by  Lemma  21.11. 9|  □ 


For  flat  morphisms  the  functor  /*  preserves  injective  modules.  In  particular  the 
functor  /*  : Ab(C)  — > Ab(T>)  always  transforms  injective  abelian  sheaves  into  injec- 
tive abelian  sheaves. 

Lemma  21.14.2.  Let  f : ( Sh(C),Oc ) — t ( Sh('D)1Ox> ) be  a morphism  of  ringed 
topoi.  If  f is  flat,  then  fflL  is  an  injective  Ox> -module  for  any  injective  Oc  -module 
1. 


Proof.  In  this  case  the  functor  f*  is  exact,  see  Modules  on  Sites,  Lemma  18.30.2 
Hence  the  result  follows  from  Homology,  Lemma [12.25.1  □ 


Lemma  21.14.3.  Let  ( Sh(C),Oc ) be  a ringed  topos.  A limp  sheaf  is  right  acyclic 
for  the  following  functors: 

(1)  the  functor  H°(U , — ) for  any  object  U of  C, 

(2)  the  functor  T i— >■  T(K)  for  any  presheaf  of  sets  K , 

(3)  the  functor  F (C , — ) of  global  sections, 

(4)  the  functor  /*  for  any  morphism  f : ( Sh(C ),  Oc)  — > (Sh(V),  Ox>)  of  ringed 
topoi. 


Proof.  Part  (2)  is  the  definition  of  a limp  sheaf.  Part  (1)  is  a consequence  of  (2) 
as  pointed  out  in  the  discussion  following  the  definition  of  limp  sheaves.  Part  (3) 
is  a special  case  of  (2)  where  K = e is  the  final  object  of  Sh(C). 


To  prove  (4)  we  may  assume,  by  Modules  on  Sites,  Lemma  18.7.2  that  / is  given 
by  a morphism  of  sites.  In  this  case  we  see  that  Rlf*,  i > 0 of  a limp  sheaf  are  zero 
by  the  description  of  higher  direct  images  in  Lemma  |21.8.4  □ 


Remark  21.14.4.  As  a consequence  of  the  results  above  we  find  that  Derived 
Categories,  Lemma  |13. 22. 1|  applies  to  a number  of  situations.  For  example,  given 
a morphism  / : ( Sh(C),Oc ) — > ( Sh(V),Oz >)  of  ringed  topoi  we  have 


RT{V,RflT)  = RT(C,T) 
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for  any  sheaf  of  C>e-modules  T . Namely,  for  an  injective  Cbt-module  X the  Ox>- 
module  /* X is  limp  by  Lemma  21.14.1  and  a limp  sheaf  is  acyclic  for  T(P,  — ) by 
Lemma  121.14.31 


0732  Lemma  21.14.5  (Leray  spectral  sequence).  Let  f : (Sh(C),Oc)  — > {Sh(V),Ox>) 
be  a morphism  of  ringed  topoi.  Let  be  a bounded  below  complex  of  Oc -modules. 
There  is  a spectral  sequence 


Ep’q  = Hp{V,RqU(F)) 

converging  to  Hp+q(C,E*). 


Proof.  This  is  just  the  Grothendieck  spectral  sequence  Derived  Categories,  Lemma 
13.22.2  coming  from  the  composition  of  functors  T(C,  — ) = T(2?,  — )o /*.  To  see  that 


the  assumptions  of  Derived  Categories,  Lemma  |13.22.2|  are  satisfied,  see  Lemmas 
121.1 4. 11  and  121. 14.31  □ 


0733  Lemma  21.14.6.  Let  f : (Sh(C),Oc)  — > ( Sh(fD),Ox> ) be  a morphism  of  ringed 
topoi.  Let  T be  an  Oc-module. 

(1)  IfRqf*E  = 0 for  q > 0,  then  HP(C,  T)  = HP(T>,  /*  J7)  for  all  p. 

(2)  If  HP(V,  RqfirT)  = 0 for  all  q andp  > 0,  thenHq(C,T)  = Ha(V1Rqf^T) 
for  all  q. 


Proof.  These  are  two  simple  conditions  that  force  the  Leray  spectral  sequence 
to  converge.  You  can  also  prove  these  facts  directly  (without  using  the  spectral 
sequence)  which  is  a good  exercise  in  cohomology  of  sheaves.  □ 

0734  Lemma  21.14.7  (Relative  Leray  spectral  sequence).  Let  f : ( Sh(C),Oc ) — ► 
( Sh(V),Oxi ) and  g : ( Sh(V),Ox> ) — ► (Sh(£),Os)  be  morphisms  of  ringed  topoi. 
Let  J-  be  an  Oc-module.  There  is  a spectral  sequence  with 

E™  = Rpg*{RqUE) 

converging  to  Rp+q(g  o f)*JF.  This  spectral  sequence  is  functorial  in  T , and  there 
is  a version  for  bounded  below  complexes  of  Oq  -modules. 


Proof.  This  is  a Grothendieck  spectral  sequence  for  composition  of  functors,  see 
Derived  Categories,  Lemma [13. 22. 2|  and  Lemmas  |21. 14. 1|  and  |21. 14. 3[  □ 


0735 


21.15.  The  base  change  map 

In  this  section  we  construct  the  base  change  map  in  some  cases;  the  general  case 


is  treated  in  Remark  21.19.2  The  discussion  in  this  section  avoids  using  derived 
pullback  by  restricting  to  the  case  of  a base  change  by  a flat  morphism  of  ringed 
sites.  Before  we  state  the  result,  let  us  discuss  flat  pullback  on  the  derived  category. 
Suppose  g : ( Sh{C),Oc ) —>  (Sh(T>) , Oqy)  is  a flat  morphism  of  ringed  topoi.  By 
Modules  on  Sites,  Lemma  18.30.2  the  functor  g*  : Mod(Ox> ) — > Mod(Oc)  is  exact. 
Hence  it  has  a derived  functor 

9*  : D(Oc)  D(Ov) 

which  is  computed  by  simply  pulling  back  an  representative  of  a given  object  in 


D(Oj) ),  see  Derived  Categories,  Lemma  13.17.9  It  preserved  the  bounded  (above, 


below)  subcategories.  Hence  as  indicated  we  indicate  this  functor  by  g*  rather  than 

Lg *• 
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0736  Lemma  21.15.1.  Let 


-( Sh(C),Oc ) 
f 

( Sh(D),Ov ) 


(Sh(C'),Oa) 
f 

(. Sh(D'),Ov ,) 

6e  a commutative  diagram  of  ringed  topoi.  Let  J7*  &e  a bounded  below  complex  of 
Oc-modules.  Assume  both  g and  g'  are  flat.  Then  there  exists  a canonical  base 
change  map 

g*Rf*F*  — > R{f')flg')*F 

in  D+(Ox>')- 

Proof.  Choose  injective  resolutions  J7*  — >•  I*  and  (g')*R*  — >•  J* . By  Lemma 


21.14.2  we  see  that  ( g')*J * is  a complex  of  injectives  representing  R(g')*(g')* T*  ■ 


Hence  by  Derived  Categories,  Lemmas  13.18.6  and  13.18.7  the  arrow  fj  in  the 
diagram 

W)*W)*Fm — 

A 

adjunction 

J7* ^ !• 

exists  and  is  unique  up  to  homotopy.  Pushing  down  to  V we  get 

— > f*(g')*J'  = * 

By  adjunction  of  g*  and  g * we  get  a map  of  complexes  g*  fflX*  — >•  . Note 

that  this  map  is  unique  up  to  homotopy  since  the  only  choice  in  the  whole  process 
was  the  choice  of  the  map  fl  and  everything  was  done  on  the  level  of  complexes.  □ 

21.16.  Cohomology  and  colimits 

0737  Let  {C,0)  be  a ringed  site.  Let  X — >•  Mod((D),  i A ^ be  a diagram  over  the 
index  category  X , see  Categories,  Section  [4. 14|  For  each  i there  is  a canonical  map 
J-,  — y colinp  J7,;  which  induces  a map  on  cohomology.  Hence  we  get  a canonical  map 

colinij  HP(U,  j ci)  — > HP(U , colin^  J7,) 

for  every  p > 0 and  every  object  U of  C.  These  maps  are  in  general  not  isomor- 
phisms, even  for  p = 0. 

The  following  lemma  is  the  analogue  of  Sites,  Lemma|7.11.2  for  cohomology. 

0739  Lemma  21.16.1.  LetC  be  a site.  Let  Cove  be  the  set  of  coverings  ofC  (see  Sites, 
Definition\7.6.2).  Let  B C Ob(C),  and  Cov  C Cove  be  subsets.  Assume  that 

(1)  For  every  U G Cov  we  have  U = {Ui  -A  U}i^i  with  I finite,  U,Ui  G B and 
every  Uio  Xu  . . . xv  Uip  € B. 

(2)  For  every  U G B the  coverings  of  U occurring  in  Cov  is  a cofinal  system 
of  coverings  of  U . 

Then  the  map 

colinij  HP(U,  Jj)  — > HP{U , colinij  Jq) 

is  an  isomorphism  for  every  p > 0,  every  U G B,  and  every  filtered  diagram  X — > 
Ab(C). 
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Proof.  To  prove  the  lemma  we  will  argue  by  induction  on  p.  Note  that  we  require 
in  (1)  the  coverings  U £ Cov  to  be  finite,  so  that  all  the  elements  of  B are  quasi- 
compact. Hence  (2)  and  (1)  imply  that  any  U £ B satisfies  the  hypothesis  of  Sites, 
Lemma  7.11. 2|  (4).  Thus  we  see  that  the  result  holds  for  p = 0.  Now  we  assume 
the  lemma  holds  for  p and  prove  it  for  p + 1 . 

Choose  a filtered  diagram  T : X — > Ab(C ),  i i-A  T.  Since  Ab(C ) has  functorial 


injective  embeddings,  see  Injectives,  Theorem  19.7.4  we  can  find  a morphism  of 
filtered  diagrams  JaI  such  that  each  T — > T is  an  injective  map  of  abelian 
sheaves  into  an  injective  abelian  sheaf.  Denote  Qi  the  cokernel  so  that  we  have 
short  exact  sequences 

0 —>  ^Fi  —>  X[  —¥  Qi  — > 0. 

Since  colimits  of  sheaves  are  the  sheafification  of  colimits  on  the  level  of  presheaves, 
since  sheafification  is  exact,  and  since  filtered  colimits  of  abelian  groups  are  exact 


(see  Algebra,  Lemma  10.8.9),  we  see  the  sequence 


0 — ► colim.;  Ti  — > colim,;  I,:  — > colim;  Qi  — ► 0. 

is  also  a short  exact  sequence.  We  claim  that  Hq(U,  colim;  I,)  = 0 for  all  U £ B 
and  all  q > 1.  Accepting  this  claim  for  the  moment  consider  the  diagram 


colim,;  Hp(U,Ii 


■ colim;  HP(U,  Qt 


Hp(U,  colim,  Qi) 


■colim  iHp+1(U,Ti) 


■Hp+1(U,colimiTi) 


0 


0 


Hp(U,  colim,  - 

The  zero  at  the  lower  right  corner  comes  from  the  claim  and  the  zero  at  the  upper 
right  corner  comes  from  the  fact  that  the  sheaves  Z;  are  injective.  The  top  row  is 


exact  by  an  application  of  Algebra,  Lemma  10.8.9  Hence  by  the  snake  lemma  we 
deduce  the  result  for  p + 1. 

It  remains  to  show  that  the  claim  is  true.  We  will  use  Lemma  |21.11.9|  By  the 
result  for  p = 0 we  see  that  for  U £ Cov  we  have 

C*(U,  colim;  Z;)  = colim,  C*(ZY,Z;) 

each  of  the  complexes 


because  all  the  fZ, 


21.11.2 


' jo  X u ■ ■ ■ x u Ujp  are  in  B.  By  Lemma  ! 
in  the  colimit  of  Cech  complexes  is  acyclic  in  degree  > 1.  Hence  by  Algebra,  Lemma 


10.8.9 


we  see  that  also  the  Cech  complex  C*(U,  colinq  li)  is  acyclic  in  degrees  > 1. 
In  other  words  we  see  that  HP{U1  colinq  li)  = 0 for  all  p > 1.  Thus  the  assumptions 
of  Lemma r2i.ll. 91  are  satisfied  and  the  claim  follows.  □ 


Let  C be  a limit  of  sites  Ci  as  in  Sites,  Situation  7.11.3  and  Lemmas  7.11.4[  7.11.5 


and|7.1L6)  In  particular,  all  coverings  in  C and  Ci  have  finite  index  sets.  Moreover, 
assume  given 

(1)  an  abelian  sheaf  T on  Ci  for  all  i £ Ob(I), 

(2)  for  a : j ->  i a map  ipa  ■ f^Ti 
such  that  (pc  = ipb  o ft  Va  whenever  c = a o b. 


Tj  of  abelian  sheaves  on  Cj 


09YP  Lemma  21.16.2.  In  the  situation  discussed  above  set  T = colim/,  1 T, . Let 
i £ Ob {!),  Xi  £ Ob(Ci).  Then 

colim a:j^iIP'{ua{Xi),Tj)  - Hp(ui(Xi),T) 


for  all  p > 0. 
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06YL 

06YM 

06YN 

06YP 


Proof.  The  case  p = 0 is  Sites,  Lemma |7.11.6| 

In  this  paragraph  we  show  that  we  can  find  a map  of  systems  (7 f)  : (Ti,ipa)  — t 
(Gi,^a)  with  Qi  an  injective  abelian  sheaf  and  7.,;  injective.  For  each  i we  pick  an 
injection  J~t  -A  X^  where  is  an  injective  abelian  sheaf  on  C,;.  Then  we  can  consider 
the  family  of  maps 


7 i '■  Fi 


n 


b:k—>i 


fb,*^k  — Qi 


J~k  — t Xfe- 


where  the  component  maps  are  the  maps  adjoint  to  the  maps  fb  1J7i 
For  a : j — » i in  X there  is  a canonical  map 

- falGi  -t  Gj 

whose  components  are  the  canonical  maps  /h-1/ao6,*Xfc  —>  fb,*%k  for  b : k — > j. 
Thus  we  find  an  injection  {7,}  : {Ti,ipa)  — > (Gi,ifa)  of  systems  of  abelian  sheaves. 
Note  that  Gi  is  an  injective  sheaf  of  abelian  groups  on  Ci,  see  Lemma  E ,14.2|and 
Homology,  Lemma  12.23.3  This  finishes  the  construction. 


Arguing  exactly  as  in  the  proof  of  Lemma  21.16.1  we  see  that  it  suffices  to  prove 
that  HP(X,  colim/”1^)  = 0 for  p > 0. 

Set  Q = colirn  /Y1  Qj.  To  show  vanishing  of  cohomology  of  Q on  every  object  of  C 
we  show  that  the  Cech  cohomology  of  Q for  any  covering  U of  C is  zero  (Lemma 


21.11.9).  The  covering  U comes  from  a covering  Ui  of  Ci  for  some  i.  We  have 
C'{U,G)  = colim  a:j^.iC*(ua{Ui),Gj) 

by  the  case  p = 0.  The  right  hand  side  is  acyclic  in  positive  degrees  as  a filtered 
colimit  of  acyclic  complexes  by  Lemma [21. 11. 2|  See  Algebra,  Lemma[l0.8.9|  □ 

21.17.  Flat  resolutions 


In  this  section  we  redo  the  arguments  of  Cohomology,  Section  20.27  in  the  setting 
of  ringed  sites  and  ringed  topoi. 

Lemma  21.17.1.  Let  ( 0,0 ) be  a ringed  site.  Let  Qm  be  a complex  of  O-modules. 
The  functor 

K(Mod{0))  — > K{Mod(0)),  T'  ^ Tot{Tm  G *) 

is  an  exact  functor  of  triangulated  categories. 

□ 


Proof.  Omitted.  Hint:  See  More  on  Algebra,  Lemmas  15.49.1  and  15.49.2 


Definition  21.17.2.  Let  (0,0)  be  a ringed  site.  A complex  /C*  of  O-modules  is 
called  K-fiat  if  for  every  acyclic  complex  T*  of  O-modules  the  complex 

Tot(Jr*  0O/C*) 

is  acyclic. 

Lemma  21.17.3.  Let  (C,0)  be  a ringed  site.  Let  /C*  be  a K-flat  complex.  Then 
the  functor 

K(Mod(0))  — ► K(Mod(0)),  T'  >—>  Tot{T * K.*) 

transforms  quasi-isomorphisms  into  quasi-isomorphisms. 

Proof.  Follows  from  Lemma[2LT7T]and  the  fact  that  quasi-isomorphisms  are  char- 
acterized by  having  acyclic  cones.  □ 
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07A2  Lemma  21.17.4.  Let  ( C,0 ) be  a ringed  site.  If  1C* , C*  are  K-flat  complexes  of 
O-modules,  then  TotlfC*  (g>o  C*)  is  a K-flat  complex  of  O -modules. 

Proof.  Follows  from  the  isomorphism 

Tot(A4*  Tot  (1C*  £*))  = Tot  (Tot  (A4*  1C*)  <g>o  C*) 

and  the  definition.  □ 

07A3  Lemma  21.17.5.  Let  ( 0,0 ) be  a ringed  site.  Let  (1CI,1C*,1C*)  be  a distinguished 
triangle  in  K(Mod(0)).  If  two  out  of  three  of  1C*  are  K-flat,  so  is  the  third. 

Proof.  Follows  from  Lemma  [21. 17. 1|  and  the  fact  that  in  a distinguished  triangle 
in  K(Mod(0))  if  two  out  of  three  are  acyclic,  so  is  the  third.  □ 

06YQ  Lemma  21.17.6.  Let  (C,  O)  be  a ringed  site.  A bounded  above  complex  of  flat 
O-modules  is  K-flat. 

Proof.  Let  1C*  be  a bounded  above  complex  of  flat  O-modules.  Let  C*  be  an  acyclic 
complex  of  O-modules.  Note  that  C*  = colimm  r<m£*  where  we  take  termwise 
colimits.  Hence  also 

Tot(/C*  C*)  = colimm  Tot(/C*  (g )q  r<m£*) 

termwise.  Hence  to  prove  the  complex  on  the  left  is  acyclic  it  suffices  to  show 
each  of  the  complexes  on  the  right  is  acyclic.  Since  r<m£*  is  acyclic  this  reduces 
us  to  the  case  where  C*  is  bounded  above.  In  this  case  the  spectral  sequence  of 
Homology,  Lemma [12. 22. 6|  has 

'Epl’q  = Hp(C*  ®R  K.q) 

which  is  zero  as  JCq  is  flat  and  C*  acyclic.  Hence  we  win.  □ 

06YR  Lemma  21.17.7.  Let  (C,  O)  be  a ringed  site.  Let  /C*  — >■  1C*  ► . . . be  a system  of 

K-flat  complexes.  Then  colinij  1C*  is  K-flat. 

Proof.  Because  we  are  taking  termwise  colimits  it  is  clear  that 

colimi  Tot(Jr*  g>o  K,*)  = Tot(Jr*  (go  colinq  K.*) 

Hence  the  lemma  follows  from  the  fact  that  filtered  colimits  are  exact.  □ 

077J  Lemma  21.17.8.  Let  ( C,0 ) be  a ringed  site.  For  any  complex  Q*  of  O-modules 
there  exists  a commutative  diagram  of  complexes  of  O-modules 

A^l  ^ A^2  ^ • • • 


T<lG*  ^ T<2G*  . . . 

with  the  following  properties:  (1)  the  vertical  arrows  are  quasi-isomorphisms,  (2) 
each  /C*  is  a bounded  above  complex  whose  terms  are  direct  sums  of  O-modules  of 
the  form  ju\Ojj , and  (3)  the  maps  A*  — > 1C*1+1  are  termwise  split  injections  whose 
cokernels  are  direct  sums  of  O-modules  of  the  form  ju\Ou-  Moreover,  the  map 
colim/C*  G*  is  a quasi-isomorphism. 
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Proof.  The  existence  of  the  diagram  and  properties  (1),  (2),  (3)  follows  imme- 
diately from  Modules  on  Sites,  Lemma  |18.28.6|  and  Derived  Categories,  Lemma 
13.28.1  The  induced  map  colim/C*  — >•  Q*  is  a quasi-isomorphism  because  filtered 
colimits  are  exact.  □ 


06YS  Lemma  21.17.9.  Let  (0,0)  be  a ringed  site.  For  any  complex  Qm  of  O-modules 
there  exists  a K-flat  complex  /C*  and  a quasi-isomorphism  /C*  — >•  Q* . 


Proof.  Choose  a diagram  as  in  Lemma  21.17.8 


Each  complex  /C*  is  a bounded 
Hence  /C 


above  complex  of  flat  modules,  see  Modules  on  Sites,  Lemma  18.28.5 
K-flat  by  Lemma  21.17.6  The  induced  map  colim/C* 


is 


by  construction.  Since  colim/C*  is  K-flat  by  Lemma  21.17.7 


Qm  is  a quasi-isomorphism 
we  win.  □ 


06YT  Lemma  21.17.10.  Let  ( 0,0 ) be  a ringed  site.  Let  a : V*  — >•  <2*  be  a quasi- 
isomorphism of  K-flat  complexes  of  O-modules.  For  every  complex  J7*  of  O -modules 
the  induced  map 


Tot(idjr.  g a ) : Tot{F * g©  P*)  — > Tot{fF * go  Q*) 


is  a quasi-isomorphism. 


Proof.  Choose  a quasi-isomorphism  /C*  -A  J7*  with  /C* 
Lemma  21.17.9  Consider  the  commutative  diagram 


a K-flat  complex,  see 


Tot(/C*  <g>o  V) Tot(/C*  gc  Q*) 

\ V 

Tot(Jr*  (go  V) ^ Tbt(  J*  go  Q*) 


The  result  follows  as  by  Lemma  21.17.3|  the  vertical  arrows  and  the  top  horizontal 
arrow  are  quasi-isomorphisms.  □ 


Let  (C,  O)  be  a ringed  site.  Let  J7*  be  an  object  of  D(0).  Choose  a K-flat  resolution 
AC*  — > J7*,  see  Lemma  [21.17.9  By  Lemma  [21.17.1|  we  obtain  an  exact  functor  of 
triangulated  categories 

K(O)  — ► K(O),  G * ^ Tot(5*  ®o  AC*) 


By  Lemma  21.17.3  this  functor  induces  a functor  D(0)  D((D ) simply  because 
D(0)  is  the  localization  of  K(O)  at  quasi-isomorphisms.  By  Lemma  21.17.10  the 
resulting  functor  (up  to  isomorphism)  does  not  depend  on  the  choice  of  the  K-flat 
resolution. 


06YU  Definition  21.17.11.  Let  ( 0,0 ) be  a ringed  site.  Let  J7*  be  an  object  of  D(0). 
The  derived  tensor  product 

- J7*  : D(0)  — > D{0) 

is  the  exact  functor  of  triangulated  categories  described  above. 


It  is  clear  from  our  explicit  constructions  that  there  is  a canonical  isomorphism 

i'  gj)  g%  = g*  g£  i' 

for  g * and  J7*  in  D{0).  Hence  when  we  write  J7*  gj)  g*  we  will  usually  be  agnostic 
about  which  variable  we  are  using  to  define  the  derived  tensor  product  with. 
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08FF  Definition  21.17.12.  Let  (0,0)  be  a ringed  site.  Let  T,  G be  0-modules.  The 
Tor’s  of  J-  and  Q are  define  by  the  formula 

Tor °(T,g)  = H-P(T®%  Q) 

with  derived  tensor  product  as  defined  above. 

This  definition  implies  that  for  every  short  exact  sequence  of  0-modules  0 — >■  J-i  — > 
Ti  — > Tz  — t 0 we  have  a long  exact  cohomology  sequence 

T\  Q >■  Ti  G F3  ®e>  G 0 


Tor?  (Ji,£) Tor?  (.7-2,  G) ^ Tor?^,  £) 

for  every  0-module  Q . This  will  be  called  the  long  exact  sequence  of  Tor  associated 
to  the  situation. 

08FG  Lemma  21.17.13.  Let  (0,0)  be  a ringed  site.  Let  T be  an  O-module.  The 
following  are  equivalent 

(1)  J-  is  a flat  O-module,  and 

(2)  Torf  (J7,  Q)  = 0 for  every  O-module  Q. 

Proof.  If  F is  flat,  then  F (g> o — is  an  exact  functor  and  the  satellites  vanish. 
Conversely  assume  (2)  holds.  Then  if  Q — t TL  is  injective  with  cokernel  Q,  the  long 
exact  sequence  of  Tor  shows  that  the  kernel  of  F ®o  G — t F ®<p  H is  a quotient  of 
Tor?  (T,  Q)  which  is  zero  by  assumption.  Hence  T is  flat.  □ 


21.18.  Derived  pullback 


06YV  Let  / : (Sh(C),  O)  — > (Sh(C),  O')  be  a morphism  of  ringed  topoi.  We  can  use  K-flat 
resolutions  to  define  a derived  pullback  functor 

Lf*  : D(0')  -A  D(0) 


However,  we  have  to  be  a little  careful  since  we  haven’t  yet  proved  the  pullback 


of  a flat  module  is  flat  in  complete  generality,  see  Modules  on  Sites,  Section  18.38 


In  this  section,  we  will  use  the  hypothesis  that  our  sites  have  enough  points,  but 
once  we  improve  the  result  of  the  aforementioned  section,  all  of  the  results  in  this 
section  will  hold  without  the  assumption  on  the  existence  of  points. 


06YW  Lemma  21.18.1.  Let  f : Sh(C)  -A  Sh(C)  be  a morphism  of  topoi.  Let  O'  be  a 
sheaf  of  rings  on  O' . Assume  0 has  enough  points.  For  any  complex  of  O' -modules 
Q * , there  exists  a quasi-isomorphism  K.*  — > G*  such  that  /C*  is  a K-flat  complex  of 
O' -modules  and  /-1£*  is  a K-flat  complex  of  /-1  O'  -modules. 


Proof.  In  the  proof  of  Lemma  21.17.9  we  find  a quasi-isomorphism  K*  = colim,  K*  - 
Q*  where  each  K*  is  a bounded  above  complex  of  flat  0'-modules.  By  Modules  on 
Sites,  Lemma  18.38.3  applied  to  the  morphism  of  ringed  topoi  (Sh(C),  f~10')  — ► 
(Sh(C),  O')  we  see  that  f~1F*  is  a bounded  above  complex  of  flat  /~10'-modules. 
Hence  /-1£*  = colinu  /~ 1 /C*  is  K-flat  by  Lemmas 


21.17.6 


and 


21.17.7 


□ 


06YX  Remark  21.18.2.  It  is  straightforward  to  show  that  the  pullback  of  a K-flat 
complex  is  K-flat  for  a morphism  of  ringed  topoi  with  enough  points;  this  slightly 
improves  the  result  of  Lemma|21.18.1j  However,  in  applications  it  seems  rather  that 
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the  explicit  form  of  the  K-flat  complexes  constructed  in  Lemma  |21.17.9|  is  what  is 
useful  (as  in  the  proof  above)  and  not  the  plain  fact  that  they  are  K-flat.  Note  for 
example  that  the  terms  of  the  complex  constructed  are  each  direct  sums  of  modules 
of  the  form  ju'.Ou,  see  Lemma [21.17. 8| 

06YY  Lemma  21.18.3.  Let  f : ( Sh(C),0 ) — > ( Sh(C'),0 ')  be  a morphism  of  ringed  topoi. 
Assume  C has  enough  points.  There  exists  an  exact  functor 

Lf*  : £>(©')  — > D(0) 


of  triangulated  categories  so  that  Lf*KF  = f*K,*  for  any  complex  as  in  Lemma 
21.18.1\  in  particular  for  any  bounded  above  complex  of  flat  O' -modules. 


Proof.  To  see  this  we  use  the  general  theory  developed  in  Derived  Categories, 


Section  13.15  Set  V = K(0')  and  V = £)(©).  Let  us  write  F : V — > V the  exact 
functor  of  triangulated  categories  defined  by  the  rule  F{Q*)  = f*Q* . We  let  S be 
the  set  of  quasi- isomorphisms  in  T>  = K(0').  This  gives  a situation  as  in  Derived 
Categories,  Situation [13T5T] so  that  Derived  Categories,  Definition 1 1 3 . 1 5 . 2 1 applies . 
We  claim  that  LF  is  everywhere  defined.  This  follows  from  Derived  Categories, 
Lemma  13.15.15  with  V C Ob(T>)  the  collection  of  complexes  1C*  such  that  /-1/C* 
is  a K-flat  complex  of  /_1  ©'-modules:  (1)  follows  from  Lemma  21.18.1  and  to  see 
(2)  we  have  to  show  that  for  a quasi-isomorphism  /C*  -A  1C*  between  elements  of  V 
the  map  f*IC*  — >•  f*IC*  is  a quasi-isomorphism.  To  see  this  write  this  as 


f-'lCl  0,-10,  © — > r1^  0,-10,  © 


The  functor  /-1  is  exact,  hence  the  map  /-1/C*  — > /-1/C*  is  a quasi-isomorphism. 
The  complexes  and  /_1/C*  are  K-flat  complexes  of  /”10'-modules  by  our 

choice  of  V . Hence  Lemma  [2 1 . 1 7 . 1 0|  guarantees  that  the  displayed  map  is  a quasi- 
isomorphism. Thus  we  obtain  a derived  functor 


see 


LF  : D(0')  = S-'V  — >V'  = D{0) 

Derived  Categories,  Equation  ( 13.15.9. lj).  Finally,  Derived  Categories,  Lemma 


13.15.15  also  guarantees  that  LF{K*)  = F{K*)  = f*K*  when  K*  is  in  V.  Since  the 


proof  of  Lemma  |21.18.1|  shows  that  bounded  above  complexes  of  flat  modules  are 
in  V we  win.  □ 


07A4  Lemma  21.18.4.  Let  f : (Sh(C),0)  (Sh('D),£)')  be  a morphism  of  ringed  topoi. 

Assume  C has  enough  points.  There  is  a canonical  bifunctorial  isomorphism 

Lf*(F*  0g>,  g*)  = Lf*F*  0^  Lf*g* 
for  F*,Q*  G Ob {D{0')). 


Proof.  By  Lemma [21. 18. 1| we  may  assume  that  T*  and  Q*  are  K-flat  complexes  of 
©'-modules  such  that  f*F*  and  f*Q*  are  K-flat  complexes  of  ©-modules.  In  this 
case  F*  0^,  Q*  is  just  the  total  complex  associated  to  the  double  complex  F*  0q,  Q* . 
By  Lemma  21.17.4  Tot)^7*  0cr  Q*)  is  K-flat  also.  Hence  the  isomorphism  of  the 
lemma  comes  from  the  isomorphism 


Tbt(/*J*  0O  f*gm)  — ► /*Tot(Jr*  0ev  g*) 


whose  constituents  are  the  isomorphisms  f*Fp  0q  f*Gq  — > f*(Fp  ®o'  Gq)  of  Mod- 
ules on  Sites,  Lemma[l8.26.1|  □ 
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0816 


07A5 


07A6 


07A7 


Lemma  21.18.5.  Let  f : ( Sh(C),0 ) — > ( Sh(C'),0 ')  be  a morphism  of  ringed  topoi. 
There  is  a canonical  bifunctorial  isomorphism 

T'  Lf*Q • = T*  <2>)-,0y 

for  T*  in  D(0)  and  Q * in  D(O'). 

Proof.  Let  T be  an  0-module  and  let  Q be  an  0'-module.  Then  T Go  f*Q  = 
T ®f-i0,  f~ig  because  f*Q  = 0 iq>  f~lG ■ The  lemma  follows  from  this  and 
the  definitions.  □ 


21.19.  Cohomology  of  unbounded  complexes 


Let  (C,G)  be  a ringed  site.  The  category  Mod(0)  is  a Grothendieck  abelian  cate- 
gory: it  has  all  colimits,  filtered  colimits  are  exact,  and  it  has  a generator,  namely 

®ueoHc)ju'°u’ 

see  Modules  on  Sites,  Section [18T4] and  Lemmas|18.28.5|and|18.28^6|  By  Injectives, 
Theorem 1 1 9 . 1 2 . 6| for  every  complex  T * of  0-modules  there  exists  an  injective  quasi- 
isomorphism  J-*  — > I*  to  a K-injective  complex  of  0-modules.  Hence  we  can  define 


RT{C,T*)=T(C,1*) 


and  similarly  for  any  left  exact  functor,  see  Derived  Categories,  Lemma  13.29.7 
For  any  morphism  of  ringed  topoi  / : ( Sh(C),0 ) — > ( Sh(D),£) ')  we  obtain 

Rf*  ■ D(O)  —£  D(O') 


on  the  unbounded  derived  categories. 

Lemma  21.19.1.  Let  f : ( Sh(C),0 ) —*■  ( Sh(V ),  O')  be  a morphism  of  ringed  topoi. 
Assume  C has  enough  points.  The  functor  Rf * defined  above  and  the  functor  Lf* 
defined  in  Lemma\21.18.3\  are  adjoint: 

Horn  Dlo){Lf*g*,r)  = Horn  D{0'){G%  ,Rf,T*) 

bifunctorially  in  T*  £ Ob(D(0))  and  Q*  £ Ob (.D(0,)). 


Proof.  This  follows  formally  from  the  fact  that  Rf * and  Lf*  exist,  see  Derived 
Categories,  Lemma |13.28.4|  □ 


Remark  21.19.2.  The  construction  of  unbounded  derived  functor  Lf*  and  i?./* 
allows  one  to  construct  the  base  change  map  in  full  generality.  Namely,  suppose 
that 


(Sh(C'),Oc>) 


f 


(. sh(V),ov 0 


(Sh(C),Oc) 


( Sh(V),Ov ) 


is  a commutative  diagram  of  ringed  topoi.  Let  I\  be  an  object  of  D{Oc )•  Then 
there  exists  a canonical  base  change  map 

Lg*Rf*K  — > R{f)*L{g')* K 

in  D(Ox>')-  Namely,  this  map  is  adjoint  to  a map  L{f')*Lg*Rf^K  — > L(g')*K. 
Since  L(f)*oLg*  = L(g')*oLf*  we  see  this  is  the  same  as  a map  L(g')*  Lf*  Rf*K  -£■ 
L(g')*K  which  we  can  take  to  be  L(g')*  of  the  adjunction  map  Lf*Rf*K  — >•  K. 
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0B6C 


OBKV 


08FH 


08FI 


08FJ 


Remark  21.19.3.  Let  / : ( Sh(C),Oc ) — > (S7i(X>),  (Up)  be  a morphism  of  ringed 
topoi.  The  adjointness  of  Lf*  and  A/*  allows  us  to  construct  a relative  cup  product 

Rf*K  Rf*L  — ► A/*  (. K L) 

in  D(Oz >)  for  all  A",  A in  D(Oc).  Namely,  this  map  is  adjoint  to  a map  Lf*(Rf*K<g)£)x 
Rf*L)  — ► K g)Qc  A for  which  we  can  take  the  composition  of  the  isomorphism 
A/*(A/*A'  A/*  A)  = Lf*Rf*K  0£>c  A/*A/*A  (Lemma  21.18.4)  with  the  map 

Lf* Rf*K  Lf*Rf*L  — > A'  A coming  from  the  counit  A/*  o A/*  — > id. 

Lemma  21.19.4.  Aet  (C,0)  6e  a ringed  site.  Let  I\  be  an  object  of  D(O).  The 
sheafification  of  U ^ Hq(U,K)  is  the  qth  cohomology  sheaf  Hq(K)  of  K. 

Proof.  Choose  a K-injective  complex  A*  representing  K.  Then 

Ker(I«(tf)^J»+1(Cf)) 

K'  ' ImlH-'fll) -*!«(!/))  ' 

by  the  discussion  above.  Since  Hq(K)  = Ker(X9  — > I9+1)/Im(X9_1  — >■  X9)  the 


result  is  clear. 


□ 


21.20.  Some  properties  of  K-injective  complexes 


Let  (C,  O)  be  a ringed  site.  Let  U be  an  object  of  C.  Denote  j : ( Sh(C/U ),  On)  — > 
( Sh(C),0 ) the  corresponding  localization  morphism.  The  pullback  functor  j*  is 
exact  as  it  is  just  the  restriction  functor.  Thus  derived  pullback  Lj*  is  computed 
on  any  complex  by  simply  restricting  the  complex.  We  often  simply  denote  the 
corresponding  functor 

D(0)  — ► D(Ou),  E j* E = E\u 

Similarly,  extension  by  zero  j\  : Mod(Ou)  — > Mod{0)  (see  Modules  on  Sites,  Def- 
inition 18.19.1)  is  an  exact  functor  (Modules  on  Sites,  Lemma  18.19.3).  Thus  it 


induces  a functor 

j\  : D(Ou)  ->  D(0),  F^j,F 

by  simply  applying  j\  to  any  complex  representing  the  object  F. 

Lemma  21.20.1.  Let  ( 0,0 ) be  a ringed  site.  Let  U be  an  object  of  C.  The 
restriction  of  a K-injective  complex  of  O -modules  to  C/U  is  a K-injective  complex 
°f  On -modules. 


Proof.  Follows  immediately  from  Derived  Categories,  Lemma  13.29.9  and  the  fact 
that  the  restriction  functor  has  the  exact  left  adjoint  j\.  See  discussion  above.  □ 

Lemma  21.20.2.  Let  ( 0,0 ) be  a ringed  site.  Let  U be  an  object  of  C.  Denote 
j : ( Sh(C/U),Ou ) — > (Sh(C),0)  the  corresponding  localization  morphism.  The 


restriction  functor  D(0) 
D(Ou)  — ► D(0). 


D(On)  is  a right  adjoint  to  extension  by  zero  j \ 


Proof.  We  have  to  show  that 

Horn  D(o)(j\E,F)  = RomD{0u)(E,F\n) 

Choose  a complex  £*  of  O^-modules  representing  E and  choose  a K-injective  com- 


plex X*  representing  F.  By  Lemma  21.20.1  the  complex X*|j/  is  K-injective  as  well. 


Hence  we  see  that  the  formula  above  becomes 

Horn  d(0)U\L’  ,T*)  = Hom£)(Cic/)(A*,X,|(7) 
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which  holds  as  \u  and  j\  are  adjoint  functors  (Modules  on  Sites,  Lemma  18.19.2) 
and  Derived  Categories,  Lemma [13. 29. 2|  □ 


093Y  Lemma  21.20.3.  Let  C be  a site.  Let  O^O'  be  a flat  map  of  sheaves  of  rings. 
If  L*  is  a K-injective  complex  of  O' -modules,  then  Tm  is  K-injective  as  a complex 
of  O -modules. 


Proof.  This  is  true  because  Hom^'(o)(Jr*,Z*)  = Homj by  Mod- 
ules on  Sites,  Lemma  18.11.3  and  the  fact  that  tensoring  with  O'  is  exact.  □ 


093Z  Lemma  21.20.4.  Let  C be  a site.  Let  O — > O'  be  a map  of  sheaves  of  rings.  If  I * 
is  a K-injective  complex  of  O -modules,  then  Homo  (O' , /*)  is  a K-injective  complex 
of  O' -modules. 


Proof.  This  is  true  because  Hornsey)  (!?*,  Homo  (O',  X*)) 


Modules  on  Sites,  Lemma  18.27.5 


Horn by 

□ 


21.21.  Derived  and  homotopy  limits 

0940  Let  C be  a site.  Consider  the  category  CxN  with  Mor((/7,  n),  (P,  m))  = 0 if  n > m 
and  Mor ((U,n),  (P,  m))  = Mor(t7,  P)  else.  We  endow  this  with  the  structure  of  a 
site  by  letting  coverings  be  families  {(Ui,n)  — >•  (I/,  n)}  such  that  {Ui  — » 17}  is  a 
covering  of  C.  Then  the  reader  verifies  immediately  that  sheaves  on  C x N are  the 
same  thing  as  inverse  systems  of  sheaves  on  C.  In  particular  Ab(C  x N)  is  inverse 
systems  of  abelian  sheaves  on  C.  Consider  now  the  functor 

lim  : Ab(C  x N)  — X Ab(C) 

which  takes  an  inverse  system  to  its  limit.  This  is  nothing  but  g * where  g : Sh(C  x 
N)  — > Sh(C)  is  the  morphism  of  topoi  associated  to  the  continuous  and  cocontinuous 
functor  C x N — > C.  (Observe  that  g~x  assigns  to  a sheaf  on  C the  corresponding 
constant  inverse  system.) 

By  the  general  machinery  explained  above  we  obtain  a derived  functor 
I?  lim  = Rg * : D(C  x N)  — x D{C). 

As  indicated  this  functor  is  often  denoted  R.  lim. 


On  the  other  hand,  the  continuous  and  cocontinuous  functors  C — > C x N,  U H >■ 
([/,  n)  define  morphisms  of  topoi  in  : Sh(C)  —>■  Sh(C  x N).  Of  course  i~x  is  the  func- 
tor which  picks  the  nth  term  of  the  inverse  system.  Thus  there  are  transformations 
of  functors  i~\i  — » i~x.  Hence  given  K £ D(C  x N)  we  get  Kn  = i~xI\  £ D(C) 
and  maps  /\„+i  — > Kn.  In  Derived  Categories,  Definition  13.32.1  we  have  defined 
the  notion  of  a homotopy  limit 


R.  lim  Kn  £ D(C) 


We  claim  the  two  notions  agree  (as  far  as  it  makes  sense). 

0941  Lemma  21.21.1.  LetC  be  a site.  Let  K be  an  object  of  d(CxN).  Set  Kn  = i~xI\ 
as  above.  Then 

R lim  K = R lim  Kn 


in  D(C). 
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Proof.  To  calculate  R lim  on  an  object  K of  D(C  x N)  we  choose  a K-injective 
representative  I*  whose  terms  are  injective  objects  of  Ab(C  x N),  see  Injectives, 
Theorem  |19.12.6[  We  may  and  do  think  of  I*  as  an  inverse  system  of  complexes 
(I*)  and  then  we  see  that 

R lim  K = lim  X* 

where  the  right  hand  side  is  the  termwise  inverse  limit. 


Let  J = ( Jn ) be  an  injective  object  of  Ab(C  x N).  The  morphisms  ( U,n ) — Y 
( U , n + 1)  are  monomorphisms  of  C x N,  hence  J(U,  n + 1)  — » J ( U , n)  is  surjective 
(Lemma  21.12.6).  It  follows  that  Jn+\  — > Jn  is  surjective  as  a map  of  presheaves. 

Note  that  the  functor  i~x  has  an  exact  left  adjoint  in\.  Namely,  in\T  is  the  inverse 
system  ...0— >■  0 — >■  J7  — >...—■ > T . Thus  the  complexes  = J*  are  K-injective 

by  Derived  Categories,  Lemma[l3.29.9| 

Because  we  chose  our  K-injective  complex  to  have  injective  terms  we  conclude  that 
0 -A  liml*  > | J X*  > | J X*  ( ) 

is  a short  exact  sequence  of  complexes  of  abelian  sheaves  as  it  is  a short  exact 
sequence  of  complexes  of  abelian  presheaves.  Moreover,  the  products  in  the  middle 
and  the  right  represent  the  products  in  D(C),  see  Injectives,  Lemma  19.13.4  and 
its  proof  (this  is  where  we  use  that  X*  is  K-injective).  Thus  RlimK  is  a homotopy 
limit  of  the  inverse  system  (Kn)  by  definition  of  homotopy  limits  in  triangulated 
categories.  □ 


0A07  Lemma  21.21.2.  Let  f : (Sh(C),0)  — ► (Sh(T>),0')  be  a morphism  of  ringed  topoi. 
Then  Rf * commutes  with  R lim,  i.e.,  Rf * commutes  with  derived  limits. 


Proof.  Let  (Kn)  be  an  inverse  system  of  objects  of  D(O).  By  induction  on  n we 
may  choose  actual  complexes  A*  of  ©-modules  and  maps  of  complexes  /C*+1  — >•  /C* 
representing  the  maps  A'„+i  —t  Kn  in  D(0).  In  other  words,  there  exists  an  object 
K in  D(C  x N)  whose  associated  inverse  system  is  the  given  one.  Next,  consider 
the  commutative  diagram 

Sh(C  x N)  - — ->■  Sh{C) 

/xi  / 

Y 

Sh(C'  x N)  Sh(C') 


of  morphisms  of  topoi.  It  follows  that  i?limi?(/  x 1)*AT  = Rf^RlimK.  Working 
through  the  definitions  and  using  Lemma  21.21.1  we  obtain  that  i?lim(i?/*A'„)  = 
Rfm(RUmKn). 

Alternate  proof  in  case  C has  enough  points.  Consider  the  defining  distinguished 
triangle 

R lim  Kn  -A  Yl  Kn  Yl  Kn 

in  D(0).  Applying  the  exact  functor  Rf * we  obtain  the  distinguished  triangle 

A/*  (R  lim  Kn)  -a  Rf * (jj  AT„)  -A  Rf * 

in  D(0').  Thus  we  see  that  it  suffices  to  prove  that  i?/*  commutes  with  products 
in  the  derived  category  (which  are  not  just  given  by  products  of  complexes,  see 


Injectives,  Lemma  19.13.4).  However,  since  A/*  is  a right  adjoint  by  Lemma  21.19.1 
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OBKW 


OBKX 


OBKY 


08U3 


this  follows  formally  (see  Categories,  Lemma  4.24.41.  Caution:  Note  that  we  cannot 
apply  Categories,  Lemma  4.24.4  directly  as  Alim  Kn  is  not  a limit  in  D(0).  □ 


Remark  21.21.3.  Let  (0,0)  be  a ringed  site.  Let  (Kn)  be  an  inverse  system 
in  D(0).  Set  K = R\\mKn.  For  each  n and  m let  77™  = Hm(Kn)  be  the  mth 
cohomology  sheaf  of  Kn  and  similarly  set  77™  = Hm{K).  Let  us  denote  7/™  the 
presheaf 


Similarly  we  set  77™  (U ) = 
sheafification  of  77™  and  77 


U i — > 77™ (77)  = Hm(U,  Kn) 


Hm(U,  K).  By  Lemma  21.19.4  we  see  that  77™ 
m is  the  sheafification  of  77™ . Here  is  a diagram 


is  the 


K 77™ 77™ 

R lim  Kn  lim  77™ > lim  77™ 


In  general  it  may  not  be  the  case  that  lim  77™  is  the  sheafification  of  lim  77™.  If 
U C X is  an  open,  then  we  have  short  exact  sequences 

(21.21.3.1)  0 -A  R1  Iim77™_1(t7)  -A  Um(U)  -A-  lim77™(t/)  -A  0 


This  follows  from  the  fact  that  RT(U , — ) commutes  with  derived  limits  (Injectives, 


Lemma  19.13.6)  and  More  on  Algebra,  Remark  15.68.16 


The  following  lemma  applies  to  an  inverse  system  of  quasi-coherent  modules  with 
surjective  transition  maps  on  an  algebraic  space  or  an  algebraic  stack. 


Lemma  21.21.4.  Let  ( 0,0 ) be  a ringed  site.  Let  (J~n)  be  an  inverse  system  of 
O-modules.  Let  B C Ob(C)  be  a subset.  Assume 

(1)  every  object  of  C has  a covering  whose  members  are  elements  ofB, 

(2)  Hp(U,Fn)  = 0 for p>  0 and  U & B, 

(3)  the  inverse  system  J-n(U)  has  vanishing  R1  lim  for  U £ B. 

Then  R hm  Tn  = lim  Tn . 


Proof.  Set  Kn  = Tn  and  K = //lim Trl. 
and  assumption  (2)  we  see  that  for  U £ 


Using  the  notation  of  Remark  |21.21.3| 
B we  have  77™  (U)  = 0 when  m ^ 0 


and  77° (U)  = Tn(U).  From  Equation  (21.21.3.1)  and  assumption  (3)  we  see  that 
77™  (U)  = 0 when  m ^ 0 and  equal  to  limJr„(t/)  when  m = 0.  Sheafifying  using 
(1)  we  find  that  77™  = 0 when  m ^ 0 and  equal  to  lim  Tn  when  m = 0.  □ 


Lemma  21.21.5.  Let  (C,  O)  be  a ringed  site.  Let  E £ D(0).  Assume  there  exists 
a subset  B C Ob(C)  such  that 

(1)  every  object  of  C has  a covering  whose  members  are  elements  ofB, 

(2)  Vto,  3p(m)  such  that  Hp (U , Hm~p (E))  = 0 for  all  p > p(m)  and  U £ B. 
( For  example  if  HP{U , Hq(E))  = 0 for  all  p > 0,  q < 0,  U £ B.) 

Then  the  canonical  map 

E — > R\\m.T>-nE 


is  an  isomorphism  in  D(0). 
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Proof.  (The  parenthetical  statement  holds  because  the  condition  HP(U,  Hq(E))  = 
0 for  all  p > 0,  q < 0,  U £ B is  equivalent  to  p(m)  = max(0,  to)  in  the  lemma.)  The 
canonical  map  E — > R\\mr>-nE  comes  from  the  canonical  maps  E — > r>-nE.  Set 
I\n  = r>-nE  and  K = RlimKn.  We  will  use  the  notation  introduced  in  Remark 
21.21.3  Fix  m £ Z.  Recall  (Derived  Categories,  Remark  13.12.4)  that  we  have 


distinguished  triangles 


-ft-n+l  — ► An  —I  £ n[n]  — > Kn+ 1 [1] 

where  £l  = Hl(E ) denotes  the  ith  cohomology  sheaf  of  E.  Let  U £ B.  The 
associated  long  exact  cohomology  sequence  gives 


Hm(U,£~n[n-  1])  -»■  Hm(U,Kn+1)  Hm(U,Kn)  -a  Hm(U:£~n[n}) 

The  first  and  the  last  groups  are  equal  to  Hm+n~1  (U,  £~n)  and  Hm+n(U,£~n). 
By  assumption  (2)  if  m + n — 1 > p(m  — 1)  and  m + n > p(m),  i.e. , if  n > nm  = 
1 + ma x(p(m  — 1)  — m + 1 ,p(m)  — to),  then  these  two  groups  are  zero.  We  conclude 
that  the  inverse  system 


KT(U)  -a  yg{u)  -a  n?(u) 

is  constant  for  n > nm.  We  conclude  that  these  inverse  systems  have  vanishing 
R1  lim  (for  all  to).  By  Equation  (21.21.3.1) 

Km(u)  = ...  = U™m+2{U)  = H™m+i(u)  = H™JU) 

for  all  U £ B.  By  property  (1)  we  find  that  Rm  and  WHm+i  have  the  same  sheafi- 
fication  for  i > 0.  If  — nm  — i < to,  then  this  sheafification  is  equal  to  £m  by 
Lemma  21.19.4  applied  to  Krlm+l  = r>-nm-iE . This  implies  that  E — » K induces 
an  isomorphism  on  cohomology  sheaves  which  is  what  we  wanted  to  prove.  □ 


The  lemma  above  can  be  used  to  compute  cohomology  in  certain  situations. 

OBKZ  Lemma  21.21.6.  Let  ( C,0 ) be  a ringed  site.  Let  K be  an  object  of  D((D).  Let 
B C Ob(C)  be  a subset.  Assume 

(1)  every  object  of  C has  a covering  whose  members  are  elements  ofB, 

(2)  HP(U,  Hq{K))  = 0 for  allp>0,  q£  Z,  and  U £B. 

Then  Hq{U , K)  = H°(U , Hq(I<))  for  q £ Z and  U £ B. 


Equation  (21.21.3.1)  we  get  a short  exact  sequence 
R1  lim  Hq~1(U,T>-nK ) 


Let  U £ B.  By 


Proof.  Observe  that  K = R limT>_raA”  by  Lemma  21.21.5 

act  sequence 

Hq(U,K)  -£  lim  Hq (U,  r>-nK)  ->  0 


0 


Condition  (2)  implies  Hq(U,T>-nK)  = H°(U,  Hq(T>-nK))  for  all  q by  using  the 
spectral  sequence  of  Derived  Categories,  Lemma  |13.21.3|  The  spectral  sequence 
converges  because  r>_nA'  is  bounded  below.  If  n > — q then  we  have  Hq(r>-nK)  = 
Hq(K).  Thus  the  systems  on  the  left  and  the  right  of  the  displayed  short  exact 
sequence  are  eventually  constant  with  values  H°(U,  Hq~1(K))  and  H°(U,  Hq{K)) 
and  the  lemma  follows.  □ 


Here  is  another  case  where  we  can  describe  the  derived  limit. 

0A09  Lemma  21.21.7.  Let  (0,0)  be  a ringed  site.  Let  ( Kn ) be  an  inverse  system  of 
objects  of  D(0).  Let  B C Ob(C)  be  a subset.  Assume 

(1)  every  object  of  C has  a covering  whose  members  are  elements  of  B, 

(2)  for  all  U £ B and  all  q £ Z we  have 
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(a)  HP(U,  Hq(Kn))  = 0 for  p > 0, 

(b)  the  inverse  system  H°(U,  Hq(Kn))  has  vanishing  R 1 lim. 

Then  Hq{R\mrKn)  = lim Hq (Kn)  for  q £ Z and  Rf  lim Hq (Kn)  = 0 for  t > 0. 


Proof.  Set  K = R lim  Kn . We  will  use  notation  as  in  Remark |21. 21. 3|  Let  U € B. 
By  Lemma  21.21.6  and  (2)(a)  we  have  Hq(U,Kn)  = H°(U,  Hq(Kn)).  Using  that 
the  functor  RT(U,  — ) commutes  with  derived  limits  we  have 

Hq(U,  K)  = Hq{R  lim  RT(U,  Kn))  = lim  H°{U,Hq(Kn)) 

where  the  final  equality  follows  from  More  on  Algebra,  Remark  |15.68.16]  and  as- 
sumption (2)(b).  Thus  Hq(U,K)  is  the  inverse  limit  the  sections  of  the  sheaves 
Hq(Kn)  over  U.  Since  lim  Hq(Kn)  is  a sheaf  we  find  using  assumption  (1)  that 
Hq(K ),  which  is  the  sheafification  of  the  presheaf  U e- >■  Hq(U,K ),  is  equal  to 
lim  Hq(Kn).  This  proves  the  first  statement.  The  second  is  Lemma  21.21.4  □ 


21.22.  Producing  K-injective  resolutions 


070N 


Let  ( C , 0)  be  a ringed  site.  Let  T%  be  a complex  of  0-modules.  The  category 


Mod((D)  has  enough  injectives,  hence  we  can  use  Derived  Categories,  Lemma  13.28.3 
produce  a diagram 

. . . ^ T>_ 2-F*  ^ T>_  1.F* 


T* 

x2 


V 

T* 


in  the  category  of  complexes  of  0-modules  such  that 

(1)  the  vertical  arrows  are  quasi-isomorphisms, 

(2)  X*  is  a bounded  below  complex  of  injectives, 

(3)  the  arrows  X*+1  —y  X*  are  termwise  split  surjections. 

The  category  of  0-modules  has  limits  (they  are  computed  on  the  level  of  presheaves) , 
hence  we  can  form  the  termwise  limit  X*  = limn  I* . By  Derived  Categories,  Lem- 
mas |13.29.4|  and  |13.29.8|  this  is  a K-injective  complex.  In  general  the  canonical 
map 


070P  (21.22.0.1) 


T'  -*T% 


may  not  be  a quasi-isomorphism.  In  the  following  lemma  we  describe  some  condi- 
tions under  which  it  is. 


070Q 


Lemma  21.22.1.  In  the  situation  described  above.  Denote  Hm  = the 

mth  cohomology  sheaf.  Let  B C Ob(C)  be  a subset.  Let  d £ N.  Assume 


(1)  every  object  of  C has  a covering  whose  members  are  elements  ofB, 

(2)  for  every  U £ B we  have  HP(U,  Tlq)  = 0 for  p > d and  q < (j^} 


Then  (21. 22.  OA ) is  a quasi-isomorphism. 


Proof.  By  Derived  Categories,  Lemma  13.32.4  it  suffices  to  show  that  the  canonical 
map  T*  —y  R lim  r>_nX*  is  an  isomorphism.  This  follows  from  Lemma  21.21.5  with 
p(m)  = ma x(d,  m).  □ 


2It  suffices  if  Vm,  3p(m),  Hr(JJM.m  p)  = 0 for  p > p(m). 
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Here  is  a technical  lemma  about  cohomology  sheaves  of  termwise  limits  of  inverse 
systems  of  complexes  of  modules.  We  should  avoid  using  this  lemma  as  much  as 
possible  and  instead  use  arguments  with  derived  inverse  limits. 

08CT  Lemma  21.22.2.  Let  ( C,0 ) be  a ringed,  site.  Let  (J7*)  be  an  inverse  system  of 
complexes  of  O -modules.  Let  m £ Z.  Suppose  given  B C Ob(C)  and  an  integer  no 
such  that 

(1)  every  object  of  C has  a covering  whose  members  are  elements  ofB, 

(2)  for  every  U G B 

(a)  the  systems  of  abelian  groups  Jr™_2(C/)  and  (U)  have  vanishing 
R1  lim  (for  example  these  have  the  Mittag-Leffter  property), 

(b)  the  system  of  abelian  groups  Hm~1(lF*(U))  has  vanishing  R 1 lim  (for 
example  it  has  the  Mittag-Leffler  property),  and 

(c)  we  have  Hm{J7*(U))  = Hm(T*o(U))  for  all  n>n0. 

Then  the  maps  Hm(T *)  — ► lim Hm(Ff)  — > Hm(T*0)  are  isomorphisms  of  sheaves 
where  J- * = lim  J7*  is  the  termwise  inverse  limit. 

Proof.  Let  U £ B.  Note  that  Hrn (J7* (U))  is  the  cohomology  of 

lim nT(f-2(U)  -»•  lim nT™~\U)  -»•  lim nF?(U)  ->•  lim nT™+1(U) 

in  the  third  spot  from  the  left.  By  assumptions  (2) (a)  and  (2)(b)  we  may  apply 
More  on  Algebra,  Lemma  [l5.68.2|  to  conclude  that 

Hm(T*(U))  = YunHm(K{U)) 

By  assumption  (2)(c)  we  conclude 

Hm(r(u))  = Hm(Km 

for  all  n > no-  By  assumption  (1)  we  conclude  that  the  sheafification  of  U H >■ 
Hm(F'(U))  is  equal  to  the  sheafification  of  C7  i — iLm(Jr*(t/))  for  all  n > n0.  Thus 
the  inverse  system  of  sheaves  is  constant  for  n > n$  with  value  Hm(F*) 

which  proves  the  lemma.  □ 

The  construction  above  can  be  used  in  the  following  setting.  Let  C be  a category. 
Let  Cov(C)  D Cov^C)  be  two  ways  to  endow  C with  the  structure  of  a site.  Denote  r 
the  topology  corresponding  to  Co v(C)  and  t'  the  topology  corresponding  to  Cov'(C). 
Then  the  identity  functor  on  C defines  a morphism  of  sites 

e : CT  — > CT  ’ 

where  e*  is  the  identity  functor  on  underlying  presheaves  and  where  e^1  is  the  r- 
sheafification  of  a r'-sheaf  (hence  clearly  exact).  Let  O be  a sheaf  of  rings  for  the 
r-topology.  Then  O is  also  a sheaf  for  the  T'-topology  and  e becomes  a morphism 
of  ringed  sites 

e:  (Ct,Ot)  — ► (Ct>,Ot,) 

In  this  situation  we  can  sometimes  point  out  subcategories  of  D(Ot)  and  D(Ot>) 
which  are  identified  by  the  functors  e*  and  f?e*. 

07A8  Lemma  21.22.3.  With  e : ( Ct,Ot ) — > ( Ct>,Ot> ) as  above.  Let  B C Ob(C)  be  a 
subset.  Let  A C PModiO ) be  a full  subcategory.  Assume 

(1)  every  object  of  A is  a sheaf  for  the  r-topology, 

(2)  A is  a weak  Serre  subcategory  of  Mod(Or), 

(3)  every  object  ofC  has  a r' -covering  whose  members  are  elements  of  B,  and 
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(4)  for  every  U € B we  have  HP(U,  T)  = 0,  p > 0 for  all  T £ A. 

Then  A is  a weak  Serre  subcategory  of  Mod(0T ) and  there  is  an  equivalence  of 
triangulated  categories  Da(Ot)  = Da(Oti)  given  by  e*  and  Re*. 

Proof.  Note  that  for  A £ A we  can  think  of  A as  a sheaf  in  either  topology  and 
(abusing  notation)  that  e*A  = A and  e*  A = A.  Consider  an  exact  sequence 

Aq  — > Ai  A'2  A3  — > A4 


in  Mod((DT>)  with  A0,Ai,A3, 


A4  in  A.  We  have  to  show  that  A2  is  an  element  of 

-1 


A.  see  Homology,  Definition  12.9.1 
that  e*A2  is  an  object  of  A.  Consider  the  map  of  sequences 


Apply  the  exact  functor  e*  = e 1 to  conclude 


A0 ^ A 4 - ^ A2  ’ A3 ^ A4 

y v 

Aq  A\ >■  e*e*  A2 * A3 >■  A4 


to  conclude  that  A2  = e*e*A2  is  an  object  of  A.  At  this  point  it  makes  sense  to 
talk  about  the  derived  categories  Da(Ot)  and  Da{Ot'),  see  Derived  Categories, 
Section  113.131 

Since  e*  is  exact  and  preserves  A,  it  is  clear  that  we  obtain  a functor  e*  : Da(Ot>)  — >■ 
Da(Ot).  We  claim  that  Re * is  a quasi-inverse.  Namely,  let  T*  be  an  object  of 


Da(Ot).  Construct  a map  T*  — > I*  = limX*  as  in  (21.22.0.1).  By  Lemma  21.22.1 
and  assumption  (4)  we  see  that  Z*  — > Z*  is  a quasi-isomorphism.  Then 


Re*Z*  = e*Z*  = lim„  e*Z* 


For  every  U £ B we  have 


Hm(e*l-n(U))=Hm(l-n(U)) 


Hm{Z*)(U) 

0 


if  m > — n 
if  m < n 


by  the  assumed  vanishing  of  (4),  the  spectral  sequence  Derived  Categories,  Lemma 
and  the  fact  that  T>-nZm  — > I*  is  a quasi-isomorphism.  The  maps 
e*Z*  are  termwise  split  surjections  as  e*  is  a functor.  Hence  we  can 


13.21.3 


f T* 

t*-Ln+ 1 


apply  Homology,  Lemma[l2.27.7|  to  the  sequence  of  complexes 

lim„  e*Z™~2(U)  -»•  lim„  e*Zff~\U)  lim„  e*Z™(U)  lim„  e*Z™+1(U) 


to  conclude  that  Hm(e*Z*(U))  = for  U £ B.  Sheafifying  and  using 

property  (3)  this  proves  that  Hm{e*Z*)  is  isomorphic  to  e*Hm(Z*),  i.e. , is  an  object 
of  A.  Thus  Re * indeed  gives  rise  to  a functor 


Re*  : Da(Ot ) — ► Da(Ot>) 


For  T * £ Da(Ot)  the  adjunction  map  e*Re*Fm  — )•  T*  is  a quasi-isomorphism 
as  we’ve  seen  above  that  the  cohomology  sheaves  of  Re*F * are  e*Hm(Z*).  For 
Q*  £ Da(Ot’)  the  adjunction  map  Q * — > Re*e*Q * is  a quasi-isomorphism  for  the 
same  reason,  i.e.,  because  the  cohomology  sheaves  of  Re*e*Qm  are  isomorphic  to 

e*Hm(e*g)  =Hm(g*).  □ 
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21.23.  Cohomology  on  Hausdorff  and  locally  quasi-compact  spaces 


We  continue  our  convention  to  say  “Hausdorff  and  locally  quasi-compact”  instead 
of  saying  “locally  compact”  as  is  often  done  in  the  literature.  Let  LC  denote  the 
category  whose  objects  are  Hausdorff  and  locally  quasi-compact  topological  spaces 
and  whose  morphisms  are  continuous  maps. 

Lemma  21.23.1.  The  category  LC  has  fibre  products  and  a final  object  and  hence 
has  arbitrary  finite  limits.  Given  morphisms  X — > Z and  Y — > Z in  LC  with  X 
and  Y quasi-compact,  then  X XzY  is  quasi-compact. 


Proof.  The  final  object  is  the  singleton  space.  Given  morphisms  X -A  Z and 
F->Z  of  LC  the  fibre  product  X x^L  is  a subspace  of  X x Y . Hence  X XzY  is 
Hausdorff  as  X x Y is  Hausdorff  by  Topology,  Section  |5.3[ 


If  X and  Y are  quasi-compact,  then  X x Y is  quasi-compact  by  Topology,  Theorem 


5.13.4  Since  X xz  Y is  a closed  subset  of  1x7  (Topology,  Lemma  5.3.4)  we  find 


that  X XzY  is  quasi-compact  by  Topology,  Lemma  |5.11.3| 


Finally,  returning  to  the  general  case,  if  x £ X and  y £ Y we  can  pick  quasi- 
compact neighbourhoods  x £ E C X and  y £ F C Y and  we  find  that  E x z F is 
a quasi-compact  neighbourhood  of  (x,y)  by  the  result  above.  Thus  X x z Y is  an 
object  of  LChy  Topology,  Lemma  [5.12. 2|  □ 


We  can  endow  LC  with  a stronger  topology  than  the  usual  one. 

Definition  21.23.2.  Let  {/,;  : Xj  -A  X}  be  a family  of  morphisms  with  fixed 
target  in  the  category  LC.  We  say  this  family  is  a qc  cowering]  if  for  every  x € X 
there  exist  ii, ...  ,in  £ I and  quasi-compact  subsets  Ej  C Xi:j  such  that  (J  fo  ( Ej ) 
is  a neighbourhood  of  x. 

Observe  that  an  open  covering  X = (J  Ui  of  an  object  of  LC  gives  a qc  covering 
{Ui  — > X}  because  X is  locally  quasi-compact.  We  start  with  the  obligatory  lemma. 

Lemma  21.23.3.  Let  X be  a Hausdorff  and  locally  quasi-compact  space,  in  other 
words,  an  object  of  LC. 

(1)  If  X'  -A  X is  an  isomorphism  in  LC  then  {X1  -a  X}  is  a qc  covering. 

(2)  If  {ft  : Xi  -a  X}iej  is  a qc  covering  and  for  each  i we  have  a qc  covering 
{gij  : Xij  -A  Xi}jej. , then  {Xij  -a  X}iejtjej.  is  a qc  covering. 

(3)  If  {Xi  -a  X}iei  is  a qc  covering  and  X'  -A  X is  a morphism  of  LC  then 
{X'  x x Xi  — > X'}iej  is  a qc  covering. 


Proof.  Part  (1)  holds  by  the  remark  above  that  open  coverings  are  qc  coverings. 


Proof  of  (2).  Let  x £ X.  Choose  i\,...,in  £ / and  Ea  C Xia  quasi-compact  such 
that  (J  fia(Ea)  is  a neighbourhood  of  x.  For  every  e £ Ea  we  can  find  a finite 
subset  Je  C Jia  and  quasi-compact  F£: j C Xi:j , j £ Je  such  that  (J (Jij{pe.,j)  is  a 
neighbourhood  of  e.  Since  Ea  is  quasi-compact  we  find  a finite  collection  e\, . . . , ema 
such  that 

Ea  C IU„.1BW  U jeJsk  9iAFek,j) 

Then  we  find  that 


^This  is  nonstandard  notation.  We  chose  it  to  remind  the  reader  of  fpqc  coverings  of  schemes. 
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is  a neighbourhood  of  x. 

Proof  of  (3).  Let  x'  £ X'  be  a point.  Let  x £ X be  its  image.  Choose  i\, . . . ,in  £ I 
and  quasi-compact  subsets  Ej  C X,.  such  that  \J  fa  (Ej)  is  a neighbourhood  of 
x.  Choose  a quasi-compact  neighbourhood  F C X'  of  x'  which  maps  into  the 
quasi-compact  neighbourhood  (J  fij{Ej)  of  x.  Then  F Xx  Ej  C X'  Xx  X.ij  is  a 
quasi-compact  subset  and  F is  the  image  of  the  map  JJF  x.y  Ej  — y F.  Hence  the 
base  change  is  a qc  covering  and  the  proof  is  finished.  □ 


09X2 


Besides  some  set  theoretic  issues  the  lemma  above  shows  that  LCwith  the  collection 
of  qc  coverings  forms  a site.  We  will  denote  this  site  (suitably  modified  to  overcome 
the  set  theoretical  issues)  LCqc. 


Remark  21.23.4  (Set  theoretic  issues).  The  category  LC  is  a “big”  category  as 
its  objects  form  a proper  class.  Similarly,  the  coverings  form  a proper  class.  Let 
us  define  the  size  of  a topological  space  X to  be  the  cardinality  of  the  set  of  points 
of  X.  Choose  a function  Bound  on  cardinals,  for  example  as  in  Sets,  Equation 
(3. 9. 1.1).  Finally,  let  So  be  an  initial  set  of  objects  objects  of  LC,  for  example 
S0  = {(R,  euclidean  topology)}.  Exactly  as  in  Sets,  Lemma  3.9.2  we  can  choose 
a limit  ordinal  a such  that  LCa  = LC  tl  Va  contains  So  and  is  preserved  under 
all  countable  limits  and  colimits  which  exist  in  LC.  Moreover,  if  X £ LCa  and  if 
Y £ LC  and  size(T)  < Bound( size(X)),  then  Y is  isomorphic  to  an  object  of  LCa. 
Next,  we  apply  Sets,  Lemma |3. 11. 1|  to  choose  set  Cov  of  qc  covering  on  LCa  such 
that  every  qc  covering  in  LCa  is  combinatorially  equivalent  to  a covering  this  set. 
In  this  way  we  obtain  a site  ( LCa , Cov)  which  we  will  denote  LCqc. 


There  is  a second  topology  on  the  site  LCqc  of  Remark  21.23.4 


Namely,  given  an 
such  that  X,  — ► X is  an 


object  X we  can  consider  all  coverings  {X,  -a-  X}  of  LCqc 
open  immersion.  We  denote  this  site  LCzar-  The  identity  functor  LCzar 
is  continuous  and  defines  a morphism  of  sites 


LC, 


qc 


e : LC0, 


LCzar 


by  an  application  of  Sites,  Proposition  7.15.6 

Consider  an  object  X of  the  site  LCqc  constructed  in  Remark  21.23.4  (Translation 
for  those  not  worried  about  set  theoretic  issues:  Let  X be  a Hausdorff  and  locally 
quasi-compact  space.)  Let  XZar  be  the  site  whose  objects  are  opens  of  X,  see  Sites, 
Example  |7.6.4|  There  is  a morphism  of  sites 

7T  : LCzar/X  -A 

ar 

given  by  the  continuous  functor 

Xzar  — > LCzar/X,  U I > U 


Namely,  Xzar  has  fibre  products  and  a final  object  and  the  functor  above  commutes 
with  these  and  Sites,  Proposition  |7. 15.6]  applies. 

09X3  Lemma  21.23.5.  Let  X be  an  object  of  LCqc.  Let  T be  a sheaf  on  Xzar  ■ Then 
the  sheaf  n^1F  on  LCzar/X  is  given  by  the  rule 

ir-1F(Y)=r{YZarJ-1X) 

for  f : Y — )•  X in  LCqc.  Moreover  ■n~1E  is  a sheaf  for  the  qc  topology,  i.e.,  the 
sheaf  e~1n~1F  on  LCqc  is  given  by  the  same  formula. 
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Proof.  Of  course  the  pullback  /_i  on  the  right  hand  side  indicates  usual  pullback 
of  sheaves  on  topological  spaces  (Sites,  Example  7.15.21.  The  equality  of  the  lemma 
follows  directly  from  the  defintions. 


Let  V = {gi 
7 T^TiY)  ->■ 


: Yi  - 

H°(V,  7T 


Y}iei  be  a covering  of  LCqc/X.  It  suffices  to  show  that 
~1T)  is  an  isomorphism,  see  Sites, 


7.10 


We  first 


Section 

point  out  that  the  map  is  injective  as  a qc  covering  is  surjective  and  we  can  detect 
equality  of  sections  at  stalks  (use  Sheaves,  Lemmas  6.11.1  and  6.21.4|).  Thus  we 
see  that  is  a separated  presheaf  on  LCqc  hence  it  suffices  to  show  that  any 

element  (si)  £ H°(V,  7r_1  T)  maps  to  an  element  in  the  image  of  7r ~1F(Y)  after 
replacing  V by  a refinement  (Sites,  Theorem  7.10.10). 


Observe  that  7r-1.7:jyi  Zar  is  the  pullback  of  f~1Jr  = 'k~1T\ yZar  under  the  continu- 
ous map  gi  : Yi  — > Y . Thus  we  can  choose  an  open  covering  Yi  = (J  Vij  such  that 
for  each  j there  is  an  open  Wtj  C Y and  a section  tjj  £ such  that  s^. 

is  the  pullback  of  t,tj.  In  other  words,  after  refining  the  covering  {Yi  — > Y}  we  may 
assume  there  are  opens  Wi  C Y such  that  Yj  — > Y factors  through  Hj  and  sections 
U of  n~1F  over  fly  which  restrict  to  the  given  sections  Sj.  Moreover,  if  y £ Y is  in 
the  image  of  both  Yj  — > Y and  Yj  — > Y,  then  the  images  C.y  and  tjiV  in  the  stalk 
f~xTy  agree  (because  Si  and  s:j  agree  over  Yj  xY  Yj).  Thus  for  y £ Y there  is  a 
well  defined  element  ty  of  f~xTy  agreeing  with  t,-hy  whenever  y £ Yj.  We  will  show 
that  the  element  (ty)  comes  from  a global  section  of  f~xT  over  Y which  will  finish 
the  proof  of  the  lemma. 


It  suffices  to  show  that  this  is  true  locally  on  Y,  see  Sheaves,  Section  |6.17|  Let 
yo  £ Y.  Pick  ii, . . . ,in  £ I and  quasi-compact  subsets  Ej  C Yj  . such  that  IJ  g^  ( Ej ) 
is  a neighbourhood  of  j/o-  Then  we  can  find  an  open  neighbourhood  V C Y of  yo 
contained  in  ILj,  fl . . . D Wjn  such  that  the  sections  \v,  j = 1, . . . , n agree.  Hence 
we  see  that  ( ty)v^v  comes  from  this  section  and  the  proof  is  finished.  □ 


09X4 


Lemma  21.23.6.  Let  X be  an  object  of  LCqc.  Let  T be  an  abelian  sheaf  on  Xzar- 
Then  we  have 


H\XZar,T)  = H\LCqcIX,e-xv~xT) 

In  particular,  if  A is  an  abelian  group,  then  we  have  Hq(X,A)  = Hq(LCqc/ X,  A) . 


Proof.  The  statement  is  more  precisely  that  the  canonical  map 
Bq[XZar,T)  — > Hq(LCqc/X,  e~17r_1.7:') 

is  an  isomorphism  for  all  q.  The  result  holds  for  q = 0 by  Lemma  |21.23.5|  We 
argue  by  induction  on  q.  Pick  qo  > 0.  We  will  assume  the  result  holds  for  q < qo 
and  prove  it  for  qo- 


Injective.  Let  £ £ Hqo(X,X).  We  may  choose  an  open  covering  U : X = (J  U,-,  such 
that  £j Ui  is  zero  for  all  i (Cohomology,  Lemma  20.8.2).  Then  U is  also  a covering 
for  the  qc  topology.  Hence  we  obtain  a map 

= HP(U,Hq(E))  — > E%’g  = HP(U,Hq(e-1TT~1T)) 


between  the  spectral  sequences  of  Cohomology,  Lemma [20T23] and  Lemma[2LTL6] 
Since  the  maps  Hq(iF)(Ui0...jp)  — >•  iL9(e_1 7r_1Jr))(/7j0...ip)  are  isomorphisms  for 
q < qo  we  see  that 


Ker (Hq°(X,T)  ->•  \[Hqq{Ui,X)) 
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maps  isomorphically  to  the  corresponding  subgroup  of  Hq°(LCqc/X,  e 17 r 1Jr).  In 
this  way  we  conclude  that  our  map  is  injective  for  q0. 

Surjective.  Let  £ £ Hq°{LCqc/ X,  e-17r-1.7r).  If  for  every  x £ X we  can  find  a 
neighbourhood  x £ U C X such  that  f\ u = 0,  then  we  can  use  the  Cech  complex 
argument  of  the  previous  paragraph  to  conclude  that  £ is  in  the  image  of  our 
map.  Fix  x £ X.  We  can  find  a qc  covering  {/,;  : Xt  — > X}ieI  such  that  £\x.  is 


zero  (Lemma  21.8.3).  Pick  £ / and  Ej  C X-L  such  that  (J  (Ej)  is  a 


neighbourhood  of  x.  We  may  replace  X by  (J  ./?;,  {Ej  ) and  set  Y = JJ  Etj . Then 
V -A  A'  is  a surjective  continuous  map  of  Hausdorff  and  quasi-compact  topological 
spaces,  £ £ Hq°(LCqc/X , and  £|y  = 0.  Set  Yp  — Y xx  ■ ■ ■ Xx  Y (p  + 1- 

factors)  and  denote  Tv  the  pullback  of  J7  to  Yp.  Then  the  spectral  sequence 

Ep'q  = CP({Y  -A-  X},Hq(e-1Tr-1Jr)) 


of  Lemma  21.11.6  has  rows  for  q < qo  which  are  (by  induction)  the  complexes 

Hq(Y0,E0)  — l Hq{Y1}E i)  —>  Hq(Y2,E2)  -A  . . . 

If  these  complexes  were  exact  in  degree  p = qo  — q,  then  the  spectral  sequence  would 
show  that  £ is  zero.  This  is  not  true  in  general,  but  we  don’t  need  to  show  £ is  zero, 
we  just  need  to  show  £ becomes  zero  after  restricting  X to  a neighbourhood  of  x. 
Thus  it  suffices  to  show  that  the  complexes 

colim,,e£/cX  (Hq(Y0  x x U,E0)  -A  Hq(Y1  xx  U ,7i)  -A  Hq(Y2  xx  U,E 2) 

are  exact  (some  details  omitted).  By  the  proper  base  change  theorem  in  topology 


(for  example  Cohomology,  Lemma  20.19.1)  the  colimit  is  equal  to 

Hq{Yx,F„)  -a  Hq(Yx,Tx)  -a  /F(FX3, ^)  ^ ... 

where  Yx  C Y is  the  fibre  of  Y — > X over  x and  where  Tx  denotes  the  constant  sheaf 
with  value  Tx.  But  the  simplicial  topological  space  ( Yx  ) is  homotopy  equivalent  to 


the  constant  simplicial  space  on  the  singleton  {a;},  see  Simplicial,  Lemma  14.26.9 


Since  Hq(—,TX)  is  a functor  on  the  category  of  topological  spaces,  we  conclude 
that  the  cosimplicial  abelian  group  with  values  Hq(Yx,  Ex)  is  homotopy  equivalent 
to  the  constant  cosimplicial  abelian  group  with  value 


Hq({x},Ex)  = 


Tx  if  9 = 0 


0 


else 


As  the  complex  associated  to  a constant  cosimplicial  group  has  the  required  exact- 
ness properties  this  finishes  the  proof  of  the  lemma.  □ 

09X5  Lemma  21.23.7.  Let  f : X — >•  Y be  a morphism  of  LC.  If  f is  proper  and 
surjective,  then  {/  : X -A  Y}  is  a qc  covering. 

Proof.  Let  y £ Y be  a point.  For  each  x £ Xy  choose  a quasi-compact  neigh- 
bourhood Ex  C X.  Choose  x £ Ux  C Ex  open.  Since  / is  proper  the  fibre  Xy  is 
quasi-compact  and  we  find  xi, . . . , xn  £ Xy  such  that  Xy  C UXl  U . . . U UXrl . We 
claim  that  f(Ex  J U . . . U f(EXn)  is  a neighbourhood  of  y.  Namely,  as  / is  closed 
(Topology,  Theorem  5.16.5)  we  see  that  Z = f(X  \ UXl  U . . . U UXn)  is  a closed 
subset  of  Y not  containing  y.  As  / is  surjective  we  see  that  Y \ Z is  contained  in 
f(EXl)  U . . . U f{EXn)  as  desired.  □ 
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21.24.  Spectral  sequences  for  Ext 

07 A9  In  this  section  we  collect  various  spectral  sequences  that  come  up  when  considering 
the  Ext  functors.  For  any  pair  of  complexes  Q*  ,J-*  of  complexes  of  modules  on  a 
ringed  site  ( 0,0 ) we  denote 

Ext  ^(G*,E*)  = Horn  D(0)(G*  ^*[n}) 

according  to  our  general  conventions  in  Derived  Categories,  Section  [13.27| 

07AA  Example  21.24.1.  Let  (C,0)  be  a ringed  site.  Let  K,*  be  a bounded  above 
complex  of  0-modules.  Let  T be  an  0-module.  Then  there  is  a spectral  sequence 
with  E^-page 

E *J‘  = Ext =>  Ext^'(/C*,  F) 
and  another  spectral  sequence  with  Ei-page 

E\’j  = Ext j0{K,-\E)  =4-  Ext^j(/C*, F). 

To  construct  these  spectral  sequences  choose  an  injective  resolution  T — >■  X*  and 
consider  the  two  spectral  sequences  coming  from  the  double  complex  Horn q(IC*  ,X*), 
see  Homology,  Section  [l2.22[ 


21.25.  Horn  complexes 

0A8X  Let  (C,  0)  be  a ringed  site.  Let  £*  and  M*  be  two  complexes  of  0-modules.  We 
construct  a complex  of  0-modules  Horn*  (£* , M*).  Namely,  for  each  n we  set 

-Homn(£*,M*)  = T\  nomo{C~\Mp) 

It  is  a good  idea  to  think  of  Homn  as  the  sheaf  of  0-modules  of  all  0-linear  maps 
from  £*  to  M*  (viewed  as  graded  0-modules)  which  are  homogenous  of  degree  n. 
In  this  terminology,  we  define  the  differential  by  the  rule 


d (/)  = d^  o / - (-1)"/  o dc 

for  / £ 'Hom^(£* , A4*).  We  omit  the  verification  that  d2  = 0.  This  construc- 
tion is  a special  case  of  Differential  Graded  Algebra,  Example  22.19.6  It  follows 
immediately  from  the  construction  that  we  have 

0A8Y  (21.25.0.1)  Hn(T(U,Hom*  (£* , M*)))  = HomK(0u)(£* , M*[n}) 

for  all  n € Z and  every  U £ Ob(C).  Similarly,  we  have 

0A8Z  (21.25.0.2)  Hn(T(C,'Hom*  (£* , M*)))  = HomAq0)(£*,  M*[n\) 


for  the  complex  of  global  sections. 

0A90  Lemma  21.25.1.  Let  (C,0)  be  a ringed  site.  Given  complexes  IC*,£*,A4*  of 
O -modules  there  is  an  isomorphism 


Horn*  (K,* , Horn*  (£*,  M*))  = Vom*  (Tot(IC*  ®0£*),M*) 


of  complexes  of  O -modules  functorial  in  1C*  ,£*  ,A 4*. 


Proof.  Omitted.  Hint:  This  is  proved  in  exactly  the  same  way  as  More  on  Algebra, 
Lemma  115.59.11  □ 
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0A91 


0A92 


0A93 


0A94 


0A95 


Lemma  21.25.2.  Let  ( 0,0 ) be  a ringed  site.  Given  complexes  K*,£*,  M*  of 
O -modules  there  is  a canonical  morphism 

Tot  (Horn*  (£*,  M.*)  ®o  Korn*  (K,* , £'))  — ► 'Horn*  (JC* , M*) 

of  complexes  of  O -modules. 


Proof.  Omitted.  Hint:  This  is  proved  in  exactly  the  same  way  as  More  on  Algebra, 
Lemma  115.59.21  □ 

Lemma  21.25.3.  Let  (0,0)  be  a ringed  site.  Given  complexes  )€*,£*,  M*  of 
O -modules  there  is  a canonical  morphism 

TotlfHom* (£* , M*)  <g>0  KT)  — > Horn'  (Horn*  (£*  ,£*),M*) 
of  complexes  of  O -modules  functorial  in  all  three  complexes. 

Proof.  Omitted.  Hint:  This  is  proved  in  exactly  the  same  way  as  More  on  Algebra, 
Lemma  115.59.31  □ 

Lemma  21.25.4.  Let  ( 0,0 ) be  a ringed  site.  Given  complexes  K,*,£*,M * of 
O -modules  there  is  a canonical  morphism 

/C*  — ► Horn*  (£* , Tot(K*  ®o  0')) 
of  complexes  of  O -modules  functorial  in  both  complexes. 


Proof.  Omitted.  Hint:  This  is  proved  in  exactly  the  same  way  as  More  on  Algebra, 
Lemma  115.59.51  □ 

Lemma  21.25.5.  Let  (0,0)  be  a ringed  site.  LetT * be  a K-injective  complex  of 
O-modules.  Let  £*  be  a complex  of  O -modules.  Then 

H°(T(U, Horn*  (£',!')))  = RomD{0u)(L\u,  M\v) 

for  all  U € Ob(C).  Similarly,  H°{T(C,'Hom* (£*,!*)))  = Horn d^qv^(L,M). 

Proof.  We  have 


H°(T(U,  Horn* (£•,!•)))  = RomK(0v)(L\u , M\v) 

= RomD(0u)(L\u , M\u) 


The  first  equality  is  (21.25.0.1).  The  second  equality  is  true  because  I*\u  is  K- 
injective  by  Lemma  |21.20.1  The  proof  of  the  last  equation  is  similar  except  that 
it  uses  ( 21.25.0.2 ).  □ 

Lemma  21.25.6.  Let  (0,  O)  be  a ringed  site.  Let  (I,)*  — > I*  be  a quasi-isomorphism 
of  K-injective  complexes  of  O-modules.  Let  (£')*  — t £*  be  a quasi-isomorphism  of 
complexes  of  O-modules.  Then 

Horn* (£* , (l')m)  — > Horn' ((£')•,!•) 
is  a quasi-isomorphism. 


Proof.  Let  M be  the  object  of  D(0)  represented  by  I*  and  (I')*.  Let  L be  the 
object  of  D(0)  represented  by  £*  and  (£')*■  By  Lemma  21.25.5  we  see  that  the 
sheaves 

H°  (Horn' (£',(!')•))  and  H°  (Horn*  ((£')•  ,J*)) 
are  both  equal  to  the  sheaf  associated  to  the  presheaf 

U i — >Rora.D(ou)(L\u,M\u) 
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Thus  the  map  is  a quasi-isomorphism. 


□ 


Lemma  21.25.7.  Let  (C,  0)  be  a ringed  site.  Let  I*  be  a K-injective  complex 
of  O -modules.  Let  C * be  a K-flat  complex  of  0 -modules.  Then  Rom* (£*,X*)  is  a 
K-injective  complex  of  0 -modules. 

Proof.  Namely,  if  A*  is  an  acyclic  complex  of  0-modules,  then 

Horn  K(0){1C%, Horn9  (£•,!•))  = H°  (T(C,  Rom*  (K.* , Rom*  (C*  ,!*)))) 

= H°(T(C,  Rom*  (Tot(IC*  <g>o  C*),T*))) 

= Horn^yo)  (Tot(/C*  £*),X*) 

= 0 


The  first  equality  by 


21.25.0.2).  The  second  equality  by  Lemma  21.25.1  The  third 


equality  by  (21.25.0.2).  The  final  equality  because  Tot(/C*®o£*)  is  acyclic  because 
C*  is  K-flat  (Definition  21.17.2)  and  because  I*  is  K-injective.  □ 


21.26.  Internal  hom  in  the  derived  category 

Let  (C,  0)  be  a ringed  site.  Let  L,  M be  objects  of  0(0).  We  would  like  to  construct 
an  object  RRom(L , M ) of  0(0)  such  that  for  every  third  object  I\  of  0(0)  there 
exists  a canonical  bijection 

(21.26.0.1)  Horn D{0)(I<,  RRom(L,  M))  = HomD(0)(AT  L,M) 

Observe  that  this  formula  defines  RRom(L1  M)  up  to  unique  isomorphism  by  the 
Yoneda  lemma  (Categories,  Lemma  4.3.5). 

To  construct  such  an  object,  choose  a K-injective  complex  of  0-modules  X*  repre- 
senting M and  any  complex  of  0-modules  C*  representing  L.  Then  we  set  Then 
we  set 

RRom(L,M)  = Rom*(C*,T*) 

where  the  right  hand  side  is  the  complex  of  0-modules  constructed  in  Section  [2L25] 
This  is  well  defined  by  Lemma  [21.25.6|  We  get  a functor 

D(0)opp  x 0(0)  — > 0(0),  (K,  L)  i — ^ RRx>m{K,L) 

As  a prelude  to  proving  (21.26.0. i|)  we  compute  the  cohomology  groups  of  i?/Ho?n(A",  L). 

Lemma  21.26.1.  Let  (C,0)  be  a ringed  site.  Let  K,L  be  objects  of  D (JO).  For 
every  object  U of  C we  have 

H°(U,RHom(L,M ))  = Hom  D{Pv){L\u , M\v) 

and  we  have  H° (C , RTLom(L , M))  = Roui]j^(L,  M) . 

Proof.  Choose  a K-injective  complex  X*  of  0-modules  representing  M and  a K-flat 
complex  X*  representing  L.  Then  Rom*  (C* , X® ) is  K-injective  by  Lemma 


21.25.7 


Hence  we  can  compute  cohomology  over  U by  simply  taking  sections  over  U and 
the  result  follows  from  Lemma [21.25.51  □ 

Lemma  21.26.2.  Let  (C,0)  be  a ringed  site.  Let  K,L,M  be  objects  of  0(0). 
With  the  construction  as  described  above  there  is  a canonical  isomorphism 

RRom(K , RRjom(L , M))  = RRom(K  <g>£,  X,  M) 


in  0(0)  functorial  in  K,L,M  which  recovers  (21.26.0.1)  on  taking  H°(C,—). 
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Proof.  Choose  a K-injective  complex  Z*  representing  M and  a K-flat  complex  of 
0-modules  L*  representing  L.  Let  H*  be  the  complex  described  above.  For  any 
complex  of  0-modules  K*  we  have 


'Horn* {1C , Horn  {C*  ,1*))  = 'Horn* (Tot {K*  <g>0  £*),!*) 

by  Lemma  21.25.1|  Note  that  the  left  hand  side  represents  R Tk>m{K,  R 'Hom{L,  M )) 
(use  Lemma  21.25.7 1 and  that  the  right  hand  side  represents  RTLom{K  <S>q  L,M). 
This  proves  the  displayed  formula  of  the  lemma.  Taking  global  sections  and  using 
Lemma  21.26.1  we  obtain  (21.26.0.1).  □ 


Lemma  21.26.3.  Let  (C,0)  be  a ringed  site.  Let  K,L  be  objects  of  D[0).  The 
construction  of  RTlom(K,L)  commutes  with  restrictions,  i.e.,  for  every  object  U 
of  C we  have  R'Hom(K\jj , L\jj)  = Rjiom(K,  L)\u . 

Proof.  This  is  clear  from  the  construction  and  Lemma [21.20. II  □ 


Lemma  21.26.4.  Let  (C,0)  be  a ringed  site.  The  bifunctor  RTLom{—,—)  trans- 
forms distinguished  triangles  into  distinguished  triangles  in  both  variables. 

Proof.  This  follows  from  the  observation  that  the  assignment 

(C*,M*)  i — » Horn* (C* , M*) 

transforms  a termwise  split  short  exact  sequences  of  complexes  in  either  variable 
into  a termwise  split  short  exact  sequence.  Details  omitted.  □ 

Lemma  21.26.5.  Let  (C,0)  be  a ringed  site.  Let  K,L,M  be  objects  of  D(O). 
There  is  a canonical  morphism 

R-Hom{L,M ) <g>£  K — > R'Hom(R'Hom(K,  L),M) 

in  D(0)  functorial  in  I\,  L , M . 

Proof.  Choose  a K-injective  complex  X*  representing  M,  a K-injective  complex 
Jm  representing  L , and  a K-flat  complex  JC*  representing  K.  The  map  is  defined 
using  the  map 

TotO Hom*{J*,l*)  ®o  1C*)  — > Worn* (Horn* (K*,  J*),T*) 

of  Lemma |21.25.3[  By  our  particular  choice  of  complexes  the  left  hand  side  repre- 
sents RTiom(L,  M)®qK  and  the  right  hand  side  represents  R'Hom(R'Hom(K , L),  M). 
We  omit  the  proof  that  this  is  functorial  in  all  three  objects  of  0(0).  □ 

Lemma  21.26.6.  Let  (C,0)  be  a ringed  site.  Given  K,L,M  in  0(0)  there  is  a 
canonical  morphism 

RHom{L,M ) <g>£  RTLom(K,  L)  — > RTLom(K,  M) 


in  0(0). 
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Proof.  In  general  (without  suitable  finiteness  conditions)  we  do  not  see  how  to  get 
this  map  from  Lemma  |21.25.2|  Instead,  we  use  the  maps 

RT-Lom{L,M)  g£)  RT-Lom{K,L)  gj)  K 


Rl~bom(L,M)  (gijj  R'Hom{R'Hom{K , K) , L) 


RT-Lom(L,M ) g^,  L 


R'Hom(R'Hom(L , L),  M) 
M 


gotten  by  applying  Lemma  21.26.5  twice  as  well  as  the  maps  O — > RT-Lom(K,K) 
and  O — > R'Hom{L1  L).  Finally,  we  use  Lemma  21.26.2  to  translate  the  composition 

RT-Lom{L,  M)  g£)  R7iom(K , L)  gg>  K — » M 


into  a map  as  in  the  statement  of  the  lemma.  □ 

Lemma  21.26.7.  Let  (0,0)  be  a ringed  site.  Given  K,L  in  D(0 ) there  is  a 
canonical  morphism 

I<  — a RHom(L , K g&  L) 
in  D{0)  functorial  in  both  K and  L. 


Proof.  Choose  K-flat  complexes  /C*  and  £*  represeting  K and  L.  Choose  a K- 
injective  complex  I*  and  a quasi-isomorphism  Tot(/C*  go  £ *)  — > XV  Then  we 
use 

/C*  -+nom*{£\  Tot  (/C*  go/:*))  ^Hom*  (£•,!*) 

where  the  first  map  comes  from  Lemma |21. 25. 4|  □ 

Lemma  21.26.8.  Let  (C,0)  be  a ringed  site.  Let  L be  an  object  of  D{0).  Set 
Lv  = RRom^L^O).  For  M in  D(0 ) t/iere  is  a canonical  map 

(21.26.8.1)  Lv  g£>  M — >RrLom{L,M) 


which  induces  a canonical  map 

H°(C,  Lv  g&  M)  —A  HomD(o)(L,  M) 
functorial  in  M in  D{0). 


Proof.  The  map  (21.26.8.1)  is  a special  case  of  Lemma  21.26.6  using  the  identifi- 
cation M = RT~Lom(0,  M).  □ 


Remark  21.26.9.  Let  / : ( Sh(C),Oc ) — > (Sh(V),Ox>)  be  a morphism  of  ringed 
topoi.  Let  I\,L  be  objects  of  D(Oc )■  We  claim  there  is  a canonical  map 


Rf*Rnom(L,K)  —a  Rnom{Rf*L,  Rf.K) 
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Namely,  by  (21.26.0.1)  this  is  the  same  thing  as  a map  Rf*R'Hom(L,  K) 

Rf*L  — > A/*  A.  For  this  we  can  use  the  composition 

Rf*RUom(L,K)  A/*L  -a  Rf*(RUom(L,K)  ®£c  A)  -a  A/*A' 

where  the  first  arrow  is  the  relative  cup  product  (Remark  21.19.3)  and  the  second 
arrow  is  1?/*  applied  to  the  canonical  map  RT~Lom{L:  K)  L -a  K coming  from 
Lemma  21.26.6  (with  Oc  in  one  of  the  spots). 

Remark  21.26.10.  Let  h : ( Sh(C),0 ) — > (KSh(C')1  O')  be  a morphism  of  ringed 
topoi.  Let  K,  L be  objects  of  D(0').  We  claim  there  is  a canonical  map 

Lh*RHom{K,L)  — » R'Hom(Lh* AT,  Lh* L) 


in  D(0).  Namely,  by  (21.26.0.1)  proved  in  Lemma  21.26.2  such  a map  is  the  same 
thing  as  a map 

Lh*RVom{K,  L)  ®L  Lh*K  — > Lh* L 

The  source  of  this  arrow  is  Lh*  ('Hom(K,  L)  ®L  K)  by  Lemma  21.18.4  hence  it 
suffices  to  construct  a canonical  map 

RHom(K , L)  <g>L  K — > L. 

For  this  we  take  the  arrow  corresponding  to 

id  : RUom(K,L ) — > RUom(K,L ) 


via  (|21.26.0.1[). 

08 JG  Remark  21.26.11. 


Suppose  that 

(■ Sh(C'),Oc> )- 

/' 

(Sh(W),Ovl) 


(Sh(C),Oc) 


(Sh(D),  Od) 


is  a commutative  diagram  of  ringed  topoi.  Let  K,  L be  objects  of  D(Oc)-  We  claim 
there  exists  a canonical  base  change  map 

Lg*Rft,RHom(K1L)  — > R(f%RMom(Lh*K,Lh*L) 
in  D(Ox>')-  Namely,  we  take  the  map  adjoint  to  the  composition 

L(f')*Lg*Rf*R'Uom(K,L ) = Lh*Lf*Rf*RHom{K,L) 

->  Lh*R'Hom(K,  L) 

->•  RHom{Lh*K,Lh*L) 

where  the  first  arrow  uses  the  adjunction  mapping  Lf*Rfit  — > id  and  the  second 
arrow  is  the  canonical  map  constructed  in  Remark  |21.26.10| 


21.27.  Global  derived  horn 

0B6E  Let  ( Sh(C),0 ) be  a ringed  topos.  Let  K,L  G D(0).  Using  the  construction  of  the 
internal  horn  in  the  derived  category  we  obtain  a well  defined  object 

RRom(K,L)  = RT(X,R'Hom(K,L)) 

in  D(T(C,  O)).  We  will  sometimes  write  RHomo(A',  L)  for  this  object.  By  Lemma 
121.26.11  we  have 


H°(RRom(K,L))  = Hom£,(0)  ( AT,  L) 
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and 

Hp(RHom(K,  L))  = Ext PD(0)(K,  L) 

21.28.  Derived  lower  shriek 

In  this  section  we  study  some  situations  where  besides  Lf*  and  Rf * there  also  a 
derived  functor  Lf\. 


07AC  Lemma  21.28.1.  Let  u : C — ► T>  be  a continuous  and  cocontinuous  functor  of 
sites  which  induces  a morphism  of  topoi  g : Sh(C)  — » Sh(V).  Let  Ox>  be  a sheaf  of 
rings  and  set  Oq  = g~1Ox> ■ The  functor  g\  : Mod(Oc)  — > Mod(Oxi)  (see  Modules 


on  Sites,  Lemma  18. 40.1 ) has  a left  derived  functor 


Lg<  : D(Oc)  — > D(Od) 

which  is  left  adjoint  to  g* . Moreover,  for  U £ Ob(C)  we  have 
Lg\(ju\Ou ) = g\ju\Ou  = ju(uyPu(u)- 

where  ju\  and  ju(u)\  are  extension  by  zero  associated  to  the  localization  morphism 
ju  ■ C/U  — ► C and  ju{u ) : V/u(U)  ->  V. 


Proof.  We  are  going  to  use  Derived  Categories,  Proposition  |13.28T2|  to  construct 
Lg\.  To  do  this  we  have  to  verify  assumptions  (1),  (2),  (3),  (4),  and  (5)  of  that 
proposition.  First,  since  g\  is  a left  adjoint  we  see  that  it  is  right  exact  and  commutes 
with  all  colimits,  so  (5)  holds.  Conditions  (3)  and  (4)  hold  because  the  category  of 
modules  on  a ringed  site  is  a Grothendieck  abelian  category.  Let  V C Ob (Mod(Oc)) 
be  the  collection  of  0c-modules  which  are  direct  sums  of  modules  of  the  form  jinOjj- 


Note  that  g\ju\Ou  = ju(u)\Ou(u)  > see  proof  of  Modules  on  Sites,  Lemma  18.40.1 
Every  0c-module  is  a quotient  of  an  object  of  V , see  Modules  on  Sites,  Lemma 


18.28.6  Thus  (1)  holds.  Finally,  we  have  to  prove  (2).  Let  1C*  be  a bounded  above 
acyclic  complex  of  Oc-nrodules  with  Kin  E V for  all  n.  We  have  to  show  that  g\K.* 
is  exact.  To  do  this  it  suffices  to  show,  for  every  injective  Op-module  I that 

Horn  D(OT,){g\T4*  ,T[n])  = 0 
for  all  n £ Z.  Since  T is  injective  we  have 

UomD(0l>)(g<IC*  ,l{n})  = Horn  K^0l))(g\K*  ,l[n]) 

= Hn  (KomOT,(g\K,*  ,1)) 

= Hn(Hom0c(IC*,g-1l)) 
the  last  equality  by  the  adjointness  of  g\  and  g^1 . 

The  vanishing  of  this  group  would  be  clear  if  g~xI  were  an  injective  Oe-module. 
But  g~lT  isn’t  necessarily  an  injective  Oc-m°dule  as  g\  isn’t  exact  in  general.  We 
do  know  that 

Ext ^(jw.Ouig-1!)  = HP(U,  g-1!)  = 0 for  p > 1 

Namely,  the  first  equality  follows  from  Homoc  (ju\Ou,  TL)  = TL(U)  and  taking  de- 
rived functors.  The  vanishing  of  HP(U,  g-1!)  for  all  U £ Ob(C)  comes  from  the 
vanishing  of  all  higher  Cech  cohomology  groups  HP(U,  g_1I)  via  Lemma  21.11.9 
Namely,  for  a covering  U = {Ui  — > U}iei  in  C we  have  HP(U , g~xT)  = Hp(u(U),l). 
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Since  I is  an  injective  0-module  these  Cech  cohomology  groups  vanish,  see  Lemma 
21.12.3  Since  each  K,~q  is  a direct  sum  of  modules  of  the  form  ju\Ojj  we  see  that 

ExtQc  (K.~q,  g~lI)  = 0 for  p > 1 and  all  q 


Let  us  use  the  spectral  sequence  (see  Example  21.24.1) 

E™  = Ext p0c(K,-\g-xZ)  =*  Extg+^/C*^-1!)  = 0. 


Note  that  the  spectral  sequence  abuts  to  zero  as  1C*  is  acyclic  (hence  vanishes  in 
the  derived  category,  hence  produces  vanishing  ext  groups).  By  the  vanishing  of 
higher  exts  proved  above  the  only  nonzero  terms  on  the  E\  page  are  the  terms 
E®’q  = Horn oc{JC~q,g~1I).  We  conclude  that  the  complex  Horn oc(lC* , g_1I)  is 
acyclic  as  desired. 


Thus  the  left  derived  functor  Lg\  exists.  We  still  have  to  show  that  it  is  left  adjoint 
to  <7_1  = g*  = Rg*  = Lg *,  i.e. , that  we  have 

07  AD  (21.28.1.1)  RomD{0c)(n*,g-1£*)  = RomD{oJ,)(Lg]n*,£*) 


This  is  actually  a formal  consequence  of  the  discussion  above.  Choose  a quasi- 
isomorphism 1C*  — >•  T~L*  such  that  1C*  computes  Lg\.  Moreover,  choose  a quasi- 
isomorphism £*  — > I*  into  a K-injective  complex  of  O-p-modules  I*.  Then  the 
RHS  of  (|21.28.1.ip  is 

Horn  K{0v)(g\lC  ,1*) 

On  the  other  hand,  by  the  definition  of  morphisms  in  the  derived  category  the  LHS 
of  fl21.28.Lip  is 

Hom£)(oc)  (/C*,  3_1I*)  = colims:£.^/c.  Horn K(0c)(C* , g~xl*) 

= colinis^.^/c*  Ho mA-(0l,)(g! £*,I#) 


by  the  adjointness  of  g\  and  g*  on  the  level  of  sheaves  of  modules.  The  colimit  is 
over  all  quasi- isomorphisms  with  target  1C* . Since  for  every  complex  C*  there  exists 
a quasi-isomorphism  (1C')*  — >•  C*  such  that  (1C')*  computes  Lg\  we  see  that  we  may 
as  well  take  the  colimit  over  quasi-isomorphisms  of  the  form  s : (1C1)*  — > 1C*  where 
(1C')*  computes  Lg\.  In  this  case 


Horn K{OT>)(g,lC* X)  — > Horn k^W)* ,T) 

is  an  isomorphism  as  g\(K')*  — » g\YC*  is  a quasi-isomorphism  and  I*  is  K-injective. 
This  finishes  the  proof.  □ 


07AE  Remark  21.28.2.  Warning!  Let  u : C — ► V,  g,  Op,  and  Oc  be  as  in  Lemma 


21.28.1  In  general  it  is  not  the  case  that  the  diagram 


D(Oc) 


forget 


D(C) 


Lg< 


LgC 


D(Ov) 

forget 

D(V) 


21.28.1 


but 


commutes  where  the  functor  Lgfb  is  the  one  constructed  in  Lemma 
using  the  constant  sheaf  Z as  the  structure  sheaf  on  both  C and  V.  In  general  it 
isn’t  even  the  case  that  g\  = gfb  (see  Modules  on  Sites,  Remark  18.40.2),  but  this 


phenomenon  can  occur  even  if  g\  = gfb\  Namely,  the  construction  of  Lg\  in  the 
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08P8 


08P9 


08PA 


proof  of  Lemma  21.28.1  shows  that  Lg\  agrees  with  Lg^b  if  and  only  if  the  canonical 
maps 

Lgfhju'.Ou  — > ju(uy.Ou(u) 

are  isomorphisms  in  D(T>)  for  all  objects  U in  C.  In  general  all  we  can  say  is  that 
there  exists  a natural  transformation 


Lgfb  ° forget 


forget  o Lg\ 


21.29.  Derived  lower  shriek  for  fibred  categories 

In  this  section  we  work  out  some  special  cases  of  the  situation  discussed  in  Section 


21.28  We  make  sure  that  we  have  equality  between  lower  shriek  on  modules  and 
sheaves  of  abelian  groups.  We  encourage  the  reader  to  skip  this  section  on  a first 
reading. 

Situation  21.29.1.  Here  (P,  dp)  be  a ringed  site  and  p : C — A V is  a fibred 
category.  We  endow  C with  the  topology  inherited  from  V (Stacks,  Section  [8. 10). 
We  denote  n : Sh{C ) — > Sh(V)  the  morphism  of  topoi  associated  to  p (Stacks, 
Lemma  8.10.3).  We  set  Oc  = so  that  we  obtain  a morphism  of  ringed  topoi 


21.29.1 


For  U £ 


tt  : (Sh(C),  Oc)  — ► (. Sh{D),Ov ) 

Lemma  21.29.2.  Assumptions  and  notation  as  in  Situation 
Ob(C)  consider  the  induced  morphism  of  topoi 

ttjj  : Sh(C/U)  — ► Sh(V/p{U )) 

Then  there  exists  a morphism  of  topoi 

a : Sh{V/p{U))  -a  Sh(C/U) 

such  that  nu  o a = id  and  a~x  = ttjj,*- 

Proof.  Observe  that  7 tjj  is  the  restriction  of  tt  to  the  localizations,  see  Sites,  Lemma 


7.27.4 


For  an  object  V p{U)  of  T>/p(U)  denote  V xp/m  U —t  U the  strongly 
cartesian  morphism  of  C over  T>  which  exists  as  p is  a fibred  category.  The  functor 

v : V/p{U)  —t  C/U,  V/p(U)  ha  V xp(u)  U/U 

is  continuous  by  the  definition  of  the  topology  on  C.  Moreover,  it  is  a right  adjoint 
to  p by  the  definition  of  strongly  cartesian  morphisms.  Hence  we  are  in  the  situation 


discussed  in  Sites,  Section  7.21  and  we  see  that  the  sheaf  ttu,*F  is  equal  to  V ha 
F{V  xp(u)  U)  (see  especially  Sites,  Lemma  7.21.2). 


But  here  we  have  more.  Namely,  the  functor  v is  also  cocontinuous  (as  all  mor- 
phisms in  coverings  of  C are  strongly  cartesian).  Hence  v defines  a morphism  a 
as  indicated  in  the  lemma.  The  equality  cr-1  = ttjj,*  is  immediate  from  the  def- 
inition. Since  is  given  by  the  rule  V /U  ha  G(p(U')/p(U))  it  follows  that 

= id  which  proves  the  equality  7 tjj  o cr  = id.  □ 


O 7Tr 


Situation  21.29.3.  Let  (D,  Od)  be  a ringed  site.  Let  u : C'  — > C be  a 1-morphism 


of  fibred  categories  over  V (Categories,  Definition  4.32.9).  Endow  C and  C with 
their  inherited  topologies  (Stacks,  Definition  |8.10.2 ) and  let  7r  : Sh(C)  -A  Sh(V ), 


7r'  : Sh(C’)  —A  Sh(T>),  and  g : Sh(C’)  -A  Sh(C)  be  the  corresponding  morphisms  of 


08PB 


08PC 
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topoi  (Stacks,  Lemma  8.10.3).  Set  Oc  = tt  1Ot>  and  Oc  = (t7)  1Ot> ■ Observe 
that  g~1Oc  = Oc  so  that 


(Sh(C'),Oc 


( Sh(C),Oc ) 


(Sh(V),Ov) 

is  a commutative  diagram  of  morphisms  of  ringed  topoi. 


Lemma  21.29.4.  Assumptions  and  notation  as  in  Situation  21.29.3  For  U'  £ 
Ob(C')  set  U = u{U')  and  V = p'{U')  and  consider  the  induced  morphisms  of 
ringed  topoi 


(. Sh(C'/U'),Ow ) 


(Sh(C),Ou) 


(Sh(D/V),  Ov) 

Then  there  exists  a morphism  of  topoi 

a'  : Sh(V/V ) -A  Sh(C'/U'), 

such  that  setting  a = g'  o o’  we  have  ttjj,  o cr'  = id,  ttjj  ° & = id,  (cr')_1  = tt'jj,  and 

O’-1  = TTJJ,*- 

Proof.  Let  v’  : V /V  — > C /U'  be  the  functor  constructed  in  the  proof  of  Lemma 


21.29.2  starting  with  p'  : C — » V and  the  object  U' . Since  a is  a 1-morphism  of 
fibred  categories  over  T>  it  transforms  strongly  cartesian  morphisms  into  strongly 
cartesian  morphisms,  hence  the  functor  v = u o v'  is  the  functor  of  the  proof  of 


Lemma  21.29.2  relative  to  p : C — > V and  U.  Thus  our  lemma  follows  from  that 
lemma.  □ 


21.29.3 


Lemma  21.29.5.  Assumption  and  notation  as  in  Situation 

(1)  There  are  left  adjoints  g\  : Mod(Oc)  — ► Mod(Oc)  and  gfb  : Ah(C') 
Ab(C)  to  g*  = g ~1  on  modules  and  on  abelian  sheaves. 

(2)  The  diagram 


Mod(Oc) 


V 

Ab(C) 


Mod(Oc) 


Ab(C) 


commutes. 

(3)  There  are  left  adjoints  Lgi  : D(Oc)  -A  D(Oc)  and  Lg^b  : D(C')  — > D(C) 
to  g*  = g~ 1 on  derived  categories  of  modules  and  abelian  sheaves. 

(4)  The  diagram 

■ D(Oc) 


D(Oc ) 
D(C')  - 


Lg\ 

Lgf1 


D(C) 


commutes. 
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Proof.  The  functor  u is  continuous  and  cocontinuous  Stacks,  Lemma|8.10.3[  Hence 
the  existence  of  the  functors  g\,  gfb,  Lg\ , and  Lgfb  can  be  found  in  Modules  on 
Sites,  Sections  |18. 16|  and  |18.40|  and  Section  [21. 28| 

To  prove  (2)  it  suffices  to  show  that  the  canonical  map 

ju(y')\Ou(U') 


gfbJU'\Ou, 


is  an  isomorphism  for  all  objects  U'  of  C , see  Modules  on  Sites,  Remark  18.40.2 
Similarly,  to  prove  (4)  it  suffices  to  show  that  the  canonical  map 


Lgfbju'\Ou'  -t  ju(u')\®u(u') 


is  an  isomorphism  in  D(C)  for  all  objects  U ' of  C , see  Remark  21.28.2  This  will 
also  imply  the  previous  formula  hence  this  is  what  we  will  show. 

We  will  use  that  for  a localization  morphism  j the  functors  j\  and  j^b  agree 
(see  Modules  on  Sites,  Remark  18.19.5 1 and  that  j\  is  exact  (Modules  on  Sites, 

Since  Lgfb  - 


Lemma 


18.19.3).  Let  us  adopt  the  notation  of  Lemma 


21.29.4 


° 3u'\  = 


ju\  ° (by  commutativity  of  Sites,  Lemma  7.27.4  and  uniqueness  of  adjoint 

functors)  it  suffices  to  prove  that  L(g')^bOu'  = Ou-  Using  the  results  of  Lemma 


21.29.4  we  have  for  any  object  E of  D(C /u(U'))  the  following  sequence  of  equalities 
HomD(C/[/)(L(g')|4bOC//,  E)  = Hom£)(C//j7/)(0[//,  {g')  1E) 

= HomD(C//c//)((7r(/,)^1C>y,  {g'^E) 

= KomD(D/v)(Ov,RTr'U',*(g')~1E) 

= Hom^xj/y) (Oy,  (a,)~1(g,)~1E) 

= HomD(v/v)  ( Ov , a~1E) 

= HomD^x,/V)(Ov,^u,*E) 

= Hom£1(C/E/)(7r  ^Oy^E) 

= Horn D(c/u)(Ou,  E) 


By  Yoneda’s  lemma  we  conclude. 


21.29.1 


□ 

Note  that 


Remark  21.29.6.  Assumptions  and  notation  as  in  Situation 
setting  C = T>  and  u equal  to  the  structure  functor  of  C gives  a situation  as  in 
Situation 


21.29.3 


Hence  Lemma 

Lirfh  such  that  forget  o m = 


21.29.5  tells  us  we  have  functors  m,  7Tj  , Ltti,  and 
o forget  and  forget  o Ltti  = Lirfb  o forget. 

Let  T be 


21.29.3 


Remark  21.29.7.  Assumptions  and  notation  as  in  Situation 
an  abelian  sheaf  on  C,  let  T'  be  an  abelian  sheaf  on  C',  and  let  t : T'  — >■  g~xT  be  a 
map.  Then  we  obtain  a canonical  map 

Ln[(E')  — *•  I/7ri  ( J7) 

by  using  the  adjoint  g< T'  — >■  J7  of  t,  the  map  Lg\(fF')  — > g< J7',  and  the  equality 
Ln'  = Ln\  o Lg\ . 

Lemma  21.29.8.  Assumptions  and  notation  as  in  Situation  21.29.1  For  T in 
Ab(C)  the  sheaf  tt\E  is  the  sheaf  associated  to  the  presheaf 

V i — > colimc°pp  T\Cv 

with  restriction  maps  as  indicated  in  the  proof. 
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Proof.  Denote  H be  the  rule  of  the  lemma.  For  a morphism  h : V'  — >•  V of  V 
there  is  a pullback  functor  h*  : Cy  — > Cy  of  fibre  categories  (Categories,  Defi- 
nition 4.32.6).  Moreover  for  U £ Ob(Cy)  there  is  a strongly  cartesian  morphism 
h*U  -A  U covering  h.  Restriction  along  these  strongly  cartesian  morphisms  defines 
a transformation  of  functors 


r\c 


r\cv,oh*. 


Hence  a map  7i(V)  — l hUV')  between  colimits,  see  Categories,  Lemma  4.14.7 
To  prove  the  lemma  we  show  that 

Mor  PSh(p){U,G)  = MovSh[c){T,TT-1g) 

for  every  sheaf  Q on  C.  An  element  of  the  left  hand  side  is  a compatible  system  of 
maps  F(U)  — > G(p(U))  for  all  U in  C.  Since  n~1G(U)  = Q(p(U))  by  our  choice  of 
topology  on  C we  see  the  same  thing  is  true  for  the  right  hand  side  and  we  win.  □ 


21.30.  Homology  on  a category 

08RW  In  the  case  of  a category  over  a point  we  will  baptize  the  left  derived  lower  shriek 
functors  the  homology  functors. 

08PF  Example  21.30.1  (Category  over  point).  Let  C be  a category.  Endow  C with 


the  chaotic  topology  (Sites,  Example  7.6.6).  Thus  presheaves  and  sheaves  agree 
on  C.  The  functor  p : C -A  * where  * is  the  category  with  a single  object  and  a 
single  morphism  is  cocontinuous  and  continuous.  Let  n : Sh(C ) — >■  Sh{*)  be  the 
corresponding  morphism  of  topoi.  Let  B be  a ring.  We  endow  * with  the  sheaf  of 
rings  B and  C with  Oc  = ^ t~xB  which  we  will  denote  B.  In  this  way 

7T  : ( Sh(C),B ) -»■  (*,B) 

is  an  example  of  Situation  21.29.1[  By  Remark[21.29.6|we  do  not  need  to  distinguish 
between  m on  modules  or  abelian  sheaves.  By  Lemma  [21. 29. 8|  we  see  that  m T = 
colimcopp  J-.  Thus  Ln m is  the  nth  left  derived  functor  of  taking  colimits.  In  the 
following,  we  write 

Hn(C,T)  = Lnm(F) 

and  we  will  name  this  the  nth  homology  group  of  T on  C. 


08PG  Example  21.30.2  (Computing  homology).  In  Example 


21.30 


the  functors  Hn(C ,— ) as  follows.  Let  T £ Ob (Ab(C)).  Consider 


31 

Thi 


we  can  compute 
e chain  complex 


A'.(T)  : 


nv«)  - ®,,T(t/„) 


Uo 


'U^lh^Uo 

where  the  transition  maps  are  given  by 

( U2  — > U\  — * Uq,  s)  1 — > (U\  -A  Uq,  s ) — (C/2  — > Uo,  s)  + (C/2  — > C/i,  sjc/j) 

and  similarly  in  other  degrees.  By  construction 

H0(C,  T)  = colimCopP  T = H0(K.(T)), 


see  Categories,  Lemma  4.14.11  The  construction  of  K,(T)  is  functorial  in  T and 


transforms  short  exact  sequences  of  Ab(C)  into  short  exact  sequences  of  complexes. 
Thus  the  sequence  of  functors  T i-A  Hn(K,(T))  forms  a (5-functor,  see  Homology, 
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Definition  12.11.1  and  Lemma  12.12.12  For  T = ju'.^u  the  complex  A'.(Jr)  is  the 
complex  associated  to  the  free  Z-module  on  the  simplicial  set  X . with  terms 


This  simplicial  set  is  homotopy  equivalent  to  the  constant  simplicial  set  on  a sin- 
gleton {*}.  Namely,  the  map  X . — * {*}  is  obvious,  the  map  {*}  -4  Xn  is  given  by 
mapping  * to  (U  U,  idy),  and  the  maps 


:X„ 


Xr, 


(Simplicial,  Lemma  14.26.2 ) defining  the  homotopy  between  the  two  maps  X , — > X , 
are  given  by  the  rule 


hn,i  ■ ( Un 


Uq,  f)  I — > (Un 


Ui  —>  u ■ 


U,  id) 


for  i > 0 and  hn, o = id.  Verifications  omitted.  This  implies  that  K,(jjj\Zu)  has 
trivial  cohomology  in  negative  degrees  (by  the  functoriality  of  Simplicial,  Remark 


14.26.4  and  the  result  of  Simplicial,  Lemma  14.27.1 1.  Thus  K,(T)  computes  the 


left  derived  functors  Hn(C , — ) of  H0(C , — ) for  example  by  (the  duals  of)  Homology, 
Lemma [l 2 . 1 1 . 4| and  Derived  Categories,  Lemma[l3.17.6| 


Example  21.30.3.  Let  u : C 


topology  as  in  Example  21.30.1 


C be  a functor.  Endow  C and  C with  the  chaotic 
The  functors  u,  C'  — >■  *,  and  C — ► * where  * 
is  the  category  with  a single  object  and  a single  morphism  are  cocontinuous  and 
continuous.  Let  g : Sh(C)  —¥  Sh(C ),  n'  : Sh(C')  Sh(*),  and  n : Sh(C)  — > Sh( *), 
be  the  corresponding  morphisms  of  topoi.  Let  B be  a ring.  We  endow  * with  the 
sheaf  of  rings  B and  C , C with  the  constant  sheaf  13.  In  this  way 


(■ Sh(C'),B ) (Sh(C),B) 

( Sh(*),B ) 

is  an  example  of  Situation  |21.29.3[  Thus  Lemma  |21.29.5|  applies  to  g so  we  do  not 
need  to  distinguish  between  g\  on  modules  or  abelian  sheaves.  In  particular  Remark 
21.29.7| produces  canonical  maps 

Hn(C.'  — ► Hn(C,T) 

whenever  we  have  T in  Ab(C),  T'  in  Ab(C'),  and  a map  t : T'  — > g^1? . In  terms 
of  the  computation  of  homology  given  in  Example  |21.30.2|  we  see  that  these  maps 
come  from  a map  of  complexes 

K.(T')  — > K.(F) 


given  by  the  rule 

Uq,  s')  ^ {u{U'n)  ->  . . . u{U'0\t{s')) 

with  obvious  notation. 


Remark  21.30.4.  Notation  and  assumptions  as  in  Example  21.30.1  Let  T%  be  a 
bounded  complex  of  abelian  sheaves  on  C.  For  any  object  U of  C there  is  a canonical 
map 
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in  D(Ab).  If  T*  is  a complex  of  B-modules  then  this  map  is  in  D(B).  To  prove 
this,  note  that  we  compute  Ltt\  (J~*)  by  taking  a quasi-isomorphism  V*  — > J7*  where 
V * is  a complex  of  projectives.  However,  since  the  topology  is  chaotic  this  means 
that  V*(U)  — > is  a quasi-isomorphism  hence  can  be  inverted  in  D{Ab ), 

resp.  D(B).  Composing  with  the  canonical  map  V*{U)  — > Tr\(V°)  coming  from  the 
computation  of  m as  a colimit  we  obtain  the  desired  arrow. 


Lemma  21.30.5.  Notation  and  assumptions  as  in  Example  21.30.1  If  C has 
either  an  initial  or  a final  object,  then  Ltt\  o i r-1  = id  on  D(Ab),  resp.  D(B). 


Proof.  If  C has  an  initial  object,  then  m is  computed  by  evaluating  on  this  object 
and  the  statement  is  clear.  If  C has  a final  object,  then  Rn*  is  computed  by 
evaluating  on  this  object,  hence  Rn*  o 7r_1  = id  on  D(Ab),  resp.  D(B).  This 
implies  that  7r-1  : D(Ab)  —>  D(C),  resp.  7r_1  : D(B)  — > D(B)  is  fully  faithful,  see 
Categories,  Lemma  4.24.3[  Then  the  same  lemma  implies  that  Ln<  o 7r_1  = id  as 
desired.  □ 


21.30.1 


Lemma  21.30.6.  Notation  and  assumptions  as  in  Example 
be  a ring  map.  Consider  the  commutative  diagram  of  ringed  topoi 


Let  B -A  B' 


(Sh(C),B)^ir(Sh(C%Bf) 

n 7f/ 

(*,B)&S?M(*,B') 


Then  Ln\  o Lh*  = Lf*  o Ln1, . 

Proof.  Both  functors  are  right  adjoint  to  the  obvious  functor  D(B')  — >■  D(B).  □ 


Lemma  21.30.7.  Notation  and  assumptions  as  in  Example  21.30.1  Let  Um 
be  a cosimplicial  object  in  C such  that  for  every  U £ Ob(C)  the  simplicial  set 
More  (17, , 17)  is  homotopy  equivalent  to  the  constant  simplicial  set  on  a singleton. 
Then 

Lirt  (J7)  =F{U.) 

in  D{Ab),  resp.  D(B)  functorially  in  J-  in  Ab(C),  resp.  Mod{Bf). 


Proof.  As  Lir\  agrees  for  modules  and  abelian  sheaves  by  Lemma [2L293] it  suffices 
to  prove  this  when  J7  is  an  abelian  sheaf.  For  U £ Ob(C)  the  abelian  sheaf  jcn.Z/y 
is  a projective  object  of  Ab(C)  since  Hom(jm.Z[j,  E)  = E(U)  and  taking  sections  is 
an  exact  functor  as  the  topology  is  chaotic.  Every  abelian  sheaf  is  a quotient  of  a 
direct  sum  of  ju\Zu  by  Modules  on  Sites,  Lemma  18.28.6  Thus  we  can  compute 
Liri  ( J7)  by  choosing  a resolution 

. . . — > g-1  g°  ->  t ->  0 

whose  terms  are  direct  sums  of  sheaves  of  the  form  above  and  taking  Ltt\(E)  = 
7 n (f?*).  Consider  the  double  complex  A*’*  = Q*{U»).  The  map  G°  — > T gives  a 
map  of  complexes  A0’*  — ► JF(JJm).  Since  7n  is  computed  by  taking  the  colimit  over 
C°pp  (Lemma[21.29.8l  we  see  that  the  two  compositions  Gm{U\)  — > Gm(Uo)  — > n\Gm 
are  equal.  Thus  we  obtain  a canonical  map  of  complexes 

Tot(A*’*)  — * 7Ti (0*)  = LirfE) 
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To  prove  the  lemma  it  suffices  to  show  that  the  complexes 

gm{u i)  -a  gm{u0)  -a  ms™  -a  o 

are  exact,  see  Homology,  Lemma [12. 22. 7|  Since  the  sheaves  gm  are  direct  sums  of 
the  sheaves  ju'.Zu  we  reduce  to  g = ju'.Zu ■ The  complex  ju\Zu{U»)  is  the  complex 
of  abelian  groups  associated  to  the  free  Z-module  on  the  simplicial  set  More  (U, . U ) 
which  we  assumed  to  be  homotopy  equivalent  to  a singleton.  We  conclude  that 

3u'Zu{U.)  — > Z 

is  a homotopy  equivalence  of  abelian  groups  hence  a quasi-isomorphism  (Simplicial, 
Remark  14.26.4  and  Lemma  14.27.1).  This  finishes  the  proof  since  ‘K\ju\’Z‘U  = Z as 

□ 


was  shown  in  the  proof  of  Lemma  21.29.5| 


21.30.3 


If  there 


Lemma  21.30.8.  Notation  and  assumptions  as  in  Example 
exists  a cosimplicial  object  U[  of  C such  that  Lemma  21. 3 0. 7|  applies  to  both  [/'  in 
C and  u(U't)  in  C,  then  we  have  Ln'  o g = Am  as  functors  D(C ) — > D(Ab),  resp. 
D(C,B)  — ► D(B). 


Proof.  Follows  immediately  from  Lemma  21.30.7  and  the  fact  that  g 1 is  given  by 
precomposing  with  u.  □ 

Lemma  21.30.9.  Let  Ci,  i = 1,2  be  categories.  Let  m : C\  x C2  -A  Ci  be  the 
projection  functors.  Let  B be  a ring.  Let  gt  : (Sh(Ci  x C2)1B)  — > (Sh(Ci),  B)  be  the 
corresponding  morphisms  of  ringed  topoi,  see  Example  21.30.3  For  Ki  £ D(Ct,B) 
we  have 

L(tti  x n2)<Xgf1Ki  ®\gf1K2)  = Ln1^(K1)  Ln2,\{K2) 

in  D(B)  with  obvious  notation. 

Proof.  As  both  sides  commute  with  colimits,  it  suffices  to  prove  this  for  Ad  = 
ju\Bv  and  K2  = jv\Bv  for  U £ Ob(Ci)  and  V £ Ob(C2).  See  construction  of  Am 
in  Lemma  T21. 28. 11  In  this  case 


■ g2 1&2  — 0i  xKi 


_g2  — j(u,vy.B(u,v) 

Verification  omitted.  Hence  the  result  follows  as  both  the  left  and  the  right  hand 
side  of  the  formula  of  the  lemma  evaluate  to  B1  see  construction  of  Am  in  Lemma 
121.28.11  □ 


21.30.1 


Lemma  21.30.10.  Notation  and  assumptions  as  in  Example 
exists  a cosimplicial  object  U, , of  C such  that  Lemma\2 1. 30. 7|  applies,  then 

Am  (Ad  (g>|  AT2)  = Am  (Ad)  Am  (Ad) 

for  all  I\i  £ D(B). 

Proof.  Consider  the  diagram  of  categories  and  functors 


If  there 


C 


C 


C 
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where  u is  the  diagonal  functor  and  zq  are  the  projection  functors.  This  gives 
morphisms  of  ringed  topoi  g , gq,  g2 . For  any  object  (/71;  U2)  of  C we  have 

Morcxc(w(C/.),  (Ui,  U2))  = Morc (U.,U{)  x Morc(f7.,  U2) 

which  is  homotopy  equivalent  to  a point  by  Simplicial,  Lemma  |14.26.10|  Thus 
Lemma |21.30.8| gives  LTr\(g~1K)  = L(k  x tt)\(K)  for  any  K in  D(C  x C,B).  Take 


I\  = gfLKi(g^gf1K2.  Then  g~ 1 K = I\i®)jK2  because  g~L  — g*  = Lg*  commutes 
with  derived  tensor  product  (Lemma  21.18.4  - a site  with  chaotic  topology  has 
enough  points).  To  finish  we  apply  Lemma  21.30.9  □ 


08QD 


Remark  21.30.11  (Simplicial  modules).  Let  C = A and  let  B be  any  ring. 
This  is  a special  case  of  Example |21. 30. 1|  where  the  assumptions  of  Lemma [21.30.7| 
hold.  Namely,  let  U,  be  the  cosimplicial  object  of  A given  by  the  identity  functor. 
To  verify  the  condition  we  have  to  show  that  for  [m]  £ Ob(A)  the  simplicial  set 
A[m]  : n MorA([n],  [to])  is  homotopy  equivalent  to  a point.  This  is  explained  in 
Simplicial,  Example  |14.26.7[ 

In  this  situation  the  category  Mod{13)  is  just  the  category  of  simplicial  B-modules 
and  the  functor  Lir\  sends  a simplicial  B- module  M , to  its  associated  complex  s(M.) 
of  R-modules.  Thus  the  results  above  can  be  reinterpreted  in  terms  of  results  on 
simplicial  modules.  For  example  a special  case  of  Lemma  21.30.10  is:  if  M.,  M'% 


08RX 


are  flat  simplicial  B-modules,  then  the  complex  s(M.  <S>b  Mi)  is  quasi-isomorphic 
to  the  total  complex  associated  to  the  double  complex  s(M,)®b  s(M^).  (Hint:  use 
flatness  to  convert  from  derived  tensor  products  to  usual  tensor  products.)  This  is 
a special  case  of  the  Eilenberg-Zilber  theorem  which  can  be  found  in  (HZ53  . 

Lemma  21.30.12.  Let  C be  a category  (endowed  with  chaotic  topology).  Let 
0-)0'  be  a map  of  sheaves  of  rings  on  C.  Assume 


(1)  there  exists  a cosimplicial  object  U . in  C as  in  Lemma  21.30.7  and 

(2)  Ln\0  — > Lt:\0'  is  an  isomorphism. 

For  K in  D(0 ) we  have 


Ln\ (K)  = Ltti(K®%  O') 


D(Ab). 


Proof.  Note:  in  this  proof  Ltt\  denotes  the  left  derived  functor  of  m on  abelian 
sheaves.  Since  Lirt  commutes  with  colimits,  it  suffices  to  prove  this  for  bounded 
above  complexes  of  O-modules  (compare  with  argument  of  Derived  Categories, 
Proposition  13.28. 2|or  just  stick  to  bounded  above  complexes).  Every  such  complex 
is  quasi-isomorphic  to  a bounded  above  complex  whose  terms  are  direct  sums  of 
ju\Ou  with  U £ Ob(C),  see  Modules  on  Sites,  Lemma  18.28.6|  Thus  it  suffices  to 
prove  the  lemma  for  ju\Ou . By  assumption 

S.  = Morc(J7.,  U) 

is  a simplicial  set  homotopy  equivalent  to  the  constant  simplicial  set  on  a singleton. 
Set  Pn  = 0{Un ) and  Pf  = 0'(Un).  Observe  that  the  complex  associated  to  the 
simplicial  abelian  group 


© 


•ses„ 


X.  : n 
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computes  Ln\(ju\Ou)  by  Lemma  21.30.7  Since  ju'.Ou  is  a flat  0-module  we  have 
Ju'.Ou  = Ju'.O'u  and  Lm  of  this  is  computed  by  the  complex  associated  to 

the  simplicial  abelian  group 


X'-.n  i 


© 


ses„ 


P' 


As  the  rule  which  to  a simplicial  set  T.  associated  the  simplicial  abelian  group  with 
terms  Pn  is  a functor,  we  see  that  X # — » P,  is  a homotopy  equivalence  of 

simplicial  abelian  groups.  Similarly,  the  rule  which  to  a simplicial  set  T,  associates 
the  simplicial  abelian  group  with  terms  @tgT  P'n  is  a functor.  Hence  X'  — > P'  is 
a homotopy  equivalence  of  simplicial  abelian  groups.  By  assumption  P,  — > P,  is 
a quasi-isomorphism  (since  P#,  resp.  P,  computes  Ln\0 , resp.  Ln\0 ' by  Lemma 
21.30.7l.  We  conclude  that  X . and  X'  are  quasi-isonrorphic  as  desired.  □ 


Remark  21.30.13.  Let  C and  B be  as  in  Example  21.30.1  Assume  there  exists 
a cosimplicial  object  as  in  Lemma  [21.30.7  Let  O — > B be  a map  sheaf  of  rings  on 
C which  induces  an  isomorphism  Ln\0  — > Ltt\B.  In  this  case  we  obtain  an  exact 
functor  of  triangulated  categories 

Lm  : D(O)  — » D(B) 

Namely,  for  any  object  K of  D(0 ) we  have  LTrfb(K)  = Ln^b{K  B)  by  Lemma 
Thus  we  can  define  the  displayed  functor  as  the  composition  of  — 0^,  P 


21.30.12 


with  the  functor  Lni  : D(B ’)  D(B).  In  other  words,  we  obtain  a P-module  struc- 

ture on  Lir\(K)  coming  from  the  (canonical,  functorial)  identification  of  Ltt\(K) 
with  Liri  ( K 0^,  13)  of  the  lemma. 


21.31.  Calculating  derived  lower  shriek 


In  this  section  we  apply  the  results  from  Section  21.30  to  compute  Lm  in  Situation 
21.29.1  and  Lg\  in  Situation  |21.29.3| 


21.29.1 


For  T 


Lemma  21.31.1.  Assumptions  and  notation  as  in  Situation 
in  PAb(C)  and  n > 0 consider  the  abelian  sheaf  Ln(T)  on  T>  which  is  the  sheaf 
associated  to  the  presheaf 

V^Hn(Cv,P\cv) 

with  restriction  maps  as  indicated  in  the  proof.  Then  Ln(F)  = Ln(F#). 

Proof.  For  a morphism  h : V'  — > V of  T>  there  is  a pullback  functor  h*  : Cy  — > Cy 


of  fibre  categories  (Categories,  Definition  4.32.61.  Moreover  for  U € Ob(Cy)  there 
is  a strongly  cartesian  morphism  h*U  — > U covering  h.  Restriction  along  these 
strongly  cartesian  morphisms  defines  a transformation  of  functors 

P\cv  — t T\cv,  o h\ 

By  Example  |21.30.3|  we  obtain  the  desired  restriction  map 
Hn{Cv,P\cv)  Hn{Cy,F\cv,) 

Let  us  denote  Ln^p(P)  this  presheaf,  so  that  Ln(F)  = L„iP(Jr)^.  The  canonical  map 
7 : P — > P+  (Sites,  Theorem  7.10.10 ) defines  a canonical  map  L„iP(Jr)  — >•  L„iP(Jr+). 
We  have  to  prove  this  map  becomes  an  isomorphism  after  sheafification. 
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Let  us  use  the  computation  of  homology  given  in  Example  21.30.2  Denote  K.(F\cv) 
the  complex  associated  to  the  restriction  of  F to  the  fibre  category  Cy.  By  the  re- 
marks above  we  obtain  a presheaf  K,(F)  of  complexes 

V^K.(F\Cv) 

whose  cohomology  presheaves  are  the  presheaves  Ln,p(F).  Thus  it  suffices  to  show 
that 

K.(F)  —a  K.(F+) 

becomes  an  isomorphism  on  sheafihcation. 

Injectivity.  Let  V be  an  object  of  V and  let  £ £ Kn(F)(V)  be  an  element  which 
maps  to  zero  in  Kn(F+)(V).  We  have  to  show  there  exists  a covering  {Vj  — > V} 
such  that  £|y.  is  zero  in  Kn(F)(Vj).  We  write 


f = Bu 


n+1 


Ui,o,*i) 


with  a i £ T{Ui^).  We  arrange  it  so  that  each  sequence  of  morphisms 
Uq  of  Cy  occurs  are  most  once.  Since  the  sums  in  the  definition  of  the  complex  K , 
are  direct  sums,  the  only  way  this  can  map  to  zero  in  Kt(F+)(V)  is  if  all  cr*  map 
to  zero  in  F+(Ui ]o).  By  construction  of  F+  there  exist  coverings  {C/*,o,y  — > o} 

such  that  o' i | Ui  Q j is  zero.  By  our  construction  of  the  topology  on  C we  can  write 
Ui,o,j  -A  Uifi  as  the  pullback  (Categories,  Definition  4.32.61  of  some  morphisms 
Vij  — ► V and  moreover  each  {Vij  — > V}  is  a covering.  Choose  a covering  {Vj  -A  V} 
dominating  each  of  the  coverings  {V  j — ► V}.  Then  it  is  clear  that  ^\yt  = 0. 

Surjectivity.  Proof  omitted.  Hint:  Argue  as  in  the  proof  of  injectivity.  □ 


21.29.1 


For  J-  in 


Lemma  21.31.2.  Assumptions  and  notation  as  in  Situation 
Ab(C)  and  n > 0 the  sheaf  LnTT\{F)  is  equal  to  the  sheaf  Ln{F)  constructed  in 
Lemma \21.31.1\ 

Proof.  Consider  the  sequence  of  functors  T \ -A  Ln(F)  from  PAb(C)  -A  Ab(C). 
Since  for  each  V £ Ob(X>)  the  sequence  of  functors  Hn(Cy,—)  forms  a (5-functor  so 
do  the  functors  T i-A  Ln(F).  Our  goal  is  to  show  these  form  a universal  (5-functor. 
In  order  to  do  this  we  construct  some  abelian  presheaves  on  which  these  functors 
vanish. 

For  U'  £ Ob(C)  consider  the  abelian  presheaf  Fu>  = j£nbZu'  (Modules  on  Sites, 
Remark  18.19.6).  Recall  that 


?u>(U)  = (b  Z 

If  U lies  over  V = p(U)  in  V)  and  U'  lies  over  V'  = p(U')  then  any  morphism 
a : U -A  U'  factors  uniquely  as  U U'  where  h = p(a)  : V — > V'  (see 


Categories,  Definition  4.32.6).  Hence  we  see  that 


TV’\Cv=®heMor„{vyl)ih*UnZh,u, 

where  jh*u'  '■  Sh{Cy /h*U')  — > Sh(Cy ) is  the  localization  morphism.  The  sheaves 
jh*Ur\Zh*uf  have  vanishing  higher  homology  groups  (see  Example  21.30.2).  We 
conclude  that  Ln(Tjji)  = 0 for  all  n > 0 and  all  U' . It  follows  that  any  abelian 
presheaf  J7  is  a quotient  of  an  abelian  presheaf  Q with  Ln(Q)  = 0 for  all  n > 0 


(Modules  on  Sites,  Lemma  18.28.6).  Since  Ln(F)  = Ln(F#)  we  see  that  the  same 
thing  is  true  for  abelian  sheaves.  Thus  the  sequence  of  functors  Ln{—)  is  a universal 
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delta  functor  on  Ab(C)  (Homology,  Lemma  12.11.4).  Since  we  have  agreement  with 
H~n(LTT\(—))  for  n = 0 by  Lemma  21.29.8  we  conclude  by  uniqueness  of  universal  6- 
functors  (Homology,  Lemma  12.11.5)  and  Derived  Categories,  Lemma  13.17.6  □ 


Lemma  21.31.3.  Assumptions  and  notation  as  in  Situation  21.29.3  For  an 
abelian  sheaf  T'  on  C the  sheaf  Lng\{T')  is  the  sheaf  associated  to  the  presheaf 

U i — > HnlfLu^T'u) 

For  notation  and  restriction  maps  see  proof. 

Proof.  Say  p(U)  = V.  The  category  X u is  the  category  of  pairs  (Ur,  p)  where 
ip  : U -A  u{U')  is  a morphism  of  C with  p(p)  = idy,  i.e. , p is  a morphism  of 
the  fibre  category  Cy.  Morphisms  (U[,pi)  — >•  (U^pz)  are  given  by  morphisms 
a : XJ[  — > U2  of  the  fibre  category  C'v  such  that  P2  = u(a)  o p\.  The  presheaf  F'v 
sends  {U',p)  to  F'(U').  We  will  construct  the  restriction  mappings  below. 

Choose  a factorization 


of  u as  in  Categories,  Lemma  4.32.14  Then  g<  = g"  o g[  and  similarly  for  derived 


functors.  On  the  other  hand,  the  functor  g[  is  exact,  see  Modules  on  Sites,  Lemma 
18.16.6  Thus  we  get  Lg\  (Fr)  = Lg"{T")  where  T"  = g[F' . Note  that  T"  = h~xF' 
where  h : Sh(C")  — >•  Sh(C')  is  the  morphism  of  topoi  associated  to  w,  see  Sites, 
Lemma  7.22.1|  The  functor  u"  turns  C"  into  a fibred  category  over  C,  hence  Lemma 
21.31.2  applies  to  the  computation  of  Lng” . The  result  follows  as  the  construction 
of  C"  in  the  proof  of  Categories,  Lemma  4.32.14  shows  that  the  fibre  category  C'fj 
is  equal  to  Xjj.  Moreover,  h~xF'\c^  is  given  by  the  rule  described  above  (as  w 
is  continuous  and  cocontinuous  by  Stacks,  Lemma  |8.10.3|  so  we  may  apply  Sites, 
Lemma  7.20.5 ).  □ 


21.32.  Simplicial  modules 

Let  A , be  a simplicial  ring.  Recall  that  we  may  think  of  A , as  a sheaf  on  A (endowed 
with  the  chaotic  topology),  see  Simplicial,  Section  14.4  Then  a simplicial  module 
M,  over  A , is  just  a sheaf  of  H.-modules  on  A.  In  other  words,  for  every  n > 0 we 
have  an  Hn-module  Mn  and  for  every  map  p : [n]  — > [m]  we  have  a corresponding 
map 

M.(p)  : Mm  — s>  Mn 

which  is  H.(</3)-linear  such  that  these  maps  compose  in  the  usual  manner. 

Let  C be  a site.  A simplicial  sheaf  of  rings  A,  on  C is  a simplicial  object  in  the 
category  of  sheaves  of  rings  on  C.  In  this  case  the  assignment  U 1 ->  A,  (U)  is  a sheaf 
of  simplicial  rings  and  in  fact  the  two  notions  are  equivalent.  A similar  discussion 
holds  for  simplicial  abelian  sheaves,  simplicial  sheaves  of  Lie  algebras,  and  so  on. 

However,  as  in  the  case  of  simplicial  rings  above,  there  is  another  way  to  think 
about  simplicial  sheaves.  Namely,  consider  the  projection 

p : A x C — > C 

This  defines  a fibred  category  with  strongly  cartesian  morphisms  exactly  the  mor- 
phisms of  the  form  ([n],f7)  — > ([n],V).  We  endow  the  category  Ax  C with  the 


topology  inherited  from  C (see  Stacks,  Section  8.10).  The  simple  description  of  the 
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coverings  in  A x C (Stacks,  Lemma  8.10.1)  immediately  implies  that  a simplicial 
sheaf  of  rings  on  C is  the  same  thing  as  a sheaf  of  rings  on  A x C. 

By  analogy  with  the  case  of  simplicial  modules  over  a simplicial  ring,  we  define 
simplicial  modules  over  simplicial  sheaves  of  rings  as  follows. 

Definition  21.32.1.  Let  C be  a site.  Let  A , be  a simplicial  sheaf  of  rings  on  C. 
A simplicial  A, -module  } (sometimes  called  a simplicial  sheaf  of  A, -modules)  is 
a sheaf  of  modules  over  the  sheaf  of  rings  on  A x C associated  to  A , . 

We  obtain  a category  Mod(Am)  of  simplicial  modules  and  a corresponding  derived 
category  D(A»).  Given  a map  A . — >•  B . of  simplicial  sheaves  of  rings  we  obtain  a 
functor 

- B.  : D(A.)  — > D(B.) 

Moreover,  the  material  of  the  preceding  sections  determines  a functor 

Lit,  : D{A.)  — t D(C) 

Given  a simplicial  module  J7.  the  object  Ln\(iFm)  is  represented  by  the  associated 


chain  complex  s(J-,)  (Simplicial,  Section  14.23).  This  follows  from  Lemmas  21.31.2 
and  121 .30.71 

Lemma  21.32.2.  Let  C be  a site.  Let  A*  — > B,  be  a homomorphism  of  simplicial 
sheaves  of  rings  onC.  If  Ltt\A,  —¥  Lir\B,  is  an  isomorphism  in  D[C),  then  we  have 

Ltti.(K)  = Ltt^K&X'  B.) 

for  all  K in  D(A»). 

Proof.  Let  (\n],U)  be  an  object  of  A x C.  Since  Ltti  commutes  with  colimits, 
it  suffices  to  prove  this  for  bounded  above  complexes  of  0-modules  (compare  with 
argument  of  Derived  Categories,  Proposition|13.28.^1or  just  stick  to  bounded  above 
complexes).  Every  such  complex  is  quasi-isomorphic  to  a bounded  above  complex 
whose  terms  are  flat  modules,  see  Modules  on  Sites,  Lemma  18.28.6  Thus  it  suffices 


to  prove  the  lemma  for  a flat  A«-module  J- . In  this  case  the  derived  tensor  product 
is  the  usual  tensor  product  and  is  a sheaf  also.  Hence  by  Lemma  [21.31.2|  we  can 
compute  the  cohomology  sheaves  of  both  sides  of  the  equation  by  the  procedure 
of  Lemma  |21.31.1|  Thus  it  suffices  to  prove  the  result  for  the  restriction  of  T to 
the  fibre  categories  (i.e. , to  A x U).  In  this  case  the  result  follows  from  Lemma 
121.30.121  □ 

Remark  21.32.3.  Let  C be  a site.  Let  e : A , — > 0 be  an  augmentation  (Simplicial, 
Definition  14.20. 1|)  in  the  category  of  sheaves  of  rings.  Assume  e induces  a quasi- 
isomorphism s(A«)  — > O.  In  this  case  we  obtain  an  exact  functor  of  triangulated 
categories 

Ltti  : D(A»)  — > D(0) 

Namely,  for  any  object  K of  D(A,)  we  have  LrnfK)  = Lir\(K  (g>^  O)  by  Lemma 
21.32.2  Thus  we  can  define  the  displayed  functor  as  the  composition  of  — O 
with  the  functor  Ltt\  : D(  A x C , 7r_10)  — > D(0 ) of  Remark  21.29.6  In  other  words, 


we  obtain  a 0-module  structure  on  Ltt\(K)  coming  from  the  (canonical,  functorial) 
identification  of  Ln\(K)  with  Ltt\(K  0)  of  the  lemma. 
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21.33.  Cohomology  on  a category 

In  the  situation  of  Example  |21.30.1|  in  addition  to  the  derived  functor  Liri , we  also 
have  the  functor  l?7r*.  For  an  abelian  sheaf  T on  C we  have  Hn(C,  J7)  = H~n(Ln\T) 
and  Hn(C,T)  = Hn(Rn*X). 

Example  21.33.1  (Computing  cohomology).  In  Example 
pute  the  functors  Hn{C , — ) as  follows.  Let  J7  € Ob(Ab(C)). 
complex 


21.30.1 


we  can  com- 


Consider  the  cochain 


K-(T) : n -»  n„^„,  T(Vo)  -+  n 


Uo^U^lh 


nuo) 


LH0  U-Uo^U! 

where  the  transition  maps  are  given  by 

(sUo-t-uJ  1 t ((C/o  ->  U\  -)•  U2)  >->•  SC/q-s-C/i  - sua^u2  + SU^UvlUo) 

and  similarly  in  other  degrees.  By  construction 

H° (C,R)  = limCcpP  T = H°(K* (J7)), 

see  Categories,  Lemma  4.14.10|  The  construction  of  A'*(J7)  is  functorial  in  T and 
transforms  short  exact  sequences  of  Ab(C)  into  short  exact  sequences  of  complexes. 
Thus  the  sequence  of  functors  T i-A  Hn(K*(R))  forms  a 5-functor,  see  Homology, 
Definition  12.11.1  and  Lemma  12.12.12  For  an  object  U of  C denote  pu  : Sh(*)  — ► 
Sh(C)  the  corresponding  point  with  p^1 equal  to  evaluation  at  U,  see  Sites,  Example 


7.32.7  Let  A be  an  abelian  group  and  set  T = pjj,*A.  In  this  case  the  complex 
K* (J7)  is  the  complex  with  terms  Map(An,  A)  where 

This  simplicial  set  is  homotopy  equivalent  to  the  constant  simplicial  set  on  a sin- 
gleton {*}.  Namely,  the  map  X,  — ► {*}  is  obvious,  the  map  {*}  — > Xn  is  given  by 
mapping  * to  (t/  -A  ...—)•  t/,  idy),  and  the  maps 


X„ 


xn 


(Simplicial,  Lemma  14.26.2 ) defining  the  homotopy  between  the  two  maps  A'#  -A  A'# 
are  given  by  the  rule 


hn,i  ■ (Uq  Uni  /)  i — > (U  U — A Ui  -A  . . . — A Un,  id) 

for  * > 0 and  hn$  = id.  Verifications  omitted.  Since  Map(— ,A)  is  a contravariant 
functor,  implies  that  K*(pUt.A)  has  trivial  cohomology  in  positive  degrees  (by 
the  functoriality  of  Simplicial,  Remark|l4.26.4| and  the  result  of  Simplicial,  Lemma 


14.28.5 1.  This  implies  that  K *(J7)  is  acyclic  in  positive  degrees  also  if  T is  a product 


Let  J7,  Q be  0-modules. 


assume  we  are  moreover 
Consider  the  complex 


of  sheaves  of  the  form  pu,*A.  As  every  abelian  sheaf  on  C embeds  into  such  a product 
we  conclude  that  Km(X)  computes  the  left  derived  functors  Hn(C,~ ) of  H°(C,—) 
for  example  by  Homology,  Lemma [12.11.4| and  Derived  Categories,  Lemma[l3.17.6| 

Example  21.33.2  (Computing  Exts).  In  Example  21.30.1 
given  a sheaf  of  rings  O on  C. 

K*(Q,X)  with  degree  n term 

and  transition  map  given  by 

{VUo-tUi)  ' *■  ((Uq  — A U\  — A U2)  I-A  ipUo 


ilomo{Un)(g(Un),T(U0)) 


° Pul 


PU0 


>u2  + Pul  ° Pu-i- 


>u2 
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and  similarly  in  other  degrees.  Here  the  p's  indicate  restriction  maps.  By  construc- 
tion 

Horn  o(G,F)  = H0(K,(G,F)) 

for  all  pairs  of  0-modules  F,  Q.  The  assignment  (G,F)  Km(G,F)  is  a bifunctor 
which  transforms  direct  sums  in  the  first  variable  into  products  and  commutes  with 
products  in  the  second  variable.  We  claim  that 

Ext  ia(G,F)=Hi(K*(G,F)) 


for  i > 0 provided  either 

(1)  Q{U)  is  a projective  0([/)-module  for  all  U £ Ob(C),  or 

(2)  F{U)  is  an  injective  0(C/)-nrodule  for  all  U £ Ob(C). 

Namely,  case  (1)  the  functor  K*(G,  — ) is  an  exact  functor  from  the  category  of  0- 
modules  to  the  category  of  cochain  complexes  of  abelian  groups.  Thus,  arguing  as 


in  Example  21.33.1  it  suffices  to  show  that  K*(G,F)  is  acyclic  in  positive  degrees 
when  F is  pu,*A  for  an  0(17)-module  A.  Choose  a short  exact  sequence 


08S1  (21.33.2.1) 


O-tG'-tQjwOut-tG 


see  Modules  on  Sites,  Lemma  18.28.6|  Since  (1)  holds  for  the  middle  and  right 
sheaves,  it  also  holds  for  G'  and  evaluating  (21.33.2.1 1 on  an  object  of  C gives  a 


split  exact  sequence  of  modules.  We  obtain  a short  exact  sequence  of  complexes 

0 -+Km(G,F)  ~^'[[Km{jUiiOUi,F)  K*(G' , F)  0 

for  any  F , in  particular  F = pu,*A.  On  H°  we  obtain 

0 —¥  Horn (G,Pu,*A)  ->  Horn (Y\_juz\Oui,Pu,*A)  -¥  Horn (G',Pu,*A)  -¥  0 

which  is  exact  as  Horn (rH1pu,*A)  = Homo^  (%(£/),  A)  and  the  sequence  of  sections 
of  (21.33.2.1)  over  U is  split  exact.  Thus  we  can  use  dimension  shifting  to  see 


that  it  suffices  to  prove  K* (ju'\Ou' ,Pu,*A)  is  acyclic  in  positive  degrees  for  all 
U,U'  £ Ob(C).  In  this  case  Kn(KjUnOu' ,Pu,*A)  is  equal  to 


n, 


A 


L U -¥  U0  -¥  lh  -V . . .- -¥  Un  -¥  U- ' 

In  other  words,  K* (ju'iOjj1  ,Pu,*A)  is  the  complex  with  terms  Map(X.,H)  where 


xn  = TT  JT  TT  More (17,  Uo)  X Morc (Un,  U') 

This  simplicial  set  is  homotopy  equivalent  to  the  constant  simplicial  set  on  a single- 
ton  {*}  as  can  be  proved  in  exactly  the  same  way  as  the  corresponding  statement 
in  Example |21.33.l(  This  finishes  the  proof  of  the  claim. 

The  argument  in  case  (2)  is  similar  (but  dual). 


21.34.  Strictly  perfect  complexes 

08FK  This  section  is  the  analogue  of  Cohomology,  Section [20. 38[ 

08FL  Definition  21.34.1.  Let  (0,0)  be  a ringed  site.  Let  £*  be  a complex  of  (17- 
modules.  We  say  £*  is  strictly  perfect  if  £l  is  zero  for  all  but  finitely  many  i and  £l 
is  a direct  summand  of  a finite  free  0-module  for  all  i. 
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Let  U be  an  object  of  C.  We  will  often  say  “Let  £*  be  a strictly  perfect  complex 
of  ©[/-modules”  to  mean  £*  is  a strictly  perfect  complex  of  modules  on  the  ringed 


site  (C/U,Ojj),  see  Modules  on  Sites,  Definition  18.19.1 


Lemma  21.34.2.  The  cone  on  a morphism  of  strictly  perfect  complexes  is  strictly 
perfect. 


Proof.  This  is  immediate  from  the  definitions.  □ 

Lemma  21.34.3.  The  total  complex  associated  to  the  tensor  product  of  two  strictly 
perfect  complexes  is  strictly  perfect. 


Proof.  Omitted. 


□ 


Lemma  21.34.4.  Let  (/,/•*)  : (C,©c)  — > (V,Ot>)  be  a morphism  of  ringed  topoi. 
If  T*  is  a strictly  perfect  complex  of  ©p  -modules,  then  f*F*  is  a strictly  perfect 
complex  of  Oc -modules. 

Proof.  We  have  seen  in  Modules  on  Sites,  Lemma  [l 8 . 1 7 . 2 1 that  the  pullback  of  a 
finite  free  module  is  finite  free.  The  functor  f*  is  additive  functor  hence  preserves 
direct  summands.  The  lemma  follows.  □ 


Lemma  21.34.5.  Let  ( 0,0 ) be  a ringed  site.  Let  U be  an  object  of  C.  Given  a 
solid  diagram  of  Ojj -modules 


£ *-  T 


v 

Q 


with  £ a direct  summand  of  a finite  free  Ou -module  and  p surjective,  then  there 
exists  a covering  {Ui  — > 17}  such  that  a dotted  arrow  making  the  diagram  commute 
exists  over  each  Ui. 


Proof.  We  may  assume  £ = ©®"  for  some  n.  In  this  case  finding  the  dotted 
arrow  is  equivalent  to  lifting  the  images  of  the  basis  elements  in  F(t7,  F).  This  is 
locally  possible  by  the  characterization  of  surjective  maps  of  sheaves  (Sites,  Section 


7.12). 


□ 


Lemma  21.34.6.  Let  ( 0,0 ) be  a ringed  site.  Let  U be  an  object  ofC. 

(1)  Let  a : £%  — > T%  be  a morphism  of  complexes  of  Ou-modules  with  £m 
strictly  perfect  and  T*  acyclic.  Then  there  exists  a covering  {U  — > U} 
such  that  each  a\ut  is  homotopic  to  zero. 

(2)  Let  a : £%  — > T*  be  a morphism  of  complexes  of  Ou-modules  with  £m 
strictly  perfect,  £ 1 = 0 for  i < a,  and  Hl (J7*)  = 0 for  i > a.  Then  there 
exists  a covering  {Ui  — > U}  such  that  each  a\u,  is  homotopic  to  zero. 


Proof.  The  first  statement  follows  from  the  second,  hence  we  only  prove  (2).  We 
will  prove  this  by  induction  on  the  length  of  the  complex  £*.  If  £%  = £ \— n]  for 
some  direct  summand  £ of  a finite  free  ©-module  and  integer  n > a,  then  the 
result  follows  from  Lemma  21.34.5  and  the  fact  that  jFn~x  — > Ker(Jr”  — > lFn+1)  is 
surjective  by  the  assumed  vanishing  of  Hn(IF*).  If  £l  is  zero  except  for  i £ [a,  b], 
then  we  have  a split  exact  sequence  of  complexes 


0 -4  £b[-b } -¥£•-¥  -¥  0 
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which  determines  a distinguished  triangle  in  K(Ojj ).  Hence  an  exact  sequence 

Homjf(Op) (cr<b_i£*,  J7*)  — ► HomK(0[7)(f’,  J*)  — t Horn J7*) 

by  the  axioms  of  triangulated  categories.  The  composition  £b[—b]  — >■  J7*  is  homo- 
topic to  zero  on  the  members  of  a covering  of  U by  the  above,  whence  we  may 
assume  our  map  comes  from  an  element  in  the  left  hand  side  of  the  displayed  ex- 
act sequence  above.  This  element  is  zero  on  the  members  of  a covering  of  U by 
induction  hypothesis.  □ 


08FQ  Lemma  21.34.7.  Let  ( C,0 ) be  a ringed  site.  Let  U be  an  object  of  C.  Given  a 
solid  diagram  of  complexes  of  Ojj -modules 


£• 


■I' 


Q' 


with  £’  strictly  perfect,  £J  = 0 for  j < a and  H^{f)  an  isomorphism  for  j > a and 
surjective  for  j = a,  then  there  exists  a covering  {Ui  U}  and  for  each  i a dotted 
arrow  over  Ui  making  the  diagram  commute  up  to  homotopy. 


Proof.  Our  assumptions  on  / imply  the  cone  C(/)*  has  vanishing  cohomology 
sheaves  in  degrees  > a.  Hence  Lemma  21. 34. 6| guarantees  there  is  a covering  {[/,;  — > 
U}  such  that  the  composition  £*  — ► J7*  — ► C(/)*  is  homotopic  to  zero  over  Ui. 
Since 


restricts  to  a distinguished  triangle  in  K(Oui)  we  see  that  we  can  lift  a \ ut  up  to 
homotopy  to  a map  a*  : £*|  u,  — ► G*\  u,  as  desired.  □ 


08FR  Lemma  21.34.8.  Let  ( 0,0 ) be  a ringed  site.  Let  U be  an  object  ofC.  Let  £* , T% 
be  complexes  of  Ojj -modules  with  £*  strictly  perfect. 

(1)  For  any  element  a € Horn .d(o£/)(^'*’^7*)  there  exists  a covering  {Ui  ->  17} 
such  that  a\jji  is  given  by  a morphism  of  complexes  cti  : £*\ u,  — t J7*|[/i- 

(2)  Given  a morphism  of  complexes  a : £m  — > T%  whose  image  in  the  group 
Horn _d(oc/)(£*, ^7*)  is  zero,  there  exists  a covering  {Ui  — » U}  such  that 
a\jji  is  homotopic  to  zero. 


Proof.  Proof  of  (1).  By  the  construction  of  the  derived  category  we  can  find  a 
quasi-isomorphism  / : J7*  — >•  Qm  and  a map  of  complexes  /3  :£*—>•  Q*  such  that 

a = r1 

(2). 


1(3.  Thus  the  result  follows  from  Lemma  21.34.7 


We  omit  the  proof  of 
□ 


08JH  Lemma  21.34.9.  Let  ( 0,0 ) be  a ringed  site.  Let  £* , J7*  be  complexes  of  O- 
modules  with  £*  strictly  perfect.  Then  the  internal  horn  RTLom(£m , J7*)  is  repre- 
sented by  the  complex  TT  with  terms 

nn  = fff  Hom0(£-q,J7P) 

vix  n—p-\-q 

and  differential  as  described  in  Section\21.26\ 
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Proof.  Choose  a quasi-isomorphism  T*  —>  X*  into  a K-injective  complex.  Let 
(XL')*  be  the  complex  with  terms 


(*')"  = TT  nomoiC-^XP) 

-a-n=p+g 


which  represents  RXLom(£* , LF*)  by  the  construction  in  Section  21.26  It  suffices  to 
show  that  the  map 

xl*  — ► (wy 

is  a quasi-isomorphism.  Given  an  object  U of  C we  have  by  inspection 
H°(H*(U))  = YLomK(pv)(£*\u,1C*\u')  H°((H')*(U))  = Horn .D{pu)(Sm\u,*?\u) 

By  Lemma 


21.34.8 


the  sheafification  of  C/  i — >-  H°  (XL*  (U))  is  equal  to  the  sheafifica- 
tion  of  U i — ^ A similar  argument  can  be  given  for  the  other  cohomol- 

ogy sheaves.  Thus  XL*  is  quasi-isomorphic  to  (XL')*  which  proves  the  lemma.  □ 


08JI  Lemma  21.34.10.  Let  ( C,0 ) be  a ringed  site.  Let  £* , T*  be  complexes  of  O- 
modules  with 

(1)  JXn  = 0 for  n<0, 

(2)  £n  = 0 for  n^>  0,  and 

(3)  £n  isomorphic  to  a direct  summand  of  a finite  free  O -module. 

Then  the  internal  horn  RXLom(£* , T*)  is  represented  by  the  complexXL*  with  terms 


= Rom0(£~\Rp) 

n=p-\-q 


and  differential  as  described  in  Section  21.26 


Proof.  Choose  a quasi-isomorphism  T*  — ► X*  where  X*  is  a bounded  below  com- 


plex of  injectives.  Note  that  X*  is  K-injective  (Derived  Categories,  Lemma  13.29.4). 


Hence  the  construction  in  Section  21.26  shows  that  RXLom(£* ,LF*)  is  represented 
by  the  complex  (XL')*  with  terms 


(n')n=Y\  XLom0(£~q . 

n—p-\-q 


Ip)  = ® Xbmo  (£~q,Xp) 

n=p-\-q 


(equality  because  there  are  only  finitely  many  nonzero  terms).  Note  that  XL*  is  the 
total  complex  associated  to  the  double  complex  with  terms  XLomo(£~q , X~p)  and 
similarly  for  (XL')* . The  natural  map  (XL')*  — > XL*  comes  from  a map  of  double 
complexes.  Thus  to  show  this  map  is  a quasi-isomorphism,  we  may  use  the  spectral 
sequence  of  a double  complex  (Homology,  Lemma  12.22. 6|) 


'Ep’q  = Hp(R.om0(£-q,E')) 


converging  to  Hp+q(XL*)  and  similarly  for  (XL')* . To  finish  the  proof  of  the  lemma 
it  suffices  to  show  that  T*  — ► X*  induces  an  isomorphism 


Hp(XLom0(£,E*))  — > Hp(Hom0(£,X*)) 

on  cohomology  sheaves  whenever  £ is  a direct  summand  of  a finite  free  0-module. 
Since  this  is  clear  when  £ is  finite  free  the  result  follows.  □ 
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21.35.  Pseudo-coherent  modules 


In  this  section  we  discuss  pseudo-coherent  complexes. 

Definition  21.35.1.  Let  ( C,0 ) be  a ringed  site.  Let  8*  be  a complex  of  O- 
modules.  Let  m £ Z. 

(1)  We  say  8*  is  m-pseudo-coherent  if  for  every  object  U of  C there  exists  a 
covering  {Ui  — » U}  and  for  each  i a morphism  of  complexes  Oj  : 8*  — » 
8*  | {/,  where  8i  is  a strictly  perfect  complex  of  -modules  and  H3  (a,;)  is 
an  isomorphism  for  j > m and  Hm(ai)  is  surjective. 

(2)  We  say  8m  is  pseudo-coherent  if  it  is  m-pseudo-coherent  for  all  m. 

(3)  We  say  an  object  E of  D(O)  is  m-pseudo-coherent  (resp.  pseudo- coherent) 
if  and  only  if  it  can  be  represented  by  a m-pseudo-coherent  (resp.  pseudo- 
coherent)  complex  of  ©-modules. 

If  C has  a final  object  X which  is  quasi-compact  (i.e. , every  covering  of  X can 
be  refined  by  a finite  covering),  then  an  m-pseudo-coherent  object  of  D(0)  is  in 
D~(0).  But  this  need  not  be  the  case  in  general. 

Lemma  21.35.2.  Let  (C,0)  be  a ringed  site.  Let  E be  an  object  of  D(0). 

(1)  If  C has  a final  object  X and  if  there  exist  a covering  { Ui  — ► X },  strictly 
perfect  complexes  8*  of  Oui-modules,  and  maps  oti  : 8 * — )■  E\ut  in  DlOjjj) 
with  HJ  (af)  an  isomorphism  for  j > m and  Hm(a.i ) surjective,  then  E is 
m-pseudo-coherent. 

(2)  If  E is  m-pseudo-coherent,  then  any  complex  of  O-modules  representing 
E is  m-pseudo-coherent. 

(3)  If  for  every  object  U ofC  there  exists  a covering  {Ui  — > U}  such  that  E\ut 
is  m-pseudo-coherent,  then  E is  m-pseudo-coherent. 


Proof.  Let  Tm  be  any  complex  representing  E and  let  X,  {Ui  — > A'},  and  a*  : 
8i  -)•  E\ui  be  as  in  (1).  We  will  show  that  J7*  is  m-pseudo-coherent  as  a complex, 
which  will  prove  (1)  and  (2)  in  case  C has  a final  object.  By  Lemma  21.34.8  we  can 
after  refining  the  covering  {Ui  — > X}  represent  the  maps  on  by  maps  of  complexes 
a.i  : 8*  —>  X*\ui.  By  assumption  H3  {af)  are  isomorphisms  for  j > m,  and  Hm(ai) 
is  surjective  whence  T*  is  m-pseudo-coherent. 


Proof  of  (2).  By  the  above  we  see  that  X*\u  is  m-pseudo-coherent  as  a complex 
of  Oy-modules  for  all  objects  U of  C.  It  is  a formal  consequence  of  the  definitions 
that  J-%  is  m-pseudo-coherent. 


Proof  of  (3).  Follows  from  the  definitions  and  Sites,  Definition  7.6.2  part  (2).  □ 


Lemma  21.35.3.  Let  (/,/**)  : (C,Oc)  {'D,Ot>)  be  a morphism  of  ringed  sites. 
Let  E be  an  object  of  D(Oc).  If  E is  m-pseudo-coherent,  then  Lf*E  is  m-pseudo- 
coherent. 


Proof.  Say  / is  given  by  the  functor  u : V — ► C.  Let  U be  an  object  of  C.  By 
Sites,  Lemma  7.15.9  we  can  find  a covering  {Ui  — > U}  and  for  each  i a morphism 
Ui  — > u(Vi)  for  some  object  V)  of  V.  By  Lemma  21.35.2  it  suffices  to  show  that 
Lf*E\ui  is  m-pseudo-coherent.  To  do  this  it  is  enough  to  show  that  Lf*E\u(V.~) 
is  m-pseudo-coherent,  since  Lf*E\ui  is  the  restriction  of  Lf*E\utv.)  to  C/Ui  (via 
Modules  on  Sites,  Lemma  18.19.4).  By  the  commutative  diagram  of  Modules  on 
Sites,  Lemma  |18.20.1|  it  suffices  to  prove  the  lemma  for  the  morphism  of  ringed 
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sites  (C/u(Vi),Ou(Vi))  — >•  (T>/Vi,Ovi)-  Thus  we  may  assume  V has  a final  object  Y 
such  that  X = u(Y)  is  a final  object  of  C. 

Let  {Vi  — ► Y}  be  a covering  such  that  for  each  i there  exists  a strictly  perfect 
complex  T*  of  Oyi -modules  and  a morphism  a*  : T*  — > E\y.  of  D(Ovi)  such 
that  H3 (a.i)  is  an  isomorphism  for  j > m and  Hm(ai)  is  surjective.  Arguing  as 
above  it  suffices  to  prove  the  result  for  ( C/u(Vi),Ou(Vi ))  -»  ({D/Vi,  OvJ-  Hence  we 
may  assume  that  there  exists  a strictly  perfect  complex  J-*  of  Op-modules  and  a 
morphism  a : J- * — > E of  D(0p)  such  that  H3(a)  is  an  isomorphism  for  j > m 
and  Hm(a)  is  surjective.  In  this  case,  choose  a distinguished  triangle 

T*  ->  E ->  C ->  E*[l\ 

The  assumption  on  a means  exactly  that  the  cohomology  sheaves  H3  (C)  are  zero 
for  all  j > to.  Applying  Lf*  we  obtain  the  distinguished  triangle 


Lf*T*  -f  Lf*E  Lf*C  ->•  Lf*X*[  1] 

By  the  construction  of  Lf*  as  a left  derived  functor  we  see  that  H3(Lf*C)  = 0 for 
j > to  (by  the  dual  of  Derived  Categories,  Lemma  13.17.1).  Hence  H3(Lf*a)  is 
an  isomorphism  for  j > m and  Hm(Lf*a)  is  surjective.  On  the  other  hand,  since 
T*  is  a bounded  above  complex  of  flat  Op-modules  we  see  that  Lf*T * = f*T* . 
Applying  Lemma  [21.34.4|  we  conclude.  □ 


Lemma  21.35.4.  Let  (C,  O)  be  a ringed  site  and  me  Z.  Let  ( K , L,  M,  f,g , h)  be 
a distinguished  triangle  in  D((D). 

(1)  If  K is  (to  + 1) -pseudo-coherent  and  L is  m-pseudo-coherent  then  M is 
m-pseudo-coherent. 

(2)  If  K anf  M are  m-pseudo-coherent,  then  L is  m-pseudo-coherent. 

(3)  If  L is  (to  + l) -pseudo-coherent  and  M is  m-pseudo-coherent,  then  K is 
(to  + l) -pseudo- coherent. 


Proof.  Proof  of  (1).  Let  U be  an  object  of  C.  Choose  a covering  {Ui  — » U}  and 
maps  cti  : /C*  — > K\jji  in  DlOjjf)  with  /C*  strictly  perfect  and  H3{cti ) isomorphisms 
for  j > to  + 1 and  surjective  for  j = m + 1.  We  may  replace  /C*  by  <r>m_|_i/C* 
and  hence  we  may  assume  that  K,{  = 0 for  j < m + 1.  After  refining  the  covering 
we  may  choose  maps  : C*  — > L\yt  in  D{Ou, ) with  C*  strictly  perfect  such  that 
H3  (fj)  is  an  isomorphism  for  j > m and  surjective  for  j = to.  By  Lemma  21.34.7 
we  can,  after  refining  the  covering,  find  maps  of  complexes  7*  : JC*  — > C * such  that 
the  diagrams 

K 


ic: 


a 


are  commutative  in  D(Ojji)  (this  requires  representing  the  maps  on,  pi  and  K \ui  — > 
L\ui  by  actual  maps  of  complexes;  some  details  omitted).  The  cone  C(^i)*  is  strictly 
perfect  (Lemma  21.34.2).  The  commutativity  of  the  diagram  implies  that  there 


exists  a morphism  of  distinguished  triangles 

(£*,£*,  C^i)*)  — > (Klu^Llu^MluJ. 

It  follows  from  the  induced  map  on  long  exact  cohomology  sequences  and  Homol- 


ogy, Lemmas  12.5.19  and  12.5.20  that  C( 7^)*  M\jj.  induces  an  isomorphism  on 
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cohomology  in  degrees  > to  and  a surjection  in  degree  to.  Hence  M is  m-pseudo- 
coherent  by  Lemma [21. 35. 2| 

Assertions  (2)  and  (3)  follow  from  (1)  by  rotating  the  distinguished  triangle.  □ 

09J9  Lemma  21.35.5.  Let  ( 0,0 ) be  a ringed  site.  Let  K,L  be  objects  of  D((D). 

(1)  If  K is  n-pseudo-coherent  and  Hl(K ) = 0 for  i > a and  L is  m-pseudo- 
coherent  and  H^{L)  = 0 for  j > b,  then  K ©£,  L is  t-pseudo-coherent  with 
t = max(?n  + a,  n + b) . 

(2)  If  I\  and  L are  pseudo-coherent,  then  AT  L pseudo-coherent. 

Proof.  Proof  of  (1).  Let  U be  an  object  of  C.  By  replacing  U by  the  members 
of  a covering  and  replacing  C by  the  localization  C/U  we  may  assume  there  exist 
strictly  perfect  complexes  /C*  and  C * and  maps  a : K*  — > K and  ft  : C*  — > L with 
LI1  (a)  and  isomorphism  for  i > n and  surjective  for  i = n and  with  AP(/3)  and 
isomorphism  for  i > to  and  surjective  for  i = to.  Then  the  map 

a ®L  ft  : Tot  (A*  £*)  -»  K ©>£,  L 

induces  isomorphisms  on  cohomology  sheaves  in  degree  i for  i > t and  a surjection 
for  i = t.  This  follows  from  the  spectral  sequence  of  tors  (details  omitted). 

Proof  of  (2).  Let  U be  an  object  of  C.  We  may  first  replace  U by  the  members  of 
a covering  and  C by  the  localization  C/U  to  reduce  to  the  case  that  I\  and  L are 
bounded  above.  Then  the  statement  follows  immediately  from  case  (1).  □ 

08FW  Lemma  21.35.6.  Let  ( C , O)  be  a ringed  site.  Let  m € Z.  If  K (B  L is  m-pseudo- 
coherent  (resp.  pseudo-coherent)  in  D(0)  so  are  K and  L. 


Proof.  Assume  that  K © L is  m-pseudo-coherent.  Let  U be  an  object  of  C.  After 
replacing  U by  the  members  of  a covering  we  may  assume  A'®  L £ D~(Ou),  hence 
L £ D~{Ou )■  Note  that  there  is  a distinguished  triangle 


08FX 


(K  © L,  I<  © L,  L © L[  1])  = (AT,  K,  0)  © (A,  A,  A © A[l]) 

see  Derived  Categories,  Lemma  13.4.9  By  Lemma  [21.35.4  we  see  that  A © A[l] 
is  m-pseudo-coherent.  Hence  also  A[l]  © A [2]  is  m-pseudo-coherent.  By  induction 
A[n]  © L[n  + 1]  is  m-pseudo-coherent.  Since  A is  bounded  above  we  see  that  L[n]  is 
m-pseudo-coherent  for  large  n.  Hence  working  backwards,  using  the  distinguished 
triangles 

(A[n],  L[n]  © A[n  — 1],  L[n  — 1]) 

we  conclude  that  A[n  — 1],  A[n  — 2], . . . , A are  m-pseudo-coherent  as  desired.  □ 


Lemma  21.35.7.  Let  ( C,0 ) be  a ringed  site.  Let  K be  an  object  of  D(/D).  Let 
to  G Z. 


(1)  If  I\  is  m-pseudo-coherent  and  Hl(K)  = 0 for  i > to,  then  Hm(K)  is  a 
finite  type  O-module. 

(2)  If  K is  m-pseudo-coherent  and  Hl(K)  = 0 for  i > m + 1,  then  Hm+1(K) 
is  a finitely  presented  O-module. 


Proof.  Proof  of  (1).  Let  U be  an  object  of  C.  We  have  to  show  that  Hm{K)  is  can 
be  generated  by  finitely  many  sections  over  the  members  of  a covering  of  U (see 
Modules  on  Sites,  Definition  18.23.1 ).  Thus  during  the  proof  we  may  (finitely  often) 
choose  a covering  {U  — > U}  and  replace  C by  C/Ui  and  U by  Ifo  In  particular,  by 
our  definitions  we  may  assume  there  exists  a strictly  perfect  complex  A*  and  a map 
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a : £*  — > K which  induces  an  isomorphism  on  cohomology  in  degrees  > m and  a 
surjection  in  degree  m.  It  suffices  to  prove  the  result  for  £* . Let  n be  the  largest 
integer  such  that  £n  ^ 0.  If  n = to,  then  Hm  (£* ) is  a quotient  of  £n  and  the 
result  is  clear.  If  n > to,  then  £n~ 1 — > £n  is  surjective  as  Hn{E*)  = 0.  By  Lemma 


21.34.5  we  can  (after  replacing  U by  the  members  of  a covering)  find  a section  of 
this  surjection  and  write  £n~ 1 = £ ' © £ n.  Hence  it  suffices  to  prove  the  result  for 
the  complex  (£')*  which  is  the  same  as  £ * except  has  £'  in  degree  n — 1 and  0 in 
degree  n.  We  win  by  induction  on  n. 


Proof  of  (2).  Pick  an  object  U of  C.  As  in  the  proof  of  (1)  we  may  work  locally 
on  U.  Hence  we  may  assume  there  exists  a strictly  perfect  complex  £*  and  a map 
a : £ * — > K which  induces  an  isomorphism  on  cohomology  in  degrees  > to  and  a 
surjection  in  degree  to.  As  in  the  proof  of  (1)  we  can  reduce  to  the  case  that  £ 1 = 0 
for  i > to  + 1.  Then  we  see  that  Hm+1(K ) = Hm+1(£m)  = Coker(£m  — ► £m+1) 
which  is  of  finite  presentation.  □ 


21.36.  Tor  dimension 


In  this  section  we  take  a closer  look  at  resolutions  by  flat  modules. 

Definition  21.36.1.  Let  (C,©)  be  a ringed  site.  Let  E be  an  object  of  D(0). 
Let  a,  b G Z with  a < b. 

(1)  We  say  E has  tor-amplitude  in  [a,  b]  if  Hl{E  T)  = 0 for  all  ©-modules 
T and  all  i ^ [a,  b). 

(2)  We  say  E has  finite  tor  dimensioii  if  it  has  tor-amplitude  in  [a,  b]  for  some 
a,  b. 

(3)  We  say  E locally  has  finite  tor  dimension  if  for  any  object  U of  C there 
exists  a covering  {{/*  — > U}  such  that  E\ui  has  finite  tor  dimension  for  all 

i. 


Note  that  if  E has  finite  tor  dimension,  then  E is  an  object  of  Db(0)  as  can  be 
seen  by  taking  T = O in  the  definition  above. 

Lemma  21.36.2.  Let  ( 0,0 ) be  a ringed  site.  Let  £%  be  a bounded  above  complex 
of  flat  O -modules  with  tor-amplitude  in  [a,  b] . Then  Coker^dffi1)  is  a flat  O -module. 


Proof.  As  £*  is  a bounded  above  complex  of  flat  modules  we  see  that  £m  T = 
£m  <£>o  T for  any  ©-module  T . Hence  for  every  ©-module  T the  sequence 

£a~2  T -►  £a~l  (8 )0T  -+£a®0T 

is  exact  in  the  middle.  Since  £a~ 2 — » £°_1  Coker(da_1)  — > 0 is  a flat 

JO  ( 


resolution  this  implies  that  Toi  ^ (Coker(tf 
means  that  Coker(da_1)  is  flat,  see  Lemma 


),E)  = 0 for  all  ©-modules  T.  This 


21.17.13 


□ 


Lemma  21.36.3.  Let  ( 0,0 ) be  a ringed  site.  Let  E be  an  object  of  D(O).  Let 
a,b  € Z with  a < b.  The  following  are  equivalent 

(1)  E has  tor-amplitude  in  [a,  b], 

(2)  E is  represented  by  a complex  £*  of  flat  O -modules  with  £l  = 0 for  i £ 
[a,b\. 


Proof.  If  (2)  holds,  then  we  may  compute  E T = £ * (8>e>  T and  it  is  clear  that 
(1)  holds. 
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Assume  that  (1)  holds.  We  may  represent  ill  by  a bounded  above  complex  of  flat 
0-modules  1C*,  see  Section [2 1.1 7|  Let  n be  the  largest  integer  such  that  JCn  ^ 0. 
If  n > b,  then  /Cn_1  — » Kn  is  surjective  as  Hn(l C*)  = 0.  As  KD  is  flat  we  see 
that  Ker(/Cn_1  — > /C")  is  flat  (Modules  on  Sites,  Lemma  18.28.8).  Hence  we  may 
replace  /C*  by  r<n_i/C*.  Thus,  by  induction  on  n , we  reduce  to  the  case  that  K * 
is  a complex  of  flat  0-modules  with  KD  = 0 for  i > b. 


Set  £*  = T>a/C* . Everything  is  clear  except  that  £ a is  flat  which  follows  immediately 
from  Lemma T21. 36. 21  and  the  definitions.  □ 


08H5  Lemma  21.36.4.  Let  (f,fl)  : ( C,Oc ) — > (‘ D,Ox> ) be  a morphism  of  ringed  sites. 
Assume  C has  enough  points.  Let  E be  an  object  of  D(Od).  If  E has  tor  amplitude 
in  [ a,b ],  then  Lf*E  has  tor  amplitude  in  [a,  b}. 


Proof.  Assume  E has  tor  amplitude  in  [a,  b\.  By  Lemma  21.36. 3|  we  can  represent 
E by  a complex  of  £*  of  flat  0-modules  with  £ 1 = 0 for  * ^ [a,  6].  Then  Lf*E  is 
represented  by  f*£*.  By  Modules  on  Sites,  Lemma  18.38.3  the  module  f*£l  are 
flat  (this  is  where  we  need  the  assumption  on  the  existence  of  points).  Thus  by 
Lemma  21.36.3  we  conclude  that  Lf*E  has  tor  amplitude  in  [a,  b ].  □ 


08G2  Lemma  21.36.5.  Let  (C,0)  be  a ringed  site.  Let  (K,  L,  M,  f,  g,h)  be  a distin- 
guished triangle  in  0(0).  Let  a,b  € Z. 

(1)  If  K has  tor-amplitude  in  [a  + 1,6  + 1]  and  L has  tor-amplitude  in  [ a,b\ 
then  M has  tor-amplitude  in  [a,  b } . 

(2)  If  K and  M have  tor-amplitude  in  [a,  6] , then  L has  tor-amplitude  in  [a,  b] . 

(3)  If  L has  tor-amplitude  in  [a  + 1,  b + 1]  and  M has  tor-amplitude  in  [a,  b], 
then  K has  tor-amplitude  in  [a  + 1,  b + 1] . 


Proof.  Omitted.  Hint:  This  just  follows  from  the  long  exact  cohomology  sequence 
associated  to  a distinguished  triangle  and  the  fact  that  — 0^,  T preserves  distin- 
guished triangles.  The  easiest  one  to  prove  is  (2)  and  the  others  follow  from  it  by 
translation.  □ 


09JA  Lemma  21.36.6.  Let  (C,0)  be  a ringed  site.  Let  K,L  be  objects  of  D ((D).  If  K 
has  tor-amplitude  in  [a,  6]  and  L has  tor-amplitude  in  [c,  d]  then  K 0q  L has  tor 
amplitude  in  [a  + c,b  + d\. 

Proof.  Omitted.  Hint:  use  the  spectral  sequence  for  tors.  □ 

08G3  Lemma  21.36.7.  Let  (C,0)  be  a ringed  site.  Let  a,  b £ Z.  For  K,  L objects  of 
0(0)  if  K ® L has  tor  amplitude  in  [a,  b]  so  do  K and  L. 

Proof.  Clear  from  the  fact  that  the  Tor  functors  are  additive.  □ 


0942  Lemma  21.36.8.  Let  (C,0)  be  a ringed  site.  LetX  C 0 be  a sheaf  of  ideals.  Let 
K be  an  object  of  D(0). 

(1)  If  K 0q  0 /I  is  bounded  above,  then  K 0 @ 0/1"  is  uniformly  bounded 
above  for  all  n. 

(2)  If  K Og,  0/1  as  an  object  of  D(0 /X)  has  tor  amplitude  in  [ a,b] , then 
K 0@  0 /Xn  as  an  object  of  D(0 /In)  has  tor  amplitude  in  [a,  b\  for  all  n. 
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Proof.  Proof  of  (1).  Assume  that  K ®@  O/X  is  bounded  above,  say  Hl(K 
O/X)  = 0 for  * > b.  Note  that  we  have  distinguished  triangles 

K <g>£  Xn/Xn+1  ->•  K (S>o  0/Xn+1  ->  K ®%  O /Xn  — ► K Xn  /In+1  [1] 

and  that 

K <g>£,  Xn/Xn+1  = ( K O/X)  ®q /x  Xn/Xn+1 

By  induction  we  conclude  that  Hl(K  ®p  O /Xn)  = 0 for  i > b for  all  n. 

Proof  of  (2).  Assume  K ®q  O/X  as  an  object  of  D(<D  /X)  has  tor  amplitude  in  [a,  b\. 
Let  X be  a sheaf  of  (7/X"-modules.  Then  we  have  a finite  filtration 

Od-Vc  ...C IJCJ 

whose  successive  quotients  are  sheaves  of  (7/I-modules.  Thus  to  prove  that  K 
0/Xn  has  tor  amplitude  in  [a,  b]  it  suffices  to  show  Hl(K  ®q  0/Xn  ®Q/Xn  Q)  is  zero 
for  i [a,  b]  for  all  (7/X-modules  Q . Since 

(k  ®%  o/xn)  <zfe/xn  g = (k  ®%  o/x)  ®%/x  g 

for  every  sheaf  of  0/I-modules  g the  result  follows.  □ 


21.37.  Perfect  complexes 


08G4  In  this  section  we  discuss  properties  of  perfect  complexes  on  ringed  sites. 

08G5  Definition  21.37.1.  Let  ( 0,0 ) be  a ringed  site.  Let  £ * be  a complex  of  O- 
modules.  We  say  £*  is  perfect  if  for  every  object  U of  C there  exists  a covering 
{Ui  — > 17}  such  that  for  each  i there  exists  a morphism  of  complexes  £'  ->•  £u\u< 
which  is  a quasi-isomorphism  with  £*  strictly  perfect.  An  object  E of  of  D{0)  is 
perfect  if  it  can  be  represented  by  a perfect  complex  of  O-modules. 

08G6  Lemma  21.37.2.  Let  ( 0,0 ) be  a ringed  site.  Let  E be  an  object  of  D((D). 

(1)  If  C has  a final  object  X and  there  exist  a covering  {Ui  — > X},  strictly 
perfect  complexes  £*  of  Ou^modules,  and  isomorphisms  ai  : £*  —>  E\ui 
in  D(Oui),  then  E is  perfect. 

(2)  If  E is  perfect,  then  any  complex  representing  E is  perfect. 

Proof.  Identical  to  the  proof  of  Lemma |21.35.2|  □ 

08G7  Lemma  21.37.3.  Let  ( 0,0 ) be  a ringed  site.  Let  E be  an  object  of  D(O).  Let 
a < b be  integers.  If  E has  tor  amplitude  in  [ a,b\  and  is  (a  — 1 )-pseudo-coherent, 
then  E is  perfect. 


Proof.  Let  U be  an  object  of  C.  After  replacing  U by  the  members  of  a covering 
and  C by  the  localization  C/U  we  may  assume  there  exists  a strictly  perfect  complex 
£'  and  a map  a : £*  — > E such  that  Hl(a)  is  an  isomorphism  for  i > a.  We  may 
and  do  replace  £*  by  a>a-i£’ ■ Choose  a distinguished  triangle 

£• ->  E C ->  £*[!] 


From  the  vanishing  of  cohomology  sheaves  of  E and  £*  and  the  assumption  on  a we 
obtain  C = K[a  — 2]  with  K.  = Iver(£ 0-1  — ► £a).  Let  T be  an  (7-module.  Applying 
— T the  assumption  that  E has  tor  amplitude  in  [a,  b)  implies  K.  ®o  X 
£a~x  ®o  X has  image  Ker(f a_1  ®q  X — > £a  ®o  X).  It  follows  that  Torf  {£' , X)  = 0 
where  £'  = Coker(£a_1  — > £a).  Hence  £'  is  flat  (Lemma  21.17.13 1.  Thus  there 
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exists  a covering  {Ui  — ► U}  such  that  £'\ui  is  a direct  summand  of  a finite  free 
module  by  Modules  on  Sites,  Lemma [18.28. 12|  Thus  the  complex 

is  quasi-isomorphic  to  E\iii  and  E is  perfect.  □ 


Lemma  21.37.4.  Let  ( 0,0 ) be  a ringed  site.  Let  E be  an  object  of  D(0).  The 
following  are  equivalent 

(1)  E is  perfect,  and 

(2)  E is  pseudo-coherent  and  locally  has  finite  tor  dimension. 


Proof.  Assume  (1).  Let  U be  an  object  of  C.  By  definition  there  exists  a covering 
{Ui  — > U}  such  that  E \ y.  is  represented  by  a strictly  perfect  complex.  Thus  E is 
pseudo-coherent  (i.e. , m-pseudo-colierent  for  all  to)  by  Lemma  21.35.2  Moreover, 


a direct  summand  of  a finite  free  module  is  flat,  hence  E\jj.  has  finite  Tor  dimension 
by  Lemma [21. 36. 3 Thus  (2)  holds. 


Assume  (2).  Let  U be  an  object  of  C.  After  replacing  U by  the  members  of  a 
covering  we  may  assume  there  exist  integers  a < b such  that  E\u  has  tor  amplitude 
in  [a,  b\.  Since  E\jj  is  TO-pseudo-coherent  for  all  to  we  conclude  using  Lemma 
121.37.31  □ 


Lemma  21.37.5.  Let  (/,/#)  : (C,Oc)  ->  (D,GV)  be  a morphism  of  ringed  sites. 
Assume  C has  enough  points.  Let  E be  an  object  of  D(Ox>).  If  E is  perfect  in 
D(Ot>),  then  Lf*E  is  perfect  in  D{Oc). 


Proof.  This  follows  from  Lemma  21.37.4|  21.36.4  and  21.35.3  (An  alternative 
proof  is  to  copy  the  proof  of  Lemma  21.35.3|  This  gives  a proof  of  the  result 
without  assuming  the  site  C has  enough  points.)  □ 


Lemma  21.37.6.  Let  ( 0,0 ) be  a ringed  site.  Let  {K,L,M,  f,g,h)  be  a distin- 
guished triangle  in  D(0).  If  two  out  of  three  of  K,  L,  M are  perfect  then  the  third 
is  also  perfect. 


Proof.  First  proof:  Combine  Lemmas  |21.37.4[  |21.35.4|  and|21.36.5|  Second  proof 
(sketch):  Say  K and  L are  perfect.  Let  U be  an  object  of  C.  After  replacing  U 
by  the  members  of  a covering  we  may  assume  that  K\u  and  L\u  are  represented 
by  strictly  perfect  complexes  K*  and  £*.  After  replacing  U by  the  members  of 
a covering  we  may  assume  the  map  K\u  — > L\jj  is  given  by  a map  of  complexes 

Then  M\j  is  isomorphic  to  the  cone  of  a which 

□ 


a : /C*  — > £*,  see  Lemma  21.34.8 
is  strictly  perfect  by  Lemma  |21. 34. 2| 


Lemma  21.37.7.  Let  (0,0)  be  a ringed  site.  If  K,L  are  perfect  objects  of  D{0), 
then  so  is  K (g>^  L. 

Proof.  Follows  from  Lemmas |2L37.4[ [2L35.5[  and|21.36.6|  □ 


Lemma  21.37.8.  Let  {C,0)  be  a ringed  site.  If  K®L  is  a perfect  object  ofD(O), 
then  so  are  K and  L. 


Proof.  Follows  from  Lemmas  |21. 37. 4[  |21.35.6[  and|21.36.7| 


□ 
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08JJ  Lemma  21.37.9.  Let  (C,0)  be  a ringed  site.  Let  K be  a perfect  object  of  D(O). 
Then  A'v  = AAom(AT,  0)  is  a perfect  object  too  and  (7\v)v  = K.  There  are 
functorial  isomorphisms 

ATV  <g>£  M = R 'Homo  {K,  M) 

and 

H°(C,  Ky  <g>£,  M)  = Horn D(0){K,M) 

for  M in  D(0). 


Proof.  We  will  us  without  further  mention  that  formation  of  internal  horn  com- 


mutes with  restriction  (Lemma  21.26.3).  In  particular  we  may  check  the  first  two 


statements  locally,  i.e.,  given  any  object  U of  C it  suffices  to  prove  there  is  a cov- 
ering {Ui  — ► U}  such  that  the  statement  is  true  after  restricting  to  C/Ui  for  each 
i.  By  Lemma  |21.26.8|  to  see  the  final  statement  it  suffices  to  check  that  the  map 
(121.26.8.1D 

A'v  <g>£  M 


RHom(K,M) 

is  an  isomorphism.  This  is  a local  question  as  well.  Hence  it  suffices  to  prove  the 
lemma  when  AT  is  represented  by  a strictly  perfect  complex. 

Assume  K is  represented  by  the  strictly  perfect  complex  £* . Then  it  follows  from 
Lemma  21.34.9  that  A'v  is  represented  by  the  complex  whose  terms  are  (£n)v  = 
TLomo{£n , 0)  in  degree  —n.  Since  £n  is  a direct  summand  of  a finite  free  0-module, 
so  is  (£")v.  Hence  A'v  is  represented  by  a strictly  perfect  complex  too.  It  is  also 
clear  that  (ATV)V  = K as  we  have  ((£n)v)v  = £n.  To  see  that  (21.26.8.1)  is  an 


isomorphism,  represent  M by  a K-flat  complex  A*.  By  Lemma|21.34.9  the  complex 
R /Horn(K.  M)  is  represented  by  the  complex  with  terms 

0 -Hom0(£-q,Tp) 

n—p-\-q 


L M is  represented  by  the  complex  with  terms 

Rp  {£~qY 


On  the  other  hand,  the  object  ATV  < 

0 

n—p-\-q 

Thus  the  assertion  that  (21.26.8.IP  is  an  isomorphism  reduces  to  the  assertion  that 
the  canonical  map 

F 'Hamo{£ , O)  — > Tbmo{£,  F) 

is  an  isomorphism  when  £ is  a direct  summand  of  a finite  free  0-module  and  J-  is 
any  0-module.  This  follows  immediately  from  the  corresponding  statement  when 
£ is  finite  free.  □ 


OAOA 


Lemma  21.37.10.  Let  (C,0)  be  a ringed  site.  Let  (AT„)„£n  be  a system  of  perfect 
objects  of  D(O).  Let  K = hocolimKn  be  the  derived  colimit  (Derived  Categories, 
Definition\13.3Tl ).  Then  for  any  object  E of  D(O)  we  have 

RTLom{K,  E)  = Alim £<£)£, 

where  (K^)  is  the  inverse  system  of  dual  perfect  complexes. 


Proof.  By  Lemma 


21.37.9 


we  have  Alim  A (g)^  Kf  = Alim  RTLom(Kn,  E)  which 


fits  into  the  distinguished  triangle 


Alim  A TLom{Kn,  E)  — > A TLom(Kn,  E)  — ► A TLom(I\n,  E) 
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Because  K similarly  fits  into  the  distinguished  triangle  © Kn  — > © Kn  — >•  K 
it  suffices  to  show  that  Y[RT~^°m(Kn,  E)  = R'Hom{Q)  Kn,E).  This  is  a formal 
consequence  of  (21.26.0.1])  and  the  fact  that  derived  tensor  product  commutes  with 
direct  sums.  □ 


21.38.  Projection  formula 


0943  Let  / : (Sh(C),Oc)  — > ( Sh{V),0% >)  be  a morphism  of  ringed  topoi.  Let  E £ D{Oc) 
and  K £ D(Ot>).  Without  any  further  assumptions  there  is  a map 

0B56  (21.38.0.1)  Rf*E  K Rf*(E  ®oc  Lf*K) 

Namely,  it  is  the  adjoint  to  the  canonical  map 

Lf*(Rf*E  ^ K)  = Lf*Rf.E  Lf*K  — ■>  E Lf*K 

coming  from  the  map  Lf*Rf*E  — > E and  Lemmas  |21. 18. 4|  and  |21. 19. 1[  A reason- 
ably general  version  of  the  projection  formula  is  the  following. 

0944  Lemma  21.38.1.  Let  f : ( Sh(C),Oc ) — > ( Sh(V),Ox> ) be  a morphism  of  ringed 
topoi.  Let  E £ D(Oc ) and  K £ D(Ox>).  If  K is  perfect,  then 

RUE  K = RU(E  Lf*K) 

in  D(Ov)- 


Proof.  To  check  (21.38.0.1)  is  an  isomorphism  we  may  work  locally  on  V , i.e. , 
for  any  object  V of  I?  we  have  to  find  a covering  {Vj  V}  such  that  the  map 
restricts  to  an  isomorphism  on  Vj.  By  definition  of  perfect  objects,  this  means 
we  may  assume  K is  represented  by  a strictly  perfect  complex  of  0-p-modules. 
Note  that,  completely  generally,  the  statement  is  true  for  K = K i © /\2,  if  and 
only  if  the  statement  is  true  for  /\i  and  A'2.  Hence  we  may  assume  K is  a finite 
complex  of  finite  free  Op-modules.  In  this  case  a simple  argument  involving  stupid 
truncations  reduces  the  statement  to  the  case  where  K is  represented  by  a finite 
free  Op-module.  Since  the  statement  is  invariant  under  finite  direct  summands  in 
the  K variable,  we  conclude  it  suffices  to  prove  it  for  K = Op[n]  in  which  case  it 
is  trivial.  □ 
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0946 


An  object  U of  a site  is  weakly  contractible  if  every  surjection  J-  — > Q of  sheaves  of 
sets  gives  rise  to  a surjection  T{U)  — > G(U),  see  Sites,  Definition  7.39.2 


Lemma  21.39.1.  LetC  be  a site.  Let  U be  a weakly  contractible  object  ofC.  Then 

(1)  the  functor  T 1— > T(U)  is  an  exact  functor  Ab(C ) — > Ab, 

(2)  HP(U,T)  = 0 for  every  abelian  sheaf  T and  all  p > 1,  and 

(3)  for  any  sheaf  of  groups  Q any  Q-torsor  has  a section  over  U . 


Proof.  The  first  statement  follows  immediately  from  the  definition  (see  also  Ho- 
mology, Section  12.7).  The  higher  derived  functors  vanish  by  Derived  Categories, 
Lemma[l3.17.9  Let  J7  be  a f/-torsor.  Then  T — > * is  a surjective  map  of  sheaves. 
Hence  (3)  follows  from  the  definition  as  well.  □ 


It  is  convenient  to  list  some  consequences  of  having  enough  weakly  contractible 
objects  here. 
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0947  Proposition  21.39.2.  Let  C be  a site.  Let  B C Ob(C)  such  that  every  U £ B is 
weakly  contractible  and  every  object  of  C has  a covering  by  elements  of  B.  Let  O be 
a sheaf  of  rings  on  C.  Then 

(1)  A complex  F\  -A-  F2  — > F3  of  O -modules  is  exact,  if  and  only  if  F\(U)  — ► 
■7-2 (U)  -A  Fs{ U ) is  exact  for  all  U £ B. 

(2)  Every  object  K of  D{0)  is  a derived  limit  of  its  canonical  truncations: 
K = Rlimr>-nK . 

(3)  Given  an  inverse  system  . . . — ► JF3  — ► F2  — > J~i  with  surjective  transition 
maps,  the  projection  \im.Fn  -A  F\  is  surjective. 

(4)  Products  are  exact  on  Mod((D). 

(5)  Products  on  D(0 ) can  be  computed  by  taking  products  of  any  representa- 
tive complexes. 

(6)  If  (Fn)  is  an  inverse  system  of  O -modules,  then  RplimFn  = 0 for  all 
p > 1 and 

R 1 lim  Fn  = Fn  — > JJ-Fn) 

where  the  map  is  (xn)  H > ( xn  — f(xn  +i))- 

(7)  If  (Kn)  is  an  inverse  system  of  objects  of  D{0),  then  there  are  short  exact 
sequences 

0 -A  R1  lim Hp~1(Kn)  -A  Hp(RlimKn)  -A  lim Hp(Kn)  -A  0 


Proof.  Proof  of  (1).  If  the  sequence  is  exact,  then  evaluating  at  any  weakly  con- 
tractible element  of  C gives  an  exact  sequence  by  Lemma  |21.39.1|  Conversely, 
assume  that  F\ (U)  —A  F2(U)  -A  F^{U)  is  exact  for  all  U £ B.  Let  V be  an  object 
of  C and  let  s £ F2(V)  be  an  element  of  the  kernel  of  F2  -A  F3.  By  assumption  there 
exists  a covering  {Ui  — > V}  with  Ui  £ B.  Then  s]t/.  lifts  to  a section  Sj  £ F\{Ui). 
Thus  s is  a section  of  the  image  sheaf  Im(Jr1  -A  Ff)-  In  other  words,  the  sequence 
F\  — > F2  — > is  exact. 


Proof  of  (2).  This  holds  by  Lemma  21.21.5 


Proof  of  (3).  Let  (fFn)  be  a system  as  in  (2)  and  set  F = lim  Fn . If  U £ B, 
then  F(U)  = lim Fn(U)  surjects  onto  F\{U)  as  all  the  transition  maps  Fn+\(U)  — ► 
Fn(U)  are  surjective.  Thus  F — > F\  is  surjective  by  Sites,  Definition  7.12.1  and  the 
assumption  that  every  object  has  a covering  by  elements  of  B. 


Proof  of  (4).  Let  F,i  -A  Fi}2  -A  F,.s  be  a family  of  exact  sequences  of  0-modules. 
We  want  to  show  that  -A  -A  3 is  exact.  We  use  the  criterion  of 

(1).  Let  U £ B.  Then 


is  the  same  as 


(II  W)  -»•  (II^.2)(^)  (II  ^(U) 

U^a(U)  —a  liF.AU)  -A  Uf.AU) 


Each  of  the  sequences  Fiti(U)  -A  Fii2(U)  -A  Fi^(U)  are  exact  by  (1).  Thus  the 
displayed  sequences  are  exact  by  Homology,  Lemma  [12.28.1  We  conclude  by  (1) 
again. 


Proof  of  (5).  Follows  from  (4)  and  (slightly  generalized)  Derived  Categories,  Lemma 
113.32.21 
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Proof  of  (6)  and  (7).  We  refer  to  Section  21.21  for  a discussion  of  derived  and 
homotopy  limits  and  their  relationship.  By  Derived  Categories,  Definition  |13.32. 1] 
we  have  a distinguished  triangle 


R lim  Kn  -A  ll  Kn  ->  1]  Kn  ->  R Hm  Kn  [1] 

Taking  the  long  exact  sequence  of  cohomology  sheaves  we  obtain 

HP-^llKn)  -A  HP-\l[Kn)  -a  Hp(R\imKn)  -A  H*([[Kn)  -A  H^(\{Kn) 

Since  products  are  exact  by  (4)  this  becomes 

l[Hr-\Kn)  -A Y[Hp-\Kn ) -A  iJp(J?limlT„) 

Now  we  first  apply  this  to  the  case  K.n  = ,F„[0]  where  (Tn)  is  as  in  (6).  We  conclude 
that  (6)  holds.  Next  we  apply  it  to  (. Kn ) as  in  (7)  and  we  conclude  (7)  holds.  □ 


21.40.  Compact  objects 


0948  In  this  section  we  study  compact  objects  in  the  derived  category  of  modules  on 
a ringed  site.  We  recall  that  compact  objects  are  defined  in  Derived  Categories, 
Definition  113.34.11 

09JC  Lemma  21.40.1.  Let  ( 0,0 ) be  a ringed  site.  Assume  C has  the  following  proper- 
ties 

(1)  C has  a quasi-compact  final  object  X , 

(2)  every  object  of  C can  be  covered  by  quasi-compact  objects, 

(3)  for  a finite  covering  {Ui  — > t/}i£j  with  U , Ui  quasi-compact  the  fibre 
products  Ui  Xu  Uj  are  quasi- compact. 

Then  any  perfect  object  of  D(0)  is  compact. 


Proof.  Let  K be  a perfect  object  and  let  K v be  its  dual,  see  Lemma  21.37.9  Then 
we  have 

Horn D(0x)(K,M)  = H°(X,  I\w  M) 

functorially  in  M in  D(Ox)-  Since  Kw  0py  — commutes  with  direct  sums  (by 
construction)  and  H°  does  by  Lemma  21.16.1  and  the  construction  of  direct  sums 


in  Injectives,  Lemma |19. 13. 4|  we  obtain  the  result  of  the  lemma. 


□ 


094B  Lemma  21.40.2.  Let  A be  a Grothendieck  abelian  category.  Let  S C Ob(A)  be  a 
set  of  objects  such  that 

(1)  any  object  of  A is  a quotient  of  a direct  sum  of  elements  of  S,  and 

(2)  for  any  E £ S the  functor  Hom^(i?,  — ) commutes  with  direct  sums. 

Then  every  compact  object  of  D(A)  is  a direct  summand  in  D{A)  of  a finite  complex 
of  finite  direct  sums  of  elements  of  S. 


Proof.  Assume  K £ D(A)  is  a compact  object.  Represent  K by  a complex  Km 
and  consider  the  map 

K*  — > 0 r>nK* 

where  we  have  used  the  canonical  truncations,  see  Homology,  Section  12.13  This 


makes  sense  as  in  each  degree  the  direct  sum  on  the  right  is  finite.  By  assumption 
this  map  factors  through  a finite  direct  sum.  We  conclude  that  K -A  r>„A'  is  zero 
for  at  least  one  n,  i.e.,  K is  in  D~{R). 
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We  may  represent  K by  a bounded  above  complex  Km  each  of  whose  terms  is  a 
direct  sum  of  objects  from  S,  see  Derived  Categories,  Lemma  fl3. 16. 5|  Note  that 
we  have 

K*  = U _ a>nK' 


where  we  have  used  the  stupid  truncations,  see  Homology,  Section  12.13  Hence  by 
Derived  Categories,  Lemmas  |13.31.4|  and  |13.31.5|  we  see  that  1 : K * — > K*  factors 
through  cr>nK * — > K*  in  D(R).  Thus  we  see  that  1 : K*  -+  K*  factors  as 

K*  ^L'^LC 

in  D(A)  for  some  complex  L*  which  is  bounded  and  whose  terms  are  direct  sums 
of  elements  of  S.  Say  Ll  is  zero  for  i £ [ a,b] . Let  c be  the  largest  integer  <6+1 
such  that  Ll  a finite  direct  sum  of  elements  of  S for  i < c.  Claim:  if  c < 6 + 1, 
then  we  can  modify  L * to  increase  c.  By  induction  this  claim  will  show  we  have  a 
factorization  of  Ik  as 

I< 

in  D(A)  where  L can  be  represented  by  a finite  complex  of  finite  direct  sums  of 
elements  of  S.  Note  that  e = p o if  £ Endc^fX)  is  an  idempotent.  By  Derived 
Categories,  Lemma  13.4.12  we  see  that  L = Ker(e)©Ker(l— e).  The  map  p : K — ► L 
induces  an  isomorphism  with  Ker(l  — e)  in  D(R)  and  we  conclude. 

Proof  of  the  claim.  Write  Lc  = 0AgA.E0  Since  Lc_1  is  a finite  direct  sum  of 
elements  of  S we  can  by  assumption  (2)  find  a finite  subset  A'  C A such  that 
Lc”1  — » Lc  factors  through  0AgA,  E\  C Lc.  Consider  the  map  of  complexes 

given  by  the  projection  onto  the  factors  corresponding  to  A \ A'  in  degree  i.  By 
our  assumption  on  K we  see  that,  after  possibly  replacing  A'  by  a larger  finite 
subset,  we  may  assume  that  7r  o ip  = 0 in  D{A).  Let  ( L ')*  C L * be  the  kernel 
of  it.  Since  7r  is  surjective  we  get  a short  exact  sequence  of  complexes,  which 


gives  a distinguished  triangle  in  D(A)  (see  Derived  Categories,  Lemma  13.12.1). 
Since  Honi£>(_4)(/\,  — ) is  homological  (see  Derived  Categories,  Lemma  13.4.2)  and 
7r  o ip  = 0,  we  can  find  a morphism  p’  : K * -A  (L')*  in  D(A)  whose  composition 
with  ( L')*  -+  L*  gives  p.  Setting  ijj'  equal  to  the  composition  of  with  (L')*  — > L * 
we  obtain  a new  factorization.  Since  (L,)*  agrees  with  L*  except  in  degree  c and 
since  ( L')c  = 0 AgA,  Ex  the  claim  is  proved.  □ 

094C  Lemma  21.40.3.  Let  (0,0)  be  a ringed  site.  Assume  every  object  of  C has  a 
covering  by  quasi-compact  objects.  Then  every  compact  object  of  D(0)  is  a direct 
summand  in  D(0 ) of  a finite  complex  whose  terms  are  finite  direct  sums  of  O- 
modules  of  the  form  j\Ojj  where  U is  a quasi-compact  object  ofC. 


Proof.  Apply  Lemma  21.40.2|where  S C Ob (Mod(0))  is  the  set  of  modules  of  the 
form  j\ 0[j  with  U € Ob(C)  quasi-compact.  Assumption  (1)  holds  by  Modules  on 
Sites,  Lemma  |18.28.6|  and  the  assumption  that  every  U can  be  covered  by  quasi- 
compact objects.  Assumption  (2)  follows  as 

Komo(jiOu,E)  = E(U) 

which  commutes  with  direct  sums  by  Sites,  Lemma  |7.11.2|  □ 
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In  the  situation  of  the  lemma  above  it  is  not  always  true  that  the  modules  j\Ojj 
are  compact  objects  of  D(0)  (even  if  U is  a quasi-compact  object  of  C).  Here  is  a 
criterion. 


094D  Lemma  21.40.4.  Let  ( 0,0 ) be  a ringed  site.  Let  U be  an  object  of  C.  The 
O -module  j\Ou  is  a compact  object  of  D(0)  if  there  exists  an  integer  d such  that 

(1)  HP(U,F)  = 0 for  all  p > d,  and 

(2)  the  functors  T pa  HP(U,F)  commute  with  direct  sums. 


Proof.  Assume  (1)  and  (2).  The  first  means  that  the  functor  F = has 

finite  cohomological  dimension.  Moreover,  any  direct  sum  of  injective  modules  is 
acyclic  for  F by  (2).  Since  we  may  compute  RF  by  applying  F to  any  complex  of 
acyclics  (Derived  Categories,  Lemma [13.30.2 ).  Thus,  if  K,  be  a family  of  objects 
of  D(0),  then  we  can  choose  K-injective  representatives  J*  and  we  see  that  ©A") 
is  represented  by  ©I*.  Thus  H°(U , — ) commutes  with  direct  sums.  □ 


094E  Lemma  21.40.5.  Let  ( 0,0 ) be  a ringed  site.  Let  U be  an  object  of  C which  is 
quasi-compact  and  weakly  contractible.  Then  j\Ojj  is  a compact  object  of  D(0). 


Proof.  Combine  Lemmas  |21.40.4  and  21.39.1  with  Modules  on  Sites,  Lemma 
118.29.21  □ 


21.41.  Complexes  with  locally  constant  cohomology  sheaves 


094F  Locally  constant  sheaves  are  introduced  in  Modules  on  Sites,  Section  18.42  Let  C 


be  a site.  Let  A be  a ring.  We  denote  D(C,  A)  the  derived  category  of  the  abelian 
category  of  A-modules  on  C. 


094G  Lemma  21.41.1.  Let  C be  a site  with  final  object  X . Let  A.  be  a Noetherian  ring. 
Let  K £ Db(C,  A)  with  Hl(K)  locally  constant  sheaves  of  A-modules  of  finite  type. 
Then  there  exists  a covering  {If  -A  X}  such  that  each  K\ui  is  represented  by  a 
complex  of  locally  constant  sheaves  of  A-modules  of  finite  type. 


Proof.  Let  a < b be  such  that  Hl(K)  = 0 for  i qL  [a, b ].  By  induction  on  b — a we 
will  prove  there  exists  a covering  {Lf  -A  A"}  such  that  K \Ut  can  be  represented  by  a 
complex  M*  {j  with  Mp  a finite  type  A-module  and  Mp  = 0 for  p ^ [a,  b\.  If  b = a, 
then  this  is  clear.  In  general,  we  may  replace  A'  by  the  members  of  a covering  and 
assume  that  Hb{I\)  is  constant,  say  Hb(K)  = M_.  By  Modules  on  Sites,  Lemma 


by  generators  aq, . . . , xr  of  M. 


18.41.5  the  module  M is  a finite  A-module.  Choose  a surjection  A®r  — > M given 


By  a slight  generalization  of  Lemma  21.8.3  (details  omitted)  there  exists  a covering 
{Ui  — > X}  such  that  X{  £ H°(X,  Hb(K))  lifts  to  an  element  of  Hb{Ui,  K).  Thus, 
after  replacing  X by  the  Ui  we  reach  the  situation  where  there  is  a map  A®r[—  b)  — ► 
K inducing  a surjection  on  cohomology  sheaves  in  degree  b.  Choose  a distinguished 
triangle 

A®r\-b]  ->K^L->  A®f_[-b  + 1] 


Now  the  cohomology  sheaves  of  L are  nonzero  only  in  the  interval  [a,  6—1],  agree 
with  the  cohomology  sheaves  of  K in  the  interval  [a,  6—2]  and  there  is  a short  exact 
sequence 


0 -t  Hh-^K)  ->  f4b_1(L)  -A  Ker(A®r  -a  M)  — >■  0 
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in  degree  b—  1.  By  Modules  on  Sites,  Lemma 


18.42.5 


we  see  that  ifb-1(L)  is  locally 
constant  of  finite  type.  By  induction  hypothesis  we  obtain  an  isomorphism  M*  — > L 
in  D(C,A)  with  Mp  a finite  A-module  and  Mp  = 0 for  p £ [a,  b — 1].  The  map 
L — > A®r[— b + 1]  gives  a map  Mb~l  — > A®r  which  locally  is  constant  (Modules  on 
Sites,  Lemma  18.42.3).  Thus  we  may  assume  it  is  given  by  a map  Mb_1  — ► A®1". 
The  distinguished  triangle  shows  that  the  composition  Mb~2  — > Mfc_1  — » A®r  is 
zero  and  the  axioms  of  triangulated  categories  produce  an  isomorphism 

Ma  -a  . . . — » M11-1  -A  A®r — >K 

in  D(C,  A).  □ 


Let  C be  a site.  Let  A be  a ring.  Using  the  morphism  Sh(C)  -A  Sh(pt ) we  see  that 
there  is  a functor  D( A)  -A  D(C,  A),  K > K. 

Lemma  21.41.2.  Let  C be  a site  with  final  object  X . Let  A be  a ring.  Let 

(1)  K a perfect  object  of  D{ A), 

(2)  a finite  complex  K * of  finite  projective  A-modules  representing  K, 

(3)  £*  a complex  of  sheaves  of  A-modules,  and 

(4)  ip  : AT  -A  C*  a map  in  D(C , A). 

Then  there  exists  a covering  {Ui  -A  A'}  and  maps  of  complexes  a,  : K*\iJi  £*| u, 
representing  <p\ui- 

Proof.  Follows  immediately  from  Lemma|21.34.8|  □ 

Lemma  21.41.3.  Let  C be  a site  with  final  object  X.  Let  A be  a ring.  Let  K,L 
be  objects  of  D( A)  with  K perfect.  Let  ip  : AT  -A  L be  map  in  D{C,  A).  There  exists 
a covering  {Ui  X}  such  that  <p\ u is  equal  to  ai  for  some  map  a.i  : K — > L in 
14(A). 


Proof.  Follows  from  Lemma  21.41.2  and  Modules  on  Sites,  Lemma  18.42.3  □ 


Lemma  21.41.4.  Let  C be  a site.  Let  A be  a Noetherian  ring.  Let  K,L  £ 
D~(C,  A).  Lf  the  cohomology  sheaves  of  K and  L are  locally  constant  sheaves  of  A- 
modules  of  finite  type,  then  the  cohomology  sheaves  of  K L are  locally  constant 
sheaves  of  A-modules  of  finite  type. 


Proof.  We’ll  prove  this  as  an  application  of  Lemma  21.41.1  Note  that  Hl(K®\L) 
is  the  same  as  (g)^r>j_iL).  Thus  we  may  assume  K and  L are  bounded. 

By  Lemma  21.41.1|  we  may  assume  that  K and  L are  represented  by  complexes  of 
locally  constant  sheaves  of  A-modules  of  finite  type.  Then  we  can  replace  these 
complexes  by  bounded  above  complexes  of  finite  free  A-modules.  In  this  case  the 
result  is  clear.  □ 


Lemma  21.41.5.  Let  C be  a site.  Let  A be  a Noetherian  ring.  Let  I C A be  an 
ideal.  Let  K £ D~{C,  A).  If  the  cohomology  sheaves  of  K(&\A/ 1 are  locally  constant 
sheaves  of  A/ 1 -modules  of  finite  type,  then  the  cohomology  sheaves  of  K A/In 
are  locally  constant  sheaves  of  A/ In -modules  of  finite  type  for  all  n > 1. 

Proof.  Recall  that  the  locally  constant  sheaves  of  A-modules  of  finite  type  form 
a weak  Serre  subcategory  of  all  A-modules,  see  Modules  on  Sites,  Lemma  [18.42.5 
Thus  the  subcategory  of  D(C,  A)  consisting  of  complexes  whose  cohomology  sheaves 
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are  locally  constant  sheaves  of  A-modules  of  finite  type  forms  a strictly  full,  satu- 


rated triangulated  subcategory  of  D(C,  A),  see  Derived  Categories,  Lemma  13.13.1 
Next,  consider  the  distinguished  triangles 


k r/i 


n+1 


K A//' 


n+1 


K A/In  ->  K ® J /"//"+1  [i] 


and  the  isomorphisms 

K <S>A  r/In+1  = (k  A/£j  0L/7  jn/jn+l 

Combined  with  Lemma \21. 41. 41  we  obtain  the  result.  □ 
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Differential  Graded  Algebra 


09JD 

22.1.  Introduction 

09JE  In  this  chapter  we  talk  about  differential  graded  algebras,  modules,  categories,  etc. 
A basic  reference  is  IKel94| . A survey  paper  is  |Kel06l. 

Since  we  do  not  worry  about  length  of  exposition  in  the  Stacks  project  we  first 
develop  the  material  in  the  setting  of  categories  of  differential  graded  modules. 
After  that  we  redo  the  constructions  in  the  setting  of  differential  graded  modules 
over  differential  graded  categories. 

22.2.  Conventions 

09JF  In  this  chapter  we  hold  on  to  the  convention  that  ring  means  commutative  ring 
with  1.  If  R is  a ring,  then  an  R-algebra  A will  be  an  R- module  A endowed  with  an 
R-bilinear  map  A x A A (multiplication)  such  that  multiplication  is  associative 
and  has  a unit.  In  other  words,  these  are  unital  associative  R-algebras  such  that 
the  structure  map  R — »•  A maps  into  the  center  of  A. 

22.3.  Differential  graded  algebras 

061U  Just  the  definitions. 

061V  Definition  22.3.1.  Let  R be  a commutative  ring.  A differential  graded  algebra 
over  R is  either 

(1)  a chain  complex  A . of  R- modules  endowed  with  A-bilinear  maps  An  x 
Am  — > An+m,  (a,  b)  i ^ ab  such  that 

d n+m{ab)  = d n{a)b+  (-l)nadm(6) 

and  such  that  (£)  An  becomes  an  associative  and  unital  i?-algebra,  or 

(2)  a cochain  complex  A * of  J?-modules  endowed  with  i?-bilinear  maps  An  x 

Am  An+m , ^ y ^ guch  th&t 

d n+m(ab)  = dn(a)b+(-l)nadm{b) 
and  such  that  @ An  becomes  an  associative  and  unital  J?-algebra. 

We  often  just  write  A = 0 An  or  A = 0 An  and  think  of  this  as  an  associative 
unital  l?-algebra  endowed  with  a Z-grading  and  an  i?-linear  operator  d whose  square 
is  zero  and  which  satisfies  the  Leibniz  rule  as  explained  above.  In  this  case  we  often 
say  “Let  (A,  d)  be  a differential  graded  algebra” . 

061X  Definition  22.3.2.  A homomorphism  of  differential  graded  algebras  f : (A,d)  — ► 
( B , d)  is  an  algebra  map  / : A — >•  B compatible  with  the  gradings  and  d. 
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09JG  Definition  22.3.3.  Let  R be  a ring.  Let  (A,  d)  be  a differential  graded  algebra 
over  R.  The  opposite  differential  graded  algebra  is  the  differential  graded  algebra 
(dopp,  d)  over  R where  Aopp  = A as  an  i?-module,  d = d,  and  multiplication  is 
given  by 

a -opp  b = (— l)degA)  desO)  j,a 
for  homogeneous  elements  a,b  G A. 

This  makes  sense  because 

d(a-oppb)  = (-l)de^Ae^d(ba) 

_ (_l)des(Q)deg(b)(j|'^^a  _|_  (_i^deg(a)deg(b)+deg(b)^aj 
= (-l)deg(a)a  -opp  d(6)  + d(a)  -0pp  b 

as  desired. 

061W  Definition  22.3.4.  A differential  graded  algebra  (A,d)  is  commutative  if  ab  = 
(—l)nmba  for  a in  degree  n and  b in  degree  to.  We  say  A is  strictly  commutative  if 
in  addition  a2  = 0 for  deg(a)  odd. 

The  following  definition  makes  sense  in  general  but  is  perhaps  “correct”  only  when 
tensoring  commutative  differential  graded  algebras. 

065W  Definition  22.3.5.  Let  R be  a ring.  Let  (A,d),  (B,  d)  be  differential  graded 
algebras  over  R.  The  tensor  product  differential  graded  algebra  of  A and  B is  the 
algebra  A ®R  B with  multiplication  defined  by 

(a  (g)  b)(a'  ® b')  = (_l)deg(a')deg (b)^/  0 ^ 

endowed  with  differential  d defined  by  the  rule  d (a®b)  = d(a)  ®b  + (— l)ma®  d(6) 
where  to  = deg(a). 

065X  Lemma  22.3.6.  Let  R be  a ring.  Let  (A,  d),  ( B , d)  be  differential  graded  algebras 
over  R.  Denote  A*,  B * the  underlying  cochain  complexes.  As  cochain  complexes 
of  R-modules  we  have 

{A®rBY  = Tot(A * ®rB*). 

Proof.  Recall  that  the  differential  of  the  total  complex  is  given  by  Ap{q  + (— ljPdj’9 
on  Ap®RBq . And  this  is  exactly  the  same  as  the  rule  for  the  differential  on  A®RB 
in  Definition  122.3. 5|  □ 

22.4.  Differential  graded  modules 

09JH  Just  the  definitions. 

09JI  Definition  22.4.1.  Let  R be  a ring.  Let  (A,  d)  be  a differential  graded  algebra 
over  R.  A (right)  differential  graded  module  M over  A is  a right  A-module  M which 
has  a grading  M = 0M"  and  a differential  d such  that  A/”Am  C Mn+rn , such 
that  d(M”)  C M™+1,  and  such  that 

d(ma)  = d(m)a  + (— l)nm.d(a) 

for  a € A and  m € Mn.  A homomorphism  of  differential  graded  modules  f : M N 
is  an  A-module  map  compatible  with  gradings  and  differentials.  The  category  of 
(right)  differential  graded  A-modules  is  denoted  Mod(^>d). 
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Note  that  we  can  think  of  M as  a cochain  complex  M*  of  (right)  i?-modules. 
Namely,  for  r £ R we  have  d(r)  = 0 and  r maps  to  a degree  0 element  of  A,  hence 
d(ror)  = d(m)r. 


We  can  define  left  differential  graded  A-modules  in  exactly  the  same  manner.  If  M is 
a left  A-module,  then  we  can  think  of  M as  a right  Aopp-module  with  mulitplication 
•opp  defined  by  the  rule 

m ■ opp  a = (-1  )deg{a)deg(m)am 


for  a and  m homogeneous.  The  category  of  left  differential  graded  A-modules  is 
equivalent  to  the  category  of  right  differential  graded  Aopp-modules.  We  prefer  to 
work  with  right  modules  (essentially  because  of  what  happens  in  Example  22.19.8), 
but  the  reader  is  free  to  switch  to  left  modules  if  (s)he  so  desires. 


Lemma  22.4.2.  Let  (A,  d)  be  a differential  graded  algebra.  The  category  Mod/ a ,d) 
is  abelian  and  has  arbitrary  limits  and  colimits. 


Proof.  Kernels  and  cokernels  commute  with  taking  underlying  A-modules.  Sim- 
ilarly for  direct  sums  and  colimits.  In  other  words,  these  operations  in  Mod(A,d) 
commute  with  the  forgetful  functor  to  the  category  of  A-modules.  This  is  not  the 
case  for  products  and  limits.  Namely,  if  A),  i 6 / is  a family  of  differential  graded 
A-modules,  then  the  product  n Ni in  M«d(A,d)  is  given  by  setting  (J]  Ni)n  = N? 
and  ]~[  Mi  = ©,,  (11 -^)n-  Thus  we  see  that  the  product  does  commute  with  the 
forgetful  functor  to  the  category  of  graded  A-modules.  A category  with  products 
and  equalizers  has  limits,  see  Categories,  Lemma  4.14.10  □ 


Thus,  if  (A,  d)  is  a differential  graded  algebra  over  R , then  there  is  an  exact  functor 

Mod(A,d)  — > Comp(i?) 

of  abelian  categories.  For  a differential  graded  module  M the  cohomology  groups 
Hn(M)  are  defined  as  the  cohomology  of  the  corresponding  complex  of  R- modules. 
Therefore,  a short  exact  sequence  0— > K L — > M — ► 0 of  differential  graded 
modules  gives  rise  to  a long  exact  sequence 

09JK  (22.4.2.1)  Hn(K)  -a  Hn{L)  -a  Hn(M)  -a-  Hn+1{K) 

of  cohomology  modules,  see  Homology,  Lemma[l2.12.12| 

Moreover,  from  now  on  we  borrow  all  the  terminology  used  for  complexes  of  mod- 
ules. For  example,  we  say  that  a differential  graded  A-module  M is  acyclic  if 
Hk(M)  = 0 for  all  k £ Z.  We  say  that  a homomorphism  M — > N of  differential 
graded  A-modules  is  a quasi-isomorphism  if  it  induces  isomorphisms  Hk(M)  — ► 
Hk(N)  for  all  k e Z.  And  so  on  and  so  forth. 

09JL  Definition  22.4.3.  Let  (A,  d)  be  a differential  graded  algebra.  Let  M be  a 
differential  graded  module.  For  any  fc  £ Z we  define  the  k-shifted  module  M[k]  as 
follows 

(1)  as  A-module  M[k\  = M, 

(2)  M[k]n  = Mn+k, 

(3)  d M[k]  = ( — l)fcdM- 

For  a morphism  / : M — > N of  differential  graded  A-modules  we  let  f[k]  : M[k]  — » 
N[k\  be  the  map  equal  to  / on  underlying  A-modules.  This  defines  a functor 

[k]  : Mod(A,d)  -t  Mod(Ajd). 
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The  remarks  in  Homology,  Section  |l2.14|  apply.  In  particular,  we  will  identify  the 
cohomology  groups  of  all  shifts  M[k\  without  the  intervention  of  signs. 

At  this  point  we  have  enough  structure  to  talk  about  triangles , see  Derived  Cate- 
gories, Definition  1 13. 3.1  [ In  fact,  our  next  goal  is  to  develop  enough  theory  to  be 
able  to  state  and  prove  that  the  homotopy  category  of  differential  graded  modules 
is  a triangulated  category.  First  we  define  the  homotopy  category. 


22.5.  The  homotopy  category 

09JM  Our  homotopies  take  into  account  the  A-module  structure  and  the  grading,  but  not 
the  differential  (of  course). 

09JN  Definition  22.5.1.  Let  (A,  d)  be  a differential  graded  algebra.  Let  f,g  : M — )•  N 
be  homomorphisms  of  differential  graded  A-modules.  A homotopy  between  f and 
g is  an  A-module  map  h : M -A  N such  that 

(1)  h(Mn)  C Nn~ 1 for  all  n,  and 

(2)  /( x)  — g(x)  = djsr(h(x))  + h(dM{x))  for  all  x £ M. 

If  a homotopy  exists,  then  we  say  / and  g are  homotopic. 


Thus  h is  compatible  with  the  A-module  structure  and  the  grading  but  not  with 
the  differential.  If  / = g and  h is  a homotopy  as  in  the  definition,  then  h defines  a 
morphism  h : M — >■  7V[ — 1]  in  Mod(A.d)- 

09JP  Lemma  22.5.2.  Let  ( A , d)  be  a differential  graded  algebra.  Let  f,g:L—*M  be 
homomorphisms  of  differential  graded  A-modules.  Suppose  given  further  homomor- 
phisms a : K — ► L,  and  c : M — * N . If  h : L M is  an  A-module  map  which 
defines  a homotopy  between  f and  g,  then  c o h o a defines  a homotopy  between 
co  f o a and  c o g o a. 


Proof.  Immediate  from  Homology,  Lemma  12.12.7 


□ 


This  lemma  allows  us  to  define  the  homotopy  category  as  follows. 

09JQ  Definition  22.5.3.  Let  (A,  d)  be  a differential  graded  algebra.  The  homotopy 
category , denoted  A^Mod^^),  is  the  category  whose  objects  are  the  objects  of 
Mod(A,d)  and  whose  morphisms  are  homotopy  classes  of  homomorphisms  of  differ- 
ential graded  A-modules. 

The  notation  7\(Mod(A,d))  is  not  standard  but  at  least  is  consistent  with  the  use 
of  K(-)  in  other  places  of  the  Stacks  project. 

09JR  Lemma  22.5.4.  Let  (A,  d)  be  a differential  graded  algebra.  The  homotopy  category 
K(Mod(A,d))  has  direct  sums  and  products. 

Proof.  Omitted.  Hint:  Just  use  the  direct  sums  and  products  as  in  Lemma|22.4.2 
This  works  because  we  saw  that  these  functors  commute  with  the  forgetful  functor 
to  the  category  of  graded  A-modules  and  because  is  an  exact  functor  on  the 
category  of  families  of  abelian  groups.  □ 
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22.6.  Cones 

09K9  We  introduce  cones  for  the  category  of  differential  graded  modules. 

09KA  Definition  22.6.1.  Let  (A,  d)  be  a differential  graded  algebra.  Let  / : K — > L be 
a homomorphism  of  differential  graded  A-modules.  The  cone  of  / is  the  differential 
graded  A-module  C(f)  given  by  C(f)  = L © K with  grading  C(f)n  = Ln  © Kn+1 
and  differential 


It  comes  equipped  with  canonical  morpliisms  of  complexes  i : L — » C(f)  and 
p : C(f)  — ► K[  1]  induced  by  the  obvious  maps  L — > C(f)  and  C(f)  — > K. 

The  formation  of  the  cone  triangle  is  functorial  in  the  following  sense. 

09KD  Lemma  22.6.2.  Let  (A,  d)  be  a differential  graded  algebra.  Suppose  that 

A'i  — —-**•  Li 

Si 

a b 

k2  h ^ l2 

is  a diagram  of  homomorphisms  of  diferential  graded  A-modules  which  is  commuta- 
tive up  to  homotopy.  Then  there  exists  a morphism  c : C(fi)  C(f2)  which  gives 
rise  to  a morphism  of  triangles 

( a,b,c ) : (K1,Li,C(fi),  fi,ii,pi)  — > (K1,  L1,C{f{),  f2,i2,P2) 

in  K(Mod^A,d))- 

Proof.  Let  h : Ki  — > L2  be  a homotopy  between  f2  o a and  bo  f1.  Define  c by  the 
matrix 

c = ^ : Li  © K\  — > L2  © K2 

A matrix  computation  show  that  c is  a morphism  of  differential  graded  modules. 
It  is  trivial  that  c o i1  = i2  o b,  and  it  is  trivial  also  to  check  that  p2  o c = a o p1 . □ 

22.7.  Admissible  short  exact  sequences 

09  JS  An  admissible  short  exact  sequence  is  the  analogue  of  termwise  split  exact  sequences 
in  the  setting  of  differential  graded  modules. 

09JT  Definition  22.7.1.  Let  (A,  d)  be  a differential  graded  algebra. 

(1)  A homomorphism  K — > L of  differential  graded  A-modules  is  an  admissible 
monomorphism  if  there  exists  a graded  A-module  map  L — ^ K which  is 
left  inverse  to  K — > L. 

(2)  A homomorphism  L — > M of  differential  graded  A-modules  is  an  admis- 
sible epimorphism  if  there  exists  a graded  A-module  map  M — > L which 
is  right  inverse  to  L — > M. 

(3)  A short  exact  sequence  0 — > I\  — > L —>  M — > 0 of  differential  graded 
A-modules  is  an  admissible  short  exact  sequence  if  it  is  split  as  a sequence 
of  graded  A-modules. 
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Thus  the  splittings  are  compatible  with  all  the  data  except  for  the  differentials. 
Given  an  admissible  short  exact  sequence  we  obtain  a triangle;  this  is  the  reason 
that  we  require  our  splittings  to  be  compatible  with  the  H-module  structure. 


09JU  Lemma  22.7.2.  Let  ( A , d)  be  a differential  graded  algebra.  Let  0 — > K — > L -A 
M — >•  0 be  an  admissible  short  exact  sequence  of  differential  graded  A-modules.  Let 
s i AI  — y L and  n : L — > K be  splittings  such  that  Ker( n)  = Im(s).  Then  we  obtain 
a morphism 

5 = TrodL°s:M—>  K[  1] 


of  Mod(A,d)  which  induces  the  boundary  maps  in  the  long  exact  sequence  of  coho- 
mology (22.4-2.1). 


Proof.  The  map  7r  o &l  o s is  compatible  with  the  A-module  structure  and  the 
gradings  by  construction.  It  is  compatible  with  differentials  by  Homology,  Lemmas 
|12. 14.10]  Let  R be  the  ring  that  A is  a differential  graded  algebra  over.  The  equal- 
ity of  maps  is  a statement  about  JS-modules.  Hence  this  follows  from  Homology, 
Lemmas  112. 14.101  and  112. 14. Ill  □ 


09JV  Lemma  22.7.3.  Let  {A,  d)  be  a differential  graded  algebra.  Let 


K 


f 


L 


a b 

Y 

M — 9-^  N 


be  a diagram  of  homomorphisms  of  differential  graded  A-modules  commuting  up  to 
homotopy. 

(1)  If  f is  an  admissible  monomorphism,  then  b is  homotopic  to  a homomor- 
phism which  makes  the  diagram  commute. 

(2)  If  g is  an  admissible  epimorphism,  then  a is  homotopic  to  a morphism 
which  makes  the  diagram  commute. 


Proof.  Let  h : K — > N be  a homotopy  between  bf  and  ga , i.e.,  bf  — ga  = dh  + hd. 
Suppose  that  7r  : L — > K is  a graded  H-module  map  left  inverse  to  /.  Take 
b'  = b — dhir  — hnd.  Suppose  s : N — > M is  a graded  H-module  map  right  inverse 
to  g.  Take  a'  = a + dsh  + shd.  Computations  omitted.  □ 

09JW  Lemma  22.7.4.  Let  ( A , d)  be  a differential  graded  algebra.  Let  a : K — >•  L be  a 
homomorphism  of  differential  graded  A-modules.  There  exists  a factorization 


in  Mod(A,d)  such  that 


(1)  a is  an  admissible  monomorphism  (see  Definition  22.7.1), 

(2)  there  is  a morphism  s : L — » L such  that  no  s = id l and  such  that  son 
is  homotopic  to  idp . 


Proof.  The  proof  is  identical  to  the  proof  of  Derived  Categories,  Lemma  |13.9.6 
Namely,  we  set  L = L 
construction. 


C(1k)  and  we  use  elementary  properties  of  the  cone 

□ 
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09JX  Lemma  22.7.5.  Let  (A,  d)  be  a differential  graded  algebra.  Let  L\  — >•  L2  . -A 

Ln  be  a sequence  of  composable  homomorphisms  of  differential  graded  A-modules. 
There  exists  a commutative  diagram 

Lj L2 >■  • ■ • Ln 

A A 

Mi >■  M2 >■ . . . >■  Mn 

in  Mod^A.d)  such  that  each  Mi  — > Mi+ 1 is  an  admissible  monomorphism  and  each 
Mi  -A  Li  is  a homotopy  equivalence. 

Proof.  The  case  n = 1 is  without  content.  Lemma  122.7.41  is  the  case  n = 2. 
Suppose  we  have  constructed  the  diagram  except  for  Mn . Apply  Lemma  |22.7.4| 
to  the  composition  Mn_i  — >•  Ln_  1 — > Ln.  The  result  is  a factorization  Mn_i  — »• 
Mn  ->  Ln  as  desired.  □ 


09JY  Lemma  22.7.6.  Let  (A,  d)  be  a differential  graded  algebra.  Let  0 — > Ki  — >■  Li  -A 
Mi  — > 0,  i = 1,2,3  be  admissible  short  exact  sequence  of  differential  graded  A- 
modules.  Let  b : L\  — ► L2  and  b'  : L2  — >•  A3  be  homomorphisms  of  differential 
graded  modules  such  that 


A l I , | .1  / ; A 2:--.-  -^-yh2  ~ A / 2 


b 

0 

Y ^ 

AT 2 L2 ^ Af2 


and 


0 


l<3 


b'  0 

Y 

^ A3  > AA3 


commute  up  to  homotopy.  Then  b'  ob  is  homotopic  to  0. 


Proof.  By  Lemma  22.7.3  we  can  replace  b and  b'  by  homotopic  maps  such  that  the 
right  square  of  the  left  diagram  commutes  and  the  left  square  of  the  right  diagram 
commutes.  In  other  words,  we  have  Im(&)  C Im(A'2  — > L2)  and  Ker ((!/)")  D 
Im(A'2  — > L2).  Then  b o b'  = 0 as  a map  of  modules.  □ 


22.8.  Distinguished  triangles 


09K5  The  following  lemma  produces  our  distinguished  triangles. 

09K6  Lemma  22.8.1.  Let  ( A , d)  be  a differential  graded  algebra.  Let  O-J-A'—j-A-a 
M — >•  0 be  an  admissible  short  exact  sequence  of  differential  graded  A-modules.  The 
triangle 


09K7  (22.8.1.1) 

with  S as  in  Lemma 


K -s>  A -+  M -4  AT[1] 


'.7.2  is,  up  to  canonical  isomorphism  in  K(Mod(A,d)),  inde- 
pendent of  the  choices  made  in  Lemma  \ 22. 7.2\ 


Proof.  Namely,  let  (s/,7r')  be  a second  choice  of  splittings  as  in  Lemma  22.7.2 
Then  we  claim  that  S and  S1  are  homotopic.  Namely,  write  s'  = s + a o h.  and 
id  = 7T  + g o f3  for  some  unique  homomorphisms  of  A-modules  h : M K and 
g : M — > AT  of  degree  — 1.  Then  g = —h  and  g is  a homotopy  between  <5  and  S'. 
The  computations  are  done  in  the  proof  of  Homology,  Lemma  12.14.12  □ 


09K8 


Definition  22.8.2.  Let  (A,  d)  be  a differential  graded  algebra. 
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(1) 

(2) 


If  0 — > K — > L — > M — > 0 is  an  admissible  short  exact  sequence  of 
differential  graded  A-modules,  then  the  triangle  associated  to  0 — > I\  — >■ 
L — >■  M — > 0 is  the  triangle  (22.8.1.1)  of  A^Mod^d))- 
A triangle  of  A^Mod^d))  is  called  a distinguished  triangle  if  it  is  iso- 
morphic to  a triangle  associated  to  an  admissible  short  exact  sequence  of 
differential  graded  A-modules. 


22.9.  Cones  and  distinguished  triangles 

09P1  Let  (A,  d)  be  a differential  graded  algebra.  Let  / : K — > L be  a homomorphism  of 
differential  graded  A-modules.  Then  {K,  L,C(f),  f,i,p)  forms  a triangle: 

K->L->  C(f)  -A  K[  1] 

in  Mod(^d)  and  hence  in  A^Mod^d))-  Cones  are  not  distinguished  triangles  in 
general,  but  the  difference  is  a sign  or  a rotation  (your  choice).  Here  are  two  precise 
statements. 

09KB  Lemma  22.9.1.  Let  (A,  d)  be  a differential  graded  algebra.  Let  f : K — ► L be  a 
homomorphism  of  differential  graded  modules.  The  triangle  (A,  C(f),  A'[l],  i,p,  /[l]) 
is  the  triangle  associated  to  the  admissible  short  exact  sequence 

0 ->  L -A  C{f)  -A  K[  1]  -A  0 

coming  from  the  definition  of  the  cone  of  f. 

Proof.  Immediate  from  the  definitions.  □ 

09KC  Lemma  22.9.2.  Let  (A,  d)  be  a differential  graded  algebra.  Let  a : K — » L and 
/3  : L — ► M define  an  admissible  short  exact  sequence 

0 AT  — L -a  M — >•  0 

of  differential  graded  A-modules.  Let  (K,L,M,a,f3,6)  be  the  associated  triangle. 
Then  the  triangles 

(M[—l\,K,  L,  <5[ — 1],  a,  (i)  and  (M[-l],K,C(5[-l]),S[-l],i,p) 
are  isomorphic. 

Proof.  Using  a choice  of  splittings  we  write  L = K ® M and  we  identify  a and  /? 
with  the  natural  inclusion  and  projection  maps.  By  construction  of  S we  have 

, _ fd-K  S \ 

VO  dM) 

On  the  other  hand  the  cone  of  <5[ — 1]  : M[—  1]  — ► I\  is  given  as  C(i5[—  1])  = K ® M 
with  differential  identical  with  the  matrix  above!  Whence  the  lemma.  □ 

09KE  Lemma  22.9.3.  Let  (A,  d)  be  a differential  graded  algebra.  Let  f±  : K\  — ► L\  and 
f~2  : K2  —>  L2  be  homomorphisms  of  differential  graded  A-modules.  Let 

( a,b,c ) : (A'i,  Ai,C(/i),/i,U,Pi)  — > (ATi,  Lu  C(/i),  f2  ,i2,p2) 

be  any  morphism  of  triangles  of  K {Modi a, d))-  If  a and  b are  homotopy  equivalences 
then  so  is  c. 
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Proof.  Let  a-1  : K2  — t K\  be  a homomorphism  of  differential  graded  H-modules 
which  is  inverse  to  a in  ^(Mod^  ^)).  Let  : L2  ^ be  a homomorphism 
of  differential  graded  H-modules  which  is  inverse  to  b in  K (Mod(^d))-  Let  c'  : 
C(/2)  — t C(/i)  be  the  morphism  from  Lemma  22.6.2  applied  to  f\  o a-1  = 6_1  o 
/2.  If  we  can  show  that  cod  and  doc  are  isomorphisms  in  ^(Mod^  d))  then 
we  win.  Hence  it  suffices  to  prove  the  following:  Given  a morphism  of  triangles 
(1,1,  c)  : (K,  A,  C(f),  /,  i,p)  in  A'(Mod(A,d))  the  morphism  c is  an  isomorphism  in 
A'(Mod(^d))-  By  assumption  the  two  squares  in  the  diagram 


L 


L 


■ C(f ) 

c 

C(f) 


A 


A 


1] 

1] 


commute  up  to  homotopy.  By  construction  of  C(/)  the  rows  form  admissible  short 
exact  sequences.  Thus  we  see  that  (c  — l)2  = 0 in  A(Mod(^!d))  by  Lemma 
Hence  c is  an  isomorphism  in  A'(Mod(J4,d))  with  inverse  2 — c. 


22.7.6 
□ 


The  following  lemma  shows  that  the  collection  of  triangles  of  the  homotopy  category 
given  by  cones  and  the  distinguished  triangles  are  the  same  up  to  isomorphisms,  at 
least  up  to  sign! 

09KF  Lemma  22.9.4.  Let  ( A , d ) be  a differential  graded  algebra. 

(1)  Given  an  admissible  short  exact  sequence  OaH-aXaM-iOo/ 
differential  graded  A-modules  there  exists  a homotopy  equivalence  C(a ) — » 
M such  that  the  diagram 


defines  an  isomorphism  of  triangles  in  K(Mod(A,d))- 
(2)  Given  a morphism  of  complexes  f : K — » L there  exists  an  isomorphism 
of  triangles 


K 

— ^ A 

I 

^ K 

s 

K 

L 

C{f)  - 

A 

1] 


1] 


where  the  upper  triangle  is  the  triangle  associated  to  a admissible  short 
exact  sequence  K — » L — )•  M . 

Proof.  Proof  of  (1).  We  have  C(a)  = L © K and  we  simply  define  C(a)  — > M 
via  the  projection  onto  L followed  by  f3.  This  defines  a morphism  of  differential 
graded  modules  because  the  compositions  Kn+1  — > Ln+l  — > Mn+l  are  zero.  Choose 
splittings  s : M — )■  L and  7r  : L — > K with  Ker(7r)  = Im(s)  and  set  S = n o d^  o s 
as  usual.  To  get  a homotopy  inverse  we  take  M — > C(a)  given  by  (s,  — 5 ).  This 
is  compatible  with  differentials  because  Sn  can  be  characterized  as  the  unique  map 
Mn  — > Kn+1  such  that  d o sn  — sn+1  o d = a o Sn,  see  proof  of  Homology,  Lemma 
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12.14.10  The  composition  M — > C(f)  — > M is  the  identity.  The  composition 
C(/)  — ► M — ► C(f ) is  equal  to  the  morphism 

s o/3  0^ 

—5of3  Oy 

To  see  that  this  is  homotopic  to  the  identity  map  use  the  homotopy  h : C(a) 
C(a)  given  by  the  matrix 


0 0 

7T  0 

It  is  trivial  to  verify  that 
?)  - (-. 


: C(a)  = L®K^L®K  = C(a) 


(/?  o)  = ( 


d a 
0 -d 


d a 
0 -d 


To  finish  the  proof  of  (1)  we  have  to  show  that  the  morphisms  —p  : C(a)  -A  K[  1] 
(see  Definition  22.6.1)  and  C{a)  — > M — > A'[l]  agree  up  to  homotopy.  This  is  clear 
from  the  above.  Namely,  we  can  use  the  homotopy  inverse  (s,  —S)  : M — > C(a)  and 
check  instead  that  the  two  maps  M — » K[  1]  agree.  And  note  that  p o (s,  —6)  = —5 
as  desired. 


Proof  of  (2).  We  let  / : K 
By  Lemmas 


L,  s : L — y L and  7r  : L — > L be  as  in  Lemma 


22.6.2 


and 


22.9.3 


22.7.4 


the  triangles  (K,  L,C(f),i,p)  and  (K,  L,C(f),i,p) 
are  isomorphic.  Note  that  we  can  compose  isomorphisms  of  triangles.  Thus  we  may 
replace  L by  L and  / by  /.  In  other  words  we  may  assume  that  / is  an  admissible 
monomorphism.  In  this  case  the  result  follows  from  part  (1).  □ 

22.10.  The  homotopy  category  is  triangulated 

09KG  We  first  prove  that  it  is  pre-triangulated. 

09KH  Lemma  22.10.1.  Let  ( A1  d ) be  a differential  graded  algebra.  The  homotopy  cat- 
egory K(Mod(A,d ))  with  its  natural  translation  functors  and  distinguished  triangles 
is  a pre-triangulated  category. 

Proof.  Proof  of  TR1.  By  definition  every  triangle  isomorphic  to  a distinguished 
one  is  distinguished.  Also,  any  triangle  (A',  A',  0, 1,  0, 0)  is  distinguished  since 
0 — > K — > K — > 0 — > 0 is  an  admissible  short  exact  sequence.  Finally,  given 
any  homomorphism  / : K — > L of  differential  graded  A-modules  the  triangle 


(AT,  A,  C(/),  /,  i,  —p)  is  distinguished  by  Lemma  22.9.4 


Proof  of  TR2.  Let  (X,Y,  Z,  /,  g,h)  be  a triangle.  Assume  (Y,  Z,  X[l],  g,h, —f[l]) 
is  distinguished.  Then  there  exists  an  admissible  short  exact  sequence  O—^-A'—^ 
L — > M — ► 0 such  that  the  associated  triangle  (AT,  A,  M,  a , /3,  S)  is  isomorphic  to 
(Y,Z,X[l],g,h,—f[l]).  Rotating  back  we  see  that  (X,Y,  Z,  f,  g,h)  is  isomorphic 
to  (M[—  1],  AT,  A,  — <5[—  1],  a,  ft).  It  follows  from  Lemma  |22.9.2  that  the  triangle 
(M[—  1],  AT,  A,  <5[—  1],  a,  ft)  is  isomorphic  to  (M[—  1],  AT,  C(d[—  1]),  <S[—  1],  i,p).  Pre- 
composing the  previous  isomorphism  of  triangles  with  —1  on  Y it  follows  that 
(A,  Y,  Z,  f,g,  h ) is  isomorphic  to  (M[—  1],  AT,  C{8[—  1]),  <5[—  1],  i,  —p).  Hence  it  is  dis- 
tinguished by  Lemma  22.9.4  On  the  other  hand,  suppose  that  (X,Y,  Z,  f,g,h)  is 
distinguished.  By  Lemma|22.9.4|this  means  that  it  is  isomorphic  to  a triangle  of  the 
form  (AT,  A,  C(f),  /,  i,  —p)  for  some  morphism  / of  Mod^d).  Then  the  rotated  tri- 
angle (Y,Z,X[l],g,h,—f[l\)  is  isomorphic  to  (A,  C(f),  A[l],  i,  —p,  —/[!])  which  is 
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isomorphic  to  the  triangle  (L,  C(f),  K[l],  i,p, /[l]).  By  Lemma  22.9.1  this  triangle 
is  distinguished.  Hence  (Y,  Z,  X[l],  g,  h,  — /[l])  is  distinguished  as  desired. 

Proof  of  TR3.  Let  ( X , Y , Z , /,  g , h)  and  (X' , Y',  h!)  be  distinguished  trian- 

gles of  K (A)  and  let  a : X — > X'  and  b :Y  — ► Y'  be  morphisms  such  that  f o a = 
bof.  By  Lemma  22.9.4  we  may  assume  that  (X,  Y,  Z,  /,  g , h)  = (X,  Y,  C(f),  /,  i,  —p) 
and  (X'  ,Y' , Z' , f , g’  ,h')  = (X'  ,Y'  ,C(f),  f'  ,i'  ,—p').  At  this  point  we  simply  ap- 
ply Lemma  22.6.2  to  the  commutative  diagram  given  by  /,  f',  a,  b.  □ 


Before  we  prove  TR4  in  general  we  prove  it  in  a special  case. 

09KI  Lemma  22.10.2.  Let  (A,  d)  be  a differential  graded  algebra.  Suppose  that  a : K -A 
L and  p:L—>M  are  admissible  monomorphisms  of  differential  graded  A-modules. 
Then  there  exist  distinguished  triangles  ( K , L , Q i,  a,pi,  d\),  (AT, M,  Q2 , /3oa,p2,  d2) 
and  (L,  M,Q3,  /3,p3,d3)  for  which  TRf  holds. 


Proof.  Say  7Ti  : L — ► I\  and  773  : M — > L are  homomorphisms  of  graded  A- 
modules  which  are  left  inverse  to  a and  /3.  Then  also  I\  — > M is  an  admissible 
monomorphism  with  left  inverse  7r2  = tti  o 773.  Let  us  write  Q\,  Q2  and  Q 3 for 
the  cokernels  of  K -A  L,  K — >•  M,  and  L — > M.  Then  we  obtain  identifications 
(as  graded  A-modules)  Q\  = Ker(7Ti),  Q3  = Ker(7r3)  and  Q2  = Ker(7r2).  Then 
L = K®Qi  and  M = L(BQ3  as  graded  A-modules.  This  implies  M = K®Qi®Q3- 
Note  that  7r2  = 7Ti  o 7t3  is  zero  on  both  Qi  and  Q3.  Hence  Q2  = Q\  © Q3.  Consider 
the  commutative  diagram 


0 

K 

-S> 

L 

-5> 

Q 1 

-5> 

0 

i 

1 

1 

0 

-A- 

K 

-s> 

M 

— S> 

Q2 

-5> 

0 

i 

i 

i 

0 

— ► 

L 

-A 

M 

-A- 

Q3 

0 

The  rows  of  this  diagram  are  admissible  short  exact  sequences,  and  hence  determine 
distinguished  triangles  by  definition.  Moreover  downward  arrows  in  the  diagram 
above  are  compatible  with  the  chosen  splittings  and  hence  define  morphisms  of 
triangles 

(A  — > L — > Qi  — > A [1])  — > (A  — > M — > Q2  — t A"[l]) 

and 

(K  K[l})  -^{L-+M^Q3^  L[l\). 

Note  that  the  splittings  Q3  — > M of  the  bottom  sequence  in  the  diagram  provides 
a splitting  for  the  split  sequence  0 — > Q\  — > Q2  — > Q3  — > 0 upon  composing  with 
M — > Q2.  It  follows  easily  from  this  that  the  morphism  S : Q3  — > Q 1 [1]  in  the 
corresponding  distinguished  triangle 

(Qi  — t Q2  — t Q3  Qi[l]) 

is  equal  to  the  composition  Q3  -A  L[l]  — > Qi[l].  Hence  we  get  a structure  as  in  the 
conclusion  of  axiom  TR4.  □ 


Here  is  the  final  result. 

09KJ  Proposition  22.10.3.  Let  (A,  d)  be  a differential  graded  algebra.  The  homotopy 
category  K(Mod(A^))  °f  differential  graded  A-modules  with  its  natural  translation 
functors  and  distinguished  triangles  is  a triangulated  category. 
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Proof.  We  know  that  A^Mod^d))  is  a pre-triangulated  category.  Hence  it  suffices 
to  prove  TR4  and  to  prove  it  we  can  use  Derived  Categories,  Lemma  [13.4.13  Let 


K — > L and  L — ► M be  composable  morphisms  of  A^Mod^.d))-  By  Lemma  22.7.5 
we  may  assume  that  K L and  L — > M are  admissible  monomorphisms.  In  this 
case  the  result  follows  from  Lemma  r22.10.21  □ 


22.11.  Projective  modules  over  algebras 


09JZ  In  this  section  we  discuss  projective  modules  over  algebras  and  over  graded  algebras. 
Thus  it  is  the  analogue  of  Algebra,  Section [10.76|  in  the  setting  of  this  chapter. 


Algebras  and  modules.  Let  A be  a ring  and  let  A be  an  A-algebra,  see  Section 
|22.2|  for  our  conventions.  It  is  clear  that  A is  a projective  right  A-module  since 
HomJ4(A,  M)  = M for  any  right  A-module  M (and  thus  Hom^A,  — ) is  exact). 
Conversely,  let  P be  a projective  right  A-module.  Then  we  can  choose  a surjection 
®;e/A  ->  M by  choosing  a set  of  generators  of  P over  A.  Since  P is 

projective  there  is  a left  inverse  to  the  surjection,  and  we  find  that  P is  isomorphic 
to  a direct  summand  of  a free  module,  exactly  as  in  the  commutative  case  (Algebra, 
Lemma  10.76.2). 


Graded  algebras  and  modules.  Let  R be  a ring.  Let  A be  a graded  algebra 
over  R.  Let  Mod ,4  denote  the  category  of  graded  right  A-modules.  For  an  integer 
k let  A[k]  denote  the  shift  of  A.  For  an  graded  right  A-module  we  have 


HomMod A(A[k],M)  = M k 


As  the  functor  M 1— > M~k  is  exact  on  Mod^  we  conclude  that  A[k]  is  a projective 
object  of  Mod^.  Conversely,  suppose  that  P is  a projective  object  of  Mod^.  By 
choosing  a set  of  homogeneous  generators  of  P as  an  A-module,  we  can  find  a 
surjection 

®,6J  m -*  p 

Thus  we  conclude  that  a projective  object  of  Modyi  is  a direct  summand  of  a direct 
sum  of  the  shifts  A[k\. 


If  (A,  d)  is  a differential  graded  algebra  and  P is  an  object  of  Mod(A,d)  then  we  say 
P is  projective  as  a graded  A-module  or  sometimes  P is  graded  projective  to  mean 
that  P is  a projective  object  of  the  abelian  category  Modyi  of  graded  A-modules. 

09K0  Lemma  22.11.1.  Let  (A,  d)  be  a differential  graded  algebra.  Let  M — » P be  a 
surjective  homomorphism  of  differential  graded  A-modules.  If  P is  projective  as  a 
graded  A-module,  then  M P is  an  admissible  epimorphism. 


Proof.  This  is  immediate  from  the  definitions. 


□ 


09K1  Lemma  22.11.2.  Let  (A,  d)  be  a differential  graded  algebra.  Then  we  have 
RomMod^A  d)  (A[k],M)  = Ker(d  : M~k  -A  M~k+1) 

and 

Horn  K{Mod(A^)(A[k\,M)  = H~k(M) 
for  any  differential  graded  A-module  M . 

Proof.  This  is  clear  from  the  discussion  above.  □ 
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22.12.  Injective  modules  over  algebras 


04JD  In  this  section  we  discuss  injective  modules  over  algebras  and  over  graded  algebras. 
Thus  it  is  the  analogue  of  More  on  Algebra,  Section  |15.46|  in  the  setting  of  this 
chapter. 


Algebras  and  modules.  Let  R be  a ring  and  let  A be  an  //-algebra,  see  Section 


22.2  for  our  conventions.  For  a right  A-module  M we  set 


Mv  =Homz(M,Q/Z) 


which  we  think  of  as  a left  A-module  by  the  multiplication  ( af){x ) = f{xa). 
Namely,  (( ab)f)(x ) = f(xab)  = {bf){xa ) = (a(6/))( x).  Conversely,  if  M is  a 
left  A-module,  then  Mv  is  a right  A- module.  Since  Q/Z  is  an  injective  abelian 
group  (More  on  Algebra,  Lemma  15.45.1 ),  the  functor  M ha  Mv  is  exact  (More  on 
Algebra,  Lemma  15.46.6).  Moreover,  the  evaluation  map  M -A  (Mv)v  is  injective 
for  all  modules  M (More  on  Algebra,  Lemma  15.46.7). 


We  claim  that  Av  is  an  injective  right  A-module.  Namely,  given  a right  A-module 
N we  have 

Homn(Ar,  Av)  = Hom^A,  Homz(A,  Q/Z))  = Av 
and  we  conclude  because  the  functor  A ha  Av  is  exact.  The  second  equality  holds 
because 


Homz(A,  Homz(A,  Q/Z))  = Homz(A  ig)Z  A , Q/Z) 
by  Algebra,  Lemma  [l0.11.8|  Inside  this  module  A-linearity  exactly  picks  out  the 
bilinear  maps  : A x A — > Q/Z  which  have  the  same  value  on  x ® a and  xa  ® 1, 
i.e. , come  from  elements  of  Av. 


Finally,  for  every  right  A-module  M we  can  choose  a surjection  A -A  Mv  to 

get  an  injection  M -A  (Mv)v  -A  \\ieI  Av. 

We  conclude 

(1)  the  category  of  A-modules  has  enough  injectives, 

(2)  Av  is  an  injective  A-module,  and 

(3)  every  A- module  injects  into  a product  of  copies  of  Av. 

Graded  algebras  and  modules.  Let  R be  a ring.  Let  A be  a graded  algebra 
over  R.  If  M is  a graded  A-module  we  set 

MV=0  e_Homz(M-")Q/Z)  = 0 (M-”)v 

as  a graded  //-module  with  the  A-module  structure  defined  as  above  (for  homoge- 
neous elements).  This  again  switches  left  and  right  modules.  On  the  category  of 
graded  A- modules  the  functor  M ha  Mv  is  exact  (check  on  graded  pieces).  More- 
over, the  evaluation  map  M -a  (Mv)v  is  injective  as  before  (because  we  can  check 
this  on  the  graded  pieces). 

We  claim  that  Av  is  an  injective  object  of  the  category  Mod^  of  graded  right 
A-modules.  Namely,  given  a graded  right  A-module  N we  have 

HomModA  (N,  Av)  = Hoiumo  dA(A,0Homz(A-",Q/Z))  = (A°)v 

and  we  conclude  because  the  functor  N ha  (N°)v  = (Av)°  is  exact.  To  see  that 
the  second  equality  holds  we  use  the  equalities 

Homz(A",  Homz(A_n,  Q/Z))  = Homz(An  ®z  A"n,Q/Z) 
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of  Algebra,  Lemma  10.11.8  Thus  an  element  of  HoniMocU  (■ AT,  Av ) corresponds  to 
a family  of  Z-bilinear  maps  ipn  : Nn  x A~n  — > Q/Z  such  that  ipn(x,a)  = ipo (xa,  1) 
for  all  x £ Nn  and  a £ A~n.  Moreover,  ipo{x,  a)  = ipo(xa,  1)  for  all  x £ N° , a £ A0. 
It  follows  that  the  maps  ipn  are  determined  by  ipo  and  that  ip q(x,  a)  = ip(xa)  for  a 
unique  element  <p  £ (N°)v. 


Finally,  for  every  graded  right  A-module  M we  can  choose  a surjection  (of  graded 
left  A-modules) 

®ieJ  Aiki]  MW 

where  A[kf\  denotes  the  shift  of  A by  ki  £ Z.  (We  do  this  by  choosing  homogeneous 
generators  for  Mv .)  In  this  way  we  get  an  injection 


m -a  (mv)v  -a  n a[ky = n 


Observe  that  the  products  in  the  formula  above  are  products  in  the  category  of 
graded  modules  (in  other  words,  take  products  in  each  degree  and  then  take  the 
direct  sum  of  the  pieces). 


We  conclude  that 

(1)  the  category  of  graded  A-modules  has  enough  injectives, 

(2)  for  every  k £ Z the  module  Av[fc]  is  injective,  and 

(3)  every  A-module  injects  into  a product  in  the  category  of  graded  modules 
of  copies  of  shifts  Av  [fc] . 

If  (A,  d)  is  a differential  graded  algebra  and  I is  an  object  of  Mod^d)  then  we 
say  I is  injective  as  a graded  A-module  to  mean  that  / is  a injective  object  of  the 
abelian  category  Mod^  of  graded  A-modules. 

09K2  Lemma  22.12.1.  Let  ( A , d)  be  a differential  graded  algebra.  Let  I — ► M be  an 
injective  homomorphism  of  differential  graded  A-modules.  If  I is  an  injective  object 
of  the  category  of  graded  A-modules,  then  I M is  an  admissible  monomorphism. 


Proof.  This  is  immediate  from  the  definitions.  □ 

Let  (A,  d)  be  a differential  graded  algebra.  If  M is  a left  differential  graded  A- 
module,  then  we  will  endow  Mv  (with  its  graded  module  structure  as  above)  with 
a right  differential  graded  module  structure  by  setting 

d mv(/)  = -(-lr/odj^-1  in  (Mv)n+1 

for  / £ (Mv)”  = Homz(M_",  Q/Z)  and  dff1-1  : M-"-1  — > M~n  the  differential 
of  /W[]  We  will  show  by  a computation  that  this  works.  Namely,  if  a € Am, 
x £ and  / £ (Mv)n,  then  we  have 

d mv  (/«)(*)  = -(-ir+m(/a)(dM(z)) 

= -(-ir+m/(adM(z)) 

= ~(-l)nf(dM(ax)  - d(a):r) 

= -(-l)nh(-l)ndMv(/)(aa;)  - (/d(a))(x)] 

= (d  Mv(f)a){x)  + (— l)ra(/d(a))(j;) 


iThe  sign  rule  is  analogous  to  the  one  in  Example 


22.19.8 


although  there  we  are  working 


with  right  modules  and  the  same  sign  rule  taken  there  does  not  work  for  left  modules.  Sigh! 
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the  third  equality  because  d m{clx)  = d(a)x  + (—  \)madM{x).  In  other  words  we 
have  dMv(/a)  = djnv  (/)a  + (— l)n/d(a)  as  desired. 

If  M is  a right  differential  graded  module,  then  the  sign  rule  above  does  not  work. 
The  problem  seems  to  be  that  in  defining  the  left  A-module  structure  on  Mv  our 
conventions  for  graded  modules  above  defines  af  to  be  the  element  of  (Mv)n+m 
such  that  ( af)(x ) = f{xa)  for  / £ (Mv)",  a £ Am  and  x £ M~n~m  which  in  some 
sense  is  the  “wrong”  thing  to  do  if  m is  odd.  Anyway,  instead  of  changing  the  sign 
rule  for  the  module  structure,  we  fix  the  problem  by  using 

dM,{f)  = {-T)nfodfX~1 

when  M is  a right  differential  graded  A- module.  The  computation  for  a £ Am, 
x £ 1 and  / £ (Mv)"  then  becomes 

dMv(a/)(:r)  - (-ir+m(/a)(dM(*)) 

= (-l)n+mf(dM(x)a) 

= (-l)n+mf(dM(ax)  - (-l)m+n+1xd (a)) 

= (-l)md  mv(/)W  + f(xd(a)) 

= (-l)m(adMv(/))(:r)  + (d(a)f)(x) 

the  third  equality  because  d m{xo)  = d m{x)ci  + (— l)n+m+1xd(a).  In  other  words, 
we  have  d Mv(a/)  = d (a)/  + (— l)madMv(/)  as  desired. 

We  leave  it  to  the  reader  to  show  that  with  the  conventions  above  there  is  a natural 
evaluation  map  M — ► (Mv)v  in  the  category  of  differential  graded  modules  if  M is 
either  a differential  graded  left  module  or  a differential  graded  right  module.  This 
works  because  the  sign  choices  above  cancel  out  and  the  differentials  of  ((Mv)v  are 
the  natural  maps  ((Mn)v)v  ->  ((Mn+1)v)v. 

09K3  Lemma  22.12.2.  Let  (A,  d)  be  a differential  graded  algebra.  If  M is  a left  differ- 
ential graded  A-module  and  N is  a right  differential  graded  A-module,  then 

Horn Mod(A,d){N,  Mv) 

is  isomorphic  to  the  set  of  sequences  (ifn)  of  Z-bilinear  pairings 

ipn:Nn  x M~n  — » Q/Z 

such  that  ifn+m{y , ax)  = ipn+m(ya,x)  for  all  y £ Nn , x £ M~m , and  a £ Am~n 
and  such  that  ipn+i{d{y),  x)  + (—l)nifn(y,  d(x))  = 0 for  all  y £ Nn  and  x £ M-"-1,. 


09K4 


Proof.  If  / £ HomMod(A  (IV,  Mv),  then  we  map  this  to  the  sequence  of  pairings 
defined  by  ifn{y,x)  = f(y)(x).  It  is  a computation  (omitted)  to  see  that  these 
pairings  satisfy  the  conditions  as  in  the  lemma.  For  the  converse,  use  Algebra, 
Lemma  10.11.8  to  turn  a sequence  of  pairings  into  a map  / : IV  — > Mv.  □ 

Lemma  22.12.3.  Let  (A,  d)  be  a differential  graded  algebra.  Then  we  have 


Horn  Mod,  A d)  {M,  Av  [k] ) = Ker(d  : (Mv)fe  -A  (Mv)fe+1) 


and 


Horn 


K{Mod(A,d))(M,A^[k])  = Hk(M v) 


for  any  differential  graded  A-module  M . 


Proof.  This  is  clear  from  the  discussion  above. 


□ 
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22.13.  P-resolutions 


09KK  This  section  is  the  analogue  of  Derived  Categories,  Section  |13.28| 

Let  (A,  d)  be  a differential  graded  algebra.  Let  P be  a differential  graded  A-module. 
We  say  P has  property  (P)  if  it  there  exists  a filtration 

0 = F-\P  C F0P  C F1P  C . . . C P 


by  differential  graded  submodules  such  that 

(1)  P = [jFpP, 

(2)  the  inclusions  FiP  — > Fi+iP  are  admissible  monomorphisms, 

(3)  the  quotients  Fi+iP / F^P  are  isomorphic  as  differential  graded  A-modules 
to  a direct  sum  of  A[k]. 

In  fact,  condition  (2)  is  a consequence  of  condition  (3),  see  Lemma  22.11.1  More- 


over, the  reader  can  verify  that  as  a graded  A-module  P will  be  isomorphic  to  a 
direct  sum  of  shifts  of  A. 


09KL  Lemma  22.13.1.  Let  (A,  d)  he  a differential  graded  algebra.  Let  P be  a differ- 
ential graded  A-module.  If  Fm  is  a filtration  as  in  property  (P),  then  we  obtain  an 
admissible  short  exact  sequence 

0 ->  ® FiP  ->  0 FZP  P 0 
of  differential  graded  A-modules. 


Proof.  The  second  map  is  the  direct  sum  of  the  inclusion  maps.  The  first  map 
on  the  summand  FiP  of  the  source  is  the  sum  of  the  identity  FiP  — •>■  FiP  and  the 
negative  of  the  inclusion  map  FiP  — ► Pj+iP.  Choose  homomorphisms  Sj  : P,+iP  — » 
FiP  of  graded  A-modules  which  are  left  inverse  to  the  inclusion  maps.  Composing 
gives  maps  Sj_t  : FjP  — ► FiP  for  all  j > i.  Then  a left  inverse  of  the  first  arrow 
maps  x £ FjP  to  (sjto(x),  Sjti(x), . . . , Sjj_ i(x),  0, . . .)  in  0 FjP.  □ 


The  following  lemma  shows  that  differential  graded  modules  with  property  (P)  are 
the  dual  notion  to  K-injective  modules  (i.e.,  they  are  K-projective  in  some  sense). 
See  Derived  Categories,  Definition |13. 29.1] 

09KM  Lemma  22.13.2.  Let  (A,  d)  be  a differential  graded  algebra.  Let  P be  a differential 
graded  A-module  with  property  (P).  Then 

Horn  K{ModiA'd)){P,N)  = 0 
for  all  acyclic  differential  graded  A-modules  N . 


Proof.  We  will  use  that  K (Mod^j))  is  a triangulated  category  (Proposition  22.10.3 ). 
Let  F.  be  a filtration  on  P as  in  property  (P).  The  short  exact  sequence  of  Lemma 
22.13.1|  produces  a distinguished  triangle.  Hence  by  Derived  Categories,  Lemma 


13.4.2lit  suffices  to  show  that 


Homif(Mod(A  d))(pP,  N)  — 0 

for  all  acyclic  differential  graded  A-modules  N and  all  i.  Each  of  the  differential 
graded  modules  FiP  has  a finite  filtration  by  admissible  monomorphisms,  whose 
graded  pieces  are  direct  sums  of  shifts  A[k].  Thus  it  suffices  to  prove  that 

HomK(ModUjd))(A[fc],  AO  = 0 
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for  all  acyclic  differential  graded  A- modules  N and  all  k.  This  follows  from  Lemma 
122.11.21  " □ 

09KN  Lemma  22.13.3.  Let  ( A , d)  be  a differential  graded  algebra.  Let  M be  a differential 
graded  A-module.  There  exists  a homomorphism,  P — ► M of  differential  graded  A- 
modules  with  the  following  properties 

(1)  P — > M is  surjective, 

(2)  Ker(dp)  — > Ker(dM ) is  surjective,  and 

(3)  P sits  in  an  admissible  short  exact  sequence  0 — >■  P'  — >■  P — >■  P"  — >■  0 
where  P' , P"  are  direct  sums  of  shifts  of  A. 

Proof.  Let  r\  be  the  free  A-module  with  generators  x,y  in  degrees  k and  k + 1. 
Define  the  structure  of  a differential  graded  A-module  on  P^  by  setting  d(x)  = y 
and  d(y)  = 0.  For  every  element  m £ Mk  there  is  a homomorphism  — > M 
sending  x to  rri  and  y to  d (to).  Thus  we  see  that  there  is  a surjection  from  a direct 
sum  of  copies  of  P*.  to  M.  This  clearly  produces  P — ► M having  properties  (1)  and 
(3).  To  obtain  property  (2)  note  that  if  m £ Ker(dM)  lias  degree  k,  then  there  is  a 
map  A[k]  — > M mapping  1 to  m.  Hence  we  can  achieve  (2)  by  adding  a direct  sum 
of  copies  of  shifts  of  A.  □ 


09KP  Lemma  22.13.4.  Let  (A,  d)  be  a differential  graded  algebra.  Let  M be  a differential 
graded  A-module.  There  exists  a homomorphism  P —>  M of  differential  graded  A- 
modules  such  that 

(1)  P — > M is  a quasi-isomorphism,  and 

(2)  P has  property  (P). 

Proof.  Set  M = M0.  We  inductively  choose  short  exact  sequences 

0 -¥  Mi+ 1 -s>  Pi  -»■  Mi  -s>  0 

where  the  maps  Pi  — > Mi  are  chosen  as  in  Lemma[22.13.3|  This  gives  a “resolution” 

. . . -)•  P2  A Pi  P0  -)•  M ->•  0 


Then  we  set 

p = ©,>„« 

as  an  A-module  with  grading  given  by  Pn  = ©Q+b=n  P^a  and  differential  (as  in 
the  construction  of  the  total  complex  associated  to  a double  complex)  by 

d p{x)  = f-a(x)  + (— l)“dp_a  (x) 

for  x £ Pf_a.  With  these  conventions  P is  indeed  a differential  graded  A-module. 
Recalling  that  each  Pi  has  a two  step  filtration  0 — > P'  — » Pi  — > P”  — > 0 we  set 


F, 


2 i 


© 


i>  0 


P =P 


and  we  add  P/+1  to  F2iP  to  get  P2i+i-  These  are  differential  graded  submodules 
and  the  successive  quotients  are  direct  sums  of  shifts  of  A.  By  Lemma  22. 11. 1|  we 
see  that  the  inclusions  P^P  — > P^+iP  are  admissible  monomorphisms.  Finally,  we 
have  to  show  that  the  map  P — > M (given  by  the  augmentation  P0  — > M)  is  a 
quasi-isomorphism.  This  follows  from  Homology,  Lemma[l2.22.9|  □ 
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22.14.  I-resolutions 


09KQ  This  section  is  the  dual  of  the  section  on  P-resolutions. 

Let  {A,  d)  be  a differential  graded  algebra.  Let  / be  a differential  graded  H-module. 
We  say  I has  property  (I)  if  it  there  exists  a filtration 

/ = FqI  D F\I  D F2I  D . . . D 0 


by  differential  graded  submodules  such  that 

(1)  / = \im  I /FpI, 

(2)  the  maps  I/Fi+\I  — > I/F^I  are  admissible  epimorphisms, 

(3)  the  quotients  FiI/Fi+iI  are  isomorphic  as  differential  graded  H-modules 
to  products  of  Hv  [k] . 

In  fact,  condition  (2)  is  a consequence  of  condition  (3),  see  Lemma  22.12.1  The 


reader  can  verify  that  as  a graded  module  I will  be  isomorphic  to  a product  of 

Hv[fc], 

09KR  Lemma  22.14.1.  Let  (A,  d)  be  a differential  graded  algebra.  Let  I be  a differ- 
ential graded  A-module.  If  F,  is  a filtration  as  in  property  (I),  then  we  obtain  an 
admissible  short  exact  sequence 

0 ->  / ->• Wl/FJ  ->• Y[l/Fil  ->  0 

of  differential  graded  A-modules. 

Proof.  Omitted.  Hint:  This  is  dual  to  Lemma [22.13. II  □ 


The  following  lemma  shows  that  differential  graded  modules  with  property  (I)  are 
the  analogue  of  K-injective  modules.  See  Derived  Categories,  Definition  |13. 29.1] 

09KS  Lemma  22.14.2.  Let  {A,  d)  be  a differential  graded  algebra.  Let  I be  a differential 
graded  A-module  with  property  (I).  Then 

Horn  K(Mod(Aid)){N,I)  = 0 
for  all  acyclic  differential  graded  A-modules  N . 


Proof.  We  will  use  that  A^(Mod(_4  d))  is  a triangulated  category  (Proposition  22.10.3). 
Let  F,  be  a filtration  on  / as  in  property  (I) . The  short  exact  sequence  of  Lemma 
22.14.11  produces  a distinguished  triangle.  Hence  by  Derived  Categories,  Lemma 
13.4.21  it  suffices  to  show  that 


HomK(Mod(A)d))(-^',  I/FJ)  = 0 

for  all  acyclic  differential  graded  H-modules  N and  all  i.  Each  of  the  differential 
graded  modules  I/Fil  has  a finite  filtration  by  admissible  monomorphisms,  whose 
graded  pieces  are  products  of  Hv  [fc] . Thus  it  suffices  to  prove  that 

RomK{Mod^A  d))(N,  Av  [k])  = 0 

for  all  acyclic  differential  graded  A- modules  N and  all  k.  This  follows  from  Lemma 


09KT  Lemma  22.14.3.  Let  ( A , d)  be  a differential  graded  algebra.  Let  M be  a differential 
graded  A-module.  There  exists  a homomorphism  M —>  I of  differential  graded  A- 
modules  with  the  following  properties 
(1)  M — > I is  injective, 


22.12.3  and  the  fact  that  (— )v  is  an  exact  functor. 


□ 
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(2)  Coker(dM)  — > Coker(di)  is  injective,  and 

(3)  I sits  in  an  admissible  short  exact  sequence  0 — > I'  — > I — > I"  — >■  0 where 
I' , I"  are  products  of  shifts  of  Av . 


Proof.  For  every  k £ Z let  Qk  be  the  free  left  A-module  with  generators  x , y in 
degrees  k and  k + 1.  Define  the  structure  of  a left  differential  graded  A- module 
on  Qk  by  setting  d(x)  = y and  d (y)  = 0.  Let  Ik  = Qf_k  be  the  “dual”  right 
differential  graded  H-module,  see  Section[22.12|  The  next  paragraph  shows  that  we 
can  embed  M into  a product  of  copies  of  Ik  (for  varying  k).  The  dual  statement 
(that  any  differential  graded  module  is  a quotient  of  a direct  sum  of  of  Pk ’s)  is  easy 
to  prove  (see  proof  of  Lemma  22.13.3)  and  using  double  duals  there  should  be  a 
noncomp utational  way  to  deduce  what  we  want.  Thus  we  suggest  skipping  the  next 
paragraph. 

Given  a Z-linear  map  A : Mk  ->  Q/Z  we  construct  pairings 


ifn  : Mn  x Qfff  — ► Q/Z 

by  setting 

ipn{m,  ax  + by)  = X(ma  + (— l)fc+1d(m6)) 
for  to  £ Mn,  a £ A~n~k,  and  b £ A~n~k~r.  We  compute 

i/jn+i(d(m),ax  + by)  = A (d(m)a  + (— l)fc+1d(d(m)6)) 

= A (d(m)a  + (— l)fc+"d(TO.)d(6)) 
and  because  d(ax  + by)  = d (a)x  + (— 1 )~n~kay  + d {b)y  we  have 

ipn(m,  d(ax  + by))  = A (md(a)  + (— l)fc+1d(?n((— l)~n~ka  + d(b)))) 

= A (md(a)  + (— l)_n+1d(TOo)  + (— l)fc+1d(m)d(6)))) 

and  we  see  that 


^n+i(d(m),  ax  + by)  + {-l)nipn(m,d(ax  + by))  =0 

Thus  these  pairings  define  a homomorphism  f\  : M -£  Ik  by  Lemma  [22. 12. 2|  such 
that  the  composition 


Mk 


{QlY 


evaluation  at  x 
> 


Q/Z 


is  the  given  map  A.  It  is  clear  that  we  can  find  an  embedding  into  a product  of 
copies  of  Ik’s  by  using  a map  of  the  form  ]”[  f\  for  a suitable  choice  of  the  maps  A. 


The  result  of  the  previous  paragraph  produces  M -£  I having  properties  (1)  and 
(3).  To  obtain  property  (2),  suppose  to  £ Coker(d m)  is  a nonzero  element  of  degree 
k.  Pick  a map  A : Mk  — > Q/Z  which  vanishes  on  Im(Mfe_1  — > Mk)  but  not  on  to. 
By  Lemma  22.12.3  this  corresponds  to  a homomorphism  M — > Av[fc]  of  differential 
graded  A-modules  which  does  not  vanish  on  to.  Hence  we  can  achieve  (2)  by  adding 
a product  of  copies  of  shifts  of  Hv.  □ 


09KU  Lemma  22.14.4.  Let  ( A , d)  be  a differential  graded  algebra.  Let  M be  a differential 
graded  A-module.  There  exists  a homomorphism  M —>  I of  differential  graded  A- 
modules  such  that 

(1)  M — > I is  a quasi-isomorphism,  and 

(2)  / has  property  (I). 
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Proof.  Set  M = M0.  We  inductively  choose  short  exact  sequences 

0 — l Mi  — y 1^  — y Ali^i  — y 0 

where  the  maps  Mi 


Ii  are  chosen  as  in  Lemma  22.14.3  This  gives  a “resolution” 


0— >M— 


Then  we  set 


'=n 


i>  0 


where  we  take  the  product  in  the  category  of  graded  A-modules  and  differential 
defined  by 

d i(x)  = fa(x ) + (— l)“d/0  (x) 

for  x £ 1%.  With  these  conventions  I is  indeed  a differential  graded  A-module. 
Recalling  that  each  Ii  has  a two  step  filtration  0 — > I[  — > 7,  — > I”  — > 0 we  set 


DP=IL  'J 'Ml 


Li>0 


Ii  = I 


and  we  add  a factor  I'i+1  to  F2iI  to  get  F2i+il.  These  are  differential  graded 
submodules  and  the  successive  quotients  are  products  of  shifts  of  Av.  By  Lemma 
22.12.1  we  see  that  the  inclusions  Fi+\I  — > Fil  are  admissible  monomorphisms. 
Finally,  we  have  to  show  that  the  map  M —¥  I (given  by  the  augmentation  M — ► I0) 
is  a quasi- isomorphism.  This  follows  from  Homology,  Lemma [12.22. 10|  □ 


22.15.  The  derived  category 

09KV  Recall  that  the  notions  of  acyclic  differential  graded  modules  and  quasi-isomorphism 


of  differential  graded  modules  make  sense  (see  Section  22.4). 


09KW  Lemma  22.15.1.  Let  {A,  d)  be  a differential  graded  algebra.  The  full  subcate- 
gory Ac  of  K(Mod(A.d))  consisting  of  acyclic  modules  is  a strictly  full  saturated 
triangulated  subcategory  of  K(Mod^,d))-  The  corresponding  saturated  multiplica- 
tive system  (see  Derived  Categories,  Lemma  13.6.10)  of  K(Mod^,d))  the  class 
Qis  of  quasi-isomorphisms.  In  particular,  the  kernel  of  the  localization  functor 

Q : K{Mod(Atd))  -A  Qis~1K(Mod{j 4,d)) 

is  Ac.  Moreover,  the  functor  H°  factors  through  Q. 

Proof.  We  know  that  H°  is  a homological  functor  by  the  long  exact  sequence  of 
homology  (22.4.2.1 ).  The  kernel  of  H°  is  the  subcategory  of  acyclic  objects  and  the 


arrows  with  induce  isomorphisms  on  all  Hl  are  the  quasi-isomorphisms.  Thus  this 
lemma  is  a special  case  of  Derived  Categories,  Lemma[l3.6.11| 

Set  theoretical  remark.  The  construction  of  the  localization  in  Derived  Categories, 
Proposition 1 1 3 . 5 . 5] assumes  the  given  triangulated  category  is  “small”,  i.e.,  that  the 
underlying  collection  of  objects  forms  a set.  Let  ka  be  a partial  universe  (as  in 
Sets,  Section  3.5)  containing  (A,  d)  and  where  the  cofinality  of  a is  bigger  than 


H0  (see  Sets,  Proposition  3.7.2).  Then  we  can  consider  the  category  Mod^d),^ 
of  differential  graded  A- modules  contained  in  Va.  A straightforward  check  shows 
that  all  the  constructions  used  in  the  proof  of  Proposition  |22.10.3|  work  inside 
of  Mod(j4d)a  (because  at  worst  we  take  finite  direct  sums  of  differential  graded 
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modules).  Thus  we  obtain  a triangulated  category  Qisa1A'(Mod(A,d),ct)-  We  will 
see  below  that  if  (3  > a,  then  the  transition  functors 

Qis“1AT(Mod(Aid)ia)  — » Qis^AT (Mod(A)d)i/3) 

are  fully  faithful  as  the  morphism  sets  in  the  quotient  categories  are  computed 
by  maps  in  the  homotopy  categories  from  P-resolutions  (the  construction  of  a P- 
resolution  in  the  proof  of  Lemma  |22.13.4|  takes  countable  direct  sums  as  well  as 
direct  sums  indexed  over  subsets  of  the  given  module).  The  reader  should  therefore 
think  of  the  category  of  the  lemma  as  the  union  of  these  subcategories.  □ 


Taking  into  account  the  set  theoretical  remark  at  the  end  of  the  proof  of  the  pre- 
ceding lemma  we  define  the  derived  category  as  follows. 


09KX 


Definition  22.15.2.  Let  (A,  d)  be  a differential  graded  algebra.  Let  Ac  and  Qis 

The  derived  category  of  ( A , d)  is  the  triangulated  category 


be  as  in  Lemma  22.15.1 


D(A,  d)  = K (Mod(Ajd) )/ Ac  = Qis  1AT(Mod(A>d)). 


We  denote  H°  : D(A,  d)  — > Mod#  the  unique  functor  whose  composition  with  the 
quotient  functor  gives  back  the  functor  H°  defined  above. 


Here  is  the  promised  lemma  computing  morphism  sets  in  the  derived  category. 

09KY  Lemma  22.15.3.  Let  (A,  d)  be  a differential  graded  algebra.  Let  M and  N be 
differential  graded  A-modules. 

(1)  Let  P — » M be  a P-resolution  as  in  Lemma  22.13.J\  Then 

Horn D(A,d)(M,N)  = Horn K(Mod(A  d)){P,  N) 

(2)  Let  N —>  I be  an  I-resolution  as  in  Lemma\22. 14-4  Then 

HomD(Aid)(M,  AT)  = Horn x(Mod(A  d))(M, /) 


Proof.  Let  P — > M be  as  in  (1).  Since  P — > M is  a quasi-isomorphism  we  see  that 
HomD(dd)  (P,  AT)  = Horn  D(A,d)(M,N) 

by  definition  of  the  derived  category.  A morphism  / : P — ► IV  in  D(A,  d)  is  equal 
to  s~1f  where  f':P—>N'  is  a morphism  and  s : N — > N'  is  a quasi-isomorphism. 
Choose  a distringuished  triangle 

N^N'  Q N[l\ 


As  s is  a quasi- isomorphism,  we  see  that  Q is  acyclic.  Thus  Homx(Mod(A  d))  Q M ) = 

Since  Homif(Mod(A  )(P,  — ) is  cohomological,  we  con- 
• N'  uniquely  to  a morphism  / : P N . This  finishes 


0 for  all  k by  Lemma 
elude  that  we  can  lift 
the  proof. 


22.13.2 

7 rrv- 


The  proof  of  (2)  is  dual  to  that  of  (1)  using  Lemma  22.14.2  in  stead  of  Lemma 
122.13.21  □ 


09QI  Lemma  22.15.4.  Let  (A,  d)  be  a differential  graded  algebra.  Then 

(1)  D(A1  d)  has  both  direct  sums  and  products, 

(2)  direct  sums  are  obtained  by  taking  direct  sums  of  differential  graded  mod- 
ules, 

(3)  products  are  obtained  by  taking  products  of  differential  graded  modules. 
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Proof.  We  will  use  that  Mod(x,d)  is  an  abelian  category  with  arbitrary  direct  sums 
and  products,  and  that  these  give  rise  to  direct  sums  and  products  in  A'(Mod(J4j(j))- 
See  Lemmas  122.4.21  and  122.5.41 


Let  Mj  be  a family  of  differential  graded  A-modules.  Consider  the  graded  direct 
sum  M = 0 Mj  which  is  a differential  graded  A-module  with  the  obvious.  For  a 
differential  graded  A-module  TV  choose  a quasi-isomorphism  TV  -A  / where  I is  a 
differential  graded  A-module  with  property  (I).  See  Lemma  22.14.4  Using  Lemma 
122. 15. 41  we  have 


HomD(A]d)  (M,  TV)  = Homx(Ajd)  (M,  I) 

= Homx(A,d)  (Mj , I) 

= HomD(Ajd)  (Mj , TV) 

whence  the  existence  of  direct  sums  in  D(A,d)  as  given  in  part  (2)  of  the  lemma. 


Let  Mj  be  a family  of  differential  graded  A-modules.  Consider  the  product  M = 
Mj  of  differential  graded  A-modules.  For  a differential  graded  A-module  TV 
choose  a quasi-isomorphism  P -A  TV  where  P is  a differential  graded  A-module 
with  property  (P).  See  Lemma  22.13.4  Using  Lemma [22.15.3  we  have 

Homr,(yl)d)  (TV,  M)  = HomX(A)d)  (P,  M) 


= JJ  RomK(AA)  (P,  Mj) 
= JJ  HomDUjd)  (TV,  Mj) 


whence  the  existence  of  direct  sums  in  D(A,  d)  as  given  in  part  (3)  of  the  lemma.  □ 


22.16.  The  canonical  delta- functor 

09KZ  Let  (^,d)  be  a differential  graded  algebra.  Consider  the  functor  Mod(A)  — > 
AT(Mod(^  d)).  This  functor  is  not  a 5-functor  in  general.  However,  it  turns  out 
that  the  functor  Mod(^d)  — > D(A,  d)  is  a 5-functor.  In  order  to  see  this  we  have  to 
define  the  morpliisms  5 associated  to  a short  exact  sequence 

Oa/iALaMaO 


in  the  abelian  category  Mod^  d).  Consider  the  cone  C(a)  of  the  morphism  a.  We 
have  C(a ) = L © K and  we  define  q : C(a)  -A-  M via  the  projection  to  L followed 
by  b.  Hence  a homomorphism  of  differential  graded  A-modules 


q : C (a)  — >•  M. 

It  is  clear  that  qoi  = b where  i is  as  in  Definition  22.6. 1[  Note  that,  as  a is  injective, 
the  kernel  of  q is  identified  with  the  cone  of  idif  which  is  acyclic.  Hence  we  see  that 
q is  a quasi-isomorphism.  According  to  Lemma|22.9.4|the  triangle 

(K,  L,  C(a),  a,  i,  —p) 


is  a distinguished  triangle  in  A'(Mod(A,d))-  As  the  localization  functor  I\  (Mod(A.d))  — ► 
D(A,  d)  is  exact  we  see  that  ( K,L,C(a),a,i,—p ) is  a distinguished  triangle  in 
D(A , d).  Since  q is  a quasi-isomorphism  we  see  that  q is  an  isomorphism  in  D(A , d). 
Hence  we  deduce  that 

(K,L,M,  a,b,  -poq-1) 

is  a distinguished  triangle  of  D(A,  d).  This  suggests  the  following  lemma. 


22.18.  GRADED  CATEGORIES 


1716 


09L0  Lemma  22.16.1.  Let  (A,  d)  be  a differential  graded  algebra.  The  functor  Mod(A,d)  — > 
D(A,  d)  defined  has  the  natural  structure  of  a S-functor,  with 

= — P ° Q1 

with  p and  q as  explained  above. 

Proof.  We  have  already  seen  that  this  choice  leads  to  a distinguished  triangle 
whenever  given  a short  exact  sequence  of  complexes.  We  have  to  show  functori- 
ality  of  this  construction,  see  Derived  Categories,  Definition  |13.3.6[  This  follows 
from  Lemma |22. 6. 2|  with  a bit  of  work.  Compare  with  Derived  Categories,  Lemma 
113.12.11  □ 

22.17.  Linear  categories 

09MI  Just  the  definitions. 

09MJ  Definition  22.17.1.  Let  R be  a ring.  An  R-linear  category  A is  a category 
where  every  morphism  set  is  given  the  structure  of  an  JGmodule  and  where  for 
x,y,z  € Ob(_4)  composition  law 

Hornby,  z)  x Hom_^(a;,y)  — > Hom_4(:r,  z) 

is  f?-bilinear. 

Thus  composition  determines  an  .R-linear  map 

Hornby,  z)  Hom^(i,  y)  — > Hom^(i,  z) 

of  R-modules.  Note  that  we  do  not  assume  R-linear  categories  to  be  additive. 

09MK  Definition  22.17.2.  Let  R be  a ring.  A functor  of  R-linear  categories , or  an 
R-linear  is  a functor  F : A -A  B where  for  all  objects  x,y  of  A the  map  F : 
Hom_/i(a;,y)  -A  Hom_/i(.F(ir),  F(y))  is  a homomorphism  of  R-modules. 

22.18.  Graded  categories 

09L1  Just  some  definitions. 

09L2  Definition  22.18.1.  Let  R be  a ring.  A graded  category  A over  R is  a category 
where  every  morphism  set  is  given  the  structure  of  a graded  R-module  and  where 
for  x,y,z  € Ob(A)  composition  is  R-bilinear  and  induces  a homomorphism 

Hornby,  z)  ®R  Hom^(x,  y)  — * Hom^(i,  z) 
of  graded  R-modules  (i.e.,  preserving  degrees). 

In  this  situation  we  denote  Hom^a;,  y)  the  degree  i part  of  the  graded  object 
Hom^(i,  y),  so  that 

Hom^(x,y)  = ®.^Hom  \{x,y) 

is  the  direct  sum  decomposition  into  graded  parts. 

09L3  Definition  22.18.2.  Let  R be  a ring.  A functor  of  graded  categories  over  R , or 
a graded  functor  is  a functor  F : A — t B where  for  all  objects  x,  y of  A the  map 
F : Hom^cc,  y)  — > Hom^jRjx),  F(y))  is  a homomorphism  of  graded  R-modules. 

Given  a graded  category  we  are  often  interested  in  the  corresponding  “usual”  cat- 
egory of  maps  of  degree  0.  Here  is  a formal  definition. 
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09ML 


09P2 


09MM 


09MN 


Definition  22.18.3.  Let  R be  a ring.  Let  A be  a differential  graded  category  over 
R.  We  let  A0  be  the  category  with  the  same  objects  as  A and  with 

Hom^o  (x,  y)  = Hom^(x,  y) 


the  degree  0 graded  piece  of  the  graded  module  of  morphisms  of  A. 

Definition  22.18.4.  Let  R be  a ring.  Let  A be  a graded  category  over  R.  A 
direct  sum  (, x,y,z,i,j,P,Q ) in  A (notation  as  in  Homology,  Remark  12.3.61  is  a 
graded  direct  sum  if  i,j,p,q  are  homogeneous  of  degree  0. 


Example  22.18.5  (Graded  category  of  graded  objects).  Let  B be  an  additive 
category.  Recall  that  we  have  defined  the  category  Gt(B)  of  graded  objects  of 
B in  Homology,  Definition  |12.15.1|  In  this  example,  we  will  construct  a graded 
category  Gr gr(B)  over  R = Z whose  associated  category  Grsr(S)°  recovers  Gr (B). 
As  objects  of  Compsr(£>)  we  take  graded  objects  of  B.  Then,  given  graded  objects 
A=(Ai)  and  B = (Bl)  of  B we  set 


HomGr3>-(B)(A,  B)  — z Horn” (A,  B) 

where  the  graded  piece  of  degree  n is  the  abelian  group  of  homogeneous  maps  of 
degree  n from  A to  B defined  by  the  rule 


Horn™ (A,  B)  = HomGr(iA)(A,  B[n))  = HomGr(-A)  (A[-n],  B) 


see  Homology,  Equation  ( 12.15. 4. T|).  Explicitly  we  have 


Horn  n(A,B)  = TT  Horn  b{A~\Bp) 

■*-p-\-q=n 


(observe  reversal  of  indices  and  observe  that  we  have  a product  here  and  not  a 
direct  sum).  In  other  words,  a degree  n morphism  / from  A to  B can  be  seen  as 
a system  / = (/Pl9)  where  p,q  £ Z,  p + q = n with  fp>q  : A~q  -A  Bp  a morphism 
of  B.  Given  graded  objects  A,  B,  C of  B composition  of  morphisms  in  Gr 9r(B)  is 
defined  via  the  maps 


Homm(H,  C)  x Horn n(A,B)  — > Homn+m(A,C) 


by  simple  composition  (g,f)  i-a  g o / of  homogeneous  maps  of  graded  objects.  In 
terms  of  components  we  have 


(.9  ° f)p,r  — 9p,q  ° f—q,r 

where  q is  such  that  p + q = m and  — q + r = n. 

Example  22.18.6  (Graded  category  of  graded  modules).  Let  A be  a Z-graded 
algebra  over  a ring  R.  We  will  construct  a graded  category  Mod^r  over  R whose 
associated  category  (Mod^ )°  is  the  category  of  graded  A- modules.  As  objects 
of  Mod^  we  take  right  graded  A-modules  (see  Section  22.111.  Given  graded  A- 
modules  L and  M we  set 


HomMody  (L,M)  = ®(,  ez  Horn™ (L,M) 

where  Hom”(L,  M)  is  the  set  of  right  A-module  maps  L — > M which  are  homoge- 
neous of  degree  n,  i.e. , f{Ll)  C Ml+n  for  all  i £ Z.  In  terms  of  components,  we 
have  that 

Hom"(L,  M)  C TT  Horn R(L~q,  Mp) 

*‘p-\-q=n 
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(observe  reversal  of  indices)  is  the  subset  consisting  of  those  / = (fP,q)  such  that 

/p,,W  = fp-i,q+i(m)a 

for  a £ A 1 and  m £ L~q~l.  For  graded  A-modules  K , L,  M we  define  composition 
in  Mod®^  via  the  maps 

Homm(L,  M)  x Horn n(K,L)  — > Ho mn+m(K,M) 
by  simple  composition  of  right  A-module  maps:  (g,  f)  i->  g o / . 


Remark  22.18.7.  Let  R be  a ring.  Let  V be  an  JMinear  category  endowed  with 
a collection  of  R-linear  functors  [n]  : V — > V,  x H >■  x[n]  indexed  by  n £ Z such  that 
[n]  o [to]  = [n  + m\  and  [0]  = id-p  (equality  as  functors).  This  allows  us  to  construct 
a graded  category  T>gr  over  R with  the  same  objects  of  V setting 


HomD9r(a:,!/)=ffi  Horn  v(x,y[n]) 

VJ-' n£  Z 


for  x7y  in  V.  Observe  that  (V9r)°  = V (see  Definition  22.18.3).  Moreover,  the 
graded  category  Vgr  inherits  R-linear  graded  functors  [n]  satisfying  [n]  o [to]  = 
[n  + to]  and  [0]  = idpsr  with  the  property  that 


Horn T>sr(x,y[n])  = Hom-pjrfi:,  j/)[n] 


as  graded  R- modules  compatible  with  composition  of  morphisms. 


Conversely,  suppose  given  a graded  category  A over  R endowed  with  a collection 
of  R-linear  graded  functors  [n]  satisfying  [n]  o [to]  = [n  + to]  and  [0]  = icl_4  which 
are  moreover  equipped  with  isomorphisms 


Horn  A(x,y[n])  = Hom^(a :,y)[n] 

as  graded  R-modules  compatible  with  composition  of  morphisms.  Then  the  reader 
easily  shows  that  A = (A°)9r. 


Here  are  two  examples  of  the  relationship  T>  •£>■  A we  established  above: 


(1) 

(2) 


Let  B be  an  additive  category.  If  V = Gr (B),  then  A = Gr®r(S) 
Example  22.18. 5| 

If  .A  is  a graded  ring  and  V = Mod^  is  the  category  of  graded 
H-modules,  then  A = Mod^r,  see  Example  22.18.6 


as  in 
right 


22.19.  Differential  graded  categories 

09L4  Note  that  if  R is  a ring,  then  R is  a differential  graded  algebra  over  itself  (with 
R = R°  of  course) . In  this  case  a differential  graded  R- module  is  the  same  thing  as 
a complex  of  i?-modules.  In  particular,  given  two  differential  graded  f?-modules  M 
and  N we  denote  M N the  differential  graded  f?-module  corresponding  to  the 
total  complex  associated  to  the  double  complex  obtained  by  the  tensor  product  of 
the  complexes  of  R-modules  associated  to  M and  N. 

09L5  Definition  22.19.1.  Let  R be  a ring.  A differential  graded  category  A over  R is 
a category  where  every  morphism  set  is  given  the  structure  of  a differential  graded 
.ft-module  and  where  for  x,y,z  £ Ob(A)  composition  is  R-bilinear  and  induces  a 
homomorphism 

Hom^(|/,  z)  Hom^(i,  y)  — > Hom^(s,  z ) 
of  differential  graded  R-modules. 
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The  final  condition  of  the  definition  signifies  the  following:  if  f £ Hom^(a :,y)  and 
g £ Horn ™(y,  z)  are  homogeneous  of  degrees  n and  to,  then 

d (g  0 /)  = d (g)  0 / + (-l)m3  0 d(/) 

in  Hom^+m+1(x,  z).  This  follows  from  the  sign  rule  for  the  differential  on  the  total 
complex  of  a double  complex,  see  Homology,  Definition |12. 22. 3| 

09L6  Definition  22.19.2.  Let  R be  a ring.  A functor  of  differential  graded  categories 
over  R is  a functor  F : A —>  B where  for  all  objects  x,y  of  A the  map  F : 
Bom.A(x,y)  — > Horn A(F(x),F(y))  is  a homomorphism  of  differential  graded  R- 
modules. 


Given  a diffferential  graded  category  we  are  often  interested  in  the  corresponding 
categories  of  complexes  and  homotopy  category.  Here  is  a formal  definition. 


09L7 


09P4 


09L8 


Definition  22.19.3.  Let  R be  a ring.  Let  A be  a differential  graded  category  over 
R.  Then  we  let 

(1)  the  category  of  complexes  of  43  be  the  category  Comp(A)  whose  objects 
are  the  same  as  the  objects  of  A and  with 

Homcomp(A) (ah  2/)  = Ker(d  : Horn A{x,y)  ->•  RomA(x,y)) 

(2)  the  homotopy  category  of  A be  the  category  K(A)  whose  objects  are  the 
same  as  the  objects  of  A and  with 

Horn  K(A)(x,y)  = H°(RomA(x,y)) 


Our  use  of  the  symbol  K(A)  is  nonstandard,  but  at  least  is  compatible  with  the 
use  of  K(—)  in  other  chapters  of  the  Stacks  project. 


Definition  22.19.4.  Let  R be  a ring.  Let  A be  a differential  graded  category  over 
R.  A direct  sum  (x,y,  z,i,  j,P,  q)  in  A (notation  as  in  Homology,  Remark  12.3.6)  is 
a differential  graded  direct  sum  if  i,j,P,q  are  homogeneous  of  degree  0 and  closed, 
i.e. , d(i)  = 0,  etc. 


Lemma  22.19.5.  Let  R be  a ring.  A functor  F : A —t  B of  differential  graded 
categories  over  R induces  functors  Comp(A)  Comp(B)  and  K(A)  — > K(B). 


Proof.  Omitted. 


□ 


09L9  Example  22.19.6  (Differential  graded  category  of  complexes).  Let  B be  an  ad- 
ditive category.  We  will  construct  a differential  graded  category  Compd9(H)  over 
R = Z whose  associated  category  of  complexes  is  Comp(S)  and  whose  associated 
homotopy  category  is  K(B).  As  objects  of  Compd9(£>)  we  take  complexes  of  B. 
Given  complexes  A * and  B * of  B,  we  sometimes  also  denote  A*  and  B * the  corre- 
sponding graded  objects  of  B (i.e.,  forget  about  the  differential).  Using  this  abuse 
of  notation,  we  set 

HomCompdS(g)(d',  B*)  = HomGrsr(g)(d',  B*) 

as  a graded  Z-module  where  the  right  hand  side  is  defined  in  Example  |22.18.5|  In 
other  words,  the  nth  graded  piece  is  the  abelian  group  of  homogeneous  morphism 
of  degree  n of  graded  objects 

Horn" (A*,  B*)  = HomGr/m (A* ,B* [n] ) = TT  Home(A-9,Hp) 

v ' ■*‘p-\-q=n 


2This  may  be  nonstandard  terminology. 
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(observe  reversal  of  indices  and  observe  we  have  a direct  product  and  not  a direct 
sum).  For  an  element  / € Horn™ (A*,  B*)  of  degree  n we  set 

d(/)  = dW  -(-!)"/ odA 


To  make  sense  of  this  we  think  of  dg  and  d^  as  maps  of  graded  objects  of  B 
homogeneous  of  degree  1 and  we  use  composition  in  the  category  Gr gr(B)  on  the 
right  hand  side.  In  terms  of  components,  if  / = {fp,q)  with  fVA  : A~q  — > Bp  we 
have 


(22.19.6.1)  d(/Pi,)  = dB  o fPiq  + (-1  )p+q+1fp>q  o dA 

Note  that  the  first  term  of  this  expression  is  in  Horn s{A~q  ,Bp+l)  and  the  second 
term  is  in  Homg(A_l3_1,  Bp).  In  other  words,  given  p + q = n + 1 we  have 

d(f)P,q  = o fp_l  q - (-1  )nfP,q-i  o dA 

with  obvious  notation.  The  reader  checkf^tbat 

(1)  d has  square  zero, 

(2)  an  element  / in  Horn” (A*,  B*)  has  d(/)  = 0 if  and  only  if  the  morphism 
/ : A*  — > B*[n ] of  graded  objects  of  B is  actually  a map  of  complexes, 

(3)  in  particular,  the  category  of  complexes  of  Compd9  (B)  is  equal  to  Comp(S) , 

(4)  the  morphism  of  complexes  defined  by  / as  in  (2)  is  homotopy  equivalent 
to  zero  if  and  only  if  / = d(g)  for  some  g £ Horn"-1  (A*,  B*). 

(5)  in  particular,  we  obtain  a canonical  isomorphism 

Horn  K{B)(A\Ba)  — ► H°  (HomCompdg  (B)  ( A* , £?* ) ) 

and  the  homotopy  category  of  Compd9(£l)  is  equal  to  K(B). 

Given  complexes  A*,  B*,  C*  we  define  composition 


Horn m(B*,C*)  x Horn” (A*,  5*)  — > Homn+m(A*,  C*) 


by  composition  (g,  f)  i->  go  f in  the  graded  category  Grffr(S),  see  Example  22.18.5 


This  defines  a map  of  differential  graded  modules  as  in  Definition  22.19.1  because 
d(g  o /)  = dc  o g o f - (-1  )n+mg  o f o dA 

= (d c°g  - (-1  )mg  ° dB)  o / + (-1  )mg  ° (dB  o / - (-1  )nf  o dA) 

= d(g)of  + (-l)mgod(f) 


as  desired. 


09LB  Lemma  22.19.7.  Let  F : B B'  be  an  additive  functor  between  additive  cate- 
gories. Then  F induces  a functor  of  differential  graded  categories 

F : Compd9(B)  ->  Compdg(B') 

of  Example  \22.19.6\  inducing  the  usual  functors  on  the  category  of  complexes  and 
the  homotopy  categories. 


Proof.  Omitted. 


□ 


^ What  may  be  useful  here  is  to  think  of  the  double  complex  H*,m  with  terms  Hp,q  = 
Hom]^(A~q , Bp)  and  differentials  d\  of  degree  (1,0)  given  by  d#  and  d>2  of  degree  (0,1)  given 
by  the  contragredient  of  dA-  Up  to  sign  and  up  to  replacing  the  direct  sum  by  a direct  prod- 
uct, the  differential  graded  Z-module  HomComptfg ^ (A* , B*)  is  the  total  complex  associated  to 
see  Homology,  Definition  12.22.3  To  get  the  sign  correct,  change  : Hp'q  — >■  Hp'q+1  by 


(— l)9"*"1  (after  this  change  we  still  have  a double  complex) 
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Example  22.19.8  (Differential  graded  category  of  differential  graded  modules). 

Let  (A,  d)  be  a differential  graded  algebra  over  a ring  R.  We  will  construct  a dif- 
ferential graded  category  Mod^  over  R whose  category  of  complexes  is  Mod(A,d) 
and  whose  homotopy  category  is  A'(Mod(^d)).  As  objects  of  Mod^  we  take  the 
differential  graded  A-modules.  Given  differential  graded  A-modules  L and  M we 
set 


Horn 


Mod1 


(A,d) 


(L,  M)  = HomModsr(L,  M)  = © Horn  n(L,M) 


as  a graded  A-module  where  the  right  hand  side  is  defined  as  in  Example|22.18.6  In 
other  words,  the  nth  graded  piece  Horn"  (A,  M)  is  the  A-module  of  right  A-module 
maps  homogeneous  of  degree  n.  For  an  element  / £ Horn™  (L,M)  we  set 


d(/)=dMo/-(-l)"/odL 


To  make  sense  of  this  we  think  of  d m and  d l as  graded  A-module  maps  and  we 
use  composition  of  graded  A-module  maps.  It  is  clear  that  d(/)  is  homogeneous  of 
degree  n + 1 as  a graded  A-module  map,  and  it  is  linear  because 

d(f)(xa)  = d M(f(x)a)  - (~l)n  f{dL(xa)) 

= dM(f(x))a  + (-l)de«^+"/(x)d(a)  - (-l)nf(dL(x))a  - (-l)n+de^  f(x)d(a) 
= d(f)(x)a 


as  desired  (observe  that  this  calculation  would  not  work  without  the  sign  in  the 


definition  of  our  differential  on  Horn).  Similar  formulae  to  those  of  Example  22.19.6 


hold  for  the  differential  of  / in  terms  of  components.  The  reader  checks  (in  the 
same  way  as  in  Example  22.19.6)  that 


(1)  d has  square  zero, 

(2)  an  element  / in  Hom"(f,  M)  has  d (/)  = 0 if  and  only  if  / : L — > M[n ] is 
a homomorphism  of  differential  graded  A-modules, 

(3)  in  particular,  the  category  of  complexes  of  Modd^  d^  is  Mod(A,d), 

(4)  the  homomorphism  defined  by  / as  in  (2)  is  homotopy  equivalent  to  zero 
if  and  only  if  / = d(g)  for  some  g £ Hom"_1(L,  M ). 

(5)  in  particular,  we  obtain  a canonical  isomorphism 


RomK{Mod  ){L,M)  — )>  IL0(HomModd9  (L,  M)) 

( A,d) 


and  the  homotopy  category  of  Modd^  d^  is  Af(Mod(^)d)). 
Given  differential  graded  A-modules  K,  L,  M we  define  composition 


Horn m(L,M)  x Horn71  (AT,  L)  — > Hom”+m  ( AT,  M) 


by  composition  of  homogeneous  right  A-module  maps  ( g , /)  <— > g o /.  This  defines 
a map  of  differential  graded  modules  as  in  Definition  |22.19.1|  because 

d{g  ° /)  = dM  o g o / - (-1  )n+mg  o f odK 

= (dM  o g - (-1  )mg  odL)o  f + (-1  )mg  O (dL  O f - (-1  )nf  o dK) 

= d(g)of  + (-irgod(f) 


as  desired. 
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09LD  Lemma  22.19.9.  Let  ip  : ( A , d)  — > ( E , d ) 6e  a homomorphism  of  differential 
graded  algebras.  Then  ip  induces  a functor  of  differential  graded  categories 


F 


M°d(E,d) 


ModXA,  d) 


of  Example  22.19.8\  inducing  obvious  restriction  functors  on  the  categories  of  dif- 
ferential graded  modules  and  homotopy  categories. 


Proof.  Omitted. 


□ 


09LE  Lemma  22.19.10.  Let  R be  a ring.  Let  A be  a differential  graded  category  over 
R.  Let  x be  an  object  of  A.  Let 

( E , d)  = Hom_/i(:r,  a;) 

be  the  differential  graded  R-algebra  of  endomorphisms  of  x.  We  obtain  a functor 
A — > Motf(9E  dy  y i — »Hom ^{x,y) 

of  differential  graded  categories  by  letting  E act  on  Hom_4(a;,y)  via  composition  in 
A.  This  functor  induces  functors 

Comp(A)  -A-  Mod(A,d)  and  K{A)  — > K{Mod(A,d)) 

by  an  application  of  Lemma \22.19.5\ 

Proof.  This  lemma  proves  itself.  □ 


22.20.  Obtaining  triangulated  categories 


09P5  In  this  section  we  discuss  the  most  general  setup  to  which  the  arguments  proving 
Derived  Categories,  Proposition  13. 10. 3|  and  Proposition  22. 10. 3|  apply. 


Let  R be  a ring.  Let  A be  a differential  graded  category  over  R.  To  make  our 
argument  work,  we  impose  some  axioms  on  A: 


(A) 

(B) 


A has  a zero  object  and  differential  graded  direct  sums  of  two  objects  (as 
in  Definition  22.19.4 1. 

there  are  functors  [n]  : A — > A of  differential  graded  categories  such  that 

[0]  = id_4  and  [n  + m]  = [n]  o [m]  and  given  isomorphisms 


Hom_/i(a;,  y[n])  = Hom^(a;,  y)[n\ 


of  differential  graded  f?-modules  compatible  with  composition. 

Given  our  differential  graded  category  A we  say 

(1)  a sequence  x — > y — ► z of  morphisms  of  Comp(^l)  is  an  admissible  short 
exact  sequence  if  there  exists  an  isomorphism  y = x © z in  the  underlying 
graded  category  such  that  x — > z and  y — » z are  (co) projections. 

(2)  a morphism  x — > y of  Comp(„4)  is  an  admissible  monomorphism  if  it 
extends  to  an  admissible  short  exact  sequence  x — > y — » z. 

(3)  a morphism  y — > z of  Comp(_4)  is  an  admissible  epimorphism  if  it  extends 
to  an  admissible  short  exact  sequence  x — > y -A  0. 

The  next  lemma  tells  us  an  admissible  short  exact  sequence  gives  a triangle,  pro- 
vided we  have  axioms  (A)  and  (B). 
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09P6  Lemma  22.20.1.  Let  A be  a differential  graded  category  satisfying  axioms  (A) 
and  (B).  Given  an  admissible  short  exact  sequence  x — >•  y — >■  2 we  obtain  (see  proof) 
a triangle 

x — ^ y — ^ z — ^ x[l] 

in  Comp{A)  with  the  property  that  any  two  compositions  in  z [— 1]  — ► x y z -A 
x[l]  are  zero  in  K(A). 


Proof.  Choose  a diagram 


x x 


giving  the  isomorphism  of  graded  objects  y = x ® z as  in  the  detention  of  an 
admissible  short  exact  sequence.  Here  are  some  equations  that  hold  in  this  situation 

(1)  1 = 7ra  and  hence  d(7r)a  = 0, 

(2)  1 = bs  and  hence  bd(s)  = 0, 

(3)  1 = a7T  + sb  and  hence  ad(7r)  + d (s)b  = 0, 

(4)  7rs  — 0 and  hence  d(7r)s  + 7rd(s)  = 0, 

(5)  d(s)  = a7rd(s)  because  d(s)  = {an  + sfo)d(s)  and  bd{s)  = 0, 

(6)  d(7r)  = d(n)sb  because  d(7r)  = d(7r)(a7r  + sb)  and  d(7r)a  = 0, 

(7)  d(7rd(s))  = 0 because  if  we  postcompose  it  with  the  monomorphism  a we 
get  d(a7rd(s))  = d(d(s))  = 0,  and 

(8)  d(d(7r)s)  = 0 as  by  (4)  it  is  the  negative  of  d(7rd(s))  which  is  0 by  (7). 
We’ve  used  repeatedly  that  d(a)  = 0,  d(&)  = 0,  and  that  d(l)  = 0.  By  (7)  we  see 
that 

6 = 7rd(s)  = — d(7r)s  : z — > x[l] 

is  a morphism  in  Comp(.A).  By  (5)  we  see  that  the  composition  aS  = and(s)  = d(s) 
is  homotopic  to  zero.  By  (6)  we  see  that  the  composition  Sb  = — d(7r)si>  = d(— n)  is 
homotopic  to  zero.  □ 


09QJ 


Besides  axioms  (A)  and  (B)  we  need  an  axiom  concerning  the  existence  of  cones. 
We  formalize  everything  as  follows. 


Situation  22.20.2.  Here  R is  a ring  and  A is  a differential  graded  category  over 
R having  axioms  (A),  (B),  and 

(C)  given  an  arrow  / : x — > y of  degree  0 with  d (/)  = 0 there  exists  an 
admissible  short  exact  sequence  y — > c(/)  — > x[l]  in  Comp(A)  such  that 
the  map  x[l]  — > y[  1]  of  Lemma  22.20.1  is  equal  to  /[!]. 


We  will  call  c(/)  a cone  of  the  morphism  /.  If  (A),  (B),  and  (C)  hold,  then  cones 
are  functorial  in  a weak  sense. 


09P7  Lemma  22.20.3. 


In  Situation 


2.20.2  suppose  that 


xi^ryi 

a b 

" h 
%2  


> 2/2 


22.20.  OBTAINING  TRIANGULATED  CATEGORIES 


1724 


is  a diagram  of  Comp(A)  commutative  up  to  homotopy.  Then  there  exists  a mor- 
phism c : c(/i)  -A  c(/2)  which  gives  rise  to  a morphism  of  triangles 

(a,b,c)  : {x1,y1,c(fi))  -A  (xi, yi,  c(/i)) 

in  K{A). 

Proof.  The  assumption  means  there  exists  a morphism  h : Xi  — > y2  of  degree  — 1 
such  that  d (h)  = bf1—f2a.  Choose  isomorphisms  c(/*)  = yi®xt[  1]  of  graded  objects 
compatible  with  the  morphisms  yi  -A  c{ff)  -A  Xi[  1].  Let’s  denote  a,;  : yt  -A  c(/j), 
bi  : c(fi)  -A  Xi[l],  Si  : Xj[l]  -A  c(/,),  and  7Tj  : c(/,)  -A  yi  the  given  morphisms. 
Recall  that  Xi[l]  -A  j/j[l]  is  given  by  7Tjd(si).  By  axiom  (C)  this  means  that 

fi  = 7Tjd(Sj)  = -d(7Ti)Si 

(we  identify  Hom(xi,?/i)  with  Hom(xj[l], j/i [1] ) using  the  shift  functor  [1]).  Set 
c = a2biri  + s2ab\  + a2hb.  Then,  using  the  equalities  found  in  the  proof  of  Lemma 
122.20.11  we  obtain 

d(c)  = a26d(7ri)  + d(s2)a&i  + a2d(h)b\ 

= ~a2bf ibi  + a2f2abl  + a2(&/i  - f2a)b i 
= 0 


09QK 


(where  we  have  used  in  particular  that  d(7Ti)  = d(7Ti)si&i  = f\b±  and  d(s2)  = 
a2TT2d(s2)  = a2f2).  Thus  c is  a degree  0 morphism  c : c(/i)  -A  c(/2)  of  A compatible 
with  the  given  morphisms  yi  -A  c(/j)  -A  x*[l].  □ 


In  Situation  22.20.2  we  say  that  a triangle  (x,  y,  z , /,  g , h)  in  K{A)  is  a distinguished 
triangle  if  there  exists  an  admissible  short  exact  sequence  x'  -A  y'  — > z'  such  that 
(x,y,  z,  f,  g,h)  is  isomorphic  as  a triangle  in  K(A ) to  the  triangle  (x',  y',z',x'  — ► 
y\  y'  -A  z' , 5)  constructed  in  Lemma  22.20.1  We  will  show  below  that 

K (.4)  is  a triangulated  category 


This  result,  although  not  as  general  as  one  might  think,  applies  to  a number  of 
natural  generalizations  of  the  cases  covered  so  far  in  the  Stacks  project.  Here  are 
some  examples: 

(1)  Let  (X,  Ox)  be  a ringed  space.  Let  (4,  d)  be  a sheaf  of  differential  graded 
Ox-algebras.  Let  A be  the  differential  graded  category  of  differential 
graded  4-modules.  Then  I\  (4)  is  a triangulated  category. 

(2)  Let  (C,  O)  be  a ringed  site.  Let  (4,  d)  be  a sheaf  of  differential  graded  O- 
algebras.  Let  A be  the  differential  graded  category  of  differential  graded 
4-modules.  Then  K (4)  is  a triangulated  category. 

(3)  Two  examples  with  a different  flavor  may  be  found  in  Examples,  Section 

IMTiitl 

The  following  simple  lemma  is  a key  to  the  construction. 


Lemma  22.20.4.  In  Situation 
C(lx)  of  the  identity  morphism  f 
homotopic  to  zero. 


2.20.2  given  any  object  x of  A,  and  the  cone 
: x — > x,  the  identity  morphism  on  C( lx)  is 


Proof.  Consider  the  admissible  short  exact  sequence  given  by  axiom  (C). 


x 


C{lx) 


x[l] 


7T 
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Then  by  Lemma  22.20.1  identifying  hom-sets  under  shifting,  we  have  lx  = 7r d(s)  = 
—d(n)s  where  s is  regarded  as  a morphism  in  Hom^1(a;,  C(lx)).  Therefore  a = 
cnrd(s)  = d(s)  using  formula  (5)  of  Lemma  22.20.1  and  b = —d(n)sb  = —d{ 7r)  by 
formula  (6)  of  Lemma  22.20.1|  Hence 

1(7(1^.)  = an  + sb  = d(s)n  — sd(n)  = d(sn) 
since  s is  of  degree  —1.  □ 


A more  general  version  of  the  above  lemma  will  appear  in  Lemma  22.20.13  The 
following  lemma  is  the  analogue  of  Lemma  22.7.3| 


Lemma  22.20.5.  In  Situation 


2.20.2  given  a diagram 
f 

x >■  y 


■ w 


in  Comp(A ) commuting  up  to  homotopy.  Then 

(1)  If  f is  an  admissible  monomorphism,  then  b is  homotopic  to  a morphism 
b'  which  makes  the  diagram  commute. 

(2)  If  g is  an  admissible  epimorphism,  then  a is  homotopic  to  a morphism  a1 
which  makes  the  diagram  commute. 

Proof.  To  prove  (1),  observe  that  the  hypothesis  implies  that  there  is  some  h £ 
Homji(x,w)  of  degree  —1  such  that  bf  — ga  = d(h).  Since  / is  an  admissible 
monomorphism,  there  is  a morphism  7r  : y — > x in  the  category  A of  degree  0.  Let 
b'  = b — d(hn).  Then 

b' f = bf  — d(hn)f  =bf  - d(hnf)  (since  d{f)  = 0) 

=bf  - d{h) 

=ga 

as  desired.  The  proof  for  (2)  is  omitted.  □ 


The  following  lemma  is  the  analogue  of  Lemma  22.7.4 


Lemma  22.20.6.  In  Situation 


22.20.2 


let  i 


y be  a morphism  in  Comp(A). 


Then  there  exists  a factorization  in  Comp(A): 


a. 

X 


7T 

s 


such  that 

(1)  a is  an  admissible  monomorphism,  and  na  = a. 

(2)  There  exists  a morphism  s : y — * y in  Comp(A)  such  that  ns  = ly  and  sn 
is  homotopic  to  ly. 

Proof.  By  axiom  (B),  we  may  let  y be  the  differential  graded  direct  sum  of  y and 
(7(1*),  i.e.,  there  exists  a diagram 

y ■<  > y © (7(1*)  -<  (7(1*) 

7T  t 


09QN 


09QP 
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where  all  morphisms  are  of  degree  zero,  and  in  Comp(.4).  Let  y = y®C(lx).  Then 


ly  = sn  + tp.  Consider  now  the  diagram 


y 


■ y 


where  a is  induced  by  the  morphism  x y and  the  natural  morphism  x 
fitting  in  the  admissible  short  exact  sequence 


<7(1*) 


:<?(!*) 


:*[1] 


So  the  morphism  C(lx)  ->  a;  of  degree  0 in  this  diagram,  together  with  the  zero 
morphism  y — A x,  induces  a degree-0  morphism  (5  : y —A  x.  Then  a is  an  admissible 
monomorphism  since  it  fits  into  the  admissible  short  exact  sequence 


y 


;[1] 


Furthermore,  7rci  = a by  the  construction  of  <5,  and  ns  = ly  by  the  first  diagram. 
It  remains  to  show  that  sn  is  homotopic  to  ly.  Write  lx  as  d(h)  for  some  degree 
— 1 map.  Then,  our  last  statement  follows  from 

ly  — sn  =tp 


=t(dh)p  (by  Lemma  22.20.4) 

=d(thp ) 

since  dt  = dp  = 0,  and  t is  of  degree  zero.  □ 

The  following  lemma  is  the  analogue  of  Lemma |22.7.5[ 

Lemma  22.20.7.  In  Situation  22.20.2  let  x\  -A  X2  — A . . . —A  xn  be  a sequence  of 
composable  morphisms  in  Comp(A) . Then  there  exists  a commutative  diagram  in 
Comp(A): 


Xl 

A 


y i 


■X2 

A 


■2/2 


Vn 


such  that  each  yi  — > yt+i  is  an  admissible  monomorphism  and  each  yi  —A  Xi  is  a 
homotopy  equivalence. 

Proof.  The  case  for  n = 1 is  trivial:  one  simply  takes  y \ = x-i  and  the  identity 
morphism  on  X\  is  in  particular  a homotopy  equivalence.  The  case  n = 2 is  given  by 
Lemma  22.20.6|  Suppose  we  have  constructed  the  diagram  up  to  xn-\.  We  apply 
, 22.20.6|to  the  composition  yn- i -A  xn-\  —A  xn  to  obtain  yn.  Then  yn-i  — A 

xn  a homotopy  equivalence. 


Lemma 


yn  will  be  an  admissible  monomorphism,  and  y. 

The  following  lemma  is  the  analogue  of  Lemma  |22.7.6| 

Lemma  22.20.8.  In  Situation 
(i  = l,2,3j  such  that  S2—A1/2- 
b ■ yi  -A  1/2  and  b'  : y2 

xi ^ yi > x2 ^ 1/2 


□ 


2.20.2  let  Xi  — A yi  — A z*  be  morphisms  in  A 
z2  is  an  admissible  short  exact  sequence.  Let 
1/3  be  morphisms  in  Comp(A)  such  that 


and 
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commute  up  to  homotopy.  Then  b'  ob  is  homotopic  to  0. 
Proof.  By  Lemma 


22.20.5 


we  can  replace  b and  b'  by  homotopic  maps  b and  b', 
such  that  the  right  square  of  the  left  diagram  commutes  and  the  left  square  of 
the  right  diagram  commutes.  Say  b = b + d(h)  and  b'  = b'  + d(h')  for  degree  —1 
morphisms  h and  h!  in  A.  Hence 

b'b  = b'b  + d(b’h  + h'b  + h’d(h )) 

since  d{b)  = d(b')  = 0,  i.e.  b'b  is  homotopic  to  b'b.  We  now  want  to  show  that 

b'b  = 0.  Because  x?  A y2  A-  Z2  is  an  admissible  short  exact  sequence,  there  exist 
degree  0 morphisms  7r  : y2  — » X2  and  s : Z2  — > y-2  such  that  id^  = fn+sg.  Therefore 

b'b  = b'(fn  + sg)b  = 0 

since  gb  = 0 and  b'  f = 0 as  consequences  of  the  two  commuting  squares.  □ 

The  following  lemma  is  the  analogue  of  Lemma |22.8.1| 

Lemma  22.20.9.  In  Situation 


22.20.2  let  0 ->  x 
short  exact  sequence  in  Comp(A).  The  triangle 


y — > 2 —>  0 be  an  admissible 


■y 


■a-[l] 


with  6 : z —*■  x[l\  as  defined  in  Lemma  22.20.1  is  up  to  canonical  isomorphism  in 


I\(A),  independent  of  the  choices  made  in  Lemma  22.20.1 
Proof.  Suppose  6 is  defined  by  the  splitting 


x : 


y- 


and  5'  is  defined  by  the  splitting  with  7r' , s'  in  place  of  7r,  s.  Then 

s'  — s = (an  + sb)(s'  — s)  = an  s' 
since  bs'  = bs  = lz  and  ns  = 0.  Similarly, 

n'  — n = (n'  — n)(an  + sb ) = n'  sb 


Since  S = nd(s)  and  S'  = n'd(s')  as  constructed  in  Lemma  22.20.1  we  may  compute 

S'  = n'd(s’)  = (n  + n'  sb)d(s  + ans’)  = S + d(ns’) 

using  na  = 1^,,  ba  = 0,  and  n'sbd(s')  = n' sband(s')  = 0 by  formula  (5)  in  Lemma 
122.20.11  □ 

The  following  lemma  is  the  analogue  of  Lemma |22.9.1| 


Lemma  22.20.10.  In  Situation 
The  triangle  (y,  c(f),  x[l],  i,p,  f[l 
exact  sequence 


22.20.2  let  f : x -A  y be  a morphism  in  Comp(A). 
) is  the  triangle  associated  to  the  admissible  short 


y- 


■c(/) 


■41] 


where  the  cone  c(f)  is  defined  as  in  Lemma  22.20. 1\ 
Proof.  This  follows  from  axiom  (C). 

The  following  lemma  is  the  analogue  of  Lemma |22.9.2| 


□ 
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09QS  Lemma  22.20.11.  In  Situation 
admissible  short  exact  sequence 


'.20.2  let  a : x -A  y and  /d  : y — > z define  an 


x >-  y > z 

in  Comp(A).  Let  (x,y,z,a,  /3,5)  be  the  associated  triangle  in  K(A).  Then,  the 
triangles 

(z[-l },x,y,6[-l],a,/3)  and  (z[-l],  x,  c(<5[-l]),  £[-l],  i,p) 
are  isomorphic. 


Proof.  We  have  a diagram  of  the  form 

r „«[-!] 


>■  X . 


1 

1 

* P 

z[- 1] >■  a|fepc(<5[-l]) 


with  splittings  to  a,  fd,  i,  and  p given  by  a,  fd,  i,  and  p respectively.  Define  a mor- 
phism y — > c(<5[ — 1] ) by  id  + pfd  and  a morphism  c(<5[ — 1] ) — > y by  ai  + /dp.  Let  us 
first  check  that  these  define  morphisms  in  Comp  (.4).  We  remark  that  by  identi- 

we  have  the  relation  <5[ — 1]  = ad(jd)  = —d(a)/d  and  the 


22.20.1 


ties  from  Lemma 
relation  <5[ — 1]  = id(p).  Then 


d(a)  = d(a)j3(3 
= -6[-l]P 


where  we  have  used  equation  (6)  of  Lemma  22.20.1  for  the  first  equality  and  the 
preceeding  remark  for  the  second.  Similarly,  we  obtain  d(p)  = i<5[ — 1] . Hence 


d{ia  + pi 3)  = d(i)a  + id(a)  + d(p)/3  + pd((3 ) 
= id(  a)  + d(p)/3 
= -iS[-l]/3  + iS[-l]p 
= 0 


so  ia  + p/3  is  indeed  a morphism  of  Comp(_4).  By  a similar  calculation,  ai  + /dp 
is  also  a morphism  of  Comp  (.4).  It  is  immediate  that  these  morphisms  fit  in  the 
commutative  diagram.  We  compute: 

(id  + p(3)  (ai  + /dp)  = idai  + iafdp  + p/dai  + p/d /dp 

= ii  + pp 

= 

where  we  have  freely  used  the  identities  of  Lemma |22.20.1|  Similarly,  we  compute 
(ai  + fdp)(ia  + p/d)  = ly , so  we  conclude  y = c(<5[ — 1]) . Hence,  the  two  triangles  in 
question  are  isomorphic.  □ 


09QT 


The  following  lemma  is  the  analogue  of  Lemma |22.9.3[ 

Lemma  22.20.12.  In  Situation 
morphisms  in  Comp(A).  Let 


.20.2  let  fi  : x±  — > y\  and  fa  : X2  — > z/2  he 


(a,b,c)  : (x1,y1,c(f1),f1,i1,p1)  —>  (x2,  y2,  c(/2),  /2,  k,Pi) 
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be  any  morphism  of  triangles  in  K (.4) . If  a and  b are  homotopy  equivalences,  then 
so  is  c. 

Proof.  Since  a and  b are  homotopy  equivalences,  they  are  invertible  in  K(A)  so 
let  a~l  and  b^1  denote  their  inverses  in  K(A ),  giving  us  a commutative  diagram 


h 

^ Vi 


a-1 

b -1 

V fi 

ii  , 

Xi 


y i 


"(J2) 


(A) 


where  the  map  c'  is  defined  via  Lemma  22.20.3|  applied  to  the  left  commutative 
box  of  the  above  diagram.  Since  the  diagram  commutes  in  K(A),  it  suffices  by 
Lemma  |22.20.8  to  prove  the  following:  given  a morphism  of  triangle  (1,1,  c)  : 
(x,y,c(f),  f,i,p)  -A  (x,y,c(f)1  f,i,p)  in  I\(A ),  the  map  c is  an  isomorphism  in 
K(A).  We  have  the  commutative  diagrams  in  K(A): 


"(/) 


"(/) 


"(/) 


C — 1 


"(/) 


Since  the  rows  are  admissible  short  exact  sequences,  we  obtain  the  identity  (c—  l)2  = 
0 by  Lemma  22.20.8  from  which  we  conclude  that  2 — c is  inverse  to  c in  K(A)  so 
that  c is  an  isomorphism.  □ 


The  following  lemma  is  the  analogue  of  Lemma  22.9.4 
Lemma  22.20.13.  In  Situation 


22.20.2 


(1)  Given  an  admissible  short  exact  sequence  x y — > z.  Then  there  exists 

a homotopy  equivalence  e : C(a)  — >•  z such  that  the  diagram 


(22.20.13.1) 


C(a) 


y 


'[i] 


x[l]  is 


defines  an  isomorphism  of  triangles  in  K(A).  Here  y — > C(a) 
the  admissible  short  exact  sequence  given  as  in  axiom  (C). 

(2)  Given  a morphism  a : x -A  y in  Comp(A),  let  x y — >•  y be  the  factor- 
ization given  as  in  Lemma  22.20.6\  where  the  admissible  monomorphism 
x y extends  to  the  admissible  short  exact  sequence 


x > y a-  z 

Then  there  exists  an  isomorphism  of  triangles 


OL 

_ s 

: e 

V ' 

Ot 

X >■  1 

^ C(a)  — ^ x[ 
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where  the  upper  triangle  is  the  triangle  associated  to  the  sequence  x -A 
y->  z. 


Proof.  For  (1),  we  consider  the  more  complete  diagram,  without  the  sign  change 
on  c: 


/;  ^ A ' 

1 - 

' a (a)  A ''  x 

7T 

p a:  ' 

f\\e 

Y a 

f 

^ . ;V  5 

X ^ 

y 

^ z >■  X 

7T  S 


y[  i] 


• • a 0 . . •• 

where  the  admissible  short  exact  sequence  x — > y — > z is  given  the  splitting  n,  s , 

b c 

and  the  admissible  short  exact  sequence  y — > G{a)  a;[l]  is  given  the  splitting  p, 
a.  Note  that  (identifying  hom-sets  under  shifting) 

a = pd(a)  = — d(p)o , 6 = nd(s ) = —d(n)s 

by  the  construction  in  Lemma  [22.20. 1| 

We  define  e = f3p  and  f = bs  — ad.  We  first  check  that  they  are  morphisms  in 
Comp(„4).  To  show  that  d(e)  = /3d(p)  vanishes,  it  suffices  to  show  that  (3d(p)b  and 
j3d{p)a  both  vanish,  whereas 

(3d(p)b  = (3d{pb)  = f3d(lv)  = 0,  /3d(p)c r = —/3a  = 0 

Similarly,  to  check  that  d(f)  = bd(s)  — d(a)d  vanishes,  it  suffices  to  check  the 
post-compositions  by  p and  c both  vanish,  whereas 


pbd(s)  — pd(a)d  =d(s ) — aS  = d(s)  — ai rd(s)  = 0 
cbd(s)  — cd{a)d  = — cd(a)d  = —d(ca)d  = 0 

The  commutativity  of  left  two  squares  of  the  diagram  |22.20.13Tl  follows  directly 
from  definition.  Before  we  prove  the  commutativity  of  the  right  square  (up  to 
homotopy),  we  first  check  that  e is  a homotopy  equivalence.  Clearly, 

ef  = (3p(bs  — oS)  = /3s  = lz 

To  check  that  fe  is  homotopic  to  lc(a)>  we  first  observe 

ba  = bpd(a)  = d(a),  ac  = —d(jp)ac  = — d(p ),  d(n)p  = d(ir)s/3p  = — 5(3p 
Using  these  identities,  we  compute 


1 c(a)  =bp  + ac  (from  y A C(a)  A rc[l]) 

=b(aTT  + s/3)p  + a(Tra)c  (from  x -A  y A-  z) 

=d(a)np  + bs{3p  — aird(p)  (by  the  first  two  identities  above) 

=d(a)Trp  + bs(3p  — ad/3p  + aS/3p  — and(p) 

=(bs  — aS)/3p  + d(a)irp  — ad(n)p  — and(p)  (by  the  third  identity  above) 
=fe  + d(airp) 


since  a £ HonU^a;,  C(a))  (cf.  proof  of  Lemma  22.20.4).  Hence  e and  / are 
homotopy  inverses.  Finally,  to  check  that  the  right  square  of  diagram  I22.20.13T] 
commutes  up  to  homotopy,  it  suffices  to  check  that  —cf  = S.  This  follows  from 


—cf  = —c{bs  — ad ) = cad  = d 
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since  cb  = 0. 

For  (2),  consider  the  factorization  x y y given  as  in  Lemma 


22.20.6 


so  the 


second  morphism  is  a homotopy  equivalence.  By  Lemmas  22.20.3  and  22.20.12 
there  exists  an  isomorphism  of  triangles  between 

x A-  y — » C(a ) — > a; [1]  and  x A-  y — > C(a)  -A-  a: [1] 

Since  we  can  compose  isomorphisms  of  triangles,  by  replacing  a by  d,  y by  y,  and 
C(a)  by  C(d ),  we  may  assume  a is  an  admissible  monomorphism.  In  this  case,  the 
result  follows  from  (1).  □ 

The  following  lemma  is  the  analogue  of  Lemma |22.10.1[ 


Lemma  22.20.14.  In  Situation 


22.20.2 


the  homotopy  category  K ( A ) with  its  nat- 


ural translation  functors  and  distinguished  triangles  is  a pre-triangulated  category. 
Proof.  We  will  verify  each  of  TR1,  TR2,  and  TR3. 

Proof  of  TR1.  By  definition  every  triangle  isomorphic  to  a distinguished  one  is 
distinguished.  Since 

i, 

x > x s-  0 


is  an  admissible  short  exact  sequence,  (x,  x,  0,  lx,  0, 0)  is  a distinguished  trian- 
gle. Moreover,  given  a morphism  a : x — > y in  Comp(_4),  the  triangle  given  by 


(x,  y,  c(a),  a,  i , —p)  is  distinguished  by  Lemma  22.20.13 


Proof  of  TR2.  Let  (x,  y,  z,  a,  /3, 7)  be  a triangle  and  suppose  (y,z,x[  1], /3, 7,  — o[l]) 
is  distinguished.  Then  there  exists  an  admissible  short  exact  sequence  0 — ► a;7  — ► 
y'  — > z'  — > 0 such  that  the  associated  triangle  (a/,  y' , z\  o',  f3' , 7')  is  isomorphic  to 
(y,z,x[  1], /3, 7,  — a[l]).  After  rotating,  we  conclude  that  (x,y,  z,a,  /3, 7)  is  isomor- 
phic to  (z'[—  1],  a/,  2/',7'[—  1],  a',  (3').  By  Lemma  22.20.11  we  deduce  that  (z'[—  1],  x' , y' , 7'[—  1],  a',  (3') 
is  isomorphic  to  (z'[—  1],  x',  0(7' [—  1]), 1],  i,p).  Composing  the  two  isomorphisms 
with  sign  changes  as  indicated  in  the  following  diagram: 


V 


n in-7'[-i] 

Z [—  lj  s-  X 


'[-1] 


7'[-l] 


“I, 


■c(7'[— 1]) 


We  conclude  that  (x,y,z,a,f3, 7)  is  distinguished  by  Lemma  [22.20.13  (2).  Con- 
versely, suppose  that  ( x , y , z,  a , /3, 7)  is  distinguished,  so  that  by  Lemma  |22.20.13 
(1),  it  is  isomorphic  to  a triangle  of  the  form  (a/,  y1,  c(a'),  a',  i,  — p)  for  some  mor- 
phism a'  : x'  — >■  y'  in  Comp(M).  The  rotated  triangle  (y,z,x[  1], /3, 7,  — a[l]) 
is  isomorphic  to  the  triangle  (y',c(a'),x'[l\,i,—p,—a[l])  which  is  isomorphic  to 
{y1  ,c{a'),x'[\],i,p,a[\]).  By  Lemma  22.20. 10|  this  triangle  is  distinguished,  from 
which  it  follows  that  (y,  z,  s[l],  /3, 7,  — a[l])  is  distinguished. 

Proof  of  TR3:  Suppose  (x,y,z,a,/3, 7)  and  (x\  y' 7 z' , a',  /3',  7')  are  distinguished 
triangles  of  Comp(M)  and  let  / : x -A  x'  and  g : y — >■  y'  be  morphisms  such 


that  a'  o f = g o a.  By  Lemma  22.20.13  we  may  assume  that  (x,y,  z,a,  j3, 7)  = 
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(x,y,c(a),a,i,-p)  and  (a/,  y' , z’ , a’,  ft,  7')  = (x',y',c(a'),a',i',-p').  Now  apply 
Lemma  f22. 20. 31  and  we  are  done.  □ 


The  following  lemma  is  the  analogue  of  Lemma  22.10.2 


09QX  Lemma  22.20.15.  In  Situation\22. 20.  21  given  admissible  monomorphisms  x — > y 


y A-  z in  A,  there  exist  distinguished  triangles  ( x , y , 91,  cqpi,  Si),  (x,  z , q2,  (3a, P2, 62) 
and  (y,z,qz,(3,pz,8z)  for  which  TRf  holds. 


Proof.  Given  admissible  monomorphisms  x — > y and  y — > z,  we  can  find  distin- 
guished triangles,  via  their  extensions  to  admissible  short  exact  sequences, 


a Pi  6,  , , 

y qi x[i] 

7Ti  Si 


P a P 2 


X -1  Z -<  <72 

■7ri7r3  s2 


^2 


*[1] 


P P 3 S3 

y ■<  > ^ ■<  > 93  — x[i] 

^3  «3 

In  these  diagrams,  the  maps  Si  are  defined  as  <5,;  = TTid(si)  analagous  to  the  maps 
defined  in  Lemma  [22.20. 1|  They  fit  in  the  following  solid  commutative  diagram 


where  we  have  defined  the  dashed  arrows  as  indicated.  Clearly,  their  composition 
P3S2P2pSi  = 0 since  S2P2  = 0.  We  claim  that  they  both  are  morphisms  of  Comp(^l). 
We  can  check  this  using  equations  in  Lemma  [22.20. 1| 

d(p2/3s1 ) = p2/3d(si)  = p2pan1d(si)  = 0 

since  P2(3a  = 0,  and 

d{p3s2)  =P3d(s2)  = p3(3an1TT3d(s2)  = 0 

since  p3 (3  = 0.  To  check  that  qi  — > <72  — t 93  is  an  admissible  short  exact  sequence, 
it  remains  to  show  that  in  the  underlying  graded  category,  92  = 91  © 93  with  the 
above  two  morphisms  as  coprojection  and  projection.  To  do  this,  observe  that  in 
the  underlying  graded  category  C,  there  hold 


y = x (B  qi,  z = y®q3  = x®qi®q3 
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09QY 


09LF 


09LG 


where  7Ti7T3  gives  the  projection  morphism  onto  the  first  factor:  x®qi®q3  — ► By 

axiom  (A)  on  A,  C is  an  additive  category,  hence  we  may  apply  Homology,  Lemma 
112.3. 101  and  conclude  that 

Ker(7r17T3)  = q\  ® q3 


in  C.  Another  application  of  Homology,  Lemma  12.3.10  to  z = x © q2  gives 
Ker(7Ti7T3)  = q2 . Hence  q2  — qi  © <73  in  C.  It  is  clear  that  the  dashed  morphisms 
defined  above  give  coprojection  and  projection. 


Finally,  we  have  to  check  that  the  morphism  5 : q3  — » q\  [1]  induced  by  the  admissible 
short  exact  sequence  q\  — > q2  — > <73  agrees  with  piS3.  By  the  construction  in  Lemma 
|22.20.1[  the  morphism  S is  given  by 

PlTr3S2d(p2S3)  =PlTT3S2P2d(s3) 

=Pitt3(1  - /3a7r17r3)d(s3) 

=Pln3d(s3)  (since  tt3/3  = 0) 

=PiS3 


as  desired.  The  proof  is  complete. 


□ 


Putting  everything  together  we  finally  obtain  the  analogue  of  Proposition  |22.10.3| 


Proposition  22.20.16.  In  Situation  22.20.2  the  homotopy  category  K(A)  with  its 


natural  translation  functors  and  distinguished  triangles  is  a triangulated  category. 


Proof.  By  Lemma  22.20.14  we  know  that  K(A)  is  pre-triangulated.  Combining 
Lemmas|22.20.7|and  22.20.15|with  Derived  Categories,  Lemma|l3.4.13[  we  conclude 
that  K(A)  is  a triangulated  category.  □ 


22.21.  Derived  Horn 

Let  R be  a ring.  Let  ( B , d)  be  a differential  graded  algebra  over  R.  Denote 
B = Mod^  the  differential  graded  category  of  differential  graded  B-modules, 
see  Example  |22.19.8|  Let  N be  a differential  graded  B-module.  Then  the  endo- 
morphisms  of  N in  B 

HomB  (TV,  AT) 

is  differential  graded  algebra  over  R.  Now  let  N'  be  a second  differential  graded 
S-module.  Then 

Homg  (A',  N') 

becomes  a right  differential  graded  Home  (A,  A)-module  by  the  composition 

Homg(A,  AO  x Homg(A,  A)  — > Homg(A,  AO 

We  need  one  more  piece  of  data,  in  order  to  be  able  to  formulate  the  results  in 
the  correct  generality.  Namely,  let  ( A , d)  be  a differential  graded  i?-algebra  and  let 
A — > Homg  (A,  A)  be  a homomorphism  of  differential  graded  i?-algebra^]  Using 
this  homomorphism  we  obtain  a functor 

(22.21.0.1)  Mod(Bjd) — > Mod(A,d),  N'  i — >•  Home  (A,  AO 

where  A acts  on  Homg(A,  A0  via  the  given  homomorphism  and  the  action  of 
Horng  (A,  A)  given  above. 


4 A very  interesting  case  is  when  A = Homg(Ar,  TV). 
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09LH  Lemma  22.21.1.  The  functor  (22.21.0.1)  defines  an  exact  functor  of  triangulated 
categories  K(Mod^B,d))  K(Mod(A,d))- 


Proof.  Combining  Lemmas  |22.19~  22.19.10  and  22. 19. 5| we  obtain  the  functor  of 
the  statement.  We  have  to  show  that  (22.21.0.1 ) transforms  distinguished  triangles 
into  distinguished  triangles.  To  see  this  suppose  that  0 — > N\  — > N2  — > IV3  — > 0 is  an 
admissible  short  exact  sequence  of  differential  graded  13-modules.  Let  s : N3  — ► N2 
be  a graded  13-module  homomorphism  which  is  left  inverse  to  IV2  — > IV3.  Then  s 
defines  a graded  A-module  homomorphism  Home  (IV,  IV3)  — ► Horiig(jV,  N2)  which 
is  left  inverse  to  Homg(lV,  IV2)  — > Homg(lV,  IV3).  This  finishes  the  proof.  □ 


At  this  point  we  can  consider  the  diagram 
A'(Mod(Sjd)) 


Home  ( N ,—) 


■K(  Mod(A,d)) 


D(B,  d) 


D(A,  d) 


We  would  like  to  construct  a dotted  arrow  as  the  right  derived  functor  of  the  com- 
position F.  ( Warning:  the  diagram  will  not  commute.)  Namely,  in  the  general 
setting  of  Derived  Categories,  Section  13.15|we  want  to  compute  the  right  derived 
functor  of  F with  respect  to  the  multplicative  system  of  quasi-isomorphisms  in 

A'(Mod(A,d))- 

09LI  Lemma  22.21.2.  In  the  situation  above,  the  right  derived  functor  of  F exists. 
We  denote  it  RHom(N,  — ) : 13(13,  d)  — > D(A , d). 


Proof.  We  will  use  Derived  Categories,  Lemma  |13. 15.151  to  prove  this.  As  our 
collection  T of  objects  we  will  use  the  objects  with  property  (I).  Property  (1)  was 
shown  in  Lemma  22.14.4  Property  (2)  holds  because  if  s :/—>■/'  is  a quasi- 
isomorphism of  modules  with  property  (I),  then  s is  a homotopy  equivalence  by 
Lemma  122.15.31  □ 


22.22.  Variant  of  derived  Horn 

09L J Let  A be  an  abelian  category.  Consider  the  differential  graded  category  Compds  (A) 
of  complexes  of  A , see  Example  |22.19.6|  Let  A'*  be  a complex  of  A.  Set 

(E,  d)  = HornCompdB(^)(A*,  A*) 
and  consider  the  functor  of  differential  graded  categories 

Compd»  (A)  — ► Modg  d) , X*  1 — * HomCompdS  {A)  ( A* , X' ) 
of  Lemma  122. 19.101 

09LK  Lemma  22.22.1.  In  the  situation  above.  If  the  right  derived  functor  AHom(A* , — ) 
o/Hom(A*,— ) : K(A)  — * D(Ab)  is  everywhere  defined  on  D(A),  then  we  obtain  a 
canonical  exact  functor 

R Hom( A* , -):D(A)  — > D(E,  d) 

of  triangulated  categories  which  reduces  to  the  usual  one  on  taking  associated  com- 
plexes of  abelian  groups. 
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Proof.  Note  that  we  have  an  associated  functor  K(A)  — > A'(Mod(£iti))  by  Lemma 
I22.19.10]  We  claim  this  functor  is  an  exact  functor  of  triangulated  categories. 
Namely,  let  / : Am  — >■  A*  be  a map  of  complexes  of  A.  Then  a computation  shows 
that 

HomCompdg  ( A * , C(f)*)  = C (HomCompdB(^(AT*,  A*)  — > HomComp,i9^(A*,  A*)) 

where  the  right  hand  side  is  the  cone  in  Mod^  j)  defined  earlier  in  this  chapter. 
This  shows  that  our  functor  is  compatible  with  cones,  hence  with  distinguished  tri- 
angles. Let  X * be  an  object  of  A' (A).  Consider  the  category  of  quasi-isomorphisms 
s : X * — > Y* . We  are  given  that  the  functor  ( s : X * — > Y*)  H > Hom^AT*,  Y*) 
is  essentially  constant  when  viewed  in  D(Ab).  But  since  the  forgetful  functor 
A(A,  d)  — > D(Ab)  is  compatible  with  taking  cohomology,  the  same  thing  is  true  in 
D(E,  d).  This  proves  the  lemma.  □ 

Warning:  Although  the  lemma  holds  as  stated  and  may  be  useful  as  stated,  the 
differential  algebra  E isn’t  the  “correct”  one  unless  Hn(E)  = Ext^^^AT*,  AT*)  for 
all  n £ Z. 
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This  section  should  be  moved  somewhere  else.  Let  A be  a ring.  Let  A be  an  R- 
algebra  (see  Section  22.2).  Given  a right  A-module  M and  a left  A-module  N there 
is  a tensor  product 

M Sa  N 


This  tensor  product  is  a module  over  R.  In  fact,  it  is  the  receptacle  of  the  universal 
A-bilinear  map  M x N — > M N,  (m,  n)  i— > m g>  n. 


We  list  some  properties  of  the  tensor  product 

(1)  In  each  variable  the  tensor  product  is  right  exact,  in  fact  commutes  with 
direct  sums  and  arbitrary  colimits. 

(2)  If  A,  M,  N are  graded  and  the  module  structures  are  compatible  with 
gradings  then  MG^IV  is  graded  as  well.  Then  nth  graded  piece  (M(g >A^)n 
of  M iS> a X is  the  quotient  of  ®p+  n Mv  (gi^o  Nq  by  the  submodule 
generated  by  m S an  — ma  S n where  m £ Mp,  n £ Nq , and  a £ An~p~q. 

(3)  If  (A,  d)  is  a differential  graded  algebra,  and  M and  N are  (left  and  right) 
differential  graded  A-modules,  then  M Sa  N is  a differential  graded  R- 
module  with  differential 

d(ni  S n)  = d (to)  S n + (-l)’m  <S  d(n) 
for  m £ Ml  and  n £ N. 

(4)  If  N is  a (A,  £?)-bimodule  then  M Sa  N is  a right  A-module. 

(5)  If  A and  B are  graded  algebras,  M is  a graded  A-module,  and  N is  an 
(A,  A)-bimodule  which  comes  with  a grading  such  that  it  is  both  a left 
graded  A-module  and  a right  graded  A-module,  then  M (g)^  N is  a graded 
A-module. 

(6)  If  (A,  d)  and  (A,d)  are  differential  graded  algebras,  M is  a differential 
graded  A-module,  and  N is  an  (A,  A)-bimodule  which  comes  with  a grad- 
ing and  a differential  such  that  it  is  both  a left  differential  graded  A- 
module  and  a right  differential  graded  A-module,  then  M Sa  N is  a dif- 
ferential graded  A-module. 
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In  the  last  item,  the  condition  may  be  more  succintly  stated  by  saying  that  IV  is  a 
differential  graded  module  over  Aopp  B.  We  state  the  following  as  a lemma. 

09LM  Lemma  22.23.1.  Let  ( A , d)  and  ( B , d)  be  differential  graded  algebras , and  let  N 
be  an  (A,  B) -bimodule  which  comes  with  a grading  and  a differential  such  that  it  is 
both  a left  differential  graded  A-module  and  a right  differential  graded  B -module. 
Then  M i— >■  M (g)A  N defines  a functor 

~®aN:  Modgd)  — ► Mod gid) 

of  differential  graded  categories.  This  functor  induces  functors 

Mod(A^d)  — s>  Mod(B.d)  and  K(Mod(A,d))  ->•  K(Mod(B,d)) 

by  an  application  of  Lemma \22.19.5\ 

Proof.  This  follows  from  the  discussion  above.  □ 


If  A is  an  algebra  and  M,  M'  are  right  A-modules,  then  we  define 
HomA(M,  M')  = {/  : M — > M'  \ f is  A-linear} 


as  usual.  If  A is  graded  and  M and  M'  are  graded  A-modules,  then  we  recall 
(Example  22.18.6)  that 

Horn  Mod,.(M,M')  = 0 Horn 

A VOX  n(=Z 


where  Horn "(M,  M')  is  the  collection  of  all  A-module  maps  M M'  which  are 
homogeneous  of  degree  n. 


09LN  Lemma  22.23.2.  Let  A and  B be  algebras.  Let  M be  a right  A-module,  N an 
{A,  B) -bimodule,  and  N'  a right  B-module.  Then  we  have 

Horn b(M  <gu  N,  N')  = HomA(M,  Horne (IV,  IV')) 

If  A,  B,  M,  N,  N'  are  compatibly  graded,  then  we  have 

Horn Mod<g{M  ®A  N,  N')  = HomMod^(M,  HomMod^(IV,  N')) 

for  the  graded  versions. 


Proof.  This  follows  by  interpreting  both  sides  as  H-bilinear  maps  ip  '■  M x N — > N' 
which  are  H-linear  on  the  right.  □ 


22.24.  Derived  tensor  product 

09LP  This  section  is  analogous  to  More  on  Algebra,  Section  |15.50| 

Let  I?  be  a ring.  Let  (A,d)  and  {B,  d)  be  differential  graded  algebras  over  R.  Let 
N be  a (A,  H)-bimodule  equipped  with  a grading  and  differential  such  that  N is 
a left  differential  graded  A-module  and  a right  differential  graded  S-module.  In 
other  words,  N is  a differential  graded  Aopp  <g> H-module.  Consider  the  functor 


09LQ 


09LR 


(22.24.0.1)  Mod(A,d) 

defined  in  Section [22.231 


Mod 


(s,  d)> 


M 


M ®A  N 


Lemma  22.24.1.  The  functor  (22.24.0.1)  defines  an  exact  functor  of  triangulated 
categories  K(Mod(A,d ))  —■ y K(Mod(B,d))- 
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Proof.  The  functor  was  constructed  in  Lemma  122.23.11  We  have  to  show  that 
— N transforms  distinguished  triangles  into  distinguished  triangles.  Suppose 
that  0 — > K — > L — > M — > 0 is  an  admissible  short  exact  sequence  of  differential 
graded  A-modules.  Let  s : M — > L be  a graded  A-module  homomorphism  which 
is  left  inverse  to  L — > M.  Then  s defines  a graded  R-module  homomorphism 
M N — )•  L 0^4  N which  is  left  inverse  to  L N — > M g)^  N.  □ 


At  this  point  we  can  consider  the  diagram 
A'(Mod(A,d)) 


-®aN 


■K(  Mod(s>d)) 


I) (A.  d)  - /)(  /L  d) 


The  dotted  arrow  that  we  will  construct  below  will  be  the  left  derived  functor  of 
the  composition  F.  ( Warning : the  diagram  will  not  commute.)  Namely,  in  the 
general  setting  of  Derived  Categories,  Section  |13.15|  we  want  to  compute  the  left 
derived  functor  of  F with  respect  to  the  multplicative  system  of  quasi-isomorphisms 
in  A'(Mod(j4,d))- 

09LS  Lemma  22.24.2.  In  the  situation  above,  the  left  derived  functor  of  F exists.  We 
denote  it  — (g)^  N : D(A , d)  — > D(B,  d). 


Proof.  We  will  use  Derived  Categories,  Lemma  13.15.15|  to  prove  this.  As  our 
collection  V of  objects  we  will  use  the  objects  with  property  (P).  Property  (1)  was 

Property  (2)  holds  because  if  s 


shown  in  Lemma 


22.13.4 


P — >■  P'  is  a quasi- 
isomorphism of  modules  with  property  (P),  then  s is  a homotopy  equivalence  by 
Lemma  122.15.31  □ 


09S3  Remark  22.24.3.  Let  (A,d)  and  (B,  d)  be  differential  graded  algebras.  Let 
/ : N — > N'  be  a homomorphism  of  differential  graded  Aopp  B-modules.  Then 
/ induces  a morphism  of  functors 

1 ®f-~®\N  — 

If  / is  a quasi-isomorphism,  then  1 g>  / is  an  isomorphism  of  functors. 

09LT  Lemma  22.24.4.  Let  (A,  d)  and  ( B , d)  be  differential  graded  algebras.  Let  N be 
an  (A,  B) -bimodule  which  comes  with  a grading  and  a differential  such  that  it  is  a 
differential  graded  module  for  both  A and  B . Then  the  functors 

- N : D(A,  d)  — > D(B,  d) 

of  Lemma\22.24-2 \ and 

AHom(A,  -)  : D{B,  d)  — > D{A,  d) 

of  Lemma  \22. 21.2\  are  adjoint. 

Proof.  The  statement  means  that  we  have 

HomD(Aid)(M,  AHom(iV,  N'))  = Horn D{B,d)(M  N') 

bifunctorially  in  M and  N' . To  see  this  we  may  assume  that  M is  a differential 
graded  A-module  with  property  (P)  and  that  N'  is  a differential  graded  B-module 
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with  property  (I).  The  computation  of  the  derived  functors  given  in  the  lemmas 
referenced  in  the  statement  combined  with  Lemmal22.15.3ltranslates  the  above  into 

Hom^-(Mod(A  d))(M,  Homg(7V , N'))  = HomK(Mod(B  d))(M  g>A  N,N ') 

where  B = Mod^  ^ . Thus  it  is  certainly  sufficient  to  show  that 

HomA(M,  Homg(lV,  N'))  = Horn g(M  g)A  N,  N') 

as  differential  graded  Z-modules  where  A = Mod^  d) . This  follows  from  the  fact 
that  the  isomorphism  (Lemma  22.23.2 ) 

HomA(M,  Homs  (TV,  N'))  = Homs(M  g)A  N,N') 
of  internal  horns  of  graded  modules  respects  the  differentials.  □ 


09S4  Lemma  22.24.5.  Let  R be  a ring.  Let  (71,  d),  ( B , d),  and  ( C , d)  be  differential 
graded  algebras  over  R.  Let  N be  a differential  graded  Aopp ®RB -module.  Let  N'  be 
a differential  graded  Bopp  ®R  C -module.  If  C is  K-flat  as  a complex  of  R-modules, 
then  the  composition 


D(A,  d) 


■ D(B,  d) 


-®bN' 


■ D(C,  d) 


is  isomorphic  to  — N"  for  some  differential  graded  Aopp  ®R  C -module  Nn 


Proof.  We  will  use  the  construction  of  the  functor  — g)L  — of  the  proof  of  Lemma 


22.24.2  without  further  mention.  By  Remark  22.24.3  we  may  replace  N'  by  a 


quasi-isomorphic  bimodule.  Thus  we  assume  that  N'  has  property  (P)  as  a differ- 
ential graded  Bopp  ®R  (7-module,  see  Lemma  22.13.4  Let  F. . be  the  corresponding 
filtration  on  N' . We  claim  that  N"  = N ®b  N'  works. 


Let  M be  an  object  of  D(A,d).  Using  the  lemma  we  may  and  do  assume  that  M 
has  property  (P)  as  a differential  graded  A-module.  Then  M g)^  N = M g)A  N. 
Next,  we  choose  a quasi-isomorphism  P — > M®aN  where  P is  a differential  graded 
R-module  with  property  (P).  Then 

(M  ®\  N)  ®^  N'  = P ®B  N' 

The  map  P — > M g)A  N induces  a map 

P®BN‘  (M  ®A  N)  ®bN’  = M ®a  N" 

This  construction  is  functorial  in  M (details  omitted)  and  hence  it  suffices  to  prove 
this  map  is  a quasi-isomorphism. 

Since  N'  = colim  FiN'  it  suffices  to  prove 

P®s  FiN’  — > M ®A  N ®B  FiN' 


is  a quasi-isomorphism  for  all  i.  Using  the  short  exact  sequences  0 — >•  Fi_iN'  — ► 
FiN'  — ► FiN' / Fi-\N'  — > 0 which  are  graded  split,  we  see  that  it  suffices  to  prove 
that  the  maps 

P ®b  FiN'/F^N'  -»• M®AN®B  FiN'/Fi-iN' 

are  quasi-isomorphisms  for  all  i.  Since  FjN' / Fj^  N'  is  a direct  sum  of  shifts  of 
Bopp  ®b  C we  finally  reduce  to  showing  that  the  map 

P ®B  ( Bopp  ®RC)  ->  M ®AN  ®b  ( Bopp  ®R  C) 
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is  a quasi-isomorphism.  In  other  words,  we  have  to  show  that 

P C — f M (8a  N C 


is  a quasi-isomorphism.  Since  P 


using  More  on  Algebra,  Lemma [15.49.4 

Lemma  22.24.6. 


M <S>a  N is  a quasi-isomorphism  we  conclude 

□ 


2.24.4 


Assume 


09R9  Lemma  22.24.6.  With  notation  and  assumptions  as  in  Lemma 

(1)  N defines  a compact  object  of  D(B,  d),  and 

(2)  the  map  Hk(A)  — > Hornes  d)  (N,  IV  [fc])  is  an  isomorphism  for  all  k e Z. 
Then  the  functor  — 8^  N is  fully  faithful. 


Proof.  Because  our  functor  has  a left  adjoint  given  by  RHom(N,  — ) by  Lemma 
|22.24.4|it  suffices  to  show  that  for  a differential  graded  A- module  M the  map 

H°(M)  — ► Horn D(B4)(N,  M 8^  N) 

is  an  isomorphism.  We  may  assume  that  M = P is  a differential  graded  A-module 
which  has  property  (P).  Since  N defines  a compact  object,  we  reduce  using  Lemma 
|22.13.1|to  the  case  where  P has  a finite  filtration  whose  graded  pieces  are  direct  sums 
of  A[k\.  Again  using  compactness  we  reduce  to  the  case  P = A[k],  Assumption  (2) 
on  N is  that  the  result  holds  for  these.  □ 


22.25.  Variant  of  derived  tensor  product 


09LU  Let  (C,  0)  be  a ringed  site.  Then  we  have  the  functors 

Comp(0)  ->  K{0)  -A  A>(0) 

and  as  we’ve  seen  above  we  have  differential  graded  enhancement  Comp d9(JD). 
Namely,  this  is  the  differential  graded  category  of  Example  22.19.6  associated  to 
the  abelian  category  Mod{0).  Let  K*  be  a complex  of  0-modules  in  other  words, 
an  object  of  Comp d9{0).  Set 


(E,d)  — HomCompdg(Ci)(A*,  A"*) 

This  is  a differential  graded  Z-algebra.  We  claim  there  is  an  analogue  of  the  derived 
base  change  in  this  situation. 

09LV  Lemma  22.25.1.  In  the  situation  above  there  is  a functor 

- ®E  A"  : Modg  d)  — > Compd9{0 ) 

of  differential  graded  categories.  This  functor  sends  E to  K*  and  commutes  with 
direct  sums. 


Proof.  Let  M be  a differential  graded  A-module.  For  every  object  U of  C the 
complex  K*(U)  is  a left  differential  graded  A-module  as  well  as  a right  0(A)- 
module.  The  actions  commute,  so  we  have  a bimodule.  Thus,  by  the  constructions 
in  Section [22. 23|  we  can  form  the  tensor  product 

M®eK*{U) 

which  is  a differential  graded  0(A)-module,  i.e.,  a complex  of  0(A)-nrodules.  This 
construction  is  functorial  with  respect  to  A,  hence  we  can  sheafify  to  get  a complex 
of  0-modules  which  we  denote 


M <8 )E  K' 
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09LW 


09LX 


09LY 


Moreover,  for  each  U the  construction  determines  a functor  Mod^|,  — > Comp da(0(U)) 

It  is  therefore  clear  that  we  ob- 


of  differential  graded  categories  by  Lemma  22.23.1 
tain  a functor  as  stated  in  the  lemma. 


□ 


Lemma  22.25.2.  The  functor  of  Lemma  22.25.1  defines  an  exact  functor  of 
triangulated  categories  K(Mod^Ed))  —■ ► K(0). 

Proof.  The  functor  induces  a functor  between  homotopy  categories  by  Lemma 
|22.19.5|  We  have  to  show  that  — K*  transforms  distinguished  triangles  into 
distinguished  triangles.  Suppose  that  0 — > I\  — > L — > M — > 0 is  an  admissible 
short  exact  sequence  of  differential  graded  E-modules.  Let  s : M — >•  L be  a graded 
E-module  homomorphism  which  is  left  inverse  to  L -A  M.  Then  s defines  a map 
M K*  -A  L ®e  K*  of  graded  0-modules  (i.e.,  respecting  0-module  structure 
and  grading,  but  not  differentials)  which  is  left  inverse  to  L ®e  K*  -a  M ®e  K*  ■ 
Thus  we  see  that 

0 -+K®eK’ 

is  a termwise  split  short  exact  sequences 


■ M (£>e  K*  — t 0 


triangle  in  K(0). 


L®eK* 

of  complexes,  i.e.,  a defines  a distinguished 

□ 


22.25.2 


has  a left 
-A  £>(0). 


Lemma  22.25.3.  The  functor  K(Mod(E,d))  -A  E(0)  of  Lemma 
derived  version  defined  on  all  of  D(E,  d).  We  denote  it  — <g : D(E,  d) 

Proof.  We  will  use  Derived  Categories,  Lemma  |13. 15.151  to  prove  this.  As  our 
collection  V of  objects  we  will  use  the  objects  with  property  (P).  Property  (1)  was 
shown  in  Lemma  22.13.4  Property  (2)  holds  because  if  s : P — > P'  is  a quasi- 
isomorphism of  modules  with  property  (P),  then  s is  a homotopy  equivalence  by 
Lemma  122.15.31  □ 

Lemma  22.25.4.  Let  (0,0)  be  a ringed  site.  Let  K*  be  a complex  of  O -modules. 
Then  the  functors 

- <g>^  K*  : D{E,  d)  — ► E(0) 

of  Lemma\22.25.3\  and 

RKom(K* , —)  : D{0)  — » E(E,  d) 


of  Lemma  22. 22. 1 are  adjoint. 


Proof.  The  statement  means  that  we  have 

HomD(Bjd)(Af,EHom(E*,E*))  = HomD(0)(Af  Km,Lm) 

bifunctorially  in  M and  E*.  To  see  this  we  may  replace  M by  a differential  graded 
E-module  P with  property  (P).  We  also  may  replace  L*  by  a K-injective  complex 
of  0-modules  /*.  The  computation  of  the  derived  functors  given  in  the  lemmas 
referenced  in  the  statement  combined  with  Lemma  122.15.31  translates  the  above 
into 

Hom^Mod^ad^Hom^E*,/*))  = Horn K(o){P  K*,I*) 

where  B = Compd9(0).  There  is  an  evalution  map  from  right  to  left  functorial 
in  P and  /*  (details  omitted).  Choose  a filtration  E.  on  P as  in  the  definition 
of  property  (P).  By  Lemma  22.13.1|  and  the  fact  that  both  sides  of  the  equation 
are  homological  functors  in  P on  E(Mod(B>d))  we  reduce  to  the  case  where  P is 
replaced  by  the  differential  graded  E-module  0EjP.  Since  both  sides  turn  direct 
sums  in  the  variable  P into  direct  products  we  reduce  to  the  case  where  P is  one 
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of  the  differential  graded  .E-modules  EjP.  Since  each  E^P  has  a finite  filtration 
(given  by  admissible  monomorpisms)  whose  graded  pieces  are  graded  projective 
E-modules  we  reduce  to  the  case  where  P is  a graded  projective  E-module.  In  this 
case  we  clearly  have 

HomMod*£  d)  (P’  Horn e(E*,  /*))  = HornCompdS(0)  ( P ®E 

as  graded  Z-modules  (because  this  statement  reduces  to  the  case  P = E[k\  where 
it  is  obvious) . As  the  isomorphism  is  compatible  with  differentials  we  conclude.  □ 

09LZ  Lemma  22.25.5.  Let  (0,0)  be  a ringed  site.  Let  K*  be  a complex  of  O -modules. 
Assume 

(1)  K * represents  a compact  object  of  D(0),  and 

(2)  E = HomComp,i9(0j(A'*,  K*)  computes  the  ext  groups  of  K*  in  D(0). 
Then  the  functor 

- <g)|  K*  : D(E,  d)  — ► D(0) 
of  Lemma\22.25.3\  is  fully  faithful. 

Proof.  Because  our  functor  has  a left  adjoint  given  by  PHom(AT*,— ) by  Lemma 
it  suffices  to  show  for  a differential  graded  E-module  M that  the  map 

H°(M)  —A  Horn D{0)(K\M  <g>|  K*) 

is  an  isomorphism.  We  may  assume  that  M = P is  a differential  graded  E-module 
which  has  property  (P).  Since  A'*  defines  a compact  object,  we  reduce  using  Lemma 
|22.13.1|  to  the  case  where  P has  a finite  filtration  whose  graded  pieces  are  direct 
sums  of  E[k\.  Again  using  compactness  we  reduce  to  the  case  P = E[k].  The 
assumption  on  K*  is  that  the  result  holds  for  these.  □ 

22.26.  Characterizing  compact  objects 

09QZ  Compact  objects  of  additive  categories  are  defined  in  Derived  Categories,  Definition 
|13.34.1|  In  this  section  we  characterize  compact  objects  of  the  derived  category  of 
a differential  graded  algebra. 

09R0  Remark  22.26.1.  Let  (A,  d)  be  a differential  graded  algebra.  Is  there  a charac- 
terization of  those  differential  graded  A-modules  P for  which  we  have 

Horn  K(A,d)(P’M)  = RomD(A,d)(P,M) 

for  all  differential  graded  A-modules  M?  Let  V C K(A,d)  be  the  full  subcate- 
gory whose  objects  are  the  objects  P satisfying  the  above.  Then  V is  a strictly 
full  saturated  triangulated  subcategory  of  K(A,d).  If  P is  projective  as  a graded 
A-module,  then  to  see  where  P is  an  object  of  V it  is  enough  to  check  that 
Horn K(A,d)(Pi  M)  = 0 whenever  M is  acyclic.  However,  in  general  it  is  not  enough 
to  assume  that  P is  projective  as  a graded  A-module.  Example:  take  A = R = k[e\ 
where  k is  a field  and  k[e]  = k[x\/(x2)  is  the  ring  of  dual  numbers.  Let  P be  the 
object  with  Pn  = R for  all  n £ Z and  differential  given  by  multiplication  by  e. 
Then  idp  £ Hom/f  (A,d)  (P;  P)  is  a nonzero  element  but  P is  acyclic. 

09R1  Remark  22.26.2.  Let  ( A , d)  be  a differential  graded  algebra.  Let  us  say  a dif- 
ferential graded  A-module  M is  finite  if  M is  generated,  as  a right  A-module,  by 
finitely  many  elements.  If  P is  a differential  graded  A-module  which  is  finite  graded 


22.25.4 
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projective,  then  we  can  ask:  Does  P give  a compact  object  of  D(A,  d)?  Presum- 
ably, this  is  not  true  in  general,  but  we  do  not  know  a counter  example.  However, 
if  P is  also  an  object  of  the  category  V of  Remark  22.26.1 ),  then  this  is  the  case 
(this  follows  from  the  fact  that  direct  sums  in  £>(A,d)  are  given  by  direct  sums  of 
modules;  details  omitted). 


09R2  Lemma  22.26.3.  Let  (A,  d)  be  a differential  graded  algebra.  Let  E be  a com- 
pact object  of  D (A,  d).  Let  P be  a differential  graded  A-module  which  has  a finite 
filtration 

0 = F-\P  C F0P  C F\P  C . . . C FnP  = P 
by  differential  graded  submodules  such  that 

Fi+1P/pP-0  A[kij] 

as  differential  graded  A-modules  for  some  sets  ff  and  integers  ki j . Let  E — ► P be 
a morphism  of  D{A1  d).  Then  there  exists  a differential  graded  submodule  P'  C P 
such  that  Fi+\P  fl  P' /(FiP  n P')  is  equal  to  07-gJ/  Affcjj]  for  some  finite  subsets 
J[  C Ji  and  such  that  E — ► P factors  through  P' . 


Proof.  We  will  prove  by  induction  on  —1  < m < n that  there  exists  a differential 
graded  submodule  P'cP  such  that 

(1)  FmP  CP 

(2)  for  i>  m the  quotient  Fi+iPnP'/  (FjPnP/)  is  isomorphic  to  0 -g  j;  A[kij] 
for  some  finite  subsets  J[  C Ji , and 

(3)  E — > P factors  through  P' . 

The  base  case  is  m = n where  we  can  take  P'  = P. 


Induction  step.  Assume  P'  works  for  m.  For  i>m  and  j £ ./'  let  Xij  £ Fi+iPnP' 
be  a homogeneous  element  of  degree  whose  image  in  Fj+iP  n P' /(FiP  n P')  is 
the  generator  in  the  summand  corresponding  to  j £ Ji.  The  Xij  generate  P' / FmP 
as  an  A-module.  Write 

dOij)  = + Vi,j 

with  yij  £ FmP  and  a]  £ A.  There  exists  a finite  subset  J(n_1  C Jm-i  such  that 
each  yij  maps  to  an  element  of  the  submodule  j,  A[km-ij\  of  FmP/Fm_iP. 
Let  P"  C FmP  be  the  inverse  image  of  0;gJ/  i A[km_ ij]  under  the  map  FmP  — > 
PmP/Pm_iP.  Then  we  see  that  the  A-submodule 

P"  + ^2  A 

is  a differential  graded  submodule  of  the  type  we  are  looking  for.  Moreover 
P'/ (P"  + ^ Xi  j A)  = 0 A[km-i  j] 

Since  E is  compact,  the  composition  of  the  given  map  E — » P'  with  the  quotient 
map,  factors  through  a finite  direct  subsum  of  the  module  displayed  above.  Hence 
after  enlarging  Jlm_1  we  may  assume  E — >•  P'  factors  through  P"  + Y/  xi,jA  as 
desired.  □ 


It  is  not  true  that  every  compact  object  of  D(A,  d)  comes  from  a finite  graded 
projective  differential  graded  A-module,  see  Examples,  Section  |88.58| 
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09R3  Proposition  22.26.4.  Let  ( A , d)  be  a differential  graded  algebra.  Let  E be  an 
object  of  D {A,  d).  Then  the  following  are  equivalent 

(1)  E is  a compact  object, 

(2)  E is  a direct  summand  of  an  object  of  D(A , d)  which  is  represented  by  a 
differential  graded  module  P which  has  a finite  filtration  P,  by  differential 
graded  submodules  such  that  P^P/P^P  are  finite  direct  sums  of  shifts  of 

A. 


Proof.  Assume  E is  compact.  By  Lemma [22. 13. 4| we  may  assume  that  E is  repre- 
sented by  a differential  graded  A-module  P with  propery  (P).  Consider  the  distin- 
guished triangle 

0 F‘p  ->  0 ->  p ^ 0 Pirn 

coming  from  the  admissible  short  exact  sequence  of  Lemma  |22.13.1|  Since  E is 
compact  we  have  <5  = JA=i  n ^ f°r  some  $i  '■  P —■ > -PiP[l].  Since  the  compostion 
of  S with  the  map  0 pP[l]  — ► 0FiP[l]  is  zero  (Derived  Categories,  Lemma 
13.4.1 ) it  follows  that  (5  = 0 (follows  as  0 FjP  — > 0 P,P  maps  the  summand  F,P 
via  the  difference  of  id  and  the  inclusion  map  into  Pj_iP).  Thus  we  see  that  the 
identity  on  E factors  through  0P;P  in  D(A,  d)  (by  Derived  Categories,  Lemma 
13.4.101.  Next,  we  use  that  P is  compact  again  to  see  that  the  map  E — > 0P;P 


factors  through  0i=1  n FiP  for  some  n.  In  other  words,  the  identity  on  E factors 
through  0i=1  n FiP.  By  Lemma 


E 


22.26.3 

P — > E where  P is  as  in  part  (2)  of 


we  see  that  the  identity  of  E factors  as 
the  statement  of  the  lemma.  In  other 


words,  we  have  proven  that  (1)  implies  (2). 


Assume  (2).  By  Derived  Categories,  Lemma  13.34.2  it  suffices  to  show  that  P gives 


a compact  object.  Observe  that  P has  property  (P),  hence  we  have 
Honi£,(j4jd)(P,  M)  = Horn K{AA){P,M) 

for  any  differential  graded  module  M by  Lemma  22.15.3|  As  direct  sums  in  D(A,  d) 
are  given  by  direct  sums  of  graded  modules  (Lemma  22.15.4)  we  reduce  to  showing 
that  Horn k{A,a){P,M)  commutes  with  direct  sums.  Using  that  K(A,  d)  is  a trian- 
gulated category,  that  Horn  is  a cohomological  functor  in  the  first  variable,  and  the 
filtration  on  P,  we  reduce  to  the  case  that  P is  a finite  direct  sum  of  shifts  of  A. 
Thus  we  reduce  to  the  case  P = A[k\  which  is  clear.  □ 

09RA  Lemma  22.26.5.  Let  ( A , d)  be  a differential  graded  algebra.  For  every  compact 
object  E of  D(A,  d)  there  exist  integers  a < b such  that  Hom^^^P,  M)  = 0 if 
Hl  (M)  = 0 for  i G [a,  b\ . 

Proof.  Observe  that  the  collection  of  objects  of  D(A,  d)  for  which  such  a pair 
of  integers  exists  is  a saturated,  strictly  full  triangulated  subcategory  of  D(A,  d). 


Thus  by  Proposition  22.26.4  it  suffices  to  prove  this  when  E is  represented  by  a 
differential  graded  module  P which  has  a finite  filtration  P,  by  differential  graded 
submodules  such  that  P;P/Pi_iP  are  finite  direct  sums  of  shifts  of  A.  Using  the 
compatibility  with  triangles,  we  see  that  it  suffices  to  prove  it  for  P = A.  In  this 
case  HomD(4]d)(A,  M)  = H°(M)  and  the  result  holds  with  a = b = 0.  □ 


If  ( A , d)  is  just  a graded  algebra  or  more  generally  lives  in  only  a finite  number  of 
degrees,  then  we  do  obtain  the  more  precise  description  of  compact  objects. 
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09RB  Lemma  22.26.6.  Let  (A,  d)  be  a differential  graded  algebra.  Assume  that  A11  = 0 
for  \n\  3>  0.  Let  E be  an  object  of  D (A,  d).  The  following  are  equivalent 

(1)  E is  a compact  object , and 

(2)  E can  be  represented  by  a differential  graded  A-module  P which  is  fi- 
nite projective  as  a graded  A-module  and  satisfies  Hom.K^  d\{P,M)  = 
Horn D(A,d){Pj  M)  for  every  differential  graded  A-module  M. 


Proof.  Let  V C K(A,  d)  be  the  triangulated  subcategory  discussed  in  Remark 


22.26.1  Let  P be  an  object  of  V which  is  finite  projective  as  a graded  A-module. 


Then  P represents  a compact  object  of  If  (A,  d)  by  Remark  22.26.2 


To  prove  the  converse,  let  if  be  a compact  object  of  If  (A , d).  Fix  a < b as  in  Lemma 
22.26.5|  After  decreasing  a and  increasing  b if  necessary,  we  may  also  assume  that 
Hl(E ) = 0 for  * fL  [a,  6]  (this  follows  from  Proposition  22.26.4  and  our  assumption 
on  A).  Moreover,  fix  an  integer  c > 0 such  that  An  = 0 if  \n\  > c. 


By  Proposition  22.26.4  we  see  that  if  is  a direct  summand,  in  if  (A,  d),  of  a dif- 
ferential graded  A-module  P which  has  a finite  filtration  F.  by  differential  graded 
submodules  such  that  FiP/F^iP  are  finite  direct  sums  of  shifts  of  A.  In  particu- 
lar, P has  property  (P)  and  we  have  Homfl(^d)(P,  M)  = HomA-(^  d)(P,  M)  for  any 
differential  graded  module  M by  Lemma  |22.15.3|  In  other  words,  P is  an  object  of 
the  triangulated  subcategory  V C K(A,  d)  discussed  in  Remark|22.26.1|  Note  that 
P is  finite  free  as  a graded  A-module. 


Choose  n > 0 such  that  b + 4c  — n < a.  Represent  the  projector  onto  E by 
an  endomorphism  ip  : P — > P of  differential  graded  A-modules.  Consider  the 
distinguished  triangle 

P P C -A  P[l] 

in  K(A,  d)  where  C is  the  cone  of  the  first  arrow.  Then  C is  an  object  of  T>,  we  have 
C = E ® If[l]  in  If  (A,  d),  and  C is  a finite  graded  free  A-module.  Next,  consider  a 
distinguished  triangle 

C[l]  -A  G -A  C'  -A  C[ 2] 

in  K(A,  d)  where  C'  is  the  cone  on  a morphism  C[l]  — >C  representing  the  compo- 
sition 

C[l]  “ E[  1]  © E[ 2]  -A  E[  1]  -A  E © E[  1]  “ C 

in  If(A,d).  Then  we  see  that  C'  represents  E © P[2],  Continuing  in  this  manner 
we  see  that  we  can  find  a differential  graded  A-module  P which  is  an  object  of  If, 
is  a finite  free  as  a graded  A-module,  and  represents  E © E[n]. 

Choose  a basis  Xi,  i £ I of  homogeneous  elements  for  P as  an  A-module.  Let 
dt  = deg(xj).  Let  P\  be  the  A-submodule  of  P generated  by  Xi  and  d(xj)  for 
dt  < a — c — 1.  Let  P2  be  the  A-submodule  of  P generated  by  Xi  and  d(xj)  for 
di>b—n  + c.  We  observe 

(1)  Pi  and  P2  are  differential  graded  submodules  of  P, 

(2)  P{  = 0 for  t>a, 

(3)  P[  = P*  for  t < a - 2c, 

(4)  P‘  = 0 for  t < b - n, 

(5)  P\  = P*  for  t > b — n + 2c. 
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As  b — n + 2c  > a — 2c  by  our  choice  of  n we  obtain  a short  exact  sequence  of 
differential  graded  A-modules 

0 -A  Pi  n P2  -A  Pi  © P2  -4  P -A  0 


Since  P is  projective  as  a graded  A-module  this  is  an  admissible  short  exact  sequence 
(Lemma  22.11.1[).  Hence  we  obtain  a boundary  map  <5  : P — > (PinP2)[l]  in  K(A,d), 
see  Lemma  ~22.7.2|  Since  P = E(BE[n ] and  since  PiflP2  lives  in  degrees  ( b—n , a)  we 
find  that  Homp(^d)(P©P[n],  (Pi  flP2)[l])  is  zero.  Therefore  S = 0 as  a morphism 
in  K(A,  d)  as  P is  an  object  of  V.  By  Derived  Categories,  Lemma  13.4.10  we  can 
find  a map  s : P — >■  Pi  © P2  such  that  tt  o s = idp  + d h + hd  for  some  h : P — > P of 
degree  —1.  Since  Pi  © P2  -A  P is  surjective  and  since  P is  projective  as  a graded  A- 
module  we  can  choose  a homogeneous  lift  h : P — > Pi  © P2  of  h.  Then  we  change  s 
into  s+dh+hd  to  get  7ros  = idp.  This  means  we  obtain  a direct  sum  decomposition 
P = s_1(Pi)  © s— 1 (P2) ■ Since  s-1(P2)  is  equal  to  P in  degrees  > b — n + 2c  we  see 
that  s— 1 (P2)  — > P — > E is  a quasi-isomorphism,  i.e. , an  isomorphism  in  D(A,d). 


This  finishes  the  proof. 


□ 


22.27.  Equivalences  of  derived  categories 


09S5  Let  R be  a ring.  Let  (A,d)  and  (P,  d)  be  differential  graded  P-algebras.  A natural 
question  that  arises  in  nature  is  what  it  means  that  P(A,  d)  is  equivalent  to  D(B,  d) 
as  an  P-linear  triangulated  category.  This  is  a rather  subtle  question  and  it  will 
turn  out  it  isn’t  always  the  correct  question  to  ask.  Nonetheless,  in  this  section  we 
collection  some  conditions  that  guarantee  this  is  the  case. 

We  strongly  urge  the  reader  to  take  a look  at  the  groundbreaking  paper  [Ric89b] 
on  this  topic. 


09S6  Lemma  22.27.1.  Let  R be  a ring.  Let  (A,  d)  — > ( B , d ) be  a homomorphism  of 
differential  graded  algebras  over  R,  which  induces  an  isomorphism  on  cohomology 
algebras.  Then 

-®\B:  D(A,  d)  -A  D{B , d) 

gives  an  R-linear  equivalence  of  triangulated  categories  with  quasi-inverse  the  re- 
striction functor  N i-a  Na  ■ 


Proof.  By  Lemma 


22.24.6 


22.24.4  the  functor  N 1 


the  functor  M 1 — > M B is  fully  faithful.  By  Lemma 

PHom(P,  N ) = Na  is  a right  adjoint.  It  is  clear  that  the 
kernel  of  PHom(P,  — ) is  zero.  Hence  the  result  follows  from  Derived  Categories, 
Lemma  113.7.21  □ 


When  we  analyze  the  proof  above  we  see  that  we  obtain  the  following  generalization 
for  free. 

09S7  Lemma  22.27.2.  Let  R be  a ring.  Let  ( A , d)  and  (P,  d)  be  differential  graded 
algebras  over  R.  Let  N be  an  (A,  B) -bimodule  which  comes  with  a grading  and  a 
differential  such  that  it  is  a differential  graded  module  for  both  A and  B.  Assume 
that 

(1)  N defines  a compact  object  of  D(B,  d), 

(2)  if  N'  € D(P,  d)  and  Horn D^B,d)(N , N'[n])  = 0 for  n G Z.  then  N'  = 0, 
and 

(3)  the  map  Hk(A)  -A  Homp^p  ^ (N,  iV[fc])  is  an  isomorphism  for  all  k £ Z. 
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Then 

- <g>^  TV  : D(A , d)  D(B,  d) 
gives  an  R-linear  equivalence  of  triangulated  categories. 


Proof.  By  Lemma  22.24.6  the  functor  M i — > M TV  is  fully  faithful.  By  Lemma 
22.24.4  the  functor  TV'  \ — > i?Hom(TV,  TV')  is  a right  adjoint.  By  assumption  (3)  the 


kernel  of  PHom(TV,  — ) is  zero.  Hence  the  result  follows  from  Derived  Categories, 
Lemma  113.7.21  □ 


09SS  Remark  22.27.3.  In  Lemma 


22.27.2 


we  can  replace  condition  (2)  by  the  con- 


dition that  TV  is  a classical  generator  for  Dcompact(B,  d),  see  Derived  Categories, 


Proposition  13.34.6  Moreover,  if  we  knew  that  PHonr(TV,  B)  is  a compact  object 


09S8 


of  D(A,d),  then  it  suffices  to  check  that  TV  is  a weak  generator  for  Dcompact(B,  d). 
We  omit  the  proof;  we  will  add  it  here  if  we  ever  need  it  in  the  Stacks  project. 

Sometimes  the  P-module  P in  the  lemma  below  is  called  an  “(A,  P)-tilting  com- 
plex” . 

Lemma  22.27.4.  Let  R be  a ring.  Let  ( A , d)  and  ( B , d)  be  differential  graded 
R-algebras.  Assume  that  A = H°(A).  The  following  are  equivalent 

(1)  D(A,  d)  and  D(B , d)  are  equivalent  as  R-linear  triangulated  categories, 
and 

(2)  there  exists  an  object  P of  D(B,  d)  such  that 

(a)  P is  a compact  object  of  D(B,  d), 

(b)  if  TV  € D(B , d)  with  Hom^s^P,  TV[z])  = 0 for  i £ Z,  then  TV  = 0, 

(c)  Horn D(B,d){P,  P[i])  = 0 for  0 and  equal  to  A for  i = 0. 

Proof.  Let  F : D(A,  d)  — > D(B,  d)  be  an  equivalence.  Then  F maps  compact  ob- 
jects to  compact  objects.  Hence  P = F{A)  is  compact,  i.e. , (2) (a)  holds.  Conditions 
(2)  (b)  and  (2)(c)  are  immediate  from  the  fact  that  F is  an  equivalence. 

Let  P be  an  object  as  in  (2).  Represent  P by  a differential  graded  module  with 
property  (P).  Set 

{E,  d)  = HomModd9(P,P) 


Then  H°(E)  = A and  Hk(E)  = 0 for  k ^ 0 by  Lemma  22.15.3  and  assumption 


(2) (c) . Viewing  P as  a (E,  P)-bimodule  and  using  Lemma  22.27.2  and  assumption 
(2)  (b)  we  obtain  an  equivalence 

D(E,d)  ->•  D(B,  d) 

Let  E'  C E be  the  differential  graded  P-subalgebra  with 

r Ei  if  i < o 

(E’Y  = l Ker (E°  ->  E1)  if  i = 0 
[ 0 if  i > 0 

Then  there  are  quasi-isomorphisms  of  differential  graded  algebras  ( A , d)  (£",  d)  — ► 

(E,  d)  Thus  we  obtain  equivalences 


D(A,  d)  <-  D{E ',  d)  D{E,  d)  ->  D{B,  d) 


by  Lemnra[22.27.1| 


□ 
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Remark  22.27.5.  Let  R be  a ring.  Let  (A,  d)  and  (B,d)  be  differential  graded 
B-algebras.  Suppose  given  an  B-linear  equivalence 

F : D(A,  d)  — > £>(B,  d) 

of  triangulated  categories.  Set  N = F(A).  Then  N is  a differential  graded 
-B-module.  Since  F is  an  equivalence  and  A is  a compact  object  of  D(A,  d), 
we  conclude  that  IV  is  a compact  object  of  D(B,  d).  Moreover,  since  Hk(A)  = 
Homc^  d)^,^^])  and  F an  equivalence  we  see  that  F induces  an  isomorphism 
Hk(A)  = Horn D(B,d)(N,  V[fc])  for  all  k.  In  order  to  conclude  that  there  is  an  equiv- 
alence D(A , d)  — > D(B,  d)  which  arises  from  the  construction  in  Lemma  22.27.2  all 


we  need  is  a right  A-module  structure  on  N or  on  any  differential  graded  .B-module 
quasi-isomorphic  to  B.  This  module  structure  can  be  constructed  in  certain  cases. 
For  example,  if  we  assume  that  F can  be  lifted  to  a differential  graded  functor 


Fd 9 : Mod?® 


(Ad) 


Mod' 


dg 

(BA) 


(for  notation  see  Example  22.19.8)  between  the  associated  differential  graded  cat- 
egories, then  this  holds.  Another  case  is  discussed  in  the  proposition  below. 

09SA  Proposition  22.27.6.  Let  R be  a ring.  Let  (A,  d ) and  (B,  d)  be  differential  graded 
R-algebras.  Let  F : D(A,  d)  -A-  D(B , d)  be  an  R-linear  equivalence  of  triangulated 
cateories.  Assume  that 

(1)  A = H°(A),  and 

(2)  B is  K-flat  as  a complex  of  R-modules. 

Then  there  exists  an  (A,  B) -bimodule  N as  in  Lemma 


2.27.2 


Proof.  As  in  Remark  22.27.5  above,  we  set  N = F(A)  in  B(B,  d).  We  may  assume 
that  N is  a differential  graded  B-module  with  property  (P).  Set 

(E,  d)  = HomM  ,d3  (V,  N) 


(B,  d) 


Then  H°(E)  = A and  Hk(E)  = 0 for  k ^ 0 by  Lemma  22.15.3  Moreover,  by 


the  discussion  preceding  the  proposition  and  Lemma  |22.27.2|  we  see  that  IV  as  a 

D(E,  d)  ->•  D(B,  d).  Let  E'  C E 


(E,  B)-bimodule  induces  an  equivalence  — N 
be  the  differential  graded  R-subalgebra  with 

( Ei 

(. E'Y  = \ Ker(B°  ->  E1) 

l o 


if  i < 0 
if  i = 0 
if  i > 0 


Then  there  are  quasi-isomorphisms  of  differential  graded  algebras  (A,  d)  (Er , d)  — > 

( E , d)  Thus  we  obtain  equivalences 

D(A,  d)  <-  D{E ',  d)  ->■  D(E,  d)  -A  B(B,  d) 

Note  that  the  quasi-inverse  D(A,d)  — > D(E',  d)  of  the  left 


by  Lemma  22.27.1 


vertical  arrow  is  given  byMi->M A where  A is  viewed  as  a Aopp  E'-module. 
On  the  other  hand  the  functor  D(E',d)  -A-  D(B,  d)  is  given  by  M i— > M (g)^,  N 
where  N is  as  above.  We  conclude  by  Lemma [22. 24. 5|  □ 


22.27.6 


It  is  not  clear  that 


09SB  Remark  22.27.7.  Let  A,  B,  F,  N be  as  in  Proposition  ! 

F and  the  functor  G(— ) = — (g^  N are  isomorphic.  By  construction  there  is  an 
isomorphism  N = G{A)  -A-  F(A)  in  D(B,  d).  It  is  straigthforward  to  extend  this  to 
a functorial  isomorphism  G(M ) — >•  F(M)  for  M is  a differential  graded  A- module 
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which  is  graded  projective  (e.g.,  a sum  of  shifts  of  A).  Then  one  can  conclude  that 
G(M ) = F(M)  when  M is  a cone  of  a map  between  such  modules.  We  don’t  know 
whether  more  is  true  in  general. 

09SC  Lemma  22.27.8.  Let  R be  a ring.  Let  A and  B be  R-algebras.  The  following  are 
equivalent 

(1)  there  is  an  R-linear  equivalence  D(A)  — >■  D(B)  of  triangulated  categories, 

(2)  there  exists  an  object  P of  D{B)  such  that 

(a)  P can  be  represented  by  a finite  complex  of  finite  projective  B -modules, 

(b)  if  K £ D(B)  with  ExtlB(P,  I\)  = 0 for  i £ Z,  then  K = 0,  and 

(c)  ExLb(P , P)  = 0 for  i 0 and  equal  to  A for  i = 0. 

Moreover,  if  B is  flat  as  an  R-module,  then  this  is  also  equivalent  to 

(3)  there  exists  an  (A,  B) -bimodule  N such  that  — (g)^  N : D{A)  — > D(B)  is 
an  equivalence. 


Proof.  The  equivalence  of  (1)  and  (2)  is  a special  case  of  Lemma  22. 27. 4| combined 
with  the  result  of  Lemma  22.26.6  characterizing  compact  objects  of  D{B)  (small 
detail  omitted).  The  equivalence  with  (3)  if  B is  R-flat  follows  from  Proposition 
122.27.61  □ 


09SD  Remark  22.27.9.  Let  R be  a ring.  Let  A and  B be  R-algebras.  If  D(A)  and  D{B) 
are  equivalent  as  R- linear  triangulated  categories,  then  the  centers  of  A and  B are 
isomorphic  as  R-algebras.  In  particular,  if  A and  B are  commutative,  then  A = 

B.  The  rather  tricky  proof  can  be  found  in  Ric89b,  Proposition  9.2]  or  KZ98, 
Proposition  6.3.2].  Another  approach  might  be  to  use  Hochschild  cohomology  (see 
remark  below). 

09ST  Remark  22.27.10.  Let  R be  a ring.  Let  (A,  d)  and  (R,  d)  be  differential  graded 
R-algebras  which  are  derived  equivalent,  i.e. , such  that  there  exists  an  R-linear 
equivalence  D(A,  d)  — > D(B,  d)  of  triangulated  categories.  We  would  like  to  show 
that  certain  invariants  of  (A,  d)  and  (R,  d)  coincide.  In  many  situations  one  has 
more  control  of  the  situation.  For  example,  it  may  happen  that  there  is  an  equiva- 
lence of  the  form 

- <g)A  H : D(A,  d)  — » D(B,  d) 

for  some  differential  graded  A°pp  R-module  SI  (this  happens  in  the  situation 
of  Proposition  |22.27.6|  and  is  often  true  if  the  equivalence  comes  from  a geometric 
construction).  If  also  the  quasi- inverse  of  our  functor  is  given  as 

: R(R,d)  — * D(A,  d) 

for  a differential  graded  Bopp  A-module  SI'  (and  as  before  such  a module  ST 
often  exists  in  practice)  then  we  can  consider  the  functor 

D(Aopp  ®R  A,  d)  — ► D{Bopp  ®R  R,  d),  Mm  ST  <g>^  M Q 

Observe  that  this  functor  sends  the  (A,  A)-bimodule  A to  the  (R,  R)-bimodule  R. 
Under  suitable  conditions  (e.g.,  flatness  of  A,  R,  SI,  etc)  this  functor  will  be  an 
equivalence  as  well.  If  this  is  the  case,  then  it  follows  that  we  have  isomorphisms 
of  Hochschild  cohomology  groups 

HHl(A,  d)  = Hom£)(AoPp0flAid)(A,  A[i\)  — » HomD(Bo,P8sB  d)(R,  B[i})  = HH\B,  d). 
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For  example,  if  A = H°(A ),  then  HH°(A,d)  is  equal  to  the  center  of  A , and  this 
gives  a conceptual  proof  of  the  result  mentioned  in  Remark|22.27.9[  If  we  ever  need 
this  remark  we  will  provide  a precise  statement  with  a detailed  proof  here. 
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CHAPTER  23 


Divided  Power  Algebra 


09PD 

23.1.  Introduction 

09PE  In  this  chapter  we  talk  about  divided  power  algebras  and  what  you  can  do  with 
them.  A reference  is  the  book  Bor 74  . 

23.2.  Divided  powers 

07GK  In  this  section  we  collect  some  results  on  divided  power  rings.  We  will  use  the 
convention  0!  = 1 (as  empty  products  should  give  1). 

07GL  Definition  23.2.1.  Let  A be  a ring.  Let  / be  an  ideal  of  A.  A collection  of  maps 
7„  n > 0 is  called  a divided  power  structure  on  / if  for  all  n > 0,  m > 0, 

x,y  £ /,  and  a € A we  have 

(1)  7i(a;)  = x,  we  also  set  7q(x)  = 1, 

(2)  7n(a;)7m(a;)  = jn+m(x) , 

(3)  7 n(ax)  = anryn(x), 

(4)  7 n{x  + y)  = Ei=o,..,n7i(a07n-i(2/)> 

(5)  7n(7m(x))  = n%™i)r>7nm(x)- 

Note  that  the  rational  numbers  and  occurring  in  the  definition  are 

in  fact  integers;  the  first  is  the  number  of  ways  to  choose  n out  of  n + m and  the 
second  counts  the  number  of  ways  to  divide  a group  of  nm  objects  into  n groups 
of  to.  We  make  some  remarks  about  the  definition  which  show  that  7n(x)  is  a 
replacement  for  xn /n\  in  I. 

07GM  Lemma  23.2.2.  Let  A be  a ring.  Let  I be  an  ideal  of  A. 

(1)  If  7 is  a divided  power  on  I,  then  n!yn(x)  = xn  for  n > 1, 

x € /. 

Assume  A is  torsion  free  as  a Z-module. 

(2)  A divided  power  structure  on  I,  if  it  exists,  is  unique. 

(3)  If  7„  : I — > I are  maps  then 

7 is  a divided  power  structure  n\"fn(x ) = xn  \/x  £ I,  n > 1. 

(4)  The  ideal  I has  a divided  power  structure  if  and  only  if  there  exists  a set  of 
generators  a 7 of  I as  an  ideal  such  that  for  all  n > 1 we  have  x " £ ( n\)I . 


1 Here  and  in  the  following,  7 stands  short  for  a sequence  of  maps  71,72,73,. . . from  I to  I. 
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Proof.  Proof  of  (1).  If  7 is  a divided  power  structure,  then  condition  (2)  (applied 
to  1 and  n — 1 instead  of  n and  m)  implies  that  n'y^x)  = 7i(x)7„_i(a;).  Hence  by 
induction  and  condition  (1)  we  get  n\ 7„(x)  = xn. 

Assume  A is  torsion  free  as  a Z-module.  Proof  of  (2).  This  is  clear  from  (1). 


Proof  of  (3).  Assume  that  n!jn(x)  = xn  for  all  x € I and  n > 1.  Since  A C A®z  Q 
it  suffices  to  prove  the  axioms  (1)  - (5)  of  Definition  23.2.1  in  case  A is  a Q-algebra. 
In  this  case  7 n(x ) = xn/n\  and  it  is  straightforward  to  verify  (1)  - (5);  for  example, 
(4)  corresponds  to  the  binomial  formula 

-v  n\  „•  • 


(x  + y)n  = 


i\(n  — i)\ 

i=0,...,n  v ' 


x y 


We  encourage  the  reader  to  do  the  verifications  to  make  sure  that  we  have  the 
coefficients  correct. 


Proof  of  (4).  Assume  we  have  generators  Xi  of  / as  an  ideal  such  that  x™  £ ( n\)I 
for  all  n > 1.  We  claim  that  for  all  x £ I we  have  xn  £ ( n\)I . If  the  claim  holds 
then  we  can  set  7n{x)  = xn /n\  which  is  a divided  power  structure  by  (3).  To  prove 
the  claim  we  note  that  it  holds  for  x = axi . Hence  we  see  that  the  claim  holds 
for  a set  of  generators  of  I as  an  abelian  group.  By  induction  on  the  length  of  an 
expression  in  terms  of  these,  it  suffices  to  prove  the  claim  for  x + y if  it  holds  for  x 
and  y.  This  follows  immediately  from  the  binomial  theorem.  □ 


07GN 


Example  23.2.3.  Let  p be  a prime  number.  Let  A be  a ring  such  that  every 
integer  n not  divisible  by  p is  invertible,  i.e. , A is  a Z(p)-algebra.  Then  I = pA  has 
a canonical  divided  power  structure.  Namely,  given  x = pa  £ I we  set 

pn 

7n(x)  = —} -a71 
n\ 

The  reader  verifies  immediately  that  pn/n\  £ p’Zi{p)  for  n > 1 (for  instance,  this 
can  be  derived  from  the  fact  that  the  exponent  of  p in  the  prime  factorization  of 
n!  is  \p/n\  + \p/n2\  + |p/n3J  +...),  so  that  the  definition  makes  sense  and  gives 


us  a sequence  of  maps  7„ 


I.  It  is  a straightforward  exercise  to  verify  that 


conditions  (1)  - (5)  of  Definition  23.2.1  are  satisfied.  Alternatively,  it  is  clear  that 
the  definition  works  for  Aq  = Z(pj  and  then  the  result  follows  from  Lemma |23.4.2 


07GP 


We  notice  that  7„  (0)  = 0 for  any  ideal  I of  A and  any  divided  power  structure  7 
on  I.  (This  follows  from  axiom  (3)  in  Definition  23.2.1  applied  to  a = 0.) 

Lemma  23.2.4.  Let  A be  a ring.  Let  I be  an  ideal  of  A.  Let  7„  :/—>■/,  n > 1 
be  a sequence  of  maps.  Assume 


(a)  (1),  (3),  and  (f)  of  Definition  23.2.1  hold  for  all  x,y  £ I,  and 

(b)  properties  (2)  and  (5)  hold  for  x in  some  set  of  generators  of  I as  an  ideal. 
Then  7 is  a divided  power  structure  on  I. 


Proof.  The  numbers  (1),  (2),  (3),  (4),  (5)  in  this  proof  refer  to  the  conditions  listed 


in  Definition  23.2.1  Applying  (3)  we  see  that  if  (2)  and  (5)  hold  for  x then  (2) 
and  (5)  hold  for  ax  for  all  a £ A.  Hence  we  see  (b)  implies  (2)  and  (5)  hold  for  a 
set  of  generators  of  I as  an  abelian  group.  Hence,  by  induction  of  the  length  of  an 
expression  in  terms  of  these  it  suffices  to  prove  that,  given  x,y  £ I such  that  (2) 
and  (5)  hold  for  x and  y,  then  (2)  and  (5)  hold  for  x + y. 
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Proof  of  (2)  for  x + y.  By  (4)  we  have 
lu{x  + yhm{x  + y)  = Y 
Using  (2)  for  x and  y this  equals 


i-\-j=n,  k-\-l—m 


7<(®)7fc(®)7i(2/)7z(y) 


(i  H"  fe)!  (j  H-  Z)!  , x , x 

H i\k\  j\l\  V+'W'K+'W 

Comparing  this  with  the  expansion 

7 n+m{x  + y)  = 

we  see  that  we  have  to  prove  that  given  a + b = n + m we  have 

(i  + k)\  (j  + 1)!  _ (n  + m)\ 

A—* i+k—a , j+l—b,  i+j=n,  k+l=m  i\k\  j\l\  7i!to! 

Instead  of  arguing  this  directly,  we  note  that  the  result  is  true  for  the  ideal  I = (x,  y) 
in  the  polynomial  ring  Q[x,  y\  because  7 „(/)  = fn /n\,  f £ I defines  a divided  power 
structure  on  I . Hence  the  equality  of  rational  numbers  above  is  true. 


Proof  of  (5)  for  x + y given  that  (1)  - (4)  hold  and  that  (5)  holds  for  x and  y.  We 
will  again  reduce  the  proof  to  an  equality  of  rational  numbers.  Namely,  using  (4)  we 
can  write  jn{lm(x  + y))  = 7n(Z)7i(®)7i(2/))-  Using  (4)  we  can  write  "fnilmix  + y)) 
as  a sum  of  terms  which  are  products  of  factors  of  the  form  r)k{li{x)lj{y))-  If  * > 0 
then 


lk{ii{x)ij(yj)  = ij{y)kik{ii{x)) 

( ki)\  k 

= 7 ki(x) 

(ki)\  ( kj)\ 

= fcKiiF  (i!F7fei 

using  (3)  in  the  first  equality,  (5)  for  x in  the  second,  and  (2)  exactly  k times  in 
the  third.  Using  (5)  for  y we  see  the  same  equality  holds  when  * = 0.  Continuing 
like  this  using  all  axioms  but  (5)  we  see  that  we  can  write 

In  (7m  {x  + y))  = V . . Cjj'7i  (x)t j ( y ) 

' i+j=nm 

for  certain  universal  constants  c^-  G Z.  Again  the  fact  that  the  equality  is  valid 
in  the  polynomial  ring  Q[x,  y]  implies  that  the  coefficients  c,(?  are  all  equal  to 
(nm)!/n!(m!)"  as  desired.  □ 

07GQ  Lemma  23.2.5.  Let  A be  a ring  with  two  ideals  /,  J C A.  Let  7 be  a divided 
power  structure  on  I and  let  S be  a divided  power  structure  on  J.  Then 

(1)  7 and  S agree  on  IJ, 

(2)  if  7 and  S agree  on  I C\  J then  they  are  the  restriction  of  a unique  divided 
power  structure  e on  I + J . 


Proof.  Let  x £ I and  y £ J.  Then 

7 n(xy)  = yUr)n{x)  = n\5n(y)  7„(x)  = 5n(y)xn  = 6„(xy). 

Hence  7 and  S agree  on  a set  of  (additive)  generators  of  IJ.  By  property  (4)  of 
Definition  |23.2.1|  it  follows  that  they  agree  on  all  of  I J . 
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Assume  7 and  S agree  on  I D J.  Let  z £ I + J.  Write  z = x + y with  x £ I and 
y £ J.  Then  we  set 

£n(z)  = i{x)5n-j{y) 

for  all  n > 1.  To  see  that  this  is  well  defined,  suppose  that  z = x'  + y'  is  another 
representation  with  x'  £ I and  y'  £ J.  Then  w = x — x'  = y'  — y £ I C\  J . Hence 


V Ji(x)Sj{y)  = y2  7 i{x' +w)8j{y) 

z ' i-\ -j=n  z — -j=n 

= T,it+l+j^^5^)SM 
= J2l,+j,=n^'^sr(y  + w) 

z — Ji'+j  — n 


as  desired.  Hence, 
easy  to  see  that  en 


we  have  defined  maps 
\i=  7 n and  en  \j=  Sn 


en  : I + J — > I + J for  all  n > 1;  it  is 
Next,  we  prove  conditions  (1)  - (5)  of 
Definition  23.2.1  for  the  collection  of  maps  era.  Properties  (1)  and  (3)  are  clear.  To 
see  (4),  suppose  that  z = x + y and  z!  = x'  + y'  with  x,x'  £ I and  y,y'  £ J and 
compute 


en(z  + z')  = 

z ' a-\-b—n 


7a  (x  + x')5b(y  + y') 


= ii{x)ii'(x')SAy)63'(y') 

L ' t+i ' +j 

= Efe=0,...,„  Ei+i=fe  Y.,+r=n_k  wW?  U) 

= ^2l  —n  „ek{z)en-k{z') 


' k—0,...,n 

as  desired.  Now  we  see  that  it  suffices  to  prove  (2)  and  (5)  for  elements  of  / or  J, 
see  Lemma  23.2.4  This  is  clear  because  7 and  S are  divided  power  structures. 


The  existence  of  a divided  power  structure  e on  I + J whose  restrictions  to  / and 
J are  7 and  S is  thus  proven;  its  uniqueness  is  rather  clear.  □ 


07GR  Lemma  23.2.6.  Let  p be  a prime  number.  Let  A be  a ring,  let  I £ A be  an  ideal, 
and  let  7 be  a divided  power  structure  on  I . Assume  p is  nilpotent  in  A/ 1.  Then  I 
is  locally  nilpotent  if  and  only  if  p is  nilpotent  in  A. 

Proof.  If  pN  = 0 in  A,  then  for  x £ I we  have  xpN  = (pN)\~/pN(x)  = 0 because 
( pN)\  is  divisible  by  pN . Conversely,  assume  I is  locally  nilpotent.  We’ve  also 
assumed  that  p is  nilpotent  in  A/I,  hence  pr  £ I for  some  r,  hence  pr  nilpotent, 
hence  p nilpotent.  □ 


23.3.  Divided  power  rings 

07GT  There  is  a category  of  divided  power  rings.  Here  is  the  definition. 

07GU  Definition  23.3.1.  A divided  power  ring  is  a triple  (A,  /,  7)  where  A is  a ring,  I C 
A is  an  ideal,  and  7 = (jn)n>i  is  a divided  power  structure  on  /.  A homomorphism 
of  divided  power  rings  tp  : (A,  1 , 7)  — > ( B , J,  5)  is  a ring  homomorphism  ip  : A B 
such  that  ip(I)  C J and  such  that  5n{tp(x))  = tp( 7„(x))  for  all  x £ I and  n > 1. 
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We  sometimes  say  “let  (B,  J,  5)  be  a divided  power  algebra  over  ( A , 1, 7)”  to  indicate 
that  (B,  J,  S)  is  a divided  power  ring  which  comes  equipped  with  a homomorphism 
of  divided  power  rings  (A, 1, 7)  — > ( B , J,  5). 

07GV  Lemma  23.3.2.  The  category  of  divided  power  rings  has  all  limits  and  they  agree 
with  limits  in  the  category  of  rings. 


Proof.  The  empty  limit  is  the  zero  ring  (that’s  weird  but  we  need  it).  The  product 
of  a collection  of  divided  power  rings  (At,It,  Tt),  t £ T is  given  by  (II  At.YlIt,!) 
where  7 n{(xt))  = (7 The  equalizer  of  : (A,  1, 7)  — >■  ( B,J,S ) is  just 
C = {a  £ A | a(a)  = /3(a)}  with  ideal  CflJ  and  induced  divided  powers.  It  follows 
that  all  limits  exist,  see  Categories,  Lemma [4. 14. 10  □ 


The  following  lemma  illustrates  a very  general  category  theoretic  phenomenon  in 
the  case  of  divided  power  algebras. 

07GW  Lemma  23.3.3.  Let  C he  the  category  of  divided  power  rings.  Let  F : C — > Sets 
be  a functor.  Assume  that 

(1)  there  exists  a cardinal  k such  that  for  every  f £ F(A,I,'y)  there  exists 
a morphism  {A',  I' ,7')  — > (A,  1, 7)  of  C such  that  f is  the  image  of  f £ 
F(A',I', 7')  and  \A!\  < k,  and 

(2)  F commutes  with  limits. 

Then  F is  representable,  i.e.,  there  exists  an  object  ( B,J,S ) of  C such  that 
F(A,1, 7)  = Horn  c{{B,J,5),(A,I,'y)) 
functorially  in  (A,I,nf). 

Proof.  This  is  a special  case  of  Categories,  Lemma  [4.25. 1|  □ 

07GX  Lemma  23.3.4.  The  category  of  divided  power  rings  has  all  colimits. 

Proof.  The  empty  colimit  is  Z with  divided  power  ideal  (0).  Let’s  discuss  general 
colimits.  Let  C be  a category  and  let  c i-)-  (AC,IC,  yc)  be  a diagram.  Consider  the 
functor 

F(B,  J,  <5)  = limceC  Hom((Ac , ICl  yc),  (B,  J,  5)) 

Note  that  any  / = ( fc)ceC  £ F{B,  J,  S)  has  the  property  that  all  the  images  fc(Ac ) 
generate  a subring  B'  of  B of  bounded  cardinality  k and  that  all  the  images  /c(/c ) 
generate  a divided  power  sub  ideal  J ’ of  B' . And  we  get  a factorization  of  / as  a /' 
in  F(B')  followed  by  the  inclusion  B'  — > B.  Also,  F commutes  with  limits.  Hence 
we  may  apply  Lemma  |23.3.3|  to  see  that  F is  representable  and  we  win.  □ 

07GY  Remark  23.3.5.  The  forgetful  functor  {A,  1, 7)  1— > A does  not  commute  with 
colimits.  For  example,  let 


(B,J,6)f^m{B",J",6") 
(A,  1, 7) -C ') 


be  a pushout  in  the  category  of  divided  power  rings.  Then  in  general  the  map 
B®aB'  — > B"  isn’t  an  isomorphism.  (It  is  always  surjective.)  An  explicit  example 
is  given  by  (A,J,7)  = (Z,  (0),  0),  (B,J,6)  = (Z/4Z,  2Z/4Z,<y),  and  (B',J',6')  = 
(Z/4Z,  2Z/4Z,  S')  where  ^(2)  = 2 and  ^(2)  = 0 and  all  higher  divided  powers 
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equal  to  zero.  Then  (B” , J" , 8")  = (F2,  (0),  0)  which  doesn’t  agree  with  the  tensor 
product.  However,  note  that  it  is  always  true  that 

B" / J"  = B/J  ®A/I  B'/J' 

as  can  be  seen  from  the  universal  property  of  the  pushout  by  considering  maps  into 
divided  power  algebras  of  the  form  (C,  (0),  0). 


23.4.  Extending  divided  powers 


07GZ  Here  is  the  definition. 

07H0  Definition  23.4.1.  Given  a divided  power  ring  (A,  1, 7)  and  a ring  map  A — > B 
we  say  7 extends  to  B if  there  exists  a divided  power  structure  7 on  IB  such  that 
(A,  1, 7)  — ► (B,  IB,j)  is  a homomorphism  of  divided  power  rings. 

07H1  Lemma  23.4.2.  Let  (A,I,j)  be  a divided  power  ring.  Let  A — » B be  a ring  map. 
If  j extends  to  B then  it  extends  uniquely.  Assume  (at  least)  one  of  the  following 
conditions  holds 

(1)  IB  = 0, 

(2)  I is  principal,  or 

(3)  A —>  B is  flat. 

Then  7 extends  to  B. 


Proof.  Any  element  of  IB  can  be  written  as  a finite  sum  Xw=i  b%Xi  with  b,  £ B 
and  Xi  £ I.  If  7 extends  to  7 on  IB  then  7 n(xi)  = "fn{xi).  Thus,  conditions  (3) 
and  (4)  in  Definition  [23  ,2.1|  imply  that 

6?47 ni(Xi) 


7 nQ_J.  biXi)  = J2  , , n 

L — *i=l  z — 'ni+---+nt=n  ■LA 


i— 1 


Thus  we  see  that  7 is  unique  if  it  exists. 


If  IB  = 0 then  setting  7n(0)  = 0 works.  If  I = ( x ) then  we  define  7 n{bx)  = bn'yn(x). 
This  is  well  defined:  if  b'x  = bx,  i.e.,  ( b — b')x  = 0 then 

bn 7„(a:)  - (6')n7n(®)  = (bn  - (b')n) Tn{x) 

= (bn-1  + ...  + (b')n-1){b-b')  7„(x)=0 


because  7„(x)  is  divisible  by  x (since  7n(I)  C I)  and  hence  annihilated  by  b — b' . 
Next,  we  prove  conditions  (1)  - (5)  of  Definition  23.2.1  Parts  (1),  (2),  (3),  (5)  are 
obvious  from  the  construction.  For  (4)  suppose  that  y,z  £ IB,  say  y = bx  and 
z = cx.  Then  y + z = (b  + c)x  hence 

7 n{y  + z)  = (6  + c)n7„(x) 


n\ 


' i\(n  — i] 


Cn  ) 


= '^2,Ti{v)Tn-i{z) 


as  desired. 


Assume  A — > B is  flat.  Suppose  that  b±, . . . , br  £ B and  x\, . . . , xr  £ I.  Then 
InC^biXi)  = ...bp-'yei(xi)...'Ye  r(xr) 
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07H2 


where  the  sum  is  over  e\  + . . . + er  = n if  7„  exists.  Next  suppose  that  we  have 
Cj, , cs  £ B and  a,,-  £ A such  that  ^ aijcj-  Setting  yj  = Y/  aijXi  we  claim 
that 


J2bei  ■ ■ ■ Krlei  (^l)  • • ■ 7er  (£r)  = ^ C^1  . . . C^ ^(y^  . . . Jds{ys) 


in  B where  on  the  right  hand  side  we  are  summing  over  d\  + . . . + ds  = n.  Namely, 
using  the  axioms  of  a divided  power  structure  we  can  expand  both  sides  into  a sum 
with  coefficients  in  Z [a^-]  of  terms  of  the  form  c^1  . . . cf“7ei  ( x\ ) . . . 7 er  (xr).  To  see 
that  the  coefficients  agree  we  note  that  the  result  is  true  in  Q[aq, . . . , xr,  c, , . . . , cs,  a^- 
with  7 the  unique  divided  power  structure  on  (aq, . . . ,xr).  By  Lazard’s  theorem 
(Algebra,  Theorem  10.80.4)  we  can  write  B as  a directed  colimit  of  finite  free  A- 
modules.  In  particular,  if  2 £ IB  is  written  as  z = Y1  x>bi  and  z = xi,bi'i  then  we 
can  find  c\, ...  ,cs  £ B and  a^, a/j  € A such  that  bi  = Y2  QijCj  and  6',  = Y2  dVjCj 
such  that  yj  = /A  aqa,;,-  = Y2xi,ai'j  holdtj^J  Hence  the  procedure  above  gives  a well 
defined  map  jn  on  IB.  By  construction  7 satisfies  conditions  (1),  (3),  and  (4). 


Moreover,  for  x £ I we  have  7n(x)  = 7 n{x).  Hence  it  follows  from  Lemma  23.2.4 
that  7 is  a divided  power  structure  on  IB.  □ 


Lemma  23.4.3.  Let  (A,  J,  7)  be  a divided  power  ring. 

(1)  If  ip  : (A,  /,  7)  — > ( B1  J,  <5)  is  a homomorphism  of  divided  power  rings,  then 
Ker(ip)  D I is  preserved  by  7„  for  all  n>  1. 

(2)  Let  a C A be  an  ideal  and  set  I'  = I D a.  The  following  are  equivalent 

(a)  I'  is  preserved  by  7„  for  all  n > 0, 

(b)  7 extends  to  A/ a,  and 

(c)  there  exist  a set  of  generators  37  of  I'  as  an  ideal  such  that"/n(xi)  £ I' 
for  all  n > 0. 


Proof.  Proof  of  (1).  This  is  clear.  Assume  (2)(a).  Define  7„(x  mod  I')  = 7n(^)  mod 
I'  for  x £ I.  This  is  well  defined  since  "/n(x  + y)  = 7„(x)  mod  I'  for  y £ V by  Def- 
inition 23.2.1  (4)  and  the  fact  that  7 j(y)  £ I'  by  assumption.  It  is  clear  that  7 
is  a divided  power  structure  as  7 is  one.  Hence  (2)(b)  holds.  Also,  (2)(b)  implies 
(2)(a)  by  part  (1).  It  is  clear  that  (2)(a)  implies  (2)(c).  Assume  (2)(c).  Note  that 
7 n(x)  = an7n{xi)  £ I'  for  x = axi . Hence  we  see  that  7n(z)  € /'  for  a set  of 
generators  of  I'  as  an  abelian  group.  By  induction  on  the  length  of  an  expression 
in  terms  of  these,  it  suffices  to  prove  Vn  : 7„,(x  + y)  £ I'  if  Vn  : 7n(x),7 n(y)  £ I'. 
This  follows  immediately  from  the  fourth  axiom  of  a divided  power  structure.  □ 


07H3  Lemma  23.4.4.  Let  (A,  /,  7)  be  a divided  power  ring.  Let  E C / be  a subset. 
Then  the  smallest  ideal  J C / preserved  by  7 and  containing  all  f £ E is  the  ideal 
J generated  by  7 „(/ ),  n > 1,  f £ E. 


Proof.  Follows  immediately  from  Lemma|23.4.3[  □ 

07KD  Lemma  23.4.5.  Let  (A,  /,  7)  be  a divided  power  ring.  Let  p be  a prime.  If  p is 
nilpotent.  in  A/I , then 

(1)  the  p-adic  completion  AA  = lime  A/peA  surjects  onto  A/I, 

(2)  the  kernel  of  this  map  is  the  p-adic  completion  /A  of  I , and 


10.80.4 


Indeed,  if  z = Xj< 


2This  can  also  be  proven  without  recourse  to  Algebra,  Theorem  ! 
and  2:  = ’Y)  x'.,  b'., , then  ~ = 0 is  a relation  in  the  A-module  B.  Thus,  Algebra, 

(applied  to  the  X{  and  x'.,  taking  the  place  of  the  fi , and  the  bi  and  b'.,  taking 


10.38.11 


Lemma 

the  role  of  the  x i)  yields  the  existence  of  the  ci, . . . , cs  £ B and  aij,  a'.,  . E A as  required. 
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(3)  each  7„  is  continuous  for  the  p-adic  topology  and  extends  to  7A  : /A  — > /A 
defining  a divided  power  structure  on  /A . 

If  moreover  A is  a Tg^y  algebra,  then 

(4)  for  e large  enough  the  ideal  peA  C I is  preserved  by  the  divided  power 
structure  7 and 

(A\IA,  7A)  = Hme(A/peA,I/peA,j) 
in  the  category  of  divided  power  rings. 


Proof.  Let  t > 1 be  an  integer  such  that  ptA/I  = 0,  i.e. , p*A  C I.  The  map 
A A -7  A/I  is  the  composition  A A —7  A/ptA  —7  A/ 1 which  is  surjective  (for  example 
by  Algebra,  Lemma  10.95.1).  As  peI  C peA  D / C pe~tI  for  e>  t we  see  that  the 
kernel  of  the  composition  AA  —7  A/ 1 is  the  p-adic  completion  of  I.  The  map  -yn  is 
continuous  because 

7 „(x+pey)  = V\  . Pje'yi(x)jj(y)  = 7 „(x)  mod  peI 

z — Si-\-j=n 

by  the  axioms  of  a divided  power  structure.  It  is  clear  that  the  axioms  for  divided 
power  structures  are  inherited  by  the  maps  yA  from  the  maps  7„.  Finally,  to  see 
the  last  statement  say  e > t.  Then  peA  C I and  7i(peA)  C peA  and  for  n > 1 we 
have 


p 


( e \ n / e— 1 \ r \ 

In \P  a)  =p  7 nip  a)  = —p 


ra(e-l)  n 


G peA 


as  pn /n!  G Z(p)  and  as  n > 2 and  e > 2 so  n(e  — 1)  > e.  This  proves  that  7 
extends  to  A/pe A,  see  Lemma  23.4.3  The  statement  on  limits  is  clear  from  the 
construction  of  limits  in  the  proof  of  Lemma  23.3.2  □ 


23.5.  Divided  power  polynomial  algebras 

07H4  A very  useful  example  is  the  divided  power  polynomial  algebra.  Let  A be  a ring. 
Let  t > 1.  We  will  denote  A(x  1, . . . ,xt)  the  following  A-algebra:  As  an  A-module 
we  set 

A{x1,...,xt)  = 0 Ax  S"l] . . . 4"‘] 

with  multiplication  given  by 

_ (n  + m)’  An+m] 

* 4 “ n!m! 

We  also  set  x,  = x-1^.  Note  that  1 = xf^  ...x|°^.  There  is  a similar  construc- 
tion which  gives  the  divided  power  polynomial  algebra  in  infinitely  many  variables. 
There  is  an  canonical  A-algebra  map  A(x i,...,xt)  — > A sending  xH  to  zero  for 
n > 0.  The  kernel  of  this  map  is  denoted  A(xi, . . . , Xt)+. 

07H5  Lemma  23.5.1.  Let  (A,  /,  7)  be  a divided  power  ring.  There  exists  a unique 
divided  power  structure  S on 

J = IA(x  1,  ...,xt)+  A(x  1, . . . , xt)+ 

such  that 

(1)  5n(xi)  = x["],  and 

(2)  (A,  /,  7)  — ► (A(xi, . . . , xt),  J,  5)  a homomorphism  of  divided  power  rings. 
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Moreover,  (A{x±, . . . ,Xt),J,S)  has  the  following  universal  property:  A homomor- 
phism of  divided  power  rings  p : (A(x),  J,6)  — > ( C,K,e ) is  the  same  thing  as  a 
homomorphism  of  divided  power  rings  A -A  C and  elements  k\, ... , fct  £ I\  . 


Proof.  We  will  prove  the  lemma  in  case  of  a divided  power  polynomial  algebra  in 
one  variable.  The  result  for  the  general  case  can  be  argued  in  exactly  the  same  way, 
or  by  noting  that  A(x i, . . . , Xt)  is  isomorphic  to  the  ring  obtained  by  adjoining  the 
divided  power  variables  x\ , ,Xt  one  by  one. 


Let  A(x)+  be  the  ideal  generated  by  x,x^2\x^\ Note  that  J = IA(x)  + A(x)  + 

and  that 

IA(x)  H A(x)+  = IA(x)  ■ A(x)  + 

Hence  by  Lerrima[23.2.5|it  suffices  to  show  that  there  exist  divided  power  structures 
on  the  ideals  IA(x)  and  A(x)  + . The  existence  of  the  first  follows  from  Lemma  23.4 
as  A — > A(x)  is  flat.  For  the  second,  note  that  if  A is  torsion  free,  then  we  can 
apply  Lemma  [23.2.2  (4)  to  see  that  S exists.  Namely,  choosing  as  generators  the 


elements  x^  we  see  that  (x^)n  = 


(nmV-x\nml 


(m!)"-*'  ‘ and  nl  divides  the  integer 

general  write  A = R/a  for  some  torsion  free  ring  R (e.g.,  a polynomial  ring  over  Z). 
The  kernel  of  R( x)  -A  A{x)  is  0 ax^m\  Applying  criterion  (2)(c)  of  Lemma  23.4.3 
we  see  that  the  divided  power  structure  on  R{x)+  extends  to  A(x)  as  desired. 


(nra)! 


In 


Proof  of  the  universal  property.  Given  a homomorphism  p : A — » C of  divided 
power  rings  and  k\ , . . . , kt  £ K we  consider 

A(x  i,...,xt)  -A  C,  x[™l]  i — » eni(fci) . . . ent(kt) 

using  p on  coefficients.  The  only  thing  to  check  is  that  this  is  an  A-algebra  homo- 
morphism (details  omitted).  The  inverse  construction  is  clear.  □ 


07H6  Remark  23.5.2.  Let  (A,  1,7)  be  a divided  power  ring.  There  is  a variant  of 
Lemma |23.5.1|  for  infinitely  many  variables.  First  note  that  if  s < t then  there  is  a 
canonical  map 

A(x  1, . . .,xs)  -A-  A(x  1,  ...,xt) 

Hence  if  W is  any  set,  then  we  set 

A{xw,  w £ W)  = colimscw  A{xe , e £ E) 

(colimit  over  E finite  subset  of  W)  with  transition  maps  as  above.  By  the  defini- 
tion of  a colimit  we  see  that  the  universal  mapping  property  of  A{xw,w  £ W)  is 
completely  analogous  to  the  mapping  property  stated  in  Lemma  [23. 5.1 

The  following  lemma  can  be  found  in  )BQ83j. 

07GS  Lemma  23.5.3.  Let  p be  a prime  number.  Let  A be  a ring  such  that  every  integer 
n not  divisible  by  p is  invertible,  i.e.,  A is  a Z(p) -algebra.  Let  I C A be  an  ideal. 
Two  divided  power  structures  7, 7'  on  I are  equal  if  and  only  if  7P  = 7p.  Moreover, 
given  a map  6 : I I such  that 

(1)  p\6(x)  = xp  for  all  x £ I, 

(2)  1 5 (ax)  = ap5(x)  for  all  a £ A,  x £ I,  and 

(3)  S(x  + y)  = S(x)  + T,i+j=P,i,j>  1 + Hy)  for  all  x,y  £ I, 

then  there  exists  a unique  divided  power  structure  7 on  I such  that  7 p = 5. 
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Proof.  If  n is  not  divisible  by  p , then  7 n(x)  = cxjn-i(x ) where  c is  a unit  in  Z ipy 
Moreover, 

7 pm(x)  = CT)m{lp{x)) 

where  c is  a unit  in  Z(p).  Thus  the  first  assertion  is  clear.  For  the  second  assertion, 
we  can,  working  backwards,  use  these  equalities  to  define  all  7„.  More  precisely,  if 
n = ao  + aip  + . . . + aepe  with  a*  £ {0, . . . ,p  — 1}  then  we  set 

7 n{x)  = cnxa°S( x)ai  . . . 6e(x)ae 


for  cn  £ Z(p)  defined  by 

Cn  = (p!)Qi+a2(l+p)  + ...+ae(l  + ...+pe^1)/n|. 


Now  we  have  to  show  the  axioms  (1)  - (5)  of  a divided  power  structure,  see  Defi- 
nition 23.2.1  We  observe  that  (1)  and  (3)  are  immediate.  Verification  of  (2)  and 
(5)  is  by  a direct  calculation  which  we  omit.  Let  x,y  £ I.  We  claim  there  is  a ring 
map 

p : Z {p)(u,v)  — > A 


which  maps  rJ"!  to  'yn(x)  and  to  "fn(y)-  By  construction  of  Z (p)(u,  v)  this  means 
we  have  to  check  that 


/ \ , s (n  + m)! 

ln\X)^m[x)  = 7 — Jn+m{X) 

n\m\ 

in  A and  similarly  for  y.  This  is  true  because  (2)  holds  for  7.  Let  e denote  the 
divided  power  structure  on  the  ideal  Z(p)(7t,w}+  of  Z(p)(zi,u).  Next,  we  claim 
that  <p(en(f))  = 7n(^(/))  for  f £ Z (p)(u,  u)_|_  and  all  n.  This  is  clear  for  n = 
0, 1, . . . ,p  — 1.  For  n = p it  suffices  to  prove  it  for  a set  of  generators  of  the  ideal 
Z(p)(rt,  v)+  because  both  ep  and  7P  = 5 satisfy  properties  (1)  and  (3)  of  the  lemma. 
Hence  it  suffices  to  prove  that  7P(7n(*))  = 7 pn  (x)  and  similarly  for  y , which 

follows  as  (5)  holds  for  7.  Now,  if  n = ao  + a\p  + . . . + aepe  is  an  arbitrary  integer 
written  in  p-adic  expansion  as  above,  then 


en(/)=cnr°7p(/)ai...7p(/r 


because  e is  a divided  power  structure.  Hence  we  see  that  <p(e„(/))  = 7n(‘/5(/)) 
holds  for  all  n.  Applying  this  for  / = u + v we  see  that  axiom  (4)  for  7 follows  from 
the  fact  that  e is  a divided  power  structure.  □ 


23.6.  Tate  resolutions 

09PF  In  this  section  we  briefly  discuss  the  resolutions  constructed  in  ITat57|  which  com- 
bine divided  power  structures  with  differential  graded  algebras.  In  this  section 
we  will  use  homological  notation  for  differential  graded  algebras.  Our  differential 
graded  algebras  will  sit  in  nonnegative  homological  degrees.  Thus  our  differential 
graded  algebras  (A,  d)  will  be  given  as  chain  complexes 

. . . — ^ A2  — ^ A\  — y A0  — ^ 0 — ^ . . . 
endowed  with  a multiplication. 

Let  R be  a ring.  In  this  section  we  will  often  consider  graded  I?-algebras  A = 
®d> 0 Ad  whose  components  are  zero  in  negative  degrees.  We  will  set  A+  = 
©,i>0  Ad.  We  will  write  Aeven  = ©d>0A2(i  and  Aodd  = ©d>0  A2d+ 1.  Recall 
that  A is  graded  commutative  if  xy  = (— 1 )des(:c)  dee(v)yX  for  homogeneous  elements 
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x,  y.  Recall  that  A is  strictly  graded  commutative  if  in  addition  x2  = 0 for  homo- 
geneous elements  x of  odd  degree.  Finally,  to  understand  the  following  definition, 
keep  in  mind  that  7„(x)  = xn /n!  if  A is  a Q-algebra. 

09PG  Definition  23.6.1.  Let  R be  a ring.  Let  A = 0f/>o  Ad  be  a graded  R-algebra 
which  is  strictly  graded  commutative.  A collection  of  maps  : Aeverl}+  — » Aeverit+ 
defined  for  all  n > 0 is  called  a divided  power  structure  on  A if  we  have 

(1)  7„(a;)  G A2nd  if  x G A2d , 

(2)  7i(ai)  = x for  any  x,  we  also  set  7o(ir)  = 1, 

(3)  7„(a;)7 m(x)  = ^±^7n+m(ai), 

(4)  7 n(xy)  = xn"fn(y)  for  all  x G Aeven  and  y G Aeven<+, 

(5)  7 n{xy)  = 0 if  x,y  G Aadd  homogeneous  and  n > 1 

(6)  if  x,y  £ ACTen,+  then  jn(x  + y)  = ^i=0 „ li{x)ln-i{y) , 

(7)  7n(7m(a:))  = ^Tyr7 for  z G Ae„en,+  - 


Observe  that  conditions  (2),  (3),  (4),  (6),  and  (7)  imply  that  7 is  a “usual”  divided 
power  structure  on  the  ideal  Aeven  + of  the  (commutative)  ring  Aeven,  see  Sections 


23.2 


23.3 


23.4 


and 


23.5 


In  particular,  we  have  "fn{x)  = n\ xn  for  all  x G Aevent+. 
Condition  (1)  states  that  7 is  compatible  with  grading  and  condition  (5)  tells  us  7„ 
for  n > 1 vanishes  on  products  of  homogeneous  elements  of  odd  degree.  But  note 
that  it  may  happen  that 


72(Zl.22  + Z3Z4 ) = Z4Z2Z3Z4 


is  nonzero  if  z\,z2,z3,  Z4  are  homogeneous  elements  of  odd  degree. 

09PH  Example  23.6.2  (Adjoining  odd  variable).  Let  R be  a ring.  Let  (A,  7)  be  a strictly 
graded  commutative  graded  R-algebra  endowed  with  a divided  power  structure  as 
in  the  definition  above.  Let  d > 0 be  an  odd  integer.  In  this  setting  we  can  adjoin 
a variable  T of  degree  d to  A.  Namely,  set 

A{T)  = A © AT 


with  grading  given  by  A(T)m  = Am  ® Am-dT.  We  claim  there  is  a unique  divided 
power  structure  on  A(T)  compatible  with  the  given  divided  power  structure  on  A. 
Namely,  we  set 

7 n(x  + yT)  =7„(ar)  +j„-i(x)yT 
for  x G Ae„erii+  and  y G Aodd. 


09PI 


Example  23.6.3  (Adjoining  even  variable).  Let  I?  be  a ring, 
a strictly  graded  commutative  graded  I?-algebra  endowed  with  a 
structure  as  in  the  definition  above.  Let  d > 0 be  an  even  integer, 
we  can  adjoin  a variable  T of  degree  d to  A.  Namely,  set 


Let  (A, 7)  be 
divided  power 
In  this  setting 


A{T)  = A ® AT®  AT(2)  ® AT(3)  ® . . . 


with  multiplication  given  by 

(?I  ® ?7l)  ■ 

n\m\ 


and  with  grading  given  by 

A(T)m  = Am  ® Am_dT  ® Am_2dT^  ® . . . 


23.6.  TATE  RESOLUTIONS 


1762 


We  claim  there  is  a unique  divided  power  structure  on  A(T)  compatible  with  the 
given  divided  power  structure  on  A such  that  7 n(T^)  = T^nt\  To  define  the 
divided  power  structure  we  first  set 


■=£< 


if  Xi  is  in  Aeven.  If  Xq  £ Aeverit+  then  we  take 


^ ('Ei>0XiT(i))  = Ea+6=n^°H  (Ei>0^T(l)) 


where  7 b is  as  defined  above. 


09PJ 


At  this  point  we  tie  in  the  definition  of  divided  power  structures  with  differentials. 
To  understand  the  definition  note  that  d(xn/n\)  = d {x)xn^1  / {n  — 1)!  if  A is  a 
Q-algebra  and  x £ Aeven  +. 

Definition  23.6.4.  Let  R be  a ring.  Let  A = ©d>0  Ad  be  a differential  graded 
A-algebra  which  is  strictly  graded  commutative.  A divided  power  structure  7 on 
A is  compatible  with  the  differential  graded  structure  if  d(7„(ic))  = d(x)7n_i(x)  for 
all  x £ Aeven  . . 


Warning:  Let  (A,  d,7)  be  as  in  Definition  |23.6.4  It  may  not  be  true  that  ”fn{x) 
is  a boundary,  if  x is  a boundary.  Thus  7 in  general  does  not  induce  a divided 
power  structure  on  the  homology  algebra  H(A).  In  some  papers  the  authors  put 
an  additional  compatibility  condition  in  order  to  insure  this  is  the  case,  but  we  elect 
not  to  do  so. 


09PK 


23.64  Let  f : A 


Lemma  23.6.5.  Let  (A,  d , 7)  and  ( B , d , 7)  be  as  in  Definition 
B be  a map  of  differential  graded  algebras  compatible  with  divided  power  structures. 
Assume 


(1)  Hk(A)  = 0 for  k > 0,  and 

(2)  / is  surjective. 

Then  7 induces  a divided  power  structure  on  the  graded  R-algebra  H{B). 


Proof.  Suppose  that  x and  x ’ are  homogeneous  of  the  same  degree  2d  and  define 
the  same  cohomology  class  in  H(B).  Say  x’  — x = d (w).  Choose  a lift  y £ A2d  of 
x and  a lift  2 £ A2d+ 1 of  w.  Then  y'  = y + d(A)  is  a lift  of  x' . Hence 

7 n(y')  = Y'7i(y)7n-i(d(2))  =7n(?/)  + y\  Ti  {y)ln-i  (d(^)) 

z — Ji<n 

Since  A is  acyclic  in  positive  degrees  and  since  d(7j(d(2:)))  = 0 for  all  j we  can 
write  this  as 

7n(y')  =7n(z/)  + y\  7i(y)d(^i) 

Z — Ji<n 

for  some  Zi  in  A.  Moreover,  for  0 < i < n we  have 


09PL 


d(7 i{y)zi)  = d(n(y))zi  +7i(j/)d(>i)  = d(i/)7i_i(i/)zi  + 7i(y)d(zi) 


and  the  first  term  maps  to  zero  in  B as  d (y)  maps  to  zero  in  B.  Hence  jn(x') 
and  7 n(x)  map  to  the  same  element  of  H(B).  Thus  we  obtain  a well  defined  map 
7n  : H2d(B)  — > H2nd(B)  for  all  d > 0 and  n > 0.  We  omit  the  verification  that  this 
defines  a divided  power  structure  on  H(B).  □ 


Lemma  23.6.6.  Let  (A,  d,  7)  be  as  in  Definition  23.64  Let  R — ► R'  be  a ring 
map.  Then  d and  7 induce  similar  structures  on  A 1 = A R'  such  that  (A',  d,  7) 
is  as  in  Definition\23. 6 4 1 
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Proof.  Observe  that  A' 


= Ak 


®r  R1  and  A! 


even,-\- 


= A 


even,-\- 


R' . Hence 


we  are  trying  to  show  that  the  divided  powers  7 extend  to  A'even  (terminology  as 


in  Definition  23.4.11.  Once  we  have  shown  7 extends  it  follows  easily  that  this 


extension  has  all  the  desired  properties. 

Choose  a polynomial  P-algebra  P and  a surjection  of  P-algebras  P — > R' . The  ring 
map  Aeven  -A  Aeven  P is  flat,  hence  the  divided  powers  7 extend  to  Aeven  ®rP 
uniquely  by  Lemma  23.4.2  Let  J = Ker(P  — > R').  To  show  that  7 extends  to 
A Rf  it  suffices  to  show  that  I'  = Ker (Aeveri:+  (g>#  P — ► Aeven<+  <$r  R')  is 
generated  by  elements  z such  that  7 n(z)  £ /'  for  all  n > 0.  This  is  clear  as  /'  is 
generated  by  elements  of  the  form  x®f  with  x £ Aeven,+  and  / € Ker(P  — »•  R').  □ 


09PM  Lemma  23.6.7.  Let  (A,  d,  7)  be  as  in  Definition  23.6.4  Let  d>l  be  an  integer. 
Let  A{T)  be  the  graded  divided  power  polynomial  algebra  on  T with  deg(T)  = d 
constructed  in  Example  23.6.2  or  23. 6.  jj  Let  f £ Ad- 1 be  an  element  with  d(f)  = 0. 
There  exists  a unique  differential  d on  A(T)  such  that  d(T)  = f and  such  that  d is 
compatible  with  the  divided  power  structure  on  A(T) . 


Proof.  This  is  proved  by  a direct  computation  which  is  omitted. 


□ 


Here  is  the  construction  of  Tate. 

09PN  Lemma  23.6.8.  A ssume  that  R is  a Noetherian  ring  and  R -A  S a ring  map  of 
finite  type.  There  exists  a factorization 


with  the  following  properties 


(2)  A — > S is  a quasi-isomorphism  (if  we  endow  S with  the  zero  differential), 

(3)  A is  a graded  divided  power  polynomial  algebra  over  R with  finitely  many 
variables  in  each  degree. 

The  last  condition  means  that  A is  constructed  out  of  R by  successively  adjoining 
variables  T as  in  Examples\23. 6.2\  and\23.6~^\ 


(1)  (A,  d,  7)  is  as  in  Definition  23.6.4 


Proof.  Start  of  the  construction.  Let  A(0)  = R[x\, . . . , xn]  be  a (usual)  polynomial 
ring  and  let  A(0)  — >•  5 be  a surjection.  As  grading  we  take  A(0)o  = A(0)  and 
A(0),j  = 0 for  d A 0-  Thus  d = 0 and  7„,  n > 0 is  zero  as  well. 


Choose  generators  £ R[x for  the  kernel  of  the  given  map 

A(0)  = R[x  1, . . . , Xm]  -A  S.  We  apply  Examples  23.6.2  m times  to  get 

A(l)  = A(0)  (Tj , . . . , Tm) 


with  deg(T))  = 1 as  a graded  divided  power  polynomial  algebra.  We  set  d(Tj)  = /j. 
Since  A(l)  is  a divided  power  polynomial  algebra  over  A(0)  and  since  d (/,)  = 0 


this  extends  uniquely  to  a differential  on  A(l)  by  Lemma  23.6.7 
Induction  hypothesis:  Assume  we  are  given  factorizations 


R -a  A(0)  ->•  A(l)  A(m)  ->•  S 

where  A(0)  and  A(l)  are  as  above  and  each  R — > A(m')  — > S for  2 < m'  < m 
satisfies  properties  (1)  and  (3)  of  the  statement  of  the  lemma  and  (2)  replaced  by 
the  condition  that  H.fAfm'))  — > H^S)  is  an  isomorphism  for  m'  > i > 0.  The 
base  case  is  m = 1. 
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Induction  step.  Assume  we  have  R — ► A(m)  — > S as  in  the  induction  hypothesis. 
Consider  the  group  Hm(A(m)).  This  is  a module  over  H0(A(m))  = S.  In  fact,  it  is 
a subquotient  of  A(m)m  which  is  a finite  type  module  over  A(m) o = R[x  1, . . . , xn}. 
Thus  we  can  pick  finitely  many  elements 

ei,  ■ ■ ■ , et  6 Ker(d  : A(m)m  -»  A(m)m- 1) 

which  map  to  generators  of  this  module.  Applying  Example|23.6.3|or|23.6.2|f  times 
we  get 

A(m  + 1)  = A(m)(Tu  . . . , Tt) 

with  deg(Tj)  = m + 1 as  a graded  divided  power  algebra.  We  set  d(T*)  = d.  Since 
A(l)  is  a divided  power  polynomial  algebra  over  A(0)  and  since  d(e*)  = 0 this 
extends  uniquely  to  a differential  on  A(m  + 1)  compatible  with  the  divided  power 
structure.  Since  we’ve  added  only  material  in  degree  m + 1 and  higher  we  see  that 
Hi(A(m+  1))  = Hi(A(m))  for  i < m.  Moreover,  it  is  clear  that  Hm(A(m+  1))  = 0 
by  construction. 


To  finish  the  proof  we  observe  that  we  have  shown  there  exists  a sequence  of  maps 
R — » A(0)  — > A(l)  A(m)  -A  A{m  + 1)  S 

and  to  finish  the  proof  we  set  A = colim  A(m).  □ 


09PP 


Lemma  23.6.9.  Let  R be  a ring.  Suppose  that  (A,  d,  7)  and  ( B , d,  7)  are  as  in 
Dejinition\23.6.4  Let  Tp  : Hq(A)  — 1 Hq(B)  be  an  R-algebra  map.  Assume 

(1)  A is  a graded  divided  power  polynomial  algebra  over  R with  finitely  many 
variables  in  each  degree, 

(2)  Hk(B)=0  fork>0. 

Then  there  exists  a map  p : A B of  differential  graded  R-algebras  compatible 
with  divided  powers  lifting  ip. 


Proof.  Since  A is  obtained  from  R by  adjoining  divided  power  variables,  we  obtain 
filtrations  R C A(0)  C A(l)  C . . . such  that  A(m  + 1)  is  obtained  from  A(m)  by 
adjoining  finitely  many  divided  power  variables  of  degree  m + 1.  Then  A(0)  — > S 
is  a surjection  from  a (usual)  polynomial  algebra  over  R onto  S.  Thus  we  can  lift 
Tp  to  an  i?-algebra  map  v?(0)  : A(0)  — > B{ 0). 

Write  A(  1)  = A(0)(Tj, . . . , Tm)  for  some  divided  power  variables  Tj  of  degree  1. 
Let  fj  € B0  be  fj  = <p(0)(d (Tj)).  Observe  that  fj  maps  to  zero  in  H0(B)  as  d Tj 
maps  to  zero  in  Hq{A).  Thus  we  can  find  bj  £ B\  with  d ibj)  = fj.  By  the  universal 
property  of  divided  power  polynomial  algebras  we  find  a lift  <^(1)  : A(l)  — > B of 
y>(0)  mapping  Tj  to  fj. 

Having  constructed  <p(rn)  for  some  m > 1 we  can  construct  ip(m+ 1)  : A(m+ 1)  — > B 
in  exactly  the  same  manner.  We  omit  the  details.  □ 

09PQ  Lemma  23.6.10.  Let  R be  a Noetherian  ring.  Let  R — » S and  R -A  T be  finite  type 
ring  maps.  There  exists  a canonical  structure  of  a divided  power  graded  R-algebra 
on 

Tor?(S,T) 


Proof.  Choose  a factorization  R — > A — »•  S as  above.  Since  A — > S is  a quasi- 
isomorphism and  since  A ^ is  a free  l?-module,  we  see  that  the  differential  graded 
algebra  B = A T computes  the  tor  groups  displayed  in  the  lemma.  Choose 
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09PT 


a surjection  R[y\, . . . ,yk]  — t T.  Then  we  see  that  B is  a quotient  of  the  differ- 
ential graded  algebra  A[yi, . . . ,yk]  whose  homology  sits  in  degree  0 (it  is  equal  to 
S[yi, . . . , yk\)-  By  Lemma  23.6.6|the  differential  graded  algebras  B and  A[yi,  ■ ■ ■ ,yk] 
have  divided  power  structures  compatible  with  the  differentials.  Hence  we  obtain 


our  divided  power  structure  on  H(B ) by  Lemma  23.6.5 


The  divided  power  algebra  structure  constructed  in  this  way  is  independent  of  the 


choice  of  A.  Namely,  if  A'  is  a second  choice,  then  Lemma  23.6.9  implies  there  is 
a map  A — > A'  preserving  all  structure  and  the  augmentations  towards  S.  Then 
the  induced  map  B = A <S)r  T — > A'  (g>#  T'  = B'  is  likewise  and  is  a quasi- 
isomorphism. The  induced  isomorphism  of  Tor  algebras  is  therefore  compatible 
with  all  multiplication  and  divided  powers.  □ 


23.7.  Application  to  complete  intersections 


Let  R be  a ring.  Let  (A,  d,  7)  be  as  in  Definition  23.6.4  A derivation  of  degree  2 
is  an  i?-linear  map  9 : A — >•  A with  the  following  properties 


(1)  6{Ad)  C Ad_ 2, 

(2)  0{xy)=0{x)y  + x0{y), 

(3)  9 commutes  with  d, 

(4)  9(ryn(x))  = 9(x)'yn-i{x)  for  all  x £ A2d  all  d. 


In  the  following  lemma  we  construct  a derivation. 


Lemma  23.7.1.  Let  R be  a ring.  Let  (A,  d,  7)  be  as  in  Definition  23.6.4  Let 
R'  — R be  a surjection  of  rings  whose  kernel  has  square  zero  and  is  generated  by 
one  element  f . If  A is  a graded  divided  power  polynomial  algebra  over  R with  finitely 
many  variables  in  each  degree,  then  we  obtain  a derivation  9 : A/ 1 A — ► A/ 1 A where 
I is  the  annihilator  of  f in  R. 


Proof.  Since  A is  a divided  power  polynomial  algebra,  we  can  find  a divided  power 
polynomial  algebra  A'  over  R'  such  that  A = A’  R' . Moreover,  we  can  lift  d to 

an  I?-linear  operator  d on  A'  such  that 

(1)  d (xy)  = d{x)y  + (-l)deg(a:)  xd(y)  for  x,y  € A'  homogeneous,  and 

(2)  d(7„(ar))  = d(x)7„_i(a;)  for  x £ A'even+. 

We  omit  the  details  (hint:  proceed  one  variable  at  the  time).  However,  it  may  not 
be  the  case  that  d2  is  zero  on  A'.  It  is  clear  that  d2  maps  A'  into  fA1  = A/ 1 A. 
Hence  d2  annihilates  fA'  and  factors  as  a map  A — > A/IA.  Since  d2  is  .R-linear 
we  obtain  our  map  9 : A/IA  — > A/IA.  The  verification  of  the  properties  of  a 
derivation  is  immediate.  □ 


Lemma  23.7.2.  Assumption  and  notation  as  in  Lemma  23.7.1.  Suppose  S = 


Hq{A)  is  isomorphic  to  R[x  1, . . . , xn]/(/i, . . . , fm)  for  some  n,  m,  and  fj  £ R[x  1, . . . , 
Moreover,  suppose  given  a relation 

Y r:>h  =° 


with  rj  £ R[xi, ... , xn ] . Choose  r' , /'  £ R![x  1 , . . . , xn ] lifting  rj , fj . Write  Y/  r'- /j  = 
gf  for  some  g £ R/I[x  1, . . . , xn].  If  HftA)  = 0 and  all  the  coefficients  of  each  rj 
are  in  I,  then  there  exists  an  element  £ £ HftA/IA)  such  that  9{ft)  = g in  S/IS. 
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Proof.  Let  A(0)  C A(l)  C A(2)  C ...  be  the  filtration  of  A such  that  A(m)  is 
gotten  from  A(m—  1)  by  adjoining  divided  power  variables  of  degree  m.  Then  A(0) 
is  a polynomial  algebra  over  R equipped  with  an  77-algebra  surjection  A(0)  — » S. 
Thus  we  can  choose  a map 

ip  : R[x i,  • • • ,xn]  ->  A(0) 

lifting  the  augmentations  to  S.  Next,  A(l)  = A(0)(Tj, . . . , Tt)  for  some  divided 
power  variables  T,:  of  degree  1.  Since  H0{A)  = S we  can  pick  A(0)Tj  with 

d (0)  = vUi)-  Then 

d (55^fa)&)  = '52<P(rj)‘P(fj)  = 55  = 0 

Since  H\{A)  = 0 we  can  pick  £ £ A2  with  d(£)  = J2p(rj)£j-  d the  coefficients  of 
Tj  are  in  7,  then  the  same  is  true  for  p(rj ).  In  this  case  d(£)  dies  in  Ai/IAi  and 
hence  £ defines  a class  in  H^A/IA). 

The  construction  of  6 in  the  proof  of  Lemma[23.7.1| proceeds  by  successively  lifting 
A{i)  to  A'(i)  and  lifting  the  differential  d.  We  lift  ip  to  tp'  : . . . , xn\  — » A'(0). 

Next,  we  have  A!{  1)  = A,(0)(Ti, . . . ,Tt).  Moreover,  we  can  lift  £,■  to  £'•  £ Y)  Al(tf)Ti. 
Then  d(£')  = + faj  for  some  cij  £ A'(0).  Consider  a lift  £'  £ A'2  of  £.  Then 

we  know  that 

d(0  = E^)^+E^r< 

for  some  bi  £ A(0).  Applying  d again  we  find 

0(£)  = 55  + 55  + 55  fbid(Ti) 

The  first  term  gives  us  what  we  want.  The  second  term  is  zero  because  the  coeffi- 
cients of  Vj  are  in  7 and  hence  are  annihilated  by  /.  The  third  term  maps  to  zero 
in  H0  because  d(7j)  maps  to  zero.  □ 

The  method  of  proof  of  the  following  lemma  is  apparantly  due  to  Gulliksen. 

09PU  Lemma  23.7.3.  Let  R'  — >•  R be  a surjection  of  Noetherian  rings  whose  kernel  has 
square  zero  and  is  generated  by  one  element  f.  Let  S = R[x\ , . . . , xn]/ (/i, . . . , fm). 
Let  Y rjfj  = 0 be  a relation  in  R[x i , . . . , xm\ . Assume  that 

(1)  each  rj  has  coeffients  in  the  annihilator  I of  f in  R, 

(2)  for  some  lifts  r' , f)  £ R'[x\, . . . , xn]  we  have  Y r'/j  = gf  where  g is  not 
nilpotent  in  S. 

Then  S does  not  have  finite  tor  dimension  over  R (i.e.,  S is  not  a perfect  R- algebra). 

Proof.  Choose  a Tate  resolution  R — >■  A — > S as  in  Lemma  |23.6.8[  Let  £ £ 
H2{A/IA)  and  6 : A/IA  — > A/IA  be  the  element  and  derivation  found  in  Lemmas 
I23.7.1landl23.7.2l  Observe  that 

8n(.l  n(0)=9n 

Hence  if  g is  not  nilpotent,  then  is  nonzero  in  H^nfA/IA)  for  all  n > 0.  Since 
H2n(A/IA ) = Tor^(S,  R/I)  we  conclude.  □ 

The  following  result  can  be  found  in  |Rod88j. 

09PV  Lemma  23.7.4.  Let  (A,m)  be  a Noetherian  local  ring.  Let  I C J C A be  proper 
ideals.  If  A/J  has  finite  tor  dimension  over  A/I,  then  I /ml  — > J/mJ  is  injective. 
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Proof.  Let  f £ I be  an  element  mapping  to  a nonzero  element  of  I /ml  which  is 
mapped  to  zero  in  J/mJ.  We  can  choose  an  ideal  I'  with  ml  C I'  C / such  that  I /I' 
is  generated  by  the  image  of  /.  Set  R = A/I  and  R'  = A/I'.  Let  J = (ai, ... , am) 
for  some  aj  £ A.  Then  / = ^bj 


ij  for  some  bj 


be  the  image  of  bj , aj . Then  we  see  we  are  in  the  situation  of  Lemma  23.7.3|  (with 
the  ideal  I of  that  lemma  equal  to  m^)  and  the  lemma  is  proved.  □ 


m.  Let  rj,fj  £ R resp.  r' . /'  £ R' 


09PW  Lemma  23.7.5.  Let  (A,  m)  be  a Noetherian  local  ring.  Let  I C J C A be  proper 
ideals.  Assume 

(1)  A/  J has  finite  tor  dimension  over  A/I , and 

(2)  J is  generated  by  a regular  sequence. 

Then  I is  generated  by  a regular  sequence  and  J /I  is  generated  by  a regular  sequence. 


Proof.  By  Lemma  23.7.4  we  see  that  I /ml  — > J/mJ  is  injective.  Thus  we  can 
find  s < r and  a minimal  system  of  generators  f\, ... , fr  of  J such  that  fi,  ■ ■ ■ , fs 
are  in  / and  form  a minimal  system  of  generators  of  I . The  lemma  follows  as 
any  minimal  system  of  generators  of  J is  a regular  sequence  by  More  on  Algebra, 
Lemmas  115. 23.141  and  115.23.61  □ 


09PX  Lemma  23.7.6.  Let  R — ► S be  a local  ring  map  of  Noetherian  local  rings.  Let 
I C R and  J C S be  ideals  with  IS  C J.  If  R — l S is  flat  and  S/mjjS  is  regular, 
then  the  following  are  equivalent 

(1)  J is  generated  by  a regular  sequence  and  S/J  has  finite  tor  dimension  as 
a module  over  R/I, 

(2)  J is  generated  by  a regular  sequence  and  Tor^^1  (S/  J,  R/mn)  is  nonzero 
for  only  finitely  many  p, 

(3)  I is  generated  by  a regular  sequence  and  J/IS  is  generated  by  a regular 
sequence  in  S/IS. 


Proof.  If  (3)  holds,  then  J is  generated  by  a regular  sequence,  see  for  example 
More  on  Algebra,  Lemmas  15.23.12  and  15.23. 6|  Moreover,  if  (3)  holds,  then  S/J  = 
(S / 1) / (J / 1)  has  finite  projective  dimension  over  S/IS  because  the  Koszul  complex 
will  be  a finite  free  resolution  of  S/J  over  S/IS.  Since  R/I  — > S/IS  is  flat,  it  then 
follows  that  S/J  has  finite  tor  dimension  over  R/I  by  More  on  Algebra,  Lemma 
15.55.10  Thus  (3)  implies  (1). 


The  implication  (1)  =>  (2)  is  trivial.  Assume  (2).  By  More  on  Algebra,  Lemma 


15.63.8  we  find  that  S/J  has  finite  tor  dimension  over  S/IS.  Thus  we  can  apply 


Lemma  23.7.5  to  conclude  that  IS  and  J/IS  are  generated  by  regular  sequences. 

£ I be  a minimal  system  of  generators  of  /.  Since  R — ► S is  flat, 
form  a minimal  system  of  generators  for  IS  in  S.  Thus 


Let  fi,...,fr 
we  see  that  fi,...,fr 
fi  > ...  i fr  € R is  a sequence  of  elements  whose  images  in  S form  a regular  sequence 
by  More  on  Algebra,  Lemmas  |15. 23.14  and  |15.23.6|  Thus  f\, ... . fr  is  a regular 
sequence  in  R by  Algebra,  Lemma  10.67.5  □ 


23.8.  Local  complete  intersection  rings 

09PY  Let  (A,  m)  be  a Noetherian  complete  local  ring.  By  the  Cohen  structure  theo- 
rem (see  Algebra,  Theorem  10.152.8)  we  can  write  A as  the  quotient  of  a regular 
Noetherian  complete  local  ring  R.  Let  us  say  that  A is  a complete  intersection 
if  there  exists  some  surjection  R — > A with  R a regular  local  ring  such  that  the 


23.8.  LOCAL  COMPLETE  INTERSECTION  RINGS 


1768 


kernel  is  generated  by  a regular  sequence.  The  following  lemma  shows  this  notion 
is  independent  of  the  choice  of  the  surjection. 

09PZ  Lemma  23.8.1.  Let  (A,m)  be  a Noetherian  complete  local  ring.  The  following 
are  equivalent 

(1)  for  every  surjection  of  local  rings  R —>  A with  R a regular  local  ring,  the 
kernel  of  R -A  A is  generated  by  a regular  sequence,  and 

(2)  for  some  surjection  of  local  rings  R -A  A with  R a regular  local  ring,  the 
kernel  of  R -A  A is  generated  by  a regular  sequence. 


Proof.  Let  k be  the  residue  field  of  A.  If  the  characteristic  of  k is  p > 0,  then 
we  denote  A a Cohen  ring  (Algebra,  Definition  10.152.5 1 with  residue  field  k (Al- 
gebra, Lemma  10.152.6).  If  the  characteristic  of  k is  0 we  set  A = k.  Recall  that 
A[[xi, . . . , x„]]  for  any  n is  formally  smooth  over  Z,  resp.  Q in  the  m-adic  topology, 
see  More  on  Algebra,  Lemma  15.30.1  Fix  a surjection  A[[xi, . . . ,xnf\  — > A as  in 


the  Cohen  structure  theorem  (Algebra,  Theorem  10.152.8). 


Let  R -A  A be  a surjection  from  a regular  local  ring  R.  Let  fi, . . . , fr  be  a minimal 
sequence  of  generators  of  Ker(l?  -A  A).  We  will  use  without  further  mention  that 
an  ideal  in  a Noetherian  local  ring  is  generated  by  a regular  sequence  if  and  only 
if  any  minimal  set  of  generators  is  a regular  sequence.  Observe  that  f\, , fr  is  a 
regular  sequence  in  R if  and  only  if  /i , . . . , fr  is  a regular  sequence  in  the  completion 
f?A  by  Algebra,  Lemmas  |10.67.5|  and  |10.96.2|  Moreover,  we  have 

RA/(fi, . . . , /r)f?A  = (i?/(/i, . . . , /„))A  = AA  = A 


because  A is  m^-adically  complete  (first  equality  by  Algebra,  Lemma  10.96.1). 
Finally,  the  ring  f?A  is  regular  since  R is  regular  (More  on  Algebra,  Lemma  15.34.4). 
Hence  we  may  assume  R is  complete. 


R lifting  the  given  map 
By  adding  some  more 


If  R is  complete  we  can  choose  a map  A[[ti,  . . . , xn]] 

A[[aq, . . . ,xn]\  — > A , see  More  on  Algebra,  Lemma  15.29.5 
variables  tq , . . . , yrn  mapping  to  generators  of  the  kernel  of  R -A  A we  may  assume 
that  A[[ti,  . . . , xn,  j/i, ... , i/m]]  —>  R is  surjective  (some  details  omitted).  Then  we 
can  consider  the  commutative  diagram 


A[[xi, . . . ,xn,y!, . . -,2/m]] >-  R 


A[[Xi,  . . . , xn})  A 

By  Algebra,  Lemma  |10.133.6]  we  see  that  the  condition  for  R — > A is  equivalent  to 
the  condition  for  the  fixed  chosen  map  A[[xi, . . . , ij]  A.  This  finishes  the  proof 
of  the  lemma.  □ 


The  following  two  lemmas  are  sanity  checks  on  the  definition  given  above. 

09Q0  Lemma  23.8.2.  Let  R be  a regular  ring.  Let  p C R be  a prime.  Let  f-[, ... . fr  £ p 
be  a regular  sequence.  Then  the  completion  of 

A = (R/ih,  . . . , fr))  p = Rp/(h,  ...,  fr)Rp 

is  a complete  intersection  in  the  sense  defined  above. 
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,fr)Rp  because  com- 


Proof.  The  completion  of  A is  equal  to  AA  = RA /(/i, . . . , Jrj^-p 
pletion  for  finite  modules  over  the  Noetherian  ring  i?p  is  exact  (Algebra,  Lemma 
10.96.1L  The  image  of  the  sequence  /i, . . . , fr  in  R„  is  a regular  sequence  by  Al- 


gebra,  Lemmas  10.96.2  and 

10.67.5 

Moreover,  RA  is  a regular  local  ring  by  More 

on  Algebra,  Lemma  115.34.4 

Hence  the  result  holds  by  our  definition  of  complete 

intersection  for  complete  local  rings. 


□ 


The  following  lemma  is  the  analogue  of  Algebra,  Lemma [10. 133. 4| 

09Q1  Lemma  23.8.3.  Let  R be  a regular  ring.  Let  p C R be  a prime.  Let  I C p be  an 
ideal.  Set  A = (i?//)p  = i?p//p.  The  following  are  equivalent 

(1)  the  completion  of  A is  a complete  intersection  in  the  sense  above, 

(2)  Ip  C Rp  is  generated  by  a regular  sequence, 

(3)  the  module  (I//2)p  can  be  generated  by  dim(i?.p)  — dim(A)  elements, 

(4)  add  more  here. 


Proof.  We  may  and  do  replace  R by  its  localization  at  p.  Then  p = m is  the 
maximal  ideal  of  R and  A = R/I.  Let  fi,...,fr  € I be  a minimal  sequence 
of  generators.  The  completion  of  A is  equal  to  AA  = i?A/(/i, . . . , fr)RA  because 
completion  for  finite  modules  over  the  Noetherian  ring  Rp  is  exact  (Algebra,  Lemma 
10.96.1). 


If  (1)  holds,  then  the  image  of  the  sequence  /i, . . . , fr  in  RA  is  a regular  sequence 
by  assumption.  Hence  it  is  a regular  sequence  in  R by  Algebra,  Lemmas  |10.96.2 
and  10.67.5|  Thus  (1)  implies  (2). 


Assume  (3)  holds.  Set  c = dim(i?)  — dim(A)  and  let  fi,  ■ ■ ■ , fc  € I map  to  gen- 
erators of  I /I2,  by  Nakayama’s  lemme  (Algebra,  Lemma  10.19.1)  we  see  that 
I = (/i, . . . , fc).  Since  R is  regular  and  hence  Cohen-Macaulay  (Algebra,  Proposi- 
tion|10.102.5|)  we  see  that  /i , . . . , fc  is  a regular  sequence  by  Algebra,  Proposition 
10.102.5|  Thus  (3)  implies  (2).  Finally,  (2)  implies  (1)  by  Lemma  23.8.2  □ 


The  following  result  is  due  to  Avramov,  see  [Avr  m 

09Q2  Proposition  23.8.4.  Let  A -A  B be  a flat  local  homomorphism  of  Noetherian 
local  rings.  Then  the  following  are  equivalent 

(1)  BA  is  a complete  intersection, 

(2)  AA  and  (B /m.AB)A  are  complete  intersections. 


Proof.  Consider  the  diagram 

B ^BA 

A ► AA 


Since  the  horizontal  maps  are  faithfully  flat  (Algebra,  Lemma  10.96.3)  we  conclude 
that  the  right  vertical  arrow  is  flat  (for  example  by  Algebra,  Lemma  10.98.15). 
Moreover,  we  have  (B /tnAB)A  = BA /m.A^BA  by  Algebra,  Lemma  10.96.1 
we  may  assume  A and  B are  complete  local  Noetherian  rings. 


Thus 
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Assume  A and  B are  complete  local  Noetherian  rings.  Choose  a diagram 


S »,B 

R ^ A 


as  in  More  on  Algebra,  Lemma  15.30.3  Let  I = Ker (R  A)  and  J = Ker(5  — > B). 
Note  that  since  R/I  = A — >■  B = S/  J is  flat  the  map  J/I®rR/ — >■  J / JC\mRS  is 
an  isomorphism.  Hence  a minimal  system  of  generators  of  J/ 1 maps  to  a minimal 
system  of  generators  of  Ker^/m^S'  — >•  Finally,  S/vurS  is  a regular  local 

ring. 

Assume  (1)  holds,  i.e.,  J is  generated  by  a regular  sequence.  Since  A = R/I  — ► 


B = S/J  is  flat  we  see  Lemma  23.7.6  applies  and  we  deduce  that  / and  J/I  are 
generated  by  regular  sequences.  We  have  dim(H)  = dim  (A)  + dim(.B/mA-B)  and 
dim (S/IS)  = dim(A)  + dim(5/mfl5)  (Algebra,  Lemma  10.111.7).  Thus  J/I  is 
generated  by 


dim(5/J)  — dim  (S/IS)  = dim(S/mnS)  — dim(H/mAB) 


elements  (Algebra,  Lemma  10.59.12).  It  follows  that  Ker(S/mnS  — > B/vi\aB)  is 
generated  by  the  same  number  of  elements  (see  above).  Hence  Ker(5,/m^5'  — ► 
B/m-AB)  is  generated  by  a regular  sequence,  see  for  example  Lemma  23.8.3  In  this 
way  we  see  that  (2)  holds. 

If  (2)  holds,  then  / and  J/JCivyirS  are  generated  by  regular  sequences.  Lifting  these 
generators  (see  above),  using  flatness  of  R/I  -A  S/IS , and  using  Grothendieck’s 
lemma  (Algebra,  Lemma  10.98.3)  we  find  that  J/I  is  generated  by  a regular  se- 
quence in  S/IS.  Thus  Lemma  23.7.6  tells  us  that  J is  generated  by  a regular 
sequence,  whence  (1)  holds.  □ 


09Q3  Definition  23.8.5.  Let  A be  a Noetherian  ring. 

(1)  If  A is  local,  then  we  say  A is  a complete  intersection  if  its  completion  is 
a complete  intersection  in  the  sense  above. 

(2)  In  general  we  say  A is  a local  complete  intersection  if  all  of  its  local  rings 
are  complete  intersections. 


We  will  check  below  that  this  does  not  conflict  with  the  terminology  introduced  in 
Algebra,  Definitions  10.133.1  and  10.133.5  But  first,  we  show  this  “makes  sense” 


by  showing  that  if  A is  a Noetherian  local  complete  intersection,  then  A is  a local 
complete  intersection,  i.e.,  all  of  its  local  rings  are  complete  intersections. 


09Q4  Lemma  23.8.6.  Let  (A,  m)  be  a Noetherian  local  ring.  Let  p C A be  a prime 
ideal.  If  A is  a complete  intersection,  then  Ap  is  a complete  intersection  too. 


Proof.  Choose  a prime  q of  AA  lying  over  p (this  is  possible  as  A — ► AA  is  faithfully 
flat  by  Algebra,  Lemma  10.96.3).  Then  Ap  -A  (AA)q  is  a flat  local  ring  homomor- 
phism. Thus  by  Proposition  23.8.4  we  see  that  Ap  is  a complete  intersection  if  and 
only  if  (AA)q  is  a complete  intersection.  Thus  it  suffices  to  prove  the  lemma  in  case 
A is  complete  (this  is  the  key  step  of  the  proof). 


Assume  A is  complete.  By  definition  we  may  write  A = i?/(/1; . . . , fr)  for  some 
regular  sequence  f\, , fr  in  a regular  local  ring  R.  Let  q C R be  the  prime 
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09Q5 


09Q6 


09Q7 


09Q9 


corresponding  to  p.  Observe  that  f-\, , fr  £ q and  that  Ap  = Rq/ (/i, . . . , fr)Rq- 
Hence  Ap  is  a complete  intersection  by  Lemma  23.8.2  □ 


Lemma  23.8.7.  Let  A be  a Noetherian  ring.  Then  A is  a local  complete  inter- 
section if  and  only  if  Am  is  a complete  intersection  for  every  maximal  ideal  m of 

A. 


Proof.  This  follows  immediately  from  Lemma [23. 8. 6|  and  the  definitions. 
Lemma  23.8.8.  Let  S be  a finite  type  algebra  over  a field  k. 


□ 


(1)  for  a prime  q C S the  local  ring  Sq  is  a complete  intersection  in  the  sense 


of  Algebra,  Definition  10.133.5  if  and  only  if  Sq  is  a complete  intersection 
in  the  sense  of  Definition  \ 23. 8.  <5[  and 


(2)  S is  a local  complete  intersection  in  the  sense  of  Algebra,  Definition  10.133.1 
if  and  only  if  S is  a local  complete  intersection  in  the  sense  of  Definition 
BbTTDil 

Proof.  Proof  of  (1).  Let  k[x i, . . . , xn ] — > S be  a surjection.  Let  p C k[x i, . . . , xn ] 
be  the  prime  ideal  corresponding  to  q.  Let  I C k\x i, . . . ,xn]  be  the  kernel  of  our 
surjection.  Note  that  k[x i,...,xn\p  -A  Sq  is  surjective  with  kernel  Ip.  Observe 


that  k[x i,...,xn\  is  a regular  ring  by  Algebra,  Proposition  10.113.2  Hence  the 


equivalence  of  the  two  notions  in  (1)  follows  by  combining  Lemma  23.8.3  with 
Algebra,  Lemma[l0.133.7 


Having  proved  (1)  the  equivalence  in  (2)  follows  from  the  definition  and  Algebra, 
Lemma  110. 133.91  □ 

Lemma  23.8.9.  Let  A -A  B be  a flat  local  homomorphism  of  Noetherian  local 
rings.  Then  the  following  are  equivalent 

(1)  B is  a complete  intersection, 

(2)  A and  B/tviaB  are  complete  intersections. 

Proof.  Now  that  the  definition  makes  sense  this  is  a trivial  reformulation  of  the 
(nontrivial)  Proposition  23.8.4  □ 


23.9.  Local  complete  intersection  maps 


Let  A — > B be  a local  homomorphism  of  Noetherian  complete  local  rings.  A 
consequence  of  the  Cohen  structure  theorem  is  that  we  can  find  a commutative 
diagram 


S s-  B 


A 


of  Noetherian  complete  local  rings  with  S -A  B surjective,  A — >■  S flat,  and  S/mAS 
a regular  local  ring.  This  follows  from  More  on  Algebra,  Lemma  [15.30.3|  Let  us 
(temporarily)  say  A -A  S — > B is  a good  factorization  of  A -A  B if  S is  a Noetherian 
local  ring,  A — > S -A  B are  local  ring  maps,  S -A  B surjective,  A — > S flat,  and 
S/mAS  regular.  Let  us  say  that  A — > B is  a complete  intersection  homomorphism 
if  there  exists  some  good  factorization  A — » S — > B such  that  the  kernel  of  S — > B 
is  generated  by  a regular  sequence.  The  following  lemma  shows  this  notion  is 
independent  of  the  choice  of  the  diagram. 
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09QA  Lemma  23.9.1.  Let  A — > B be  a local  homomorphism  of  Noetherian  complete 
local  rings.  The  following  are  equivalent 

(1)  for  some  good  factorization  A — » S -A  B the  kernel  of  S -A  B is  generated 
by  a regular  sequence,  and 

(2)  for  every  good  factorization  A -A  S -A  B the  kernel  of  S -A  B is  generated 
by  a regular  sequence. 


Proof.  Let  A — >•  S — > B be  a good  factorization.  As  B is  complete  we  obtain  a 
factorization  A -A  SA  -A  B where  SA  is  the  completion  of  S.  Note  that  this  is 
also  a good  factorization:  The  ring  map  S — > SA  is  flat  (Algebra,  Lemma [lO. 96. 2 ), 
hence  A — > SA  is  flat.  The  ring  SA/mASA  = (S/t(IaS)a  is  regular  since  S/m,A S is 


regular  (More  on  Algebra,  Lemma  15.34.4).  Let  fi,  ■ . ■ , fr  be  a minimal  sequence 
of  generators  of  Ker(iS  -A  H).  We  will  use  without  further  mention  that  an  ideal 
in  a Noetherian  local  ring  is  generated  by  a regular  sequence  if  and  only  if  any 
minimal  set  of  generators  is  a regular  sequence.  Observe  that  /i, . . . , fr  is  a regular 
sequence  in  S if  and  only  if  /i , . . . , fr  is  a regular  sequence  in  the  completion  SA 
by  Algebra,  Lemma  [10. 67. 5|  Moreover,  we  have 

SA/(fi,  ■ • • , fr)RA  = (S/(f r, . . . , fn))A  = BA=B 


because  B is  m_g-adically  complete  (first  equality  by  Algebra,  Lemma  10.96.1). 
Thus  the  kernel  of  S — i B is  generated  by  a regular  sequence  if  and  only  if  the 
kernel  of  SA  — > B is  generated  by  a regular  sequence.  Hence  it  suffices  to  consider 
good  factorizations  where  S is  complete. 


Assume  we  have  two  factorizations  A — > S — i B and  A — > S'  — i B with  S and  S' 
complete.  By  More  on  Algebra,  Lemma [l5.30.4| the  ring  S Xg  S'  is  a Noetherian 
complete  local  ring.  Hence,  using  More  on  Algebra,  Lemma [l 5. 30. 3|  we  can  choose 
a good  factorization  A — » S"  —t  S xB  S’  with  S”  complete.  Thus  it  suffices  to 
show:  If  A — > S'  — > S — > B are  comparable  good  factorizations,  then  Ker(S'  — ► B) 
is  generated  by  a regular  sequence  if  and  only  if  Ker(S"  — > B)  is  generated  by  a 
regular  sequence. 


Let  A — >■  S'  — ► S — » B be  comparable  good  factorizations.  First,  since  S' /m^S'  — ► 
S/vcifiS  is  a surjection  of  regular  local  rings,  the  kernel  is  generated  by  a regular 
sequence  xi,...,xc  £ ms'/mnS'  which  can  be  extended  to  a regular  system  of 
parameters  for  the  regular  local  ring  S' /mn,S' , see  (Algebra,  Lemma  10.105.4).  Set 
I = Iver (S'  ->S).  By  flatness  of  S over  R we  have 

I/mRI  = Ker(S'/mRS'  S/mRS)  = (x1} . . .,xc). 


Choose  lifts  x\,. ..  ,xc  £ I.  These  lifts  form  a regular  sequence  generating  I as  S' 
is  flat  over  R,  see  Algebra,  Lemma  [lO. 98. 3| 


We  conclude  that  if  also  Ker^  — »•  B)  is  generated  by  a regular  sequence,  then  so 
is  Ker(S"  — > B ),  see  More  on  Algebra,  Lemmas  15.23.12  and  15.23.6 


Conversely,  assume  that  J = Ker(5,/  — > B)  is  generated  by  a regular  sequence. 
Because  the  generators  x\,...,xc  of  I map  to  linearly  independent  elements  of 
we  see  that  I/ms'I  — > J/ms’J  is  injective.  Hence  there  exists  a minimal 
system  of  generators  X\, . . . , xc,  y±, . . . , yd.  for  J.  Then  xi, . . . , xc,  y\. . . . . y,i  is  a 
regular  sequence  and  it  follows  that  the  images  of  yi,..  ■,  yd  in  S form  a regular 
sequence  generating  Kerbs'  -A  B).  This  finishes  the  proof  of  the  lemma.  □ 
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In  the  following  proposition  observe  that  the  condition  on  vanishing  of  Tor’s  applies 
in  particular  if  B has  finite  tor  dimension  over  A and  thus  in  particular  if  B is  flat 
over  A. 

09QB  Proposition  23.9.2.  Let  A -A  B be  a local  homomorphism  of  Noetherian  local 
rings.  Then  the  following  are  equivalent 

(1)  B is  a complete  intersection  and  Tor^(B,  A/vcva)  is  nonzero  for  only 
finitely  many  p, 

(2)  A is  a complete  intersection  and  AA  — > BA  is  a complete  intersection 
homomorphism  in  the  sense  defined  above. 


Proof.  Let  Ft  — » A/m  a be  a resolution  by  finite  free  A-  modules.  Observe  that 
Tor p(B,  A/m^)  is  the  pth  homology  of  the  complex  F,  (g)^  B.  Let  FA  = F,  <S>a  Aa 
be  the  completion.  Then  FA  is  a resolution  of  AA/rry4A  by  finite  free  AA -modules 
(as  A — ► AA  is  flat  and  completion  on  finite  modules  is  exact,  see  Algebra,  Lemmas 


10.96.1  and  10.96.2).  It  follows  that 

FA  ®aa  Ba  = F. 


B( 


Br 


By  flatness  of  B -A  BA  we  conclude  that 

Torf(BA,AA/mA-)  = Torf(B,A/mA)  BA 

In  this  way  we  see  that  the  condition  in  (1)  on  the  local  ring  map  A — ► B is 
equivalent  to  the  same  condition  for  the  local  ring  map  AA  — > BA.  Thus  we  may 
assume  A and  B are  complete  local  Noetherian  rings  (since  the  other  conditions 
are  formulated  in  terms  of  the  completions  in  any  case). 


Assume  A and  B are  complete  local  Noetherian  rings.  Choose  a diagram 


S a-  B 

R ^ A 


as  in  More  on  Algebra,  Lemma  15.30.3  Let  / = Ker(f?  -A  A)  and  J = Ker(£  -A  B). 
The  proposition  now  follows  from  Lemma  23.7.6|  □ 


09QC  Remark  23.9.3.  It  appears  difficult  to  define  an  good  notion  of  “local  complete 
intersection  homomorphisms”  for  maps  between  general  Noetherian  rings.  The 
reason  is  that,  for  a local  Noetherian  ring  A,  the  fibres  of  A -A  AA  are  not  local 
complete  intersection  rings.  Thus,  if  A -A  B is  a local  homomorphism  of  local 
Noetherian  rings,  and  the  map  of  completions  AA  — > BA  is  a complete  intersection 
homomorphism  in  the  sense  defined  above,  then  (Ap)A  -a  {B q)A  is  in  general  not 
a complete  intersection  homomorphism  in  the  sense  defined  above.  A solution  can 
be  had  by  working  exclusively  with  excellent  Noetherian  rings.  More  generally,  one 
could  work  with  those  Noetherian  rings  whose  formal  fibres  are  complete  intersec- 
tions, see  !Rod87|.  We  will  develop  this  theory  in  Dualizing  Complexes,  Section 

m 


To  finish  of  this  section  we  compare  the  notion  defined  above  with  the  notion 
introduced  in  More  on  Algebra,  Section [23. 8| 
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09QD  Lemma  23.9.4.  Consider  a commutative  diagram 


S B 


A 


of  Noetherian  local  rings  with  S — ?•  B surjective,  A -A  S flat,  and  S/vhaS  a regular 
local  ring.  The  following  are  equivalent 

(1)  Ker(S  — > B ) is  generated  by  a regular  sequence,  and 

(2)  AA  — » BA  is  a complete  intersection  homomorphism  as  defined  above. 


Proof.  Omitted.  Hint:  the  proof  is  indentical  to  the  argument  given  in  the  first 
paragraph  of  the  proof  of  Lemma  |23.9.1|  □ 

09QE  Lemma  23.9.5.  Let  A be  a Noetherian  ring.  Let  A — ► B be  a finite  type  ring 
map.  The  following  are  equivalent 

(1)  A — ► B is  a local  complete  intersection  in  the  sense  of  More  on  Algebra, 
Definition \15.25.fy 

(2)  for  every  prime  (|C5  and  with  p = A 0 q the  ring  map  (Ap)A  — t (B  q)A 
is  a complete  intersection  homomorphism  in  the  sense  defined  above. 


09QF 


Proof.  Choose  a surjection  R = A[x±, . . . ,xn\  — > B.  Observe  that  A R is  flat 
with  regular  fibres.  Let  / be  the  kernel  of  R — ► B.  Assume  (2).  Then  we  see  that 
I is  locally  generated  by  a regular  sequence  by  Lemma|23.9.4|and  Algebra,  Lemma 
10.67.6  In  other  words,  (1)  holds.  Conversely,  assume  (1).  Then  after  localizing 
on  R and  B we  can  assume  that  I is  generated  by  a Koszul  regular  sequence.  By 
More  on  Algebra,  Lemma  |15.23.6  we  find  that  I is  locally  generated  by  a regular 
sequence.  Hence  (2)  hold  by  Lemma  23.9.4  Some  details  omitted.  □ 


Lemma  23.9.6.  Let  A be  a Noetherian  ring.  Let  A — >•  B be  a finite  type  ring  map 
such  that  the  image  of  Spec(-B)  — » Spec(A)  contains  all  closed  points  o/Spec(A). 
Then  the  following  are  equivalent 

(1)  B is  a complete  intersection  and  A — ► B has  finite  tor  dimension, 

(2)  A is  a complete  intersection  and  A — ► B is  a complete  intersection  in  the 
sense  of  More  on  Algebra,  Definition\15.2A, 


Proof.  This  is  a reformulation  of  Proposition  |23.9i2|  via  Lemma  [23.9. 5|  We  omit 
the  details.  □ 
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24.1.  Introduction 


Let  C be  a site,  see  Sites,  Definition  |7.6.2|  Let  X be  an  object  of  C.  Given  an 
abelian  sheaf  T on  C we  would  like  to  compute  its  cohomology  groups 


H\x,F). 

According  to  our  general  definitions  (Cohomology  on  Sites,  Section  21.31  this  co- 
homology group  is  computed  by  choosing  an  injective  resolution  0 — >■  J7  — >■  X°  — >■ 
X1  — > . . . and  setting 

Hl(X, X)  = £P(T(A,I°)  -»  TiX,!1)  ->•  T(A,I2) 


The  goal  of  this  chapter  is  to  show  that  we  may  also  compute  these  cohomology 
groups  without  choosing  an  injective  resolution  (in  the  case  that  C has  fibre  prod- 
ucts). To  do  this  we  will  use  hypercoverings. 

A hypercovering  in  a site  is  a generalization  of  a covering,  see  |AOV711  Expose  V, 
Sec.  7].  Given  a hypercovering  K of  an  object  X,  there  is  a Cech  to  cohomology 
spectral  sequence  expressing  the  cohomology  of  an  abelian  sheaf  T over  X in  terms 
of  the  cohomology  of  the  sheaf  over  the  components  I\n  of  K.  It  turns  out  that  there 
are  always  enough  hypercoverings,  so  that  taking  the  colimit  over  all  hypercoverings, 
the  spectral  sequence  degenerates  and  the  cohomology  of  T over  A'  is  computed  by 
the  colimit  of  the  Cech  cohomology  groups. 


A more  general  gadget  one  can  consider  is  a simplicial  augmentation  where  one  has 
cohomological  descent,  see  )AGV7ll  Expose  Vbis].  A nice  manuscript  on  coho- 
mological descent  is  the  text  by  Brian  Conrad,  see  http://math.stanford.edu/ 
-conrad/paper  s/hyper  cover  .pdf , We  will  come  back  to  these  issue  in  the  chapter 
on  simplicial  spaces  where  we  will  show,  for  example,  that  proper  hypercoverings 
of  “locally  compact”  topological  spaces  are  of  cohomological  descent  (Simplicial 
Spaces,  Section  69.6).  Our  method  of  attack  will  be  to  reduce  this  statement  to  the 
Cech  to  cohomology  spectral  sequence  constructed  in  this  chapter. 


24.2.  Hypercoverings 

In  order  to  start  we  make  the  following  definition.  The  letters  “SR”  stand  for 
Semi- Representable. 

Definition  24.2.1.  Let  C be  a site.  We  denote  SR(C)  the  category  of  semi- 
representable  objects  defined  as  follows 

(1)  objects  are  families  of  objects  and 
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(2)  morphisms  {Ui}i&i  — > {Vj}j^j  are  given  by  a map  a : I — > J and  for  each 
i £ I a morphism  fa  : Ui  — > Va ^ of  C. 

Let  X £ Ob(C)  be  an  object  of  C.  The  category  of  semi-representable  objects  over 
X is  the  category  SR(C,X)  = SR(C/X). 

This  definition  differs  from  the  one  in  IAGV71L  Expose  V,  Sec.  7],  but  it  seems 
flexible  enough  to  do  all  the  required  arguments.  Note  that  this  is  a “big”  category. 
We  will  later  “bound”  the  size  of  the  index  sets  I that  we  need  for  hypercoverings 
of  X.  We  can  then  redefine  SR(C,X)  to  become  a category.  Let’s  spell  out  the 
objects  and  morphisms  SR(C,  A'): 

(1)  objects  are  families  of  morphisms  {Ui  — > X}ie/,  and 

(2)  morphisms  {Ui  — > X}ie/  — ► {Vj  — »•  X}jej  are  given  by  a map  a : I — > J 
and  for  each  i £ I a morphism  f)  : Ut  Va^i)  over  X. 

There  is  a forgetful  functor  SR(C,X)  -V  SR(C). 

01G1  Definition  24.2.2.  Let  C be  a site  with  fibre  products.  We  denote  F the  functor 
which  associates  a presheaf  to  a semi-representable  object.  In  a formula 

F : SR(C)  — > PSh{C ) 

{Ui}i£i  i — > II  i^ihui 

where  hLr  denotes  the  representable  presheaf  associated  to  the  object  U. 

Given  a morphism  U — > X we  obtain  a morphism  hjj  — » hx  of  representable 
presheaves.  Thus  we  often  think  of  F on  SR(C,X)  as  a functor  into  the  category 
of  presheaves  of  sets  over  hx,  namely  PSh(C)/hx ■ Here  is  a picture: 

SR(C,  X)  — ||p  PSh(C)/hx 

v F v 
SR(C)  — — PSh(C) 

Next  we  discuss  the  existence  of  limits  in  the  category  of  semi-representable  objects. 

01G2  Lemma  24.2.3.  Let  C be  a site. 

(1)  the  category  SR(C)  has  coproducts  and  F commutes  with  them, 

(2)  the  functor  F : SR(C)  — > PSh(C)  commutes  with  limits, 

(3)  if  C has  fibre  products,  then  SR(C)  has  fibre  products, 

(4)  if  C has  products  of  pairs,  then  SR(C)  has  products  of  pairs, 

(5)  if  C has  equalizers,  so  does  SR{C),  and 

(6)  if  C has  a final  object,  so  does  SR(C). 

Let  X £ Ob(C). 

(1)  the  category  SR(C,X)  has  coproducts  and  F commutes  with  them, 

(2)  ifC  has  fibre  products,  then  SR(C,X)  has  finite  limits  and  F : SR(C,X)  — > 
PSh(C)/hx  commutes  with  them. 

Proof.  Proof  of  the  results  on  SR(C).  Proof  of  (1).  The  coproduct  of  and 

{Vjhej  is  {Ui}  ig/HjVjljgj,  in  other  words,  the  family  of  objects  whose  index  set 
is  IJ1 J and  for  an  element  k £ /H  J gives  Ui  if  k = i £ I and  gives  Vj  if  k = j £ J. 
Similarly  for  coproducts  of  families  of  objects.  It  is  clear  that  F commutes  with 
these. 
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Proof  of  (2).  For  U in  Ob(C)  consider  the  object  {U}  of  SR(C).  It  is  clear  that 
MorSR(C) ({[/},  K))  = F(K)(U)  for  K £ Ob(SR(C)).  Since  limits  of  presheaves  are 
computed  at  the  level  of  sections  (Sites,  Section  7.4)  we  conclude  that  F commutes 
with  limits. 


Proof  of  (3).  Suppose  given  a morphism  (a,  fi)  : {Ui}i^i  — > {Vj}j^j  and  a mor- 
phism (P,gk)  '■  {bFfcjfceif  — ► The  fibred  product  of  these  morphisms  is 

given  by 

{Ui  Wfc}(ij,fc)e/xJ 

xK  such  that  j=a(i)=(3(k) 

The  fibre  products  exist  if  C has  fibre  products. 

Proof  of  (4).  The  product  of  {U}iei  and  is  {Ui  x Vj}teij£j.  The  products 

exist  if  C has  products. 

Proof  of  (5).  The  equalizer  of  two  maps  (a,  fi),  ( a /')  : — > {1 ^j}jeJ  is 

{Eq(/i!  fi  ■ Uj  ^ Eafi))! idl . a(i)—a'(i) 

The  equalizers  exist  if  C has  equalizers. 


Proof  of  (6).  If  X is  a final  object  of  C,  then  {X}  is  a final  object  of  SR(C). 


Proof  of  the  statements  about  SR(C,A).  These  follow  from  the  results  above  ap- 
plied to  the  category  C/A  using  that  SR(C/A)  = SR(C,  X)  and  that  PSh(C/X)  = 
PSh (C)/hx  (Sites 

ogy).  However  we  also  argue  directly  as  follows. 


Lemma  |7.24.4|  applied  to  C endowed  with  the  chaotic  topol- 

It  is  clear  that  the  coproduct 


of  {Ui  — > X}ifzi  and  {Vj  — > X}j&j  is  {Ui  — > X}iGi  H {Vj  — > X}jGj  and  simi- 


larly for  coproducts  of  families  of  families  of  morphisms  with  target  X.  The  object 
{A'  — > A}  is  a final  object  of  SR(C,  A').  Suppose  given  a morphism  (a,  fi)  : {Ui  — > 
X }ie/  ->  {Vj  ->■  A }jeJ  and  a morphism  {f),gk)  : {Wk  ->■  X}keK  {Vj  ->  X }jeJ. 
The  fibred  product  of  these  morphisms  is  given  by 


{Ui  Xfi,Vj,gk  Wk  -t  j xK  such  that  j=ot.(i)=l3(k) 


The  fibre  products  exist  by  the  assumption  that  C has  fibre  products.  Thus 
SR(CjA')  has  finite  limits,  see  Categories,  Lemma  4.18.4  We  omit  verifying  the 
statements  on  the  functor  F in  this  case.  □ 


01G3  Definition  24.2.4.  Let  C be  a site.  Let  / = (a,  fi)  : {C/j}ie/  -4  {Vj}jej  be  a 
morphism  in  the  category  SR(C).  We  say  that  / is  a covering  if  for  every  j € J the 
family  of  morphisms  {{/,  — > 1 'j}te/,a(i)=j  is  a covering  for  the  site  C.  Let  X be  an 
object  of  C.  A morphism  K — > L in  SR(C,  A')  is  a covering  if  its  image  in  SR(C)  is 
a covering. 

01G4  Lemma  24.2.5.  Let  C be  a site. 

(1)  A composition  of  coverings  in  SR(C)  is  a covering. 

(2)  If  K — » L is  a covering  in  SR(C)  and  L'  — » L is  a morphism,  then  L'  xkK 
exists  and  L'  xk  K -4-  V is  a covering. 

(3)  IfC  has  products  of  pairs,  and  A B and  K -4  L are  coverings  in  SR{C), 
then  A x K B x L is  a covering. 

Let  X £ Ob(C).  Then  (1)  and  (2)  holds  for  SR(C,X)  and  (3)  holds  if  C has  fibre 
products. 
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Proof.  Part  (1)  is  immediate  from  the  axioms  of  a site.  Part  (2)  follows  by  the 
construction  of  fibre  products  in  SR(C)  in  the  proof  of  Lemma  24.2.3  and  the 
requirement  that  the  morphisms  in  a covering  of  C are  representable.  Part  (3) 
follows  by  thinking  of  A x K — ► B x L as  the  composition  Ax  K — )•  B x K — > B x L 
and  hence  a composition  of  basechanges  of  coverings.  The  final  statement  follows 
because  SR(C,  X)  = SR(C/A).  □ 


By  Lemma  |24.2.3|  and  Simplicial,  Lemma  |14.19.2|  the  coskeleton  of  a truncated 
simplicial  object  of  SR(C,X)  exists  if  C has  fibre  products.  Hence  the  following 
definition  makes  sense. 


01G5  Definition  24.2.6.  Let  C be  a site.  Assume  C has  fibre  products.  Let  X £ Ob(C) 
be  an  object  of  C.  A hypercovering  of  X is  a simplicial  object  K of  SR(C,  X)  such 
that 

(1)  The  object  Kq  is  a covering  of  X for  the  site  C. 

(2)  For  every  n > 0 the  canonical  morphism 

An-f-i  t (cosk„ skn K)n+\ 
is  a covering  in  the  sense  defined  above. 


01G6 


Condition  (1)  makes  sense  since  each  object  of  SR(C,X)  is  after  all  a family  of 
morphisms  with  target  X . It  could  also  be  formulated  as  saying  that  the  morphism 
of  K0  to  the  final  object  of  SR(C,  A')  is  a covering. 


Example  24.2.7.  Let  {[/,  — ► X}iGl  be  a covering  of  the  site  C.  Set  K0  = {[/,  — ► 
X }«=/.  Then  Kq  is  a O-truncated  simplicial  object  of  SR(C,X).  Hence  we  may 
form 


K = cosk0ATo- 


Clearly  K passes  condition  (1)  of  Definition  24.2.6  Since  all  the  morphisms 
I\n+i  — t (cosknsknAT)n_|_i  are  isomorphisms  by  Simplicial,  Lemma  14.19.10  it  also 
passes  condition  (2).  Note  that  the  terms  Kn  are  the  usual 


Kn  = {Ui0  x x Un  xx  ■ ■ ■ xx  Uin  — > A}(j0ijlj...)3n)e/7>+i 


01G7  Lemma  24.2.8.  Let  C be  a site  with  fibre  products.  Let  X £ Ob(C)  be  an  object 
of  C . The  collection  of  all  hypercoverings  of  X forms  a set. 


Proof.  Since  C is  a site,  the  set  of  all  coverings  of  X forms  a set.  Thus  we  see 
that  the  collection  of  possible  Kq  forms  a set.  Suppose  we  have  shown  that  the 
collection  of  all  possible  I\ o, . . . , Kn  form  a set.  Then  it  is  enough  to  show  that  given 
A'0, . . • , Kn  the  collection  of  all  possible  Kn+\  forms  a set.  And  this  is  clearly  true 
since  we  have  to  choose  Kn+\  among  all  possible  coverings  of  (cosk„skn  A')n+i.  □ 

01G8  Remark  24.2.9.  The  lemma  does  not  just  say  that  there  is  a cofinal  system  of 
choices  of  hypercoverings  that  is  a set,  but  that  really  the  hypercoverings  form  a 
set. 


The  category  of  presheaves  on  C has  finite  (co)limits.  Hence  the  functors  cosk„ 
exists  for  presheaves  of  sets. 

01G9  Lemma  24.2.10.  LetC  be  a site  with  fibre  products.  Let  X £ Ob(C)  be  an  object  of 
C.  Let  K be  a hypercovering  of  X.  Consider  the  simplicial  object  F(K)  of  PSh{C), 
endowed  with  its  augmentation  to  the  constant  simplicial  presheaf  hx  ■ 
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(1)  The  morphism  of  presheaves  F(K)q  — >•  hx  becomes  a surjection  after 
sheafification. 

(2)  The  morphism 

0 4 A ) : p{K)  1 — ► F(K)q  xhx  F{K) o 

becomes  a surjection  after  sheafification. 

(3)  For  every  n > 1 i/ie  morphism 

F(K)n+ 1 — » ( cosknsknF(IC))n+1 
turns  into  a surjection  after  sheafification. 


Proof.  We  will  use  the  fact  that  if  {[/,  -A  is  a covering  of  the  site  C,  then 

the  morphism 

II i^ihui  — > h\j 


becomes  surjective  after  sheafification,  see  Sites,  Lemma  7.13.4 
assertion  follows  immediately. 


Thus  the  first 


For  the  second  assertion,  note  that  according  to  Simplicial,  Example  |14.19.1  the 
simplicial  object  coskosk0AT  has  terms  K0  x . . . x K0.  Thus  according  to  the  defini- 
tion of  a hypercovering  we  see  that  (dj,  dj)  : K\  — > K0  x K0  is  a covering.  Hence  (2) 
follows  from  the  claim  above  and  the  fact  that  F transforms  products  into  fibred 
products  over  hx- 


For  the  third,  we  claim  that  cosk„sk„A(A')  = A(cosknsk„A')  for  n > 1.  To  prove 


this,  denote  temporarily  F'  the  functor  SR(C,  X)  — > PSh(C) /hx ■ By  Lemma  24.2.3 
the  functor  F'  commutes  with  finite  limits.  By  our  description  of  the  cosk„  functor 
in  Simplicial,  Section  14.12  we  see  that  cosk„sknA'(AT)  = A'(cosknsknAT).  Recall 
that  the  category  used  in  the  description  of  (cosk nU)m  in  Simplicial,  Lemma  14.19.2 
is  the  category  (A/[m])<p^.  It  is  an  amusing  exercise  to  show  that  (A/[m])<„  is 
a connected  category  (see  Categories,  Definition  4.16.1)  as  soon  as  n > 1.  Hence, 
Categories,  Lemma  4.16.2|  shows  that  cosk„sk„ A'(A')  = cosk„sk„A(AT).  Whence 
the  claim.  Property  (2)  follows  from  this,  because  now  we  see  that  the  morphism 


in  (2)  is  the  result  of  applying  the  functor  A to  a covering  as  in  Definition  24.2.4 
and  the  result  follows  from  the  first  fact  mentioned  in  this  proof.  □ 


24.3.  Acyclicity 

01GA  Let  C be  a site.  For  a presheaf  of  sets  F we  denote  Zjr  the  presheaf  of  abelian 
groups  defined  by  the  rule 

Zjr{U)  = free  abelian  group  on  F(U). 

We  will  sometimes  call  this  the  free  abelian  presheaf  on  F . Of  course  the  con- 
struction F i-A  Zjr  is  a functor  and  it  is  left  adjoint  to  the  forgetful  functor 
PAb(C)  — > PSh{C).  Of  course  the  sheafification  Z^  is  a sheaf  of  abelian  groups, 
and  the  functor  F > Z^  is  a left  adjoint  as  well.  We  sometimes  call  Z^  the  free 
abelian  sheaf  on  F. 

For  an  object  X of  the  site  C we  denote  Zx  the  free  abelian  presheaf  on  hx1  and 
we  denote  Z^  its  sheafification. 
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01GB 


Definition  24.3.1.  Let  C be  a site.  Let  K be  a simplicial  object  of  PSh(C).  By  the 
above  we  get  a simplicial  object  Zf)  of  Ab(C).  We  can  take  its  associated  complex 
of  abelian  presheaves  s(Z^),  see  Simplicial,  Section  14.23  The  homology  of  K is 


the  homology  of  the  complex  of  abelian  sheaves  *Vk7- 


In  other  words,  the  ith  homology  Hi(K)  of  K is  the  sheaf  of  abelian  groups 
Hi{K)  = Hi(s( Z^-)).  In  this  section  we  worry  about  the  homology  in  case  K 
is  a hypercovering  of  an  object  X of  C. 


01GC  Lemma  24.3.2.  Let  C be  a site.  Let  IF  -A  Q be  a morphism  of  presheaves  of 
sets.  Denote  K the  simplicial  object  of  PSh(C)  whose  nth  term  is  the  (n  + l)st  fibre 
product  of  F over  Q,  see  Simplicial,  Example\lj.3.5\  Then,  if  IF  Q is  surjective 
after  sheafification,  we  have 


Hi{K)  = 


if  i > 0 
if  i = 0 


The  isomorphism  in  degree  0 is  given  by  the  morphism  Ho(K)  Z ^ coming  from 

the  map  (Z^)0  = Z#  — > Zg. 


Proof.  Let  Q'  C Q be  the  image  of  the  morphism  F — ► Q.  Let  U £ Ob(C).  Set 
A = F(U)  and  B = Q'iU).  Then  the  simplicial  set  K(U ) is  equal  to  the  simplicial 
set  with  n-simplices  given  by 


A x b A xb  ■ ■ ■ x-b  A (n  + 1 factors) . 


By  Simplicial,  Lemma  14.32.3  the  morphism  K(U ) —>  B is  a trivial  Kan  fibration. 
Thus  it  is  a homotopy  equivalence  (Simplicial,  Lemma  14.32.3).  Hence  applying 
the  functor  “free  abelian  group  on”  to  this  we  deduce  that 


Z K(U)  —a  Zb 

is  a homotopy  equivalence.  Note  that  s(Z#)  is  the  complex 

...-t®  z^>©  Z^>©  Z^O 

\±SbeB  beB  beB  beB 

see  Simplicial,  Lemma  [~14.23.3|  Thus  we  see  that  Hi(s(Zi((U)))  = 0 for  i > 0, 
and  H0(s(Zk(U)))  = ©bgB  Z = ®seg/({/)  Z.  These  identifications  are  compatible 
with  restriction  maps. 


We  conclude  that  I?i(s(Z/<-))  = 0 for  i > 0 and  H0(s(Zk))  = Zg>,  where  here  we 
compute  homology  groups  in  PAb[C).  Since  sheafification  is  an  exact  functor  we 
deduce  the  result  of  the  lemma.  Namely,  the  exactness  implies  that  Ho(s(  ZK))*  = 
H0(s( Zf-)),  and  similarly  for  other  indices.  □ 

01GD  Lemma  24.3.3.  Let  C be  a site.  Let  f : L — ► K be  a morphism  of  simplicial 
objects  of  PSh(C).  Let  n > 0 be  an  integer.  Assume  that 

(1)  For  i < n the  morphism  Li  — > Kt  is  an  isomorphism. 

(2)  The  morphism  Ln  — > Kn  is  surjective  after  sheafification. 

(3)  The  canonical  map  L — > cosknsknL  is  an  isomorphism. 

(4)  The  canonical  map  K — > cosknsknK  is  an  isomorphism. 

Then  Hi(f)  : Hi(L)  — > Hi(K)  is  an  isomorphism. 
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Proof.  This  proof  is  exactly  the  same  as  the  proof  of  Lemma[24lO]above.  Namely, 
we  first  let  K'n  C Kn  be  the  sub  presheaf  which  is  the  image  of  the  map  Ln  — > Kn. 
Assumption  (2)  means  that  the  sheafification  of  K'n  is  equal  to  the  sheafification 
of  Kn.  Moreover,  since  A,;  = K{  for  all  i < n we  see  that  get  an  n-truncated 
simplicial  presheaf  U by  taking  Uq  = Lq  = Kq , . . . , Un-\  = i = Kn~i,  Un  = 
I\'n.  Denote  K'  = cosk„t/,  a simplicial  presheaf.  Because  we  can  construct  K'm  as 
a finite  limit,  and  since  sheafification  is  exact,  we  see  that  {K'm)#  = Km.  In  other 
words,  (AT')#  = K#.  We  conclude,  by  exactness  of  sheafification  once  more,  that 
Hi(K)  = Hi(K').  Thus  it  suffices  to  prove  the  lemma  for  the  morphism  L — > AT',  in 
other  words,  we  may  assume  that  Ln  — > Kn  is  a surjective  morphism  of  presheaves\ 


In  this  case,  for  any  object  U of  C we  see  that  the  morphism  of  simplicial  sets 

L(U)  — ► K(U) 

satisfies  all  the  assumptions  of  Simplicial,  Lemma [14.32.1|  Hence  it  is  a trivial  Kan 
fibration.  In  particular  it  is  a homotopy  equivalence  (Simplicial,  Lemma  14.30.8). 
Thus 

Z L(U)  — ► Z K(U) 

is  a homotopy  equivalence  too.  This  for  all  U.  The  result  follows.  □ 


Lemma  24.3.4.  Let  C be  a site.  Let  K be  a simplicial  presheaf.  Let  Q be  a 
presheaf.  Let  K — » Q be  an  augmentation  of  K towards  Q.  Assume  that 

(1)  The  morphism  of  presheaves  Kq  — ► Q becomes  a surjection  after  sheafifi- 
cation. 

(2)  The  morphism 

(dj,  d\)  : Ki  — * K0  xg  K0 

becomes  a surjection  after  sheafification. 

(3)  For  every  n > 1 the  morphism 

Fn+i  t (cosknSknK)n+i 
turns  into  a surjection  after  sheafification. 

Then  HfK)  = 0 for  i > 0 and  Hq(K)  = Z ^ . 


Proof.  Denote  Kn  = cosk„sknK  for  n > 1.  Define  K°  as  the  simplicial  object 
with  terms  (. K°)n  equal  to  the  (n  + l)-fold  fibred  product  K0  xg  ...  Xg  K0 , see 
Simplicial,  Example  |14.3.5[  We  have  morphisms 

K — Kn  -a  K71-1  -a  ...->•  K1  ->•  K°. 


The  morphisms  K — > Kl . K3  — > Kl  for  j > i > 1 come  from  the  universal  prop- 
erties of  the  cosk„  functors.  The  morphism  K 1 — > K°  is  the  canonical  morphism 
from  Simplicial,  Remark  14.20.4  We  also  recall  that  K° 


coski  ski  J\°  is  an 

isomorphism,  see  Simplicial,  Lemma  |14.20.3[ 

we  see  that  H^K0)  = 0 for  i > 0 and  H0(K°)  = Zg  . 


24.3.2 


By  Lemma 

Pick  n > 1.  Consider  the  morphism  Kn  — > ATn_1.  It  is  an  isomorphism  on  terms 
of  degree  < n.  Note  that  Kn  — > cosk„sk„Afn  and  A'”-1  — > cosk„sk„A'ra_1  are 
isomorphisms.  Note  that  ( Kn)n  = Kn  and  that  (Kn~1)n  = (cosk„_isk„_iA')n. 
Hence  by  assumption,  we  have  that  (AT")„  —y  ( Kn~1)n  is  a morphism  of  presheaves 
which  becomes  surjective  after  sheafification.  By  Lemma  [24.3. 3|  we  conclude  that 
Hi(Kn ) = H.fK™-1).  Combined  with  the  above  this  proves  the  lemma.  □ 
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01GF 


01GU 


01GV 


01GW 


Lemma  24.3.5.  Let  C be  a site  with  fibre  products.  Let  X be  an  object  of  of  C. 
Let  K be  a hypercovering  of  X.  The  homology  of  the  simplicial  presheaf  F(K)  is  0 
in  degrees  > 0 and  equal  to  Z^.  in  degree  0. 

Proof.  Combine  Lemmas  124.3.41  and  I24.2.f0l  □ 


24.4.  Cech  cohomology  and  hyper  coverings 

Let  C be  a site.  Consider  a presheaf  of  abelian  groups  T on  the  site  C.  It  defines  a 
functor 


T : SR(C)°W 
{Ui}iel 


Ab 


Thus  a simplicial  object  K of  SR(C)  is  turned  into  a cosimplicial  object  F(K)  of 


Ab.  The  cochain  complex  s(F)(K))  associated  to  F(K)  (Simplicial,  Section  14.25) 


is  called  the  Cech  complex  of  F with  respect  to  the  simplicial  object  K.  We  set 

Hi(K,F)=Hi(s(F(  K))). 


and  we  call  it  the  ith  Cech  cohomology  group  of  F with  respect  to  K . In  this 
section  we  prove  analogues  of  some  of  the  results  for  Cech  cohomology  of  open 
coverings  proved  in  Cohomology,  Sections  [20J0}  [20TTT|  and  [20T2| 

Lemma  24.4.1.  Let  C be  a site  with  fibre  products.  Let  X be  an  object  of  C. 
Let  K be  a hypercovering  of  X.  Let  F be  a sheaf  of  abelian  groups  on  C.  Then 
H°(K,F)  = F(X). 


Proof.  We  have 

H°(K,F)  = Ker (F(K0)  — > F{K{f) 

Write  A'o  = {Ui  — > X}.  It  is  a covering  in  the  site  C.  As  well,  we  have  that  K\  — > 
K0  x K0  is  a covering  in  SR(C,  X).  Hence  we  may  write  K\  = Hi0jil6/{TjoilJ  — >•  X} 
so  that  the  morphism  K\  -A  A'o  x Kq  is  given  by  coverings  {Vi^j  —I  Ui0  xx  t/,;, } 
of  the  site  C.  Thus  we  can  further  identify 

= Ker(n.-m)  — > II  -^u)) 

with  obvious  map.  The  sheaf  property  of  T implies  that  H°(K , F)  = H°(X,  JF).  □ 


In  fact  this  property  characterizes  the  abelian  sheaves  among  all  abelian  presheaves 
on  C of  course.  The  analogue  of  Cohomology,  Lemma  |24.4.2|  in  this  case  is  the 
following. 


Lemma  24.4.2.  Let  C be  a site  with  fibre  products.  Let  X be  an  object  of  C.  Let 
K be  a hypercovering  of  X.  Let  T be  an  injective  sheaf  of  abelian  groups  on  C. 
Then 


HP(K,1) 


rx(x)  if  P = 0 

1 0 if  p > 0 
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Proof.  Observe  that  for  any  object  Z = {Ui  — > X}  of  SR(C,X)  and  any  abelian 
sheaf  J-  on  C we  have 


01GX 


01GY 


HZ)  = II  HUi) 

= JjMorP5h(c)(/iC7i,  T) 

= Mor  PSh(c)(F(Z),T) 

= MorPj4;)(C)(ZF(Z),  J") 

= Mor^;,^)  (^Zp^z)i 

Thus  we  see,  for  any  simplicial  object  K of  SR(C,  X)  that  we  have 


(24.4.2.1) 
see  Definition 


24.3.1 


s{T{K))  = HomA6(c)(S(Zfw),  F) 

for  notation.  The  complex  of  sheaves  s{7^^KA  is  quasi- 

We  conclude  that  if 


24.3.5 


isomorphic  to  Z \ if  K is  a hypercovering,  see  Lemma 
I is  an  injective  abelian  sheaf,  and  I\  a hypercovering,  then  the  complex  s(T(K)) 
is  acyclic  except  possibly  in  degree  0.  In  other  words,  we  have 


H'fK.l)  = 0 

for  i > 0.  Combined  with  Lemma [24.4. 1|  the  lemma  is  proved.  □ 

Next  we  come  to  the  analogue  of  Cohomology  on  Sites,  Lemma  |21.11.6|  Let  C 
be  a site.  Let  J7  be  a sheaf  of  abelian  groups  on  C.  Recall  that  Hf(F)  indicates 
the  presheaf  of  abelian  groups  on  C which  is  defined  by  the  rule  H^{F)  : U i — > 
H'l{U,Jr).  We  extend  this  to  SR(C)  as  in  the  introduction  to  this  section. 


Lemma  24.4.3.  Let  C be  a site  with  fibre  products.  Let  X be  an  object  ofC.  Let 
I\  be  a hypercovering  of  X.  Let  J7  be  a sheaf  of  abelian  groups  on  C.  There  is  a 
map 

s(J-(K))  — S>  RT(X,  X) 

in  D+(Ab)  functorial  in  T , which  induces  natural  transformations 


as  functors  Ab(C ) — > Ab.  Moreover,  there  is  a spectral  sequence  (Er,dr)r> o with 

E%q  = HP(K, 

converging  to  Hp+q(X,J-).  This  spectral  sequence  is  functorial  in  T and  in  the 
hypercovering  K . 


Proof.  We  could  prove  this  by  the  same  method  as  employed  in  the  corresponding 
lemma  in  the  chapter  on  cohomology.  Instead  let  us  prove  this  by  a double  complex 
argument. 

Choose  an  injective  resolution  F — > T%  in  the  category  of  abelian  sheaves  on  C. 
Consider  the  double  complex  A *•*  with  terms 

A™  = lq(Kp) 

where  the  differential  dp,q  : Ap^q  — >■  Ap+l’q  is  the  one  coming  from  the  differential 
Ip  — > Ip+1  and  the  differential  dp’q  : Ap’q  — > Ap,q+1  is  the  one  coming  from  the 
differential  on  the  complex  s{Tp{Kj)  associated  to  the  cosimplicial  abelian  group 
TP(K)  as  explained  above.  As  usual  we  denote  sA*  the  simple  complex  associated 
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to  the  double  complex  A * *.  We  will  use  the  two  spectral  sequences  (' Er,'dr ) and 


(" Er,"dr ) associated  to  this  double  complex,  see  Homology,  Section  12.22 


By  Lemma[24.4.2  the  complexes  s(Xp(K))  are  acyclic  in  positive  degrees  and  have 


H°  equal  to  IP(X).  Hence  by  Homology,  Lemma  12.22.7 
sequence  (' Er,'dr ) degenerates,  and  the  natural  map 

T*(X)  — > sA9 


and  its  proof  the  spectral 


is  a quasi-isomorphism  of  complexes  of  abelian  groups.  In  particular  we  conclude 
that  Hn(sA *)  = Hn(X,F). 

The  map  s(F(K))  — > RT(X,F)  of  the  lemma  is  the  composition  of  the  natural 
map  s(J-(K))  — > sA * followed  by  the  inverse  of  the  displayed  quasi-isomorphism 
above.  This  works  because  X9{X)  is  a representative  of  RT{X,F). 

Consider  the  spectral  sequence  ("  Er,"dr)r> o-  By  Homology,  Lemma 
see  that 

" El T = 

In  other  words,  we  first  take  cohomology  with  respect  to  d\  which  gives  the  groups 
"Ep,q  = Hp(F)(Kq).  Hence  it  is  indeed  the  case  (by  the  description  of  the  differ- 
ential "d\)  that  " Ep’q  = Hp {K , EE1  (F)) . And  by  the  other  spectral  sequence  above 
we  see  that  this  one  converges  to  Hn(X,F)  as  desired. 

We  omit  the  proof  of  the  statements  regarding  the  functoriality  of  the  above  con- 
structions in  the  abelian  sheaf  F and  the  hypercovering  K . □ 


12.22.4 


we 


24.5.  Hypercoverings  a la  Verdier 

09VT  The  astute  reader  will  have  noticed  that  all  we  need  in  order  to  get  the  Cech  to 
cohomology  spectral  sequence  for  a hypercovering  of  an  object  X,  is  the  conclusion 
of  Lemma |24.2.10|  Therefore  the  following  definition  makes  sense. 

09VU  Definition  24.5.1.  Let  C be  a site.  Assume  C has  equalizers  and  fibre  products. 
Let  Q be  a presheaf  of  sets.  A hypercovering  of  Q is  a simplicial  object  I\  of  SR(C) 
endowed  with  an  augmentation  F(K)  — ► Q such  that 

(1)  F(K0)  — > G becomes  surjective  after  sheafification, 

(2)  F{K\)  — > F(K0)  Xg  F(K0 ) becomes  surjective  after  sheafification,  and 

(3)  F(R'n+i)  — > F((coskrask„A')„+i)  for  n > 1 becomes  surjective  after 
sheafification. 

We  say  that  a simplicial  object  K of  SR(C)  is  a hypercoverina  if  K is  a hypercovering 
of  the  final  object  * of  PSh(C). 


The  assumption  that  C has  fibre  products  and  equalizers  guarantees  that  SR(C)  has 
fibre  products  and  equalizers  and  F commutes  with  these  (Lemma  |24.2.3 ) which 
suffices  to  define  the  coskeleton  functors  used  (see  Simplicial,  Remark  14.19.11  and 
Categories,  Lemma  4.18.2|).  If  C is  general,  we  can  replace  the  condition  (3)  by  the 
condition  that  F(A'„+i)  — > ((coskrlskraA(AT))n+i)  for  n > 1 becomes  surjective 
after  sheafification  and  the  results  of  this  section  remain  valid. 


Let  T be  an  abelian  sheaf  on  C.  In  the  previous  section,  we  defined  the  Cech  complex 
of  F with  respect  to  a simplicial  object  AT  of  SR(C).  Next,  given  a presheaf  Q we 
set 


H°(G,F)  = Mor  PSh{e)(G,F)  = MoTSh{c)(G#,F ) = H°(G#,F) 
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with  notation  as  in  Cohomology  on  Sites,  Section  21.13).  This  is  a left  exact  func- 


tor and  its  higher  derived  functors  (briefly  studied  in  Cohomology  on  Sites,  Section 


21.13)  will  be  denoted  We  will  show  that  given  a hypercovering  K of 


09  VV 


Q,  there  is  a Cech  to  cohomology  spectral  sequence  converging  to  the  cohomol- 
ogy Hl(Q,F).  Note  that  if  Q = *,  then  Hl{*,F)  = H l(F)  recovers  the  global 
cohomology  of  T . 

Lemma  24.5.2.  Let  C be  a site  with  equalizers  and  fibre  products.  Let  Q be  a 
presheaf  on  C.  Let  K be  a hypercovering  of  Q . Let  T be  a sheaf  of  abelian  groups 
onC.  Then  H°(K,T)  = 

Proof.  This  follows  from  the  definition  of  H°{Q,T)  and  the  fact  that 

F(R\)^^F(K0) ^ G 


becomes  an  coequalizer  diagram  after  sheafihcation. 


□ 


09VW 


Lemma  24.5.3.  Let  C be  a site  with  equalizers  and  fibre  products.  Let  Q be  a 
presheaf  on  C.  Let  K be  a hypercovering  of  Q . Let  T be  an  injective  sheaf  of  abelian 
groups  on  C.  Then 

if  p = 0 
if  P>  0 


H-(K.I)  = 


Proof.  By  (24.4.2.1)  we  have 


s(F(K))  = RomAb{cMZ*iK)),F) 


The  complex  s( is  quasi-isomorphic  to  Zg  , see  Lemma 
that  if  X is  an  injective  abelian  sheaf,  then  the  complex  s(I(A'))  is  acyclic  except 
possibly  in  degree  0.  In  other  words,  we  have  Hl{K,X)  = 0 for  i > 0.  Combined 
with  Lemma [24. 5. 2| the  lemma  is  proved.  □ 

Lemma  24.5.4.  Let  C be  a site  with  equalizers  and  fibre  products.  Let  Q be  a 
presheaf  on  C.  Let  K be  a hypercovering  of  Q . Let  T be  a sheaf  of  abelian  groups 
on  C.  There  is  a map 

s{F{K))—>KT(g,F) 

in  D+  (Ab)  functorial  in  JF , which  induces  a natural  transformation 

Hl{K,  —)  — > Hl(Q,  — ) 

of  functors  Ab(C ) — > Ab.  Moreover,  there  is  a spectral  sequence  (Er,dr)r>  o with 

E%q  = Hp(K,Hq{T)) 

converging  to  Hp+q{Q,J:).  This  spectral  sequence  is  functorial  in  J-  and  in  the 
hypercovering  I\ . 

Proof.  Choose  an  injective  resolution  T — > X*  in  the  category  of  abelian  sheaves 
on  C.  Consider  the  double  complex  A*  * with  terms 

AP,q  = Xq(Kp) 

where  the  differential  : Ap’q  -A  Ap+1’q  is  the  one  coming  from  the  differential 
Xp  -A-  Ip+1  and  the  differential  dffq  : Ap’q  -A  Ap'q+1  is  the  one  coming  from  the 
differential  on  the  complex  s(fXp{K))  associated  to  the  cosimplicial  abelian  group 
XP(K)  as  explained  above.  We  will  use  the  two  spectral  sequences  (' Er,'dr ) and 
(" Er,"dr ) associated  to  this  double  complex,  see  Homology,  Section  12.22 


# 


24.3.4 


We  conclude 


09VX 
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By  Lemma  24.5.3  the  complexes  s(Ip(K))  are  acyclic  in  positive  degrees  and  have 
H°  equal  to  H"(Q,IP).  Hence  by  Homology,  Lemma  12.22.7  and  its  proof  the 
spectral  sequence  (' Erfdr ) degenerates,  and  the  natural  map 

H°{Q,T)  — > Tot  (A*’*) 


is  a quasi-isomorphism  of  complexes  of  abelian  groups.  The  map  s(F(K))  — > 
RT{g,  F)  of  the  lemma  is  the  composition  of  the  natural  map  s(F(K))  — > Tot(A*-*) 
followed  by  the  inverse  of  the  displayed  quasi-isomorphism  above.  This  works  be- 
cause H°(G,I*)  is  a representative  of  RT(G,  F). 


Consider  the  spectral  sequence  ("Er,"dr)r> o- 
see  that 


By  Homology,  Lemma 


12.22.4 


we 


" E f-9  = H^H^A--)) 

In  other  words,  we  first  take  cohomology  with  respect  to  d\  which  gives  the  groups 
"Ep,q  = Hp(F)(I\q).  Hence  it  is  indeed  the  case  (by  the  description  of  the  differ- 
ential "d\)  that  "Ep,q  = HP(K,  Hq(F)).  Since  this  spectral  sequence  converges  to 
the  cohomology  of  Tot(A*’*)  the  proof  is  finished.  □ 


09VY  Lemma  24.5.5.  Let  C be  a site  with  equalizers  and  fibre  products.  Let  K be  a 
hypercovering.  Let  F be  an  abelian  sheaf.  There  is  a spectral  sequence  (Er,dr)r> o 
with 

Ep’q  = HP(K,  Hq(F)) 

converging  to  the  global  cohomology  groups  Hp+q(F). 

Proof.  This  is  a special  case  of  Lemma  [24.5. 4|  □ 


24.6.  Covering  hyper  coverings 

01GG  Here  are  some  ways  to  construct  hypercoverings.  We  note  that  since  the  category 
SR(C,  X)  has  fibre  products  the  category  of  simplicial  objects  of  SR(C,  X)  has  fibre 
products  as  well,  see  Simplicial,  Lemma  [1.4. 7. 2[ 

01GH  Lemma  24.6.1.  Let  C be  a site  with  fibre  products.  Let  X be  an  object  of  C. 
Let  K.  L,  M be  simplicial  objects  of  SR(C,X).  Let  a : K — > L,  b : M — » L be 
morphisms.  Assume 

(1)  K is  a hypercovering  of  X, 

(2)  the  morphism  Mq  — » Lq  is  a covering , and 

(3)  for  all  n > 0 in  the  diagram 


Mn+ 1 ^ (cosknsknM)n+ 1 


the  arrow  7 is  a covering. 

Then  the  fibre  product  K x £ M is  a hypercovering  of  X . 
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—>  A'0  is  a base  change  of  a 
And  K0  — ► {X  — ► X}  is  a 


Proof.  The  morphism  ( K Xj  M)o  = Kq  xl0  iWo 
covering  by  (2),  hence  a covering,  see  Lemma  24.2.5 
covering  by  (1).  Thus  (AT  x l M)0  — ► {X  — ► X}  is  a covering  by  Lemma  [24.2.5 
Hence  X x /,  M satisfies  the  first  condition  of  Definition |24.2.6| 


We  still  have  to  check  that 


An+i  ^ Ln+i  — (A  xL  t (cosk„sk„(A  X/, 

is  a covering  for  all  n > 0.  We  abbreviate  as  follows:  A = (cosknsk„A')n+i, 
B = (cosk„sknL)n+i,  and  C = (cosk„sknM)n+i.  The  functor  cosk„skn  commutes 
with  fibre  products,  see  Simplicial,  Lemma  |14.19.13}  Thus  the  right  hand  side 
above  is  equal  to  A x B C.  Consider  the  following  commutative  diagram 


This  diagram  shows  that 

Kn+X  X Bn^_1  AIn^_x  x B ) ^(Ln+iXBC),7  Afn_j_x 

Now,  Kn+ 1 xB  C ^ A Xb  C is  a base  change  of  the  covering  I\n+\  — » A via  the 
morphism  A x B C — » A,  hence  is  a covering.  By  assumption  (3)  the  morphism  7 is 
a covering.  Hence  the  morphism 

(An+i  xB  C)  x (^n_|_1  xbC),^  t X„+1  xB  C 

is  a covering  as  a base  change  of  a covering.  The  lemma  follows  as  a composition 
of  coverings  is  a covering.  □ 

01GI  Lemma  24.6.2.  Let  C be  a site  with  fibre  products.  Let  X be  an  object  of  C.  If 
I\,L  are  hypercoverings  of  X,  then  K x L is  a hypercovering  of  X. 

Proof.  You  can  either  verify  this  directly,  or  use  Lemma  |24.6.1|  above  and  check 
that  L — ► {X  — > X'}  has  property  (3).  □ 


Let  C be  a site  with  fibre  products.  Let  X be  an  object  of  C.  Since  the  category 
SR(C,X)  has  coproducts  and  finite  limits,  it  is  permissible  to  speak  about  the 
objects  U x K and  Hom(C/,  AT)  for  certain  simplicial  sets  U (for  example  those  with 
finitely  many  nondegenerate  simplices)  and  any  simplicial  object  K of  SR(C,X). 
See  Simplicial,  Sections  [l4.13|and|14.17[ 

01GJ  Lemma  24.6.3.  Let  C be  a site  with  fibre  products.  Let  X be  an  object  of  C.  Let 
I\  be  a hypercovering  of  X.  Let  k > 0 be  an  integer.  Let  u : Z — » AA  be  a covering 
in  in  SR(C,X).  Then  there  exists  a morphism  of  hypercoverings  f : L —X  K such 
that  Afc  — >•  A*,  factors  through  u. 


Proof.  Denote  Y = AT*,.  Let  C[k\  be  the  cosimplicial  set  defined  in  Simplicial,  Ex- 
ample 14.5.6  We  will  use  the  description  of  Hom(C[fc],  Y)  and  Horn {C[k],Z)  given 
in  Simplicial,  Lemma  14.15.2  There  is  a canonical  morphism  K —X  Horn (C[k],Y) 
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0B16 


corresponding  to  id  : Kk  = Y — > Y.  Consider  the  morphism  Horn (C[k\,Z) 
Hom(C'[fc] , Y)  which  on  degree  n terms  is  the  morphism 

TT  2 — ► TT  y 

using  the  given  morphism  Z —>Y  on  each  factor.  Set 

L = K xHom(C[t],y)  Hom((7[fc],  Z). 

The  morphism  — > K j.  sits  in  to  a commutative  diagram 

Prid,i 


Lk 


Kk 


n 


a[fc] 


o; : [fc]  — >•  [A;]  ' 


z 


n„: 


o::  [fc]  — >■  [fc] 


Y 


PRd 


1Xy 


Since  the  composition  of  the  two  bottom  arrows  is  the  identity  we  conclude  that 
we  have  the  desired  factorization. 

We  still  have  to  show  that  L is  a hypercovering  of  X.  To  see  this  we  will  use  Lemma 


24.6.1  Condition  (1)  is  satisfied  by  assumption.  For  (2),  the  morphism 
Hom(C[fc],  Z)o  — > Hom(C[fc],  F)o 

is  a covering  because  it  is  isomorphic  to  Z — > Y as  there  is  only  one  morphism 

[*]-►[  o]. 

Let  us  consider  condition  (3)  for  n = 0.  Then,  since  (coskgT)!  = T xT  (Simplicial, 


Example  14.19.1)  and  since  Hom(C[/c],  Z)\  = IIa-[fc]_>-[i]  Z we  °btain  the  diagram 


IL: 


■Z  x Z 


TT 


Y 


YxY 


a:[fc]->-[l] 

with  horizontal  arrows  corresponding  to  the  projection  onto  the  factors  correspond- 
ing to  the  two  nonsurjective  a.  Thus  the  arrow  7 is  the  morphism 


IL 


il 


z x TT 

1 J-rv:  fi 


Y 


>[1]  >-[1]  not  onto  >-[1]  onto 

which  is  a product  of  coverings  and  hence  a covering  by  Lemma|24.2.5| 

Let  us  consider  condition  (3)  for  n > 0.  We  claim  there  is  an  injective  map  r : 
S'  S of  finite  sets,  such  that  for  any  object  T of  SR(C,X)  the  morphism 

(24.6.3.1)  Hom(C'[fc],T)n+i  ->  (cosknsknHom(C[fc],T))n+i 

is  isomorphic  to  the  projection  Uses?  ->  lives'  T functorially  in  T.  If  this  is 
true,  then  we  see,  arguing  as  in  the  previous  paragraph,  that  the  arrow  7 is  the 
morphism 

TT  ^ > TT  ZxT\  Y 

±±s6S  J-J-seS'  lls^r(S') 

which  is  a product  of  coverings  and  hence  a covering  by  Lemma[24.2.5[  By  construc- 
tion, we  have  Hom(C'[fc],T)n+1  = Tla-rfci-nn-i-i]  Y (see  Simplicial,  Lemma  14.15.2). 
Correspondingly  we  take  S = Map([fc],[n  + 1]).  On  the  other  hand,  Simplicial, 
Lemma  14.19.5  provides  a description  of  points  of  (cosk„sk„  Hom(C[fc],  T))n+1 
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as  sequences  (/o,  • • • , fn+i)  of  points  of  Hom(C'[fc],  T)n  satisfying  = d™fj 

for  0 < i < j < n + 1.  We  can  write  /*  = ( fi  a ) with  /i  a a point  of  T and 
a £ Map([fc],  [n]).  The  conditions  translate  into 

i°,8  = 

for  any  0<i<j<n  + l and  {3  : [k]  — > [n  — 1] . Thus  we  see  that 
S'  = {0, . . . , n + 1}  x Map([/c],  [n])/  ~ 


where  the  equivalence  relation  is  generated  by  the  equivalences 

(hS?-iop)~V,8?o/3) 

for  0 < i < j <n+l  and  f3  : [k]  — > [n  — 1].  A computation  (omitted)  shows 
that  the  morphism  (24.6.3.1)  corresponds  to  the  map  S'  S which  sends  (i,  a) 
to  <5f+1  o a £ S.  (It  may  be  a comfort  to  the  reader  to  see  that  this  map  is  well 
defined  by  part  (1)  of  Simplicial,  Lemma  14.2. 3|)  To  finish  the  proof  it  suffices  to 
show  that  if  a,  a'  : [k]  — >■  [n]  and  0<f<j<n  + l are  such  that 

<5T+1  o a = (5”+1  o a1 


then  we  have  a = (5"_x  o (3  and  a'  = 6™  o (3  for  some  /3  : [k] 
to  see  and  omitted. 


[n  — 1] . This  is  easy 
□ 


01GK  Lemma  24.6.4.  Let  C be  a site  with  fibre  products.  Let  X be  an  object  of  C. 
Let  K be  a hypercovering  of  X.  Let  n > 0 be  an  integer.  Let  u : T -+  F(Kn)  be 
a morphism  of  presheaves  which  becomes  surjective  on  sheafification.  Then  there 
exists  a morphism  of  hypercoverings  f : L -+  K such  that  F(fn ) : F{Ln)  — > F(Kn) 
factors  through  u. 

Proof.  Write  Kn  = {Ui  — > X}iGj.  Thus  the  map  u is  a morphism  of  presheaves  of 
sets  u : F -A  II hUi.  The  assumption  on  u means  that  for  every  i £ I there  exists  a 
covering  { Ujj  -+  jr  of  the  site  C and  a morphism  of  presheaves  tij  : — > F 

such  that  u o t^  is  the  map  hjjt.  — > hjj.  coming  from  the  morphism  Uij  — > Ui.  Set 
J = II ig/A,  and  let  a : J — > I be  the  obvious  map.  For  j £ J denote  Vj  = Ua(7yr 
Set  Z = {Vj  — > X}j£j.  Finally,  consider  the  morphism  v!  : Z Kn  given  by 
a : J — > I and  the  morphisms  Vj  = Ua(j)j  — > Ua ^ above.  Clearly,  this  is  a 
covering  in  the  category  SR(C,A),  and  by  construction  F{u ')  : F{Z)  —7  F(Kn ) 
factors  through  u.  Thus  the  result  follows  from  Lemma[24.6.3|above.  □ 


24.7.  Adding  simplices 


01GL 


01GM 


In  this  section  we  prove  some  technical  lemmas  which  we  will  need  later.  Let  C be 
a site  with  fibre  products.  Let  X be  an  object  of  C.  As  we  pointed  out  in  Section 


24.6  above,  the  objects  U x K and  Hom(f7,  K)  for  certain  simplicial  sets  U and 


any  simplicial  object  K of  SR(C,X)  are  defined.  See  Simplicial,  Sections  14.13  and 

MM 

Lemma  24.7.1.  LetC  be  a site  with  fibre  products.  Let  X be  an  object  ofC.  Let  I\ 
be  a hypercovering  of  X.  Let  U C V be  simplicial  sets,  with  Un,  Vn  finite  nonempty 
for  all  n.  Assume  that  U has  finitely  many  nondegenerate  simplices.  Suppose  n > 0 
and  x £ Vn,  x £ Un  are  such  that 


(1)  Vi  = U for  i < n, 

(2)  Vn  = Un  U {x}, 
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(3)  any  z £ Vj,  z &Uj  for  j > n is  degenerate. 
Then  the  morphism 

Hom(V,  K)0  — > Horn (U,  K)0 

of  SR(C,  X)  is  a covering. 


Proof.  If  n = 0,  then  it  follows  easily  that  V = U II  A[0]  (see  below).  In  this 
case  Horn  (Id  K)0  = Hom([7,  A')o  x I\q.  The  result,  in  this  case,  then  follows  from 
Lemma  124.2.51 


Let  a : A[n]  — > V be  the  morphism  associated  to  x as  in  Simplicial,  Lemma  14.11.3 


Let  us  write  <9A[n]  = ^n-iuskn-iAfn]  for  the  (n  — l)-skeleton  of  A[n].  Let  b : 
dA  [n]  — > U be  the  restriction  of  a to  the  (n  — 1)  skeleton  of  A [n] . By  Simplicial, 
Lemma  14.21.7  we  have  V = A H^ln]  A[n].  By  Simplicial,  Lemma  14.17.5  we  get 
that 


Hom(P,  K)  o 


■ Hom([/,  I\)  o 


Horn  (A 


n],I<)  c 


■ Hom(9A[n],  K)0 


is  a fibre  product  square.  Thus  it  suffices  to  show  that  the  bottom  horizontal  arrow 
is  a covering.  By  Simplicial,  Lemma  |14.21.11  this  arrow  is  identified  with 

Kn  -*•  (cosk„_iskn_iA')n 


and  hence  is  a covering  by  definition  of  a hypercovering. 


□ 


01GN  Lemma  24.7.2.  Let  C be  a site  with  fibre  products.  Let  X be  an  object  ofC.  Let  K 
be  a hypercovering  of  X.  Let  U C V be  simplicial  sets,  with  Un,  Vn  finite  nonempty 
for  all  n.  Assume  that  U and  V have  finitely  many  nondegenerate  simplices.  Then 
the  morphism 

Hom(P,  K)0  — > Hom([/,  K)0 

of  SR(C,X)  is  a covering. 


Proof.  By  Lemma  24.7.1  above,  it  suffices  to  prove  a simple  lemma  about  inclu- 
sions of  simplicial  sets  U C V as  in  the  lemma.  And  this  is  exactly  the  result  of 
Simplicial,  Lemma[l4.21.8[  □ 


24.8.  Homotopies 

OIGO  Let  C be  a site  with  fibre  products.  Let  X be  an  object  of  C.  Let  A be  a simplicial 


object  of  SR(C,  X).  According  to  Simplicial,  Lemma  14.17.4  there  exists  an  object 


Hom(A[l],  L)  in  the  category  Simp(SR(C,  A'))  which  represents  the  functor 
T i — *■  MorSimp(SR(C,x))(A[l]  x T,  L) 

There  is  a canonical  morphism 


Hom(A[l],  L)  Ax  L 

coming  from  e*  : A[0]  — > A[l]  and  the  identification  Hom(A[0],  A)  = A. 
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01GP 

01GQ 


01GR 


01GS 


Lemma  24.8.1.  LetC  be  a site  with  fibre  products . Let  X be  an  object  ofC.  Let  L 
be  a simplicial  object  of  SR(C,X).  Let  n > 0.  Consider  the  commutative  diagram 


(24.8.1.1) 


Hom(A[l],L)„+i 


(L  x L)n+1 


( cosknskn  Hom( A [1] , L))n+1 


( cosknskn(L  x L))n+i 


coming  from  the  morphism  defined  above, 
as  follows,  where  dA[n+ 1]  = in\sknA[n  + 

Hom(A[l],L)n+i  = 
(cosknskn  Hom(A[l],  L))n+i  = 

( L X L)n+ 1 

cosh,  sk,  / X L))n+ 1 = 

and  the  morphism  between  these  objects 
diagram  of  simplicial  sets 


(24.8.1.2) 


A[l]  x A [n  + 1] 


We  can  identify  the  terms  in  this  diagram 
1]  is  the  n-skeleton  of  the  (n  + 1)- simplex: 

Hom(A[l]  x A[n  + 1],  L)0 
Hom(A[l]  x dA [n  + 1],L)0 
Hom((A[?r  + 1]  II  A[n  + 1],  L)0 
Hom(dA[n  + 1]  II  dA [n  + 1],L)0 
of  SR(C,X)  come  from  the  commutative 


A[l]  x dA [n  + 1] 
1 


A [n  + 1]  II A [n  + 1]  -< dA[n  + 1]  II  dA[n  + 1] 

Moreover  the  fibre  product  of  the  bottom  arrow  and  the  right  arrow  in  124-8.1.1 ) is 
equal  to 

Hom(f7,  L) o 

where  U C A [1]  x A[n  + 1]  is  the  smallest  simplicial  subset  such  that  both  A[n  + 
1]  II  A[n  + 1]  and  A[l]  x dA [n  + 1]  map  into  it. 


Proof.  The  first  and  third  equalities  are  Simplicial,  Lemma  14.17.4  The  second 
and  fourth  follow  from  the  cited  lemma  combined  with  Simplicial,  Lemma|l4.21.1l] 
The  last  assertion  follows  from  the  fact  that  U is  the  push-out  of  the  bottom  and 
right  arrow  of  the  diagram  (24.8.1.2),  via  Simplicial,  Lemma[l4.17.5  To  see  that  U 
is  equal  to  this  push-out  it  suffices  to  see  that  the  intersection  of  A [n+1]  II A [n  + 1] 
and  A [1]  x dA [n  + 1]  in  A[l]  x A[n  + 1]  is  equal  to  dA [n  + 1]  II <9A[n  + 1].  This  we 
leave  to  the  reader.  □ 


Lemma  24.8.2.  LetC  be  a site  with  fibre  products.  Let  X be  an  object  ofC.  Let 
I\,L  be  hypercoverings  of  X.  Let  a,b  : K L be  morphisms  of  hypercoverings. 
There  exists  a morphism  of  hypercoverings  c : K'  — > I\  such  that  ao  c is  homotopic 
to  bo  c. 


Proof.  Consider  the  following  commutative  diagram 


KxiLxL)  Hom(A[l],  L) 


■ Hom(A[l],  L) 


(a,b) 


Lx  L 


By  the  functorial  property  of  Hom(A[l],  L)  the  composition  of  the  horizontal  mor- 
phisms corresponds  to  a morphism  K'  x A [1]  -+  L which  defines  a homotopy 
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between  co  a and  cob.  Thus  if  we  can  show  that  K'  is  a hypercovering  of  A,  then 
we  obtain  the  lemma.  To  see  this  we  will  apply  Lemma  |24.6.1|  to  the  pair  of  mor- 
phisms  K — » L x L and  Hom(A[l],  L)  — > L x L.  Condition  (1)  of  Lemma  24.6.1 


is 


satisfied.  Condition  (2)  of  Lemma  24.6.1  is  true  because  Hom(A[l],  L)q  = L\1  and 
the  morphism  (d,Q,d\)  : L\  — > Lq  x Lq  is  a covering  of  SR(C,  A')  by  our  assumption 


that  L is  a hypercovering.  To  prove  condition  (3)  of  Lemma  24.6.1  we  use  Lemma 


24.8.1 


24.6.1 


above.  According  to  this  lemma  the  morphism  7 of  condition  (3)  of  Lemma 
is  the  morphism 

Hom(A[l]  x A[n  + l],L)o  — > Hom(£/, L)0 


where  U C A[l]  x A[n  + 1].  According  to  Lemma  24.7.2  this  is  a covering  and  hence 
the  claim  has  been  proven.  □ 


24.7.2 


This 


01GT  Remark  24.8.3.  Note  that  the  crux  of  the  proof  is  to  use  Lemma 

lemma  is  completely  general  and  does  not  care  about  the  exact  shape  of  the  sim- 
plicial  sets  (as  long  as  they  have  only  finitely  many  nondegenerate  simplices).  It 
seems  altogether  reasonable  to  expect  a result  of  the  following  kind:  Given  any 
morphism  a : K x 9A[fc]  — >■  L , with  K and  L hypercoverings,  there  exists  a mor- 
phism of  hypercoverings  c : K'  — > I\  and  a morphism  g : K'  x A[fc]  — > L such  that 
g\K'xdA[k]  = a o (c  x id,9A[fc])'  In  other  words,  the  category  of  hypercoverings  is  in 
a suitable  sense  contractible. 


24.9.  Cohomology  and  hypercoverings 


01GZ  Let  C be  a site  with  fibre  products.  Let  X be  an  object  of  C.  Let  T be  a sheaf 
of  abelian  groups  on  C.  Let  K,L  be  hyper  coverings  of  X.  If  a,  b : K — )■  L are 
homotopic  maps,  then  T(a),J-(b)  : J~(K)  — > J-(L)  are  homotopic  maps,  see  Sim- 
plicial,  Lemma  |14.28.3[  Hence  have  the  same  effect  on  cohomology  groups  of  the 
associated  cochain  complexes,  see  Simplicial,  Lemma  [14. 28. 5|  We  are  going  to  use 
this  to  define  the  colimit  over  all  hypercoverings. 


Let  us  temporarily  denote  HC(C,  X)  the  category  of  hypercoverings  of  X.  We  have 
seen  that  this  is  a category  and  not  a “big”  category,  see  Lemma  24.2.8[  This  will 
be  the  index  category  for  our  diagram,  see  Categories,  Section  |4.14  for  notation. 
Consider  the  diagram 

: HC (C,X)  — > Ab. 

By  Lemma  24.6.2  and  Lemma  [24.8. 2[  and  the  remark  on  homotopies  above,  this 
diagram  is  directed,  see  Categories,  Definition  4.19. 1[  Thus  the  colimit 

Hhc(X^)  = colimKeHC(C,v)  H’(K,D 


has  a particularly  simple  description  (see  location  cited). 

01H0  Theorem  24.9.1.  Let  C be  a site  with  fibre  products.  Let  X be  an  object  of  C. 
Let  i > 0.  The  functors 


Ab{C)  - 

-A  Ab 

T v- 

-A  H\X,X) 

T 1 — 

-A  irHC(x,F) 

are  canonically  isomorphic. 
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Proof  using  spectral  sequences.  Suppose  that  £ £ HP(X,F)  for  some  p > 0. 
Let  us  show  that  £ is  in  the  image  of  the  map  HP(X,F)  — ?•  7LP(X,  F)  of  Lemma 
|24.4.3|for  some  hypercovering  I\  of  X. 

This  is  true  if  p = 0 by  Lemma  |24.4.1|  If  p = 1,  choose  a Cech  hypercovering 
I\  of  X as  in  Example  24.2.7  starting  with  a covering  Kq  = {Ui  — > X}  in  the 
site  C such  that  £1^  = 0,  see  Cohomology  on  Sites,  Lemma  21.8.3  It  follows 


immediately  from  the  spectral  sequence  in  Lemma  24.4.3|  that  £ comes  from  an 
element  of  H1{I\1  F)  in  this  case.  In  general,  choose  any  hypercovering  K of  X 


such  that  £ maps  to  zero  in  H_p  (F)(K0)  (using  Example  24.2.7  and  Cohomology 

again).  By  the  spectral  sequence  of  Lemma  24.4.3  the 


on  Sites,  Lemma  21.8.3 


obstruction  for  £ to  come  from  an  element  of  HP(K,F)  is  a sequence  of  elements 
£i,...,£p_i  with  £ q £ Hp~q(K,  Hq(F))  (more  precisely  the  images  of  the  £g  in 
certain  subquotients  of  these  groups). 

We  can  inductively  replace  the  hypercovering  K by  refinements  such  that  the  ob- 
structions £i, . . . , £p_i  restrict  to  zero  (and  not  just  the  images  in  the  subquotients 
- so  no  subtlety  here).  Indeed,  suppose  we  have  already  managed  to  reach  the  sit- 
uation where  £g+i, . . . , £p_i  are  zero.  Note  that  £9  £ Hp~q(K,Hq(F))  is  the  class 
of  some  element 

i9  e Hq{F){Kp_q)  = \{Hq{UuF) 

if  Kp_q  = {Ui  — > X}iej.  Let  £gti  be  the  component  of  £ q in  Hq{Ui1F).  As 
q > 1 we  can  use  Cohomology  on  Sites,  Lemma [21.8. 3|yet  again  to  choose  coverings 
{Uij  — > Ui}  of  the  site  such  that  each  restriction  ^q,i\uid  = 0.  Consider  the  object 
Z = {Uij  — > X}  of  the  category  SR(C,  X)  and  its  obvious  morphism  u : Z -A  Kp_q. 
It  is  clear  that  u is  a covering,  see  Definition |24. 2. 4|  By  Lemma [24. 6. 3| there  exists  a 
morphism  L — ► K of  hypercoverings  of  X such  that  Lp_q  — > Kp_q  factors  through 
u.  Then  clearly  the  image  of  in  7J9(Jr)(Lp_g).  is  zero.  Since  the  spectral 


sequence  of  Lemma  24.4. 3|  is  functorial  this  means  that  after  replacing  K by  L we 
reach  the  situation  where  £q, . . . ,£p-i  are  all  zero.  Continuing  like  this  we  end  up 
with  a hypercovering  where  they  are  all  zero  and  hence  £ is  in  the  image  of  the  map 
Hp(X,X)  ->■  Hp{X,T). 

Suppose  that  K is  a hypercovering  of  X,  that  £ £ HP(K,T)  and  that  the  image  of  £ 


under  the  map  HP(X,  F)  — > HP(X,  F)  of  Lemma  24.4.3  is  zero.  To  finish  the  proof 
of  the  theorem  we  have  to  show  that  there  exists  a morphism  of  hypercoverings 
L — > K such  that  £ restricts  to  zero  in  HP(L,F).  By  the  spectral  sequence  of 


Lemma  24.4.3  the  vanishing  of  the  image  of  £ in  HP{X1F)  means  that  there  exist 


elements  £i, . . . , £p_2  with  £9  £ Hp~1~q{K1  H_q(F))  (more  precisely  the  images  of 
these  in  certain  subquotients)  such  that  the  images  d^jjj1_9’9£g  (in  the  spectral 
sequence)  add  up  to  £.  Hence  by  exactly  the  same  mechanism  as  above  we  can  find 
a morphism  of  hypercoverings  L K such  that  the  restrictions  of  the  elements 
£g,  q = 1, . . . ,p  — 2 in  Hp~1~q(L, ^(F))  are  zero.  Then  it  follows  that  £ is  zero 
since  the  morphism  L K induces  a morphism  of  spectral  sequences  according  to 
Lemma  124.4.31  □ 

Proof  without  using  spectral  sequences.  We  have  seen  the  result  for  i = 0, 
We  know  that  the  functors  HZ(X,  — ) form  a universal  (5-functor, 


see  Lemma 


24.4.1 


see  Derived  Categories,  Lemma  [13.20.4|  In  order  to  prove  the  theorem  it  suffices 
to  show  that  the  sequence  of  functors  H1hc(X,  — ) forms  a 5-functor.  Namely  we 
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know  that  Cech  cohomology  is  zero  on  injective  sheaves  (Lemma  24.4.2 ) and  then 
we  can  apply  Homology,  Lemma|l2.11.4| 


Let 


be  a short  exact  sequence  of  abelian  sheaves  on  C.  Let  £ € H^IC(X,TL).  Choose 
a hypercovering  K of  X and  an  element  a £ TL{Kp)  representing  £ in  cohomology. 
There  is  a corresponding  exact  sequence  of  complexes 


0 s(X(K))  -a  s{G{K))  s(H(K)) 


but  we  are  not  assured  that  there  is  a zero  on  the  right  also  and  this  is  the  only 
thing  that  prevents  us  from  defining  <S(£)  by  a simple  application  of  the  snake 
lemma.  Recall  that 


H(Kp)  = l[H(Ui) 


if  I\p  = {Ui  —>■  Xj.  Let  cr  = n cr,  with  o*  £ 'HfUf).  Since  Q — > 'H  is  a surjection 
of  sheaves  we  see  that  there  exist  coverings  {Uij  — >•  Ui}  such  that  is  the 

image  of  some  element  Tjj  £ G(Uij).  Consider  the  object  Z = {Uij  — ► X}  of  the 


category  SR(C,  X)  and  its  obvious  morphism  u : Z — > I\p.  It  is  clear  that  u is  a 
covering,  see  Definition  24.2. 4|  By  Lemma  |24.6.3|  there  exists  a morphism  L — » K 
of  hypercoverings  of  X such  that  Lp  — ► I\p  factors  through  u.  After  replacing  K 
by  L we  may  therefore  assume  that  a is  the  image  of  an  element  r € Q(Kp).  Note 
that  d(cr)  = 0,  but  not  necessarily  d(r)  = 0.  Thus  d{r)  £ X(Kp+ 1)  is  a cocycle.  In 
this  situation  we  define  <5(£)  as  the  class  of  the  cocycle  d{r)  in  [X , X) . 


At  this  point  there  are  several  things  to  verify:  (a)  <5(£)  does  not  depend  on  the 
choice  of  r,  (b)  <$(£)  does  not  depend  on  the  choice  of  the  hypercovering  L K such 
that  cr  lifts,  and  (c)  (5(£)  does  not  depend  on  the  initial  hypercovering  and  cr  chosen 
to  represent  £.  We  omit  the  verification  of  (a),  (b),  and  (c);  the  independence  of 
the  choices  of  the  hypercoverings  really  comes  down  to  Lemmas  |24.6.2|  and  |24.8.2[ 
We  also  omit  the  verification  that  <5  is  functorial  with  respect  to  morphisms  of  short 
exact  sequences  of  abelian  sheaves  on  C. 


Finally,  we  have  to  verify  that  with  this  definition  of  6 our  short  exact  sequence  of 
abelian  sheaves  above  leads  to  a long  exact  sequence  of  Cech  cohomology  groups. 
First  we  show  that  if  <5(£)  = 0 (with  £ as  above)  then  £ is  the  image  of  some 
element  £'  £ H^c(X,g).  Namely,  if  <$(£)  = 0,  then,  with  notation  as  above,  we 
see  that  the  class  of  d(r)  is  zero  in  H^}(X,T).  Hence  there  exists  a morphism  of 
hypercoverings  L K such  that  the  restriction  of  d(r)  to  an  element  of  T(Lp+i) 
is  equal  to  d{v)  for  some  v £ T(Lp).  This  implies  that  r|r  +v  form  a cocycle,  and 
determine  a class  £'  £ HP(L,C/)  which  maps  to  £ as  desired. 

We  omit  the  proof  that  if  £'  £ {X,  F)  maps  to  zero  in  (X,  Q),  then  it  is 

equal  to  <5(£)  for  some  £ £ H^jC(X,T-L).  □ 


Next,  we  deduce  Verdier’s  case  of  Theorem  |24. 9. 1| by  a sleight  of  hand. 

09VZ  Proposition  24.9.2.  Let  C be  a site  with  fibre  products  and  products  of  pairs.  Let 
T be  an  abelian  sheaf  on  C.  Let  i > 0.  Then 

(1)  for  every  £ £ Hl(iF)  there  exists  a hypercovering  K such  that  £ is  in  the 
image  of  the  canonical  map  Hl{K1J:)  — > and 
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(2)  if  K,L  are  hypercoverings  and  £ Hl(K,F),  £l  £ Hl(L,T)  are  ele- 
ments mapping  to  the  same  element  of  Hl{T),  then  there  exists  a hyper- 
covering M and  morphisms  M — > K and  M L such  that  £k  o,nd  £ l 
map  to  the  same  element  of 

In  other  words,  modulo  set  theoretical  issues,  the  cohomology  groups  of  T on  C are 
the  colimit  of  the  Cech  cohomology  groups  of  T over  all  hypercoverings. 

Proof.  This  result  is  a trivial  consequence  of  Theorem  |24.9.1[  Namely,  we  can 
articially  replace  C with  a slightly  bigger  site  C'  such  that  (I)  C'  has  a final  object 
A and  (II)  hypercoverings  in  C are  more  or  less  the  same  thing  as  hypercoverings 
of  X in  C . But  due  to  the  nature  of  things,  there  is  quite  a bit  of  bookkeeping  to 
do. 


Let  us  call  a family  of  morphisms  {Ui  — >■  U}  in  C with  fixed  target  a weak  covering 
if  the  sheafification  of  the  map  Hie/  htji  —>  hu  becomes  surjective.  We  construct  a 
new  site  C'  as  follows 


(1)  as  a category  set  Ob(C')  = Ob(C)  II  {X}  and  add  a unique  morphism  to 
X from  every  object  of  C , 

(2)  C has  fibre  products  as  fibre  products  and  products  of  pairs  exist  in  C, 

(3)  coverings  of  C are  weak  coverings  of  C together  with  those  {Ui  -A  A"}ig/ 
such  that  either  Ui  = X for  some  i,  or  Ui  ^ X for  all  i and  the  map 
JJhui  -t  * of  presheaves  on  C becomes  surjective  after  sheafification  on 


C, 

(4)  we  apply  Sets,  Lemma  3.11.1  to  restrict  the  coverings  to  obtain  our  site 
C . 

Then  Sh{C)  = Sh(C ) because  the  inclusion  functor  C — > C is  a special  cocontinuous 
functor  (see  Sites,  Definition  7.28.21.  We  omit  the  straightforward  verifications. 


Choose  a covering  {Ui  — ► A}  of  C such  that  Ui  is  an  object  of  C for  all  i (possible 
because  C — > C is  special  cocontinuous).  Then  K0  = {{/*—►  A}  is  a covering  in 
the  site  C constructed  above.  We  view  K0  as  an  object  of  SR(C',A)  and  we  set 
Kinit  = cosko (I\0).  Then  Klnit  is  a hypercovering  of  A,  see  Example  24.2.7  Note 
that  every  Kinit, n has  the  shape  { Wj  -A  A'}  with  Wj  £ Ob(C). 


Proof  of  (1).  Choose  £ £ Hl(iF)  = Hl(X,  X')  where  J-'  is  the  abelian  sheaf  on  C 
corresponding  to  T on  C.  By  Theorem  |24.9.l|  there  exists  a morphism  of  hyper- 
coverings K'  — ► Kinit  of  A in  C such  that  £ comes  from  an  element  of  Hl(K' , F). 
Write  K'n  = {Un,j  —>  A}.  Now  since  K'n  maps  to  Kinit,n  we  see  that  Unj  is 
an  object  of  C.  Hence  we  can  define  a simplicial  object  I\  of  SR(C)  by  setting 
Kn  = {Un,j}.  Since  coverings  in  C'  consisting  of  families  of  morphisms  of  C are 
weak  coverings,  we  see  that  K is  a hypercovering  in  the  sense  of  Definition [2-L5T] 
Finally,  since  T'  is  the  unique  sheaf  on  C whose  restriction  to  C is  equal  to  T we 
see  that  the  Cech  complexes  s(Jr(A'))  and  s(F'{K'))  are  identical  and  (1)  follows. 
(Compatibility  with  map  into  cohomology  groups  omitted.) 


Proof  of  (2).  Let  K and  L be  hypercoverings  in  C.  Let  K'  and  I!  be  the  simplicial 
objects  of  SR(C',A)  gotten  from  K and  L by  the  functor  SR(C)  — > SR(C',A), 
{Ui}  i — >■  {Ui  — ► A}.  As  before  we  have  equality  of  Cech  complexes  and  hence  we 
obtain  £#•/  and  mapping  to  the  same  cohomology  class  of  T'  over  C . After 
possibly  enlarging  our  choice  of  coverings  in  C (due  to  a set  theoretical  issue)  we 
may  assume  that  K'  and  L'  are  hypercoverings  of  A in  C1;  this  is  true  by  our 
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01H1 


01H2 

01H3 

01H4 

01H5 


definition  of  hypercoverings  in  Definition  24.5.1|  and  the  fact  that  weak  coverings 
in  C give  coverings  in  C . By  Theorem  24.9.1  there  exists  a hypercovering  M'  of  X 
in  C and  morpliisms  M'  -A  K' , M'  -a  L' , and  M'  -a  Kinit  such  that  (A'  and  £l> 
restrict  to  the  same  element  of  Hl(M' , F).  Unwinding  this  statement  as  above  we 
find  that  (2)  is  true.  □ 

24.10.  Hypercoverings  of  spaces 

The  theory  above  is  mildly  interesting  even  in  the  case  of  topological  spaces.  In 
this  case  we  can  work  out  what  a hypercovering  is  and  see  what  the  result  actually 
says. 


Let  X be  a topological  space.  Consider  the  site  Xzar  of  Sites,  Example  7.6.4 


Recall  that  an  object  of  Xzar  is  simply  an  open  of  X and  that  morphisms  of  Xzar 
correspond  simply  to  inclusions.  So  what  is  a hypercovering  of  A'  for  the  site  X zar? 


Let  us  first  unwind  Definition  24.2.1  An  object  of  SR(ATzor,  X)  is  simply  given  by 
a set  I and  for  each  i £ I an  open  £/*  C X.  Let  us  denote  this  by  {Ut}iej  since  there 
can  be  no  confusion  about  the  morphism  Ui  -A  X.  A morphism  {Ui}i^i  — ► {VjhtJ 
between  two  such  objects  is  given  by  a map  of  sets  a : I — > J such  that  Ui  C Var^ 
for  all  i £ I.  When  is  such  a morphism  a covering?  This  is  the  case  if  and  only  if 
for  every  j £ J we  have  Vj  = Uiej,  a(i)=J  Ui  (and  is  a covering  in  the  site  A ’zar)- 

Using  the  above  we  get  the  following  description  of  a hypercovering  in  the  site 
Xzar-  A hypercovering  of  X in  X zar  is  given  by  the  following  data 


(1)  a simplicial  set  I (see  Simplicial,  Section  14.11),  and 


(2)  for  each  n > 0 and  every  i £ In  an  open  set  Ui  C X. 

We  will  denote  such  a collection  of  data  by  the  notation  (J,  {Ui}).  In  order  for  this 
to  be  a hypercovering  of  X we  require  the  following  properties 

• for  i £ In  and  0 < a < n we  have  Ui  C Url„.  (q , 


• for  i £ In 

• we  have 


and  0 < a < n we  have  Uj  = U. 


(24.10.0.1)  X = (J 

• for  every  ig,  i\  £ Iq,  we  have 
(24.10.0.2)  Uio  n = [J 


iei0 


Ui, 


Ui. 


ie/i,  dj(j)=i0,  d}(i)=ii 
• for  every  n > 1 and  every  (i0, . . . , in+i)  £ (I„)"+2  such  that  d^_1(ia)  = 


d%(ib)  for  all  0 < a < b < n + 1 we  have 

(24.10.0.3)  t/ion...ni/j„+1  =(J. 


' ieln 


1(i)=2a,  a=0,...,n+l 


Ui, 


• each  of  the  open  coverings  (|24.10.0.1[),  (|24.10.0.2[),  and  (|24.10.0.3[)  is  an 
element  of  Cov(Azar)  (this  is  a set  theoretic  condition,  bounding  the  size 
of  the  index  sets  of  the  coverings). 

Conditions  (24.10.0.1 ) and  ( 24.10. 0.2|  should  be  familiar  from  the  chapter  on  sheaves 
on  spaces  for  example,  and  condition  (24.10.0.3)  is  the  natural  generalization. 


Remark  24.10.1.  One  feature  of  this  description  is  that  if  one  of  the  multiple 
intersections  t/,0  D . . . D E/jn+1  is  empty  then  the  covering  on  the  right  hand  side 
may  be  the  empty  covering.  Thus  it  is  not  automatically  the  case  that  the  maps 


24.10.  HYPERCOVERINGS  OF  SPACES 


1798 


In+i  — ► (cosk„skn/)rl+i  are  surjective.  This  means  that  the  geometric  realization 
of  / may  be  an  interesting  (non-contractible)  space. 


In  fact,  let  I'n  C In  be  the  subset  consisting  of  those  simplices  i £ In  such  that 
Ui  ^ 0.  It  is  easy  to  see  that  /'  C I is  a subsimplicial  set,  and  that  (/',  {Ui})  is 
a hyper  covering.  Hence  we  can  always  refine  a hypercovering  to  a hypercovering 
where  none  of  the  opens  Ui  is  empty. 

02N9  Remark  24.10.2.  Let  us  repackage  this  information  in  yet  another  way.  Namely, 
suppose  that  (/,  {Ui})  is  a hypercovering  of  the  topological  space  X.  Given  this 
data  we  can  construct  a simplicial  topological  space  U,  by  setting 


Un  ~ LL=r_  Ui' 


iei„ 

and  where  for  given  p : [n]  — » [m]  we  let  morphisms  U (p)  : Un  — > Um  be  the  mor- 
phism coming  from  the  inclusions  Ui  C for  i £ In.  This  simplicial  topological 
space  comes  with  an  augmentation  e : U,  — ► X . With  this  morphism  the  simplicial 
space  U . becomes  a hypercovering  of  X along  which  one  has  cohomological  descent 
in  the  sense  of  IAGV711  Expose  Vbis],  In  other  words,  Hn(U.,e*T)  = Hn(X,T). 
(Insert  future  reference  here  to  cohomology  over  simplicial  spaces  and  cohomologi- 
cal  descent  formulated  in  those  terms.)  Suppose  that  T is  an  abelian  sheaf  on  X. 


In  this  case  the  spectral  sequence  of  Lemma  24.4.3  becomes  the  spectral  sequence 
with  £d-term 


E{'q  = Hq(Up,e*qT)  =»  Hp+q{U.,e*E)  = RP+9(A, X) 

comparing  the  total  cohomology  of  e*T  to  the  cohomology  groups  of  T over  the 
pieces  of  U,.  (Insert  future  reference  to  this  spectral  sequence  here.) 


In  topology  we  often  want  to  find  hypercoverings  of  X which  have  the  property  that 
all  the  Ui  come  from  a given  basis  for  the  topology  of  X and  that  all  the  coverings 
(24.10.0.2)  and  (24.10.0.3)  are  from  a given  cofinal  collection  of  coverings.  Here  are 
two  example  lemmas. 


01H6  Lemma  24.10.3.  Let  X be  a topological  space.  Let  B be  a basis  for  the  topology 
of  X . There  exists  a hypercovering  ( I,{Ui })  of  X such  that  each  Ui  is  an  element 
of  B. 


Proof.  Let  n > 0.  Let  us  say  that  an  n-truncated  hypercovering  of  X is  given  by 
an  n-truncated  simplicial  set  I and  for  each  i £ La,  0 < a < n an  open  Ui  of  X such 
that  the  conditions  defining  a hypercovering  hold  whenever  they  make  sense.  In 
other  words  we  require  the  inclusion  relations  and  covering  conditions  only  when 
all  simplices  that  occur  in  them  are  a-simplices  with  a < n.  The  lemma  follows  if 
we  can  prove  that  given  a n-truncated  hypercovering  (/,  {C/j})  with  all  Ui  £ B we 
can  extend  it  to  an  (n  + l)-truncated  hypercovering  without  adding  any  a-simplices 
for  a < n.  This  we  do  as  follows.  First  we  consider  the  (n+  l)-truncated  simplicial 
set  /'  defined  by  I'  = sk„+i(cosk„/).  Recall  that 

, f (*0,  ■ ■ • , in+i)  e (In)n+2  such  that  1 

n+l  \dfc_i (*a)  = d™{ib)  for  all  0 < a < b < n + 1 J 

If  i’  £ I'n+i  is  degenerate,  say  i'  = s"(z)  then  we  set  Up  = Ui  (this  is  forced  on  us 
anyway  by  the  second  condition).  We  also  set  Jp  = {*'}  in  this  case.  If  i'  e In+l 
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071K 


is  nondegenerate,  say  i!  = (io, . . . , in+i),  then  we  choose  a set  Jv  and  an  open 
covering 

(24.10.3.1)  uio  n . . . n uin+1  = U _ J t Ui, 

with  Ui  G B for  i G Ji> . Set 


In-\- 1 — 


n. 


6 /' 


Ji' 


There  is  a canonical  map  7r  : |_i  -A  Jhj  which  is  a bijection  over  the  set  of 

degenerate  simplices  in  I’n+1  by  construction.  For  i £ In+\  we  define  d™+1(«)  = 
d"+1(7r(i)).  For  i £ In  we  define  s"(z)  £ In+ i as  the  unique  simplex  lying  over 
the  degenerate  simplex  Sna{i)  G I'n+l-  We  omit  the  verification  that  this  defines  an 
(n  + l)-truncated  hypercovering  of  X.  □ 


01H7 


Lemma  24.10.4.  Let  X be  a topological  space.  Let  B be  a basis  for  the  topology 
of  X . Assume  that 


(1)  X is  quasi- compact, 

(2)  each  U £ B is  quasi-compact  open,  and 

(3)  the  intersection  of  any  two  quasi-compact  opens  in  X is  quasi- compact. 
Then  there  exists  a hypercovering  ( I,{Ui })  of  X with  the  following  properties 

(1)  each  Ui  is  an  element  of  the  basis  B, 

(2)  each  of  the  In  is  a finite  set,  and  in  particular 

(3)  each  of  the  coverings  (2f  .10.0.1),  ( 24-10.0.2 ),  and  \2f . 1 0.  OX ) is  finite. 


Proof.  This  follows  directly  from  the  construction  in  the  proof  of  Lemma  [24. 10.3| 
if  we  choose  finite  coverings  by  elements  of  B in  (24.10.3.1 ).  Details  omitted.  □ 
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In  this  section  we  construct  hypercoverings  in  the  presence  of  enough  weakly  con- 
tractible objects  (Sites,  Definition  7.39.2).  With  our  conventions  this  is  particularly 
straightforward  if  every  object  has  a covering  by  a single  weakly  contractible  object. 


Lemma  24.11.1.  Let  C be  a site.  Let  B C Ob(C)  be  a subset.  Assume 

(1)  C has  fibre  products, 

(2)  for  all  X £ Ob(C)  there  exists  a covering  {U  -A  X}  with  U £ B, 

(3)  every  element  of  B is  weakly  contractible, 

(4)  the  topology  is  subcanonical. 

Then  for  every  X there  exists  a hypercovering  K of  X such  that  each  Kn  = {Un  — > 
X}  with  Un  £ B. 


Proof.  We  will  construct  K by  induction.  As  a first  approximation  choose  a cov- 
ering \U0  — » X}  with  U0  £ B and  set  K0  = {U0  -A  X}  and  K = cosk0A'0,  see 
(This  object  will  be  denoted  K°  in  the  final  paragraph  of  the 
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Example 
proof.) 

Suppose  for  some  n > 0 we  have  constructed  a hypercovering  K such  that  Kk 
consists  of  a single  object  of  B mapping  to  X for  0 < k < n and  such  that 
K = cosk„sk„  K . In  particular  Kn+ 1 = (cosknSknA'),^!  is  a finite  limit  of  Kk 
for  k < n,  see  Simplicial,  Section  14.12  (especially  Lemmas  14.19.2  and  14.19.5). 
By  the  description  of  finite  limits  in  SR(C,X)  (see  proof  of  Lemma  24.2.3)  we 
see  that  A'ra+i  = {Xn+1  -a  X}  for  some  object  An+1  of  C.  Choose  a covering 
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{Un+ 1 -A  Xn+i } with  Un+i  G H.  Since  C/n  is  weakly  contractible,  the  topology  is 
subcanonical,  and  {Un+\  —>  Xn+i}  is  a covering,  the  morphisms  s,  : Un  — > A„+1 
lift  to  morphisms  s'  : Un  -A  Un+\ . Set  d'  : t/„+i  — > Un  equal  to  the  composition 
of  Un+ 1 — > Xn+\  and  dj  : Xn+i  — > Un.  We  obtain  a truncated  simplicial  object 
I\'  of  SR(C,  A)  by  setting  K'k  = Kk  for  k < n and  K'n+1  = Un+\  and  morphisms 
d!i  = di  and  s'  = s,  in  degrees  k < n — 1 and  using  the  morphisms  d'  and  s'  in 
degree  n.  Extend  this  to  a full  simplicial  object  K'  of  SIi(C,  X)  using  coskra+1.  By 
functoriality  of  the  coskeleton  functors  there  is  a morphism  K'  — >•  K of  simplicial 
objects  extending  the  given  morphism  of  (n  + l)-truncated  simplicial  objects. 

It  is  immediately  clear  from  the  construction  that  the  simplicial  object  K'  so  con- 
structed is  a hypercovering  of  X.  Moreover,  note  that  K'  -A  I\  is  the  identity 
morphism  in  degrees  < n. 

To  finish  the  proof  we  take  the  inverse  limit  K = lim  Kn  of  the  sequence  of  simplicial 
objects 

A'2  -A  K 1 -A  K° 

constructed  above.  Since  we  have  stabilization  in  each  degree  it  is  clear  that  K 
agrees  with  Kn  in  degrees  < n and  therefore  is  a hypercovering  of  A'.  □ 
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Schemes 


25.1.  Introduction 

In  this  document  we  define  schemes.  A basic  reference  is  |DG67|. 


25.2.  Locally  ringed  spaces 


Recall  that  we  defined  ringed  spaces  in  Sheaves,  Section  |6.25|  Briefly,  a ringed 
space  is  a pair  (A',  Ox)  consisting  of  a topological  space  X and  a sheaf  of  rings  Ox- 
A morphism  of  ringed  spaces  / : (A,  Ox)  — ► (Y,  Oy)  is  given  by  a continuous  map 
/ : X — > Y and  an  /-map  of  sheaves  of  rings  /**  : Oy  Ox  ■ You  can  think  of  /** 
as  a map  Oy  — >•  f*Ox,  see  Sheaves,  Definition |6. 2 1.7|  and  Lemma [6. 21. 8| 


A good  geometric  example  of  this  to  keep  in  mind  is  C°°-manifolds  and  morphisms 
of  C°°-manifolds.  Namely,  if  M is  a C°°-manifold,  then  the  sheaf  C ^ of  smooth 
functions  is  a sheaf  of  rings  on  M . And  any  map  / : M — ► N of  manifolds  is 
smooth  if  and  only  if  for  every  local  section  h of  the  composition  h o / is  a local 
section  of  C ^ . Thus  a smooth  map  / gives  rise  in  a natural  way  to  a morphism  of 
ringed  spaces 

f : (M,C%) (N,C%) 


see  Sheaves,  Example  6.25.2|  It  is  instructive  to  consider  what  happens  to  stalks. 
Namely,  let  m £ M with  image  f(m)  = n £ N.  Recall  that  the  stalk  m is  the 
ring  of  germs  of  smooth  functions  at  m,  see  Sheaves,  Example |6.11.4  The  algebra 
of  germs  of  functions  on  (M,  m)  is  a local  ring  with  maximal  ideal  the  functions 


which  vanish  at  m.  Similarly  for  C^n-  The  map  on  stalks  /**  : C^n  - 
the  maximal  ideal  into  the  maximal  ideal,  simply  because  /(m)  = n. 


C 


M,m  maPs 


In  algebraic  geometry  we  study  schemes.  On  a scheme  the  sheaf  of  rings  is  not 
determined  by  an  intrinsic  property  of  the  space.  The  spectrum  of  a ring  R (see 


Algebra,  Section  10.16)  endowed  with  a sheaf  of  rings  constructed  out  of  R (see 
below),  will  be  our  basic  building  block.  It  will  turn  out  that  the  stalks  of  O on 
Spec(i?)  are  the  local  rings  of  R at  its  primes.  There  are  two  reasons  to  introduce 
locally  ringed  spaces  in  this  setting:  (1)  There  is  in  general  no  mechanism  that 
assigns  to  a continuous  map  of  spectra  a map  of  the  corresponding  rings.  This  is 
why  we  add  as  an  extra  datum  the  map  . (2)  If  we  consider  morphisms  of  these 
spectra  in  the  category  of  ringed  spaces,  then  the  maps  on  stalks  may  not  be  local 
homomorphisms.  Since  our  geometric  intuition  says  it  should  we  introduce  locally 
ringed  spaces  as  follows. 


Definition  25.2.1.  Locally  ringed  spaces. 
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(1)  A locally  ringed  space  (X,Ox)  is  a pair  consisting  of  a topological  space 
X and  a sheaf  of  rings  Ox  all  of  whose  stalks  are  local  rings. 

(2)  Given  a locally  ringed  space  (X.  Ox ) we  say  that  Ox,x  is  the  local  ring 
of  X at  x.  We  denote  mx,x  or  simply  the  maximal  ideal  of  Ox,x- 
Moreover,  the  residue  field  of  X at  x is  the  residue  field  k(x)  = Ox,x/ tnx- 

(3)  A morphism  of  locally  ringed  spaces  (/,/**)  : (X,  Ox)  —>  ( Y,Oy ) is  a 
morphism  of  ringed  spaces  such  that  for  all  x £ X the  induced  ring  map 
Oyjtx)  Ox,x  is  a local  ring  map. 

We  will  usually  suppress  the  sheaf  of  rings  Ox  in  the  notation  when  discussing 
locally  ringed  spaces.  We  will  simply  refer  to  “the  locally  ringed  space  X” . We  will 
by  abuse  of  notation  think  of  X also  as  the  underlying  topological  space.  Finally 
we  will  denote  the  corresponding  sheaf  of  rings  Ox  as  the  structure  sheaf  of  X. 
In  addition,  it  is  customary  to  denote  the  maximal  ideal  of  the  local  ring  Ox, x by 
my,  or  simply  mx . We  will  say  “let  / : X — > Y be  a morphism  of  locally  ringed 
spaces”  thereby  suppressing  the  structure  sheaves  even  further.  In  this  case,  we  will 
by  abuse  of  notation  think  of  / : X — > Y also  as  the  underlying  continuous  map  of 
topological  spaces.  The  /-map  corresponding  to  / will  customarily  be  denoted  fK 
The  condition  that  / is  a morphism  of  locally  ringed  spaces  can  then  be  expressed 
by  saying  that  for  every  x € X the  map  on  stalks 

fx  : — * Ox,x 

maps  the  maximal  ideal  m yj(x)  into  nix>. 

Let  us  use  these  notational  conventions  to  show  that  the  collection  of  locally  ringed 
spaces  and  morphisms  of  locally  ringed  spaces  forms  a category.  In  order  to  see 
this  we  have  to  show  that  the  composition  of  morphisms  of  locally  ringed  spaces 
is  a morphism  of  locally  ringed  spaces.  OK,  so  let  / : X — ► Y and  g : Y —>  Z be 
morphism  of  locally  ringed  spaces.  The  composition  of  / and  g is  defined  in  Sheaves, 
Definition  |6. 25. 3|  Let  x £ X.  By  Sheaves,  Lemma [6.21. 10|  the  composition 

Oz,g(f{x))  Oy,f{x)  ^ Ox,x 

is  the  associated  map  on  stalks  for  the  morphism  g o f.  The  result  follows  since  a 
composition  of  local  ring  homomorphisms  is  a local  ring  homomorphism. 

A pleasing  feature  of  the  definition  is  the  fact  that  the  functor 

Locally  ringed  spaces  — > Ringed  spaces 

reflects  isomorphisms  (plus  more).  Here  is  a less  abstract  statement. 

01HC  Lemma  25.2.2.  Let  X , Y be  locally  ringed  spaces.  If  f : X —¥  Y is  an  isomor- 
phism of  ringed  spaces,  then  f is  an  isomorphism  of  locally  ringed  spaces. 

Proof.  This  follows  trivially  from  the  corresponding  fact  in  algebra:  Suppose  A,  B 
are  local  rings.  Any  isomorphism  of  rings  A — » B is  a local  ring  homomorphism.  □ 

25.3.  Open  immersions  of  locally  ringed  spaces 

01HD 

01HE  Definition  25.3.1.  Let  / : X — > Y be  a morphism  of  locally  ringed  spaces.  We 
say  that  / is  an  open  immersion  if  / is  a homeomorphism  of  X onto  an  open  subset 
of  y,  and  the  map  f~1Oy  — > Ox  is  an  isomorphism. 
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The  following  construction  is  parallel  to  Sheaves,  Definition  6.31.2  (3). 


Example  25.3.2.  Let  X be  a locally  ringed  space.  Let  U C X be  an  open  subset. 
Let  Ojj  = Ox\u  be  the  restriction  of  Ox  to  U.  For  u £ U the  stalk  Ou,u  is  equal 
to  the  stalk  O. \,u,  and  hence  is  a local  ring.  Thus  ( U , Ojj)  is  a locally  ringed  space 
and  the  morphism  j : (U,Ojj)  — > (X,Ox)  is  an  open  immersion. 


Definition  25.3.3.  Let  X be  a locally  ringed  space.  Let  U C X be  an  open  subset. 
The  locally  ringed  space  ( U,Ojj ) of  Example  25.3.2  above  is  the  open  subspace  of 
X associated  to  U. 


Lemma  25.3.4.  Let  f : X —>■  Y be  an  open  immersion  of  locally  ringed  spaces.  Let 
j : V = /(X)  — > Y be  the  open  subspace  ofY  associated  to  the  image  of  f . There 
is  a unique  isomorphism  f : X = V of  locally  ringed  spaces  such  that  f = j o f . 


Proof.  Let  /'  be  the  homeomorphism  between  X and  V induced  by  /.  Then 
/ = j ° f as  maps  of  topological  spaces.  Since  there  is  an  isomorphism  of  sheaves 
/**  : f~1(Oy ) — > Ox,  there  is  an  isomorphism  of  rings  /•*  : T(U,  f~1(Oy))  — > 
T{U,Ox)  for  each  open  subset  U C A'.  Since  Oy  = j~1Oy  and  /-1  = f'~1j~ 1 


(Sheaves,  Lemma  6.21.61  we  see  that  f~1Oy  = f'~1Oy,  hence  T{U,  f'~1{Oy))  — ► 
r(C7,  /-1(CV))  for  every  U C X open.  By  composing  these  we  get  an  isomorphism 
of  rings 

r(u,f'-\ov))^T(u,Ox) 

for  each  open  subset  U C X,  and  therefore  an  isomorphism  of  sheaves  f~1(Oy)  — ► 
Ox-  In  other  words,  we  have  an  isomorphism  /'**  : f~1(Oy)  — > Ox  and  therefore 
an  isomorphism  of  locally  ringed  spaces  (/',  /'•*)  : (A,  Ox)  — > ( V. , Oy)  (use  Lemma 
25.2.2 ).  Note  that  / = j ° f as  morphisms  of  locally  ringed  spaces  by  construction. 


Suppose  we  have  another  morphism  f"  : (X,  Ox)  — > ( V \ Oy)  such  that  f = j o f". 
At  any  point  x £ X,  we  have  j(f'{x))  = j{f"{x))  from  which  it  follows  that 
f{x)  = f"(x)  since  j is  the  inclusion  map;  therefore  /'  and  f"  are  the  same  as 
morphisms  of  topological  spaces.  On  structure  sheaves,  for  each  open  subset  U C X 
we  have  a commutative  diagram 


r(C7,/-1(Or))^^r(C/,Ox) 


from  which  we  see  that  /'•*  and  /"**  define  the  same  morphism  of  sheaves.  □ 

From  now  on  we  do  not  distinguish  between  open  subsets  and  their  associated 
subspaces. 

Lemma  25.3.5.  Let  f : X — » Y be  a morphism  of  locally  ringed  spaces.  Let 
U C X,  and  V C Y be  open  subsets.  Suppose  that  f(U)  C V.  There  exists  a 
unique  morphism  of  locally  ringed  spaces  f\jj  : U -A  V such  that  the  following 


25.4.  CLOSED  IMMERSIONS  OF  LOCALLY  RINGED  SPACES 
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diagram  is  a commutative  square  of  locally  ringed  spaces 


Proof.  Omitted. 


□ 


In  the  following  we  will  use  without  further  mention  the  following  fact  which  follows 
from  the  lemma  above.  Given  any  morphism  / : Y — >■  X of  locally  ringed  spaces, 
and  any  open  subset  U C X such  that  f(Y)  C U , then  there  exists  a unique 
morphism  of  locally  ringed  spaces  Y -A  U such  that  the  composition  Y -A  U -A  A' 
is  equal  to  /.  In  fact,  we  will  even  by  abuse  of  notation  write  f :Y  — >•  U since  this 
rarely  gives  rise  to  confusion. 


25.4.  Closed  immersions  of  locally  ringed  spaces 

01HJ  We  follow  our  conventions  introduced  in  Modules,  Definition  |17. 13.  f| 

01HK  Definition  25.4.1.  Let  i : Z — > X be  a morphism  of  locally  ringed  spaces.  We 
say  that  i is  an  closed  immersion  if: 

(1)  The  map  i is  a homeomorphism  of  Z onto  a closed  subset  of  X. 

(2)  The  map  Ox  — t i*Oz  is  surjective;  let  X denote  the  kernel. 

(3)  The  Ox-module  X is  locally  generated  by  sections. 

01HL  Lemma  25.4.2.  Let  f : Z -A  X be  a morphism  of  locally  ringed  spaces.  In  order 
for  f to  be  a closed  immersion  it  suffices  if  there  exists  an  open  covering  X = U Ui 
such  that  each  f : f~1Ui  — > Ui  is  a closed  immersion. 


Proof.  Omitted. 


□ 


01HM  Example  25.4.3.  Let  X be  a locally  ringed  space.  Let  X C Ox  be  a sheaf  of 
ideals  which  is  locally  generated  by  sections  as  a sheaf  of  Ox-modules.  Let  Z be 
the  support  of  the  sheaf  of  rings  Ox/21.  This  is  a closed  subset  of  X,  by  Modules, 
Lemma  [17.5.3|  Denote  i : Z -A  X the  inclusion  map.  By  Modules,  Lemma[l7.6.1| 
there  is  a unique  sheaf  of  rings  Oz  on  Z with  i*Oz  = Ox/I-  For  any  z € Z the 
local  ring  Oz,z  is  equal  to  the  quotient  ring  O x Mz)  l'^i(z)  and  nonzero,  hence  a local 
ring.  Thus  i : (Z,  Oz)  — t (. X , Ox)  is  a closed  immersion  of  locally  ringed  spaces. 


01HN 


Definition  25.4.4.  Let  X be  a locally  ringed  space.  Let  I be  a sheaf  of  ideals 
on  A'  which  is  locally  generated  by  sections.  The  locally  ringed  space  ( Z,Oz ) of 
Example  25.4. 3|  above  is  the  closed  subspace  of  X associated  to  the  sheaf  of  ideals 

X. 


OlHO  Lemma  25.4.5.  Let  f : X -A  Y be  a closed  immersion  of  locally  ringed  spaces. 
Let  X be  the  kernel  of  the  map  Oy-  — > f*Ox  ■ Let  i : Z — » Y be  the  closed  subspace 
of  Y associated  to  X.  There  is  a unique  isomorphism  f : X = Z of  locally  ringed 
spaces  such  that  f = io  f . 

Proof.  Omitted.  □ 


01HP  Lemma  25.4.6.  Let  X,  Y be  a locally  ringed  spaces.  Let  X C Ox  be  a sheaf 
of  ideals  locally  generated  by  sections.  Let  i : Z — ► X be  the  associated  closed 
subspace.  A morphism  f : Y X factors  through  Z if  and  only  if  the  map 
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f*X  — ► f*Ox  — Oy  is  zero.  If  this  is  the  case  the  morphism  g : Y -A  Z such  that 
f = i o g is  unique. 


01HQ 


Proof.  Clearly  if  / factors  as  Y — > Z — > X then  the  map  f*X  —>  Oy  is  zero. 
Conversely  suppose  that  f*X  -A  Oy  is  zero.  Pick  any  y £Y,  and  consider  the  ring 
map  /Jj  : Oxj(y)  — t Oy^.  Since  the  composition  If(y)  — > @x,f(y)  @ Y.y  is  zero 

by  assumption  and  since  /jj(  1)  = 1 we  see  that  1 ^ %f(y),  be.,  I/(y)  if  @x,f(y)-  We 
conclude  that  f(Y)  C Z = Supp(0x/T).  Hence  f = i o g where  g : Y — y Z is 
continuous.  Consider  the  map  /**  : Ox  f*Oy.  The  assumption  f*X  — i Oy  is 

zero  implies  that  the  composition!  — > Ox  —>  f*Oy  is  zero  by  adjointness  of  /*  and 
f*.  In  other  words,  we  obtain  a morphism  of  sheaves  of  rings  /#  : Ox/X  — > f*Oy. 
Note  that  f*Oy  = i^g^Oy  and  that  Ox/X  = i*Oz ■ By  Sheaves,  Lemma [6.32.4  we 
obtain  a unique  morphism  of  sheaves  of  rings  g **  : Oz  H ► g^Oy  whose  pushforward 
under  i is  /#.  We  omit  the  verification  that  (g,g^)  defines  a morphism  of  locally 
ringed  spaces  and  that  / = i o g as  a morphism  of  locally  ringed  spaces.  The 
uniqueness  of  (g,g^)  was  pointed  out  above.  □ 


Lemma  25.4.7.  Let  f : X —i  Y be  a morphism  of  locally  ringed  spaces.  Let 
X C Oy  he  a sheaf  of  ideals  which  is  locally  generated  by  sections.  Let  i : Z — > Y 
be  the  closed  subspace  associated  to  the  sheaf  of  ideals  X.  Let  J be  the  image  of 
the  map  f*X  — > f*Oy  = Ox-  Then  this  ideal  is  locally  generated  by  sections. 
Moreover,  let  i'  : Z'  —i  X be  the  associated  closed  subspace  of  X . There  exists 
a unique  morphism  of  locally  ringed  spaces  f : Z'  — ► Z such  that  the  following 
diagram  is  a commutative  square  of  locally  ringed  spaces 


Moreover,  this  diagram  is  a fibre  square  in  the  category  of  locally  ringed  spaces. 

Proof.  The  ideal  J is  locally  generated  by  sections  by  Modules,  Lemma  |17.8.2| 
The  rest  of  the  lemma  follows  from  the  characterization,  in  Lemma  |25.4.6|  above, 
of  what  it  means  for  a morphism  to  factor  through  a closed  subspace.  □ 


25.5.  Affine  schemes 
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Let  R be  a ring. 
Algebra,  Section 


Consider  the  topological  space  Spec(f?)  associated  to  R,  see 
We  will  endow  this  space  with  a sheaf  of  rings  OspecCfl) 


10.16 


and  the  resulting  pair  (Spec(-R),  C,spec(fl))  wbl  be  an  affine  scheme. 


Recall  that  Spec(-R)  has  a basis  of  open  sets  D(f),  f G R which  we  call  standard 
opens,  see  Algebra,  Definition|10.16.3l  In  addition,  the  intersection  of  two  standard 
opens  is  another:  D(f)  n D(g)  = D(fg),  f,g  £ R. 


01HS  Lemma  25.5.1.  Let  R be  a ring.  Let  f £ R. 

(1)  If  g £ R and  D(g)  C D(f),  then 

(a)  f is  invertible  in  Rg, 

(b)  ge  = af  for  some  e > 1 and  a £ R, 

(c)  there  is  a canonical  ring  map  Rf  — » Rg,  and 

(d)  there  is  a canonical  Rf -module  map  Mf  —¥  Mg  for  any  R-module  M . 
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(2)  Any  open  covering  of  D{f)  can  be  refined  to  a finite  open  covering  of  the 
form  D(f)  = UIU  D(gi). 

(3)  If  gi,...,gn  G R,  then  D(f)  C (jD(gi)  if  and  only  if  gx,  ...,gn  generate 
the  unit  ideal  in  Rf . 


Proof.  Recall  that  D{g)  = Spec (Rg)  (see  Algebra,  Lemma  10.16.6).  Thus  (a) 
holds  because  / maps  to  an  element  of  Rg  which  is  not  contained  in  any  prime 
ideal,  and  hence  invertible,  see  Algebra,  Lemma  [10. 16. 2|  Write  the  inverse  of  / in 
Rg  as  a/gd.  This  means  gd  — af  is  annihilated  by  a power  of  g , whence  (b).  For 
(c),  the  map  Rf  -A  Rg  exists  by  (a)  from  the  universal  property  of  localization,  or 
we  can  define  it  by  mapping  b/fn  to  anb/gne.  The  equality  Mf  = M CD pt  Rf  can  be 
used  to  obtain  the  map  on  modules,  or  we  can  define  Mf  — > Mg  by  mapping  x/ fn 
to  anx/gne. 


Recall  that  D(f)  is  quasi-compact,  see  Algebra,  Lemma  10.28.1  Hence  the  second 


statement  follows  directly  from  the  fact  that  the  standard  opens  form  a basis  for 
the  topology. 


The  third  statement  follows  directly  from  Algebra,  Lemma [10. 16. 2| 


□ 


In  Sheaves,  Section|6.30|we  defined  the  notion  of  a sheaf  on  a basis,  and  we  showed 
that  it  is  essentially  equivalent  to  the  notion  of  a sheaf  on  the  space,  see  Sheaves, 
Lemmas  |6.30.6|  and  |6.30.9  Moreover,  we  showed  in  Sheaves,  Lemma  6.30.4  that  it 
is  sufficient  to  check  the  sheaf  condition  on  a cofinal  system  of  open  coverings  for 
each  standard  open.  By  the  lemma  above  it  suffices  to  check  on  the  finite  coverings 
by  standard  opens. 


01HT  Definition  25.5.2.  Let  R be  a ring. 

(1)  A standard  open  covering  of  Spec(-R)  is  a covering  Spec (f?)  = (J™=1  -D(/i)j 
where  /i,  ■ ■ ■ , f„  G R. 

(2)  Suppose  that  D{f)  C Spec(i?)  is  a standard  open.  A standard  open  cov- 
ering of  D(f)  is  a covering  D(f)  = U”=1  D{gf),  where  g1,...,gn  G R. 


Let  R be  a ring.  Let  M be  an  f?-module.  We  will  define  a presheaf  M on  the  basis 
of  standard  opens.  Suppose  that  U C Spec(i?)  is  a standard  open.  If  /,  g G R 


are  such  that  D(f)  = D(g),  then  by  Lemma  25.5.1  above  there  are  canonical  maps 
Mf  — )•  Mg  and  Mg  — )•  Mf  which  are  mutually  inverse.  Hence  we  may  choose  any  / 
such  that  U = D{f)  and  define 

M(U)  = Mf. 


Note  that  if  D(g)  C D(f),  then  by  Lemma  25.5.1  above  we  have  a canonical  map 
M{D(f))  = Mf-+Mg  = M(D(g)). 


Clearly,  this  defines  a presheaf  of  abelian  groups  on  the  basis  of  standard  opens.  If 
M = R1  then  R is  a presheaf  of  rings  on  the  basis  of  standard  opens. 

Let  us  compute  the  stalk  of  M at  a point  x G Spec(f?).  Suppose  that  x corresponds 
to  the  prime  p C R.  By  definition  of  the  stalk  we  see  that 


Mx  = colim/efli/£p  Mf 


25.5.  AFFINE  SCHEMES 


1808 


Here  the  set  {/  £ R,  f £ p}  is  partially  ordered  by  the  rule  / > /'  D(f)  C D(f'). 
If  fi:  fi  € R\p,  then  we  have  f\f2  > /i  in  this  ordering.  Hence  by  Algebra,  Lemma 
110.9.91  we  conclude  that 

MX=MV. 


Next,  we  check  the  sheaf  condition  for  the  standard  open  coverings.  If  D(f)  = 
U"=1  D(gi),  then  the  sheaf  condition  for  this  covering  is  equivalent  with  the  exact- 
ness of  the  sequence 

O4¥/-t0M9i-i0  Mgig. . 


Note  that  D(gi)  = D(fgi),  and  hence  we  can  rewrite  this  sequence  as  the  sequence 


0 -4  Mf  ->  0 Mfgi  -A  0 Mfgigj . 

In  addition,  by  Lemma [25.5. 1| above  we  see  that  <?i, . . . ,gn  generate  the  unit  ideal 
in  Rf.  Thus  we  may  apply  Algebra,  Lemma  10.22.2  to  the  module  Mf  over  Rf  and 
the  elements  gi,...,gn-  We  conclude  that  the  sequence  is  exact.  By  the  remarks 
made  above,  we  see  that  M is  a sheaf  on  the  basis  of  standard  opens. 


Thus  we  conclude  from  the  material  in  Sheaves,  Section  |6.30|  that  there  exists  a 
unique  sheaf  of  rings  C,spec(fi)  which  agrees  with  R on  the  standard  opens.  Note 
that  by  our  computation  of  stalks  above,  the  stalks  of  this  sheaf  of  rings  are  all 
local  rings. 


01HU 


Similarly,  for  any  .R-module  M there  exists  a unique  sheaf  of  Ospec(fl)~m0(Iules  -A 
which  agrees  with  M on  the  standard  opens,  see  Sheaves,  Lemma  6.30.12 


Definition  25.5.3.  Let  I?  be  a ring. 

(1)  The  structure  sheaf  Ospec(R)  of  the  spectrum  of  R is  the  unique  sheaf  of 
rings  OspecW  which  agrees  with  R on  the  basis  of  standard  opens. 

(2)  The  locally  ringed  space  (Spec(R),  C,spec(ij))  is  called  the  spectrum  of  R 
and  denoted  Spec  (A). 

(3)  The  sheaf  of  OsPec(fl) -modules  extending  M to  all  opens  of  Spec(R)  is 
called  the  sheaf  of  0Spec(R)-m°dules  associated  to  M.  This  sheaf  is  de- 
noted M as  well. 


We  summarize  the  results  obtained  so  far. 


01HV  Lemma  25.5.4.  Let  R be  a ring.  Let  M be  an  R-module.  Let  M be  the  sheaf  of 
C,Spec(fl)  -modules  associated  to  M. 

(1)  We  have  T(Spec(R),  0pec(K))  = R- 

(2)  We  have  T(Spec(R),M)  = M as  an  R-module. 

(3)  For  every  f £ R we  have  T(D(f),Ospec{R))  = Rf. 

(4)  For  every  f £ R we  have  T(D(f),  M)  = Mf  as  an  Rf -module. 

(5)  Whenever  D(g)  C D(f)  the  restriction  mappings  on  O spec(fl)  and  M are 
the  maps  Rf  -A  Rg  and  Mf  — ► Mg  from  Lemma  25.5.1 

(6)  Let  p be  a prime  of  R,  and  let  x £ Spec (R)  be  the  corresponding  point. 
W^e  have  OsPec(R),x  Rp- 

(7)  Let  p be  a prime  of  R,  and  let  x £ Spec(i?)  be  the  corresponding  point. 
We  have  Tx  = Mp  as  an  Rp-module. 
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01HW 

01HX 

01HY 


01HZ 


Moreover,  all  these  identifications  are  functorial  in  the  R module  M . In  particular, 
the  functor  M ^ M is  an  exact  functor  from  the  category  of  R-modules  to  the 
category  of  Ospec(R)- modules. 


Proof.  Assertions  (1)  - (7)  are  clear  from  the  discussion  above.  The  exactness 
of  the  functor  Mo  M follows  from  the  fact  that  the  functor  M H >■  Mv  is  exact 
and  the  fact  that  exactness  of  short  exact  sequences  may  be  checked  on  stalks,  see 
Modules,  Lemma  17.3.1|  □ 


Definition  25.5.5.  An  affine  scheme  is  a locally  ringed  space  isomorphic  as  a 
locally  ringed  space  to  Spec(f?)  for  some  ring  R.  A morphism  of  affine  schemes  is 
a morphism  in  the  category  of  locally  ringed  spaces. 


It  turns  out  that  affine  schemes  play  a special  role  among  all  locally  ringed  spaces, 
which  is  what  the  next  section  is  about. 


25.6.  The  category  of  affine  schemes 

Note  that  if  Y is  an  affine  scheme,  then  its  points  are  in  canonical  1 — 1 bijection 
with  prime  ideals  in  T(Y,Oy)- 

Lemma  25.6.1.  Let  X be  a locally  ringed  space.  Let  Y be  an  affine  scheme. 
Let  f £ Mor(X”,  Y)  be  a morphism  of  locally  ringed  spaces.  Given  a point  x € X 
consider  the  ring  maps 

T(Y,oY)  4r(x,o.v)  — > Ox,x 

Let  p C r(y,  Oy)  denote  the  inverse  image  ofmx.  Let  y £ Y be  the  corresponding 
point.  Then  /( x)  = y. 

Proof.  Consider  the  commutative  diagram 


r (x,ox) 

A 


> Ox, a 
A 


T{Y,Oy) 


O 


Y,f(x 


(see  the  discussion  of  /-maps  below  Sheaves,  Definition  6.21.71.  Since  the  right 
vertical  arrow  is  local  we  see  that  is  the  inverse  image  of  mr  The  result 

follows.  □ 

Lemma  25.6.2.  Let  X be  a locally  ringed  space.  Let  f £ T(X,  Ox)-  The  set 

D(f)  = {x£X  \ image  f £ mj 
is  open.  Moreover  /|t>(/)  has  an  inverse. 


Proof.  This  is  a special  case  of  Modules,  Lemma  17.21.10  but  we  also  give  a direct 
proof.  Suppose  that  U C X and  V C X are  two  open  subsets  such  that  f\u  has  an 
inverse  g and  f |y  has  an  inverse  h.  Then  clearly  g\unv  = h\unv-  Thus  it  suffices  to 
show  that  / is  invertible  in  an  open  neighbourhood  of  any  x £ D(f).  This  is  clear 
because  / fL  implies  that  / £ Ox,x  has  an  inverse  g £ Ox,x  which  means  there 
is  some  open  neighbourhood  x £ U C X so  that  g £ Ox{U ) and  g ■ f\u  = 1.  □ 


25.6.  THE  CATEGORY  OF  AFFINE  SCHEMES 


1810 


0110  Lemma  25.6.3.  In  Lemma 


25.6.2  above,  if  X is  an  affine  scheme,  then  the  open 


D(f)  agrees  with  the  standard  open  D(f)  defined  previously  (in  Algebra,  Definition 


10.16.1). 


Proof.  Omitted. 


□ 


0111  Lemma  25.6.4.  Let  X be  a locally  ringed  space.  Let  Y be  an  affine  scheme.  The 
map 

Mor(X,  Y)  — > Hom(r(y,  Oy),T(X,  Ox)) 
which  maps  f to  /**  (on  global  sections)  is  bijective. 


Proof.  Since  Y is  affine  we  have  ( Y,Oy ) — (Spec(-R),  Ospec(R))  for  some  ring  R. 
During  the  proof  we  will  use  facts  about  Y and  its  structure  sheaf  which  are  direct 
consequences  of  things  we  know  about  the  spectrum  of  a ring,  see  e.g.  Lemma 


Motivated  by  the  lemmas  above  we  construct  the  inverse  map.  Let  ipy  '■  T(Y,  Oy)  — ► 
T(X,Ox)  be  a ring  map.  First,  we  define  the  corresponding  map  of  spaces 

Y : X — > y 


by  the  rule  of  Lemma  25.6.1  In  other  words,  given  x € X we  define  ^(a;)  to  be 
the  point  of  Y corresponding  to  the  prime  in  T(Y.  Oy)  which  is  the  inverse  image 

of  mx  under  the  composition  F(Y,  Oy)  -^A  T(X,  Ox)  — > Ox.x- 


We  claim  that  the  map  \F  : X — > Y is  continuous.  The  standard  opens  D(g),  for 
g € T(Y,Oy)  are  a basis  for  the  topology  of  Y . Thus  it  suffices  to  prove  that 
'h^1(D(g))  is  open.  By  construction  of  VF  the  inverse  image  vF”1(D(g))  is  exactly 
the  set  D(ipy(g))  C X which  is  open  by  Lemma  25.6.2  Hence  *F  is  continuous. 


Next  we  construct  a \F-map  of  sheaves  from  Oy  to  Ox-  By  Sheaves,  Lemma[6.30.14| 
it  suffices  to  define  ring  maps  ipn(g)  ■ T (D(g),Oy)  — » r(\F_1(.D(<7)),  Ox)  compatible 
with  restriction  maps.  We  have  a canonical  isomorphism  F(D(g),  Oy)  = T(Y,  Oy)g , 
because  Y is  an  affine  scheme.  Because  i py(g)  is  invertible  on  D(ipy(g))  we  see  that 
there  is  a canonical  map 


T(Y,  Oy)g  — > T(A>-\D{g)),  Ox)  = T(D^Y(g)),Ox) 


extending  the  map  ify  by  the  universal  property  of  localization.  Note  that  there  is 
no  choice  but  to  take  the  canonical  map  here!  And  we  take  this,  combined  with  the 
canonical  identification  T{D{g),Oy)  = T(Y,Oy)g,  to  be  ipD(g)-  This  is  compatible 
with  localization  since  the  restriction  mapping  on  the  affine  schemes  are  defined  in 
terms  of  the  universal  properties  of  localization  also,  see  Lemmas|25.5.4|and|25.5.l| 

Thus  we  have  defined  a morphism  of  ringed  spaces  (VF,^>)  : (X,  Ox)  —t  (Y,Oy) 
recovering  ify  on  global  sections.  To  see  that  it  is  a morphism  of  locally  ringed 
spaces  we  have  to  show  that  the  induced  maps  on  local  rings 


xfx  : Oy >$(x)  t Ox,x 

are  local.  This  follows  immediately  from  the  commutative  diagram  of  the  proof  of 
Lemma  f2 5 . 6 . 1 1 and  the  definition  of  dE 


Finally,  we  have  to  show  that  the  constructions  (T,^)  ha  ipy  and  the  construction 
ipy  ha  are  inverse  to  each  other.  Clearly,  ify  ha  (T,!/;)  ha  ipy.  Hence  the 

only  thing  to  prove  is  that  given  ipy  there  is  at  most  one  pair  (iF,  ip)  giving  rise 
to  it.  The  uniqueness  of  \F  was  shown  in  Lemma  |25.6.1|  and  given  the  uniqueness 
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0112 


0113 


0114 


0115 


of  the  uniqueness  of  the  map  ip  was  pointed  out  during  the  course  of  the  proof 
above.  □ 


Lemma  25.6.5.  The  category  of  affine  schemes  is  equivalent  to  the  opposite  of 
the  category  of  rings.  The  equivalence  is  given  by  the  functor  that  associates  to  an 
affine  scheme  the  global  sections  of  its  structure  sheaf. 

Proof.  This  is  now  clear  from  Definition  |25. 5.51  and  Lemma  125.6.41  □ 


Lemma  25.6.6.  Let  Y be  an  affine  scheme.  Let  f £ T(Y,  Oy).  The  open  subspace 
D(f)  is  an  affine  scheme. 


Proof.  We  may  assume  that  Y = Spec (R)  and  / £ R.  Consider  the  morphism 
of  affine  schemes  <f>  : U = Spec (Rf)  — ► Spec(-R)  = Y induced  by  the  ring  map 
R -A  Rf.  By  Algebra,  Lemma  10.16.6|  we  know  that  it  is  a homeomorphism  onto 
D(f).  On  the  other  hand,  the  map  <p~1Oy  —>  Ou  is  an  isomorphism  on  stalks, 
hence  an  isomorphism.  Thus  we  see  that  <f>  is  an  open  immersion.  We  conclude 
that  D(f)  is  isomorphic  to  U by  Lemma  25.3.4  □ 


Lemma  25.6.7.  The  category  of  affine  schemes  has  finite  products , and  fibre 
products.  In  other  words,  it  has  finite  limits.  Moreover,  the  products  and  fibre 
products  in  the  category  of  affine  schemes  are  the  same  as  in  the  category  of  locally 
ringed  spaces.  In  a formula,  we  have  (in  the  category  of  locally  ringed  spaces) 


Spec (R)  x Spec(S')  = Spec (R  S) 


and  given  ring  maps  R — ► A,  R — » B we  have 


Spec(A)  xSpec(iJ)  Spec (B)  = Spec(A<g)fl  B). 

Proof.  This  is  just  an  application  of  Lemma  [25. 6. 4|  First  of  all,  by  that  lemma, 
the  affine  scheme  Spec(Z)  is  the  final  object  in  the  category  of  locally  ringed  spaces. 
Thus  the  first  displayed  formula  follows  from  the  second.  To  prove  the  second  note 
that  for  any  locally  ringed  space  X we  have 


Mor(A”,  Spec(A  <3r  B))  = Hom(A<g>ij  B,Ox(X)) 

= Hom(A,  Ox(X))  xHom(R,Ox(A-))  Hom(B,  Ox(X)) 
= Mor(X,  Spec(A))  xMor(A-jSpec(ij))  Mor(A,  Spec (B)) 


which  proves  the  formula.  See  Categories,  Section  4.6  for  the  relevant  definitions. 

□ 


Lemma  25.6.8.  Let  X be  a locally  ringed  space.  Assume  X = U IIP  with  U and 
V open  and  such  that  U , V are  affine  schemes.  Then  X is  an  affine  scheme. 


Proof.  Set  R = T(X,Ox)-  Note  that  R = Ox{U)  x Ox(V)  by  the  sheaf  prop- 
erty. By  Lemma  |25.6.4|  there  is  a canonical  morphism  of  locally  ringed  spaces 
X — > Spec (R).  By  Algebra,  Lemma  [lQ.20.2  we  see  that  as  a topological  space 
Spec(CA(C))  II  Spec(0A(P))  = Spec(i?)  with  the  maps  coming  from  the  ring  ho- 
momorphisms  R — > Ox(U)  and  R -A  Ox(V).  This  of  course  means  that  Spec(-R) 
is  the  coproduct  in  the  category  of  locally  ringed  spaces  as  well.  By  assumption 
the  morphism  X — > Spec(-R)  induces  an  isomorphism  of  Spec(0A(C/))  with  U and 
similarly  for  V.  Hence  X Spec (R)  is  an  isomorphism.  □ 


25.7.  QUASI-COHERENT  SHEAVES  ON  AFFINES 


1812 


25.7.  Quasi-coherent  sheaves  on  afflnes 


0116  Recall  that  we  have  defined  the  abstract  notion  of  a quasi-coherent  sheaf  in  Modules, 
Definition|17.10.l|  In  this  section  we  show  that  any  quasi-coherent  sheaf  on  an  affine 
scheme  Spec(R)  corresponds  to  the  sheaf  M associated  to  an  R-module  M. 


0117  Lemma  25.7.1.  Let  (X,Ox)  = (Spec(R),  Ospec(R))  be  an  affine  scheme.  Let 
M be  an  R-module.  There  exists  a canonical  isomorphism  between  the  sheaf  M 
associated  to  the  R-module  M ( Definition  25. 5.  §jj  and  the  sheaf  Rm  associated  to  the 
R-module  M (Modules,  Definition  17.10.6).  This  isomorphism  is  functorial  in  M. 
In  particular,  the  sheaves  M are  quasi-coherent.  Moreover,  they  are  characterized 
by  the  following  mapping  property 


Hom0x  (M,  R)  = Hom*(M,  T(X,  R)) 


for  any  sheaf  of  Ox -'modules  R . Here  a map  a : M -A  R corresponds  to  its  effect 
on  global  sections. 


Proof.  By  Modules,  Lemma  17.10.5  we  have  a morphism  Rm  — > M corresponding 
to  the  map  M -A  T(X,M)  = M.  Let  x £ X correspond  to  the  prime  p C R.  The 
induced  map  on  stalks  are  the  maps  Ox,x  M -A  Mp  which  are  isomorphisms 
because  Rp  0#  M = Mv.  Hence  the  map  Rm  -a  M is  an  isomorphism.  The 
mapping  property  follows  from  the  mapping  property  of  the  sheaves  Rm-  □ 


0118  Lemma  25.7.2.  Let  ( X,Ox ) = (Spec(R), OsPec(R))  be  an  affine  scheme.  There 
are  canonical  isomorphisms 

(1)  M 0#  N = M 0ox  N,  see  Modules,  Section 

(2)  TfM)  = T\M),  SymffiM)  = Symn(M),  and  A n{M)  = A n(M),  see 
Modules,  Section[l7.1d\ 

(3)  if  M is  a finitely  presented  R-module,  then  Tlomox  (M,  N)  = Horn r(M,  N), 
see  Modules,  Section\l 7.19[ 

Proof.  To  give  a map  M N into  M ®ox  N we  have  to  give  a map  on  global 
sections  M®RN  -a  T(X,  M®qx  N ) which  exists  by  definition  of  the  tensor  product 
of  sheaves  of  modules.  To  see  that  this  map  is  an  isomorphism  it  suffices  to  check 
that  it  is  an  isomorphism  on  stalks.  And  this  follows  from  the  description  of  the 


stalks  of  M (as  a functor)  and  Modules,  Lemma 


17.15.1 


17.15 


The  proof  of 


For  (3)  note  that  if  M is  finitely  presented  as  an  .R-module  then  M has  a global 
finite  presentation  as  an  Ox-nrodule.  Hence  Modules,  Lemma[l7. 19. 3| applies.  □ 


0119 


Lemma  25.7.3.  Let  {X,  Ox)  = (Spec(S),  0Spec(s)),  (Y,  Oy)  = (Spec (R),  0Spec(R)) 
be  affine  schemes.  Let  if  : (X,Ox)  -A  (Y,  Oy)  be  a morphism  of  affine  schemes, 
corresponding  to  the  ring  map  : R -a  S (see  Lemma  25.6.5 ). 


(1)  We  have  if*  M = S ®R  M functorially  in  the  R-module  M . 

(2)  We  have  if*N  = NR  functorially  in  the  S-module  N . 
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Proof.  The  first  assertion  follows  from  the  identification  in  Lemma [25.7.11  and  the 
result  of  Modules,  Lemma[l7.10.7|  The  second  assertion  follows  from  the  fact  that 
if~1(D(f))  = D('0tt(/))  and  hence 

ip*N(D(f))  = N(D(^(f)))  = N^(f)  = (NR)f  = iVfi(D(/)) 
as  desired.  □ 


Lemma 


25.7.3 


above  says  in  particular  that  if  you  restrict  the  sheaf  M to  a standard 


affine  open  subspace  D(f ),  then  you  get  Mf.  We  will  use  this  from  now  on  without 
further  mention. 


01IA  Lemma  25.7.4.  Let  (X,Ox)  = (Spec(i?), OsPec (R))  be  an  affine  scheme.  Let  T 
be  a quasi- coherent  Ox -module.  Then  T is  isomorphic  to  the  sheaf  associated  to 
the  R-module  T(X,  F). 


Proof.  Let  F be  a quasi-coherent  Ox-module.  Since  every  standard  open  D(f) 
is  quasi-compact  we  see  that  X is  a locally  quasi-compact,  i.e.,  every  point  has 
a fundamental  system  of  quasi-compact  neighbourhoods,  see  Topology,  Definition 
|5.12.1|  Hence  by  Modules,  Lemma [17. 10. 8| for  every  prime  p C R corresponding  to 
x £ X there  exists  an  open  neighbourhood  x £ U C X such  that  F\u  is  isomorphic 
to  the  quasi-coherent  sheaf  associated  to  some  Ox{U) -module  M.  In  other  words, 
we  get  an  open  covering  by  IT s with  this  property.  By  Lemma  |25.5.1|  for  example 
we  can  refine  this  covering  to  a standard  open  covering.  Thus  we  get  a covering 
Spec(f?)  = {jD(fi)  and  Rf.-modules  and  isomorphisms  tpi  : F\D(f.)  Fmi  for 
some  Rfi -module  Mj.  On  the  overlaps  we  get  isomorphisms 


b(/4/0 


|D(  fifi) 


FWhfi) 


Vj\ 


DUifj) 


/>'/./,)• 


Let  us  denote  these  ipij.  It  is  clear  that  we  have  the  cocycle  condition 
i’iklDUifjh)  = i>ik\DUifjh) 

on  triple  overlaps. 

Recall  that  each  of  the  open  subspaces  D(fA,  £)(/,/,),  D(f.if.jfk)  is  an  affine 


above.  In  particular  we  see  that  FMi{D(fifj))  = (Mj)/.,  etc.  Also  by  Lemma 


tpij  : ( M{)f . » ( Mj)f . 

namely,  the  effect  of  ifij  on  sections  over  D(fifj).  Moreover  these  then  satisfy  the 
cocycle  condition  that 


25.7.1  above  we  see  that  ’ifij  corresponds  to  a unique  Rftfj- module  isomorphism 


scheme.  Hence  the  sheaves  are  isomorphic  to  the  sheaves  Mi  by  Lemma 


25.7.1 


( Mi)fjfk  — (Mfe)/./i 


commutes  (for  any  triple  i,  j,k). 

Now  Algebra,  Lemma  |10.23.4|  shows  that  there  exist  an  i?.-module  M such  that 
Mi  = Mfi  compatible  with  the  morphisms  ipij.  Consider  Tm  — M.  At  this  point 
it  is  a formality  to  show  that  M is  isomorphic  to  the  quasi-coherent  sheaf  T we 
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started  out  with.  Namely,  the  sheaves  T and  M give  rise  to  isomorphic  sets  of 
glueing  data  of  sheaves  of  Ox-modules  with  respect  to  the  covering  X = |J  £>(/,), 
see  Sheaves,  Section [6. 33| and  in  particular  Lemma |6. 33. 4|  Explicitly,  in  the  current 
situation,  this  boils  down  to  the  following  argument:  Let  us  construct  an  R- module 
map 

M — > F(A,.F). 

Namely,  given  m £ M we  get  = m/1  £ Mfi  = Mi  by  construction  of  M.  By 
construction  of  Mi  this  corresponds  to  a section  Si  £ T{Ui).  (Namely,  ^~1(m.j).) 
We  claim  that  = Sj|  £>(/</.,■)•  This  is  true  because,  by  construction  of  M, 

we  have  ) = rrij,  and  by  the  construction  of  the  t faj.  By  the  sheaf  condition 

of  T this  collection  of  sections  gives  rise  to  a unique  section  s of  T over  A'.  We 
leave  it  to  the  reader  to  show  that  m i— >■  s is  a 17-module  map.  By  Lemma|25.7.1| 
we  obtain  an  associated  Ox-module  map 

M — > T. 

By  construction  this  map  reduces  to  the  isomorphisms  p f1  on  each  D(fi)  and  hence 
is  an  isomorphism.  □ 

01IB  Lemma  25.7.5.  Let  (A, Ox)  = (Spec(l?),  Ospec(R))  be  an  affine  scheme.  The 
functors  M i— > M and  J-  i— > F(A/  J-)  define  quasi-inverse  equivalences  of  categories 

QCoh(Ox)  ~ Mod-R 

between  the  category  of  quasi- coherent  Ox-modules  and  the  category  of  R-modules. 
Proof.  See  Lemmas  f25~  . 7.  II  and  T25. 7. 41  above.  □ 


From  now  on  we  will  not  distinguish  between  quasi-coherent  sheaves  on  affine 
schemes  and  sheaves  of  the  form  M. 


01IC  Lemma  25.7.6.  Let  X = Spec(i?)  be  an  affine  scheme.  Kernels  and  cokernels  of 
maps  of  quasi-coherent  Ox-modules  are  quasi-coherent. 


Proof.  This  follows  from  the  exactness  of  the  functor  since  by  Lemma  25.7. l|we 
know  that  any  map  ijj  : M — > N comes  from  an  i?-module  map  : M —$■  N.  (So 
we  have  Ker(^)  = Ker(</?)  and  Coker^)  = Coker(y>).)  □ 


01ID  Lemma  25.7.7.  Let  X = Spec (R)  be  an  affine  scheme.  The  direct  sum  of  an 
arbitrary  collection  of  quasi-coherent  sheaves  on  X is  quasi-coherent.  The  same 
holds  for  colimits. 

Proof.  Suppose  Jq,  i £ I is  a collection  of  quasi-coherent  sheaves  on  X.  By  Lemma 


Consider  the  sheaf  M.  For  each  standard  open  D{f)  we  have 
M(D(f))  = Mf  = (0  Mt)f  = 0 MU. 


25.7.5 


above  we  can  write  = Mi  for  some  R- module  Mj.  Set  M = 0Mj. 


Hence  we  see  that  the  quasi-coherent  Ox-module  M is  the  direct  sum  of  the  sheaves 
Ti.  A similar  argument  works  for  general  colimits.  □ 
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Lemma  25.7.8.  Let  (X:Ox)  = (Spec(-R),  Ospec(R))  be  an  affine  scheme.  Suppose 
that 

0 — t J~\  — y F 2 — f F3  — > 0 

is  a short  exact  sequence  of  sheaves  Ox -modules.  If  two  out  of  three  are  quasi- 
coherent  then  so  is  the  third. 


Proof.  This  is  clear  in  case  both  T\  and  F%  are  quasi-coherent  because  the  functor 
M H > M is  exact,  see  Lemma  25.5.4  Similarly  in  case  both  F2  and  F3  are  quasi- 
coherent.  Now,  suppose  that  F\  = Mi  and  F3  = M3  are  quasi-coherent.  Set 
M2  = T{X,F2).  We  claim  it  suffices  to  show  that  the  sequence 

0 — ^ Mi  — ^ M2  — Y M3  — ^ 0 

is  exact.  Namely,  if  this  is  the  case,  then  (by  using  the  mapping  property  of  Lemma 


25.7.1)  we  get  a commutative  diagram 

0 5-  Mi >■ 


Mo 


■ Mo 


-^0 


Y 

OF  1 


F2 


Y 

f3 


-^0 


and  we  win  by  the  snake  lemma. 

The  “correct”  argument  here  would  be  to  show  first  that  H1(X1F)  = 0 for  any 
quasi-coherent  sheaf  T . This  is  actually  not  all  that  hard,  but  it  is  perhaps  better 
to  postpone  this  till  later.  Instead  we  use  a small  trick. 

Pick  m £ M3  = T(X,  .F3).  Consider  the  following  set 

I = {/  £ R | the  element  fm  comes  from 

Clearly  this  is  an  ideal.  It  suffices  to  show  1 £ I.  Hence  it  suffices  to  show  that  for 
any  prime  p there  exists  an  / € I,  f ^ p.  Let  x £ X be  the  point  corresponding  to  p. 
Because  surjectivity  can  be  checked  on  stalks  there  exists  an  open  neighbourhood 
U of  x such  that  m\u  comes  from  a local  section  s £ F-iiU).  In  fact  we  may  assume 
that  U = D(f)  is  a standard  open,  i.e.,  f £ R,  f £ p.  We  will  show  that  for  some 
N 3>  0 we  have  fN  £ I,  which  will  finish  the  proof. 

Take  any  point  z £V(f),  say  corresponding  to  the  prime  q C R.  We  can  also  find  a 
g £ R,  g fL  q such  that  mjD^  lifts  to  some  s'  £ F2{D(g)).  Consider  the  difference 
s\D(fg)  — S1  D(fg)-  This  is  an  element  m!  of  Fi(D(fg))  — ( AIi)fg . For  some  integer 
n = n{z ) the  element  fnm'  comes  from  some  m[  £ (Mi)g.  We  see  that  fns 
extends  to  a section  a of  F2  on  D(f)  U D(g ) because  it  agrees  with  the  restriction 
of  fns'  + m'i  on  D(f)  nD(g)  = D(fg).  Moreover,  a maps  to  the  restriction  of  fnm 
to  D(f)UD(g). 

Since  V(f)  is  quasi-conrpact,  there  exists  a finite  list  of  elements  gi,...,gm  £ R 
such  that  V(f)  C {JD(gj),  an  integer  n > 0 and  sections  <jj  £ Jr2(D(/)  U D(gj)) 
such  that  Uj  |d(/)  = fns  and  er,-  maps  to  the  section  fnm\D(f)\jD{gj)  of  F3.  Consider 
the  differences 

aj\D(f)UD(gjgk)  - Crk\D(f)UD(gjgk)- 

These  correspond  to  sections  of  Ti  over  D{f)  U D(gjgk)  which  are  zero  on  D{f). 
In  particular  their  images  in  Fi{D{gjgk))  = (Mi)gjgk  are  zero  in  (Mi)g.gkf.  Thus 
some  high  power  of  / kills  each  and  every  one  of  these.  In  other  words,  the  elements 
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01IF 

01IG 


fN  (jj , for  some  N 0 satisfy  the  glueing  condition  of  the  sheaf  property  and  give 
rise  to  a section  a of  Jh 2 over  \J(D(f)  U D(gj))  = X as  desired.  □ 

25.8.  Closed  subspaces  of  affine  schemes 


Example  25.8.1.  Let  R be  a ring.  Let  I C R be  an  ideal.  Consider  the  morphism 
of  affine  schemes  i : Z = Spec (R/I)  — > Spec(i?)  = A'.  By  Algebra,  Lemma  10.16.7 


this  is  a homeomorphism  of  Z onto  a closed  subset  of  A'.  Moreover,  if  / C p C R 
is  a prime  corresponding  to  a point  x = i(z),  x £ X,  z £ Z,  then  on  stalks  we  get 
the  map 

Ox,x  = Rp  — > Rp/IRp  = Oz,z 

Thus  we  see  that  i is  a closed  immersion  of  locally  ringed  spaces,  see  Definition 


25.4.1  Clearly,  this  is  (isomorphic)  to  the  closed  subspace  associated  to  the  quasi- 


coherent  sheaf  of  ideals  /,  as  in  Example 


25.4.3 


01IH 


Lemma  25.8.2.  Let  (X,Ox)  = (Spec(-R), 0spec(.R))  be  an  affine  scheme.  Let 
i : Z — ► X be  any  closed  immersion  of  locally  ringed  spaces.  Then  there  exists  a 
unique  ideal  I C R such  that  the  morphism  i : Z — » X can  be  identified  with  the 
closed  immersion  Spec  (R/I)  — > Spec  (R)  constructed  in  Example  25.8.1  above. 


Proof.  This  is  kind  of  silly!  Namely,  by  Lemma  25.4.5  we  can  identify  Z — > X with 
the  closed  subspace  associated  to  a sheaf  of  ideals  I C Ox  as  in  Definition  |25.4.4| 
and  Example  |25.4.3|  By  our  conventions  this  sheaf  of  ideals  is  locally  generated 
by  sections  as  a sheaf  of  Ox-modules.  Hence  the  quotient  sheaf  O. \/T  is  locally 
on  X the  cokernel  of  a map  ®Jg j Ou  — > 0\j.  Thus  by  definition,  Ox/R  is  quasi- 

coherent.  By  our  results  in  Section 


25.7 


it  is  of  the  form  S for  some  77-module  S. 
Moreover,  since  Ox  = R — > S is  surjective  we  see  by  Lemma  25.7.8  that  also  I 
is  quasi-coherent,  say  1=1.  Of  course  I C R and  S = R/I  and  everything  is 
clear.  □ 
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01LJ  Definition  25.9.1.  A scheme  is  a locally  ringed  space  with  the  property  that 
every  point  has  an  open  neighbourhood  which  is  an  affine  scheme.  A morphism  of 
schemes  is  a morphism  of  locally  ringed  spaces.  The  category  of  schemes  will  be 
denoted  Sch. 

Let  X be  a scheme.  We  will  use  the  following  (very  slight)  abuse  of  language.  We 
will  say  U C X is  an  affine  open , or  an  open  affine  if  the  open  subspace  U is  an 
affine  scheme.  We  will  often  write  U = Spec(i?)  to  indicate  that  U is  isomorphic 
to  Spec(-R)  and  moreover  that  we  will  identify  (temporarily)  U and  Spec(i?). 

011K  Lemma  25.9.2.  Let  X be  a scheme.  Let  j : U — » A be  an  open  immersion  of 
locally  ringed  spaces.  Then  U is  a scheme.  In  particular,  any  open  subspace  of  X 
is  a scheme. 

Proof.  Let  U C X.  Let  u £ U . Pick  an  affine  open  neighbourhood  u £ V C A. 
Because  standard  opens  of  V form  a basis  of  the  topology  on  V we  see  that  there 
exists  a / £ Gy(V)  such  that  u £ D(f)  C U.  And  D(f)  is  an  affine  scheme  by 
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01IL 


OHM 


01IN 


OlIO 


Lemma|25.6.6[  This  proves  that  every  point  of  U has  an  open  neighbourhood  which 
is  affine.  □ 


Clearly  the  lemma  (or  its  proof)  shows  that  any  scheme  X has  a basis  (see  Topology, 
Section  5.4)  for  the  topology  consisting  of  affine  opens. 


Example  25.9.3.  Let  A:  be  a field.  An  example  of  a scheme  which  is  not  affine 
is  given  by  the  open  subspace  U = Spec(/c[x,  y])  \ { (ai,  j/) } of  the  affine  scheme 
X = Spec(fc[a;,  y}).  It  is  covered  by  two  affines,  namely  D(x)  = Spec(fc[;r,  y,  1/a:]) 
and  D(y)  = Spec(fc[a;,  y,  1/y])  whose  intersection  is  D(xy ) = Spec(fc[a;,  y,  1/xy]). 
By  the  sheaf  property  for  Ojj  there  is  an  exact  sequence 


0 — ► T(U,  Ou)  ->•  k[x,y,l/x\  x k[x,y,  l/y]  ->  k[x,y,l/xy\ 

We  conclude  that  the  map  k[x,  y]  — > T(U,  Ojj ) (coming  from  the  morphism  U — > X) 
is  an  isomorphism.  Therefore  U cannot  be  affine  since  if  it  was  then  by  Lemma 
125.6.51  we  would  have  U = X . 


25.10.  Immersions  of  schemes 


In  Lemma  25.9.2  we  saw  that  any  open  subspace  of  a scheme  is  a scheme.  Below 
we  will  prove  that  the  same  holds  for  a closed  subspace  of  a scheme. 

Note  that  the  notion  of  a quasi-coherent  sheaf  of  Ox-modules  is  defined  for  any 


ringed  space  X in  particular  when  X is  a scheme.  By  our  efforts  in  Section  25.7 
we  know  that  such  a sheaf  is  on  any  affine  open  U C X of  the  form  M for  some 
Ox(t7)-module  M. 

Lemma  25.10.1.  Let  X be  a scheme.  Let  i : Z — ► A'  be  a closed  immersion  of 
locally  ringed  spaces. 

(1)  The  locally  ringed  space  Z is  a scheme, 

(2)  the  kernel  T of  the  map  Ox  i*Oz  is  a quasi-coherent  sheaf  of  ideals, 

(3)  for  any  affine  open  U = Spec (R)  of  X the  morphism  i_1(t/)  — > U can  be 
identified  with  Spec (R/I)  —y  Spec(l?)  for  some  ideal  I C R,  and 

(4)  we  have  I\  u = I . 

In  particular,  any  sheaf  of  ideals  locally  generated  by  sections  is  a quasi-coherent 
sheaf  of  ideals  (and  vice  versa),  and  any  closed  subspace  of  X is  a scheme. 

Proof.  Let  i : Z — » X be  a closed  immersion.  Let  z & Z be  a point.  Choose  any 
affine  open  neighbourhood  i(z)  £ U C X.  Say  U = Spec(-R).  By  Lemma  25.8.2 
we  know  that  i_1({/)  — > U can  be  identified  with  the  morphism  of  affine  schemes 
Spec  (R/I)  —>  Spec  (R).  First  of  all  this  implies  that  0 £ *-1([/)  C ^ is  an  affine 
neighbourhood  of  z.  Thus  Z is  a scheme.  Second  this  implies  that  I\u  is  I.  In 
other  words  for  every  point  x £ i(Z)  there  exists  an  open  neighbourhood  such  that 
I is  quasi-coherent  in  that  neighbourhood.  Note  that  T\ x\i(z)  — Ox\i(z)-  Thus 
the  restriction  of  the  sheaf  of  ideals  is  quasi-coherent  on  X\i(Z ) also.  We  conclude 
that  T is  quasi-coherent.  □ 

Definition  25.10.2.  Let  X be  a scheme. 

(1)  A morphism  of  schemes  is  called  an  open  immersion  if  it  is  an  open  im- 


mersion of  locally  ringed  spaces  (see  Definition  25.3.1 ). 


(2)  An  open  subscheme  of  X is  an  open  subspace  of  X which  is  a scheme  by 
Lemma  125.9.21  above. 
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(3) 

(4) 

(5) 


A morphism  of  schemes  is  called  a closed  immersion  if  it  is  a closed  im- 
mersion of  locally  ringed  spaces  (see  Definition  25.4.1 1. 

A closed  subscheme  of  X is  a closed  subspace  of  X which  is  a scheme  by 
Lemma  125.10.11  above. 

A morphism  of  schemes  / : X — > Y is  called  an  immersion , or  a locally 
closed  immersion  if  it  can  be  factored  as  jo*  where  i is  a closed  immersion 
and  j is  an  open  immersion. 


It  follows  from  the  lemmas  in  Sections  25.3  and  25.4  that  any  open  (resp.  closed) 
immersion  of  schemes  is  isomorphic  to  the  inclusion  of  an  open  (resp.  closed)  sub- 
scheme of  the  target.  We  will  define  locally  closed  subschemes  below. 


Remark  25.10.3.  If  / : X — > Y is  an  immersion  of  schemes,  then  it  is  in  general 
not  possible  to  factor  / as  an  open  immersion  followed  by  a closed  immersion.  See 
Morphisms,  Example |28. 3. 4 

Lemma  25.10.4.  Let  f : Y — » X be  an  immersion  of  schemes.  Then  f is  a closed 
immersion  if  and  only  if  f[Y)  C X is  a closed  subset. 


Proof.  If  / is  a closed  immersion  then  f(Y)  is  closed  by  definition.  Conversely, 
suppose  that  f(Y)  is  closed.  By  definition  there  exists  an  open  subscheme  U C X 
such  that  / is  the  composition  of  a closed  immersion  i : Y — ► U and  the  open 
immersion  j : U ->I.  Let  T C Ou  be  the  quasi-coherent  sheaf  of  ideals  associated 
to  the  closed  immersion  i.  Note  that  I\ u\i(Y)  = @u\i{Y)  = O x\i(Y)\u\i(Y)  ■ Thus 
we  may  glue  (see  Sheaves,  Section  6.33|)  T and  Ox\i(Y)  to  a sheaf  of  ideals  J C Ox. 
Since  every  point  of  X has  a neighbourhood  where  J is  quasi-coherent,  we  see  that 
J is  quasi-coherent  (in  particular  locally  generated  by  sections).  By  construction 
Ox  t J is  supported  on  U and  equal  to  Ojj  /I.  Thus  we  see  that  the  closed  subspaces 
associated  to  I and  J are  canonically  isomorphic,  see  Example|25.4.3[  In  particular 
the  closed  subspace  of  U associated  to  I is  isomorphic  to  a closed  subspace  of  X. 
Since  Y — i U is  identified  with  the  closed  subspace  associated  to  I,  see  Lemma 
|25.4.5[  we  conclude  that  Y — > U — > X is  a closed  immersion.  □ 


Let  / : Y — > X be  an  immersion.  Let  Z = f(Y)  \ f(Y)  which  is  a closed  subset 
of  X.  Let  U = X \ Z.  The  lemma  implies  that  U is  the  biggest  open  subspace  of 
X such  that  / :Y  — ► X factors  through  a closed  immersion  into  U.  If  we  define  a 
locally  closed  subscheme  of  X as  a pair  (Z,U)  consisting  of  a closed  subscheme  Z 
of  an  open  subscheme  U of  X such  that  in  addition  Z U U = X.  We  usually  just 
say  “let  Z be  a locally  closed  subscheme  of  X”  since  we  may  recover  U from  the 
morphism  Z — > X.  The  above  then  shows  that  any  immersion  / : Y — ► X factors 
uniquely  as  Y — ► Z — >■  X where  Z is  a locally  closed  subspace  of  X and  Y — ► Z is 
an  isomorphism. 


The  interest  of  this  is  that  the  collection  of  locally  closed  subschemes  of  X forms  a 
set.  We  may  define  a partial  ordering  on  this  set,  which  we  call  inclusion  for  obvious 
reasons.  To  be  explicit,  if  Z — »•  X and  Z'  — > X are  two  locally  closed  subschemes 
of  A',  then  we  say  that  Z is  contained  in  Z'  simply  if  the  morphism  Z — > X factors 
through  Z' . If  it  does,  then  of  course  Z is  identified  with  a unique  locally  closed 
subscheme  of  A',  and  so  on. 


01IR 
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See  Topology,  Section  [AT]  for  some  basic  material  in  topology  adapted  to  the  Zariski 
topology  of  schemes. 

01IS  Lemma  25.11.1.  Let  X be  a scheme.  Any  irreducible  closed  subset  of  X has  a 
unique  generic  point.  In  other  words,  X is  a sober  topological  space,  see  Topology, 
Definition  \ 5.  l.f 

Proof.  Let  Z C X be  an  irreducible  closed  subset.  For  every  affine  open  U C X, 
U = Spec (R)  we  know  that  Z n U = V(I)  for  a unique  radical  ideal  I C R.  Note 
that  Z fl  U is  either  empty  or  irreducible.  In  the  second  case  (which  occurs  for  at 
least  one  U)  we  see  that  I = p is  a prime  ideal,  which  is  a generic  point  £ of  Z fl  U. 
It  follows  that  Z = {£},  in  other  words  £ is  a generic  point  of  Z.  If  £'  was  a second 
generic  point,  then  £'  £ Z C\U  and  it  follows  immediately  that  £'  = £.  □ 

OUT  Lemma  25.11.2.  Let  X be  a scheme.  The  collection  of  affine  opens  of  X forms 
a basis  for  the  topology  on  X . 


01IU 

01IV 


Proof.  This  follows  from  the  discussion  on  open  subschemes  in  Section  25.9  □ 


Remark  25.11.3.  In  general  the  intersection  of  two  affine  opens  in  X is  not  affine 
open.  See  Example  |25. 14. 3| 


Lemma  25.11.4.  The  underlying  topological  space  of  any  scheme  is  locally  quasi- 
compact, see  Topology,  Definition\5.12.1\ 


01IW 


Proof.  This  follows  from  Lemma  [25. 11. 2| above  and  the  fact  that  the  spectrum  of 
ring  is  quasi-conrpact,  see  Algebra,  Lemma  10.16.10  □ 


Lemma  25.11.5.  Let  X be  a scheme.  Let  U,V  be  affine  opens  of  X,  and  let 
x £ U fl  V.  There  exists  an  affine  open  neighbourhood  W of  x such  that  W is  a 
standard  open  of  both  U and  V . 


01IX 


Proof.  Write  U = Spec(A)  and  V = Spec (B).  Say  x corresponds  to  the  prime 
pC  A and  the  prime  q C B.  We  may  choose  a / £ A,  f qL  p such  that  D(f)  C U fl  V. 
Note  that  any  standard  open  of  D{f)  is  a standard  open  of  Spec(A)  = U.  Hence 
we  may  assume  that  U C V.  In  other  words,  now  we  may  think  of  U as  an  affine 
open  of  V.  Next  we  choose  a g £ B,  g £ q such  that  D(g)  C U.  In  this  case  we  see 
that  D{g)  = D{gA)  where  gA  £ A denotes  the  image  of  g £ A.  Thus  the  lemma  is 
proved.  □ 


Let  X = U Ui  be  an  affine  open  cov- 
There  exists  a standard  open  covering 
V = Uj=i  m Vj  (see  Definition  25.5.2)  such  that  each  Vj  is  a standard  open 
in  one  of  the  Ui . 


Lemma  25.11.6.  Let  X be  a scheme, 
ering.  Let  V C X be  an  affine  open. 


Proof.  Pick  v £ V.  Then  v £ Ui  for  some  i.  By  Lemma [25 . 1 1 . 5|  above  there  exists 
an  open  v £ Wv  C P fl  Ui  such  that  Wv  is  a standard  open  in  both  V and  Ui . Since 
V is  quasi-compact  the  lemma  follows.  □ 

0200  Lemma  25.11.7.  Let  X be  a scheme  whose  underlying  topological  space  is  a finite 
discrete  set.  Then  X is  affine. 


Proof.  Say  X = {x±, . . . ,xn}.  Then  Ui  = {xi}  is  an  open  neighbourhood  of  Xi. 
By  Lemma [25.11.2| it  is  affine.  Hence  X is  a finite  disjoint  union  of  affine  schemes, 
and  hence  is  affine  by  Lemma [25. 6. 8|  □ 
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01IY 


01IZ 

01J0 

01J1 

01J2 

01J3 


Example  25.11.8.  There  exists  a scheme  without  closed  points.  Namely,  let  R 
be  a local  domain  whose  spectrum  looks  like  (0)  = po  C pi  C p2  C . . . C m.  Then 
the  open  subscheme  Spec(-R)  \ {m}  does  not  have  a closed  point.  To  see  that  such 
a ring  R exists,  we  use  that  given  any  totally  ordered  group  (T,  >)  there  exists  a 
valuation  ring  A with  valuation  group  (T,  >),  see  (Kru32j.  See  Algebra,  Section 
10.49  for  notation.  We  take  T = Zxq  ® Zai2  © ZX3  © . . . and  we  define  JA  aiXi  > 0 
if  and  only  if  the  first  nonzero  a,  is  > 0,  or  all  cq  = 0.  So  x\  > X2  > X3  > . . . > 0. 
The  subsets  aii  + r>o  are  prime  ideals  of  (T,  >),  see  Algebra,  notation  above  Lemma 
10.49.17  These  together  with  0 and  T>0  are  the  only  prime  ideals.  Hence  A is 


an  example  of  a ring  with  the  given  structure  of  its  spectrum,  by  Algebra,  Lemma 
110.49.171 


25.12.  Reduced  schemes 


Definition  25.12.1.  Let  A'  be  a scheme.  We  say  X is  reduced  if  every  local  ring 
Ox,x  is  reduced. 

Lemma  25.12.2.  A scheme  X is  reduced  if  and  only  if  Ox(U)  is  a reduced  ring 
for  all  U C X open. 


Proof.  Assume  that  A'  is  reduced.  Let  / € Ox(U)  be  a section  such  that  fn  = 0. 
Then  the  image  of  / in  Ou,u  is  zero  for  all  u £ U.  Hence  / is  zero,  see  Sheaves, 
Lemma  6.11.1  Conversely,  assume  that  Ox(U)  is  reduced  for  all  opens  U.  Pick 
any  nonzero  element  / £ Ox,x-  Any  representative  (U,  / € 0(U ))  of  / is  nonzero 
and  hence  not  nilpotent.  Hence  / is  not  nilpotent  in  Ox,x-  □ 


Lemma  25.12.3.  An  affine  scheme  Spec(i?)  is  reduced  if  and  only  if  R is  reduced. 

Proof.  The  direct  implication  follows  immediately  from  Lemma [25. 12. 2|  above.  In 
the  other  direction  it  follows  since  any  localization  of  a reduced  ring  is  reduced,  and 
in  particular  the  local  rings  of  a reduced  ring  are  reduced.  □ 


Lemma  25.12.4.  Let  X be  a scheme.  Let  T C X be  a closed  subset.  There  exists 
a unique  closed  subscheme  Z C X with  the  following  properties:  (a)  the  underlying 
topological  space  of  Z is  equal  to  T,  and  (b)  Z is  reduced. 


Proof.  Let  I C Ox  be  the  sub  presheaf  defined  by  the  rule 

1 (U)  = {/  e Ox(U)  I /(f)  = 0 for  all  f e T D U} 

Here  we  use  /(f)  to  indicate  the  image  of  / in  the  residue  field  n{t)  of  X at  t. 
Because  of  the  local  nature  of  the  condition  it  is  clear  that  I is  a sheaf  of  ideals. 
Moreover,  let  U = Spec(i?)  be  an  affine  open.  We  may  write  T HU  = V(I)  for  a 
unique  radical  ideal  / C R.  Given  a prime  p € V(I)  corresponding  to  t € T fl  U 
and  an  element  / G R we  have  /(f)  = 0 <t=>  / € p.  Hence  T{U)  = npey(/)p  = I by 
Algebra,  Lemma  10.16.2  Moreover,  for  any  standard  open  D(g)  C Spec(Jf)  = U 


we  have  T(D(g))  = Ig  by  the  same  reasoning.  Thus  I and  l\u  agree  (as  ideals) 
on  a basis  of  opens  and  hence  are  equal.  Therefore  I is  a quasi-coherent  sheaf  of 
ideals. 


At  this  point  we  may  define  Z as  the  closed  subspace  associated  to  the  sheaf  of 
ideals  I.  For  every  affine  open  U = Spec (R)  of  A'  we  see  that  Z fl  U = Spec (R/I) 
where  I is  a radical  ideal  and  hence  Z is  reduced  (by  Lemma  25.12.3  above).  By 
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01J4 


0356 


01J5 


01J6 


construction  the  underlying  closed  subset  of  Z is  T.  Hence  we  have  found  a closed 
subscheme  with  properties  (a)  and  (b). 


Let  Z'  C X be  a second  closed  subscheme  with  properties  (a)  and  (b).  For  every 
affine  open  U = Spec(i?)  of  X we  see  that  Z'  D U = Spec {R/I')  for  some  ideal 
I'  C R.  By  Lemma [25. 12.3  the  ring  R/I'  is  reduced  and  hence  I'  is  radical.  Since 


V(I')  = T fl  U = V(I)  we  deduced  that  1 = 1'  by  Algebra,  Lemma  10.16.2 
Z'  and  Z are  defined  by  the  same  sheaf  of  ideals  and  hence  are  equal. 


Hence 

□ 


Definition  25.12.5.  Let  X be  a scheme.  Let  * : Z — > X be  the  inclusion  of 
a closed  subset.  A scheme  structure  on  Z is  given  by  a closed  subscheme  Z'  of 
X whose  underlying  closed  is  equal  to  Z.  We  often  say  “let  (Z,Oz)  be  a scheme 
structure  on  Z"  to  indicate  this.  The  reduced  induced  scheme  structure  on  Z is 
the  one  constructed  in  Lemma  |25.12.4|  The  reduction  Xrerj  of  X is  the  reduced 
induced  scheme  structure  on  X itself. 


Often  when  we  say  “let  Z C X be  an  irreducible  component  of  X ” we  think  of  Z 
as  a reduced  closed  subscheme  of  X using  the  reduced  induced  scheme  structure. 

Lemma  25.12.6.  Let  X be  a scheme.  Let  Z C X be  a closed  subscheme.  Let 

Y be  a reduced  scheme.  A morphism  f : Y — ► X factors  through  Z if  and  only 
if  f(Y)  C Z (set  theoretically) . In  particular,  any  morphism  Y — > X factors  as 

Y — ► Xreci  — > X . 


Proof.  Assume  f(Y)  c Z (set  theoretically).  Let  I C Ox  be  the  ideal  sheaf  of 
Z.  For  any  affine  opens  U C X,  Spec(H)  = V C Y with  f(V ) C U and  any 
g £ I(U)  the  pullback  b = ft(g)  £ F(V,  Oy)  = B maps  to  zero  in  the  residue  field 
of  any  y £ V.  In  other  words  b £ Pipes  P-  This  implies  b = 0 as  B is  reduced 
and  Algebra,  Lemma  10.16.2).  Hence  / factors  through  Z by 

□ 


(Lemma  25.12.2 
Lemma  125.4.61 


25.13.  Points  of  schemes 


Given  a scheme  A'  we  can  define  a functor 


hx  ■ Schopp  — ► Sets,  T t— ► Mor(T,  A). 

See  Categories,  Example  |4.3.4|  This  is  called  the  functor  of  points  of  X.  A fun 
part  of  scheme  theory  is  to  find  descriptions  of  the  internal  geometry  of  X in  terms 
of  this  functor  hx-  In  this  section  we  find  a simple  way  to  describe  points  of  A. 

Let  X be  a scheme.  Let  I?  be  a local  ring  with  maximal  ideal  m C fl.  Suppose  that 
/ : Spec(i?)  — ► X is  a morphism  of  schemes.  Let  x £ X be  the  image  of  the  closed 
point  m £ Spec (R).  Then  we  obtain  a local  homomorphism  of  local  rings 

/#  : Ox,x  » C,Spec(fl),m  = R- 

Lemma  25.13.1.  Let  X be  a scheme.  Let  R be  a local  ring.  The  construction 
above  gives  a bijective  correspondence  between  morphisms  Spec(i?)  — > X and  pairs 
(. x , ip)  consisting  of  a point  x £ X and  a local  homomorphism  of  local  rings  ip  : 
Ox,x  R- 


Proof.  Let  A be  a ring.  For  any  ring  homomorphism  if)  : A — > R there  exists  a 


unique  prime  ideal  p C A and  a factorization  A — ► Ap  — > 
a local  homomorphism  of  local  rings.  Namely,  p = ip~1( m 
proves  that  the  lemma  holds  if  X is  an  affine  scheme. 


R where  the  last  map  is 
I . Via  Lemma  ‘ 


25.6.4 


this 
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Let  X be  a general  scheme.  Any  x £ X is  contained  in  an  open  affine  U C X.  By 
the  affine  case  we  conclude  that  every  pair  (x,  ip)  occurs  as  the  end  product  of  the 
construction  above  the  lemma. 

To  finish  the  proof  it  suffices  to  show  that  any  morphism  / : Spec(f?)  — >•  X has 
image  contained  in  any  affine  open  containing  the  image  x of  the  closed  point  of 
Spec(i?).  In  fact,  let  x £ V C X be  any  open  neighbourhood  containing  x.  Then 
f _1(V)  C Spec (f?)  is  an  open  containing  the  unique  closed  point  and  hence  equal 
to  Spec(i?).  □ 

As  a special  case  of  the  lemma  above  we  obtain  for  every  point  a;  of  a scheme  X a 
canonical  morphism 

02NA  (25.13.1.1)  Spec  (Ox, a;)  — > X 

corresponding  to  the  identity  map  on  the  local  ring  of  A'  at  x.  We  may  reformulate 
the  lemma  above  as  saying  that  for  any  morphism  / : Spec(l?)  — > X there  exists  a 
unique  point  x £ X such  that  / factors  as  Spec(l?)  — > Spec(0x,x)  —>  X where  the 
first  map  comes  from  a local  homomorphism  Ox,x  — t R. 

In  case  we  have  a morphism  of  schemes  / : X — > S,  and  a point  x mapping  to  a 
point  s £ S we  obtain  a commutative  diagram 

Spec(Ox,:z) ^ X 


Spec  (Os,B) - S 

where  the  left  vertical  map  corresponds  to  the  local  ring  map  /J  : Ox, x —>  Os,s- 

01J7  Lemma  25.13.2.  Let  X be  a scheme.  Let  x,x'  £ X be  points  of  X.  Then  x ' £ X 
is  a generalization  of  x if  and  only  if  x'  is  in  the  image  of  the  canonical  morphism 
Spec(0x,a;)  -t  X. 

Proof.  A continuous  map  preserves  the  relation  of  specialization/generalization. 
Since  every  point  of  Spec  (Ox,  x)  is  a generalization  of  the  closed  point  we  see  every 
point  in  the  image  of  Spec(C,x,2;)  — > X is  a generalization  of  x.  Conversely,  suppose 
that  x'  is  a generalization  of  x.  Choose  an  affine  open  neighbourhood  U = Spec(i?) 
of  x.  Then  x'  £ U.  Say  pci?  and  p ' C R are  the  primes  corresponding  to  x 
and  x' . Since  x'  is  a generalization  of  x we  see  that  p'  C p.  This  means  that  p' 
is  in  the  image  of  the  morphism  Spec(0x,a;)  = Spec(i?p)  — t Spec(l?)  = U C X as 
desired.  □ 

Now,  let  us  discuss  morphisms  from  spectra  of  fields.  Let  ( R , m,  k)  be  a local  ring 
with  maximal  ideal  m and  residue  field  k.  Let  If  be  a field.  A local  homomorphism 
R — ► K by  definition  factors  as  R — > n — > K , i.e. , is  the  same  thing  as  a morphism 
k — > K . Thus  we  see  that  morphisms 

Spec(A')  — > X 

correspond  to  pairs  ( x , k(x)  — > K).  We  may  define  a partial  ordering  on  morphisms 
of  spectra  of  fields  to  A'  by  saying  that  Spec(A')  — >•  X dominates  Spec(A)  — >•  X if 
Spec  (A)  —y  X factors  through  Spec(L)  ->  X.  This  suggests  the  following  notion: 
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Let  us  temporarily  say  that  two  morphisms  p : Spec(A')  — ► A'  and  q : Spec (L)  — ► X 
are  equivalent  if  there  exists  a third  field  11  and  a commutative  diagram 

Spec(fl) Spec(L) 

v v 

Spec(Ji ) — s-  X 

Of  course  this  immediately  implies  that  the  unique  points  of  all  three  of  the  schemes 
Spec(if),  Spec(L),  and  Spec(fl)  map  to  the  same  x £ X.  Thus  a diagram  (by  the 
remarks  above)  corresponds  to  a point  x € X and  a commutative  diagram 

l 

A 

K k(x) 

of  fields.  This  defines  an  equivalence  relation,  because  given  any  set  of  extensions 
k C K,  there  exists  some  field  extension  k C fl  such  that  all  the  field  extensions 
Ki  are  contained  in  the  extension  fl. 

01J9  Lemma  25.13.3.  Let  X be  a scheme.  Points  of  X correspond  bijectively  to 
equivalence  classes  of  morphisms  from  spectra  of  fields  into  X . Moreover,  each 
equivalence  class  contains  a (unique  up  to  unique  isomorphism)  smallest  element 
Spec(«(a:))  X. 

Proof.  Follows  from  the  discussion  above.  □ 


Of  course  the  morphisms  Spec(Ac(a;))  — » X factor  through  the  canonical  morphisms 
Spec {Ox,x)  — >•  A.  And  the  content  of  Lemma  25.13.2  is  in  this  setting  that  the 
morphism  Speeds/))  — > X factors  as  Spec^z'))  — > Spec(C)x,a;)  — > X whenever 
x'  is  a generalization  of  x.  In  case  we  have  a morphism  of  schemes  / : X S,  and 
a point  x mapping  to  a point  s £ S we  obtain  a commutative  diagram 


Spec( 

«(»)) 

— 5-  Spec( 

^-V,x) 

> A 

' 

Spec 

«(s)) 

— ^ Spec(C>sjS) 

— >■ S 

25.14.  Glueing  schemes 

01JA  Let  I be  a set.  For  each  i £ I let  (A,,  Of)  be  a locally  ringed  space.  (Actually 
the  construction  that  follows  works  equally  well  for  ringed  spaces.)  For  each  pair 
i,j  £ I let  Uij  C X i be  an  open  subspace.  For  each  pair  i,  j £ /,  let 

Pij  ■ Uij  ^ Uji 

be  an  isomorphism  of  locally  ringed  spaces.  For  convenience  we  assume  that  Uu  = 
X,  and  <pu  = idx;-  For  each  triple  i,j , k £ I assume  that 

(1)  we  have  p~^(Uji  D Ujk)  = Utj  n Uik,  and 
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(2)  the  diagram 


Uij  n uik  tx,-  ^ u hi  n Uf-j 


Uji  n u jk 


is  commutative. 

Let  us  call  a collection  (/,  (Tij)i,jei)  satisfying  the  conditions 

above  a glueing  data. 


01JB  Lemma  25.14.1.  Given  any  glueing  data  of  locally  ringed  spaces  there  exists  a 
locally  ringed  space  X and  open  subspaces  Ui  C X together  with  isomorphisms 
ipi  : Xi  — > Ui  of  locally  ringed  spaces  such  that 

(1)  ^PifUij ) — Ui  0 U j , and 

(2)  tfiij  = (ff1 1 UiHUj  ° Vi\Uij  ■ 

The  locally  ringed  space  X is  characterized  by  the  following  mapping  properties: 
Given  a locally  ringed  space  Y we  have 


Mor(X,  Y)  = 

f * 

Mor(Y,  X)  = 

g ^ 


I fi  ■ Xi  ->  Y.  fj  o ifiij  = filu..} 

(f\ui  °Vi)iei 

( open  covering  Y = IJie/  ^ arlf^  (ff*  : ^ ^ Xf)iej  such  that 
1 = vi  n Vj  and  gj |yinv}  = <Pij  ° Qilv^Vj 

Y'i  = g ( Ui ),  gi  = g\Vi 


Proof.  We  construct  X in  stages.  As  a set  we  take 

X = (]]_Xi)/~. 

Here  given  x £ Xi  and  x'  £ Xj  we  say  x ~ x'  if  and  only  if  x £ U,j , x'  £ Uji  and 
Tij(x)  = x' . This  is  an  equivalence  relation  since  if  x £ Xit  x'  £ Xj,  x"  £ X/.,  and 
x ~ x'  and  x'  ~ x" , then  x'  £ Uji  D Ujk , hence  by  condition  (1)  of  a glueing  data 
also  x £ Uij  (~1  U^  and  x"  £ Uki  D Ukj  and  by  condition  (2)  we  see  that  <p>ik{x)  = x" . 
(Reflexivity  and  symmetry  follows  from  our  assumptions  that  Uu  = Xi  and  ipa  = 
idv,-.)  Denote  ipi  : Xi  — >•  X the  natural  maps.  Denote  Ui  = ifii(Xi)  C X.  Note  that 
ipi  : Xi  — > Ui  is  a bijection. 

The  topology  on  X is  defined  by  the  rule  that  U C X is  open  if  and  only  if  ip~x{U) 
is  open  for  all  i.  We  leave  it  to  the  reader  to  verify  that  this  does  indeed  define  a 
topology.  Note  that  in  particular  [/,  is  open  since  <pfl(Ui)  = Uji  which  is  open  in 
Xj  for  all  j.  Moreover,  for  any  open  set  W C Xi  the  image  <Pi(W)  C Ui  is  open 
because  1 pf1  {'PifW))  = <pji  (WdUij).  Therefore  <p>i  : Xi  Ui  is  a homeomorphism. 

To  obtain  a locally  ringed  space  we  have  to  construct  the  sheaf  of  rings  Ox-  We 
do  this  by  glueing  the  sheaves  of  rings  Ojji  '■=  Vi,*Oi.  Namely,  in  the  commutative 
diagram 


Ui  H Uj 
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the  arrow  on  top  is  an  isomorphism  of  ringed  spaces,  and  hence  we  get  unique 
isomorphisms  of  sheaves  of  rings 


OuiluinUj  — > OujluiHUj- 

These  satisfy  a cocycle  condition  as  in  Sheaves,  Section  6.33|  By  the  results  of 
that  section  we  obtain  a sheaf  of  rings  Ox  on  X such  that  Ox  | u,  is  isomorphic 
to  Ojji  compatibly  with  the  glueing  maps  displayed  above.  In  particular  ( X,Ox ) 
is  a locally  ringed  space  since  the  stalks  of  Ox  are  equal  to  the  stalks  of  Oi  at 
corresponding  points. 


The  proof  of  the  mapping  properties  is  omitted. 


□ 


01JC  Lemma  25.14.2.  In  Lemma 


25.14-1  above,  assume  that  all  Xi  are  schemes.  Then 


the  resulting  locally  ringed  space  X is  a scheme. 


Proof.  This  is  clear  since  each  of  the  17,  is  a scheme  and  hence  every  x G X has 
an  affine  neighbourhood.  □ 


It  is  customary  to  think  of  X 4 as  an  open  subspace  of  X via  the  isomorphisms  </?,. 
We  will  do  this  in  the  next  two  examples. 

01JD  Example  25.14.3  (Affine  space  with  zero  doubled).  Let  k be  a field.  Let  n > 1. 
Let  X\  = Spec(fc[xi, . . . , xn\),  let  X2  = Spec(7[j/i, . . . , yn]).  Let  Oi  G Xi  be  the 
point  corresponding  to  the  maximal  ideal  (xi, . . . , xn)  C k[x i, . . . , xn].  Let  O2  G X2 
be  the  point  corresponding  to  the  maximal  ideal  (jq, . . . , yn)  C k[yi, ... , yn].  Let 
U12  = A'i  \ {Oi } and  let  U21  = X2  \ {O2}.  Let  <p\2  : U\2  — > U2\  be  the  isomorphism 
coming  from  the  isomorphism  of  fc-algebras  k[y±, . . . , y„]  — i k[x  1, . . . , xn]  mapping 
yi  to  Xi  (which  induces  X\  = X2  mapping  Oi  to  O2).  Let  X be  the  scheme  obtained 
from  the  glueing  data  (A'i,  X2l  U\2,  U2\,  y>\2,  ip2i  = V\2)-  Via  the  slight  abuse  of 
notation  introduced  above  the  example  we  think  of  X 4 C X as  open  subschemes. 
There  is  a morphism  / : X — ► Spec(fc[ti, . . . , tn])  which  on  X,:  corresponds  to 
k algebra  map  k[tlt . . . , tn)  -4  k[xu  . . . , xn]  (resp.  k[t  1,...,tn\  -4  k[yu  . . . , yn\) 
mapping  ti  to  Xi  (resp.  U to  yi).  It  is  easy  to  see  that  this  morphism  identifies 
k[ti, . . . ,tn]  with  T(A,  Ox).  Since  /( Oi)  = f{02)  we  see  that  X is  not  affine. 

Note  that  Xi  and  X2  are  affine  opens  of  X.  But,  if  n = 2,  then  Xi  fl  X2  is 
the  scheme  described  in  Example  |25.9.3|  and  hence  not  affine.  Thus  in  general  the 
intersection  of  affine  opens  of  a scheme  is  not  affine.  (This  fact  holds  more  generally 
for  any  n > 1.) 

Another  curious  feature  of  this  example  is  the  following.  If  n > 1 there  are  many 
irreducible  closed  subsets  T C X (take  the  closure  of  any  non  closed  point  in  Xi 
for  example).  But  unless  T = {Oi},  or  T = {O2}  we  have  Oi  € T <t=>  O2  G T.  Proof 
omitted. 

01JE  Example  25.14.4  (Projective  line).  Let  k be  a field.  Let  Xi  = Spec(fc[x]), 
let  X2  = Spec(fc[y]).  Let  0 G X\  be  the  point  corresponding  to  the  maximal 
ideal  (x)  C k[x\.  Let  00  G X2  be  the  point  corresponding  to  the  maximal  ideal 
{y)  C k[y].  Let  Ui2  = Xx  \ {0}  = D(x)  = Spec(/c[a;,  1/*])  and  let  U2 1 = X2  \ {00}  = 
D{y)  = Spec (k[y,  1 /y]).  Let  <pi2  : U\2  -4  t/21  be  the  isomorphism  coming  from  the 
isomorphism  of  fc-algebras  k[y , 1/y]  -4  k[x,  \/x\  mapping  y to  1/x.  Let  P).  be  the 
scheme  obtained  from  the  glueing  data  (Xl5  X2,  U\2,  U2i,  <pi2,  tp2i  = y>i2)-  Via  the 
slight  abuse  of  notation  introduced  above  the  example  we  think  of  Xi  C Pj.  as  open 
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subschemes.  In  this  case  we  see  that  r(Pj.,0)  = k because  the  only  polynomials 
g{x)  in  x such  that  g(l/y)  is  also  a polynomial  in  y are  constant  polynomials.  Since 
P).  is  infinite  we  see  that  Pj.  is  not  affine. 

We  claim  that  there  exists  an  affine  open  U C Pjt.  which  contains  both  0 and  oo. 
Namely,  let  U = Pj.  \ {1},  where  1 is  the  point  of  X\  corresponding  to  the  maximal 
ideal  (x  — 1)  and  also  the  point  of  Xi  corresponding  to  the  maximal  ideal  (y  — 1). 
Then  it  is  easy  to  see  that  s = \/{x  —\)  = j//(l  — y)  £ T(f7,  Ou)-  In  fact  you  can 
show  that  T (U,  Ou)  is  equal  to  the  polynomial  ring  fc[s]  and  that  the  corresponding 
morphism  U — > Spec(fc[s])  is  an  isomorphism  of  schemes.  Details  omitted. 


25.15.  A representability  criterion 

01JF  In  this  section  we  reformulate  the  glueing  lemma  of  Section [25. 14|  in  terms  of  func- 
tors. We  recall  some  of  the  material  from  Categories,  Section|4.3|  Recall  that  given 
a scheme  X we  can  define  a functor 


hx  : Schopp  — ► Sets,  T ► Mor(T,  X). 


This  is  called  the  functor  of  points  of  X. 


01JG 


Let  F be  a contravariant  functor  from  the  category  of  schemes  to  the  category  of 
sets.  In  a formula 

F : Schopp  — ► Sets. 


We  will  use  the  same  terminology  as  in  Sites,  Section [Y2|  Namely,  given  a scheme 
T,  an  element  £ £ F(T),  and  a morphism  / : T'  — >■  T we  will  denote  /*£  the 
element  E(/)(£),  and  sometimes  we  will  even  use  the  notation  £|jv 


Definition  25.15.1.  (See  Categories,  Definition  4.3.6  ) Let  F be  a contravariant 
functor  from  the  category  of  schemes  to  the  category  of  sets  (as  above).  We  say 
that  F is  representable  by  a scheme  or  representable  if  there  exists  a scheme  X such 
that  hx  — F. 


Suppose  that  F is  representable  by  the  scheme  X and  that  s : hx  — > F is  an 
isomorphism.  By  Categories,  Yoneda  Lemma  4.3.5  the  pair  ( X , s : hx  — t F)  is 
unique  up  to  unique  isomorphism  if  it  exists.  Moreover,  the  Yoneda  lemma  says 
that  given  any  contravariant  functor  F as  above  and  any  scheme  Y , we  have  a 
bijection 

MorFun(sc/joPPjSets)  (hy , F)  — *•  F{Y),  s i — > s(idy). 


Here  is  the  reverse  construction.  Given  any  £ £ F(Y)  the  transformation  of  functors 
st  : hy  — t F associates  to  any  morphism  / : T — y Y the  element  /*£  £ F{T). 


In  particular,  in  the  case  that  F is  representable,  there  exists  a scheme  X and  an 
element  £ £ F(X)  such  that  the  corresponding  morphism  h\  — >•  F is  an  isomor- 
phism. In  this  case  we  also  say  the  pair  (X,  £)  represents  F.  The  element  £ £ F(X) 
is  often  called  the  “universal  family  ’’  for  reasons  that  will  become  more  clear  when 
we  talk  about  algebraic  stacks  (insert  future  reference  here).  For  the  moment  we 
simply  observe  that  the  fact  that  if  the  pair  ( X , £)  represents  F,  then  every  element 
£'  £ F(T)  for  any  T is  of  the  form  £'  = /*£  for  a unique  morphism  / : T — »•  X. 


01JH  Example  25.15.2.  Consider  the  rule  which  associates  to  every  scheme  T the  set 
F(T)  = Y(T,Ot).  We  can  turn  this  into  a contravariant  functor  by  using  for  a 
morphism  / : T’  — > T the  pullback  map  /•*  : T(T,Ot)  — > T{T' Given  a ring 
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R and  an  element  t £ R there  exists  a unique  ring  homomorphism  Z[x\  — > R which 
maps  x to  t.  Thus,  using  Lemma [25.6.44  we  see  that 

Mor(T,  Spec(Z[x]))  = Hom(Z [x],T(T,  Ot))  = r(T,  Ot). 

This  does  indeed  give  an  isomorphism  hspec(z[x])  —■ y F-  Wliat  is  the  “universal  fam- 
ily” £?  To  get  it  we  have  to  apply  the  identifications  above  to  idspec(z[a:])-  Clearly 
under  the  identifications  above  this  gives  that  ( = T(Spec(Z[ir]),  0spec(z[x]))  = 
Z[x\  as  expected. 

01JI  Definition  25.15.3.  Let  F be  a contravariant  functor  on  the  category  of  schemes 
with  values  in  sets. 

(1)  We  say  that  F satisfies  the  sheaf  property  for  the  Zariski  topology  if  for 
every  scheme  T and  every  open  covering  T = Uiez  Ui,  and  for  any  collec- 
tion of  elements  £*  £ F(Ui)  such  that  filuiDUj  = fj\uinu-  there  exists  a 
unique  element  f £ F(T ) such  that  £,;  = £|[/.  in  FfUf). 

(2)  A subfunctor  H C F is  a rule  that  associates  to  every  scheme  T a subset 
H(T)  C F(T)  such  that  the  maps  F(f)  : F(T)  — ► F(T')  maps  H(T)  into 
H(T')  for  all  morphisms  of  schemes  / : T'  — ¥ T. 

(3)  Let  H C F be  a subfunctor.  We  say  that  H C F is  representable  by  open 
immersions  if  for  all  pairs  (T,  £),  where  T is  a scheme  and  f £ F(T ) there 
exists  an  open  subscheme  C T with  the  following  property: 

(*)  A morphism  / : T'  — > T factors  through  U%  if  and  only  if  f*f  £ 
H(T'). 

(4)  Let  I be  a set.  For  each  * £ I let  Hi  C F be  a subfunctor.  We  say  that 
the  collection  {Hi)iej  covers  F if  and  only  if  for  every  f £ F(T ) there 
exists  an  open  covering  T = |J  Ui  such  that  f\u,  £ Hi(Ui). 

In  condition  (4),  if  Hi  C F is  representable  by  open  immersions  for  all  i,  then  to 
check  (Hi)i&i  covers  F,  it  suffices  to  check  F(T)  = \JHi(T)  whenever  T is  the 
spectrum  of  a field. 

01JJ  Lemma  25.15.4.  Let  F be  a contravariant  functor  on  the  category  of  schemes 
with  values  in  the  category  of  sets.  Suppose  that 

(1)  F satisfies  the  sheaf  property  for  the  Zariski  topology, 

(2)  there  exists  a set  I and  a collection  of  subfunctors  Fi  C F such  that 

(a)  each  Fi  is  representable, 

(b)  each  Fi  C F is  representable  by  open  immersions,  and 

(c)  the  collection  covers  F . 

Then  F is  representable. 

Proof.  Let  X,  be  a scheme  representing  Fi  and  let  £,  £ Fi(Xi)  C F(Xi)  be  the 
“universal  family” . Because  Fj  C F is  representable  by  open  immersions,  there 
exists  an  open  Uij  C X,  such  that  T — > X,  factors  through  UV)  if  and  only  if 
£*|t  £ Fj(T).  In  particular  £j|y  . £ Fj(Uij)  and  therefore  we  obtain  a canonical 
morphism  ipij  : Uij  —>  Xj  such  that  <Pij£j  = £i|(jy  By  definition  of  Uji  this  implies 
that  factors  through  Uji . Since  (tpij  o tpji)*£j  = TjiiTij^j)  = TjiZi  = we 
conclude  that  tpijOipji  = id ujt  because  the  pair  (A ij,fj)  represents  Fj.  In  particular 
the  maps  ifiij  : Uij  — » Uji  are  isomorphisms  of  schemes.  Next  we  have  to  show  that 
Tfj1{Uji  f~l  Ujk)  = Uij  ft  Uik-  This  is  true  because  (a)  Uji  D Ujk  is  the  largest  open 
of  Uji  such  that  fj  restricts  to  an  element  of  Fk,  (b)  Utj  fl  Uik  is  the  largest  open 
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of  Uij  such  that  £*  restricts  to  an  element  of  Fk,  and  (c)  <p*j£j  = Moreover,  the 
cocycle  condition  in  Section  25.14  follows  because  both  <Pjk\ujtnUjk  0Tii\uinnuik  and 

to 
Vi 


'■pik\ ui:jrulk  pullback  to  the  element  Thus  we  may  apply  Lemma  25.14.2 
obtain  a scheme  X with  an  open  covering  X = (J  Ui  and  isomorphisms  ipi  : Xi  ~ 
with  properties  as  in  Lemma  25.14.1  Let  = {pf  )*&■  The  conditions  of  Lemma 


25.14.1 


imply  that  ^lu.ncq  = Vj\u^nUj-  Therefore,  by  the  condition  that  F satisfies 
the  sheaf  condition  in  the  Zariski  topology  we  see  that  there  exists  an  element 
£ F(X)  such  that  V = <PiC\ui  for  all  i.  Since  <pi  is  an  isomorphism  we  also  get 
that  (Ui^'lui)  represents  the  functor  Fj. 


We  claim  that  the  pair  ( X , £')  represents  the  functor  F.  To  show  this,  let  T be  a 
scheme  and  let  £ £ F(T).  Wc  will  construct  a unique  morphism  g : T — ► X such 
that  g*£'  = f.  Namely,  by  the  condition  that  the  subfunctors  Fi  cover  T there 
exists  an  open  covering  T = \ JVi  such  that  for  each  i the  restriction  £ | y.  £ Fi(Vi). 
Moreover,  since  each  of  the  inclusions  Fi  C F are  representable  by  open  immersions 
we  may  assume  that  each  Vi  C T is  maximal  open  with  this  property.  Because, 
(Vii  represents  the  functor  Fi  we  get  a unique  morphism  gi  :Vt  — > Ui  such  that 
9iC\ut  = Cl  vq  • On  the  overlaps  Vi  D Vj  the  morphisms  gt  and  gj  agree,  for  example 
because  they  both  pull  back  Cl utnUj  £ Fj(J7j  (~1  Uj)  to  the  same  element.  Thus  the 
morphisms  glue  to  a unique  morphism  from  T — > X as  desired.  □ 


01JK  Remark  25.15.5.  Suppose  the  functor  F is  defined  on  all  locally  ringed  spaces, 
and  if  conditions  of  Lemma |25.15.4|  are  replaced  by  the  following: 

(1)  F satisfies  the  sheaf  property  on  the  category  of  locally  ringed  spaces, 

(2)  there  exists  a set  I and  a collection  of  subfunctors  Fi  C F such  that 

(a)  each  Fi  is  representable  by  a scheme, 

(b)  each  Fi  C F is  representable  by  open  immersions  on  the  category  of 
locally  ringed  spaces,  and 

(c)  the  collection  ( Fi)iGj  covers  F as  a functor  on  the  category  of  locally 
ringed  spaces. 

We  leave  it  to  the  reader  to  spell  this  out  further.  Then  the  end  result  is  that 
the  functor  F is  representable  in  the  category  of  locally  ringed  spaces  and  that  the 
representing  object  is  a scheme. 


25.16.  Existence  of  fibre  products  of  schemes 

01JL  A very  basic  question  is  whether  or  not  products  and  fibre  products  exist  on  the 
category  of  schemes.  We  first  prove  abstractly  that  products  and  fibre  products 
exist,  and  in  the  next  section  we  show  how  we  may  think  in  a reasonable  way  about 
fibre  products  of  schemes. 

01JM  Lemma  25.16.1.  The  category  of  schemes  has  a final  object , products  and  fibre 
products.  In  other  words,  the  category  of  schemes  has  finite  limits,  see  Categories, 
Lemma  [A  JM 


Proof.  Please  skip  this  proof.  It  is  more  important  to  learn  how  to  work  with  the 
fibre  product  which  is  explained  in  the  next  section. 


By  Lemma  25.6.4  the  scheme  Spec(Z)  is  a final  object  in  the  category  of  locally 
ringed  spaces.  Thus  it  suffices  to  prove  that  fibred  products  exist. 
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Let  / : X — > S and  g:Y 
functor 


S be  morphisms  of  schemes.  We  have  to  show  that  the 


F : Schopp  — > Sets 

T i — > Mor(T, X)  xMor(TiS)  Mor(T,  V) 

is  representable.  We  claim  that  Lemma  |25.15.4  applies  to  the  functor  F.  If  we 
prove  this  then  the  lemma  is  proved. 

First  we  show  that  F satisfies  the  sheaf  property  in  the  Zariski  topology.  Namely, 
suppose  that  T is  a scheme,  T = Uie/  is  an  °Pen  covering,  and  £*  £ F(Ui) 
such  that  ^iluinUj  = £j\u(rtUj  f°r  all  pairs  i,j.  By  definition  £*  corresponds  to  a 
pair  (aj,6i)  where  o*  : Ui  — > X and  bi  : Ui  — » Y are  morphisms  of  schemes  such 
that  / o a*  = g o bi.  The  glueing  condition  says  that  djl^nc/,-  = Oj|i/4nl7,-  and 
biluidUj  = bj\uir\Uj-  Thus  by  glueing  the  morphisms  a*  we  obtain  a morphism 
of  locally  ringed  spaces  (i.e.,  a morphism  of  schemes)  a : T — > X and  similarly 
b : T ^ Y (see  for  example  the  mapping  property  of  Lemma  25.14.1).  Moreover, 
on  the  members  of  an  open  covering  the  compositions  foa  and  gob  agree.  Therefore 
/ o a = g o b and  the  pair  (a,  b)  defines  an  element  of  F(T)  which  restricts  to  the 
pairs  (dj,  bi)  on  each  Ui.  The  sheaf  condition  is  verified. 

Next,  we  construct  the  family  of  subfunctors.  Choose  an  open  covering  by  open 
affines  S = {JieIUi.  For  every  i £ I choose  open  coverings  by  open  affines 

/_1(^i)  = U jejiVj  and  9~X{Ui)  = U keKiwk-  Note  that  X = LJ,;  / U,,  ./  'j 

is  an  open  covering  and  similarly  for  Y . For  any  i £ I and  each  pair  (j.  k)  £ JiX  Ki 
we  have  a commutative  diagram 


where  all  the  skew  arrows  are  open  immersions.  For  such  a triple  we  get  a functor 
Fiijtk  : Schopp  — x Sets 

T i — » Mor(T,  Vj)  xMOT(T,Ui)  Mor(T,  Wj). 

There  is  an  obvious  transformation  of  functors  F'l.j.k  — > F (coming  from  the  huge 
commutative  diagram  above)  which  is  injective,  so  we  may  think  of  Fi  j k as  a 
subfunctor  of  F. 


We  check  condition  (2)  (a)  of  Lemma  25.15.4  This  follows  directly  from  Lemma 


25.6.7  (Note  that  we  use  here  that  the  fibre  products  in  the  category  of  affine 


schemes  are  also  fibre  products  in  the  whole  category  of  locally  ringed  spaces.) 


We  check  condition  (2)(b)  of  Lemma  25.15.4  Let  T be  a scheme  and  let  £ £ F(T). 
In  other  words,  £ = (a,  b)  where  a : T — > X and  b : T Y are  morphisms  of  schemes 
such  that  / o a = g o b.  Set  = a-1( Vj)  H b~1(Wk)-  For  any  further  morphism 
h : T'  — > T we  have  h*£  = (oo h,  boh).  Hence  we  see  that  h*t ; £ Fltj^(Tr)  if  and  only 
if  a(h(T'))  C Vj  and  5(ft.(T/))  C Wk.  In  other  words,  if  and  only  if  h(T')  C Fj.yfc- 
This  proves  condition  (2)(b). 
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01JN 

OIJO 

01JP 


01JQ 

01JR 


We  check  condition  (2)(c)  of  Lemma  |25.15.4  Let  T be  a scheme  and  let  £ = 
(a,  b)  e FIT ) as  above.  Set  Vj.yfc  = a_^(V,)  n &_1(M/fc)  as  above.  Condition  (2)(c) 
just  means  that  T = (J  Vij^k  which  is  evident.  Thus  the  lemma  is  proved  and  fibre 
products  exist.  □ 


Remark  25.16.2.  Using  Remark 


you  can  show  that  the  fibre  product 


25.15.5 

of  morphisms  of  schemes  exists  in  the  category  of  locally  ringed  spaces  and  is  a 
scheme. 


25.17.  Fibre  products  of  schemes 


Here  is  a review  of  the  general  definition,  even  though  we  have  already  shown  that 
fibre  products  of  schemes  exist. 

Definition  25.17.1.  Given  morphisms  of  schemes  / : X — ► S and  g : Y — > S the 
fibre  product  is  a scheme  X x g Y together  with  projection  morphisms  p : X x 5 Y — > 
X and  q : X x g Y — > Y sitting  into  the  following  commutative  diagram 

X XaY—X^Y 

* q 

p a 


which  is  universal  among  all  diagrams  of  this  sort,  see  Categories,  Definition  [T6T] 
In  other  words,  given  any  solid  commutative  diagram  of  morphisms  of  schemes 


there  exists  a unique  dotted  arrow  making  the  diagram  commute.  We  will  prove 
some  lemmas  which  will  tell  us  how  to  think  about  fibre  products. 

Lemma  25.17.2.  Let  f : X S and  g : Y — ► S be  morphisms  of  schemes  with 
the  same  target.  If  X , Y,  S are  all  affine  then  X Xg  Y is  affine. 


Proof.  Suppose  that  X = Spec(H),  Y = Spec(-B)  and  S = Spec(-R).  By  Lemma 


25.6.7  the  affine  scheme  Spec(H  (g>jj  B)  is  the  fibre  product  X x 5 Y in  the  category 


of  locally  ringed  spaces.  Hence  it  is  a fortiori  the  fibre  product  in  the  category  of 
schemes.  □ 


Lemma  25.17.3.  Let  f : X S and  g : Y — » S be  morphisms  of  schemes  with 
the  same  target.  Let  X xg  Y,  p,  q be  the  fibre  product.  Suppose  that  U C S, 

V C X , W C Y are  open  subschemes  such  that  f(V)  C U and  g(W)  C U.  Then 
the  canonical  morphism  VxjjW—tXxsY  is  an  open  immersion  which  identifies 

V XjjW  with  p-1(U)  n q~1(W). 


Proof.  Let  T be  a scheme  Suppose  a : T V and  b : T — > W are  morphisms  such 
that  foa  = gobas  morphisms  into  U . Then  they  agree  as  morphisms  into  S.  By 
the  universal  property  of  the  fibre  product  we  get  a unique  morphism  T — > X x g Y. 
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Of  course  this  morphism  has  image  contained  in  the  open  p^l{V)  H g_1(W').  Thus 
p-1(V)  n <j,_1(W)  is  a fibre  product  of  V and  W over  U.  The  result  follows  from 
the  uniqueness  of  fibre  products,  see  Categories,  Section  |4~6|  □ 


In  particular  this  shows  that  V XjjW  = V x$W  vn  the  situation  of  the  lemma. 
Moreover,  if  U,V7W  are  all  affine,  then  we  know  that  V Xjj  W is  affine.  And  of 
course  we  may  cover  X Xg  F by  such  affine  opens  V Xjj  W.  We  formulate  this  as 
a lemma. 


01JS  Lemma  25.17.4.  Let  f : X — » S and  g : Y — » S be  morphisms  of  schemes  with 
the  same  target.  Let  S = [JUi  be  any  affine  open  covering  of  S.  For  each  i £ I, 
let  /_1( Uf)  = U/ej  Vj  be  an  affine  open  covering  of  /-1(C/j)  and  let  g~l(Ui)  = 
UfceA'  Wfc  be  an  affine  open  covering  of  g-fUf).  Then 


iei  w jeJi , keK, 


Vj  XUi 


Wk 


is  an  affine  open  covering  of  X x$Y. 

Proof.  See  discussion  above  the  lemma.  □ 


In  other  words,  we  might  have  used  the  previous  lemma  as  a way  of  construction 
the  fibre  product  directly  by  glueing  the  affine  schemes.  (Which  is  of  course  exactly 
what  we  did  in  the  proof  of  Lemma  25.16.1  anyway.)  Here  is  a way  to  describe  the 
set  of  points  of  a fibre  product  of  schemes. 


01JT  Lemma  25.17.5.  Let  f : X — > S and  g : Y — > S be  morphisms  of  schemes  with 
the  same  target.  Points  z of  X x$Y  are  in  bijective  correspondence  to  quadruples 


(x,y,s,p) 


where  x£X,y£Y,s£S  are  points  with  f{x ) = s,  g(y)  = s and  p is  a prime 
ideal  of  the  ring  k{x)  <§)k(s)  n{y).  The  residue  field  of  z corresponds  to  the  residue 
field  of  the  prime  p . 


Proof.  Let  z be  a point  of  X x $Y  and  let  us  construct  a triple  as  above.  Recall  that 
we  may  think  of  2 as  a morphism  Spec(Ac(,s))  -)I  x^F,  see  Lemma  [25. 13.3  This 
morphism  corresponds  to  morphisms  a : Spec(«(z))  — » X and  b : Spec(«(2))  — » Y 
such  that  / o a = g o b.  By  the  same  lemma  again  we  get  points  x £ X , y £ Y lying 
over  the  same  point  s £ S as  well  as  field  maps  n(x)  — > n(z),  n(y)  — » k(z)  such 
that  the  compositions  k(s)  — > k(x)  —>■  k(z)  and  k(s)  —>■  K,(y)  — > k(z)  are  the  same. 
In  other  words  we  get  a ring  map  k(x)  ®k(s)  n(y)  — » k(z).  We  let  p be  the  kernel 
of  this  map. 
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Conversely,  given  a quadruple  (x,y,s,p)  we  get  a commutative  solid  diagram 


see  the  discussion  in  Section[25.13|  Thus  we  get  the  dotted  arrow.  The  correspond- 
ing point  z of  X Xs  Y is  the  image  of  the  generic  point  of  Spec(K(x)  ®K(S)  n(y)/p). 
We  omit  the  verification  that  the  two  constructions  are  inverse  to  each  other.  □ 


01JU  Lemma  25.17.6.  Let  f : X -A  S and  g : Y -A  S be  morphisms  of  schemes  with 
the  same  target. 

(1 ) If  f : X S is  a closed  immersion,  then  X xg  Y -A  Y is  a closed 
immersion.  Moreover,  if  X -A  S corresponds  to  the  quasi- coherent  sheaf 
of  ideals  I C Os,  then  X xg  Y -A  Y corresponds  to  the  sheaf  of  ideals 
Im{g*L  -A  Oy)- 

(2)  If  f : X -A  S is  an  open  immersion,  then  X x $ Y — x Y is  an  open 
immersion. 

(3)  If  f : X — x S is  an  immersion,  then  X x g Y — x Y is  an  immersion. 


Proof.  Assume  that  A’  A S'  is  a closed  immersion  corresponding  to  the  quasi- 
coherent  sheaf  of  ideals  I C Os-  By  Lemma  25.4.7|  the  closed  subspace  Z C Y 
defined  by  the  sheaf  of  ideals  Im(g*l  -a  Oy)  is  the  fibre  product  in  the  category  of 
locally  ringed  spaces.  By  Lemma  [25. 10. 1|  Z is  a scheme.  Hence  Z = X x 5 Y and 
the  first  statement  follows.  The  second  follows  from  Lemma  [25.17.3|  for  example. 
The  third  is  a combination  of  the  first  two.  □ 


01JV  Definition  25.17.7.  Let  / : X — > Y be  a morphism  of  schemes.  Let  Z C Y be 
a closed  subscheme  of  Y.  The  inverse  image  f~x(Z)  of  the  closed  subscheme  Z is 
the  closed  subscheme  Z Xy  X of  X.  See  Lemma [25. 17. 6|  above. 

We  may  occasionally  also  use  this  terminology  with  locally  closed  and  open  sub- 
schemes. 


25.18.  Base  change  in  algebraic  geometry 

01JW  One  motivation  for  the  introduction  of  the  language  of  schemes  is  that  it  gives 
a very  precise  notion  of  what  it  means  to  define  a variety  over  a particular  field. 
For  example  a variety  X over  Q is  synonymous  (insert  future  reference  here)  with 
X —X  Spec(Q)  which  is  of  finite  type,  separated,  irreducible  and  reducecQ  In  any 
case,  the  idea  is  more  generally  to  work  with  schemes  over  a given  base  scheme , 
often  denoted  S.  We  use  the  language:  “let  X be  a scheme  over  5”  to  mean  simply 

^Of  course  algebraic  geometers  still  quibble  over  whether  one  should  require  X to  be  geo- 
metrically irreducible  over  Q. 
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that  A comes  equipped  with  a morphism  X — > S.  In  diagrams  we  will  try  to 
picture  the  structure  morphism  X — ► S as  a downward  arrow  from  X to  S.  We  are 
often  more  interested  in  the  properties  of  X relative  to  S rather  than  the  internal 
geometry  of  X.  For  example,  we  would  like  to  know  things  about  the  fibres  of 
X — > S,  what  happens  to  X after  base  change,  and  so  on. 


01JX 


We  introduce  some  of  the  language  that  is  customarily  used.  Of  course  this  language 
is  just  a special  case  of  thinking  about  the  category  of  objects  over  a given  object 


in  a category,  see  Categories,  Example  4.2.13 


Definition  25.18.1.  Let  S'  be  a scheme. 

(1)  We  say  X is  a scheme  over  S to  mean  that  X comes  equipped  with  a 
morphism  of  schemes  X — > S.  The  morphism  X — > S is  sometimes  called 
the  structure  morphism. 

(2)  If  R is  a ring  we  say  X is  a scheme  over  R instead  of  X is  a scheme  over 
Spec(.R). 

(3)  A morphism  f : X Y of  schemes  over  S is  a morphism  of  schemes  such 
that  the  composition  X — » Y — > S of  / with  the  structure  morphism  of  Y 
is  equal  to  the  structure  morphism  of  X. 

(4)  We  denote  Morg(A',  Y)  the  set  of  all  morphisms  from  X to  Y over  S. 

(5)  Let  X be  a scheme  over  S.  Let  S'  — >■  S be  a morphism  of  schemes.  The 
base  change  of  X is  the  scheme  Xs'  = S'  XjX  over  S' . 

(6)  Let  / : X — X Y be  a morphism  of  schemes  over  S.  Let  S'  — ► S be  a 
morphism  of  schemes.  The  base  change  of  / is  the  induced  morphism 
f : Xs>  — > Y$>  (namely  the  morphism  ids'  xids  /)• 

(7)  Let  R be  a ring.  Let  X be  a scheme  over  R.  Let  R — > R'  be  a ring  map. 
The  base  change  Xr>  is  the  scheme  Spec(i?')  Xgpec(^)  X over  R' . 


Here  is  a typical  result. 


01JY  Lemma  25.18.2.  Let  S be  a scheme.  Let  f : X —X  Y be  an  immersion  (resp. 
closed  immersion,  resp.  open  immersion)  of  schemes  over  S.  Then  any  base  change 
of  f is  an  immersion  (resp.  closed  immersion,  resp.  open  immersion). 


Proof.  We  can  think  of  the  base  change  of  / via  the  morphism  S'  — > S as  the  top 
left  vertical  arrow  in  the  following  commutative  diagram: 


As 


Ys 

V 

S' 


The  diagram  implies  Xs>  = Ys'  x y A',  and  the  lemma  follows  from  Lemma|25.17.6| 

□ 


In  fact  this  type  of  result  is  so  typical  that  there  is  a piece  of  language  to  express 
it.  Here  it  is. 

01JZ  Definition  25.18.3.  Properties  and  base  change. 
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(1)  Let  V be  a property  of  schemes  over  a base.  We  say  that  V is  preserved 
under  arbitrary  base  change , or  simply  that  preserved  under  base  change 
if  whenever  X/S  has  V , any  base  change  Xs' /S'  has  V. 

(2)  Let  V be  a property  of  morphisms  of  schemes  over  a base.  We  say  that  V 
is  preserved  under  arbitrary  base  change , or  simply  that  preserved  under 
base  change  if  whenever  / : X -A  Y over  S has  V , any  base  change 
/'  : X s'  — > Yg ' over  S'  has  V. 

At  this  point  we  can  say  that  “being  a closed  immersion”  is  preserved  under  arbi- 
trary base  change. 

01K0  Definition  25.18.4.  Let  / : X — ► S be  a morphism  of  schemes.  Let  s £ S be  a 
point.  The  scheme  theoretic  fibre  Xs  of  f over  s,  or  simply  the  fibre  of  f over  s is 
the  scheme  fitting  in  the  following  fibre  product  diagram 

Xs  = Spec(/«(s))  Xs  X >-  X 

\f  w 

Spec(«(s)) >-  S 

We  think  of  the  fibre  Xs  always  as  a scheme  over  k(s). 

01K1  Lemma  25.18.5.  Let  f : X — ► S be  a morphism  of  schemes.  Consider  the 
diagrams 


Xs *-  X Spec(Os.s)  x s X *-  X 


Spec(«(s)) 3-  S Spec(C)5jS) 3-  S 

In  both  cases  the  top  horizontal  arrow  is  a homeomorphism  onto  its  image. 

Proof.  Choose  an  open  affine  U C S that  contains  s.  The  bottom  horizontal 
morphisms  factor  through  U , see  Lemma|25.13.1|for  example.  Thus  we  may  assume 
that  S is  affine.  If  X is  also  affine,  then  the  result  follows  from  Algebra,  Remark 
|10.16.8|  In  the  general  case  the  result  follows  by  covering  X by  open  affines.  □ 

25.19.  Quasi-compact  morphisms 

01K2  A scheme  is  quasi-compact  if  its  underlying  topological  space  is  quasi-compact. 
There  is  a relative  notion  which  is  defined  as  follows. 

01K3  Definition  25.19.1.  A morphism  of  schemes  is  called  quasi-compact  if  the  under- 
lying map  of  topological  spaces  is  quasi-compact,  see  Topology,  Definition |5.11.1| 

01K4  Lemma  25.19.2.  Let  f : X ^ S be  a morphism  of  schemes.  The  following  are 
equivalent 

(1)  f : X S is  quasi- compact, 

(2)  the  inverse  image  of  every  affine  open  is  quasi-compact,  and 

(3)  there  exists  some  affine  open  covering  S = (JieJ  t/,  such  that  /_1(C/i)  is 
quasi-compact  for  all  i. 

Proof.  Suppose  we  are  given  a covering  S = IW  Ui  as  in  (3).  First,  let  U C S be 
any  affine  open.  For  any  u £ U we  can  find  an  index  i(if)  £ I such  that  u £ U^uy 
As  standard  opens  form  a basis  for  the  topology  on  Uyu)  we  can  find  Wu  C U D Uyu) 
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01K5 

01K6 

01K7 

01K8 

05JL 


01K9 


which  is  standard  open  in  Uuu\.  By  compactness  we  can  find  finitely  many  points 
ui, . . . ,un  e U such  that  U = U?=i  WUj.  For  each  j write  f^U^)  = [jkeK  vjk 


as  a finite  union  of  affine  opens.  Since  WUj  C Uuu)  is  a standard  open  we  see  that 
f~1{WUj)  n Vjk  is  a standard  open  of  Vjk,  see  Algebra,  Lemma  10.16.4  Hence 
f~1(WUj)  H Vjk  is  affine,  and  so  f~1(WUj ) is  a finite  union  of  affines.  This  proves 
that  the  inverse  image  of  any  affine  open  is  a finite  union  of  affine  opens. 


Next,  assume  that  the  inverse  image  of  every  affine  open  is  a finite  union  of  affine 
opens.  Let  K C S be  any  quasi-compact  open.  Since  S has  a basis  of  the  topology 
consisting  of  affine  opens  we  see  that  K is  a finite  union  of  affine  opens.  Hence  the 
inverse  image  of  I\  is  a finite  union  of  affine  opens.  Hence  / is  quasi-compact. 


Finally,  assume  that  / is  quasi-compact.  In  this  case  the  argument  of  the  previous 
paragraph  shows  that  the  inverse  image  of  any  affine  is  a finite  union  of  affine 
opens.  □ 

Lemma  25.19.3.  Being  quasi-compact  is  a property  of  morphisms  of  schemes 
over  a base  which  is  preserved  under  arbitrary  base  change. 


Proof.  Omitted. 


□ 


Lemma  25.19.4.  The  composition  of  quasi- compact  morphisms  is  quasi- compact. 


Proof.  This  follows  from  the  definitions  and  Topology,  Lemma  5.11.2 


Lemma  25.19.5.  A closed  immersion  is  quasi-compact. 


Proof.  Follows  from  the  definitions  and  Topology,  Lemma  5.11.3 


□ 


□ 


Example  25.19.6.  An  open  immersion  is  in  general  not  quasi-compact.  The  stan- 
dard example  of  this  is  the  open  subspace  U C X,  where  X = Spec(fc[a,’i,  x2,  £3,  • ■ ■]), 
where  U is  X \ {0},  and  where  0 is  the  point  of  X corresponding  to  the  maximal 
ideal  (xllx2,x3, . . .). 

Lemma  25.19.7.  Let  f : X -A  S be  a quasi-compact  morphism  of  schemes.  The 
following  are  equivalent 

(1)  f(X)  C S is  closed , and 

(2)  f(X)  C S is  stable  under  specialization. 

Proof.  We  have  (1)  =>  (2)  by  Topology,  Lemma  [5.18.2  Assume  (2).  Let  U C S 
be  an  affine  open.  It  suffices  to  prove  that  f(X)  n U is  closed.  Since  U H f(X)  is 
stable  under  specializations,  we  have  reduced  to  the  case  where  S is  affine.  Because 
/ is  quasi-compact  we  deduce  that  X = f~1(S)  is  quasi-compact  as  S is  affine. 
Thus  we  may  write  X = U"=i  ^ with  Ui  C X open  affine.  Say  S = Spec (R)  and 
U,  = Spec(Aj)  for  some  .R-algebra  A*.  Then  f(X)  = Im(Spec(A-|  x . . . x An)  — > 
Spec(-R)).  Thus  the  lemma  follows  from  Algebra,  Lemma  10.40.5|  □ 


Lemma  25.19.8.  Let  f : X — >•  S be  a quasi-compact  m.orphism  of  schemes.  Then 
f is  closed  if  and  only  if  specializations  lift  along  f,  see  Topology,  Definition\5.18.3 

Proof.  According  to  Topology,  Lemma  5.18.6  if  / is  closed  then  specializations  lift 
along  /.  Conversely,  suppose  that  specializations  lift  along  /.  Let  Z C X be  a 
closed  subset.  We  may  think  of  Z as  a scheme  with  the  reduced  induced  scheme 
structure,  see  Definition |25. 12.5}  Since  Z C X is  closed  the  restriction  of  / to  Z is 
still  quasi-conrpact.  Moreover  specializations  lift  along  Z — > S as  well,  see  Topology, 
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Lemma  5.18.4  Hence  it  suffices  to  prove  /(A)  is  closed  if  specializations  lift  along 


/.  In  particular  /(AT)  is  stable  under  specializations,  see  Topology,  Lemma  5.18.5 
Thus  /(A)  is  closed  by  Lemma  25.19.7|  □ 


25.20.  Valuative  criterion  for  universal  closedness 

01KA  In  Topology,  Section  |5.16|  there  is  a discussion  of  proper  maps  as  closed  maps 
of  topological  spaces  all  of  whose  fibres  are  quasi-compact,  or  as  maps  such  that 
all  base  changes  are  closed  maps.  Here  is  the  corresponding  notion  in  algebraic 
geometry. 

01KB  Definition  25.20.1.  A morphism  of  schemes  / : X — > S is  said  to  be  universally 
closed  if  every  base  change  f : Xs>  —>  S'  is  closed. 


In  fact  the  adjective  “universally”  is  often  used  in  this  way.  In  other  words,  given 
a property  V of  morphisms  the  we  say  that  “A'  A S is  universally  V ” if  and  only 
if  every  base  change  X s>  — > S'  has  V. 


Please  take  a look  at  Morphisms,  Section  28.41  for  a more  detailed  discussion  of  the 
properties  of  universally  closed  morphisms.  In  this  section  we  restrict  the  discussion 
to  the  relationship  between  universal  closed  morphisms  and  morphisms  satisfying 
the  existence  part  of  the  valuative  criterion. 


01KC  Lemma  25.20.2.  Let  f : X — > S be  a morphism  of  schemes. 

(1)  If  f is  universally  closed  then  specializations  lift  along  any  base  change  of 
f,  see  Topology,  Definition\5.18 

(2)  If  f is  quasi-compact  and  specializations  lift  along  any  base  change  of  f , 
then  f is  universally  closed. 


Proof.  Part  (1)  is  a direct  consequence  of  Topology,  Lemma  5.18.6 
from  Lemmas  125. 19.81  and  125. 19.31 


Part  (2)  follows 
□ 


01KD  Definition  25.20.3.  Let  f : X S be  a morphism  of  schemes.  We  say  / satisfies 
the  existence  part  of  the  valuative  criterion  if  given  any  commutative  solid  diagram 


Spec(A')  = Tf-ifa  X 
-r 

/ 

/ 

/ 

Y / Y 

Spec(A) >■  S 

where  A is  a valuation  ring  with  field  of  fractions  K , the  dotted  arrow  exists.  We 
say  f satisfies  the  uniqueness  part  of  the  valuative  criterion  if  there  is  at  most  one 
dotted  arrow  given  any  diagram  as  above  (without  requiring  existence  of  course). 

A valuation  ring  is  a local  domain  maximal  among  the  relation  of  domination  in  its 
fraction  field,  see  Algebra,  Definition  |10.49.1|  Hence  the  spectrum  of  a valuation 
ring  has  a unique  generic  point  rj  and  a unique  closed  point  0,  and  of  course  we 
have  the  specialization  r)  0.  The  significance  of  valuation  rings  is  that  any 
specialization  of  points  in  any  scheme  is  the  image  of  77  0 under  some  morphism 

from  the  spectrum  of  some  valuation  ring.  Here  is  the  precise  result. 

01J8  Lemma  25.20.4.  Let  S be  a scheme.  Let  s'  s be  a specialization  of  points  of 
S.  Then 
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(1)  there  exists  a valuation  ring  A and  a morphism  Spec(A)  -A  S such  that 
the  generic  point  r/  of  Spec(A)  maps  to  s'  and  the  special  point  maps  to 
s,  and 

(2)  given  a field  extension  n(s')  C K we  may  arrange  it  so  that  the  extension 
k(s')  C k(ii)  induced  by  f is  isomorphic  to  the  given  extension. 


Proof.  Let  s'  -w  s be  a specialization  in  S,  and  let  n(s')  C K be  an  extension  of 
fields.  By  Lemma  25.13. 2|  and  the  discussion  following  Lemma  25.13.3  this  leads 
to  ring  maps  Os,s  —>  k(s')  — > K.  Let  A C K be  any  valuation  ring  whose  field  of 
fractions  is  K and  which  dominates  the  image  of  0$,s  — ► K,  see  Algebra,  Lemma 
The  ring  map  Os,s  — > A induces  the  morphism  / : Spec(A)  — ► S,  see 
This  morphism  has  all  the  desired  properties  by  construction.  □ 


10.49.2 


Lemma  25.13.1 


01KE  Lemma  25.20.5.  Let  f : X -A  S be  a morphism  of  schemes.  The  following  are 
equivalent 

(1)  Specializations  lift,  along  any  base  change  of  f 

(2)  The  morphism  f satisfies  the  existence  part  of  the  valuative  criterion. 


Proof.  Assume  (1)  holds.  Let  a solid  diagram  as  in  Definition  25.20.3  be  given. 
In  order  to  find  the  dotted  arrow  we  may  replace  X — > S by  Alspec(A)  — ► Spec(A) 
since  after  all  the  assumption  is  stable  under  base  change.  Thus  we  may  assume 
S = Spec(A).  Let  x ' £ X be  the  image  of  Spec(A')  — ► X , so  that  we  have 
k(x')  C K , see  Lemma  25.13.3  By  assumption  there  exists  a specialization  x'  x 
in  X such  that  x maps  to  the  closed  point  of  S'  = Spec  (A).  We  get  a local  ring  map 
A — >•  Ox,x  and  a ring  map  Ox,x  — t k{x'),  see  Lemma  25.13.2  and  the  discussion 
following  Lemma  25.13.3  The  composition  A — >•  Ox,x  —>  k{x')  — > K is  the  given 
injection  A — >•  K.  Since  A — >•  Ox,x  is  local,  the  image  of  Ox,x  — ► K dominates  A 
and  hence  is  equal  to  A,  by  Algebra,  Definition!  10. 49. l]  Thus  we  obtain  a ring  map 
Ox,x  A and  hence  a morphism  Spec(A)  — >■  X (see  Lemma  25.13.1  and  discussion 
following  it).  This  proves  (2). 


Conversely,  assume  (2)  holds.  It  is  immediate  that  the  existence  part  of  the  valua- 
tive criterion  holds  for  any  base  change  Xs>  —t  S'  of  f by  considering  the  following 
commutative  diagram 


Spec(iv) a-  Xs,  ■ > X 

a , "■ 


x ^ Y 

Spec(A) S' sa-.S1 


Namely,  the  more  horizontal  dotted  arrow  will  lead  to  the  other  one  by  definition 
of  the  fibre  product.  OK,  so  it  clearly  suffices  to  show  that  specializations  lift  along 
/.  Let  s'  s be  a specialization  in  5,  and  let  x'  £ X be  & point  lying  over  s'. 
Apply  Lemma  25.20.4  to  s'  ^ s and  the  extension  of  fields  k(s')  C k(x')  = K.  We 
get  a commutative  diagram 


Spec(A) X 

V ^ " V 

Spec(A) ^ Spec(C>SiS) S 
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and  by  condition  (2)  we  get  the  dotted  arrow.  The  image  x of  the  closed  point  of 
Spec(A)  in  X will  be  a solution  to  our  problem,  i.e.,  a;  is  a specialization  of  x'  and 
maps  to  s.  □ 

01KF  Proposition  25.20.6  (Valuative  criterion  of  universal  closedness).  Let  f be  a 
quasi-compact  morphism  of  schemes.  Then  f is  universally  closed  if  and  only  if  f 
satisfies  the  existence  part  of  the  valuative  criterion. 


Proof.  This  is  a formal  consequence  of  Lemmas  |25.20.2|  and  |25.20.5|  above.  □ 

01KG  Example  25.20.7.  Let  k be  a field.  Consider  the  structure  morphism  p : Pj.  — ► 
Spec (k)  of  the  projective  line  over  k,  see  Example  25.14.4  Let  us  use  the  valuative 
criterion  above  to  prove  that  p is  universally  closed.  By  construction  Pj.  is  covered 
by  two  affine  opens  and  hence  p is  quasi-compact.  Let  a commutative  diagram 


Spec(A')  — Pi 

T Y 

Spec(A)  — ^-iss  Spec  (k) 


be  given,  where  A is  a valuation  ring  and  K is  its  field  of  fractions.  Recall  that  Pj, 
is  gotten  by  glueing  Spec(fc[a;])  to  Spec(/c[y])  by  glueing  D(x)  to  D{y)  via  x = y~x 
(or  more  symmetrically  xy  = 1).  To  show  there  is  a morphism  Spec(A)  — > Pj, 
fitting  diagonally  into  the  diagram  above  we  may  assume  that  £ maps  into  the 
open  Spec  (A;  [a;])  (by  symmetry).  This  gives  the  following  commutative  diagram  of 
rings 

K -s k[x] 

I ^ A 


we  see  that  either  ^(x)  £ A or  $(x)  1 £ A.  In  the 

first  case  we  get  a ring  map 


By  Algebra,  Lemma  10.49.3 


k[x]  — > A,  A i-a  <^(A),  x i-a  £**(a;) 


fitting  into  the  diagram  of  rings  above,  and  we  win.  In  the  second  case  we  see  that 
we  get  a ring  map 

k[y]  -t  A,  A ha  v?tt(A),  y £#(:e)_1. 

This  gives  a morphism  Spec(A)  -A  Spec(fc[y])  — > Pj.  which  fits  diagonally  into  the 
initial  commutative  diagram  of  this  example  (check  omitted). 


25.21.  Separation  axioms 

01KH  A topological  space  X is  Hausdorff  if  and  only  if  the  diagonal  A C X x X is  a 
closed  subset.  The  analogue  in  algebraic  geometry  is,  given  a scheme  X over  a base 
scheme  S,  to  consider  the  diagonal  morphism 

A X /s  ■ X — > X xs  X. 

This  is  the  unique  morphism  of  schemes  such  that  piq  o Ax/s  = idx  and  pr2  o 
Ax/s  = idx  (it  exists  in  any  category  with  fibre  products). 

01KI  Lemma  25.21.1.  The  diagonal  morphism  of  a morphism  between  affines  is  closed. 
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01KJ 


01KK 


01KL 


01KM 


01KN 


Proof.  The  diagonal  morphism  associated  to  the  morphism  Spec(S')  — X Spec (R)  is 
the  morphism  on  spectra  corresponding  to  the  ring  map  S Z)r  S'  —X  S',  a®b^ab. 
This  map  is  clearly  surjective,  so  S = S S/J  for  some  ideal  J C S S.  Hence 
A is  a closed  immersion  according  to  Example  |25.8.1|  □ 

Lemma  25.21.2.  Let  X be  a scheme  over  S.  The  diagonal  morphism  A x/s 
an  immersion. 


Proof.  Recall  that  if  V C X is  affine  open  and  maps  into  U C S affine  open,  then 
V Xjj  V is  affine  open  in  X x g X,  see  Lemmas  |25.17.2|  and  |25.17.3[  Consider  the 
open  subscheme  W of  X xg  X which  is  the  union  of  these  affine  opens  V XjjV.  By 
Lemma  25.4.2  it  is  enough  to  show  that  each  morphism  X^S(V  Xy  V)  -A  V Xy  V 
is  a closed  immersion.  Since  V = A^y S(V  Xu  V)  we  are  just  checking  that  A v/v 
is  a closed  immersion,  which  is  Lemma |25. 21. 1|  □ 


Definition  25.21.3.  Let  / : X — x S be  a morphism  of  schemes. 

(1)  We  say  / is  separated  if  the  diagonal  morphism  A x/s  is  a closed  immer- 
sion. 

(2)  We  say  / is  quasi-separated  if  the  diagonal  morphism  A x/s  is  a quasi- 
compact morphism. 

(3)  We  say  a scheme  Y is  separated  if  the  morphism  Y — x Spec(Z)  is  separated. 

(4)  We  say  a scheme  Y is  quasi-separated  if  the  morphism  Y —X  Spec(Z)  is 
quasi-separated. 


By  Lemmas  25.21.2  and  25.10.4  we  see  that  A x/s  is  a closed  immersion  if  an  only  if 
Ax/s(AT)  C X xsX  is  a closed  subset.  Moreover,  by  Lemma 


25.19.5 


we  see  that  a 

separated  morphism  is  quasi-separated.  The  reason  for  introducing  quasi-separated 
morphisms  is  that  nonseparated  morphisms  come  up  naturally  in  studying  algebraic 
varieties  (especially  when  doing  moduli,  algebraic  stacks,  etc).  But  most  often  they 
are  still  quasi-separated. 

Example  25.21.4.  Here  is  an  example  of  a non-quasi-separated  morphism.  Sup- 
pose X = X\  U X2  — > S = Spec (fc)  with  X\  = X2  = Spec(fc[ti,  £2,  *3,  ■ ■ ■])  glued 
along  the  complement  of  {0}  = { (#i ,^2,^3,  ■ ■ •)}  (glued  as  in  Example  25.14.3|).  In 
this  case  the  inverse  image  of  the  affine  scheme  X-t  x$X2  under  A x/s  is  the  scheme 
Spec(A;[ti,  t2,  t$, . . .])  \ {0}  which  is  not  quasi-compact. 


Lemma  25.21.5.  Let  X,  Y be  schemes  over  S.  Let  a,b  : X —X  Y be  morphisms 
of  schemes  over  S.  There  exists  a largest  locally  closed  subscheme  Z C X such  that 
a\z  = b\z-  In  fact  Z is  the  equalizer  of  (a,b).  Moreover,  ifY  is  separated  over  S, 
then  Z is  a closed  subscheme. 


Proof.  The  equalizer  of  (a,  b)  is  for  categorical  reasons  the  fibre  product  Z in  the 
following  diagram 


Z = Y X(yxsy)  X -A 


Y 


A 


Y/S 


( a,b ) 

V 

YxsY 


Thus  the  lemma  follows  from  Lemmas  25.18.2  25.21.2  and  Definition  |25.21.3  □ 


Lemma  25.21.6.  An  affine  scheme  is  separated.  A morphism  of  affine  schemes 
is  separated. 
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OIKO 


01KP 


01KQ 


Proof.  See  Lemma  T25.21.  II 


□ 


Lemma  25.21.7.  Let  / : X -A  S be  a morphism  of  schemes.  The  following  are 
equivalent: 

(1)  The  morphism  f is  quasi-separated. 

(2)  For  every  pair  of  affine  opens  U,  V C A which  map  into  a common  affine 
open  of  S the  intersection  U fl  V is  a finite  union  of  affine  opens  of  X. 

(3)  There  exists  an  affine  open  covering  S = (Jig/  Ui  and  for  each  i an  affine 
open  covering  f~1Ui  = UJez.  Vj  such  that  for  each  i and  each  pair  j,  j'  £ f 
the  intersection  Vj  l~l  Vj>  is  a finite  union  of  affine  opens  of  X. 


Proof.  Let  us  prove  that  (3)  implies  (1).  By  Lemma  25.17.4  the  covering  X x gX  = 
U;  U7-  j>  Vj  xUi  Vj'  is  an  affine  open  covering  of  X Xg  X.  Moreover,  A “/s(Vj  x Ui 
Vj>)  = Vj  fl  Vj,.  Hence  the  implication  follows  from  Lemma  25.19.2 


The  implication  (1)  =>  (2)  follows  from  the  fact  that  under  the  hypotheses  of  (2) 
the  fibre  product  U xg  V is  an  affine  open  of  A xg  X.  The  implication  (2)  =>  (3) 
is  trivial.  □ 


Lemma  25.21.8.  Let  f : X -A  S be  a morphism  of  schemes. 

(1)  If  f is  separated  then  for  every  pair  of  affine  opens  ([/,  V)  of  X which  map 
into  a common  ajfne  open  of  S we  have 

(a)  the  intersection  U fl  V is  affine. 

(b)  the  ring  map  Ox{U)  ®z  Ox(V)  -j  OxifJ  fl  V)  is  surjective. 

(2)  If  any  pair  of  points  x±,X2  £ X lying  over  a common  point  s £ S are 
contained  in  affine  opens  X\  £ U , X2  £ V which  map  into  a common 
affine  open  of  S such  that  (a),  (b)  hold,  then  f is  separated. 


Proof.  Assume  / separated.  Suppose  (U,  V)  is  a pair  as  in  (1).  Let  W = Spec (R) 
be  an  affine  open  of  S containing  both  f(U)  and  g(V).  Write  U = Spec(A)  and 


V = Spec (B)  for  f?-algebras  A and  B.  By  Lemma  25.17.3  we  see  that  U XgV  = 
U Xyy  V = Spec(A  ®g  B)  is  an  affine  open  of  X Xg  X.  Hence,  by  Lemma  25.10.1 
we  see  that  A _1(f7  xgb)  -a  U XgV  can  be  identified  with  Spec(A  ®g  B/ J)  for 
some  ideal  J C A ®g  B.  Thus  U fl  V = A-1(t/  xg  V)  is  affine.  Assertion  (l)(b) 
holds  because  A B — > {A  B)/J  is  surjective. 

Assume  the  hypothesis  formulated  in  (2)  holds.  Clearly  the  collection  of  affine 
opens  U XgV  for  pairs  {U,V)  as  in  (2)  form  an  affine  open  covering  of  A xg  X 
(see  e.g.  Lemma  25.17.4).  Hence  it  suffices  to  show  that  each  morphism  U fl  V = 
A71 


25.4.2 


By  assumption 


±x/g{U  XgV)  ^ U XgV  isa  closed  immersion,  see  Lemma  I 
(a)  we  have  U fl  V = Spec(C)  for  some  ring  C.  After  choosing  an  affine  open 
W = Spec (R)  of  S into  which  both  U and  V map  and  writing  U = Spec(A), 
V = Spec(-B)  we  see  that  the  assumption  (b)  means  that  the  composition 

A (g)z  B — j A &)g  B — y C 

is  surjective.  Hence  A B — > C is  surjective  and  we  conclude  that  Spec(C)  — > 
Spec(A  ®g  B)  is  a closed  immersion.  □ 


Example  25.21.9. 


Let  A;  be  a field.  Consider  the  structure  morphism  p : Pj,  — ► 

Let  us  use  the  lemma 


Spec (k)  of  the  projective  line  over  k,  see  Example  25.14.4 
above  to  prove  that  p is  separated.  By  construction  P^  is  covered  by  two  affine  opens 
U = Spec(/c[cc])  and  V = Spec(A:[y])  with  intersection  UDV  = Spec(k[x , y\ / (xy  — 1)) 
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(using  obvious  notation).  Thus  it  suffices  to  check  that  conditions  (2) (a)  and  (2)(b) 
of  Lemma  25.21.8  hold  for  the  pairs  of  affine  opens  ( U , U ),  (U,  V),  ( V , U)  and  (V,  V). 
For  the  pairs  ( U , [/)  and  (1/,  V)  this  is  trivial.  For  the  pair  (U,  V)  this  amounts  to 
proving  that  U D V is  affine,  which  is  true,  and  that  the  ring  map 

k[x\  (8>z  k[y]  — » k[x,y]/{xy  - 1) 


is  surjective.  This  is  clear  because  any  element  in  the  right  hand  side  can  be  written 
as  a sum  of  a polynomial  in  x and  a polynomial  in  y. 


01KR  Lemma  25.21.10.  Let  f : X -A  T and  g : Y -A  T be  morphisms  of  schemes 
with  the  same  target.  Let  h : T -A  S be  a morphism  of  schemes.  Then  the  induced 
morphism  i : X Xt  Y -A  X x$  Y is  an  immersion.  If  T -A  S is  separated,  then 
i is  a closed  immersion.  If  T -A  S is  quasi-separated,  then  i is  a quasi-compact 
morphism. 


Proof.  By  general  category  theory  the  following  diagram 

X xtY xsY 

A T/s 

T ->T  xsT 

is  a fibre  product  diagram.  The  lemma  follows  from  Lemmas  |25.21.2|  |25.17.6|  and 
125.19.31  □ 


OIKS  Lemma  25.21.11.  Let  g : X — > Y be  a morphism  of  schemes  over  S.  The 
morphism  i : X —$■  X x sY  is  an  immersion.  If  Y is  separated  over  S it  is  a closed 
immersion.  If  Y is  quasi-separated  over  S it  is  quasi- compact. 


01KT 


Proof.  This  is  a special  case  of  Lemma  25.21.10  applied  to  the  morphism  A'  = 
X xyY  ^ X xsY.  □ 


Lemma  25.21.12.  Let  f : X — » S be  a morphism  of  schemes.  Let  s : S ^ X be  a 
section  of  f (in  a formula  f o s = ids )■  Then  s is  an  immersion.  If  f is  separated 
then  s is  a closed  immersion.  If  f is  quasi-separated,  then  s is  quasi- compact. 


Proof.  This  is  a special  case  of  Lemma  25.21.11  applied  to  g 
i = s : S — > S Xs  X. 


s so  the  morphism 
□ 


01KU  Lemma  25.21.13.  Permanence  properties. 

(1)  A composition  of  separated  morphisms  is  separated. 

(2)  A composition  of  quasi-separated  morphisms  is  quasi-separated. 

(3)  The  base  change  of  a separated  morphism  is  separated. 

(4)  The  base  change  of  a quasi-separated  morphism  is  quasi-separated. 

(5)  A (fibre)  product  of  separated  morphisms  is  separated. 

(6)  A (fibre)  product  of  quasi-separated  morphisms  is  quasi-separated. 


Proof.  Let  X — > Y — »•  Z be  morphisms.  Assume  that  X — ► Y and  Y — ► Z are 
separated.  The  composition 

X^XxyX^XxzX 

is  closed  because  the  first  one  is  by  assumption  and  the  second  one  by  Lemma 
25.21.101  The  same  argument  works  for  “quasi-separated”  (with  the  same  refer- 
ences). 
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Let  / : X — > Y be  a morphism  of  schemes  over  a base  S.  Let  S'  — > S be  a 
morphism  of  schemes.  Let  f : Xg/  — ► Yg/  be  the  base  change  of  /.  Then  the 
diagonal  morphism  of  f is  a morphism 


A//  : Xg/  = S'  Xg  X — > Xg/  XyJ(  Xg/  =5"  xg  (X  xyX) 

which  is  easily  seen  to  be  the  base  change  of  A/.  Thus  (3)  and  (4)  follow  from 
the  fact  that  closed  immersions  and  quasi-compact  morphisms  are  preserved  under 
arbitrary  base  change  (Lemmas  25.17.6  and  25.19.3). 


If  / : X — > Y and  g : U —X  V are  morphisms  of  schemes  over  a base  S,  then  / x g is 
the  composition  ofXxgd->Xxgb  (a  base  change  of  g)  and  XxgV  -)F  XgL 
(a  base  change  of  /).  Hence  (5)  and  (6)  follow  from  (1)  - (4).  □ 


01KV  Lemma  25.21.14.  Let  f : X —>  Y and  g : Y -A  Z be  morphisms  of  schemes.  If 
g o f is  separated  then  so  is  f.  If  go  f is  quasi-separated  then  so  is  f . 


Proof.  Assume  that  go  f is  separated.  Consider  the  factorization  X -)XxyI  A 
XxyX  of  the  diagonal  morphism  of  g o /.  By  Lemma [25.21 .10| the  last  morphism 
is  an  immersion.  By  assumption  the  image  of  X in  X Xy  X is  closed.  Hence  it  is 
also  closed  in  X Xy  X.  Thus  we  see  that  X— I X Xy  X is  a closed  immersion  by 
Lemma  125.10.41 


Assume  that  g o / is  quasi-separated.  Let  V C Y be  an  affine  open  which  maps 
into  an  affine  open  of  Z.  Let  L/y , t/2  C X be  affine  opens  which  map  into  V.  Then 
U\  f~l  U2  is  a finite  union  of  affine  opens  because  I7i,  t/2  map  into  a common  affine 
open  of  Z . Since  we  may  cover  Y by  affine  opens  like  V we  deduce  the  lemma  from 
Lemma  125.21.71  □ 


03GI  Lemma  25.21.15.  Let  f : X Y and  g : Y -A  Z be  morphisms  of  schemes.  If 
g o f is  quasi-compact  and  g is  quasi-separated  then  f is  quasi-compact. 

Proof.  This  is  true  because  / equals  the  composition  (1,/)  : X — X X xz  Y — X 
Y.  The  first  map  is  quasi-compact  by  Lemma  |25.21.12]  because  it  is  a section 
of  the  quasi-separated  morphism  X Xy  Y -A  X (a  base  change  of  g,  see  Lemma 
25.21.13).  The  second  map  is  quasi-compact  as  it  is  the  base  change  of  /,  see 


Lemma  25.19.3  And  compositions  of  quasi-compact  morphisms  are  quasi-compact, 
see  Lemma f25. 19.41  □ 


You  may  have  been  wondering  whether  the  condition  of  only  considering  pairs  of 
affine  opens  whose  image  is  contained  in  an  affine  open  is  really  necessary  to  be 
able  to  conclude  that  their  intersection  is  affine.  Often  it  isn’t! 


01KW  Lemma  25.21.16.  Let  f : X — » S be  a morphism.  Assume  f is  separated  and 
S is  a separated  scheme.  Suppose  U C X and  V C X are  affine.  Then  U C\V  is 
affine  (and  a closed  subscheme  ofU  x V). 


Proof.  In  this  case  X is  separated  by  Lemma [25. 21. 13[  Hence  U 0 V is  affine  by 
applying  Lemma  25.21.8  to  the  morphism  X — > Spec(Z).  □ 


On  the  other  hand,  the  following  example  shows  that  we  cannot  expect  the  image 
of  an  affine  to  be  contained  in  an  affine. 
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01KX 


0816 


01KY 

01KZ 


01L0 


Example  25.21.17.  Consider  the  nonaffine  scheme  U = Spec(fc[:r,  y])  \ {(x,y)} 
of  Example  |25.9.3|  On  the  other  hand,  consider  the  scheme 

GL2,fc  = Spec(fc[a,  b,  c,  d,  1/ad  — bc\). 


There  is  a morphism  GL2,fc  — > U corresponding  to  the  ring  map  x ha  a,  y i— x b.  It  is 
easy  to  see  that  this  is  a surjective  morphism,  and  hence  the  image  is  not  contained 
in  any  affine  open  of  U.  In  fact,  the  affine  scheme  GL2jfc  also  surjects  onto  P).,  and 
P).  does  not  even  have  an  immersion  into  any  affine  scheme. 


Remark  25.21.18.  The  category  of  quasi-compact  and  quasi-separated  schemes 
C has  the  following  properties.  If  X,  Y £ Ob(C),  then  any  morphism  of  schemes 
/ : X — x Y is  quasi-compact  and  quasi-separated  by  Lemmas |25. 21.151  and |25. 21.141 
with  Z = Spec(Z).  Moreover,  if  X — x Y and  Z — x Y are  morphisms  C,  then  X Xy  Z 
is  an  object  of  C too.  Namely,  the  projection  X Xy  Z — x Z is  quasi-compact  and 
quasi-separated  as  a base  change  of  the  morphism  Z — x Y,  see  Lemmas  |25. 21.131 
and  25.19.3  Hence  the  composition  X Xy  Z — x Z — X Spec(Z)  is  quasi-compact  and 


quasi-separated,  see  Lemmas  |25. 21. 13|  and  |25. 19. 4| 


25.22.  Valuative  criterion  of  separatedness 


Lemma  25.22.1.  Let  f : X — x S be  a morphism  of  schemes.  If  f is  separated, 
then  f satisfies  the  uniqueness  part  of  the  valuative  criterion. 


Proof.  Let  a diagram  as  in  Definition  |25.20.3|  be  given.  Suppose  there  are  two 
morphisms  a,  b : Spec(H)  — x X fitting  into  the  diagram.  Let  Z C Spec(H)  be  the 
equalizer  of  a and  b.  By  Lemma  25.21.5  this  is  a closed  subscheme  of  Spec(H). 
By  assumption  it  contains  the  generic  point  of  Spec(H).  Since  A is  a domain  this 
implies  Z = Spec(H).  Hence  a = b as  desired.  □ 


Lemma  25.22.2  (Valuative  criterion  separatedness).  Let  f : X — > S be  a mor- 
phism. Assume 

(1)  the  morphism  f is  quasi-separated,  and 

(2)  the  morphism  f satisfies  the  uniqueness  part  of  the  valuative  criterion. 
Then  f is  separated. 


Proof.  By  assumption  (1)  and  Proposition  25.20.6  we  see  that  it  suffices  to  prove 
the  morphism  A x/s  '■  X — > X Xg  X satisfies  the  existence  part  of  the  valuative 
criterion.  Let  a solid  commutative  diagram 


Spec(X) s-  X 

v ^ ■"  V 

Spec(H) X x s X 


be  given.  The  lower  right  arrow  corresponds  to  a pair  of  morphisms  a,  b : Spec(H)  — X 
X over  S.  By  (2)  we  see  that  a = b.  Hence  using  a as  the  dotted  arrow  works.  □ 
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01L1 

01L2 

01L3 

01L4 

01L5 
02  YC 
01L6 


01L7 

01L8 

01L9 


25.23.  Monomorphisms 


Definition  25.23.1.  A morphism  of  schemes  is  called  a monomorphism  if  it  is  a 
monomorphism  in  the  category  of  schemes,  see  Categories,  Definition  |4. 13.  lj 

Lemma  25.23.2.  Let  j : X — > Y be  a morphism  of  schemes.  Then  j is  a 
monomorphism  if  and  only  if  the  diagonal  morphism  A x/y  '■  X — > X Xy  X is  an 
isomorphism. 


Proof.  This  is  true  in  any  category  with  fibre  products.  □ 

Lemma  25.23.3.  A monomorphism  of  schemes  is  separated. 

Proof.  This  is  true  because  an  isomorphism  is  a closed  immersion,  and  Lemma 
125.23.21  above.  □ 

Lemma  25.23.4.  A composition  of  monomorphisms  is  a monomorphism. 

Proof.  True  in  any  category.  □ 

Lemma  25.23.5.  The  base  change  of  a monomorphism  is  a monomorphism. 

Proof.  True  in  any  category  with  fibre  products.  □ 

Lemma  25.23.6.  Let  j : X — > Y be  a morphism  of  schemes.  If 

(1)  j is  injective  on  points,  and 

(2)  for  any  x £ X the  ring  map  jf  : Oy,j(x)  Ox,x  is  surjective, 
then  j is  a monomorphism. 


Proof.  Let  a,  b : Z — ► X be  two  morphisms  of  schemes  such  that  j o a = j o b. 
Then  (1)  implies  a = b as  underlying  maps  of  topological  spaces.  For  any  z £ Z we 
have  a\  °ja(z\  = °ib(z)  as  maPs  ^Vj(aO))  The  surjectivity  of  the  maps 

j\  forces  a|  = b\,  \/z  £ Z.  This  implies  that  = bK  Hence  we  conclude  a = b as 
morphisms  of  schemes  as  desired.  □ 

Lemma  25.23.7.  An  immersion  of  schemes  is  a monomorphism.  In  particular, 
any  immersion  is  separated. 


Proof.  We  can  see  this  by  checking  that  the  criterion  of  Lemma  |25.23.6|  applies. 
More  elegantly  perhaps,  we  can  use  that  Lemmas  25.3.5  and  25.4.6  imply  that  open 
and  closed  immersions  are  monomorphisms  and  hence  any  immersion  (which  is  a 
composition  of  such)  is  a monomorphism.  □ 


Lemma  25.23.8.  Let  f : X — >•  S be  a separated  morphism.  Any  locally  closed 
subscheme  Z C X is  separated  over  S . 


Proof.  Follows  from  Lemma  [25.23. 7 and  the  fact  that  a composition  of  separated 
morphisms  is  separated  (Lemma  25.21.13).  □ 


Example  25.23.9.  The  morphism  Spec(Q)  — > Spec(Z)  is  a monomorphism.  This 
is  true  because  Qg)z  Q = Q.  More  generally,  for  any  scheme  S and  any  point  s £ S 
the  canonical  morphism 

Spec  (Os,s)  — ► S 


is  a monomorphism. 
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03DP 


01LA 


01LB 


01LC 


Lemma  25.23.10.  Let  k\, . . . , kn  be  fields.  For  any  monomorphism  of  schemes 
X — > Spec(fci  x ...  x kn)  there  exists  a subset  I C {l,...,n}  such  that  X = 
Spec(JXieJ  kf)  as  schemes  over  Spec(Aq  x . . .xkn).  More  generally,  if  X = Uie/  Spec(fcj) 
is  a disjoint  union  of  spectra  of  fields  and  Y — » X is  a monomorphism,  then  there 
exists  a subset  J C I such  that  Y = Spec(fcj). 

Proof.  First  reduce  to  the  case  n = 1 (or  ffl  = 1)  by  taking  the  inverse  images  of 
the  open  and  closed  subschemes  Spec(fci).  In  this  case  X has  only  one  point  hence 
is  affine.  The  corresponding  algebra  problem  is  this:  If  k — ► R is  an  algebra  map 
with  R®]-R  = R , then  R = k.  This  holds  for  dimension  reasons.  See  also  Algebra, 
Lemma  IIP. 106.81  □ 


25.24.  Functor iality  for  quasi-coherent  modules 


Let  X be  a scheme.  We  denote  QCoh(0_ \)  the  category  of  quasi-coherent  Ox- 
modules  as  defined  in  Modules,  Definition  |17.10.1|  We  have  seen  in  Section  |25.7| 
that  the  category  QCoh(Ox)  has  a lot  of  good  properties  when  X is  affine.  Since 
the  property  of  being  quasi-coherent  is  local  on  A',  these  properties  are  inherited 
by  the  category  of  quasi-coherent  sheaves  on  any  scheme  X.  We  enumerate  them 
here. 


(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 
(9) 

(10) 


A sheaf  of  Ox -modules  F is  quasi-coherent  if  and  only  if  the  restriction  of 
F to  each  affine  open  U = Spec (R)  is  of  the  form  M for  some  77-module 
M. 

A sheaf  of  Ox-modules  F is  quasi-coherent  if  and  only  if  the  restriction 
of  F to  each  of  the  members  of  an  affine  open  covering  is  quasi-coherent. 
Any  direct  sum  of  quasi-coherent  sheaves  is  quasi-coherent. 

Any  colimit  of  quasi-coherent  sheaves  is  quasi-coherent. 

The  kernel  and  cokernel  of  a morphism  of  quasi-coherent  sheaves  is  quasi- 
coherent. 

Given  a short  exact  sequence  of  Ox-modules  0 — >■  F\  — >■  F2  — t -A3  — » 0 if 
two  out  of  three  are  quasi-coherent  so  is  the  third. 

Given  a morphism  of  schemes  / : Y — ► X the  pullback  of  a quasi-coherent 


Ox-module  is  a quasi-coherent  Ov-nrodule.  See  Modules,  Lemma  17.10.4 


Given  two  quasi-coherent  Ox-modules  the  tensor  product  is  quasi-coherent, 
see  Modules,  Lemma  [17.1 5. 5| 

Given  a quasi-coherent  Ox-module  J-  the  tensor,  symmetric  and  exterior 
algebras  on  F are  quasi-coherent,  see  Modules,  Lemma [17. 18. 6[ 

Given  two  quasi-coherent  Ox-modules  F , Q such  that  F is  of  finite  presen- 
tation, then  the  internal  horn  'Homox(F,Q)  is  quasi-coherent,  see  Mod- 
ules, Lemma  17.19.4  and  above. 

On  the  other  hand,  it  is  in  general  not  the  case  that  the  pushforward  of  a quasi- 
coherent  module  is  quasi-coherent.  Here  is  a case  where  it  this  does  hold. 


Lemma  25.24.1.  Let  / : X — >■  S be  a morphism  of  schemes.  If  f is  quasi- 
compact and  quasi-separated  then  /*  transforms  quasi-coherent  Ox -modules  into 
quasi-coherent  Os -modules. 


Proof.  The  question  is  local  on  S and  hence  we  may  assume  that  S is  affine. 
Because  X is  quasi-compact  we  may  write  X = [J”=i  Ui  with  each  Ut  open  affine. 
Because  / is  quasi-separated  we  may  write  UiCiUj  = Ufe=i  ^ijk  f°r  some  affine  open 
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Uijk,  see  Lemma  25.21.7  Denote  fo  : Ui  — > S and  f\jk  ■ U^k 
of  /.  For  any  open  V of  S and  any  sheaf  T on  X we  have 


S the  restrictions 


uhv)  = nrlv) 

= Ker(0  J(/-Vni/,; 


©,.j,U<rVnc'«‘>) 


= K«(©  A.UIkXF)  ^ (V) 

= Ker  (0,  hAAih)  ->•  0. . M fijkA^unS)  C v ) 

In  other  words  there  is  an  exact  sequence  of  sheaves 

0 -A  /*  F -A  © 0 fijk,*d~ ijk 


where  T, . J~ijk  denotes  the  restriction  of  J-  to  the  corresponding  open.  If  T is  a 
quasi-coherent  Ox-modules  then  T%.  is  a quasi-coherent  Ojjz , 0[/ij;.-module. 
Hence  by  Lemma[25.7.3|we  see  that  the  second  and  third  term  of  the  exact  sequence 
are  quasi-coherent  Os-modules.  Thus  we  conclude  that  /* T is  a quasi-coherent  Os- 
module.  □ 


Using  this  we  can  characterize  (closed)  immersions  of  schemes  as  follows. 

01LD  Lemma  25.24.2.  Let  f : X — >■  Y be  a morphism  of  schemes.  Suppose  that 

(1)  / induces  a homeomorphism  of  X with  a closed  subset  ofY,  and 

(2)  A '■  — > f*Ox  is  surjective. 

Then  f is  a closed  immersion  of  schemes. 


Proof.  Assume  (1)  and  (2).  By  (1)  the  morphism  / is  quasi-conrpact  (see  Topology, 
Lemma  5.11.3).  Conditions  (1)  and  (2)  imply  conditions  (1)  and  (2)  of  Lemma 
|25.23.6|  Hence  / : X — > Y is  a monomorphism.  In  particular,  / is  separated,  see 
Lemma  25.23.3|  Hence  Lemma  25.24.1  above  applies  and  we  conclude  that  /*Ox  is 
a quasi-coherent  Oy-module.  Therefore  the  kernel  of  Oy  — > f*Ox  is  quasi-coherent 
Since  a quasi-coherent  sheaf  is  locally  generated  by  sections  (see 


by  Lemma  25.7.8 


Modules,  Definition  17.10.1 ) this  implies  that  / is  a closed  immersion,  see  Definition 
125.4.11  □ 


We  can  use  this  lemma  to  prove  the  following  lemma. 

02V0  Lemma  25.24.3.  A composition  of  immersions  of  schemes  is  an  immersion,  a 
composition  of  closed  immersions  of  schemes  is  a closed  immersion,  and  a compo- 
sition of  open  immersions  of  schemes  is  an  open  immersion. 


Proof.  This  is  clear  for  the  case  of  open  immersions  since  an  open  subspace  of  an 
open  subspace  is  also  an  open  subspace. 


Suppose  a : Z — » Y and  6 : Y”  — > X are  closed  immersions  of  schemes.  We  will  verify 
that  c = b o a is  also  a closed  immersion.  The  assumption  implies  that  a and  b are 
homeomorphisms  onto  closed  subsets,  and  hence  also  c = 5oa  is  a homeomorphism 
onto  a closed  subset.  Moreover,  the  map  Ox  — > c^Oz  is  surjective  since  it  factors 
as  the  composition  of  the  surjective  maps  Ox  — > b*Oy  and  b*Oy  -A  b*a*Oz 


(surjective  as  5*  is  exact,  see  Modules,  Lemma  17.6.1).  Hence  by  Lemma  25.24.2 
above  c is  a closed  immersion. 
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Finally,  we  come  to  the  case  of  immersions.  Suppose  a : Z — ► Y and  b : Y X 
are  immersions  of  schemes.  This  means  there  exist  open  subschemes  V C Y and 
U C X such  that  a{Z)  C V,  b(Y)  C U and  a : Z — » V and  b : Y —>  U are  closed 
immersions.  Since  the  topology  on  Y is  induced  from  the  topology  on  U we  can  find 
an  open  U'  C U such  that  V = b~l{U').  Then  we  see  that  Z — > V = &_1(t/')  — > U' 
is  a composition  of  closed  immersions  and  hence  a closed  immersion.  This  proves 
that  Z — ► X is  an  immersion  and  we  win.  □ 
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Constructions  of  Schemes 


26.1.  Introduction 

In  this  chapter  we  introduce  ways  of  constructing  schemes  out  of  others.  A basic 
reference  is  iDC;67l. 


26.2.  Relative  glueing 

The  following  lemma  is  relevant  in  case  we  are  trying  to  construct  a scheme  X over 
S,  and  we  already  know  how  to  construct  the  restriction  of  X to  the  affine  opens 
of  S.  The  actual  result  is  completely  general  and  works  in  the  setting  of  (locally) 
ringed  spaces,  although  our  proof  is  written  in  the  language  of  schemes. 

Lemma  26.2.1.  Let  S be  a scheme.  Let  B be  a basis  for  the  topology  of  S . Suppose 
given  the  following  data: 

(1)  For  every  U G B a scheme  fu  : Xjj  — >•  U over  U. 

(2)  For  every  pair  U,V  G B such  that  V C U a morphism  py  : Xy  — > Xu . 
Assume  that 

(a)  each  py  induces  an  isomorphism  Xy  — > fff  (V)  of  schemes  over  V, 

(b)  whenever  W,V,U  G B,  with  W C V C U we  have  p^y  = Py  o p y,. 

Then  there  exists  a unique  scheme  f : X — ► S over  S and  isomorphisms  iu  ■ 
f~1{U)  — > Xu  over  U such  that  for  V C U C S affine  open  the  composition 


Xy 


f-\v) 


inclusion 


f-i{U)XL^Xu 


is  the  morphism  py. 


Proof.  To  prove  this  we  will  use  Schemes,  Lemma  25.15.4  First  we  define  a con- 
travariant  functor  F from  the  category  of  schemes  to  the  category  of  sets.  Namely, 
for  a scheme  T we  set 

(. 9 j {hu}ueB),  g:T-t  S,  hjj  : g-1(£/)  -t  XUt 
Ju  °hu  = g\g-i(u),  hulg-Hy)  = p%-  o hy  V V,  U G B,  V C U] 


F(T)  = 


The  restriction  mapping  F(T)  — > F(T')  given  a morphism  T'  — >•  T is  just  gotten 
by  composition.  For  any  W G B we  consider  the  subfunctor  F\y  C F consisting  of 
those  systems  (g,  {hu})  such  that  g(T)  C W. 


First  we  show  F satisfies  the  sheaf  property  for  the  Zariski  topology.  Suppose  that 
T is  a scheme,  T = (J  Vj  is  an  open  covering,  and  fi  G F(Vi)  is  an  element  such 
that  \viCVj  = £ jWinVj ■ Say  £*  = (</$,  {hitu})-  Then  we  immediately  see  that  the 
morphisms  gt  glue  to  a unique  global  morphism  g : T — > S.  Moreover,  it  is  clear 
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that  <;_1({ J)  = {Jg-\U).  Hence  the  morphisms  hitu  ■ gf1^)  — > Xu  glue  to  a 
unique  morphism  hjj  : U — ► Xjj.  It  is  easy  to  verify  that  the  system  ( g , {fu})  is  an 
element  of  F(T).  Hence  F satisfies  the  sheaf  property  for  the  Zariski  topology. 

Next  we  verify  that  each  Fw,  W £ B is  representable.  Namely,  we  claim  that  the 
transformation  of  functors 

Fw — > Mor(— , Iff),  (g,{hu})  ' — > hw 

is  an  isomorphism.  To  see  this  suppose  that  T is  a scheme  and  a : T — > Xw  is 
a morphism.  Set  g = fw  o a.  For  any  U £ B such  that  U C W we  can  define 
hu  : <7-1(i7)  Xu  be  the  composition  ( Py )_1  °a|s-i((7)-  This  works  because 
the  image  a(<?_1(t/))  is  contained  in  fw{U)  and  condition  (a)  of  the  lemma.  It 
is  clear  that  fu  ° hu  = g\g~ltu)  f°r  such  a U.  Moreover,  if  also  V £ B and 
V C U C W,  then  p % o hv  = hu\g-i(v)  by  property  (b)  of  the  lemma.  We 
still  have  to  define  hu  for  an  arbitrary  element  U £ B.  Since  B is  a basis  for 
the  topology  on  S we  can  find  an  open  covering  U fl  W = (J  Ui  with  Ui  £ B. 
Since  g maps  into  W we  have  g_1( U)  = g~x{l J H W)  = (J  <7— 1 (L^).  Consider  the 
morphisms  hi  = py.  o hui  • g ^^Ui)  ~ t Xu-  It  is  a simple  matter  to  use  condition 

(b)  of  the  lemma  to  prove  that  hi\g-i^ui)ng~1(uj)  = hj\g-i(ui)ng-1(uj)-  Hence  these 
morphisms  glue  to  give  the  desired  morphism  hu  : g 1{U)  Xu.  We  omit  the 
(easy)  verification  that  the  system  (<?,  {hu})  is  an  element  of  Fw{T)  which  maps 
to  a under  the  displayed  arrow  above. 

Next,  we  verify  each  Fw  C F is  representable  by  open  immersions.  This  is  clear 
from  the  definitions. 

Finally  we  have  to  verify  the  collection  (FV)weB  covers  F-  This  is  clear  by  con- 
struction and  the  fact  that  B is  a basis  for  the  topology  of  S. 

Let  X be  a scheme  representing  the  functor  F.  Let  (/,  {iu})  € F(X)  be  a “universal 
family” . Since  each  Fw  is  representable  by  Xw  (via  the  morphism  of  functors 
displayed  above)  we  see  that  iw  ■ f~1(W)  — > Xw  is  an  isomorphism  as  desired. 
The  lemma  is  proved.  □ 

01LI  Lemma  26.2.2.  Let  S be  a scheme.  Let  B be  a basis  for  the  topology  of  S . Suppose 
given  the  following  data: 

(1)  For  every  U £ B a scheme  fu  : Xu  — t U over  U. 

(2)  For  every  U £ B a quasi- coherent  sheaf  Fu  over  Xu- 

(3)  For  every  pair  U,V  £ B such  that  V C U a morphism  py  : Xy  — > Xu . 

(4)  For  every  pair  U,V  £ B such  that  V C U a morphism  9y  : ( py)*Fu  — t 
Fy. 

Assume  that 

(a)  each  py  induces  an  isomorphism  Xy  — ► /y1(F)  of  schemes  over  V, 

(b)  each  9y  is  an  isomorphism, 

(c)  whenever  W,V,U  £ B,  with  W C V C U we  have  p^y  = Py  o pyr, 

(d)  whenever  W,V,U  £ B,  with  W C V C U we  have  9\y  = 9\y  ° {PwY®v- 

Then  there  exists  a unique  scheme  f : X — ► S over  S together  with  a unique  quasi- 
coherent  sheaf  F on  X and  isomorphisms  iu  ■ /_1(H)  — > Xu  and  9V  : i*vFu  -t 


26.2.  RELATIVE  GLUEING 


1851 


01LJ 


01LK 


T |/-1(c/)  over  U such  that  for  V C U C S affine  open  the  composition 


xv  - 

is  the  morphism  py,  and  the  composition 

(26.2.2.1)  (pZ)*Xu  = 

is  equal  to  9y. 


■ Xv 


9u  l/-1(V)>  / . — T-|  N T 

> (V  ) wlf-Hu))  — > 


Proof.  By  Lemma  [26.2.1|  we  get  the  scheme  X over  S and  the  isomorphisms  iy. 
Set  Pv  = iyXy  for  U £ B.  This  is  a quasi-coherent  Oy-i (^-module.  The  maps 


?u\f-Hv)  = iuFulf-nv)  = iv(A)*Fu  ^ iv?v  = ? v 

define  isomorphisms  (9')y  : Xy\f-i{v)  ? v whenever  V C U are  elements  of 

B.  Condition  (d)  says  exactly  that  this  is  compatible  in  case  we  have  a triple  of 
elements  W C V C U of  B.  This  allows  us  to  get  well  defined  isomorphisms 

<Pi2  : Fux \f~1(u1nu2)  — » ^u2\f~HUinu2) 

whenever  U\,  Ui  £ B by  covering  the  intersection  U\  fl  U2  =\JVj  by  elements  Vj  of 
B and  taking 

-1 


^12|V3  = ((^)  o{ff) 


'\U  1 
Vi  ■ 


We  omit  the  verification  that  these  maps  do  indeed  glue  to  a tp\2  arid  we  omit  the 
verification  of  the  cocycle  condition  of  a glueing  datum  for  sheaves  (as  in  Sheaves, 
Section  6.33 1.  By  Sheaves,  Lemma  6.33.2  we  get  our  T on  X.  We  omit  the  verifi- 
cation of  (26.2.2.1).  □ 


Remark  26.2.3.  There  is  a functoriality  property  for  the  constructions  explained 
in  Lemmas  26.2. 1|  and  26.2.2  Namely,  suppose  given  two  collections  of  data  ( fy  ■ 
Xy  — >•  U,  py ) and  (gy  : Yy  — > U,cry)  as  in  Lemma  26.2.1  Suppose  for  every 
U £ B given  a morphism  hy  : Xy  -A  Yy  over  U compatible  with  the  restrictions 
Py  and  <jy.  Functoriality  means  that  this  gives  rise  to  a morphism  of  schemes 
h : X — ► Y over  S restricting  back  to  the  morphisms  hy , where  / : X — »•  S is 
obtained  from  the  datum  (fy  : Xy  — ► U,py)  and  g : Y — > S is  obtained  from  the 
datum  ( gy  :Yy  -At/,  ay). 

Similarly,  suppose  given  two  collections  of  data  (fy  : Xy  — > U,  Ty . ply,  9y)  and 
(. 9u  ■ Yy  -A  U,Gu,cry,r]y)  as  in  Lemma 


26.2.2 


morphism  hy  : Xy 


Suppose  for  every  U £ B given  a 
Yy  over  U compatible  with  the  restrictions  py  and  ay.  and 


a morphism  Ty  : hfjGy  — )■  J-y  compatible  with  the  maps  9y  and  rfy.  Functoriality 
means  that  these  give  rise  to  a morphism  of  schemes  h : X — » Y over  S restricting 
back  to  the  morphisms  hy , and  a morphism  h*G  —>  X restricting  back  to  the  maps 
hy  where  (/  : X — > S,  X)  is  obtained  from  the  datum  (fy  : Xy  — > U,Ty,py,9y) 
and  where  (g  : Y — )•  S,G)  is  obtained  from  the  datum  (gy  : Yy  U,  Gu , cry,  r/y). 

We  omit  the  verifications  and  we  omit  a suitable  formulation  of  “equivalence  of 
categories”  between  relative  glueing  data  and  relative  objects. 


26.3.  RELATIVE  SPECTRUM  VIA  GLUEING 
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01LL 

01LM 


01LN 


OILO 


01LP 


26.3.  Relative  spectrum  via  glueing 


Situation  26.3.1.  Here  S is  a scheme,  and  A is  a quasi-coherent  Os-algebra.  This 
means  that  A is  a sheaf  of  Os-algebras  which  is  quasi-coherent  as  an  Os-module. 


In  this  section  we  outline  how  to  construct  a morphism  of  schemes 

Spec  p (.4)  — > S 

by  glueing  the  spectra  Spec (T(U,  A))  where  U ranges  over  the  affine  opens  of  S.  We 
first  show  that  the  spectra  of  the  values  of  A over  affines  form  a suitable  collection 
of  schemes,  as  in  Lemma|26.2.1 


Lemma  26.3.2.  In  Situation 
Let  A = A(U)  and  A'  = A(U'). 
Spec(H) 


26.3.1 


Suppose  U C 
The  map  of  rings  A! 
Spec(H'),  and  the  diagram 


U'  C S are  affine  opens. 
— > A induces  a morphism 


Spec(H) 


■ Spec(H') 


U 


U' 


is  cartesian. 

Proof.  Let  R = Os{U ) and  R!  = Os{U').  Note  that  the  map  R (giRi  A1  — > A is 
an  isomorphism  as  A is  quasi-coherent  (see  Schemes,  Lemma  25.7.3  for  example). 
The  result  follows  from  the  description  of  the  fibre  product  of  affine  schemes  in 
Schemes,  Lemma[25.6.7|  □ 

In  particular  the  morphism  Spec(H)  — > Spec(H')  of  the  lemma  is  an  open  immer- 
sion. 


Lemma  26.3.3.  In  Situation 


26.3.1 


Suppose  U C U'  C U"  C S are  affine 
opens.  Let  A = A(U),  A'  = A(U')  and  A”  = A(U").  The  composition  of  the 
morphisms  Spec(H)  -a  Spec(H'),  and  Spec(H')  — >•  Spec(H")  of  Lemma  26.3.2  gives 
the  morphism  Spec(H)  — > Spec(H")  of  Lemma  26. 3.2\ 

A is  the  composition  of  A" 


Proof.  This  follows  as  the  map  A 
A'  — > A (because  A is  a sheaf). 


A!  and 

□ 


Lemma  26.3.4.  In  Situation 


26.3.1 


There  exists  a morphism  of  schemes 
7T  : Spec  (A)  — > S 


with  the  following  properties: 

(1)  for  every  affine  open  U C S there  exists  an  isomorphism  ijj  : i r_1(17) 
Spec(.4(f7)),  and 

(2)  for  U C U'  C S affine  open  the  composition 


Spec(„4(t/)) 


r-i 


(U) 


inclusion 


r-l 


(U') 


Spec^t/')) 


is  the  open  immersion  of  Lemma  26. 3. 2\  above. 

Proof.  Follows  immediately  from  Lemmas  |26. 2. 1[  f26.3.2[  and [2610} 


□ 


26.4.  RELATIVE  SPECTRUM  AS  A FUNCTOR 
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26.4.  Relative  spectrum  as  a functor 

We  place  ourselves  in  Situation|26.3.1|  i.e.,  S'  is  a scheme  and  A is  a quasi-coherent 
sheaf  of  Os-algebras. 

For  any  / : T — > S the  pullback  f* A is  a quasi-coherent  sheaf  of  Or-algebras.  We 
are  going  to  consider  pairs  (/  : T -A  S,p)  where  / is  a morphism  of  schemes  and 
p : f*A  — > Ot  is  a morphism  of  Or-algebras.  Note  that  this  is  the  same  as  giving  a 
/-1  Os-algebra  homomorphism  <p  : f~1A  -A  Ot,  see  Sheaves,  Lemma  6.20.2  This 
is  also  the  same  as  giving  a Os-algebra  map  ip  : A — > f*Or,  see  Sheaves,  Lemma 
|6.24.7[  We  will  use  all  three  ways  of  thinking  about  p,  without  further  mention. 

Given  such  a pair  (/  : T — > S,  p)  and  a morphism  a : T'  ^ T we  get  a second  pair 
(/'  = / o a,  ip'  = a* ip)  which  we  call  the  pullback  of  (/,  p).  One  way  to  describe 
ip'  = a* p is  as  the  composition  A -A  f*Ox  — > FJDt'  where  the  second  map  is  f^af 
with  <F  : Ot  -a  a4Or'.  In  this  way  we  have  defined  a functor 

(26.4.0.1)  F : Schopp  —A  Sets 

T i — >•  F(T)  = {pairs  (/,  <p)  as  above} 

Let  F be  the  functor  associated  to  (S’,  A) 


26.3.1 


Lemma  26.4.1.  In  Situation 
above.  Let  g : S'  -A  S be  a morphism  of  schemes.  Set  A!  = g*  A.  Let  F'  be  the 
functor  associated  to  (S',  A')  above.  Then  there  is  a canonical  isomorphism 

F'  = hs>  Xhs  F 

of  functors. 

Proof.  A pair  (f:T- A S',  ip'  : ( f')*A ' -A  Ot)  is  the  same  as  a pair  (/,  p : f* A — » 
Ot)  together  with  a factorization  of  / as  / = g o /'.  Namely  with  this  notation  we 
have  ( f)*A ' = ( f')*g*A  = f*A.  Hence  the  lemma.  □ 

Lemma  26.4.2.  In  Situation 


26.3.1 


VA  = A A by  Schemes,  Lemma 


25.7.3 


Hence  there  is  a canonical 


Let  F be  the  functor  associated  to  (S',  A) 
above.  If  S is  affine,  then  F is  representable  by  the  affine  scheme  Spec(r(S,  A)). 

Proof.  Write  S = Spec(i?)  and  A = F(S,  A).  Then  A is  an  R-algebra  and  A = A. 
The  ring  map  R -A  A gives  rise  to  a canonical  map 

funiv  : Spec(A)  — > S = Spec (R). 

We  have  f* 
map 

Puniv  '■  f univ^  = ^ Or  A ^ A = Ogpec^) 
coming  from  the  A-module  map  A ®r  A — ► A , a®  a'  i-a  aa' . We  claim  that  the 
pair  (funiv iT uni v)  represents  F in  this  case.  In  other  words  we  claim  that  for  any 
scheme  T the  map 

Mor(T,  Spec  (A))  — » {pairs  (f,<p)},  a \ — » (a*funiv,  a*  p) 

is  bijective. 

Let  us  construct  the  inverse  map.  For  any  pair  (/  : T — > S,  p)  we  get  the  induced 
ring  map 

/*  T **  A \ * 


A = r(s,  A) 


-r  (tj*A) 


■ T(T,  Ot) 


This  induces  a morphism  of  schemes  T —»  Spec(A)  by  Schemes,  Lemma  25.6.4 


The  verification  that  this  map  is  inverse  to  the  map  displayed  above  is  omitted.  □ 


26.4.  RELATIVE  SPECTRUM  AS  A FUNCTOR 
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Lemma  26.4.3.  In  Situation  26.3.1  The  functor  F is  representable  by  a scheme. 


Proof.  We  are  going  to  use  Schemes,  Lemma[25.15.4| 

First  we  check  that  F satisfies  the  sheaf  property  for  the  Zariski  topology.  Namely, 
suppose  that  T is  a scheme,  that  T = U,ez  Ui  is  an  open  covering,  and  that  (/j,  pf)  £ 
F(Ui)  such  that  (fi,Pi)\utnU4  = (fji  Tj)\uinUj  ■ This  implies  that  the  morphisms 
fi  : Ui  -A  S glue  to  a morphism  of  schemes  / : T — > S such  that  f\ji  = fit  see 

Thus  f* A = and  by  assumption  the  morphisms 


25.14 


Schemes,  Section 

ifii  agree  on  Ui  D Uj.  Hence  by  Sheaves,  Section  [6.33|  these  glue  to  a morphism 


of  ©T-algebras  f* A -A  Ot-  This  proves  that  F satisfies  the  sheaf  condition  with 
respect  to  the  Zariski  topology. 

Let  5 = Ue7  Ui  be  an  affine  open  covering.  Let  Fi  C F be  the  subfunctor  consisting 
of  those  pairs  (/  :T  -A  S,tp)  such  that  f(T)  C Ui. 

We  have  to  show  each  Ft  is  representable.  This  is  the  case  because  Fi  is  identified 
with  the  functor  associated  to  Ui  equipped  with  the  quasi-coherent  -algebra 


A\ Ui  i by  Lemma  26.4.1  Thus  the  result  follows  from  Lemma  26.4.2 


Next  we  show  that  Ft  C F is  representable  by  open  immersions.  Let  (/  : T — ► 
S,  ip)  £ F(T).  Consider  Vi  = /-1  ([/,:).  It  follows  from  the  definition  of  Fi  that 
given  a : T'  -A  T we  gave  a*(f,tp)  £ Fi(T')  if  and  only  if  a(T')  C V..  This  is  what 
we  were  required  to  show. 

Finally,  we  have  to  show  that  the  collection  (Fj)jgj  covers  F.  Let  (/  : T — >•  S,  ip)  £ 
F(T).  Consider  Vi  = /_1(f7i).  Since  S = (Jig/  Ui  is  an  open  covering  of  S we 
see  that  T = Ue/  Vi  is  an  open  covering  of  T.  Moreover  (f,<p)\vi  G Fi(Vi).  This 
finishes  the  proof  of  the  lemma.  □ 


Lemma  26.4.4.  In  Situation  26.3.1  The  scheme  n : Spec s (^4)  -A  S constructed 
in  Lemma  \26.3.J\  and  the  scheme  representing  the  functor  F are  canonically  iso- 
morphic as  schemes  over  S. 

Proof.  Let  X — ► S be  the  scheme  representing  the  functor  F.  Consider  the  sheaf  of 
Os-algebras  IZ  = 7r*OgpeCo(^).  By  construction  of  Spec<?(yl)  we  have  isomorphisms 
A(U)  -£  1Z{U)  for  every  affine  open  U C S;  this  follows  from  Lemma  26.3.4  part 
(1).  For  U C U1  C S open  these  isomorphisms  are  compatible  with  the  restriction 
mappings;  this  follows  from  Lemma  26.3.4  part  (2).  Hence  by  Sheaves,  Lemma 
|6.30.13|these  isomorphisms  result  from  an  isomorphism  of  Os-algebras  (p  : A — > IZ. 
Hence  this  gives  an  element  (Spec  £ F(Specs(M)).  Since  X represents  the 

functor  F we  get  a corresponding  morphism  of  schemes  can  : Spec  (.4)  -A  X over 
S. 

Let  U C 5 be  any  affine  open.  Let  Fu  C F be  the  subfunctor  of  F corresponding 
to  pairs  (/,  ip)  over  schemes  T with  f(T)  C U.  Clearly  the  base  change  Xv  rep- 
resents Fjj.  Moreover,  Fu  is  represented  by  Spec(>4([/))  = 7r_1(f7)  according  to 
Lemma  26.4.2  In  other  words  Xjj  = 7t_1(17).  We  omit  the  verification  that  this 
identification  is  brought  about  by  the  base  change  of  the  morphism  can  to  U.  □ 


Definition  26.4.5.  Let  S’  be  a scheme.  Let  A be  a quasi-coherent  sheaf  of  Os- 
algebras.  The  relative  spectrum  of  A over  S,  or  simply  the  spectrum  of  A over  S is 


the  scheme  constructed  in  Lemma  26.3.4  which  represents  the  functor  F (26.4.0.1 ), 


26.5.  AFFINE  N-SPACE 
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01LX 


OILY 


01LZ 
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see  Lemma  26.4.4  We  denote  it  7 r : Specs(_4) 
morphism  of  Os- algebras 


S. 


A 


«o. 


Spec ? (A) 


The  “universal  family”  is  a 


The  following  lemma  says  among  other  things  that  forming  the  relative  spectrum 
commutes  with  base  change. 

Lemma  26.4.6.  Let  S be  a scheme.  Let  A be  a quasi- coherent  sheaf  of  Os- 
algebras.  Let  7T  : Specs(„4)  — » S be  the  relative  spectrum  of  A over  S. 

(1)  For  every  affine  open  U C S the  inverse  image  7r_1([/)  is  affine. 

(2)  For  every  morphism  g : S'  -4  S we  have  S'  Xg  Specs(A)  = Specs,(g*A). 

(3)  The  universal  map 


A 


*0 


Spec, (A) 


is  an  isomorphism  of  Os -algebras. 


Proof.  Part  (1)  comes  from  the  description  of  the  relative  spectrum  by  glueing, 


see  Lemma  26.3.4  Part  (2)  follows  immediately  from  Lemma  26.4.1  Part  (3) 


follows  because  it  is  local  on  S and  it  is  clear  in  case  S is  affine  by  Lemma  [26. 4.2| 
for  example.  □ 


Lemma  26.4.7.  Let  f : X — » S be  a quasi-compact  and  quasi-separated  morphism 
of  schemes.  By  Schemes , Lemma  \25. 2f.l\  the  sheaf  f^Ox  is  a quasi- coherent  sheaf 
of  Os -algebras.  There  is  a canonical  morphism 

can  : X — » Spec ?(f*Ox) 

of  schemes  over  S . For  any  affine  open  U C S the  restriction  can|y-i(£/)  is  identified 
with  the  canonical  morphism 

r\U)  — ►Specter1  (U),  Ox)) 
coming  from  Schemes,  Lemma\25. 6.f\ 

Proof.  The  morphism  comes,  via  the  definition  of  Spec  as  the  scheme  representing 
the  functor  F,  from  the  canonical  map  <p  : f*f*Ox  — >•  Ox  (which  by  adjointness 
of  push  and  pull  corresponds  to  id  : f*Ox  -4  f*Ox)-  The  statement  on  the 
restriction  to  /_1(C/)  follows  from  the  description  of  the  relative  spectrum  over 
affines,  see  Lemma [26. 4. 2[  □ 


26.5.  Affine  n-space 

As  an  application  of  the  relative  spectrum  we  define  affine  n-space  over  a base 
scheme  S as  follows.  For  any  integer  n > 0 we  can  consider  the  quasi-coherent 
sheaf  of  Os-algebras  Os[T±, . . . ,Tn\.  ft  is  quasi-coherent  because  as  a sheaf  of 
Os-modules  it  is  just  the  direct  sum  of  copies  of  Os  indexed  by  multi-indices. 

Definition  26.5.1.  Let  S'  be  a scheme  and  n > 0.  The  scheme 

Ag  = Spec0(Os[r1,...,rn]) 

over  S is  called  affine  n-space  over  S.  If  S = Spec(l?)  is  affine  then  we  also  call 
this  affine  n-space  over  R and  we  denote  it  A^. 


26.6.  VECTOR  BUNDLES 
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Note  that  = Spec (R[Ti, ...  ,Tn]).  For  any  morphism  g : S'  — > S of  schemes 
we  have  g*Os[T\  ■ ■ ■ ■ , Tn]  = Os'  pi, . . . , Tn\  and  hence  A”,,  = S'  xs  Ag  is  the  base 
change.  Therefore  an  alternative  definition  of  affine  n-space  is  the  formula 

Ag  = S'  x Spec(z)  Ag. 

Also,  a morphism  from  an  S-scheme  / : X — > S to  Ag  is  given  by  a homomorphism 
of  Os-algebras  Os  pi,  • • • >Tn\  — ► f*Ox-  This  is  clearly  the  same  thing  as  giving 
the  images  of  the  T*.  In  other  words,  a morphism  from  X to  Ag  over  S is  the  same 
as  giving  n elements  h\,...,hn  £ T(A, Ox)- 


26.6.  Vector  bundles 

01M1  Let  S be  a scheme.  Let  £ be  a quasi-coherent  sheaf  of  Os-modules.  By  Modules, 


Lemma  17.18.6  the  symmetric  algebra  Sym(S)  of  £ over  Os  is  a quasi-coherent 


sheaf  of  Os-algebras.  Hence  it  makes  sense  to  apply  the  construction  of  the  previous 
section  to  it. 

01M2  Definition  26.6.1.  Let  5 be  a scheme.  Let  £ be  a quasi-coherent  Os-modul^J 
The  vector  bundle  associated  to  £ is 


V(£)  = Spec5(Sym(£)). 

The  vector  bundle  associated  to  £ comes  with  a bit  of  extra  structure.  Namely,  we 
have  a grading 

=®„>0Sym"(£)- 

which  turns  7r*Ov(£)  into  a graded  Os-algebra.  Conversely,  we  can  recover  £ from 
the  degree  1 part  of  this.  Thus  we  define  an  abstract  vector  bundle  as  follows. 

062M  Definition  26.6.2.  Let  S'  be  a scheme.  A vector  bundle  tt  : V — > S over  S is 
an  affine  morphism  of  schemes  such  that  7r*Ov  is  endowed  with  the  structure  of  a 
graded  Os-algebra  7r *Oy  = ©„>0£r!  such  that  So  = Os  and  such  that  the  maps 

Sym”(£i)  — * £n 

are  isomorphisms  for  all  n > 0.  A morphism  of  vector  bundles  over  S is  a morphism 
/ : V — > V'  such  that  the  induced  map 

/*  : <Ov  — ► 7 r*Oy 

is  compatible  with  the  given  gradings. 


An  example  of  a vector  bundle  over  S is  affine  n-space  A5  over  S,  see  Definition 


062N  Lemma  26.6.3.  The  category  of  vector  bundles  over  a scheme  S is  anti- equivalent 
to  the  category  of  quasi-coherent  Os-modules. 

Proof.  Omitted.  Hint:  In  one  direction  one  uses  the  functor  Specs(— ) and  in  the 
other  the  functor  (7r  : V — >•  S)  (7r*Oy)i  (degree  1 part).  □ 


26.5.1 


This  is  true  because  Os  pi,  • • • ,Tn]  = Sym(0®"). 


1 The  reader  may  expect  here  the  condition  that  E is  finite  locally  free.  We  do  not  do  so  in 
order  to  be  consistent  with  IDG67I  II,  Definition  1.7.8]. 


26.8.  PROJ  OF  A GRADED  RING 
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26.7.  Cones 


In  algebraic  geometry  cones  correspond  to  graded  algebras.  By  our  conventions  a 
graded  ring  or  algebra  A comes  with  a grading  A = ©d>0  Ad  by  the  nonnegative 


integers,  see  Algebra,  Section  10.55 


Definition  26.7.1.  Let  S'  be  a scheme.  Let  A be  a quasi-coherent  graded  Os- 
algebra,.  Assume  that  Os  — > Ao  is  an  isomorphisnQ  The  cone  associated  to  A or 
the  affine  cone  associated  to  A is 


C{A)  = Specs(_4). 

The  cone  associated  to  a graded  sheaf  of  Os-algebras  comes  with  a bit  of  extra 
structure.  Namely,  we  obtain  a grading 

n*Oc(A)  = ®n>0  A. 

Thus  we  can  define  an  abstract  cone  as  follows. 


Definition  26.7.2.  Let  S be  a scheme.  A cone  n : C — >•  S over  S is  an  affine 
morphism  of  schemes  such  that  7 t*Oc  is  endowed  with  the  structure  of  a graded 
Os-algebra  7r*Oc  = ©n> 0 A such  that  Ao  = Os-  A morphism  of  cones  from 
7r  : C — > S to  n'  : C'  — > S is  a morphism  / : C — > C such  that  the  induced  map 

r ■ <oc>  — ► tt*0c 

is  compatible  with  the  given  gradings. 


Any  vector  bundle  is  an  example  of  a cone.  In  fact  the  category  of  vector  bundles 
over  S'  is  a full  subcategory  of  the  category  of  cones  over  S. 


26.8.  Proj  of  a graded  ring 


Let  S be  a graded  ring.  Consider  the  topological  space  Proj(S)  associated  to  S, 
see  Algebra,  Section|10.56|  We  will  endow  this  space  with  a sheaf  of  rings  C,proj(S) 


such  that  the  resulting  pair  (Proj(S),  C,proj(s))  will  be  a scheme. 


Recall  that  Proj(S)  has  a basis  of  open  sets  D+(f),  f £ Sd,  d > 1 which  we  call 
standard  opens , see  Algebra,  Section[l0.56|  This  terminology  will  always  imply  that 
/ is  homogeneous  of  positive  degree  even  if  we  forget  to  mention  it.  In  addition, 
the  intersection  of  two  standard  opens  is  another:  D+(f)  n D+(g)  = D+(fg ),  for 
f,g  £ S homogeneous  of  positive  degree. 


Lemma  26.8.1.  Let  S be  a graded  ring.  Let  f £ S homogeneous  of  positive  degree. 
(1)  If  g £ & homogeneous  of  positive  degree  and  D+(g)  C D+(f),  then 

(a)  / is  invertible  in  Sg,  and  fde^9)fgdes(f)  invertible  in  S(g), 

(b)  ge  = af  for  some  e > 1 and  a £ S homogeneous, 

(c)  there  is  a canonical  S -algebra  map  Sf  — > Sg, 

(d)  there  is  a canonical  So~algebra  map  S (d  -a  S(g'j  compatible  with  the 
map  Sf  -A  Sg, 

(e)  the  map  S(f)  -A  S(g)  induces  an  isomorphism 

('-’(/)  )gdeg(/) //d°s(s>  = ‘-’(g)’ 


2Often  one  imposes  the  assumption  that  A is  generated  by  A i over  Os-  We  do  not  assume 
this  in  order  to  be  consistent  with  IDG67I  II,  (8.3.1)]. 
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(f)  these  maps  induce  a commutative  diagram  of  topological  spaces 
D+(g)  -<■ {Z -graded  primes  of  Sg} Spec(5(g)) 


D+(f ) -e {Z-graded  primes  of  Sf} »-  Spec(5(y)) 

where  the  horizontal  maps  are  homeomorphisms  and  the  vertical  maps 
are  open  immersions, 

(g)  there  are  compatible  canonical  Sf  and  S(f\-module  maps  Mf  -A  Mg 
and  Mtf)  — > M(g)  for  any  graded  S -module  M , and 

(h)  the  map  M(j)  -a  M(s)  induces  an  isomorphism 

(M(f))  gdeg(f)  / fdeg(g)  = Af(g). 

(2)  Any  open  covering  of  D+(f)  can  be  refined  to  a finite  open  covering  of  the 
form  £>+(/)  = U"=i  D+{gi). 

(3)  Let  gi,...,gn  £ S be  homogeneous  of  positive  degree.  Then  D+(f)  C 
(J  D+(gi)  if  and  only  if  gfes^ / fdes^9l\ . . . , g^es^ / fdeB^9rL^  generate  the 
unit  ideal  in  Stfy 


Proof.  Recall  that  D+{g)  = Spec (5(q))  with  identihcation  given  by  the  ring  maps 

Thus  fdes(9) / gdeg(f)  js  an  element  of 


S 


Sg  £-  see  Algebra,  Lemma 


10.56.3 

5(g)  which  is  not  contained  in  any  prime  ideal,  and  hence  invertible,  see  Algebra, 
Lemma 


10.16.2 


We  conclude  that  (a)  holds.  Write  the  inverse  of  / in  Sg  as  a/gd. 
We  may  replace  a by  its  homogeneous  part  of  degree  d deg (g)  — deg (/).  This  means 
gd  — af  is  annihilated  by  a power  of  g , whence  ge  = af  for  some  a £ S homogeneous 
of  degree  edeg(g)  — deg(/).  This  proves  (b).  For  (c),  the  map  5/  -A  Sg  exists  by 
(a)  from  the  universal  property  of  localization,  or  we  can  define  it  by  mapping 
b/fn  to  anb/gne.  This  clearly  induces  a map  of  the  subrings  5(^)  -A  5(ff)  of  degree 
zero  elements  as  well.  We  can  similarly  define  Mf  — > Mg  and  M^)  -A  M(g)  by 
mapping  x/fn  to  anx/gne.  The  statements  writing  5(s)  resp.  Mrg\  as  principal 
localizations  of  5(y)  resp.  M(f)  are  clear  from  the  formulas  above.  The  maps  in 
the  commutative  diagram  of  topological  spaces  correspond  to  the  ring  maps  given 
above.  The  horizontal  arrows  are  homeomorphisms  by  Algebra,  Lemma  |10.56.3| 
The  vertical  arrows  are  open  immersions  since  the  left  one  is  the  inclusion  of  an 
open  subset. 


The  open  D+(f)  is  quasi-compact  because  it  is  homeomorphic  to  Spec(5(/)),  see 
Algebra,  Lemma  |10. 16.10]  Hence  the  second  statement  follows  directly  from  the 
fact  that  the  standard  opens  form  a basis  for  the  topology. 

The  third  statement  follows  directly  from  Algebra,  Lemma [10. 16. 2|  □ 


In  Sheaves,  Section|6.30|we  defined  the  notion  of  a sheaf  on  a basis,  and  we  showed 
that  it  is  essentially  equivalent  to  the  notion  of  a sheaf  on  the  space,  see  Sheaves, 
Lemmas  |6.30.6|  and  |6.30.9  Moreover,  we  showed  in  Sheaves,  Lemma  6.30.4  that  it 
is  sufficient  to  check  the  sheaf  condition  on  a cofinal  system  of  open  coverings  for 
each  standard  open.  By  the  lemma  above  it  suffices  to  check  on  the  finite  coverings 
by  standard  opens. 
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01M5  Definition  26.8.2.  Let  S'  be  a graded  ring.  Suppose  that  D+(f ) C Proj(S) 
is  a standard  open.  A standard  open  covering  of  D+(f)  is  a covering  £)+(/)  = 
U"_i  D+(gi),  where  g±, . . . , gn  £ S are  homogeneous  of  positive  degree. 


Let  S be  a graded  ring.  Let  M be  a graded  S-module.  We  will  define  a presheaf 
M on  the  basis  of  standard  opens.  Suppose  that  U C Proj(S)  is  a standard  open. 
If  /, g £ S are  homogeneous  of  positive  degree  such  that  D+(f)  = D+(g),  then 
by  Lemma  26.8.1  above  there  are  canonical  maps  M -A  and  M(s)  — a 

y inverse.  Hence  we  may  choose  any  / such  that  U = D+(f)  and 


26.8.1 
which  are  mutual 
define 


M(U)  = Mu). 


C £)+(/),  then  by  Lemma  26.8.1  above  we  have  a canonical 


Note  that  if  D+(g) 
map 

M(D+{f))  = MU)  — A M(s)  = M(D+(s)). 

Clearly,  this  defines  a presheaf  of  abelian  groups  on  the  basis  of  standard  opens. 
If  M = S,  then  S'  is  a presheaf  of  rings  on  the  basis  of  standard  opens.  And  for 
general  M we  see  that  M is  a presheaf  of  S-modules  on  the  basis  of  standard  opens. 

Let  us  compute  the  stalk  of  M at  a point  x £ Proj(S).  Suppose  that  x corresponds 
to  the  homogeneous  prime  ideal  p C S'.  By  definition  of  the  stalk  we  see  that 

Mx  = colimfesd,d>Qjgp  M(j) 

Here  the  set  {/  £ Sd,d  > 0,  / ^ p}  is  partially  ordered  by  the  rule  / > /'  4=> 
D+(f)  C D+(f).  If  /i,/2  £ S \ p are  homogeneous  of  positive  degree,  then  we 


have  /1/2  > / 1 in  this  ordering.  In  Algebra,  Section  10.56  we  defined  M(p)  as  the 
ring  whose  elements  are  fractions  x/f  with  x,f  homogeneous,  deg(x)  = deg(/), 
/ ^ p.  Since  p £ Proj(S')  there  exists  at  least  one  /o  £ S homogeneous  of  positive 
degree  with  f0  ^ p.  Hence  x/  f = fo%/  ffo  and  we  see  that  we  may  always  assume 
the  denominator  of  an  element  in  has  positive  degree.  From  these  remarks  it 
follows  easily  that 


= Mi 


(p)- 


Next,  we  check  the  sheaf  condition  for  the  standard  open  coverings.  If  D+(f)  = 
U”  , D+(gi),  then  the  sheaf  condition  for  this  covering  is  equivalent  with  the  ex- 
actness of  the  sequence 

0 -A  M(/)  — > 0 -A  0 M(g.g.y 


Note  that  D+(gi)  = D+(fgi),  and  hence  we  can  rewrite  this  sequence  as  the  se- 
quence 


0 —>  M{f)  —A  0 MUg.)  -A  0 MUg.g.y 


By  Lemma|26.8.l|we  see  that  / fdeS(gi) ^ gdes(f) / fdeS(gn)  generate  the  unit 

ideal  in  >!?(/),  and  that  the  modules  M(fgiy  M(fgig.)  are  the  principal  localiza- 
tions of  the  -module  Mtf*  at  these  elements  and  their  products.  Thus  we  may 
apply  Algebra,  Lemma  |10.22.2|  to  the  module  over  S(f)  and  the  elements 


gdeg(f)  j jdeg(gi 


• , gneg ^/-)//deg(ff").  We  conclude  that  the  sequence  is  exact.  By 
the  remarks  made  above,  we  see  that  M is  a sheaf  on  the  basis  of  standard  opens. 


Thus  we  conclude  from  the  material  in  Sheaves,  Section  |6.30|  that  there  exists  a 
unique  sheaf  of  rings  C,proj(5)  which  agrees  with  S on  the  standard  opens.  Note 
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that  by  our  computation  of  stalks  above  and  Algebra,  Lemma [10. 56. 5|  the  stalks  of 
this  sheaf  of  rings  are  all  local  rings. 

Similarly,  for  any  graded  S-module  M there  exists  a unique  sheaf  of  C,proj(S)_ 
modules  T which  agrees  with  M on  the  standard  opens,  see  Sheaves,  Lemma 

lora 

01M6  Definition  26.8.3.  Let  S’  be  a graded  ring. 

(1)  The  structure  sheaf  Oproys)  of  the  homogeneous  spectrum  of  S is  the 
unique  sheaf  of  rings  C,proj(S)  which  agrees  with  S on  the  basis  of  standard 
opens. 

(2)  The  locally  ringed  space  (Proj(S'),  C,proj(s))  is  called  the  homogeneous 
spectrum  of  S and  denoted  Proj(S). 

(3)  The  sheaf  of  (9proj(s)-modules  extending  M to  all  opens  of  Proj(S')  is 
called  the  sheaf  of  0proj(s)-modules  associated  to  M.  This  sheaf  is  de- 
noted M as  well. 


We  summarize  the  results  obtained  so  far. 


01M7 


01M8 


Lemma  26.8.4.  Let  S be  a graded  ring.  Let  M be  a graded  S-module.  Let  M be 
the  sheaf  of  O proj(s)-modules  associated  to  M. 

(1)  For  every  f € S homogeneous  of  positive  degree  we  have 

T{D+(f),0ProKS))  = Sif). 

(2)  For  every  f G S homogeneous  of  positive  degree  we  have  T(D+(f),  M)  = 

as  an  S^ymodule. 

(3)  Whenever  D+(g)  C D+(f)  the  restriction  mappings  on  Oproj(s)  and  M 
are  the  maps  S^y  -A  S(g)  and  -A  M(ff)  from  Lemma  26.8.1 

(4)  Let  p be  a homogeneous  prime  of  S not  containing  S+,  ana  let  x £ Proj(S) 
be  the  corresponding  point.  We  have  Oproys),x  = S(p)- 

(5)  Let  p be  a homogeneous  prime  of  S not  containing  S+,  and  let  x £ Proj(S) 
be  the  corresponding  point.  We  have  Tx  = M(p)  as  an  S^ymodule. 

(6)  There  is  a canonical  ring  map  So  — > T(Proj(S),  S)  and  a canonical  Sq- 
module  map  M0  — ► T(Proj(S),  M)  compatible  with  the  descriptions  of 
sections  over  standard  opens  and  stalks  above. 

Moreover,  all  these  identifications  are  functorial  in  the  graded  S-module  M.  In 
particular,  the  functor  M ha  M is  an  exact  functor  from  the  category  of  graded 
S -modules  to  the  category  of  O proj(s)~ modules. 


Proof.  Assertions  (1)  - (5)  are  clear  from  the  discussion  above.  We  see  (6)  since 
there  are  canonical  maps  Mq  — > M(y , x i-a  x/1  compatible  with  the  restriction 


maps  described  in  (3).  The  exactness  of  the  functor  M i-a  M follows  from  the  fact 
that  the  functor  M i-a  M(Pj  is  exact  (see  Algebra,  Lemma  10.56.5)  and  the  fact  that 
exactness  of  short  exact  sequences  may  be  checked  on  stalks,  see  Modules,  Lemma 
117.3.11  □ 


01M9  Remark  26.8.5.  The  map  from  Mq  to  the  global  sections  of  M is  generally 
far  from  being  an  isomorphism.  A trivial  example  is  to  take  S = k[x,y,z\  with 
1 = deg(cc)  = deg(y)  = deg(^)  (or  any  number  of  variables)  and  to  take  M = 
S / (x100 , y100 , z100) . It  is  easy  to  see  that  M = 0,  but  M0  = k. 
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01MA 


01MB 


01MC 


01MD 


Lemma  26.8.6.  Let  S be  a graded  ring.  Let  f £ S be  homogeneous  of  positive 
degree.  Suppose  that  D(g)  C Spec  (^(/j)  is  a standard  open.  Then  there  exists  ah  £ 
S homogeneous  of  positive  degree  such  that  D(g ) corresponds  to  D+(h)  C D+(f) 
via  the  homeomorphism  of  Algebra,  Lemma  \10.56.3[  In  fact  we  can  take  h such 
that  g = h/ fn  for  some  n. 

Proof.  Write  g = h/  fn  for  some  h homogeneous  of  positive  degree  and  some  n > 1. 
If  D+{h)  is  not  contained  in  D+(f)  then  we  replace  h by  hf  and  n by  n+ 1.  Then  h 
has  the  required  shape  and  D+(h)  C D+(f)  corresponds  to  D{g)  C Spec(S(/)).  □ 


Lemma  26.8.7.  Let  S be  a graded  ring.  The  locally  ringed  space  Proj(S)  is  a 
scheme.  The  standard  opens  D+(f)  are  affine  opens.  For  any  graded  S -module  M 
the  sheaf  M is  a quasi- coherent  sheaf  of  O proj^s) -modules. 


Proof.  Consider  a standard  open  D+(f)  C Proj(S).  By  Lemmas  26.8.1  and  26.8.4 
we  have  T(D+(f),  Opro^s))  = &tf)>  and  we  have  a homeomorphism  <p  : D+{f ) - 
Spec (S(f)).  For  any  standard  open  D(g)  C Spec (£>(/))  we  may  pick  a h £ S+  as  in 
Lemma  26.8.6  Then  ip~1(D(g))  = D+(h),  and  by  Lemmas  26.8.4  and  26.8.1  we 
see 


r(-D+(/i),e>proj(S))  = S(h)  = (S(f))hd.gif)/fd.g{h)  = (5'(/))g  = T(D(g),Osp  ec  (%)))• 
Thus  the  restriction  of  0proj(S)  to  D+(f)  corresponds  via  the  homeomorphism  ip 


25.5 


We  conclude 


exactly  to  the  sheaf  0^pec^sU))  as  defined  in  Schemes,  Section 
that  D+(f)  is  an  affine  scheme  isomorphic  to  Spec(5(/))  via  ip  and  hence  that 
Proj(S')  is  a scheme. 

In  exactly  the  same  way  we  show  that  M is  a quasi-coherent  sheaf  of  Oproj(S)_ 
modules.  Namely,  the  argument  above  will  show  that 

m\d+U)  ~ T*  (M(/)) 
which  shows  that  M is  quasi-coherent. 


□ 


Lemma  26.8.8.  Let  S be  a graded  ring.  The  scheme  Proj(S)  is  separated. 


Proof.  We  have  to  show  that  the  canonical  morphism  Proj(5l)  — » Spec(Z)  is  sep- 
arated. We  will  use  Schemes,  Lemma  [25.21.8  Thus  it  suffices  to  show  given  any 
pair  of  standard  opens  D+(f)  and  D+(g)  that  D+(f)  n D+(g)  = D+(fg)  is  affine 
(clear)  and  that  the  ring  map 

SU)  S(9)  — > S(fg) 

is  surjective.  Any  element  s in  S^/g)  is  of  the  form  s = h/(fngm)  with  h £ S 
homogeneous  of  degree  ndeg(/)  + mdeg(g).  We  may  multiply  h by  a suitable 
monomial  flgJ  and  assume  that  n = n'  deg(g),  and  m = m!  deg(/).  Then  we  can 
rewrite  s as  s = h/ f^n  +m  • fm  des (a)  jgm  des(/).  So  s is  indeed  in  the  image 

of  the  displayed  arrow.  □ 

Lemma  26.8.9.  Let  S be  a graded  ring.  The  scheme  Proj(S)  is  quasi-compact 
if  and  only  if  there  exist  finitely  many  homogeneous  elements  f\ , . . . , fn  £ S+  such 
that  S+  C \A/i,  ••■,/«)■  In  this  case  Proj{S ) = D+(f1)  U . . . U D+(fn). 
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Proof.  Given  such  a collection  of  elements  the  standard  affine  opens  D+(fi)  cover 
Proj(S')  by  Algebra,  Lemma  10.56.3  Conversely,  if  Proj(5)  is  quasi-compact,  then 
we  may  cover  it  by  finitely  many  standard  opens  D+(fi),  i = 1 , ,n  and  we  see 
that  5+  C \/(/i,  ■ ■ ■ , fn)  by  the  lemma  referenced  above.  □ 


01ME  Lemma  26.8.10.  Let  S be  a graded  ring.  The  scheme  Proj(S)  has  a canonical 
morphism  towards  the  affine  scheme  Spec(S'o),  agreeing  with  the  map  on  topological 
spaces  coming  from  Algebra,  Definition  \ 1 0. 5dT7) 


Proof.  We  saw  above  that  our  construction  of  5,  resp.  M gives  a sheaf  of  5'0- 


algebras  , resp.  5o-modules.  Hence  we  get  a morphism  by  Schemes,  Lemma  25.6.4 


This  morphism,  when  restricted  to  D+{f)  comes  from  the  canonical  ring  map  Sq  — >- 
5(/).  The  maps  5 — > Sf , 5(/j  — > Sf  are  5o-algebra  maps,  see  Lemma  26.8.1  Hence 
if  the  homogeneous  prime  p C 5 corresponds  to  the  Z-graded  prime  p'  C 5/  and  the 
(usual)  prime  p"  C 5(^),  then  each  of  these  has  the  same  inverse  image  in  50.  □ 


01MF  Lemma  26.8.11.  Let  S be  a graded  ring.  If  S is  finitely  generated  as  an  alge- 
bra over  Sq,  then  the  morphism  Proj(S)  — > Spec(5o)  satisfies  the  existence  and 
uniqueness  parts  of  the  valuative  criterion,  see  Schemes,  Definition\25.20.~ % 


Proof.  The  uniqueness  part  follows  from  the  fact  that  Proj(5)  is  separated  (Lemma 
26.8.8  and  Schemes,  Lemma  25.22.1).  Choose  Xi  £ S+  homogeneous,  i = 1, . . . ,n 


which  generate  5 over  Sq-  Let  di  = deg(aii)  and  set  d = lcm{di}.  Suppose  we  are 
given  a diagram 


Spec(A") 


Proj(5) 


Spec(A) 


■ Spec(50) 


as  in  Schemes,  Definition  |25.20.3|  Denote  v : K*  — > T the  valuation  of  A,  see 
Algebra,  Definition  10.49. 13[  We  may  choose  an  / £ 5+  homogeneous  such  that 
Spec(Ji)  maps  into  D+(f).  Then  we  get  a commutative  diagram  of  ring  maps 


S{f) 

M A 

A S0 

After  renumbering  we  may  assume  that  / fdi)  is  nonzero  for  i = 1, ...  ,r 

and  zero  for  i = r + 1,  ■ . . , n.  Since  the  open  sets  D+{xi)  cover  Proj(5)  we  see  that 
r > 1.  Let  i0  £ {1, . . . ,r}  be  an  index  minimizing  7 j = (d/di)v(ip(x^ee('^ / fdi))  in 
T.  For  convenience  set  Xo  = Xi0  and  dg  = di0.  The  ring  map  factors  though  a 
map  gJ  : S^fXo-j  — > K which  gives  a ring  map  S^^  —>  S^fx^  -A  K.  The  algebra 
5(a,0)  is  generated  over  Sq  by  the  elements  x l1  . . . x!fn  /xq°  , where  ^ e ffii  = egdg.  If 
e*  > 0 for  some  i > r,  then  ip’ . . .x^/xq0)  = 0.  If  ej  = 0 for  i > r,  then  we 
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01MG 


01MH 


01MI 


01MJ 


have 

degt/M^K1  . . .*''/*§“))  = v(ip\x r deg(/)  - . .<de^V^o°des(/))) 

= J2eA<p'(xteU)/fd'))  - e0,(^(4es(/)//do)) 

= ^2  etdi'yi  - e0d07o 
> ^2  eirfi7o  - e0d07o  = 0 

because  70  is  minimal  among  the  7 j.  This  implies  that  S(Xo)  maps  into  A via  tp' . The 
corresponding  morphism  of  schemes  Spec(H)  — > Spec(S(Xo))  = D+(x 0)  C Proj(S) 
provides  the  morphism  fitting  into  the  first  commutative  diagram  of  this  proof.  □ 


We  saw  in  the  proof  of  Lemma  [26.8.11  that,  under  the  hypotheses  of  that  lemma, 
the  morphism  Proj(S)  — > Spec(So)  is  quasi-compact  as  well.  Hence  (by  Schemes, 
Proposition  25.20.6)  we  see  that  Proj(S)  -4  Spec(S0)  is  universally  closed  in  the 
situation  of  the  lemma.  We  give  two  examples  showing  these  results  do  not  hold 
without  some  assumption  on  the  graded  ring  S. 


Example  26.8.12.  Let  C[Xi,  X2,  X3,  ■ ■ •]  be  the  graded  C-algebra  with  each  X,; 
in  degree  0.  Consider  the  ring  map 


C[I1,I2,A3,...]^C[f;aeQ>o] 

which  maps  X,;  to  t 1//j.  The  right  hand  side  becomes  a valuation  ring  A upon 
localization  at  the  ideal  m = (fQ;  a > 0).  This  gives  a morphism  from  Spec (f.f.(A)) 
to  Proj(C[Xi,  X2,  X3, . . .])  which  does  not  extend  to  a morphism  defined  on  all  of 
Spec(H).  The  reason  is  that  the  image  of  Spec(H)  would  be  contained  in  one  of  the 
D+(Xi)  but  then  Xj+i/Xj  would  map  to  an  element  of  A which  it  doesn’t  since  it 
maps  to  iVb+L-iA. 


Example  26.8.13.  Let  R = C[f]  and 

s = R[X1,X2,X3, . . ,]/(Xz2  - txi+1). 

The  grading  is  such  that  R = So  and  deg(Xx)  = 2l~1.  Note  that  if  p € Proj(S) 
then  t £ p (otherwise  p has  to  contain  all  of  the  X,,  which  is  not  allowed  for  an 
element  of  the  homogeneous  spectrum).  Thus  we  see  that  D+{Xi)  = D+(Xi+1 ) 
for  all  i.  Hence  Proj(S')  is  quasi-compact;  in  fact  it  is  affine  since  it  is  equal  to 
D+{X  1).  It  is  easy  to  see  that  the  image  of  Proj(5)  — > Spec(l?)  is  D(t).  Hence  the 
morphism  Proj(S')  — > Spec (R)  is  not  closed.  Thus  the  valuative  criterion  cannot 
apply  because  it  would  imply  that  the  morphism  is  closed  (see  Schemes,  Proposition 
25.20.61). 


Example  26.8.14.  Let  A be  a ring.  Let  S = A[T ] as  a graded  A algebra  with  T in 
degree  1.  Then  the  canonical  morphism  Proj(S')  — > Spec(H)  (see  Lemma  26.8.10) 
is  an  isomorphism. 


26.9.  Quasi-coherent  sheaves  on  Proj 

Let  S be  a graded  ring.  Let  M be  a graded  S'-module.  We  saw  in  Lemma  |26.8.4| 
how  to  construct  a quasi-coherent  sheaf  of  modules  M on  Proj  (S')  and  a map 

(26.9.0.1)  M0  — > T(Proj(S),  M) 


0AG1 
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0AG2 


01MK 


01ML 


of  the  degree  0 part  of  M to  the  global  sections  of  M.  The  degree  0 part  of  the  nth 


twist  M(n ) of  the  graded  module  M (see  Algebra,  Section  10.55)  is  equal  to  Mn . 
Hence  we  can  get  maps 


(26.9.0.2) 


T(Proj  (5),M(n)). 


We  would  like  to  be  able  to  perform  this  operation  for  any  quasi-coherent  sheaf  J- 
on  Proj  (S) . We  will  do  this  by  tensoring  with  the  nth  twist  of  the  structure  sheaf, 
see  Definition  26.10.1  In  order  to  relate  the  two  notions  we  will  use  the  following 
lemma. 


Lemma  26.9.1.  Let  S be  a graded  ring.  Let  (X,Ox)  = (Proj(S) , O proj(s))  be 
the  scheme  of  Lemma\26.8.7  Let  f £ 5+  be  homogeneous.  Let  x £ X be  a point 
corresponding  to  the  homogeneous  prime  p C S.  Let  M,  N be  graded  S-modules. 
There  is  a canonical  map  of  O pro^s)~rn°dules 


M ®0x  N — > M®sN 


which  induces  the  canonical  map  M ^ ®sU)  ^(f)  (Af  ®S  ^)(f)  on  sections  over 
D+(f ) and  the  canonical  map  M(p)  1 8s(p)  iV(p)  — >■  (M  <g) s IV)  (p)  on  stalks  at  x. 
Moreover,  the  following  diagram 


M0  <8)s0  N0  ■ 


Y(X,M®0x  N) 


(■ M ®s  N) o 


■ r(X,  M ®R  N) 


is  commutative  where  the  vertical  maps  are  given  by  (26.9.0.1). 


Proof.  To  construct  a morphism  as  displayed  is  the  same  as  constructing  a Ox- 
bilinear  map 

M x N — > M®rN 

see  Modules,  Section  |17.15|  It  suffices  to  define  this  on  sections  over  the  opens 
D+(f ) compatible  with  restriction  mappings.  On  D+(f)  we  use  the  S'f/j-bilinear 
map  x N^f)  — ► (M  ®sN)(f),  (x/fn,  y/ fm)  i-a  (x®y)/ fn+m.  Details  omitted. 

□ 


Remark  26.9.2.  In  general  the  map  constructed  in  Lemma 


26.9.1 


above  is  not 


an  isomorphism.  Here  is  an  example.  Let  k be  a field.  Let  S = k[x,  y,  z)  with  k in 
degree  0 and  deg(a;)  = 1,  deg(y)  = 2,  deg(^)  = 3.  Let  M = S(  1)  and  N = S( 2), 
see  Algebra,  Section  10.55  for  notation.  Then  M N = 5(3).  Note  that 


sx 

= k[x,y,z,l/z\ 

5(0 

= k[x3/z,xy/z,y 

3/z2) 

= k[u,  v , w\/(uw 

M(z) 

= 5(zj  • x + 5(z)  • 

y2l* 

C Sz 

= 5(z)  • y + 5(z)  • 

X2  c 

sz 

S(  3)(Z) 

= 5(z)  ■ z C Sz 

Consider  the  maximal  ideal  m = ( u,v,w ) C 5(z).  It  is  not  hard  to  see  that  both 
and  N^/mN^  have  dimension  2 over  «(m).  But  5(3)(z)/m5(3)(z) 
has  dimension  1.  Thus  the  map  M/z\  ® N^  — > S( 3)(2)  is  not  an  isomorphism. 
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26.10.  Invertible  sheaves  on  Proj 


Recall  from  Algebra,  Section  10.55  the  construction  of  the  twisted  module  M(n ) 
associated  to  a graded  module  over  a graded  ring. 

Definition  26.10.1.  Let  S'  be  a graded  ring.  Let  X = Proj(S). 

(1)  We  define  Ox(n)  = S(n).  This  is  called  the  nth  twist  of  the  structure 
sheaf  of  Proj(S). 

(2)  For  any  sheaf  of  Ox-modules  T we  set  T(n)  = T ®ox  Ox(n). 


We  are  going  to  use  Lemma  26.9.1  to  construct  some  canonical  maps.  Since  5(n)®s 
S(m)  = S(n  + to)  we  see  that  there  are  canonical  maps 

(26.10.1.1)  Ox(n)  ®ox  Ox{m)  — > Ox(n  + to). 

These  maps  are  not  isomorphisms  in  general,  see  the  example  in  Remark  |26.9.2[ 
The  same  example  shows  that  Ox  (n)  is  not  an  invertible  sheaf  on  X in  general. 
Tensoring  with  an  arbitrary  Ox-module  T we  get  maps 

(26.10.1.2)  Ox(n)  (8 )qx  F(m)  — > JF(n  + to). 

The  maps  (26.10.1.1)  on  global  sections  give  a map  of  graded  rings 

(26.10.1.3)  5 — » r (X,Ox(n)). 


n>  0 


And  for  an  arbitrary  Ox-module  T the  maps  (26.10.1.2)  give  a graded  module 
structure 

(26.10.1.4)  0 r(A,Ox(n))x0  T(X,  JF(m))  — > 0 P (X,X(m)) 

n>0  m.G  Z m.G  Z 


and  via  (|26.10.1.3|)  also  a ^-module  structure.  More  generally,  given  any  graded 
5-module  M we  have  M(n ) = M S(ri).  Hence  we  get  maps 

(26.10.1.5)  M[n ) =M®0x  Ox{n ) — > Mfn). 

On  global  sections  (26.9.0.2)  defines  a map  of  graded  5-modules 

(26.10.1.6)  M — > z T(X,  M(n)). 

Here  is  an  important  fact  which  follows  basically  immediately  from  the  definitions. 

Lemma  26.10.2.  Let  S be  a graded  ring.  Set  X = Proj(S).  Let  f £ S be 
homogeneous  of  degree  d > 0.  The  sheaves  Ox(nd)\D+(f)  are  invertible,  and  in 
fact  trivial  for  all  n £ Z (see  Modules,  Definition  1 7.21. 1\).  The  maps  (26.10.1.1) 
restricted  to  D+(f) 


Ox{nd)\D+(f ) ®oD+U)  Ox{m)\D+(f) 
the  maps  l26.10.lJfy  restricted  to  D+{f) 

Ox{nd)\D+(f)  ®oD+U)  F{m)\D+(f) 
and  the  maps  f 26.10.1X ) restricted  to  D+(f) 

M(nd)\D+(f)  = M\D+(f)  ®oD+U)  Ox{nd)\D+(f) 
are  isomorphisms  for  all  n,m  £ Z. 


Ox{nd  + m)\D+(f), 
X(nd  + m)\D+(f), 

M{nd)\D+u) 
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Proof.  The  (not  graded)  S-module  maps  S -A  S(nd),  and  M — > M{nd ),  given 
by  x i— > fnx  become  isomorphisms  after  inverting  /.  The  first  shows  that  S(f)  = 
Sfod)^)  which  gives  an  isomorphism  C,jd+(/)  — ®x{nd)\D+(fy  The  second  shows 
that  the  map  S(nd)(f ) 8 >s  M(/)  -A  M{nd)(f)  is  an  isomorphism.  The  case  of  the 


map  (|26.10.1.2|  is  a consequence  of  the  case  of  the  map  (26.10.1.1). 


□ 


01MT  Lemma  26.10.3.  Let  S be  a graded  ring.  Let  M be  a graded  S-module.  Set 
X = Proj(S).  Assume  X is  covered  by  the  standard  opens  D+(f)  with  f £ S i, 
e.g.,  if  S is  generated  by  S\  over  Sq.  Then  the  sheaves  Oxiji)  are  invertible  and 
the  maps  {26.10.1 .7 ),  ( 26.10.1.2 ),  and  ( 26.10.1.5 ) are  isomorphisms.  In  particular, 
these  maps  induce  isomorphisms 

Ox{l)®n  =Ox(n)  and  M ®ox  Ox(n)  =M(n)  = M(n) 

Thus  {26.9. 0.2)  becomes  a map 
0AG3  (26.10.3.1)  Mn — >T(X,M(n)) 

and  {26.10.lH)  becomes  a map 


0AG4  (26.10.3.2) 


M 


©nezr(X,M(„)). 


Proof.  Under  the  assumptions  of  the  lemma  X is  covered  by  the  open  subsets 


D+(f)  with  f £ S i and  the  lemma  is  a consequence  of  Lemma  26.10.2  above.  □ 


01MU 


Lemma  26.10.4.  Let  S be  a graded  ring.  Set  X = Proj(S).  Fix  d > 1 an  integer. 
The  following  open  subsets  of  X are  equal: 

(1)  The  largest  open  subset  W = Wd  C X such  that  each  Ox(dn)\w  is  in- 
vertible and  all  the  multiplication  maps  Ox{nd)\w  Ox(md)\w  — » 

Ox{nd  + md)\w  (see  26.10.1.1)  are  isomorphisms. 


(2)  The  union  of  the  open  subsets  D+(fg)  with  f,g  £ S homogeneous  and 
deg  (/)  = deg(g)  + d. 


26.10.1.5) 


Moreover,  all  the  maps  M(nd)\w  = M\w®owOx{nd)\w  — > M(nd)\w  (see 
are  isomorphisms. 

Proof.  If  x £ D+{fg)  with  deg(/)  = deg(g)  + d then  on  D+(fg)  the  sheaves 
Ox(dn)  are  generated  by  the  element  ( f / g)n  = f2n/(fg)n-  This  implies  x is  in  the 


open  subset  W defined  in  (1)  by  arguing  as  in  the  proof  of  Lemma  26.10.2 


Conversely,  suppose  that  Ox{d)  is  free  of  rank  1 in  an  open  neighbourhood  V of 
x £ X and  all  the  multiplication  maps  Ox(nd)\v^>Ov^x{md)\v  — t O x{nd+md) |y 
are  isomorphisms.  We  may  choose  h £ S+  homogeneous  such  that  D+{h ) C V. 
By  the  definition  of  the  twists  of  the  structure  sheaf  we  conclude  there  exists  an 
element  s of  (Sh)d  such  that  sn  is  a basis  of  ( Sh)nd  as  a module  over  S for  all 
n £ Z.  We  may  write  s = f/hm  for  some  m > 1 and  / £ Sd+m deg(h)  ■ Set  g = hm 
so  s = f/g.  Note  that  x £ D(g)  by  construction.  Note  that  gd  £ {Sh)-ddeg(g)- 
By  assumption  we  can  write  this  as  a multiple  of  sdesd  = fde&(a)  / gdee.{g)  ^ say 
gd  = a/ge  ■ /desG)/gdes(s).  Then  we  conclude  that  gd+e+deg(s)  = a/deg(^9-)  and 
hence  also  x £ D+{f).  So  x is  an  element  of  the  set  defined  in  (2). 
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The  existence  of  the  generating  section  s = f/g  over  the  affine  open  D+(fg)  whose 
powers  freely  generate  the  sheaves  of  modules  Ox  ( nd ) easily  implies  that  the  mul- 

tiplication  maps  M(nd)\w  = -W|w®ev  Ox(nd)\w  — > M(nd)\w  (see 
isomorphisms.  Compare  with  the  proof  of  Lemma|26.10.2| 


26.10.1.5)  are 
□ 


Recall  from  Modules,  Lemma [17. 21. 10|  that  given  an  invertible  sheaf  £ on  a locally 
ringed  space  X,  and  given  a global  section  s of  £ the  set  Xs  = {x  £ X \ s £ m XCX} 
is  open. 

01MV  Lemma  26.10.5.  Let  S be  a graded  ring.  Set  X = Proj(S).  Fix  d > 1 an  integer. 


Let  W = Wd  C X be  the  open  subscheme  defined  in  Lemma  26.10.4  Let  n > 1 


and  f £ Snd-  Denote  s £ F(W,  Ow(nd))  the  section  which  is  the  image  of  f via 
(26.10.1.1$  restricted  to  W.  Then 


ws  = D+(f)  n w. 

Proof.  Let  D+(ab)  C W be  a standard  affine  open  with  a,b  £ S homogeneous  and 
deg(a)  = deg(6)  + d.  Note  that  D+(ab)  n D+(f)  = D+(abf).  On  the  other  hand 
the  restriction  of  s to  D+(ab)  corresponds  to  the  element  // 1 = bn  f / an  (a  / b)n  £ 
( Sab)nd • We  have  seen  in  the  proof  of  Lemma  26.10.4|  that  ( a/b)n  is  a generator 
for  Ow(nd)  over  D+(ab).  We  conclude  that  Ws  n D+{ab)  is  the  principal  open 
associated  to  bnf/an  £ Ox{D+(ab)).  Thus  the  result  of  the  lemma  is  clear.  □ 

The  following  lemma  states  the  properties  that  we  will  later  use  to  characterize 
schemes  with  an  ample  invertible  sheaf. 

01MW  Lemma  26.10.6.  Let  S be  a graded  ring.  Let  X = Proj(S).  Let  Y C X be 
a quasi-compact  open  subscheme.  Denote  Oy(n ) the  restriction  of  Ox  (n)  to  Y. 
There  exists  an  integer  d > 1 such  that 


(1)  the  subscheme  Y is  contained  in  the  open  Wd  defined  in  Lemma  26.10.4 

(2)  the  sheaf  Oy(dn)  is  invertible  for  all  n £ Z, 

(3)  all  the  maps  Oy  (nd)  ®oY  (m) 
are  isomorphisms, 

(4)  all  the  maps  M(nd)\y  = M\y  0oy  Ox(nd)\y 
are  isomorphisms, 


Oy(nd+m)  of  Equation  ( 26.10.1.1 ) 
M(nd)\y  (see 


26.10.1.5) 


(5)  given  f £ Snd  denote  s £ r(Y,Oy(nd))  the  image  of  f via  ( 26.10.1.3 ) 
restricted  to  Y,  then  D+(f ) D Y = YS, 

(6)  a basis  for  the  topology  on  Y is  given  by  the  collection  of  opens  Ys,  where 
s £ T(Y,Oy(nd)),  n>  1,  and 

(7)  a basis  for  the  topology  of  Y is  given  by  those  opens  Ys  C Y,  for  s £ 
T(Y,Oy(nd)),  n>l  which  are  affine. 

Proof.  Since  Y is  quasi-compact  there  exist  finitely  many  homogeneous  fi  £ S+, 
i = 1, . . . , n such  that  the  standard  opens  D+(ff)  give  an  open  covering  of  Y.  Let 
di  = deg  (fi)  and  set  d = d\  . . .dn.  Note  that  D+(ff)  = D+(f^d')  and  hence  we 
see  immediately  that  Y C Wd,  by  characterization  (2)  in  Lemma [26. 10.4  or  by  (1) 


26.10.4 


26.10.5 


using  Lemma  [26.10.2|  Note  that  (1)  implies  (2),  (3)  and  (4)  by  Lemma 
(Note  that  (3)  is  a special  case  of  (4).)  Assertion  (5)  follows  from  Lemma 
Assertions  (6)  and  (7)  follow  because  the  open  subsets  D+(f)  form  a basis  for  the 
topology  of  X and  are  affine.  □ 
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0B5I 


01MX 


01MY 


Lemma  26.10.7.  Let  S be  a graded  ring.  Set  X = Proj(S).  Let  T be  a quasi- 
coherent  Ox-module.  Set  M = ©„ez  iX-Xj  X{n))  as  a graded  S-module,  using 
( 26.10.1.4 ) and  \26.10.1~3).  Then  there  is  a canonical  Ox -module  map 


M — 

functorial  in  F such  that  the  induced  map  Mq  — > T(X,  F)  is  the  identity. 


Proof.  Let  / £ S be  homogeneous  of  degree  d > 0.  Recall  that  M|d+(/)  corre- 
sponds to  the  5'(^)-module  by  Lemma  ! 
map 


26.8.4 


Thus  we  can  define  a canonical 


M, 


(/) 


r (D+(f),F),  m/fn  I — ► m\D+U)®f\ 


—n 

D+(f ) 


which  makes  sense  because  f\p+(f)  is  a trivializing  section  of  the  invertible  sheaf 

and  its  proof.  Since  M is  quasi-coherent,  this 


26.10.2 


@x{d)\D+(f),  see  Lemma 
leads  to  a canonical  map 

M\d+U)  — > F\d+U) 

via  Schemes,  Lemma [25. 7. 1|  We  obtain  a global  map  if  we  prove  that  the  displayed 
maps  glue  on  overlaps.  Proof  of  this  is  omitted.  We  also  omit  the  proof  of  the  final 
statement.  □ 


26.11.  Functoriality  of  Proj 

A graded  ring  map  ip  : A B does  not  always  give  rise  to  a morphism  of  associated 
projective  homogeneous  spectra.  The  reason  is  that  the  inverse  image  ip~1{af)  of  a 
homogeneous  prime  q C B may  contain  the  irrelevant  prime  A+  even  if  q does  not 
contain  B+.  The  correct  result  is  stated  as  follows. 

Lemma  26.11.1.  Let  A,  B be  two  graded  rings.  Set  X = Proj(A)  and  Y = 
Proj(B).  Let  ip  : A — >•  B be  a graded  ring  map.  Set 

uW  = {JrpA  h D+Mf))cY. 

homogeneous 

Then  there  is  a canonical  morphism  of  schemes 

: U {ip)  — » X 

and  a map  of  Z-graded  Ojjmy algebras 

9 = '■  r%  (®riez  °x(d))  — * ®dez  °u(ifi)(d)- 

The  triple  (U(ip),r^,,6)  is  characterized  by  the  following  properties: 

(1)  For  every  d > 0 the  diagram 

t ^ fed 

T(A,  Ox{d))  T{U{iP),0Y{d))  - T(Y,  Oy{d)) 

is  commutative. 

(2)  For  any  f £ A+  homogeneous  we  have  rff1{D+{f))  = D+(ip(f))  and  the 
restriction  of  r ^ to  D+{ip{f))  corresponds  to  the  ring  map  A^  -£■ 
induced  by  ip. 
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Proof.  Clearly  condition  (2)  uniquely  determines  the  morphism  of  schemes  and  the 
open  subset  U(ip).  Pick  / £ Ad  with  d > 1.  Note  that  C,.v(^)|o+(/)  corresponds  to 
the  Al(j)-module  ( Af)n  and  that  CV(r)|_d+(v>(/))  corresponds  to  the  B (^(jp-module 
In  other  words  9 when  restricted  to  D+(i/'(/))  corresponds  to  a map  of 
Z-graded  B(p(yp-algebras 

Af  ®AU)  B(W))  — > B^f) 

Condition  (1)  determines  the  images  of  all  elements  of  A.  Since  / is  an  invertible 
element  which  is  mapped  to  we  see  that  1 / fm  is  mapped  to  l/ip(f)m.  It  easily 
follows  from  this  that  9 is  uniquely  determined,  namely  it  is  given  by  the  rule 

a/r  ® typify  — ► y(a)b/y(fr+e. 

To  show  existence  we  remark  that  the  proof  of  uniqueness  above  gave  a well  defined 
prescription  for  the  morphism  r and  the  map  9 when  restricted  to  every  standard 
open  of  the  form  D+(ip(f))  C U(ip)  into  D+(f).  Call  these  rj  and  9f.  Hence  we 
only  need  to  verify  that  if  D+(f)  C D+(g)  for  some  f,g  £ A+  homogeneous,  then 
the  restriction  of  rg  to  D+(ip(f))  matches  r/.  This  is  clear  from  the  formulas  given 
for  r and  9 above.  □ 


01MZ 


Lemma  26.11.2.  Let  A,  B,  and  C be  graded  rings.  Set  X = Proj(A),  Y = 
Proj(B)  and  Z = Proj{C).  Let  ip  : A — > B , ip  : B — ^ C be  graded  ring  maps.  Then 
we  have 

U(ip  o ip)  = r“1(C/(V’))  and  r^otp  = rv  o r^\u^0(py 
In  addition  we  have 


with  obvious  notation. 


9^  o O^jjoip 


Proof.  Omitted. 


26.11.1 


□ 

above. 


01N0  Lemma  26.11.3.  With  hypotheses  and  notation  as  in  Lemma 
Assume  Ad  — ► Bd  is  surjective  for  all  d>  0.  Then 

(1)  U(i 0 = Y , 

(2)  r^/j  :Y  — >•  X is  a closed  immersion,  and 

(3)  the  maps  8 : r^Ox(n)  — >•  Oy(n)  are  surjective  but  not  isomorphisms  in 
general  (even  if  A — ► B is  surjective). 


Proof.  Part  (1)  follows  from  the  definition  of  U(ip)  and  the  fact  that  D+(f)  = 
D+(fn ) for  any  n > 0.  For  / £ A+  homogeneous  we  see  that  is 

surjective  because  any  element  of  5(p(/))  can  be  represented  by  a fraction  b/ip{f)n 
with  n arbitrarily  large  (which  forces  the  degree  of  b £ B to  be  large) . This  proves 
(2).  The  same  argument  shows  the  map 


07ZE 


Af  -»  B^f) 

is  surjective  which  proves  the  surjectivity  of  9.  For  an  example  where  this  map 
is  not  an  isomorphism  consider  the  graded  ring  A = k[x,y]  where  k is  a field  and 
deg(x)  = 1,  deg(y)  = 2.  Set  I = (x),  so  that  B = k[y].  Note  that  Oy{  1)  = 0 
in  this  case.  But  it  is  easy  to  see  that  r^Oy(  1)  is  not  zero.  (There  are  less  silly 
examples.)  □ 


Lemma  26.11.4.  With  hypotheses  and  notation  as  in  Lemma 
Assume  Ad  —>  Bd  is  an  isomorphism  for  all  0.  Then 


26.11.1 


above. 


26.11.  FUNCTORIALITY  OF  PROJ 


1870 


01N1 


01N2 
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(1)  U(if)  = Y , 

(2)  r\0  : Y — > X is  an  isomorphism,  and 

(3)  the  maps  6 : r^Ox(n)  — > Oy(n)  are  isomorphisms. 


Proof.  We  have  (1)  by  Lemma  |26.11.3  Let  / G A+  be  homogeneous.  The  as- 
sumption on  t/j  implies  that  Af  — > Bf  is  an  isomorphism  (details  omitted).  Thus  it 
is  clear  that  r^  and  9 restrict  to  isomorphisms  over  D+(f).  The  lemma  follows.  □ 


Lemma  26.11.5.  With  hypotheses  and  notation  as  in  Lemma 


Assume  Ad 
Then 


26.11.1 


above. 


Bd  is  surjective  for  d > 0 and  that  A is  generated  by  A\  over  Aq. 


(1)  U(if)  = Y, 

(2)  r^,  : Y X is  a closed  immersion , and 

(3)  the  maps  9 : r^Ox(n)  — > Oy{n)  are  isomorphisms. 


Proof.  By  Lemmas  |26. 11. 4|  and  |26.11.2|  we  may  replace  B by  the  image  of  A — > B 
without  changing  X or  the  sheaves  O; x{n).  Thus  we  may  assume  that  A — ► B 
is  surjective.  By  Lemma  26.11.3  we  get  (1)  and  (2)  and  surjectivity  in  (3).  By 
Lemma  26.10.3  we  see  that  both  Ox(n)  and  Oy(n)  are  invertible.  Hence  9 is  an 
isomorphism.  □ 


Lemma  26.11.6.  With  hypotheses  and  notation  as  in  Lemma 


Assume  there  exists  a ring  map  R 
R'  <S>r  A.  Then 


26.11.1 


above. 


Aq  and  a ring  map  R — » R'  such  that  B = 


(1)  U(4 0 = y, 

(2)  the  diagram 


Y = Proj(B)  — >-  Proj(A)  = X 


Spec (R') 3-  Spec(l?) 


is  a fibre  product  square,  and 
(3)  the  maps  9 : r^Ox(n)  — > Oy(ri)  are  isomorphisms. 

Proof.  This  follows  immediately  by  looking  at  what  happens  over  the  standard 
opens  D+(f)  for  / G A+.  □ 


Lemma  26.11.7.  With  hypotheses  and  notation  as  in  Lemma  26.11.1  above. 
Assume  there  exists  a g G Ao  such  that  if  induces  an  isomorphism  Ag  — > B . Then 
U(if)  =Y,rxj1:Y — ► X is  an  open  immersion  which  induces  an  isomorphism  ofY 
with  the  inverse  image  of  D(g)  C Spec(H0).  Moreover  the  map  9 is  an  isomorphism. 


Proof.  This  is  a special  case  of  Lemma  [26. 11. 6|  above. 


□ 


Lemma  26.11.8.  Let  S be  a graded  ring.  Let  d>  1.  Set  S'  = with  notation 
as  in  Algebra,  Section  10.55  Set  X = Proj(S)  and  X'  = Proj(S').  There  is  a 
canonical  isomorphism  i : X — ► X ’ of  schemes  such  that 


(1)  for  any  graded  S -module  M setting  M'  = M^d\  we  have  a canonical 
isomorphism  M — * i*  M' , 

(2)  we  have  canonical  isomorphisms  Ox(nd)  — > i*Ox'{n) 
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01N4 

01N5 


and  these  isomorphisms  are  compatible  with  the  multiplication  maps  of  Lemma 


26.9.1 

and  hence  with  the  maps  ( 

26.10.1.1 

),  (26.10.1.2 

),  (26.10.1.3 

),  (26.10.1.4), 

(26.10.1.5),  and  (26.10.1.6)  (see  proof  for  precise  statements. 


Proof.  The  injective  ring  map  S'  — > S (which  is  not  a homomorphism  of  graded 
rings  due  to  our  conventions),  induces  a map  j : Spec(S)  — » Spec(S').  Given  a 
graded  prime  ideal  p C S we  see  that  p'  = j(p)  = S'  fl  p is  a graded  prime  ideal 
of  S'.  Moreover,  if  / £ S+  is  homogeneous  and  f fL  p,  then  fd  £ S'+  and  fd  fL  p'. 
Conversely,  if  p'  C S'  is  a graded  prime  ideal  not  containing  some  homogeneous 
element  / £ S'+,  then  p = {g£S|gd£p,}isa  graded  prime  ideal  of  S not 
containing  / whose  image  under  j is  p'.  To  see  that  p is  an  ideal,  note  that  if 
g , h £ p,  then  ( g + h)2d  £ p'  by  the  binomial  formula  and  hence  g + h £ p'  as  p'  is  a 
prime.  In  this  way  we  see  that  j induces  a homeomorphism  i : X — > X' . Moreover, 
given  / £ S+  homogeneous,  then  we  have  S(f ) = S'^dy  Since  these  isomorphisms 
are  compatible  with  the  restrictions  mappings  of  Lemma |26.8.1[  we  see  that  there 
exists  an  isomorphism  v : i~xOx’  — t Ox  of  structure  sheaves  on  X and  X' , hence 
i is  an  isomorphism  of  schemes. 


Let  M be  a graded  S-module.  Given  / £ S+  homogeneous,  we  have  = M'^dy 
hence  in  exactly  the  same  manner  as  above  we  obtain  the  isomorphism  in  (1).  The 
isomorphisms  in  (2)  are  a special  case  of  (1)  for  M = S(nd)  which  gives  M'  = S'(n). 
Let  M and  N be  graded  S-modules.  Then  we  have 

M’  ®s’  N'  = (M  <g>5  N)(d)  = ( M ®s  N)’ 


as  can  be  verified  directly  from  the  definitions.  Having  said  this  the  compatibility 
with  the  multiplication  maps  of  Lemma  26.9.1  is  the  commutativity  of  the  diagram 


M ®0x  N ■ M <g>s  N 


(1)0(1) 

i*(M'  ®0x,  N>) 


(i) 

Y 

i*(M'  ®s'  ■ N') 


This  can  be  seen  by  looking  at  the  construction  of  the  maps  over  the  open  D+  (/)  = 
D+(fd)  where  the  top  horizontal  arrow  is  given  by  the  map  M(j)  x N(f-)  — > (M  ®s 
and  the  lower  horizontal  arrow  by  the  map  x } (M’ ®s'  N' )(/d )• 

Since  these  maps  agree  via  the  identifications  M(f)  = etc,  we  get  the  desired 

compatibility.  We  omit  the  proof  of  the  other  compatibilities.  □ 


26.12.  Morphisms  into  Proj 


Let  S'  be  a graded  ring.  Let  X = Proj(S)  be  the  homogeneous  spectrum  of  S.  Let 
d > 1 be  an  integer.  Consider  the  open  subscheme 

= U /esT+(/) 

and  X = |J 

105631 


(26.12.0.1) 


U, 


C X = Proj(S) 

Ud-  Neither  X nor  Ud  need  be  quasi- 
Let  us  write  Oud(n)  = Ox(n) \ ud-  By 
Lemma  26.10.2  we  know  that  Oud{nd ),  n £ Z is  an  invertible  0(/d"mochile  and  that 


Note  that  d\d'  =>  Ud  C U# 
compact,  see  Algebra,  Lemma 


all  the  multiplication  maps  Ojjd(nd)®Ou  Ox(jn ) — ► Oud(nd+m)  of  (26.10.1.1 ) are 


isomorphisms.  In  particular  we  have  Oud{nd ) = Oud(d)®n.  The  graded  ring  map 
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(26.10.1.3)  on  global  sections  combined  with  restriction  to  Ud  give  a homomorphism 


of  graded  rings 
01N6  (26.12.0.2) 


if : sw  —>r.(ud,oUd{d)). 


For  the  notation  , see  Algebra,  Section  10.55  For  the  notation  T*  see  Modules, 


Definition  17.21.7  Moreover,  since  Ud  is  covered  by  the  opens  £)+(/),  f € Sd  we 


see  that  Ojjd{d)  is  globally  generated  by  the  sections  in  the  image  of  ipf  : S ^ = 
S, 


17.4.1 


T(Ud,Oud(d)),  see  Modules,  Definition 

Let  Y be  a scheme,  and  let  cp  : Y — > X be  a morphism  of  schemes.  Assume 
the  image  <p{Y)  is  contained  in  the  open  subscheme  Ud  of  X.  By  the  discussion 
following  Modules,  Definition  |17.21.7|  we  obtain  a homomorphism  of  graded  rings 

T*(Ud,0Ud(d))  — ► r*(Y,<p*Ox(d)). 

The  composition  of  this  and  ipd  gives  a graded  ring  homomorphism 

. S(d) 


01N7  (26.12.0.3) 


€ 


F .(Y,<p*Ox{d)) 


which  has  the  property  that  the  invertible  sheaf  p*Ox{d)  is  globally  generated  by 
the  sections  in  the  image  of  {S^)\  = Sd  — * r(F,  ip*Ox(d)). 

01N8  Lemma  26.12.1.  Let  S be  a graded  ring , and  X = Proj(S).  Let  d > 1 and 
Ud  C X as  above.  Let  Y be  a scheme.  Let  C be  an  invertible  sheaf  on  Y . Let 
if  : S ^ — ► r*(y,£)  be  a graded  ring  homomorphism  such  that  C is  generated  by 
the  sections  in  the  image  of  ip\sd  '■  Sd  r(Y,£).  Then  there  exists  a morphism 
tp  : Y — >•  X such  that  </?(y)  C Ud  and  an  isomorphism  a : ip*Oud(d)  — > C such  that 
ifd  agrees  with  ip  via  a: 


r*(y,£) 

A 

ill 


r*(y,  T*oUd  (d))  ^ - r*(f/d,  oUd  (d)) 

LO 


id 


commutes.  Moreover,  the  pair  ( tp , a)  is  unique. 

Proof.  Pick  / e Sd.  Denote  s = ip(f)  £ r(F,  £).  On  the  open  set  Ys  where  s does 
not  vanish  multiplication  by  s induces  an  isomorphism  Oys  — > C\ ys,  see  Modules, 
Lemma  17.21.10  We  will  denote  the  inverse  of  this  map  x i— >■  x/s,  and  similarly  for 

T {Ys,0)  by  mapping 


powers  of  C.  Using  this  we  define  a ring  map  : S(f) 
the  fraction  a/fn  to  ip(a)/sn.  By  Schemes,  Lemma  [25.6.4|  this  corresponds  to  a 
morphism  ipg  : Ys  — > Spec (5(/))  = D+(f).  We  also  introduce  the  isomorphism 
a.f  : ip*^0£>+(f^(d)  — > £|fs  which  maps  the  pullback  of  the  trivializing  section  / over 
D+{f)  to  the  trivializing  section  s over  Ys.  With  this  choice  the  commutativity  of 
the  diagram  in  the  lemma  holds  with  Y replace  by  Ys,  ip  replaced  by  tpf,  and  a 
replaced  by  aj;  verification  omitted. 

Suppose  that  /'  £ Sd  is  a second  element,  and  denote  s'  = ip(f')  £ r(F,  C).  Then 
Y,nYa,  = Yssi  and  similarly  D+(f)  ^^)+(/,)  = D+  (//').  In  Lemma[26.10.6  | we  saw 
that  D+(f)  H D+(f)  is  the  same  as  the  set  of  points  of  D+(f)  where  the  section 
of  Ox(d ) defined  by  /'  does  not  vanish.  Hence  tpJ1(D+(f)  n £)+(/))  = Ys  D Ysi  = 
tpJ^(D+(f')nD+(f)).  On  D+(f)nD+(f)  the  fraction  ///'  is  an  invertible  section 
of  the  structure  sheaf  with  inverse  /'//•  Note  that  ip(f)(f/f')  = 'P{f)/S'  = s/s' 
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and  = i/>{f')/s  = s'/s.  We  claim  there  is  a unique  ring  map  Siffi ) 

T{YSS',0)  making  the  following  diagram  commute 


r(n,o) 

Af) 


r (Yss,,0) 


-r  (Ys,o) 


s. 


(/) 


■s. 


(//') 


■s, 


(/') 


It  exists  because  we  may  use  the  rule  x/(ff')n  i-»-  ip(x) / (ss')n , which  “works”  by 


the  formulas  above.  Uniqueness  follows  as  Proj(S’)  is  separated,  see  Lemma  26.8.8 


and  its  proof.  This  shows  that  the  morphisms  Pf  and  pp  agree  over  Ys  fl  Ys/.  The 
restrictions  of  a/  and  ap  agree  over  Ys  D Ys>  because  the  regular  functions  s/s' 
and  ip(p){f)  agree.  This  proves  that  the  morphisms  tpf  glue  to  a global  morphism 
from  Y into  Ud  C X , and  that  the  maps  aj  glue  to  an  isomorphism  satisfying  the 
conditions  of  the  lemma. 

We  still  have  to  show  the  pair  (p,a)  is  unique.  Suppose  (ip1,  a')  is  a second  such 
pair.  Let  / £ Sd ■ By  the  commutativity  of  the  diagrams  in  the  lemma  we  have 
that  the  inverse  images  of  D+{f)  under  both  p and  p'  are  equal  to  Y^ify  Since  the 
opens  D+(f)  are  a basis  for  the  topology  on  X , and  since  X is  a sober  topological 
space  (see  Schemes,  Lemma  25.11. 1|)  this  means  the  maps  p and  ip'  are  the  same  on 
underlying  topological  spaces.  Let  us  use  s = ip(f)  to  trivialize  the  invertible  sheaf 
C over  Y$(f).  By  the  commutativity  of  the  diagrams  we  have  that  a®n(ipd(x))  = 
ip( x)  = (a!)®n{ipd,  (a:))  for  all  x £ Snd-  By  construction  of  ipd  and  ipd,  we  have 
ipd(x)  = ipb (x / fn)4>p(fn)  over  Y^^y  and  similarly  for  ?/>((,.  by  the  commutativity 
of  the  diagrams  of  the  lemma  we  deduce  that  tp$(x/fn)  = (ip'Y(x/fn).  This  proves 
that  ip  and  p'  induce  the  same  morphism  from  Y^/,(/)  into  the  affine  scheme  D+(f)  = 
Spec(S'(y)).  Hence  tp  and  p'  are  the  same  as  morphisms.  Finally,  it  remains  to  show 
that  the  commutativity  of  the  diagram  of  the  lemma  singles  out,  given  p,  a unique 
a.  We  omit  the  verification.  □ 


We  continue  the  discussion  from  above  the  lemma.  Let  S be  a graded  ring.  Let  Y 
be  a scheme.  We  will  consider  triples  (d,  C,tp)  where 

(1)  d > 1 is  an  integer, 

(2)  C is  an  invertible  Oy-module,  and 

(3)  V’  : Sl'd>  (Y,  C)  is  a graded  ring  homomorphism  such  that  C is  gener- 
ated by  the  global  sections  with  / £ Sd- 

Given  a morphism  h : Y'  Y and  a triple  (d,£,il>)  over  Y we  can  pull  it  back 
to  the  triple  ( d,h*C,h * ° ip).  Given  two  triples  ( d,£,ip ) and  (. d,£',ip ')  with  the 
same  integer  d we  say  they  are  strictly  equivalent  if  there  exists  an  isomorphism 
(3  : C — > C such  that  (3  o ip  = ip’  as  graded  ring  maps  S ^ — > T*(Y,  C). 

For  each  integer  d > 1 we  define 
Fd  : Schopp  — > Sets, 

Y i — > {strict  equivalence  classes  of  triples  (d,  C,  ip)  as  above} 


with  pullbacks  as  defined  above. 

01N9  Lemma  26.12.2.  Let  S be  a graded  ring.  Let  X = Proj(S).  The  open  subscheme 
Ud  C X (26.12.0.1)  represents  the  functor  Fd  and  the  triple  (d,Ojjd(d),ipd)  defined 
above  is  the  universal  family  (see  Schemes,  Section  25.15). 
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Proof.  This  is  a reformulation  of  Lemma [26.12. II  □ 

01NA  Lemma  26.12.3.  Let  S be  a graded  ring  generated  as  an  So-algebra  by  the  elements 
of  S\.  In  this  case  the  scheme  X = Proj(S)  represents  the  functor  which  associates 
to  a scheme  Y the  set  of  pairs  (£,ip),  where 

(1)  £ is  an  invertible  Oy -module,  and 

(2)  if  : S — > T*(y,  C)  is  a graded  ring  homomorphism  such  that  £ is  generated 
by  the  global  sections  ip(f),  with  f £ S± 

up  to  strict  equivalence  as  above. 

Proof.  Under  the  assumptions  of  the  lemma  we  have  X = U\  and  the  lemma  is  a 
reformulation  of  Lemma [26. 12. 21  above.  □ 


We  end  this  section  with  a discussion  of  a functor  corresponding  to  Proj(5')  for  a 
general  graded  ring  S.  We  advise  the  reader  to  skip  the  rest  of  this  section. 

Fix  an  arbitrary  graded  ring  S.  Let  T be  a scheme.  We  will  say  two  triples  ( d , C , if) 
and  (d1 , £' ,ip')  over  T with  possibly  different  integers  d , d'  are  equivalent  if  there 
exists  an  isomorphism  /3  : £®d  — > (£')®d  of  invertible  sheaves  over  T such  that 
/3  o ip\S(dd')  and  ip'\sw)  agree  as  graded  ring  maps  S ) — > F*(Y,  (£')®dd  ). 

01NB  Lemma  26.12.4.  Let  S be  a graded  ring.  Set  X = Proj(S).  Let  T be  a scheme. 
Let  (d,£,ip)  and  (d1 , £' , ip')  be  two  triples  overT.  The  following  are  equivalent: 

(1)  Let  n = lcm{d,d').  Write  n = ad  = a! d! . There  exists  an  isomorphism 
ft  : £®a  — > (C)®a  with  the  property  that  /?  o tp\SM  and  tjj'l  s(")  agree  as 
graded  ring  maps  S ^ — > F*(F,  (£')®ra). 

(2)  The  triples  (d,jC,il>)  and  (d',£',ip')  are  equivalent. 

(3)  For  some  positive  integer  n = ad  = a'd'  there  exists  an  isomorphism 
P : £®a  —¥  (£')®a  with  the  property  that  p o ip |s(rl)  and  ip'\s<n.)  agree  as 
graded  ring  maps  S ^ — > r*(Y,  (£')®n). 

(4)  The  morphisms  <p  : T — ► X and  <p'  : T — ► X associated  to  ( d,£,ip ) and 
(d/,£/,'0/)  are  equal. 


Proof.  Clearly  (1)  implies  (2)  and  (2)  implies  (3)  by  restricting  to  more  divisible 
degrees  and  powers  of  invertible  sheaves.  Also  (3)  implies  (4)  by  the  uniqueness 
statement  in  Lemma [26. 12.1  Thus  we  have  to  prove  that  (4)  implies  (1).  Assume 
(4),  in  other  words  ip  = ip' . Note  that  this  implies  that  we  may  write  £ = tp*Ox{d) 
and  £'  = ip*Ox{d').  Moreover,  via  these  identifications  we  have  that  the  graded 
ring  maps  ip  and  ip'  correspond  to  the  restriction  of  the  canonical  graded  ring  map 


r (X,Ox(n)) 

n> 0 


to  S and  S^d  ) composed  with  pullback  by  ip  (by  Lemma 
taking  /?  to  be  the  isomorphism 

{ip*Ox{d))®a  = <p*Ox(n)  = (p*Ox(d')Y 

works. 


26.12.1 


again).  Hence 


□ 


Let  5 be  a graded  ring.  Let  X = Proj(S').  Over  the  open  subscheme  scheme 
Ud  C X = Proj(S')  (26.12.0.1)  we  have  the  triple  (d,Oud(d),ipd).  Clearly,  if  d\d' 
the  triples  ( d1Oud(d),ipd ) and  (d' ,Oud,{d'),ipd  ) are  equivalent  when  restricted  to 
the  open  Ud  (which  is  a subset  of  Uw).  This,  combined  with  Lemma  26.12.1  shows 
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that  morphisms  Y — > X correspond  roughly  to  equivalence  classes  of  triples  over 
Y . This  is  not  quite  true  since  if  Y is  not  quasi-compact,  then  there  may  not  be 
a single  triple  which  works.  Thus  we  have  to  be  slightly  careful  in  defining  the 
corresponding  functor. 


Here  is  one  possible  way  to  do  this.  Suppose  d!  = ad.  Consider  the  transforma- 
tion of  functors  Frj  — ► Fd>  which  assigns  to  the  triple  (d,  C , ip)  over  T the  triple 
(d'X®a,lP  |S(dq).  One  of  the  implications  of  Lemma|26. 12.41  is  that  the  transforma- 
tion Fd  — ► Fd>  is  injective!  For  a quasi-compact  scheme  T we  define 


F<r>  = U.,eNftm 

with  transition  maps  as  explained  above.  This  clearly  defines  a contravariant  func- 
tor on  the  category  of  quasi-compact  schemes  with  values  in  sets.  For  a general 
scheme  T we  define 


F(T)  = liai V"CT  quasi-compact  open  ^ ' ( F ) • 

In  other  words,  an  element  £ of  F(T)  corresponds  to  a compatible  system  of  choices 
of  elements  £y  £ ir(V')  where  V ranges  over  the  quasi-compact  opens  of  T.  We 
omit  the  definition  of  the  pullback  map  F(T)  — > F(T')  for  a morphism  T'  — > T of 
schemes.  Thus  we  have  defined  our  functor 

F : Schopp  — > Sets 

01NC  Lemma  26.12.5.  Let  S be  a graded  ring.  Let  X = Proj(S).  The  functor  F 
defined  above  is  representable  by  the  scheme  X . 

Proof.  We  have  seen  above  that  the  functor  Fd  corresponds  to  the  open  subscheme 
Ud  C X.  Moreover  the  transformation  of  functors  Fd  — » Fd < (if  d\d')  defined  above 
corresponds  to  the  inclusion  morphism  Ud  — > Ud'  (see  discussion  above).  Hence  to 
show  that  F is  represented  by  X it  suffices  to  show  that  T — > X for  a quasi-compact 
scheme  T ends  up  in  some  Ud , and  that  for  a general  scheme  T we  have 

Mor(T,  X)  = liniyCT  quasi-compact  open  Mor(V,  X) . 

These  verifications  are  omitted.  □ 

26.13.  Projective  space 

01ND  Projective  space  is  one  of  the  fundamental  objects  studied  in  algebraic  geometry. 
In  this  section  we  just  give  its  construction  as  Proj  of  a polynomial  ring.  Later  we 
will  discover  many  of  its  beautiful  properties. 

01NE  Lemma  26.13.1.  Let  S = Z[To, . . . , Tn]  with  deg(X))  = 1.  The  scheme 

Pz  = Proj(S) 

represents  the  functor  which  associates  to  a scheme  Y the  pairs  (£,  (so,  ■ ■ . , sn)) 
where 

(1)  C is  an  invertible  Oy  -module,  and 

(2)  sq,  ...  ,sn  are  global  sections  of  C which  generate  C 

up  to  the  following  equivalence:  (£,  (so, . . . , sn))  ~ (W,  (to, . . . , tn))  there  exists 
an  isomorphism  fd  : C — >•  Af  with  fl(si)  = U for  i = 0, . . . , n. 
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Proof.  This  is  a special  case  of  Lemma [26TT2T3] above.  Namely,  for  any  graded  ring 
A we  have 


Mor gradedrings  ( Z [To  5 * • • ) ? n ] , A')  — A\  X ...  X A\ 

i\)  1 t-  (if(T0),...,ip(Tn)) 

and  the  degree  1 part  of  T*(Y,  C)  is  just  r(F,  C).  □ 

01NF  Definition  26.13.2.  The  scheme  = Proj(Z[To, . . . , Tn])  is  called  projective 
n-space  over  Z.  Its  base  change  Pg  to  a scheme  S is  called  projective  n-space  over 
S.  If  R is  a ring  the  base  change  to  Spec(T)  is  denoted  P^  and  called  projective 
n-space  over  R. 


Given  a scheme  Y over  S and  a pair  (£,  (so, . . 
induced  morphism  to  Pg  is  denoted 


s„))  as  in  Lemma  26.13.1  the 


T(£,(S0,--,O)  :Y  — > PS 

This  makes  sense  since  the  pair  defines  a morphism  into  P^  and  we  already  have 
the  structure  morphism  into  S so  combined  we  get  a morphism  into  Pg  = P^  x S. 
Note  that  this  is  the  S'-morphism  characterized  by 


01NG 


£ = T(£,(So,...,s„))C,ps(1)  and  = ¥>c!c,(»0 

where  we  think  of  T)  as  a global  section  of  Opg(l)  via  (26.10.1.3). 

Lemma  26.13.3.  Projective  n-space  over  Z is  covered  by  n + 1 standard  opens 


(26.10.1.3 


u 


i= 0,.. 


D+(Ti) 


where  each  D+(Ti)  is  isomorphic  to  affine  n-space  over  Z. 


Proof.  This  is  true  because  Z[T0) . . . , Tn]+  = (T0, . . . , Tn)  and  since 


Spec 


n 

Ti 


n 

Z 


in  an  obvious  way. 


□ 


01NH  Lemma  26.13.4.  Let  S be  a scheme.  The  structure  morphism  P§  — > S is 

(1)  separated, 

(2)  quasi-compact, 

(3)  satisfies  the  existence  and  uniqueness  parts  of  the  valuative  criterion,  and 

(4)  universally  closed. 


Proof.  All  these  properties  are  stable  under  base  change  (this  is  clear  for  the  last 
two  and  for  the  other  two  see  Schemes,  Lemmas  25.21.13|  and  25.19.3).  Hence  it 
suffices  to  prove  them  for  the  morphism  P^.  — > Spec(Z).  Separatedness  is  Lemma 
26.8.8  Quasi-compactness  follows  from  Lemma|26.13.3|  Existence  and  uniqueness 


of  the  valuative  criterion  follow  from  Lemma  26.8. 11[  Universally  closed  follows 


from  the  above  and  Schemes,  Proposition  |25.2(L6 


□ 


01NI  Remark  26.13.5.  What’s  missing  in  the  list  of  properties  above?  Well  to  be  sure 
the  property  of  being  of  finite  type.  The  reason  we  do  not  list  this  here  is  that 
we  have  not  yet  defined  the  notion  of  finite  type  at  this  point.  (Another  property 
which  is  missing  is  “smoothness” . And  I’m  sure  there  are  many  more  you  can  think 
of.) 
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We  finish  this  section  with  two  simple  lemmas.  These  lemmas  are  special  cases  of 
more  general  results  later,  but  perhaps  it  makes  sense  to  prove  these  directly  here 
now. 


03GL  Lemma  26.13.6.  Let  R be  a ring.  Let  Z C be  a closed  subscheme.  Let 

Id  = Ker(R[T0 , . . . ,Tn]d  — ► T(Z,0P1(d)\z)) 

Then  I = 0 C i?[Tb»  • • ■ , Tn]  is  a graded  ideal  and  Z = Proj(R[To, . . . , Tn\/I). 


Proof.  It  is  clear  that  I is  a graded  ideal.  Set  Z'  = Proj  (R[T0, ...,  Tn\/I).  By 
Lemma  26.11.5  we  see  that  Z'  is  a closed  subscheme  of  P^..  To  see  the  equality 
Z = Z'  it  suffices  to  check  on  an  standard  affine  open  D+(Ti).  By  renumbering  the 
homogeneous  coordinates  we  may  assume  * = 0.  Say  ZC\D+(T0),  resp.  Z’  C\D+(T0) 
is  cut  out  by  the  ideal  J,  resp.  J'  of  R\Ti/Tq,  . . . , Tn/T0\.  Then  J'  is  the  ideal 
generated  by  the  elements  F/TqBb(-F^  where  F £ I is  homogeneous.  Suppose  the 
degree  of  F £ I is  d.  Since  F vanishes  as  a section  of  Op»(d)  restricted  to  Z we 
see  that  F/Tq  is  an  element  of  J.  Thus  J'  C J. 


Conversely,  suppose  that  f £ J.  If  / has  total  degree  d in  Ti/T0, . . . , Tn/T0,  then 
we  can  write  / = F/Tq  for  some  F £ R[T0 , . . . ,Tn]d-  Pick  i £ {1, . ..  ,n}.  Then 
Z n D+(Ti)  is  cut  out  by  some  ideal  J;  C R[T0/Ti, . . . , Tn/Ti\.  Moreover, 

T\  Tn  To  Tn 
TV"'’ 7 f),Tri,'",T\_ 

The  left  hand  side  is  the  localization  of  J with  respect  to  the  element  Ti/To  and 
the  right  hand  side  is  the  localization  of  J,  with  respect  to  the  element  T0/Tj.  It 
follows  that  Tq;  Fj2l<l+di  js  an  element  of  Ji  for  some  di  sufficiently  large.  This 
proves  that  T ™ax(<!')f  is  an  element  of  I,  because  its  restriction  to  each  standard 
affine  open  D+(Ti)  vanishes  on  the  closed  subscheme  Z n D+(Ti).  Hence  f £ J' 
and  we  conclude  J £ J'  as  desired.  □ 


Ti  Tn  To  Tn 

V ■■■’  v 


The  following  lemma  is  a special  case  of  the  more  general  Properties,  Lemmas 
127.28.31  or  [27^831 

03GM  Lemma  26.13.7.  Let  R be  a ring.  Let  F be  a quasi- coherent  sheaf  on  P fi.  For 
d > 0 set 

Md  = r(P£, f®0^r  OpS(d))  = r(PS,^(d)) 

Then  M = 0d>o  is  a graded  R[T0, . . . , Rn]-module  and  there  is  a canonical 
isomorphism  T = M . 


Proof.  The  multiplication  maps 

R[Tq , ■ • • , Rn]e  x Md  — * Md+e 
come  from  the  natural  isomorphisms 

O-pMe)  G)0Pn  F(d)  — » T[e  + d) 


see  Equation  (26.10.1.4).  Let  us  construct  the  map  c : M — > T.  On  each  of 
the  standard  affines  Ui  = D+(Ti)  we  see  that  T(Ui,M ) = (M[l/Tj])0  where  the 
subscript  o means  degree  0 part.  An  element  of  this  can  be  written  as  m/Tf  with 
to  £ Md-  Since  Ti  is  a generator  of  0(1)  over  Ui  we  can  always  write  m\ui  = 
where  m.j  £ T(Ui,F)  is  a unique  section.  Thus  a natural  guess  is  c(m/Tf)  = m^. 
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0B3B 


A small  argument,  which  is  omitted  here,  shows  that  this  gives  a well  defined  map 
c : M — ► F if  we  can  show  that 


(Ti/Tj)dmi\uin  u,  =mj\uir\uj 

in  M[l/TiTj\.  But  this  is  clear  since  on  the  overlap  the  generators  Tj  and  Tj  of 
0(1)  differ  by  the  invertible  function  Tj/Tj. 

Injectivity  of  c.  We  may  check  for  injectivity  over  the  affine  opens  I/,;.  Let  i £ 
{0, . . . , n}  and  let  s be  an  element  s = m/Tf  £ r(C/j,  M)  such  that  c{m/Td)  = 0. 
By  the  description  of  c above  this  means  that  m,:  = 0,  hence  m\ui  = 0.  Hence 
Tfm  = 0 in  M for  some  e.  Hence  s = m/Td  = Tf  /Tf+d  = 0 as  desired. 

Surjectivity  of  c.  We  may  check  for  surjectivity  over  the  affine  opens  By 
renumbering  it  suffices  to  check  it  over  Uq.  Let  s £ T{Uq).  Let  us  write  T\ut  = 
Ni  for  some  R[T0/Ti, . . . , T0/Tj]-module  TV*,  which  is  possible  because  T is  quasi- 
coherent.  So  s corresponds  to  an  element  x £ No-  Then  we  have  that 

(N^Tj/Ti  — {N^Ti/Tj 

(where  the  subscripts  mean  “principal  localization  at” ) as  modules  over  the  ring 

Tq  Tn  T0  Tn 


R 


T 


T ' 

1 3 


T* 


This  means  that  for  some  large  integer  d there  exist  elements  Sj  £ Ni,  i = 1, . . . , n 
such  that 

s = C Ti/ToYst 

on  U0  n U,.  Next,  we  look  at  the  difference 

tij  = Si  — ( Tj/Ti ) Sj 

on  Ui  D Uj,  0 < * < j.  By  our  choice  of  s,  we  know  that  tij\u„r\UlrUj  = 0.  Hence 
there  exists  a large  integer  e such  that  (Tq/T,)6^  = 0.  Set  s'  = (T0/Tj)es,;,  and 
Sg  = s.  Then  we  will  have 

s'0  = (Tb/Ta)e+ds'b 

on  XJa  (~1  Ub  for  all  a,  b.  This  is  exactly  the  condition  that  the  elements  s’a  glue  to  a 
global  section  m £ T(Pr^,T(e  + d)).  And  moreover  c(m/TQ+d)  = s by  construction. 
Hence  c is  surjective  and  we  win.  □ 

Lemma  26.13.8.  Let  X be  a scheme.  Let  C be  an  invertible  sheaf  and  let  sq,  . ..,  sn 
be  global  sections  of  C which  generate  it.  Let  J-  be  the  kernel  of  the  induced  map 
0®n+1^C.  Then  T ® C is  globally  generated. 


Proof.  In  fact  the  result  is  true  if  X is  any  locally  ringed  space.  The  sheaf  .F  is  a 
finite  locally  free  Ox -module  of  rank  n.  The  elements 

8ij  = (0, . . . , 0,  Sj, 0 0,  Si, 0, ... , 0)  eT(i,£®n+1) 

with  Sj  in  the  *th  spot  and  s,  in  the  jth  spot  map  to  zero  in  £®2.  Hence  Sij  £ 
T(X,  T ® Ox  T).  A local  computation  shows  that  these  sections  generate  T ® C. 

Alternative  proof.  Consider  the  morphism  <p  : X — >■  Pg  associated  to  the  pair 
(£,  (s0, . . . , sn)).  Since  the  pullback  of  0(1)  is  £ and  since  the  pullback  of  Tj  is  Sj, 
it  suffices  to  prove  the  lemma  in  the  case  of  P£  ■ In  this  case  the  sheaf  T corresponds 
to  the  graded  S = Z[Tq,  ... , Tn]  module  M which  fits  into  the  short  exact  sequence 

0->M->S®"+1->S(i)->0 
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where  the  second  map  is  given  by  Tq,  ...  ,Tn.  In  this  case  the  statement  above 
translates  into  the  statment  that  the  elements 


Tij  — (0, . . . , 0,  Tj,  0, . . . , 0,  I*,  0, . . . , 0)  £ M( l)c 


generate  the  graded  module  M(  1)  over  S.  We  omit  the  details. 


□ 


26.14.  Invertible  sheaves  and  morphisms  into  Proj 


01NJ 


OINK 


Let  T be  a scheme  and  let  C be  an  invertible  sheaf  on  T.  For  a section  s £ T(T,  C) 
we  denote  Ts  the  open  subset  of  points  where  s does  not  vanish.  See  Modules, 
Lemma  |17. 21.10]  We  can  view  the  following  lemma  as  a slight  generalization  of 
Lemma |26.12.3  It  also  is  a generalization  of  Lennna |26.11.1| 


Lemma  26.14.1.  Let  A be  a graded  ring.  Set  X = Proj(A).  Let  T be  a scheme. 
Let  C be  an  invertible  Ox-module.  Let  ip  : A — > T*(T,C)  be  a homomorphism  of 
graded  rings.  Set 


uw  = U 


/GA-i-  homogeneous 


T, 


V’(Z) 


The  morphism  ip  induces  a canonical  morphism  of  schemes 


re,ip  : U(ip)  — » X 

together  with  a map  of  Z -graded  Ox-algebras 

6 ■ r*c^  (0deZ<W))  — > 0deZ£®‘W)- 

The  triple  (U (ip),  re, ip,  9)  is  characterized  by  the  following  properties: 

(1)  For  f £ A+  homogeneous  we  have  r £ ^(D+(f))=TMf]. 

(2)  For  every  d > 0 the  diagram 


Ad 


■ T(T,£®d ) 


]26.10.1.3|l 


r(x,  ox(d))  r (u(ip),  c®d) 


is  commutative. 


Moreover,  for  any  d > 1 and  any  open  subscheme  V C T such  that  the  sections 
in  ip(Ad)  generate  C®d\v  the  morphism  re, ip \v  agrees  with  the  morphism  ip  : V — > 
Proj(A)  and  the  map  6\y  agrees  with  the  map  a : ip*Ox(d)  -4  C®d \y  where  (<p,cx) 


is  the  pair  of  Lemma 


26.12.1 


associated  to  iP\aw  '■  A ^ —P  r*(V,  C®d). 


Proof.  Suppose  that  we  have  two  triples  (U,r  :U  -A  X,  0)  and  ([/',  r'  : U'  — > X,  9') 
satisfying  (1)  and  (2).  Property  (1)  implies  that  U = U'  = U(ip)  and  that  r = r' 
as  maps  of  underlying  topological  spaces,  since  the  opens  D+(f)  form  a basis  for 
the  topology  on  X,  and  since  X is  a sober  topological  space  (see  Algebra,  Section 
10.56|  and  Schemes,  Lemma  25.11.1 1.  Let  / £ A+  be  homogeneous.  Note  that 
V(D+(f),  ©„gZ  Ox(n))  = Af  as  a Z-graded  algebra.  Consider  the  two  Z-graded 


ring  maps 


6^;^— ►r(TW),0£®"). 


We  know  that  multiplication  by  / (resp.  ip(f))  is  an  isomorphism  on  the  left  (resp. 
right)  hand  side.  We  also  know  that  9(x/ 1)  = 0'(x/ 1)  = ip(x)  |y  . by  (2)  for  all 
x € A.  Hence  we  deduce  easily  that  9 = 9'  as  desired.  Considering  the  degree  0 


26.15.  RELATIVE  PROJ  VIA  GLUEING 


1880 


01NL 


01NM 

01NN 


OINO 


parts  we  deduce  that  r **  = (r')^,  i.e. , that  r = r'  as  morphisms  of  schemes.  This 
proves  the  uniqueness. 


Now  we  come  to  existence.  By  the  uniqueness  just  proved,  it  is  enough  to  construct 
the  pair  (r,  9)  locally  on  T.  Hence  we  may  assume  that  T = Spec(-R)  is  affine, 
that  C = Ot  and  that  for  some  / e A+  homogeneous  we  have  ip(f)  generates 
Ot  = O®  dcg^).  In  other  words,  ip(f)  = u £ R*  is  a unit.  In  this  case  the  map  ip 
is  a graded  ring  map 

a — >R[x]  = r*(T,e>T) 

which  maps  / to  uxdeg^\  Clearly  this  extends  (uniquely)  to  a Z-graded  ring  map 
9 : Af  — ► i?[x,x_1]  by  mapping  1//  to  w-1a;-deg^.  This  map  in  degree  zero  gives 
the  ring  map  A^  — > R which  gives  the  morphism  r :T  = Spec (R)  — > Spec (^4(/))  = 
D+(f)  C X.  Hence  we  have  constructed  (r,  9)  in  this  special  case. 

Let  us  show  the  last  statement  of  the  lemma.  According  to  Lemma  |26.12.1|  the 
morphism  constructed  there  is  the  unique  one  such  that  the  displayed  diagram  in 
its  statement  commutes.  The  commutativity  of  the  diagram  in  the  lemma  implies 
the  commutativity  when  restricted  to  V and  A^d\  Whence  the  result.  □ 


Remark  26.14.2.  Assumptions  as  in  Lemma  26.14.1  above.  The  image  of  the 
morphism  rc,ip  need  not  be  contained  in  the  locus  where  the  sheaf  O, y(1)  is  invert- 
ible. Here  is  an  example.  Let  k be  a field.  Let  S = k\A,  B,  C\  graded  by  deg(A)  = 1, 
deg(B)  = 2,  deg(C)  = 3.  Set  X = Proj(S').  Let  T = = Proj (k[X0,Xi,X2]). 

Recall  that  C = Ot{  1)  is  invertible  and  that  Ot{ti)  = £®n.  Consider  the  compo- 
sition ip  of  the  maps 


S->k[X0,XuX2]  ->T.{T,£). 


Here  the  first  map  is  A i— >•  X®,  B >•  X C i— >•  and  the  second  map  is  (26.10.1.3). 

By  the  lemma  this  corresponds  to  a morphism  rc : T — > X = Proj  (S')  which  is 
easily  seen  to  be  surjective.  On  the  other  hand,  in  Remark  26.9.2|  we  showed  that 
the  sheaf  Oa'(1)  is  not  invertible  at  all  points  of  X. 


26.15.  Relative  Proj  via  glueing 


Situation  26.15.1.  Here  S is  a scheme,  and  A is  a quasi-coherent  graded  Os - 
algebra. 

In  this  section  we  outline  how  to  construct  a morphism  of  schemes 

Proj  s (A)  — > S 

by  glueing  the  homogeneous  spectra  Proj(r([/,  ^4))  where  U ranges  over  the  affine 
opens  of  S.  We  first  show  that  the  homogeneous  spectra  of  the  values  of  A over 
affines  form  a suitable  collection  of  schemes,  as  in  Lemma  26.2. 1| 

Suppose  U C U'  C S are  affine  opens.  Let 


26.15.1 


Lemma  26.15.2.  In  Situation 
A = A(U)  and  A'  = A{U').  The  map  of  graded  rings  A1  A induces  a morphism 
r : Proj(A)  — > Proj(A'),  and  the  diagram 


Proj(A) Proj(A') 

y 

U 
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01NP 


01NQ 


01NR 


is  cartesian.  Moreover  there  are  canonical  isomorphisms  6 : r*Oproj(A')(n)  — t 
Oproj{A){ri)  compatible  with  multiplication  maps. 

Proof.  Let  R = Os(U)  and  R'  = Os(U').  Note  that  the  map  R A'  -A  A is 
an  isomorphism  as  A is  quasi-coherent  (see  Schemes,  Lemma  25.7.3  for  example). 
Hence  the  lemma  follows  from  Lemma  [26.11.61  □ 

In  particular  the  morphism  Proj(H)  — > Proj(H/)  of  the  lemma  is  an  open  immersion. 


Lemma  26.15.3.  In  Situation 


26.15.1 


Suppose  U C U'  C U"  C S are  affine 


opens.  Let  A = A(U),  A!  = A(U’)  and  A”  = A(U").  The  composition  of  the 
morphisms  r : Proj(A)  — > Proj(A'),  and  r1  : Proj(A')  — > ProjtyA")  of  Lemma 


26.15.2  gives  the  morphism  r"  : Proj(A)  — > Proj(A ")  of  Lemma  26.15.2  A similar 


statement  holds  for  the  isomorphisms  6. 


Proof.  This  follows  from  Lemma  26.11.2  since  the  map  An 
of  A"  -a  A!  and  A'  -a  A. 


A is  the  composition 
□ 


Lemma  26.15.4.  In  Situation 


26.15.1 


There  exists  a morphism  of  schemes 
7T  : Projs(A)  — S 

with  the  following  properties: 

(1)  for  every  affine  open  U C S there  exists  an  isomorphism  ip  : r~1(U) 
Proj(A)  with  A = A(U),  and 

(2)  for  U C U'  C S affine  open  the  composition 


Proj(A) 


-1 

lU 


->■  7 r 


-l 


(U) 


Proj(A') 


with  A = A(U),  A!  = A(U')  is  the  open  immersion  of  Lemma  26.15.2 
above. 


Proof.  Follows  immediately  from  Lemmas  26.2.1  26.15.2[  and  26.15.3| 
Lemma  26.15.5.  In  Situation 


□ 


26.15.1 


The  morphism  tt  : Projs(A)  —>  S of 
Lemma\26.15.4\  comes  with  the  following  additional  structure.  There  exists  a quasi- 
coherent  Z-graded  sheaf  of  Oproj  (yq-alge&ras  ©„6Z  Oproj  (yi)(n);  and  a morphism 
of  graded  Os -algebras 


if  -.A  » ®;^07T*  ( Oproj?(A)(n ) 


uniquely  determined  by  the  following  property:  For  every  affine  open  U C S with 
A = A(U ) there  is  an  isomorphism 


°u  ■ ip  (®n£Z  Oproj(A){n ) 
of  Z-graded  O^-i^p)- algebras  such  that 

An  


{26.10.1.3 

T(Proj(A),  O proj(A)  (,n)) 


V(U),0 


Projs(A)  in)) 


is  commutative. 
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Proof.  We  are  going  to  use  Lemma[26.2.2|to  glue  the  sheaves  of  Z-graded  algebras 
®ngz  ^Proj (A)(n)  for  A = A(U),  U C S affine  open  over  the  scheme  Proj^(A).  We 
have  constructed  the  data  necessary  for  this  in  Lemma  26.15.2  and  we  have  checked 
condition  (d)  of  Lemma  26.2.2  in  Lemma  |26.15.3  Hence  we  get  the  sheaf  of  Z- 
graded  0proj  (^n-algebras  (Bnez^Proj  (A)vv  together  with  the  isomorphisms  Ojj 
for  all  U C S affine  open  and  all  n £ Z.  For  every  affine  open  U C S with 
A = A(U)  we  have  a map  A -A  r(Proj(A),  ®ra>0  ^Proj(A)(n))-  Hence  the  map 
ip  exists  by  functoriality  of  relative  glueing,  see  Remark  |26.2.3|  The  diagram  of 
the  lemma  commutes  by  construction.  This  characterizes  the  sheaf  of  Z-graded 
Oproj  (^-algebras  ® Oproj  ( A)(n ) because  the  proof  of  Lemma 


26.11.1 


shows  that 


_ is v ' _ — -s v _ 

having  these  diagrams  commute  uniquely  determines  the  maps  Ujj-  Some  details 

omitted.  □ 


26.16.  Relative  Proj  as  a functor 


We  place  ourselves  in  Situation 
a quasi-colierent  graded  Os-alge 


26.15.1 
ITT 


>ra. 


So  S'  is  a scheme  and  A = is 

this  section  we  relativize  the  construction 


of  Proj  by  constructing  a functor  which  the  relative  homogeneous  spectrum  will 
represent.  As  a result  we  will  construct  a morphism  of  schemes 


Proj  o (A)  — > S 

which  above  affine  opens  of  S will  look  like  the  homogeneous  spectrum  of  a graded 
ring.  The  discussion  will  be  modeled  after  our  discussion  of  the  relative  spectrum 
in  Section  26. 4|  The  easier  method  using  glueing  schemes  of  the  form  Proj  (A), 
A = T(U,A),  U C S affine  open,  is  explained  in  Section  26.15  and  the  result  in 
this  section  will  be  shown  to  be  isomorphic  to  that  one. 


Fix  for  the  moment  an  integer  d > 1.  We  denote  A ^ = ®n>0  And  similarly  to  the 
notation  in  Algebra,  Section [10.551  Let  T be  a scheme.  Let  us  consider  quadruples 
(d,  f : T — >•  S,  over  T where 

(1)  d is  the  integer  we  fixed  above, 

(2)  / : T — > S is  a morphism  of  schemes, 

(3)  C is  an  invertible  0T-module,  and 

(4)  ip  : f*A ^ ®„>0^<gln  is  a homomorphism  of  graded  Or-algebras  such 

that  f*Ad  — > C.  is  surjective. 

Given  a morphism  h : T'  — » T and  a quadruple  (d,  /,  C,ip)  over  T we  can  pull  it 
back  to  the  quadruple  (d,  foh,  h* C , h*ip)  over  T' . Given  two  quadruples  (d,  /,  jC,  ip) 
and  (d,  /' , C , ip')  over  T with  the  same  integer  d we  say  they  are  strictly  equivalent 
if  / = /,  anci  there  exists  an  isomorphism  /3  : £ — >■  £'  such  that  0 o ip  = ip'  as 
graded  Or-algebra  maps  f*A<'d'>  — ► ®n>0(£,)'Sm- 


For  each  integer  d > 1 we  define 


Fd  : Schopp 
T 


Sets, 

{strict  equivalence  classes  of  (d,  / : T — > S,£,ip)  as  above} 


with  pullbacks  as  defined  above. 


Lemma  26.16.1.  In  Situation 
to  ( S , A)  above.  Let  g : S'  -A  S 


26.15.1 


Let  d > 1 . Let  Fd  be  the  functor  associated 
be  a morphism  of  schemes.  Set  A!  = g*  A.  Let  F'd 
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01NV 


be  the  functor  associated  to  (S',  A1)  above.  Then  there  is  a canonical  isomorphism 

F'd  — hs>  x hs  Fa 

of  functors. 

Proof.  A quadruple  (d,  f : T -A-  S' ,£' ,ip'  : (f')*(A')W  -a  ©n>0(£')®”)  is  the 
same  as  a quadruple  (d,  f,C,tp  : f*A^d ^ —¥  ©„>0  £®n)  together  with  a factorization 
of  / as  / = g o f . Namely,  the  correspondence  is  / = g o f,  C = C and  if  = ip'  via 
the  identifications  (/')*(A')(d)  = ( f')*g*(A (d))  = /*A(d).  Hence  the  lemma.  □ 


Lemma  26.16.2.  In  Situation  26.15.1  Let  Fd  be  the  functor  associated  to 
( d,S,A ) above.  If  S is  affine,  then  Fd  is  representable  by  the  open  subscheme 
Ud  (26.12.0.1)  of  the  scheme  Proj(T (S , A)) . 

Proof.  Write  S = Spec (R)  and  A = T(S,  A).  Then  A is  a graded  A-algebra  and 
A = A.  To  prove  the  lemma  we  have  to  identify  the  functor  Fd  with  the  functor 
ptnpies  |-ripieg  (tegneci  jn  Section 


26.12 


Let  (d,  f : T -A  S,C,ip)  be  a quadruple.  We  may  think  of  ip  as  a Os-module 
map  A ^ — > ©„>0  /*£®n.  Since  A ^ is  quasi-coherent  this  is  the  same  thing  as 
an  f?-linear  homomorphism  of  graded  rings  A (d)  -A  T(S',  ®„>0  /*£®n).  Clearly, 
P(5',  ®n>0  /*£®n)  = T*(T,  £).  Thus  we  may  associate  to  the  quadruple  the  triple 

{d,C,ip)7 

Conversely,  let  ( d,C,ip ) be  a triple.  The  composition  R — >•  A0  — > T(T,Ot)  de- 
termines a morphism  / : T — ► S = Spec (R),  see  Schemes,  Lemma  25.6. 4|  With 
this  choice  of  / the  map  A'd>  — ► T(S,  ©n>0  /*£®n)  is  A-linear,  and  hence  corre- 
sponds to  a ip  which  we  can  use  for  a quadruple  (d,  f : T S,  £,  ip).  We  omit  the 
verification  that  this  establishes  an  isomorphism  of  functors  Fd  = Fd 


triples 


□ 


Lemma  26.16.3. 

scheme. 


In  Situation  26.15.1 


The  functor  Fd  is  representable  by  a 


Proof.  We  are  going  to  use  Schemes,  Lemma |25.15.4| 

First  we  check  that  Fd  satisfies  the  sheaf  property  for  the  Zariski  topology.  Namely, 
suppose  that  T is  a scheme,  that  T = Uiez  Ui  is  an  open  covering,  and  that 
( d,fi,Ci,ipi ) G Fd(Ui)  such  that  (d,  fi:  C.nipi) \UirUj  and  (d,  fjt  £, , ipj)\UirUj  are 
strictly  equivalent.  This  implies  that  the  morphisms  /,;  : Ut  —>■  S glue  to  a mor- 
phism of  schemes  / : T -A  S such  that  f\ii  = ft,  see  Schemes,  Section  25.14  Thus 
f*Al'd')  = f*A^\ui-  It  also  implies  there  exist  isomorphisms  /3 ij  : Alc/.nu-  — t 
£j\uinu  such  that  /3ij  o ipi  = ipj  on  A D Uj.  Note  that  the  isomorphisms  /A  are 
uniquely  determined  by  this  requirement  because  the  maps  f*  Ad  — t A are  surjec- 
tive. In  particular  we  see  that  (3jk  o = /3ik  on  Ui  fl  Uj  D Uk-  Hence  by  Sheaves, 
Section  |6.33|  the  invertible  sheaves  A glue  to  an  invertible  Op-module  £ and  the 
morphisms  ipi  glue  to  morphism  of  Op-algebras  ip  : f*A<'d 1 — ► ®n>0£®".  This 
proves  that  Fd  satisfies  the  sheaf  condition  with  respect  to  the  Zariski  topology. 

Let  S = Ujcj  Ui  be  an  affine  open  covering.  Let  Fdl  C Fd  be  the  subfunctor 
consisting  of  those  pairs  (/  : T — > S,  ip)  such  that  f(T)  C A- 

We  have  to  show  each  Fd,i  is  representable.  This  is  the  case  because  Fdl  is  identified 
with  the  functor  associated  to  Ui  equipped  with  the  quasi-coherent  graded  Out- 


algebra  A\uf)  by  Lemma  26.16.1  Thus  the  result  follows  from  Lemma  26.16.2 
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Next  we  show  that  Fdd  C Fd  is  representable  by  open  immersions.  Let  (/  : T — A 
S,ip)  £ Fd(T).  Consider  Vi  = /-1(fZ $).  It  follows  from  the  definition  of  Fd d that 
given  a : T'  — A T we  gave  a*(f , ip)  £ Fdyi(T')  if  and  only  if  a(T')  C V,.  This  is  what 
we  were  required  to  show. 

Finally,  we  have  to  show  that  the  collection  (Fdd)i^j  covers  Fd ■ Let  (/  : T — A 
S,ip)  £ Fd(T).  Consider  V)  = f~1(Ui).  Since  S = UigJ  Ui  is  an  open  covering  of 
S we  see  that  T = Uie,  Vi  is  an  open  covering  of  T.  Moreover  (/,  <p)\vi  £ Fd,i{Vi). 
This  finishes  the  proof  of  the  lemma.  □ 


At  this  point  we  can  redo  the  material  at  the  end  of  Section  26.12|  in  the  current 
relative  setting  and  define  a functor  which  is  representable  by  Projs(A).  To  do  this 
we  introduce  the  notion  of  equivalence  between  two  quadruples  (d,  f : T —A  S,  £,  ip) 
and  (d',f  : T —A  S,£',ip')  with  possibly  different  values  of  the  integers  d,d'. 
Namely,  we  say  these  are  equivalent  if  / = f,  and  there  exists  an  isomorphism 
/?  : C®d’  -A  (£')®d  such  that  /3  o ip\f,^dd’)  = ip'\  The  following  lemma 

implies  that  this  defines  an  equivalence  relation.  (This  is  not  a complete  triviality.) 


In  Situation 


26.15.1 


Lemma  26.16.4. 

(d1 , f , C! ,ip')  be  two  quadruples  overT. 
(1) 


(2) 

(3) 


Let  T be  a scheme.  Let  (d,  /,  £,ip), 
'he  following  are  equivalent: 

Let  m = lcm(d , d').  Write  m = ad  = a' d' . We  have  f = f and  there  ex- 
ists an  isomorphism  j3  : C®a  -A  (£')®“  with  the  property  that  /3oip\p^(m) 
and  ip'\f»Aim)  agree  as  graded  ring  maps  f*Al'rn'>  —A  ©„>0(£')®m". 

The  quadruples  (d,f,£,ip)  and  (d' , f',C,  ip')  are  equivalent. 

We  have  f = f and  for  some  positive  integer  m = ad  = a' d'  there  exists 
an  isomorphism  fl  : £®a  -A  (£')®a  with  the  property  that  /3  o ip 
and  ip' agree  as  graded  ring  maps  -A 


Proof.  Clearly  (1)  implies  (2)  and  (2)  implies  (3)  by  restricting  to  more  divisible 
degrees  and  powers  of  invertible  sheaves.  Assume  (3)  for  some  integer  m = ad  = 


' d! . Let  mg  = lcm (d,d')  and  write  it  as  Too  = a^d  = 


a'0d'. 


We  are  given  an 


isomorphism  /3  : £®a  -A  (£')®a  with  the  property  described  in  (3).  We  want  to 
find  an  isomorphism  j3o  '■  £®a°  -A  (£')®ao  having  that  property  as  well.  Since  by 
assumption  the  maps  ip  : f*Ad  -A  C and  ip'  : ( f')*Ad > -A  C are  surjective  the  same 
is  true  for  the  maps  ip  : f*Amo  -A  £®“°  and  ip'  : ( f')*Amo  -A  (£')®“°.  Hence  if 
/3q  exists  it  is  uniquely  determined  by  the  condition  that  /30  ° ip  = ip' . This  means 
that  we  may  work  locally  on  T.  Hence  we  may  assume  that  f = f : T —>  S maps 
into  an  affine  open,  in  other  words  we  may  assume  that  S is  affine.  In  this  case 
the  result  follows  from  the  corresponding  result  for  triples  (see  Lemma  26.12.4)  and 
the  fact  that  triples  and  quadruples  correspond  in  the  affine  base  case  (see  proof  of 
Lemma  26.16.2 ).  □ 


Suppose  d'  = ad.  Consider  the  transformation  of  functors  Fd  -A  Fd>  which  assigns 
to  the  quadruple  (d,  /,  £,  ip)  over  T the  quadruple  (d' , /,  £®a,  ip\  f .^(dq).  One  of  the 
implications  of  Lemma|26.16.4|is  that  the  transformation  Fd  -A  Fd / is  injective!  For 
a quasi-compact  scheme  T we  define 

fm  = U„eN«r) 

with  transition  maps  as  explained  above.  This  clearly  defines  a contravariant  func- 
tor on  the  category  of  quasi-compact  schemes  with  values  in  sets.  For  a general 


26.16.  RELATIVE  PROJ  AS  A FUNCTOR 


1885 


scheme  T we  define 


-^(T)  — liniycT  quasi-compact  open  I ' ( Y ) • 

In  other  words,  an  element  £ of  F(T)  corresponds  to  a compatible  system  of  choices 
of  elements  £y  € F(V)  where  V ranges  over  the  quasi-compact  opens  of  T.  We 
omit  the  definition  of  the  pullback  map  F(T)  — > F(T')  for  a morphism  T'  — > T of 
schemes.  Thus  we  have  defined  our  functor 


01NX  (26.16.4.1) 

01NY  Lemma  26.16.5. 

a scheme. 


F : Schopp  — ► Sets 


In  Situation 


26.15.1. 


The  functor  F above  is  representable  by 


Proof.  Let  Ud  — ► S be  the  scheme  representing  the  functor  F,i  defined  above.  Let 
V ■ -t  ©„>0  Cfn  be  the  universal  object.  If  d\d' , then  we  may  con- 

sider the  quadruple  (d',  7r<j,  C^d  ^ d , ifd\yd') ) which  determines  a canonical  morphism 
Ud  — > Ud>  over  S.  By  construction  this  morphism  corresponds  to  the  transformation 
of  functors  Fd  — > F#  defined  above. 


For  every  affine  open  Spec (i?)  = V C S setting  A = T(1/,_4)  we  have  a canonical 
identification  of  the  base  change  Ud}v  with  the  corresponding  open  subscheme  of 
Proj  (A),  see  Lemma  26.16.2  Moreover,  the  morphisms  Ud,v  — i ► Ud',v  constructed 
above  correspond  to  the  inclusions  of  opens  in  Proj  (A).  Thus  we  conclude  that 
Ud  — > Ud>  is  an  open  immersion. 


This  allows  us  to  construct  X by  glueing  the  schemes  Ud  along  the  open  immersions 
Ud  — > Ud1-  Technically,  it  is  convenient  to  choose  a sequence  • • • such  that 

every  positive  integer  divides  one  of  the  d*  and  to  simply  take  A"  = (J  Udt  using  the 
open  immersions  above.  It  is  then  a simple  matter  to  prove  that  X represents  the 
functor  F.  □ 


01NZ 


Lemma  26.16.6.  In  Situation 


26.15.1 


The  scheme  7r  : Proj  (A)  — > S constructed 


in  Lemma\26.15.4\  and  the  scheme  representing  the  functor  F are  canonically  iso- 
morphic as  schemes  over  S. 


Proof.  Let  X be  the  scheme  representing  the  functor  F.  Note  that  A'  is  a scheme 
over  S since  the  functor  F comes  equipped  with  a natural  transformation  F — * hs- 
Write  Y = Projs(„4).  We  have  to  show  that  A = Y as  S'-schemes.  We  give  two 
arguments. 


The  first  argument  uses  the  construction  of  X as  the  union  of  the  schemes  Ud 
representing  Fd  in  the  proof  of  Lemma |26.16.5|  Over  each  affine  open  of  S we  can 
identify  X with  the  homogeneous  spectrum  of  the  sections  of  A over  that  open,  since 
this  was  true  for  the  opens  Ud-  Moreover,  these  identifications  are  compatible  with 
further  restrictions  to  smaller  affine  opens.  On  the  other  hand,  Y was  constructed 
by  glueing  these  homogeneous  spectra.  Hence  we  can  glue  these  isomorphisms  to 
an  isomorphism  between  X and  Proj  J.A)  as  desired.  Details  omitted. 

Here  is  the  second  argument.  Lemma  |26. 15. 5|  shows  that  there  exists  a morphism 
of  graded  algebras 


if  : 7 t*A  — » 0 0Y{n) 

n > ( ) 


over  Y which  on  sections  over  affine  opens  of  S agrees  with  (26.10.1.31.  Hence 
for  every  y £ Y there  exists  an  open  neighbourhood  V C Y of  y and  an  integer 
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0100 


0101 


d > 1 such  that  for  d\n  the  sheaf  Oy{ji)\v  is  invertible  and  the  multiplication  maps 
Oy{n)\v  ®ov  CV(TO)lv  — > Oy(n  + m)\y  are  isomorphisms.  Thus  if  restricted  to 
the  sheaf  7t*4^|v  gives  an  element  of  Fd(V).  Since  the  opens  V cover  Y we  see 
“if)”  gives  rise  to  an  element  of  F(Y).  Hence  a canonical  morphism  Y — ► X over  S. 
Because  this  construction  is  completely  canonical  to  see  that  it  is  an  isomorphism 
we  may  work  locally  on  S.  Hence  we  reduce  to  the  case  S affine  where  the  result 
is  clear.  □ 


Definition  26.16.7.  Let  S'  be  a scheme.  Let  A be  a quasi-coherent  sheaf  of  graded 
Os-algebras.  The  relative  homogeneous  spectrum  of  A over  S,  or  the  homogeneous 
spectrum  of  A over  S , or  the  relative  Proj  of  A over  S is  the  scheme  constructed 


in  Lemma  26.15.4  which  represents  the  functor  F (26.16.4.1),  see  Lemma  26.16.6 
We  denote  it  7r  : Proj  (.4)  -A  S. 


The  relative  Proj  comes  equipped  with  a quasi-coherent  sheaf  of  Z-graded  algebras 
®ngZ  C,Projg(.A)(rl)  (the  twists  of  the  structure  sheaf)  and  a “universal”  homomor- 
phism of  graded  algebras 

'ifouniv  '■•A—tTT*  (0  °ProjsM)W) 

see  Lemma  |26. 15 .5[  We  may  also  think  of  this  as  a homomorphism 

'Ipuniv  • 7T  A.  y ^Proj  (.A)  (^) 

if  we  like.  The  following  lemma  is  a formulation  of  the  universality  of  this  object. 


Lemma  26.16.8.  In  Situation  26.15.1.  Let  (/  : T -A  S,d,C,ip)  be  a quadru- 
ple. Let  rdtc,ij>  : T — > Projs(A)  be  the  associated  S -morphism.  There  exists  an 
isomorphism  of  Z-graded  C>T-algebras 


9 : 


(© 


nez  0pL°Is 


(A)(nd) 


® £®n 


such  that  the  following  diagram  commutes 


7T* 


^ Proj  ? 


The  commutativity  of  this  diagram  uniquely  determines  9. 

Proof.  Note  that  the  quadruple  (/  : T — > S,d,C,ip)  defines  an  element  of  Fd{T). 
Let  Ud  C Proj  (4)  be  the  locus  where  the  sheaf  Oproj  (A)(^)  is  invertible  and 
generated  by  the  image  of  i \)uniV  : 7r*4d  — > Oproj , (A)  (d) . Recall  that  Ud  represents 
the  functor  Fd,  see  the  proof  of  Lemma  [26. 16. 5[  Hence  the  result  will  follow  if  we 
can  show  the  quadruple  (Ud  — t S,d1Oud(d),ipuniV\A<d))  is  the  universal  family,  i.e., 
the  representing  object  in  Fd(Ud ).  We  may  do  this  after  restricting  to  an  affine 
open  of  S because  (a)  the  formation  of  the  functors  Fd  commutes  with  base  change 
(see  Lemma  26.16.1),  and  (b)  the  pair  (©ngz  Oproj  (A)(n);  'f’univ)  is  constructed 
by  glueing  over  affine  opens  in  S (see  Lemma  26.15.5|).  Hence  we  may  assume  that 
S is  affine.  In  this  case  the  functor  of  quadruples  Fd  and  the  functor  of  triples 
Fd  agree  (see  proof  of  Lemma  26.16.2|)  and  moreover  Lemma  26.12.2  shows  that 
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(d,  Ojjd{d),  ifd)  is  the  universal  triple  over  Ud-  Going  backwards  through  the  identi- 
fications in  the  proof  of  Lemma  26.16.2  shows  that  {Ud  — > S,  d,  Oud{d),ifuniv\^d)) 
is  the  universal  quadruple  as  desired.  □ 


0102 


Lemma  26.16.9.  Let  S be  a scheme  and  A be  a quasi- coherent  sheaf  of  graded 
Os -algebras.  The  morphism  tt  : Projs{A ) -A  S is  separated. 


Proof.  To  prove  a morphism  is  separated  we  may  work  locally  on  the  base,  see 
Schemes,  Section 


25.21 


By  construction  Proj  (.4)  is  over  any  affine  U C S iso- 
morphic to  Proj (A)  with  A = A{U).  By  Lemma  26.8.8  we  see  that  Proj(H)  is 
separated.  Hence  Proj  (.4)  -At/  is  separated  (see  Schemes,  Lemma  25.21.14)  as 
desired.  □ 


0103  Lemma  26.16.10.  Let  S be  a scheme  and  A be  a quasi- coherent  sheaf  of  graded 
Os-algebras.  Let  g : S'  -A  S'  be  any  morphism  of  schemes.  Then  there  is  a canonical 
isomorphism 

r : Projs,{g*A ) — ■>  S'  xs  Proj?(A) 
as  well  as  a corresponding  isomorphism 

of  Z-graded  Oproj  ((9».a)- algebras. 


'da z 'Pms(A)(d) 


©d6Z  °PmgA9*A)(d) 


Proof.  This  follows  from  Lemma  26.16.1  and  the  construction  of  Proj  ^(.4)  in 
Lemma  |26. 16. 5|  as  the  union  of  the  schemes  Ud  representing  the  functors  Fd-  In 
terms  of  the  construction  of  relative  Proj  via  glueing  this  isomorphism  is  given 
by  the  isomorphisms  constructed  in  Lemma  |26.11.6|  which  provides  us  with  the 
isomorphism  6.  Some  details  omitted.  □ 


0104  Lemma  26.16.11.  Let  S be  a scheme.  Let  A be  a quasi- coherent  sheaf  of 
graded  Os-modules  generated  as  an  A^-algebra  by  A\.  In  this  case  the  scheme 
X = Projs(A ) represents  the  functor  -Fj  which  associates  to  a scheme  f : T -a  S 
over  S the  set  of  pairs  {C,if),  where 

(1)  £ is  an  invertible  Op-module,  and 

(2)  if  : f*  A -A  0n>o  £®n  is  a graded  Op-algebra  homomorphism  such  that 
f*Ai  -A  £ is  surjective 

up  to  strict  equivalence  as  above.  Moreover,  in  this  case  all  the  quasi- coherent 
sheaves  Opro^^{n)  are  inveHible  O proj(A)~ modules  and  the  multiplication  maps 
induce  isomorphisms  OprojjA)^)  °Proj(A) (m)  = Oproj(A) {n  + m). 

Proof.  Under  the  assumptions  of  the  lemma  the  sheaves  O proj(A)  in)  are  invertible 

over  affine  opens  of  S.  Thus  X actually  represents  the  functor  F\,  see  proof  of 
Lemma  126.16.51  □ 


and  the  multiplication  maps  isomorphisms  by  Lemma  26.16. 5|  and  Lemma  26.12.3 


26.17.  Quasi-coherent  sheaves  on  relative  Proj 

0105  We  briefly  discuss  how  to  deal  with  graded  modules  in  the  relative  setting. 

We  place  ourselves  in  Situation [26T5TJ  So  S'  is  a scheme,  and  A is  a quasi-coherent 
graded  (Pg-algebra.  Let  M = ©nez  be  a graded  .4-module,  quasi-coherent 
as  an  (Pg-module.  We  are  going  to  describe  the  associated  quasi-coherent  sheaf  of 
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modules  on  Proj  (.4).  We  first  describe  the  value  of  this  sheaf  schemes  T mapping 
into  the  relative  Proj. 


Let  T be  a scheme.  Let  (d,  f : T —$■  S,  C.  ib)  be  a quadruple  over  T,  as  in  Section 


0106  (26.17.0.1)  Mt  = (/*M{d)  ®f.Aw  (®neZ£®n))0 

So  Mt  is  the  degree  0 part  of  the  tensor  product  of  the  graded  /*4(d)-modules  M A) 
and  ©„eZ  £®n.  Note  that  the  sheaf  Mt  depends  on  the  quadruple  even  though 
we  suppressed  this  in  the  notation.  This  construction  has  the  pleasing  property 
that  given  any  morphism  g : T'  T we  have  Mt1  — 9* Mt  where  Mt1  denotes 
the  quasi-coherent  sheaf  associated  to  the  pullback  quadruple  (d,  fog , g*£ , g*ip). 


26.16 


We  define  a quasi-coherent  sheaf  Mt  of  CV-modules  as  follows 


Since  all  sheaves  in  (26.17.0.1)  are  quasi-coherent  we  can  spell  out  the  construction 
over  an  affine  open  Spec(C)  = V C T which  maps  into  an  affine  open  Spec(-R)  = 
U C S.  Namely,  suppose  that  A\u  corresponds  to  the  graded  i?-algebra  A,  that 
M\u  corresponds  to  the  graded  4-module  M,  and  that  C\v  corresponds  to  the 
invertible  (7-module  L.  The  map  ip  gives  rise  to  a graded  P-algebra  map  7 : AA>  — > 
©„>  0L®n-  (Tensor  powers  of  L over  C .)  Then  (Mt)\v  is  the  quasi-coherent  sheaf 
associated  to  the  (7-module 


Nr,c,a,m,~i  = 


By  assumption  we  may  even  cover  T by  affine  opens  V such  that  there  exists  some 
a £ Ad  such  that  7 (a)  £ L is  a (7-basis  for  the  module  L.  In  that  case  any  element 
of  Nntc,A,M,7  is  a sum  of  pure  tensors  Yf,  mi  ® 7 (a)~ni  with  m £ Mnid ■ In  fact  we 
may  multiply  each  m,;  with  a suitable  positive  power  of  a and  collect  terms  to  see 
that  each  element  of  Nr}c,a,m,  7 can  be  written  asm®  7 {a)~n  with  m £ Mnd  and 
n 0.  In  other  words  we  see  that  in  this  case 


Nr,C,A,M, T = -^(o)  ®A(a)  C 


where  the  map  A^  — ► C is  the  map  x/an  i-A  7(x)/7 {a)n.  In  other  words,  this 
is  the  value  of  M on  D+(a)  C Proj(A)  pulled  back  to  Spec((7)  via  the  morphism 
Spec(C)  — > D+(a)  coming  from  7. 


0107  Lemma  26.17.1.  In  Situation  26.15.1  For  any  quasi-coherent  sheaf  of  graded 
A-modules  M on  S,  there  exists  a canonical  associated  sheaf  of  Oproj  (A)- modules 

M with  the  following  properties: 

(1)  Given  a scheme  T and  a quadruple  ( T — » S,d,£,ip)  overT  corresponding 
to  a morphism  h : T Projs(A)  there  is  a canonical  isomorphism  Mt  = 

h*M  where  Mt  is  defined  by  (26.17.0.1). 

(2)  The  isomorphisms  of  (1)  are  compatible  with  pullbacks. 

(3)  There  is  a canonical  map 


tt*M0  —>M. 

(4)  The  construction  M 1— > M is  functorial  in  M . 

(5)  The  construction  M > M is  exact. 


26.18.  FUNCTORIALITY  OF  RELATIVE  PROJ 


1889 


07ZF 

07ZG 


07ZH 

07ZI 


(6)  There  are  canonical  maps 

M ®omg{A)  N — > 

as  in  Lemma  [ 26. 9. 11 

(7)  There  exist  canonical  maps 

n*M  — > 0nez  M(n) 

generalizing  \26.10.lH). 

(8)  The  formation  of  A4  commutes  with  base  change. 

Proof.  Omitted.  We  should  split  this  lemma  into  parts  and  prove  the  parts  sepa- 
rately. □ 


26.18.  Functoriality  of  relative  Proj 


This  section  is  the  analogue  of  Section  26.11  for  the  relative  Proj.  Let  S'  be  a 
scheme.  A graded  Og-algebra  map  if  : A — t B does  not  always  give  rise  to  a 
morphism  of  associated  relative  Proj.  The  correct  result  is  stated  as  follows. 

Lemma  26.18.1.  Let  S be  a scheme.  Let  A,  B be  two  graded  quasi- coherent  Os- 
algebras.  Set  p : X = Projs(A)  — t S and  q : Y = Projs(B ) — ► S.  Let  if  : A B be 
a homomorphism  of  graded  Os-algebras.  There  is  a canonical  open  U(ip)  C Y and 
a canonical  morphism  of  schemes 

r^  ■■  U (ip)  — > A 

over  S and  a map  of  Z-graded  Oy^y  algebras 

o = e^.r;  (0dez  ox(d))  ->  0dez  ouw(d). 

The  triple  (U(ip),r^,,6)  is  characterized  by  the  property  that  for  any  affine  open 
W C S the  triple 

(U(ip)  np_1W,  r^\u(i,)np-iw  : U(ip)  np~xW  — t q~1W,  9\UWnp-iw) 
is  equal  to  the  triple  associated  to  ip  : A(W)  — > B(W)  in  Lemma\26 . 1 1 . 1\  via  the 


identifications  p 1W  = Proj(A(W ))  and  q XW  = Proj(B(W ))  of  Section 
Proof.  This  lemma  proves  itself  by  glueing  the  local  triples. 


26.15 


□ 


Lemma  26.18.2.  Let  S be  a scheme.  Let  A,  B , and  C be  quasi- coherent  graded 
Os-algebras.  Set  X = Projs(A),  Y = Projs(B ) and  Z = Projs(C).  Let  <p  : A—t  B, 
ip  : B — » C be  graded  Os -algebra  maps.  Then  we  have 

U(ipotp)  = r~1(U(ip))  and  r^  = rvo^|^0(p). 


dip  o 9 [p 


In  addition  we  have 

with  obvious  notation. 

Proof.  Omitted. 

Lemma  26.18.3.  With  hypotheses  and  notation  as  in  Lemma 
Assume  Ad  — > Bd  is  surjective  for  d 0.  Then 

(1)  U(if)  = Y, 

(2)  r^,  :Y  -A  X is  a closed  immersion,  and 


26.18.1 


□ 

above. 
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(3)  the  maps  6 : r^Ox(n)  -A  Oy(n)  are  surjective  but  not  isomorphisms  in 
general  (even  if  A — > B is  surjective) . 


Proof.  Follows  on  combining  Lemma [26. 18. 1|  with  Lemma  26.11.3 


□ 


07ZJ  Lemma  26.18.4.  With  hypotheses  and  notation  as  in  Lemma 
Assume  Ad  — > Bd  is  an  isomorphism  for  all  d 0.  Then 

(1)  U&)  = Y, 

(2)  r$  : Y -A  X is  an  isomorphism , and 

(3)  the  maps  6 : r^Ox^n)  -A  Oy(n)  are  isomorphisms. 

Proof.  Follows  on  combining  Lemma [26. 18. 1|  with  Lemma |26.11.4| 
07ZK  Lemma  26.18.5.  With  hypotheses  and  notation  as  in  Lemma 


26.18.1 


above. 


Assume  Ad 
Then 


26.18.1 


□ 


above. 


Bd  is  surjective  for  d > 0 and  that  A is  generated  by  A\  over  Ao . 


(1)  [/(VO  = Y, 

(2)  ry,  : Y — ► X is  a closed  immersion,  and 

(3)  the  maps  9 : r^Oxin)  — > Oy{n)  are  isomorphisms. 

Proof.  Follows  on  combining  Lemma|26.18.1|  with  Lemma|26.11.5|  □ 
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It  seems  that  we  may  need  the  following  lemma  somewhere.  The  situation  is  the 
following: 


(1)  Let  S'  be  a scheme. 

(2)  Let  A be  a quasi-coherent  graded  Og-algebra. 

(3)  Denote  7 r : Projs(M)  -A  S the  relative  homogeneous  spectrum  over  S. 

(4)  Let  f : X S be  a morphism  of  schemes. 

(5)  Let  £ be  an  invertible  Ox-module. 

(6)  Let  V>  : f*A  -A  ©d>0  be  a homomorphism  of  graded  Ox-algebras. 
Given  this  data  set 

where  (U,  V , a)  satisfies: 


(1)  V C S affine  open, 

(2)  U = f~\V),  and 

(3)  a £ A(V)+  is  homogeneous. 


Namely,  then  if(a)  £ F(U,  £®deg(a))  and  U.^ya)  is  the  corresponding  open  (see  Mod- 
ules, Lemma  17.21.10|) . 


0109  Lemma  26.19.1.  With  assumptions  and  notation  as  above.  The  morphism  if 
induces  a canonical  morphism  of  schemes  over  S 


Lc,i/>  -U(ip)  — > Proj ? (A) 
together  with  a map  of  graded  Ou^y algebras 

9 '■  rGb  ((Bd>o0Ems(Md))  — * ©d>0£8<,|PW) 

characterized  by  the  following  properties: 
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(1)  For  every  open  V C S and  every  d > 0 the  diagram 


MV) 


r(. f~\v),c®d) 


*!> 


r(7T-\v),Op^s(A)(d)) 


e 


restrict 

Y 


is  commutative. 

(2)  For  any  d>  1 and  any  open  subscheme  W C X such  that  if  \w  ■ f*Ad\w  —■ y 
C®d\  w is  surjective  the  restriction  of  the  morphism  rc,ij>  agrees  with  the 
morphism  W — > Projq(A)  which  exists  by  the  construction  of  the  relative 
homogeneous  spectrum , see  Definition\26.1 677 

(3)  For  any  affine  open  V C S,  the  restriction 


n / (V),rc,i/i\u(^)nf-1(v)yd\u(-ii>)nf-1(v)) 


Lemma 

induced 


agrees  via  iy  (see  Lemma  26.15.4 ) with  the  triple  ([/(?//), re  of 

'*{f-KV),C \f-HV)) 


26.14-1  associated  to  the  map  if'  : A = A(V) 
by  if- 


Proof.  Use  characterization  (3)  to  construct  the  morphism  rc and  6 locally  over 
S.  Use  the  uniqueness  of  Lemma  |26.14.1|  to  show  that  the  construction  glues. 
Details  omitted.  □ 


26.20.  Twisting  by  invertible  sheaves  and  relative  Proj 

02NB  Let  S be  a scheme.  Let  A = ©^>0  Ad  be  a quasi-coherent  graded  Os-algebra.  Let 
C be  an  invertible  sheaf  on  S.  In  this  situation  we  obtain  another  quasi-coherent 
graded  Os-algebra,  namely 

6 = ©c,*«°>£8' 

It  turns  out  that  A and  B have  isomorphic  relative  homogeneous  spectra. 

02NC  Lemma  26.20.1.  With  notation  S,  A,  C and  B as  above.  There  is  a canonical 
isomorphism 

P = Projs(A) >-  Proj?{B)  = P' 

S 


with  the  following  properties 

(1)  There  are  isomorphisms  6n  : g*Op'{n ) — > Op(n)  0 7r*£®”  which  fit  to- 
gether to  give  an  isomorphism  of  Z-graded  algebras 


6 ■ g*  (®nez  0p'(n))  ®n6z  °p(n)  ® 7r*£®" 
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OlOA 


OlOB 


OlOC 


(2)  For  every  open  V C S the  diagrams 
An(V)®C®n(V) 

■0(g)  7r* 


multiply 


Bn{V) 


r(7T-1V,  Op{n))  ® r(7T-1  V,  TT*C®n) 

multiply 

r(7T-1V,  Op(n)  g>  n*£®n) 


-r(n'-1V,0P.(n)) 


are  commutative. 

(3)  Add  more  here  as  necessary. 


Proof.  This  is  the  identity  map  when  C = Os-  In  general  choose  an  open  covering 
of  S such  that  C is  trivialized  over  the  pieces  and  glue  the  corresponding  maps. 
Details  omitted.  □ 


26.21.  Projective  bundles 


Let  S be  a scheme.  Let  £ be  a quasi-coherent  sheaf  of  Os-modules.  By  Modules, 
Lemma  17.18.6  the  symmetric  algebra  Sym(£)  of  £ over  Os  is  a quasi-coherent 
sheaf  of  Os-algebras.  Note  that  it  is  generated  in  degree  1 over  Os-  Hence  it 
makes  sense  to  apply  the  construction  of  the  previous  section  to  it,  specifically 
Lemmas  126.16.51  and  126. 16. Ill 

Definition  26.21.1.  Let  S'  be  a scheme.  Let  £ be  a quasi-coherent  Os-modul^] 
We  denote 

tt  : P(£)  = Proj  0(Sym(S))  — > S 

and  we  call  it  the  projective  bundle  associated  to  £.  The  symbol  0p(£)(?i)  indicates 
the  invertible  Op(£)-modules  introduced  in  Lemma  26.16.5  and  is  called  the  nth 
twist  of  the  structure  sheaf. 


Note  that  according  to  Lemma  [26.16.5|  there  are  canonical  Os-module  homomor- 
phisms 

Symn(£)  — > 7r*(Op(£)(n)) 

for  all  n > 0.  This,  combined  with  the  fact  that  0p(£)(l)  is  the  canonical  relatively 
ample  invertible  sheaf  on  P(£),  is  a good  way  to  remember  how  we  have  normalized 
our  construction  of  P(£).  Namely,  in  some  references  the  space  P(£)  is  only  defined 
for  £ finite  locally  free  on  S,  and  sometimes  P(£)  is  actually  defined  as  our  P(£A) 
where  £A  is  the  dual  of  the  sheaf  £. 


Example  26.21.2.  The  map  Symra(£)  — >•  7r*(Op(£)(n))  is  an  isomorphism  if  £ 
is  locally  free,  but  in  general  need  not  be  an  isomorphism.  In  fact  we  will  give  an 
example  where  this  map  is  not  injective  for  n = 1.  Set  S = Spec(A)  with 

A = k[u,v,s1,s2,t1,t2]/I 

where  k is  a field  and 


/ = (— usi  + vt i + ut2,  vs i + us2  — vt2,  vs2 , wt\) . 


■’The  reader  may  expect  here  the  condition  that  E is  finite  locally  free.  We  do  not  do  so  in 
order  to  be  consistent  with  [DG671  II,  Definition  4.1.1]. 
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Denote  u the  class  of  u in  A and  similarly  for  the  other  variables.  Let  M = 
(Ax  ® Ay)/A(ux  + vy)  so  that 

Sym  (M)  = A[x,y]/(ux  + vy)  = k[x,y,u,v,s1,s2,t1,t2]/J 

where 

J = (— us\  + vt\  + ut2,  vs\  + us2  — vt2,  vs2,  uti,ux  + vy). 

In  this  case  the  projective  bundle  associated  to  the  quasi-coherent  sheaf  £ = M on 
S = Spec(A)  is  the  scheme 

P = Proj(Sym(M)). 

Note  that  this  scheme  as  an  affine  open  covering  P = D+(x)  U D+(y).  Consider 
the  element  m £ M which  is  the  image  of  the  element  us\X  + vt2y.  Note  that 

x(us\X  + vt2y)  = (s \X  + s2y)(ux  + vy)  mod  I 


and 


y(us\X  + vt2y)  = (t\x  + t2y)(ux  + vy)  mod  /. 

The  first  equation  implies  that  m maps  to  zero  as  a section  of  Op(  1)  on  D+(x) 
and  the  second  that  it  maps  to  zero  as  a section  of  Op(l)  on  D+(y).  This  shows 
that  m maps  to  zero  in  T(P,  Op(l)).  On  the  other  hand  we  claim  that  mn  ^ 0, 
so  that  m gives  an  example  of  a nonzero  global  section  of  £ mapping  to  zero  in 
r(P,C>p(l)).  Assume  m = 0 to  get  a contradiction.  In  this  case  there  exists  an 
element  / € k[u,  v,  s±,  s2,  ti,  t2\  such  that 


us\X  + vt2y  = f(ux  + vy)  mod  I 


Since  I is  generated  by  homogeneous  polynomials  of  degree  2 we  may  decompose 
/ into  its  homogeneous  components  and  take  the  degree  1 component.  In  other 
words  we  may  assume  that 


f = au  + bv  + oqsi  + a2s2  + Piti  + (32t2 
for  some  a,  b,  a\,  a2,  P\,  Pi  £ k.  The  resulting  conditions  are  that 

us\  — u(au  + bv  + a\Si  + a2s2  + f3\ti  + (32t2)  £ I 
vt2  - v(au  + bv  + aiSi  + a2s2  + j3\ti  + f32t2)  £ I 

There  are  no  terms  u2,  uv,v2  in  the  generators  of  I and  hence  we  see  a = b = 0. 
Thus  we  get  the  relations 

usi  - u(aiS\  + a2s2  + j3\t\  + f32t2)  £ I 
vt2  — v(ais1  + Oi2s2  + /?iti  + fl2t2)  £ I 

We  may  use  the  first  generator  of  / to  replace  any  occurrence  of  us \ by  vt\  + ut2 , 
the  second  generator  of  I to  replace  any  occurrence  of  usi  by  —us2  + vt2,  the  third 
generator  to  remove  occurrences  of  vs2  and  the  third  to  remove  occurences  of  ut\. 
Then  we  get  the  relations 

(1  — a\)vt\  + (1  — ai)ut2  — a2us2  — f32ut2  = 0 
(1  - ai)vt2  + a.\ us2  - Pivti  - f32vt2  = 0 

This  implies  that  op  should  be  both  0 and  1 which  is  a contradiction  as  desired. 

01OD  Lemma  26.21.3.  Let  S be  a scheme.  The  structure  morphism  P(£)  —¥  S of  a 
projective  bundle  over  S is  separated. 


Proof.  Immediate  from  Lemma [26.16.91 


□ 
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Lemma  26.21.4.  Let  S be  a scheme.  Let  n > 0.  Then  is  a projective  bundle 
over  S. 


Proof.  Note  that 

Pz  = Proj(Z[T0, . . . , Tn])  = Proj 


■Spec(Z) 


(z[T0,...,rn]) 


where  the  grading  on  the  ring  Z[T0, . . . , Tn]  is  given  by  deg(Ti)  = 1 and  the  elements 
of  Z are  in  degree  0.  Recall  that  Pg  is  defined  as  P^  ><Spec(Z)  S.  Moreover,  form- 
ing the  relative  homogeneous  spectrum  commutes  with  base  change,  see  Lemma 
For  any  scheme  g : S — y Spec(Z)  we  have  3*C)Spec(Z)  Po,  • ■ ■ , Tn]  = 
Tn\.  Combining  the  above  we  see  that 


26.16.10 


Pg  = Projg(Os[r0,...,Tra]). 

Finally,  note  that  Os[Tq,  ■ ■ ■ ,Tn]  = Sym(0®Tl+1).  Hence  we  see  that  Pg  is  a 
projective  bundle  over  S.  □ 


26.22.  Grassmannians 

In  this  section  we  introduce  the  standard  Grassmannian  functors  and  we  show  that 
they  are  represented  by  schemes.  Pick  integers  k , n with  0 < k < n.  We  will 
construct  a functor 


(26.22.0.1)  G(k,n ) : Sch — y Sets 

which  will  loosely  speaking  parametrize  fc-dimensional  subspaces  of  n-space.  How- 
ever, for  technical  reasons  it  is  more  convenient  to  parametrize  (n  — fc)-dimensional 
quotients  and  this  is  what  we  will  do. 


More  precisely,  G(k,n)  associates  to  a scheme  S the  set  G(k,n)(S)  of  isomorphism 
classes  of  surjections 

q : Of"  — » Q 

where  Q is  a finite  locally  free  Os-module  of  rank  n — k.  Note  that  this  is  in- 
deed a set,  for  example  by  Modules,  Lemma  17.9.8|or  by  the  observation  that  the 
isomorphism  class  of  the  surjection  q is  determined  by  the  kernel  of  q (and  given 
a sheaf  there  is  a set  of  subsheaves).  Given  a morphism  of  schemes  / : T — ► S 
we  let  G(k,n)(f)  : G(k,n)(S)  — > G{k,n)(T)  which  sends  the  isomorphism  class 
of  q : 0®n  — y Q to  the  isomorphism  class  of  f*q  : 0®n  — > f*Q.  This  makes 
sense  since  (1)  f*Os  = Ot , (2)  /*  is  additive,  (3)  f*  preserves  locally  free  modules 
(Modules,  Lemma  17.14.3),  and  (4)  f*  is  right  exact  (Modules,  Lemma  17.3.3). 


Lemma  26.22.1.  Let  0 < k < n. 

sentable  by  a scheme. 


The  functor  G(k,n)  of  (26.22.0.1)  is  repre- 


Proof.  Set  F = G{k , n).  To  prove  the  lemma  we  will  use  the  criterion  of  Schemes, 
Lemma [25.15.4|  The  reason  F satisfies  the  sheaf  property  for  the  Zariski  topology 
is  that  we  can  glue  sheaves,  see  Sheaves,  Section  6.33  (some  details  omitted). 


The  family  of  subfunctors  F,;.  Let  / be  the  set  of  subsets  of  {1, . . . , n}  of  cardinality 
n — k.  Given  a scheme  S and  j £ {1 , ...  ,n}  we  denote  ej  the  global  section 


ej  = (0, . . . , 0, 1,  0, . . . , 0)  (1  in  jth  spot) 
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of  Of.  Of  course  these  sections  freely  generate  Of.  Similarly,  for  j £ {1, . . . , k} 
we  denote  fj  the  global  section  of  Of  which  is  zero  in  all  summands  except  the 
jth  where  we  put  a 1.  For  * £ / we  let 


Si  : Of 


-k 


Of 


which  is  the  direct  sum  of  the  coprojections  Os  — > Of  corresponding  to  elements 
of  i.  More  precisely,  if  i = {*i, . . . , in-k}  with  ii  < *2  < • ■ ■ < in-k  then  St  maps  fj 
to  e,;  for  j £ {1, . . . , n — k}.  With  this  notation  we  can  set 


Fi(S ) = {<?  : Of  -)Q£  F(S)  | qo  Si  is  surjective}  C F(S) 


Given  a morphism  / : T — > S of  schemes  the  pullback  f*Si  is  the  corresponding 
map  over  T.  Since  f*  is  right  exact  (Modules,  Lemma  17.3.3)  we  conclude  that  Ft 
is  a subfunctor  of  F. 


Representability  of  Fi.  To  prove  this  we  may  assume  (after  renumbering)  that 
i = {1, .. . ,n  — k}.  This  means  Sj  is  the  inclusion  of  the  first  n — k summands. 
Observe  that  if  q o is  surjective,  then  qo  Si  is  an  isomorphism  as  a surjective  map 
between  finite  locally  free  modules  of  the  same  rank  (Modules,  Lemma  17.14.5). 
Thus  if  q : Of  — > Q is  an  element  of  Fi(S),  then  we  can  use  q o s*  to  identify  Q 
After  doing  so  we  obtain 


with  Of~k 


of- 


Q®n—k 


mapping  ej  to  fj  (notation  as  above)  for  j = 1, . . . , n—k.  To  determine  q completely 
we  have  to  fix  the  images  q(en_k+ 1), . . . , q(en)  in  T(5,  Of~k).  It  follows  that  Fi 
is  isomorphic  to  the  functor 


5 


n 


j=n—  k-\-l,...,n 


r(s,  of~k) 


This  functor  is  isomorphic  to  the  k(n  — fc)-fold  self  product  of  the  functor  S 


T(S,Os).  By  Schemes,  Example 


25.15.2 


the  latter  is  representable  by 


A1 


It 


follows  Fi  is  representable  by  Az(,!  ^ since  fibred  product  over  Spec(Z)  is  the 
product  in  the  category  of  schemes. 


Let  S'  be  a scheme 
the  set 


17.9.4 


The  inclusion  F)  C F is  representable  by  open  immersions, 
and  let  q : Of  ->  Q be  an  element  of  F(S).  By  Modules,  Lemma 
Ui  = {s  £ S | (q  o Si)s  surjective}  is  open  in  S.  Since  Os,s  is  a local  ring  and  Q 
finite  (!lsjS-module  by  Nakayama’s  lemma  (Algebra,  Lemma  10.19.1|)  we  have 

s £ Ui  <t=>  (the  map  K(s)®ra-fc  —>  Qs/msQs  induced  by  (qo  Si)s  is  surjective) 


Let  / : T — >•  S be  a morphism  of  schemes  and  let  t £ T be  a point  mapping  to 
s £ S.  We  have  (f*Q)t  = Qs  ®os,s  ®T,t  (Sheaves,  Lemma  6.26.4)  and  so  on.  Thus 
the  map 

«(*)©"-*_►  (f*Q)t/mt{f*Q)t 


induced  by  (/*  q°  f*  Si)t  is  the  base  change  of  the  map  n(s)®n~k  — > Qs/msQs  above 
by  the  field  extension  k (s)  C k (t).  It  follows  that  s £ Ui  if  and  only  if  t is  in  the 
corresponding  open  for  f*q.  In  particular  T — » S factors  through  Ui  if  and  only  if 
f*q  £ Ft (T)  as  desired. 


The  collection  Fi,  i £ I covers  F.  Let  q : Of  — >•  Q be  an  element  of  F(S).  We  have 
to  show  that  for  every  point  s of  S there  exists  an  i £ I such  that  Sj  is  surjective 
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in  a neighbourhood  of  s.  Thus  we  have  to  show  that  one  of  the  compositions 

K (s)®n  ->•  Qs/msQs 

is  surjective  (see  previous  paragraph).  As  Qs/vasQs  is  a vector  space  of  dimension 
n — k this  follows  from  the  theory  of  vector  spaces.  □ 

Definition  26.22.2.  Let  0 < k < n.  The  scheme  G (k,n)  representing  the  functor 
G(k,n)  is  called  Grassmannian  over  Z.  Its  base  change  G (k,n)s  to  a scheme  S is 
called  Grassmannian  over  S.  If  R is  a ring  the  base  change  to  Spec(-ff)  is  denoted 
G (k,n)n  and  called  Grassmannian  over  R. 


The  definition  makes  sense  as  we’ve  shown  in  Lemma  [26.22.11  that  these  functors 
are  indeed  representable. 


Lemma  26.22.3.  Letn  > 1.  There  is  a canonical  isomorphism  G(?z,  n + 1)  = P 


z- 


Proof.  According  to  Lemma  26.13.1  the  scheme  P£  represents  the  functor  which 
assigns  to  a scheme  S the  set  of  isomorphisms  classes  of  pairs  (£,  (so,  • ■ ■ , s„))  con- 
sisting of  an  invertible  module  £ and  an  (n  + l)-tuple  of  global  sections  generating 
£.  Given  such  a pair  we  obtain  a quotient 


0®n+1  —a  £,  (h0,...,hn)^Y,h^- 

Conversely,  given  an  element  q : 0®n+1  — > Q of  G(n,  n + 1)(S)  we  obtain  such  a 
pair,  namely  (Q,  (g(ei), . . . , g(en+i))).  Here  e,,  i = 1, . . . , n + 1 are  the  standard 
generating  sections  of  the  free  module  0®n+1.  We  omit  the  verification  that  these 
constructions  define  mutually  inverse  transformations  of  functors.  □ 
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Properties  of  Schemes 


27.1.  Introduction 

In  this  chapter  we  introduce  some  absolute  properties  of  schemes.  A foundational 
reference  is  IDG671. 


27.2.  Constructible  sets 


Constructible  and  locally  constructible  sets  are  introduced  in  Topology,  Section 


5.14  We  may  characterize  locally  constructible  subsets  of  schemes  as  follows. 


Lemma  27.2.1.  Let  X be  a scheme.  A subset  E of  X is  locally  constructible  in 
X if  and  only  if  E C\U  is  constructible  in  U for  every  affine  open  U of  X . 


Proof.  Assume  E is  locally  constructible.  Then  there  exists  an  open  covering 
X = (J  Ui  such  that  E D Ui  is  constructible  in  Uj  for  each  i.  Let  V C X be  any 
affine  open.  We  can  find  a finite  open  affine  covering  V = V\  U . . . U Vm  such  that  for 
each  j we  have  Vj  C Ui  for  some  i = i(j).  By  Topology,  Lemma  5.14.4  we  see  that 
each  EnVj  is  constructible  in  Vj . Since  the  inclusions  Vj  — > V are  quasi-compact 
(see  Schemes,  Lemma  25.19.2 1 we  conclude  that  E D V is  constructible  in  V by 
Topology,  Lemma  |5. 14.6  The  converse  implication  is  immediate.  □ 


Lemma  27.2.2.  Let  X be  a scheme  and  let  E C X be  a constructible  subset.  Let 
f £ X be  a generic  point  of  an  irreducible  component  of  X. 

(1)  If  £ £ E,  then  an  open  neighbourhood  of  f is  contained  in  E. 

(2)  If  £ E,  then  an  open  neighbourhood  off,  is  disjoint  from  E. 


Proof.  As  the  complement  of  a locally  constructible  subset  is  locally  constructible 
it  suffices  to  show  (2).  We  may  assume  X is  affine  and  hence  E constructible 
(Lemma  27.2.11.  In  this  case  X is  a spectral  space  (Algebra,  Lemma  10.25.2). 
Then  f fL  E implies  f fL  E by  Topology,  Lemma  5.22.5  and  the  fact  that  there  are 
no  points  of  X different  from  f which  specialize  to  f.  □ 


Lemma  27.2.3.  Let  X be  a quasi-separated  scheme.  The  intersection  of  any  two 
quasi-compact  opens  of  X is  a quasi-compact  open  of  X . Every  quasi-compact  open 
of  X is  retrocompact  in  X. 


Proof.  If  U and  V are  quasi-compact  open  then  U D V = A_1(f7  x V),  where 
A : X — > X x X is  the  diagonal.  As  A'  is  quasi-separated  we  see  that  A is  quasi- 
compact. Hence  we  see  that  U D V is  quasi-compact  as  U x V is  quasi-compact 
(details  omitted;  use  Schemes,  Lemma  25.17.4  to  see  U x V is  a finite  union  of 
affines).  The  other  assertions  follow  from  the  first  and  Topology,  Lemma  5.26.1  □ 
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Lemma  27.2.4.  Let  X be  a quasi-compact  and  quasi-separated  scheme.  Then  the 
underlying  topological  space  of  X is  a spectral  space. 

Proof.  By  Topology,  Definition  |5.22.1|  we  have  to  check  that  X is  sober,  quasi- 
compact, has  a basis  of  quasi-compact  opens,  and  the  intersection  of  any  two  quasi- 
compact opens  is  quasi-compact.  This  follows  from  Schemes,  Lemma  |25. 11. 1|  and 
I25.11.2land  Lemma [27.2.31  above.  □ 

Lemma  27.2.5.  Let  X be  a quasi-compact  and  quasi-separated  scheme.  Any 
locally  constructible  subset  of  X is  constructible. 


Proof.  As  X is  quasi-compact  we  can  choose  a finite  affine  open  covering  X = 
V\  U . . . U Vm.  As  X is  quasi-separated  each  V,  is  retrocompact  in  X by  Lemma 
|27.2.3|  Hence  by  Topology,  Lemma [5. 14. 6| we  see  that  E C A is  constructible  in  X 
if  and  only  if  E D Vj  is  constructible  in  V:r  Thus  we  win  by  Lemma  27.2.1  □ 


Lemma  27.2.6.  Let  X be  a scheme.  A subset  Z of  X is  retrocompact  in  X if  and 
only  if  EnU  is  quasi- compact  for  every  affine  open  U of  X. 


Proof.  Immediate  from  the  fact  that  every  quasi-compact  open  of  X is  a finite 
union  of  affine  opens.  □ 


27.3.  Integral,  irreducible,  and  reduced  schemes 


Definition  27.3.1.  Let  X be  a scheme.  We  say  X is  integral  if  it  is  nonempty 
and  for  every  nonempty  affine  open  Spec(f?)  = U C X the  ring  R is  an  integral 
domain. 


Lemma  27.3.2.  Let  X be  a scheme.  The  following  are  equivalent. 


(1) 

(2) 

(3) 

(4) 


The  scheme  X is  reduced,  see  Schemes,  Definition  25.12.1 


There  exists  an  affine  open  covering  X = |J  Ui  such  that  each  T(Ui,Ox) 
is  reduced. 

For  every  affine  open  U C X the  ring  Ox{U)  is  reduced. 

For  every  open  U C X the  ring  Ox(fJ)  is  reduced. 


Proof.  See  Schemes,  Lemmas  |25. 12. 2|  and  |25. 12. 3[  □ 

Lemma  27.3.3.  Let  X be  a scheme.  The  following  are  equivalent. 

(1)  The  scheme  X is  irreducible. 

(2)  There  exists  an  affine  open  covering  X = (Jig  j Ui  such  that  I is  not  empty, 
Ui  is  irreducible  for  all  i £ I,  and  Ui  D Uj  $ for  all  i,j  £ I. 

(3)  The  scheme  X is  nonempty  and  every  nonempty  affine  open  U C X is 
irreducible. 


Proof.  Assume  (1).  By  Schemes,  Lemma  25.11.1  we  see  that  X has  a unique 
generic  point  r).  Then  X = {p}.  Hence  p is  an  element  of  every  nonempty  affine 
open  U C X.  This  implies  that  U = {p}  and  that  any  two  nonempty  affines  meet. 
Thus  (1)  implies  both  (2)  and  (3). 


Assume  (2).  Suppose  X = Z\  U Z2  is  a union  of  two  closed  subsets.  For  every  i we 
see  that  either  Ui  C Z\  or  Ui  C Z2.  Pick  some  i £ I and  assume  Ui  C Zx  (possibly 
after  renumbering  Z\,  Z2).  For  any  j £ I the  open  subset  Ui  D U7  is  dense  in  Uj 
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and  contained  in  the  closed  subset  Z\  D Uj . We  conclude  that  also  Uj  C Z\ . Thus 
X = Z1  as  desired. 


Assume  (3).  Choose  an  affine  open  covering  A'  = \JieIUi.  We  may  assume  that 
each  Ui  is  nonempty.  Since  X is  nonempty  we  see  that  I is  not  empty.  By  assump- 
tion each  Ui  is  irreducible.  Suppose  Ui  fl  Uj  = 0 for  some  pair  i,j  G I.  Then  the 
open  UiJIUj  = UiUUj  is  affine,  see  Schemes,  Lemma  25.6.8  Hence  it  is  irreducible 
by  assumption  which  is  absurd.  We  conclude  that  (3)  implies  (2).  The  lemma  is 
proved.  □ 


OlON  Lemma  27.3.4.  A scheme  X is  integral  if  and  only  if  it  is  reduced  and  irreducible. 

Proof.  If  X is  irreducible,  then  every  affine  open  Spec(I?)  = U C A is  irreducible. 
If  X is  reduced,  then  R is  reduced,  by  Lemma  |27.3.2|  above.  Hence  R is  reduced 
and  (0)  is  a prime  ideal,  i.e.,  R is  an  integral  domain. 

If  X is  integral,  then  for  every  nonempty  affine  open  Spec(-R)  = U C X the  ring  R 
is  reduced  and  hence  X is  reduced  by  Lemma  |27.3.2|  Moreover,  every  nonempty 
affine  open  is  irreducible.  Hence  X is  irreducible,  see  Lemma|27.3.3|  □ 


In  Examples,  Section [883]  we  construct  a connected  affine  scheme  all  of  whose  local 
rings  are  domains,  but  which  is  not  integral. 


27.4.  Types  of  schemes  defined  by  properties  of  rings 

OlOO  In  this  section  we  study  what  properties  of  rings  allow  one  to  define  local  properties 
of  schemes. 

OlOP  Definition  27.4.1.  Let  P be  a property  of  rings.  We  say  that  P is  local  if  the 
following  hold: 

(1)  For  any  ring  R , and  any  / € R we  have  P{R)  =>  P(Rf). 

(2)  For  any  ring  R,  and  fi  € R such  that  (/i, . . . , /„)  = R then  Vi,  P(Rf  .)  => 
P(R). 

OlOQ  Definition  27.4.2.  Let  P be  a property  of  rings.  Let  X be  a scheme.  We  say  X 
is  locally  P if  for  any  x £ X there  exists  an  affine  open  neighbourhood  U of  x in  X 
such  that  Ox(U ) has  property  P. 

This  is  only  a good  notion  if  the  property  is  local.  Even  if  P is  a local  property  we 
will  not  automatically  use  this  definition  to  say  that  a scheme  is  “locally  P”  unless 
we  also  explicitly  state  the  definition  elsewhere. 

01OR  Lemma  27.4.3.  Let  X be  a scheme.  Let  P be  a local  property  of  rings.  The 
following  are  equivalent: 

(1)  The  scheme  X is  locally  P. 

(2)  For  every  affine  open  U C X the  property  P(Ox(U))  holds. 

(3)  There  exists  an  affine  open  covering  X = (J  Ui  such  that  each  Ox(Ui) 
satisfies  P. 

(4)  There  exists  an  open  covering  X = [J  Xj  such  that  each  open  subscheme 
X j is  locally  P. 

Moreover,  if  X is  locally  P then  every  open  subscheme  is  locally  P. 
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Proof.  Of  course  (1)  (3)  and  (2)  =>  (1).  If  (3)  =>  (2),  then  the  final  statement 

of  the  lemma  holds  and  it  follows  easily  that  (4)  is  also  equivalent  to  (1).  Thus  we 
show  (3)  =>  (2). 


Let  X = \JUi  be  an  affine  open  covering,  say  Ui  = Spec (Ri).  Assume  P(Ri).  Let 
Spec(f?)  = U C X be  an  arbitrary  affine  open.  By  Schemes,  Lemma [25. 11. 6 there 
exists  a standard  covering  of  U = Spec (R)  by  standard  opens  D(fj ) such  that  each 
ring  Rf.  is  a principal  localization  of  one  of  the  rings  i?j.  By  Definition  27.4.1  (1) 
we  get  P(Rf  ).  Whereupon  P(R)  by  Definition 


27.4.1 


(2). 


□ 


Here  is  a sample  application. 

OIOS  Lemma  27.4.4.  Let  X be  a scheme.  Then  X is  reduced  if  and  only  if  X is  “locally 
reduced”  in  the  sense  of  Definition \27.  JH • 

Proof.  This  is  clear  from  Lemma  T27.3.2I  □ 


OlOT  Lemma  27.4.5.  The  following  properties  of  a ring  R are  local. 

(1)  (Cohen- Macaulay.)  The  ring  R is  Noetherian  and  CM,  see  Algebra,  Def- 
inition \10.1  OS. 

(2)  (Regular.)  The  ring  R is  Noetherian  and  regular,  see  Algebra,  Definition 
\10.109. 7[ 

(3)  (Absolutely  Noetherian.)  The  ring  R is  of  finite  type  over  Z. 

(4)  Add  more  here  as  needed^ 

Proof.  Omitted.  □ 


27.5.  Noetherian  schemes 

OlOU  Recall  that  a ring  R is  Noetherian  if  it  satisfies  the  ascending  chain  condition  of 
ideals.  Equivalently  every  ideal  of  R is  finitely  generated. 

OlOV  Definition  27.5.1.  Let  A be  a scheme. 

(1)  We  say  X is  locally  Noetherian  if  every  x € X has  an  affine  open  neigh- 
bourhood Spec(i?)  = U C X such  that  the  ring  R is  Noetherian. 

(2)  We  say  X is  Noetherian  if  X is  locally  Noetherian  and  quasi-compact. 

Here  is  the  standard  result  characterizing  locally  Noetherian  schemes. 

OlOW  Lemma  27.5.2.  Let  X be  a scheme.  The  following  are  equivalent: 

(1)  The  scheme  X is  locally  Noetherian. 

(2)  For  every  affine  open  U C X the  ring  Ox(U)  is  Noetherian. 

(3)  There  exists  an  affine  open  covering  X = (J  Ui  such  that  each  Ox{Ui ) is 
Noetherian. 

(4)  There  exists  an  open  covering  X = |J  Xj  such  that  each  open  subscheme 
Xj  is  locally  Noetherian. 

Moreover,  if  X is  locally  Noetherian  then  every  open  subscheme  is  locally  Noether- 
ian. 


iBut  we  only  list  those  properties  here  which  we  have  not  already  dealt  with  separately 
somewhere  else. 
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Proof.  To  show  this  it  suffices  to  show  that  being  Noetherian  is  a local  property  of 
rings,  see  Lemma  |27.4.3 


Any  localization  of  a Noetherian  ring  is  Noetherian,  see 
Algebra,  Lemma  10.30. 1[  By  Algebra,  Lemma  [10.23.2|  we  see  the  second  property 
to  Definition  127.4. lj  □ 


Lemma  27.5.3.  Any  immersion  Z — > X with  X locally  Noetherian  is  quasi- 
compact. 


Proof.  A closed  immersion  is  clearly  quasi-compact. 


compact  morphisms  is  quasi-compact,  see  Topology,  Lemma  5.11.2 


A composition  of  quasi- 
Hence  it  suf- 


fices to  show  that  an  open  immersion  into  a locally  Noetherian  scheme  is  quasi- 
compact. Using  Schemes,  Lemma  [25. 19. 2|  we  reduce  to  the  case  where  X is  affine. 
Any  open  subset  of  the  spectrum  of  a Noetherian  ring  is  quasi-compact  (for  example 
combine  Algebra,  Lemma  10.30.5  and  Topology,  Lemmas  5.8.2  and  5.11.13).  □ 


Lemma  27.5.4.  A locally  Noetherian  scheme  is  quasi-separated. 

Proof.  By  Schemes,  Lemma  [25.21.7|  we  have  to  show  that  the  intersection  U D V 
of  two  affine  opens  of  X is  quasi-compact.  This  follows  from  Lemma  [27.5.3|  above 
on  considering  the  open  immersion  U C\V  U for  example.  (But  really  it  is  just 
because  any  open  of  the  spectrum  of  a Noetherian  ring  is  quasi-compact.)  □ 


Lemma  27.5.5.  A (locally)  Noetherian  scheme  has  a (locally)  Noetherian  under- 
lying topological  space,  see  Topology,  Definition\5.8.1\ 


Proof.  This  is  because  a Noetherian  scheme  is  a finite  union  of  spectra  of  Noe- 
therian rings  and  Algebra,  Lemma  10.30.5  and  Topology,  Lemma  5.8.4  □ 


Lemma  27.5.6.  Any  locally  closed  subscheme  of  a (locally)  Noetherian  scheme  is 
(locally)  Noetherian. 


Proof.  Omitted.  Hint:  Any  quotient,  and  any  localization  of  a Noetherian  ring 
is  Noetherian.  For  the  Noetherian  case  use  again  that  any  subset  of  a Noetherian 
space  is  a Noetherian  space  (with  induced  topology).  □ 

Lemma  27.5.7.  A Noetherian  scheme  has  a finite  number  of  irreducible  compo- 
nents. 


Proof.  The  underlying  topological  space  of  a Noetherian  scheme  is  Noetherian 
(Lemma|27.5.5 ) and  we  conclude  because  a Noetherian  topological  space  has  only 
finitely  many  irreducible  components  (Topology,  Lemma  5.8.2).  □ 


Lemma  27.5.8.  Any  morphism  of  schemes  f : X — >•  Y with  X Noetherian  is 
quasi-compact. 


Proof.  Use  Lemma  |27.5.5|  and  use  that  any  subset  of  a Noetherian  topological 
space  is  quasi-compact  (see  Topology,  Lemmas  Lemmas  5.8.2  and  5.11.13).  □ 


Here  is  a fun  lemma.  It  says  that  every  locally  Noetherian  scheme  has  plenty  of 
closed  points  (at  least  one  in  every  closed  subset). 

Lemma  27.5.9.  Any  nonempty  locally  Noetherian  scheme  has  a closed  point. 
Any  nonempty  closed  subset  of  a locally  Noetherian  scheme  has  a closed  point. 
Equivalently,  any  point  of  a locally  Noetherian  scheme  specializes  to  a closed  point. 
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Proof.  The  second  assertion  follows  from  the  first  (using  Schemes,  Lemma  25.12.4 


and  Lemma  27.5.6).  Consider  any  nonempty  affine  open  U C X.  Let  x € U be  a 
closed  point.  If  a:  is  a closed  point  of  X then  we  are  done.  If  not,  let  Xo  C X be 
the  reduced  induced  closed  subscheme  structure  on  {x}.  Then  Uq  = U fl  X0  is  an 
affine  open  of  X0  by  Schemes,  Lemma  25.10.1  and  [70  = {cc}.  Let  y G X0,  y ^ x be 
a specialization  of  x.  Consider  the  local  ring  R = Ox0,y-  This  is  a Noetherian  local 
ring  as  X0  is  Noetherian  by  Lemma  27.5.6  Denote  V C Spec (R)  the  inverse  image 
of  Uq  in  Spec(i?)  by  the  canonical  morphism  Spec(i?)  -A  X0  (see  Schemes,  Section 
25.13|)  By  construction  V is  a singleton  with  unique  point  corresponding  to  x (use 


Schemes,  Lemma  25.13.2).  By  Algebra,  Lemma  [lQ.60.1  we  see  that  dim  (.ft)  = 1. 
In  other  words,  we  see  that  y is  an  immediate  specialization  of  x (see  Topology, 
Definition  5.19.1 ).  In  other  words,  any  point  y ^ x such  that  x y is  an  immediate 
specialization  of  x.  Clearly  each  of  these  points  is  a closed  point  as  desired.  □ 


Lemma  27.5.10.  Let  X be  a locally  Noetherian  scheme.  Let  x'  x be  a special- 
ization of  points  of  X . Then 

(1)  there  exists  a discrete  valuation  ring  R and  a morphism  f : Spec(i?)  —>  X 
such  that  the  generic  point  rj  of  Spec (R)  maps  to  x'  and  the  special  point 
maps  to  x,  and 

(2)  given  a finitely  generated  field  extension  n(x')  C K we  may  arrange  it  so 
that  the  extension  n(x' ) C n{rf)  induced  by  f is  isomorphic  to  the  given 
one. 


Proof.  Let  x'  x be  a specialization  in  X,  and  let  k(x')  C K be  a finitely  gener- 
ated extension  of  fields.  By  Schemes,  Lemma  25.13.2|  and  the  discussion  following 
Schemes,  Lemma  25.13.3  this  leads  to  ring  maps  Ox,x  — l n(xr)  —>  K.  Let  R C K 
be  any  discrete  valuation  ring  whose  field  of  fractions  is  K and  which  dominates 
the  image  of  Ox,x  — t K,  see  Algebra,  Lemma  10.118.13  The  ring  map  Ox,x  — 1 R 
induces  the  morphism  / : Spec(i?)  — > X,  see  Schemes,  Lemma  25.13.1  This  mor- 
phism has  all  the  desired  properties  by  construction.  □ 


27.6.  Jacobson  schemes 

01P1  Recall  that  a space  is  said  to  be  Jacobson  if  the  closed  points  are  dense  in  every 
closed  subset,  see  Topology,  Section [5T7] 

01P2  Definition  27.6.1.  A scheme  S is  said  to  be  Jacobson  if  its  underlying  topological 
space  is  Jacobson. 

Recall  that  a ring  ft  is  Jacobson  if  every  radical  ideal  of  R is  the  intersection  of 
maximal  ideals,  see  Algebra,  Definition  |10.34.H 

01P3  Lemma  27.6.2.  A n affine  scheme  Spec(i?)  is  Jacobson  if  and  only  if  the  ring  R 
is  Jacobson. 

Proof.  This  is  Algebra,  Lemma  [10. 34. 4|  □ 

Here  is  the  standard  result  characterizing  Jacobson  schemes.  Intuitively  it  claims 
that  Jacobson  <=>  locally  Jacobson. 

01P4  Lemma  27.6.3.  Let  X be  a scheme.  The  following  are  equivalent: 

(1)  The  scheme  X is  Jacobson. 

(2)  The  scheme  X is  “ locally  Jacobson”  in  the  sense  of  Definition 


27.4.2 
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(3)  For  every  affine  open  U C X the  ring  Ox{U)  is  Jacobson. 

(4)  There  exists  an  affine  open  covering  X = (J  Ui  such  that  each  Ox(Uf)  is 
Jacobson. 

(5)  There  exists  an  open  covering  X = [j  Xj  such  that  each  open  subscheme 
Xj  is  Jacobson. 

Moreover,  if  X is  Jacobson  then  every  open  subscheme  is  Jacobson. 


Proof.  The  final  assertion  of  the  lemma  holds  by  Topology,  Lemma  [5.17.5  The 


equivalence  of  (5)  and  (1)  is  Topology,  Lemma  5.17.4  Hence,  using  Lemma 


27.6.2 


we  see  that  (1)  4=>  (2).  To  finish  proving  the  lemma  it  suffices  to  show  that  “Jacob- 
son” is  a local  property  of  rings,  see  Lemma [27. 4. 3|  Any  localization  of  a Jacobson 
ring  at  an  element  is  Jacobson,  see  Algebra,  Lemma [10.34. 14|  Suppose  R is  a ring, 
/i,  ...,/„  S J?  generate  the  unit  ideal  and  each  Rf.  is  Jacobson.  Then  we  see  that 
Spec(i?)  = (J  D{fi)  is  a union  of  open  subsets  which  are  all  Jacobson,  and  hence 
Spec(i?)  is  Jacobson  by  Topology,  Lemma  5.17.4|  again.  This  proves  the  second 
property  of  Definition  |27.4.1[  □ 


Many  schemes  used  commonly  in  algebraic  geometry  are  Jacobson,  see  Morphisms, 
Lemma [28.16.101  We  mention  here  the  following  interesting  case. 

Lemma  27.6.4.  Let  R be  a Noetherian  local  ring  with  maximal  ideal  m.  In  this 
case  the  scheme  S = Spec (R)  \ {m}  is  Jacobson. 


Proof.  Since  Spec(i?)  is  a Noetherian  scheme,  hence  S'  is  a Noetherian  scheme 
(Lemma  27.5.61.  Hence  S is  a sober,  Noetherian  topological  space  (use  Schemes, 
Lemma  25.11.1).  Assume  S is  not  Jacobson  to  get  a contradiction.  By  Topology, 
Lemma  5.17.3  there  exists  some  non-closed  point  ( £ S such  that  {£}  is  locally 
closed.  This  corresponds  to  a prime  p C J?  such  that  (1)  there  exists  a prime  q, 
p C q C m with  both  inclusions  strict,  and  (2)  {p}  is  open  in  Spec(J?/p).  This  is 

□ 


impossible  by  Algebra,  Lemma  10.60.1 


27.7.  Normal  schemes 


Recall  that  a ring  R is  said  to  be  normal  if  all  its  local  rings  are  normal  domains, 
see  Algebra,  Definition  10.36.ll1  A normal  domain  is  a domain  which  is  integrally 
closed  in  its  field  of  fractions,  see  Algebra,  Definition  10.36.1  Thus  it  makes  sense 
to  define  a normal  scheme  as  follows. 


Definition  27.7.1.  A scheme  X is  normal  if  and  only  if  for  all  x £ X the  local 
ring  Ox.x  is  a normal  domain. 


This  seems  to  be  the  definition  used  in  EGA,  see  IDG671  0,  4.1.4].  Suppose  X = 
Spec(A),  and  A is  reduced.  Then  saying  that  X is  normal  is  not  equivalent  to 
saying  that  A is  integrally  closed  in  its  total  ring  of  fractions.  However,  if  A is 
Noetherian  then  this  is  the  case  (see  Algebra,  Lemma  10.36.15). 


Lemma  27.7.2.  Let  X be  a scheme.  The  following  are  equivalent: 

(1)  The  scheme  X is  normal. 

(2)  For  every  affine  open  U C X the  ring  Ox(U)  is  normal. 

(3)  There  exists  an  affine  open  covering  X = (J  Ui  such  that  each  Ox{Uf)  is 
normal. 

(4)  There  exists  an  open  covering  X = [J  Xj  such  that  each  open  subscheme 
Xj  is  normal. 
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Moreover,  if  X is  normal  then  every  open  subscheme  is  normal. 

Proof.  This  is  clear  from  the  definitions.  □ 

033K  Lemma  27.7.3.  A normal  scheme  is  reduced. 

Proof.  Immediate  from  the  definitions.  □ 


033L  Lemma  27.7.4.  Let  X be  an  integral  scheme.  Then  X is  normal  if  and  only  if 
for  every  affine  open  U C X the  ring  Ox(U)  is  a normal  domain. 


Proof.  This  follows  from  Algebra,  Lemma[l0.36.10 


□ 


0357  Lemma  27.7.5.  Let  X be  a scheme  with  a finite  number  of  irreducible  components. 
The  following  are  equivalent: 

(1)  X is  normal,  and 

(2)  X is  a finite  disjoint  union  of  normal  integral  schemes. 


Proof.  It  is  immediate  from  the  definitions  that  (2)  implies  (1).  Let  A be  a 
normal  scheme  with  a finite  number  of  irreducible  components.  If  X is  affine  then 
X satisfies  (2)  by  Algebra,  Lemma  10.36.15  For  a general  X,  let  X = (J  A,:  be  an 
affine  open  covering.  Note  that  also  each  A,;  has  but  a finite  number  of  irreducible 
components,  and  the  lemma  holds  for  each  Xi.  Let  T C X be  an  irreducible 
component.  By  the  affine  case  each  intersection  T D X,  is  open  in  X,  and  an 
integral  normal  scheme.  Hence  T C X is  open,  and  an  integral  normal  scheme. 
This  proves  that  X is  the  disjoint  union  of  its  irreducible  components,  which  are 
integral  normal  schemes.  There  are  only  finitely  many  by  assumption.  □ 


033M  Lemma  27.7.6.  Let  X be  a Noetherian  scheme.  The  following  are  equivalent: 

(1)  X is  normal,  and 

(2)  X is  a finite  disjoint  union  of  normal  integral  schemes. 


Proof.  This  is  a special  case  of  Lemma  |27.7.5|  because  a Noetherian  scheme  has 
a Noetherian  underlying  topological  space  (Lemma  27.5.5  and  Topology,  Lemma 
15X21  □ 


033N  Lemma  27.7.7.  Let  X be  a locally  Noetherian  scheme.  The  following  are  equiv- 
alent: 

(1)  X is  normal,  and 

(2)  X is  a disjoint  union  of  integral  normal  schemes. 


Proof.  Omitted.  Hint:  This  is  purely  topological  from  Lemma  27.7.6 


□ 


0330  Remark  27.7.8.  Let  A be  a normal  scheme.  If  X is  locally  Noetherian  then  we 
see  that  A is  integral  if  and  only  if  A is  connected,  see  Lemma  [27. 7. 7[  But  there 
exists  a connected  affine  scheme  A such  that  Ox,x  is  a domain  for  all  a:  £ A,  but 
A is  not  irreducible,  see  Examples,  Section  |88.5|  This  example  is  even  a normal 
scheme  (proof  omitted),  so  beware! 

0358  Lemma  27.7.9.  Let  X be  an  integral  normal  scheme.  Then  T(A,  Ox)  is  a normal 
domain. 
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Proof.  Set  R = T{X,Ox)-  It  is  clear  that  R is  a domain.  Suppose  / = a/b 
is  an  element  of  its  fraction  field  which  is  integral  over  R.  Say  we  have  fd  + 
i daifl  = 0 with  at  £ R.  Let  U C X be  affine  open.  Since  b £ R is  not 
zero  and  since  X is  integral  we  see  that  also  b\u  £ Ox(U)  is  not  zero.  Hence  a/b 
is  an  element  of  the  fraction  field  of  Ox(U)  which  is  integral  over  Ox(U)  (because 
we  can  use  the  same  polynomial  fd  + JA=1  dai\ufl  = 0 on  17).  Since  Ox(U ) is 
a normal  domain  (Lemma  27.7.2),  we  see  that  fu  = {a\u)/ib\u)  £ Ox(U).  It  is 
easy  to  see  that  fu\v  = fv  whenever  V C U C X are  affine  open.  Hence  the  local 
sections  fu  glue  to  a global  section  / as  desired.  □ 

27.8.  Cohen-Macaulay  schemes 

Recall,  see  Algebra,  Definition  10.103.l[  that  a local  Noetherian  ring  (R,  m)  is  said 
to  be  Cohen-Macaulay  if  depthm(i?)  = dim(i?).  Recall  that  a Noetherian  ring  R 
is  said  to  be  Cohen-Macaulay  if  every  local  ring  Rv  of  R is  Cohen-Macaulay,  see 
Algebra,  Definition  10.103.6 


Definition  27.8.1.  Let  A be  a scheme.  We  say  X is  Cohen-Macaulay  if  for  every 
x £ X there  exists  an  affine  open  neighbourhood  U C X of  x such  that  the  ring 
Ox  (U)  is  Noetherian  and  Cohen-Macaulay. 

Lemma  27.8.2.  Let  X be  a scheme.  The  following  are  equivalent: 

(1)  X is  Cohen-Macaulay, 

(2)  X is  locally  Noetherian  and  all  of  its  local  rings  are  Cohen-Macaulay,  and 

(3)  X is  locally  Noetherian  and  for  any  closed  point  x £ X the  local  ring  Ox  x 
is  Cohen-Macaulay. 

Proof.  Algebra,  Lemma  [10.103. 5 says  that  the  localization  of  a Cohen-Macaulay 
local  ring  is  Cohen-Macaulay.  The  lemma  follows  by  combining  this  with  Lemma 
27.5.2  with  the  existence  of  closed  points  on  locally  Noetherian  schemes  (Lemma 
27.5.9),  and  the  definitions.  □ 


Lemma  27.8.3.  Let  X be  a scheme.  The  following  are  equivalent: 

(1)  The  scheme  X is  Cohen-Macaulay. 

(2)  For  every  affine  open  U C X the  ring  OxifJ)  is  Noetherian  and  Cohen- 
Macaulay. 

(3)  There  exists  an  affine  open  covering  X = [J  [/,  such  that  each  Ox(JJf)  is 
Noetherian  and  Cohen-Macaulay. 

(4)  There  exists  an  open  covering  X = (J  Xj  such  that  each  open  subscheme 
Xj  is  Cohen-Macaulay. 

Moreover,  if  X is  Cohen-Macaulay  then  every  open  subscheme  is  Cohen-Macaulay. 

Proof.  Combine  Lemmas  127.5.21  and  127.8.21  □ 

More  information  on  Cohen-Macaulay  schemes  and  depth  can  be  found  in  Coho- 
mology of  Schemes,  Section  [29. 1 1[ 

27.9.  Regular  schemes 


Recall,  see  Algebra,  Definition  10.59.9  that  a local  Noetherian  ring  (R,  m)  is  said  to 


be  regular  if  m can  be  generated  by  dim(i?)  elements.  Recall  that  a Noetherian  ring 
R.  is  said  to  be  regular  if  every  local  ring  Rv  of  R is  regular,  see  Algebra,  Definition 
110.109.71 
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02IS  Definition  27.9.1.  Let  X be  a scheme.  We  say  X is  regular , or  nonsingular  if  for 
every  x £ X there  exists  an  affine  open  neighbourhood  U C A'  of  x such  that  the 
ring  Ox(U)  is  Noetherian  and  regular. 

02IT  Lemma  27.9.2.  Let  X be  a scheme.  The  following  are  equivalent: 

(1)  X is  regular, 

(2)  X is  locally  Noetherian  and  all  of  its  local  rings  are  regular,  and 

(3)  X is  locally  Noetherian  and  for  any  closed  point  x € X the  local  ring  Ox,x 
is  regular. 


02IU 


Proof.  By  the  discussion  in  Algebra  preceding  Algebra,  Definition  10.109.7|  we 
know  that  the  localization  of  a regular  local  ring  is  regular.  The  lemma  follows  by 
combining  this  with  Lemma  [27.5.2  with  the  existence  of  closed  points  on  locally 
Noetherian  schemes  (Lemma  27.5.9),  and  the  definitions.  □ 


Lemma  27.9.3.  Let  X be  a scheme.  The  following  are  equivalent: 

(1)  The  scheme  X is  regular. 

(2)  For  every  affine  open  U C X the  ring  Ox{U)  is  Noetherian  and  regular. 

(3)  There  exists  an  affine  open  covering  X = [J  Ui  such  that  each  Ox{Uf)  is 
Noetherian  and  regular. 

(4)  There  exists  an  open  covering  X = (J  Xj  such  that  each  open  subscheme 
Xj  is  regular. 

Moreover,  if  X is  regular  then  every  open  subscheme  is  regular. 


Proof.  Combine  Lemmas  127.5.21  and  127.9.21 
0569  Lemma  27.9.4.  A regular  scheme  is  normal. 
Proof.  See  Algebra,  Lemma [10. 149.5 


□ 

□ 


27.10.  Dimension 


04MS  The  dimension  of  a scheme  is  just  the  dimension  of  its  underlying  topological  space. 

04MT  Definition  27.10.1.  Let  A be  a scheme. 

(1)  The  dimension  of  X is  just  the  dimension  of  X as  a topological  spaces, 
see  Topology,  Definition |5. 9. 1| 

(2)  For  x £ X we  denote  dimx(X)  the  dimension  of  the  underlying  topological 
space  of  X at  x as  in  Topology,  Definition  5.9.1  We  say  dimx(X)  is  the 
dimension  of  X at  x. 


As  a scheme  has  a sober  underlying  topological  space  (Schemes,  Lemma  25.11.1) 
we  may  compute  the  dimension  of  X as  the  supremum  of  the  lengths  n of  chains 

T0  C Ti  C . . . C Tn 


of  irreducible  closed  subsets  of  X,  or  as  the  supremum  of  the  lengths  n of  chains  of 
specializations 

fn  £n-l  £o 

of  points  of  X. 

04MU  Lemma  27.10.2.  Let  X be  a scheme.  The  following  are  equal 

(1)  The  dimension  of  X . 

(2)  The  supremum  of  the  dimensions  of  the  local  rings  of  X. 
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(3)  The  supremum  o/dimx(X)  for  x £ X. 


Proof.  Note  that  given  a chain  of  specializations 

£n-l  £o 


of  points  of  X all  of  the  points  correspond  to  prime  ideals  of  the  local  ring  of  X 
at  Co  by  Schemes,  Lemma  [25.13.2|  Hence  we  see  that  the  dimension  of  X is  the 
supremum  of  the  dimensions  of  its  local  rings.  In  particular  dimx(X)  > dim {Ox,x) 
as  dimx(X)  is  the  minimum  of  the  dimensions  of  open  neighbourhoods  of  x.  Thus 
suPxex  dirn^X)  > dim(A).  On  the  other  hand,  it  is  clear  that  supxgX  dimx(X)  < 
dim(A)  as  dim (17)  < dim(X)  for  any  open  subset  of  A.  □ 

Lemma  27.10.3.  Let  X be  a scheme.  Let  Y C X be  an  irreducible  closed  subset. 
Let  f £ Y be  the  generic  point.  Then 


codimlY,  X)  = dim(C)x,j) 

where  the  codimension  is  as  defined  in  Topology , Definition \5.10.1 


Proof.  By  Topology,  Lemma  5.10.2  we  may  replace  X by  an  affine  open  neighbour- 
hood of  £.  In  this  case  the  result  follows  easily  from  Algebra,  Lemma [10. 25. 3[  □ 


Lemma  27.10.4.  Let  X be  a scheme.  Let  x £ X . Then  x is  a generic  point  of 
an  irreducible  component  of  X if  and  only  if  dim(Ox,x)  = 0. 


Proof.  This  follows  from  Lemma  [27. 10. 3|  for  example.  □ 

Lemma  27.10.5.  A locally  Noetherian  scheme  of  dimension  0 is  a disjoint  union 
of  spectra  of  Artinian  local  rings. 


Proof.  A Noetherian  ring  of  dimension  0 is  a finite  product  of  Artinian  local  rings, 
see  Algebra,  Proposition  |10.59.6|  Hence  an  affine  open  of  a locally  Noetherian 
scheme  X of  dimension  0 has  discrete  underlying  topological  space.  This  implies 
that  the  topology  on  X is  discrete.  The  lemma  follows  easily  from  these  remarks. 

□ 


27.11.  Catenary  schemes 

Recall  that  a topological  space  X is  called  catenary  if  for  every  pair  of  irreducible 
closed  subsets  T C T'  there  exist  a maximal  chain  of  irreducible  closed  subsets 

T = T0  C Ti  C . . . C Te  = T' 

and  every  such  chain  has  the  same  length.  See  Topology,  Definition  |5.10.4[ 

Definition  27.11.1.  Let  S'  be  a scheme.  We  say  S is  catenary  if  the  underlying 
topological  space  of  S is  catenary. 

Recall  that  a ring  A is  called  catenary  if  for  any  pair  of  prime  ideals  p C q there 
exists  a maximal  chain  of  primes 

p = po  C . . . C pe  = q 

and  all  of  these  have  the  same  length.  See  Algebra,  Definition  |10.104TH 

Lemma  27.11.2.  Let  S be  a scheme.  The  following  are  equivalent 
(1)  S is  catenary, 
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(2)  there  exists  an  open  covering  of  S all  of  whose  members  are  catenary 
schemes, 

(3)  for  every  affine  open  Spec (R)  = U C S the  ring  R is  catenary,  and 

(4)  there  exists  an  affine  open  covering  S = |J  Ui  such  that  each  Ui  is  the 
spectrum  of  a catenary  ring. 

Moreover,  in  this  case  any  locally  closed  subscheme  of  S is  catenary  as  well. 


Proof.  Combine  Topology,  Lemma  |5. 10. 5|  and  Algebra,  Lemma  [10. 104. 2|  □ 

02IY  Lemma  27.11.3.  Let  S be  a locally  Noetherian  scheme.  The  following  are  equiv- 
alent: 


(1)  S is  catenary,  and 

(2)  locally  in  the  Zariski  topology  there  exists  a dimension  function  on  S (see 
Topology,  Definition  5.19.1). 


Proof.  This  follows  from  Topology,  Lemmas  |5.10.5[  |5.19.2[  and  |5.19.4[  Schemes, 
Lemma |25.11.1|  and  finally  Lemma |27.5.5|  □ 


It  turns  out  that  a scheme  is  catenary  if  and  only  if  its  local  rings  are  catenary. 

02J0 

(1)  X is  catenary,  and 

(2)  for  any  x £ X the  local  ring  Ox,x  is  catenary. 

Proof.  Assume  X is  catenary.  Let  x £ X.  By  Lemma  [27. 11.2|  we  may  replace  A' 
by  an  affine  open  neighbourhood  of  x,  and  then  T(A,  Ox)  is  a catenary  ring.  By 
Algebra,  Lemma |10. 104.41  any  localization  of  a catenary  ring  is  catenary.  Whence 
Ox,x  is  catenary. 

Conversely  assume  all  local  rings  of  X are  catenary.  Let  Y C Y'  be  an  inclusion  of 
irreducible  closed  subsets  of  X.  Let  f £ Y be  the  generic  point.  Let  p C Ox,£  be 

By  that  same  lemma  the  irreducible  closed  subsets  of  X in  between  Y and  Y' 
correspond  to  primes  q C Ox  £ with  p C q C m^.  Hence  we  see  all  maximal  chains 
of  these  are  finite  and  have  the  same  length  as  Ox  £ is  a catenary  ring.  □ 


the  prime  corresponding  to  the  generic  point  of  Y' , see  Schemes,  Lemma  25.13.2 


Lemma  27.11.4.  Let  X be  a scheme.  The  following  are  equivalent 


27.12.  Serre’s  conditions 

033P  Here  are  two  technical  notions  that  are  often  useful.  See  also  Cohomology  of 
Schemes,  Section  [29. 11| 

033Q  Definition  27.12.1.  Let  A be  a locally  Noetherian  scheme.  Let  k > 0. 

(1)  We  say  X is  regular  in  codimension  k,  or  we  say  A'  has  property  ( Rk ) if 
for  every  x £ X we  have 

dim (Ox,x)  < k =>  Ox,x  is  regular 

(2)  We  say  X has  property  (S*)  if  for  every  x £ X we  have  depth(0_Y,a;)  > 
min(fc,dim(e>Y>))- 

The  phrase  “regular  in  codimension  k”  makes  sense  since  we  have  seen  in  Section 
27TI1  that  if  Y C X is  irreducible  closed  with  generic  point  x,  then  dim (Ox,x)  = 
codim  (Y  X).  For  example  condition  (f?o)  means  that  for  every  generic  point  rj  £ X 
of  an  irreducible  component  of  X the  local  ring  Ox.n  is  a field.  But  for  general 
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Noetherian  schemes  it  can  happen  that  the  regular  locus  of  X is  badly  behaved,  so 
care  has  to  be  taken. 

0B3C  Lemma  27.12.2.  Let  X be  a locally  Noetherian  scheme.  Then  X is  regular  if  and 
only  if  X has  (Rk)  for  all  k > 0. 

Proof.  Follows  from  Lemma  T27.9. 21  and  the  definitions.  □ 

0342  Lemma  27.12.3.  Let  X be  a locally  Noetherian  scheme.  Then  X is  Cohen- 
Macaulay  if  and  only  if  X has  ( Sk ) for  all  k > 0. 

Proof.  By  Lemma  [27. 8.2|  we  reduce  to  looking  at  local  rings.  Hence  the  lemma  is 
true  because  a Noetherian  local  ring  is  Cohen-Macaulay  if  and  only  if  it  has  depth 


equal  to  its  dimension.  □ 

0344  Lemma  27.12.4.  Let  X be  a locally  Noetherian  scheme.  Then  X is  reduced  if 
and  only  if  X has  properties  (Si)  and  ( Rq )■ 

Proof.  This  is  Algebra,  Lemma  [10. 149. 3|  □ 

0345  Lemma  27.12.5.  Let  X be  a locally  Noetherian  scheme.  Then  X is  normal  if 
and  only  if  X has  properties  (S2)  and  (Ri). 

Proof.  This  is  Algebra,  Lemma[l0.149.4|  □ 

0B3D  Lemma  27.12.6.  Let  X be  a locally  Noetherian  scheme  which  is  normal  and  has 
dimension  < 2.  Then  X is  Cohen-Macaulay. 

Proof.  This  follows  from  Lemma  127. 1 2. 5|  and  the  definitions.  □ 


27.13.  Japanese  and  Nagata  schemes 


033R  The  notions  considered  in  this  section  are  not  prominently  defined  in  EGA.  A 
“universally  Japanese  scheme”  is  mentioned  and  defined  in  IDG671  IV  Corollary 
5.11.4].  A “Japanese  scheme”  is  mentioned  in  [DG671  IV  Remark  10.4.14  (ii)]  but 
no  definition  is  given.  A Nagata  scheme  (as  given  below)  occurs  in  a few  places  in 
the  literature  (see  for  example  |Liu02i  Definition  8.2.30]  and  |Gre76l  Page  142]). 

We  briefly  recall  that  a domain  R is  called  Japanese  if  the  integral  closure  of  R in 
any  finite  extension  of  its  fraction  held  is  finite  over  R.  A ring  R is  called  universally 
Japanese  if  for  any  finite  type  ring  map  R — > S with  S a domain  S is  Japanese.  A 
ring  R is  called  Nagata  if  it  is  Noetherian  and  R/p  is  Japanese  for  every  prime  p of 

R. 


033S  Definition  27.13.1.  Let  A be  a scheme. 

(1)  Assume  X integral.  We  say  X is  Japanese  if  for  every  x £ X there  exists 
an  affine  open  neighbourhood  x £ U C X such  that  the  ring  Ox(U)  is 
Japanese  (see  Algebra,  Definition  10.153.1 1. 

(2)  We  say  X is  universally  Japanese  if  for  every  x € X there  exists  an  affine 
open  neighbourhood  x £ U C X such  that  the  ring  Ox(U)  is  universally 
Japanese  (see  Algebra,  Definition  10.154.1 1. 

(3)  We  say  X is  Nagata  if  for  every  x £ X there  exists  an  affine  open  neigh- 
bourhood x £ U C X such  that  the  ring  OxifJ)  is  Nagata  (see  Algebra, 
Definition  10.154.1). 
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Being  Nagata  is  the  same  thing  as  being  locally  Noetherian  and  universally  Japan- 
ese, see  Lemma|27.13.8| 

033T  Remark  27.13.2.  In  [Hoo72j  a (locally  Noetherian)  scheme  X is  called  Japanese 
if  for  every  x £ X and  every  associated  prime  p of  Ox,x  the  ring  Ox,x/ P is  Japanese. 
We  do  not  use  this  definition  since  there  exists  a one  dimensional  noetherian  domain 
with  excellent  (in  particular  Japanese)  local  rings  whose  normalization  is  not  finite. 
See  lHoc731  Example  1]  or  IHL07I  or  IILQ141  Expose  XIX].  On  the  other  hand, 
we  could  circumvent  this  problem  by  calling  a scheme  X Japanese  if  for  every  affine 
open  Spec(A)  C X the  ring  A/ p is  Japanese  for  every  associated  prime  p of  A. 

033U  Lemma  27.13.3.  A Nagata  scheme  is  locally  Noetherian. 

Proof.  This  is  true  because  a Nagata  ring  is  Noetherian  by  definition.  □ 

033V  Lemma  27.13.4.  Let  X be  an  integral  scheme.  The  following  are  equivalent: 

(1)  The  scheme  X is  Japanese. 

(2)  For  every  affine  open  U C X the  domain  Ox(U)  is  Japanese. 

(3)  There  exists  an  affine  open  covering  X = (J  Ui  such  that  each  Ox{Ui)  is 
Japanese. 

(4)  There  exists  an  open  covering  X = (J  Xj  such  that  each  open  subscheme 
Xj  is  Japanese. 

Moreover,  if  X is  Japanese  then  every  open  subscheme  is  Japanese. 

Proof.  This  follows  from  Lenima|2 7. 4 . 3|and  Algebra,  Lemmas |1 0 . 1 5 3 . .3 1 and |10.153.1| 

□ 

033W  Lemma  27.13.5.  Let  X be  a scheme.  The  following  are  equivalent: 

(1)  The  scheme  X is  universally  Japanese. 

(2)  For  every  affine  open  U C X the  ring  Ox(U)  is  universally  Japanese. 

(3)  There  exists  an  affine  open  covering  X = (J  Ui  such  that  each  Ox{Uf)  is 
universally  Japanese. 

(4)  There  exists  an  open  covering  X = (J  Xj  such  that  each  open  subscheme 
Xj  is  universally  Japanese. 

Moreover,  if  X is  universally  Japanese  then  every  open  subscheme  is  universally 
Japanese. 

Proof.  This  follows  from  Lemma|27.4.3|and  Algebra,  Lemmas |1 0.1 54.4 1 and |10. 154.7] 

□ 

033X  Lemma  27.13.6.  Let  X be  a scheme.  The  following  are  equivalent: 

(1)  The  scheme  X is  Nagata. 

(2)  For  every  affine  open  U C X the  ring  Ox{U)  is  Nagata. 

(3)  There  exists  an  affine  open  covering  X = (J  Ui  such  that  each  Ox{Ut)  is 
Nagata. 

(4)  There  exists  an  open  covering  X = (J  Xj  such  that  each  open  subscheme 
Xj  is  Nagata. 

Moreover,  if  X is  Nagata  then  every  open  subscheme  is  Nagata. 

Proof.  This  follows  from  L e mma|27.4.3| and  Algebra,  Lerriinas|10. 1 51.6|and|l 0. 154. 7] 

□ 
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033Y  Lemma  27.13.7.  Let  X be  a locally  Noetherian  scheme.  Then  X is  Nagata  if 
and  only  if  every  integral  closed  subscheme  Z C X is  Japanese. 

Proof.  Assume  X is  Nagata.  Let  Z C X be  an  integral  closed  subscheme.  Let 
z & Z.  Let  Spec(A)  = U C X be  an  affine  open  containing  z such  that  A is  Nagata. 
Then  Z D U = Spec(A/p)  for  some  prime  p,  see  Schemes,  Lemma  25.10.1  (and 


Definition  27.3.1).  By  Algebra,  Definition  10.154.1  we  see  that  A/p  is  Japanese. 


Hence  Z is  Japanese  by  definition. 

Assume  every  integral  closed  subscheme  of  X is  Japanese.  Let  Spec(A)  = U C X be 
any  affine  open.  As  X is  locally  Noetherian  we  see  that  A is  Noetherian  (Lemma 
27.5.2).  Let  p C A be  a prime  ideal.  We  have  to  show  that  A/p  is  Japanese. 

Let  T C A be  the  closure. 

Hence  the  reduced 


Let  T c U be  the  closed  subset  V(p)  C Spec(A). 

Then  T is  irreducible  as  the  closure  of  an  irreducible  subset, 
closed  subscheme  defined  by  T is  an  integral  closed  subscheme  (called  T again), 
see  Schemes,  Lemma  25.12.4  In  other  words,  Spec(A/p)  is  an  affine  open  of  an 


integral  closed  subscheme  of  X.  This  subscheme  is  Japanese  by  assumption  and  by 
Lemma  27.13.4  we  see  that  A/p  is  Japanese.  □ 


033Z 


Lemma  27.13.8.  Let  X be  a scheme.  The  following  are  equivalent: 

(1)  X is  Nagata,  and 

(2)  X is  locally  Noetherian  and  universally  Japanese. 


Proof.  This  is  Algebra,  Proposition  10.154. 15| 

This  discussion  will  be  continued  in  Morphisms,  Section  [28.181 


□ 


27.14.  The  singular  locus 

07R0  Here  is  the  definition. 

07R1  Definition  27.14.1.  Let  A be  a locally  Noetherian  scheme.  The  regular  locus 
Reg(A')  of  A is  the  set  of  x € A such  that  Ox,x  is  a regular  local  ring.  The  singular 
locus  Sing(A)  is  the  complement  X \ Reg(A),  i.e.,  the  set  of  points  x £ A such 
that  Ox.x  is  not  a regular  local  ring. 


The  regular  locus  of  a locally  Noetherian  scheme  is  stable  under  generalizations,  see 
the  discussion  preceding  Algebra,  Definition  10.109.7  However,  for  general  locally 
Noetherian  schemes  the  regular  locus  need  not  be  open.  In  More  on  Algebra, 
Section  115.381  the  reader  can  find  some  criteria  for  when  this  is  the  case.  We  will 
discuss  this  further  in  Morphisms,  Section|28.19| 


0BQ1 


27.15.  Local  irreducibility 


Recall  that  in  More  on  Algebra,  Section  15.79  we  introduced  the  notion  of  a (geo- 
metrically) unibranch  local  ring. 


0BQ2  Definition  27.15.1.  Let  X be  a scheme.  Let  x £ X.  We  say  A is  unibranch 
at  x if  the  local  ring  Ox,x  is  unibranch.  We  say  X is  geometrically  unibranch 
at  x if  the  local  ring  Ox,x  is  geometrically  unibranch.  We  say  A is  unibranch  if 
A is  unibranch  at  all  of  its  points.  We  say  A is  geometrically  unibranch  if  A is 
geometrically  unibranch  at  all  of  its  points. 


IGD671  Chapter  IV 
(6.15.1)] 
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01PA 


01PB 


To  be  sure,  it  can  happen  that  a local  ring  A is  geometrically  unibranch  (in  the  sense 
of  More  on  Algebra,  Definition  15.79.1 ) but  the  scheme  Spec(A)  is  not  geometrically 


unibranch  in  the  sense  of  Definition  |27.15.1[  For  example  this  happens  if  A is 
the  local  ring  at  the  vertex  of  the  cone  over  an  irreducible  plane  curve  which  has 
ordinary  double  point  singularity  (a  node). 

Lemma  27.15.2.  A normal  scheme  is  geometrically  unibranch. 

Proof.  This  follows  from  the  definitions.  Namely,  a scheme  is  normal  if  the  local 
rings  are  normal  domains.  It  is  immediate  from  the  More  on  Algebra,  Definition 
|15.79.1|that  a local  normal  domain  is  geometrically  unibranch.  □ 

Lemma  27.15.3.  Let  X be  a Noetherian  scheme.  The  following  are  equivalent 


(1)  X is  geometrically  unibranch  (Definition  27.15.1), 

(2)  for  every  point  x £ X which  is  not  the  generic  point  of  an  irreducible 
component  of  X,  the  punctured  spectrum  of  the  strict  henselization  0^x 
is  connected. 


Compare  with 
IArt66l  Proposition 
2.3] 


Proof.  More  on  Algebra,  Lemma  15.79.3  shows  that  (1)  implies  that  the  punctured 
spectra  in  (2)  are  irreducible  and  in  particular  connected. 


Assume  (2).  Let  x £ X.  We  have  to  show  that  Ox,x  is  geometrically  unibranch.  By 
induction  on  dim(0x,x)  we  may  assume  that  the  result  holds  for  every  nontrivial 
generalization  of  x.  We  may  replace  X by  Spec(0x,a;)-  In  other  words,  we  may 
assume  that  X = Spec(A)  with  A local  and  that  Ap  is  geometrically  unibranch  for 
each  nonmaximal  prime  p C A. 


Let  Ash  be  the  strict  henselization  of  A.  If  q C Ash  is  a prime  lying  over  p C A,  then 
Ap  — > Af1  is  a filtered  colimit  of  etale  algebras.  Hence  the  strict  henselizations  of 


Ap  and  Ash  are  isomorphic.  Thus  by  More  on  Algebra,  Lemma  15.79.3  we  conclude 
that  Ash  has  a unique  minimal  prime  ideal  for  every  nonmaximal  prime  q of  Ash. 


Let  q1; . . . , qr  be  the  minimal  primes  of  Ash.  We  have  to  show  that  r = 1.  By  the 
above  we  see  that  P(qi)nP(qj)  = {m^}  for  j = 2, . . . ,r.  Hence  H(q1)\{ms?l}  is  an 
open  and  closed  subset  of  the  punctured  spectrum  of  Ash  which  is  a contradiction 
with  the  assumption  that  this  punctured  spectrum  is  connected  unless  r = 1.  □ 


27.16.  Characterizing  modules  of  finite  type  and  finite  presentation 


Let  A'  be  a scheme.  Let  J7  be  a quasi-coherent  Ox-module.  The  following  lemma 
implies  that  T is  of  finite  type  (see  Modules,  Definition  17.9.1 ) if  and  only  if  T is 
on  each  open  affine  Spec  (A)  = U C X of  the  form  M for  some  finite  type  A- module 
M.  Similarly,  T is  of  finite  presentation  (see  Modules,  Definition  17.11.1)  if  and 
only  if  T is  on  each  open  affine  Spec(A)  = U C X of  the  form  M for  some  finitely 
presented  A- module  M. 


Lemma  27.16.1.  Let  X = Spec (R)  be  an  affine  scheme.  The  quasi-coherent  sheaf 
of  Ox-modules  M is  a finite  type  Ox-module  if  and  only  if  M is  a finite  R-module. 


Proof.  Assume  M is  a finite  type  Ox-module.  This  means  there  exists  an  open 
covering  of  X such  that  M restricted  to  the  members  of  this  covering  is  globally 
generated  by  finitely  many  sections.  Thus  there  also  exists  a standard  open  covering 
X = Ui=i  nD(fi)  such  that  M \o(fi)  is  generated  by  finitely  many  sections. 
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01PC 


0B5K 

01P7 


Thus  Mf,.  is  finitely  generated  for  each  i.  Hence  we  conclude  by  Algebra,  Lemma 
110.23.21  ’ □ 


Lemma  27.16.2.  Let  X = Spec (R)  be  an  affine  scheme.  The  quasi- coherent  sheaf 
of  Ox -modules  M is  an  Ox -module  of  finite  presentation  if  and  only  if  M is  an 
R-module  of  finite  presentation. 


Proof.  Assume  M is  an  Ox-module  of  finite  presentation.  By  Lemma 


27.16.1 


we 


see  that  M is  a finite  R-module.  Choose  a surjection  Rn 
Schemes,  Lemma [25. 5. 4| there  is  a short  exact  sequence 

0 ->■  K © Of1  ->  M — 5>  0 


M with  kernel  K.  By 


By  Modules,  Lemma  17.11.3  we  see  that  AT  is  a finite  type  Ox-module.  Hence  by 
Lemma [27T6T]  again  we  see  that  K is  a finite  -R-module.  Hence  M is  an  R-module 
of  finite  presentation.  □ 


27.17.  Sections  over  principal  opens 

Here  is  a typical  result  of  this  kind.  We  will  use  a more  naive  but  more  direct 
method  of  proof  in  later  lemmas. 

Lemma  27.17.1.  Let  X be  a scheme.  Let  f £ r (X,Ox)-  Denote  Xf  C X the 
open  where  f is  invertible,  see  Schemes,  Lemma\25.6.2\  If  X is  quasi-compact  and 
quasi-separated,  the  canonical  map 

T(X,Ox)f  — >T(XflOx) 

is  an  isomorphism.  Moreover,  if  T is  a quasi- coherent  sheaf  of  Ox -modules  the 
map 

T(X,X)f^T(Xf,X) 

is  an  isomorphism. 


Proof.  Write  R = T(X,  Ox)-  Consider  the  canonical  morphism 

ip  : X — » Spec(R) 

of  schemes,  see  Schemes,  Lemma  [25.6.4|  Then  the  inverse  image  of  the  standard 
open  D(f)  on  the  right  hand  side  is  Xf  on  the  left  hand  side.  Moreover,  since  X is 
assumed  quasi-compact  and  quasi-separated  the  morphism  <p  is  quasi-compact  and 
quasi-separated,  see  Schemes,  Lemma  |25.19.2|  and  |25. 21.14]  Hence  by  Schemes, 
we  see  that  p^J7  is  quasi-coherent.  Hence  we  see  that  p^J7  = M 


25.24.1 


Lemma 

with  M = T(A,  JF)  as  an  R-module.  Thus  we  see  that 

T(Xf,T)  = r (D(f),^T)  = T(D(f),M ) = Mf 

which  is  exactly  the  content  of  the  lemma.  The  first  displayed  isomorphism  of  the 
lemma  follows  by  taking  J7  = Ox-  □ 


Recall  that  given  a scheme  X,  an  invertible  sheaf  £ on  X,  and  a sheaf  of  Ox- 
modules  J7  we  get  a graded  ring  P*  (X,  C)  = 0n>or(X,£lgm)  and  a graded  r»(X,  £)- 
module  P*(X,  £,  J7)  = ©„eZ  r(X,  R0ox  £®n)  see  Modules,  Definition 
we  have  moreover  a section  s £ r(Jf,  £),  then  we  obtain  a map 


17.21.7 


If 


(27.17.1.1) 


r*(x,£,R)(s)  — >r(xs,R|xJ 


0B5L 
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which  sends  t/sn  where  t £ T(AT,  T ®ox  £®n)  to  t\x„  s|y™.  This  makes  sense 
because  Xs  C X is  by  definition  the  open  over  which  s has  an  inverse,  see  Modules, 
Lemma  117.21. 101 


01PW  Lemma  27.17.2.  Let  X be  a scheme.  Let  C be  an  invertible  sheaf  on  X.  Let 
s £ T(A,  C).  Let  J-  be  a quasi- coherent  Ox-module. 

(1)  If  X is  quasi- compact,  then  (27.17.1.1)  is  injective,  and 

(2)  if  X is  quasi-compact  and  quasi-separated,  then  (27.17.1.1)  is  an  isomor- 
phism. 

In  particular,  the  canonical  map 


r.(X,£)w  — +T(Xs,0),  a/ sr‘ 


a®  s 


is  an  isomorphism  if  X is  quasi-compact  and  quasi-separated. 


Proof.  Assume  X is  quasi-compact.  Choose  a finite  affine  open  covering  X = 
Ui  U . . . U Um  with  Uj  affine  and  C\u-  — Ou  • Via  this  isomorphism,  the  image  s|p\ 
corresponds  to  some  fj  £ L (t/? , Ou:j ) . Then  Xs  n Uj  = D(fj). 


Proof  of  (1).  Let  t/sn  be  an  element  in  the  kernel  of  (27. 17.1.1]).  Then  t\xs  = 0. 


Hence  (t|c^ ) |x3(/J.)  = 0.  By  Lemma 


27.17.1 


we  conclude  that  f.  't\u:j  =0  for  some 


ej  > 0.  Let  e = max(ej).  Then  we  see  that  t®  se  restricts  to  zero  on  Uj  for  all  j, 


hence  is  zero.  Since  t/srl 
t/sn  = 0 as  desired. 


is  equal  to  t®  se/sn+e  in  T*(A',  C , iF)(s)  we  conclude  that 


Proof  of  (2).  Assume  X is  quasi-compact  and  quasi-separated.  Then  Uj  fl  Uj> 
is  quasi-compact  for  all  pairs  j,j',  see  Schemes,  Lemma  25.21.7  By  part  (1)  we 
know  (|27. 17.1.1 ) is  injective.  Let  t'  £ r(As,Jr|xs)-  For  every  j , there  exist  an 
integer  nj  > 0 and  t'  £ U(Uj,  F\uj)  such  that  corresponds  to  t'j/fj3  via  the 

isomorphism  of  Lemma  27.17.1  Set  e = max(ej)  and 


tj  = tU 


1 s\u-  £ T(?7j,  (J7 ®ox  C®e) \uD) 


Then  we  see  that  tj\udnu-,  and  tj/\ujnu.,  map  to  the  same  section  of  T over  Uj  fl 
Uj>  flls.  By  quasi-compactness  of  Uj  fl  Uj'  and  part  (1)  there  exists  an  integer 
e!  > 0 such  that 


tjlujnUji  ® \ujnUj,  — tj'lujnUj,  ® se  \jjjnUj, 

as  sections  of  T ® £®e+e  over  Uj  fl  Uj / . We  may  choose  the  same  e!  to  work  for  all 
pairs  j,j'.  Then  the  sheaf  conditions  implies  there  is  a section  t £ T(A,  F®C®e+e  ) 
whose  restriction  to  Uj  is  tj®se  \u  - A simple  computation  shows  that  t/se+e  maps 
to  t'  as  desired.  □ 


Let  A be  a scheme.  Let  C be  an  invertible  0Y:-module.  Let  T and  Q be  quasi- 
coherent  Ox-modules.  Consider  the  graded  T*(A',  £)-module 

M = ® e Horn 0x(T,g  ®0x  C®n) 

nGZ 

Next,  let  s £ T(A,  C)  be  a section.  Then  there  is  a canonical  map 

0B5M  (27.17.2.1)  M{s)  — ► HomOXi  (^|x„  G\xs) 

which  sends  a/sn  to  the  map  a \xs  ® s|^".  The  following  lemma,  combined  with 
Lemma  [27. 22.4[  says  roughly  that,  if  A is  quasi-compact  and  quasi-separated,  the 
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01XQ 


01P5 

01P6 

01P8 


category  of  finitely  presented  OxB -modules  is  the  category  of  finitely  presented 
Gy -modules  with  the  multiplicative  systm  of  maps  sn  : T — > T ®ox  " inverted. 

Lemma  27.17.3.  Let  X be  a scheme.  Let  C be  an  invertible  Ox -module.  Let 
s £ T(X,  £)  be  a section.  Let  J-,  Q be  quasi- coherent  Ox-modules. 


(1)  If  X is  quasi-compact  and  T is  of  finite  type,  then  (27.17.2.1)  is  injective, 
and 

(2)  if  X is  quasi-compact  and  quasi-separated  and  J-  is  of  finite  presentation, 


then  (27.17.2.1)  is  bijective. 


Proof.  We  first  prove  the  lemma  in  case  X = Spec(A)  is  affine  and  C = Ox-  In 
this  case  s corresponds  to  an  element  f £ A.  Say  T = M and  Q = N for  some 


A-modules  M and  N.  Then  the  lemma  translates  (via  Lemmas  27.16.1  and  27.16.2) 
into  the  following  algebra  statements 

(1)  If  M is  a finite  A-module  and  tp  : M N is  an  A- module  map  such  that 
the  induced  map  Mf  — > Nf  is  zero,  then  fnip  = 0 for  some  n. 

(2)  If  M is  a finitely  presented  A-module,  then  Hom^M,  N)f  = Hom^  ( Mf,Nf ). 
The  second  statement  is  Algebra,  Lemma  10.10.2|and  we  omit  the  proof  of  the  first 
statement. 

Next,  we  prove  (1)  for  general  X.  Assume  X is  quasi-compact  and  hoose  a finite 
affine  open  covering  X = U\  U ...  U Um  with  Uj  affine  and  £ | jjj  — Our  Via 
this  isomorphism,  the  image  sj^  corresponds  to  some  f3  £ T(Uj,  Ouf).  Then 


Xs  D Uj  = D(fj).  Let  a/sn  be  an  element  in  the  kernel  of  (27.17.2.1).  Then 


a|jfs  = 0.  Hence  (o|r7,,. )|d(/,)  = 0.  By  the  affine  case  treated  above  we  conclude 
that  fefi ali/j  = 0 for  some  e3  > 0.  Let  e = ma x(ej).  Then  we  see  that  a <S>  se 


n-\-e 


restricts  to  zero  on  Uj  for  all  j,  hence  is  zero.  Since  a/sn  is  equal  to  a (g>  se/s 
in  we  conclude  that  a/sn  =0  as  desired. 

Proof  of  (2).  Since  T is  of  finite  presentation,  the  sheaf  HomoxiX ' ,Q)  is  quasi- 
coherent,  see  Schemes,  Section [25. 24|  Moreover,  it  is  clear  that 

Hom0x  (X,  G ®0a,  £®n)  = Uom0x  {X,  G)  ®0x  £0n 
for  all  n.  Hence  in  this  case  the  statement  follows  from  Lemma  [27. 17. 2|  applied  to 
T-LomoxiU7,^)-  □ 


27.18.  Quasi-afflne  schemes 


Definition  27.18.1.  A scheme  X is  called  quasi- affine  if  it  is  quasi-compact  and 
isomorphic  to  an  open  subscheme  of  an  affine  scheme. 


Lemma  27.18.2.  Let  X be  a scheme.  Let  f £ T(X,Ox)-  Assume  X is  quasi- 
compact and  quasi-separated  and  assume  that  Xf  is  affine.  Then  the  canonical 
morphism 


X 


Spec(T(A,  Ox)) 


from  Schemes,  Lemma  25. 6.  j induces  an  isomorphism  of  Xf  = j 1(D(/))  onto  the 
standard  affine  open  D(f)  C Spec(r(A, O.y))- 


Proof.  This  is  clear  as  j induces  an  isomorphism  of  rings  T{X,Ox)f  — t Ox(Xf) 
by  Lemma [27T7T]  above.  □ 
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Lemma  27.18.3.  Let  X be  a scheme.  Then  X is  qucisi-affine  if  and  only  if  the 
canonical  morphism 

X — > Spec(T(X, Ox)) 

from  Schemes,  Lemma\25.6.4\  is  a quasi-compact  open  immersion. 


Proof.  If  the  displayed  morphism  is  a quasi-compact  open  immersion  then  X is 
isomorphic  to  a quasi-compact  open  subscheme  of  Spec(T(X,  Ox))  and  clearly  X 
is  quasi-affine. 


Assume  X is  quasi-affine,  say  X C Spec(R)  is  quasi-compact  open.  This  in  partic- 
ular implies  that  A'  is  separated,  see  Schemes,  Lemma  25.23.8  Let  A = r(X,  Ox)- 
Consider  the  ring  map  R — ► A coming  from  R = T(Spec(R),Ospec(R))  and  the 
restriction  mapping  of  the  sheaf  O sPec(R)  ■ By  Schemes,  Lemma  25.6.4|  we  obtain  a 
factorization: 


X — » Spec(A)  — Spec(l?) 

of  the  inclusion  morphism.  Let  x £ X.  Choose  r £ R such  that  x £ D(r)  and 
D(r ) C X.  Denote  f £ A the  image  of  r in  A.  The  open  X f of  Lemma  |27.17.1 
above  is  equal  to  D(r)  C X and  hence  Af  = Rr  by  the  conclusion  of  that  lemma. 
Hence  D{r)  — > Spec(A)  is  an  isomorphism  onto  the  standard  affine  open  D(f)  of 
Spec(A).  Since  X can  be  covered  by  such  affine  opens  D(f)  we  win.  □ 


Lemma  27.18.4.  Let  U —¥  V be  an  open  immersion  of  quasi-affine  schemes. 
Then 

U >■  Spec(r(J7,  Ov )) 

\ , 

U ^ V — Spec(T(P,  Ov)) 

is  cartesian. 


Proof.  The  diagram  is  commutative  by  Schemes,  Lemma  |25.6.4|  Write  A = 
T(U,Ou)  and  B = T(V,  Ov).  Let  g £ B be  such  that  Vg  is  affine  and  contained  in 
U.  This  means  that  if  / is  the  image  of  g in  A,  then  Uf  = Vg.  By  Lemma  27.18.2|we 


see  that  j'  induces  an  isomorphism  of  Vg  with  the  standard  open  D(g)  of  Spec(H). 
Thus  Vg  x speC(.B)  Spec(A)  — >■  Spec(A)  is  an  isomorphism  onto  D(f)  C Spec(A). 
By  Lemma  [27. 18.2  again  j maps  Uf  isomorpliically  to  D(f).  Thus  we  see  that 
Uf  = Uf  xSpec(B)  Spec(A).  Since  by  Lemma  27.18.3  we  can  cover  U by  Vg  = Uf  as 
above,  we  see  that  L7  — >-  t/  Xgpec(B)  Spec(A)  is  an  isomorphism.  □ 


27.19.  Flat  modules 


On  any  ringed  space  (X,  Ox)  we  know  what  it  means  for  an  C^Y-module  to  be 
flat  (at  a point),  see  Modules,  Definition  17.16.1  (Definition  17.16.3 1.  On  an  affine 
scheme  this  matches  the  notion  defined  in  the  algebra  chapter. 


Lemma  27.19.1.  Let  X = Spec(R)  be  an  affine  scheme.  Let  T = M for  some 
R-module  M . The  quasi- coherent  sheaf  J-  is  a flat  Ox  -module  of  if  and  only  if  M 
is  a flat  R-module. 


Proof.  Flatness  of  T may  be  checked  on  the  stalks,  see  Modules,  Lemma  17.16.2 


The  same  is  true  in  the  case  of  modules  over  a ring,  see  Algebra,  Lemma  10.38.19 
And  since  Tx  = Mv  if  x corresponds  to  p the  lemma  is  true.  □ 
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27.20.  Locally  free  modules 


05P1  On  any  ringed  space  we  know  what  it  means  for  an  Ox-module  to  be  (finite)  locally 
free.  On  an  affine  scheme  this  matches  the  notion  defined  in  the  algebra  chapter. 

05JM  Lemma  27.20.1.  Let  X = Spec(i?)  be  an  affine  scheme.  Let  T = M for  some 
R-module  M.  The  quasi- coherent  sheaf  T is  a (finite)  locally  free  Ox-module  of  if 
and  only  if  M is  a (finite)  locally  free  R-module. 


Proof.  Follows  from  the  definitions,  see  Modules,  Definition  17.14.1  and  Algebra, 
Definition  110.77. II  □ 


We  can  characterize  finite  locally  free  modules  in  many  different  ways. 

05P2  Lemma  27.20.2.  Let  X be  a scheme.  Let  T be  a quasi- coherent  Ox  -module.  The 
following  are  equivalent: 

(1)  T is  a flat  Ox -module  of  finite  presentation, 

(2)  T is  Ox -module  of  finite  presentation  and  for  all  x £ X the  stalk  Tx  is  a 
free  Ox,x~module, 

(3)  T is  a locally  free,  finite  type  Ox -module, 

(4)  J-  is  a finite  locally  free  Ox -module,  and 

(5)  T is  an  O x -module  of  finite  type,  for  every  x € X the  stalk  Tx  is  a free 
Ox,x -module,  and  the  function 

Pt  : X -)•  Z,  x i — >■  dimre(x)  Tx  ®ox,x  k(x) 
is  locally  constant  in  the  Zariski  topology  on  X. 


Proof.  This  lemma  immediately  reduces  to  the  affine  case.  In  this  case  the  lemma 


is  a reformulation  of  Algebra,  Lemma  10.77.2  The  translation  uses  Lemmas  27.16.1 
27.16.21  [27T9T]  and|2A20T|  □ 


27.21.  Locally  projective  modules 

05JN  A consequence  of  the  work  done  in  the  algebra  chapter  is  that  it  makes  sense  to 
define  a locally  projective  module  as  follows. 

05JP  Definition  27.21.1.  Let  X be  a scheme.  Let  J7  be  a quasi-coherent  Ox-module. 
We  say  J-  is  locally  projective  if  for  every  affine  open  U C X the  0x(bO-module 
T(U)  is  projective. 

05JQ  Lemma  27.21.2.  Let  X be  a scheme.  Let  J-  be  a quasi-coherent  Ox -module.  The 
following  are  equivalent 

(1)  J-  is  locally  projective,  and 

(2)  there  exists  an  affine  open  covering  X = (J  Ui  such  that  the  Ox{Ui)~ 
module  F(Ui)  is  projective  for  every  i. 

In  particular,  if  X = Spec(A)  and  T = M then  J-  is  locally  projective  if  and  only 
if  M is  a projective  A-module. 


Proof.  First,  note  that  if  M is  a projective  A-module  and  A 


then  M ®a  B is  a projective  U-module,  see  Algebra,  Lemma  10.93.1 


B is  a ring  map, 
Hence  if  U 


is  an  affine  open  such  that  T{U)  is  a projective  Ox(b0-nrodule,  then  the  standard 
open  D(f)  is  an  affine  open  such  that  T{D(f))  is  a projective  Ox(D(f))-m odule 
for  all  / £ Ox{U).  Assume  (2)  holds.  Let  U C X be  an  arbitrary  affine  open.  We 


27.22.  EXTENDING  QUASI-COHERENT  SHEAVES 


1919 


can  find  an  open  covering  U = Uj=i  m Biff)  by  finitely  many  standard  opens 
D(fj ) such  that  for  each  j the  open  D(fj)  is  a standard  open  of  some  Ui , see 
Schemes,  Lemma  25.11.5  Hence,  if  we  set  A = Ox{U)  and  if  M is  an  A-module 


such  that  J7\u  corresponds  to  M,  then  we  see  that  Mfj  is  a projective  Af. -module. 
It  follows  that  A — > B = Jj[  A f.  is  a faithfully  flat  ring  map  such  that  M x^B  is  a 
projective  U-module.  Hence  M is  projective  by  Algebra,  Theorem  |10.94.5[  □ 


060M  Lemma  27.21.3.  Let  f : X Y be  a morphism  of  schemes.  Let  Q be  a quasi- 
coherent  Oy  -module.  If  G is  locally  projective  on  Y,  then  f*Q  is  locally  projective 
on  X . 


Proof.  See  Algebra,  Lemma  10.93.1 


□ 


27.22.  Extending  quasi-coherent  sheaves 


01PD  It  is  sometimes  useful  to  be  able  to  show  that  a given  quasi-coherent  sheaf  on  an 
open  subscheme  extends  to  the  whole  scheme. 

01PE  Lemma  27.22.1.  Let  j : U -A  X be  a quasi-compact  open  immersion  of  schemes. 

(1)  Any  quasi-coherent  sheaf  on  U extends  to  a quasi-coherent  sheaf  on  X. 

(2)  Let  J-  be  a quasi-coherent  sheaf  on  X.  Let  G C J-\u  be  a quasi-coherent 
subsheaf.  There  exists  a quasi-coherent  subsheaf  TL  of  J-  such  thatTL\u  = Q 
as  subsheaves  of  IF\jj- 

(3)  Let  IF  be  a quasi-coherent  sheaf  on  X.  Let  G be  a quasi-coherent  sheaf 
on  U.  Let  tp  : Q — > F\u  be  a morphism  of  Ojj -modules.  There  exists  a 
quasi-coherent  sheaf  TL  of  Ox -modules  and  a map  if  : Tl  — t T such  that 
TL\u  = Q and  that  %j}\ u = <p. 


Proof.  An  immersion  is  separated  (see  Schemes,  Lemma  25.23.7 1 and  j is  quasi- 
compact by  assumption.  Hence  for  any  quasi-coherent  sheaf  Q on  U the  sheaf  j*  Q 
is  an  extension  to  X.  See  Schemes,  Lemma [25. 24. 1|  and  Sheaves,  Section [6. 31| 


Assume  J7,  Q are  as  in  (2).  Then  j*Q  is  a quasi-coherent  sheaf  on  X (see  above). 
It  is  a subsheaf  of  j*j*J-.  Hence  the  kernel 


TL  = Ker(Jr®  j^Q  — ^ j*j*LF) 


is  quasi-coherent  as  well,  see  Schemes,  Section  |25.24[  It  is  formal  to  check  that 
TL  C J-  and  that  TL\u  = Q (using  the  material  in  Sheaves,  Section  6.31  again). 


The  same  proof  as  above  works.  Just  take  TL  = Ker(Jr  ® j*G  — » j*j*LF)  with  its 
obvious  map  to  IF  and  its  obvious  identification  with  Q over  U . □ 


01PF  Lemma  27.22.2.  Let  X be  a quasi-compact  and  quasi-separated  scheme.  Let 
U C X be  a quasi-compact  open.  Let  IF  be  a quasi-coherent  Ox -module.  Let 
G C IF\u  be  a quasi-coherent  Ojj-submodule  which  is  of  finite  type.  Then  there 
exists  a quasi-coherent  submodule  G'  C IF  which  is  of  finite  type  such  that  G'\u  = G ■ 


Proof.  Let  n be  the  minimal  number  of  affine  opens  Ui  C X1  i = 1, . . . ,n  such 
that  X = U U (J  Ui.  (Here  we  use  that  X is  quasi-compact.)  Suppose  we  can  prove 
the  lemma  for  the  case  n = 1.  Then  we  can  successively  extend  G to  a Gi  over 
U U U\  to  a Gi  over  U U U\  U U2  to  a G3  over  U U Ui  U U2  U U3,  and  so  on.  Thus 
we  reduce  to  the  case  n = 1. 
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Thus  we  may  assume  that  A'  = U U V with  V affine.  Since  A'  is  quasi-separated 
and  U,  V are  quasi-compact  open,  we  see  that  U D V is  a quasi-compact  open.  It 
suffices  to  prove  the  lemma  for  the  system  (V,  U n V,  F\ v,  G\unv)  since  we  can  glue 
the  resulting  sheaf  Q'  over  V to  the  given  sheaf  Q over  U along  the  common  value 
over  U D V.  Thus  we  reduce  to  the  case  where  A is  affine. 


above  we  may  find  a quasi-coherent  subsheaf  TL  C T which  restricts  to  Q over  U. 
Write  TL  = N for  some  i?-module  N.  For  every  u £ U there  exists  an  / £ R such 
that  u £ D(f)  C U and  such  that  Nf  is  finitely  generated,  see  Lemma 
Since  U is  quasi-compact  we  can  cover  it  by  finitely  many  D{ff)  such  that  Nf.  is 
generated  by  finitely  many  elements,  say  x^i/f^, . . . , a ’%,ri/ . Let  N'  C N be  the 
submodule  generated  by  the  elements  Xij.  Then  the  subsheaf  Q :=  N'  C TL  C T 
works.  □ 

01PG  Lemma  27.22.3.  Let  X be  a quasi-compact  and  quasi-separated  scheme.  Any 
quasi-coherent  sheaf  of  O x -modules  is  the  directed  colimit  of  its  quasi-coherent  Ox- 
submodules  which  are  of  finite  type. 


27.16.1 


Assume  X = Spec (R).  Write  T = M for  some  R- module  M.  By  Lemma 


27.22.1 


01PI 


Proof.  The  colimit  is  directed  because  if  G\ . G2  are  quasi-coherent  subsheaves  of 
finite  type,  then  Gi  + G2  G T is  a quasi-coherent  subsheaf  of  finite  type.  Let 
U C A'  be  any  affine  open,  and  let  s £ T(U,  F)  be  any  section.  Let  G C J-\u 
be  the  subsheaf  generated  by  s.  Then  clearly  Q is  quasi-coherent  and  has  finite 
type  as  an  ©[/-module.  By  Lemma  |27.22.2|  we  see  that  Q is  the  restriction  of  a 
quasi-coherent  subsheaf  Q'  C T which  has  finite  type.  Since  X has  a basis  for 
the  topology  consisting  of  affine  opens  we  conclude  that  every  local  section  of  T is 
locally  contained  in  a quasi-coherent  submodule  of  finite  type.  Thus  we  win.  □ 


Lemma  27.22.4.  ( Variant  of  Lemma 


dealing  with  modules  of  finite  pre- 


27.22.2 

sentation.)  Let  X be  a quasi- compact  and  quasi-separated  scheme.  Let  T be  a 
quasi-coherent  Ox -module.  Let  U C A be  a quasi-compact  open.  Let  Q be  an 
Ou-module  which  of  finite  presentation.  Let  tp  : Q — >•  F\  jj  be  a morphism  of  Ojj- 
modules.  Then  there  exists  an  Ox -module  Q'  of  finite  presentation,  and  a morphism 
of  Ox-modules  <p'  : Q'  -A  T such  that  G'\u  = Q and  such  that  ip'\u  = <p. 


Proof.  The  beginning  of  the  proof  is  a repeat  of  the  beginning  of  the  proof  of 
Lemma  27.22.2|  We  write  it  out  carefuly  anyway. 


Let  n be  the  minimal  number  of  affine  opens  Ui  C X , i = 1 ,...,n  such  that 
A = U U (J  Ui.  (Here  we  use  that  A is  quasi-compact.)  Suppose  we  can  prove  the 
lemma  for  the  case  n = 1.  Then  we  can  successively  extend  the  pair  (G,p>)  to  a 
pair  (Gi,  <pi)  over  U U U\  to  a pair  (G 2,  pf)  over  U U U\  U U2  to  a pair  (G 3,  ^3)  over 
U U U\  U U2  U U3,  and  so  on.  Thus  we  reduce  to  the  case  n = 1. 


Thus  we  may  assume  that  A = U U V with  V affine.  Since  A is  quasi-separated 
and  U quasi-compact,  we  see  that  U D V C V is  quasi-compact.  Suppose  we  prove 
the  lemma  for  the  system  (V,  UnV,  F\ y,  G\unv,  v\unv)  thereby  producing  (£?',  <pr) 
over  V.  Then  we  can  glue  G'  over  V to  the  given  sheaf  Q over  U along  the  common 
value  over  U D V,  and  similarly  we  can  glue  the  map  <p'  to  the  map  ip  along  the 
common  value  over  U D V.  Thus  we  reduce  to  the  case  where  A is  affine. 


Assume  A = Spec(-R).  By  Lemma  27.22.1  above  we  may  find  a quasi-coherent 
sheaf  TL  with  a map  if  : TL  -A  T over  A which  restricts  to  Q and  ip  over  U.  By 
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Lemma  27.22.2  we  can  find  a finite  type  quasi-coherent  Ox-submodule  TL'  C TL 
such  that  TL'\u  = G ■ Thus  after  replacing  TL  by  TL'  and  ip  by  the  restriction  of  ip  to 


TL'  we  may  assume  that  7 i is  of  finite  type.  By  Lemma  27.16.2  we  conclude  that 
TL  = N with  N a finitely  generated  i?-module.  Hence  there  exists  a surjection  as 
in  the  following  short  exact  sequence  of  quasi-coherent  Ox-modules 

OaKa  Of  -A  n -A  0 

where  K,  is  defined  as  the  kernel.  Since  Q is  of  finite  presentation  and  TL\jj  = G 


by  Modules,  Lemma  17.11.3  the  restriction  K\u  is  an  Ojj- module  of  finite  type. 


Hence  by  Lemma|27.22.2  again  we  see  that  there  exists  a finite  type  quasi-coherent 
Ox-submodule  1C  C K such  that  1C \u  = K,\jj.  The  solution  to  the  problem  posed 
in  the  lemma  is  to  set 

G'  = Of/lC 

which  is  clearly  of  finite  presentation  and  restricts  to  give  G on  U with  p'  equal  to 
the  composition 

G'  = Of1/ 1C  -A  Of1/ 1C  = TL^T. 

This  finishes  the  proof  of  the  lemma.  □ 


The  following  lemma  says  that  every  quasi-coherent  sheaf  on  a quasi-compact  and 
quasi-separated  scheme  is  a filtered  colimit  of  O-modules  of  finite  presentation. 
Actually,  we  reformulate  this  in  (perhaps  more  familiar)  terms  of  directed  colimits 
over  posets  in  the  next  lemma. 
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Lemma  27.22.5.  Let  X be  a scheme.  Assume  X is  quasi-compact  and  quasi- 
separated.  Let  T be  a quasi-coherent  Ox -module.  There  exist 


(1) 

(2) 

(3) 


a filtered  index  category  T (see  Categories,  Definition  f.19.1), 
a diagram  I — > Mod(Ox)  (see  Categories,  Section  f.lf),  i i-A  Ti, 
morphisms  of  Ox -modules  ifi  : T -A  T 


such  that  each  Ti  is  of  finite  presentation  and  such  that  the  morphisms  ipi  induce 
an  isomorphism 


colinq  Jy  = T. 


Proof.  Choose  a set  / and  for  each  i £ I an  Ox-nrodule  of  finite  presentation  and 
a homomorphism  of  Ox-uiodules  ifi  : Ti  -A  T with  the  following  property:  For 
any  ip  : G — > T with  G of  finite  presentation  there  is  an  i € I such  that  there  exists 
an  isomorphism  a : Ti  — » G with  pi  = ip  o a.  It  is  clear  from  Modules,  Lemma 


Ob  (I)  = I and  given  i,i'  £ I we  set 

Mor = {a  : Ti  -A  Tv  \ a o pv  = p^. 

We  claim  that  I is  a filtered  category  and  that  T = colinq  T, . 

Let  i,ir  £ I.  Then  we  can  consider  the  morphism 

Ti  ® Ti>  — » T 

which  is  the  direct  sum  of  pi  and  pp.  Since  a direct  sum  of  finitely  presented 
Ox-modules  is  finitely  presented  we  see  that  there  exists  some  i"  £ I such  that 


17.9.8  that  such  a set  exists  (see  also  its  proof).  We  denote  I the  category  with 
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ipi»  : Tj"  — > F is  isomorphic  to  the  displayed  arrow  towards  F above.  Since  there 
are  commutative  diagrams 

Tj >-  F and  Fi> F 

V 

Fi'  * F Fi  © Fi>  ->  F 


we  see  that  there  are  morphisms  i — > i"  and  i'  — > i"  in  I.  Next,  suppose  that 
we  have  i,i'  £ I and  morphisms  a,  (3  : i — > %'  (corresponding  to  Ox-module  maps 
a,  p : Fi  -A  Fj/).  In  this  case  consider  the  coequalizer 

G = Coker  (Jr  -^A  Fv) 

Note  that  Q is  an  Ox-module  of  finite  presentation.  Since  by  definition  of  mor- 
phisms in  the  category  X we  have  o a = ipi > o /3  we  see  that  we  get  an  induced 
map  if  : Q -A  F.  Hence  again  the  pair  {Q,  if)  is  isomorphic  to  the  pair  {Fi" , <fii»)  for 
some  i" . Hence  we  see  that  there  exists  a morphism  i!  — > i"  in  X which  equalizes  a 
and  /?.  Thus  we  have  shown  that  the  category  X is  filtered. 

We  still  have  to  show  that  the  colimit  of  the  diagram  is  F.  By  definition  of  the 
colimit,  and  by  our  definition  of  the  category  X there  is  a canonical  map 

ip  : colinp  Fi  — > F. 


Pick  x £ X.  Let  us  show  that  ipx  is  an  isomorphism.  Recall  that 

(colim,;  Fi)x  — coliup  FitX, 


see  Sheaves,  Section  6.29|  First  we  show  that  the  map  ipx  is  injective.  Suppose 
that  s G Fi.x  is  an  element  such  that  s maps  to  zero  in  Fx.  Then  there  exists  a 
quasi-compact  open  U such  that  s comes  from  s £ Fi(U ) and  such  that  <Pi{s)  = 0 
in  F{U).  By  Lemma  27.22.2  we  can  find  a finite  type  quasi-coherent  subsheaf 


K,  C Ker(<£,;)  which  restricts  to  the  quasi-coherent  Oy-submodule  of  Fi  generated 
by  s:  K\u  = Ou  ■ s C Fi\u-  Clearly,  Fi/K.  is  of  finite  presentation  and  the  map 
ipi  factors  through  the  quotient  map  Fi  -A  Fi/IC.  Hence  we  can  find  an  i'  £ I 
and  a morphism  a : F,  — > Ff  in  X which  can  be  identified  with  the  quotient 
map  Fi  — » Fi/K.  Then  it  follows  that  the  section  s maps  to  zero  in  Fi'{U)  and 
in  particular  in  (colinp  F/)x  = coliHp  FiiX.  The  injectivity  follows.  Finally,  we 
show  that  the  map  ipx  is  surjective.  Pick  s £ Fx.  Choose  a quasi-compact  open 
neighbourhood  U C X oi x such  that  s corresponds  to  a section  s £ F(U ).  Consider 
the  map  s : Ojj  — > F (multiplication  by  s 

Ox-module  Q of  finite  presentation  and  an  Ox-module  map  Q 
G\u  -A  F\u  is  identified  with  s : Ou  —>•  F.  Again  by  definition  of  X there  exists  an 
i £ I such  that  Q — > F is  isomorphic  to  ifii  : Fi  —>•  F.  Clearly  there  exists  a section 
s'  £ Fi{U)  mapping  to  s £ F(U).  This  proves  surjectivity  and  the  proof  of  the 
lemma  is  complete.  □ 


By  Lemma  27.22.4  there  exists  an 
F such  that 
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Lemma  27.22.6.  Let  X be  a scheme.  Assume  X is  quasi-compact  and  quasi- 
separated.  Let  F be  a quasi-coherent  Ox -module.  There  exist 


(1) 

(2) 

(3) 


a directed  partially  ordered  set  I (see  Categories,  Definition  f.21.2), 


a system  (Fi,ipu>)  over  I in  Mod(0\)  (see  Categories,  Definition  4-21.1) 
morphisms  of  Ox  -modules  ipi  : Fi  —>•  F 
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such  that  each  Ti  is  of  finite  presentation  and  such  that  the  morphisms  pi  induce 
an  isomorphism 

colinq  Ti  = T. 


Proof.  This  is  a direct  consequence  of  Lemma  |27.22.5|  and  Categories,  Lemma 


4.21.3  (combined  with  the  fact  that  colimits  exist  in  the  category  of  sheaves  of 
Ox-modules,  see  Sheaves,  Section  6.29).  □ 


05JR  Lemma  27.22.7.  Let  X he  a scheme.  Assume  X is  quasi-compact  and  quasi- 
separated.  Let  T he  a quasi- coherent  Ox -module.  Then  T is  the  directed  colimit  of 
its  finite  type  quasi- coherent  submodules. 


Proof.  If  Q,  j ~L  C T are  finite  type  quasi-coherent  Ox-submodules  then  the  image 
of  Q © TI  — > T is  another  finite  type  quasi-coherent  Ox-submodule  which  contains 
both  of  them.  In  this  way  we  see  that  the  system  is  directed.  To  show  that  T is  the 
colimit  of  this  system,  write  T = colim,  Ti  as  a directed  colimit  of  finitely  presented 
quasi-coherent  sheaves  as  in  Lemma  27.22.6  Then  the  images  Qi  = Im(.Fj  — > T) 


are  finite  type  quasi-coherent  subsheaves  of  T.  Since  T is  the  colimit  of  these  the 
result  follows.  □ 


086M  Lemma  27.22.8.  Let  X be  a scheme.  Assume  X is  quasi-compact  and  quasi- 
separated.  Let  T be  a finite  type  quasi-coherent  Ox -'module.  Then  we  can  write  T = 
lim  T with  T of  finite  presentation  and  all  transition  maps  T — > Tp  surjective. 


Proof.  Write  T = colim  Qi  as  a filtered  colimit  of  finitely  presented  Ox-modules 
(Lemma  27.22.6).  We  claim  that  Qi  — > T is  surjective  for  some  i.  Namely,  choose 
a finite  affine  open  covering  X = U\  U . . . U Um.  Choose  sections  Sji  £ T{Uj) 
see  Lemma 


generating  T\Vj, 
in  the  image  of  Qi 


27.16.1 


By  Sheaves,  Lemma 


6.29.1 


we  see  that  Sji  is 
T is  surjective  for  i large 
T.  Write 


T for  i large  enough.  Hence  Q, 

enough.  Choose  such  an  i and  let  1C  C Qt  be  the  kernel  of  the  map  Q 
1C  = colim  lCa  as  the  filtered  colimit  of  its  finite  type  quasi-coherent  submodules 
(Lemma  27.22.7).  Then  T = colim  Qi/lCa  is  a solution  to  the  problem  posed  by  the 
lemma.  □ 


080V  Lemma  27.22.9.  Let  X be  a quasi-compact  and  quasi-separated  scheme.  Let  T 
be  a finite  type  quasi-coherent  Ox -module.  Let  U C X be  a quasi-compact  open 
such  that  T\u  is  of  finite  presentation.  Then  there  exists  a map  of  Ox -modules 
ip  : Q — )•  T with  (a)  Q of  finite  presentation,  (b)  p is  surjective,  and  (c)  ip\jj  is  an 
isomorphism. 


Proof.  Write  T = colim  T%  as  a directed  colimit  with  each  Ti  of  finite  presentation, 
Choose  a finite  affine  open  covering  X = (J  V7  and  choose 

By  Sheaves, 


see  Lemma  27.22.6 


27.16.1 


finitely  many  sections  Sp  £ T(Vj ) generating  T\vj , see  Lemma 
Lemma  6.29.1  we  see  that  sp  is  in  the  image  of  Ti  — > T for  i large  enough.  Hence 
Ti  — > T is  surjective  for  i large  enough.  Choose  such  an  i and  let  1C  C T be  the 
kernel  of  the  map  T — t T.  Since  Tjj  is  of  finite  presentation,  we  see  that  lC\u 
is  of  finite  type,  see  Modules,  Lemma  |17.11.3|  Hence  we  can  find  a finite  type 
quasi-coherent  submodule  1C  C 1C  with  lC\u  = lC\u,  see  Lemma  27.22.2  Then 
Q = Ti/lC  with  the  given  map  Q 


T is  a solution. 


□ 


Let  X be  a scheme.  In  the  following  lemma  we  use  the  notion  of  a quasi-coherent 
0\ -algebra  A of  finite  presentation.  This  means  that  for  every  affine  open  Spec(i?)  C 
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X we  have  A = A where  A is  a (commutative)  .R-algebra  which  is  of  finite  presen- 
tation as  an  R-algebra. 


Lemma  27.22.10.  Let  X be  a scheme.  Assume  X is  quasi-compact  and  quasi- 
separated.  Let  A be  a quasi- coherent  Ox -algebra.  There  exist 

(1)  a directed  partially  ordered  set  I (see  Categories , Definition  4-21.2), 

(2)  a system  (Ai,tpu>)  over  I in  the  category  of  Ox -algebras, 

(3)  morphisms  of  Ox -algebras  <Pi  : Ai  — > A 

such  that  each  Ai  is  a quasi- coherent  Ox -algebra  of  finite  presentation  and  such 
that  the  morphisms  tpi  induce  an  isomorphism 


colinp  Ai  = A. 


Proof.  First  we  write  A = colim,;  Ti  as  a directed  colimit  of  finitely  presented 


quasi-coherent  sheaves  as  in  Lemma  27.22.6  For  each  i let  Br  = Sym(J-'i)  be  the 


symmetric  algebra  on  J*  over  Ox-  Write  X,  = Ker(Sj  — > A).  Write  X \ = coliny, 


where  J~,  is  a finite  type  quasi-coherent  submodule  of  Xi:  see  Lemma  27.22.7  Set 


Tj  j c X i equal  to  the  B^-ideal  generated  by  X-h:r  Set  Aij  = B-fiTij. 


Then  Aij  is 


a quasi-coherent  finitely  presented  Ox-algebra.  Define  (i,  j)  < (i\f)  if  i <i!  and 
the  map  B{  — > Br  maps  the  ideal  Tij  into  the  ideal  X rj'.  Then  it  is  clear  that 

A = Colima  Aij.  □ 


Let  X be  a scheme.  In  the  following  lemma  we  use  the  notion  of  a quasi-coherent 
Ox -algebra  A of  finite  type.  This  means  that  for  every  affine  open  Spec(I?)  C X 
we  have  A = A where  A is  a (commutative)  .R-algebra  which  is  of  finite  type  as  an 
.R-algebra. 

05JT  Lemma  27.22.11.  Let  X be  a scheme.  Assume  X is  quasi-compact  and  quasi- 
separated.  Let  A be  a quasi-coherent  Ox -algebra.  Then  A is  the  directed  colimit  of 
its  finite  type  quasi-coherent  Ox -subalgebras. 

Proof.  Omitted.  Hint:  Compare  with  the  proof  of  Lemma |27. 22.7)  □ 

Let  A'  be  a scheme.  In  the  following  lemma  we  use  the  notion  of  a finite  (resp. 
integral)  quasi-coherent  Ox -algebra  A.  This  means  that  for  every  affine  open 
Spec(-R)  C X we  have  A = A where  A is  a (commutative)  l?-algebra  which  is 
finite  (resp.  integral)  as  an  l?-algebra. 

086N  Lemma  27.22.12.  Let  X be  a scheme.  Assume  X is  quasi-compact  and  quasi- 
separated.  Let  A be  a finite  quasi-coherent  Ox -algebra.  Then  A = colim  Ai  is  a 
directed  colimit  of  finite  and  finitely  presented  quasi-coherent  Ox -algebras  such  that 
all  transition  maps  Ar  — » Ai  are  surjective. 


Proof.  By  Lemma  |27.22.8|  there  exists  a finitely  presented  Ox-module  J-  and  a 
surjection  T — > A.  Using  the  algebra  structure  we  obtain  a surjection 


Symo  (T)  — y A 


Denote  J the  kernel.  Write  J = colim  Si  as  a filtered  colimit  of  finite  type  Ox- 
submodules  £,  (Lemma  27.22.7).  Set 

Ai  = Sym*0x(F)f{£i) 


where  (Si)  indicates  the  ideal  sheaf  generated  by  the  image  of  £r  -A  SyniQ^J7). 
Then  each  Aj  is  a finitely  presented  Ox-algebra,  the  transition  maps  are  surjections, 
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and  A = colim  A,: . To  finish  the  proof  we  still  have  to  show  that  At  is  a finite 
Ox-algebra  for  i sufficiently  large.  To  do  this  we  choose  an  affine  open  covering 
X = U1U...U  Um-  Take  generators  fj}i, . . . , € T(Ui,P).  As  A(Uj)  is 

a finite  Ox{Uj)-a lgebra  we  see  that  for  each  k there  exists  a monic  polynomial 
Pj,k  £ 0(Uj)[T\  such  that  Pj,k(fj,k)  is  zero  in  A(Uj).  Since  A = colim  A*  by 
construction,  we  have  Pj,k{fj,k ) = 0 in  Ai{Uj)  for  all  sufficiently  large  i.  For  such 
i the  algebras  Ai  are  finite.  □ 

0817  Lemma  27.22.13.  Let  X be  a scheme.  Assume  X is  quasi-compact  and  quasi- 
separated.  Let  A be  an  integral  quasi- coherent  Ox -algebra.  Then 

(1)  A is  the  directed  colimit  of  its  finite  quasi- coherent  O x -subalgebras,  and 

(2)  A is  a direct  colimit  of  finite  and  finitely  presented  quasi- cohernet  Ox- 
algebras. 


Proof.  By  Lemma  27.22.1l|  we  have  A = colim  A ; where  Ai  C A runs  through 
the  quasi-coherent  Ox-algebras  of  finite  type.  Any  finite  type  quasi-coherent  Ox- 
subalgebra  of  A is  finite  (apply  Algebra,  Lemma  10.35.5  to  At(U)  C A(U)  for  affine 
opens  U in  A').  This  proves  (1). 


To  prove  (2),  write  A 
using  Lemma [27.22.6 


= colim  Ti  as  a colimit  of  finitely  presented  Ox-modules 
For  each  i.  let  Ji  be  the  kernel  of  the  map 


A 


For  i!  > i there  is  an  induced  map  Ji  — > Jr  and  we  have  A = colim  SymJ,x  {Pi)/ Ji- 
Moreover,  the  quasi-coherent  Ox-algebras  SyrcT0x{Pi)  / Ji  are  finite  (see  above). 
Write  Ji  = colim  £ik  as  a colimit  of  finitely  presented  Ox-modules.  Given  i'  > i 
and  k there  exists  a k'  such  that  we  have  a map  £ik  —>  Si'k'  making 


Ji:  ~ ^ Ji' 

A 

£ik  £i'k' 

commute.  This  follows  from  Modules,  Lemma|l7.11.6|  This  induces  a map 

Aik  = Sym*0x{Pi)/{£ik)  — * Sym ox{Pi')/{£i'k')  = A'fc' 

where  ( £ik ) denotes  the  ideal  generated  by  £ik-  The  quasi-coherent  Ox-algebras 
Aki  are  of  finite  presentation  and  finite  for  k large  enough  (see  proof  of  Lemma 
27.22.12[.  Finally,  we  have 

colim  Aik  = colim  Ai  = A 

Namely,  the  first  equality  was  shown  in  the  proof  of  Lemma [2A22T2] and  the  second 
equality  because  A is  the  colimit  of  the  modules  Pi.  □ 


27.23.  Gabber’s  result 

077K  In  this  section  we  prove  a result  of  Gabber  which  guarantees  that  on  every  scheme 
there  exists  a cardinal  k such  that  every  quasi-coherent  module  P is  the  union  of 
its  quasi-coherent  K-generated  subsheaves.  It  follows  that  the  category  of  quasi- 
coherent  sheaves  on  a scheme  is  a Grothendieck  abelian  category  having  limits  and 
enough  injective^J 

^Nicely  explained  in  a blog  post  by  Akhil  Mathew. 
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077L  Definition  27.23.1.  Let  ( X , Ox)  be  a ringed  space.  Let  n be  an  infinite  cardinal. 
We  say  a sheaf  of  Ox-modules  X is  k- generated  if  there  exists  an  open  covering 
X = (J  Ui  such  that  T\ui  is  generated  by  a subset  f?.j  C J-(Ui)  whose  cardinality  is 
at  most  k. 

Note  that  a direct  sum  of  at  most  k K-generated  modules  is  again  K-generated 
because  k ® n = k,  see  Sets,  Section  |3.6|  In  particular  this  holds  for  the  direct 
sum  of  two  K-generated  modules.  Moreover,  a quotient  of  a K-generated  sheaf  is 
K-generated.  (But  the  same  needn’t  be  true  for  submodules.) 

077M  Lemma  27.23.2.  Let  (X,Ox)  be  a ringed  space.  Let  k be  a cardinal.  There 
exists  a set  T and  a family  (Tt)teT  of  K-generated  Ox-modules  such  that  every 
K-generated  Ox-module  is  isomorphic  to  one  of  the  Tt- 

Proof.  There  is  a set  of  coverings  of  X (provided  we  disallow  repeats).  Suppose 
X = (J  Ui  is  a covering  and  suppose  Ti  is  an  ©[/.-module.  Then  there  is  a set  of 
isomorphism  classes  of  ©x-modules  T with  the  property  that  X\iji  — Fi  since  there 
is  a set  of  glueing  maps.  This  reduces  us  to  proving  there  is  a set  of  (isomorphism 
classes  of)  quotients  ®k^Ox  —>  X for  any  ringed  space  X.  This  is  clear.  □ 

Here  is  the  result  the  title  of  this  section  refers  to. 

077N  Lemma  27.23.3.  Let  X be  a scheme.  There  exists  a cardinal  k such  that  every 
quasi- coherent  module  J-  is  the  directed  colimit  of  its  quasi- coherent  K-generated 
quasi- coherent  subsheaves. 

Proof.  Choose  an  affine  open  covering  X = (J ieIUi.  For  each  pair  i.  j choose 
an  affine  open  covering  Ui  D Uj  = . Write  Ui  = Spec(Aj)  and  Ujk  = 

Spec(Ajjfc).  Let  k be  any  infinite  cardinal  > than  the  cardinality  of  any  of  the  sets 


Let  J7  be  a quasi-coherent  sheaf.  Set  Mj  = T{Ui)  and  = T{Uijk )■  Note  that 
Mi  CA,  Aijk  = Mijk  = Mj  ®Aj  Aijk. 


which  associates  to  every  i,j  € /,  k £ Uj  and  m £ Mi  a finite  subset  S(i,j , k,  m)  C 
Mj  such  that  we  have 


in  Mijk  for  some  am'  £ Aijk.  Moreover,  let’s  agree  that  S(i,i,k,m ) = {m}  for  all 
i,j  = i.  k,m  as  above.  Fix  such  a map. 


Given  a family  S = (Si)i^ j of  subsets  St  C Mj  of  cardinality  at  most  k we  set 
S'  = (SI)  where 


Note  that  Si  C S-.  Note  that  S[  has  cardinality  at  most  k because  it  is  a union 
over  a set  of  cardinality  at  most  k of  finite  sets.  Set  6^°)  = 5,  S^  = S'  and  by 


induction  S(n+1)  = (5<n))'.  Then  set  = U„>0‘S(")-  Writing  = (S'I(oo)) 


see  Schemes,  Lemma|25.7.3[  Using  the  axiom  of  choice  we  choose  a map 

(■ i,j,k,m ) ha  S(i,j,  k,  m) 
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we  see  that  for  any  element  m £ S ,-°°)  the  image  of  m in  can  be  written  as  a 
finite  sum  ^ m'  <g>  am>  with  m!  £ . In  this  way  we  see  that  setting 

Ni  = H^-submodule  of  Mj  generated  by  s[°° ^ 

we  have 

Ni  0 A , d /y f-  = A y dv;.y/- . 

as  submodules  of  M ij/..  Thus  there  exists  a quasi-coherent  subsheaf  Q C F with 
£/([/,;)  = Ni.  Moreover,  by  construction  the  sheaf  Q is  K-generated. 

Let  {Qt}tGT  be  the  set  of  K-generated  quasi-coherent  subsheaves.  If  t,t'  £ T then 
Qt  + Qt'  is  also  a K-generated  quasi-coherent  subsheaf  as  it  is  the  image  of  the  map 
Qt  © Qt1  —>  F.  Hence  the  system  (ordered  by  inclusion)  is  directed.  The  arguments 
above  show  that  every  section  of  F over  [/,  is  in  one  of  the  Qt  (because  we  can  start 
with  S such  that  the  given  section  is  an  element  of  Si).  Hence  colim tQt  — t F is 
both  injective  and  surjective  as  desired.  □ 

077P  Proposition  27.23.4.  Let  X be  a scheme. 

(1)  The  category  QCoh(Ox)  is  a Grothendieck  abelian  category.  Consequently, 
QCoh{Ox ) has  enough  injectives  and  all  limits. 

(2)  The  inclusion  functor  QCoh(Ox)  — > Mod(Ox ) has  a right  adjomQ 

Q : Mod(Ox)  — > QCoh{Ox) 

such  that  for  every  quasi-coherent  sheaf  T the  adjunction  mapping  Q{X)  — > 
T is  an  isomorphism. 


Proof.  Part  (1)  means  QCoh(Ox)  (a)  has  all  colimits,  (b)  filtered  colimits  are 


exact,  and  (c)  has  a generator,  see  Injectives,  Section  19.10  By  Schemes,  Section 


25.24  colimits  in  QCoh(Ox)  exist  and  agree  with  colimits  in  Mod(Ox )•  By  Modules, 
Lemma  17.3. 2|  filtered  colimits  are  exact.  Hence  (a)  and  (b)  hold.  To  construct  a 

Pick  a collection 
Set  U 


generator  U,  pick  a cardinal  k as  in  Lemma  27.23.3 


of  K-generated  quasi-coherent  sheaves  as  in  Lemma  27.23.2  Set  U = @lerrIFt. 
Since  every  object  of  QCoh(Ox)  is  a filtered  colimit  of  ^-generated  quasi-coherent 
modules,  i.e.,  of  objects  isomorphic  to  Ft,  it  is  clear  that  U is  a generator.  The 
assertions  on  limits  and  injectives  hold  in  any  Grothendieck  abelian  category,  see 
Injectives,  Theorem  |19.11.6|  and  Lemma  [19. 13. 2| 

Proof  of  (2).  To  construct  Q we  use  the  following  general  procedure.  Given  an 
object  F of  Mod(Ox)  we  consider  the  functor 

QCoh(Ox)°pp  — > Sets,  Q ^Romx(Q,F) 

This  functor  transforms  colimits  into  limits,  hence  is  representable,  see  Injectives, 
Lemma  19.13.1|  Thus  there  exists  a quasi-coherent  sheaf  Q(F)  and  a functorial 
isomorphism  Homx(f/ ,F)  = Homx(S,  Q{F))  f°r  S in  QCohlOx).  By  the  Yoneda 
lemma  (Categories,  Lemma  |4.3.5 ) the  construction  F Q(F)  is  functorial  in 
F . By  construction  Q is  a right  adjoint  to  the  inclusion  functor.  The  fact  that 
Q{F)  — > F is  an  isomorphism  when  F is  quasi-coherent  is  a formal  consequence  of 
the  fact  that  the  inclusion  functor  QCoh(Ox)  —t  Mod(Ox)  is  fully  faithful.  □ 


;,'T}iis  functor  is  sometimes  called  the  coherator. 
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27.24.  Sections  with  support  in  a closed  subset 


07ZM  Given  any  topological  space  X,  a closed  subset  Z C X,  and  an  abelian  sheaf  J7 
you  can  take  the  subsheaf  of  sections  whose  support  is  contained  in  Z.  If  X is  a 
scheme,  Z a closed  subscheme,  and  J7  a quasi-coherent  module  there  is  a variant 
where  you  take  sections  which  are  scheme  theoretically  supported  on  Z . However, 
in  the  scheme  setting  you  have  to  be  careful  because  the  resulting  Cby-module  may 
not  be  quasi-coherent. 


01PH  Lemma  27.24.1.  Let  X be  a quasi-compact  and  quasi-separated  scheme.  Let 
U C X be  an  open  subscheme.  The  following  are  equivalent: 

(1)  U is  retrocompact  in  X, 

(2)  U is  quasi- compact, 

(3)  U is  a finite  union  of  affine  opens,  and 

(4)  there  exists  a finite  type  quasi-coherent  sheaf  of  ideals  T C Ox  such  that 
X \ U = V(X)  (set  theoretically) . 


Proof.  The  equivalence  of  (1),  (2),  and  (3)  follows  from  Lemma  27.2.3  Assume 


(1),  (2),  (3).  Let  T = X \ U . By  Schemes,  Lemma  25.12.4  there  exists  a unique 
quasi-coherent  sheaf  of  ideals  J cutting  out  the  reduced  induced  closed  subscheme 
structure  on  T.  Note  that  J\u  = Ou  which  is  an  Oy-modules  of  finite  type.  By 
Lemma  |27.22.2|  there  exists  a quasi-coherent  subsheaf  T C J which  is  of  finite 
type  and  has  the  property  that  X\jj  = J\u-  Then  X \ U = V(X)  and  we  obtain 
(4).  Conversely,  if  X is  as  in  (4)  and  W = Spec (R)  C X is  an  affine  open,  then 
X\w  = I for  some  finitely  generated  ideal  I C 


27.16.1 


R , see  Lemma 

that  UCW  = Spec (R)\V(I)  is  quasi-compact,  see  Algebra,  Lemma|10.28.1 
U C X is  retrocompact  by  Lemma  [27. 2. 6[ 


It  follows 
Hence 
□ 


OlPO  Lemma  27.24.2.  Let  X be  a scheme.  Let  X C Ox  be  a quasi-coherent  sheaf  of 
ideals.  Let  J7  be  a quasi-coherent  Ox-module.  Consider  the  sheaf  of  Ox -modules 
J7'  which  associates  to  every  open  U C X 


F'(U)  = {s  G T{U)  | Xs  = 0} 


Assume  X is  of  finite  type.  Then 

(1)  J-1  is  a quasi-coherent  sheaf  of  Ox -modules, 

(2)  on  any  affine  open  U C X we  have  X'(U)  = {s  € X(U)  \ X(U)s  = 0}, 
and 

(3)  J7'x  = {s£J7x  | Xxs  = 0}. 


Proof.  It  is  clear  that  the  rule  defining  X7'  gives  a subsheaf  of  T (the  sheaf  condition 
is  easy  to  verify).  Hence  we  may  work  locally  on  X to  verify  the  other  statements. 
In  other  words  we  may  assume  that  X = Spec(A),  T = M and  1 = 1.  It  is  clear 
that  in  this  case  R'(U)  = {x  £ M \ lx  = 0}  =:  M ' because  I is  generated  by  its 
global  sections  I which  proves  (2).  To  show  J7’  is  quasi-coherent  it  suffices  to  show 
that  for  every  f £ A we  have  {x  £ Mf  \ IfX  = 0}  = ( M ') f.  Write  I = (gi, . . . , gt ), 
which  is  possible  because  X is  of  finite  type,  see  Lemma  |27.16. 1|  If  x = y/fn 


and  IfX  = 0,  then  that  means  that  for  every  i there  exists  an  to  > 0 such  that 
fmgiX  = 0.  We  may  choose  one  to  which  works  for  all  i (and  this  is  where  we  use 
that  / is  finitely  generated).  Then  we  see  that  fmx  £ M'  and  x/fn  = fmx/ fn+m 
in  (M')  f as  desired.  The  proof  of  (3)  is  similar  and  omitted.  □ 
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Definition  27.24.3.  Let  X be  a scheme.  Let  X C Ox  be  a quasi-coherent  sheaf  of 
ideals  of  finite  type.  Let  T be  a quasi-coherent  Ox-module.  The  subsheaf  J'c  J 
defined  in  Lemma  |27.24.2|  above  is  called  the  subsheaf  of  sections  annihilated  by  I. 

Lemma  27.24.4.  Let  f : X Y be  a quasi-compact  and  quasi-separated  mor- 
phism of  schemes.  Let  X C Oy  be  a quasi-coherent  sheaf  of  ideals  of  finite  type. 
Let  T be  a quasi-coherent  Ox -module.  Let  J'  C J be  the  subsheaf  of  sections  an- 
nihilated by  f~lXOx-  Then  f*T'  C f*J-  is  the  subsheaf  of  sections  annihilated  by 

X. 


Proof.  Omitted.  (Hint:  The  assumption  that  / is  quasi-compact  and  quasi- 
separated  implies  that  /* X is  quasi-coherent  so  that  Lemma  |27.24.2|  applies  to 
X and  ffiX.)  □ 


For  an  abelian  sheaf  on  a topological  space  we  have  discussed  the  subsheaf  of 
sections  with  support  in  a closed  subset  in  Modules,  Lemma  |17.6.2[  For  quasi- 
coherent  modules  this  submodule  isn’t  always  a quasi-coherent  module,  but  if  the 
closed  subset  has  a retrocompact  complement,  then  it  is. 

Lemma  27.24.5.  Let  X be  a scheme.  Let  Z C X be  a closed  subset.  Let  X be  a 
quasi-coherent  Ox -module.  Consider  the  sheaf  of  O x -modules  X'  which  associates 
to  every  open  U C X 

X' (U)  = {s  € X(U)  | the  support  of  s is  contained  in  Z H U} 


If  X \ Z is  a retrocompact  open  in  X,  then 

(1)  for  an  affine  open  U C X there  exist  a finitely  generated  ideal  I C Ox{U) 
such  that  Z C\U  = V(I), 

(2)  for  U and  I as  in  (1)  we  have  X'(U)  = {t  £ X{U)  \ Inx  = 0 for  some  n}, 

(3)  X'  is  a quasi-coherent  sheaf  of  Ox -modules. 


Proof.  Part  (1)  is  Algebra,  Lemma  10.28.1  Let  U = Spec(A)  and  / be  as  in  (1). 
Then  X\u  is  the  quasi-coherent  sheaf  associated  to  some  A-module  M.  We  have 


X\U)  = {x  £ M \ x = 0 in  Mp  for  all  p ^ Z}. 


by  Modules,  Definition  17.5.1  Thus  x £ XfU)  if  and  only  if  P(Ann(a;))  C V(I), 


see  Algebra,  Lemma  |10.39.6|  Since  / is  finitely  generated  this  is  equivalent  to 
Inx  = 0 for  some  n.  This  proves  (2). 


The  rule  for  X’  indeed  defines  a submodule  of  X . Hence  we  may  work  locally  on  X 
to  verify  (3).  Let  [/,  / and  M be  as  above.  Let  X C Ox  be  the  quasi-coherent  sheaf 
of  ideals  corresponding  to  I.  Part  (2)  implies  sections  of  T'  over  any  affine  open  of 
U are  the  sections  of  T which  are  annihilated  by  some  power  of  X.  Hence  we  see 
that  X'\u  = colim Tn , where  Trl  C X\u  is  the  subsheaf  of  sections  annihilated  by 
X",  see  Definition  27.24.3  Thus  (3)  follows  from  Lemma  27.24.2  and  that  colimits 
of  quasi-coherent  modules  are  quasi-coherent,  see  Schemes,  Section  [25.24[  □ 


Definition  27.24.6.  Let  A be  a scheme.  Let  T C X be  a closed  subset  whose 
complement  is  retrocompact  in  X.  Let  T be  a quasi-coherent  Ox-module.  The 
quasi-coherent  subsheaf  J'c  J defined  in  Lemma  27.24.5  is  called  the  subsheaf  of 
sections  supported  on  T. 


27.25.  SECTIONS  OF  QUASI-COHERENT  SHEAVES 


1930 


07ZQ  Lemma  27.24.7.  Let  f : X — » Y be  a quasi-compact  and  quasi-separated  mor- 
phism of  schemes.  Let  Z C Y be  a closed  subset  such  that  Y\Z  is  retrocompact  in 
Y . Let  T be  a quasi- coherent  Ox -module.  Let  T'  C T be  the  subsheaf  of  sections 
supported  in  f~lZ . Then  f^T'  C /*  J-  is  the  subsheaf  of  sections  supported  in  Z . 


Proof.  Omitted.  (Hint:  First  show  that  X \ f~1Z  is  retrocompact  in  X as  Y\Z 
is  retrocompact  in  Y.  Hence  Lemma  27.24.5  applies  to  ,f~1Z  and  T . As  / is  quasi- 
compact and  quasi-separated  we  see  that  f*T  is  quasi-coherent.  Hence  Lemma 
27.24.5  applies  to  Z and  f*T . Finally,  match  the  sheaves  directly.)  □ 


27.25.  Sections  of  quasi-coherent  sheaves 

01PL  Here  is  a computation  of  sections  of  a quasi-coherent  sheaf  on  a quasi-compact  open 
of  an  affine  spectrum. 

01PM  Lemma  27.25.1.  Let  A be  a ring.  Let  I C A be  a finitely  generated  ideal.  Let  M 
be  an  A-module.  Then  there  is  a canonical  map 

colim„  Horn A{In,  M ) — > r(Spec(A)  \ V(I),M). 

This  map  is  always  injective.  If  for  all  x £ M we  have  lx  = 0 =>  x = 0 then  this 
map  is  an  isomorphism.  In  general,  set  Mn  = {x  £ M | Inx  = 0},  then  there  is  an 
isomorphism 

colim„  Hom^(7”,  M/Mn)  — » F(Spec(A)  \ V(I),M). 

Proof.  Since  In  C In+1  and  Mn  C Mn+\  we  can  use  composition  via  these  maps 
to  get  canonical  maps  of  A-modules 

Horn A{In,M)  — > Horn A(In+1,M) 

and 

Horn A{In,M/Mn)  — > Horn A(In+1 , M / Mn+1) 
which  we  will  use  as  the  transition  maps  in  the  systems.  Given  an  A-module  map 
ip  : In  — ► M,  then  we  get  a map  of  sheaves  ip  : /”  — > M which  we  can  restrict  to 
the  open  Spec(A)  \ V(I).  Since  In  restricted  to  this  open  gives  the  structure  sheaf 
we  get  an  element  of  r(Spec(A)  \ V(I),M).  We  omit  the  verification  that  this  is 
compatible  with  the  transition  maps  in  the  system  Horrid (/”,  M).  This  gives  the 

first  arrow.  To  get  the  second  arrow  we  note  that  M and  M/Mn  agree  over  the 
open  Spec(A)  \ V(I)  since  the  sheaf  Mn  is  clearly  supported  on  V(I).  Hence  we 
can  use  the  same  mechanism  as  before. 

Next,  we  work  out  how  to  define  this  arrow  in  terms  of  algebra.  Say  / = (/i , . . . , ft). 
Then  Spec(A)  \ V(I)  = D{fi)-  Hence 

0 -A  F(SPec(A)  \ V(I),  M)  ->  ®.  Mfi  ->  ®.  . Mfif. 

i li3 

is  exact.  Suppose  that  p : In  — > M is  an  A-module  map.  Consider  the  vector 
of  elements  <^(/")//"  £ Mft.  It  is  easy  to  see  that  this  vector  maps  to  zero 
in  the  second  direct  sum  of  the  exact  sequence  above.  Whence  an  element  of 
r(Spec(A)  \ V{I),M).  We  omit  the  verification  that  this  description  agrees  with 
the  one  given  above. 

Let  us  show  that  the  first  arrow  is  injective  using  this  description.  Namely,  if  p 
maps  to  zero,  then  for  each  i the  element  ^(/™)//”  is  zero  in  Mf..  In  other  words 
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we  see  that  for  each  i we  have  = 0 for  some  m > 0.  We  may  choose  a 

single  m which  works  for  all  i.  Then  we  see  that  <p(fi+m)  = 0 for  all  i.  It  is  easy 
to  see  that  this  means  that  95|Jt(„+m-i)+i  = 0 in  other  words  that  tp  maps  to  zero 
in  the  t(n  + m — 1)  + 1st  term  of  the  colimit.  Hence  injectivity  follows. 

Note  that  each  Mn  = 0 in  case  we  have  lx  = 0 =>  x = 0 for  x £ M.  Thus  to  finish 
the  proof  of  the  lemma  it  suffices  to  show  that  the  second  arrow  is  an  isomorphism. 


Let  us  attempt  to  construct  an  inverse  of  the  second  map  of  the  lemma.  Let 
s £ T(Spec(A)  \ V{I),M).  This  corresponds  to  a vector  £.;//"  with  Xi  £ M of  the 
first  direct  sum  of  the  exact  sequence  above.  Hence  for  each  j there  exists  m > 0 
such  that  f™ fjn{fjlXi  — f™Xj)  = 0 in  M.  We  may  choose  a single  m which  works 
for  all  pairs  i,j.  After  replacing  xL  by  f™Xi  and  n by  n + m we  see  that  we  get 
fj’Xi  = f™Xj  in  M for  all  ipj.  Let  us  introduce 

Kn  = {x  £ M | ffx  = . . . = f?x  = 0} 


We  claim  there  is  an  A-module  map 

ip  : It{n~ 1)+1  — S>  M/Kn 


which  maps  the  monomial  f . . . /tet  with  X]  e*  = t(n  — 1)  + 1 to  the  class  modulo 
Kn  of  the  expression  J®1  . . . /®i_"  . . . /faij  where  i is  chosen  such  that  ei  > n (note 
that  there  is  at  least  one  such  i).  To  see  that  this  is  indeed  the  case  suppose  that 


V 

^E=(ei,...,et),|,E|=t(n— 1)+1 


asfi1  . . . /te*  = 0 


is  a relation  between  the  monomials  with  coefficients  ob  in  A.  Then  we  would  map 
this  to 


x = 


lE=(e1,...,et),\E\=t(n—l)  + l 


aEf r.../; 


(B)“ 

(E) 


■■■ftXi 


i(E) 


where  for  each  multiindex  E we  have  chosen  a particular  i{E)  such  that  e-i(E)  ^ n- 
Note  that  if  we  multiply  this  by  /”  for  any  j , then  we  get  zero,  since  by  the  relations 
fjXi  = f™Xj  above  we  get 


f?z  = 


\ ' n fei  rej-\-n 

^E=(ei,...,et),|S|=t(n-l)  + l E 1 1 ■'i(E) 


^E=(ei,...,et),|E|=t(n-l)  + l 


aEfZ1..-f?xj=  0. 


Hence  z £ Kn  and  we  see  that  every  relation  gets  mapped  to  zero  in  M/Kn.  This 
proves  the  claim. 


01PN 


Note  that  Kn  C Mt(n_  i)+1.  Hence  the  map  <p  in  particular  gives  rise  to  a A-module 
map  jdn-il+i  This  proves  the  second  arrow  of  the  lemma  is 

surjective.  We  omit  the  proof  of  injectivity.  □ 


Example  27.25.2.  We  will  give  two  examples  showing  that  the  first  displayed 
map  of  Lemma  27.25.1  is  not  an  isomorphism. 

Let  A:  be  a field.  Consider  the  ring 


A = k[x,y,z1,z2,  ■ ■ ]/{xnzn). 

Set  I = (x)  and  let  M = A.  Then  the  element  y/x  defines  a section  of  the  structure 
sheaf  of  Spec(A)  over  D(x)  = Spec(A)\H(/).  We  claim  that  y/x  is  not  in  the  image 
of  the  canonical  map  colimHom^/",  A)  — > Ax  = 0(D(x)).  Namely,  if  so  it  would 
come  from  a homomorphism  tp  : In  — >■  A for  some  n.  Set  a = ip(xn).  Then  we  would 
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have  xm(xa  — xny)  = 0 for  some  m > 0.  This  would  mean  that  xm+1a  = xm+ny. 
This  would  mean  that  (p(xn+m+1)  = xm+ny.  This  leads  to  a contradiction  because 
it  would  imply  that 

0 = p(0)  = ip(zn+rn+1xn+m+1 ) = xm+nyzn+m+i 
which  is  not  true  in  the  ring  A. 


Let  A:  be  a field.  Consider  the  ring 

A = k[f,9,x,y,{an,bn}n>1\/(fy  - gx,  {anfn  + &n3”}n>i)- 

Set  I = ( f,g ) and  let  M = A.  Then  x/f  G Af  and  y/g  G Ag  map  to  the  same 
element  of  Afg.  Hence  these  define  a section  s of  the  structure  sheaf  of  Spec(H) 
over  D(f)  U D(g)  = Spec(H)  \V(I).  However,  there  is  no  n > 0 such  that  s comes 
from  an  H-module  map  <p  : In  — > A as  in  the  source  of  the  first  displayed  arrow  of 
Lemma  27.25.1  Namely,  given  such  a module  map  set  xn  = <p(/ra)  and  yn  = <p{gn). 
Then  fmxn  = fn+m~1x  and  gmyn  = gn+m~1y  for  some  m > 0 (see  proof  of  the 
lemma).  But  then  we  would  have  0 = ip(0)  = tp(an+mfn+m  + bn+mgn+m ) = 
+ bn+mgn+m~1y  which  is  not  the  case  in  the  ring  A. 


We  will  improve  on  the  following  lemma  in  the  Noetherian  case,  see  Cohomology 
of  Schemes,  Lemma  [29. 10. 4[ 

01PQ  Lemma  27.25.3.  Let  X be  a quasi-compact  scheme.  Let  X C Ox  be  a quasi- 
coherent  sheaf  of  ideals  of  finite  type.  Let  Z C X be  the  closed  subscheme  defined 
by  I and  set  U = X \ Z.  Let  J-  be  a quasi- coherent  Ox-module.  The  canonical 
map 

colimn  Homo  Y (I",  T)  — > T(t/,  T) 

is  injective.  Assume  further  that  X is  quasi-separated.  Let  Tn  C T be  subsheaf  of 
sections  annihilated  by  Xn . The  canonical  map 

colim„  HomOY  (I",  F/Fn)  — > T(H,  F) 

is  an  isomorphism. 


Proof.  Let  Spec(A)  = W C X be  an  affine  open.  Write  F\w  = M for  some 
A- module  M and  I\w  = I for  some  finite  type  ideal  I C A.  Restricting  the  first 
displayed  map  of  the  lemma  to  W we  obtain  the  first  displayed  map  of  Lemma 
27.25.11  Since  we  can  cover  X by  a finite  number  of  affine  opens  this  proves  the 
first  displayed  map  of  the  lemma  is  injective. 


We  have  Fn\w  = Mn  where  Mn  C M is  defined  as  in  Lemma 
omitted).  The  lemma  guarantees  that  we  have  a bijection 


27.25.1 


(details 


colimn  Hom0w (ln\w,  (F/Fn)\w)  — > T(J7  n W, T) 


for  any  such  affine  open  W. 


To  see  the  second  displayed  arrow  of  the  lemma  is  bijective,  we  choose  a finite 
affine  open  covering  X = Uj=i  m W7 . The  injectivity  follows  immediately  from 
the  above  and  the  finiteness  of  the  covering.  If  X is  quasi-separated,  then  for  each 
pair  j,  j1  we  choose  a finite  affine  open  covering 


W3  n Wy  = U 


k= 1, 


Wf 


27.26.  AMPLE  INVERTIBLE  SHEAVES 


1933 


Let  s G r(U,  F).  As  seen  above  for  each  j there  exists  an  rij  and  a map  ipj  : 
lni  \w  -A  (F/Fn ,)\w  which  corresponds  to  s\wy  By  the  same  token  for  each 
triple  ( j,j',k ) there  exists  an  integer  rijj>k  such  that  the  restriction  of  ipj  and  ipj> 
as  maps  Tna'k  -A  F/Fn._,k  agree  over  Wjjn.  Let  n = ma x{nj,njj>k}  and  we  see 
that  the  ipj  glue  as  maps  In  -A  F / Fn  over  X.  This  proves  surjectivity  of  the 
map.  □ 


27.26.  Ample  invertible  sheaves 

01PR  Recall  from  Modules,  Lemma  [17. 21. 10|  that  given  an  invertible  sheaf  £ on  a locally 
ringed  space  X , and  given  a global  section  s of  £ the  set  Xs  = {x  G X \ s fL  mxCx} 
is  open.  A general  remark  is  that  Xs  n Xs/  = Xss/ . where  ss'  denote  the  section 
s®  s'  G r(X,  £ ® £.'). 

01PS  Definition  27.26.1.  Let  X be  a scheme.  Let  £ be  an  invertible  Ox-module.  We 
say  £ is  ample  if 

(1)  X is  quasi-compact,  and 

(2)  for  every  x G X there  exists  an  n > 1 and  s G P(A',  £®n)  such  that  x G Xs 
and  Xs  is  affine. 

01PT  Lemma  27.26.2.  Let  X be  a scheme.  Let  £ be  an  invertible  Ox -module.  Let 
n > 1.  Then  £ is  ample  if  and  only  if  £®n  is  ample. 

Proof.  This  follows  from  the  fact  that  Xsn  = Xs.  □ 

01PU  Lemma  27.26.3.  Let  X be  a scheme.  Let  £ be  an  ample  invertible  Ox-module. 
For  any  closed  subscheme  Z C X the  restriction  of  £ to  Z is  ample. 


Proof.  This  is  clear  since  a closed  subset  of  a quasi-compact  space  is  quasi-compact 
and  a closed  subscheme  of  an  affine  scheme  is  affine  (see  Schemes,  Lemma  25.8.2). 

□ 


01PV  Lemma  27.26.4.  Let  X be  a scheme.  Let  £ be  an  invertible  Ox-module.  Let 
s G T(A,£).  For  any  affine  U C X the  intersection  U D A's  is  affine. 


Proof.  This  translates  into  the  following  algebra  problem.  Let  R be  a ring.  Let  N 
be  an  invertible  A-module  (i.e.,  locally  free  of  rank  1).  Let  s G N be  an  element. 
Then  Z7  = {p  | s £ pA}  is  an  affine  open  subset  of  Spec(R).  This  you  can  see  as 
follows.  Think  of  s as  an  f?-module  map  R -A  N.  This  gives  rise  to  R-module  maps 
N®k  -A  N®k+1.  Consider 

R'  = colimn  A®" 

with  transition  maps  as  above.  Define  an  i?-algebra  structure  on  R'  by  the  rule 
x ■ y = x ® y G A®n+m  i{  x G A®"  and  y G A®m.  We  claim  that  Spec(-R')  — ► 
Spec(l?)  is  an  open  immersion  with  image  U. 

To  prove  this  is  a local  question  on  Spec(-R).  Let  p G Spec (R).  Pick  f G R, 
f fL  p such  that  Nf  = Rf  as  a module.  Replacing  R by  Rf,  A by  A/  and  R'  by 
Rj  = colimA®"  we  may  assume  that  A = R.  Say  A = R.  In  this  case  s is  an 
element  of  R and  it  is  easy  to  see  that  R'  = Rs.  Thus  the  lemma  follows.  □ 

0890  Lemma  27.26.5.  Let  X be  a scheme.  Let  £ and  Ad  be  invertible  Ox -modules.  If 

(1)  £ is  ample,  and 

(2)  the  open  sets  Xt  where  t G T(A,  Ai®m)  for  m > 0 cover  X, 
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then  C®  Ai  is  ample. 


Proof.  We  check  the  conditions  of  Definition  |27.26.1[  As  £ is  ample  we  see  that 
X is  quasi-compact.  Let  x £ X.  Choose  n > 1,  m > 1,  s £ F(A',  £®n),  and 
t £ T(X,  A4®m)  such  that  x £ Xs,  x £ Xt  and  Xs  is  affine.  Then  smtn  £ T(A,  (£® 
x £ Asmtn,  and  Xs™tn  is  affine  by  Lemma  27.26.4  □ 


01PX  Lemma  27.26.6.  Let  X be  a scheme.  Let  C be  an  invertible  Ox -module.  Assume 
the  open  sets  Xs,  where  s £ F(A',  £®n)  and  n > 1,  form  a basis  for  the  topology 
on  X . Then  among  those  opens , the  open  sets  Xs  which  are  affine  form  a basis  for 
the  topology  on  X . 


Proof.  Let  x £ X.  Choose  an  affine  open  neighbourhood  Spec(i?)  = U C I of 
x.  By  assumption,  there  exists  a n > 1 and  a s £ F(A',  £®n)  such  that  Xs  C U. 
By  Lemma  [27.26.4|  above  the  intersection  A's  = U D Xs  is  affine.  Since  U can  be 
chosen  arbitrarily  small  we  win.  □ 

01PY  Lemma  27.26.7.  Let  X be  a scheme.  Let  £ be  an  invertible  Ox -module.  Assume 
for  every  point  x of  X there  exists  n > 1 and  s £ r(A,  £®n)  such  that  x £ Xs  and 
Xs  is  affine.  Then  X is  separated. 


Proof.  By  assumption  we  can  find  a covering  of  X by  affine  opens  of  the  form 
Xs.  To  show  that  X is  quasi-separated,  by  Schemes,  Lemma [25. 21. 7| it  suffices  to 
show  that  Xs  n A's/  is  quasi-conrpact  whenever  Xs  is  affine.  This  is  true  by  Lemma 
|27.26.4|  Finally,  to  show  that  X is  separated,  we  can  use  the  valuative  criterion, 


see  Schemes,  Lemma  25.22.2 


Thus,  let  A be  a valuation  ring  with  fraction  held  K and  consider  two  morphisms 
f,g  : Spec(A)  — >•  X such  that  the  two  compositions  Spec(A')  — ► Spec(A)  — »•  X 
agree.  Then  f* C corresponds  to  an  A-module  M and  g*C  corresponds  to  an 
A-module  N by  our  classification  of  quasi-coherent  modules  over  affine  schemes 
(Schemes,  Lemma  25.7.41.  The  A-modules  M and  N are  locally  free  of  rank  1 


(Lemma  27.20.1 1 and  as  A is  local  they  are  free  of  rank  1.  We  are  given  an  isomor- 
phism N ®a  K = M 65  a K because  /|spec(A)  = fflspec(if)-  We  fix  an  isomorphism 
M 65  a K = K = N 65a  K compatible  with  the  given  isomorphism  above,  so  that 
we  may  think  of  M and  N as  A-submodules  of  K (free  of  rank  1 over  A).  Next, 
choose  s £ F(A',  £®n)  such  that  Im(/)  C Xs  and  such  that  Xs  is  affine.  This  is 
possible  by  assumption  and  the  fact  that  A is  local,  so  it  suffices  to  look  at  the 
image  of  the  closed  point  of  Spec(A).  Then  s corresponds  to  an  element  x £ M®n 
and  y £ jV®n  mapping  to  the  same  element  of  K®n  and  moreover  x m aM®” 

because  /(Spec(A))  c A's.  We  conclude  that  TV®"  = Ax  = Ay  c M®"  inside  of 
A®".  Thus  N C M.  By  symmetry  we  get  M = TV.  This  in  turn  implies  that 
g(Spec(A))  c Xs.  Then  / = g because  Xs  is  affine  and  hence  separated,  thereby 
finishing  the  proof.  □ 


09MP  Lemma  27.26.8.  Let  X be  a scheme.  If  there  exists  an  ample  invertible  sheaf  on 
X then  X is  separated. 

Proof.  Follows  immediately  from  Lemma[27.26.7|and  Definition |27. 26. H □ 

01PZ  Lemma  27.26.9.  Let  X be  a scheme.  Let  £ be  an  invertible  Ox -module.  Set 
S = r*  (A,  £)  as  a graded  ring.  If  every  point  of  X is  contained  in  one  of  the  open 
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subschemes  Xs,  for  some  s £ S+  homogeneous,  then  there  is  a canonical  morphism 
of  schemes 

f '■  X — > Y = Proj(S), 


01Q0 


to  the  homogeneous  spectrum  of  S (see  Constructions,  Section  26.8).  This  mor- 
phism has  the  following  properties 

(1)  /_1(D+(s))  = Xs  for  any  s £ S+  homogeneous, 

(2)  there  are  Oy -module  maps  f*Oy(n)  — > C®n  compatible  with  multiplica- 
tion maps,  see  Constructions,  Equation  \26.10.1A), 

(3)  the  compositions  Sn  — ► r(Y,  Oy{n))  — > F(A',  C®n)  are  equal  to  the  identity 
maps,  and 

(4)  for  every  x & X there  is  an  integer  d > 1 and  an  open  neighbourhood 
U C X of  x such  that  f*Oy(dn)\u  — > C®dn\iT  is  an  isomorphism  for  all 

n £ Z. 

Proof.  Denote  if  : S r*(X,  C)  the  identity  map.  We  are  going  to  use  the 
triple  ( U(if),rc,ip,d ) of  Constructions,  Lemma  26.14.1  By  assumption  the  open 
subscheme  U{if)  of  equals  X.  Hence  rc ,-0  : U(if)  — >•  Y is  defined  on  all  of  X.  We 
set  / = rc,xjj.  The  maps  in  part  (2)  are  the  components  of  9.  Part  (3)  follows  from 
condition  (2)  in  the  lemma  cited  above.  Part  (1)  follows  from  (3)  combined  with 
condition  (1)  in  the  lemma  cited  above.  Part  (4)  follows  from  the  last  statement  in 
Constructions,  Lemma|26.14.1|since  the  map  a mentioned  there  is  an  isomorphism. 

□ 

Lemma  27.26.10.  Let  X be  a scheme.  Let  C be  an  invertible  Ox-module.  Set 
S = r*(X, C).  Assume  (a)  every  point  of  X is  contained  in  one  of  the  open 
subschemes  Xs,  for  some  s £ S+  homogeneous,  and  (b)  X is  quasi-compact.  Then 
the  canonical  morphism  of  schemes  f : X — > Proj(S)  of  Lemma  27.26.9\  above  is 
quasi- compact. 


Proof.  It  suffices  to  show  that  f~1(D+(s))  is  quasi-compact  for  any  s £ S+  ho- 
mogeneous. Write  X = U»=i  n Xj  as  a finite  union  of  affine  opens.  By  Lemma 
27.26.4  each  intersection  Xs  n Xi  is  affine.  Hence  Xs  = U*=i  nFsnIi  is  quasi- 
compact. □ 


01Q1 


Lemma  27.26.11.  Let  X be  a scheme.  Let  C be  an  invertible  Ox-module.  Set 
S = r*(X,  C).  Assume  C is  ample.  Then  the  canonical  morphism  of  schemes 
f-X 


Proj(S)  of  Lemma  27.26.9 


is  an  open  immersion. 

Proof.  By  Lemma[27.26.7|we  see  that  X is  quasi-separated.  Choose  finitely  many 
si, . . . , sn  £ S+  homogeneous  such  that  Xs.  are  affine,  and  A'  = (J  Xs. . Say  Sj  has 


degree  di.  The  inverse  image  of  D+(st ) under  / is  Xs.,  see  Lemma  27.26.9  By 
Lemma  [27.17.2|  the  ring  map 

(S(d’>)(8j)  =T(D+(si),0PloKS))  ^T(XSi,Ox) 

is  an  isomorphism.  Hence  / induces  an  isomorphism  Xs.  — > D+(sj).  Thus  / is  an 
isomorphism  of  X onto  the  open  subscheme  Ui=i  „ D+(si)  of  Proj(S').  □ 

01Q2  Lemma  27.26.12.  Let  X be  a scheme.  Let  S be  a graded  ring.  Assume  X is 
quasi-compact,  and  assume  there  exists  an  open  immersion 

j : X — > Y = Proj(S). 

Then  j*Oy(d)  is  an  invertible  ample  sheaf  for  some  d > 0. 
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01Q3 

01Q4 

01Q5 

01Q6 

01Q7 

01Q8 

01Q9 

01QA 

01QB 

01QC 


Proof.  This  is  Constructions,  Lemma  [26. 10. 6|  □ 

Proposition  27.26.13.  Let  X be  a quasi-compact  scheme.  Let  C be  an  invertible 
sheaf  on  X . Set  S — T*(X,  C).  The  following  are  equivalent: 

(1)  C is  ample, 

(2)  the  open  sets  Xs,  with  s £ S+  homogeneous,  cover  X and  the  associated 
morphism  X — > Proj(S)  is  an  open  immersion, 

(3)  the  open  sets  XB,  with  s £ S+  homogeneous,  form  a basis  for  the  topology 
ofX, 

(4)  the  open  sets  Xs , with  s £ S+  homogeneous,  which  are  affine  form  a basis 
for  the  topology  of  X, 

(5)  for  every  quasi- coherent  sheaf  JF  on  X the  sum  of  the  images  of  the  canon- 
ical maps 

T(X,  T ®0x  £®n)  ®z  £®-n  — ► T 
with  n > 1 equals  T , 

(6)  same  property  as  with  T ranging  over  all  quasi- coherent  sheaves  of 
ideals, 

(7)  X is  quasi-separated  and  for  every  quasi- coherent  sheaf  T of  finite  type 
on  X there  exists  an  integer  ng  such  that  T ®ox  is  globally  generated 
for  all  n > no, 

(8)  X is  quasi-separated  and  for  every  quasi- coherent  sheaf  J-  of  finite  type  on 
X there  exist  integers  n > 0,  k > 0 such  that  T is  a quotient  of  a direct 
sum  of  k copies  of  C®~n , and 

(9)  same  as  in  ISU  with  T ranging  over  all  sheaves  of  ideals  of  finite  type  on 
X. 


Proof.  Lemma  [27.26.11 
implication  (JT|) 


is 


|I|  =>  ([2]).  Lemmas  27.26.2  and  27.26.12  provide  the 
~|2).  The  implications  p|)  =>  (|4|  =>  ([3 ) are  clear  from  Construc- 
tions, Section  [26.8  Lemma  |27.26.6|  is  |3f  =>  |l|).  Thus  we  see  that  the  first  4 
conditions  are  all  equivalent. 


Assume  the  equivalent  conditions  (1)  - (4).  Note  that  in  particular  X is  separated 
(as  an  open  subscheme  of  the  separated  scheme  Proj(S')).  Let  J7  be  a quasi-coherent 
sheaf  on  X.  Choose  s £ S+  homogeneous  such  that  Xs  is  affine.  We  claim  that 
any  section  m £ T(XS,  T)  is  in  the  image  of  one  of  the  maps  displayed  in  (|5|)  above. 

we 
")■ 


This  will  imply  ([5])  since  these  afHnes  Xs  cover  X.  Namely,  by  Lemma  27.17.2 


may  write  m as  the  image  of  m!  < 
This  proves  the  claim. 


) s n for  some  n > 1,  some  m!  £ T(X,  T ® £c 


Clearly  ([5])  =>  ([6]).  Let  us  assume  (|6j)  and  prove  C is  ample.  Pick  x £ X.  Let  U C X 
be  an  affine  open  which  contains  x.  Set  Z = X\U.  We  may  think  of  Z as  a reduced 
closed  subscheme,  see  Schemes,  Section  |25.12|  Let  I C Ox  be  the  quasi-coherent 
sheaf  of  ideals  corresponding  to  the  closed  subscheme  Z.  By  assumption  ([6]),  there 
exists  an  n > 1 and  a section  s £ T{X,T  <g>  £®n)  such  that  s does  not  vanish  at 
x (more  precisely  such  that  s £ mxIx  <g>  C®n).  We  may  think  of  s as  a section  of 
£®".  Since  it  clearly  vanishes  along  Z we  see  that  Xs  C U.  Hence  Xs  is  affine,  see 
Lemma  [27.26.4[  This  proves  that  £ is  ample.  At  this  point  we  have  proved  that 
(1)  - (6)  are  equivalent. 


Assume  the  equivalent  conditions  (1)  - (6).  In  the  following  we  will  use  the  fact 
that  the  tensor  product  of  two  sheaves  of  modules  which  are  globally  generated 
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is  globally  generated  without  further  mention  (see  Modules,  Lemma  17.4.3).  By 
(1)  we  can  find  elements  st  £ S ^ with  di  > 1 such  that  X = (Ji=1  „XS. . Set 
d = d\ . . . dn.  It  follows  that  is  globally  generated  by 


d/di 


„d/d.n 


This  means  that  if  is  globally  generated  then  so  is  £®i+dn  for  all  n > 0.  Fix  a 
j £ {0, . . . , d — 1}.  For  any  point  x £ X there  exists  an  n > 1 and  a global  section 
s of  £i+dn  which  does  not  vanish  at  x,  as  follows  from  ([H])  applied  to  X = and 
ample  invertible  sheaf  C®d.  Since  X is  quasi-compact  there  we  may  find  a finite  list 
of  integers  rq  and  global  sections  s,  of  which  do  not  vanish  at  any  point  of 

X.  Since  is  globally  generated  this  means  that  is  globally  generated 

where  n = max{rq}.  Since  we  proved  this  for  every  congruence  class  mod  d we 
conclude  that  there  exists  an  no  = no{£)  such  that  £®n  is  globally  generated  for 
all  n>  no-  At  this  point  we  see  that  if  J-  is  globally  generated  then  so  is  J-  (g>  £®n 
for  all  n > no- 


We  continue  to  assume  the  equivalent  conditions  (1)  - (6).  Let  J7  be  a quasi- 
coherent  sheaf  of  Ox-modules  of  finite  type.  Denote  Tn  C T the  image  of  the 
canonical  map  of  ^ . By  construction  Tn  ® £®n  is  globally  generated.  By  (|5|)  we 
see  T is  the  sum  of  the  subsheaves  Tn.  n > 1.  By  Modules,  Lemma  [l7.9/7j  we 
see  that  T = ^n=i  l v^n  f°r  some  N > 1.  It  follows  that  T ® C®n  is  globally 
generated  whenever  n > N + rio(C)  with  no(C)  as  above.  We  conclude  that  (1)  - 
(6)  implies  |7|. 

Assume  Q.  Let  J7  be  a quasi-coherent  sheaf  of  Ox-modules  of  finite  type.  By  ([7]) 
there  exists  an  integer  n > 1 such  that  the  canonical  map 

r(A,  J7  ®0x  £®n)  8Z  £®"n  — J7 

is  surjective.  Let  I be  the  set  of  finite  subsets  of  r(A”,  T ®ox  C®n)  partially  ordered 
by  inclusion.  Then  I is  a directed  partially  ordered  set.  For  i = {si, . . . , sr(q}  let 
Ti  C T be  the  image  of  the  map 


0B3E 


©, 


'j=f-,r(i) 

■dj  on  the  jth  factor. 


T 


The  surjectivity  above  implies 


which  is  multiplication  by  Sj 
that  J7  = coliniigj  J7;.  Hence  Modules,  Lemma [1 7 . 9 . 7| applies  and  we  conclude  that 
T = Ti  for  some  i.  Hence  we  have  proved  ([8]).  In  other  words, 

The  implication  is  trivial. 

Finally,  assume  §■  Let  I C Ox  be  a quasi-coherent  sheaf  of  ideals.  By  Lemma 


27.22.3  (this  is  where  we  use  the  condition  that  X be  quasi-separated)  we  see  that 
I = colimQ  Ia  with  each  Ia  quasi-coherent  of  finite  type.  Since  by  assumption  each 
of  the  Ia  is  a quotient  of  negative  tensor  powers  of  C we  conclude  the  same  for 
I (but  of  course  without  the  finiteness  or  boundedness  of  the  powers).  Hence  we 
conclude  that  implies  <§•  This  ends  the  proof  of  the  proposition.  □ 


Lemma  27.26.14.  Let  X be  a scheme.  Let  L be  an  ample  invertible  Ox-module. 
For  any  quasi-compact  immersion  i : X'  -A  X the  pullback  i* £ is  ample  on  X' . 


Proof.  For  s £ T(A,  £®d)  denote  s'  = i* s the  restriction  to  X' . By  Proposition 
the  opens  Xs,  for  s £ T(A,  £®d),  form  a basis  for  the  topology  on  X. 


27.26.13 


Since  X's,  = X'  D Xs  and  since  i(X')  C A'  is  locally  closed,  we  conclude  the  same 
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thing  is  true  for  the  opens  X's, . Hence  the  lemma  is  a consequence  of  Proposition 
127.26.131  □ 


27.27.  Affine  and  quasi-affine  schemes 


01QD 

01QE  Lemma  27.27.1.  Let  X be  a scheme.  Then  X is  quasi-affine  if  and  only  if  Ox 
is  ample. 

Proof.  Suppose  that  X is  quasi-affine.  Consider  the  open  immersion 

j : A— >Spec(r(X,0A-)) 


from  Lemma  27.18.3  Note  that  Spec(A)  = Proj(A[T]),  see  Constructions,  Example 
26.8.14  Hence  we  can  apply  Lemma [27. 26. 12|  to  deduce  that  Ox  is  ample. 


OBCK 


Suppose  that  Ox  is  ample.  Note  that  T*(X,  Ox)  — T(X,  0A)[T]  as  graded  rings. 
Hence  the  result  follows  from  Lemmas  |27.26.1l1  and  |27.18.3|  taking  into  account 
that  Spec(A)  = Proj(A[T])  for  any  ring  A as  seen  above.  □ 

Lemma  27.27.2.  Let  X be  a quasi-affine  scheme.  For  any  quasi-compact  immer- 
sion i : X'  — > X the  scheme  X'  is  quasi-affine. 

Proof.  This  can  be  proved  directly  without  making  use  of  the  material  on  ample 
invertible  sheaves;  we  urge  the  reader  to  do  this  on  a napkin.  Since  X is  quasi- 

Then  Ox1  is  ample  by  Lemma 

□ 


affine,  we  have  that  Ox  is  ample  by  Lemma  27.27.1 


27.26.14  Then  X'  is  quasi-affine  by  Lemma  27.27.1 


01QF 


Lemma  27.27.3.  Let  X be  a scheme.  Suppose  that  there  exist  finitely  many 
elements  fi,...,fn  £ r(A',  Ox)  such  that 

(1)  each  Xf.  is  an  affine  open  of  X,  and 

(2)  the  ideal  generated  by  /i, . . . , /„  in  P(X,  Ox)  is  equal  to  the  unit  ideal. 
Then  X is  affine. 

Proof.  Assume  we  have  /i, . . . , fn  as  in  the  lemma.  We  may  write  1 = ’ffi.gifi  for 
some  gj  £ T{X1Ox)  and  hence  it  is  clear  that  X = (JX/;.  (The  ffs  cannot  all 
vanish  at  a point.)  Since  each  Xfi  is  quasi-compact  (being  affine)  it  follows  that 
X is  quasi-compact.  Hence  we  see  that  A'  is  quasi-affine  by  Lemma [27.27. 1|  above. 
Consider  the  open  immersion 

j ' X Spec(r(A,  Ox)), 

see  Lemma  27.18.3|  The  inverse  image  of  the  standard  open  D(fi)  on  the  right 
hand  side  is  equal  to  X f.  on  the  left  hand  side  and  the  morphism  j induces  an 
isomorphism  Xft  = D(fi),  see  Lemma 


27.18.2 


Since  the  fi  generate  the  unit  ideal 
we  see  that  Spec(r(X,  Ox ))  = Ui=i ... „ D{fi)-  Thus  j is  an  isomorphism.  □ 


27.28.  Quasi-coherent  sheaves  and  ample  invertible  sheaves 

01QG  Theme  of  this  section:  in  the  presence  of  an  ample  invertible  sheaf  every  quasi- 
coherent  sheaf  comes  from  a graded  module. 

01QH  Situation  27.28.1.  Let  X be  a scheme.  Let  C be  an  ample  invertible  sheaf  on 
X.  Set  S = P*(X,£)  as  a graded  ring.  Set  Y = Proj(S').  Let  / : X -A  Y be 
the  canonical  morphism  of  Lemma  |27.26.9|  It  comes  equipped  with  a Z-graded 
O; sc -algebra  map  ©/*CV(u)  — > © £®n. 
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01QI 


01QJ 


01QK 


The  following  lemma  is  really  a special  case  of  the  next  lemma  but  it  seems  like  a 
good  idea  to  point  out  its  validity  first. 


Lemma  27.28.2.  In  Situation 


27.28.1 


The  canonical  morphism  f : X 


Y 


maps  X into  the  open  subscheme  W = W\  C Y where  Oy{T)  is  invertible  and 
where  all  multiplication  maps  Oy(n)  ®o,.  Oy(m)  — > Oy(n  + m)  are  isomorphisms 
(see  Constructions , Lemma  26.10.4 )■  Moreover,  the  maps  f*Oy(n ) — ► C®n  are  all 
isomorphisms. 


Proof.  By  Proposition  27.26.13  there  exists  an  integer  no  such  that  £®n  is  globally 
generated  for  all  n > Uq.  Let  x £ X be  a point.  By  the  above  we  can  find  a £ Sn 0 
and  b £ Snoyi  such  that  a and  b do  not  vanish  at  x.  Hence  /( x)  € D+(a)nD+(b)  = 
D+{ab).  By  Constructions,  Lemma  26. 10. 4|  we  see  that  f(x)  £ W\  as  desired.  By 
Constructions,  Lemma  |26.14.1|  which  was  used  in  the  construction  of  the  map  / 
the  maps  f*Oy(n0)  -A  £®n°  and  f*Oy(n0  + 1)  — A £®n 0+1  are  isomorphisms  in  a 
neighbourhood  of  x.  By  compatibility  with  the  algebra  structure  and  the  fact  that 
/ maps  into  W we  conclude  all  the  maps  f*Oy(n)  -A  C®n  are  isomorphisms  in  a 
neighbourhood  of  x.  Hence  we  win.  □ 


Recall  from  Modules,  Definition  |17.21.7|  that  given  a locally  ringed  space  X,  an 
invertible  sheaf  C,  and  a Ox-module  IF  we  have  the  graded  T*(X,  £)-module 


r*(x,£,x)  = 0 r(x,x 


T)- 


The  following  lemma  says  that,  in  Situation|27.28.I]  we  can  recover  a quasi-coherent 
Ox-module  F from  this  graded  module.  Take  a look  also  at  Constructions,  Lemma 


26.13.7  where  we  prove  this  lemma  in  the  special  case  X = P^. 


Lemma  27.28.3.  In  Situation 


27.28.1 


Let  F be  a quasi-coherent  sheaf  on  X. 


Set  M = T*(X,  C,  F)  as  a graded  S-module.  There  are  isomorphisms 


f*M 


F 


functorial  in  F such  that  Mq  — >•  T(Proj(S),  M)  -A  T(X,  F)  is  the  identity  map. 

Proof.  Let  s £ S+  be  homogeneous  such  that  Xs  is  affine  open  in  X.  Recall 
that  M |_d+(s)  corresponds  to  the  -module  Mts\,  see  Constructions,  Lemma 
26.8.4  Recall  that  f~l{D+{s))  = Xs.  As  X carries  an  ample  invertible  sheaf 
it  is  quasi-compact  and  quasi-separated,  see  Section  |27.26|  By  Lemma  |27.17.2| 
there  is  a canonical  isomorphism  = T*(X,£, F)^  -A  T(Xs,Jr).  Since  F is 
quasi-coherent  this  leads  to  a canonical  isomorphism 


f*M  |; 


F I 


Since  C is  ample  on  X we  know  that  X is  covered  by  the  affine  opens  of  the  form 
Xs.  Hence  it  suffices  to  prove  that  the  displayed  maps  glue  on  overlaps.  Proof  of 
this  is  omitted.  □ 


Remark  27.28.4.  With  assumptions  and  notation  of  Lemma 


27.28.3 


Denote  the 


displayed  map  of  the  lemma  by  Ojr.  Note  that  the  isomorphism  f*Oy(n ) -A  L®r' 
of  Lemma  [27.28. 2|  is  just  Consider  the  multiplication  maps 


M ®0y  Oy(n)  — > M(n) 
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see  Constructions,  Equation  (26.10.1.5).  Pull  this  back  to  X and  consider 


FM®0xf*0Y(n) 


■ f*M(ri) 


id 


£F®C®n 


Here  we  have  used  the  obvious  identification  M(ri)  = T*(X,  C,  T ® £®n)-  This 
diagram  commutes.  Proof  omitted. 


It  should  be  possible  to  deduce  the  following  lemma  from  Lemma  27.28.3  (or  con- 
versely) but  it  seems  simpler  to  just  repeat  the  proof. 

0AG5  Lemma  27.28.5.  Let  S be  a graded  ring  such  that  X = Proj(S)  is  quasi- compact. 

Let  T be  a quasi- coherent  Ox-module.  Set  M = @ragZ  T(X,  X{n))  as  a graded 
S -module,  see  Constructions,  Section  [26. 1 0[  The  map 

M — 


of  Constructions,  Lemma \26.10. 7|  is  an  isomorphism.  If  X is  covered  by  standard 
opens  D+{f ) where  f has  degree  1,  then  the  induced  maps  Mn  — > T(X,T{n))  are 
the  identity  maps. 

Proof.  Since  X is  quasi-compact  we  can  find  homogeneous  elements  /i,  • • • , fn  £ S 
of  positive  degrees  such  that  X = D+{fi)  U . . . U D+{fn).  Let  d be  the  least  com- 
mon multiple  of  the  degrees  of  f\, ... , fn . After  replacing  fi  by  a power  we  may 
assume  that  each  f,  has  degree  d.  Then  we  see  that  C = Ox{d)  is  invertible,  the 
multiplication  maps  O \ (ad)  ® O \ (bd)  — > Ox{{a  + b)d)  are  isomorphisms,  and  each 
fi  determines  a global  section  s.;  of  £ such  that  XSi  = D+{fi),  see  Constructions, 
Lemmas  26.10.4  and  26.10.5  Thus  T{X,  T{ad))  = T{X,Jr  ® £®a).  Recall  that 


26.8.4 


M\o+(fi)  corresponds  to  the  .S^.ynrodule  see  Constructions,  Lemma 

Since  the  degree  of  fi  is  d,  the  isomorphism  class  of  M(f.)  depends  only  "on  the 
homogeneous  summands  of  M of  degree  divisible  by  d.  More  precisely,  the  isomor- 
phism class  of  M(f.)  depends  only  on  the  graded  r*(X,  £)-module  P*(X,  £,  T)  and 
the  image  s,;  of  fi  in  r*(X,  £).  The  scheme  X is  quasi-compact  by  assumption  and 
separated  by  Constructions,  Lemma [26. 8. 8|  By  Lemma [27. 17. 2| there  is  a canonical 
isomorphism 

MUi)  = r*(x,£,x)(Si)  -A  r(xSi, F). 

The  construction  of  the  map  in  Constructions,  Lemma [26. 10. 7 then  shows  that  it  is 
an  isomorphism  over  D+{fi)  hence  an  isomorphism  as  X is  covered  by  these  opens. 
We  omit  the  proof  of  the  final  statement.  □ 


27.29.  Finding  suitable  affine  opens 

01ZU  In  this  section  we  collect  some  results  on  the  existence  of  affine  opens  in  more  and 
less  general  situations. 

01ZV  Lemma  27.29.1.  Let  X be  a quasi-separated  scheme.  Let  Z\, . . . , Zn  be  pairwise 
distinct  irreducible  components  of  X,  see  Topology,  Section\5Zi\  Let  ip  £ Zi  be  their 
generic  points,  see  Schemes,  Lemma  \25. 11. 1\  There  exist  affine  open  neighbour- 
hoods r]i  £ Ui  such  that  Ui  D Uj  = % for  all  i ^ j ■ In  particular,  U = U\  U . . . U Un 
is  an  ajfne  open  containing  all  of  the  points  rp, ...  ,rjn. 
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01ZW 


03J1 


01ZX 


01ZY 


Proof.  Let  V)  be  any  affine  open  containing  r/,;  and  disjoint  from  the  closed  set  Z\U 
. . . Zi . . . U Zn.  Since  X is  quasi-separated  for  each  i the  union  Wi  = U,  :]^i  G Vj 
is  a quasi-compact  open  of  V,  not  containing  ip . We  can  find  open  neighbourhoods 
Ui  C Vi  containing  ry  and  disjoint  from  Wt  by  Algebra,  Lemma  10.25.4|  Finally,  U 
is  affine  since  it  is  the  spectrum  of  the  ring  R\  x . . . x Rn  where  Ri  = Ox{Uf),  see 
Schemes,  Lemma[25.6.8[  □ 


Remark  27.29.2.  Lemma 


27.29.1 


above  is  false  if  X is  not  quasi-separated.  Here 
is  an  example.  Take  R = Q|.c,  j/i , 3/2 , • • •]/((£  — i)yi).  Consider  the  minimal  prime 
ideal  p = (2/1, 2/2,  - ■ -)  of  R.  Glue  two  copies  of  Spec(i?)  along  the  (not  quasi- 
compact) open  Spec (R)  \ V(p)  to  get  a scheme  X (glueing  as  in  Schemes,  Example 


25.14.3 1.  Then  the  two  maximal  points  of  X corresponding  to  p are  not  contained 
in  a common  affine  open.  The  reason  is  that  any  open  of  Spec(i?)  containing  p 
contains  infinitely  many  of  the  “lines”  x = i,  yj  = 0,  j 7^  i with  parameter  yi. 
Details  omitted. 


Notwithstanding  the  example  above,  for  “most”  finite  sets  of  irreducible  closed 
subsets  one  can  apply  Lemma  [27. 29. 1|  above,  at  least  if  X is  quasi-compact.  This 
is  true  because  X contains  a dense  open  which  is  separated. 

Lemma  27.29.3.  Let  X be  a quasi-compact  scheme.  There  exists  a dense  open 
V C X which  is  separated. 

Proof.  Say  X = Ui=i  n is  a union  of  n affine  open  subschemes.  We  will  prove 
the  lemma  by  induction  on  n.  It  is  trivial  for  n = 1.  Let  V'  C [L=i  n-i  Ui  be  a 
separated  dense  open  subscheme,  which  exists  by  induction  hypothesis.  Consider 

V = V'U{Un\VT). 

It  is  clear  that  V is  separated  and  a dense  open  subscheme  of  X.  □ 


It  turns  out  that,  even  if  X is  quasi-separated  as  well  as  quasi-compact,  there  does 
not  exist  a separated,  quasi-compact  dense  open,  see  Examples,  Lemma  88.20.2 
Here  is  a slight  refinement  of  Lemma  [27. 29.1|  above. 


Lemma  27.29.4.  Let  X be  a quasi-separated  scheme.  Let  Z 1, . . . , Zn  be  pairwise 
distinct  irreducible  components  of  X.  Letr/i  £ Zi  be  their  generic  points.  Let  x £ X 
be  arbitrary.  There  exists  an  affine  open  U C X containing  x and  all  the  r]i. 


Proof.  Suppose  that  x £ Z\  n . . . n Zr  and  x Zr+ 1 , . . . , Zn.  Then  we  may  choose 
an  affine  open  W C X such  that  x £ W and  W C Zi  = 0 for  i = r + 1, . . . , n.  Note 
that  clearly  r/t  £ W for  i = 1, . . . , r.  By  Lemma[27.29.1|we  may  choose  affine  opens 
Ui  C X which  are  pairwise  disjoint  such  that  ry  £ Ui  for  i = r + 1, . . . ,n.  Since  X 
is  quasi-separated  the  opens  W fl  U,  are  quasi-conrpact  and  do  not  contain  77 * for 
i = r + 1, . . . ,n.  Hence  by  Algebra,  Lemma  10.25.4  we  may  shrink  Ui  such  that 
W fl  Ui  = 0 for  i = r + 1, . . . , n.  Then  the  union  U = W U lJi=r+i  n Ui  is  disjoint 
and  hence  (by  Schemes,  Lemma  25.6.8)  a suitable  affine  open.  □ 


Lemma  27.29.5.  Let  X be  a scheme.  Assume  either 

(1)  The  scheme  X is  quasi-affine. 

(2)  The  scheme  X is  isomorphic  to  a locally  closed  subscheme  of  an  affine 
scheme. 

(3)  There  exists  an  ample  invertible  sheaf  on  X . 
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(4)  The  scheme  X is  isomorphic  to  a locally  closed  subscheme  of  Proj(S)  for 
some  graded  ring  S. 

Then  for  any  finite  subset  E C X there  exists  an  affine  open  U C X with  E C U . 


Proof.  By  Properties,  Definition  |27. 18.1]  a quasi-affine  scheme  is  a quasi-compact 
open  subscheme  of  an  affine  scheme.  Any  affine  scheme  Spec (R)  is  isomorphic  to 


Proj(i?[A])  where  I?[X]  is  graded  by  setting  deg(X)  = 1.  By  Proposition  27.26.13 


09NV 


if  X has  an  ample  invertible  sheaf  then  X is  isomorphic  to  an  open  subscheme  of 
Proj(S')  for  some  graded  ring  S.  Hence,  it  suffices  to  prove  the  lemma  in  case  (4). 
(We  urge  the  reader  to  prove  case  (2)  directly  for  themselves.) 

Thus  assume  X C Proj(S)  is  a locally  closed  subscheme  where  S is  some  graded 
ring.  Let  T = X \ X.  Recall  that  the  standard  opens  D+{f)  form  a basis  of  the 
topology  on  Proj(S').  Since  E is  finite  we  may  choose  finitely  many  homogeneous 
elements  ft  £ S+  such  that 

E C D+(/i)  U . . . U D+{fn)  C Proj(S')  \ T 

Suppose  that  E = {pi,...,pm}  as  a subset  of  Proj(S').  Consider  the  ideal  / = 
(/i, . . . , fn)  C S.  Since  I <jt  pj  for  all  j = 1 ,m  we  see  from  Algebra,  Lemma 
10.56.6  that  there  exists  a homogeneous  element  / £ J,  / ^ pj  for  all  j = 1, . . . , m. 
Then  E C D+(f)  C D+(/i)  U . . . U D+(fn).  Since  D+(f)  does  not  meet  T we  see 
that  X d £>+(/)  is  a closed  subscheme  of  the  affine  scheme  D+(f),  hence  is  an  affine 
open  of  A"  as  desired.  □ 

Lemma  27.29.6.  Let  X be  a scheme.  Let  C be  an  ample  invertible  sheaf  on  X . 
Let 

EcWcX 

with  E finite  and  W open  in  X.  Then  there  exists  an  n > 0 and  a section  s £ 
T(A,  £®n)  such  that  Xs  is  affine  and  E C Xs  C W. 


Proof.  The  reader  can  modify  the  proof  of  Lemma  27.29.5  to  prove  this  lemma; 
we  will  instead  deduce  the  lemma  from  it.  By  Lemma  27.29.5|  we  can  choose  an 
affine  open  U C W such  that  E C U.  Consider  the  graded  ring  S = T*(X,C)  = 
0n>o  T(A,  £®").  For  each  x £ E let  p^.  C S be  the  graded  ideal  of  sections 
vanishing  at  x.  It  is  clear  that  px  is  a prime  ideal  and  since  some  power  of  C is 
globally  generated,  it  is  clear  that  S+  fL  pE.  Let  / C S'  be  the  graded  ideal  of 
sections  vanishing  on  all  points  of  X \ U . Since  the  sets  Xs  form  a basis  for  the 
topology  we  see  that  I (ft  px  for  all  x £ E.  By  (graded)  prime  avoidance  (Algebra, 
Lemma  10.56.6 1 we  can  find  s £ I homogeneous  with  s ^ px  for  all  x £ E.  Then 
E C Xs  C U and  Xs  is  affine  by  Lemma  [27.26. 4|  □ 
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Morphisms  of  Schemes 


28.1.  Introduction 

In  this  chapter  we  introduce  some  types  of  morphisms  of  schemes.  A basic  reference 

is  IDQ67I. 


28.2.  Closed  immersions 


In  this  section  we  elucidate  some  of  the  results  obtained  previously  on  closed  im- 
mersions of  schemes.  Recall  that  a morphism  of  schemes  i : Z — > X is  defined  to 
be  a closed  immersion  if  (a)  i induces  a homeomorphism  onto  a closed  subset  of 
X,  (b)  : Ox  ~ > i*Oz  is  surjective,  and  (c)  the  kernel  of  i ^ is  locally  generated 

by  sections,  see  Schemes,  Definitions  |25. 10T2]  and  [25.4. 1[  It  turns  out  that,  given 
that  Z and  X are  schemes,  there  are  many  different  ways  of  characterizing  a closed 
immersion. 

Lemma  28.2.1.  Let  i : Z — ► X be  a morphism  of  schemes.  The  following  are 
equivalent: 

(1)  The  morphism  i is  a closed  immersion. 

(2)  For  every  affine  open  Spec (R)  = U C X , there  exists  an  ideal  I C R such 

that  = Spec (R/I)  as  schemes  over  U = Spec(l?). 

(3)  There  exists  an  affine  open  covering  X = Ujgj  Uj,  Uj  = Spec  (Rj)  and  for 
every  j £ J there  exists  an  ideal  I ) C Rj  such  that  i~1(Uj)  = Spec (Rj/Ij) 
as  schemes  over  Uj  = Spec  (Rj). 

(4)  The  morphism  i induces  a homeomorphism  of  Z with  a closed  subset  of 
X and  : Ox  — > i*Oz  is  surjective. 

(5)  The  morphism  i induces  a homeomorphism  of  Z with  a closed  subset  of 
X,  the  map  $ : Ox  — t i*Oz  is  surjective,  and  the  kernel  Kerfr)  C Ox 
is  a quasi- coherent  sheaf  of  ideals. 

(6)  The  morphism  i induces  a homeomorphism  of  Z with  a closed  subset  of 
X,  the  map  : Ox  — t i*Oz  is  surjective,  and  the  kernel  Ker(r ) C Ox 
is  a sheaf  of  ideals  which  is  locally  generated  by  sections. 


Proof.  Condition  (6)  is  our  definition  of  a closed  immersion,  see  Schemes,  Defini- 
tions [25AI1  and  [25T^2)  So  (6)  <t=>  (1).  We  have  (1)  =>  (2)  by  Schemes,  Lemma 
25.10T|  Trivially  (2)  =>  (3). 

Assume  (3) . Each  of  the  morphisms  Spec  (Rj / Ij ) — > Spec  (Rj ) is  a closed  immersion, 
see  Schemes,  Example  25.8.1  Hence  i~1(Uj)  — > Uj  is  a homeomorphism  onto  its 


image  and  i^\u  is  surjective.  Hence  i is  a homeomorphism  onto  its  image  and  $ is 
surjective  since  this  may  be  checked  locally.  We  conclude  that  (3)  =>  (4). 
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The  implication  (4)  =>  (1)  is  Schemes,  Lemma  25.24.2  The  implication  (5)  =>  (6) 
is  trivial.  And  the  implication  (6)  =>  (5)  follows  from  Schemes,  Lemma  25.10.1  □ 


Lemma  28.2.2.  Let  X be  a scheme.  Suppose  i : Z — ► X and  i'  : Z'  X are 
closed  immersions  corresponding  to  the  quasi- coherent  ideal  sheaves  I = Ker(i$) 
and  L'  = Ker((i')^)  of  Ox- 

(1)  The  morphism  i : Z — » X factors  as  Z — ► Z’  — » X for  some  a : Z — » Z'  if 
and  only  if  I'  C I.  If  this  happens,  then  a is  a closed  immersion. 

(2)  We  have  Z = Z1  as  schemes  over  X if  and  only  if  T =1' . 


Proof.  This  follows  from  our  discussion  of  closed  subspaces  in  Schemes 
|25.4|  especially  Schemes,  Lemma  |25.4.6 


from  characterization  (3)  in  Lemma  28.2.1  above. 


Section 

It  also  follows  in  a straightforward  way 

□ 


01QQ  Lemma  28.2.3.  Let  X be  a scheme.  Let  T C Ox  be  a sheaf  of  ideals.  The 
following  are  equivalent: 

(1)  The  sheaf  of  ideals  T is  locally  generated  by  sections  as  a sheaf  of  Ox 
modules. 

(2)  The  sheaf  of  ideals  I is  quasi- coherent  as  a sheaf  of  Ox -modules. 

(3)  There  exists  a closed  immersion  i : Z — > X whose  corresponding  sheaf  of 
ideals  Ker($)  is  equal  to  T. 


01QR 

01QS 


01QT 

01QU 


Proof.  In  Schemes,  Section  [25. 4|  we  constructed  the  closed  subspace  associated  to 
a sheaf  of  ideals  locally  generated  by  sections.  This  closed  subspace  is  a scheme 
by  Schemes,  Lemma  25.10.1  Hence  we  see  that  (1)  =>  (3)  by  our  definition  of  a 
closed  immersion  of  schemes.  By  Lemma  28.2.1  above  we  see  that  (3)  =>  (2).  And 
of  course  (2)  =>  (1).  □ 

Lemma  28.2.4.  The  base  change  of  a closed  immersion  is  a closed  immersion. 

Proof.  See  Schemes,  Lemma  [25. 18.2[  □ 

Lemma  28.2.5.  A composition  of  closed  immersions  is  a closed  immersion. 


Proof.  We  have  seen  this  in  Schemes,  Lemma  [25. 24. 3[  but  here  is  another  proof. 
Namely,  it  follows  from  the  characterization  (3)  of  closed  immersions  in  Lemma 
28.2.1  Since  if  I C R is  an  ideal,  and  J C R/I  is  an  ideal,  then  J = J/I  for  some 
ideal  J C R which  contains  I and  (R/I)/  J = R/J.  □ 


Lemma  28.2.6.  A closed  immersion  is  quasi-compact. 

Proof.  This  lemma  is  a duplicate  of  Schemes,  Lemma[25.19.5|  □ 

Lemma  28.2.7.  A closed  immersion  is  separated. 

Proof.  This  lemma  is  a special  case  of  Schemes,  Lemma [25. 23. 7|  □ 


28.3.  Immersions 


07RJ  In  this  section  we  collect  some  facts  on  immersions. 

07RK  Lemma  28.3.1.  Let  Z — » Y — >■  X be  morphisms  of  schemes. 

(1)  If  Z — )•  X is  an  immersion,  then  Z — ► Y is  an  immersion. 

(2)  If  Z — ► X is  a quasi-compact  immersion  and  Z -4  Y is  quasi-separated, 
then  Z — y Y is  a quasi-compact  immersion. 
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(3)  If  Z —¥  X is  a closed  immersion  and  Y — > X is  separated,  then  Z -^-Y  is 
a closed  immersion. 


Proof.  In  each  case  the  proof  is  to  contemplate  the  commutative  diagram 


Z a-  Y xx  Z >Z 


Y *X 


01QV 


where  the  composition  of  the  top  horizontal  arrows  is  the  identity.  Let  us  prove 
(1).  The  first  horizontal  arrow  is  a section  of  Y Xx  Z — ► Z,  whence  an  immersion 
by  Schemes,  Lemma[25.21.12|  The  arrow  Y Xx  Z — > Y is  a base  change  of  Z — ► X 
hence  an  immersion  (Schemes,  Lemma  25.18.2 1.  Finally,  a composition  of  immer- 
sions is  an  immersion  (Schemes,  Lemma  25.24.3).  This  proves  (1).  The  other  two 
results  are  proved  in  exactly  the  same  manner.  □ 


Lemma  28.3.2.  Let  h : Z — > X be  an  immersion.  If  h is  quasi-compact,  then  we 
can  factor  h = i o j with  j : Z — ► Z an  open  immersion  and  i : Z — ► X a closed 
immersion. 


Proof.  Note  that  h is  quasi-compact  and  quasi-separated  (see  Schemes,  Lemma 
25.23.7).  Hence  h*Oz  is  a quasi-coherent  sheaf  of  Ox-modules  by  Schemes,  Lemma 
25.24.1  This  implies  that  L = Ker(Ox  — > h*Oz)  is  a quasi-coherent  sheaf  of  ideals, 
see  Schemes,  Section  25.24  Let  Z C X be  the  closed  subscheme  corresponding  toX, 


see  Lemma  28.2.3  By  Schemes,  Lemma  25.4.6|the  morphism  h factors  as  h = io  j 
where  i : Z — ► X is  the  inclusion  morphism.  To  see  that  j is  an  open  immersion, 
choose  an  open  subscheme  U C X such  that  h induces  a closed  immersion  of  Z 
into  U . Then  it  is  clear  that  L\u  is  the  sheaf  of  ideals  corresponding  to  the  closed 
immersion  Z — ► U . Hence  we  see  that  Z = Z D U.  □ 


03DQ  Lemma  28.3.3.  Let  h : Z — > X be  an  immersion.  If  Z is  reduced,  then  we  can 
factor  h = io  j with  j : Z — ► Z an  open  immersion  and  i : Z — ► X a closed 
immersion. 


Proof.  Let  Z C X be  the  closure  of  h(Z)  with  the  reduced  induced  closed  sub- 
scheme structure,  see  Schemes,  Definition  |25.12.5|  By  Schemes,  Lemma  |25.12.6| 
the  morphism  h factors  as  h = i o j with  i : Z ^ X the  inclusion  morphism  and 
j : Z — ► Z.  From  the  definition  of  an  immersion  we  see  there  exists  an  open  sub- 
scheme U C X such  that  h factors  through  a closed  immersion  into  U.  Hence  Zf)U 
and  h(Z)  are  reduced  closed  subschemes  of  U with  the  same  underlying  closed  set. 

we  see  that  h(Z)  = Z C\U. 


25.12.4 


Hence  by  the  uniqueness  in  Schemes,  Lemma 
So  j induces  an  isomorphism  of  Z with  Z D U . In  other  words  j is  an  open  immer- 
sion. □ 


01QW  Example  28.3.4.  Here  is  an  example  of  an  immersion  which  is  not  a composition 
of  an  open  immersion  followed  by  a closed  immersion.  Let  k be  a field.  Let  X = 
Spec(A;[a;i,  £2,  X3, . . .]).  Let  U = U^i  D(xn).  Then  U — > X is  an  open  immersion. 
Consider  the  ideals 


In  = (aj",X2,  ■ • . ,Xn-i,Xn  - l,Xn+i,Xn+2,  . . .)  C k[x i,X2,X3,  . . .][l/xn}. 

Note  that  Ink[x\,  x2,  X3, . . .][l/a;na;m]  = (1)  for  any  m ^ n.  Hence  the  quasi- 
coherent  ideals  In  on  D(xn ) agree  on  D(xnxm),  namely  In\D(xnxm ) = if 
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n to.  Hence  these  ideals  glue  to  a quasi-coherent  sheaf  of  ideals  X C Ojj-  Let 
Z C U be  the  closed  subscheme  corresponding  to  I.  Thus  Z — > X is  an  immersion. 

We  claim  that  we  cannot  factor  Z — > X as  Z — > Z — > X,  where  Z — > X is  closed  and 
Z — > Z is  open.  Namely,  Z would  have  to  be  defined  by  an  ideal  I C k[x\,  X2,  £3,  • • •] 
such  that  In  = Ik[x\,X2,X3, . . .][l/a;n].  But  the  only  element  / £ k[x  1,  £2,  £3,  • • •] 
which  ends  up  in  all  In  is  0!  Hence  I does  not  exist. 


01QX 


01QY 


28.4.  Closed  immersions  and  quasi-coherent  sheaves 

The  following  lemma  finally  does  for  quasi-coherent  sheaves  on  schemes  what  Mod- 
ules, Lemma 
Section  117.13 


17.6. 1|  does  for  abelian  sheaves.  See  also  the  discussion  in  Modules, 


Lemma  28.4.1.  Let  i : Z — ► X be  a closed  immersion  of  schemes.  Let  I C Ox 
be  the  quasi-coherent  sheaf  of  ideals  cutting  out  Z . The  functor 


U : QCoh(Oz ) — > QCoh(Ox) 


is  exact,  fully  faithful,  with  essential  image  those  quasi-coherent  Ox -modules  Q such 
that  XQ  = 0. 


Proof.  A closed  immersion  is  quasi-compact  and  separated,  see  Lemmas  |28.2.6| 
and|28.2!71  Hence  Schemes,  Lemma [25. 24. 1| applies  and  the  pushforward  of  a quasi- 
coherent  sheaf  on  Z is  indeed  a quasi-coherent  sheaf  on  X . 

By  Modules,  Lemma  [17. 13. 4|  the  functor  i*  is  fully  faithful. 

Now  we  turn  to  the  description  of  the  essential  image  of  the  functor  i*.  It  is 
clear  that  X{i*F)  = 0 for  any  quasi-coherent  C^-module,  for  example  by  our  local 
description  above.  Next,  suppose  that  Q is  any  quasi-coherent  0A'-module  such 
that  XQ  = 0.  It  suffices  to  show  that  the  canonical  map 

Q — > i*i*Q 


is  an  isomorphism.  By  exactly  the  same  arguments  as  above  we  see  that  it  suffices 
to  prove  the  following  algebraic  statement:  Given  a ring  R,  an  ideal  I and  an 
i?-module  N such  that  IN  = 0 the  canonical  map 

N — > N R/I,  n — >-n(g)l 

is  an  isomorphism  of  i?-modules.  Proof  of  this  easy  algebra  fact  is  omitted.  □ 


Let  i : Z — > X be  a closed  immersion.  Because  of  the  lemma  above  we  often,  by 
abuse  of  notation,  denote  T the  sheaf  i*T  on  X. 

01QZ  Lemma  28.4.2.  Let  X be  a scheme.  Let  X be  a quasi-coherent  Ox -module.  Let 
Q C T be  a Ox -submodule.  There  exists  a unique  quasi-coherent  Ox -submodule 
Q'  C Q with  the  following  property:  For  every  quasi-coherent  Ox -module  TL  the 
map 

Hom0x  (TL,  Q')  — Hom0x  (TL,  Q) 

is  bijective.  In  particular  Q'  is  the  largest  quasi-coherent  Ox -submodule  of  T con- 
tained in  Q . 
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Proof.  Let  Qa,  a £ A be  the  set  of  quasi-coherent  Ox-submodules  contained  in  Q. 
Then  the  image  Q'  of 


T 


is  quasi-coherent  as  the  image  of  a map  of  quasi-coherent  sheaves  on  X is  quasi- 
coherent  and  since  a direct  sum  of  quasi-coherent  sheaves  is  quasi-coherent,  see 
Schemes,  Section  25.24  The  module  Q'  is  contained  in  Q.  Hence  this  is  the  largest 
quasi-coherent  Ox- module  contained  in  Q. 


To  prove  the  formula,  let  H be  a quasi-coherent  Ox-module  and  let  a : H —>  G be 
an  Ox-module  map.  The  image  of  the  composition  TL  — > Q — > T is  quasi-coherent 
as  the  image  of  a map  of  quasi-coherent  sheaves.  Hence  it  is  contained  in  Q' . Hence 
a factors  through  Q'  as  desired.  □ 


Lemma  28.4.3.  Let  i : Z — » X be  a closed  immersion  of  schemes.  There  is  a 
/imctojQ  v : QCoh(Ox)  — > QCoh{Oz ) which  is  a right  adjoint  to  i*.  (Compare 
Modules,  Lemma  17.6.3.) 

Proof.  Given  quasi-coherent  Ox-module  Q we  consider  the  subsheaf  Hz(G)  of  Q 
of  local  sections  annihilated  by  T.  By  Lemma  28.4.2  there  is  a canonical  largest 
quasi-coherent  Ox-submodule  TLz{GY ■ By  construction  we  have 

Hom0x  (i* T,  TLziG)1)  = Hom0x  (i* X,  G) 

for  any  quasi-coherent  Oz~ module  T . Hence  we  can  set  vQ  = i*(fhiz{GY)-  Details 
omitted.  □ 


28.5.  Supports  of  modules 


In  this  section  we  collect  some  elementary  results  on  supports  of  quasi-coherent 
modules  on  schemes.  Recall  that  the  support  of  a sheaf  of  modules  has  been  defined 
in  Modules,  Section  17.5  On  the  other  hand,  the  support  of  a module  was  defined 


in  Algebra,  Section  |10.61|  These  match. 


Lemma  28.5.1.  Let  X be  a scheme.  Let  T be  a quasi-coherent  sheaf  on  X . Let 
Spec(A)  = U C X be  an  affine  open,  and  set  M = T(U,T).  Let  x £ U,  and  let 
p C A be  the  corresponding  prime.  The  following  are  equivalent 

(1)  p is  in  the  support  of  M,  and 

(2)  x is  in  the  support  of  T . 


Proof.  This  follows  from  the  equality  Tx  = Mp , 
the  definitions. 


see  Schemes,  Lemma  25.5.4  and 

□ 


Lemma  28.5.2.  Let  X be  a scheme.  Let  T be  a quasi-coherent  sheaf  on  X . The 
support  of  T is  closed  under  specialization. 

Proof.  If  x'  x is  a specialization  and  Tx  = 0 then  T,,j  is  zero,  as  J~xt  is  a 
localization  of  the  module  Tx . Hence  the  complement  of  Supp(Jr)  is  closed  under 
generalization.  □ 


For  finite  type  quasi-coherent  modules  the  support  is  closed,  can  be  checked  on 
fibres,  and  commutes  with  base  change. 


'This  is  likely  nonstandard  notation. 
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056J  Lemma  28.5.3.  Let  F be  a finite  type  quasi- coherent  module  on  a scheme  X. 
Then 

(1)  The  support  of  F is  closed. 

(2)  For  x € X we  have 

x £ Supp(F)  4=>  Fx  7^  0 4=>  Fx  K(x)  7^  0- 

(3)  For  any  morphism  of  schemes  f : Y — » X the  pullback  f*F  is  of  finite 
type  as  well  and  we  have  Supp(f*F)  = f^1(Supp(F)). 


Proof.  Part  (1)  is  a reformulation  of  Modules,  Lemma  17.9.6  You  can  also  com- 
bine Lemma  |28.5.1  Properties,  Lemma  27.16.1  and  Algebra,  Lemma  10.39.5  to 
see  this.  The  first  equivalence  in  (2)  is  the  definition  of  support,  and  the  second 
equivalence  follows  from  Nakayama’s  lemma,  see  Algebra,  Lemma  |10.19.1|  Let 
/ : Y — > X be  a morphism  of  schemes.  Note  that  f* F is  of  finite  type  by  Modules, 
Lemma[l7.9.2|  For  the  final  assertion,  let  y £Y  with  image  x £ X.  Recall  that 


(f*F)v  = Fx  Oy,v, 


see  Sheaves,  Lemma 


6.26.4 


Hence  (f*F)y( g>  n(y)  is  nonzero  if  and  only  if  Fx  ® k(x) 
is  nonzero.  By  (2)  this  implies  x £ Supp(Jr)  if  and  only  if  y £ Supp(/*Jr),  which  is 
the  content  of  assertion  (3).  □ 


05JU  Lemma  28.5.4.  Let  F be  a finite  type  quasi- coherent  module  on  a scheme  X. 
There  exists  a smallest  closed  subscheme  i : Z — ► X such  that  there  exists  a quasi- 
coherent  Oz -module  Q with  i*Q  = T . Moreover: 

(1)  //Spec(A)  C X is  any  affine  open,  and  F\spec(A)  = M then  ZnSpec(A)  = 
Spec(A/J)  where  I = AnnA(M). 

(2)  The  quasi- coherent  sheaf  Q is  unique  up  to  unique  isomorphism. 

(3)  The  quasi- coherent  sheaf  Q is  of  finite  type. 

(4)  The  support  of  Q and  of  F is  Z . 


Proof.  Suppose  that  i'  : Z'  -A  X is  a closed  subscheme  which  satisfies  the  descrip- 
tion on  open  affines  from  the  lemma.  Then  by  Lemma  28.4.1  we  see  that  F = i!j5' 
for  some  unique  quasi-coherent  sheaf  Q'  on  Z' . Furthermore,  it  is  clear  that  Z'  is 
the  smallest  closed  subscheme  with  this  property  (by  the  same  lemma).  Finally, 
using  Properties,  Lemma  |27.16.1|  and  Algebra,  Lemma  |10.5.5  it  follows  that  Q'  is 

Hence,  in  order 


10.39.5 


of  finite  type.  We  have  Supp(C/')  = Z by  Algebra,  Lemma 
to  prove  the  lemma  it  suffices  to  show  that  the  characterization  in  (1)  actually 
does  define  a closed  subscheme.  And,  in  order  to  do  this  it  suffices  to  prove  that 
the  given  rule  produces  a quasi-coherent  sheaf  of  ideals,  see  Lemma  28.2.3  This 
comes  down  to  the  following  algebra  fact:  If  A is  a ring,  / £ A,  and  M is  a finite 


A-module,  then  Ann^(M)/  = Amy^M/).  We  omit  the  proof. 


□ 


05JV  Definition  28.5.5.  Let  X be  a scheme.  Let  F be  a quasi-coherent  Ox-module 
of  finite  type.  The  scheme  theoretic  support  of  F is  the  closed  subscheme  Z C X 
constructed  in  Lemma T28.5. 41 


In  this  situation  we  often  think  of  F as  a quasi-coherent  sheaf  of  finite  type  on  Z 
(via  the  equivalence  of  categories  of  Lemma  28.4.1). 
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28.6.  Scheme  theoretic  image 

01R5  Caution:  Some  of  the  material  in  this  section  is  ultra-general  and  behaves  differently 
from  what  you  might  expect. 

01R6  Lemma  28.6.1.  Let  f : X — ► Y be  a morphism  of  schemes.  There  exists  a closed 
subscheme  Z CY  such  that  f factors  through  Z and  such  that  for  any  other  closed 
subscheme  Z'  G Y such  that  f factors  through  Z'  we  have  Z C Z' . 

Proof.  Let  T = Ker(CV  — > f*Ox)-  If  21  is  quasi-coherent  then  we  just  take  Z 
to  be  the  closed  subscheme  determined  by  X,  see  Lemma  |28.2.3|  This  works  by 
Schemes,  Lemma|25.4.6|  In  general  the  same  lemma  requires  us  to  show  that  there 
exists  a largest  quasi-coherent  sheaf  of  ideals  I'  contained  in  I.  This  follows  from 
Lemma  128.4.21  □ 


01R7  Definition  28.6.2.  Let  / : X — > Y be  a morphism  of  schemes.  The  scheme 
theoretic  image  of  / is  the  smallest  closed  subscheme  Z C Y through  which  / 
factors,  see  Lemma [28.6. 1|  above. 


We  often  just  denote  / : X — > Z the  factorization  of  /.  If  the  morphism  / is  not 
quasi-compact,  then  (in  general)  the  construction  of  the  scheme  theoretic  image 
does  not  commute  with  restriction  to  open  subschemes  to  Y.  Namely,  if  / is  the 
immersion  Z — > X of  Example  |28.3.4  above  then  the  scheme  theoretic  image  of 
Z — >■  X is  X.  But  clearly  the  scheme  theoretic  image  oi  Z = Z C\U  — > U is  just  Z. 

01R8  Lemma  28.6.3.  Let  f : X -A  Y be  a morphism  of  schemes.  Let  Z C Y be  the 
scheme  theoretic  image  of  f . If  f is  quasi-compact  then 

(1)  the  sheaf  of  ideals  I = Ker(Oy  — > f*Ox)  is  quasi-coherent , 

(2)  the  scheme  theoretic  image  Z is  the  closed  subscheme  determined  by  X, 

(3)  for  any  open  U C Y the  scheme  theoretic  image  of  f\f-i^  : f^x{l 7)  U 

is  equal  to  Z DU,  and 

(4)  the  image  f{X)  C Z is  a dense  subset  of  Z,  in  other  words  the  morphism 
X — y Z is  dominant  (see  Definition  28.8.1). 


Proof.  Part  (4)  follows  from  part  (3).  To  show  (3)  it  suffices  to  prove  (1)  since 
the  formation  of  X commutes  with  restriction  to  open  subschemes  of  Y . And  if  (1) 


holds  then  in  the  proof  of  Lemma  28.6.1  we  showed  (2).  Thus  it  suffices  to  prove 
that  X is  quasi-coherent.  Since  the  property  of  being  quasi-coherent  is  local  we  may 
assume  Y is  affine.  As  / is  quasi-compact,  we  can  find  a finite  affine  open  covering 
X = Ui=i  n Denote  /'  the  composition 


X'  = [J  Ui  — ► X 


Y. 


Then  f*Ox  is  a subsheaf  of  f(Ox' , and  hence  X = Ker(CV  — t Ox1)-  By  Schemes, 
Lemma  25.24.1  the  sheaf  f(0 x'  is  quasi-coherent  on  Y . Hence  we  win.  □ 


056A  Example  28.6.4.  If  A — > B is  a ring  map  with  kernel  /,  then  the  scheme  theoretic 
image  of  Spec(R)  — >•  Spec(A)  is  the  closed  subscheme  Spec(A/J)  of  Spec(A).  This 
follows  from  Lemma [28.6.31 


If  the  morphism  is  quasi-compact,  then  the  scheme  theoretic  image  only  adds  points 
which  are  specializations  of  points  in  the  image. 
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02JQ 


01R9 


056B 


01RA 

01RB 


Lemma  28.6.5.  Let  f : A — * Y be  a quasi-compact  morphism.  Let  Z be  the 
scheme  theoretic  image  of  f.  Let  z € Z . There  exists  a valuation  ring  A with 
fraction  field  K and  a commutative  diagram 


Spec(A') s-  X 


Spec(A) s-  Z Y 


such  that  the  closed  point  o/Spec(A)  maps  to  z.  In  particular  any  point  of  Z is  the 
specialization  of  a point  of  f(X). 


Proof.  Let  z € Spec(i?)  = V C Y be  an  affine  open  neighbourhood  of  z.  By 


Lemma 


28.6.3 


we  have  Z D V is  the  scheme  theoretic  closure  of  /_1(V)  — t V,  and 
hence  we  may  replace  Y by  V and  assume  Y = Spec (R)  is  affine.  In  this  case  A' 
is  quasi-compact  as  / is  quasi-compact.  Say  X = U\  U . . . U Un  is  a finite  affine 
open  covering.  Write  Uj  = Spec(Aj).  Let  / = Ker (R  — > Ap  x . . . x An).  By  Lemma 


28.6.3  again  we  see  that  Z corresponds  to  the  closed  subscheme  Spec(i?/J)  of  Y. 
If  p C R is  the  prime  corresponding  to  z,  then  we  see  that  Ip  C Rp  is  not  an 
equality.  Hence  (as  localization  is  exact,  see  Algebra,  Proposition  10.9.12)  we  see 
that  Rp  — » (Ai)p  x ...  x (Ai)p  is  not  zero.  Hence  one  of  the  rings  (A;)p  is  not  zero. 
Hence  there  exists  an  i and  a prime  C A,  lying  over  a prime  pi  C p.  By  Algebra, 
Lemma  10.49.2  we  can  choose  a valuation  ring  A C K = /./.(Aj/qj)  dominating 
the  local  ring  Rp/piRp  C /./.(Aj/qj).  This  gives  the  desired  diagram.  Some  details 
omitted.  □ 


Lemma  28.6.6.  Let  fi  : X — >■  Yp  and  Y)  — ► Y2  be  morphisms  of  schemes.  Let 
f2  : X — ^ Y2  be  the  composition.  Let  Z^  C Yi,  i = 1,  2 be  the  scheme  theoretic 
image  of  fi . Then  the  morphism  Y\  — > Y2  induces  a morphism  Z\  — ► Z2  and  a 
commutative  diagram 

x — >-  Z\  — > y-, 

V 

y2 — 

Proof.  See  Schemes,  Lemma  [25.4. 6|  □ 

Lemma  28.6.7.  Let  f : X -A  Y be  a morphism  of  schemes.  If  X is  reduced,  then 
the  scheme  theoretic  image  of  f is  the  reduced  induced  scheme  structure  on  /(A). 

Proof.  This  is  true  because  the  reduced  induced  scheme  structure  on  /(A)  is 
clearly  the  smallest  closed  subscheme  of  Y through  which  / factors,  see  Schemes, 
Lemma  125.12.61  □ 


28.7.  Scheme  theoretic  closure  and  density 

We  take  the  following  definition  from  [DG67.  IV,  Definition  11.10.2]. 

Definition  28.7.1.  Let  A be  a scheme.  Let  U C A be  an  open  subscheme. 

(1)  The  scheme  theoretic  image  of  the  morphism  U — > X is  called  the  scheme 
theoretic  closure  of  U in  X. 
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01RC 


01RD 


056C 


01RE 


01RF 


01RG 


(2)  We  say  U is  scheme  theoretically  dense  in  X if  for  every  open  V C X the 
scheme  theoretic  closure  of  U fl  V in  V is  equal  to  V. 


With  this  definition  it  is  not  the  case  that  U is  scheme  theoretically  dense  in  A' 
if  and  only  if  the  scheme  theoretic  closure  of  U is  X,  see  Example  |28.7.2  This  is 
somewhat  inelegant;  but  see  Lemmas  |28.7.3|  and  |28.7.8|  below.  On  the  other  hand, 
with  this  definition  U is  scheme  theoretically  dense  in  X if  and  only  if  for  every 
V C X open  the  ring  map  Ox(V)  Ox{U  D V)  is  injective,  see  Lemma  28.7.5 


below.  In  particular  we  see  that  scheme  theoretically  dense  implies  dense  which  is 
pleasing. 


Example  28.7.2.  Here  is  an  example  where  scheme  theoretic  closure  being  X 
does  not  imply  dense  for  the  underlying  topological  spaces.  Let  k be  a field.  Set 
A = k[x,  zi,  Z2,  ■ ■ ]/{xnzn)  Set  / = (zi,  z2,  ■ • •)  C A.  Consider  the  affine  scheme 
X = Spec(A)  and  the  open  subscheme  U = X \ V(I).  Since  A — » Jin  is 
injective  we  see  that  the  scheme  theoretic  closure  of  U is  X.  Consider  the  morphism 
X -»  Spec(fcjr]).  This  morphism  is  surjective  (set  all  zn  = 0 to  see  this).  But  the 
restriction  of  this  morphism  to  U is  not  surjective  because  it  maps  to  the  point 
x = 0.  Hence  U cannot  be  topologically  dense  in  X. 

Lemma  28.7.3.  Let  X be  a scheme.  Let  U C X be  an  open  subscheme.  If  the 
inclusion  morphism  U X is  quasi- compact,  then  U is  scheme  theoretically  dense 
in  X if  and  only  if  the  scheme  theoretic  closure  of  U in  X is  X . 


Proof.  Follows  from  Lemma  28.6.3  part  (3). 


□ 


Example  28.7.4.  Let  A be  a ring  and  X = Spec(H).  Let  /i, . . . , fn  £ A and  let 
U = D(fi)  U . . . U D(fn).  Let  I = Ker(H  — > JI A/J.  Then  the  scheme  theoretic 
closure  of  U in  X is  the  closed  subscheme  Spec(A//)  of  X.  Note  that  U — ► X is 
quasi-compact.  Hence  by  Lemma  [28.7.3|  we  see  U is  scheme  theoretically  dense  in 
X if  and  only  if  I = 0. 


Lemma  28.7.5.  Let  j : U -A  X be  an  open  immersion  of  schemes.  Then  U is 
scheme  theoretically  dense  in  X if  and  only  if  Ox  — t j*Ojj  is  injective. 


Proof.  If  Ox  — > j*Ou  is  injective,  then  the  same  is  true  when  restricted  to  any 
open  V of  A'.  Hence  the  scheme  theoretic  closure  of  U fl  V in  V is  equal  to  V,  see 
proof  of  Lemma  |28.6.1|  Conversely,  suppose  that  the  scheme  theoretic  closure  of 
U fl  V is  equal  to  V for  all  opens  V.  Suppose  that  Ox  — > j*Ou  is  not  injective. 
Then  we  can  find  an  affine  open,  say  Spec(A)  = V C X and  a nonzero  element 
/ £ A such  that  / maps  to  zero  in  r(P  fl  U , Ox)-  In  this  case  the  scheme  theoretic 
closure  of  V D U in  V is  clearly  contained  in  Spec(A/(/))  a contradiction.  □ 

Lemma  28.7.6.  Let  X be  a scheme.  IfU,  V are  scheme  theoretically  dense  open 
subschemes  of  X,  then  so  is  U fl  V. 


Proof.  Let  W C A be  any  open.  Consider  the  map  Ox{W)  — ► Ox(W  fl  V)  — > 
Ox(W  D V ClU).  By  Lemma  28.7.5  both  maps  are  injective.  Hence  the  composite 
is  injective.  Hence  by  Lemmaj28.7.5|17  D V is  scheme  theoretically  dense  in  X.  □ 


Lemma  28.7.7.  Let  h : Z — » X be  an  immersion.  Assume  either  h is  quasi- 
compact or  Z is  reduced.  Let  Z C X be  the  scheme  theoretic  image  of  h.  Then 
the  morphism  Z — ► Z is  an  open  immersion  which  identifies  Z with  a scheme 
theoretically  dense  open  subscheme  of  Z.  Moreover,  Z is  topologically  dense  in  Z. 
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Proof.  By  Lemma  28.3.2 
with  Z — y Z \ open  and 


or  Lemma  28.3.3  we  can  factor  Z — > X as  Z — > Z\  — > X 
Z\  — > X closed.  On  the  other  hand,  let  Z — > Z C X 
be  the  scheme  theoretic  closure  of  Z — > X.  We  conclude  that  Z C Z\.  Since  Z 
is  an  open  subscheme  of  Z\  it  follows  that  Z is  an  open  subscheme  of  Z as  well. 
In  the  case  that  Z is  reduced  we  know  that  Z C Z\  is  topologically  dense  by  the 
construction  of  Z\  in  the  proof  of  Lemma 


28.3.3  Hence  Z\  and  Z have  the  same 


underlying  topological  spaces.  Thus  Z C Zy  is  a closed  immersion  into  a reduced 
scheme  which  induces  a bijection  on  underlying  topological  spaces,  and  hence  it  is 
an  isomorphism.  In  the  case  that  Z — > X is  quasi-compact  we  argue  as  follows: 
The  assertion  that  Z is  scheme  theoretically  dense  in  Z follows  from  Lemma  28.6.3 
part  (3).  The  last  assertion  follows  from  Lemma  28.6.3  part  (4).  □ 


Lemma  28.7.8.  Let  X be  a reduced  scheme  and  let  U C X be  an  open  subscheme. 
Then  the  following  are  equivalent 

(1)  U is  topologically  dense  in  X, 

(2)  the  scheme  theoretic  closure  of  U in  X is  X,  and 

(3)  U is  scheme  theoretically  dense  in  X . 


Proof.  This  follows  from  Lemma f28 . 7. 71  and  the  fact  that  a closed  subscheme  Z of 
X whose  underlying  topological  space  equals  X must  be  equal  to  X as  a scheme.  □ 


056E  Lemma  28.7.9.  Let  X be  a scheme  and  let  U C X be  a reduced  open  subscheme. 
Then  the  following  are  equivalent 

(1)  the  scheme  theoretic  closure  of  U in  X is  X,  and 

(2)  U is  scheme  theoretically  dense  in  X . 

If  this  holds  then  X is  a reduced  scheme. 


01RH 


Proof.  This  follows  from  Lemma  128.7.71  and  the  fact  that  the  scheme  theoretic 
closure  of  U in  X is  reduced  by  Lemma  28.6.7  □ 


Lemma  28.7.10.  Let  S be  a scheme.  Let  X,  Y be  schemes  over  S.  Let  f,g  : 
X — » Y be  morphisms  of  schemes  over  S . Let  U C X be  an  open  subscheme  such 
that  f\u  = g\u-  If  the  scheme  theoretic  closure  of  U in  X is  X and  Y — » S is 
separated,  then  f = g. 


Proof.  Follows  from  the  definitions  and  Schemes,  Lemma  [25. 21. 5[ 


□ 


28.8.  Dominant  morphisms 

01RI  The  definition  of  a morphism  of  schemes  being  dominant  is  a little  different  from 
what  you  might  expect  if  you  are  used  to  the  notion  of  a dominant  morphism  of 
varieties. 

01RJ  Definition  28.8.1.  A morphism  / : X — > S of  schemes  is  called  dominant  if  the 
image  of  / is  a dense  subset  of  S. 

So  for  example,  if  k is  an  infinite  field  and  Ai,  A2, . . . is  a countable  collection  of 
elements  of  k,  then  the  morphism 

1 1 Spec(fc) — > Spec(fc[a;]) 

with  ith  factor  mapping  to  the  point  x = Xi  is  dominant. 

01RK  Lemma  28.8.2.  Let  f : X — >•  S be  a morphism  of  schemes.  If  every  generic  point 
of  every  irreducible  component  of  S is  in  the  image  of  f , then  f is  dominant. 
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Proof.  This  is  a topological  fact  which  follows  directly  from  the  fact  that  the 
topological  space  underlying  a scheme  is  sober,  see  Schemes,  Lemma  [25. 11. 1[  and 
that  every  point  of  S is  contained  in  an  irreducible  component  of  S,  see  Topology, 
Lemma  15.7^31  □ 


The  expectation  that  morphisms  are  dominant  only  if  generic  points  of  the  target 
are  in  the  image  does  hold  if  the  morphism  is  quasi-compact. 

01RL  Lemma  28.8.3.  Let  f : X S be  a quasi-compact  morphism  of  schemes.  Then 
f is  dominant  (if  and)  only  if  for  every  irreducible  component  Z C S the  generic 
point  of  Z is  in  the  image  of  f. 


Proof.  Let  V C S be  an  affine  open.  Because  / is  quasi-compact  we  may  choose 
finitely  many  affine  opens  Uj  C /_1(P),  i = 1 covering  ,f~1{V).  Consider 

the  morphism  of  affines 


II 


U, 


V. 


A disjoint  union  of  affines  is  affine,  see  Schemes,  Lemma  25.6.8  Generic  points 


of  irreducible  components  of  V are  exactly  the  generic  points  of  the  irreducible 
components  of  S that  meet  V.  Also,  / is  dominant  if  and  only  f is  dominant  no 
matter  what  choices  of  V,  n,  Ui  we  make  above.  Thus  we  have  reduced  the  lemma 
to  the  case  of  a morphism  of  affine  schemes.  The  affine  case  is  Algebra,  Lemma 
110.29.61  □ 


Here  is  a slightly  more  useful  variant  of  the  lemma  above. 

02NE  Lemma  28.8.4.  Let  f : X — ► S be  a quasi-compact  morphism  of  schemes.  Let 
i]  £ S be  a generic  point  of  an  irreducible  component  of  S.  If  g ^ f{X)  then  there 
exists  an  open  neighbourhood  V C S of  rj  such  that  /-1(P)  = 0. 


Proof.  Let  Z C S be  the  scheme  theoretic  image  of  /.  We  have  to  show  that 
r\  qL  Z . This  follows  from  Lemma  28.6.5  but  can  also  be  seen  as  follows.  By  Lemma 
|28.6.3|  the  morphism  X — > Z is  dominant,  which  by  Lemma  [28.8.3|  means  all  the 
generic  points  of  all  irreducible  components  of  Z are  in  the  image  of  X -a  Z.  By 
assumption  we  see  that  r\  fL  Z since  77  would  be  the  generic  point  of  some  irreducible 
component  of  Z if  it  were  in  Z . □ 


There  is  another  case  where  dominant  is  the  same  as  having  all  generic  points  of 
irreducible  components  in  the  image. 

01RM  Lemma  28.8.5.  Let  f : X S be  a morphism  of  schemes.  Suppose  that  X has 
finitely  many  irreducible  components.  Then  f is  dominant  (if  and)  only  if  for  every 
irreducible  component  Z C S the  generic  point  of  Z is  in  the  image  of  f . If  so, 
then  S has  finitely  many  irreducible  components  as  well. 

Proof.  Assume  / is  dominant.  Say  X = Z\  U Z^  U . . . U Zn  is  the  decomposition 
of  X into  irreducible  components.  Let  £»  € Z,  be  its  generic  point,  so  if,  = {£,}. 
Note  that  /{Zf)  is  an  irreducible  subset  of  S.  Hence 

5 = /(a)  = (J7(^)  = U{7W} 


is  a finite  union  of  irreducible  subsets  whose  generic  points  are  in  the  image  of  /. 
The  lemma  follows.  □ 
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28.9.  Rational  maps 


01RR  Let  A be  a scheme.  Note  that  if  U,  V are  dense  open  in  X,  then  so  is  U D V. 

01RS  Definition  28.9.1.  Let  X,  Y be  schemes. 

(1)  Let  / : U —t  Y,  g : V — > F be  morphisms  of  schemes  defined  on  dense 
open  subsets  U,  V of  X.  We  say  that  / is  equivalent  to  g if  f\w  = g\w 
for  some  W C U fl  V dense  open  in  X. 

(2)  A rational  map  from  X to  Y is  an  equivalence  class  for  the  equivalence 
relation  defined  in  (1). 

(3)  If  X . Y are  schemes  over  a base  scheme  S we  say  that  a rational  map  from 
X to  Y is  an  S -rational  map  from  X to  Y if  there  exists  a representative 
/ : U — > Y of  the  equivalence  class  which  is  an  S'- morphism. 


We  say  that  two  morphisms  /,  g as  in  (1)  of  the  definition  define  the  same  rational 
map  instead  of  saying  that  they  are  equivalent. 


01RT 


Definition  28.9.2.  Let  A be  a scheme.  A rational  function  on  X is  a rational 
map  from  X to  A^. 


See  Constructions,  Definition  26.5.1  for  the  definition  of  the  affine  line  A1.  Let 
X be  a scheme  over  S.  For  any  open  U C X a morphism  U — > A^  is  the  same 


as  a morphism  U — > Ag  over  S. 
S'-rational  map  from  X into  Ah. 


Hence  a rational  function  is  also  the  same  as  a 


Recall  that  we  have  the  canonical  identification  Mor(T,  A^)  = T(T,Ot)  for  any 
scheme  T,  see  Schemes,  Example  25.15.2  Hence  A^  is  a ring-object  in  the  category 


of  schemes.  More  precisely,  the  morphisms 


+ : A2  x A^ 

(/>s) 

^ ' A 2 x A 2 

(f,g) 


f + g 
fg 


satisfy  all  the  axioms  of  the  addition  and  multiplication  in  a ring  (commutative 
with  1 as  always).  Hence  also  the  set  of  rational  maps  into  A2  has  a natural  ring 
structure. 


01RU  Definition  28.9.3.  Let  A be  a scheme.  The  ring  of  rational  functions  on  X is  the 
ring  R( A)  whose  elements  are  rational  functions  with  addition  and  multiplication 
as  just  described. 

01RV  Lemma  28.9.4.  Let  X be  an  irreducible  scheme.  Let  77  £ A be  the  generic  point 
of  X.  There  is  a canonical  identification  R( X)  = Ox.-q-  If  X is  integral  then 
R( X)  = k(p)  = Ox,ri  is  a field. 

Proof.  The  identification  R( A)  = Ox,r)  comes  from  the  string  of  equalities 

R(  A)  coliiri0^£/c  Y open  Mor(f7,  A2  ) colim^fj^  X open  I (C,  Yl  X ) C x . r/ 

The  second  statement  follows  from  Algebra,  Lemma  [lO. 24. 1[  □ 

01RW  Definition  28.9.5.  Let  X be  an  integral  scheme.  The  function  field , or  the  field 
of  rational  functions  of  A is  the  field  R( A). 
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We  may  occasionally  indicate  this  field  k(X)  instead  of  R(X).  We  can  use  the 
notion  of  the  function  held  to  elucidate  the  separation  condition  on  an  integral 
scheme.  Note  that  by  Lemma  28.9.4  on  an  integral  scheme  every  local  ring  Ox,x 
may  be  viewed  as  a local  subring  of  R(X). 


02NF  Lemma  28.9.6.  Let  X be  an  integral  separated  scheme.  Let  Z\,  Z<±  be  distinct 
irreducible  closed  subsets  of  X.  Let  rg  be  the  generic  point  of  Zi.  If  Z\  CjL  Z%,  then 
Ox,m  <t-  @x,ri2  as  subrings  of  R(X).  In  particular,  if  Z\  = {x}  consists  of  one 
closed  point  x,  there  exists  a function  regular  in  a neighborhood  of  x which  is  not 
in  ®x,m  ■ 


Proof.  First  observe  that  under  the  assumption  of  X being  separated,  there  is  a 
unique  map  of  schemes  Spec(0;Y,rj2)  X over  X such  that  the  composition 

Spec(i?(X))  — > Spec(C>x,»72)  — » X 


is  the  canonical  map  Spec(f?(A))  — > X.  Namely,  there  is  the  canonical  map  can  : 
Spec(Ox,r)2)  ~ t X,  see  Schemes,  Equation  (25.13.1.1).  Given  a second  morphism  a 
to  X,  we  have  that  a agrees  with  can  on  the  generic  point  of  Spec(0A,r;2)  by  as- 
sumption. Now  being  A'  being  separated  guarantees  that  the  subset  in  Spec(Ojf,r)2) 
where  these  two  maps  agree  is  closed,  see  Schemes,  Lemma |25.21.5[  Hence  a = can 
on  all  of  Spec(dl  y,t/2  ) • 


Assume  Z\  (£_  Z2  and  assume  on  the  contrary  that  Ox,Vl  C Oj:,2  as  subrings  of 
R(X).  Then  we  would  obtain  a second  morphism 


Spec(0xi7?2)  — s>  Spec(e>A-,r?1 ) — > X. 


By  the  above  this  composition  would  have  to  be  equal  to  can.  This  implies  that  772 
specializes  to  771  (see  Schemes,  Lemma  25.13.2).  But  this  contradicts  our  assump- 
tion Z\  (£_  Zi-  □ 


0A1X  Definition  28.9.7.  Let  ip  be  a rational  map  between  two  schemes  X and  Y . We 
say  ip  is  defined  in  a point  x £ X if  there  exists  a representative  (U,  f)  of  ip  with 
x € U . The  domain  of  definition  of  ip  is  the  set  of  all  points  where  ip  is  defined. 


With  this  definition  it  isn’t  true  in  general  that  <p  has  a representative  which  is 
defined  on  all  of  the  domain  of  definition. 


0A1Y  Lemma  28.9.8.  Let  X and  Y be  schemes.  Assume  X reduced  and  Y separated. 
Let  ip  be  a rational  map  from  X to  Y with  domain  of  definition  U C X.  Then  there 
exists  a unique  morphism  f : U —>Y  representing  ip.  If  X and  Y are  schemes  over 
a separated  scheme  S and  if  ip  is  an  S-rational  map , then  f is  a morphism  over  S. 


Proof.  Let  (V,g)  and  ( V',g ')  be  representatives  of  ip.  Then  g,g'  agree  on  a dense 
open  subscheme  W C V D V' . On  the  other  hand,  the  equalizer  E of  g\vnv  and 
g'Wnv  is  a closed  subscheme  of  V D V'  (Schemes,  Lemma  25.21.5).  Now  W C E 
implies  that  E = V n V7  set  theoretically.  As  V D V'  is  reduced  we  conclude 
E = V nV'  scheme  theoretically,  i.e.,  g\vnv'  = g'Wnv'-  It  follows  that  we  can 
glue  the  representatives  g : V — > Y of  ip  to  a morphism  / : U — ► Y,  see  Schemes, 
Lemma [25.14.1|  We  omit  the  proof  of  the  final  statement.  □ 


In  general  it  does  not  make  sense  to  compose  rational  maps.  The  reason  is  that  the 
image  of  a representative  of  the  first  rational  map  may  have  empty  intersection  with 
the  domain  of  definition  of  the  second.  However,  if  we  assume  that  our  schemes  are 
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irreducible  and  we  look  at  dominant  rational  maps,  then  we  can  compose  rational 
maps. 

0A1Z  Definition  28.9.9.  Let  X and  Y be  irreducible  schemes.  A rational  map  from  X 
to  Y is  called  dominant  if  any  representative  / : U — > Y is  a dominant  morphism 
of  schemes. 


By  Lemma  |28.8.5|  it  is  equivalent  to  require  that  the  generic  point  ?y  £ X maps 
to  the  generic  point  £ of  Y , i.e. , f(rf)  = £ for  any  representative  / : U — > Y.  We 
can  compose  a dominant  rational  map  f between  irreducible  schemes  X and  Y 
with  an  arbitrary  rational  map  ip  from  Y to  Z.  Namely,  choose  representatives 
/ : U — > Y with  U C X open  dense  and  g : V — )•  Z with  V C Y open  dense. 
Then  W = /_1(F)  C X is  open  nonempty  (because  it  contains  the  generic  point 
of  A')  and  we  let  ip  o ip  be  the  equivalence  class  of  g o f\w  : W — > Z.  We  omit  the 
verification  that  this  is  well  defined. 

In  this  way  we  obtain  a category  whose  objects  are  irreducible  schemes  and  whose 
morphisms  are  dominant  rational  maps.  Given  a base  scheme  S we  can  similarly  de- 
fine a category  whose  objects  are  irreducible  schemes  over  S and  whose  morphisms 
are  dominant  S-rational  maps. 

0A20  Definition  28.9.10.  Let  X and  Y be  irreducible  schemes. 

(1)  We  say  X and  Y are  birational  if  X and  Y are  isomorphic  in  the  category 
of  irreducible  schemes  and  dominant  rational  maps. 

(2)  Assume  X and  Y are  schemes  over  a base  scheme  S.  We  say  X and  Y 
are  S -birational  if  X and  Y are  isomorphic  in  the  category  of  irreducible 
schemes  over  S and  dominant  ^-rational  maps. 


OBAA 


If  X and  Y are  birational  irreducible  schemes,  then  the  set  of  rational  maps  from 
X to  Z is  bijective  with  the  set  of  rational  map  from  Y to  Z for  all  schemes 
Z (functorially  in  Z).  For  “general”  irreducible  schemes  this  is  just  one  possible 
definition.  Another  would  be  to  require  X and  Y have  isomorphic  rings  of  rational 


functions.  For  varieties  these  conditions  are  equivalent,  see  Lemma  28.46.6 


Lemma  28.9.11.  Let  X and  Y be  irreducible  schemes. 

(1)  The  schemes  X and  Y are  birational  if  and  only  if  they  have  isomorphic 
nonempty  opens. 

(2)  Assume  X and  Y are  schemes  over  a base  scheme  S . Then  X and  Y are 
S -birational  if  and  only  if  there  are  nonempty  opens  U C X and  V C Y 
which  are  S -isomorphic. 


Proof.  Assume  X and  Y are  birational.  Let  / : U — >•  Y and  g : V — > X define 
inverse  dominant  rational  maps  from  X to  Y and  from  Y to  X.  We  may  assume 
V affine.  We  may  replace  U by  an  affine  open  of  /_1(F).  As  g o f is  the  identity 
as  a dominant  rational  map,  we  see  that  the  composition  U — > V — > X is  the 
identity  on  a dense  open  of  U.  Thus  after  replacing  U by  a smaller  affine  open 
we  may  assume  that  U — >■  V — > X is  the  inclusion  of  U into  X.  It  follows  that 
U — > V is  an  immersion  (apply  Schemes,  Lemma  25.21.12  to  U — > g_1(f 7)  — ► U). 
However,  switching  the  roles  of  U and  V and  redoing  the  argument  above,  we  see 
that  there  exists  a nonempty  affine  open  V'  C V such  that  the  inclusion  factors 
as  V'  — > U — ► V . Then  V'  — > U is  necessarily  an  open  immersion.  Namely, 
V'  /-1(W)  — > V'  are  monomorphisms  (Schemes,  Lemma  25.23.7)  composing  to 
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the  identity,  hence  isomorphisms.  Thus  V'  is  isomorphic  to  an  open  of  both  X and 
Y . In  the  iS-rational  maps  case,  the  exact  same  argument  works.  □ 


Remark  28.9.12.  There  is  a variant  of  Definition  28.9.1  where  we  consider  only 
those  morphism  U — ► Y defined  on  scheme  theoretically  dense  open  subschemes 
U C X.  We  use  Lemma  28.7.6  to  see  that  we  obtain  an  equivalence  relation.  An 
equivalence  class  of  these  is  called  a pseudo-morphism  from  X to  Y . If  X is  reduced 
the  two  notions  coincide. 


28.10.  Surjective  morphisms 


01RY 

01RZ  Definition  28.10.1.  A morphism  of  schemes  is  said  to  be  surjective  if  it  is  sur- 
jective on  underlying  topological  spaces. 

01S0  Lemma  28.10.2.  The  composition  of  surjective  morphisms  is  surjective. 

Proof.  Omitted.  □ 

0495  Lemma  28.10.3.  Let  X and  Y be  schemes  over  a base  scheme  S.  Given  points 
x £ X and  y £ Y , there  is  a point  of  X x 5 Y mapping  to  x and  y under  the 
projections  if  and  only  if  x and  y lie  above  the  same  point  of  S. 


Proof.  The  condition  is  obviously  necessary,  and  the  converse  follows  from  the 
proof  of  Schemes,  Lemma  |25.17.5|  □ 

01S1  Lemma  28.10.4.  The  base  change  of  a surjective  morphism  is  surjective. 

Proof.  Let  / : X — > Y be  a morphism  of  schemes  over  a base  scheme  S.  If  S'  — > S 
is  a morphism  of  schemes,  let  p : Xg>  — > X and  q : Yg>  — ► Y be  the  canonical 
projections.  The  commutative  square 


Xs> 


p 


X 


/s' 

Ys> 


identifies  Xs>  as  a fibre  product  of  X — ► Y and  Ys>  — > Y.  Let  Z be  a subset  of 
the  underlying  topological  space  of  X.  Then  q~1(f(Z))  = fsi(p~1{Z)),  because 
y'  £ q~1(f(Z))  if  and  only  if  q(y')  = f(x)  for  some  x £ Z,  if  and  only  if,  by  Lemma 
28.10.3|  there  exists  x'  £ Xgi  such  that  fs'(%')  = y'  and  p(x')  = x.  In  particular 
taking  Z = X we  see  that  if  / is  surjective  so  is  the  base  change  : Xg>  Yg< . □ 

0496  Example  28.10.5.  Bijectivity  is  not  stable  under  base  change,  and  so  neither 
is  injectivity.  For  example  consider  the  bijection  Spec(C)  — »•  Spec(R).  The  base 
change  Spec(C  C)  — > Spec(C)  is  not  injective,  since  there  is  an  isomorphism 
C C = CxC  (the  decomposition  comes  from  the  idempotent  anc[ 

hence  Spec(C  ®r  C)  has  two  points. 

04ZD  Lemma  28.10.6.  Let 


Z 
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be  a commutative  diagram  of  morphisms  of  schemes.  If  f is  surjective  and  p is 
quasi- compact,  then  q is  quasi-compact. 


Proof.  Let  W C Z be  a quasi-compact  open.  By  assumption  p-1 
compact.  Hence  by  Topology,  Lemma  5.11.7|the  inverse  image  q~ 1 [W) 
is  quasi-compact  too.  This  proves  the  lemma. 


(W)  is  quasi- 
= f(p~Hw )) 
□ 


28.11.  Radicial  and  universally  injective  morphisms 


0152  In  this  section  we  define  what  it  means  for  a morphism  of  schemes  to  be  radicial 
and  what  it  means  for  a morphism  of  schemes  to  be  universally  injective.  We  then 
show  that  these  notions  agree.  The  reason  for  introducing  both  is  that  in  the  case 
of  algebraic  spaces  there  are  corresponding  notions  which  may  not  always  agree. 

0153  Definition  28.11.1.  Let  / : X — » S be  a morphism. 

(1)  We  say  that  / is  universally  injective  if  and  only  if  for  any  morphism  of 
schemes  S'  — ► S the  base  change  f : Xs>  —>  S'  is  injective  (on  underlying 
topological  spaces). 

(2)  We  say  / is  radicial  if  / is  injective  as  a map  of  topological  spaces,  and 
for  every  x £ X the  field  extension  k(x)  D n(f(x ))  is  purely  inseparable. 

0154  Lemma  28.11.2.  Let  f : X -A  S be  a morphism  of  schemes.  The  following  are 
equivalent: 

(1)  For  every  field  K the  induced  map  Mor(Spec(AT),  A')  — ► Mor(Spec(/i ),  S) 
is  injective. 

(2)  The  morphism  f is  universally  injective. 

(3)  The  morphism  f is  radicial. 

(4)  The  diagonal  morphism  A x/s  '■  X — > X Xg  X is  surjective. 

Proof.  Let  K be  a field,  and  let  s : Spec (K)  — > S be  a morphism.  Giving  a 
morphism  x : Spec(A')  -A  X such  that  / o x = s is  the  same  as  giving  a section 
of  the  projection  X k = Spec (K)  xg  X — > Spec (K),  which  in  turn  is  the  same  as 
giving  a point  x £ X k whose  residue  field  is  K.  Hence  we  see  that  (2)  implies  (1). 

Conversely,  suppose  that  (1)  holds.  Assume  that  x,  x ' £ X g/  map  to  the  same  point 
s'  £ S' . Choose  a commutative  diagram 


K -< 


c(x) 


c(x') 


i(s') 


of  fields.  By  Schemes,  Lemma  25.13.3  we  get  two  morphisms  a,  a'  : Spec(A') 


X s'.  One  corresponding  to  the  point  x and  the  embedding  k(x)  C K and  the 
other  corresponding  to  the  point  x'  and  the  embedding  k(x')  C K.  Also  we  have 
f'oa=f'oa'.  Condition  (1)  now  implies  that  the  compositions  of  a and  a'  with 
X s'  — > X are  equal.  Since  X s>  is  the  fibre  product  of  S'  and  X over  S we  see  that 
a = a'.  Hence  x = x' . Thus  (1)  implies  (2). 

If  there  are  two  different  points  x,  x'  £ X mapping  to  the  same  point  of  s then 
(2)  is  violated.  If  for  some  s = /( x),  x £ X the  field  extension  k (s)  C k(x)  is  not 
purely  inseparable,  then  we  may  find  a field  extension  n(s ) C AT  such  that  k(x)  has 
two  ft(s)-homomorphisms  into  AT.  By  Schemes,  Lemma  25.13.3  this  implies  that 
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the  map  Mor(Spec(A),  A)  — > Mor(Spec(AT),  S)  is  not  injective,  and  hence  (1)  is 
violated.  Thus  we  see  that  the  equivalent  conditions  (1)  and  (2)  imply  / is  radicial, 
i.e.,  they  imply  (3). 

Assume  (3).  By  Schemes,  Lemma  25.13.3  a morphism  Spec(AQ  — > X is  given 
by  a pair  (x,k(x)  — ► AT).  Property  (3)  says  exactly  that  associating  to  the  pair 
(x,  k(x)  —>  K)  the  pair  (s,  n(s)  — ► k(x)  — > K ) is  injective.  In  other  words  (1)  holds. 
At  this  point  we  know  that  (1),  (2)  and  (3)  are  all  equivalent. 

Finally,  we  prove  the  equivalence  of  (4)  with  (1),  (2)  and  (3).  A point  of  A Xjl 
is  given  by  a quadruple  (xi,X2,s,p),  where  Xi,X2  £ X,  f(x i)  = /fe)  = s and  p C 
k(x i)  ®K(s)  k(x2)  is  a prime  ideal,  see  Schemes,  Lemma  25.17.5  If  / is  universally 
injective,  then  by  taking  S'  = X in  the  definition  of  universally  injective,  A 
must  be  surjective  since  it  is  a section  of  the  injective  morphism  X x g X - 
Conversely,  if  A x/s  is  surjective,  then  always  X\  = X2  = x and  there  is  exactly  one 
such  prime  ideal  p,  which  means  that  k(s)  C k(x)  is  purely  inseparable.  Hence  / is 
radicial.  Alternatively,  if  A x/s  is  surjective,  then  for  any  S'  S the  base  change 
A*s  ,/gi  is  surjective  which  implies  that  / is  universally  injective.  This  finishes  the 
proof  of  the  lemma. 


x/s 

X. 


□ 


05VE  Lemma  28.11.3.  A universally  injective  morphism  is  separated. 


Proof.  Combine  Lemma  [28. 11. 2|  with  the  remark  that  X — > S is  separated  if  and 


0472 


02V1 


only  if  the  image  of  Ax/s  is  closed  in  X Xg  X,  see  Schemes,  Definition  25.21.3  and 
the  discussion  following  it.  □ 

Lemma  28.11.4.  A base  change  of  a universally  injective  morphism  is  universally 
injective. 

Proof.  This  is  formal.  □ 

Lemma  28.11.5.  A composition  of  radicial  morphisms  is  radicial,  and  so  the 
same  holds  for  the  equivalent  condition  of  being  universally  injective. 

Proof.  Omitted.  □ 


28.12.  Affine  morphisms 

0155 

0156  Definition  28.12.1.  A morphism  of  schemes  / : A'  — ► S is  called  affine  if  the 
inverse  image  of  every  affine  open  of  S is  an  affine  open  of  A. 

0157  Lemma  28.12.2.  An  affine  morphism  is  separated  and  quasi-compact. 

Proof.  Let  / : X — ► S be  affine.  Quasi-compactness  is  immediate  from  Schemes, 
Lemma  [25.19.2|  We  will  show  / is  separated  using  Schemes,  Lemma  [25.21. 8|  Let 
ii,i2€  Abe  points  of  A which  map  to  the  same  point  s £ S.  Choose  any  affine 
open  W C S containing  s.  By  assumption  f~1(W)  is  affine.  Apply  the  lemma 
cited  with  U = V = f~1{W).  □ 

0158  Lemma  28.12.3.  Let  f : X — » S'  be  a morphism  of  schemes.  The  following  are 
equivalent 

(1)  The  morphism  f is  affine. 

(2)  There  exists  an  affine  open  covering  S = [J  Wj  such  that  each  f~1(Wj)  is 
affine. 
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(3)  There  exists  a quasi- coherent  sheaf  of  Os-algebras  A and  an  isomorphism 


See  Constructions,  Section  26. 4 for 


X = Spec  (.4)  of  schemes  over  S. 
notation. 

Moreover,  in  this  case  X = Spec s(f*Ox)- 
Proof.  It  is  obvious  that  (1)  implies  (2). 

Assume  S = U,gj  Wj  is  an  affine  open  covering  such  that  each  f~1{Wj)  is  affine. 
By  Schemes,  Lemma [25. 19. 2| we  see  that  / is  quasi-compact.  By  Schemes,  Lemma 
we  see  the  morphism  / is  quasi-separated.  Hence  by  Schemes,  Lemma 
the  sheaf  A = f*Ox  is  a quasi-coherent  sheaf  of  Ox-algebras.  Thus  we  have 


25.21.7 


25.24.1 


the  scheme  g : Y = Specg(A)  — > S over  S.  The  identity  map  id  : A = f*Ox  — t 
f*Ox  provides,  via  the  definition  of  the  relative  spectrum,  a morphism  can  : X — > Y 
over  S , see  Constructions,  Lemma [26. 4. 7 By  assumption  and  the  lemma  just  cited 


01S9 


the  restriction  can\f-i^.')  : f 1{Wj)  — > g l{Wf)  is  an  isomorphism.  Thus  can  is 
an  isomorphism.  We  have  shown  that  (2)  implies  (3). 

Assume  (3).  By  Constructions,  Lemma  26.4.6  we  see  that  the  inverse  image  of 
every  affine  open  is  affine,  and  hence  the  morphism  is  affine  by  definition.  □ 

Remark  28.12.4.  We  can  also  argue  directly  that  (2)  implies  (1)  in  Lemma 
28.12.3  above  as  follows.  Assume  S = (J  Wj  is  an  affine  open  covering  such  that 
each  /_1(W})  is  affine.  First  argue  that  A = f*Ox  is  quasi-coherent  as  in  the 
proof  above.  Let  Spec(i?)  = V c S be  affine  open.  We  have  to  show  that  /~1(P) 


01SA 


is  affine.  Set  A = A(V)  = f*Ox(Y)  = C,x(/_1(^))-  By  Schemes,  Lemma  25.6.4 
there  is  a canonical  morphism  if  : f~1(V)  — > Spec(A)  over  Spec(l?)  = V.  By 
Schemes,  Lemma  |25.11.6|  there  exists  an  integer  n > 0,  a standard  open  covering 
V = |Ji=i  n D{hf),  hi  € R,  and  a map  a : {l,...,n}  —>  J such  that  each 
D{hi)  is  also  a standard  open  of  the  affine  scheme  Wa^y  The  inverse  image  of  a 
standard  open  under  a morphism  of  affine  schemes  is  standard  open,  see  Algebra, 
Lemma  10.16.4  Hence  we  see  that  f~1(D(hi))  is  a standard  open  of  /_1(Wa(i)), 
in  particular  that  is  affine.  Because  A is  quasi-coherent  we  have  Ah,  = 

A(D(hi))  = Ox(f~1(D(hi))) , so  f~1(D(hi ))  is  the  spectrum  of  Ah..  It  follows  that 
the  morphism  if  induces  an  isomorphism  of  the  open  /-1(D(/i,;))  with  the  open 
Spec(A/jJ  of  Spec(A).  Since  /-1(F)  = (J  f~1{D{hi))  and  Spec(A)  = (JSpec(A^J 
we  win. 

Lemma  28.12.5.  Let  S be  a scheme.  There  is  an  anti- equivalence  of  categories 

Schemes  affine  quasi-coherent  sheaves 
overS  of  Os-algebras 

which  associates  to  f : X —)■  S the  sheaf  f*Ox-  Moreover,  this  equivalence  if 
compatible  with  arbitrary  base  change. 

Proof.  The  functor  from  right  to  left  is  given  by  Spec^.  The  two  functors  are 


mutually  inverse  by  Lemma  28.12.3  and  Constructions,  Lemma  26.4.6  part  (3). 
The  final  statement  is  Constructions,  Lemma  26.4.6  part  (2).  □ 


01SB 


Lemma  28.12.6.  Let  f : X — »•  S be  an  affine  morphism  of  schemes.  Let  A = 
f*Ox  ■ The  functor  T i-4  f^T  induces  an  equivalence  of  categories 

category  of  quasi-coherent)  J category  of  quasi-coherent 1 

Ox -modules  J A-modules  J 
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01SC 


01SD 


OISE 


01SF 


01SG 


01SH 


OISI 


Moreover,  an  A-module  is  quasi- coherent  as  an  Os~niodule  if  and  only  if  it  is  quasi- 
coherent  as  an  A-module. 


Proof.  Omitted. 

Lemma  28.12.7.  The  composition  of  affine  morphisms  is  affine. 


□ 


Proof.  Let  / : X — ► Y and  g : Y — > Z be  affine  morphisms.  Let  U C Z be  affine 
open.  Then  g_1(t/)  is  affine  by  assumption  on  g.  Whereupon  f~1{g~1{U))  is  affine 
by  assumption  on  /.  Hence  (g  o /)_1([/)  is  affine.  □ 

Lemma  28.12.8.  The  base  change  of  an  affine  morphism  is  affine. 

Proof.  Let  / : X — > S be  an  affine  morphism.  Let  S'  — > S be  any  morphism. 
Denote  f : Xs > = S'  xg  X ->  S'  the  base  change  of  /.  For  every  s'  € S'  there 
exists  an  open  affine  neighbourhood  s'  £ V C S'  which  maps  into  some  open  affine 
U C S.  By  assumption  /-1(t/)  is  affine.  By  the  material  in  Schemes,  Section  25. 
we  see  that  f~1{U)y  = V f~l{U)  is  affine  and  equal  to  (/,)_1(^0-  This  proves 
that  S'  has  an  open  covering  by  affines  whose  inverse  image  under  f is  affine.  We 
conclude  by  Lemma  28.12.3|  above.  □ 


Lemma  28.12.9.  A closed  immersion  is  affine. 


Proof.  The  first  indication  of  this  is  Schemes,  Lemma[25]8]2j  See  Schemes,  Lemma 
|25.10.1|for  a complete  statement.  □ 

Lemma  28.12.10.  Let  X be  a scheme.  Let  C be  an  invertible  Ox-module.  Let 
s £ P(X,  C).  The  inclusion  morphism  j : Xs  — > X is  affine. 


Proof.  This  follows  from  Properties,  Lemma  27.26.4  and  the  definition. 


□ 


Lemma  28.12.11.  Suppose  g : X -^Y  is  a morphism  of  schemes  over  S. 

(1)  If  X is  affine  over  S and  A : Y — > Y xg  Y is  affine,  then  g is  affine. 

(2)  If  X is  affine  over  S and  Y is  separated  over  S,  then  g is  affine. 

(3)  A morphism  from  an  affine  scheme  to  a scheme  with  affine  diagonal  is 
affine. 

(4)  A morphism  from  an  affine  scheme  to  a separated  scheme  is  affine. 


Proof.  Proof  of  (1).  The  base  change  X x $Y  — >•  Y is  affine  by  Lemma  28.12.8  The 
morphism  (1, 5)  : X — > X x sY  is  the  base  change  of  Y — > Y XsY  by  the  morphism 
X XsY  — > Y XsY.  Hence  it  is  affine  by  Lemma [28.12.8[  The  composition  of  affine 
morphisms  is  affine  (see  Lemma  28.12.7)  and  (1)  follows.  Part  (2)  follows  from  (1) 
as  a closed  immersion  is  affine  (see  Lemma  28.12.9|)  and  Y / S separated  means  A is 
a closed  immersion.  Parts  (3)  and  (4)  are  special  cases  of  (1)  and  (2).  □ 

Lemma  28.12.12.  A morphism  between  affine  schemes  is  affine. 


Proof.  Immediate  from  Lemma  28.12.11  with  S = Spec(Z).  It  also  follows  directly 
from  the  equivalence  of  (1)  and  (2)  in  Lemma  28.12.3  □ 


Lemma  28.12.13.  Let  S be  a scheme.  Let  A be  an  Artinian  ring.  Any  morphism 
Spec(H)  -A  S is  affine. 


Proof.  Omitted. 


□ 
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28.13.  Quasi-afflne  morphisms 


01SJ  Recall  that  a scheme  X is  called  quasi-affine  if  it  is  quasi-compact  and  isomorphic 
to  an  open  subscheme  of  an  affine  scheme,  see  Properties,  Definition |27. 18. 1] 

01SK  Definition  28.13.1.  A morphism  of  schemes  / : X — >•  S is  called  quasi-affine  if 
the  inverse  image  of  every  affine  open  of  S'  is  a quasi-affine  scheme. 

01SL  Lemma  28.13.2.  A quasi-affine  morphism  is  separated  and  quasi-compact. 

Proof.  Let  / : X — > S be  quasi-affine.  Quasi-compactness  is  immediate  from 
Schemes,  Lemma  |25.19.2|  We  will  show  / is  separated  using  Schemes,  Lemma 
|25.21.8|  Let  x\,  X2  € X be  points  of  X which  map  to  the  same  point  s £ S.  Choose 
any  affine  open  W C S containing  s.  By  assumption  f~1(W)  is  isomorphic  to  an 
open  subscheme  of  an  affine  scheme,  say  /_1(IP)  — t Y is  such  an  open  immersion. 
Choose  affine  open  neighbourhoods  x\  £ U C /_1(W)  and  x-i  G V C /_1(W). 
We  may  think  of  U and  V as  open  subschemes  of  Y and  hence  we  see  that  U D V 
is  affine  and  that  0(11)  ®z  0(V)  -A  0(U  fl  V ) is  surjective  (by  the  lemma  cited 
above  applied  to  U,V  in  Y).  Hence  by  the  lemma  cited  we  conclude  that  / is 
separated.  □ 

01SM  Lemma  28.13.3.  Let  / : X -A  S be  a morphism  of  schemes.  The  following  are 
equivalent 

(1)  The  morphism  f is  quasi-affine. 

(2)  There  exists  an  affine  open  covering  S = (J  Wj  such  that  each  f~~1(Wj)  is 
quasi-affine. 

(3)  There  exists  a quasi- coherent  sheaf  of  Os-algebras  A and  a quasi-compact 
open  immersion 


Spec  (A) 


over  S. 

(4)  Same  as  in  (3)  but  with  A = f*0\  and  the  horizontal  arrow  the  canonical 
morphism  of  Constructions , Lemma  \ 26. f.  vj 


Proof.  It  is  obvious  that  (1)  implies  (2)  and  that  (4)  implies  (3). 


Assume  S = (J ,-ej  W}  is  an  affine  open  covering  such  that  each  f~1(Wj)  is  quasi- 
affine.  By  Schemes,  Lemma  [25.19.2  we  see  that  / is  quasi-compact.  By  Schemes, 
Lemma  125.21.7  we  see  the  morphism  / is  quasi-separated.  Hence  by  Schemes, 
the  sheaf  A = f*Ox  is  a quasi-coherent  sheaf  of  Ox-algebras. 


Lemma 


25.24.1 


Y = Spec  (A)  —A  S over  S. 


Thus  we  have  the  scheme  g 
id  : A = f*Ox  — > f*Ox  provides,  via  the  definition  of  the  relative  spectrum 
morphism  can  : X — » Y over  S,  see  Constructions,  Lemma  26.4.7 


The  identity  map 
a 

By  assumption, 


the  lemma  just  cited,  and  Properties,  Lemma  27.18.3  the  restriction  can\f-i(w.)  : 
/-1(Wj)  — > g-1(Wj)  is  a quasi-compact  open  immersion.  Thus  can  is  a quasi- 
compact open  immersion.  We  have  shown  that  (2)  implies  (4). 


Assume  (3).  Choose  any  affine  open  U C S.  By  Constructions,  Lemma  26.4.6 


we 


see  that  the  inverse  image  of  U in  the  relative  spectrum  is  affine.  Hence  we  conclude 


28.13.  QUASI-AFFINE  MORPHISMS 


1964 


that  / 1(U)  is  quasi-affine  (note  that  quasi-compactness  is  encoded  in  (3)  as  well). 
Thus  (3)  implies  (1).  □ 

01SN  Lemma  28.13.4.  The  composition  of  quasi-affine  morphisms  is  quasi-affine. 

Proof.  Let  / : X — »■  Y and  g : Y — > Z be  quasi-affine  morphisms.  Let  U C Z be 
affine  open.  Then  <7_1(t/)  is  quasi-affine  by  assumption  on  g.  Let  j : g~l(U)  — » V 
be  a quasi-compact  open  immersion  into  an  affine  scheme  V.  By  Lemma  |28.13.3| 
above  we  see  that  f~1{g~1{U))  is  a quasi-compact  open  subscheme  of  the  relative 
spectrum  Spec^_lf[/)(„4)  for  some  quasi-coherent  sheaf  of  Re/) -algebras  A.  By 
Schemes,  Lemma  [25.21. 1|  the  sheaf  A'  = j*A  is  a quasi-coherent  sheaf  of  Oy- 
algebras  with  the  property  that  j*A'  = A.  Hence  we  get  a commutative  diagram 

/_1(5_1(t/)) * ^pecj_1(rr) (.4)  ■ »Specy(.4') 

g~\U) 3- *V 

with  the  square  being  a fibre  square,  see  Constructions,  Lemma  [26. 4.6|  Note  that 
the  upper  right  comer  is  an  affine  scheme.  Hence  ( g o /)_1([7)  is  quasi-affine.  □ 

OISO  Lemma  28.13.5.  The  base  change  of  a quasi-affine  morphism  is  quasi-affine. 

Proof.  Let  / : X — > S be  a quasi-affine  morphism.  By  Lemma  |28.13.3|  above 
we  can  find  a quasi-coherent  sheaf  of  Og-algebras  A and  a quasi-compact  open 
immersion  X -A  Specg(.4)  over  S.  Let  g : S'  — ► S be  any  morphism.  Denote 
/'  : X$'  = S'  Xs  X — > S'  the  base  change  of  /.  Since  the  base  change  of  a 
quasi-compact  open  immersion  is  a quasi-compact  open  immersion  we  see  that 
X$’  — t Spec „,(g*A)  is  a quasi-compact  open  immersion  (we  have  used  Schemes, 


again  we  conclude  that  Xs>  — > S'  is  quasi-affine.  □ 

02JR  Lemma  28.13.6.  A quasi-compact  immersion  is  quasi-affine. 

Proof.  Let  X -a  S be  a quasi-compact  immersion.  We  have  to  show  the  inverse 
image  of  every  affine  open  is  quasi-affine.  Hence,  assuming  S is  an  affine  scheme, 
we  have  to  show  X is  quasi-affine.  By  Lemma [28. 7. 7| the  morphism  X — >■  S factors 
as  X — > Z — > S where  Z is  a closed  subscheme  of  S and  X C Z is  a quasi-compact 
open.  Since  S is  affine  Lemma |28.2.1|  implies  Z is  affine.  Hence  we  win.  □ 

01SP  Lemma  28.13.7.  Let  S be  a scheme.  Let  X be  an  affine  scheme.  A morphism 
f : X — ► S is  quasi-affine  if  and  only  if  it  is  quasi-compact.  In  particular  any 
morphism  from  an  affine  scheme  to  a quasi-separated  scheme  is  quasi-affine. 

Proof.  Let  V C S be  an  affine  open.  Then  /-1(P)  is  an  open  subscheme  of 
the  affine  scheme  X,  hence  quasi-affine  if  and  only  if  it  is  quasi-compact.  This 
proves  the  first  assertion.  The  quasi-compactness  of  any  / : X — ► S where  A' 
is  affine  and  S quasi-separated  follows  from  Schemes,  Lemma|25.21.15|  applied  to 
X — > S — > Spec(Z).  □ 

054G  Lemma  28.13.8.  Suppose  g : X Y is  a morphism  of  schemes  over  S.  If  X 
is  quasi-affine  over  S and  Y is  quasi-separated  over  S,  then  g is  quasi-affine.  In 
particular,  any  morphism  from  a quasi-affine  scheme  to  a quasi-separated  scheme 
is  quasi-affine. 


Lemmas  25.19.3  and|25.18)2  and  Constructions,  Lemma  26.4.6 ).  By  Lemma  28.13.3 
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01SQ 

01SR 


01SS 


01ST 


Proof.  The  base  change  X x§  Y — > Y is  quasi-afhne  by  Lemma [28. 13. 5[  The  mor- 
phism X ->  T XgY  is  a quasi-compact  immersion  as  Y — > S is  quasi-separated,  see 
Schemes,  Lemma  |25.21.12|  A quasi-compact  immersion  is  quasi-afhne  by  Lemma 
28.13.6  and  the  composition  of  quasi-afhne  morphisms  is  quasi-afhne  (see  Lemma 
28.13.4).  Thus  we  win.  □ 


28.14.  Types  of  morphisms  defined  by  properties  of  ring  maps 


In  this  section  we  study  what  properties  of  ring  maps  allow  one  to  define  local 
properties  of  morphisms  of  schemes. 

Definition  28.14.1.  Let  P be  a property  of  ring  maps. 

(1)  We  say  that  P is  local  if  the  following  hold: 

(a)  For  any  ring  map  R — > A,  and  any  / G R we  have  P(R  — > A)  => 

P(Rf  Af). 

(b)  For  any  rings  R , A , any  / £ R,  a £ A,  and  any  ring  map  Rf  —>  A 
we  have  P(Rf  — » A)  =>  P(R  — ► Aa). 

(c)  For  any  ring  map  R — > A,  and  a,  £ A such  that  (a i, . . . , an)  = A 
then  Vi,  P(R  — ► Aai ) =>■  P(R  — ► A). 

(2)  We  say  that  P is  stable  under  base  change  if  for  any  ring  maps  R — > A, 
R — ► R'  we  have  P(R  — > A)  =>  P(R!  — > R'  A). 

(3)  We  say  that  P is  stable  under  composition  if  for  any  ring  maps  A — > B1 
B^C  we  have  P{A  ->  B)  A P(B  -4  C)  =>  P{A  ->  C). 

Definition  28.14.2.  Let  P be  a property  of  ring  maps.  Let  / : X — > S be  a 
morphisms  of  schemes.  We  say  / is  locally  of  type  P if  for  any  x £ X there  exists 
an  afhne  open  neighbourhood  U of  x in  X which  maps  into  an  affine  open  V C S 
such  that  the  induced  ring  map  Os(V)  —>  C*x{U)  has  property  P. 


This  is  not  a “good”  definition  unless  the  property  P is  a local  property.  Even 
if  P is  a local  property  we  will  not  automatically  use  this  definition  to  say  that 
a morphism  is  “locally  of  type  P”  unless  we  also  explicitly  state  the  definition 
elsewhere. 

Lemma  28.14.3.  Let  f : X — > S be  a morphism  of  schemes.  Let  P be  a property 
of  ring  maps.  Let  U be  an  affine  open  of  X,  and  V an  affine  open  of  S such  that 
f(U)  CV.  If  f is  locally  of  type  P and  P is  local,  then  P(Os(V)  — >■  Ox{U))  holds. 


Proof.  As  / is  locally  of  type  P for  every  u £ U there  exists  an  affine  open 
Uu  C A'  mapping  into  an  affine  open  Vu  C S such  that  P(Os{Vu ) — > Ox(Uu)) 
holds.  Choose  an  open  neighbourhood  XJ'U  C U D Uu  of  u which  is  standard  affine 
open  in  both  U and  Uu,  see  Schemes,  Lemma  25.11.5  By  Definition  28.14.1  (l)(b) 
we  see  that  P(Os(Vu)  Ox{U'u ))  holds.  Hence  we  may  assume  that  Uu  C U 
is  a standard  affine  open.  Choose  an  open  neighbourhood  Vf  C V fl  Vu  of  f(u) 
which  is  standard  affine  open  in  both  V and  Vu,  see  Schemes,  Lemma  |25.11.5| 
Then  U'u  = /^1(V(()  H Uu  is  a standard  affine  open  of  Uu  (hence  of  U)  and  we 
have  P(Os(Yu)  ^x(Uy))  by  Definition  28.14.1  (l)(a).  Hence  we  may  assume 
both  Uu  C U and  Vu  C V are  standard  affine  open.  Applying  Definition  |28.14.l] 
(l)(b)  one  more  time  we  conclude  that  P(Os(V)  — ► Ox(Uu))  holds.  Because  U is 
quasi-compact  we  may  choose  a finite  number  of  points  . . . , un  £ U such  that 


U = UU1  U . . . U Uu 


By  Definition  28.14.1  (l)(c)  we  conclude  that  P(Os(V)  — > Ox{U))  holds. 


□ 


28.14.  TYPES  OF  MORPHISMS  DEFINED  BY  PROPERTIES  OF  RING  MAPS 


1966 


01SU  Lemma  28.14.4.  Let  P be  a local  property  of  ring  maps.  Let  f : X — X S be  a 
morphism  of  schemes.  The  following  are  equivalent 

(1)  The  morphism  f is  locally  of  type  P . 

(2)  For  every  affine  opens  U C X , V C S with  f{U)  CF  we  have  P(Os(V)  — X 
Ox{U)). 

(3)  There  exists  an  open  covering  S = U,ej  Vj  and  open  coverings  f 1(Vj)  = 

Ui  such  that  each  of  the  morphisms  Ui  — X Vj , j £ J,i  € Ij  is  locally 
of  type  P. 

(4)  There  exists  an  affine  open  covering  S = U/ejV?'  and  affine  open  cov- 
erings /_1(Vj)  = (Jig/  Ui  such  that  P(Os{Vj ) — t Ox(U))  holds,  for  all 
j £ J,i  £ I j . 

Moreover,  if  f is  locally  of  type  P then  for  any  open  subschemes  U C X,  V C S 
with  f(U ) C V the  restriction  f\u  ■ U — X V is  locally  of  type  P. 

Proof.  This  follows  from  Lemma  f28. 14.31  above.  □ 


01SV  Lemma  28.14.5.  Let  P be  a property  of  ring  maps.  Assume  P is  local  and  stable 
under  composition.  The  composition  of  morphisms  locally  of  type  P is  locally  of 
type  P. 


Proof.  Let  / : X -A  Y and  g : Y — > Z be  morphisms  locally  of  type  P.  Let 
x £ X.  Choose  an  affine  open  neighbourhood  W C Z of  g(f(x)).  Choose  an  affine 
open  neighbourhood  V C g~1(W)oi_f(x).  Choose  an  affine  open  neighbourhood 


By  Lemma 


28.14.4 


U C f~\V ) of  x.  

Oy(V)  -a  Ox(U)  satisfy  P.  Hence  OziW) 
stable  under  composition. 


the  ring  maps  Oz{W)  -A  Oy{V)  and 
Ox(U)  satisfies  P as  P is  assumed 

□ 


01SW  Lemma  28.14.6.  Let  P be  a property  of  ring  maps.  Assume  P is  local  and  stable 
under  base  change.  The  base  change  of  a morphism  locally  of  type  P is  locally  of 
type  P. 


Proof.  Let  / : X — ► S be  a morphism  locally  of  type  P.  Let  S'  — > S be  any 
morphism.  Denote  f : Xs>  = S'  Xg  X — ► S'  the  base  change  of  /.  For  every 
s'  € S'  there  exists  an  open  affine  neighbourhood  s'  £ V'  C S'  which  maps  into 

the  open  /-1(P)  is  a union  of  affines 


28.14.4 


some  open  affine  V C S.  By  Lemma 
Ui  such  that  the  ring  maps  OsiV)  — > Ox{U)  all  satisfy  P.  By  the  material  in 
Schemes,  Section  25.17  we  see  that  f~1{U)y  =V’  Xy  /-1(P)  is  the  union  of  the 


affine  opens  V'  xy  U.  Since  Oxs,(V'  xy  Ui)  = Os>(V')  ®os(v)  Ox{Ui)  we  see 
that  the  ring  maps  OsfV')  —X  Oxs,{V  Xy  U,)  satisfy  P as  P is  assumed  stable 
under  base  change.  □ 


01SX 

(1)  (Isomorphism  on  local  rings.)  For  every  prime  q of  A lying  over  p C R 
the  ring  map  R — X A induces  an  isomorphism  Rp  -)4q. 

(2)  ( Open  immersion.)  For  every  prime  q of  A there  exists  an  f € R,  tp(f)  £ q 
such  that  the  ring  map  tp  : R —X  A induces  an  isomorphism  Rf  —X  Af . 

(3)  (Reduced  fibres.)  For  every  prime  p of  R the  fibre  ring  A <g>R  «(p)  is 
reduced. 

(4)  (Fibres  of  dimension  at  most  n.)  For  every  prime  p of  R the  fibre  ring 
A k(p)  has  Krull  dimension  at  most  n. 


Lemma  28.14.7.  The  following  properties  of  a ring  map  R — > A are  local. 
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(5)  (Locally  Noetherian  on  the  target.)  The  ring  map  R —>  A has  the  property 
that  A is  Noetherian. 

(6)  Add  more  here  as  needed^ 

Proof.  Omitted.  □ 

01SY  Lemma  28.14.8.  The  following  properties  of  ring  maps  are  stable  under  base 
change. 

(1)  (Isomorphism  on  local  rings.)  For  every  prime  q of  A lying  over  pci? 
the  ring  map  R — t A induces  an  isomorphism  Rp  — > Aq . 

(2)  ( Open  immersion.)  For  every  prime  q of  A there  exists  an  f £ R,  tp(f)  £ q 
such  that  the  ring  map  p : R — » A induces  an  isomorphism  Rf  — ► Af . 

(3)  (Reduced  fibres.)  For  every  prime  p of  R the  fibre  ring  A <g)R  n(p)  is 
reduced. 

(4)  (Fibres  of  dimension  at  most  n.)  For  every  prime  p of  R the  fibre  ring 
A (gift  k(p)  has  Krull  dimension  at  most  n. 

(5)  Add  more  here  as  needed^ 

Proof.  Omitted.  □ 

01SZ  Lemma  28.14.9.  The  following  properties  of  ring  maps  are  stable  under  compo- 
sition. 

(1)  (Isomorphism  on  local  rings.)  For  every  prime  q of  A lying  over  pci? 
the  ring  map  R — >■  A induces  an  isomorphism  Rp  — > Aq . 

(2)  ( Open  immersion.)  For  every  prime  q of  A there  exists  an  f £ R,  <p(f)  $.  q 
such  that  the  ring  map  <p  : R — > A induces  an  isomorphism  Rf  — > Af. 

(3)  (Locally  Noetherian  on  the  target.)  The  ring  map  R —>  A has  the  property 
that  A is  Noetherian. 

(4)  Add  more  here  as  needed^ 

Proof.  Omitted.  □ 


28.15.  Morphisms  of  finite  type 


01T0 

01T1 


01T2 


Recall  that  a ring  map  R — > A is  said  to  be  of  finite  type  if  A is  isomorphic  to  a 


quotient  of  R[ x±, . . . ,xn]  as  an  J?-algebra,  see  Algebra,  Definition  10.6.1 


Definition  28.15.1.  Let  / : X — > S be  a morphism  of  schemes. 

(1)  We  say  that  / is  of  finite  type  at  x £ X if  there  exists  an  affine  open 
neighbourhood  Spec(A)  = U C X of  x and  an  affine  open  Spec(-R)  = V C. 
S with  f{U)  C V such  that  the  induced  ring  map  R — > A is  of  finite  type. 

(2)  We  say  that  / is  locally  of  finite  type  if  it  is  of  finite  type  at  every  point 
of  X.  ' 

(3)  We  say  that  / is  of  finite  type  if  it  is  locally  of  finite  type  and  quasi- 
compact. 


Lemma  28.15.2.  Let  f : X — > S'  be  a morphism  of  schemes.  The  following  are 
equivalent 

(1)  The  morphism  f is  locally  of  finite  type. 


-Bui  only  those  properties  that  are  not  already  dealt  with  separately  elsewhere. 

‘^But  only  those  properties  that  are  not  already  dealt  with  separately  elsewhere. 

'But  only  those  properties  that  are  not  already  dealt  with  separately  elsewhere. 
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(2)  For  every  affine  opens  U C X,  V C S with  f(U)  C V the  rinq  map 
Os(V)  -»•  Ox(U)  is  of  finite  type. 

(3)  There  exists  an  open  covering  S = UjgJ  an ^ °Pen  coverings  = 

Uei,  Ui  such  that  each  of  the  morphisms  Ui  — ► Vj , j £ J,i  £ Ij  is  locally 
of  finite  type. 

(4)  There  exists  an  affine  open  covering  S = U j^jVj  and  affine  open  cover- 
ings f-^Vj)  = Uie/i  Ui  such  that  the  ring  map  Os(Vj)  — > OxfUf)  is  of 
finite  type,  for  all  j e J,i  £ Ij . 

Moreover,  if  f is  locally  of  finite  type  then  for  any  open  subschemes  U C X,  V C S 
with  f(U ) C V the  restriction  f\u-U  — >•  V is  locally  of  finite  type. 


Proof.  This  follows  from  Lemma [28. 14. 3|  if  we  show  that  the  property  “R  — > A is 
of  finite  type”  is  local.  We  check  conditions  (a),  (b)  and  (c)  of  Definition  28.14.1 


By  Algebra,  Lemma  |10.13.2|  being  of  finite  type  is  stable  under  base  change  and 
hence  we  conclude  (a)  holds.  By  the  same  lemma  being  of  finite  type  is  stable  under 
composition  and  trivially  for  any  ring  R the  ring  map  R — > Rf  is  of  finite  type. 
We  conclude  (b)  holds.  Finally,  property  (c)  is  true  according  to  Algebra,  Lemma 
110.23.31  □ 


Lemma  28.15.3.  The  composition  of  two  morphisms  which  are  locally  of  finite 
type  is  locally  of  finite  type.  The  same  is  true  for  morphisms  of  finite  type. 


Proof.  In  the  proof  of  Lemma  |28.15.2|  we  saw  that  being  of  finite  type  is  a local 
property  of  ring  maps.  Hence  the  first  statement  of  the  lemma  follows  from  Lemma 


28.14.5  combined  with  the  fact  that  being  of  finite  type  is  a property  of  ring  maps 
that  is  stable  under  composition,  see  Algebra,  Lemma  10.6.2  By  the  above  and 


the  fact  that  compositions  of  quasi-compact  morphisms  are  quasi-compact,  see 
Schemes,  Lemma  |25. 19. 4|  we  see  that  the  composition  of  morphisms  of  finite  type 
is  of  finite  type.  □ 


Lemma  28.15.4.  The  base  change  of  a morphism  which  is  locally  of  finite  type 
is  locally  of  finite  type.  The  same  is  true  for  morphisms  of  finite  type. 


Proof.  In  the  proof  of  Lemma  |28.15.2|  we  saw  that  being  of  finite  type  is  a local 
property  of  ring  maps.  Hence  the  first  statement  of  the  lemma  follows  from  Lemma 


28.14.5  combined  with  the  fact  that  being  of  finite  type  is  a property  of  ring  maps 
that  is  stable  under  base  change,  see  Algebra,  Lemma  10.13.2  By  the  above  and 


the  fact  that  a base  change  of  a quasi-compact  morphism  is  quasi-compact,  see 
Schemes,  Lemma [25. 19. 3|  we  see  that  the  base  change  of  a morphism  of  finite  type 
is  a morphism  of  finite  type.  □ 


Lemma  28.15.5.  A closed  immersion  is  of  finite  type.  An  immersion  is  locally 
of  finite  type. 


Proof.  This  is  true  because  an  open  immersion  is  a local  isomorphism,  and  a closed 
immersion  is  obviously  of  finite  type.  □ 

Lemma  28.15.6.  Let  f : X — » S be  a morphism.  If  S is  (locally)  Noetherian  and 
f (locally)  of  finite  type  then  X is  (locally)  Noetherian. 


Proof.  This  follows  immediately  from  the  fact  that  a ring  of  finite  type  over  a 


Noetherian  ring  is  Noetherian,  see  Algebra,  Lemma  10.30.1  (Also:  use  the  fact 
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that  the  source  of  a quasi-compact  morphism  with  quasi-compact  target  is  quasi- 
compact.) □ 


Lemma  28.15.7.  Let  f : X -A  S be  locally  of  finite  type  with  S locally  Noetherian. 
Then  f is  quasi-separated. 


Proof.  In  fact,  it  is  true  that  X is  quasi-separated,  see  Properties,  Lemma [27. 5. 4| 
and  Lemma[28.15.6| above.  Then  apply  Schemes,  Lemma [25. 21. 14| to  conclude  that 
/ is  quasi-separated.  □ 

Lemma  28.15.8.  Let  X — > Y be  a morphism  of  schemes  over  a base  scheme  S. 
If  X is  locally  of  finite  type  over  S,  then  X Y is  locally  of  finite  type. 


Proof.  Via  Lemma  |28.15.2|  this  translates  into  the  following  algebra  fact:  Given 
ring  maps  A — > B — > C such  that  A — > C is  of  finite  type,  then  B — > C is  of  finite 
type.  (See  Algebra,  Lemma  10.6.2).  □ 


28.16.  Points  of  finite  type  and  Jacobson  schemes 

Let  S'  be  a scheme.  A finite  type  point  s of  S is  a point  such  that  the  morphism 
Spec(/t(s))  — >■  S is  of  finite  type.  The  reason  for  studying  this  is  that  finite  type 
points  can  replace  closed  points  in  a certain  sense  and  in  certain  situations.  There 
are  always  enough  of  them  for  example.  Moreover,  a scheme  is  Jacobson  if  and  only 
if  all  finite  type  points  are  closed  points. 

Lemma  28.16.1.  Let  S be  a scheme.  Let  k be  a field.  Let  f : Spec(fc)  -A  S be  a 
morphism.  The  following  are  equivalent: 

(1)  The  morphism  f is  of  finite  type. 

(2)  The  morphism  f is  locally  of  finite  type. 

(3)  There  exists  an  affine  open  U = Spec (R)  of  S such  that  f corresponds  to 
a finite  ring  map  R -A  k. 

(4)  There  exists  an  affine  open  U = Spec(l?)  of  S such  that  the  image  of  f 
consists  of  a closed  point  u in  U and  the  field  extension  k(u)  C k is  finite. 


Proof.  The  equivalence  of  (1)  and  (2)  is  obvious  as  Spec (k)  is  a singleton  and 
hence  any  morphism  from  it  is  quasi-compact. 


Suppose  / is  locally  of  finite  type.  Choose  any  affine  open  Spec(.R)  = U C S such 
that  the  image  of  / is  contained  in  U,  and  the  ring  map  R — > k is  of  finite  type.  Let 
p C R be  the  kernel.  Then  R/p  C k is  of  finite  type.  By  Algebra,  Lemma  10.33.2 
there  exist  a / G R/p  such  that  (R/p)j  is  a field  and  (R/p)j  — >•  k is  a finite  field 
extension.  If  / £ R is  a lift  of  /,  then  we  see  that  k is  a finite  ii/-module.  Thus 
(2)  =*  (3). 

Suppose  that  Spec(l?)  = U C S is  an  affine  open  such  that  / corresponds  to  a finite 
ring  map  R -A  k.  Then  / is  locally  of  finite  type  by  Lemma  28.15.2  Thus  (3)  => 
(2). 


Suppose  R — > k is  finite. 


Algebra,  Lemma  10.35.16 

=*(4). 


The  image  of  R — > k is  a field  over  which  k is  finite  by 
Hence  the  kernel  of  R — > k is  a maximal  ideal.  Thus  (3) 


The  implication  (4)  =>  (3)  is  immediate. 


□ 
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Lemma  28.16.2.  Let  S be  a scheme.  Let  A be  an  Artinian  local  ring  with  residue 
field  k.  Let  f : Spec(A)  -A  S be  a morphism  of  schemes.  Then  f is  of  finite  type  if 
and  only  if  the  composition  Spec(/«)  -A  Spec(A)  -A  S is  of  finite  type. 


Proof.  Since  the  morphism  Spec(tt)  -A  Spec(A)  is  of  finite  type  it  is  clear  that  if 
/ is  of  finite  type  so  is  the  composition  Spec(re)  -A  S (see  Lemma  28.15.3).  For 
the  converse,  note  that  Spec(A)  -A  S maps  into  some  affine  open  U = Spec (B) 
of  S as  Spec(A)  has  only  one  point.  To  finish  apply  Algebra,  Lemma  |10.53.4  to 
B -a  A.  □ 


Recall  that  given  a point  s of  a scheme  S there  is  a canonical  morphism  Spec (k(s)) 
S,  see  Schemes,  Section  125. 13 


Definition  28.16.3.  Let  A be  a scheme.  Let  us  say  that  a point  s of  S is  a finite 
type  point  if  the  canonical  morphism  Spec(ft(s))  — > S is  of  finite  type.  We  denote 
Sft-pts  the  set  of  finite  type  points  of  S. 


We  can  describe  the  set  of  finite  type  points  as  follows. 

Lemma  28.16.4.  Let  S be  a scheme.  We  have 

Sft-pts  = I I Uq 

^UCS  open 

where  Uq  is  the  set  of  closed  points  of  U.  Here  we  may  let  U range  over  all  opens 
or  over  all  affine  opens  of  S. 

Proof.  Immediate  from  Lemma [28.16. II  □ 


Lemma  28.16.5.  Let  f : T -A  S be  a morphism  of  schemes.  If  f is  locally  of 
finite  type,  then  f(Tft_pts)  C Sft-pts- 


Proof.  If  T is  the  spectrum  of  a field  this  is  Lemma [28. 16. 1|  In  general  it  follows 
since  the  composition  of  morphisms  locally  of  finite  type  is  locally  of  finite  type 
(Lemma  28.15.3 ).  □ 


Lemma  28.16.6.  Let  f : T -A  S be  a morphism  of  schemes.  If  f is  locally  of 
finite  type  and  surjective,  then  f(Tft-pts)  = Sft-pts- 


Proof.  We  have  ./'(Tft-pts)  C Sft-pts  by  Lemma  28.16.5  Let  s £ S be  a finite  type 
point.  As  / is  surjective  the  scheme  Ts  = Spec(/v(s))  Xg  T is  nonempty,  therefore 
has  a finite  type  point  t £ Ts  by  Lemma  [28.16.4  Now  Ts  -A  T is  a morphism  of 
finite  type  as  a base  change  of  s -A  S (Lemma  28.15.4).  Hence  the  image  of  t,  in  T 
is  a finite  type  point  by  Lemma  28.16.5|  which  maps  to  s by  construction.  □ 


Lemma  28.16.7.  Let  S be  a scheme.  For  any  locally  closed  subset  T C S we  have 

T 7^  0 =>  T n Sft-pts  7^  0- 

In  particular,  for  any  closed  subset  T C S we  see  that  T D Sft-Pts  is  dense  in  T . 


Proof.  Note  that  T carries  a scheme  structure  (see  Schemes,  Lemma  25.12.4)  such 
that  T — >■  S is  a locally  closed  immersion.  Any  locally  closed  immersion  is  locally 


of  finite  type,  see  Lemma  28.15.5  Hence  by  Lemma  28.16.5  we  see  Tft_pts  C Sft-pts- 
Finally,  any  nonempty  affine  open  of  T has  at  least  one  closed  point  which  is  a 
finite  type  point  of  T by  Lemma[28.16.4|  □ 
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It  follows  that  most  of  the  material  from  Topology,  Section  |5.17|  goes  through  with 
the  set  of  closed  points  replaced  by  the  set  of  points  of  finite  type.  In  fact,  if  S is 
Jacobson  then  we  recover  the  closed  points  as  the  finite  type  points. 

Lemma  28.16.8.  Let  S be  a scheme.  The  following  are  equivalent: 

(1)  the  scheme  S is  Jacobson, 

(2)  Sft-pts  is  the  set  of  closed  points  of  S, 

(3)  for  allT  — > S locally  of  finite  type  closed  points  map  to  closed  points,  and 

(4)  for  allT  — » S locally  of  finite  type  closed  points  t £ T map  to  closed  points 
s £ S with  k(s ) C ft(t)  finite. 


Proof.  We  have  trivially  (4)  =>  (3)  =>  (2).  Lemma  28.16.7  shows  that  (2)  implies 

(1).  Hence  it  suffices  to  show  that  (1)  implies  (4).  Suppose  that  T — > S is  locally 
of  finite  type.  Choose  t G T closed  and  let  s £ S be  the  image.  Choose  affine  open 
neighbourhoods  Spec(i?)  = U C S of  s and  Spec(A)  = V C T of  t with  V mapping 
into  U.  The  induced  ring  map  R — > A is  of  finite  type  (see  Lemma  28.15.2)  and 
R is  Jacobson  by  Properties,  Lemma [27. 6. 3|  Thus  the  result  follows  from  Algebra, 
Proposition  |10.34.18|  □ 


Lemma  28.16.9.  Let  S be  a Jacobson  scheme.  Any  scheme  locally  of  finite  type 
over  S is  Jacobson. 


Proof.  This  is  clear  from  Algebra,  Proposition  10.34.18  (and  Properties,  Lemma 
27.6.3  and  Lemma  28.15.2 ).  □ 


Lemma  28.16.10.  The  following  types  of  schemes  are  Jacobson. 

(1)  Any  scheme  locally  of  finite  type  over  a field. 

(2)  Any  scheme  locally  of  finite  type  over  Z. 

(3)  Any  scheme  locally  of  finite  type  over  a 1-dimensional  Noetherian  domain 
with  infinitely  many  primes. 

(4)  A scheme  of  the  form  Spec (R)  \ {m}  where  (R,  m)  is  a Noetherian  local 
ring.  Also  any  scheme  locally  of  finite  type  over  it. 


Proof.  We  will  use  Lemma  |28.16.9|  without  mention.  The  spectrum  of  a field  is 
clearly  Jacobson.  The  spectrum  of  Z is  Jacobson,  see  Algebra,  Lemma  10.34.6|  For 


(3)  see  Algebra,  Lemma  10.60.4  For  (4)  see  Properties,  Lemma  27.6.4 


□ 


28.17.  Universally  catenary  schemes 

Recall  that  a topological  space  A'  is  called  catenary  if  for  every  pair  of  irreducible 
closed  subsets  T C T'  there  exist  a maximal  chain  of  irreducible  closed  subsets 


T = T0  C Ti  C . . . C Te  = T' 


and  every  such  chain  has  the  same  length.  See  Topology,  Definition  5.10.4 


call  that  a scheme  is  catenary  if  its  underlying  topological  space  is  catenary. 
Properties,  Definition  |27.11.f| 


Re- 

See 


Definition  28.17.1.  Let  S'  be  a scheme.  Assume  S is  locally  Noetherian.  We  say 
S is  universally  catenary  if  for  every  morphism  X — > S locally  of  finite  type  the 
scheme  X is  catenary. 


28.17.  UNIVERSALLY  CATENARY  SCHEMES 


1972 


This  is  a “better”  notion  than  catenary  as  there  exist  Noetherian  schemes  which 
are  catenary  but  not  universally  catenary.  See  Examples,  Section  |88.16|  Many 
schemes  are  universally  catenary,  see  Lemma |28. 17. 4| below. 

Recall  that  a ring  A is  called  catenary  if  for  any  pair  of  prime  ideals  p C q there 
exists  a maximal  chain  of  primes 

p = p0  C . . . C pe  = q 

and  all  of  these  have  the  same  length.  See  Algebra,  Definition  |10.104.l|  We  have 
seen  the  relationship  between  catenary  schemes  and  catenary  rings  in  Properties, 
Section  [27. 11|  Recall  that  a ring  A is  called  universally  catenary  if  A is  Noetherian 
and  for  every  finite  type  ring  map  A — * B the  ring  B is  catenary.  See  Algebra, 
Definition  |10.104.3|  Many  interesting  rings  which  come  up  in  algebraic  geometry 
satisfy  this  property. 

02J9  Lemma  28.17.2.  Let  S be  a locally  Noetherian  scheme.  The  following  are  equiv- 
alent 

(1)  S is  universally  catenary , 

(2)  there  exists  an  open  covering  of  S all  of  whose  members  are  universally 
catenary  schemes , 

(3)  for  every  affine  open  Spec (R)  = U C S the  ring  R is  universally  catenary, 
and 

(4)  there  exists  an  affine  open  covering  S = (J  Ui  such  that  each  Ui  is  the 
spectrum  of  a universally  catenary  ring. 

Moreover,  in  this  case  any  scheme  locally  of  finite  type  over  S is  universally  catenary 
as  well. 


Proof.  By  Lemma  [28. 15. 5|  an  open  immersion  is  locally  of  finite  type.  A compo- 
sition of  morphisms  locally  of  finite  type  is  locally  of  finite  type  (Lemma |28. 15. 3 1. 
Thus  it  is  clear  that  if  S is  universally  catenary  then  any  open  and  any  scheme 
locally  of  finite  type  over  S is  universally  catenary  as  well.  This  proves  the  final 
statement  of  the  lemma  and  that  (1)  implies  (2). 

If  Spec(-R)  is  a universally  catenary  scheme,  then  every  scheme  Spec(A)  with  A a 
finite  type  -R-algebra  is  catenary.  Hence  all  these  rings  A are  catenary  by  Algebra, 
Lemma  |10.104.2[  Thus  R is  universally  catenary.  Combined  with  the  remarks 
above  we  conclude  that  (1)  implies  (3),  and  (2)  implies  (4).  Of  course  (3)  implies 
(4)  trivially. 


02JA 


To  finish  the  proof  we  show  that  (4)  implies  (1).  Assume  (4)  and  let  X — > S be 
a morphism  locally  of  finite  type.  We  can  find  an  affine  open  covering  X = Uv3 
such  that  each  V3  — > S maps  into  one  of  the  Ui.  By  Lemma  28.15.2  the  induced 
ring  map  0{Uf)  — > 0(Vj)  is  of  finite  type.  Hence  0(Vj)  is  catenary.  Hence  A'  is 
catenary  by  Properties,  Lemma  [27.11. 2|  □ 


Lemma  28.17.3.  Let  S be  a locally  Noetherian  scheme.  The  following  are  equiv- 
alent: 


(1)  S is  universally  catenary,  and 

(2)  all  local  rings  Os,s  of  S are  universally  catenary. 


Proof.  Assume  that  all  local  rings  of  S are  universally  catenary.  Let  / : X — > S be 
locally  of  finite  type.  We  know  that  X is  catenary  if  and  only  if  Ox.x  is  catenary 
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for  all  x £ A.  If  /( x)  = s,  then  Ox,x  is  essentially  of  finite  type  over  Os,s-  Hence 
Ox,x  is  catenary  by  the  assumption  that  0$,s  is  universally  catenary. 


Conversely,  assume  that  S is  universally  catenary.  Let  s £ S.  We  may  replace  S 
by  an  affine  open  neighbourhood  of  s by  Lemma [28. 17. 2 Say  S = Spec (R)  and  s 
corresponds  to  the  prime  ideal  p.  Any  finite  type  i?p-algebra  A!  is  of  the  form  Ap 
for  some  finite  type  i?-algebra  A.  By  assumption  (and  Lemma  28.17.2  if  you  like) 
the  ring  A is  catenary,  and  hence  A!  (a  localization  of  A)  is  catenary.  Thus  Rp  is 
universally  catenary.  □ 


Lemma  28.17.4.  The  following  types  of  schemes  are  universally  catenary. 

(1)  Any  scheme  locally  of  finite  type  over  a field. 

(2)  Any  scheme  locally  of  finite  type  over  a Cohen- Macaulay  scheme. 

(3)  Any  scheme  locally  of  finite  type  over  Z. 

(4)  Any  scheme  locally  of  finite  type  over  a 1-dimensional  Noetherian  domain. 

(5)  And  so  on. 


Proof.  All  of  these  follow  from  the  fact  that  a Cohen-Macaulay  ring  is  universally 

Also,  use  the  last  assertion  of  Lemma 

□ 


catenary,  see  Algebra,  Lemma  10.104.8 
128.17.21  Some  details  omitted. 


28.18.  Nagata  schemes,  reprise 


See  Properties,  Section  27.13  for  the  definitions  and  basic  properties  of  Nagata  and 
universally  Japanese  schemes. 


Lemma  28.18.1.  Let  f : A — > S he  a morphism.  If  S is  Nagata  and  f locally 
of  finite  type  then  X is  Nagata.  If  S is  universally  Japanese  and  f locally  of  finite 
type  then  X is  universally  Japanese. 


Proof.  For  “universally  Japanese”  this  follows  from  Algebra,  Lemma  10.154.4 
“Nagata”  this  follows  from  Algebra,  Proposition  10.154.15[ 


For 

□ 


Lemma  28.18.2.  The  following  types  of  schemes  are  Nagata. 

(1)  Any  scheme  locally  of  finite  type  over  a field. 

(2)  Any  scheme  locally  of  finite  type  over  a Noetherian  complete  local  ring. 

(3)  Any  scheme  locally  of  finite  type  over  Z. 

(4)  Any  scheme  locally  of  finite  type  over  a Dedekind  ring  of  characteristic 
zero. 

(5)  And  so  on. 


Proof.  By  Lemma  28.18.1  we  only  need  to  show  that  the  rings  mentioned  above 
are  Nagata  rings.  For  this  see  Algebra,  Proposition  |10. 154. 16[  □ 


28.19.  The  singular  locus,  reprise 

We  look  for  a criterion  that  implies  openness  of  the  regular  locus  for  any  scheme 
locally  of  finite  type  over  the  base.  Here  is  the  definition. 

Definition  28.19.1.  Let  A be  a locally  Noetherian  scheme.  We  say  A'  is  J-2  if 
for  every  morphism  Y — > X which  is  locally  of  finite  type  the  regular  locus  Reg(T) 
is  open  in  Y. 

This  is  the  analogue  of  the  corresponding  notion  for  Noetherian  rings,  see  More  on 
Algebra,  Definition  |15. 38.1] 
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07R4  Lemma  28.19.2.  Let  X be  a locally  Noetherian  scheme.  The  following  are  equiv- 
alent 

(1)  X is  J-2, 

(2)  there  exists  an  open  covering  of  X all  of  whose  members  are  J-2  schemes, 

(3)  for  every  affine  open  Spec(i?)  = U C X the  ring  R is  J-2,  and 

(4)  there  exists  an  ajfne  open  covering  S = (J  t/*  such  that  each  0(Ui)  is  J-2 
for  all  i. 

Moreover,  in  this  case  any  scheme  locally  of  finite  type  over  X is  J-2  as  well. 


Proof.  By  Lemma  [28. 15. 5|  an  open  immersion  is  locally  of  finite  type.  A compo- 
sition of  morphisms  locally  of  finite  type  is  locally  of  finite  type  (Lemma|28.15.3 ). 
Thus  it  is  clear  that  if  X is  J-2  then  any  open  and  any  scheme  locally  of  finite  type 
over  A'  is  J-2  as  well.  This  proves  the  final  statement  of  the  lemma. 


If  Spec(i?)  is  J-2,  then  for  every  finite  type  i?-algebra  A the  regular  locus  of  the 
scheme  Spec(A)  is  open.  Hence  R is  J-2,  by  definition  (see  More  on  Algebra, 
Definition  15.38.1 ).  Combined  with  the  remarks  above  we  conclude  that  (1)  implies 
(3),  and  (2)  implies  (4).  Of  course  (1)  =>•  (2)  and  (3)  =>  (4)  trivially. 

To  finish  the  proof  we  show  that  (4)  implies  (1).  Assume  (4)  and  let  Y A be  a 
morphism  locally  of  finite  type.  We  can  find  an  affine  open  covering  Y = |J  Yj  such 
that  each  Vj  X maps  into  one  of  the  U,.  By  Lemma|28.15.2  the  induced  ring  map 
0(Ui)  — > 0(Vj)  is  of  finite  type.  Hence  the  regular  locus  of  Vj  = Spec(0(V)))  is 
open.  Since  Reg(y)nV)  = Reg(V))  we  conclude  that  Reg(F)  is  open  as  desired.  □ 


07R5  Lemma  28.19.3.  The  following  types  of  schemes  are  J-2. 

(1)  Any  scheme  locally  of  finite  type  over  a field. 

(2)  Any  scheme  locally  of  finite  type  over  a Noetherian  complete  local  ring. 

(3)  Any  scheme  locally  of  finite  type  over  Z. 

(4)  Any  scheme  locally  of  finite  type  over  a Dedekind  ring  of  characteristic 
zero. 

(5)  And  so  on. 


Proof.  By  Lemma  28.19.2|  we  only  need  to  show  that  the  rings  mentioned  above 
are  J-2.  For  this  see  More  on  Algebra,  Proposition  |15.3933[  □ 


28.20.  Quasi-finite  morphisms 

01TC  A solid  treatment  of  quasi-finite  morphisms  is  the  basis  of  many  developments 
further  down  the  road.  It  will  lead  to  various  versions  of  Zariski’s  Main  Theorem, 
behaviour  of  dimensions  of  fibres,  descent  for  etale  morphisms,  etc,  etc.  Before 
reading  this  section  it  may  be  a good  idea  to  take  a look  at  the  algebra  results  in 
Algebra,  Section  [1 0. 121 1 

Recall  that  a finite  type  ring  map  R — > A is  quasi-finite  at  a prime  q if  q defines  an 
isolated  point  of  its  fibre,  see  Algebra,  Definition  1 1 0 . 1 2 l~3j 

01TD  Definition  28.20.1.  Let  / : A — > S be  a morphism  of  schemes. 

(1)  We  say  that  / is  quasi-finite  at  a point  x £ X if  there  exist  an  affine 
neighbourhood  Spec(A)  = U cAofi  and  an  affine  open  Spec(i?)  = V C 
S such  that  f(U)  C V,  the  ring  map  R — ► A is  of  finite  type,  and  R -A  A 
is  quasi-finite  at  the  prime  of  A corresponding  to  x (see  above). 
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(2)  We  say  / is  locally  quasi-finite  if  / is  quasi-finite  at  every  point  x of  X. 

(3)  We  say  that  / is  quasi-finite  if  / is  of  finite  type  and  every  point  x is  an 
isolated  point  of  its  fibre. 


Trivially,  a locally  quasi-finite  morphism  is  locally  of  finite  type.  We  will  see  below 
that  a morphism  / which  is  locally  of  finite  type  is  quasi-finite  at  x if  and  only  if  x is 
isolated  in  its  fibre.  Moreover,  the  set  of  points  at  which  a morphism  is  quasi-finite 
is  open;  we  will  see  this  in  Section [28. 50|  on  Zariski’s  Main  Theorem. 

01TE  Lemma  28.20.2.  Let  / : X -A  S be  a morphism  of  schemes.  Let  x £ X be  a 
point.  Set  s = f(x).  If  k(s)  D k(x)  is  an  algebraic  field,  extension,  then 

(1)  x is  a closed  point  of  its  fibre,  and 

(2)  if  in  addition  s is  a closed  point  of  S,  then  x is  a closed  point  of  X . 

Proof.  The  second  statement  follows  from  the  first  by  elementary  topology.  Ac- 
cording to  Schemes,  Lemma [25. 18. 5| to  prove  the  first  statement  we  may  replace  X 
by  Xs  and  S by  Spec(iv(s)).  Thus  we  may  assume  that  S = Spec (k)  is  the  spectrum 
of  a field.  In  this  case,  let  Spec(A)  = U C X be  any  affine  open  containing  x.  The 
point  x corresponds  to  a prime  ideal  q C A such  that  k C «(q)  is  an  algebraic 
field  extension.  By  Algebra,  Lemma [10. 34. 9|  we  see  that  q is  a maximal  ideal,  i.e. , 
x £ U is  a closed  point.  Since  the  affine  opens  form  a basis  of  the  topology  of  X 
we  conclude  that  {a;}  is  closed.  □ 


The  following  lemma  is  a version  of  the  Hilbert  Nullstellensatz. 

01TF  Lemma  28.20.3.  Let  f : X S be  a morphism  of  schemes.  Let  x £ X be  a 
point.  Set  s = f(x).  Assume  f is  locally  of  finite  type.  Then  x is  a closed  point  of 
its  fibre  if  and  only  if  n(s)  C k(x)  is  a finite  field  extension. 
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Proof.  If  the  extension  is  finite,  then  x is  a closed  point  of  the  fibre  by  Lemma 
|28.20.2|above.  For  the  converse,  assume  that  £ is  a closed  point  of  its  fibre.  Choose 
affine  opens  Spec(A)  = U C X and  Spec(i?)  = V C S such  that  f(U)  C V.  By 
Lemma  [28.15.2|  the  ring  map  R — > A is  of  finite  type.  Let  q C A,  resp.  p C R be 
the  prime  ideal  corresponding  to  x,  resp.  s.  Consider  the  fibre  ring  A = A®/{  /c(p). 
Let  q be  the  prime  of  A corresponding  to  q.  The  assumption  that  a;  is  a closed 
point  of  its  fibre  implies  that  q is  a maximal  ideal  of  A.  Since  A is  an  algebra  of 
finite  type  over  the  field  «(p)  we  see  by  the  Hilbert  Nullstellensatz,  see  Algebra, 
Theorem  10.33.1  that  «;(q)  is  a finite  extension  of  n(p).  Since  k(s)  = n(p)  and 
k(x)  = /-c(q)  = ft(q)  we  win.  □ 

Lemma  28.20.4.  Let  f : X — ► S be  a morphism  of  schemes  which  is  locally  of 
finite  type.  Let  g : S'  — )•  S be  any  morphism.  Denote  f : X'  — > S'  the  base  change. 
If  x'  £ X'  maps  to  a point  x £ X which  is  closed  in  Xf  then  x'  is  closed  in 
X',,s. 

Proof.  The  residue  field  n(x')  is  a quotient  of  n (/'(a/))  <8>K(f(x))  K{x)i  see  Schemes, 
Lemma  25.17.5  Hence  it  is  a finite  extension  of  n{f{x’))  as  k(x)  is  a finite  extension 
of  k(/( x))  by  Lemma  28.20.3  Thus  we  see  that  x ’ is  closed  in  its  fibre  by  applying 
that  lemma  one  more  time.  □ 


01TG  Lemma  28.20.5.  Let  f : X — > S be  a morphism  of  schemes.  Let  x £ X be  a point. 
Set  s = f{x).  If  f is  quasi-finite  at  x,  then  the  residue  field  extension  n(s)  C k(x) 
is  finite. 
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Proof.  This  is  clear  from  Algebra,  Definition  |10.12L3[  □ 

01TH  Lemma  28.20.6.  Let  / : X -A  S be  a morphism  of  schemes.  Let  x £ X be  a 
point.  Set  s = f{x).  Let  Xs  he  the  fibre  of  f at  s.  Assume  f is  locally  of  finite 
type.  The  following  are  equivalent: 

(1)  The  morphism  f is  quasi-finite  at  x. 

(2)  The  point  x is  isolated  in  Xs. 

(3)  The  point  x is  closed  in  Xs  and  there  is  no  point  x'  £ Xs,  x'  ^ x which 
specializes  to  x. 

(4)  For  any  pair  of  affine  opens  Spec(A)  = U C X,  Spec (R)  = V C S with 
f(U)  C V and  x £ U corresponding  to  q C A the  ring  map  R — ► A is 
quasi-finite  at  q. 


Proof.  Assume  / is  quasi-finite  at  x.  By  assumption  there  exist  opens  U C X, 
V C S such  that  f{U)  C V,  x £ U and  x an  isolated  point  of  Us.  Hence  {a;}  C Us 
is  an  open  subset.  Since  f/s  = UnTs  C Xs  is  also  open  we  conclude  that  {x}  C Xs 
is  an  open  subset  also.  Thus  we  conclude  that  x is  an  isolated  point  of  Xs. 


Note  that  Xs  is  a Jacobson  scheme  by  Lemma [28. 16. 10|  (and  Lemma  28.15.4).  If 
x is  isolated  in  Xs,  i.e. , {x}  C Xs  is  open,  then  {a:}  contains  a closed  point  (by 
the  Jacobson  property),  hence  x is  closed  in  Xs.  It  is  clear  that  there  is  no  point 
x'  £ Xs,  distinct  from  x,  specializing  to  x. 


Assume  that  x is  closed  in  A's  and  that  there  is  no  point  x'  £ Xs,  distinct  from  x, 
specializing  to  x.  Consider  a pair  of  affine  opens  Spec(A)  = U C X,  Spec (R)  = 
V C S with  /([/)  C V and  x £ U.  Let  q C A correspond  to  x and  p C R correspond 
to  s.  By  Lemma [28.15.2|  the  ring  map  R — > A is  of  finite  type.  Consider  the  fibre 
ring  A = A «(p).  Let  q be  the  prime  of  A corresponding  to  q.  Since  Spec(A) 
is  an  open  subscheme  of  the  fibre  Xs  we  see  that  q is  a maximal  ideal  of  A and 
that  there  is  no  point  of  Spec(A)  specializing  to  q.  This  implies  that  dirn(Ag)  = 0. 
Hence  by  Algebra,  Definition |10.12O|  we  see  that  R — > A is  quasi-finite  at  q,  i.e., 
X — > S is  quasi-finite  at  x by  definition. 


At  this  point  we  have  shown  conditions  (1)  - (3)  are  all  equivalent.  It  is  clear  that 

(4)  implies  (1).  And  it  is  also  clear  that  (2)  implies  (4)  since  if  x is  an  isolated  point 
of  Xs  then  it  is  also  an  isolated  point  of  U8  for  any  open  U which  contains  it.  □ 

02NG  Lemma  28.20.7.  Let  f : X — ► S he  a morphism  of  schemes.  Let  s £ S.  Assume 
that 

(1)  f is  locally  of  finite  type , and 

(2)  is  a finite  set. 

Then  Xs  is  a finite  discrete  topological  space,  and  f is  quasi-finite  at  each  point  of 
X lying  over  s. 


Proof.  Suppose  T is  a scheme  which  (a)  is  locally  of  finite  type  over  a field  k, 
and  (b)  has  finitely  many  points.  Then  Lemma  28.16.10  shows  T is  a Jacobson 
scheme.  A finite  Jacobson  space  is  discrete,  see  Topology,  Lemma  [5.17.6|  Apply 
this  remark  to  the  fibre  Xs  which  is  locally  of  finite  type  over  Spec(«(s))  to  see  the 
first  statement.  Finally,  apply  Lemma [28. 20. 6| to  see  the  second.  □ 


06RT  Lemma  28.20.8.  Let  f : X — ► S he  a morphism  of  schemes.  Assume  f is  locally 
of  finite  type.  Then  the  following  are  equivalent 
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(1)  f is  locally  quasi- finite, 

(2)  for  every  s £ S the  fibre  Xs  is  a discrete  topological  space,  and 

(3)  for  every  morphism  Spec (k)  — > S where  k is  a field  the  base  change  Xk 
has  an  underlying  discrete  topological  space. 


Proof.  It  is  immediate  that  (3)  implies  (2).  Lemma  28.20.6  shows  that  (2)  is 
equivalent  to  (1).  Assume  (2)  and  let  Spec(fc)  — ► S be  as  in  (3).  Denote  s £ S the 
image  of  Spec(fc)  — > S.  Then  Xk  is  the  base  change  of  Xs  via  Spec(fc)  — * Spec(«(s)). 
Hence  every  point  of  Xk  is  closed  by  Lemma  28.20.4  As  Xk  -A  Spec (k)  is  locally 
of  finite  type  (by  Lemma  28.15.4),  we  may  apply  Lemma [28.20.6  to  conclude  that 
every  point  of  Xk  is  isolated,  i.e. , Xk  has  a discrete  underlying  topological  space.  □ 


Lemma  28.20.9.  Let  f : X — ► S be  a morphism  of  schemes.  Then  f is  quasi-finite 
if  and  only  if  f is  locally  quasi-finite  and  quasi- compact. 


Proof.  Assume  / is  quasi-finite.  It  is  quasi-compact  by  Definition  |28.15.1  Let 
x £ X.  We  see  that  / is  quasi-finite  at  x by  Lemma  [28.20.6  Hence  / is  quasi- 
compact and  locally  quasi-finite. 


Assume  / is  quasi-compact  and  locally  quasi-finite.  Then  / is  of  finite  type.  Let 
i £ X be  a point.  By  Lemma  28.20.6|we  see  that  x is  an  isolated  point  of  its  fibre. 
The  lemma  is  proved.  □ 


Lemma  28.20.10.  Let  f : X — >•  S be  a morphism  of  schemes.  The  following  are 
equivalent: 

(1)  f is  quasi-finite,  and 

(2)  f is  locally  of  finite  type,  quasi-compact,  and  has  finite  fibres. 


Proof.  Assume  / is  quasi-finite.  In  particular  / is  locally  of  finite  type  and  quasi- 
compact (since  it  is  of  finite  type).  Let  s £ S.  Since  every  x £ Xs  is  isolated  in  Xs 
we  see  that  Xs  = Uxea:  i3'}  is  an  °Pen  covering.  As  / is  quasi-compact,  the  fibre 
Xs  is  quasi-compact.  Hence  we  see  that  Xs  is  finite. 

Conversely,  assume  / is  locally  of  finite  type,  quasi-compact  and  has  finite  fibres. 
Then  it  is  locally  quasi-finite  by  Lemma |28. 20. 7|  Hence  it  is  quasi-finite  by  Lemma 
128.20.91  □ 


Recall  that  a ring  map  R — > A is  quasi-finite  if  it  is  of  finite  type  and  quasi-finite 


at  all  primes  of  A , see  Algebra,  Definition  10.121.3 


Lemma  28.20.11.  Let  f : X — > S be  a morphism  of  schemes.  The  following  are 
equivalent 

(1)  The  morphism  f is  locally  quasi-finite. 

(2)  For  every  pair  of  affine  opens  U C X , V C S with  f(U)  C V the  ring 
map  Os{V ) — t OxifJ)  is  quasi-finite. 

(3)  There  exists  an  open  covering  S = UjgJ  an ^ °Pen  coverings  /_1(V^-)  = 
Ueu  Ui  such  that  each  of  the  morphisms  Ui  —t  Vj , j £ J,i  £ Ij  is  locally 
quasi-finite. 

(4)  There  exists  an  affine  open  covering  S = (J jej^j  ant ^ affine  open  cov- 
erings f~\Vj)  = Ufei,  Ui  such  that  the  ring  map  Os{Vj)  -A  Ox{Uf)  is 
quasi-finite,  for  all  j £ J,i  £ Ij. 

Moreover,  if  f is  locally  quasi-finite  then  for  any  open  subschemes  U C X,  V C S 
with  f(U)  C V the  restriction  f\jj:U  — > V is  locally  quasi-finite. 
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Proof.  For  a ring  map  R — > A let  us  define  P(R  — > A)  to  mean  “ R — > A is  quasi- 
finite”  (see  remark  above  lemma).  We  claim  that  P is  a local  property  of  ring  maps. 
We  check  conditions  (a),  (b)  and  (c)  of  Definition  28.14.1  In  the  proof  of  Lemma 


28.15.2  we  have  seen  that  (a),  (b)  and  (c)  hold  for  the  property  of  being  “of  finite 
type” . Note  that,  for  a finite  type  ring  map  R — > A,  the  property  R — > A is  quasi- 
finite  at  q depends  only  on  the  local  ring  Aq  as  an  algebra  over  Rv  where  p = R fl  q 
(usual  abuse  of  notation).  Using  these  remarks  (a),  (b)  and  (c)  of  Definition  28.14.1 
follow  immediately.  For  example,  suppose  R — > A is  a ring  map  such  that  all  of  the 
ring  maps  R — > Aai  are  quasi-finite  for  ai, ...  ,an  £ A generating  the  unit  ideal. 
We  conclude  that  R — > A is  of  finite  type.  Also,  for  any  prime  q C A the  local 
ring  Aq  is  isomorphic  as  an  f?-algebra  to  the  local  ring  ( Aai)qi  for  some  i and  some 
q;  C Aa. . Hence  we  conclude  that  R — > A is  quasi-finite  at  q. 

We  conclude  that  Lemma  |28.14.3|  applies  with  P as  in  the  previous  paragraph. 
Hence  it  suffices  to  prove  that  / is  locally  quasi-finite  is  equivalent  to  / is  locally 
of  type  P.  Since  P(R  — > A)  is  UR  — > A is  quasi-finite”  which  means  R — > A is 
quasi-finite  at  every  prime  of  A , this  follows  from  Lemma [28. 20. 6|  □ 

01TL  Lemma  28.20.12.  The  composition  of  two  morphisms  which  are  locally  quasi- 
finite  is  locally  quasi-finite.  The  same  is  true  for  quasi-finite  morphisms. 


Proof.  In  the  proof  of  Lemma  [28.20. 11|  we  saw  that  P = “quasi-finite”  is  a local 
property  of  ring  maps,  and  that  a morphism  of  schemes  is  locally  quasi-finite  if  and 
only  if  it  is  locally  of  type  P as  in  Definition |28. 14. 2 Hence  the  first  statement  of 
the  lemma  follows  from  Lemma  |28.14.5|  combined  with  the  fact  that  being  quasi- 
finite  is  a property  of  ring  maps  that  is  stable  under  composition,  see  Algebra, 
Lemma[l0.121.7|  By  the  above,  Lemma [28.20.9| and  the  fact  that  compositions  of 
quasi-compact  morphisms  are  quasi-compact,  see  Schemes,  Lemma  |25.19.4|  we  see 
that  the  composition  of  quasi-finite  morphisms  is  quasi-finite.  □ 


We  will  see  later  (Lemma  28.50.2)  that  the  set  U of  the  following  lemma  is  open. 
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Lemma  28.20.13.  Let  f : X — > S be  a morphism  of  schemes.  Let  g : S'  — ► S 
be  a morphism  of  schemes.  Denote  f : Xg'  — > S1  the  base  change  of  f by  g and 
denote  g'  : Xg/  — > X the  projection.  Assume  X is  locally  of  finite  type  over  S. 

(1)  Let  U C X (resp.  U'  C X' ) be  the  set  of  points  where  f (resp.  f ) is 
quasi-finite.  Then  U'  = Us'  = ( g')~l(U ). 

(2)  The  base  change  of  a locally  quasi-finite  morphism  is  locally  quasi-finite. 

(3)  The  base  change  of  a quasi-finite  morphism  is  quasi-finite. 

Proof.  The  first  and  second  assertion  follow  from  the  corresponding  algebra  result, 


see  Algebra,  Lemma  10.121.8  (combined  with  the  fact  that  f is  also  locally  of  finite 
type  by  Lemma  28.15.4).  By  the  above,  Lemma  28.20.9  and  the  fact  that  a base 


change  of  a quasi-compact  morphism  is  quasi-compact,  see  Schemes,  Lemma  25.19.3 
we  see  that  the  base  change  of  a quasi-finite  morphism  is  quasi-finite.  □ 

OAAY  Lemma  28.20.14.  Let  f : X — ► S be  a morphism  of  schemes  of  finite  type.  Let 
s £ S.  There  are  at  most  finitely  many  points  of  X lying  over  s at  which  f is 
quasi-finite. 

Proof.  The  fibre  Xs  is  a scheme  of  finite  type  over  a held,  hence  Noetherian 


(Lemma  28.15.6).  Hence  the  topology  on  Xs  is  Noetherian  (Properties,  Lemma 
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27.5.5)  and  can  have  at  most  a finite  number  of  isolated  points  (by  elementary 
topology).  Thus  our  lemma  follows  from  Lemma  28.20.6  □ 

Lemma  28.20.15.  Any  immersion  is  locally  quasi-finite. 


Proof.  This  is  true  because  an  open  immersion  is  a local  isomorphism  and  a closed 
immersion  is  clearly  quasi-finite.  □ 


Lemma  28.20.16.  Let  X —>Y  be  a morphism  of  schemes  over  a base  scheme  S. 
Let  x £ X . If  X — » S is  quasi-finite  at  x,  then  X — ► Y is  quasi-finite  at  x.  If  X is 
locally  quasi-finite  over  S,  then  X — ► Y is  locally  quasi-finite. 


Proof.  Via  Lemma  28.20.11  this  translates  into  the  following  algebra  fact:  Given 
ring  maps  A — >•  B — ► C such  that  A — > C is  quasi-finite,  then  B — ► C is  quasi- 
finite.  This  follows  from  Algebra,  Lemma  10.121.6  with  R = A,  S = S'  = C and 
R!  = B.  □ 


28.21.  Morphisms  of  finite  presentation 

01TO  Recall  that  a ring  map  R A is  of  finite  presentation  if  A is  isomorphic  to 
i£[xi, . . . , xn]/(fi, . . . , fm)  as  an  R-algebra  for  some  n,m  and  some  polynomials 
fj , see  Algebra,  Definition 

01TP  Definition  28.21.1.  Let  / : X — > S be  a morphism  of  schemes. 

(1)  We  say  that  / is  of  finite  presentation  at  x G X if  there  exists  a affine 
open  neighbourhood  Spec(A)  = U C X of  x and  affine  open  Spec(l?)  = 
V C S with  f(U)  C V such  that  the  induced  ring  map  R A is  of  finite 
presentation. 

(2)  We  say  that  / is  locally  of  finite  presentation  if  it  is  of  finite  presentation 
at  every  point  of  X. 

(3)  We  say  that  / is  of  finite  presentation  if  it  is  locally  of  finite  presentation, 
quasi-compact  and  quasi-separated. 

Note  that  a morphism  of  finite  presentation  is  not  just  a quasi-compact  morphism 
which  is  locally  of  finite  presentation.  Later  we  will  characterize  morphisms  which 
are  locally  of  finite  presentation  as  those  morphisms  such  that 

colimMorg(Tj,  X)  = Morg(limTj,  X) 

for  any  directed  system  of  affine  schemes  X)  over  S.  See  Limits,  Proposition |31. 5. T| 
In  Limits,  Section [3L9] we  show  that,  if  S = lim.j  S.t  is  a limit  of  affine  schemes,  any 
scheme  X of  finite  presentation  over  S descends  to  a scheme  X,  over  Si  for  some  i. 

01TQ  Lemma  28.21.2.  Let  f : X -A  S be  a morphism  of  schemes.  The  following  are 
equivalent 

(1)  The  morphism  f is  locally  of  finite  presentation. 

(2)  For  every  affine  opens  U C X,  V C S with  f(U ) C V the  ring  map 
Osiy)  —t  Ox{U)  is  of  finite  presentation. 

(3)  There  exists  an  open  covering  S = Ujej  Rj'  and  open  coverings  f~l{Vj ) = 
u6,  Ui  such  that  each  of  the  morphisms  Ui  — ► Vj , j £ J,i  £ Ij  is  locally 
of  finite  presentation. 

(4)  There  exists  an  affine  open  covering  S = (J jeJ^i  an d affine  open  cover- 
ings f~\Vj)  = Uien  Ui  such  that  the  ring  map  Os{Vj)  — > OxiJJi)  is  of 
finite  presentation,  for  all  j £ J,i  £ Ij. 


10.6.1 
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Moreover,  if  f is  locally  of  finite  presentation  then  for  any  open  subschemes  U C X, 
V C S with  f{U)  C V the  restriction  f\u  : U — > V is  locally  of  finite  presentation. 

Proof.  This  follows  from  Lemma  [28. 14. 3|  if  we  show  that  the  property  “R  — > A is 
of  finite  presentation”  is  local.  We  check  conditions  (a),  (b)  and  (c)  of  Definition 
|28.14.1|  By  Algebra,  Lemma  |10.13.2|  being  of  finite  presentation  is  stable  under 
base  change  and  hence  we  conclude  (a)  holds.  By  the  same  lemma  being  of  finite 
presentation  is  stable  under  composition  and  trivially  for  any  ring  R the  ring  map 
R — >•  Rf  is  of  finite  presentation.  We  conclude  (b)  holds.  Finally,  property  (c)  is 
true  according  to  Algebra,  Lemma|i0.23.3|  □ 

Lemma  28.21.3.  The  composition  of  two  morphisms  which  locally  of  finite  pre- 
sentation is  locally  of  finite  presentation.  The  same  is  true  for  morphisms  of  finite 
presentation. 


Proof.  In  the  proof  of  Lemma  28.21.2  we  saw  that  being  of  finite  presentation 
is  a local  property  of  ring  maps.  Hence  the  first  statement  of  the  lemma  follows 
from  Lemma  |28.14.5|  combined  with  the  fact  that  being  of  finite  presentation  is  a 
property  of  ring  maps  that  is  stable  under  composition,  see  Algebra,  Lemma[l0.6.2| 
By  the  above  and  the  fact  that  compositions  of  quasi-compact,  quasi-separated 
morphisms  are  quasi-conrpact  and  quasi-separated,  see  Schemes,  Lemmas  125.19.4 


and  |25.21.13|  we  see  that  the  composition  of  morphisms  of  finite  presentation  is  of 
finite  presentation.  □ 


Lemma  28.21.4.  The  base  change  of  a morphism  which  is  locally  of  finite  pre- 
sentation is  locally  of  finite  presentation.  The  same  is  true  for  morphisms  of  finite 
presentation. 


Proof.  In  the  proof  of  Lemma  |28.21.2|  we  saw  that  being  of  finite  presentation 
is  a local  property  of  ring  maps.  Hence  the  first  statement  of  the  lemma  follows 
from  Lemma  |28.14.5|  combined  with  the  fact  that  being  of  finite  presentation  is  a 


property  of  ring  maps  that  is  stable  under  base  change,  see  Algebra,  Lemma[l0.13.2 
By  the  above  and  the  fact  that  a base  change  of  a quasi-compact,  quasi-separated 
morphism  is  quasi-compact  and  quasi-separated,  see  Schemes,  Lemmas |25. 19. 3| and 
|25.21.13l  we  see  that  the  base  change  of  a morphism  of  finite  presentation  is  a 
morphism  of  finite  presentation.  □ 


Lemma  28.21.5.  Any  open  immersion  is  locally  of  finite  presentation. 

Proof.  This  is  true  because  an  open  immersion  is  a local  isomorphism.  □ 


Lemma  28.21.6.  Any  open  immersion  is  of  finite  presentation  if  and  only  if  it 
is  quasi-compact. 


Proof.  We  have  seen  (Lemma  28.21.5)  that  an  open  immersion  is  locally  of  fi- 
nite presentation.  We  have  see  (Schemes,  Lemma  25.23.7)  that  an  immersion  is 
separated  and  hence  quasi-separated.  From  this  and  Definition  28.21.1  the  lemma 
follows.  □ 


Lemma  28.21.7.  A closed  immersion  i : Z — ► X is  of  finite  presentation  if  and 
only  if  the  associated  quasi- coherent  sheaf  of  ideals  T = Ker(Ox  — t i*Oz)  is  of 
finite  type  (as  an  Ox -‘module). 
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Proof.  On  any  affine  open  Spec(i?)  C X we  have  i 1(Spec(i?))  = Spec(fi//)  and 
1 = 1.  Moreover,  I is  of  finite  type  if  and  only  if  I is  a finite  f?-module  for  every 
such  affine  open  (see  Properties,  Lemma  27.16.1 1.  And  R/I  is  of  finite  presentation 
over  R if  and  only  if  I is  a finite  i?-module.  Hence  we  win.  □ 


01TW  Lemma  28.21.8.  A morphism  which  is  locally  of  finite  presentation  is  locally  of 
finite  type.  A morphism  of  finite  presentation  is  of  finite  type. 

Proof.  Omitted.  □ 


01TX  Lemma  28.21.9.  Let  f : X — ► S be  a morphism. 

(1)  If  S is  locally  Noetherian  and  f locally  of  finite  type  then  f is  locally  of 
finite  presentation. 

(2)  If  S is  locally  Noetherian  and  f of  finite  type  then  f is  of  finite  presenta- 
tion. 


Proof.  The  first  statement  follows  from  the  fact  that  a ring  of  finite  type  over  a 
Noetherian  ring  is  of  finite  presentation,  see  Algebra,  Lemma  10.30.4  Suppose  that 
/ is  of  finite  type  and  S is  locally  Noetherian.  Then  / is  quasi-compact  and  locally 
of  finite  presentation  by  (1).  Hence  it  suffices  to  prove  that  / is  quasi-separated. 
This  follows  from  Lemma  28.15.7  (and  Lemma  28.21.8).  □ 


01TY  Lemma  28.21.10.  Let  S be  a scheme  which  is  quasi-compact  and  quasi-separated. 
If  X is  of  finite  presentation  over  S,  then  X is  quasi-compact  and  quasi-separated. 

Proof.  Omitted.  □ 


02FV  Lemma  28.21.11.  Let  f : X — ► Y be  a morphism  of  schemes  over  S. 

(1)  If  X is  locally  of  finite  presentation  over  S and  Y is  locally  of  finite  type 
over  S,  then  f is  locally  of  finite  presentation. 

(2)  If  X is  of  finite  presentation  over  S and  Y is  quasi-separated  and  locally 
of  finite  type  over  S,  then  f is  of  finite  presentation. 


Proof.  Proof  of  (1).  Via  Lemma  28.21.2  this  translates  into  the  following  algebra 
fact:  Given  ring  maps  A — > B — ► C such  that  A -A  C is  of  finite  presentation  and 
A — > B is  of  finite  type,  then  B — > C is  of  finite  type.  See  Algebra,  Lemma  10.6.2 


Part  (2)  follows  from  (1)  and  Schemes,  Lemmas  25.21.14  and  25.21.15 


□ 


0818  Lemma  28.21.12.  Let  f : X — ► Y be  a morphism  of  schemes  with  diagonal 
A : X — t XxyX.  If  f is  locally  of  finite  type  then  A is  locally  of  finite  presentation. 
If  f is  quasi-separated  and  locally  of  finite  type,  then  A is  of  finite  presentation. 


Proof.  Note  that  A is  a morphism  of  schemes  over  X (via  the  second  projection 
X Xy  X — > X).  Assume  / is  locally  of  finite  type.  Note  that  X is  of  finite 
presentation  over  X and  X Xy  X is  locally  of  finite  type  over  X (by  Lemma 
28.15.4).  Thus  the  first  statement  holds  by  Lemma  28.21.11  The  second  statement 


follows  from  the  first,  the  definitions,  and  the  fact  that  a diagonal  morphism  is  a 
monomorphism,  hence  separated  (Schemes,  Lemma  25.23.3).  □ 
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28.22.  Constructible  sets 


054H  Constructible  and  locally  constructible  sets  of  schemes  have  been  discussed  in  Prop- 
erties, Section  |27.2|  In  this  section  we  prove  some  results  concerning  images  and 
inverse  images  of  (locally)  constructible  sets.  The  main  result  is  Chevalley’s  theo- 
rem which  states  that  the  image  of  a locally  constructible  set  under  a morphism  of 
finite  presentation  is  locally  constructible. 

0541  Lemma  28.22.1.  Let  f : X — » Y be  a morphism  of  schemes.  Let  E C Y be  a 
subset.  If  E is  (locally)  constructible  in  Y,  then  /_1( E)  is  (locally)  constructible 
in  X . 


054J 


Proof.  To  show  that  the  inverse  image  of  every  constructible  subset  is  constructible 
it  suffices  to  show  that  the  inverse  image  of  every  retrocompact  open  V of  Y is 
retrocompact  in  X,  see  Topology,  Lemma  |5.14.3|  The  significance  of  V being 
retrocompact  in  Y is  just  that  the  open  immersion  V — > Y is  quasi-compact. 
Hence  the  base  change  /_1(P)  = A'  x y V — > X is  quasi-compact  too,  see  Schemes, 
Lemma  25.19.3  Hence  we  see  /_1(P)  is  retrocompact  in  X.  Suppose  E is  locally 
constructible  in  Y.  Choose  x £ X.  Choose  an  affine  neighbourhood  V of  f(x) 
and  an  affine  neighbourhood  U C X of  x such  that  /([/)  C V.  Thus  we  think  of 
flu  : U — > V as  a morphism  into  V.  By  Properties,  Lemma  |27.2.1|  we  see  that 
E fl  V is  constructible  in  V.  By  the  constructible  case  we  see  that  {f\u)~1{E  n V) 
is  constructible  in  U.  Since  (/|t/)_1(-E  n V)  = f~1(E)  fl  17  we  win.  □ 


Lemma  28.22.2.  Let  f : X Y be  a morphism  of  schemes.  Assume 

(1)  f is  quasi-compact  and  locally  of  finite  presentation,  and 

(2)  Y is  quasi-compact  and  quasi-separated. 

Then  the  image  of  every  constructible  subset  of  X is  constructible  in  Y. 


Proof.  By  Properties,  Lemma  |27.2.5|  it  suffices  to  prove  this  lemma  in  case  Y is 
affine.  In  this  case  X is  quasi-compact.  Hence  we  can  write  X = U\  U . . . U Un 
with  each  Ui  affine  open  in  X.  If  E C X is  constructible,  then  each  E fl  C7*  is 
constructible  too,  see  Topology,  Lemma  5.14.4  Hence,  since  f{E)  = (J  f(E  fl  Ui) 
and  since  finite  unions  of  constructible  sets  are  constructible,  this  reduces  us  to  the 
case  where  X is  affine.  In  this  case  the  result  is  Algebra,  Theorem  |10. 28. 9[  □ 


054K  Theorem  28.22.3  (Chevalley’s  Theorem).  Let  f : X — ► Y be  a morphism  of 
schemes.  Assume  f is  quasi-compact  and  locally  of  finite  presentation.  Then  the 
image  of  every  locally  constructible  subset  is  locally  constructible. 


Proof.  Let  E C X be  locally  constructible.  We  have  to  show  that  f(E)  is  locally 
constructible  too.  We  will  show  that  f(E)  D V is  constructible  for  any  affine  open 
V C Y.  Thus  we  reduce  to  the  case  where  Y is  affine.  In  this  case  X is  quasi- 
compact. Hence  we  can  write  X = f7iU. . .UUn  with  each  Ui  affine  open  in  X . If  E C 
X is  locally  constructible,  then  each  E fl  Ut  is  constructible,  see  Properties,  Lemma 


sets  are  constructible,  this  reduces  us  to  the  case  where  X is  affine.  In  this  case  the 
result  is  Algebra,  Theorem  |10. 28. 9|  □ 

05LW  Lemma  28.22.4.  Let  X be  a scheme.  Let  x € X.  Let  E C X be  a locally 
constructible  subset.  If  {x'  \ x'  ~-+  x}  C E,  then  E contains  an  open  neighbourhood 
ofx. 


27.2.1  Hence,  since  f(E)  = (J  f(E  fl  Uf)  and  since  finite  unions  of  constructible 
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Proof.  Assume  {x'  \ x'  x}  C E.  We  may  assume  X is  affine.  In  this  case  E 
is  constructible,  see  Properties,  Lemma  |27. 2.1  In  particular,  also  the  complement 
Ec  is  constructible.  By  Algebra,  Lemma  [10.28.3|  we  can  find  a morphism  of  affine 
schemes  / : Y — ► X such  that  Ec  = f(Y).  Let  Z C X be  the  scheme  theoretic 

x'  x}  C E we  see  that 

□ 


image  of  /.  By  Lemma  28.6.5  and  the  assumption  {x’ 


x fL  Z.  Hence  X \ Z C E is  an  open  neighbourhood  of  x contained  in  E. 

28.23.  Open  morphisms 


Definition  28.23.1.  Let  / : X — > S be  a morphism. 

(1)  We  say  / is  open  if  the  map  on  underlying  topological  spaces  is  open. 

(2)  We  say  / is  universally  open  if  for  any  morphism  of  schemes  S'  — » S the 
base  change  f : Xs’  — > S'  is  open. 


According  to  Topology,  Lemma  5.18.6|  generalizations  lift  along  certain  types  of 
open  maps  of  topological  spaces.  In  fact  generalizations  lift  along  any  open  mor- 
phism of  schemes  (see  Lemma  [28.23.5).  Also,  we  will  see  that  generalizations  lift 
along  flat  morphisms  of  schemes  (Lemma  28.25.8).  This  sometimes  in  turn  implies 
that  the  morphism  is  open. 


Lemma  28.23.2.  Let  f : X — » S be  a morphism. 

(1)  If  f is  locally  of  finite  presentation  and  generalizations  lift,  along  f,  then 
f is  open. 

(2)  If  f is  locally  of  finite  presentation  and  generalizations  lift  along  every 
base  change  of  f,  then  f is  universally  open. 


Proof.  It  suffices  to  prove  the  first  assertion.  This  reduces  to  the  case  where  both 


X and  S are  affine.  In  this  case  the  result  follows  from  Algebra,  Lemma  10.40.3 
and  Proposition  |10.4(L8l  □ 


See  also  Lemma |28.25.9|  for  the  case  of  a morphism  flat  of  finite  presentation. 

Lemma  28.23.3.  A composition  of  (universally)  open  morphisms  is  (universally) 
open. 


Proof.  Omitted. 


□ 


Lemma  28.23.4.  Let  k be  a field.  Let  X be  a scheme  over  k.  The  structure 
morphism  X — > Spec(fc)  is  universally  open. 

Proof.  Let  S — > Spec (k)  be  a morphism.  We  have  to  show  that  the  base  change 
Xs  — ► S is  open.  The  question  is  local  on  S and  X,  hence  we  may  assume  that  S 
and  X are  affine.  In  this  case  the  result  is  Algebra,  Lemma [10.40. 10|  □ 

Lemma  28.23.5.  Let  tp  : X — ► Y be  a morphism  of  schemes.  If  tp  is  open,  then 
tp  is  generizing  (i.e.,  generalizations  lift  along  tp).  If  tp  is  universally  open,  then  tp 
is  universally  generizing. 


Proof.  Assume  tp  is  open.  Let  y'  y be  a specialization  of  points  of  Y . Let  x £ X 
with  tp(x)  = y.  Choose  affine  opens  U C X and  V C Y such  that  tp{U)  C V and 
x £ U.  Then  also  y'  £ V.  Hence  we  may  replace  X by  U and  Y by  V and  assume 
X,  Y affine.  The  affine  case  is  Algebra,  Lemma  10.40.2  (combined  with  Algebra, 
Lemma  10.40.3).  □ 
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04ZE  Lemma  28.23.6.  Let  f : X — ► Y be  a morphism  of  schemes.  Let  g : Yr  Y be 
open  and  surjective  such  that  the  base  change  f : X'  — > Y'  is  quasi-compact.  Then 
f is  quasi- compact. 

Proof.  Let  V C Y be  a quasi-compact  open.  As  g is  open  and  surjective  we  can  find 
a quasi-compact  open  W'  C W such  that  g{W')  = V.  By  assumption 
is  quasi-compact.  The  image  of  (//)_1(W7/)  in  X is  equal  to  /_1(V),  see  Lemma 


Topology,  Lemma [5.11.7[  Thus  / is  quasi-compact.  □ 


28.10.3 


Hence  / 1(V)  is  quasi-compact  as  the  image  of  a quasi-compact  space,  see 
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Definition  28.24.1.  Let  / : X — > Y be  a morphism  of  schemes. 

(1)  We  say  / is  submersing  if  the  continuous  map  of  underlying  topological 
spaces  is  submersive,  see  Topology,  Definition  5.5.3[ 

(2)  We  say  / is  universally  submersive  if  for  every  morphism  of  schemes  Y'  — > 
Y the  base  change  Y'  Xy  X —>Y'  is  submersive. 


We  note  that  a submersive  morphism  is  in  particular  surjective. 


28.25.  Flat  morphisms 


01U2  Flatness  is  one  of  the  most  important  technical  tools  in  algebraic  geometry.  In 
this  section  we  introduce  this  notion.  We  intentionally  limit  the  discussion  to 
straightforward  observations,  apart  from  Lemma  |28.25.9|  A very  important  class 
of  results,  namely  criteria  for  flatness  will  be  discussed  (insert  future  reference  here). 


01U3 


Recall  that  a module  M over  a ring  R is  flat  if  the  functor  —®rM  : Mod#  — > Mod/? 
is  exact.  A ring  map  R — ► A is  said  to  be  flat  if  A is  flat  as  an  /f-module.  See 
Algebra,  Definition  10.38.1[ 


Definition  28.25.1.  Let  / : X — > S be  a morphism  of  schemes.  Let  T be  a 
quasi-coherent  sheaf  of  Ox -modules. 


(1)  We  say  / is  flat  at  a point  x £ X if  the  local  ring  Ox, x is  Sat  over  the 
local  ring  Os,f(x)- 

(2)  We  say  that  T is  flat  over  S at  a point  x G X if  the  stalk  Tx  is  a flat 
C,s,/(x)-module. 

(3)  We  say  / is  flat  if  / is  flat  at  every  point  of  X. 

(4)  We  say  that  T is  flat  over  S if  T is  flat  over  S at  every  point  x of  X. 


Thus  we  see  that  / is  flat  if  and  only  if  the  structure  sheaf  Ox  is  flat  over  S. 

01U4  Lemma  28.25.2.  Let  f : X S be  a morphism  of  schemes.  Let  T be  a quasi- 
coherent  sheaf  of  Ox -modules.  The  following  are  equivalent 

(1)  The  sheaf  T is  flat  over  S. 

(2)  For  every  affine  opens  U C X , V C S with  f(U)  C V the  Os{V)-module 
X(U)  is  flat. 

(3)  There  exists  an  open  covering  S = (J  eJ  Vj  and  open  coverings  f~1{Vj)  = 
UeA  Ui  such  that  each  of  the  modules  Jr\ui  is  flat  over  Vj,  for  all  j G 
J,i  G Ij . 


^This  is  very  different  from  the  notion  of  a submersion  of  differential  manifolds. 
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(4)  There  exists  an  affine  open  covering  S = U jejVj  ani ^ affine  open  cover- 
ings = Uiez,  Ut  such  that  FfUf)  is  a flat  Os{Vj) -module,  for  all 

j £ J,  i £ I j . 

Moreover,  if  J-  is  flat  over  S then  for  any  open  subschemes  U C X,  V C S with 
f(U ) C V the  restriction  F\u  is  flat  over  V. 

Proof.  Let  R — > A be  a ring  map.  Let  M be  an  A-module.  If  M is  A-fl at,  then 
for  all  primes  q the  module  Mq  is  fiat  over  Rp  with  p the  prime  of  R lying  under 
q.  Conversely,  if  M„  is  flat  over  Rp  for  all  primes  q of  A , then  M is  flat  over  R. 
See  Algebra,  Lemma  |10.38.19|  This  equivalence  easily  implies  the  statements  of 
the  lemma.  □ 


01U5  Lemma  28.25.3.  Let  f : X ^ S be  a morphism  of  schemes.  The  following  are 
equivalent 

(1)  The  morphism  f is  flat. 

(2)  For  every  affine  opens  U C X,  V C S with  f(U ) C V the  ring  map 
Os(V)  — > Ox(U)  is  flat. 

(3)  There  exists  an  open  covering  S = (J,gj  U ani ^ °Pen  coverings  f~l{Vj ) = 
Uie,  Ui  such  that  each  of  the  morphisms  Ui  —*Vj,j€.  J,i  £ Ij  is  flat. 

(4)  There  exists  an  affine  open  covering  S = [jjeJVj  and  affine  open  cov- 
erings /_1(Vj)  = Uie/  such  that  Os(Vj ) Ox{Ui)  is  flat,  for  all 
j £ J,i  £ Ij. 

Moreover,  if  f is  flat  then  for  any  open  subschemes  U C X , V C S with  f(U)  C V 
the  restriction  f\u:U—>Vis  flat. 

Proof.  This  is  a special  case  of  Lemma  [28.25. 2|  above.  □ 

01U6  Lemma  28.25.4.  Let  X Y — ^ Z be  morphisms  of  schemes.  Let  T be  a quasi- 
coherent  Ox -module.  Let  x £ X with  image  y in  Y . If  F is  flat  over  Y at  x,  and 
Y is  flat  over  Z at  y,  then  T is  flat  over  Z at  x. 


01U7 


Proof.  See  Algebra,  Lemma  10.38.4 


Lemma  28.25.5.  The  composition  of  flat  morphisms  is  flat. 


Proof.  This  is  a special  case  of  Lemma  28.25.4 


□ 

□ 


01U8  Lemma  28.25.6.  Let  f : X S be  a morphism  of  schemes.  Let  F be  a quasi- 
coherent  sheaf  of  Ox -modules.  Let  g : S'  — > S be  a morphism  of  schemes.  Denote 
g'  : X'  = Xs>  — > X the  projection.  Let  x'  £ X'  be  a point  with  image  x = g{ x')  £ X . 
If  T is  flat  over  S at  x,  then  ( g')*F  is  flat  over  S'  at  x’ . In  particular,  if  F is  flat 
over  S,  then  ( g')*F  is  flat  over  S' . 


Proof.  See  Algebra,  Lemma  [10. 38. 7[  □ 

01U9  Lemma  28.25.7.  The  base  change  of  a flat  morphism  is  flat. 

Proof.  This  is  a special  case  of  Lemma  [28.25.6|  □ 

03HV  Lemma  28.25.8.  Let  f : X — » S be  a flat  morphism  of  schemes.  Then  general- 
izations lift  along  f,  see  Topology,  Definition  \ 5. 1 8. 


Proof.  See  Algebra,  Section  [l0.40| 


□ 
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01UA  Lemma  28.25.9.  A flat  morphism  locally  of  finite  presentation  is  universally 
open. 

Proof.  This  follows  from  Lemmas  128.25.81  and  Lemmar28.23.2l above.  We  can  also 
argue  directly  as  follows. 

Let  / : X — > S be  flat  locally  of  finite  presentation.  To  show  / is  open  it  suffices 
to  show  that  we  may  cover  X by  open  affines  X = (J  Ui  such  that  ET*  — > S is  open. 
By  definition  we  may  cover  X by  affine  opens  Ui  C X such  that  each  Ui  maps  into 
an  affine  open  Vi  C S and  such  that  the  induced  ring  map  Os  (Vi)  —>  Ox(Ui)  is 
of  finite  presentation.  Thus  Ui  — > Vi  is  open  by  Algebra,  Proposition  |10.40.8[  The 
lemma  follows.  □ 


02JY  Lemma  28.25.10.  Let  f : X Y be  a quasi- compact,  surjective,  flat  morphism. 
A subset  T C Y is  open  (resp.  closed)  if  and  only  f~l(T)  is  open  (resp.  closed).  In 
other  words,  f is  a submersive  morphism. 


Proof.  The  question  is  local  on  Y , hence  we  may  assume  that  Y is  affine.  In  this 
case  X is  quasi-compact  as  / is  quasi-compact.  Write  X = X\  U . . . U Xn  as  a 
finite  union  of  affine  opens.  Then  /'  : X'  = Xi  II . . . II  Xn  — > Y is  a surjective  flat 
morphism  of  affine  schemes.  Note  that  for  T C Y we  have  (/')-1(T)  = f~l(T)  n 
Xi  II ...  II  f~l(T ) n Xn.  Hence,  /_1(T)  is  open  if  and  only  if  (/')_1(T)  is  open. 
Thus  we  may  assume  both  X and  Y are  affine. 


Let  / : Spec(U)  — ► Spec(A)  be  a surjective  morphism  of  affine  schemes  correspond- 
ing to  a flat  ring  map  A — ► B.  Suppose  that  /_1(T)  is  closed,  say  /-1(T)  = V(I) 
for  I C A an  ideal.  Then  T = /(/-1(T))  = f(V(I))  is  the  image  of  Spec(A/7)  — > 
Spec(H)  (here  we  use  that  / is  surjective).  On  the  other  hand,  generalizations 
lift  along  / (Lemma  28.25.8).  Hence  by  Topology,  Lemma  5.18.5  we  see  that 
Y\T  = f(X  \ /-1(T))  is  stable  under  generalization. 


specialization  (Topology,  Lemma  5.18.2). 
110.40.51 


Hence  T is  stable  under 
Thus  T is  closed  by  Algebra,  Lemma 

□ 


02JZ  Lemma  28.25.11.  Let  h : X Y be  a morphism  of  schemes  over  S.  Let  Q be  a 
quasi- coherent  sheaf  on  Y . Let  x £ X with  y = h(x)  € Y.  If  h is  flat  at  x,  then 

Q flat  over  S at  y <t=>  h*Q  flat  over  S at  x. 


In  particular:  If  h is  surjective  and  flat,  then  Q is  flat  over  S,  if  and  only  if  h*Q  is 
flat  over  S . If  h is  surjective  and  flat,  and  X is  flat  over  S , then  Y is  flat  over  S . 


Proof.  You  can  prove  this  by  applying  Algebra,  Lemma  [10. 38. 9|  Here  is  a direct 
proof.  Let  s £ S be  the  image  of  y.  Consider  the  local  ring  maps  -»  Oy.y  — ► 
Ox,x-  By  assumption  the  ring  map  Oy,y  — > Ox,x  is  faithfully  flat,  see  Algebra, 
Lemma 


10.38.17 


Let  N = Qy.  Note  that  h* Qx  = N ®ov,y  0\>,  see  Sheaves, 
Let  M'  — > M be  an  injection  of  0sjS-modules.  By  the  faithful 


Lemma 

flatness  mentioned  above  we  have 


Ker(M/  ®os,B  N — ^ ► M ®os AI)  ®oY,v  Ox,x 
= Ker (M'  <8>e>SiS  N 0oYiS  Ox,x  — > M <8>oStS  N ®oY,v  ®x,x) 

Hence  the  equivalence  of  the  lemma  follows  from  the  second  characterization  of 
flatness  in  Algebra,  Lemma [l 0.38. 5 1 □ 
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Lemma  28.25.12.  Let  f : Y — >•  X be  a morphism  of  schemes.  Let  F be  a finite 
type  quasi- coherent  Ox-module  with  scheme  theoretic  support  Z C X.  If  f is  flat , 
then  f^1(Z)  is  the  scheme  theoretic  support  of  f*  IF. 


Proof.  Using  the  characterization  of  scheme  theoretic  support  on  affines  as  given 
in  Lemma  28.5.4  we  reduce  to  Algebra,  Lemma  10.39.4  □ 


Lemma  28.25.13.  Let  f : X — ► Y be  a flat  morphism  of  schemes.  Let  V C Y 
be  a retrocompact  open  which  is  scheme  theoretically  dense.  Then  f~xV  is  scheme 
theoretically  dense  in  X . 


Proof.  We  will  use  the  characterization  of  Lemma  [28.7.51  We  have  to  show  that 
for  any  open  U C X the  map  Ox{U)  — > Ox{U  H /_1U)  is  injective.  It  suffices  to 
prove  this  when  U is  an  affine  open  which  maps  into  an  affine  open  W C Y.  Say 
W = Spec(A)  and  U = Spec (B).  Then  VTiW  = D(/i)U. . .UD(fn)  for  some  fi  £ A, 
see  Algebra,  Lemma  10.28.1  Thus  we  have  to  show  that  B — >•  Bf1  x . . . x Bfn  is 
injective.  We  are  given  that  A — > Aft  x . . . x Afn  is  injective  and  that  A — > B is 
flat.  Since  Bf.  = Af.  <g>x  B we  win.  □ 


Lemma  28.25.14.  Let  f : X — ► Y be  a flat  morphism  of  schemes.  Let  g : V Y 
be  a quasi-compact  morphism  of  schemes.  Let  Z C Y be  the  scheme  theoretic  image 
of  g and  let  Z'  C X be  the  scheme  theoretic  image  of  the  base  change  V XyJ  — » X. 
Then  Z'  = f~xZ. 


Proof.  Recall  that  if  is  cut  out  by  I = KerfCV  — ► g*Oy)  and  Z'  is  cut  out  by 
T'  = Ker (Ox  — > (V  Xy  X — ► X)*OvxYx),  see  Lemma  28.6.3  Hence  the  question 
is  local  on  X and  Y and  we  may  assume  X and  Y affine.  Note  that  we  may  replace 
Vby]J  Vi  where  V = V\  U . . . U Vn  is  a finite  affine  open  covering.  Hence  we  may 
assume  g is  affine.  In  this  case  (V  Xy  X — >•  X)*OyxYx  is  the  pullback  of  g*Oy  by 
/.  Since  / is  flat  we  conclude  that  f*T  = I'  and  the  lemma  holds.  □ 


28.26.  Flat  closed  immersions 


Connected  components  of  schemes  are  not  always  open.  But  they  do  always  have 
a canonical  scheme  structure.  We  explain  this  in  this  section. 


Lemma  28.26.1.  Let  X be  a scheme.  The  rule  which  associates  to  a closed 
subscheme  of  X its  underlying  closed  subset  defines  a bijection 


( closed  subschemes  Z C X 
1 such  that  Z — ^ X is  flat 


•H* 


J closed  subsets  Z C X 1 
closed  under  generalizations  j 


Proof.  The  affine  case  is  Algebra,  Lemma  10.107.4  In  general  the  lemma  follows 
by  covering  X by  affines  and  glueing.  Details  omitted.  □ 


Lemma  28.26.2.  A flat  closed  immersion  of  finite  presentation  is  the  open  im- 
mersion of  an  open  and  closed  subscheme. 

Proof.  The  affine  case  is  Algebra,  Lemma [10. 107. 5[  In  general  the  lemma  follows 
by  covering  X by  affines.  Details  omitted.  □ 


Note  that  a connected  component  T of  a scheme  X is  a closed  subset  stable  under 
generalization.  Hence  the  following  definition  makes  sense. 
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04PX  Definition  28.26.3.  Let  X be  a scheme.  Let  T C X be  a connected  component. 
The  canonical  scheme  structure  on  T is  the  unique  scheme  structure  on  T such  that 
the  closed  immersion  T — > X is  flat,  see  Lemma [28.26. 1| 


It  turns  out  that  we  can  determine  when  every  finite  flat  ©x-module  is  finite  locally 
free  using  the  previous  lemma. 

053N  Lemma  28.26.4.  Let  X be  a scheme.  The  following  are  equivalent 

(1)  every  finite  flat  quasi- coherent  Ox-module  is  finite  locally  free,  and 

(2)  every  closed  subset  Z C X which  is  closed  under  generalizations  is  open. 

Proof.  In  the  affine  case  this  is  Algebra,  Lemma[l0.107.6|  The  scheme  case  does 
not  follow  directly  from  the  affine  case,  so  we  simply  repeat  the  arguments. 

Assume  (1).  Consider  a closed  immersion  * : Z — >•  X such  that  i is  flat.  Then  i*Oz 
is  quasi-coherent  and  flat,  hence  finite  locally  free  by  (1).  Thus  Z = Supp (i*Oz)  is 
also  open  and  we  see  that  (2)  holds.  Hence  the  implication  (1)  =>  (2)  follows  from 
the  characterization  of  flat  closed  immersions  in  Lemma  [28.26. II 


For  the  converse  assume  that  X satisfies  (2).  Let  X be  a finite  flat  quasi-coherent 


Ox-module.  The  support  Z = Supp(Jr)  of  X is  closed,  see  Modules,  Lemma  17.9.6 
On  the  other  hand,  if  x x'  is  a specialization,  then  by  Algebra,  Lemma  10.77.4 
the  module  Xx>  is  free  over  Ox,x' , and 

Fx  = Fx>  Ox,x. 

Hence  x'  £ Supp(Jr)  =>  x £ Supp(Jr),  in  other  words,  the  support  is  closed  under 
generalization.  As  A'  satisfies  (2)  we  see  that  the  support  of  X is  open  and  closed. 
The  modules  A* (A-),  i = 1,2,  3, . . . are  finite  flat  quasi-coherent  Ox-modules  also, 

Note  that  Supp(A*+1(J?))  C Supp(A*(J7)).  Thus  we 


17.18 


see  Modules,  Section 
see  that  there  exists  a decomposition 


X = U0  H Ux  H U2  H . . . 


by  open  and  closed  subsets  such  that  the  support  of  Al(X)  is  t/,;  U C/i+1  u . . . for 
all  i.  Let  x be  a point  of  A,  and  say  x £ Ur.  Note  that  Al(X)x  <g>  k(x)  = Ax{Xx  ® 
k(x)).  Hence,  x £ Ur  implies  that  Xx  (g>  k(x)  is  a vector  space  of  dimension  r. 
By  Nakayama’s  lemma,  see  Algebra,  Lemma  [10. 19. 1|  we  can  choose  an  affine  open 
neighbourhood  U C Ur  C X of  x and  sections  si,...,sr  £ X(U)  such  that  the 
induced  map 


0®r— >F\U}  (fi,...,fr)  * — >^2hsi 

is  surjective.  This  means  that  Ar(X\u)  is  a finite  flat  quasi-coherent  ©[/-module 
whose  support  is  all  of  U.  By  the  above  it  is  generated  by  a single  element,  namely 
Si  A ...  A sr.  Hence  Ar(Jr|  u)  = Ou  fT  for  some  quasi-coherent  sheaf  of  ideals  I 
such  that  Ou/T  is  flat  over  Ou  and  such  that  V(l)  = U.  It  follows  that  T = 0 by 
applying  Lemma  28.26.1  Thus  si  A . . . A sr  is  a basis  for  Ar(X\u)  and  it  follows 
that  the  displayed  map  is  injective  as  well  as  surjective.  This  proves  that  X is  finite 
locally  free  as  desired.  □ 


28.27.  Generic  flatness 

0529  A scheme  of  finite  type  over  an  integral  base  is  flat  over  a dense  open  of  the  base.  In 
Algebra,  Section  |10.117|  we  proved  a Noetherian  version,  a version  for  morphisms 
of  finite  presentation,  and  a general  version.  We  only  state  and  prove  the  general 
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version  here.  However,  it  turns  out  that  this  will  be  superseded  by  Proposition 
|28. 27. 2|  which  shows  the  result  holds  if  we  only  assume  the  base  is  reduced. 

Proposition  28.27.1  (Generic  flatness).  Let  f : X -A  S be  a morphism  of 
schemes.  Let  T be  a quasi- coherent  sheaf  of  Ox -modules.  Assume 

(1)  S is  integral, 

(2)  f is  of  finite  type,  and 

(3)  T is  a finite  type  Ox-module. 

Then  there  exists  an  open  dense  subscheme  U G S such  that  Xu  -A  U is  flat  and 
of  finite  presentation  and  such  that  F\xv  is  flat  over  U and  of  finite  presentation 
over  Oxv  ■ 


Proof.  As  S is  integral  it  is  irreducible  (see  Properties,  Lemma  27.3.4)  and  any 
nonempty  open  is  dense.  Hence  we  may  replace  S by  an  affine  open  of  S and 
assume  that  S = Spec(A)  is  affine.  As  S is  integral  we  see  that  A is  a domain.  As 
/ is  of  finite  type,  it  is  quasi-compact,  so  X is  quasi-compact.  Hence  we  can  find  a 
finite  affine  open  cover  X = (Ji=1  „ A,:.  Write  X,  = Spec(Lb).  Then  Lb  is  a finite 

type  A-algebra,  see  Lemma  |28.15.2|  Moreover  there  are  finite  type  Lb-modules 
Mj  such  that  J-\x,  is  the  quasi-coherent  sheaf  associated  to  the  Lb-module  Mi7 
see  Properties,  Lemma  [27. 16. 1|  Next,  for  each  pair  of  indices  i,j  choose  an  ideal 
C Bi  such  that  A*  \ A*  D Xj  = V(Iij)  inside  Xi  = Spec  (Bi).  Set  My  = Lb/by 
and  think  of  it  as  a Lb-module.  Then  V(Iij)  = Supp(ALy)  and  Mij  is  a finite 
Si-module. 


At  this  point  we  apply  Algebra,  Lemma  10.117.3  the  pairs  (A  — ► B., , Ml3 ) and 
to  the  pairs  (A  — > Bi,Mi).  Thus  we  obtain  nonzero  flj,fi  £ A such  that  (a) 
Aftj  — > Bijt.  is  flat  and  of  finite  presentation  and  Mijji:j  is  flat  over  Afi.  and  of 
finite  presentation  over  Bij.. , and  (b)  Bi  j.  is  flat  and  of  finite  presentation  over 
Af  and  AL,j.  is  flat  and  of  finite  presentation  over  Bij..  Set  / = (Yl  fi)(Yl  flj)- 
We  claim  that  taking  U = D{f)  works. 


To  prove  our  claim  we  may  replace  A by  Af , i.e. , perform  the  base  change  by 
U = Spec(A/)  — >•  S.  After  this  base  change  we  see  that  each  of  A — >•  Bi  is  flat  and 
of  finite  presentation  and  that  Mi , Mij  are  flat  over  A and  of  finite  presentation  over 
Bi.  This  already  proves  that  X — > S is  quasi-compact,  locally  of  finite  presentation, 
flat,  and  that  T is  flat  over  S and  of  finite  presentation  over  Ox,  see  Lemma[28.21.2| 


and  Properties,  Lemma  27.16.2  Since  AW  is  of  finite  presentation  over  Lb  we  see 


that  Xi  D Xj  = Xi  \ Supp(ALjj)  is  a quasi-compact  open  of  Xi,  see  Algebra,  Lemma 
Hence  we  see  that  A -A  S'  is  quasi-separated  by  Schemes,  Lemma [25.21.7 


10.39.7 


This  proves  the  proposition. 


□ 


It  actually  turns  out  that  there  is  also  a version  of  generic  flatness  over  an  arbitrary 
reduced  base.  Here  it  is. 

052B  Proposition  28.27.2  (Generic  flatness,  reduced  case).  Let  f : X — ► S be  a 
morphism  of  schemes.  Let  T be  a quasi-coherent  sheaf  of  Ox -modules.  Assume 

(1)  S is  reduced, 

(2)  / is  of  finite  type,  and 

(3)  T is  a finite  type  Ox-module. 

Then  there  exists  an  open  dense  subscheme  U G S such  that  Xu  — » U is  flat  and 
of  finite  presentation  and  such  that  T \xv  is  flat  over  U and  of  finite  presentation 
over  0Xu  ■ 
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Proof.  For  the  impatient  reader:  This  proof  is  a repeat  of  the  proof  of  Proposition 
|28.27.1| using  Algebra,  Lemma 1 1 0 . 1 1 7 . 7]  instead  of  Algebra,  Lemma |10.117.3l 

Since  being  flat  and  being  of  finite  presentation  is  local  on  the  base,  see  Lemmas 
28.25.2|  and  |28.21.2[  we  may  work  affine  locally  on  S.  Thus  we  may  assume  that 
S = Spec(A),  where  A is  a reduced  ring  (see  Properties,  Lemma  27.3.2).  As  / 


is  of  finite  type,  it  is  quasi-compact,  so  X is  quasi-compact.  Hence  we  can  find  a 
finite  affine  open  cover  X = (Ji=1  n X,;.  Write  X,  = Spec (2?*).  Then  B,  is  a finite 
type  A-algebra,  see  Lemma  |28.15.2|  Moreover  there  are  finite  type  Bj-modules 
Mj  such  that  J-\xt  is  the  quasi-coherent  sheaf  associated  to  the  Bj-module  Mi7 
see  Properties,  Lemma  [27.16.1|  Next,  for  each  pair  of  indices  i,j  choose  an  ideal 
Iij  C Bi  such  that  Xt  \ Xi  fl  Xj  = V(Iij ) inside  Xi  = Spec (Bi).  Set  My  = Bi/Iij 


and  think  of  it  as  a Bj-module. 
Bi-module. 


Then  V(Iij)  = Supp(Mjj)  and  Mij  is  a finite 


At  this  point  we  apply  Algebra,  Lemma  10.117.7  the  pairs  (A  -A  Bi7  Mj ) and  to  the 
pairs  (A  -A  B, . A7,: ) . Thus  we  obtain  dense  opens  U{A  — > Bi7Mij ) C S and  dense 
opens  U(A  — > Bi7Mi ) C S with  notation  as  in  Algebra,  Equation  (|10.117.3^2 ). 
Since  a finite  intersection  of  dense  opens  is  dense  open,  we  see  that 

U = f|  . U(A  ->  Bu  My)  n f)  U(A  -A  Bi,  Mi) 


is  open  and  dense  in  S.  We  claim  that  U is  the  desired  open. 


Pick  u £ U.  By  definition  of  the  loci  U(A  — > Bi,Mij ) and  U(A  — ► B,Mi)  there 
exist  fij,fi  € A such  that  (a)  u £ D(fi)  and  u € D(fij),  (b)  Aftj  — > Bijid  is  flat 
and  of  finite  presentation  and  Mijjt.  is  flat  over  Aftj  and  of  finite  presentation  over 
Bij..,  and  (c)  Bij.  is  flat  and  of  finite  presentation  over  Af  and  Mij.  is  flat  and  of 
finite  presentation  over  Bij. . Set  / = (n  mn  fio)-  Now  it  suffices  to  prove  that 
X — > S is  flat  and  of  finite  presentation  over  D(f)  and  that  T restricted  to  XD 
is  flat  over  D(f)  and  of  hnite  presentation  over  the  structure  sheaf  of  XDjy 


Hence  we  may  replace  A by  A/,  i.e.,  perform  the  base  change  by  Spec(A/)  — >•  S. 
After  this  base  change  we  see  that  each  of  A — > Bi  is  flat  and  of  finite  presentation 
and  that  Mj,  M,j  are  flat  over  A and  of  finite  presentation  over  B.j.  This  already 
proves  that  X — > S is  quasi-compact,  locally  of  finite  presentation,  flat,  and  that  T 
is  flat  over  S and  of  finite  presentation  over  Ox,  see  Lemma [28. 21. 2| and  Properties, 

is  of  finite  presentation  over  Bi  we  see  that  Xi  n Xj  = 

Hence 


Lemma  27.16.2 
Xi  \ Supp (Mij 


Since  Mi. 


is  a quasi-compact  open  of  Xi,  see  Algebra,  Lemma  10.39.7 
we  see  that  X — ► S is  quasi-separated  by  Schemes,  Lemma  25.21.7 
the  proposition. 


This  proves 

□ 


052C  Remark  28.27.3.  The  results  above  are  a first  step  towards  more  refined  flat- 
tening techniques  for  morphisms  of  schemes.  The  article  |OR7lj  by  Raynaud  and 
Gruson  contains  many  wonderful  results  in  this  direction. 


28.28.  Morphisms  and  dimensions  of  fibres 

02FW  Let  X be  a topological  space,  and  x £ X.  Recall  that  we  have  defined  dims(X) 
as  the  minimum  of  the  dimensions  of  the  open  neighbourhoods  of  x in  A'.  See 
Topology,  Definition  |5. 9. 1| 
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02FX 


02JS 


02FY 


02FZ 


02G0 


Lemma  28.28.1.  Let  f : X — ► S be  a morphism  of  schemes.  Let  x £ X and  set 
s = /( x).  Assume  f is  locally  of  finite  type.  Then 

dimx(Xs)  = dim(0jfs,x)  + trdeg, k(s)(k(x))  . 

Proof.  This  immediately  reduces  to  the  case  S = s,  and  X affine.  In  this  case  the 
result  follows  from  Algebra,  Lemma[l0.115.3|  □ 

Lemma  28.28.2.  Let  f : X -A  Y and  g : Y — ► S be  morphisms  of  schemes.  Let 
x £ X and  set  y = /( x),  s = g(y ).  Assume  f and  g locally  of  finite  type.  Then 

dimx(Ys)  < dim x(Xy)  +dima(Ys). 

Moreover,  equality  holds  ifOxs,x  is  flat  over  Oys,y,  which  holds  for  example  ifOx,x 
is  flat  over  Oyy. 

Proof.  Note  that  trdegK(s)(/c(a:))  = trdegK(w) (k(x))  + trdegK(s^ (n(y))-  Thus  by 
Lemma  [28.28.1|  the  statement  is  equivalent  to 

dim {Oxs,x)  < dim (0Xy,x)  + dim(Ovs,j/)- 

For  this  see  Algebra,  Lemma  |10.111.6|  For  the  flat  case  see  Algebra,  Lemma 
110.111.71  □ 


Lemma  28.28.3.  Let 


X' 

f 

Y 

S' 


/ 

9 

9 


> A 

/ 

Y 


be  a fibre  product  diagram  of  schemes.  Assume  f locally  of  finite  type.  Suppose 
that  x'  £ X' , x = g'{x'),  s'  = f'{x')  and  s = g(s')  = f(x).  Then  dimx(Xs)  = 
dimx/  (X's, ) . 


Proof.  Follows  immediately  from  Algebra,  Lemma [10. 115.6 


□ 


The  following  lemma  follows  from  a nontrivial  algebraic  result.  Namely,  the  alge- 
braic version  of  Zariski’s  main  theorem. 

Lemma  28.28.4.  Let  f : X — >•  S be  a morphism  of  schemes.  Let  n > 0.  Assume 
f is  locally  of  finite  type.  The  set 

Un  = {x  £ X | dimx  A'/(x)  < n} 

is  open  in  X . 

Proof.  This  is  immediate  from  Algebra,  Lemma[l0.124.6|  □ 

Lemma  28.28.5.  Let  f : X — >•  S be  a morphism  of  schemes.  Let  n > 0.  Assume 
f is  locally  of  finite  presentation.  The  open 


Un  = {x  £ X | dimx  Xf(x)  < n } 


of  Lemma  28.28.4  retrocompact  in  X.  (See  Topology , Definition  5.11.1  ) 

Proof.  The  topological  space  X has  a basis  for  its  topology  consisting  of  affine 
opens  U C X such  that  the  induced  morphism  f\u’-U—>S  factors  through  an 
affine  open  V C S.  Hence  it  is  enough  to  show  that  U fl  Un  is  quasi-compact  for 
such  a U.  Note  that  UnHU  is  the  same  as  the  open  {x  £ U \ dimx  U /(x)  < n}.  This 
reduces  us  to  the  case  where  X and  S are  affine.  In  this  case  the  lemma  follows 
from  Algebra,  Lemma  10.124.8  (and  Lemma  28.21.2 ) . □ 


28.29.  MORPHISMS  OF  GIVEN  RELATIVE  DIMENSION 
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06RU  Lemma  28.28.6.  Let  / : X — ► S be  a morphism  of  schemes.  Let  x x'  be  a 
nontrivial  specialization  of  points  in  X lying  over  the  same  point  s £ S.  Assume  f 
is  locally  of  finite  type.  Then 

(1)  diniz  (Xs ) < dimx/pfg), 

(2)  dim(Oxs,x)  < dim (0Xs,x'),  and 

(3)  trdegK{s){n(x))  > trdegK(s)(K,{ x')). 


Proof.  Part  (1)  follows  from  the  fact  that  any  open  of  Xs  containing  x'  also  con- 
tains x.  Part  (2)  follows  since  Oxs,x  is  a localization  of  Oxs,x'  at  a prime  ideal, 
hence  any  chain  of  prime  ideals  in  Oxs,x  is  part  of  a strictly  longer  chain  of  primes 
in  Ox  x' • The  last  inequality  follows  from  Algebra,  Lemma|10.115.2l  □ 


28.29.  Morphisms  of  given  relative  dimension 

02NI  In  order  to  be  able  to  speak  comfortably  about  morphisms  of  a given  relative 
dimension  we  introduce  the  following  notion. 

02NJ  Definition  28.29.1.  Let  f : X S be  a morphism  of  schemes.  Assume  / is 
locally  of  finite  type. 

(1)  We  say  / is  of  relative  dimension  < d at  x if  dim^Ay^))  < d. 

(2)  We  say  / is  of  relative  dimension  < d if  dim x(Xf^)  < d for  all  x € X. 

(3)  We  say  / is  of  relative  dimension  d if  all  nonempty  fibres  Xs  are  equidi- 

mensional  of  dimension  d. 

This  is  not  a particularly  well  behaved  notion,  but  it  works  well  in  a number  of 
situations. 

02NK  Lemma  28.29.2.  Let  f : X — ► S be  a morphism  of  schemes  which  is  locally  of 
finite  type.  If  f has  relative  dimension  d,  then  so  does  any  base  change  of  f.  Same 
for  relative  dimension  < d. 

Proof.  This  is  immediate  from  Lemma  T28. 28. 31  □ 

02NL  Lemma  28.29.3.  Let  f : X — ► Y , g : Y — ► Z be  locally  of  finite  type.  If  f has 

relative  dimension  < d and  g has  relative  dimension  < e then  g o / has  relative 

dimension  < d + e.  If 

(1)  / has  relative  dimension  d, 

(2)  g has  relative  dimension  e,  and 

(3)  / is  flat, 

then  g o f has  relative  dimension  d + e. 

Proof.  This  is  immediate  from  Lemma T28.28.2I  □ 

In  general  it  is  not  possible  to  decompose  a morphism  into  its  pieces  where  the 
relative  dimension  is  a given  one.  However,  it  is  possible  if  the  morphism  has 
Cohen-Macaulay  fibres  and  is  flat  of  finite  presentation. 

02NM  Lemma  28.29.4.  Let  f : X S be  a morphism  of  schemes.  Assume  that 

(1)  / is  flat, 

(2)  / is  locally  of  finite  presentation,  and 

(3)  for  all  s £ S the  fibre  Xs  is  Cohen-Macaulay  (Properties,  Definition 
27.8.1]/ 
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Then  there  exist  open  and  closed  subschemes  Xd  C X such  that  X = JJd>0  Xd  and 
f\xd  ■ Xd  —t  S has  relative  dimension  d. 


Proof.  This  is  immediate  from  Algebra,  Lemma  10.129.8 


□ 


0397  Lemma  28.29.5.  Let  f : X — » S be  a morphism  of  schemes.  Assume  f is  locally 
of  finite  type.  Let  x £ X with  s = f(x).  Then  f is  quasi-finite  at  x if  and  only  if 
dimx(As)  = 0.  In  particular,  f is  locally  quasi-finite  if  and  only  if  f has  relative 
dimension  0. 


Proof.  If  / is  quasi-finite  at  x then  k(x)  is  a finite  extension  of  k(s)  (by  Lemma 


28.20.5 ) and  x is  isolated  in  Xs  (by  Lemma  28.20.6 ),  hence  dimx(As)  = 0 by  Lemma 
28.28.1  Conversely,  if  dimx(As)  = 0 then  by  Lemma [28. 28.1  we  see  k(s)  C k(x)  is 
algebraic  and  there  are  no  other  points  of  Xs  specializing  to  x.  Hence  x is  closed 
in  its  fibre  by  Lemma  28.20.2  and  by  Lemma  28.20.6|  (3)  we  conclude  that  / is 
quasi-finite  at  x.  □ 


0AFE  Lemma  28.29.6.  Let  f : X — * Y be  a morphism  of  locally  Noetherian  schemes 
which  is  flat,  locally  of  finite  type  and  of  relative  dimension  d.  For  every  point  x in 
X with  image  y in  Y we  have  dimx(A)  = dim,,  (A)  + d. 


Proof.  After  shrinking  X and  Y to  open  neighborhoods  of  x and  y,  we  can  assume 
that  dirn(A)  = dimx(A)  and  dim(P)  = dimy(P),  by  definition  of  the  dimension  of 
a scheme  at  a point  (Properties,  Definition  27.10.1).  The  morphism  / is  open  by 
Lemmas |28. 21. 9|and|28.2A9l  Hence  we  can  shrink  Y to  arrange  that  / is  surjective. 
It  remains  to  show  that  dim(A)  = dim(A)  + d. 


Let  a be  a point  in  X with  image  b in  Y.  By  Algebra,  Lemma[l0.111.7[ 
dim  (Ox, a)  = dim  (CV,b)  + dim(e>xt,  a). 

Taking  the  supremum  over  all  points  a in  A',  it  follows  that  dim(A')  = dim(A) 
as  we  want,  see  Properties,  Lemma [27. 10.2| 


■d, 

□ 


28.30.  The  dimension  formula 

02JT  For  morphisms  between  Noetherian  schemes  we  can  say  a little  more  about  dimen- 
sions of  local  rings.  Here  is  an  important  (and  not  so  hard  to  prove)  result.  Recall 
that  R( A)  denotes  the  function  field  of  an  integral  scheme  A. 

02JU  Lemma  28.30.1.  Let  S be  a scheme.  Let  f : X — > S be  a morphism  of  schemes. 
Let  x £ X,  and  set  s = /( x).  Assume 

(1)  S is  locally  Noetherian, 

(2)  / is  locally  of  finite  type, 

(3)  A and  S integral,  and 

(4)  / dominant. 

We  have 

02JV  (28.30.1.1)  dim (Ox,x)  < dim(0siS)  + trdegR^R(X)  — trdegK^n{x). 

Moreover,  equality  holds  if  S is  universally  catenary. 

Proof.  The  corresponding  algebra  statement  is  Algebra,  Lemma[l0.112.1|  □ 
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OBAE  Lemma  28.30.2.  Let  S be  a scheme.  Let  f : X -A  S be  a morphism  of  schemes. 

Let  x £ X,  and  set  s = f(x).  Assume  S is  locally  Noetherian  and  f is  locally  of 
finite  type,  We  have 

OBAF  (28.30.2.1)  d\m{Ox,x)  < dim(0siS)  + E — trdegK^K(x). 

where  E is  the  maximum  of  trdeg where  £ runs  over  the  generic  points 
of  irreducible  components  of  X containing  x. 


Proof.  Let  X\, . . . , Xn  be  the  irreducible  components  of  X containing  x endowed 
with  their  reduced  induced  scheme  structure.  These  correspond  to  the  minimal 
primes  q,  of  Ox,x  and  hence  there  are  finitely  many  of  them  (Schemes,  Lemma 


25.13.2  and  Algebra,  Lemma  10.30.6).  Then  d\m(0XtX)  = max  dim(C?x,  */<!»)  = 
maxdim(Oxi,cc)-  The  £’s  occuring  in  the  definition  of  E are  exactly  the  generic 
points  fi  £ X,:.  Let  Z.t  = {/(£,)}  C S endowed  with  the  reduced  induced  scheme 
structure.  The  composition  Xj  — >■  X — >■  S'  factors  through  Zi  (Schemes,  Lemma 


25.12.6).  Thus  we  may  apply  the  dimension  formula  (Lemma  28.30.1)  to  see  that 


dim {Oxux)  < dim (0Zi,x)  + trdeg k(/(j))(k(?))  - trdeg k(s)k(x).  Putting  everything 
together  we  obtain  the  lemma.  □ 


An  application  is  the  construction  of  a dimension  function  on  any  scheme  of  finite 
type  over  a universally  catenary  scheme  endowed  with  a dimension  function.  For 


the  definition  of  dimension  functions,  see  Topology,  Definition  5.19.1 


02JW  Lemma  28.30.3.  Let  S be  a universally  catenary  scheme.  Let  6 : S —¥  Z be  a 
dimension  function.  Let  f : X —¥  S be  a morphism  of  schemes.  Assume  f locally 
of  finite  type.  Then  the  map 


S = Sx/s  ■ X > Z 

x I — ¥ 5{f(x))  + trdeg k{S(x))k,(x) 

is  a dimension  function  on  X. 


Proof.  Let  / : X — > S be  locally  of  finite  type.  Let  x y,  x y be  a specialization 
in  X.  We  have  to  show  that  Sx/s(x)  > Sx/s{y)  and  that  Sx/s{x)  = < 5x/s(y)  + 1 if 
y is  an  immediate  specialization  of  x. 


Choose  an  affine  open  V C S containing  the  image  of  y and  choose  an  affine  open 
U C X mapping  into  V and  containing  y.  We  may  clearly  replace  X by  U and  S 
by  V.  Thus  we  may  assume  that  X = Spec(A)  and  S = Spec (R)  and  that  / is 
given  by  a ring  map  R —¥  A.  The  ring  R is  universally  catenary  (Lemma  28.17.2) 
and  the  map  R — > A is  of  finite  type  (Lemma  28.15.2 ). 


Let  q C A be  the  prime  ideal  corresponding  to  the  point  x and  let  p C R be  the 
prime  ideal  corresponding  to  f(x).  The  restriction  S'  of  S to  S'  = Spec(l?/p)  C S 
is  a dimension  function.  The  ring  R/p  is  universally  catenary.  The  restriction  of 
$x/s  t°  X'  = Spec(A/q)  is  clearly  equal  to  the  function  SXjjs'  constructed  using 
the  dimension  function  S'.  Hence  we  may  assume  in  addition  to  the  above  that 
R C A are  domains,  in  other  words  that  X and  S are  integral  schemes,  and  that  x 
is  the  generic  point  of  X and  f(x)  is  the  generic  point  of  S. 


Note  that  Ox>x  = R(X)  and  that  since  x y,  x ^ y,  the  spectrum  of  Ox,y  has 
at  least  two  points  (Schemes,  Lemma  25.13.2)  hence  dim(Ox,j,)  > 0 . If  y is  an 
immediate  specialization  of  x,  then  Spec(0XzV)  = {x,y}  and  dim (Ox>y)  = 1. 
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Write  s = f(x)  and  t = f(y).  We  compute 

Sx/s(x)  - Sx/s(y)  = S(s)  + trdegre(s)«;(a;)  - 5(t)  - trdegK(t)«;(y) 

= 6(s)  - S(t)  + trdegfl(s)i?(A)  - trdeg K{t)n{y) 
= S(s)  - S(t)  + dim (Ox,v)  ~ dim(£>s)t) 


where  we  use  equality  in  ( 28.30.1.1 1 in  the  last  step.  Since  S is  a dimension  function 

oint,  the  difference  S(s)  — S(t)  is  equal  to 
This  is  equal  to  dim(C>,sit)  by  Properties, 


on  the  scheme  S and  s £ S is  the  generic  point,  the  difference  S(s)  — S(t)  is  equal  to 
codim({f},  S)  by  Topology,  Lemma  ! 


,5.19.2 

Lemma  127.10.31  Hence  we  conclude  that 

Sx/s(x)  - Sx/s(y)  = dim(0Y,y) 

and  the  lemma  follows  from  what  we  said  above  about  dim (Ox,y)- 


□ 


Another  application  of  the  dimension  formula  is  that  the  dimension  does  not  change 
under  “alterations”  (to  be  defined  later). 

02JX  Lemma  28.30.4.  Let  f : X — 1 Y be  a morphism  of  schemes.  Assume  that 

(1)  Y is  locally  Noetherian, 

(2)  X and  Y are  integral  schemes, 

(3)  / is  dominant,  and 

(4)  / is  locally  of  finite  type. 

Then  we  have 

dim(X)  < dim(Y)  -f  trdeg  r^Y)R{X). 

If  f is  c/ose({^]  then  equality  holds. 

Proof.  Let  / : X — > Y be  as  in  the  lemma.  Let  Co  Ci  Ce  be  a sequence 

of  specializations  in  X.  We  may  assume  that  x = is  a closed  point  of  X , see 
Properties,  Lemma  27.5.9  In  particular,  setting  y = f(x),  we  see  £ is  a closed 
point  of  its  fibre  Xy.  By  the  Hilbert  Nullstellensatz  we  see  that  k(x)  is  a finite 


extension  of  nfy),  see  Lemma  28.20.3  By  the  dimension  formula,  Lemma  28.30.1 
we  see  that 

dim (Ox,x)  < dim(eV,y)  + trdeg r{y)R(X) 

Hence  we  conclude  that  e < dim(Y)  + trdegfl(Y)i?(A')  as  desired. 

Next,  assume  / is  also  closed.  Say  Co  Ci  Cd  is  a sequence  of  specializa- 

tions in  Y.  We  want  to  show  that  dim  (A-)  > d + r.  We  may  assume  that  = y is 
the  generic  point  of  Y . The  generic  fibre  Xv  is  a scheme  locally  of  finite  type  over 
k(t])  = R(Y).  It  is  nonempty  as  / is  dominant.  Hence  by  Lemma  28.16.10  it  is  a 


Jacobson  scheme.  Thus  by  Lemma  28. 16. 8|  we  can  find  a closed  point  Co  G Xv  and 
the  extension  n{y)  C ft(Co)  is  a finite  extension.  Note  that  Ox,£0  because 

r/  is  the  generic  point  of  Y.  Hence  we  see  that  dim(Ox,{0)  = r by  Lemma|28.30.1  ap- 
plied to  the  scheme  X v over  the  universally  catenary  scheme  Spec(K(?y))  (see  Lemma 
28.17.4 ) and  the  point  Co-  This  means  that  we  can  find  f_r  C-i  Co  in  X. 


On  the  other  hand,  as  / is  closed  specializations  lift  along  /,  see  Topology,  Lemma 
5.18.6  Thus,  as  Co  lies  over  77  = Co  we  can  find  specializations  Co  Ci  Cd 


lying  over  C0  Ci 


C-r 


Cd.  In  other  words  we  have 

■ . . . — ► C—  1 — *■  Co  ' — * Cl  — * • ■ ■ ' — * Cd 


®For  example  if  / is  proper,  see  Definition  28.41.1 
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which  means  that  dim(Al)  > d + r as  desired. 


□ 


OBAG  Lemma  28.30.5.  Let  f : X — > Y be  a morphism  of  schemes.  Assume  that  Y is 
locally  Noetherian  and  f is  locally  of  finite  type.  Then 

dim(X)  < dim(F)  + E 

where  E is  the  supremum  of  trdegK^^(n(£,))  where  £ runs  through  the  generic 
points  of  the  irreducible  components  of  X. 


Proof.  Immediate  consequence  of  Lemma  28.30.2  and  Properties,  Lemma  27.10.2 


□ 


28.31.  Syntomic  morphisms 


01UB 


01UC 


An  algebra  A over  a held  k is  called  a global  complete  intersection  over  k if  A = 
k[x i, . . . , x„]/(/i, . . . , fc)  and  dim(A)  = n — c.  An  algebra  A over  a held  k is  called 
a local  complete  intersection  if  Spec(A)  can  be  covered  by  standard  opens  each  of 
which  are  global  complete  intersections  over  k.  See  Algebra,  Section [10.133|  Recall 
that  a ring  map  R — > A is  syntomic  if  it  is  of  finite  presentation,  hat  with  local 
complete  intersection  rings  as  hbres,  see  Algebra,  Definition  |10. 13471] 


Definition  28.31.1.  Let  / : X — > S be  a morphism  of  schemes. 

(1)  We  say  that  / is  syntomic  at  x £ X if  there  exists  a affine  open  neigh- 
bourhood Spec(A)  = U C X of  x and  affine  open  Spec(R)  =VcS  with 
f(U)  C V such  that  the  induced  ring  map  R — > A is  syntomic. 

(2)  We  say  that  / is  syntomic  if  it  is  syntomic  at  every  point  of  X. 

(3)  If  S = Spec (k)  and  / is  syntomic,  then  we  say  that  X is  a local  complete 
intersection  over  k. 

(4)  A morphism  of  affine  schemes  / : X — > S is  called  standard  syntomic  if 
there  exists  a global  relative  complete  intersection  R — > R[ X\, . . . , xn]/(fi, . . . 
(see  Algebra,  Definition  10.134.5|)  such  that  X — > S is  isomorphic  to 


Spec(/?[a;i, . . . , xn\/ (/i, . . . , fc))  -t  Spec(R). 


In  the  literature  a syntomic  morphism  is  sometimes  referred  to  as  a flat  local  com- 
plete intersection  morphism.  It  turns  out  this  is  a convenient  class  of  morphisms. 
For  example  one  can  dehne  a syntomic  topology  using  these,  which  is  finer  than 
the  smooth  and  etale  topologies,  but  has  many  of  the  same  formal  properties. 


A global  relative  complete  intersection  (which  we  used  to  define  standard  syntomic 
ring  maps)  is  in  particular  flat.  In  More  on  Morphisms,  Section  36.44  we  will 
consider  morphisms  X — > S which  locally  are  of  the  form 


Spec(-R[xi, . . . ,xn]/(/i, . . . ,/c))  ->  Spec(R). 

for  some  Koszul-regular  sequence  /i, . . . , fr  in  R[x i, . . . , xn}.  Such  a morphism  will 
be  called  a local  complete  intersection  morphism.  One  we  have  this  definition  in 
place  it  will  be  the  case  that  a morphism  is  syntomic  if  and  only  if  it  is  a flat,  local 
complete  intersection  morphism. 


Note  that  there  is  no  separation  or  quasi-compactness  hypotheses  in  the  definition 
of  a syntomic  morphism.  Hence  the  question  of  being  syntomic  is  local  in  nature 
on  the  source.  Here  is  the  precise  result. 
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01UD  Lemma  28.31.2.  Let  / : X — > S be  a morphism  of  schemes.  The  following  are 
equivalent 

(1)  The  morphism  f is  syntomic. 

(2)  For  every  affine  opens  U C X,  V C S with  f(U ) C V the  ring  map 
Os(V)  — > Ox{U)  is  syntomic. 

(3)  There  exists  an  open  covering  S = U;gj  Vj  and  open  coverings  /-1(Vj)  = 
Uei,  Ui  such  that  each  of  the  morphisms  Ui  — ► Vj,  j £ J,i  £ Ij  is 
syntomic. 

(4)  There  exists  an  affine  open  covering  S = \JjGjVj  and  affine  open  cov- 
erings /_1(Vj)  = Uiez,  Ui  such  that  the  ring  map  Os{Vj)  — > OxfUf)  is 
syntomic,  for  all  j £ J,i  £ Ij . 

Moreover,  if  f is  syntomic  then  for  any  open  subschemes  U C X , V C S with 
f(U)  C V the  restriction  f\u:U—>V  is  syntomic. 


Proof.  This  follows  from  Lemma  [28. 14. 3|  if  we  show  that  the  property  “ R — > A is 


syntomic”  is  local.  We  check  conditions  (a),  (b)  and  (c)  of  Definition  28.14.1  By 


Algebra,  Lemma  |10. 134.31  being  syntomic  is  stable  under  base  change  and  hence 
we  conclude  (a)  holds.  By  Algebra,  Lemma  |10.134.17  being  syntomic  is  stable 
under  composition  and  trivially  for  any  ring  R the  ring  map  R—^Rf  is  syntomic. 
We  conclude  (b)  holds.  Finally,  property  (c)  is  true  according  to  Algebra,  Lemma 
110.134.41  □ 


01UH  Lemma  28.31.3.  The  composition  of  two  morphisms  which  are  syntomic  is  syn- 
tomic. 


Proof.  In  the  proof  of  Lemma [28.31 .2|  we  saw  that  being  syntomic  is  a local  prop- 
erty of  ring  maps.  Hence  the  first  statement  of  the  lemma  follows  from  Lemma 


28.14.5  combined  with  the  fact  that  being  syntomic  is  a property  of  ring  maps  that 
is  stable  under  composition,  see  Algebra,  Lemma  10.134.17  □ 


01UI  Lemma  28.31.4.  The  base  change  of  a morphism  which  is  syntomic  is  syntomic. 

Proof.  In  the  proof  of  Lemma [28.31.2|  we  saw  that  being  syntomic  is  a local  prop- 
erty of  ring  maps.  Hence  the  lemma  follows  from  Lemma  |28.14.5|  combined  with 
the  fact  that  being  syntomic  is  a property  of  ring  maps  that  is  stable  under  base 
change,  see  Algebra,  Lemma  [10. 134. 3[  □ 


01UJ  Lemma  28.31.5.  Any  open  immersion  is  syntomic. 

Proof.  This  is  true  because  an  open  immersion  is  a local  isomorphism.  □ 


01UK  Lemma  28.31.6.  A syntomic  morphism  is  locally  of  finite  presentation. 

Proof.  True  because  a syntomic  ring  map  is  of  finite  presentation  by  definition.  □ 
01UL  Lemma  28.31.7.  A syntomic  morphism  is  flat. 

Proof.  True  because  a syntomic  ring  map  is  flat  by  definition.  □ 

056F  Lemma  28.31.8.  A syntomic  morphism  is  universally  open. 


Proof.  Combine  Lemmas |28.31.6[|28. 31. 7[  and|28.25.9| 


□ 
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01UG 


01UE 


01UF 


02V3 


Let  k be  a field.  Let  A be  a local  fc-algebra  essentially  of  finite  type  over  k.  Recall 
that  A is  called  a complete  intersection  over  k if  we  can  write  A = R/ (/1; . . . , fc ) 
where  R is  a regular  local  ring  essentially  of  finite  type  over  k , and  fi,  ■ . ■ , fc  is  a 
regular  sequence  in  R,  see  Algebra,  Definition  10.133.5[ 


Lemma  28.31.9.  Let  k be  a field.  Let  X be  a scheme  locally  of  finite  type  over 
k.  The  following  are  equivalent: 

(1)  X is  a local  complete  intersection  over  k, 

(2)  for  every  x £ X there  exists  an  affine  open  U = Spec(R)  C X neigh- 
bourhood of  x such  that  R = k[x i, . . • , xn\/(f\, . . . , fc)  is  a global  complete 
intersection  over  k,  and 

(3)  for  every  x £ X the  local  ring  Ox,x  is  a complete  intersection  over  k. 


Proof.  The  corresponding  algebra  results  can  be  found  in  Algebra,  Lemmas  10.133.8 
and  110.133.91  □ 


The  following  lemma  says  locally  any  syntomic  morphism  is  standard  syntomic. 
Hence  we  can  use  standard  syntomic  morphisms  as  a local  model  for  a syntomic 
morphism.  Moreover,  it  says  that  a flat  morphism  of  finite  presentation  is  syntomic 
if  and  only  if  the  fibres  are  local  complete  intersection  schemes. 


Lemma  28.31.10.  Let  f : X S be  a morphism  of  schemes.  Assume  f locally 
of  finite  presentation.  Let  x £ X be  a point.  Set  s = f(x).  The  following  are 
equivalent 


(1)  The  morphism  f is  syntomic  at  x. 

(2)  There  exist  affine  opens  U C X,  and  V C S such  that  x £ U,  f(U ) C V 
and  the  induced  morphism  f\u'U—tV  is  standard  syntomic. 

(3)  The  local  ring  map  Os,s  O \,x  is  flat-  and  @x,x/msOx,x  is  a complete 
intersection  over  n{s)  (see  Algebra,  Definition  10.133.5). 


Proof.  Follows  from  the  definitions  and  Algebra,  Lemma  10. 134.151 


□ 


Lemma  28.31.11.  Let  f : X — » S be  a morphism  of  schemes.  If  f is  flat,  locally 
of  finite  presentation,  and  all  fibres  Xs  are  local  complete  intersections,  then  f is 
syntomic. 


Proof.  Clear  from  Lemmas  |28.31.9|  and  |28.31.10l  and  the  isomorphisms  of  local 
rings  Ox,x/m-sOx,x  = 0Xa,x-  □ 


Lemma  28.31.12.  Let  f : X -£  S be  a morphism  of  schemes.  Assume  f locally 
of  finite  type.  Formation  of  the  set 


T = {x  £ X | OxfM,x  is  a complete  intersection  over  n(f(x))} 

commutes  with  arbitrary  base  change:  For  any  morphism  g : S'  —¥  S , consider 
the  base  change  f : X'  — > S'  of  f and  the  projection  g'  : X'  — >•  X.  Then  the 
corresponding  set  T'  for  the  morphism  f is  equal  to  T'  = ( g ,)_1(T).  In  particular, 
if  f is  assumed  flat,  and  locally  of  finite  presentation  then  the  same  holds  for  the 
open  set  of  points  where  f is  syntomic. 


Proof.  Let  s'  £ S'  be  a point,  and  let  s = g(s ').  Then  we  have 

Xs/  Spec(/v(s  ))  XSpec(«;(s))  Xs 

In  other  words  the  fibres  of  the  base  change  are  the  base  changes  of  the  fibres. 
Hence  the  first  part  is  equivalent  to  Algebra,  Lemma  [10.133. 10]  The  second  part 
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02K0 


02K1 


02K2 


02K3 


follows  from  the  first  because  in  that  case  T is  the  set  of  points  where  / is  syntomic 
according  to  Lemma  [28.31.10|  □ 

Lemma  28.31.13.  Let  R be  a ring.  Let  R — ► A = R[x\, . . . , xn]/(fi, . . . , fc) 
be  a relative  global  complete  intersection.  Set  S = Spec (R)  and  X = Spec(A). 
Consider  the  morphism  f : X — ► S associated  to  the  ring  map  R —¥  A.  The 
function  x K > dimx(X^(x))  is  constant  with  value  n — c. 


Proof.  By  Algebra,  Definition  |10.134.5]  R.  — > A being  a relative  global  complete 
intersection  means  all  nonzero  fibre  rings  have  dimension  n—  c.  Thus  for  a prime  p 
of  R the  fibre  ring  «(p)[a;i, . . . , xn]/(f1, . . . , f c)  is  either  zero  or  a global  complete 
intersection  ring  of  dimension  n — c.  By  the  discussion  following  Algebra,  Definition 


10.133.1  this  implies  it  is  equidimensional  of  dimension  n — c.  Whence  the  lemma. 

□ 


Lemma  28.31.14.  Let  f : X — ► S be  a syntomic  morphism.  The  function  x H > 
dimx(Xy(xA  is  locally  constant  on  X . 

Proof.  By  Lemma [28. 31. 10| the  morphism  / locally  looks  like  a standard  syntomic 
morphism  of  affines.  Hence  the  result  follows  from  Lemma  [28.31. 13|  □ 


Lemma  28.31.14  says  that  the  following  definition  makes  sense. 


Definition  28.31.15.  Let  d > 0 be  an  integer.  We  say  a morphism  of  schemes 
f . X S is  syntomic  of  relative  dimension  d if  / is  syntomic  and  the  function 
dim x(Xf/x\)  = d for  all  x £ X. 


In  other  words,  / is  syntomic  and  the  nonempty  fibres  are  equidimensional  of 
dimension  d. 


Lemma  28.31.16.  Let 


S 


be  a commutative  diagram  of  morphisms  of  schemes.  Assume  that 

(1)  f is  surjective  and  syntomic, 

(2)  p is  syntomic,  and 

(3)  q is  locally  of  finite  presentatioi Q 
Then  q is  syntomic. 


Proof.  By  Lemma  28.25.11  we  see  that  q is  flat.  Hence  it  suffices  to  show  that 
the  fibres  of  Y — > S are  local  complete  intersections,  see  Lemma  28.31.11  Let 
s £ S.  Consider  the  morphism  Xs  — > Ys.  This  is  a base  change  of  the  morphism 
X Y and  hence  surjective,  and  syntomic  (Lemma  28.31.4).  For  the  same  reason 
Xs  is  syntomic  over  n(s).  Moreover,  Ys  is  locally  of  finite  type  over  k(s)  (Lemma 


28.15.4).  In  this  way  we  reduce  to  the  case  where  S is  the  spectrum  of  a field. 


Assume  S = Spec (k).  Let  y £ Y.  Choose  an  affine  open  Spec(A)  c Y neighbour- 
hood of  y.  Let  Spec(H)  C X be  an  affine  open  such  that  /(Spec(H))  C Spec(A), 
containing  a point  x £ X such  that  f(x)  = y.  Choose  a surjection  k[x±, . . . , xn ] — > A 


4 n fact,  if  / is  surjective,  flat,  and  of  finite  presentation  and  p is  syntomic,  then  both  q and 
/ are  syntomic,  see  Descent,  Lemma  34.10.7 
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with  kernel  I.  Choose  a surjection  A[y\, . . . , ym]  -A  B,  which  gives  rise  in  turn  to  a 
surjection  k[xi,  i /j\  -A  B with  kernel  J.  Let  q C k[xi,yj]  be  the  prime  corresponding 
to  y € Spec(f3)  and  let  p C k[xi ] the  prime  corresponding  to  x £ Spec(A).  Since  x 
maps  to  y we  have  p = q D k[xi\.  Consider  the  following  commutative  diagram  of 
local  rings: 


Ox,, 


Ba 


k[x  i, 


> y 1 ? 


Vm  Jq 


A 

A 

Y,y  A 

p k[x  1,  . . 

We  claim  that  the  hypotheses  of  Algebra,  Lemma  |10.133.12|  are  satisfied.  Condi- 
tions (1)  and  (2)  are  trivial.  Condition  (4)  follows  as  X — ► Y is  flat.  Condition 
(3)  follows  as  the  rings  Oy,y  and  Oxy,x  = Ox,x/wyOx,x  are  complete  intersection 
rings  by  our  assumptions  that  / and  p are  syntomic,  see  Lemma  |28. 31.10]  The 
output  of  Algebra,  Lemma  10.133.12  is  exactly  that  Oy,y  is  a complete  intersection 
ring!  Hence  by  Lemma  |28.31.10  again  we  see  that  Y is  syntomic  over  k at  y as 


desired. 


□ 


28.32.  Conormal  sheaf  of  an  immersion 

01R1  Let  i : Z — > X be  a closed  immersion.  Let  I C Ox  be  the  corresponding  quasi- 
coherent  sheaf  of  ideals.  Consider  the  short  exact  sequence 

0 -A  X2  -A  X -A  I /I2  -A  0 

of  quasi-coherent  sheaves  on  X.  Since  the  sheaf  I/I2  is  annihilated  by  I it  corre- 
sponds to  a sheaf  on  Z by  Lemma [28.4.1|  This  quasi-coherent  O^-module  is  called 
the  conormal  sheaf  of  Z in  X and  is  often  simply  denoted  I/I2  by  the  abuse  of 
notation  mentioned  in  Section  T28.4I 

In  case  i : Z — >■  X is  a (locally  closed)  immersion  we  define  the  conormal  sheaf  of  i 
as  the  conormal  sheaf  of  the  closed  immersion  i : Z — > X \ dZ , where  dZ  = Z\Z. 
It  is  often  denoted  I/I2  where  I is  the  ideal  sheaf  of  the  closed  immersion  i : Z — >■ 
X \ dZ. 

01R2  Definition  28.32.1.  Let  i : Z — > X be  an  immersion.  The  conormal  sheaf  Cz/x  °f 
Z in  X or  the  conormal  sheaf  of  i is  the  quasi-coherent  Cz-module  I/I2  described 
above. 

In  DG07  IV  Definition  16.1.2]  this  sheaf  is  denoted  A hz/x-  We  will  not  follow  this 
convention  since  we  would  like  to  reserve  the  notation  Nz/x  f°r  the  normal  sheaf 
of  the  immersion.  It  is  defined  as 

Nz/x  = WamoziCz/xiOz)  = 'Homoz{l/I2  ,Oz) 

provided  the  conormal  sheaf  is  of  finite  presentation  (otherwise  the  normal  sheaf 
may  not  even  be  quasi-coherent).  We  will  come  back  to  the  normal  sheaf  later 
(insert  future  reference  here). 

01R3  Lemma  28.32.2.  Let  i : Z — » X be  an  immersion.  The  conormal  sheaf  of  i has 
the  following  properties: 
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(1)  Let  U C X be  any  open  such  that  i{Z ) is  a closed  subset  ofU.  Let  I C Ojj 
be  the  sheaf  of  ideals  corresponding  to  the  closed  subscheme  i(Z)  C U . 
Then 

Cz/X=i*l  = i-\1/12) 

(2)  For  any  affine  open  Spec (R)  = U C X such  that  ZnU  = Spec (R/I)  there 
is  a canonical  isomorphism  T(Z  D U,Cz/x)  = I/I2  ■ 

Proof.  Mostly  clear  from  the  definitions.  Note  that  given  a ring  R and  an  ideal  / 
of  R we  have  I/I2  = I R/I.  Details  omitted.  □ 

01R4  Lemma  28.32.3.  Let 

Z *X 

i 

f 9 

, I 

Z'  — X' 

be  a commutative  diagram  in  the  category  of  schemes.  Assume  i,  il  immersions. 
There  is  a canonical  map  of  Oz -modules 

f*CZ'/X’  — * Cz/x 

characterized  by  the  following  property:  For  every  pair  of  affine  opens  (Spec (R)  = 
U C X,  Spec(-R')  = U'  C X')  with  f(U ) c U'  such  that  Z C\U  = Spec  (R/I)  and 
Z'  C\U'  = Spec {R! /I')  the  induced  map 

r(z'  n u',cz,/X')  = i' /i'2  — ► i /i2  = T(z  n u,cz/x) 

is  the  one  induced  by  the  ring  map  /**  : R'  — > R which  has  the  property  P(I')  C /. 

Proof.  Let  dZ'  = Z'  \Z'  and  dZ  = Z\Z.  These  are  closed  subsets  of  X'  and  of 
X.  Replacing  X'  by  X'  \ dZ'  and  X by  X \ (yg~1(dZ')  U dZ ) we  see  that  we  may 
assume  that  i and  i'  are  closed  immersions. 


0473 


The  fact  that  g o i factors  through  i'  implies  that  g* I'  maps  into  T under  the 
canonical  map  g*T'  —¥  Ox , see  Schemes,  Lemmas  |25.4.6|  and  |25.4.7  Hence  we  get 
an  induced  map  of  quasi-coherent  sheaves  g*(I' /(I')2)  — > I/T2.  Pulling  back  by  i 
gives  i* g* (!' / {T)2)  — > i*(l/T2).  Note  that  i*(X/X2)  = Cz/X-  On  the  other  hand, 
i* g* (!' / {I')2)  = f*{i')* (T'/(T')2)  = f*Cz>/x>.  This  gives  the  desired  map. 


Checking  that  the  map  is  locally  described  as  the  given  map  I' /{I')2  — » / /I2  is  a 
matter  of  unwinding  the  definitions  and  is  omitted.  Another  observation  is  that 
given  any  x £ i(Z)  there  do  exist  affine  open  neighbourhoods  U,  U'  with  f(U)  C U' 
and  Z D U as  well  as  U'  n Z'  closed  such  that  x £ U.  Proof  omitted.  Hence  the 
requirement  of  the  lemma  indeed  characterizes  the  map  (and  could  have  been  used 
to  define  it).  □ 


Lemma  28.32.4.  Let 

Z ^ X 

i 

f 9 

, I 

Z'  —^*X' 


be  a fibre  product  diagram  in  the  category  of  schemes  with  i,  i'  immersions.  Then 
the  canonical  map  f*CZi/x>  — t Cz/X  of  Lemma  28.32.3  is  surjective.  If  g is  flat, 
then  it  is  an  isomorphism. 
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Proof.  Let  Ft!  — > R be  a ring  map,  and  /'  C R'  an  ideal.  Set  I = I' R.  Then 
/'/(I')2  Z)r'  R — > I /I2  is  surjective.  If  R'  —t  R is  fiat,  then  1 = 1'  R and 
I2  = (I')2  (g)^/  R and  we  see  the  map  is  an  isomorphism.  □ 

062S  Lemma  28.32.5.  Let  Z -A  Y — ► X be  immersions  of  schemes.  Then  there  is  a 
canonical  exact  sequence 

i*Cy/x  ~ > C-z/x  ~ * Cz/y  — > 0 

where  the  maps  come  from  Lemma  \28.32.3\  and  i : Z Y is  the  first  morphism. 

Proof.  Via  Lemma [28. 32. 3| this  translates  into  the  following  algebra  fact.  Suppose 
that  C — > B — > A are  surjective  ring  maps.  Let  I = Ker (B  — ► A),  J = Ker(C  — ► A) 
and  K = Ker(C  — > B).  Then  there  is  an  exact  sequence 

K/K2  ®B  A -»  J/J2  — 1 /I2  0. 

This  follows  immediately  from  the  observation  that  I = J/K.  □ 


28.33.  Sheaf  of  differentials  of  a morphism 

01UM  We  suggest  the  reader  take  a look  at  the  corresponding  section  in  the  chapter  on 


commutative  algebra  (Algebra,  Section  10.130)  and  the  corresponding  section  in 


the  chapter  on  sheaves  of  modules  (Modules,  Section  17.24). 


01UQ 


Definition  28.33.1.  Let  / : X — ► S be  a morphism  of  schemes.  The  sheaf  of 
differentials  Flx/s  of  X over  S is  the  sheaf  of  differentials  of  / viewed  as  a mor- 
phism of  ringed  spaces  (Modules,  Definition  17.24.10)  equipped  with  its  universal 
S- derivation 

d x/s  '■  Ox  — > x/s ■ 

It  turns  out  that  Llx/s  is  a quasi-coherent  Ox-module  for  example  as  it  is  isomor- 
phic to  the  conormal  sheaf  of  the  diagonal  morphism  A : X — > X x $ X (Lemma 


28.33.5).  We  have  defined  the  module  of  differentials  of  X over  S using  a universal 
property,  namely  as  the  receptacle  of  the  universal  derivation.  If  you  have  any 
other  construction  of  the  sheaf  of  relative  differentials  which  satisfies  this  universal 
property  then,  by  the  Yoneda  lemma,  it  will  be  canonically  isomorphic  to  the  one 
defined  above.  For  convenience  we  restate  the  universal  property  here. 

01UR  Lemma  28.33.2.  Let  f : X S be  a morphism  of  schemes.  The  map 


Hom0x(Dx/s,-7r)  — > Ders{Ox,!F),  a 
is  an  isomorphism  of  functors  Mod(Ox)  — > Sets. 


: o d 


x/s 


Proof.  This  is  just  a restatement  of  the  definition. 


□ 


01US  Lemma  28.33.3.  Let  f : X — ► S be  a morphism  of  schemes.  Let  U C X,  V C S 
be  open  subschemes  such  that  f(U ) C V . Then  there  is  a unique  isomorphism 
H.y/sIh  = H[//v  of  Ou -modules  such  that  d\/s\u  = djj/v- 


Proof.  This  is  a special  case  of  Modules,  Lemma  17.24.5  if  we  use  the  canonical 
identification  f~1Os\u  = (/|c/)_1CV-  □ 


From  now  on  we  will  use  these  canonical  identifications  and  simply  write  Fljj/g  or 
for  the  restriction  of  Tlx/s  to  U. 
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OlUO  Lemma  28.33.4.  Let  R — ► A be  a ring  map.  Let  T be  a sheaf  of  O x -modules  on 
X = Spec(A).  Set  S = Spec (R).  The  rule  which  associates  to  an  S -derivation  on 
T its  action  on  global  sections  defines  a bijection  between  the  set  of  S-derivations 
of  J-  and  the  set  of  R- derivations  on  M = T(X,J-). 


01UT 


Proof.  Let  D : A — >■  M be  an  f?-derivation.  We  have  to  show  there  exists  a unique 
S'-derivation  on  T which  gives  rise  to  D on  global  sections.  Let  U = D(f)  C X 
be  a standard  affine  open.  Any  element  of  T(U,Ox)  is  of  the  form  a/fn  for  some 
a £ A and  n > 0.  By  the  Leibniz  rule  we  have 

D(a)\u=a/pD(n\u  + pD(a/p) 

in  r({/,  IF).  Since  / acts  invertibly  on  T(U,  J7)  this  completely  determines  the  value 
of  D(a/fn)  £ T(U,F).  This  proves  uniqueness.  Existence  follows  by  simply  defining 

D(a/fn ) :=  (1/ fn)D(a)\u  - a/f2nD(P)\u 

and  proving  this  has  all  the  desired  properties  (on  the  basis  of  standard  opens  of 
X).  Details  omitted.  □ 

Lemma  28.33.5.  Let  f : X — » S be  a morphism  of  schemes.  For  any  pair  of 
affine  opens  Spec(A)  = U C X,  Spec(i?)  = V C S with  f(U)  C V there  is  a unique 
isomorphism 

r(U,nx/s)  = ^A/ FI- 

compatible  with  dx/s  and  d : A -A  LIa/r- 


Proof.  We  claim  that  the  A-module  M = T(U , flx/s ) = r(C/,  Llu/v)  together  with 
-A  M is  a universal  f?-derivation  of  A.  This  follows  by  combining 
and  |28.33.2|  above.  The  universal  property  of  d 


±x/s 


= d 


Lemmas 


u/v 


28.33.4 


n 


AIR 


(see  Algebra,  Lemma  |10. 130.31  and  the  Yoneda  lemma  (Categories,  Lemma  4.3.5) 
imply  there  is  a unique  isomorphism  of  A-modules  M = LIa/r  compatible  with 
derivations.  □ 


01UU 


Remark  28.33.6.  The  lemma  above  gives  a second  way  of  constructing  the  mod- 
ule of  differentials.  Namely,  let  / : X — ► S be  a morphism  of  schemes.  Consider 
the  collection  of  all  affine  opens  U C X which  map  into  an  affine  open  of  S.  These 
form  a basis  for  the  topology  on  X.  Thus  it  suffices  to  define  T(f7,  Ox/s)  for  such 

above. 


28.33.5 


U.  We  simply  set  T(i7,  £lx/s)  = ^ a/r  if  A,  R are  as  in  Lemma 
This  works,  but  it  takes  somewhat  more  algebraic  preliminaries  to  construct  the 
restriction  mappings  and  to  verify  the  sheaf  condition  with  this  ansatz. 


The  following  lemma  gives  yet  another  way  to  define  the  sheaf  of  differentials  and 
it  in  particular  shows  that  Qx/s  is  quasi-coherent  if  X and  S are  schemes. 

08S2  Lemma  28.33.7.  Let  f : X -A  S be  a morphism  of  schemes.  There  is  a canon- 
ical isomorphism  between  f lx/s  and  the  conormal  sheaf  of  the  diagonal  morphism 
Ax/s  '■  X — * X x s X . 

Proof.  We  first  establish  the  existence  of  a couple  of  “global”  sheaves  and  global 
maps  of  sheaves,  and  further  down  we  describe  the  constructions  over  some  affine 
opens. 

Recall  that  A = A x/g  : X — > X Xg  X is  an  immersion,  see  Schemes,  Lemma 
|25.21.2|  Let  J be  the  ideal  sheaf  of  the  immersion  which  lives  over  some  open 
subscheme  W of  X x,g  X such  that  A(A')  C W is  closed.  Let  us  take  the  one 
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that  was  found  in  the  proof  of  Schemes,  Lemma  |25.21.2[  Note  that  the  sheaf  of 
rings  Ow / J2  is  supported  on  A(X).  Moreover  it  sits  in  a short  exact  sequence  of 
sheaves 


0 — y JJ  /J2  — y Ow  I J2  — t AfOj  — y 0. 


Using  A 1 we  can  think  of  this  as  a surjection  of  sheaves  of  / 1 Os-algebras  with 
kernel  the  conormal  sheaf  of  A (see  Definition  28.32.1  and  Lemma  28.32.2 1. 


0 — ► Cx/xxsx  ~ t A 1(Ow / J2)  — t Ox  -»  0 


This  places  us  in  the  situation  of  Modules,  Lemma  [17.24.11[  The  projection  mor- 
phisms  pi  : X Xg  X —y  X,  i = 1,2  induce  maps  of  sheaves  of  rings  (p,)#  : 
( Pi)~lOx  Oxxsx-  We  may  restrict  to  W and  quotient  by  J2  to  get  (pi)  1Ox  — >• 
Ow  / J2  ■ Since  A ~1p~1Ox  = Ox  we  get  maps 


s,  : Ox  —y  A-\OwU 2)- 


A 1(Ow/J2)  ~ > Ox,  as  in  Modules, 
Thus  we  get  an  S'-derivation  d = S2  — Si  : Ox  —y  Cx/XxsX.  By 


Both  si  and  S2  are  sections  to  the  map 
Lemma 


17.24.11 

the  universal  property  of  the  module  of  differentials  we  find  a unique  Ox -linear 
map 

^ x/s  — > Cx/XxsX,  fdg  i — s>  fs2{g)  - fsi(g) 

To  see  the  map  is  an  isomorphism,  let  us  work  this  out  over  suitable  affine  opens. 
We  can  cover  X by  affine  opens  Spec(A)  = U C X whose  image  is  contained  in 
an  affine  open  Spec(i?)  = V C S.  According  to  the  proof  of  Schemes,  Lemma 


25.21.2  U Xy  U C X x s X is  an  affine  open  contained  in  the  open  W mentioned 
above.  Also  U Xy  U = Spec(A  A).  The  sheaf  J corresponds  to  the  ideal 
J = Ker(A  A — y A).  The  short  exact  sequence  to  the  short  exact  sequence  of 
A A-modules 


0->  J/J 2 -y  ( A®r  A)/ J2 
The  sections  s*  correspond  to  the  ring  maps 


A -)•  0 


A — y (A®r  A)/ J2 , Si  : a i— > a 1,  S2  : a i— »■  1 < 
we  have  T([/,  Cx/XxsX)  = J/J 2 and  by  Lemma 


28.32.2 

■^TT 


By  Lemma 

T(U,Clx/s)  = D a/r ■ Th.e  map  above  is  the  map  ad b i -A  a < 
shown  to  be  an  isomorphism  in  Algebra,  Lemma  |10. 130. 13] 

01UV  Lemma  28.33.8.  Let 


28.33.5 


b — ab  ® 1 


we  have 
which  is 
□ 


be  a commutative  diagram  of  schemes.  The  canonical  map  Ox  —y  f*Ox>  composed 
with  the  map  f*dX//s>  '■  f*Ox>  — y f*£lx>/s'  is  a S-derivation.  Hence  we  obtain  a 
canonical  map  of  Ox -modules  flx/s  —• ► f*^x'/S'i  and  by  adjointness  of  /*  and  f* 
a canonical  Ox1  -module  homomorphism 


Cf  '■  rSlx/s  — ^ ^X'/S'- 

It  is  uniquely  characterized  by  the  property  that  f* dx/g{h)  maps  to  dXi/s^(f*h)  for 
any  local  section  h of  Ox  ■ 
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01UX 


01V0 


01V1 


01V2 


01V3 


01UY 


Proof.  This  is  a special  case  of  Modules,  Lemma[l7.24.12|  In  the  case  of  schemes 
we  can  also  use  the  functoriality  of  the  conormal  sheaves  (see  Lemma  28.32.3) 
and  Lemma  28.33.7  to  define  c/.  Or  we  can  use  the  characterization  in  the  last 
line  of  the  lemma  to  glue  maps  defined  on  affine  patches  (see  Algebra,  Equation 
(I10.130.5.1D).  □ 

Lemma  28.33.9.  Let  f : X — >■  Y,  g : Y 
there  is  a canonical  exact  sequence 


S be  morphisms  of  schemes.  Then 


f*^Y/s  ~ t ^x/s  — > &x/y  ~ t 0 
where  the  maps  come  from  applications  of  Lemma\28.33~8. 

Proof.  This  is  the  sheafified  version  of  Algebra,  Lemma [10. 130. 7| 


□ 


Lemma  28.33.10.  Let  X — ► S be  a morphism  of  schemes.  Let  g : S'  — * S be  a 
morphism  of  schemes.  Let  X'  = Xs>  be  the  base  change  of  X.  Denote  g'  : X'  — > X 
the  projection.  Then  the  map 


0 


X'/S' 


wr^x/s 

of  Lemma\28.33~ i§|  is  an  isomorphism. 

Proof.  This  is  the  sheafified  version  of  Algebra,  Lemma [10. 130. 12} 


□ 


Lemma  28.33.11.  Let  f : X — >•  S and  g : Y S be  morphisms  of  schemes  with 
the  same  target.  Let  p : X x s Y — > X and  q : X x 5 Y —rY  be  the  projection 
morphisms.  The  maps  from  Lemma  28.33.8 

P*^X/S  © Q*^Y/S  * ^XxsY/S 

give  an  isomorphism. 


Proof.  By  Lemma 


28.33.10 


the  composition  p*Llx/s  ~ t ^ xxsy/s  — ► ^xxsy/y  is 


an  isomorphism,  and  similarly  for  q.  Moreover,  the  cokernel  of  p*Llx/s  ^ xxsy/s 

is  DXxsy/x  by  Lemma  28.33.9  The  result  follows.  □ 

Lemma  28.33.12.  Let  f : X — >•  S be  a morphism  of  schemes.  If  f is  locally  of 
finite  type,  then  Llx/s  Is  a finite  type  Ox -module. 


Proof.  Immediate  from  Algebra,  Lemma  10.130.16  Lemma  28.33.5  Lemma  28.15.2 
and  Properties,  Lemma  [27. 16. 1[  □ 

Lemma  28.33.13.  Let  f : X — >•  S be  a morphism  of  schemes.  If  f is  locally  of 
finite  type,  then  Llx/s  Is  an  Ox -module  of  finite  presentation. 

Proof.  Immediate  from  Algebra,  LemmaflO.  130.151  Lenmra[28.33.5[  Lemma[28.21.2| 
and  Properties,  Lemma [27. 16. 2|  □ 


Lemma  28.33.14.  If  X 

phism,  then  Clx/s  Is  zero. 


S is  an  immersion,  or  more  generally  a monomor- 
Proof.  This  is  true  because  A x/s  is  an  isomorphism  in  this  case  and  hence  has 


trivial  conormal  sheaf.  Hence  Llx/s  = 0 by  Lemma 
is  Algebra,  Lemma  [10. 130. 5| 


28.33.7 


The  algebraic  version 

□ 
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01UZ 


0474 


060N 


067L 


Lemma  28.33.15.  Let  i : Z -A  X be  an  immersion  of  schemes  over  S . There  is 
a canonical  exact  sequence 

Cz/x  ~ > i*&x/s  —• ► Cl z/s  —■ * 0 

where  the  first  arrow  is  induced  by  dx/s  and  the  second  arrow  comes  from  Lemma 
\28.33A 


Proof.  This  is  the  sheafified  version  of  Algebra,  Lemma  |10.130.9  However  we 
should  make  sure  we  can  define  the  first  arrow  globally.  Hence  we  explain  the 
meaning  of  “induced  by  dx/s”  here.  Namely,  we  may  assume  that  i is  a closed 
immersion  by  shrinking  X.  Let  I C Ox  be  the  sheaf  of  ideals  corresponding  to 


Z C X.  Then  d x/s  '■  CL  — > Clx/s  maps  the  subsheaf  I2  C I to  IQx/s-  Hence  it 
induces  a map  I /I2  -A  f lx/s/CLClx/s  which  is  Ox /CL-  linear.  By  Lemma  28.4.1  this 
corresponds  to  a map  Cz/x  — ► i*Clx/s  as  desired.  □ 


Lemma  28.33.16.  Let  i : Z -A-  X be  an  immersion  of  schemes  over  S,  and 
assume  i (locally)  has  a left  inverse.  Then  the  canonical  sequence 


0 -AC 


z/x 


¥ci 


x/s 


Cl 


z/s 


0 


of  Lemma  28.33.15  is  (locally)  split  exact.  In  particular,  if  s : S -A  X is  a section 
of  the  structure  morphism  X — ► S then  the  map  Cg/x  ~ t s*Clx/s  induced  by  dx/s 
is  an  isomorphism. 


Proof.  Follows  from  Algebra,  Lemma  10.130.10  Clarification:  if  g : X — > Z is  a 
left  inverse  of  i.  then  i*cg  is  a right  inverse  of  the  map  i*Clx/s  ~ t Clz/s-  Also,  if  s 
is  a section,  then  it  is  an  immersion  s : Z = S -A  X over  S (see  Schemes,  Lemma 
25.21.12 1 and  in  that  case  Clz/s  = 0.  □ 


Remark  28.33.17.  Let  X — > S be  a morphism  of  schemes.  According  to  Lemma 
128. 33. Ill  we  have 

Clxxsx/s  = Pri^A/S  © P^Clx/s 


On  the  other  hand,  the  diagonal  morphism  A : X -A  X x g X is  an  immersion, 
which  locally  has  a left  inverse.  Hence  by  Lemma  [28. 33. 16|  we  obtain  a canonical 
short  exact  sequence 


0 -»  Cx/xxs x —■ * Clx/s  © Clx/s  —t  Clx/s  ->  0 


Note  that  the  right  arrow  is  (1, 1)  which  is  indeed  a split  surjection.  On  the  other 
hand,  by  Lemma  28.33.7  we  have  an  identification  Clx/s  = Cx/Xxsx-  Because  we 
chose  d x/s(f)  = 82(f)  — Si(/)  in  this  identification  it  turns  out  that  the  left  arrow 
is  the  map  (—1, 1 (PI 


Lemma  28.33.18.  Let 


Z 3-  X 


^Namely,  the  local  section  d x/s(f)  = 10/  — /<S>1  of  the  ideal  sheaf  of  A maps  via  djXsx/x 
to  the  local  section  1(8)1010/— 1(0/(01(01  — 1(8>10/01+/010101  = P^2^Lx/s(f)~Pri^Lx/s(f)- 
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be  a commutative  diagram  of  schemes  where  i and  j are  immersions.  Then  there 
is  a canonical  exact  sequence 


C 


Z/Y 


C 


z/x 


X/Y 


0 


where  the  first  arrow  comes  from  Lemma  28.32.3  and  the  second  from  Lemma 
\28.33.15\ 


Proof.  The  algebraic  version  of  this  is  Algebra,  Lemma  10.132.7 


□ 


28.34.  Smooth  morphisms 

01V4  Let  / : X — ► Y be  a map  of  topological  spaces.  Consider  the  following  condition: 
(*)  For  every  x £ X there  exist  open  neighbourhoods  x £ U C X and  f(x)  £ 
V C Y . and  an  integer  d such  that  f(U)  = V and  such  that  there  is  an 
isomorphism 


V x Bd(0, 1)  U ^X 

V ~-V >■ Y 


where  Bd( 0,1)  C Rd  is  a ball  of  radius  1 around  0. 

Smooth  morphisms  are  the  analogue  of  such  morphisms  in  the  category  of  schemes. 
See  Lemma  [28.34.  I ll  and  Lemma  [28.36. 201 


01V5 


Contrary  to  expectations  (perhaps)  the  notion  of  a smooth  ring  map  is  not  defined 
solely  in  terms  of  the  module  of  differentials.  Namely,  recall  that  R — > A is  a smooth 
ring  map  if  A is  of  finite  presentation  over  R and  if  the  naive  cotangent  complex  of 
A over  R is  quasi-isomorphic  to  a projective  module  placed  in  degree  0,  see  Algebra, 
DefinitionlT0.135.il 

Definition  28.34.1.  Let  / : X — > S be  a morphism  of  schemes. 

(1)  We  say  that  / is  smooth  at  x £ X if  there  exists  a affine  open  neighbour- 
hood Spec(A)  = U C X of  x and  affine  open  Spec(i?)  = V C S with 
f(U)  C V such  that  the  induced  ring  map  R — > A is  smooth. 

(2)  We  say  that  / is  smooth  if  it  is  smooth  at  every  point  of  X. 

(3)  A morphism  of  affine  schemes  / : X — * S'  is  called  standard  smooth  if 
there  exists  a standard  smooth  ring  map  R — > R[x i, . . . , xn]/(fi, . . . , fc) 
(see  Algebra,  Definition  10.135.6|)  such  that  X —>  S is  isomorphic  to 

Spec(i?[a;i, . . . , xn]/(f\, . . . , /c))  ->•  Spec(R). 


A pleasing  feature  of  this  definition  is  that  the  set  of  points  where  a morphism  is 
smooth  is  automatically  open. 

Note  that  there  is  no  separation  or  quasi-compactness  hypotheses  in  the  definition. 
Hence  the  question  of  being  smooth  is  local  in  nature  on  the  source.  Here  is  the 
precise  result. 

01V6  Lemma  28.34.2.  Let  f : X S be  a morphism  of  schemes.  The  following  are 
equivalent 

(1)  The  morphism  f is  smooth. 

(2)  For  every  affine  opens  U C X,  V C S with  f(U ) C V the  ring  map 

@s(V)  *■  @x(U)  is  smooth. 
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(3)  There  exists  an  open  covering  S = UjgJ  ani ^ °Pen  coverings  f 1(V7)  = 

Ui£/  Ui  such  that  each  of  the  morphisms  Ui  — )•  Vj , j € J,i  £ Ij  is  smooth. 

(4)  There  exists  an  affine  open  covering  S = and  affine  open  cov- 

erings f-\Vj)  = U<ei,  Ui  such  that  the  ring  map  Os(Vj)  Ox(Uf)  is 
smooth , for  all  j £ J,i  £ Ij. 

Moreover,  if  f is  smooth  then  for  any  open  subschemes  U C X,  V C S with 
f{U)  C V the  restriction  f\u'U—>V  is  smooth. 


Proof.  This  follows  from  Lemma  28. 14. 3|  if  we  show  that  the  property  “R  — > A is 


smooth”  is  local.  We  check  conditions  (a),  (b)  and  (c)  of  Definition  28.14.1  By 


Algebra,  Lemma  [10.135.4|  being  smooth  is  stable  under  base  change  and  hence  we 
conclude  (a)  holds.  By  Algebra,  Lemma  10.135.14  being  smooth  is  stable  under 
composition  and  for  any  ring  R the  ring  map  R — > Rf  is  (standard)  smooth.  We 
conclude  (b)  holds.  Finally,  property  (c)  is  true  according  to  Algebra,  Lemma 
110.135.131  □ 


The  following  lemma  characterizes  a smooth  morphism  as  a flat,  finitely  presented 
morphism  with  smooth  fibres.  Note  that  schemes  smooth  over  a field  are  discussed 
in  more  detail  in  Varieties,  Section [32.201 

01V8  Lemma  28.34.3.  Let  f : X — ► S be  a morphism  of  schemes.  If  f is  flat,  locally 
of  finite  presentation,  and  all  fibres  Xs  are  smooth,  then  f is  smooth. 


01VA 

01VB 

01VC 

01VD 

01VE 

01VF 

056G 


Proof.  Follows  from  Algebra,  Lemma [10. 135. 16  □ 

Lemma  28.34.4.  The  composition  of  two  morphisms  which  are  smooth  is  smooth. 
Proof.  In  the  proof  of  Lemma[28.34.2|we  saw  that  being  smooth  is  a local  property 


of  ring  maps.  Hence  the  first  statement  of  the  lemma  follows  from  Lemma  28.14.5 


combined  with  the  fact  that  being  smooth  is  a property  of  ring  maps  that  is  stable 
under  composition,  see  Algebra,  Lemma [10. 135. 14}  □ 

Lemma  28.34.5.  The  base  change  of  a morphism  which  is  smooth  is  smooth. 

Proof.  In  the  proof  of  Lemma[28.34.2|we  saw  that  being  smooth  is  a local  property 
of  ring  maps.  Hence  the  lemma  follows  from  Lemma  |28.14.5|  combined  with  the 
fact  that  being  smooth  is  a property  of  ring  maps  that  is  stable  under  base  change, 
see  Algebra,  Lemma[l0.135.4|  □ 

Lemma  28.34.6.  Any  open  immersion  is  smooth. 

Proof.  This  is  true  because  an  open  immersion  is  a local  isomorphism.  □ 

Lemma  28.34.7.  A smooth  morphism  is  syntomic. 

Proof.  See  Algebra,  Lemma [10. 135. 10|  □ 

Lemma  28.34.8.  A smooth  morphism  is  locally  of  finite  presentation. 

Proof.  True  because  a smooth  ring  map  is  of  finite  presentation  by  definition.  □ 
Lemma  28.34.9.  A smooth  morphism  is  flat. 

Proof.  Combine  Lemmas  128. 31.71  and  128.34.71  □ 

Lemma  28.34.10.  A smooth  morphism  is  universally  open. 
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Proof.  Combine  Lemmas  |28.34.9[  |28.34.8[  and|28.25.9[  Or  alternatively,  combine 
Lemmas  |28.34.7[  |28.31.8|  □ 


The  following  lemma  says  locally  any  smooth  morphism  is  standard  smooth.  Hence 
we  can  use  standard  smooth  morphisms  as  a local  model  for  a smooth  morphism. 

01V7  Lemma  28.34.11.  Let  f : X — ► S be  a morphism  of  schemes.  Let  x £ X be  a 
point.  Set  s = f{x).  The  following  are  equivalent 

(1)  The  morphism  f is  smooth  at  x. 

(2)  There  exist  affine  opens  U C X,  and  V C S such  that  x £ U,  f(U)  C V 
and  the  induced  morphism  f\u:U—>V  is  standard  smooth. 


Proof.  Follows  from  the  definitions  and  Algebra,  Lemmas  10.135.7  and  10.135.10 


□ 


02G1  Lemma  28.34.12.  Let  f : X — ► S be  a morphism  of  schemes.  Assume  f is 
smooth.  Then  the  module  of  differentials  Llx/s  of  X over  S is  finite  locally  free  and 

rankx(Slx/S ) = dinx^X/^)) 

for  every  x £ X . 


Proof.  The  statement  is  local  on  X and  S.  By  Lemma  |28.34.1l]  above  we  may 
assume  that  / is  a standard  smooth  morphism  of  afHnes.  In  this  case  the  result  fol- 
lows from  Algebra,  Lemma  10.135.7  (and  the  definition  of  a relative  global  complete 
intersection,  see  Algebra,  Definition  10.134.5 1.  □ 


Lemma  [28.34.12|  says  that  the  following  definition  makes  sense. 

02G2  Definition  28.34.13.  Let  d > 0 be  an  integer.  We  say  a morphism  of  schemes 
/ : X — > S is  smooth  of  relative  dimension  d if  / is  smooth  and  Clx/s  is  finite 
locally  free  of  constant  rank  d. 


In  other  words,  / is  smooth  and  the  nonempty  fibres  are  equidimensional  of  di- 
mension d.  By  Lemma  28.34.14  below  this  is  also  the  same  as  requiring:  (a)  / is 
locally  of  finite  presentation,  (b)  / is  flat,  (c)  all  nonempty  fibres  equidimensional 
of  dimension  d,  and  (d)  Llx/s  finite  locally  free  of  rank  d.  It  is  not  enough  to  simply 
assume  that  / is  flat,  of  finite  presentation,  and  Llx/s  is  finite  locally  free  of  rank 
d.  A counter  example  is  given  by  Spec(Fp[i])  — » Spec(Fp[fp]). 


Here  is  a differential  criterion  of  smoothness  at  a point.  There  are  many  variants 
of  this  result  all  of  which  may  be  useful  at  some  point.  We  will  just  add  them  here 
as  needed. 


01V9 


Lemma  28.34.14.  Let  f : X — >■  S be  a morphism  of  schemes.  Let  x £ X . Set 
s = f(x).  Assume  f is  locally  of  finite  presentation.  The  following  are  equivalent: 

(1)  The  morphism  f is  smooth  at  x. 

(2)  The  local  ring  map  Os,s  * 0X,x  is  flat  and  Xs  — >•  Spec(«;(s))  is  smooth 
at  x. 

(3)  The  local  ring  map  Os,s  — > Ox^x  is  flat  and  the  0X}X-module  { lx/s,x  can 
be  generated  by  at  most  dim x(Xf^)  elements. 

(4)  The  local  ring  map  Osts  — t Ox,i  is  flat  and  the  k(x) -vector  space 

Xs/s,x  ®Oxs,«  K(x)  = LlX/S,x  ®Ox,x  K(x) 

can  be  generated  by  at  most  dinx^X^))  elements. 
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(5)  There  exist  affine  opens  U C X,  and  V C S such  that  x £ U,  f(U ) C V 
and  the  induced  morphism  f\jj:U-^V  is  standard  smooth. 

(6)  There  exist  affine  opens  Spec(A)  = U C X and  Spec (R)  = V C S with 
x £ U corresponding  to  q C A,  and  f(U ) C V such  that  there  exists  a 
presentation 


A = R[x1,...,xn]/{fll...,fc) 


with 


g = det 


/ dfi/dxi 
dfi/dx-2 


df2/dxi 

df2/dx2 


\dfi/dxc  df2/dxc 


mapping  to  an  element  of  A not  in  q . 


dfc/dxf\ 

dfc/dx2 

dfc/d  xc) 


02V4 


Proof.  Note  that  if  / is  smooth  at  x,  then  we  see  from  Lemma  28.34.11  that  (5) 
holds,  and  (6)  is  a slightly  weakened  version  of  (5).  Moreover,  / smooth  implies 
that  the  ring  map  Os,s  — ► Ox,x  is  flat  (see  Lemma  28.34.9 1 and  that  Ox/s  is  finite 
locally  free  of  rank  equal  to  dim^JA's)  (see  LemmaJ28.34.12 ).  Thus  (1)  implies  (3) 
and  (4).  By  Lemma  28.34.5  we  also  see  that  (1)  implies  (2). 

By  Lemma  28.33.10  the  module  of  differentials  flxs/s  of  the  fibre  Xs  over  k(s)  is 
the  pullback  of  the  module  of  differentials  Llx/s  of  X over  S.  Hence  the  displayed 
equality  in  part  (4)  of  the  lemma.  By  Lemma  28.33.12|  these  modules  are  of  finite 
type.  Hence  the  minimal  number  of  generators  of  the  modules  Llx/s,x  and  :3/s,x 
is  the  same  and  equal  to  the  dimension  of  this  «(a;)-vector  space  by  Nakayama’s 
Lemma  (Algebra,  Lemma  10.19.1).  This  in  particular  shows  that  (3)  and  (4)  are 
equivalent. 


Algebra,  Lemma  10.135.16  shows  that  (2)  implies  (1).  Algebra,  Lemma  10.138.3 
shows  that  (3)  and  (4)  imply  (2).  Finally,  (6)  implies  (5)  see  for  example  Algebra, 
Example  10.135.8  and  (5)  implies  (1)  by  Algebra,  Lemma  10.135.7  □ 


Lemma  28.34.15.  Let 


X' 

f 


X 


S' 


s 


he  a cartesian  diagram  of  schemes.  Let  W C X , resp.  W'  C X'  be  the  open 
subscheme  of  points  where  f,  resp.  f is  smooth.  Then  W'  = (.gl)~1{W)  if 

(1)  / is  flat  and  locally  of  finite  presentation,  or 

(2)  / is  locally  of  finite  presentation  and  g is  flat. 


Proof.  Assume  first  that  / locally  of  finite  type.  Consider  the  set 
T = {x  £ X | Xf(x)  is  smooth  over  n(f(x))  at  x} 

and  the  corresponding  set  T'  C X'  for  /'.  Then  we  claim  T'  = (<7,)_1(T).  Namely, 
let  s'  £ S'  be  a point,  and  let  s = g(s’).  Then  we  have 

Xs > Spec(/s(s  ))  ^Spec(/«(s)) 

In  other  words  the  fibres  of  the  base  change  are  the  base  changes  of  the  fibres. 
Hence  the  claim  is  equivalent  to  Algebra,  Lemma [10.135. 18] 
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Thus  case  (1)  follows  because  in  case  (1)  T is  the  (open)  set  of  points  where  / is 
smooth  by  Lemma  [28.34. 14| 


In  case  (2)  let  x'  £ W' . Then  g'  is  flat  at  x'  (Lemma  28.25.6)  and  go  f is  flat  at  x' 
(Lemma  28.25.4).  It  follows  that  / is  flat  at  x = g'{x')  by  Lemma  28.25.11  On  the 
other  hand,  since  x'  £ T'  (Lemma  28.34.5)  we  see  that  x £ T.  Hence  / is  smooth 
at  x by  Lemma  [28.34. 14[  □ 


Here  is  a lemma  that  actually  uses  the  vanishing  of  H 1 of  the  naive  cotangent 
complex  for  a smooth  ring  map. 


02K4 


Lemma  28.34.16.  Let  f : X — >•  Y , g : Y — > S be  morphisms  of  schemes.  Assume 
f is  smooth.  Then 


0 — > f*TlY/s  -^x/s  ^ x/y  0 


(see  Lemma  28.33.9 ) is  short  exact. 


Proof.  The  algebraic  version  of  this  lemma  is  the  following:  Given  ring  maps 
A — ► B — > C with  B — ► C smooth,  then  the  sequence 


0 — > C §§B  12 b/A  — t O c/a  — 4 C/B  0 

of  Algebra,  Lemma [10. 130. 7| is  exact.  This  is  Algebra,  Lemma[l0.137.1[  □ 

06AA  Lemma  28.34.17.  Let  i : Z — » X be  an  immersion  of  schemes  over  S.  Assume 
that  Z is  smooth  over  S . Then  the  canonical  exact  sequence 

0 — ► Cz/x  ~ * i*^x/s  —■ y ^ z/s  —>•  0 

of  Lemma \28.33. 15|  is  short  exact. 

Proof.  The  algebraic  version  of  this  lemma  is  the  following:  Given  ring  maps 
A — > B — »•  C with  A — > C smooth  and  B — > C surjective  with  kernel  J,  then  the 
sequence 

0 J j ' ^ C §Qb  H b/a  — t t 0 

of  Algebra,  Lemma [10. 130. 9| is  exact.  This  is  Algebra,  Lemma[l0.137.2[  □ 

06AB  Lemma  28.34.18.  Let 


Z 


Y 


be  a commutative  diagram  of  schemes  where  i and  j are  immersions  and  X — > Y 
is  smooth.  Then  the  canonical  exact  sequence 

0 — ► Cz/y  ~ > C-z/x  YQ.x/y  — > 0 

of  Lemma\28. 33. 18 \ is  exact. 

Proof.  The  algebraic  version  of  this  lemma  is  the  following:  Given  ring  maps 
A — > B — >•  C with  A — > C surjective  and  A — >•  B smooth,  then  the  sequence 

o ->•  i /i2  -£  j/j2  -+c®b  nB/A  o 

of  Algebra,  Lemma [10. 132. 7|  is  exact.  This  is  Algebra,  Lemma [10.137.3[  □ 
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02K5  Lemma  28.34.19.  Let 


be  a commutative  diagram  of  morphisms  of  schemes.  Assume  that 

(1)  f is  surjective,  and  smooth, 

(2)  p is  smooth,  and 

(3)  q is  locally  of  finite  presentatioi |®| 

Then  q is  smooth. 


Proof.  By  Lemma  28.25.11  we  see  that  q is  flat.  Pick  a point  y £ Y.  Pick  a point 
x £ X mapping  to  y.  Suppose  / has  relative  dimension  a at  i and  p has  relative 
dimension  b at  x.  By  Lemma  28.34.12  this  means  that  ilx js.x  is  free  of  rank  b 

this 


28.34.16 


and  flx/Y,x  is  free  °f  rank  a.  By  the  short  exact  sequence  of  Lemma 
means  that  ( f*LlY/s)x  is  free  of  rank  b — a.  By  Nakayama’s  Lemma  this  implies 
that  nY/s,y  can  be  generated  by  b — a elements.  Also,  by  Lemma 
that  dimy(Ys)  = b — a.  Hence  we  conclude  that  Y 


28.34.14| part  (2). 


28.28.2 
S is  smooth  at  y by  . 


we  see 
jemiria 
□ 


In  the  situation  of  the  following  lemma  the  image  of  a is  locally  on  X cut  out  by  a 
regular  sequence,  see  Divisors,  Lemma |30.19.7[ 

05D9  Lemma  28.34.20.  Let  f : X — ► S be  a morphism  of  schemes.  Let  a : S — ► X be 
a section  of  f.  Let  s £ S be  a point  such  that  f is  smooth  at  x = <r(s).  Then  there 
exist  affine  open  neighbourhoods  Spec(A)  = U C S of  s and  Spec(-B)  = V C X of 
x such  that 

(1)  f{V)  C U and  a(U)  C V, 

(2)  with  I = Ker(a & : B A)  the  module  I /I2  is  a free  A-module,  and 

(3)  HA  = A[[aq, . . . , a^]]  as  A-algebras  where  UA  denotes  the  completion  of  B 
with  respect  to  I . 

Proof.  Pick  an  affine  open  U C S containing  s Pick  an  affine  open  V C /-1(?7) 
containing  x.  Pick  an  affine  open  U'  C cr~1(V)  containing  s.  Note  that  V'  = 
/_1(/7')  H V is  affine  as  it  is  equal  to  the  fibre  product  V'  = U'  Xy  V.  Then 
U'  and  V'  satisfy  (1).  Write  U'  = Spec(A')  and  V'  = Spec(H').  By  Algebra, 
Lemma  10.137.4  the  module  I' /(I')2  is  finite  locally  free  as  a A'-module.  Hence 
after  replacing  U'  by  a smaller  affine  open  U"  C U'  and  V'  by  V"  = V'  H /_1(H") 
we  obtain  the  situation  where  I" /(I")2  is  free,  i.e. , (2)  holds.  In  this  case  (3)  holds 
also  by  Algebra,  Lemma  [10. 137. 4|  □ 


The  dimension  of  a scheme  X at  a point  x (Properties,  Definition  27.10.1)  is  just 
the  dimension  of  X at  x as  a topological  space,  see  Topology,  Definition  5.9.1  This 
is  not  the  dimension  of  the  local  ring  0XtX , in  general. 

OAFF  Lemma  28.34.21.  Let  f : X Y be  a smooth  morphism  of  locally  Noetherian 
schemes.  For  every  point  x in  X with  image  y in  Y , 

dima,(A')  = dimy(F)  + dim2,(Xy), 


9In  fact  this  is  implied  by  (1)  and  (2),  see  Descent,  Lemma 


34.10.3 


Moreover^  it  suffices  to 


assume  / is  surjective,  fiat  and  locally  of  finite  presentation,  see  Descent,  Lemma  34.10.5 
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where  Xy  denotes  the  fiber  over  y. 


Proof.  After  replacing  X by  an  open  neighborhood  of  x,  there  is  a natural  number 
d such  that  all  fibers  of  X Y have  dimension  d at  every  point,  see  Lemma 


28.34.12  Then  / is  flat  (Lemma  28.34.9),  locally  of  finite  type  (Lemma  28.34.8), 


and  of  relative  dimension  d.  Hence  the  result  follows  from  Lemma f28. 29. hi  □ 


28.35.  Unramified  morphisms 


02G3  We  briefly  discuss  unramified  morphisms  before  the  (perhaps)  more  interesting  class 
of  etale  morphisms.  Recall  that  a ring  map  R — > A is  unramified  if  it  is  of  finite 
type  and  f Ia/r  = 0 (this  is  the  definition  of  |Ray701).  A ring  map  R — > A is  called 
G-unramified  if  it  is  of  finite  presentation  and  LIa/r  = 0 (this  is  the  definition  of 
IDC67]h  See  Algebra,  Definition 

02G4  Definition  28.35.1.  Let  / : X — > S be  a morphism  of  schemes. 

(1)  We  say  that  / is  unramified  at  x £ X if  there  exists  a affine  open  neigh- 
bourhood Spec(A)  = U C X of  x and  affine  open  Spec(R)  = fcS  with 
f(U ) C V such  that  the  induced  ring  map  R — > A is  unramified. 

(2)  We  say  that  / is  G-unramified  at  x £ X if  there  exists  a affine  open 
neighbourhood  Spec(A)  = U C X of  x and  affine  open  Spec(R)  =VcS 
with  f(U)  C V such  that  the  induced  ring  map  R — > A is  G-unramified. 

(3)  We  say  that  / is  unramified  if  it  is  unramified  at  every  point  of  X. 

(4)  We  say  that  / is  G-unramified  if  it  is  G-unramified  at  every  point  of  X. 


10.147.1 
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Note  that  a G-unramified  morphism  is  unramified.  Hence  any  result  for  unramified 
morphisms  implies  the  corresponding  result  for  G-unramified  morphisms.  More- 
over, if  S is  locally  Noetherian  then  there  is  no  difference  between  G-unramified 
and  unramified  morphisms,  see  Lemma  28.35.6  A pleasing  feature  of  this  definition 
is  that  the  set  of  points  where  a morphism  is  unramified  (resp.  G-unramified)  is 
automatically  open. 


Lemma  28.35.2.  Let  f : X S be  a morphism  of  schemes.  Then 

(1)  f is  unramified  if  and  only  if  f is  locally  of  finite  type  and  Llx/s  = 0,  and 

(2)  f is  G-unramified  if  and  only  if  f is  locally  of  finite  presentation  and 
^x/s  = 0- 


Proof.  By  definition  a ring  map  R — > A is  unramified  (resp.  G-unramified)  if  and 
only  if  it  is  of  finite  type  (resp.  finite  presentation)  and  LIa/r  = 0.  Hence  the  lemma 
follows  directly  from  the  definitions  and  Lemma|28.33.5|  □ 


Note  that  there  is  no  separation  or  quasi-compactness  hypotheses  in  the  definition. 
Hence  the  question  of  being  unramified  is  local  in  nature  on  the  source.  Here  is  the 
precise  result. 

02G6  Lemma  28.35.3.  Let  f : A'  -A  S be  a morphism  of  schemes.  The  following  are 
equivalent 

(1)  The  morphism  f is  unramified  (resp.  G-unramified). 

(2)  For  every  affine  opens  U C X,  V C S with  f(U)  C V the  ring  map 
Os(Y)  Ox{U)  is  unramified  (resp.  G-unramified). 

(3)  There  exists  an  open  covering  S = (J  -gJ-  V)  and  open  coverings  /-1(V,)  = 
Ueu  Ui  such  that  each  of  the  morphisms  Ui  — ► Vj,  j £ J,  i £ Ij  is 
unramified  (resp.  G-unramified). 
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02G9 

02GA 

04EV 

02GB 

02GC 

02GD 

02V5 

02G7 


(4)  There  exists  an  affine  open  covering  S = (J jejVj  and  office  open  cov- 
erings = Uiej,  Ut  such  that  the  ring  map  Os{Vj)  Ox(Ui)  is 

unramified  (resp.  G-unramified) , for  all  j £ J,i  £ Ij. 

Moreover,  if  f is  unramified  (resp.  G-unramified)  then  for  any  open  subschemes 
U C X,  V C S with  f(U)  C V the  restriction  f\jj  : U — t V is  unramified  (resp. 
G-unramified ) . 


Proof.  This  follows  from  Lemma  28.14.3|  if  we  show  that  the  property  “R  — > A 


is  unramified”  is  local.  We  check  conditions  (a),  (b)  and  (c)  of  Definition  28.14.1 
These  properties  are  proved  in  Algebra,  Lemma  [10. 147. 3[  □ 


Lemma  28.35.4.  The  composition  of  two  morphisms  which  are  unramified  is 
unramified.  The  same  holds  for  G-unramified  morphisms. 


Proof.  The  proof  of  Lemma  28.35.3  shows  that  being  unramified  (resp.  G-unramified) 
is  a local  property  of  ring  maps.  Hence  the  first  statement  of  the  lemma  follows  from 
Lemma  28.14.5  combined  with  the  fact  that  being  unramified  (resp.  G-unramified) 
is  a property  of  ring  maps  that  is  stable  under  composition,  see  Algebra,  Lemma 
110.147.31  □ 


Lemma  28.35.5.  The  base  change  of  a morphism  which  is  unramified  is  unram- 
ified. The  same  holds  for  G-unramified  morphisms. 


Proof.  The  proof  of  Lemma  28.35.3  shows  that  being  unramified  (resp.  G-unramified) 
is  a local  property  of  ring  maps.  Hence  the  lemma  follows  from  Lemma[28.14.5|com- 
bined  with  the  fact  that  being  unramified  (resp.  G-unramified)  is  a property  of  ring 
maps  that  is  stable  under  base  change,  see  Algebra,  Lemma[l0.147.3|  □ 


Lemma  28.35.6.  Let  f : X -A  S be  a morphism  of  schemes.  Assume  S is  locally 
Noetherian.  Then  f is  unramified  if  and  only  if  f is  G-unramified. 


Proof.  Follows  from  the  definitions  and  Lemma  [28.21.91  □ 

Lemma  28.35.7.  Any  open  immersion  is  G-unramified. 

Proof.  This  is  true  because  an  open  immersion  is  a local  isomorphism.  □ 

Lemma  28.35.8.  A closed  immersion  i : Z — > X is  unramified.  It  is  G-unramified 
if  and  only  if  the  associated  quasi- coherent  sheaf  of  ideals  I = Ker(Ox  — t i*Oz)  is 
of  finite  type  (as  an  Ox -‘module). 


Proof.  Follows  from  Lemma [28.21.7|  and  Algebra,  Lemma [10. 147.3 


□ 


Lemma  28.35.9.  An  unramified  morphism  is  locally  of  finite  type.  A G-unramified 
morphism  is  locally  of  finite  presentation. 


Proof.  An  unramified  ring  map  is  of  finite  type  by  definition.  A G-unramified  ring 
map  is  of  finite  presentation  by  definition.  □ 

Lemma  28.35.10.  Let  f : X -A  S be  a morphism  of  schemes.  If  f is  unramified 
at  x then  f is  quasi-finite  at  x.  In  particular,  an  unramified  morphism  is  locally 
quasi- finite. 

Proof.  See  Algebra,  Lemma  [10. 147. 6|  □ 

Lemma  28.35.11.  Fibres  of  unramified  morphisms. 
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(1)  Let  X be  a scheme  over  a field  k.  The  structure  morphism  X — > Spec(fc)  is 
unramified  if  and  only  if  X is  a disjoint  union  of  spectra  of  finite  separable 
field  extensions  ofk. 

(2)  If  f : X — ► S is  an  unramified  morphism  then  for  every  s £ S the  fibre  Xs 
is  a disjoint  union  of  spectra  of  finite  separable  field  extensions  of  k(s). 


Proof.  Part  (2)  follows  from  part  (1)  and  Lemma  28.35.5  Let  us  prove  part 

(1).  We  first  use  Algebra,  Lemma  10.147.7  This  lemma  implies  that  if  X is  a 


disjoint  union  of  spectra  of  finite  separable  field  extensions  of  k then  A'  -A  Spec (k) 
is  unramified.  Conversely,  suppose  that  X -A  Spec (k)  is  unramified.  By  Algebra, 
Lemma  10.147.5  for  every  x £ X the  residue  field  extension  k C k(x)  is  finite 
separable.  Hence  all  points  of  X are  closed  points  (see  Lemma  28.20.2  for  example). 
Thus  X is  a discrete  space,  in  particular  the  disjoint  union  of  the  spectra  of  its 
local  rings.  By  Algebra,  Lemma [10. 147. 5|  again  these  local  rings  are  fields,  and  we 
win.  □ 


The  following  lemma  characterizes  an  unramified  morphisms  as  morphisms  locally 
of  finite  type  with  unramified  fibres. 

02G8  Lemma  28.35.12.  Let  f : X — > S be  a morphism  of  schemes. 

(1)  If  f is  unramified  then  for  any  x £ X the  field  extension  n(f(x))  C k(x) 
is  finite  separable. 

(2)  If  f is  locally  of  finite  type,  and  for  every  s £ S the  fibre  Xs  is  a dis- 
joint union  of  spectra  of  finite  separable  field  extensions  of  k(s)  then  f is 
unramified. 

(3)  If  f is  locally  of  finite  presentation,  and  for  every  s £ S the  fibre  Xs  is  a 
disjoint  union  of  spectra  of  finite  separable  field  extensions  of  n(s)  then  f 
is  G-unramified. 

Proof.  Follows  from  Algebra,  Lemmas  |10. 147.5]  and  |10. 147. 7|  □ 


Here  is  a characterization  of  unramified  morphisms  in  terms  of  the  diagonal  mor- 
phism. 

02GE  Lemma  28.35.13.  Let  f : X — ► S be  a morphism. 

(1)  If  f is  unramified,  then  the  diagonal  morphism.  A : X — ► X Xs  X is  an 
open  immersion. 

(2)  If  f is  locally  of  finite  type  and  A is  an  open  immersion,  then  f is  un- 
ramified. 

(3)  If  f is  locally  of  finite  presentation  and  A is  an  open  immersion,  then  f 
is  G-unramified. 


02GF 


Proof.  The  first  statement  follows  from  Algebra,  Lemma  |10. 147.4]  The  second 
statement  from  the  fact  that  Llx/s  is  the  conormal  sheaf  of  the  diagonal  morphism 
(Lemma  28.33.7)  and  hence  clearly  zero  if  A is  an  open  immersion.  □ 


Lemma  28.35.14.  Let  f : X -A  S be  a morphism  of  schemes.  Let  x £ X . Set 
s = f[x).  Assume  f is  locally  of  finite  type  (resp.  locally  of  finite  presentation). 
The  following  are  equivalent: 


(1)  The  morphism  f is  unramified  (resp.  G-unramified)  at  x. 

(2)  The  fibre  Xs  is  unramified  over  n(s)  at  x. 

(3)  The  0XiX-module  Llx/s,x  zero. 
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(4)  The  Oxs,x~module  Tlxe/s,x  zero. 

(5)  The  n{x) -vector  space 

^xs/s,x  k(x)  = flx/s,x  ®ox,x  K(x) 

is  zero. 

(6)  We  have  m sOx,x  = tn^  and  the  field  extension  n(s)  C k(x)  is  finite  sepa- 
rable. 


Proof.  Note  that  if  / is  unramified  at  x,  then  we  see  that  fix/s  = 0 in  a neighbour- 
hood of  x by  the  definitions  and  the  results  on  modules  of  differentials  in  Section 


28.33  Hence  (1)  implies  (3)  and  the  vanishing  of  the  right  hand  vector  space  in  (5). 
It  also  implies  (2)  because  by  Lemma  28.33.10  the  module  of  differentials  f2xa/«  of 
the  fibre  Xs  over  k(s)  is  the  pullback  of  the  module  of  differentials  f ix/s  of  A'  over 
S.  This  fact  on  modules  of  differentials  also  implies  the  displayed  equality  of  vector 
spaces  in  part  (4).  By  Lemma  28.33.12  the  modules  Hx/s,x  and  ^x,/s,x  are  of 


finite  type.  Hence  he  modules  Llx/s,x  and  -^xs / s,x  are  zero  if  and  only  if  the  corre- 
sponding «(a;)-vector  space  in  (4)  is  zero  by  Nakayama’s  Lemma  (Algebra,  Lemma 


10.19.1 ).  This  in  particular  shows  that  (3),  (4)  and  (5)  are  equivalent.  The  support 


of  TLx/s  is  closed  in  X,  see  Modules,  Lemma  17.9.6  Assumption  (3)  implies  that 
x is  not  in  the  support.  Hence  Tlx/s  is  zero  in  a neighbourhood  of  x , which  implies 

(1) .  The  equivalence  of  (1)  and  (3)  applied  to  Xs  — > s implies  the  equivalence  of 

(2)  and  (4).  At  this  point  we  have  seen  that  (1)  - (5)  are  equivalent. 


Alternatively  you  can  use  Algebra,  Lemma  10.147.3  to  see  the  equivalence  of  (1)  - 
(5)  more  directly. 


The  equivalence  of  (1)  and  (6)  follows  from  Lemma  28.35.12  It  also  follows  more 
directly  from  Algebra,  Lemmas  |10. 147.5'  and  10.147.7  □ 


0475  Lemma  28.35.15.  Let  f : X S be  a morphism  of  schemes.  Assume  f locally 
of  finite  type.  Formation  of  the  open  set 

T = {x  £ X | Xf(x)  is  unramified  over  n(f(x))  at  x} 

= {x  £ X | X is  unramified  over  S at  a;} 

commutes  with  arbitrary  base  change:  For  any  morphism  g : S'  S , consider 

the  base  change  f : X'  — > S'  of  f and  the  projection  g'  : X'  — > X.  Then  the 
corresponding  set  T'  for  the  morphism  f is  equal  to  T'  = ( g')~1(T ).  If  f is 
assumed  locally  of  finite  presentation  then  the  same  holds  for  the  open  set  of  points 
where  f is  G-unramified. 

Proof.  Let  s'  £ S'  be  a point,  and  let  s = g(s').  Then  we  have 

Xsi  — Spec(ft(s  ))  As 

In  other  words  the  fibres  of  the  base  change  are  the  base  changes  of  the  fibres.  In 
particular 

fix ,/s,x  8ox(],  K(x')  = n X’s,/s’,x ’ %x',y  K(x') 

see  Lemma  28.33.10  Whence  x'  £ T'  if  and  only  if  x £ T by  Lemma [28. 35. 14  The 
second  part  follows  from  the  first  because  in  that  case  T is  the  (open)  set  of  points 
where  / is  G-unramified  according  to  Lemma  [28. 35. 14[  □ 

02GG  Lemma  28.35.16.  Let  f : X — ► Y be  a morphism  of  schemes  over  S. 

(1)  If  X is  unramified  over  S , then  f is  unramified. 
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(2)  If  X is  G-unramified  over  S and  Y of  finite  type  over  S,  then  f is  G- 
unramified. 

Proof.  Assume  that  X is  unramified  over  S.  By  Lemma  |28.15.8|  we  see  that  / 
is  locally  of  finite  type.  By  assumption  we  have  Hx/s  = 0-  Hence  GLx/y  = 0 by 
Lemma [28.33.9|  Thus  / is  unramified.  If  X is  G-unramified  over  S and  Y of  finite 
type  over  S,  then  by  Lemma  [28 . 2 1 . 1 1 1 we  see  that  / is  locally  of  finite  presentation 
and  we  conclude  that  / is  G-unramified.  □ 

04HB  Lemma  28.35.17.  Let  S be  a scheme.  Let  X,  Y be  schemes  over  S.  Let  f,g  : 
X — y Y be  morphisms  over  S . Let  x £ X . Assume  that 

(1)  the  structure  morphism  Y S is  unramified, 

(2)  /(*)  = g(x)  in  y,  say  y = /( x)  = g(x),  and 

(3)  the  induced  maps  f\g^  : n(y)  — > k(x)  are  equal. 

Then  there  exists  an  open  neighbourhood  of  x in  X on  which  f and  g are  equal. 


Proof.  Consider  the  morphism  (f,g)  : X — > Y xg  Y.  By  assumption  (1)  and 
the  inverse  image  of  A y/s(Y)  is  open  in  X.  And  assumptions  (2) 


28.35.13 


Lemma 

and  (3)  imply  that  x is  in  this  open  subset. 


□ 


28.36.  Etale  morphisms 


02GH  The  Zariski  topology  of  a scheme  is  a very  coarse  topology.  This  is  particularly  clear 
when  looking  at  varieties  over  C.  It  turns  out  that  declaring  an  etale  morphism 
to  be  the  analogue  of  a local  isomorphism  in  topology  introduces  a much  finer 
topology.  On  varieties  over  C this  topology  gives  rise  to  the  “correct”  Betti  numbers 
when  computing  cohomology  with  finite  coefficients.  Another  observable  is  that  if 
/ : X — > Y is  an  etale  morphism  of  varieties  over  C,  and  if  a;  is  a closed  point  of 
X,  then  / induces  an  isomorphism  Oy  — > Ox  x of  complete  local  rings. 

In  this  section  we  start  our  study  of  these  matters.  In  fact  we  deliberately  restrict 
our  discussion  to  a minimum  since  we  will  discuss  more  interesting  results  elsewhere. 
Recall  that  a ring  map  R — > A is  said  to  be  etale  if  it  is  smooth  and  Ha/r  = 0,  see 
Algebra,  Definition  |10.14lTT[ 

02GI  Definition  28.36.1.  Let  / : X — > S be  a morphism  of  schemes. 

(1)  We  say  that  / is  etale  at  x £ X A there  exists  a affine  open  neighbourhood 
Spec(A)  = U C X of  x and  affine  open  Spec(-R)  =VcS  with  f(U)  C V 
such  that  the  induced  ring  map  R -A  A is  etale. 

(2)  We  say  that  / is  etale  if  it  is  etale  at  every  point  of  X. 

(3)  A morphism  of  affine  schemes  / : X — > S is  called  standard  etale  if  X -A  S 
is  isomorphic  to 

Spec(i?[x]fl/(/))  ->  Spec(R) 

where  R — > R[x]g/ (/)  is  a standard  etale  ring  map,  see  Algebra,  Definition 
10.141. 14[  i.e.,  / is  monic  and  /'  invertible  in  R[x\g/(f). 


A morphism  is  etale  if  and  only  if  it  is  smooth  of  relative  dimension  0 (see  Definition 
28.34.13 1.  A pleasing  feature  of  the  definition  is  that  the  set  of  points  where  a 


morphism  is  etale  is  automatically  open. 
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Note  that  there  is  no  separation  or  quasi-compactness  hypotheses  in  the  definition. 
Hence  the  question  of  being  etale  is  local  in  nature  on  the  source.  Here  is  the  precise 
result. 


02GJ  Lemma  28.36.2.  Let  / : X -A  S be  a morphism  of  schemes.  The  following  are 
equivalent 

(1)  The  morphism  f is  etale. 

(2)  For  every  affine  opens  U C X,  V C S with  f(U)  C V the  ring  map 
Os(V)  -A  Ox(U)  is  etale. 

(3)  There  exists  an  open  covering  S = (J  eJ  Vj  and  open  coverings  f~1{Vj)  = 
Uei,  Ui  such  that  each  of  the  morphisms  Ui  -A  Vj , j £ J,i  £ Ij  is  etale. 

(4)  There  exists  an  affine  open  covering  S = (J jej^j  an<^  affine  open  cov- 
erings f-^Vj)  = Uiej,  Ui  such  that  the  ring  map  Os{Vj)  — > OxifUf)  is 
etale,  for  all  j £ J,i  £ Ij . 

Moreover,  if  f is  etale  then  for  any  open  subschemes  U C X,  V C S with  f(U)  C V 
the  restriction  f\u  :U  -+V  is  etale. 


Proof.  This  follows  from  Lemma [28. 14. 3|  if  we  show  that  the  property  “R  — > A is 
etale”  is  local.  We  check  conditions  (a),  (b)  and  (c)  of  Definition  28.14.1  These  all 
follow  from  Algebra,  Lemma  10.141. 3[ 


□ 


02GN  Lemma  28.36.3.  The  composition  of  two  morphisms  which  are  etale  is  etale. 


Proof.  In  the  proof  of  Lemma [28. 36. 2|  we  saw  that  being  etale  is  a local  property 
of  ring  maps.  Hence  the  first  statement  of  the  lemma  follows  from  Lemma  [28. 14. 5| 
combined  with  the  fact  that  being  etale  is  a property  of  ring  maps  that  is  stable 
under  composition,  see  Algebra,  LemmaflO.  141.3  □ 


02GO  Lemma  28.36.4.  The  base  change  of  a morphism  which  is  etale  is  etale. 


Proof.  In  the  proof  of  Lemma [28. 36. 2|  we  saw  that  being  etale  is  a local  property 
of  ring  maps.  Hence  the  lemma  follows  from  Lemma  |28.14.5|  combined  with  the 
fact  that  being  etale  is  a property  of  ring  maps  that  is  stable  under  base  change, 
see  Algebra,  Lemma  10.141.3  □ 


02GK  Lemma  28.36.5.  Let  f : X -A  S be  a morphism  of  schemes.  Let  x £ X . Then  f 
is  etale  at  x if  and  only  if  f is  smooth  and  unramified  at  x. 


Proof.  This  follows  immediately  from  the  definitions.  □ 

03WS  Lemma  28.36.6.  An  etale  morphism  is  locally  quasi-finite. 


an  unramified  morphism  is  locally  quasi-finite.  □ 

02GL  Lemma  28.36.7.  Fibres  of  etale  morphisms. 

(1)  Let  X be  a scheme  over  a field  k.  The  structure  morphism  X — > Spec (k) 
is  etale  if  and  only  if  X is  a disjoint  union  of  spectra  of  finite  separable 
field  extensions  ofk. 

(2)  If  f : X — ► S is  an  etale  morphism,  then  for  every  s £ S the  fibre  Xs  is  a 
disjoint  union  of  spectra  of  finite  separable  field  extensions  of  k(s). 


Proof.  By  Lemma  28.36.5  an  etale  morphism  is  unramified.  By  Lemma  28.35.10 
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Proof.  You  can  deduce  this  from  Lemma  128. 35.  Ill  via  Lemmal28.36.5labove.  Here 
is  a direct  proof. 


We  will  use  Algebra,  Lemma  |10. 141.4]  Hence  it  is  clear  that  if  A is  a disjoint 
union  of  spectra  of  finite  separable  field  extensions  of  k then  A — ► Spec(fc)  is  etale. 
Conversely,  suppose  that  X -A  Spec(fc)  is  etale.  Then  for  any  affine  open  U C X 
we  see  that  U is  a finite  disjoint  union  of  spectra  of  finite  separable  field  extensions 
of  k.  Hence  all  points  of  X are  closed  points  (see  Lemma  28.20.2  for  example). 
Thus  A is  a discrete  space  and  we  win.  □ 


The  following  lemma  characterizes  an  etale  morphism  as  a flat,  finitely  presented 
morphism  with  “etale  fibres” . 

Lemma  28.36.8.  Let  f : X -A  S be  a morphism  of  schemes.  If  f is  flat,  locally 
of  finite  presentation,  and  for  every  s £ S the  fibre  Xs  is  a disjoint  union  of  spectra 
of  finite  separable  field  extensions  of  k(s),  then  f is  etale. 


Proof.  You  can  deduce  this  from  Algebra,  Lemma [10.14 1.7  Here  is  another  proof. 


By  Lemma  28.36.7  a fibre  As  is  etale  and  hence  smooth  over  s.  By  Lemma  28.34.3 
we  see  that  X — > S is  smooth.  By  Lemma  |28.35.12]  we  see  that  / is  unramified. 
We  conclude  by  Lemma [28. 36. 5|  □ 


Lemma  28.36.9.  Any  open  immersion  is  etale. 

Proof.  This  is  true  because  an  open  immersion  is  a local  isomorphism. 


□ 


Lemma  28.36.10.  A n etale  morphism  is  syntomic. 


Proof.  See  Algebra,  Lemma  10.135.10  and  use  that  an  etale  morphism  is  the  same 
as  a smooth  morphism  of  relative  dimension  0.  □ 


Lemma  28.36.11.  An  etale  morphism  is  locally  of  finite  presentation. 

Proof.  True  because  an  etale  ring  map  is  of  finite  presentation  by  definition.  □ 
Lemma  28.36.12.  An  etale  morphism  is  flat. 

Proof.  Combine  Lemmas  128. 31.71  and  128.36.101  □ 


Lemma  28.36.13.  A n etale  morphism  is  open. 

Proof.  Combine  Lemmas  |28.36.12[  |28.36.11[  and|28.25.9[  □ 


The  following  lemma  says  locally  any  etale  morphism  is  standard  etale.  This  is 
actually  kind  of  a tricky  result  to  prove  in  complete  generality.  The  tricky  parts  are 
hidden  in  the  chapter  on  commutative  algebra.  Hence  a standard  etale  morphism 
is  a local  model  for  a general  etale  morphism. 

Lemma  28.36.14.  Let  f : X — ► S be  a morphism  of  schemes.  Let  x £ A be  a 
point.  Set  s = f(x).  The  following  are  equivalent 

(1)  The  morphism  f is  etale  at  x. 

(2)  There  exist  affine  opens  U C A,  and  V C S such  that  x £ U,  f{U)  C V 
and  the  induced  morphism  f\u-U—>V  is  standard  etale  (see  Definition 
28.36. 1]). 

Proof.  Follows  from  the  definitions  and  Algebra,  Proposition  |10. 141. 17|  □ 
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Here  is  a differential  criterion  of  etaleness  at  a point.  There  are  many  variants  of 
this  result  all  of  which  may  be  useful  at  some  point.  We  will  just  add  them  here  as 
needed. 


02GU  Lemma  28.36.15.  Let  / : X — t S be  a morphism  of  schemes.  Let  x £ X . Set 
s = f{x).  Assume  f is  locally  of  finite  presentation.  The  following  are  equivalent: 

(1)  The  morphism  f is  etale  at  x. 

(2)  The  local  ring  map  Os,s  — > Ox,x  is  flat  and  Xs  — > Spec(«(s))  is  etale  at 
x. 

(3)  The  local  ring  map  Os,s  — > O \,x  is  flat  and  Xs  — > Spec(ft(s))  is  unramified 
at  x. 

(4)  The  local  ring  map  Os,s  — ► Ox,x  is  flat  and  the  Ox,x~ixiodule  Llx/s,x  is 
zero. 

(5)  The  local  ring  map  Os,a  —>  Ox,x  is  flat  and  the  n{x) -vector  space 

£ixs/s,x  ®Oxs,x  K(x)  = Mx/s,x  Gdx.x  k(x) 


is  zero. 

(6)  The  local  ring  map  Os,s  -A  0\,x  is  flat,  we  have  msOx,x  = tn^  and  the 
field  extension  k(s)  C k(x)  is  finite  separable. 

(7)  There  exist  affine  opens  U C X,  and  V C S such  that  x £ U,  f{U)  C V 
and  the  induced  morphism  f\u  : U V is  standard  smooth  of  relative 
dimension  0. 

(8)  There  exist  affine  opens  Spec(H)  = U C X and  Spec(i?)  = V C S with 
x £ U corresponding  to  q C A,  and  f(U ) C V such  that  there  exists  a 
presentation 


A R\X\,  . . . , . . . , /n) 


with 


g = det 


/ dfi/dx! 

dfi/dx2 


dfi/dxx 

df 2/dx2 


\dfi/dxn  df2/dxn 


dfn/dxA 

dfn/dx2 

dfn/dxn) 


mapping  to  an  element  of  A not  in  q . 

(9)  There  exist  affine  opens  U C X,  and  V C S such  that  x £ U , f(U ) C V 
and  the  induced  morphism  f\u'U—tV  is  standard  etale. 

(10)  There  exist  affine  opens  Spec(H)  = U C X and  Spec(l?)  = V C S with 
x £ U corresponding  to  q C A,  and  f(U)  C V such  that  there  exists  a 
presentation 


A = R[x]q/(P)=R[x,1/Q]/(P) 

with  P,Q  £ R[x\,  P monic  and  P'  = dP/dx  mapping  to  an  element  of  A 
not  in  q. 


Proof.  Use  Lemma  28.36.14  and  the  definitions  to  see  that  (1)  implies  all  of  the 


other  conditions.  For  each  of  the  conditions  (2)  - (10)  combine  Lemmas  28.34.14 


and  28.35.14  to  see  that  (1)  holds  by  showing  / is  both  smooth  and  unramified  at 
x and  applying  Lemma [28. 36. 5|  Some  details  omitted.  □ 


28.36.  ETALE  MORPHISMS 


2021 


02GV 


0476 


02GW 


02K6 


Lemma  28.36.16.  A morphism  is  etale  at  a point  if  and  only  if  it  is  flat  and 
G-unramified  at  that  point.  A morphism  is  etale  if  and  only  if  it  is  flat  and  G- 
unramified. 


Proof.  This  is  clear  from  Lemmas  I28.36.15l  and  128.35.141 


□ 


Lemma  28.36.17.  Let 


X' 

r 

Y 

S' 


g' 

g 


X 

f 

Y 

s 


be  a cartesian  diagram  of  schemes.  Let  W C X , resp.  W'  C X'  be  the  open 
subscheme  of  points  where  f,  resp.  f is  etale.  Then  W'  = ( g')~l{W ) if 

(1)  f is  flat  and  locally  of  finite  presentation,  or 

(2)  f is  locally  of  finite  presentation  and  g is  flat. 


Proof.  Assume  first  that  / locally  of  finite  type.  Consider  the  set 
T = {x  £ X | / is  unramified  at  a;} 

and  the  corresponding  set  T'  C X'  for  f . Then  T'  = (t/,)_1(T)  by  Lemma  28.35.15 


Thus  case  (1)  follows  because  in  case  (1)  T is  the  (open)  set  of  points  where  / is 
etale  by  Lemma [28.36. 16| 

In  case  (2)  let  x'  £ W' . Then  g'  is  flat  at  x'  (Lemma  28.25.6)  and  g o f is  flat  at 
x'  (Lemma  28.25.4).  It  follows  that  / is  flat  at  x = g'{x')  by  Lemma  28.25.11  On 
the  other  hand,  since  x'  £ T'  (Lemma  28.34.5 1 we  see  that  x £ T.  Hence  / is  etale 
at  x by  Lemma  [28.36.15|  □ 


Our  proof  of  the  following  lemma  is  somewhat  complicated.  It  uses  the  “Critere 
de  platitude  par  fibres”  to  see  that  a morphism  X —>  Y over  S between  schemes 
etale  over  S is  automatically  flat.  The  details  are  in  the  chapter  on  commutative 
algebra. 

Lemma  28.36.18.  Let  f : X — >•  Y be  a morphism  of  schemes  over  S.  If  X and 
Y are  etale  over  S,  then  f is  etale. 


Proof.  See  Algebra,  Lemma  10.141.9 


be  a commutative  diagram  of  morphisms  of  schemes.  Assume  that 

(1)  f is  surjective,  and  etale, 

(2)  p is  etale,  and 

(3)  q is  locally  of  finite  presentatioi^l 
Then  q is  etale. 


□ 


10 


In  fact  this  is  implied  by  (1)  and  (2),  see  Descent,  Lemma 


34.10.3 


Moreover,  it  suffices  to 


assume  that  / is  surjective,  flat  and  locally  of  finite  presentation,  see  Descent,  Lemma 


34.10.5 


28.37.  RELATIVELY  AMPLE  SHEAVES 


2022 


Proof.  By  Lemma[28.34.19|we  see  that  q is  smooth.  Thus  we  only  need  to  see  that 
q has  relative  dimension  0.  This  follows  from  Lemma  |28.28.2|  and  the  fact  that  / 
and  p have  relative  dimension  0.  □ 


A final  characterization  of  smooth  morphisms  is  that  a smooth  morphism  / : A -A  S 
is  locally  the  composition  of  an  etale  morphism  by  a projection  Ag  -A  S. 

054L  Lemma  28.36.20.  Let  p : X — >■  Y be  a morphism  of  schemes.  Let  x £ X.  If  p is 
smooth  at  x,  then  there  exists  an  integer  d > 0 and  affine  opens  V C Y and  U C X 
with  x £ U and  p{U)  C V such  that  there  exists  a commutative  diagram 


where  tt  is  etale. 


Proof.  By  Lemma [28 . 34 . 1 1 1 we  can  find  affine  opens  U and  V as  in  the  lemma  such 
that  p\u  : U — > V is  standard  smooth.  Write  U = Spec(A)  and  V = Spec(i?)  so 
that  we  can  write 


A = R\x1,...,xn]/(f1,...,fc) 


with 


g = det 


(dfi/dxi 

dfi/dx-2 


df2/dxi 

df2/dx2 


dfJdxA 

dfc/dx2 


\dfi/dxc  df2/dxc  ...  dfc/dxcJ 

mapping  to  an  invertible  element  of  A.  Then  it  is  clear  that  R[xc- pi,  • • ■ ,xn]  —>  A 
is  standard  smooth  of  relative  dimension  0.  Hence  it  is  smooth  of  relative  dimen- 
sion 0.  In  other  words  the  ring  map  R[xc+i, . . . , xn\  -A  A is  etale.  As  A y~c  = 
Spec(f?[aic+i, . . . , xn ])  the  lemma  with  d — n — c.  □ 
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Let  A be  a scheme  and  £ an  invertible  sheaf  on  X.  Then  £ is  ample  on  X if  X is 
quasi-compact  and  every  point  of  X is  contained  in  an  affine  open  of  the  form  A's , 
where  s £ T(A,  £®n)  and  n > 1,  see  Properties,  Definition 
into  a relative  notion  as  follows. 


27.26.1 


We  turn  this 


01VH  Definition  28.37.1.  Let  / : A — >■  S be  a morphism  of  schemes.  Let  £ be  an 
invertible  djf-moclule.  We  say  £ is  relatively  ample,  or  / -relatively  ample,  or  ample 
on  X/S,  or  / -ample  if  / : A — > S is  quasi-compact,  and  if  for  every  affine  open 
V C S the  restriction  of  £ to  the  open  subscheme  /-1(P)  of  A is  ample. 


We  note  that  the  existence  of  a relatively  ample  sheaf  on  A does  not  force  the 
morphism  A — » S to  be  of  finite  type. 

02NN  Lemma  28.37.2.  Let  X -A  S be  a morphism  of  schemes.  Let  £ be  an  invertible 
Ox-module.  Let  n>  1.  Then  £ is  f -ample  if  and  only  if  £®n  is  f -ample. 


01VI 


Proof.  This  follows  from  Properties,  Lemma  27.26.2| 


□ 


Lemma  28.37.3.  Let  f : X S be  a morphism  of  schemes.  If  there  exists  an 
f -ample  invertible  sheaf,  then  f is  separated. 
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Proof.  Being  separated  is  local  on  the  base  (see  Schemes,  Lemma  25.21.8  for  ex- 
ample; it  also  follows  easily  from  the  definition).  Hence  we  may  assume  S is  affine 
and  X has  an  ample  invertible  sheaf.  In  this  case  the  result  follows  from  Properties, 
Lemma  127.26.81  □ 


There  are  many  ways  to  characterize  relatively  ample  invertible  sheaves,  analogous 
to  the  equivalent  conditions  in  Properties,  Proposition  |27. 26. 13[  We  will  add  these 
here  as  needed. 


01VJ  Lemma  28.37.4.  Let  f : X -A  S be  a quasi-compact  morphism  of  schemes.  Let 
C be  an  invertible  sheaf  on  X . The  following  are  equivalent: 

(1)  The  invertible  sheaf  £ is  f -ample. 

(2)  There  exists  an  open  covering  S = (J  V)  such  that  each  £|j-i(y.)  is  ample 
relative  to  /_1(Vi)  -A  V). 

(3)  There  exists  an  affine  open  covering  S = [J  V)  such  that  each  £\ /-i(yA  is 
ample. 

(4)  There  exists  a quasi- coherent  graded  Os-algebra  A and  a map  of  graded 
Ox-algebras  if  : f* A — > ©d>0  £®d  such  that  U(ip)  = X and 


rc ,ii> 


X 


Proj  (A) 


(5) 

(6) 


is  an  open  immersion  (see  Constructions,  Lemma  26.19.1  for  notation). 
The  morphism  f is  quasi- separated  and  part  (4)  above  holds  with  A = 
f*i®d>o  £®d)  and  if  the  adjunction  mapping. 

Same  as  (4)  but  just  requiring  rc,ip  to  be  an  immersion. 


Proof.  It  is  immediate  from  the  definition  that  (1)  implies  (2)  and  (2)  implies  (3). 
It  is  clear  that  (5)  implies  (4). 

Assume  (3)  holds  for  the  affine  open  covering  S = |J  V).  We  are  going  to  show 
(5)  holds.  Since  each  /_1(V))  has  an  ample  invertible  sheaf  we  see  that  /-1( Vi) 
is  separated  (Properties,  Lemma  27.26.8).  Hence  / is  separated.  By  Schemes, 
Lemma 


25.24.1 


we  see  that  A = /*(©d>0^<S’d)  is  a quasi- coherent  graded  Os- 
algebra,.  Denote  if  : f*  A — > ®d>0 the  adjunction  mapping.  The  description 
of  the  open  U(ip)  in  Constructions,  Section  26.19  and  the  definition  of  ampleness 
of  £|y-i(vri)  show  that  U(ip)  = X.  Moreover,  Constructions,  Lemma  26.19.1  part 
(3)  shows  that  the  restriction  of  rc to  /”1(P) ) is  the  same  as  the  morphism  from 
Properties,  Lemma  27.26.9|  which  is  an  open  immersion  according  to  Properties, 
Hence  (5)  holds. 


Lemma  27.26.11 


M) 


S the 


Let  us  show  that  (4)  implies  (1).  Assume  (4).  Denote  n : Projc 
structure  morphism.  Choose  V C S affine  open.  By  Constructions,  Definition 
we  see  that  7r_1(P)  C Projs(A)  is  equal  to  Proj  (A)  where  A = A{V)  as  a 


26.16.7 


graded  ring.  Hence  rc,^  maps  /^1(H)  isomorphically  onto  a quasi-compact  open 
of  Proj(A).  Moreover,  £®d  is  isomorphic  to  the  pullback  of  C,proj(A)(d)  for  some 
d > 1.  (See  part  (3)  of  Constructions,  Lemma  [26. 19. 1|  and  the  final  statement  of 

) This  implies  that  C\f-i(V)  is  ample  by  Properties, 


Constructions,  Lemma 


26.14.1 


Lemmas  127. 26.121  and  127.26.21 


Assume  (6).  By  the  equivalence  of  (1)  - (5)  above  we  see  that  the  property  of  being 
relatively  ample  on  X/S  is  local  on  S.  Hence  we  may  assume  that  S is  affine, 
and  we  have  to  show  that  £ is  ample  on  X.  In  this  case  the  morphism  rc ^ is 
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01VK 


0891 


0892 


0893 


identified  with  the  morphism,  also  denoted  rc,ip  ■ X -A  Proj(A)  associated  to  the 
map  ip  : A = A(V)  -A  r*(X,  £).  (See  references  above.)  As  above  we  also  see 
that  £®d  is  the  pullback  of  the  sheaf  OproOA){d)  for  some  d > 1.  Moreover,  since 
A is  quasi-compact  we  see  that  X gets  identified  with  a closed  subscheme  of  a 


quasi-compact  open  subscheme  Y C Proj(A).  By  Constructions,  Lemma  26.10.6 


(see  also  Properties,  Lemma  27.26.12)  we  see  that  Oy(d')  is  an  ample  invertible 
sheaf  on  Y for  some  d'  > 1.  Since  the  restriction  of  an  ample  sheaf  to  a closed 
subscheme  is  ample,  see  Properties,  Lemma [27. 26. 3|  we  conclude  that  the  pullback 
of  Oy  id')  is  ample.  Combining  these  results  with  Properties,  Lemma  27.26.2  we 
conclude  that  £ is  ample  as  desired.  □ 


Lemma  28.37.5.  Let  f : X -A  S be  a morphism  of  schemes.  Let  C he  an 
invertible  Ox -module.  Assume  S affine.  Then  C is  f -relatively  ample  if  and  only 
if  £ is  ample  on  X. 


Proof.  Immediate  from  Lemma  T28.37. 41  and  the  definitions.  □ 

Lemma  28.37.6.  Let  f : X -A  S he  a morphism  of  schemes.  Then  f is  quasi- 
affine  if  and  only  if  Ox  is  f -relatively  ample. 


Proof.  Follows  from  Properties,  Lemma  [27.27. 1|  and  the  definitions.  □ 

Lemma  28.37.7.  Let  f : X -A  Y he  a morphism  of  schemes,  A4  an  invertible 
Oy  -module,  and  £ an  invertible  Ox -module. 

(1)  If  £ is  f -ample  and  A4  is  ample,  then  £ ® f*JV4®a  is  ample  for  a 0. 

(2)  If  M.  is  ample  and  f quasi-affine,  then  f*A4  is  ample. 


Proof.  Assume  £ is  /-ample  and  M ample.  By  assumption  Y and  / are  quasi- 
compact (see  Definition  28.37.1  and  Properties,  Definition  27.26.1).  Hence  X is 
quasi-compact.  Pick  x £ X.  We  can  choose  m > 1 and  t £ T(Y,  A4®m)  such 
that  Yt  is  affine  and  f(x)  £ Yt.  Since  £ restricts  to  an  ample  invertible  sheaf  on 
f~1(Yt ) = Xft  we  can  choose  n > 1 and  s £ T(Xf*t,  £®n)  with  x £ (Xf*t)s  with 
{Xftjs  affine.  By  Properties,  Lemma  27.17.2  there  exists  an  integer  e > 1 and  a 
section  s'  £ r(X,  £®n®  f*  M®em)  which  restricts  to  s(f*t)e  on  Xf,t.  For  any  b > 0 
consider  the  section  s"  = s'(f*t)b  of  £®n  ® f*M^e+b)m.  Then  A>  = {Xf*t)s  is 
an  affine  open  of  X containing  x.  Picking  b such  that  n divides  e + b we  see 
£®n  (g)  f*  Jii®(e+b)m  js  nth  power  of  £ ® f*M®a  for  some  a and  we  can  get  any 
a divisible  by  m and  big  enough.  Since  X is  quasi-compact  a finite  number  of  these 
affine  opens  cover  X.  We  conclude  that  for  some  a sufficiently  divisible  and  large 
enough  the  invertible  sheaf  £ ® f*Jv[®a  is  ample  on  X.  On  the  other  hand,  we 
know  that  A4®c  (and  hence  its  pullback  to  A')  is  globally  generated  for  all  c 0 by 
Properties,  Proposition  27.26.13  Thus  £®  f* M.®a+C  is  ample  (Properties,  Lemma 


27.26.5)  for  c 0 and  (1)  is  proved. 


Part  (2)  follows  from  Lemma  28.37.6  Properties,  Lemma  27.26.2  and  part  (1).  □ 


Lemma  28.37.8.  Let  f : X — > S be  a morphism  of  schemes.  Let  £ be  an  invertible 
Ox -module.  Let  S'  — > S'  be  a morphism  of  schemes.  Let  f : X'  — > S'  be  the  base 
change  of  f and  denote  £'  the  pullback  of  £ to  X' . If  £ is  f -ample,  then  £'  is 
f -ample. 


Proof.  By  Lemma  28.37.4  it  suffices  to  find  an  affine  open  covering  S'  = (J  U[ 
such  that  £'  restricts  to  an  ample  invertible  sheaf  on  (/,)”1(^i)  f°r  *•  We 
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may  choose  U[  mapping  into  an  affine  open  Ui  C S.  In  this  case  the  morphism 
(/')-1(t/')  — > /_1(K)  is  affine  as  a base  change  of  the  affine  morphism  U-  —>  Ui 
(Lemma  28.12.8).  Thus  jC7 1 (/')— i(c/<)  is  ample  by  Lemma |28. 37. 7|  □ 


28.38.  Very  ample  sheaves 


01VL 


Recall  that  given  a quasi-coherent  sheaf  £ on  a scheme  S the  projective  bundle 
associated  to  £ is  the  morphism  P(£)  — ► S,  where  P(£)  = Proj9(Sym(£)),  see 
Constructions,  Definition  126. 21.1 


01VM  Definition  28.38.1.  Let  / : X — > S be  a morphism  of  schemes.  Let  C be 
an  invertible  Ox-module.  We  say  £ is  relatively  very  ample  or  more  precisely 
f -relatively  very  ample , or  very  ample  on  X/S , or  f-very  ample  if  there  exist  a 
quasi-coherent  Os-module  £ and  an  immersion  i : X — > P(£)  over  S such  that 
C = **Op(£)(l). 


Since  there  is  no  assumption  of  quasi-compactness  in  this  definition  it  is  not  true  in 
general  that  a relatively  very  ample  invertible  sheaf  is  a relatively  ample  invertible 
sheaf. 


01VN  Lemma  28.38.2.  Let  / : X — ► S be  a morphism  of  schemes.  Let  £ be  an  invertible 
Ox -module.  If  f is  quasi-compact  and  C is  a relatively  very  ample  invertible  sheaf, 
then  C is  a relatively  ample  invertible  sheaf. 


Proof.  By  definition  there  exists  quasi-coherent  Os-module  £ and  an  immersion 
i : X — ► P(£)  over  S such  that  £ = i*Op(£)(l).  Set  A = Sym(£),  so  P(£)  = 
Projs(^4)  by  definition.  The  graded  Os-algebra  A comes  equipped  with  a map 


^ : A ®n>0  n*0P(£)(n)  ® „>0  f*C 

where  the  second  arrow  uses  the  identification  £ = i*Op(s)(l).  By  adjointness  of 
/*  and  f*  we  get  a morphism  if  : f*  A -4-  ©,,l>0  C®n . We  omit  the  verification  that 
the  morphism  rc,ip  associated  to  this  map  is  exactly  the  immersion  i.  Hence  the 
result  follows  from  part  (6)  of  Lemma  28.37.4  □ 


To  arrive  at  the  correct  converse  of  this  lemma  we  ask  whether  given  a relatively 
ample  invertible  sheaf  £ there  exists  an  integer  n > 1 such  that  £®n  is  relatively 
very  ample?  In  general  this  is  false.  There  are  several  things  that  prevent  this  from 
being  true: 

(1)  Even  if  S is  affine,  it  can  happen  that  no  finite  integer  n works  because 
X -A  5 is  not  of  finite  type,  see  Example  |28.38.4| 

(2)  The  base  not  being  quasi-compact  means  the  result  can  be  prevented  from 
being  true  even  with  / finite  type.  Namely,  given  a held  k there  exists 
a scheme  Xd  of  finite  type  over  k with  an  ample  invertible  sheaf  Oxd{  1) 
so  that  the  smallest  tensor  power  of  Oxd{  1)  which  is  very  ample  is  the 
dth  power.  See  Example  |28.38.5|  Taking  / to  be  the  disjoint  union  of  the 
schemes  Xrj  mapping  to  the  disjoint  union  of  copies  of  Spec (k)  gives  an 
example. 

To  see  our  version  of  the  converse  take  a look  at  Lemma [28.39. 51  below.  We  will  do 
some  preliminary  work  before  proving  it. 
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07ZR  Example  28.38.3.  Let  S be  a scheme.  Let  A be  a quasi-coherent  graded  Os- 
algebra  generated  by  Ai  over  Aq-  Set  X = Projg(7l).  In  this  case  Ox{  1)  is  a 
very  ample  invertible  sheaf  on  X.  Namely,  the  morphism  associated  to  the  graded 
Os-algebra  map 

Symox  Mi)  — » A 

is  a closed  immersion  X — > P(7li)  which  pulls  back  Op(Ai)(l)  to  Ox{  1),  see  Con- 
structions, Lemma[26.18.5| 

OlVO  Example  28.38.4.  Let  k be  a field.  Consider  the  graded  fc-algebra 

A = k[U,V,Z1,Z2,Z3,...]/I  with  I = (U2  — Z2,  f/4  — Z2,  U6  — Z2, . . .) 

with  grading  given  by  deg(U)  = deg(H)  = deg(Zi)  = 1 and  deg (Zd)  = d.  Note 
that  A'  = Proj(A)  is  covered  by  D+{U)  and  D+(V).  Hence  the  sheaves  Ox(n) 
are  all  invertible  and  isomorphic  to  Ox{ l)®n-  In  particular  Ox(  1)  is  ample  and 
/-ample  for  the  morphism  / : X — ► Spec(fc).  We  claim  that  no  power  of  Ox{  1)  is 
/-relatively  very  ample.  Namely,  it  is  easy  to  see  that  r(X,  Ox{n))  is  the  degree  n 
summand  of  the  algebra  A.  Hence  if  Ox(n)  were  very  ample,  then  X would  be  a 
closed  subscheme  of  a projective  space  over  k and  hence  of  finite  type  over  k.  On 
the  other  hand  D+(V)  is  the  spectrum  of  fe[t,  ti,  <2,  • ■ • }/{t 2 — t2,  tA  — t2,  te  — t§, . . .) 
which  is  not  of  finite  type  over  k. 

01VP  Example  28.38.5.  Let  k be  an  infinite  field.  Let  Ai,  A2,  A3, ...  be  pairwise  distinct 
elements  of  k*.  (This  is  not  strictly  necessary,  and  in  fact  the  example  works 
perfectly  well  even  if  all  A t are  equal  to  1.)  Consider  the  graded  fc-algebra 

Ad  = k[u , v,  z\/id  with  id  = (z2  - TT2d  (U  - XiV)). 

with  grading  given  by  deg (17)  = deg(V)  = 1 and  deg(A)  = d.  Then  Xd  = Proj(Hti) 
has  ample  invertible  sheaf  Oxd{ !)■  We  claim  that  if  Oxd{n)  is  very  ample,  then 
n > d.  The  reason  for  this  is  that  Z has  degree  d,  and  hence  T(Xd,Oxd{n))  = 
k[U , V]n  for  n < d.  Details  omitted. 

01VQ  Lemma  28.38.6.  Let  f : X S be  a morphism  of  schemes.  Let  C be  an  invertible 
sheaf  on  X . If  £ is  relatively  very  ample  on  X/S  then  f is  separated. 


Proof.  Being  separated  is  local  on  the  base  (see  Schemes,  Section  25.21).  An 
immersion  is  separated  (see  Schemes,  Lemma  25.23.7).  Hence  the  lemma  follows 
since  locally  X has  an  immersion  into  the  homogeneous  spectrum  of  a graded  ring 
which  is  separated,  see  Constructions,  Lemma [26. 8. 8|  □ 


01VR  Lemma  28.38.7.  Let  f : X — » S be  a morphism  of  schemes.  Let  C be  an  invertible 
sheaf  on  X . Assume  f is  quasi- compact.  The  following  are  equivalent 

(1)  C is  relatively  very  ample  on  X/S, 

(2)  there  exists  an  open  covering  S = (J  Vj  such  that  is  relatively 

very  ample  on  f~1(Vj)/Vj  for  all  j , 

(3)  there  exists  a quasi-coherent  sheaf  of  graded  Os-algebras  A generated  in 
degree  1 over  Os  and  a map  of  graded  Ox -algebras  if  : f*A  — > ©ra>0  £®n 
such  that  f*Ai  — )•  C is  surjective  and  the  associated  morphism  rc,ip  '■  X — ► 
Projs(A)  is  an  immersion,  and 

(4)  / is  quasi-separated,  the  canonical  map  -!/:/*/*£—)•£  is  surjective,  and 
the  associated  map  r^  ^ : X -a  P (/*£)  is  an  immersion. 
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Proof.  It  is  clear  that  (1)  implies  (2).  It  is  also  clear  that  (4)  implies  (1);  the 
hypothesis  of  quasi-separation  in  (4)  is  used  to  guarantee  that  /*£  is  quasi-coherent 
via  Schemes,  Lemma[25.24.1| 


Assume  (2).  We  will  prove  (4). 
Set  Xj  = /-1(Vj)  and  fj 


*3 


Let  S = (J  Vj  be  an  open  covering  as  in  (2). 
-A  Vj  the  restriction  of  /.  We  see  that  / is 


separated  by  Lemma [28.38.6  (as  being  separated  is  local  on  the  base).  Consider 
the  map  if  :/*/*£—>■  C.  On  each  Vj  there  exists  a quasi-coherent  sheaf  £j  and  an 
embedding  i : Xj  -A  P (£j)  with  Cxj  — UOp(£.)(l).  In  other  words  there  is  a map 
£j  — > (f*C)\xj  such  that  the  composition 


->  (/*/*£)  lw  ->•  c\xs 

is  surjective.  Hence  we  conclude  that  if  is  surjective.  Let  r c,-^  '■  X — > P (/*£)  be 
the  associated  morphism.  Using  the  maps  £j  -A  (/*£) |x-  we  see  that  there  is  a 
factorization 

X3J^Pt UC)\V] -P(£,) 


which  shows  that  rc,^>  is  an  immersion. 


At  this  point  we  see  that  (1),  (2)  and  (4)  are  equivalent.  Clearly  (4)  implies  (3). 
Assume  (3).  We  will  prove  (1).  Let  A be  a quasi-coherent  sheaf  of  graded  Os~ 
algebras  generated  in  degree  1 over  Os-  Consider  the  map  of  graded  Os-algebras 
Sym(Ai)  — > A.  This  is  surjective  by  hypothesis  and  hence  induces  a closed  immer- 
sion 


Proj  (A)  — > P(Ai) 


which  pulls  back  0(1)  to  0(1),  see  Constructions,  Lemma  26.18.5 
that  (3)  implies  (1). 


Hence  it  is  clear 
□ 


0B3F  Lemma  28.38.8.  Let  f : X — » S be  a morphism  of  schemes.  Let  C he  an  invertible 
Ox -module.  Let  S'  — » S he  a morphism  of  schemes.  Let  f : X'  — ► S'  be  the  base 
change  of  f and  denote  C the  pullback  of  C to  X' . If  C is  f-very  ample,  then  CJ 
is  f-very  ample. 


Proof.  By  Definition  |28.38. 1]  there  exists  there  exist  a quasi-coherent  Os-module 
£ and  an  immersion  i : X — > P(£)  over  S such  that  C = **Op(£)(l).  The  base 
change  of  P(£)  to  S'  is  the  projective  bundle  associated  to  the  pullback  £'  of  £ and 
the  pullback  of  Op(s)(1)  is  0P(£/)(1),  see  Constructions,  Lemma  26.16.10[  Finally, 


the  base  change  of  an  immersion  is  an  immersion  (Schemes,  Lemma  25.18.2 ).  □ 


28.39.  Ample  and  very  ample  sheaves  relative  to  finite  type  morphisms 

02NO  In  fact  most  of  the  material  in  this  section  is  about  the  notion  of  a (quasi-)projective 
morphism  which  we  have  not  defined  yet. 

02NP  Lemma  28.39.1.  Let  f : X -A  S be  a morphism  of  schemes.  Let  C be  an  invertible 
sheaf  on  X . Assume  that 

(1)  the  invertible  sheaf  C is  very  ample  on  X/S, 

(2)  the  morphism  X — ► S is  of  finite  type,  and 

(3)  S is  affine. 

Then  there  exists  an  n > 0 and  an  immersion  i : X — > Pg  over  S such  that 
C = UOpg(l). 
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Proof.  Assume  (1),  (2)  and  (3).  Condition  (3)  means  S = Spec (R)  for  some  ring 
R.  Condition  (1)  means  by  definition  there  exists  a quasi-coherent  Og-module  £ 
and  an  immersion  a : X — > P(£)  such  that  £ = a*Op^£)(l).  Write  £ = M for 
some  .R-module  M . Thus  we  have 


P(£)  = Proj(Symfl(M)). 


Since  a is  an  immersion,  and  since  the  topology  of  Proj(Symfl(M))  is  generated  by 
the  standard  opens  D+(f),  f £ Sym dR(M),  d > 1,  we  can  find  for  each  x £ X an 
/ £ Sym^(M),  d > 1,  with  a(x)  £ D+(f)  such  that 

“lo-Hfl+f/))  : “ 1(D+(f))  -A  D+(f) 


is  a closed  immersion.  Condition  (2)  implies  X is  quasi-compact.  Hence  we  can 
find  a finite  collection  of  elements  fj  £ Symfl'  (M),  dj  > 1 such  that  for  each  / = fj 
the  displayed  map  above  is  a closed  immersion  and  such  that  a(X)  C (J  D+(fj). 


Write  Uj  = 


a 1(D+(fj)).  Note  that  Uj  is  affine  as  a closed  subscheme  of  the 


affine  scheme  D+(fj).  Write  Uj  = Spec(Aj).  Condition  (2)  also  implies  that  Aj 


is  of  finite  type  over  R , see  Lemma  28.15.2  Choose  finitely  many  Xjj~  £ Aj  which 


generate  Aj  as  a i?-algebra.  Since  a]j/~isa  closed  immersion  we  see  that  Xj:k  is  the 
image  of  an  element 


€ Sym R{M)UA  = Oproj(symR(M)))- 

Finally,  choose  n > 1 and  elements  yo, . . . ,yn  £ M such  that  each  of  the  polyno- 
mials fj,  fj^k  £ Sym r(M)  is  a polynomial  in  the  elements  yt  with  coefficients  in  R. 
Consider  the  graded  ring  map 


ip  : R[Y0,  ...,Yn\  — » Symfi(M),  Yz  i — > yz. 


Denote  Fj,  Fj ^ the  elements  of  R[Y0, . . . , Yn]  such  that  ip{Fj)  = fj  and  ip(Fj^)  = 
fj,k-  By  Constructions,  Lemma  |26. 11.1  we  obtain  an  open  subscheme 

U{ip)  C Proj(Symfl(M)) 


and  a morphism  : U{ip)  P^.  This  morphism  satisfies  r^1(D+(Fj))  = D+(fj), 
and  hence  we  see  that  a(X)  C U(ip).  Moreover,  it  is  clear  that 


i = r^p  o a : X — ► P^ 

is  still  an  immersion  since  i$(Fjtk/Fj3'k ) = Xjtk  £ Aj  = Y{Uj,Ox)  by  construc- 
tion. Moreover,  the  morphism  comes  equipped  with  a map  9 : (1)  — ► 

Oproj(Sym  (m))  (1) I UN>)  which  is  an  isomorphism  in  this  case  (for  construction  9 see 
lemma  cited  above;  some  details  omitted).  Since  the  original  map  a was  assumed 
to  have  the  property  that  £ = a*Oproj(symR(M))(l)  we  wiR-  d 

0411  Lemma  28.39.2.  Let  n : X — » S be  a morphism  of  schemes.  Assume  that  X 
is  quasi-affine  and  that  n is  locally  of  finite  type.  Then  there  exist  n > 0 and  an 
immersion  i : X — > Ag  over  S. 


Proof.  Let  A = r(X,Ox).  By  assumption  X is  quasi-compact  and  is  identified 
with  an  open  subscheme  of  Spec(A),  see  Properties,  Lemma  27.18.3  Moreover, 
the  set  of  opens  Xf,  for  those  / £ A such  that  Xf  is  affine,  forms  a basis  for 
the  topology  of  X,  see  the  proof  of  Properties,  Lemma  |27.18.3|  Hence  we  can 


find  a finite  number  of  /,-  £ 


that  n(Xfj)  C Vj  for  some  affine  open  Vj  C S.  By  Lemma 


A,  j = 1 ,...,m  such  that  X = IJ Xf.,  and  such 

28.15.2  the  ring  maps 
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0(Vj)  — >•  0(Xfj)  = Af.  are  of  finite  type.  Thus  we  may  choose  ai,...,ajv  G A 
such  that  the  elements  a\, . . . , a^,  fi, . . . , fm,  1/ fj  generate  Af  over  0(Vj)  for  each 
j . Take  n = N + m and  let 

i:X  — A A g 

be  the  morphism  given  by  the  global  sections  a±, . . . , an,  /i, . . . , /„,  of  the  structure 
sheaf  of  X.  Let  D(xj ) C Ag  be  the  open  subscheme  where  the  jth  coordinate  func- 
tion is  nonzero.  Then  it  is  clear  that  V1(D(xj))  is  Xf.  and  that  the  induced  mor- 
phism Xf  — > D{xj ) factors  through  the  affine  open  Spec(C,(V7)[xi, . . . ,xn,  1 /xj\) 
of  D(xj).  Since  the  ring  map  0(Vj)[xi, . . . ,xn,  1 /xj\  —A  Af.  is  surjective  by  con- 
struction we  conclude  that  the  restriction  of  i to  X f.  is  an  immersion  as  desired.  □ 


Lemma  28.39.3.  Let  f : X —A  S be  a morphism  of  schemes.  Let  £ be  an  invertible 
sheaf  on  X . Assume  that 

(1)  the  invertible  sheaf  £ is  ample  on  X,  and 

(2)  the  morphism  X —A  S is  locally  of  finite  type. 

Then  there  exists  a do  > 1 such  that  for  every  d > do  there  exists  an  n > 0 and  an 
immersion  i : X — A Pg  over  S such  that  £®d  = i*Op^(l). 


Proof.  Let  A = r*(X,  C)  = ©rf>0  r(X,  £®d).  By  Properties,  Proposition  27.26.13 
the  set  of  affine  opens  Xa  with  a~G  A+  homogeneous  forms  a basis  for  the  topology 
of  X.  Hence  we  can  find  finitely  many  such  elements  ao, ...  ,an  € A+  such  that 

(1)  we  have  X = Ui=o,...,„ Xai, 

(2)  each  Xai  is  affine,  and 

(3)  each  Xai  maps  into  an  affine  open  Vi  C S. 


By  Lemma  28.15.2  we  see  that  the  ring  maps  Os  (Vi) 
type. 


A Ox(Xa.)  are  of  finite 
Ox(X ai),  j = 1 ,...,Tli 


Hence  we  can  find  finitely  many  elements  fij 
which  generate  Ox(Xai)  as  an  C>5(l^)-algebra.  By  Properties,  Lemma  27.17.2 
we  may  write  each  fij  as  j af4  for  some  a.j3  € A+  homogeneous.  Let  A be  a 
positive  integer  which  is  a common  multiple  of  all  the  degrees  of  the  elements  a^, 
an.  Consider  the  elements 


N/deg(a,i) 


(AT/ deg(a;))  — e;. 


G A 


N- 


By  construction  these  generate  the  invertible  sheaf  £®JV  over  X.  Hence  they  give 
rise  to  a morphism 


j-X 


with  m = n + n* 


over  S,  see  Constructions,  Lemma  26.13.1  and  Definition|26.13.2  Moreover,  j*Ops  (1) 
£<g>v.  yye  name  tjjg  homogeneous  coordinates  To, ... , Tn,Tjj  instead  of  To, ... , Tm. 
For  i = 0, . . . ,n  we  have  i~1(D+(Ti))  = Xa. . Moreover,  pulling  back  the  element 
Tij/Ti  via  j*  we  get  the  element  fij  G Ox(Xai).  Hence  the  morphism  j restricted 
to  Xa.  gives  a closed  immersion  of  Xa.  into  the  affine  open  D+(Tf)  n P™  of  P^  . 
Hence  we  conclude  that  the  morphism  j is  an  immersion.  This  implies  the  lemma 
holds  for  some  d and  n which  is  enough  in  virtually  all  applications. 


This  proves  that  for  one  d2  > 1 (namely  c?2  = N above),  some  m > 0 there  exists 
some  immersion  j : X — ► P™  given  by  global  sections  s'0,...,s'm  G P(A,  £®d2). 
By  Properties,  Proposition  |27.26.13|  we  know  there  exists  an  integer  g?i  such  that 
£®d  is  globally  generated  for  all  d > d\.  Set  d0  = d\  + d2.  We  claim  that  the 
lemma  holds  with  this  value  of  do.  Namely,  given  an  integer  d > do  we  may  choose 
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s'{, . . . , s"  G T(X,  C®d  d 2)  which  generate  C®d  d 2 over  X.  Set  n = (to  + 1 )t  and 
denote  Sq,  . . . ,sn  the  collection  of  sections  s'as'p,  a = 0, . . . , m,  /?  = 1, . . . , t.  These 
generate  over  A'  and  therefore  define  a morphism 

i : X -A  Pg 

such  that  i*Opn(l)  = C®d.  We  omit  the  verification  that  since  j was  an  immersion 
also  the  morphism  i so  obtained  is  an  immersion  also.  (Hint:  Segre  embedding.)  □ 


01VT 


Lemma  28.39.4.  Let  / : A'  — ► S be  a morphism  of  schemes.  Let  C he  an  invertible 
Ox -module.  Assume  S affine  and  f of  finite  type.  The  following  are  equivalent 

(1)  C is  ample  on  X, 

(2)  C is  f -ample, 

(3)  is  f -very  ample  for  some  d > 1, 

(4)  C®d  is  f-very  ample  for  all  d>  1, 

(5)  for  some  d > 1 there  exist  n > 1 and  an  immersion  i : X — » Pg  such  that 
C®d  “i*Opn(l),  and 

(6)  for  all  d 1 there  exist  n > 1 and  an  immersion  i : X — > Pg  such  that 
£®d  ^ i*Opn(l). 


Proof.  The  equivalence  of  (1)  and  (2)  is  Lemma  28.37.5  The  implication  (2) 


(6)  is  Lemma  28.39.3  Trivially  (6)  implies  (5).  As  P§  is  a projective  bundle  over 


S (see  Constructions,  Lemma  26.21.4|)  we  see  that  (5)  implies  (3)  and  (6)  implies 
(4)  from  the  definition  of  a relatively  very  ample  sheaf.  Trivially  (4)  implies  (3). 


To  finish  we  have  to  show  that  (3)  implies  (2)  which  follows  from  Lemma  28.38.2 
and  Lemma  128.37.21  □ 


01VU  Lemma  28.39.5.  Let  f : X — ► S he  a morphism  of  schemes.  Let  C he  an 
invertible  Ox-module.  Assume  S quasi-compact  and  f of  finite  type.  The  following 
are  equivalent 

(1)  C is  f -ample, 

(2)  C®d  is  f-very  ample  for  some  d > 1, 

(3)  is  f-very  ample  for  all  d^>  1. 


Proof.  Trivially  (3)  implies  (2).  Lemma  28.38.2  guarantees  that  (2)  implies  (1) 
since  a morphism  of  finite  type  is  quasi-compact  by  definition.  Assume  that  C is  /- 
ample.  Choose  a finite  affine  open  covering  S = V\  U . . .U  Vrn . Write  X i = /_1(Pi). 
By  Lemma  28.39.4  above  we  see  there  exists  a do  such  that  is  relatively  very 
ample  on  A,/V)  for  all  d > do.  Hence  we  conclude  (1)  implies  (3)  by  Lemma 
128.38.71  □ 


The  following  two  lemmas  provide  the  most  used  and  most  useful  characterizations 
of  relatively  very  ample  and  relatively  ample  invertible  sheaves  when  the  morphism 
is  of  finite  type. 

02NQ  Lemma  28.39.6.  Let  f : X — ► S be  a morphism  of  schemes.  Let  C be  an  invertible 
sheaf  on  X.  Assume  f is  of  finite  type.  The  following  are  equivalent: 

(1)  C is  f -relatively  very  ample,  and 

(2)  there  exist  an  open  covering  S = (J  Vj,  for  each  j an  integer  Uj,  and 
immersions 


ij  ■■  =VjXSX 
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02NR 


01VV 

01VW 

0B3G 

01VX 

01VY 


over  Vj  such  that  C\xj  — ijOp»j  (1). 


Proof.  We  see  that  (1)  implies  (2)  by  taking  an  affine  open  covering  of  S and 
applying  Lemma  28. 39. 1|  to  each  of  the  restrictions  of  / and  C.  We  see  that  (2) 


implies  (1)  by  Lemma  28.38.7 


□ 


Lemma  28.39.7.  Let  f : X — > S'  be  a morphism  of  schemes.  Let  C be  an  invertible 
sheaf  on  X.  Assume  f is  of  finite  type.  The  following  are  equivalent: 

(1)  C is  f -relatively  ample,  and 

(2)  there  exist  an  open  covering  S = (J  Vj,  for  each  j an  integers  dj  > 1, 
rij  > 0,  and  immersions 

ij:Xj=f-\Vj)  = VjxsX^  P7 


over  Vj  such  that  C®dj  \xj  — ijO pr 


'S  - 
'(!)• 


Proof.  We  see  that  (1)  implies  (2)  by  taking  an  affine  open  covering  of  S and 
applying  Lemma  28. 39. 4|  to  each  of  the  restrictions  of  / and  C.  We  see  that  (2) 


implies  (1)  by  Lemma  28.37.4 


□ 


28.40.  Quasi-projective  morphisms 


The  discussion  in  the  previous  section  suggests  the  following  definitions.  We  take 
our  definition  of  quasi-projective  from  IDG67I.  The  version  with  the  letter  “H”  is 
the  definition  in  |Har77| . 

Definition  28.40.1.  Let  / : X — > S be  a morphism  of  schemes. 

(1)  We  say  / is  quasi-projective  if  / is  of  finite  type  and  there  exists  an  /- 
relatively  ample  invertible  Ox-module. 

(2)  We  say  / is  H-quasi-projective  if  there  exists  a quasi-compact  immersion 
X — > Pg  over  S for  some  rip] 

(3)  We  say  / is  locally  quasi-projective  if  there  exists  an  open  covering  S = 
U Vj  such  that  each  /_1(fj)  — ► Vj  is  quasi-projective. 

As  this  definition  suggests  the  property  of  being  quasi-projective  is  not  local  on  S. 
At  a later  stage  we  will  be  able  to  say  more  about  the  category  of  quasi-projective 


schemes,  see  More  on  Morphisms,  Section  36.35 

Lemma  28.40.2.  A base  change  of  a quasi-projective  morphism  is  quasi-projective. 

Proof.  This  follows  from  Lemmas  128.15.41  and  128.37.81  □ 

Lemma  28.40.3.  Let  f : X — > S be  a morphism  of  schemes.  If  f is  quasi- 
projective,  or  H-quasi-projective  or  locally  quasi-projective,  then  f is  separated  of 
finite  type. 


Proof.  Omitted. 

Lemma  28.40.4.  A H-quasi-projective  morphism  is  quasi-projective. 

Proof.  Omitted. 


□ 


□ 


11This  is  not  exactly  the  same  as  the  definition  in  Hartshorne.  Namely,  the  definition  in 
Hartshorne  (8th  corrected  printing,  1997)  is  that  / should  be  the  composition  of  an  open  immersion 
followed  by  a H- projective  morphism  (see  Definition  |28.42~T|>,  which  does  not  imply  / is  quasi- 
compact. See  Lemma  28.42.12  for  the  implication  in  the  other  direction. 
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01VZ  Lemma  28.40.5.  Let  f : X S be  a morphism  of  schemes.  The  following  are 
equivalent: 

(1)  The  morphism  f is  locally  quasi-projective. 

(2)  There  exists  an  open  covering  S = (J  Vj  such  that  each  /_1(Vj)  Vj  is 
H-quasi-projective. 


Proof.  By  Lemma  28.40.4  we  see  that  (2)  implies  (1).  Assume  (1).  The  question 


is  local  on  S and  hence  we  may  assume  S is  affine,  X of  finite  type  over  S and  £ 
is  a relatively  ample  invertible  sheaf  on  X/S.  By  Lemma  28.39.4  we  may  assume 


£ is  ample  on  X . By  Lemma  [28.39.3|  we  see  that  there  exists  an  immersion  of  A' 
into  a projective  space  over  S,  i.e. , X is  H-quasi-projective  over  S as  desired.  □ 

0B3H  Lemma  28.40.6.  A quasi-affine  morphism  of  finite  type  is  quasi-projective. 

Proof.  This  follows  from  Lemma  [28.37.61  □ 


28.41.  Proper  morphisms 

01W0  The  notion  of  a proper  morphism  plays  an  important  role  in  algebraic  geometry.  An 
important  example  of  a proper  morphism  will  be  the  structure  morphism  P<j  — ► S 
of  projective  n-space,  and  this  is  in  fact  the  motivating  example  leading  to  the 
definition. 

01 W1  Definition  28.41.1.  Let  / : X — > S be  a morphism  of  schemes.  We  say  / is 
proper  if  / is  separated,  finite  type,  and  universally  closed. 

The  morphism  from  the  affine  line  with  zero  doubled  to  the  affine  line  is  of  finite 
type  and  universally  closed,  so  the  separation  condition  is  necessary  in  the  definition 
above.  In  the  rest  of  this  section  we  prove  some  of  the  basic  properties  of  proper 
morphisms  and  of  universally  closed  morphisms. 

02K7  Lemma  28.41.2.  Let  f : X — ► S be  a morphism  of  schemes.  The  following  are 
equivalent: 

(1)  The  morphism  f is  universally  closed. 

(2)  There  exists  an  open  covering  S = [JVj  such  that  /-1(bj)  — t Vj  is  uni- 
versally closed  for  all  indices  j . 

Proof.  This  is  clear  from  the  definition.  □ 

01W2  Lemma  28.41.3.  Let  f : X S be  a morphism  of  schemes.  The  following  are 
equivalent: 

(1)  The  morphism  f is  proper. 

(2)  There  exists  an  open  covering  S = (J  Vj  such  that  /_1(Vj)  — > Vj  is  proper 
for  all  indices  j. 

Proof.  Omitted.  □ 

01W3  Lemma  28.41.4.  The  composition  of  proper  morphisms  is  proper.  The  same  is 
true  for  universally  closed  morphisms. 

Proof.  A composition  of  closed  morphisms  is  closed.  If  X — > Y — ► Z are  univer- 
sally closed  morphisms  and  Z'  — > Z is  any  morphism,  then  we  see  that  Z'  x z X = 
(Z'  XzY)  Xy  X — ► Z'  Xz  Y is  closed  and  Z'  XzY  — ► Z'  is  closed.  Hence  the  result 
for  universally  closed  morphisms.  We  have  seen  that  “separated”  and  “finite  type” 
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01W4 


01W5 


01W6 


03GN 


are  preserved  under  compositions  (Schemes,  Lemma  25.21.13  and  Lemma  28.15.3). 
Hence  the  result  for  proper  morphisms.  □ 


Lemma  28.41.5.  The  base  change  of  a proper  morphism  is  proper.  The  same  is 
true  for  universally  closed  morphisms. 


Proof.  This  is  true  by  definition  for  universally  closed  morphisms.  It  is  true  for 
separated  morphisms  (Schemes,  Lemma  25.21.13).  It  is  true  for  morphisms  of  finite 
type  (Lemma  28.15.4|.  Hence  it  is  true  for  proper  morphisms.  □ 


Lemma  28.41.6.  A closed  immersion  is  proper,  hence  a fortiori  universally 
closed. 


Proof.  The  base  change  of  a closed  immersion  is  a closed  immersion  (Schemes, 
Lemma  25.18.2).  Hence  it  is  universally  closed.  A closed  immersion  is  separated 
(Schemes,  Lemma  25.23.7).  A closed  immersion  is  of  finite  type  (Lemma|28.15.5 ). 
Hence  a closed  immersion  is  proper.  □ 


Lemma  28.41.7.  Suppose  given  a commutative  diagram  of  schemes 


with  Y separated  over  S . 

(1)  If  X S is  universally  closed,  then  the  morphism  X — >■  F is  universally 
closed. 

(2)  If  X proper  over  S , then  the  morphism  X — > Y is  proper. 

In  particular,  in  both  cases  the  image  of  X inY  is  closed. 


Proof.  Assume  that  X — > S is  universally  closed  (resp.  proper).  We  factor  the 
morphism  as  X — ► X Xg  Y — » Y.  The  first  morphism  is  a closed  immersion,  see 
Schemes,  Lemma  25.21.11  Hence  the  first  morphism  is  proper  (Lemma  |28. 41.6  ). 
The  projection  X XsY  — > Y is  the  base  change  of  a universally  closed  (resp.  proper) 
morphism  and  hence  universally  closed  (resp.  proper),  see  Lemma  28.41.5  Thus 
X — ► Y is  universally  closed  (resp.  proper)  as  the  composition  of  universally  closed 
(resp.  proper)  morphisms  (Lemma  28.41.4).  □ 


The  following  lemma  says  that  the  image  of  a proper  scheme  (in  a separated  scheme 
of  finite  type  over  the  base)  is  proper. 

Lemma  28.41.8.  Let  S be  a scheme.  Let  f : X —>■  Y be  a morphism  of  schemes 
over  S.  If  X is  universally  closed  over  S and  f is  surjective  then  Y is  universally 
closed  over  S.  In  particular,  if  also  Y is  separated  and  of  finite  type  over  S,  then 
Y is  proper  over  S . 


Proof.  Assume  X is  universally  closed  and  / surjective.  Denote  p : X -4  S, 
q : Y -4  S the  structure  morphisms.  Let  S'  — > S be  a morphism  of  schemes.  The 
base  change  f : X 's>  — > Y$'  is  surjective  (Lemma  28.10.4),  and  the  base  change 
p'  : Xs'  -4  S1  is  closed.  If  T C Ys>  is  closed,  then  (/')-i(T)  C Xs>  is  closed,  hence 
p'((/')-1(T))  = q'[T)  is  closed.  So  q'  is  closed.  □ 
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0AH6  Lemma  28.41.9.  Suppose  given  a commutative  diagram  of  schemes 


Assume 

(1)  X — y S is  a proper  morphism,  and 

(2)  Y — ► S'  is  separated  and  locally  of  finite  type. 

Then  the  scheme  theoretic  image  Z C Y of  h is  proper  over  S and  X — >■  Z is 
surjective. 


Proof.  The  scheme  theoretic  image  of  h is  constructed  in  Section  |28.6|  Observe 
that  h is  quasi-compact  (Schemes,  Lemma  25.21.15)  hence  h(X)  C Z is  dense 
(Lemma  28.6.3).  On  the  other  hand  h(X)  is  closed  in  Y (Lemma |28.41.7 1 hence 
X — ► Z is  surjective.  Thus  Z — > S is  a proper  (Lemma  28.41.8).  □ 


The  proof  of  the  following  lemma  is  due  to  Bjorn  Poonen,  see  this  location. 

04XU  Lemma  28.41.10.  A universally  closed  morphism  of  schemes  is  quasi- compact. 

Proof.  Let  / : X — > S be  a morphism.  Assume  that  / is  not  quasi-compact.  Our 
goal  is  to  show  that  / is  not  universally  closed.  By  Schemes,  Lemma [25. 19. 2|  there 
exists  an  affine  open  V C S such  that  /_1(P)  is  not  quasi-compact.  To  achieve  our 
goal  it  suffices  to  show  that  /-1(P)  — > V is  not  universally  closed,  hence  we  may 
assume  that  S = Spec(A)  for  some  ring  A. 

Write  X = Ui6,  Xi  where  the  X,  are  affine  open  subschemes  of  X.  Let  T = 
Spec(A[yi;i  £ /]).  Let  T,  = D(yi ) C T.  Let  Z be  the  closed  set  (X  Xg  T)  — 
Uer  (Xi  xgT*).  It  suffices  to  prove  that  the  image  fr(Z)  of  Z under  fr  : X XsT  — ► 
T is  not  closed. 


There  exists  a point  s £ S such  that  there  is  no  neighborhood  U of  s in  S such  that 
Xjj  is  quasi-compact.  Otherwise  we  could  cover  S with  finitely  many  such  U and 
Schemes,  Lemma |25. 19. 2|  would  imply  / quasi-compact.  Fix  such  an  s £ S. 

First  we  check  that  friZs)  7^  Ta.  Let  t £ T be  the  point  lying  over  s with  n(t)  = 
k(s)  such  that  yi  = 1 in  n(i)  for  all  i.  Then  t £ T*  for  all  i,  and  the  fiber  of  Zs  — > Ts 
above  t is  isomorphic  to  (X  — (Jigi-X*)s,  which  is  empty.  Thus  t £ Ts  — fT(Zs). 

Assume  fr(Z)  is  closed  in  T.  Then  there  exists  an  element  g £ A[yp,i  £ J]  with 
fr(Z)  C V(g)  but  t qL  V(g).  Hence  the  image  of  g in  n(t)  is  nonzero.  In  particular 
some  coefficient  of  g has  nonzero  image  in  n(s).  Hence  this  coefficient  is  invertible 
on  some  neighborhood  U of  s.  Let  J be  the  finite  set  of  j £ / such  that  yj  appears 
in  g.  Since  Xjj  is  not  quasi-compact,  we  may  choose  a point  x £ X — (J.yGj  Xj  lying 
above  some  u £ U . Since  g has  a coefficient  that  is  invertible  on  U,  we  can  find  a 
point  t!  £ T lying  above  u such  that  t'  ^ V(g)  and  t'  £ V(yi)  for  all  i ^ J.  This 
is  true  because  V(yt\i  £ I,i  £ J)  = Spec(A[tj-,  j £ J])  and  the  set  of  points  of  this 
scheme  lying  over  u is  bijective  with  Spec (n(u)\tj\j  £ J]).  In  other  words  t'  £ Ti  for 
each  i ef  J . By  Schemes,  Lemma [25. 17. 5|  we  can  find  a point  2 of  X xg  T mapping 
to  x £ X and  to  t'  £ T.  Since  x £ Xj  for  j € J and  t'  £ Ti  for  i £ I \ J we  see 
that  2 £ Z.  On  the  other  hand  fr(z)  = t'  V(g)  which  contradicts  fr(Z)  C V(g). 
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Thus  the  assumption  “/t(Z)  closed”  is  wrong  and  we  conclude  indeed  that  /t  is 
not  closed,  as  desired.  □ 


The  target  of  a separated  scheme  under  a surjective  universally  closed  morphism  is 
separated. 

09MQ  Lemma  28.41.11.  Let  S be  a scheme.  Let  f : X — X Y be  a surjective  universally 
closed  morphism  of  schemes  over  S . 

(1)  If  X is  quasi-separated,  thenY  is  quasi-separated. 

(2)  If  X is  separated,  then  Y is  separated. 

(3)  If  X is  quasi- separated  over  S,  then  Y is  quasi-separated  over  S. 

(4)  If  X is  separated  over  S,  then  Y is  separated  over  S. 


Proof.  Parts  (1)  and  (2)  are  a consequence  of  (3)  and  (4)  for  S 
Schemes,  Definition |25.21.3 1.  Consider  the  commutative  diagram 


Spec(Z)  (see 


X 


&X/S 


+ X XSX 


Y 

Y 


&Y/S 


I 

YxsY 


The  left  vertical  arrow  is  surjective  (i.e.,  universally  surjective).  The  right  vertical 
arrow  is  universally  closed  as  a composition  of  the  universally  closed  morphisms 
X Xg  X — > X XgY  — X Y XgY.  Hence  it  is  also  quasi-compact,  see  Lemma 
128.41.101 


Assume  X is  quasi-separated  over  S,  i.e.,  A x/s  is  quasi-compact.  If  V CY  XgY  is 
a quasi-compact  open,  then  V XyxsY  X — > A~*S(P)  is  surjective  and  V XyXsy  X 
is  quasi-compact  by  our  remarks  above.  We  conclude  that  A y/s  is  quasi-compact, 
i.e.,  Y is  quasi-separated  over  S. 


Assume  X is  separated  over  S,  i.e.,  A x/s  is  a closed  immersion.  Then  X — )■  Y XgY 
is  closed  as  a composition  of  closed  morphisms.  Since  A'  — ► Y is  surjective,  it  follows 
that  Ay/g(Y)  is  closed  in  Y xg  Y.  Hence  Y is  separated  over  S by  the  discussion 
following  Schemes,  Definition  25.21.3  □ 


0894  Lemma  28.41.12.  Let  f : X — ► S and  h : U — X X be  morphisms  of  schemes. 
Assume  that  f and  h are  quasi-compact  and  that  h(U)  is  dense  in  X . If  given  any 
commutative  solid  diagram 


Spec(A') ^ U ^ X 

Spec(A) >-  S 

where  A is  a valuation  ring  with  field  of  fractions  K,  there  exists  a unique  dotted 
arrow  making  the  diagram  commute,  then  f is  universally  closed. 

Proof.  We  will  verify  the  existence  part  of  the  valuative  criterion  for  / which  will 
imply  / is  universally  closed  by  Schemes,  Proposition  |25.20.~6l  To  do  this,  consider 
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a commutative  diagram 


Spccj l\  0-  ' X 

Y Y 

Spec(A) 


where  A is  a valuation  ring  and  K is  the  fraction  field  of  A.  Note  that  since  valuation 
rings  and  fields  are  reduced,  we  may  replace  U,  X,  and  S by  their  respective 
reductions  by  Schemes,  Lemma  25.12.6  In  this  case  the  assumption  that  h{U)  is 
dense  means  that  the  scheme  theoretic  image  of  h : U — > X is  X,  see  Lemma[28.6.7| 
We  may  also  replace  S by  an  affine  open  through  which  the  morphism  Spec(A)  — > S 
factors.  Thus  we  may  assume  that  S = Spec (R). 


Let  Spec(B)  C X be  an  affine  open  through  which  the  morphism  Spec (K)  — > X 
factors.  Choose  a polynomial  algebra  P over  B and  a B-algebra  surjection  P — > K. 
Then  Spec (P)  — » X is  flat.  Hence  the  scheme  theoretic  image  of  the  morphism 
U x x Spec (P)  — ► Spec (P)  is  Spec (P)  by  Lemma  28.25.14 
can  find  a commutative  diagram 


By  Lemma  28.6.5 


we 


Spec(iC) U Xx  Spec (P) 

Y 

Spec(A') a-  Spec (P) 


where  A'  is  a valuation  ring  and  K'  is  the  fraction  field  of  A!  such  that  the  closed 
point  of  Spec(A')  maps  to  Spec (K)  C Spec(P).  In  other  words,  there  is  a S-algebra 
map  ip  : K —$■  T'/rri/y . Choose  a valuation  ring  A"  C W/nyy  dominating  ip(A) 
with  field  of  fractions  K"  = A' /m-A'  (Algebra,  Lemma  10.49.2).  We  set 

C = {A  € A'  | A mod  £ A”}. 


which  is  a valuation  ring  by  Algebra,  Lemma  [10. 49. 9|  As  C is  an  i?-algebra  with 
fraction  field  K' , we  obtain  a commutative  diagram 


Spec(iC) ^ V ^ X 

Spec(C')" ^ S 


as  in  the  statement  of  the  lemma.  Thus  a dotted  arrow  fitting  into  the  diagram  as 
indicated.  By  the  uniqueness  assumption  of  the  lemma  the  composition  Spec(A')  — ► 
Spec(C)  — > X agrees  with  the  given  morphism  Spec(A')  — > Spec (P)  — > Spec (B)  C 
X.  Hence  the  restriction  of  the  morphism  to  the  spectrum  of  C/mA'  = A"  induces 
the  given  morphism  Spec(A'")  = Spec(A'/mA')  — > Spec(A')  — )•  X.  Let  a;  £ AT  be 
the  image  of  the  closed  point  of  Spec(A")  — ► X.  The  image  of  the  induced  ring  map 
Ox,x  H ► A"  is  a local  subring  which  is  contained  in  K C K" . Since  A is  maximal 
for  the  relation  of  domination  in  K and  since  A C A",  we  have  A = K D A" . We 
conclude  that  Ox,x  ~ ; ► A"  factors  through  A C A" . In  this  way  we  obtain  our 
desired  arrow  Spec(A)  — >•  X.  □ 
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0895  Remark  28.41.13.  The  assumption  on  uniqueness  of  the  dotted  arrows  in  Lemma 
28.41.12|  is  necessary  (details  omitted).  The  uniqueness  is  guaranteed  if  / is  sep- 
arated (Schemes,  Lemma  25.22.1|).  Conversely,  if  h and  / satisfy  the  assumptions 
of  the  lemma  and  / is  quasi-separated,  then  / is  separated  as  well  as  universally 
closed  (details  omitted;  apply  the  lemma  to  the  diagonal  morphism  as  in  the  proof 
of  Schemes,  Lemma  25.22.2 1 . 


28.42.  Projective  morphisms 

01W7  We  will  use  the  definition  of  a projective  morphism  from  IDG67|.  The  version  of 
the  definition  with  the  “H”  is  the  one  from  |Har77).  The  resulting  definitions  are 
different.  Both  are  useful. 


01W8  Definition  28.42.1.  Let  / : X — ► S be  a morphism  of  schemes. 

(1)  We  say  / is  projective  if  X is  isomorphic  as  an  5-scheme  to  a closed 
subscheme  of  a projective  bundle  P(£)  for  some  quasi-coherent,  finite 
type  Os-module  £. 

(2)  We  say  / is  H-projective  if  there  exists  and  integer  n and  a closed  immer- 
sion X — > Pi)  over  S. 

(3)  We  say  / is  locally  projective  if  there  exists  an  open  covering  S = (J  Ui 
such  that  each  f~1{Ui)  —>  Ui  is  projective. 


As  expected,  a projective  morphism  is  quasi-projective,  see  Lemma  28.42.11  Con- 


versely, quasi-projective  morphisms  are  often  compositions  of  open  immersions  and 
projective  morphisms,  see  Lemma  |28.42. 13~1  For  an  overview  of  properties  of  pro- 
jective morphisms  over  a quasi-projective  base,  see  More  on  Morphisms,  Section 

MM 


07ZS  Example  28.42.2.  Let  S be  a scheme.  Let  A be  a quasi-coherent  graded  O 
algebra  generated  by  A\  over  _40.  Assume  furthermore  that  A\  is  of  finite  type  over 
Os-  Set  X = Projs(A).  In  this  case  A'  — ► S is  projective.  Namely,  the  morphism 
associated  to  the  graded  Os-algebra  map 

SymoA.  (Ai)  — * A 

is  a closed  immersion,  see  Constructions,  Lemma|26.18.5| 

01W9  Lemma  28.42.3.  An  H-projective  morphism  is  H-quasi-projective.  An  H-projective 
morphism  is  projective. 


Proof.  The  first  statement  is  immediate  from  the  definitions.  The  second  holds  as 
Pg  is  a projective  bundle  over  S,  see  Constructions,  Lemma  26.21.4  □ 


01WB  Lemma  28.42.4.  Let  / : X -4  S be  a morphism  of  schemes.  The  following  are 
equivalent: 

(1)  The  morphism  f is  locally  projective. 

(2)  There  exists  an  open  covering  S = (J  Ui  such  that  each  /-1([/i)  -4  Ui  is 
H-projective. 


Proof.  By  Lemma  28.42.3  we  see  that  (2)  implies  (1).  Assume  (1).  For  every 
point  s £ S we  can  find  Spec(i?)  = U C S an  affine  open  neighbourhood  of  s such 
that  X u is  isomorphic  to  a closed  subscheme  of  P(£)  for  some  finite  type,  quasi- 
coherent  sheaf  of  0 [/-modules  8.  Write  £ = M for  some  finite  type  R- module  M 
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01WC 


(see  Properties,  Lemma  27.16.1).  Choose  generators  Xo,...,xn  G M of  M as  an 
.R-module.  Consider  the  surjective  graded  JS-algebra  map 

R[Xq,  . ■ ■ ,Xn]  — > SymR(M). 

According  to  Constructions,  Lemma  |26.11.3|  the  corresponding  morphism 

P(£)  P£ 

is  a closed  immersion.  Hence  we  conclude  that  /_1(t/)  is  isomorphic  to  a closed 
subscheme  of  P£,  (as  a scheme  over  U).  In  other  words:  (2)  holds.  □ 

Lemma  28.42.5.  A locally  projective  morphism  is  proper. 

Proof.  Let  f : X S be  locally  projective.  In  order  to  show  that  / is  proper  we 
may  work  locally  on  the  base,  see  Lemma [28. 41. 3|  Hence,  by  Lemma[28.42.4  above 
we  may  assume  there  exists  a closed  immersion  X — > Pg.  By  Lemmas  28.41 
and  |28.41.6|  it  suffices  to  prove  that  Pc  — ► S is  proper.  Since  P?  — > S is  the 


base  change  of  P£  — t Spec(Z)  it  suffices  to  show  that  P£  — > Spec(Z)  is  proper, 
see  Lemma  28.41.5  By  Constructions,  Lemma  26.8.8  the  scheme  P£  is  separated. 


By  Constructions,  Lemma  26.8.9  the  scheme  P^  is  quasi-compact.  It  is  clear  that 


P£  —>  Spec(Z)  is  locally  of  finite  type  since  P£  is  covered  by  the  affine  opens 
D+(Xi)  each  of  which  is  the  spectrum  of  the  finite  type  Z-algebra 

Z[A'0/A'j, . . . , Xn/Xi\. 

Finally,  we  have  to  show  that  P£  Spec(Z)  is  universally  closed.  This  follows  from 


Constructions,  Lemma  26.8.11  and  the  valuative  criterion  (see  Schemes,  Proposition 
25.20.61).  □ 


0B5N 


Lemma  28.42.6.  Let  f : X — » S be  a proper  morphism  of  schemes.  If  there  exists 
an  f -ample  invertible  sheaf  on  X , then  f is  locally  projective. 

Proof.  If  there  exists  an  /-ample  inverible  sheavf,  then  we  can  locally  on  S find 
an  immersion  i : X — > Pg.  Since  A — > S is  proper  the  morphism  i is  a closed 

□ 


immersion,  see  Lemma[28.41.7| 

01WD  Lemma  28.42.7.  Let  S be  a scheme.  There  exists  a closed  immersion 

P™  V _ -p  m 

S XS  s 


t jnm+n+m 

*5 


called  the  Segre  embedding. 


Proof.  It  suffices  to  prove  this  when  S = Spec(Z).  Hence  we  will  drop  the  index 
S and  work  in  the  absolute  setting.  Write  P™  = Proj(Z[A0, . . . , A„]),  Pm  = 
Proj(Z[Yo,  • • • , Pm]),  and  pnm+n+ m = Proj(Z[Z0, . . . , Znm+n+m\).  In  order  to  map 
into  pnm+n+m  we  have  to  write  down  an  invertible  sheaf  C on  the  left  hand  side 
and  (n  + l)(m  + l)  sections  Si  which  generate  it.  See  Constructions,  Lemma  26.13.1 
The  invertible  sheaf  we  take  is 


C = prjOp™  (1)  <g>  pr^Opm  (1) 


The  sections  we  take  are 


so  — XqYq , si  — X\ iq , . . . , sn  — Anlo,  sn_ (-i  — AqI i , . . . , snrn- — A nFm. 

These  generate  C since  the  sections  A,;  generate  Op™  (1)  and  the  sections  Yj  generate 
Opm(l).  The  induced  morphism  ip  has  the  property  that 

p-\D+(Zi+{n+1)j))  = D+(Xi)  x D+(Yj). 
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Hence  it  is  an  affine  morphism.  The  corresponding  ring  map  in  case  (i,j)  = (0,0) 
is  the  map 

Z[Zi/Z0,  ■ ■ ■ , Znm+n+m/z0\  — ► Z[Xi/X0, ...,  Xn/X0,  Yi/Yo, ...,  Yn/Y0\ 

which  maps  Zi/Z o to  the  element  Xi/X q for  i <n  and  the  element  Z/n+iy/Zo  to 
the  element  Yj/Yq.  Hence  it  is  surjective.  A similar  argument  works  for  the  other 
affine  open  subsets.  Hence  the  morphism  ip  is  a closed  immersion.  □ 

01WE  Lemma  28.42.8.  A composition  of  H-projective  morphisms  is  H-projective. 

Proof.  Suppose  X — > Y and  Y — ► Z are  H-projective.  Then  there  exist  closed 
immersions  X — > Py  over  Y,  and  Y PI?  over  Z.  Consider  the  following  diagram 


X ^ P"  > PJW  P|  XZPVf  p nm+n+m 

Y 

y 

Y 

z 

Here  the  rightmost  top  horizontal  arrow  is  the  Segre  embedding,  see  Lemma[28H2]7] 
The  diagram  identifies  A as  a closed  subscheme  of  p™m+"+m  as  desired.  □ 

01WF  Lemma  28.42.9.  A base  change  of  a H-projective  morphism  is  H-projective. 

Proof.  This  is  true  because  the  base  change  of  projective  space  over  a scheme  is 
projective  space,  and  the  fact  that  the  base  change  of  a closed  immersion  is  a closed 
immersion,  see  Schemes,  Lennna[25.18.2|  □ 

02V6  Lemma  28.42.10.  A base  change  of  a (locally)  projective  morphism  is  (locally) 
projective. 


Proof.  This  is  true  because  the  base  change  of  a projective  bundle  over  a scheme 
is  a projective  bundle,  the  pullback  of  a finite  type  0-module  is  of  finite  type 


(Modules,  Lemma  17.9.2)  and  the  fact  that  the  base  change  of  a closed  immersion 
is  a closed  immersion,  see  Schemes,  Lemma  25.18.2|  Some  details  omitted.  □ 


07RL  Lemma  28.42.11.  A projective  morphism  is  quasi-projective. 

Proof.  Let  / : X — > S be  a projective  morphism.  Choose  a closed  immersion 
i : X — y P{£)  where  £ is  a quasi-coherent,  finite  type  0s-module.  Then  C = 


i*Op (£)(1)  is  /-very  ample.  Since  / is  proper  (Lemma  28.42.5)  it  is  quasi-compact. 
Hence  Lemma  |28.38.2|  implies  that  C is  /-ample.  Since  / is  proper  it  is  of  finite 
type.  Thus  we’ve  checked  all  the  defining  properties  of  quasi-projective  holds  and 
we  win.  □ 


01WA  Lemma  28.42.12.  Let  f : X — > S be  a H-quasi-projective  morphism.  Then  f 
factors  as  X — ► X'  — >■  S where  X — ► X'  is  an  open  immersion  and  X'  — » S is 
H-projective. 


Proof.  By  definition  we  can  factor  / as  a quasi-compact  immersion  i : X — > 
Pg  followed  by  the  projection  Pg  — ► S.  By  Lemma  28.7.7  there  exists  a closed 
subscheme  X'  C P§  such  that  i factors  through  an  open  immersion  X — > X' . The 
lemma  follows.  □ 
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07RM  Lemma  28.42.13.  Let  / : X —¥  S be  a quasi-projective  morphism  with  S quasi- 
compact and  quasi-separated.  Then  f factors  as  X — >•  X'  — >•  S where  X — > X'  is 
an  open  immersion  and  X'  — >•  S is  projective. 

Proof.  Let  £ be  /-ample.  Since  / is  of  finite  type  and  S is  quasi-compact  £ 


is  /-very  ample  for  some  n > 0,  see  Lemma  28.39.5  Replace  £ by  £®n . Write 


T = /*£.  This  is  a quasi-coherent  Og-module  by  Schemes,  Lemma  25.24.1  (quasi- 
projective  morphisms  are  quasi-compact  and  separated,  see  Lemma  28.40.3).  By 


Properties,  Lemma  |27.22.6|  we  can  find  a directed  partially  ordered  set  / and  a 
system  of  finite  type  quasi-coherent  Og-modules  over  I such  that  T = colim  £, . 
Consider  the  compositions  ipi  : f*£i  — >•  f*T  — ► £.  Choose  a finite  affine  open 
covering  S = Uj=i  m For  eac^  3 we  can  choose  sections 

Sj,ni  € rc f-\Vj),£)  = U£{V3)  = F{V3) 


Sj, 0?  ■ * • ; aJ,Tlj 

which  generate  £ over  / 


1 Vj  and  define  an  immersion 


r'vj 


see  Lemma  28.39.1  Choose  i such  that  there  exist  sections  e:ht  £ £i{Vj)  mapping 


to  Sj.t  in  T for  all  j = 1, . . . , m and  t = 1 , . . . , rij . Then  the  map  ipi  is  surjective  as 
the  sections  have  the  same  image  as  the  sections  .sJ:t  which  generate  £\f-iy. . 
Whence  we  obtain  a morphism 

Cc,y>i  : X — » P (Si) 

over  S such  that  over  Vj  we  have  a factorization 

r'Vj  pmw,  ->  K] 

of  the  immersion  given  above.  It  follows  that  r |y.  is  an  immersion,  see  Lemma 
28.3.1  Since  5 = IJ  Vj  we  conclude  that  rc, i/>i  is  an  immersion.  Note  that  rc,^ 
is  quasi-compact  as  X S is  quasi-compact  and  P (Sf)  — > S is  separated  (see 


Schemes,  Lemma  25.21.15). 


X'  C P(£*)  such  that  i factors  through  an  open  immersion  X 
is  projective  by  definition  and  we  win. 


By  Lemma  28.7.7  there  exists  a closed  subscheme 

X'.  Then  X'  -)•  S 
□ 


OBCL  Lemma  28.42.14.  Let  S be  a quasi-compact  and  quasi-separated  scheme, 
f : X — ► S be  a morphism  of  schemes.  Then 

(1)  / is  projective  if  and  only  if  f is  quasi-projective  and  proper,  and 

(2)  / is  H-projective  if  and  only  if  f is  H- quasi-projective  and  proper. 


Let 


Proof.  If  / is  projective,  then  / is  quasi-projective  by  Lemma  28.42.11  and  proper 
by  Lemma  |28.42.5|  Conversely,  if  X — > S is  quasi-projective  and  proper,  then 
we  can  choose  an  open  immersion  X — ► X'  with  X'  — > S projective  by  Lemma 
28.42.13  Since  X — > S is  proper,  we  see  that  X is  closed  in  X'  (Lemma|28.41.7), 
i.e. , X — ^ Xr  is  a (open  and)  closed  immersion.  Since  X'  is  isomorphic  to  a closed 


087S 


subscheme  of  a projective  bundle  over  S (Definition  28.42.1 ) we  see  that  the  same 
thing  is  true  for  X,  i.e.,  X — » S is  a projective  morphism.  This  proves  (1).  The 
proof  of  (2)  is  the  same,  except  it  uses  Lemmas  |28. 42. 3 and  28.42.12  □ 

Lemma  28.42.15.  Let  S be  a scheme  which  admits  an  ample  invertible  sheaf. 
Then 

(1)  any  projective  morphism  X S is  H-projective,  and 

(2)  any  quasi-projective  morphism  X — >•  S is  H-quasi-projective. 
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Proof.  The  assumptions  on  S imply  that  S is  quasi-compact  and  separated,  see 
Properties,  Definition  |27.26.1  and  Lemma  |27.26.1l]  and  Constructions,  Lemma 
26.8.8  Hence  Lemma  28.42.13  applies  and  we  see  that  (1)  implies  (2).  Let  £ 


be  a finite  type  quasi-coherent  Os-module.  By  our  definition  of  projective  mor- 
phisms  it  suffices  to  show  that  P(£)  A S'  is  H-projective.  If  £ is  generated  by 
finitely  many  global  sections,  then  the  corresponding  surjection  — ► £ induces 

a closed  immersion 

P(£)  — > P(C®")  = Pg 

as  desired.  In  general,  let  C be  an  invertible  sheaf  on  S.  By  Properties,  Proposition 

Os  is  globally  generated  by 
£®n)  ^ Constructions,  Lemma 

□ 


27.26.13  there  exists  an  integer  n such  that  £ 
Since  P(£)  = P(£  <8>o 


finitely  many  sections. 
|26.20.1|this  finishes  the  proof. 


28.43.  Integral  and  finite  morphisms 

Recall  that  a ring  map  R — >•  A is  said  to  be  integral  if  every  element  of  A satisfies 
a monic  equation  with  coefficients  in  R.  Recall  that  a ring  map  R — > A is  said  to 
be  finite  if  A is  finite  as  an  R- module.  See  Algebra,  Definition  |10. 35.1] 

Definition  28.43.1.  Let  / : X — > S be  a morphism  of  schemes. 

(1)  We  say  that  / is  integral  if  / is  affine  and  if  for  every  affine  open  Spec(-R)  = 

V C S with  inverse  image  Spec(A)  = /-1(P)  C X the  associated  ring 
map  R — > A is  integral. 

(2)  We  say  that  / is  finite  if  / is  affine  and  if  for  every  affine  open  Spec(-R)  = 

V C S with  inverse  image  Spec(A)  = /_1(Vr)  C X the  associated  ring 
map  R — ► A is  finite. 


It  is  clear  that  integral/finite  morphisms  are  separated  and  quasi-compact.  It  is 
also  clear  that  a finite  morphism  is  a morphism  of  finite  type.  Most  of  the  lemmas 
in  this  section  are  completely  standard.  But  note  the  fun  Lemma  |28.43.7|  at  the 
end  of  the  section. 


Lemma  28.43.2.  Let  f : X -A  S be  a morphism  of  schemes.  The  following  are 
equivalent: 

(1)  The  morphism  f is  integral. 

(2)  There  exists  an  affine  open  covering  S = (J  Ui  such  that  each  /_1(£7i)  is 
affine  and  Os{Ui)  — > Ox{f  ”1  (C/i))  is  integral. 

(3)  There  exists  an  open  covering  S = |J  Ui  such  that  each  /-1(t/i)  — ► Ui  is 
integral. 

Moreover,  if  f is  integral  then  for  every  open  subscheme  U C S the  morphism 
f : f~1(U)  -A  U is  integral. 


Proof.  See  Algebra,  Lemma  [10. 35.12 


Some  details  omitted. 


□ 


Lemma  28.43.3.  Let  f : X -A  S be  a morphism  of  schemes.  The  following  are 
equivalent: 

(1)  The  morphism  f is  finite. 

(2)  There  exists  an  affine  open  covering  S = (J  Ui  such  that  each  f~x{Ui)  is 
affine  and  OsifUf)  -A  C>,Y(/”1(t/i))  is  finite. 

(3)  There  exists  an  open  covering  S = {JUi  such  that  each  /-1([/i)  -A  Ui  is 
finite. 
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Moreover,  if  f is  finite  then  for  every  open  subscheme  U C S the  morphism  f : 
/_1(t/)  — )•  U is  finite. 

Proof.  See  Algebra,  Lemma [10. 35. 12[  Some  details  omitted.  □ 

01WJ  Lemma  28.43.4.  A finite  morphism  is  integral.  An  integral  morphism  which  is 
locally  of  finite  type  is  finite. 

Proof.  See  Algebra,  Lemma [10. 35. 3| and  Lemma[l0.35.5|  □ 

01WK  Lemma  28.43.5.  A composition  of  finite  morphisms  is  finite.  Same  is  true  for 
integral  morphisms. 


Proof.  See  Algebra,  Lemmas  |10. 7. 3|  and  |10.35.6|  □ 

01WL  Lemma  28.43.6.  A base  change  of  a finite  morphism  is  finite.  Same  is  true  for 
integral  morphisms. 


01WM 


Proof.  See  Algebra,  Lemma  10.35.11 


□ 


Lemma  28.43.7.  Let  f : X — ► S be  a morphism  of  schemes.  The  following  are 
equivalent 

(1)  f is  integral,  and 

(2)  f is  affine  and  universally  closed. 


Proof.  Assume  (1).  An  integral  morphism  is  affine  by  definition.  A base  change 
of  an  integral  morphism  is  integral  so  in  order  to  prove  (2)  it  suffices  to  show  that 
an  integral  morphism  is  closed.  This  follows  from  Algebra,  Lemmas  |10.35.20|  and 
110.40.01 


Assume  (2).  We  may  assume  / is  the  morphism  / : Spec(A)  — ► Spec (R)  coming 
from  a ring  map  R — > A.  Let  a be  an  element  of  A.  We  have  to  show  that  a is 
integral  over  R,  i.e.  that  in  the  kernel  I of  the  map  f?[x]  — > A sending  a;  to  a there 
is  a monic  polynomial.  Consider  the  ring  B — A[x\/(ax  — 1)  and  let  J be  the  kernel 
of  the  composition  f?[x]  — A[x\  — > B.  If  / £ J there  exists  q £ A[x\  such  that 
/ = (ax  — 1 )q  in  A[x\  so  if  / = JA  fjX1  and  q = f°r  all  i > 0 we  have 

fi  = aqi- 1 — qi . For  n > deg  q + 1 the  polynomial 


1 = (a~  x)J2  >nqiXn  1 1 

Z J i>0  z y7>0  Z '2>0 

is  clearly  in  /;  if  /o  = 1 this  polynomial  is  also  monic,  so  we  are  reduced  to 
prove  that  J contains  a polynomial  with  constant  term  1.  We  do  it  by  proving 
Spec(f?[x]/(J  + (*))  is  empty. 


Since  / is  universally  closed  the  base  change  Spec(A[a;])  — » Spec(f?[a;])  is  closed. 
Hence  the  image  of  the  closed  subset  Spec(H)  c Spec(A[a;])  is  the  closed  subset 
Spec(f?[i]/J)  C Spec(f?.[a;]),  see  Example  28.6.4  and  Lemma  28.6.3  In  particular 
Spec(H)  — ► Spec(i?[x]/J)  is  surjective.  Consider  the  following  diagram  where  every 
square  is  a pullback: 


Spec(H) Spec(i?[a;]/J) 

A 


Spec(i?[x]) 

A 

0 


Spec(i?[x]/(J  + (x))) 


Spec(I?) 
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The  bottom  left  corner  is  empty  because  it  is  the  spectrum  of  R ®_r[xj  B where  the 
map  i?.[x]  —>  B sends  x to  an  invertible  element  and  f?[x]  R sends  x to  0.  Since  g 
is  surjective  this  implies  Spec(i?[x]/ ( J + (x)))  is  empty,  as  we  wanted  to  show.  □ 

Lemma  28.43.8.  Let  f : X — > S be  an  integral  morphism.  Then  every  point  of 
X is  closed  in  its  fibre. 


Proof.  See  Algebra,  Lemma [10.35. 18| 

Lemma  28.43.9.  A finite  morphism  is  quasi-finite. 


□ 


Proof.  This  is  implied  by  Algebra,  Lemma [10. 121. 4| and  Lemma|28.20.9|  Alterna- 
tively, all  points  in  fibres  are  closed  points  by  Lemma  28.43.8|  (and  the  fact  that  a 
finite  morphism  is  integral)  and  use  Lemma  28.20.6  (3)  to  see  that  / is  quasi-finite 
at  x for  all  x £ X.  □ 


Lemma  28.43.10.  Let  f : X -A  S be  a morphism  of  schemes.  The  following  are 
equivalent 

(1)  f is  finite,  and 

(2)  f is  affine  and  proper. 


Proof.  This  follows  formally  from  Lemma [28. 43. 7[  the  fact  that  a finite  morphism 
is  integral  and  separated,  the  fact  that  a proper  morphism  is  the  same  thing  as  a 
finite  type,  separated,  universally  closed  morphism,  and  the  fact  that  an  integral 
morphism  of  finite  type  is  finite  (Lemma  28.43.4 1 . □ 


Lemma  28.43.11.  A closed  immersion  is  finite  (and  a fortiori  integral). 


Proof.  True  because  a closed  immersion  is  affine  (Lemma  28.12.9)  and  a surjective 
ring  map  is  finite  and  integral.  □ 


Lemma  28.43.12.  Let  f : X —>  Y and  g :Y  -A  Z be  morphisms. 

(1)  If  g o f is  finite  and  g separated  then  f is  finite. 

(2)  If  g o f is  integral  and  g separated  then  f is  integral. 


Proof.  Assume  g o f is  finite  (resp.  integral)  and  g separated.  The  base  change 


X Xz  Y — ► Y is  finite  (resp.  integral)  by  Lemma  28.43.6  The  morphism  X 


X XzY  is  a closed  immersion  as  Y — > Z is  separated,  see  Schemes,  Lemma  25.21.12 


A closed  immersion  is  finite  (resp.  integral),  see  Lemma  28.43.11  The  composition 


of  finite  (resp.  integral)  morphisms  is  finite  (resp.  integral),  see  Lemma  28.43.5 
Thus  we  win.  □ 


Lemma  28.43.13.  Let  f : X — » Y be  a morphism  of  schemes.  If  f is  finite  and 
a monomorphism,  then  f is  a closed  immersion. 


Proof.  This  reduces  to  Algebra,  Lemma[l0.106.6| 
Lemma  28.43.14.  A finite  morphism  is  projective. 


□ 


Proof.  Let  / : X — > S be  a finite  morphism.  Then  f*Ox  is  a quasi-coherent 


Os-module  (Lemma  28.12.5)  of  finite  type  (by  our  definition  of  finite  morphisms 
and  Properties,  Lemma  27.16.1).  We  claim  there  is  a closed  immersion  a : X — ► 


P {f*Ox)  over  S , which  finishes  the  proof.  Namely,  we  let  <r  be  the  morphism  which 


corresponds  (via  Constructions,  Lemma  26.16.11)  to  the  surjection 


O 


x 


f*f*Ox 
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coming  from  the  adjunction  map  /*/*  — > id.  Then  a is  a closed  immersion  by 
Schemes,  Lemma[25.21.11| and  Constructions,  Lemma [26. 21.3|  □ 

28.44.  Universal  homeomorphisms 

The  following  definition  is  really  superfluous  since  a universal  homeomorphism  is 
really  just  an  integral,  universally  injective  and  surjective  morphism,  see  Lemma 

l28.44-.Hl 

Definition  28.44.1.  A morphisms  / : X — > Y of  schemes  is  called  a universal 


homeomorphism  if  the  base  change  f 
every  morphism  Y'  — > Y . 


Y'  Xy  X — > Y'  is  a homeomorphism  for 


Lemma  28.44.2.  Let  f : X — x Y be  a morphism  of  schemes.  If  f is  a homeo- 
morphism onto  a closed  subset  of  Y then  f is  affine. 

Proof.  Let  y £Y  be  a point.  If  y ^ /(X),  then  there  exists  an  affine  neighbour- 
hood of  y which  is  disjoint  from  /(X).  If  y £ /(X),  let  x € X be  the  unique  point 
of  X mapping  to  y.  Let  y £ V be  an  affine  open  neighbourhood.  Let  U C X be  an 
affine  open  neighbourhood  of  x which  maps  into  V.  Since  f(U)  C V n/(X)  is  open 
in  the  induced  topology  by  our  assumption  on  / we  may  choose  a h £ T(V,Oy) 
such  that  y £ D[h)  and  D(h)nf(X)  C f(U).  Denote  h!  £ T(U,Ox ) the  restriction 
of  f^(h)  to  U.  Then  we  see  that  D(h')  C U is  equal  to  f~1{D[h)).  In  other  words, 
every  point  of  Y has  an  open  neighbourhood  whose  inverse  image  is  affine.  Thus  / 
is  affine,  see  Lemma  28.12.3|  □ 


Lemma  28.44.3.  Let  f : X — » Y be  a morphism  of  schemes.  The  following  are 
equivalent: 

(1)  f is  a universal  homeomorphism,  and 

(2)  / is  integral,  universally  injective  and  surjective. 

Proof.  Assume  / is  a universal  homeomorphism.  By  Lemma  [28.44.2|  we  see  that 
/ is  affine.  Since  / is  clearly  universally  closed  we  see  that  / is  integral  by  Lemma 
|28.43.7|  It  is  also  clear  that  / is  universally  injective  and  surjective. 

Assume  / is  integral,  universally  injective  and  surjective.  By  Lemma  28.43.7|  / is 
universally  closed.  Since  it  is  also  universally  bijective  (see  Lemma  28.10.4)  we  see 
that  it  is  a universal  homeomorphism.  □ 

Lemma  28.44.4.  Let  X be  a scheme.  The  canonical  closed  immersion  Xred  — > X 


( see  Schemes,  Definition  25.12.5)  is  a universal  homeomorphism. 

Proof.  Omitted. 


□ 


Lemma  28.44.5.  Let  f : X S and  S'  — ^ S be  morphisms  of  schemes.  Assume 

(1)  S'  — ► S is  a closed  immersion, 

(2)  S'  — ► S is  bijective  on  points, 

(3)  XxjS'a  S'  is  a closed  immersion,  and 

(4)  X —x  S is  of  finite  type  or  S'  —X  S is  of  finite  presentation. 

Then  f : X — > S is  a closed  immersion. 

Proof.  Assumptions  (1)  and  (2)  imply  that  S'  — > S is  a universal  homeomorphism 
(for  example  because  Sred  = S'red  and  using  Lemma  28.44.4).  Hence  (3)  implies 


that  X — x S is  homeomorphism  onto  a closed  subset  of  S.  Then  X —x  S'  is  affine 
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by  Lemma  [28.44.2  Let  U C S be  an  affine  open,  say  U = Spec(A).  Then  S'  = 
Spec(A/J)  by  (1)  for  a locally  nilpotent  ideal  I by  (2).  As  / is  affine  we  see  that 
/-1(/7)  = Spec(.B).  Assumption  (4)  tells  us  B is  a finite  type  A-algebra  (Lemma 
28.15.2)  or  that  I is  finitely  generated  (Lemma  28.21.7).  Assumption  (3)  is  that 
A/ 1 — > B/IB  is  surjective.  From  Algebra,  Lemma  10.125.8  if  A -A  B is  of  finite 
type  or  Algebra,  Lemma  |10.19.1|  if  I is  finitely  generated  and  hence  nilpotent  we 
deduce  that  A — > B is  surjective.  This  means  that  / is  a closed  immersion,  see 
Lemma  128.2.11  □ 


28.45.  Finite  locally  free  morphisms 

In  many  papers  the  authors  use  finite  flat  morphisms  when  they  really  mean  finite 
locally  free  morphisms.  The  reason  is  that  if  the  base  is  locally  Noetherian  then 
this  is  the  same  thing.  But  in  general  it  is  not,  see  Exercises,  Exercise  |89.4.3| 

Definition  28.45.1.  Let  / : X — > S be  a morphism  of  schemes.  We  say  / is  finite 
locally  free  if  / is  affine  and  f*Ox  is  a finite  locally  free  Os-module.  In  this  case 
we  say  / is  has  rank  or  degree  d if  the  sheaf  f*Ox  is  finite  locally  free  of  degree  d. 


Note  that  if  / : X — >■  S is  finite  locally  free  then  S is  the  disjoint  union  of  open  and 
closed  subschemes  Sd  such  that  f~1(Sd)  — > Sd  is  finite  locally  free  of  degree  d. 

Lemma  28.45.2.  Let  f : X — ► S be  a morphism  of  schemes.  The  following  are 
equivalent: 

(1)  f is  finite  locally  free, 

(2)  f is  finite,  flat,  and  locally  of  finite  presentation. 

If  S is  locally  Noetherian  these  are  also  equivalent  to 

(3)  f is  finite  and  flat. 


Proof.  Assume  / is  finite  and  locally  of  finite  presentation.  Let  Spec(f?)  C S 
be  affine  open  and  /-1(Spec(i?))  = Spec(A).  Then  R — >•  A is  finite  and  of  finite 
presentation.  By  Algebra,  Lemma  [10.35. 21|  we  see  that  A is  finitely  presented  as 
an  U-module.  Thus  the  equivalence  of  (1)  and  (2)  follows  from  Algebra,  Lemma 
|10.77.2  The  Noetherian  case  follows  as  a finite  module  over  a Noetherian  ring  is  a 
finitely  presented  module,  see  Algebra,  Lemma  [10. 30. 4[  □ 


Lemma  28.45.3.  A composition  of  finite  locally  free  morphisms  is  finite  locally 
free. 


Proof.  Omitted.  □ 

Lemma  28.45.4.  A base  change  of  a finite  locally  free  morphism  is  finite  locally 
free. 


Proof.  Omitted. 


□ 


Lemma  28.45.5.  Let  f : X — >•  S be  a finite  locally  free  morphism  of  schemes. 
There  exists  a disjoint  union  decomposition  S = ]jd>0  & d by  open  and  closed  sub- 
schemes such  that  setting  Xd  = f~1(Sd)  the  restrictions  f\xd  are  finite  locally  free 
morphisms  Xd  —>  Sd  of  degree  d. 


Proof.  This  is  true  because  a finite  locally  free  sheaf  locally  has  a well  defined 
rank.  Details  omitted.  □ 
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03HW  Lemma  28.45.6.  Let  / : Y — >■  X be  a finite  morphism  with  X affine.  There  exists 
a diagram 

Z'  — Y' > Y 

Y V 

X' ^x 

Y'  -A  Y and  X'  — > X are  surjective  finite  locally  free, 

Y'  =X'xx  Y, 

i :Y'  — >■  Z'  is  a closed  immersion, 

Z'  — > X'  is  finite  locally  free,  and 

Z'  = Uj=i  m^'j  ®s  a (set  theoretic)  finite  union  of  closed  subschemes, 
each  of  which  maps  isomorphically  to  X' . 

Proof.  Write  X = Spec(A)  and  Y = Spec (B).  See  also  More  on  Algebra,  Section 
|15.15|  Let  x\,...,xn  £ B be  generators  of  B over  A.  For  each  i we  can  choose  a 
monic  polynomial  PfiT)  £ A\T\  such  that  P(xi ) = 0 in  B.  By  Algebra,  Lemma 
10.134.9|  (applied  n times)  there  exists  a finite  locally  free  ring  extension  A C A! 
such  that  each  Pi  splits  completely: 

«(T)=n,., 

for  certain  o.^  £ A! . Set 

C = A'[7\, . . • ,Tn]/(Pi(Ti), Pn{Tn )) 

and  B'  = A!  B.  The  map  C — > B' , Ti  i— >■  1 (g)  x*  is  an  A'-algebra  surjection. 
Setting  X'  = Spec(A'),  Y'  = Spec(B')  and  Z'  = Spec(C')  we  see  that  (1)  - (4) 
hold.  Part  (5)  holds  because  set  theoretically  Spec(C)  is  the  union  of  the  closed 
subschemes  cut  out  by  the  ideals 

(Ti  ol i^1  , T2  0^2 k2  ) * * * ? Yn  Otnkn  ) 

for  any  1 < kj  < d.,.  □ 


where 

(1) 

(2) 

(3) 

(4) 

(5) 


The  following  lemma  is  stated  in  the  correct  generality  in  Lemma  |28.50.4|  below. 

03HX  Lemma  28.45.7.  Let  f : Y X be  a finite  morphism  of  schemes.  Let  T C Y 
be  a closed  nowhere  dense  subset  ofY.  Then  f(T)  C X is  a closed  nowhere  dense 
subset  of  X. 


Proof.  By  Lemma  28.43.10  we  know  that  f(T)  C X is  closed.  Let  X = 1J  X4  be 
an  affine  covering.  Since  T is  nowhere  dense  in  Y , we  see  that  also  T fl  /_1(X,;)  is 
nowhere  dense  in  /-1(Xj).  Hence  if  we  can  prove  the  theorem  in  the  affine  case, 
then  we  see  that  f(T)  fl  Xi  is  nowhere  dense.  This  then  implies  that  T is  nowhere 
dense  in  X by  Topology,  Lemma  [5. 20. 4[ 

Assume  X is  affine.  Choose  a diagram 


Y' 3-  Y 

a 

r f 
x'i%x 
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as  in  Lemma |28. 45. 6|  The  morphisms  a,  b are  open  since  they  are  finite  locally  free 
(Lemmas  28.45.2  and  28.25.9 1.  Hence  T'  = a~1(T ) is  nowhere  dense,  see  Topology, 
Lemma  |5.20.6|  The  morphism  b is  surjective  and  open.  Hence,  if  we  can  prove 
f'(T')  = b~1(f(T))  is  nowhere  dense,  then  f(T)  is  nowhere  dense,  see  Topology, 
Lemma [5.20.61  As  i is  a closed  immersion,  by  Topology,  Lemma  5.20. 5|we  see  that 
i{T')  C Z'  is  closed  and  nowhere  dense.  Thus  we  have  reduced  the  problem  to  the 
case  discussed  in  the  following  paragraph. 


Assume  that  Y = |Ji=1  nYi  is  a finite  union  of  closed  subsets,  each  mapping 
isomorphically  to  X.  Consider  T,  = Yj  D T.  If  each  of  the  T,  is  nowhere  dense  in 
Yi,  then  each  /(Tj)  is  nowhere  dense  in  A'  as  Y)  — t X is  an  isomorphism.  Hence 
f(T)  = f(Ti ) is  a finite  union  of  nowhere  dense  closed  subsets  of  X and  we  win,  see 
Topology,  Lemma [5. 20. 2|  Suppose  not,  say  Tj  contains  a nonempty  open  V C Ij. 
We  are  going  to  show  this  leads  to  a contradiction.  Consider  Y2  (~)  V C V.  This 
is  either  a proper  closed  subset,  or  equal  to  V.  In  the  first  case  we  replace  V by 
V \ V n Y2,  so  V CTi  is  open  in  Y\  and  does  not  meet  Y2.  In  the  second  case  we 
have  V C Y\  fl  Y2  is  open  in  both  Y\  and  Y2.  Repeat  sequentially  with  i = 3,...,n. 
The  result  is  a disjoint  union  decomposition 

{l,...,n}  = /1HJ2,  leli 

and  an  open  V of  Y\  contained  in  Tf  such  that  V C Yj  for  ieli  and  V D Yi  = 0 for 
i £ I2.  Set  U = f(V).  This  is  an  open  of  X since  f\yt  : Y±  — > X is  an  isomorphism. 
Then 

r1(U)  = v u M (Ynf-^U)) 

^lei  2 

As  |J Yi  is  closed,  this  implies  that  V C f~l{U)  is  open,  hence  V C Y is  open. 
This  contradicts  the  assumption  that  T is  nowhere  dense  in  Y . as  desired.  □ 


28.46.  Birational  morphisms 

01RN  You  may  be  used  to  the  notion  of  a birational  map  of  varieties  having  the  property 
that  it  is  an  isomorphism  over  an  open  subset  of  the  target.  However,  in  general 
a birational  morphism  may  not  be  an  isomorphism  over  any  nonempty  open,  see 
Example  |28.46.4|  Here  is  the  formal  definition. 

OIRO  Definition  28.46.1.  Let  X,  Y be  schemes.  Assume  X and  Y have  finitely  many  1GD60,  (2.2.9)] 
irreducible  components.  We  say  a morphism  / : X — ► Y is  birational  if 

(1)  / induces  a bijection  between  the  set  of  generic  points  of  irreducible  com- 
ponents of  X and  the  set  of  generic  points  of  the  irreducible  components 
of  Y,  and 

(2)  for  every  generic  point  ij  £ X of  an  irreducible  component  of  X the  local 
ring  map  Oyj(v)  Ox,v  is  an  isomorphism. 

We  will  see  below  that  the  fibres  of  a birational  morphism  over  generic  points  are 
singletons.  Moreover,  we  will  see  that  in  most  cases  one  encounters  in  practice  the 
existence  a birational  morphism  between  irreducible  schemes  X and  Y implies  X 
and  Y are  birational  schemes. 

01RP  Lemma  28.46.2.  Let  f : X — > Y be  a morphism  of  schemes  having  finitely  many 
irreducible  components.  If  f is  birational  then  f is  dominant. 


Proof.  Follows  immediately  from  the  definitions. 


□ 
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OBAB  Lemma  28.46.3.  Let  f : X -A  Y be  a birational  morphism  of  schemes  having 
finitely  many  irreducible  components.  If  y € Y is  the  generic  point  of  an  irre- 
ducible component , then  the  base  change  X Xy  Spec (Oy,y)  -A  Spec (Oy.y)  is  an 
isomorphism. 

Proof.  We  may  assume  Y = Spec (B)  is  affine  and  irreducible.  Then  X is  irre- 
ducible too.  If  we  prove  the  result  for  any  nonempty  affine  open  U C A',  then  the 
result  holds  for  X (small  argument  omitted).  Hence  we  may  assume  X is  affine  too, 
say  X = Spec(A).  Let  y GY  correspond  to  the  minimal  prime  q C B.  By  assump- 
tion A has  a unique  minimal  prime  p lying  over  q and  Bq  -A  Ap  is  an  isomorphism. 
It  follows  that  Aq  — > «;(p)  is  surjective,  hence  pAq  is  a maximal  ideal.  On  the  other 
hand  pAq  is  the  unique  minimal  prime  of  Aq.  We  conclude  that  pAq  is  the  unique 
prime  of  Aq  and  that  Aq  = Ap.  Since  Aq  = A®b  Bq  the  lemma  follows.  □ 

01RQ  Example  28.46.4.  Here  are  two  examples  of  birational  morphisms  which  are  not 
isomorphisms  over  any  open  of  the  target. 

First  example.  Let  k be  an  infinite  field.  Let  A = k[x].  Let  B = k[x , {ya}aefc]/((a;^ 
a)Vai  Vo/Vp)-  There  is  an  inclusion  A C B and  a retraction  B -A  A setting  all 
ya  equal  to  zero.  Both  the  morphism  Spec(A)  -A  Spec(H)  and  the  morphism 
Spec(-B)  -A  Spec(A)  are  birational  but  not  an  isomorphism  over  any  open. 

Second  example.  Let  A be  a domain.  Let  S C A be  a multiplicative  subset  not 
containing  0.  With  B = S~1A  the  morphism  / : Spec(S)  -A  Spec(A)  is  birational. 
If  there  exists  an  open  U of  Spec(A)  such  that  /-1(I/)  -A  U is  an  isomorphism, 
then  there  exists  an  a € A such  that  each  every  element  of  S becomes  invertible  in 
the  principal  localization  Aa.  Taking  A = Z and  S the  set  of  odd  integers  give  a 
counter  example. 

OBAC  Lemma  28.46.5.  Let  f : X -A  Y be  a birational  morphism  of  schemes  having 
finitely  may  irreducible  components  over  a base  scheme  S.  Assume  one  of  the 
following  conditions  is  satisfied 

(1)  f is  locally  of  finite  type  and  Y reduced , 

(2)  / is  locally  of  finite  presentation. 

Then  there  exist  dense  opens  U C X and  V C Y such  that  f(U ) C V and  f\u  ■ 
U — > V is  an  isomorphism.  In  particular  if  X and  Y are  irreducible,  then  X and 
Y are  S -birational. 

Proof.  There  is  an  immediate  reduction  to  the  case  where  X and  Y are  irreducible 
which  we  omit.  Moreover,  after  shrinking  further  and  we  may  assume  X and  Y 
are  affine,  say  X = Spec(A)  and  Y = Spec (B).  By  assumption  A , resp.  B has  a 
unique  minimal  prime  p,  resp.  q,  the  prime  p lies  over  q,  and  Bq  = Ap.  By  Lemma 


Suppose  B — > A is  of  finite  type,  say  A = B[x i, . . . , xn].  There  exist  a bi  £ B and 
Si  £ 5 \ q such  that  bi/gi  maps  to  the  image  of  Xi  in  Aq.  Hence  bi  — giXi  maps 
to  zero  in  Ag>  for  some  g[  £ B \ q.  Setting  g = Ylgig[  we  see  that  Bg  -A  Ag  is 
surjective.  If  moreover  Y is  reduced,  then  the  map  Bg  — > Bq  is  injective  and  hence 
Bg  -A  Ag  is  injective  as  well.  This  proves  case  (1). 

Proof  of  (2).  By  the  argument  given  in  the  previous  paragraph  we  may  assume  that 
B -A  A is  surjective.  As  / is  locally  of  finite  presentation  the  kernel  J C B is  a 


28.46.3  we  have  Bq  = Aq  = Ap. 
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finitely  generated  ideal.  Say  J = (bi, . . . ,br).  Since  Bq  = Aq  there  exist  gi  £ B \ q 
such  that  gtbi  = 0.  Setting  g = YliJi  we  see  that  Bg  -A  Ag  is  an  isomorphism.  □ 


OBAD 


Lemma  28.46.6.  Let  S be  a scheme.  Let  X and  Y be  irreducible  schemes  locally 
of  finite  presentation  over  S.  Let  x £ X and  y £ Y be  the  generic  points.  The 
following  are  equivalent 

(1)  X and  Y are  S -birational, 

(2)  there  exist  nonempty  opens  of  X and  Y which  are  S -isomorphic,  and 

(3)  x and  y map  to  the  same  point  s of  S and  Ox,x  and  Oy,y  are  isomorphic 
as  Os, s~ algebras. 


Proof.  We  have  seen  the  equivalence  of  (1)  and  (2)  in  Lemma  28.9.11  It  is  im- 
mediate that  (2)  implies  (3).  To  finish  we  assume  (3)  holds  and  we  prove  (1).  To 
do  this  we  may  replace  A',  Y,  and  S by  suitable  affine  opens.  Say  X = Spec(A), 
Y = Spec(B),  and  S = Spec (R).  Let  p C A and  q C B be  the  unique  minimal 
prime  ideals.  Let  tp  : Ap  — » Bg  be  the  isomorphism  we  are  given.  Since  R — > A 
is  a ring  map  of  finite  presentation  there  exists  a g £ B \ q and  an  P-algebra  map 


Bg  such  that 


Ba 


B 


commutes,  see  Algebra,  Lemmas  |10. 126.2  and  10.9.9  The  induced  morphism 
Spec(-Bg)  — > Spec(A)  is  birational  by  construction  and  hence  an  isomorphism  on 
nonempty  opens  by  Lemma  [28. 46. 5|  This  finishes  the  proof.  □ 


28.47.  Generically  finite  morphisms 

02NV  In  this  section  we  characterize  maps  between  schemes  which  are  locally  of  finite 
type  and  which  are  “generically  finite”  in  some  sense. 

02NW  Lemma  28.47.1.  Let  X,  Y be  schemes.  Let  f : X — » Y be  locally  of  finite  type. 

Let  r)  £ Y be  a generic  point  of  an  irreducible  component  ofY.  The  following  are 
equivalent: 

(1)  the  set  /_1({? 7})  is  finite, 

(2)  there  exist  affine  opens  Ui  C X,  i = 1, . . . , n and  V C Y with  f{Uf)  C V , 
77  £ V and  /_1({?y})  C [J  Ui  such  that  each  f\u.  : Ui  V is  finite. 

If  f is  quasi-separated,  then  these  are  also  equivalent  to 

(3)  there  exist  affine  opens  V C Y , and  U C X with  f(U ) C V,  rj  £ V and 
/_1({? 7})  C U such  that  f\u  : U — > V is  finite. 

If  f is  quasi-compact  and  quasi-separated,  then  these  are  also  equivalent  to 

(4)  there  exists  an  affine  open  V C Y,  rj  £ V such  that  f~1(V)  — >■  V is  finite. 

Proof.  The  question  is  local  on  the  base.  Hence  we  may  replace  Y by  an  affine 
neighbourhood  of  77,  and  we  may  and  do  assume  throughout  the  proof  below  that 
Y is  affine,  say  Y = Spec(l?). 

It  is  clear  that  (2)  implies  (1).  Assume  that  /-1({? 7})  = {£1,  •••,£«}  is  finite. 
Choose  affine  opens  Ui  C X with  & £ Ui.  By  Algebra,  Lemma[l0.121.9|we  see  that 
after  replacing  Y by  a standard  open  in  Y each  of  the  morphisms  U,  — > Y is  finite. 
In  other  words  (2)  holds. 
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It  is  clear  that  (3)  implies  (1).  Assume  y— 1 ({77})  = {£1, . . . ,£„}  and  assume  that  / 
is  quasi-separated.  Since  Y is  affine  this  implies  that  X is  quasi-separated.  Since 
each  maps  to  a generic  point  of  an  irreducible  component  of  Y . we  see  that  each 
is  a generic  point  of  an  irreducible  component  of  X.  By  Properties,  Lemma 


U —>Y  is  finite.  In  other  words  (3)  holds. 

It  is  clear  that  (4)  implies  all  of  (1)  - (3)  with  no  further  assumptions  on  /.  Suppose 
that  / is  quasi-compact  and  quasi-separated.  We  have  to  show  that  the  equivalent 
conditions  (1)  - (3)  imply  (4).  Let  U,  V be  as  in  (3).  Replace  Y by  V.  Since 
/ is  quasi-compact  and  Y is  quasi-compact  (being  affine)  we  see  that  X is  quasi- 
compact. Hence  Z = X \ U is  quasi-compact,  hence  the  morphism  f\z'Z-+Y 
is  quasi-compact.  By  construction  of  Z we  see  that  77  ^ f(Z).  Hence  by  Lemma 
28.8.4|we  see  that  there  exists  an  affine  open  neighbourhood  V'  of  77  in  Y such  that 
/ 1(V’/)  fl  Z = 0.  Then  we  have  f~1(V')  C U and  this  means  that  /-1( V')  —*■  V' 
is  finite.  □ 


27.29.1  we  can  find  an  affine  open  U C X containing  each  By  Algebra,  Lemma 


10.121.9|  we  see  that  after  replacing  Y by  a standard  open  in  Y the  morphisms 


03HY  Example  28.47.2.  Let  A = ruNF2.  Every  element  of  A is  an  idempotent. 
Hence  every  prime  ideal  is  maximal  with  residue  field  F2.  Thus  the  topology  on 
X = Spec(A)  is  totally  disconnected  and  quasi-compact.  The  projection  maps 
A — »•  F2  define  open  points  of  Spec( A) . It  cannot  be  the  case  that  all  the  points  of 
X are  open  since  X is  quasi-compact.  Let  x £ X be  a closed  point  which  is  not 
open.  Then  we  can  form  a scheme  Y which  is  two  copies  of  A'  glued  along  X \ {x}. 
In  other  words,  this  is  X with  x doubled,  compare  Schemes,  Example |25.14.3[  The 
morphism  f : Y —>  X is  quasi-compact,  finite  type  and  has  finite  fibres  but  is  not 
quasi-separated.  The  point  a;  £ A is  a generic  point  of  an  irreducible  component  of 


do  not  hold.  The  reason  is  that  for  any  open  neighbourhood  x £ U C X the  inverse 
image  f~1(U)  is  not  affine  because  functions  on  f~1(U)  cannot  separate  the  two 
points  lying  over  x (proof  omitted;  this  is  a nice  exercise) . Hence  the  condition  that 
/ is  quasi-separated  is  necessary  in  parts  (3)  and  (4)  of  the  lemma. 


X (since  X is  totally  disconnected).  But  properties  (3)  and  (4)  of  Lemma  28.47.1 


03HZ 


OBAH 


Remark  28.47.3.  An  alternative  to  Lemma 
finite  morphism  is  finite  over  a dense  open  of  t 


28.47.1  is  the  statement  that  a quasi- 
re  target.  This  will  be  shown  in  More 


on  Morphisms,  Section  36.31 


Lemma  28.47.4.  Let  X,  Y be  schemes.  Let  f : X — ► Y be  locally  of  finite  type. 
Let  Au,  resp.  Y°  denote  the  set  of  generic  points  of  irreducible  components  of  X, 
resp.  Y . Let  p £ Y°.  The  following  are  equivalent 

(1)  f~\ {77})  c x°, 

(2)  f is  quasi-finite  at  all  points  lying  over  77, 

(3)  f is  quasi-finite  at  all  t;  £ A'0  lying  over  77. 


Proof.  Condition  (1)  implies  there  are  no  specializations  among  the  points  of  the 
fibre  X v.  Hence  (2)  holds  by  Lemma  28.20.6  The  implication  (2)  =>  (3)  is  imme- 
diate. Since  77  is  a generic  point  of  Y . the  generic  points  of  Xv  are  generic  points  of 
X.  Hence  (3)  and  Lemma  28.20.6  imply  the  generic  points  of  Xv  are  also  closed. 
Thus  all  points  of  Xv  are  generic  and  we  see  that  (1)  holds.  □ 
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OBAI  Lemma  28.47.5.  Let  X,  Y be  schemes.  Let  f : X — >•  Y be  locally  of  finite  type. 
Let  A'u,  resp.  Y°  denote  the  set  of  generic  points  of  irreducible  components  of  X, 
resp.  Y . Assume 

(1)  A0  and  Y°  are  finite  and  f~1{Y°)  = X°, 

(2)  either  f is  quasi-compact  or  f is  separated. 

Then  there  exists  a dense  open  V C Y such  that  /-1(V)  — ► V is  finite. 


Proof.  Since  Y has  finitely  many  irreducible  components,  we  can  find  a dense  open 
which  is  a disjoint  union  of  its  irreducible  components.  Thus  we  may  assume  Y is 
irreducible  affine  with  generic  point  r\.  Then  the  fibre  over  r\  is  finite  as  A0  is  finite. 


Assume  / is  separated  and  Y irreducible  affine.  Choose  V C Y and  17  C A'  as  in 
Lemma  28.47.  l|  part  (3).  Since  f\u:U—t  V is  finite,  we  see  that  U C /-1(P)  is 


closed  as  well  as  open  (Lemmas 


28.41.7 


and  28.43.10).  Thus  /_1(F)  = U II  W for 


some  open  subscheme  W of  X.  However,  since  U contains  all  the  generic  points  of 
A we  conclude  that  W = 0 as  desired. 


Assume  / is  quasi-compact  and  Y irreducible  affine.  Then  X is  quasi-compact, 
hence  there  exists  a dense  open  subscheme  U C X which  is  separated  (Properties, 
Lemma  27.29.3).  Since  the  set  of  generic  points  A'0  is  finite,  we  see  that  A0  C U. 
Thus  77  ^ /(A \ U).  Since  X\U  — > Y is  quasi-compact,  we  conclude  that  there  is  a 
nonempty  open  V C Y such  that  /-1(P)  C U,  see  Lemma  28.8.3  After  replacing 
A by  f~1{V)  and  Y by  V we  reduce  to  the  separated  case  which  we  dealt  with  in 
the  preceding  paragraph.  □ 


OBAJ  Lemma  28.47.6.  Let  X , Y be  schemes.  Let  f : X -A  Y be  a birational  morphism 
between  schemes  which  have  finitely  many  irreducible  components.  Assume 

(1)  either  f is  quasi-compact  or  f is  separated,  and 

(2)  either  f is  locally  of  finite  type  and  Y is  reduced  or  f is  locally  of  finite 
presentation. 

Then  there  exists  a dense  open  V C Y such  that  /-1(P)  — >•  V is  an  isomorphism. 


Proof.  By  Lemma  |28.47.5|  we  may  assume  that  / is  finite.  Since  Y has  finitely 
many  irreducible  components,  we  can  find  a dense  open  which  is  a disjoint  union 
of  its  irreducible  components.  Thus  we  may  assume  Y is  irreducible.  By  Lemma 
28.46.5  we  find  a nonempty  open  U C A such  that  f\u  : U -A  F is  an  open 


immersion.  After  removing  the  closed  (as  / finite)  subset  f{X\U ) from  Y we  see 
that  / is  an  isomorphism.  □ 


02NX  Lemma  28.47.7.  Let  X,  Y be  integral  schemes.  Let  f : X — » Y be  locally  of 
finite  type.  Assume  f is  dominant.  The  following  are  equivalent: 

(1)  the  extension  R(Y)  C R(X)  has  transcendence  degree  0, 

(2)  the  extension  R(Y)  C R(X)  is  finite, 

(3)  there  exist  nonempty  affine  opens  U C X and  V C Y such  that  f(U)  C V 
and  flu-U—tVis  finite,  and 

(4)  the  generic  point  of  X is  the  only  point  of  X mapping  to  the  generic  point 
of  Y. 

If  f is  separated  or  if  f is  quasi-compact,  then  these  are  also  equivalent  to 

(5)  there  exists  a nonempty  affine  open  V C Y such  that  /_1(P)  — > V is 
finite. 
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02NY 


Proof.  Choose  any  affine  opens  Spec(A)  = U C X and  Spec (R)  = V C Y such 
that  f(U)  C V.  Then  R and  A are  domains  by  definition.  The  ring  map  R — > A 
is  of  finite  type  (Lemma  28.15.2).  By  Lemma  28.8.5  the  generic  point  of  X maps 
to  the  generic  point  of  Y hence  R — )■  A is  injective.  Let  K = f.f.(R)  = R(Y)  and 
L = f.f.(A)  = R(X).  Then  K C L is  a finitely  generated  field  extension.  Hence 
we  see  that  (1)  is  equivalent  to  (2). 


Suppose  (2)  holds.  Let  X\,. . . ,xn  € A be  generators  of  A over  R.  By  assumption 
there  exist  nonzero  polynomials  PfiX)  £ _R[X]  such  that  Pfixi)  = 0.  Let  fi  £ R 
be  the  leading  coefficient  of  Pi.  Then  we  conclude  that  Rf1...fn  Af1„  fn  is  finite, 
i.e. , (3)  holds.  Note  that  (3)  implies  (2).  So  now  we  see  that  (1),  (2)  and  (3)  are 
all  equivalent. 


Let  if  be  the  generic  point  of  X , and  let  rf  £ Y be  the  generic  point  of  Y . Assume 
(4).  Then  dim,,  (Ay)  = 0 and  we  see  that  R(X)  = k(t])  has  transcendence  degree 
0 over  R(Y)  = n{rf')  by  Lemma  28.28. 1|  In  other  words  (1)  holds.  Assume  the 
equivalent  conditions  (1),  (2)  and  (3).  Suppose  that  x £ X is  a point  mapping  to 
rf.  As  a;  is  a specialization  of  rj,  this  gives  inclusions  R(Y ) C Ox,x  C R(X),  which 
implies  Ox,x  is  a field,  see  Algebra,  Lemma  10.35.17  Hence  x = rf.  Thus  we  see 
that  (1)  - (4)  are  all  equivalent. 

It  is  clear  that  (5)  implies  (3)  with  no  additional  assumptions  on  /.  What  remains 
is  to  prove  that  if  / is  either  separated  or  quasi-compact,  then  the  equivalent 
conditions  (1)  - (4)  imply  (5).  This  follows  from  Lemma  28.47.5  □ 


Definition  28.47.8.  Let  X and  Y be  integral  schemes.  Let  / : X — ► Y be  locally 
of  finite  type  and  dominant.  Assume  [i?(AT)  : i?(Y)]  < oo,  or  any  other  of  the 
equivalent  conditions  (1)  - (4)  of  Lemma  28.47.7  Then  the  positive  integer 

deg (X/Y)  = [R(X)  : R{Y)} 
is  called  the  degree  of  X over  Y. 


It  is  possible  to  extend  this  notion  to  a morphism  / : X — ► Y if  (a)  Y is  integral 
with  generic  point  r f,  (b)  / is  locally  of  finite  type,  and  (c)  /-1({? ?})  is  finite.  In 
this  case  we  can  define 


deg  (X/Y)  = V 


dimfl(v)(C)Y,{)- 


'(ex,  /(£)=»? 

Namely,  given  that  R(Y)  = n{jf)  = Oy,v  (Lemma  28.9.4)  the  dimensions  above  are 
finite  by  Lemma|28. 47. 1| above.  However,  for  most  applications  the  definition  given 
above  is  the  right  one. 


02NZ  Lemma  28.47.9.  Let  X,  Y , Z be  integral  schemes.  Let  f : X — » Y and  g :Y  — > Z 
be  dominant  morphisms  locally  of  finite  type.  Assume  that  [i?(A)  : 77(H)]  < oo  and 
[R(Y)  : R{Z)\  < oo.  Then 

deg  {X/Z)  = deg  {X/Y)  deg  {Y/Z). 


Proof.  This  comes  from  the  multiplicativity  of  degrees  in  towers  of  finite  extensions 
of  fields,  see  Fields,  Lemma|9.7.6[  □ 

073A  Remark  28.47.10.  Let  / : X — > Y be  a morphism  of  schemes  which  is  locally 
of  finite  type.  There  are  (at  least)  two  properties  that  we  could  use  to  define 
generically  finite  morphisms.  These  correspond  to  whether  you  want  the  property 
to  be  local  on  the  source  or  local  on  the  target: 
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OAAZ 


OABO 


OBAK 

035F 


(1) 

(2) 


(Local  on  the  target;  suggested  by  Ravi  Vakil.)  Assume  every  quasi- 
compact open  of  Y has  finitely  many  irreducible  components  (for  example 
if  Y is  locally  Noetlierian).  The  requirement  is  that  the  inverse  image  of 


each  generic  point  is  finite,  see  Lemma  28.47.1 


(Local  on  the  source.)  The  requirement  is  that  there  exists  a dense  open 
U C X such  that  U — > Y is  locally  quasi-finite. 


In  case  (1)  the  requirement  can  be  formulated  without  the  auxiliary  condition  on 
Y,  but  probably  doesn’t  give  the  right  notion  for  general  schemes.  Property  (2)  as 
formulated  doesn’t  imply  that  the  fibres  over  generic  points  are  finite;  however,  if 
/ is  quasi-compact  and  Y is  as  in  (1)  then  it  does. 


Definition  28.47.11.  Let  A'  be  an  integral  scheme.  A modification  of  X is  a 
birational  proper  morphism  / : X'  — > X with  X'  integral. 


Let  / : X'  -A  X be  a modification  as  in  the  definition.  By  Lemma  28.47.7  there 
exists  a nonempty  U C X such  that  /_1(f7)  — >•  t/  is  finite.  By  generic  flatness 
(Proposition  28.27.1 ) we  may  assume  f~l(U ) — » 17  is  flat  and  of  finite  presentation. 
So  /_1(1 7)  -At/  is  finite  locally  free  (Lemma  28.45.2 1.  Since  / is  birational,  the 
degree  of  X'  over  A is  1.  Hence  /-1(t/)  -A  U is  finite  locally  free  of  degree  1, 
in  other  words  it  is  an  isomorphism.  Thus  we  can  redefine  a modification  to  be  a 
proper  morphism  / : X'  — > X of  integral  schemes  such  that  /-1(t/)  -At/  is  an 
isomorphism  for  some  nonempty  open  U C X. 


Definition  28.47.12.  Let  X be  an  integral  scheme.  An  alteration  of  X is  a proper 
dominant  morphism  / : Y — > X with  Y integral  such  that  /-1(t/)  -A  U is  finite  for 
some  nonempty  open  Z7  C X. 


ldJ96l  Definition 
2.20] 


This  is  the  definition  as  given  in  jdJ96j,  except  that  here  we  do  not  require  A' 
and  Y to  be  Noetlierian.  Arguing  as  above  we  see  that  an  alteration  is  a proper 
dominant  morphism  f :Y  — > X of  integral  schemes  which  induces  a finite  extension 
of  function  fields,  i.e. , such  that  the  equivalent  conditions  of  Lemma  [28. 47. 7|  hold. 


28.48.  Relative  normalization 

In  this  section  we  construct  the  normalization  of  one  scheme  in  another. 

Lemma  28.48.1.  Let  X be  a scheme.  Let  A be  a quasi- coherent  sheaf  of  Ox- 
algebras.  The  subsheaf  A1  G A defined  by  the  rule 

U i — ► {/  £ A(U)  | fx  £ Ax  integral  over  0XyX  for  all  x £ U} 

is  a quasi- coherent  Ox -algebra,  the  stalk  A!x  is  the  integral  closure  of  Ox, x hn  -Ax, 
and  for  any  affine  open  U C X the  ring  A' (U)  C A(U)  is  the  integral  closure  of 
Ox(U)  in  A(U). 


Proof.  This  is  a subsheaf  by  the  local  nature  of  the  conditions.  It  is  an  Ox-algebra 
by  Algebra,  Lemma  10.35.7  Let  U C X be  an  affine  open.  Say  U = Spec (R)  and 
say  A is  the  quasi-coherent  sheaf  associated  to  the  //-algebra  A.  Then  according 
to  Algebra,  Lemma  10.35.10  the  value  of  A'  over  U is  given  by  the  integral  closure 
A'  of  R in  A.  This  proves  the  last  assertion  of  the  lemma.  To  prove  that  A!  is 
quasi-coherent,  it  suffices  to  show  that  A'(D(f))  = A'f.  This  follows  from  the  fact 
that  integral  closure  and  localization  commute,  see  Algebra,  Lemma  [10. 35. 9|  The 
same  fact  shows  that  the  stalks  are  as  advertised.  □ 
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035G  Definition  28.48.2.  Let  X be  a scheme.  Let  A be  a quasi-coherent  sheaf  of 
Ox-algebras.  The  integral  closure  of  0\  in  A is  the  quasi-coherent  Ox-subalgebra 
A'  C A constructed  in  Lemma  [28.48. ll  above. 

In  the  setting  of  the  definition  above  we  can  consider  the  morphism  of  relative 
spectra 

Y = Spec  Y (.4) >-  X’  = Spec V(A') 


X 

see  Lemma  128. 12.51  The  scheme  X'  -A  X will  be  the  normalization  of  X in  the 
scheme  Y . Here  is  a slightly  more  general  setting.  Suppose  we  have  a quasi-compact 
and  quasi-separated  morphism  / : Y — > X of  schemes.  In  this  case  the  sheaf  of  Ox- 
algebras  /*Oy  is  quasi-coherent,  see  Schemes,  Lemma [25. 24. 1[  Taking  the  integral 
closure  O'  C f*Oy  we  obtain  a quasi-coherent  sheaf  of  Ox-algebras  whose  relative 
spectrum  is  the  normalization  of  X in  Y.  Here  is  the  formal  definition. 

035H  Definition  28.48.3.  Let  / : Y — > X be  a quasi-compact  and  quasi-separated  mor- 
phism of  schemes.  Let  O'  be  the  integral  closure  of  Ox  in  f*Oy-  The  normalization 
of  X in  Y is  the  schemj^l 

v : X'  = Spec  y (O')  -A  X 

over  X.  It  comes  equipped  with  a natural  factorization 


of  the  initial  morphism  /. 


The  factorization  is  the  composition  of  the  canonical  morphism  Y — ► Spec(/*0>-) 
(see  Constructions,  Lemma  26.4.71  and  the  morphism  of  relative  spectra  coming 
from  the  inclusion  map  O'  — » /*Oy.  We  can  characterize  the  normalization  as 
follows. 


0351  Lemma  28.48.4.  Let  f : Y — > X be  a quasi-compact  and  quasi-separated  mor- 
phism of  schemes.  The  factorization  f = v o f , where  v : X'  — >■  X is  the  normal- 
ization of  X in  Y is  characterized  by  the  following  two  properties: 

(1)  the  morphism  v is  integral,  and 

(2)  for  any  factorization  f = n o g,  with  n : Z — ► X integral,  there  exists  a 
commutative  diagram 


X ’ x 

for  some  unique  morphism  h : X’  Z . 

Moreover,  in  (2)  the  morphism  h : X'  -A  Z is  the  normalization  of  Z in  Y. 


12The  scheme  X1  need  not  be  normal,  for  example  if  Y = X and  / = idx,  then  X'  = X. 
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Proof.  Let  O'  C f*Oy  be  the  integral  closure  of  Ox  as  in  Definition  28.48.3 
The  morphism  v is  integral  by  construction,  which  proves  (1).  Assume  given  a 
factorization  / = n o g with  7r  : Z — » X integral  as  in  (2).  By  Definition  28.43.1 


7 r is  affine,  and  hence  Z is  the  relative  spectrum  of  a quasi-coherent  sheaf  of  Ox- 
algebras  B.  The  morphism  g : X -A  Z corresponds  to  a map  of  Ox-algebras 
X : B — > /*Oy.  Since  B(U)  is  integral  over  Ox(U)  for  every  affine  open  U C X (by 
Definition  28.43.1 ) we  see  from  Lemma  28.48.1  that  x(£?)  C O'.  By  the  functoriality 


of  the  relative  spectrum  Lemma  |28. 12.5  this  provides  us  with  a unique  morphism 
h : X'  — > Z.  We  omit  the  verification  that  the  diagram  commutes. 

It  is  clear  that  (1)  and  (2)  characterize  the  factorization  / = v o f since  it  char- 
acterizes it  as  an  initial  object  in  a category.  The  morphism  h in  (2)  is  integral  by 
Lemma  28.43.12  Given  a factorization  g = tt'  o g'  with  tt'  : Z'  — > Z integral,  we  get 
a factorization  / = (n  o tt')  o g'  and  we  get  a morphism  h'  : X'  -A  Z' . Uniqueness 
implies  that  tt' oh!  = h.  Hence  the  characterization  (1),  (2)  applies  to  the  morphism 
h : X'  — > Z which  gives  the  last  statement  of  the  lemma.  □ 


035J  Lemma  28.48.5.  Let 


Y 
h 
X2 


fl 

■Xx 


be  a commutative  diagram  of  morphisms  of  schemes.  Assume  fi , f2  quasi-compact 
and  quasi-separated.  Let  /,;  = ^ o /',  i = 1,2  be  the  canonical  factorizations,  where 
Vi  : X[  -A  Xi  is  the  normalization  of  Xi  in  Y ).  Then  there  exists  a canonical 
commutative  diagram 

Y2 Vj 


/2 


fl 


X'2 


Xo 


-XI 


■Xt 


Proof.  By  Lemmas  28.48.4  (1)  and  28.43.6  the  base  change  X2  Xx±  X[  -A  X2  is 
integral.  Note  that  f2  factors  through  this  morphism.  Hence  we  get  a canonical 
morphism  X'2  — > X2  x x,  X[  from  Lemma  28.48.4  (2).  This  gives  the  middle 
horizontal  arrow  in  the  last  diagram.  □ 


035K  Lemma  28.48.6.  Let  f : Y X be  a quasi-compact  and  quasi-separated  mor- 
phism of  schemes.  Let  U C X be  an  open  subscheme  and  set  V = f~l(U).  Then 
the  normalization  of  U in  V is  the  inverse  image  of  U in  the  normalization  of  X 
in  Y . 


Proof.  Clear  from  the  construction.  □ 

OAXN  Lemma  28.48.7.  Let  f : Y -A  X be  a quasi-compact  and  quasi-separated  mor- 
phism of  schemes.  Let  X'  -A  A'  be  the  normalization  of  X inY.  If  Y is  reduced, 
so  is  A'. 
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OAXP 


03GO 


03GQ 


03GP 


Proof.  This  follows  from  the  fact  that  a subring  of  a reduced  ring  is  reduced.  Some 
details  omitted.  □ 


Lemma  28.48.8.  Let  f : Y -A  X be  a quasi-compact  and  quasi-separated  mor- 
phism of  schemes.  Let  X'  -A  X be  the  normalization  of  X inY . Every  generic  point 
of  an  irreducible  component  of  X'  is  the  image  of  a generic  point  of  an  irreducible 
component  ofY. 


Proof.  By  Lemma  28.48.6  we  may  assume  X = Spec(A)  is  affine.  Choose  a finite 
affine  open  covering  Y = [JSpec(f?i).  Then  X'  = Spec(A')  and  the  morphisms 
Spec  [Bf]  aFa!'  jointly  define  an  injective  A-algebra  map  A'  — > Y[Bi-  Thus 
the  lemma  follows  from  Algebra,  Lemma  10.29.5[  □ 


Lemma  28.48.9.  Let  f : Y -A  X be  a quasi-compact  and  quasi-separated  mor- 
phism of  schemes.  Suppose  that  Y = II  Y2  is  a disjoint  union  of  two  schemes. 
Write  fi  = f\Yi-  Let  X[  be  the  normalization  of  X in  Yi.  Then  X[  II  X'2  is  the 
normalization  of X inY . 


Proof.  In  terms  of  integral  closures  this  corresponds  to  the  following  fact:  Let 
A — > B be  a ring  map.  Suppose  that  B = B\  x B2.  Let  A\  be  the  integral  closure 
of  A in  Bi.  Then  A\  x A'2  is  the  integral  closure  of  A in  B.  The  reason  this  works  is 
that  the  elements  (1,  0)  and  (0, 1)  of  B are  idempotents  and  hence  integral  over  A. 
Thus  the  integral  closure  A'  of  A in  B is  a product  and  it  is  not  hard  to  see  that  the 
factors  are  the  integral  closures  A\  as  described  above  (some  details  omitted).  □ 

Lemma  28.48.10.  Let  f : A'  -A  S be  a quasi- compact,  quasi-separated  and  uni- 
versally closed  morphisms  of  schemes.  Then  f*Ox  is  integral  over  Os-  In  other 
words,  the  normalization  of  S in  X is  equal  to  the  factorization 

X — > Spec a(.f*Ox)  — » S 

of  Constructions,  Lemma\26.f.  7[ 

Proof.  The  question  is  local  on  S,  hence  we  may  assume  S = Spec (R)  is  affine. 
Let  h £ T{X,Ox).  We  have  to  show  that  h satisfies  a monic  equation  over  R. 
Think  of  h as  a morphism  as  in  the  following  commutative  diagram 


Let  Z C Ag  be  the  scheme  theoretic  image  of  h,  see  Definition  28.6.2 
phism  h is  quasi-compact  as  / is  quasi-compact  and 


Schemes,  Lemma  25.21.15 


A1 


The  mor- 


S is  separated,  see 
By  Lemma  28.6.3  the  morphism  X — > Z is  dominant. 
By  Lemma  28.41.7  the  morphism  X — > Z is  closed.  Hence  h(X)  = Z (set  theo- 
retically). Thus  we  can  use  Lemma  28.41.8  to  conclude  that  Z — > S is  universally 
closed  (and  even  proper).  Since  Z C Ag,  we  see  that  Z -A  S is  affine  and  proper, 

Writing  Ag  = Spec(l?[T])  we  conclude  that  the 
e R[T}.  Hence  P{h)  = 0 
□ 


28.43.7 


hence  integral  by  Lemma 
ideal  I C R[T]  of  Z contains  a monic  polynomial  P(T) 
and  we  win. 


Lemma  28.48.11.  Let  f : Y — > X be  an  integral  morphism.  Then  the  normal- 
ization of  X in  Y is  equal  to  Y. 
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Proof.  By  Lemma [28 . 43 . 7|  this  is  a special  case  of  Lemma [28.48. 10[  □ 

035L  Lemma  28.48.12.  Let  f : Y — > X be  a quasi-compact  and  quasi-separated  mor- 
phism of  schemes.  Assume 

(1)  Y is  a normal  scheme, 

(2)  quasi-compact  opens  ofY  have  finitely  many  irreducible  components. 
Then  the  normalization  X'  of  X inY  is  a normal  scheme.  Moreover,  the  morphism 
Y -A  X1  is  dominant  and  induces  a bijection  of  irreducible  components. 


OAVK 


Proof.  We  first  prove  that  X'  is  normal.  Let  U C X be  an  affine  open.  It  suffices 
to  prove  that  the  inverse  image  of  U in  X'  is  normal  (see  Properties,  Lemma 
27.7.2).  By  Lemma  28.48.6  we  may  replace  X by  U,  and  hence  we  may  assume 


X = Spec(A)  affine.  In  this  case  Y is  quasi-compact,  and  hence  has  a finite  number 
of  irreducible  components  by  assumption.  Hence  Y = ]J -=1  Yj  is  a finite  disjoint 
union  of  normal  integral  schemes  by  Properties,  Lemma [27. 7. 5 By  Lemma[28.48.9| 
we  see  that  X’  = ]ji=1  n X' , where  X'  is  the  normalization  of  X in  Yt.  By 
Properties,  Lemma  27.7.9  we  see  that  Bi  = r(lj;,  Oyf)  is  a normal  domain.  Note 
that  X[  = Spec(A'),  where  A[  C Bi  is  the  integral  closure  of  A in  Bi,  see  Lemma 
By  Algebra,  Lemma  10.36.2  we  see  that  A[  C Bi  is  a normal  domain. 


28.48.1 


Hence  X'  = ]J[  X[  is  a finite  union  of  normal  schemes  and  hence  is  normal. 


It  is  clear  from  the  description  of  X'  above  that  Y -A  X'  is  dominant  and  induces 
a bijection  on  irreducible  components  if  X is  affine.  The  result  in  general  follows 
from  this  by  a topological  argument  (omitted).  □ 

Lemma  28.48.13.  Let  f : X -A  S be  a morphism.  Assume  that 

(1)  S is  a Nagata  scheme, 

(2)  f is  quasi-compact  and  quasi-separated, 

(3)  quasi-compact  opens  of  X have  finitely  many  irreducible  components, 

(4)  if  x £ X is  a generic  point  of  an  irreducible  component,  then  the  field 
extension  n(f(x))  C k{x)  is  finitely  generated,  and 

(5)  X is  reduced. 

Then  the  normalization  v : S'  -A  S of  S in  X is  finite. 


Proof.  There  is  an  immediate  reduction  to  the  case  S = Spec (R)  where  R is  a 
Nagata  ring  by  assumption  (1).  We  have  to  show  that  the  integral  closure  A of  R 
in  T(X,Ox)  is  finite  over  R.  Since  / is  quasi-compact  by  assumption  (2)  we  can 
write  X = [Ji=1  n Ui  with  each  Ui  affine.  Say  Ui  = Spec(Ri).  Each  Bi  is  reduced 
by  assumption  (5)  and  has  finitely  many  minial  primes  q , i , . . . , q.jm;  by  assumption 

(3)  and  Algebra,  Lemma  10.25.1  We  have 


T(X,Ox)cB1x  ...xBncT[  TT 

the  second  inclusion  by  Algebra,  Lemma 


(Bi) 


Qij 


2=1,. ..,71  -*-<7  = l,...,7n 

10.24.2j  We  have  n(c\ij)  = (Bi) qij  by 
closure  A of  R in  T(A,  Ox)  is  contained 
of  R in  K(c\ij).  Since  R is  Noetherian  it 


Algebra,  Lemma  10.24.1  Hence  the  integra 
in  the  product  of  the  integral  closures  A,;,  ,i.  ... 

suffices  to  show  that  A,3  is  a finite  i?-module  for  each  i,  j.  Let  pij  C R be  the  image 
of  q ij.  As  k(p ij)  C n((\ij)  is  a finitely  generated  field  extension  by  assumption  (4), 
we  see  that  R — >•  /Hq*,-)  is  essentially  of  finite  type.  Thus  R —7  A,n  is  finite  by 
Algebra,  Lemma  [l0l5Ol  □ 


03GR 


Lemma  28.48.14.  Let  f : X -A  S be  a morphism.  Assume  that 
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035E 


035M 


035N 


0350 


035P 


(1)  S is  a Nagata  scheme, 

(2)  / is  of  finite  type, 

(3)  A is  reduced. 

Then  the  normalization  v : S'  —>  S of  S in  X is  finite. 


Proof.  This  is  a special  case  of  Lemma  28.48.13  Namely,  (2)  holds  as  the  finite 


type  morphism  / is  quasi-compact  by  definition  and  quasi-separated  by  Lemma 


28.15.7  Condition  (3)  holds  because  X is  locally  Noetherian  by  Lemma  28.15.6 


Finally,  condition  (4)  holds  because  a finite  type  morphism  induces  finitely  gener- 
ated residue  field  extensions.  □ 


28.49.  Normalization 


Next,  we  come  to  the  normalization  of  a scheme  A'.  We  only  define/construct 
it  when  X has  locally  finitely  many  irreducible  components.  Let  X be  a scheme 
such  that  every  quasi-compact  open  has  finitely  many  irreducible  components.  Let 
X^i  c X be  the  set  of  generic  points  of  irreducible  components  of  X.  Let 


(28.49.0.1) 


Spec(K(r/)) 


X 


Lr)£X(°) 

be  the  inclusion  of  the  generic  points  into  X using  the  canonical  maps  of  Schemes, 


Section  25.13  Note  that  this  morphism  is  quasi-compact  by  assumption  and  quasi- 


separated  as  Y is  separated  (see  Schemes,  Section  25.21). 


Definition  28.49.1.  Let  A be  a scheme  such  that  every  quasi-compact  open  has 
finitely  many  irreducible  components.  We  define  the  normalization  of  X as  the 
morphism 

v : A1'  — > X 


which  is  the  normalization  of  X in  the  morphism  f :Y  —>  X (28.49.0.1 1 constructed 
above. 

Any  locally  Noetherian  scheme  has  a locally  finite  set  of  irreducible  components  and 
the  definition  applies  to  it.  Usually  the  normalization  is  defined  only  for  reduced 
schemes.  With  the  definition  above  the  normalization  of  X is  the  same  as  the 
normalization  of  the  reduction  Xred  of  A. 

Lemma  28.49.2.  Let  X be  a scheme  such  that  every  quasi-compact  open  has 
finitely  many  irreducible  components.  The  normalization  morphism  v factors  through 
the  reduction  Xred  and  Xv  — > X red  is  the  noimalization  of  Xred- 


Y — ► X be  the  morphism  (28.49.0.1). 


We  get  a factorization 
By  Lemma  |28.48.4|  we 


Proof.  Let  / 

Y — ► Xred  — ► A of  / from  Schemes,  Lemma  25.12.6| 
obtain  a canonical  morphism  A1'  — > X red  and  that  A"  is  the  normalization  of  A red 
in  Y.  The  lemma  follows  as  Y 
constructed  for  A red- 


X red  is  identical  to  the  morphism  (28.49.0.1) 


□ 

If  A is  reduced,  then  the  normalization  of  A is  the  same  as  the  relative  spectrum  of 
the  integral  closure  of  Ox  in  the  sheaf  of  meromorphic  functions  tCx  (see  Divisors, 


Section  30.20).  Namely,  K-x  = f*Oy  in  this  case,  see  Divisors,  Lemma  30.20.8  and 


its  proof.  We  describe  this  here  explicitly. 

Lemma  28.49.3.  Let  X be  a reduced  scheme  such  that  every  quasi-compact  open 
has  finitely  many  irreducible  components.  Let  Spec(A)  = U C A be  an  affine  open. 
Then 
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(1)  A has  finitely  many  minimal  primes  qi, . . . , qt; 

(2)  the  total  ring  of  fractions  Q(A)  of  A is  Q{A/c\i)  x . . . x Q(A/c\f), 

(3)  the  integral  closure  A!  of  A in  Q(A)  is  the  product  of  the  integral  closures 
of  the  domains  A/q,;  in  the  fields  Q(A/q,;),  and 

(4)  zx— 1 (C7)  is  identified  with  the  spectrum  of  A' . 


035Q 


Proof.  Minimal  primes  correspond  to  irreducible  components  (Algebra,  Lemma 
10.25.1),  hence  we  have  (1)  by  assumption.  Then  (0)  = qi  fl  . . . fl  qt  because  A 


is  reduced  (Algebra,  Lemma  |10.16.2[).  Then  we  have  Q(A)  = = TI  ^(cii) 


by  Algebra,  Lemmas  10.24.4  and  10.24.1 


Algebra,  Lemma  10.36.15  or  Lemma  28.48.9 
/-1(/7)  — >•  C7  is  the  morphism 


This  proves  (2).  Part  (3)  follows  from 
Part  (4)  holds  because  it  is  clear  that 


Spec  (jj«(qi))  — A Spec(A) 
where  / :Y  —A  X is  the  morphism  (|28.49.0.1 ). 


□ 


Lemma  28.49.4.  Let  X be  a scheme  such  that  every  quasi-compact  open  has 
finitely  many  irreducible  components. 

(1)  The  normalization  Xv  is  a normal  scheme. 

(2)  The  morphism  v : Xv  -A  X is  integral,  surjective,  and  induces  a bijection 
on  irreducible  components. 

(3)  For  any  integral,  birationa f^]  morphism  X'  — A X there  exists  a factoriza- 
tion Xv  — A X'  — A X and  Xv  -A  X'  is  the  normalization  of  X' . 

(4)  For  any  morphism  ZaI  with  Z a normal  scheme  such  that  each  irre- 
ducible component  of  Z dominates  an  irreducible  component  of  X there 
exists  a unique  factorization  Z — A Xv  -A  A'. 


Proof.  Let  / : Y — A X be  as  in  (28.49.0.1 ).  Part  (1)  follows  from  Lemma  28.48.12 
and  the  fact  that  Y is  normal.  It  also  follows  from  the  description  of  the  affine 
opens  in  Lemma  [28. 49. 3[ 

The  morphism  v is  integral  by  Lemma[28.48.4|  By  Lemma [28. 48. 12| the  morphism 

Y —A  Xu  induces  a bijection  on  irreducible  components,  and  by  construction  of 

Y this  implies  that  Xv  -A  X induces  a bijection  on  irreducible  components.  By 
construction  f : Y - A X is  dominant,  hence  also  v is  dominant.  Since  an  integral 
morphism  is  closed  (Lemma  28.43.7)  this  implies  that  v is  surjective.  This  proves 
(2). 

Suppose  that  a : X'  — A X is  integral  and  birational.  Any  quasi-compact  open  U'  of 
X'  maps  to  a quasi-compact  open  of  X,  hence  we  see  that  U'  has  only  finitely  many 
irreducible  components.  Let  f : Y'  -a  X'  be  the  morphism  (28.49.0.1 ) constructed 
starting  with  X'.  As  a is  birational  it  is  clear  that  Y'  = Y and  / = a o f . Hence 
the  factorization  Xv  -A  X'  —>  X exists  and  X1'  —A  X'  is  the  normalization  of  X' 
by  Lemma  28.48.4  This  proves  (3). 

Let  g : Z — A X be  a morphism  whose  domain  is  a normal  scheme  and  such  that 
every  irreducible  component  dominates  an  irreducible  component  of  X.  By  Lemma 


28.49.2  we  have  Xv  = X"ed  and  by  Schemes,  Lemma  25.12.6  Z — A X factors  through 
Xrej.  Hence  we  may  replace  X by  Xred  and  assume  X is  reduced.  Moreover,  as 
the  factorization  is  unique  it  suffices  to  construct  it  locally  on  Z.  Let  W C Z and 


1 3It  suffices  if  X'  , — A Xrefj  is  birational. 
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U C X be  affine  opens  such  that  g(W)  C U.  Write  U = Spec(A)  and  W = Spec (B), 
with  g \w  given  by  ip  : A—>  B.  We  will  use  the  results  of  Lemma  28.49.3  freely.  Let 


pi, . . . ,pt  be  the  minimal  primes  of  A.  As  Z is  normal,  we  see  that  B is  a normal 
ring,  in  particular  reduced.  Moreover,  by  assumption  any  minimal  prime  q C B 
we  have  that  <^_1(q)  is  a minimal  prime  of  A.  Hence  if  a;  £ A is  a nonzerodivisor, 
i.e. , x (J  pi,  then  <p(x)  is  a nonzerodivisor  in  B.  Thus  we  obtain  a canonical  ring 
map  Q(A)  — > Q(B).  As  B is  normal  it  is  equal  to  its  integral  closure  in  Q(B)  (see 
Algebra,  Lemma  10.36.12|).  Hence  we  see  that  the  integral  closure  A!  C Q(A)  of 
A maps  into  B via  the  canonical  map  Q(A)  — > Q(B).  Since  i/_1([/)  = Spec(A') 
this  gives  the  canonical  factorization  W — > i/_1(17)  -At/  of  v\w-  We  omit  the 
verification  that  it  is  unique.  □ 


0AB1  Lemma  28.49.5.  A finite  (or  even  integral)  birational  morphism  f : X 
integral  schemes  with  Y normal  is  an  isomorphism. 


Y of 


Proof.  Let  V C Y be  an  affine  open  with  inverse  image  U C X which  is  an  affine 
open  too.  Since  / is  a birational  morphism  of  integral  schemes,  the  homomorphism 
OyiV)  — > Ox{U)  is  an  injective  map  of  domains  which  induces  an  isomorphism  of 
fraction  fields.  As  Y is  normal,  the  ring  Oy(V)  is  integrally  closed  in  the  fraction 
field.  Since  / is  finite  (or  integral)  every  element  of  Ox(U)  is  integral  over  Oy(V). 
We  conclude  that  Oy(V)  = Ox(U).  This  proves  that  / is  an  isomorphism  as 
desired.  □ 


035R  Lemma  28.49.6.  Let  X he  an  integral,  Japanese  scheme.  The  normalization 
v : Xv  -A  X is  a finite  morphism. 


Proof.  Follows  from  the  definition  (Properties,  Definition  27.13.1)  and  Lemma 
28.49.3  Namely,  in  this  case  the  lemma  says  that  i/_1(Spec(A))  is  the  spectrum  of 
the  integral  closure  of  A in  its  field  of  fractions.  □ 


035S  Lemma  28.49.7.  Let  X be  a Nagata  scheme.  The  normalization  v : Xv 
a finite  morphism. 


X is 


Proof.  Note  that  a Nagata  scheme  is  locally  Noetherian,  thus  Definition  |28.49.1| 
does  apply.  The  lemma  is  now  a special  case  of  Lemma  |28.48.13]  but  we  can  also 
prove  it  directly  as  follows.  Write  Xv  A 1 as  the  composition  Xv  -a  Xred  -A  X. 
As  Xred  -A  A is  a closed  immersion  it  is  finite.  Hence  it  suffices  to  prove  the  lemma 


for  a reduced  Nagata  scheme  (by  Lemma  28.43.5).  Let  Spec(A)  = U C X be  an 


affine  open.  By  Lemma  28.49.3 


we  have  v~L{U)  = Spec(J([A')  where  A!i  is  the 
integral  closure  of  A/q*  in  its  fraction  field.  As  A is  a Nagata  ring  (see  Properties, 
Lemma  27.13.6)  each  of  the  ring  extensions  A/q,  C A'  are  finite.  Hence  A — ► A( 

is  a finite  ring  map  and  we  win.  □ 


28.50.  Zariski’s  Main  Theorem  (algebraic  version) 

03GS  This  is  the  version  you  can  prove  using  purely  algebraic  methods.  Before  we  can 
prove  more  powerful  versions  (for  non-affine  morphisms)  we  need  to  develop  more 
tools.  See  Cohomology  of  Schemes,  Section [29)20|  and  More  on  Morphisms,  Section 

I30T1 

03GT  Theorem  28.50.1  (Algebraic  version  of  Zariski’s  Main  Theorem).  Let  f :Y  -a  X 
be  an  affine  morphism  of  schemes.  Assume  f is  of  finite  type.  Let  X'  be  the 
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normalization  of  X inY . Picture: 


Then  there  exists  an  open  subscheme  U'  C X'  such  that 

(1)  (/,)-1(^7)  —t  U'  is  an  isomorphism,  and 

(2)  {f')~x{U')  C Y is  the  set  of  points  at  which  f is  quasi-finite. 


Proof.  There  is  an  immediate  reduction  to  the  case  where  X and  hence  Y are 
affine.  Say  A'  = Spec (R)  and  Y = Spec(A).  Then  X'  = Spec(A'),  where  A!  is 
the  integral  closure  of  R in  A , see  Definitions  |28.48.2  and  |28.48.3|  By  Algebra, 
Theorem |10. 122. 13|  for  every  y G Y at  which  / is  quasi-finite,  there  exists  an  open 
U'y  C X'  such  that  (/,)~1(?7')  — * ► U'y  is  an  isomorphism.  Set  U'  = \JUy  where 
y G Y ranges  over  all  points  where  / is  quasi-finite.  It  remains  to  show  that  / is 
quasi-finite  at  all  points  of  (/,)~1(^,)■  If  y G (/,)_1(^r/)  wifi1  image  x G X,  then 
we  see  that  Yx  -A  X'x  is  an  isomorphism  in  a neighbourhood  of  y.  Hence  there  is 
no  point  of  Yx  which  specializes  to  y , since  this  is  true  for  f'(y)  in  X'x , see  Lemma 
28.43.8  By  Lemma  28.20.6  part  (3)  this  implies  / is  quasi-finite  at  y.  □ 


We  can  use  the  algebraic  version  of  Zariski’s  Main  Theorem  to  show  that  the  set 
of  points  where  a morphism  is  quasi-finite  is  open. 

01TI  Lemma  28.50.2.  Let  f : X -A  S be  a morphism  of  schemes.  The  set  of  points 
of  X where  f is  quasi-finite  is  an  open  U C X.  The  induced  morphism  U -A  S is 
locally  quasi-finite. 


Proof.  Suppose  / is  quasi-finite  at  x.  Let  x G U = Spec (f?)  Cl,F=  Spec(A)  c 
S be  affine  opens  as  in  Definition  28.20.1  By  either  Theorem  28.50.1|  above  or 
Algebra,  Lemma  [10. 122.141  the  set  of  primes  q at  which  R — >•  A is  quasi-finite  is 
open  in  Spec(A).  Since  these  all  correspond  to  points  of  X where  / is  quasi-finite 
we  get  the  first  statement.  The  second  statement  is  obvious.  □ 


We  will  improve  the  following  lemma  to  general  quasi-finite  separated  morphisms 
later,  see  More  on  Morphisms,  Lemma  [36. 31. 3[ 

03GU 

(1)  X and  Y are  affine,  and 

(2)  / is  quasi-finite. 

Then  there  exists  a diagram 

Y s-  Z 

3 

X 

with  Z affine,  i r finite  and  j an  open  immersion. 

Proof.  This  is  Algebra,  Lemma 1 1 0 . 1 22 . 1 5| reformulated  in  the  language  of  schemes. 

□ 


Lemma  28.50.3.  Let  f : Y X be  a morphism  of  schemes.  Assume 
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03J2  Lemma  28.50.4.  Let  f : Y — >•  X be  a quasi-ftnite  morphism  of  schemes.  Let 
T CY  be  a closed  nowhere  dense  subset  ofY.  Then  f(T)  C X is  a nowhere  dense 
subset  of  X. 


Proof.  As  in  the  proof  of  Lemma  |28.45.7|  this  reduces  immediately  to  the  case 
where  the  base  X is  affine.  In  this  case  Y = |Ji=1  n Yj  is  a finite  union  of  affine 
opens  (as  / is  quasi-compact).  Since  each  T fl  Yt  is  nowhere  dense,  and  since  a 
finite  union  of  nowhere  dense  sets  is  nowhere  dense  (see  Topology,  Lemma  5.20.2), 
it  suffices  to  prove  that  the  image  f{Tr\Yf)  is  nowhere  dense  in  A'.  This  reduces  us 
to  the  case  where  both  X and  Y are  affine.  At  this  point  we  apply  Lemma [28.50. 3| 
above  to  get  a diagram 


with  Z affine,  7 r finite  and  j an  open  immersion.  Set  T = j(T)  C Z.  By  Topology, 


Lemma 


5.20.3 


we  see  T is  nowhere  dense  in  Z.  Since  f(T)  C 7 r(T)  the  lemma 
follows  from  the  corresponding  result  in  the  finite  case,  see  Lemma [28. 45. 7|  □ 


28.51.  Universally  bounded  fibres 


03J3  Let  A be  a scheme  over  a field  k.  If  X is  finite  over  k,  then  X = Spec(A)  where 
A is  a finite  fc-algebra.  Another  way  to  say  this  is  that  X is  finite  locally  free 
over  Spec(fc),  see  Definition  28.45.1  Hence  X — >■  Spec(fc)  has  a degree  which  is  an 
integer  d > 0,  namely  d = dim/^A).  We  sometime  call  this  the  degree  of  the  (finite) 
scheme  X over  k. 


03J4  Definition  28.51.1.  Let  / : X — ► Y be  a morphism  of  schemes. 

(1)  We  say  the  integer  n bounds  the  degrees  of  the  fibres  of  f if  for  all  y £ Y 
the  fibre  Xy  is  a finite  scheme  over  n(y)  whose  degree  over  n{y)  is  < n. 

(2)  We  say  the  fibres  of  f are  universally  bounded | if  there  exists  an  integer 
n which  bounds  the  degrees  of  the  fibres  of  /. 


Note  that  in  particular  the  number  of  points  in  a fibre  is  bounded  by  n as  well. 
(The  converse  does  not  hold,  even  if  all  fibres  are  finite  reduced  schemes.) 

03J5  Lemma  28.51.2.  Let  f : X -A  Y be  a morphism  of  schemes.  Let  n > 0.  The 
following  are  equivalent: 

(1)  the  integer  n bounds  the  degrees  of  the  fibres  of  f , and 

(2)  for  every  morphism  Spec  (k)  — > Y,  where  k is  a field , the  fibre  product 
X k = Spec(fc)  Xy  X is  finite  over  k of  degree  < n. 

In  this  case  f is  universally  bounded  and  the  schemes  X have  at  most  n points. 

Proof.  The  implication  (2)  =>  (1)  is  trivial.  The  other  implication  holds  because 
if  the  image  of  Spec(fc)  — > Y is  y,  then  X j.  = Spec (k)  Xgpec(K(s))  Xy.  □ 

03J6  Lemma  28.51.3.  A composition  of  morphisms  with  universally  bounded  fibres  is 
a morphism  with  universally  bounded  fibres.  More  precisely , assume  that  n bounds 
the  degrees  of  the  fibres  of  f : X —X  Y and  m bounds  the  degrees  of  g : Y -)  7. 
Then  nm  bounds  the  degrees  of  the  fibres  of  g o f : X —X  Z . 


14 


This  is  probably  nonstandard  notation. 
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Proof.  Let  / : X -A  Y and  g : Y — >•  Z have  universally  bounded  fibres.  Say 
that  deg {Xy/n{y))  < n for  all  y G Y,  and  that  deg (Yz/n(z))  < m for  all  z £ Z. 
Let  z a Z be  a point.  By  assumption  the  scheme  Yz  is  hnite  over  Spec(ft(z)).  In 
particular,  the  underlying  topological  space  of  Yz  is  a finite  discrete  set.  The  fibres 
of  the  morphism  fz  : Xz  — > Yz  are  the  fibres  of  / at  the  corresponding  points  of  Y . 
which  are  finite  discrete  sets  by  the  reasoning  above.  Hence  we  conclude  that  the 
underlying  topological  space  of  Xz  is  a finite  discrete  set  as  well.  Thus  Xz  is  an  affine 
scheme  (this  is  a nice  exercise;  it  also  follows  for  example  from  Properties,  Lemma 


27.29.1  applied  to  the  set  of  all  points  of  Xz).  Write  Xz  = Spec(A),  Yz  = Spec (B), 
and  k = n(z).  Then  k — ► B -A  A and  we  know  that  (a)  dim k(B)  < m , and  (b)  for 
every  maximal  ideal  m C B we  have  dimK(m)(A/mA)  < n.  We  claim  this  implies 
that  dim*,  (A)  < nm.  Note  that  B is  the  product  of  its  localizations  Bmi  for  example 
because  Yz  is  a disjoint  union  of  1-point  schemes,  or  by  Algebra,  Lemmas  |10.52.2| 
and  10.52.6  So  we  see  that  dimfc(l?)  = J2m{Bm)  and  dimfc(A)  = where 


in  both  cases  m runs  over  the  maximal  ideals  of  B (not  of  A).  By  the  above,  and 
Nakayama’s  Lemma  (Algebra,  Lemma  10.19.1)  we  see  that  each  Am  is  a quotient 
of  B®n  as  a l?m-module.  Hence  diiip.  (Am)  < ndimfe(Hm).  Putting  everything 
together  we  see  that 


dinifc(A)  = y (Am)  < / ndimfc(i?m)  = ndimj.(H)  < nm 

A- — ''m 


as  desired. 


□ 


03J7  Lemma  28.51.4.  A base  change  of  a morphism  with  universally  bounded  fibres  is 
a morphism  with  universally  bounded  fibres.  More  precisely,  if  n bounds  the  degrees 
of  the  fibres  of  f : X Y and  Y'  — ?•  Y is  any  morphism,  then  the  degrees  of  the 
fibres  of  the  base  change  f : Y'  Xy  X — ► Y'  — > Y'  is  also  bounded  by  n. 

Proof.  This  is  clear  from  the  result  of  Lemma  [28.51.21  □ 

03J8  Lemma  28.51.5.  Let  f : X — >•  Y be  a morphism  of  schemes.  Let  Y'  -A  Y be 
a morphism  of  schemes,  and  let  f : X'  = Xy>  — > Y'  be  the  base  change  of  f.  If 
Y'  -A  Y is  surjective  and  f has  universally  bounded  fibres,  then  f has  universally 
bounded  fibres.  More  precisely,  if  n bounds  the  degree  of  the  fibres  of  f , then  also 
n bounds  the  degrees  of  the  fibres  of  f. 

Proof.  Let  n > 0 be  an  integer  bounding  the  degrees  of  the  fibres  of  f . We  claim 
that  n works  for  / also.  Namely,  if  y £ Y is  a point,  then  choose  a point  y'  £ Y' 
lying  over  y and  observe  that 

Xy'  Spec(«(l/  ))  X Spec  («(y))  Xy. 

Since  X'y,  is  assumed  hnite  of  degree  < n over  n(y')  it  follows  that  also  Xy  is  hnite 
of  degree  < n over  n{y).  (Some  details  omitted.)  □ 

03J9  Lemma  28.51.6.  An  immersion  has  universally  bounded  fibres. 

Proof.  The  integer  n = 1 works  in  the  dehnition.  □ 

03WU  Lemma  28.51.7.  Let  f : X — >•  Y be  an  etale  morphism  of  schemes.  Let  n > 0. 
The  following  are  equivalent 

(1)  the  integer  n bounds  the  degrees  of  the  fibres, 

(2)  for  every  field  k and  morphism  Spec(fc)  — ► Y the  base  change  X = 
Spec(fc)  Xy  X has  at  most  n points,  and 
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(3)  for  every  y £ Y and  every  separable  algebraic  closure  n(y)  C n(y)sep  the 
scheme  XK(yyeP  has  at  most  n points. 

Proof. 


This  follows  from  Lemma 
unions  of  spectra  of  finite  separab. 


28.51.2  and  the  fact  that  the  fibres  Xy  are  disjoint 


e field  extensions  of  see  Lemma  28.36.7  □ 


03JA 


Having  universally  bounded  fibres  is  an  absolute  notion  and  not  a relative  notion. 
This  is  why  the  condition  in  the  following  lemma  is  that  X is  quasi-compact,  and 
not  that  / is  quasi-compact. 

Lemma  28.51.8.  Let  f : X — >■  Y be  a morphism  of  schemes.  Assume  that 

(1)  f is  locally  quasi- finite,  and 

(2)  X is  quasi- compact. 

Then  f has  universally  bounded  fibres. 

Proof.  Since  X is  quasi-compact,  there  exists  a finite  affine  open  covering  X = 
Ui=i  n Ui  and  affine  opens  Vi  C Y,  i = 1, . . . , n such  that  f(Ui)  C Vi.  Because  of 
the  local  nature  of  “local  quasi-finiteness”  (see  Lemma  28.20.6  part  (4))  we  see  that 
the  morphisms  f\u,  '■  U,  — > Vj  are  locally  quasi-finite  morphisms  of  affines,  hence 

For  y £ Y it  is  clear  that  Xy  = {JyeVA 


quasi-finite,  see  Lemma 
open  covering.  Hence  it 


28.20.9 

suffices 


M)y 


is  an 

to  prove  the  lemma  for  a quasi-finite  morphism  of 
affines  (namely,  if  n*  works  for  the  morphism  f\u.  : Ui  Vi,  then  Y^ni  works  for 
/)• 

Assume  / : X — > Y is  a quasi-finite  morphism  of  affines.  By  Lemma|28.50.3|we  can 
find  a diagram 

.Y'A 


with  Z affine,  n finite  and  j an  open  immersion.  Since  j has  universally  bounded 
fibres  (Lemma  28.51.6)  this  reduces  us  to  showing  that  tt  has  universally  bounded 


28.51.3). 
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fibres  (Lemma 

This  reduces  us  to  a morphism  of  the  form  Spec(B)  — > Spec(A)  where  A — > B is 
finite.  Say  B is  generated  by  x±, . . . ,xn  over  A and  say  PfiT)  £ A\T\  is  a monic 
polynomial  of  degree  d{  such  that  Pfixi)  = 0 in  B (a  finite  ring  extension  is  integral, 
see  Algebra,  Lemma  10.35.3).  With  these  notations  it  is  clear  that 

^ ^ (a(ei,...,e„))  1 ^ ^ ^ a(ei,...,en)xl  ■ ■ ■ Xn 

0 <ei<di  ,£=1,...  n 

is  a surjective  A-module  map.  Thus  for  any  prime  p C A this  induces  a surjective 
map  «(p)-vector  spaces 

rt(p)®di-dn  — > B®a  k(p) 

In  other  words,  the  integer  d\ . . . dn  works  in  the  definition  of  a morphism  with 
universally  bounded  fibres.  □ 

Lemma  28.51.9.  Consider  a commutative  diagram  of  morphisms  of  schemes 

X * >-y 
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If  g has  universally  bounded  fibres,  and  f is  surjective  and  flat,  then  also  h has 
universally  bounded  fibres.  More  precisely,  if  n bounds  the  degree  of  the  fibres  of  g, 
then  also  n bounds  the  degree  of  the  fibres  of  h. 


Proof.  Assume  g has  universally  bounded  fibres,  and  / is  surjective  and  flat.  Say 
the  degree  of  the  fibres  of  g is  bounded  by  n £ N.  We  claim  n also  works  for  h. 
Let  z £ Z.  Consider  the  morphism  of  schemes  Xz  — > Yz.  It  is  flat  and  surjective. 
By  assumption  Xz  is  a finite  scheme  over  k(z),  in  particular  it  is  the  spectrum  of 
an  Artinian  ring  (by  Algebra,  Lemma  10.52.2).  By  Lemma  28.12.13  the  morphism 
Xz  -A  Yz  is  affine  in  particular  quasi-compact.  It  follows  from  Lemma  28.25.10|that 
Yz  is  a finite  discrete  as  this  holds  for  Xz.  Hence  Yz  is  an  affine  scheme  (this  is  a 
nice  exercise;  it  also  follows  for  example  from  Properties,  Lemma  |27.29.1|  applied 
to  the  set  of  all  points  of  Yz).  Write  Yz  = Spec(H)  and  Xz  = Spec(A).  Then  A is 
faithfully  flat  over  B,  so  B C A.  Hence  dirndl?)  < dimfc(A)  < n as  desired.  □ 
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Cohomology  of  Schemes 


29.1.  Introduction 

In  this  chapter  we  first  prove  a number  of  results  on  the  cohomology  of  quasi- 
coherent  sheaves.  A fundamental  reference  is  |DG67I.  Having  done  this  we 
will  elaborate  on  cohomology  of  coherent  sheaves  in  the  Noetherian  setting.  See 

ISer55b| . 


29.2.  Cecil  cohomology  of  quasi-coherent  sheaves 


Let  A be  a scheme.  Let  U C X be  an  affine  open.  Recall  that  a standard  open 
covering  of  U is  a covering  of  the  form  U : U = U'Li  -D(/i)  where  /i, . . . , fn  £ 


T{U,Ox)  generate  the  unit  ideal,  see  Schemes,  Definition  25.5.2 


Lemma  29.2.1.  Let  X be  a scheme.  Let  T be  a quasi-coherent  Ox-module.  Let 
U : U = U"=i  D(fi)  be  a standard  open  covering  of  an  affine  open  of  X.  Then 
HP(U,  F)  = 0 for  all  p > 0. 


Proof.  Write  U = Spec(A)  for  some  ring  A.  In  other  words,  f\. ... , fn  are  elements 
of  A which  generate  the  unit  ideal  of  A.  Write  F\jj  = M for  some  A- module  M . 
Clearly  the  Cech  complex  C'flA,  T)  is  identified  with  the  complex 


-»  . . . 


We  are  asked  to  show  that  the  extended  complex 


(29.2.1.1)  O-^M^TT 


Mf. 

j*0 


-S> 


TT  M 


fn  fn 


n, 


M 


fn  fn  fn 


•-20  u x A *-101112 
(whose  truncation  we  have  studied  in  Algebra,  Lemma[l0.22.2 ) is  exact.  It  suffices 
to  show  that  (29.2.1.1)  is  exact  after  localizing  at  a prime  p,  see  Algebra,  Lemma 
|10.23.1|  In  fact  we  will  show  that  the  extended  complex  localized  at  p is  homotopic 
to  zero. 


There  exists  an  index  i such  that  f p.  Choose  and  fix  such  an  element  iax.  Note 
that  Mfi{  p = Mp.  Similarly  for  a localization  at  a product  /,0  ■ ■ ■ fip  and  p we 
can  drop  any  for  which  ij  = *gx.  Let  us  define  a homotopy 


hl[ 


Mf.  f.  p 
JlQ  ^^^J^nD- LI  )P 


n, 


by  the  rule 


h(s)io 


= s. 


^fix^O  • • •'Ip 


(This  is  “dual”  to  the  homotopy  in  the  proof  of  Cohomology,  Lemma  20.11.4  ) 
In  other  words,  h : Yl0Mfio,p  — > M is  projection  onto  the  factor  ,p  = Mv 
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01XB 


01XC 


089W 


OBDX 


and  in  general  the  map  h equal  projection  onto  the  factors  Mfif,  p = 

We  compute 

{dh  + hd)(s)i0...ip  = + d{s)iiixio..,ip 

■v V 


J3=  0 
■vP 


= E (-!> 

^j= ov 


^fix^O  • • -Ij  •••tp 


+sio...ip +Ei=0(-i)J+1 


Uix^o  ■ ■ -ij  ■ ■ -ip 


= Si, 


This  proves  the  identity  map  is  homotopic  to  zero  as  desired. 


□ 


The  following  lemma  says  in  particular  that  for  any  affine  scheme  A'  and  any  quasi- 
coherent  sheaf  T on  X we  have 


Hp{  X,  .F)  =0 

for  all  p > 0. 

Lemma  29.2.2.  Let  X be  a scheme.  Let  J-  be  a quasi- coherent  Ox -module.  For 
any  affine  open  U C X we  have  HP(U,F)  = 0 for  all  p > 0. 


Proof.  We  are  going  to  apply  Cohomology,  Lemma  20.12.9  As  our  basis  B for 


the  topology  of  X we  are  going  to  use  the  affine  opens  of  X.  As  our  set  Cov  of 
open  coverings  we  are  going  to  use  the  standard  open  coverings  of  affine  opens  of  X. 
Next  we  check  that  conditions  (1),  (2)  and  (3)  of  Cohomology,  Lemma  20.12.9  hold. 
Note  that  the  intersection  of  standard  opens  in  an  affine  is  another  standard  open. 
Hence  property  (1)  holds.  The  coverings  form  a cofinal  system  of  open  coverings  of 

Hence  (2)  holds.  Finally,  condition 

□ 


any  element  of  B , see  Schemes,  Lemma  25.5.1 


(3)  of  the  lemma  follows  from  Lemma  29.2.1 


Here  is  a relative  version  of  the  vanishing  of  cohomology  of  quasi-coherent  sheaves 
on  affines. 


Lemma  29.2.3.  Let  / : X — » S be  a morphism  of  schemes.  Let  J-  be  a quasi- 
coherent  Ox -module.  If  f is  affine  then  Rl  f*T  = 0 for  all  i > 0. 


Proof.  According  to  Cohomology,  Lemma  |20.8.3  the  sheaf  Rlf*J-  is  the  sheaf 
associated  to  the  presheaf  V H‘(f~1(V),F\f- i(y))-  By  assumption,  whenever 
V is  affine  we  have  that  /-1(F)  is  affine,  see  Morphisms,  Definition  28.12.1  By 
we  conclude  that  Hl(f~1(V)1F\f-i^V))  = 0 whenever  V is  affine. 


Lemma 
Since  S 


29.2.2 

has  a basis  consisting  of  affine  opens  we  win. 


□ 


Lemma  29.2.4.  Let  f : X — >•  S'  be  an  affine  morphism  of  schemes.  Let  J-  be  a 
quasi-coherent  Ox-module.  Then  Hl(X1  F)  = Hl(S,  f*F)  for  all  i > 0. 


Proof.  Follows  from  Lemma  |29.2.3|  and  the  Leray  spectral  sequence.  See  Coho- 
mology, Lemma  |20.14.6|  □ 

The  following  two  lemmas  explain  when  Cech  cohomology  can  be  used  to  compute 
cohomology  of  quasi-coherent  modules. 

Lemma  29.2.5.  Let  X be  a scheme.  The  following  are  equivalent 

(1)  X has  affine  diagonal  A : I 4 I x X, 

(2)  for  U,V  C X affine  open,  the  intersection  U flV  is  affine,  and 

(3)  there  exists  an  open  covering  U : X = U;g/  K such  that 
open  for  all  p > 0 and  all  io, . . . , ip  € I. 


is  affine 
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In  particular  this  holds  if  X is  separated. 


01XD 


Proof.  Assume  X has  affine  diagonal.  Let  U,V  C X be  affine  opens.  Then 
U D V = A ~1(U  x V)  is  affine.  Thus  (2)  holds.  It  is  immediate  that  (2)  implies 
(3).  Conversely,  if  there  is  a covering  of  X as  in  (3),  then  X x X = (J  Ui  x Up  is  an 
affine  open  covering,  and  we  see  that  A ~1(Ui  x Up)  = Ui  H Ui>  is  affine.  Then  A 
is  an  affine  morphism  by  Morphisms,  Lemma  |28.12.3|  The  final  assertion  follows 
from  Schemes,  Lemma  25.21.8  □ 


Lemma  29.2.6.  Let  X be  a scheme.  Let  IA  : X = IJie/  be  an  open  covering 
such  that  Ui0...ip  is  affine  open  for  all  p > 0 and  all  io, ■ ■ ■ , ip  £ I.  In  this  case  for 
any  quasi- coherent  sheaf  T we  have 

HP(U,X)  = HP(X,F) 


as  T{X,  Ox)-naodules  for  all  p. 


Proof.  In  view  of  Lemma  |29.2.2|  this  is  a special  case  of  Cohomology,  Lemma 
120.12.61  □ 


29.3.  Vanishing  of  cohomology 


01XE 


01XF 


We  have  seen  that  on  an  affine  scheme  the  higher  cohomology  groups  of  any  quasi- 
coherent  sheaf  vanish  (Lemma  29.2.21.  It  turns  out  that  this  also  characterizes 
affine  schemes.  We  give  two  versions. 


Lemma  29.3.1.  Let  X be  a scheme.  Assume  that 

(1)  X is  quasi- compact, 

(2)  for  every  quasi- coherent  sheaf  of  ideals  X C Ox  we  have  H1( X,L)  = 0. 
Then  X is  affine. 


|Ser57) 


Proof.  Let  x £ X be  a closed  point.  Let  U C X be  an  affine  open  neighbourhood 
of  x.  Write  U = Spec(A)  and  let  mcdbe  the  maximal  ideal  corresponding  to  x. 
Set  Z = X \ U and  Z'  = Z U {x}.  By  Schemes,  Lemma  25.12.4  there  are  quasi- 
coherent  sheaves  of  ideals  X , resp.  X'  cutting  out  the  reduced  closed  subschemes  Z, 
resp.  Z' . Consider  the  short  exact  sequence 


0 ->•  X! 


■ X/X'  -a  0. 


Since  a;  is  a closed  point  of  X and  x ^ Z we  see  that  X/X ' is  supported  at  x.  In 
fact,  the  restriction  of  X/X'  to  U corresponds  to  the  A-module  A/m.  Hence  we  see 
that  T{X,X/X')  = A/m.  Since  by  assumption  HY{fX,I')  = 0 we  see  there  exists 
a global  section  / £ T(X,  X)  which  maps  to  the  element  1 £ A/m  as  a section  of 
X/X' . Clearly  we  have  x £ Xf  C U.  This  implies  that  Xf  = D(fA)  where  /a  is  the 
image  of  / in  A = T(U,  Ox)-  In  particular  Xf  is  affine. 


Consider  the  union  W = [J  X f over  all  / £ T(X,Ox)  such  that  Xf  is  affine. 
Obviously  W is  open  in  X.  By  the  arguments  above  every  closed  point  of  X is 
contained  in  W.  The  closed  subset  X\W  of  X is  also  quasi-compact  (see  Topology, 
Lemma  5.11.3).  Hence  it  has  a closed  point  if  it  is  nonempty  (see  Topology,  Lemma 


5.11.8).  This  would  contradict  the  fact  that  all  closed  points  are  in  W.  Hence  we 


conclude  X — W. 


Choose  finitely  many  /i, . . • , £ T(X,  Ox)  such  that  X = Xf,  U . . . U Xfn  and 

such  that  each  Xf.  is  affine.  This  is  possible  as  we’ve  seen  above.  By  Properties, 
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Lemma  |27.27.3|  to  finish  the  proof  it  suffices  to  show  that  ft, ... , fn  generate  the 
unit  ideal  in  T(X,0_ \)-  Consider  the  short  exact  sequence 

0 =-  X 0®n  >-  Ox >-  0 

The  arrow  defined  by  ft, , fn  is  surjective  since  the  opens  Xfr  cover  X.  We  let 
X be  the  kernel  of  this  surjective  map.  Observe  that  X has  a filtration 

o = J0c  JiC...cJ„=J 

so  that  each  subquotient  Xi/Xi- \ is  isomorphic  to  a quasi-coherent  sheaf  of  ideals. 
Namely  we  can  take  Xt  to  be  the  intersection  of  X with  the  first  i direct  summands 
of  0®”.  The  assumption  of  the  lemma  implies  that  Hx{X,  Xi/Xi—\)  = 0 for  all  i. 
This  implies  that  H1(X,X f)  = 0 because  it  is  sandwiched  between  Hl{X, X\)  and 
Hl(X,  X2/X1).  Continuing  like  this  we  deduce  that  H®(X,  X)  = 0.  Therefore  we 
conclude  that  the  map 

©,=1 nT(I,Ox)— — -r  (X,Ox) 

is  surjective  as  desired.  □ 


Note  that  if  X is  a Noetherian  scheme  then  every  quasi-coherent  sheaf  of  ideals  is 
automatically  a coherent  sheaf  of  ideals  and  a finite  type  quasi-coherent  sheaf  of 
ideals.  Hence  the  preceding  lemma  and  the  next  lemma  both  apply  in  this  case. 

01XG  Lemma  29.3.2.  Let  X be  a scheme.  Assume  that 

(1)  X is  quasi- compact, 

(2)  X is  quasi-separated,  and 

(3)  H1(X,L)  = 0 for  every  quasi-coherent  sheaf  of  ideals  X of  finite  type. 
Then  X is  affine. 


Proof.  By  Properties,  Lemma  27.22.3  every  quasi-coherent  sheaf  of  ideals  is  a 
directed  colimit  of  quasi-coherent  sheaves  of  ideals  of  finite  type.  By  Cohomology, 
Lemma  [20.20.1|  taking  cohomology  on  X commutes  with  directed  colimits.  Hence 
we  see  that  H1( X,I)  = 0 for  every  quasi-coherent  sheaf  of  ideals  on  X.  In  other 
words  we  see  that  Lemma  29.3.1|  applies.  □ 


We  can  use  the  arguments  given  above  to  find  a sufficient  criterion  to  see  when  an 
invertible  sheaf  is  ample.  However,  we  warn  the  reader  that  this  criterion  is  not 
necessary. 

0B5P  Lemma  29.3.3.  Let  X be  a scheme.  Let  C be  an  invertible  Ox-module.  Assume 
that 

(1)  X is  quasi- compact, 

(2)  for  every  quasi-coherent  sheaf  of  ideals  T C 0\  there  exists  ann>  1 such 

that  H\X,l®0x  C®n)  =0. 

Then  C is  ample. 


Proof.  This  is  proved  in  exactly  the  same  way  as  Lemma [29. 3.1  Let  x € X be  a 
closed  point.  Let  U C X be  an  affine  open  neighbourhood  of  x such  that  C\u  — 0\j. 
Write  U = Spec(H)  and  let  m C A be  the  maximal  ideal  corresponding  to  x.  Set 
Z = X\U  and  Z'  = ZLi{x}.  By  Schemes,  Lemma  25.12.4  there  are  quasi-coherent 
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sheaves  of  ideals  1,  resp.  1'  cutting  out  the  reduced  closed  subschemes  Z,  resp.  Z' . 
Consider  the  short  exact  sequence 

0 -»  1'  -A  1 -A  1/1'  ->•  0. 

For  every  n > 1 we  obtain  a short  exact  sequence 

0— 0Ox  -4  J 0Ox  £®n  -A  1/1'  ®ox  £®n  -t  o. 

By  our  assumption  we  may  pick  n such  that  H1(X,1'  ®ox  C®n)  = 0.  Since  x 
is  a closed  point  of  X and  x fL  Z we  see  that  1/1'  is  supported  at  x.  In  fact, 
the  restriction  of  1/1'  to  U corresponds  to  the  H-module  A/m.  Since  C is  trivial 
on  U we  see  that  the  restriction  of  1/1'  ®ox  l®n  to  U also  corresponds  to  the 
H-module  A/m.  Hence  we  see  that  T(X,1/1'  ®>ox  C®n)  = A/m.  By  our  choice 
of  n we  see  there  exists  a global  section  s £ Y(X,1  ®>ox  C®n)  which  maps  to  the 
element  1 £ A/m.  Clearly  we  have  x £ Xs  C U because  s vanishes  at  points  of  Z. 
This  implies  that  Xs  = D(f)  where  / £ A is  the  image  of  s in  A = r(t/,  C®n).  In 
particular  Xs  is  affine. 


Consider  the  union  W = (J  Xs  over  all  s £ T(X,  C®n)  for  n > 1 such  that  Xs  is 
affine.  Obviously  W is  open  in  X.  By  the  arguments  above  every  closed  point 
of  X is  contained  in  W.  The  closed  subset  X \ W of  X is  also  quasi-compact 
(see  Topology,  Lemma  5.11.3).  Hence  it  has  a closed  point  if  it  is  nonempty  (see 
Topology,  Lemma  5.11.8).  This  would  contradict  the  fact  that  all  closed  points  are 
in  W.  Hence  we  conclude  X = W.  This  means  that  C is  ample  by  Properties, 


Definition  127.26.11 


□ 


There  is  a variant  of  Lemma  |29.3.3|  with  finite  type  ideal  sheaves  which  we  will 
formulate  and  prove  here  if  we  ever  need  it. 


29.4.  Quasi-coherence  of  higher  direct  images 

01XH  We  have  seen  that  the  higher  cohomology  groups  of  a quasi-coherent  module  on  an 
affine  is  zero.  For  (quasi-)separated  quasi-compact  schemes  X this  implies  vanishing 
of  cohomology  groups  of  quasi-coherent  sheaves  beyond  a certain  degree.  However, 
it  may  not  be  the  case  that  X has  finite  cohomological  dimension,  because  that  is 
defined  in  terms  of  vanishing  of  cohomology  of  all  Ox-modules. 

08DR  Lemma  29.4.1.  Let  X be  a quasi-compact  and  quasi-separated  scheme.  Let  P be 
a property  of  the  quasi-compact  opens  of  X.  Assume  that 

(1)  P holds  for  every  affine  open  of  X, 

(2)  if  U is  quasi-compact  open,  V affine  open,  P holds  for  U,  V,  and  U HV , 
then  P holds  for  U U V . 

Then  P holds  for  every  quasi-compact  open  of  X and  in  particular  for  X. 


Proof.  First  we  argue  by  induction  that  P holds  for  separated  quasi-compact  opens 
W C X.  Namely,  such  an  open  can  be  written  as  IT  = U\  U . . . U Un  and  we  can 
do  induction  on  n using  property  (2)  with  U = U\  U . . . U !/ra_  i and  V = Un.  This 
is  allowed  because  U n V = {U\  n Un)  U . . . U (£/„_ i n XJn)  is  also  a union  of  n — 1 
affine  open  subschemes  by  Schemes,  Lemma  [25.21.8  applied  to  the  affine  opens  Ui 
and  Un  of  W.  Having  said  this,  for  any  quasi-compact  open  W C X we  can  do 
induction  on  the  number  of  affine  opens  needed  to  cover  W using  the  same  trick 
as  before  and  using  that  the  quasi-compact  open  Ui  D Un  is  separated  as  an  open 
subscheme  of  the  affine  scheme  U„ . □ 
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01X1  Lemma  29.4.2.  Let  X be  a quasi-compact  scheme  with  affine  diagonal  (for  exam- 
ple if  X is  separated).  Let  t = t(X)  be  the  minimal  number  of  affine  opens  needed 
to  cover  X.  Then  Hn{X1F)  = 0 for  all  n>t  and  all  quasi- coherent  sheaves  T . 


Proof.  First  proof.  By  induction  on  t.  If  t = 1 the  result  follows  from  Lemma 
If  t > 1 write  X = U U V with  V affine  open  and  U = U\  U . . . U Ut-i  a 


29.2.2 


union  of  t — 1 open  affines.  Note  that  in  this  case  U D V = (U\  D V)  U . . . {Ut-i  fl  V) 
is  also  a union  of  t — 1 affine  open  subschemes.  Namely,  since  the  diagonal  is  affine, 
the  intersection  of  two  affine  opens  is  affine,  see  Lemma  29.2.5|  We  apply  the 
Mayer-Vietoris  long  exact  sequence 

0 H°(X,F)  ->  H°(U,F)  F)  ->  H°(U  n V,  F)  -A  H\X,F)  ->  . . . 


see  Cohomology,  Lemma  20.9.2  By  induction  we  see  that  the  groups  HZ(U,J r), 
Hl(V,F),  H'fU  nV,  F)  are  zero  for  i>t—  1.  It  follows  immediately  that  Hl(X,F) 
is  zero  for  i > t. 

Second  proof.  Let  U : X = U!=i  ^ be  a finite  affine  open  covering.  Since  X 
is  has  affine  diagonal  the  multiple  intersections  are  all  affine,  see  Lemma 

the  Cech  cohomology  groups  HP(U,F)  agree  with  the 


29.2.5 


By  Lemma 


29.2.6 


cohomology  groups.  By  Cohomology,  Lemma pO. 24. 6| the  Cech  cohomology  groups 
may  be  computed  using  the  alternating  Cech  complex  C*lt(U,  F).  As  the  covering 
consists  of  t elements  we  see  immediately  that  C(dt{U.  T)  = 0 for  all  p > t.  Hence 
the  result  follows.  □ 


OBDY  Lemma  29.4.3.  Let  X be  a quasi-compact  scheme  with  affine  diagonal  (for  ex- 
ample if  X is  separated).  Then 

(1)  given  a quasi- coherent  Ox-module  T there  exists  an  embedding  T — >■  T' 
of  quasi- coherent  O x -modules  such  that  HP(X , F')  = 0 for  all  p > 1,  and 

(2)  {Hn(X,  — )}„>o  is  a universal  6 -functor  from  QCohfOx)  to  Ab. 

Proof.  Let  X = (J  Ui  be  an  affine  open  covering.  Set  U = ]J[  Ui  and  denote 
/ : U X the  morphism  inducing  the  given  open  immersions  Ui  -A  X.  For  every 
Ox-module  T there  is  a canonical  map  T —¥  j*j*F.  This  map  is  injective  as  can 
be  seen  by  checking  on  stalks:  if  a;  £ t/j,  then  we  have  a factorization 


Tx  -a  {UfT)x  -a  {j*F)x>  = Fx 


where  x'  £ U is  the  point  x viewed  as  a point  of  Ui  C U.  Now  if  T is  quasi- 
coherent,  then  j*J-  is  quasi-coherent  on  the  affine  scheme  U hence  has  vanishing 
higher  cohomology.  Then  Hp(X,j^j*F)  = 0 forp  > 0 by  Lemma[~29.2.4  as  j is  affine 
by  Morphisms,  Lemma  28.12.11  This  proves  (1).  Then  HP(X,F)  — > Hp(X,j*j*F) 
is  zero  and  part  (2)  follows  from  Homology,  Lemma[l2.11.4  □ 


071L  Lemma  29.4.4.  Let  X be  a quasi-compact  quasi-separated  scheme.  Let  X = 
U\  U . . . U Ut  be  an  affine  open  covering.  Set 

d = max/c{lj...it}  (j/ 1 + t(Q  ^ Ui )) 

where  t(U ) is  the  minimal  number  of  affines  needed  to  cover  the  scheme  U . Then 
Hn{X^T)  = 0 for  all  n > d and  all  quasi-coherent  sheaves  T . 
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Proof.  Note  that  since  X is  quasi-separated  the  numbers  Ui)  are  finite.  Let 

there  is  a spectral  sequence 


U : X = |Ji=i  Ui.  By  Cohomology,  Lemma 


20.12.5 


E™  = Hp(U,Hq{F)) 


converging  to  Hp+q(U,J~).  By  Cohomology,  Lemma  20.24.6  we  have 

E™  = Hp{Cllt{U,Hq{F)) 

The  alternating  Cech  complex  with  values  in  the  presheaf  H_q(F)  vanishes  in  high 
degrees  by  Lemma  29.4.2  more  precisely  Ep’q  = 0 for  p + q > d.  Hence  the  result 
follows.  □ 


01XJ  Lemma  29.4.5.  Let  f : X -A  S be  a morphism  of  schemes.  Assume  that  f is 
quasi- separated  and  quasi-compact. 

(1)  For  any  quasi- coherent  Ox -module  T the  higher  direct  images  Rp  f*F  are 
quasi- coherent  on  S. 

(2)  If  S is  quasi-compact , there  exists  an  integer  n = n(X , S,  f)  such  that 
Rp  f*J-  = 0 for  all  p > n and  any  quasi- coherent  sheaf  T on  X. 

(3)  In  fact,  if  S is  quasi-compact  we  can  find  n = n(X , S,  f)  such  that  for 
every  morphism  of  schemes  S'  — >■  S we  have  Rp(f')*J-'  = 0 forp  > n and 
any  quasi- coherent  sheaf  T’  on  X' . Here  f : X’  = S'  x g X — > S'  is  the 
base  change  of  f . 


Proof.  We  first  prove  (1).  Note  that  under  the  hypotheses  of  the  lemma  the  sheaf 
R°f*F  = f*F  is  quasi-coherent  by  Schemes,  Lemma  25.24.1  Using  Cohomology, 


Lemma  |20.8.4|  we  see  that  forming  higher  direct  images  commutes  with  restriction 
to  open  subschemes.  Since  being  quasi-coherent  is  local  on  S we  may  assume  S is 
affine. 


Assume  S is  affine  and  / quasi-compact  and  separated.  Let  t > 1 be  the  minimal 
number  of  affine  opens  needed  to  cover  X . We  will  prove  this  case  of  (1)  by  induction 
on  f.  If  t = 1 then  the  morphism  / is  affine  by  Morphisms,  Lemma  |28.12.12]  and 

If  t > 1 write  X = U U V with  V affine  open 
U Ut- 1 a union  of  t — 1 open  affines.  Note  that  in  this  case 


(1)  follows  from  Lemma  29.2.3 
and  U = 


Ui  U 


U nV  = (U\  n V)  U . . . (Ut-i  n V)  is  also  a union  of  i — 1 affine  open  subschemes, 
see  Schemes,  Lemma [25. 21. 8[  We  will  apply  the  relative  Mayer-Vietoris  sequence 

0 — > fifJ-  — > a*(Jr|[/)  © K{T\V)  — > c*(J-\uc\v)  — ► R1f*X  — > . . . 


see  Cohomology,  Lemma  |20.9.3[  By  induction  we  see  that  RPa^T,  RPb^T  and 
RP^F  are  all  quasi-coherent.  This  implies  that  each  of  the  sheaves  Rp f^F  is 
quasi-coherent  since  it  sits  in  the  middle  of  a short  exact  sequence  with  a cokernel 
of  a map  between  quasi-coherent  sheaves  on  the  left  and  a kernel  of  a map  between 
quasi-coherent  sheaves  on  the  right.  Using  the  results  on  quasi-coherent  sheaves  in 
Schemes,  Section  [25. 24|  we  see  conclude  Rpf*F  is  quasi-coherent. 


Assume  S is  affine  and  / quasi-compact  and  quasi-separated.  Let  t > 1 be  the 
minimal  number  of  affine  opens  needed  to  cover  X.  We  will  prove  (1)  by  induction 
on  t.  In  case  t = 1 the  morphism  / is  separated  and  we  are  back  in  the  previous 
case  (see  previous  paragraph).  If  t > 1 write  X = U U V with  V affine  open  and  U 
a union  of  t — 1 open  affines.  Note  that  in  this  case  U fl  V is  an  open  subscheme 
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of  an  affine  scheme  and  hence  separated  (see  Schemes,  Lemma  25.21.6).  We  will 
apply  the  relative  Mayer- Vietoris  sequence 

0 — > f*J-  — > © 6*(Jr|y)  — > c*(Jr|[/nY)  ~ t R1  f*J-  — > . . . 


see  Cohomology,  Lemma  [20. 9. 3[  By  induction  and  the  result  of  the  previous  para- 
graph we  see  that  Rpa^F , RpbifJ ~ and  RpcieJ-  are  quasi-colrerent.  As  in  the  previous 
paragraph  this  implies  each  of  sheaves  Rp  f^E  is  quasi-coherent. 


Next,  we  prove  (3)  and  a fortiori  (2).  Choose  a finite  affine  open  covering  S = 
Uj=i  m Sj-  For  each  i choose  a finite  affine  open  covering  /-1(£j)  = U,=i  t 
Let 

dj  = maxJc{1)...|t.}  (|J|  +t(f].eiuji)) 


be  the  integer  found  in  Lemma  29.4.4 


We  claim  that  n(X,  S,  f ) = maxdj  works. 


Namely,  let  S'  — ► S be  a morphism  of  schemes  and  let  T'  be  a quasi-coherent  sheaf 
on  X'  = S'  Xs  X.  We  want  to  show  that  RP f'^T'  = 0 for  p > n(X,  S , /).  Since  this 
question  is  local  on  S'  we  may  assume  that  S'  is  affine  and  maps  into  Sj  for  some 
j.  Then  X’  = S'  Xg.  f~1(Sj)  is  covered  by  the  open  affines  S'  Ujt.  i = 1, . . .tj 
and  the  intersections 


n.£,s'x^G,=s'xSjn„,G. 


iei 


are  covered  by  the  same  number  of  affines  as  before  the  base  change.  Applying 
Lemma  29.4.4  we  get  HP(X' , J7')  = 0.  By  the  first  part  of  the  proof  we  already 


know  that  each  RqfifF'  is  quasi-coherent  hence  has  vanishing  higher  cohomology 
groups  on  our  affine  scheme  S',  thus  we  see  that  H°(S ' , RP = Hp{ X',  J7')  = 0 

Since  RP  T'  is  quasi-coherent  we  conclude  that 

□ 


by  Cohomology,  Lemma  20.14.6 
RPflF  = 0. 


01XK  Lemma  29.4.6.  Let  f : X -A  S be  a morphism  of  schemes.  Assume  that  f is 
quasi-separated  and  quasi- compact.  Assume  S is  affine.  For  any  quasi-coherent 
Ox -module  J-  we  have 

Hq(X,  JF)  = H°(S,  Rq  f^T) 

for  all  q £ Z. 


Proof.  Consider  the  Leray  spectral  sequence  E%’q  = HP(S , RqfitF)  converging 


20.14.4 


By  Lemma 


29.2.2 


29.4.5 


we  see  that 


to  Hp+q( X,JF),  see  Cohomology,  Lemma 
the  sheaves  Rqf*T  are  quasi-coherent.  By  Lemma 
when  p > 0.  Hence  the  spectral  sequence  degenerates  at  E2  and  we  win.  See  also 
Cohomology,  Lemma  20.14.6  (2)  for  the  general  principle.  □ 


we  see  that  E%’q  = 0 


29.5.  Cohomology  and  base  change,  I 

02KE  Let  / : X — »•  S be  a morphism  of  schemes.  Let  J7  be  a quasi-coherent  sheaf 
on  X.  Suppose  further  that  g : S'  — > S is  any  morphism  of  schemes.  Denote 
X'  = Xgi  = S'  Xg  X the  base  change  of  X and  denote  f : X’  — > S'  the  base 
change  of  /.  Also  write  g'  : X'  — > X the  projection,  and  set  T'  = ( g')*E . Here  is 
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a diagram  representing  the  situation: 


02KF  (29.5.0.1) 


F = {g'Y  T X'  — ^ X 
s' 

/'  / 

Rf(F  S'  — U-  s 


T 

Rf*R 


Here  is  the  simplest  case  of  the  base  change  property  we  have  in  mind. 


02KG  Lemma  29.5.1.  Let  f : X — » S be  a morphism  of  schemes.  Let  T be  a quasi- 
coherent  Ox -module.  Assume  f is  affine.  In  this  case  f*T  = Rf*F  is  a quasi- 


coherent  sheaf,  and  for  every  base  change  diagram  ( 29. 5.0.1)  we  have 

g*f.r  = fMrr- 


Proof.  The  vanishing  of  higher  direct  images  is  Lemma  |29.2.3|  The  statement 
is  local  on  S and  S’.  Hence  we  may  assume  X = Spec(H),  S = Spec (R),  S’  = 


25.7.3 


to 


Spec(i?')  and  T = M for  some  H-module  M.  We  use  Schemes,  Lemma 
describe  pullbacks  and  pushforwards  of  T . Namely,  X'  = Spec(i?/  A)  and  F 
is  the  quasi-coherent  sheaf  associated  to  (R’  (g)#  A)  M.  Thus  we  see  that  the 
lemma  boils  down  to  the  equality 

(R'  ®r  A)  ®A  M = R'  ®R  M 

as  l?'-modules.  □ 


02KH 


In  many  situations  it  is  sufficient  to  know  about  the  following  special  case  of  coho- 
mology and  base  change.  It  follows  immediately  from  the  stronger  results  in  Section 
|29.7[  but  since  it  is  so  important  it  deserves  its  own  proof. 

Lemma  29.5.2.  Let  f : X -A  S be  a morphism  of  schemes.  Let  IF  be  a quasi- 
coherent  sheaf  on  X . Let  g : S'  — > S be  a morphism  of  schemes.  Assume  that  g is 
flat  and  that  f is  quasi-compact  and  quasi-separated.  Then  for  any  i > 0 we  have 


R'flF  = g*RiUT 


with  notation  as  in  (29.5.0.1 ).  Moreover,  the  induced  isomorphism  is  the  map  given 


by  the  base  change  map  of  Cohomology,  Lemma  20.18.1 


Proof.  The  statement  is  local  on  S'  and  hence  we  may  assume  S and  S'  are  affine. 
Say  S = Spec(H)  and  S'  = Spec(H).  In  this  case  we  are  really  trying  to  show  that 
the  map 

H\X,T)  ®a  B — » H\Xb,Fb) 

(given  by  the  reference  in  the  statement  of  the  lemma)  is  an  isomorphism  where 
XB  = Spec(H)  x spec(A)  ^ and  FB  is  the  pullback  of  T to  XB. 


In  case  X is  separated,  choose  an  affine  open  covering  U : X = Ui  U ...  U Ut  and 
recall  that 


HP(U,F)  = Hp(X,F), 

If  UB  : XB  = (U\)B  U . . . U (Ut) B we  obtain  by  base  change, 
then  it  is  still  the  case  that  each  ( Ui)B  is  affine  and  that  XB  is  separated.  Thus  we 
obtain 


see  Lemma  29.2.6 


Hp(UB,FB)  = Hp(XBlFB). 


We  have  the  following  relation  between  the  Cech  complexes 


C'(Ub,Fb)=C*(U,F)®aB 
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07TA 

07TB 


071M 


01XL 


as  follows  from  Lemma  [29. 5. 1[  Since  A — > B is  flat,  the  same  thing  remains  true 
on  taking  cohomology. 


In  case  X is  quasi-separated,  choose  an  affine  open  covering  U : X = U\  U . . . U 
Ut-  We  will  use  the  Cech-to-cohomology  spectral  sequence  Cohomology,  Lemma 
The  reader  who  wishes  to  avoid  this  spectral  sequence  can  use  Majer- 


20.12.5 


Vietoris  and  induction  on  t as  in  the  proof  of  Lemma [29. 4. 5[  The  spectral  sequence 
has  £2-page  E p,q  = Hp (U , Ilf (J7))  and  converges  to  Hp+q(X,Jr).  Similarly,  we 
have  a spectral  sequence  with  752-page  Ep’q  = Hp{Ub-  Hq(FB))  which  converges 
to  Hp+q(XB1JrB)-  Since  the  intersections  f7j0...,p  are  quasi-compact  and  sepa- 
rated, the  result  of  the  second  paragraph  of  the  proof  gives  Hp  (Ub  , Ml q ( Rb  ) ) = 
HP(U , Hf^J7))  B.  Using  that  A — > B is  flat  we  conclude  that  H'(X.  J7)  (g>A  B — >• 
H1(Xb,  Eb)  is  an  isomorphism  for  all  i and  we  win.  □ 


29.6.  Colimits  and  higher  direct  images 

General  results  of  this  nature  can  be  found  in  Cohomology,  Section  [20. 20[  Sheaves, 
Lemma [6. 29. 1[  and  Modules,  Lemma [17.11.6[ 

Lemma  29.6.1.  Let  f : X — >■  S be  a quasi-compact  and  quasi-separated  morphism 
of  schemes.  Let  J-  = colim  Ti  be  a filtered  colimit  of  quasi- coherent  sheaves  on  X . 
Then  for  any  p > 0 we  have 

Rp  f*J-  = colim  RFf.Fi. 


Proof.  Recall  that  Rp f*X  is  the  sheaf  associated  to  C7  i — >•  L7p(/_1/7,  J7),  see  Co- 
homology, Lemma  |20.8.3|  Recall  that  the  colimit  is  the  sheaf  associated  to  the 
presheaf  colimit  (taking  colimits  over  opens).  Hence  we  can  apply  Cohomology, 
Lemma  20.20.1  to  Hp(f~1U , — ) where  U is  affine  to  conclude.  (Because  the  basis 
of  affine  opens  in  f~1U  satisfies  the  assumptions  of  that  lemma.)  □ 


29.7.  Cohomology  and  base  change,  II 

Let  / : X — > S be  a morphism  of  schemes  and  let  J7  be  a quasi-coherent  Ox- 
module.  If  / is  quasi-compact  and  quasi-separated  we  would  like  to  represent 
Rf*T  by  a complex  of  quasi-coherent  sheaves  on  S . This  follows  from  the  fact  that 
the  sheaves  Rl  /*  J7  are  quasi-coherent  if  S is  quasi-compact  and  has  affine  diagonal, 
using  that  DQCoh(S)  is  equivalent  to  D(QCoh(Os)),  see  Derived  Categories  of 
Schemes,  Proposition  |35.7.5 

In  this  section  we  will  use  a different  approach  which  produces  an  explicit  complex 
having  a good  base  change  property.  The  construction  is  particularly  easy  if  / and 
S are  separated,  or  more  generally  have  affine  diagonal.  Since  this  is  the  case  which 
by  far  the  most  often  used  we  treat  it  separately. 

Lemma  29.7.1.  Let  f : X -A  S be  a morphism  of  schemes.  Let  J7  be  a quasi- 
coherent  Ox -module.  Assume  X is  quasi-compact  and  X and  S have  affine  diagonal 
(e.g.,  if  X and  S are  separated).  In  this  case  we  can  compute  Rf*J-  as  follows: 

(1)  Choose  a finite  affine  open  covering  U : X = (J,:=i  n Ui- 

(2)  For  *o,...,ip  S {1, . . . , n}  denote  fi0...ip  ■ Ui0...ip  — > S the  restriction  of  f 

to  the  intersection  = t/;0  fl . . . D E7*  . 

(3)  Set  Tio  iv  equal  to  the  restriction  of  T to  Uj0...jp. 
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(4)  Set 

CP(UJ,X)  = @ . 

and  define  differentials  d : Cp[U,f,F)  -A  Cp+1(U,f,  T)  as  in  Cohomology, 
Equation  \20.10. 0~1). 

Then  the  complex  C'(U,f,T)  is  a complex  of  quasi- coherent  sheaves  on  S which 
comes  equipped  with  an  isomorphism 

f(U,f,T)-^RffT 


in  D+(S).  This  isomorphism  is  functorial  in  the  quasi- coherent  sheaf  T . 


Proof.  Consider  the  resolution  T — > <L'(U,T)  of  Cohomology,  Lemma  20.25.1 
We  have  an  equality  of  complexes  C*(lA,f,iF)  = /*G.'*(W,  J7)  of  quasi-colierent 
05-modules.  The  morphisms  ji0...ip  '■  Ui0,,,ip  -A  X and  the  morphisms  fi0...ip  : 
U 


S are  affine  by  Morphisms,  Lemma 


well  &S  Rq  f iQ...ip*XiQ__ip 


28.12.11 


and  Lemma 


29.2.5 


are  zero  for  q > 0 (Lemma 


Hence 


29.2.3). 


Jl0...lp *•*  IQ...I  

Using  fojio  ip  = fi0...ip  and  the  spectral  sequence  of  Cohomology,  Lemma|20.14.8 


we  conclude  that  Rq f*{ji0...ip* Xi0...ip)  = 0 for  q > 0.  Since  the  terms  of  the  com- 
plex €’(U,T)  are  finite  direct  sums  of  the  sheaves  ji0...ip*Xia...ip  we  conclude  using 


Leray’s  acyclicity  lemma  (Derived  Categories,  Lemma  13.17.7)  that 


RffR=  =C\U,f,T) 


as  desired. 


□ 


Next,  we  are  going  to  consider  what  happens  if  we  do  a base  change. 


Lemma  29.7.2. 


With  notation  as  in  diagram  (29.5.0.1).  Assume  f : X — ► S 

Choose  a finite  affine  open  covering 


and  T satisfy  the  hypotheses  of  Lemma  29. 7. 1 


IA  : X = 1J  Ui  of  X . There  is  a canonical  isomorphism 

g*C*(U,f,  X)  — A RfiX' 


in  D+(S').  Moreover,  if  S'  -A  S is  affine,  then  in  fact 

gtC\U,f,T)=C\U',f,F) 

with  U'  : X'  = [J  U[  where  U[  = ( g')~l[Ui ) = Uits>  is  also  affine. 


Proof.  In  fact  we  may  define  U-  = (g,)~1(K)  = Ui,S'  no  matter  whether  S'  is 
affine  over  S or  not.  Let  U'  : X'  = (J  U-  be  the  induced  covering  of  X' . In  this  case 
we  claim  that 


29.7.1 


This 


g*r(U1f,J)=C%U',f',T') 

with  C*{U' , f,  J-')  defined  in  exactly  the  same  manner  as  in  Lemma 
is  clear  from  the  case  of  affine  morphisms  (Lemma  29.5.1)  by  working  locally  on 
S'.  Moreover,  exactly  as  in  the  proof  of  Lemma  [29.7.1  one  sees  that  there  is  an 
isomorphism 

C'{U',f',T')  — > RffiP 


in  D+(S')  since  the  morphisms  U[  -A  X'  and  U[  — > S'  are  still  affine  (being  base 
changes  of  affine  morphisms).  Details  omitted.  □ 
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The  lemma  above  says  that  the  complex 

jc*  =c*(uj,f) 

is  a bounded  below  complex  of  quasi-coherent  sheaves  on  S which  universally  com- 
putes the  higher  direct  images  of  / : X — > S.  This  is  something  about  this  particular 
complex  and  it  is  not  preserved  by  replacing  C*(U1  f,F)  by  a quasi-isomorphic  com- 
plex in  general!  In  other  words,  this  is  not  a statement  that  makes  sense  in  the 
derived  category.  The  reason  is  that  the  pullback  g*IC*  is  not  equal  to  the  derived 
pullback  Lg*lC*  of  1C*  in  general! 


Here  is  a more  general  case  where  we  can  prove  this  statement.  We  remark  that 
the  condition  of  S being  separated  is  harmless  in  most  applications,  since  this  is 
usually  used  to  prove  some  local  property  of  the  total  derived  image.  The  proof 
is  significantly  more  involved  and  uses  hypercoverings;  it  is  a nice  example  of  how 
you  can  use  them  sometimes. 


Lemma  29.7.3.  Let  / : X — » S be  a morphism  of  schemes.  Let  F be  a quasi- 
coherent  sheaf  on  X.  Assume  that  f is  quasi-compact  and  quasi- separated  and 
that  S is  quasi-compact  and  separated.  There  exists  a bounded  below  complex  1C* 
of  quasi-coherent  Os -modules  with  the  following  property:  For  every  morphism 
g : S'  — ► S the  complex  g*IC * is  a representative  for  Rf'^F'  with  notation  as  in 
diagram  ( 29.5.0.1 ). 


Proof.  (If  / is  separated  as  well,  please  see  Lemma  29.7.2  ) The  assumptions 
imply  in  particular  that  X is  quasi-compact  and  quasi-separated  as  a scheme.  Let 
B be  the  set  of  affine  opens  of  X.  By  Hypercoverings,  Lemma  [24. 10. 4|  we  can  find 
a hypercovering  I\  = (I,  {Ui})  such  that  each  In  is  finite  and  each  Ut  is  an  affine 
open  of  A'.  By  Hypercoverings,  Lemma  24.4.3  there  is  a spectral  sequence  with 
^2-page 


Ep’q  = Hp{K,Hq{F)) 

converging  to  Hp+q(X,F).  Note  that  HP(K,  Hq(F))  is  the  pth  cohomology  group 
of  the  complex 


[T  Hq(UuF)^  n Hq{UuF )->... 

■‘-Mel  2 

Since  each  Ui  is  affine  we  see  that  this  is  zero  unless  q = 0 in  which  case  we  obtain 


- IL*  - IL*>w 


Lie/i 


iei  2 


Thus  we  conclude  that  RT(X1  T)  is  computed  by  this  complex. 


For  any  n and  i £ In  denote  /,  : Ut  S the  restriction  of  / to  Ui.  As  S is  separated 
and  Ui  is  affine  this  morphism  is  affine.  Consider  the  complex  of  quasi-coherent 
sheaves 


= (IL,.  -*  IL,.  -*  IL ->•■■) 


L,e/i 


ie/2 


on  S.  As  in  Hypercoverings,  Lemma  |24.4.3|  we  obtain  a map  1C*  — ► Rf^F  in 
D{Os)  by  choosing  an  injective  resolution  of  T (details  omitted).  Consider  any 
affine  scheme  V and  a morphism  g : V — )•  S.  Then  the  base  change  X y has 
a hypercovering  Ky  = (I,  {f7»,v})  obtained  by  base  change.  Moreover,  g*  fi^F  = 
fi,v,*W)*F\UitV.  Thus  the  arguments  above  prove  that  T(V,  g*X*)  computes  f?T(Xy,  (g')*F). 
This  finishes  the  proof  of  the  lemma  as  it  suffices  to  prove  the  equality  of  complexes 
Zariski  locally  on  S' . □ 
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29.8.  Cohomology  of  projective  space 


01XS  In  this  section  we  compute  the  cohomology  of  the  twists  of  the  structure  sheaf 
on  Pg  over  a scheme  S.  Recall  that  Pg  was  defined  as  the  fibre  product  P'g  = 

^ ^ Spec(Z) 


in  Constructions,  Definition 


26.13.2 


It  was  shown  to  be  equal  to 

Tn\) 


P§  = Projs(Os[T0, 

in  Constructions,  Lemma  26.21.4|  In  particular,  projective  space  is  a particular 
case  of  a projective  bundle.  If  S = Spec {R)  is  affine  then  we  have 

P§  = Pr  = Proj(-Rpo, . . . , Tn]). 


01XT 


All  these  identifications  are  compatible  and  compatible  with  the  constructions  of 
the  twisted  structure  sheaves  0pg(d). 

Before  we  state  the  result  we  need  some  notation.  Let  R be  a ring.  Recall  that 
R[T0, . . . ,Tn]  is  a graded  f?-algebra  where  each  T;  is  homogeneous  of  degree  1. 
Denote  (f?[To, . . . , Tn])d  the  degree  d summand.  It  is  a finite  free  f?-module  of  rank 
("d  d)  when  d > 0 and  zero  else.  It  has  a basis  consisting  of  monomials  Tq  0 . . . T®" 
with  J2ei  = d.  We  will  also  use  the  following  notation:  f?[^r , . . . , denotes 
the  Z-graded  ring  with  jr  in  degree  — 1.  In  particular  the  Z-graded  R[jr, . . . , ^-] 
module 

1 R[— ] 

rp  rp  L rp  7 7 rp  J 

JO  ■ ■ ■ J-n  1Q  J n 

which  shows  up  in  the  statement  below  is  zero  in  degrees  > — n,  is  free  on  the 
generator  To  1 T in  degree  —n  — 1 and  is  free  of  rank  (— l)n(nJd)  for  d < —n  — 1. 


Lemma  29.8.1.  Let  R be  a ring.  Let  n > 0 be  an  integer.  We  have 

f (R[T0,...,Tn])d  if  q = 0 

Hq(Vn,Opn(d))=\  0 if  q^0,n 

[ (t0...t„  ■ • • > 5^])d  */  q = n 

as  R-modules. 


Proof.  We  will  use  the  standard  affine  open  covering 

«:  Pr  = U"  nD+(Ti) 


to  compute  the  cohomology  using  the  Cech  complex.  This  is  permissible  by  Lemma 


29.2.6  since  any  intersection  of  finitely  many  affine  D+(Tj)  is  also  a standard  affine 
open  (see  Constructions,  Section  26.8).  In  fact,  we  can  use  the  alternating  or 
ordered  Cech  complex  according  to  Cohomology,  Lemmas  20.24.3|  and  |20.24.6| 


The  ordering  we  will  use  on  {0, . . . , n}  is  the  usual  one.  Hence  the  complex  we  are 
looking  at  has  terms 


*(d))  = 0,. 


(f?[T0, . . . , Tn 


T T 

-Lin  •••-*- 


Moreover,  the  maps  are  given  by  the  usual  formula 

d(s)io...ip+1  = \ 1 i 

see  Cohomology,  Section  [20. 24|  Note  that  each  term  of  this  complex  has  a natural 
Z”+1 -grading.  Namely,  we  get  this  by  declaring  a monomial  Tq°  . . . T®™  to  be 
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homogeneous  with  weight  (eo, . . . , en)  £ Zn+1.  It  is  clear  that  the  differential  given 
above  respects  the  grading.  In  a formula  we  have 

C*ord(U,0PR(d))  = 0_.ez„+1  C*(e) 

where  not  all  summands  on  the  right  hand  side  occur  (see  below).  Hence  in  order 
to  compute  the  cohomology  modules  of  the  complex  it  suffices  to  compute  the 
cohomology  of  the  graded  pieces  and  take  the  direct  sum  at  the  end. 

Fix  e = (eo, . . . , en)  £ Zn+1.  In  order  for  this  weight  to  occur  in  the  complex  above 
we  need  to  assume  eg  + ...+  en  = d (if  not  then  it  occurs  for  a different  twist  of 
the  structure  sheaf  of  course).  Assuming  this,  set 


NEG(e)  = {i£{0,...,n}\ei<  0}. 

With  this  notation  the  weight  e summand  C*(e)  of  the  Cech  complex  above  has  the 
following  terms 


CP(e)  = 0, 


AT.EG(e)C{io,--0p} 


R 


Te0 


rpe 


In  other  words,  the  terms  corresponding  to  i0  <...<  ip  such  that  NEG(e)  is  not 
contained  in  {zq  . . . ip}  are  zero.  The  differential  of  the  complex  C*{e)  is  still  given 
by  the  exact  same  formula  as  above. 


Suppose  that  NEG(e)  = {0, . . . , n},  i.e. , that  all  exponents  e,  are  negative.  In  this 
case  the  complex  C*(e)  has  only  one  term,  namely  Cn(e)  = R ■ T_eo  1T_erl  ■ Hence 
in  this  case 

H«(C-(el)  = {R-re^  “ Ign 
The  direct  sum  of  all  of  these  terms  clearly  gives  the  value 

(t0  . . .Tn^T\)’  ” ’ T^) d 

in  degree  n as  stated  in  the  lemma.  Moreover  these  terms  do  not  contribute  to 
cohomology  in  other  degrees  (also  in  accordance  with  the  statement  of  the  lemma). 

Assume  NEG(e)  = 0.  In  this  case  the  complex  C*  (e)  has  a summand  R correspond- 
ing to  all  ig  < ...  < ip.  Let  us  compare  the  complex  C*(e)  to  another  complex. 
Namely,  consider  the  affine  open  open  covering 


V : Spec (R)  = |^J 


Vi 


where  V.  = Spec (R)  for  all  i.  Consider  the  alternating  Cech  complex 

^ord(V,0  Spec(ii)) 


By  the  same  reasoning  as  above  this  computes  the  cohomology  of  the  structure 
sheaf  on  Spec(f?).  Hence  we  see  that  Hp (C*rd(V , Ospec(R)))  = R if  p = 0 and  is  0 
whenever  p > 0.  For  these  facts,  see  Lemma  |29.2.1|  and  its  proof.  Note  that  also 
Cd(V,  C,gpec(jj))  has  a summand  R for  every  i0  < . . . < ip  and  has  exactly  the  same 
differential  as  C * (e) . In  other  words  these  complexes  are  isomorphic  complexes  and 
hence  have  the  same  cohomology.  We  conclude  that 


H«(C-(e)) 


( R ■ Te°  . . . Ten  if  q = 0 
( 0 if  else 
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in  the  case  that  NEG(e)  = 0.  The  direct  sum  of  all  of  these  terms  clearly  gives  the 
value 

{R[T0,  ■ ■ ■ , Tn])d 

in  degree  0 as  stated  in  the  lemma.  Moreover  these  terms  do  not  contribute  to 
cohomology  in  other  degrees  (also  in  accordance  with  the  statement  of  the  lemma). 

To  finish  the  proof  of  the  lemma  we  have  to  show  that  the  complexes  C*(e)  are 
acyclic  when  NEG(e)  is  neither  empty  nor  equal  to  {0,  ...,n}.  Pick  an  index 
*fix  ^ NEG(e)  (such  an  index  exists).  Consider  the  map 

h :Cp+\e)  -^Cp(e) 


given  by  the  rule 


h(s 


I Xq  . . .Xp 


(compare  with  the  proof  of  Lemma  29.2.1 ).  It  is  clear  that  this  is  well  defined  since 

NEG(e)  C {i0, . . . , ip}  <£>  NEG(e)  C io,  ■ ■ ■ , iv} 

Also  C°(e)  = 0 so  that  this  formula  does  work  for  all  p including  p = — 1.  The  exact 
same  (combinatorial)  computation  as  in  the  proof  of  Lemma  29.2.1  shows  that 

(hd  + dh)(s)i0„_i  = Si0...i 


Hence  we  see  that  the  identity  map  of  the  complex  C*  (e)  is  homotopic  to  zero  which 
implies  that  it  is  acyclic.  □ 


01XU 

01XV 


R 


In  the  following  lemma  we  are  going  to  use  the  pairing  of  free  .R-modules 

1 

"’T 

±rn 

which  is  defined  by  the  rule 

1 


R[T0,  ■ ■ • j Tn\  x 


1 R[—. 

0 • • • 1n  J-0 


(/iff) 


coefficient  of in  fg. 

Tq  ■ ■ ■ Tn 


In  other  words,  the  basis  element  Tg°  . . . T%n  pairs  with  the  basis  element  Tq  0 . . . T^n 
to  give  1 if  and  only  if  ei  + di  = —1  for  all  i,  and  pairs  to  zero  in  all  other  cases. 
Using  this  pairing  we  get  an  identification 


1 


1 


1 


rp  rp  R[rp  1 • ' • 1 rp  ] ) ~ HOHlR  ((i?[T()  , . • • , T„]  ) _„_  1 _ ^ , R) 

Jo  ■ ■ - J-n  Jo  Jn  / , i 

Thus  we  can  reformulate  the  result  of  Lemma |29.8.1|  as  saying  that 


(29.8.1.1)  UJ(P",Op.(d))  = 


I 


(R[T0, . . . ,Tn])d  if  g = 0 

0 if  q^0,n 

[HomR((i?[T0,...,Tn])_n_i_d,i?)  if  q = n 


Lemma  29.8.2.  The  identifications  of  Equation  (29.8.1.1)  are  compatible  with 
base  change  w.r.t.  ring  maps  R — > R! . Moreover,  for  any  f G R[T0 , . . . ,Tn]  homo- 
geneous of  degree  m the  map  multiplication  by  f 

CWd)— ►CWd  + m) 


induces  the  map  on  the  cohomology  group  via  the  identifications  of  Equation  (29.8.1.1 ) 
which  is  multiplication  by  f for  H°  and  the  contragredient  of  multiplication  by  f 

(i?[T0, . . . , T„])_„_x_(d+m)  — * (R[T0, . . . , Tn])_n_i_d 


on  Hn. 
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Proof.  Suppose  that  R — > Ft!  is  a ring  map.  Let  U be  the  standard  affine  open 
covering  of  P^,  and  let  U'  be  the  standard  affine  open  covering  of  P^,,.  Note  that 
U'  is  the  pullback  of  the  covering  U under  the  canonical  morphism  P^,,  — > P^. 
Hence  there  is  a map  of  Cech  complexes 

7 : Clrd{U,  0PJd ))  — > C;rd(U',  0Pr,  (d)) 

which  is  compatible  with  the  map  on  cohomology  by  Cohomology,  Lemma|20.16.1| 
It  is  clear  from  the  computations  in  the  proof  of  Lemma  |29.8.1|  that  this  map  of 
Cech  complexes  is  compatible  with  the  identifications  of  the  cohomology  groups  in 
question.  (Namely  the  basis  elements  for  the  Cech  complex  over  R simply  map  to 
the  corresponding  basis  elements  for  the  Cech  complex  over  R' .)  Whence  the  first 
statement  of  the  lemma. 

Now  fix  the  ring  R and  consider  two  homogeneous  polynomials  f,g£  R[Tq,  . ■ . , Tn\ 
both  of  the  same  degree  m.  Since  cohomology  is  an  additive  functor,  it  is  clear 
that  the  map  induced  by  multiplication  by  / + g is  the  same  as  the  sum  of  the 
maps  induced  by  multiplication  by  / and  the  map  induced  by  multiplication  by  g. 
Moreover,  since  cohomology  is  a functor,  a similar  result  holds  for  multiplication 
by  a product  fg  where  /,  g are  both  homogeneous  (but  not  necessarily  of  the  same 
degree).  Hence  to  verify  the  second  statement  of  the  lemma  it  suffices  to  prove 
this  when  f = x £ R or  when  / = T).  In  the  case  of  multiplication  by  an  element 
x £ R the  result  follows  since  every  cohomology  groups  or  complex  in  sight  has  the 
structure  of  an  I?-module  or  complex  of  f?-modules.  Finally,  we  consider  the  case 
of  multiplication  by  T,;  as  a Op™ -linear  map 

0P1(d)-^0P1(d  + l) 

The  statement  on  H°  is  clear.  For  the  statement  on  Hn  consider  multiplication  by 
Ti  as  a map  on  Cech  complexes 

c:rd(u,oPR(d ))  — ► c:rd(u,oPR(d+ 1)) 

We  are  going  to  use  the  notation  introduced  in  the  proof  of  Lemma  |29.8.1|  We 
consider  the  effect  of  multiplication  by  Ti  in  terms  of  the  decompositions 

<*,(«.<*■„(*))  = ®rezw 

and 

C-„d(U,Or,(i+  D)  = ®*z„+1,  E 

It  is  clear  that  it  maps  the  subcomplex  C*(e)  to  the  subcomplex  C'(e+bi)  where  6j  = 
(0, . . . , 0, 1,  0, . . . , 0))  the  *th  basis  vector.  In  other  words,  it  maps  the  summand 
of  Hn  corresponding  to  e with  < 0 and  Y ei  = d to  the  summand  of  Hn 
corresponding  to  e + bi  (which  is  zero  if  ei  + bi  >0).  It  is  easy  to  see  that  this 
corresponds  exactly  to  the  action  of  the  contragredient  of  multiplication  by  Ti  as  a 
map 

(-RpO)  ■ ■ ■ , Tn])_n_1_^d+1')  — ( R[T0 , . . . , Tn])_n_i_d 
This  proves  the  lemma.  □ 

Before  we  state  the  relative  version  we  need  some  notation.  Namely,  recall  that 
Os[T0, . . . ,Tn]  is  a graded  Og-module  where  each  Ti  is  homogeneous  of  degree  1. 
Denote  (Ospb, . . . ,Tn])d  the  degree  d summand.  It  is  a finite  locally  free  sheaf  of 
rank  (n~^d)  on  S. 
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Lemma  29.8.3.  Let  S be  a scheme.  Let  n > 0 be  an  integer.  Consider  the 
structure  morphism 

f ■ P ns  — > S. 

We  have 

(Os[T0, . . . ,Tn])d  if  q = 0 

0 if  q^0,n 

Homos{{Os[T0, . . . ,Tn])_n_i_d,C>s)  if  q = n 


Rqf*{0P™(d))  = 


Proof.  Omitted.  Hint:  This  follows  since  the  identifications  in  (29.8.1.11  are  com- 
patible with  affine  base  change  by  Lemma  [29. 8. 2[  □ 

Next  we  state  the  version  for  projective  bundles  associated  to  finite  locally  free 
sheaves.  Let  S'  be  a scheme.  Let  £ be  a finite  locally  free  Os-module  of  constant 
rank  n- 1-1,  see  Modules,  Section  17.14  In  this  case  we  think  of  Sym(S)  as  a graded 
C>S-module  where  £ is  the  graded  part  of  degree  1.  And  Symrf(£)  is  the  degree 
d summand.  It  is  a finite  locally  free  sheaf  of  rank  (”^d)  on  S.  Recall  that  our 
normalization  is  that 

7T  : P(£)  = Proj?(Sym(£))  — S 

and  that  there  are  natural  maps  Symd(£)  — > 7r*0p(£)(d). 

01XX  Lemma  29.8.4.  Let  S be  a scheme.  Let  n > 1.  Let  £ be  a finite  locally  free 
Os -module  of  constant  rank  n + 1.  Consider  the  structure  morphism 

7 r : P(£)  — ► S. 

We  have 

Symd{£)  if  q = 0 

0 if  q^0,n 

^rHomos{Sym-n~1~d(£)  ®os  An+1£,Os)  if  q — n 


RqMOP{£](d))  = 


These  identifications  are  compatible  with  base  change  and  isomorphism  between 
locally  free  sheaves. 


Proof.  Consider  the  canonical  map 

n*£  — ► 

and  twist  down  by  1 to  get 

**(£)(-!) 


<9p(£)(l) 


^P(£) 

This  is  a surjective  map  from  a locally  free  rank  n + 1 sheaf  onto  the  structure 
sheaf.  Hence  the  corresponding  Koszul  complex  is  exact  (More  on  Algebra,  Lemma 


15.22.5 1.  In  other  words  there  is  an  exact  complex 
7t*(A"+1£)(— n — 


0 


7T*(A l£)(-i)  7T*£(-1)  -a  Op(£) 


We  will  think  of  the  term  n* (Al£)(—i)  as  being  in  degree  —i.  We  are  going  to 
compute  the  higher  direct  images  of  this  acyclic  complex  using  the  first  spectral 
sequence  of  Derived  Categories,  Lemma  |13.21.3|  Namely,  we  see  that  there  is  a 
spectral  sequence  with  terms 

E{’q  = (tt*(A ~p£)(p)) 
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converging  to  zero!  By  the  projection  formula  (Cohomology,  Lemma  20.43.2 1 we 
have 


E f 9 = A 


p£  ®Os  R9n*  {p-p (£){p))  ■ 


Note  that  locally  on  S the  sheaf  £ is  trivial,  i.e. , isomorphic  to  0®"+1,  hence  locally 
on  S the  morphism  P(£)  -A  S can  be  identified  with  P%  -A  S.  Hence  locally  on  S 

It  follows  that  Ef’q  = 0 


29.8.1 


29.8.2 


or 


29.8.3 


we  can  use  the  result  of  Lemmas 
unless  (p,q)  is  (0,0)  or  (— n — 1 ,n).  The  nonzero  terms  are 


Ei’°  = ^Op(£)  = Os 


E 


—n—l,n 


= 1TV*  (n*  (/\n+1£)(—n  - 1))  = A 


n+ 1 1 


Rnv*  (0P(£)(-n-l)) 


Hence  there  can  only  be  one  nonzero  differential  in  the  spectral  sequence  namely 
the  map  d~rO[1’n  : E~pf1,n  -A  E^P  which  has  to  be  an  isomorphism  (because  the 
spectral  sequence  converges  to  the  0 sheaf).  Thus  Ep’q  = Ep’qx  and  we  obtain  a 
canonical  isomorphism 


d~n  — \,n 

An+1£  ®0s  (0P(£)(-n  - 1))  = Rnn * (n*  (An+1£)(—n  - 1))  -=±i > Os 

Since  An+1£  is  an  invertible  sheaf,  this  implies  that  RnTrtOp(^£')(— n—  1)  is  invertible 
as  well  and  canonically  isomorphic  to  the  inverse  of  An+l£ . In  other  words  we  have 
proved  the  case  d = — n — 1 of  the  lemma. 


Working  locally  on  S we  see  immediately  from  the  computation  of  cohomology  in 
Lemmas  |29.8.1|  |29.8.2[  or  |29.8.3|  the  statements  on  vanishing  of  the  lemma.  More- 
over the  result  on  i?°7r*  is  clear  as  well,  since  there  are  canonical  maps  Symd(£)  — ► 
7r *Op(£){d ) for  all  d.  It  remains  to  show  that  the  description  of  RnTtifOp(y£)(d)  is 
correct  for  d < —n  — 1.  In  order  to  do  this  we  consider  the  map 

7r*(Sym-d-"-: \£))  0Op(£)  0P(£)(d)  — > 0P(£)(-n  - 1) 

Applying  Rnn*  and  the  projection  formula  (see  above)  we  get  a map 

Sym -d~n-\£)  ®0s  Rn^{Op(e){d))  — > Rn^Op{£){-n  - 1)  = (A"+1£)®-1 

(the  last  equality  we  have  shown  above).  Again  by  the  local  calculations  of  Lemmas 
|29.8.1|[29A2l  or  |29.8.3|  it  follows  that  this  map  induces  a perfect  pairing  between 
.Rn7r*(0p(£)(d))  and  Sym_d_"^1(£l)  ® An+1(£)  as  desired.  □ 


29.9.  Coherent  sheaves  on  locally  Noetherian  schemes 

01XY  We  have  defined  the  notion  of  a coherent  module  on  any  ringed  space  in  Mod- 
ules, Section  [l7.12[  Although  it  is  possible  to  consider  coherent  sheaves  on  non- 
Noetherian  schemes  we  will  always  assume  the  base  scheme  is  locally  Noetherian 
when  we  consider  coherent  sheaves.  Here  is  a characterization  of  coherent  sheaves 
on  locally  Noetherian  schemes. 

01XZ  Lemma  29.9.1.  Let  X be  a locally  Noetherian  scheme.  Let  J-  be  an  Ox-module. 
The  following  are  equivalent 

(1)  F is  coherent, 

(2)  F is  a quasi- coherent,  finite  type  Ox -module, 

(3)  F is  a finitely  presented  Ox -module, 

(4)  for  any  affine  open  Spec(A)  = U C X we  have  F\jj  = M with  M a finite 
A-module,  and 
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(5)  there  exists  an  affine  open  covering  X = (J  Ui,  Ui  = Spec(Ai)  such  that 
each  J~\ui  = Mi  with  Mi  a finite  Ai-module. 

In  particular  Ox  is  coherent,  any  invertible  Ox  -module  is  coherent,  and  more  gen- 
erally any  finite  locally  free  Ox -module  is  coherent. 


Proof.  The  implications  (1) 
Lemma 


Lemma 


17.12.2 


17.11.2 


(2)  and  (1)  =>  (3)  hold  in  general,  see  Modules, 
If  T is  finitely  presented  then  T is  quasi-coherent,  see  Modules, 
Hence  also  (3)  =>  (2). 


Assume  J7  is  a quasi-coherent,  finite  type  Ox-module.  By  Properties,  Lemma 
we  see  that  on  any  affine  open  Spec(A)  = U C X we  have  T\u  = M with 
M a finite  A-module.  Since  A is  Noetherian  we  see  that  M has  a finite  resolution 


27.16.1 


M -a  0. 


Hence  T is  of  finite  presentation  by  Properties,  Lemma  27.16.2  In  other  words  (2) 
=>  (3). 


By  Modules,  Lemma  |17.12.5|  it  suffices  to  show  that  Ox  is  coherent  in  order  to 
show  that  (3)  implies  (1).  Thus  we  have  to  show:  given  any  open  U C X and 
any  finite  collection  of  sections  ft  £ Ox(U ),  i = 1 , ,n  the  kernel  of  the  map 
©i=i...  n Ou  — > Ou  is  of  finite  type.  Since  being  of  finite  type  is  a local  property 
it  suffices  to  check  this  in  a neighbourhood  of  any  x £ U.  Thus  we  may  assume 
U = Spec(A)  is  affine.  In  this  case  /i, . . . , fn  £ A are  elements  of  A.  Since  A is 
Noetherian,  see  Properties,  Lemma  27.5.2  the  kernel  K of  the  map  ©i=1  n A — >•  A 
is  a finite  A-module.  See  for  example  Algebra,  Lemma  10.50.1  As  the  functor~is 


exact,  see  Schemes,  Lemma  25.5.4| we  get  an  exact  sequence 


^0 


Ou  —t  Ou 


and  by  Properties,  Lemma  27.16.l|again  we  see  that  K is  of  finite  type.  We  conclude 
that  (1),  (2)  and  (3)  are  all  equivalent. 


01Y0 


It  follows  from  Properties,  Lemma  27.16.1  that  (2)  implies  (4).  It  is  trivial  that  (4) 
implies  (5).  The  discussion  in  Schemes,  Section  25.24  show  that  (5)  implies  that  T 
is  quasi-coherent  and  it  is  clear  that  (5)  implies  that  T is  of  finite  type.  Hence  (5) 
implies  (2)  and  we  win.  □ 

Lemma  29.9.2.  Let  X be  a locally  Noetherian  scheme.  The  category  of  coherent 
Ox -modules  is  abelian.  More  precisely,  the  kernel  and  cokernel  of  a map  of  coherent 
Ox -modules  are  coherent.  Any  extension  of  coherent  sheaves  is  coherent. 


Proof.  This  is  a restatement  of  Modules,  Lemma  17.12.4  in  a particular  case.  □ 


01Y1 


The  following  lemma  does  not  always  hold  for  the  category  of  coherent  Ox-modules 
on  a general  ringed  space  X. 

Lemma  29.9.3.  Let  X be  a locally  Noetherian  scheme.  Let  J7  be  a coherent 
Ox -module.  Any  quasi-coherent  submodule  of  T is  coherent.  Any  quasi-coherent 
quotient  module  of  T is  coherent. 


Proof.  We  may  assume  that  X is  affine,  say  X = Spec(A).  Properties,  Lemma 
|27.5.2|  implies  that  A is  Noetherian.  Lemma  |29.9.1|  turns  this  into  algebra.  The 
algebraic  counter  part  of  the  lemma  is  that  a quotient,  or  a submodule  of  a finite 
A- module  is  a finite  A- module,  see  for  example  Algebra,  Lemma  [10.50. 1|  □ 
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01Y3 


01Y4 


01Y5 


087T 
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Lemma  29.9.4.  Let  X be  a locally  Noetherian  scheme.  Let  T , Q be  coherent 
Ox-modules.  The  Ox-modules  T <8>ox  S and  TLomox  {X,  Q)  are  coherent. 


Proof.  It  is  shown  in  Modules,  Lemma  17.19.4  that  TLomox  (J7,  G)  is  coherent. 
The  result  for  tensor  products  is  Modules,  Lemma  [17.15. 5|  □ 


Lemma  29.9.5.  Let  X be  a locally  Noetherian  scheme.  Let  T , Q be  coherent 
Ox-modules.  Let  ip  : Q -A  T be  a homomorphism  of  Ox-modules.  Let  x £ X. 

(1)  If  Tx  = 0 then  there  exists  an  open  neighbourhood  U C X of  x such  that 

F\u  = 0. 

(2)  If  ipx  : Qx  — > Tx  is  injective,  then  there  exists  an  open  neighbourhood 
U C X of  x such  that  <p\u  is  injective. 

(3)  If  ipx  : Qx  — > Tx  is  surjective,  then  there  exists  an  open  neighbourhood 
U C X of  x such  that  <p\u  is  surjective. 

(4)  If  ipx  : Qx  — > Tx  is  bijective,  then  there  exists  an  open  neighbourhood 
U C X of  x such  that  <p\ jj  is  an  isomorphism. 


Proof.  See  Modules,  Lemmas  |l7.9.4[  [T7.9.5|  and  17.12.6| 


□ 


Lemma  29.9.6.  Let  X be  a locally  Noetherian  scheme.  Let  T , Q be  coherent 
Ox -modules.  Let  x £ X.  Suppose  if  : Qx  — > Tx  is  a map  of  Ox,x~modules.  Then 
there  exists  an  open  neighbourhood  U C X of  x and  a map  : G\u  — t F\jj  such 
that  ipx  = if. 


Proof.  In  view  of  Lemma  29.9.1  this  is  a reformulation  of  Modules,  Lemma  17.19.3 


□ 


Lemma  29.9.7.  Let  X be  a locally  Noetherian  scheme.  Let  T be  a coherent  Ox- 
module.  Then  Supp(J-)  is  closed,  and  J-  comes  from  a coherent  sheaf  on  the  scheme 
theoretic  support,  of  F,  see  Morphisms,  Definition\°28. 5. 5[ 


Proof.  Let  i : Z — ► X be  the  scheme  theoretic  support  of  T and  let  Q be  the  finite 
type  quasi-coherent  sheaf  on  Z such  that  i*Q  = T . Since  Z = Supp(Jr)  we  see  that 
the  support  is  closed.  The  scheme  Z is  locally  Noetherian  by  Morphisms,  Lemmas 
28.15.5  and  28.15.6|  Finally,  Q is  a coherent  O^-module  by  Lemma  29.9.1  □ 


Lemma  29.9.8.  Let  i : Z — » X be  a closed  immersion  of  locally  Noetherian 
schemes.  Let  I C Ox  be  the  quasi-coherent  sheaf  of  ideals  cutting  out  Z . The 
functor  i * induces  an  equivalence  between  the  category  of  coherent  Ox -modules 
annihilated  by  T and  the  category  of  coherent  O z -modules. 


Proof.  The  functor  is  fully  faithful  by  Morphisms,  Lemma  |28.4.1 


coherent  ©A'-module  annihilated  by  T.  By  Morphisms,  Lemma  28.4.1 


Let  J7  be  a 
we  can  write 


T = i*Q  for  some  quasi-coherent  sheaf  Q on  Z.  By  Modules,  Lemma  17.13.3|we  see 
that  Q is  of  finite  type.  Hence  Q is  coherent  by  Lemma[29.9.1|  Thus  the  functor  is 
also  essentially  surjective  as  desired.  □ 


Lemma  29.9.9.  Let  f : X — >•  Y be  a morphism  of  schemes.  Let  T be  a quasi- 
coherent  Ox-module.  Assume  f is  finite  and  Y locally  Noetherian.  Then  Rp f*T  = 
0 for  p > 0 and  f*T  is  coherent  if  T is  coherent. 


Proof.  The  higher  direct  images  vanish  by  Lemma  |29.2.3|  and  because  a finite 
morphism  is  affine  (by  definition).  Note  that  the  assumptions  imply  that  also  X is 
locally  Noetherian  (see  Morphisms,  Lemma  28.15.6 ) and  hence  the  statement  makes 
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sense.  Let  Spec  (A)  = V C Y be  an  affine  open  subset.  By  Morphisms,  Definition 
28.43.1  we  see  that  /_1(V)  = Spec(U)  with  A — > B finite.  Lemma  29.9.1  turns  the 


statement  of  the  lemma  into  the  following  algebra  fact:  If  M is  a finite  /3-module, 
then  M is  also  finite  viewed  as  a A-module,  see  Algebra,  Lemma  10.7.2  □ 


In  the  situation  of  the  lemma  also  the  higher  direct  images  are  coherent  since  they 
vanish.  We  will  show  that  this  is  always  the  case  for  a proper  morphism  between 
locally  Noetherian  schemes  (insert  future  reference  here). 

0B3J  Lemma  29.9.10.  Let  X be  a locally  Noetherian  scheme.  Let  T be  a coherent  sheaf 
with  dim (Supp(T))  < 0.  Then  J-  is  generated  by  global  sections  and  Hl(X,lF)  = 0 
for  i > 0. 


Proof.  By  Lemma  29.9.7  we  see  that  T = i±Q  where  i : Z — >•  X is  the  inclusion 
of  the  scheme  theoretic  support  of  T and  where  Q is  a coherent  O^-module.  Since 
the  dimension  of  Z is  0,  we  see  Z is  a disjoint  union  of  affines  (Properties,  Lemma 


27.10.5 1.  Hence  Q is  globally  generated  and  the  higher  cohomology  groups  of  Q are 


zero  (Lemma  29.2.2).  Hence  T = i*Q  is  globally  generated.  Since  the  cohomologies 
of  T and  Q agree  (Lemma|29.2.4  applies  as  a closed  immersion  is  affine)  we  conclude 
that  the  higher  cohomology  groups  of  J-  are  zero.  □ 


29.10.  Coherent  sheaves  on  Noetherian  schemes 


01Y7  In  this  section  we  mention  some  properties  of  coherent  sheaves  on  Noetherian 
schemes. 

01Y8  Lemma  29.10.1.  Let  X be  a Noetherian  scheme.  Let  T be  a coherent  Ox  -module. 
The  ascending  chain  condition  holds  for  quasi- coherent  submodules  of  J- . In  other 
words,  given  any  sequence 

J1CJ2C...CJ 

of  quasi- coherent  submodules,  then  Tn  = Tn+\  = . . . for  some  n > 0. 


Proof.  Choose  a finite  affine  open  covering.  On  each  member  of  the  covering  we 
get  stabilization  by  Algebra,  Lemma  10.50.1  Hence  the  lemma  follows.  □ 


01Y9  Lemma  29.10.2.  Let  X be  a Noetherian  scheme.  Let  T be  a coherent  sheaf  on  X. 
Let  T C Ox  be  a quasi- coherent  sheaf  of  ideals  corresponding  to  a closed  subscheme 
Z C X . Then  there  is  some  n > 0 such  that  InJ:  = 0 if  and  only  if  Supp(T)  C Z 
(set  theoretically). 


Proof.  This  follows  immediately  from  Algebra,  Lemma  10.61.4  because  X has  a 
finite  covering  by  spectra  of  Noetherian  rings.  □ 


01YA  Lemma  29.10.3  (Artin-Rees).  Let  X be  a Noetherian  scheme.  Let  J-  be  a coherent 
sheaf  on  X . Let  Q C J-  be  a quasi- coherent  subsheaf.  Let  X C Ox  be  a quasi- 
coherent  sheaf  of  ideals.  Then  there  exists  a c > 0 such  that  for  all  n > c we 
have 

xn-c(xcT  ng)  =xnT  r\Q 


Proof.  This  follows  immediately  from  Algebra,  Lemma  |10.50.2|  because  X has  a 
finite  covering  by  spectra  of  Noetherian  rings.  □ 
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01YB  Lemma  29.10.4.  Let  X be  a Noetherian  scheme.  Let  T be  a quasi- coherent  Ox- 
module.  Let  Q be  coherent  Ox -module.  Let  I C Ox  be  a quasi- coherent  sheaf  of 
ideals.  Denote  Z C X the  corresponding  closed  subscheme  and  set  U = X \ Z . 
There  is  a canonical  isomorphism 

colim„  Homox  (TnG,F)  — Rom0u  (G\u,  F\u)- 
In  particular  we  have  an  isomorphism 

colim„  Hom0x  (X",  F)  — > T(U,  F). 


Proof.  We  first  prove  the  second  map  is  an  isomorphism.  It  is  injective  by  Proper- 
ties, Lemma  |27. 25. 3[  Since  F is  the  union  of  its  coherent  submodules,  see  Proper- 
ties, Lemma  27. 22. 3|  (and  Lemma  29.9.1 1 we  may  and  do  assume  that  F is  coherent 
to  prove  surjectivity.  Let  Fn  denote  the  quasi-coherent  subsheaf  of  F consisting  of 
sections  annihilated  by  X”,  see  Properties,  Lemma|27.25.3  Since  F\  C Fi  C . . . we 
see  that  Frl  = Tn+\  = ...  for  some  n > 0 by  Lemma  29.10.1  Set  TL  = Fn  for  this  n. 


By  Artin-Rees  (Lemma  29.10.3 ) there  exists  an  c > 0 such  that  TmFC\TL  C Im  CTL. 
Picking  m = n + c we  get  Tm F F\TL  C FTL  = 0.  Thus  if  we  set  F’  = TmF  then  we 
see  that  F’  n Fn  = 0 and  F\u  = F\jj.  Note  in  particular  that  the  subsheaf  {F)n 
of  sections  annihilated  by  IN  is  zero  for  all  N > 0.  Hence  by  Properties,  Lemma 


27.25.3  we  deduce  that  the  top  horizontal  arrow  in  the  following  commutative  dia- 


gram is  a bijection: 


colim„  Hom0x  (ln,F) T(U,  F) 

Y Y 

colim„  Homox  (X”,  X) >■  r(U,  T) 


Since  also  the  right  vertical  arrow  is  a bijection  we  conclude  that  the  bottom  hori- 
zontal arrow  is  surjective  as  desired. 


Next,  we  prove  the  first  arrow  of  the  lemma  is  a bijection.  By  Lemma  [29.9.1  the 
sheaf  Q is  of  finite  presentation  and  hence  the  sheaf  TL  = TLomox{G,F)  is  quasi- 
coherent,  see  Schemes,  Section [25. 24|  By  definition  we  have 

H(U)  = Rom0u(G\u,F\u) 


Pick  a if  in  the  right  hand  side  of  the  first  arrow  of  the  lemma,  i.e.,  if  € TL(U).  The 
result  just  proved  applies  to  TL  and  hence  there  exists  an  n > 0 and  an  ip  : In  TL 
which  recovers  if  on  restriction  to  U.  By  Modules,  Lemma  [17. 19. 1|  p corresponds 
to  a map 

<P  ■ ®Ox  G — >•  T. 

This  is  almost  what  we  want  except  that  the  source  of  the  arrow  is  the  tensor 
product  of  I"  and  G and  not  the  product.  We  will  show  that,  at  the  cost  of 
increasing  n,  the  difference  is  irrelevant.  Consider  the  short  exact  sequence 


0 —t  K.  —>  In  G ->•  1nQ  -»•  0 

where  K,  is  defined  as  the  kernel.  Note  that  I nlC  = 0 (proof  omitted).  By  Artin- 
Rees  again  we  see  that 

Knim(r®0x  G)  = o 

for  some  m large  enough.  In  other  words  we  see  that 

Xm(Xn  ®0x  G)  — ► Tn+mG 
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is  an  isomorphism.  Let  ip ' be  the  restriction  of  <p  to  this  submodule  thought  of  as 
a map  Im+nQ  — > T . Then  <p'  gives  an  element  of  the  left  hand  side  of  the  first 
arrow  of  the  lemma  which  maps  to  if  via  the  arrow.  In  other  words  we  have  proved 
surjectivity  of  the  arrow.  We  omit  the  proof  of  injectivity.  □ 


29.11.  Depth 


In  this  section  we  talk  a little  bit  about  depth  and  property  (Sk)  for  coherent 
modules  on  locally  Noetherian  schemes.  Note  that  we  have  already  discussed  this 
notion  for  locally  Noetherian  schemes  in  Properties,  Section|27.12| 

Definition  29.11.1.  Let  X be  a locally  Noetherian  scheme.  Let  T be  a coherent 
Ox-module.  Let  k > 0 be  an  integer. 

(1)  We  say  T has  depth  k at  a point  x of  X if  depths  Y (Fx)  = k. 

(2)  We  say  X has  depth  k at  a point  x of  X if  depth(0x,x)  = k. 

(3)  We  say  T has  property  (Sk)  if 

depth0x ^(Fx)  > min(/c, dim(Supp(J7x))) 
for  all  x £ X. 

(4)  We  say  X has  property  (Sk)  if  Ox  has  property  (Sk)- 


Any  coherent  sheaf  satisfies  condition  (So).  Condition  (Si)  is  equivalent  to  having 
no  embedded  associated  points,  see  Divisors,  Lemma  [30.4. 3| 

We  have  seen  in  Properties,  Lemma  |27.12.3|  that  a locally  Noetherian  scheme  is 
Cohen-Macaulay  if  and  only  if  (Sk)  holds  for  all  k.  Thus  it  makes  sense  to  introduce 
the  following  definition,  which  is  equivalent  to  the  condition  that  all  stalks  are 
Cohen-Macaulay  modules. 

Definition  29.11.2.  Let  A'  be  a locally  Noetherian  scheme.  Let  T be  a coherent 
Ox-module.  We  say  T is  Cohen-Macaulay  if  and  only  if  (Sk)  holds  for  all  k > 0. 

Lemma  29.11.3.  Let  X be  a locally  Noetherian  scheme.  Let  T , Q be  coherent 
Ox -modules. 

(1)  If  Q has  property  (Si),  then  TLomox  (X,  G)  has  property  (Si). 

(2)  If  Q has  property  (S2),  then  l-lomox  (X,  Q)  has  property  (S2). 


Proof.  Observe  that  Homox  (-S,  G)  is  a coherent  Ox-module  by  Lemma  29.9.4 


Coherent  modules  are  of  finite  presentation  (Lemma  29.9.1)  hence  taking  stalks 
commutes  with  taking  Horn  and  Horn,  see  Modules,  Lemma  |17.19.3[  Thus  we 
reduce  to  the  case  of  finite  modules  over  local  rings  which  is  More  on  Algebra, 
Lemma  115.17.81  □ 


Lemma  29.11.4.  Let  X be  a regular  scheme.  Let  T be  a coherent  Ox-module. 
The  following  are  equivalent 

(1)  T is  Cohen-Macaulay  and  Supp(J-)  = X, 

(2)  J-  is  finite  locally  free  of  rank  > 0. 


Proof.  Let  x £ X.  If  (2)  holds,  then  Tx  is  a free  Ox.x-module  of  rank  > 0.  Hence 
depth(J'a:)  = dim(Ox,x)  because  a regular  local  ring  is  Cohen-Macaulay  (Algebra, 
Lemma  10.105.3).  Conversely,  if  (1)  holds,  then  Tx  is  a maximal  Cohen-Macaulay 
module  over  Ox,x  (Algebra,  Definition  10.102.6).  Hence  Fx  is  free  by  Algebra, 
Lemma  IIP. 105.61  □ 
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29.12.  Devissage  of  coherent  sheaves 


01YC  Let  X be  a Noetherian  scheme.  Consider  an  integral  closed  subscheme  i : Z — »■  X. 
It  is  often  convenient  to  consider  coherent  sheaves  of  the  form  i*Q  where  G is  a 
coherent  sheaf  on  Z . In  particular  we  are  interested  in  these  sheaves  when  Q is  a 
torsion  free  rank  1 sheaf.  For  example  G could  be  a nonzero  sheaf  of  ideals  on  Z, 
or  even  more  specifically  Q = Oz- 


01YD 


Throughout  this  section  we  will  use  that  a coherent  sheaf  is  the  same  thing  as  a 
finite  type  quasi-coherent  sheaf  and  that  a quasi-coherent  subquotient  of  a coherent 
sheaf  is  coherent, 


see  Section  [29.9 
Modules,  Lemma[i7.9.6[ 


The  support  of  a coherent  sheaf  is  closed,  see 


Lemma  29.12.1.  Let  X be  a Noetherian  scheme.  Let  F be  a coherent  sheaf  on 
X . Suppose  that  Supp(F)  = Z U Z'  with  Z , Z'  closed.  Then  there  exists  a short 
exact  sequence  of  coherent  sheaves 


O^G'^F^G^O 


with  Supp(G')  C Z'  and  Supp(G)  C Z. 


01  YE 


Proof.  Let  I C Ox  be  the  sheaf  of  ideals  defining  the  reduced  induced  closed 
subscheme  structure  on  Z,  see  Schemes,  Lemma [25. 12. 4|  Consider  the  subsheaves 
G'n  = TnF  and  the  quotients  Gn  = F /TnF.  For  each  n we  have  a short  exact 
sequence 

0 — > G'n  > X —>  Gn  — ► 0 


For  every  point  a;  of  Z'  \ Z we  have  Tx  = Ox,x  and  hence  Gn,x  = 0.  Thus  we  see 
that  Supp(f/„)  C Z.  Note  that  X \ Z'  is  a Noetherian  scheme.  Hence  by  Lemma 


29.10.2  there  exists  an  n such  that  G'n\x\z’  = FnF\ x\z'  = 0.  For  such  an  n we  see 
that  Supp(f/(J  C Z' . Thus  setting  G'  = G'n  and  G = Gn  works.  □ 


Lemma  29.12.2.  Let  X be  a Noetherian  scheme.  Let  i : Z -A  X be  an  integral 
closed  subscheme.  Let  £ £ Z be  the  generic  point.  Let  F be  a coherent  sheaf  on 
X.  Assume  that  F^  is  annihilated  by  m^.  Then  there  exists  an  integer  r > 0 and  a 
sheaf  of  ideals  I C Oz  and  an  injective  map  of  coherent  sheaves 

*,  (X®r)  -A  F 

which  is  an  isomorphism  in  a neighbourhood  of  f. 


Lemma 

Lemma 


Proof.  Let  J c Ox  be  the  ideal  sheaf  of  Z.  Let  F'  C T be  the  subsheaf  of  local 
sections  of  F which  are  annihilated  by  J . It  is  a quasi-coherent  sheaf  by  Properties, 
Moreover,  F'£  = F^  because  and  part  (3)  of  Properties, 

By  Lemma  29.9.5  we  see  that  F'  -A  F induces  an  isomorphism 
in  a neighbourhood  of  £.  Hence  we  may  replace  F by  F'  and  assume  that  F is 
annihilated  by  J . 


27.24.2 


Assume  JF  = 0.  By  Lemma [29. 9. 8|  we  can  write  F = i*G  for  some  coherent  sheaf 
G on  Z.  Suppose  we  can  find  a morphism  T®r  — > G which  is  an  isomorphism  in  a 
neighbourhood  of  the  generic  point  £ of  Z.  Then  applying  j*  (which  is  left  exact) 
we  get  the  result  of  the  lemma.  Hence  we  have  reduced  to  the  case  X = Z. 


Suppose  Z = X is  an  integral  Noetherian  scheme  with  generic  point  £.  Note  that 
O xp  = k(£)  is  the  function  field  of  X in  this  case.  Since  F^  is  a finite  C^-module 
we  see  that  r = dimK(£)  F^  is  finite.  Hence  the  sheaves  and  F have  isomorphic 
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stalks  at  By  Lemma [29T9T6] there  exists  a nonempty  open  U C X and  a morphism 

if  : 0®r|{7  — > T\u  which  is  an  isomorphism  at  £,  and  hence  an  isomorphism  in  a 
neighbourhood  of  £ by  Lemma  [29. 9. 5[  By  Schemes,  Lemma [25. 12. 4|  there  exists  a 
quasi-coherent  sheaf  of  ideals  I C Ox  whose  associated  closed  subscheme  Z C X 


is  the  complement  of  U.  By  Lemma  29.10.4  there  exists  an  n > 0 and  a morphism 
l"(0®r)  — ► LF  which  recovers  our  if  over  U.  Since  I ”(C,®r)  = ( Xn)®r  we  get  a 
map  as  in  the  lemma.  It  is  injective  because  X is  integral  and  it  is  injective  at  the 
generic  point  of  X (easy  proof  omitted).  □ 

01YF  Lemma  29.12.3.  Let  X be  a Noetherian  scheme.  Let  LF  be  a coherent  sheaf  on 
X.  There  exists  a filtration 

0 = Jq  c Ji  C . . . C LFm  = J7 


by  coherent  subsheaves  such  that  for  each  j = 1, . . . , m there  exists  an  integral  closed 
subscheme  Zj  C X and  a sheaf  of  ideals  Zj  C Oz0  such  that 

J~  j j J~  j—\  — ( Zj  — > X^jfXj 


Proof.  Consider  the  collection 

y _ \Z  C X closed  such  that  there  exists  a coherent  sheaf  J- ) 
j with  Supp(Jr)  = Z for  which  the  lemma  is  wrong  J 

We  are  trying  to  show  that  T is  empty.  If  not,  then  because  X is  Noetherian  we 
can  choose  a minimal  element  Z £ T.  This  means  that  there  exists  a coherent 
sheaf  LF  on  X whose  support  is  Z and  for  which  the  lemma  does  not  hold.  Clearly 
Z ^ 0 since  the  only  sheaf  whose  support  is  empty  is  the  zero  sheaf  for  which  the 
lemma  does  hold  (with  m = 0). 


If  Z is  not  irreducible,  then  we  can  write  Z = Z\  UZ2  with  Z 1,  Z2  closed  and  strictly 
smaller  than  Z.  Then  we  can  apply  Lemma  29.12.1  to  get  a short  exact  sequence 
of  coherent  sheaves 

0— > Gi  — > LF  — > G2  ~ tO 


with  Supp(CJ)  C Zi.  By  minimality  of  Z each  of  Qi  has  a filtration  as  in  the 
statement  of  the  lemma.  By  considering  the  induced  filtration  on  J-  we  arrive  at  a 
contradiction.  Hence  we  conclude  that  Z is  irreducible. 


Suppose  Z is  irreducible.  Let  J be  the  sheaf  of  ideals  cutting  out  the  reduced 
induced  closed  subscheme  structure  of  Z,  see  Schemes,  Lemma [25. 12.4|  By  Lemma 
|29.10.2|  we  see  there  exists  an  n > 0 such  that  JnT  = 0.  Hence  we  obtain  a 
filtration 

0 = JnjF  C Jn~lT  CL  ...  C.  JT  C T 


each  of  whose  successive  subquotients  is  annihilated  by  J . Hence  if  each  of  these 
subquotients  has  a filtration  as  in  the  statement  of  the  lemma  then  also  LF  does.  In 
other  words  we  may  assume  that  J does  annihilate  LF. 


In  the  case  where  Z is  irreducible  and  JLF  = 0 we  can  apply  Lemma  29.12.2  This 
gives  a short  exact  sequence 


0 — )•  i»(Z®r)  — )•  J7  — >■  Q->0 


where  Q is  defined  as  the  quotient.  Since  Q is  zero  in  a neighbourhood  of  £ by  the 
lemma  just  cited  we  see  that  the  support  of  Q is  strictly  smaller  than  Z.  Hence  we 
see  that  Q has  a filtration  of  the  desired  type  by  minimality  of  Z.  But  then  clearly 
LF  does  too,  which  is  our  final  contradiction.  □ 
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01YG  Lemma  29.12.4.  Let  X be  a Noetherian  scheme.  Let  V be  a property  of  coherent 
sheaves  on  X . Assume 

(1)  For  any  short  exact  sequence  of  coherent  sheaves 

if  Ft,  i = 1,2  have  property  V then  so  does  F . 

(2)  For  every  integral  closed  subscheme  Z C X and  every  quasi- coherent  sheaf 
of  ideals  X C Oz  we  have  V for  ifX. 

Then  property  V holds  for  every  coherent  sheaf  on  X . 

Proof.  First  note  that  if  F is  a coherent  sheaf  with  a filtration 


o = JocJiC...c  Jm  = J 

by  coherent  subsheaves  such  that  each  of  Fi/Fi- 1 has  property  "P,  then  so  does  F. 


This  follows  from  the  property  (1)  for  V.  On  the  other  hand,  by  Lemma  29.12.3 


can  filter  any  F with  successive  subquotients  as  in  (2).  Hence  the  lemma  follows. 


we 

□ 


01YH  Lemma  29.12.5.  Let  X be  a Noetherian  scheme.  Let  Zq  C X be  an  irreducible 
closed  subset  with  generic  point  £.  Let  V be  a property  of  coherent  sheaves  on  X 
with  support  contained  in  Zq  such  that 

(1)  For  any  short  exact  sequence  of  coherent  sheaves  if  two  out  of  three  of 
them  have  property  V then  so  does  the  third. 

(2)  For  every  integral  closed  subscheme  Z C Z0  C X,  Z ^ Z0  and  every 
quasi- coherent  sheaf  of  ideals  X C Oz  we  have  V for  (Z  — > X)fX. 

(3)  There  exists  some  coherent  sheaf  G on  X such  that 

(a)  Supp(G)  = Z0, 

(b)  is  annihilated  by  m^, 

(c)  dimK(£)  Gz  = 1,  and 

(d)  property  V holds  for  G . 

Then  property  V holds  for  every  coherent  sheaf  F on  X whose  support  is  contained 
in  Zq. 


Proof.  First  note  that  if  F is  a coherent  sheaf  with  support  contained  in  Zq  with 
a filtration 

0 = F0  C Fi  C . . . C Fm  = F 

by  coherent  subsheaves  such  that  each  of  Fi/Fi-i  has  property  V,  then  so  does  F . 
Or,  if  F has  property  V and  all  but  one  of  the  Fi/Fi-i  has  property  V then  so 
does  the  last  one.  This  follows  from  assumption  (1). 


As  a first  application  we  conclude  that  any  coherent  sheaf  whose  support  is  strictly 
contained  in  Zq  has  property  V . Namely,  such  a sheaf  has  a filtration  (see  Lemma 


29.12.3)  whose  subquotients  have  property  V according  to  (2). 


Let  G be  as  in  (3).  By  Lemma  29.12.2  there  exist  a sheaf  of  ideals  X on  Zq,  an 


integer  r > 1,  and  a short  exact  sequence 
0 —t  ((Z0  —t  X)*Xf 


Q->  0 


where  the  support  of  Q is  strictly  contained  in  Z0.  By  (3)(c)  we  see  that  r = 1. 
Since  Q has  property  V too  we  conclude  that  (Z0  — >•  X)XX  has  property  V . 
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Next,  suppose  that  X'  ^ 0 is  another  quasi-coherent  sheaf  of  ideals  on  Zq.  Then  we 
can  consider  the  intersection  X"  =I'nl  and  we  get  two  short  exact  sequences 

0 — > (Z0  — t -Y)*X  — > (Z0  — * X)*X  — >■  Q — ■>  0 

and 

0 -A  (Z0  -A  X)*2"  -A  (Z0  -A  X),I'  -4  Q'  -A  0. 

Note  that  the  support  of  the  coherent  sheaves  Q and  Q!  are  strictly  contained  in 
Z0.  Hence  Q and  Qf  have  property  V (see  above).  Hence  we  conclude  using  (1) 
that  (Zq  -A-  X)*X"  and  (Z0  -A  X)fl'  both  have  V as  well. 


The  final  step  of  the  proof  is  to  note  that  any  coherent  sheaf  J onX  whose  support 
is  contained  in  Zq  has  a filtration  (see  Lemma  29.12.3  again)  whose  subquotients 
all  have  property  V by  what  we  just  said.  □ 


01YI  Lemma  29.12.6.  Let  X be  a Noetherian  scheme.  Let  V be  a property  of  coherent 
sheaves  on  X such  that 

(1)  For  any  short  exact  sequence  of  coherent  sheaves  if  two  out  of  three  of 
them  have  property  V then  so  does  the  third. 

(2)  For  every  integral  closed  subscheme  Z C X with  generic  point  £ there 
exists  some  coherent  sheaf  Q such  that 

(a)  Supp(Q)  = Z, 

(b)  Qc  is  annihilated  by  rrif, 

(c)  dimK(£)  £/£  = 1,  and 

(d)  property  V holds  for  Q. 

Then  property  V holds  for  every  coherent  sheaf  on  X. 

Proof.  According  to  Lemma [29.1 2. 4|  it  suffices  to  show  that  for  all  integral  closed 
subschemes  Z C X and  all  quasi-coherent  ideal  sheaves  X C Oz  we  have  V for 
( Z -A  X)fX.  If  this  fails,  then  since  X is  Noetherian  there  is  a minimal  integral 
closed  subscheme  Zq  C X such  that  V fails  for  ( Zq  — > X)*I0  for  some  quasi- 
coherent  sheaf  of  ideals  X0  C Oz0,  but  V does  hold  for  (Z  -A  X)„X  for  all  integral 
closed  subschemes  Z C Zq,  Z ^ Zq  and  quasi-coherent  ideal  sheaves  X C Oz- 


this  cannot  happen.  □ 


Since  we  have  the  existence  of  Q for  Zq  by  part  (2),  according  to  Lemma  29.12.5 


01YL  Lemma  29.12.7.  Let  X be  a Noetherian  scheme.  Let  Zq  C X be  an  irreducible 
closed  subset  with  generic  point  £.  Let  V be  a property  of  coherent  sheaves  on  X 
such  that 

(1)  For  any  short  exact  sequence  of  coherent  sheaves 

0 A Ji  A J A J2  A 0 

if  Fi,  i = 1,2  have  property  V then  so  does  T . 

(2)  If  V holds  for  a direct  sum  of  coherent  sheaves  then  it  holds  for  both. 

(3)  For  every  integral  closed  subscheme  Z C Zq  C X,  Z ^ Zq  and  every 
quasi-coherent  sheaf  of  ideals  X C Oz  we  have  V for  (Z  -A  X)fX- 

(4)  There  exists  some  coherent  sheaf  Q such  that 

(a)  Supp(Q)  = Zq, 

(b)  Q ^ is  annihilated  by  m^  , and 
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(c)  for  every  quasi- coherent  sheaf  of  ideals  J C Ox  such  that  = Ox,z 
there  exists  a quasi- coherent  sub  sheaf  Q'  C JQ  with  Q = Q ^ and 
such  that  V holds  for  Q' . 

Then  property  V holds  for  every  coherent  sheaf  T on  X whose  support  is  contained 
in  Z0. 


Proof.  Note  that  if  J7  is  a coherent  sheaf  with  a filtration 


0 = Jo  c Ji  C . . . C = T 


by  coherent  subsheaves  such  that  each  of  has  property  V,  then  so  does  T. 

This  follows  from  assumption  (1). 

As  a first  application  we  conclude  that  any  coherent  sheaf  whose  support  is  strictly 
contained  in  Zq  has  property  V.  Namely,  such  a sheaf  has  a filtration  (see  Lemma 
29.12.3)  whose  subquotients  have  property  V according  to  (3). 


Let  us  denote  i : Zq  — > X the  closed  immersion.  Consider  a coherent  sheaf  Q as 


in  (4).  By  Lemma  29.12.2  there  exists  a sheaf  of  ideals  X on  Zq  and  a short  exact 
sequence 

0 -A  ul®r 

where  the  support  of  Q is  strictly  contained  in  Zq.  In  particular  r > 0 and  T 
is  nonzero  because  the  support  of  Q is  equal  to  Zq.  Let  I'  C T be  any  nonzero 
quasi-coherent  sheaf  of  ideals  on  Zq  contained  in  T.  Then  we  also  get  a short  exact 
sequence 

0^  Q'  ->•  0 

where  Q!  has  support  properly  contained  in  Zq.  Let  J C Ox  be  a quasi-coherent 
sheaf  of  ideals  cutting  out  the  support  of  Q!  (for  example  the  ideal  corresponding 
to  the  reduced  induced  closed  subscheme  structure  on  the  support  of  Q').  Then 
= °x,z- 


By  Lemma  29.10.2  we  see  that  JnQ!  = 0 for  some  n.  Hence  JnQ  C 
By  assumption  (4)(c)  of  the  lemma  we  see  there  exists  a quasi-coherent 
subsheaf  Q'  C JnQ  with  for  which  property  V holds.  Hence  we  get  a short 

exact  sequence 

0 ->•  Q'  -»■  i*(X')®r  -»•  Q"  ->■  0 

where  Q"  has  support  properly  contained  in  Zq.  Thus  by  our  initial  remarks  and 
property  (1)  of  the  lemma  we  conclude  that  i*(X,)®r  satisfies  V.  Hence  we  see 
that  iJZ'  satisfies  V by  (2).  Finally,  for  an  arbitrary  quasi-coherent  sheaf  of  ideals 
I"  C Oz0  we  can  set  T'  = I"  D T and  we  get  a short  exact  sequence 

0 -A  A(T')  — > i*(X")  -A  Qf"  -A  0 

where  Q'"  has  support  properly  contained  in  Zq  . Hence  we  conclude  that  property 
V holds  for  ixT"  as  well. 

The  final  step  of  the  proof  is  to  note  that  any  coherent  sheaf  T on  X whose  support 


is  contained  in  Zq  has  a filtration  (see  Lemma  29.12.3  again)  whose  subquotients 
all  have  property  V by  what  we  just  said.  □ 

01YM  Lemma  29.12.8.  Let  X be  a Noetherian  scheme.  Let  V be  a property  of  coherent 
sheaves  on  X such  that 
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01YN 

OlYO 


01YP 


(1)  For  any  short  exact  sequence  of  coherent  sheaves 

if  Ti,  i = 1,2  have  property  V then  so  does  F. 

(2)  If  V holds  for  a direct  sum  of  coherent  sheaves  then  it  holds  for  both. 

(3)  For  every  integral  closed  subscheme  Z C X with  generic  point  £ there 
exists  some  coherent  sheaf  G such  that 

(a)  Supp(G)  = Z, 

(b)  G^  is  annihilated  by  m^,  and 

(c)  for  every  quasi- coherent  sheaf  of  ideals  J C Ox  such  that  = Ox£ 
there  exists  a quasi- coherent  sub  sheaf  G'  C JQ  with  G £ = G £ and 
such  that  V holds  for  G'  ■ 

Then  property  V holds  for  every  coherent  sheaf  on  X. 


follows  from  Lemma  T29. 12.51  □ 


Proof.  Follows  from  Lemma  29.12.7  in  exactly  the  same  way  that  Lemma  29.12.6 


29.13.  Finite  morphisms  and  afHnes 

In  this  section  we  use  the  results  of  the  preceding  sections  to  show  that  the  image 
of  a Noetherian  affine  scheme  under  a finite  morphism  is  affine.  We  will  see  later 


that  this  result  holds  more  generally  (see  Limits,  Lemma  31.10.1). 


Lemma  29.13.1.  Let  f : Y -A  X be  a morphism  of  schemes.  Assume  f is  finite, 
surjective  and  X locally  Noetherian.  Let  Z C X be  an  integral  closed  subscheme 
with  generic  point  f.  Then  there  exists  a coherent  sheaf  F on  Y such  that  the 
support  of  ft  J-  is  equal  to  Z and  (f*F)%  is  annihilated  by  mj. 

Proof.  Note  that  Y is  locally  Noetherian  by  Morphisms,  Lemma [28. 15. 6 Because 
/ is  surjective  the  fibre  Y^  is  not  empty.  Pick  feF  mapping  to  £.  Let  Z'  = {£'}. 
We  may  think  of  Z'  C Y as  a reduced  closed  subscheme,  see  Schemes,  Lemma 
25.12.4  Hence  the  sheaf  F = ( Z ' -a-  Y)tOz'  is  a coherent  sheaf  on  Y (see  Lemma 


29.9.9).  Look  at  the  commutative  diagram 

Z’ 

f 


We  see  that  f*F  = i*flOz'-  Hence  the  stalk  of  f*F  at  £ is  the  stalk  of  f'^Oz1  at  f. 
Note  that  since  Z'  is  integral  with  generic  point  f we  have  that  £'  is  the  only  point 


of  Z'  lying  over  £,  see  Algebra,  Lemmas  10.35.3  and  10.35.18  Hence  the  stalk  of 
f'*Oz'  at  £ equal  Oz = n(f').  In  particular  the  stalk  of  f^F  at  £ is  not  zero. 
This  combined  with  the  fact  that  f^F  is  of  the  form  i* /( (something)  implies  the 
lemma.  □ 


Lemma  29.13.2.  Let  f : Y -A  X be  a morphism  of  schemes.  Let  F be  a quasi- 
coherent  sheaf  on  Y . LetT  be  a quasi- coherent  sheaf  of  ideals  on  X . If  the  morphism 
f is  affine  then  Tf*F  = /*(/~1I.7r). 

Proof.  The  notation  means  the  following.  Since  /-1  is  an  exact  functor  we  see 
that  f~lT  is  a sheaf  of  ideals  of  f~lOx ■ Via  the  map  /*  : f~1Ox  — > Oy  this 
acts  on  F.  Then  f~1IF  is  the  subsheaf  generated  by  sums  of  local  sections  of  the 
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form  as  where  a is  a local  section  of  / XZ  and  s is  a local  section  of  T . It  is  a 
quasi-coherent  Oy- submodule  of  T because  it  is  also  the  image  of  a natural  map 

Having  said  this  the  proof  is  straightforward.  Namely,  the  question  is  local  and 
hence  we  may  assume  X is  affine.  Since  / is  affine  we  see  that  Y is  affine  too.  Thus 
we  may  write  Y = Spec(H),  X = Spec(H),  F = M,  and  1=1.  The  assertion  of 
the  lemma  in  this  case  boils  down  to  the  statement  that 


I(Ma)  = (( IB)M)a 

where  MA  indicates  the  H-module  associated  to  the  R-module  M.  □ 

01YQ  Lemma  29.13.3.  Let  f : Y X be  a morphism  of  schemes.  Assume 

(1)  / finite, 

(2)  / surjective, 

(3)  Y affine,  and 

(4)  X Noetherian. 

Then  X is  affine. 


Proof.  We  will  prove  that  under  the  assumptions  of  the  lemma  for  any  coher- 
ent Ox-module  F we  have  H1(X,F)  = 0.  This  will  in  particular  imply  that 
Hl{X,I)  = 0 for  every  quasi-coherent  sheaf  of  ideals  of  Ox-  Then  it  follows  that 
X is  affine  from  either  Lemma  129.3. II  or  Lemma  129.3.21 


Let  V be  the  property  of  coherent  sheaves  F on  X defined  by  the  rule 

V(F)  ^ Hl{X,F)  = 0. 

We  are  going  to  apply  Lemma  29.12. 8|  Thus  we  have  to  verify  (1),  (2)  and  (3)  of 
that  lemma  for  V . Property  (1)  follows  from  the  long  exact  cohomology  sequence 
associated  to  a short  exact  sequence  of  sheaves.  Property  (2)  follows  since  H1(X , — ) 
is  an  additive  functor.  To  see  (3)  let  Z C X be  an  integral  closed  subscheme  with 
generic  point  £.  Let  T be  a coherent  sheaf  on  Y such  that  the  support  of  f*T  is 


H\X,jg ) = H'iXJ^f-'jT))  = H^YJ^JT)  = 0 

by  Lemma  29.2.4|  Hence  the  quasi-coherent  subsheaf  Q'  = JQ  satisfies  V . This 
verifies  property  (3)(c)  of  Lemma  29.12.8  as  desired.  □ 


29.14.  Coherent  sheaves  on  Proj 

01YR  It  seems  illuminating  to  formulate  an  all-in-one  result  for  projective  space  over  a 
Noetherian  ring. 

01YS  Lemma  29.14.1.  Let  R be  a Noetherian  ring.  Let  n > 0 be  an  integer.  For  every 
coherent  sheaf  F on  Pj^  we  have  the  following: 


29.14.  COHERENT  SHEAVES  ON  PROJ 


2097 


(1)  There  exists  an  r > 0 and  d\, . . . , dr  £ Z and  a surjection 

rOp;(<O^T. 

(2)  We  have  Hl( P^F)  = 0 unless  0 < i < n. 

(3)  For  any  i the  cohomology  group  Hl(Prft,  F)  is  a finite  R-module. 

(4)  If  i > 0,  then  Hz(P’ji,Jr(d))  = 0 for  all  d large  enough. 

(5)  For  any  k £ Z the  graded  R[T0, . . . , Tn]-module 

is  a finite  i?[T0, . . . , Tn]-module. 


Proof.  We  will  use  that  Opn(l)  is  an  ample  invertible  sheaf  on  the  scheme  P^. 
This  follows  directly  from  the  definition  since  P^  covered  by  the  standard  affine 
opens  D+(Ti).  Hence  by  Properties,  Proposition  27.26.13  every  finite  type  quasi- 
coherent  Op^  -module  is  a quotient  of  a finite  direct  sum  of  tensor  powers  of  Op™  (1). 
On  the  other  hand  coherent  sheaves  and  finite  type  quasi-coherent  sheaves  are  the 
same  thing  on  projective  space  over  R by  Lemma  29.9.1  Thus  we  see  (1). 


Projective  n-space  P^  is  covered  by  n + 1 affines,  namely  the  standard  opens 
D+(Ti ),  i = 0, . . . , n,  see  Constructions,  Lemma  26.13.3  Hence  we  see  that  for  any 


quasi-coherent  sheaf  F on  P^.  we  have  Hl(PrfilF)  = 0 for  i > n + 1,  see  Lemma 
29.4.2  Hence  (2)  holds. 


Let  us  prove  (3)  and  (4)  simultaneously  for  all  coherent  sheaves  on  P^,  by  descending 
induction  on  i.  Clearly  the  result  holds  for  i > n + 1 by  (2).  Suppose  we  know 
the  result  for  i + 1 and  we  want  to  show  the  result  for  i.  (If  i = 0,  then  part  (4) 
is  vacuous.)  Let  F be  a coherent  sheaf  on  P^.  Choose  a surjection  as  in  (1)  and 
denote  Q the  kernel  so  that  we  have  a short  exact  sequence 


0 


By  Lemma  29.9.2  we  see  that  Q is  coherent.  The  long  exact  cohomology  sequence 
gives  an  exact  sequence 

^(pR-0/=1  rOp"K(d,))  -t  H\PnR,F)  — t W+\P  nRlQ). 

By  induction  assumption  the  right  R- module  is  finite  and  by  Lemma [29. 8. 1| the  left 
f?-module  is  finite.  Since  R is  Noetherian  it  follows  immediately  that  H^P^^F)  is 
a finite  R- module.  This  proves  the  induction  step  for  assertion  (3).  Since  Op^(d) 
is  invertible  we  see  that  twisting  on  P^  is  an  exact  functor  (since  you  get  it  by 
tensoring  with  an  invertible  sheaf,  see  Constructions,  Definition  26.10.1).  This 
means  that  for  all  d £ Z the  sequence 

0 -*G(d)-*0.  OPn(d1+d)^F(d)^0 

is  short  exact.  The  resulting  cohomology  sequence  is 


ff<(pS.0y=wo ^R(dJ  + d))  -A  H\PnR,F{d))  -A  W+1(Pl,g(d)). 

By  induction  assumption  we  see  the  module  on  the  right  is  zero  for  d > 0 and 
by  the  computation  in  Lemma  |29.8.1|  the  module  on  the  left  is  zero  as  soon  as 
d > — minjdj}  and  i > 1.  Hence  the  induction  step  for  assertion  (4).  This  concludes 
the  proof  of  (3)  and  (4). 


29.14.  COHERENT  SHEAVES  ON  PROJ 


2098 


In  order  to  prove  (5)  note  that  for  all  sufficiently  large  d the  map 

tf°(p£>0j=1 r°P^(di  + <0)  H°(PnR,F(d)) 

is  surjective  by  the  vanishing  of  Q{d))  we  just  proved.  In  other  words,  the 

module 

Mk  = ®d>kH\PnR,Hd)) 

is  for  k large  enough  a quotient  of  the  corresponding  module 

= ©„>*  ©„, , + d» 

When  k is  sufficiently  small  (e.g.  k < —dj  for  all  j ) then 

Nk  = ®j=1^rR[T0,...,Tn]{dj) 

by  our  computations  in  Section[29.8|  In  particular  it  is  finitely  generated.  Suppose 
k £ Z is  arbitrary.  Choose  <C  k -C  fc+.  Consider  the  diagram 


N - 

-Nk 

Mk 

-Mk 

where  the  vertical  arrow  is  the  surjective  map  above  and  the  horizontal  arrows  are 
the  obvious  inclusion  maps.  By  what  was  said  above  we  see  that  Nk_  is  a finitely 
generated  R[T0, . . . , Tn]-module.  Hence  Nk+  is  a finitely  generated  R[T0, . . . , Tn]- 
module  because  it  is  a submodule  of  a finitely  generated  module  and  the  ring 
R[T0 , . . . , Tn]  is  Noetherian.  Since  the  vertical  arrow  is  surjective  we  conclude  that 
Mk+  is  a finitely  generated  R[T0 , . . . , Tn]-module.  The  quotient  Mk/Mk+  is  finite 
as  an  .R-module  since  it  is  a finite  direct  sum  of  the  finite  Ti-modules  H°(P7ft,  J-(d)) 
for  k < d < k+.  Note  that  we  use  part  (3)  for  i = 0 here.  Hence  Mk/Mk , is 
a fortiori  a finite  R[Tq , . . . , T„]-module.  In  other  words,  we  have  sandwiched  M}~ 
between  two  finite  R[T0, . . . , Tra]-modules  and  we  win.  □ 

0AG6  Lemma  29.14.2.  Let  A be  a graded  ring  such  that  Aq  is  Noetherian  and  A is 
generated  by  finitely  many  elements  of  A\  over  Aq  . Set  X = Proj(A) . Then  X is 
a Noetherian  scheme.  Let  T be  a coherent  Ox~vnodule. 

(1)  There  exists  an  r > 0 and  di, . . . , dr  £ Z and  a surjection 

0 Ox{d0)->F. 

(2)  For  any  p the  cohomology  group  Hp(X,iF)  is  a finite  A^-module. 

(3)  If  p > 0,  then  Hp(X,T(d))  = 0 for  all  d large  enough. 

(4)  For  any  k £ Z the  graded  A-module 

is  a finite  A-module. 


Proof.  By  assumption  there  exists  a surjection  of  graded  H0-algebras 

Aq  [To,  . . . , Tn]  — > A 


where  deg(Tj)  = 1 for  j = 0, . . . , n.  By  Constructions,  Lemma  26.11.5  this  defines 
a closed  immersion  i : X — > P^  such  that  i*Op«  (1)  = Ox(l)-  In  particular,  X 
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is  Noetherian  as  a closed  subscheme  of  the  Noetherian  scheme  P * . We  claim  that 
the  results  of  the  lemma  for  T follow  from  the  corresponding  results  of  Lemma 
29.14.1  for  the  coherent  sheaf  i*J-  (Lemma  29.9.81  on  . For  example,  by  this 


lemma  there  exists  a surjection 


© 


3 = 1,. 


O^Adj) 


A- 


By  adjunction  this  corresponds  to  a map  0J=1  r Ox(dj)  — > T which  is  surjec- 
tive as  well.  The  statements  on  cohomology  follow  from  the  fact  that  HP(X.  F(d))  = 
Hp(Pa0  ,i*F(d))  by  Lemma  29.2.4  □ 


0B5Q  Lemma  29.14.3.  Let  A be  a Noetherian  graded  ring.  Set  X = Proj{A) . Then  X 
is  a Noetherian  scheme.  Let  F be  a coherent  Ox -module. 

(1)  There  exists  an  r > 0 and  d\,. . . ,dr  £ Z and  a surjection 

0,., OxW^r. 

(2)  For  any  p the  cohomology  group  HP(X1F)  is  a finite  A^-module. 

(3)  If  p > 0,  then  Hp(X,F(d))  = 0 for  all  d large  enough. 

(4)  For  any  k £ Z the  graded  A-module 

is  a finite  A-module. 


Proof.  We  will  prove  this  by  reducing  the  statement  to  Lemma  [29.14.2[  By  Al- 
gebra, Lemmas  |10.57.2|  and  |10.57TT|  the  ring  A0  is  Noetherian  and  A is  generated 
over  Aq  by  finitely  many  elements  ,/j , . . . , fr  homogeneous  of  positive  degree.  Let 

Ob- 

with 


10.55 


d = lcm(deg(/j)).  Set  A!  = A ^ with  notation  as  in  Algebra,  Section 
serve  that  A'  is  generated  over  A0  by  the  monomials  ff 1 . . . ffr  £ A\  = A, 
Yf,  e(  = d.  Thus  Lemma  29.14.2  applies  to  X'  = Proj(A'). 


By  Constructions,  Lemma  |26.11.8|  there  exist  an  isomorphism  of  schemes  i : X — ► 
X'  and  isomorphisms  Ox(nd)  i*Ox'(n ) compatible  with  the  map  A'  — > A and 


implies  X is  Noetherian  and  that  (1)  and  (2)  hold.  To  see  (3)  and  (4)  we  can  use 
that  for  any  fixed  k,  p,  and  q we  have 


the  maps  An  -A  H°(X,Ox(n)  and  A'n  — >•  H°(X',  Ox'(n)).  Thus  Lemma 


29.14.2 


©,„„>*  V(x.ndn + ,))  = hp(x‘  , (i  .mm 

by  the  compatibilities  above.  If  p > 0,  we  have  the  vanishing  of  the  right  hand 
side  for  k depending  on  q large  enough  by  Lemma  |29.14.2|  Since  there  are  only 
a finite  number  of  congruence  classes  of  integers  modulo  d,  we  see  that  (3)  holds 
for  F on  A'.  If  p = 0,  then  we  have  that  the  right  hand  side  is  a finite  A'-module 
by  Lemma  [29.14.2|  Using  the  finiteness  of  congruence  classes  once  more,  we  find 
that  Q)n>kH°(X ,F(n))  is  a finite  A'-module  too.  Since  the  A'-module  structure 
comes  from  the  A-module  structure  (by  the  compatibilities  mentioned  above),  we 
conclude  it  is  finite  as  an  A-module  as  well.  □ 


0AG7 


Lemma  29.14.4.  Let  A be  a graded  ring  such  that  A0  is  Noetherian  and  A is  gen- 
erated by  finitely  many  elements  of  A\  over  A0.  Let  M be  a finite  graded  A-module. 
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Set  X = Proj(A)  and  let  M be  the  quasi- coherent  Ox-module  on  X associated  to 
M.  The  maps 

Mn  — » r(X,  M(n)) 

from  Constructions,  Lemma\26.10.3\  are  isomorphisms  for  all  sufficiently  large  n. 

Proof.  Because  M is  a finite  H-module  we  see  that  M is  a finite  type  Ox-module, 
i.e.,  a coherent  Ox-module.  Set  N = ©?l>0  T(X,  We  have  to  show  that  the 

map  M — >•  iV  of  graded  H-modules  is  an  isomorphism  in  all  sufficiently  large  degrees. 
By  Properties,  Lemma  27.28.5  we  have  a canonical  isomorphism  TV  — > M such  that 
Mn  — )■  Nn  = r (X,M(n))  is  the  canonical  map.  Let  K = Ker (M  — )■  N)  and 
Q = Coker (M  — » N).  Recall  that  the  functor  M K > M is  exact,  see  Constructions, 


Lemma 


26.8.4 


Hence  we  see  that  K = 0 and  Q = 0.  On  the  other  hand,  A is  a 


0B5R 


Noetherian  ring  and  M and  N are  finitely  generated  H-modules  (for  N this  follows 
from  the  last  part  of  Lemma  29.14.2 ).  Hence  K and  Q are  finite  H-modules.  Thus  it 
suffices  to  show  that  a finite  H-module  K with  K = 0 has  only  finitely  many  nonzero 
homogeneous  parts  A©  To  do  this,  let  a?i, . . . , xr  £ K be  homogeneous  generators 
say  sitting  in  degrees  d\,...,dr.  Let  /i,  ■ • ■ , /n  £ Hi  be  elements  generating  A over 
Aq.  For  each  i and  j there  exists  an  riy  > 0 such  that  f™'3Xj  = 0 in  K^+mf-  if 
not  then  Xi/ ffl  £ iC(j.)  would  not  be  zero,  i.e.,  K would  not  be  zero.  Then  we  see 
that  Kd  is  zero  for  d > maxj(<ij  + JV  n(J ) as  every  element  of  Kd  is  a sum  of  terms 
where  each  term  is  a monomials  in  the  f times  one  of  the  Xj  of  total  degree  d.  □ 

Lemma  29.14.5.  Let  A be  a Noetherian  graded  ring.  Let  M be  a finite  graded 
A-module.  Set  X = Proj(A)  and  let  M be  the  quasi- coherent  Ox -module  on  X 
associated  to  M . Let  k £ Z. 

(1)  N'  = ©„>fc  H°{ X,  M(n))  is  a finite  A-module, 

(2)  N = ©?l>fe  H°(X,M(n))  is  a finite  A-module, 

(3)  there  is  a canonical  map  N -A  N1 , 

(4)  if  k is  small  enough  there  is  a canonical  map  M — > N' , 

(5)  the  map  Mn  — > N'n  is  an  isomorphism  for  n^>  0, 

(6)  there  exists  an  integer  d such  that  Nn  — > N'n  is  an  isomorphism  for  d\n. 


Proof.  The  map  N —>  N'  in  (3)  comes  from  Constructions,  Equation  (26.10.1.5) 
by  taking  global  sections. 


By  Constructions,  Equation  (26.10.1.6)  there  is  a map  of  graded  H-modules  M — > 
© z H°(X,  M{n)).  If  the  generators  of  M sit  in  degrees  > k,  then  the  image  is 
contained  in  the  submodule  N’  C ©„Gz  H°(X,M(n))  and  we  get  the  map  in  (4). 

By  Algebra,  Lemmas  |10.57.2  and  10.57. 1|  the  ring  Aq  is  Noetherian  and  A is  gener- 
ated over  Ho  by  finitely  many  elements  /i, . . . , fr  homogeneous  of  positive  degree. 
Let  d = lcm(deg(/i)).  Then  we  see  that  (6)  holds  for  example  by  Constructions, 
Lemma  126.10.41 

Because  M is  a finite  H-module  we  see  that  M is  a finite  type  C>x-cnodule,  i.e.,  a 


coherent  CLf-module.  Thus  part  (2)  follows  from  Lemma  29.14.3 


We  will  deduce  (1)  from  (2)  using  a trick.  For  q £ {0, . . . , d — 1}  write 


«JV  = ® 


n-\-q>k 


H°(X,M(q)(n)) 
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By  part  (2)  these  are  finite  A-modules.  The  Noetherian  ring  A is  finite  over  A id)  = 
®«>o  Adn,  because  it  is  generated  by  /,;  over  A id)  and  fd  G Aid) . Hence  9 TV  is 
a finite  H^dbmociule.  Moreover,  A id)  is  Noetherian  (follows  from  Algebra,  Lemma 


over  A^d\  Using  the  isomorphisms  M(dn  + q)  = M(q)(dn)  we  can  write 


10.56.9 1.  It  follows  that  the  qN^  = 0 z qNdn  is  a finite  module 


TV'  = £P)  (T)  H°(X,Mfq)(dn))  = 9TV^ 

''*■1-' q£{0,...,d—  1}  dn+q>k  q£{0,...,d—  1} 

Thus  TV ' is  finite  over  Aid)  and  a fortiori  finite  over  A.  Thus  (1)  is  true. 


Let  K be  a finite  A-module  such  that  K = 0.  We  claim  that  Kn  = 0 for  d|n 
and  n 0.  Arguing  as  above  we  see  that  K id)  is  a finite  A ^-module.  Let 
X\, . . . , xm  G K be  homogeneous  generators  of  K id)  over  Aid)  , say  sitting  in  degrees 
d±, . . . , dm  with  d\dj.  For  each  i and  j there  exists  an  riy  > 0 such  that  f™'3 Xj  = 0 
in  Kdj+nij-  if  not  then  Xj/ff'^ deg^^  g K (j.)  would  not  be  zero,  i.e.,  K would  not 
be  zero.  Here  we  use  that  deg(/,;)|d|dj  for  all  i,j.  We  conclude  that  Kn  is  zero  for 
n with  d\n  and  n > ma Xj(dj  + ritj  deg (fi))  as  every  element  of  Kn  is  a sum  of 
terms  where  each  term  is  a monomials  in  the  fi  times  one  of  the  Xj  of  total  degree 
n. 


To  finish  the  proof,  we  have  to  show  that  M — >•  N'  is  an  isomorphism  in  all  suffi- 
ciently large  degrees.  The  map  TV  — )•  N'  induces  an  isomorphism  TV  — ► TV'  because 
on  the  affine  opens  D+(/,)  = D+(fd)  the  corresponding  modules  are  isomorphic: 

^ tv; 


N(fi)  - N(f?)  - N(f?) 


27.28.5 


we 


(/.)  by  property  (6).  By  Properties,  Lemma 

have  a canonical  isomorphism  TV  -*  M.  The  composition  TV  — > M — > N1  is  the  iso- 
morphism above  (proof  omitted;  hint:  look  on  standard  affine  opens  to  check  this). 
Thus  the  map  M — » N'  induces  an  isomorphism  M — > TV'.  Let  K = Ker (M  — > TV') 
and  Q = Coker (M  — > TV').  Recall  that  the  functor  M i— > M is  exact,  see  Con- 
structions, Lemma  26.8.4  Hence  we  see  that  K = 0 and  Q = 0.  By  the  result  of 
the  previous  paragraph  we  see  that  Kn  = 0 and  Qn  = 0 for  d\n  and  n>  0.  At 
this  point  we  finally  see  the  advantage  of  using  TV'  over  TV:  the  functor  M TV' 
is  compatible  with  shifts  (immediate  from  the  construction).  Thus,  repeating  the 
whole  argument  with  M replaced  by  M(q)  we  find  that  Kn  = 0 and  Qn  = 0 for 
n = q mod  d and  n Tg>  0.  Since  there  are  only  finitely  many  congruence  classes 
modulo  n the  proof  is  finished.  □ 


29.15.  Higher  direct  images  along  projective  morphisms 

0B5S  We  first  state  and  prove  a result  for  when  the  base  is  affine  and  then  we  deduce 
some  results  for  projective  morphisms. 

0B5T  Lemma  29.15.1.  Let  R be  a Noetherian  ring.  Let  X — > Spec (i?)  be  a proper 
morphism.  Let  C be  an  ample  invertible  sheaf  on  X.  Let  T be  a coherent  Ox- 
module. 

(1)  The  graded  ring  A = ®d>0  H°(X,  £®d)  is  a finitely  generated  R-algebra. 

(2)  There  exists  an  r > 0 and  di, . . . ,dr  G Z and  a surjection 


(3)  For  any  p the  cohomology  group  HP{X1  F)  is  a finite  R-module. 
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(4)  If  p > 0,  then  Hp( X,T  <E>ox  £®d)  = 0 for  all  d large  enough. 

(5)  For  any  k £ Z the  graded  A-module 

is  a finite  A-module. 


Proof.  By  Morphisms,  Lemma  28.39.4|  there  exists  a d > 0 and  an  immersion 

(1).  Since  A'  is  proper  over  R the  morphism 


X ->  such  that  C®d  = i*0P; 


* is  a closed  immersion  (Morphisms,  Lemma  28.41.7 1.  Thus  we  have  Hl{ X,G)  = 
Hl  (PR,  i*Q)  f°r  any  quasi-coherent  sheaf  Q on  X (by  Lemma  29.2.4  and  the  fact 
that  closed  immersions  are  affine,  see  Morphisms,  Lemma  28.12.9).  Moreover,  if  Q 
is  coherent,  then  is  coherent  as  well  (Lemma  29.9.8).  We  will  use  these  facts 
without  further  mention. 


Proof  of  (1).  Set  S = R[T0, . . . ,Tn]  so  that  P^  = Proj(S).  Observe  that  A is  an 
S-algebra  (but  the  ring  map  S — > A is  not  a homomorphism  of  graded  rings  because 
Sn  maps  into  Adn)-  By  the  projection  formula  (Cohomology,  Lemma  20.43.2)  we 
have 

i^C®nd+q)  = ® Qp  (n) 

R 

for  all  n £ Z.  We  conclude  that  ® ri  >(J  An(j+q  is  a finite  graded  S'-module  by 
Since  A = ®(/g{0  d- i ©n>o  And+q  we  see  that  A is  finite  as  an 


29.14.1 


Lemma 


S'-algebra,  hence  (1)  is  true. 


Proof  of  (2).  This  follows  from  Properties,  Proposition  27.26.13 
Proof  of  (3).  Apply  Lemma 


29.14.1 


and  use  Hp{ X,F)  = Hp(VnRli*F). 


Proof  of  (4).  Fix  p > 0.  By  the  projection  formula  we  have 

i*{X®ox  = i*(F®0x  C®q)  ®oP„  Op-(n) 

for  all  n £ Z.  By  Lemma 


29.14.1 


we  conclude  that  HP(X,F  ® _ q for 

n > 0.  Since  there  are  only  finitely  many  congruence  classes  of  integers  modulo  d 
this  proves  (4). 


Proof  of  (5).  Fix  an  integer  k.  Set  M = Q)n>kH°(X,  T ® C®n).  Arguing  as 
above  we  conclude  that  ®nrf+g>fe  And+q  is  a finite  graded  S-module.  Since  M = 
®g6{o  d- 1}  ®nd+q>k  Mnd+q  we  see  that  M is  finite  as  an  S-module.  Since  the 
S-module  structure  factors  through  the  ring  map  S — ► A,  we  conclude  that  M is 
finite  as  an  A-module.  □ 


0201  Lemma  29.15.2.  Let  f : X — > S be  a morphism  of  schemes.  Let  F be  a quasi- 
coherent  Ox -module.  Let  C be  an  invertible  sheaf  on  X . Assume  that 

(1)  S is  Noetherian, 

(2)  / is  proper, 

(3)  T is  coherent,  and 

(4)  C is  relatively  ample  on  A/S. 

Then  there  exists  an  no  such  that  for  all  n > no  ute  have 

Rpf*{F®ox  C®n)=  0 


for  all  p > 0. 
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01X0 

0B5U 


0B5V 


Proof.  Choose  a finite  affine  open  covering  S = (J  Vj  and  set  X3  = f 1(Vj). 
Clearly,  if  we  solve  the  question  for  each  of  the  finitely  many  systems  (Xj  — ► 
Vj,C\  Xj  J FWj)  then  the  result  follows.  Thus  we  may  assume  S is  affine.  In  this  case 
the  vanishing  of  RP  f*(F ® C®n)  is  equivalent  to  the  vanishing  of  HP(X,  F ® £®n), 


see  Lemma  29.4.6  Thus  the  required  vanishing  follows  from  Lemma  29.15.1  (which 
applies  because  £ is  ample  on  X by  Morphisms,  Lemma  28.39.4 1 . □ 


Lemma  29.15.3.  Let  S be  a locally  Noetherian  scheme.  Let  f : X — ► S be  a 
locally  projective  morphism.  Let  J-  be  a coherent  Ox -module.  Then  Rl  f*F  is  a 
coherent  Os-module  for  all  i > 0. 

Proof.  We  first  remark  that  a locally  projective  morphism  is  proper  (Morphisms, 


Lemma  28.42.5)  and  hence  of  finite  type.  In  particular  X is  locally  Noetherian 


(Morphisms,  Lemma  28.15.6)  and  hence  the  statement  makes  sense.  Moreover,  by 


Lemma  [29.4.5|  the  sheaves  Rp  f*F  are  quasi-coherent. 

Having  said  this  the  statement  is  local  on  S (for  example  by  Cohomology,  Lemma 


20.8.4).  Hence  we  may  assume  S = Spec (R)  is  the  spectrum  of  a Noetherian  ring, 


and  X is  a closed  subscheme  of  P^  for  some  n,  see  Morphisms,  Lemma  28.42.4 


In  this  case,  the  sheaves  Rp ftF  are  the  quasi-coherent  sheaves  associated  to  the 
Ill-modules  HP(X,  F),  see  Lemma  29.4.61  Hence  it  suffices  to  show  that  H-modules 


HP(X,F)  are  finite  11-modules  (Lemma 
(because  the  restriction  of  Op ™ (1)  to  X is  ample  on  X). 


29.9.1).  This  follows  from  Lemma  29.15.1 


□ 


29.16.  Ample  invertible  sheaves  and  cohomology 


Here  is  a criterion  for  ampleness  on  proper  schemes  over  affine  bases  in  terms  of 
vanshing  of  cohomology  after  twisting. 


Lemma  29.16.1.  Let  R be  a Noetherian  ring.  Let  f : X — > Spec (R)  be  a proper 
morphism.  Let  C be  an  invertible  Ox -module.  The  following  are  equivalent 


(1)  £ is  ample  on  X (this  is  equivalent  to  many  other  things,  see  Properties, 
Proposition  27.26.13  and  Morphisms,  Lemma  28.39.4), 

(2)  for  every  coherent  Ox-module  F there  exists  anno  > 0 such  that  HP(X,  J7® 
£®n)  = 0 for  all  n > no  and  p > 0,  and 

(3)  for  every  quasi-coherent  sheaf  of  ideals  T C Ox,  there  exists  an  n > 1 
such  that  Hx(X,T  ® £®n)  = 0. 


Proof.  The  implication  (1)  =>  (2)  follows  from  Lemma  29.15.1 
(2)  =>  (3)  is  trivial.  The  implication  (3)  =>  (1)  is  Lemma  29.3.3 


The  implication 
□ 


Lemma  29.16.2.  Let  R be  a Noetherian  ring.  Let  f : Y — > X be  a morphism  of 
schemes  proper  over  R.  Let  C be  an  invertible  Ox -module.  Assume  f is  finite  and 
surjective.  Then  C is  ample  if  and  only  if  f*  C is  ample. 


Proof.  The  pullback  of  an  ample  invertible  sheaf  by  a quasi-affine  morphism  is 


ample,  see  Morphisms,  Lemma  28.37.7  This  proves  one  of  the  implications  as  a 
finite  morphism  is  affine  by  definition.  To  prove  the  other  we  will  use  the  criterion 
of  Lemma  129.16.11 


Assume  that  f*C  is  ample.  Let  P be  the  following  property  on  coherent  Ox- 
modules  F:  there  exists  an  no  such  that  HP(X,T  (g>  C®n)  = 0 for  all  n > no  and 
p > 0.  We  will  prove  that  P holds  for  any  coherent  C>x-nrodule  F ',  which  suffices 
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to  prove  that  C is  ample.  We  are  going  to  apply  Lemma  |29.12.8[  Thus  we  have 
to  verify  (1),  (2)  and  (3)  of  that  lemma  for  P.  Property  (1)  follows  from  the  long 
exact  cohomology  sequence  associated  to  a short  exact  sequence  of  sheaves  and 
the  fact  that  tensoring  with  an  invertible  sheaf  is  an  exact  functor.  Property  (2) 
follows  since  HP(X,  — ) is  an  additive  functor.  To  see  (3)  let  Z C X be  an  integral 
closed  subscheme  with  generic  point  £.  Let  P be  a coherent  sheaf  on  Y such  that 
the  support  of  f*P  is  equal  to  Z and  (f*P)%  is  annihilated  by  m^,  see  Lemma 
29.13.1  We  claim  that  taking  Q = f*P  works.  We  only  have  to  verify  part  (3)(c) 
of  Lemma |29.12.8  Hence  assume  that  J C Ox  is  a quasi-coherent  sheaf  of  ideals 
such  that  Jc  = Ox,£-  A finite  morphism  is  affine  hence  by  Lemma  29.13.21  we  see 
that  JQ  = f*(f~1JP )■  Also,  as  pointed  out  in  the  proof  of  Lemma 


29.13.2 


i ithe 

sheaf  /-1 JP  is  a coherent  CV-module.  By  assumption  we  see  that  there  exists  an 
no  such  that 

Hp{Y,f~1JP®oY  /*£»")=  0, 
for  n > no  and  p > 0.  Since  / is  finite,  hence  affine,  we  see  that 

Hp(X,  JQ  ®0x  C®n)  = HP(X , U{f~xJP)  ®ox  C®n) 

= HP(X,  /*  (f~1JP)  ®oY  /*£®")) 

= Hp(Y,  f~xJP  ®oY  fC®n)  = 0 

by  references  cited  earlier  in  this  proof.  Hence  the  quasi-coherent  subsheaf  Q'  = JQ 
satisfies  P.  This  verifies  property  (3)(c)  of  Lemma  29.12.8  as  desired.  □ 


Cohomology  is  functorial.  In  particular,  given  a ringed  space  X,  an  invertible 
Ox-module  £,  a section  s € T(X,C)  we  get  maps 

Hp(X,P)—>Hp(X,P®0xC), 

induced  by  the  map  P — )•  P ®ox  £ which  is  multiplication  by  s.  We  set  P*(A',  C)  = 
0n>or(X,£®n)  as  a graded  ring,  see  Modules,  Definition 
of  Ox-modules  P and  an  integer  p > 0 we  set 

Hp(X,  £,  P)  = 0 Hp( X,  P ®0x  £®n) 

This  is  a graded  P*(X,  £)-module  by  the  multiplication  defined  above.  Warning: 
the  notation  Hi ( X , C,  P)  is  nonstandard. 

09MR  Lemma  29.16.3.  Let  X be  a scheme.  Let  C be  an  invertible  sheaf  on  X.  Let 
s £ r(X,£).  Let  P be  a quasi-coherent  Ox-module.  If  X is  quasi-compact  and 
quasi-separated , the  canonical  map 

Hp(X,C,P){s)^Hp(Xs,P) 

which  maps  £/sn  to  s~nt ; is  an  isomorphism. 


17.21.7 


Given  a sheaf 


Proof.  Note  that  for  p = 0 this  is  Properties,  Lemma  27.17.2|  We  will  prove  the 
statement  using  the  induction  principle  (Lemma  29.4.1)  where  for  U C X quasi- 
compact open  we  let  P(U)  be  the  property:  for  all  p > 0 the  map 

Hp(U,C,P){s)^Hp(Us,P) 


is  an  isomorphism. 

If  U is  affine,  then  both  sides  of  the  arrow  displayed  above  are  zero  for  p > 0 by 
Lemmar29.2.2|and  Properties,  Lemma[27.26.4|and  the  statement  is  true.  If  P is  true 
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for  U,  V,  and  U D V,  then  we  can  use  the  Mayer-Vietoris  sequences  (Cohomology, 
Lemma  20.9.2[)  to  obtain  a map  of  long  exact  sequences 


Hr\u  n V,£,F){s] m(UuV,£,F)M Hl{U,£,T\s)  ® m(V,£,F){l 


HP-\us  nvs,T) 


■ HP(US  U Vs,  T) 


HP(US,P)®HP(VS,T) 


(only  a snippet  shown).  Observe  that  UsfWa  = ( U DP)  s and  that  UsLiVs  = (£/UV)s. 
Thus  the  left  and  right  vertical  maps  are  isomorphisms  (as  well  as  one  more  to  the 
right  and  one  more  to  the  left  which  are  not  shown  in  the  diagram).  We  conclude 
that  P{U  U V ) holds  by  the  5-lemma  (Homology,  Lemma  12.5.20).  This  finishes 
the  proof.  □ 


01XR  Lemma  29.16.4.  Let  X be  a scheme.  Let  C be  an  invertible  Ox-module.  Let 
s € T(X,  C)  be  a section.  Assume  that 

(1)  X is  quasi-compact  and  quasi-separated,  and 

(2)  Xs  is  affine. 

Then  for  every  quasi- coherent  Ox-module  T and  every  p > 0 and  all  £ € HP(X,J7) 
there  exists  an  n > 0 such  that  sni ; = 0 in  Hp(X,Jr  ®ox  £®n)- 


Proof.  Recall  that  HP(XS,  Q)  is  zero  for  every  quasi-coherent  module  Q by  Lemma 
129.2.21  Hence  the  lemma  follows  from  Lemma [29.16.31  □ 


For  a more  general  version  of  the  following  lemma  see  Limits,  Lemma  |31.10.4| 

09MS  Lemma  29.16.5.  Let  i : Z -A  X be  a closed  immersion  of  Noetherian  schemes 
inducing  a homeomorphism  of  underlying  topological  spaces.  Let  C be  an  invertible 
sheaf  on  X.  Then  i*£  is  ample  on  Z,  if  and  only  if  £ is  ample  on  X . 


Proof.  If  £ is  ample,  then  i* £ is  ample  for  example  by  Morphisms,  Lemma  28.37.7 
Assume  i* £ is  ample.  We  have  to  show  that  £ is  ample  on  X.  Let  T C Ox  be 
the  coherent  sheaf  of  ideals  cutting  out  the  closed  subscheme  Z.  Since  i(Z)  = A' 
set  theoretically  we  see  that  Tn  = 0 for  some  n by  Lemma  |29.10.2|  Consider  the 
sequence 


X = ZnD  Zn_±  D Zn_ 2 D ...  D Zi  = Z 

of  closed  subschemes  cut  out  by  0 = Tn  C I"-1  C ...  CT.  Then  each  of  the  closed 
immersions  Z j -A  Z^_i  is  defined  by  a coherent  sheaf  of  ideals  of  square  zero.  In 
this  way  we  reduce  to  the  case  that  I2  = 0. 


Consider  the  short  exact  sequence 


0 — > T — > Ox  —■ ► i*Oz  0 


0B8T 


of  quasi-coherent  Ox-modules.  Tensoring  with  £®n  we  obtain  short  exact  se- 
quences 


(29.16.5.1) 


0 


-A  -A 


0 


As  I2  = 0,  we  can  use  Morphisms,  Lemma  28.4.1  to  think  of  I as  a quasi-coherent 
O^-module  and  then  I ®ox  = % ®Oz  i*  £®n  with  obvious  abuse  of  nota- 
tion. Moreover,  the  cohomology  of  this  sheaf  over  Z is  canonically  the  same  as  the 
cohomology  of  this  sheaf  over  X (as  i is  a homeomorphism). 
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Let  x £ X be  a point  and  denote  z £ Z the  corresponding  point.  Because  i*  £ is 
ample  there  exists  an  n and  a section  s £ T(Z,i*£®nj  with  z £ Zs  and  with  Zs 
affine.  The  obstruction  to  lifting  s to  a section  of  £®"  over  X is  the  boundary 

£ = ds  £ Hx(X,T  <8>ox  £®n)  = H\Z,l®0z  i*£®n) 


coming  from  the  short  exact  sequence  of  sheaves  (29.16.5.1 ).  If  we  replace  s by  se+1 
then  £ is  replaced  by  9(se+1)  = (e  + l)se£  in  H1iyZ,T®oz  i*  £®(e+1)n'j  because  the 
boundary  map  for 

0->£P)  £**£®m^  0 

^m>0  A ^m>0  '^1-' m>0 

is  a derivation  by  Cohomology,  Lemma  |20.26.3[  By  Lemma  29.16.4  we  see  that 
se£  is  zero  for  e large  enough.  Hence,  after  replacing  s by  a power,  we  can  assume 
s is  the  image  of  a section  s'  £ T(X,  £®n).  Then  Xs>  is  an  open  subscheme  and 
Zs  -A  Xsi  is  a surjective  closed  immersion  of  Noetherian  schemes  with  Zs  affine. 
Hence  Xs  is  affine  by  Lemma  [29. 13. 3|  and  we  conclude  that  £ is  ample.  □ 


For  a more  general  version  of  the  following  lemma  see  Limits,  Lemma  31.10.5 


0B7K  Lemma  29.16.6.  Let  i : Z — ► X be  a closed  immersion  of  Noetherian  schemes 
inducing  a homeomorphism  of  underlying  topological  spaces.  Then  X is  quasi-affine 
if  and  only  if  Z is  quasi-affine. 

Proof.  Recall  that  a scheme  is  quasi-affine  if  and  only  if  the  structure  sheaf  is 


ample,  see  Properties,  Lemma  27.27.1  Hence  if  Z is  quasi-affine,  then  Oz  is  ample, 


hence  Ox  is  ample  by  Lemma  29.16.5[  hence  X is  quasi-affine.  A proof  of  the 
converse,  which  can  also  be  seen  in  an  elementary  way,  is  gotten  by  reading  the 
argument  just  given  backwards.  □ 

29.17.  Chow’s  Lemma 


0202  In  this  section  we  prove  Chow’s  lemma  in  the  Noetherian  case  (Lemma |29.17.1 ). 
In  Limits,  Section  [31 .11|  we  prove  some  variants  for  the  non-Noetherian  case. 

0200  Lemma  29.17.1.  Let  S be  a Noetherian  scheme.  Let  f : X — ► S be  a separated 
morphism  of  finite  type.  Then  there  exists  an  n > 0 and  a diagram 

X ^ X' >■  PS 


where  X1  — > P^  is  an  immersion,  and  n : X'  — > X is  proper  and  surjective. 
Moreover,  we  may  arrange  it  such  that  there  exists  a dense  open  subscheme  U C X 
such  that  7r_1([/)  — > U is  an  isomorphism. 

Proof.  All  of  the  schemes  we  will  encounter  during  the  rest  of  the  proof  are  go- 
ing to  be  of  finite  type  over  the  Noetherian  scheme  S and  hence  Noetherian  (see 
Morphisms,  Lemma  28.15.6 1.  All  morphisms  between  them  will  automatically  be 


quasi-compact,  locally  of  finite  type  and  quasi-separated,  see  Morphisms,  Lemma 
|28.15.8|and  Properties,  Lemmas  |27.5.4|  and |27.5.8| 

The  scheme  X has  only  finitely  many  irreducible  components  (Properties,  Lemma 
27.5.7h . Say  X = X1  U . . . U Xr  is  the  decomposition  of  X into  irreducible  compo- 


nents. Let  rji  £ Xi:  be  the  generic  point.  For  every  point  x £ X there  exists  an  affine 
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open  Ux  C X which  contains  x and  each  of  the  generic  points  rji.  See  Properties, 
Lemma|27.29.4|  Since  X is  quasi-compact,  we  can  find  a finite  affine  open  covering 
X = U\  U . . . U Um  such  that  each  Ui  contains  rft, ...  ,rjr.  In  particular  we  conclude 
that  the  open  U = U\  fl . . . fl  Um  C X is  a dense  open.  This  and  the  fact  that  the 
Ui  are  affine  opens  covering  X is  all  that  we  will  use  below. 


28.6.2 


U\ 


Let  A'*  C X be  the  scheme  theoretic  closure  of  U — > X,  see  Morpliisms,  Definition 
Let  U*  = X*  fl  Ui . Note  that  U*  is  a closed  subscheme  of  t/j.  Hence 
is  affine.  Since  U is  dense  in  X the  morphism  X*  -A  A is  a surjective  closed 
immersion.  It  is  an  isomorphism  over  U.  Hence  we  may  replace  A by  X*  and 
Ui  by  U*  and  assume  that  U is  scheme  theoretically  dense  in  A,  see  Morphisms, 


Definition  128.7.11 


By  Morphisms,  Lemma  28.39.3  we  can  find  an  immersion  ji  : Ui 


By  Morphisms,  Lemma  28.7.7  we  can  find  closed  subschemes  Zi  C J 
ji  : Ui  — ► Zi  is  a scheme  theoretically  dense  open  immersion.  Note  that  Zi 

Consider  the  morphism 


for  each  i. 
such  that 
S is 


proper,  see  Morphisms,  Lemma  28.42.5 


j = ■ ■ • , jn\u)  ■ U 


P s1  x s 


..XSP^ 


By  the  lemma  cited  above  we  can  find  a closed  subscheme  Z of  Pg1  Xs  ■ ■ ■ x$  P5" 
such  that  j : U — > Z is  an  open  immersion  and  such  that  U is  scheme  theoretically 
dense  in  Z.  The  morphism  Z -A  S is  proper.  Consider  the  ith  projection 


Wi\z 


This  morphism  factors  through  Zi  (see  Morphisms,  Lemma  28.6.61.  Denote  pi  : 
Z — y Zi  the  induced  morphism.  This  is  a proper  morphism,  see  Morphisms,  Lemma 
|28.41.7|for  example.  At  this  point  we  have  that  U C Ui  C Zi  are  scheme  theoreti- 
cally dense  open  immersions.  Moreover,  we  can  think  of  Z as  the  scheme  theoretic 
image  of  the  “diagonal”  morphism  U — »•  Z\  x 5 ...  x 5 Zn. 

Set  Vi  = p~x{l Ji).  Note  that  Pi\vt  '■  Vi  -A  Ui  is  proper.  Set  X’  = Vj  U . . . U Vn- 
By  construction  X'  has  an  immersion  into  the  scheme  PS1  xj  ...  xj  P^".  Thus 


by  the  Segre  embedding  (see  Morphisms,  Lemma  28.42.7 1 we  see  that  X'  has  an 
immersion  into  a projective  space  over  S. 


We  claim  that  the  morphisms  Pi  \ y.  : Vi  -A  Ui  glue  to  a morphism  X'  — y X. 
Namely,  it  is  clear  that  pi\u  is  the  identity  map  from  U to  U.  Since  U C X'  is 
scheme  theoretically  dense  by  construction,  it  is  also  scheme  theoretically  dense  in 
the  open  subscheme  V.  D Vj.  Thus  we  see  that  Pi\vinVj  = PjWinVj  as  morphisms 
into  the  separated  S'-scheme  A',  see  Morphisms,  Lemma  |28.7.10|  We  denote  the 
resulting  morphism  7r  : X'  — > X. 


We  claim  that  7r  l(Ui)  = Vi.  Since  7r| vy  = PiWi  it  follows  that  V C 7r  1(Ui). 
Consider  the  diagram 


P, ^n~\Ui) 


Since  V.  — > Ui  is  proper  we  see  that  the  image  of  the  horizontal  arrow  is  closed,  see 
Morphisms,  Lemma [28.41.7  Since  Vj  C tt ~1(Uj)  is  scheme  theoretically  dense  (as 
it  contains  U)  we  conclude  that  Vj  = 7r_1  ([/,;)  as  claimed. 
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This  shows  that  7r  1{Ui)  — > Ui  is  identified  with  the  proper  morphism  pi]  Vi  '■  Vi 
Ui . Hence  we  see  that  X has  a finite  affine  covering  X = (J  Ui  such  that  the 
restriction  of  ir  is  proper  on  each  member  of  the  covering.  Thus  by  Morphisms, 
Lemma [28.41.3  we  see  that  n is  proper. 

Finally  we  have  to  show  that  7r_1([/)  = C/.  To  see  this  we  argue  in  the  same  way 
as  above  using  the  diagram 


and  using  that  idy  : U 
n~\U). 


U is  proper  and  that  U is  scheme  theoretically  dense  in 

□ 


0201  Remark  29.17.2.  In  the  situation  of  Chow’s  Lemma 


29.17.1 


(1)  The  morphism  7r  is  actually  H-projective  (hence  projective,  see  Mor- 


phisms, Lemma  28.42.3)  since  the  morphism  X'  — > Pg  Xs  X = is 


a closed  immersion  (use  the  fact  that  7r  is  proper,  see  Morphisms,  Lemma 


28.41.7). 


(2)  We  may  assume  that  7r_1({/)  is  scheme  theoretically  dense  in  X'.  Namely, 
we  can  simply  replace  X'  by  the  scheme  theoretic  closure  of  7r-1(/7).  In 
this  case  we  can  think  of  U as  a scheme  theoretically  dense  open  subscheme 


of  X' . See  Morphisms,  Section  28.6 


(3)  If  X is  reduced  then  we  may  choose  X'  reduced.  This  is  clear  from  (2). 


29.18.  Higher  direct  images  of  coherent  sheaves 

0203  In  this  section  we  prove  the  fundamental  fact  that  the  higher  direct  images  of  a 
coherent  sheaf  under  a proper  morphism  are  coherent. 

0205  Proposition  29.18.1.  Let  S be  a locally  Noetherian  scheme.  Let  f : X —t  S be 
a proper  morphism.  Let  T be  a coherent  Ox-module.  Then  Rl is  a coherent 
Os-module  for  all  i > 0. 

Proof.  Since  the  problem  is  local  on  S we  may  assume  that  S is  a Noetherian 
scheme.  Since  a proper  morphism  is  of  finite  type  we  see  that  in  this  case  X is  a 
Noetherian  scheme  also.  Consider  the  property  V of  coherent  sheaves  on  X defined 
by  the  rule 

V{T)  <=>  Rpf*T  is  coherent  for  all  p > 0 

We  are  going  to  use  the  result  of  Lemma  |29.12.6|  to  prove  that  V holds  for  every 
coherent  sheaf  on  X. 

Let 

0 A Ji  ->  J2  ^3  -t  0 

be  a short  exact  sequence  of  coherent  sheaves  on  X.  Consider  the  long  exact 
sequence  of  higher  direct  images 

R^UR  ->  Rpf*R i ->  RpU R ->  Rpf*R  ->  Rp+1f*R 

Then  it  is  clear  that  if  2-out-of-3  of  the  sheaves  R have  property  V,  then  the 
higher  direct  images  of  the  third  are  sandwiched  in  this  exact  complex  between  two 
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coherent  sheaves.  Hence  these  higher  direct  images  are  also  coherent  by  Lemma 
|29.9.2|  and  |29.9.3|  Hence  property  V holds  for  the  third  as  well. 

Let  Z C.  A'  be  an  integral  closed  subscheme.  We  have  to  find  a coherent  sheaf 
J on  X whose  support  is  contained  in  Z,  whose  stalk  at  the  generic  point  £ of 
Z is  a 1-dimensional  vector  space  over  k(£)  such  that  V holds  for  T . Denote 
g = f\z  : Z — )•  S the  restriction  of  /.  Suppose  we  can  find  a coherent  sheaf  Q 
on  Z such  that  (a)  G$  is  a 1-dimensional  vector  space  over  «(£),  (b)  RPg*G  = 0 
for  p > 0,  and  (c)  g*Q  is  coherent.  Then  we  can  consider  T = (Z  — ► X)*G- 
As  Z -A  X is  a closed  immersion  we  see  that  (Z  -A  X)t.G  is  coherent  on  X and 
RP(Z  -A  X)tQ  = 0 for  p > 0 (Lemma  29.9.9).  Hence  by  the  relative  Leray  spectral 
sequence  (Cohomology,  Lemma  20.14.8 ) we  will  have  RP  = Rpg*G  = 0 for  p > 0 
and  f*J-  = g*G  is  coherent.  Finally  J7^  = ((Z  — > X)*G)t  = G { which  verifies  the 
condition  on  the  stalk  at  £.  Hence  everything  depends  on  finding  a coherent  sheaf 
G on  Z which  has  properties  (a),  (b),  and  (c). 


We  can  apply  Chow’s  Lemma  |29.17.1|  to  the  morphism  Z — »•  S.  Thus  we  get  a 
diagram 

Z Z' PS 


29.17.2 


we 


as  in  the  statement  of  Chow’s  lemma.  Also,  let  U C Z be  the  dense  open  subscheme 
such  that  7T-1([/)  — > U is  an  isomorphism.  By  the  discussion  in  Remark 
see  that  i'  = (i,  n)  : Z'  — > Pz  is  a closed  immersion.  Hence 

£ = i*Op»(l)s(i/)*OpS(l) 

is  ^'-relatively  ample  and  7r-relatively  ample  (for  example  by  Morphisms,  Lemma 


28.39.7).  Hence  by  Lemma  29.15.2  there  exists  an  n > 0 such  that  both  Rp 7r*£®n  = 
0 for  allp  > 0 and  Rp(g')*jC®n  - 0 for  allp  > 0.  Set  G = TT*C®n.  Property  (a)  holds 
because  7r*£®|cr  is  an  invertible  sheaf  (as  n ~1(U)  U is  an  isomorphism).  Proper- 

ties (b)  and  (c)  hold  because  by  the  relative  Leray  spectral  sequence  (Cohomology, 
Lemma  20.14.8)  we  have 


EpJq  = Rpg,Rq7r*C®n  =>  Rp+q{g')*C®n 


and  by  choice  of  n the  only  nonzero  terms  in  Ep 


q are  those  with  q = 0 and  the 
are  those  with  p = q = 0.  This  implies  that 


only  nonzero  terms  of  RP+q{g')*C ® 

Rpg*G  = 0 for  p > 0 and  that  g*G  = {g')*C®n.  Finally,  applying  the  previous 
Lemma  29.15.3  we  see  that  g*G  = (g')*C®n  is  coherent  as  desired.  □ 


08DS  Remark  29.18.2.  Let  S'  be  a locally  Noetherian  scheme.  Let  / : X — > S be  a 
morphism  of  schemes  which  is  locally  of  finite  type.  Then  X is  locally  Noetherian 


(Morphisms,  Lemma  28.15.6 ).  Let  J7  be  a coherent  Ox-module.  Assume  the  scheme 


theoretic  support  Z of  J-  is  proper  over  S.  we  claim  RP  f^J7  is  a coherent  Og-module 
for  all  p > 0.  Namely,  Let  i : Z — > X be  the  closed  immersion  and  write  T = i*G 
for  some  coherent  module  G on  Z (Lemma  29.9.7).  Denoting  g : Z — ► S the 
composition  / o i we  see  that  RPg^G  is  coherent  on  S by  Proposition |29.1iO)  On 
the  other  hand,  Rqi*G  = 0 for  q > 0 (Lemma  |29.9.9 ).  By  Cohomology,  Lemma 
|20.14.8|we  get  Rp f*T  = RPg*G  and  the  claim. 
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0206  Lemma  29.18.3.  Let  S = Spec(A)  with  A a Noetherian  ring.  Let  f : X -A  S 
be  a proper  morphism.  Let  F be  a coherent  Ox-module.  Then  Hl\X,F)  is  finite 
A-module  for  all  i > 0. 


0897 


Proof.  This  is  just  the  affine  case  of  Proposition  29.18.1|  Namely,  by  Lemmas 


29.4.5|  and  |29A6 


we  know  that  Rl  f,T  is  the  quasi-coherent  sheaf  associated  to  the 

this  is  a coherent  sheaf  if  and  only  if 

' □ 


A-module  Hl  ( X , F)  and  by  Lemma 


29.9.1 


Hl  (A',  F)  is  an  A-module  of  finite  type. 


Lemma  29.18.4.  Let  A be  a Noetherian  ring.  Let  B be  a finitely  generated  graded 
A-algebra.  Let  f : X — > Spec(A)  be  a proper  morphism.  Set  B = f* B.  Let  F be  a 
quasi-coherent  graded  B-module  of  finite  type. 

(1)  For  every  p > 0 the  graded  B-module  HP(X,F)  is  a finite  B-module. 

(2)  If  C is  an  ample  invertible  Ox -module,  then  there  exists  an  integer  do 
such  that  Hp{ X,  F ® C®d)  = 0 for  all  p > 0 and  d > do- 


Proof.  To  prove  this  we  consider  the  fibre  product  diagram 
A'  = Spec(B)  xSpec(A)  A.  - ; ft  A 


/' 


Spec(S) 


Spec(A) 


Note  that  /'  is  a proper  morphism,  see  Morphisms,  Lemma  [28.41.5  Also,  B is  a 
finitely  generated  A-algebra,  and  hence  Noetherian  (Algebra,  Lemma  10.30.1 ).  This 


implies  that  X'  is  a Noetherian  scheme  (Morphisms,  Lemma  28.15.6).  Note  that 


X'  is  the  relative  spectrum  of  the  quasi-coherent  Ox-algebra  B by  Constructions, 
Lemma [26.4.6|  Since  J7  is  a quasi-coherent  £>-module  we  see  that  there  is  a unique 
quasi-coherent  Ox'-module  F'  such  that  tt*F'  = F,  see  Morphisms,  Lemma  28.12.6 
Since  F is  finite  type  as  a H-module  we  conclude  that  F'  is  a finite  type  Ox1  -module 


(details  omitted).  In  other  words,  F’  is  a coherent  Ox'-module  (Lemma  29.9.1). 
Since  the  morphism  7r  : X ' — > X is  affine  we  have 

HP(X,  F)  = Hp{X',F') 


by  Lemma  29.2.4  Thus  (1)  follows  from  Lemma  29.18.3  Given  C as  in  (2)  we  set 
C!  = 7 t*C.  Note  that  £ is  ample  on  X'  by  Morphisms,  Lemma  [28.37.7|  By  the 
projection  formula  (Cohomology,  Lemma  20.43.2)  we  have  7t*(.F'  <g>  £)  = F ® C. 
Thus  part  (2)  follows  by  the  same  reasoning  as  above  from  Lemma  29.15.2  □ 


29.19.  The  theorem  on  formal  functions 


0207  In  this  section  we  study  the  behaviour  of  cohomology  of  sequences  of  sheaves  either 
of  the  form  {InF}n> o or  of  the  form  {F/InF}n> o as  n varies. 

Here  and  below  we  use  the  following  notation.  Given  a morphism  of  schemes 
/ : X — ► Y,  a quasi-coherent  sheaf  F on  X , and  a quasi-coherent  sheaf  of  ideals 
X C Oy  we  denote  X nF  the  quasi-coherent  subsheaf  generated  by  products  of  local 
sections  of  f~1(In)  and  F.  In  a formula 

X nF  = Im  (/*(!")  ®0x  F — > F) . 

Note  that  there  are  natural  maps 

f-\Xn)  0,-1 0v  XmF  — > f*(Xn)  X mF  — ► Xn+mF 
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Hence  a section  of  In  will  give  rise  to  a map  Rpf*{lmF)  ->  Rp f*{ln+rnT)  by 
functoriality  of  higher  direct  images.  Localizing  and  then  sheafifying  we  see  that 
there  are  CV-module  maps 

Tn  ®oY  RpU(lmT)  — > RpUTn+mT). 

In  other  words  we  see  that  ©n>0  Rpf*(InJ-)  is  a graded  ©„>0 X" -module. 

If  Y = Spec(H)  and  I = I we  denote  XnT  simply  InT . The  maps  introduced 
above  give  M = ©7/p(X,  InJF)  the  structure  of  a graded  S = ® /"-module.  If  / 
is  proper,  A is  Noetherian  and  T is  coherent,  then  this  turns  out  to  be  a module 
of  finite  type. 

0208  Lemma  29.19.1.  Let  A be  a Noetherian  ring.  Let  I C A be  an  ideal.  Set 
B = ®n>0In-  Let  f : X — > Spec(H)  be  a proper  morphism.  Let  T be  a coherent 
sheaf  on  X.  Then  for  every  p > 0 the  graded  B-module  ©n>0  HP(X,  In\F)  is  a 
finite  B-module. 


Proof.  Let  B = ®I’1C>a'  = f*B.  Then  © I”/7  is  a finite  type  graded  H-module. 
Hence  the  result  follows  from  Lemma  29.18.4  part  (1).  □ 


0209  Lemma  29.19.2.  Given  a morphism  of  schemes  f : X -A  Y , a quasi- coherent 
sheaf  J-  on  X,  and  a quasi- coherent  sheaf  of  ideals  T C Oy.  Assume  Y locally 
Noetherian,  f proper,  and  T coherent.  Then 


■M  = 0 Rph{TnF) 

n>0 

is  a graded  A = @>QIn -module  which  is  quasi- coherent  and  of  finite  type. 


Proof.  The  statement  is  local  on  Y . hence  this  reduces  to  the  case  where  Y is  affine. 
In  the  affine  case  the  result  follows  from  Lemma [29.19. II  Details  omitted.  □ 


02OA  Lemma  29.19.3.  Let  A be  a Noetherian  ring.  Let  I C A be  an  ideal.  Let 
f : X — > Spec(H)  be  a proper  morphism.  Let  J7  be  a coherent  sheaf  on  X . Then 
for  every  p > 0 there  exists  an  integer  c > 0 such  that 

(1)  the  multiplication  map  In~c  HP(X,  ICJF)  — > HP(X,  InT)  is  surjective 
for  all  n > c,  and 

(2)  the  image  of  HP(X,  jn+mjr'j  _ HP(X,  InJ-)  is  contained  in  the  submodule 
Im-cHP(X)  riT)  for  all  n > 0,  m > c. 


Proof.  By  Lemma  29.19.1  we  can  find  d\,...,dt  > 0,  and  Xi 
such  that  ©ra>0  HP(X,  InT)  is  generated  by  x\,...,xt  over  S = 
c = max{di}.  It  is  clear  that  (1)  holds.  For  (2)  let  b = max(0,  n — 
commutative  diagram  of  H-modules 


G Hp{X,Id'R) 
©„>o  In-  Take 
c).  Consider  the 


ln+m-c-b  (g,  Jb  ^ HP(X,  ICT)  ^ jn+m-c  ^ HP(X,  ICT)  ^ Hp(X, 

Y V 

/n+m_c_fc  0 Hp(X  jnj | hp(x,  rx) 


By  part  (1)  of  the  lemma  the  composition  of  the  horizontal  arrows  is  surjective  if 
n + m > c.  On  the  other  hand,  it  is  clear  that  n + m — c — b > m — c.  Hence  part 
(2).  □ 
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In  the  situation  of  Lemmas  |29.19.1|  and  |29.19.3| consider  the  inverse  system 
X/IX  <-  I / 12 1 <-  X/I3X  <-  ... 

We  would  like  to  know  what  happens  to  the  cohomology  groups.  Here  is  a first 
result. 


02OB 


Lemma  29.19.4.  Let  A be  a Noetherian  ring.  Let  I C A be  an  ideal.  Let 
f : X — ► Spec(A)  be  a proper  morphism.  Let  X be  a coherent  sheaf  on  X.  Fix 

p > 0. 

(1)  There  exists  a ci  > 0 such  that  for  all  n > c\  we  have 

Ker(Hp{X,  X)  -►  HP(X,  X/InX))  c In~ClHp(X,X). 

(2)  The  inverse  system 


{Hp(X,X/InX)) 


n£N 


satisfies  the  Mittag-Leffler  condition  (see  Homology,  Definition  12.27.2). 

(3)  In  fact  for  any  p and  n there  exists  a C2(n)  > n such  that 

Im{Hp(X,X/IkX)  -►  Hp{X,X/InX))  = Im(Hp(X,X)  -A  Hp(X,X/InX)) 


for  all  k > C2(n). 


Proof.  Let  ci  = max{cp,  cp+ii,  where  cp,cp j_i  are  the  integers  found  in  Lemma 


(3). 

Let  us  prove  part  (1).  Consider  the  short  exact  sequence 

o -►  rx  -►  x ->  x/rx  -»■  o 

From  the  long  exact  cohomology  sequence  we  see  that 

Ker (Hp(X,X)  Hp{X,X/InX))  = Im(Hp(X,InX)  -A  HP{X,X)) 

Hence  by  our  choice  of  C\  we  see  that  this  is  contained  in  In~Cl HP(X,  X)  for  n>c%. 
Note  that  part  (3)  implies  part  (2)  by  definition  of  the  Mittag-Leffler  condition. 

Let  us  prove  part  (3).  Fix  an  n throughout  the  rest  of  the  proof.  Consider  the 
commutative  diagram 


29.19.3  for  Hp  and  Hp+1.  We  will  use  this  constant  in  the  proofs  of  (1),  (2)  and 


o =-  rx =-  xx  'AJk  x / rx  cii  o 

ft 

0 ^ In+m  X X » ^ X/In+mX » 0 


This  gives  rise  to  the  following  commutative  diagram 
Hp{X,  InX) ^ Hp{X,  X) ^ Hp(X,  X/TnX) 


iJp+1(A',  InX ) 


■Hp(X,X) 


■ Hp(X,X/In+mX) 


■ Hp+l{X,In+mX) 


HP(X,  In+m X)  - 

If  m > Ci  we  see  that  the  image  of  a is  contained  in  Im~Cl  HP+1(X,  InX).  By  the 
Artin-Rees  lemma  (see  Algebra,  Lemma  10.50.3 1 there  exists  an  integer  C3 (n)  such 
that 


INHp+1(X,TnX)  nlm(<5)  C 5 ( 'iN-c^n)Hp(x,x/rx)^j 
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for  all  N > Cz(n).  As  Hp  (X , J7 / In  J7)  is  annihilated  by  7",  we  see  that  if  m > 
03(71)  + Ci  + n,  then 

Im(7fp(A,  ~F / In+mJ7)  -A  HP(X,  T/rj7))  = Im(Hp(X,  J7)  Hp (X , J7 / In  J7)) 

In  other  words,  part  (3)  holds  with  02(71)  = 03(71)  + Ci  + n.  □ 

Theorem  29.19.5  (Theorem  on  formal  functions).  Let  A be  a Noetherian  ring. 
Let  I C A be  an  ideal.  Let  f : X — > Spec(A)  be  a proper  morphism.  Let  J7  be  a 
coherent  sheaf  on  X . Fix  p > 0.  The  system  of  maps 

Hp(X,J7)/InHp(X,J7)  — > Hp(X,F/InF) 


define  an  isomorphism  of  limits 

Hp(X , T)a  — ► limn  Hp(X,  T/InT) 

where  the  left,  hand  side  is  the  completion  of  the  A-module  HP(X,F)  with  respect  to 
the  ideal  I,  see  Algebra,  Section  10.95  Moreover,  this  is  in  fact  a homeomorphism 
for  the  limit  topologies. 


Proof.  In  fact,  this  follows  immediately  from  Lemma  |29.19.4[  We  spell  out  the 
details.  Set  M = HP(X,T)  and  Mn  = HP(X,  J7IInJ7).  Denote  Nn  = Im(M  -a 
Mn ) . By  the  description  of  the  limit  in  Homology,  Section [l2. 27  we  have 

lim„  Mn  — | (xn)  G 1 1 Mn  | Pi(xn)  — xn—i , n — 2,3,...} 


Pick  an  element  x = (xn)  € lim„  Mn.  By  Lemma  29.19.4  part  (3)  we  have  xn  G Nn 
for  all  n since  by  definition  xn  is  the  image  of  some  xn+m  G Mn+m  for  all  m.  By 
Lemma  29.19.4  part  (1)  we  see  that  there  exists  a factorization 

M Nn  -5>  M/In~ClM 


of  the  reduction  map.  Denote  yn  G M / In~Cl  M the  image  of  xn  for  n>  c\.  Since 
for  n'  > n the  composition  M — » M„/  — > Mn  is  the  given  map  M — > Mn  we  see 
that  yni  maps  to  yn  under  the  canonical  map  M/In  ~ClAL  -A  M / In~Cl  M . Hence 
y = ( yn+Cl ) defines  an  element  of  lim„  M/InM.  We  omit  the  verification  that  y 
maps  to  2;  under  the  map 

MA  = lim„  M/InM  — > lim„  Mn 


of  the  lemma.  We  also  omit  the  verification  on  topologies.  □ 

087U  Lemma  29.19.6.  Let  A be  a ring.  Let  I C A be  an  ideal.  Assume  A is  Noetherian 
and  complete  with  respect  to  I.  Let  f : X Spec(A)  be  a proper  morphism.  Let 
J7  be  a coherent  sheaf  on  X . Then 

Hp(X , J7)  = lim„  HP(X , J7/InF) 


for  all  p > 0. 


02OD 


Proof.  This  is  a reformulation  of  the  theorem  on  formal  functions  (Theorem  29.19.5 1 
in  the  case  of  a complete  Noetherian  base  ring.  Namely,  in  this  case  the  A-module 
HP(X,F)  is  finite  (Lemma  29.18.3)  hence  7-adically  complete  (Algebra,  Lemma 
10.96.1 ) and  we  see  that  completion  on  the  left  hand  side  is  not  necessary.  □ 


Lemma  29.19.7.  Given  a morphism  of  schemes  f : X Y and  a quasi- coherent 
sheaf  J7  on  X . Assume 


(1)  Y locally  Noetherian, 
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(2)  / proper,  and 

(3)  T coherent. 

Let  y £ Y be  a point.  Consider  the  infinitesimal  neighbourhoods 
Xn  = Spec(CV,y/m™)  xy  X X 

fn  f 

Spec^/m^) = Y 


of  the  fibre  Xi  = Xy  and  set  Tn  = i*n  J- . Then  we  have 

F)y=\™n  Hp(Xn,Tn ) 

as  Oy  y-modules. 

Proof.  This  is  just  a reformulation  of  a special  case  of  the  theorem  on  formal  func- 
tions, Theorem  29.19.5  Let  us  spell  it  out.  Note  that  Oyy  is  a Noetherian  local 
ring.  Consider  the  canonical  morphism  c : Spec(C,y;y)  — >•  Y , see  Schemes,  Equation 
(25.13.1.1).  This  is  a flat  morphism  as  it  identifies  local  rings.  Denote  momen- 
tarily /'  : X'  — ► Spec(C,yjy)  the  base  change  of  / to  this  local  ring.  We  see  that 
c*Rp f*T  = Rp flX'  by  Lemma  29.5.2  Moreover,  the  infinitesimal  neighbourhoods 


of  the  fibre  Xy  and  X'y  are  identified  (verification  omitted;  hint:  the  morphisms  cn 
factor  through  c). 


Hence  we  may  assume  that  Y = Spec(A)  is  the  spectrum  of  a Noetherian  local  ring 
A with  maximal  ideal  m and  that  y £ Y corresponds  to  the  closed  point  (i.e.,  to 
m).  In  particular  it  follows  that 


(Rpf*R)y  = T(Y,  RpUR)  = HP(X,  T). 


In  this  case  also,  the  morphisms  cn  are  each  closed  immersions.  Hence  their  base 
changes  in  are  closed  immersions  as  well.  Note  that  in,*.Tn  = in, fin F = X /uYR. 
By  the  Leray  spectral  sequence  for  in,  and  Lemma  [29. 9.9|  we  see  that 

Hp{ Xn,Tn)  = HP(X,  in,*T)  = Hp(X,T/mnT) 

Hence  we  may  indeed  apply  the  theorem  on  formal  functions  to  compute  the  limit 
in  the  statement  of  the  lemma  and  we  win.  □ 


Here  is  a lemma  which  we  will  generalize  later  to  fibres  of  dimension  > 0,  namely 
the  next  lemma. 


02OE 


Lemma  29.19.8.  Let  f : X — » Y be  a morphism  of  schemes.  Let  y £ Y . Assume 

(1)  Y locally  Noetherian, 

(2)  / is  proper,  and 

(3)  f~1({y})  is  finite. 

Then  for  any  coherent  sheaf  T on  X we  have  (Rp f*R)y  = 0 for  all  p > 0. 


Proof.  The  fibre  Xy  is  finite,  and  by  Morphisms,  Lemma  28.20.7  it  is  a finite 
discrete  space.  Moreover,  the  underlying  topological  space  of  each  infinitesimal 
neighbourhood  Xn  is  the  same.  Hence  each  of  the  schemes  Xn  is  affine  according 
to  Schemes,  Lemma  25.11.7  Hence  it  follows  that  Hp(Xn,  Tn)  = 0 for  all  p > 0. 


Hence  we  see  that  (Rpf^T)y  = 0 by  Lemma  29.19.7  Note  that  Rp f*T  is  coherent 
by  Proposition  29.18.1  and  hence  RP f*Ry  is  a finite  CV^-module.  By  Algebra, 
Lemma  10.96.11  this  implies  that  (RPf^J7),.  = 0.  □ 
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Lemma  29.19.9.  Let  f : X -A  Y be  a morphism  of  schemes.  Let  y £ Y . Assume 

(1)  Y locally  Noetherian, 

(2)  f is  proper,  and 

(3)  dim(Xy)  = d. 

Then  for  any  coherent  sheaf  T on  X we  have  (Rp  f*4F)y  = 0 for  all  p > d. 


Proof.  The  fibre  Xy  is  of  finite  type  over  Spec (k(j/)).  Hence  Xy  is  a Noetherian 
scheme  by  Morphisms,  Lemma [28. 15. 6|  Hence  the  underlying  topological  space  of 
Xy  is  Noetherian,  see  Properties,  Lemma  27.5.5  Moreover,  the  underlying  topolog- 
ical space  of  each  infinitesimal  neighbourhood  Xn  is  the  same  as  that  of  Xy.  Hence 
Hp{Xn>lFn)  = 0 for  all  p > d by  Cohomology,  Proposition  20.21.6  Hence  we  see 
that  {RP  f*T)y  = 0 by  Lemma  29.19.7  for  p > d.  Note  that  Rp f*T  is  coherent  by 
Proposition  29.18.1  and  hence  RP /*  J-'y  is  a finite  CV,y-module.  By  Algebra,  Lemma 
10.96.1  this  implies  that  {RP f*F)y  = 0.  □ 


29.20.  Applications  of  the  theorem  on  formal  functions 

We  will  add  more  here  as  needed.  For  the  moment  we  need  the  following  charac- 
terization of  finite  morphisms  (in  the  Noetherian  case  - for  a more  general  version 
see  the  chapter  More  on  Morphisms,  Section  36.31). 


Lemma  29.20.1.  (For  a more  general  version  see  More  on  Morphisms,  Lemma 
36.31.4).  Let  f : X -A  S be  a morphism  of  schemes.  Assume  S is  locally  Noether- 


ian. The  following  are  equivalent 

(1)  f is  finite,  and 

(2)  f is  proper  with  finite  fibres. 


Proof.  A finite  morphism  is  proper  according  to  Morphisms,  Lemma  28.43.10[  A 


finite  morphism  is  quasi-finite  according  to  Morphisms,  Lemma  28.43.9  A quasi- 
finite  morphism  has  finite  fibres,  see  Morphisms,  Lemma  28.20.10  Hence  a finite 
morphism  is  proper  and  has  finite  fibres. 

Assume  / is  proper  with  finite  fibres.  We  want  to  show  / is  finite.  In  fact  it  suffices 
to  prove  / is  affine.  Namely,  if  / is  affine,  then  it  follows  that  / is  integral  by 
Morphisms,  Lemma[28.43.7  whereupon  it  follows  from  Morphisms,  Lemma [28.43.4| 
that  / is  finite. 

To  show  that  / is  affine  we  may  assume  that  S is  affine,  and  our  goal  is  to  show  that 
X is  affine  too.  Since  / is  proper  we  see  that  X is  separated  and  quasi-compact. 
Hence  we  may  use  the  criterion  of  Lemma  29.3.2  to  prove  that  X is  affine.  To 
see  this  let  I C Ox  be  a finite  type  ideal  sheaf.  In  particular  I is  a coherent 


sheaf  on  X.  By  Lemma  29.19.8  we  conclude  that  R1  ffls  = 0 for  all  s £ S.  In 
other  words,  Rfffl  = 0.  Hence  we  see  from  the  Leray  Spectral  Sequence  for  / 
that  H1{ X,I)  = H1{S,  /*X).  Since  S is  affine,  and  ffl  is  quasi-coherent  (Schemes, 
Lemma  25.24.1 ) we  conclude  H1{S , ffl)  = 0 from  Lemma [29. 2.2  as  desired.  Hence 
H1{X,1)  = 0 as  desired.  □ 


As  a consequence  we  have  the  following  useful  result. 

Lemma  29.20.2.  (For  a more  general  version  see  More  on  Morphisms,  Lemma 
36. 31.  tty.  Let  f : X — ► S be  a morphism  of  schemes.  Let  s £ S.  Assume 
(1)  S is  locally  Noetherian, 
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(2)  / is  proper,  and 

(3)  is  a finite  set. 

Then  there  exists  an  open  neighbourhood  V C S of  s such  that  f |/-i(y)  : /_1(V)  — > 
V is  finite. 

Proof.  The  morphism  / is  quasi-finite  at  all  the  points  of  /-1({s})  by  Morphisms, 
Lemma  |28.20.7[  By  Morphisms,  Lemma  |28.50.2|  the  set  of  points  at  which  / is 
quasi-finite  is  an  open  U C X.  Let  Z = X \ U.  Then  s ^ f(Z).  Since  / is 
proper  the  set  f(Z)  C S is  closed.  Choose  any  open  neighbourhood  V C S of 
s with  Z C\V  = 0.  Then  f~1(V)  — > V is  locally  quasi-finite  and  proper.  Hence 


it  is  quasi-finite  (Morphisms,  Lemma  28.20.9),  hence  has  finite  fibres  (Morphisms, 
Lemma  28.20.10),  hence  is  finite  by  Lemma  29.20.1  □ 


29.21.  Cohomology  and  base  change,  III 

In  this  section  we  prove  the  simplest  case  of  a very  general  phenomenon  that  will 
be  discussed  in  Derived  Categories  of  Schemes,  Section  |35.18|  Please  see  Remark 
|29.21.2|  for  a translation  of  the  following  lemma  into  algebra. 

Lemma  29.21.1.  Let  A be  a Noetherian  ring  and  set  S = Spec(A).  Let  f : X — ► S 
be  a proper  morphism  of  schemes.  Let  J-  be  a coherent  Ox-module  flat  over  S.  Then 

(1)  i?T(V,  F)  is  a perfect  object  ofD(A),  and 

(2)  for  any  ring  map  A — > A'  the  base  change  map 

RT(X,T)  <g£  A'  — ► KT(Xa,,Xa,) 
is  an  isomorphism. 


Ui . By  Lemmas 


29.7.1 


Proof.  Choose  a finite  affine  open  covering  X = (Ji=1 
and  29.7.2  the  Cech  complex  K*  = satisfies 

K • gu  A'  = RT(XA,,TA,) 

for  all  ring  maps  A — > A! . Let  K*lt  = C*li(U,J:')  be  the  alternating  Cech  complex. 
By  Cohomology,  Lemma  20.24.6  there  is  a homotopy  equivalence  K*lt  — > K * of 
H-modules.  In  particular,  we  have 

K:h®aA'  = RT(XA,,TA') 

as  well.  Since  JF  is  flat  over  A we  see  that  each  Kfit  is  flat  over  A (see  Morphisms, 


Lemma  28.25.2|) . Since  moreover  K*lt  is  bounded  above  (this  is  why  we  switched  to 
the  alternating  Cech  complex)  K*]t  A!  = K*lt  A'  by  the  definition  of  derived 
tensor  products  (see  More  on  Algebra,  Section  15.49).  By  Lemma  29.18.3  the 


cohomology  groups  Hl(K*lt)  are  finite  A- modules.  As  K*lt  is  bounded,  we  conclude 


that  K*lt  is  pseudo-coherent,  see  More  on  Algebra,  Lemma  15.54.16  Given  any 


A-module  M set  A!  = A©  M where  M is  a square  zero  ideal,  i.e.,  (a,  m)  • (a',  m')  = 


am'  + a'm).  By  the  above  we  see  that  K°lt  A!  has  cohomology  in  degrees 
n.  Hence  K*lt  M has  cohomology  in  degrees  0, . . . ,n.  Hence  K*,t  has 


( aa ' 

0,  . . . , /(..  lienee  1 v a It,  A ' 1 ' licLO  '-,'1 1(11 1 1WI,-’S..)  111  ucgicco  i>  ■ . . ■ , it,.  ±Yalt 

finite  Tor  dimension,  see  More  on  Algebra,  Definition |15. 55. 1]  We  win  by  More  on 
Algebra,  Lemma  15.61.2  □ 

Remark  29.21.2.  A consequence  of  Lemma  |29. 
complex  of  finite  projective  A-modules  M * such  that  we  have 


.21.1 


is  that  there  exists  a finite 


H\XA,,FA,)=H\M*  A') 
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functorially  in  A! . The  condition  that  T is  flat  over  A is  essential,  see  IHar98). 


29.22.  Grothendieck’s  existence  theorem,  I 

087V  In  this  section  we  discuss  Grothendieck’s  existence  theorem  for  the  projective  case. 
As  we  do  not  yet  have  the  theory  of  formal  schemes  to  our  disposal,  we  temporarily 
develop  a bit  of  language  that  replaces  the  notion  of  a “coherent  module  on  a 
Noetherian  adic  formal  scheme” . The  reader  who  is  familiar  with  formal  schemes 
is  encouraged  to  read  the  statement  and  proof  of  the  theorem  in  IDG67], 

Let  X be  a Noetherian  scheme  and  let  I C Ox  be  a quasi-coherent  sheaf  of  ideals. 
Below  we  will  consider  inverse  systems  (JFn)  of  coherent  Ox-modules  such  that 

(1)  LFn  is  annihilated  by  Xn , and 

(2)  the  transition  maps  induce  isomorphisms  Fn+i/XnFn+i  — » Tn. 

A morphism  of  such  inverse  systems  is  defined  as  usual.  Let  us  denote  the  category 
of  these  inverse  systems  with  Coh(X,X).  We  are  going  to  proceed  by  proving  a 
bunch  of  lemmas  about  objects  in  this  category.  In  fact,  most  of  the  lemmas  that 
follow  are  straightforward  consequences  of  the  following  description  of  the  category 
in  the  affine  case. 


087W 


Lemma  29.22.1.  If  X = Spec(A)  is  the  spectrum  of  a Noetherian  ring  and  X 
is  the  quasi-coherent  sheaf  of  ideals  associated  to  the  ideal  I CL  A,  then  Coh(X,X) 
is  equivalent  to  the  category  of  finite  AA  -modules  where  AA  is  the  completion  of  A 
with  respect  to  I. 


Proof.  Let  Mod^j  be  the  category  of  inverse  systems  (Mn)  of  finite  A-modules 
satisfying:  (1)  Mn  is  annihilated  by  /”  and  (2)  Mn+x/InMn+i  = Mn.  By  the  cor- 
respondence between  coherent  sheaves  on  X and  finite  A-modules  (Lemma  29.9.1) 
it  suffices  to  show  Mod^97  is  equivalent  to  the  category  of  finite  AA-modules.  To 
see  this  it  suffices  to  prove  that  given  an  object  (Mn)  of  Mod^97  the  module 

M = lim  M„ 


is  a finite  AA -module  and  that  M/InAI  = Mn.  As  the  transition  maps  are  sur- 
jective, we  see  that  M — ► Mi  is  surjective.  Pick  xi,...,xt  € M which  map  to 
generators  of  M\.  This  induces  a map  of  systems  (A//ra)®4  — > Mn . By  Nakayama’s 
lemma  (Algebra,  Lemma  10.19.1)  these  maps  are  surjective.  Let  Kn  C {A/In)®t 
be  the  kernel.  Property  (2)  implies  that  A'„+i  — > Kn  is  surjective,  in  particular  the 
system  ( Kn ) satisfies  the  Mittag-Leffler  condition.  By  Homology,  Lemma  12.27.3 
we  obtain  an  exact  sequence  0 — > K — ► (AA)®4  — »•  M — > 0 with  K = lim  Kn.  Hence 
M is  a finite  AA-module.  As  K —$■  Kn  is  surjective  it  follows  that 

M/InM  = Coker(A'  ->  (A//")®*)  = (A//n)® */Kn  = Mn 
as  desired.  □ 


087X  Lemma  29.22.2.  Let  X be  a Noetherian  scheme  and  let  X C Ox  be  a quasi- 
coherent  sheaf  of  ideals. 

(1)  The  category  Coh(X,I)  is  abelian. 

(2)  For  U C X open  the  restriction  functor  Coh(X,I)  — > Coh(U,X\u)  is 
exact. 

(3)  Exactness  in  Coh(X,X)  may  be  checked  by  restricting  to  the  members  of 
an  open  covering  of  X. 
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Proof.  Let  a = (an)  : (Fn)  (Gn)  be  a morphism  of  Coh(X,X).  The  cokernel  of 
a is  the  inverse  system  (Coker(an))  (details  omitted).  To  describe  the  kernel  let 


IC'lm  = Im(Ker(a;)  Fm) 


for  l > m.  We  claim: 


the  inverse  system  (K.'lm)i>m  is  eventually  constant,  say  with  value  K.'m, 
the  system  (JCrn/InK,'m)rn>n  is  eventually  constant,  say  with  value  K.n, 
the  system  (Kn)  forms  an  object  of  Coh(X,I),  and 
this  object  is  the  kernel  of  a. 

To  see  (a),  (b),  and  (c)  we  may  work  affine  locally,  say  A'  = Spec(A)  and  X corre- 
sponds to  the  ideal  IgA.  By  Lemma  [29.22. 1|  a corresponds  to  a map  / : M — >■  N 
of  finite  AA-modules.  Denote  K = Ker(/).  Note  that  AA  is  a Noetherian  ring 
(Algebra,  Lemma  10.96.6).  Choose  an  integer  c > 0 such  that  K D InM  C In~cK 


(a) 

(b) 

(c) 

(d) 


for  n > c (Algebra,  Lemma  10.50.2)  and  which  satisfies  Algebra,  Lemma  10.50.3 
for  the  map  / and  the  ideal  JA  = 7AA . Then  K.[  m corresponds  to  the  A-module 


, _ a~1(IlN)  + ImM  _ K + Il~cf~1(IcN)  + ImM  _ K + ImM 

l,m  — ImM  ~ ImM  — ImM 

where  the  last  equality  holds  if  l > m + c.  So  K!m  corresponds  to  the  A-module 
K/K  n ImM  and  KL'nJXnKL'm  corresponds  to 

K _ K 

I<  n ImM  + InK  ~ InK 

for  to  > n + c by  our  choice  of  c above.  Hence  K,n  corresponds  to  K/InK. 


We  prove  (d).  It  is  clear  from  the  description  on  affines  above  that  the  composition 
(JCn)  {Fn)  (Qn)  is  zero.  Let  /3  : (Hn)  — >•  (Fn)  be  a morphism  such  that  ao /3  = 
0.  Then  Hi  — > F maps  into  Ker(aj).  Since  l~Lm  = for  l > m we  obtain  a 

system  of  maps  Hm  — > K.(  m.  Thus  a map  TLm  —>  F.'m.  Since  = 'Hrn/In'Hm  we 
obtain  a system  of  maps  — > /C(71/Xn/C(ra  and  hence  a map  T~Ln  —>  fCn  as  desired. 


To  finish  the  proof  of  (1)  we  still  have  to  show  that  Coim  = Im  in  Coh(X,I)-  We 
have  seen  above  that  taking  kernels  and  cokernels  commutes,  over  affines,  with  the 
description  of  Coh( X,I)  as  a category  of  modules.  Since  Im  = Coim  holds  in  the 
category  of  modules  this  gives  Coim  = Im  in  Coh(X,X).  Parts  (2)  and  (3)  of  the 
lemma  are  immediate  from  our  construction  of  kernels  and  cokernels.  □ 


087Y  Lemma  29.22.3.  Let  X be  a Noetherian  scheme  and  let  I C Ox  be  a quasi- 
coherent  sheaf  of  ideals.  A map  (Fn)  — > (Gn)  is  surjective  in  Coh(X,I)  if  and  only 
if  T\  — > Q i is  surjective. 

Proof.  Omitted.  Hint:  Look  on  affine  opens,  use  Lemma [29.22. 1[  and  use  Algebra, 
Lemma  110.19.11  □ 

087Z  Lemma  29.22.4.  Let  X be  a Noetherian  scheme  and  let  X C Ox  be  a quasi- 
coherent  sheaf  of  ideals.  If  (Fn)  is  an  object  of  Coh(X , X)  then  0 Ker(Fn+i  — t Fn) 
is  a finite  type,  graded,  quasi- coherent  Q)In /Xn+1 -module. 


Proof.  The  question  is  local  on  X hence  we  may  assume  X is  affine,  i.e. , we  have 


a situation  as  in  Lemma  29.22.1 


In  this  case,  if  (J~n)  corresponds  to  the  finite 
AA  module  M,  then  0Ker(Jr„+1  — ► Fn)  corresponds  to  0/"M//ra+1M  which  is 
clearly  a finite  module  over  0/ra//n+1.  □ 
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Let  X be  a Noetherian  scheme  and  let  X C Ox  be  a quasi-coherent  sheaf  of  ideals. 
There  is  a functor 


(29.22.4.1) 


Coh(Ox)  — > Coh(X,X), 


XA 


which  associates  to  the  coherent  Ox-module  T the  object  TA  = (J 17 /I"  J7)  of 
Coh(X,  1). 


Lemma  29.22.5.  The  functor  (29. 22. 4-1)  is  exact. 

Proof.  It  suffices  to  check  this  locally  on  X.  Hence  we  may  assume  X is  affine, 


29.22.1 


The  functor  is  the  functor  Mod^9 


i.e. , we  have  a situation  as  in  Lemma  ! 

Mod^9  which  associates  to  a finite  A- module  M the  completion  MA.  Thus  the 
result  follows  from  Algebra,  Lemma  10.96.2  □ 


Lemma  29.22.6.  Let  X be  a Noetherian  scheme  and  let  X C Ox  be  a quasi- 
coherent  sheaf  of  ideals.  Let  F , Q be  coherent  Ox -modules.  Sethi  = XLomox(S,X). 
Then 

lim  H°(X,H/XnH)  = MoiCoh{XjI)(GA,TA). 

Proof.  To  prove  this  we  may  work  affine  locally  on  X.  Hence  we  may  assume 
X = Spec(A)  and  J7,  Q given  by  finite  A-rnodule  M and  N.  Then  XL  corresponds 
to  the  finite  A-module  H = Hom^Af,  N).  The  statement  of  the  lemma  becomes 
the  statement 

HA  = HomAA(MA,A^A) 

via  the  equivalence  of  Lemma  29.22.1  By  Algebra,  Lemma  10.96.2  (used  3 times) 
we  have 

HA  = Hom^(M,  N)  AA  = Hom^A  (M  AA,  N Aa)  = Hom^A  (MA,  NA) 

where  the  second  equality  uses  that  AA  is  flat  over  A (see  More  on  Algebra,  Remark 
15.54.18 1.  The  lemma  follows.  □ 


Lemma  29.22.7.  Let  A be  Noetherian  ring  complete  with  respect  to  an  ideal  I. 
Let  f : X — > Spec(A)  be  a proper  morphism.  Let  X = IOx.  Then  the  functor 
( 29. 22-4-1 ) is  fully  faithful. 

Proof.  Let  J7,  Q be  coherent  Ox-modules.  Then  XL  = XLomox{G,X)  is  a coherent 
Ox-module,  see  Modules,  Lemma[l7.19.4  By  Lemma [29.22. 6| the  map 

lim nH\X,Xi/InXL)  MorCoh(x,i )(GA,XA) 

is  bijective.  Hence  fully  faithfulness  of  (29.22.4.1)  follows  from  the  theorem  on 
formal  functions  (Lemma  29.19.6)  for  the  coherent  sheaf  XL.  □ 

Lemma  29.22.8.  Let  A be  Noetherian  ring  and  I C A and  ideal.  Let  f : X — ► 
Spec(A)  be  a proper  morphism  and  let  C be  an  f -ample  inveHible  sheaf.  Let  X = 
IOx.  Let  (LFn)  be  an  object  of  Coh(X,X).  Then  there  exists  an  integer  do  such  that 

H\X,  Ker(Tn+i  -+  Fn)  ® Cm)  = 0 

for  all  n > 0 and  all  d>  do  ■ 

the 


29.22.4 


Proof.  Set  B = ©/n//n+1  and  B = ®In/Tn+1  = f*B.  By  Lemma 
graded  quasi-coherent  B-module  Q = ® Ker(J7n+1  — >■  Tn)  is  of  finite  type.  Hence 
the  lemma  follows  from  Lemma  29.18.4  part  (2).  □ 
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0885  Lemma  29.22.9.  Let  A be  Noetherian  ring  complete  with  respect  to  an  ideal  I. 
Let  f : X — x Spec(d)  be  a projective  morphism.  Let  X = IOx-  Then  the  functor 


( 29. 22. 4-1 ) is  an  equivalence. 


Proof.  We  have  already  seen  that  (29.22.4.1)  is  fully  faithful  in  Lemma  29.22.7 


Thus  it  suffices  to  show  that  the  functor  is  essentially  surjective. 

We  first  show  that  every  object  (Jrra)  of  Coh{X,I)  is  the  quotient  of  an  object  in 
the  image  of  (29.22.4.1 ).  Let  C be  an  /-ample  invertible  sheaf  on  X.  Choose  do  as 
in  Lemma  29.22.8  Choose  a d > do  such  that  8 C®d  is  globally  generated  by 
some  sections  Sip, . . . , St, i-  Since  the  transition  maps  of  the  system 

H°{X,  Xn+1  ® C®d)  — > H°(X,  Tn  8 Cm) 

are  surjective  by  the  vanishing  of  H 1 we  can  lift  sip, . . . , St,x  to  a compatible  system 
of  global  sections  s i,„, . . . , st,n  of  Tn  8 C®d.  These  determine  a compatible  system 
of  maps 

(«!,  3t,n)  : (£®-d)®4 J-n 

Using  Lemma  29. 22. 3|  we  deduce  that  we  have  a surjective  map 

((£®-Tf)A  — > (Fn) 

as  desired. 

The  result  of  the  previous  paragraph  and  the  fact  that  Coh{X,  X)  is  abelian  (Lemma 


29.22.2)  implies  that  every  object  of  Coh(X,X)  is  a cokernel  of  a map  between 
objects  coming  from  Coh(Ox)-  As  ( 29.22.4. 1|)  is  fully  faithful  and  exact  by  Lemmas 
129.22.71  and  129.22.51  we  conclude.  □ 
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In  this  section  we  discuss  Grothendieck’s  existence  theorem.  Before  we  give  the 
statement  and  proof,  we  need  to  develop  a bit  more  theory  regarding  the  categories 


Coh{X,I)  introduced  in  Section  29.22 


Lemma  29.23.1.  Let  f : X — ► Y be  a morphism  of  Noetherian  schemes.  Let 
J C Oy  be  a quasi- coherent  sheaf  of  ideals  and  set  I = f~xSOx-  Then  there  is  a 
right  exact  functor 

f*  : Coh{Y,J)  — > Coh(X,X) 

which  sends  (Gn)  to  (f*Gn)-  If  f is  flat,  then  f*  is  an  exact  functor. 


Proof.  Since  f*  : Coh(Oy)  — >•  CohlfDx)  is  right  exact  we  have 

tGn  = f*(Gn+l/InGn+l)  = fGn+x/ f*Gn+X  = t Gn+1  / Jn  f*  Gn+X 

hence  the  pullback  of  a system  is  a system.  The  construction  of  cokernels  in  the 
proof  of  Lemma  29.22.2  shows  that  f*  : Coh(Y,J)  — > Coh(X,X)  is  always  right 
exact.  If  / is  flat,  then  /*  : Coh(Oy ) — > CohflDx)  is  an  exact  functor.  It  follows 
from  the  construction  of  kernels  in  the  proof  of  Lemma  |29.22.2|  that  in  this  case 
f*  : Coh(Y,J ) — » Coh(X,X)  also  transforms  kernels  into  kernels.  □ 


0888  Remark  29.23.2.  Let  X be  a Noetherian  scheme  and  let  1,  K.  C Ox  be  quasi- 
coherent  sheaves  of  ideals.  Let  a : {Xn)  — > {Gn)  be  a morphism  of  Coh{X,X).  Given 
an  affine  open  Spec(A)  = U C X with  X\u,K,\u  corresponding  to  ideals  I,K  C A 
denote  ajj  : M — ► TV  of  finite  ^4A-modules  which  corresponds  to  a\jj  via  Lemma 
|29.22.1|  We  claim  the  following  are  equivalent 
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(1)  there  exists  an  integer  t > 1 such  that  Ker(an)  and  Coker(a„)  are  anni- 
hilated by  K}  for  all  n > 1, 

(2)  for  any  affine  open  Spec(A)  = U C X as  above  the  modules  Ker(a[/)  and 
Coker(a[/)  are  annihilated  by  K * for  some  integer  t > 1,  and 

(3)  there  exists  a finite  affine  open  covering  X = {JUi  such  that  the  conclusion 
of  (2)  holds  for  aut- 

If  these  equivalent  conditions  hold  we  will  say  that  a is  a map  whose  kernel  and 
cokernel  are  annihilated  by  a power  of  1C.  To  see  the  equivalence  we  use  the  following 
commutative  algebra  fact:  suppose  given  an  exact  sequence 


0 T -)•  M -)•  N Q ->  0 

of  A-modules  with  T and  Q annihilated  by  Kf  for  some  ideal  K C A.  Then  for  every 
f,g£  Kl  there  exists  a canonical  map  ” fg ” : N — > M such  that  M — > N — > M is 
equal  to  multiplication  by  fg.  Namely,  for  y £ N we  can  pick  x £ M mapping  to  fy 
in  N and  then  we  can  set  " fg"  (y)  = gx.  Thus  it  is  clear  that  Ker(M/JM  — > N/JN ) 
and  Coker(M/ JM  — > N/JN)  are  annihilated  by  K2t  for  any  ideal  J C A. 

Applying  the  commutative  algebra  fact  to  au,  and  J = In  we  see  that  (3)  implies 

(1).  Conversely,  suppose  (1)  holds  and  M — > N is  equal  to  au-  Then  there  is 
a t > 1 such  that  Ker (M/InM  — » N/InN)  and  Coker (M/InM  — ► N/InN)  are 
annihilated  by  Kl  for  all  n.  We  obtain  maps  ” fg"  : N/InN  — > M/InM  which 
in  the  limit  induce  a map  TV  — ► M as  N and  M are  /-adically  complete.  Since 
the  composition  with  TV  — > M — > N is  multiplication  by  fg  we  conclude  that  fg 
annihilates  T and  Q.  In  other  words  T and  Q are  annihilated  by  K2t  as  desired. 

0889  Lemma  29.23.3.  Let  X be  a Noetherian  scheme  and  let  X C Ox  be  a quasi- 
coherent.  sheaf  of  ideals.  LetQ  be  a coherent  Ox -module,  (X~n)  an  object  of  Coh{X,X), 
and  a : (CFn)  — > a map  whose  kernel  and  cokernel  are  annihilated  by  a power  of 

I.  Then  there  exists  a unique  (up  to  unique  isomorphism)  triple  (J-,a,/3)  where 

(1)  J-  is  a coherent  Ox -module, 

(2)  a : J-  — > Q is  an  Ox -module  map  whose  kernel  and  cokernel  are  annihi- 
lated by  a power  of  X, 

(3)  (3  . (J-’n)  — > -AA  is  an  isomorphism,  and 

(4)  a = aA  o /3. 


Proof.  The  uniqueness  implies  it  suffices  to  construct  ( T,  a,  (3)  Zariski  locally  on 
X.  Thus  we  may  assume  X = Spec(A)  and  I corresponds  to  the  ideal  I £ A.  In  this 


situation  Lemma  29.22.1  applies.  Let  M'  be  the  finite  AA-module  corresponding 
to  (J-~n).  Let  TV  be  the  finite  A-module  corresponding  to  Q.  Then  a corresponds  to 
a map 

ip:  M'  — » TVa 

whose  kernel  and  cokernel  are  annihilated  by  I1  for  some  t.  Recall  that  TVA  = 


TV  (g)^  AA  (Algebra,  Lemma  10.96.1).  By  More  on  Algebra,  Lemma  15.70.16  there 
is  an  A-module  map  if  : M — > TV  whose  kernel  and  cokernel  are  I- power  torsion 
and  an  isomorphism  M (g)^  AA  = M'  compatible  with  tp.  As  TV  and  M'  are  finite 
modules,  we  conclude  that  M is  a finite  A-module,  see  More  on  Algebra,  Remark 


15.70.19  Hence  M®aAa  = MA.  We  omit  the  verification  that  the  triple  (M,  TV  — ► 
M,  MA  — > M')  so  obtained  is  unique  up  to  unique  isomorphism.  □ 
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Lemma  29.23.4.  Let  X be  a Noetherian  scheme.  Let  X,  X C Ox  be  quasi- 
coherent  sheaves  of  ideals.  Let  Xe  C X be  the  closed  subscheme  cut  out  by  Xe.  Let 
Xe  = XOxe-  Let  (Fn)  be  an  object  of  Coh(X,I).  Assume 

(1)  the  functor  Coh(Oxe ) — > Coh(Xe, Xe)  is  an  equivalence  for  all  e > 1,  and 

(2)  there  exists  a coherent  sheaf  XL  on  X and  a map  a : (Fn)  — » XL^  whose 
kernel  and  cokernel  are  annihilated  by  a power  of  X. 


Then  (Jn)  is  in  the  essential  image  of  {29. 22. 4-1). 


Proof.  During  this  proof  we  will  use  without  further  mention  that  for  a closed 
immersion  i : Z X the  functor  i„  gives  an  equivalence  between  the  category  of 
coherent  modules  on  Z and  coherent  modules  on  X annihilated  by  the  ideal  sheaf  of 
Z,  see  Lemma  29.9.8  In  particular  we  may  identify  Coh(Oxc)  with  the  category  of 
coherent  Ox-modules  annihilated  by  Xe  and  Coh(Xe.Xe)  as  the  full  subcategory  of 
Coh(X,X)  of  objects  annihilated  by  Xe.  Moreover  (1)  tells  us  these  two  categories 
are  equivalent  under  the  completion  functor  (29.22.4.1). 


Applying  this  equivalence  we  get  a coherent  Ox-module  Ge  annihilated  by  Xe  cor- 
responding to  the  system  (Fn/XeFn)  of  Coh(X, X).  The  maps  Fn/Xe+1Fn  — > 
Fn/XeFrl  correspond  to  canonical  maps  Ge+i  — t Ge  which  induce  isomorphisms 
Ge+i/XeGe+i  — > Ge-  Hence  (Qe)  is  an  object  of  Coh(X,X).  The  map  a induces  a 
system  of  maps 

Fn/XeFn  — ► H/(In  + Xe)H 


whence  maps  Ge  H ► XL/XeXL  (by  the  equivalence  of  categories  again).  Let  t > 1 
be  an  integer,  which  exists  by  assumption  (2),  such  that  JCf  annihilates  the  kernel 
and  cokernel  of  all  the  maps  Trl  — > 'H/Xn'H.  Then  JC2t  annihilates  the  kernel  and 
cokernel  of  the  maps  Fn/Xe\Fn  — ► H/(Xn  +Xe)TL,  see  Remark  29.23.2  Whereupon 
we  conclude  that  /C4t  annihilates  the  kernel  and  the  cokernel  of  the  maps 


Ge  — ► H/XeH, 

see  Remark  29.23.2  We  apply  Lemmar29.23.3|to  obtain  a coherent  Ox-module  JF,  a 
map  a : F — > XL  and  an  isomorphism  fj  : (Ge)  —>  (F/XeF)  in  Coh(X,X).  Working 
backwards,  for  a given  n the  triple  (F /InF,  a mod  Xn.  fj  mod  Xn)  is  a triple  as 
in  the  lemma  for  the  morphism  an  mod  Xe  : (, Fn/XeFn ) -4  (XL/(Xn  + Xe)XL)  of 
Coh(X,X).  Thus  the  uniqueness  in  Lemma  29.23.3  gives  a canonical  isomorphism 
F /XnF  — > Fri  compatible  with  all  the  morphisms  in  sight.  This  finishes  the  proof 
of  the  lemma.  □ 


088B  Lemma  29.23.5.  Let  Y be  a Noetherian  scheme.  Let  jj , X C Oy  be  quasi- coherent 
sheaves  of  ideals.  Let  f : X Y be  a proper  morphism  which  is  an  isomorphism 
overV  = Y\V(X).  SetX  = f~lJOx ■ Let  ( Gn ) be  an  object  of  CohLY^J),  let  F be 
a coherent  Ox-module,  and  let  {3  : ( f*Gn ) — t F A be  an  isomorphism  in  Coh(X,I). 
Then  there  exists  a map 

a : (Gn)  — ► (f*F)A 

in  Coh(Y,ff)  whose  kernel  and  cokernel  are  annihilated  by  a power  of  X. 


Proof.  Since  / is  a proper  morphism  we  see  that  f*F  is  a coherent  Ox-module 
(Proposition  29.18.1 ).  Thus  the  statement  of  the  lemma  makes  sense.  Consider  the 
compositions 


In  : Gn  UfGn  f*(F/XnF). 
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Here  the  first  map  is  the  adjunction  map  and  the  second  is  /*/3n.  We  claim  that 
there  exists  a unique  a as  in  the  lemma  such  that  the  compositions 

Qn  ^ f*T/Jnf*T  ->  U^/TnT) 

equal  for  all  n.  Because  of  the  uniqueness  we  may  assume  that  Y = Spec (B)  is 
affine.  Let  J C B corresponds  to  the  ideal  J . Set 

Mn  = H°(X,  TIT1!)  and  M = H°(X,  T) 

By  Lemma [29.19.4| and  Theorem|29.19.5|the  inverse  limit  of  the  modules  Mn  equals 
the  completion  MA  = lim  M/JnM.  Set  Nn  = H°(Y,Qn)  and  N = lirnA^.  Via 
the  equivalence  of  categories  of  Lemma  29.22.1  the  finite  BA  modules  N and  MA 
correspond  to  ( Qn ) and  f*TA.  It  follows  from  this  that  a has  to  be  the  morphism 
of  Coh(Y,  J)  corresponding  to  the  homomorphism 

lim  7 n : N = lim„  Nn  — > lim  Mn  = MA 

of  finite  BA-modules. 

We  still  have  to  show  that  the  kernel  and  cokernel  of  a are  annihilated  by  a power 
of  X.  Set  Y'  = Spec (RA)  and  V'  = Y'  xY  X.  Let  V',  J' , G'n  and  X',  P be 
the  pullback  of  X,  J , Qn  and  X,  T,  to  Y'  and  X' . The  projection  morphism 
f : X'  — > Y'  is  the  base  change  of  / by  Y'  — » Y.  Note  that  Y'  — » Y is  a flat 
morphism  of  schemes  as  B — > BA  is  flat  by  Algebra,  Lemma  10.96.2  Hence  f^P, 


resp.  fi{f')*Gn  is  the  pullback  of  f*P,  resp.  f*f*Gn  to  Y'  by  Lemma  29.5.2  The 
uniqueness  of  our  construction  shows  the  pullback  of  a to  Y'  is  the  corresponding 
map  a!  constructed  for  the  situation  on  Y' . Moreover,  to  check  that  the  kernel 
and  cokernel  of  a are  annihilated  by  X1  it  suffices  to  check  that  the  kernel  and 
cokernel  of  a!  are  annihilated  by  ( X'Y ■ Namely,  to  see  this  we  need  to  check  this 


for  kernels  and  cokernels  of  the  maps  an  and  a'n  (see  Remark  29.23.2 ) and  the  ring 
map  B — > BA  induces  an  equivalence  of  categories  between  modules  annihilated  by 
Jn  and  ( J')n , see  More  on  Algebra,  Lemma  15.70.3  Thus  we  may  assume  B is 
complete  with  respect  to  J. 

Assume  Y = Spec(H)  is  affine,  J corresponds  to  the  ideal  J C B,  and  B is 
complete  with  respect  to  J.  In  this  case  ( Qn ) is  in  the  essential  image  of  the  functor 
Coh(Oy)  — ► Coh(Y,J).  Say  £ is  a coherent  CV-module  such  that  (Qn)  = GA. 
Note  that  /*(SA)  = (/*5)A.‘ 
isomorphism  b : f*Q 


Hence  Lemma  29.22.7  tells  us  that  /?  comes  from  an 


T and  a is  the  completion  functor  applied  to 

G ->■  f*f*G  = f*P 

Hence  we  are  trying  to  verify  that  the  kernel  and  cokernel  of  the  adjunction  map 
c : Q — ^ f*f*G  are  annihilated  by  a power  of  X.  However,  since  the  restriction 
: /_1(^0  — > V is  an  isomorphism  we  see  that  c|y  is  an  isomorphism. 
Thus  the  coherent  sheaves  Ker(c)  and  Coker(c)  are  supported  on  V(X)  hence  are 
annihilated  by  a power  of  X (Lemma |29. 10.2 1 as  desired.  □ 


The  following  proposition  is  the  form  of  Grothendieck’s  existence  theorem  which  is 
most  often  used  in  practice. 

088C  Proposition  29.23.6.  Let  A be  a Noetherian  ring  complete  with  respect  to  an 
ideal  I.  Let  f : X — ► Spec(A)  be  a proper  morphism  of  schemes.  Set  L = IOx- 
Then  the  functor  (29.22. f.l)  is  an  equivalence. 
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Proof.  We  have  already  seen  that  (29.22.4.1)  is  fully  faithful  in  Lemma  29.22.7 


Thus  it  suffices  to  show  that  the  functor  is  essentially  surjective. 

Consider  the  collection  E of  quasi-coherent  sheaves  of  ideals  K,  C Ox  such  that 
every  object  (J-n)  annihilated  by  K,  is  in  the  essential  image.  We  want  to  show  (0) 
is  in  S.  If  not,  then  since  X is  Noetherian  there  exists  a maximal  quasi-coherent 

After  replacing  X by  the  closed 


sheaf  of  ideals  K not  in  S,  see  Lemma  29.10.1 


subscheme  of  X corresponding  to  K we  may  assume  that  every  nonzero  1C  is  in  S. 
(This  uses  the  correspondence  by  coherent  modules  annihilated  by  1C  and  coherent 


modules  on  the  closed  subscheme  corresponding  to  1C,  see  Lemma  29.9.8  ) Let  (Tn) 
be  an  object  of  Coh{X,T).  We  will  show  that  this  object  is  in  the  essential  image 
of  the  functor  (29.22.4.1),  thereby  completion  the  proof  of  the  proposition. 


Apply  Chow’s  lemma  (Lemma  29.17.1)  to  find  a proper  surjective  morphism  / : 
X'  — > X which  is  an  isomorphism  over  a dense  open  U C X such  that  X'  is  projec- 
tive over  A.  Let  /C  be  the  quasi-coherent  sheaf  of  ideals  cutting  out  the  reduced  com- 
plement X\U.  By  the  projective  case  of  Grothendieck’s  existence  theorem  (Lemma 
29.22.9)  there  exists  a coherent  module  T'  on  X'  such  that  (Jr,)A  — (f*Xn).  By 


Proposition  29.18.1  the  Ox-module  H = f*J-r  is  coherent  and  by  Lemma [29.23.5 
there  exists  a morphism  (J>t)  — ► T-LA  of  Coh(X,I)  whose  kernel  and  cokernel  are 
annihilated  by  a power  of  1C.  The  powers  /Ce  are  all  in  S so  that  (29.22.4.1)  is 
an  equivalence  for  the  closed  subschemes  Xe  = V(JCe).  We  conclude  by  Lemma 
129.23.41  □ 

To  state  the  general  version  of  Grothendieck’s  existence  theorem  we  introduce  a bit 
more  notation.  Let  A be  a Noetherian  ring  complete  with  respect  to  an  ideal  I.  Let 
/ : X — > Spec(A)  be  a separated  finite  type  morphism  of  schemes.  Set  I = IOx- 
In  this  situation  we  let 

Go/(.sllpp0rt  proper  over  a(Ox) 

be  the  full  subcategory  of  Coh(Ox)  consisting  of  those  coherent  Ox-modules  whose 
scheme  theoretic  support  is  proper  over  Spec(A).  Similarly,  we  let 

LWisupport  proper  over  A (A,  I) 

be  the  full  subcategory  of  Coh(X,l ) consisting  of  those  objects  (Tn)  such  that 
the  scheme  theoretic  support  of  T\  is  proper  over  Spec(A).  Since  the  support 
of  a quotient  module  is  contained  in  the  support  of  the  module,  it  follows  that 


(29.22.4.1)  induces  a functor 


088D  (29.23.6.1)  Go/zsu pport  proper  over  A (O X ) ^ CohsU pport  proper  over  .A  ( X . Z) 

We  are  now  ready  to  state  the  main  theorem  of  this  section. 

088E  Theorem  29.23.7  (Grothendieck’s  existence  theorem).  In  the  situation  described 
above  the  functor  \29. 23. 6. 1 ) is  an  equivalence. 


Proof.  We  will  use  the  equivalence  of  categories  of  Lemma [29.9. 8|  without  further 
mention  in  the  proof  of  the  theorem.  Let  Z C X be  a closed  subscheme  proper  over 


A.  By  Proposition  29.23.6  we  know  that  the  result  is  true  for  the  functor  between 
coherent  modules  and  systems  of  coherent  modules  supported  on  Z.  Hence  it 
suffices  to  show  that  every  object  of  Co/igupport  proper  over  a{Ox)  and  every  object 
of  Co/igupport  proper  over  a(X, I)  is  supported  on  such  a closed  subscheme  Z C X 
proper  over  A.  This  holds  by  definition  for  objects  of  Go/isupp0rt  proper  over  a(0\)- 
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We  will  prove  this  statement  for  objects  of  Cohsupport  pr0per  over  a(X,I)  using  the 
method  of  proof  of  Proposition |29. 2376}  We  urge  the  reader  to  read  that  proof  first. 


Consider  the  collection  S of  quasi-coherent  sheaves  of  ideals  1C  C Ox  such  that  the 
statement  holds  for  every  object  (Tn)  of  CohsUppOIt  proper  over  a{X,I)  annihilated 
by  1C.  We  want  to  show  (0)  is  in  S.  If  not,  then  since  X is  Noetherian  there  exists 
a maximal  quasi-coherent  sheaf  of  ideals  1C  not  in  S,  see  Lemma  |29.10.1[  After 
replacing  X by  the  closed  subscheme  of  X corresponding  to  1C  we  may  assume  that 
every  nonzero  1C  is  in  E.  Let  (Tn)  be  an  object  of  CohSVLppOY:t  proper  over  a{X,T).  We 
will  show  that  this  object  is  supported  on  a closed  subscheme  Z C X proper  over 
A,  thereby  completing  the  proof  of  the  theorem. 


Apply  Chow’s  lemma  (Lemma  29.17.1)  to  find  a proper  surjective  morphism  / : 
Y — ► X which  is  an  isomorphism  over  a dense  open  U C X such  that  Y is  H- 
quasi-projective  over  A.  Choose  an  open  immersion  j : Y — » Y'  with  Y'  projective 
over  A,  see  Morphisms,  Lemma [28.42. 12|  Let  Tn  be  the  scheme  theoretic  support 
of  Tn . Note  that  Tn  = X)  set-theoretically,  hence  Tn  is  proper  over  A for  all  n 
(Morphisms,  Lemma  28.41.8).  Then  f*Tn  is  supported  on  the  closed  subscheme 
/_1Xra  which  is  proper  over  A (by  Morphisms,  Lemma  28.41.4  and  properness  of 
/).  In  particular,  the  composition  f~lTn  — ► Y — ► Y'  is  closed  (Morphisms,  Lemma 


28.41.7).  Let  T'n  C Y'  be  the  corresponding  closed  subscheme;  it  is  contained  in 
the  open  subscheme  Y and  equal  to  f~lTn  as  a closed  subscheme  of  Y.  Let  T'n 
be  the  coherent  Oy  -module  corresponding  to  f*Tn  viewed  as  a coherent  module 
on  Y'  via  the  closed  immersion  /-1  Tn  = T'n  C Y' . Then  (T^)  is  an  object  of 
Coh(Y' , IOy')-  By  the  projective  case  of  Grothendieck’s  existence  theorem  (Lemma 
29.22.9)  there  exists  a coherent  CV'-module  T'  and  an  isomorphism  (T')A  = (T'n) 
in  Coh(Y' , IOy).  Let  Z'  C Y'  be  the  scheme  theoretic  support  of  J-' . Since 
T' /IT'  = T\  we  see  that  Z'  D 1 1 (IOy)  = T[  set-theoretically.  The  structure 
morphism  p'  : Y'  — > Spec(A)  is  proper,  hence  p'{Z'  D (Y'  \ F))  is  closed  in  Spec(A). 
If  nonempty,  then  it  would  contain  a point  of  V (/)  as  / is  contained  in  the  radical  of 
A (Algebra,  Lemma  10.95.6).  But  we’ve  seen  above  that  Z'  D (p')~lV(I)  =T{  CY 
hence  we  conclude  that  Z'  C Y.  Thus  T'\y  is  supported  on  a closed  subscheme  of 
Y proper  over  A. 


Let  1C  be  the  quasi-coherent  sheaf  of  ideals  cutting  out  the  reduced  complement 
X \ U.  By  Proposition  29.18.1  the  Ox-module  H = f*T’  is  coherent  and  by 
Lemma  29.23.5  there  exists  a morphism  a : (Tn)  — > of  Coh{X,T)  whose  ker- 
nel and  cokernel  are  annihilated  by  a power  of  1C.  Let  Zq  C X be  the  scheme 
theoretic  support  of  H.  It  is  clear  that  Z0  C f(Z')  set-theoretically.  Hence 
Zq  -A  Spec(A)  is  proper  (Morphisms,  Lemma  28.41. 7|).  The  kernel  of  a is  an 
object  of  Oo/igupport  proper  over  a(X,T)  annihilated  by  a power  of  K}  which  is  in  S. 
Hence  the  kernel  of  a are  supported  on  closed  subschemes  Z\  C X proper  over  A. 
Let  Ki  C Ox  be  the  quasi-coherent  sheaf  of  ideals  cutting  out  Zi  for  i = 0, 1.  Set 
1C  = ICq/C i and  let  Z = V{K)  C X.  Then  (Tn)  is  supported  on  Z (details  omit- 
ted). Finally,  ZqUZi  — > Z is  surjective,  whence  Z is  proper  over  A by  Morphisms, 
Lemma |28.41.7|  This  finishes  the  proof  of  the  theorem.  □ 


088F  Remark  29.23.8  (Unwinding  Grothendieck’s  existence  theorem).  Let  A be  a 
Noetherian  ring  complete  with  respect  to  an  ideal  I.  Write  S = Spec(A)  and 
Sn  = Spec(A//n).  Let  X — ► S be  a separated  morphism  of  finite  type.  For  n > 1 
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we  set  Xn  = X Sn.  Picture: 


Xi 


Si 


■X, 


■Xu 


X 


i l 

*2 

' ^ 

' 

s2 


s. 


s 


In  this  situation  we  consider  systems  (Xn,y>n)  where 

(1)  ^ is  a coherent  Oxn -module, 

(2)  (fin  ■ inJ~n+ 1 -A  JFn  is  an  isomorphism,  and 

(3)  Supp(Xi)  is  proper  over  Si. 

Theorem  |29. 23. 7|  says  that  the  completion  functor 

coherent  Ox-modules  X systems  (Xn) 

with  support  proper  over  A as  above 


is  an  equivalence  of  categories.  In  the  special  case  that  X is  proper  over  A we  can 
omit  the  conditions  on  the  supports. 


29.24.  Grothendieck’s  algebraization  theorem 

0898  Our  first  result  is  a translation  of  Grothendieck’s  existence  theorem  in  terms  of 
closed  subschemes  and  finite  morphisms. 

0899  Lemma  29.24.1.  Let  A be  a Noetherian  ring  complete  with  respect  to  an  ideal  I . 
Write  S = Spec(A)  and  Sn  = Spec (A/In).  Let  X -A  S be  a separated  morphism  of 
finite  type.  For  n > 1 we  set  Xn  = X XsSn.  Suppose  given  a commutative  diagram 


of  schemes  with  cartesian  squares.  Assume  that 

(1)  Z\  — ► Xi  is  a closed  immersion,  and 

(2)  Z\  — > Si  is  proper. 

Then  there  exists  a closed  immersion  of  schemes  Z — > X such  that  Zn  = Z x s Sn. 
Moreover,  Z is  proper  over  S . 


Proof.  Let’s  write  jn  : Zn  -A  Xn  for  the  vertical  morphisms.  As  the  squares  in 
the  statement  are  cartesian  we  see  that  the  base  change  of  jn  to  Xi  is  j\.  Thus 
Morphisms,  Lemma  28.44.5  shows  that  j„  is  a closed  immersion.  Set  X„  = jn,*Ozn , 
so  that  is  a surjection  Oxn  — > X„.  Again  using  that  the  squares  are  cartesian  we 
see  that  the  pullback  of  X„+i  to  Xn  is  X„.  Hence  Grothendieck’s  existence  theorem, 
as  reformulated  in  Remark  29.23.8[  tells  us  there  exists  a map  Ox  -A  X of  coherent 
Ox-modules  whose  restriction  to  Xn  recovers  Oxn  —>  X„.  Moreover,  the  support 
of  X is  proper  over  S.  As  the  completion  functor  is  exact  (Lemma  29.22.5)  we  see 
that  Ox  ~ > X is  surjective.  Thus  X = Oxl J for  some  quasi-coherent  sheaf  of 
ideals  J . Setting  Z = V {J)  finishes  the  proof.  □ 


In  the  following  lemma  it  is  actually  enough  to  assume  that  Y1  — > Xi  is  finite  as  it 
will  imply  that  Yn  — »•  Xn  is  finite  too  (see  More  on  Morphisms,  Lemma  36.2.8). 
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09ZT  Lemma  29.24.2.  Let  A be  a Noetherian  ring  complete  with  respect  to  an  ideal  I . 
Write  S = Spec(A)  and  Sn  = Spec(A//").  Let  X -A  S be  a separated  morphism  of 
finite  type.  For  n >1  we  set  Xn  = X XsSn.  Suppose  given  a commutative  diagram 


of  schemes  with  cartesian  squares.  Assume  that 


(1)  Yn  -A  Xn  is  a finite  morphism,  and 

(2)  Y\  — > Si  is  proper. 

Then  there  exists  a finite  morphism  of  schemes  Y — > X such  that  Yn  = Y x$  Sn. 
Moreover,  Y is  proper  over  S . 


Proof.  Let’s  write  fn  '■  Yn  — > Xn  for  the  vertical  morphisms. 
This  is  a coherent  0x„ -module  as  fn  is  finite  (Lemma  29.9.9). 


Set  Fn  = fn,*Oyn- 
Using  that  the 
Fn  ■ Hence 


squares  are  cartesian  we  see  that  the  pullback  of  Fn+\  to  Xn  is 
Grothendieck’s  existence  theorem,  as  reformulated  in  Remark|29.23.8[  tells  us  there 
exists  a coherent  Ox-module  F whose  restriction  to  Xn  recovers  Fn.  Moreover,  the 
support  of  F is  proper  over  S.  As  the  completion  functor  is  fuly  faithful  (Theorem 

Fn  -4  Fn  fit  together  to  give 
X(F)  finishes  the  proof.  □ 


29.23.7 ) we  see  that  the  multiplication  maps  Fn  (g>o, 
an  algebra  structure  on  F.  Setting  Y = Spec 


0A42  Lemma  29.24.3.  Let  A be  a Noetherian  ring  complete  with  respect  to  an  ideal 
I.  Write  S = Spec(A)  and  Sn  = Spec (A/In).  Let  X,  Y be  schemes  over  S.  For 
n > 1 we  set  Xn  = X x s Sn  and  Yn  = Y x s Sn.  Suppose  given  a compatible  system 
of  commutative  diagrams 


Assume  that 

(1)  X — )■  S is  proper,  and 

(2)  Y — > S is  separated  of  finite  type. 

Then  there  exists  a unique  morphism  of  schemes  g : X — > U over  S such  that  gn  is 
the  base  change  of  g to  Sn. 


Proof.  The  morphisms  (l,gn)  '■  ATn  Xn  xgYn  are  closed  immersions  because 
Yn  — ► Sn  is  separated  (Schemes,  Lemma  25.21.12).  Thus  by  Lemma  29.24.1  there 
exists  a closed  subscheme  Z C X x#  Y proper  over  S whose  base  change  to  Sn 
recovers  Xn  C Xn  x $ Yn.  The  first  projection  p : Z — > X is  a proper  morphism  (as 
Z is  proper  over  S,  see  Morphisms,  Lemma  28.41.7)  whose  base  change  to  Sn  is  an 
isomorphism  for  all  n.  In  particular,  p : Z — » X is  finite  over  an  open  neighbourhood 
of  Xq  by  Lemma  [29. 20. 2|  As  A'  is  proper  over  S this  open  neighbourhood  is  all  of 
X and  we  conclude  p : Z — > X is  finite.  Applying  the  equivalence  of  Proposition 
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|29.23.6|  we  see  that  p*Oz  = Ox  as  this  is  true  modulo  In  for  all  n.  Hence  p is  an 
isomorphism  and  we  obtain  the  morphism  g as  the  composition  X = Z — ► Y . We 
omit  the  proof  of  uniqueness.  □ 


In  order  to  prove  an  “abstract”  algebraization  theorem  we  need  to  assume  we  have 
an  ample  invertible  sheaf,  as  the  result  is  false  without  such  an  assumption. 

089A  Theorem  29.24.4  (Grothendieck’s  algebraization  theorem).  Let  A be  a Noether- 
ian  ring  complete  with  respect  to  an  ideal  I.  Set  S = Spec(H)  and  Sn  = Spec(H//n). 
Consider  a commutative  diagram 


Ad  — ^ X2  — ^ X3 


*2 

' 

5i *-  S2 *-  S3 


of  schemes  with  cartesian  squares.  Suppose  given  (Cn,ipn)  where  each  Cn  is  an 
invertible  sheaf  on  Xn  and  tpn  : **£„+ 1 — )•  Cn  is  an  isomorphism.  If 

(1)  Xi  — > Si  is  proper,  and 

(2)  C\  is  ample  on  Xi 

then  there  exists  a proper  morphism  of  schemes  X — > S and  an  ample  invertible 
Ox-module  C and  isomorphisms  Xn  = X Xg  Sn  and  Cn  = C\Xn  compatible  with 
the  morphisms  in  and  pn. 


Proof.  Since  the  squares  in  the  diagram  are  cartesian  and  since  the  morphisms 
Sn  — > Sn+ 1 are  closed  immersions,  we  see  that  the  morphisms  in  are  closed  immer- 
sions too.  In  particular  we  may  think  of  Xm  as  a closed  subscheme  of  Xn  for  m < n. 
In  fact  Xm  is  the  closed  subscheme  cut  out  by  the  quasi-colierent  sheaf  of  ideals 
ImOxn  • Moreover,  the  underlying  topological  spaces  of  the  schemes  A1;  X2,  X3, . . . 
are  all  identified,  hence  we  may  (and  do)  think  of  sheaves  Ox„  as  living  on  the  same 
underlying  topological  space;  similarly  for  coherent  Oxn -modules.  Set 

Tn  = Ker(Oxn+1  — > Ox, J 
so  that  we  obtain  short  exact  sequences 


0 — t T n — > O xn+y  —t  Ox „ — > 0 

By  the  above  we  have  Tn  = InO xn  + , • It  follows  Tn  is  a coherent  sheaf  on  Xn+i 
annihilated  by  I , hence  we  may  (and  do)  think  of  it  as  a coherent  module  Ox^~ 
module.  Observe  that  for  m > n the  sheaf 

roXm/in+1oXm 

maps  isomorphically  to  Tn  under  the  map  Oxm  — > Ox„+1  ■ Hence  given  ni , n2  > 0 
we  can  pick  an  m > ni  + n2  and  consider  the  multiplication  map 

IUlO Xm  X In20Xm  > Ini+n20Xm  -»•  fn1+n2 

This  induces  an  0Xl  -bilinear  map 

J~ ni  X J~ n2  y J~ ni+n2 

which  in  turn  defines  the  structure  of  a graded  OAq-algebra  on  IF  = 0)i>o  Tn. 
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Set  B = 0/n//"+1;  this  is  a finitely  generated  graded  A//-algebra.  Set  B = 
(Xi  — > Si)*B.  The  discussion  above  provides  us  with  a canonical  surjection 


B 


I 


of  graded  OxY -algebras.  In  particular  we  see  that  T is  a finite  type  quasi-coherent 
graded  K-module.  By  Lemma  29.18.4  we  can  find  an  integer  do  such  that  H1( A'i,  -R§> 
C®d)  = 0 for  all  d>  do-  Pick  a d > do  such  that  there  exist  sections  so,i, . . . , sn,i  £ 
r(Xi,£®d)  which  induce  an  immersion 


Vh  : -A  P£ 

over  5i,  see  Morphisms,  Lemma |28.39.4[  As  X\  is  proper  over  S\  we  see  that  i/j\  is 
a closed  immersion,  see  Morphisms,  Lemma [28. 41. 7|  and  Schemes,  Lemma [25. 10. 4| 

We  are  going  to  “lift”  to  a compatible  system  of  closed  immersions  of  Xn  into 

p N 


Upon  tensoring  the  short  exact  sequences  of  the  first  paragraph  of  the  proof  by 
C-n+i  we  obtain  short  exact  sequences 

Using  the  isomorphisms  (pn  we  obtain  isomorphisms  Cn+i  ® Oxt  = C-i  for  l < n. 
Whence  the  sequence  above  becomes 


0 Tn  0 Cf 


C 


n+1 


c®d  -A  o 


The  vanishing  of  H1( X , Tn  ® Cfd)  implies  we  can  inductively  lift  So,i,  ■ ■ ■ , sjv,i  £ 
T(Ai,  Cf d)  to  sections  So,n,  • • • ,sn,u  £ T (X„,  £®d).  Thus  we  obtain  a commutative 
diagram 


X\  X2  x3 


'Ll 

12 

Ipl 

^2 

■03 

where  ipn  = ^(£„,(SOnr..lSl,„))  in  the  notation  of  Constructions,  Section  26.13  As 
the  squares  in  the  statement  of  the  theorem  are  cartesian  we  see  that  the  squares 
in  the  above  diagram  are  cartesian.  We  win  by  applying  Lemma  |29. 24. 1[  □ 
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Divisors 


30.1.  Introduction 

In  this  chapter  we  study  some  very  basic  questions  related  to  defining  divisors,  etc. 
A basic  reference  is  IDG67[. 


30.2.  Associated  points 

Let  R be  a ring  and  let  M be  an  i?-module.  Recall  that  a prime  p C R is  associated 
to  M if  there  exists  an  element  of  M whose  annihilator  is  p.  See  Algebra,  Definition 
|10.62.1|  Here  is  the  definition  of  associated  points  for  quasi-coherent  sheaves  on 
schemes  as  given  in  IDG671  IV  Definition  3.1.1]. 

Definition  30.2.1.  Let  A be  a scheme.  Let  T be  a quasi-coherent  sheaf  on  A'. 

(1)  We  say  a:  £ A is  associated  to  T if  the  maximal  ideal  is  associated  to 
the  Ox.x-module  Tx. 

(2)  We  denote  Ass(Jr)  or  Assjf(A)  the  set  of  associated  points  of  T . 

(3)  The  associated  points  of  X are  the  associated  points  of  Ox- 


These  definitions  are  most  useful  when  A is  locally  Noetherian  and  T of  finite  type. 
For  example  it  may  happen  that  a generic  point  of  an  irreducible  component  of  A 
is  not  associated  to  A,  see  Example  |30. 2. 7|  In  the  non-Noetherian  case  it  may  be 
more  convenient  to  use  weakly  associated  points,  see  Section  [30. 5|  Let  us  link  the 
scheme  theoretic  notion  with  the  algebraic  notion  on  affine  opens;  note  that  this 
correspondence  works  perfectly  only  for  locally  Noetherian  schemes. 

Lemma  30.2.2.  Let  X be  a scheme.  Let  T be  a quasi-coherent  sheaf  on  A.  Let 
Spec(A)  = U C X be  an  affine  open,  and  set  M = T(U,T).  Let  x £ U,  and  let 
pC  A be  the  corresponding  prime. 

(1)  If  p is  associated  to  M,  then  x is  associated  to  T . 

(2)  If  p is  finitely  generated,  then  the  converse  holds  as  well. 

In  particular,  if  X is  locally  Noetherian,  then  the  equivalence 

p £ Ass(M)  <^>  x £ Ass(A) 
holds  for  all  pairs  (p,x)  as  above. 


Proof.  This  follows  from  Algebra,  Lemma  10.62.15  But  we  can  also  argue  directly 
as  follows.  Suppose  p is  associated  to  M.  Then  there  exists  an  to  £ M whose 
annihilator  is  p.  Since  localization  is  exact  we  see  that  pAp  is  the  annihilator 


of  to/1  £ Mp. 
associated  to  T . 


Since  Mp  = Tx 


(Schemes,  Lemma  25.5.4)  we  conclude  that  x is 
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Conversely,  assume  that  x is  associated  to  J7,  and  p is  finitely  generated.  As  x is 
associated  to  T there  exists  an  element  m'  £ M„  whose  annihilator  is  pAp.  Write 
to'  = to//  for  some  / £ A,  f ^ p.  The  annihilator  I of  m is  an  ideal  of  A such  that 
IAp  = pAp.  Hence  /Cp,  and  (p//)p  = 0.  Since  p is  finitely  generated,  there  exists 
a g £ A,  g qL  p such  that  g(p/I)  = 0.  Hence  the  annihilator  of  grn  is  p and  we  win. 


If  X is  locally  Noetherian,  then  A is  Noetherian  (Properties,  Lemma  27.5.2)  and  p 
is  always  finitely  generated.  □ 


Lemma  30.2.3.  Let  X be  a scheme.  Let  T be  a quasi- coherent  Ox -module.  Then 
Ass{J-)  C Supp(J-). 

Proof.  This  is  immediate  from  the  definitions.  □ 


Lemma  30.2.4.  Let  X be  a scheme.  Let  0 — T\  — > J-2  — > J-3  — > 0 be  a short 
exact  sequence  of  quasi- coherent  sheaves  on  X . Then  Ass(R 2)  C Ass(Jri)  U Ass(Jr3) 
and  Ass(iFi)  C Ass(Jr2). 

Proof.  For  every  point  x £ X the  sequence  of  stalks  0 — > T\x  — > J-2,x  Rz,x  H ► 0 

is  a short  exact  sequence  of  Ox^-modules.  Hence  the  lemma  follows  from  Algebra, 
Lemma  110.62.31  □ 


Lemma  30.2.5.  Let  X be  a locally  Noetherian  scheme.  Let  J-  be  a coherent 
Ox -module.  Then  Ass(J-)  HU  is  finite  for  every  quasi-compact  open  U C X. 


Proof.  This  is  true  because  the  set  of  associated  primes  of  a finite  module  over  a 
Noetherian  ring  is  finite,  see  Algebra,  Lemma  [10. 62. 5|  To  translate  from  schemes 
to  algebra  use  that  U is  a finite  union  of  affine  opens,  each  of  these  opens  is  the 
spectrum  of  a Noetherian  ring  (Properties,  Lemma  27.5.21,  T corresponds  to  a 
finite  module  over  this  ring  (Cohomology  of  Schemes,  Lemma  29.9.1),  and  finally 
use  Lemma  130.2.21  □ 


Lemma  30.2.6.  Let  X be  a locally  Noetherian  scheme.  Let  T be  a quasi- coherent 
Ox -module.  Then 

X = Ass(X)  = 0. 


Proof.  If  T = 0,  then  Ass(Jr)  = 0 
T = 0 by  Algebra,  Lemma [10.62.7 
to  any  affine  and  use  Lemma~|30.2.2 


by  definition.  Conversely,  if  Ass(Jr)  = 0,  then 
To  translate  from  schemes  to  algebra,  restrict 

□ 


Example  30.2.7.  Let  k be  a field.  The  ring  R = k[xi,  X2,  £3,  ■ ■ -]/(£?)  is  local 
with  locally  nilpotent  maximal  ideal  m.  There  exists  no  element  of  R which  has 
annihilator  m.  Hence  Ass(i?)  = 0,  and  X = Spec(i?)  is  an  example  of  a scheme 
which  has  no  associated  points. 


Lemma  30.2.8.  Let  X be  a locally  Noetherian  scheme.  Let  J-  be  a quasi- coherent 
Ox-module.  If  Ass(T)  C U C X is  open,  then  T(A,  J7)  — > T(U,T)  is  injective. 


Proof.  Let  s £ T(X,T)  be  a section  which  restricts  to  zero  on  17.  Let  J7'  C T be 
the  image  of  the  map  Ox  — > R defined  by  s.  Then  Supp(77')  fl  U = 0.  On  the 
other  hand,  Ass(J7')  C Ass(77)  by  Lemma  30.2.4  Since  also  Ass(J7')  C Supp(77') 
(Lemma  30.2.3)  we  conclude  Ass(77')  = 0.  Hence  F'  = 0 by  Lemma  30.2.6  □ 
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05AH  Lemma  30.2.9.  Let  X be  a locally  Noetherian  scheme.  Let  T be  a quasi- coherent 
Ox -'module.  Let  x £ Supp(T)  be  a point  in  the  support  of  T which  is  not  a special- 
ization of  another  point  of  Supp(T).  Then  x £ Ass(T).  In  particular,  any  generic 
point  of  an  irreducible  component  of  X is  an  associated  point  of  X. 


Proof.  Since  x £ Supp(Jr)  the  module  Tx  is  not  zero.  Hence  Ass (Tx)  C Spec((Hx,x) 
is  nonempty  by  Algebra,  Lemma  |10.62.7|  On  the  other  hand,  by  assumption 
Supp(Jra:)  = {ntj;}.  Since  Ass(Jra;)  C Supp(Jra:)  (Algebra,  Lemma  10.62.2)  we  see 
that  m,,  is  associated  to  Tx  and  we  win.  □ 


OAVL 


The  following  lemma  is  the  analogue  of  More  on  Algebra, 


Lemma  15.17.10 


Lemma  30.2.10.  Let  X be  a locally  Noetherian  scheme.  Let  ip  : T — > Q be  a map 
of  quasi- coherent  Ox -modules.  Assume  that  for  every  x £ X at  least  one  of  the 
following  happens 


(1)  Tx  — )•  Qx  is  injective,  or 

(2)  x^Ass(T). 


Then  ip  is  injective. 


Proof.  The  assumptions  imply  that  WeakAss(Ker(</?)' 


by  Lemma  30.2.6 


and  hence  Ker(</j)  = 0 

□ 


0AVM  Lemma  30.2.11.  Let  X be  a locally  Noetherian  scheme.  Let  p : T — > Q be  a map 
of  quasi- coherent  Ox -modules.  Assume  T is  coherent  and  that  for  every  x £ X 
one  of  the  following  happens 

(1)  Tx  — > Qx  is  an  isomorphism,  or 

(2)  depth[Tx)  > 2 and  x Ass(Q). 

Then  ip  is  an  isomorphism. 


Proof.  This  is  a translation  of  More  on  Algebra,  Lemma[l5.17.11|into  the  language 
of  schemes.  □ 


30.3.  Morphisms  and  associated  points 

05DA 

05DB  Lemma  30.3.1.  Let  f : X — ► S be  a morphism  of  schemes.  Let  T be  a quasi- 
coherent.  sheaf  on  X which  is  flat  over  S . Let  Q be  a quasi- coherent  sheaf  on  S . 
Then  we  have 

Assx{T <8>ox  f*Q ) D U,p  4 „ ,s,(g)  AssxS^s) 
and  equality  holds  if  S is  locally  Noetherian. 

Proof.  Let  x £ X and  let  s = f(x)  £ S.  Set  B = Ox,x , A = Os,a,  N = Tx, 
and  M = Qs.  Note  that  the  stalk  of  T <8>ox  f*Q  at  i is  equal  to  the  H-module 
M N.  Hence  x £ Ass x(T  f*Q)  if  and  only  if  m_B  is  in  Assb{M 

N).  Similarly  s £ Ass s(G)  and  x £ Assa :b(Ts)  if  and  only  if  tnj  £ Ass a{M) 
and  mB/m aB  £ Ass B®K.(mA){N  ® Thus  the  lemma  follows  from  Algebra, 

Lemma  110.64.51  □ 
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30.4.  Embedded  points 


Let  R be  a ring  and  let  M be  an  R-module.  Recall  that  a prime  p C R is  an 
embedded  associated  prime  of  M if  it  is  an  associated  prime  of  M which  is  not 
minimal  among  the  associated  primes  of  M.  See  Algebra,  Definition  10.66.1  Here  is 


the  definition  of  embedded  associated  points  for  quasi-coherent  sheaves  on  schemes 
as  given  in  DG67  IV  Definition  3.1.1]. 


Definition  30.4.1.  Let  A be  a scheme.  Let  F be  a quasi-coherent  sheaf  on  A'. 

(1)  An  embedded  associated  point  of  F is  an  associated  point  which  is  not 
maximal  among  the  associated  points  of  F,  i.e. , it  is  the  specialization  of 
another  associated  point  of  F. 

(2)  A point  a;  of  A is  called  an  embedded  point  if  x is  an  embedded  associated 
point  of  Ox- 

(3)  An  embedded  component  of  X is  an  irreducible  closed  subset  Z = {a;} 
where  x is  an  embedded  point  of  X. 


In  the  Noetherian  case  when  F is  coherent  we  have  the  following. 

Lemma  30.4.2.  Let  X be  a locally  Noetherian  scheme.  Let  F be  a coherent 
0\ -module.  Then 

(1)  the  generic  points  of  irreducible  components  of  Supp(F ) are  associated 
points  of  F , and 

(2)  an  associated  point  of  F is  embedded  if  and  only  if  it  is  not  a generic  point 
of  an  irreducible  component  of  Supp(F). 

In  particular  an  embedded  point  of  X is  an  associated  point  of  X which  is  not  a 
generic  point  of  an  irreducible  component  of  X. 


Proof.  Recall  that  in  this  case  Z = Supp(Jr)  is  closed,  see  Morphisms,  Lemma 


28.5.3  and  that  the  generic  points  of  irreducible  components  of  Z are  associated 
points  of  F . see  Lemma  30.2.9  Finally,  we  have  Ass(Jr)  C Z , by  Lemma  [30.2.3 


These  results,  combined  with  the  fact  that  Z is  a sober  topological  space  and  hence 
every  point  of  Z is  a specialization  of  a generic  point  of  Z,  imply  (1)  and  (2).  □ 

Lemma  30.4.3.  Let  X be  a locally  Noetherian  scheme.  Let  F be  a coherent  sheaf 
on  A.  Then  the  following  are  equivalent: 

(1)  F has  no  embedded  associated  points,  and 

(2)  F has  property  (Si). 

Proof.  This  is  Algebra,  Lemma [10.149. 2 combined  with  Lemma  30.2.2  above.  □ 

Lemma  30.4.4.  Let  X be  a locally  Noetherian  scheme.  Let  U C A be  an  open 
subscheme.  The  following  are  equivalent 


(1)  U is  scheme  theoretically  dense  in  X (Morphisms,  Definition  28.7.1), 

(2)  U is  dense  in  X and  U contains  all  embedded  points  of  X. 

Proof.  The  question  is  local  on  X,  hence  we  may  assume  that  A = Spec(A)  where 
A is  a Noetherian  ring.  Then  U is  quasi-compact  (Properties,  Lemma  27.5.3) 


hence  U = D(f\)  U . . . U D(fn)  (Algebra,  Lemma  10.28.1).  In  this  situation  U is 
scheme  theoretically  dense  in  A'  if  and  only  if  A 


A 


h 


x . . 


x Afn  is  injective,  see 
Morphisms,  Example  28.7.4  Condition  (2)  translated  into  algebra  means  that  for 
every  associated  prime  p of  A there  exists  an  i with  fi  ^ p. 
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Assume  (1),  i.e. , A — >•  Af1  x . . . x Afn  is  injective.  If  x £ A has  annihilator  a prime 
p,  then  x maps  to  a nonzero  element  of  Af.  for  some  i and  hence  fi^p-  Thus  (2) 
holds.  Assume  (2),  i.e.,  every  associated  prime  p of  A corresponds  to  a prime  of 
Aft  for  some  i.  Then  A — ► Afx  x . . . x Afn  is  injective  because  A IIpeAssfA)  ^p 
is  injective  by  Algebra,  Lemma[l0.62.19|  □ 

02OL  Lemma  30.4.5.  Let  X be  a locally  Noetherian  scheme.  Let  T be  a coherent  sheaf 
on  X . The  set  of  coherent  subsheaves 

{K,  C T | Supp(K. ) is  nowhere  dense  in  Supp(fF)} 

has  a maximal  element  /C.  Setting  T'  = T /K.  we  have  the  following 

(1)  Supp{T')  = Supp(T), 

(2)  T'  has  no  embedded  associated  points,  and 

(3)  there  exists  a dense  open  U C X such  that  U n Supp(F)  is  dense  in 
Supp(X)  and  F'\ u = F\u- 

Proof.  This  follows  from  Algebra,  Lemmas  |10.66.2|  and  |10.66.3|  Note  that  U can 
be  taken  as  the  complement  of  the  closure  of  the  set  of  embedded  associated  points 
of  T . □ 

02OM  Lemma  30.4.6.  Let  X be  a locally  Noetherian  scheme.  Let  T be  a coherent 
O x -module  without  embedded  associated  points.  Set 

1 = Ker(Ox  — ► Uom0x(T  ,1)). 

This  is  a coherent  sheaf  of  ideals  which  defines  a closed  subscheme  Z C X without 
embedded  points.  Moreover  there  exists  a coherent  sheaf  Q on  Z such  that  (a) 
T = (Z  — ► X)*Q,  (b)  Q has  no  associated  embedded  points,  and  (c)  Supp(Q)  = Z 
(as  sets). 

Proof.  Some  of  the  statements  we  have  seen  in  the  proof  of  Cohomology  of  Schemes, 
Lemma  [29.9.7[  The  others  follow  from  Algebra,  Lemma  [10. 66. 4[  □ 

30.5.  Weakly  associated  points 

056K  Let  R be  a ring  and  let  M be  an  f?-module.  Recall  that  a prime  p C R is  weakly 
associated  to  M if  there  exists  an  element  m of  M such  that  p is  minimal  among 
the  primes  containing  the  annihilator  of  m.  See  Algebra,  Definition  |10.65.l|  If  R 
is  a local  ring  with  maximal  ideal  m,  then  m is  associated  to  M if  and  only  if  there 
exists  an  element  to  £ M whose  annihilator  has  radical  m,  see  Algebra,  Lemma 
ITOO 

056L  Definition  30.5.1.  Let  X be  a scheme.  Let  J-  be  a quasi-coherent  sheaf  on  X. 

(1)  We  say  x £ X is  weakly  associated  to  T if  the  maximal  ideal  uia,  is  weakly 
associated  to  the  CW^-module  Tx. 

(2)  We  denote  WeakAss(Jr)  the  set  of  weakly  associated  points  of  T . 

(3)  The  weakly  associated  points  of  X are  the  weakly  associated  points  of  Ox- 

In  this  case,  on  any  affine  open,  this  corresponds  exactly  to  the  weakly  associated 
primes  as  defined  above.  Here  is  the  precise  statement. 

056M  Lemma  30.5.2.  Let  X be  a scheme.  Let  J7  be  a quasi-coherent  sheaf  on  X . Let 
Spec(A)  = U C X be  an  affine  open,  and  set  M = T(U,F).  Let  x £ U,  and  let 
p C A be  the  corresponding  prime.  The  following  are  equivalent 
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(1)  p is  weakly  associated  to  M , and 

(2)  x is  weakly  associated  to  F . 


Proof.  This  follows  from  Algebra,  Lemma  10.65.2 


Lemma  30.5.3.  Let  X be  a scheme.  Let  F be  a quasi- coherent  Ox -module. 

Ass(F)  C WeakAss{F)  C Supp(F). 

Proof.  This  is  immediate  from  the  definitions. 


□ 

Then 

□ 


05AN  Lemma  30.5.4.  Let  X be  a scheme.  Let  0 — ► F\  — > F^  — > F%  — > 0 be  a short  exact 
sequence  of  quasi- coherent  sheaves  on  X.  Then  WeakAss(J:2 ) C WeakAss(F 1)  U 
WeakAss{F 3)  and  WeakAss(F\)  C WeakAss(F 2). 


Proof.  For  every  point  x € X the  sequence  of  stalks  0 — > F\,x  — > F-2,x  — t Fz,x  — t 0 
is  a short  exact  sequence  of  CL^-modules.  Hence  the  lemma  follows  from  Algebra, 
Lemma  110.65.31  □ 

05AP  Lemma  30.5.5.  Let  X be  a scheme.  Let  F be  a quasi- coherent  Ox -module.  Then 

F = (0)  o WeakAss{F)  = 0 

Proof.  Follows  from  Lemma [30.5. 2|  and  Algebra,  Lemma [l0.65.4|  □ 

0B3M  Lemma  30.5.6.  Let  X be  a scheme.  Let  IF  be  a quasi- coherent  Ox -module.  If 
WeakAss(F)  C U C X is  open,  then  T(A,  F)  — > Y(U,F)  is  injective. 


Proof.  Let  s G F(A,  F)  be  a section  which  restricts  to  zero  on  U.  Let  F'  C F be 
the  image  of  the  map  Ox  —>  F defined  by  s.  Then  Supp^')  fl  U = 0.  On  the 
other  hand,  WeakAss(Jr')  C WeakAss(J")  by  Lemma [30.5.4  Since  also  Assf^')  C 
Supp(Jr')  (Lemma  |30.5.3|)  we  conclude  Ass(Jr')  = 0.  Hence  F'  = 0 by  Lemma 
130.5.51  □ 


05AQ  Lemma  30.5.7.  Let  X be  a scheme.  Let  F be  a quasi- coherent  Ox -module.  Let 
x G Supp(F)  be  a point  in  the  support  of  F which  is  not  a specialization  of  another 
point  of  Supp(F).  Then  x G WeakAss(F) . In  particular,  any  generic  point  of  an 
irreducible  component  of  X is  weakly  associated  to  Ox- 


Proof.  Since  x G Supp(Jr)  the  module  Fx  is  not  zero. 
Spec(C,jc,a:)  is  nonempty  by  Algebra,  Lemma  10.65.4 
sumption  Supp(Jrs)  = {ma-}.  Since  WeakAss(7^ 


Hence  WeakAss(Jra:)  C 
On  the  other  hand,  by  as- 


C Supp(Jra;)  (Algebra,  Lemma 
10.65.5)  we  see  that  mx  is  weakly  associated  to  Fx  and  we  win.  □ 


05AR  Lemma  30.5.8.  Let  X be  a scheme.  Let  F be  a quasi- coherent  Ox-module.  If 
mz  is  a finitely  generated  ideal  of  Ox, x,  then 

x G Ass(F)  x G WeakAss(F). 

In  particular,  if  X is  locally  Noetherian,  then  Ass(F)  = WeakAss(F). 


Proof.  See  Algebra,  Lemma [10. 65. 8[  □ 

0AVN  Lemma  30.5.9.  Let  X be  a scheme.  Let  j : U — » X be  the  inclusion  of  an  open 
subscheme.  Let  F be  a quasi- coherent  Ojj -module.  Assume  j is  quasi- compact,  i.e., 
U is  retro-compact  in  X . Let  x G X , x ^ U . Then  x is  not  weakly  associated  to 

j*F. 
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Proof.  The  question  is  local  so  we  may  assume  X = Spec(A).  Say  U = D(fi)  U 
. . . U D(fr)  and  x corresponds  to  p C A.  By  Schemes,  Lemma  25.24.1  the  sheaf 
j*J-  is  quasi-coherent,  say  corresponding  to  the  A-module  M . Then 


M ->  Mfl  © . ..  © Mfr 

is  injective.  Hence  for  any  nonzero  element  to  of  the  stalk  Mp  there  exists  an  i such 
that  /"to  is  nonzero  for  all  n > 0.  Thus  pAp  is  not  weakly  associated  to  Mp.  □ 

Lemma  30.5.10.  Let  X be  a scheme.  Let  tp  : T — > Q be  a map  of  quasi-coherent 
Ox -'modules.  Assume  that  for  every  x € X at  least  one  of  the  following  happens 

(1)  Tx  — > Qx  is  injective,  or 

(2)  x fL  WeakAss(T). 

Then  p is  injective. 


Proof.  The  assumptions  imply  that  WeakAss(Ker(</?))  = 0 and  hence  Ker(</?)  = 0 
by  Lemma [30. 5. 5 1 □ 


30.6.  Morphisms  and  weakly  associated  points 


Lemma  30.6.1.  Let  f : X — >•  S be  an  affine  morphism  of  schemes.  Let  T be  a 
quasi-coherent  Ox -module.  Then  we  have 

WeakAsss(f*J -)  C f(WeakAssx(Jr)) 


Proof.  We  may  assume  X and  S affine,  so  X — >•  S comes  from  a ring  map  A — >•  B. 
Then  T = M for  some  H-module  M.  By  Lemma  30.5.2  the  weakly  associated 
points  of  T correspond  exactly  to  the  weakly  associated  primes  of  M.  Similarly, 
the  weakly  associated  points  of  f*T  correspond  exactly  to  the  weakly  associated 
primes  of  M as  an  A-module.  Hence  the  lemma  follows  from  Algebra,  Lemma 
110.65.101  □ 


Lemma  30.6.2.  Let  f : X — >•  S'  be  an  affine  morphism  of  schemes.  Let  J-  be  a 
quasi-coherent  Ox -module.  If  X is  locally  Noetherian,  then  we  have 

f(Assx(X))  = Asss{f*X)  = WeakAsss{f*X ) = f (Weak Ass x{X)) 


Proof.  We  may  assume  X and  S affine,  so  A'  — ► S comes  from  a ring  map  A — > B. 


As  X is  locally  Noetherian  the  ring  B is  Noetherian.  see  Properties,  Lemma  27.5.2 
Write  T = M for  some  H-module  M.  By  Lemma 


30.2.2 


the  associated  points  of  T 
correspond  exactly  to  the  associated  primes  of  M,  and  any  associated  prime  of  M 
as  an  A-module  is  an  associated  points  of  f*T.  Hence  the  inclusion 


f(Assx(F))  C Ass s(/*J") 

follows  from  Algebra,  Lemma[l0.62.13|  We  have  the  inclusion 

Asss(f*T)  C WeakAssg (f*lF) 
by  Lemma [30.5.31  We  have  the  inclusion 

WeakAsss(/*Jr)  C f (Weak Ass x (T)) 

by  Lemma [30. 6. 1[  The  outer  sets  are  equal  by  Lemma[30.5.8|hence  we  have  equality 
everywhere.  □ 
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Lemma  30.6.3.  Let  f : X —X  S be  a finite  morphism  of  schemes.  Let  X be 
quasi- coherent  Ox -module.  Then  WeakAss(f*X)  = /(  WeakAss(X)). 

Proof.  We  may  assume  X and  S affine,  so  X — > S comes  from  a finite  ring  map 
A -A  B.  Write  X = M for  some  R-module  M. 


30.5.2 


the  weakly 


By  Lemma 

associated  points  of  X correspond  exactly  to  the  weakly  associated  primes  of  M. 
Similarly,  the  weakly  associated  points  of  flX  correspond  exactly  to  the  weakly 
associated  primes  of  M as  an  A-module.  Hence  the  lemma  follows  from  Algebra, 
Lemma  I10.65.12l  □ 

Lemma  30.6.4.  Let  f : X -A  S be  a morphism  of  schemes.  Let  Q be  a quasi- 
coherent  Os-module.  Let  x £ X with  s = f(x).  If  f is  flat  at  x,  the  point  x is  a 
generic  point  of  the  fibre  Xs,  and  s £ WeakAsss(G),  then  x £ WeakAss{f*  Q) . 

Proof.  Let  A = Os, a,  B = Ox,xi  and  M = Qs.  Let  m £ M be  an  element  whose 
annihilator  I = {a  £ A \ am  = 0}  has  radical  uia-  Then  m <B>  1 has  annihilator  IB 
as  A — > B is  faithfully  flat.  Thus  it  suffices  to  see  that  \/ 1 B = ms.  This  follows 
from  the  fact  that  the  maximal  ideal  of  B/mAB  is  locally  nilpotent  (see  Algebra, 
Lemma  10.24.1)  and  the  assumption  that  yfl  = m^.  Some  details  omitted.  □ 


30.7.  Relative  assassin 


Definition  30.7.1.  Let  / : X — > S be  a morphism  of  schemes.  Let  J7  be  a 
quasi-coherent  Ox-module.  The  relative  assassin  of  T in  X over  S is  the  set 

Ass  x/s(B)  = U,eS  Assxa  {X s) 

where  Xs  = (As  — » X)*X  is  the  restriction  of  X to  the  fibre  of  / at  s. 


Again  there  is  a caveat  that  this  is  best  used  when  the  fibres  of  / are  locally 
Noetherian  and  X is  of  finite  type.  In  the  general  case  we  should  probably  use  the 
relative  weak  assassin  (defined  in  the  next  section). 

Lemma  30.7.2.  Let  f : X — >•  S be  a morphism  of  schemes.  Let  X be  a quasi- 
coherent  Ox -module.  Let  g : S1  —>  S be  a morphism  of  schemes.  Consider  the  base 
change  diagram 

X'  — X 

9 

S' 

and  set  X'  = (g')*X.  Let  x’  £ X’  be  a point  with  images  x £ X,  s'  £ S'  and 
s £ S.  Assume  f locally  of  finite  type.  Then  x'  £ Assx' / s’(B')  if  and  only  if 
x £ Assx/s(B ) and  x>  corresponds  to  a generic  point  of  an  irreducible  component 
of  Spec(ft(s')  <g>K(s)  k(x)). 


Proof.  Consider  the  morphism  X's,  — >•  Xs  of  fibres.  As  Xs>  = Xs  Xgpec(K(s)) 
Spec(«;(s/))  this  is  a flat  morphism.  Moreover  X's,  is  the  pullback  of  Xs  via  this 
morphism.  As  Xs  is  locally  of  finite  type  over  the  Noetherian  scheme  Spec(/«(s)) 
we  have  that  Xs  is  locally  Noetherian,  see  Morphisms,  Lemma  [28.15.6[  Thus  we 
may  apply  Lemma |30.3.1|  and  we  see  that 


Assx',  (X's, ) = 1J 


xGAss(J-’s) 


Ass((A',)x)- 
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Thus  to  prove  the  lemma  it  suffices  to  show  that  the  associated  points  of  the 
fibre  (X's,)x  of  the  morphism  A'',  — > Xs  over  x are  its  generic  points.  Note  that 
(X's,)x  = Specks')  <2)k(s)  k(x))  as  schemes.  By  Algebra,  Lemma  10.159.1  the 


ring  k(s')  ®k(s)  k(x)  is  a Noetherian  Cohen-Macaulay  ring.  Hence  its  associated 
primes  are  its  minimal  primes,  see  Algebra,  Proposition  10.62.6  (minimal  primes 
are  associated)  and  Algebra,  Lemma  10.149.2  (no  embedded  primes).  □ 


30.7.2 


we  see  that 


Remark  30.7.3.  With  notation  and  assumptions  as  in  Lemma  . 
it  is  always  the  case  that  (g')~1(Assx/s(^))  D Assays' (-A').  If  the  morphism 
S'  — > S is  locally  quasi-hnite,  then  we  actually  have 

(s0-1(Ass  x/s(F))  = Ass  x'/s'{F) 

because  in  this  case  the  field  extensions  n{s)  C k(s')  are  always  finite.  In  fact,  this 
holds  more  generally  for  any  morphism  g : S'  — > S'  such  that  all  the  field  extensions 
k(s)  C k(s')  are  algebraic,  because  in  this  case  all  prime  ideals  of  k(s')  <S>K(s)  n(x) 


are  maximal  (and  minimal)  primes,  see  Algebra,  Lemma  10.35.17 


30.8.  Relative  weak  assassin 


Definition  30.8.1.  Let  / : X — > S be  a morphism  of  schemes.  Let  T be  a 
quasi-coherent  Ox-module.  The  relative  weak  assassin  of  T in  X over  S is  the  set 

WeakAssx/s)^7)  = [J  ^ Weak  Ass  (JFS) 

where  JFS  = (Xs  — > X)*X  is  the  restriction  of  T to  the  fibre  of  / at  s. 

Lemma  30.8.2.  Let  f : X — > S'  be  a morphism  of  schemes  which  is  locally  of  finite 
type.  Let  T be  a quasi-coherent  Ox-module.  Then  WeakAssx/s(J~ ) = Assx/s{J~) ■ 

Proof.  This  is  true  bacause  the  fibres  of  / are  locally  Noetherian  schemes,  and 
associated  and  weakly  associated  points  agree  on  locally  Noetherian  schemes,  see 
Lemma  130.5.81  □ 


30.9.  Torsion  free  modules 

This  section  is  the  analogue  of  More  on  Algebra,  Section  |15.16|  for  quasi-coherent 
modules. 

Lemma  30.9.1.  Let  X he  an  integral  scheme  with  generic  point  rj.  Let  T be  a 
quasi-coherent  Ox-module.  Let  U C X be  nonempty  open  and  s £ X(U).  The 
following  are  equivalent 

(1)  for  some  x £ U the  image  of  s in  Tx  is  torsion, 

(2)  for  all  x £ U the  image  of  s in  Tx  is  torsion, 

(3)  the  image  of  s in  Tv  is  zero, 

(4)  the  image  of  s in  is  zero,  where  j : g — > X is  the  inclusion  morphism. 

Proof.  Omitted.  □ 

Definition  30.9.2.  Let  X be  an  integral  scheme.  Let  J7  be  a quasi-coherent 
Ox-module. 

(1)  We  say  a local  section  of  T is  torsion  if  it  satisfies  the  equivalent  conditions 
of  Lemma  130.9.11 
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(2)  We  say  F is  torsion  free  if  every  torsion  section  of  F is  0. 


Here  is  the  obligatory  lemma  comparing  this  to  the  usual  algebraic  notion. 

Lemma  30.9.3.  Let  X be  an  integral  scheme.  Let  F be  a quasi- coherent  Ox- 
module.  The  following  are  equivalent 

(1)  F is  torsion  free, 

(2)  for  U C X affine  open  F(U)  is  a torsion  free  0(U)-module. 

Proof.  Omitted.  □ 


Lemma  30.9.4.  Let  X be  an  integral  scheme.  Let  F be  a quasi- coherent  Ox- 
module.  The  torsion  sections  of  F form  a quasi- coherent  Ox -submodule  Ftors  C F . 
The  quotient  module  F j Ftors  Is  torsion  free. 


Proof.  Omitted.  See  More  on  Algebra,  Lemma|15.16.2|for  the  algebraic  analogue. 

□ 

Lemma  30.9.5.  Let  X be  an  integral  scheme.  Any  flat  quasi- coherent  Ox-module 
is  torsion  free. 

Proof.  Omitted.  See  More  on  Algebra,  Lemma [15. 16. 9[  □ 

Lemma  30.9.6.  Let  f : X —r  Y be  a flat  morphism  of  integral  schemes.  Let  Q be 
a torsion  free  quasi- coherent  Oy-module.  Then  f*Q  is  a torsion  free  Ox-module. 


Proof.  Omitted.  See  More  on  Algebra,  Lemma 1 1 5 . 1 6 . 4| for  the  algebraic  analogue. 

□ 


Lemma  30.9.7.  Let  f : X Y be  a flat  morphism  of  schemes.  IfY  is  integral 
and  the  generic  fibre  of  f is  integral,  then  X is  integral. 

Proof.  The  algebraic  analogue  is  this:  let  A be  a domain  with  fraction  field  K and 
let  B be  a flat  A-algebra  such  that  B K is  a domain.  Then  B is  a domain.  This 
is  true  because  B is  torsion  free  by  More  on  Algebra,  Lemma  115.16.91  and  hence 
BCB®AK.  □ 

Lemma  30.9.8.  Let  X be  an  integral  scheme.  Let  F be  a quasi- coherent  Ox- 
module.  Then  F is  torsion  free  if  and  only  if  Fx  is  a torsion  free  Ox,x~module  for 
all  x £ X. 


Proof.  Omitted.  See  More  on  Algebra,  Lemma  15.16.6 


□ 


Lemma  30.9.9.  Let  X be  an  integral  scheme.  Let  0 — > J-  — > J-'  — > F"  — > 0 be  a 
short  exact  sequence  of  quasi- coherent  Ox -modules.  If  J-  and  F"  are  torsion  free, 
then  J-'  is  torsion  free. 


Proof.  Omitted.  See  More  on  Algebra,  Lemma|15.16.5|for  the  algebraic  analogue. 

□ 


Lemma  30.9.10.  Let  X be  a locally  Noetherian  integral  scheme  with  generic  point 
rj.  Let  F be  a nonzero  coherent  Ox-module.  The  following  are  equivalent 

(1)  F is  torsion  free, 

(2)  is  the  only  associated  prime  of  IF , 

(3)  is  in  the  support  of  F and  F has  property  (Si),  and 

(4)  ?7  is  in  the  support  of  F and  F has  no  embedded  associated  prime. 
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Proof.  This  is  a translation  of  More  on  Algebra,  Lemma  [15. 16. 8|  into  the  language 
of  schemes.  We  omit  the  translation.  □ 

OAXZ  Lemma  30.9.11.  Let  X be  an  integral  scheme.  Let  F , Q be  quasi- coherent  Ox- 
modules.  If  Q is  torsion  free  and  F is  of  finite  presentation,  then  Homo  x {F , Q ) is 
torsion  free. 

Proof.  The  statement  makes  sense  because  Fomox{F ,Q)  is  quasi-coherent  by 
Schemes,  Section[25.24|  To  see  the  statement  is  true,  see  More  on  Algebra,  Lemma 
115.16.121  Some  details  omitted.  □ 

OAVS  Lemma  30.9.12.  Let  X be  an  integral  locally  Noetherian  scheme.  Let  ip  : F — > Q 
be  a map  of  quasi-coherent  Ox -modules.  Assume  F is  coherent,  Q is  torsion  free, 
and  that  for  every  x £ X one  of  the  following  happens 

(1)  Fx  — > Qx  is  an  isomorphism,  or 

(2)  depth(fFx ) > 2. 

Then  ip  is  an  isomorphism. 

Proof.  This  is  a translation  of  More  on  Algebra,  Lemma[l5.17.12|into  the  language 
of  schemes.  □ 

30.10.  Reflexive  modules 

OAVT  This  section  is  the  analogue  of  More  on  Algebra,  Section[i5.17|for  coherent  modules 
on  locally  Noetherian  schemes.  The  reason  for  working  with  coherent  modules  is 
that  Fomox{F,Q)  is  coherent  for  every  pair  of  coherent  Ox-modules  F,  Q,  see 
Modules,  Lemma [17. 19. 4| 

OAVU  Definition  30.10.1.  Let  X be  an  integral  locally  Noetherian  scheme.  Let  F be 
a coherent  Ox-module.  The  reflexive  hull  of  F is  the  Ox-nrodule 

IF**  = Fomox  ( Fomox  {IF,  Ox),  Ox) 

We  say  F is  reflexive  if  the  natural  map  j : F — > F**  is  an  isomorphism. 

It  follows  from  Lemma[30T0]6]that  the  reflexive  hull  is  a reflexive  Ox-module.  You 
can  use  the  same  definition  to  define  reflexive  modules  in  more  general  situations, 
but  this  does  not  seem  to  be  very  useful.  Here  is  the  obligatory  lemma  comparing 
this  to  the  usual  algebraic  notion. 

OAYO  Lemma  30.10.2.  Let  X be  an  integral  locally  Noetherian  scheme.  Let  F be  a 
coherent  Ox -module.  The  following  are  equivalent 

(1)  F is  reflexive, 

(2)  for  U C X affine  open  F{U)  is  a reflexive  0{U)-module. 

Proof.  Omitted.  □ 

0AY1  Remark  30.10.3.  If  A is  a scheme  of  finite  type  over  a field,  then  sometimes  a 
different  notion  of  reflexive  modules  is  used  (see  for  example  IHL971  bottom  of  page 
5 and  Definition  1.1.9]).  This  other  notion  uses  RFom  into  a dualizing  complex 
u; *-  instead  of  into  0\  and  should  probably  have  a different  name  because  it  can 
be  different  when  X is  not  Gorenstein.  For  example,  if  X = Spec(fc[t3,  t4,  t5]),  then 
a computation  shows  the  dualizing  sheaf  u>x  is  not  reflexive  in  our  sense,  but  it  is 
reflexive  in  the  other  sense  as  wx  —5"  Fom(Fom(u}x,u}x),u}x)  is  an  isomorphism. 
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0AY2  Lemma  30.10.4.  Let  X be  an  integral  locally  Noetherian  scheme.  Let  T be  a 
coherent  Ox -'module. 

(1)  If  J-  is  reflexive,  then  T is  torsion  free. 

(2)  The  map  j : T — > X**  is  injective  if  and  only  if  J-  is  torsion  free 

Proof.  Omitted.  See  More  on  Algebra,  Lemma [15. 17.2|  □ 


0AY3  Lemma  30.10.5.  Let  X be  an  integral  locally  Noetherian  scheme.  Let  J-  be  a 
coherent  Ox -module.  The  following  are  equivalent 

(1)  J-  is  reflexive, 

(2)  Tx  is  a reflexive  Ox,x-module  for  all  x £ X, 

(3)  Tx  is  a reflexive  Ox,x-module  for  all  closed  points  x £ X. 


Proof.  By  Modules,  Lemma  17.19.3  we  see  that  (1)  and  (2)  are  equivalent.  Since 
every  point  of  X specializes  to  a closed  point  (Properties,  Lemma  27.5.9)  we  see 
that  (2)  and  (3)  are  equivalent.  □ 


0AY4  Lemma  30.10.6.  Let  X be  an  integral  locally  Noetherian  scheme.  Let  J- , Q be 
quasi- coherent  Ox -modules.  IfQ  is  reflexive  and  T is  coherent,  then  Horn  a X(F ,Q) 
is  reflexive. 


Proof.  The  statement  makes  sense  because  Homox  (X,  Q)  is  coherent  by  Cohomol- 
ogy of  Schemes,  Lemma  29.9.4  To  see  the  statement  is  true,  see  More  on  Algebra, 
Lemma  Tl  5. 17. 61  Some  details  omitted.  □ 


0AY5  Lemma  30.10.7.  Let  X be  an  integral  locally  Noetherian  scheme.  Let  J-  be  a 
coherent  Ox -module.  The  following  are  equivalent 

(1)  T is  reflexive, 

(2)  for  each  x £ X one  of  the  following  happens 

(a)  Tx  is  a reflexive  Ox,x-module,  or 

(b)  depth(Ox,x ) > 2 and  depth(Fx)  > 2. 

Proof.  Omitted.  See  More  on  Algebra,  Lemma[l5.17.13[ 

If  the  scheme  is  normal,  then  reflexive  is  the  same  thing  as 

0AY6  Lemma  30.10.8.  Let  X be  an  integral  locally  Noetherian 
be  a coherent  Ox -module.  The  following  are  equivalent 

(1)  T is  reflexive,  and 

(2)  T is  torsion  free  and  has  property  (Sf). 

Proof.  This  is  the  scheme  theoretic  analogue  of  More  on  Algebra,  Lemma[l5.17.14| 
To  translate  into  algebra  use  Lemma [30. 10. 2|  □ 

0AY7  Lemma  30.10.9.  Let  X be  an  integral  locally  Noetherian  normal  scheme  with 
generic  point  rj.  Let  F , Q be  coherent  Ox -modules.  Let  T : Qv  — > Fn  be  a linear 
map.  Then  T extends  to  a map  Q — > F**  of  Ox -modules  if  and  only  if 

(*)  for  every  x £ X with  d\m(Ox,x)  = 1 we  have 


□ 

torsion  free  and  (S^)- 
normal  scheme.  Let  J- 


T ( Im(Qx  — > Qv))  C Im{fF x — > Fv). 
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Proof.  Because  F**  is  torsion  free  and  Fr)  = F**  an  extension,  if  it  exists,  is 
unique.  Thus  it  suffices  to  prove  the  lemma  over  the  members  of  an  open  covering 
of  X,  i.e. , we  may  assume  X is  affine.  In  this  case  we  are  asking  the  following 
algebra  question:  Let  R be  a Noetherian  normal  domain  with  fraction  field  I\ , let 
M,  N be  finite  f?-modules,  let  T : M K -a  N K be  a K -linear  map.  When 
does  T extend  to  a map  N — ► M**l  By  More  on  Algebra,  Lemma  [15.17. 15|  this 
happens  if  and  only  if  Np  maps  into  ( M/Mtors)p  for  every  height  1 prime  p of  R. 
This  is  exactly  condition  (*)  of  the  lemma.  □ 

0B3N  Lemma  30.10.10.  Let  X be  a regular  scheme  of  dimension  < 2.  Let  F be  a 
coherent  Ox -module.  The  following  are  equivalent 

(1)  F is  reflexive, 

(2)  F is  finite  locally  free  of  rank  > 0. 


Proof.  It  is  clear  that  a finite  locally  free  module  is  reflexive.  For  the  converse, 
we  will  show  that  if  F is  reflexive,  then  Fx  is  a free  (Dx>-module  for  all  x £ X.  If 
dim (Ox,x)  = 0,  then  Ox,x  is  a field  and  the  statement  is  clear.  If  dim(0x,a;)  = 1, 
then  Ox,x  is  a discrete  valuation  ring  (Algebra,  Lemma  10.118.7)  and  Fx  is  torsion 
free.  Hence  Fx  is  free  by  More  on  Algebra,  Lemma  15.16.11  If  dim (Ox,x)  = 2,  then 


Ox,x  is  a regular  local  ring  of  dimension  2.  By  More  on  Algebra,  Lemma|15.17.14 


we  see  that  Fx  has  depth  > 2.  Hence  JF  is  free  by  Algebra,  Lemma  10.105.6  □ 


30.11.  Effective  Cartier  divisors 

01WQ  We  define  the  notion  of  an  effective  Cartier  divisor  before  any  other  type  of  divisor. 

01WR  Definition  30.11.1.  Let  S'  be  a scheme. 

(1)  A locally  principal  closed  subscheme  of  S is  a closed  subscheme  whose 
sheaf  of  ideals  is  locally  generated  by  a single  element. 

(2)  An  effective  Cartier  divisor  on  S is  a closed  subscheme  D C S such  that 
the  ideal  sheaf  Id  C Ox  is  an  invertible  Ox-module. 

Thus  an  effective  Cartier  divisor  is  a locally  principal  closed  subscheme,  but  the 
converse  is  not  always  true.  Effective  Cartier  divisors  are  closed  subschemes  of  pure 
codimension  1 in  the  strongest  possible  sense.  Namely  they  are  locally  cut  out  by 
a single  element  which  is  not  a zerodivisor.  In  particular  they  are  nowhere  dense. 

01WS  Lemma  30.11.2.  Let  S be  a scheme.  Let  D C S be  a closed  subscheme.  The 
following  are  equivalent: 

(1)  The  subscheme  D is  an  effective  Cartier  divisor  on  S. 

(2)  For  every  x £ D there  exists  an  affine  open  neighbourhood  Spec(A)  = U C 
S of  x such  that  U n D = Spec(A/(/))  with  f £ A not  a zerodivisor. 

Proof.  Assume  (1).  For  every  x £ D there  exists  an  affine  open  neighbourhood 
Spec(A)  = U C S of  x such  that  Id\u  — Ojj-  In  other  words,  there  exists  a section 
f £ T{U,Id)  which  freely  generates  the  restriction  Id\u-  Hence  f £ A,  and  the 
multiplication  map  / : A — > A is  injective.  Also,  since  Id  is  quasi-coherent  we  see 
that  D n U = Spec(A/ (/)). 

Assume  (2).  Let  x £ D.  By  assumption  there  exists  an  affine  open  neighbourhood 
Spec(A)  = U C S of  x such  that  UllD  = Spec (A/(f))  with  f £ A not  a zerodivisor. 
Then  In\u  — Ou  since  it  is  equal  to  (f)  = A = Ou . Of  course  Id  restricted  to 
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the  open  subscheme  S\D  is  isomorphic  to  Os\d-  Hence  Id  is  an  invertible  Os- 
module.  □ 


Lemma  30.11.3.  Let  S be  a scheme.  Let  Z C S be  a locally  principal  closed 
subscheme.  Let  U = S\Z . Then  U —¥  S is  an  affine  morphism. 


Proof.  The  question  is  local  on  S , see  Morphisms,  Lemmas  28.12.3  Thus  we  may 
assume  S = Spec(A)  and  Z = V(f)  for  some  / £ A.  In  this  case  U = D(f)  = 
Spec(Ay)  is  affine  hence  U S is  affine.  □ 


Lemma  30.11.4.  Let  S be  a scheme.  Let  D C S be  an  effective  Cartier  divisor. 
Let  U = S \ D . Then  U -A  S is  an  affine  morphism  and  U is  scheme  theoretically 
dense  in  S. 


Proof.  Affineness  is  Lemma  30.11.3  The  density  question  is  local  on  S,  see  Mor- 


phisms, Lemma  28.7.5  Thus  we  may  assume  S = Spec(A)  and  D corresponding 


to  the  nonzerodivisor  / £ A,  see  Lemma  30.11.2  Thus  A C Af  which  implies  that 
Z7  C S is  scheme  theoretically  dense,  see  Morphisms,  Example  |28. 7. 4|  □ 


Lemma  30.11.5.  Let  S be  a scheme.  Let  D C S be  an  effective  Cartier  divisor. 
Let  s £ D.  If  dim,(S)  < oo,  then  dims(£>)  < dim,(S). 


Proof.  Assume  dim,, (S')  < oo.  Let  U = Spec(A)  C S be  an  affine  open  neigh- 
bourhood of  s such  that  dim  (I/)  = dim,  (S)  and  such  that  D = V{f)  for  some 
nonzerodivisor  / £ A (see  Lemma  30.11.2).  Recall  that  dim(f7)  is  the  Krull  dimen- 
sion of  the  ring  A and  that  dim(C/  D D)  is  the  Krull  dimension  of  the  ring  A/(f). 
Then  / is  not  contained  in  any  minimal  prime  of  A.  Hence  any  maximal  chain  of 
primes  in  A/(f),  viewed  as  a chain  of  primes  in  A1  can  be  extended  by  adding  a 
minimal  prime.  □ 


Definition  30.11.6.  Let  S'  be  a scheme.  Given  effective  Cartier  divisors  D\,  Di 
on  S we  set  D = D\  + D2  equal  to  the  closed  subscheme  of  S corresponding  to  the 
quasi-coherent  sheaf  of  ideals  Iiqlz^  C Os-  We  call  this  the  sum  of  the  effective 
Cartier  divisors  D\  and  D2- 


It  is  clear  that  we  may  define  the  sum  n i^i  given  finitely  many  effective  Cartier 
divisors  Di  on  X and  nonnegative  integers  n*. 

Lemma  30.11.7.  The  sum  of  two  effective  Cartier  divisors  is  an  effective  Cartier 
divisor. 


Proof.  Omitted.  Locally  /i,/2  £ A are  nonzero  divisors,  then  also  /1/2  £ A is  a 
nonzerodivisor.  □ 

Lemma  30.11.8.  Let  X be  a scheme.  Let  D,D'  be  two  effective  Cartier  divisors 
on  X.  If  D C D'  (as  closed  subschemes  of  X ),  then  there  exists  an  effective  Cartier 
divisor  D"  such  that  D'  = D + D" . 

Proof.  Omitted.  □ 


Lemma  30.11.9.  Let  X be  a scheme.  Let  Z.  Y be  two  closed  subschemes  of  X 
with  ideal  sheaves  I and  J . IfTJ  defines  an  effective  Cartier  divisor  D C X,  then 
Z and  Y are  effective  Cartier  divisors  and  D = Z + Y. 
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Proof.  Applying  Lemma  [30. 11. 2|  we  obtain  the  following  algebra  situation:  A is  a 
ring,  /,  J C A ideals  and  / £ A a nonzerodivisor  such  that  IJ  = (/).  Thus  the 
result  follows  from  Algebra,  Lemma  [10.1 19. 14|  □ 


053P 


Recall  that  we  have  defined  the  inverse  image  of  a closed  subscheme  under  any 


morphism  of  schemes  in  Schemes,  Definition  25.17.7 


Lemma  30.11.10.  Let  f : S'  — > S be  a morphism  of  schemes.  Let  Z C S be 
a locally  principal  closed  subscheme.  Then  the  inverse  image  is  a locally 

principal  closed  subscheme  of  S' . 


Proof.  Omitted. 


□ 


01WV  Definition  30.11.11.  Let  / : S'  — > S be  a morphism  of  schemes.  Let  D C S be 
an  effective  Cartier  divisor.  We  say  the  pullback  of  D by  f is  defined  if  the  closed 
subscheme  f~1(D)  C S'  is  an  effective  Cartier  divisor.  In  this  case  we  denote  it 
either  f*D  or  f~1(D)  and  we  call  it  the  pullback  of  the  effective  Cartier  divisor. 

The  condition  that  /_1(D)  is  an  effective  Cartier  divisor  is  often  satisfied  in  prac- 
tice. Here  is  an  example  lemma. 

0200  Lemma  30.11.12.  Let  f : X — ► Y be  a morphism  of  schemes.  Let  D C Y be  an 
effective  Cartier  divisor.  The  pullback  of  D by  f is  defined  in  each  of  the  following 
cases: 

(1)  X , Y integral  and  f dominant, 

(2)  X reduced,  and  for  any  generic  point  £ of  any  irreducible  component  of  X 
we  have  /(£)  ^ D, 

(3)  X is  locally  Noetherian  and  for  any  associated  point  x of  X we  have 
f(x)  i D, 

(4)  X is  locally  Noetherian,  has  no  embedded  points,  and  for  any  generic  point 
£ of  any  irreducible  component  of  X we  have  /(£)  fL  D, 

(5)  f is  flat,  and 

(6)  add  more  here  as  needed. 

Proof.  The  question  is  local  on  X , and  hence  we  reduce  to  the  case  where  X = 
Spec(A),  Y = Spec (R),  f is  given  by  tp  : R — > A and  D = Spec(i?/(t))  where 
t £ R is  not  a zerodivisor.  The  goal  in  each  case  is  to  show  that  ip(t)  £ A is  not  a 
zerodivisor. 


In  case  (2)  this  follows  as  the  intersection  of  all  minimal  primes  of  a ring  is  the 
nilradical  of  the  ring,  see  Algebra,  Lemma [10. 16. 2| 


Let  us  prove  (3).  By  Lemma  30.2.2  the  associated  points  of  X correspond  to  the 
primes  p £ Ass(A).  By  Algebra,  Lemma  10.62.9  we  have  UpeAss(A)  P is  the  set  of 


zerodivisors  of  A.  The  hypothesis  of  (3)  is  that  ip{t)  p for  all  p £ Ass(A).  Hence 
ip(t)  is  a nonzerodivisor  as  desired. 


Part  (4)  follows  from  (3)  and  the  definitions. 


□ 


01WW  Lemma  30.11.13.  Let  f : S'  — >•  S be  a morphism  of  schemes.  Let  D\,  be 
effective  Cartier  divisors  on  S . If  the  pullbacks  of  D\  and  _D2  are  defined  then  the 
pullback  of  D = D\  + Di  is  defined  and  f*D  = f*  D\  + /*D2. 


Proof.  Omitted. 


□ 
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01 WX  Definition  30.11.14.  Let  S'  be  a scheme  and  let  D be  an  effective  Cartier  divisor. 
The  invertible  sheaf  Os  (D)  associated  to  D is  given  by 

Os(D)  :=Homos(lD,Os)=l®-1. 

The  canonical  section , usually  denoted  1 or  \d,  is  the  global  section  of  Os(D) 
corresponding  to  the  inclusion  mapping  Id  — >■  Os- 

0B3P  Lemma  30.11.15.  Let  S be  a scheme  and  let  D C S be  an  effective  Cartier 
divisor.  Then  for  the  conormal  sheaf  we  have  Cd / 5 = Td\D  = Os(D)®  1\D. 

Proof.  Omitted.  □ 

02OP  Lemma  30.11.16.  Let  S be  a scheme.  Let  D\,  D2  be  effective  Cartier  divisors 
on  S.  Let  D = D\  + D2.  Then  there  is  a unique  isomorphism 

Os{D1)®0s  Os(D2)  — > Os(D) 

which  maps  Itr  ® 1_d2  to  Id- 

Proof.  Omitted.  □ 

01WY  Definition  30.11.17.  Let  (X,  Ox)  be  a locally  ringed  space.  Let  C be  an  invert- 
ible sheaf  on  X.  A global  section  s £ T(A',  C)  is  called  a regular  section  if  the  map 
Ox  — > C,  / fs  is  injective. 

01WZ  Lemma  30.11.18.  Let  X be  a locally  ringed  space.  Let  f £ P(X,  Ox)-  The 
following  are  equivalent: 

(1)  f is  a regular  section,  and 

(2)  for  any  x £ X the  image  f £ Ox,x  is  not  a zerodivisor. 

If  X is  a scheme  these  are  also  equivalent  to 

(3)  for  any  affine  open  Spec(A)  = U C X the  image  f £ A is  not  a zerodivi- 
sor, and 

(4)  there  exists  an  affine  open  covering  X = (J  Spec(Aj)  such  that  the  image 
of  f in  Ai  is  not  a zerodivisor  for  all  i. 

Proof.  Omitted.  □ 


02OQ 


Note  that  a global  section  s of  an  invertible  Ox-module  C may  be  seen  as  an  Ox- 
module  map  s : Ox  — > C.  Its  dual  is  therefore  a map  s : £®-1  — >•  Ox-  (See 
Modules,  Definition  17.21.6  for  the  definition  of  the  dual  invertible  sheaf.) 


Definition  30.11.19.  Let  X be  a scheme.  Let  C be  an  invertible  sheaf.  Let 
s £ r(X,  £)  be  a global  section.  The  zero  scheme  of  s is  the  closed  subscheme 
Z(s)  C X defined  by  the  quasi-coherent  sheaf  of  ideals  I C Ox  which  is  the  image 
of  the  map  s : £®-1  — > Ox- 


02OR  Lemma  30.11.20.  Let  X be  a scheme.  Let  C be  an  invertible  sheaf.  Let  s £ 
P(X,£). 

(1)  Consider  closed  immersions  i : Z — » X such  that  i*s  £ T(Z,i*C))  is  zero 
ordered  by  inclusion.  The  zero  scheme  Z{s)  is  the  maximal  element  of 
this  ordered  set. 

(2)  For  any  morphism  of  schemes  f : Y X we  have  f*  s = 0 in  r(Y,  f*C) 
if  and  only  if  f factors  through  Z(s). 

(3)  The  zero  scheme  Z{s)  is  a locally  principal  closed  subscheme. 
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(4)  The  zero  scheme  Z(s ) is  an  effective  Cartier  divisor  if  and  only  if  s is  a 
regular  section  of  C. 


Proof.  Omitted. 


□ 


Lemma  30.11.21.  Let  X be  a scheme. 

(1)  If  D C X is  an  effective  Cartier  divisor,  then  the  canonical  section  1 d of 
Ox{D)  is  regular. 

(2)  Conversely,  if  s is  a regular  section  of  the  invertible  sheaf  C,  then  there 
exists  a unique  effective  Cartier  divisor  D = Z(s)  C X and  a unique 
isomorphism  Ox{D ) — > C which  maps  1 d to  s. 

The  constructions  D K > ( Ox(D ) , Id)  and  (£,  s ) K > Z(s)  give  mutually  inverse  maps 


{ effective  Cartier  divisors  onl}  f> 


J pairs  (£,  s ) consisting  of  an  invertible 
1 Ox  -module  and  a regular  global  section 


Proof.  Omitted. 


□ 


30.12.  Effective  Cartier  divisors  on  Noetherian  schemes 


In  the  locally  Noetherian  setting  most  of  the  discussion  of  effective  Cartier  divisors 
and  regular  sections  simplifies  somewhat. 

Lemma  30.12.1.  Let  X be  a locally  Noetherian  scheme.  Let  C be  an  invertible 
Ox-module.  Let  s £ F(A',  C).  Then  s is  a regular  section  if  and  only  if  s does  not 
vanish  in  the  associated  points  of  X . 


Proof.  Omitted.  Hint:  reduce  to  the  affine  case  and  C trivial  and  then  use  Lemma 
|30.1 1.181  and  Algebra,  Lemma  [l0.62.9|  □ 

Lemma  30.12.2.  Let  X be  a locally  Noetherian  scheme.  Let  D C X be  a closed 
subscheme  corresponding  to  the  quasi- coherent  ideal  sheaf  I C Ox- 

(1)  If  for  every  x £ D the  ideal  Tx  C Ox,x  can  be  generated  by  one  element, 
then  D is  locally  principal. 

(2)  If  for  every  x £ D the  ideal  Ix  C Ox,x  can  be  generated  by  a single 
nonzerodivisor,  then  D is  an  effective  Cartier  divisor. 


Proof.  Let  Spec(A)  be  an  affine  neighbourhood  of  a point  x £ D.  Let  p C A be 
the  prime  corresponding  to  x.  Let  I C A be  the  ideal  defining  the  trace  of  D on 
Spec(A).  Since  A is  Noetherian  (as  X is  Noetherian)  the  ideal  I is  generated  by 
finitely  many  elements,  say  I = (/i, . . . , fr).  Under  the  assumption  of  (1)  we  have 
Ip  = (/)  for  some  / £ Ap.  Then  f = gif  for  some  gt  £ Ap.  Write  gi  = at/hi 
and  / = f'/h  for  some  hi,h  £ A,  hi,h  ^ p.  Then  Ih1...hrh  C A}ll ,.,hrh  is  principal, 
because  it  is  generated  by  f . This  proves  (1).  For  (2)  we  may  assume  I = (/). 
The  assumption  implies  that  the  image  of  / in  Ap  is  a nonzerodivisor.  Then  / is  a 
nonzerodivisor  on  a neighbourhood  of  x by  Algebra,  Lemma  10.67.6  This  proves 
(2).  “ □ 


Lemma  30.12.3.  Let  X be  a locally  Noetherian  scheme. 

(1)  Let  D C X be  a locally  principal  closed  subscheme.  Let  £ £ D be  a generic 
point  of  an  irreducible  component  of  D.  Then  dim(Ojv,j)  < 1. 

(2)  Let  D C X be  an  effective  Cartier  divisor.  Let  £ £ D be  a generic  point 
of  an  irreducible  component  of  D.  Then  dim(Ox,c)  = 1- 
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Proof.  Proof  of  (1).  By  assumption  we  may  assume  X = Spec(A)  and  D = 
Spec (A/(/))  where  A is  a Noetherian  ring  and  / £ A.  Let  £ correspond  to  the 
prime  ideal  p C A.  The  assumption  that  £ is  a generic  point  of  an  irreducible 
componet  of  D signifies  p is  minimal  over  (/).  Thus  dim(Ap)  < 1 by  Algebra, 
Lemma  110.59. 101 

Proof  of  (2).  By  part  (1)  we  see  that  dim(C>x,{)  < 1.  On  the  other  hand,  the 
local  equation  / is  a nonzerodivisor  in  Ap  by  Lemma  30.11.2  which  implies  the 
dimension  is  at  least  1 (because  there  must  be  a prime  in  Ap  not  containing  / by 
the  elementary  Algebra,  Lemma  10.16.2).  □ 


Lemma  30.12.4.  Let  X be  a Noetherian  scheme.  Let  D C X be  an  integral  closed 
subscheme  which  is  also  an  effective  Cartier  divisor.  Then  the  local  ring  of  X at 
the  generic  point  of  D is  a discrete  valuation  ring. 


Proof.  By  Lemma  30.11.2  we  may  assume  X = Spec(A)  and  D = Spec(A/(/)) 


where  A is  a Noetherian  ring  and  / £ A is  a nonzerodivisor.  The  assumption  that 
D is  integral  signifies  that  (/)  is  prime.  Hence  the  local  ring  of  X at  the  generic 
point  is  A(j)  which  is  a Noetherian  local  ring  whose  maximal  ideal  is  generated  by 
a nonzerodivisor.  Thus  it  is  a discrete  valuation  ring  by  Algebra,  Lemma|10.118.7| 

□ 


Lemma  30.12.5.  Let  X be  a locally  Noetherian  scheme.  Let  D C X be  an  effective 
Cartier  divisor.  If  X is  ( Sk ),  then  D is  (Sk- 1). 


Proof.  Let  x € D.  Then  Od,x  = Ox >/(/)  where  / £ Ox,x  is  a nonzerodivisor. 
By  assumption  we  have  depth(Ox,a;)  > min(dim (Ox,x),k)-  By  Algebra,  Lemma 


10.71.7  we  have  depth(C> /)..„)  = depth(0x,aO  ~ 1 and  by  Algebra,  Lemma  10.59.12 
dim (Od,x)  = dim(C)_Y,a;)  — 1.  It  follows  that  depth(0£>jX)  > min(dim(C>£)jX),  k — 1) 


as  desired. 


□ 


Lemma  30.12.6.  Let  X be  a locally  Noetherian  normal  scheme.  Let  D C X be 
an  effective  Cartier  divisor.  Then  D is  (Si). 


Proof.  By  Properties,  Lemma  27.12.5|we  see  that  X is  (Sf).  Thus  we  conclude  by 
Lemma  130.12.51  □ 


Lemma  30.12.7.  Let  X be  a Noetherian  scheme.  Let  D C X be  a integral  closed 
subscheme.  Assume  that 

(1)  D has  codimension  1 in  X , and 

(2)  Ox,x  is  a UFD  for  all  x £ D. 

Then  D is  an  effective  Cartier  divisor. 


Proof.  Let  x £ D and  set  A = Ox,x-  Let  p C A correspond  to  the  generic  point  of 
D.  Then  Ap  has  dimension  1 by  assumption  (1).  Thus  p is  a prime  ideal  of  height 
1.  Since  A is  a UFD  this  implies  that  p = (/)  for  some  / £ A.  Of  course  / is  a 
nonzerodivisor  and  we  conclude  by  Lemma  |30. 12. 2|  □ 

Lemma  30.12.8.  Let  X be  a Noetherian  scheme.  Let  Z C X be  a closed  sub- 
scheme. Assume  there  exist  integral  effective  Cartier  divisors  Di  C X and  a closed 
subset  Z'  C X of  codimension  > 2 such  that  Z C Z'  U (J  Di  set-theoretically . Then 
there  exists  an  effective  Cartier  divisor  of  the  form 

D = ^2  Oi  A c Z 
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such  that  D — >•  Z is  an  isomorphism  away  from  codimension  2 in  X.  The  existence 
of  the  Di  is  guaranteed  if  Ox,x  a UFD  for  all  x £ Z or  if  X is  regular. 


OBCP 


Proof.  Let  fi  £ Di  be  the  generic  point  and  let  Oi  = Ox,£  be  the  local  ring 
which  is  a discrete  valuation  ring  by  Lemma  |30.12.4[  Let  > 0 be  the  minimal 
valuation  of  an  element  of  Iz,u  C Oi.  We  claim  that  the  effective  Cartier  divisor 
D = a-iDi  works. 

Namely,  suppose  that  x £ X.  Let  A = Ox,x-  Let  fi  £ A be  a local  equation  for 
Dp.  we  only  consider  those  i such  that  x £ Di.  Then  ff  is  a prime  element  of  A and 
Oi  = A(f.y  Let  I = lz,x  C A.  By  our  choice  of  m we  have  lA^y  = f^'A^.y  It 
follows  that  / C (II  ft)  because  the  fi  are  prime  elements  of  A.  This  proves  that 
Tz  C Id,  be.,  that  D C Z.  Moreover,  we  also  see  that  D and  Z agree  at  the  tf, 
which  proves  the  final  assertion. 


To  see  the  final  statements  we  argue  as  follows.  A regular  local  ring  is  a UFD  (More 
on  Algebra,  Lemma  15.83.7)  hence  it  suffices  to  argue  in  the  UFD  case.  In  that 
case,  let  Di  be  the  irreducible  components  of  Z which  have  codimension  1 in  A. 
By  Lemma  [30 . 1 2 . 7|  each  Di  is  an  effective  Cartier  divisor.  □ 


Lemma  30.12.9.  Let  X be  a Noetherian  scheme.  Let  D C X be  an  effective 
Cartier  divisor.  Assume  that  there  exist  integral  effective  Cartier  divisors  Di  C A' 
such  that  D C (J  Di  set  theoretically.  Then  D = aiDi  for  some  > 0.  The 
existence  of  the  Di  is  guaranteed  if  Ox,x  a UFD  for  all  x £ D or  if  X is  regular. 


OAYM 


Proof.  Choose  a*  as  in  Lemma  30.12.8  and  set  D'  = JfaiDi.  Then  D'  — ► D 
is  an  inclusion  of  effective  Cartier  divisors  which  is  an  isomorphism  away  from 
codimension  2 on  A.  Pick  x £ X.  Set  A = Ox,x  and  let  /,  f £ A be  the 
nonzerodivisor  generating  the  ideal  of  D , D'  in  A.  Then  / = gf1  for  some  g £ A. 
Moreover,  for  every  prime  p of  height  < 1 of  A we  see  that  g maps  to  a unit  of 
Ap . This  implies  that  g is  a unit  because  the  minimal  primes  over  ( g ) have  height 
1 (Algebra,  Lemma  10.59.10).  □ 


Lemma  30.12.10.  Let  X be  a Noetherian  scheme  which  has  an  ample  invertible 
sheaf.  Then  every  invertible  Ox -module  is  isomorphic  to 

Ox(D)  ®0x  Ox{D' )®-1 
for  some  effective  Cartier  divisors  D,D'  in  X. 


Proof.  Let  x±, ...  ,xn  be  the  associated  points  of  A (Lemma  30.2.5).  Let  C be  an 
ample  invertible  sheaf.  There  exists  an  n > 0 and  a section  s £ T(A,  such  that 
Xs  = Spec(A)  is  affine  and  such  that  Xi  £ Xs  for  i = 1, . . . , n (Properties,  Lemma 
27.29.6).  Let  pi, . . . , pn  C A be  the  prime  ideals  corresponding  to  x\, ... , xn. 


Then  Af\xs  corresponds  to  an  invertible  A-module  N.  Choose  an  element  t £ N, 
t qL  piA  for  all  i.  Such  an  element  exists.  This  is  clear  if  n = 1.  If  n > 1 first 
rearrange  the  primes  such  that  p;  p„  for  all  i < n.  Then  using  induction  choose 
an  element  t £ N with  t piN  for  i < n.  Then  we  are  done  if  t ^ p nN.  Otherwise, 
pick  an  t'  £ N , t!  £ p nN  and  ff  £ pi,  ff  £ pn.  The  element  t + /i/2  ■ ■ • fn-ff'  will 
be  as  desired. 


By  Properties,  Lemma  27.17.2  we  see  that  for  some  e > 0 the  section  se| jjt  extends 
to  a global  section  r of  C^e®Af.  Thus  both  C®e  ®JC  and  £®e  are  invertible  sheaves 
which  have  global  sections  which  generate  the  stalks  at  the  associated  points  of  A. 
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Thus  these  are  regular  sections  by  Lemma  30.12.1  Hence  £®e  < 
jr®e  ^ Ox(D')  for  some  effective  Cartier  divisors,  see  Lemma  30.11.21 


JV  = Ox (D)  and 
□ 


Lemma  30.12.11.  Let  X be  an  integral  regular  scheme  of  dimension  2.  Let 
i : D -A  X be  the  immersion  of  an  effective  Cartier  divisor.  Let  T — > T’  — > i*Q  — > 0 
be  an  exact  sequence  of  coherent  Ox -‘modules.  Assume 

(1)  T,J-'  are  locally  free  of  rank  r on  a nonempty  open  of  X, 

(2)  D is  an  integral  scheme, 

(3)  Q is  a finite  locally  free  Op-module  of  rank  s. 

Then  C = ( ArJr )**  and  £'  = ( ArJ r')**  are  invertible  Ox-modules  and  CJ  = £(kD) 
for  some  k € {0, . . . , min(s,  r)}. 


Proof.  The  first  statement  follows  from  Lemma  30.10.10  as  assumption  (1)  implies 
that  £ and  £!  have  rank  1.  Taking  Ar  and  double  duals  are  functors,  hence  we 
obtain  a canonical  map  a : £ — y £'  which  is  an  isomorphism  over  the  nonempty 
open  of  (1),  hence  nonzero.  To  finish  the  proof,  it  suffices  to  see  that  a viewed  as  a 
global  section  of  £'  ® £®_1  does  not  vanish  at  any  codimension  point  of  X,  except 
at  the  generic  point  of  D and  there  with  vanishing  order  at  most  min(s,r). 


Translated  into  algebra,  we  arrive  at  the  following  problem:  Let  (A,  m,  k)  be  a 
discrete  valuation  ring  with  fraction  field  K . Let  M — > M'  — > N — > 0 be  an  exact 
sequence  of  finite  A-modules  with  dim^(M  (g>  K)  = dim k{M'  ® I\)  = r and  with 
N = «®s.  Show  that  the  induced  map  L = A ->L'  = A r(M')**  vanishes 
to  order  at  most  min(s,r).  We  will  use  the  structure  theorem  for  modules  over  A, 
see  More  on  Algebra,  Lemma  |15.85.3|  or  |15.85.9[  Dividing  out  a finite  A-module 
by  a torsion  submodule  does  not  change  the  double  dual.  Thus  we  may  replace  M 
by  M/Mtors  and  M'  by  M' /lm.(Mtors  — ► M')  and  assume  that  M is  torsion  free. 
Then  M — ► M'  is  injective  and  M[ors  — ► TV  is  injective.  Hence  we  may  replace  M' 
by  M' /M'tors  and  N by  N/M'tors.  Thus  we  reduce  to  the  case  where  M and  M' 
are  free  of  rank  r and  N = k®s.  In  this  case  a is  the  determinant  of  M -A  M'  and 
vanishes  to  order  s for  example  by  Algebra,  Lemma  [10. 120. 7|  □ 


30.13.  Complements  of  affine  opens 


0BCQ  In  this  section  we  discuss  the  result  that  the  complement  of  an  affine  open  in  a 
variety  has  pure  codimension  1. 

0BCR  Lemma  30.13.1.  Let  (A,m)  be  a Noetherian  local  ring.  The  puctured  spectrum 
U = Spec(A)  \ {m}  of  A is  affine  if  and  only  if  dim( A)  < 1. 


Proof.  If  dirn(A)  = 0,  then  U is  empty  hence  affine  (equal  to  the  spectrum  of  the  0 
ring).  If  dim(A)  = 1,  then  we  can  choose  an  element  f £ m not  contained  in  any  of 
the  finite  number  of  minimal  primes  of  A (Algebra,  Lemmas  10.30.6  and  10.14.2). 
Then  U = Spec(A/)  is  affine. 


The  converse  is  more  interesting.  We  will  give  a somewhat  nonstandard  proof  and 
discuss  the  standard  argument  in  a remark  below.  Assume  U = Spec(H)  is  affine. 
Since  affineness  and  dimension  are  not  affecting  by  going  to  the  reduction  we  may 
replace  A by  the  quotient  by  its  ideal  of  nilpotent  elements  and  assume  A is  reduced. 
Set  Q — B/ A viewed  as  an  A-rnodule.  The  support  of  Q is  {m}  as  Ap  = Bp  for  all 
nonmaximal  primes  p of  A.  We  may  assume  dirn(A)  > 1,  hence  as  above  we  can 
pick  / £ m not  contained  in  any  of  the  minimal  ideals  of  A.  Since  A is  reduced 


30.13.  COMPLEMENTS  OF  AFFINE  OPENS 


2151 


OBCS 


this  implies  that  / is  a nonzerodi visor.  In  particular  dim(A//A)  = dim(A)  — 1,  see 
Algebra,  Lemma [10. 59. 12|  Applying  the  snake  lemma  to  multiplication  by  / on  the 
short  exact  sequence  0— > A— > B — > Q — >0we  obtain 

0 Q[f]  — > A/ f A ■>  B / fB  — > Q/ fQ  — > 0 

where  Q[f]  = Ker (/  : Q — > Q).  This  implies  that  Q[f]  is  a finite  A-module. 
Since  the  support  of  Q[f]  is  {m}  we  see  l = lengthA(Q[/])  < oo  (Algebra,  Lemma 
10.61.3).  Set  ln  = lengthy {Q[fn})-  The  exact  sequence 

0 -a  Q{P]  -a  Q[P+1]  A Q[f\ 

shows  inductively  that  ln  < oo  and  that  ln  < ln+i ■ Considering  the  exact  sequence 

0 ->  Q[f]  ->  Q[fn+1]  A Qlfn]  ->  Q/fQ 

and  we  see  that  the  image  of  Q[fn]  in  Q/fQ  has  length  ln  — ln+ 1 + l < l.  Since 
Q = U Q[fn]  we  find  that  the  length  of  Q/fQ  is  at  most  l , i.e.,  bounded.  Thus 
Q/fQ  is  a finite  A- module.  Hence  A/  f A — > B / fB  is  a finite  ring  map,  in  particular 
induces  a closed  map  on  spectra  (Algebra,  Lemmas  10.35.20|  and  10.40.6|).  On 
the  other  hand  Spec (B/fB)  is  the  puctured  spectrum  of  Spec(A//A).  This  is 
a contradiction  unless  Spec  (B/fB)  = 0 which  means  that  dim(A//A)  = 0 as 
desired.  □ 

Remark  30.13.2.  If  (A,m)  is  a Noetherian  local  normal  domain  of  dimension 
> 2 and  U is  the  punctured  spectrum  of  A,  then  T(/7,  Ojj)  = A.  This  algebraic 
version  of  Hartog’s  theorem  follows  from  the  fact  that  A = f] height (s0=i  we’ve 
seen  in  Algebra,  Lemma  10.149.6  Thus  in  this  case  U cannot  be  affine  (since  it 


would  force  m to  be  a point  of  U).  This  is  often  used  as  the  starting  point  of  the 
proof  of  Lemma  30.13.1  To  reduce  the  case  of  a general  Noetherian  local  ring  to 


this  case,  we  first  complete  (to  get  a Nagata  local  ring),  then  replace  A by  A/q  for 
a suitable  minimal  prime,  and  then  normalize.  Each  of  these  steps  does  not  change 
the  dimension  and  we  obtain  a contradiction.  You  can  skip  the  completion  step, 
but  then  the  normalization  in  general  is  not  a Noetherian  domain.  However,  it  is 
still  a Krull  domain  of  the  same  dimension  (this  is  proved  using  Krull-Akizuki)  and 
one  can  apply  the  same  argument. 

0BCT  Remark  30.13.3.  It  is  not  clear  how  to  characterize  the  non-Noetherian  local 
rings  (A,  m)  whose  punctured  spectrum  is  affine.  Such  a ring  has  a finitely  generated 
ideal  I with  m = \fl.  Of  course  if  we  can  take  I generated  by  1 element,  then 
A has  an  affine  puncture  spectrum;  this  gives  lots  of  non-Noetherian  examples. 


Conversely,  it  follows  from  the  argument  in  the  proof  of  Lemma  30.13.1  that  such  a 
ring  cannot  possess  a nonzerodivisor  / € m with  Hj(A/  f A)  = 0 (so  A cannot  have 
a regular  sequence  of  length  2).  Moreover,  the  same  holds  for  any  ring  A!  which  is 
the  target  of  a local  homomorphism  of  local  rings  A — > A!  such  that  m^'  = Vm A! . 

0BCU  Lemma  30.13.4.  Let  X be  a locally  Noetherian  scheme.  Let  U C X be  an  open 
subscheme  such  that  the  inclusion  morphism  U — )•  X is  affine.  For  every  generic 
point  £ of  an  irreducible  component  of  X\U  the  local  ring  Ox,£  has  dimension  < 1 . 
If  U is  dense  or  if  £ is  in  the  closure  of  U , then  dim^x^)  = 1. 

Proof.  Since  £ is  a generic  point  of  X \ U,  we  see  that 

U^  = U x x Spec(0Y,{)  C Spec(0Yj4) 


|(4D67l  EGA  IV, 
Corollaire  21.12.7] 
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is  the  punctured  spectrum  of  Ox,£.  (hint:  use  Schemes,  Lemma  25.13.2).  As  U — > X 
is  affine,  we  see  that  — > Spec(C,.vjc)  is  affine  (Morphisms,  Lemma  28.12.8)  and 

we  conclude  that  is  affine.  Hence  dim(Ox,c)  < 1 by  Lemma  30.13.1  If  £ € U, 
then  there  is  a specialization  77  — ► £ where  77  £ U (just  take  77  a generic  point  of 
an  irreducible  component  of  U which  contains  £;  since  U is  locally  Noetherian, 
hence  locally  has  finitely  many  irreducible  components,  we  see  that  77  £ U).  Then 
77  £ Spec (Ox,f)  and  we  see  that  the  dimension  cannot  be  0.  □ 

Lemma  30.13.5.  Let  X be  a separated  locally  Noetherian  scheme.  Let  U G X 
be  an  affine  open.  For  every  generic  point  f of  an  irreducible  component  of  X \ U 
the  local  ring  Ox,£  has  dimension  < 1 . IfU  is  dense  or  if  £ is  in  the  closure  of  U, 
then  dim(Ox,{)  = 1. 

Proof.  This  follows  from  Lemma  |30.13.4|  because  the  morphism  U — ► X is  affine 
by  Morphisms,  Lemma  28.12.11  □ 


The  following  lemma  can  sometimes  be  used  to  produce  effective  Cartier  divisors. 

Lemma  30.13.6.  Let  X be  a Noetherian  separated  scheme.  Let  U G X be  a 
dense  affine  open.  If  Ox.x  Is  a UFD  for  all  x £ X \ U,  then  there  exists  an  effective 
Cartier  divisor  D G X with  U = X \ D. 

Proof.  Since  X is  Noetherian,  the  complement  X\U  has  finitely  many  irreducible 
components  D 1, . . . ,Dr  (Properties,  Lemma  27.5.7  applied  to  the  reduced  induced 
subscheme  structure  on  X\U).  Each  D,  C X has  codimension  1 by  Lemma  30.13.5 
(and  Properties,  Lemma|27.10.3 ).  Thus  Di  is  an  effective  Cartier  divisor  by  Lemma 
|30.12.7|  Hence  we  can  take  D = D\  + ...  + Dr.  □ 

30.14.  Norms 

Let  7r  : X — > Y be  a finite  morphism  of  schemes  and  let  d > 1 be  an  integer.  Let 
us  say  there  exists  a norm  of  degree  d for  if  there  exists  a multiplicative  map 

Norm,,  : 7 t*Ox  -4  Oy 


of  sheaves  such  that 


Norr 


A Oy  equals  g ^ gd,  and 


(1)  the  composition  Oy  — > ~k*Ox 

(2)  if  / £ Oxffi~1V)  is  zero  at  x £ 7r^1(V),  then  Normw(/)  is  zero  at  7r(x). 
We  observe  that  condition  (1)  forces  7r  to  be  surjective.  Since  Norm,,  is  multiplica- 
tive it  sends  units  to  units  hence,  given  y £ Y,  if  / is  a regular  function  on  X defined 
at  but  nonvanishing  at  any  x £ X with  7r(:r)  = y,  then  Norm „(/)  is  defined  and 
does  not  vanish  at  y.  This  holds  without  requiring  (2);  in  fact,  the  constructions 
in  this  section  will  only  require  condition  (1)  and  only  certain  vanishing  properties 
(which  are  used  in  particular  in  the  proof  of  Lemma  30.14.3)  will  require  property 
(2). 

Lemma  30.14.1.  Let  n : X — ► Y be  a finite  morphism  of  schemes.  If  there  exists 
a norm  of  degree  d for  7 r,  then  there  exists  a homomorphism  of  abelian  groups 

Norm „ : Pic(X)  — > PiclY) 

such  that  Normir(TT*J\f)  = J\f®d  for  all  invertible  Oy  -modules  J\f. 


'This  is  nonstandard  notation. 
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Proof.  We  will  use  the  correspondence  between  isomorphism  classes  of  invertible 
Ox-modules  and  elements  of  H1(X1  0*x)  given  in  Cohomology,  Lemma  20.7.1  with- 
out further  mention.  We  explain  how  to  take  the  norm  of  an  invertible  Ox-module 
£.  Namely,  we  will  see  below  that  there  exists  an  open  covering  Y = (J  Vj  such 
that  £|ff-iy.  is  trivial.  Choose  a generating  section  Sj  £ £(7T_1V))  for  each  j.  On 


the  overlaps  7 r 


-l 


Vj  n7r 


-l 


Vi'  we  can  write 


sj  ~ ujj'sj' 

for  a unique  Ujj>  £ 0_y(7t_1V^-  fl  7r_1Vy).  Thus  we  can  consider  the  elements 
vjj>  = Normff (ujj/)  £ Oy(Vj  fl  Vj/) 

These  elements  satisfy  the  cocycle  condition  (because  the  Ujj/  do  and  Norm^  is 
multiplicative)  and  therefore  define  an  invertible  Oy-module.  We  omit  the  verifica- 
tion that:  this  is  well  defined,  additive  on  Picard  groups,  and  satisfies  the  property 
Norcn,r(7r*.A/’)  = ]\[®d  for  all  invertible  Oy -modules  Af . 


Pick  y £ Y.  We  have  to  show  there  exists  an  affine  open  neighbourhood  V C Y 
of  y such  that  £\ is  trivial.  Clearly  we  may  assume  Y and  hence  X affine. 
Since  7r  is  finite  the  fibre  7r_1({y})  over  y is  finite.  Since  X is  affine,  we  can  pick 
s £ T(X, £)  not  vanishing  in  any  point  of  7r-1({y}).  Namely,  we  can  pick  a finite 
set  E C X of  closed  points  such  that  every  x £ 7r— 1 ({?/})  specializes  to  some  point 
of  E.  For  x £ E denote  ix  : x — >•  X the  closed  immersion.  Then  C — > ®a,eE  iXy*i*x£ 
is  a surjective  map  of  quasi-coherent  Ox-modules,  and  hence  the  map 


T(X,£)->0  £x/mx£ 


x£E 

is  surjective  (as  taking  global  sections  is  an  exact  functor  on  the  category  of  quasi- 
coherent  Ox-modules,  see  Schemes,  Lemma  25.7.5).  Thus  we  can  find  an  s £ 
T(X,  C)  not  vanishing  at  any  point  specializing  to  a point  of  E.  Then  Xs  C X is 
an  open  neighbourhood  of  7r_1({y}).  Since  7r  is  finite,  hence  closed,  we  conclude 
that  there  is  an  open  neighbourhood  V C Y of  y whose  inverse  image  is  contained 
in  X,  as  desired.  □ 


OBCZ  Lemma  30.14.2.  Let  tt  : X — > Y be  a finite  morphism  of  schemes.  Assume  there 
exists  a norm  of  degree  d for  n.  For  any  Ox -linear  map  ip  : C — ► £ of  invertible 
Ox-modules  there  is  an  Oy -linear  map 


Normal)  : Norm^{C)  — ► iVorr^^^.(£,) 


with  Norm^{C),  Norm K(C)  as  in  Lemma  30.14-1 
ing  are  equivalent 

(1)  ip  is  zero  at  a point  of  x £ X with  tt(x)  = 

(2)  Norm^lyip)  is  zero  at  y. 


Moreover,  for  y € Y the  follow- 
y,  and 


Proof.  We  choose  an  open  covering  Y = {JVj  such  that  £ and  C are  trivial  over 
the  opens  n~1Vj.  This  is  possible  by  the  claim  in  the  proof  of  Lemma  30.14.1 
Choose  generating  sections  Sj  and  sj  of  £ and  £'  over  the  opens  x~xVj.  Then 
ifi(sj)  = fjsj  for  some  fj  £ Ox{^~1Vj).  Define  Norm7r(yj)  to  be  multiplication  by 
Norm n(fj)  on  Vj.  An  simple  calculation  involving  the  cocycles  used  to  construct 
Norm7r(£),  Norm^/y)  in  the  proof  of  Lemma  30.14.1  shows  that  this  defines  a 
map  as  stated  in  the  lemma.  The  final  statement  follows  from  condition  (2)  in  the 
definition  of  a norm  map  of  degree  d.  Some  details  omitted.  □ 
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OBDO  Lemma  30.14.3.  Let  tt  : X — ► Y be  a finite  morphism  of  schemes.  Assume  X 
has  an  ample  invertible  sheaf  and  there  exists  a norm  of  degree  d for  tt.  Then  Y 
has  an  ample  invertible  sheaf. 


Proof.  Let  C be  the  ample  invertible  sheaf  on  X given  to  us  by  assumption.  We 
will  prove  that  N = Norm7r(£)  is  ample  on  Y . 


Since  X is  quasi-compact  (Properties,  Definition  27.26.1 1 and  X — ► Y surjective 


(by  the  existence  of  NormT)  we  see  that  Y is  quasi-compact.  Let  y GY  be  a point. 
To  finish  the  proof  we  will  show  that  there  exists  a section  t of  some  positive  tensor 
power  of  A f which  does  not  vanish  at  y such  that  Yt  is  affine.  To  do  this,  choose  an 
affine  open  neighbourhood  V C Y of  y.  Choose  n>0  and  a section  s £ T(X,  C®n) 
such  that 

7r_1({y})  C Xs  C tt~  1 V 


by  Properties,  Lemma  27.29.6  Then  t = Norm7r(,s)  is  a section  of  A/"®”  which 
does  not  vanish  at  x and  with  Yt  C V , see  Lemma  [30.14.2|  Then  Yt  is  affine  by 
Properties,  Lemma  [27. 26. 4|  □ 

0BD1  Lemma  30.14.4.  Let  tt  : X — > Y be  a finite  morphism  of  schemes.  Assume  X is 
quasi-affine  and  there  exists  a norm  of  degree  d for  tt.  Then  Y is  quasi-affine. 


Proof.  By  Properties,  Lemma|27.27.1|we  see  that  Ox  is  an  ample  invertible  sheaf 
on  X.  The  proof  of  Lemma  30.14.3  shows  that  Norm^Ox)  = Oy  is  an  ample 
invertible  CV-module.  Hence  Properties,  Lemma  |27.27.1|  shows  that  Y is  quasi- 
affine.  □ 


0BD2  Lemma  30.14.5.  Let  tt  : X — > Y be  a finite  locally  free  morphism  of  degree  d>  1. 

Then  there  exists  a canonical  norm  of  degree  d whose  formation  commutes  with 
arbitrary  base  change. 

Proof.  Let  V C Y be  an  affine  open  such  that  (tv*Ox)\v  is  finite  free  of  rank  d. 
Choosing  a basis  we  obtain  an  isomorphism 

0®d^(TT*0X)W 

For  every  / £ tt*Ox(V)  = C,a(7t_1(1P))  multipliciation  by  / defines  a CV-linear 
endomorphism  to/  of  the  displayed  free  vector  bundle.  Thus  we  get  a d x d matrix 
Mf  £ Mat(d  x d,OY{V ))  and  we  can  set 

Norm  n(f)  = det  (Mf) 

Since  the  determinant  of  a matrix  is  independent  of  the  choice  of  the  basis  chosen 
we  see  that  this  is  well  defined  which  also  means  that  this  construction  will  glue  to 
a global  map  as  desired.  Compatibility  with  base  change  is  straightforward  from 
the  construction. 

Property  (1)  follows  from  the  fact  that  the  determinant  of  a d x d diagonal  matrix 
with  entries  g,g,. . . ,g  is  gd.  To  see  property  (2)  we  may  base  change  and  assume 
that  Y is  the  spectrum  of  a held  k.  Then  X = Spec  (A)  with  A a fc-algebra  with 
dim*,  (A)  = d.  If  there  exists  an  x £ X such  that  / £ A vanishes  at  x,  then  there 
exists  a map  A — > k into  a held  such  that  / maps  to  zero  in  k.  Then  / : A — > A 
cannot  be  surjective,  hence  det(/  : A — > A)  = 0 as  desired.  □ 

0BD3  Lemma  30.14.6.  Let  tt  : X — > Y be  a finite  surjective  morphism  with  X and  Y 
integral  and  Y normal.  Then  there  exists  a norm  of  degree  [R(X)  : R(Y)]  for  tt. 
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Proof.  Let  Spec(f?)  C Y be  an  affine  open  subset  and  let  Spec(A)  C X be  its 
inverse  image.  Then  A and  B are  domains.  Let  K be  the  fraction  field  of  A and  L 
the  fraction  field  of  B.  Picture: 


L ^ K 

A 

B >-  A 


Since  K/L  is  a finite  extension,  there  is  a norm  map  Norm^y^,  : I\*  — > L*  of  degree 
d = [K  : L]\  this  is  given  by  mapping  / £ K to  detz,(/  : I\  — >•  A')  as  in  the  proof 
of  Lemma  |30.14.5  Observe  that  the  characteristic  polynomial  of  / : K — > K is 
a power  of  the  minimal  polynomial  of  / over  L;  in  particular  Norm K/i,(f)  is  a 
power  of  the  constant  coefficient  of  the  minimal  polynomial  of  / over  L.  Hence  by 
Algebra,  Lemma  10.37.6  Norm^y^  maps  A into  B.  This  determines  a compatible 
system  of  maps  on  sections  over  affines  and  hence  a global  norm  map  NormT  of 
degree  d. 


Property  (1)  is  immediate  from  the  construction.  To  see  property  (2)  let  f & A be 
contained  in  the  prime  ideal  p C A.  Let  fm  + &i/m” 1 + . . . + bm  be  the  minimal 
polynomial  of  / over  L.  By  Algebra,  Lemma  |10.37.6|  we  have  bt  £ B.  Hence 
b0  £ B n p.  Since  Norm k/lU)  = (see  above)  we  conclude  that  the  norm 
vanishes  in  the  image  point  of  p.  □ 

OBDZ  Lemma  30.14.7.  Let  X be  a Noetherian  scheme.  Let  p be  a prime  number  such 
that  pOx  = 0.  Then  for  some  e > 0 there  exists  a norm  of  degree  pe  for  Xred  — > X 
where  Xred  is  the  reduction  of  X. 


Proof.  Let  A be  a Noetherian  ring  with  pA  = 0.  Let  I C A be  the  ideal  of 
nilpotent  elements.  Then  In  = 0 for  some  n (Algebra,  Lemma  10.31.4).  Pick  e 
such  that  pe  > n.  Then 

A/I  — > A,  f mod  / i — > fpC 


is  well  defined.  This  produces  a norm  of  degree  pe  for  Spec(A//)  — ► Spec(A).  Now 
if  X is  obtained  by  glueing  some  affine  schemes  Spec(A.j)  then  for  some  e >>  0 these 
maps  glue  to  a norm  map  for  Xred  — » X.  Details  omitted.  □ 


0BD4  Proposition  30.14.8.  Let  f : X —>Y  be  a finite  surjective  morphism  of  schemes. 
Assume  that  X has  an  ample  invertible  Ox-module.  If 

(1)  ir  is  finite  locally  free,  or 

(2)  Y is  an  integral  normal  scheme , or 

(3)  Y is  Noetherian,  pOy  = 0,  and  X = Yred, 
then  Y has  an  ample  invertible  Oy  -module. 


0BD5 


Proof.  Case  (1)  follows  from  a combination  of  Lemmas  30.14.5  and  30.14.3 
(3)  follows  from  a combination  of  Lemmas  30.14.7  and  30.14.3 


In  case 


Case 
(2)  we 


first  replace  X by  an  irreducible  component  of  X which  dominates  Y (viewed  as  a 
reduced  closed  subscheme  of  A').  Then  we  can  apply  Lemma  30.14.6|  □ 


Lemma  30.14.9.  Let  f : X Y be  a finite  surjective  morphism  of  schemes. 
Assume  that  X is  quasi-affine.  If  either 
(1)  7 r is  finite  locally  free,  or 
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(2)  Y is  an  integral  normal  scheme 
then  Y is  quasi-affine. 


Proof.  Case  (1)  follows  from  a combination  of  Lemmas  30.14.5  and  30.14.4|  In  case 
(2)  we  first  replace  X by  an  irreducible  component  of  X which  dominates  Y (viewed 
as  a reduced  closed  subscheme  of  X).  Then  we  can  apply  Lemma  30.14.6  □ 


30.15.  Relative  effective  Cartier  divisors 


056P  The  following  lemma  shows  that  an  effective  Cartier  divisor  which  is  flat  over  the 
base  is  really  a “family  of  effective  Cartier  divisors”  over  the  base.  For  example  the 
restriction  to  any  fibre  is  an  effective  Cartier  divisor. 

056Q  Lemma  30.15.1.  Let  f : X — ► S be  a morphism  of  schemes.  Let  D C X be  a 
closed  subscheme.  Assume 

(1)  D is  an  effective  Cartier  divisor , and 

(2)  D — » S is  a flat  morphism. 

Then  for  every  morphism  of  schemes  g : S'  -A  S the  pullback  (g')~1D  is  an  effective 
Cartier  divisor  on  X'  = S'  x g X where  g'  : X'  -A  X is  the  projection. 


Proof.  Using  Lemma [30. 11. 2|  we  translate  this  as  follows  into  algebra.  Let  A — »•  B 
be  a ring  map  and  h £ B.  Assume  his  & nonzerodivisor  and  that  B/hB  is  flat  over 
A.  Then 


0 abAba  B/hB  ->  0 


is  a short  exact  sequence  of  A-modules  with  B/hB  flat  over  A.  By  Algebra,  Lemma 
10.38.12]  this  sequence  remains  exact  on  tensoring  over  A with  any  module,  in 
particular  with  any  A-algebra  A1 . □ 


This  lemma  is  the  motivation  for  the  following  definition. 

062T  Definition  30.15.2.  Let  / : X — > S be  a morphism  of  schemes.  A relative  effective 
Cartier  divisor  on  X/S  is  an  effective  Cartier  divisor  D C X such  that  D — > S is  a 
flat  morphism  of  schemes. 


We  warn  the  reader  that  this  may  be  nonstandard  notation.  In  particular,  in 
[DC671  IV,  Section  21.15]  the  notion  of  a relative  divisor  is  discussed  only  when 
X — S is  flat  and  locally  of  finite  presentation.  Our  definition  is  a bit  more  general. 
However,  it  turns  out  that  if  x £ D then  X — > S is  flat  at  x in  many  cases  (but  not 
always). 


0B8U 


Lemma  30.15.3.  Let  f : X — ► S be  a morphism  of  schemes.  If  D i,  D2  C X are 
relative  effective  Cartier  divisor  on  X/S  then  so  is  D 1 + D 2 (Definition  30.11.6). 


Proof.  This  translates  into  the  following  algebra  fact:  Let  A — > B be  a ring  map 
and  hi,h-2  £ B.  Assume  the  hi  are  nonzerodivisors  and  that  B/hiB  is  flat  over  A. 
Then  /ii/i2  is  a nonzerodivisor  and  B/hxh^B  is  flat  over  A.  The  reason  is  that  we 
have  a short  exact  sequence 


0 — y B/hiB  — y B /h\h2B  — } B/h2B  — ^ 0 


where  the  first  arrow  is  given  by  multiplication  by  ft.2 . Since  the  outer  two  are  flat 
modules  over  A , so  is  the  middle  one,  see  Algebra,  Lemma[l0.38.13|  □ 
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Lemma  30.15.4.  Let  f : X — > S be  a morphism  of  schemes.  If  £>1,1)2  C A' 
are  relative  effective  Cartier  divisor  on  X/S  and  D\  C D2  as  closed  subschemes, 
then  the  effective  Cartier  divisor  D such  that  D2  = D\  + D (Lemma  30.11.8 ) is  a 
relative  effective  Cartier  divisor  on  X/S. 


Proof.  This  translates  into  the  following  algebra  fact:  Let  A -A  B be  a ring  map 
and  hi,h2  £ B.  Assume  the  hi  are  nonzerodivisors,  that  B /hiB  is  flat  over  A,  and 
that  (h2)  C (hi).  Then  we  can  write  /12  = hhi  where  h £ B is  a nonzerodivisor. 
We  get  a short  exact  sequence 

0 -A  B/hB  -A  B/h2B  -A  B/h\B  -A  0 

where  the  first  arrow  is  given  by  multiplication  by  h\.  Since  the  right  two  are  flat 
modules  over  A,  so  is  the  middle  one,  see  Algebra,  Lemma[l0.38.13|  □ 

062U  Lemma  30.15.5.  Let  f : X -A  S be  a morphism  of  schemes.  Let  D C X be  a 
relative  effective  Cartier  divisor  on  X/S.  If  x £ D and  Ox,x  is  Noetherian,  then  f 
is  flat  at  x. 


Proof.  Set  A = Ogj(x ) and  B = 0\,x-  Let  h £ B be  an  element  which  generates 
the  ideal  of  D.  Then  h is  a nonzerodivisor  in  B such  that  B/hB  is  a flat  local 
A-algebra.  Let  I £ A be  a finitely  generated  ideal.  Consider  the  commutative 
diagram 

0 li.£$  B >B s-  B/hB  > 0 

f * 

0 - . />*  0,4  I — i B 0_4  I vAi-jp  B/hB  0,4  /fcfe#  0 


The  lower  sequence  is  short  exact  as  B/hB  is  flat  over  A,  see  Algebra,  Lemma 


10.38.12|  The  right  vertical  arrow  is  injective  as  B/hB  is  flat  over  A,  see  Algebra, 


Lemma  |10.38.5|  Hence  multiplication  by  h is  surjective  on  the  kernel  K of  the 
middle  vertical  arrow.  By  Nakayama’s  lemma,  see  Algebra,  Lemma  10.19.1|  we 


conclude  that  K = 0.  Hence  B is  flat  over  A,  see  Algebra,  Lemma  [10.38.5  □ 


062V 


The  following  lemma  relies  on  the  algebraic  version  of  openness  of  the  flat  locus. 


The  scheme  theoretic  version  can  be  found  in  More  on  Morphisms,  Section  36.12 


Lemma  30.15.6.  Let  f : X -A  S be  a morphism  of  schemes.  Let  D C X be  a 
relative  effective  Cartier  divisor.  If  f is  locally  of  finite  presentation,  then  there 
exists  an  open  subscheme  U C X such  that  D C U and  such  that  f\u  : U —tS  is 
flat. 


Proof.  Pick  x £ D.  It  suffices  to  find  an  open  neighbourhood  U C I of  1 such 
that  f\u  is  flat.  Hence  the  lemma  reduces  to  the  case  that  X = Spec(H)  and 
S = Spec(A)  are  affine  and  that  D is  given  by  a nonzerodivisor  h £ B.  By 
assumption  B is  a finitely  presented  A-algebra  and  B/hB  is  a flat  A-algebra.  We 
are  going  to  use  absolute  Noetherian  approximation. 


Write  B = A[x  1, . . . ,xn)/(gi, . . . ,gm)-  Assume  h is  the  image  of  h!  £ A[x  1, . . . ,xn\. 
Choose  a finite  type  Z-subalgebra  Aq  C A such  that  all  the  coefficients  of  the  poly- 
nomials h' ,gi, ... , gm  are  in  Aq.  Then  we  can  set  B 0 = Aq[x\,  . . . , xn\/(gi, . . . , gm ) 
and  h0  the  image  of  h!  in  B0.  Then  B = B0  A and  B/hB  = B0/h.0B0  A. 
By  Algebra,  Lemma  10.160.1  we  may,  after  enlarging  A0,  assume  that  B0/h0B0  is 
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flat  over  A0.  Let  I\q  = Ker (ho  : B0  -A  B0).  As  B0  is  of  finite  type  over  Z we  see 
that  K0  is  a finitely  generated  ideal.  Let  Ai  C A be  a finite  type  Z-subalgebra 
containing  A0  and  denote  B\,  hi,  K\  the  corresponding  objects  over  A\.  By  More 
on  Algebra,  Lemma  15.23.15  the  map  Kq  ®a0  Ai  — > K\  is  surjective.  On  the  other 
hand,  the  kernel  of  h : B -A  B is  zero  by  assumption.  Hence  every  element  of 
K0  maps  to  zero  in  K\  for  sufficiently  large  subrings  A\  C A.  Since  Kq  is  finitely 
generated,  we  conclude  that  K1  = 0 for  a suitable  choice  of  A1. 

Set  /i  : Xi  — »•  Si  equal  to  Spec  of  the  ring  map  A\  — > Bi.  Set  Di  = Spec(Bi/hiBi). 
Since  B = Bi  (g)J41  A,  i.e.,  A'  = X1  xSl  S,  it  now  suffices  to  prove  the  lemma  for 
Xi  -A  Si  and  the  relative  effective  Cartier  divisor  D i,  see  Morphisms,  Lemma 
28.25.6  Hence  we  have  reduced  to  the  case  where  A is  a Noetherian  ring.  In  this 
case  we  know  that  the  ring  map  A — >•  B is  flat  at  every  prime  q of  V ( h ) by  Lemma 
|30.15.5[  Combined  with  the  fact  that  the  flat  locus  is  open  in  this  case,  see  Algebra, 
Theorem  IIP.  128.41  we  win.  □ 


There  is  also  the  following  lemma  (whose  idea  is  apparently  due  to  Michael  Artin, 
see  lNob77h  which  needs  no  finiteness  assumptions  at  all. 

062W  Lemma  30.15.7.  Let  f : X -A  S'  be  a morphism  of  schemes.  Let  D C X be  a 
relative  effective  Cartier  divisor  on  X/S.  If  f is  flat  at  all  points  of  X \ D,  then  f 
is  flat. 


Proof.  This  translates  into  the  following  algebra  fact:  Let  A — » B be  a ring  map 
and  h £ B.  Assume  h is  a nonzerodivisor,  that  B/hB  is  flat  over  A , and  that  the 
localization  Bh  is  fiat  over  A.  Then  B is  flat  over  A.  The  reason  is  that  we  have  a 
short  exact  sequence 


0 Bh  -A  colim„(l /hn)B/B  — » 0 

and  that  the  second  and  third  terms  are  flat  over  A,  which  implies  that  B is 
flat  over  A (see  Algebra,  Lemma  10.38.13).  Note  that  a filtered  colimit  of  flat 


modules  is  flat  (see  Algebra,  Lemma  10.38.3)  and  that  by  induction  on  n each 
(1  /hn)B/B  = B/hnB  is  flat  over  A since  it  fits  into  the  short  exact  sequence 


0 -a  B/hn~LB  A B/hnB  -a  B/hB  -a  0 


Some  details  omitted. 


□ 


062X  Example  30.15.8.  Here  is  an  example  of  a relative  effective  Cartier  divisor  D 
where  the  ambient  scheme  is  not  flat  in  a neighbourhood  of  D.  Namely,  let  A = k[t\ 
and 

B = k[t,  x,  y,  x~1y,  x~2y, . . .}/ ( ty , tx~xy,  tx~2y, . . .) 

Then  B is  not  flat  over  A but  B/xB  = A is  flat  over  A.  Moreover  a;  is  a nonzerodi- 
visor and  hence  defines  a relative  effective  Cartier  divisor  in  Spec(H)  over  Spec(A). 

If  the  ambient  scheme  is  flat  and  locally  of  finite  presentation  over  the  base,  then 
we  can  characterize  a relative  effective  Cartier  divisor  in  terms  of  its  fibres.  See  also 
More  on  Morphisms,  Lemma  [36. 18. 1|  for  a slightly  different  take  on  this  lemma. 

062Y  Lemma  30.15.9.  Let  p : X — ► S be  a flat  morphism  which  is  locally  of  finite 
presentation.  Let  Z C X be  a closed  subscheme.  Let  x £ Z with  image  s £ S . 
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(1)  If  Za  C Xs  is  a Cartier  divisor  in  a neighbourhood  of  x,  then  there  exists 
an  open  U C X and  a relative  effective  Cartier  divisor  D C U such  that 
Z D U C D and  Zs  D U = Ds. 

(2)  If  Zs  C Xs  is  a Cartier  divisor  in  a neighbourhood  of  x,  the  morphism 
Z — ^ X is  of  finite  presentation,  and  Z — ► S is  flat  at  x,  then  we  can 
choose  U and  D such  that  Z HU  = D. 

(3)  If  Zs  C Xs  is  a Cartier  divisor  in  a neighbourhood  of  x and  Z is  a locally 
principal  closed  subscheme  of  X in  a neighbourhood  of  x,  then  we  can 
choose  U and  D such  that  Z C\U  = D . 

In  particular,  if  Z — ► S is  locally  of  finite  presentation  and  flat  and  all  fibres 
Zs  C Xs  are  effective  Cartier  divisors,  then  Z is  a relative  effective  Cartier  divisor. 
Similarly,  if  Z is  a locally  principal  closed  subscheme  of  X such  that  all  fibres 
Zs  C Xs  are  effective  Cartier  divisors,  then  Z is  a relative  effective  Cartier  divisor. 

Proof.  Choose  affine  open  neighbourhoods  Spec(A)  of  s and  Spec (B)  of  x such 
that  <p(Spec(.B))  C Spec(A).  Let  p C A be  the  prime  ideal  corresponding  to  s.  Let 
q C B be  the  prime  ideal  corresponding  to  x.  Let  I C B be  the  ideal  corresponding 
to  Z.  By  the  initial  assumption  of  the  lemma  we  know  that  A — » B is  flat  and  of 
finite  presentation.  The  assumption  in  (1)  means  that,  after  shrinking  Spec(-B),  we 
may  assume  I(B®ak(Jp))  is  generated  by  a single  element  which  is  a nonzerodivisor 
in  B /c(p).  Say  / £ I maps  to  this  generator.  We  claim  that  after  inverting 
an  element  g £ B,  g £ q the  closed  subscheme  D = V(f)  C Spec (Bg)  is  a relative 
effective  Cartier  divisor. 


By  Algebra,  Lemma  [10.160.1|  we  can  find  a flat  finite  type  ring  map  Aq  — >•  Bg  of 
Noetherian  rings,  an  element  /o  £ Bo,  a ring  map  Aq  — > A and  an  isomorphism 
A ®a0  B o = B.  If  po  = A0  C p then  we  see  that 


B <g>A  k(p)  = {B0  ®Ao  «(po))  ®k(Po))  «(p) 


hence  fo  is  a nonzerodivisor  in  B0  K(p0).  By  Algebra,  Lemma  [1 0.98. 2 


we  see 

that  fo  is  a nonzerodivisor  in  (f?o)q0  where  qo  = Bq  D q and  that  (Bo//o-Bo)q0  is 
flat  over  Aq.  Hence  by  Algebra,  Lemma  [10.67.6|  and  Algebra,  Theorem  |10.128.4| 
there  exists  a,  go  £ B0,  go  & qo  such  that  fo  is  a nonzerodivisor  in  {B0)go  and  such 
that  {Bo/ foBo)go  is  flat  over  A0.  Hence  we  see  that  D0  = V(fo)  C Spec((H0)So)  is 
a relative  effective  Cartier  divisor.  Since  we  know  that  this  property  is  preserved 
under  base  change,  see  Lemma  30.15.1  we  obtain  the  claim  mentioned  above  with 
g equal  to  the  image  of  go  in  B. 


At  this  point  we  have  proved  (1).  To  see  (2)  consider  the  closed  immersion  Z -A  D. 
The  surjective  ring  map  u : Od,x  — > Oz,x  is  a map  of  flat  local  Os^-algebras 
which  are  essentially  of  finite  presentation,  and  which  becomes  an  isomorphisms 
after  dividing  by  ms.  Hence  it  is  an  isomorphism,  see  Algebra,  Lemma  [10.127.4[ 
It  follows  that  Z — > D is  an  isomorphism  in  a neighbourhood  of  x,  see  Algebra, 
Lemma  10.125.6  To  see  (3),  after  possibly  shrinking  U we  may  assume  that  the 


ideal  of  D is  generated  by  a single  nonzerodivisor  / and  the  ideal  of  Z is  generated 
by  an  element  g.  Then  / = gh.  But  g\ua  and  f\us  cut  out  the  same  effective  Cartier 
divisor  in  a neighbourhood  of  x.  Hence  h\x3  is  a unit  in  Oxa,x > hence  h is  a unit 
in  Ox.x  hence  h is  a unit  in  an  open  neighbourhood  of  x.  I.e.,  Z n U = D after 
shrinking  U . 
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The  final  statements  of  the  lemma  follow  immediately  from  parts  (2)  and  (3), 
combined  with  the  fact  that  Z — > S is  locally  of  finite  presentation  if  and  only  if 
Z — > X is  of  finite  presentation,  see  Morphisms,  Lemmas |28.21.3| and |28.21.1l|  □ 

30.16.  The  normal  cone  of  an  immersion 

062Z  Let  * : Z — > X be  a closed  immersion.  Let  X C Ox  be  the  corresponding  quasi- 
coherent  sheaf  of  ideals.  Consider  the  quasi-coherent  sheaf  of  graded  O^-algebras 
©ra>oIn/T"+1-  Since  the  sheaves  are  each  annihilated  by  X this  graded 

algebra  corresponds  to  a quasi-coherent  sheaf  of  graded  O^-algebras  by  Morphisms, 
Lemma|28.4.1|  This  quasi-coherent  graded  O z-slgebra  is  called  the  conormal  alge- 
bra of  Z in  X and  is  often  simply  denoted  0n>oX™/In+1  by  the  abuse  of  notation 
mentioned  in  Morphisms,  Section  |28. 4 

Let  / : Z — > X be  an  immersion.  We  define  the  conormal  algebra  of  / as  the 
conormal  sheaf  of  the  closed  immersion  * : Z — ► X \ dZ , where  dZ  = Z\Z.  It  is 
often  denoted  ©„>0Xra/I"+1  where  X is  the  ideal  sheaf  of  the  closed  immersion 
i : Z X \ dZ. 

0630  Definition  30.16.1.  Let  / : Z — > X be  an  immersion.  The  conormal  algebra 
Cz/x,*  of  Z in  X or  the  conormal  algebra  of  f is  the  quasi-coherent  sheaf  of  graded 
O^-algebras  f£)n>QXn  /In+1  described  above. 

Thus  Cz/x,i  = ^z/x  is  the  conormal  sheaf  of  the  immersion.  Also  Cz/x, o = Oz 
and  Cz/x,n  is  a quasi-coherent  Oz-module  characterized  by  the  property 

0631  (30.16.1.1)  i*Cz/x,n  = Xn /Xn+l 

where  i : Z -A  X \ dZ  and  X is  the  ideal  sheaf  of  i as  above.  Finally,  note  that 
there  is  a canonical  surjective  map 

0632  (30.16.1.2)  Sym*(Cz/x)  — ► Cz/X,* 

of  quasi-coherent  graded  O^-algebras  which  is  an  isomorphism  in  degrees  0 and  1. 

0633  Lemma  30.16.2.  Let  i : Z — » X be  an  immersion.  The  conormal  algebra  of  i has 
the  following  properties: 

(1)  Let  U CL  X be  any  open  such  that  i(Z)  is  a closed  subset  ofU.  LetX  C Ojj 
be  the  sheaf  of  ideals  corresponding  to  the  closed  subscheme  i(Z)  C U . 
Then 

Cz/x ,*  = **  (®„>o- I”)  = rl  (®n>0 1"/2n+1) 

(2)  For  any  affine  open  Spec (R)  = U C X such  that  ZnU  = Spec(i?/I)  there 
is  a canonical  isomorphism  T(Z  D U,Cz/x,*)  = (Bn>o  /ra /In+1. 

Proof.  Mostly  clear  from  the  definitions.  Note  that  given  a ring  R and  an  ideal  / 
of  R we  have  /n//n+1  = 7"  <S)r  R/I.  Details  omitted.  □ 
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be  a commutative  diagram  in  the  category  of  schemes.  Assume  i,  i!  immersions. 
There  is  a canonical  map  of  graded  Oz-algebras 

f*Cz'/x\*  — >CZ/ x,* 

characterized  by  the  following  property:  For  every  pair  of  affine  opens  (Spec(i?)  = 
U C A',  Spec(R')  = U'  C A'')  with  f(U)  C U'  such  that  Z n U = Spec (R/I)  and 
Z'  fl  U'  = Spec(i?'//')  the  induced  map 

t(z'  n u\cz,/x, ,.)  = 0(/,)"/(/,)n+1  — > 0n>o r/r+1  = r (z n u, cz/Xt.) 

is  the  one  induced  by  the  ring  map  f*  : R'  — >■  R which  has  the  property  f^(I')  C I. 

Proof.  Let  dZ'  = Z'  \Z'  and  dZ  = Z \ Z.  These  are  closed  subsets  of  X'  and  of 
X.  Replacing  X'  by  X'  \ dZ'  and  X by  X \ ( g~1(dZ ')  U dZ ) we  see  that  we  may 
assume  that  i and  i!  are  closed  immersions. 


The  fact  that  goi  factors  through  i'  implies  that  g*I'  maps  into  T under  the  canon- 
ical map  g*I'  — > Ox,  see  Schemes,  Lemmas  |25.4.6|  and  25.4. 7|  Hence  we  get  an 
induced  map  of  quasi-coherent  sheaves  g*  ((I')n  / (I')n+1)  — > Tn /Tn+1 . Pulling  back 
by  i gives  i* g* {{T)n / (J')”+1)  -»■  **(In/Xn+1).  Note  that  i*{ln/ln+1)  = Cz/X,n- 
On  the  other  hand,  i* g* / (l')n+1)  = /*(i')*((X,)n/(I')”+1)  = f*Cz,/x,[n. 
This  gives  the  desired  map. 


Checking  that  the  map  is  locally  described  as  the  given  map  (/')n/(/')n+1  — ► 
jnjjn+i  a ma^er  0f  unwinding  the  definitions  and  is  omitted.  Another  ob- 
servation is  that  given  any  x £ i(Z)  there  do  exist  affine  open  neighbourhoods  U, 
U'  with  /(f7)  C U ' and  Z n U as  well  as  U'  fl  Z'  closed  such  that  x £ U.  Proof 
omitted.  Hence  the  requirement  of  the  lemma  indeed  characterizes  the  map  (and 
could  have  been  used  to  define  it).  □ 


0635  Lemma  30.16.4.  Let 

Z X 

i 

f 9 

, V 

z'  X' 


be  a fibre  product  diagram  in  the  category  of  schemes  with  i,  i'  immersions.  Then 
the  canonical  map  f*CZ'/X\*  Cz/.y,*  of  Lemma  30.16.3  is  surjective.  If  g is  flat, 

then  it  is  an  isomorphism. 


Proof.  Let  R'  — ► R be  a ring  map,  and  I'  C R'  an  ideal.  Set  I = I'R.  Then 
(I')n / (I')n+1<S)R' R ->  In/In+1  is  surjective.  If  R’  ->  R is  flat,  then  In  = (. I')n®R,R 
and  we  see  the  map  is  an  isomorphism.  □ 

0636  Definition  30.16.5.  Let  i : Z A be  an  immersion  of  schemes.  The  normal 
cone  CZX  of  Z in  X is 

CZX  = Spec?(Cg/x,*) 

see  Constructions,  Definitions  |26.7.1|  and  |26.7.2[  The  normal  bundle  of  A in  A is 
the  vector  bundle 

NZX  = Specz(Sym(Cz/x)) 
see  Constructions,  Definitions  |26.6. l]  and  [2(T.6.2| 
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Thus  CzX  — > Z is  a cone  over  Z and  Nz X — > Z is  a vector  bundle  over  Z 
(recall  that  in  our  terminology  this  does  not  imply  that  the  conormal  sheaf  is  a 


0637 


finite  locally  free  sheaf).  Moreover,  the  canonical  surjection  (30.16.1.2)  of  graded 
algebras  defines  a canonical  closed  immersion 

(30.16.5.1)  CZX  — > NZX 

of  cones  over  Z. 


30.17.  Regular  ideal  sheaves 


067M 


In  this  section  we  generalize  the  notion  of  an  effective  Cartier  divisor  to  higher  codi- 
mension. Recall  that  a sequence  of  elements  f\, ... , fr  of  a ring  R is  a regular  se- 
quence if  for  each  i = 1, . . . , r the  element  is  a nonzerodivisor  on  R/ (/i, . . . , fi-i) 
and  R/(fi, . . . , fr)  ^ 0,  see  Algebra,  Definition  10.67.1  There  are  three  closely  re- 
lated weaker  conditions  that  we  can  impose.  The  first  is  to  assume  that 
is  a Koszul-regular  sequence,  i.e.,  that  . . . , fr))  = 0 for  i > 0,  see 

More  on  Algebra,  Definition  |15.23.1|  The  sequence  is  called  an  Hi -regular  se- 
quence if  Hi(K,(fi, . . . , fr ))  = 0.  Another  condition  we  can  impose  is  that  with 
J = (/i,  • ■ -,fr),  the  map 


R/J[Ti 


,7V 


which  maps  T)  to  mod  J 2 is  an  isomorphism.  In  this  case  we  say  that  /),...,  fr 
is  a quasi-regular  sequence,  see  Algebra,  Definition |10.68T)  Given  an  R-module  M 
there  is  also  a notion  of  M-regular  and  M-quasi-regular  sequence. 


We  can  generalize  this  to  the  case  of  ringed  spaces  as  follows.  Let  X be  a ringed 
space  and  let  fi, . . . , fr  £ T(X,  Ox)-  We  say  that  , ... , fr  is  a regular  sequence  if 
for  each  i = 1 , . . . , r the  map 

0639  (30.17.0.2)  : 0x/(/i, . . . , — > Ox/{h, . . . , iU) 

is  an  injective  map  of  sheaves.  We  say  that  f-[, ... , fr  is  a Koszul-regular  sequence 
if  the  Koszul  complex 

063A  (30.17.0.3)  K.{Ox,f.), 

see  Modules,  Definition |17.20.2|  is  acyclic  in  degrees  > 0.  We  say  that  f\,...,fr 
is  a Hi-regular  sequence  if  the  Koszul  complex  Kt(Ox,  /,)  is  exact  in  degree  1. 
Finally,  we  say  that  /i, . . . , fr  is  a quasi-regular  sequence  if  the  map 

063B  (30.17.0.4)  Ox/J[Ti, . . . ,Tr\  — > (T)  Jd /Jd+1 

d>  0 

is  an  isomorphism  of  sheaves  where  J C Ox  is  the  sheaf  of  ideals  generated  by 
fi, . . . , fr.  (There  is  also  a notion  of  ^-regular  and  .F-quasi-regular  sequence  for  a 
given  Ox-module  J-  which  we  will  introduce  here  if  we  ever  need  it.) 

063C  Lemma  30.17.1.  Let  X be  a ringed  space.  Let  G T{X,Ox).  We 

have  the  following  implications  f\,-..,fr  is  a regular  sequence  =>  fi,...,fr  is  a 
Koszul-regular  sequence  =>  /i, . . . , fr  is  an  H\-regular  sequence  =>  /i, . . . , fr  is  a 
quasi-regular  sequence. 


Proof.  Since  we  may  check  exactness  at  stalks,  a sequence  fi,...,fr  is  a regular 
sequence  if  and  only  if  the  maps 

fi  ■ Ox,i/(/i>  ■ • • > fi- 1) 


Ox,i/(/l)  ■ • • , fi- 1) 
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are  injective  for  all  x £ X.  In  other  words,  the  image  of  the  sequence  f\ , . . . , /r  in 
the  ring  Ox,x  is  a regular  sequence  for  all  x £ X . The  other  types  of  regularity  can 
be  checked  stalkwise  as  well  (details  omitted).  Hence  the  implications  follow  from 
More  on  Algebra,  Lemmas  |15.23.2|  and  |15.23.5[  □ 

063D  Definition  30.17.2.  Let  A be  a ringed  space.  Let  J C Ox  be  a sheaf  of  ideals. 

(1)  We  say  J is  regular  if  for  every  x £ Supp(C,jv/l/)  there  exists  an  open 
neighbourhood  x £ U C X and  a regular  sequence  /i,...,/r  £ Ox(U) 
such  that  J\u  is  generated  by  /i, . . . , fr. 

(2)  We  say  J is  Koszul-regular  if  for  every  x £ Supp (Ox/J)  there  exists 
an  open  neighbourhood  x £ U C X and  a Koszul-regular  sequence 
/i,  ...,fr£  Ox{U)  such  that  J\u  is  generated  by  /i, . . . , fr. 

(3)  We  say  J is  Hi-regular  if  for  every  x £ Supp(C>x /J)  there  exists  an  open 
neighbourhood  x £ U C X and  a Hi -regular  sequence  f\, ... , fr  £ Ox{U) 
such  that  d7"|c/  is  generated  by  /i, . . . , fr. 

(4)  We  say  J is  quasi-regular  if  for  every  x £ Supp(0.y/i7)  there  exists  an 
open  neighbourhood  x £ U C X and  a quasi-regular  sequence  fi,...,fr  £ 
Ox(U)  such  that  J\u  is  generated  by  /i, . . . , fr. 


063E 


063H 


Many  properties  of  this  notion  immediately  follow  from  the  corresponding  notions 
for  regular  and  quasi-regular  sequences  in  rings. 

Lemma  30.17.3.  Let  X be  a ringed  space.  Let  J be  a sheaf  of  ideals.  We  have 
the  following  implications:  J is  regular  =>  J is  Koszul-regular  =>  J is  H\-regular 
=>  J is  quasi-regular. 


Proof.  The  lemma  immediately  reduces  to  Lemma  30.17.1 


□ 


Lemma  30.17.4.  Let  X be  a locally  ringed  space.  Let  J C Ox  be  a sheaf  of 
ideals.  Then  J is  quasi-regular  if  and  only  if  the  following  conditions  are  satisfied: 

(1)  J is  an  Ox-module  of  finite  type , 

(2)  J / J2  is  a finite  locally  free  Ox  / J -module,  and 

(3)  the  canonical  maps 


SymnoxlJ(J/J2)  — ► Jnun+1 

are  isomorphisms  for  all  n > 0. 


Proof.  It  is  clear  that  if  U C X is  an  open  such  that  J\u  is  generated  by  a 
quasi-regular  sequence  /i, . . . , fr  £ Ox{U)  then  J\v  is  of  finite  type,  J\u/ J2\u  is 
free  with  basis  fi, . . . , fr,  and  the  maps  in  (3)  are  isomorphisms  because  they  are 
coordinate  free  formulation  of  the  degree  n part  of  (30.17.0.41.  Hence  it  is  clear 
that  being  quasi-regular  implies  conditions  (1),  (2),  and  (3). 

Conversely,  suppose  that  (1),  (2),  and  (3)  hold.  Pick  a point  x £ Supp  {Ox/J)- 
Then  there  exists  a neighbourhood  U C X of  x such  that  J\u / J2\u  is  free  of  rank 
r over  Ou  /J\u-  After  possibly  shrinking  U we  may  assume  there  exist  /i, . . . , fr  £ 
J(U)  which  map  to  a basis  of  J\u/J2\u  as  an  Ojj / J\ (/-module.  In  particular 
we  see  that  the  images  of  fi,...,fr  in  Jx j J'f  generate.  Hence  by  Nakayama’s 
lemma  (Algebra,  Lemma  10.19.1)  we  see  that  fi, . . . , fr  generate  the  stalk  Jx. 
Hence,  since  J is  of  finite  type,  by  Modules,  Lemma  |17.9.4|  after  shrinking  U we 
may  assume  that  fi,...,fr  generate  J.  Finally,  from  (3)  and  the  isomorphism 
J\u/J2\u  = @Ov / J\ufi  it  is  clear  that  fi,...,fr  £ Ox(U)  is  a quasi-regular 
sequence.  □ 
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067N  Lemma  30.17.5.  Let  (X,  Ox)  be  a locally  ringed  space.  Let  J C Ox  be  a sheaf  of 
ideals.  Let  x £ X and  f\,...,fr  £ Jx  whose  images  give  a basis  for  the  k(x) -vector 
space  fix  j ny,  LI x ■ 

(1)  If  J is  quasi-regular,  then  there  exists  an  open  neighbourhood  such  that 
/i, . . . , fr  £ Ox(U ) form  a quasi-regular  sequence  generating  J\u . 

(2)  If  J is  Hi-regular,  then  there  exists  an  open  neighbourhood  such  that 
/i, . . . , fr  £ Ox(U ) form  an  H\-regular  sequence  generating  J\u . 

(3)  If  J is  Koszul-regular,  then  there  exists  an  open  neighbourhood  such  that 
fi, . . . , fr  £ 0\{U)  form  an  Koszul-regular  sequence  generating  J\u  ■ 


Proof.  First  assume  that  J is  quasi-regular.  We  may  choose  an  open  neighbour- 
hood U C X of  x and  a quasi-regular  sequence  g\, . . . ,gs  £ Ox{U)  which  gener- 
ates J\u-  Note  that  this  implies  that  J / J2  is  free  of  rank  s over  Ou / J\u  (see 
Lemma  30.17.4  and  its  proof)  and  hence  r = s.  We  may  shrink  U and  assume 
/ii  • • • j fr  € J (U)-  Thus  we  may  write 


for  some  ciy,-  £ Ox(U).  By  assumption  the  matrix  A = ( ) maps  to  an  invertible 
matrix  over  k(x).  Hence,  after  shrinking  U once  more,  we  may  assume  that  (aij) 
is  invertible.  Thus  we  see  that  f\,  . . . , fr  give  a basis  for  (J  j J2)\u  which  proves 
that  /i, . . . , fr  is  a quasi-regular  sequence  over  U. 


Note  that  in  order  to  prove  (2)  and  (3)  we  may,  because  the  assumptions  of  (2)  and 
(3)  are  stronger  than  the  assumption  in  (1),  already  assume  that  fi,  ■ ■ ■ , fr  £ J{U) 
and  fi  = Y1  aij9j  with  (ay)  invertible  as  above,  where  now  g\, . . . , gr  is  a Hi-regular 
or  Koszul-regular  sequence.  Since  the  Koszul  complex  on  /i, . . . , fr  is  isomorphic  to 
the  Koszul  complex  on  gi, ...  ,gr  via  the  matrix  (ay)  (see  More  on  Algebra,  Lemma 


063F 

of  ideals  on  a scheme  is  a finite  type  quasi- coherent  sheaf  of  ideals. 


15.22.4)  we  conclude  that  fi, . . . , fr  is  Hi-regular  or  Koszul-regular  as  desired.  □ 


Lemma  30.17.6.  Any  regular,  Koszul-regular,  Hi-regular,  or  quasi-regular  sheaf 


Proof.  This  follows  as  such  a sheaf  of  ideals  is  locally  generated  by  finitely  many 
sections.  And  any  sheaf  of  ideals  locally  generated  by  sections  on  a scheme  is 
quasi-coherent,  see  Schemes,  Lemma [25. 10. 1|  □ 

063G  Lemma  30.17.7.  Let  X be  a scheme.  Let  J be  a sheaf  of  ideals.  Then  J is 
regular  (resp.  Koszul-regular,  Hi-regular,  quasi-regular)  if  and  only  if  for  every  x £ 
Supp{Ox / J)  there  exists  an  affine  open  neighbourhood  x £ U C X , U = Spec(A) 
such  that  J\u  = / and  such  that  I is  generated  by  a regular  (resp.  Koszul-regular, 
Hi-regular,  quasi-regular)  sequence  /i, . . . , fr  £ A. 


Proof.  By  assumption  we  can  find  an  open  neighbourhood  U of  x over  which  J 
is  generated  by  a regular  (resp.  Koszul-regular,  Hi-regular,  quasi-regular)  sequence 
/i, . . . , fr  £ Ox(U).  After  shrinking  U we  may  assume  that  U is  affine,  say  U = 
Spec(A).  Since  J is  quasi-coherent  by  Lemma 
some  ideal  I C A.  Now  we  can  use  the  fact  that 


30.17.6 


we  see  that  J\u  = I for 


: Mod /i  — > QCoh(Ou) 

is  an  equivalence  of  categories  which  preserves  exactness.  For  example  the  fact  that 
the  functions  fi  generate  J means  that  the  fi,  seen  as  elements  of  A generate  I. 
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The  fact  that  (30.17.0.2)  is  injective  (resp.  (30.17.0.3)  is  exact,  (30.17.0.3)  is  exact 
in  degree  1,  (30.17.0.4)  is  an  isomorphism)  implies  the  corresponding  property  of 
the  map  A/(/i, . . . , /»_ i)  -A-  A/(f1, . . . , /*_ i)  (resp.  the  complex  K,(A,  /i, . . . , fr), 
the  map  A/I[Ti, . . . ,Tr]  — ► 0 In/In+1).  Thus  /i,  ■ - ■ , fr  G A is  a regular  (resp. 
Koszul-regular,  Hi-regular,  quasi-regular)  sequence  of  the  ring  A.  □ 


Lemma  30.17.8.  Let  X be  a locally  Noetherian  scheme.  Let  J C Ox  be  a quasi- 
coherent  sheaf  of  ideals.  Let  x be  a point  of  the  support  of  Ox/  J ■ The  following 
are  equivalent 

(1)  Jx  is  generated  by  a regular  sequence  in  Ox,x, 

(2)  Jx  is  generated  by  a Koszul-regular  sequence  in  Ox.x, 

(3)  Jx  is  generated  by  an  Hi-regular  sequence  in  Ox,x> 

(4)  Jx  is  generated  by  a quasi-regular  sequence  in  Ox,x, 

(5)  there  exists  an  affine  neighbourhood  U = Spec(A)  of  x such  that  J\u  = I 
and  I is  generated  by  a regular  sequence  in  A,  and 

(6)  there  exists  an  affine  neighbourhood  U = Spec(A)  of  x such  that  J\u  = I 
and  I is  generated  by  a Koszul-regular  sequence  in  A,  and 

(7)  there  exists  an  affine  neighbourhood  U = Spec(A)  of  x such  that  J\u  = I 
and  I is  generated  by  an  Hi-regular  sequence  in  A,  and 

(8)  there  exists  an  affine  neighbourhood  U = Spec(A)  of  x such  that  J\u  = I 
and  I is  generated  by  a quasi-regular  sequence  in  A, 

(9)  there  exists  a neighbourhood  U of  x such  that  J\u  is  regular , and 

(10)  there  exists  a neighbourhood  U of  x such  that  J\jj  is  Koszul-regular , and 

(11)  there  exists  a neighbourhood  U of  x such  that  J\u  is  Hi-regular,  and 

(12)  there  exists  a neighbourhood  U of  x such  that  J\jj  is  quasi-regular. 

In  particular,  on  a locally  Noetherian  scheme  the  notions  of  regular,  Koszul-regular, 
Hi-regular,  or  quasi-regular  ideal  sheaf  all  agree. 


Proof.  It  follows  from  Lemma  30.17.7  that  (5)  <t=>  (9),  (6)  (10),  (7)  (11), 

and  (8)  «=>  (12).  It  is  clear  that  (5)  =>  (1),  (6)  =>•  (2),  (7)  =>  (3),  and  (8)  =>•  (4). 
We  have  (1)  =>  (5)  by  Algebra,  Lemma  10.67.6  We  have  (9) 

Finally,  (4) 


(12)  by  Lemma  30.17.3 


(1)  by  Algebra,  Lemma  10.68.6 


statements  are  equivalent. 


(10)  =►  (11)  =► 
Now  all  12 
□ 
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0638  Let  i : Z X be  an  immersion  of  schemes.  By  definition  this  means  there  exists 
an  open  subscheme  U C X such  that  Z is  identified  with  a closed  subscheme  of  U. 
Let  X C Ojj  be  the  corresponding  quasi-coherent  sheaf  of  ideals.  Suppose  U'  C A' 
is  a second  such  open  subscheme,  and  denote  X’  C Ojj1  the  corresponding  quasi- 
coherent  sheaf  of  ideals.  Then  I\unu'  = ^ |unu'-  Moreover,  the  support  of  Ojj /X 
is  Z which  is  contained  in  UnU'  and  is  also  the  support  of  Ojj' /X' . Hence  it  follows 
from  Definition  30.17.2  that  I is  a regular  ideal  if  and  only  if  X'  is  a regular  ideal. 
Similarly  for  being  Koszul-regular,  ^-regular,  or  quasi-regular. 


063J  Definition  30.18.1.  Let  i : Z A be  an  immersion  of  schemes.  Choose  an  open 
subscheme  U C X such  that  i identifies  Z with  a closed  subscheme  of  U and  denote 
I C Ojj  the  corresponding  quasi-coherent  sheaf  of  ideals. 

(1)  We  say  i is  a regular  immersion  if  X is  regular. 

(2)  We  say  i is  a Koszul-regular  immersion  if  X is  Koszul-regular. 
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063K 


063L 


067P 


063M 


063N 


(3)  We  say  i is  a Hi-regular  immersion  if  I is  Hi-regular. 

(4)  We  say  i is  a quasi-regular  immersion  if  X is  quasi-regular. 

The  discussion  above  shows  that  this  is  independent  of  the  choice  of  U.  The  condi- 


tions are  listed  in  decreasing  order  of  strength,  see  Lemma  30.18.2  A Koszul-regular 
closed  immersion  is  smooth  locally  a regular  immersion,  see  Lemma  30.18.1l[  In 
the  locally  Noetherian  case  all  four  notions  agree,  see  Lemma  [30. 17.8[ 

Lemma  30.18.2.  Let  i : Z — ► X be  an  immersion  of  schemes.  We  have  the 
following  implications:  i is  regular  =>  i is  Koszul-regular  =>  i is  Hi-regular  =>  i is 
quasi-regular. 

Proof.  The  lemma  immediately  reduces  to  Lemma  30.17.3[  □ 

Lemma  30.18.3.  Let  i : Z -A  X be  an  immersion  of  schemes.  Assume  X is 
locally  Noetherian.  Then  i is  regular  ■<=>  i is  Koszul-regular  •£=>  * is  H\-regular  i 
is  quasi-regular. 

Proof.  Follows  immediately  from  Lemma [30. 18. 2 1 and  Lemma [30. 17. 8[  □ 

Lemma  30.18.4.  Let  i : Z — ► X be  a regular  (resp.  Koszul-regular,  H\-regular, 
quasi-regular)  immersion.  Let  X'  -A  X be  a flat  morphism.  Then  the  base  change 
i'  : Z x.y  X'  — » X'  is  a regular  (resp.  Koszul-regular,  Hi-regular,  quasi-regular) 


immersion. 


Proof.  Via  Lemma|30.17.7  this  translates  into  the  algebraic  statements  in  Algebra, 
Lemmas  10.67.5  and  10.68.3  and  More  on  Algebra,  Lemma[l5.23.4 


□ 


Lemma  30.18.5.  Let  i : Z -A  X be  an  immersion  of  schemes.  Then  i is  a 
quasi-regular  immersion  if  and  only  if  the  following  conditions  are  satisfied 

(1)  i is  locally  of  finite  presentation, 

(2)  the  conormal  sheaf  Cz/x  is  finite  locally  free,  and 

(3)  the  map  (30.16.1.2)  is  an  isomorphism. 


Proof.  An  open  immersion  is  locally  of  finite  presentation.  Hence  we  may  replace 
X by  an  open  subscheme  U C X such  that  i identifies  Z with  a closed  subscheme 
of  U,  i.e. , we  may  assume  that  i is  a closed  immersion.  Let  T C O \ be  the 
corresponding  quasi-coherent  sheaf  of  ideals.  Recall,  see  Morphisms,  Lemma[28.21.7| 
that  X is  of  finite  type  if  and  only  if  i is  locally  of  finite  presentation.  Hence  the 
equivalence  follows  from  Lemma  |30. 17. 4|  and  unwinding  the  definitions.  □ 

Lemma  30.18.6.  Let  Z — »•  Y -A  X be  immersions  of  schemes.  Assume  that 
Z — ^ Y is  Hi-regular.  Then  the  canonical  sequence  of  Morphisms,  Lemma \ 28. 32. 5\ 

0 — > i*Cy/x  — > Cz/x  — > Cz/Y  — > 0 
is  exact  and  locally  split. 


30.18.5 


and  Lemma 


30.17.3) 


Proof.  Since  Cz/y  is  finite  locally  free  (see  Lemma 
it  suffices  to  prove  that  the  sequence  is  exact.  By  what  was  proven  in  Morphisms, 
Lemma  |28.32.5|  it  suffices  to  show  that  the  first  map  is  injective.  Working  affine 
locally  this  reduces  to  the  following  question:  Suppose  that  we  have  a ring  A 
and  ideals  / C J C A.  Assume  that  J/I  C A/ 1 is  generated  by  an  Hi -regular 
sequence.  Does  this  imply  that  I /I2  A/J  — > J/J 2 is  injective?  Note  that 

I /J2  (g>_4  A/J  = I /I  J.  Hence  we  are  trying  to  prove  that  I fl  J2  = I J.  This  is  the 


result  of  More  on  Algebra,  Lemma |15.23.8| 


□ 
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A composition  of  quasi-regular  immersions  may  not  be  quasi-regular,  see  Algebra, 
Remark  |10.68.8|  The  other  types  of  regular  immersions  are  preserved  under  com- 
position. 

Lemma  30.18.7.  Let  i : Z -A  Y and  j :Y  X be  immersions  of  schemes. 

(1)  If  i and  j are  regular  immersions,  so  is  j o i. 

(2)  If  i and  j are  Koszul-regular  immersions,  so  is  j o i. 

(3)  If  i and  j are  Hi-regular  immersions,  so  is  j o i. 

(4)  If  i is  an  Hi-regular  immersion  and  j is  a quasi-regular  immersion,  then 
j o i is  a quasi-regular  immersion. 


Proof.  The  algebraic  version  of  (1)  is  Algebra,  Lemma  10.67.7  The  algebraic 


version  of  (2)  is  More  on  Algebra,  Lemma  15.23.12  The  algebraic  version  of  (3)  is 
More  on  Algebra,  Lemma  15.23. 10|  The  algebraic  version  of  (4)  is  More  on  Algebra, 
Lemma  115.23.91  □ 


Lemma  30.18.8.  Let  i : Z -A  Y and  j : Y — ► X be  immersions  of  schemes. 
Assume  that  the  sequence 


0 — > i*Cy/x  — > Cz/x  ->  C-ziy  ~ t 0 

of  Morphisms,  Lemma  1 28. 32. 5\  is  exact  and  locally  split. 

(1)  If  j o i is  a quasi-regular  immersion,  so  is  i. 

(2)  If  j o i is  a H\-regular  immersion,  so  is  i. 

(3)  If  both  j and  j o i are  Koszul-regular  immersions,  so  is  i. 


Proof.  After  shrinking  Y and  X we  may  assume  that  i and  j are  closed  immersions. 
Denote  X C Ox  the  ideal  sheaf  of  Y and  J C Ox  the  ideal  sheaf  of  Z.  The  conormal 
sequence  is  0 — > I fXJ  -a  J I J2  — > J /(X  + J2)  — ► 0.  Let  z £ Z and  set  y = i(z), 
x = j(y)  = j(*(z))-  Choose  fi,...,fn  £ Xx  which  map  to  a basis  of  Xx/mzXx. 
Extend  this  to  fi,...,fn,gi,...,gm  £ Jx  which  map  to  a basis  of  Jx/vxzJx.  This 
is  possible  as  we  have  assumed  that  the  sequence  of  conormal  sheaves  is  split  in  a 
neighbourhood  of  z,  hence  Xx/mxXx  — > Jx/mxJx  is  injective. 


Proof  of  (1).  By  Lemma  30.17.5  we  can  find  an  affine  open  neighbourhood  U of  x 
such  that  /i, . . . , fn,  <71, . . . , gm  forms  a quasi-regular  sequence  generating  J . Hence 
by  Algebra,  Lemma[l0.68.5|we  see  that  gi, ...  ,gm  induces  a quasi-regular  sequence 
onYOP  cutting  out  Z. 
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Proof  of  (2).  Exactly  the  same  as  the  proof  of  (1)  except  using  More  on  Algebra, 
Lemma  115.23. Ill 


Proof  of  (3).  By  Lemma  30.17.5  (applied  twice)  we  can  find  an  affine  open  neigh- 
bourhood U of  x such  that  /) , . . . , fn  forms  a Koszul-regular  sequence  generating  X 
and  /i,...,/n,ji,...,9m  forms  a Koszul-regular  sequence  generating  J . Hence  by 
More  on  Algebra,  Lemma p.5.23. 13| we  see  that  gi, ...  ,gm  induces  a Koszul-regular 
sequence  on  Y fl  U cutting  out  Z.  □ 


Lemma  30.18.9.  Let  i : Z -A  Y and  j : Y — ► X be  immersions  of  schemes.  Pick 
z £ Z and  denote  y £ Y , x £ X the  corresponding  points.  Assume  X is  locally 
Noetherian.  The  following  are  equivalent 

(1)  i is  a regular  immersion  in  a neighbourhood  of  z and  j is  a regular  im- 
mersion in  a neighbourhood  of  y, 

(2)  i and  j o i are  regular  immersions  in  a neighbourhood  of  z, 
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(3)  j o i is  a regular  immersion  in  a neighbourhood  of  z and  the  conormal 
sequence 

0 -A  i*Cy/x  — > C-z/x  ~ Cz/y  ~ t 0 
is  split  exact  in  a neighbourhood  of  z. 


Proof.  Since  X (and  hence  Y)  is  locally  Noetherian  all  4 types  of  regular  immer- 
sions agree,  and  moreover  we  may  check  whether  a morphism  is  a regular  immersion 
on  the  level  of  local  rings,  see  Lemma  30.17.8  The  implication  (1)  =>  (2)  is  Lemma 
30.18.7  The  implication  (2)  =>  (3)  is  Lemma  30.18.6  Thus  it  suffices  to  prove  that 


(3)  implies  (1). 


Assume  (3).  Set  A = Ox,x-  Denote  / C A the  kernel  of  the  surjective  map 
Ox,x  — > Oy,y  and  denote  J C A the  kernel  of  the  surjective  map  Ox,x  — > Oz,z- 
Note  that  any  minimal  sequence  of  elements  generating  J in  A is  a quasi-regular 
hence  regular  sequence,  see  Lemma |30. 17. 5|  By  assumption  the  conormal  sequence 


0 -A  I/IJ  -A  J/J2  -A  J/(I  + J2)  -A  0 


is  split  exact  as  a sequence  of  A/  J-modules.  Hence  we  can  pick  a minimal  system 
of  generators  /i, . . . , fn,  cq, . . . , gm  of  J with  f\, ... , fn  £ I a minimal  system  of 
generators  of  I.  As  pointed  out  above  fi,  g\, ... , gm  is  a regular  sequence 

in  A.  It  follows  directly  from  the  definition  of  a regular  sequence  that  f\  is 

a regular  sequence  in  A and  g1, . . . , grn  is  a regular  sequence  in  A/ 1.  Thus  j is  a 
regular  immersion  at  y and  i is  a regular  immersion  at  z.  □ 


0691  Remark  30.18.10.  In  the  situation  of  Lemma  30.18.9 
equivalent  to  “j  o i and  j are  regular  immersions  at 


X = A l = Spec(fc[x]),  Y = Spec(fc[.T]/(;r2))  and  Z = Spec(fc[x]/(a;)). 


parts  (1),  (2),  (3)  are  not 
and  y” . An  example  is 


0692  Lemma  30.18.11.  Let  i : Z X be  a Koszul  regular  closed  immersion.  Then 
there  exists  a surjective  smooth  morphism  X'  — > X such  that  the  base  change  i'  : 
Z x x X'  — > X'  of  i is  a regular  immersion. 


Proof.  We  may  assume  that  X is  affine  and  the  ideal  of  Z generated  by  a Koszul- 
regular  sequence  by  replacing  X by  the  members  of  a suitable  affine  open  covering 
(affine  opens  as  in  Lemma  30.17.7).  The  affine  case  is  More  on  Algebra,  Lemma 
115.23.171  □ 


30.19.  Relative  regular  immersions 

063P  In  this  section  we  consider  the  base  change  property  for  regular  immersions.  The 
following  lemma  does  not  hold  for  regular  immersions  or  for  Koszul  immersions, 
see  Examples,  Lemma  [88. 13.2 

063R  Lemma  30.19.1.  Let  f : X -A  S be  a morphism  of  schemes.  Let  i : Z C X be  an 
immersion.  Assume 

(1)  i is  an  Hi-regular  (resp.  quasi-regular)  immersion,  and 

(2)  Z — y S is  a flat  morphism. 

Then  for  every  morphism  of  schemes  g : S'  -A  S the  base  change  Z'  = S'  x 5 Z — >■ 
X'  = S'  Xg  X is  an  H\-regular  (resp.  quasi-regular)  immersion. 
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Proof.  Unwinding  the  definitions  and  using  Lemma [30. 17. 7| we  translate  this  into 
algebra  as  follows.  Let  A — ► B be  a ring  map  and  f\, ... , fr  £ B.  Assume 
B/{f\, . . . , fr)B  is  flat  over  A.  Consider  a ring  map  A —>■  A'.  Set  B'  = B <g>,4  A' 
and  J'  = JB' . 


Case  I:  /i, . . . , fr  is  quasi-regular.  Set  J = (/i, . . . , fr).  By  assumption  Jn/Jn+1 
is  isomorphic  to  a direct  sum  of  copies  of  B/J  hence  flat  over  A.  By  induction 
and  Algebra,  Lemma  10.38.13  we  conclude  that  B / Jn  is  flat  over  A.  The  ideal 
(J')n  is  equal  to  J"  ®a  A' , see  Algebra,  Lemma 
jn  j jn+i  which  clearly  implies  that  /i, . . . 

B'. 


10.38.12 


Hence  ( J')n/(J')n+1  = 
, fr  is  a quasi-regular  sequence  in 


Case  II:  /i, . . . , fr  is  Hi-regular.  By  More  on  Algebra,  Lemma  |15.23.15]  the  van- 
ishing of  the  Koszul  homology  group  Hi(K,(B,  /i, . . . , fr ))  implies  the  vanishing 
of  Hi(K,(B',  /{,...,  /'))  and  we  win.  □ 


This  lemma  is  the  motivation  for  the  following  definition. 

063S  Definition  30.19.2.  Let  / : X — > S be  a morphism  of  schemes.  Let  i : Z -A  X 
be  an  immersion. 

(1)  We  say  i is  a relative  quasi-regular  immersion  if  Z — > S is  flat  and  i is  a 
quasi-regular  immersion. 

(2)  We  say  i is  a relative  Hi-regular  immersion  if  Z — > S is  flat  and  i is  an 
Hi-regular  immersion. 


We  warn  the  reader  that  this  may  be  nonstandard  notation.  Lemma [30T9T]  guar- 
antees that  relative  quasi-regular  (resp.  Hi-regular)  immersions  are  preserved  under 
any  base  change.  A relative  Hi-regular  immersion  is  a relative  quasi-regular  immer- 
sion, see  Lemma  30.18.2  Please  take  a look  at  Lemma  30.19.5  (or  Lemma  30.19.4) 
which  shows  that  if  Z — » X is  a relative  Hi-regular  (or  quasi-regular)  immersion 
and  the  ambient  scheme  is  (flat  and)  locally  of  finite  presentation  over  S',  then 
Z -A  X is  actually  a regular  immersion  and  the  same  remains  true  after  any  base 
change. 


063T  Lemma  30.19.3.  Let  f : X — > S be  a morphism  of  schemes.  Let  Z-)X  be  a 
relative  quasi-regular  immersion.  If  x € Z and  O x x Noetherian,  then  f is  flat 
at  x. 


Proof.  Let  fi,.  ■ ■ ,fr  £ Ox,x  be  a quasi-regular  sequence  cutting  out  the  ideal  of 
Z at  x.  By  Algebra,  Lemma [10. 68. 6|  we  know  that  fr  is  a regular  sequence. 

Hence  fr  is  a nonzerodivisor  on  Ox,x/(fi>  • • • , fr- 1)  such  that  the  quotient  is  a 
flat  Osj^-module.  By  Lemma  30.15.5  we  conclude  that  Ox,x/{fi,  ■ ■ ■ , fr-i)  is 
a flat  dsj(x)-module.  Continuing  by  induction  we  find  that  Ox,x  is  a flat  Os,s~ 
module.  □ 


063U  Lemma  30.19.4.  Let  X — » S be  a morphism  of  schemes.  Let  Z — > X be  an 
immersion.  Assume 

(1)  X — >•  S is  flat  and  locally  of  finite  presentation, 

(2)  Z — ^ X is  a relative  quasi-regular  immersion. 

Then  Z — ^ X is  a regular  immersion  and  the  same  remains  true  after  any  base 
change. 
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Proof.  Pick  x £ Z with  image  s £ S.  To  prove  this  it  suffices  to  find  an  affine 
neighbourhood  of  x contained  in  U such  that  the  result  holds  on  that  affine  open. 
Hence  we  may  assume  that  X is  affine  and  there  exist  a quasi-regular  sequence 
fi,  ■ ■ ■ , fr  £ I\X,  Ox)  such  that  Z = V(fi, . . . , fr).  By  Lemma  30.19.1|  and  its 
proof  the  sequence  fi\xs,  ■ ■ ■ , fr\xB  is  a quasi-regular  sequence  in  T(A'S,  OxB).  Since 
Xs  is  Noetherian,  this  implies,  possibly  after  shrinking  X a bit,  that  fi\x3,  ■ ■ ■ , fr\xB 
is  a regular  sequence,  see  Algebra,  Lemmas |10. 68. 6| and |10. 67.61  By  Lemma [30.15. 9| 
it  follows  that  Z\  = V(fi)  C X is  a relative  effective  Cartier  divisor,  again  after 
possibly  shrinking  X a bit.  Applying  the  same  lemma  again,  but  now  to  Z 2 = 
V(fi,f2)  C Z 1 we  see  that  Z2  C Z\  is  a relative  effective  Cartier  divisor.  And  so 
on  until  on  reaches  Z = Zn  = V (/1, . . . , /„).  Since  being  a relative  effective  Cartier 
divisor  is  preserved  under  arbitrary  base  change,  see  Lemma  |30.15.1[  we  also  see 
that  the  final  statement  of  the  lemma  holds.  □ 


063V  Lemma  30.19.5.  Let  X -A  S be  a morphism  of  schemes.  Let  Z -A  X be  a relative 
Hi-regular  immersion.  Assume  X -A  S is  locally  of  finite  presentation.  Then 

(1)  there  exists  an  open  subscheme  U C X such  that  Z C U and  such  that 
U — y S is  flat,  and 

(2)  Z — ^ X is  a regular  immersion  and  the  same  remains  true  after  any  base 
change. 


Proof.  Pick  x £ Z.  To  prove  (1)  suffices  to  find  an  open  neighbourhood  U C X of  x 
such  that  U — > S is  flat.  Hence  the  lemma  reduces  to  the  case  that  X = Spec (f?)  and 
S = Spec(A)  are  affine  and  that  Z is  given  by  an  Hi-regular  sequence  fi,...,fr  £ 
B.  By  assumption  B is  a finitely  presented  A-algebra  and  B / (/1, . . . , fr)B  is  a flat 
A-algebra.  We  are  going  to  use  absolute  Noetherian  approximation. 


Write  B = A[ x\, . . . , xn]/ (gi, . . . , gm ).  Assume  fi  is  the  image  of  f[  £ A[x  1, . . . , xn\. 
Choose  a finite  type  Z-subalgebra  Aq  C A such  that  all  the  coefficients  of  the  poly- 
nomials f{,...,fr,gi,---,gm  are  in  A0.  We  set  B0  = A0[xi, . . . , xn]/(g1, . . . , gm) 
and  we  denote  ftp  the  image  of  /■  in  B0.  Then  B = B0  A and 


B/ (/l)  • • ■ I fr)  — B0/(f0ti,  . . . , fo,r)  ®A0  A. 


By  Algebra,  Lemma  10.160.1  we  may,  after  enlarging  Aq,  assume  that  Bo/(/o,i, . . . , /oj? 
is  flat  over  Aq.  It  may  not  be  the  case  at  this  point  that  the  Koszul  cohomology 
group  H1(Km(B0,  /0)  1, . . . , fo,r))  is  zero.  On  the  other  hand,  as  B0  is  Noetherian, 
it  is  a finitely  generated  Bo-module.  Let  £1, . . . ,£n  G Hi(K,(B0,  /op, . . . , fo,r))  be 
generators.  Let  Aq  C A\  C A be  a larger  finite  type  Z-subalgebra  of  A.  Denote 
fiti  the  image  of  fo,i  in  B 1 = Bq  ®p0  A\.  By  More  on  Algebra,  Lemma  15.23.15 
the  map 


H1(K,(B0,  f0A,...,  f0,r))  ®a0  Ax  — > H^K.iB^  hp, ...,  fhr)) 

is  surjective.  Furthermore,  it  is  clear  that  the  colimit  (over  all  choices  of  A\ 
as  above)  of  the  complexes  K,(Bi,  fip, . . . , fi>r)  is  the  complex  K,(B,  f\, . . . , fr) 
which  is  acyclic  in  degree  1.  Hence 

colimp0  cAlCAH1(K.(B1J1p,...,f1,r))  = 0 

by  Algebra,  Lemma [l0.8.9|  Thus  we  can  find  a choice  of  Ai  such  that  £1, . . . , £n  all 
map  to  zero  in  Hi(K,(Bi,  fi  1; . . . , /i,r)).  In  other  words,  the  Koszul  cohomology 
group  #i(  K.  (B1;  hp,...,  fltr))  is  zero. 
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Consider  the  morphism  of  affine  schemes  X\  — > Si  equal  to  Spec  of  the  ring  map 
-A  Bi  and  Z\  = Spec(i?i/(/iji, . . . , /i,r))-  Since  B = Bx  A,  i.e.,  X = 
X\  xgj  S , and  similarly  Z = Z\  Si,  it  now  suffices  to  prove  (1)  for  X\  -A  Si 
and  the  relative  .Hi-regular  immersion  Z\  — > X\,  see  Morphisms,  Lemma  28.25.6 
Hence  we  have  reduced  to  the  case  where  A'  -A  S'  is  a finite  type  morphism  of 
Noetherian  schemes.  In  this  case  we  know  that  X — > S is  flat  at  every  point  of  Z 
by  Lemma[30.19.3|  Combined  with  the  fact  that  the  flat  locus  is  open  in  this  case, 
see  Algebra,  Theorem  10.128.4  we  see  that  (1)  holds.  Part  (2)  then  follows  from  an 
application  of  Lemma[30.19.4  □ 


If  the  ambient  scheme  is  flat  and  locally  of  finite  presentation  over  the  base,  then 
we  can  characterize  a relative  quasi-regular  immersion  in  terms  of  its  fibres. 

063W  Lemma  30.19.6.  Let  ip  : X — » S be  a flat  morphism  which  is  locally  of  finite 
presentation.  Let  T C X be  a closed  subscheme.  Let  x £ T with  image  s £ S . 

(1)  If  Ts  C Xs  is  a quasi-regular  immersion  in  a neighbourhood  of  x,  then 
there  exists  an  open  U C X and  a relative  quasi-regular  immersion  Z C U 
such  that  Zs  = Ts  D Us  and  T C\U  C Z . 

(2)  If  Ts  C Xs  is  a quasi-regular  immersion  in  a neighbourhood  of  x,  the 
morphism  T -A  X is  of  finite  presentation,  and  T -A  S is  flat  at  x,  then 
we  can  choose  U and  Z as  in  (1)  such  that  T C\U  = Z . 

(3)  If  Ts  C Xs  is  a quasi-regular  immersion  in  a neighbourhood  of  x,  and  T 
is  cut  out  by  c equations  in  a neighbourhood  of  x,  where  c = dimx(As)  — 
dim2,(Ts),  then  we  can  choose  U and  Z as  in  (1)  such  that  TtlU  = Z. 

In  each  case  Z -A  U is  a regular  immersion  by  Lemma\30.19.f\  In  particular,  if 
T -a  S is  locally  of  finite  presentation  and  flat  and  all  fibres  Ts  C Xs  are  quasi- 
regular immersions,  then  T -A  X is  a relative  quasi-regular  immersion. 


Proof.  Choose  affine  open  neighbourhoods  Spec(A)  of  s and  Spec(H)  of  x such 
that  <p(Spec(B))  C Spec(A).  Let  p C A be  the  prime  ideal  corresponding  to 
s.  Let  q C B be  the  prime  ideal  corresponding  to  x.  Let  I C B be  the  ideal 
corresponding  to  T.  By  the  initial  assumption  of  the  lemma  we  know  that  A — > B 
is  flat  and  of  finite  presentation.  The  assumption  in  (1)  means  that,  after  shrinking 
Spec(H),  we  may  assume  I(B  «(p))  is  generated  by  a quasi-regular  sequence  of 
elements.  After  possibly  localizing  B at  some  g £ B,  g ^ q we  may  assume  there 
exist  fi,...,fr  £ I which  map  to  a quasi-regular  sequence  in  B k( p)  which 

generates  I(B  <g>^  k(p)).  By  Algebra,  Lemmas  10.68. 6| and  10.67.6  we  may  assume 
after  another  localization  that  /i, . . . , fr  £ I form  a regular  sequence  in  B /t(p). 
By  Lemma  30.15.9  it  follows  that  Z\  = V(f\)  C Spec(H)  is  a relative  effective 
Cartier  divisor,  again  after  possibly  localizing  B.  Applying  the  same  lemma  again, 
but  now  to  Z2  = V(fi,  f 2)  C Z\  we  see  that  Z2  C ^ is  a relative  effective  Cartier 
divisor.  And  so  on  until  one  reaches  Z = Zn  = V(fi, . . . , fn).  Then  Z -A  Spec(H) 
is  a regular  immersion  and  Z is  flat  over  S,  in  particular  Z — >•  Spec(H)  is  a relative 
quasi-regular  immersion  over  Spec(A).  This  proves  (1). 


To  see  (2)  consider  the  closed  immersion  Z — » D.  The  surjective  ring  map  u : 
Od,x  — > Oz,x  is  a map  of  flat  local  C>sjS-algebras  which  are  essentially  of  finite 
presentation,  and  which  becomes  an  isomorphisms  after  dividing  by  ms.  Hence  it 
is  an  isomorphism,  see  Algebra,  Lemma  |10. 127.4]  It  follows  that  Z — >•  D is  an 
isomorphism  in  a neighbourhood  of  x,  see  Algebra,  Lennna[l0.125.6| 
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To  see  (3),  after  possibly  shrinking  U we  may  assume  that  the  ideal  of  Z is  generated 
by  a regular  sequence  f\, ... , fr  (see  our  construction  of  Z above)  and  the  ideal  of 
T is  generated  by  g±, . . . ,gc.  We  claim  that  c = r.  Namely, 


dimx(Xs)  = dim(Ox„x)  +trdegre(s)(«:(a:)), 
dirn^T,)  = dim(C?T0,x)  + trdegK(s)  (k(x)), 
dim  (Oxs,x)  = dim(0Taia;)  + r 


the  first  two  equalities  by  Algebra,  Lemma  |10. 115.31  and  the  second  by  r times 
applying  Algebra,  Lemma  10.59.12  As  T C Z we  see  that  ft  = 


But 

the  ideals  of  Z and  T cut  out  the  same  quasi-regular  closed  subscheme  of  A's  in 
a neighbourhood  of  x.  Hence  the  matrix  (hjj)  mod  m^,  is  invertible  (some  details 
omitted).  Hence  {bj3 ) is  invertible  in  an  open  neighbourhood  of  x.  In  other  words, 
T CiU  = Z after  shrinking  U. 


The  final  statements  of  the  lemma  follow  immediately  from  part  (2),  combined  with 
the  fact  that  Z — > S is  locally  of  finite  presentation  if  and  only  if  Z — > X is  of  finite 
presentation,  see  Morphisms,  Lemmas  |28. 21. 3|  and  |28. 21. 11|  □ 


067R 


The  following  lemma  is  an  enhancement  of  Morphisms,  Lemma  28.34.20 


Lemma  30.19.7.  Let  / : X -A  S be  a smooth  morphism  of  schemes.  Let  a : S — X 
X be  a section  of  f . Then  a is  a regular  immersion. 


067S 


Proof.  By  Schemes,  Lemma  |25.21.1l1  the  morphism  a is  an  immersion.  After 
replacing  X by  an  open  neighbourhood  of  a (S)  we  may  assume  that  a is  a closed 
immersion.  Let  T = cr(S')  be  the  corresponding  closed  subscheme  of  X.  Since 
T — > S is  an  isomorphism  it  is  flat  and  of  finite  presentation.  Also  a smooth 
morphism  is  flat  and  locally  of  finite  presentation,  see  Morphisms,  Lemmas  |28.34.9| 
and  |28.34.8|  Thus,  according  to  Lemma  [30. 19. 6[  it  suffices  to  show  that  Ts  C Xs 
is  a quasi-regular  closed  subscheme.  This  follows  immediately  from  Morphisms, 
Lemma  [28.34.20|  but  we  can  also  see  it  directly  as  follows.  Let  k be  a field  and  let 
A be  a smooth  fc-algebra.  Let  m C A be  a maximal  ideal  whose  residue  field  is  k. 
Then  m is  generated  by  a quasi-regular  sequence,  possibly  after  replacing  A by  Ag 
for  some  g £ A,  g m.  In  Algebra,  Lemma[l0.138.3|we  proved  that  Am  is  a regular 
local  ring,  hence  mAm  is  generated  by  a regular  sequence.  This  does  indeed  imply 
that  m is  generated  by  a regular  sequence  (after  replacing  A by  Ag  for  some  g £ A, 
g ^ m),  see  Algebra,  Lemma  10.67.6  □ 


The  following  lemma  has  a kind  of  converse,  see  Lemma [30. 19. 11[ 

Lemma  30.19.8.  Let 

VV 43A 

i 

s 

be  a commutative  diagram  of  morphisms  of  schemes.  Assume  X — > S smooth,  and 
i,  j immersions.  If  j is  a regular  (resp.  Koszul-regular,  Hi-regular,  quasi-regular) 
immersion,  then  so  is  i. 


Proof.  We  can  write  i as  the  composition 

YAfxslAl 
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By  Lemma  |30.19.7|  the  first  arrow  is  a regular  immersion.  The  second  arrow  is  a 
flat  base  change  of  Y -a  5,  hence  is  a regular  (resp.  Koszul-regular,  If ! -regular, 
quasi-regular)  immersion,  see  Lemma  30.18.4  We  conclude  by  an  application  of 
Lemma  130.18.71  □ 


067T 


Lemma  30.19.9.  Let 

Y 

S 

be  a commutative  diagram  of  morphisms  of  schemes.  Assume  that  Y — > S is  syn- 
tomic,  X — > S smooth,  and  i an  immersion.  Then  i is  a regular  immersion. 


067U 


Proof.  After  replacing  X by  an  open  neighbourhood  of  i(Y)  we  may  assume  that 
i is  a closed  immersion.  Let  T = i(Y)  be  the  corresponding  closed  subscheme  of  X. 
Since  T = Y the  morphism  T -A  S'  is  flat  and  of  finite  presentation  (Morphisms, 
Lemmas  28.31.6  and|28.3TT7|.  Also  a smooth  morphism  is  flat  and  locally  of  finite 
presentation  (Morphisms,  Lemmas  28.34.9  and  28.34.8).  Thus,  according  to  Lemma 


|30.19.6[  it  suffices  to  show  that  Ts  C Xs  is  a quasi-regular  closed  subscheme.  As  X 
is  locally  of  finite  type  over  a field,  it  is  Noetherian  (Morphisms,  Lemma  28.15.6). 
Thus  we  can  check  that  Ts  C A's  is  a quasi-regular  immersion  at  points,  see  Lemma 
Take  t £ Ts.  By  Morphisms,  Lemma  28.31.9  the  local  ring  Oxs,t  is  a local 


30.17.8 


complete  intersection  over  re(s).  The  local  ring  Oxs,t  is  regular,  see  Algebra,  Lemma 
|10.138.3)  By  Algebra,  Lemma  |10. 133.7)  we  see  that  the  kernel  of  the  surjection 
O xa,t  — > OTs,t  is  generated  by  a regular  sequence,  which  is  what  we  had  to  show.  □ 


Lemma  30.19.10.  Let 


> X 


s 


be  a commutative  diagram  of  morphisms  of  schemes.  Assume  thatY  -A  S is  smooth, 
X — ► S smooth,  and  i an  immersion.  Then  i is  a regular  immersion. 


0693 


Proof.  This  is  a special  case  of  Lemma  30.19.9|  because  a smooth  morphism  is 
syntomic,  see  Morphisms,  Lemma [28. 34. 7|  □ 


Lemma  30.19.11.  Let 

Y ^ X 

i 

s 


be  a commutative  diagram  of  morphisms  of  schemes.  Assume  X — ► S smooth,  and  i, 
j immersions.  If  i is  a Koszul-regular  (resp.  H\-regular,  quasi-regular)  immersion, 
then  so  is  j . 


Proof.  Let  y £ Y be  any  point.  Set  x = i(y ) and  set  s = j(y).  It  suffices  to  prove 
the  result  after  replacing  X , S by  open  neighbourhoods  U,  V of  x,  s and  Y by  an 
open  neighbourhood  of  y in  z-1(f 7)  D j_1(P).  Hence  we  may  assume  that  Y,  X 
and  S are  affine.  In  this  case  we  can  choose  a closed  immersion  h : X - A Ag  over  S 
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for  some  n.  Note  that  h is  a regular  immersion  by  Lemma  |30. 19.10]  Hence  h o * is 


a Koszul-regular  (resp.  Hi-regular,  quasi-regular)  immersion,  see  Lemmas  30.18.7 
and  30.18.2  In  this  way  we  reduce  to  the  case  A = Ag  and  S affine. 


After  replacing  S by  an  affine  open  V and  replacing  Y by  j_1(K)  we  may  assume 
that  i is  a closed  immersion  and  S affine.  Write  S = Spec(A).  Then  j : Y -A  S 
defines  an  isomorphism  of  Y to  the  closed  subscheme  Spec(A/7)  for  some  ideal 
I C A.  The  map  i : Y = Spec(A//)  — ► Ag  = Spec(A[aq, . . . ,xn])  corresponds  to 
an  A-algebra  homomorphism  $ : A[x±, . . . ,xn]  — > A/ 1.  Choose  a*  £ A which  map 
to  i\xi)  in  A/ 1.  Observe  that  the  ideal  of  the  closed  immersion  i is 


J = (aq  - ai, . . . , xn  - an)  + IA[  aq,  ...,xn\. 

Set  K = (x\  — a\, . . . ,xn  — an ).  We  claim  the  sequence 

0 -►  K/KJ  -a  J/J2  -A  J/{K  + J2)  -a  0 

is  split  exact.  To  see  this  note  that  K/K 2 is  free  with  basis  xt  — ai  over  the  ring 
A[xi, . . . , xn\/K  = A.  Hence  K/KJ  is  free  with  the  same  basis  over  the  ring 
A[x i, . . . , xn\/ J = A/I.  On  the  other  hand,  taking  derivatives  gives  a map 

^A[xi,...,xn]/A  ■ J / J~  t ^A[xi:...,xn\/A  ^-[^1)  * * ■ ) Xn]/ J 

which  maps  the  generators  Xi  — at  to  the  basis  elements  d Xi  of  the  free  module  on 
the  right.  The  claim  follows.  Moreover,  note  that  x\  — ai, . . . , xn  — an  is  a regular 
sequence  in  A[xi, . . . , xn ] with  quotient  ring  A[x i, . . . , xrt\/{xi  — a\, . . . , xn  — an ) = 
A.  Thus  we  have  a factorization 


Y — t V {%i  — ai,  • • • , xn  — an ) -A  Ag 

of  our  closed  immersion  i where  the  composition  is  Koszul-regular  (resp.  Hi-regular, 
quasi-regular),  the  second  arrow  is  a regular  immersion,  and  the  associated  conor- 
mal sequence  is  split.  Now  the  result  follows  from  Lemma  [30. 18. 8|  □ 


01X1 


01X2 


30.20.  Meromorphic  functions  and  sections 
See  }Kle79j  for  some  possible  pitfallt^] 

Let  (X,Ox)  be  a locally  ringed  space.  For  any  open  U C X we  have  defined  the 


set  S(U)  C Ox{U ) of  regular  sections  of  Ox  over  U,  see  Definition  30.11.17 
restriction  of  a regular  section  to  a smaller  open  is  regular.  Hence  S 


The 


U i — y S(U) 

is  a subsheaf  (of  sets)  of  Ox  ■ We  sometimes  denote  S = Sx  if  we  want  to  indicate 
the  dependence  on  X.  Moreover,  S(U)  is  a multiplicative  subset  of  the  ring  Ox(U ) 
for  each  U.  Hence  we  may  consider  the  presheaf  of  rings 

U ^S{U)~lOx(U), 


see  Modules,  Lemma [17. 23. 1| 

Definition  30.20.1.  Let  (A,  Ox)  be  a locally  ringed  space.  The  sheaf  of  mero- 
morphic functions  on  X is  the  sheaf  ICx  associated  to  the  presheaf  displayed  above. 
A meromorphic  function  on  A is  a global  section  of  ICx  ■ 


Since  each  element  of  each  S(U)  is  a nonzerodivisor  on  Ox{U)  we  see  that  the 
natural  map  of  sheaves  of  rings  Ox  — 1 ICx  is  injective. 


2Danger,  Will  Robinson! 
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01X3  Example  30.20.2.  Let  A = C[x,{ya}a£c\/{{x  — ot)ya,yayp).  Any  element  of 
A can  be  written  uniquely  as  f(x)  + "}2Xaya  with  f(x)  £ C[x]  and  Aa  £ C.  Let 
X = Spec(A).  In  this  case  Ox  = fcx,  since  on  any  affine  open  D(f)  the  ring  Af 
any  nonzerodivisor  is  a unit  (proof  omitted). 

02OT  Definition  30.20.3.  Let  / : (X,  Ox)  — > ( Y,Oy ) be  a morphism  of  locally  ringed 
spaces.  We  say  that  pullbacks  of  meromorphic  functions  are  defined  for  f if  for  every 
pair  of  open  U C X,  V CY  such  that  f(U)  C V,  and  any  section  s £ r(K  SY)  the 
pullback  f\s)  £ L(t/,  Ox)  is  an  element  of  T(U,Sx). 

In  this  case  there  is  an  induced  map  : f~1K,y  -A  1C, in  other  words  we  obtain 
a commutative  diagram  of  morphisms  of  ringed  spaces 

{X,Kx) *(X,Ox) 

f f 

(Y,Ky) *{Y,Ox) 


We  sometimes  denote  f*(s)  = ft(s)  for  a section  s £ r(Y, K-y). 

02OU  Lemma  30.20.4.  Let  f : X -A  Y be  a morphism  of  schemes.  In  each  of  the 
following  cases  pullbacks  of  meromorphic  sections  are  defined. 

(1)  X,  Y are  integral  and  f is  dominant , 

(2)  X is  integral  and  the  generic  point  of  X maps  to  a generic  point  of  an 
irreducible  component  of  Y , 

(3)  X is  reduced  and  every  generic  point  of  every  irreducible  component  of  X 
maps  to  the  generic  point  of  an  irreducible  component  of  Y , 

(4)  X is  locally  Noetherian,  and  any  associated  point  of  X maps  to  a generic 
point  of  an  irreducible  component  of  Y , and 

(5)  X is  locally  Noetherian,  has  no  embedded  points  and  any  generic  point  of 
an  irreducible  component  of  X maps  to  the  generic  point  of  an  irreducible 
component  ofY. 


Proof.  Omitted.  Hint:  Similar  to  the  proof  of  Lemma  30.11.12  using  the  following 
fact  (on  Y):  if  an  element  x £ R maps  to  a nonzerodivisor  in  for  a minimal 
prime  p of  R , then  x ^ p.  See  Algebra,  Lemma [10. 24. 1|  □ 


Let  (X,  Ox)  be  a locally  ringed  space.  Let  T be  a sheaf  of  Ox-modules.  Consider 
the  presheaf  U ha  5(I/)_1  R(U).  Its  sheafification  is  the  sheaf  T ®ox  l^x,  see 
Modules,  Lemma fl7.23.2l 

01X4  Definition  30.20.5.  Let  A be  a locally  ringed  space.  Let  T be  a sheaf  of  Ox- 
modules. 

(1)  We  denote  XxifF)  the  sheaf  of  Xx-modules  which  is  the  sheafification  of 
the  presheaf  U ha  S(f7)-1  J-{U).  Equivalently  K,x{F)  = F ®Ox  A x (see 
above). 

(2)  A meromorphic  section  of  T is  a global  section  of  K,x{X). 


fcx{F)x  = 


fcx.x  = Sx  Yx 


In  particular  we  have 
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for  any  point  x £ X.  However,  one  has  to  be  careful  since  it  may  not  be  the  case 
that  Sx  is  the  set  of  nonzerodivisors  in  the  local  ring  Ox,x-  Namely,  there  is  always 
an  injective  map 

Xx,x  — > Q{Ox,x) 

to  the  total  quotient  ring.  It  is  also  surjective  if  and  only  if  Sx  is  the  set  of  nonzero- 
divisors  in  Ox.x-  The  sheaves  of  meromorphic  sections  aren’t  quasi-coherent  mod- 
ules in  general,  but  they  do  have  some  properties  in  common  with  quasi-coherent 
modules. 

0817  Lemma  30.20.6.  Let  X be  a quasi-compact  scheme.  Let  h £ F(X,  Ox)  and 
f £ r(AT,  JCx ) such  that  f restricts  to  zero  on  Xh-  Then  hnf  = 0 for  some  n>  0. 

Proof.  We  can  find  a covering  of  X by  affine  opens  U such  that  f\jj  = s~1a 
with  a £ Ox{U)  and  s £ S(U).  Since  X is  quasi-compact  we  can  cover  it  by 
finitely  many  affine  opens  of  this  form.  Thus  it  suffices  to  prove  the  lemma  when 
X = Spec(A)  and  / = s-1a.  Note  that  s £ A is  a nonzerodivisor  hence  it  suffices 
to  prove  the  result  when  / = a.  The  condition  f\xh  =0  implies  that  a maps  to 
zero  in  Ah  = Ox{Xh)  as  Ox  C Xx  ■ Thus  hna  = 0 for  some  n > 0 as  desired.  □ 

02OV  Lemma  30.20.7.  Let  X be  a locally  Noetherian  scheme. 

(1)  For  any  x £ X we  have  Sx  C Ox,x  is  the  set  of  nonzerodivisors,  and 
hence  Xx,x  is  the  total  quotient  ring  of  Ox, x- 

(2)  For  any  affine  open  U C X the  ring  Xx{U)  equals  the  total  quotient  ring 
ofOx{U). 


Proof.  To  prove  this  lemma  we  may  assume  X is  the  spectrum  of  a Noetherian 
ring  A.  Say  x £ X corresponds  to  p C A. 


Proof  of  (1).  It  is  clear  that  Sx  is  contained  in  the  set  of  nonzerodivisors  of  Ox,x  = 
Ap.  For  the  converse,  let  /,  g £ A,  g £ p and  assume  f/g  is  a nonzerodivisor  in  Ap. 
Let  I = {a  £ A \ af  = 0}.  Then  we  see  that  Ip  = 0 by  exactness  of  localization. 
Since  A is  Noetherian  we  see  that  I is  finitely  generated  and  hence  that  g'l  = 0 
for  some  g'  £ A,  g'  fL  p.  Hence  / is  a nonzerodivisor  in  Agi , i.e.,  in  a Zariski  open 
neighbourhood  of  p.  Thus  f/g  is  an  element  of  Sx. 


02OW 


Proof  of  (2).  Let  / £ T(X,Xx)  be  a meromorphic  function.  Set  I = {a  £ A \ af  £ 
Af.  Fix  a prime  p C I corresponding  to  the  point  x £ X.  By  (1)  we  can  write 
the  image  of  / in  the  stalk  at  p as  a/b , a,b  £ Ap  with  b £ Ap  not  a zerodivisor. 
Write  b = c/d  with  c,  d £ A,  d qL  p.  Then  ad  — cf  is  a section  of  Xx  which  vanishes 
in  an  open  neighbourhood  of  x.  Say  it  vanishes  on  D{e)  with  e £ A,  e ^ p.  Then 
en(ad  — cf)  = 0 for  some  n 0 by  Lemma  30.20.6|  Thus  enc  £ I and  enc  maps  to 
a nonzerodivisor  in  Ap.  Let  Ass  (A)  = {qj_ , . . . , q*}  be  the  associated  primes  of  A. 
By  looking  at  IAPi  and  using  Algebra,  Lemma  10.62.15  the  above  says  that  I q, 
for  each  i.  By  Algebra,  Lemma  10.14.2  there  exists  an  element  x £ I,  x ^ (J  q,.  By 
Algebra,  Lemma  10.62.9  we  see  that  x is  not  a zerodivisor  on  A.  Hence  / = (xf)/x 
is  an  element  of  the  total  ring  of  fractions  of  A.  This  proves  (2).  □ 


Lemma  30.20.8.  Let  X be  a scheme.  Assume  X is  reduced  and  any  quasi-compact 
open  U C X has  a finite  number  of  irreducible  components. 

(1)  The  sheaf  Xx  is  a quasi-coherent  sheaf  of  Ox -algebras. 

(2)  For  any  x £ X l we  have  Sx  C 0\,x  is  the  set  of  nonzerodivisors.  In 
particular  Xx,x  is  the  total  quotient  ring  of  Ox,x  ■ 
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(3)  For  any  affine  open  Spec(A)  = U C X we  have  that  ICx(U)  equals  the 
total  quotient  ring  of  A. 

Proof.  Let  X be  as  in  the  lemma.  Let  C X be  the  set  of  generic  points  of 
irreducible  components  of  X.  Let 


f-y= IL 


Spec(n(q))  — > X 


Li)£X(») 

be  the  inclusion  of  the  generic  points  into  X using  the  canonical  maps  of  Schemes, 


Section  25.13  (This  morphism  was  used  in  Morphisms,  Definition  28.49.1  to  define 
the  normalization  of  X.)  We  claim  that  ICx  = f*Oy ■ First  note  that  ICy  = Oy  as 
Y is  a disjoint  union  of  spectra  of  field.  Next,  note  that  pullbacks  of  meromorphic 


functions  are  defined  for  /,  by  Lemma  30.20.4|  This  gives  a map 

Fx  —>f*Oy. 

Let  Spec(A)  = U C X be  an  affine  open.  Then  A is  a reduced  ring  with  finitely 
many  minimal  primes  qi,...,q;.  Then  we  have  Q(A)  = J|Aqi  = II  K(qi)  by 
Algebra,  Lemmas  |10.24.4|  and  |10.24.1  In  other  words,  already  the  value  of  the 
presheaf  U 5(/7)_10,y(C^)  agrees  with  f*Oy(U)  on  our  affine  open  U.  Hence 
the  displayed  map  is  an  isomorphism. 

Now  we  are  ready  to  prove  (1),  (2)  and  (3).  The  morphism  / is  quasi-compact  by 
our  assumption  that  the  set  of  irreducible  components  of  X is  locally  finite.  Hence 
/ is  quasi-compact  and  quasi-separated  (as  Y is  separated).  By  Schemes,  Lemma 
25.24.1  f*Oy  is  quasi-coherent.  This  proves  (1).  Let  x £ X.  Then 


(. f*oY)x = n 


cT t^I) 
ref'?} 


LrjeATo), 

On  the  other  hand,  Ox,x  is  reduced  and  has  finitely  minimal  primes  q^  corre- 
sponding exactly  to  those  q G X(0i  such  that  x € {q}n(q).  Hence  by  Algebra, 


Lemmas  10.24.4  and  10.24.1  again  we  see  that  Q(Ox,x)  = II  K(li)  is  the  same  as 
( f*Oy)x ■ This  proves  (2).  Part  (3)  we  saw  during  the  course  of  the  proof  that 
ICx  = f*Oy.  □ 

Lemma  30.20.9.  Let  X he  a scheme.  Assume  X is  reduced  and  any  quasi-compact 
open  U C X has  a finite  number  of  irreducible  components.  Then  the  normalization 
morphism  v : Xv  — » X is  the  morphism 


Spec  x{0') 


X 


where  O'  C JCx  is  the  integral  closure  of  Ox  in  the  sheaf  of  meromorphic  functions. 


Proof.  Compare  the  definition  of  the  normalization  morphism  v 
Morphisms 


Xv 


X (see 


Definition  28.49.1 1 with  the  result  ICx  = f*Oy  obtained  in  the  proof 

□ 


of  Lemma  130.20.81  above. 

Lemma  30.20.10.  Let  X be  an  integral  scheme  with  generic  point  q.  We  have 
(1)  the  sheaf  of  meromorphic  functions  is  isomorphic  to  the  constant  sheaf 


with  value  the  function  field  (see  Morphisms,  Definition  28.9.5)  of  X. 

(2)  for  any  quasi-coherent  sheaf  T on  X the  sheaf  ICx  (X)  is  isomorphic  to 
the  constant  sheaf  with  value  Trj . 


Proof.  Omitted. 


□ 
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02OX  Definition  30.20.11.  Let  X be  a locally  ringed  space.  Let  C be  an  invertible 
Ox-module.  A meromorphic  section  s of  C is  said  to  be  regular  if  the  induced  map 
Ax  — > Ax(£)  is  injective.  (In  other  words,  this  means  that  s is  a regular  section 


of  the  invertible  Ax-module  Ax(£).  See  Definition  30.11.17  ) 


First  we  spell  out  when  (regular)  meromorphic  sections  can  be  pulled  back.  After 
that  we  discuss  the  existence  of  regular  meromorphic  sections  and  consequences. 

02OY  Lemma  30.20.12.  Let  f : X — ► Y be  a morphism  of  locally  ringed  spaces.  Assume 


that  pullbacks  of  meromorphic  functions  are  defined  for  f ( see  Definition  30.20.3 ). 

(1)  Let  T be  a sheaf  of  Oy  -modules.  There  is  a canonical  pullback  map  f*  : 
r(Y,  K,y{F))  — > T(X,  K,x{f*F))  for  meromorphic  sections  of  T . 

(2)  Let  C be  an  invertible  Ox -module.  A regular  meromorphic  section  s of  C 
pulls  back  to  a regular  meromorphic  section  f*s  of  f*  C. 


Proof.  Omitted. 

In  some  cases  we  can  show  regular  meromorphic  sections  exist. 


□ 


In 


02OZ  Lemma  30.20.13.  Let  X be  a scheme.  Let  C be  an  invertible  Ox-module, 
each  of  the  following  cases  C has  a regular  meromorphic  section: 

(1)  X is  integral, 

(2)  X is  reduced  and  any  quasi-compact  open  has  a finite  number  of  irreducible 
components,  and 

(3)  X is  locally  Noetherian  and  has  no  embedded  points. 


Proof.  In  case  (1)  we  have  seen  in  Lemma  30.20.10  that  Ax(£)  is  a constant  sheaf 


with  value  C7),  and  hence  the  result  is  clear. 


Suppose  A is  a scheme.  Let  G C X be  the  set  of  generic  points  of  irreducible 
components  of  X.  For  each  r)  £ G denote  jn  : rj  -A  X the  canonical  morphism  of 
?/  = Spec(«;(7/))  into  X (see  Schemes,  Lemma  25.13.3|).  Consider  the  sheaf 

Gx(£)  = 


There  is  a canonical  map 


Lr;eG' 


P : KX{C)  — > Qx(C) 


coming  from  the  maps  tCx{j0.)v  — > Cv  and  adjunction  (see  Sheaves,  Lemma  6.27.3). 


We  claim  that  in  cases  (2)  and  (3)  the  map  p is  an  isomorphism  for  any  invertible 
sheaf  C.  Before  proving  this  let  us  show  that  cases  (2)  and  (3)  follow  from  this. 
Namely,  we  can  choose  sv  £ C v which  generate  Cv,  i.e.,  such  that  Crj  = Ox,r)Sv- 


Since  the  claim  applied  to  Ox  gives  Ax  = Gx{Ox)  it  is  clear  that  the  global  section 
s = n eG  sv  is  regular  as  desired. 

To  prove  that  p is  an  isomorphism  we  may  work  locally  on  X.  For  example  it 
suffices  to  show  that  sections  of  Ax(£)  and  Gx{£)  agree  over  small  affine  opens 
U.  Say  U = Spec(A)  and  C\u  = Ojj-  By  Lemmas  30.20.7  and  30.20.8  we  see 


that  r(f7,  Ax)  = Q(A)  is  the  total  ring  of  fractions  of  A.  On  the  other  hand, 
r({7,  Gx(Ox))  = II qc A minimal  both  cases  we  see  that  the  set  of  minimal 

primes  of  A is  finite,  say  qi , . . . , qt,  and  that  the  set  of  zerodivisors  of  A is  equal  to 


qi  U . . . U qf  (see  Algebra,  Lemma  10.62.9).  Hence  the  result  follows  from  Algebra, 
Lemma  110.24.41  □ 
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02P0  Lemma  30.20.14.  Let  X be  a scheme.  Let  C be  an  invertible  Ox-module.  Let  s 
be  a regular  meromorphic  section  of  C.  Let  us  denote  X C Ox  the  sheaf  of  ideals 
defined  by  the  rule 

l(V)  = {f  eOx(V)\fseC(V)}. 

The  formula  makes  sense  since  C(V)  C ICx(X)(V).  Then  X is  a quasi- coherent 
sheaf  of  ideals  and  we  have  injective  maps 

1 : X — > Ox-,  s : X — > C 

whose  cokernels  are  supported  on  closed  nowhere  dense  subsets  of  X. 

Proof.  The  question  is  local  on  X.  Hence  we  may  assume  that  X = Spec(A),  and 
C = Ox-  After  shrinking  further  we  may  assume  that  s = x/y  with  a,b  £ A both 
nonzerodivisors  in  A.  Set  I = {x  £ A \ x(a/b)  £ A}. 

To  show  that  X is  quasi-coherent  we  have  to  show  that  If  = {x  £ Af  \ x(a/b)  £ Af } 
for  every  f £ A.  If  c/  fn  £ Af,  (c/ fn)(a/b)  £ Af,  then  we  see  that  fmc(a/b)  £ A 
for  some  m,  hence  c/fn  £ If.  Conversely  it  is  easy  to  see  that  If  is  contained  in 
{x  £ Af  \ x(a/b)  £ Af}.  This  proves  quasi-coherence. 

Let  us  prove  the  final  statement.  It  is  clear  that  ( b ) C I.  Hence  V(I)  C V(b)  is  a 
nowhere  dense  subset  as  b is  a nonzerodivisor.  Thus  the  cokernel  of  1 is  supported 
in  a nowhere  dense  closed  set.  The  same  argument  works  for  the  cokernel  of  s since 
s(b)  = (a)  C si  C A.  □ 

02P1  Definition  30.20.15.  Let  X be  a scheme.  Let  C be  an  invertible  Ox-module. 
Let  s be  a regular  meromorphic  section  of  C.  The  sheaf  of  ideals  X constructed  in 
Lemma  |30. 20.14]  is  called  the  ideal  sheaf  of  denominators  of  s. 

Here  is  a lemma  which  will  be  used  later. 

02P2  Lemma  30.20.16.  Suppose  given 

(1)  X a locally  Noetherian  scheme, 

(2)  C an  invertible  Ox -module, 

(3)  s a regular  meromorphic  section  of  C,  and 

(4)  T coherent  on  X without  embedded  associated  points  and  Supp(T)  = X . 
Let  X C Ox  be  the  ideal  of  denominators  of  s.  Let  T C X be  the  union  of  the 
supports  of  Ox/X  and  C/s(X)  which  is  a nowhere  dense  closed  subset  T C X 
according  to  Lemma\30.20.1j\  Then  there  are  canonical  injective  maps 

1 : XJ-  — !•  T , s : XJ-  — > J-  <E>Ox  ^ 

whose  cokernels  are  supported  on  T. 


Proof.  Reduce  to  the  affine  case  with  C = Ox,  and  s = a/b  with  a,b  £ A both 
nonzerodivisors.  Proof  of  reduction  step  omitted.  Write  J-  = M.  Let  I = {x  £ 
A | x(a/b ) £ A}  so  that  X = I (see  proof  of  Lemma  30.20.14 1.  Note  that  T = 
V(I)  U V((a/b)I).  For  any  H-module  M consider  the  map  1 : IM  — > M;  this  is 
the  map  that  gives  rise  to  the  map  1 of  the  lemma.  Consider  on  the  other  hand 
the  map  a : IM  — > Mb,  x ha  ax/b.  Since  b is  not  a zerodivisor  in  A,  and  since  M 
has  support  Spec(A)  and  no  embedded  primes  we  see  that  b is  a nonzerodivisor  on 
M also.  Hence  M C Mb.  By  definition  of  / we  have  cr(IM)  C M as  submodules 
of  Mb ■ Hence  we  get  an  A-module  map  s : IM  -A  M (namely  the  unique  map 
such  that  s(z)/ 1 = a(z)  in  Mb  for  all  2 £ IM).  It  is  injective  because  a is  a 
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nonzerodivisor  also  (on  both  A and  M).  It  is  clear  that  M/IM  is  annihilated  by  I 
and  that  M/s{IM)  is  annihilated  by  ( a/b)I . Thus  the  lemma  follows.  □ 


30.21.  Weil  divisors 


0BE0  We  will  introduce  Weil  divisors  and  rational  equivalence  of  Weil  divisors  for  locally 
Noetherian  integral  schemes.  Since  we  are  not  assuming  our  schemes  are  quasi- 
compact we  have  to  be  a little  careful  when  defining  Weil  divisors.  We  have  to 
allow  infinite  sums  of  prime  divisors  because  a rational  function  may  have  infinitely 
many  poles  for  example.  For  quasi-compact  schemes  our  Weil  divisors  are  finite 
sums  as  usual.  Here  is  a basic  lemma  we  will  often  use  to  prove  collections  of  closed 
subschemes  are  locally  finite. 

0BE1  Lemma  30.21.1.  Let  X be  a locally  Noetherian  scheme.  Let  Z C X be  a closed 
subscheme.  The  collection  of  irreducible  components  of  Z is  locally  finite  in  X. 


Proof.  Let  U C A'  be  a quasi-compact  open  subscheme.  Then  U is  a Noether- 
ian scheme,  and  hence  has  a Noetherian  underlying  topological  space  (Properties, 
Lemma  27.5.5).  Hence  every  subspace  is  Noetherian  and  has  finitely  many  irre- 
ducible components  (see  Topology,  Lemma  5.8.2).  □ 


0BE2 


Recall  that  if  Z is  an  irreducible  closed  subset  of  a scheme  X,  then  the  codimension 
of  Z in  X is  equal  to  the  dimension  of  the  local  ring  Ox,£ , where  £ £ Z is  the  generic 
point.  See  Properties,  Lemma [27. 10. 3| 


Definition  30.21.2.  Let  A be  a locally  Noetherian  integral  scheme. 

A prime  divisor  is  an  integral  closed  subscheme  Z C X of  codimension  1. 


(1) 

(2) 


A Weil  divisor  is  a formal  sum  D = ^ nz  Z where  the  sum  is  over  prime 
divisors  of  X and  the  collection  {Z  \ nz  7^  0}  is  locally  finite  (Topology, 
Definition  15.27.41) . 


The  group  of  all  Weil  divisors  on  X is  denoted  Div(A). 


Our  next  task  is  to  define  the  Weil  divisor  associated  to  a rational  function.  In 
order  to  do  this  we  use  the  order  of  vanishing  of  a rational  function  along  a prime 
divisor  which  is  defined  as  follows. 


02RJ  Definition  30.21.3.  Let  A be  a locally  Noetherian  integral  scheme.  Let  / £ 
R(X)*.  For  every  prime  divisor  Z C X we  define  the  order  of  vanishing  of  f along 
Z as  the  integer 

ord z(f)  = ordox,(  (/) 

where  the  right  hand  side  is  the  notion  of  Algebra,  Definition|10.120T2|and  £ is  the 
generic  point  of  Z. 

Note  that  for  f,g  £ R(X)*  we  have 

ord  z(fg)  = ord  z(f)  + ord  z{g)- 

Of  course  it  can  happen  that  ordz(f)  < 0.  In  this  case  we  say  that  / has  a pole 
along  Z and  that  —ord z{f)  > 0 is  the  order  of  pole  of  f along  Z.  It  is  important 
to  note  that  the  condition  oidz(f)  > 0 is  not  equivalent  to  the  condition  / £ Ox,£ 
unless  the  local  ring  Ox,£  is  a discrete  valuation  ring. 
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02RL  Lemma  30.21.4.  Let  X be  a locally  Noetherian  integral  scheme.  Let  f £ R(X)* . 
Then  the  collections 

{Z  C X | Z a prime  divisor  with  generic  point  £ and  f not  in  Ox, 5} 

and 

{Z  C X | Z a prime  divisor  and  ordz(f)  7^  0} 
are  locally  finite  in  X . 


Proof.  There  exists  a nonempty  open  subscheme  U C X such  that  / corresponds 
to  a section  of  T(U,  Ox).  Hence  the  prime  divisors  which  can  occur  in  the  sets  of 
the  lemma  are  all  irreducible  components  of  X \ U.  Hence  Lemma  30.21.1  gives 
the  desired  result.  □ 


This  lemma  allows  us  to  make  the  following  definition. 


0BE3 


Definition  30.21.5.  Let  X be  a locally  Noetherian  integral  scheme.  Let  / £ 
R(X)*.  The  principal  Weil  divisor  associated  to  f is  the  Weil  divisor 


div(/)  = divx(f)  = J^ord  zif)[Z] 


02RP 


where  the  sum  is  over  prime  divisors  and  ord z(f)  is  as  in  Definition  30.21.3  This 
makes  sense  by  Lemma[30.21.4| 

Lemma  30.21.6.  Let  X be  a locally  Noetherian  integral  scheme.  Let  f , g £ R(X)* . 
Then 

divx(fg)  = divx(f)  + divx(g) 

as  Weil  divisors  on  X. 


Proof.  This  is  clear  from  the  additivity  of  the  ord  functions.  □ 

We  see  from  the  lemma  above  that  the  collection  of  principal  Weil  divisors  form  a 
subgroup  of  the  group  of  all  Weil  divisors.  This  leads  to  the  following  definition. 

0BE4  Definition  30.21.7.  Let  X be  a locally  Noetherian  integral  scheme.  The  Weil 
divisor  class  group  of  X is  the  quotient  of  the  group  of  Weil  divisors  by  the  subgroup 
of  principal  Weil  divisors.  Notation:  C1(X). 

By  construction  we  obtain  an  exact  complex 

0BE5  (30.21.7.1)  R(X)*  ^ Div(X)  — > Cl(X)  -£  0 

which  we  can  think  of  as  a presentation  of  C1(X).  Our  next  task  is  to  relate  the 
Weil  divisor  class  group  to  the  Picard  group. 


30.22.  The  Weil  divisor  class  associated  to  an  invertible  module 

02SE  In  this  section  we  go  through  exactly  the  same  progression  as  in  Section  [30.21|  to 
define  a canonical  map  Pic(X)  — »•  C1(X)  on  a locally  Noetherian  integral  scheme. 

Let  X be  a scheme.  Let  £ be  an  invertible  Ox-module.  Let  £ £ X be  a point.  If 
£ £5  generate  £5  as  Ox, 5-module,  then  there  exists  a unit  u £ Ox^  such 
that  = us The  stalk  of  the  sheaf  of  meromorphic  sections  ICx(C)  of  £ at  a; 
is  equal  to  )Cx,x  £e-  Thus  the  image  of  any  meromorphic  section  s of  £ in 

the  stalk  at  x can  be  written  as  s = fs 5 with  / £ JCx,x-  Below  we  will  abbreviate 
this  by  saying  / = s/s^.  Also,  if  X is  integral  we  have  Xx,x  = R(X)  is  equal  to 
the  function  field  of  X,  so  s/s ^ £ R(X).  If  s is  a regular  meromorphic  section, 
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02SF 


02SG 


02SH 
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then  actually  s/s ^ £ R(X)* . On  an  integral  scheme  a regular  meromorphic  section 
is  the  same  thing  as  a nonzero  meromorphic  section.  Finally,  we  see  that  s/sj  is 
independent  of  the  choice  of  up  to  multiplication  by  a unit  of  the  local  ring  Ox,x- 
Putting  everything  together  we  see  the  following  definition  makes  sense. 

Definition  30.22.1.  Let  X be  a locally  Noetherian  integral  scheme.  Let  C be  an 
invertible  Ox-module.  Let  s £ T(X,  /Cx(£))  be  a regular  meromorphic  section  of 
C.  For  every  prime  divisor  Z C X we  define  the  order  of  vanishing  of  s along  Z as 
the  integer 

ordZj£(s)  = ord0x,£(s/sj) 

where  the  right  hand  side  is  the  notion  of  Algebra,  Definition |10. 120T2|  £ £ Z is  the 
generic  point,  and  sj  £ is  a generator. 


As  in  the  case  of  principal  divisors  we  have  the  following  lemma. 

Lemma  30.22.2.  Let  X be  a locally  Noetherian  integral  scheme.  Let  C be  an 
invertible  Ox -module.  Let  s £ ICx(T)  be  a regular  (i.e.,  nonzero)  meromorphic 
section  of  C.  Then  the  sets 

{Z  C X | Z a prime  divisor  with  generic  point  £ and  s not  in 

and 

{Z  C X | Z is  a prime  divisor  and  ordz,cis ) 7^  0} 
are  locally  finite  in  X. 


Proof.  There  exists  a nonempty  open  subscheme  U C X such  that  s corresponds 
to  a section  of  T(U,  C)  which  generates  C over  U.  Hence  the  prime  divisors  which 
can  occur  in  the  sets  of  the  lemma  are  all  irreducible  components  of  X \ U.  Hence 
Lemma  30.21.1  gives  the  desired  result.  □ 


Lemma  30.22.3.  Let  X be  a locally  Noetherian  integral  scheme.  Let  C be  an 
invertible  Ox-module.  Let  s,s'  £ ICx(T)  be  nonzero  meromorphic  sections  of  C. 
Then  f = s/s'  is  an  element  of  R(X)*  and  we  have 


ordz,c(s)[Z } = y ordz,c(s')[Z]  + div(f) 

as  Weil  divisors. 


Proof.  This  is  clear  from  the  definitions.  Note  that  Lemma  |30.22.2|  guarantees 
that  the  sums  are  indeed  Weil  divisors.  □ 


Definition  30.22.4.  Let  X be  a locally  Noetherian  integral  scheme.  Let  C be  an 
invertible  Ox-module. 

(1)  For  any  nonzero  meromorphic  section  s of  C we  define  the  Weil  divisor 
associated  to  s as 

dfyc(s)  = J^ord z,c(s)[Z\  £ Div(X) 
where  the  sum  is  over  prime  divisors. 

(2)  We  define  Weil  divisor  class  associated  to  C as  the  image  of  dfyc(s)  in 
C1(X)  where  s is  any  nonzero  meromorphic  section  of  C over  X.  This  is 
well  defined  by  Lemma  [30. 22. 3[ 

As  expected  this  construction  is  additive  in  the  invertible  module. 
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Lemma  30.22.5.  Let  X be  a locally  Noetherian  integral  scheme.  Let  C,  A f be 
invertible  Ox -modules.  Let  s,  resp.  t be  a nonzero  meromorphic  section  of  C,  resp. 
A/".  Then  st  is  a nonzero  meromorphic  section  of  C®  A/",  and 

divc^jg-(st)  = divc(s)  + div^ft) 

in  Div(X).  In  particular,  the  Weil  divisor  class  of  C®ox  N sum  of  the  Weil 
divisor  classes  of  C and  J\f. 

Proof.  Let  s , resp.  t be  a nonzero  meromorphic  section  of  £,  resp.  A f.  Then  st 
is  a nonzero  meromorphic  section  of  £ ® A f . Let  Z C X be  a prime  divisor.  Let 
£ £ Z be  its  generic  point.  Choose  generators  £ £^,  and  £ JV, (.  Then  s^te  is 

a generator  for  (£  (g)  A f)%.  So  stf(s^t^)  = (s/s^)(t/t^).  Hence  we  see  that 

di  vc®M,z{st)  = div£,z(s)  + divjytz(t) 

by  the  additivity  of  the  ordz  function.  □ 


In  this  way  we  obtain  a homomorphism  of  abelian  groups 
(30.22.5.1)  PicpQ  — > C1(X) 

which  assigns  to  an  invertible  module  its  Weil  divisor  class. 

Lemma  30.22.6.  Let  X be  a locally  Noetherian  integral  scheme.  If  X is  normal, 
then  the  map  (30.22.5.1)  Pic(X)  — > Cl(X)  is  injective. 


Proof.  Let  C be  an  invertible  Ox-module  whose  associated  Weil  divisor  class  is 
trivial.  Let  s be  a regular  meromorphic  section  of  C.  The  assuption  means  that 
div,c(s)  = div(/)  for  some  / £ R(X)* . Then  we  see  that  t = /_1s  is  a regular 


meromorphic  section  of  C with  div,c(f)  = 0,  see  Lemma  30.22.3  We  will  show  that 
t defines  a trivialization  of  C which  finishes  the  proof  of  the  lemma.  In  order  to 
prove  this  we  may  work  locall  on  X.  Hence  we  may  assume  that  X = Spec(A)  is 
affine  and  that  C is  trivial.  Then  A is  a Noetherian  normal  domain  and  t is  an 
element  of  its  fraction  field  such  that  ordx  (t)  = 0 for  all  height  1 primes  p of  A. 
Our  goal  is  to  show  that  t is  a unit  of  A.  Since  Ap  is  a discrete  valuation  ring 


for  height  one  primes  of  A (Algebra,  Lemma  10.149.4),  the  condition  signifies  that 

A and  t-1  £ A by  Algebra, 

□ 


t £ A*  for  all  primes  p of  height  1.  This  implies  t £ 


Lemma  [10. 149. 6|  and  the  proof  is  complete. 


Lemma  30.22.7. 

map  t3 


Let  X be  a locally  Noetherian  integral  scheme.  Consider  the 
.5.1)  Pic(X)  — » Cl(X).  The  following  are  equivalent 


(1)  the  local  rings  of  X are  UFDs,  and 

(2)  X is  normal  and  Pic(X)  — > Cl(X ) is  surjective. 
In  this  case  Pic(X)  — ► Cl(X)  is  an  isomorphism. 


Proof.  If  (1)  holds,  then  X is  normal  by  Algebra,  Lemma  10.119.9  Hence  the  map 


(30.22.5.1)  is  injective  by  Lemma  30.22.6  Moreover,  every  prime  divisor  D C X is 


an  effective  Cartier  divisor  by  Lemma  30.12.7|  In  this  case  the  canonical  section  1 £> 
of  Ox{D)  (Definition  30.11.14)  vanishes  exactly  along  D and  we  see  that  the  class 
of  D is  the  image  of  Ox{D)  under  the  map  (30.22.5.1 ).  Thus  the  map  is  surjective 
as  well. 


Assume  (2)  holds.  Pick  a prime  divisor  D C X.  Since  (30.22.5.1])  is  surjective 
there  exists  an  invertible  sheaf  C,  a regular  meromorphic  sectio  s,  and  / £ R(X)* 
such  that  dfyc(s)  + div(/)  = [D],  In  other  words,  div£(/s)  = [D\.  Let  x £ X 
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and  let  A = Ox,x-  Thus  A is  a Noetherian  local  normal  domain  with  fraction  field 
I\  = R(X).  Every  height  1 prime  of  A corresponds  to  a prime  divisor  on  X and 
every  invertible  Ox-module  restricts  to  the  trivial  invertible  module  on  Spec(A). 
It  follows  that  for  every  height  1 prime  p C A there  exists  an  element  f £ K such 
that  ordyip  (/)  = 1 and  ordJ4n,  (/)  = 0 for  every  other  height  one  prime  p' . Then 
/ £ A by  Algebra,  Lemma[l0.149.6|  Arguing  in  the  same  fashion  we  see  that  every 
element  g £ p is  of  the  form  g = af  for  some  a £ A.  Thus  we  see  that  every  height 
one  prime  ideal  of  A is  principal  and  A is  a UFD  by  Algebra,  Lemma[l0.119.6[  □ 


30.23.  More  on  invertible  modules 


0BD6  In  this  section  we  discuss  some  properties  of  invertible  modules. 

0BD7  Lemma  30.23.1.  Let  tp  : X — ► Y be  a morphism  of  schemes.  Let  £ be  an 
invertible  Ox -'module.  Assume  that 

(1)  X is  locally  Noetherian, 

(2)  Y is  locally  Noetherian,  integral,  and  normal, 

(3)  ip  is  flat  with  integral  (hence  nonempty)  fibres, 

(4)  ip  is  either  quasi-compact  or  locally  of  finite  type, 

(5)  £ is  trivial  when  restricted  to  the  generic  fibre  of  ip. 

Then  C = p*A f for  some  invertible  Oy  -module  Af. 


Proof.  Let  £ £ Y be  the  generic  point.  Let  X ^ be  the  scheme  theoretic  fibre  of  ip 
over  £.  Denote  £ £ the  pullback  of  £ to  X^.  Assumption  (5)  means  that  C % is  trivial. 
Choose  a trivializing  section  s £ T(Aj,  £f).  Observe  that  X is  integral  by  Lemma 
30.9.71  Hence  we  can  think  of  s as  a regular  meromorphic  section  of  £.  Pullbacks 


of  meromorphic  functions  are  defined  for  ip  by  Lemma [30. 20. 4[  Let  Af  C Kfy  be  the 
CV-mod ule  whose  sections  over  an  open  V C Y are  those  meromorphic  functions 
g £ Ky(V)  such  that  p*(g)s  £ £(p~lV).  A priori  ip*(g)s  is  a section  of  ICx(£) 
over  p~xV . We  claim  that  Af  is  an  invertible  CV-module  and  that  the  map 


ip*Af  ■ 


gs 


is  an  isomorphism. 


We  first  prove  the  claim  in  the  following  situation:  X and  Y are  affine  and  £ 
trivial.  Say  Y = Spec(i?),  X = Spec(A)  and  s given  by  the  element  s £ A (gi#  K 
where  K is  the  fraction  field  of  R.  We  can  write  s = a/ r for  some  nonzero  r £ R 
and  a £ A.  Since  s generates  £ on  the  generic  fibre  we  see  that  there  exists  an 
s'  £ A®rK  such  that  ss'  = 1.  Thus  we  see  that  s = r' /a'  for  some  nonzero  r'  £ R 
and  a'  £ A.  Let  pi,...,p„  C R be  the  mininal  primes  over  rr' . Each  RVi  is  a 


discrete  valuation  ring  (Algebra,  Lemmas  10.59.10  and  10.149.4).  By  assumption 


q i = piA  is  a prime.  Hence  qtAqi  is  generated  by  a single  element  and  we  find 


that  Aqi  is  a discrete  valuation  ring  as  well  (Algebra,  Lemma  10.118.7).  Of  course 
R„ 


A*,  has  ramification  index  1.  Let  ej,e(  > 0 be  the  valuation  of  a,  a'  in  A, 


Then  e*  + e(  is  the  valuation  of  rr'  in  Rp . . Note  that 

p[ei+e[)  n...n pf n+e"}  = (rr') 
in  R by  Algebra,  Lemma [10. 149. 6|  Set 

i = p[ei)  n...npl(e")  and  T = pj£,l)  n . . . npf"' 


q i- 
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so  that  II'  C (rr').  Observe  that 


i A = (p<ei)  n . . . n pv 

by  Algebra,  Lemmas  |10.63.3  and  10.38. 2|  Similarly  for  I' A.  Hence  a £ I A and 
a'  £ I'  A.  We  conclude  that  I A®  a I'  A — > rr'  A is  surjective.  By  faithfull  flatness  of 
J?->dwe  find  that  I I'  — > (rr')  is  surjective  as  well.  It  follows  that  II'  = (rr') 

and  I and  I'  are  finite  locally  free  of  rank  1,  see  Algebra,  Lemma  10.119. 14]  Thus 
Zariski  locally  on  R we  can  write  I = (g)  and  I ' = (g1)  with  gg'  = rr' . Then  a = ug 
and  a'  = v! g'  for  some  u,  u'  £ A.  We  conclude  that  u,  v!  are  units.  Thus  Zariski 
locally  on  R we  have  s = ug/r  and  the  claim  follows  in  this  case. 


Ten) 


)A=  (p1A)(ei)n...n(piA)(e™) 
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Let  y £ Y be  a point.  Pick  x £ X mapping  to  y.  We  may  apply  the  result  of 
the  previous  paragraph  to  Spec(Ox,a;)  — > Spec(Oy!j/).  We  conclude  there  exists  an 
element  g £ R(Y)*  well  defined  up  to  multiplication  by  an  element  of  Oyy  such 
that  <p*(g)s  generates  Lx.  Hence  p>*(g)s  generates  £ in  a neighbourhood  U of  x. 
Suppose  x'  is  a second  point  lying  over  y and  g'  £ R(Y)*  is  such  that  <p*(g')s 
generates  £ in  an  open  neighbourhood  U ' of  x' . Then  we  can  choose  a point  x"  in 
U D U'  n <^_1({j/})  because  the  fibre  is  irreducible.  By  the  uniqueness  for  the  ring 
map  Oy.y  — > Ox,x"  we  find  that  g and  g'  differ  (multiplicatively)  by  an  element  in 
Oyy.  Hence  we  see  that  <p*(g)s  is  a generator  for  £ on  an  open  neighbourhood  of 
ip~1(y).  Let  Zclbe  the  set  of  points  z £ X such  that  <p*(g)s  does  not  generate 
£2.  The  arguments  above  show  that  Z is  closed  and  that  Z = (p_1(T)  for  some 
subset  T CY  with  y T.  If  we  can  show  that  T is  closed,  then  g will  be  a generator 
for  A f as  an  CV-module  in  the  open  neighbourhood  Y\T  of  y thereby  finishing  the 
proof  (some  details  omitted). 


If  <p  is  quasi-compact,  then  T is  closed  by  Morphisms,  Lemma  28.25.10  If  <p  is 


locally  of  finite  type,  then  ip  is  open  by  Morphisms,  Lemma  28.25.9  Then  Y\T  is 
open  as  the  image  of  the  open  X \ Z.  □ 


Lemma  30.23.2.  Let  X be  a locally  Noetherian  scheme.  Let  U C X be  an  open 
and  let  D C U be  an  effective  Cartier  divisor.  If  Ox.x  Is  a UFD  for  all  x £ X \ U , 
then  there  exists  an  effective  Cartier  divisor  D'  C X with  D = U IT  D' . 
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Proof.  Let  D'  C X be  the  scheme  theoretic  image  of  the  morphism  D — > X.  Since 
X is  locally  Noetherian  the  morphism  D — > X is  quasi-compact,  see  Properties, 
Lemma|27.5.3  Hence  the  formation  of  D’  commutes  with  passing  to  opens  in  X by 
Morphisms,  Lemma  28.6.3  Thus  we  may  assume  X = Spec(A)  is  affine.  Let  I C A 
be  the  ideal  corresponding  to  D' . Let  p C A be  a prime  ideal  corresponding  to  a 
point  of  X\U.  To  finish  the  proof  it  is  enough  to  show  that  Ip  is  generated  by  one 
element,  see  Lemma  30.12.2  Thus  we  may  replace  X by  Spec(Ap),  see  Morphisms, 
Lemma  28.25.14  In  other  words,  we  may  assume  that  X is  the  spectrum  of  a local 
UFD  A.  Then  all  local  rings  of  A are  UFD’s.  It  follows  that  D = atDi  with 
Di  C U an  integral  effective  Cartier  divisor,  see  Lemma [30. 12. 9|  The  generic  points 
of  Di  correspond  to  prime  ideals  pi  C A of  height  1,  see  Lemma  [30.12. 3[  Then 
pi  = (fi)  for  some  prime  element  fi  £ A and  we  conclude  that  D ' is  cut  out  by 
Jd  /j0i  as  desired.  □ 


Lemma  30.23.3.  Let  X be  a locally  Noetherian  scheme.  Let  U C X be  an  open 
and  let  £ be  an  invertible  Ojj-module.  If  Ox,x  is  a UFD  for  all  x £ X \U , then 
there  exists  an  invertible  Ox -module  £'  with  £ = C\u ■ 
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Proof.  Choose  x £ X,  x £ U.  We  will  show  there  exists  an  affine  open  neighbour- 
hood W C X,  such  that  C\wnu  extends  to  an  invertible  sheaf  on  W . This  implies 
by  glueing  of  sheaves  (Sheaves,  Section  6.33)  that  we  can  extend  C to  the  strictly 
bigger  open  U VlW.  Let  W = Spec(A)  be  an  affine  open  neighbourhood.  Since 
[/nWis  quasi-affine,  we  see  that  we  can  can  write  C\wnu  as  O(Di)  (g>  0(D2)®~1 
for  some  effective  Cartier  divisors  D\,  D2  C W f~l  U,  see  Lemma [30. 12. 10|  Then  D 1 
and  D2  extend  to  effective  Cartier  divisors  of  W by  Lemma  |30.23.2|  which  gives  us 
the  extension  of  the  invertible  sheaf. 


If  A'  is  Noetherian  (which  is  the  case  most  used  in  practice),  the  above  combined 
with  Noetherian  induction  finishes  the  proof.  In  the  general  case  we  argue  as 
follows.  First,  because  every  local  ring  of  a point  outside  of  U is  a domain  and 
X is  locally  Noetherian,  we  see  that  the  closure  of  U in  X is  open.  Thus  we  may 
assume  that  U C A is  dense  and  schematically  dense.  Now  we  consider  the  set  T 
of  triples  (U',C,  a)  where  U C U'  C X is  an  open  subscheme,  C is  an  invertible 
0 tv -module,  and  a : C I u -t  C is  an  isomorphism.  We  endow  T with  a partial 
ordering  < defined  by  the  rule  (U' , C , a)  < (U",  C" , a')  if  and  only  if  U'  C U"  and 
there  exists  an  isomorphism  0 : C"\jj’  —>  C compatible  with  a and  a'.  Observe 
that  0 is  unique  (if  it  exists)  because  U C X is  dense.  The  first  part  of  the  proof 
shows  that  for  any  element  t = (U',C',a)  of  T with  U'  7^  X there  exists  a t1  £ T 
with  t'  > t.  Hence  to  finish  the  proof  it  suffices  to  show  that  Zorn’s  lemma  applies. 
Thus  consider  a totally  ordered  subset  I C T.  If  i £ I corresponds  to  the  triple 
(Ui,  aj),  then  we  can  construct  an  invertible  module  C!  on  U’  = |J  Uj  as  follows. 
For  W C U'  open  and  quasi-compact  we  see  that  W C Ui  for  some  i and  we  set 


£(W)=Ci(W) 

For  the  transition  maps  we  use  the  0’s  (which  are  unique  and  hence  compose 
correctly).  This  defines  an  invertible  0-module  C on  the  basis  of  quasi-compact 
opens  of  U'  which  is  sufficent  to  define  an  invertible  module  (Sheaves,  Section  6.30 1 . 
We  omit  the  details.  □ 


OBDA  Lemma  30.23.4.  Let  R be  a UFD.  The  Picard  groups  of  the  following  are  trivial. 

(1)  Spec(I?)  and  any  open  subscheme  of  it. 

(2)  = Spec(i?[xi, . . . , xn])  and  any  open  subscheme  of  it. 

In  particular,  the  Picard  group  of  any  open  subscheme  of  affine  n-space  over  a 
field  k is  trivial. 


Proof.  Since  R is  a UFD  so  is  any  localization  of  it  and  any  polynomial  ring  over 
it  (Algebra,  Lemma  10.119.8).  Thus  if  U C A’fi  is  open,  then  the  map  Pic(A^)  — ► 
Pic(U)  is  surjective  by  Lemma  30.23.3  The  vanishing  of  Pic(A^)  is  equivalent  to 
the  vanishing  of  the  picard  group  of  the  UFD  . . . , xn\  which  is  proved  in  More 
on  Algebra,  Lemma [15. 83. 3[  □ 


30.24.  Relative  Proj 

07ZW  Some  results  on  relative  Proj.  First  some  very  basic  results.  Recall  that  a relative 
Proj  is  always  separated  over  the  base,  see  Constructions,  Lemma[26.16.9| 

07ZX  Lemma  30.24.1.  Let  S be  a scheme.  Let  A be  a quasi- coherent  graded  Os-algebra. 
Let  p : X = Projs(A ) — * S be  the  relative  Proj  of  A.  If  one  of  the  following  holds 
(1)  A is  of  finite  type  as  a sheaf  of  Aq- algebras, 


30.24.  RELATIVE  PROJ 


2187 


(2)  A is  generated  by  Ai  as  an  Ao-algebra  and  Ai  is  a finite  type  Ao-module, 

(3)  there  exists  a finite  type  quasi- coherent  Ao-submodule  J-  C A+  such  that 
A+/FA  is  a locally  nilpotent  sheaf  of  ideals  of  A/ FA, 

then  p is  quasi- compact. 


Proof.  The  question  is  local  on  the  base,  see  Schemes,  Lemma  25.19. 2|  Thus  we 
may  assume  S is  affine.  Say  S = Spec (R)  and  A corresponds  to  the  graded  R- 
algebra  A.  Then  X = Proj(A),  see  Constructions,  Section  26.15  In  case  (1)  we 


may  after  possibly  localizing  more  assume  that  A is  generated  by  homogeneous 
elements  /:,...,  fn  £ A+  over  A0.  Then  A+  = (/i, . . . , /„)  by  Algebra,  Lemma 
10.57.1  In  case  (3)  we  see  that  JF  = M for  some  finite  type  A0-module  M C A+. 


Say  M = Aofi-  Say  fi  = Y1  /j,j  is  ^he  decomposition  into  homogeneous  pieces. 
The  condition  in  (3)  signifies  that  A+  C \J (f,.,j)-  Thus  in  both  cases  we  conclude 
that  Proj  (A)  is  quasi-compact  by  Constructions,  Lemma  26.8.9  Finally,  (2)  follows 
from  (1).  □ 


07ZY  Lemma  30.24.2.  Let  S be  a scheme.  Let  A be  a quasi- coherent  graded  Os-algebra. 
Let  p : X = Projs(A)  — > S be  the  relative  Proj  of  A.  If  A is  of  finite  type  as  a 
sheaf  of  Os -algebras,  then  p is  of  finite  type. 


Proof.  The  assumption  implies  that  p is  quasi-compact,  see  Lemma[30]24T]  Hence 
it  suffices  to  show  that  p is  locally  of  finite  type.  Thus  the  question  is  local  on 
the  base  and  target,  see  Morphisms,  Lemma  28.15.2  Say  S = Spec(i?)  and  A 
corresponds  to  the  graded  -R-algebra  A.  After  further  localizing  on  S we  may 
assume  that  A is  a finite  type  i?-algebra.  The  scheme  X is  constructed  out  of 
glueing  the  spectra  of  the  rings  for  / £ A+  homogeneous.  Each  of  these  is  of 
finite  type  over  R by  Algebra,  Lemma  10.56.9  Thus  Proj  (A)  is  of  finite  type  over 
R.  □ 


07ZZ  Lemma  30.24.3.  Let  S be  a scheme.  Let  A be  a quasi- coherent  graded  O s-algebra. 
Let  p : X = Projs(A ) — )•  S be  the  relative  Proj  of  A.  If  Os  — t Aq  is  an  integral 
algebra  and  A is  of  finite  type  as  an  Ao-algebra,  then  p is  universally  closed. 


Proof.  The  question  is  local  on  the  base.  Thus  we  may  assume  that  X = Spec(i?) 
is  affine.  Let  A be  the  quasi-coherent  Ox-algebra  associated  to  the  graded  77- 
algebra  A.  The  assumption  is  that  R — > A0  is  integral  and  A is  of  finite  type  over 
A0.  Write  X — >•  Spec(i?)  as  the  composition  X — ► Spec(A0)  — ► Spec(i?).  Since 
R — > Aq  is  an  integral  ring  map,  we  see  that  Spec(Ao)  — >•  Spec(-R)  is  universally 
closed,  see  Morphisms,  Lemma  28.43.7  The  quasi-compact  (see  Constructions, 
Lemma  26.8.9 ) morphism 


X = Proj  (A)  — > Spec(Ao) 


satisfies  the  existence  part  of  the  valuative  criterion  by  Constructions,  Lemma 
|26.8.11|  and  hence  it  is  universally  closed  by  Schemes,  Proposition  |25.20.6|  Thus 
X — > Spec (R)  is  universally  closed  as  a composition  of  universally  closed  mor- 
phisms. □ 


An  other  words,  the  integral  closure  of  Os  in  Ao,  see  Morphisms,  Definition 


Ao- 


28.48.2 


equals 
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0800  Lemma  30.24.4.  Let  S be  a scheme.  Let  A be  a quasi- coherent  graded  Os-algebra. 
Let  p : X = Projs(A)  S be  the  relative  Proj  of  A.  The  following  conditions  are 
equivalent 

(1)  Aq  is  a finite  type  O s -module  and  A is  of  finite  type  as  an  Ao-algebra, 

(2)  Aq  is  a finite  type  Os -module  and  A is  of  finite  type  as  an  Os -algebra 
If  these  conditions  hold,  then  p is  locally  projective  and  in  particular  proper. 


Proof.  Assume  that  Aq  is  a finite  type  Os-module.  Choose  an  affine  open  U = 
Spec(i?)  C A"  such  that  A corresponds  to  a graded  f?-algebra  A with  Aq  a finite 
A-module.  Condition  (1)  means  that  (after  possibly  localizing  further  on  S)  that 
A is  a finite  type  Ao-algebra  and  condition  (2)  means  that  (after  possibly  localizing 
further  on  S)  that  A is  a finite  type  A-algebra.  Thus  these  conditions  imply  each 
other  by  Algebra,  Lemma [10.6. 2| 


A locally  projective  morphism  is  proper,  see  Morphisms,  Lemma  28.42.5  Thus 


we  may  now  assume  that  S = Spec  (R)  and  X = Proj  (A)  and  that  Ao  is  finite 
over  R and  A of  finite  type  over  R.  We  will  show  that  X = Proj  (A)  — ► Spec(f?)  is 
projective.  We  urge  the  reader  to  prove  this  for  themselves,  by  directly  constructing 
a closed  immersion  of  X into  a projective  space  over  R , instead  of  reading  the 
argument  we  give  below. 
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By  Lemma  30.24.2  we  see  that  X is  of  finite  type  over  Spec(i?).  Constructions, 
Lemma |26. 10.6  tells  us  that  Ox(d)  is  ample  on  X for  some  d > 1 (see  Properties, 
Section  [27.26).  Hence  X — > Spec (R)  is  quasi-pro jective  (by  Morphisms,  Definition 
28.40.1).  By  Morphisms,  Lemma  28.42.13  we  conclude  that  X is  isomorphic  to 


an  open  subscheme  of  a scheme  projective  over  Spec(i?).  Therefore,  to  finish  the 
proof,  it  suffices  to  show  that  X -A  Spec(f?)  is  universally  closed  (use  Morphisms, 
Lemma  28.41.7).  This  follows  from  Lemma  30.24.3  □ 


Lemma  30.24.5.  Let  S be  a scheme.  Let  A be  a quasi- coherent  graded  Os-algebra. 
Let  p : X = Projs(A)  — ► S be  the  relative  Proj  of  A.  If  A is  generated  by  A\  over 
Aq  and  Ai  is  a finite  type  Os -module,  then  p is  projective. 


Proof.  Namely,  the  morphism  associated  to  the  graded  Os-algebra  map 

SymoA.  (Ai)  — ■>  A 

is  a closed  immersion  X — > P(Ai),  see  Constructions,  Lemma  26.18.5 


□ 


30.25.  Closed  subschemes  of  relative  proj 


084M 
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Some  auxiliary  lemmas  about  closed  subschemes  of  relative  proj. 

Lemma  30.25.1.  Let  S be  a scheme.  Let  A be  a quasi- coherent  graded  Os-algebra. 
Let  p : X = Projs(A)  -A  S be  the  relative  Proj  of  A.  Let  i : Z -A  X be  a closed 
subscheme.  Denote  I C A the  kernel  of  the  canonical  map 


A — ■>  0(Z>QP*  ((i*Oz)(d)) 

If  p is  quasi-compact,  then  there  is  an  isomorphism  Z = Proj  {A/I). 


Proof.  The  morphism  p is  separated  by  Constructions,  Lemma  |26.16.9  As  p is 


quasi-compact,  p*  transforms  quasi-coherent  modules  into  quasi-coherent  modules, 
see  Schemes,  Lemma  [25.24. 1|  Hence  I is  a quasi-coherent  Os-module.  In  particu- 
lar, B = A/I  is  a quasi-coherent  graded  Os-algebra.  The  functoriality  morphism 
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Z'  = Projc(S)  — >•  Proj  HA)  is  everywhere  defined  and  a closed  immersion,  see  Con- 
structions,  Lemma  26. 18.3|  Hence  it  suffices  to  prove  Z = Z'  as  closed  subschemes 
of  X. 


Having  said  this,  the  question  is  local  on  the  base  and  we  may  assume  that  S = 
Spec (i?)  and  that  X = Proj  (A)  for  some  graded  f?-algebra  A.  Assume  I = I for 
I C A a graded  ideal.  By  Constructions,  Lemma [26. 8. 9|  there  exist  fo,  ■ ■ ■ , fn  £ A+ 
such  that  A+  C v'Cfo,-.-  , /„)  in  other  words  X = |J  D+(fi).  Therefore,  it  suffices 
to  check  that  Z C £>+(/,)  = Z'  fl  D+(fi)  for  each  i.  By  renumbering  we  may  assume 
* = 0.  Say  ZnD+(/o),  resp.  Z'  CiD+(f0)  is  cut  out  by  the  ideal  J,  resp.  J'  of  A(f0y 


The  inclusion  J'  C J.  Let  d be  the  least  common  multiple  of  deg(/o), . . . , deg (/„). 
Note  that  each  of  the  twists  Oxfnd)  is  invertible,  trivialized  by  j”d/deg(T)  over 
D+(fi ),  and  that  for  any  quasi-coherent  module  T on  X the  multiplication  maps 
Ox(nd)  ®ox  (m)  X{nd  + m)  are  isomorphisms,  see  Constructions,  Lemma 
26.10.2|  Observe  that  J'  is  the  ideal  generated  by  the  elements  g//o  where  g £ I is 


homogeneous  of  degree  edeg(/o)  (see  proof  of  Constructions,  Lemma  26.11.3|).  Of 
course,  by  replacing  g by  f^g  for  suitable  l we  may  always  assume  that  d\e.  Then, 
since  g vanishes  as  a section  of  Ox (e  deg(/0))  restricted  to  Z we  see  that  g/ is 
an  element  of  J.  Thus  J'  C J. 


Conversely,  suppose  that  g/  f$  £ J.  Again  we  may  assume  d|e.  Pick  i £ {1, . . . , n}. 
Then  Z 0 D+{ff)  is  cut  out  by  some  ideal  Jj  C A^f.y  Moreover, 


J ' A(foL)  = Ji  ' A(fofi) 


The  right  hand  side  is  the  localization  of  Ji  with  respect  to  s(/°)_ 

follows  that 


/o’5//ie‘+e)deS(/o)/deS(/i)  G Ji 


for  some  ej  0 sufficiently  divisible.  This  proves  that  ^nax(eb^  an  eiement  0f  /) 
because  its  restriction  to  each  affine  open  D+(fi)  vanishes  on  the  closed  subscheme 
Z n D+(fi).  Hence  g £ J'  and  we  conclude  J C J1  as  desired.  □ 


0802 


In  case  the  closed  subscheme  is  locally  cut  out  by  finitely  many  equations  we  can 
define  it  by  a finite  type  ideal  sheaf  of  A. 


Lemma  30.25.2.  Let  S be  a quasi-compact  and  quasi-separated  scheme.  Let  A 
be  a quasi-coherent  graded  Os-algebra.  Let  p : A'  = Projs(A)  — ► S be  the  relative 
Proj  of  A.  Let  i : Z — » X be  a closed  subscheme.  If  p is  quasi-compact  and  i 
of  finite  presentation , then  there  exists  a d > 0 and  a quasi-coherent  finite  type 
Os -submodule  T C Ad  such  that  Z = Proj S(A/ J-  A) . 


Proof.  By  Lemma  30.25. 1|  we  know  there  exists  a quasi-coherent  graded  sheaf  of 
ideals  X C A such  that  Z = Proj(M/I).  Since  S is  quasi-compact  we  can  choose 
a finite  affine  open  covering  S = U\  U . . . U Un.  Say  Ui  = Spec(-Rj).  Let  A\ut 
correspond  to  the  graded  i?j-algebra  At  and  X\ jj.  to  the  graded  ideal  I;  C 4j.  Note 
that  = Proj(A;)  as  schemes  over  Ri . Since p is  quasi-compact  we  can  choose 

finitely  many  homogeneous  elements  fij  £ A,i+  such  that  p~x{Ui)  = D+(fij).  The 
condition  on  Z — ► X means  that  the  ideal  sheaf  of  Z in  Ox  is  of  finite  type,  see 
Morphisms,  Lemma[28.21.7[  Hence  we  can  find  finitely  many  homogeneous  elements 
hijtk  £ fill  Aii+  such  that  the  ideal  of  Z n D+(fij)  is  generated  by  the  elements 
hij'k/ fijJ'k  ■ Choose  d > 0 to  be  a common  multiple  of  all  the  integers  deg (fij) 
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and  deg(/iiJjfe).  By  Properties,  Lemma  27.22.7  there  exists  a finite  type  Jclj 
such  that  all  the  local  sections 

, ,(d-deg(7u,j-,fc))/deg(/i,j) 

are  sections  of  F . By  construction  F is  a solution.  □ 


The  following  version  of  Lemma  30.25.2  will  be  used  in  the  proof  of  Lemma  30.28.2 


0803  Lemma  30.25.3.  Let  S be  a quasi-compact  and  quasi-separated  scheme.  Let  A 
be  a quasi- coherent  graded  Os -algebra.  Let  p : X = Projs(A)  -A  S be  the  relative 
Proj  of  A.  Let  i : Z — » X be  a closed  subscheme.  Let  U C X be  an  open.  Assume 
that 

(1)  p is  quasi-compact, 

(2)  i of  finite  presentation, 

(3)  unP(i(z))  = m, 

(4)  U is  quasi-compact, 

(5)  An  is  a finite  type  Os-module  for  all  n. 

Then  there  exists  a d > 0 and  a quasi- coherent  finite  type  Os -submodule  F C Ad 
with  (a)  Z = Projs(A/ FA)  and  (b)  the  support  of  Ad/ F is  disjoint  from  U. 

Proof.  Let  I C A be  the  sheaf  of  quasi-coherent  graded  ideals  constructed  in 
Lemma  30.25.1  Let  Ui,  Ri,  Ai,  Ii,  /)7,  and  d be  as  constructed  in  the 

proof  of  Lemma  30.25.2  Since  U fl  p(i(Z))  = 0 we  see  that  Id\u  = Ad\u  (by  our 
construction  of  I as  a kernel) . Since  U is  quasi-compact  we  can  choose  a finite  affine 
open  covering  U = W\  U . . . U Wrn . Since  Ad  is  of  finite  type  we  can  find  finitely 
many  sections  gt,s  £ Ad(Wt)  which  generate  Ad\wt  = | wL  as  an  0\yt -module.  To 

finish  the  proof,  note  that  by  Properties,  Lemma  [2 7 . 2 2 . 7|  there  exists  a finite  type 
F C Id  such  that  all  the  local  sections 

, Ad- deg(ftij,fe))/deg(/i,i)  , 

ana  gtt8 

are  sections  of  F.  By  construction  F is  a solution.  □ 


0B3V  Lemma  30.25.4.  Let  X be  a scheme.  Let  £ be  a quasi-coherent  Ox -module. 
There  is  a bijection 

( sections  a of  the  1 J surjections  £ — » C where  1 

1 morphism  P(£)  — >•  X ( 1 £ is  an  invertible  Ox -module) 

In  this  case  a is  a closed  immersion  and  there  is  a canonical  isomorphism 
Ker(£  -a  C)  ®ox  ^ 1 — * C<j(x)fp(£) 

Both  the  bijection  and  isomorphism  are  compatible  with  base  change. 


Proof.  Recall  that  7r  : P(£) 


on  £,  see  Constructions,  Definition  26.21.1 


X is  the  relative  proj  of  the  symmetric  algebra 
Hence  the  descriptions  of  sections  a 


follows  immediately  from  the  description  of  the  functor  of  points  of  P(f ) in  Con- 
structions, Lemma|26.16.1l|  Since  7r  is  separated,  any  section  is  a closed  immersion 
(Constructions,  Lemma  26.16.9  and  Schemes,  Lemma [25.21.12 1.  Let  U C A'  be  an 
affine  open  and  k £ £{U)  and  s £ £{U)  be  local  sections  such  that  k maps  to  zero 
in  C and  s maps  to  a generator  s of  C.  Then  / = k/s  is  a section  of  Op^s)  defined 
in  an  open  neighbourhood  D+{s)  of  s(U)  in  tt ~1(U).  Moreover,  since  k maps  to 
zero  in  C we  see  that  / is  a section  of  the  ideal  sheaf  of  s{U)  in  ■k~1{U ).  Thus 
we  can  take  the  image  f of  f in  C^x)/p{£)(U).  We  claim  (1)  that  the  image  / 


30.26.  BLOWING  UP 


2191 


depends  only  on  the  sections  k and  s and  not  on  the  choice  of  s and  (2)  that  we 
get  an  isomorphism  over  U in  this  manner  (see  below).  However,  once  (1)  and 
(2)  are  esthablished,  we  see  that  the  construction  is  compatible  with  base  change 
by  U'  — > U where  U'  is  afHne,  which  proves  that  these  local  maps  glue  and  are 
compatible  with  arbitrary  base  change. 

To  prove  (1)  and  (2)  we  make  explicit  what  is  going  on.  Namely,  say  U = Spec(H) 
and  say  £ — > C corresponds  to  the  map  of  H-modules  M — » N.  Then  k £ K = 
Ker(M  — ► N)  and  s £ M maps  to  a generator  s of  N.  Hence  M = K © As.  Thus 

Sym(M)  = Sym(A')[s] 

Consider  the  identification  Sym(AT)  — ► Sym (M)(s)  via  the  rule  g i— >■  g/sn  for 
g £ Sym" (A').  This  gives  an  isomorphism  D+(s)  = Spec(Sym(A'))  such  that  a 
corresponds  to  the  ring  map  Sym(A')  — > A mapping  K to  zero.  Via  this  isomor- 
phism we  see  that  the  quasi-coherent  module  corresponding  to  K is  identified  with 
C<t(u)/d+(s)  proving  (2).  Finally,  suppose  that  s'  = k'  + s for  some  k'  £ K.  Then 

k/s'  = (k/s)(s/s')  = (fc/s)(s,/s)_1  = (fc/s)(l  + k'/sy1 

in  an  open  neighbourhood  of  cr({7)  in  D+(s).  Thus  we  see  that  s'/s  restricts  to  1 
on  <j(U)  and  we  see  that  k/s'  maps  to  the  same  element  of  the  conormal  sheaf  as 
does  k/s  thereby  proving  (1).  □ 


30.26.  Blowing  up 

OlOF  Blowing  up  is  an  important  tool  in  algebraic  geometry. 

OlOG  Definition  30.26.1.  Let  X be  a scheme.  Let  I C Ox  be  a quasi-coherent  sheaf 
of  ideals,  and  let  Z C X be  the  closed  subscheme  corresponding  to  X,  see  Schemes, 
Definition  |25.10.2|  The  blowing  up  of  X along  Z,  or  the  blowing  up  of  X in  the 
ideal  sheaf  X is  the  morphism 

The  exceptional  divisor  of  the  blow  up  is  the  inverse  image  6_1(Z).  Sometimes  Z 
is  called  the  center  of  the  blowup. 

We  will  see  later  that  the  exceptional  divisor  is  an  effective  Cartier  divisor.  More- 
over, the  blowing  up  is  characterized  as  the  “smallest”  scheme  over  X such  that 
the  inverse  image  of  Z is  an  effective  Cartier  divisor. 

If  b : X'  — > X is  the  blow  up  of  X in  Z,  then  we  often  denote  Ox’  (n)  the  twists  of 
the  structure  sheaf.  Note  that  these  are  invertible  Ox' -modules  and  that  Ox'{n)  = 
Ox’{  1)®"  because  X'  is  the  relative  Proj  of  a quasi-coherent  graded  C>x -algebra 
which  is  generated  in  degree  1,  see  Constructions,  Lemma  |26.16.1l[  Note  that 
Ox'{  1)  is  6-relatively  very  ample,  even  though  b need  not  be  of  finite  type  or  even 
quasi-compact,  because  X'  comes  equipped  with  a closed  immersion  into  P(Z),  see 
Morphisms,  Example |28. 38. 3 

0804  Lemma  30.26.2.  Let  X be  a scheme.  Let  I C Ox  be  a quasi-coherent  sheaf  of 
ideals.  Let  U = Spec(H)  be  an  affine  open  subscheme  of  X and  let  I C A be  the 
ideal  corresponding  to  I\u-  Ifb'.X'—tX  is  the  blow  up  of  X in  I,  then  there  is  a 
canonical  isomorphism 

b-l(U)  = Proj(®  Id) 
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of  b 1(U)  with  the  homogeneous  spectrum  of  the  Rees  algebra  of  I in  A.  Moreover, 
6_1(17)  has  an  affine  open  covering  by  spectra  of  the  affine  blowup  algebras  A[E\. 


Proof.  The  first  statement  is  clear  from  the  construction  of  the  relative  Proj  via 
glueing,  see  Constructions,  Section  26.15  For  a £ I denote  the  element  a 

In.  Since  these  elements 


n> 0 ' 


seen  as  an  element  of  degree  1 in  the  Rees  algebra  0 
generate  the  Rees  algebra  over  A we  see  that  Proj(®d>0  Id ) is  covered  by  the  affine 
opens  D+(a^1'1).  The  affine  scheme  D+(g(1'>)  is  the  spectrum  of  the  affine  blowup 
algebra  A!  = A[~],  see  Algebra,  Definition  10.69.1  This  finishes  the  proof.  □ 


0805  Lemma  30.26.3.  Let  X\  — > X2  be  a flat  morphism  of  schemes.  Let  Z2  C A'2  be 
a closed  subscheme.  Let  Z\  be  the  inverse  image  of  Z2  in  Xi . Let  X[  be  the  blow 
up  of  Zi  in  X i . Then  there  exists  a cartesian  diagram 


Xi 


X 


/ 

2 


Ad 


v 


> A 


2 


of  schemes. 


Proof.  Let  I2  be  the  ideal  sheaf  of  Z2  in  X2.  Denote  g : Xi  — >•  A'2  the  given 
morphism.  Then  the  ideal  sheaf  of  Z\  is  the  image  of  g* I2  — >•  Ox1  (by  definition 
of  the  inverse  image,  see  Schemes,  Definition  25.17.7).  By  Constructions,  Lemma 
we  see  that  X\  Xx2  X2  is  the  relative  Proj  of  ®n>0  g* 


26.16.10 
the  map  g*T2 

X[- 


*I2.  Because  g is  flat 
Ox i is  injective  with  image  I”.  Thus  we  see  that  A'i  x x2  X2  = 

□ 


02OS  Lemma  30.26.4.  Let  X be  a scheme.  Let  Z C X be  a closed  subscheme.  The 
blowing  up  b : X’  X of  Z in  X has  the  following  properties: 

(1)  6|i-i(x\z)  : fr-1(A  \ Z)  — ► X \ Z is  an  isomorphism, 

(2)  the  exceptional  divisor  E = b~x{Z)  is  an  effective  Cartier  divisor  on  X’ , 

(3)  there  is  a canonical  isomorphism  Ox>{— 1)  = Ox'{E) 


Proof.  As  blowing  up  commutes  with  restrictions  to  open  subschemes  (Lemma 
30.26.3)  the  first  statement  just  means  that  X'  = X if  Z = 0.  In  this  case  we  are 


blowing  up  in  the  ideal  sheaf  T = Ox  and  the  result  follows  from  Constructions, 
Example  |26.8.14| 

The  second  statement  is  local  on  A,  hence  we  may  assume  X affine.  Say  X = 


Spec(A)  and  Z = Spec(A/J).  By  Lemma  30.26.2  we  see  that  X'  is  covered  by  the 
spectra  of  the  affine  blowup  algebras  A!  = A[E\.  Then  I A1  = a A1  and  a maps  to  a 
nonzerodivisor  in  A'  according  to  Algebra,  Lemma[l0.69.2[  This  proves  the  lemma 
as  the  inverse  image  of  Z in  Spec(A')  corresponds  to  Spec(A'/JA')  C Spec(A'). 

Consider  the  canonical  map  ipUniv,i  ■ b*l  — ► Ox'0-),  see  discussion  following  Con- 
structions, Definition  |26. 16.71  We  claim  that  this  factors  through  an  isomorphism 
Ie  — > Ox'{  1)  (which  proves  the  final  assertion).  Namely,  on  the  affine  open  corre- 
sponding to  the  blowup  algebra  A'  = A[E\  mentioned  above  ifuniv.i  corresponds  to 
the  A'-module  map 


I®A  A ' 
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where  tr1'  is  as  in  Algebra,  Definition  10.69.1  We  omit  the  verification  that  this 
is  the  map  I (gu  A!  — > I A'  = aA! . □ 

Lemma  30.26.5  (Universal  property  blowing  up).  Let  X be  a scheme.  Let  Z C X 
be  a closed  subscheme.  LetC  be  the  full  subcategory  of  (Sch/X)  consisting  ofY  — > X 
such  that  the  inverse  image  of  Z is  an  effective  Cartier  divisor  on  Y . Then  the 
blowing  up  b : X'  — ► X of  Z in  X is  a final  object  of  C. 


Proof.  We  see  that  b : X'  — ► X is  an  object  of  C according  to  Lemma  30.26.4  Let 
f : Y ->  .Y  be  an  object  of  C.  We  have  to  show  there  exists  a unique  morphism 

Y — » X'  over  X.  Let  D = f~1(Z).  Let  I c Ox  be  the  ideal  sheaf  of  Z and 
let  Id  be  the  ideal  sheaf  of  D.  Then  f*I  — > Id  is  a surjection  to  an  invertible 
CV-module.  This  extends  to  a map  if  : ® f*Id  — > ®Xj(,  of  graded  CV-algebras. 
(We  observe  that  if  = iff  as  D is  an  effective  Cartier  divisor.)  By  the  material 
in  Constructions,  Section  26.16  the  triple  (1,/  : Y — > X,if)  defines  a morphism 

Y — > X'  over  A'.  The  restriction 

Y\D — > X'\b~\Z)  =X\Z 

is  unique.  The  open  Y\D  is  scheme  theoretically  dense  in  Y according  to  Lemma 
30.11.4  Thus  the  morphism  Y — t X'  is  unique  by  Morphisms,  Lemma  28.7.10  (also 
b is  separated  by  Constructions,  Lemma  26.16.9 1.  □ 


Lemma  30.26.6.  Let  b : X’  — > X be  the  blowing  up  of  the  scheme  X along  a 
closed  subscheme  Z.  Let  U = Spec(A)  be  an  affine  open  of  X and  let  I C A be  the 
ideal  corresponding  to  Z D U . Let  a £ I and  let  x'  £ X1  be  a point  mapping  to  a 
point  of  U.  Then  x1  is  a point  of  the  affine  open  U'  = Spec(A[^])  if  and  only  if  the 
image  of  a in  Ox',x‘  cuts  out  the  exceptional  divisor. 

Proof.  Since  the  exceptional  divisor  over  U'  is  cut  out  by  the  image  of  a in  A!  = 
A[f\  one  direct  is  clear.  Conversely,  assume  that  the  image  of  a in  0X\x'  cuts 
out  E.  Since  every  element  of  I maps  to  an  element  of  the  ideal  defining  E over 
&-1([/)  we  see  that  elements  of  I become  divisible  by  a in  Ox',x'-  Thus  for  f £ In 
we  can  write  / = ,0(/)an  for  some  if(f)  £ Ox\x‘  ■ Observe  that  since  a maps  to  a 
nonzerodivisor  of  Ox' ,x'  the  element  i[>(f)  is  uniquely  characterized  by  this.  Then 
we  define 

A'  — » 0X',x',  f/an^Tf(f) 

Here  we  use  the  description  of  blowup  algebras  given  following  Algebra,  Defini- 
tion 130.26. 1[  The  uniqueness  mentioned  above  shows  that  this  is  an  A-algebra 
homomorphism.  This  gives  a morphism  Spec^CAw  a,” ) — > Spec(A')  = U'.  By  the 
universal  property  of  blowing  up  (Lemma  30.26.5[)  this  is  a morphism  over  X 
which  of  course  implies  that  x'  £ U’ . □ 

Lemma  30.26.7.  Let  X be  a scheme.  Let  Z C X be  an  effective  Cartier  divisor. 
The  blowup  of  X in  Z is  the  identity  morphism  of  X. 


Proof.  Immediate  from  the  universal  property  of  blowups  (Lemma  30.26.5).  □ 


Lemma  30.26.8.  Let  X be  a scheme.  Let  I C Ox  be  a quasi- coherent  sheaf  of 
ideals.  If  X is  reduced,  then  the  blow  up  X'  of  X in  I is  reduced. 


Proof.  Combine  Lemma [30. 26. 2|  with  Algebra,  Lemma [10. 69. 6| 


□ 
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Lemma  30.26.9.  Let  X be  a scheme.  Let  X C Ox  be  a quasi- coherent  sheaf  of 
ideals.  If  X is  integral , then  the  blow  up  X'  of  X in  X is  integral. 


Proof.  Combine  Lemma  30.26.2  with  Algebra,  Lemma [10. 69. 7| 


□ 


Lemma  30.26.10.  Let  X be  a scheme.  Let  Z C X be  a closed  subscheme.  Let 
b : X'  — > X be  the  blowing  up  of  X along  Z.  Then  b induces  an  bijective  map  from 
the  set  of  generic  points  of  irreducible  components  of  X'  to  the  set  of  generic  points 
of  irreducible  components  of  X which  are  not  in  Z. 


Proof.  The  exceptional  divisor  E C X'  is  an  effective  Cartier  divisor  (Lemma 


30.26.4)  hence  is  nowhere  dense  in  X'  (Lemma  30.11.4 1.  On  the  other  hand,  X'  \ 
E — > X \ Z is  an  isomorphism.  The  lemma  follows.  □ 


Lemma  30.26.11.  Let  X be  a scheme.  Let  b : X'  — > X be  a blow  up  of  X in  a 
closed  subscheme.  For  any  effective  Cartier  divisor  D on  X the  pullback  b~1D  is 
defined  (see  Definition  30.11.11). 


Proof.  By  Lemmas  |30.26.2|  and  |30.11.2|  this  reduces  to  the  following  algebra  fact: 
Let  A be  a ring,  I C A an  ideal,  a £ /,  and  a;  £ A a nonzerodivisor.  Then  the 
image  of  x in  A[-]  is  a nonzerodivisor.  Namely,  suppose  that  x(y/an ) = 0 in  A[-]. 
Then  amxy  = 0 in  A for  some  m.  Hence  amy  = 0 as  x is  a nonzerodivisor.  Whence 
y/an  is  zero  in  A[^]  as  desired.  □ 


Lemma  30.26.12.  Let  X be  a scheme.  Let  X C Ox  and  J be  quasi- coherent 
sheaves  of  ideals.  Let  b : X'  — » X be  the  blowing  up  of  X in  X.  Let  b'  : X"  — » X' 
be  the  blowing  up  of  X'  in  b~1ffOx'-  Then  X"  — > X is  canonically  isomorphic  to 
the  blowing  up  of  X inXJ. 


Proof.  Let  E C X'  be  the  exceptional  divisor  of  b which  is  an  effective  Cartier 
divisor  by  Lemma 


30.26.4 


Then  ( b')~1E  is  an  effective  Cartier  divisor  on  X"  by 
Lemma  [30.26.11  Let  E'  C X"  be  the  exceptional  divisor  of  b1  (also  an  effective 
Cartier  divisor).  Consider  the  effective  Cartier  divisor  E"  = E'  + ( b')~1E . By 
construction  the  ideal  of  E"  is  ( bob')~1X(bob’)~1ffOx » ■ Hence  according  to  Lemma 
30.26.5  there  is  a canonical  morphism  from  X"  to  the  blowup  c : Y — > X of  X in  Iff. 
Conversely,  as  Iff  pulls  back  to  an  invertible  ideal  we  see  that  c~1IOy  defines  an 
effective  Cartier  divisor,  see  Lemma  30.11.9  Thus  a morphism  d : Y — > X'  over  X 
by  Lemma  30.26.5  Then  (c,)~1b~1  ffOy  = c~1ffOy  which  also  defines  an  effective 


Cartier  divisor.  Thus  a morphism  c"  : Y — > X"  over  X' . We  omit  the  verification 
that  this  morphism  is  inverse  to  the  morphism  X"  — >•  Y constructed  earlier.  □ 


Lemma  30.26.13.  Let  X be  a scheme.  Let!  C Ox  be  a quasi- coherent  sheaf  of 
ideals.  Let  b : X'  — > X be  the  blowing  up  of  X in  the  ideal  sheaf  X.  If  X is  of  finite 
type,  then 

(1)  b : X'  — » X is  a projective  morphism,  and 

(2)  Ox'{  1)  is  a b-relatively  ample  invertible  sheaf. 


Proof.  The  surjection  of  graded  Ox-algebras 

Sym^x(J)^0^oJd 

defines  via  Constructions,  Lemma|26.18.5|a  closed  immersion 
V = Proj^l®  I")  ^ P(I). 
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Hence  b is  projective,  see  Morphisms,  Definition  |28.42.1[  The  second  statement 
follows  for  example  from  the  characterization  of  relatively  ample  invertible  sheaves 
in  Morphisms,  Lemma [28. 37. 4|  Some  details  omitted.  □ 

080B  Lemma  30.26.14.  Let  X be  a quasi-compact  and  quasi-separated  scheme.  Let 
Z CL  X be  a closed  subscheme  of  finite  presentation.  Let  b : X'  — > X be  the  blowing 
up  with  center  Z.  Let  Z'  C X'  be  a closed  subscheme  of  finite  presentation.  Let 
X"  — > X'  be  the  blowing  up  with  center  Z' . There  exists  a closed  subscheme  Y C X 
of  finite  presentation,  such  that 

(1)  Y = Z U b(Z')  set  theoretically,  and 

(2)  the  composition  X"  — > X is  isomorphic  to  the  blowing  up  of  X in  Y. 


Proof.  The  condition  that  Z — >•  X is  of  finite  presentation  means  that  Z is  cut 
out  by  a finite  type  quasi-coherent  sheaf  of  ideals  I C Ox , see  Morphisms,  Lemma 
28.21.7  Write  A = @n>0LLn  so  that  X'  = Proj(„4).  Note  that  A'  \ Z is  a quasi- 
compact open  of  X by  Properties,  Lemma  27.24.1  Since  &_1(AT  \ Z)  — »•  X \ Z is 
an  isomorphism  (Lemma  30.26.4)  the  same  result  shows  that  6-1( X \Z)\  Z'  is 
quasi-compact  open  in  X' . Hence  U = X \ (Z  U b(Z'))  is  quasi-compact  open  in 
X.  By  Lemma 


30.25.3 


there  exist  a d > 0 and  a finite  type  0A-submodule  Jcl“ 
such  that  Z'  = Proj(_4/ LF A)  and  such  that  the  support  of  I d/LF  is  contained  in 
X\U. 


Since  LF  C Id  is  an  0A-submodule  we  may  think  of  LF  C Id  C Ox  as  a finite  type 
quasi-coherent  sheaf  of  ideals  on  X.  Let’s  denote  this  J C Ox  to  prevent  confusion. 
Since  Id / J and  O /Td  are  supported  on  X \ U we  see  that  V(J)  is  contained  in 
X \ U.  Conversely,  as  J C Td  we  see  that  Z C V(J).  Over  X \ Z = X'  \ b~l(Z) 
the  sheaf  of  ideals  J cuts  out  Z'  (see  displayed  formula  below).  Hence  V(J)  equals 
Z U b(Z').  It  follows  that  also  V{TJ)  = Z U b(Z')  set  theoretically.  Moreover, 
TJ  is  an  ideal  of  finite  type  as  a product  of  two  such.  We  claim  that  X"  — >■  X is 
isomorphic  to  the  blowing  up  of  X in  TJ  which  finishes  the  proof  of  the  lemma  by 
setting  Y = V{TJ). 


First,  recall  that  the  blow  up  of  X in  TJ  is  the  same  as  the  blow  up  of  X'  in 
b~1JOx,1  see  Lemma  30.26.12  Hence  it  suffices  to  show  that  the  blow  up  of  X' 


in  b lJOx'  agrees  with  the  blow  up  of  X'  in  Z' . We  will  show  that 


b-1  JOX'  = TeLz 


as  ideal  sheaves  on  X 
Cartier  divisor  dE  and  we  can  use 


This  will  prove  what  we  want  as  I ^ cuts  out  the  effective 

§6421 


To  see  the  displayed  equality  of  the  ideals  we  may  work  locally.  With  notation  A,  I , 
a £ I as  in  Lemma  30.26.2  we  see  that  T corresponds  to  an  i?-submodule  M C Id 
mapping  isomorphically  to  an  ideal  J C R.  The  condition  Z'  = Yro](A/ LF  A) 


means  that  A' nSpec(H[^])  is  cut  out  by  the  ideal  generated  by  the  elements  m/ad, 
m G M.  Say  the  element  m C M corresponds  to  the  function  f C J.  Then  in  the 
affine  blowup  algebra  A!  = A[^\  we  see  that  / = ( adm)/ad  = ad(m/ad).  Thus  the 
equality  holds.  □ 


30.27.  Strict  transform 

080C  In  this  section  we  briefly  discuss  strict  transform  under  blowing  up.  Let  S be  a 
scheme  and  let  Z C S'  be  a closed  subscheme.  Let  b : S'  — > S be  the  blowing  up  of 


30.27.  STRICT  TRANSFORM 


2196 


080D 


080E 


S in  Z and  denote  E C S'  the  exceptional  divisor  E = b lZ.  In  the  following  we 
will  often  consider  a scheme  X over  S and  form  the  cartesian  diagram 


pr-i^; 


S' 

Prx 

PrS' 

V 

E 



^5 

Since  E is  an  effective  Cartier  divisor  (Lemma  30.26.4)  we  see  that  pr^,1  E C XxgS1 
is  locally  principal  (Lemma  30.11.10).  Thus  the  complement  of  pr  g}E  in  X xg  S'  is 
retrocompact  (Lemma  30.11.3 ).  Consequently,  for  a quasi-coherent  0xxsS'"m°dule 
Q the  subsheaf  of  sections  supported  on  pr g}E  is  a quasi-coherent  submodule, 
see  Properties,  Lemma  [27.24.51  If  Q is  a quasi-coherent  sheaf  of  algebras,  e.g., 
Q = OxxsS ')  then  this  subsheaf  is  an  ideal  of  Q. 


Definition  30.27.1.  With  Z C S and  f : X ^ S as  above. 

(1)  Given  a quasi-coherent  C^y-module  the  strict  transform  of  X with  re- 
spect to  the  blowup  of  S in  Z is  the  quotient  X'  of  pr^  X by  the  submodule 
of  sections  supported  on  pr g}E. 

(2)  The  strict  transform  of  X is  the  closed  subscheme  X'  C X x g S'  cut  out 
by  the  quasi-coherent  ideal  of  sections  of  OxxsS'  supported  on  pr g}E. 


Note  that  taking  the  strict  transform  along  a blowup  depends  on  the  closed  sub- 
scheme used  for  the  blowup  (and  not  just  on  the  morphism  S'  —>  S).  This  notion 
is  often  used  for  closed  subschemes  of  S.  It  turns  out  that  the  strict  transform  of 
X is  a blowup  of  X. 


Lemma  30.27.2.  In  the  situation  of  Definition  30.27.1 

(1)  The  strict  transform  X'  of  X is  the  blowup  of  X in  the  closed  subscheme 
f 'Z  ofX. 

(2)  For  a quasi-coherent  Ox -module  X the  strict  transform  X'  is  canonically 
isomorphic  to  the  pushforward  along  X'  — > X x g S'  of  the  strict  transform 
of  X relative  to  the  blowing  up  X'  —x  X. 


Proof.  Let  X" 


X be  the  blowup  of  X in  / lZ.  By  the  universal  property  of 


blowing  up  (Lemma  30.26.5)  there  exists  a commutative  diagram 


X” ^ X 

S' >■ s 


whence  a morphism  X"  — x X x g S' . Thus  the  first  assertion  is  that  this  morphism 
is  a closed  immersion  with  image  X' . The  question  is  local  on  X.  Thus  we  may 
assume  X and  S are  affine.  Say  that  S = Spec(A),  X = Spec (B),  and  Z is  cut  out 


The  map  B ©n>0  In  0„>o  Jn  defines  a 
see  Constructions,  Lemmas  26.11.6  and  26.11.5 


by  the  ideal  I C A.  Set  J = IB. 
closed  immersion  X"  — X X Xg  S', 

We  omit  the  verification  that  this  morphism  is  the  same  as  the  one  constructed 
above  from  the  universal  property.  Pick  a £ I corresponding  to  the  affine  open 


Spec(.A[^])  C S',  see  Lemma 


30.26.2 


The  inverse  image  of  Spec(A[4])  in  the  strict 


transform  X'  of  X is  the  spectrum  of 

B'  = ( B (g)^  >l[^])/a-power-torsion 
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see  Properties,  Lemma  27.24.5[  On  the  other  hand,  letting  b £ J be  the  image  of 
a we  see  that  Spec(f?[^])  is  the  inverse  image  of  Spec(A[b])  in  X" . By  Algebra, 
Lemma  10.69.3  the  open  Spec(i3[^])  maps  isomorphically  to  the  open  subscheme 


pr g,1  (Spec ( A [ I ] ) ) of  X' . Thus  X"  — ► X'  is  an  isomorphism. 


In  the  notation  above,  let  J-  correspond  to  the  B-module  N.  The  strict  transform 
of  T corresponds  to  the  B 8 a A [^[-module 

N'  = (N  8 a A[b])/a-power-torsion 

see  Properties,  Lemma [27. 24. 5|  The  strict  transform  of  J-  relative  to  the  blowup  of 
X in  f~xZ  corresponds  to  the  H[^]-module  N®B  H[^]/&-power-torsion.  In  exactly 
the  same  way  as  above  one  proves  that  these  two  modules  are  isomorphic.  Details 
omitted.  □ 


080F 

(1)  If  X is  flat  over  S at  all  points  lying  over  Z , then  the  strict  transform  of 
X is  equal  to  the  base  change  X Xg  S' . 

(2)  Let  T be  a quasi- coherent  Ox -module.  If  T is  flat  over  S at  all  points 
lying  over  Z,  then  the  strict  transform  J-'  of  J-  is  equal  to  the  pullback 
pr*xX. 


Lemma  30.27.3.  In  the  situation  of  Definition 


30.27.1 
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Proof.  We  will  prove  part  (2)  as  it  implies  part  (1)  by  the  definition  of  the  strict 
transform  of  a scheme  over  S.  The  question  is  local  on  X.  Thus  we  may  assume 
that  S = Spec(A),  X = Spec (B),  and  that  T corresponds  to  the  5-module  N. 
Then  T'  over  the  open  Spec(5  8 a A[b])  of  X xjS'  corresponds  to  the  module 


N'  = ( N 8 )A  A[y])/a-power-torsion 

see  Properties,  Lemma  [27. 24. 5[  Thus  we  have  to  show  that  the  a-power-torsion  of 
N 8 a A[b]  is  zero.  Let  y £ N 8 a A[ with  any  = 0.  If  q C B is  a prime  and  a fL  q, 
then  y maps  to  zero  in  (N  8a  A[-  )q.  on  the  other  hand,  if  a £ q,  then  Nq  is  a flat 


A-module  and  we  see  that  Nq  <8 a A[|]  = (N  8 a A[b])q  has  no  a-power  torsion  (as 
A[-\  doesn’t).  Hence  y maps  to  zero  in  this  localization  as  well.  We  conclude  that 
y is  zero  by  Algebra,  Lemma  10.23.1  □ 


Lemma  30.27.4.  Let  S be  a scheme.  Let  Z C S be  a closed  subscheme.  Let 
b : S'  — >•  S be  the  blowing  up  of  Z in  S.  Let  g : X — ► Y be  an  affine  morphism  of 
schemes  over  S . Let  T be  a quasi- coherent  sheaf  on  X . Let  g'  : X x s S'  — > Y x 5 S' 
be  the  base  change  of  g.  Let  T'  be  the  strict  transform  of  T relative  to  b.  Then 
g'^T'  is  the  strict  transform  of  g*T . 


Proof.  Observe  that  g'^pr^J7  = pr^.^J7  by  Cohomology  of  Schemes,  Lemma 
Let  1C  C pr^'-A  be  the  subsheaf  of  sections  supported  in  the  inverse  im- 


29.5.1 


age  of  Z in  X Xg  S'.  By  Properties,  Lemma  27.24.7  the  pushforward  g'^K.  is  the 
subsheaf  of  sections  of  pr y-g^CF  supported  in  the  inverse  image  of  Z in  7 xj  S'. 
As  g'  is  affine  (Morphisms,  Lemma  28.12.8)  we  see  that  <7'  is  exact,  hence  we 
conclude.  □ 


080H  Lemma  30.27.5.  Let  S be  a scheme.  Let  Z C S be  a closed  subscheme.  Let 
D C S be  an  effective  Cartier  divisor.  Let  Z'  C S be  the  closed  subscheme  cut  out 
by  the  product  of  the  ideal  sheaves  of  Z and  D.  Let  S'  — > S be  the  blowup  of  S in 

Z. 
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(1)  The  blowup  of  S in  Z'  is  isomorphic  to  S'  — > S. 

(2)  Let  f : X S be  a morphism  of  schemes  and  let  F be  a quasi- coherent 
Ox-module.  If  J-  has  no  nonzero  local  sections  supported  in  f~1D,  then 
the  strict  transform  of  F relative  to  the  blowing  up  in  Z agrees  with  the 
strict  transform  of  F relative  to  the  blowing  up  of  S in  Z' . 

Proof.  The  first  statement  follows  on  combining  Lemmas  |30. 26.121  and  |30.26.7| 
Using  Lemma  |30.26.2|  the  second  statement  translates  into  the  following  algebra 
problem.  Let  A be  a ring,  I C A an  ideal,  x £ A a nonzerodivisor,  and  a € I. 
Let  M be  an  A-module  whose  x-torsion  is  zero.  To  show:  the  a-power  torsion  in 
M (gu  A[^ ) is  equal  to  the  xa-power  torsion.  The  reason  for  this  is  that  the  kernel 
and  cokernel  of  the  map  A — ► A[^\  is  a-power  torsion,  so  this  map  becomes  an 
isomorphism  after  inverting  a.  Hence  the  kernel  and  cokernel  of  M -A  M A[-\ 
are  a-power  torsion  too.  This  implies  the  result.  □ 

0801  Lemma  30.27.6.  Let  S be  a scheme.  Let  Z C S be  a closed  subscheme.  Let 
b : S'  —>  S be  the  blowing  up  with  center  Z.  Let  Z’  C S'  be  a closed  subscheme. 
Let  S"  — > S'  be  the  blowing  up  with  center  Z' . Let  Y C S be  a closed  subscheme 
such  that  Y = ZUb(Z')  set  theoretically  and  the  composition  S"  — > S is  isomorphic 
to  the  blowing  up  of  S in  Y . In  this  situation , given  any  scheme  X over  S and 
F £ QCoh(Ox)  we  have 

(1)  the  strict  transform  of  F with  respect  to  the  blowing  up  of  S inY  is  equal 
to  the  strict  transform  with  respect  to  the  blowup  S"  — > S'  in  Z'  of  the 
strict  transform  of  F with  respect  to  the  blowup  S'  — » S of  S in  Z,  and 

(2)  the  strict  transform  of  X with  respect  to  the  blowing  up  of  S in  Y is  equal 
to  the  strict  transform  with  respect  to  the  blowup  S"  — > S'  in  Z'  of  the 
strict  transform  of  X with  respect  to  the  blowup  S'  — > S of  S in  Z. 

Proof.  Let  F'  be  the  strict  transform  of  F with  respect  to  the  blowup  S'  — > S of 
S in  Z.  Let  F"  be  the  strict  transform  of  F’  with  respect  to  the  blowup  S"  — >•  S' 
of  S'  in  Z' . Let  Q be  the  strict  transform  of  F with  respect  to  the  blowup  S"  S 
of  S in  Y . We  also  label  the  morphisms 


S S" ^ X X 

° <? 

s s' ^ X 

° p 

/" 

/' 

S" >■  S' >-  S 


By  definition  there  is  a surjection  p*F  — ► F'  and  a surjection  q*F'  — > F"  which 
combine  by  right  exactness  of  q*  to  a surjection  (jpo  q)*F  — > F" . Also  we  have  the 
surjection  (po  q)*F  — > Q.  Thus  it  suffices  to  prove  that  these  two  surjections  have 
the  same  kernel. 


The  kernel  of  the  surjection  p*F  — > F'  is  supported  on  (/  o p)~1Z,  so  this  map 
is  an  isomorphism  at  points  in  the  complement.  Hence  the  kernel  of  q*p*F  — > 
q*F'  is  supported  on  (/  o p o q)~1Z.  The  kernel  of  q*F 1 F"  is  supported  on 
if  ° Combined  we  see  that  the  kernel  of  (po  q)*F  -A  F"  is  supported 

on  (/  o p o q)~xZ  U (/'  o q)~1Z'  = (/opo  q)~1Y.  By  construction  of  Q we  see 
that  we  obtain  a factorization  (po  q)*F  — ► F"  — > Q.  To  finish  the  proof  it  suffices 
to  show  that  F"  has  no  nonzero  (local)  sections  supported  on  (/  opo  g)-1(y)  = 


(/  o p o q)  1 Z U (f  o q)  XZ’ . This  follows  from  Lemma 


30.27.5 


applied  to  F’  on 


X XgS1  over  S',  the  closed  subscheme  Z'  and  the  effective  Cartier  divisor  b XZ.  □ 
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080W  Lemma  30.27.7. 


In  the  situation  of  Definition 


30.27.1. 


Suppose  that 


0 — i F\  — ^ 2 — ^ F:\  — ^ 0 


is  an  exact  sequence  of  quasi- coherent  sheaves  on  X which  remains  exact  after  any 
base  change  T — >•  S.  Then  the  strict  transforms  of  F[  relative  to  any  blowup  S'  — > S 
form  a short  exact  sequence  0 — > F[  — i F'2  — > F%  — > 0 too. 


Proof.  We  may  localize  on  S and  X and  assume  both  are  affine.  Then  we  may 
push  Fi  to  S , see  Lemma  30.27.4  We  may  assume  that  our  blowup  is  the  morphism 
1 : S — i S associated  to  an  effective  Cartier  divisor  D C S.  Then  the  translation 
into  algebra  is  the  following:  Suppose  that  A is  a ring  and  0 — >■  M\  -A  M2  — ► M3  — ► 
0 is  a universally  exact  sequence  of  A-modules.  Let  a £ A.  Then  the  sequence 

0 — ► Mi/a-power  torsion  — ► M2/a-power  torsion  — ► M3/a-power  torsion  — > 0 


is  exact  too.  Namely,  surjectivity  of  the  last  map  and  injectivity  of  the  first  map  are 
immediate.  The  problem  is  exactness  in  the  middle.  Suppose  that  x £ M2  maps 
to  zero  in  M3/a-power  torsion.  Then  y = anx  £ for  some  n.  Then  y maps  to 
zero  in  M2/anM2.  Since  M\  — » M2  is  universally  injective  we  see  that  y maps  to 
zero  in  M\/ anM\.  Thus  y = anz  for  some  z £ M\.  Thus  an(x  — y)  = 0.  Hence  y 
maps  to  the  class  of  x in  M2/a- power  torsion  as  desired.  □ 


30.28.  Admissible  blowups 

080J  To  have  a bit  more  control  over  our  blowups  we  introduce  the  following  standard 
terminology. 

080K  Definition  30.28.1.  Let  A be  a scheme.  Let  U C X be  an  open  subscheme.  A 
morphism  X'  — » X is  called  a U -admissible  blowup  if  there  exists  a closed  immersion 
Z — > X of  finite  presentation  with  Z disjoint  from  U such  that  X'  is  isomorphic  to 
the  blow  up  of  X vn  Z . 


080L 


We  recall  that  Z — > X is  of  finite  presentation  if  and  only  if  the  ideal  sheaf  Iz  C Ox 
is  of  finite  type,  see  Morphisms,  Lemma  |28.21.7  In  particular,  a [/-admissible 


blowup  is  a projective  morphism,  see  Lemma  30.26.13[  Note  that  there  can  be 
multiple  centers  which  give  rise  to  the  same  morphism.  Hence  the  requirement  is 
just  the  existence  of  some  center  disjoint  from  U which  produces  X' . Finally,  as 
the  morphism  b : X'  — > X is  an  isomorphism  over  U (see  Lemma  30.26.4 1 we  will 
often  abuse  notation  and  think  of  U as  an  open  subscheme  of  X'  as  well. 


Lemma  30.28.2.  Let  X be  a quasi-compact,  and  quasi-separated  scheme.  Let 
U C X be  a quasi-compact  open  subscheme.  Let  b : X'  — > X be  a U -admissible 
blowup.  Let  X"  — > X'  be  a U -admissible  blowup.  Then  the  composition  X"  — > X 
is  a U -admissible  blowup. 


Proof.  Immediate  from  the  more  precise  Lemma  [30. 26. 14|  □ 

080M  Lemma  30.28.3.  Let  X be  a quasi-compact  and  quasi-separated  scheme.  Let 
U,V  C X be  quasi-compact  open  subschemes.  Let  b : V'  — > V be  a U HV -admissible 
blowup.  Then  there  exists  a U -admissible  blowup  X'  — > X whose  restriction  to  V 
is  V' . 


Proof.  Let  I C Oy  be  the  finite  type  quasi-coherent  sheaf  of  ideals  such  that 
V (X)  is  disjoint  from  U D V and  such  that  V'  is  isomorphic  to  the  blow  up  of  V 
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in  X.  Let  X'  C Ojjuv  be  the  quasi-coherent  sheaf  of  ideals  whose  restriction  to  U 


is  Ojj  and  whose  restriction  to  V is  X (see  Sheaves,  Section  6.33).  By  Properties, 


Lemma  |27.22.2|  there  exists  a finite  type  quasi-coherent  sheaf  of  ideals  J C Ox 
whose  restriction  to  U U V is  X' . The  lemma  follows.  □ 

080N  Lemma  30.28.4.  Let  X be  a quasi-compact  and  quasi-separated  scheme.  Let 
U C X be  a quasi-compact  open  subscheme.  Let  bi  : Xi  -A  X,  i = 1 ,...,n  be 
U -admissible  blowups.  There  exists  a U -admissible  blowup  b : X'  — ► X such  that 
(a)  b factors  as  X'  — ► Xi  — X for  i = 1, . . . ,n  and  (b)  each  of  the  morphisms 
X'  -A  Xi  is  a U -admissible  blowup. 

Proof.  Let  X,  C Ox  be  the  finite  type  quasi-coherent  sheaf  of  ideals  such  that 
V(Xi)  is  disjoint  from  U and  such  that  X,  is  isomorphic  to  the  blow  up  of  X in  X,  . 
Set  X = X\  ■ . . . ■ Xn  and  let  X'  be  the  blowup  of  X in  X.  Then  X'  — > X factors 
through  bi  by  Lemma  [30.26. 12|  □ 

080P  Lemma  30.28.5.  Let  X be  a quasi-compact  and  quasi-separated  scheme.  Let 
U,V  be  quasi-compact  disjoint  open  subschemes  of  X.  Then  there  exist  a UUV- 
admissible  blowup  b : X'  — ► X such  that  X'  is  a disjoint  union  of  open  subschemes 
X'  = X'1UX'2  with  b~\U)  C X[  and  b~l{V)  C X’2. 

Proof.  Choose  a finite  type  quasi-coherent  sheaf  of  ideals  X,  resp.  J such  that 
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X\U  = V(X),  resp.  X\V  = V(J),  see  Properties,  Lemma  27.24.1  Then  V(IJ)  = 
X set  theoretically,  hence  XJ  is  a locally  nilpotent  sheaf  of  ideals.  Since  X and  J 
are  of  finite  type  and  X is  quasi-compact  there  exists  an  n > 0 such  that  XnJn  = 0. 
We  may  and  do  replace  X by  Xn  and  J by  Jn . Whence  XJ  = 0.  Let  b : X'  — » X 
be  the  blowing  up  in  X + J . This  is  U U P-admissible  as  V(X  + J)  = X \ U U V. 
We  will  show  that  X'  is  a disjoint  union  of  open  subschemes  X’  = X[  II  X2  such 
that  b~l X\X’0  = 0 and  b~1J\X'1  = 0 which  will  prove  the  lemma. 

We  will  use  the  description  of  the  blowing  up  in  Lemma  |30.26.2[  Suppose  that 
U = Spec(A)  C X is  an  affine  open  such  that  X\ u,  resp.  J\u  corresponds  to  the 
finitely  generated  ideal  / C A,  resp.  J C A.  Then 

b~l{U)  = Proj(A  © (/  + J)  © (/  + J)2  © . . .) 

This  is  covered  by  the  affine  open  subsets  A[^XL]  and  A[— jp]  with  x £ I and  y £ J . 
Since  x € I is  a nonzerodivisor  in  A[^XX\  ancj  jj  = o we  see  that  JA[— — ] = 0. 
Since  y £ J is  a nonzerodivisor  in  A[^AA]  ancj  JJ  = 0 we  see  that  JA[b±I]  = 0. 
Moreover, 

Spec(A[^])  n SPec(A[^])  = Spec(A[^])  = 0 

because  xy  is  both  a nonzerodivisor  and  zero.  Thus  b~l(U)  is  the  disjoint  union  of 
the  open  subscheme  U\  defined  as  the  union  of  the  standard  opens  Spec(A[AtI]j 
for  x £ I and  the  open  subscheme  U2  which  is  the  union  of  the  affine  opens 
Spec(A[^±I])  for  y £ J.  We  have  seen  that  b~1XOX'  restricts  to  zero  on  U2 
and  b~lXOX'  restricts  to  zero  on  l/].  We  omit  the  verification  that  these  open 
subschemes  glue  to  global  open  subschemes  X\  and  X2.  □ 

30.29.  Modifications 

In  this  section  we  will  collect  results  of  the  type:  after  a modification  such  and 
such  are  true.  We  will  later  see  that  a modification  can  be  dominated  by  a blow 


up  (More  on  Flatness,  Lemma  37.29.4). 
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OAYP  Lemma  30.29.1.  Let  X be  an  integral  scheme.  Let  £ be  a finite  locally  free  Ox- 
module.  There  exists  a modification  f : X'  -A  X such  that  f*£  has  a filtration 
whose  successive  quotients  are  invertible  Ox1  -modules. 


Proof.  We  prove  this  by  induction  on  the  rank  r of  £.  If  r = 1 or  r = 0 the  lemma 
is  obvious.  Assume  r > 1.  Let  P = P(£)  with  structure  morphism  7r  : P — > X, 
see  Constructions,  Section  26.21  Then  7r  is  proper  (Lemma  30.24.4 1 . There  is  a 
canonical  surjection 

n*£  ->  Op(  1) 

whose  kernel  is  finite  locally  free  of  rank  r — 1.  Choose  a nonempty  open  subscheme 


U C X such  that  £\u 


= o®r 


Then  Pp  = 7r  l(U)  is  isomorphic  to  P y . In 


particular,  there  exists  a section  s : U — > Pjj  of  ir.  Let  X'  C P be  the  scheme 
theoretic  image  of  the  morphism  U — > Pp  — > P.  Then  X'  is  integral  (Morphisms, 
Lemma  28.6. 7|),  the  morphism  / = n\x'  : X'  — > X is  proper  (Morphisms,  Lemmas 
28.41.6  and  28.41.4),  and  /_1(t/)  — > U is  an  isomorphism.  Hence  / is  a modification 
(Morphisms,  Definition  28.47.11).  By  construction  the  pullback  f*£  has  a two 
step  filtration  whose  quotient  is  invertible  because  it  is  equal  to  Op(l)\x'  and 
whose  sub  £'  is  locally  free  of  rank  r — 1.  By  induction  we  can  find  a modification 
g : X"  -A  X'  such  that  g*£'  has  a filtration  as  in  the  statement  of  the  lemma.  Thus 
fog  : X " — >■  X is  the  required  modification.  □ 
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Limits  of  Schemes 


01YT 


31.1.  Introduction 

01YU  In  this  chapter  we  put  material  related  to  limits  of  schemes.  We  mostly  study  limits 
of  inverse  systems  over  directed  partially  ordered  sets  with  affine  transition  maps. 
We  discuss  absolute  Noetherian  approximation.  We  characterize  schemes  locally  of 
finite  presentation  over  a base  as  those  whose  associated  functor  of  points  is  limit 
preserving.  As  an  application  of  absolute  Noetherian  approximation  we  prove  that 
the  image  of  an  affine  under  an  integral  morphism  is  affine.  Moreover,  we  prove 
some  very  general  variants  of  Chow’s  lemma.  A basic  reference  is  [DG67I. 


31.2.  Directed  limits  of  schemes  with  affine  transition  maps 

01YV  In  this  section  we  construct  the  limit. 

01YW  Lemma  31.2.1.  Let  I be  a directed  partially  ordered  set.  Let  (Si,  fu')  be  an  inverse 
system  of  schemes  over  I.  If  all  the  schemes  Si  are  affine , then  the  limit  S = linq  Si 
exists  in  the  category  of  schemes.  In  fact  S is  affine  and  S = Spec(colinq  Ri)  with 
Ri  = T(Si,  O). 


that  S is  the  limit  even  in  the  category  of  locally  ringed  spaces.  □ 

01YX  Lemma  31.2.2.  Let  I be  a directed  partially  ordered  set.  Let  (Si,  fw)  be  an 
inverse  system  of  schemes  over  I.  If  all  the  morphisms  fa'  : Si  — > S r are  affine, 
then  the  limit  S = linq  Si  exists  in  the  category  of  schemes.  Moreover, 

(1)  each  of  the  morphisms  fi'.S —¥  Si  is  affine, 

(2)  for  an  element  0 £ I and  any  open  subscheme  Uq  C Sq  we  have 

fo\U0)  = linq>o  fiQl(Uo) 
in  the  category  of  schemes. 


Proof.  Just  define  S = Spec(colinq  Ri).  It  follows  from  Schemes,  Lemma  25.6.4 


Proof.  Choose  an  element  0 £ I.  Note  that  I is  nonempty  as  the  limit  is  directed. 
For  every  * > 0 consider  the  quasi-coherent  sheaf  of  O^-algebras  At  = fio,*OSi- 

Set  A = colim,;>o  Ai- 


28.12.3 


Recall  that  St  = Specc  (Ai),  see  Morphisms,  Lemma 
This  is  a quasi-coherent  sheaf  of  Os0 -algebras,  see  Schemes,  Section  [25.24 
S = Spec^  (A).  By  Morphisms,  Lemma 


28.12.5 


Set 


we  get  for  i > 0 morphisms 
f-i  : S — > Si  compatible  with  the  transition  morphisms.  Note  that  the  morphisms 
fi  are  affine  by  Morphisms,  Lemma  28.12.11  for  example.  By  Lemma  [31.2.1  above 
we  see  that  for  any  affine  open  Uq  C Sq  the  inverse  image  U = fo1(Uo)  C S is  the 
limit  of  the  system  of  opens  Ui  = /^1(br0),  * > 0 in  the  category  of  schemes. 
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Let  T be  a scheme.  Let  gi  : T —¥  Si  be  a compatible  system  of  morphisms.  To 
show  that  S = lim^  Si  we  have  to  prove  there  is  a unique  morphism  g : T — ► S 
with  gi  = fi  o g for  all  i £ I.  For  every  t £ T there  exists  an  affine  open  Uq  C Sq 
containing  go(t).  Let  V C g((1(Uo)  be  an  affine  open  neighbourhood  containing  t. 
By  the  remarks  above  we  obtain  a unique  morphism  gy  : V — )•  U = 7o)  such 

that  fi  o gv  = gi\Ui  for  all  i.  The  open  sets  bcTso  constructed  form  a basis  for 
the  topology  of  T.  The  morphisms  gy  glue  to  a morphism  g : T — * S because  of 
the  uniqueness  property.  This  gives  the  desired  morphism  g : T — >■  S. 

The  final  statement  is  clear  from  the  construction  of  the  limit  above.  □ 

01YZ  Lemma  31.2.3.  Let  I be  a directed  partially  ordered  set.  Let  (Si,  fu>)  be  an 
inverse  system  of  schemes  over  I.  Assume  all  the  morphisms  fu>  : Si  — > Si>  are 
affine.  Let  S = hup  Si.  Let  0 £ I.  Suppose  that  T is  a scheme  over  Sq.  Then 

T x s0  S = linij>o  T x So  Si 

Proof.  The  right  hand  side  is  a scheme  by  Lemma[31.2.2|  The  equality  is  formal, 
see  Categories,  Lemma  [4. 14. 9[  □ 


31.3.  Descending  properties 


081A 

086P 


In  this  section  we  work  in  the  following  situation. 

Situation  31.3.1.  Let  S = liupg/  Si  be  the  limit  of  a directed  system  of  schemes 
with  affine  transition  morphisms  fyt  : Sy  — > Si  (Lemma  31.2.2).  We  assume  that 
Si  is  quasi-compact  and  quasi-separated  for  all  i £ I.  We  denote  fi  : S — > Si  the 
projection.  We  also  choose  an  element  0 £ I. 


The  type  of  result  we  are  looking  for  is  the  following:  If  we  have  an  object  over  S, 
then  for  some  i there  is  a similar  object  over  Si. 

01YY 

(1)  We  have  Sset  = lim,;  5ijSet  where  Sset  indicates  the  underlying  set  of  the 
scheme  S. 

(2)  We  have  Stop  = lim,  Si^op  where  Stop  indicates  the  underlying  topological 
space  of  the  scheme  S. 

(3)  If  s,  s1  £ S and  s1  is  not  a specialization  of  s then  for  some  i £ I the 
image  si  £ Si  of  s'  is  not  a specialization  of  the  image  Si  £ Si  of  s. 

(4)  Add  more  easy  facts  on  topology  of  S here.  (Requirement:  whatever  is 
added  should  be  easy  in  the  affine  case.) 

Proof.  Proof  of  (1).  Pick  i £ I.  Take  U-j  C Si  an  affine  open.  Denote  Uy  = ff)  (Ilf) 
and  U = /i_1(t/i).  Suppose  we  can  show  that  Uset  = limt/>j  Uy:3et-  Then  assertion 
(1)  follows  by  a simple  argument  using  an  affine  covering  of  Si.  Hence  we  may 
assume  all  Sj  and  S affine.  This  reduces  us  to  the  following  algebra  question: 
Suppose  given  a system  of  rings  (Aj,  tpa>)  over  I.  Set  A = colini;  Ai  with  canonical 
maps  pi  : Aj  — »•  A.  Then 

Spec(A)  = lim.j  Spec(A,) 

Namely,  suppose  that  we  are  given  primes  pi  C At  such  that  pi  = p~y(py)  for  all 
i'  > i.  Then  we  simply  set 

p = {x  £ A | 3i,  Xi  £ p,;  with  Pi(xf)  = a;} 


Lemma  31.3.2.  In  Situation 


31.3.1 
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It  is  clear  that  this  is  an  ideal  and  has  the  property  that  ipi  1(p)  = p.;.  Then  it 
follows  easily  that  it  is  a prime  ideal  as  well.  This  proves  (1). 

Proof  of  (2).  Choose  an  i and  a finite  affine  open  covering  Si  = U\ti  U . . . U UUji. 
If  we  can  show  the  topology  on  f~1(Uk,i)  = linq/>j  fff[{Uk,i)  is  the  limit  topology, 
then  the  same  is  true  for  S.  Hence  we  may  assume  that  S and  Sz  are  affine.  Say 
Si  = Spec(Hi)  and  S = Spec(A)  with  A = colirri  A, . A basis  for  the  topology  of 
Spec(A)  is  given  by  the  standard  opens  D(g),  g £ A.  Since  each  g £ A is  the  image 
of  some  gi  £ A,  for  some  i we  see  that  D(g)  is  the  inverse  image  of  D{gi)  by  /*. 
The  desired  result  now  follows  from  the  criterion  of  Topology,  Lemma  |5.13.3| 

Proof  of  (3).  Pick  i £ I.  Pick  an  affine  open  Ui  C St  containing  f,(sr).  If  fi(s)  ^ Si 
then  we  are  done.  Hence  reduce  to  the  affine  case  by  considering  the  inverse  images 
of  Ui  as  above.  This  reduces  us  to  the  following  algebra  question:  Suppose  given  a 
system  of  rings  (Ai,  tpu>)  over  I.  Set  A = colinq  Ai  with  canonical  maps  ipi  : Ai  — » 
A.  Suppose  given  primes  p,  p'  of  A.  Suppose  that  p <£  p '.  Then  for  some  i we  have 
tp~1( p)  <t  This  is  clear.  □ 


01Z0  Lemma  31.3.3.  In  Situation 


31.3.1 


Suppose  that  Fq  is  a quasi- coherent  sheaf 


on  Sq  . Set  F = ff0F o for  i > 0 and  set  F = /q  Fq  . Then 


T{S,F)  = colimi>0r(S'i,  j;) 


Proof.  Write  Aj  = fio,*Osi-  This  is  a quasi-coherent  sheaf  of  0so-algebras  (see 
Morphisms,  Lemma  28.12.5)  and  Si  is  the  relative  spectrum  of  Ai  over  Sq.  In  the 
proof  of  Lemma  31.2.2  we  constructed  S as  the  relative  spectrum  of  A = colim);>Q  Ai 
over  So-  Set 


Mi  = Fo  ®oSo  Ai 


and 


M = Fq  ®oSo  A. 

Then  we  have  fio,*Fi  = Mi  and  fo,*F  = M.  Since  A is  the  colimit  of  the  sheaves 
Ai  and  since  tensor  product  commutes  with  directed  colimits,  we  conclude  that 
M = colinq>o  Mi-  Since  Sq  is  quasi-compact  and  quasi-separated  we  see  that 


T(S,F) 


T(S0,M) 

P(50,  colimj>0  Mi) 
colinq>0  P(S’o,  Mi) 
colim,;>0  T(Si,  Fi) 


see  Sheaves,  Lemma  6.29.1  and  Topology,  Lemma|A26T  for  the  middle  equality.  □ 


01Z2 


Lemma  31.3.4.  In  Situation  31.3.1 
the  limit  S = linq  Si  is  nonempty. 


If  all  the  schemes  Si  are  nonempty,  then 


Proof.  Choose  £ I.  Note  that  I is  nonempty  as  the  limit  is  directed.  For 
convenience  write  Sq  = Sio  and  io  = 0.  Choose  an  affine  open  covering  Sq  = 
Uj=i  m Uj-  Since  / is  directed  there  exists  a j £ {1, ... , m}  such  that  fff,  (Uj)  ^ 0 
for  all  i > 0.  Hence  linq>0  /,^1(LrJ  ) is  not  empty  since  a directed  colimit  of  nonzero 
rings  is  nonzero  (because  1^0).  As  linq>0  (Uj)  is  an  open  subscheme  of  the 
limit  we  win.  □ 


31.3.  DESCENDING  PROPERTIES 
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01Z3  Lemma  31.3.5.  In  Situation  31.3.1  Suppose  for  each  i we  are  given  a nonempty 
closed  subset  Zi  C Si  with  fufZi)  C Zp . Then  there  exists  a point  s £ S with 
fi{s ) € Zi  for  all  i. 

Proof.  Let  Zt  C Si  also  denote  the  reduced  closed  subscheme  associated  to  Z%, 
see  Schemes,  Definition |25.12!5|  A closed  immersion  is  affine,  and  a composition  of 
affine  morphisms  is  affine  (see  Morphisms,  Lemmas  28.12.9  and  28.12.7l,  and  hence 
Zi  — ► Sp  is  affine  when  i > i' . We  conclude  that  the  morphism  fa/  : Zi  — > Zp  is 


affine  by  Morphisms,  Lemma  28.12.11  Each  of  the  schemes  Zt  is  quasi-compact  as 


a closed  subscheme  of  a quasi-compact  scheme.  Hence  we  may  apply  Lemma  31.3.4 
to  see  that  Z = limj  Zt  is  nonempty.  Since  there  is  a canonical  morphism  Z — » S 
we  win.  □ 


05F3 


31.3.1 


Lemma  31.3.6.  In  Situation 
T — > Si  such  that 

(1)  T x$i  S = 0,  and 

(2)  T is  quasi- compact. 

Then  T xgi  Sp  = 0 for  all  sufficiently  large  i' . 


Suppose  we  are  given  an  i and  a morphism 


Proof.  By  Lemma  31.2.3  we  see  that  T xg.  S = lim p>iT  xg.  Sp.  Hence  the  result 
follows  from  LemmaT31.3.4l  □ 


05F4  Lemma  31.3.7.  In  Situation 


31.3.1 


Suppose  we  are  given  an  i and  a locally 
constructible  subset  E C Si  such  that  fi(S)  C E.  Then  fu'(Sp)  C E for  all 
sufficiently  large  i! . 


01Z4 


Proof.  Writing  Si  as  a finite  union  of  open  affine  subschemes  reduces  the  question 
to  the  case  that  S,  is  affine  and  E is  constructible,  see  Lemmar31.2.2|and  Properties, 
Lemma  27.2.1  In  this  case  the  complement  Si\E  is  constructible  too.  Hence  there 
exists  an  affine  scheme  T and  a morphism  T — ► Si  whose  image  is  S',  \ E , see 
Algebra,  Lemma  10.28.3  By  Lemma [31.3.6  we  see  that  T Sp  is  empty  for  all 
sufficiently  large  if  and  hence  fip(Sp)  C E for  all  sufficiently  large  i' . □ 


Lemma  31.3.8.  In  Situation 


31.3.1 


we  have  the  following: 


(1)  Given  any  quasi-compact  open  V C S = hup  Si  there  exists  an  i £ I and 
a quasi-compact  open  Vi  C Si  such  that  y ~ 1 ( Pi ) = V . 

(2)  Given  V.  C Si  and  Vp  C Sp  quasi-compact  opens  such  that  f~  (Vi)  = 
fp  (Vi1)  there  exists  an  index  i"  > i,i'  such  that  fp,](Vi)  = fp>p{Vp). 

(3)  If  Vqj, . . . , VU:i  C Si  are  quasi-compact  opens  and  S = f~1(V\ti)  U . . . U 
/»rl(^n,i)  then  Sp  = fpl{V m)  U...U  fp*(Vnti)  for  some  i'  > i. 


Proof.  Choose  io  £ /.  Note  that  I is  nonempty  as  the  limit  is  directed.  For 
convenience  we  write  So  = Si0  and  io  = 0.  Choose  an  affine  open  covering  So  = 
Uit o U . . . U Umfi-  Denote  C/y * C S,:  the  inverse  image  of  Ujo  under  the  transition 
morphism  for  i > 0.  Denote  Uj  the  inverse  image  of  t/yo  in  S.  Note  that  Uj  = 
limi  Upi  is  a limit  of  affine  schemes. 

We  first  prove  the  uniqueness  statement:  Let  Vi  C St  and  Vp  C Sp  quasi-compact 
opens  such  that  /i_1(Vi)  = f- 71(Fi')-  It  suffices  to  show  that  fp^fV.  H Ujy)  and 
fp,p(Vp  fl  Ujp/i)  become  equal  for  i"  large  enough.  Hence  we  reduce  to  the  case 
of  a limit  of  affine  schemes.  In  this  case  write  S = Spec(l?)  and  Si  = Spec(i?i) 
for  all  i £ I.  We  may  write  V = Si\V(h i, . . . , hm)  and  Vp  = Sp  \V(gi, ... , gn). 
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The  assumption  means  that  the  ideals  22  gjR  and  22  hjR  have  the  same  radical  in 
R.  This  means  that  g ^ = 22 ajj'hj > and  = 22^jj'9j'  f°r  some  N 0 and  a:n' 

and  bjji  in  R.  Since  R = colim.j  R,,  we  can  chose  an  index  i"  > i such  that  the 
equations  g ^ = 22an'hj'  and  hj  = 22^jj'9j'  hold  in  Ri>>  for  some  ajj>  and  bjj>  in 
Ri" . This  implies  that  the  ideals  2l9i^i"  and  22hjRi"  have  the  same  radical  in 
Ri"  as  desired. 


We  prove  existence.  We  may  apply  the  uniqueness  statement  to  the  limit  of  schemes 
Uj1  fl  Uj2  = lim.;  Ujlti  fl  Uj2ti  since  these  are  still  quasi-compact  due  to  the  fact  that 
the  Si  were  assumed  quasi-separated.  Hence  it  is  enough  to  prove  existence  in  the 
affine  case.  In  this  case  write  S = Spec  (R)  and  Si  = Spec  (Ri)  for  all  i £ I.  Then 
V = S\V(gi, . . . ,gn)  for  some  gi,...,gn  £ R-  Choose  any  i large  enough  so  that 
each  of  the  gj  comes  from  an  element  gj,t  £ Ri  and  take  Vi  = Si  \ V(g\ti > • • • i9n,i)- 

The  statement  on  coverings  follows  from  the  uniqueness  statement  for  the  opens 
Vqi  U . . . U Vn>i  and  Si  of  Si.  □ 


01Z5  Lemma  31.3.9.  In  Situation 


31.3.1 


if  S is  quasi-affine,  then  for  some  io  £ I the 


schemes  Si  for  i > io  are  quasi-affine. 


Proof.  Choose  io  £ I.  Note  that  I is  nonempty  as  the  limit  is  directed.  For 
convenience  we  write  So  = Si0  and  io  = 0.  Let  s £ S.  We  may  choose  an  affine 
open  Uq  C Sq  containing  /o(s).  Since  S is  quasi-affine  we  may  choose  an  element 
a £ T(S,Os)  such  that  s £ D(a ) C fo  (Uq),  and  such  that  D(a)  is  affine.  By 
Lemma  |31.3.3|  there  exists  an  i > 0 such  that  a comes  from  an  element  ai  £ 
T(Si,  Os2-  For  any  index  j > i we  denote  aj  the  image  of  a,:  in  the  global  sections 
of  the  structure  sheaf  of  Sj.  Consider  the  opens  D(aj)  C Sj  and  Uj  = ffo  (U, o)- 
Note  that  Uj  is  affine  and  D(aj)  is  a quasi-compact  open  of  Sj,  see  Properties, 
Lemma  27.26. 4|  for  example.  Hence  we  may  apply  Lemma  |31 .3.8  to  the  opens  Uj 
and  Uj  U D(aj ) to  conclude  that  D(aj)  C Uj  for  some  j > i.  For  such  an  index  j 
we  see  that  D(a.j ) C Sj  is  an  affine  open  (because  D(aj)  is  a standard  affine  open 
of  the  affine  open  Uj)  containing  the  image  fj(s). 

We  conclude  that  for  every  s £ S there  exist  an  index  i £ I,  and  a global  section 
a £ T(Si,  Osi ) such  that  D(a)  C Si  is  an  affine  open  containing  fi(s).  Because  S is 
quasi-compact  we  may  choose  a single  index  i £ I and  global  sections  a\ , . . . , am  £ 
r(Si,  Osf)  such  that  each  D(aj)  C Si  is  affine  open  and  such  that  /,;  : S — > Si  has 
image  contained  in  the  union  Wi  = Uj=i  m D(aj).  For  i'  > i set  Wj/  = fffi  (Wj). 
Since  ff1  (Wi)  is  all  of  S we  see  (by  Lemma  1 


31.3.8 


again)  that  for  a suitable  i'  > i we 
have  Si>  = Wjj . Thus  we  may  replace  i by  i!  and  assume  that  Si  = Uj=i,...,m  D(aj). 
This  implies  that  Os,  is  an  ample  invertible  sheaf  on  Si  (see  Properties,  Definition 
27.26.1)  and  hence  that  S,  is  quasi-affine,  see  Properties,  Lemma  27.27.1  Hence 
we  win.  □ 


01Z6 

schemes  Si  for  i > io  are  affine. 

Proof.  By  Lemma  |31.3.9|  we  may  assume  that  So  is  quasi-affine  for  some  0 £ I. 
Set  R0  = T(S0,0So).  Then  Sq  is  a quasi-compact  open  of  To  = Spec(i?o)-  Denote 
jo  : Sq  — > T0  the  corresponding  quasi-compact  open  immersion.  For  i > 0 set  Ai  = 
foi  *@s  ■ Since  foi  is  affine  we  see  that  Si  = Spec  (Ai).  Set  T)  = Spec  (jo  *Ai). 


Lemma  31.3.10.  In  Situation 


31.3.1 


if  S is  affine,  then  for  some  io  £ I the 
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Then  T*  — > To  is  affine,  hence  T)  is  affine.  Thus  T)  is  the  spectrum  of 

Ri  = T{T0,j0,*Ai ) = r(S0,  A)  = T{Si,0Si). 


Write  S = Spec (R).  We  have  R = colim,;  R,  by  Lemma  31.3.3  Hence  also  S = 
lim,;  Tj . As  formation  of  the  relative  spectrum  commutes  with  base  change,  the 
inverse  image  of  the  open  Sq  C T0  in  Tj  is  Si . Let  Z0  = T0\  So  and  let  Zt  C Ti  be 
the  inverse  image  of  Zq.  As  Si  = T,  \ Zt.  it  suffices  to  show  that  Z,  is  empty  for 


some  i.  Assume  Zi  is  nonempty  for  all  i to  get  a contradiction.  By  Lemma  31.3.5 
there  exists  a point  s of  S = limTj  which  maps  to  a point  of  Zi  for  every  i.  But 
S = limj  Si,  and  hence  we  arrive  at  a contradiction  by  Lemma |31.3.2|  □ 


Lemma  31.3.11.  In  Situation  31.3.1  if  S is  separated,  then  for  some  io  £ I the 
schemes  Si  for  i > io  are  separated. 

Proof.  Choose  a finite  affine  open  covering  50  = fTopU. . .UZ7o,m-  Set  t/7.7-  C Si  and 
Uj  C S equal  to  the  inverse  image  of  Uqj-  Note  that  Ui:3  and  Uj  are  affine.  As  S is 
separated  the  intersections  Uj1  D Uj2  are  affine.  Since  Uj1  D Uj2  = limj>o  Uidl  n[/jj2 
we  see  that  Uidl  (~l  Uij2  is  affine  for  large  i by  Lemma  31.3.10  To  show  that  S,t  is 
separated  for  large  i it  now  sufhces  to  show  that 

OsAVi,n)  ®os(S)  0Si(Vi,j2)  — ► 0Si(Vidl  n Vid2) 


is  surjective  for  large  i (Schemes,  Lemma  25.21.8). 


To  get  rid  of  the  annoying  indices,  assume  we  have  affine  opens  U,V  C So  such 
that  U D V is  affine  too.  Let  f/j,  Vj  C Si,  resp.  U,V  C S be  the  inverse  images.  We 
have  to  show  that  OfUf)  ® 0(Vj)  — > 0(Ui  n Vj)  is  surjective  for  i large  enough  and 
we  know  that  0(U ) ®0(V)  — »•  0(U  Db)  is  surjective.  Note  that  0(Uo)  ® 0(Vo)  — > 
0{Uo  D Vo)  is  of  finite  type,  as  the  diagonal  morphism  Si  — > Si  x Si  is  an  immersion 
(Schemes,  Lemma|25.21.2 ) hence  locally  of  finite  type  (Morphisms,  Lemmas  28.15.2 


and  28.15.5).  Thus  we  can  choose  elements  /o,i,  • • • , /o,n  € 0(Uq  D Vo)  which 
generate  0(Uq  D Vo)  over  0(Uo)  <g>  0(Vo).  Observe  that  for  i > 0 the  diagram  of 
schemes 


Ui  n v,  — 

-*Ui 

u0  n Vo  — 

~^Uo 

the  images  /j . , 

0(UiC\Vi)  over  0(Ui)®0(Vo)  and  a fortiori  over  0{Ui)®0(Vi).  By  assumption  the 
images  fi,-  - ■ ,fn  G 0(U®V)  are  in  the  image  of  the  map  0(U)®0(V)  — > 0(UC\V). 
Since  0(U)<Z>  0(V)  = colim  0(Ui)  ® C>(V))  we  see  that  they  are  in  the  image  of  the 
map  at  some  finite  level  and  the  lemma  is  proved.  □ 


Lemma  31.3.12.  In  Situation  31.3.1  let  Cq  be  an  invertible  sheaf  of  modules  on 
So-  If  the  pullback  C to  S is  ample,  then  for  some  i £ I the  pullback  Ci  to  Si  is 
ample. 

Proof.  The  assumption  means  there  are  finitely  many  sections  Si, . . . , sm  £ T(S',  C) 


such  that  SSj  is  affine  and  such  that  S = (J  ; see  Properties,  Definition  27.26.1 
By  Lemma  31.3.3  we  can  find  an  i £ I and  sections  Sjj  £ r(S'j,£j)  mapping  to 


Sj.  By  Lemma  31.3.10  we  may,  after  increasing  i,  assume  that  ( S) ) s . . is  affine  for 
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j = 1 , ...  ,m.  By  Lemma |31.3.8| we  may,  after  increasing  i a last  time,  assume  that 
Si  = - ■ Then  is  ample  by  definition.  □ 

081B  Lemma  31.3.13.  Let  S be  a scheme.  Let  X = limXj  be  a directed  limit  of 
schemes  over  S with  affine  transition  morphisms.  Let  Y — >■  X be  a morphism  of 
schemes  over  S. 

(1)  IfY  X is  a closed  immersion,  Xi  quasi- compact,  andY  locally  of  finite 
type  over  S,  then  Y — > Xi  is  a closed  immersion  for  i large  enough. 

(2)  If  Y — ► X is  an  immersion,  Xi  quasi-separated,  Y — ► S locally  of  finite 
type,  and  Y quasi-compact,  then  Y — > Xi  is  an  immersion  for  i large 
enough. 


Proof.  Proof  of  (1).  Choose  0 £ I and  a finite  affine  open  covering  X0  = t/o,i  U 
. . . U U0,m  with  the  property  that  Uqj  maps  into  an  affine  open  Wj  C S.  Let 
Vj  C Y.  resp.  Uij  C Xi,  i > 0,  resp.  Uj  C X be  the  inverse  image  of  Uqj.  It 
suffices  to  prove  that  Vj  — > Uij  is  a closed  immersion  for  i sufficiently  large  and  we 
know  that  Vj  — > Uj  is  a closed  immersion.  Thus  we  reduce  to  the  following  algebra 
fact:  If  A = colimA*  is  a directed  colimit  of  .R-algebras,  A — > B is  a surjection  of 
.R-algebras,  and  B is  a finitely  generated  R-algebra,  then  Ai  — > B is  surjective  for 
i sufficiently  large. 


01ZH 


Proof  of  (2).  Choose  0 £ I.  Choose  a quasi-compact  open  X'0  C A'0  such  that 

Y — ► Xo  factors  through  Xf  After  replacing  Xi  by  the  inverse  image  of  Xj  for 
i > 0 we  may  assume  all  X[  are  quasi-compact  and  quasi-separated.  Let  U C X 
be  a quasi-compact  open  such  that  Y — > X factors  through  a closed  immersion 

Y — > U ( U exists  as  Y is  quasi-compact).  By  Lemma [31.3.8  we  may  assume  that 

U = lim  U,  with  Ui  C X,  quasi-compact  open.  By  part  (1)  we  see  that  Y — > Ui  is 
a closed  immersion  for  some  i.  Thus  (2)  holds.  □ 


Lemma  31.3.14.  Let  S be  a scheme.  Let  X = limAj  be  a directed  limit  of 
schemes  over  S with  affine  transition  morphisms.  Assume 

(1)  S quasi-separated, 

(2)  Xi  quasi-compact  and  quasi-separated, 

(3)  X — > S separated. 

Then  Xi  S is  separated  for  all  i large  enough. 


Proof.  Let  0 £ I.  Note  that  I is  nonempty  as  the  limit  is  directed.  As  Xq  is 
quasi-compact  we  can  find  finitely  many  affine  opens  U± , . . . , Un  C S such  that 
X0  — > S maps  into  U\  U . . . U Un.  Denote  hi  : Xi  — >•  S the  structure  morphism.  It 
suffices  to  check  that  for  some  i > 0 the  morphisms  hf  (Uj)  — » Uj  are  separated  for 
j = 1 , ...  ,n.  Since  S is  quasi-separated  the  morphisms  Uj  — > S are  quasi-compact. 
Hence  h~l{Uj ) is  quasi-compact  and  quasi-separated.  In  this  way  we  reduce  to  the 
case  S affine.  In  this  case  we  have  to  show  that  Xi  is  separated  and  we  know  that 
X is  separated.  Thus  the  lemma  follows  from  Lemma[31.3.11|  □ 

09ZM  Lemma  31.3.15.  Let  S be  a scheme.  Let  X = limA^  be  a directed  limit  of 
schemes  over  S with  affine  transition  morphisms.  Assume 

(1)  S quasi-compact  and  quasi-separated, 

(2)  Xi  quasi- compact  and  quasi-separated, 

(3)  X — > S affine. 

Then  Xi  — > S is  affine  for  i large  enough. 
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Proof.  Choose  a finite  affine  open  covering  S = Uj=i  „ Vj.  Denote  / : X — >•  S 
and  fi  : Xi  — >•  S the  structure  morphisms.  For  each  j the  scheme  /_1(V))  = 
linij  /~1(Vj)  is  affine  (as  a finite  morphism  is  affine  by  definition).  Hence  by  Lemma 
there  exists  an  i £ I such  that  each  {Vj)  is  affine.  In  other  words, 
S is  affine  for  i large  enough,  see  Morphisms,  Lemma [28.1 2. 3|  □ 


31.3.10 


fi-.Xt 


09ZN  Lemma  31.3.16.  Let  S be  a scheme.  Let  X = lim  X,  be  a directed  limit  of 
schemes  over  S with  affine  transition  morphisms.  Assume 

(1)  S quasi-compact  and  quasi-separated, 

(2)  Xi  quasi- compact  and  quasi-separated, 

(3)  the  transition  morphisms  Xp  —¥  Xi  are  finite, 

(4)  Xi  — ► S locally  of  finite  type 

(5)  X — > S integral. 

Then  Xj  — > S is  finite  for  i large  enough. 


Proof.  By  Lemma  [31.3. 15|  we  may  assume  Xi  — > S is  affine  for  all  i.  Choose  a 
finite  affine  open  covering  S = UJ=i  „ Vj.  Denote  / : X — >•  5 and  fi  : Xi  — >•  S the 
structure  morphisms.  It  suffices  to  show  that  there  exists  an  i such  that  f~  (Vj) 
is  finite  over  Vj  for  j = 1 ,m  (Morphisms,  Lemma  28.43.3).  Namely,  for  i!  >i 
the  composition  Xp  —>  Xi  — ► S will  be  finite  as  a composition  of  finite  morphisms 
(Morphisms,  Lemma  28.43.5 1 . This  reduces  us  to  the  affine  case:  Let  R be  a ring 
and  A = colim  A,;  with  R — >•  A integral  and  Aj  — > Ap  finite  for  all  i <i' . Moreover 
R — >•  Ai  is  of  finite  type  for  all  i.  Goal:  Show  that  A,  is  finite  over  R for  some 
i.  To  prove  this  choose  an  i £ I and  pick  generators  x.\, ... , xm  € At  of  Ai  as  an 
l?-algebra.  Since  A is  integral  over  R we  can  find  monic  polynomials  Pj  £ R[T ] 
such  that  Pj(xj)  = 0 in  A.  Thus  there  exists  an  i'  > i such  that  Pj(xj ) = 0 in 
Ap  for  j = 1 , ,m.  Then  the  image  A[  of  Ai  in  Ap  is  finite  over  R by  Algebra, 
Lemma  10.35.5|  Since  A'-  C Ap  is  finite  too  we  conclude  that  Ap  is  finite  over  R 
by  Algebra,  Lemma  10.7.3  □ 


0A0N  Lemma  31.3.17.  Let  S be  a scheme.  Let  X = limA^  be  a directed  limit  of 
schemes  over  S with  affine  transition  morphisms.  Assume 

(1)  S quasi-compact  and  quasi-separated, 

(2)  Xi  quasi- compact  and  quasi-separated, 

(3)  the  transition  morphisms  Xp  — > Xi  are  closed  immersions, 

(4)  Xi  — >•  S locally  of  finite  type 

(5)  X — j-  S a closed  immersion. 

Then  Xi  — » S is  a closed  immersion  for  i large  enough. 


Proof.  By  Lemma  31.3.15  we  may  assume  Xi  — > S is  affine  for  all  i.  Choose  a 
finite  affine  open  covering  S = Uj=i  n Vj-  Denote  / : X — >•  S and  /)  : X,;  — > S the 
structure  morphisms.  It  suffices  to  show  that  there  exists  an  i such  that  ff1^) 
is  a closed  subscheme  of  Vj  for  j = 1,  ...,m  (Morphisms,  Lemma  28.2.1).  This 
reduces  us  to  the  affine  case:  Let  R be  a ring  and  A = colim  Ai  with  R — > A 
surjective  and  Ai  — > Ap  surjective  for  all  i < i' . Moreover  R — > Ai  is  of  finite  type 
for  all  i.  Goal:  Show  that  R — ► A,;  is  surjective  for  some  i.  To  prove  this  choose  an 
i £ I and  pick  generators  . . . , xm  £ Ai  of  Aj  as  an  l?-algebra.  Since  R — > A is 
surjective  we  can  find  r,  £ R such  that  r,  maps  to  Xj  in  A.  Thus  there  exists  an 


31.4.  ABSOLUTE  N OETHERIAN  APPROXIMATION 


2211 


i'  > i such  that  r,  maps  to  the  image  of  Xj  in  Ap  for  j = 1 , ...  ,m.  Since  Ai  — > Ap 
is  surjective  this  implies  that  R — » Ap  is  surjective.  □ 


31.4.  Absolute  Noetherian  Approximation 


01Z1  A nice  reference  for  this  section  is  Appendix  C of  the  article  by  Thomason  and 
Trobaugh  |TT90j.  See  Categories,  Section  |4.21|  for  our  conventions  regard  ng  di- 
rected systems.  We  will  use  the  existence  result  and  properties  of  the  limit  from 
Section  [31.21  without  further  mention. 


01Z7  Lemma  31.4.1.  Let  W be  a qucisi-affine  scheme  of  finite  type  over  Z.  Suppose 
W — > Spec(.R)  is  an  open  immersion  into  an  affine  scheme.  There  exists  a finite 
type  Z-algebra  A C R which  induces  an  open  immersion  W — > Spec(A).  Moreover, 
R is  the  directed  colimit  of  such  subalgebras. 


Proof.  Choose  an  affine  open  covering  W = Ui=i  n W*  such  that  each  Wi  is  a 
standard  affine  open  in  Spec(f?).  In  other  words,  if  we  write  Wt  = Spec (Ri)  then 
Ri  = Rfi  for  some  fi  £ R.  Choose  finitely  many  Xij  £ R,  which  generate  R,  over  Z. 
Pick  anlV>0  such  that  each  f^Xij  comes  from  an  element  of  R , say  yij  £ R.  Set 
A equal  to  the  Z-algebra  generated  by  the  fi  and  the  j/y  and  (optionally)  finitely 
many  additional  elements  of  R.  Then  A works.  Details  omitted.  □ 


01Z9  Lemma  31.4.2.  Suppose  given  a cartesian  diagram  of  rings 


t 


B’ ^ R ’ 


Let  W'  C Spe^i?')  be  an  open  of  the  form  W'  = D(f\)  U . . . U D(fn ) such  that 
t(fi)  = s(gi)  for  some  gt  £ B and  Bgi  = Rs(gi )■  Then  B'  — > R'  induces  an  open 
immersion  ofW’  into  Spec {B'). 


Proof.  Set  hi  = ( gi , ff)  £ B' . More  on  Algebra,  Lemma  15.5.3  shows  that  ( B ')^i  = 
(R') fi  as  desired.  □ 


The  following  lemma  is  a precise  statement  of  Noetherian  approximation. 

07RN  Lemma  31.4.3.  Let  S be  a quasi-compact  and  quasi-separated  scheme.  Let  V C S 
be  a quasi-compact  open.  Let  I be  a directed  partially  ordered  set  and  let  (Vi,  fw) 
be  an  inverse  system  of  schemes  over  I with  affine  transition  maps,  with  each  V.  of 
finite  type  over  Z , and  with  V = lim  V.  ■ Then  there  exist 

(1)  a directed  partially  ordered  set  J, 

(2)  an  inverse  system  of  schemes  (Sj,gjj>)  over  J , 

(3)  an  order  preserving  map  a : J — > I , 

(4)  open  subschemes  V-  C Sj,  and 

(5)  isomorphisms  V?  Va^ 
such  that 

(1)  the  transition  morphisms  gjj>  : Sj  — > Sy  are  affine, 

(2)  each  Sj  is  of  finite  type  over  Z, 

(3)  g-)(Vy)  = Vj, 

(4)  S = limSj  and  V = limVj,  and 
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(5)  the  diagrams 


V- 

o 


^a(j) 


Vr 


are  commutative. 

Proof.  Set  Z = S\V.  Choose  affine  opens  C S such  that  Z c 

U;=i  m Ui-  Consider  the  opens 

V CVUU1CVUU1UU2C  ...cVu[  \ Ut  = S 

If  we  can  prove  the  lemma  successively  for  each  of  the  cases 


V UUiU  . . .UUi  C V U hi  U . . . U Ui+ 1 


then  the  lemma  will  follow  for  V C S.  In  each  case  we  are  adding  one  affine  open. 
Thus  we  may  assume 

(1)  S = U UP, 

(2)  U affine  open  in  S, 

(3)  V quasi-compact  open  in  S,  and 

(4)  V = lim,;  Vi  with  (Vi,  fa')  an  inverse  system  over  a directed  set  I,  each 
fiji  affine  and  each  V of  finite  type  over  Z. 


Set  W = U C V.  As  S'  is  quasi-separated,  this  is  a quasi-compact  open  of  V. 
By  Lemma  31.3.8  (and  after  shrinking  I)  we  may  assume  that  there  exist  opens 
Wi  C Vi  such  that  = Wi  and  such  that  /~1(Wj)  = W.  Since  W is  a 

quasi-compact  open  of  U it  is  quasi-afhne.  Hence  we  may  assume  (after  shrinking 


I again)  that  Wi  is  quasi-affine  for  all  i,  see  Lemma  31.3.9 


Write  U = Spec (B).  Set  R = T(W,Ow),  and  Rz  = T(Wi,Ow,)- 
we  have  R = colinu  Ri.  Now  we  have  the  maps  of  rings 


By  Lemma  31.3.3 


U 


Ri 


We  set  Bi  = {(b,r)  £ B x Ri  \ s(b)  = ti(t)}  so  that  we  have  a cartesian  diagram 


B ^ R 

A s „ 

t 

B,  s-  Ri 


for  each  i.  The  transition  maps  Ri  -A  R^  induce  maps  Bi  — >•  It  is  clear  that 

B = colinij  Bi . In  the  next  paragraph  we  show  that  for  all  sufficiently  large  i the 
composition  W,  —A  Spec  (Ri)  -A  Spec  (Bi)  is  an  open  immersion. 

As  W is  a quasi-compact  open  of  U = Spec (B)  we  can  find  a finitely  many  elements 
gi  £ B,  l = 1 such  that  D(gi)  C W and  such  that  W = Uf=i 


31.4.  ABSOLUTE  N OETHERIAN  APPROXIMATION 


2213 


Note  that  this  implies  D(gi)  = Ws(gi)  as  open  subsets  of  U,  where  Ws(g ,)  denotes 
the  largest  open  subset  of  W on  which  s(gi)  is  invertible.  Hence 


Bn 


= r Ojj)  = Y(Ws(gi),Ow)  = Rs(gi), 


where  the  last  equality  is  Properties,  Lemma  27.17.1  Since  Ws(gi)  is  affine  this  also 
implies  that  D(s(gi))  = Ws(gi)  as  open  subsets  of  Spec(-R).  Since  R = colinp  Rt  we 
can  (after  shrinking  I)  assume  there  exist  gi ^ £ Ri  for  all  i £ I such  that  s(gi)  = 
ti(giti).  Of  course  we  choose  the  gi ,,  such  that  gn  maps  to  gij/  under  the  transition 
maps  Ri  — > Ri>.  Then,  by  Lemma  31.3.8  we  can  (after  shrinking  / again)  assume 
the  corresponding  opens  D(gi C Spec(i?.;)  are  contained  in  H) , j = 1, ...  ,m  and 
cover  Wi.  We  conclude  that  the  morphism  Wi  — > Spec(i?.;)  -A  Spec(Hj)  is  an  open 
immersion,  see  Lemma|31.4.2| 


By  Lemma  31.4.1  we  can  write  Bi  as  a directed  colimit  of  subalgebras  Aip  C Bi,  p £ 


Pi  each  of  finite  type  over  Z and  such  that  Wi  is  identified  with  an  open  subscheme 
of  Spec(HijP).  Let  SVP  be  the  scheme  obtained  by  glueing  Vi  and  Spec(H,;jP)  along 
the  open  Wt . see  Schemes,  Section  25.14  Here  is  the  resulting  commutative  diagram 
of  schemes: 

W 


u 


The  morphism  S Slp  arises  because  the  upper  right  square  is  a pushout  in 
the  category  of  schemes.  Note  that  Slg,  is  of  finite  type  over  Z since  it  has  a 
finite  affine  open  covering  whose  members  are  spectra  of  finite  type  Z-algebras.  We 
define  a partial  ordering  on  J = He/  Pi  by  the  rule  ( i',p ')  > (i,p)  if  and  only  if 
i'  > i and  the  map  Bi  — > B ^ maps  App  into  Ai/y.  This  is  exactly  the  condition 
needed  to  define  a morphism  Si>tP>  -A  Si:P:  namely  make  a commutative  diagram  as 
above  using  the  transition  morphisms  — > Vi  and  W,/  Wi  and  the  morphism 

Spec(Hi/jP/)  -a  Spec(H^p)  induced  by  the  ring  map  AitP  -A  A^y.  The  relevant 
commutativities  have  been  built  into  the  constructions.  We  claim  that  S is  the 
directed  limit  of  the  schemes  S,_p.  Since  by  construction  the  schemes  Vi  have  limit 
V this  boils  down  to  the  fact  that  B is  the  limit  of  the  rings  Al  p which  is  true 
by  construction.  The  map  a : J — > I is  given  by  the  rule  j = (i,p)  i-a  i.  The 
open  subscheme  V-  is  just  the  image  of  Vi  -A  Si  p above.  The  commutativity  of 
the  diagrams  in  (5)  is  clear  from  the  construction.  This  finishes  the  proof  of  the 
lemma.  □ 


01ZA 


Proposition  31.4.4.  Let  S be  a quasi-compact  and  quasi-separated  scheme.  There 
exist  a directed  partially  ordered  set  I and  an  inverse  system  of  schemes  (Si,  fw) 
over  I such  that 

(1)  the  transition  morphisms  fa'  are  affine 

(2)  each  Si  is  of  finite  type  over  Z,  and 

(3)  S = lim j Si . 


Proof.  This  is  a special  case  of  Lemma  31.4.3  with  V = l 


□ 
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31.5.  Limits  and  morphisms  of  finite  presentation 

01ZB  The  following  is  a generalization  of  Algebra,  Lemma  [10. 126. 2| 

01ZC  Proposition  31.5.1.  Let  f : X — >■  S be  a morphism  of  schemes.  The  following 
are  equivalent: 

(1)  The  morphism  f is  locally  of  finite  presentation. 

(2)  For  any  directed  partially  ordered  set  I,  and  any  inverse  system  (Ti,  fa') 
of  S -schemes  over  I with  each  Ti  affine,  we  have 

Morg(limj  Ti,  X)  = coffin;  Mors(Tj,  X) 

(3)  For  any  directed  partially  ordered  set  I,  and  any  inverse  system  (T^  fu>) 
of  S-schemes  over  I with  each  fa>  affine  and  every  Ti  quasi-compact,  and 
quasi-separated  as  a scheme,  we  have 

Mors(ffin;  Tj,  X)  = colim,  Mors (7^, X) 


Proof.  It  is  clear  that  (3)  implies  (2). 


Let  us  prove  that  (2)  implies  (1).  Assume  (2).  Choose  any  affine  opens  U C X 
and  V C S such  that  f(U)  C V.  We  have  to  show  that  Os{V)  — > Ox(U)  is 
of  finite  presentation.  Let  (A;,^/)  be  a directed  system  of  Os (V)- algebras.  Set 
A = colim;  A,  . According  to  Algebra,  Lemma  10.126. 2|  we  have  to  show  that 

Horn 0siv)(Ox(U),A)  = coffin,  Hom0s(y) (Ox(U),  Af) 


Consider  the  schemes  Ti  = Spec(A;).  They  form  an  inverse  system  of  P-schemes 
over  I with  transition  morphisms  fu>  : Ti  -A  T f induced  by  the  Os(V)~ algebra 
maps  tpi'i.  Set  T :=  Spec(A)  = limjTj.  The  formula  above  becomes  in  terms  of 
morphism  sets  of  schemes 


Mory(linp  Tj,  U)  = colinp  Mory(Tj,  U). 

We  first  observe  that  Mory(Tj,f7)  = Mors(Tj,f7)  and  Mory(T,  U)  = Morg(T,  17). 
Hence  we  have  to  show  that 


Mors(lim.,  Tj,  17 ) = coffin.;  Mors(Tj,  U ) 

and  we  are  given  that 

Moi'g (lim;  Ti,  X)  = colimj  Morg (Tj,  A'). 

Hence  it  suffices  to  prove  that  given  a morphism  g.i  : Ti  — » X over  S such  that 
the  composition  T — >■  T;  — >■  X ends  up  in  U there  exists  some  i'  > i such  that  the 
composition  g j<  : Tj/  — >•  Tj  — > X ends  up  in  U.  Denote  Z#  = gf1( X \ U ).  Assume 
each  Zp  is  nonempty  to  get  a contradiction.  By  Lemma  31. 3. 5|  there  exists  a point 
t of  T which  is  mapped  into  Z j/  for  all  i'  > i.  Such  a point  is  not  mapped  into  U. 
A contradiction. 


Finally,  let  us  prove  that  (1)  implies  (3).  Assume  (1).  Let  an  inverse  directed 
system  (Tj,/jj/)  of  S-schemes  be  given.  Assume  the  morphisms  fw  are  affine  and 
each  Tj  is  quasi-compact  and  quasi-separated  as  a scheme.  Let  T = limj  Tj.  Denote 
fi  : T — > Ti  the  projection  morphisms.  We  have  to  show: 

(a)  Given  morphisms  <?j  ,g[  : Tj  — > A over  S such  that  gt  o f = g’-  o ff  then 
there  exists  an  i!  > i such  that  gi  o fin  = g[  o /;/;. 

(b)  Given  any  morphism  g : T —¥  X over  S there  exists  an  i £ I and  a 
morphism  gi  : Tj  — t X such  that  g = fi  o gt- 
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First  let  us  prove  the  uniqueness  part  (a).  Let  fji-g'i  : Tt  X be  morphisms  such 
that  gi  o fi  = g[  o fz.  For  any  i!  > i we  set  ge  = gt  o fiH  and  g[,  = g ■ o fVi.  We  also 
set  g = gi  o /,  = g ■ o fi.  Consider  the  morphism  {gi,g[)  : T*  — x X xjl.  Set 

IF  = 1 I UxvU. 

QX  affine  open,ycS'  affine  open,/(£/)C  V 

This  is  an  open  in  X xg  X,  with  the  property  that  the  morphism  Ax/s  factors 
through  a closed  immersion  into  W,  see  the  proof  of  Schemes,  Lemma [25T2T72}  Note 
that  the  composition  {gi,  g'i)  ° fi  : T — x X Xgl  is  a morphism  into  W because  it 
factors  through  the  diagonal  by  assumption.  Set  Zy  = {gi1 , g’v)-1  {X  Xg  X \ W). 
If  each  Zi > is  nonempty,  then  by  Lemma  |31.3.5|  there  exists  a point  t £ T which 
maps  to  for  all  i'  > i.  This  is  a contradiction  with  the  fact  that  T maps  into  W. 
Hence  we  may  increase  i and  assume  that  {gi,  g{)  : Ti  — X X xg X is  a morphism  into 
W . By  construction  of  W,  and  since  is  quasi-compact  we  can  find  a finite  affine 
open  covering  T*  = Tq j U . . . U Tn  i such  that  {gi,  g{) |t-  , is  a morphism  into  U xvU 
for  some  pair  {U,  V")  as  in  the  definition  of  W above.  Since  it  suffices  to  prove  that 
g^  and  g[,  agree  on  each  of  the  ffi  {T:hi)  this  reduces  us  to  the  affine  case.  The 
affine  case  follows  from  Algebra,  Lemma  [10. 126.2  and  the  fact  that  the  ring  map 
Os(V)  —X  Ox{U)  is  of  finite  presentation  (see  Morphisms,  Lemma  28.21.2 ). 


Finally,  we  prove  the  existence  part  (b).  Let  g : T — x X be  a morphism  of  schemes 
over  S.  We  can  find  a finite  affine  open  covering  T = W\  U . . . U Wn  such  that  for 
each  j £ {1, . . . ,n}  there  exist  affine  opens  Uj  C X and  Vj  C S with  f{Uj ) C Vj 


and  g{Wj)  C Uj.  By  Lemmas  31.3.8  and  31.3.10  (after  possibly  shrinking  I)  we 
may  assume  that  there  exist  affine  open  coverings  = W1:i  U . . . U Wnj  compatible 


with  transition  maps  such  that  Wj  = linR  Wjj.  We  apply  Algebra,  Lemma  10.126.2 
to  the  rings  corresponding  to  the  affine  schemes  Uj,  Vj,  Wjj  and  Wj  using  that 
Og{Vj)  —X  Ox{Uj)  is  of  finite  presentation  (see  Morphisms,  Lemma  28.21.2).  Thus 
we  can  find  for  each  j an  index  ij  £ I and  a morphism  g-jj,  : Wjj,  — x X such  that 


0 fi\Wj 


Wj 


w, 


J,1 


X equals  g\w  ■ By  part  (a)  proved  above,  using  the 


quasi-compactness  of  Wj, (~l  Wj2j  which  follows  as  Tj  is  quasi-separated,  we  can 
find  an  index  i'  £ I larger  than  all  ij  such  that 


0 fi'ij  1 1 wj: 


,nw„ 


= 93 


2,lj2 


'fi' 


I w,. 


,nwnr 


for  all  ji,  J2  £ {1, . . . , n}.  Hence  the  morphisms  gjjj  o /.j/q  |w. ,,  glue  to  given  the 
desired  morphism  Tv  — x X.  □ 

05LX  Remark  31.5.2.  Let  S'  be  a scheme.  Let  us  say  that  a functor  F : {Sch/S)opp  —X 
Sets  is  limit  preserving  if  for  every  directed  inverse  system  {X(}iej  of  affine  schemes 
with  limit  T we  have  F{T)  = colinq  F{Ti).  Let  A be  a scheme  over  S,  and  let 
hx  ■ ( Sch/S)opp  —X  Sets  be  its  functor  of  points,  see  Schemes,  Section  25.15  In  this 


terminology  Proposition  31.5.1  says  that  a scheme  X is  locally  of  finite  presentation 
over  S if  and  only  if  hx  is  limit  preserving. 


31.6.  Relative  approximation 

09MU  The  title  of  this  section  refers  to  results  of  the  following  type. 

09MV  Lemma  31.6.1.  Let  f : X — x S be  a morphism  of  schemes.  Assume  that 

(1)  X is  quasi-compact  and  quasi-separated,  and 

(2)  S is  quasi-separated. 
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Then  X = lim  Xi  is  a limit  of  a directed  system  of  schemes  Xi  of  finite  presentation 
over  S with  affine  transition  morphisms  over  S . 


Proof.  Since  /( X)  is  quasi-compact  we  may  replace  S'  by  a quasi-compact  open 
containing  /(X).  Hence  we  may  assume  S is  quasi-compact  as  well.  Write  X = 
lim  Xa  and  S = limSb  as  in  Proposition  31.4.4[  i.e. , with  Xa  and  Sb  of  finite  type 
over  Z and  with  affine  transition  morphisms.  By  Proposition  |31.5.1|  we  find  that 
for  each  b there  exists  an  a and  a morphism  faj,  : Xa  — > Sb  making  the  diagram 


X ^S 

Y 

Xa  — *-  sb 


commute.  Moreover  the  same  proposition  implies  that,  given  a second  triple 
(a' , b',  fa',b '),  there  exists  an  a”  > a'  such  that  the  compositions  Xa»  -A  Xa  — > Xb 
and  Xa"  — ► Xai  -A  Xb>  —>  Xb  are  equal.  Consider  the  set  of  triples  (a,  b,  fa,b) 
endowed  with  the  partial  ordering 

(a,  b,  fatb)  > (a',b',fa',b')  <=>  a > a' , b'  > b,  and  fa,^  o ha,a'  = 9b1, b ° fa,b 

where  ha,a'  '■  Xa  —»  Xai  and  gv,b  '■  Sb1  Sb  are  the  transition  morphisms.  The 
remarks  above  show  that  this  system  is  directed.  It  follows  formally  from  the 
equalities  X = lim  Xa  and  S = lim  Sb  that 


X lim(a  {,  ja  Xa  X-fa  b,Sb  S- 

where  the  limit  is  over  our  directed  system  above.  The  transition  morphisms  Xa  x §b 
S — > Xa>  Xsb,  S are  affine  as  the  composition 


Xa  x Si,  S — > Xa  x gb,  S — > Xa 


'Sb> 


S 


where  the  first  morphism  is  a closed  immersion  (by  Schemes,  Lemma  25.21.10)  and 
the  second  is  a base  change  of  an  affine  morphism  (Morphisms,  Lemma  28.12.8) 
and  the  composition  of  affine  morphisms  is  affine  (Morphisms,  Lemma  28.12.7). 
The  morphisms  fa:b  are  of  finite  presentation  (Morphisms,  Lemmas  28.21.9  and 
28.21.11 ) and  hence  the  base  changes  Xa  x ;a  btsb  S S are  of  finite  presentation 
(Morphisms,  Lemma  28.21.4 1.  □ 


09YZ  Lemma  31.6.2.  Let  X — » S be  an  integral  morphism  with  S quasi-compact  and 
quasi-separated.  Then  X = lim  X f with  Xi  — > S finite  and  of  finite  presentation. 

Proof.  Consider  the  sheaf  A = f*Ox-  This  is  a quasi-coherent  sheaf  of  Os- 
algebras,  see  Schemes,  Lemma  |25.24.1|  Combining  Properties,  Lemma  |27.22.13] 
we  can  write  A = colinq  Ai  as  a filtered  colimit  of  finite  and  finitely  presented 
Os-algebras.  Then 

Xi  = Specg(A)  — Y S 


is  a finite  and  finitely  presented  morphism  of  schemes.  By  construction  A'  = lim,;  X 
which  proves  the  lemma.  □ 
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081C 

081D 

01ZN 


OIZO 


01ZP 


01ZQ 

04AI 


31.7.  Descending  properties  of  morphisms 


This  section  is  the  analogue  of  Section  [3L3]  for  properties  of  morphisms  over  S.  We 
will  work  in  the  following  situation. 

Situation  31.7.1.  Let  S = limS1;  be  a limit  of  a directed  system  of  schemes  with 
affine  transition  morphisms  (Lemma |31.2.2 ).  Let  0 £ I and  let  fo  : A'o  — ► Yq  be 
a morphism  of  schemes  over  So-  Assume  So,  A'o,  Yo  are  quasi-compact  and  quasi- 
separated.  Let  ft  : X i — ► Yt  be  the  base  change  of  /o  to  Si  and  let  / : X — > Y be 
the  base  change  of  f0  to  S. 


Lemma  31.7.2.  Notation  and  assumptions  as  in  Situation  31.7.1.  If  f is  affine, 
then  there  exists  an  index  i > 0 such  that  fi  is  affine. 


Proof.  Let  Y0  = (Jj.=1 
For  i 


fo 


, Vjt o be  a finite  affine  open  covering.  Set  Ujto  = 
> 0 we  denote  Vjti  the  inverse  image  of  Vj.o  in  Yt  and  Uj^  = 
fr(Vj,i).  Similarly  we  have  Uj  = /_1( Vj).  Then  Uj  = lim  i> o Ujti  (see  Lemma 
31.2.2).  Since  Uj  is  affine  by  assumption  we  see  that  each  Uji  is  affine  for  i 
large  enough,  see  Lemma  |31.3.10|  As  there  are  finitely  many  j we  can  pick  an 
i which  works  for  all  j.  Thus  fi  is  affine  for  i large  enough,  see  Morphisms,  Lemma 
128.12.31  □ 


Lemma  31.7.3.  Notation  and  assumptions  as  in  Situation  31.7.1  If 

(1)  f is  a finite  morphism,  and 

(2)  fo  is  locally  of  finite  type, 

then  there  exists  an  i > 0 such  that  fi  is  finite. 


Proof.  A finite  morphism  is  affine,  see  Morphisms,  Definition  |28.43.1  Hence  by 
Lemma |31. 7. 2|  above  after  increasing  0 we  may  assume  that  fo  is  affine.  By  writing 
Yq  as  a finite  union  of  affines  we  reduce  to  proving  the  result  when  A0  and  Yo  are 
affine  and  map  into  a common  affine  W C Sq-  The  corresponding  algebra  statement 

□ 


follows  from  Algebra,  Lemma  10.160.3 


Lemma  31.7.4.  Notation  and  assumptions  as  in  Situation  31.7.1 

(1)  f is  a closed  immersion,  and 

(2)  fo  is  locally  of  finite  type, 

then  there  exists  an  i > 0 such  that  fi  is  a closed  immersion. 


If 


Proof.  A closed  immersion  is  affine,  see  Morphisms,  Lemma  |28.12.9  Hence  by 
Lemma |31. 7. 2|  above  after  increasing  0 we  may  assume  that  fo  is  affine.  By  writing 
Yo  as  a finite  union  of  affines  we  reduce  to  proving  the  result  when  X0  and  Y0  are 
affine  and  map  into  a common  affine  W C Sq-  The  corresponding  algebra  statement 

□ 


is  a consequence  of  Algebra,  Lemma  10.160.4 


Lemma  31.7.5.  Notation  and  assumptions  as  in  Situation  31.7.1 
rated,  then  fi  is  separated  for  some  i > 0. 


If  f is  sepa- 


Proof.  Apply  Lemma  31.7.4  to  the  diagonal  morphism  A x0/s0  '■  -W  — t A0  xg0  A0. 
(This  is  permissible  as  diagonal  morphisms  are  locally  of  finite  type  and  the  fibre 
product  A0  x g0  A'o  is  quasi-compact  and  quasi-separated,  see  Schemes,  Lemma 
|25.21.2[  Morphisms,  Lemma|28.15.5[  and  Schemes,  Remark |25. 21. 18|  □ 


Lemma  31.7.6.  Notation  and  assumptions  as  in  Situation  31.7.1  If 
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06AC 


07RP 


081E 


07RQ 


(1)  f is  flat, 

(2)  /„  is  locally  of  finite  presentation, 
then  fi  is  flat  for  some  i > 0. 

Proof.  Choose  a finite  affine  open  covering  Y0  = (Jj=1  m YJ-,0  such  that  each  Y,i0 
maps  into  an  affine  open  Sjt o C So-  For  each  j let  f(f 1 Y).o  = (Jfe=1  nj  Xk,o  be  a 
finite  affine  open  covering.  Since  the  property  of  being  flat  is  local  we  see  that  it 
suffices  to  prove  the  lemma  for  the  morphisms  of  affines  X^^  — > Yj y — y Sjj  which 
are  the  base  changes  of  Xfcj0  — t Y),o  — t o to  St . Thus  we  reduce  to  the  case  that 
Xo , Fo  j Sq  are  affine 

In  the  affine  case  we  reduce  to  the  following  algebra  result.  Suppose  that  R = 
colimig/  Ri . For  some  0 £ I suppose  given  an  i?o"algebra  map  A,  —y  Bi  of  finite 
presentation.  If  R A0  —y  R ®r0  B0  is  flat,  then  for  some  i > 0 the  map 
Ri  ®R0  A0 
(3). 


Ri 


B0  is  flat.  This  follows  from  Algebra,  Lemma  10.160.1  part 

□ 


Lemma  31.7.7.  Notation  and  assumptions  as  in  Situation  31.7.1  If 

(1)  f is  finite  locally  free  (of  degree  d), 

(2)  fo  is  locally  of  finite  presentation, 

then  fi  is  finite  locally  free  (of  degree  d)  for  some  i > 0. 


Proof.  By  Lemmas  |31.7.6|  and  |31.7.3|  we  find  an  i such  that  fi  is  flat  and  finite. 
On  the  other  hand,  fi  is  locally  of  finite  presentation.  Hence  fi  is  finite  locally  free 
by  Morphisms,  Lemma|28.45.2|  If  moreover  / is  finite  locally  free  of  degree  d , then 
the  image  of  Y -y  Yi  is  contained  in  the  open  and  closed  locus  Wd  C Y,  over  which 
fi  has  degree  d.  By  Lemma  31.3.7  we  see  that  for  some  i!  > i the  image  of  Yj,  — > YJ 
is  contained  in  Wd-  Then  fii  will  be  finite  locally  free  of  degree  d.  □ 


Lemma  31.7.8.  Notation  and  assumptions  as  in  Situation  31.7.1  If 

(1)  f is  etale, 

(2)  f0  is  locally  of  finite  presentation, 
then  fi  is  etale  for  some  i > 0. 

Proof.  Being  etale  is  local  on  the  source  and  the  target  (Morphisms,  Lemma 
28.36.2)  hence  we  may  assume  Sq,X0,  Y0  affine  (details  omitted).  The  correspond- 
ing algebra  fact  is  Algebra,  Lemma  [l0.160.5[  □ 


Lemma  31.7.9.  Notation  and  assumptions  as  in  Situation 

(1)  f is  an  isomorphism,  and 

(2)  fi  is  locally  of  finite  presentation, 
then  fi  is  an  isomorphism  for  some  i > 0. 


31.7.1 


If 


Proof.  By  Lemmas  |31.7.8|  and  |31.7.4|  we  can  find  an  i such  that  fi  is  flat  and  a 
closed  immersion.  Then  fi  identifies  Xj  with  an  open  and  closed  subscheme  of  Yj, 
see  Morphisms,  Lemma  |28.26.2|  By  assumption  the  image  of  Y —>1)  maps  into 
fi(Xi).  Thus  by  Lemma  31.3.7  we  find  that  Yj,  maps  into  fi{Xi)  for  some  i'  > i. 
It  follows  that  Aj,  — > Yi , is  surjective  and  we  win.  □ 


Lemma  31.7.10.  Notation  and  assumptions  as  in  Situation 
(1)  f is  a monomorphism,  and 


31.7.1 


If 
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07RR 


01ZD 

01ZE 


(2)  /o  is  locally  of  finite  type, 
then  ft  is  a monomorphism  for  some  i > 0. 

Proof.  Recall  that  a morphism  of  schemes  V — > W is  a monomorpliism  if  and 
only  if  the  diagonal  V — > V X\y  V is  an  isomorphism  (Schemes,  Lemma [25.23.2 ). 
The  morphism  Xq  — > Xq  Xy0  Xq  is  locally  of  finite  presentation  by  Morphisms, 


Lemma  28.21.12  Since  X0  Xy0  A'0  is  quasi-compact  and  quasi-separated  (Schemes, 
Remark  25.21.18 1 we  conclude  from  Lemma  31.7.9  that  A,  : Xi  — > X-;  Xy.  X,  is  an 
isomorphism  for  some  i > 0.  For  this  i the  morphism  /j  is  a monomorphism.  □ 


Lemma  31.7.11.  Notation  and  assumptions  as  in  Situation  31.7.1  If 

(1)  / is  surjective,  and 

(2)  /o  is  locally  of  finite  presentation, 

then  there  exists  an  i > 0 such  that  fi  is  surjective. 

Proof.  The  morphism  /o  is  of  finite  presentation.  Hence  E = /o(Xq)  a con“ 


structible  subset  of  Yq,  see  Morphisms,  Lemma  28.22.2  Since  /,;  is  the  base  change 
of  /o  by  Y,,  — ► Yq  we  see  that  the  image  of  f)  is  the  inverse  image  of  E in  Y,  . More- 
over, we  know  that  Y — » Yq  maps  into  E.  Hence  we  win  by  Lemma|31.3.7[  □ 

31.8.  Finite  type  closed  in  finite  presentation 

A result  of  this  type  is  |Kie72l  Satz  2.10].  Another  reference  is  |Con07bl . 

Lemma  31.8.1.  Let  f : X — X S be  a morphism  of  schemes.  Assume: 

(1)  The  morphism  f is  locally  of  finite  type. 

(2)  The  scheme  X is  quasi-compact  and  quasi-separated. 

Then  there  exists  a morphism  of  finite  presentation  f':X'—^S  and  an  immersion 
X — > X'  of  schemes  over  S . 


Proof.  By  Proposition  31.4.4  we  can  write  X = Imp  Xi  with  each  Xi  of  finite 
type  over  Z and  with  transition  morphisms  fa>  : Xi  -A  X,/  affine.  Consider  the 
commutative  diagram 


Spec(Z) 


Note  that  Xi  is  of  finite  presentation  over  Spec(Z),  see  Morphisms,  Lemma  28.21.9 
Hence  the  base  change  X,  s — > S is  of  finite  presentation  by  Morphisms,  Lemma 
Thus  it  suffices  to  show  that  the  arrow  X -A  Xj  s is  an  immersion  for  i 


28.21.4 


sufficiently  large. 

To  do  this  we  choose  a finite  affine  open  covering  X = Vi  U . . . U Vn  such  that  / maps 
each  Vj  into  an  affine  open  Uj  C S.  Let  hjjCl  £ OxiYj ) be  a finite  set  of  elements 


which  generate  Ox(Vj)  as  an  C,s(H?)-algebra,  see  Morphisms,  Lemma  28.15.2  By 


Lemmas  31.3.8  and  31.3.10  (after  possibly  shrinking  I)  we  may  assume  that  there 
exist  affine  open  coverings  A,  = V\  ^ U . . . U Vn  l compatible  with  transition  maps 


such  that  Vj  = linp 


Vj,i. 


By  Lemma  31.3.3  we  can  choose  i so  large  that  each  h 


comes  from  an  element  hj,a,i  £ 


Vj 


Oxi  Thus  the  arrow  in 

Uj  -><'Spec(Z)  Vj,i  (Vj,i)uj  ( Vj,i)s  X i,S 


'3, a 
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is  a closed  immersion.  Since  U forms  an  open  of  Aj,g  and  since  the  inverse 
image  of  ( Vj,i)u ■ in  AT  is  Vj  it  follows  that  A — ► Xt  g is  an  immersion.  □ 

01ZF  Remark  31.8.2.  We  cannot  do  better  than  this  if  we  do  not  assume  more  on  S 
and  the  morphism  f : X S.  For  example,  in  general  it  will  not  be  possible  to 
find  a closed  immersion  X — * X'  as  in  the  lemma.  The  reason  is  that  this  would 
imply  that  / is  quasi-compact  which  may  not  be  the  case.  An  example  is  to  take  S 
to  be  infinite  dimensional  affine  space  with  0 doubled  and  X to  be  one  of  the  two 
infinite  dimensional  affine  spaces. 

01ZG  Lemma  31.8.3.  Let  f : X — >•  S be  a morphism  of  schemes.  Assume: 

(1)  The  morphism  f is  of  locally  of  finite  type. 

(2)  The  scheme  X is  quasi-compact  and  quasi-separated , and 

(3)  The  scheme  S is  quasi-separated. 

Then  there  exists  a morphism  of  finite  presentation  f : X'  — )■  S and  a closed 
immersion  X — > X'  of  schemes  over  S. 


09ZP 


Proof.  By  Lemma  [31.8.1|  above  there  exists  a morphism  Y — > S of  finite  presen- 
tation and  an  immersion  i : X — ► Y of  schemes  over  S.  For  every  point  x £ X, 
there  exists  an  affine  open  Vx  C Y such  that  i~l{Vx)  — > Vx  is  a closed  immersion. 
Since  X is  quasi-compact  we  can  find  finitely  may  affine  opens  V\, ...  ,Vn  C Y 
such  that  i(X)  C V\  U . . . U Vn  and  i_1(V?  ) — > Vj  is  a closed  immersion.  In  other 
words  such  that  i : X — ► X'  = V\  U . . . U Vn  is  a closed  immersion  of  schemes 
over  S.  Since  S is  quasi-separated  and  Y is  quasi-separated  over  S we  deduce  that 
Y is  quasi-separated,  see  Schemes,  Lemma  25.21.13 
X'  = ViU...Ul4 


Hence  the  open  immersion 
Y is  quasi-compact.  This  implies  that  X'  — > Y is  of  finite  pre- 


sentation, see  Morphisms,  Lemma  28.21.6  We  conclude  since  then  X'  — > Y — > S is 
a composition  of  morphisms  of  finite  presentation,  and  hence  of  finite  presentation 
(see  Morphisms,  Lemma  28.21.3 1.  □ 


Lemma  31.8.4.  Let  X Y be  a closed  immersion  of  schemes.  Assume  Y quasi- 
compact and  quasi-separated.  Then  X can  be  written  as  a directed  limit  X = lim  A,; 
of  schemes  over  Y where  Xi  — » Y is  a closed  immersion  of  finite  presentation. 


Proof.  Let  T C Oy  be  the  quasi-coherent  sheaf  of  ideals  defining  A'  as  a closed 
subscheme  of  Y . By  Properties,  Lemma[27.22.3|we  can  write  I as  a directed  colimit 
I = colimig/Ij  of  its  quasi-coherent  sheaves  of  ideals  of  finite  type.  Let  Aj  C Y 
be  the  closed  subscheme  defined  by  2^.  These  form  an  inverse  system  of  schemes 
indexed  by  I . The  transition  morphisms  A j — > X ^ are  affine  because  they  are 
closed  immersions.  Each  X f is  quasi-compact  and  quasi-separated  since  it  is  a closed 
subscheme  of  Y and  Y is  quasi-compact  and  quasi-separated  by  our  assumptions. 
We  have  A = lin^  X f as  follows  directly  from  the  fact  that  I = colim i6/l0.  Each  of 
the  morphisms  X f — >•  Y is  of  finite  presentation,  see  Morphisms,  Lemma|28.21.7|  □ 

09ZQ  Lemma  31.8.5.  Let  f : X S be  a morphism  of  schemes.  Assume 

(1)  The  morphism  f is  of  locally  of  finite  type. 

(2)  The  scheme  X is  quasi-compact  and  quasi-separated,  and 

(3)  The  scheme  S is  quasi-separated. 

Then  X = lim  Aj  where  the  Aj  — » S are  of  finite  presentation,  the  Aj  are  quasi- 
compact and  quasi-separated,  and  the  transition  morphisms  X p -A  Aj  are  closed 
immersions  (which  implies  that  X — > Aj  are  closed  immersions  for  all  i). 
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09YY 

01ZL 

01ZM 


Proof.  By  Lemma  |31.8.3|  there  is  a closed  immersion  A — > Y with  Y — > S of 
finite  presentation.  Then  Y is  quasi-separated  by  Schemes,  Lemma|25.21.13]  Since 
X is  quasi-compact,  we  may  assume  Y is  quasi-compact  by  replacing  Y with  a 
quasi-compact  open  containing  X.  We  see  that  X = limA^  with  Xt  — » Y a closed 
immersion  of  finite  presentation  by  Lemma  31.8.4  The  morpliisms  Xi  S are  of 
finite  presentation  by  Morphisms,  Lemma|28.21.3  □ 


31.8.6.  Let  f : X — >•  S be  a morphism  of  schemes.  Assume 
of  finite  type  and  separated,  and 
quasi-compact  and  quasi-separated. 

Then  there  exists  a separated  morphism  of  finite  presentation  f'-.X'—t-S  and  a 
closed  immersion  X — > X'  of  schemes  over  S . 


Proposition 

(1)  / 

(2)  S is 


Proof.  Apply  Lemma  31.8. 5|  and  note  that  A,;  — > S is  separated  for  large  i by 
Lemma  [31.3.14|  as  we  have  assumed  that  X — > S is  separated.  □ 


Lemma  31.8.7.  Let  f : X -A  S be  a morphism  of  schemes.  Assume 

(1)  f is  finite,  and 

(2)  S is  quasi-compact  and  quasi-separated. 

Then  there  exists  a morphism  which  is  finite  and  of  finite  presentation  f : X'  — > S 
and  a closed  immersion  X — ► X'  of  schemes  over  S . 


Proof.  We  may  write  X = limA^  as  in  Lemma  31.8.5[  Applying  Lemma  31.3.16 
we  see  that  Xi  — > S is  finite  for  large  enough  i.  □ 


Lemma  31.8.8.  Let  f : X — ► S be  a morphism  of  schemes.  Assume 

(1)  f is  finite,  and 

(2)  S quasi-compact  and  quasi-separated. 

Then  X is  a directed  limit  X = limA'j  where  the  transition  maps  are  closed  im- 
mersions and  the  objects  Xi  are  finite  and  of  finite  presentation  over  S. 


Proof.  We  may  write  A = limA^  as  in  Lemma  [31. 8.5[  Applying  Lemma  31.3.16 
we  see  that  Xi  — > S is  finite  for  large  enough  i.  □ 


31.9.  Descending  relative  objects 

The  following  lemma  is  typical  of  the  type  of  results  in  this  section.  We  write  out 
the  “standard”  proof  completely.  It  may  be  faster  to  convince  yourself  that  the 
result  is  true  than  to  read  this  proof. 

Lemma  31.9.1.  Let  I be  a directed  partially  ordered  set.  Let  (Si,  fw)  be  an 
inverse  system  of  schemes  over  I.  Assume 

(1)  the  morphisms  fa>  : Si  Sp  are  affine, 

(2)  the  schemes  Si  are  quasi-compact  and  quasi-separated. 

Let  S = linq  Si.  Then  we  have  the  following: 

(1)  For  any  morphism  of  finite  presentation  X — > S there  exists  an  index 
i £ I and  a morphism  of  finite  presentation  Xi  — > Si  such  that  X = Xits 
as  schemes  over  S. 

(2)  Given  an  index  i £ I,  schemes  Xi,  Yi  of  finite  presentation  over  Si,  and 
a morphism  <p  : A*  5 — > Yi:s  over  S , there  exists  an  index  i'  > i and  a 
morphism  ipp  : X ^5  , -A  Yits.,  whose  base  change  to  S is  ip. 
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(3)  Given  an  index  i £ I,  schemes  Xi,  Yj  of  finite  presentation  over  Si  and 
a pair  of  morphisms  <Pi,ifi  : X f — > Yi  whose  base  changes  p>its  = ifi,s  are 
equal,  there  exists  an  index  i'  > i such  that  Pi,Sp  = ifi^p  • 

In  other  words,  the  category  of  schemes  of  finite  presentation  over  S is  the  colimit 
over  I of  the  categories  of  schemes  of  finite  presentation  over  Si . 


Proof.  In  case  each  of  the  schemes  Si  is  affine,  and  we  consider  only  affine  schemes 
of  finite  presentation  over  Si,  resp.  S this  lemma  is  equivalent  to  Algebra,  Lemma 
|10.126.6)  We  claim  that  the  affine  case  implies  the  lemma  in  general. 

Let  us  prove  (3).  Suppose  given  an  index  i £ I,  schemes  X f,  Yi  of  finite  presentation 
over  Si  and  a pair  of  morphisms  p%,ifi  : X f — > Yi.  Assume  that  the  base  changes 
are  equal:  ipits  = ifi,s ■ We  will  use  the  notation  X,>  = Xits.,  and  Yp  = Y^g 
for  i'  > i.  We  also  set  X = X.Ls  and  Y = Y;,,s-  Note  that  according  to  Lemma 
31.2.3  we  have  X = limi/>,;X,;/  and  similarly  for  Y.  Additionally  we  denote  pp 
and  if v (resp.  ip  and  if)  the  base  change  of  tpi  and  ifi  to  Sp  (resp.  S).  So  our 
assumption  means  that  p = if . Since  Y(  and  X,  are  of  finite  presentation  over 
Si,  and  since  Si  is  quasi-compact  and  quasi-separated,  also  X,  and  Yi  are  quasi- 


compact and  quasi-separated  (see  Morphisms,  Lemma  28.21.10).  Hence  we  may 


choose  a finite  affine  open  covering  Yi  = (J  Vjj  such  that  each  Vjt * maps  into  an 
affine  open  of  S.  As  above,  denote  Vjtp  the  inverse  image  of  Vjti  in  Yp  and  Vj 


the  inverse  image  in  Y.  The  immersions  14 


-A  Yp  are  quasi-compact,  and  the 
- (Vjy)  are  quasi-compact  opens 


inverse  images  Ujy  = ip~  (Vjtp)  and  Ujp  = if f 
of  X.ji . By  assumption  the  inverse  images  of  Vj  under  <p  and  if  in  X are  equal. 
Hence  by  Lemma 


31.3.1 


i such  that  of  Ujy 


= 


there  exists  an  index  i'  > 

Xti.  Choose  an  finite  affine  open  covering  Ufp  = UY,  = (J  Wj^y  which  induce 
coverings  Ujy  = = |J  Wjtk,i"  for  all  i"  > i! . By  the  affine  case  there  exists 

an  index  i"  such  that  ipi >>  | w k p,  = ifi"  I w k ,,,  for  all  j,  k.  Then  i"  is  an  index  such 


that  ipi»  = if  pi  and  (3)  is  proved. 

Let  us  prove  (2).  Suppose  given  an  index  i £ I,  schemes  X f,  Yi  of  finite  presentation 
over  Si  and  a morphism  p : X f:s  — t We  will  use  the  notation  Xp  = Xts., 

and  Yp  = Y^g.,  for  i!  > i.  We  also  set  X = X,  s and  Y = Y^  g.  Note  that 
according  to  Lemma  31.2.3  we  have  X = limi/>.jXi/  and  similarly  for  Y.  Since  Yj 


and  X,  are  of  finite  presentation  over  Si,  and  since  Si  is  quasi-compact  and  quasi- 
separated,  also  Xi  and  Yi  are  quasi-compact  and  quasi-separated  (see  Morphisms, 


Lemma  28.21.10).  Hence  we  may  choose  a finite  affine  open  covering  Yz  = (J  V^i 
such  that  each  Vjj  maps  into  an  affine  open  of  S.  As  above,  denote  Vjt p the  inverse 
image  of  Vj  i in  Yp  and  Vj  the  inverse  image  in  Y.  The  immersions  Vj  — > Y are 
quasi-compact,  and  the  inverse  images  Uj  = (/j_1(V7)  are  quasi-compact  opens  of 


X.  Hence  by  Lemma  31.3.8  there  exists  an  index  i'  > i and  quasi-compact  opens 
Uji p of  Xp  whose  inverse  image  in  A'  is  Uj.  Choose  an  finite  affine  open  covering 
Ujtp  = 1J  Wjtk,i>  which  induce  affine  open  coverings  Ujy  = (J  Wj^,i"  for  all  i"  > i! 
and  an  affine  open  covering  Uj  = (J  Wj  k-  By  the  affine  case  there  exists  an  index 
i"  and  morphisms  Pj,k,i"  : ^j,k,i"  * Vj,i"  such  that  p\wj  k = f°r  all  j 

By  part  (3)  proved  above,  there  is  a further  index  i'"  > i"  such  that 


I W, 


,r\w. 


J 2<k2. 


W,. 


,nw 


J2.k2.' 


for  all  Ji,  ji,  hi,  ^2-  Then  i'"  is  an  index  such  that  there  exists  a morphism  ppn  : 
Xpn  —>■  Ypn  whose  base  change  to  S gives  ip.  Hence  (2)  holds. 
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Let  us  prove  (1).  Suppose  given  a scheme  A'  of  finite  presentation  over  S.  Since  A' 
is  of  finite  presentation  over  S,  and  since  S is  quasi-compact  and  quasi-separated, 
also  X is  quasi-compact  and  quasi-separated  (see  Morphisms,  Lemma  28.21.10). 
Choose  a finite  affine  open  covering  X = (J  Uj  such  that  each  Uj  maps  into  an 


affine  open  Vj  C S.  Denote  Uj 


— Uj1  n Uj2 


and  Uj. 


— Uj1  n Uj2  n Uj3 . 


Lemmas  31.3.8  and  31.3.10  we  can  find  an  index  i\  and  affine  opens  V; , , C 


By 

Sh 


such  that  each  Vj  is  the  inverse  of  this  in 


Vj,i, 


S.  Let  Vj  j be  the  inverse  image  of 
in  Si  for  i > i\ . By  the  affine  case  we  may  find  an  index  *2  > i\  and  affine 


schemes  U- 


Uj,i  — 


V u such  that  Uj  = S x < 


Si  xs  U. 


J,l2 


3, *2 

for  i 


> »2-  By  Lemma 


Ujj2  is  the  base  change.  Denote 
31.3.81  there  exists  an  index  *3  > ii 


and  open  subschemes  Wjltj2>i3  C Uj,tj3  whose  base  change  to  S is  equal  to  Uj,j2. 
Denote  Wj,j2p  = Si  Xgi3  Wj j,,j2,i3  for  i > i3.  By  part  (2)  shown  above  there 


exists  an  index  * 4 > i3  and  morphisms  p>j,,j2,i4  ■ Wj1,j2,u  B j2  ,j, ,u  whose  base 
change  to  S gives  the  identity  morphism  Uj,j2  = Uj2j , for  all  ji,j2-  For  all  i > H 
denote  T 31,32, i = ids  x <Pjltj3,i4  the  base  change.  We  claim  that  for  some  *5  > 
i±  the  system  ((Ujii3)j,(Wj1j2^5)j1j2,(<fj1j2li5)jllj2)  forms  a glueing  datum  as  in 
Schemes,  Section[25.14[  In  order  to  see  this  we  have  to  verify  that  for  i large  enough 
we  have 


V? 


°Ji,i2,i 


(Wji  ,j2,i  FI  Wjltj3 


,i)  — Wj,j2tj  n Wj,j 3ji 


and  that  for  large  enough  i the  cocycle  condition  holds.  The  first  condition  follows 

= Uj,j2j3.  The  second  from  part  (1) 


from  Lemma  31.3.8  and  the  fact  that  Uj, 


of  the  lemma  proved  above  and  the  fact  that  the  cocycle  condition  holds  for  the 
maps  id  : Uj,j2  — > Uj2j,.  Ok,  so  now  we  can  use  Schemes,  Lemma  25.14.2  to  glue 

By 


5 )j ) (Wji ,j2,i5~)ji,j2  > (Pjuh, 15)01, 32)  a scheme  Xj5  — >■  Sj5 


']1]2 

the  system  ((Uj} 

construction  the  base  change  of  Xj,  to  S is  formed  by  glueing  the  open  affines  Uj 
along  the  opens  Uj,  <—  Uj,j2  — > Uj2.  Hence  S Xs,  Xl5  = X as  desired.  □ 


Lemma  31.9.2.  Let  I be  a directed  partially  ordered  set.  Let  (Si,  fw)  be  an 
inverse  system  of  schemes  over  I.  Assume 

(1)  all  the  morphisms  fu>  : Si  — » SV  are  affine, 

(2)  all  the  schemes  Si  are  quasi-compact  and  quasi-separated. 

Let  S = linq  Sj.  Then  we  have  the  following: 

(1)  For  any  sheaf  of  Os-modules  T of  finite  presentation  there  exists  an  index 
i £ / and  a sheaf  of  Os  -modules  of  finite  presentation  Ti  such  that  T = 

ft*i- 

(2)  Suppose  given  an  index  i £ I,  sheaves  of  Osi-modules  Ti,  Qi  of  finite 
presentation  and  a morphism  (p  : f*Ti  — > f*Qi  over  S.  Then  there  exists 
an  index  i'  > i and  a morphism  ipj>  : ff^Ti  — »•  ff^Qi  whose  base  change  to 
S is  ip. 

(3)  Suppose  given  an  index  i £ I,  sheaves  of  Os , -modules  Tj,  Qi  of  finite 
presentation  and  a pair  of  morphisms  ipi,ipi  : Ti  — > Qi.  Assume  that  the 
base  changes  are  equal:  f*  p)j  = f* tfj . Then  there  exists  an  index  i'  > i 
such  that  f^ppi  = ffifii. 

In  other  words,  the  category  of  modules  of  finite  presentation  over  S is  the  colimit 
over  I of  the  categories  modules  of  finite  presentation  over  Si . 


Proof.  Omitted.  Since  we  have  written  out  completely  the  proof  of  Lemma [31. 9. 1| 
above  it  seems  wise  to  use  this  here  and  not  completely  write  this  proof  out  also. 
For  example  we  can  use: 
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(1)  there  is  an  equivalence  of  categories  between  quasi-coherent  Os-modules 
and  vector  bundles  over  S,  see  Constructions,  Section [26. 6| 

(2)  a vector  bundle  V(Jr)  — ► S is  of  finite  presentation  over  S if  and  only  if 
T is  an  Os-module  of  finite  presentation. 

Then  you  can  descend  morphisms  in  terms  of  morphisms  of  the  associated  vector- 
bundles.  Similarly  for  objects.  □ 

0B8W  Lemma  31.9.3.  Let  S = limS)  be  the  limit  of  a directed  system  of  quasi- compact 
and  quasi-separated  schemes  Si  with  affine  transition  morphisms.  Then  any  invert- 
ible Os-module  is  the  pullback  of  an  invertible  O Si-module  for  some  i. 


Proof.  Let  C be  an  invertible  Os-module.  Since  invertible  modules  are  of  finite 
presentation  we  can  find  an  i and  modules  Ci  and  TV)  of  finite  presentation  over  Si 
such  that  f* Ci  = C and  f* Mi  = £®_1,  see  Lemma  31.9.2  Since  pullback  commutes 
with  tensor  product  we  see  that  /*(£,:  ®os  M)  is  isomorphic  to  Os-  Since  the 
tensor  product  of  finitely  presented  modules  is  finitely  presented,  the  same  lemma 
implies  that  fpiCi<g>os.,  fpi^i  is  isomorphic  to  Os.,  for  some  if  > i.  It  follows  that 
is  invertible  (Modules,  Lemma  17.21.2 1 and  the  proof  is  complete.  □ 


05LY  Lemma  31.9.4.  With  notation  and  assumptions  as  in  Lemma  31.9.1  Let  i £ I. 
Suppose  that  pt  : Xi  — )•  Yi  is  a morphism  of  schemes  of  finite  presentation  over  Si 
and  that  Ti  is  a quasi-coherent  Oxi~Tnodule  of  finite  presentation.  If  the  pullback 
of  T to  Xi  x Si  S is  flat  over  Yi  x g.  S,  then  there  exists  an  index  i!  > i such  that 
the  pullback  of  Ti  to  Xi  xs,  Sp  is  flat  over  Yi  xg,  Sp . 


Proof.  (This  lemma  is  the  analogue  of  Lemma  31.7.6  for  modules.)  For  i!  > i 
denote  X p = Sr  x^  Xi:  Tp  = (Xp  — > Xf)*Ti  and  similarly  for  Yp . Denote  pp  the 
base  change  of  pi  to  Sp.  Also  set  X = S Xg,  Xt , Y = S xs;  X.,  . T = (X  — » Xj)*Ti 
and  p the  base  change  of  pi  to  S.  Let  Yt  = [J  .=1  m Vj,i  be  a finite  affine  open 
covering  such  that  each  V)  ,;  maps  into  some  affine  open  of  St . For  each  j = 1, . . . m 


let  Pi  (Vjti)  — Ufc=i, 


T’U) 


Ukj,t  be  a finite  affine  open  covering.  For  i'  > i we 


denote  the  inverse  image  of  Vhi  in  Yp  and  Uk,j,p  the  inverse  image  of  Ukj,i 
in  Xp.  Similarly  we  have  Ukj  C X and  Vj  C Y.  Then  Ukj  = lirri Uk.j.p  and 
Vj  = lim,;/>,;  Vj  (see  Lemma  31.2.2 ).  Since  Xp  = ljfc  ■ Uk,j,p  is  a finite  open  covering 
it  suffices  to  prove  the  lemma  tor  each  of  the  morphisms  Uk,jp  Vj,i  and  the  sheaf 
T,  | uk  j , ■ Hence  we  see  that  the  lemma  reduces  to  the  case  that  Xj  and  Yi  are  affine 
and  map  into  an  affine  open  of  Si,  i.e.,  we  may  also  assume  that  S is  affine. 


In  the  affine  case  we  reduce  to  the  following  algebra  result.  Suppose  that  R = 
colimig / Ri . For  some  i £ I suppose  given  a map  A,  — ► Bi  of  finitely  presented 
i?i-algebras.  Let  Ni  be  a finitely  presented  H.j-module.  Then,  if  R ® s,  Xi  is  flat 
over  R 0^^  Ai,  then  for  some  i'  > i the  module  Rp  Cg)^  Nt  is  flat  over  Rp  (g/j,  A. 
This  is  exactly  the  result  proved  in  Algebra,  Lemma  10.160.1  part  (3).  □ 


31.10.  Characterizing  affine  schemes 

01ZS  If  / : X — > S is  a surjective  integral  morphism  of  schemes  such  that  X is  an  affine 
scheme  then  S is  affine  too.  See  |Con07bl  A. 2].  Our  proof  relies  on  the  Noetherian 
case  which  we  stated  and  proved  in  Cohomology  of  Schemes,  Lemma  |29.13.3[  See 
also  |DG671  II  6.7.1], 
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Lemma  31.10.1.  Let  f : X -A  S be  a morphism  of  schemes.  Assume  that  f is 
surjective  and  finite,  and  assume  that  X is  affine.  Then  S is  affine. 


Proof.  Since  / is  surjective  and  X is  quasi-compact  we  see  that  S is  quasi-compact. 
Since  X is  separated  and  / is  surjective  and  universally  closed  (Morphisms,  Lemma 


28.43.7),  we  see  that  S is  separated  (Morphisms,  Lemma  28.41.11). 


By  Lemma  31.8.8  we  can  write  X = limaXa  with  Xa  — > S finite  and  of  finite 


presentation.  By  Lemma  31.3.10  we  see  that  Xa  is  affine  for  some  a £ A.  Replacing 
X by  Xa  we  may  assume  that  X — > S is  surjective,  finite,  of  finite  presentation  and 
that  X is  affine. 


By  Proposition  |3 1 . i~T|  we  may  write  S = linpg/  Si  as  a directed  limits  as  schemes 
of  finite  type  over  Z.  By  Lemma  31.9.1  we  can  after  shrinking  I assume  there  exist 
schemes  Xi  — > Si  of  finite  presentation  such  that  Xi / = X.;  Sy  for  i'  > i and 
such  that  X = linpX,.  By  Lemma  31.7.3|  we  may  assume  that  Xi  — > Si  is  finite 
for  all  i £ I as  well.  By  Lemma [31. 3. 10  once  again  we  may  assume  that  Xi  is  affine 
for  all  i £ I.  Hence  the  result  follows  from  the  Noetherian  case,  see  Cohomology  of 
Schemes,  Lemma  29.13.3  □ 


Proposition  31.10.2.  Let  f : X S be  a morphism  of  schemes.  Assume  that  f 
is  surjective  and  integral,  and  assume  that  X is  affine.  Then  S is  affine. 


Proof.  Since  / is  surjective  and  X is  quasi-compact  we  see  that  S is  quasi-compact. 
Since  X is  separated  and  / is  surjective  and  universally  closed  (Morphisms,  Lemma 


28.43.7),  we  see  that  S is  separated  (Morphisms,  Lemma  28.41.11). 


By  Lemma[31.6.2|we  can  write  X = lim,  X,  with  Xi  — ► S finite.  By  Lemma[31.3.10| 
we  see  that  for  i sufficiently  large  the  scheme  X*  is  affine.  Moreover,  since  X — > S 
factors  through  each  Xj  we  see  that  X,;  — > S is  surjective.  Hence  we  conclude  that 
S is  affine  by  Lemma  [31. 10. 1|  □ 


Lemma  31.10.3.  Let  X be  a scheme  which  is  set  theoretically  the  union  of  finitely 
many  affine  closed  subschemes.  Then  X is  affine. 


Proof.  Let  Zt  C X,  i = 1, . . . , n be  affine  closed  subschemes  such  that  X = \J  Zi 
set  theoretically.  Then  Zi  — > X is  surjective  and  integral  with  affine  source. 
Hence  X is  affine  by  Proposition  31.10.2  □ 


Lemma  31.10.4.  Let  i : Z — ► X be  a closed  immersion  of  schemes  inducing  a 
homeomorphism  of  underlying  topological  spaces.  Let  C be  an  invertible  sheaf  on 
X.  Then  i*  L is  ample  on  Z,  if  and  only  if  C is  ample  on  X. 


Proof.  If  C is  ample,  then  i*L  is  ample  for  example  by  Morphisms,  Lemma  28.37.7| 
Assume  i* C is  ample.  Then  Z is  quasi-compact  (Properties,  Definition  27.26.1 ) and 
separated  (Properties,  Lemma  27.26.8).  Since  i is  surjective,  we  see  that  X is  quasi- 
compact. Since  i is  universally  closed  and  surjective,  we  see  that  X is  separated 
(Morphisms,  Lemma  28.41.11). 


By  Proposition  |31.4.4|  we  can  write  X = lim  Xi  as  a directed  limit  of  finite  type 
schemes  over  Z with  affine  transition  morphisms.  We  can  find  an  i and  an  invertible 
sheaf  Li  on  Xi  whose  pullback  to  X is  isomorphic  to  L,  see  Lemma [3 1.9. 2 


For  each  i let  Z,  C Xi  be  the  scheme  theoretic  image  of  the  morphism  Z — > X.  If 
Spec(Aj)  C Xi  is  an  affine  open  subscheme  with  inverse  image  of  Spec(A)  in  X and 
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if  Z fl  Spec(A)  is  defined  by  the  ideal  I C A,  then  Zj  fl  Spec(Aj)  is  defined  by  the 
ideal  fi  C Aj  which  is  the  inverse  image  of  / in  Ai  under  the  ring  map  At  — > A , see 
Morphisms,  Example  28.6.4  Since  colimAj//j  = A/ 1 it  follows  that  lim  Z.;  = Z. 


By  Lemma  31.3.12  we  see  that  Ci\zt  is  ample  for  some  i.  Since  Z and  hence  X 
maps  into  Zi  set  theoretically,  we  see  that  Xj/  — ► Xj  maps  into  Z,  set  theoretically 
for  some  i!  > i,  see  Lemma  31.3.7|  (Observe  that  since  Xi  is  Noetherian,  every 
closed  subset  of  X,  is  constructible.)  Let  T C X,/  be  the  scheme  theoretic  inverse 
image  of  Zi  in  X{> . Observe  that  Ci> \t  is  the  pullback  of  Ci\zt  and  hence  ample 
by  Morphisms,  Lemma  [28.37.7  and  the  fact  that  T — > Zi  is  an  affine  morphism. 
Thus  we  see  that  C i>  is  ample  on  X,/  by  Cohomology  of  Schemes,  Lemma  29.16.5 


Pulling  back  to  X (using  the  same  lemma  as  above)  we  find  that  C is  ample.  □ 


0B7L  Lemma  31.10.5.  Let  i : Z -A  X be  a closed  immersion  of  schemes  inducing 
a homeomorphism  of  underlying  topological  spaces.  Then  X is  quasi-affine  if  and 
only  if  Z is  quasi-affine. 


Proof.  Recall  that  a scheme  is  quasi-affine  if  and  only  if  the  structure  sheaf  is 
ample,  see  Properties,  Lemma[27.27.1  Hence  if  Z is  quasi-affine,  then  Oz  is  ample, 
hence  Ox  is  ample  by  Lemma  31.10.4|  hence  X is  quasi-affine.  A proof  of  the 
converse,  which  can  also  be  seen  in  an  elementary  way,  is  gotten  by  reading  the 
argument  just  given  backwards.  □ 


31.11.  Variants  of  Chow’s  Lemma 


01ZZ  In  this  section  we  prove  a number  of  variants  of  Chow’s  lemma.  The  most  inter- 
esting version  is  probably  just  the  Noetherian  case,  which  we  stated  and  proved  in 
Cohomology  of  Schemes,  Section|29.17| 

0202  Lemma  31.11.1.  Let  S be  a quasi-compact  and  quasi-separated  scheme.  Let 
f : X -A  S be  a separated  morphism  of  finite  type.  Then  there  exists  an  n>  0 and 
a diagram 

X < X' > PS 

7T 

X T 

S 

where  X'  — >■  Pg  is  an  immersion,  and  n : X'  — ► X is  proper  and  surjective. 


Proof.  By  Proposition  31.8.6  we  can  find  a closed  immersion  X — » Y where  Y is 
separated  and  of  finite  presentation  over  S.  Clearly,  if  we  prove  the  assertion  for  Y , 
then  the  result  follows  for  X.  Hence  we  may  assume  that  X is  of  finite  presentation 
over  S. 


Write  S = linq  Si  as  a directed  limit  of  Noetherian  schemes,  see  Proposition  31.4.4 
By  Lemma  |31.9.1|  we  can  find  an  index  i £ I and  a scheme  Xj  -A  Sj  of  finite 
presentation  so  that  X = S Xg.Xi.  By  Lemma  31.7.5  we  may  assume  that  Xj  — > Si 
is  separated.  Clearly,  if  we  prove  the  assertion  for  Xj  over  Si,  then  the  assertion 
holds  for  X.  The  case  Xj  -A  Sj  is  treated  by  Cohomology  of  Schemes,  Lemma 
129.17.11  □ 


Here  is  a variant  of  Chow’s  lemma  where  we  assume  the  scheme  on  top  has  finitely 
many  irreducible  components. 
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0203  Lemma  31.11.2.  Let  S be  a quasi-compact  and  quasi-separated  scheme.  Let 
f : X -A  S be  a separated  morphism  of  finite  type.  Assume  that  X has  finitely 
many  irreducible  components.  Then  there  exists  an  n > 0 and  a diagram 

X ^ X' >■  PS 

. 7T 

X T 

S 

where  X'  — > Pg  is  an  immersion,  and  n : X'  -A  X is  proper  and  surjective. 
Moreover,  there  exists  an  open  dense  subscheme  U C X such  that  7t_1(17)  -A  U is 
an  isomorphism  of  schemes. 


Proof.  Let  X = Z\  U . . . U Zn  be  the  decomposition  of  X into  irreducible  compo- 
nents. Let  r)j  £ Zj  be  the  generic  point. 

There  are  (at  least)  two  ways  to  proceed  with  the  proof.  The  first  is  to  redo 
the  proof  of  Cohomology  of  Schemes,  Lemma [29. 17. 1|  using  the  general  Properties, 
Lemma  27.29.4  to  find  suitable  affine  opens  in  X.  (This  is  the  “standard”  proof.) 
The  second  is  to  use  absolute  Noetherian  approximation  as  in  the  proof  of  Lemma 
l31.11.1labove.  This  is  what  we  will  do  here. 

By  Proposition|31.8.6|we  can  find  a closed  immersion  X — > Y where  Y is  separated 
and  of  finite  presentation  over  S.  Write  S = lim,;  Si  as  a directed  limit  of  Noetherian 


schemes,  see  Proposition  31.4.4  By  Lemma  31.9.1  we  can  find  an  index  i £ I and 
a scheme  Y)  -a  Si  of  finite  presentation  so  that  Y = S x s,Yi.  By  Lemma  31.7.5 
may  assume  that  Y)  -A  S-j  is  separated.  We  have  the  following  diagram 


we 


Vj  e Zj 


Denote  h : X — > Yj  the  composition. 


■X- 


Y 


Yj 


S- 


V 

5, 


For  i'  > i write  Y),  = 6V  Xs  Yi-  Then  Y = lim see  Lemma  31.2.3  Choose 


j,  j'  £ {1,  ■ • • , n},  j j'  ■ Note  that  rjj  is  not  a specialization  of  r/y.  By  Lemma 
31.3.2  we  can  replace  i by  a bigger  index  and  assume  that  h(r\j)  is  not  a special- 


ization of  h(rjj')  for  all  pairs  (j, f)  as  above.  For  such  an  index,  let  Y'  C Y%  be 
the  scheme  theoretic  image  of  h : X — ► Y),  see  Morphisms,  Definition  28.6.2  The 


morphism  h is  quasi-compact  as  the  composition  of  the  quasi-compact  morphisms 
X — ^ \r  and  Y — » Yi  (which  is  affine).  Hence  by  Morphisms,  Lemma  28.6.3  the 
morphism  X -A  Y'  is  dominant.  Thus  the  generic  points  of  Y'  are  all  contained  in 
the  set  {hfrji), . . . , h(rjn)},  see  Morphisms,  Lemma 


28.8.3 


Since  none  of  the  h(rjj) 
is  the  specialization  of  another  we  see  that  the  points  h(rji), . . . , h(p yn)  are  pairwise 
distinct  and  are  each  a generic  point  of  Y1 . 

We  apply  Cohomology  of  Schemes,  Lemma  29.17.1  above  to  the  morphism  Y'  -a  S% . 
This  gives  a diagram 
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such  that  7r  is  proper  and  surjective  and  an  isomorphism  over  a dense  open  sub- 
scheme V C Y' . By  our  choice  of  i above  we  know  that  h(r]i) , . . . , h(r]n)  £ V. 
Consider  the  commutative  diagram 

X' X y.y>  Y* 


X 


s ^Si 

Note  that  X'  -a  X is  an  isomorphism  over  the  open  subscheme  U = h~x(V)  which 
contains  each  of  the  rjj  and  hence  is  dense  in  X.  We  conclude  X t—  X'  — ► Pg  is  a 
solution  to  the  problem  posed  in  the  lemma.  □ 


31.12.  Applications  of  Chow’s  lemma 

0204  We  can  use  Chow’s  lemma  to  investigate  the  notions  of  proper  and  separated  mor- 
phisms.  As  a first  application  we  have  the  following. 

0205  Lemma  31.12.1.  Let  S be  a scheme.  Let  f : X — ► S be  a separated  morphism  of 
finite  type.  The  following  are  equivalent: 

(1)  The  morphism  f is  proper. 

(2)  For  any  morphism  S'  — > S which  is  locally  of  finite  type  the  base  change 
Xs>  — t S'  is  closed. 

(3)  For  every  n > 0 the  morphism  An  x X — > A”  x S is  closed. 


Proof.  Clearly  (1)  implies  (2),  and  (2)  implies  (3),  so  we  just  need  to  show  (3) 
implies  (1).  First  we  reduce  to  the  case  when  S is  affine.  Assume  that  (3)  implies 
(1)  when  the  base  is  affine.  Now  let  / : X — > S be  a separated  morphism  of  finite 
type.  Being  proper  is  local  on  the  base  (see  Morphisms,  Lemma  28.41.3),  so  if 
S = (Jo,  is  an  open  affine  cover,  and  if  we  denote  Xa  :=  f~1(Sa),  then  it  is 
enough  to  show  that  f\xa  ■ Xa  — > Sa  is  proper  for  all  a.  Since  Sa  is  affine,  if  the 
map  f\xa  satisfies  (3),  then  it  will  satisfy  (1)  by  assumption,  and  will  be  proper. 
To  finish  the  reduction  to  the  case  S is  affine,  we  must  show  that  if  / : X — >•  S is 
separated  of  finite  type  satisfying  (3),  then  f\xa  ■ Xa  — > Sa  is  separated  of  finite 
type  satisfying  (3).  Separatedness  and  finite  type  are  clear.  To  see  (3),  notice  that 
A"  x Xa  is  the  open  preimage  of  A"  x Sa  under  the  map  lx/.  Fix  a closed  set 
Z C A"  x Xa.  Let  Z denote  the  closure  of  Z in  An  x X.  Then  for  topological 
reasons, 

1 x f(Z)  n A"  x5a  = lx  f(Z). 


Hence  1 x f(Z)  is  closed,  and  we  have  reduced  the  proof  of  (3)  =>•  (1)  to  the  affine 
case. 


Assume  S affine,  and  / : X — ► S separated  of  finite  type.  We  can  apply  Chow’s 
Lemma  31.11.1  to  get  7r  : X’  — > X proper  surjective  and  X’  — > 


an  immersion. 


If  A is  proper  over  S,  then  X'  — > S is  proper  (Morphisms,  Lemma  28.41.4).  Since 
Pg  — > S is  separated,  we  conclude  that  X'  — > Pg  is  proper  (Morphisms,  Lemma 
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28. 41.71  and  hence  a closed  immersion  (Schemes,  Lemma  25.10.4).  Conversely, 
assume  X'  — > Pg  is  a closed  immersion.  Consider  the  diagram: 


(31.12.1.1) 


X' 


X 


All  maps  are  a priori  proper  except  for  X — > S.  Hence  we  conclude  that  A'  — > S is 
proper  by  Morphisms,  Lemma  28.41.8  Therefore,  we  have  shown  that  X — > S is 
proper  if  and  only  if  X'  — » Pg  is  a closed  immersion. 

Assume  S is  affine  and  (3)  holds,  and  let  n,  A',  7r  be  as  above.  Since  being  a closed 
morphism  is  local  on  the  base,  the  map  A x P"  -)  Sx  P71  is  closed  since  by  (3) 
X x A"  — ► S x A"  is  closed  and  since  projective  space  is  covered  by  copies  of  affine 
n-space,  see  Constructions,  Lemma  |26.13.3|  By  Morphisms,  Lemma  |28.41.5|  the 
morphism 

X'  xs  Pg  — > X xs  Pg  = A x Pn 
is  proper.  Since  Pn  is  separated,  the  projection 

X'  x,,P?  = P” 


X' 


will  be  separated  as  it  is  just  a base  change  of  a separated  morphism.  Therefore, 
the  map  X'  -A  X'  x g Pg  is  proper,  since  it  is  a section  to  a separated  map  (see 
Schemes,  Lemma  25.21.12).  Composing  all  these  proper  morphisms 

X'  -A  X'  xs  Pg  -a  X xs  Pg  = X x Pn  -A  S x Pn  = Pg 

we  see  that  the  map  X'  -A  Pg  is  proper,  and  hence  a closed  immersion.  □ 

If  the  base  is  Noetherian  we  can  show  that  the  valuative  criterion  holds  using  only 
discrete  valuation  rings.  First  we  state  the  result  concerning  separation.  We  will 
often  use  solid  commutative  diagrams  of  morphisms  of  schemes  having  the  following 
shape 


(31.12.1.2) 


Spec(A') 


Spec(A) 


> X 


V 

s 


with  A a valuation  ring  and  K its  field  of  fractions. 

Lemma  31.12.2.  Let  S be  a locally  Noetherian  scheme.  Let  f : X -A  S he 
a morphism  of  schemes.  Assume  f is  locally  of  finite  type.  The  following  are 
equivalent: 

(1)  The  morphism  f is  separated. 

(2)  For  any  diagram  ( 31.12.1.2 ) there  is  at  most  one  dotted  arrow. 

(3)  For  all  diagrams  (31.12.1.2)  with  A a discrete  valuation  ring  there  is  at 


(4) 


most  one  dotted  arrow. 

For  any  irreducible  component  Xq  of  X with  generic  point  rj  £ Xq,  for 
any  discrete  valuation  ring  A C K = k(ij)  with  fraction  field  K and 
any  diagram  \31.12.l(2 ) such  that  the  morphism  Spec(AT)  -A  X is  the 
canonical  one  (see  Schemes,  Section  25.1 3\)  there  is  at  most  one  dotted 


arrow. 
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Proof.  Clearly  (1)  implies  (2),  (2)  implies  (3),  and  (3)  implies  (4).  It  remains  to 
show  (4)  implies  (1).  Assume  (4).  We  begin  by  reducing  to  S affine.  Being  separated 
is  a local  on  the  base  (see  Schemes,  Lemma |25.21.8 1.  Hence,  as  in  the  proof  of 
Lemma [31. 12. 1|  if  we  can  show  that  whenever  X -A  S has  (4)  that  the  restriction 
Xa  -A  Sa  has  (4)  where  Sa  C S is  an  (affine)  open  subset  and  Xa  :=  f~1{Sa),  then 
we  will  be  done.  The  generic  points  of  the  irreducible  components  of  Xa  will  be  the 
generic  points  of  irreducible  components  of  X,  since  Xa  is  open  in  X.  Therefore, 
any  two  distinct  dotted  arrows  in  the  diagram 


05M0  (31.12.2.1) 


Spec(iv ) 


Spec(A) 


>X„ 


would  then  give  two  distinct  arrows  in  diagram  (31.12.1.2)  via  the  maps  Xa  -A  X 
and  Sa  -A  S,  which  is  a contradiction.  Thus  we  have  reduced  to  the  case  S is  affine. 
We  remark  that  in  the  course  of  this  reduction,  we  prove  that  if  X — > S has  (4) 
then  the  restriction  U — > V has  (4)  for  opens  U C X and  V C S with  f(U)  C V. 


We  next  wish  to  reduce  to  the  case  X — ► S is  finite  type.  Assume  that  we  know  (4) 
implies  (1)  when  X is  finite  type.  Since  S is  Noetherian  and  X is  locally  of  finite 


type  over  S we  see  X is  locally  Noetherian  as  well  (see  Morphisms,  Lemma  28.15.6 ). 
Thus,  X — > S is  quasi-separated  (see  Properties,  Lemma  27.5.41,  and  therefore  we 
may  apply  the  valuative  criterion  to  check  whether  X is  separated  (see  Schemes, 
Lemma  |25.22.2 ).  Let  X = [jaXa  be  an  affine  open  cover  of  X.  Given  any  two 


dotted  arrows,  in  a diagram  (|31.12.1.2 ),  the  image  of  the  closed  points  of  Spec  A 
will  fall  in  two  sets  Xa  and  Xp.  Since  Xa  U Xp  is  open,  for  topological  reasons  it 
must  contain  the  image  of  Spec(A)  under  both  maps.  Therefore,  the  two  dotted 
arrows  factor  through  Xa  U Xp  — > X , which  is  a scheme  of  finite  type  over  S.  Since 
Xa  U Xp  is  an  open  subset  of  X , by  our  previous  remark,  Xa  U Xp  satisfies  (4), 
so  by  assumption,  is  separated.  This  implies  the  two  given  dotted  arrows  are  the 
same.  Therefore,  we  have  reduced  to  X — > S is  finite  type. 


Assume  X -A  S of  finite  type  and  assume  (4).  Since  X — ► S is  finite  type,  and 
S is  an  affine  Noetherian  scheme,  X is  also  Noetherian  (see  Morphisms,  Lemma 
28.15.6 ).  Therefore,  X — » X Xj  A'  will  be  a quasi-compact  immersion  of  Noetherian 
schemes.  We  proceed  by  contradiction.  Assume  that  X — ► X Xj  X is  not  closed. 
Then,  there  is  some  y £ X x 5 X in  the  closure  of  the  image  that  is  not  in  the 
image.  As  X is  Noetherian  it  has  finitely  many  irreducible  components.  Therefore, 
y is  in  the  closure  of  the  image  of  one  of  the  irreducible  components  Xo  C X.  Give 
X0  the  reduced  induced  structure.  The  composition  X0  -A  X -A  X X5  X factors 
through  the  closed  subscheme  X0  Xg  X0  C X X.  Denote  the  closure  of  A(X0) 
in  X0  Xg  X0  by  X0  (again  as  a reduced  closed  subscheme).  Thus  y € X0.  Since 
Xq  -a  Xq  Xg  Xq  is  an  immersion,  the  image  of  Xq  will  be  open  in  Xo.  Hence  Xo 
and  Xo  are  birational.  Since  Xo  is  a closed  subscheme  of  a Noetherian  scheme, 
it  is  Noetherian.  Thus,  the  local  ring  Ox0  y is  a local  Noetherian  domain  with 
fraction  field  K equal  to  the  function  field  of  X0.  By  the  Krull-Akizuki  theorem 


(see  Algebra,  Lemma  10.118.13 ),  there  exists  a discrete  valuation  ring  A dominating 
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Oxo  y with  fraction  field  K.  This  allows  to  to  construct  a diagram: 


05M1  (31.12.2.2) 


Spec  K - 


■X, 


o 
A 

' 

■ X0  x s x0 


which  sends  Spec  K to  the  generic  point  of  A(X0)  and  the  closed  point  of  A to 
y £ Xq  xgXg  (use  the  material  in  Schemes,  Section  25.13  to  construct  the  arrows). 
There  cannot  even  exist  a set  theoretic  dotted  arrow,  since  y is  not  in  the  image 
of  A by  our  choice  of  y.  By  categorical  means,  the  existence  of  the  dotted  arrow 
in  the  above  diagram  is  equivalent  to  the  uniqueness  of  the  dotted  arrow  in  the 
following  diagram: 


05M2  (31.12.2.3) 


Spec  K ■ 


An 


A' 


V 

S 


Therefore,  we  have  non-uniqueness  in  this  latter  diagram  by  the  nonexistence  in 
the  first.  Therefore,  Xq  does  not  satisfy  uniqueness  for  discrete  valuation  rings,  and 
since  Xq  is  an  irreducible  component  of  X,  we  have  that  X — > S does  not  satisfy 
(4).  Therefore,  we  have  shown  (4)  implies  (1).  □ 

0208  Lemma  31.12.3.  Let  S be  a locally  Noetherian  scheme.  Let  f : X — ► S be  a 
morphism  of  finite  type.  The  following  are  equivalent: 

(1)  The  morphism  f is  proper. 


(2) 

(3) 

(4) 


For  any  diagram  (31.12.1.2)  there  exists  exactly  one  dotted  arrow. 


For  all  diagrams  (31.12.1.2)  with  A a discrete  valuation  ring  there  exists 


exactly  one  dotted  arrow. 

For  any  irreducible  component  Xo  of  X with  generic  point  y £ Xq , for 
any  discrete  valuation  ring  A C K = n(y)  with  fraction  field  K and 
any  diagram  \31.12.lH)  such  that  the  morphism  Spec(A')  — > X is  the 
canonical  one  (see  Schemes,  Section  25.13)  there  exists  exactly  one  dotted 


Proof.  (1)  implies  (2)  implies  (3)  implies  (4).  We  will  now  show  (4)  implies  (1). 
As  in  the  proof  of  Lemma  |31.12.2[  we  can  reduce  to  the  case  S is  affine,  since 
properness  is  local  on  the  base,  and  if  X — > S satisfies  (4) , then  Xa  — ► Sa  does  as 
well  for  open  Sa  C S and  Xa  = f~1{Sa). 

Now  S'  is  a Noetherian  scheme,  and  so  X is  as  well,  since  X — »•  S is  of  finite  type. 


Now  we  may  use  Chow’s  lemma  (Cohomology  of  Schemes,  Lemma  29.17.1)  to  get 


a surjective,  proper,  birational  X'  — > X and  an  immersion  X'  — >■  Pg.  We  wish  to 
show  X — »•  S is  universally  closed.  As  in  the  proof  of  Lemma [31. 12. 1|  it  is  enough 
to  check  that  X'  — >•  Pg  is  a closed  immersion.  For  the  sake  of  contradiction,  assume 
that  X'  — > Pg  is  not  a closed  immersion.  Then  there  is  some  y £ Pg  that  is  in  the 
closure  of  the  image  of  X',  but  is  not  in  the  image.  So  y is  in  the  closure  of  the 
image  of  an  irreducible  component  Xq  of  X',  but  not  in  the  image.  Let  Xq  C Pg 
be  the  closure  of  the  image  of  Xg.  As  X'  — > Pg  is  an  immersion  of  Noetherian 


10.118.13 


schemes,  the  morphism  Xg 
or  Properties,  Lemma  |27.5.10|  we  can  find  a discrete  valuation  ring  A dominating 


Xg  is  open  and  dense.  By  Algebra,  Lemma 
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Ox'  ,,  and  with  identical  field  of  fractions  I\.  It  is  clear  that  K is  the  residue  field 
at  the  generic  point  of  Xq.  Thus  the  solid  commutative  diagram 


05M3  (31.12.3.1) 


Spec  K ^ X' ^ Pg 

v / 

Spec  A X >-  S 


Note  that  the  closed  point  of  A maps  to  y £ Pg.  By  construction,  there  does  not 
exist  a set  theoretic  lift  to  X' . As  X'  — ?•  X is  birational,  the  image  of  X'0  in  X is 
an  irreducible  component  Xq  of  X and  K is  also  identified  with  the  function  field 
of  X0.  Hence,  as  X — > S is  assumed  to  satisfy  (4),  the  dotted  arrow  Spec(A)  — ► 
X exists.  Since  X'  — ► X is  proper,  the  dotted  arrow  lifts  to  the  dotted  arrow 
Spec(A)  — > X'  (use  Schemes,  Proposition  25.20.6).  We  can  compose  this  with  the 
immersion  X'  — ► Pg  to  obtain  another  morphism  (not  depicted  in  the  diagram) 
from  Spec(A)  -A  Pg.  Since  Pg  is  proper  over  5,  it  satisfies  (2),  and  so  these  two 
morphisms  agree.  This  is  a contradiction,  for  we  have  constructed  the  forbidden 
lift  of  our  original  map  Spec(A)  — ► Pg  to  X' . □ 


Here  is  an  application  of  Chow’s  lemma  which  goes  in  a slightly  different  direction. 

081F 

(1)  f is  proper,  and 

(2)  /o  is  locally  of  finite  type, 

then  there  exists  an  i such  that  fi  is  proper. 

Proof.  By  Lemma  [31. 7. 5|  we  see  that  fi  is  separated  for  some  i > 0.  Replacing  0 
by  i we  may  assume  that  /o  is  separated.  Observe  that  f0  is  quasi-compact,  see 
Schemes,  Lemma|25.21.15|  By  Lemma [31. 11.1| we  can  choose  a diagram 

V ^ V?  . T3  n 


>o 


Lemma  31.12.4.  Assumptions  and  notation  as  in  Situation 


31.7.1 


If 


09ZR 


where  Xq 


P ya  is  an  immersion, 


and 


: Xq 


Xq  is  proper  and  surjective. 


Introduce  X'  = Xq  x Yq  Y and  X[  = X'0  Xy0  lj;.  By  Morphisms,  Lemmas  28.41.4 


Pg-  is  a closed  immersion 


and  28.41.5  we  see  that  X'  — > Y is  proper.  Hence  X' 

(Morphisms,  Lemma  28.41.7).  By  Morphisms,  Lemma  28.41.8  it  suffices  to  prove 
that  X'j  — > Yi  is  proper  for  some  i.  By  Lemma  31.7.4  we  find  that  X[  — > Pg  is  a 
closed  immersion  for  i large  enough.  Then  X[  -A  Yi  is  proper  and  we  win.  □ 


Lemma  31.12.5.  Let  f : X — >•  S be  a proper  morphism  with  S quasi-compact  and 
quasi-separated.  Then  X = lim  X g with  Xi  — > S proper  and  of  finite  presentation. 


Proof.  By  Proposition  |31.8.6|  we  can  find  a closed  immersion  X — ► Y with  Y 
separated  and  of  finite  presentation  over  S.  By  Lemma  |31.11.1|  we  can  find  a 
diagram 

Y''$~^  Pg 
S 


Y < 
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OAOP 


081G 


05JW 

05BD 


where  Y'  — > Pg  is  an  immersion,  and  n : Y'  — > Y is  proper  and  surjective.  By 
Lemma [31.8.4|  we  can  write  X = limX,;  with  X,j  — >•  Y a closed  immersion  of  finite 
presentation.  Denote  X[  C Y1,  resp.  X'  C Y'  the  scheme  theoretic  inverse  image 
of  Xi  C Y,  resp.  X C Y.  Then  lim  X-  = X' . Since  X'  -A  S'  is  proper  (Morphisms, 
Lemmas  28.41.4),  we  see  that  X'  -A  Pg  is  a closed  immersion  (Morphisms,  Lemma 
28.41.7).  Hence  for  i large  enough  we  find  that  X[  — »•  Pg  is  a closed  immersion  by 
Lemma  31.3.17  Thus  X-  is  proper  over  S.  For  such  i the  morphism  X,  -A  S is 
proper  by  Morphisms,  Lemma [28. 41. 8|  □ 


Lemma  31.12.6.  Let  f : X — >•  S be  a proper  morphism  with  S quasi-compact  and 
quasi-separated.  Then  (X  — > S)  = lim(Xj  — ► Sf)  with  Si  of  finite  type  over  Z and 
Xi  — > Si  proper  and  of  finite  presentation. 


Proof.  By  Lemma [31. 12. 5|  we  can  write  X = lim Xk  with  Xk  — > S proper  and 
of  finite  presentation.  Next,  by  absolute  Noetherian  approximation  (Proposition 


31.4.4)  we  can  write  S = lining  j Sj  with  Sj  of  finite  type  over  Z.  For  each  k there 
exists  a j and  a morphism  X^  j — > Sj  of  finite  presentation  with  X *.  = S x§.  X^  j 
as  schemes  over  S,  see  Lemma  31.9.1  After  increasing  j we  may  assume  X^j  — > Sj 
is  proper,  see  Lemma  31.12.4  The  set  I will  be  consist  of  these  pairs  (fc,  j)  and 
the  corresponding  morphism  is  Xkj  — > Sj.  For  every  k'  > k we  can  find  a j'  > j 
and  a morphism  — > Xjtk  over  Sj ' Sj  whose  base  change  to  S gives  the 

morphism  Xj.'  — > X^  (follows  again  from  Lemma  31.9.1).  These  morphisms  form 
the  transition  morphisms  of  the  system.  Some  details  omitted.  □ 


Recall  the  scheme  theoretic  support  of  a finite  type  quasi-coherent  module,  see 
Morphisms,  Definition |28.5.5| 


Lemma  31.12.7.  Assumptions  and  notation  as  in  Situation 


quasi-coherent  Ox0~module. 
Assume 


31.7.1 


Let  Ff\  he 


Denote  J-  and  Jy  the  pullbacks  of  Fq  to  X and  Xi. 


(1)  /o  is  locally  of  finite  type, 

(2)  Fq  is  of  finite  type, 

(3)  the  scheme  theoretic  support  of  F is  proper  over  Y . 

Then  the  scheme  theoretic  support  of  Ft  is  proper  over  Yi  for  some  i. 


Proof.  We  may  replace  Xq  by  the  scheme  theoretic  support  of  Fq.  By  Morphisms, 
Lemma  |28. 5. 3|  this  guarantees  that  Xi  is  the  support  of  Ft  and  X is  the  support  of 
F.  Then,  if  Z C X denotes  the  scheme  theoretic  support  of  F , we  see  that  Z — > X 
is  a universal  homeomorpliism.  We  conclude  that  X — > Y is  proper  as  this  is  true 
for  Z — > Y by  assumption,  see  Morphisms,  Lemma  28.41.8  By  Lemma  31.12.4  we 
see  that  Xi  — > Y is  proper  for  some  i.  Then  it  follows  that  the  scheme  theoretic 
support  Zi  of  Fi  is  proper  over  Y by  Morphisms,  Lemmas  |28. 41. 6|  and  |28. 41. 4[  □ 


31.13.  Universally  closed  morphisms 

In  this  section  we  discuss  when  a quasi-conrpact  but  not  necessarily  separated 
morphism  is  universally  closed.  We  first  prove  a lemma  which  will  allow  us  to  check 
universal  closedness  after  a base  change  which  is  locally  of  finite  presentation. 

Lemma  31.13.1.  Let  f : X — >•  S be  a quasi-compact  morphism  of  schemes.  Let 
g : T -A  S be  a morphism  of  schemes.  Let  t £ T be  a point  and  Z C X f be  a closed 
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subscheme  such  that  Z D Xt  = 0. 
oft , a commutative  diagram 


Then  there  exists  an  open  neighbourhood  V C T 


v — Mr 


T 


and  a closed  subscheme  Z'  C Xt>  such  that 

(1)  the  morphism  b : T'  — ?•  S'  is  locally  of  finite  presentation, 

(2)  with  t'  = a(t)  we  have  Z'  (~l  Xy  = 0,  and 

(3)  Z D Xy  maps  into  Z'  via  the  morphism  Xy  -A  Xt>  ■ 


Proof.  Let  s = g(t).  During  the  proof  we  may  always  replace  T by  an  open 
neighbourhood  of  t.  Hence  we  may  also  replace  S by  an  open  neighbourhood  of 
s.  Thus  we  may  and  do  assume  that  T and  S are  affine.  Say  S = Spec(A), 
T = Spec (B),  g is  given  by  the  ring  map  A — t B,  and  t correspond  to  the  prime 
ideal  q C B. 


As  X — > S is  quasi-compact  and  S is  affine  we  may  write  X = IJi=i  n 
as  a finite  union  of  affine  opens.  Write  Ui  = Spec(Cj).  In  particular  we  have 
Xt  = Uj=i,...,n  = Ui=i,...n  Spec(Cj  B).  Let  C Ci  B be  the  ideal 

corresponding  to  the  closed  subscheme  Z fl  Ui:T-  The  condition  that  Z Pi  Xt  = 0 
signifies  that  generates  the  unit  ideal  in  the  ring 

Ci  ®A  «(q)  = {B\  q)_1  (Ci  ®A  B/qCi  B) 

Since  h(B\ q)_1(C'j  Z>a  B)  = (B\q)~1Ii  this  means  that  1 = Xi/gi  for  some  Xi  £ 
and  gi  € B,  gi  ^ q.  Thus,  clearing  denominators  we  can  find  a relation  of  the  form 


Xi  + 


. fi,j 


= 9i 


with  Xi  £ Ii,  fij  £ q,  ci3  £ Cj  B,  and  gt  £ B,  gt  £ q.  After  replacing  B 
by  Bgi__gn,  i.e. , after  replacing  T by  a smaller  affine  neighbourhood  of  t,  we  may 
assume  the  equations  read 

X%  ~\~  ^ ^ fi,jCi,j  — 1 
with  Xi  £ Ii,  fi,j  £ q,  c%,j  £ Ci  Z)a  B. 


To  finish  the  argument  write  I?  as  a colimit  of  finitely  presented  A-algebras  B\ 
over  a directed  partially  ordered  set  A.  For  each  A set  q,\  = (B\  — > H)_1(q).  For 
sufficiently  large  A £ A we  can  find 

(1)  an  element  £ Ci  ®A  B\  which  maps  to  Xi, 

(2)  elements  fijt\  £ q;,A  mapping  to  fij,  and 

(3)  elements  Cij,\  £ Ci  <Z>A  B\  mapping  to  c,j  . 

After  increasing  A a bit  more  the  equation 


Xi, A T . fi,j,\Ci,j, A — 1 


will  hold.  Fix  such  a A and  set  T'  = Spec(I?A).  Then  t!  £ T'  is  the  point  corre- 
sponding to  the  prime  qA-  Finally,  let  Z'  C Xt>  be  the  scheme  theoretic  closure  of 
Z — > Xt  — > Xt' ■ As  Xt  — > Xt>  is  affine,  we  can  compute  Z'  on  the  affine  open 
pieces  Ui,T'  as  the  closed  subscheme  associated  to  Ker(Cj  Z>a  B\  — > Ci  Z>a  B/If), 
see  Morphisms,  Example  28.6.4  Hence  Xi  \ is  in  the  ideal  defining  Z' . Thus  the 
last  displayed  equation  shows  that  Z'  fl  Xy  is  empty.  □ 
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05JX  Lemma  31.13.2.  Let  f : X — ► S be  a quasi-compact  morphism  of  schemes.  The 
following  are  equivalent 

(1)  / is  universally  closed, 

(2)  for  every  morphism  S'  — ► S which  is  locally  of  finite  presentation  the  base 
change  X$'  — » S'  is  closed,  and 

(3)  for  every  n the  morphism  An  x X -A  A"  x S is  closed. 


Proof.  It  is  clear  that  (1)  implies  (2).  Let  us  prove  that  (2)  implies  (1).  Suppose 
that  the  base  change  Xt  — » T is  not  closed  for  some  scheme  T over  S.  By  Schemes, 
Lemma |25.19.8|  this  means  that  there  exists  some  specialization  t\  t in  T and  a 
point  £ £ Xt  mapping  to  t\  such  that  £ does  not  specialize  to  a point  in  the  fibre 


over  t.  Set  Z = {£}  C Xt-  Then  Z C \Xt  = 0.  Apply  Lemma 
open  neighbourhood  V C T of  t,  a commutative  diagram 


31.13.1 


We  find  an 


V 


T 


and  a closed  subscheme  Z'  C Xt>  such  that 

(1)  the  morphism  b : T'  — > S is  locally  of  finite  presentation, 

(2)  with  t!  = aft)  we  have  Z'  D Xt / = 0,  and 

(3)  Z n Xy  maps  into  Z'  via  the  morphism  Xy  -A  Xt>  ■ 

Clearly  this  means  that  XT>  — >•  T'  maps  the  closed  subset  Z'  to  a subset  of  T' 
which  contains  aft\)  but  not  t'  = aft).  Since  aft i)  aft)  = t'  we  conclude  that 
Xt>  —>  T'  is  not  closed.  Hence  we  have  shown  that  X -A  S not  universally  closed 
implies  that  Xt>  T'  is  not  closed  for  some  T'  —¥  S which  is  locally  of  finite 
presentation.  In  order  words  (2)  implies  (1). 

Assume  that  A"  xl  ->  A"  x S is  closed  for  every  integer  n.  We  want  to  prove  that 
Xt  — > T is  closed  for  every  scheme  T which  is  locally  of  finite  presentation  over  S. 
We  may  of  course  assume  that  T is  affine  and  maps  into  an  affine  open  V of  S (since 
Xt  — > T being  a closed  is  local  on  T).  In  this  case  there  exists  a closed  immersion 
T — ► A"  x V because  Ot{T)  is  a finitely  presented  C)s(Vr)-algebra,  see  Morphisms, 
Lemma [28.21.2|  Then  T — > A”  x S'  is  a locally  closed  immersion.  Hence  we  get  a 
cartesian  diagram 

XT A"xl 

It  fn 

T ^ A"  X S 

of  schemes  where  the  horizontal  arrows  are  locally  closed  immersions.  Hence  any 
closed  subset  Z C Xt  can  be  written  as  XtC\Z'  for  some  closed  subset  Z'  C A™  x X. 
Then  fr{Z)  = TT\fn(Z')  and  we  see  that  if  fn  is  closed,  then  also  /-r  is  closed.  □ 

05JY  Lemma  31.13.3.  Let  f : X — » S be  a finite  type  morphism  of  schemes.  Assume 
S is  locally  Noetherian.  Then  the  following  are  equivalent 


(1)  / is  universally  closed, 

(2)  for  every  n the  morphism  A”  x X — > A”  x S is  closed, 

(3)  for  any  diagram  \31.12.lh)  there  exists  some  dotted  arrow, 
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(4)  for  all  diagrams  (31.12.1.2)  with  A a discrete  valuation  ring  there  exists 
some  dotted  arrow. 


Proof.  The  equivalence  of  (1)  and  (2)  is  a special  case  of  Lemma  31.13.2  The 


equivalence  of  (1)  and  (3)  is  a special  case  of  Schemes,  Proposition  25.20.6  Trivially 
(3)  implies  (4).  Thus  all  we  have  to  do  is  prove  that  (4)  implies  (2).  We  will  prove 
that  A"  x A -A  A”  x S is  closed  by  the  criterion  of  Schemes,  Lemma [25. 19. 8|  Pick 
n and  a specialization  z z'  of  points  in  An  x S and  a point  y £ A"  x X lying  over 
z.  Note  that  n(y)  is  a finitely  generated  field  extension  of  k(z)  as  A"  xA'->  A”  x S 


is  of  finite  type.  Hence  by  Properties,  Lemma  27.5.10  or  Algebra,  Lemma  10.118.13 
implies  that  there  exists  a discrete  valuation  ring  A C n(y)  with  fraction  field  k(z) 
dominating  the  image  of  Oa"xS,z'  in  k(z).  This  gives  a commutative  diagram 


Spec (/c(y)) A”  x X X 

T Y 

Spec(A) ^ A"  x S S 


Now  property  (4)  implies  that  there  exists  a morphism  Spec(A)  — Y X which  fits 
into  this  diagram.  Since  we  already  have  the  morphism  Spec  (A)  — Y A"  from  the 
left  lower  horizontal  arrow  we  also  get  a morphism  Spec  (A)  — Y An  x X fitting  into 
the  left  square.  Thus  the  image  y'  £ A”  x X of  the  closed  point  is  a specialization 
of  y lying  over  z' . This  proves  that  specializations  lift  along  A”  xl-)  A"  x S 
and  we  win.  □ 


31.14.  Limits  and  dimensions  of  fibres 


05M4  The  following  lemma  is  most  often  used  in  the  situation  of  Lemma[31.9.1|to  assure 
that  if  the  fibres  of  the  limit  have  dimension  < d,  then  the  fibres  at  some  finite 
stage  have  dimension  < d. 

05M5  Lemma  31.14.1.  Let  I be  a directed  partially  ordered  set.  Let  ( /,  : Xi  — Y Sf)  be 
an  inverse  system  of  morphisms  of  schemes  over  I . Assume 

(1)  all  the  morphisms  S y — Y Si  are  affine , 

(2)  all  the  schemes  Si  are  quasi-compact  and  quasi-separated , 

(3)  the  morphisms  fi  are  of  finite  type,  and 

(4)  the  morphisms  X (i  — Y Xi  x g.  S are  closed  immersions. 

Let  f : X = linR  Xi  — Y S = linR  Si  be  the  limit.  Let  d > 0.  If  every  fibre  of  f has 
dimension  < d,  then  for  some  i every  fibre  of  ft  has  dimension  < d. 


Proof.  For  each  i let  Ui  = {x  £ Xi 
subset  of  Xi,  see  Morphisms,  Lemma  28.28.4 


dim x((Xi)f.(xA  < d}.  This  is  an  open 
Set  Zi  = Xt  \ Ui  (with  reduced 


induced  scheme  structure).  We  have  to  show  that  Zj:  = 0 for  some  i.  If  not,  then 
Z = lim  Z,  0,  see  Lemma  [31.3.4  Say  z £ Z is  a point.  Note  that  Z C X is 
a closed  subscheme.  Set  s = f(z).  For  each  i let  Si  £ Si  be  the  image  of  s.  We 
remark  that  Zs  is  the  limit  of  the  schemes  ( Zf)ai  and  Zs  is  also  the  limit  of  the 
schemes  (Zf)Si  base  changed  to  re(s).  Moreover,  all  the  morphisms 


Za  t {Zi,)Si,  Xgpec(K^,p  Spec(/c(s))  Y (Zi)Si  Xgp Spec(«:(s))  Y Xs 

are  closed  immersions  by  assumption  (4).  Hence  Zs  is  the  scheme  theoretic  inter- 
section of  the  closed  subschemes  ( Zf)Si  Xg pec(re(Si))  Speeds))  in  Xs.  Since  all  the 
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irreducible  components  of  the  schemes  (Zi)Si  Xgpec(K(Si))  Spec(re(s))  have  dimen- 
sion > d and  contain  z we  conclude  that  Zs  contains  an  irreducible  component  of 
dimension  > d passing  through  z which  contradicts  the  fact  that  Zs  C Xs  and 
dim(Xs)  < d.  □ 


094M 

(1)  f is  a quasi-finite  morphism,  and 

(2)  /o  is  locally  of  finite  type, 

then  there  exists  an  i > 0 such  that  fi  is  quasi-finite. 

Proof.  Follows  immediately  from  Lemma [31. 14. 1[  □ 


Lemma  31.14.2.  Notation  and  assumptions  as  in  Situation 


31.7.1 


If 


05M6  Lemma  31.14.3.  Let  S be  a quasi-compact  and  quasi-separated  scheme.  Let 
f : X -A  S be  a morphism  of  finite  presentation.  Let  d>  0 be  an  integer.  If  Z C X 
be  a closed  subscheme  such  that  dim(2’s)  < d for  all  s £ S , then  there  exists  a closed 
subscheme  Z'  C X such  that 

(1)  2 c Z>, 

(2)  Z'  — > X is  of  finite  presentation,  and 

(3)  dim(Z')  < d for  all  s £ S. 


Proof.  By  Proposition  |31.4.4|  we  can  write  S = lim  Si  as  the  limit  of  a directed 
inverse  system  of  Noetherian  schemes  with  affine  transition  maps.  By  Lemma 
31.9.1  we  may  assume  that  there  exist  a system  of  morphisms  fi  : X f — > Si  of  finite 


presentation  such  that  X p = X,  xgi  f>V  for  all  i'  >i  and  such  that  X = X.;  xgi  S. 
Let  Zi  C Xi  be  the  scheme  theoretic  image  of  Z — > X — > Xi.  Then  for  i!  > i the 
morphism  X — > Xi  maps  Z^  into  Z,  and  the  induced  morphism  Z -A  Zi  Xg.  Sp 
is  a closed  immersion.  By  Lemma  [31. 14.1|  we  see  that  the  dimension  of  the  fibres 
of  Zi  -a-  Si  all  have  dimension  < d for  a suitable  i £ I . Fix  such  an  i and  set 
Z'  = Zi  x gi  S C X.  Since  Si  is  Noetherian,  we  see  that  Xi  is  Noetherian,  and 
hence  the  morphism  Z%  -a  X f is  of  finite  presentation.  Therefore  also  the  base 
change  Z'  -a  X is  of  finite  presentation.  Moreover,  the  fibres  of  Z'  -A  S are  base 
changes  of  the  fibres  of  Z,  -a  Si  and  hence  have  dimension  < d.  □ 


31.15.  Application  to  modifications 

0B3W  Applying  our  theory  above  to  the  spectrum  of  a local  ring  we  obtain  the  following 
pleasing  glueing  result  for  relative  schemes. 

OBPA  Lemma  31.15.1.  Let  S be  a scheme.  Let  s £ S be  a closed  point  such  that 
U = S \ {s}  -A  S is  quasi- compact.  With  V = Spec((!lsjS)  \ {s}  there  is  an 
equivalence  of  categories 

{.V'  - Y'  -V  \ 

> 

u V Speeds, s) 

'where  on  the  right  hand  side  we  consider  commutative  diagrams  whose  squares  are 
cartesian  and  whose  vertical  arrows  are  of  finite  presentation. 
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Proof.  Let  W C S be  an  open  neighbourhood  of  s.  By  glueing  of  relative  schemes, 
see  Constructions,  Section [26. 2[  the  functor 

' X'  -< Y' 


{X  — >■  S of  finite  presentation} 


U ■ 


tp\{4 


Y 


W 


is  an  equivalence  of  categories.  We  have  Os,s  = colim  0\y(W)  where  W runs 
over  the  affine  open  neighbourhoods  of  s.  Hence  Spec((DsjS)  = lim  W where  W 
runs  over  the  afRne  open  neighbourhoods  of  s.  Thus  the  category  of  schemes  of 
finite  presentation  over  Spec(0sjS)  is  the  limit  of  the  category  of  schemes  of  finite 
presentation  over  W where  W runs  over  the  affine  open  neighbourhoods  of  s,  see 
Lemma|31.9.1|  For  every  affine  open  s £ W we  see  that  U C\W  is  quasi-compact  as 
U — > S is  quasi-compact.  Hence  V = lim  W fl  U = lim  W \ {s}  is  a limit  of  quasi- 
compact and  quasi-separated  schemes  (see  Lemma  31.2.2).  Thus  also  the  category 
of  schemes  of  finite  presentation  over  V is  the  limit  of  the  categories  of  schemes  of 
finite  presentation  over  W D U where  W runs  over  the  affine  open  neighbourhoods 
of  s.  The  lemma  follows  formally  from  a combination  of  these  results.  □ 

0BQ5  Lemma  31.15.2.  Let  S be  a scheme.  Let  U C S be  a retrocompact  open.  Let 
s £ S be  a point  in  the  complement  of  U.  With  V = Spec (@s,s)  H U there  is  an 
equivalence  of  categories 


colim 


s(z.U'DU  open 


x 


U’ 


X’ 


V 

u 


Y' 


V 


Y 


Spec  (Os,  i 


where  on  the  left  hand  side  the  vertical  arrow  is  of  finite  presentation  and  on  the 
right  hand  side  we  consider  commutative  diagrams  whose  squares  are  cartesian  and 
whose  vertical  arrows  are  of  finite  presentation. 

Proof.  Let  W C S be  an  open  neighbourhood  of  s.  By  glueing  of  relative  schemes, 
see  Constructions,  Section  26. 2[  the  functor 

' X'  -< Y' >-  Y 


{X— > U'  = U UW  of  finite  presentation} 


U ■ 


V 

wnu- 


i 

w 


is  an  equivalence  of  categories.  We  have  Os,s  = colim  Ow(\V)  where  W runs  over 
the  affine  open  neighbourhoods  of  s.  Hence  Spec(C,sjS)  = limW  where  W runs 
over  the  affine  open  neighbourhoods  of  s.  Thus  the  category  of  schemes  of  finite 
presentation  over  Spec(C>sjS)  is  the  limit  of  the  category  of  schemes  of  finite  presen- 
tation over  W where  W runs  over  the  affine  open  neighbourhoods  of  s,  see  Lemma 
|31.9.1|  For  every  affine  open  s £ W we  see  that  U fl  W is  quasi-compact  as  U — > S 
is  quasi-compact.  Hence  V = lim  W D U is  a limit  of  quasi-compact  and  quasi- 


separated  schemes  (see  Lemma  31.2.2).  Thus  also  the  category  of  schemes  of  finite 


presentation  over  V is  the  limit  of  the  categories  of  schemes  of  finite  presentation 
over  W fl  U where  W runs  over  the  afRne  open  neighbourhoods  of  s.  The  lemma 
follows  formally  from  a combination  of  these  results.  □ 
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0B3X 


OBFN 


0B3Y 


Using  the  above  we  can  describe  the  category  of  modifications  of  a scheme  over  a 
closed  point  in  terms  of  the  local  ring. 

Lemma  31.15.3.  Let  S be  a scheme.  Let  s £ S be  a closed  point  such  that 
U = S \ {s}  -A  S is  quasi- compact.  With  V = Spec(C?5!S)  \ {s}  the  base  change 
functor 

J / : X — ► S of  finite  presentation 1 J g : Y — > Spec(0s,s)  of  finite  presentation 

1 /~1([7)  — > U is  an  isomorphism J 1 g-1(U)  —>V  is  an  isomorphism 

is  an  equivalence  of  categories. 


Proof.  This  is  a special  case  of  Lemma  [31.15.1[ 


□ 


31.15.3  Letf-.X^S 


Lemma  31.15.4.  Notation  and  assumptions  as  in  Lemma  ■ 
correspond  to  g :Y  — )•  Spec(0siS)  via  the  equivalence.  Then  f is  separated , proper, 
finite,  and  add  more  here  if  and  only  if  g is  so. 


Proof.  The  property  of  being  separated,  proper,  integral,  finite,  etc  is  stable  under 
base  change.  See  Schemes,  Lemma  25.21.13  and  Morphisms,  Lemmas  28.41.5  and 
|28.43.6|  Hence  if  / has  the  propery,  then  so  does  g.  Conversely,  if  g does,  then  / 
does  in  a neighbourhood  of  s by  Lemmas|31.7.5[[31.12.4|  and|31.7.3|  Since  / clearly 
has  the  given  property  over  S'\{s}  we  conclude  as  one  can  check  the  property  locally 
on  the  base.  □ 


Remark  31.15.5.  The  lemma  above  can  be  generalized  as  follows.  Let  S'  be  a 
scheme  and  let  T C S be  a closed  subset.  Assume  there  exists  a cofinal  system 
of  open  neighbourhoods  T C W.t  such  that  (1)  \ T is  quasi-compact  and  (2) 

W,  C Wj  is  an  affine  morphism.  Then  W = lim  W,  is  a scheme  which  contains  T as 
a closed  subscheme.  Set  U = X\T  and  V = W\T.  Then  the  base  change  functor 

J / : X — > S of  finite  presentation!  ( g : Y — ► W of  finite  presentation 

[/-1([/)  — > U is  an  isomorphism]  ] 5_1(U)  — >•  V is  an  isomorphism 

is  an  equivalence  of  categories.  If  we  ever  need  this  we  will  change  this  remark  into 
a lemma  and  provide  a detailed  proof. 
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Varieties 


32.1.  Introduction 

In  this  chapter  we  start  studying  varieties  and  more  generally  schemes  over  a field. 
A fundamental  reference  is  IDG67I. 

32.2.  Notation 

Throughout  this  chapter  we  use  the  letter  k to  denote  the  ground  field. 


32.3.  Varieties 


In  the  stacks  project  we  will  use  the  following  as  our  definition  of  a variety. 

Definition  32.3.1.  Let  A:  be  a field.  A variety  is  a scheme  X over  k such  that 
X is  integral  and  the  structure  morphism  X — > Spec(fc)  is  separated  and  of  finite 
type. 

This  definition  has  the  following  drawback.  Suppose  that  k C k'  is  an  exten- 
sion of  fields.  Suppose  that  A is  a variety  over  k.  Then  the  base  change  AV  = 
A x Spec(fc)  Spec(k')  is  not  necessarily  a variety  over  k! . This  phenomenon  (in  greater 
generality)  will  be  discussed  in  detail  in  the  following  sections.  The  product  of  two 
varieties  need  not  be  a variety  (this  is  really  the  same  phenomenon).  Here  is  an 
example. 

Example  32.3.2.  Let  k = Q.  Let  A = Spec(Q(z))  and  Y = Spec(Q(z)).  Then 
the  product  A Xgpec(fc)  Y of  the  varieties  A and  Y is  not  a variety,  since  it  is 
reducible.  (It  is  isomorphic  to  the  disjoint  union  of  two  copies  of  A.) 


If  the  ground  field  is  algebraically  closed  however,  then  the  product  of  varieties  is 
a variety.  This  follows  from  the  results  in  the  algebra  chapter,  but  there  we  treat 
much  more  general  situations.  There  is  also  a simple  direct  proof  of  it  which  we 
present  here. 

Lemma  32.3.3.  Let  k be  an  algebraically  closed  field.  Let  A,  Y be  varieties  over 
k.  Then  X Xgpec(fc)  Y is  a variety  over  k. 


Proof.  The  morphism  A Xgpec(fc)  Y — > Spec(fc)  is  of  finite  type  and  separated 
because  it  is  the  composition  of  the  morphisms  A Xgpec(fe)  Y — )■  Y — > Spec(fc)  which 
are  separated  and  of  finite  type,  see  Morphisms,  Lemmas  |28.15.4|  and  |28.15.3|  and 
Schemes,  Lemma  25.21.13  To  finish  the  proof  it  suffices  to  show  that  A Xgpec(fc)  Y 
is  integral.  Let  A = (Ji=1  n U.t . Y = UJ=i  m Vj  be  finite  affine  open  coverings. 
If  we  can  show  that  each  [/;  Xgpec(fc)  Vj  is  integral,  then  we  are  done  by  Properties, 
Lemmas  |27.3.2[  |27.3.3[  and  |27.3.4|  This  reduces  us  to  the  affine  case. 
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The  affine  case  translates  into  the  following  algebra  statement:  Suppose  that  A,  B 
are  integral  domains  and  finitely  generated  fc-algebras.  Then  A 0*,  B is  an  integral 
domain.  To  get  a contradiction  suppose  that 


0 


M ® bi)C 


Gj  <8>  dj)  = 0 


-0=1,... ,n  L 1 ' J j= 1, ....... 

in  A^k  B with  both  factors  nonzero  in  A i&k  B.  We  may  assume  that  bi,...,bn 
are  fc-linearly  independent  in  B,  and  that  d\, . . . ,dm  are  fc-linearly  independent 
in  B.  Of  course  we  may  also  assume  that  aq  and  C\  are  nonzero  in  A.  Hence 
D(a\C\)  C Spec(A)  is  nonempty.  By  the  Hilbert  Nullstellensatz  (Algebra,  Theorem 


10.33.1)  we  can  find  a maximal  ideal  m C A contained  in  D(a\c{)  and  A/m  = k 


as  k is  algebraically  closed.  Denote  ai;Cj  the  residue  classes  of  at,Cj  in  A/m  = k. 
Then  equation  above  becomes 


<£, 


AX 


cjdj)  — 0 


Ji=l,...,n  " v/  * ^ j=l,...,m 

which  is  a contradiction  with  m £ D(oiCi),  the  linear  independence  of  bi, 
and  d±, . . . , dm , and  the  fact  that  B is  a domain. 

32.4.  Geometrically  reduced  schemes 
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035U  If  A is  a reduced  scheme  over  a field,  then  it  can  happen  that  A'  becomes  nonreduced 
after  extending  the  ground  field.  This  does  not  happen  for  geometrically  reduced 
schemes. 

035V  Definition  32.4.1.  Let  k be  a field.  Let  X be  a scheme  over  k.  Let  i e A be  a 
point. 

(1)  Let  i £ A be  a point.  We  say  A is  geometrically  reduced  at  x if  for  any 
held  extension  k C k!  and  any  point  x'  £ A lying  over  x the  local  ring 
Oxk,,x'  is  reduced. 

(2)  We  say  X is  geometrically  reduced  over  k if  A is  geometrically  reduced  at 
every  point  of  A. 

This  may  seem  a little  mysterious  at  first,  but  it  is  really  the  same  thing  as  the 
notion  discussed  in  the  algebra  chapter.  Here  are  some  basic  results  explaining  the 
connection. 

035W  Lemma  32.4.2.  Let  k be  a field.  Let  X be  a scheme  over  k.  Let  x £ A.  The 
following  are  equivalent 

(1)  A is  geometrically  reduced  at  x,  and 

(2)  the  ring  Ox,x  is  geometrically  reduced  over  k (see  Algebra,  Definition 

10.42.A. 


Proof.  Assume  (1).  This  in  particular  implies  that  Ox,x  is  reduced, 
be  a finite  purely  inseparable  held  extension.  Consider  the  ring  Ox 


Let  k C k' 
, ®k  k'-  By 

Algebra,  Lemma  10.45.6  its  spectrum  is  the  same  as  the  spectrum  of  Ox,x-  Hence 
it  is  a local  ring  also  (Algebra,  Lemma  10.17.2).  Therefore  there  is  a unique  point 
x'  £ Afc/  lying  over  x and  Oxk,,x‘  — Ox.x  0fc  k' . By  assumption  this  is  a reduced 


ring.  Hence  we  deduce  (2)  by  Algebra,  Lemma  10.43.3 


Assume  (2).  Let  k C k!  be  a held  extension.  Since  Spec(fc')  —X  Spec(fc) 
also  A*,/  —x  A is  surjective  (Morphisms,  Lemma  28.10.4).  Let  x ' £ X w 
lying  over  x.  The  local  ring  Oxk,,x'  is  a localization  of  the  ring  Ox 
it  is  reduced  by  assumption  and  (1)  is  proved. 


is  surjective, 
be  any  point 
(g)fc  k! . Hence 
□ 
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The  notion  isn’t  interesting  in  characteristic  zero. 

Lemma  32.4.3.  Let  X be  a scheme  over  a perfect  field  k ( e.g . k has  characteristic 
zero).  Let  x £ X.  If  Ox,x  is  reduced,  then  X is  geometrically  reduced  at  x.  If  X is 
reduced,  then  X is  geometrically  reduced  over  k. 


Proof.  The  first  statement  follows  from  Lemma|32 . 4 . 2 1 and  Algebra,  Lemma[lO]42T6] 
and  the  definition  of  a perfect  field  (Algebra,  Definition  10.44.1 ).  The  second  state- 
ment follows  from  the  first.  □ 


Lemma  32.4.4.  Let  k be  a field  of  characteristic  p > 0.  Let  X be  a scheme  over 
k.  The  following  are  equivalent 

X is  geometrically  reduced, 

Xy  is  reduced  for  every  field  extension  k C k! , 

Xy  is  reduced  for  every  finite  purely  inseparable  field  extension  k C k' , 
Xki/P  is  reduced, 


(1) 

(2) 

(3) 

(4) 

(5) 

(6) 
(7) 


Xkperf  is  reduced, 

X).  is  reduced, 

for  every  affine  open  U C X the  ring  Ox(U)  is  geometrically  reduced  (see 
Algebra,  Definition  10-42.1). 


Proof.  Assume  (1).  Then  for  every  field  extension  k C k'  and  every  point  x'  £ Xy 
the  local  ring  of  Xy  at  x'  is  reduced.  In  other  words  Xy  is  reduced.  Hence  (2). 


Assume  (2).  Let  U C X be  an  affine  open.  Then  for  every  field  extension  k C k'  the 
scheme  Xy  is  reduced,  hence  Uy  = Spec(0(f7)  k')  is  reduced,  hence  0(U)  k' 
is  reduced  (see  Properties,  Section  27.3).  In  other  words  0(U)  is  geometrically 
reduced,  so  (7)  holds. 

Assume  (7).  For  any  field  extension  k C k!  the  base  change  Xy  is  gotten  by  gluing 
the  spectra  of  the  rings  Ox{U)  ®k  k'  where  U is  affine  open  in  X (see  Schemes, 
Section  25.17).  Hence  Xy  is  reduced.  So  (1)  holds. 

This  proves  that  (1),  (2),  and  (7)  are  equivalent.  These  are  equivalent  to  (3),  (4), 
(5),  and  (6)  because  we  can  apply  Algebra,  Lemma  10.43.3  to  Ox{U)  for  U C X 
affine  open.  □ 


Lemma  32.4.5.  Let  k be  a field  of  characteristic  p > 0.  Let  X be  a scheme  over 
k.  Let  x £ X . The  following  are  equivalent 

(1)  X is  geometrically  reduced  at  x, 

(2)  Ox., ,x'  is  reduced  for  every  finite  purely  inseparable  field  extension  k'  of 
k and  x'  £ Xy  the  unique  point  lying  over  x, 

(3)  Ox  i ,p,x'  is  reduced  for  x'  £ Xy  the  unique  point  lying  over  x,  and 

(4)  OxkPerf,x'  is  reduced  for  x'  £ XkPerf  the  unique  point  lying  over  x. 


Proof.  Note  that  if  k C k1  is  purely  inseparable,  then  Xy  — > X induces  a homeo- 
morphism  on  underlying  topological  spaces,  see  Algebra,  Lemma  10.45.6  Whence 
the  uniqueness  of  x'  lying  over  x mentioned  in  the  statement.  Moreover,  in  this 
case  Oxk,,x’  — Ox,x  ®k  k! . Hence  the  lemma  follows  from  Lemma 
Algebra,  Lemma  [10.43. 3[ 


32.4.2 


above  and 
□ 


Lemma  32.4.6.  Let  k be  a field.  Let  X be  a scheme  over  k.  Let  k' /k  be  a field 
extension.  Let  x £ X be  a point,  and  let  x’  £ Xy  be  a point  lying  over  x.  The 
following  are  equivalent 
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(1)  X is  geometrically  reduced  at  x, 

(2)  Xy  is  geometrically  reduced  at  x' . 

In  particular,  X is  geometrically  reduced  over  k if  and  only  if  Xy  is  geometrically 
reduced  over  k' . 


Proof.  It  is  clear  that  (1)  implies  (2).  Assume  (2).  Let  k C k"  be  a finite  purely 
inseparable  field  extension  and  let  x"  £ Xy>  be  a point  lying  over  x (actually  it  is 
unique).  We  can  find  a common  field  extension  k C k (i.e.  with  both  k1  C k!" 
and  k"  C k"')  and  a point  x'"  £ Xyn  lying  over  both  x'  and  x" . Consider  the  map 
of  local  rings 

®xk„  ,x"  — > Oxk„,  ,x""  ■ 


This  is  a flat  local  ring  homomorphism  and  hence  faithfully  flat.  By  (2)  we  see 
that  the  local  ring  on  the  right  is  reduced.  Thus  by  Algebra,  Lemma  |10. 156.21  we 
conclude  that  Oxk„,x"  is  reduced.  Thus  by  Lemma 
geometrically  reduced  at  x. 


32.4.5 


we  conclude  that  X is 
□ 


035Z  Lemma  32.4.7.  Let  k be  a field.  Let  X , Y be  schemes  over  k. 

(1)  If  X is  geometrically  reduced  at  x,  andY  reduced , thenXx^Y  is  reduced 
at  every  point  lying  over  x. 

(2)  If  X geometrically  reduced  over  k andY  reduced.  Then  X x^Y  is  reduced. 


Proof.  Combine,  Lemmas  |32.4.2|  and  |32.4.4|  and  Algebra,  Lemma [l 0.42. 5 [ □ 

04KS 

(1)  Ifx'  x is  a specialization  and  X is  geometrically  reduced  at  x,  then  X 
is  geometrically  reduced  at  x' . 

(2)  If  x £ X such  that  (a)  Ox,x  is  reduced,  and  (b)  for  each  specialization 
x'  x where  x'  is  a generic  point  of  an  irreducible  component  of  X the 
scheme  X is  geometrically  reduced  at  x' , then  X is  geometrically  reduced 
at  x. 

(3)  If  X is  reduced  and  geometrically  reduced  at  all  generic  points  of  irreducible 
components  of  X , then  X is  geometrically  reduced. 


Lemma  32.4.8.  Let  k be  a field.  Let  X be  a scheme  over  k. 


Proof.  Part  (1)  follows  from  Lemma  32.4.2  and  the  fact  that  if  A is  a geometri- 
cally reduced  fc-algebra,  then  5I_1A  is  a geometrically  reduced  fc-algebra  for  any 
multiplicative  subset  S of  A , see  Algebra,  Lemma [10. 42. 3| 

Let  A = Ox,x-  The  assumptions  (a)  and  (b)  of  (2)  imply  that  A is  reduced,  and 
that  Aq  is  geometrically  reduced  over  k for  every  minimal  prime  q of  A.  Hence  A is 
geometrically  reduced  over  k,  see  Algebra,  Lemma  10.42.7  Thus  X is  geometrically 
reduced  at  x,  see  Lemma  [32. 4. 2| 

Part  (3)  follows  trivially  from  part  (2).  □ 


0360  Lemma  32.4.9.  Let  k be  a field.  Let  X be  a scheme  over  k.  Let  x £ X . Assume 
X locally  Noetherian  and  geometrically  reduced  at  x.  Then  there  exists  an  open 
neighbourhood  U C X of  x which  is  geometrically  reduced  over  k. 


Proof.  Let  R be  a Noetherian  /c-algebra.  Let  p C R be  a prime.  Let  I = Ker (R  — > 
Rp.  Since  IRp  = 0 and  I is  finitely  generated  there  exists  an  / £ R,  f ^ p such 
that  fl  = 0.  Hence  Rf  C Rp. 
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Assume  X locally  Noetherian  and  geometrically  reduced  at  x.  If  we  apply  the  above 
to  R = Ox{U)  for  some  affine  open  neighbourhood  of  x,  and  p C R the  prime 
corresponding  to  x,  then  we  see  that  after  shrinking  U we  may  assume  R C Rp.  By 
Lemma|32.4.2  the  assumption  means  that  Rp  is  geometrically  reduced  over  k.  By 
Algebra,  Lemma  10.42.2|this  implies  that  R is  geometrically  reduced  over  k,  which 
in  turn  implies  that  U is  geometrically  reduced.  □ 


Example  32.4.10.  Let  k = F p(s,  t),  i.e.,  a purely  transcendental  extension  of  the 
prime  field.  Consider  the  variety  X = Spec(fc[a;,  y]/(l  + sxp  + typ )).  Let  k C k!  be 
any  extension  such  that  both  s and  t have  a pth  root  in  k! . Then  the  base  change 
Xk'  is  not  reduced.  Namely,  the  ring  k'[x,y\/(  1 + sxp  + typ ) contains  the  element 
1 + s^^x  + tx!py  whose  pth  power  is  zero  but  which  is  not  zero  (since  the  ideal 
(1  + sxp  + typ ) certainly  does  not  contain  any  nonzero  element  of  degree  < p). 

Lemma  32.4.11.  Let  k be  a field.  Let  X — > Spec(fc)  be  locally  of  finite  type. 
Assume  X has  finitely  many  irreducible  components.  Then  there  exists  a finite 
purely  inseparable  extension  k C k'  such  that  ( Xj-')red  is  geometrically  reduced  over 
k! . 


Proof.  To  prove  this  lemma  we  may  replace  X by  its  reduction  Xreci-  Hence  we 
may  assume  that  X is  reduced  and  locally  of  finite  type  over  k.  Let  xi, . . . ,xn  G X 
be  the  generic  points  of  the  irreducible  components  of  X.  Note  that  for  every 
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0361  If  X is  a connected  scheme  over  a field,  then  it  can  happen  that  X becomes  dis- 
connected after  extending  the  ground  field.  This  does  not  happen  for  geometrically 
connected  schemes. 

0362  Definition  32.5.1.  Let  A be  a scheme  over  the  field  k.  We  say  X is  geometrically 
connected  over  k if  the  scheme  Xy  is  connected  for  every  field  extension  k'  of  k. 

By  convention  a connected  topological  space  is  nonempty;  hence  a fortiori  geomet- 
rically connected  schemes  are  nonempty.  Here  is  an  example  of  a variety  which  is 
not  geometrically  connected. 

020E  Example  32.5.2.  Let  k = Q.  The  scheme  X = Spec(Q(i))  is  a variety  over 
Spec(Q).  But  the  base  change  Xc  is  the  spectrum  of  C (g)q  Q(i)  = C x C which 
is  the  disjoint  union  of  two  copies  of  Spec(C).  So  in  fact,  this  is  an  example  of  a 
non-geometrically  connected  variety. 

054N  Lemma  32.5.3.  Let  X be  a scheme  over  the  field  k.  Let  k C k!  be  a field  exten- 
sion. Then  X is  geometrically  connected  over  k if  and  only  if  X^  is  geometrically 
connected  over  k' . 
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Proof.  If  X is  geometrically  connected  over  k,  then  it  is  clear  that  Xy  is  geo- 
metrically connected  over  k' . For  the  converse,  note  that  for  any  field  extension 
k C k"  there  exists  a common  field  extension  k'  C k!"  and  k"  C k'" . As  the  mor- 
phism Xk'n  — > Xk»  is  surjective  (as  a base  change  of  a surjective  morphism  between 
spectra  of  fields)  we  see  that  the  connectedness  of  Xk"’  implies  the  connectedness 
of  Xk "■  Thus  if  Xy  is  geometrically  connected  over  k!  then  X is  geometrically 
connected  over  k.  □ 


0385  Lemma  32.5.4.  Let  k be  a field.  Let  X , Y be  schemes  over  k.  Assume  X is 
geometrically  connected  over  k.  Then  the  projection  morphism 

p:XxkY-^Y 

induces  a bijection  between  connected  components. 


0386 


Proof.  The  scheme  theoretic  fibres  of  p are  connected,  since  they  are  base  changes 
of  the  geometrically  connected  scheme  X by  field  extensions.  Moreover  the  scheme 
theoretic  fibres  are  homeomorphic  to  the  set  theoretic  fibres,  see  Schemes,  Lemma 
|25.18.5|  By  Morphisms,  Lemma  |28.23.4|  the  map  p is  open.  Thus  we  may  apply 
Topology,  Lemma  5.6.5| to  conclude.  □ 

Lemma  32.5.5.  Let  k be  a field.  Let  A be  a k-algebra.  Then  X = Spec(A)  is 
geometrically  connected  over  k if  and  only  if  A is  geometrically  connected  over  k 
(see  Algebra,  Definition  10.47.3). 


Proof.  Immediate  from  the  definitions. 


□ 


0363  Lemma  32.5.6.  Let  k C k'  be  an  extension  of  fields.  Let  X be  a scheme  over  k. 
Assume  k separably  algebraically  closed.  Then  the  morphism  Xk>  — > X induces  a 
bijection  of  connected  components.  In  particular,  X is  geometrically  connected  over 
k if  and  only  if  X is  connected. 


Proof.  Since  k is  separably  algebraically  closed  we  see  that  kl  is  geometrically 


connected  over  k,  see  Algebra,  Lemma  10.47.4  Hence  Z = Spec(fc')  is  geometrically 


connected  over  k by  Lemma [3233] above.  Since  Xk>  = Zxk X the  result  is  a special 
case  of  Lemma  132.5.41  □ 


0387  Lemma  32.5.7.  Let  k be  a field.  Let  X be  a scheme  over  k.  Let  k be  a separable 
algebraic  closure  of  k.  Then  X is  geometrically  connected  if  and  only  if  the  base 
change  X-r  is  connected. 


Proof.  Assume  X ^ is  connected, 
field  extension  k C k such  that  k'  embeds  into  k 

Since  Xy 


32.5.6 


c 

we  see  that  X,j  is  connected. 


that  Xk>  is  connected  as  desired. 


Let  k C k'  be  a field  extension.  There  exists  a 
/ 

as  an  extension  of  k.  By  Lemma 
-A  Xk>  is  surjective  we  conclude 

□ 


0388  Lemma  32.5.8.  Let  k be  a field.  Let  X be  a scheme  over  k.  Let  A be  a k-algebra. 
Let  V C Xa  be  a quasi-compact  open.  Then  there  exists  a finitely  generated  k- 
subalgebra  A'  C A and  a quasi-compact  open  V'  C Xa’  such  that  V = V'A. 


Proof.  We  remark  that  if  X is  also  quasi-separated  this  follows  from  Limits, 
Lemma  |31.3.8|  Let  U\ , . . . , Un  be  finitely  many  affine  opens  of  X such  that  V C 
(J  Ui'A-  Say  Ui  = Spec (Ri).  Since  V is  quasi-compact  we  can  find  finitely  many 

fij  G Ri®kA,  j = such  that  V = 1J,  Uj=i DUa)  where  D(fif)  C UijA 

is  the  corresponding  standard  open.  (We  do  not  claim  that  V D Ula  is  the  union 
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of  the  D(fij),  j = 1 It  is  clear  that  we  can  find  a finitely  generated 

fc-subalgebra  A!  C A such  that  is  the  image  of  some  /b  G i?7;  <$/.  A'.  Set 
V'  = (J  D(fij)  which  is  a quasi-compact  open  of  Xa>-  Denote  7r  : Xa  —>  Xa>  the 
canonical  morphism.  We  have  n(V)  C V'  as  C D(fL).  If  £ G Xa  with 

7r(x)  G V',  then  n(x)  G for  some  i,j  and  we  see  that  x G D(fij)  as  /b  maps 

to  fij.  Thus  we  see  that  V = 7r— 1 (W')  as  desired.  □ 


Let  A:  be  a field.  Let  k C k be  a (possibly  infinite)  Galois  extension.  For  example 
k could  be  the  separable  algebraic  closure  of  k.  For  any  a G Gal(fe/fe)  we  get  a 
corresponding  automorphism  Spec(a)  : Spec(fc)  — ► Spec(fc).  Note  that  Spec(cr)  o 
Spec(r)  = Spec(r  o a).  Hence  we  get  an  action 

Gal(k/k)opp  x Spec(fc)  — > Spec(fc) 

of  the  opposite  group  on  the  scheme  Spec(fc).  Let  X be  a scheme  over  k.  Since 
Xy„  = Spec(fc)  x Spec(fc)  X by  definition  we  see  that  the  action  above  induces  a 
canonical  action 


(32.5.8.1)  Gal (k/k)opp  x Xy  — ■>  Xy. 

Lemma  32.5.9.  Let  k be  a field.  Let  X be  a scheme  over  k.  Let  k be  a (possibly 
infinite J Galois  extension  of  k.  Let  V C Xy  be  a quasi-compact  open.  Then 

(1)  there  exists  a finite  subextension  k C k’  C k and  a quasi-compact  open 
V 1 C Xyi  such  that  V = (V')y, 

(2)  there  exists  an  open  subgroup  H C Gal(k/k ) such  that  <r(V)  = V for  all 
aeH. 


Proof.  By  Lemma 


32.5.8 


there  exists  a finite  subextension  k C k'  C k and  an 


open  V'  C Xyi  which  pulls  back  to  V.  This  proves  (1).  Since  Gal(fc/fc')  is  open  in 
Gal(fc/fc)  part  (2)  is  clear  as  well.  □ 


Lemma  32.5.10.  Let  k be  a field.  Let  k C k be  a (possibly  infinite)  Galois 
extension.  Let  X be  a scheme  over  k.  Let  T C Xy  have  the  following  properties 

(1)  T is  a closed  subset  of  Xy, 

(2)  for  every  a G Gal{k/k ) we  have  a (T)  = T. 

Then  there  exists  a closed  subset  T C X whose  inverse  image  in  Xy  is  T. 


Proof.  This  lemma  immediately  reduces  to  the  case  where  X = Spec(A)  is  affine. 
In  this  case,  let  I C A (gij.  k be  the  radical  ideal  corresponding  to  T.  Assumption 
(2)  implies  that  a(I)  = I for  all  a G Gal(k/k).  Pick  x G I.  There  exists  a finite 
Galois  extension  k C k'  contained  in  k such  that  x G A®k  k' . Set  G = Gal (k'/k). 
Set 


PCT)=n  pr(T-a(x))e(A®kk')[T} 


l<tGG 

It  is  clear  that  P(T)  is  monic  and  is  actually  an  element  of  (A  k')G[T]  = A\T\ 
(by  basic  Galois  theory).  Moreover,  if  we  write  P(T ) = Td  + a\Td~l  + . . . + do  the 
we  see  that  Gq  G / :=  An I.  By  Algebra,  Lemma  10.37.5  we  see  that  x is  contained 
in  the  radical  of  I(A®kk).  Hence  I is  the  radical  of  I(A®yk)  and  setting  T = V(I) 
is  a solution.  □ 


Lemma  32.5.11.  Let  k be  a field.  Let  X be  a scheme  over  k.  The  following  are 
equivalent 
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(1)  X is  geometrically  connected, 

(2)  for  every  finite  separable  field  extension  k C k!  the  scheme  Xk>  is  con- 
nected. 


Proof.  It  follows  immediately  from  the  definition  that  (1)  implies  (2).  Assume 
that  X is  not  geometrically  connected.  Let  k C k be  a separable  algebraic  closure 
of  k.  By  Lemma  32.5.7  it  follows  that  X-r  is  disconnected.  Say  X-r  = U II  V with 


U and  V open,  closed,  and  nonempty. 

Suppose  that  W C X is  any  quasi-compact  open.  Then  Wk  D U and  Wk  fl  V are 
open  and  closed  in  W-n.  In  particular  WrC/J  and  Wj-C \V  are  quasi-compact,  and  by 


Lemma 


32.5.9 


both  Wk  fl  U and  Wk  H V are  defined  over  a finite  subextension  and 


invariant  under  an  open  subgroup  of  Gal (k/k).  We  will  use  this  without  further 
mention  in  the  following. 


Pick  Wo  C X quasi-compact  open  such  that  both  W0  k fl  U and  W0  k fl  V are 
nonempty.  Choose  a finite  subextension  k C k1  C k and  a decomposition  Wo,*/  = 
Uq  II  Vq  into  open  and  closed  subsets  such  that  W0  k fl  U = {U'0)k  and  WQ  = 
(Vo)jf.  Let  H = Ga \{k/k')  C Gal(k/k).  In  particular  ct(W0  ^ fl  U)  = W0  k fl  U and 
similarly  for  V. 


Having  chosen  Wo,  k'  as  above,  for  every  quasi-compact  open  W C A we  set 

uw  = ^H^nV),  vw  = \J ^aiw^nv). 

Now,  since  W^fi  U and  W^fl  V are  fixed  by  an  open  subgroup  of  Gal(fc/fc)  we  see 
that  the  union  and  intersection  above  are  finite.  Hence  Uw  and  Vw  are  both  open 
and  closed.  Also,  by  construction  Wj..  = Uw  N Vw- 


We  claim  that  if  W C W C A are  quasi-compact  open,  then  W~k : fl  Uw'  = Uw 
and  Wj:  n Vw  = Vw-  Verification  omitted.  Hence  we  see  that  upon  defining 
U = Uwcx  Uw  and  V = [jWcx  ^w  we  obtain  Xk  = U H V is  a disjoint  union 
of  open  and  closed  subsets.  It  is  clear  that  V is  nonempty  as  it  is  constructed  by 
taking  unions  (locally).  On  the  other  hand,  U is  nonempty  since  it  contains  Wo  0/7 
by  construction.  Finally,  [/,  V C Xk  are  closed  and  77-invariant  by  construction. 
Hence  by  Lemma  [32.5.10  we  have  U = (/7')*,,  and  V = (V')k  for  some  closed 
U' ,V'  C Xk'-  Clearly  X k>  = U'  U V'  and  we  see  that  AV  is  disconnected  as 
desired.  □ 


038C  Lemma  32.5.12.  Let  k be  a field.  Let  k C k be  a (possibly  infinite)  Galois 
extension.  Let  f :T  — ► X be  a morphism  of  schemes  over  k.  Assume  Tk  connected 
and  Xk  disconnected.  Then  X is  disconnected. 


Proof.  Write  Xk  = U H V with  U and  V open  and  closed.  Denote  / : Tk  — ► Xk 
the  base  change  of  /.  Since  TV  is  connected  we  see  that  Tk  is  contained  in  either 

T\U)  or  T\V).  Say  T,  C 7~\u). 


Fix  a quasi-compact  open  W C X.  There  exists  a finite  Galois  subextension  k C 
k!  C k such  that  UD  Wk  and  V O Wk  come  from  quasi-compact  opens  U',V'  C Wy  • 
Then  also  Wk , =U'UV'.  Consider 


U"  = Pi  a(u')’ 

I CeGal  (fc'/fe)  v ' 


V"  = I J a(V') 

<7  G G a 1 ( k ' / k ) 
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These  are  Galois  invariant,  open  and  closed,  and  Wkr  = U"  II  V" . By 
32.5.10  we  get  open  and  closed  subsets  Uw,Vw  C W such  that  U"  = 


V"  = (Vw)k1  and  W = [1^11  Vw- 


Lennna 
( Uw)k' ! 


We  claim  that  if  W C W'  C A are  quasi-compact  open,  then  W fl  Uw'  = Uw 
and  W fl  Vw'  = Vw-  Verification  omitted.  Hence  we  see  that  upon  defining 
U = \JWcX  Uw  and  V = \Jw<-x  Uw  we  obtain  X = U H V.  It  is  clear  that  V is 
nonempty  as  it  is  constructed  by  taking  unions  (locally).  On  the  other  hand,  U is 
nonempty  since  it  contains  f(T ) by  construction.  □ 


056R  Lemma  32.5.13.  Let  k be  a field.  Let  T — > X be  a morphism  of  schemes  over  k. 
Assume  T is  geometrically  connected  and  X connected.  Then  X is  geometrically 
connected. 


Proof.  This  is  a reformulation  of  Lemma [32.5. 121  □ 

04KV  Lemma  32.5.14.  Let  k be  a field.  Let  X be  a scheme  over  k.  Assume  X is 
connected  and  has  a point  x such  that  k is  algebraically  closed  in  n(x).  Then  X 
is  geometrically  connected.  In  particular,  if  X has  a k-rational  point  and  X is 
connected,  then  X is  geometrically  connected. 

Proof.  Set  T = Spec (k(x)).  Let  k C k be  a separable  algebraic  closure  of  k. 
The  assumption  on  k C k(x)  implies  that  T-r  is  irreducible,  see  Algebra,  Lemma 

we  conclude  that  X is  geometrically  connected.  □ 

04PY  Lemma  32.5.15.  Let  k C K be  an  extension  of  fields.  Let  X be  a scheme  over 
k.  For  every  connected  component  T of  X the  inverse  image  Tk  C Xk  is  a union 
of  connected  components  of  Xk  . 


10.46.8  Hence  by  Lemma  32.5. 13|  we  see  that  X is  connected.  By  Lemma  32.5.7 


Proof.  This  is  a purely  topological  statement.  Denote  p : Xk  X the  projection 
morphism.  Let  T C X be  a connected  component  of  X.  Let  t £ Tk  = p_1(T).  Let 
C C Xk  be  a connected  component  containing  t.  Then  p{C)  is  a connected  subset 
of  X which  meets  T,  hence  p(C)  C T.  Hence  C C Tk-  □ 

07VM  Lemma  32.5.16.  Let  k C K be  a finite  extension  of  fields  and  let  X be  a scheme 
over  k.  Denote  by  p : Xk  — > X the  projection  morphism.  For  every  connected 
component  T of  Xk  the  image  p(T)  is  a connected  component  of  X. 


04PZ 


Proof.  The  image  p(T)  is  contained  in  some  connected  component  X'  of  X.  Con- 
sider X'  as  a closed  subscheme  of  X in  any  way.  Then  T is  also  a connected 
component  of  X'K  = p~1(X')  and  we  may  therefore  assume  that  X is  connected. 
The  morphism  p is  open  (Morphisms,  Lemma  28.23.4|),  closed  (Morphisms,  Lemma 
28.43.7 1 and  the  fibers  of  p are  finite  sets  (Morphisms,  Lemma |28.43.9).  Thus  we 
may  apply  Topology,  Lemma [5. 6. 6| to  conclude.  □ 


Remark  32.5.17.  Let  k C K be  an  extension  of  fields.  Let  A be  a scheme  over 
k.  Denote  p : Xk  — > X the  projection  morphism.  Let  T C Xk  be  a connected 
component.  Is  it  true  that  p(T)  is  a connected  component  of  XI  When  k C K is 
finite  Lemma [32.5.16| tells  us  the  answer  is  “yes”.  In  general  we  do  not  know  the 
answer.  If  you  do,  or  if  you  have  a reference,  please  email  stacks.project@gmail.com 


Let  A be  a scheme.  We  denote  7t0(A')  the  set  of  connected  components  of  A. 
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038D  Lemma  32.5.18.  Let  k be  afield,  with  separable  algebraic  closure  k.  Let  X be  a 
scheme  over  k.  There  is  an  action 


Gal(k/k)opp  x ir0(Xk)  — > n0(Xk) 


with  the  following  properties: 

(1)  An  element  T £ TTo(Xk)  is  fixed  by  the  action  if  and  only  if  there  exists 
a connected  component  T C X , which  is  geometrically  connected  over  k, 
such  that  Tk  = T . 

(2)  For  any  field  extension  k C k'  with  separable  algebraic  closure  k the 
diagram 

Galtf/k')  X 7T0(%)  7To(%) 

Y 

Gal(k/k ) x 7 t0(X-^) 7r0 (Xk) 


is  commutative  (where  the  right  vertical  arrow  is  a bijection  according  to 
Lemma  32.5.61). 


Proof.  The  action  (32.5.8.1 ) of  Gal(fc/fc)  on  X k induces  an  action  on  its  connected 


components.  Connected  components  are  always  closed  (Topology,  Lemma  5.6.31. 
Hence  if  T is  as  in  (1),  then  by  Lemma 


32.5.10 


such  that  T = T-, 


there  exists  a closed  subset  T cl 
Note  that  T is  geometrically  connected  over  k,  see  Lemma 
32.5.7  To  see  that  T is  a connected  component  of  X , suppose  that  T C T' , T ^T' 
where  T'  is  a connected  component  of  X.  In  this  case  T'k,  strictly  contains  T 


k’ 


and  hence  is  disconnected.  By  Lemma  32.5.12  this  means  that  T'  is  disconnected! 
Contradiction. 


We  omit  the  proof  of  the  functoriality  in  (2). 


□ 


038E  Lemma  32.5.19.  Let  k be  afield,  with  separable  algebraic  closure  k.  Let  X be  a 
scheme  over  k.  Assume 

(1)  X is  quasi-compact,  and 

(2)  the  connected  components  of  Xk  are  open. 

Then 

(a)  7To(Xk)  is  finite,  and 

(b)  the  action  of  Gal(k/k)  on  is  continuous. 

Moreover,  assumptions  (1)  and  (2)  are  satisfied  when  X is  of  finite  type  over  k. 


Proof.  Since  the  connected  components  are  open,  cover  Xk  (Topology,  Lemma 
5.6.3)  and  Xk  is  quasi-compact,  we  conclude  that  there  are  only  finitely  many  of 
them.  Thus  (a)  holds.  By  Lemma  32.5.8  these  connected  components  are  each 
defined  over  a finite  subextension  of  k C k and  we  get  (b).  If  X is  of  finite  type 
over  k , then  Xk  is  of  finite  type  over  k (Morphisms,  Lemma  28.15.4).  Hence  X k 
is  a Noetherian  scheme  (Morphisms,  Lemma  28.15.6).  Thus  Xk  has  finitely  many 
irreducible  components  (Properties,  Lemma  |27.5.7[)  and  a fortiori  finitely  many 
connected  components  (which  are  therefore  open).  □ 
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32.6.  Geometrically  irreducible  schemes 

0364  If  X is  an  irreducible  scheme  over  a field,  then  it  can  happen  that  X becomes 
reducible  after  extending  the  ground  field.  This  does  not  happen  for  geometrically 
irreducible  schemes. 

0365  Definition  32.6.1.  Let  X be  a scheme  over  the  field  k.  We  say  X is  geometrically 
irreducible  over  k if  the  scheme  X k'  is  irreducible^  for  any  field  extension  k!  of  k. 

054P  Lemma  32.6.2.  Let  X be  a scheme  over  the  field  k.  Let  k C k'  be  a field  exten- 
sion. Then  X is  geometrically  irreducible  over  k if  and  only  if  Xk>  is  geometrically 
irreducible  over  k' . 


Proof.  If  X is  geometrically  irreducible  over  k,  then  it  is  clear  that  Xk>  is  geomet- 
rically irreducible  over  k' . For  the  converse,  note  that  for  any  field  extension  k C k" 
there  exists  a common  field  extension  k!  C k!"  and  k"  C k!" . As  the  morphism 
Xk»i  — > Xk>i  is  surjective  (as  a base  change  of  a surjective  morphism  between  spec- 
tra of  fields)  we  see  that  the  irreducibility  of  X}.'"  implies  the  irreducibility  of  X k"  ■ 
Thus  if  Xk>  is  geometrically  irreducible  over  k'  then  X is  geometrically  irreducible 
over  k.  □ 

020J  Lemma  32.6.3.  Let  X be  a scheme  over  a separably  closed  field  k.  If  X is 
irreducible,  then  Xk  is  irreducible  for  any  field  extension  k C K . I.e.,  X is  geo- 
metrically irreducible  over  k. 

Proof.  Use  Properties,  Lemma [27. 3. 3|  and  Algebra,  Lemma [l 0.46. 2 1 □ 

038F  Lemma  32.6.4.  Let  k be  a field.  Let  X , Y be  schemes  over  k.  Assume  X is 
geometrically  irreducible  over  k.  Then  the  projection  morphism 

p:XxkY—*Y 

induces  a bijection  between  irreducible  components. 


Proof.  First,  note  that  the  scheme  theoretic  fibres  of  p are  irreducible,  since  they 
are  base  changes  of  the  geometrically  irreducible  scheme  X by  field  extensions. 
Moreover  the  scheme  theoretic  fibres  are  homeomorphic  to  the  set  theoretic  fibres, 
see  Schemes,  Lemma  [25.18.5[  By  Morphisms,  Lemma  [28.23.4|  the  map  p is  open. 
Thus  we  may  apply  Topology,  Lemma [5.7. 13| to  conclude.  □ 


038G 


Lemma  32.6.5.  Let  k be  a field.  Let  X be  a scheme  over  k.  The  following  are 
equivalent 


(1)  X is  geometrically  irreducible  over  k, 

(2)  for  every  nonempty  affine  open  U the  k-algebra  Ox(fJ)  is  geometrically 
irreducible  over  k (see  Algebm,  Definition  10.j6.j\), 

X is  irreducible  and  there  exists  an  affine  open  covering  X = (J  £/,  such 
that  each  k-algebra  OxifJi)  is  geometrically  irreducible,  and 


(3) 

(4)  there  exists  an  open  covering  X = (Jigj  X*  with  7^0  such  that  X, 


Hei  - 

geometrically  irreducible  for  each  i and  such  that  X f n Xj  0 for  all 
i,j  G I. 


Moreover,  if  X is  geometrically  irreducible  so  is  every  nonempty  open  subscheme 
ofX. 


■'■An  irreducible  space  is  nonempty. 
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Proof.  An  affine  scheme  Spec(A)  over  k is  geometrically  irreducible  if  and  only  if 
A is  geometrically  irreducible  over  fc;  this  is  immediate  from  the  definitions.  Recall 
that  if  a scheme  is  irreducible  so  is  every  nonempty  open  subscheme  of  A',  any  two 
nonempty  open  subsets  have  a nonempty  intersection.  Also,  if  every  affine  open 
is  irreducible  then  the  scheme  is  irreducible,  see  Properties,  Lemma  |27.3.3[  Hence 
the  final  statement  of  the  lemma  is  clear,  as  well  as  the  implications  (1)  =>  (2),  (2) 
=>  (3),  and  (3)  =>  (4).  If  (4)  holds,  then  for  any  field  extension  k! /k  the  scheme 
Xy  has  a covering  by  irreducible  opens  which  pairwise  intersect.  Hence  X y is 
irreducible.  Hence  (4)  implies  (1).  □ 


054Q  Lemma  32.6.6.  Let  X be  a geometrically  irreducible  scheme  over  the  field  k.  Let 
£ € X be  its  generic  point.  Then  k(£)  is  a geometrically  irreducible  over  k. 


Proof.  Combining  Lemma  32.6.5  and  Algebra,  Lemma  10.46.6  we  see  that  Ox 
is  geometrically  irreducible  over  k.  Since  Ox.p  — > k(£)  is  a surjection  with  locally 
nilpotent  kernel  (see  Algebra,  Lemma  10.24.1)  it  follows  that  k(£)  is  geometrically 
irreducible,  see  Algebra,  Lemma  [10.45.6  □ 


038H  Lemma  32.6.7.  Let  k C k'  be  an  extension  of  fields.  Let  X be  a scheme  over 
k.  Set  X'  = Xy . Assume  k separably  algebraically  closed.  Then  the  morphism 
X'  — > X induces  a bijection  of  irreducible  components. 


Proof.  Since  k is  separably  algebraically  closed  we  see  that  k!  is  geometrically  ir- 
reducible over  k,  see  Algebra,  Lemma  10.46.5  Hence  Z = Spec (k1)  is  geometrically 

Since  X'  = Z x*,  X the  result  is  a 

□ 


irreducible  over  k.  by  Lemma  32.6.5  above, 
special  case  of  Lemma |32.6.4 


0381  Lemma  32.6.8.  Let  k be  a field.  Let  X be  a scheme  over  k.  The  following  are 
equivalent: 

(1)  X is  geometrically  irreducible  over  k, 

(2)  for  every  finite  separable  field  extension  k C k!  the  scheme  X y is  irre- 
ducible, and 

(3)  X j is  irreducible,  where  k C k is  a separable  algebraic  closure  of  k. 


Proof.  Assume  X-r  is  irreducible,  i.e.,  assume  (3).  Let  k C k'  be  a field  extension. 

There  exists  a field  extension  k C k such  that  k'  embeds  into  k as  an  extension  of 
k.  By  Lemma  32.6.7  we  see  that  Xy  is  irreducible.  Since  Xy  — > Xy  is  surjective 
we  conclude  that  Xy  is  irreducible.  Hence  (1)  holds. 


Let  k C k be  a separable  algebraic  closure  of  k.  Assume  not  (3),  i.e.,  assume  X-%  is 
reducible.  Our  goal  is  to  show  that  also  X y is  reducible  for  some  finite  subextension 
k C k'  C k.  Let  X = [Jig7  an  affine  open  covering  with  Ui  not  empty.  If 

for  some  i the  scheme  Ui  is  reducible,  or  if  for  some  pair  i ^ j the  intersection 
Ui  0 Uj  is  empty,  then  X is  reducible  (Properties,  Lemma  27.3.3)  and  we  are  done. 
In  particular  we  may  assume  that  [7  ^ D 17-  p for  all  i,j  £ I is  nonempty  and  we 
conclude  that  U-  has  to  be  reducible  for  some  i.  According  to  Algebra,  Lemma 


i,k 


10.46.3  this  means  that  Uiyy  is  reducible  for  some  finite  separable  field  extension 
W7  Hence  also  X y is  reducible.  Thus  we  see  that  (2)  implies  (3). 


k C 


The  implication  (1)  =>  (2)  is  immediate.  This  proves  the  lemma. 


□ 
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04KW  Lemma  32.6.9.  Let  k C K be  an  extension  of  fields.  Let  X be  a scheme  over  k. 

For  every  irreducible  component  T of  X the  inverse  image  Tk  C Xk  is  a union  of 
irreducible  components  of  Xk  ■ 

Proof.  Let  T C X be  an  irreducible  component  of  X.  The  morphism  Tk  — > T is 
flat,  so  generalizations  lift  along  Tk  — > T.  Hence  every  £ G Tk  which  is  a generic 
point  of  an  irreducible  component  of  Tk  maps  to  the  generic  point  rj  of  T.  If  £'  ~-+  £ 
is  a specialization  in  Xk  then  maps  to  rj  since  there  are  no  points  specializing 
to  r]  in  X.  Hence  £'  G TK  and  we  conclude  that  £ = In  other  words  £ is  the 
generic  point  of  an  irreducible  component  of  Xk-  This  means  that  the  irreducible 
components  of  Tk  are  all  irreducible  components  of  Xk-  □ 

For  a scheme  X we  denote  IrredComp(X)  the  set  of  irreducible  components  of  X. 

04KX  Lemma  32.6.10.  Let  k C K be  an  extension  of  fields.  Let  X be  a scheme  over 
k.  For  every  irreducible  component  T C Xk  the  image  of  T in  X is  an  irreducible 
component  in  X . This  defines  a canonical  map 

IrredComp{X k)  — > IrredComp(X ) 

which  is  surjective. 

Proof.  Consider  the  diagram 

XK  % 

Y Y 

% 


where  K is  the  separable  algebraic  closure  of  K , and  where  k is  the  separable 
algebraic  closure  of  k.  By  Lemma  32.6.7  the  morphism  Xjt  — > X-r  induces  a 
bijection  between  irreducible  components.  Hence  it  suffices  to  show  the  lemma 


for  the  morphisms  X ^ 
K = k. 


X and  X K — » Xk ■ In  other  words  we  may  assume  that 


The  morphism  p : X-r  -A  X is  integral,  flat  and  surjective.  Flatness  implies  that 
generalizations  lift  along  p , see  Morphisms,  Lemma  [28.25.8[  Hence  generic  points 
of  irreducible  components  of  X ^ map  to  generic  points  of  irreducible  components  of 
X.  Integrality  implies  that  p is  universally  closed,  see  Morphisms,  Lemma [28. 43. 7| 
Hence  we  conclude  that  the  image  p{T)  of  an  irreducible  component  is  a closed 
irreducible  subset  which  contains  a generic  point  of  an  irreducible  component  of 
X , hence  p{T)  is  an  irreducible  component  of  A'.  This  proves  the  first  assertion. 
If  T C X is  an  irreducible  component,  then  p~l(T)  = Tk  is  a nonempty  union  of 
irreducible  components,  see  Lemma |32.6.9[  Each  of  these  necessarily  maps  onto  T 
by  the  first  part.  Hence  the  map  is  surjective.  □ 

038J  Lemma  32.6.11.  Let  k be  a field,  with  separable  algebraic  closure  k.  Let  X be  a 
scheme  over  k.  There  is  an  action 

Gal{k/k)opp  x IrredComp(X^)  — >■  IrredComp(X-j -) 
with  the  following  properties: 

(1)  An  element  T G IrredComp(X-r)  is  fixed  by  the  action  if  and  only  if  there 
exists  an  irreducible  component  T C A,  which  is  geometrically  irreducible 
over  k,  such  that  T ^ = T. 
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(2)  For  any  field,  extension  k C k'  with  separable  algebraic  closure  k the 
diagram 

Gal(k  /k')  x IrredComp(X-r') s-  IrredComp(X-r') 


IrredComp(X-jf) 


Gal(k/k)  x IrredComp{X-f -)  — 

is  commutative  (where  the  right  vertical  arrow  is  a bijection  according  to 
Lemma  32.6.1 |(. 


Proof.  The  action  (32.5.8.1 ) of  Gal(fc/fc)  on  X k induces  an  action  on  its  irreducible 


components.  Irreducible  components  are  always  closed  (Topology,  Lemma  5.6.31. 
Hence  if  T is  as  in  (1),  then  by  Lemma 


32.5.10 


there  exists  a closed  subset  T cl 
such  that  T = TV.  Note  that  T is  geometrically  irreducible  over  k,  see  Lemma 


32.6.8 


04KY 


To  see  that  T is  an  irreducible  component  of  A',  suppose  that  T C T' , 
T 7^  T'  where  T'  is  an  irreducible  component  of  A".  Let  p be  the  generic  point  of 
T.  It  maps  to  the  generic  point  p of  T . Then  the  generic  point  £ £ T'  specializes  to 
p.  As  Xk  — > X is  flat  there  exists  a point  £ £ Xk  which  maps  to  £ and  specializes 
to  rj.  It  follows  that  the  closure  of  the  singleton  {£}  is  an  irreducible  closed  subset 
of  Ar  which  strictly  contains  T.  This  is  the  desired  contradiction. 

We  omit  the  proof  of  the  functoriality  in  (2).  □ 

Lemma  32.6.12.  Let  k be  a field,  with  separable  algebraic  closure  k.  Let  X be  a 
scheme  over  k.  The  fibres  of  the  map 

IrredComp(Xk)  — > IrredComp(X ) 


of  Lemma  32.6.10  are  exactly  the  orbits  of  Gal(k/k)  under  the  action  of  Lemma 
\32.6.11\ 


04KZ 


Proof.  Let  T C A be  an  irreducible  component  of  X.  Let  p £ T be  its  generic 
point.  By  Lemmas|32.6.9|and|32.6.T0|the  generic  points  of  irreducible  components 
of  T which  map  into  T map  to  p.  By  Algebra,  Lemma 


10.46.10 


the  Galois  group  acts 
transitively  on  all  of  the  points  of  X-r  mapping  to  p.  Hence  the  lemma  follows.  □ 


Lemma  32.6.13.  Let  k be  a field.  Assume  X — > Spec(fc)  locally  of  finite  type.  In 
this  case 

(1)  the  action 

Gal(k/k)opp  x IrredComp(Xk)  — » IrredComp(Xk ) 

is  continuous  if  we  give  IrredComp{X-h -)  the  discrete  topology, 

(2)  every  irreducible  component  of  Xk  can  be  defined  over  a finite  extension 
of  k,  and 

(3)  given  any  irreducible  component  T C X the  scheme  Tk  is  a finite  union 
of  irreducible  components  of  Xk  which  are  all  in  the  same  Gal{k/k)~ orbit. 


Proof.  Let  T be  an  irreducible  component  of  Xk.  We  may  choose  an  affine  open 
U C X such  that  T fl  Uk  is  not  empty.  Write  U = Spec(A),  so  A is  a finite  type 
fc-algebra,  see  Morphisms,  Lemma  ! 


28.15.2 


Hence  Ak  is  a finite  type  fc-algebra,  and 
in  particular  Noetherian.  Let  p = (f\, . . . , fn)  be  the  prime  ideal  corresponding  to 
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T fl E/p  Since  = A®kk  we  see  that  there  exists  a finite  subextension  k C k!  C k 
such  that  each  /,  £ Ay.  It  is  clear  that  Gal (k/k')  fixes  T,  which  proves  (1). 


Part  (2)  follows  by  applying  Lemma  32.6.11  (1)  to  the  situation  over  k'  which  implies 
the  irreducible  component  T is  of  the  form  TL  for  some  irreducible  T'  C X *,/ . 


Choose  an  irreducible 
By  the  above  the  orbit 


To  prove  (3),  let  T C X be  an  irreducible  component. 
component  T C A^  which  maps  to  T,  see  Lemma  32.6. 
of  T is  finite,  say  it  is  T\, . . . , Tn.  Then  T i U . . . U Tn  is  a Gal(fc//c)-invariant  closed 
subset  of  X-f - hence  of  the  form  W,  for  some  W C X closed  by  Lemma  32.5.10 
Clearly  W = T and  we  win. 


□ 


Lemma  32.6.14.  Let  k be  a field.  Let  X — > Spec(fc)  be  locally  of  finite  type. 
Assume  X has  finitely  many  irreducible  components.  Then  there  exists  a finite 
separable  extension  k C k'  such  that  every  irreducible  component  of  X k>  is  geomet- 
rically irreducible  over  k' . 


Proof.  Let  k be  a separable  algebraic  closure  of  k.  The  assumption  that  X has 
finitely  many  irreducible  components  combined  with  Lemma  32.6.13  (3)  shows  that 

(2) 


32.6.13 


X-^  has  finitely  many  irreducible  components  T i, . . . ,Tn.  By  Lemma 
there  exists  a finite  extension  k C k!  C k and  irreducible  components  Ti  C X^  such 
that  Ti  =T.-r  and  we  win.  □ 


Lemma  32.6.15.  Let  X be  a scheme  over  the  field  k.  Assume  X has  finitely 
many  irreducible  components  which  are  all  geometrically  irreducible.  Then  X has 
finitely  many  connected  components  each  of  which  is  geometrically  connected. 


Proof.  This  is  clear  because  a connected  component  is  a union  of  irreducible  com- 
ponents. Details  omitted.  □ 


32.7.  Geometrically  integral  schemes 

If  X is  an  irreducible  scheme  over  a field,  then  it  can  happen  that  X becomes 
reducible  after  extending  the  ground  field.  This  does  not  happen  for  geometrically 
irreducible  schemes. 

Definition  32.7.1.  Let  X be  a scheme  over  the  field  k. 

(1)  Let  x £ X.  We  say  X is  geometrically  point-wise  integral  at  x if  for  every 
field  extension  k C k’  and  every  x’  £ AV  lying  over  x the  local  ring 
Oxy  ,x>  is  integral. 

(2)  We  say  X is  geometrically  pointwise  integral  if  X is  geometrically  pointwise 
integral  at  every  point. 

(3)  We  say  X is  geometrically  integral  over  k if  the  scheme  AV  is  integral  for 
every  field  extension  k'  of  k. 

The  distinction  between  notions  (2)  and  (3)  is  necessary.  For  example  if  k = R and 
A = Spec(C[x]),  then  A is  geometrically  pointwise  integral  over  R but  of  course 
not  geometrically  integral. 

Lemma  32.7.2.  Let  k be  a field.  Let  X be  a scheme  over  k.  Then  X is  geometri- 
cally integral  over  k if  and  only  if  X is  both  geometrically  reduced  and  geometrically 
irreducible  over  k. 

Proof.  See  Properties,  Lemma  [2 7. 3. 4|  □ 
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32.8.  Geometrically  normal  schemes 


038L  In  Properties,  Definition  |27.7.1|  we  have  defined  the  notion  of  a normal  scheme. 
This  notion  is  defined  even  for  non-Noetherian  schemes.  Hence,  contrary  to  our 
discussion  of  “geometrically  regular”  schemes  we  consider  all  field  extensions  of  the 
ground  field. 

038M  Definition  32.8.1.  Let  X be  a scheme  over  the  field  k. 

(1)  Let  x £ X.  We  say  X is  geometrically  normal  at  x if  for  every  field 
extension  k C k'  and  every  x’  £ Xk>  lying  over  x the  local  ring  Oxk,,x'  is 
normal. 

(2)  We  say  X is  geometrically  normal  over  k if  X is  geometrically  normal  at 
every  x £ X. 


038N  Lemma  32.8.2.  Let  k be  a field.  Let  X be  a scheme  over  k.  Let  x £ X.  The 
following  are  equivalent 

(1)  X is  geometrically  normal  at  x, 

(2)  for  every  finite  purely  inseparable  field  extension  k'  of  k and  x’  £ Xk< 
lying  over  over  x the  local  ring  Oxk,  ,x‘  is  normal,  and 

(3)  the  ring  O \,x  is  geometrically  normal  over  k (see  Algebra,  Definition 
10.157.ty. 


Proof.  It  is  clear  that  (1)  implies  (2).  Assume  (2).  Let  k C k!  be  a finite  purely 
inseparable  field  extension  (for  example  k = k').  Consider  the  ring  Ox,x  k! . By 

Algebra,  Lemma  10.45.6  its  spectrum  is  the  same  as  the  spectrum  of  Ox,x-  Hence 


it  is  a local  ring  also  (Algebra,  Lemma  10.17.2 1.  Therefore  there  is  a unique  point 
x'  £ Xki  lying  over  x and  Oxk,,x’  — Ox,x  k' . By  assumption  this  is  a normal 
ring.  Hence  we  deduce  (3)  by  Algebra,  Lemma  10.157.1 


Assume  (3).  Let  k C k!  be  a field  extension.  Since  Spec(fc')  -A  Spec(fc)  is  surjective, 
also  Xk'  — > X is  surjective  (Morphisms,  Lemma  28.10.4).  Let  x'  £ Xk'  be  any  point 
lying  over  x.  The  local  ring  Oxk,,x'  is  a localization  of  the  ring  Ox,x  <S>fc  k! . Hence 
it  is  normal  by  assumption  and  (1)  is  proved.  □ 


0380 


Lemma  32.8.3.  Let  k be  a field.  Let  X be  a scheme  over  k.  The  following  are 
equivalent 


(1)  X is  geometrically  normal, 

(2)  Xk>  is  a normal  scheme  for  every  field  extension  k C kf , 

(3)  Xk'  is  a normal  scheme  for  every  finitely  generated  field  extension  k C k' , 

(4)  X^  is  a normal  scheme  for  every  finite  purely  inseparable  field  extension 
k C k! , and 

(5)  for  every  affine  open  U C X the  ring  Ox{U)  is  geometrically  normal  (see 
Algebra,  Definition  10.157.2). 


Proof.  Assume  (1).  Then  for  every  field  extension  k C k!  and  every  point  x'  £ Xk* 
the  local  ring  of  Xk'  at  x'  is  normal.  By  definition  this  means  that  Xk'  is  normal. 
Hence  (2). 


It  is  clear  that  (2)  implies  (3)  implies  (4). 

Assume  (4)  and  let  U C X be  an  affine  open  subscheme.  Then  Uk<  is  a normal 
scheme  for  any  finite  purely  inseparable  extension  k C k'  (including  k = k').  This 
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means  that  k!  0(U ) is  a normal  ring  for  all  finite  purely  inseparable  extensions 

k C k'.  Hence  0(11)  is  a geometrically  normal  fc-algebra  by  definition. 


Assume  (5).  For  any  field  extension  k C k'  the  base  change  Xk>  is  gotten  by  gluing 
the  spectra  of  the  rings  Ox{U)  k'  where  U is  affine  open  in  X (see  Schemes, 
Section  25.171.  Hence  X\.j  is  normal.  So  (1)  holds.  □ 


Lemma  32.8.4.  Let  k be  a field.  Let  X be  a scheme  over  k.  Let  k' /k  be  a field 
extension.  Let  x £ X be  a point,  and  let  x'  £ X y be  a point  lying  over  x.  The 
following  are  equivalent 

(1)  X is  geometrically  normal  at  x, 

(2)  Xk'  is  geometrically  normal  at  x' . 

In  particular,  X is  geometrically  normal  over  k if  and  only  if  X^  is  geometrically 
normal  over  k' . 


Proof.  It  is  clear  that  (1)  implies  (2).  Assume  (2).  Let  k C k"  be  a finite  purely 
inseparable  field  extension  and  let  x"  £ Xk"  be  a point  lying  over  x (actually  it  is 
unique).  We  can  find  a common  field  extension  k C k!"  (i.e.  with  both  k!  C k!" 
and  k"  C k'")  and  a point  x'"  £ Xk'"  lying  over  both  x'  and  x" . Consider  the  map 
of  local  rings 

Oxk,,,x"  — > Oxk,„,x""- 


This  is  a flat  local  ring  homomorphism  and  hence  faithfully  flat.  By  (2)  we  see 
that  the  local  ring  on  the  right  is  normal.  Thus  by  Algebra,  Lemma  |10.156.3|  we 


conclude  that  Oxk 
normal  at  x. 


j."  is  normal.  By  Lemma|32.8.2|we  see  that  X is  geometrically 

□ 


Lemma  32.8.5.  Let  k be  a field.  Let  X be  a geometrically  normal  scheme  over  k 
and  let  Y be  a normal  scheme  over  k.  Then  X XkY  is  a normal  scheme. 

Proof.  This  reduces  to  Algebra,  Lemma [l 0 . 1 5 7 . 4| by  Lemma [32. 8. 3|  □ 


32.9.  Change  of  fields  and  locally  Noetherian  schemes 

Let  X a locally  Noetherian  scheme  over  a field  k.  It  is  not  always  that  case  that 
X^  is  locally  Noetherian  too.  For  example  if  X = Spec(Q)  and  k = Q,  then 
Aq  is  the  spectrum  of  Q ® q Q which  is  not  Noetherian.  (Hint:  It  has  too  many 
idempotents).  But  if  we  only  base  change  using  finitely  generated  field  extensions 
then  the  Noetherian  property  is  preserved.  (Or  if  X is  locally  of  finite  type  over  k, 
since  this  property  is  preserved  under  base  change.) 

Lemma  32.9.1.  Let  k be  a field.  Let  X be  a scheme  over  k.  Let  k C k!  be  a 
finitely  generated  field  extension.  Then  X is  locally  Noetherian  if  and  only  if  X k' 
is  locally  Noetherian. 


Proof.  Using  Properties,  Lemma  27.5.2  we  reduce  to  the  case  where  X is  affine, 
say  X = Spec(A).  In  this  case  we  have  to  prove  that  A is  Noetherian  if  and  only 
if  Ak'  is  Noetherian.  Since  A — > Ak>  = k'  Cfc  A is  faithfully  flat,  we  see  that  if 
Ak>  is  Noetherian,  then  so  is  A,  by  Algebra,  Lemma  [10. 156.1  Conversely,  if  A is 
Noetherian  then  Ak>  is  Noetherian  by  Algebra,  Lemma  10.30.7|  □ 
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32.10.  Geometrically  regular  schemes 


A geometrically  regular  scheme  over  a field  k is  a locally  Noetherian  scheme  over  k 
which  remains  regular  upon  suitable  changes  of  base  field.  A finite  type  scheme  over 
k is  geometrically  regular  if  and  only  if  it  is  smooth  over  k (see  Lemma  32.10.6 ).  The 
notion  of  geometric  regularity  is  most  interesting  in  situations  where  smoothness 
cannot  be  used  such  as  formal  fibres  (insert  future  reference  here). 


In  the  following  definition  we  restrict  ourselves  to  locally  Noetherian  schemes,  since 
the  property  of  being  a regular  local  ring  is  only  defined  for  Noetherian  local  rings. 
By  Lemma[32.8.3|above,  if  we  restrict  ourselves  to  finitely  generated  field  extensions 
then  this  property  is  preserved  under  change  of  base  field.  This  comment  will  be 
used  without  further  reference  in  this  section.  In  particular  the  following  definition 
makes  sense. 


Definition  32.10.1.  Let  k be  a field.  Let  A be  a locally  Noetherian  scheme  over 
k. 

(1)  Let  x £ X.  We  say  X is  geometrically  regular  at  x over  k if  for  every 
finitely  generated  field  extension  k C k!  and  any  x'  £ X^j  lying  over  x the 
local  ring  Oxk,,x'  is  regular. 

(2)  We  say  X is  geometrically  regular  over  k if  X is  geometrically  regular  at 
all  of  its  points. 


A similar  definition  works  to  define  geometrically  Cohen-Macaulay,  (Rk),  and  (Sk) 
schemes  over  a field.  We  will  add  a section  for  these  separately  as  needed. 

Lemma  32.10.2.  Let  k be  a field.  Let  X be  a locally  Noetherian  scheme  over  k. 
Let  x £ X . The  following  are  equivalent 

(1)  X is  geometrically  regular  at  x, 

(2)  for  every  finite  purely  inseparable  field  extension  k'  of  k and  x'  £ Xk' 
lying  over  over  x the  local  ring  Ox., ,x'  Is  regular,  and 

(3)  the  ring  Ox,x  is  geometrically  regular  over  k (see  Algebra,  Definition 
10.158.2 1). 


Proof.  It  is  clear  that  (1)  implies  (2).  Assume  (2).  This  in  particular  implies  that 
Ox,x  is  a regular  local  ring.  Let  k C k'  be  a finite  purely  inseparable  field  extension. 
Consider  the  ring  Ox,x  k! . By  Algebra,  Lemma  10.45.6  its  spectrum  is  the  same 
as  the  spectrum  of  Ox,x-  Hence  it  is  a local  ring  also  (Algebra,  Lemma  10.17.2). 
Therefore  there  is  a unique  point  x'  £ X&  lying  over  x and  Oxy,x'  — Ox, x ®k  k!  ■ 
By  assumption  this  is  a regular  ring.  Hence  we  deduce  (3)  from  the  definition  of  a 
geometrically  regular  ring. 


Assume  (3).  Let  k C k!  be  a field  extension.  Since  Spec(fc')  — > Spec(fc)  is  surjective, 
also  Xk ' -A  X is  surjective  (Morphisms,  Lemma  28.10.4).  Let  x ' £ X^  be  any  point 
lying  over  x.  The  local  ring  Oxk,,x'  is  a localization  of  the  ring  Ox,x  <8fc  k' . Hence 
it  is  regular  by  assumption  and  (1)  is  proved.  □ 


Lemma  32.10.3.  Let  k be  a field.  Let  X be  a locally  Noetherian  scheme  over  k. 
The  following  are  equivalent 

(1)  X is  geometrically  regular, 

(2)  is  a regular  scheme  for  every  finitely  generated  field  extension  k C k' , 

(3)  is  a regular  scheme  for  every  finite  purely  inseparable  field  extension 
k C k', 
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(4)  for  every  affine  open  U C X the  ring  Ox(U)  is  geometrically  regular  (see 
Algebra,  Definition  10.158.2 ),  and 

(5)  there  exists  an  affine  open  covering  X = [JUi  such  that  each  Ox{Ui)  is 
geometrically  regular  over  k. 


Proof.  Assume  (1).  Then  for  every  finitely  generated  field  extension  k C k'  and 
every  point  x'  £ X k'  the  local  ring  of  Xk>  at  x'  is  regular.  By  Properties,  Lemma 


27.9.2  this  means  that  Xk'  is  regular.  Hence  (2). 


It  is  clear  that  (2)  implies  (3). 


Assume  (3)  and  let  U C X be  an  affine  open  subscheme.  Then  Uk'  is  a regular 
scheme  for  any  finite  purely  inseparable  extension  k C k'  (including  k = k').  This 
means  that  k'  0(17)  is  a regular  ring  for  all  finite  purely  inseparable  extensions 
k C k! . Hence  O(U)  is  a geometrically  regular  fc-algebra  and  we  see  that  (4)  holds. 


It  is  clear  that  (4)  implies  (5).  Let  X = (J  Ui  be  an  affine  open  covering  as  in  (5). 
For  any  field  extension  k C k!  the  base  change  Xk<  is  gotten  by  gluing  the  spectra 
of  the  rings  Ox(Ui)  <S>k  k!  (see  Schemes,  Section  25.17).  Hence  Xk'  is  regular.  So 
(1)  holds.  □ 


038W  Lemma  32.10.4.  Let  k be  a field.  Let  X be  a scheme  over  k.  Let  k! fk  be  a 
finitely  generated  field  extension.  Let  x £ X be  a point,  and  let  x'  £ Xk'  be  a point 
lying  over  x.  The  following  are  equivalent 

(1)  X is  geometrically  regular  at  x, 

(2)  X^  is  geometrically  regular  at  x' . 

In  particular,  X is  geometrically  regular  over  k if  and  only  if  X k'  is  geometrically 
regular  over  k' . 


Proof.  It  is  clear  that  (1)  implies  (2).  Assume  (2).  Let  k C k"  be  a finite  purely 
inseparable  field  extension  and  let  x"  £ Xk"  be  a point  lying  over  x (actually  it 
is  unique).  We  can  find  a common,  finitely  generated,  held  extension  k C k'"  (i.e. 
with  both  k'  C k!"  and  k"  C k'")  and  a point  x'"  £ X k'"  lying  over  both  x'  and 
x" . Consider  the  map  of  local  rings 


Ox. 


Ox. 


This  is  a flat  local  ring  homomorphism  of  Noetherian  local  rings  and  hence  faithfully 
flat.  By  (2)  we  see  that  the  local  ring  on  the  right  is  regular.  Thus  by  Algebra, 
Lemma 


10.109.9  we  conclude  that  Ox.  ,,  x"  is  regular.  By  Lemma  32.10.2 


that  A'  is  geometrically  regular  at  x. 


we  see 
□ 


05AW 


The  following  lemma  is  a geometric  variant  of  Algebra,  Lemma  10.158.3 


Lemma  32.10.5.  Let  k be  a field.  Let  f : X — t Y be  a morphism  of  locally 
Noetherian  schemes  over  k.  Let  x £ X be  a point  and  set  y = f{x).  If  X is 
geometrically  regular  at  x and  f is  flat  at  x then  Y is  geometrically  regular  at  y. 
In  particular,  if  X is  geometrically  regular  over  k and  f is  flat  and  surjective,  then 
Y is  geometrically  regular  over  k. 


Proof.  Let  kl  be  finite  purely  inseparable  extension  of  k.  Let  /'  : Xk'  — > Yk>  be 
the  base  change  of  /.  Let  x'  £ Xy  be  the  unique  point  lying  over  x.  If  we  show 
that  Yki  is  regular  at  y'  = f'(x'),  then  Y is  geometrically  regular  over  k at  y' , see 
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Lemma [32.10.3[  By  Morphisms,  Lemma [28. 25. 6| the  morphism  Xk>  — > Yy  is  flat  at 
x' . Hence  the  ring  map 

°Yk,,y'  1 Oxk,,x’ 

is  a flat  local  homomorphism  of  local  Noetherian  rings  with  right  hand  side  regular 
by  assumption.  Hence  the  left  hand  side  is  a regular  local  ring  by  Algebra,  Lemma 
110.109.91  □ 


038X  Lemma  32.10.6.  Let  k be  a field.  Let  X be  a scheme  of  finite  type  over  k.  Let 
x £ X . Then  X is  geometrically  regular  at  x if  and  only  if  X — > Spec (k)  is  smooth 
at  x (Morphisms,  Definition  28.34.1). 


Proof.  The  question  is  local  around  x,  hence  we  may  assume  that  X = Spec(A) 
for  some  finite  type  k- algebra.  Let  x correspond  to  the  prime  p. 


If  A is  smooth  over  k at  p.  then  we  may  localize  A and  assume  that  A is  smooth 
over  k.  In  this  case  k'  A is  smooth  over  k'  for  all  extension  fields  k!  jk,  and  each 
of  these  Noetherian  rings  is  regular  by  Algebra,  Lemma [10.138.3| 


Assume  X is  geometrically  regular  at  x.  Consider  the  residue  field  K :=  k(x)  = «(p) 
of  x.  It  is  a finitely  generated  extension  of  k.  By  Algebra,  Lemma  10.44.3|  there 
exists  a finite  purely  inseparable  extension  k C k'  such  that  the  compositum  k' K is 
a separable  field  extension  of  k' . Let  p'  C A'  = k'  ®k  A be  a prime  ideal  lying  over  p. 
It  is  the  unique  prime  lying  over  p,  see  Algebra,  Lemma|l0.45.6|  Hence  the  residue 
field  K'  :=  k(p')  is  the  compositum  k'K.  By  assumption  the  local  ring  (A/)p/  is 
regular.  Hence  by  Algebra,  Lemma  10.138.5  we  see  that  k!  — » A'  is  smooth  at  p'. 
This  in  turn  implies  that  k — ► A is  smooth  at  p by  Algebra,  Lemma  10.135.18  The 
lemma  is  proved.  □ 


038Y  Example  32.10.7.  Let  k = F p(t).  It  is  quite  easy  to  give  an  example  of  a regular 
variety  V over  k which  is  not  geometrically  reduced.  For  example  we  can  take 
Spec(fc[a:]/(a:p  — t)).  In  fact,  there  exists  an  example  of  a regular  variety  V which  is 
geometrically  reduced,  but  not  even  geometrically  normal.  Namely,  take  for  p > 2 
the  scheme  V = Spec {k[x,y\/{y2  — xp  + t)).  This  is  a variety  as  the  polynomial 
y2  — xp  + t £ k[x,y]  is  irreducible.  The  morphism  V — > Spec(fc)  is  smooth  at  all 
points  except  at  the  point  vq  € V corresponding  to  the  maximal  ideal  ( y , xp  — t) 
(because  2 y is  invertible).  In  particular  we  see  that  V is  (geometrically)  regular  at 
all  points,  except  possibly  Vq.  The  local  ring 

Ov,v0  = (k[x,y)/{y2  -xp  + t)){y  xP_t] 

is  a domain  of  dimension  1.  Its  maximal  ideal  is  generated  by  1 element,  namely 
y.  Hence  it  is  a discrete  valuation  ring  and  regular.  Let  k!  = fc[t1/p].  Denote 
t!  = 1 1//p  £ k’,  V'  = Vfe/,  v'0  £ V'  the  unique  point  lying  over  vq.  Over  k'  we  can 
write  xp  — t = {x  — t')p,  but  the  polynomial  y2  — (x  — t')p  is  still  irreducible  and  V' 
is  still  a variety.  But  the  element 

is  integral  over  Oy>y  (just  compute  its  square)  and  not  contained  in  it,  so  V'  is 
not  normal  at  v'0.  This  concludes  the  example. 
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32.11.  Change  of  fields  and  the  Cohen-Macaulay  property 


The  following  lemma  says  that  it  does  not  make  sense  to  define  geometrically  Cohen- 
Macaulay  schemes,  since  these  would  be  the  same  as  Cohen-Macaulay  schemes. 

Lemma  32.11.1.  Let  X be  a locally  Noetherian  scheme  over  the  field  k.  Let 
k C k'  be  a finitely  generated  field  extension.  Let  x £ X be  a point,  and  let  x'  £ Xy 
be  a point  lying  over  x.  Then  we  have 

Ox,x  is  Cohen-Macaulay  Ox., ,x'  is  Cohen-Macaulay 

If  X is  locally  of  finite  type  over  k,  the  same  holds  for  any  field  extension  k C k' . 


Proof.  The  first  case  of  the  lemma  follows  from  Algebra,  Lemma  10.159.2 


second  case  of  the  lemma  is  equivalent  to  Algebra,  Lemma  [10.129. 6 


The 

□ 


32.12.  Change  of  fields  and  the  Jacobson  property 


A scheme  locally  of  finite  type  over  a field  has  plenty  of  closed  points,  namely  it  is 
Jacobson.  Moreover,  the  residue  fields  are  finite  extensions  of  the  ground  field. 

Lemma  32.12.1.  Let  X be  a scheme  which  is  locally  of  finite  type  over  k.  Then 

(1)  for  any  closed  point  x £ X the  extension  k C k(x)  is  algebraic,  and 

(2)  X is  a Jacobson  scheme  (Properties,  Definition  27.6.1). 


Proof.  A scheme  is  Jacobson  if  and  only  if  it  has  an  affine  open  covering  by  Ja- 
cobson schemes,  see  Properties,  Lemma  [27.6. 3|  The  property  on  residue  fields  at 
closed  points  is  also  local  on  X.  Hence  we  may  assume  that  X is  affine.  In  this 
case  the  result  is  a consequence  of  the  Hilbert  Nullstellensatz,  see  Algebra,  Theorem 
|10.33.1  It  also  follows  from  a combination  of  Morphisms,  Lemmas|28.16.8||28.16.9[ 
andl28.16.10l  □ 

It  turns  out  that  if  X is  not  locally  of  finite  type,  then  we  can  achieve  the  same 
result  after  making  a suitably  large  base  field  extension. 

Lemma  32.12.2.  Let  X be  a scheme  over  a field  k.  For  any  field  extension  k C K 
whose  cardinality  is  large  enough  we  have 

(1)  for  any  closed  point  x £ Xk  the  extension  K C k(x)  is  algebraic,  and 


(2)  Xk  is  a Jacobson  scheme  (Properties,  Definition  27.6.1). 


Proof.  Choose  an  affine  open  covering  X = (J  t/,; . By  Algebra,  Lemma  10.34.12 


and  Properties,  Lemma  27.6.2  there  exist  cardinals  sy  such  that  Ui.K  has  the  desired 
properties  over  K if  ff(K)  > Kj.  Set  k = ina,x{K,} . Then  if  the  cardinality  of  K is 
larger  than  k we  see  that  each  U1:k  satisfies  the  conclusions  of  the  lemma.  Hence 
XK  is  Jacobson  by  Properties,  Lemma  [27.6.3|  The  statement  on  residue  fields  at 
closed  points  of  Xk  follows  from  the  corresponding  statements  for  residue  fields  of 
closed  points  of  the  UitK-  □ 


32.13.  Change  of  fields  and  ample  invertible  sheaves 

The  following  result  is  typical  for  the  results  in  this  section. 

Lemma  32.13.1.  Let  k be  a field.  Let  X be  a scheme  over  k.  If  there  exists  an 
ample  invertible  sheaf  on  Xk  for  some  field  extension  k C K , then  X has  an  ample 
invertible  sheaf. 


0BDC 
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Proof.  Let  k C K be  a field  extension  such  that  Xk  has  an  ample  invertible 
sheaf  C.  The  morphism  X k —>  X is  surjective.  Hence  X is  quasi-compact  as 


the  image  of  a quasi-compact  scheme  (Properties,  Definition  27.26.1).  Since  Xk  is 
quasi-separated  (by  Properties,  Lemma [27.26.7 1 we  see  that  X is  quasi-separated: 
If  U,  V C X are  affine  open,  then  ( U D V)k  = Uk  H Vk  is  quasi-compact  and 
(U  n V)k  — > U D V is  surjective.  Thus  Schemes,  Lemma  25.21.7  applies. 


Write  K = colim  Ai  as  the  colimit  of  the  subalgebras  of  K which  are  of  finite  type 
over  k.  Denote  Xt  = X Xgpec(-fc)  Spec(Ai).  Since  Xk  = lim X,  we  find  an  i and 
an  invertible  sheaf’  Ci  on  X;  whose  pullback  to  Xk  is  C (Limits,  Lemma  [31.9.3| 
here  and  below  we  use  that  X is  quasi-compact  and  quasi-separated  as  just  shown). 
By  Limits,  Lemma|31.3.12|  we  may  assume  Ci  is  ample  after  possibly  increasing  i. 
Fix  such  an  i and  let  m C A,  be  a maximal  ideal.  By  the  Hilbert  Nullstellensatz 


(Algebra,  Theorem  10.33.1)  the  residue  field  k'  = At/ m is  a finite  extension  of 
k.  Hence  C Xi  is  a closed  subscheme  hence  has  an  ample  invertible  sheaf 


(Properties,  Lemma  27.26.3).  Since  Xj-i  — > X is  finite  locally  free  we  conclude  that 
X has  an  ample  invertible  sheaf  by  Divisors,  Proposition  |30.1T8|  □ 

OBDD  Lemma  32.13.2.  Let  k be  afield.  Let  X be  a scheme  overk.  If  Xk  is  quasi-affine 
for  some  field  extension  k C K , then  X is  quasi-affine. 

Proof.  Let  k C K be  a field  extension  such  that  Xk  is  quasi-affine.  The  morphism 
Xk  — > X is  surjective.  Hence  X is  quasi-compact  as  the  image  of  a quasi-compact 


scheme  (Properties,  Definition  27.18.1).  Since  Xk  is  quasi-separated  (as  an  open 


subscheme  of  an  affine  scheme)  we  see  that  X is  quasi-separated:  If  U,  V C X are 
affine  open,  then  ( U D V)k  = Uk  D Vk  is  quasi-compact  and  (U  D V)k  —>  U CiV 
is  surjective.  Thus  Schemes,  Lemma  25. 2 1.7|  applies. 


Write  K = colim  At  as  the  colimit  of  the  subalgebras  of  K which  are  of  finite  type 
over  k.  Denote  X,  = X Xgpec(fc)Spec(Ai).  Since  Xk  = lim  W we  find  an  i such  that 
X,  is  quasi-affine  (Limits,  Lemma  31.3.9|  here  we  use  that  X is  quasi-compact  and 
quasi-separated  as  just  shown).  By  the  Hilbert  Nullstellensatz  (Algebra,  Theorem 
10.33.1)  the  residue  field  k!  = At/ m is  a finite  extension  of  k.  Hence  X^  C Xi 
is  a closed  subscheme  hence  is  quasi-affine  (Properties,  Lemma  27.27.2).  Since 
X^i  — > X is  finite  locally  free  we  conclude  by  Divisors,  Lemma  |30. 14.9  □ 


OBDE  Lemma  32.13.3.  Let  k be  a field.  Let  X be  a scheme  over  k.  If  Xk  is  quasi- 
projective  over  K for  some  field  extension  k C K , then  X is  quasi-pro jective  over 

k. 

Proof.  By  definition  a morphism  of  schemes  g : Y — > T is  quasi-pro  jective  if  it 
is  locally  of  finite  type,  quasi-compact,  and  there  exists  a g- ample  invertible  sheaf 
on  Y.  Let  k C K be  a field  extension  such  that  Xk  is  quasi-projective  over  K. 
Let  Spec(A)  C X be  an  affine  open.  Then  Uk  is  an  affine  open  subscheme  of 
Xk,  hence  Ak  is  a A'-algebra  of  finite  type.  Then  A is  a fc-algebra  of  finite  type 

Spec(fc)  is  locally  of  finite  type.  Since 


by  Algebra,  Lemma  10.125.1 
Xk 


Hence  X 

Spec (K)  is  quasi-compact,  we  see  that  Xk  is  quasi-compact,  hence  X is 
quasi-compact,  hence  X 


Spec(k)  is  of  finite  type.  By  Morphisms,  Lemma  28.39.4 
we  see  that  Xk  has  an  ample  invertible  sheaf.  Then  X has  an  ample  invertible 
sheaf  by  Lemma  32.13.1|  Hence  X — >•  Spec(fc)  is  quasi-projective  by  Morphisms, 
Lemma  128.39.41  □ 
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The  following  lemma  is  a special  case  of  Descent,  Lemma [34. 19. 12| 

Lemma  32.13.4.  Let  k be  a field.  Let  X be  a scheme  over  k.  If  X y is  proper 
over  K for  some  field  extension  k C K , then  X is  proper  over  k. 


Proof.  Let  k C K be  a field  extension  such  that  Xk  is  proper  over  K.  Recall  that 


this  implies  Xk  is  separated  and  quasi-compact  (Morphisms,  Definition  28.41.1). 
The  morphism  Xk  — > X is  surjective.  Hence  X is  quasi-compact  as  the  image  of  a 


quasi-compact  scheme  (Properties,  Definition  27.26.1).  Since  Xk  is  separated  we 
see  that  X is  quasi-separated:  If  U,  V C X are  affine  open,  then  (UCW)k  = Uk^Vk 
is  quasi-compact  and  (UCiV)k  — > UlW  is  surjective.  Thus  Schemes,  Lemma  25.21.7 
applies. 

Write  K = colim  A,;  as  the  colimit  of  the  subalgebras  of  I\  which  are  of  finite  type 


over  k.  Denote  X,;  = X Xgpeca)  Spec(A.j).  By  Limits,  Lemma  31.12.4  there  exists 
an  i such  that  X,;  — > Spec(Ai)  is  proper.  Here  we  use  that  A is  quasi-compact 
and  quasi-separated  as  just  shown.  Choose  a maximal  ideal  m C Aj.  By  the 


Hilbert  Nullstellensatz  (Algebra,  Theorem  10.33.1)  the  residue  field  k'  = A;/ m is 
a finite  extension  of  k.  The  base  change  A y — ► Spec(fc')  is  proper  (Morphisms, 


Lemma  28.41.5).  Since  k C k'  is  finite  both  Xy  — t A and  the  composition  Xy  — > 
Spec(fc)  are  proper  as  well  (Morphisms,  Lemmas  |28.43.10  28.41.5  and  |28.41.4). 
The  first  implies  that  A is  separated  over  k as  Xy  is  separated  (Morphisms,  Lemma 
28AL  m The  second  implies  that  A — » Spec(fc)  is  proper  by  Morphisms,  Lemma 
28.41.81  □ 


Lemma  32.13.5.  Let  k be  a field.  Let  X be  a scheme  over  k.  If  Xk  is  projective 
over  K for  some  field  extension  k C K , then  X is  projective  over  k. 

Proof.  A scheme  over  k is  projective  over  k if  and  only  if  it  is  quasi-projective 
and  proper  over  k.  See  Morphisms,  Lemma[28.42.14|  Thus  the  lemma  follows  from 
Lemmas  132.13.31  and  132.13.41  □ 


32.14.  Tangent  spaces 

In  this  section  we  define  the  tangent  space  of  a morphism  of  schemes  at  a point  of 
the  source  using  points  with  values  in  dual  numbers. 

Definition  32.14.1.  For  any  ring  R the  dual  numbers  over  R is  the  R-algebra 
denoted  R[e].  As  an  R- module  it  is  free  with  basis  1,  e and  the  l?-algebra  structure 
comes  from  setting  e2  = 0. 


Let  / : X — X S be  a morphism  of  schemes.  Let  x G X be  a point  with  image 
s = f{x)  in  S.  Consider  the  solid  commutative  diagram 


(32.14.1.1) 


Spec(«:(a;)) 


■ Spec(«(a;)[e]) 


"A  A 


V 


Spec(«(s)) S 


with  the  curved  arrow  being  the  canonical  morphism  of  Spec(«(:r))  into  A. 


Lemma  32.14.2.  The  set  of  dotted  arrows  making  (32. If. 1.1)  commute  has  a 
canonical  k(x) -vector  space  structure. 
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Proof.  Set  k = k(x).  Observe  that  we  have  a pushout  in  the  category  of  schemes 
Spec(re[e])  HSpec(K)  Specie])  = Spec(«[ei,  e2]) 

where  «[ei,e2]  is  the  K-algebra  with  basis  l,ei,e2  and  e\  = e\C2  = = 0.  This 

follows  immediately  from  the  corresponding  result  for  rings  and  the  description 
of  morphisms  from  spectra  of  local  rings  to  schemes  in  Schemes,  Lemma  |25.13.1| 
Given  two  arrows  9\,  62  '■  Specie])  — ► X we  can  consider  the  morphism 

9i  + 92  : Specie])  — > Spec(«;[ei,  e2])  6-1,S-2>  X 


0B2C 


where  the  first  arrow  is  given  by  1— > e.  On  the  other  hand,  given  A £ k there 

is  a self  map  of  Spec(it[e])  corresponding  to  the  K-algebra  endomorphism  of  k[c] 
which  sends  e to  Ae.  Precomposing  9 : Specie])  — > X by  this  selfmap  gives  A 9. 
The  reader  can  verify  the  axioms  of  a vector  space  by  verifying  the  existence  of 
suitable  commutative  diagrams  of  schemes.  We  omit  the  details.  (An  alternative 
proof  would  be  to  express  everything  in  terms  of  local  rings  and  then  verify  the 
vector  space  axioms  on  the  level  of  ring  maps.)  □ 


Definition  32.14.3.  Let  / : X — > S be  a morphism  of  schemes.  Let  x £ X.  The 
set  of  dotted  arrows  making  (32.14.1.1)  commute  with  its  canonical  K(a:)-vector 
space  structure  is  called  the  tangent  space  of  X over  S and  we  denote  it  Tx/gx. 
An  element  of  this  space  is  called  a tangent  vector  of  X/S  at  x. 


Since  tangent  vectors  at  x £ X live  in  the  scheme  theoretic  fibre  Xs  of  / : X — > S 
over  s = f(x),  we  get  a canonical  identification 

OBEA  (32.14.3.1)  Tx/StX  = TXs/a<x 

This  pleasing  definition  involving  the  functor  of  points  has  the  following  algebraic 
description,  which  suggests  defining  the  cotangent  space  of  X over  S at  x as  the 
K(a;)-vector  space 

TX/S,x  = ^X/S,x  G>ox,x  K(x) 

simply  because  it  is  canonically  K(a;)-dual  to  the  tangent  space  of  X over  S at  x. 

0B2D  Lemma  32.14.4.  Let  f : X -A  S be  a morphism  of  schemes.  Let  x £ X . There 
is  a canonical  isomorphism 

Tx/s,x  = Horn  ox.A^x/s,x,k{x)) 
of  vector  spaces  over  k(x). 


Proof.  Set  k = k(x).  Given  9 £ Tx/$tX  we  obtain  a map 

9 Llxjg  y ^Spec(re[e])/ Spec(«(s))  ^ ^Spec(K[e])/ Spec(/4) 


Taking  sections  we  obtain  an  0XjX- linear  map  fg  : Llx/s,x  Kde,  i.e.,  an  element 
of  the  right  hand  side  of  the  formula  of  the  lemma.  To  show  that  6*  1 — >-  is  an 

isomorphism  we  can  replace  S by  s and  X by  the  scheme  theoretic  fibre  A's . Indeed, 
both  sides  of  the  formula  only  depend  on  the  scheme  theoretic  fibre;  this  is  clear  for 
and  for  the  RHS  see  Morphisms,  Lemma 


T. 


X/S,x 


28.33.10 


We  may  also  replace  X 


by  the  spectrum  of  Ox,x  as  this  does  not  change  Tx/s,x  (Schemes,  Lemma  25.13.1 ) 
nor  tlx/s,x  (Modules,  Lemma  17.24.7). 


Let  (A,  m,  k)  be  a local  ring  over  a field  k.  To  finish  the  proof  we  have  to  show  that 
any  A-linear  map  £ : f lX/k  K comes  from  a unique  /c-algebra  map  ip  : A -A  k[c] 
agreeing  with  the  canonical  map  c : A — > k modulo  e.  Write  p(a)  = c(a)  + D(a)e 
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the  reader  sees  that  a i-a  D{a ) is  a fc-derivation.  Using  the  universal  property  of 
^A/k  we  see  that  each  D corresponds  to  a unique  £ and  vice  versa.  This  finishes 
the  proof.  □ 

Lemma  32.14.5.  Let  f : X -A  S be  a morphism  of  schemes.  Let  x £ X be  a 
point  and  let  s = f{x ) £ S.  Assume  that  re(x)  = k(s).  Then  there  are  canonical 
isomorphisms 

mx/(m2x  + msOx,x)  = &x/s,x  ®ox,*  K(x) 

and 

Tx/s,x  = HomK(j)(mI/(nij,  + vasOx,x)i  re(x)) 

This  works  more  generally  if  k(x)/k(s)  is  a separable  algebraic  extension. 


Proof.  The  second  isomorphism  follows  from  the  first  by  Lemma [32. 14.4  For  the 
first,  we  can  replace  S by  s and  X by  Xs,  see  Morphisms,  Lemma  [28.33. 10[  We 
may  also  replace  X by  the  spectrum  of  Ox,x,  see  Modules,  Lemma  17.24.7  Thus 


we  have  to  show  the  following  algebra  fact:  let  ( A , m,  re)  be  a local  ring  over  a field 
k such  that  re/fc  is  separable  algebraic.  Then  the  canonical  map 

m/m2  — ► Ll^/k  ® re 

is  an  isomorphism.  Observe  that  m/m2  = H\  (NLK/A).  By  Algebra,  Lemma 
10.132.4  it  suffices  to  show  that  = 0 and  Ht  (NLK/k)  = 0.  Since  re  is  the 

union  of  its  finite  separable  extensions  in  k it  suffices  to  prove  this  when  re  is  a 


finite  separable  extension  of  k (Algebra,  Lemma  |10. 132.9 ) . In  this  case  the  ring 
map  k — > re  is  etale  and  hence  NL^/k  = 0 (more  or  less  by  definition,  see  Algebra, 
Section  10.1411.  □ 


Lemma  32.14.6.  Let  f : X -A  Y be  a morphism  of  schemes  over  a base  scheme 
S.  Let  x £ X be  a point.  Set  y = f(x).  If  n(y)  = k(x),  then  f induces  a natural 
linear  map 


df  ■ Tx/s,x  — * 

which  is  dual  to  the  linear  map  flY/s,y  ® re(y) 

of  Lemma  32.14-4  ■ 


Y/S,y 


LIx/s,k(x)  v^a  the  identifications 


Proof.  Omitted. 


□ 


Lemma  32.14.7.  Let  X , Y be  schemes  over  a base  S.  Let  x £ X and  y £ Y with 
the  same  image  point  s £ S such  that  re(s)  = k(x)  and  re(s)  = re(j/).  There  is  a 
canonical  isomorphism 


TXxsY/S,(x,y)  — TX/S,x 


i 71 


Y/S,y 


The  map  from  left  to  right  is  induced  by  the  maps  on  tangent  spaces  coming  from 
the  projections  X xj  Y — ► X and  X xj  Y — » Y.  The  map  from  right  to  left  is 
induced  by  the  maps  1 x y : Xs  -A  Xs  xsYs  and  x x 1 : Ys  — > Xs  xsYs  via  the 
identification  (32. 14-3.1)  of  tangent  spaces  with  tangent  spaces  of  fibres. 


Proof.  The  direct  sum  decomposition  follows  from  Morphisms,  Lemma  28.33.11| 


via  Lemma [32.14.5|  Compatibility  with  the  maps  comes  from  Lemma [32. 14.6  □ 


Lemma  32.14.8.  Let  f : X -A  Y be  a morphism  of  schemes  locally  of  finite 
type  over  a base  scheme  S.  Let  x £ X be  a point.  Set  y = f(x)  and  assume  that 
n(y)  = re(x).  Then  the  following  are  equivalent 
(1)  df  : TX/S,X  — > ty/s,v  is  injective,  and 
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(2)  f is  unramified  at  x. 


Proof.  The  morphism  / is  locally  of  finite  type  by  Morphisms,  Lemma  28.15.8 
The  map  d / is  injective,  if  and  only  if  f ly/s,y  <8>  K(y)  — t ^ x/s,x  ® k(x)  is  surjective 
(Lemma  32.14.6).  The  exact  sequence  f*Lly/s  — t x/s  fix/y  — t 0 (Morphisms, 
Lemma 


Hence  t 


28.33.9)  then  shows  that  this  happens  if  and  only  if  itx/y.x 
le  result  by  Morphisms,  Lemma [28.35. 14| 


k(x)  = 0. 
□ 


32.15.  Generically  finite  morphisms 


0AB5 

0AB6 


In  this  section  we  revisit  the  notion  of  a generically  finite  morphism  of  schemes  as 


studied  in  Morphisms,  Section  28.47 


Lemma  32.15.1.  Let  f \ X —f  Y be  locally  of  finite  type.  Let  y £ Y be  a point 
such  that  0Y,y  is  Noetherian  of  dimension  < 1.  Assume  in  addition  one  of  the 
following  conditions  is  satisfied 

(1)  for  every  generic  point  p of  an  irreducible  component  of  X the  field  ex- 
tension n(p)  D k(/(??))  is  finite  (or  algebraic), 

(2)  for  every  generic  point  p of  an  irreducible  component  of  X such  that 
f{p)  V the  field  extension  n{rj)  D n(f(p))  is  finite  (or  algebraic), 

(3)  / is  quasi-finite  at  every  generic  point  of  an  irreducible  component  of  X, 

(4)  Y is  locally  Noetherian  and  f is  quasi-finite  at  a dense  set  of  points  of  X, 

(5)  add  more  here. 

Then  f is  quasi-finite  at  every  point  of  X lying  over  y. 


Proof.  Condition  (4)  implies  X is  locally  Noetherian  (Morphisms,  Lemma[~28.15.6 ). 
The  set  of  points  at  which  morphism  is  quasi-finite  is  open  (Morphisms,  Lemma 
28.50.2).  A dense  open  of  a locally  Noetherian  scheme  contains  all  generic  point 


of  irreducible  components,  hence  (4)  implies  (3).  Condition  (3)  implies  condition 
(1)  by  Morphisms,  Lemma  28.20.5  Condition  (1)  implies  condition  (2).  Thus  it 


suffices  to  prove  the  lemma  in  case  (2)  holds. 


Assume  (2)  holds.  Recall  that  Spec(CV.y)  is  the  set  of  points  of  Y specializing  to 
y , see  Schemes,  Lemma[25.13.2|  Combined  with  Morphisms,  Lemma [28.20. 13| this 
shows  we  may  replace  Y by  Spec(CV,y)-  Thus  we  may  assume  Y = Spec(H)  where 
B is  a Noetherian  local  ring  of  dimension  < 1 and  y is  the  closed  point. 


Let  X = (J  Xi  be  the  irreducible  components  of  X viewed  as  reduced  closed  sub- 
schemes. If  we  can  show  each  fibre  Xj  y is  a discrete  space,  then  Xy  = (J  Xly  is 
discrete  as  well  and  we  conclude  that  A'  — >•  Y is  quasi-finite  at  all  points  of  Xy  by 
Morphisms,  Lemma  [28.20. 6[  Thus  we  may  assume  X is  an  integral  scheme. 


If  X — > Y maps  the  generic  point  p of  X to  y , then  A'  is  the  spectrum  of  a finite 
extension  of  n(y)  and  the  result  is  true.  Assume  that  X maps  p to  a point  corre- 
sponding to  a minimal  prime  q of  B different  from  ms.  We  obtain  a factorization 
A — »•  Spec(H/q)  — > Spec (B).  Let  x £ X be  a point  lying  over  y.  By  the  dimension 
formula  (Morphisms,  Lemma  28.30.1)  we  have 


dim (Ox,x)  < dim(H/q)  + trdegK(q)  (A(A))  - trdegK(y)K(x) 

We  know  that  dim(B/q)  = 1,  that  the  generic  point  of  X is  not  equal  to  x and 
specializes  to  x and  that  R( X)  is  algebraic  over  /c(q).  Thus  we  get 


1 < 1 -trdegK(y)K(x) 
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Hence  every  point  x of  Xy  is  closed  in  Xy  by  Morphisms,  Lemma  28.20.2  and  hence 
X — y Y is  quasi-finite  at  every  point  x of  Xy  by  Morphisms,  Lemma  28.20.6  (which 
also  implies  that  Xy  is  a discrete  topological  space).  □ 


0AB7  Lemma  32.15.2.  Let  f : X Y be  a proper  morphism.  Let  y £ Y be  a point 
such  that  Oy,y  is  Noetherian  of  dimension  < 1.  Assume  in  addition  one  of  the 
following  conditions  is  satisfied 

(1)  for  every  generic  point  y of  an  irreducible  component  of  X the  field  ex- 
tension n(y)  D n(f(y))  is  finite  (or  algebraic), 

(2)  for  every  generic  point  y of  an  irreducible  component  of  X such  that 
f(y)  y the  field  extension  n(y)  D n(f(y))  is  finite  (or  algebraic), 

(3)  / is  quasi-finite  at  every  generic  point  of  X, 

(4)  Y is  locally  Noetherian  and  f is  quasi-finite  at  a dense  set  of  points  of  X, 

(5)  add  more  here. 

Then  there  exists  an  open  neighbourhood  V C Y of  y such  that  /_1(P)  — » V is 
finite. 


OBFP 


Proof.  By  Lemma|32.15.1|the  morphism  / is  quasi-finite  at  every  point  of  the  fibre 
Xy.  Hence  Xy  is  a discrete  topological  space  (Morphisms,  Lemma [28.20.6 1.  As  / 
is  proper  the  fibre  Xy  is  quasi-conrpact,  i.e. , finite.  Thus  we  can  apply  Cohomology 
of  Schemes,  Lemma [29. 20. 2| to  conclude.  □ 


Lemma  32.15.3.  Let  X be  a Noetherian  scheme.  Let  f : Y — > X be  a birational 
proper  morphism  of  algebraic  spaces  with  Y reduced.  Let  U C X be  the  maximal 
open  over  which  f is  an  isomorphism.  Then  U contains 

(1)  every  point  of  codimension  0 in  X, 

(2)  every  x £ X of  codimension  1 on  X such  that  Ox,x  is  a discrete  valuation 
ring,  and 

(3)  every  x £ X such  that  the  fibre  of  Y — » X over  x is  finite  and  such  that 
Ox,x  is  normal. 


Proof.  Part  (1)  follows  from  Morphisms,  Lemma  28.47.6  Part  (2)  follows  from 


part  (3)  and  Lemma  32.15.2  (and  the  fact  that  finite  morphisms  have  finite  fibres). 
Let  i £ X be  as  in  (3).  By  Cohomology  of  Schemes,  Lemma  29.20.2  we  may 
assume  / is  finite.  We  may  assume  X affine.  This  reduces  us  to  the  case  of  a 
finite  birational  morphism  of  Noetherian  affine  schemes  Y — ► X and  x £ X such 
that  Ox,x  is  a normal  domain.  Since  Ox,x  is  a domain  and  X is  Noetherian,  we 
may  replace  X by  an  affine  open  of  x which  is  integral.  Then,  since  Y — > X is 
birational  and  Y is  reduced  we  see  that  Y is  integral.  Writing  X = Spec(A)  and 
Y = Spec(H)  we  see  that  A C B is  a finite  inclusion  of  domains  having  the  same 
field  of  fractions.  If  p C A is  the  prime  corresponding  to  x,  then  Ap  being  normal 
implies  that  Ap  C Bv  is  an  equality.  Since  B is  a finite  A-module,  we  see  there 
exists  an  a £ A,  a ^ p such  that  Aa  — > Ba  is  an  isomorphism  and  the  proof  is 
complete.  □ 


32.16.  Dimension  of  fibres 

0B2H  We  have  already  seen  that  dimension  of  fibres  of  finite  type  morphisms  typically 
jump  up.  In  this  section  we  discuss  the  phenomenon  that  in  codimension  1 this 
does  not  happen.  More  generally,  we  discuss  how  much  the  dimension  of  a fibre 
can  jump.  Here  is  a list  of  related  results: 
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(1) 

(2)  We  have  the  dimension  formula,  see  Algebra,  Lemma  10.112.1 


For  a finite  type  morphism  A — >■  S the  set  of  x £ X with  dim^Ay^))  < d 
is  open,  see  Algebra,  Lemma  [10. 124. 6|  and  Morphisms,  Lemma  28.28.4| 


(3) 

(4) 


phisms,  Lemma  28.30.1 


and  Mor- 


0B2I 


Constant  fibre  dimension  for  an  integral  finite  type  scheme  dominating  a 
valuation  ring,  see  Algebra,  Lemma [l0.124.9| 

If  X — ► S is  of  finite  type  and  is  quasi-finite  at  every  generic  point  of  X, 
then  A'  — > S is  quasi-finite  in  codimension  1,  see  Algebra,  Lemma|l0.112.2| 
and  Lemma T32. 15. II 
The  last  result  mentioned  above  generalizes  as  follows. 

Lemma  32.16.1.  Let  f : X — >•  Y be  locally  of  finite  type.  Let  x £ X be  a point 
with  image  y £ Y such  that  Oy,y  is  Noetherian  of  dimension  < 1 . Let  d > 0 be  an 
integer  such  that  for  every  generic  point  y of  an  irreducible  component  of  X which 
contains  x,  we  have  dim v(Xf(v\)  = d.  Then  dimx(A’1/)  = d. 

Proof.  Recall  that  Spec(CV;2/)  is  the  set  of  points  of  Y specializing  to  y,  see 
Schemes,  Lemma  25.13.2  Thus  we  may  replace  Y by  Spec(CV,y)  and  assume 


Y = Spec (B)  where  B is  a Noetherian  local  ring  of  dimension  < 1 and  y is  the 
closed  point.  We  may  also  replace  X by  an  affine  neighbourhood  of  x. 

Let  X = [J  Xj  be  the  irreducible  components  of  X viewed  as  reduced  closed  sub- 
schemes. If  we  can  show  each  fibre  Xj  y has  dimension  d,  then  Xy  = (J  A has 
dimension  d as  well.  Thus  we  may  assume  X is  an  integral  scheme. 

If  A —fY  maps  the  generic  point  y of  X to  y,  then  A is  a scheme  over  K,(y)  and  the 
result  is  true  by  assumption.  Assume  that  A maps  y to  a point  (eh  corresponding 
to  a minimal  prime  c|  of  B different  from  ms.  We  obtain  a factorization  A — »• 
Spec(R/q)  — > Spec (B).  By  the  dimension  formula  (Morphisms,  Lemma  28.30.1) 
we  have 


0B2J 


0B2K 


dim (Ox,x)  +trdeg k(3/)k(x)  < dim(R/q)  + trdegK(q)(f?(A)) 

We  have  dim(R/q)  = 1.  We  have  trdegw(a)(R(A'))  = d by  our  assumption  that 
dim^(Aj)  = d , see  Morphisms,  Lemma  28.28.1  Since  O x,x  — ► Oxs,x  has  a kernel 
(as  y !->■  £ y)  and  since  Ox.x  is  a Noetherian  domain  we  see  that  dim (Ox,x)  > 
dim(C,xB,x)-  We  conclude  that 

dimx(As)  = dim(C>x3^)  + trdegK(2/)«(a;)  < d 

(Morphisms,  Lemma  28.28.1 ).  On  the  other  hand,  we  have  dinr^As)  > dirii^A^)) 
d by  Morphisms,  Lemma  |28.28.4[  □ 


Lemma  32.16.2.  Let  f : X — > Spec (R)  be  a morphism  from  an  integral  scheme 
to  the  spectrum  of  a valuation  ring.  If  f is  locally  of  finite  type  and  surjective, 
then  the  special  fibre  is  equidimensional  of  dimension  equal  to  the  dimension  of  the 
generic  fibre. 


Proof.  This  is  a reformulation  of  Algebra,  Lemma  [10. 124. 9[ 


□ 


The  following  lemma  generalizes  Lemma [32. 16.1[ 

Lemma  32.16.3.  Let  f : X — > Y be  locally  of  finite  type.  Let  x £ X be  a point 
with  image  y £ Y such  that  Oy,y  is  Noetherian.  Let  d > 0 be  an  integer  such  that 
for  every  generic  point  y of  an  irreducible  component  of  X which  contains  x,  we 
have  f(y)  y and  dim^(A'^(.^))  = d.  Then  dimx(Ay)  < d + dim(CViy)  — 1. 
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Proof.  Exactly  as  in  the  proof  of  Lemma  |32.16.1|  we  reduce  to  the  case  X = 
Spec(A)  with  A a doman  and  Y = Spec(f?)  where  B is  a Noetherian  local  ring 
whose  maximal  ideal  corresponds  to  y.  After  replacing  B by  B/Kei(B  — > A)  we 
may  assume  that  B is  a domain  and  that  B C A.  Then  we  use  the  dimension 
formula  (Morphisms,  Lemma  28.30.1)  to  get 

dim(Ox,x)  +trdegK(y)K(a;)  < dim(B)  + trdegj,  f (B)f.f.{A) 

We  have  trdeg /./.(£)/■/■  (A)  = d by  our  assumption  that  dim^(X^)  = d,  see  Mor- 


phisms, Lemma 

Ox,x 

that 


m 

[287 


28.1  Since  Ox : 


Ox, 


has  a kernel  (as  f{if)  ^ y)  and  since 
is  a Noetherian  domain  we  see  that  dim {Ox,x)  > dim(Oxy,x)-  We  conclude 


dima:(As)  = dim(Ox5)a;)  + trdeg^K^)  < dim(B)  + d 
(equality  by  Morphisms,  Lemma  28.28.1)  which  proves  what  we  want. 


□ 


32.17.  Algebraic  schemes 

06LF  The  following  definition  is  taken  from  IDG671  I Definition  6.4.1]. 

06LG  Definition  32.17.1.  Let  k be  a held.  An  algebraic  k-scheme  is  a scheme  X over  k 
such  that  the  structure  morphism  X — > Spec(fc)  is  of  finite  type.  A locally  algebraic 
k-scheme  is  a scheme  X over  k such  that  the  structure  morphism  X — » Spec(fc)  is 
locally  of  finite  type. 


Note  that  every  (locally)  algebraic  fc-scheme  is  (locally)  Noetherian,  see  Morphisms, 
Lemma  |28.15.6[  The  category  of  algebraic  /c-schemes  has  all  products  and  fibre 
products  (unlike  the  category  of  varieties  over  k).  Similarly  for  the  category  of 
locally  algebraic  fc-schemes. 

06LH  Lemma  32.17.2.  Let  k be  a field.  Let  X be  a locally  algebraic  k-scheme  of 
dimension  0.  Then  X is  a disjoint  union  of  spectra  of  local  Artinian  k-algebras  A 
with  dimfc(A)  < oo.  If  X is  an  algebraic  k-scheme  of  dimension  0,  then  in  addition 
X is  affine  and  the  morphism  X — > Spec(fc)  is  finite. 


Proof.  Let  X be  a locally  algebraic  fc-scheme  of  dimension  0.  Let  U = Spec(A)  C 
X be  an  affine  open  subscheme.  Since  dirn(AT)  = 0 we  see  that  dim(A)  = 0.  By 
Noether  normalization,  see  Algebra,  Lemma  |10.114.4[  we  see  that  there  exists  a 
finite  injection  k — > A1  i.e. , dinifc(A)  < oo.  Hence  A is  Artinian,  see  Algebra, 
Lemma  10.52.2  This  implies  that  A = A\  x . . . x Ar  is  a product  of  finitely  many 
Artinian  local  rings,  see  Algebra,  Lemma  10.52.6  Of  course  dimfc(Ai)  < oo  for 


each  i as  the  sum  of  these  dimensions  equals  dim^(A). 


The  arguments  above  show  that  X has  an  open  covering  whose  members  are  finite 
discrete  topological  spaces.  Hence  X is  a discrete  topological  space.  It  follows  that 
X is  isomorphic  to  the  disjoint  union  of  its  connected  components  each  of  which  is 
a singleton.  Since  a singleton  scheme  is  affine  we  conclude  (by  the  results  of  the 
paragraph  above)  that  each  of  these  singletons  is  the  spectrum  of  a local  Artinian 
k- algebra  A with  dimfc(A)  < oo. 


Finally,  if  X is  an  algebraic  fc-sclieme  of  dimension  0,  then  X is  quasi-compact 
hence  is  a finite  disjoint  union  X = Spec(Ai)  H . . . H Spec(Ar)  hence  affine  (see 
Schemes,  Lemma  25.6.8)  and  we  have  seen  the  finiteness  of  A -A  Spec(fc)  in  the 
first  paragraph  of  the  proof.  □ 
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0A21 

0B17 

0B18 

0B19 

0B1A 


0B1B 


0B1C 

0B1D 

0B1E 

0B1F 


0B1G 

0B1H 


The  following  lemma  collects  some  statements  on  dimension  theory  for  locally  al- 
gebraic schemes. 

Lemma  32.17.3.  Let  k be  a field.  Let  X be  a locally  algebraic  k-scheme. 


(1) 

(2) 

(3) 

(4) 


(5) 

(6) 

(7) 

(8) 
(9) 


(10) 

(11) 


The  topological  space  of  X is  catenary  ( Topology , Definition  5.10 A). 

For  x € X closed,  we  have  dinr^X)  = dim(Ox,x)- 

For  X irreducible  we  have  dirn(X)  = clim(f7)  for  any  nonempty  open 
U C X and  dim(A')  = dimx(X)  for  any  x £ X. 

For  X irreducible  any  chain  of  irreducible  closed  subsets  can  be  extended 
to  a maximal  chain  and  all  maximal  chains  of  irreducible  closed  subsets 
have  length  equal  to  dim(X). 

For  x € X we  have  dirn^X)  = maxdim(Z)  = mindim(Ojf  x:)  where  the 
maximum  is  over  irreducible  components  Z C X containing  x and  the 
minimum  is  over  specializations  x x'  with  x'  closed  in  X . 

If  X is  irreducible  with  generic  point  x,  then  dirn(X)  = trdegk{n{x)) . 

If  x x'  is  an  immediate  specialization  of  points  of  X,  then  we  have 
trdegk(n(x))  = trdegk(K(x'))  + 1. 

The  dimension  of  X is  the  supremum  of  the  numbers  trdegk(n(x))  where 
x runs  over  the  generic  points  of  the  irreducible  components  of  X. 

If  x x1  is  a nontrivial  specialization  of  points  of  X,  then 

(a)  dimx(X)  < dimx/(X), 

(b)  dim {Ox,x)  < dim (Oxy), 

(c)  trdegk(n(x ))  > trdegk(n(x')) , and 

(d)  any  maximal  chain  of  nontrivial  specializations  x = Xq  X\ 

. . . xn  = x has  length  n = trdegk(n(x))  — trdegk(K(x')). 

For  x £ X we  have  dimx(X)  = trdegk{n{ x))  + dim(CLf,a:)- 

If  x x'  is  an  immediate  specialization  of  points  of  X and  X is  irreducible 

or  equidimensional,  then  dim (Ox,x>)  = dlra.(Ox,x)  + 1- 


Proof.  Instead  on  relying  on  the  more  general  results  proved  earlier  we  will  reduce 
the  statements  to  the  corresponding  statements  for  finite  type  fc-algebras  and  cite 
results  from  the  chapter  on  commutative  algebra. 


Proof  of  0-  This  is  local  on  X by  Topology,  Lemma |5. 10. 5[  Thus  we  may  assume 
X = Spec(A)  where  A is  a finite  type  fc-algebra.  We  have  to  show  that  A is  catenary 
(Algebra,  Lemma  10.104.2 ).  We  can  reduce  to  k[x  1, . . . , xn]  using  Algebra,  Lemma 
|10.104.6land  then  apply  Algebra,  Lemma[l0.113.3[  Alternatively,  this  holds  because 
k is  Cohen-Macaulay  (trivially)  and  Cohen-Macaulay  rings  are  universally  catenary 
(Algebra,  Lemma  10.104.8). 


Proof  of  Choose  an  affine  neighbourhood  U = Spec(A)  of  x.  Then  dimx (X ) = 


dimx([/).  Hence  we  reduce  to  the  affine  case,  which  is  Algebra,  Lemma  10.113.6 


Proof  of  §.  It  suffices  to  show  that  any  two  nonempty  affine  opens  U,  U'  C X 
have  the  same  dimension  (any  finite  chain  of  irreducible  subsets  meets  an  affine 
open).  Pick  a closed  point  x of  X with  x £ U C\U' . This  is  possible  because  X is 
irreducible,  hence  U D U'  is  nonempty,  hence  there  is  such  a closed  point  because  X 
is  Jacobson  by  Lemma  32.12.1  Then  dim(f7)  = dim(0_Y,a;)  = dim  (I/7)  by  Algebra, 


Lemma  10.113.4  (stric 
applying  the  lemma). 


y speaking  you  have  to  replace  X by  its  reduction  before 
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Proof  of  ©•  Given  a chain  of  irreducible  closed  subsets  we  can  find  an  affine  open 
U C X which  meets  the  smallest  one.  Thus  the  statement  follows  from  Algebra, 
Lemma  [lO.  113.4  and  dim(/7)  = dirn(X)  which  we  have  seen  in  ([3]). 

Proof  of  (§.  Choose  an  affine  neighbourhood  U = Spec(A)  of  a;.  Then  dimx(A')  = 
dimx(t/).  The  rule  Z K > Z fl  U is  a bijection  between  irreducible  components  of 
X passing  through  x and  irreducible  components  of  U passing  through  x.  Also, 
d\m.(ZC\U)  = dim(A)  for  such  Z by  (p|.  Hence  the  statement  follows  from  Algebra, 
Lemma  IIP. 113.51 

Proof  of  ([6]) . By  ([3])  this  reduces  to  the  case  where  X = Spec(A)  is  affine.  In  this 
case  it  follows  from  Algebra,  Lemma[l0.115.1  applied  to  Ared- 

Proof  of  (Q.  Let  Z = {x}  D Z'  = {x7}.  Then  it  follows  from  Q that  Z D Z'  is  the 
start  of  a maximal  chain  of  irreducible  closed  subschemes  in  Z and  consequently 
dim(Z)  = dim(Z')  + 1.  We  conclude  by  (|6|. 

Proof  of  ([8]).  A simple  topological  argument  shows  that  dim(X)  = supdim(Z) 
where  the  supremum  is  over  the  irreducible  components  of  X (hint:  use  Topology, 
Lemma  5.7.31.  Thus  this  follows  from  ©• 

Proof  of  ([9]).  Part  (a)  follows  from  the  fact  that  any  open  U C X containing  x7 
also  contains  x.  Part  (b)  follows  because  Ox,x  is  a localization  of  Ox,x'  hence  any 
chain  of  primes  in  Ox,x  corresponds  to  a chain  of  primes  in  Ox.x'  which  can  be 
extended  by  adding  mX'  at  the  end.  Both  (c)  and  (d)  follow  formally  from  ([7]). 


Proof  of  (10 1.  Choose  an  affine  neighbourhood  U = Spec(A)  of  x.  Then  dimx(X)  = 


dimx(t/).  Hence  we  reduce  to  the  affine  case,  which  is  Algebra,  Lemma  10.115.3 


Proof  of  (111.  If  X is  equidimensional  (Topology,  Definition  5.9.51  then  dim  (A)  is 

whence  dimx(X)  = 

□ 


equal  to  the  dimension  of  every  irreducible  component  of  X , 
dim(X)  = dimx/(A')  by  ([5]).  Thus  this  follows  from  |7|. 

0B2L  Lemma  32.17.4.  Let  k be  a field.  Let  f : X — ► Y be  a morphism  of  locally 
algebraic  k-schemes. 

(1)  For  y G Y , the  fibre  Xy  is  a locally  algebraic  scheme  over  n(y)  hence  all 
the  results  of  Lemma  32. 1 1.  1 apply. 


(2) 


(3) 


Assume  X is  irreducible.  Set  Z = /(A)  and  d = dim(A)  — dim(iJ).  Then 

(a)  dimx(Aj(xA  > d for  all  x £ X, 

(b)  the  set  of  x £ X with  dima,(A^(a.O  = d is  dense  open, 

(c)  ifdim(OZJ{x))  > 1,  then  dimx(X^(x))  < d + dim {Ozj(x))  ~ 1; 

(d)  if  dim(0Zj(x))  = 1,  then  dimx(A/(x))  = d, 

For  x £ X with  y = f(x)  we  have  dimx(A2/)  > dimx(X)  — dimy(T). 

Proof.  The  morphism  / is  locally  of  finite  type  by  Morphisms,  Lemma  |28.15.8| 
Hence  the  base  change  Xy  — »•  Spec(K(y))  is  locally  of  finite  type.  This  proves  (1). 
In  the  rest  of  the  proof  we  will  freely  use  the  results  of  Lemma  |32.17.3|  for  A,  T, 
and  the  fibres  of  /. 

Proof  of  (2).  Let  77  £ A be  the  generic  point  and  set  f = f(r]).  Then  Z = {£}. 
Hence 

d = dirn(A)  — dim(Z)  = trdegfcK(?7)  — trdegfc/s;(£)  = trdegK^)K(?7)  = dim^(Aj) 
Thus  parts  (2) (a)  and  (2)(b)  follow  from  Morphisms,  Lemma  ~28.28.4|  Parts  (2)(c) 


and  (2)(d)  follow  from  Lemmas  32.16.3  and  32.16.1 
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Proof  of  (3).  Let  x £ X.  Let  X'  C X be  a irreducible  component  of  X passing 
through  x of  dimension  dima:(A').  Then  (2)  implies  that  dhn.x{Xy)  > dim(A'')  — 
dim(A')  where  Z'  C Y is  the  closure  of  the  image  of  X' . This  proves  (3).  □ 


0B2M  Lemma  32.17.5.  Let  k be  afield.  Let  X,  Y be  locally  algebraic  k-schemes. 

(1)  For  z £ X x Y lying  over  ( x,y ) we  have  dim2(X  x Y)  = dimx(X)  + 
dimy(F). 

(2)  We  have  dim(X  xY)  = dim(A)  + dim(F). 

Proof.  Proof  of  (1).  Consider  the  factorization 

Ixl'  — >Y  — > Spec(fc) 


of  the  structure  morphism.  The  first  morphism  p : X x Y — ► Y is  flat  as  a base 
change  of  the  flat  morphism  X — > Spec (fc)  by  Morphisms,  Lemma  28.25.7  More- 
over, we  have  dimz(p_1 (y))  = dima:(A)  by  Morphisms,  Lemma  28.28.3  Hence 


dim,(X  x Y)  = dim^X)  + dimy(y)  by  Morphisms,  Lemma  28.28.2  Part  (2)  is  a 
direct  consequence  of  (1).  □ 


32.18.  Global  generation 

0B5W  Some  lemmas  related  to  global  generation  of  quasi-coherent  modules. 

0B57  Lemma  32.18.1.  Let  X -A  Spec(A)  be  a morphism  of  schemes.  Let  A C A!  be  a 
faithfully  flat  ring  map.  Let  F be  a quasi-coherent  Ox -module.  Then  F is  globally 
generated  if  and  only  if  the  base  change  F a'  is  globally  generated. 

Proof.  More  precisely,  set  X a'  = X Xgpec(^)  Spec(A').  Let  Fa'  = P*X  where 
p : Xa'  -a  X is  the  projection.  By  Cohomology  of  Schemes,  Lemma [29.5. 2| we  have 
H° (Xki , Fa>  ) = H°  (A,  T)®a  A ' ■ Thus  if  Sj , i £ I are  generators  for  H° (X,  F)  as  an 
A- module,  then  their  images  in  H°(Xa'  , Fa’)  are  generators  for  H°(Xa',Fa')  as  an 
A'-module.  Thus  we  have  to  show  that  the  map  a : ®ieIOx^F,  C fi)^EfiSi 
is  surjective  if  and  only  if  p*a  is  surjective.  This  we  may  check  over  an  affine  open 
U = Spec (B)  of  A.  Then  F\u  corresponds  to  a B-module  M and  Si\u  to  elements 
Xi  £ M.  Thus  we  have  to  show  that  ©i6J  B — > M is  surjective  if  and  only  if  the 
base  change  ©i6J  B A’  -A  M ®a  A'  is  surjective.  This  is  true  because  A — > A! 
is  faithfully  flat.  □ 

0B58  Lemma  32.18.2.  Let  k be  an  infinite  field.  Let  X be  a scheme  of  finite  type  over 
k.  Let  C be  a very  ample  invertible  sheaf  on  A.  Let  n > 0 and  x,x±, . . . ,xn  £ X be 
points  with  x a k-rational  point,  i.e.,  k{x)  = k,  and  x ^ Xi  for  i = 1, . . . , n.  Then 
there  exists  an  s £ H°(X,jC)  which  vanishes  at  x but  not  at  Xi . 

Proof.  If  n — 0 the  result  is  trivial,  hence  we  assume  n > 0.  By  definition  of 
a very  ample  invertible  sheaf,  the  lemma  immediately  reduces  to  the  case  where 
A = PJ'  for  some  r > 0 and  C = Ox{  1)-  Write  ~Prk  = Proj(fc[To, . . . , Tr]).  Set 
V = H°( A,  C)  = kTo  ® . . . © kTr.  Since  x is  a fc-rational  point,  we  see  that  the  set 
s £ V which  vanish  at  a;  is  a codimension  1 subspace  W C V and  that  W generates 
the  homogeneous  prime  ideal  corresponding  to  x.  Since  ij  /i  the  corresponding 
homogeneous  prime  p;  C k [T() , . . . ,Tr\  does  not  contain  W.  Since  k is  infinite,  we 
then  see  that  W ^ |J  W D qi  and  the  proof  is  complete.  □ 
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Lemma  32.18.3.  Let  k be  an  infinite  field.  Let  X be  an  algebraic  k-scheme.  Let 
C be  an  invertible  Ox-module.  Let  V — > T(A',  C)  be  a linear  map  of  k-vector  spaces 
whose  image  generates  C.  Then  there  exists  a subspace  W C V with  dimfc(W)  < 
dim(X)  + 1 which  generates  C. 


Proof.  Throughout  the  proof  we  will  use  that  for  every  x £ X the  linear  map 
V’x  : v —■ *■  r(A,£)  — > Cx  — > Cx  ®ox,x  K(x) 
is  nonzero.  The  proof  is  by  induction  on  dirn(X). 


The  base  case  is  dim(X)  = 0.  In  this  case  X has  finitely  many  points  X = 
{xi, . . . , xn}  (see  for  example  Lemma  32.17.2 1.  Since  k is  infinite  there  exists  a 
vector  v £ V such  that  i/>Xi{v ) 0 for  all  i.  Then  W = k ■ v does  the  job. 


Assume  dim(X)  > 0.  Let  Xj  C X be  the  irreducible  components  of  dimension 
equal  to  dim(X).  Since  X is  Noetherian  there  are  only  finitely  many  of  these.  For 
each  i pick  a point  Xi  £ Xt.  As  above  choose  v £ V such  that  ipXi(v)  / 0 for  all  i. 
Let  Z C X be  the  zero  scheme  of  the  image  of  v in  T(X,  £),  see  Divisors,  Definition 
30.11.19|  By  construction  dim(Z)  < dim(X).  By  induction  we  can  find  W C V 
with  dim(IF)  < dim(X)  such  that  W generates  C\z-  Then  W + k ■ v generates 
C.  □ 


32.19.  Closures  of  products 

Some  results  on  the  relation  between  closure  and  products. 

Lemma  32.19.1.  Let  k be  a field.  Let  X , Y be  schemes  over  k,  and  let  A C X , 
B C Y be  subsets.  Set 

AB  = {z  £ X xkY  | prx(z)  £ A,  prv(z)  £ B}  c X xkY 
Then  set  theoretically  we  have 

Axk  B = AB 

Proof.  The  inclusion  AB  C A xk  B is  immediate.  We  may  replace  X and  Y by 
the  reduced  closed  subschemes  A and  B.  Let  W C X xk  Y be  a nonempty  open 


subset.  By  Morphisms,  Lemma  28.23.4  the  subset  U = prA-(IF)  is  nonempty  open 
in  X.  Hence  A D U is  nonempty.  Pick  a £ An  U.  Denote  YK(a)  = {a}  xk  Y 
the  fibre  of  prA  : X xkY  — > X over  a.  By  Morphisms,  Lemma  28.23. 4| again  the 
morphism  Ya  — > Y is  open  as  Spec(/-c(a))  — > Spec(fc)  is  universally  open.  Hence  the 
nonempty  open  subset  W„  = W xXxkY  Ya  maps  to  a nonempty  open  subset  of  Y . 
We  conclude  there  exists  a b £ B in  the  image.  Hence  AB  n W yf  0 as  desired.  □ 


Lemma  32.19.2.  Let  k be  a field.  Let  f : A - 
schemes  over  k.  Then  set  theoretically  we  have 


X,  g : B — > Y be  morphisms  of 


f{A)xkg{B)  = {fxg){AxkB) 


Proof.  This  follows  from  Lemma  32.19.1|as  the  image  of  / x g is  f(A)g(B)  in  the 
notation  of  that  lemma.  □ 

Lemma  32.19.3.  Let  k be  a field.  Let  f : A — > X , g : B — » Y be  quasi-compact 
morphisms  of  schemes  over  k.  Let  Z C X be  the  scheme  theoretic  image  of  f , see 
Morphisms,  Definition  28.6.2  Similarly,  let  Z'  CY  be  the  scheme  theoretic  image 
of  g.  Then  Z xk  Z'  is  the  scheme  theoretic  image  of  f x g. 
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Proof.  Recall  that  Z is  the  smallest  closed  subscheme  of  X through  which  / fac- 
tors. Similarly  for  Z' . Let  W C X Y be  the  scheme  theoretic  image  of  / x g. 
As  / x g factors  through  Z Xk  Z1  we  see  that  W C Z x^Z' . 


To  prove  the  other  inclusion  let  U C X and  V C Y be  affine  opens.  By  Mor- 
phisms,  Lemma  28.6.3  the  scheme  Zn  U is  the  scheme  theoretic  image  of  f\f-<  m)  '■ 
f~1(U)  — > U,  and  similarly  for  Z'  D V and  W D U x^V.  Hence  we  may  assume  X 
and  Y affine.  As  / and  g are  quasi-compact  this  implies  that  A = [J  Ui  is  a finite 
union  of  affines  and  B = (J  Vj  is  a finite  union  of  affines.  Then  we  may  replace  A 
by  II  Ui  and  B by  ]JV^,  i.e. , we  may  assume  that  A and  B are  affine  as  well.  In 
this  case  Z is  cut  out  by  Ker(T(X,  Ox)  — > T{A,Oa))  and  similarly  for  Z'  and  W. 
Hence  the  result  follows  from  the  equality 

T(AxkB,0AXkB)  =T(A,0A)®kT(B10B) 
which  holds  as  A and  B are  affine.  Details  omitted.  □ 


32.20.  Schemes  smooth  over  fields 


04QM  Here  are  two  lemmas  characterizing  smooth  schemes  over  fields. 

04QN  Lemma  32.20.1.  Let  k be  a field.  Let  X be  a scheme  over  k.  Assume 

(1)  X is  locally  of  finite  type  over  k, 

(2)  Llx/k  Is  locally  free,  and 

(3)  k has  characteristic  zero. 

Then  the  structure  morphism  X — > Spec(A;)  is  smooth. 

Proof.  This  follows  from  Algebra,  Lemma[l0.138.7 


□ 


In  positive  characteristic  there  exist  nonreduced  schemes  of  finite  type  whose  sheaf 
of  differentials  is  free,  for  example  Spec(Fp[f]/(tp))  over  Spec(Fp).  If  the  ground 
field  k is  nonperfect  of  characteristic  p,  there  exist  reduced  schemes  X/k  with  free 
fix /k  which  are  nonsmooth,  for  example  Spec(/c[t]/(fp  — a)  where  a G k is  not  apth 
power. 

04QP  Lemma  32.20.2.  Let  k be  a field.  Let  X be  a scheme  over  k.  Assume 

(1)  X is  locally  of  finite  type  over  k, 

(2)  flx/k  Is  locally  free, 

(3)  X is  reduced,  and 

(4)  k is  perfect. 

Then  the  structure  morphism  X — >•  Spec (k)  is  smooth. 


Proof.  Let  x G X be  a point.  As  X is  locally  Noetherian  (see  Morphisms,  Lemma 
28.15.6 ) there  are  finitely  many  irreducible  components  A1; . . . , Xn  passing  through 
x (see  Properties,  Lemma  27.5.5  and  Topology,  Lemma  5.8.2 ) . Let  rji  G X,  be 
the  generic  point.  As  X is  reduced  we  have  0XtVi  = n(r}i),  see  Algebra,  Lemma 
10.24.1  Moreover,  n{r)i)  is  a finitely  generated  field  extension  of  the  perfect  field 
k hence  separably  generated  over  k (see  Algebra,  Section  10.41).  It  follows  that 
fl x/k,r\i  — ^ K(vi)/k  is  free  °f  rank  the  transcendence  degree  of  n(r]i)  over  k.  By 

we  conclude  that  dimPi(Ai)  = rank^ (f] x/k)-  Since 


28.28.1 


Morphisms,  Lemma 
x G Xi  n . . . fi  Xn  we  see  that 


rankx(Hx/fc)  = rankp.  (flx/k)  = dimpQ). 


32.20.  SCHEMES  SMOOTH  OVER  FIELDS 


2275 


056S 


Therefore  dimx(A')  = rankx(f]x/fe)i  see  Algebra,  Lemma  10.113.5  It  follows  that 
X — > Spec (k)  is  smooth  at  x for  example  by  Algebra,  Lemma  10.138.3  □ 


Lemma  32.20.3.  Let  X — > Spec(fc)  be  a smooth  morphism  where  k is  a field. 
Then  X is  a regular  scheme. 


056T 


Proof.  (See  also  Lemma  32.10.6  ) By  Algebra,  Lemma  10.138.3  every  local  ring 
Ox,x  is  regular.  And  because  X is  locally  of  finite  type  over  k it  is  locally  Noether- 
ian.  Hence  X is  regular  by  Properties,  Lemma [27. 9. 2|  □ 


Lemma  32.20.4.  Let  X — > Spec(fc)  be  a smooth  morphism  where  k is  a field. 
Then  X is  geometrically  regular,  geometrically  normal,  and  geometrically  reduced 
over  k. 


055T 


Proof.  (See  also  Lemma  32.10.6  ) Let  k!  be  a finite  purely  inseparable  extension 
of  k.  It  suffices  to  prove  that  Xy  is  regular,  normal,  reduced,  see  Lemmas  |32. 10. 3| 
32.8.3  and  32.4.5  By  Morphisms,  Lemma  28.34.5  the  morphism  X /-/  — > Spec(fc') 
is  smooth  too.  Hence  it  suffices  to  show  that  a scheme  X smooth  over  a field  is 
regular,  normal,  and  reduced.  We  see  that  X is  regular  by  Lemma  [32.20. 3[  Hence 
Properties,  Lemma  [27.9.4|  guarantees  that  A'  is  normal.  □ 


Lemma  32.20.5.  Let  k be  a field.  Let  d > 0.  Let  W C be  nonempty  open. 
Then  there  exists  a closed  point  w £ W such  that  k C k(w)  is  finite  separable. 


Proof.  After  possible  shrinking  W we  may  assume  that  W = A((  \ V (/)  for  some 
/ £ k[x  i, . . . , a:n].  If  the  lemma  is  wrong  then  f(ai, . . . , an)  = 0 for  all  (ai, . . . , an)  £ 
( ksep)n . This  is  absurd  as  ksep  is  an  infinite  field.  □ 

056U  Lemma  32.20.6.  Let  k be  a field.  If  X is  smooth  over  Spec (k)  then  the  set 
{x  £ A'  closed  such  that  k C k(x)  is  finite  separable} 

is  dense  in  X. 


Proof.  It  suffices  to  show  that  given  a nonempty  smooth  A over  k there  exists 
at  least  one  closed  point  whose  residue  field  is  finite  separable  over  k.  To  see  this, 
choose  a diagram 


A ^ U — ^ Af 


with  7 r etale,  see  Morphisms,  Lemma  28.36.20  The  morphism  7 r : U 


is 


open,  see  Morphisms,  Lemma[28.36.13|  By  Lemma [32. 20. 5| we  may  choose  a closed 
point  w £ 7 t(U)  whose  residue  field  is  finite  separable  over  k.  Pick  any  x £ U with 
7r(x)  = w.  By  Morphisms,  Lemma  28.36.7  the  field  extension  n(w)  C k(x)  is  finite 
separable.  Hence  k C n(x)  is  finite  separable.  The  point  a;  is  a closed  point  of  X 
by  Morphisms,  Lemma  [28.20. 2[  □ 


056V  Lemma  32.20.7.  Let  X be  a scheme  over  a field  k.  If  X is  locally  of  finite  type 
and  geometrically  reduced  over  k then  X contains  a dense  open  which  is  smooth 
over  k. 


Proof.  The  problem  is  local  on  X,  hence  we  may  assume  A is  quasi-compact.  Let 
A = X\  U . . . U Xn  be  the  irreducible  components  of  X.  Then  Z = (Ji/j  W n Xj  is 
nowhere  dense  in  A.  Hence  we  may  replace  X by  X\Z.  As  A\ Z is  a disjoint  union 
of  irreducible  schemes,  this  reduces  us  to  the  case  where  X is  irreducible.  As  A'  is 
irreducible  and  reduced,  it  is  integral,  see  Properties,  Lemma [27. 3. 4|  Let  77  £ A be 
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its  generic  point.  Then  the  function  field  K = k(X)  = nfq)  is  geometrically  reduced 
over  k,  hence  separable  over  k,  see  Algebra,  Lemma  10.43.1  Let  U = Spec(A)  C X 
be  any  nonempty  affine  open  so  that  K = f.f.(A)  = A(0).  Apply  Algebra,  Lemma 


10.138.5  to  conclude  that  A is  smooth  at  (0)  over  k.  By  definition  this  means  that 
some  principal  localization  of  A is  smooth  over  k and  we  win.  □ 


Lemma  32.20.8.  Let  k be  a perfect  field.  Let  X be  a locally  algebraic  reduced 
k-scheme,  for  example  a variety  over  k.  Then  we  have 

{x  £ X | X — ► Spec(fc)  is  smooth  at  x}  = {x  £ X \ Ox,x  is  regular} 

and  this  is  a dense  open  subscheme  of  X . 


Proof.  The  equality  of  the  two  sets  follows  immediately  from  Algebra,  Lemma 
10.138.5|  and  the  definitions  (see  Algebra,  Definition  10.44.1  for  the  definition  of 


a perfect  field).  The  set  is  open  because  the  set  of  points  where  a morphism  of 
schemes  is  smooth  is  open,  see  Morphisms,  Definition |28. 34.1]  Finally,  we  give  two 
arguments  to  see  that  it  is  dense:  (1)  The  generic  points  of  X are  in  the  set  as 


the  local  rings  at  generic  points  are  fields  (Algebra,  Lemma  10.24.1)  hence  regular. 


(2)  We  use  that  X is  geometrically  reduced  by  Lemma  32.4.3  and  hence  Lemma 
|32.20.7|  applies.  □ 

Lemma  32.20.9.  Let  k be  a field.  Let  f : X — ► Y be  a morphism  of  schemes 
locally  of  finite  type  over  k.  Let  x £ X be  a point  and  set  y = f{x) . If  X — > Spec  (k) 
is  smooth  at  x and  f is  flat  at  x then  Y — >•  Spec (k)  is  smooth  at  y.  In  particular, 
if  X is  smooth  over  k and  f is  flat  and  surjective,  then  Y is  smooth  over  k. 


Proof.  It  suffices  to  show  that  Y is  geometrically  regular  at  y,  see  Lemma [32. 10. 6| 
This  follows  from  Lemma  32.10.5  (and  Lemma  32.10.6  applied  to  (A”,  a;)).  □ 


32.21.  Types  of  varieties 


Short  section  discussion  some  elementary  global  properties  of  varieties. 


Definition  32.21.1.  Let  k be  a field.  Let  A be  a variety  over  k. 

(1)  We  say  X is  an  affine  variety  if  X is  an  affine  scheme.  This  is  equivalent 
to  requiring  X it  be  isomorphic  to  a closed  subscheme  of  Af:  for  some  n. 

(2)  We  say  X is  a projective  variety  if  the  structure  morphism  X — > Spec (k) 
is  projective.  By  Morphisms,  Lemma [28. 42. 4|  this  is  true  if  and  only  if  A' 
is  isomorphic  to  a closed  subscheme  of  Pjf  for  some  n. 

We  say  A is  a quasi-projective  variety  if  the  structure  morphism  A — ► 


(3) 


(4) 


Spec(fc)  is  quasi-projective.  By  Morphisms,  Lemma  28.40.5  this  is  true  if 
and  only  if  X is  isomorphic  to  a locally  closed  subscheme  of  PJJ  for  some 
n. 

A proper  variety  is  a variety  such  that  the  morphism  A — > Spec(fc)  is 
proper. 


Note  that  a projective  variety  is  a proper  variety,  see  Morphisms,  Lemma  [28. 42. 5| 
Also,  an  affine  variety  is  quasi-projective  as  Ajj  is  isomorphic  to  an  open  subscheme 


of  PJJ,  see  Constructions, 


Lemma  26.13.3 


Lemma  32.21.2.  Let  X be  a proper  variety  over  k.  Then  T(A,  Ox)  is  a field 
which  is  a finite  extension  of  the  field  k. 
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Proof.  By  Cohomology  of  Schemes,  Proposition  29.18.1  we  see  that  T(X,Ox)  is 
a finite  dimensional  fc-vector  space.  It  is  also  a fc-algebra  without  zero-divisors. 
Hence  it  is  a field,  see  Algebra,  Lemma [10.35. 17|  □ 


32.22.  Groups  of  invertible  functions 

04L3  It  is  often  (but  not  always)  the  case  that  0*(X)/k*  is  a finitely  generated  abelian 
group  if  X is  a variety  over  k.  We  show  this  by  a series  of  lemmas.  Everything 
rests  on  the  following  special  case. 

04L4  Lemma  32.22.1.  Let  k be  an  algebraically  closed  field.  Let  X be  a proper  variety 
over  k.  Let  X C X be  an  open  subscheme.  Assume  X is  normal.  Then  0*(X)/k* 
is  a finitely  generated  abelian  group. 


Proof.  We  will  use  without  further  mention  that  for  any  affine  open  U of  X the  ring 
0(U)  is  a finitely  generated  fc-algebra,  which  is  Noetherian,  a domain  and  normal, 
see  Algebra,  Lemma  |10.30.1[  Properties,  Definition  |27.3.1[  Properties,  Lemmas 
|27.5.2|and|27.7.2~[  Morphisms,  Lemma [28. 15. 2| 

Let  £i,...,£r  be  the  generic  points  of  the  complement  of  A^  in  X.  There  are 
finitely  many  since  X has  a Noetherian  underlying  topological  space  (see  Mor- 
phisms, Lemma  28.15.6  Properties,  Lemma  27.5.5|  and  Topology,  Lemma  5.8.2). 
For  each  i the  local  ring  Oi  = O x.e,,  is  a normal  Noetherian  local  domain  (as  a lo- 
calization of  a Noetherian  normal  domain).  Let  J C {1, . . . , r}  be  the  set  of  indices 
i such  that  dim(Cb)  = 1.  For  j £ J the  local  ring  Oj  is  a discrete  valuation  ring, 
see  Algebra,  Lemma[l0.118.7|  Hence  we  obtain  a valuation 

Vj  : k(X)*  — > Z 

with  the  property  that  Vj(f)  > 0 <t=>  f £ Oj . 

Think  of  0( X)  as  a sub  fc-algebra  of  fc( X)  = fc( X).  We  claim  that  the  kernel  of 
the  map 


O(X)* 


ii.  z 


is  k* . It  is  clear  that  this  claim  proves  the  lemma.  Namely,  suppose  that  / £ 
0( A)  is  an  element  of  the  kernel.  Let  U = Spec (B)  C X be  any  affine  open. 
Then  B is  a Noetherian  normal  domain.  For  every  height  one  prime  q C B with 
corresponding  point  £ £ X we  see  that  either  f = f j for  some  j £ J or  that  £ £ X. 
The  reason  is  that  codim({£},  A)  = 1 by  Properties,  Lemma 


27.10.3 


and  hence  if 

£ £ X \ X it  must  be  a generic  point  of  A \ A,  hence  equal  to  some  f j , j £ J. 
We  conclude  that  / £ 0\,£  = Bq  in  either  case  as  / is  in  the  kernel  of  the  map. 
Thus  / £ Dht(q)— l -®q  = see  Algebra,  Lemma 


10.149.6 


In  other  words,  we  see 


that  / £ F(A,C>y)-  But  since  fc  is  algebraically  closed  we  conclude  that  / £ fc  by 
Lemma  132.21.21  □ 


Next,  we  generalize  the  case  above  by  some  elementary  arguments,  still  keeping  the 
field  algebraically  closed. 

04L5  Lemma  32.22.2.  Let  k be  an  algebraically  closed  field.  Let  X be  an  integral 
scheme  locally  of  finite  type  over  fc.  Then  0*(X)/k*  is  a finitely  generated  abelian 
group. 


32.22.  GROUPS  OF  INVERTIBLE  FUNCTIONS 


2278 


Proof.  As  X is  integral  the  restriction  mapping  O(X)  — > 0(U)  is  injective  for  any 
nonempty  open  subscheme  U C X . Hence  we  may  assume  that  X is  affine.  Choose 
a closed  immersion  X — > Aj!  and  denote  X the  closure  of  X in  PjJ  via  the  usual 
immersion  AjJ  — » Pjb  Thus  we  may  assume  that  X is  an  affine  open  of  a projective 
variety  X. 


v is  a surjective  morphism,  because  the  image  of  v is  closed  and  contains  the  generic 
point  of  X.  Hence  setting  Xv  = v_1(Af)  we  see  that  it  suffices  to  prove  the  result 
for  Xv . In  other  words,  we  may  assume  that  X is  a nonempty  open  of  a normal 
proper  variety  X.  This  case  is  handled  by  Lemma  32.22.1  □ 


The  preceding  lemma  implies  the  following  slight  generalization. 


04L6  Lemma  32.22.3.  Let  k be  an  algebraically  closed  field.  Let  X be  a connected 
reduced  scheme  which  is  locally  of  finite  type  over  k with  finitely  many  irreducible 
components.  Then  0*{X)/k*  is  a finitely  generated  abelian  group. 


04MI 


we  see 


Proof.  Let  X = [j  Xi  be  the  irreducible  components.  By  Lemma  [32.22.2 
that  0(Xi)*/k*  is  a finitely  generated  abelian  group.  Let  f £ O(X)*  be  in  the 
kernel  of  the  map 

O(X)*  —tJJOW/k*. 


Then  for  each  i there  exists  an  element  A i £ k such  that  f\xt  = A^.  By  restricting 
to  Xi  D Xj  we  conclude  that  A i = A j if  Xt  n Xj  0.  Since  X is  connected  we 
conclude  that  all  \ agree  and  hence  that  f £ k* . This  proves  that 


0(X)*/k*  C Y[0{Xi)*/k * 


and  the  lemma  follows  as  on  the  right  we  have  a product  of  finitely  many  finitely 
generated  abelian  groups.  □ 


Lemma  32.22.4.  Let  k be  a field.  Let  X be  a scheme  over  k which  is  connected 
and  reduced.  Then  the  integral  closure  of  k in  T(A,  Ox)  is  a field. 


04L7 


Proof.  Let  k'  C T(A',  Ox)  be  the  integral  closure  of  k.  Then  X — ► Spec(fc)  factors 


through  Spec(fc'),  see  Schemes,  Lemma  25.6.4 
has  no  nonzero  nilpotent  elements.  As  k 


As  X is  reduced  we  see  that  k! 


k'  is  integral  we  see  that  every  prime 
ideal  of  k'  is  both  a maximal  ideal  and  a minimal  prime,  and  Spec(fc/)  is  totally 
disconnected,  see  Algebra,  Lemmas  10.35.18  and  10.25.5  As  X is  connected  the 
morphism  X — > Spec (k1)  is  constant,  say  with  image  the  point  corresponding  to 
pC  k! . Then  any  f £ k! , f qL  p maps  to  an  invertible  element  of  Ox-  By  definition 
of  k'  this  then  forces  / to  be  a unit  of  k! . Hence  we  see  that  k1  is  local  with  maximal 

Since  we’ve  already  seen  that  k'  is  reduced 

□ 


ideal  p,  see  Algebra,  Lemma  10.17.2 


this  implies  that  k'  is  a field,  see  Algebra,  Lemma  10.24.1 


Proposition  32.22.5.  Let  k be  a field.  Let  X be  a scheme  over  k.  Assume  that  X 
is  locally  of  finite  type  over  k,  connected,  reduced,  and  has  finitely  many  irreducible 
components.  Then  0(X)*/k*  is  a finitely  generated  abelian  group  if  in  addition  to 
the  conditions  above  at  least  one  of  the  following  conditions  is  satisfied: 
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04L8 


OBEC 

OBED 


(1)  the  integral  closure  of  k in  T(X,Ox)  is  k, 

(2)  X has  a k-rational  point,  or 

(3)  X is  geometrically  integral. 


Proof.  Let  k be  an  algebraic  closure  of  k.  Let  Y be  a connected  component  of 
{Xk)re(i.  Note  that  the  canonical  morphism  p : Y — ► X is  open  (by  Morphisms, 


Lemma  28.23.4)  and  closed  (by  Morphisms,  Lemma  28.43.7).  Hence  p(Y)  = X as 


X was  assumed  connected.  In  particular,  as  X is  reduced  this  implies  O(X)  C 


0(Y).  By  Lemma  32.6.13  we  see  that  Y has  finitely  many  irreducible  components. 
Thus  Lemma  32.22.3  applies  to  Y . This  implies  that  if  0{X)* /k*  is  not  a finitely 
generated  abelian  group,  then  there  exist  elements  / £ O(X),  f £ k which  map 
to  an  element  of  k via  the  map  0{ X)  — > 0(Y).  In  this  case  / is  algebraic  over  k, 
hence  integral  over  k.  Thus,  if  condition  (1)  holds,  then  this  cannot  happen.  To 
finish  the  proof  we  show  that  conditions  (2)  and  (3)  imply  (1). 

Let  k C k!  C T(X,Ox)  be  the  integral  closure  of  k in  T(X, Ox)-  By  Lemma 
32.22.4  we  see  that  k!  is  a field.  If  e : Spec(fc)  — ► X is  a fc-rational  point,  then 
ef  : T(X,  Ox)  — >■  k is  a section  to  the  inclusion  map  k — > T(X,  Ox )•  In  particular 
the  restriction  of  ef  to  k!  is  a field  map  k1  — > k over  k,  which  clearly  shows  that  (2) 
implies  (1). 


If  the  integral  closure  k'  of  k in  T(X,  Ox)  is  not  trivial,  then  we  see  that  X is  either 
not  geometrically  connected  (if  k C k'  is  not  purely  inseparable)  or  that  X is  not 
geometrically  reduced  (if  k C k'  is  nontrivial  purely  inseparable).  Details  omitted. 
Hence  (3)  implies  (1).  □ 


Lemma  32.22.6.  Let  k be  a field.  Let  X be  a variety  over  k . The  group  O(X)* /k* 
is  a finitely  generated  abelian  group  provided  at  least  one  of  the  following  conditions 
holds: 

(1)  k is  integrally  closed  in  T(X,Ox), 

(2)  k is  algebraically  closed  in  k(X), 

(3)  X is  geometrically  integral  over  k,  or 

(4)  k is  the  “ intersection ” of  the  field  extensions  k C k(x)  where  x runs  over 
the  closed  points  of  x. 


Proof.  We  see  that  (1)  is  enough  by  Proposition  32.22.5 
that  each  of  (2),  (3),  (4)  implies  (1). 


We  omit  the  verification 
□ 


32.23.  Kiinneth  formula 

There  is  a version  over  a general  base  too,  but  first  we  state  and  prove  the  version 
over  a field. 

Lemma  32.23.1.  Let  k be  a field.  Let  X and  Y be  schemes  over  k and  let  J7, 
resp.  Q be  a quasi- coherent  Ox -module,  resp.  Oy-module.  Then  we  have  a canonical 
isomorphism 

Hn(X  x SpeC(fc)  pr*2G)  = 0p+9=n  HP(X,T)  ®k  Hq{Y,Q) 

provided  X and  Y are  quasi-compact  and  have  affine  dzagona^]  (for  example  if  X 
and  Y are  separated). 

2The  case  where  X and  Y are  quasi-separated  will  be  discussed  in  Lemma 


32.23.2 


below. 
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OBEE 


Proof.  In  this  proof  unadorned  products  and  tensor  products  are  over  k.  As  maps 

Hp( X,  F)  ® H*(Y,  G)  — ► Hn(X  x Y,  pr* F ®0xxy  pr*5) 

we  use  functoriality  of  cohomology  to  get  maps  HP(X,F)  — > Hp( X x Y.  pr*.F)  and 
HP(Y,Q)  -A  HP(X  x Y,  pr2C/)  and  then  we  use  the  cup  product 

U : Hp{X  x Y,W\F)  ® HP(X  x Y,W*2Q)  — ■>  Hn(X  x Y,  pr*  J" ®o.Yxy  pr^) 

The  result  is  true  when  X and  Y are  affine  by  the  vanishing  of  higher  cohomology 


groups  on  affines  (Cohomology  of  Schemes,  Lemma  29.2.2)  and  the  definitions  (of 


pullbacks  of  quasi-coherent  modules  and  tensor  products  of  quasi-coherent  mod- 
ules) . 

Choose  finite  affine  open  coverings  U : X = (J iGlUi  and  V : Y = (JyeJ  V) . This 
determines  an  affine  open  covering  W : X x Y = (J(»  j)eixJ  x Vj-  Note  that  W 


is  a refinement  of  pr1  l1A  and  of  pr2  iV.  Thus  by  Cohomology,  Lemma 
obtain  maps 

6m(U,F)->6'(W,F)  and  C*(V,  Q)  -»■  C*(W,  5) 


20.16.1 


we 


compatible  with  pullback  maps  on  cohomology.  In  Cohomology,  Equation  ( 20.26.1.2 ) 
we  have  constructed  a map  of  complexes 

Tot(C*(W,pr*JT)  ®d*(W,pr^))  — > C*(W,pr^®  pr^) 

defining  the  cup  product  on  cohomology.  Combining  the  above  we  obtain  a map  of 
complexes 


(32.23.1.1) 


Tot  (C*  (M , T)  ® C*  C V , g ) ) — ► C*  (W , pr*  J-  < 


PLiS) 


We  warn  the  reader  that  this  map  is  not  an  isomorphism  of  complexes.  Recall  that 
we  may  compute  the  cohomologies  of  our  quasi-coherent  sheaves  using  our  cover- 


ings (Cohomology  of  Schemes,  Lemmas  29.2.5  and  29.2.6).  Thus  on  cohomology 
(32.23.1.1)  reproduces  the  map  of  the  lemma. 


Consider  a short  exact  sequence  0 — > T — > T'  — > F"  — >•  0 of  quasi-coherent  modules. 


Since  the  construction  of  (32.23.1.1 ) is  functorial  in  T and  since  the  formation  of  the 


relevant  Cech  complexes  is  exact  in  the  variable  J-  (because  we  are  taking  sections 
over  affine  opens)  we  find  a map  between  short  exact  sequence  of  complexes 


Tot  (C*(«,.F)®C#(V,G))- 


C*(W,  pr*^7  ® pr|C?) 


Tot(C*(ZY,  F')  ® C*(V,  g)) 


■Tot  (C*(U,F")®C*(V,g)) 


■C'(W,wtF'  ®Vr*2g) 


■C*(W,  pr^"®pr^) 


(we  have  dropped  the  outer  zeros).  Looking  at  long  exact  cohomology  sequences 
we  find  that  if  the  result  of  the  lemma  holds  for  2-out-of-3  of  F,F',F",  then  it 
holds  for  the  third. 

Observe  that  X has  finite  cohomological  dimension  for  quasi-coherent  modules, 
see  Cohomology  of  Schemes,  Lemma  29.4.2|  Using  induction  on  d(F)  = max{d  | 
Hd(X,F)  ^ 0}  we  will  reduce  to  the  case  d{F)  = 0.  Assume  d(F)  > 0.  By 
Cohomology  of  Schemes,  Lemma[29A3]we  have  seen  that  there  exists  an  embedding 
F —>  F'  such  that  HP(X , F')  = 0 for  allp  > 1.  Setting  F"  = Coker(.F  — > F')  we  see 
that  d{F")  < d(F).  Then  we  can  apply  the  result  from  the  previous  paragraph  to 
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see  that  it  suffices  to  prove  the  lemma  for  F'  and  F"  thereby  proving  the  induction 
step. 


Arguing  in  the  same  fashion  for  Q we  find  that  we  may  assume  that  both  F and  Q 
have  nonzero  cohomology  only  in  degree  0.  Let  V C Y be  an  affine  open.  Consider 
the  affine  open  covering  Uy  : X x V = Ue,  Ui  x V.  It  is  immediate  that 

r(u,T)®g{v)  = c(uVlWxx®oXXY  w2Q) 

(equality  of  complexes).  We  conclude  that 


^pr2;*(pr^®oxxr  vAQ)  = r(A, f)  ®kg  “ 0 g 

a-  £ A 


on  Y.  Here  A is  a basis  for  the  k- vector  space  T(X,  F).  Cohomology  on  Y commutes 
with  direct  sums  (Cohomology,  Lemma  20.20.1|).  Using  the  Leray  spectral  sequence 
for  pr2  (via  Cohomology,  Lemma  20.14.6)  we  conclude  that  Hn(X  xY,  pr^T7®© 
pr jt/)  is  zero  for  n > 0 and  isomorphic  to  H°(X,F) 


H°(Y,g)  for  n = 0. 


XXL 

This 


finishes  the  proof  (except  that  we  should  check  that  the  isomorphism  is  indeed  given 
by  cup  product  in  degree  0;  we  omit  the  verification).  □ 


OBEF  Lemma  32.23.2.  Let  k be  a field.  Let  X and  Y be  schemes  over  k and  let  F , 
resp.  g be  a quasi- coherent  Ox -module,  resp.  Oy  -module.  Then  we  have  a canonical 
isomorphism 


Hn(X  xSpec(fe)  Y,  pr\F  ®OxxSpec(fc)V  F$S)  = 0„_g=n  HP(X,F)  ®fe  H\Y,g) 
provided  X and  Y are  quasi-compact  and  quasi-separated. 


Proof.  If  X and  Y are  separated  or  more  generally  have  affine  diagonal,  then  please 
see  Lemma  32.23.1  for  “better”  proof  (the  feature  it  has  over  this  proof  is  that  it 
identifies  the  maps  as  pullbacks  followed  by  cup  products).  Let  X' , resp.  Y'  be 
the  infinitesimal  thickening  of  X,  resp.  Y whose  structure  sheaf  is  Ox'  — Ox  © F, 
resp.  Oy ' = Oy  © g where  F , resp.  g is  an  ideal  of  square  zero.  Then 


Ox'xY'  = OxxY  © pr? F © pr \g  © pr^J7  ®oxxr  pr2(/ 
as  sheaves  on  X x 7.  In  this  way  we  see  that  it  suffices  to  prove  that 
Hn(X  x Y,  Oxxy)  = 0 HP(X,  Ox)  ®fc  H«{Y,Oy) 

p+q=n 

for  any  pair  of  quasi-compact  and  quasi-separated  schemes  over  k.  Some  details 
omitted. 


To  prove  this  statement  we  use  cohomology  and  base  change  in  the  form  of  Co- 
homology of  Schemes,  Lemma  [29. 7.3[  This  lemma  tells  us  there  exists  a bounded 
below  complex  of  k- vector  spaces,  i.e. , a complex  K*  of  quasi-coherent  modules 
on  Spec (k),  which  universally  computes  the  cohomology  of  Y over  Spec (k).  In 
particular,  we  see  that 

RWi^(Oxxy)  = (X  — X Spec (*))*£* 

in  D(Ox )■  Up  to  homotopy  the  complex  /C*  is  isomorphic  to  ©g>0  Hq(Y,  Oy)[— q] 
because  this  is  true  for  every  complex  of  vector  spaces  over  a field.  We  conclude 
that 


RWiAOxxy)  = 0 />oLT3(y,  Oy )[-<?]  ®fc  Ox 
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in  D(Ox  )■  Then  we  have 


RT{X  x Y,0XxY)  = RT(X,  Rpr,JOXxY)) 

= RT(X.  Hq(Y,  0Y)[—q]  ®k  Ox) 

= RT{X,  Hq(Y,  Oy)  » Ox)[-q ) 

= ®,;>0i?r(X,  Ox)  Hq(Y,  0Y)[—q] 

= ®P,q>oHP(X’°x)[-p]  h9(Y’°y)1-<A 


as  desired.  The  first  equality  by  Leray  for  prx  (Cohomology,  Lemma  20.14.1).  The 
second  by  our  decomposition  of  the  total  direct  image  given  above.  The  third  be- 
cause cohomology  always  commutes  with  finite  direct  sums  (and  cohomology  of  Y 
vanishes  in  sufficiently  large  degree  by  Cohomology  of  Schemes,  Lemma  29.4.4). 
The  fourth  because  cohomology  on  X commutes  with  infinite  direct  sums  by  Coho- 
mology, Lemma  |20. 20. 1|  The  final  equality  by  our  remark  on  the  derived  category 
of  a field  above.  □ 


32.24.  Picard  groups  of  varieties 


OBEG  In  this  section  we  collect  some  elementary  results  on  Picard  groups  of  algebraic  vari- 
eties. The  following  lemma  tells  us  that  “rationally  equivalence  invertible  modules” 
are  isomorphic  on  normal  varieties. 


OBEH  Lemma  32.24.1.  Let  k be  afield.  Let  X be  a normal  variety  overk.  Let  U C A£ 
be  an  open  subscheme  with  k-rational  points  p,q  £ U(k).  For  every  invertible 
module  C on  X Xspec(fe)  U the  restrictions  C\Xxp  and  C\Xxq  are  isomorphic. 


Proof.  Applying  Divisors,  Lemma  30.23.1  we  see  that  C is  the  pullback  of  an 
invertible  module  Af  on  X.  □ 


32.25.  Uniqueness  of  base  field 

04MJ  The  phrase  “let  X be  a scheme  over  k"  means  that  A is  a scheme  which  comes 
equipped  with  a morphism  X — > Spec(fc).  Now  we  can  ask  whether  the  field  k is 
uniquely  determined  by  the  scheme  X.  Of  course  this  is  not  the  case,  since  for 
example  Aj-,  which  we  ordinarily  consider  as  a scheme  over  the  field  C of  complex 
numbers,  could  also  be  considered  as  a scheme  over  Q.  But  what  if  we  ask  that 
the  morphism  X — ► Spec(fc)  does  not  factor  as  X — ► Spec (k')  — > Spec (k)  for  any 
nontrivial  field  extension  k C k’l  In  other  words  we  ask  that  k is  somehow  maximal 
such  that  X lives  over  k. 


An  example  to  show  that  this  still  does  not  guarantee  uniqueness  of  k is  the  scheme 


X = Spec  ( Q(x 


p(y) 


,P€Q[y],P^0 


At  first  sight  this  seems  to  be  a scheme  over  Q(x),  but  on  a second  look  it  is  clear 
that  it  is  also  a scheme  over  Q (y).  Moreover,  the  fields  Q(x)  and  Q (y)  are  subfields 
of  R = T(X1Ox)  which  are  maximal  among  the  subfields  of  R (details  omitted). 
In  particular,  both  Q(x)  and  Q(y)  are  maximal  in  the  sense  above.  Note  that 
both  morphisms  X — >•  Spec(Q(*))  and  X — >•  Spec(Q(y))  are  “essentially  of  finite 
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type”  (i.e. , the  corresponding  ring  map  is  essentially  of  finite  type).  Hence  X is  a 
Noetherian  scheme  of  finite  dimension,  i.e.,  it  is  not  completely  pathological. 

Another  issue  that  can  prevent  uniqueness  is  that  the  scheme  A'  may  be  nonreduced. 
In  that  case  there  can  be  many  different  morphisms  from  X to  the  spectrum  of  a 
given  field.  As  an  explicit  example  consider  the  dual  numbers  D = C[y\/(y2)  = 
C © eC.  Given  any  derivation  6 : C — > C over  Q we  get  a ring  map 

C — > D,  ci — >c  + e6{c). 

The  subfield  of  C on  which  all  of  these  maps  are  the  same  is  the  algebraic  closure 
of  Q.  This  means  that  taking  the  intersection  of  all  the  fields  that  X can  live  over 
may  end  up  being  a very  small  field  if  X is  nonreduced. 

One  observation  in  this  regard  is  the  following:  given  a field  k and  two  subfields 
ki , k2  of  k such  that  k is  finite  over  ki  and  over  k2 , then  in  general  it  is  not  the 
case  that  k is  finite  over  k\  D k2.  An  example  is  the  field  k = Q (t)  and  its  subfields 
ki  = Q(£2)  and  Q((t  + l)2).  Namely  we  have  k\  fl  k2  = Q in  this  case.  So  in  the 
following  we  have  to  be  careful  when  taking  intersections  of  fields. 

Having  said  all  of  this  we  now  show  that  if  X is  locally  of  finite  type  over  a held, 
then  some  uniqueness  holds.  Here  is  the  precise  result. 

04MK  Proposition  32.25.1.  Let  X be  a scheme.  Let  a : X — ► Spec(fci)  and  b : X — > 
Spec(fc2)  be  morphisms  from  X to  spectra  of  fields.  Assume  a,b  are  locally  of  finite 
type,  and  X is  reduced,  and  connected.  Then  we  have  k[  = k'2,  where  k[  C T(X,Ox ) 
is  the  integral  closure  of  ki  in  T(A,  Ox)- 


Proof.  First,  assume  the  lemma  holds  in  case  X is  quasi-compact  (we  will  do  the 
quasi-compact  case  below).  As  X is  locally  of  finite  type  over  a held,  it  is  locally 
Noetherian,  see  Morphisms,  Lemma  |28.15.6|  In  particular  this  means  that  it  is 
locally  connected,  connected  components  of  open  subsets  are  open,  and  intersections 
of  quasi-compact  opens  are  quasi-compact,  see  Properties,  Lemma  27.5. 5[  Topology, 
Lemma  [5.6.10[  Topology,  Section  [5T8]  and  Topology,  Lemma  [5. 15 T Pick  an  open 
covering  X = Uigj  V such  that  each  [7*  is  quasi-compact  and  connected.  For  each 
i let  Ki  C Ox(Ui)  be  the  integral  closure  of  k\  and  of  k2-  For  each  pair  i,j  £ I we 
decompose 

Ui  rUj  = Y[  Vi, 3,1 

into  its  finitely  many  connected  components.  Write  A)  j / C 0(Uij  i)  for  the  integral 
closure  of  ki  and  of  k2.  By  Lemma  32.22.4  the  rings  Ki  and  Ki  :j  i are  helds.  Now 


we  claim  that  k[  and  k2  both  equal  the  kernel  of  the  map 

^ 1 1 Kj  j i,  (^i)i  1 i 


which  proves  what  we  want.  Namely,  it  is  clear  that  k[  is  contained  in  this  kernel. 
On  the  other  hand,  suppose  that  (Xj)i  is  in  the  kernel.  By  the  sheaf  condition  (Xi)i 
corresponds  to  / £ 0{X).  Pick  some  i0  £ I and  let  PIT ) £ k\  [T]  be  a monic 
polynomial  with  P{xi0)  = 0.  Then  we  claim  that  P(f)  = 0 which  proves  that 
/ £ k\.  To  prove  this  we  have  to  show  that  P{xi)  = 0 for  all  i.  Pick  i £ /.  As  X 
is  connected  there  exists  a sequence  io,  ii,  • • ■ , in  — i £ I such  that  t/q  fi  Uit+1  ^ 0. 
Now  this  means  that  for  each  t there  exists  an  lt  such  that  a©  and  Xit+1  map  to 
the  same  element  of  the  held  K,  j i.  Hence  if  P(xjt ) = 0,  then  P(Xjt+1)  = 0.  By 
induction,  starting  with  P{xio)  = 0 we  deduce  that  P(xi)  = 0 as  desired. 
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To  finish  the  proof  of  the  lemma  we  prove  the  lemma  under  the  additional  hypothesis 


that  X is  quasi-compact.  By  Lemma  32.22.4  after  replacing  ki  by  k[  we  may  assume 


that  ki  is  integrally  closed  in  T(X, Ox)-  This  implies  that  0(X)*/k*  is  a finitely 


generated  abelian  group,  see  Proposition |32. 2275]  Let  k\2  = k\  fl  k2  as  a subring  of 
O(X).  Note  that  k32  is  a field.  Since 

K/k*12  — ► 0(X)*/k*2 

we  see  that  k\/k\2  is  a Hnitely  generated  abelian  group  as  well.  Hence  there  exist 
,an  £ k*  such  that  every  element  A £ k\  has  the  form 

A = «*?...<" 

for  some  e*  £ Z and  c £ k\2.  In  particular,  the  ring  map 

1 


k\2  [*Tl ) • * ■ j <En 


ki, 


Xi...Xn 

is  surjective.  By  the  Hilbert  Nullstellensatz,  Algebra,  Theorem|10.33.l|we  conclude 
that  k\  is  a finite  extension  of  k\2 ■ In  the  same  way  we  conclude  that  k2  is  a finite 
extension  of  k32.  In  particular  both  k\  and  k2  are  contained  in  the  integral  closure 


k'12  of  ki2  in  Y(X,Ox)-  But  since  k'l2  is  a field  by  Lemma  32.22.4  and  since  we 


chose  ki  to  be  integrally  closed  in  Y{X,Ox)  we  conclude  that  ki  = k\2  = k2  as 
desired.  □ 


32.26.  Euler  characteristics 


OBEI  In  this  section  we  prove  some  elementary  properties  of  Euler  characteristics  of 
coherent  sheaves  on  schemes  proper  over  fields. 

OBEJ  Definition  32.26.1.  Let  k be  a Held.  Let  X be  a proper  scheme  over  k.  Let  F 
be  a coherent  Ox-module.  In  this  situation  the  Euler  characteristic  of  F is  the 
integer 

X(X,  F)  = V.(-irdimfc  H\X,F). 

z J l 

For  justification  of  the  formula  see  below. 


08AA 


In  the  situation  of  the  definition  only  a finite  number  of  the  vector  spaces  Hl  (X,  F) 
are  nonzero  (Cohomology  of  Schemes,  Lemma  29.4.5 ) and  that  each  of  these  spaces 
is  finite  dimensional  (Cohomology  of  Schemes,  Lemma  29.18.3).  Thus  \(X,  F)  £ Z 
is  well  defined.  Observe  that  this  definition  depends  on  the  field  k and  not  just  on 
the  pair  (X,F). 


Lemma  32.26.2.  Let  k be  a field.  Let  X be  a proper  scheme  over  k.  Let  0 — > 
J7!  — >•  — ?►  0 be  a short  exact  sequence  of  coherent  modules  on  X . Then 


x(X,F2)=x(X,F1)+x(X,F3) 


Proof.  Consider  the  long  exact  sequence  of  cohomology 

0 -A  H°{X,Fx)  -A  H°(X,F2)  -a  H°(X,F3)  -»■  H\X, F3)  . . . 

associated  to  the  short  exact  sequence  of  the  lemma.  The  rank-nullity  theorem  in 
linear  algebra  shows  that 

0 = dim  H°(X,  Ffi)  - dim  H°{X,  F2)  + dim  H°(X,  F3)  - dim  H 1 (X,  Ji)  + . . . 
This  immediately  implies  the  lemma.  □ 
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OAYT  Lemma  32.26.3.  Let  k be  a field.  Let  X be  a proper  scheme  over  k.  Let  F be  a 
coherent  sheaf  with  dim (Supp(F))  < 0.  Then  F is  generated  by  global  sections  and 

X(X , F)  = dim*  T(X,  F)  and  x(X,  F <g>  £)  = n\(X,  F) 

for  every  locally  free  module  £ of  rank  n. 


Proof.  By  Cohomology  of  Schemes,  Lemma  |29.9.7|  we  see  that  F = i*G  where 
i : Z — > X is  the  inclusion  of  the  scheme  theoretic  support  of  F and  where  Q is  a 
coherent  O^-module.  Since  the  dimension  of  Z is  0,  we  see  Z is  affine  (Properties, 
Lemma  27.10.5|) . Hence  Q is  globally  generated  and  the  higher  cohomology  groups 
of  Q are  zero  (Cohomology  of  Schemes,  Lemma  29.2.21.  Hence  F = i*Q  is  globally 
generated.  Since  the  cohomologies  of  F and  G agree  (Cohomology  of  Schemes, 


Lemma  29.2.4)  we  conclude  that  the  higher  cohomology  groups  of  F are  zero  which 


gives  the  first  formula.  By  the  projection  formula  (Cohomology,  Lemma  20.43.2) 
we  have 

i*{Q  ® i*E ) = F ®£. 

Since  Z has  dimension  0 the  locally  free  sheaf  i*£  is  isomorphic  to  0®"  and  arguing 


as  above  we  see  that  the  second  formula  holds. 


□ 


08AB  Lemma  32.26.4.  Let  k C k'  be  an  extension  of  fields.  Let  X be  a proper  scheme 
over  k.  Let  F be  a coherent  sheaf  on  X . Let  F'  be  the  pullback  of  F to  Xk> . Then 
X(X,F)=X(X',F'). 

Proof.  This  is  true  because 


Hi(Xk,,F')=Hi(X,F)®kk' 


by  flat  base  change,  see  Cohomology  of  Schemes,  Lemma  29.5.2 


□ 


OBEK  Lemma  32.26.5.  Let  k be  a field.  Let  f : Y — ?•  X be  a morphism  of  proper 
schemes  over  k.  Let  G be  a coherent  Oy-module.  Then 

x(Y,g)  = y£(-i)ix(x,Rif*g) 

Proof.  The  formula  makes  sense:  the  sheaves  Rlf*G  are  coherent  and  only  a finite 
number  of  them  are  nonzero,  see  Cohomology  of  Schemes,  Proposition  |29. 18T]  and 
Lemma |29.4.5|  By  Cohomology,  Lemma |20.14.4|  there  is  a spectral  sequence  with 

Eff’q  = HP(X,  Rq f*G) 

converging  to  Hp+q(Y,G).  By  finiteness  of  cohomology  on  X we  see  that  only  a 
finite  number  of  E% ’q  are  nonzero  and  each  E is  a finite  dimensional  vector  space. 
It  follows  that  the  same  is  true  for  Ep’q  for  r > 2 and  that 

53  (-1)^  dim  kEp’q 

is  indepedent  of  r.  Since  for  r large  enough  we  have  Ep’q  = E Pf1  and  since  con- 
vergence means  there  is  a filtration  on  Hn(Y,  G)  whose  graded  pieces  are  Effff  with 
p + 1 = n (this  is  the  meaning  of  covergence  of  the  spectral  sequence),  we  con- 
clude. □ 
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32.27.  Projective  space 

0B2N  Some  results  on  projective  space  over  a field. 

0B2P  Lemma  32.27.1.  Let  k be  a field  and  n > 0.  Then  PJJ  is  a smooth  projective 
variety  of  dimension  n over  k. 

Proof.  Omitted.  □ 


0B2Q  Lemma  32.27.2.  Let  k be  a field  and  n > 0.  Let  X,  Y C AjJ  be  closed  subsets. 

Assume  that  X and  Y are  equidimensional,  dim(X)  = r and  dim(Y)  = s.  Then 
every  irreducible  component  of  X fl  Y has  dimension  > r + s — n. 


Proof.  Consider  the  closed  subscheme  X x Y C A|"  where  we  use  coordinates 


xi,  ...,xn,y  i, . . . ,yn.  Then  X nY  = 1x70  V[xj___y  i,  ...,xn-  yn).  Let  t £ 
X C\  Y C X x Y be  a closed  point.  By  Lemma  32.17.5  we  have  dimt(A'  x Y)  = 
dirn(A)  + dim(y).  Thus  dim(OxxY,t)  = r + s by  Lemma 
Lemma  110.59. 121  we  conclude  that 


32.17.3 


By  Algebra, 


dim(e>A-nv,t)  = dim(e>Axv,t/(zi  - yi, . • . , xn  - yn))  >r  + s~n 
This  implies  the  result  by  Lemma  [32. 17. 3|  □ 

0B2R  Lemma  32.27.3.  Let  k be  a field  and  n > 0.  Let  X,Y  C Pjj  be  nonempty  closed 
subsets.  If  dim(X)  = r and  dim(T)  = s and  r + s > n,  then  X fl  Y is  nonempty 
and  dim(X  fl  Y)  > r + s — n. 


Proof.  Write  Ara  = Spec(A;[xo, . . . , xn])  and  P"  = Proj(fc[T0, . . . , Tn]).  Consider 
the  morphism  7r  : A”+1  \ {0}  —X  P"  which  sends  (xo, . . . , xn)  to  the  point  [xo  : . . . : 
xn\.  More  precisely,  it  is  the  morphism  associated  to  the  pair  (C,A"+1\{o}>  (xo,  • • • > xn)), 
see  Constructions,  Lemma  26.13.1  Over  the  standard  affine  open  D+lTf)  we  get 
the  morphism  associated  to  the  ring  map 

'To  Tn 
Ti  ’ ' ' ' ’ T 


Tt 


0?  • • • 5 1 m ' 


1 ■ 

'T0 

Tn 

' 1 ‘ 

Ti. 

= k 

j ' 

L ±i 

Ti , — 

L Ti\ 

which  is  surjective  and  smooth  of  relative  dimension  1 with  irreducible  fibres  (details 
omitted).  Hence  7t_1(A)  and  7r_1(y)  are  nonempty  closed  subsets  of  dimension 
r + 1 and  s + 1.  Choose  an  irreducible  component  V C 7t_1(A')  of  dimension  r + 1 
and  an  irreducible  component  W C 7r_1(T)  of  dimension  s + 1.  Observe  that  this 
implies  V and  W contain  every  fibre  of  n they  meet  (since  tt  has  irreducible  fibres  of 
dimension  1 and  since  Lemma  32.17. 4| says  the  fibres  of  V — X 7r(P)  and  W —X  tt(W) 
have  dimension  > 1).  Let  V and  W be  the  closure  of  V and  W in  A”+1.  Since 
0 € AK+1  is  in  the  closure  of  every  fibre  of  n we  see  that  0 £ V fl  W.  By  Lemma 
we  have  dim(P  nW)  > r+s  — n+1.  Arguing  as  above  using  Lemma 


32.27.2 


32.17.4 


again,  we  conclude  that  tt(V  n W)  C X fl  Y has  dimension  at  least  7'  + s — n as 
desired.  □ 


32.28.  Coherent  sheaves  on  projective  space 

089X  In  this  section  we  prove  some  results  on  the  cohomology  of  coherent  sheaves  on 
P"  over  a field  which  can  be  found  in  IMum66l . These  will  be  useful  later  when 
discussing  Quot  and  Hilbert  schemes. 
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32.28.1.  Preliminaries.  Let  A:  be  a field,  n > 1,  d > 1,  and  let  s £ r(Pj),0(<i)) 
be  a nonzero  section.  In  this  section  we  will  write  0(d ) for  the  dth  twist  of  the 
structure  sheaf  on  projective  space  (Constructions,  Definitions  26.10.1  and|26.1T2 ). 
Since  P£  is  a variety  this  section  is  regular,  hence  s is  a regular  section  of  0(d) 


and  defines  an  effective  Cartier  divisor  H = Z(s ) C P£,  see  Divisors,  Section  30.11 
Such  a divisor  H is  called  a hypersurface  and  if  d = 1 it  is  called  a hyperplane. 

089Z  Lemma  32.28.2.  Let  k be  a field.  Let  n > 1.  Let  i : H —A  PjJ  be  a hyperplane. 
Then  there  exists  an  isomorphism 

n — > H 

such  that  i*0(  1)  pulls  back  to  0(  1). 


: P 


Proof.  We  have  Pjf  = Proj(fc[T0, . . . , Tn ]).  The  section  s corresponds  to  a homoge- 
neous form  in  T0, . . . , Tn  of  degree  1,  see  Cohomology  of  Schemes,  Section|29.8|  Say 
s = Y^aiTi-  Constructions,  Lemma [26.13.6  gives  that  H = Proj (k[T0, . . . ,Tn\/I) 
for  the  graded  ideal  I defined  by  setting  Id  equal  to  the  kernel  of  the  map  r(P£ , O(d)) 
r (H,i*0(d)).  By  our  construction  of  Z(s)  in  Divisors,  Definition  30.11.19|  we  see 
that  on  D+(Tj)  the  ideal  of  H is  generated  by  YaiTi/Tj  in  the  polynomial  ring 
k[T0/Tj, . . . , Tn/Tj\.  Thus  it  is  clear  that  I is  the  ideal  generated  by  Y ai^i-  Note 
that 

k[T0, ...,  Tn]/I  = k[T0, ...,  Tn]/(J2  atTi)  £*  k[S0, ...,  r] 

as  graded  rings.  For  example,  if  an  0,  then  mapping  Si  equal  to  the  class  of  Tj 
works.  We  obtain  the  desired  isomorphism  by  functoriality  of  Proj.  Equality  of 
twists  of  structure  sheaves  follows  for  example  from  Constructions,  Lemma|26.11.5| 

□ 


08A0 


Lemma  32.28.3.  Let  k be  an  infinite  field.  Let  n > 1.  Let  T be  a coherent 
module  on  Pjf.  Then  there  exist  a nonzero  section  s £ r(P£,0(l))  and  a short 
exact  sequence 

0 — > Jr(— 1)  -A  T -A  — > 0 

where  i : H — » Pj!  is  the  hyperplane  H associated  to  s and  Q = i*T . 


Proof.  The  map  1)  -A  T comes  from  Constructions,  Equation  (26.10.1.2)  with 
n = 1,  m = — 1 and  the  section  s of  0(1).  Let’s  work  out  what  this  map  looks 
like  if  we  restrict  it  to  D+(T0).  Write  D+(T0)  = Spec(A’[ii, . . . , xn])  with  Xi  = 
Ti/T0.  Identify  O(1)|d+(t0)  with  O using  the  section  T0.  Hence  if  s = Y ai^i  then 
sIe>+(To)  = o-o  + Y aixi  with  the  identification  chosen  above.  Furthermore,  suppose 
F\ d+(t0)  corresponds  to  the  finite  k[x±, . . . , a;n]-module  M.  Via  the  identification 
1)  = Jr(g)0(— 1)  and  our  chosen  trivialization  of  0(1)  we  see  that  1) 
corresponds  to  M as  well.  Thus  restricting  Jr(— 1)  -A  T to  D+(T0)  gives  the  map 


M 


Oo+Z]  aixi 


A M 


To  see  that  the  arrow  is  injective,  it  suffices  to  pick  oq  + Y aixi  outside  any  of  the 
associated  primes  of  M,  see  Algebra,  Lemma[l0.62.9|  By  Algebra,  Lemma [10.62. 5| 
the  set  Ass (M)  of  associated  primes  of  M is  finite.  Note  that  for  p £ Ass (M)  the 
intersection  p n {ao  + Y aixi]  is  a proper  fc-subvector  space.  We  conclude  that 
there  is  a finite  family  of  proper  sub  vector  spaces  Vi, . . . , Vm  C r(P£,  0(1))  such 
that  if  we  take  s outside  of  (J  Vi,  then  multiplication  by  s is  injective  over  D+(T0). 
Similarly  for  the  restriction  to  D+(Tj)  for  j = 1 , ...  ,n.  Since  k is  infinite,  a finite 
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union  of  proper  sub  vector  spaces  is  never  equal  to  the  whole  space,  hence  we  may 
choose  s such  that  the  map  is  injective.  The  cokernel  of  Jr(— 1)  — >■  J7  is  annihilated 
by  Im(s  : 0(— 1)  O)  which  is  the  ideal  sheaf  of  H by  Divisors,  Definition  30.11.19 


□ 


08A1 


08A2 

08A3 


Hence  we  obtain  Q on  H using  Cohomology  of  Schemes,  Lemma  29.9.8 

Remark  32.28.4.  Let  k be  an  infinite  field.  Let  n > 1.  Given  a finite  number  of 
coherent  modules  Ft  on  Pj!  we  can  choose  a single  s £ r(P£,C>(l))  such  that  the 
statement  of  Lemma  32.28.3  works  for  each  of  them.  To  prove  this,  just  apply  the 
lemma  to  @ F%. 

32.28.5.  Regularity.  Here  is  the  definition. 

Definition  32.28.6.  Let  A;  be  a field.  Let  n > 0.  Let  F be  a coherent  sheaf  on 


■*£.  We  say  F is  m-regular  if 


Hi{Pnk,F(m-i))  = 0 


for  i = 1, 


,n. 
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Note  that  F = 0{d)  is  m-regular  if  and  only  if  d > m.  This  follows  from  the 
computation  of  cohomology  groups  in  Cohomology  of  Schemes,  Equation  (29.8.1.1 ). 
Namely,  we  see  that  i?n(PjJ,  0(d))  = 0 if  and  only  if  d > —n. 

Lemma  32.28.7.  Let  k C k'  be  an  extension  of  fields.  Let  n > 0.  Let  F be  a 
coherent  sheaf  on  PJJ.  Let  F’  be  the  pullback  of  F to  PjJ, . Then  F is  m-regular  if 
and  only  if  F'  is  m-regular. 

Proof.  This  is  true  because 


Hi{Vl,F')=H\Vl,F)  ®kk' 

by  flat  base  change,  see  Cohomology  of  Schemes,  Lemma [29.5.2 
08A5  Lemma  32.28.8. 


□ 


is  m-regular  on  H = P?  1 


.3  if  F is  m-regular,  then  Q 


In  the  situation  of  Lemma 

n- 
k 

Proof.  Recall  that  iP(P£,i*f/)  = Hl(H,Q)  by  Cohomology  of  Schemes,  Lemma 
|29.2.4[  Hence  we  see  that  for  i > 1 we  get 

H\Pnk,F(m  - *))  -A  - t))  —A  fP+1(P£, F(m  - 1 - *)) 

as  part  of  the  long  exact  sequence  associated  to  the  short  exact  sequence  0 — > 
F(m  — 1 — *)  F(m  — i)  — » i*G(m  — i)  — > 0 we  obtain  from  the  exact  sequence 
of  Lemma  32.28.3  by  tensoring  with  the  invertible  sheaf  0(m  — i).  The  lemma 
follows.  □ 


08A6  Lemma  32.28.9.  Let  k be  a field.  Let  n > 0.  Let  F be  a coherent  sheaf  on  PjJ. 
If  F is  m-regular,  then  F is  (m  + 1) -regular. 

Proof.  We  prove  this  by  induction  on  n.  If  n = 0 every  sheaf  is  m-regular  for 
all  m and  there  is  nothing  to  prove.  By  Lemma  |32.28.7|  we  may  replace  k by  an 
infinite  overfield  and  assume  k is  infinite.  Thus  we  may  apply  Lemma |32. 28. 3|  By 
Lemma  [32.28. 8|  we  know  that  Q is  m-regular.  By  induction  on  n we  see  that  Q is 
(m  + l)-regular.  Considering  the  long  exact  cohomology  sequence  associated  to  the 
sequence 

0 -A  F(m  — i)  - A F(m  + 1 — i)  — >■  i*Q(m  + 1 — i)  — ► 0 
the  reader  easily  deduces  for  i > 1 the  vanishing  of  , F(m  + l — i))  from  the 

(known)  vanishing  of  iP(P£,  F(jn  — *))  and  Hl{Pr^,Q(m  + ! — *)).  □ 
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Lemma  32.28.10.  Let  k be  a field.  Let  n > 0.  Let  T be  a coherent  sheaf  on  Pk. 
If  J-  is  m-regular,  then  the  multiplication  map 

H°(Pnk,F(m.))  ®k  H°( P£, 0(1))  — ► H\Pnk, T(m  + 1)) 

is  surjective. 


Proof.  Let  k C k'  be  an  extension  of  fields.  Let  T'  be  as  in  Lemma  32.28.7  By 


Cohomology  of  Schemes,  Lemma  [29.5.2|  the  base  change  of  the  linear  map  of  the 
lemma  to  k'  is  the  same  linear  map  for  the  sheaf  T' . Since  k — > k'  is  faithfully  flat 
it  suffices  to  prove  the  lemma  over  k' , i.e. , we  may  assume  k is  infinite. 

Assume  k is  infinite.  We  prove  the  lemma  by  induction  on  n.  The  case  n = 0 is 
enerated  b 
1)  to  get 


trivial  as  0(1)  = O is  generated  by  Tq.  For  n > 0 apply  Lemma  32.28.3  and  tensor 
the  sequence  by  0(m 


0 — > F(m)  A T(m  + 1)  — > i*G(m  + 1)  — > 0 

Lett  £ H°(Pk,F(m+l)).  By  induction  the  image  t £ H°(H,G(m+ 1))  is  the  image 
°f  Y2  9i  ® Si  with  Si  £ r (H,  0(1))  and  gi  £ H°(H,  G(m)).  Since  T is  m-regular  we 
have  H1(Pk,F(m  — 1))  = 0,  hence  long  exact  cohomology  sequence  associated  to 
the  short  exact  sequence 


0 — > T(m  — 1)  -A-  JF(m)  — > i*G(m) 


0 


shows  we  can  lift  gi  to  fi  £ H°(Pk, F(m)).  We  can  also  lift  Si  to  Si  £ H0(Pk,O(l)) 
(see  proof  of  Lemma  32.28.2|for  example).  After  substracting  the  image  of  fi®si 
from  t we  see  that  we  may  assume  t = 0.  But  this  exactly  means  that  t is  the  image 
of  / (g  s for  some  / £ H°(Pk,  F(m))  as  desired.  □ 

Lemma  32.28.11.  Let  k be  a field.  Let  n > 0.  Let  T be  a coherent  sheaf  on  Prf. 
If  J7  is  m-regular,  then  iF(m)  is  globally  generated. 

Proof.  For  all  d 0 the  sheaf  T(d)  is  globally  generated.  This  follows  for  example 
from  the  first  part  of  Cohomology  of  Schemes,  Lemma  [29.14.1|  Pick  d > m such 
that  T(d)  is  globally  generated.  Choose  a basis  f\, ... , fr  £ H°(Pk,  J7).  By  Lemma 
32.28.10  every  element  / £ H°(Pk,J7(d))  can  be  written  as  / = f°r  some 

Pi  £ k[To, . . . , Tn]  homogeneous  of  degree  d—m.  Since  the  sections  / generate  T(d) 
it  follows  that  the  sections  fi  generate  F(m).  □ 

32.28.12.  Hilbert  polynomials.  The  following  lemma  will  be  made  obsolete  by 
the  more  general  Lemma  [32.34. 1| 

Lemma  32.28.13.  Let  k be  a field.  Let  n > 0.  Let  T be  a coherent  sheaf  on  PjJ. 
The  function 

d^X(P^,F(d)) 

is  a polynomial. 

Proof.  We  prove  this  by  induction  on  n.  If  n = 0,  then  P£  = Spec(fc)  and 
F(d)  = T . Hence  in  this  case  the  function  is  constant,  i.e.,  a polynomial  of  degree 


0.  Assume  n > 0.  By  Lemma  32.26.4  we  may  assume  k is  infinite.  Apply  Lemma 
32.28.3  Applying  Lemma  32.26.2  to  the  twisted  sequences  0 -A  F(d—  1)  — >•  F(d)  — ► 
i*G(d)  -A  0 we  obtain 

X(P k^(d))  - X(Pnk,F(d-l))  = X(H,5(d)) 
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(this  also  uses  the  identification  of  the  cohomology  of  i*Q  with  the  cohomology  of 
Q,  see  Cohomology  of  Schemes,  Lemma  29.2.4).  Since  H = 1 (Lemma  32.28.2) 

by  induction  the  right  hand  side  is  a polynomial.  The  lemma  is  finished  by  noting 
that  any  function  / : Z — ► Z with  the  property  that  the  map  d K > f(d)  — f(d—  1)  is 
a polynomial,  is  itself  a polynomial.  We  omit  the  proof  of  this  fact  (hint:  compare 
with  Algebra,  Lemma  10.57.5 ).  □ 


Definition  32.28.14.  Let  A;  be  a field.  Let  n > 0.  Let  P be  a coherent  sheaf  on 
PJL  The  function  d i-A  x(Pfc,-A(d))  is  called  the  Hilbert  polynomial  of  P . 

The  Hilbert  polynomial  has  coefficients  in  Q and  not  in  general  in  Z.  For  example 
the  Hilbert  polynomial  of  Opj*  is 


d 


+'" 


This  follows  from  the  following  lemma  and  the  fact  that 

H°(Pnk,OP™)  = k[T0,...,Tn}d 
(degree  d part)  whose  dimension  over  k is  (d„n)  ■ 

Lemma  32.28.15.  Let  k be  a field.  Let  n > 0.  Let  T be  a coherent  sheaf  on  P'j! 
with  Hilbert  polynomial  P £ Q[A].  Then 

P(d)=dimkH°(P%,P(d)) 


for  all  0. 


Proof.  This  follows  from  the  vanishing  of  cohomology  of  high  enough  twists  of  P . 
See  Cohomology  of  Schemes,  Lemma  [29. 14. 1[  □ 


32.28.16.  Boundedness  of  quotients.  In  this  subsection  we  bound  the  regular- 
ity of  quotients  of  a given  coherent  sheaf  on  Pn  in  terms  of  the  Hilbert  polynomial. 

Lemma  32.28.17.  Let  k be  a field.  Let  n > 0.  Let  r > 1.  Let  P £ Q[t].  There 
exists  an  integer  m depending  on  n,  r,  and  P with  the  following  property:  if 

0 — )•  AC  — )•  0®r  T7  — » 0 


is  a short  exact  sequence  of  coherent  sheaves  on  PJ)  and  P has  Hilbert  polynomial 
P,  then  AC  is  m-regular. 


Proof.  We  prove  this  by  induction  on  n.  If  n = 0,  then  P£  = Spec(fc)  and  any 
coherent  module  is  0-regular  and  any  surjective  map  is  surjective  on  global  sections. 
Assume  n > 0.  Consider  an  exact  sequence  as  in  the  lemma.  Let  P'  £ Q[t]  be  the 
polynomial  P'{t)  = P(t)  — P(t  — 1).  Let  m'  be  the  integer  which  works  for  n — 1, 
r,  and  P' . By  Lemmas  |32.28.7|  and  32. 26. 4|  we  may  replace  k by  a field  extension, 
hence  we  may  assume  k is  infinite.  Apply  Lemma  |32.28.3|  to  the  coherent  sheaf 
T.  The  Hilbert  polynomial  of  P'  = i*P  is  P'  (see  proof  of  Lemma  32.28.13). 
Since  i*  is  right  exact  we  see  that  P'  is  a quotient  of  Q%r  = i*Q®r.  Thus  the 
induction  hypothesis  applies  to  P'  on  H = Pjl”1  (Lemma  32.28.2).  Note  that  the 
map  K.{— 1)  -A  AC  is  injective  as  AC  C 0®r  and  has  cokernel  ifiK  where  H = **AC.  By 
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the  snake  lemma  (Homology,  Lemma  12.5.17)  we  obtain  a commutative  diagram 
with  exact  columns  and  rows 


0 0 0 

0 >■  AC(-l) *-  0®r(-l) >-  J-(-l) ^ 0 

0 >-  K, >-  0®7<‘  - ~ > . > 0 

0 i*U i*0®r * 0 

0 0 0 


o®r 


Thus  the  induction  hypothesis  applies  to  the  exact  sequence  0 — > H 
T'  — > 0 on  H = P1^1  (Lemma  32.28.2)  and  di  is  m'-regular.  Recall  that  this 
implies  that  H is  d-regular  for  all  d>m'  (Lemma  32.28.9). 

Let  i > 2 and  d > m! . It  follows  from  the  long  exact  cohomology  sequence  associ- 
ated to  the  left  column  of  the  diagram  above  and  the  vanishing  of 
that  the  map 

H\VlMd-l))—>H\VnklK,{d)) 

is  injective.  As  these  groups  are  zero  for  d 0 (Cohomology  of  Schemes,  Lemma 
29.14.1 ) we  conclude  Hl(P^,IC(d))  are  zero  for  all  d > ml  and  i > 2. 


We  still  have  to  control  H1.  First  we  observe  that  all  the  maps 

H\ P£,  K(m!  - 1))  -A  H\ PjJ,  -A  H\P^,lC(m'  + 1))  ->  . . . 

are  surjective  by  the  vanishing  of  iL1(H,  'H(d))  for  d>  m'.  Suppose  d > m!  is  such 
that 

H\Pnk,1C{d-l))  —>  H\Pnk,1C{d)) 

is  injective.  Then  iJ°(P£, /C(d))  — > H^^H.T-L^d))  is  surjective.  Consider  the  com- 
mutative diagram 


H°( P£,  JC(d))  ®k  H°( P£,  0(1)) >■  H°(P£,  JC(d  + 1)) 


H°{H,H(d))  ®k  H°(H,Oh(1)) *H°{H,H(d+l)) 

By  Lemma  [32.28.101  we  see  that  the  bottom  horizontal  arrow  is  surjective.  Hence 
the  right  vertical  arrow  is  surjective.  We  conclude  that 

H\Pnk,K,{d))  H\PnkMd+l)) 

is  injective.  By  induction  we  see  that 

H\Pnk,K{d-l))  Hl(PnkMd))  -t  H1(P%,JC(d+  1))  ->  . . . 

are  all  injective  and  we  conclude  that  H1{P^,IC(d  — 1))  = 0 because  of  the  eventual 
vanishing  of  these  groups.  Thus  the  dimensions  of  the  groups  H1(P’^,IC(d))  for 
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d > m!  are  strictly  decreasing  until  they  become  zero.  It  follows  that  the  regularity 
of  K,  is  bounded  by  m'  + dim*.  f71 2(P^,/C(m')).  On  the  other  hand,  by  the  vanishing 
of  the  higher  cohomology  groups  we  have 

dimfc  H 1 (P IMm’))  = -x(P IMm'))  + dimfc  H°( PJJ,  /C(m')) 

Note  that  the  H°  has  dimension  bounded  by  the  dimension  of  if°(PJl,0®  r(m')) 
which  is  at  most  r ("^m  ) if  to'  > 0 and  zero  if  not.  Finally,  the  term  x(P K{m!)) 
is  equal  to  r(n"^m  ) — P(rn').  This  gives  a bound  of  the  desired  type  finishing  the 
proof  of  the  lemma.  □ 


32.29.  Glueing  dimension  one  rings 


This  section  contains  some  algebraic  preliminaries  to  proving  that  a finite  set  of 
codimension  1 points  of  a separated  scheme  is  contained  in  an  affine  open. 

Situation  32.29.1.  Here  we  are  given  a commutative  diagram  of  rings 

A ^ K 

A 

R B 


where  K is  a field  and  A,  B are  subrings  of  K with  fraction  field  K . Finally, 
R = AxK  B = AnB. 


Lemma  32.29.2.  In  Situation 


32.29.1 


assume  that  B is  a valuation  ring.  Then 


for  every  unit  u of  A either  u £ R or  u 1 £ R. 


Proof.  Namely,  if  the  image  c of  u in  K is  in  B , then  u £ R.  Otherwise,  c 
(Algebra,  Lemma  10.49.3 1 and  m-1  £ R. 


-l 


G B 

□ 


The  following  lemma  explains  the  meaning  of  the  condition  “A  (g>  B — > K is  surjec- 
tive” which  comes  up  quite  a bit  in  the  following. 


Lemma  32.29.3.  In  Situation  32.29.1  assume  A is  a Noetherian  ring  of  dimension 
r.  The  following  are  equivalent 

(1)  4 0 B — ► K is  not  surjective, 

(2)  there  exists  a discrete  valuation  ring  O C K containing  both  A and  B . 


Proof.  It  is  clear  that  (2)  implies  (1).  On  the  other  hand,  if  A (g)  B — > K is  not 
surjective,  then  the  image  C C K is  not  a field  hence  C has  a nonzero  maximal 
ideal  m.  Choose  a valuation  ring  O C K dominating  Cm.  By  Algebra,  Lemma 
|10.118.12|  applied  to  A C O the  ring  O is  Noetherian.  Hence  O is  a valuation  ring 
by  Algebra,  Lemma  10.49.18  □ 


Lemma  32.29.4.  In  Situation 


32.29.1 


(1)  A is  a Noetherian  semi-local  domain  of  dimension  1, 

(2)  B is  a discrete  valuation  ring, 


Then  we  have  the  following  two  possibilities 

(a)  If  A*  is  not  contained  in  R,  then  Spec(A)  — > Spec(l?)  and  Spec (B)  — ► 
Spec(P)  are  open  immersions  and  K = A <S>r  B. 

(b)  If  A*  is  contained  in  R,  then  B dominates  one  of  the  local  rings  of  A at 
a maximal  ideal  and  A ® B — >•  K is  not  surjective. 
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Proof.  Assumption  (a)  implies  there  is  a unit  of  A whose  image  in  K lies  in  the 
maximal  ideal  of  B.  Then  u is  a nonzerodivisor  of  R and  for  every  a € A there 
exists  an  n such  that  una  £ R.  It  follows  that  A = Ru. 

Let  rrut  be  the  radical  of  A.  Let  x £ m^  be  a nonzero  element.  Since  dirn(A)  = 1 
we  see  that  K = Ax.  After  replacing  x by  xnum  for  some  n > 1 and  m £ Z we 
may  assume  x maps  to  a unit  of  B.  We  see  that  for  every  b £ B we  have  that  xnb 
in  the  image  of  R for  some  n.  Thus  B = Rx. 

Let  z £ R.  If  z £ m^  and  z does  not  map  to  an  element  of  ms,  then  z is  invertible. 
Thus  x + u is  invertible  in  R.  Hence  Spec(I?)  = D(x)  U D(u).  We  have  seen  above 
that  D{u)  = Spec(A)  and  D(x)  = Spec (B). 

Case  (b).  If  a;  € m.4,  then  1 + x is  a unit  and  hence  1 + x £ R,  i.e,  x £ R.  Thus 
we  see  that  C R C A.  In  fact,  in  this  case  A is  integral  over  R.  Namely,  write 
A/xu-a  = ki  x . . . x k„  as  a product  of  fields.  Say  x = (ci, . . . , cr,  0, . . . , 0)  is  an 
element  with  Cj  0.  Then 

x2  — x[c\, . . . , cr,  1, . . . , 1)  =0 

Since  R contains  all  units  we  see  that  A/m  a is  integral  over  the  image  of  R in 
it,  and  hence  A is  integral  over  R.  It  follows  that  R C A C B as  B is  integrally 
closed.  Moreover,  if  x G m.4  is  nonzero,  then  K = Ax  =[ J x~nA  = |J  x~nR.  Hence 
x~l  fL  B , i.e.,  x £ ms.  We  conclude  C ms.  Thus  A D ms  is  a maximal  ideal  of 
A thereby  finishing  the  proof.  □ 

09N2  Lemma  32.29.5.  Let  B be  a semi-local  Noetherian  domain  of  dimension  1.  Let 
B'  be  the  integral  closure  of  B in  its  fraction  field.  Then  B'  is  a semi-local  Dedekind 
domain.  Let  x be  a nonzero  element  of  the  radical  of  B' . Then  for  every  y £ B' 
there  exists  an  n such  that  xny  £ B. 


Proof.  Let  ms  be  the  radical  of  B.  The  structure  of  B'  results  from  Algebra, 


Lemma  10.119.16 


Given  x,y  £ B'  as  in  the  statement  of  the  lemma  consider  the 
subring  B C A C B'  generated  by  x and  y.  Then  A is  finite  over  B (Algebra, 
Lemma  10.35.5|) . Since  the  fraction  fields  of  B and  A are  the  same  we  see  that  the 
finite  module  A/B  is  supported  on  the  set  of  closed  points  of  B.  Thus  m^A  C B 
for  a suitable  n.  Moreover,  Spec(I3')  —X  Spec(A)  is  surjective  (Algebra,  Lemma 


10.35.15 1,  hence  A is  semi-local  as  well.  It  also  follows  that  x is  in  the  radical  m.i  of 
A.  Note  that  m^  = y/m bA.  Thus  xmy  £ m bA  for  some  to.  Then  xnmy  £ B.  □ 


09N3 


Lemma  32.29.6. 


In  Situation 


32.29.1 


assume 


(1)  A is  a Noetherian  semi-local  domain  of  dimension  1, 

(2)  B is  a Noetherian  semi-local  domain  of  dimension  1, 

(3)  A (g>  B —X  K is  surjective. 

Then  Spec(A)  — X Spec(i?)  and  Spec (B)  — X Spec(f?)  are  open  immersions  and  K = 
A®r  B. 


Proof.  Special  case:  B is  integrally  closed  in  K.  This  means  that  B is  a Dedekind 
domain  (Algebra,  Lemma  10.119.15)  whence  all  of  its  localizations  at  maximal 
ideals  are  discrete  valuation  rings.  Let  mi, . . . , mr  be  the  maximal  ideals  of  B.  We 
set 


R\  A xK  Bmi 
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Observing  that  A^Rl  Bmi  — > K is  surjective  we  conclude  from  Lemma  32.29.4  that 


A and  Bmi  define  open  subschemes  covering  Spec(i?i)  and  that  K = A®Rl  Bmi. 
In  particular  Ri  is  a semi- local  Noetherian  ring  of  dimension  1.  By  induction  we 
define 

Ri+1  = Ri  X K -^rrw+i 

for  i = 1, . . . , r — 1.  Observe  that  R = Rn  because  B = Bmi  0 ...  0 Bmr  (see 
Algebra,  Lemma  10.149.6).  It  follows  from  the  inductive  procedure  that  R — > A 
defines  an  open  immersion  Spec(A)  — > Spec(i?).  On  the  other  hand,  the  maximal 
ideals  rij  of  R not  in  this  open  correspond  to  the  maximal  ideals  ntj  of  B and  in 
fact  the  ring  map  R^B  defines  an  isomorphisms  Rni  — > Bmi  (details  omitted; 
hint:  in  each  step  we  added  exactly  one  maximal  ideal  to  Spec(i?j)).  It  follows  that 
Spec(B)  — » Spec(i?)  is  an  open  immersion  as  desired. 


General  case.  Let  B'  C K be  the  integral  closure  of  B.  See  Lemma  32.29.5  Then 
the  special  case  applies  to  R'  = A xR  B' . Pick  x £ R'  which  is  not  contained  in 
the  maximal  ideals  of  A and  is  contained  in  the  maximal  ideals  of  B'  (see  Algebra, 
Lemma  10.14.3).  By  Lemma  32.29.5  there  exists  an  integer  n such  that  xn  £ R = 
Axk  B.  Replace  i by  so  s;  € R.  For  every  y £ R'  there  exists  an  integer  n 
such  that  xny  £ R.  On  the  other  hand,  it  is  clear  that  R!x  = A.  Thus  Rx  = A. 
Exchanging  the  roles  of  A and  B we  also  find  any  £ R such  that  B = Ry.  Note  that 


inverting  both  x and  y leaves  no  primes  except  (0).  Thus  K = Rxy  = Rx 
This  finishes  the  proof. 


R 


09N4 


Lemma  32.29.7.  Let  I\  be  a field.  Let  Ai, . . . , Ar  C K be  Noetherian  semi-local 
rings  of  dimension  1 with  fraction  field  K . If  Ai  <S>  Aj  — > K is  surjective  for  all 
i ^ j , then  there  exists  a Noetherian  semi-local  domain  A C K of  dimension  1 
containing  Ai, . . . , Ar  such  that 

(1)  A — > Ai  induces  an  open  immersion  ji  : Spec  (A,)  — ► Spec  (A), 

(2)  Spec(A)  is  the  union  of  the  opens  jj(Spec(Ai)), 

(3)  each  closed  point  of  Spec(A)  lies  in  exactly  one  of  these  opens. 

Proof.  Namely,  we  can  take  A = AiD. . ,nAr.  First  we  note  that  (3),  once  (1)  and 
(2)  have  been  proven,  follows  from  the  assumption  that  Aj  ® Aj  — > K is  surjective 


since  if  m £ jj(Spec(Aj))  n j j (Spec(Aj)) , then  Aj  <g>  Aj  K ends  up  in  Am.  To 
prove  (1)  and  (2)  we  argue  by  induction  on  r.  If  r > 1 by  induction  we  have  the 


09N5 


results  (1)  and  (2)  for  B = A2  <1  ...  <1  Ar.  Then  we  apply  Lemma  32.29.6  to  see 
they  hold  for  A = Ai  (~l  B.  □ 

Lemma  32.29.8.  Let  A be  a domain  with  fraction  field  K . Let  B\, . . . , Br  C K be 
Noetherian  1-dimensional  semi-local  rings  whose  fraction  fields  are  K.  If  A®Bi  — » 
I\  are  surjective  for  i = 1, . . . , r,  then  there  exists  an  x £ A such  that  x~x  is  in  the 
radical  of  Bi  for  i = 1, . . . , r. 

Proof.  Let  B[  be  the  integral  closure  of  Bi  in  K.  Suppose  we  find  a nonzero  x £ A 
such  that  x_1  is  in  the  radical  of  B[  for  i = 1, . . . , r.  Then  by  Lemma  32.29.5  after 
replacing  x by  a power  we  get  x~x  £ Bi.  Since  Spec(B')  — > Spec(f?j)  is  surjective 
we  see  that  2-1  is  then  also  in  the  radical  of  f?j.  Thus  we  may  assume  that  each 
Bi  is  a semi-local  Dedekind  domain. 


If  B{  is  not  local,  then  remove  Bi  from  the  list  and  add  back  the  finite  collection 
of  local  rings  (Bj)m.  Thus  we  may  assume  that  Bi  is  a discrete  valuation  ring  for 

i = l,...,r. 
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Let  Vi  : K — ► Z,  i = 1, . . . , r be  the  corresponding  discrete  valuations  (see  Algebra, 
Lemma  10.119.15).  We  are  looking  for  a nonzero  x £ A with  Vi(x)  < 0 for  i = 
1 ,r.  We  will  prove  this  by  induction  on  r. 


If  r = 1 and  the  result  is  wrong,  then  A C B and  the  map  A (g>  B — >•  K is  not 
surjective,  contradiction. 

If  r > 1,  then  by  induction  we  can  find  a nonzero  x £ A such  that  Vi(x)  < 0 for 
i = 1, . . . , r — 1.  If  vr(x)  < 0 then  we  are  done,  so  we  may  assume  vr(x)  > 0.  By 
the  base  case  we  can  find  y £ A nonzero  such  that  vr(y)  < 0.  After  replacing  x by 
a power  we  may  assume  that  Vi(x)  < Vi(y)  for  * = 1, . . . , r — 1.  Then  x + y is  the 
element  we  are  looking  for.  □ 

0AB2  Lemma  32.29.9.  Let  A be  a Noetherian  local  ring  of  dimension  1.  Let  L = Av 
where  the  product  is  over  the  minimal  primes  of  A.  Let  a±,a2  £ trut  map  to  the 
same  element  of  L.  Then  a"  = alf  for  some  n > 0. 


Proof.  Write  a\  = 02  + x.  Then  x maps  to  zero  in  L.  Hence  x is  a nilpotent 
element  of  A because  fj  P is  the  radical  of  (0)  and  the  annihilator  I of  x contains  a 
power  of  the  maximal  ideal  because  p ^ V(I)  for  all  minimal  primes.  Say  xk  = 0 
and  m”  C /.  Then 


k-\-n  k-\-n 


n+k  — 1 


X+ 


n + k 
2 


n+fc-2^2 


-. . .+ 


n + k 
k-1 


n+1  fc— 1 


n+/c 


because  02  £ m_4.  □ 

0AB3  Lemma  32.29.10.  Let  A be  a Noetherian  local  ring  of  dimension  1.  Let  L = J\AV 
and  I = fj  p where  the  product  and  intersection  are  over  the  minimal  primes  of  A. 
Let  f £ L be  an  element  of  the  form  f = i + a where  a £ and  i £ IL.  Then 
some  power  of  f is  in  the  image  of  A — ► L. 


Proof.  Since  A is  Noetherian  we  have  I1  = 0 for  some  t > 0.  Suppose  that  we 
know  that  / = a + i with  i £ IkL.  Then  /"  = an  + nan~1i  mod  Ik+1L.  Hence  it 
suffices  to  show  that  nan~1i  is  in  the  image  of  Ik  IkL  for  some  n>0.  To  see 


this,  pick  a g £ A such  that  = -\/{g)  (Algebra,  Lemma|l0.59.7).  Then  L = Ag 
for  example  by  Algebra,  Proposition |10.5976|  On  the  other  hand,  there  is  an  n such 
that  an  £ ( g ).  Hence  we  can  clear  denominators  for  elements  of  L by  multiplying 
by  a high  power  of  a.  □ 

0AB4  Lemma  32.29.11.  Let  A be  a Noetherian  local  ring  of  dimension  1.  Let  L — ]”[  Av 
where  the  product  is  over  the  minimal  primes  of  A.  Let  K — » L be  an  integral  ring 
map.  Then  there  exist  a £ and  x £ K which  map  to  the  same  element  of  L 
such  that  = \J (a). 


Proof.  By  Lemma  32.29.10  we  may  replace  A by  A/(fjp)  and  assume  that  A is 


a reduced  ring  (some  details  omitted).  We  may  also  replace  K by  the  image  of 
I\  — ► L.  Then  K is  a reduced  ring.  The  map  Spec(L)  — > Spec(A')  is  surjective  and 
closed  (details  omitted).  Hence  Spec(A')  is  a finite  discrete  space.  It  follows  that 
I\  is  a finite  product  of  fields. 


Let  p j,  j = l,...,m  be  the  minimal  primes  of  A.  Set  L?  = f.f.(Aj)  so  that 
L = n,=i  m Lj  ■ Let  Aj  be  the  normalization  of  A/pj.  Then  Aj  is  a semi-local 
Dedekind  domain  with  at  least  one  maximal  ideal,  see  Algebra,  Lemma  [10.1 19. 16| 
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Let  n be  the  sum  of  the  numbers  of  maximal  ideals  in  ,Am.  For  such  a 

maximal  ideal  m C Aj  we  consider  the  function 

v tn  ‘ L — y Lj  — y Z U {00} 

where  the  second  arrow  is  the  discrete  valuation  corresponding  to  the  discrete  val- 
uation ring  (Aj)m  extended  by  mapping  0 to  00.  In  this  way  we  obtain  n functions 
Vi, . ..  ,vn  : L —y  Z U {00}.  We  will  find  an  element  x £ K such  that  Vi(x)  < 0 for 
allz  = 1, . . . , n. 

First  we  claim  that  for  each  i there  exists  an  element  x £ K with  i>i(x)  < 0. 
Namely,  suppose  that  ly  corresponds  to  m C Aj.  If  > 0 for  all  x £ K,  then  I\ 
maps  into  (Ay)m  inside  of  Lj  = f.f.(Aj).  The  image  of  K in  Lj  is  a field  over  Lj 
is  algebraic  by  Algebra,  Lemma  [l0.35.16|  Combined  we  get  a contradiction  with 
Algebra,  Lemma [10.49.7[ 

Suppose  we  have  found  an  element  x £ K such  that  ui(x)  < 0, . . . ,vr(x)  < 0 for 
some  r < n.  If  vr+\{x)  < 0,  then  x works  for  r + 1.  If  not,  then  choose  some  y £ K 
with  vr+i  (y)  < 0 as  is  possible  by  the  result  of  the  previous  paragraph.  After 
replacing  x by  xn  for  some  n > 0,  we  may  assume  Vi(x)  < Vi(y)  for  i = 1 ,r. 
Then  Vj(x+y)  = Vj(x)  < 0 for  j = 1, . . . , r by  properties  of  valuations  and  similarly 
vr+i(x  + y)  = vr+\ (y)  < 0.  Arguing  by  induction,  we  find  x £ K with  Vi{x)  < 0 
for  i = 1, . . . , n. 


In  particular,  the  element  x £ K has  nonzero  projection  in  each  factor  of  K (recall 
that  AT  is  a finite  product  of  fields  and  if  some  component  of  x was  zero,  then  one 
of  the  values  Vi{x)  would  be  00).  Hence  x is  invertible  and  x~l  £ K is  an  element 
with  00  > Vi{x~x)  > 0 for  all  i.  It  follows  from  Lemma  32.29.5  that  for  some  e < 0 


the  element  xe  £ K maps  to  an  element  of  rriA/pj  C A/pj  for  all  j = 1, . . . ,m. 
Observe  that  the  cokernel  of  the  map  tua  —y  J|rriA/pj  is  annihilated  by  a power 
of  rriA-  Hence  after  replacing  e by  a more  negative  e,  we  find  an  element  a £ 
whose  image  in  m a/Pj  is  equal  to  the  image  of  xe.  The  pair  ( a,xe ) satisfies  the 
conclusions  of  the  lemma.  □ 


09N6  Lemma  32.29.12.  Let  A be  a ring.  Let  pi, ... , p.r  be  a finite  set  of  a primes  of 
A.  Let  S = A \ IJpi-  Then  S is  a multiplicative  system  and  A-1  A is  a semi-local 
ring  whose  maximal  ideals  correspond  to  the  maximal  elements  of  the  set  {p;}. 

Proof.  If  a,  b £ A and  a,  b £ S,  then  a,  b ^ p;  hence  ab  ^ pj,  hence  ab  £ S.  Also 
1 £ A.  Thus  S'  is  a multiplicative  subset  of  A.  By  the  description  of  Spec(S-1A)  in 
Algebra,  Lemma [l0.16.5|  and  by  Algebra,  Lemma[l0.14.2|we  see  that  the  primes  of 
S~lA  correspond  to  the  primes  of  A contained  in  one  of  the  pj.  Hence  the  maximal 
ideals  of  S~XA  correspond  one-to-one  with  the  maximal  (w.r.t.  inclusion)  elements 
of  the  set  {pi, . . . , p,-}.  □ 


32.30.  One  dimensional  Noetherian  schemes 

09N7  Some  material  leading  up  to  a discussion  of  algebraic  curves. 

09N8  Lemma  32.30.1.  Let  X be  a scheme  all  of  whose  local  rings  are  Noetherian  of 
dimension  < 1.  Let  U C X be  a retrocompact  open.  Denote  j : U — » X the 
inclusion  morphism.  Then  Rpj^T  = 0,  p > 0 for  every  quasi- coherent  Ou -module 

T. 
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Proof.  We  may  check  the  vanishing  of  Rpj*Ir  at  stalks.  Formation  of  f?9j*  com- 
mutes with  flat  base  change,  see  Cohomology  of  Schemes,  Lemma  [29. 5.2|  Thus  we 
may  assume  that  X is  the  spectrum  of  a Noetherian  local  ring  of  dimension  < 1.  In 
this  case  X has  a closed  points  x and  finitely  many  other  points  xi, . . . , xn  which 
specialize  to  x but  not  each  other  (see  Algebra,  Lemma  10.30.6).  If  x £ U,  then 
U = X and  the  result  is  clear.  If  not,  then  U = {xi, . . . , xr}  for  some  r after  pos- 


sibly renumbering  the  points.  Then  U is  affine  (Schemes,  Lemma  25.11.7).  Thus 
the  result  by  Cohomology  of  Schemes,  Lemma [29.2. 3|  □ 

09N9  Lemma  32.30.2.  LetX  be  an  affine  scheme  all  of  whose  local  rings  are  Noetherian 
of  dimension  < 1.  Then  any  quasi-compact  open  U C X is  affine. 

Proof.  Denote  j : U -A  X the  inclusion  morphism.  Let  T be  a quasi-coherent 
©[/-module.  By  Lemma|32.30.1|the  higher  direct  images  Rpj*F  are  zero.  The  Ox- 
module  is  quasi-coherent  (Schemes,  Lemma  25.24.1).  Hence  it  has  vanishing 
higher  cohomology  groups  by  Cohomology  of  Schemes,  Lemma[29.2.2  By  the  Leray 
spectral  sequence  Cohomology,  Lemma|20.14.6  we  have  HP(U , JF)  = 0 for  all  p > 0. 
Thus  U is  affine,  for  example  by  Cohomology  of  Schemes,  Lemma [29. 3. 1|  □ 

09NA  Lemma  32.30.3.  Let  X be  a scheme.  Let  U C X be  an  open.  Assume 

(1)  U is  a retrocompact  open  of  X, 

(2)  X \ U is  discrete,  and 

(3)  for  x £ X \ U the  local  ring  Ox,x  is  Noetherian  of  dimension  < 1 . 

Then  (1)  there  exists  an  invertible  Ox -module  C and  a section  s such  that  U = Xs 
and  (2)  the  map  Pic(X)  — > Pic(U)  is  surjective. 

Proof.  Let  X \ U = {xp,i  £ I}.  Choose  affine  opens  Ui  C X with  Xi  £ X and 
Xj  £ Ui  for  j i.  This  is  possible  by  condition  (2).  Say  Ui  = Spec(Aj).  Let 
rrq  C Ai  be  the  maximal  ideal  corresponding  to  X/.  By  our  assumption  on  the 
local  rings  there  are  only  a finite  number  of  prime  ideals  q C n,  i)  / rip  (see 


Algebra,  Lemma  10.30.6).  Thus  by  prime  avoidance  (Algebra,  Lemma  10.14.2)  we 
can  find  f £ rrq  not  contained  in  any  of  those  primes.  Then  V(fi)  = {tip}  H Zi 
for  some  closed  subset  Zi  C Ui  because  Z,  is  a retrocompact  open  subset  of  V(fi) 
closed  under  specialization,  see  Algebra,  Lemma  10.40.7  After  shrinking  Ui  we 
may  assume  V(fi)  = {x/}.  Then 

U : X = U U IJ  Ui 

is  an  open  covering  of  X.  Consider  the  2-cocycle  with  values  in  0*x  given  by  fi  on 
U fl  Ui  and  by  ft / fj  on  [/-  n {J- . This  defines  a line  bundle  C such  that  the  section 
s defined  by  1 on  U and  f on  Ui  is  as  in  the  statement  of  the  lemma. 

Let  A f be  an  invertible  ©[/-module.  Let  Nt  be  the  invertible  (Ai)  fi  module  such  that 
Af\unUi  is  equal  to  JVj.  Observe  that  (Ami)y\  is  an  Artinian  ring  (as  a dimension 
zero  Noetherian  ring,  see  Algebra,  Lemma  10.59.4).  Thus  it  is  a product  of  local 


rings  (Algebra,  Lemma  10.52.6)  and  hence  has  trivial  Picard  group.  Thus,  after 
shrinking  Ui  (i.e.,  after  replacing  A,  by  (A/)g  for  some  g £ Ai,  g ^ m, ) we  can 
assume  that  W = (Affp.,  i.e.,  that  Af\ur\Ui  is  trivial.  In  this  case  it  is  clear  how 
to  extend  JV  to  an  invertible  sheaf  over  X (by  extending  it  by  a trivial  invertible 
module  over  each  Ui).  □ 
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09NB  Lemma  32.30.4.  Let  X be  an  integral  separated  scheme.  Let  U C X be  a 
nonempty  affine  open  such  that  X\U  is  a finite  set  of  points  x\, . . . , xr  with  Ox,Xi 
Noetherian  of  dimension  1.  Then  there  exists  a globally  generated  invertible  Ox- 
module  C and  a section  s such  that  U = Xs. 


Proof.  Say  U = Spec(A)  and  let  K be  the  fraction  field  of  X.  Write  Bi  = Ox,Xi 
and  irq  = m^.  Since  Xi  £ U we  see  that  the  open  U Xx  Spec  (Bi)  of  Spec  (Bi)  has 
only  one  point,  i.e.,  U Xx  Spec(Hj)  = Spec(A').  Since  X is  separated,  we  find  that 
Spec(A')  is  a closed  subscheme  of  U x Spec  {Bi),  i.e.,  the  map  A (g)  Bi  — > I\  is  a 
surjection.  By  Lemma  32.29.8  we  can  find  a nonzero  / £ A such  that  /-1  £ irq  for 
i = 1, . . . ,r.  Pick  opens  Xi  £ Ui  C X such  that  /-1  £ 0(Ui).  Then 


U : X = U U IJ  Ui 

is  an  open  covering  of  X.  Consider  the  2-cocycle  with  values  in  0*x  given  by  / on 
U n Ui  and  by  1 on  Ui  fl  Uj.  This  defines  a line  bundle  £ with  two  sections: 

(1)  a section  s defined  by  1 on  U and  f^1  on  Ui  is  as  in  the  statement  of  the 
lemma,  and 

(2)  a section  t defined  by  / on  U and  1 on  Ui. 

Note  that  Xt  D U\  U . . . U Ur.  Hence  s,  t generate  £ and  the  lemma  is  proved.  □ 


09NC  Lemma  32.30.5.  Let  X be  a quasi-compact  scheme.  If  for  every  x £ X there 
exists  a pair  {£,  s)  consisting  of  a globally  generated  invertible  sheaf  £ and  a global 
section  s such  that  x £ Xs  and  Xs  is  affine,  then  X has  an  ample  invertible  sheaf. 


Proof.  Since  X is  quasi-compact  we  can  find  a finite  collection  (£,,  s,),  i = 1, . . . , n 
of  pairs  such  that  Xs.  is  affine  and  A"  = (J  Xs. . Again  because  X is  quasi-compact 
we  can  find,  for  each  i,  a finite  collection  of  sections  j = 1, . . . , m,  such  that 
X = |J  Xti  . . Set  A, o = Si . Consider  the  invertible  sheaf 

£ = £\  ®C>x  • ' • ®Ox  £-n 


and  the  global  sections 


TJ  — 


1 t'T. 


By  Properties,  Lemma  27.26.4  the  open  XTJ  is  affine  as  soon  as  ji  = 0 for  some 
i.  It  is  a simple  matter  to  see  that  these  opens  cover  X.  Hence  £ is  ample  by 
definition.  □ 


09ND  Lemma  32.30.6.  Let  X be  a Noetherian  integral  separated  scheme  of  dimension 
1.  Then  X has  an  ample  invertible  sheaf. 


Proof.  Choose  an  affine  open  covering  X = U\  U . . . U Un.  Since  X is  Noetherian, 
each  of  the  sets  X \ Ui  is  finite.  Thus  by  Lemma  32.30.4  we  can  find  a pair  (£*,  Sj) 
consisting  of  a globally  generated  invertible  sheaf  £,  and  a global  section  Si  such 
that  Ui  = Xs. . We  conclude  that  X has  an  ample  invertible  sheaf  by  Lemma 
132.30.51  ! □ 


09NE  Lemma  32.30.7.  Let  X be  a scheme.  Let  Z\, . . . , Zn  C X be  closed  subschemes. 
Let  £i  be  an  invertible  sheaf  on  Zi.  Assume  that 

(1)  X is  reduced, 

(2)  X = (J  Zi  set  theoretically,  and 

(3)  Zi  n Zj  is  a discrete  topological  space  for  i ^ j. 
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Then  there  exists  an  invertible  sheaf  £ on  X whose  restriction  to  Zi  is  Moreover, 
if  we  are  given  sections  £ T(Zi,£i ) which  are  nonvanishing  at  the  points  of 
Zi  D Zj,  then  we  can  choose  £ such  that  there  exists  a s £ T(X,£)  with  s|^  = Sj 
for  all  i. 

Proof.  Set  T = Ui=a,  %%  G As  -A  is  reduced  we  have 

X\T  = U(Zi\T) 

as  schemes.  Assumption  (3)  implies  T is  a discrete  subset  of  X.  Thus  for  each 
t £ T we  can  find  an  open  Ut  C X with  t £ Ut  but  t'  fL  Ut  for  t'  £ T,  t'  ^ t. 
By  shrinking  Ut  if  necessary,  we  may  assume  that  there  exist  isomorphisms  ipt,i  '■ 
£i\utrZi  — > Outr\Zi-  Furthermore,  for  each  i choose  an  open  covering 

Zi\T  = |J . Uij 

such  that  there  exist  isomorphisms  < fij  : £j\ui  — ®u!:j  • Observe  that 

U : X = (J  Ut  U (J 

is  an  open  covering  of  X.  We  claim  that  we  can  use  the  isomorphisms  ipt,i  and  Pij 
to  define  a 2-cocycle  with  values  in  0*x  for  this  covering  that  defines  £ as  in  the 
statement  of  the  lemma. 

Namely,  if  i ^ i! , then  Uij  fl  Ufj'  = 0 and  there  is  nothing  to  do.  For  Uij  fl  Uij > 
we  have  Ox  (Uij  fl  Uij')  = Ozt(Uij  fl  U^y)  by  the  first  remark  of  the  proof.  Thus 
the  transition  function  for  (more  precisely  ipij  o y)  defines  the  value  of  our 
cocycle  on  this  intersection.  For  Ut  D Uij  we  can  do  the  same  thing.  Finally,  for 
t^t'  we  have 

Ut  n Uf  = ]J(Ut  n Ut')  n zz 

and  moreover  the  intersection  Ut  D Utj  n Zi  is  contained  in  Z \ \ T.  Hence  by  the 
same  reasoning  as  before  we  see  that 

Ox(Ut  n Uf)  = n oZt  (Ut  n uv  n zt) 

and  we  can  use  the  transition  functions  for  £i  (more  precisely  tfitj  ° t°  define 
the  value  of  our  cocycle  on  Ut  D Ut'.  This  finishes  the  proof  of  existence  of  £. 

Given  sections  Sj  as  in  the  last  assertion  of  the  lemma,  in  the  argument  above, 
we  choose  Ut  such  that  sfu^z,  is  nonvanishing  and  we  choose  ipt,i  such  that 
£t,i(si\utnZi)  = 1.  Then  using  1 over  Ut  and  T>ij(si\ui  d)  over  Uj  will  define  a 
section  of  £ which  restricts  to  st  over  Z\.  □ 

09NW  Remark  32.30.8.  Let  A be  a reduced  ring.  Let  /,  J be  ideals  of  A such  that 
V(I)  U V(J)  = Spec(A).  Set  B = A/ J.  Then  I — > IB  is  an  isomorphism  of  A- 
modules.  Namely,  we  have  IB  = I + J/  J = I /(I n J)  and  Jn  J is  zero  because  A is 
reduced  and  Spec(A)  = V(I)UV(J)  = V(ICiJ).  Thus  for  any  projective  A-module 
P we  also  have  IP  = I(P/JP). 

09NX  Lemma  32.30.9.  Let  X be  a Noetherian  reduced  separated  scheme  of  dimension 
1.  Then  X has  an  ample  invertible  sheaf. 
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Proof.  Let  Zj,  i = 1, . . . , n be  the  irreducible  components  of  A.  We  view  these  as 
reduced  closed  subschemes  of  X.  By  Lemma  [32.30.6|  there  exist  ample  invertible 
sheaves  Ci  on  Z%.  Set  T = U,;yj  Zi  H Z3.  As  X is  Noetherian  of  dimension  1,  the 
set  T is  finite  and  consists  of  closed  points  of  X.  For  each  i we  may,  possibly  after 
replacing  £,;  by  a power,  choose  s*  £ r(Zj,  Ci)  such  that  ( Zi)Si  is  affine  and  contains 
T n Zi,  see  Properties,  Lemma  [27. 29. 6| 


0 


By  Lemma  32.30.7  we  can  find  an  invertible  sheaf  C on  X and  s £ r(A,  C)  such 
that  (C,s)\zi  = ( Ci,Si ).  Observe  that  Xs  contains  T and  is  set  theoretically  equal 
to  the  affine  closed  subschemes  ( Zf)ai . Thus  it  is  affine  by  Limits,  Lemma  31.10.3 
To  finish  the  proof,  it  suffices  to  find  for  every  x £ A',  x ^ T an  integer  m > 
and  a section  t £ P(A',  £®m)  such  that  Xt  is  affine  and  x £ Xt.  Since  x fLT  we 
see  that  x £ Zi  for  some  unique  i,  say  i = 1.  Let  Z C A be  the  reduced  closed 
subscheme  whose  underlying  topological  space  is  Z2  U . . . U Zn.  Let  I C Ox  be  the 
ideal  sheaf  of  Z.  Denote  that  I\  C Qzx  the  inverse  image  of  this  ideal  sheaf  under 
the  inclusion  morphism  Z\  — > X.  Observe  that 


T(X,lC®m)  = T(Zi,Ii£fm) 


see  Remark 


32.30.8 


Thus  it  suffices  to  find  m > 0 and  t £ T{Z1,I1Cfm)  with 
x £ (Z\)t  affine.  Since  C\  is  ample  and  since  x is  not  in  Z\  0 T = V(I\)  we  can  find 
a section  t\  £ P(.Zi,Zi£fmi)  with  x £ (Z1)tl,  see  Properties,  Proposition  27.26.13 


Since  C\  is  ample  we  can  find  a section  t2  £ T(Z\,  Cf1712)  with  x £ (-Zi)t2  and  (Zi)t2 
affine,  see  Properties,  Definition  |27.26.l|  Set  m = mi  + m2  and  t = t\t2.  Then 
t £ P(Z1,Z1£fm)  with  x £ (Zi)t  by  construction  and  (Zi)t  is  affine  by  Properties, 
Lemma  127.26.41  □ 


09NY  Lemma  32.30.10.  Let  i : Z — > X be  a closed  immersion  of  schemes  inducing 
a homeomorphism  on  underlying  topological  spaces.  If  the  underlying  topological 
space  of  X is  Noetherian  and  dim(A')  < 1,  then  Pic(X)  — > Pic(Z)  is  surjective. 


Proof.  Consider  the  short  exact  sequence 

o-»  (i +iy 


0*x^O*z->  0 


of  sheaves  of  abelian  groups  on  A.  Since  dim(A)  < 1 we  see  that  H2{X,IF)  = 0 
for  any  abelian  sheaf  J7,  see  Cohomology,  Proposition  20.21.6|  Hence  the  map 
H1(X,Ox)  — > H1(Z1Oz)  is  surjective.  This  proves  the  lemma  by  Cohomology, 
Lemma  120.7.11  □ 


09NZ  Proposition  32.30.11.  Let  X be  a Noetherian  separated  scheme  of  dimension  1. 
Then  X has  an  ample  invertible  sheaf. 


Proof.  Let  Z C A be  the  reduction  of  A.  By  Lemma  32.30.9  the  scheme  Z has 
an  ample  invertible  sheaf.  Thus  by  Lemma  [32 . 30 . 1 0|  there  exists  an  invertible  Ox- 
module  £ on  A whose  restriction  to  Z is  ample.  Then  £ is  ample  by  an  application 
of  Cohomology  of  Schemes,  Lemma [29. 16. 5|  □ 


09P0  Remark  32.30.12.  In  fact,  if  A is  a scheme  whose  reduction  is  a Noetherian 
separated  scheme  of  dimension  1,  then  A has  an  ample  invertible  sheaf.  The  argu- 
ment to  prove  this  is  the  same  as  the  proof  of  Proposition |32 . 30. 1 1 1 except  one  uses 
Limits,  Lemma  [3 1 . 1 0 . 4|  instead  of  Cohomology  of  Schemes,  Lemma  [29.16. 5[ 
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32.31.  Finding  affine  opens 


09NF 


09NG 


We  continue  the  discussion  started  in  Properties,  Section[27.29|  It  turns  out  that  we 
can  find  affines  containing  a finite  given  set  of  codimension  1 points  on  a separated 
scheme.  See  Proposition  |32.31  (7} 


We  will  improve  on  the  following  lemma  in  Descent,  Lemma  34.21.4 


Lemma  32.31.1.  Let  f : X —>  Y be  a morphism  of  schemes.  Let  X°  denote  the 
set  of  generic  points  of  irreducible  components  of  X.  If 

(1)  f is  separated, 

(2)  there  is  an  open  covering  X = (J  Ui  such  that  f\ut  : If  -A  X is  an  open 
immersion,  and 

(3)  if^'  £ X°,  ^ then  f(0  £ /(£'), 


then  f is  an  open  immersion. 


Proof.  Suppose  that  y = f(x)  = f(x').  Pick  a specialization  yo  y where  yo  is  a 
generic  point  of  an  irreducible  component  of  Y . Since  / is  locally  on  the  source  an 
isomorphism  we  can  pick  specializations  Xq  ~-+  x and  x'0  x'  mapping  to  yo  y. 
Note  that  Xq,x'0  £ X°.  Hence  Xo  = x'0  by  assumption  (3).  As  / is  separated  we 
conclude  that  x = x' . Thus  / is  an  open  immersion.  □ 

09NH  Lemma  32.31.2.  Let  X — >•  S be  a morphism  of  schemes.  Let  x £ X be  a point 
with  image  s £ S.  If 

(1)  Ox,x  = Os,s, 

(2)  X is  reduced, 

(3)  X — ^ S is  of  finite  type,  and 

(4)  S has  finitely  many  irreducible  components, 

then  there  exists  an  open  neighbourhood  U of  x such  that  f\u  is  an  open  immersion. 

Proof.  We  may  remove  the  (finitely  many)  irreducible  components  of  S which 
do  not  contain  s.  We  may  replace  S by  an  affine  open  neighbourhood  of  s.  We 
may  replace  X by  an  affine  open  neighbourhood  of  x.  Say  S = Spec(A)  and 
X = Spec (B).  Let  q C B,  resp.  p C A be  the  prime  ideal  corresponding  to  x. 
resp.  s.  As  A is  a reduced  and  all  of  the  minimal  primes  of  A are  contained  in 
p we  see  that  A c Ap.  As  X — > S is  of  finite  type,  B is  of  finite  type  over  A. 
Let  bi , . . . , bn  £ B be  elements  which  generate  B over  A Since  Ap  = Bq  we  can 
find  / £ A,  f £ p and  as*  £ A such  that  bi  and  a,://  have  the  same  image  in  Bq. 
Thus  we  can  find  g £ B,  g ^ q such  that  g(fbi  — af)  = 0 in  B.  ft  follows  that  the 
image  of  Af  — > Bfg  contains  the  images  of  b\, . . . , bn,  in  particular  also  the  image 
of  g.  Choose  n > 0 and  f £ A such  that  f'/fn  maps  to  the  image  of  g in  Bfg. 
Since  Ap  = Bq  we  see  that  f fL  p.  We  conclude  that  Afy  — » Bfg  is  surjective. 
Finally,  as  Afy  C Ap  = Bq  (see  above)  the  map  Afy  — > Bfg  is  injective,  hence  an 
isomorphism.  □ 

09NI  Lemma  32.31.3.  Let  f : T — >■  X be  a morphism  of  schemes.  Let  X°,  resp.  T° 
denote  the  sets  of  generic  points  of  irreducible  components.  Let  fy, . . . , tm  £ T be  a 
finite  set  of  points  with  images  Xj  = f(tj  )■  If 

(1)  T is  affine, 

(2)  X is  quasi-separated, 

(3)  X°  is  finite 
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(4)  f(T°)  C X°  and  f : T°  — » X°  is  injective,  and 

(5)  Ox,Xj  = ®T,tj  > 

then  there  exists  an  affine  open  of  X containing  x\, ...  ,xr. 

Proof.  Using  Limits,  Proposition  |31.10.2|  there  is  an  immediate  reduction  to  the 
case  where  X and  T are  reduced.  Details  omitted. 


Assume  X and  T are  reduced.  We  may  write  T = linpej  Tj  as  a directed  limit  of 
schemes  of  finite  presentation  over  X with  affine  transition  morphisms,  see  Limits, 
Lemma  [31.6. 1[  Pick  i £ I such  that  Tj  is  affine,  see  Limits,  Lemma  [31.3.10[  Say 
Tj  = Spec(i?i)  and  T = Spec(i?).  Let  R!  C R be  the  image  of  Tj  — > R.  Then 
T'  = Spec (Rr)  is  affine,  reduced,  of  finite  type  over  X,  and  T — >■  T'  dominant.  For 
j = 1, . . . , r let  tj  £ T'  be  the  image  of  tj.  Consider  the  local  ring  maps 

Ox,Xj  — t O T,tj 

Denote  (T')°  the  set  of  generic  points  of  irreducible  components  of  T' . Let  £ 
t'j  be  a specialization  with  £ £ (T')°.  As  T — > T'  is  dominant  we  can  choose 
r)  £ T°  mapping  to  £ (warning:  a priori  we  do  not  know  that  rj  specializes  to 
tj).  Assumption  (3)  applied  to  rj  tells  us  that  the  image  9 of  £ in  X corresponds 
to  a minimal  prime  of  Ox,xj  ■ Lifting  £ via  the  isomorphism  of  (5)  we  obtain  a 
specialization  rj  tj  with  rf  £ A0  mapping  to  9 Xj.  The  injectivity  of  (4) 
shows  that  r\  = r{ . Thus  every  minimal  prime  of  Ot>  ,t'  lies  below  a minimal  prime 
of  Or,ty  We  conclude  that  — > Or,t,  is  injective,  hence  both  maps  above  are 

isomorphisms. 


there  exists  an  open  U C V containing  all  the  points  f'  such 

By  that  lemma  we  see 


By  Lemma  32.31.2 

that  U —t  i is  a local  isomorphism  as  in  Lemma  32.31.1 


that  U — > X is  an  open  immersion.  Finally,  by  Properties,  Lemma  [27.29.5|  we  can 
find  an  open  W C U C T'  containing  all  the  f ' . The  image  of  W in  X is  the  desired 
affine  open.  □ 


09NJ  Lemma  32.31.4.  Let  X be  an  integral  separated  scheme.  Let  x\, . . . ,xr  £ X be 
a finite  set  of  points  such  that  Ox,Xi  Noetherian  of  dimension  < 1 . Then  there 
exists  an  affine  open  subscheme  of  X containing  all  of  xi, ...  ,xr. 


Proof.  Let  K be  the  field  of  rational  functions  of  X.  Set  A,  = Ox,xi-  Then 
A;  C K and  K is  the  fraction  held  of  A,.  Since  X is  separated,  and  Xi  ^ Xj  there 
cannot  be  a valuation  ring  O C K dominating  both  Ai  and  Aj.  Namely,  considering 
the  diagram 

Spec(O) 5-  Spec(Ai) 

V y 

Spec(A2) X 


and  applying  the  valuative  criterion  of  separatedness  (Schemes,  Lemma  25.22.1 1 we 
would  get  Xi  = Xj.  Thus  we  see  by  Lemma  32.29.3  that  A,;  (g)  Aj  — > K is  surjective 
for  all  i ^ j.  By  Lemma  |32.29.7|  we  see  that  A = Ain...nArisa  Noetherian 
semi- local  rings  with  exactly  r maximal  ideals  mi,...,mr  such  that  Aj  = Am.. 
Moreover, 


Spec(A)  = Spe^Aj)  U . . . U Spec(Ar) 
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is  an  open  covering  and  the  intersection  of  any  two  pieces  of  this  covering  is  Spec (K). 
Thus  the  given  morphisms  Spec(Ai)  — > X glue  to  a morphism  of  schemes 

Spec(A)  — > X 

mapping  m,  to  Xi  and  inducing  isomorphisms  of  local  rings.  Thus  the  result  follows 
from  Lemma  132. 31. 31  □ 

09NK  Lemma  32.31.5.  Let  A be  a ring,  I C A an  ideal,  pi,...,pr  primes  of  A,  and 
f £ A/ 1 an  element.  If  I <f_  pi  for  all  i,  then  there  exists  an  f £ A,  f £ p;  which 
maps  to  f in  A/I. 


Proof.  We  may  assume  there  are  no  inclusion  relations  among  the  p,;  (by  removing 
the  smaller  primes).  First  pick  any  f £ A lifting  /.  Let  S be  the  set  s€{l,...,r} 
such  that  / € ps.  If  S is  empty  we  are  done.  If  not,  consider  the  ideal  J = I Jli^s  Pi- 
Note  that  J is  not  contained  in  ps  for  s £ S because  there  are  no  inclusions  among 
the  pi  and  because  I is  not  contained  in  any  pi.  Hence  we  can  choose  g £ J,  g ^ ps 
for  s £ S by  Algebra,  Lemma  |10.14.2[  Then  f + g is  a solution  to  the  problem 
posed  by  the  lemma.  □ 

09NM  Lemma  32.31.6.  Let  X be  a scheme.  Let  T C X be  finite  set  of  points.  Assume 

(1)  X has  finitely  many  irreducible  components  Z\, . . . , Zt,  and 

(2)  Zi  (~l  T is  contained  in  an  affine  open  of  the  reduced  induced  subscheme 
corresponding  to  Z \. 

Then  there  exists  an  affine  open  subscheme  of  X containing  T. 


Proof.  Using  Limits,  Proposition  31.10.2  there  is  an  immediate  reduction  to  the 
case  where  X is  reduced.  Details  omitted.  In  the  rest  of  the  proof  we  endow  every 
closed  subset  of  X with  the  induced  reduced  closed  subscheme  structure. 


We  argue  by  induction  that  we  can  find  an  affine  open  U G Z\G ..  .A  Zr  containing 
T D (Z i U . . . U Zr).  For  r = 1 this  holds  by  assumption.  Say  r > 1 and  let 
17  C Z1U...U  Zr—  i be  an  affine  open  containing  T D (Z\  U . . . U Zr_  i).  Let  V C Xr 
be  an  affine  open  containing  T D Zr  (exists  by  assumption).  Then  U C\V  contains 
T (~l  (Zi  U . . . U Zr_f)  n Zr.  Hence 

A = ([/n  zr)  \{u  n V) 


does  not  contain  any  element  of  T.  Note  that  A is  a closed  subset  of  U.  By 


prime  avoidance  (Algebra,  Lemma  10.14.2 1,  we  can  find  a standard  open  U'  of  U 
containing  T D U and  avoiding  A,  i.e.,  U'  n Zr  G U fl  V".  After  replacing  U by  U' 
we  may  assume  that  U fl  V is  closed  in  U. 

Using  that  by  the  same  arguments  as  above  also  the  set  A'  = ([/n(Z1U. . ,UZr_i))\ 
(U  fl  V)  does  not  contain  any  element  of  T we  find  a h £ 0(V)  such  that  D(h)  C V 
contains  T fl  V and  such  that  U fl  D(h)  CU  C\V.  Using  that  U C l V is  closed  in  U 
we  can  use  Lemma [32. 3 1.5  to  find  an  element  g £ 0{U)  whose  restriction  to  U fl  V 
equals  the  restriction  of  h to  U fl  V and  such  that  T fl  U C D(g).  Then  we  can 
replace  U by  D(g)  and  V by  D(h)  to  reach  the  situation  where  U fl  V is  closed  in 
both  U and  V.  In  this  case  the  scheme  U U U is  affine  by  Limits,  Lemma  [31. 10. 3| 
This  proves  the  induction  step  and  thereby  the  lemma.  □ 


Here  is  a conclusion  we  can  draw  from  the  material  above. 
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0A25 
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Proposition  32.31.7.  Let  X be  a separated  scheme  such  that  every  quasi-compact 
open  has  a finite  number  of  irreducible  components.  Let  X\, . . . ,xr  € X be  points 
such  that  Ox,Xi  is  Noetherian  of  dimension  < 1.  Then  there  exists  an  affine  open 
subscheme  of  X containing  all  of  x i, ...  ,xr. 

Proof.  We  can  replace  X by  a quasi-compact  open  containing  x\, . . . , xr  hence  we 
may  assume  that  X has  finitely  many  irreducible  components.  By  Lemma  |32.31.6| 
we  reduce  to  the  case  where  X is  integral.  This  case  is  Lemma [32. 31. 4|  □ 

32.32.  Curves 


In  the  stacks  project  we  will  use  the  following  as  our  definition  of  a curve. 
Definition  32.32.1.  Let  k be  a field.  A curve  is  a variety  of  dimension  1 over  k. 

Two  standard  examples  of  curves  over  k are  the  affine  line  Aj,  and  the  projective 
line  PjL  The  scheme  X = Spec (k[x,y]/(f))  is  a curve  if  and  only  if  / G k[x,y]  is 
irreducible. 


Our  definition  of  a curve  has  the  same  problems  as  our  definition  of  a variety,  see  the 
discussion  following  Definition  |32.3.1|  Moreover,  it  means  that  every  curve  comes 
with  a specified  field  of  definition.  For  example  X = Spec(C[a;])  is  a curve  over  C 
but  we  can  also  view  it  as  a curve  over  R.  The  scheme  Spec(Z)  isn’t  a curve,  even 
though  the  schemes  Spec(Z)  and  Ap^  behave  similarly  in  many  respects. 

Lemma  32.32.2.  Let  X be  an  irreducible  scheme  of  dimension  > 0 over  a field 
k.  Let  x £ X be  a closed  point.  The  open  subscheme  X \ {a;}  is  not  proper  over  k. 


Proof.  Namely,  choose  a specialization  x'  x with  x'  ^ x (for  example  take 


x'  to  be  the  generic  point).  By  Schemes,  Lemma  25.20.4  there  exists  a morphism 
Spec(A)  — > X where  A is  a valuation  ring  such  that  the  generic  point  of  A maps  to  x' 
and  the  closed  point  of  Spec(A)  maps  to  x.  Clearly  the  morphism  Spec (f.f.(A))  — > 
X \ {a;}  does  not  extend  to  a morphism  Spec(A)  — > X \ {a;}.  Hence  the  valuative 
criterion  (Schemes,  Proposition  25.20.6)  shows  that  X — >•  Spec(fc)  is  not  universally 
closed,  hence  not  proper.  □ 

Lemma  32.32.3.  Let  X be  a separated  finite  type  scheme  over  a field  k. 
dirn(A)  < 1 then  X is  H-quasi-projective  over  k. 

Proof.  By  Proposition  32.30.11  the  scheme  X has  an  ample  invertible  sheaf  C. 


If 


By  Morphisms,  Lemma  |28.39.3|  we  see  that  X is  isomorphic  to  a locally  closed 
subscheme  of  Pj(  over  Spec(fc).  This  is  the  definiton  of  being  H-quasi-projective 
over  k , see  Morphisms,  Definition |28. 40. Ij  □ 


Observe  that  if  an  affine  scheme  X over  k is  proper  over  k then  X is  finite  over  k 


(Morphisms,  Lemma  28.43.10)  and  hence  has  dimension  0 (Algebra,  Lemma  10.52.2 


and  Proposition  10.59.6).  Hence  a scheme  of  dimension  > 0 over  k cannot  be  both 
affine  and  proper  over  k.  Thus  the  possibilities  in  the  following  lemma  are  mutually 
exclusive. 
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Lemma  32.32.5.  Let  X be  a curve  over  k.  Then  either  X is  an  affine  scheme  or 
X is  H-projective  over  k. 


Choose  a basis  s = Sq,  si, . . . , sm  of  the  finite  dimensional  k-ve ctor  space  T(X,  C) 


(Cohomology  of  Schemes,  Lemma  29.18.3).  We  obtain  a corresponding  morphism 


f-X 


such  that  the  inverse  image  of  D+{Tfi)  is  X,  see  Constructions,  Lemma  26.13.1  In 
particular,  / is  non-constant,  i.e. , Im(/)  has  more  than  one  point.  A topological 
argument  shows  that  / maps  the  generic  point  77  of  X to  a nonclosed  point  of  P£. 
Hence  if  y £ P£  is  a closed  point,  then  /-1({y})  is  a closed  set  of  X not  containing 
77,  hence  finite.  By  Cohomology  of  Schemes,  Lemma  29. 20.11  ! we  conclude  that  / is 
finite.  Hence  X = f~1(D+(To))  is  affine.  □ 


The  following  lemma  combined  with  Lemma  32.32.2  tells  us  that  given  a separated 
scheme  X of  dimension  1 and  of  finite  type  over  k , then  X \ Z is  affine,  whenever 
the  closed  subset  Z meets  every  irreducible  component  of  A'. 


Lemma  32.32.6.  Let  X be  a separated  scheme  of  finite  type  overk.  If  dirn(X)  < 1 
and  no  irreducible  component  of  X is  proper  of  dimension  1,  then  X is  affine. 


Proof.  Let  X = (J  Xi  be  the  decomposition  of  X into  irreducible  components.  We 
think  of  Xi  as  an  integral  scheme  (using  the  reduced  induced  scheme  structure, 
see  Schemes,  Definition  25.12.5).  In  particular  A,  is  a singleton  (hence  affine)  or 

Then  ]J  Xi  — > X is  finite  surjective  and 

Lemma 

□ 


a curve  hence  affine  by  Lemma  32.32.5 
]j  Xi  is  affine.  Thus  we  see  that  X is  affine  by  Cohomology  of  Schemes 
129.13.31 


32.33.  Degrees  on  curves 

We  start  defining  the  degree  of  an  invertible  sheaf  and  more  generally  a locally  free 
sheaf  on  a proper  scheme  of  dimension  1 over  a field.  In  Section  |32.26|  we  defined 
the  Euler  characteristic  of  a coherent  sheaf  J7  on  a proper  scheme  X over  a field  k 
by  the  formula 

X(A,A)  =£(—!)<  dim*  H\X,X). 


^One  can  avoid  using  this  lemma  which  relies  on  the  theorem  of  formal  functions.  Namely, 
X is  projective  hence  it  suffices  to  show  a proper  morphism  / : X — > Y with  finite  fibres  between 
quasi-projective  schemes  over  k is  finite.  To  do  this,  one  chooses  an  affine  open  of  X containing 
the  fibre  of  f over  a point  y using  that  any  finite  set  of  points  of  a quasi-projective  scheme  over  k 
is  contained  in  an  affine.  Shrinking  Y to  a small  affine  neighbourhood  of  y one  reduces  to  the  case 
of  a proper  morphism  between  affines.  Such  a morphism  is  finite  by  Morphisms,  Lemma  28.43.7 
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Definition  32.33.1.  Let  k be  a field,  let  X be  a proper  scheme  of  dimension  < 1 
over  k,  and  let  £ be  an  invertible  O ^-module.  The  degree  of  £ is  defined  by 

deg  (£)  = X(X,£)-x(X,Ox) 

More  generally,  if  £ is  a locally  free  sheaf  of  rank  n we  define  the  degree  of  £ by 

deg(£)  = X{X,£)  - nx(X,  Ox ) 

Observe  that  this  depends  on  the  triple  £/X/k.  If  X is  disconnected  and  £ is 
finite  locally  free  (but  not  of  constant  rank) , then  one  can  modify  the  definition  by 
summing  the  degrees  of  the  restriction  of  £ to  the  connected  components  of  X.  li  £ 
is  just  a coherent  sheaf,  there  are  several  different  ways  of  extending  the  definition^] 
In  a series  of  lemmas  we  show  that  this  definition  has  all  the  properties  one  expects 
of  the  degree. 

Lemma  32.33.2.  Let  k C k'  be  an  extension  of  fields.  Let  X be  a proper  scheme 
of  dimension  < 1 over  k.  Let  £ be  a locally  free  Ox-module  of  constant  rank  n. 
Then  the  degree  of  £/X/k  is  equal  to  the  degree  of  £&  fX^  jk' . 

Proof.  More  precisely,  set  AV  = X Xgpec(fc)  Spec(fc').  Let  £*,/  = p*£  where  p : 
Afc/  — > X is  the  projection.  By  Cohomology  of  Schemes,  Lemma  |29.5.2|  we  have 
W{ Xk>,£k>)  = iP( X,£)®kk'  andIP(XfcSe>AV)  = Hl(X,  Ox)®kk'.  Hence  we  see 
that  the  Euler  characteristics  are  unchanged,  hence  the  degree  is  unchanged.  □ 


Lemma  32.33.3.  Let  k be  a field.  Let  X be  a proper  scheme  of  dimension  < 1 
over  k.  Let  0 — > £\  — > £2  — > £3  — t 0 be  a short  exact  sequence  of  locally  free 
Ox -modules.  Then 

deg (£2)  = deg(£i)  + deg(£3) 


Proof.  Follows  immediately  from  additivity  of  Euler  characteristics  (Lemma  32.26.2 1 
and  additivity  of  ranks.  □ 


Lemma  32.33.4.  Let  k be  a field.  Let  f : X'  — > X be  a birational  morphism  of 
proper  schemes  of  dimension  < 1 over  k.  Then 

deg  (/*£)  = deg(£) 


for  every  finite  locally  free  sheaf  of  constant  rank.  More  generally  it  suffices  if  f in- 
duces a bijection  between  irreducible  components  of  dimension  1 and  isomorphisms 
of  local  rings  at  the  corresponding  generic  points. 


Proof.  The  morphism  / is  proper  (Morphisms,  Lemma  28.41.7)  and  has  fibres  of 
dimension  < 0.  Hence  / is  finite  (Cohomology  of  Schemes,  Lemma  29.20.2).  Thus 

Rf*f*£  = f*f*£  = £ ®ox  f*Ox 


Since  / induces  an  isomorphism  on  local  rings  at  generic  points  of  all  irreducible 
components  of  dimension  1 we  see  that  the  kernel  and  cokernel 


0 — y 1C  — > Ox  — ^ f*£dx  — > Q — > 0 


'if  X is  a proper  curve  and  J-  is  a coherent  sheaf  on  A',  then  one  often  defines  the  degree  as 
X(A,  J7)  — r\( X . Ox ) where  r = dimK^j  J-f  is  the  rank  of  T at  the  generic  point  £ of  X. 
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have  supports  of  dimension  < 0.  Note  that  tensoring  this  with  8 is  still  an  exact 
sequence  as  8 is  locally  free.  We  obtain 

X(W  8)  - X{X',  f*8)  = X(X,  8)  - X(X,  /*/*£) 

= X(X  ,8)-x(X,8®f*Ox) 

= X(X,lC®8)-x(X,Q®S) 

= nx{X,lC)  - nx{X,  Q) 

= nx(X,  Ox)  - nx(X,  f*Ox) 

= nx(X,  Ox)  - nx(X\  Ox>) 

which  proves  what  we  want.  The  first  equality  as  / is  finite,  see  Cohomology  of 


Schemes,  Lemma  29.2.4  The  second  equality  by  projection  formula,  see  Cohomol- 


OAYV 


ogy,  Lemma  20.43.2  The  third  by  additivity  of  Euler  characteristics,  see  Lemma 
|32.26.2[  The  fourth  by  Lemma |32. 26. 3|  □ 

Lemma  32.33.5.  Let  k be  a field.  Let  X be  a proper  curve  over  k with  generic 
point  8-  Let  8 be  a locally  free  Ox~module  of  rank  n and  let  T be  a coherent 
Ox -module.  Then 

X(X,  8®T)=r  deg(£)  + nx(X,  T) 
where  r = dimK(£)  is  the  rank  of  T . 

Proof.  Let  V be  the  property  of  coherent  sheaves  T on  X expressing  that  the 
formula  of  the  lemma  holds.  We  claim  that  the  assumptions  (1)  and  (2)  of  Co- 
homology of  Schemes,  Lemma  29.12.6  hold  for  V.  Namely,  (1)  holds  because  the 
Euler  characteristc  and  the  rank  r are  additive  in  short  exact  sequences  of  coherent 
sheaves.  And  (2)  holds  too:  If  Z = X then  we  may  take  Q = Ox  and  V(Ox)  is 
true  by  the  definition  of  degree.  If  i : Z — ► X is  the  inclusion  of  a closed  point  we 
may  take  Q = i*Oz  and  V holds  by  Lemma [32. 26. 3|  and  the  fact  that  r = 0 in  this 
case.  □ 

Let  k be  a field.  Let  A be  a finite  type  scheme  over  k of  dimension  < 1.  Let 
Ci  C A',  i = 1, . . . , t be  the  irreducible  components  of  dimension  1.  We  view  Ci 
as  a scheme  by  using  the  induced  reduced  scheme  structure.  Let  & £ C,;  be  the 
generic  point.  The  multiplicity  of  Ci  in  X is  defined  as  the  length 

mi  = length0x  { _ Ox,^ 

This  makes  sense  because  Ox,^  is  a zero  dimensional  Noetherian  local  ring  and 
hence  has  finite  length  over  itself  (Algebra,  Proposition  10.59.6).  See  Chow  Hornol- 


OAYW 


ogy,  Section  |41.10|  for  additional  information.  It  turns  out  the  degree  of  a locally 
free  sheaf  only  depends  on  the  restriction  of  the  irreducible  components. 

Lemma  32.33.6.  Let  k be  a field.  Let  X be  a proper  scheme  of  dimension  < 1 
over  k.  Let  8 be  a locally  free  O x -module  of  rank  n.  Then 

deg(£)  ='^2mideg(8\Ci) 

where  Ci  C X,  i = 1 ,...,t  are  the  irreducible  components  of  dimension  1 with 
reduced  induced  scheme  structure  and  m i is  the  multiplicity  of  Ci  in  X. 

Proof.  Observe  that  the  statement  makes  sense  because  Ci 


->■  Spec (k)  is  proper 
Consider  the  open 

subscheme  Ui  = X\  ((J j&Cj)  and  let  A * C A be  the  scheme  theoretic  closure 


of  dimension  1 (Morphisms,  Lemmas  28.41.6  and  28.41.4 ) . 
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of  Ui . Note  that  X,  fl  Ui  = Ui  (scheme  theoretically)  and  that  X*  CiUj  =0  (set 
theoretically)  for  i j;  this  follows  from  the  description  of  scheme  theoretic  closure 
in  Morphisms,  Lemma|28.7.7|  Thus  we  may  apply  Lemma|32.33.4|to  the  morphism 
X'  = [JXi  — » X.  Since  it  is  clear  that  C*  C X,  (scheme  theoretically)  and  that 
the  multiplicity  of  C,  in  X,;  is  equal  to  the  multiplicity  of  C,  in  X,  we  see  that  we 
reduce  to  the  case  discussed  in  the  following  paragraph. 


Assume  X is  irreducible  with  generic  point  £.  Let  C = Xred  have  multiplicity  to. 
We  have  to  show  that  deg(£)  = TOdeg(£|c)-  Let  X C Ox  be  the  ideal  defining  the 
closed  subscheme  C.  Let  e > 0 be  minimal  such  that  Ie+1  = 0 (Cohomology  of 
Schemes,  Lemma  29.10.2|).  We  argue  by  induction  on  e.  If  e = 0,  then  X = C and 
the  result  is  immediate.  Otherwise  we  set  T = Xe  viewed  as  a coherent  ©c-module 
(Cohomology  of  Schemes,  Lemma  29.9.81.  Let  X'  C X be  the  closed  subscheme 
cut  out  by  the  coherent  ideal  Ie  and  let  m!  be  the  multiplicity  of  C in  X'.  Taking 
stalks  at  £ of  the  short  exact  sequence 


0 -»•  T ->  Ox  -»•  O x' 


0 


we  find  (use  Algebra,  Lemmas  10.51.3  10.51.6  and  10.51.5)  that 


m = lengthy ^Ox,i  = dimK(?)  + length ox,A°x'x  = r + m’ 

where  r is  the  rank  of  J as  a coherent  sheaf  on  C.  Tensoring  with  £ we  obtain  a 
short  exact  sequence 


0— > £\c  F — > £ —$£(£>  O x' 


0 


By  induction  we  have  y(£  <g)  Ox')  = TO'deg(£| c)-  By  Lemma  32.33.5  we  have 
\(£\ c ® F)  = rdeg(f  |c)  + nx(F).  Putting  everything  together  we  obtain  the 
result.  □ 


0AYX  Lemma  32.33.7.  Let  k be  a field,  let  X be  a proper  scheme  of  dimension  < 1 
over  k,  and  let  £,  V be  locally  free  Ox-niodules  of  constant  finite  rank.  Then 

deg(£  ®V)  = rank(£)  deg(V)  + ranfc(V)  deg(£) 


Proof.  By  Lemma  [32.33. 6|  and  elementary  arithmetic,  we  reduce  to  the  case  of  a 
proper  curve.  This  case  follows  from  Lemma [32. 33. 5|  □ 

0AYY  Lemma  32.33.8.  Let  k be  a field,  let  X be  a proper  scheme  of  dimension  < 1 
over  k.  Let  D be  an  effective  Cartier  divisor  on  X.  Then  D is  finite  over  Spec (k) 
of  degree  deg (D)  = dim^  F(D,  Od)-  For  a locally  free  sheaf  £ of  rank  n we  have 

deg  {£{D))  =ndeg(D)  + deg(f) 
where  £{D)  = £ ®ox  Ox(D). 


Proof.  Since  D is  nowhere  dense  in  X (Divisors,  Lemma  30.11. 4|)  we  see  that 


dim(D)  < 0.  Hence  D is  finite  over  k by  Lemma  32.17.2  Since  A;  is  a field,  the 


morphism  D — > Spec(fc)  is  finite  locally  free  and  hence  has  a degree  (Morphisms, 
Definition  28.45.1 ),  which  is  clearly  equal  to  dimfc  T(D,  Od)  as  stated  in  the  lemma. 
By  Divisors,  Definition  |30.11.l4|  there  is  a short  exact  sequence 

0 ->  Ox{D)  iJ*Ox{D)  ->  0 


where  i : D — > X is  the  closed  immersion.  Tensoring  with  £ we  obtain  a short  exact 
sequence 


0 ->  £ ->  £{D)  ->  iJ*£{D)  -)>  0 
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The  equation  of  the  lemma  follows  from  additivity  of  the  Euler  characteristic 
(Lemma  32.26.2)  and  Lemma  32.26.3  □ 


Lemma  32.33.9.  Let  k be  a field.  Let  f : X — ► Y be  a nonconstant  morphism  of 
proper  curves  over  k.  Let  £ be  a locally  free  Oy-module.  Then 


deg(/*£)  = deg(-XyY)  deg(£) 


Proof.  The  degree  of  X over  Y is  defined  in  Morphisms,  Definition  |28. 47. 8)  Thus 
f*Ox  is  a coherent  Oy-module  of  rank  deg(X/F),  i.e.,  deg {X/Y)  = dimK(£)(/*Ox){ 
where  £ is  the  generic  point  of  Y . Thus  we  obtain 

X(X,  f*£)  = x(X,  /*/*£) 

= X(Y,£®f*Ox) 

= deg  {X/Y)  deg(£)  + nX(Y,  f*Ox) 

= deg  {X/Y)  deg(£)  + nX(X,  Ox) 

as  desired.  The  first  equality  as  / is  finite,  see  Cohomology  of  Schemes,  Lemma 
|29.2.4|  The  second  equality  by  projection  formula,  see  Cohomology,  Lemma[20.43.2| 
The  third  equality  by  Lemma [32. 33. 5|  □ 


The  following  is  a trivial  but  important  consequence  of  the  results  on  degrees  above. 

0B40  Lemma  32.33.10.  Let  k be  a field.  Let  X be  a proper  curve  over  k.  Let  C be  an 
invertible  Ox -module. 

(1)  If  C has  a nonzero  section,  then  deg(£)  > 0. 

(2)  If  C has  a nonzero  section  s which  vanishes  at  a point,  then  deg(£)  > 0. 

(3)  If  C and  C -1  have  nonzero  sections,  then  C = Ox- 

(4)  If  deg(£)  < 0 and  C has  a nonzero  section,  then  £ = Ox- 


Proof.  Let  s be  a nonzero  section  of  C.  Since  X is  a curve,  we  see  that  s is  a regular 
section.  Hence  there  is  an  effective  Cartier  divisor  D C X and  an  isomorphism 
£ — > Ox{D)  mapping  s the  the  canonical  section  1 of  Ox{D),  see  Divisors,  Lemma 
30.11.21|  Then  deg(£)  = deg(D)  by  Lemma  32.33.8|  As  deg(D)  > 0 and  = 0 if 


and  only  if  D = 0,  this  proves  (1)  and  (2). 

In  case  (3)  we  see  that  deg(£)  = 0 and  D = 0.  Similarly  for  (4). 


□ 


0B5X  Lemma  32.33.11.  Let  k be  a field.  Let  X be  a proper  curve  over  k.  Let  £ be  an 
invertible  Ox-module.  Then  £ is  ample  if  and  only  if  deg(£)  > 0. 

Proof.  If  £ is  ample,  then  there  exists  an  n > 0 and  a section  s £ H°(X,£®n) 


with  Xs  affine.  Since  X isn’t  affine  (otherwise  by  Morphisms,  Lemma  28.43.10  X 
would  be  finite),  we  see  that  s vanishes  at  some  point.  Hence  deg(£Kln)  > 0 by 
Lemma  32.33.10  By  Lemma  32.33.7  we  conclude  that  deg(£)  = l/ndeg(£®")  > 0. 

Assume  deg(£)  > 0.  Then 

dinifc  H°(X,  £®n)  > X(X , £n)  = n deg(£)  + X(A,  Ox ) 

grows  linearly  with  n.  Hence  for  any  finite  collection  of  closed  points  x±, ...  ,Xt  of 
X,  we  can  find  an  n such  that  dim*,  H°(X,  £®n ) > dim*,  k{x{).  (Recall  that  by 
Hilbert  Nullstellensatz,  the  extension  fields  k C n(xi)  are  finite,  see  for  example 
Morphisms,  Lemma  28.20.3).  Hence  we  can  find  a nonzero  s £ H°(X,£®n)  van- 


ishing in  Xi, . . . ,xt.  In  particular,  if  we  choose  aq, . . . , xt  such  that  X \ {aq, . . . , xt} 
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is  affine,  then  Xs  is  affine  too  (for  example  by  Properties,  Lemma  27.26.4  although 
if  we  choose  our  finite  set  such  that  £|jc\{xi,...,xt}  is  trivial,  then  it  is  immediate). 
The  conclusion  is  that  we  can  find  an  n > 0 and  a nonzero  section  s £ H°(X,  £®n) 
such  that  X,  is  affine. 


We  will  show  that  for  every  quasi-coherent  sheaf  of  ideals  I there  exists  an  m > 0 
such  that  H1(X,X  ® £®m)  is  zero.  This  will  finish  the  proof  by  Cohomology  of 
Schemes,  Lemma[29.16.1|  To  see  this  we  consider  the  maps 

iAi«  £®n  A i (8)  c®2n  A . . . 


0B5Y 


Since  X is  torsion  free,  these  maps  are  injective  and  isomorphisms  over  X, 
the  cokernels  have  vanishing  H 1 (by  Cohomology  of  Schemes,  Lemma 
example).  We  conclude  that  the  maps  of  vector  spaces 

H\X,1)  ->  H1(X,I®£®n)  ->  H\X,X®£®2n)  ->  ... 


29.9.10 


hence 
for 


are  surjective.  On  the  other  hand,  the  dimension  of  H1(X,I)  is  finite,  and  every 
element  maps  to  zero  eventually  by  Cohomology  of  Schemes,  Lemma[29.16.4|  Thus 
for  some  e > 0 we  see  that  Hl(X,X  £g)  £®en)  is  zero.  This  finishes  the  proof.  □ 


Lemma  32.33.12.  Let  k be  a field.  Let  X be  a proper  scheme  of  dimension 
< 1 over  k.  Let  C be  an  invertible  Ox-module.  Let  Ci  C X,  i = 1 , . . . ,t  be  the 
irreducible  components  of  dimension  1.  The  following  are  equivalent: 

(1)  £ is  ample,  and 

(2)  deg(£|<~)  > 0 for  i = 1, . . . ,t. 


Proof.  Let  x\,. . . ,xr  £ X be  the  isolated  closed  points.  Think  of  Xi  = Spec(re(ah)) 
as  a scheme.  Consider  the  morphism  of  schemes 

/ : Cx  II . . . II  Ct  II  xi  II . . . II  xr  — > X 

This  is  a finite  surjective  morphism  of  schemes  proper  over  k (details  omitted). 
Thus  £ is  ample  if  and  only  if  f*£  is  ample  (Cohomology  of  Schemes,  Lemma 


0B8Y  Lemma  32.33.13.  Let  k be  a field.  Let  X be  a curve  over  k.  Let  x £ X be  a 
closed  point.  We  think  of  x as  a (reduced)  closed  subscheme  of  X with  sheaf  of 
ideals  X.  The  following  are  equivalent 

(1)  Ox,x  is  regular, 

(2)  Ox,x  is  normal, 

(3)  Ox, x is  a discrete  valuation  ring , 

(4)  X is  an  invertible  Ox -module, 

(5)  x is  an  effective  Cartier  divisor  on  X . 

If  k is  perfect,  these  are  also  equivalent  to 

(6)  X — > Spec(fc)  is  smooth  at  x. 


29.16.2 1.  Thus  we  conclude  by  Lemma  32.33.11 


□ 


Proof.  Since  X is  a curve,  the  local  ring  Ox,x  is  a Noetherian  local  domain  of 
dimension  1 (Lemma  32.17. 3|).  Parts  (4)  and  (5)  are  equivalent  by  definition  and 
are  equivalent  to  Xx  = rrix  C Ox,x  having  one  generator  (Divisors,  Lemma  30.12.2 ). 
The  equivalence  of  (1),  (2),  (3),  (4),  and  (5)  therefore  follows  from  Algebra,  Lemma 
IIP. 118.71  The  final  statement  follows  from  Lemma (32.20.81  □ 


0B8Z 


Lemma  32.33.14.  Let  k be  an  algebraically  closed  field.  Let  X be  a proper  curve 
over  k.  Then  there  exist 
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(1)  an  invertible  Ox-module  X with  dim kH°(X,C)  = 1 and  H1(X,X)  = 0, 
and 

(2)  an  invertible  Ox -module  A f with  dim^  H°(X,Af)  = 0 and  H1(X,Af)  = 0. 


Proof.  Choose  a closed  immersion  i : X — >•  PJj  (Lemma  32.32.4 1 . Setting  X = 
i*Opr,  (d)  for  d 0 we  see  that  there  exists  an  invertible  sheaf  X with  H°(X,  X)  ^ 0 

for  vanishing 


29.16.1 


and  fL1(X,  X)  = 0 (see  Cohomology  of  Schemes,  Lemma 
and  the  references  therein  for  nonvanishing).  We  will  finish  the  proof  of  (1)  by 
descending  induction  on  t = dim*,  H°(X,  X).  The  base  case  t = 1 is  trivial.  Assume 
t > 1. 


Let  U C X be  the  nonempty  open  subset  of  nonsingular  points  studied  in  Lemma 
32.20.8  Let  s £ H°(X,  X)  be  nonzero.  There  exists  a closed  point  x £ U such  that 
s does  not  vanish  in  x.  Let  X be  the  ideal  sheaf  of  i : x — > X as  in  Lemmar32.33.13l 
Look  at  the  short  exact  sequence 


0 — y X &)qx  X — f X — ^ i*i  X — y 0 

Observe  that  H°(X,  ifi*  X)  = H°(x,i*X)  has  dimension  1 as  x is  a ^-rational  point 
(k  is  algebraically  closed).  Since  s does  not  vanish  at  x we  conclude  that 

H°{X,X ) — > H°(X,ui*X) 

is  surjective.  Hence  dimfc  H°(X, X®qx  X)  = t—  1.  Finally,  the  long  exact  sequence 
of  cohomology  also  shows  that  H1(X,X  ®ox  X)  = Q thereby  finishing  the  proof  of 
the  induction  step. 


To  get  an  invertible  sheaf  as  in  (2)  take  an  invertible  sheaf  X as  in  (1)  and  do  the 
argument  in  the  previous  paragraph  one  more  time.  □ 


0B90  Lemma  32.33.15.  Let  k be  an  algebraically  closed  field.  Let  X be  a proper 
curve  over  k.  Set  g = dim^  H1(X,  Ox)-  For  every  invertible  Ox-m,odule  X with 
deg(£)  > 2g  — 1 we  have  H 1 ( X , X)  = 0. 


Proof.  Let  A f be  the  invertible  module  we  found  in  Lemma  32.33.14  part  (2).  The 
degree  of  Af  is  x^tAT)  — x{X,  Ox)  = 0 — (1  — g)  = g — 1.  Hence  the  degree  of 
X ® A f®-1  is  deg(£)  — (g  — 1)  > g.  Hence  x(A,  X ® A/"®-1)  >g+l  — g = l.  Thus 
there  is  a nonzero  global  section  s whose  zero  scheme  is  an  effective  Cartier  divisor 
D of  degree  deg(£)  — (g  — 1).  This  gives  a short  exact  sequence 


0^AT-^X^u{X\d)^0 

where  i : D — ► X is  the  inclusion  morphism.  We  conclude  that  H°( X,X)  maps 
isomorphically  to  H°(D,T>\d)  which  has  dimension  deg(£)  — (g  — 1).  The  result 
follows  from  the  definition  of  degree.  □ 


32.34.  Numerical  intersections 

OBEL  In  this  section  we  play  around  with  the  Euler  characteristic  of  coherent  sheaves  on 
proper  schemes  to  obtain  numerical  intersection  numbers  for  invertible  modules. 
Our  main  tool  will  be  the  following  lemma. 

OBEM  Lemma  32.34.1.  Let  k be  a field.  Let  X be  a proper  scheme  over  k.  Let  F be  a 
coherent  Ox -module.  Let  X\,...,Xr  be  invertible  Ox -modules.  The  map 

(n1;...,nr)  i — > x{X,F  ® Xfni  ® . . . ® £?ni) 
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is  a numerical  polynomial  in  n\) . . . ,nr  of  total  degree  at  most  the  dimension  of  the 
support  of  F. 


Proof.  We  prove  this  by  induction  on  dim(Supp(.F)).  If  this  number  is  zero, 


then  the  function  is  constant  with  value  dim^  T(X,  F)  by  Lemma  32.26.3  Assume 
dim(Supp(Jr))  > 0. 

If  F has  embedded  associated  points,  then  we  can  consider  the  short  exact  sequence 
0— > K,  — > F — > F'  — >-0  constructed  in  Divisors,  Lemma  30.4.5  Since  the  dimension 


of  the  support  of  K,  is  strictly  less,  the  result  holds  for  K,  by  induction  hypothesis 
and  with  strictly  smaller  total  degree.  By  additivity  of  the  Euler  characteristic 


(Lemma  32.26.2)  it  suffices  to  prove  the  result  for  F' . Thus  we  may  assume  F does 
not  have  embedded  associated  points. 

If  i : Z — ► X is  a closed  immersion  and  F = i^Q,  then  we  see  that  the  result 
for  X,  F,  Ci,...,Cr  is  equivalent  to  the  result  for  Z,  Q,  i*Ci, . . . , i*Lr  (since 
the  cohomologies  agree,  see  Cohomology  of  Schemes,  Lemma  29.2.4).  Applying 


Divisors,  Lemma  |30.4.6  we  may  assume  that  X has  no  embedded  components  and 
X = Supp(Jr). 


Pick  a regular  meromorphic  section  s of  £i,  see  Divisors,  Lemma  30.20.13 
X C Ox  be  the  ideal  of  denominators  of  s and  consider  the  maps 


Let 


XF  — ^ X",  XF  — ^ F 0 X\ 

of  Divisors,  Lemma  30.20.16  These  are  injective  and  have  cokernels  Q , Q'  sup- 


ported on  nowhere  dense  closed  subschemes  of  X = Supp(X).  Tensoring  with  the 
invertible  module  Cfm  ® ® Cfni  is  exact,  hence  using  additivity  again  we  see 

that 


X(X,  F <g>  Cf ni  ® . . . 0 Cf ni ) - X(X,  F <g>  Cf ni+1  ® . . . ® Cfni ) 
= x(Q  ® £?ni  « • • • ® £fni)  - x(Q'  ® Xfni  « « £fni) 


Thus  we  see  that  the  function  P{ri\ , . . . , nr ) of  the  lemma  has  the  property  that 


P(ni  + 1,  n2,  • ■ • , nr)  - P(ni,  ...,nr) 


is  a numerical  polynomial  of  total  degree  < the  dimension  of  the  support  of  F . Of 
course  by  symmetry  the  same  thing  is  true  for 

P{ni,  ■ ■ • + l,ni+i, . ..,nr)  - P(ni,  ...,nr) 

for  any  jg  {l,...,r}.  A simple  arithmetic  argument  shows  that  P is  a numerical 
polynomial  of  total  degree  at  most  dim(Supp(X)).  □ 


The  following  lemma  roughly  shows  that  the  leading  coefficient  only  depends  on 
the  length  of  the  coherent  module  in  the  generic  points  of  its  support. 

0BEN  Lemma  32.34.2.  Let  k be  a field.  Let  X be  a proper  scheme  over  k.  Let  F 
be  a coherent  Ox -module.  Let  jCi,...,jCr  be  invertible  Ox -modules.  Let  d = 
dim (Supp(F)).  Let  Zt  <Z  X be  the  irreducible  components  of  Supp(F)  of  dimension 
d.  Let  £ Zi  be  the  generic  point  and  set  mi  = length0x  (F^)  Then 

X(X,F  8 Cfni  ® • • • ® Cfni)  - V rm  X(Zh  Cfni  8 . . . 8 Cfni  \zt) 

Z — ' % 

is  a numerical  polynomial  in  n\, . . . ,nr  of  total  degree  < d. 
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Proof.  Consider  pairs  (£,  Z)  where  Z C X is  an  integral  closed  subscheme  of 
dimension  d and  £ is  its  generic  point.  Then  the  finite  0x,£-module  Tjc  has  support 
contained  in  {£}  hence  the  length  rriz  = lengthy  (J7^)  is  finite  (Algebra,  Lemma 


10.61.3)  and  zero  unless  Z = Zi  for  some  i.  Thus  the  expression  of  the  lemma  can 


be  written  as 


E{E)  = X(X,T®£f 


®ni 


>Cf ni)-Y,mz  x(Z,Cf 


®ni 


>Cfni\z) 


where  the  sum  is  over  integral  closed  subschemes  Z C A'  of  dimension  d.  The 
assignement  T i-A  E{F)  is  additive  in  short  exact  sequences  0 — ► T — > T'  — > 
X"  — > 0 of  coherent  Ox-modules  whose  support  has  dimension  < d.  This  follows 


from  additvity  of  Euler  characteristics  (Lemma  32.26.2 ) and  additivity  of  lengths 
(Algebra,  Lemma  10.51.3).  Let  us  apply  Cohomology  of  Schemes,  Lemma  29.12.3 
to  find  a filtration 

0 = To  C Ti  C . . . C Em  = J- 

by  coherent  subsheaves  such  that  for  each  j = 1 ,m  there  exists  an  integral 
closed  subscheme  Vj  C X and  a sheaf  of  ideals  Tj  C Oy.  such  that 

— \ — {Vj  t -A  ) * Xj 

By  the  additivity  we  remarked  upon  above  it  suffices  to  prove  the  result  for  each 
of  the  subquotients  Ej/Ej-\.  Thus  it  suffices  to  prove  the  result  when  T = (V  — > 
X)„X  where  V C X is  an  integral  closed  subscheme  of  dimension  < d.  If  dim(P)  < d 
and  more  generally  for  T whose  support  has  dimension  < d,  then  the  first  term 
in  E{E)  has  total  degree  < d by  Lemma  32.34.1  and  the  second  term  is  zero.  If 


dim(P)  = d,  then  we  can  use  the  short  exact  sequence 

0 ->  {V  ->  X)*T  {V  -►  X)*Ov  -A  {V  -A  X)40v/1)  -»■  0 

The  result  holds  for  the  middle  sheaf  because  the  only  Z occuring  in  the  sum  is 
Z = V with  niz  = 1 and  because 


ir{x,({v->x).ov)- 


>cfni 


)Cfni)  = Hi{V,Cf 


>Cfn'\v) 


OBEP 


by  the  projection  formula  (Cohomology,  Section  20.43 ) and  Cohomology  of  Schemes, 
Lemma  29.2.4  so  in  this  case  we  actually  have  E{E)  = 0.  The  result  holds  for  the 
sheaf  on  the  right  because  its  support  has  dimension  < d.  Thus  the  result  holds  for 
the  sheaf  on  the  left  and  the  lemma  is  proved.  □ 

Definition  32.34.3.  Let  k be  a field.  Let  X be  a proper  scheme  over  k.  Let 
* : Z — > X be  a closed  subscheme  of  dimension  d.  Let  C±,...,Cd  be  invertible 
Ox-iuodules.  We  define  the  intersection  number  {C\  ■ ■ ■ Cd-  Z)  as  the  coefficient  of 
n\  . . .nd  in  the  numerical  polynomial 

X(X,  uOz  0 Efni  0 ...  0 C®nd)  = X{Z,  £fni  0 . 


>£ 


In  the  special  case  that  C\  = . . . = Cd  = C we  write  {Cd  ■ Z). 


The  displayed  equality  in  the  lemma  follows  from  the  projection  formula  (Coho- 


mology, Section  20.43)  and  Cohomology  of  Schemes,  Lemma  29.2.4  We  prove  a 


few  lemmas  for  these  intersection  numbers. 


0BEQ  Lemma  32.34.4.  In  the  situation  of  Deftnition\32.34-3\  the  intersection  number 
{C\  ■ ■ ■ Cd  ■ Z)  is  an  integer. 
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Proof.  Any  numerical  polynomial  of  degree  e in  n\, . . . , nd  can  be  written  uniquely 
as  a Z-linear  combination  of  the  functions  (™()  (^)  . . . with  ki  + . . . + kd  < e. 
Apply  this  with  e = d.  Left  as  an  exercise.  □ 


OBER  Lemma  32.34.5.  In  the  situation  of  Definition  32.34-3  the  intersection  number 
(£i  • • • Cd  ■ Z)  is  additive:  if  Ci  = C!i  ® C'f , then  we  have 

■ ■ ■ Ci  - ■ ■ Cd  ■ Z)  = (Ci  ■■■£[■■■  Cd  ■ Z)  + (Ci  ■ ■ ■ C”  ■ ■ ■ Cd  ■ Z) 

Proof.  This  is  true  because  by  Lemma  [32.34. 1|  the  function 

(nr,  ■ ■ • , m-u  n',  n",  ni+1,  ...,nd)»  X(Z,  Cfn'®. . • -^Td\z) 

is  a numerical  polynomial  of  total  degree  at  most  d in  d + 1 variables.  □ 


OBES 


Lemma  32.34.6.  In  the  situation  of  Definition  32.34-3  let  Zi  C Z be  the  irre- 
ducible components  of  dimension  d.  Let  mi  = length^, x ( Oz ) where  £j  £ Zi  is 
the  generic  point.  Then 


(Ci  - ■ ■ Cd  ■ Z)  = ^ rrijfCi  ■■■ Cd  ■ Z.f) 
Proof.  Immediate  from  Lemma  T32.34. 21  and  the  definitions. 


□ 


OBET 


Lemma  32.34.7.  Let  k be  a field.  Let  f : Y — ► X be  a morphism  of  proper 
schemes  over  k.  Let  Z C Y be  an  integral  closed  subscheme  of  dimension  d and  let 
Ci, . . . ,Cd  be  invertible  Ox -'modules.  Then 

(f*Ci  ■ ■ ■ f*Cd  ■ Z)  = deg(/|z  : Z — t /(^))(£i  f(Z )) 

where  deg (Z  -A  f(Z))  is  as  in  Morphisms,  Definition  28-47.8  or  0 if  dim(f  (Z))  < d. 


Proof.  The  left  hand  side  is  computed  using  the  coefficient  of  ni . . .nd  in  the 
function 

i f*Cfni  <g> . 


x(Y,Oz®fC¥ni®...®f*C®nd)  = }^(-iyx(X,  RlfiOz®Cfni  ® 

The  equality  follows  from  Lemma  |32.26.5|  and  the  projection  formula  (Cohomol- 
ogy, Lemma  |20.43.2 1.  If  f(Z)  has  dimension  < d,  then  the  right  hand  side  is  a 
polynomial  of  total  degree  < d by  Lemma  32.34.1  and  the  result  is  true.  Assume 
dim (f(Z))  = d.  Let  £ £ f(Z)  be  the  generic  point.  By  dimension  theory  (see  Lem- 
mas 32.17.3  and  32.17.4)  the  generic  point  of  Z is  the  unique  point  of  Z mapping 


to  £.  Then  / : Z — > f(Z)  is  finite  over  a nonempty  open  of  f(Z),  see  Morphisms, 
Lemma  28.47.1  Thus  deg (/  : Z — > f(Z))  is  defined  and  in  fact  it  is  equal  to  the 


length  of  the  stalk  of  f*Oz  at  £ over  Ox£-  Moreover,  the  stalk  of  Rlf*Ox  at  £ is 
zero  for  * > 0 because  we  just  saw  that  f\z  is  finite  in  a neighbourhood  of  £ (so 


that  Cohomology  of  Schemes,  Lemma  29.9.9  gives  the  vanishing).  Thus  the  terms 
X'(X,  Rlf*Oz  ® Cfni  ® . . . ® C®nd)  with  i > 0 have  total  degree  < d and 

x(XJ*Oz®Cfni®...®C®nd)  = deg (/  : Z ^ f(Z))x(f(Z),Cfn^®...®CTd\nz)) 

modulo  a polynomial  of  total  degree  < d by  Lemma  |32.34.2  The  desired  result 
follows.  □ 


OBEU  Lemma  32.34.8.  Let  k be  a field.  Let  X be  proper  over  k.  Let  Z C X be  a closed 
subscheme  of  dimension  d.  Let  Ci, ...  ,Cd  be  invertible  Ox -modules.  Assume  there 
exists  an  effective  Cartier  divisor  D C Z such  that  Cfi\z  — Oz(D).  Then 

(Ci---Cd-Z)  = (C-2---Cd- D) 


32.34.  NUMERICAL  INTERSECTIONS 


2315 


Proof.  We  may  replace  X by  Z and  Ci  by  C%  | z • Thus  we  may  assume  X = Z 
and  C\  = Ox(D).  Then  Cf1  is  the  ideal  sheaf  of  D and  we  can  consider  the  short 
exact  sequence 

0 -A  £f_1  -A  Ox  ->  Od  -¥  0 

Set  P(nu...,nd)  = x(X,£?ni  0 ...0£f"rf)  and  Q(m,...,nd)  = X(D,C fni  0 
...  0 C®nd  |d).  We  conclude  from  additivity  that 

P(ni,  ...,nd)~  P(m  - 1,  n2, . . . , nd)  = Q(r q, . . . , nd) 

Because  the  total  degree  of  P is  at  most  d,  we  see  that  the  coefficient  of  n\  . . . nd 
in  P is  equal  to  the  coefficient  of  n2  . . . nd  in  Q.  □ 

OBEV  Lemma  32.34.9.  Let  k be  a field.  Let  X be  proper  over  k.  Let  Z C X be  a closed 
subscheme  of  dimension  d.  If  C\,  . . . , Cd  are  ample,  then  {C\  ■ ■ ■ Cd  ■ Z)  is  positive. 


Proof.  We  will  prove  this  by  induction  on  d.  The  case  d = 0 follows  from  Lemma 
|32.26.3|  Assume  d X 0.  By  Lemma  |32.34.6|  we  may  assume  that  Z is  an  integral 
closed  subscheme.  In  fact,  we  may  replace  X by  Z and  Ci  by  C,\z  to  reduce  to  the 
case  Z = X is  a proper  variety  of  dimension  d.  By  Lemma |32. 34. 5|  we  may  replace 
C\  by  a positive  tensor  power.  Thus  we  may  assume  there  exists  a nonzero  section 
s £ T(A,£i)  such  that  Xs  is  affine  (here  we  use  the  definition  of  ample  invertible 
sheaf,  see  Properties,  Definition  |27.26.1 1 . Observe  that  X is  not  affine  because 
proper  and  affine  implies  finite  (Morphisms,  Lemma  28.43.10 1 which  contradicts 


d > 0.  It  follows  that  s has  a nonempty  vanising  scheme  Z(s)  C X.  Since  A is  a 
variety,  s is  a regular  section  of  C\,  so  Z(s)  is  an  effective  Cartier  divisor,  thus  Z(s) 
has  codimension  1 in  X,  and  hence  Z(s)  has  dimension  d—  1 (here  we  use  material 
from  Divisors,  Sections  30.11|  and  |30.12|  and  from  dimension  theory  as  in  Lemma 
32.17.3).  By  Lemma  32.34.8  we  have 


{Ci---Cd-X)  = {C2---Cd- Z{s)) 


By  induction  the  right  hand  side  is  positive  and  the  proof  is  complete.  □ 

OBEW  Definition  32.34.10.  Let  k be  a field.  Let  X be  a proper  scheme  over  k.  Let 
C be  an  ample  invertible  Ox-module.  For  any  closed  subscheme  the  degree  of  Z 
with  respect  to  C , denoted  deg c{Z),  is  the  the  intersection  number  ( Cd  ■ Z)  where 
d = dim(0). 


OBEX 


By  Lemma [32.34.9|  the  degree  of  a subscheme  is  always  a positive  integer.  We  note 
that  &egc(Z)  = d if  and  only  if 


x(Z,C®n\z) 


d 

dim(Z)! 


ndim(Z)  + lot 


as  can  be  seen  using  that 

(m  + . . . + ndim(z))dim(Z)  = dim(Z)!  ni . . . ndim(x)  + other  terms 


Lemma  32.34.11.  Let  k be  a field.  Let  f :Y  — > X be  a finite  dominant  morphism 
of  proper  varieties  over  k.  Let  C be  an  ample  invertible  Ox -module.  Then 


deg fAY)  = deS (/)  deg£(X) 
where  deg(/)  is  as  in  Morphisms,  Definition\28 .f.7^8 


Proof.  The  statement  makes  sense  becase  f*C  is  ample  by  Morphisms,  Lemma 
|28.37.7|  Having  said  this  the  result  is  a special  case  of  Lemma |32.34.7|  □ 
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OBEY 


Finally  we  relate  the  intersection  number  with  a curve  to  the  notion  of  degrees  of 
invertible  modules  on  curves  introduced  in  Section  [32.331 

Lemma  32.34.12.  Let  k be  a field.  Let  X be  a proper  scheme  over  k.  Let  Z C X 
be  a closed  subscheme  of  dimension  < 1.  Let  C be  an  invertible  Ox -module.  Then 

(C-Z)  = deg(£|z) 


where  deg(C\z)  is  as  in  Definition  32.33.1  If  C is  ample,  then  degc(Z)  = deg(C\z). 


0BJ8 


Proof.  This  follows  from  the  fact  that  the  function  n H »•  x(Z,  £| ®")  has  degree  1 
and  hence  the  leading  coefficient  is  the  difference  of  consecutive  values.  □ 

Proposition  32.34.13  (Asymptotic  Riemann-Roch).  Let  k be  a field.  Let  X be 
a proper  scheme  over  k of  dimension  d.  Let  C be  an  ample  invertible  Ox -module. 
Then 

dimfc  r(X,  C®n)  ~ cnd  + l.o.t. 
where  c = degc  (X)/<i!  is  a positive  constant. 


Proof.  This  follows  immediately  from  the  definitions  and  Lemma  32.34.9 


□ 
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Topologies  on  Schemes 


020K 


33.1.  Introduction 


020L  In  this  document  we  explain  what  the  different  topologies  on  the  category  of  schemes 
are.  Some  references  are  |Gro71|  and  IBLR901.  Before  doing  so  we  would  like  to 
point  out  that  there  are  many  different  choices  of  sites  (as  defined  in  Sites,  Definition 


7.6.2 ) which  give  rise  to  the  same  notion  of  sheaf  on  the  underlying  category.  Hence 


our  choices  may  be  slightly  different  from  those  in  the  references  but  ultimately  lead 
to  the  same  cohomology  groups,  etc. 


33.2.  The  general  procedure 

020M  In  this  section  we  explain  a general  procedure  for  producing  the  sites  we  will  be 
working  with.  Suppose  we  want  to  study  sheaves  over  schemes  with  respect  to  some 
topology  r.  In  order  to  get  a site,  as  in  Sites,  Definition|7.6.2[  of  schemes  with  that 
topology  we  have  to  do  some  work.  Namely,  we  cannot  simply  say  “consider  all 
schemes  with  the  Zariski  topology”  since  that  would  give  a “big”  category.  Instead, 
in  each  section  of  this  chapter  we  will  proceed  as  follows: 

(1)  We  define  a class  CovT  of  coverings  of  schemes  satisfying  the  axioms  of 
Sites,  Definition  |7.6.2|  It  will  always  be  the  case  that  a Zariski  open 
covering  of  a scheme  is  a covering  for  r. 

(2)  We  single  out  a notion  of  standard  r-covering  within  the  category  of  affine 
schemes. 

(3)  We  define  what  is  an  “absolute”  big  r-site  SchT . These  are  the  sites  one 
gets  by  appropriately  choosing  a set  of  schemes  and  a set  of  coverings. 

(4)  For  any  object  S of  SchT  we  define  the  big  r-site  ( Sch/S)T  and  for  suitable 
r the  smaljj  r-site  ST. 

(5)  In  addition  there  is  a site  {Aff/ S)T  using  the  notion  of  standard  r-covering 
of  afRnes  whose  category  of  sheaves  is  equivalent  to  the  category  of  sheaves 
on  ( Sch/S)T . 

The  above  is  a little  clumsy  in  that  we  do  not  end  up  with  a canonical  choice  for 
the  big  r-site  of  a scheme,  or  even  the  small  r-site  of  a scheme.  If  you  are  willing 
to  ignore  set  theoretic  difficulties,  then  you  can  work  with  classes  and  end  up  with 
canonical  big  and  small  sites... 


1 The  words  big  and  small  here  do  not  relate  to  bigness/smallness  of  the  corresponding 
categories. 
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33.3.  The  Zariski  topology 


Definition  33.3.1.  Let  T be  a scheme.  A Zariski  covering  of  T is  a family  of 
morphisms  {/,;  : Ti  — > T}ig/  of  schemes  such  that  each  fi  is  an  open  immersion  and 
such  that  T = {Jfi(Ti). 


This  defines  a (proper)  class  of  coverings.  Next,  we  show  that  this  notion  satisfies 


the  conditions  of  Sites,  Definition  7.6.2 


Lemma  33.3.2.  Let  T be  a scheme. 

(1)  IfT'—^T  is  an  isomorphism  then  { T'  — >•  T}  is  a Zariski  covering  of  T . 

(2)  If  {Ti  — > T}ig/  is  a Zariski  covering  and  for  each  i we  have  a Zariski 

covering  {Tij  — >•  Ti}jeji,  then  {Tjj  — > is  a Zariski  covering. 

(3)  If  {Ti  — > T}ig/  is  a Zariski  covering  and  T'  — > T is  a morphism  of  schemes 
then  {T'  Xj-Ti  ->  T'j-.jg/  is  a Zariski  covering. 


Proof.  Omitted. 


□ 


Lemma  33.3.3.  LetT  be  an  affine  scheme.  Let  {Ti  — > T},e/  be  a Zariski  covering 
ofT.  Then  there  exists  a Zariski  covering  {Uj  — > T}j= which  is  a refinement 
of  {Ti  — » T}iS/  such  that  each  Uj  is  a standard  open  ofT,  see  Schemes,  Definition 


25.5.2.  Moreover,  we  may  choose  each  Uj  to  be  an  open  of  one  of  the  Ti. 


Proof.  Follows  as  T is  quasi-compact  and  standard  opens  form  a basis  for  its 
topology.  This  is  also  proved  in  Schemes,  Lemma  25.5.1  □ 


Thus  we  define  the  corresponding  standard  coverings  of  afhnes  as  follows. 


Definition  33.3.4.  Compare  Schemes,  Definition  25.5.2  Let  T be  an  affine 
scheme.  A standard  Zariski  covering  of  T is  a a Zariski  covering  {Uj  — > T}j- 
with  each  Uj 


T inducing  an  isomorphism  with  a standard  affine  open  of  T . 


Definition  33.3.5.  A big  Zariski  site  is  any  site  Schzar  as  in  Sites,  Definition 
17.6.21  constructed  as  follows: 

(1)  Choose  any  set  of  schemes  So,  and  any  set  of  Zariski  coverings  Cov0  among 
these  schemes. 

(2)  As  underlying  category  of  Schzar  take  any  category  Scha  constructed  as 
in  Sets,  Lemma [3. 9. 2| starting  with  the  set  So- 
ft) As  coverings  of  Schzar  choose  any  set  of  coverings  as  in  Sets,  Lemma 

[rTTT  starting  with  the  category  Scha  and  the  class  of  Zariski  coverings, 
and  the  set  Covq  chosen  above. 


It  is  shown  in  Sites,  Lemma  [7. 8. 6|  that,  after  having  chosen  the  category  Scha , the 
category  of  sheaves  on  Scha  does  not  depend  on  the  choice  of  coverings  chosen  in 

(3)  above.  In  other  words,  the  topos  Sh(Schzar)  only  depends  on  the  choice  of  the 
category  Scha.  It  is  shown  in  Sets,  Lemma  [3.9.9|  that  these  categories  are  closed 
under  many  constructions  of  algebraic  geometry,  e.g.,  fibre  products  and  taking 
open  and  closed  subschemes.  We  can  also  show  that  the  exact  choice  of  Scha  does 
not  matter  too  much,  see  Section  [33. 10| 

Another  approach  would  be  to  assume  the  existence  of  a strongly  inaccessible  car- 
dinal and  to  define  Schzar  to  be  the  category  of  schemes  contained  in  a chosen 


33.3.  THE  ZARISKI  TOPOLOGY 


2320 


universe  with  set  of  coverings  the  Zariski  coverings  contained  in  that  same  uni- 
verse. 


Before  we  continue  with  the  introduction  of  the  big  Zariski  site  of  a scheme  S,  let 
us  point  out  that  the  topology  on  a big  Zariski  site  Schzar  is  in  some  sense  induced 
from  the  Zariski  topology  on  the  category  of  all  schemes. 


03WV 


020T 


Lemma  33.3.6.  Let  Schzar  be  a big  Zariski  site  as  in  Definition  33.3.5  Let 
T £ Ob  (Schzar)-  Let  {Tj  — > T}ig/  be  an  arbitrary  Zariski  covering  of  T . There 
exists  a covering  {Uj  — > T}jgj  of  T in  the  site  Schzar  which  is  tautologically 
equivalent  (see  Sites , Definition  7.8.2)  to  {Ti  — » T}ig/. 


Proof.  Since  each  Ti  — >■  T is  an  open  immersion,  we  see  by  Sets,  Lemma  |3.9.9| 
that  each  Ti  is  isomorphic  to  an  object  V,  of  Schzar ■ The  covering  {Vi  — > T}ig/  is 
tautologically  equivalent  to  {Ti  — > T}igj  (using  the  identity  map  on  I both  ways). 
Moreover,  {Vi  — t T}iei  is  combinatorially  equivalent  to  a covering  {Uj  — > T}jej  of 
T in  the  site  Schzar  by  Sets,  Lemma [3. 11. 1|  □ 


Definition  33.3.7.  Let  S'  be  a scheme.  Let  Schzar  be  a big  Zariski  site  containing 

S. 


(1)  The  big  Zariski  site  of  S,  denoted  ( Sch/S)zar , is  the  site  Schzar/ S intro- 
duced in  Sites,  Section  [7724 

(2)  The  small  Zariski  site  of  S,  which  we  denote  Szan  is  the  full  subcategory 
of  {Sch/ S)zar  whose  objects  are  those  U/S  such  that  U — >■  S is  an  open 
immersion.  A covering  of  Szar  is  any  covering  {Ui  — > U}  of  (Sch/ S)zar 
with  U £ Ob  (Szar)- 

(3)  The  big  affine  Zariski  site  of  S,  denoted  (Aff/ S)zar,  is  the  full  subcategory 
of  (Sch/ S) Zar  whose  objects  are  affine  U/S.  A covering  of  (Ajf/S)zar  is 
any  covering  {Ui  —>  U}  of  (Sch/ S)zar  which  is  a standard  Zariski  covering. 


ft  is  not  completely  clear  that  the  small  Zariski  site  and  the  big  affine  Zariski  site 
are  sites.  We  check  this  now. 


020U  Lemma  33.3.8.  Let  S be  a scheme.  Let  Schzar  be  a big  Zariski  site  containing 
S.  Both  Szar  and  (Aff/ S)zar  are  sites. 

Proof.  Let  us  show  that  Szar  is  a site.  It  is  a category  with  a given  set  of  families 
of  morphisms  with  fixed  target.  Thus  we  have  to  show  properties  (1),  (2)  and  (3)  of 
Sites,  Definition  7.6.2  Since  (Sch/ S)zar  is  a site,  it  suffices  to  prove  that  given  any 
covering  {Ui  — ► 17}  of  (Sch/  S)zar  with  U £ Ob  (Szar)  we  also  have  Ui  £ Ob(Szar)- 
This  follows  from  the  definitions  as  the  composition  of  open  immersions  is  an  open 
immersion. 

Let  us  show  that  (Aff/S)zar  is  a site.  Reasoning  as  above,  it  suffices  to  show  that 
the  collection  of  standard  Zariski  coverings  of  affines  satisfies  properties  (1),  (2)  and 
(3)  of  Sites,  Definition  7.6.2  Let  R be  a ring.  Let  /i, . . . , fn  £ R generate  the  unit 
ideal.  For  each  i £ {1, . . . , n}  let  gn, . . . , gini  £ Rfi  be  elements  generating  the  unit 
ideal  of  Rft.  Write  gij  = fij/f/'3  which  is  possible.  After  replacing  ftj  by  fifij  if 
necessary,  we  have  that  D(fij)  C D(fi)  = Spec (-R/J  is  equal  to  D(gij)  C Spec(i?/;). 
Hence  we  see  that  the  family  of  morphisms  {D(g.ij)  — > Spec(R)}  is  a standard 
Zariski  covering.  From  these  considerations  it  follows  that  (2)  holds  for  standard 
Zariski  coverings.  We  omit  the  verification  of  (1)  and  (3).  □ 
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020V  Lemma  33.3.9.  Let  S be  a scheme.  Let  Schzar  be  a big  Zariski  site  containing  S . 
The  underlying  categories  of  the  sites  Schzar,  ( Sch/S)zar , Szar,  and  (Aff/S)zar 
have  fibre  products.  In  each  case  the  obvious  functor  into  the  category  Sch  of  all 
schemes  commutes  with  taking  fibre  products.  The  categories  (Sch/ S)zar,  and  Szar 
both  have  a final  object,  namely  S/S. 

Proof.  For  Schzar  it  is  true  by  construction,  see  Sets,  Lemma  [3. 9. 9|  Suppose  we 
have  U — ^ *5*,  V — ^ U,  W — ^ U morphisms  of  schemes  with  U,V,W  £ Ob  (Schzar)- 
The  fibre  product  V Xjj  W in  Schzar  is  a fibre  product  in  Sch  and  is  the  fibre 
product  of  V/S  with  W/S  over  U/S  in  the  category  of  all  schemes  over  S,  and 
hence  also  a fibre  product  in  (Sch/ S)zar-  This  proves  the  result  for  (Sch/ S)zar-  If 
U — ^ S,  V — ^ U and  W — > U are  open  immersions  then  so  is  V Xjj  W — >■  S and 
hence  we  get  the  result  for  Szar-  If  U,  V,  W are  affine,  so  is  V Xu  W and  hence  the 
result  for  (Aff/ S)zar-  □ 


Next,  we  check  that  the  big  affine  site  defines  the  same  topos  as  the  big  site. 

020W  Lemma  33.3.10.  Let  S be  a scheme.  Let  Schzar  be  a big  Zariski  site  containing 
S.  The  functor  (Aff/ S)zar  — > (Sch/ S)zar  is  a special  cocontinuous  functor.  Hence 
it  induces  an  equivalence  of  topoi  from  Sh((Aff/S)zar)  to  Sh((Sch/S)zar)- 


Proof.  The  notion  of  a special  cocontinuous  functor  is  introduced  in  Sites,  Defini- 
tion 7.28.2  Thus  we  have  to  verify  assumptions  (1)  - (5)  of  Sites,  Lemma  7.28.1 


Denote  the  inclusion  functor  u : (Aff/S)zar  —>  (Sch/ S)zar-  Being  cocontinuous 
just  means  that  any  Zariski  covering  of  T / S,  T affine,  can  be  refined  by  a standard 
Zariski  covering  of  T.  This  is  the  content  of  Lemma  [33.3.3  Hence  (1)  holds.  We 
see  u is  continuous  simply  because  a standard  Zariski  covering  is  a Zariski  covering. 
Hence  (2)  holds.  Parts  (3)  and  (4)  follow  immediately  from  the  fact  that  u is  fully 
faithful.  And  finally  condition  (5)  follows  from  the  fact  that  every  scheme  has  an 
affine  open  covering.  □ 


Let  us  check  that  the  notion  of  a sheaf  on  the  small  Zariski  site  corresponds  to 
notion  of  a sheaf  on  S. 


020X  Lemma  33.3.11.  The  category  of  sheaves  on  Sza 
of  sheaves  on  the  underlying  topological  space  of  S. 


is  equivalent  to  the  category 


Proof.  We  will  use  repeatedly  that  for  any  object  U/S  of  Szar  the  morphism 
U —>  S is  an  isomorphism  onto  an  open  subscheme.  Let  T be  a sheaf  on  S.  Then 
we  define  a sheaf  on  Szar  by  the  rule  T' (U / S)  = lF(lm(U  — » S)).  For  the  converse, 
we  choose  for  every  open  subscheme  U C S an  object  U'/S  £ Ob(Szar)  with 
Im({7'  —>S)  = U (here  you  have  to  use  Sets,  Lemma  [3.9.9).  Given  a sheaf  Q 
on  S Zar  we  define  a sheaf  on  S by  setting  Q(U)  = G(U'/S).  To  see  that  Q'  is  a 
sheaf  we  use  that  for  any  open  covering  U = (Jier  Ui  the  covering  {Ui  — > U}iei  is 
combinatorially  equivalent  to  a covering  {£/'  —>  U'}j<zj  in  Szar  by  Sets,  Lemma 
|3.11.1[  and  we  use  Sites,  Lemma  [7. 8. 4|  Details  omitted.  □ 


From  now  on  we  will  not  make  any  distinction  between  a sheaf  on  Szar  or  a sheaf 
on  S.  We  will  always  use  the  procedures  of  the  proof  of  the  lemma  to  go  between 
the  two  notions.  Next,  we  establish  some  relationships  between  the  topoi  associated 
to  these  sites. 
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Lemma  33.3.12.  Let  Schzar  be  a big  Zariski  site.  Let  f : T — ► S be  a morphism  in 
Schzar  ■ The  functor  Tzar  ( Sch/S)zar  is  cocontinuous  and  induces  a morphism 

of  topoi 

If  : ShiTzar)  — > Sh((Sch/S)zar) 

For  a sheaf  Q on  (Sch/ S)zar  we  have  the  formula  (iJ1Q)(U/T)  = Q(U/S).  The 
functor  if1  also  has  a left  adjoint  ijt\  which  commutes  with  fibre  products  and 
equalizers. 


Proof.  Denote  the  functor  u : Tzar  — > (Sch/ S)zar-  In  other  words,  given  and 
open  immersion  j : U — > T corresponding  to  an  object  of  Tzar  we  set  u(U  — > T)  = 
(/  o j : U — >■  S).  This  functor  commutes  with  fibre  products,  see  Lemma  [33.3.9 
Moreover,  Tzar  has  equalizers  (as  any  two  morphisms  with  the  same  source  and 
target  are  the  same)  and  u commutes  with  them.  It  is  clearly  cocontinuous.  It 
is  also  continuous  as  u transforms  coverings  to  coverings  and  commutes  with  fibre 
products.  Hence  the  lemma  follows  from  Sites,  Lemmas  |7.20.5|  and  |7.20.6|  □ 


Lemma  33.3.13.  Let  S be  a scheme.  Let  Schzar  be  a big  Zariski  site  containing 
S.  The  inclusion  functor  Szar  — > (Sch/ S) zar  satisfies  the  hypotheses  of  Sites, 
Lemma  7.20.8  and  hence  induces  a morphism  of  sites 


TVS  : (Sch/ S) Zar  > Szar 


and  a morphism  of  topoi 


is  ■ Sh(Szar)  — ► Sh((Sch/S)zar) 

such  that  ns  ° is  = id-  Moreover,  is  = iids  with  iids  as  in  Lemma  \ 33.3. 12\  In 
particular  the  functor  if.1  = 7 ts,*  is  described  by  the  rule  if1(Q)(U/S)  = Q(U/S). 


Proof.  In  this  case  the  functor  u : Szar  — * (Sch/ S)zar,  in  addition  to  the  proper- 
ties seen  in  the  proof  of  Lemma |33.3.12  above,  also  is  fully  faithful  and  transforms 
the  final  object  into  the  final  object.  The  lemma  follows. 


□ 


Definition  33.3.14.  In  the  situation  of  Lemma 
often  called  the  restriction  to  the  small  Zariski  site , 
Zariski  site  we  denote  T-\sZar  this  restriction. 


33.3.13  the  functor  is  = 7 rg,*  is 
and  for  a sheaf  T on  the  big 


With  this  notation  in  place  we  have  for  a sheaf  T on  the  big  site  and  a sheaf  Q on 
the  big  site  that 

^OTSh(Szar-)(-^\Szar-^)  = Mor  (Sc/l/S)  Zar  ) ( ^ , *S,  * Q ) 

^0TSh(Sza,r-)  (G  , J:\Sza.r-  ) = Mor  Sh(  (Sch/S)  Zar  ) (TS  1 ^ 

Moreover,  we  have  (is,*S)\sZar  = Q and  we  have  (nf  1Q)\sZa,r  = Q- 

Lemma  33.3.15.  Let  Schzar  be  a big  Zariski  site.  Let  f : T S be  a morphism 
in  Schzar-  The  functor 

U : (SCh/T) Zar  — ► ( Sch/S)zar , V/T  ► V/S 
is  cocontinuous,  and  has  a continuous  right  adjoint 

V : (Sch/S)zar  — > (Sch/T)zar,  (U  -t  S)  ► (U  X 5 T T). 

They  induce  the  same  morphism  of  topoi 

fbzg  : Sh((Sch/T)Zar ) — > Sh((Sch/S)Zar) 
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We  have  fj£(S){U/T)  = Q(U/S).  We  have  fbigAF){U / S)  = X(UxsT/T).  Also, 
fbig  has  a left  adjoint  fbig\  which  commutes  with  fibre  products  and  equalizers. 


Proof.  The  functor  u is  cocontinuous,  continuous,  and  commutes  with  fibre  prod- 
ucts and  equalizers  (details  omitted;  compare  with  proof  of  Lemma  33.3.12 1.  Hence 


Sites,  Lemmas 
existence  of  fbig 


7.20.5 


and 


7.20.6 


Moreover,  the 


apply  and  we  deduce  the  formula  for  fjfig  and  the 
functor  v is  a right  adjoint  because  given  U/T  and 
V/S  we  have  Morg(it(i7),  V)  = Mor t{U,  V x$T)  as  desired.  Thus  we  may  apply 
Sites,  Lemmas  7.21.1|and  7.21.2  to  get  the  formula  for  fbig,*-  □ 


0211 


Lemma  33.3.16.  Let  Schzar  be  a big  Zariski  site.  Let  f : T — ► S be  a morphism 
m 3chzav. 


(1)  We  have  if  = fbig  ° with  if  as  in  Lemma  33.3.12  and  ir  as  in  Lemma 

1 33.3.  m 

(2)  The  functor  Szar  — > Tzar,  (U  — > S)  (U  xg  T — > T)  is  continuous  and 

induces  a morphism  of  topoi 


f small  ’■  Sh(TZar ) > Sh(Szar)- 

The  functors  f~mau  an d / small,*  agree  with  the  usual  notions  /-1  and  /* 
is  we  identify  sheaves  on  Tzar,  resp.  Szar  with  sheaves  on  T,  resp.  S via 
Lemma  \33.3.11[ 

(3)  We  have  a commutative  diagram  of  morphisms  of  sites 


Tzar  ( Sch/T)  Zar 

'.all  fbig 


(. Sch/S ) 


Zar 


so  that  f small  o 7Tt  = 7Ts  o fbig  as  morphisms  of  topoi. 

(4)  We  have  f small  = 7rs  o fbig  o iT  = ns  o if. 


Proof.  The  equality  if  = fbig  o ir  follows  from  the  equality  if  1 = iTx  o fbig  which 
is  clear  from  the  descriptions  of  these  functors  above.  Thus  we  see  (1). 


Statement  (2):  See  Sites,  Example  7.15.2 


Part  (3)  follows  because  ns  and  ttt  are  given  by  the  inclusion  functors  and  f small 
and  fbig  by  the  base  change  functor  U >->■  U x 5 T. 


Statement  (4)  follows  from  (3)  by  precomposing  with  ir- 


□ 


In  the  situation  of  the  lemma,  using  the  terminology  of  Definition |33.3.14|  we  have: 
for  T a sheaf  on  the  big  Zariski  site  of  T 

( fbig,*J-)\Sza.T  = f small, *{J~\TZa.r)' 

This  equality  is  clear  from  the  commutativity  of  the  diagram  of  sites  of  the  lemma, 
since  restriction  to  the  small  Zariski  site  of  T,  resp.  S is  given  by  ttt,*,  resp.  7 rg;*. 
A similar  formula  involving  pullbacks  and  restrictions  is  false. 

0212  Lemma  33.3.17.  Given  schemes  X,  Y,  Y in  ( Sch/ S)zar  and  morphisms  f : 
X ^ Y , g . Y y Z we  have  gbig  o fbig  ^ (g  0 f^big  and  gSmaii 0 f small  = {9  0 f) small  • 
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Proof.  This  follows  from  the  simple  description  of  pushforward  and  pullback  for 
the  functors  on  the  big  sites  from  Lemma  [33.3.15[  For  the  functors  on  the  small 
sites  this  is  Sheaves,  Lemma [6. 21. 2|  via  the  identification  of  Lemma[33.3.11|  □ 

We  can  think  about  a sheaf  on  the  big  Zariski  site  of  S'  as  a collection  of  “usual” 
sheaves  on  all  schemes  over  S. 


0213  Lemma  33.3.18.  Let  S be  a scheme  contained  in  a big  Zariski  site  Schzar-  A 
sheaf  T on  the  big  Zariski  site  (Sch/  S)zar  is  given  by  the  following  data: 

(1)  for  every  T/S  € Ob  {(Sch/  S)zar)  a sheaf  Tt  on  T, 

(2)  for  every  f : T'  — ► T in  ( Sch/S)zar  « map  cj  : f~xT t — > Tt>  • 

These  data  are  subject  to  the  following  conditions: 

(a)  given  any  f : T'  — » T and  g : T"  -A  T'  in  (Sch/ S)zar  the  composition 
g~1Cf  o cg  is  equal  to  Cfog,  and 

(b)  if  f : T'  — > T in  (Sch/ S) zar  is  an  open  immersion  then  Cf  is  an  isomor- 
phism. 


Proof.  Given  a sheaf  T on  Sh((Sch/ S)zar)  we  set  Tt  = i/j1^  where  p : T — > S 
is  the  structure  morphism.  Note  that  Tt(U ) = T(U'/S)  for  any  open  U C T, 
and  U'  — > T an  open  immersion  in  (Sch/T)zar  with  image  U,  see  Lemmas  33.3.11 
and  |33.3.12|  Hence  given  / : T'  — > T over  S and  U,U’  —>  T we  get  a canonical 
map  Tt(U)  = T(U'/S)  -a  T(U’  xtT/S)  = where  the  middle  is  the 

restriction  map  of  J-  with  respect  to  the  morphism  U'  Xt  T'  -a  U'  over  S.  The 
collection  of  these  maps  are  compatible  with  restrictions,  and  hence  define  an  /-map 
Cf  from  Tt  to  Tt>,  see  Sheaves,  Definition  6.21.7  and  the  discussion  surrounding  it. 
It  is  clear  that  c/og  is  the  composition  of  c/  and  cg,  since  composition  of  restriction 
maps  of  T gives  restriction  maps. 


Conversely,  given  a system  ( TtTP ) as  in  the  lemma  we  may  define  a presheaf  T 
on  Sh((Sch/ S)zar)  by  simply  setting  T(T/S ) = Tt(T).  As  restriction  mapping, 
given  / : V — > T we  set  for  s £ T(T)  the  pullback  f*(s)  equal  to  c/(s)  (where  we 
think  of  Cf  as  an  /-map  again).  The  condition  on  the  c/  guarantees  that  pullbacks 
satisfy  the  required  functoriality  property.  We  omit  the  verification  that  this  is  a 
sheaf.  It  is  clear  that  the  constructions  so  defined  are  mutually  inverse.  □ 
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Let  S be  a scheme.  We  would  like  to  define  the  etale-topology  on  the  category  of 
schemes  over  S.  According  to  our  general  principle  we  first  introduce  the  notion  of 
an  etale  covering. 

Definition  33.4.1.  Let  T be  a scheme.  An  etale  covering  of  T is  a family  of 
morphisms  {/j  : Tj  — >•  T}jgj  of  schemes  such  that  each  /j  is  etale  and  such  that 
T = (jfl(Ti). 

Lemma  33.4.2.  Any  Zariski  covering  is  an  etale  covering. 


Proof.  This  is  clear  from  the  definitions  and  the  fact  that  an  open  immersion  is 
an  etale  morphism,  see  Morphisms,  Lemma  28.36.9  □ 


0217 


Next,  we  show  that  this  notion  satisfies  the  conditions  of  Sites,  Definition  7.6.2 


Lemma  33.4.3.  Let  T be  a scheme. 
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(1)  If  T'  — > T is  an  isomorphism  then  {T1  -A  T}  is  an  etale  covering  ofT. 

(2)  If  {Ti  — > T}iej  is  an  etale  covering  and  for  each  i we  have  an  etale 
covering  {Tij  — » Ti}j^j. , then  {X^  — > T}i&ij&j.  is  an  etale  covering. 

(3)  If  {Ti  — > T}i&i  is  an  etale  covering  and  T'  -4  T is  a morphism  of  schemes 
then  {T'  Xt  Ti  — > T'}i&j  is  an  etale  covering. 

Proof.  Omitted.  □ 

Lemma  33.4.4.  Let  T be  an  affine  scheme.  Let  {Ti  — » T}ig/  be  an  etale  covering 
of  T . Then  there  exists  an  etale  covering  {Uj  — > T}j=i^m  which  is  a refinement 
of  {Ti  -4  T}i(zi  such  that  each  Uj  is  an  affine  scheme.  Moreover,  we  may  choose 
each  Uj  to  be  open  affine  in  one  of  the  Ti . 

Proof.  Omitted.  □ 


Thus  we  define  the  corresponding  standard  coverings  of  affines  as  follows. 


Definition  33.4.5.  Let  T be  an  affine  scheme.  A standard  etale  covering  of  T 
is  a family  {fj  : Uj  -4  T}J= \ 

T = {JfAUj). 


with  each  Uj  is  affine  and  etale  over  T and 


In  the  definition  above  we  do  not  assume  the  morphisms  fj  are  standard  etale.  The 
reason  is  that  if  we  did  then  the  standard  etale  coverings  would  not  define  a site  on 


Ajf/S , for  example  because  of  Algebra,  Lemma  10.141.15  part  (4).  On  the  other 
hand,  an  etale  morphism  of  affines  is  automatically  standard  smooth,  see  Algebra, 
Lemma  [10.141.2|  Hence  a standard  etale  covering  is  a standard  smooth  covering 
and  a standard  syntomic  covering. 


7.6.2 


Definition  33.4.6.  A big  etale  site  is  any  site  Sch^taie  as  in  Sites,  Definition 
constructed  as  follows: 

(1)  Choose  any  set  of  schemes  So,  and  any  set  of  etale  coverings  Covo  among 
these  schemes. 

(2)  As  underlying  category  take  any  category  Scha  constructed  as  in  Sets, 
Lemma |3.9.2|  starting  with  the  set  So ■ 


(3)  Choose  any  set  of  coverings  as  in  Sets,  Lemma  3.11.1  starting  with  the 
category  Scha  and  the  class  of  etale  coverings,  and  the  set  Cov0  chosen 
above. 


See  the  remarks  following  Definition  33.3.5  for  motivation  and  explanation  regard- 
ing the  definition  of  big  sites. 

Before  we  continue  with  the  introduction  of  the  big  etale  site  of  a scheme  S , let 
us  point  out  that  the  topology  on  a big  etale  site  Sch^taie  is  in  some  sense  induced 
from  the  etale  topology  on  the  category  of  all  schemes. 


Lemma  33.4.7.  Let  Sch^taie  be  a big  etale  site  as  in  Definition  33-4-6.  Let  T £ 
(Jb(Schetaie)  ■ Let  {Ti  -4  T}iej  be  an  arbitrary  etale  covering  of  T . 

(1)  There  exists  a covering  {Uj  -4  T}jej  ofT  in  the  site  Sch^aie  which  refines 
{Ti  -4 

(2)  If  {Ti  -4  T}i&i  is  a standard  etale  covering,  then  it  is  tautologically  equiv- 
alent to  a covering  in  Sch^taie- 

(3)  If  {Ti  -4  T}iGi  is  a Zariski  covering,  then  it  is  tautologically  equivalent  to 
a covering  in  Sch^taie- 
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Proof.  For  each  i choose  an  affine  open  covering  Ti  = U,pj  such  that  each 
Tij  maps  into  an  affine  open  subscheme  of  T.  By  Lemma  |33.4.3  the  refinement 
[T.jj  -A  T}ig/ jgj.  is  an  etale  covering  of  T as  well.  Hence  we  may  assume  each 
Ti  is  affine,  and  maps  into  an  affine  open  Wt  of  T.  Applying  Sets,  Lemma  |3.9.9| 
we  see  that  Wt  is  isomorphic  to  an  object  of  Schzar ■ But  then  Ti  as  a finite  type 
scheme  over  W,  is  isomorphic  to  an  object  V)  of  Schzar  by  a second  application 
of  Sets,  Lemma  3.9. 9|  The  covering  {Vi  — ¥ T}iei  refines  {Ti  -A  T}iei  (because 
they  are  isomorphic).  Moreover,  {Vi  -A  T}ig/  is  combinatorially  equivalent  to  a 
covering  {Uj  — > T}jGj  of  T in  the  site  Schzar  by  Sets,  Lemma  3.9.9  The  covering 
{Uj  — > T}j£j  is  a refinement  as  in  (1).  In  the  situation  of  (2),  (3)  each  of  the 
schemes  2}  is  isomorphic  to  an  object  of  Sch^taie  by  Sets,  Lemma  3.9.9[  and  another 
application  of  Sets,  Lemma  EM  gives  what  we  want.  □ 


021B  Definition  33.4.8.  Let  S'  be  a scheme.  Let  Sch^taie  be  a big  etale  site  containing 

S. 

(1)  The  big  etale  site  of  S,  denoted  {Sch/ S)^taie,  is  the  site  Sch^taie/S  intro- 
duced in  Sites,  Section  [7(24 

(2)  The  small  etale  site  of  S,  which  we  denote  S^taie,  is  the  full  subcategory 
of  {Sch/ S)itaie  whose  objects  are  those  U/S  such  that  U — >•  S is  etale. 
A covering  of  Set.aie  is  any  covering  {Ui  -A  17}  of  {Sch/ S)etaie  with  U £ 
Ob  {S^tale)- 

(3)  The  big  affine  etale  site  of  S,  denoted  {Aff/S)etaie,  is  the  full  subcategory 
of  {Sch/ S)etaie  whose  objects  are  affine  U/S.  A covering  of  {Ajf/ S)&taie  is 
any  covering  {Ui  — > U}  of  {Sch/  S)naie  which  is  a standard  etale  covering. 

It  is  not  completely  clear  that  the  big  affine  etale  site  or  the  small  etale  site  are 
sites.  We  check  this  now. 


021C  Lemma  33.4.9.  Let  S be  a scheme.  Let  Scheie 
Both  S etale  and  {Aff / S) etale  are  sites. 


be  a big  etale  site  containing  S . 


Proof.  Let  us  show  that  Setaie  is  a site.  It  is  a category  with  a given  set  of 
families  of  morphisms  with  fixed  target.  Thus  we  have  to  show  properties  (1),  (2) 
and  (3)  of  Sites,  Definition  7.6.2  Since  {Sch/ S)^taie  is  a site,  it  suffices  to  prove 
that  given  any  covering  {Ui  — > U}  of  {Sch/ S)^taie  with  U £ Ob {S^taie)  we  also 
have  Ui  £ Ob {S^aie)-  This  follows  from  the  definitions  as  the  composition  of  etale 
morphisms  is  an  etale  morphism. 

Let  us  show  that  {Aff / S) etale  is  a site.  Reasoning  as  above,  it  suffices  to  show  that 
the  collection  of  standard  etale  coverings  of  affines  satisfies  properties  (1),  (2)  and 


(3)  of  Sites,  Definition  7.6.2  This  is  clear  since  for  example,  given  a standard  etale 
covering  {T)  — > T}ig/  and  for  each  i we  have  a standard  etale  covering  { T -A 
Ti}jeJn  then  {T^  — > T}iejjeJi  is  a standard  etale  covering  because  \JieI  Ji  is 


finite  and  each  T,  ,-  is  affine. 


□ 


021D  Lemma  33.4.10.  Let  S be  a scheme.  Let  Sch^taie  be  a big  etale  site  containing  S . 
The  underlying  categories  of  the  sites  Scheie,  {Sch/ S) etale,  S^aie,  and  {Aff/S)etaie 
have  fibre  products.  In  each  case  the  obvious  functor  into  the  category  Sch  of  all 
schemes  commutes  with  taking  fibre  products.  The  categories  {Sch/ S)^taie,  and 
Set.aie  both  have  a final  object,  namely  S/S. 
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Proof.  For  Sch^aie  it  is  true  by  construction,  see  Sets,  Lemma  [3. 9. 9[  Suppose  we 
have  U — > S,  V — >U,  W — >U  morphisms  of  schemes  with  U,V,W  G Ob(Sch^taie)- 
The  fibre  product  V X[ jW  in  Schnaie  is  a fibre  product  in  Sch  and  is  the  fibre 
product  of  P/S  with  W/S  over  U/S  in  the  category  of  all  schemes  over  S,  and 
hence  also  a fibre  product  in  (Sch/  S)^taie-  This  proves  the  result  for  (SchfS)^taie- 
If  U — > S,  V — > U and  W — > U are  etale  then  so  is  V x u W — > S and  hence  we  get 
the  result  for  S etale-  If  U,V,W  are  affine,  so  is  V XjjW  and  hence  the  result  for 
(Aff/S)ttale.  □ 


Next,  we  check  that  the  big  affine  site  defines  the  same  topos  as  the  big  site. 

021E  Lemma  33.4.11.  Let  S be  a scheme.  Let  Sch^aie  be  a big  etale  site  containing 
S.  The  functor  (Aff/S)^aie  * (Sch/ S)^taie  is  special  cocontinuous  and  induces  an 
equivalence  of  topoi  from  Sh((Aff/ S)itaie)  to  Sh((Sch/ S)&taie )■ 


Proof.  The  notion  of  a special  cocontinuous  functor  is  introduced  in  Sites,  Defini- 


tion 7.28.2  Thus  we  have  to  verify  assumptions  (1)  - (5)  of  Sites,  Lemma  7.28.1 
Denote  the  inclusion  functor  u : (Aff/S)^taie  > (Sch/S)itaie-  Being  cocontinuous 
just  means  that  any  etale  covering  of  T/S,  T affine,  can  be  refined  by  a standard 
etale  covering  of  T.  This  is  the  content  of  Lemma  33.4. 4|  Hence  (1)  holds.  We 
see  u is  continuous  simply  because  a standard  etale  covering  is  a etale  covering. 
Hence  (2)  holds.  Parts  (3)  and  (4)  follow  immediately  from  the  fact  that  u is  fully 
faithful.  And  finally  condition  (5)  follows  from  the  fact  that  every  scheme  has  an 
affine  open  covering.  □ 


Next,  we  establish  some  relationships  between  the  topoi  associated  to  these  sites. 

021F  Lemma  33.4.12.  Let  Sch^taie  be  a big  etale  site.  Let  f : T — >■  S be  a mor- 
phism in  Schetaie  - The  functor  Tetaie  -4  (Sch/ S) etale  is  cocontinuous  and  induces 
a morphism  of  topoi 

if  : Sh(Tetale ) — > Sh((Sch/S)ttale) 

For  a sheaf  Q on  (Sch/ S)&taie  we  have  the  formula  7/T)  = Q(JJ/S ).  The 

functor  if  also  has  a left  adjoint  if\  which  commutes  with  fibre  products  and 
equalizers. 


Proof.  Denote  the  functor  u : Tetaie  -4  (Sch/ S) etale-  In  other  words,  given  an 
etale  morphism  j : U T corresponding  to  an  object  of  Tetaie  we  set  u(U  -4  T)  = 
(/ o j : U — > S).  This  functor  commutes  with  fibre  products,  see  Lemma  33.4.10 
Let  a,  b : U — > V be  two  morphisms  in  Tetaie-  In  this  case  the  equalizer  of  a and  b 
(in  the  category  of  schemes)  is 


021G 


^ XA v/T,VxTV,(a,b)  U XTU 


which  is  a fibre  product  of  schemes  etale  over  T,  hence  etale  over  T.  Thus  Tet.aie 
has  equalizers  and  u commutes  with  them.  It  is  clearly  cocontinuous.  It  is  also  con- 
tinuous as  u transforms  coverings  to  coverings  and  commutes  with  fibre  products. 
Hence  the  Lemma  follows  from  Sites,  Lemmas  |7.20.5|  and  |7.20.6|  □ 


Lemma  33.4.13.  Let  S be  a scheme.  Let  Sch^aie  be  a big  etale  site  containing 
S.  The  inclusion  functor  S^taie  -4  (Sch/ S)itaie  satisfies  the  hypotheses  of  Sites, 
Lemma  7.20.8  and  hence  induces  a morphism  of  sites 
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and  a morphism  of  topoi 

is  ■ Sh(S6tale ) — ► Sh((Sch/S)4tale) 

such  that  its  o is  = id.  Moreover,  is  = iids  with  iids  as  in  Lemma  \ 33-4- 12\  In 
particular  the  functor  if,1  = ns ,*  is  described  by  the  rule  if1(G)(U/S)  = Q(U/S). 


Proof.  In  this  case  the  functor  u : S^taie  — > (Sch/ S)ztaiei  in  addition  to  the  prop- 
erties seen  in  the  proof  of  Lemma  |33.4.12|  above,  also  is  fully  faithful  and  trans- 
forms the  final  object  into  the  final  object.  The  lemma  follows  from  Sites,  Lemma 

[7120781  ' ' □ 


Definition  33.4.14.  In  the  situation  of  Lemma  33.4.13  the  functor  if  = ns,*  is 
often  called  the  restriction  to  the  small  etale  site , and  for  a sheaf  J-  on  the  big  etale 
site  we  denote  J-\s6taie  tins  restriction. 


With  this  notation  in  place  we  have  for  a sheaf  T on  the  big  site  and  a sheaf  Q on 
the  small  site  that 


'M-0*Sh(.sitaie){F\sitale,G)  = Mor  sh((Sch/s)itale)(Jr,is,*G) 

MoTSh(.Stta.ie)(G , FlSitau)  = Mor  shdSch/s)^  ie)(7rs1^>“?r) 

Moreover,  we  have  (is,*G)\sitale  = G and  we  have  (7 TgG)\s^taie  = G- 

Lemma  33.4.15.  Let  Sch^taie  be  a big  etale  site.  Let  f : T —f  S be  a morphism 
in  Schdtaie  ■ The  functor 

u : ( Sch/T)6taie  — > ( Sch/S)etaie , V/T  1 — > V/S 


is  cocontinuous,  and  has  a continuous  right  adjoint 

v : (Sch/ S)etale  — ► (Sch/T),tale,  (U  — t S)  1 — * (U  xs  T — )•  T). 

They  induce  the  same  morphism  of  topoi 

fbig  : Sh((Sch/T)4tale)  — > Sh((Sch/S)6tale) 

We  have  fj£(G){U/T)  = G(U/S).  We  have  fbig,*{T)(U/S)  = T(UxsT/T).  Also, 
fbig  has  a left  adjoint  fbig\  which  commutes  with  fibre  products  and  equalizers. 


Proof.  The  functor  u is  cocontinuous,  continuous  and  commutes  with  fibre  prod- 
ucts and  equalizers  (details  omitted;  compare  with  the  proof  of  Lemma  33.4.12). 
Hence  Sites,  Lemmas 
and  the  existence  of 


7.20.5 

TA 


*9 


and 


7.20.6 


apply  and  we  deduce  the  formula  for  fffig 
oreover,  the  functor  v is  a right  adjoint  because  given 
U/T  and  V/S  we  have  Mois{u(U),  V)  = Mor t(U,V  Xg  T)  as  desired.  Thus  we 
may  apply  Sites,  Lemmas  7.21.1  and  7.21.2  to  get  the  formula  for  fbig  *.  □ 


Lemma  33.4.16.  Let  Schgtaie  be  a big  etale  site.  Let  f : T —f  S be  a morphism 
%n  Schdtale- 


(1) 

(2) 


We  have  if  = fbig  0 with  if  as  in  Lemma  33-4-12  and  ir  as  in  Lemma 
1 33.4. 13\ 


The  functor  S^taie  T^taie,  ( U — > 5)  1— > (U  x g T — > T)  is  continuous  and 
induces  a morphism  of  topoi 


f small  ■ Shi/Tdtale 


Sh(Sdtale)- 


We  have  f smaU A^W/S)  = F{U  xsT/T). 
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(3)  We  have  a commutative  diagram  of  morphisms  of  sites 


'-T'etale 

f small 

& etale 


( Sch/T)6taie 


ITS 


hi. 


( Sch / S')  £tale 


so  that  f small  o ttt  = 7rs  o fbig  as  morphisms  of  topoi. 

(4)  We  have  f small  = ns  o fbig  o iT  = ns  o if. 

Proof.  The  equality  if  = fbig  ° follows  from  the  equality  if1  = if,1  o fjf^  which 
is  clear  from  the  descriptions  of  these  functors  above.  Thus  we  see  (1). 


The  functor  u : l Setaie  — > Tetaiej  u(U  — ► S)  = (U  x s T — > T)  transforms  coverings 


into  coverings  and  commutes  with  fibre  products,  see  Lemma  33.4.3  (3)  and  33.4.10 
Moreover,  both  S^aie,  T^taie  have  final  objects,  namely  S/S  and  T/T  and  u{S/S)  = 
T/T.  Hence  by  Sites,  Proposition  7.15.6  the  functor  u corresponds  to  a morphism 
of  sites  Tetaie  — ► Sgtaie-  This  in  turn  gives  rise  to  the  morphism  of  topoi,  see  Sites, 
Lemma  [7. 16.2  The  description  of  the  pushforward  is  clear  from  these  references. 


Part  (3)  follows  because  ns  and  ttt  are  given  by  the  inclusion  functors  and  f small 
and  fbig  by  the  base  change  functors  U U x s T. 


Statement  (4)  follows  from  (3)  by  precomposing  with  ix- 


□ 


In  the  situation  of  the  lemma,  using  the  terminology  of  Definition |33.4.14|  we  have: 
for  T a sheaf  on  the  big  etale  site  of  T 

{ f big, *J~)\s etale  = f small, *{J~  lotahs')’ 

This  equality  is  clear  from  the  commutativity  of  the  diagram  of  sites  of  the  lemma, 
since  restriction  to  the  small  etale  site  of  T,  resp.  S is  given  by  7 tt,*,  resp.  ns,*-  A 
similar  formula  involving  pullbacks  and  restrictions  is  false. 

021J  Lemma  33.4.17.  Given  schemes  X , Y , Y in  Sch^taie  and,  morphisms  f : X Y , 

g :Y  ->  Z we  have  gbig  o fbig  = (g  o f)big  and  gsmaii  ° f small  = (ff°  /)  small- 


Proof.  This  follows  from  the  simple  description  of  pushforward  and  pullback  for 
the  functors  on  the  big  sites  from  Lemma  33.4. 15|  For  the  functors  on  the  small  sites 
this  follows  from  the  description  of  the  pushforward  functors  in  Lemma|33.4.16[  □ 


We  can  think  about  a sheaf  on  the  big  etale  site  of  S'  as  a collection  of  “usual” 
sheaves  on  all  schemes  over  S. 

021K  Lemma  33.4.18.  Let  S be  a scheme  contained  in  a big  etale  site  Sch^tale-  A sheaf 
T on  the  big  etale  site  {Sch/ S)&taie  is  given  by  the  following  data: 

(1)  for  every  T/S  € Ob  {{Sch/  S)£taie)  a sheaf  Tt  on  T&taie , 

(2)  for  every  f : T ->■  T in  {Sch/S)^taie  a map  cf  : f^n^T  ->  ■ 

These  data  are  subject  to  the  following  conditions: 

(a)  given  any  f : T'  — ► T and  g : T"  — >•  T'  in  {Sch/ S)ttaie  the  composition 
97maiicS  ° c9  is  equal  to  cfog,  and 

(b)  if  f : T'  — > T in  {Sch/ S)etaie  is  etale  then  cf  is  an  isomorphism. 
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Proof.  Given  a sheaf  T on  Sh{{Sch/ S)^taie)  we  set  Tt  = ip  1T  where  p : T — ► S 
is  the  structure  morphism.  Note  that  Tt{U)  = T{U/S)  for  any  U T in  T^taie 
see  Lemma  [33.4. 12|  Hence  given  / : T'  — >■  T over  S and  U —>T  we  get  a canonical 
map  Tt(U)  = T{U/S)  — > T{U  xT  T'/S)  = Tt’{U  xt  T')  where  the  middle  is 
the  restriction  map  of  T with  respect  to  the  morphism  U xt  T'  — * U over  S. 
The  collection  of  these  maps  are  compatible  with  restrictions,  and  hence  define  a 
map  df  : Tt  -t  f small, *Tt>  where  u : T^tale  T^.aie  is  the  base  change  functor 
associated  to  /.  By  adjunction  of  / small,*  (see  Sites,  Section  7.14)  with  f~mau  this 
is  the  same  as  a map  c/  : f^anTr  — l Tt>  ■ It  is  clear  that  c'fog  is  the  composition 
of  c'f  and  f ‘small, *dg,  since  composition  of  restriction  maps  of  T gives  restriction 
maps,  and  this  gives  the  desired  relationship  among  c/,  cg  and  Cfog. 


Conversely,  given  a system  {Tt,  Cf)  as  in  the  lemma  we  may  define  a preslieaf  T on 
Sh{{Sch/ S)&taie)  by  simply  setting  T{T/S)  = Tt{T).  As  restriction  mapping,  given 
/ : T’  — > T we  set  for  s £ T{T ) the  pullback  f*{s)  equal  to  c/(s)  where  we  think 
of  Cf  as  a map  Tt  — > f small, *Tt'  again.  The  condition  on  the  Cf  guarantees  that 
pullbacks  satisfy  the  required  functoriality  property.  We  omit  the  verification  that 
this  is  a sheaf.  It  is  clear  that  the  constructions  so  defined  are  mutually  inverse.  □ 


33.5.  The  smooth  topology 


In  this  section  we  define  the  smooth  topology.  This  is  a bit  pointless  as  it  will  turn 
out  later  (see  More  on  Morphisms,  Section  36.28)  that  this  topology  defines  the 
same  topos  as  the  etale  topology.  But  still  it  makes  sense  and  it  is  used  occasionally. 


Definition  33.5.1.  Let  T be  a scheme.  An  smooth  covering  of  T is  a family  of 
morphisms  {/,;  : Tj  — > T}ig/  of  schemes  such  that  each  /,;  is  smooth  and  such  that 
T = {jfl{T1). 


Lemma  33.5.2.  Any  etale  covering  is  a smooth  covering,  and  a fortiori,  any 
Zariski  covering  is  a smooth  covering. 


Proof.  This  is  clear  from  the  definitions,  the  fact  that  an  etale  morphism  is  smooth 
see  Morphisms,  Definition  28.36.1  and  Lemma  33.4.2  □ 


Next,  we  show  that  this  notion  satisfies  the  conditions  of  Sites,  Definition  |7.6.2| 
Lemma  33.5.3.  Let  T be  a scheme. 

(1)  IfT'—^T  is  an  isomorphism  then  {T'  — > T}  is  an  smooth  covering  ofT. 

(2)  If  {Ti  — > T}jg/  is  a smooth  covering  and  for  each  i we  have  a smooth 
covering  {Tij  — >•  Ti}j&ji;  then  {Tij  — > T}ieijejt  is  a smooth  covering. 

(3)  If  {Ti  — > T}i6/  is  a smooth  covering  and  T'  — l T is  a morphism  of  schemes 
then  {T'  Xj-  Tj  — )■  T'}iej  is  a smooth  covering. 


Proof.  Omitted. 


□ 


Lemma  33.5.4.  LetT  be  an  affine  scheme.  Let  {Ti  — > T}i^j  be  a smooth  covering 
of  T . Then  there  exists  a smooth  covering  {Uj  — > T}j=x  m which  is  a refinement 
of  {Ti  — t T}ieI  such  that  each  Uj  is  an  affine  scheme,  and  such  that  each  morphism 
Uj  — * T is  standard  smooth,  see  Morphisms,  Definition  28.34.1  Moreover,  we  may 
choose  each  Uj  to  be  open  affine  in  one  of  the  Ti . 


Proof.  Omitted,  but  see  Algebra,  Lemma [10. 135. 10| 


□ 
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Thus  we  define  the  corresponding  standard  coverings  of  affines  as  follows. 

Definition  33.5.5.  Let  T be  an  affine  scheme.  A standard  smooth  covering  of  T 
is  a family  {fj  : Uj  — >•  X1  }y=i  m with  each  Uj  is  affine,  Uj  — > T standard  smooth 
and  T = U fj(Uj). 


Definition  33.5.6.  A big  smooth  site  is  any  site  Schsrnooth  as  in  Sites,  Definition 
17.6.21  constructed  as  follows: 


(1) 

(2) 

(3) 


Choose  any  set  of  schemes  So,  and  any  set  of  smooth  coverings  Covo 
among  these  schemes. 

As  underlying  category  take  any  category  Scha  constructed  as  in  Sets, 
Lemma [3.9. 2| starting  with  the  set  So- 

Choose  any  set  of  coverings  as  in  Sets,  Lemma  3.11.1  starting  with  the 
category  Scha  and  the  class  of  smooth  coverings,  and  the  set  Cov0  chosen 
above. 


See  the  remarks  following  Definition |33. 3. 5] for  motivation  and  explanation  regard- 
ing the  definition  of  big  sites. 


Before  we  continue  with  the  introduction  of  the  big  smooth  site  of  a scheme  S, 
let  us  point  out  that  the  topology  on  a big  smooth  site  Schsmooth  is  in  some  sense 
induced  from  the  smooth  topology  on  the  category  of  all  schemes. 


Lemma  33.5.7.  Let  Schsmooth  be  a big  smooth  site  as  in  Definition  33.5.6  Let 
T £ Ob (Schsmooth)  ■ Let  {Tj  — ► T},e/  be  an  arbitrary  smooth  covering  of  T. 

(1)  There  exists  a covering  {Uj  — >•  T}jej  of  T in  the  site  Sch^^th  which 
refines  {T,  ->■  T}ieI. 

(2)  If  {Tj  — > T}ig/  is  a standard  smooth  covering , then  it  is  tautologically 
equivalent  to  a covering  of  Schsmooth  ■ 

(3)  If  {Ti  — > T}i&i  is  a Zariski  covering,  then  it  is  tautologically  equivalent  to 
a covering  of  Schsmooth. 


Proof.  For  each  i choose  an  affine  open  covering  T,  = U)(fj  such  that  each 
Tij  maps  into  an  affine  open  subscheme  of  T.  By  Lemma  33.5.3  the  refinement 
{Tij  — » is  an  smooth  covering  of  T as  well.  Hence  we  may  assume  each 

Ti  is  affine,  and  maps  into  an  affine  open  W:  of  T.  Applying  Sets,  Lemma  |3.9.9| 
we  see  that  Wj  is  isomorphic  to  an  object  of  Schzar-  But  then  Ti  as  a finite  type 
scheme  over  W,  is  isomorphic  to  an  object  V)  of  Schzar  by  a second  application 
of  Sets,  Lemma  3.9. 9|  The  covering  {Vi  —¥  T}jgj  refines  {Tj  -»  T}iei  (because 
they  are  isomorphic).  Moreover,  {Vi  — > T}jg/  is  combinatorially  equivalent  to  a 
covering  {Uj  — > T}jej  of  T in  the  site  Schzar  by  Sets,  Lemma [3.9.9  The  covering 
{Uj  — ► T}jGj  is  a refinement  as  in  (1).  In  the  situation  of  (2),  (3)  each  of  the 
schemes  Tj  is  isomorphic  to  an  object  of  Schsmooth  by  Sets,  Lemma  |3.9.9[  and 
another  application  of  Sets,  Lemma |3 . 1 1 . 1 1 gives  what  we  want.  □ 


Definition  33.5.8.  Let  S be  a scheme.  Let  Schsmooth  be  a big  smooth  site 
containing  S. 

(1)  The  big  smooth  site  of  S,  denoted  (Sch/ S)smooth,  is  the  site  Schsrnooth/ S 
introduced  in  Sites,  Section  [7. 24[ 

(2)  The  big  affine  smooth  site  of  S,  denoted  (Aff/ S)srnooth,  is  the  full  sub- 
category of  (Sch/ S) smooth  whose  objects  are  affine  U/S.  A covering  of 
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(Aff/ S) smooth  is  any  covering  {Ui  -»  17}  of  {Sch/ S)smooth  which  is  a stan- 
dard smooth  covering. 


Next,  we  check  that  the  big  affine  site  defines  the  same  topos  as  the  big  site. 

Lemma  33.5.9.  Let  S be  a scheme.  Let  Schnaie  be  a big  smooth  site  containing 
S.  The  functor  ( Ajf/ S) smooth  — > (Sch/ S)smooth  is  special  cocontinuous  and  induces 
an  equivalence  of  topoi  from  Sh((Aff/ S)sm0oth)  to  Sh((Sch/ S)8mooth) ■ 


Proof.  The  notion  of  a special  cocontinuous  functor  is  introduced  in  Sites,  Defini- 
tion 7.28.2  Thus  we  have  to  verify  assumptions  (1)  - (5)  of  Sites,  Lemma  7.28.1 


Denote  the  inclusion  functor  u : (Aff/ S)srnooth  — > (Sch/ S)  smooth-  Being  cocontin- 
uous just  means  that  any  smooth  covering  of  T/S,  T affine,  can  be  refined  by  a 
standard  smooth  covering  of  T.  This  is  the  content  of  Lemma  33.5.4  Hence  (1) 
holds.  We  see  u is  continuous  simply  because  a standard  smooth  covering  is  a 
smooth  covering.  Hence  (2)  holds.  Parts  (3)  and  (4)  follow  immediately  from  the 
fact  that  u is  fully  faithful.  And  finally  condition  (5)  follows  from  the  fact  that 
every  scheme  has  an  affine  open  covering.  □ 


To  be  continued... 


Lemma  33.5.10.  Let  Schsmooth  be  a big  smooth  site.  Let  f : T — >•  S be  a morphism 
in  Schsmooth  ■ The  functor 

u : (Sch/T) smooth  — » (Sch/ S) smooth,  V/T  i — » V/S 
is  cocontinuous,  and  has  a continuous  right  adjoint 

V : (Sch/  S)  smooth  —l  (Sch/T)  smooth,  (U  ->  S)  — ► (17  X 5 T T). 


They  induce  the  same  morphism  of  topoi 

fbig  ■ Sh((Sch/T) smooth)  * Sh((Sch/ S) smooth) 

We  have  f^g(Q)(U/T)  = Q(U/S).  We  have  fbig,*(F)(U / S)  = T(UxsT/T).  Also, 
fbig  has  a,  left  adjoint  fbig\  which  commutes  with  fibre  products  and  equalizers. 


Proof.  The  functor  u is  cocontinuous,  continuous,  and  commutes  with  fibre  prod- 
ucts and  equalizers.  Hence  Sites,  Lemmas  7.20.5  and  7.20.6|  apply  and  we  deduce 
the  formula  for  fj/A  and  the  existence  of  fbig t.  Moreover,  the  functor  v is  a right 
adjoint  because  given  U/T  and  V/S  we  have  Mors  (it  (17),  V)  = Mor  t(U,  V xjT) 
as  desired.  Thus  we  may  apply  Sites,  Lemmas |7.21.1| and |7.21.2| to  get  the  formula 

for  fbig,*-  f- 1 


33.6.  The  syntomic  topology 

In  this  section  we  define  the  syntomic  topology.  This  topology  is  quite  interesting  in 
that  it  often  has  the  same  cohomology  groups  as  the  fppf  topology  but  is  technically 
easier  to  deal  with. 

Definition  33.6.1.  Let  T be  a scheme.  An  syntomic  covering  of  T is  a family 
of  morphisms  {/}  : Tj  — > T}jg/  of  schemes  such  that  each  /,  is  syntomic  and  such 
that  T = U fi(Ti). 

Lemma  33.6.2.  Any  smooth  covering  is  a syntomic  covering,  and  a fortiori,  any 
etale  or  Zariski  covering  is  a syntomic  covering. 
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Proof.  This  is  clear  from  the  definitions  and  the  fact  that  a smooth  morphism  is 
syntomic,  see  Morphisms,  Lemma [28. 34. 7|  and  Lemma [33. 5.2[  □ 

Next,  we  show  that  this  notion  satisfies  the  conditions  of  Sites,  Definition  |7. 6. 2| 

Lemma  33.6.3.  Let  T be  a scheme. 

(1)  If  T'  — ► T is  an  isomorphism  then  {T'  — >■  T}  is  an  syntomic  covering  of 

T. 

(2)  If  {Ti  — » T}i&i  is  a syntomic  covering  and  for  each  i we  have  a syntomic 
covering  {fij  — » Ti}jGji;  then  {T^  — ► T}ieijeji  is  a syntomic  covering. 

(3)  If  {Ti  — > T}ie/  is  a syntomic  covering  and  T'  — ► T is  a morphism  of 
schemes  then  {T'  x r Ti  — >■  T'}^/  is  a syntomic  covering. 


Proof.  Omitted. 


□ 


□ 


Lemma  33.6.4.  Let  T be  an  affine  scheme.  Let  {Ti  — > T}jg/  be  a syntomic 
covering  of  T . Then  there  exists  a syntomic  covering  {Uj  — » T}j— which  is 
a refinement  of  {Ti  — » T}j6/  such  that  each  Uj  is  an  affine  scheme,  and  such  that 
each  morphism  Uj  — t T is  standard  syntomic,  see  Morphisms,  Definition  28.31.1 
Moreover,  we  may  choose  each  Uj  to  be  open  affine  in  one  of  the  Ti . 

Proof.  Omitted,  but  see  Algebra,  Lemma  [10. 134. 15| 

Thus  we  define  the  corresponding  standard  coverings  of  affines  as  follows. 

Definition  33.6.5.  Let  T be  an  affine  scheme.  A standard  syntomic  covering  of  T 
is  a family  {f3  : Uj  — > T}j— i m with  each  Uj  is  affine,  Uj  — > T standard  syntomic 
and  V-  U /,('  /)• 

Definition  33.6.6.  A big  syntomic  site  is  any  site  Schsyntomic  as  in  Sites,  Defini- 
tion [710]  constructed  as  follows: 

(1)  Choose  any  set  of  schemes  So,  and  any  set  of  syntomic  coverings  Covo 
among  these  schemes. 

(2)  As  underlying  category  take  any  category  Scha  constructed  as  in  Sets, 
Lemma |3.9.2|  starting  with  the  set  Sq . 


(3)  Choose  any  set  of  coverings  as  in  Sets,  Lemma  3.11.1  starting  with  the 
category  Scha  and  the  class  of  syntomic  coverings,  and  the  set  Covo  chosen 
above. 


See  the  remarks  following  Definition  33.3.5  for  motivation  and  explanation  regard- 
ing the  definition  of  big  sites. 

Before  we  continue  with  the  introduction  of  the  big  syntomic  site  of  a scheme  S,  let 
us  point  out  that  the  topology  on  a big  syntomic  site  Schsyntomic  is  in  some  sense 
induced  from  the  syntomic  topology  on  the  category  of  all  schemes. 


33.6.6 


Lemma  33.6.7.  Let  Schsyntornic  be  a big  syntomic  site  as  in  Definition 
Let  T £ Ob (SchSyntomic) ■ Let  {Ti  — > T}i&j  be  an  arbitrary  syntomic  covering  ofT. 

(1)  There  exists  a covering  {Uj  — ► T}jej  of  T in  the  site  Schsyntomic  which 
refines  {fi  ->•  T}ieI. 

(2)  If  {fi  — > T}ie/  is  a standard  syntomic  covering,  then  it  is  tautologically 
equivalent  to  a covering  in  Schsyntomic- 

If  {fi  — > T}i€i  is  a Zariski  covering,  then  it  is  tautologically  equivalent  to 


(3) 


a covering  m 


Sch. 


syntomic  • 
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Proof.  For  each  i choose  an  affine  open  covering  Ti  = |J,Fj-  Tij  such  that  each 
Tij  maps  into  an  affine  open  subscheme  of  T.  By  Lemma  |33.6.3  the  refinement 
{Tij  — > T}igjjgj.  is  an  syntomic  covering  of  T as  well.  Hence  we  may  assume  each 
Ti  is  affine,  and  maps  into  an  affine  open  Wi  of  T.  Applying  Sets,  Lemma  |3.9.9| 
we  see  that  Wi  is  isomorphic  to  an  object  of  Schzar ■ But  then  Ti  as  a finite  type 
scheme  over  Wi  is  isomorphic  to  an  object  V)  of  Schzar  by  a second  application 
of  Sets,  Lemma  3.9. 9|  The  covering  {Vi  — i T}iei  refines  {Ti  — ► T}iej  (because 
they  are  isomorphic).  Moreover,  {V)  — > T}ig/  is  combinatorially  equivalent  to  a 
covering  {Uj  — > T}jGj  of  T in  the  site  Schzar  by  Sets,  Lemma  3.9.9  The  covering 
{Uj  — ► T}j&j  is  a covering  as  in  (1).  In  the  situation  of  (2),  (3)  each  of  the 
schemes  T)  is  isomorphic  to  an  object  of  Schzar  by  Sets,  Lemma [3. 9. 9[  and  another 
application  of  Sets,  Lemma  3.11.1|gives  what  we  want.  □ 


Definition  33.6.8.  Let  S'  be  a scheme.  Let  Schsyntornic  be  a big  syntomic  site 
containing  S. 

(1)  The  big  syntomic  site  of  S,  denoted  (Sch/ S)  syntomic,  is  the  site  Schsyntomic/ S 
introduced  in  Sites,  Section  [7. 24[ 

(2)  The  big  affine  syntomic  site  of  S,  denoted  {Aff/ S)syntomic,  is  the  full 
subcategory  of  {Sch/ S)syntomic  whose  objects  are  affine  U/S.  A covering 
of  {Aff/ S) syntomic  is  any  covering  {[/*->•  [/}  of  {Sch/ S)  syntomic  which  is 
a standard  syntomic  covering. 


Next,  we  check  that  the  big  affine  site  defines  the  same  topos  as  the  big  site. 

06VD  Lemma  33.6.9.  Let  S be  a scheme.  Let  Schsynt0mic  he  a big  syntomic  site  contain- 
ing S.  The  functor  {Aff/ S)syntomic  —■ ► {Sch/ S)syntomic  is  special  cocontinuous  and 
induces  an  equivalence  of  topoi  from  Sh{{Ajf/ S)syntomic)  to  Sh{{Sch/ S)syntomic)- 


Proof.  The  notion  of  a special  cocontinuous  functor  is  introduced  in  Sites,  Defini- 
tion 7.28.2  Thus  we  have  to  verify  assumptions  (1)  - (5)  of  Sites,  Lemma  7.28.1 
Denote  the  inclusion  functor  u : ( Aff / S) syntomic  {Sch/ S)syntomic-  Being  cocon- 

tinuous just  means  that  any  syntomic  covering  of  T/S , T affine,  can  be  refined  by 
a standard  syntomic  covering  of  T.  This  is  the  content  of  Lemma  |33.6.4[  Hence 
(1)  holds.  We  see  u is  continuous  simply  because  a standard  syntomic  covering  is 
a syntomic  covering.  Hence  (2)  holds.  Parts  (3)  and  (4)  follow  immediately  from 
the  fact  that  u is  fully  faithful.  And  finally  condition  (5)  follows  from  the  fact  that 
every  scheme  has  an  affine  open  covering.  □ 


To  be  continued... 

04HD  Lemma  33.6.10.  Let  Schsynt0mic  he  a big  syntomic  site.  Let  f : T — > S be  a 
morphism  in  Schsyntomic-  The  functor 

U . {Sch/T)syntomic  ^ {Sch/ S) syntomic,  V/T  I ^ V/S 
is  cocontinuous , and  has  a continuous  right  adjoint 

V . {Sch/ S) syntomic  — > {Sch/T) syntomic,  {U  ^ S)  ► {U  X 5 T T)  . 

They  induce  the  same  morphism  of  topoi 

fbig  ■ Sh{{Sch/T)  syntomic)  t Sh{{Sch/  S)  syntomic) 

We  have  f^g{Q){U/T)  = Q{U/S).  We  have  fbig,*{T){U/S)  = T{UxsT/T).  Also, 
fbig  has  a left  adjoint  fbig\  which  commutes  with  fibre  products  and  equalizers. 
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Proof.  The  functor  u is  cocontinuous,  continuous,  and  commutes  with  fibre  prod- 
ucts and  equalizers.  Hence  Sites,  Lemmas  |7.20.5|  and  |7.20.6|  apply  and  we  deduce 
the  formula  for  fff  and  the  existence  of  fbig\-  Moreover,  the  functor  v is  a right 
adjoint  because  given  U/T  and  V/S  we  have  Morg(it(f7),  V)  = Mott{U,  V xg  T) 
as  desired.  Thus  we  may  apply  Sites,  Lemmas |7.21.1| and |7.21.2| to  get  the  formula 
for  fbig ,*■  1— 1 


33.7.  The  fppf  topology 

021L  Let  S'  be  a scheme.  We  would  like  to  define  the  fppf-topolog^  on  the  category  of 
schemes  over  S.  According  to  our  general  principle  we  first  introduce  the  notion  of 
an  fppf- covering. 

021M  Definition  33.7.1.  Let  T be  a scheme.  An  fppf  covering  of  T is  a family  of 
morphisms  {/,;  : Tj  — > T}iGj  of  schemes  such  that  each  /)  is  flat,  locally  of  finite 
presentation  and  such  that  T = (J  fifTf). 

021N  Lemma  33.7.2.  Any  syntomic  covering  is  an  fppf  covering,  and  a fortiori,  any 
smooth,  etale,  or  Zariski  covering  is  an  fppf  covering. 

Proof.  This  is  clear  from  the  definitions,  the  fact  that  a syntomic  morphism  is  flat 
and  locally  of  finite  presentation,  see  Morphisms,  Lemmas  |28.31.6|  and |28.31.7[  and 
Lemma  133.6.21  □ 


0210 


Next,  we  show  that  this  notion  satisfies  the  conditions  of  Sites,  Definition  7.6.2 


Lemma  33.7.3.  Let  T be  a scheme. 

(1)  If  T'  — > T is  an  isomorphism  then  {T'  — ► T}  is  an  fppf  covering  ofT. 

(2)  If  {Ti  — > T}ig/  is  an  fppf  covering  and  for  each  i we  have  an  fppf  covering 
{Tij  Ti}jeJi,  then  {T^  — ► T}ieijeji  is  an  fppf  covering. 

(3)  If  {Ti  — > T}iGj  is  an  fppf  covering  and  T'  — > T is  a morphism  of  schemes 
then  {T'  Xt  Ti  — >■  T'}i&j  is  an  fppf  covering. 


Proof.  The  first  assertion  is  clear.  The  second  follows  as  the  composition  of 
flat  morphisms  is  flat  (see  Morphisms,  Lemma  28.25.5)  and  the  composition  of 
morphisms  of  finite  presentation  is  of  finite  presentation  (see  Morphisms,  Lemma 
28.21.3).  The  third  follows  as  the  base  change  of  a flat  morphism  is  flat  (see  Mor- 


phisms, Lemma  28.25.7 ) and  the  base  change  of  a morphism  of  finite  presentation  is 
of  finite  presentation  (see  Morphisms,  Lemma  28.21.4).  Moreover,  the  base  change 
of  a surjective  family  of  morphisms  is  surjective  (proof  omitted).  □ 


021P  Lemma  33.7.4.  Let  T be  an  affine  scheme.  Let  {Ti  — > be  an  fppf  covering 

of  T . Then  there  exists  an  fppf  covering  {Uj  — > T}j=i,...im  which  is  a refinement 
°f  {Ti  — > T}ie/  such  that  each  Uj  is  an  affine  scheme.  Moreover,  we  may  choose 
each  Uj  to  be  open  affine  in  one  of  the  Ti . 


Proof.  This  follows  directly  from  the  definitions  using  that  a morphism  which  is 
flat  and  locally  of  finite  presentation  is  open,  see  Morphisms,  Lemma  28.25.9  □ 


Thus  we  define  the  corresponding  standard  coverings  of  affines  as  follows. 


2 


The  letters  fppf  stand  for  “fidelement  plat  de  presentation  finie” . 
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7.6.2 


Definition  33.7.5.  Let  T be  an  affine  scheme.  A standard  fppf  covering  of  T is  a 
family  {fj  : Uj  — > Tfj—  with  each  Uj  is  affine,  flat  and  of  finite  presentation 
over  T and  T = (J  fj(Uj). 

Definition  33.7.6.  A big  fppf  site  is  any  site  Schjppf  as  in  Sites,  Definition 
constructed  as  follows: 

(1)  Choose  any  set  of  schemes  So,  and  any  set  of  fppf  coverings  Covo  among 
these  schemes. 

(2)  As  underlying  category  take  any  category  Scha  constructed  as  in  Sets, 
Lemma |3.9.2|  starting  with  the  set  So . 

(3)  Choose  any  set  of  coverings  as  in  Sets,  Lemma  3.11.1  starting  with  the 
category  Scha  and  the  class  of  fppf  coverings,  and  the  set  Cov0  chosen 
above. 

See  the  remarks  following  Definition |33. 3. 5] for  motivation  and  explanation  regard- 
ing the  definition  of  big  sites. 

Before  we  continue  with  the  introduction  of  the  big  fppf  site  of  a scheme  S,  let  us 
point  out  that  the  topology  on  a big  fppf  site  Schfppf  is  in  some  sense  induced  from 
the  fppf  topology  on  the  category  of  all  schemes. 

Lemma  33.7.7.  Let  Schfppf  be  a big  fppf  site  as  in  Definition 
Ob (Schfppf).  Let  {T)  — >•  T}jS/  be  an  arbitrary  fppf  covering  ofT. 

(1)  There  exists  a covering  {Uj  — > T}j&j  ofT  in  the  site  Schfppf  which  refines 
{Ti  T} je/. 

(2)  If  {Ti  — > T}i^i  is  a standard  fppf  covering,  then  it  is  tautologically  equiv- 
alent to  a covering  of  Schfppf . 

(3)  If  {Ti  — > T}i£i  is  a Zariski  covering , then  it  is  tautologically  equivalent  to 
a covering  of  Schfppf . 

Proof.  For  each  i choose  an  affine  open  covering  T,  = U ,fj  Tij  such  that  each 
Tij  maps  into  an  affine  open  subscheme  of  T.  By  Lemma  |33.7.3  the  refinement 
{Tij  — > is  an  fppf  covering  of  T as  well.  Hence  we  may  assume  each 


53.7.6.  Let  Tie 


Ti  is  affine,  and  maps  into  an  affine  open  Wt  of  T.  Applying  Sets,  Lemma  3.9.9 


we  see  that  Wj  is  isomorphic  to  an  object  of  Schzar ■ But  then  Tj  as  a finite  type 
scheme  over  Wi  is  isomorphic  to  an  object  Vj  of  Schzar  by  a second  application 
of  Sets,  Lemma  3.9. 9|  The  covering  {Vi  — » T}ie/  refines  {Ti  — > T}iej  (because 
they  are  isomorphic).  Moreover,  {Vi  — > T}jej  is  combinatorially  equivalent  to  a 
covering  {Uj 
{Uj 


T}jej  of  T in  the  site  Schzar  by  Sets,  Lemma  3.9.9  The  covering 


T}jej  is  a refinement  as  in  (1).  In  the  situation  of  (2),  (3)  each  of  the 
schemes  Tj  is  isomorphic  to  an  object  of  Schfppf  by  Sets,  Lemma  3.9.9|  and  another 
application  of  Sets,  Lemma |3.11.1|  gives  what  we  want.  □ 

Definition  33.7.8.  Let  S'  be  a scheme.  Let  Schfppf  be  a big  fppf  site  containing 

S. 

(1)  The  big  fppf  site  of  S,  denoted  (Sch/S)fppj,  is  the  site  Schfppf/S  intro- 
duced in  Sites,  Section  [7. 24| 

(2)  The  big  affine  fppf  site  of  S,  denoted  (Aff/ S)  fPPf,  is  the  full  subcategory 
of  (Sch/S) fppf  whose  objects  are  affine  U/S.  A covering  of  (Aff/ S) fppf  is 
any  covering  {t/j  — > U}  of  (Sch/ S)  fppf  which  is  a standard  fppf  covering. 

It  is  not  completely  clear  that  the  big  affine  fppf  site  is  a site.  We  check  this  now. 
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Lemma  33.7.9.  Let  S be  a scheme.  Let  Schfppf  be  a big  fppf  site  containing  S. 
Then  ( Aff ) S)  fppf  is  a site. 


Proof.  Let  us  show  that  (Aff/ S) fppf  is  a site.  Reasoning  as  in  the  proof  of  Lemma 
|33.4.9|  it  suffices  to  show  that  the  collection  of  standard  fppf  coverings  of  affines 
satisfies  properties  (1),  (2)  and  (3)  of  Sites,  Definition  7.6.2  This  is  clear  since 
for  example,  given  a standard  fppf  covering  {Ti  — > T}ig/  and  for  each  i we  have  a 
standard  fppf  covering  {Ti:j  — >•  Ti}j^ji,  then  {Tl3  — > is  a standard  fppf 

covering  because  Uie/  Ji  is  finite  and  each  Ti;j  is  affine.  □ 


Lemma  33.7.10.  Let  S be  a scheme.  Let  Schfppf  be  a big  fppf  site  containing  S. 
The  underlying  categories  of  the  sites  Schfppf,  (Sch/S)fppf,  and  (Aff/ S) fppf  have 
fibre  products.  In  each  case  the  obvious  functor  into  the  category  Sch  of  all  schemes 
commutes  with  taking  fibre  products.  The  category  (Sch/ S)  fppf  has  a final  object, 
namely  S/S. 


Proof.  For  Schfppf  it  is  true  by  construction,  see  Sets,  Lemma  3.9.9|  Suppose  we 
have  U — > S,  V — >U,  W — >U  morphisms  of  schemes  with  U,V,W  € Ob  (Schfppf). 
The  fibre  product  V Xy  W in  Schfvpf  is  a fibre  product  in  Sch  and  is  the  fibre 
product  of  V/S  with  W/S  over  U/S  in  the  category  of  all  schemes  over  S,  and 
hence  also  a fibre  product  in  (Sch/ S) fppf . This  proves  the  result  for  (Sch/ S) fPPf. 
If  U,  V. , W are  affine,  so  is  V XjjW  and  hence  the  result  for  (Aff/S)fppf.  □ 


Next,  we  check  that  the  big  affine  site  defines  the  same  topos  as  the  big  site. 

Lemma  33.7.11.  Let  S be  a scheme.  Let  Schfppf  be  a big  fppf  site  containing  S. 
The  functor  (Aff/ S)  fppf  —>  (Sch/ S)  fppf  is  cocontinuous  and  induces  an  equivalence 
of  topoi  from  Sh((Aff/S)fppf)  to  Sh((Sch/  S)fppf). 


Proof.  The  notion  of  a special  cocontinuous  functor  is  introduced  in  Sites,  Defini- 
tion 7.28.2  Thus  we  have  to  verify  assumptions  (1)  - (5)  of  Sites,  Lemma  7.28.1 


Denote  the  inclusion  functor  u : (Aff/ S) fppf  — > (Sch/ S) fppf.  Being  cocontinuous 
just  means  that  any  fppf  covering  of  T / S,  T affine,  can  be  refined  by  a standard 
fppf  covering  of  T.  This  is  the  content  of  Lemma  33.7.4|  Hence  (1)  holds.  We  see  u 
is  continuous  simply  because  a standard  fppf  covering  is  a fppf  covering.  Hence  (2) 
holds.  Parts  (3)  and  (4)  follow  immediately  from  the  fact  that  u is  fully  faithful. 
And  finally  condition  (5)  follows  from  the  fact  that  every  scheme  has  an  affine  open 
covering.  □ 


Next,  we  establish  some  relationships  between  the  topoi  associated  to  these  sites. 

Lemma  33.7.12.  Let  Schfppf  be  a big  fppf  site.  Let  f :T  S be  a morphism  in 
Schfppf.  The  functor 

u : (Sch/T)fpPf  — ■>  (Sch/ S) fppf,  V/T  i — > V/S 
is  cocontinuous,  and  has  a continuous  right  adjoint 

v : (Sch/S) fppf  — ► (Sch/T) fppf , (U  — l S)  i — » (U  xsT  T). 

They  induce  the  same  morphism  of  topoi 

fblg  : Sh((Sch/T) fppf)  — ► Sh((Sch/ S)fppf) 

We  have  fbig(G)(U/T)  = G(U/S).  We  have  fbig,*(F)(U / S)  = T(UxsT/T).  Also, 
fbig  has  a left  adjoint  fbig\  which  commutes  with  fibre  products  and  equalizers. 
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Proof.  The  functor  u is  cocontinuous,  continuous,  and  commutes  with  fibre  prod- 
ucts and  equalizers.  Hence  Sites,  Lemmas  |7.20.5|  and  |7.20.6|  apply  and  we  deduce 
the  formula  for  ff~A  and  the  existence  of  fbig\-  Moreover,  the  functor  v is  a right 
adjoint  because  given  U/T  and  V/S  we  have  Morg(it(f7),  V)  = Mott{U,  V xg  T) 
as  desired.  Thus  we  may  apply  Sites,  Lemmas |7.21.1| and |7.21.2| to  get  the  formula 
for  fbig ,*■  1— 1 

Lemma  33.7.13.  Given  schemes  X,  Y,  Y in  (Sch/ S) fppf  and  morphisms  f : 
X ->Y,  g:Y  Z we  have  gbig  o fbig  = (g  o f)big. 


Proof.  This  follows  from  the  simple  description  of  pushforward  and  pullback  for 
the  functors  on  the  big  sites  from  Lemma  33.7.12  □ 


33.8.  The  fpqc  topology 


Definition  33.8.1.  Let  T be  a scheme.  An  fpqc  covering  of  T is  a family  of 
morphisms  {fi  : Xj  — > T}igj  of  schemes  such  that  each  /j  is  flat  and  such  that  for 
every  affine  open  U C T there  exists  n > 0,  a map  a : {1, . . . ,n}  — > I and  affine 
opens  Vj  C TaU),  j = l,...,n  with  (J"=1  fa(j){Vj ) = u- 

To  be  sure  this  condition  implies  that  T = (J  fi  (Ti ) ■ It  is  slightly  harder  to  recognize 
an  fpqc  covering,  hence  we  provide  some  lemmas  to  do  so. 

Lemma  33.8.2.  Let  T be  a scheme.  Let  {/,;  : Ti  — > T}jg/  be  a family  of  morphisms 
of  schemes  with  target  T.  The  following  are  equivalent 

(1)  {fi  : Ti  — > T}iej  is  an  fpqc  covering, 

(2)  each  fi  is  flat  and  for  every  affine  open  U C T there  exist  quasi-compact 
opens  Ui  C Ti  which  are  almost  all  empty,  such  that  U = (J  fifUf), 

(3)  each  fi  is  flat  and  there  exists  an  affine  open  covering  T = UaeA  Ua  and 

for  each  a £ A there  exist  ia,i,  . . ■ , ia,n(a)  £ I and  quasi-compact  opens 
Ua,j  £ Such  that  Ua  — ,,n(a)  0 • 

IfT  is  quasi-separated,  these  are  also  equivalent  to 

(4)  each  fi  is  flat,  and  for  every  t £ T there  exist  i\,...,in  £ I and  quasi- 
compact opens  Uj  C Ti.  such  that  (J;=i  n/q(f7j)  is  a (not  necessarily 
open)  neighbourhood  oft  in  T. 

Proof.  We  omit  the  proof  of  the  equivalence  of  (1),  (2),  and  (3).  From  now  on 
assume  T is  quasi-separated.  We  prove  (4)  implies  (2).  Let  U C T be  an  affine 
open.  To  prove  (2)  it  suffices  to  show  that  for  every  t £ U there  exist  finitely  many 
quasi-compact  opens  Uj  C T*.  such  that  fi^Uj)  C U and  such  that  U fij(Uj)  is  a 
neighbourhood  of  t in  U . By  assumption  there  do  exist  finitely  many  quasi-compact 
opens  Uj  C Tij  such  that  such  that  (J  /tj  (U()  is  a neighbourhood  of  t in  T.  Since  T 
is  quasi-separated  we  see  that  Uj  = U(  fl  ff1^)  is  quasi-compact  open  as  desired. 
Since  it  is  clear  that  (2)  implies  (4)  the  proof  is  finished.  □ 

Lemma  33.8.3.  Let  T be  a scheme.  Let  {fi  : Ti  — > T}ie/  be  a family  of  morphisms 
of  schemes  with  target  T.  The  following  are  equivalent 

(1)  {fi  : Ti  — > T}iej  is  an  fpqc  covering,  and 

(2)  setting  T = Tit  and  f = ]JigJ  ft  the  family  {/  : T'  ->  T}  is  an  fpqc 
covering. 
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Proof.  Suppose  that  U C T is  an  affine  open.  If  (1)  holds,  then  we  find  i\, . . . , in  £ 
I and  affine  opens  U3  C Tj,.  such  that  U = Uj=i  „ /-q  (Uj).  Then  U\ll. . AlUn  C T' 
is  a quasi-compact  open  surjecting  onto  U . Thus  {/  : T'  — ¥ T}  is  an  fpqc  covering 
by  Lemma  33.8.2  Conversely,  if  (2)  holds  then  there  exists  a quasi-compact  open 
U'  C T'  with  U = f{U').  Then  U:j  = U'  n Tj  is  quasi-compact  open  in  Tj  and 
empty  for  almost  all  j.  By  Lemma [33. 8. 2 we  see  that  (1)  holds.  □ 


03L8  Lemma  33.8.4.  Let  T be  a scheme.  Let  {/,;  : Tj  — > T}jg/  be  a family  of  morphisms 
of  schemes  with  target  T.  Assume  that 

(1)  each  ft  is  flat,  and 

(2)  the  family  {/,;  : Tj  — > T}jg/  can  be  refined  by  a fpqc  covering  of  T . 

Then  {/j  : Tj  — > T}ig/  is  a fpqc  covering  ofT. 


Proof.  Let  {g3  : Xj  — » T}Jgj  be  an  fpqc  covering  refining  {/j  : Tj  — » T}.  Suppose 
that  17  C T is  affine  open.  Choose  ji , . . . , jrn  £ J and  14  C Xjk  affine  open  such 
that  U = Ufe(^)-  For  each  j pick  ij  £ I and  a morphism  hj  : Xj  — >•  Tlj  such 
that  g3  = fi-ohj.  Since  hjk(  14)  is  quasi-compact  we  can  find  a quasi-compact  open 
hjk(Vk ) C Uk  C /“^(C/).  Then  U = IJ  fijk  (Uk).  We  conclude  that  {/j  : Tj  ->•  T}lg/ 
is  an  fpqc  covering  by  Lemma [33. 8. 2|  □ 

03L9  Lemma  33.8.5.  Let  T be  a scheme.  Let  {/j  : Tj  — > T}jg/  fee  a family  of  morphisms 
of  schemes  with  target  T.  Assume  that 

(1)  each  fi  is  flat,  and 

(2)  there  exists  an  fpqc  covering  {g3  : Sj  — > T}jgj  such  that  each  {Sj  XxTi  — > 
Sj } jg/  is  an  fpqc  covering. 

Then  {fi  : Ti  — > T}jg/  is  a fpqc  covering  ofT. 

Proof.  We  will  use  Lemma  133.8.21  without  further  mention.  Let  U C T be  an 
affine  open.  By  (2)  we  can  find  quasi-compact  opens  Vj  C Sj  for  j £ J,  almost 
all  empty,  such  that  U = U 9j(Vj)-  Then  for  each  j we  can  choose  quasi-compact 
opens  Wij  C Sj  Xt  Ti  for  i £ I,  almost  all  empty,  with  Vj  = UjPri(Wjj).  Thus 
{Sj  Xt  Ti  — > T}  is  an  fpqc  covering.  Since  this  covering  refines  {/j  : Tj  — > T}  we 
conclude  by  Lemma [33.8. 4|  □ 

022C  Lemma  33.8.6.  Any  fppf  covering  is  an  fpqc  covering,  and  a fortiori,  any  syn- 
tomic,  smooth,  etale  or  Zariski  covering  is  an  fpqc  covering. 


Proof.  We  will  show  that  an  fppf  covering  is  an  fpqc  covering,  and  then  the  rest 
follows  from  Lemma  33.7.2  Let  {/j  : Tj  — » I/}jgj  be  an  fppf  covering.  By  definition 
this  means  that  the  /j  are  flat  which  checks  the  first  condition  of  Definition|33.8.1| 
To  check  the  second,  let  V C U be  an  affine  open  subset.  Write  /j_1(I7)  = |J/gJ;  Vj  j 
for  some  affine  opens  Vi  j C Tj.  Since  each  /j  is  open  (Morphisms,  Lemma  [28. 25. 9 ), 
we  see  that  V = UezlW,  fiiVj)  is  an  open  covering  of  V.  Since  V is  quasi- 
compact, this  covering  has  a finite  refinement.  This  finishes  the  proof.  □ 


The  fpqcj^]  topology  cannot  be  treated  in  the  same  way  as  the  fppf  topolog>Q 
Namely,  suppose  that  R is  a nonzero  ring.  We  will  see  in  Lemma  |33.8.14|  that 


^The  letters  fpqc  stand  for  “fidelement  plat  quasi-compacte” . 
more  precise  statement  would  be  that  the  analogue  of  Lemma 
does  not  hold. 


33.7.7 


for  the  fpqc  topology 
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there  does  not  exist  a set  A of  fpqc-coverings  of  Spec  (I?)  such  that  every  fpqc- 
covering  can  be  refined  by  an  element  of  A.  If  R = k is  a field,  then  the  reason 
for  this  unboundedness  is  that  there  does  not  exist  a field  extension  of  k such  that 
every  field  extension  of  k is  contained  in  it. 

If  you  ignore  set  theoretic  difficulties,  then  you  run  into  presheaves  which  do  not 
have  a sheafification,  see  |Wat,751  Theorem  5.5].  A mildly  interesting  option  is  to 
consider  only  those  faithfully  flat  ring  extensions  R — >■  R!  where  the  cardinality  of 
R'  is  suitably  bounded.  (And  if  you  consider  all  schemes  in  a fixed  universe  as  in 
SGA4  then  you  are  bounding  the  cardinality  by  a strongly  inaccessible  cardinal.) 
However,  it  is  not  so  clear  what  happens  if  you  change  the  cardinal  to  a bigger  one. 

For  these  reasons  we  do  not  introduce  fpqc  sites  and  we  will  not  consider  cohomology 
with  respect  to  the  fpqc-topology. 

On  the  other  hand,  given  a contravariant  functor  F : Schopp  — > Sets  it  does  make 
sense  to  ask  whether  F satisfies  the  sheaf  property  for  the  fpqc  topology,  see  below. 
Moreover,  we  can  wonder  about  descent  of  object  in  the  fpqc  topology,  etc.  Simply 
put,  for  certain  results  the  correct  generality  is  to  work  with  fpqc  coverings. 

022D  Lemma  33.8.7.  Let  T be  a scheme. 

(1)  IfT'—tT  is  an  isomorphism  then  {T'  — > T}  is  an  fpqc  covering  ofT. 

(2)  If  {Ti  — » T}iej  is  an  fpqc  covering  and  for  each  i we  have  an  fpqc  covering 
{Tij  — ► Ti}j&ji;  then  {T^  — ► T}ieijeji  is  an  fpqc  covering. 

(3)  If  {Ti  — > T}jgj  is  an  fpqc  covering  and  T'  — >•  T is  a morphism  of  schemes 
then  {T'  XxTi  — >•  T'jjgj  is  an  fpqc  covering. 


022E 


Proof.  Part  (1)  is  immediate.  Recall  that  the  composition  of  flat  morphisms  is  flat 


and  that  the  base  change  of  a flat  morphism  is  flat  (Morphisms,  Lemmas  28.25.7 
and  28.25.5).  Thus  we  can  apply  Lemma  33.8.2  in  each  case  to  check  that  our 
families  of  morphisms  are  fpqc  coverings. 


Proof  of  (2).  Assume  {Ti  — > T}ie/  is  an  fpqc  covering  and  for  each  i we  have  an 
fpqc  covering  {fij  : T \j  — > ■ Let  U C T be  an  affine  open.  We  can  find 

quasi-compact  opens  Ui  C Ti  for  i £ /,  almost  all  empty,  such  that  U = (J  fi(Ui). 
Then  for  each  i we  can  choose  quasi-conrpact  opens  Wij  C T \j  for  j £ Ji , almost 
all  empty,  with  Ui  = (J  ■ /y  (Uij).  Thus  {T^  — > T}  is  an  fpqc  covering. 


Proof  of  (3).  Assume  {Ti  — > T}iS/  is  an  fpqc  covering  and  T'  — > T is  a morphism 
of  schemes.  Let  U'  C T'  be  an  affine  open  which  maps  into  the  affine  open  U C T. 
Choose  quasi-compact  opens  Ui  C T),  almost  all  empty,  such  that  U = (J  fi{Ut). 
Then  U'  XuUi  is  a quasi-conrpact  open  of  T'  and  U'  = \J  pr1(t/'  XjjUi).  Since 
T'  can  be  covered  by  such  affine  opens  U'  C T'  we  see  that  {T'  Xt  Ti  — > T'}iei  is 
an  fpqc  covering  by  Lemma  33.8.2|  □ 


Lemma  33.8.8.  Let  T be  an  affine  scheme.  Let  {Ti  — > T}jg/  be  an  fpqc  covering 
of  T . Then  there  exists  an  fpqc  covering  {Uj  —¥  T}j= i n which  is  a refinement 
of  {Ti  — y T}i6/  such  that  each  Uj  is  an  affine  scheme.  Moreover,  we  may  choose 
each  Uj  to  be  open  affine  in  one  of  the  Ti . 


Proof.  This  follows  directly  from  the  definition.  □ 

022F  Definition  33.8.9.  Let  T be  an  affine  scheme.  A standard  fpqc  covering  of  T is  a 
family  {fj  : Uj  — ► T}J=1  with  each  Uj  is  affine,  flat  over  T and  T = (J  fj(Uj)- 
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Since  we  do  not  introduce  the  affine  site  we  have  to  show  directly  that  the  collection 
of  all  standard  fpqc  coverings  satisfies  the  axioms. 

03LA  Lemma  33.8.10.  Let  T be  an  affine  scheme. 

(1)  If  T'  —>  T is  an  isomorphism  then  {T1  — >•  T}  is  a standard  fpqc  covering 
ofT. 

(2)  If  {Ti  — > T}iS/  is  a standard  fpqc  covering  and  for  each  i we  have  a stan- 
dard fpqc  covering  {Ty  — >•  Ti}j&jit  then  {Ty  — > is  a standard 

fpqc  covering. 

(3)  If  {Ti  — > T}iej  is  a standard  fpqc  covering  and  T'  — ► T is  a morphism  of 
affine  schemes  then  {T'  Xt  Ti  — » T'}^/  is  a standard  fpqc  covering. 


Proof.  This  follows  formally  from  the  fact  that  compositions  and  base  changes  of 
flat  morphisms  are  flat  (Morphisms,  Lemmas  |28.25.7  and  28.25.5 1 and  that  fibre 
products  of  affine  schemes  are  affine  (Schemes,  Lemma  25.17.2).  □ 


03LB  Lemma  33.8.11.  Let  T be  a scheme.  Let  {/,;  : Ti  — > T}iej  be  a family  of 
morphisms  of  schemes  with  target  T . Assume  that 

(1)  each  fi  is  flat,  and 

(2)  every  affine  scheme  Z and  morphism  h : Z T there  exists  a standard 
fpqc  covering  {Zj  — > Z}j= which  refines  the  family  {TiXxZ  — > Z}iGi. 

Then  {fi  : Ti  -»  T}ig/  is  a fpqc  covering  ofT. 


022G 


Proof.  Let  T = (J  Ua  be  an  affine  open  covering.  For  each  a the  pullback  family 
{Ti  Xt  Ua  — >•  Ua}  can  be  refined  by  a standard  fpqc  covering,  hence  is  an  fpqc 
covering  by  Lemma  [33.8.4  As  {Ua  — ¥ T}  is  an  fpqc  covering  we  conclude  that 


{Ti  — >•  T}  is  an  fpqc  covering  by  Lemma  33.8.5 


□ 


Definition  33.8.12.  Let  F be  a contravariant  functor  on  the  category  of  schemes 
with  values  in  sets. 


(1)  Let  {Ui  — > T}i&i  be  a family  of  morphisms  of  schemes  with  fixed  target. 
We  say  that  F satisfies  the  sheaf  property  for  the  given  family  if  for  any 
collection  of  elements  £*  £ FifUf)  such  that  fi\uiXTUj  = f,j\uiXTU-  there 
exists  a unique  element  £ £ F{T)  such  that  fi  = £|[/.  in  FfUf). 

(2)  We  say  that  F satisfies  the  sheaf  property  for  the  fpqc  topology  if  it  satisfies 
the  sheaf  property  for  any  fpqc  covering. 


We  try  to  avoid  using  the  terminology  “F  is  a sheaf”  in  this  situation  since  we  are 
not  defining  a category  of  fpqc  sheaves  as  we  explained  above. 

022H  Lemma  33.8.13.  Let  F be  a contravariant  functor  on  the  category  of  schemes 
with  values  in  sets.  Then  F satisfies  the  sheaf  property  for  the  fpqc  topology  if  and 
only  if  it  satisfies 

(1)  the  sheaf  property  for  every  Zariski  covering,  and 

(2)  the  sheaf  property  for  any  standard  fpqc  covering. 

Moreover,  in  the  presence  of  (1)  property  (2)  is  equivalent  to  property 

(2’)  the  sheaf  property  for  {V  — > U}  with  V,  U affine  and  V — ► U faithfully 
flat. 

Proof.  Assume  (1)  and  (2)  hold.  Let  { f,  : Ti  — > T}ieI  be  an  fpqc  covering.  Let 
Si  £ F(Tf)  be  a family  of  elements  such  that  Si  and  Sj  map  to  the  same  element 
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of  F(Ti  Xt  Tj).  Let  W C T be  the  maximal  open  subset  such  that  there  exists  a 
unique  s £ F(W)  with  s|y-i(w)  = l/— x (viy)  f°r  *•  Such  a maximal  open  exists 

because  F satisfies  the  sheaf  property  for  Zariski  coverings;  in  fact  W is  the  union 
of  all  opens  with  this  property.  Let  t £ T.  We  will  show  t £ W.  To  do  this  we 
pick  an  affine  open  t £ U C T and  we  will  show  there  is  a unique  s £ F(U ) with 


By  Lemma  33.8.8  we  can  find  a standard  fpqc  covering  {Uj  — > U}j—i  n refining 
{UxTTi  —)•[/},  say  by  morphisms  hj  : Uj  — >■  Tj . . By  (2)  we  obtain  a unique  element 
s £ F(U)  such  that  s|c/j  = F(hj)(sij).  Note  that  for  any  scheme  V — > U over  U 
there  is  a unique  section  sy  £ F(V)  which  restricts  to  F(/iJopr2)(s^. ) on  V XjjUj  for 
j = 1 , ,n.  Namely,  this  is  true  if  V is  affine  by  (2)  as  {V  XjjUj  — > V } is  a standard 
fpqc  covering  and  in  general  this  follows  from  (1)  and  the  affine  case  by  choosing 
an  affine  open  covering  of  V.  In  particular,  sy  = s|v  Now,  taking  V = U Xj-Tj 
and  using  that  Sj.  •/•  *.,.•/%  = we  conclude  that  s| uxTTt  = sy  = s»| uxTTt 

which  is  what  we  had  to  show. 


Proof  of  the  equivalence  of  (2)  and  (2’)  in  the  presence  of  (1).  Suppose  {Tj  — >■ 
T}  is  a standard  fpqc  covering,  then  {J  Tj  — > T is  a faithfully  flat  morphism  of 
affine  schemes.  In  the  presence  of  (1)  we  have  /‘  (LI  Tj)  = {{/"(Tj)  an<i  similarly 
/^((U  X()  x t (U  T())  = J!  F(Ti  x t ) . Thus  the  sheaf  condition  for  {Tj  — ► T}  and 
m Tj  — » T}  is  the  same.  □ 

The  following  lemma  is  here  just  to  point  out  set  theoretical  difficulties  do  indeed 
arise  and  should  be  ignored  by  most  readers. 

OBBK  Lemma  33.8.14.  Let  R be  a nonzero  ring.  There  does  not  exist  a set  A of  fpqc- 
coverings  of  Spec (R)  such  that  every  fpqc-covering  can  be  refined  by  an  element  of 

A. 


Proof.  Let  us  first  explain  this  when  R = k is  a field.  For  any  set  / consider 
the  purely  transcendental  field  extension  k C kj  = k({ti}iej).  Since  k — > kj  is 
faithfully  flat  we  see  that  {Spec (fc/)  — >•  Spec(fc)}  is  an  fpqc  covering.  Let  A be  a 
set  and  for  each  a £ A let  Ua  = {Saj  — > Spec (fc)}jeJQ  be  an  fpqc  covering.  If  Ua 
refines  {Spec [ki)  —y  Spec(fc)}  then  the  morphisms  Saj  — > Spec(fc)  factor  through 
Spec (fcj).  Since  Ua  is  a covering,  at  least  some  Saj  is  nonempty.  Pick  a point  point 
s £ Saj.  Since  we  have  the  factorization  Saj  — > Spec  (kj)  — > Spec(fc)  we  obtain 
a homomorphism  of  fields  kj  —X  k(s).  In  particular,  we  see  that  the  cardinality  of 
k(s)  is  at  least  the  cardinality  of  /.  Thus  if  we  take  / to  be  a set  of  cardinality 
bigger  than  the  cardinalities  of  the  residue  fields  of  all  the  schemes  Saj,  then  such 
a factorization  does  not  exist  and  the  lemma  holds  for  R = k. 

General  case.  Since  R is  nonzero  it  has  a maximal  prime  ideal  m with  residue 
field  k.  Let  I be  a set  and  consider  Rj  = SJ1  R[{ti}iei]  where  Si  C /?[{tj}j£j]  is 
the  multiplicative  subset  of  / £ i?[{tj}jgj]  such  that  / maps  to  a nonzero  element 
of  R/p[{ti}ieI  for  all  primes  p of  R.  Then  Rj  is  a faithfully  flat  i?-algebra  and 
{Spec (Rj)  —>■  Spec (R)}  is  an  fpqc  covering.  We  leave  it  as  an  exercise  to  the  reader 
to  show  that  /?/  k = K({tj}jg/)  = K/  with  notation  as  above  (hint:  use  that 
R — > k is  surjective  and  that  any  / £ i?[{fj}jej]  one  of  whose  monomials  occurs 
with  coefficient  1 is  an  element  of  Si).  Let  A be  a set  and  for  each  a £ A let  Ua  = 
{Saj  — >•  Spec(i?)}jejQ  be  an  fpqc  covering.  If  Ua  refines  {Spec (/?/)  — >•  Spec(i?)}, 
then  by  base  change  we  conclude  that  {Saj  xSpec ^ Spec(ft)  — > Spec(ft)}  refines 
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{Spec(ft/)  — X Spec(ft)}.  Hence  by  the  result  of  the  previous  paragraph,  there  exists 
an  I such  that  this  is  not  the  case  and  the  lemma  is  proved.  □ 


33.9.  Change  of  topologies 

Let  f : X —>  Y be  a morphism  of  schemes  over  a base  scheme  S.  In  this  case  we 
have  the  following  morphisms  of  sites  (with  suitable  choices  of  sites  as  in  Remark 
33.9.1  below): 

( Sch/Y)fppf , 

( Sdl/Y)  syntomic) 

(. Sch/Y ) smooth-) 

{ $ c/i/  Y ) etale  •> 

C Sch/Y)zar , 
y {Sch/Y)syntornic, 
y {Sch/Y)srriootjl, 
y {Sch/Y)£taie, 

> {Sch/Y) Z art 

(Sch/Y)  smooth •> 

y {Sch/Y)italei 
-t  ( Sch/Y)  Zar , 

( Sch/  Y)  etale , 

( Sch/Y)zar , 

( Sch/Y)zar , 

-T etale  > 

^ letalei 
letalei 
letalei 
1 Zari 
^ Yzar  5 

^ ^Zar  j 
^Zan 
Zzari 


(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 
(9) 

(10) 

(11) 

(12) 

(13) 

(14) 

(15) 

(16) 

(17) 

(18) 

(19) 

(20) 
(21) 
(22) 

(23) 

(24) 

(25) 

(26) 
(27) 


{Sch/  X)fppf  X 
( Sch/  X)  fppf  x 

{Sch/ X)  fppf  x 

{Sch/ X)  fppf  x 

{Sch/ X)  fppf  x 

{Sch/ X')  gyntomic 

{Sch/ X')  SyntamiC 

( Sch/ X ) syntomic 
{S ch / X)  syntomic 

{Sch/ X)  snlQ0th 
{Sch/ X)  smooth 

{Sch/ X)  smooth 
{Sch/X)et.ale  X 
{Sch/X)etale  X 
{Sch/X)zar 
{Sch/  X)  fppf  x 

{Sch/ X)  syntomic 
{Sch/ X)  smooth 
{Sch/X)et.ale  X 
{Sch/  X)  fppf  X 

{S  ch  / X')  syntomic 
{Sch/ X)  smooth 
{Sch/ X'jgta.le  ^ 
{Sch/X)Zar 


X etale  X r etale) 

X etale  X * Zar  i 

Xz  ar 

In  each  case  the  underlying  continuous  functor  Sch/Y  -A  Sch/X , or  YT  — x Sch/ X 
is  the  functor  Y1  /Y  K x X Xy  Y’ / X.  Namely,  in  the  sections  above  we  have  seen  the 
morphisms  fhig  : {Sch/X)T  — x ( Sch/Y)T  and  fSmaii  ■ XT  — x YT  for  r as  above.  We 
also  have  seen  the  morphisms  of  sites  ny  '■  {Sch/Y)T  — x Yr  for  r € {etale,  Zariski }. 
On  the  other  hand,  it  is  clear  that  the  identity  functor  {Sch/X)T  — x {Sch/X)Ti 
defines  a morphism  of  sites  when  r is  a stronger  topology  than  r'.  Hence  composing 
these  gives  the  list  of  possible  morphisms  above. 

Because  of  the  simple  description  of  the  underlying  functor  it  is  clear  that  given 
morphisms  of  schemes  X — x Y — x Z the  composition  of  two  of  the  morphisms  of 
sites  above,  e.g., 

{Sch/X)T0  — x {Sch/Y)T1  —x  {Sch/Z)T2 

is  the  corresponding  morphism  of  sites  associated  to  the  morphism  of  schemes 

X -x  Z. 
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Remark  33.9.1.  Take  any  category  Scha  constructed  as  in  Sets,  Lemma  3.9.2 
starting  with  the  set  of  schemes  {X,  Y,S}.  Choose  any  set  of  coverings  Co v/pp/ 
on  Scha  as  in  Sets,  Lemma  mm  starting  with  the  category  Scha  and  the  class 
of  fppf  coverings.  Let  Schfppf  denote  the  big  fppf  site  so  obtained.  Next,  for 
r € { Zariski , etale , smooth , syntomic}  let  SchT  have  the  same  underlying  category 
as  Schfppf  with  coverings  CovT  C Co v/pp/  simply  the  subset  of  r-coverings.  It  is 
straightforward  to  check  that  this  gives  rise  to  a big  site  SchT. 


33.10.  Change  of  big  sites 

0221  In  this  section  we  explain  what  happens  on  changing  the  big  Zariski/fppf/etale 
sites. 

Let  r,  t'  £ {Zariski,  etale,  smooth,  syntomic,  fppf}.  Given  two  big  sites  SchT 
and  Sch},  we  say  that  SchT  is  contained  in  Sch},  if  Ob{SchT)  C Ob {Sch},)  and 
Cov{SchT)  C Co v{Sch},).  In  this  case  r is  stronger  than  t',  for  example,  no  fppf 
site  can  be  contained  in  an  etale  site. 

022J  Lemma  33.10.1.  Any  set  of  big  Zariski  sites  is  contained  in  a common  big  Zariski 
site.  The  same  is  true,  mutatis  mutandis,  for  big  fppf  and  big  etale  sites. 


Proof.  This  is  true  because  the  union  of  a set  of  sets  is  a set,  and  the  constructions 
in  Sets,  Lemmas  |3.9.2|  and  |3.11.l|  allow  one  to  start  with  any  initially  given  set  of 
schemes  and  coverings.  □ 

022K  Lemma  33.10.2.  Let  r € {Zariski,  etale,  smooth,  syntomic,  fppf}.  Suppose 
given  big  sites  SchT  and  Sch}.  Assume  that  SchT  is  contained  in  Sch } . The  inclusion 
functor  SchT  — > Sch}  satisfies  the  assumptions  of  Sites,  Lemma  7.20.8  There  are 
morphisms  of  topoi 

g : Sh{SchT)  — ► Sh{Sch!T) 
f : Sh{Sch})  — > Sh{SchT) 

such  that  f o g = id.  For  any  object  S of  SchT  the  inclusion  functor  ( Sch/S)7 
{Sch! / S)T  satisfies  the  assumptions  of  Sites,  Lemma  l.i. 
we  obtain  morphisms 

g : Sh{(Sch/S)T)  — > Sh{{Sch! / S)T) 
f : Sh({Sch'/S)T ) — > Sh{(Sch/S)T) 

with  f o g = id. 


also.  Hence  similarly 


Proof.  Assumptions  (b),  (c),  and  (e)  of  Sites,  Lemma  7.20.8  are  immediate  for  the 
functors  SchT  — > Sch!T  and  {Sch/S)T  — > {Sch' /S)T.  Property  (a)  holds  by  Lemma 
33.3.6  33.4.7  33.5.7  33.6.7  or  33.7.7  Property  (d)  holds  because  fibre  products 


in  the  categories  SchT,  Sch}  exist  and  are  compatible  with  fibre  products  in  the 
category  of  schemes.  □ 


Discussion:  The  functor  g^1  = /*  is  simply  the  restriction  functor  which  associates 
to  a sheaf  Q on  Sch'T  the  restriction  G\scK-  Hence  this  lemma  simply  says  that 
given  any  sheaf  of  sets  F on  SchT  there  exists  a canonical  sheaf  T'  on  Sch } such 
that  F\  schj  = US' . In  fact  the  sheaf  T'  has  the  following  description:  it  is  the 
sheafihcation  of  the  presheaf 

Sch’T  — > Sets,  V i — > colimy^c/  F{U) 
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where  U is  an  object  of  SchT.  This  is  true  because  T'  = f lT  = ( upjF )#  according 
to  Sites,  Lemmas  |7.20.5|  and  |7.20.8| 
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Descent 


34.1.  Introduction 


In  the  chapter  on  topologies  on  schemes  (see  Topologies,  Section  33.1 ) we  introduced 
Zariski,  etale,  fppf,  smooth,  syntomic  and  fpqc  coverings  of  schemes.  In  this  chapter 
we  discuss  what  kind  of  structures  over  schemes  can  be  descended  through  such 
coverings.  See  for  example  |Gro95aj.  |Gro95b].  [Gro95e],  |Gro95f],  |Gro95cj. 
and  |Gro95d).  This  is  also  meant  to  introduce  the  notions  of  descent,  descent 
data,  effective  descent  data,  in  the  less  formal  setting  of  descent  questions  for  quasi- 
coherent  sheaves,  schemes,  etc.  The  formal  notion,  that  of  a stack  over  a site,  is 
discussed  in  the  chapter  on  stacks  (see  Stacks,  Section  8.1). 


34.2.  Descent  data  for  quasi-coherent  sheaves 


In  this  chapter  we  will  use  the  convention  where  the  projection  maps  pri  : X x . . . x 
X — > X are  labeled  starting  with  i = 0.  Hence  we  have  p^p^  : X x X — > X, 
pr0,pr1,pr2  : X x X x X — > X,  etc. 


Definition  34.2.1.  Let  S’  be  a scheme.  Let  {/(  : Si  •S’jie/  be  a family  of 
morphisms  with  target  S. 

(1)  A descent  datum  for  quasi-coherent  sheaves  with  respect  to  the 

given  family  is  given  by  a quasi-coherent  sheaf  J~t  on  Si  for  each  i G /,  an 
isomorphism  of  quasi-coherent  Os^sSj -modules  ipij  : pr^J-j  — >•  pr \Tj  for 
each  pair  (i.  j)  G / 2 such  that  for  every  triple  of  indices  ( i,j,k ) G I3  the 
diagram 


pr 


Pr02Vife 


■ pr  2^k 


PrOlVO  / Pr12 <Pjk 

Pr  i?j 


of  C,5ixss  xsSfc“moclules  commutes.  This  is  called  the  cocycle  condition. 
(2)  A morphism  0 : (Jy,  < Pij)  (Jq,  of  descent  data  is  given  by  a family 

if  = (ifi)i£i  of  morphisms  of  Ost -modules  ipi  '■  such  that  all  the 

diagrams 


prS-^i  -J^-Pri^i 


pi 'oiu 

Pr  IK 


Pr 

Y 


pr^' 


commute. 
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A good  example  to  keep  in  mind  is  the  following.  Suppose  that  S = (J  Si  is  an 
open  covering.  In  that  case  we  have  seen  descent  data  for  sheaves  of  sets  in  Sheaves, 
Section  |6.33|  where  we  called  them  “glueing  data  for  sheaves  of  sets  with  respect 
to  the  given  covering”.  Moreover,  we  proved  that  the  category  of  glueing  data  is 
equivalent  to  the  category  of  sheaves  on  S.  We  will  show  the  analogue  in  the  setting 
above  when  {Si  — > is  an  fpqc  covering. 

In  the  extreme  case  where  the  covering  {S  — > S}  is  given  by  ids  a descent  datum 
is  necessarily  of  the  form  (F,  idjr).  The  cocycle  condition  guarantees  that  the 
identity  on  F is  the  only  permitted  map  in  this  case.  The  following  lemma  shows 
in  particular  that  to  every  quasi-colrerent  sheaf  of  Os-modules  there  is  associated 
a unique  descent  datum  with  respect  to  any  given  family. 

023C  Lemma  34.2.2.  Let  U = {Ui  — ► U}iej  and  V = {Vj  — ¥ V}j^j  be  families  of 
morphisms  of  schemes  with  fixed  target.  Let  (g,a  : I -A  J,  {gi))  : U -A  V be  a 
morphism  of  families  of  maps  with  fixed  target,  see  Sites,  Definition  \ 1. 8. 1\  Let 
(Tj,ipjj>)  be  a descent  datum  for  quasi- coherent  sheaves  with  respect  to  the  family 
{Vj  — ► V}j£j.  Then 

(1)  The  system 

^ 9i/')  Ta(i)a(i')) 

is  a descent  datum  with  respect  to  the  family  {Ui  -A 

(2)  This  construction  is  functorial  in  the  descent  datum 

(3)  Given  a second  morphism  ( g',a ’ : I -A  J,  (g' ))  of  families  of  maps  with 
fixed  target  with  g = g'  there  exists  a functorial  isomorphism  of  descent 
data 


i.9i  i.9i  * 9i'{  Tct(i)a(i'){  — ((l7i)  ^~a.'(i)i(.9i  ^ 9i ')  T a.' (i)a' (i')) • 

Proof.  Omitted.  Hint:  The  maps  g*iFa(i)  -A  ( g'i)*J-a'(i ) which  give  the  isomor- 
phism of  descent  data  in  part  (3)  are  the  pullbacks  of  the  maps  pa(i)a'(i)  by  the 
morphisms  : Ui  -A  Va^  xv  □ 


Any  family  U = {Si  -A  S}ig/  is  a refinement  of  the  trivial  covering  {S  A S}  in  a 
unique  way.  For  a quasi-coherent  sheaf  T on  S we  denote  simply  (J^S; , can)  the 
descent  datum  with  respect  to  U obtained  by  the  procedure  above. 

34.2.3.  Let  S be  a scheme.  Let  {Si  -A  S}jg/  be  a family  of  morphisms 
with  target  S. 

(1)  Let  J7  be  a quasi-coherent  0s-m°dule.  We  call  the  unique  descent  on  J7 
datum  with  respect  to  the  covering  {S  — >•  S}  the  trivial  descent  datum. 

(2)  The  pullback  of  the  trivial  descent  datum  to  {Si  -A  S}  is  called  the 
canonical  descent  datum.  Notation:  (T7^,  can). 

(3)  A descent  datum  (J7,;,  ipij)  for  quasi-coherent  sheaves  with  respect  to  the 

given  covering  is  said  to  be  effective  if  there  exists  a quasi-coherent  sheaf 
J7  on  S such  that  is  isomorphic  to  (F^, can). 

34.2.4.  Let  S be  a scheme.  Let  S = (J  Ui  be  an  open  covering.  Any 
descent  datum  on  quasi-coherent  sheaves  for  the  family  U = {Ui  — > S}  is  effec- 
tive. Moreover,  the  functor  from  the  category  of  quasi-coherent  Os -modules  to  the 
category  of  descent  data  with  respect  to  U is  fully  faithful. 


023E  Lemma 


023D  Definition 


Proof.  This  follows  immediately  from  Sheaves,  Section|6.33  and  the  fact  that  being 
quasi-coherent  is  a local  property,  see  Modules,  Definition  17.10.1|  □ 
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023F 


023G 


To  prove  more  we  first  need  to  study  the  case  of  modules  over  rings. 


34.3.  Descent  for  modules 


Let  R — > A be  a ring  map. 
cosimplicial  H-algebra 


By  Simplicial,  Example  14.5.5  this  gives  rise  to  a 


A ■<  ? A A , >■  A <S)R  A g^j  A 

> 

Let  us  denote  this  ( A/R ).  so  that  ( A/R)n  is  the  (n  + l)-fold  tensor  product  of  A 
over  R.  Given  a map  p : [n]  — > [m]  the  H-algebra  map  (A/R),(p)  is  the  map 


a0  g . . . g an  i — TT  ai  ® TT  , , a,;  g . . . g TT  a,; 

where  we  use  the  convention  that  the  empty  product  is  1.  Thus  the  first  few  maps, 
notation  as  in  Simplicial,  Section  [14.5[  are 


a0 

i-)- 

1 g a0 

s\ 

a0 

i-)- 

ao  g 1 

°0 

a0 

g 

ai 

i-)- 

a0ai 

a0 

g 

ai 

1 g a0  g ai 

si 

a o 

g 

ai 

!->■ 

ao  <8>  1 g «i 

S22 

a o 

g 

ai 

!->■ 

ao  g ai  g 1 

°0 

a0  g 

ai 

g a2 

a0ai  g a2 

a0  g 

ai 

g a2 

ao  g aia2 

and  so  on. 


An  A-module  M gives  rise  to  a cosimplicial  (A/R), -module  (A/ R),(&rM  . In  other 
words  Mn  = (A/R)n  g#  M and  using  the  I?-algebra  maps  ( A/R)n  -*  (A/R)m  to 
define  the  corresponding  maps  on  M g#  (A/R),. 

The  analogue  to  a descent  datum  for  quasi-coherent  sheaves  in  the  setting  of  mod- 
ules is  the  following. 

34.3.1.  Let  R A be  a ring  map. 

descent  datum  (N,  ip)  for  modules  with  respect  to  R —¥  A is  given  by  an 
module  N and  a isomorphism  of  A<g>R  A- modules 

p : N ®r  A — A gfl  N 

such  that  the  cocycle  condition  holds:  the  diagram  of  Ag#  Ag#  A-module 
maps 

N ®R  A ®R  A — A g,R  A g/j  N 

A g/j  N ®R  A 


Definition 

(1)  A 
A- 


commutes  (see  below  for  notation). 

(2)  A morphism  (TV,  p)  — > (IV7,  p')  of  descent  data  is  a morphism  of  A-modules 
ip  : N — > N'  such  that  the  diagram 


TV  gfl  A 


TV'  gfl  A - 


■ A g#  TV 


id^®^ 


■ A gK  TV' 
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is  commutative. 

In  the  definition  we  use  the  notation  that  (/?oi  = <p  0 id^,  <^12  = id^  0 ip,  and 
<Po2(n  ®l®l)  = Xiai®l®ni  'f  p(n)  = Y ai  ® ni • All  three  are  A 0r  A 0r  A- 
nrodule  homomorphisms.  Equivalently  we  have 

Pij  = P0{A/R)  1,  ( A/R).(t ?.)  (A/i?)2 

where  t?-  : [1]  -A  [2]  is  the  map  0 1 — >■  i,  1 1 — >■  j.  Namely,  {A/ R),{tq2)(clq  0 a\)  = 
a0  0 1 0 ai , and  similarly  for  the  othertQ 

We  need  some  more  notation  to  be  able  to  state  the  next  lemma.  Let  ( N , <p)  be  a 
descent  datum  with  respect  to  a ring  map  R —>  A.  For  n > 0 and  i £ [n]  we  set 

Nn<i  = A 0r  . . . 0r  A 0r  N 0n  A 0r  . . . 0r  A 

with  the  factor  N in  the  *th  spot.  It  is  an  (A/i?)„-module.  If  we  introduce  the 
maps  r"  : [0]  — > [n],  0 1 -A-  i then  we  see  that 

= N 0(A/R)o,  ( A/R).(t /*)  ( A/R)n 

For  0 < i < j < n we  let  r™  : [1]  — ► [n]  be  the  map  such  that  0 maps  to  i and  1 to 
j.  Similarly  to  the  above  the  homomorphism  ip  induces  isomorphisms 

P>ij  = P 0(a/ R)i,  {a/r).(tV\)  ( A/R)n  : Nn>i  > Nn,j 

of  (A/i?)„-modules  when  i < j.  If  % = j we  set  = id.  Since  these  are  all 
isomorphisms  they  allow  us  to  move  the  factor  N to  any  spot  we  like.  And  the 
cocycle  condition  exactly  means  that  it  does  not  matter  how  we  do  this  (e.g.,  as  a 
composition  of  two  of  these  or  at  once).  Finally,  for  any  j3  : [n]  —¥  [m\  we  define  the 
morphism 

AI Q.%  ■ At Ti..i  ^ AI rn.p(i) 
as  the  unique  (A/i?)#(/3)-semi  linear  map  such  that 

A/3,i(l  ®...<g>n<g>...(g>l)  = l(g>...<8>n<g>...(g>l 
for  all  n £ N.  This  hints  at  the  following  lemma. 

Lemma  34.3.2.  Let  R -A  A be  a ring  map.  Given  a descent  datum  (N,<p)  we 
can  associate  to  it  a cosimplicial  (A/ R), -module  A^]  by  the  rules  Nn  = Nn  n and 
given  ft  : [n]  — > [m]  setting  we  define 

N.(P)  = (¥$„)  J o Nptn  : JVn,n  — ► Nm>m. 

This  procedure  is  functorial  in  the  descent  datum. 


af.  Here  are  the  first  few  maps  where  p(n  0 1)  = Y 

ai  0 Xi 

% 

N 

-A 

A0N 

n 

1 ® n 

d 

N 

-A 

A0N 

n 

Yai®xi 

A0  N 

- A 

N 

ao0n 

a$n 

A0N 

-A 

A0A0N 

ao0n 

10  ao0n 

S't 

A0N 

-A 

A0A0N 

ao0n 

a$0l0n 

s'i 

A0N 

-A 

A0A0N 

ao0n 

Y a0  ® a 

0 Xi 

A0A0N 

-A 

A0N 

ao  0 a\  0 n 

aotti  0 n 

A0A0N 

-A 

A0  N 

ao  0 a\  0 n 

ao  0 a\n 

Note  that  rf-  — 5?,  if  {i 

tj  k ’ f 

3,k} 

= [2]  = {0, 1,  2},  see  Simplicial, 

Definition  14.2.1 

We  should  really  write  (N,ip) 

• • 
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with  notation  as  in  Simplicial,  Section  |14.5[  We  first  verify  the  two  properties 
do  ° 5q  = id  and  (7q  ° = id.  The  first  one,  cr®  o = id,  is  clear  from  the 

explicit  description  of  the  morphisms  above.  To  prove  the  second  relation  we  have 
to  use  the  cocycle  condition  (because  it  does  not  holds  for  an  arbitrary  isomorphism 
tp  : TV  A — > A (g)^  TV ).  Write  p = a®  o 5{  : TV  — y TV.  By  the  description  of  the 
maps  above  we  deduce  that  p is  also  equal  to 

p = ip  0 id  : TV  = (TV  ®r  A)  <8>(A®ra)  A — > [A  0_r  TV)  0(a®ha)  A = N 

Since  tp  is  an  isomorphism  we  see  that  p is  an  isomorphism.  Write  ip(n  ® 1)  = 
")2ai  0 Xi  for  certain  a?  £ A and  Xi  £ TV.  Then  p(n)  = J2aixi-  Next,  write 
ip(xi  0 1)  = aij  ® Uj  f°r  certain  £ A and  yj  £ TV.  Then  the  cocycle  condition 
says  that 

y:  on  0 aij  0 yj  = ^ Qj  0 1 (8  Xi. 

This  means  that  p(n)  = Ylaixi  = 'Thaiaijyj  = J2aiP(xi)  = p{p{n))-  Thus  p is  a 
projector,  and  since  it  is  an  isomorphism  it  is  the  identity. 

To  prove  fully  that  TV,  is  a cosimplicial  module  we  have  to  check  all  5 types  of 
relations  of  Simplicial,  Remark|l4.5.3|  The  relations  on  composing  er’s  are  obvious. 
The  relations  on  composing  5’s  come  down  to  the  cocycle  condition  for  tp.  In  exactly 
the  same  way  as  above  one  checks  the  relations  <jj  o 5j  = cry  o = id.  Finally, 
the  other  relations  on  compositions  of  S’s  and  cr’s  hold  for  any  tp  whatsoever.  □ 

Note  that  to  an  I?-module  M we  can  associate  a canonical  descent  datum,  namely 
(M  0fl  A , can ) where  can  : ( M 0^  A)  A — >•  A 0fi  (M  0^  A)  is  the  obvious  map: 
(to  0 a)  0 a'  !->■  a 0 (m  0 a'). 

0231  Lemma  34.3.3.  Let  R — > A be  a ring  map.  Let  M be  an  R-module.  The  cosim- 
plicial [A/ R), -module  associated  to  the  canonical  descent  datum  is  isomorphic  to 
the  cosimplicial  module  ( A/R ),  0^  M . 

Proof.  Omitted.  □ 


023J  Definition  34.3.4.  Let  R — ► A be  a ring  map.  We  say  a descent  datum  (TV,  tp)  is 
effective  if  there  exists  an  .R-module  M and  an  isomorphism  of  descent  data  from 
(M  A,  can ) to  (TV,  tp). 


Let  R — > A be  a ring  map.  Let  (TV,  tp)  be  a descent  datum. 


We  may  take 
It 


cochain  complex  s(TV#)  associated  with  TV,  (see  Simplicial,  Section  14.251. 
the  following  shape: 


the 

has 


TV  — y A 0i?.  TV  — y A 0n  A 0j?  TV  — y . . . 


We  can  describe  the  maps.  The  first  map  is  the  map 

n i — ► 1 0 n — tp(n  0 1). 

The  second  map  on  pure  tensors  has  the  values 

a 0 n i — > I0a0n-a0l0n  + tt0  tp(n  0 1). 

It  is  clear  how  the  pattern  continues. 

In  the  special  case  where  TV  = A 0??  M we  see  that  for  any  to  £ M the  element 
1 0 to  is  in  the  kernel  of  the  first  map  of  the  cochain  complex  associated  to  the 
cosimplicial  module  (A/R),  0u  M . Hence  we  get  an  extended  cochain  complex 

023K  (34.3.4.1)  0 — M — A ®R  M -s>  A 0fl  A M — . . . 
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Here  we  think  of  the  0 as  being  in  degree  —2,  the  module  M in  degree  —1,  the 
module  A ®r  M in  degree  0,  etc.  Note  that  this  complex  has  the  shape 

0 — y R — y A — y A ® )r  A — y A ®r  A ®r  A — y . . . 

when  M = R. 


023L  Lemma  34.3.5.  Suppose  that  R -4  A has  a section.  Then  for  any  R-module  M 


the  extended  cochain  complex  (34.3. 4.1)  is  exact. 


Proof.  By  Simplicial,  Lemma  14.28.4  the  map  R — y ( A/R)m  is  a homotopy  equiv- 
alence of  cosimplicial  R-algebras  (here  R denotes  the  constant  cosimplicial  R- 
algebra).  Hence  M -4  ( A/R ).  ®r  M is  a homotopy  equivalence  in  the  category  of 
cosimplicial  R- modules,  because  ® rM  is  a functor  from  the  category  of  R-algebras 
to  the  category  of  R-modules,  see  Simplicial,  Lemma  |14.28.3|  This  implies  that 
the  induced  map  of  associated  complexes  is  a homotopy  equivalence,  see  Simpli- 
cial, Lemma  |14.28.5|  Since  the  complex  associated  to  the  constant  cosimplicial 
.R-module  M is  the  complex 


M- 


M - 


M 


M- 


M ... 


we  win  (since  the  extended  version  simply  puts  an  extra  M at  the  beginning).  □ 


023M  Lemma  34.3.6.  Suppose  that  R —y  A is  faithfully  flat,  see  Algebra,  Definition 


10.38.1  Then  for  any  R-module  M the  extended  cochain  complex  (34-3. 4-1)  is 
exact. 


Proof.  Suppose  we  can  show  there  exists  a faithfully  flat  ring  map  R — y R'  such 
that  the  result  holds  for  the  ring  map  R'  -4  A'  = R'  ®r  A.  Then  the  result  follows 
for  R -4  A.  Namely,  for  any  R-module  M the  cosimplicial  module  ( M ®r  R')  ®r' 
(A’ /R')m  is  just  the  cosimplicial  module  R'®r(M®r(A/R),).  Hence  the  vanishing 
of  cohomology  of  the  complex  associated  to  (. M ®r  R')  ®r>  (A' /R')m  implies  the 
vanishing  of  the  cohomology  of  the  complex  associated  to  M ®r  (A/R),  by  faithful 
flatness  of  R — y R' . Similarly  for  the  vanishing  of  cohomology  groups  in  degrees 
— 1 and  0 of  the  extended  complex  (proof  omitted). 


But  we  have  such  a faithful  flat  extension.  Namely  R!  = A works  because  the 
ring  map  R!  = A — y A!  = A (g)^  A has  a section  a®  a!  aa ' and  Lemma  34.3.5 
applies.  □ 


Here  is  how  the  complex  relates  to  the  question  of  effectivity. 

039W  Lemma  34.3.7.  Let  R —y  A be  a faithfully  flat  ring  map.  Let  ( N,<p ) be  a descent 
datum.  Then  (N,  tp)  is  effective  if  and  only  if  the  canonical  map 

A®r  H°(s(N.))  — y N 

is  an  isomorphism. 


Proof.  If  (N,  ip)  is  effective,  then  we  may  write  N = A ®r  M with  tp  = can.  It 


follows  that  H°(s(Nt))  = M by  Lemmas  34.3.3  and  34.3.6  Conversely,  suppose 


the  map  of  the  lemma  is  an  isomorphism.  In  this  case  set  M = H°(s(N,)).  This  is 
an  R-submodule  of  N,  namely  M = {n&N\l®n  = ip(n ® 1)}.  The  only  thing  to 
check  is  that  via  the  isomorphism  A ®r  M -4  N the  canonical  descent  data  agrees 
with  ip.  We  omit  the  verification.  □ 
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039X  Lemma  34.3.8.  Let  R — > A be  a ring  map,  and  let  R — >■  R'  be  faithfully  flat.  Set 
A = R!  <Sir  A.  If  all  descent  data  for  R'  — > A'  are  effective,  then  so  are  all  descent 
data  for  R — * A. 


Proof.  Let  (TV,  p)  be  a descent  datum  for  R — > A.  Set  TV'  = R'  0 r N = A'  0x  TV, 
and  denote  tp'  = id#'  0 tp  the  base  change  of  the  descend  datum  tp.  Then  (TV',  tp') 
is  a descent  datum  for  R'  — ► A'  and  H°(s(N'm))  = R1  0_r  H°(s(N,)).  Moreover,  the 
map  A'  H°(s(Nf))  — > TV'  is  identified  with  the  base  change  of  the  A-module 
map  A®p  H°(s(N ))  — > TV  via  the  faithfully  flat  map  A — > A' . Hence  we  conclude 
by  Lemma |3T3Jl  ' □ 

Here  is  the  main  result  of  this  section.  Its  proof  may  seem  a little  clumsy;  for  a 
more  highbrow  approach  see  Remark  |34. 3. 11|  below. 

023N  Proposition  34.3.9.  Let  R A be  a faithfully  flat  ring  map.  Then 

(1)  any  descent  datum  on  modules  with  respect  to  R A is  effective, 

(2)  the  functor  M i— >■  {A®rM,  can)  from  R-modules  to  the  category  of  descent 
data  is  an  equivalence,  and 

(3)  the  inverse  functor  is  given  by  ( N,ip ) i— > iJ°(s(TV,)). 


Proof.  We  only  prove  (1)  and  omit  the  proofs  of  (2)  and  (3).  As  R — > A is  faithfully 
flat,  there  exists  a faithfully  flat  base  change  R — > R'  such  that  R'  — > A'  = R'  A 
has  a section  (namely  take  R'  = A as  in  the  proof  of  Lemma [34.3.6 ).  Hence,  using 
Lemma  34.3.8  we  may  assume  that  R — > A as  a section,  say  a : A — ► R.  Let  (TV,  tp) 
be  a descent  datum  relative  to  R -»  A.  Set 

M = TL°(s(TV.))  = {neTV|  1 <g>  n = p{n  ® 1)}  C TV 
By  Lemma  34.3.7  it  suffices  to  show  that  A 0^  M — )■  TV  is  an  isomorphism. 

Take  an  element  n £ TV.  Write  tp{n  0 1)  = ^ ai  0 Xi  for  certain  a*  £ A and  x i £ TV. 


By  Lemma  34.3.2  we  have  n = ^ aj.Xi  in  TV  (because  Oq  cAq  = id  in  any  cosimplicial 
object).  Next,  write  tp(xi  0 1)  = fly  0 yj  for  certain  a^-  £ A and  yj  £ TV.  The 
cocycle  condition  means  that 

at  0 aij  0 Pj  = Y,  aj  0 1 0 Xj 

in  A 0^  A 0fl  TV.  We  conclude  two  things  from  this.  First,  by  applying  a to 
the  first  A we  conclude  that  a(ai)p{xi  0 1)  = )T)<t (a*)  0 Xi  which  means  that 
<j(ai)Xi  £ M.  Next,  by  applying  a to  the  middle  A and  multiplying  out  we 
conclude  that  )Tb  aifffj  a(aij)Uj ) = a ixi  = n-  Hence  by  the  first  conclusion  we 

see  that  A(&rM  — > TV  is  surjective.  Finally,  suppose  that  m,;  £ M and  ^ a^mt  = 0. 
Then  we  see  by  applying  tp  to  ^ aim;  0 1 that  ai  ® TO*  = 0-  In  other  words 
A 0/{  M — > TV  is  injective  and  we  win.  □ 

0230  Remark  34.3.10.  Let  R be  a ring.  Let  /]_,..., /n  £ 7?  generate  the  unit  ideal. 
The  ring  A = T?^  is  a faithfully  flat  T?- algebra.  We  remark  that  the  cosimplicial 

ring  ( A/R ),  has  the  following  ring  in  degree  n: 


n, 


R 


fio  -fi. 


Hence  the  results  above  recover  Algebra,  Lemmas  10.22. 1[[10. 22. 2|and|10.23T4|  But 
the  results  above  actually  say  more  because  of  exactness  in  higher  degrees.  Namely, 
it  implies  that  Cech  cohomology  of  quasi-coherent  sheaves  on  afRnes  is  trivial,  see 
(insert  future  reference  here). 
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039Y  Remark  34.3.11.  Let  R be  a ring.  Let  A,  be  a cosimplicial  R-algebra.  In  this 
setting  a descent  datum  corresponds  to  an  cosimplicial  A.-module  M.  with  the 
property  that  for  every  n,  m > 0 and  every  ip  : [n]  — > [m]  the  map  M (p)  : Mn  — > 
Mm  induces  an  isomorphism 


Mn  ®An,A(<p)  -An 


Mr, 


Let  us  call  such  a cosimplicial  module  a cartesian  module.  In  this  setting,  the  proof 
of  Proposition |34.3.9|  can  be  split  in  the  following  steps 

(1)  If  R — > R'  is  faithfully  flat,  R -A  A any  ring  map,  then  descent  data  for 

A/R  are  effective  if  descent  data  for  ( R ' A)/R'  are  effective. 

(2)  Let  A be  an  R-algebra.  Descent  data  for  A/R  correspond  to  cartesian 
(A/R)  .-modules. 

(3)  If  R — > A has  a section  then  ( A/R ),  is  homotopy  equivalent  to  R , the 
constant  cosimplicial  R-algebra  with  value  R. 

(4)  If  A . — > B,  is  a homotopy  equivalence  of  cosimplicial  R-algebras  then  the 
functor  M.  i-a  M , ®a.  B,  induces  an  equivalence  of  categories  between 
cartesian  A.-modules  and  cartesian  R.-modules. 


For 

the 


(4) 


(1)  see  Lemma  34.3.8  Part  (2)  uses  Lemma  34.3.2  Part  (3)  we  have  seen  in 


proof  of  Lemma  34.3.5  (it  relies  on  Simplicial,  Lemma  14.28.4l.  Moreover,  part 
is  a triviality  if  you  think  about  it  right! 


34.4.  Descent  for  universally  injective  morphisms 

08WE  Numerous  constructions  in  algebraic  geometry  are  made  using  techniques  of  descent , 
such  as  constructing  objects  over  a given  space  by  first  working  over  a somewhat 
larger  space  which  projects  down  to  the  given  space,  or  verifying  a property  of  a 
space  or  a morphism  by  pulling  back  along  a covering  map.  The  utility  of  such  tech- 
niques is  of  course  dependent  on  identification  of  a wide  class  of  effective  descent 
morphisms.  Early  in  the  Grothendieckian  development  of  modern  algebraic  geom- 
etry, the  class  of  morphisms  which  are  quasi- compact  and  faithfully  flat  was  shown 
to  be  effective  for  descending  objects,  morphisms,  and  many  properties  thereof. 

As  usual,  this  statement  comes  down  to  a property  of  rings  and  modules.  For 
a homomorphism  f : R S to  be  an  effective  descent  morphism  for  modules, 
Grothendieck  showed  that  it  is  sufficient  for  / to  be  faithfully  flat.  However,  this 
excludes  many  natural  examples:  for  instance,  any  split  ring  homomorphism  is  an 
effective  descent  morphism.  One  natural  example  of  this  even  arises  in  the  proof  of 
faithfully  flat  descent:  for  / : R — >•  S any  ring  homomorphism,  Is®  / : S — > S®rS 
is  split  by  the  multiplication  map  whether  or  not  it  is  flat. 

One  may  then  ask  whether  one  there  is  a natural  ring-theoretic  condition  imply- 
ing effective  descent  for  modules  which  includes  both  the  case  of  a faithfully  flat 
morphism  and  that  of  a split  ring  homomorphism.  It  may  surprise  the  reader  (at 
least  it  surprised  this  author)  to  learn  that  a complete  answer  to  this  question  has 
been  known  since  around  1970!  Namely,  it  is  not  hard  to  check  that  a necessary 
condition  for  / : R — > S to  be  an  effective  descent  morphism  for  modules  is  that 
/ must  be  universally  injective  in  the  category  of  R-modules,  that  is,  for  any  17- 
module  M,  the  map  1 m ® / : M -A-  M S must  be  injective.  This  then  turns 
out  to  be  a sufficient  condition  as  well.  For  example,  if  / is  split  in  the  category 
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of  R-modules  (but  not  necessarily  in  the  category  of  rings),  then  / is  an  effective 
descent  morphism  for  modules. 

The  history  of  this  result  is  a bit  involved:  it  was  originally  asserted  by  Olivier 
|Qli70l.  who  called  universally  injective  morphisms  pure,  but  without  a clear  in- 
dication of  proof.  One  can  extract  the  result  from  the  work  of  Joyal  and  Tierney 
|JT84I.  but  to  the  best  of  our  knowledge,  the  first  free-standing  proof  to  appear 
in  the  literature  is  that  of  Mesablishvili  iMesOO  . The  first  purpose  of  this  section 
is  to  expose  Mesablishvili’s  proof;  this  requires  little  modification  of  his  original 
presentation  aside  from  correcting  typos,  with  the  one  exception  that  we  make 
explicit  the  relationship  between  the  customary  definition  of  a descent  datum  in 
algebraic  geometry  and  the  one  used  in  [M  es  00].  The  proof  turns  to  be  entirely 
category-theoretic,  and  consequently  can  be  put  in  the  language  of  monads  (and 
thus  applied  in  other  contexts);  see  |.TT04j. 

The  second  purpose  of  this  section  is  to  collect  some  information  about  which 
properties  of  modules,  algebras,  and  morphisms  can  be  descended  along  universally 
injective  ring  homomorphisms.  The  cases  of  finite  modules  and  flat  modules  were 
treated  by  Mesablishvili  mm- 


08WF  34.4.1.  Category-theoretic  preliminaries.  We  start  by  recalling  a few  basic 
notions  from  category  theory  which  will  simplify  the  exposition.  In  this  subsection, 
fix  an  ambient  category. 

For  two  morphisms  g\ , <72  : B -A  C,  recall  that  an  equalizer  of  g\  and  <72  is  a 
morphism  / : A — » B which  satisfies  g\  o / = g2  ° / and  is  universal  for  this 
property.  This  second  statement  means  that  any  commutative  diagram 

A' 

Y 

A — J—^  B TC 

92 

without  the  dashed  arrow  can  be  uniquely  completed.  We  also  say  in  this  situation 
that  the  diagram 


08WG  (34.4.1.1) 


9l 


B 


C 


08WH 

08WI 


is  an  equalizer.  Reversing  arrows  gives  the  definition  of  a coequalizer.  See  Cate- 
gories, Sections  |4.10|and  |4.11 


Since  it  involves  a universal  property,  the  property  of  being  an  equalizer  is  typically 
not  stable  under  applying  a covariant  functor.  Just  as  for  monomorphisms  and 
epimorphisms,  one  can  get  around  this  in  some  cases  by  exhibiting  splittings. 


Definition  34.4.2.  A split  equalizer  is  a diagram  (34.4.1.1 1 with  gi  o f = g2  o f 
for  which  there  exist  auxiliary  morphisms  h : B — » A and  i : C — > B such  that 

(34.4.2.1)  hof  = lA,  foh  = iog1,  iog2  = lB. 


The  point  is  that  the  equalities  among  arrows  force  (34.4.1.1)  to  be  an  equalizer: 
the  map  e factors  uniquely  through  / by  writing  e = / o (h  o e).  Consequently, 
applying  a covariant  functor  to  a split  equalizer  gives  a split  equalizer;  applying  a 
contravariant  functor  gives  a split  coequalizer,  whose  definition  is  apparent. 
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08WJ 

08WK 


08WL 

08WM 

08WN 

08WP 


08  WQ 


08WR 

08  WS 
08WT 


34.4.3.  Universally  injective  morphisms.  Recall  that  Rings  denotes  the  cate- 
gory of  commutative  rings  with  1.  For  an  object  R of  Rings  we  denote  Mod#  the 
category  of  R-modules. 


Remark  34.4.4.  Any  functor  F : A — >■  B of  abelian  categories  which  is  exact  and 
takes  nonzero  objects  to  nonzero  objects  reflects  injections  and  surjections.  Namely, 
exactness  implies  that  F preserves  kernels  and  cokernels  (compare  with  Homology, 
Section  12.7).  For  example,  if  / : R — > S is  a faithfully  flat  ring  homomorphism, 
then  • S : Mods  — > Mods  has  these  properties. 


Let  R be  a ring.  Recall  that  a morphism  / : M — > N in  Mods  is  universally 
injective  if  for  all  P G Mods,  the  morphism  / <g)  lp  : M P — > N P is 
injective.  See  Algebra,  Definition  |10. 81.1 

Definition  34.4.5.  A ring  map  / : R — > S is  universally  injective  if  it  is  universally 
injective  as  a morphism  in  Mods- 

Example  34.4.6.  Any  split  injection  in  Mods  is  universally  injective.  In  partic- 
ular, any  split  injection  in  Rings  is  universally  injective. 


Example  34.4.7.  For  a ring  R and  /i, . . . , fn  G R generating  the  unit  ideal,  the 
morphism  R — > Rf1  © . . . © Rfn  is  universally  injective.  Although  this  is  immediate 
from  Lemma|34.4.8[  it  is  instructive  to  check  it  directly:  we  immediately  reduce  to 
the  case  where  R is  local,  in  which  case  some  ft  must  be  a unit  and  so  the  map 
R — ► Rft  is  an  isomorphism. 


Lemma  34.4.8.  Any  faithfully  flat  ring  map  is  universally  injective. 


Proof.  This  is  a reformulation  of  Algebra,  Lemma  10.81.1l[ 


□ 


The  key  observation  from  [MesOOj  is  that  universal  injectivity  can  be  usefully 
reformulated  in  terms  of  a splitting,  using  the  usual  construction  of  an  injective 
cogenerator  in  Mods- 


Definition  34.4.9.  Let  R be  a ring.  Define  the  contravariant  functor  C : Mods  — t 
Mods  by  setting 

C(M)  = Honufc(M,Q/Z), 
with  the  I?- act  ion  on  C(M)  given  by  rf(s)  = f(rs). 


This  functor  was  denoted  M H > Mv  in  More  on  Algebra,  Section  15.46 


Lemma  34.4.10.  For  a ring  R,  the  functor  C : ModR  — > ModR  is  exact  and 
reflects  injections  and  surjections. 


Proof.  Exactness  is  More  on  Algebra,  Lemma  15.46.6  and  the  other  properties 
follow  from  this,  see  Remark  |34.4.4|  □ 


Remark  34.4.11.  We  will  use  frequently  the  standard  adjunction  between  Horn 
and  tensor  product,  in  the  form  of  the  natural  isomorphism  of  contravariant  func- 
tors 


= Homfl(«i,C(»2))  : Mods  x Mods  — >•  Mods 
Q/Z  to  the  map  mi  (m2  1-4  /(mi  <8)7712)).  See  Algebra, 


(34.4.11.1)  C{*  1 

taking  / : M\  ®R  M2  - 
Lemma  [lO.  13.5  A corollary  of  this  observation  is  that  if 


C(M) 


C(N) 


C{P) 
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is  a split  coequalizer  diagram  in  Mod  a,  then  so  is 

C(M  ®p  Q)  ? C(N  ®R  Q) C(P  <8>n  Q ) 


for  any  Q £ Modp. 

08WU  Lemma  34.4.12.  Let  R be  a ring.  A morphism  f : M — > TV  in  ModR  is  universally 
injective  if  and  only  if  C(f)  : C'(TV)  — » C(M)  is  a split  surjection. 


Proof.  By  (34.4.11.1),  for  any  P £ Modp  we  have  a commutative  diagram 


Horn  p(P,C(TV))- 
C(P®r  TV)  — 


HomH  (P,C(/)) 
Clip®/) 


■Horn  r(P,C{M)) 
C(P®rM ). 


If  / is  universally  injective,  then  1 c(M)®f  '■  C(M)®pM  — ► C(M)®rN  is  injective, 
so  both  rows  in  the  above  diagram  are  surjective  for  P = C(M).  We  may  thus  lift 
1 c(M)  G Horn r(C(M),C(M))  to  some  g £ HomR(C(N),C(M))  splitting  C(f). 
Conversely,  if  C(f)  is  a split  surjection,  then  both  rows  in  the  above  diagram  are 
surjective,  so  by  Lemma  [34.4. 10[  lp  g>  / is  injective.  □ 


08WV 


Remark  34.4.13.  Let  / : M — ► TV  be  a universally  injective  morphism  in 
Modp.  By  choosing  a splitting  g of  C(f),  we  may  construct  a functorial  split- 
ting of  C(lp  g>  /)  for  each  P £ Modp.  Namely,  by  (34.4.11.1)  this  amounts  to 
splitting  Homp(P,  C(f))  functorially  in  P,  and  this  is  achieved  by  the  map  g o •. 


08WW  34.4.14.  Descent  for  modules  and  their  morphisms.  Throughout  this  sub- 
section, fix  a ring  map  / : R — > S.  As  seen  in  Section|34.3|we  can  use  the  language  of 
cosimplicial  algebras  to  talk  about  descent  data  for  modules,  but  in  this  subsection 
we  prefer  a more  down  to  earth  terminology. 


For  i = 1,2,3,  let  Si  be  the  T-fold  tensor  product  of  S over  R.  Define  the  ring 


homomorphisms  <5q , <5^  : Si 
by  the  formulas 


S2,  ^01>^02)  ^12 


: Si  — t S3,  and  Sfi ,61,6%  : S2  S3 


(5o(a0)  = 1 ® a0 
c>i  (ao)  = a0  <g>  1 
So(ao  ® ai)  = 1 <8>  ao  <8>  cli 


1 ® ai 

di  <g>  1 


81  (ao  ® di)  = d0 
82(00  <8>  di)  = do 

<5oi (do)  = 1 <E>  1 ® d0 
^02 (do)  = 1 ® d 0 0 1 
^12  (do)  = d0  <g>  1 ® 1. 

In  other  words,  the  upper  index  indicates  the  source  ring,  while  the  lower  index 
indicates  where  to  insert  factors  of  1.  (This  notation  is  compatible  with  the  notation 
introduced  in  Section  34.3  ) 
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08WX 

08WY 

08WZ 

08X0 


08X1 

08X2 


that  for  M £ Mods,  a descent  datum  on  M relative 

to  / is  an  isomorphism 


Recalljfrom  Definition 


34.3.1 


0 : M 05,51  S2  — > M 05,51  S2 
of  ^-modules  satisfying  the  cocycle  condition 

(34.4.14.1)  (0  0 5%)  o (6  0 S°)  = (0  0 5\)  : M 0 5,5^  S3  -»  M <S>s,sl2  S3- 

Let  DDS/r  be  the  category  of  S-modules  equipped  with  descent  data  relative  to  /. 

For  example,  for  M0  £ Mod^  and  a choice  of  isomorphism  M = M0  0#  S gives 
rise  to  a descent  datum  by  identifying  M 05,51  S2  and  M 05,51  S2  naturally  with 
M0  0R  S2-  This  construction  in  particular  defines  a functor  f*  : Mod#  — ► DDS/R. 

Definition  34.4.15.  The  functor  f*  : Modi?  — ► DDg/R  is  called  base  extension 
along  f.  We  say  that  / is  a descent  morphism  for  modules  if  f*  is  fully  faithful. 
We  say  that  / is  an  effective  descent  morphism  for  modules  if  f*  is  an  equivalence 
of  categories. 


Our  goal  is  to  show  that  for  / universally  injective,  we  can  use  0 to  locate  M0 
within  M . This  process  makes  crucial  use  of  some  equalizer  diagrams. 

Lemma  34.4.16.  For  (M,  0)  £ DDR/R,  the  diagram 
(34.4.16.1) 

0o(l  M®Sl)  (8®g;)o(lM04,j) 

M *-  M 0s)5 1 S2 ^ M 0s,5i2  S3 

1m®S2®^1 


is  a split  equalizer. 

Proof.  Define  the  ring  homomorphisms  ctq  : S2  — > Si  and  o-Q,a{  : S3  — > S2  by  the 
formulas 


0-9(00  0 ai)  = a0ai 
CTo(a0  0ai0  a2)  = a0ai  0 a2 
cJ(ao  0 ai  0 a2)  = a 0 0 aia2. 


We  then  take  the  auxiliary  morphisms  to  be  1h  0 uj  : M 05,51  S2  M and 
1 m 0 ctq  : M 0s,5f2  S3  — > M 05,51  S2.  Of  the  compatibilities  required  in  (34.4.2.1 ), 
the  first  follows  from  tensoring  the  cocycle  condition  (34.4.14.1)  with  o[  and  the 
others  are  immediate.  □ 


Lemma  34.4.17.  For  (AI,  0)  £ DDg/R,  the  diagram 
(34.4.17.1) 


C(M  05,5i2  S3)  ^ C(M  05,51  S2) — — 


obtained  by  applying  C to  (34-4-16. 1)  is  a split  coequalizer. 

Proof.  Omitted. 


C(M). 


□ 


:iTo  be  precise,  our  9 here  is  the  inverse  of  if  from  Definition 


34.3.1 
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08X3 

08X4 

08X5 

08X6 

08X7 

08X8 


Lemma  34.4.18.  The  diagram 


(34.4.18.1) 


S2 


is  a split  equalizer. 


Proof.  In  Lemma  34.4.16  take  ( M,6 ) = f*{S). 


□ 


This  suggests  a definition  of  a potential  quasi-inverse  functor  for  f* . 


Definition  34.4.19.  Define  the  functor  /*  : DDr/r  — > Mod^  by  taking  f*(M,  9) 

to  be  the  R-submodule  of  M for  which  the  diagram 

(34.4.19.1) 

00(1  M®Sg) 

f*  (M,  9) M r M ®sA  S2 


is  an  equalizer. 


Using  Lemma  |34.4.16|  and  the  fact  that  the  restriction  functor  Mods  — > Mod^  is 
right  adjoint  to  the  base  extension  functor  • S : Mod^  — >•  Mods,  we  deduce 
that  /*  is  right  adjoint  to  f*. 

We  are  ready  for  the  key  lemma.  In  the  faithfully  flat  case  this  is  a triviality  (see 
Remark  34.4.21),  but  in  the  general  case  some  argument  is  needed. 


Lemma  34.4.20.  If  f is  universally  injective,  then  the  diagram 
(34.4.20.1) 

eo(i„*sfr  (W22)°(1m®502) 

MM,  9)  ®R  S M ®s,5i  52  ~ 


. M <S>s,sl2  S 3 


obtained  by  tensoring  (34.4.19.1)  over  R with  S is  an  equalizer. 


Proof.  By  Lemma  34.4.12  and  Remark  34.4.13  the  map  C(lN®f)  ■ C(N®RS) 


C(N ) can  be  split  functorially  in  N.  This  gives  the  upper  vertical  arrows  in  the 
commutative  diagram 

C(0o(1m®i5U) 


in  which  the  compositions  along  the  columns  are  identity  morphisms.  The  second 


row  is  the  coequalizer  diagram  (34.4.17.1);  this  produces  the  dashed  arrow.  From 
the  top  right  square,  we  obtain  auxiliary  morphisms  C(/*(M,  9))  — > C(M)  and 
C(M)  — > C(M®s  si  S2)  which  imply  that  the  first  row  is  a split  coequalizer  diagram. 
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08X9 


08XA 


08XB 


08XC 


08XD 


By  Remark  |34. 4. 11[  we  may  tensor  with  S inside  C to  obtain  the  split  coequalizer 
diagram 


C((0®<5|)  o(1m®<5o)) 

C(M  ®s>s 2ogi  S3) ^ C(M  ®Sj5i  S2) 

C(1m®s2®|5i) 


c(0o(iM®ai)) 


C{fffM,e)®RS). 


By  Lemma  34.4.10  we  conclude  (34.4.20.11  must  also  be  an  equalizer. 


□ 


Remark  34.4.21.  If  / is  a split  injection  in  Mod#,  one  can  simplify  the  argument 
by  splitting  / directly,  without  using  C . Things  are  even  simpler  if  / is  faithfully 
flat;  in  this  case,  the  conclusion  of  Lemma [34. 4. 20|  is  immediate  because  tensoring 
over  R with  S preserves  all  equalizers. 


Theorem  34.4.22.  The  following  conditions  are  equivalent. 

(a)  The  morphism  f is  a descent  morphism  for  modules. 

(b)  The  morphism  f is  an  effective  descent  morphism  for  modules. 

(c)  The  morphism  f is  universally  injective. 


Proof.  It  is  clear  that  (b)  implies  (a).  We  now  check  that  (a)  implies  (c).  If  / 
is  not  universally  injective,  we  can  find  M £ Mod#  such  that  the  map  1 m ® / : 
M -A  M ®#  S has  nontrivial  kernel  N . The  natural  projection  M — > M/N  is  not 
an  isomorphism,  but  its  image  in  DDR/R  is  an  isomorphism.  Hence  f*  is  not  fully 
faithful. 


We  finally  check  that  (c)  implies  (b).  By  Lemma  34.4.20  for  ( M,0 ) £ DDR/R , 
the  natural  map  /*/*(M,  6)  -A  M is  an  isomorphism  of  ^'-modules.  On  the  other 
hand,  for  Mq  £ Mod#,  we  may  tensor  (34.4.18.1)  with  Mq  over  R to  obtain  an 
equalizer  sequence,  so  M0  -A  f*f*M  is  an  isomorphism.  Consequently,  /*  and  f* 
are  quasi-inverse  functors,  proving  the  claim.  □ 


34.4.23.  Descent  for  properties  of  modules.  Throughout  this  subsection,  fix 
a universally  injective  ring  map  / : R — > S,  an  object  M £ Mod#,  and  a ring  map 
R — > A.  We  now  investigate  the  question  of  which  properties  of  M or  A can  be 
checked  after  base  extension  along  /.  We  start  with  some  results  from  [M  es  023. 

Lemma  34.4.24.  If  M £ ModR  is  flat,  then  C(M)  is  an  injective  R-module. 

Proof.  Let  0 — > N — > P — >•  Q — ► 0 be  an  exact  sequence  in  Mod#.  Since  M is  flat, 


0 — ^ N ®#  AL  — ^ P ®#  M — y Cf  ®#  M — y 0 
is  exact.  By  Lemma  [34.4. 10[ 

0 ->  C(Q  <g>#  M)  ->•  C\P  <g>#  M)  -A  C(N  <g>#  M)  — > 0 


is  exact.  By  (34.4.11.1),  this  last  sequence  can  be  rewritten  as 

0 —1  Horn r{Q,C(M))  — »•  Hom#(P,  C{M))  — > Horn R(N,C(M)) 
Hence  C(M ) is  an  injective  object  of  Mod#. 


0. 


□ 


Theorem  34.4.25.  If  M ®RS  has  one  of  the  following  properties  as  an  S -module 

(a)  finitely  generated; 

(b)  finitely  presented; 

(c)  flat; 

(d)  faithfully  flat; 
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(e)  finite  projective; 

then  so  does  M as  an  R-module  (and  conversely). 


Proof.  To  prove  (a),  choose  a finite  set  {ni}  of  generators  of  M ®#  S in  Mods. 
Write  each  n,  as  rriij  (g»  with  rriij  £ M and  Sy  £ 5.  Let  F be  the  finite  free 
.R-module  with  basis  e and  let  F — >•  M be  the  R-module  map  sending  to  rriij  ■ 
Then  F ®#  S — > M ®#  S is  surjective,  so  Coker(F  — >•  M)  ®>#  S is  zero  and  hence 
Coker(F  — > M)  is  zero.  This  proves  (a). 


To  see  (b)  assume  M®RS  is  finitely  presented.  Then  M is  finitely  generated  by  (a). 
Choose  a surjection  R®n  — y M with  kernel  K.  Then  K®rS  — > S®r  — > M®RS  — » 0 
is  exact.  By  Algebra,  Lemma  10.5.3  the  kernel  of  S®r  — > M ®#  S is  a finite  S- 
module.  Thus  we  can  find  finitely  many  elements  k\ , . . . , fcj  £ K such  that  the 
images  of  ki  ® 1 in  S®r  generate  the  kernel  of  S®r  — > M ®#  S.  Let  K'  C K be  the 
submodule  generated  by  ki, ...  ,kt.  Then  M'  = R®r/K’  is  a finitely  presented  R- 
module  with  a morphism  M'  — > M such  that  M'(2>rS  —$■  M®rS  is  an  isomorphism. 
Thus  M'  = M as  desired. 


To  prove  (c),  let  0 — ► M'  — > M"  — > M — > 0 be  a short  exact  sequence  in  Mod#. 
Since  • S is  a right  exact  functor,  M"  S'  — > M S is  surjective.  So  by 
Lemma  34.4.10  the  map  C(M  S)  C(M"  (g>#  S)  is  injective.  If  M S is 
flat,  then  Lemma[34.4.24  shows  C\M  (g>#  S)  is  an  injective  object  of  Mods,  so  the 
injection  C{M  S)  — > C(M"  S)  is  split  in  Mods  and  hence  also  in  Mod#. 
Since  C(M  (g)#  S ) ->  C(M ) is  a split  surjection  by  Lemma  34.4.12  it  follows  that 
C(M ) — > C(M ")  is  a split  injection  in  Mod#.  That  is,  the  sequence 

0 ->  C(M)  -a  C(M")  ->  C(M')  -a  0 
is  split  exact.  For  N £ Mod#,  by  (34.4. 11. i|)  we  see  that 

0 ->  C(M  ®R  N)  -s-  C(M"  ®#  N)  ->•  C(M'  g>#  AT)  -»  0 
is  split  exact.  By  Lemma [34.4. 10[ 

0 ->•  M'  <g>#  ->■  M"  ®#  TV  ->•  M ®#  IV  -4  0 

is  exact.  This  implies  M is  flat  over  R.  Namely,  taking  M'  a free  module  surjecting 
onto  M we  conclude  that  Torf(M,  iV)  = 0 for  all  modules  N and  we  can  use 
Algebra,  Lemma  10.74.8  This  proves  (c). 


To  deduce  (d)  from  (c),  note  that  if  N £ Mod#  and  M £g>#  N is  zero,  then  M ®# 
S <g>s  {N  <8>#  S)  = ( M <g>#  N)  <gi#  S is  zero,  so  A^  <gi#  S is  zero  and  hence  N is  zero. 

To  deduce  (e)  at  this  point,  it  suffices  to  recall  that  M is  finitely  generated  and 
projective  if  and  only  if  it  is  finitely  presented  and  flat.  See  Algebra,  Lemma 
110.77.21  □ 


There  is  a variant  for  R-algebras. 

08XE  Theorem  34.4.26.  //A®#  S has  one  of  the  following  properties  as  an  S-algebra 

(a)  of  finite  type; 

(b)  of  finite  presentation; 

(c)  formally  unramified; 

(d)  unramified; 

(e)  etale; 

then  so  does  A as  an  R-algebra  (and  of  course  conversely) . 
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Proof.  To  prove  (a),  choose  a finite  set  {ir,}  of  generators  of  A(&r  S over  S.  Write 
each  Xi  as  ijij  <g»  stj  with  j/.y  £ A and  s^-  £ S.  Let  F be  the  polynomial  R- 
algebra  on  variables  ei:j  and  let  F — > M be  the  f?-algebra  map  sending  ei:j  to  y^ . 
Then  F <8)r  S -A  A S is  surjective,  so  Coker(.F  — ► A)  S is  zero  and  hence 
Coker(F  -A  A)  is  zero.  This  proves  (a). 


To  see  (b)  assume  A <g>R  S'  is  a finitely  presented  S-algebra.  Then  A is  finite 
type  over  R by  (a).  Choose  a surjection  R[x\, . . . ,xn]  -A  A with  kernel  I.  Then 
I S -A  S[xi, . . . , xn\  — > A S — 0 is  exact.  By  Algebra,  Lemma  |10.6.3  the 
kernel  of  S[xi, . . . , x„]  — > A S is  a finitely  generated  ideal.  Thus  we  can  find 
finitely  many  elements  y\, ...  ,yt  £ I such  that  the  images  of  yi  (g>  1 in  S[xi, . . . , xn\ 
generate  the  kernel  of  S[xi, . . . , xn]  -A  A (g>#  S.  Let  I’  C I be  the  ideal  generated 
by  yi, . . . ,yt-  Then  A!  = R[x i, . . . , xn]/I'  is  a finitely  presented  i?-algebra  with  a 
morphism  A'  -A  A such  that  A!  S -a  A S is  an  isomorphism.  Thus  A'  = A 
as  desired. 


To  prove  (c),  recall  that  A is  formally  unramified  over  R if  and  only  if  the  module 

or  IGD671 


10.144.2 


of  relative  differentials  SI a/r  vanishes,  see  Algebra,  Lemma 
Proposition  17.2.1].  Since  Q(a®rs)/S  = S2 a/r  ®R  S,  the  vanishing  descends  by 
Theorem  134.4.221 


To  deduce  (d)  from  the  previous  cases,  recall  that  A is  unramified  over  R if  and 
only  if  A is  formally  unramified  and  of  finite  type  over  R,  see  Algebra,  Lemma 
110.147.21 


To  prove  (e),  recall  that  by  Algebra,  Lemma  10.141.8  or  IGD671  Theoreme  17.6.1] 
the  algebra  A is  etale  over  R if  and  only  if  A is  flat,  unramified,  and  of  finite 
presentation  over  R.  □ 


08XF  Remark  34.4.27.  It  would  make  things  easier  to  have  a faithfully  flat  ring  homo- 
morphism g : R — ► T for  which  T -A  S'®j{T  has  some  extra  structure.  For  instance, 
if  one  could  ensure  that  T -A  S T is  split  in  Rings , then  it  would  follow  that  ev- 
ery property  of  a module  or  algebra  which  is  stable  under  base  extension  and  which 
descends  along  faithfully  flat  morphisms  also  descends  along  universally  injective 
morphisms.  An  obvious  guess  would  be  to  find  g for  which  T is  not  only  faithfully 
flat  but  also  injective  in  Mod^,  but  even  for  R = Z no  such  homomorphism  can 
exist. 


34.5.  Fpqc  descent  of  quasi-coherent  sheaves 

023R  The  main  application  of  flat  descent  for  modules  is  the  corresponding  descent  state- 
ment for  quasi-coherent  sheaves  with  respect  to  fpqc-coverings. 

023S  Lemma  34.5.1.  Let  S be  an  affine  scheme.  Let  IA  = {/,;  : Ui  — > S}i= \ n be  a 
standard  fpqc  covering  of  S,  see  Topologies,  Definition  \ 33. 8.  f\  Any  descent  datum 
on  quasi-coherent  sheaves  for  U = {Ui  — > 5}  is  effective.  Moreover,  the  functor 
from  the  category  of  quasi-coherent  Os-modules  to  the  category  of  descent  data  with 
respect  to  U is  fully  faithful. 

Proof.  This  is  a restatement  of  Proposition |34.3. 9] in  terms  of  schemes.  First,  note 
that  a descent  datum  £ for  quasi-coherent  sheaves  with  respect  to  U is  exactly  the 
same  as  a descent  datum  £'  for  quasi-coherent  sheaves  with  respect  to  the  covering 
U'  = nUi  — > S'}.  Moreover,  effectivity  for  £ is  the  same  as  effectivity  for 
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£'.  Hence  we  may  assume  n = 1,  i.e.,  U = {£/—»■  S}  where  U and  S are  affine.  In 
this  case  descent  data  correspond  to  descent  data  on  modules  with  respect  to  the 
ring  map 

T(S,0)  — > T (17,0). 

Since  U — > S is  surjective  and  flat,  we  see  that  this  ring  map  is  faithfully  flat.  In 
other  words,  Proposition |34. 3. 9|  applies  and  we  win.  □ 

023T  Proposition  34.5.2.  Let  S be  a scheme.  Let  U = {ipi  : Ui  -4  5}  be  an  fpqc 
covering,  see  Topologies,  Definition  \ 33. 8. 7}  Any  descent  datum  on  quasi- coherent 
sheaves  forU  = {Ui  — > S}  is  effective.  Moreover,  the  functor  from  the  category  of 
quasi- coherent  Os -modules  to  the  category  of  descent  data  with  respect  to  U is  fully 
faithful. 


Proof.  Let  S = (J jejVj  be  an  affine  open  covering.  For  j,f  £ J we  denote 
Vjjt  = VjfSVji  the  intersection  (which  need  not  be  affine).  For  V C S open  we  denote 
Uy  = {V  XsU  — » V}iei  which  is  a fpqc-covering  (Topologies,  Lemma  33.8.7).  By 
definition  of  an  fpqc  covering,  we  can  find  for  each  j & J a finite  set  Kj , a map 


i : Kj  -A  I,  affine  opens  U^k),k  C Ui{k),  k £ Kj  such  that  Vj  = {^(fc),*  Vj}k£K3 
is  a standard  fpqc  covering  of  Vj.  And  of  course,  Vj  is  a refinement  of  Uyi . Picture 


V, *uVj 

Vj  ==  Vj 


U 

s 


where  the  top  horizontal  arrows  are  morphisms  of  families  of  morphisms  with  fixed 
target  (see  Sites,  Definition  7.8.1). 


To  prove  the  proposition  you  show  successively  the  faithfulness,  fullyness,  and  es- 
sential surjectivity  of  the  functor  from  quasi-coherent  sheaves  to  descent  data. 


Faithfulness.  Let  T , Q be  quasi-coherent  sheaves  on  S and  let  a,  b : T — > Q be 
homomorphisms  of  Os-modules.  Suppose  ip*  (a)  = <p*(b)  for  all  i.  Pick  s £ S. 
Then  s = <Pi(u)  for  some  i £ I and  u £ Ui.  Since  Os,s  —■ > Oui,u  is  flat,  hence 
faithfully  flat  (Algebra,  Lemma  10.38.17)  we  see  that  as  = bs  : IFS  Qs.  Hence 
a = b. 


Fully  faithfulness.  Let  T ',  Q be  quasi-coherent  sheaves  on  S and  let  aj  : <p*!F  — > p*Q 
be  homomorphisms  of  Oui -modules  such  that  pi’pcij  = Wiaj  onUi  Xjj  Uj.  We  can 
pull  back  these  morphisms  to  get  morphisms 


ak  . J~  I, 


i(fc) , k 


s\i 


i_(k),k 


k £ Kj  with  notation  as  above.  Moreover,  Lemma|34.2.2|assures  us  that  these  define 


we 


a morphism  between  (canonical)  descent  data  on  Vj.  Hence,  by  Lemma  34.5.1 
get  correspondingly  unique  morphisms  aj  : T\ y_.  — ► Q\v.r  To  see  that  aj\y. = 
ay  \y  we  use  that  both  aj  and  a y agree  with  the  pullback  of  the  morphism  (ai)i^i 
of  (canonical)  descent  data  to  any  covering  refining  both  V3y  , and  V3\y  , , and 
using  the  faithfulness  already  shown.  For  example  the  covering  Vjj>  = {14  XgVfc/  -A 
Vjjl}k£Kj,k'£Ki,  will  do. 


Essential  surjectivity.  Let  £ = ( Jq , ipy ) be  a descent  datum  for  quasi-coherent 
sheaves  relative  to  the  covering  U.  Pull  back  this  descent  datum  to  get  descent 
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data  for  quasi-coherent  sheaves  relative  to  the  coverings  Vj  of  Vj.  By  Lemma 


canonical  descent  datum  is  isomorphic  to  By  fully  faithfulness  (proved  above) 
we  see  there  are  isomorphisms 


34.5.1  once  again  there  exist  quasi-coherent  sheaves  T.}  on  Vj  whose  associated 


■FjWa'  ^ Fj' 


IK-, 


corresponding  to  the  isomorphism  of  descent  data  between  the  pullback  of  and  f:]> 
to  Vj.j> . To  see  that  these  maps  < fijji  satisfy  the  cocycle  condition  we  use  faithfulness 


(proved  above)  over  the  triple  intersections  Vjj'j"-  Hence,  by  Lemma  34.2.4 


we  see 


that  the  sheaves  Tj  glue  to  a quasi-coherent  sheaf  T as  desired.  We  still  have  to 
verify  that  the  canonical  descent  datum  relative  to  IA  associated  to  T is  isomorphic 
to  the  descent  datum  we  started  out  with.  This  verification  is  omitted.  □ 


34.6.  Descent  of  finiteness  properties  of  modules 

05AY  In  this  section  we  prove  that  one  can  check  quasi-coherent  module  has  a certain 
finiteness  conditions  by  checking  on  the  members  of  a covering. 

05AZ  Lemma  34.6.1.  Let  X be  a scheme.  Let  T be  a quasi-coherent  O x -module.  Let 

{fi  : Xi  — > X}i(zi  be  an  fpqc  covering  such  that  each  f*T  is  a finite  type  Oxr 

module.  Then  T is  a finite  type  Ox -module. 

Proof.  Omitted.  For  the  affine  case,  see  Algebra,  Lemma [l 0.82. 2 1 □ 

09UB  Lemma  34.6.2.  Let  f : ( X,Ox ) — > ( Y,Oy ) be  a morphism  of  locally  ringed 

spaces.  Let  T be  a sheaf  of  Oy -modules.  If 

(1)  f is  open  as  a map  of  topological  spaces, 

(2)  / is  surjective  and  flat,  and 

(3)  f*J-  is  of  finite  type, 
then  T is  of  finite  type. 


Proof.  Let  y € Y be  a point.  Choose  a point  x £ X mapping  to  y.  Choose  an 
open  x £ U C X and  elements  Si, . . . , sn  of  f*X(U ) which  generate  f*T  over  U. 
Since  f*J-=  f ~XT  Ox  we  can  after  shrinking  U assume  Si  = 'f^Uj  <S>  aij 

with  tij  £ f~lT(U)  and  £ Ox(U).  After  shrinking  U further  we  may  assume 

that  tij  comes  from  a section  Sij  £ X{V)  for  some  V C Y open  with  f(U)  C V. 
Let  N be  the  number  of  sections  s^  and  consider  the  map 


a = (aw)  : 0®N  ->•  T\v 

By  our  choice  of  the  sections  we  see  that  f*a\u  is  surjective.  Hence  for  every  u £U 
the  map 


°7(u)  °x,u  ■ 0%NU  — > J}(m)  ®oY}fM  Ox,u 

is  surjective.  As  / is  flat,  the  local  ring  map  C,yj/(11)  — > Ox,u  is  flat,  hence  faithfully 
flat  (Algebra,  Lemma  10.38.17l.  Hence  cr/(„)  is  surjective.  Since  / is  open,  f{U ) is 
an  open  neighbourhood  of  y and  the  proof  is  done.  □ 


05B0  Lemma  34.6.3.  Let  X be  a scheme.  Let  T be  a quasi-coherent  Ox-module.  Let 
{ fi  : Xi  — > X}i£i  be  an  fpqc  covering  such  that  each  f*T  is  an  Oxi~module  of 
finite  presentation.  Then  J-  is  an  Ox -module  of  finite  presentation. 


Proof.  Omitted.  For  the  affine  case,  see  Algebra,  Lemma[l0.82.2| 


□ 
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082U  Lemma  34.6.4.  Let  X be  a scheme.  Let  X be  a quasi- coherent  O x -module.  Let 
{fi  : Xi  — > X}i£i  be  an  fpqc  covering  such  that  each  f*X  is  locally  generated 
by  r sections  as  an  Oxt  -module.  Then  X is  locally  generated  by  r sections  as  an 
Ox -module. 


Proof.  By  Lemma  34.6.1  we  see  that  X is  of  finite  type.  Hence  Nakayama’s  lemma 
(Algebra,  Lemma  10.19.1)  implies  that  X is  generated  by  r sections  in  the  neigh- 
bourhood of  a point  x £ X if  and  only  if  dim^)  Xx  ® k(x)  < r.  Choose  an  i and 
a point  Xi  £ Xi  mapping  to  x.  Then  dimK(x)  Xx  ® k(x)  = dim KiXi){fi  X)Xi  <S>  n{xi) 
which  is  < r as  f*X  is  locally  generated  by  r sections.  □ 


05B1  Lemma  34.6.5.  Let  X be  a scheme.  Let  X be  a quasi- coherent  Ox-module.  Let 
{fi  : Xi  — > A'}ie/  be  an  fpqc  covering  such  that  each  f*X  is  a flat  Oxi~module. 
Then  X is  a flat  O x -module. 


Proof.  Omitted.  For  the  affine  case,  see  Algebra,  Lemma[l0.82.2|  □ 

05B2  Lemma  34.6.6.  Let  X be  a scheme.  Let  X be  a quasi- coherent  Ox-module.  Let 
{fi  : Xi  — > A'}ig/  be  an  fpqc  covering  such  that  each  f*X  is  a finite  locally  free 
0Xi  -module.  Then  X is  a finite  locally  free  Ox -module. 


Proof.  This  follows  from  the  fact  that  a quasi-coherent  sheaf  is  finite  locally  free  if 
and  only  if  it  is  of  finite  presentation  and  flat,  see  Algebra,  LemmaflO.77.2  Namely, 
if  each  f*X  is  flat  and  of  finite  presentation,  then  so  is  X by  Lemmas  34.6.5  and 
134.6.31  □ 


The  definition  of  a locally  projective  quasi-coherent  sheaf  can  be  found  in  Proper- 
ties, Section  [27. 21| 

05JZ  Lemma  34.6.7.  Let  X be  a scheme.  Let  X be  a quasi-coherent  Ox-module.  Let 
{fi  : Xi  ->  X}zeI  be  an  fpqc  covering  such  that  each  f*X  is  a locally  projective 
Oxi-module.  Then  X is  a locally  projective  Ox -module. 

Proof.  Omitted.  For  Zariski  coverings  this  is  Properties,  Lemma  [27.21.2[  For  the 
affine  case  this  is  Algebra,  Theorem  |10.94.5|  □ 


05VF 


Remark  34.6.8.  Being  locally  free  is  a property  of  quasi-coherent  modules  which 
does  not  descend  in  the  fpqc  topology.  Namely,  suppose  that  R is  a ring  and  that 
M is  a projective  f?-module  which  is  a countable  direct  sum  tf  = ®L„  of  rank  1 
locally  free  modules,  but  not  locally  free,  see  Examples,  Lemma 
becomes  free  on  making  the  faithfully  flat  base  change 


.26.5  Then  M 


R — > ®m>1  ® 


(*!»•■ 


Ll 


®ii 


But  we  don’t  know  what  happens  for  fppf  coverings.  In  other  words,  we  don’t  know 
the  answer  to  the  following  question:  Suppose  A — > B is  a faithfully  flat  ring  map 
of  finite  presentation.  Let  M be  an  A-module  such  that  M B is  free.  Is  M a 
locally  free  A-module?  It  turns  out  that  if  A is  Noetherian,  then  the  answer  is  yes. 
This  follows  from  the  results  of  [Bas63j.  But  in  general  we  don’t  know  the  answer. 
If  you  know  the  answer,  or  have  a reference,  please  email  stacks.project@gmail.com 


We  also  add  here  two  results  which  are  related  to  the  results  above,  but  are  of  a 
slightly  different  nature. 
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05B3  Lemma  34.6.9.  Let  f : X — ► Y be  a morphism  of  schemes.  Let  T he  a quasi- 
coherent  Ox-module.  Assume  f is  a finite  morphism.  Then  J-  is  an  Ox-module 
of  finite  type  if  and  only  if  f*T  is  an  Oy  -module  of  finite  type. 


Proof.  As  / is  finite  it  is  affine.  This  reduces  us  to  the  case  where  / is  the  morphism 
Spec (B)  — > Spec(A)  given  by  a finite  ring  map  A — ► B.  Moreover,  then  T = M 
is  the  sheaf  of  modules  associated  to  the  -B-module  M.  Note  that  M is  finite  as  a 
13-module  if  and  only  if  M is  finite  as  an  A-module,  see  Algebra,  Lemma  [10.7.2| 
Combined  with  Properties,  Lemma  27.16.1  this  proves  the  lemma.  □ 


05B4  Lemma  34.6.10.  Let  f : X -A  Y he  a morphism  of  schemes.  Let  J-  be  a quasi- 
coherent  Ox -module.  Assume  f is  finite  and  of  finite  presentation.  Then  J-  is 
an  Ox-module  of  finite  presentation  if  and  only  if  f*T  is  an  Oy-module  of  finite 
presentation. 


Proof.  As  / is  finite  it  is  affine.  This  reduces  us  to  the  case  where  / is  the 
morphism  Spec(13)  — ► Spec(A)  given  by  a finite  and  finitely  presented  ring  map 
A — >■  B.  Moreover,  then  T = M is  the  sheaf  of  modules  associated  to  the  B- 
module  M.  Note  that  M is  finitely  presented  as  a 13-module  if  and  only  if  M is 
finitely  presented  as  an  A-module,  see  Algebra,  Lemma  [10. 35. 21|  Combined  with 
Properties,  Lemma  [27. 16. 2|  this  proves  the  lemma.  □ 


34.7.  Quasi-coherent  sheaves  and  topologies 


03DR 

03DS 

03DT 


Let  S'  be  a scheme.  Let  J7  be  a quasi-coherent  Os-module.  Consider  the  functor 
(34.7.0.1)  ( Sch/S)opp  — > Ab,  (f  :T  -¥  S)  i — > T(T,  f*JF). 


Lemma  34.7.1.  Let  S be  a scheme.  Let  J7  be  a quasi-coherent  Os-module.  Let  r £ 
{Zariski,  fpqc,  fppf,etale,  smooth,  syntomic}.  The  functor  defined  in  (34-7.0.1) 
satisfies  the  sheaf  condition  with  respect  to  any  r-covering  {Tj  — > T}ie/  of  any 
scheme  T over  S . 


Proof.  For  r € {Zariski,  fppf \etale,  smooth,  syntomic}  a r-covering  is  also  a 
fpqc-covering,  see  the  results  in  Topologies,  Lemmas  |33.4.2[  |33.5.2[  |33.6.2[  |33.7.2[ 
and |33.8.6|  Hence  it  suffices  to  prove  the  theorem  for  a fpqc  covering.  Assume  that 
{ /,  : Ti  — ► T}ig/  is  an  fpqc  covering  where  / : T — > S is  given.  Suppose  that  we  have 
a family  of  sections  Si  £ r(Ti,  f*  f*T)  such  that  s^xt^  = sj\TiXTTj ■ We  have  to 
find  the  correspond  section  s £ T{T,f*F).  We  can  reinterpret  the  st  as  a family 
of  maps  ipi  : f*Oy  = Oyt  —>  /*  f*T  compatible  with  the  canonical  descent  data 
associated  to  the  quasi-coherent  sheaves  Or  and  f*T  on  T.  Hence  by  Proposition 
34.5.2  we  see  that  we  may  (uniquely)  descend  these  to  a map  Ot  — > f*T  which 
gives  us  our  section  s.  □ 


We  may  in  particular  make  the  following  definition. 

03DU  Definition  34.7.2.  Let  r £ { Zariski , fppf,  etale,  smooth,  syntomic}.  Let  S’  be  a 
scheme.  Let  SchT  be  a big  site  containing  S.  Let  J7  be  a quasi-coherent  Os-module. 

(1)  The  structure  sheaf  of  the  big  site  ( Sch/S)T  is  the  sheaf  of  rings  T/S  i— >■ 
T(T,  Or)  which  is  denoted  O or  Os- 

(2)  If  r = etale  the  structure  sheaf  of  the  small  site  Setaie  is  the  sheaf  of  rings 
T/S  ^ T(T,  Ot)  which  is  denoted  O or  Os- 
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(3)  The  sheaf  of  0 -modules  associated  to  F on  the  big  site  ( Sch/S)T  is  the 
sheaf  of  0-modules  (/  : T — )•  S)  i-A  T(T,  /*  F)  which  is  denoted  Fa  (and 
often  simply  F). 

(4)  Let  t = etale  (resp.  r = Zariski).  The  sheaf  of  0 -modules  associated  to 
F on  the  small  site  Saale  (resp.  Szar ) is  the  sheaf  of  0-modules  (/  : T — > 
S)  i — Y T(T,  f*F)  which  is  denoted  Fa  (and  often  simply  F). 


Note  how  we  use  the  same  notation  Fa  in  each  case.  No  confusion  can  really  arise 
from  this  as  by  definition  the  rule  that  defines  the  sheaf  Fa  is  independent  of  the 
site  we  choose  to  look  at. 


03FG  Remark  34.7.3.  In  Topologies,  Lemma 


33.3.11 


we  have  seen  that  the  small  Zariski 


site  of  a scheme  S is  equivalent  to  S as  a topological  space  in  the  sense  that  the 
category  of  sheaves  are  naturally  equivalent.  Now  that  Szar  is  also  endowed  with  a 
structure  sheaf  0 we  see  that  sheaves  of  modules  on  the  ringed  site  ( Szar , 0)  agree 
with  sheaves  of  modules  on  the  ringed  space  (S,  0g). 

070R  Remark  34.7.4.  Let  / : T — > S be  a morphism  of  schemes.  Each  of  the  morphisms 


of  sites  f sites  listed  in  Topologies,  Section  33.9  becomes  a morphism  of  ringed 
sites.  Namely,  each  of  these  morphisms  of  sites  f sites  '■  ( Sch/T)T  — ► ( Sch/S)T >,  or 
f sites  '■  ( Sch/S)T  -A  ST>  is  given  by  the  continuous  functor  S'/S  K > T Xg  S'/S. 
Hence,  given  S' /S  we  let 

f sites  ■■  0(S'/S)  — > fsites,*0(S'/S ) = 0(S  Xg  S' /T) 

be  the  usual  map  prjj,  : O(S')  — >•  0(T  xg  S').  Similarly,  the  morphism  if  : 
Sh(TT)  — » Sh{{Sch/  S)T)  for  r S {Zar,  etale},  see  Topologies,  Lemmas  33.3.12  and 
33.4.12  becomes  a morphism  of  ringed  topoi  because  if1 0 = 0.  Here  are  some 
special  cases: 

(1)  The  morphism  of  big  sites  fbig  : (Sch/ X) fppf  -A  (Sch/Y)  fppf,  becomes  a 
morphism  of  ringed  sites 

(fbig,  fig)  : {{Sch/  X)  fppf , Ox)  — >■  {{Sch/ Y)  fppf  .Oy) 

as  in  Modules  on  Sites,  Definition  |18. 6. 1[  Similarly  for  the  big  syntomic, 
smooth,  etale  and  Zariski  sites. 

(2)  The  morphism  of  small  sites  f small  ■ X^taie  — >•  Y^taie  becomes  a morphism 
of  ringed  sites 

{f small]  f small')  ' {^etaleiOx)  t {Yetalei  0Y  ) 
as  in  Modules  on  Sites,  Definition  |18.6.l(  Similarly  for  the  small  Zariski 
site. 


Let  S'  be  a scheme.  It  is  clear  that  given  an  0-module  on  (say)  {Sch/S)zar  the 
pullback  to  (say)  {Sch/ S)  fppf  is  just  the  fppf-sheafification.  To  see  what  happens 
when  comparing  big  and  small  sites  we  have  the  following. 

070S  Lemma  34.7.5.  Let  S be  a scheme.  Denote 

idT,zar  ’■  {Sch/ S)T  — ► S Zar , t £ {Zar,  etale,  smooth,  syntomic,  fppf} 
idr^taie  ■ {Sch/ S)T  -t  S^taie,  t G {etale,  smooth,  syntomic,  fppf} 

idsmall, etale, Zar  • Sgtale  ^ Szart 

the  morphisms  of  ringed  sites  of  Remark  \3f.  1. 4\  Let  F be  a sheaf  of  Os -modules 
which  we  view  a sheaf  of  0 -modules  on  Szar-  Then 
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(1)  (idr^zar)*^  is  the  t -sheafification  of  the  Zariski  sheaf 

if  '■  T —)■  S)  i — > r(T,  f*T) 

on  ( Sch/S)T , and 

(2)  (idsmaU, etale, Zar)* F is  the  etale  sheafification  of  the  Zariski  sheaf 

if  '-T  —)■  S)  i — ► r(T,  f*T) 

On  S etale  * 

Let  Q be  a sheaf  of  O -modules  on  S stale-  Then 

(3)  ( idTtetale)*G  is  the  t -sheafification  of  the  etale  sheaf 

(f:T^S)^r(T,f;mallG) 

where  f small  ■ T^taie  —>  S stale  is  the  morphism  of  ringed  small  etale  sites 
of  Remark \34-7-4 


Proof.  Proof  of  (1).  We  first  note  that  the  result  is  true  when  r = Zar  because 
in  that  case  we  have  the  morphism  of  topoi  if  : Sh(Tzar)  — ► Sh{Sch/ S)zar)  such 
that  id T'Zar  ° if  = f small  as  morphisms  Tzar  — t Szar,  see  Topologies,  Lemmas 
Since  pullback  is  transitive  (see  Modules  on  Sites,  Lemma 
Zar)*?  = f small ^ as  desired.  Hence,  by  the  remark 


33.3.12 

and  33.3.16 

18.13.3 

) we  see  that 

T^T{T,f*T). 

The  proof  of  (3)  is  exactly  the  same  as  the  proof  of  (1),  except  that  it  uses  Topolo- 
gies, Lemmas  33.4.12  and  33.4.16  We  omit  the  proof  of  (2).  □ 


03FH 


Remark 


34.7.4 


and  Lemma 


34.7.5 


have  the  following  applica- 


03DV 


Remark  34.7.6. 

tions: 

(1)  Let  S be  a scheme.  The  construction  T H > Ta  is  the  pullback  under 

the  morphism  of  ringed  sites  id Tizar  '■  {{Sch/ S)T,0)  -4  ( Szar ,0)  or  the 
morphism  id  small, etale, Zar  • etale  ? ^ i.SzanO')- 

(2)  Let  / : X — ► Y be  a morphism  of  schemes.  For  any  of  the  morphisms 
f sites  of  ringed  sites  of  Remark  34.7.4  we  have 

= fittest- 

This  follows  from  (1)  and  the  fact  that  pullbacks  are  compatible  with 
compositions  of  morphisms  of  ringed  sites,  see  Modules  on  Sites,  Lemma 

m 

Lemma  34.7.7.  Let  S be  a scheme.  Let  T be  a quasi- coherent  Os -module.  Let 
t € { Zariski , fppf , etale , smooth , syntomic} . 

(1)  The  sheaf  Ta  is  a quasi- coherent  O-module  on  ( Sch/ S)T , as  defined  in 
Modules  on  Sites,  Definition  \ 1 8. 23fl\ 

(2)  If  t = etale  (resp.  t = Zariski),  then  the  sheaf  Ta  is  a quasi- coherent 
O-module  on  S^taie  (resp.  Szar)  as  defined  in  Modules  on  Sites,  Definition 

UMM 

Proof.  Let  {Si  — > S}  be  a Zariski  covering  such  that  we  have  exact  sequences 

© keK,  °Si  — >•  ? -+  0 

for  some  index  sets  Ki  and  Ji . This  is  possible  by  the  definition  of  a quasi-coherent 
sheaf  on  a ringed  space  (See  Modules,  Definition  17.10.1). 
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03FI 


Proof  of  (1).  Let  r £ {Zariski,  fppf , etale,  smooth,  syntomic}.  It  is  clear  that 
3~a\(Sch/ Si)T  also  sits  iR  an  exact  sequence 

®fc6*  £>\(Sch/Si)T  > ®jeJ.  0\(Sch/Si)T  > Fa\ (Sch/Si)T  > 0 

Hence  Ta  is  quasi-coherent  by  Modules  on  Sites,  Lemma  [l8.23.3[ 

Proof  of  (2).  Let  t = etale.  It  is  clear  that  Fa\ (Si)6taU  also  sits  in  an  exact  sequence 


© °\ 


(Sih 


©,£A 


■^k 


Si)  4 


Hence  Ta  is  quasi-coherent  by  Modules  on  Sites,  Lemma  [18.23.31  The  case  r = 
Zariski  is  similar  (actually,  it  is  really  tautological  since  the  corresponding  ringed 
topoi  agree).  □ 


Lemma  34.7.8.  Let  S be  a scheme.  Let 

(a)  r £ {Zariski,  fppf,  etale,  smooth,  syntomic}  and  C = ( Sch/S)T , or 

(b)  let  t = etale  and  C = S^taie,  or 

(c)  let  t = Zariski  and  C = Szar- 

Let  T be  an  abelian  sheaf  on  C.  Let  U £ Ob(C)  be  affine.  Let  {Ui  -A  £7}i=i,...,n  be 
a standard  affine  t -covering  in  C . Then 

(1)  v = mi=K.  nUi  -A  U}  is  a r-covering  of  U, 

(2)  U is  a refinement  ofV,  and 

(3)  the  induced  map  on  Cech  complexes  ( Cohomology  on  Sites,  Equation  \21 .9.2.  i)) 

C*(y,E)  — >C'(U,E) 


is  an  isomorphism  of  complexes. 


03FJ 


03DW 


Proof.  This  follows  because 

(U . , Uio)  *U  ■ ■ ■ XU  (II-  , U0=U  ■ cr i Ui0Xu  ...XuUi 

and  the  fact  that  ,F(]Ja  Vk)  = TI a-^^Va)  since  disjoint  unions  are  r-coverings.  □ 

Lemma  34.7.9.  Let  S be  a scheme.  Let  T be  a quasi-coherent  sheaf  on  S.  Let  t, 
C,  U,  U be  as  in  Lemma\3f.  7.£\  Then  there  is  an  isomorphism  of  complexes 

C*(U,Ta)  = s((A/R),  <S>r  M) 

(see  Section  34-3\)  where  R = T{U,  Ojj),  M = T{U,Fa)  and  R -A  A is  a faithfully 
flat  rinq  map.  In  particular 

Hp(U,Jca)  = 0 

for  all  p > 1. 


Proof.  By  Lemma 


34.7.8 


we  see  that  C’(U,J7a)  is  isomorphic  to  C*(V,  Ta)  where 
V = {V  — > U}  with  V = Ui=i  n Ui  affine  also.  Set  A = P(P,  Oy)-  Since  {V  — » U} 
is  a r-covering  we  see  that  R — > A is  faithfully  flat.  On  the  other  hand,  by  definition 
of  Fa  we  have  that  the  degree  p term  CP(V,  Ta)  is 

r(P  Xu  . . . Xu  V,  Ta)  = P(Spec(H  0# . . . <S>r  A),  Ea)  = A Z)r  ■ ■ ■ A Z>r  M 


We  omit  the  verification  that  the  maps  of  the  chech  complex  agree  with  the  maps  in 
the  complex  s{{A/R)m  0 r M).  The  vanishing  of  cohomology  is  Lemma  34.3.6  □ 


Proposition  34.7.10.  Let  S be  a scheme.  Let  T be  a quasi-coherent  sheaf  on  S . 
Let  t £ {Zariski,  fppf,  etale,  smooth,  syntomic} . 
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(1)  There  is  a canonical  isomorphism 

Hq(S,E)  = Hq((Sch/S)T,  Ta). 

(2)  There  are  canonical  isomorphisms 

Hq(S,E)  = Hq(SZar,Ta)  = Hq(Sitale,Ea). 


Proof.  The  result  for  q = 0 is  clear  from  the  definition  of  Ta . Let  C = ( Sch/S)T , 
01'  C = Betalei  01'  C = SZar. 


We  are  going  to  apply  Cohomology  on  Sites,  Lemma  21.11.9  with  T = Ta , B C 
Ob(C)  the  set  of  affine  schemes  in  C,  and  Cov  C Cove  the  set  of  standard  affine 
r-coverings.  Assumption  (3)  of  the  lemma  is  satisfied  by  Lemma  34.7.9  Hence  we 
conclude  that  Hp(U,J-a ) = 0 for  every  affine  object  U of  C. 


Next,  let  U £ Ob(C)  be  any  separated  object.  Denote  / : U —>■  S the  structure 
morphism.  Let  U = 1J  Ui  be  an  affine  open  covering.  We  may  also  think  of  this  as 
a r-covering  U = {Ui  — > U}  of  U in  C.  Note  that  Ui0  Xu  . . .Xu  Uip  = Ui0  n . . . n Uip 
is  affine  as  we  assumed  U separated.  By  Cohomology  on  Sites,  Lemma [2 1 . 1 1 . 7|  and 
the  result  above  we  see  that 


Hp(U,Fa)  = Hp(U,Ea)  = Hp(U,f*T) 

the  last  equality  by  Cohomology  of  Schemes,  Lemma  [29. 2. 6|  In  particular,  if  S is 
separated  we  can  take  U = S and  / = ids  and  the  proposition  is  proved.  We  suggest 
the  reader  skip  the  rest  of  the  proof  (or  rewrite  it  to  give  a clearer  exposition). 


Choose  an  injective  resolution  T — > T*  on  S.  Choose  an  injective  resolution  Ta  — > 
J * on  C.  Denote  J~n\s  the  restriction  of  Jn  to  opens  of  S\  this  is  a sheaf  on  the 
topological  space  S as  open  coverings  are  r-coverings.  We  get  a complex 

J°\s^  J'ls-t  ... 


which  is  exact  since  its  sections  over  any  affine  open  U C S is  exact  (by  the 
vanishing  of  HP(U,  J-a),  p > 0 seen  above).  Hence  by  Derived  Categories,  Lemma 
13.18.6  there  exists  map  of  complexes  J'\s  —>  T*  which  in  particular  induces  a 


map 


HT(C,  Ta)  = T(S,  J*)  — > r(5,I*)  = RT{S,  T). 


Taking  cohomology  gives  the  map  Hn(C,J:a)  — t Hn(S,T)  which  we  have  to  prove 
is  an  isomorphism.  Let  IA  : S = |J  Ui  be  an  affine  open  covering  which  we  may 
think  of  as  a r- covering  also.  By  the  above  we  get  a map  of  double  complexes 


C*(U,J)  = J\s)  — ► C*(U,1). 


This  map  induces  a map  of  spectral  sequences 

TEl’q  = Hp(U,Hq(Ea))  — » E™  = Hp{U,Hq(E)) 

The  first  spectral  sequence  converges  to  Hp+q(C,E)  and  the  second  to  Hp+q(S,E). 
On  the  other  hand,  we  have  seen  that  the  induced  maps  TE\'q  — ► E™  are  bijections 
(as  all  the  intersections  are  separated  being  opens  in  affines).  Whence  also  the  maps 
Hn(C,Ta)  — > Hn(S,T)  are  isomorphisms,  and  we  win.  □ 

03DX  Proposition  34.7.11.  Let  S be  a scheme.  Let  t £ {Zariski,  fppf,etale,  smooth, 
syntomic } . 
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(1)  The  functor  F K > Fa  defines  an  equivalence  of  categories 

QCoh(Os)  — > QCoh{(Sch/S)T,0) 

between  the  category  of  quasi- coherent  sheaves  on  S and  the  category  of 
quasi- coherent  O-modules  on  the  big  t site  of  S. 

(2)  Let  t = etale,  or  r = Zariski.  The  functor  F K > Fa  defines  an  equiva- 
lence of  categories 

QCoh(Os)  — > QCoh(ST}0) 

between  the  category  of  quasi- coherent  sheaves  on  S and  the  category  of 
quasi- coherent  O-modules  on  the  small  r site  of  S. 


Proof.  We  have  seen  in  Lemma[34W7]that  the  functor  is  well  defined.  It  is  straight- 
forward to  show  that  the  functor  is  fully  faithful  (we  omit  the  verification).  To  finish 
the  proof  we  will  show  that  a quasi-coherent  0-module  on  (Sch/ S)T  gives  rise  to 
a descent  datum  for  quasi-coherent  sheaves  relative  to  a r-covering  of  S.  Hav- 
ing produced  this  descent  datum  we  will  appeal  to  Proposition  34.5.2  to  get  the 
corresponding  quasi-coherent  sheaf  on  S. 


Let  Q be  a quasi-coherent  O-modules  on  the  big  r site  of  S.  By  Modules  on  Sites, 
Definition |18. 23. l|  there  exists  a r-covering  {S,  — > S}i&i  of  S such  that  each  of  the 
restrictions  G\(Sch/Si)T  has  a global  presentation 

(BkeK.  °\{Sc h/Si)T  > ©jeJj  °\{ Sch/Si)T  > Q\ (Sch/Si)T  > 0 

for  some  index  sets  Ji  and  fv;.  We  claim  that  this  implies  that  G\(Sch/  SZ)T  is 
Ff  for  some  quasi-coherent  sheaf  F,  on  Si.  Namely,  this  is  clear  for  the  direct 
sums  ©fceifs  0\iSch/Si)T  and  ®jeJ.  0\Sch/Si)T-  Hence  we  see  that  G\(Sch/Si)T  is  a 
cokernel  of  a map  yp  : /C“  — for  some  quasi-coherent  sheaves  /Q,  £,  on  S'j.  By 
the  fully  faithfulness  of  ( )a  we  see  that  tp  = <f>a  for  some  map  of  quasi-coherent 
sheaves  (j)  ■.  K. * — ► Ci  on  Si.  Then  it  is  clear  that  G\(Sch/Si)T  — Coker (</>)“  as  claimed. 

Since  G lives  on  all  of  the  category  ( Sch/Si)T  we  see  that 


(pr^r 


GliSch/iSiXsSj))^  — (pr^)'1 


as  O-modules  on  ( Sch/(Si  xg  Sj))T.  Hence,  using  fully  faithfulness  again  we  get 
canonical  isomorphisms 

f>ij  : pro-Fi  — » pr \Fj 


of  quasi-coherent  modules  over  Sj  x g Sj . We  omit  the  verification  that  these  satisfy 
the  cocycle  condition.  Since  they  do  we  see  by  effectivity  of  descent  for  quasi- 
coherent  sheaves  and  the  covering  {Si  — > 5}  (Proposition  34.5.2)  that  there  exists 
a quasi-coherent  sheaf  J on  S with  F'lsi  — F%  compatible  with  the  given  descent 
data.  In  other  words  we  are  given  O-module  isomorphisms 


<t>i  '■  Fa\ (Sch/Si)T  > G\  (Sch/Si)T 

which  agree  over  S)  Xg  Sj.  Hence,  since  TLomo{Fa ,Q)  is  a sheaf  (Modules  on  Sites, 
Lemma  18.27.1),  we  conclude  that  there  is  a morphism  of  O-modules  Fa  — > Q 
recovering  the  isomorphisms  <j>i  above.  Hence  this  is  an  isomorphism  and  we  win. 


The  case  of  the  sites  S^aie  and  Szar  is  proved  in  the  exact  same  manner. 


□ 
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05VG  Lemma  34.7.12.  Let  S be  a scheme.  Let  t £ {Zariski,  fppf,  etale,  smooth, 
syntomic} . Let  V be  one  of  the  properties  of  77iodide,p]  defined  in  Modules  on  Sites, 
Defjnitions\18.17ll\  \1 8.230}  and\18.28.1\  The  equivalences  of  categories 

QCoh(Os)  — > QCoh((Sch/S)T,0 ) and  QCoh(Os ) — > QCoh(ST,0) 

defined  by  the  rule  T ha  Ta  seen  in  Proposition  \ 34 . 7. 1 1\  have  the  property 

T has  V 44-  Ta  has  V as  an  O -module 

except  (possibly)  when  V is  “locally  free”  or  “coherent”.  If  V = “coherent”  the 
equivalence  holds  for  QCoh(Os)  -A  QCoh{STlO)  when  S is  locally  Noetherian  and 
t is  Zariski  or  etale. 


Proof.  This  is  immediate  for  the  global  properties,  i.e. , those  defined  in  Modules 
on  Sites,  Definition  1 18. 17. l|  For  the  local  properties  we  can  use  Modules  on  Sites, 
Lemma  |18.23.3|  to  translate  “ Ta  has  V”  into  a property  on  the  members  of  a 
covering  of  X.  Hence  the  result  follows  from  Lemmas  34.6. 1[  34.6.3  34.6. 4[  |34.6.5[ 
and  34.6.6  Being  coherent  for  a quasi-coherent  module  is  the  same  as  being  of 


finite  type  over  a locally  Noetherian  scheme  (see  Cohomology  of  Schemes,  Lemma 
29.9.1)  hence  this  reduces  to  the  case  of  finite  type  modules  (details  omitted).  □ 


06  YE 


Lemma  34.7.13.  Let  S be  a scheme.  Let  t £ {Zariski,  fppf,  etale,  smooth, 
syntomic} . The  functors 

QCoh(Os) —>  Mod((Sch/S)T,0)  and  QCoh(Os ) — ► Mod{ST,0) 
defined  by  the  rule  T ha  Ta  seen  in  Proposition \3f.7.11\  are 

(1)  fully  faithful, 

(2)  compatible  with  direct  sums, 

(3)  compatible  with  colimits, 

(4)  right  exact, 

(5)  exact  as  a functor  QCoh(Os)  -A  Mod{S^taie,0), 

(6)  not  exact  as  a functor  QCoh(Os)  -A  Mod((Sch/ S)T,  O)  in  general, 

(7)  given  two  quasi-coherent  Os-modules  T , Q we  have  (J7 ®os  G)a  = J~a  ®o 

Qa , 

(8)  given  two  quasi-coherent  Os-modules  T , Q such  that  IF  is  of  finite  pre- 
sentation we  have  {'Homos{IF,Q))a  = Fkimo{IFa,Qa),  and 

(9)  given  a short  exact  sequence  0 -A  a£a  Tf  -A  0 of  O -modules  then 
£ is  quasi- coherent  i.e.,  £ is  in  the  essential  image  of  the  functor. 


Proof.  Part  (1)  we  saw  in  Proposition  34.7.11 


We  have  seen  in  Schemes,  Section  |25.24|  that  a colimit  of  quasi-coherent  sheaves 
on  a scheme  is  a quasi-coherent  sheaf.  Moreover,  in  Remark  |34.7.6|  we  saw  that 
T ha  IFa  is  the  pullback  functor  for  a morphism  of  ringed  sites,  hence  commutes 
with  all  colimits,  see  Modules  on  Sites,  Lemma  18.14.3  Thus  (3)  and  its  special 
case  (3)  hold. 


Whe  list  is:  free,  finite  free,  generated  by  global  sections,  generated  by  r global  sections, 
generated  by  finitely  many  global  sections,  having  a global  presentation,  having  a global  finite 
presentation,  locally  free,  finite  locally  free,  locally  generated  by  sections,  locally  generated  by  r 
sections,  finite  type,  of  finite  presentation,  coherent,  or  flat. 

^ Warning:  This  is  misleading.  See  part  (6). 
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This  also  shows  that  the  functor  is  right  exact  (i.e.,  commutes  with  finite  colimits), 
hence  (4). 


The  functor  QCoh(Os)  -A  QCoh{S^taie^O),  I ha  Ia  is  left  exact  because  an  etale 
morphism  is  flat,  see  Morphisms,  Lemma[28.36.12  This  proves  (5). 


To  see  (6),  suppose  that  S = Spec(Z).  Then  2 : Os  -A  Os  is  injective  but  the 
associated  map  of  0-modules  on  ( Sch/S)T  isn’t  injective  because  2 : F2  — > F2  isn’t 
injective  and  Spec(F2)  is  an  object  of  ( Sch/S)T . 


We  omit  the  proofs  of  (7)  and  (8). 


Let  0 — > Fi  -A  £ -A  Ilf  — > 0 be  a short  exact  sequence  of  0-modules  with  JF\  and 
I 2 quasi-coherent  on  S.  Consider  the  restriction 


0 — > Ii  — > £\ sZar  — t I‘i 

we  see  that  on  any  affine  U 


to  S Zar-  By  Proposition  |34.7.f0|  we  see  that  on  any  affine  U C S we  have 
i71(f7, If)  = Jr)  = 0.  Hence  the  sequence  above  is  also  exact  on  the  right. 

By  Schemes,  Section  25.24  we  conclude  that  I = £\ sZar  is  quasi-coherent.  Thus 
we  obtain  a commutative  diagram 


If >■  Ia >■  If  >■  0 

V Y 

0 > I? ^ ^ 1$ ^ 0 


To  finish  the  proof  it  suffices  to  show  that  the  top  row  is  also  right  exact.  To  do 
this,  denote  once  more  U = Spec(A)  C S an  affine  open  of  S.  We  have  seen  above 
that  0 -A  Ii(U)  — > £{U)  — > l2{U)  -A  0 is  exact.  For  any  affine  scheme  V/U, 
V = Spec (B)  the  map  If{V)  -A  £(V)  is  injective.  We  have  If{V)  = h(U)  (Su  B 
by  definition.  The  injection  If[V)  -A  £{V)  factors  as 

h{U)  <g)A  B -a  £{U)  B -a  £(U) 


Considering  A-algebras  B of  the  form  B = A © M we  see  that  Ii(U)  -A  £(U) 
is  universally  injective  (see  Algebra,  Definition  f0.8f.ll.  Since  £(U)  = I(U)  we 
conclude  that  I±  -A  I remains  injective  after  any  base  change,  or  equivalently  that 
I — > Ia  is  injective.  □ 

03LC  Proposition  34.7.14.  Let  f :T  -A  S be  a morphism  of  schemes. 

(1)  The  equivalences  of  categories  of  Proposition  34-7.11  are  compatible  with 


(2) 

(3) 


pullback.  More  precisely,  we  have  f*(Ga)  = ( f*G)a  for  any  quasi-coherent 
sheaf  G on  S . 


The  equivalences  of  categories  of  Proposition  34-7.11  part  (1)  are  not 
compatible  with  pushforward  in  general. 

If  f is  quasi-compact  and  quasi-separated,  and  r £ {Zariski,  etale]  then 
/*  and  f small,*  preserve  quasi-coherent  sheaves  and  the  diagram 


QCoHPt ) 7 *-  QCoh{Os ) 


QCoh(TT,0)  — fsmaU* 
is  commutative,  i.e.,  f small, *{Ia)  = 


0^0° 

Y 


QCoh(ST,0) 
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07AF 

06ZL 


Proof.  Part  (1)  follows  from  the  discussion  in  Remark  34.7.6  Part  (2)  is  just  a 
warning,  and  can  be  explained  in  the  following  way:  First  the  statement  cannot  be 
made  precise  since  /*  does  not  transform  quasi-colierent  sheaves  into  quasi-coherent 
sheaves  in  general.  Even  if  this  is  the  case  for  / (and  any  base  change  of  /),  then 
the  compatibility  over  the  big  sites  would  mean  that  formation  of  f*J-  commutes 
with  any  base  change,  which  does  not  hold  in  general.  An  explicit  example  is  the 
quasi-compact  open  immersion  j : X = A|  \ {0}  — » A|  = Y where  k is  a field.  We 
have  j*Ox  = Oy  but  after  base  change  to  Spec(fc)  by  the  0 map  we  see  that  the 
pushforward  is  zero. 


Let  us  prove  (3)  in  case  r = etale.  Note  that  /,  and  any  base  change  of  /,  transforms 
quasi-coherent  sheaves  into  quasi-coherent  sheaves,  see  Schemes,  Lemma  25.24.1 
The  equality  f small, *{Ra)  = {f*R)a  means  that  for  any  etale  morphism  g : U — ► S 
we  have  F(C/,  g*  f*T)  = T(U  XsT , (g')*T)  where  g'  :U  XsT  —*T  is  the  projection. 
This  is  true  by  Cohomology  of  Schemes,  Lemma [29. 5. 2|  □ 

Lemma  34.7.15.  Let  f : T — ► S be  a quasi-compact  and  quasi-separated  morphism 
of  schemes.  Let  J7  be  a quasi-coherent  sheaf  on  T.  For  either  the  etale  or  Zariski 
topology,  there  are  canonical  isomorphisms  Rl f small, *(Ra)  = ( R1f*Jr)a . 

Proof.  We  prove  this  for  the  etale  topology;  we  omit  the  proof  in  the  case  of  the 
Zariski  topology.  By  Cohomology  of  Schemes,  Lemma  29.4.5  the  sheaves  Rl  f*J~ 
are  quasi-coherent  so  that  the  assertion  makes  sense.  The  sheaf  R1  f small, *J~a  is  the 
sheaf  associated  to  the  presheaf 

U i— ► IP{U  XST,  Ta) 


where  g : U — > S is  an  object  of  S etale,  see  Cohomology  on  Sites,  Lemma |2 1.8.4 
By  our  conventions  the  right  hand  side  is  the  etale  cohomology  of  the  restriction  of 
Ta  to  the  localization  Tetaie/U  XgT  which  equals  {U  Xg  T) etale-  By  Proposition 
|34.7.10|this  is  presheaf  the  same  as  the  presheaf 

U 1 — ► Hi{JJ  xsT,  (g')*F), 

where  g'  : U Xj  T — > T is  the  projection.  If  U is  affine  then  this  is  the  same  as 


(Rlf*F)a  on  every  affine  object  of  Setaie 
they  are  canonically  isomorphic. 


are  canonically  isomorphic  which  implies 

□ 


The  results  in  this  section  say  there  is  virtually  no  difference  between  quasi-coherent 
sheaves  on  S and  quasi-coherent  sheaves  on  any  of  the  sites  associated  to  S in  the 
chapter  on  topologies.  Hence  one  often  sees  statements  on  quasi-coherent  sheaves 
formulated  in  either  language,  without  restatements  in  the  other. 


34.8.  Parasitic  modules 

Parasitic  modules  are  those  which  are  zero  when  restricted  to  schemes  flat  over  the 
base  scheme.  Here  is  the  formal  definition. 

Definition  34.8.1.  Let  S be  a scheme.  Let  r £ {Zar,  etale,  smooth , syntomic , fppf}- 
Let  J7  be  a presheaf  of  0-modules  on  ( Sch/S)T . 
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(1)  F is  called  parasiti^d  for  every  flat  morphism  U -A  5 we  have  F(U)  = 0. 

(2)  F is  called  parasitic  for  the  r-topology  if  for  every  r-covering  {E/j  -A  S}iei 
we  have  FfUf)  = 0 for  all  i. 


If  r = fppf  this  means  that  F\uZar  = 0 whenever  U — > S is  flat  and  locally  of 
finite  presentation;  similar  for  the  other  cases. 

0755  Lemma  34.8.2.  Let  S be  a scheme.  Let  t £ {Zar,  etale,  smooth,  syntomic,  fppf}. 
Let  Q be  a presheaf  of  O-modules  on  ( Sch/S)T . 

(1)  If  Q is  parasitic  for  the  r-topology,  then  HP{U,  G)  = 0 for  every  U open  in 
S,  resp.  etale  over  S,  resp.  smooth  over  S,  resp.  syntomic  over  S,  resp. 
flat  and  locally  of  finite  presentation  over  S. 

(2)  If  G is  parasitic  then  HP(U,  G)  = 0 for  every  U flat  over  S. 


Proof.  Proof  in  case  r = fppf ; the  other  cases  are  proved  in  the  exact  same 
way.  The  assumption  means  that  G(U)  = 0 for  any  U -A  S flat  and  locally  of 
finite  presentation.  Apply  Cohomology  on  Sites,  Lemma  |21.11.9|  to  the  subset 
B C Ob((Sch/S) fpPf)  consisting  of  Z7  — > S flat  and  locally  of  finite  presentation 
and  the  collection  Cov  of  all  fppf  coverings  of  elements  of  B.  □ 

07AG  Lemma  34.8.3.  Let  f : T -A  S be  a morphism  of  schemes.  For  any  parasitic 
O-module  on  ( Sch/T)T  the  pushforward  f*F  and  the  higher  direct  images  Rl  f*F 
are  parasitic  O-modules  on  ( Sch/S)T . 


Proof.  Recall  that  Rlf*F  is  the  sheaf  associated  to  the  presheaf 

U HA  H\{Sch/U  xsT)t,F) 

see  Cohomology  on  Sites,  Lemma |21.8.4|  If  U — > S is  flat,  then  U xg  T — > T is  flat 
as  a base  change.  Hence  the  displayed  group  is  zero  by  Lemma  34.8.2  If  {Ui  — > U} 
is  a r-covering  then  17,  XgT  — ► T is  also  flat.  Hence  it  is  clear  that  the  sheafification 
of  the  displayed  presheaf  is  zero  on  schemes  U flat  over  S.  □ 


0756  Lemma  34.8.4.  Let  S be  a scheme.  Let  r £ {Zar,  etale}.  Let  Q be  a sheaf  of 
O-modules  on  (Sch/ S) fppf  such  that 

(1)  G\st  quasi-coherent,  and 

(2)  for  every  flat,  locally  finitely  presented  morphism  g : U — >•  S the  canonical 
maP  9t, small  I S'r ) G\  uT  an  isomorphism. 

Then  HP(U,G ) = Hp(U,G\uT)  for  every  U flat  and  locally  of  finite  presentation 
over  S. 


Proof.  Let  F be  the  pullback  of  G\sT  to  the  big  fppf  site  ( Sch/S)fppf . Note  that 
F is  quasi-coherent.  There  is  a canonical  comparison  map  ip  : F — » Q which  by 
assumptions  (1)  and  (2)  induces  an  isomorphism  F\jjt  — > G\uT  for  all  <7  : C7  — > S 
flat  and  locally  of  finite  presentation.  Hence  in  the  short  exact  sequences 

0 — ► Ker(f^)  — ► F — > Im(y>)  — > 0 


and 

0 -4  Im(<p)  — >•  Q — ► Coker(tp)  -A-  0 

the  sheaves  Ker(t^)  and  Coker(</?)  are  parasitic  for  the  fppf  topology.  By  Lemma 
34.8.2  we  conclude  that  HP(U,F)  -£  HP(U,G)  is  an  isomorphism  for  g : U — »•  S 


®This  may  be  nonstandard  notation. 
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023P 
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023Q 


flat  and  locally  of  finite  presentation.  Since  the  result  holds  for  T by  Proposition 
134.7.101  we  win.  □ 


34.9.  Fpqc  coverings  are  universal  effective  epimorphisms 

We  apply  the  material  above  to  prove  an  interesting  result,  namely  Lemma|34.9.3| 
By  Sites,  Section  [7. 13|  this  lemma  implies  that  the  representable  presheaves  on  any 
of  the  sites  (Sch/ S)T  are  sheaves  for  r € { Zariski , fppf,  etale , smooth , syntomic} . 
First  we  prove  a helper  lemma. 

Lemma  34.9.1.  For  a scheme  X denote  X the  underlying  set.  Let  f : X -A  S 
be  a morphism  of  schemes.  Then 

\X  Xg  X|  \X\  x ,5,  \X\ 

is  surjective. 


Proof.  Follows  immediately  from  the  description  of  points  on  the  fibre  product  in 
Schemes,  Lemma[25.17.5|  □ 

Lemma  34.9.2.  Let  {/*  : Tj  -A  T}ie/  be  a fpqc  covering.  Suppose  that  for  each 
i we  have  an  open  subset  Wi  C 7)  such  that  for  all  i,j  £ I we  have  prf)1(Wi)  = 
pff  ( Wj ) as  open  subsets  of  Tj  Xj-  Tj.  Then  there  exists  a unique  open  subset 
W CT  such  that  W,  = /~1(1/F)  for  each  i. 


Proof.  Apply  Lemma  34.9.1  to  the  map  —X  T.  It  implies  there  exists  a 

subset  W C T such  that  Wi  = f{~1{W)  for  each  i,  namely  W = (J  fi(Wi).  To  see 
that  W is  open  we  may  work  Zariski  locally  on  T.  Hence  we  may  assume  that  T 
is  affine.  Using  the  definition  of  a fpqc  covering,  this  reduces  us  to  the  case  where 
{fi  ■ Ti  — x T}  is  a standard  fpqc  covering.  In  this  case  we  may  apply  Morphisms, 
Lemma  28.25.10  to  the  morphism  \\Ti  — ► T to  conclude  that  W is  open.  □ 


Lemma  34.9.3.  Let  {Ti  A 7}  be  an  fpqc  covering,  see  Topologies,  Definition 
Then  {Ti  -A  T}  is  a universal  effective  epimorphism  in  the  category  of 


33.8.1 


schemes,  see  Sites,  Definition \7 .13. 1\  In  other  words,  every  representable  functor 
on  the  category  of  schemes  satisfies  the  sheaf  condition  for  the  fpqc  topology,  see 
Topologies,  Definition  {33.8.1 

Proof.  Let  5 be  a scheme.  We  have  to  show  the  following:  Given  morphisms 
ifii  : Ti  — X S such  that  tpi\TiXTTj  = TjWiXrTj  there  exists  a unique  morphism 
T — x S which  restricts  to  ipi  on  each  Tj.  In  other  words,  we  have  to  show  that  the 
functor  hs  = Morsc/j(— , S)  satisfies  the  sheaf  property  for  the  fpqc  topology. 


Thus  Topologies,  Lemma  [33.8. 13|  reduces  us  to  the  case  of  a Zariski  covering  and 
a covering  {Spec(A)  — x Spec(-R)}  with  R — X A faithfully  flat.  The  case  of  a Zariski 


covering  follows  from  Schemes,  Lemma  25.14.1 


Suppose  that  R -A  A is  a faithfully  flat  ring  map.  Denote  7r  : Spec(A)  — x Spec(i?) 
the  corresponding  morphism  of  schemes.  It  is  surjective  and  flat.  Let  / : Spec(A)  -A 
S'  be  a morphism  such  that  fopr1  = f opr2  as  maps  Spec(A(g)fl  A)  — ► S.  By  Lemma 
|34.9.1|  we  see  that  as  a map  on  the  underlying  sets  / is  of  the  form  / = g o n for 
some  (set  theoretic)  map  g : Spec (i?)  -A  S.  By  Morphisms,  Lemma  28.25.10  and 
the  fact  that  / is  continuous  we  see  that  g is  continuous. 
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Pick  x £ Spec(i?).  Choose  XJ  C S affine  open  containing  g{x).  Say  U = Spec(i3). 
By  the  above  we  may  choose  an  r £ R such  that  x £ D(r)  C g_1{l J)-  The 
restriction  of  / to  n~ x{D{r))  into  U corresponds  to  a ring  map  B — > Ar.  The  two 
induced  ring  maps  B -A  Ar  Z)Rr  Ar  = ( A A)r  are  equal  by  assumption  on  /. 

Note  that  Rr  -A  Ar  is  faithfully  flat.  By  Lemma  [34.3.6  the  equalizer  of  the  two 
arrows  Ar  -a  Ar  ®Rr  Ar  is  Rr.  We  conclude  that  B -A  Ar  factors  uniquely  through 
a map  B -A  Rr.  This  map  in  turn  gives  a morphism  of  schemes  D(r)  -A  U -A  S, 
see  Schemes,  Lemma [2 5. 6. 4| 


What  have  we  proved  so  far?  We  have  shown  that  for  any  prime  p C R,  there 
exists  a standard  affine  open  D(r)  C Spec(i?)  such  that  the  morphism  / |n— i(D(r))  : 
n~1{D{r))  — > S factors  uniquely  though  some  morphism  of  schemes  D(r)  — > S.  We 
omit  the  verification  that  these  morphisms  glue  to  the  desired  morphism  Spec(-R)  — » 


S. 


□ 


OBMN  Lemma  34.9.4.  Consider  schemes  X,Y,Z  and  morphisms  a,b  : X — > Y and  a 
morphism  c : Y -A  Z with  co  a = cob.  Set  d = co  a = cob.  If  there  exists  an  fpqc 
covering  {Zi  — ► Z}  such  that 

(1)  for  all  i the  morphism  Y xcz  Zt  — > Zi  is  the  coequalizer  of  (a,  1)  : X xd  z 
Zi  -A  Y x c Z Zi  and  (b, 1)  : X xd,z  Zt  -A  Y xCjZ  Zi;  and 

(2)  for  all  i and  i'  the  morphism  Y xCtz  {Zi  Xz  Z^)  — > {Zi  Xz  Z j/)  is  the 
coequalizer  of  (a,  1)  : X xd:z  {Zi  Xz  Z^)  — > Y xCjz  (Z*  Xz  Zd)  and  {b,  1)  : 
X xdtz  {Zi  Xz  Zi')  — > Y xC)z  {Zi  Xz  Zd) 

then  c is  the  coequalizer  of  a and  b. 


Proof.  Namely,  for  a scheme  T a morphism  Z — > T is  the  same  thing  as  a collection 
of  morphism  Zi  — » T which  agree  on  overlaps  by  Lemma  34.9.3|  □ 
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Another  application  of  flat  descent  for  modules  is  the  following  amusing  and  use- 
ful result.  There  is  an  algebraic  version  and  a scheme  theoretic  version.  (The 
“Noetherian”  reader  should  consult  Lemma  34.10.2  instead  of  the  next  lemma.) 


Lemma  34.10.1.  Let  R — » A — >•  B be  ring  maps.  Assume  R — » B is  of  finite 
presentation  and  A — » B faithfully  flat  and  of  finite  presentation.  Then  R — » A is 
of  finite  presentation. 


Proof.  Consider  the  algebra  C = B Z)a  B together  with  the  pair  of  maps  p , q : 
B — » C given  by  p{b)  = b ® 1 and  q{b)  = 1 b.  Of  course  the  two  compositions 
A — >•  B — > C are  the  same.  Note  that  as  p : B — >•  C is  flat  and  of  finite  presentation 
(base  change  oi  A B),  the  ring  map  R — >•  C is  of  finite  presentation  (as  the 
composite  of  R — > B — > C) . 


We  are  going  to  use  the  criterion  Algebra,  Lemma [10. 126. 2|  to  show  that  R — > A is 
of  finite  presentation.  Let  S be  any  l?-algebra,  and  suppose  that  S = colimAeA  S\ 
is  written  as  a directed  colimit  of  ??-algebras.  Let  A — > S be  an  l?-algebra  homo- 
morphism. We  have  to  show  that  A — > S factors  through  one  of  the  S\.  Consider 
the  rings  B'  = S <Z)a  B and  C'  = S Z)a  C = B'  B'  ■ As  B is  faithfully  flat  of 

finite  presentation  over  A,  also  B'  is  faithfully  flat  of  finite  presentation  over  S.  By 
Algebra,  Lemma  10.160.1  part  (2)  applied  to  the  pair  {S  -A  B' , B')  and  the  system 
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(S\)  there  exists  a Ao  £ A and  a flat,  finitely  presented  5A0“alget>i'a  BXo  such  that 
B'  = S ®sx0  B\0 • For  A set  Bx  = Sx  ®sXo  B\0  and  c*  = B\  ®sx  B\- 

We  interrupt  the  flow  of  the  argument  to  show  that  Sx  — > Bx  is  faithfully  flat  for  A 
large  enough.  (This  should  really  be  a separate  lemma  somewhere  else,  maybe  in  the 
chapter  on  limits.)  Since  Spec(l?A0)  —>  Spec(<S\0)  is  flat  and  of  finite  presentation 
it  is  open  (see  Morphisms,  Lemma  |28.25.9|).  Let  I C SXo  be  an  ideal  such  that 
V(I)  C Spec(5A0)  is  the  complement  of  the  image.  Note  that  formation  of  the 
image  commutes  with  base  change.  Hence,  since  Spec(-B')  — > Spec(S')  is  surjective, 
and  B'  = BXo  S we  see  that  IS  = S.  Thus  for  some  A > Ao  we  have  ISX  = Sx. 
For  this  and  all  greater  A the  morphism  Spec(l?A)  — > Spec(S’A)  is  surjective. 


By  analogy  with  the  notation  in  the  first  paragraph  of  the  proof  denote  pXlqx  : 
Bx  — ► Cx  the  two  canonical  maps.  Then  B'  = coliniA>A0  Bx  and  C = colimA>A0  Cx. 


Since  B and  C are  finitely  presented  over  R there  exist  (by  Algebra,  Lemma  10.126.2 
applied  several  times)  a A > Ao  and  an  R- algebra  maps  B Bx,  C — ► Cx  such 
that  the  diagram 


is  commutative.  OK,  and  this  means  that  A — > B — > Bx  maps  into  the  equalizer 
of  px  and  qx.  By  By  Lemma  [34.3. 6|  we  see  that  Sx  is  the  equalizer  of  px  and  qx. 
Thus  we  get  the  desired  ring  map  A — > Sx  and  we  win.  □ 


Here  is  an  easier  version  of  this  dealing  with  the  property  of  being  of  finite  type. 

0367  Lemma  34.10.2.  Let  R — »•  A — »•  B be  ring  maps.  Assume  R B is  of  finite  type 
and  A — B faithfully  flat  and  of  finite  presentation.  Then  R — > A is  of  finite  type. 


Proof.  By  Algebra,  Lemma  [10. 160. 2|  there  exists  a commutative  diagram 

R 1 ¥■  A0 >-  B0 


with  R — » A0  of  finite  presentation,  A0  — > B0  faithfully  flat  of  finite  presentation 
and  B = A(8>_a0  Bq.  Since  R — > B is  of  finite  type  by  assumption,  we  may  add  some 
elements  to  Ao  and  assume  that  the  map  Bq  — >■  B is  surjective!  In  this  case,  since 
Ao  — > Bq  is  faithfully  flat,  we  see  that  as 

(Ao  — > A)  Bq  = (Bq  — > B ) 

is  surjective,  also  Aq  — > A is  surjective.  Hence  we  win.  □ 


02KL 


Lemma  34.10.3.  Let 
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be  a commutative  diagram  of  morphisms  of  schemes.  Assume  that  f is  surjective, 
fiat  and  locally  of  finite  presentation  and  assume  that  p is  locally  of  finite  presen- 
tation (resp.  locally  of  finite  type).  Then  q is  locally  of  finite  presentation  (resp. 
locally  of  finite  type). 


Proof.  The  problem  is  local  on  S and  Y . Hence  we  may  assume  that  S and  Y 
are  affine.  Since  / is  flat  and  locally  of  finite  presentation,  we  see  that  / is  open 
(Morphisms,  Lemma  28.25.9).  Hence,  since  Y is  quasi-compact,  there  exist  finitely 
many  affine  opens  X,  C X such  that  Y = (J  f(Xi).  Clearly  we  may  replace  A' 
by  II  Xi , and  hence  we  may  assume  X is  affine  as  well.  In  this  case  the  lemma  is 
equivalent  to  Lemma  34.10.1  (resp.  Lemma  34.10.2)  above.  □ 


We  use  this  to  improve  some  of  the  results  on  morphisms  obtained  earlier. 
02KM  Lemma  34.10.4.  Let 


S 


be  a commutative  diagram  of  morphisms  of  schemes.  Assume  that 

(1)  f is  surjective,  and  syntomic  (resp.  smooth,  resp.  etale), 

(2)  p is  syntomic  (resp.  smooth,  resp.  etale). 

Then  q is  syntomic  (resp.  smooth,  resp.  etale). 

Proof.  Combine  Morphisms,  Lemmas|28.31.16||28.34.19[  and|28.36.19|with  Lemma 
134.10.31  above.  □ 


Actually  we  can  strengthen  this  result  as  follows. 
05B5  Lemma  34.10.5.  Let 


S 


be  a commutative  diagram  of  morphisms  of  schemes.  Assume  that 

(1)  / is  surjective,  flat,  and  locally  of  finite  presentation, 

(2)  p is  smooth  (resp.  etale). 

Then  q is  smooth  (resp.  etale). 


Proof.  Assume  (1)  and  that  p is  smooth.  By  Lemma  34.10.3  we  see  that  q is  locally 
of  finite  presentation.  By  Morphisms,  Lemma [28.25. 11  we  see  that  q is  flat.  Hence 
now  it  suffices  to  show  that  the  fibres  of  q are  smooth,  see  Morphisms,  Lemma 
28.34.3|  Apply  Varieties,  Lemma[32.20.9  to  the  flat  surjective  morphisms  As  — > Ys 
for  s £ S’  to  conclude.  We  omit  the  proof  of  the  etale  case.  □ 


05B6  Remark  34.10.6.  With  the  assumptions  (1)  and  p smooth  in  Lemma  34.10.5 
it  is  not  automatically  the  case  that  X — > Y is  smooth.  A counter  example  is 
S = Spec(lc),  X = Spec(fc[s]),  Y = Spec(fc[t])  and  / given  by  t s2.  But  see  also 
Lemma  [34.10.71  for  some  information  on  the  structure  of  /. 
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05B7  Lemma  34.10.7.  Let 


S 


be  a commutative  diagram  of  morphisms  of  schemes.  Assume  that 

(1)  / is  surjective,  flat,  and  locally  of  finite  presentation, 

(2)  p is  syntomic. 

Then  both  q and  f are  syntomic. 


Proof.  By  Lemma  [34. 10. 3|  we  see  that  q is  of  finite  presentation.  By  Morphisms, 
Lemma[~28.25.11|we  see  that  q is  flat.  By  Morphisms,  Lemma[~28.31.10|it  now  suffices 
to  show  that  the  local  rings  of  the  fibres  of  Y — > S and  the  fibres  of  X — ► Y are 
local  complete  intersection  rings.  To  do  this  we  may  take  the  fibre  of  X — » Y — ► S 
at  a point  s £ S,  i.e. , we  may  assume  S is  the  spectrum  of  a field.  Pick  a point 
x £ X with  image  y € Y and  consider  the  ring  map 


Oy ,, 


Ox, 


This  is  a flat  local  homomorphism  of  local  Noetherian  rings.  The  local  ring  O x.x 
is  a complete  intersection.  Thus  may  use  Avramov’s  result,  see  Divided  Power 
Algebra,  Lemma  23.8.9  to  conclude  that  both  Oy,y  and  Ox,x/myO. x,x  are  complete 
intersection  rings.  □ 


The  following  type  of  lemma  is  occasionally  useful. 

06NB  Lemma  34.10.8.  Let  X — ► Y — )•  Z be  morphism  of  schemes.  Let  P be  one  of  the 
following  properties  of  morphisms  of  schemes:  flat,  locally  finite  type,  locally  finite 
presentation.  Assume  that  X — » Z has  P and  that  {X  — > Y } can  be  refined  by  an 
fppf  covering  ofY.  Then  Y — > Z is  P. 

Proof.  Let  Spec((7)  C Z be  an  affine  open  and  let  Spec(l?)  C Y be  an  affine  open 
which  maps  into  Spec(C).  The  assumption  on  X — » Y implies  we  can  find  a stan- 
dard affine  fppf  covering  {Spec (Bj)  — > Spec(!?)}  and  lifts  Xj  : Spec (Bj)  -4  X.  Since 
Spec (Bj)  is  quasi-compact  we  can  find  finitely  many  affine  opens  Spec(Ai)  C A' 
lying  over  Spec(f?)  such  that  the  image  of  each  Xj  is  contained  in  the  union 
(JSpec(Ai).  Hence  after  replacing  each  Spec(-Bj)  by  a standard  affine  Zariski  cov- 
erings of  itself  we  may  assume  we  have  a standard  affine  fppf  covering  {Spec(f?i)  — ► 
Spec(H)}  such  that  each  Spec(Hj)  — ► Y factors  through  an  affine  open  Spec(Aj)  C 
X lying  over  Spec(H).  In  other  words,  we  have  ring  maps  C — » B — ► A;  — >■  Bi  for 
each  i.  Note  that  we  can  also  consider 

C — >•  B — >•  A = Ai  — >•  B'  = Y\Bi 

and  that  the  ring  map  B — > J{  Bi  is  faithfully  flat  and  of  finite  presentation. 

The  case  P = flat.  In  this  case  we  know  that  C — > A is  flat  and  we  have  to 
prove  that  C — > B is  flat.  Suppose  that  A^  — » N'  — ► N"  is  an  exact  sequence  of 
C-modules.  We  want  to  show  that  N <S>c  B — » N'  B N"  ®c  B is  exact.  Let 
H be  its  cohomology  and  let  H'  be  the  cohomology  of  N B'  — > N'  (g)c  B'  — > 
N"  B’ . As  B — > B’  is  flat  we  know  that  H’  = H B' . On  the  other  hand 

N 0c  A N'  0c  A — >•  N"  0c  A is  exact  hence  has  zero  cohomology.  Hence  the 
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map  H — > H'  is  zero  (as  it  factors  through  the  zero  module).  Thus  H'  = 0.  As 
B ^ B'  is  faithfully  flat  we  conclude  that  H = 0 as  desired. 

The  case  P = locally  finite  type.  In  this  case  we  know  that  C — > A is  of  finite 
type  and  we  have  to  prove  that  C — >■  B is  of  finite  type.  Because  B ^ B'  is  of 
finite  presentation  (hence  of  finite  type)  we  see  that  A — > B'  is  of  finite  type,  see 
Algebra,  Lemma  |10.6.2|  Therefore  C — > B'  is  of  finite  type  and  we  conclude  by 
Lemma  134.10.21 


The  case  P = locally  finite  presentation.  In  this  case  we  know  that  C — > A is 
of  finite  presentation  and  we  have  to  prove  that  C — > B is  of  finite  presentation. 
Because  B B'  is  of  finite  presentation  and  B — > A of  finite  type  we  see  that 
A — > B'  is  of  finite  presentation,  see  Algebra,  Lemma  10.6.2  Therefore  C — > B'  is 
of  finite  presentation  and  we  conclude  by  Lemma  |34.10.1  □ 
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It  often  happens  one  can  prove  the  members  of  a covering  of  a scheme  have  a certain 
property.  In  many  cases  this  implies  the  scheme  has  the  property  too.  For  example, 
if  S'  is  a scheme,  and  / : S'  — > S is  a surjective  flat  morphism  such  that  S'  is  a 
reduced  scheme,  then  S is  reduced.  You  can  prove  this  by  looking  at  local  rings 
and  using  Algebra,  Lemma  |10.156.2|  We  say  that  the  property  of  being  reduced 


descends  through  flat  surjective  morphisms.  Some  results  of  this  type  are  collected 
in  Algebra,  Section  |10.156| 


On  the  other  hand,  there  are  examples  of  surjective  flat  morphisms  / : S'  — > S 
with  S reduced  and  S'  not,  for  example  the  morphism  Spec(fc[:r]/(:r2))  — > Spec (fc). 
Hence  the  property  of  being  reduced  does  not  ascend  along  flat  morphisms.  Having 
infinite  residue  fields  is  a property  which  does  ascend  along  flat  morphisms  (but 
does  not  descend  along  surjective  flat  morphisms  of  course).  Some  results  of  this 
type  are  collected  in  Algebra,  Section  [10. 155[ 


Finally,  we  say  that  a property  is  local  for  the  flat  topology  if  it  ascends  along 
flat  morphisms  and  descends  along  flat  surjective  morphisms.  A somewhat  silly 
example  is  the  property  of  having  residue  fields  of  a given  characteristic.  To  be 
more  precise,  and  to  tie  this  in  with  the  various  topologies  on  schemes,  we  make 
the  following  formal  definition. 


0348  Definition  34.11.1.  Let  V be  a property  of  schemes.  Let  r £ {fpqc,fppf7 
syntomic,  smooth,  etale,  Zariski} . We  say  V is  local  in  the  t -topology  if  for  any 
r-covering  {Si  S}j6j  (see  Topologies,  Section  33.2)  we  have 

S has  V <t=>  each  Si  has  V. 


To  be  sure,  since  isomorphisms  are  always  coverings  we  see  (or  require)  that  prop- 
erty V holds  for  S if  and  only  if  it  holds  for  any  scheme  S'  isomorphic  to  S'.  In  fact, 
if  r = fpqc,  fppf,  syntomic,  smooth , etale,  or  Zariski , then  if  S has  V and  S'  — > S 
is  flat,  flat  and  locally  of  finite  presentation,  syntomic,  smooth,  etale,  or  an  open 
immersion,  then  S'  has  V.  This  is  true  because  we  can  always  extend  {S'  — >■  S}  to 
a r-covering. 

We  have  the  following  implications:  V is  local  in  the  fpqc  topology  =>  V is  local  in 
the  fppf  topology  =£■  V is  local  in  the  syntomic  topology  =>  V is  local  in  the  smooth 
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topology  =>  V is  local  in  the  etale  topology  =>  V is  local  in  the  Zariski  topology. 
This  follows  from  Topologies,  Lemmas  |33.4.2[  [33.5.2[  |33.6.2[  |33.7.2[  and|33.8.6[ 

Lemma  34.11.2.  Let  V be  a property  of  schemes.  Let  r £ {fpqc,  fppf , etale, 
smooth,  sy atomic} . Assume  that 

(1)  the  property  is  local  in  the  Zariski  topology, 

(2)  for  any  morphism  of  affine  schemes  S'  — )•  S which  is  flat,  flat  of  finite 
presentation,  etale,  smooth  or  syntomic  depending  on  whether  t is  fpqc, 
fppf,  etale,  smooth,  or  syntomic,  property  V holds  for  S'  if  property  V 
holds  for  S,  and 

(3)  for  any  surjective  morphism  of  affine  schemes  S'  — » S which  is  flat,  flat  of 
finite  presentation,  etale,  smooth  or  syntomic  depending  on  whether  r is 
fpqc,  fppf,  etale,  smooth,  or  syntomic,  property  V holds  for  S if  property 
V holds  for  S' . 

Then  V is  r local  on  the  base. 


Proof.  This  follows  almost  immediately  from  the  definition  of  a r-covering,  see 
Topologies,  Definition  3T8T|[33/7T  33.4.1|33.5.1[  or|33.6.l|and  Topologies,  Lemma 
|33.8.8[  [33.7. 4[  33.4.4  33.5.4  or  33.6.4  Details  omitted.  □ 


Remark  34.11.3.  In  Lemma 


34.11.2 


above  if  t = smooth  then  in  condition  (3) 
we  may  assume  that  the  morphism  is  a (surjective)  standard  smooth  morphism. 
Similarly,  when  r = syntomic  or  r = etale. 


34.12.  Properties  of  schemes  local  in  the  fppf  topology 

In  this  section  we  find  some  properties  of  schemes  which  are  local  on  the  base  in 
the  fppf  topology. 

Lemma  34.12.1.  The  property  V{S)  =“S  is  locally  Noetherian”  is  local  in  the 
fppf  topology. 


Proof.  We  will  use  Lemma [34. 11. 2|  First  we  note  that  “being  locally  Noetherian” 
is  local  in  the  Zariski  topology.  This  is  clear  from  the  definition,  see  Properties, 
Definition  27.5.1  Next,  we  show  that  if  S'  — > S is  a flat,  finitely  presented  mor- 
phism of  affines  and  S is  locally  Noetherian,  then  S'  is  locally  Noetherian.  This  is 
Morphisms,  Lemma  28.15.6  Finally,  we  have  to  show  that  if  S'  — > S is  a surjective 


flat,  finitely  presented  morphism  of  affines  and  S'  is  locally  Noetherian,  then  S is 


locally  Noetherian.  This  follows  from  Algebra,  Lemma  10.156.1  Thus  (1),  (2)  and 
(3)  of  Lemma  34.11.2  hold  and  we  win.  □ 


Lemma  34.12.2.  The  property  V(S)  = “S  is  Jacobson”  is  local  in  the  fppf  topology. 


Proof.  We  will  use  Lemma  [34.11. 2[  First  we  note  that  “being  Jacobson”  is  local 
in  the  Zariski  topology.  This  is  Properties,  Lemma  [27. 6. 3[  Next,  we  show  that  if 
S'  — > S is  a flat,  finitely  presented  morphism  of  affines  and  S is  Jacobson,  then  S' 
is  Jacobson.  This  is  Morphisms,  Lemma  28.16.9  Finally,  we  have  to  show  that 
if  f : S'  -A  S is  a surjective  flat,  finitely  presented  morphism  of  affines  and  S'  is 
Jacobson,  then  S is  Jacobson.  Say  S = Spec(A)  and  S'  = Spec (B)  and  S'  — ► S 
given  by  A — > B.  Then  A — > B is  finitely  presented  and  faithfully  flat.  Moreover, 
the  ring  B is  Jacobson,  see  Properties,  Lemma  [27. 6. 3| 
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By  Algebra,  Lemma  [10. 160. 6|  there  exists  a diagram 

B >■  B' 


with  A — ► B'  finitely  presented,  faithfully  flat  and  quasi-finite.  In  particular,  B 


B'  is  finite  type,  and  we  see  from  Algebra,  Proposition  10.34.18  that  B'  is  Jacobson. 
Hence  we  may  assume  that  A — )■  B is  quasi-finite  as  well  as  faithfully  flat  and  of 
finite  presentation. 

Assume  A is  not  Jacobson  to  get  a contradiction.  According  to  Algebra,  Lemma 
10.34.51  there  exists  a nonmaximal  prime  p C A and  an  element  / £ A,  f qL  p such 


that  V'(p)  n D(f)  = {p}. 

This  leads  to  a contradiction  as  follows.  First  let  p C m be  a maximal  ideal  of  A. 
Pick  a prime  m'  C B lying  over  m (exists  because  A — > B is  faithfully  flat,  see 
Algebra,  Lemma  10.38.16).  As  A — >■  B is  flat,  by  going  down  see  Algebra,  Lemma 
|10.38.18|  we  can  find  a prime  q C m'  lying  over  p.  In  particular  we  see  that  q is  not 
maximal.  Hence  according  to  Algebra,  Lemma  10.34.5  again  the  set  V(q)  DD(/)  is 
infinite  (here  we  finally  use  that  B is  Jacobson).  All  points  of  V(q)  fl  D(f)  map  to 
V(p)n  D(f)  = {p}.  Hence  the  fibre  over  p is  infinite.  This  contradicts  the  fact  that 
A — > B is  quasi-finite  (see  Algebra,  Lemma  10.121.4  or  more  explicitly  Morphisms, 
Lemma  28.20.10).  Thus  the  lemma  is  proved.  □ 


0BAL  Lemma  34.12.3.  The  property  V(S)  = “every  quasi-compact  open  of  S has  a 
finite  number  of  irreducible  components”  is  local  in  the  fppf  topology. 


Proof.  We  will  use  Lemma  [34.11.21  First  we  note  that  V is  local  in  the  Zariski 
topology.  Next,  we  show  that  if  T — > S is  a flat,  finitely  presented  morphism 
of  afEnes  and  S has  a finite  number  of  irreducible  components,  then  so  does  T. 
Namely,  since  T — > S is  flat,  the  generic  points  of  T map  to  the  generic  points  of 
S , see  Morphisms,  Lemma  |28.25.8|  Hence  it  suffices  to  show  that  for  s £ S the 
fibre  Ts  has  a finite  number  of  generic  points.  Note  that  Ts  is  an  affine  scheme 
of  finite  type  over  k(s),  see  Morphisms,  Lemma  28.15.4  Hence  Ts  is  Noetherian 


and  has  a finite  number  of  irreducible  components  (Morphisms,  Lemma  28.15.6  and 
Properties,  Lemma  27.5.7).  Finally,  we  have  to  show  that  if  T — > S is  a surjective 


flat,  finitely  presented  morphism  of  affines  and  T has  a finite  number  of  irreducible 
components,  then  so  does  S.  In  this  case  the  arguments  above  show  that  every 
generic  point  of  S is  the  image  of  a generic  point  of  T and  the  result  is  clear.  Thus 
(1),  (2)  and  (3)  of  Lemma  34.11.2  hold  and  we  win.  □ 


34.13.  Properties  of  schemes  local  in  the  syntomic  topology 

0369  In  this  section  we  find  some  properties  of  schemes  which  are  local  on  the  base  in 
the  syntomic  topology. 

036A  Lemma  34.13.1.  The  property  'P(S)  = “S  is  locally  Noetherian  and  ( Sk ) ” is  local 
in  the  syntomic  topology. 


Proof.  We  will  check  (1),  (2)  and  (3)  of  Lemma  34.11.2  As  a syntomic  morphism 


is  flat  of  finite  presentation  (Morphisms,  Lemmas  28.31.7  and  28.31.6)  we  have 
already  checked  this  for  “being  locally  Noetherian”  in  the  proof  of  Lemma [34.1 2. 1| 
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036B 

034D 

034E 


034F 


036C 


We  will  use  this  without  further  mention  in  the  proof.  First  we  note  that  V is  local  in 
the  Zariski  topology.  This  is  clear  from  the  definition,  see  Cohomology  of  Schemes, 
Definition  29.11.1  Next,  we  show  that  if  S'  — > S is  a syntomic  morphism  of  affines 


and  S has  V,  then  S'  has  V . This  is  Algebra,  Lemma  10.155.4  (use  Morphisms, 
and  Algebra,  Definition  10.134.1  and  Lemma  10.133.3).  Finally,  we 


Lemma  28.31.2 


show  that  if  S'  — > S is  a surjective  syntomic  morphism  of  affines  and  S'  has  V , 
then  S has  V.  This  is  Algebra,  Lemma  10.156.5  Thus  (1),  (2)  and  (3)  of  Lemma 
l34.11.2lhold  and  we  win.  □ 


Lemma  34.13.2.  The  property  V(S)  =US  is  Cohen- Macaulay"  is  local  in  the 
syntomic  topology. 


Proof.  This  is  clear  from  Lemma  34.13. l|above  since  a scheme  is  Cohen-Macaulay 
if  and  only  if  it  is  locally  Noetherian  and  (Si-)  for  all  k > 0,  see  Properties,  Lemma 
127.12.31  □ 


34.14.  Properties  of  schemes  local  in  the  smooth  topology 


In  this  section  we  find  some  properties  of  schemes  which  are  local  on  the  base  in 
the  smooth  topology. 

Lemma  34.14.1.  The  property  V(S)  = “S  is  reduced”  is  local  in  the  smooth 
topology. 


Proof.  We  will  use  Lemma  |34.11.2|  First  we  note  that  “being  reduced”  is  local 
in  the  Zariski  topology.  This  is  clear  from  the  definition,  see  Schemes,  Definition 
25.12.1  Next,  we  show  that  if  S'  — > S is  a smooth  morphism  of  affines  and  S is 
reduced,  then  S'  is  reduced.  This  is  Algebra,  Lemma  10.155.6  Finally,  we  show 


that  if  S'  — > S is  a surjective  smooth  morphism  of  affines  and  S'  is  reduced,  then 
S is  reduced.  This  is  Algebra,  Lemma  10.156.2  Thus  (1) 
l34.11.2lhold  and  we  win. 


(2)  and  (3)  of  Lemma 
□ 


Lemma  34.14.2.  The  property  'P(S)  = “S  is  normal”  is  local  in  the  smooth  topol- 
ogy- 


Proof.  We  will  use  Lemma  34.11.2  First  we  show  “being  normal”  is  local  in  the 


Zariski  topology.  This  is  clear  from  the  definition,  see  Properties,  Definition  27.7.1 
Next,  we  show  that  if  S'  -A  S is  a smooth  morphism  of  affines  and  S is  normal,  then 


S'  is  normal.  This  is  Algebra,  Lemma  10.155.7  Finally,  we  show  that  if  S'  S is 
a surjective  smooth  morphism  of  affines  and  S'  is  normal,  then  S is  normal.  This 


is  Algebra,  Lemma  10.156.3  Thus  (1),  (2)  and  (3)  of  Lemma  34.11.2  hold  and  we 
win.  □ 

Lemma  34.14.3.  The  property  V(S)  = US  is  locally  Noetherian  and  (Rk)  ” is  local 
in  the  smooth  topology. 


Proof.  We  will  check  (1),  (2)  and  (3)  of  Lemma  34.11.2  As  a smooth  morphism 


is  flat  of  finite  presentation  (Morphisms,  Lemmas  28.34.9  and  28.34.8)  we  have 
already  checked  this  for  “being  locally  Noetherian”  in  the  proof  of  Lemma  34.12.1 


We  will  use  this  without  further  mention  in  the  proof.  First  we  note  that  V is  local 
in  the  Zariski  topology.  This  is  clear  from  the  definition,  see  Properties,  Definition 
27.12.1  Next,  we  show  that  if  S'  — > S is  a smooth  morphism  of  affines  and  S 


has  V,  then  S'  has  V.  This  is  Algebra,  Lemmas  10.155.5  (use  Morphisms,  Lemma 
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036D 

036E 


06QL 

06QM 

06QN 


04QQ 

04QR 


28.34.2  Algebra,  Lemmas  10.135.4  and  10.138.3).  Finally,  we  show  that  if  S'  — > S 


is  a surjective  smooth  morphism  of  affines  and  S'  has  V,  then  S has  V.  This  is 

Thus  (1),  (2)  and  (3)  of  Lemma  34.11.2  hold  and  we 

□ 


Algebra,  Lemma  10.156.5 


Lemma  34.14.4.  The  property  V(S)  = “S  is  regular”  is  local  in  the  smooth  topol- 
ogy- 


Proof.  This  is  clear  from  Lemma  [34. 14. 3|  above  since  a locally  Noetherian  scheme 
is  regular  if  and  only  if  it  is  locally  Noetherian  and  {Rk)  for  all  k > 0.  □ 

Lemma  34.14.5.  The  property  V(S)  = “S  is  Nagata”  is  local  in  the  smooth  topol- 
ogy- 


Proof.  We  will  check  (1),  (2)  and  (3)  of  Lemma  34.11.2  First  we  note  that  being 
Nagata  is  local  in  the  Zariski  topology.  This  is  Properties,  Lemma  27.13.6  Next, 
we  show  that  if  S'  — >■  S is  a smooth  morphism  of  affines  and  S is  Nagata,  then  S' 
is  Nagata.  This  is  Morphisms,  Lemma  28.18.1  Finally,  we  show  that  if  S'  — > S is 
a surjective  smooth  morphism  of  affines  and  S'  is  Nagata,  then  S is  Nagata.  This 
is  Algebra,  Lemma  10.156.7  Thus  (1),  (2)  and  (3)  of  Lemma  34.11.2  hold  and  we 
win.  □ 


34.15.  Variants  on  descending  properties 


Sometimes  one  can  descend  properties,  which  are  not  local.  We  put  results  of  this 
kind  in  this  section. 


Lemma  34.15.1.  If  f : X Y is  aflat  and  surjective  morphism  of  schemes  and 
X is  reduced,  then  Y is  reduced. 


Proof.  The  result  follows  by  looking  at  local  rings  (Schemes,  Definition  25.12.1) 
and  Algebra,  Lemma [10. 156. 2|  □ 


Lemma  34.15.2.  Let  f : X — ► Y be  a morphism  of  algebraic  spaces.  If  f is  locally 
of  finite  presentation,  flat,  and  surjective  and  X is  regular,  then  Y is  regular. 


Proof.  This  lemma  reduces  to  the  following  algebra  statement:  If  A — >■  B is  a 
faithfully  flat,  finitely  presented  ring  homomorphism  with  B Noetherian  and  reg- 
ular, then  A is  Noetherian  and  regular.  We  see  that  A is  Noetherian  by  Algebra, 
Lemma [10. 156. 1|  and  regular  by  Algebra,  Lemma [10. 109. 9[  □ 


34.16.  Germs  of  schemes 


34.16.1.  Germs  of  schemes. 

pair  (X,  x)  consisting  of  a scheme  X and  a point  x £ X is  called  the 
germ  of  X at  x. 

(2)  A morphism  of  germs  f : (X,x)  — > (S,s)  is  an  equivalence  class  of  mor- 
phisms of  schemes  / : U — ► S with  f(x)  = s where  U C X is  an  open 
neighbourhood  of  x.  Two  such  /,  /'  are  said  to  be  equivalent  if  and  only 
if  / and  f agree  in  some  open  neighbourhood  of  x. 

(3)  We  define  the  composition  of  morphisms  of  germs  by  composing  represen- 
tatives (this  is  well  defined). 


Definition 

(1)  A 
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Before  we  continue  we  need  one  more  definition. 

04QS  Definition  34.16.2.  Let  / : (X,x)  (S,s)  be  a morphism  of  germs.  We  say  / 

is  etale  (resp.  smooth)  if  there  exists  a representative  / : U — > S of  / which  is  an 
etale  morphism  (resp.  a smooth  morphism)  of  schemes. 


34.17.  Local  properties  of  germs 

04QT 

04N1  Definition  34.17.1.  Let  V be  a property  of  germs  of  schemes.  We  say  that  V is 
etale  local  (resp.  smooth  local)  if  for  any  etale  (resp.  smooth)  morphism  of  germs 
( U',u ')  — > (U,u)  we  have  V(U,u)  4=>  V(U',u'). 

Let  ( [X , x)  be  a germ  of  a scheme.  The  dimension  of  X at  x is  the  minimum  of 
the  dimensions  of  open  neighbourhoods  of  x in  A',  and  any  small  enough  open 
neighbourhood  has  this  dimension.  Hence  this  is  an  invariant  of  the  isomorphism 
class  of  the  germ.  We  denote  this  simply  dim2.(X).  The  following  lemma  tells  us 
that  the  assertion  dim.,. (A)  = d is  an  etale  local  property  of  germs. 

04N4  Lemma  34.17.2.  Let  f : U — ► V be  an  etale  morphism  of  schemes.  Let  u £ U 
and  v = /(it).  Then  dimu(/7)  = dim^(fd). 


Proof.  In  the  statement  dim„(17)  is  the  dimension  of  U at  u as  defined  in  Topology, 
Definition  |5.9.1|  as  the  minimum  of  the  Krull  dimensions  of  open  neighbourhoods 
of  u in  U.  Similarly  for  dim„(V). 

Let  us  show  that  dim„(P)  > dimu(E7).  Let  V'  be  an  open  neighbourhood  of 
v in  V.  Then  there  exists  an  open  neighbourhood  U1  of  u in  U contained  in 
f-\V')  such  that  dimu(C7)  = dim({7').  Suppose  that  Z0  C Z1  C . . . C Zn  is 
a chain  of  irreducible  closed  subschemes  of  U' . If  £ Zi  is  the  generic  point 
then  we  have  specializations  Cn  Cn-i  ...  Co-  This  gives  specializations 
/(Cn)  /(Cn- 1)  /(Co)  in  V'.  Note  that /(£,■)  ^ /(Ci)  if  i^j  as  the  fibres 

of  / are  discrete  (see  Morphisms,  Lemma  28.36.7).  Hence  we  see  that  dim(P')  > n. 
The  inequality  dim^(P)  > dimu(C/)  follows  formally. 

Let  us  show  that  dimu([/)  > dim„(P).  Let  U'  be  an  open  neighbourhood  of  u in  U. 
Note  that  V'  = f{U')  is  an  open  neighbourhood  of  v by  Morphisms,  Lemma  28.25.9 


Hence  dim(W)  > dim„(V').  Pick  a chain  Z0  C Z\  C . . . C Zn  of  irreducible  closed 
subschemes  of  V' . Let  £ Zi  be  the  generic  point,  so  we  have  specializations 
£n  Cn-i  Co-  Since  Co  € f(U')  we  can  find  a point  770  £ W with 

f(ji 0)  = Co-  Consider  the  map  of  local  rings 


O 


V',£o 


O. 


U',i 70 


which  is  a flat  local  ring  map  by  Morphisms,  Lemma  28.36.12  Note  that  the  points 
Ci  correspond  to  primes  of  the  ring  on  the  left  by  Schemes,  Lemma  25.13.2  Hence 


by  going  down  (see  Algebra,  Section  10.40 ) for  the  displayed  ring  map  we  can  find 
a sequence  of  specializations  rjn  r]n_  1 770  in  U'  mapping  to  the  sequence 


Cn— 1 


Co  under  /.  This  implies  that  dimu(Lr)  > dim„(P). 


□ 


Let  (A,  x)  be  a germ  of  a scheme.  The  isomorphism  class  of  the  local  ring  Ox,x  is  an 
invariant  of  the  germ.  The  following  lemma  says  that  the  property  dim (Ox,x)  = d 
is  an  etale  local  property  of  germs. 
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04N8  Lemma  34.17.3.  Let  f : U — ► V be  an  etale  morphism  of  schemes.  Let  u £ U 
and  v = f(u).  Then  dim{Ojj,u)  = dim(0v>)- 

Proof.  The  algebraic  statement  we  are  asked  to  prove  is  the  following:  If  A — > B is 
an  etale  ring  map  and  q is  a prime  of  B lying  over  p C A,  then  dim(Ap)  = dim(13q). 
This  is  More  on  Algebra,  Lemma [15. 35. 2|  □ 

Let  (A,  x ) be  a germ  of  a scheme.  The  isomorphism  class  of  the  local  ring  Ox,x 
is  an  invariant  of  the  germ.  The  following  lemma  says  that  the  property  “Ox,x  is 
regular”  is  an  etale  local  property  of  germs. 

0AH7  Lemma  34.17.4.  Let  f : U — ► V be  an  etale  morphism  of  schemes.  Let  u £ U 
and  v = f{u).  Then  Ojj,u  is  a regular  local  ring  if  and  only  if  Oy,v  is  a regular 
local  ring. 


Proof.  The  algebraic  statement  we  are  asked  to  prove  is  the  following:  If  A — > B 
is  an  etale  ring  map  and  q is  a prime  of  B lying  over  p C A,  then  Ap  is  regular  if 
and  only  if  Bq  is  regular.  This  is  More  on  Algebra,  Lemma  15.35.3  □ 


34.18.  Properties  of  morphisms  local  on  the  target 

02KN  Suppose  that  / : X — ► Y is  a morphism  of  schemes.  Let  g : Y'  — > Y be  a morphism 
of  schemes.  Let  /'  : X'  — >■  Y'  be  the  base  change  of  / by  g: 


X' 

f 

V 

Y' 


g' 

g 


X 


f 

Y 

Y 
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Let  V be  a property  of  morphisms  of  schemes.  Then  we  can  wonder  if  (a)  V(f)  => 
V(f'),  and  also  whether  the  converse  (b)  V(f)  =>  V(f)  is  true.  If  (a)  holds 
whenever  g is  flat,  then  we  say  V is  preserved  under  flat  base  change.  If  (b)  holds 
whenever  g is  surjective  and  flat,  then  we  say  V descends  through  flat  surjective 
base  changes.  If  V is  preserved  under  flat  base  changes  and  descends  through  flat 
surjective  base  changes,  then  we  say  V is  flat  local  on  the  target.  Compare  with 
the  discussion  in  Section[34.11|  This  turns  out  to  be  a very  important  notion  which 
we  formalize  in  the  following  definition. 


Definition  34.18.1.  Let  V be  a property  of  morphisms  of  schemes  over  a base. 
Let  t £ { fpqc , fppf,  syntomic , smooth , etale , Zariski}.  We  say  V is  r local  on  the 
base , or  r local  on  the  target,  or  local  on  the  base  for  the  r-topology  if  for  any  r- 
covering  {Yj  — ► Y}iej  (see  Topologies,  Section  33.2)  and  any  morphism  of  schemes 
/ : X — >•  Y over  S we  have 


/ has  V <t=>  each  Y;  Xy  X — > Y has  V. 


To  be  sure,  since  isomorphisms  are  always  coverings  we  see  (or  require)  that  prop- 
erty V holds  for  A'  — > Y if  and  only  if  it  holds  for  any  arrow  X'  — > Y'  isomorphic  to 
X — > Y . If  a property  is  r-local  on  the  target  then  it  is  preserved  by  base  changes 
by  morphisms  which  occur  in  r-coverings.  Here  is  a formal  statement. 

04QU  Lemma  34.18.2.  Let  t £ {fpqc,  fppf , syntomic,  smooth,  etale,  Zariski}.  Let  V 
be  a property  of  morphisms  which  is  r local  on  the  target.  Let  f : X — ► Y have 
property  V.  For  any  morphism  Y'  — > Y which  is  flat , resp.  flat  and  locally  of  finite 
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presentation,  resp.  syntomic,  resp.  etale,  resp.  an  open  immersion,  the  base  change 
f : Y'  Xy  X — > Y'  of  f has  property  V . 

Proof.  This  is  true  because  we  can  fit  Y'  -A-  Y into  a family  of  morphisms  which 
forms  a r-covering.  □ 


A simple  often  used  consequence  of  the  above  is  that  if  f \ X —f  Y has  property  V 
which  is  T-local  on  the  target  and  f(X)  C V for  some  open  subscheme  V C Y,  then 
also  the  induced  morphism  X — »•  V has  V.  Proof:  The  base  change  / by  V — > Y 
gives  X —>V. 

06QP  Lemma  34.18.3.  Let  t £ {. fppf , syntomic , smooth,  etale}.  Let  V be  a property  of 
morphisms  which  is  r local  on  the  target.  For  any  morphism  of  schemes  f : X -A  Y 
there  exists  a largest  open  W(f)  C Y such  that  the  restriction  Xw ^ -a  W(f)  has 
V . Moreover, 

(1)  if  g : Y'  -A  Y is  flat  and  locally  of  finite  presentation,  syntomic,  smooth, 

or  etale  and  the  base  change  f : Xy  — > Y'  has  V,  then  g(Y')  C W(f), 

(2)  if  q : Y'  — > Y is  flat  and  locally  of  finite  presentation,  syntomic,  smooth, 

or  etale,  then  W(f)  = ff_1(W(/)),  and 

(3)  if  {gi  : Yi  -A  Y}  is  a r-covering,  then  gf1{W(f))  = W(fi),  where  fi  is 
the  base  change  of  f by  Yi  — > Y. 


Proof.  Consider  the  union  W of  the  images  g{Y')  C Y of  morphisms  g : Y'  -A  Y 
with  the  properties: 


(1)  g is  flat  and  locally  of  finite  presentation,  syntomic,  smooth,  or  etale,  and 

(2)  the  base  change  Y'  xg,y  X -A  Y'  has  property  V. 

Since  such  a morphism  g is  open  (see  Morphisms,  Lemma  28.25.9|)  we  see  that 
W C Y is  an  open  subset  of  Y . Since  V is  local  in  the  r topology  the  restriction 
Xw  — > W has  property  V because  we  are  given  a covering  [Y1  W}  of  W such 
that  the  pullbacks  have  V.  This  proves  the  existence  and  proves  that  W(f)  has 
property  (1).  To  see  property  (2)  note  that  W(f)  D g~1{W(f))  because  V is  stable 
under  base  change  by  flat  and  locally  of  finite  presentation,  syntomic,  smooth,  or 
etale  morphisms,  see  Lemma|34.18.2  On  the  other  hand,  if  Y"  C Y'  is  an  open  such 
that  Xyn  -A  Y"  has  property  V,  then  Y"  —>•  Y factors  through  W by  construction, 
i.e.,  Y"  C g~1{W{f)).  This  proves  (2).  Assertion  (3)  follows  from  (2)  because  each 
morphism  Yi  — > Y is  flat  and  locally  of  finite  presentation,  syntomic,  smooth,  or 
etale  by  our  definition  of  a r-covering.  □ 


02KP  Lemma  34.18.4.  LetV  be  a property  of  morphisms  of  schemes  over  a base.  Let 
r £ {fpqc,  fppf , etale,  smooth,  syntomic} . Assume  that 

(1)  the  property  is  preserved  under  flat,  flat  and  locally  of  finite  presenta- 
tion, etale,  smooth,  or  syntomic  base  change  depending  on  whether  r is 
fpqc,  fppf,  etale,  smooth,  or  syntomic  (compare  with  Schemes,  Definition 
25.18.3}), 

(2)  the  property  is  Zariski  local  on  the  base. 

(3)  for  any  surjective  morphism  of  affine  schemes  S'  — ► S which  is  flat,  flat 
of  finite  presentation,  etale,  smooth  or  syntomic  depending  on  whether  r 
is  fpqc,  fppf,  etale,  smooth,  or  syntomic,  and  any  morphism  of  schemes 
f : X — ► S property  V holds  for  f if  property  V holds  for  the  base  change 
f : X'  = S'  xs  X ^ S'. 
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034G 


02YJ 


02KQ 


02KR 


02KS 


Then  V is  t local  on  the  base. 

Proof.  This  follows  almost  immediately  from  the  definition  of  a r-covering,  see 


Topologies,  Definition  3T8T|[33/7T  33.4.1|33.5.1[  or|33.6.l|and  Topologies,  Lemma 
|33.8.8[  |33.7.4[  33.4.4[  |33.5.4[  or  33.6.4  Details  omitted.  □ 


Remark 

34.18.5.  (This  is  a repeat  of  Remark 

34.11.3 

above.)  In  Lemma 

34.18.4 

is  a (surjective)  standard  smooth  morphism. 
t = etale. 


Similarly,  when  r = syntomic  or 


34.19.  Properties  of  morphisms  local  in  the  fpqc  topology  on  the  target 

In  this  section  we  find  a large  number  of  properties  of  morphisms  of  schemes  which 


are  local  on  the  base  in  the  fpqc  topology.  By  contrast,  in  Examples,  Section  88.55 
we  will  show  that  the  properties  “projective”  and  “quasi-projective”  are  not  local 
on  the  base  even  in  the  Zariski  topology. 

Lemma  34.19.1.  The  property  V(f)  = “/  is  quasi- compact”  is  fpqc  local  on  the 
base. 

Proof.  A base  change  of  a quasi-compact  morphism  is  quasi-compact,  see  Schemes, 
Lemma  25.19.3|  Being  quasi-compact  is  Zariski  local  on  the  base,  see  Schemes, 
Lemma  25.19.2  Finally,  let  S'  — > S be  a flat  surjective  morphism  of  affine  schemes, 
and  let  / : X — >■  S be  a morphism.  Assume  that  the  base  change  /'  : X'  — > S' 
is  quasi-compact.  Then  X'  is  quasi-compact,  and  X'  -A  X is  surjective.  Hence  A' 


is  quasi-compact.  This  implies  that  / is  quasi-compact.  Therefore  Lemma  34.18.4 
applies  and  we  win.  □ 

Lemma  34.19.2.  The  property  V(f)  = “f  is  quasi- separated”  is  fpqc  local  on  the 
base. 

Proof.  Any  base  change  of  a quasi-separated  morphism  is  quasi-separated,  see 


Schemes,  Lemma  25.21.13  Being  quasi-separated  is  Zariski  local  on  the  base  (from 
the  definition  or  by  Schemes,  Lemma  25.21.7l.  Finally,  let  S'  — > S be  a flat  surjec- 
tive morphism  of  affine  schemes,  and  let  / : X — > S be  a morphism.  Assume  that  the 
base  change  f : X'  -A  S'  is  quasi-separated.  This  means  that  A'  : X'  — > X'  x X' 
is  quasi-compact.  Note  that  A'  is  the  base  change  ofA:X— > X XgX  via  S’  — ► S. 


By  Lemma [34. 19.1  this  implies  A is  quasi-conrpact,  and  hence  / is  quasi-separated. 
Therefore  Lemma  34.18.4  applies  and  we  win.  □ 


Lemma  34.19.3.  The  property  V{f)  =“f  is  universally  closed”  is  fpqc  local  on 
the  base. 

Proof.  A base  change  of  a universally  closed  morphism  is  universally  closed  by 
definition.  Being  universally  closed  is  Zariski  local  on  the  base  (from  the  definition 
or  by  Morphisms,  Lemma  28.41.2 1.  Finally,  let  S'  — > S be  a flat  surjective  morphism 
of  affine  schemes,  and  let  / : X — > S be  a morphism.  Assume  that  the  base  change 
/'  : X'  — >■  S'  is  universally  closed.  Let  T — >■  S be  any  morphism.  Consider  the 
diagram 

X'  -e S'  xsTxsX >TxsI 


S'xsT 


V 

^T 
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02KT 

02KU 

02KV 

02KW 


in  which  both  squares  are  cartesian.  Thus  the  assumption  implies  that  the  middle 
vertical  arrow  is  closed.  The  right  horizontal  arrows  are  flat,  quasi-compact  and 
surjective  (as  base  changes  of  S'  — > S).  Hence  a subset  of  T is  closed  if  and  only 


if  its  inverse  image  in  S'  Xg  T is  closed,  see  Morphisms,  Lemma  28.25.10  An  easy 
diagram  chase  shows  that  the  right  vertical  arrow  is  closed  too,  and  we  conclude 
X — > S is  universally  closed.  Therefore  Lemma [34. 18. 4|  applies  and  we  win.  □ 

Lemma  34.19.4.  The  property  V(f)  = “f  is  universally  open”  is  fpqc  local  on  the 
base. 


Proof.  The  proof  is  the  same  as  the  proof  of  Lemma  [34. 19. 3[  □ 

Lemma  34.19.5.  The  property  V(f)  = “f  is  separated ” is  fpqc  local  on  the  base. 

Proof.  A base  change  of  a separated  morphism  is  separated,  see  Schemes,  Lemma 
25.21.13  Being  separated  is  Zariski  local  on  the  base  (from  the  definition  or  by 
Schemes,  Lemma  25.21.8).  Finally,  let  S'  — > S be  a flat  surjective  morphism  of 
affine  schemes,  and  let  f : X -A  S be  a morphism.  Assume  that  the  base  change 
f : X'  — > S'  is  separated.  This  means  that  A'  : X'  — > X'  Xg'  X'  is  a closed 
immersion,  hence  universally  closed.  Note  that  A'  is  the  base  change  of  A : X — > 


X Xs  X via  S'  — > S.  By  Lemma  34.19.3  this  implies  A is  universally  closed.  Since 
it  is  an  immersion  (Schemes,  Lemma  25.21.2)  we  conclude  A is  a closed  immersion. 
Hence  / is  separated.  Therefore  Lemma  |34. 18. 4|  applies  and  we  win.  □ 

Lemma  34.19.6.  The  property  V(f)  = “f  is  surjective”  is  fpqc  local  on  the  base. 

Proof.  This  is  clear.  □ 

Lemma  34.19.7.  The  property  V(f)  = “f  is  universally  injective”  is  fpqc  local  on 
the  base. 

Proof.  A base  change  of  a universally  injective  morphism  is  universally  injective 
(this  is  formal).  Being  universally  injective  is  Zariski  local  on  the  base;  this  is 
clear  from  the  definition.  Finally,  let  S'  — > S be  a flat  surjective  morphism  of 
affine  schemes,  and  let  f : X -A  S be  a morphism.  Assume  that  the  base  change 
/'  : X'  — » S'  is  universally  injective.  Let  I\  be  a field,  and  let  a,  b : Spec (K)  — > X 
be  two  morphisms  such  that  / o a = f o b.  As  S'  S is  surjective  and  by  the 
discussion  in  Schemes,  Section  25.13|  there  exists  a field  extension  K C K'  and  a 
morphism  Spec(A'')  — > S'  such  that  the  following  solid  diagram  commutes 

Spec(A") 


Spec(A') 


As  the  square  is  cartesian  we  get  the  two  dotted  arrows  a',  b'  making  the  diagram 
commute.  Since  X'  — > S'  is  universally  injective  we  get  a'  = b',  by  Morphisms, 
Clearly  this  forces  a = b (by  the  discussion  in  Schemes,  Section 


Lemma  28.11.2 


25.13).  Therefore  Lemma  34.18.4  applies  and  we  win. 
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02KX 


02KY 


02KZ 

02L0 

02L1 

02L2 


An  alternative  proof  would  be  to  use  the  characterization  of  a universally  injective 
morphism  as  one  whose  diagonal  is  surjective,  see  Morphisms,  Lemma|28.11.2|  The 
lemma  then  follows  from  the  fact  that  the  property  of  being  surjective  is  fpqc  local 
on  the  base,  see  Lemma  34.19.6|  (Hint:  use  that  the  base  change  of  the  diagonal  is 
the  diagonal  of  the  base  change.)  □ 

Lemma  34.19.8.  The  property  V(f)  = “f  is  locally  of  finite  type”  is  fpqc  local  on 
the  base. 

Proof.  Being  locally  of  finite  type  is  preserved  under  base  change,  see  Morphisms, 
Lemma  [28.15.4|  Being  locally  of  finite  type  is  Zariski  local  on  the  base,  see  Mor- 
phisms, Lemma  28.15.2  Finally,  let  S'  — > S be  a flat  surjective  morphism  of 
affine  schemes,  and  let  / : X -A  S be  a morphism.  Assume  that  the  base  change 
/'  : X'  -A-  S'  is  locally  of  finite  type.  Let  U C X be  an  affine  open.  Then 
U'  = S'  x s U is  affine  and  of  finite  type  over  S'.  Write  S = Spec (R),  S'  = Spec (R!), 
U = Spec(A),  and  U'  = Spec(A').  We  know  that  R — > R'  is  faithfully  flat, 
A!  = R!  <S)r  A and  R'  — ► A ' is  of  finite  type.  We  have  to  show  that  R — >■  A is 
of  finite  type.  This  is  the  result  of  Algebra,  Lemma  |10. 125.1]  It  follows  that  / is 
locally  of  finite  type.  Therefore  Lemma  [34 . 1 8 . 4|  applies  and  we  win.  □ 

Lemma  34.19.9.  The  property  V(f)  = “f  is  locally  of  finite  presentation”  is  fpqc 
local  on  the  base. 

Proof.  Being  locally  of  finite  presentation  is  preserved  under  base  change,  see 
Morphisms,  Lemma  |28.21.4[  Being  locally  of  finite  type  is  Zariski  local  on  the 
base,  see  Morphisms,  Lemma  28.21.2  Finally,  let  S'  — > S be  a flat  surjective 
morphism  of  affine  schemes,  and  let  / : X — > S be  a morphism.  Assume  that  the 
base  change  /'  : X'  -A  S'  is  locally  of  finite  presentation.  Let  U C X be  an  affine 
open.  Then  U'  = S'  x $ U is  affine  and  of  finite  type  over  S'.  Write  S = Spec (R), 
S'  = Spec (R1),  U = Spec(A),  and  U'  = Spec(A').  We  know  that  R — > R'  is 
faithfully  flat,  A'  = R'  <S>r  A and  R'  -A-  A1  is  of  finite  presentation.  We  have  to  show 
that  R — >■  A is  of  finite  presentation.  This  is  the  result  of  Algebra,  Lemma  10. 125.2] 
It  follows  that  / is  locally  of  finite  presentation.  Therefore  Lemma [34. 18.4  applies 
and  we  win.  □ 

Lemma  34.19.10.  The  property  V(f)  = “f  is  of  finite  type ” is  fpqc  local  on  the 
base. 


Proof.  Combine  Lemmas  134. 19. ll  and  134. 19. 81 


□ 


Lemma  34.19.11.  The  property  V(f)  = “f  is  of  finite  presentation”  is  fpqc  local 
on  the  base. 


Proof.  Combine  Lemmas  3-1 . 1 9.  f]  |31. 1 9.2]  and  |34. 19.9 
Lemma  34.19.12.  The  property  V(f)  = “f  is  proper”  is  fpqc  local  on  the  base. 


□ 


Proof.  The  lemma  follows  by  combining  Lemmas  34.19.3  34.19.5|and  34.19.10  □ 

Lemma  34.19.13.  The  property  V(f)  = “f  is  flat”  is  fpqc  local  on  the  base. 
Proof.  Being  flat  is  preserved  under  arbitrary  base  change,  see  Morphisms,  Lemma 


28.25.7  Being  flat  is  Zariski  local  on  the  base  by  definition.  Finally,  let  S'  — > S 
be  a flat  surjective  morphism  of  affine  schemes,  and  let  / : X — > S be  a morphism. 
Assume  that  the  base  change  /'  : X'  -A  S'  is  flat.  Let  U C X be  an  affine  open. 
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Then  U'  = S'  Xg  U is  affine.  Write  S = Spec(i?),  S'  = Spec (R1),  U = Spec(A), 
and  U'  = Spec(A').  We  know  that  R — > R'  is  faithfully  flat,  A'  = R'  (S)r  A and 
R'  — » A'  is  flat.  Goal:  Show  that  R — > A is  flat.  This  follows  immediately  from 
Algebra,  Lemma  10.38.8  Hence  / is  flat.  Therefore  Lemma  34. 18.4| applies  and  we 
win.  □ 

02L3  Lemma  34.19.14.  The  property  V(f)  =“f  is  an  open  immersion”  is  fpqc  local 
on  the  base. 

Proof.  The  property  of  being  an  open  immersion  is  stable  under  base  change,  see 
Schemes,  Lemma|25.18.2|  The  property  of  being  an  open  immersion  is  Zariski  local 
on  the  base  (this  is  obvious).  Finally,  let  S'  — > S be  a flat  surjective  morphism  of 
affine  schemes,  and  let  / : X — ► S be  a morphism.  Assume  that  the  base  change 
f : X'  — » S'  is  an  open  immersion.  Then  f is  universally  open,  and  universally 
injective.  Hence  we  conclude  that  / is  universally  open  by  Lemma  |34.19.4[  and 

In  particular  f(X)  C S is  open,  and  we 


universally  injective  by  Lemma  34.19.7 


may  replace  S by  f(S)  and  assume  that  / is  surjective.  This  implies  that  /'  is 
an  isomorphism  and  we  have  to  show  that  / is  an  isomorphism  also.  Since  / is 
universally  injective  we  see  that  / is  bijective.  Hence  / is  a homeomorphism.  Let 
x £ X and  choose  U C X an  affine  open  neighbourhood  of  x.  Since  f(U)  C S is 
open,  and  S is  affine  we  may  choose  a standard  open  D(g)  C f(U)  containing  f(x) 
where  g £ T(S,Os).  It  is  clear  that  U n f~1{D(g))  is  still  affine  and  still  an  open 
neighbourhood  of  x.  Replace  U by  U n f~1(D(g ))  and  write  V = D{g)  C S and 
V'  the  inverse  image  of  V in  S'.  Note  that  V'  is  a standard  open  of  S'  as  well  and 
in  particular  that  V'  is  affine.  Since  /'  is  an  isomorphism  we  have  V'  Xy  U — > V' 
is  an  isomorphism.  In  terms  of  rings  this  means  that 

0(V ')  — > 0(V')  ®0(V)  OiU) 

is  an  isomorphism.  Since  0(V)  — > 0(V’)  is  faithfully  flat  this  implies  that  0(V)  — ► 
0(U)  is  an  isomorphism.  Hence  U = V and  we  see  that  / is  an  isomorphism. 
Therefore  Lemma  34.18.4  applies  and  we  win.  □ 


02L4  Lemma  34.19.15.  The  property  V(f)  = “f  is  an  isomorphism”  is  fpqc  local  on 
the  base. 

Proof.  Combine  Lemmas  134. 19.61  and  134.19.141  □ 

02L5  Lemma  34.19.16.  The  property  V(f)  = “f  is  affine”  is  fpqc  local  on  the  base. 

Proof.  A base  change  of  an  affine  morphism  is  affine,  see  Morphisms,  Lemma 
|28.12.8|  Being  affine  is  Zariski  local  on  the  base,  see  Morphisms,  Lemma  28.12.3 
Finally,  let  g : S'  -A  S be  a flat  surjective  morphism  of  affine  schemes,  and  let 
/ : X — > S be  a morphism.  Assume  that  the  base  change  /'  : X'  — > S'  is  affine. 
In  other  words,  X'  is  affine,  say  X'  = Spec(A').  Also  write  S = Spec (R)  and 
S'  = Spec (R').  We  have  to  show  that  X is  affine. 

By  Lemmas |34. 19. l|and|34.19A]we  see  that  X — > S is  separated  and  quasi-compact. 
Thus  ft. Ox  is  a quasi-coherent  sheaf  of  Os-algebras,  see  Schemes,  Lemma [25. 24. 1| 
Hence  f*Ox  = A for  some  R-algebra  A.  In  fact  A = T(A,  Ox)  of  course.  Also,  by 


flat  base  change  (see  for  example  Cohomology  of  Schemes,  Lemma  29.5.2)  we  have 
9*f*Ox  = f'*Ox'.  In  other  words,  we  have  A ' = R'  A.  Consider  the  canonical 
morphism 

X — » Spec(A) 
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02L6 


over  S from  Schemes,  Lemma|25.6.4[  By  the  above  the  base  change  of  this  morphism 
to  S'  is  an  isomorphism.  Hence  it  is  an  isomorphism  by  Lemma  34.19.15  Therefore 
Lemma  |34.18.4|  applies  and  we  win.  □ 

Lemma  34.19.17.  The  property  V(f)  =“f  is  a closed  immersion”  is  fpqc  local 
on  the  base. 

Proof.  Let  / : X — > Y be  a morphism  of  schemes.  Let  {Yj  — > Y}  be  an  fpqc 
covering.  Assume  that  each  fi  : Y)  Xy  X — > Yi  is  a closed  immersion.  This  implies 
that  each  fi  is  affine,  see  Morphisms,  Lemma  28.12.9|  By  Lemma  34.19.16 


we 


conclude  that  / is  affine.  It  remains  to  show  that  Oy  -A  f*Ox  is  surjective.  For 
every  y £ Y there  exists  an  i and  a point  yi  £ Y)  mapping  to  y.  By  Cohomology 
of  Schemes,  Lemma  29.5.2  the  sheaf  fi,*(OyiXyx)  is  the  pullback  of  f*Ox-  By 


assumption  it  is  a quotient  of  0Yi . Hence  we  see  that 

(Oy,y  A ( f*Ox)y ) ®0Y,y  & Yi,Vi 

is  surjective.  Since  OyijVi  is  faithfully  flat  over  Oyy  this  implies  the  surjectivity  of 
OyjV  — > ( f*Ox)y  as  desired.  □ 

The  property  V(f)  =“f  is  quasi-affine”  is  fpqc  local  on  the 


02L7  Lemma  34.19.18. 

base. 


Proof.  Let  / : X — ► Y be  a morphism  of  schemes.  Let  {gi  : Yi  — > Y}  be  an 
fpqc  covering.  Assume  that  each  ft  : Yi  Xy  X — > Yi  is  quasi-afHne.  This  implies 
that  each  fi  is  quasi-compact  and  separated.  By  Lemmas  |34.19.1|  and  |34.19.5| 
this  implies  that  / is  quasi-compact  and  separated.  Consider  the  sheaf  of  Oy- 
algebras  A = f*Ox-  By  Schemes,  Lemma|25.24.1  it  is  a quasi-coherent  Oy-algebra. 
Consider  the  canonical  morphism 


J 


X 


Spec  (A) 


see  Constructions,  Lemma  26.4.7  By  flat  base  change  (see  for  example  Cohomol- 
ogy of  Schemes,  Lemma  29.5.21  we  have  g*f*Ox  = fi,*Ox'  where  gi  : Yi  -A  Y 
are  the  given  flat  maps.  Hence  the  base  change  ji  of  j by  gi  is  the  canonical  mor- 
phism of  Constructions,  Lemma  |26.4.7|  for  the  morphism  /j.  By  assumption  and 
Morphisms,  Lemma  |28. 13. 3|  all  of  these  morphisms  ji  are  quasi-compact  open  im- 
mersions. Hence,  by  Lemmas|34.19.1|and|34.19.14  we  see  that  j is  a quasi-compact 
open  immersion.  Hence  by  Morphisms,  Lemma  28.13.3  again  we  conclude  that  / 
is  quasi-affine.  □ 

02L8  Lemma  34.19.19.  The  property  V(f)  = “f  is  a quasi-compact  immersion”  is  fpqc 
local  on  the  base. 

Proof.  Let  / : X — >•  Y be  a morphism  of  schemes.  Let  {Yj  — >•  Y"}  be  an  fpqc 
covering.  Write  X j = Yi  Xy  X and  fi  : Xi  -A  Yj  the  base  change  of  /.  Also 
denote  qi  : Yi  -A  Y the  given  flat  morphisms.  Assume  each  /,;  is  a quasi-compact 
immersion.  By  Schemes,  Lemma [25.23.7|  each  /,;  is  separated.  By  Lemmas  |34. 19. 1| 
and|34.19.5|this  implies  that  / is  quasi-compact  and  separated.  Let  X — > Z — > Y be 
the  factorization  of  / through  its  scheme  theoretic  image.  By  Morphisms,  Lemma 
28.6.3|  the  closed  subscheme  Z C Y is  cut  out  by  the  quasi-coherent  sheaf  of  ideals 
X = Ker (Oy  -A  f*Ox ) as  / is  quasi-compact.  By  flat  base  change  (see  for  example 


Cohomology  of  Schemes,  Lemma  29.5.2  here  we  use  / is  separated)  we  see  fi^Oxt 
is  the  pullback  q*f*Ox-  Hence  Y*  xY  Z is  cut  out  by  the  quasi-coherent  sheaf  of 
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ideals  q* I = Ker(CV;  -A  fi^Ox J-  By  Morphisms,  Lemma  28.7.7  the  morphisms 
Xi  — ► Y)  Xy  Z are  open  immersions.  Hence  by  Lemma[34.19.14|we  see  that  X — ► Z 
is  an  open  immersion  and  hence  / is  a immersion  as  desired  (we  already  saw  it  was 
quasi-compact).  □ 

Lemma  34.19.20.  The  property  V{f)  = “f  is  integral”  is  fpqc  local  on  the  base. 

Proof.  An  integral  morphism  is  the  same  thing  as  an  affine,  universally  closed 
morphism.  See  Morphisms,  Lemma  28.43. 7[  Hence  the  lemma  follows  on  combining 
Lemmas  134.19.31  and  134. 19.161  □ 

Lemma  34.19.21.  The  property  V{f)  = “f  is  finite”  is  fpqc  local  on  the  base. 

Proof.  An  finite  morphism  is  the  same  thing  as  an  integral  morphism  which  is 
locally  of  finite  type.  See  Morphisms,  Lemma [28.43.4  Hence  the  lemma  follows  on 
combining  Lemmas  |34.19.8|  and  |34.19.20|  □ 

Lemma  34.19.22.  The  properties  T{f)  = “f  is  locally  quasi-finite”  and  V(f)  = “f 
is  quasi-finite ” are  fpqc  local  on  the  base. 

Proof.  Let  / : X — > S be  a morphism  of  schemes,  and  let  {Si  — ► S}  be  an 
fpqc  covering  such  that  each  base  change  /,;  : A,;  — > S,  is  locally  quasi-finite.  We 

“locally  of  finite  type”  is  fpqc  local  on 
Then  it  follows  from 


have  already  seen  (Lemma  34.19.8)  that 
the  base,  and  hence  we  see  that  / is  locally  of  finite  type. 

Morphisms,  Lemma  |28.20.13]  that  / is  locally  quasi-finite.  The  quasi-finite  case 
follows  as  we  have  already  seen  that  “quasi-compact”  is  fpqc  local  on  the  base 
(Lemma  34.19.1 ).  □ 


Lemma  34.19.23.  The  property  V(f)  =“f  is  locally  of  finite  type  of  relative 
dimension  d ” is  fpqc  local  on  the  base. 

Proof.  This  follows  immediately  from  the  fact  that  being  locally  of  finite  type  is 
fpqc  local  on  the  base  and  Morphisms,  Lemma  [28. 28. 3|  □ 

Lemma  34.19.24.  The  property  V(f)  = “f  is  syntomic”  is  fpqc  local  on  the  base. 

Proof.  A morphism  is  syntomic  if  and  only  if  it  is  locally  of  finite  presentation, 
flat,  and  has  locally  complete  intersections  as  fibres.  We  have  seen  already  that 
being  flat  and  locally  of  finite  presentation  are  fpqc  local  on  the  base  (Lemmas 
34.19.131  and  |34.19.9[).  Hence  the  result  follows  for  syntomic  from  Morphisms, 
Lemma  128.31. 121  ' □ 

Lemma  34.19.25.  The  property  V(f)  = “f  is  smooth”  is  fpqc  local  on  the  base. 

Proof.  A morphism  is  smooth  if  and  only  if  it  is  locally  of  finite  presentation,  flat, 
and  has  smooth  fibres.  We  have  seen  already  that  being  flat  and  locally  of  finite 


presentation  are  fpqc  local  on  the  base  (Lemmas  34.19.13  and  34.19.9).  Hence  the 
result  follows  for  smooth  from  Morphisms,  Lemma |28. 34. 15|  □ 

Lemma  34.19.26.  The  property  V(f)  =“f  is  unramified ” is  fpqc  local  on  the 
base.  The  propeHy  V(f)  = “/  is  G-unramified ” is  fpqc  local  on  the  base. 

Proof.  A morphism  is  unramified  (resp.  G-unramified)  if  and  only  if  it  is  locally  of 
finite  type  (resp.  finite  presentation)  and  its  diagonal  morphism  is  an  open  immer- 


sion (see  Morphisms,  Lemma  28.35.13).  We  have  seen  already  that  being  locally 
of  finite  type  (resp.  locally  of  finite  presentation)  and  an  open  immersion  is  fpqc 
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local  on  the  base  (Lemmas  34.19.9  34.19.8  and  34.19.14).  Hence  the  result  follows 
formally.  □ 

02VN  Lemma  34.19.27.  The  property  V(f)  = “f  is  etale”  is  fpqc  local  on  the  base. 

Proof.  A morphism  is  etale  if  and  only  if  it  flat  and  G-unramified.  See  Morphisms, 
Lemma [28.36.16[  We  have  seen  already  that  being  flat  and  G-unramified  are  fpqc 
local  on  the  base  (Lemmas  34.19. 13[  and  34.19.26 1.  Hence  the  result  follows.  □ 

Lemma  34.19.28.  The  property  V(f)  = “f  is  finite  locally  free”  is  fpqc  local  on 
the  base.  Let  d > 0.  The  property  V(f)  = “f  is  finite  locally  free  of  degree  d”  is 
fpqc  local  on  the  base. 

Proof.  Being  finite  locally  free  is  equivalent  to  being  finite,  flat  and  locally  of 


02VO 


finite  presentation  (Morphisms,  Lemma  28.45.2).  Hence  this  follows  from  Lemmas 
34.19.21  34.19.13  and  34.19.9  If  / : Z — x U is  finite  locally  free,  and  {Ui  — » U}  is 
a surjective  family  of  morphisms  such  that  each  pullback  Z Xjj  Ui  — x Ui  has  degree 
d , then  Z —X  U has  degree  d,  for  example  because  we  can  read  off  the  degree  in  a 
point  ueU  from  the  fibre  ( f*Oz)u  k(u).  □ 

02YK  Lemma  34.19.29.  The  property  V{f)  = “f  is  a monomorphism”  is  fpqc  local  on 
the  base. 

Proof.  Let  / : X — x S be  a morphism  of  schemes.  Let  {Si  — x A}  be  an  fpqc 
covering,  and  assume  each  of  the  base  changes  /,;  : X,  -a  Sz  of  / is  a monomorphism. 
Let  a,  b : T — x X be  two  morphisms  such  that  / o a = / o b.  We  have  to  show  that 
a = b.  Since  fi  is  a monomorphism  we  see  that  a,  = 6j,  where  a,,  : Si  x g T -A  Xi 

are  the  base  changes.  In  particular  the  compositions  SiX^T  aTa  A'  are  equal. 
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Since  [JSi  x^T  — x T is  an  epimorphism  (see  e.g.  Lemma  34.9.3)  we  conclude 
a = b.  □ 

Lemma  34.19.30.  The  properties 

V(f)  = “f  is  a Koszul-regular  immersion” , 

V(f)  = “f  is  an  Hi-regular  immersion” , and 
V(f)  = “f  is  a quasi-regular  immersion” 
are  fpqc  local  on  the  base. 


Proof.  We  will  use  the  criterion  of  Lemma[34.18.4|to  prove  this.  By  Divisors,  Defi- 
nition 30.18.1  being  a Koszul-regular  (resp.  Hi -regular,  quasi-regular)  immersion  is 


Zariski  local  on  the  base.  By  Divisors,  Lemma  30.18.4  being  a Koszul-regular  (resp. 
H\  -regular,  quasi-regular)  immersion  is  preserved  under  flat  base  change.  The  final 
hypothesis  (3)  of  Lemma  34.18.4  translates  into  the  following  algebra  statement: 
Let  A A 5 be  a faithfully  flat  ring  map.  Let  I C A be  an  ideal.  If  IB  is  lo- 
cally on  Spec(-B)  generated  by  a Koszul-regular  (resp.  Hi-regular,  quasi-regular) 
sequence  in  B , then  / C A is  locally  on  Spec(A)  generated  by  a Koszul-regular 
(resp.  Hi-regular,  quasi-regular)  sequence  in  A.  This  is  More  on  Algebra,  Lemma 
115.24.41  □ 


34.20.  Properties  of  morphisms  local  in  the  fppf  topology  on  the  target 

02YL  In  this  section  we  find  some  properties  of  morphisms  of  schemes  for  which  we  could 
not  (yet)  show  they  are  local  on  the  base  in  the  fpqc  topology  which,  however,  are 
local  on  the  base  in  the  fppf  topology. 
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Lemma  34.20.1.  The  property  'P(f)  = “f  is  an  immersion”  is  fppf  local  on  the 
base. 

Proof.  The  property  of  being  an  immersion  is  stable  under  base  change,  see 
Schemes,  Lemma  |25.18.2|  The  property  of  being  an  immersion  is  Zariski  local 
on  the  base.  Finally,  let  7r  : S'  — t S be  a surjective  morphism  of  affine  schemes, 
which  is  flat  and  locally  of  finite  presentation.  Note  that  7r  : S'  — > S is  open  by 
Morphisms,  Lemma  |28.25.9|  Let  / : X — ► S be  a morphism.  Assume  that  the  base 
change  /'  : X'  — ► S'  is  an  immersion.  In  particular  we  see  that  f(X')  = 7 r_1(/(X)) 


is  locally  closed.  Hence  by  Topology,  Lemma  5.5.4  we  see  that  f(X)  C S is  locally 
closed.  Let  Z C S be  the  closed  subset  Z = f(X)  \ f{X).  By  Topology,  Lemma 


5.5.4  again  we  see  that  f'(X')  is  closed  in  S'  \ Z' . Hence  we  may  apply  Lemma 
34.19.17  to  the  fpqc  covering  {S"  \ Z'  — > S \ Z}  and  conclude  that  / : X — » S \ Z is 
a closed  immersion.  In  other  words,  / is  an  immersion.  Therefore  Lemma  |34. 18. 4| 
applies  and  we  win.  □ 

34.21.  Application  of  fpqc  descent  of  properties  of  morphisms 

The  following  lemma  may  seem  a bit  frivolous  but  turns  out  is  a useful  tool  in 
studying  etale  and  unramified  morphisms. 

Lemma  34.21.1.  Let  f : X -A  Y be  a flat , quasi- compact,  surjective  monomor- 
phism. Then  f is  an  isomorphism. 

Proof.  As  / is  a flat,  quasi-compact,  surjective  morphism  we  see  {X  — ► Y}  is  an 
fpqc  covering  of  Y.  The  diagonal  A : X -A  X Xy  X is  an  isomorphism.  This 
implies  that  the  base  change  of  / by  / is  an  isomorphism.  Hence  we  see  / is  an 
isomorphism  by  Lemma  [34. 19. 15[  □ 

We  can  use  this  lemma  to  show  the  following  important  result;  we  also  give  a proof 
avoiding  fpqc  descent.  We  will  discuss  this  and  related  results  in  more  detail  in 


Etale  Morphisms,  Section  40.14 


Lemma  34.21.2.  A universally  injective  etale  morphism  is  an  open  immersion. 
First  proof.  Let  / : X — > Y be  an  etale  morphism  which  is  universally  injective. 


Then  / is  open  (Morphisms,  Lemma  28.36.13 1 hence  we  can  replace  Y by  f(X)  and 
we  may  assume  that  / is  surjective.  Then  / is  bijective  and  open  hence  a homeomor- 
phism.  Hence  / is  quasi-conrpact.  Thus  by  Lemma|34.21.1|it  suffices  to  show  that 
/ is  a monomorphism.  As  X -A  Y is  etale  the  morphism  A x/y  ■ X — ► X Xy  X 
is  an  open  immersion  by  Morphisms,  Lemma  28.35.13  (and  Morphisms,  Lemma 


28.36.16 

1.  As  / 

Lemma 

28.11.2 

Hence  A x/y  is  an  isomorphism,  i.e.,  X 


Y is  a monomor- 
□ 


phism. 

Second  proof.  Let  / : X — > Y be  an  etale  morphism  which  is  universally  injective. 


Then  / is  open  (Morphisms,  Lemma  28.36.13 1 hence  we  can  replace  Y by  f(X) 


and  we  may  assume  that  / is  surjective.  Since  the  hypotheses  remain  satisfied  after 
any  base  change,  we  conclude  that  / is  a universal  homeomorphism.  Therefore  / is 
integral,  see  Morphisms,  Lemma  [28.44. 3|  It  follows  that  / is  finite  by  Morphisms, 
Lemma[28.43.4|  It  follows  that  / is  finite  locally  free  by  Morphisms,  Lemma[28.45.2[ 
To  finish  the  proof,  it  suffices  that  / is  finite  locally  free  of  degree  1 (a  finite  locally 
free  morphism  of  degree  1 is  an  isomorphism).  There  is  decomposition  of  Y into 
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open  and  closed  subschemes  Vd  such  that  f~l{Vd)  — > Vd  is  finite  locally  free  of  degree 
d,  see  Morphisms,  Lemma  |28.45.5|  If  Vd  is  not  empty,  we  can  pick  a morphism 
Spec (k)  — >■  Vd  C Y where  k is  an  algebraically  closed  field  (just  take  the  algebraic 
closure  of  the  residue  field  of  some  point  of  Vd).  Then  Spec(fc)  Xy  X — ► Spec(fc)  is 
a disjoint  union  of  copies  of  Spec(fc),  by  Morphisms,  Lemma  28.36.7  and  the  fact 
that  k is  algebraically  closed.  However,  since  / is  universally  injective,  there  can 
only  be  one  copy  and  hence  d = 1 as  desired.  □ 


We  can  reformulate  the  hypotheses  in  the  lemma  above  a bit  by  using  the  following 
characterization  of  flat  universally  injective  morphisms. 

09NP  Lemma  34.21.3.  Let  f : X — ► Y be  a morphism  of  schemes.  Let  X°  denote  the 
set  of  generic  points  of  irreducible  components  of  X.  If 

(1)  f is  flat  and  separated , 

(2)  for  C £ X°  we  have  «(/(£))  = «(£),  and 

(3)  */C,C'  C',  then  /(C)  ^ /(CO, 

then  f is  universally  injective. 


Proof.  We  have  to  show  that  A : X — >•  X Xy  X is  surjective,  see  Morphisms, 


Lemma  28.11.2 


As  X -»  Y is  separated,  the  image  of  A is  closed.  Thus  if  A is  not 
surjective,  we  can  find  a generic  point  77  £ X x$  X of  an  irreducible  component  of 
Xx$X  which  is  not  in  the  image  of  A.  The  projection  pr:  : X Xy  X — > X is  flat  as 
a base  change  of  the  flat  morphism  X — ► Y,  see  Morphisms,  Lemma|28.25.7|  Hence 
generalizations  lift  along  pr1;  see  Morphisms,  Lemma  [28.25.8  We  conclude  that 
C = pr: (77)  £ X°.  However,  assumptions  (2)  and  (3)  guarantee  that  the  scheme 
(X  Xy  X)f(£\  has  at  most  one  point  for  every  C £ X°.  In  other  words,  we  have 
A(C)  = V a contradiction.  □ 


Thus  we  can  reformulate  Lemma  T34. 21. 21  as  follows. 

09NQ  Lemma  34.21.4.  Let  f : X — > Y be  a morphism  of  schemes.  Let  X°  denote  the 
set  of  generic  points  of  irreducible  components  of  X.  If 

(1)  / is  etale  and  separated, 

(2)  for  C € X°  we  have  rc(/(C))  = k(C),  and 

(3)  tfC.C'  e X°,  C 7^  C',  then  /(C)  ^ /(CO, 

then  f is  an  open  immersion. 

Proof.  Immediate  from  Lemmas  134.21.31  and  134.21.21  □ 


34.22.  Properties  of  morphisms  local  on  the  source 

036F  It  often  happens  one  can  prove  a morphism  has  a certain  property  after  precom- 
posing with  some  other  morphism.  In  many  cases  this  implies  the  morphism  has 
the  property  too.  We  formalize  this  in  the  following  definition. 

036G  Definition  34.22.1.  Let  V be  a property  of  morphisms  of  schemes.  Let  r £ 
{Zariski,  fpqc,  fppf,  etale,  smooth,  syntomic}.  We  say  V is  r local  on  the  source , 
or  local  on  the  source  for  the  r-topology  if  for  any  morphism  of  schemes  / : X — » Y 
over  S,  and  any  r-covering  {A/  -A  X}i&j  we  have 

/ has  V 4=>  each  Xt  -a  Y has  V. 
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To  be  sure,  since  isomorphisms  are  always  coverings  we  see  (or  require)  that  prop- 
erty V holds  for  X — ► Y if  and  only  if  it  holds  for  any  arrow  X'  — > Y'  isomorphic  to 
X -A  Y . If  a property  is  r-local  on  the  source  then  it  is  preserved  by  precomposing 
with  morphisms  which  occur  in  r-coverings.  Here  is  a formal  statement. 

04QV  Lemma  34.22.2.  Let  t € {fpqc,  fppf , syntomic , smooth,  etale,  Zariski}.  Let  V 
be  a property  of  morphisms  which  is  r local  on  the  source.  Let  f : X -A  Y have 
property  V . For  any  morphism  a : X'  — >■  X which  is  flat,  resp.  flat  and  locally 
of  finite  presentation,  resp.  syntomic,  resp.  etale,  resp.  an  open  immersion,  the 
composition  f o a : X'  — > Y has  property  V . 

Proof.  This  is  true  because  we  can  fit  X'  — > X into  a family  of  morphisms  which 
forms  a r-covering.  □ 

036H  Lemma  34.22.3.  Let  V be  a property  of  morphisms  of  schemes.  Let  r £ {.fpqc, 
fppf , etale,  smooth,  syntomic} . Assume  that 

(1)  the  property  is  preserved  under  precomposing  with  flat,  flat  locally  of  finite 
presentation,  etale,  smooth  or  syntomic  morphisms  depending  on  whether 
t is  fpqc,  fppf,  etale,  smooth,  or  syntomic, 

(2)  the  property  is  Zariski  local  on  the  source, 

(3)  the  property  is  Zariski  local  on  the  target, 

(4)  for  any  morphism  of  affine  schemes  X — » Y,  and  any  surjective  morphism 
of  affine  schemes  X'  — » X which  is  flat,  flat  of  finite  presentation,  etale, 
smooth  or  syntomic  depending  on  whether  r is  fpqc,  fppf,  etale,  smooth,  or 
syntomic,  property  V holds  for  f if  property  V holds  for  the  composition 
f : X'  -A  Y. 

Then  V is  r local  on  the  source. 


Proof.  This  follows  almost  immediately  from  the  definition  of  a r-covering,  see 
Topologies,  Definition  33.8.1|[33.7.1||33.4.1|33.5.1[  or|33.6.l|and  Topologies,  Lemma 


33.8.8  33.7.4  33.4.4  33.5.4 


or 


33.6.4 


Details  omitted.  (Hint:  Use  locality  on  the 
source  and  target  to  reduce  the  verification  of  property  V to  the  case  of  a morphism 
between  affines.  Then  apply  (1)  and  (4).)  □ 


0361  Remark  34.22.4.  (This  is  a repeat  of  Remarks 


34.11.3 


and 


34.18.5 


above.)  In 

Lemma  34.22.3  above  if  r = smooth  then  in  condition  (4)  we  may  assume  that 


the  morphism  is  a (surjective)  standard  smooth  morphism.  Similarly,  when  r = 
syntomic  or  t = etale. 


34.23.  Properties  of  morphisms  local  in  the  fpqc  topology  on  the  source 

036J  Here  are  some  properties  of  morphisms  that  are  fpqc  local  on  the  source. 

036K  Lemma  34.23.1.  The  property  V(f)  = “f  is  flat’’  is  fpqc  local  on  the  source. 

Proof.  Since  flatness  is  defined  in  terms  of  the  maps  of  local  rings  (Morphisms, 


Definition  28.25.1 1 what  has  to  be  shown  is  the  following  algebraic  fact:  Suppose 
A — > B — ► C are  local  homomorphisms  of  local  rings,  and  assume  B — > C are  flat. 
Then  A — > B is  flat  if  and  only  if  A — > C is  flat.  If  A — > B is  flat,  then  A — > C is  flat 
by  Algebra,  Lemma [10. 38. 4|  Conversely,  assume  A — > C is  flat.  Note  that  B — ► C 
is  faithfully  flat,  see  Algebra,  Lemma  [10.38. 17|  Hence  A — > B is  flat  by  Algebra, 
Lemma  10.38.10  (Also  see  Morphisms,  Lemma  28.25.11  for  a direct  proof.)  □ 
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036L  Lemma  34.23.2.  Then  property  V{f  : X — ► Y)  = “for  every  x £ X the  map  of 
local  rings  Oyjix)  —■ ► Ox,x  injective”  is  fpqc  local  on  the  source. 

Proof.  Omitted.  This  is  just  a (probably  misguided)  attempt  to  be  playful.  □ 


34.24.  Properties  of  morphisms  local  in  the  fppf  topology  on  the  source 

036M  Here  are  some  properties  of  morphisms  that  are  fppf  local  on  the  source. 

036N  Lemma  34.24.1.  The  property  V{f)  = “f  is  locally  of  finite  presentation”  is  fppf 
local  on  the  source. 
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Proof.  Being  locally  of  finite  presentation  is  Zariski  local  on  the  source  and  the 


target,  see  Morphisms,  Lemma  28.21.2  It  is  a property  which  is  preserved  under 


composition,  see  Morphisms,  Lemma  28.21.3  This  proves  (1),  (2)  and  (3)  of  Lemma 
34.22.3  The  final  condition  (4)  is  Lemma  34.10.1  Hence  we  win.  □ 


Lemma  34.24.2.  The  property  V(f)  = “f  is  locally  of  finite  type”  is  fppf  local  on 
the  source. 


Proof.  Being  locally  of  finite  type  is  Zariski  local  on  the  source  and  the  target,  see 
Morphisms,  Lemma|28.15.2  It  is  a property  which  is  preserved  under  composition, 
see  Morphisms,  Lemma  28.15.3)  and  a flat  morphism  locally  of  finite  presentation  is 
locally  of  finite  type,  see  Morphisms,  Lemma  28.21.8  This  proves  (1),  (2)  and  (3) 
of  Lemma  34.22.3  The  final  condition  (4)  is  Lemma  34.10.2  Hence  we  win.  □ 


036P  Lemma  34.24.3.  The  property  'P(f)  = “f  is  open ” is  fppf  local  on  the  source. 

Proof.  Being  an  open  morphism  is  clearly  Zariski  local  on  the  source  and  the 
target.  It  is  a property  which  is  preserved  under  composition,  see  Morphisms, 
Lemma |28i23i3  and  a flat  morphism  of  finite  presentation  is  open,  see  Morphisms, 
This  proves  (1),  (2)  and  (3)  of  Lemma  34.22.3  The  final  condition 

□ 


Lemma 


28.25.9 


(4)  follows  from  Morphisms,  Lemma [28. 25. 10|  Hence  we  win. 

036Q  Lemma  34.24.4.  The  property  V(f)  = “f  is  universally  open”  is  fppf  local  on  the 
source. 

Proof.  Let  / : X — ► Y be  a morphism  of  schemes.  Let  [X,  — ► X !}ig/  be  an 
fppf  covering.  Denote  fi  : Xi  — ► X the  compositions.  We  have  to  show  that  / is 
universally  open  if  and  only  if  each  f\  is  universally  open.  If  / is  universally  open, 
then  also  each  _/)  is  universally  open  since  the  maps  Xj  — > X are  universally  open 
and  compositions  of  universally  open  morphisms  are  universally  open  (Morphisms, 
Lemmas  |28.25.9  and  |28.23.3 1 . Conversely,  assume  each  fi  is  universally  open.  Let 
Y’  — ► Y be  a morphism  of  schemes.  Denote  X'  = Y’  Xy  X and  X'  = Y'  Xy  Xi. 
Note  that  {X-  — » X'}iej  is  an  fppf  covering  also.  The  morphisms  f{  : X[  -A  Y' 
are  open  by  assumption.  Hence  by  the  Lemma  |34.24.3|  above  we  conclude  that 
/'  : X'  — ► Y'  is  open  as  desired.  □ 


34.25.  Properties  of  morphisms  local  in  the  syntomic  topology  on  the 

source 

036R  Here  are  some  properties  of  morphisms  that  are  syntomic  local  on  the  source. 

036S  Lemma  34.25.1.  The  property  V(f)  = “f  is  syntomic”  is  syntomic  local  on  the 


source. 
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036T 

036U 


036V 

036W 


03X4 


03  YV 


Proof.  Combine  Lemma  34.22.3  with  Morphisms,  Lemma  28.31.2  (local  for  Zariski 
on  source  and  target),  Morphisms,  Lemma  28.31.3  (pre-composing),  and  Lemma 
34.10.4  (part  (4)).  □ 


34.26.  Properties  of  morphisms  local  in  the  smooth  topology  on  the 

source 

Here  are  some  properties  of  morphisms  that  are  smooth  local  on  the  source. 
Lemma  34.26.1.  The  property  V(f)  = “f  is  smooth”  is  smooth  local  on  the  source. 


Proof.  Combine  Lemma  34.22.3|with  Morphisms,  Lemma  28.34.2  (local  for  Zariski 
on  source  and  target),  Morphisms,  Lemma  28.34.4  (pre-composing),  and  Lemma 
34.10.41  (part  (4)).  □ 


34.27.  Properties  of  morphisms  local  in  the  etale  topology  on  the 

source 

Here  are  some  properties  of  morphisms  that  are  etale  local  on  the  source. 
Lemma  34.27.1.  The  property  'P(f)  = “f  is  etale ” is  etale  local  on  the  source. 


Proof.  Combine  Lemma  34.22.3|with  Morphisms,  Lemma  28.36.2  (local  for  Zariski 
on  source  and  target),  Morphisms,  Lemma  28.36.3  (pre-composing),  and  Lemma 
34.10.4  (part  (4)).  □ 


Lemma  34.27.2.  The  property  V(f)  = “f  is  locally  quasi-finite”  is  etale  local  on 
the  source. 


Proof.  We  are  going  to  use  Lemma  34.22.3  By  Morphisms,  Lemma  28.20.11  the 
property  of  being  locally  quasi-finite  is  local  for  Zariski  on  source  and  target.  By 
Morphisms,  Lemmas  |28.20.12]  and  |28.36.6|  we  see  the  precomposition  of  a locally 
quasi-finite  morphism  by  an  etale  morphism  is  locally  quasi-finite.  Finally,  suppose 
that  X — > Y is  a morphism  of  affine  schemes  and  that  X'  — > X is  a surjective 
etale  morphism  of  affine  schemes  such  that  X'  — ► Y is  locally  quasi-finite.  Then 
X'  Y is  of  finite  type,  and  by  Lemma  34.10.2  we  see  that  X -a  Y is  of  finite 
type  also.  Moreover,  by  assumption  X'  — > Y has  finite  fibres,  and  hence  X — ► Y 
has  finite  fibres  also.  We  conclude  that  X — ► Y is  quasi-finite  by  Morphisms, 
Lemma  |28. 20.10]  This  proves  the  last  assumption  of  Lemma  |34.22.3|  and  finishes 
the  proof.  □ 

Lemma  34.27.3.  The  property  V(f)  = “f  is  unramified”  is  etale  local  on  the 
source.  The  property  V(f)  = “f  is  G-unramified”  is  etale  local  on  the  source. 


Proof.  We  are  going  to  use  Lemma  [34.22.3|  By  Morphisms,  Lemma  [28.35.3|  the 
property  of  being  unramified  (resp.  G-unramified)  is  local  for  Zariski  on  source  and 
target.  By  Morphisms,  Lemmas  |28.35.4|  and  |28.36.5|  we  see  the  precomposition  of 
an  unramified  (resp.  G-unramified)  morphism  by  an  etale  morphism  is  unramified 
(resp.  G-unramified).  Finally,  suppose  that  X — > Y is  a morphism  of  affine  schemes 
and  that  / : X'  — ► X is  a surjective  etale  morphism  of  affine  schemes  such  that 
X'  — > Y is  unramified  (resp.  G-unramified).  Then  X'  — > Y is  of  finite  type  (resp. 
finite  presentation),  and  by  Lemma  34.10.2  (resp.  Lemma  34.10.1)  we  see  that 
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04QW 


04QX 


04QY 


X — X Y is  of  finite  type  (resp.  finite  presentation)  also.  By  Morphisms,  Lemma 
|28.34.16l  we  have  a short  exact  sequence 

0 — > f*Ylx/y  — > Qx'/y  ~ t Qx'/x  ~ > 0- 

As  X'  — X Y is  unramified  we  see  that  the  middle  term  is  zero.  Hence,  as  / is 
faithfully  flat  we  see  that  Ylx/y  = 0.  Hence  X — > Y is  unramified  (resp.  G- 

This  proves  the  last  assumption  of 


unramified),  see  Morphisms,  Lemma  28.35.2 


Lemma [34.22.3  and  finishes  the  proof. 


□ 


34.28.  Properties  of  morphisms  etale  local  on  source-and-target 


Let  V be  a property  of  morphisms  of  schemes.  There  is  an  intuitive  meaning  to  the 
phrase  "V  is  etale  local  on  the  source  and  target”.  However,  it  turns  out  that  this 
notion  is  not  the  same  as  asking  V to  be  both  etale  local  on  the  source  and  etale 
local  on  the  target.  Before  we  discuss  this  further  we  give  two  silly  examples. 

Example  34.28.1.  Consider  the  property  V of  morphisms  of  schemes  defined  by 
the  rule  V(X  — x Y)  =“Y  is  locally  Noetherian”.  The  reader  can  verify  that  this  is 


etale  local  on  the  source  and  etale  local  on  the  target  (omitted,  see  Lemma  34.12.1 ). 
But  it  is  not  true  that  if  / : A'  — X Y has  V and  g : Y — > Z is  etale,  then  g o f has 
V.  Namely,  / could  be  the  identity  on  Y and  g could  be  an  open  immersion  of  a 
locally  Noetherian  scheme  Y into  a non  locally  Noetherian  scheme  Z. 

The  following  example  is  in  some  sense  worse. 

Example  34.28.2.  Consider  the  property  V of  morphisms  of  schemes  defined  by 
the  rule  V(f  : X — > Y)  =“for  every  y £ Y which  is  a specialization  of  some  /( x), 
x £ X the  local  ring  Oy,y  is  Noetherian”.  Let  us  verify  that  this  is  etale  local  on  the 


source  and  etale  local  on  the  target.  We  will  freely  use  Schemes,  Lemma  25.13.2 

Local  on  the  target:  Let  {gi  : Y j — > Y}  be  an  etale  covering.  Let  /)  : Xj:  — > Y%  be 
the  base  change  of  /,  and  denote  hi  : Xi  — > X the  projection.  Assume  V(f).  Let 
f{xi)  ^ yi  be  a specialization.  Then  f(hi{xi))  gi(yi)  so  V(f)  implies  £ViSi(yi) 
is  Noetherian.  Also  £V,g,(y,:)  — t is  a localization  of  an  etale  ring  map.  Hence 

CV,. Vi  is  Noetherian  by  Algebra,  Lemma  10.30.1  Conversely,  assume  V{fi)  for  all 
i.  Let  f(x)  y be  a specialization.  Choose  an  i and  j/i  £ T)  mapping  to  y.  Since 
x can  be  viewed  as  a point  of  Spec(CViy)  xY  X and  Oy,y  — t Oy. iVi  is  faithfully 
flat,  there  exists  a point  x^  £ Spec(CVii2/i)  Xy  X mapping  to  x.  Then  x2:  £ Xi , 
and  fi(xi)  specializes  to  yt.  Thus  we  see  that  OyiiVi  is  Noetherian  by  V(fi)  which 


implies  that  OyyV  is  Noetherian  by  Algebra,  Lemma  10.156.1 

Local  on  the  source:  Let  {hi  : Xi  — > X}  be  an  etale  covering.  Let  /,  : X,L  — x Y be 
the  composition  / o hi.  Assume  V(f).  Let  /(xj)  y be  a specialization.  Then 
/(/li(xj))  y so  V{f)  implies  Oy,y  is  Noetherian.  Thus  V(fi)  holds.  Conversely, 
assume  V(fi)  for  all  i.  Let  /(x)  y be  a specialization.  Choose  an  i and  Xi  £ Xi 
mapping  to  x.  Then  y is  a specialization  of  fi(xi)  = /(x).  Hence  V(fi)  implies 
Oyy  is  Noetherian  as  desired. 

We  claim  that  there  exists  a commutative  diagram 
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with  surjective  etale  vertical  arrows,  such  that  h has  V and  / does  not  have  V. 
Namely,  let 

Y = Spec  (c[xn\n  £ Z \/(xnxm;n  ^ m)^j 

and  let  X CY  be  the  open  subscheme  which  is  the  complement  of  the  point  all  of 
whose  coordinates  xn  = 0.  Let  U = A',  let  V = X II  Y,  let  a,  b the  obvious  map, 
and  let  h : U V be  the  inclusion  of  U = X into  the  first  summand  of  V.  The 
claim  above  holds  because  U is  locally  Noetlierian,  but  Y is  not. 


What  should  be  the  correct  notion  of  a property  which  is  etale  local  on  the  source- 
and-target?  We  think  that,  by  analogy  with  Morphisms,  Definition|28.14.f1it  should 
be  the  following. 

04QZ  Definition  34.28.3.  Let  V be  a property  of  morphisms  of  schemes.  We  say  V is 
etale  local  on  source- and-target  if 

(1)  (stable  under  precomposing  with  etale  maps)  if  / : X — > Y is  etale  and 
g :Y  Z has  V,  then  go  f has  V. 

(2)  (stable  under  etale  base  change)  if  / : X — >■  Y has  V and  Y'  — >•  Y is  etale, 
then  the  base  change  f : Y'  Xy  X — > Y'  has  V , and 

(3)  (locality)  given  a morphism  / : X — ► Y the  following  are  equivalent 

(a)  / has  V, 

(b)  for  every  x £ X there  exists  a commutative  diagram 

U >■  V 

h 

a b 


with  etale  vertical  arrows  and  u £ U with  a(u)  = x such  that  h has 
V. 


It  turns  out  this  definition  excludes  the  behavior  seen  in  Examples  |34.28.1|  and 

and  Mumford  in  Remark  |34. 28. 8[  Moreover,  a property  which  is  etale  local  on  the 
source-and-target  is  etale  local  on  the  source  and  etale  local  on  the  target.  Finally, 
the  converse  is  almost  true  as  we  will  see  in  Lemma  134. 28.61 

04R0  Lemma  34.28.4.  Let  V be  a property  of  morphisms  of  schemes  which  is  etale 
local  on  source-and-target.  Then 

(1)  V is  etale  local  on  the  source, 

(2)  V is  etale  local  on  the  target, 

(3)  V is  stable  under  postcomposing  with  etale  morphisms:  if  f : X —*Y  has 
V and  g : Y — > Z is  etale,  then  g o f has  V,  and 

(4)  V has  a permanence  property:  given  f : X — ► Y and  g :Y  — >•  Z etale  such 
that  g o f has  V , then  f has  V . 


34.28.2  We  will  compare  this  to  the  definition  in  the  paper  |DM69j  by  Deligne 


Proof.  We  write  everything  out  completely. 

Proof  of  (1).  Let  / : X — ► Y be  a morphism  of  schemes.  Let  {Xi  — ► X}i&j  be  an 
etale  covering  of  X.  If  each  composition  hi  : Xi  -A  Y has  V , then  for  each  x £ X 
we  can  find  an  i £ / and  a point  x^  £ Xj  mapping  to  x.  Then  (A'j,  x*)  — >•  (A',  x)  is 
an  etale  morphism  of  germs,  and  idy  : Y — > Y is  an  etale  morphism,  and  hi  is  as 
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in  part  (3)  of  Definition  34.28.3  Thus  we  see  that  / has  V . Conversely,  if  / has  V 
then  each  Xi  — > Y has  V by  Definition  34.28.3  part  (1). 


Proof  of  (2).  Let  / : X — ► Y be  a morphism  of  schemes.  Let  {Yi  -A  Y}je/  be  an 
etale  covering  of  Y . Write  X,  = Yj  XyT  and  hi  : X.t  -A  Yt  for  the  base  change  of 
/.  If  each  hi  : Xi  — X Yi  has  V,  then  for  each  x £ X we  pick  an  i £ I and  a point 
Xi  £ Xi  mapping  to  x.  Then  (Xi,Xi)  -A  (X,x)  is  an  etale  morphism  of  germs, 
Yj  —x  Y is  etale,  and  hi  is  as  in  part  (3)  of  Definition  34.28.3  Thus  we  see  that  / 
has  V.  Conversely,  if  f has  V , then  each  Xj  -a  Yi  has  V by  Definition  |34. 28. 3|  part 
(2). 

Proof  of  (3).  Assume  / : X — > Y has  V and  g : Y — x Z is  etale.  For  every  x £ X 
we  can  think  of  ( X , x)  —X  (X,  x)  as  an  etale  morphism  of  germs,  Y — x Z is  an  etale 


morphism,  and  h = f is  as  in  part  (3)  of  Definition  34.28.3  Thus  we  see  that  go  f 
has  V. 

Proof  of  (4) . Let  / : X — > Y be  a morphism  and  g : Y — ► Z etale  such  that  g o / 
has  V . Then  by  Definition  34.28.3  part  (2)  we  see  that  prY  : Y x z X — >■  Y has  V. 


But  the  morphism  (/,  1)  : X — > Y Xz  X is  etale  as  a section  to  the  etale  projection 
prY  : Y Xz  X — > X,  see  Morphisms,  Lemma  28.36.18  Hence  / = piy  o (/,  1)  has 
V by  Definition  34.28.3  part  (1).  □ 


The  following  lemma  is  the  analogue  of  Morphisms,  Lemma  [28. 14.4| 

04R1  Lemma  34.28.5.  LetV  be  a property  of  morphisms  of  schemes  which  is  etale  local 
on  source-and-target.  Let  f : X — x Y be  a morphism  of  schemes.  The  following  are 
equivalent: 


(a)  / has  property  V , 

(b)  for  every  x £ X there  exists  an  etale  morphism  of  germs  a : 
(X,x),  an  etale  morphism  b : V —X  Y,  and  a morphism  h : U 
that  f o a = b o h and  h has  V , 

(c)  for  any  commutative  diagram 


(U,u)  — > 
-X  V such 


U 


V 

X 


f 


V 


Y 

Y 


with  a,  b etale  the  morphism  h has  V , 

(d)  for  some  diagram  as  in  (c)  with  a : U — » X surjective  h has  V , 

there  exists  an  etale  covering  {Yi  -A  Y}iGj  such  that  each  base  change 
Yi  XyX->4i  has  V , 

there  exists  an  etale  covering  {Xi  —X  X}iGj  such  that  each  composition 
Xi  — x Y has  T , 

there  exists  an  etale  covering  {Yi  — > F}ig/  and  for  each  i £ I an  etale 
covering  {Ay  — > Yi  Xyl}^  such  that  each  morphism  Xij  -A  Yi  has  V. 


(e) 

(f) 

(g) 


Proof.  The  equivalence  of  (a)  and  (b)  is  part  of  Definition  34.28.3  The  equivalence 
of  (a)  and  (e)  is  Lemma  34.28.4  part  (2).  The  equivalence  of  (a)  and  (f)  is  Lemma 
34.28.4  part  (1).  As  (a)  is  now  equivalent  to  (e)  and  (f)  it  follows  that  (a)  equivalent 


to  (g). 

It  is  clear  that  (c)  implies  (a).  If  (a)  holds,  then  for  any  diagram  as  in  (c)  the 
morphism  f oa  has  V by  Definition  34.28.3  part  (1),  whereupon  h has  V by  Lemma 
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34.28.4  part  (4).  Thus  (a)  and  (c)  are  equivalent.  It  is  clear  that  (c)  implies  (d). 
To  see  that  (d)  implies  (a)  assume  we  have  a diagram  as  in  (c)  with  a : U X 
surjective  and  h having  V.  Then  boh  has  V by  Lemma  34.28.4  part  (3).  Since 
{a  : U — > X}  is  an  etale  covering  we  conclude  that  / has  V by  Lemma  34.28.4|part 
(1).  ' □ 


It  seems  that  the  result  of  the  following  lemma  is  not  a formality,  i.e. , it  actually 
uses  something  about  the  geometry  of  etale  morphisms. 

04R2  Lemma  34.28.6.  Let  V be  a property  of  morphisms  of  schemes.  Assume 

(1)  V is  etale  local  on  the  source, 

(2)  V is  etale  local  on  the  target,  and 

(3)  V is  stable  under  postcomposing  with  open  immersions:  if  f : X Y has 
V and  Y C Z is  an  open  subscheme  then  X — > Z has  V . 

Then  V is  etale  local  on  the  source-and-target. 


Proof.  Let  V be  a property  of  morphisms  of  schemes  which  satisfies  conditions 
(1),  (2)  and  (3)  of  the  lemma.  By  Lemma  34.22.2  we  see  that  V is  stable  under 
precomposing  with  etale  morphisms.  By  Lemma  34.18.2|  we  see  that  V is  stable 


under  etale  base  change.  Hence  it  suffices  to  prove  part  (3)  of  Definition  34.28.3 
holds. 


More  precisely,  suppose  that  / : X — > Y is  a morphism  of  schemes  which  satisfies 


Definition  34.28.3  part  (3)(b).  In  other  words,  for  every  x £ X there  exists  an 
etale  morphism  ax  : Ux  -A  X,  a point  ux  £ Ux  mapping  to  x , an  etale  morphism 
bx  : Vx  — ► Y,  and  a morphism  hx  : Ux  —>  Vx  such  that  / o ax  = bx  o hx  and  hx  has 
V . The  proof  of  the  lemma  is  complete  once  we  show  that  / has  V . Set  U = I \ux, 
a = Y[ax,  V = ]j  Vx,  b =Y[bx,  and  h = JJ  hx.  We  obtain  a commutative  diagram 


with  a,  b etale,  a surjective.  Note  that  h has  V as  each  hx  does  and  V is  etale  local 
on  the  target.  Because  a is  surjective  and  V is  etale  local  on  the  source,  it  suffices 
to  prove  that  boh  has  V.  This  reduces  the  lemma  to  proving  that  V is  stable  under 
postcomposing  with  an  etale  morphism. 


During  the  rest  of  the  proof  we  let  / : X — > Y be  a morphism  with  property  V and 
g : Y — > Z is  an  etale  morphism.  Consider  the  following  statements: 

(0)  With  no  additional  assumptions  go  f has  property  V. 

(A)  Whenever  Z is  affine  g o f has  property  V. 

(AA)  Whenever  X and  Z are  affine  g o f has  property  V. 

(AAA)  Whenever  X,  Y,  and  Z are  affine  g o f has  property  V. 

Once  we  have  proved  (0)  the  proof  of  the  lemma  will  be  complete. 


Claim  1:  (AAA)  =>  (AA).  Namely,  let  / : X — >■  Y,  g : Y — ► Z be  as  above  with  X,  Z 
affine.  As  X is  affine  hence  quasi-compact  we  can  find  finitely  many  affine  open  T)  C 
Y,  i = 1 ,...,n  such  that  X = (Ji=i  ra/_1(bi).  Set  X,  = f~1(Yi).  By  Lemma 

Yi  has  V.  Hence  LL=i,...,n  X, 


34.18.2 
has  V 


each  of  the  morphisms  X, 
as  V is  etale  local  on  the  target. 


By  (AAA)  applied  to  JJi= 


Yi 
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Ui=1  n Yi  and  the  etale  morphism  ]ji=1  nY%  Z we  see  that  Uj=i  „ A4  — > Z 
has  V . Now  111,...  n Xi  — > A'}  is  an  etale  covering,  hence  as  V is  etale  local  on 
the  source  we  conclude  that  X — » Z has  V as  desired. 

Claim  2:  (AAA)  =>  (A).  Namely,  let  / : X — > Y,  g : Y — » Z be  as  above  with 
Z affine.  Choose  an  affine  open  covering  X = (JX,.  As  V is  etale  local  on  the 
source  we  see  that  each  f\xt  : X \ — ► Y has  V . By  (AA),  which  follows  from  (AAA) 
according  to  Claim  1,  we  see  that  Xi  — ► Z has  V for  each  i.  Since  {Xi  — > A'}  is  an 
etale  covering  and  V is  etale  local  on  the  source  we  conclude  that  X — » Z has  V . 

Claim  3:  (AAA)  =>  (0).  Namely,  let  / : X — > Y,  g : Y — > Z be  as  above.  Choose 
an  affine  open  covering  Z = U Zi.  Set  Yi  = g 1(Zi)  and  A,;  = / 1(1)).  By  Lemma 
34.18.2  each  of  the  morphisms  A,;  — ?•  1)  has  V.  By  (A),  which  follows  from  (AAA) 
according  to  Claim  2,  we  see  that  Xj  — >■  Zt  has  V for  each  i.  Since  V is  local  on 
the  target  and  Xi  = (g  o f)~1(Zi)  we  conclude  that  A — ► Z has  V. 

Thus  to  prove  the  lemma  it  suffices  to  prove  (AAA) . Let  / : A'  — > Y and  g :Y  — ► Z 
be  as  above  X,  Y,  Z affine.  Note  that  an  etale  morphism  of  affines  has  universally 
bounded  fibres,  see  Morphisms,  Lemma [28.36. 6|  and  Lemma [28. 51.8[  Hence  we  can 
do  induction  on  the  integer  n bounding  the  degree  of  the  fibres  of  Y — > Z.  See 
Morphisms,  Lemma [28. 51.7|  for  a description  of  this  integer  in  the  case  of  an  etale 
morphism.  If  n = 1,  then  Y — > A is  an  open  immersion,  see  Lemma  34.21.2  and 
the  result  follows  from  assumption  (3)  of  the  lemma.  Assume  n > 1. 

Consider  the  following  commutative  diagram 

XxzY  Y xz  Y — - ^ Y 


Sy 


pr 


X 


Y 

Y 


V 

- — >-  Z 

Note  that  we  have  a decomposition  into  open  and  closed  subschemes  Y xzY  = 
Ay/z(L)Hh,I  see  Morphisms,  Lemma  28.35. 13|  As  a base  change  the  degrees  of  the 
fibres  of  the  second  projection  pr  : Y xzY—>  Y are  bounded  by  n,  see  Morphisms, 
Lemma  28.51.4  On  the  other  hand,  pr| a(v)  : A(y)  — > Y is  an  isomorphism  and 
every  fibre  has  exactly  one  point.  Thus,  on  applying  Morphisms,  Lemma  |28.51.7| 
we  conclude  the  degrees  of  the  fibres  of  the  restriction  pr|y/  : Y'  Y are  bounded 
by  n — 1.  Set  X'  = /y1(F').  Picture 


H X' ^A(F) 

f H/' 

H Y' ^ Y 

„ fv 

pr  -I  r 

A 


Y xzY 


Y 


As  V is  etale  local  on  the  target  and  hence  stable  under  etale  base  change  (see 
Lemma  34.18.2 1 we  see  that  fy  has  V.  Hence,  as  V is  etale  local  on  the  source, 
/'  = fy \x‘  has  V.  By  induction  hypothesis  we  see  that  X'  — > Y has  V.  As  V 
is  local  on  the  source,  and  {X  — ► A xzY,  X'  — ► A Xy  Z}  is  an  etale  covering, 
we  conclude  that  pr  o fY  has  V . Note  that  g o / can  be  viewed  as  a morphism 
g o f : A — ► g{Y).  As  pr  o fY  is  the  pullback  of  g o f : X — > g(Y)  via  the  etale 
covering  {Y  — » g{Y)},  and  as  V is  etale  local  on  the  target,  we  conclude  that 
g o f : X — > g(Y)  has  property  V.  Finally,  applying  assumption  (3)  of  the  lemma 
once  more  we  conclude  that  g o f : X — > Z has  property  V.  □ 
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04R3 


04R4 


04R5 

04NB 


Remark  34.28.7.  Using  Lemma  34.28.6  and  the  work  done  in  the  earlier  sections 
of  this  chapter  it  is  easy  to  make  a list  of  types  of  morphisms  which  are  etale  local 
on  the  source-and-target.  In  each  case  we  list  the  lemma  which  implies  the  property 
is  etale  local  on  the  source  and  the  lemma  which  implies  the  property  is  etale  local 
on  the  target.  In  each  case  the  third  assumption  of  Lemma  34.28.6  is  trivial  to 
check,  and  we  omit  it.  Here  is  the  list: 


(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 
(9) 

(10) 

(11) 


flat,  see  Lemmas  34.23.1  and  34.19.13 


locally  of  finite  presentation,  see  Lemmas  34.24.1  and  34.19.9 


locally  finite  type,  see  Lemmas  34.24.2  and  34.19.8 
universally  open,  see  Lemmas  |34.24.4|  and  |34.19.4 


syntomic,  see  Lemmas  34.25.1  and  34.19.24 
smooth,  see  Lemmas  34.26.1  and  34.19.25 


etale,  see  Lemmas  34.27.1  and  34.19.27 


locally  quasi-finite,  see  Lemmas 


34.27.2  and  34.19.22 


and  34.19.26 


unramified,  see  Lemmas  34.27.3 
G-unramified,  see  Lemmas  34.27.3|and  |34.19.26 
add  more  here  as  needed. 


and 


Remark  34.28.8.  At  this  point  we  have  three  possible  definitions  of  what  it 
means  for  a property  V of  morphisms  to  be  “etale  local  on  the  source  and  target” : 

(ST)  V is  etale  local  on  the  source  and  V is  etale  local  on  the  target, 

(DM)  (the  definition  in  the  paper  [DM691  Page  100]  by  Deligne  and  Mumford) 
for  every  diagram 

u — 


V 

X 


Y 


34.28.1 


with  surjective  etale  vertical  arrows  we  have  V(h)  <t=>  V(f),  and 
(SP)  V is  etale  local  on  the  source-and-target. 

In  this  section  we  have  seen  that  (SP)  =>  (DM)  =>  (ST).  The  Examples 
and  |34.28.2|  show  that  neither  implication  can  be  reversed.  Finally,  Lemma 
shows  that  the  difference  disappears  when  looking  at  properties  of  morphisms  which 
are  stable  under  postcomposing  with  open  immersions,  which  in  practice  will  always 
be  the  case. 


34.28.6 


34.29.  Properties  of  morphisms  of  germs  local  on  source-and-target 


In  this  section  we  discuss  the  analogue  of  the  material  in  Section  34.28  for  mor- 
phisms of  germs  of  schemes. 

Definition  34.29.1.  Let  Q be  a property  of  morphisms  of  germs  of  schemes.  We 
say  Q is  etale  local  on  the  source-and-target  if  for  any  commutative  diagram 


( U,u ) 


h! 


{V',v') 


(V» 


with  etale  vertical  arrows  we  have  Q(h ) Q{h'). 
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04R6  Lemma  34.29.2.  LetV  be  a property  of  morphisms  of  schemes  which  is  etale  local 
on  the  source-and-target.  Consider  the  property  Q of  morphisms  of  germs  defined 
by  the  rule 

Q((X,x)  — > (S,  s))  4=>  there  exists  a representative  U -4  S which  has  V 
Then  Q is  etale  local  on  the  source-and-target  as  in  Definition  \ 3f . 29A\ 

Proof.  We  first  remark  that  as  V is  etale  local  on  the  source,  see  Lemma  [34. 28. 4[ 
if  ( X,x ) — » (S,  s)  has  V,  then  there  are  arbitrarily  small  neighbourhoods  U of  x in 
X such  that  a representative  U — > S of  (X,x)  — » (S,  s)  has  V.  We  will  use  this 
without  further  mention.  Let 


h 

a b 

(U,u)—^(V,v) 


be  as  in  Definition  |34.29.1|  We  will  use  a rather  pedantic  notation  in  order  to 
distinguish  between  morphisms  of  germs  and  their  representatives  in  this  proof. 


04R7 


If  V(h)  holds,  then  V holds  for  a representative  hi  : U\  -A  V of  h.  Let  ai  :[/{—►  U 
be  a representative  of  a which  is  etale  with  aflU'fl)  C U\.  As  V is  stable  under 
precomposing  with  etale  morphisms  we  see  that  hi  oai  :[/■[—>  V has  V.  Moreover, 
hi  o ai  : U[  —¥  V is  a representative  of  b o h'  by  the  commutativity  of  the  diagram. 
Choose  a representative  bi  \V[—>V  of  b.  Choose  a representative  h'x  : U2  — > V' 
with  h'i{U'i)  C V{,  U'2  C U'i,  and  (hi  o ai)\u^  = bi  o h[.  Then  we  see  that  bi  o h[ 
has  V.  Hence  h'  has  V by  Lemma  34.28.4  part  (4). 

Conversely,  suppose  V(h!)  holds.  Choose  a representative  bi  : V[  — > V of  b.  Choose 
a representative  h\  : U[  — > V'  with  V and  with  h\  (U\  ) C V(.  Then  bi  o h\  has 
V by  Lemma  34.28.4  part  (3).  Moreover,  b\  o h\  : U(  —>  V is  a representative  of 
h o a by  the  commutativity  of  the  diagram.  Choose  a representative  hi  : Ui  -A  V 
of  h.  Choose  a representative  ai  : U2  — > U with  ai(U2)  C Ui,  U2  C U[,  and 
liiotti  = ( bi  o h'i)\u’ . The  we  see  that  hi  o ai  has  V.  As  V is  etale  local  on  the 
source  we  conclude  that  /ii|ai({/')  ^as  ^ an<^  we  win-  Cl 


Lemma  34.29.3.  Let  V be  a property  of  morphisms  of  schemes  which  is  etale 
local  on  source-and-target.  Let  Q be  the  associated  property  of  morphisms  of  germs, 
see  Lemma\34-29.2\  Let  f : X — )•  Y be  a morphism  of  schemes.  The  following  are 
equivalent: 

(1)  / has  property  V,  and 

(2)  for  every  x € X the  morphism  of  germs  (X,x)  — > ( Y,f(x ))  has  property 

Q. 


04ND 


Proof.  The  implication  (1) 

(2)  =>  (1)  also  follows  from  part  (3)  of  Definition  34.28.3 


(2)  is  direct  from  the  definitions.  The  implication 

□ 


A morphism  of  germs  (X,  x)  —¥  ( S , s)  determines  a well  defined  map  of  local  rings. 
Hence  the  following  lemma  makes  sense. 

Lemma  34.29.4.  The  property  of  morphisms  of  germs 

V((X,  x)  ( S , s))  = Os,s  -»■  Ox,x  is  flat 

is  etale  local  on  the  source-and-target. 
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Proof.  Given  a diagram  as  in  Definition  |34.29.I]  we  obtain  the  following  diagram 
of  local  homomorphisms  of  local  rings 

Ou',u'  Ov',v' 

A 

Ou,u  Ov,v 


Note  that  the  vertical  arrows  are  localizations  of  etale  ring  maps,  in  particular  they 
are  essentially  of  finite  presentation,  flat,  and  unramified  (see  Algebra,  Section 
10.141).  In  particular  the  vertical  maps  are  faithfully  flat,  see  Algebra,  Lemma 


10.38.17]  Now,  if  the  upper  horizontal  arrow  is  flat,  then  the  lower  horizontal  arrow 
is  flat  by  an  application  of  Algebra,  Lemma  10.38.10  with  R = Oy,v,  S = Ou,u  and 
M = Ou',u'-  If  the  lower  horizontal  arrow  is  flat,  then  the  ring  map 


Ov’y  Ou,u 


Ov',v' 


is  flat  by  Algebra,  Lemma  10.38.7  And  the  ring  map 


Ou',u'  < Ov',v'  ®Ov>  Ojj,u 

is  a localization  of  a map  between  etale  ring  extensions  of  Ojj,u,  hence  flat  by 
Algebra,  Lemma |10. 141.9]  □ 

04NI  Lemma  34.29.5.  Consider  a commutative  diagram  of  morphisms  of  schemes 


U' *~V' 

Y \ 

U V 


with  etale  vertical  arrows  and  a point  v'  £ U'  mapping  to  v £ U . Then  the  morphism 
of  fibres  U'v,  — > Uv  is  etale. 


Proof.  Note  that  U'u  — > Uv  is  etale  as  a base  change  of  the  etale  morphism  U'  — > U. 
The  scheme  U'v  is  a scheme  over  Vf.  By  Morphisms,  Lemma  28.36.7  the  scheme 
Vf  is  a disjoint  union  of  spectra  of  finite  separable  field  extensions  of  n(v).  One  of 
these  is  v'  = Spec(ft(i/)).  Hence  U'v,  is  an  open  and  closed  subscheme  of  U'v  and  it 
follows  that  U'v,  — > U'v  — > Uv  is  etale  (as  a composition  of  an  open  immersion  and 
an  etale  morphism,  see  Morphisms,  Section  28.36).  □ 


Given  a morphism  of  germs  of  schemes  (A',  x)  — »•  (S,  s ) we  can  define  the  fibre  as 
the  isomorphism  class  of  germs  (Us,x)  where  U — > S is  any  representative.  We  will 
often  abuse  notation  and  just  write  (Xs,x). 

04NJ  Lemma  34.29.6.  Let  d £ {0, 1,2,...,  oo}.  The  property  of  morphisms  of  germs 
Vd((X,  x)  — > ( S , s))  = the  local  ring  Ox„,x  of  the  fibre  has  dimension  d 
is  etale  local  on  the  source-and-target. 


to  u.  see  Lemma 


Proof.  Given  a diagram  as  in  Definition  |34.29.1  we  obtain  an  etale  morphism  of 
fibres  U'v,  — > Uv  mapping  v! 

Lemma  134.17.31 


34.29.5 


Hence  the  result  follows  from 

□ 
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04NK  Lemma  34.29.7.  Let  r £ {0, 1,  2, ... , oo}.  The  property  of  morphisms  of  germs 

Vr((X,x)  -A  (S,s))  4=>  trdegK(s)n(x)  = r 
is  etale  local  on  the  source-and-target. 


Proof.  Given  a diagram  as  in  Definition  34.29.1  we  obtain  the  following  diagram 
of  local  homomorphisms  of  local  rings 


Ou',v 


Ou,v 


Ov,v 

A 


Ov,v 


Note  that  the  vertical  arrows  are  localizations  of  etale  ring  maps,  in  particular  they 


are  unramified  (see  Algebra,  Section  10.1411.  Hence  n(u)  C n{u')  and  k(v)  C k(v') 
are  finite  separable  field  extensions.  Thus  we  have  trdegK(v)/c(ti)  = trdegf./„/\K(w) 
which  proves  the  lemma.  □ 


Let  ( X , x)  be  a germ  of  a scheme.  The  dimension  of  X at  i is  the  minimum  of 
the  dimensions  of  open  neighbourhoods  of  x in  A',  and  any  small  enough  open 
neighbourhood  has  this  dimension.  Hence  this  is  an  invariant  of  the  isomorphism 
class  of  the  germ.  We  denote  this  simply  dimx(X). 

04NL  Lemma  34.29.8.  Let  d £ {0, 1,2,...,  oo}.  The  property  of  morphisms  of  germs 

Vd{(X,x)  -A  (S,s))  dimx(Xs)  = d 


is  etale  local  on  the  source-and-target. 


Proof.  Given  a diagram  as  in  Definition  |34.29.1  we  obtain  an  etale  morphism  of 


fibres  U'v,  -A  Uv  mapping  u'  to  u,  see  Lemma  |34.29.5 
dimu(t/1))  = dimu/(f7'/)  follows  from  Lemma  34.17.2 


Hence  now  the  equality 

□ 


34.30.  Descent  data  for  schemes  over  schemes 

023U  Most  of  the  arguments  in  this  section  are  formal  relying  only  on  the  definition  of  a 
descent  datum.  In  Simplicial  Spaces,  Section [69. 8|  we  will  examine  the  relationship 
with  simplicial  schemes  which  will  somewhat  clarify  the  situation. 

023V  Definition  34.30.1.  Let  / : X — > S be  a morphism  of  schemes. 

(1)  Let  V A X be  a scheme  over  X.  A descent  datum  for  V/X/S  is  an 
isomorphism  ip  : V xgX— >Xxjf  of  schemes  over  X x s X satisfying 
the  cocycle  condition  that  the  diagram 

VxsX  xs  X X xsX  xsV 

X xgV  xs  X 

commutes  (with  obvious  notation). 

(2)  We  also  say  that  the  pair  ( V/X,ip ) is  a descent  datum  relative  to  X -a  S. 
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(3)  A morphism  f : (V/X,  ip)  — ► (V1  /X,  ip')  of  descent  data  relative  to  X — ► 5 
is  a morphism  / : V — > V'  of  schemes  over  X such  that  the  diagram 


V xs  X 

fxidx 

V'  XSX 


- X xsV 

id  xxf 

■X  xs  V' 


commutes. 


There  are  all  kinds  of  “miraculous”  identities  which  arise  out  of  the  definition  above. 
For  example  the  pullback  of  ip  via  the  diagonal  morphism  A : X — ► X x g X can 
be  seen  as  a morphism  A *ip  : V — > V.  This  because  X xx,xxsx  (V  Xg  X)  = V 
and  also  X Xaaxsi  (X  xg  V)  = V.  In  fact,  A *tp  is  equal  to  the  identity.  This  is 
a good  exercise  if  you  are  unfamiliar  with  this  material. 

02VP  Remark  34.30.2.  Let  X — >•  S be  a morphism  of  schemes.  Let  (V/X,ip)  be  a 
descent  datum  relative  to  X — > S.  We  may  think  of  the  isomorphism  p as  an 
isomorphism 

(X  xs  X)  xpro,.Y  V — » {X  xs  X)  xpii:X  V 
of  schemes  over  X x g X.  So  loosely  speaking  one  may  think  of  tp  as  a map  ip  : 
prJJV  -A  pr^vQ  The  cocycle  condition  then  says  that  prj^  = pr^V5  0 In 

this  way  it  is  very  similar  to  the  case  of  a descent  datum  on  quasi-coherent  sheaves. 


Here  is  the  definition  in  case  you  have  a family  of  morphisms  with  fixed  target. 

023W  Definition  34.30.3.  Let  A be  a scheme.  Let  { Xi  — > S}i^i  be  a family  of  mor- 
phisms with  target  S. 

(1)  A descent  datum  ( Vi,tpij ) relative  to  the  family  {Xi  — > S}  is  given  by  a 
scheme  Vt  over  X,t  for  each  i £ I,  an  isomorphism  ipij  : Vi  x sXj  — > Xi  x g Vj 
of  schemes  over  Xj  x sXj  for  each  pair  (i,j)  £ I2  such  that  for  every  triple 
of  indices  ( i,j,k ) G I3  the  diagram 

Vi  Xs  Xj  X s xk  ; Xi  X s Xj  X g Vfe 

Pr02 Vik 

Xi  xsVj  x s Xk 


of  schemes  over  X,  xg  Xj  xg  Xk  commutes  (with  obvious  notation). 

(2)  A morphism  ip  : ( V , ip^)  — > ( V, ipV)  of  descent  data  is  given  by  a family 
ip  = {ipi)i<zi  of  morphisms  of  Xj-schemes  ipi  : V,  — )•  V(  such  that  all  the 
diagrams 


Vi  Xg  Xj 

ipiX  id 

;sA 


■ Xi  x g Vj 

id  X 'ijjj 


commute. 


^Unfortunately,  we  have  chosen  the  “wrong”  direction  for  our  arrow  here.  In  Definitions 
|34.30.l|and|34.30.3|we  should  have  the  opposite  direction  to  what  was  done  in  Definition |34. 2. l\ 
by  the  general  principle  that  “functions”  and  “spaces”  are  dual. 
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This  is  the  notion  that  conies  up  naturally  for  example  when  the  question  arises 
whether  the  fibred  category  of  relative  curves  is  a stack  in  the  fpqc  topology  (it 
isn’t  - at  least  not  if  you  stick  to  schemes) . 

02VQ  Remark  34.30.4.  Let  S be  a scheme.  Let  {Xj  -a  S’jigj  be  a family  of  morphisms 
with  target  S.  Let  (' Vi,ipij ) be  a descent  datum  relative  to  {X,  — > S}.  We  may 
think  of  the  isomorphisms  ipij  as  isomorphisms 

(Xi  xs  Xj)  Xpr0,Xi  V.  > (Xi  XsXj)  XpIltxj  Vj 

of  schemes  over  Xi  xg  Xj.  So  loosely  speaking  one  may  think  of  ipij  as  an  iso- 
morphism prgV)  -A  pr \Vj  over  Xi  x$  Xj.  The  cocycle  condition  then  says  that 
pr(*2v2iA:  = pr*2^fc  o pig-, ipij.  In  this  way  it  is  very  similar  to  the  case  of  a descent 
datum  on  quasi-coherent  sheaves. 

The  reason  we  will  usually  work  with  the  version  of  a family  consisting  of  a single 
morphism  is  the  following  lemma. 

023X  Lemma  34.30.5.  Let  S be  a scheme.  Let  {Xj  — > S}i^j  be  a family  of  morphisms 
with  target  S.  Set  X = LU/  Xj,  and  consider  it  as  an  S -scheme.  There  is  a 
canonical  equivalence  of  categories 

category  of  descent  data  category  of  descent  data 

relative  to  the  family  {Xj  -A  S}i^j  relative  to  X/S 

which  maps  (Vi,  ipij ) to  ( V , ip)  with  V = {Jigj  V.  and  tp  = II  ‘Pij- 

Proof.  Observe  that  X x 5 X = Xj  x g Xj  and  similarly  for  higher  fibre  prod- 
ucts. Giving  a morphism  V — > X is  exactly  the  same  as  giving  a family  Vi  — > Xi. 
And  giving  a descent  datum  ip  is  exactly  the  same  as  giving  a family  ipij.  □ 

023Y  Lemma  34.30.6.  Pullback  of  descent  data  for  schemes  over  schemes. 

(1)  Let 


S'  -W^-S 

be  a commutative  diagram  of  morphisms  of  schemes.  The  construction 
(V  -A  X,ip)  — > f (V  -A  X,ip)  = (V  -A  X',  iff) 
where  V'  = X'  x x V and  where  ip'  is  defined  as  the  composition 
V'  xs'  X'  = (X1  xx  V)  Xs'  X'  = (X'  xs*  X1)  xXxsx  (V  xs  X) 

idx  tp 

X'  xs>  V'  = X'  Xs>  (X'  xx  V)  = (X1  xs*  X1)  xXxsx  (X  xsV) 

defines  a functor  from  the  category  of  descent  data  relative  to  X -A  S to 
the  category  of  descent  data  relative  to  X’  -A  S' . 

(2)  Given  two  morphisms  ft  : X'  -A  X,  i = 0, 1 making  the  diagram  commute 
the  functors  /g  and  /{  are  canonically  isomorphic. 
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02VR 


02VS 


02VT 


Proof.  We  omit  the  proof  of  (1),  but  we  remark  that  the  morphism  ip'  is  the 
morphism  (/  x f)*ip  in  the  notation  introduced  in  Remark  34.30.2  For  (2)  we 
indicate  which  morphism  /gR  — > f*V  gives  the  functorial  isomorphism.  Namely, 
since  /o  and  f±  both  fit  into  the  commutative  diagram  we  see  there  is  a unique 
morphism  r : X'  — > X xg  X with  _/)  = pr^  o r.  Then  we  take 


f*V  = X'  x 


fo,X 


V 


X Xproor,A  R 


= X'  X r x Xs-Y  (X  xs  X)  Xpr0i.Y  R 
X'  X r x x SX  ( X Xg  X)  xprijx  V 


X Xprior,A  R 
x'  xfuX  V 


34.30.6 


□ 

the  functor 


= fi*V 

We  omit  the  verification  that  this  works. 

Definition  34.30.7.  With  S,  S',  X,  X',  f , a,  a' , h as  in  Lemma 

(R>  <p) 1 — * /*(Rj  t) 

constructed  in  that  lemma  is  called  the  pullback  functor  on  descent  data. 

Lemma  34.30.8  (Pullback  of  descent  data  for  schemes  over  families).  Let  U = 
{ Ui  S'}ieI  and  V = {Vj  — > S}j^j  be  families  of  morphisms  with  fixed  target. 
Let  a : I — ► J , h : S'  — >■  S and  gt  : Ui  —>  Rap)  be  a morphism  of  families  of  maps 


with  fixed  target,  see  Sites,  Definition\7.8.1 
(1)  Let  (Yj , (pjj 
system 


be  a descent  datum  relative  to  the  family  {Vj 
( d'i  ^ 9if)  1 Pa(i)a(i ')) 


5'}.  The 


(with  notation  as  in  Remark  3f.30.4)  is  a descent  datum  relative  to  V. 


(2)  This  construction  defines  a functor  between  descent  data  relative  to  IA  and 
descent  data  relative  to  V. 

(3)  Given  a second  of  : I — ► J , h'  : S'  — ► S and  g\  : Ui  — ► Ra'(j)  morphism  of 
families  of  maps  with  fixed  target,  then  if  h = h'  the  two  resulting  functors 
between  descent  data  are  canonically  isomorphic. 


structed  in  Lemma  34-30.6 


(4)  These  functors  agree,  via  Lemma  34-30.5  with  the  pullback  functors  con- 


Proof. This  follows  from  Lemma  34.30.6  via  the  correspondence  of  Lemma  34.30.5 


□ 


S'}iEh  V — {Vj  — > S}j£j,  a : I — > J , 


Definition  34.30.9.  With  U = {Ui 

h : S'  — )•  S,  and  gi  : Ui  -*  RQ(p  as  in  Lemma  34.30.8  the  functor 
Oxi  i Tjj' ) h 


constructed  in  that  lemma  is  called  the  pullback  functor  on  descent  data. 


If  U and  V have  the  same  target  S , and  if  U refines  V (see  Sites,  Definition  7.8.1) 


but  no  explicit  pair  ( a , gi)  is  given,  then  we  can  still  talk  about  the  pullback  functor 
since  we  have  seen  in  Lemma  |34.30.8|  that  the  choice  of  the  pair  does  not  matter 
(up  to  a canonical  isomorphism). 
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023Z 


02  YU 


02  VV 


02VW 


02VX 


Definition  34.30.10.  Let  S'  be  a scheme.  Let  / : X — > S be  a morphism  of 
schemes. 


(1)  Given  a scheme  U over  S we  have  the  trivial  descent  datum  of  U relative 
to  id  : S — > S,  namely  the  identity  morphism  on  U. 

(2)  By  Lemma [34.30.6  we  get  a canonical  descent  datum  on  X xj  U relative 
to  X — > S by  pulling  back  the  trivial  descent  datum  via  /.  We  often 
denote  (I  xg  U,can ) this  descent  datum. 

(3)  A descent  datum  (V,<p)  relative  to  X/S  is  is  called  effective  if  (V,tp)  is 
isomorphic  to  the  canonical  descent  datum  (X  x g U,  can)  for  some  scheme 
U over  S. 


Thus  being  effective  means  there  exists  a scheme  U over  S and  an  isomorphism 
ip  : V —>  X x 5 U of  X-schemes  such  that  p is  equal  to  the  composition 

T r -v-  V'Xidx  ■\r  t T V V V TT  id  XX-0_1  „ 

V X g A - > X X 5 U X g X = A X g X X g U — > X X g V 

Definition  34.30.11.  Let  S be  a scheme.  Let  {A \ — ► S}  be  a family  of  morphisms 
with  target  S. 

(1)  Given  a scheme  U over  S we  have  a canonical  descent  datum  on  the  family 
of  schemes  Xj  x 5 U by  pulling  back  the  trivial  descent  datum  for  U relative 
to  {id  : S — > 5}.  We  denote  this  descent  datum  (Xj  Xg  U,can). 

(2)  A descent  datum  (Vj,^)  relative  to  {Xj  — > S}  is  called  effective  if  there 
exists  a scheme  U over  S such  that  (Vj,  tfiij)  is  isomorphic  to  (Xj  xgU,  can). 


34.31.  Fully  faithfulness  of  the  pullback  functors 


It  turns  out  that  the  pullback  functor  between  descent  data  for  fpqc-coverings  is 
fully  faithful.  In  other  words,  morphisms  of  schemes  satisfy  fpqc  descent.  The 
goal  of  this  section  is  to  prove  this.  The  reader  is  encouraged  instead  to  prove  this 


him/herself.  The  key  is  to  use  Lemma  34.9.3 


Lemma  34.31.1.  A surjective  and  flat  morphism  is  an  epimorphism  in  the  cate- 
gory of  schemes. 


Proof.  Suppose  we  have  h : X'  -A  X surjective  and  flat  and  a,b  : X — >•  Y mor- 
phisms such  that  a o h = b o h.  As  ft.  is  surjective  we  see  that  a and  b agree  on 
underlying  topological  spaces.  Pick  x'  £ X'  and  set  x = h(x')  and  y = a{x)  = b{x). 
Consider  the  local  ring  maps 

4,  ft|  : Oy,y  — > Ox,x 


These  become  equal  when  composed  with  the  flat  local  homomorphism  ftj.,  : Ox,x  — ► 
Ox',x'  ■ Since  a flat  local  homomorphism  is  faithfully  flat  (Algebra,  Lemma  10.38.17 1 
we  conclude  that  hf,  is  injective.  Hence  a|  = b\  which  implies  a = ft  as  desired.  □ 


Lemma  34.31.2.  Let  ft  : S'  —>  S be  a surjective,  flat  morphism  of  schemes.  The 
base  change  functor 

Sch/S  — x Sch/S',  X 1 — ^ S'  xs  X 


is  faithful. 
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Proof.  Let  X\,  X2  be  schemes  over  S.  Let  a,fl  : X2  —t  X±  be  morphisms  over  S. 
If  a,  ft  base  change  to  the  same  morphism  then  we  get  a commutative  diagram  as 
follows 

X2  ■* S'  xs  X2 X2 


X-L 


■S'xsX1 


Y 

■Xx 


Hence  it  suffices  to  show  that  S'  xj  X2  — > X2  is  an  epimorphism.  As  the  base 
change  of  a surjective  and  flat  morphism  it  is  surjective  and  flat  (see  Morphisms, 
Lemmas  28.10.4  and  28.25.7l.  Hence  the  lemma  follows  from  Lemma  34.31.1  □ 


0240  Lemma  34.31.3.  In  the  situation  of  Lemma  34-30.6  assume  that  f : X'  — > X is 
surjective  and  flat.  Then  the  pullback  functor  is  faithful. 


Proof.  Let  (Vi,ipi),  i = 1,2  be  descend  data  for  X — > S.  Let  a,fl  : Vi  — > V2  be 
morphisms  of  descent  data.  Suppose  that  f*a  = f*/3.  Our  task  is  to  show  that 
a = (3.  Note  that  a,  ft  are  morphisms  of  schemes  over  X,  and  that  f*a , f*ft  are 
simply  the  base  changes  of  a , ft  to  morphisms  over  X' . Hence  the  lemma  follows 
from  Lemma T34.31.21  □ 


Here  is  the  key  lemma  of  this  section. 

0241 

(1)  {/  : X'  — > X}  is  an  fpqc  covering  (for  example  if  f is  surjective,  flat,  and 
quasi- compact) , and 

(2)  / x / : X'  Xs'  X'  — > X Xs  X is  surjective  and  fla^\ 

Then  the  pullback  functor  is  fully  faithful. 


Lemma  34.31.4.  In  the  situation  of  Lemma  34-30.6  assume 


Proof.  Assumption  (1)  implies  that  / is  surjective  and  flat.  Hence  the  pullback 


functor  is  faithful  by  Lemma  34.31.3  Let  (V,ip)  and  (W,ip)  be  two  descent  data 
relative  to  X — > S.  Set  = f*(V,tp)  and  (W',ip')  = f*(W,ip).  Let  a!  : V'  — ► 

W'  be  a morphism  of  descent  data  for  X'  over  S'.  We  have  to  show  there  exists  a 
morphism  a : V — > W of  descent  data  for  X over  S whose  pullback  is  of . 

Recall  that  V'  is  the  base  change  of  V by  / and  that  ip'  is  the  base  change  of  ip  by 


f x f (see  Remark  34.30.2 1 . By  assumption  the  diagram 


V x s'  X' 3-  X'  x s'  V 

X 


a!  X id 


W’  x s'  X' 


idxc/ 


■X'  xs<  W’ 


commutes.  We  claim  the  two  compositions 


, i = 0,1 

are  the  same.  The  reader  is  advised  to  prove  this  themselves  rather  than  read  the 
rest  of  this  paragraph.  (Please  email  if  you  find  a nice  clean  argument.)  Let  vq,V\ 
be  points  of  V which  map  to  the  same  point  v £ V.  Let  Xi  G X'  be  the  image  of  vt , 
and  let  x be  the  point  of  X which  is  the  image  of  v in  A'.  In  other  words,  Vi  = (x{,  v) 
in  V'  = X'  xx  V.  Write  p{v,x)  = (x,v')  for  some  point  v'  of  V.  This  is  possible 


’This  follows  from  (1)  if  S = S’. 
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because  p is  a morphism  over  X xg  X.  Denote  v\  = ( Xi,v ')  which  is  a point  of 
V'.  Then  a calculation  (using  the  definition  of  <p')  shows  that  ip'(vi,Xj)  = ( Xi,v'j ). 
Denote  Wi  = a'(vi)  and  w[  = a'fv'f).  Now  we  may  write  Wi  = ( Xi,Ui ) for  some 
point  Ui  of  W,  and  w[  = (x-j , uf ) for  some  point  u[  of  W . The  claim  is  equivalent  to 
the  assertion:  uq  = U\.  A formal  calculation  using  the  definition  of  ip'  (see  Lemma 


34.30.6)  shows  that  the  commutativity  of  the  diagram  displayed  above  says  that 
((xi,Xj),ip(ui,x))  = ((xi,Xj),  (x,u')) 

as  points  of  [X'  xs>  X')  Xxxsx  (A  xg  W)  for  all  i,j  € {0,1}.  This  shows  that 
ip(uo,x)  = i/j(ui,x)  and  hence  Uq  = Ui  by  taking  ip-1.  This  proves  the  claim 
because  the  argument  above  was  formal  and  we  can  take  scheme  points  (in  other 
words,  we  may  take  (vo,V\)  = idv'xvV')- 

At  this  point  we  can  use  Lemma  34.9.3|  Namely,  {V'  — > V}  is  a fpqc  covering 
as  the  base  change  of  the  morphism  / : X'  — ► X.  Hence,  by  Lemma  34.9.3  the 
morphism  a!  : V'  — > W'  — > W factors  through  a unique  morphism  a : V — > W 
whose  base  change  is  necessarily  a' . Finally,  we  see  the  diagram 


V xsX- 


■ X xs  V 


*xid 


idxc 


W xs  X 


>XxsW 

commutes  because  its  base  change  to  X'  x X'  commutes  and  the  morphism  X'  x g< 


X'  — > X Xs  X is  surjective  and  flat  (use  Lemma  34.31.2).  Hence  a is  a morphism 
of  descent  data  (V,  <p)  — > (W,  ip)  as  desired.  □ 

The  following  two  lemmas  have  been  obsoleted  by  the  improved  exposition  of  the 
previous  material.  But  they  are  still  true! 

0242  Lemma  34.31.5.  Let  X — > S be  a morphism  of  schemes.  Let  f : X — > X be  a 
selfmap  of  X over  S.  In  this  case  pullback  by  f is  isomorphic  to  the  identity  functor 
on  the  category  of  descent  data  relative  to  X — » S. 


Proof.  This  is  clear  from  Lemma  34.30.6  since  it  tells  us  that  f*  = id 


□ 


0243 


Lemma  34.31.6.  Let  f : X'  — » X be  a morphism  of  schemes  over  a base  scheme 
S.  Assume  there  exists  a morphism  g : X — > X'  over  S,  for  example  if  f has 
a section.  Then  the  pullback  functor  of  Lemma  34-30.  b\  defines  an  equivalence  of 
categories  between  the  category  of  descent  data  relative  to  X/S  and  X' / S. 

Proof.  Let  g : X -A  X'  be  a morphism  over  S.  Lemma  [34.31.5|  above  shows  that 
the  functors  f*og*  = ( go  f )*  and  g*  o f*  = (fog)*  are  isomorphic  to  the  respective 
identity  functors  as  desired.  □ 

040J  Lemma  34.31.7.  Let  f : X — > X'  be  a morphism  of  schemes  over  a base  scheme 
S.  Assume  X — >•  S is  surjective  and  flat.  Then  the  pullback  functor  of  of  Lemma 


34-30.6  is  a faithful  functor  from  the  category  of  descent  data  relative  to  X' / S to 


the  category  of  descent  data  relative  to  X/S . 

Proof.  We  may  factor  X — » X'  as  X — ► X x$  X'  — >■  X' . The  first  morphism 
has  a section,  hence  induces  an  equivalence  of  categories  of  descent  data  by  Lemma 
|34.31.6|  The  second  morphism  is  surjective  and  flat,  hence  induces  a faithful  functor 
by  Lemma [34.31.3|  □ 
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040K 


Lemma  34.31.8.  Let  f : X — > X'  be  a morphism  of  schemes  over  a base  scheme 
S.  Assume  {X  -A  S}  is  an  fpqc  covering  (for  example  if  f is  surjective,  flat  and 
quasi- compact) . Then  the  pullback  functor  of  of  Lemma\34.30.6  is  a fully  faithful 
functor  from  the  category  of  descent  data  relative  to  X' / S to  the  category  of  descent 
data  relative  to  X/S. 

Proof.  We  may  factor  X — ► X'  as  X — > X Xg  X'  — > X' . The  first  morphism  has 
a section,  hence  induces  an  equivalence  of  categories  of  descent  data  by  Lemma 
34.31.6|  The  second  morphism  is  an  fpqc  covering  hence  induces  a fully  faithful 

□ 


functor  by  Lemma  34.31.4 


02VZ 


Lemma  34.31.9.  Let  S be  a scheme.  Let  U = {Ui  - 
S}jej,  be  families  of  morphisms  with  target  S.  Let  a 


> S}iei,  and  V = {Vj  -4 
/ -A  J , id  : S -A  S and 


Vr 


a(i 


g,  : Ui  —> 

Definition 

fpqc  covering  ofVj.  Then  the  pullback  functor 


7.8.1 


be  a morphism  of  families  of  maps  with  fixed  target,  see  Sites, 
Assume  that  for  each  j £ J the  family  {gi  : Ui  — > Vj}an)=j  is  an 


descent  data  relative  to  V 


descent  data  relative  to  U 


of  Lemma  34-30.8  is  fully  faithful. 

Proof.  Consider  the  morphism  of  schemes 

g:X  = TT  Ui — l 
y -U -iei  J-AjeJ 

over  S which  on  the  ith  component  maps  into  the  a(i) th  component  via  the  mor- 
phism ga(iy  We  claim  that  {g  : X — ► Y}  is  an  fpqc  covering  of  schemes.  Namely, 

for  each  j the  morphism 


by  Topologies,  Lemma 


33.8.3 


Vj  } is  an  fpqc 


covering.  Thus  for  every  affine  open  V C Vj  (which  we  may  think  of  as  an  affine 
open  of  Y)  we  can  find  finitely  many  affine  opens  Wi, . . . , Wn  C (which 

we  may  think  of  as  affine  opens  of  X)  such  that  V = (Ji=1  n g(Wf).  This  provides 
enough  affine  opens  of  Y which  can  be  covered  by  finitely  many  affine  opens  of 


X so  that  Topologies,  Lemma  33.8.2  part  (3)  applies,  and  the  claim  follows.  Let 


us  write  DD{X/S ),  resp.  DD(IA)  for  the  category  of  descent  data  with  respect  to 
X/S , resp.  14,  and  similarly  for  Y/S  and  V.  Consider  the  diagram 


DD(Y/S) 


DD(X/S) 


Lemma  13T3R5] 


Lemma  I3T3T5] 


DD(V) 


■ DD(IA) 


02  VY 


This  diagram  is  commutative,  see  the  proof  of  Lemma [34.30.8  The  vertical  arrows 
are  equivalences.  Hence  the  lemma  follows  from  Lemma  34.31.4|  which  shows  the 
top  horizontal  arrow  of  the  diagram  is  fully  faithful.  □ 

The  next  lemma  shows  that,  in  order  to  check  effectiveness,  we  may  always  Zariski 
refine  the  given  family  of  morphisms  with  target  S. 

Lemma  34.31.10.  Let  S be  a scheme.  Let  IA  = {Ui  — > S}i^i,  and  V = {Vj  — ► 
S}jej,  be  families  of  morphisms  with  target  S.  Let  a : I -A  J , id  : S -A  S and 
gi  : Ui  — > Va(i)  be  a morphism  of  families  of  maps  with  fixed  target,  see  Sites, 
Assume  that  for  each  j £ J the  family  {gt  : Ui  — > Vj}a^j=j  is  a 


Definition  7.8.1 


Zariski  covering  (see  Topologies,  Definition  33.3.1 ) ofVj.  Then  the  pullback  functor 
descent  data  relative  to  V — > descent  data  relative  to  IA 
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of  Lemma  \34.30.8\  is  an  equivalence  of  categories.  In  particular,  the  category  of 
schemes  over  S is  equivalent  to  the  category  of  descent  data  relative  to  any  Zariski 
covering  of  S. 

Proof.  The  functor  is  faithful  and  fully  faithful  by  Lemma [34.31. 9[  Let  us  indicate 
how  to  prove  that  it  is  essentially  surjective.  Let  (Xj,^/)  be  a descend  datum 
relative  to  U.  Fix  j £ J and  set  Ij  = {i  £ I \ a{i)  = j}.  For  i,i'  £ Ij  note  that 
there  is  a canonical  morphism 

Cnf  • Uj  x g,^Vj .g,r  Up  y U[  X g Up. 

Hence  we  can  pullback  ipip  by  this  morphism  and  set  ipip  = c^ipip  for  i,i!  £ Ij. 
In  this  way  we  obtain  a descent  datum  (Xj , ipip ) relative  to  the  Zariski  covering 
{gi  : Ui  —i  Note  that  ipw  is  an  isomorphism  from  the  open  X '.pu^v.Up  of 

Xj  to  the  corresponding  open  of  Xp.  It  follows  from  Schemes,  Section  [25.14|  that 
we  may  glue  (Xj,  ip-iP ) into  a scheme  Y:]  over  Vj.  Moreover,  the  morphisms  tpip  for 
i £ Ij  and  i!  £ I:p  glue  to  a morphism  ipjjt  : Yj  x 5 Vj>  —y  Vj  x $ Yj>  satisfying  the 
cocycle  condition  (details  omitted).  Hence  we  obtain  the  desired  descent  datum 
{Yj,ipjj')  relative  to  V.  □ 

02W0  Lemma  34.31.11.  Let  S be  a scheme.  Let  U = {Ui  — y S}i&i,  and  V = {Vj  —y 
be  fpqc-coverings  of  S.  IfU  is  a refinement  ofV,  then  the  pullback  functor 

descent  data  relative  to  V — y descent  data  relative  to  li 


is  fully  faithful.  In  particular,  the  category  of  schemes  over  S is  identified  with  a 
full  subcategory  of  the  category  of  descent  data  relative  to  any  fpqc-covering  of  S. 

Proof.  Consider  the  fpqc-covering  W = {Ut  Xj  Vj  —y  S}^j\eixj  of  S.  It  is  a 
refinement  of  both  U and  V.  Hence  we  have  a 2-commutative  diagram  of  functors 
and  categories 

DD(V) DD{U) 


DD(W) 

Notation  as  in  the  proof  of  Lemma  [34. 31. 9|  and  commutativity  by  Lemma  [34.30.8| 
part  (3).  Hence  clearly  it  suffices  to  prove  the  functors  DD(V)  —y  DD(W)  and 
DD(U ) -A  DD (W)  are  fully  faithful.  This  follows  from  Lemma  [34.31.9  as  desired. 


□ 


040L  Remark  34.31.12.  Lemma 


34.31.11 


says  that  morphisms  of  schemes  satisfy  fpqc 
descent.  In  other  words,  given  a scheme  S and  schemes  X',  Y over  S the  functor 

(. Sch/S)opp  — ► Sets , T MorT(XT,  YT) 

satisfies  the  sheaf  condition  for  the  fpqc  topology.  The  simplest  case  of  this  is 
the  following.  Suppose  that  T -A  S is  a surjective  flat  morphism  of  affines.  Let 
ip 0 : Xt  —yYr  be  a morphism  of  schemes  over  T which  is  compatible  with  the 
canonical  descent  data.  Then  there  exists  a unique  morphism  ip  : X —y  Y whose 
base  change  to  T is  ipo . In  fact  this  special  case  follows  in  a straightforward  manner 
from  Lemma  |34.31.4[  And,  in  turn,  that  lemma  is  a formal  consequence  of  the 
following  two  facts:  (a)  the  base  change  functor  by  a faithfully  flat  morphism  is 


faithful,  see  Lemma  34.31.2  and  (b)  a scheme  satisfies  the  sheaf  condition  for  the 
fpqc  topology,  see  Lemma  34.9.3| 
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0AP4  Lemma  34.31.13.  Let  X — » S be  a surjective,  quasi- compact,  flat  morphism  of 
schemes.  Let  ( V. , ip)  be  a descent  datum  relative  to  X/S.  Suppose  that  for  allv£V 
there  exists  an  open  subscheme  v € W C V such  that  ip(W  xj  X)  C X xg  W and 
such  that  the  descent  datum  (W,<p\wxsx)  is  effective.  Then  {V,tp)  is  effective. 


Proof.  Let  V = (J  Wi  be  an  open  covering  with  ip{Wi  Xg  X)  C X Xj  W,  and  such 
that  the  descent  datum  ( IT, , ip\wiXSx)  is  effective.  Let  Z7,  — > S be  a scheme  and  let 
cti  : (X  Xg  Ui,can ) — > {Wi,  ip\wiXSx)  be  an  isomorphism  of  descent  data.  For  each 
pair  of  indices  {i,j)  consider  the  open  af  (WiC\Wj)  C XxgUi.  Because  everything 
is  compatible  with  descent  data  and  since  {X  — > S}  is  an  fpqc  covering,  we  may 
apply  Lemma  34.9.2  to  find  an  open  Vij  C V)  such  that  af  (Wi  D Wj)  = X XsVij- 


Now  the  identity  morphism  on  Wi  fl  Wj  is  compatible  with  descent  data,  hence 
comes  from  a unique  morphism  ipij  : Uij  —>  Uji  over  S (see  Remark  34.31.12 ) . Then 

(proof  omitted).  Thus 


25.14 


( Ui,Uij,<pij ) is  a glueing  data  as  in  Schemes,  Section 
we  may  assume  there  is  a scheme  U over  S such  that  Ui  C U is  open,  Ul3  = t/j  D U3 

Pulling  back  to  X we  can  use  the 


and  ipij  = idjy.nfy,  • see  Schemes,  Lemma  25.14.1 
c jj  to  get  the  desired  isomorphism  a : X xg  U - 


V. 


□ 


34.32.  Descending  types  of  morphisms 


02W1  In  the  following  we  study  the  question  as  to  whether  descent  data  for  schemes 
relative  to  a fpqc-covering  are  effective.  The  first  remark  to  make  is  that  this  is 
not  always  the  case.  We  will  see  this  in  Algebraic  Spaces,  Example  |52.14.2|  Even 
projective  morphisms  do  not  always  satisfy  descent  for  fpqc-coverings,  by  Examples, 
Lemma  188.56.11 


02W2 


On  the  other  hand,  if  the  schemes  we  are  trying  to  descend  are  particularly  sim- 
ple, then  it  is  sometime  the  case  that  for  whole  classes  of  schemes  descent  data 
are  effective.  We  will  introduce  terminology  here  that  describes  this  phenomenon 
abstractly,  even  though  it  may  lead  to  confusion  if  not  used  correctly  later  on. 


Definition  34.32.1.  Let  V be  a property  of  morphisms  of  schemes  over  a base.  Let 
t £ {Zariski,  fpqc,  fppf,etale,  smooth,  syntomic}.  We  say  morphisms  of  type  V 
satisfy  descent  for  r-coverings  if  for  any  r-coveringW  : {Ui  — » S'jie/  (see  Topologies, 
Section  33.2),  any  descent  datum  (X.t,  pif)  relative  to  li  such  that  each  morphism 
X,  — >■  Ui  has  property  V is  effective. 


Note  that  in  each  of  the  cases  we  have  already  seen  that  the  functor  from  schemes 
over  S to  descent  data  over  U is  fully  faithful  (Lemma  34.31.11  combined  with 
the  results  in  Topologies  that  any  r-covering  is  also  a fpqc-covering).  We  have 
also  seen  that  descent  data  are  always  effective  with  respect  to  Zariski  coverings 
(Lemma  34.31.10).  It  may  be  prudent  to  only  study  the  notion  just  introduced 
when  V is  either  stable  under  any  base  change  or  at  least  local  on  the  base  in  the 
r-topology  (see  Definition  34.18.1)  in  order  to  avoid  erroneous  arguments  (relying 
on  V when  descending  halfway). 


Here  is  the  obligatory  lemma  reducing  this  question  to  the  case  of  a covering  given 
by  a single  morphism  of  affines. 

02W3  Lemma  34.32.2.  LetV  be  a property  of  morphisms  of  schemes  over  a base.  Let 
t £ { fpqc,  fppf,etale,  smooth,  syntomic} . Suppose  that 

(1)  V is  stable  under  any  base  change  (see  Schemes,  Definition 


25.18.3),  and 
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(2)  for  any  surjective  morphism  of  affines  X — > S which  is  flat,  flat  of  finite 
presentation,  etale,  smooth  or  syntomic  depending  on  whether  r is  fpqc, 
fppf  etale,  smooth,  or  syntomic,  any  descent  datum  (V,  p)  relative  to  X 
over  S such  that  V holds  for  V — >■  X is  effective. 

Then  morphisms  of  type  V satisfy  descent  for  r-coverings. 


Proof.  Let  S'  be  a scheme.  Let  U = {tpi  : Ut  -4  S}ie/  be  a r-covering  of  S. 
Let  {Xj,  tfiu'  ) be  a descent  datum  relative  to  IA  and  assume  that  each  morphism 
Xj  -a  Ui  has  property  V.  We  have  to  show  there  exists  a scheme  X — >■  S such  that 
(X^ipip)  ^ (Ui  x s X,  can). 


Before  we  start  the  proof  proper  we  remark  that  for  any  family  of  morphisms 
V : {Vj  — >■  S}  and  any  morphism  of  families  V — > U,  if  we  pullback  the  descent 
datum  (Xi,  ipu>)  to  a descent  datum  (Yj,  q>jj')  over  V,  then  each  of  the  morphisms 
Yj  — > Vj  has  property  V also.  This  is  true  because  we  assumed  that  V is  stable 
under  any  base  change  and  the  definition  of  pullback  (see  Definition  34.30.9).  We 
will  use  this  without  further  mention. 


First,  let  us  prove  the  lemma  when  S is  affine.  By  Topologies,  Lemma[33.8.8[|3T7.4[ 
33.4.4  33.5.4  or  33.6.4  there  exists  a standard  r-covering  V : {Vj  S}j= 
which  refines  U.  The  pullback  functor  DD(U)  — > DD(V)  between  categories  of 
descent  data  is  fully  faithful  by  Lemma [34 . 3 1 . 1 1 [ Hence  it  suffices  to  prove  that  the 
descend  datum  over  the  standard  r-covering  V is  effective.  By  Lemma [34. 30. 5|  this 
reduces  to  the  covering  m Vj  — > S}  for  which  we  have  assumed  the  result 

in  property  (2)  of  the  lemma.  Hence  the  lemma  holds  when  S is  affine. 

Assume  S is  general.  Let  V C S be  an  affine  open.  By  the  properties  of  site 
the  family  Uy  = {F  Xgl/j  -I  V}ie/  is  a r-covering  of  V . Denote  (Xi,ipu  >)v  the 
restriction  (or  pullback)  of  the  given  descent  datum  to  Uy.  Hence  by  what  we  just 
saw  we  obtain  a scheme  Xy  over  V whose  canonical  descent  datum  with  respect  to 
Uy  is  isomorphic  to  (X f,  ipu')y.  Suppose  that  V'  C V is  an  affine  open  of  V . Then 
both  Xy  and  V'  Xy  Xy  have  canonical  descent  data  isomorphic  to  (X,;, pn/)y. 

again  we  obtain  a canonical  morphism  py,  : Xy  -A  Xy 
with  the  inverse  image  of  V'  in  Xy.  We  omit  the 
C V'  C V of  S we  have  py„  = py,  o py„ . 

By  Constructions,  Lemma  26.2.1  the  data  (Xy,p\r,)  glue  to  a scheme  X — > S. 
Moreover,  we  are  given  isomorphisms  V xj  X — » Xy  which  recover  the  maps  py,. 
Unwinding  the  construction  of  the  schemes  Xy  we  obtain  isomorphisms 

V Xs  Ui  xsX-^VxsXi 


34.31.11 


Hence,  by  Lemma 
over  S which  identifies  Xy. 
verification  that  given  affine  opens  V' 


compatible  with  the  maps  ipai  and  compatible  with  restricting  to  smaller  affine 
opens  in  X.  This  implies  that  the  canonical  descent  datum  on  Ui  XsX  is  isomorphic 
to  the  given  descent  datum  and  we  win.  □ 


34.33.  Descending  affine  morphisms 


0244  In  this  section  we  show  that  “affine  morphisms  satisfy  descent  for  fpqc-coverings” . 
Here  is  the  formal  statement. 


0245  Lemma  34.33.1. 

see  Topologies,  Definition 
{Xi  — > iS}.  If  each  morphism  V. 


Let  S be  a scheme.  Let  {Xi  -A  S}i^i  be  an  fpqc  covering, 
Let  ( Vi/Xi,ipij ) be  a descent  datum  relative  to 
Xi  is  affine,  then  the  descent  datum  is  effective. 


33.8.1 
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Proof.  Being  affine  is  a property  of  morphisms  of  schemes  which  is  preserved  under 
any  base  change,  see  Morphisms,  Lemma  |28.12.8[  Hence  Lemma  |34.32.2|  applies 
and  it  suffices  to  prove  the  statement  of  the  lemma  in  case  the  fpqc-covering  is  given 
by  a single  { X — ► 5}  flat  surjective  morphism  of  affines.  Say  X = Spec(A)  and 
S = Spec (R)  so  that  R — > A is  a faithfully  flat  ring  map.  Let  {V,  p)  be  a descent 
datum  relative  to  X over  S and  assume  that  V — > X is  affine.  Then  V — > X being 
affine  implies  that  V = Spec (B)  for  some  A-algebra  B (see  Morphisms,  Definition 
28.12.1 1.  The  isomorphism  p corresponds  to  an  isomorphism  of  rings 


p*  : B®R  A < — A 0R  B 

as  A (g>R  A-algebras.  The  cocycle  condition  on  p says  that 


B ®rA®rA- 


A®r  A ®R  B 


A 0R  B &>R  A 

is  commutative.  Inverting  these  arrows  we  see  that  we  have  a descent  datum  for 
modules  with  respect  to  R — > A as  in  Definition [343T]  Hence  we  may  apply  Propo- 
sition 34.3.9  to  obtain  an  I?-module  C = Ker (B  -A  A<g>RB)  and  an  isomorphism 
A ®R  C = B respecting  descent  data.  Given  any  pair  c,d  £ C the  product  cd  in  B 
lies  in  C since  the  map  p is  an  algebra  homomorphism.  Hence  C is  an  f?-algebra 
whose  base  change  to  A is  isomorphic  to  B compatibly  with  descent  data.  Applying 
Spec  we  obtain  a scheme  U over  S such  that  (V,  p)  = (X  U,  can ) as  desired.  □ 


0310  Lemma  34.33.2. 


see  Topologies,  Definition  33.8.1 
{ X i 


Let  S be  a scheme.  Let  { Xi  — > S}iej  be  an  fpqc  covering, 
Let  {Vi/ Xi,  pij)  be  a descent  datum  illative  to 
-A  Xi  is  a closed  immersion,  then  the  descent 


S}.  If  each  morphism  Vi 
datum  is  effective. 

Proof.  This  is  true  because  a closed  immersion  is  an  affine  morphism  (Morphisms, 
Lemma  28.12.9),  and  hence  Lemma  34.33.1  applies.  □ 


34.34.  Descending  quasi-affine  morphisms 

0246  In  this  section  we  show  that  “quasi-affine  morphisms  satisfy  descent  for  fpqc- 
coverings”.  Here  is  the  formal  statement. 


33.8.1 


0247  Lemma  34.34.1. 

see  Topologies,  Definition 
{Xi  — > S}.  If  each  morphism  Vi 
effective. 


Let  S be  a scheme.  Let  {Xi  S}i&i  be  an  fpqc  covering, 
Let  {Vi/ Xi,  p^)  be  a descent  datum  relative  to 
A Xi  is  quasi-affine,  then  the  descent  datum  is 


Proof.  Being  quasi-affine  is  a property  of  morphisms  of  schemes  which  is  preserved 
under  any  base  change,  see  Morphisms,  Lemma  |28.13.5|  Hence  Lemma  |34.32.2| 
applies  and  it  suffices  to  prove  the  statement  of  the  lemma  in  case  the  fpqc-covering 
is  given  by  a single  {X  -A  5}  flat  surjective  morphism  of  affines.  Say  A'  = Spec(A) 
and  S = Spec {R)  so  that  R — > A is  a faithfully  flat  ring  map.  Let  {V,p)  be  a 
descent  datum  relative  to  X over  S and  assume  that  tt  : V —A  X is  quasi-affine. 

According  to  Morphisms,  Lemma  [28. 13. 3|  this  means  that 

V — A Specy(7r»C?v)  = W 
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02W4 

02W5 


is  a quasi-compact  open  immersion  of  schemes  over  X.  The  projections  pr^  :X  xg 
X — ► X are  fiat  and  hence  we  have 


prg7r*CV  = (tt  x id x)*0VXsX,  pr*n*Ov  = (idx  x n)*0Xxsv 


by  flat  base  change  (Cohomology  of  Schemes,  Lemma  29.5.2).  Thus  the  isomor- 
phism \V  XsX^-XxsV  (which  is  an  isomorphism  over  X Xs  X)  induces  an 
isomorphism  of  quasi- coherent  sheaves  of  algebras 

<p^  : pro7r*CV  — > pr*7r*CV 

on  X Xs  X.  The  cocycle  condition  for  ip  implies  the  cocycle  condition  for  tpK  An- 
other way  to  say  this  is  that  it  produces  a descent  datum  p'  on  the  affine  scheme  W 
relative  to  X over  S,  which  moreover  has  the  property  that  the  morphism  V — > W 


is  a morphism  of  descent  data.  Hence  by  Lemma  34.33.1  (or  by  effectivity  of  de- 
scent for  quasi-coherent  algebras)  we  obtain  a scheme  Ur  — > S with  an  isomorphism 
(W,<p')  = (X  xj  U',can ) of  descent  data.  We  note  in  passing  that  U'  is  affine  by 
Lemma  134. 19.161 


And  now  we  can  think  of  V as  a (quasi-compact)  open  V C X Xs  U'  with  the 
property  that  it  is  stable  under  the  descent  datum 

can  : X xs  U'  xs  X X xs  X xj  U\  (xq  ,u',xi)  <— > (xq,x\,u'). 


In  other  words  (xq ,a')  £ V =>  (xi,u')  £ V for  any  xg,xi,u'  mapping  to  the  same 
point  of  S.  Because  X — >•  S is  surjective  we  immediately  find  that  V is  the  inverse 
image  of  a subset  U C U'  under  the  morphism  X xg  U'  — >•  U' . Because  X — > S 
is  quasi-compact,  flat  and  surjective  also  X xg  U'  U'  is  quasi-conrpact  flat  and 
surjective.  Hence  by  Morphisms,  Lemma  28.25.10  this  subset  U C U'  is  open  and 
we  win.  □ 


34.35.  Descent  data  in  terms  of  sheaves 


Here  is  another  way  to  think  about  descent  data  in  case  of  a covering  on  a site. 

Lemma  34.35.1.  Let  r £ {Zariski,  fppf1  etale , smooth , synto?n*c}[®J  Let  SchT  be 
a big  r-site.  Let  S £ Ob (SchT).  Let  {Si  — > S}i^j  be  a covering  in  the  site  ( Sch/S)T . 
There  is  an  equivalence  of  categories 

( descent  data  (. Xi,ipai ) such  that 1 (sheaves  F on  ( Sch/S)T  such  that 

{ each  Xi  £ Ob ((Sch/ S)T)  J ( each  hsi  x F is  representable 

Moreover , 

(1)  the  objects  representing  hsi  x F on  the  right  hand  side  correspond  to  the 
schemes  Xi  on  the  left  hand  side,  and 

(2)  the  sheaf  F is  representable  if  and  only  if  the  corresponding  descent  datum 
(• Xi,ipu /)  is  effective. 


Proof.  We  have  seen  in  Section  34.9  that  representable  presheaves  are  sheaves 
on  the  site  ( Sch/S)T . Moreover,  the  Yoneda  lemma  (Categories,  Lemma  4.3.5) 
guarantees  that  maps  between  representable  sheaves  correspond  one  to  one  with 
maps  between  the  representing  objects.  We  will  use  these  remarks  without  further 
mention  during  the  proof. 


!)The  fact  that  fpqc  is  missing  is  not  a typo.  See  discussion  in  Topologies,  Section 


33.8 
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Let  us  construct  the  functor  from  right  to  left.  Let  F be  a sheaf  on  (Sch/ S)T  such 
that  each  hg,  x F is  representable.  In  this  case  let  Xt  be  a representing  object  in 
(Sch/ S)T.  It  comes  equipped  with  a morphism  Xi  — ?•  Si.  Then  both  Xi  xg  S y and 
Si  Xg  Xti  represent  the  sheaf  hg,  x F x hg.,  and  hence  we  obtain  an  isomorphism 

^Pii'  ■ Xi  X g Si'  y Si  X g Xi> 

It  is  straightforward  to  see  that  the  maps  tpa'  are  morphisms  over  Si  Xg  5V  and 
satisfy  the  cocycle  condition.  The  functor  from  right  to  left  is  given  by  this  con- 
struction F i y ( Xi , <pu'). 

Let  us  construct  a functor  from  left  to  right.  For  each  i denote  Fj  the  sheaf  hx,- 
The  isomorphisms  ipu'  give  isomorphisms 

WiV  : Fi  x hg.,  — > hSi  x Fv 

over  hgi  x hg.,.  Set  F equal  to  the  coequalizer  in  the  following  diagram 

Pr0 

II M'  pi  x hSi>  l LL  Fi * F 

Pri  0Vu> 


02W6 


The  cocycle  condition  guarantees  that  hg,  x F is  isomorphic  to  Ft  and  hence  repre- 
sentable. The  functor  from  left  to  right  is  given  by  this  construction  (Xi,  <pu')  H > F. 


We  omit  the  verification  that  these  constructions  are  mutually  quasi-inverse  func- 
tors. The  final  statements  (1)  and  (2)  follow  from  the  constructions.  □ 


Remark  34.35.2.  In  the  statement  of  Lemma  34.35.1  the  condition  that  hg,  x F 
is  representable  is  equivalent  to  the  condition  that  the  restriction  of  F to  (Sch/ Si) T 
is  representable. 
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Derived  Categories  of  Schemes 


35.1.  Introduction 

In  this  chapter  we  discuss  derived  categories  of  modules  on  schemes.  Most  of  the 
material  discussed  here  can  be  found  in  |TT90|.  |BN93|.  |BV03|.  and  lT,N07l. 
Of  course  there  are  many  other  references. 


35.2.  Conventions 

If  A is  an  abelian  category  and  M is  an  object  of  A then  we  also  denote  M the 
object  of  K{A)  and/or  D(A)  corresponding  to  the  complex  which  has  M in  degree 
0 and  is  zero  in  all  other  degrees. 

If  we  have  a ring  A,  then  K(A)  denotes  the  homotopy  category  of  complexes  of 
A- modules  and  D(A)  the  associated  derived  category.  Similarly,  if  we  have  a ringed 
space  (X,  Ox)  the  symbol  K(Ox)  denotes  the  homotopy  category  of  complexes  of 
Ox-modules  and  D(Ox ) the  associated  derived  category. 


35.3.  Derived  category  of  quasi-coherent  modules 

In  this  section  we  discuss  the  relationship  between  quasi-coherent  modules  and  all 
modules  on  a scheme  X . A reference  is  [TT901  Appendix  B] . By  the  discussion  in 
Schemes,  Section  25.24  the  embedding  QCoh(Ox ) C Mod(Ox ) exhibits  QCoh{Ox) 


as  a weak  Serre  subcategory  of  the  category  of  Ox-modules.  Denote 

DQCoh(@x ) C D(Ox) 

the  subcategory  of  complexes  whose  cohomology  sheaves  are  quasi-coherent,  see 
Derived  Categories,  Section  [13.13|  Thus  we  obtain  a canonical  functor 

(35.3.0.1)  D( QCoh(Ox))  — > DQGoh{Ox) 

see  Derived  Categories,  Equation  ( 13.13.1. i|). 

Lemma  35.3.1.  Let  X be  a scheme.  Then  DQCoh(Ox)  has  direct  sums. 


Proof.  By  Injectives,  Lemma  19.13.4  the  derived  category  D(Ox ) has  direct  sums 


and  they  are  computed  by  taking  termwise  direct  sums  of  any  representatives. 
Thus  it  is  clear  that  the  cohomology  sheaf  of  a direct  sum  is  the  direct  sum  of  the 
cohomology  sheaves  as  taking  direct  sums  is  an  exact  functor  (in  any  Grothendieck 
abelian  category).  The  lemma  follows  as  the  direct  sum  of  quasi-coherent  sheaves 
is  quasi-coherent,  see  Schemes,  Section  [25.24|  □ 


We  will  need  some  information  on  derived  limits.  We  warn  the  reader  that  in  the 
lemma  below  the  derived  limit  will  typically  not  be  an  object  of  DQCoh- 
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OAOJ  Lemma  35.3.2.  Let  X be  a scheme.  Let  (Kn)  be  an  inverse  system  of  DQCohfOx) 
such  that  the  maps  Hq(Kn+ 1)  — > Hq(Kn ) are  surjective  for  all  q £ Z and  n > 1. 
Then  the  derived  limit  K = RlimKn  in  D(Ox)  has  cohomology  sheaves  Hq{K)  = 
lim Hq{Kn).  Moreover,  R\\mHq(Kn)  = lim Hq(I\n). 


Proof.  This  follows  from  Cohomology,  Lemma  [20.31.6|  Namely,  let  B be  the  set 
of  affine  opens  of  X.  The  vanishing  (2)  (a)  follows  from  Cohomology  of  Schemes, 
Lemma [29. 2. 2 The  vanishing  (2)(b)  of  R1  lim  follows  because  the  transition  maps 
H°(U,  Hq(Kn+i))  -A  H°(U,  Hq(Kn))  are  surjective  for  affine  open  subschemes  of 
X by  Schemes,  Lemma  [25. 7. 5[  □ 


The  following  lemma  will  help  us  to  “compute”  a right  derived  functor  on  an  object 
oiDQCoh(Ox). 

08D3  Lemma  35.3.3.  Let  X be  a scheme.  Let  E be  an  object  of  DQCoh(Ox)-  Then 
the  canonical  map  E — > RlimT>-nE  is  an  isomorphisi 70 

Proof.  Denote  R1  = H'{E ) the  itYi  cohomology  sheaf  of  E.  Let  B be  the  set  of 
affine  open  subsets  of  X.  Then  Hp(U,TLl)  = 0 for  all  p > 0,  all  i £ Z,  and  all 
U £ B,  see  Cohomology  of  Schemes,  Lemma  [29. 2.2|  Thus  the  lemma  follows  from 
Cohomology,  Lemma |20.31.4|  □ 

08D4  Lemma  35.3.4.  Let  X be  a scheme.  Let  F : Mod{Ox)  — > Ab  be  an  additive 
functor  and  N > 0 an  integer.  Assume  that 

(1)  F commutes  with  countable  direct  products, 

(2)  RPF(J -)  = 0 for  all  p > N and  T quasi- coherent. 

Then  for  E £ D QCohiPx)  the  maps  RPF(E)  — > Rp F (r>p_ n +iE)  are  isomor- 
phisms. 


Proof.  By  shifting  the  complex  we  see  it  suffices  to  prove  the  assertion  for  p = 0. 
Write  En  = r>-nE.  We  have  E = RY\mEn,  see  for  p = 0.  Write  En  = r>-nE. 
We  have  E = R\m\En , see  Lemma  35.3.3  Thus  RF(E)  = i?lim RF (En)  in  D(Ab) 
by  Injectives,  Lemma  [19. 13. 6[  Thus  we  have  a short  exact  sequence 

0 R1  lim  R~1F(En)  ->•  R°F{E)  lim  R°F(En)  ->•  0 

see  More  on  Algebra,  Remark  |15.68.16]  To  finish  the  proof  we  will  show  that  the 
term  on  the  left  is  zero  and  that  the  term  on  the  right  equals  R0F(EX- 1). 

We  have  a distinguished  triangle 

H~n{E)[n]  ^En^  En_x  -A  H~n(E)[n  + 1] 

(Derived  Categories,  Remark |l3. 12.4)  in  D(Ox )•  Since  H~n(E)  is  quasi-coherent 
we  have 

RpF(H~n{E)[n ])  = Rp+nF(H~n(E ))  = 0 

for  p + n > N and 

RpF(H~n(E)[n+  1])  = Rp+n+1F(H~n(E))  = 0 
for  p + n + 1 > N.  We  conclude  that 

RpF(En)  -A  RpF(En_  1) 


1 1 n particular,  E has  a K-injective  representative  as  in  Cohomology,  Lemma 


20.32.1 
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is  an  isomorphism  for  all  n^$>  p and  an  isomorphism  for  n > N for  p = 0.  Thus  the 
systems  RPF(En)  all  satisfy  the  ML  condition  and  R 1 lim  gives  zero  (see  discussion 
in  More  on  Algebra,  Section  15.68).  Moreover,  the  system  R°F(r>-nE ) is  constant 
starting  with  n = N — 1 as  desired.  □ 

The  following  lemma  is  the  key  ingredient  to  many  of  the  results  in  this  chapter. 

Lemma  35.3.5.  Let  X = Spec(A)  be  an  affine  scheme.  All  the  functors  in  the 
diagram 


D(QCoh(Ox)) 


<|35.3.0.1[ 


D(A) 


DQCoh(Ox) 


are  equivalences  of  triangulated  categories.  Moreover,  for  E in  D QCoh(Ox)  we  have 
H° {X,E)  = H° (X,  H°(E)). 


Proof.  The  functor  i?T(X,  — ) gives  a functor  D(Ox) 
striction  a functor 


D(A)  and  hence  by  re- 


06  YU  (35.3.5.1) 


i?T(X,-)  : DQCoh(Ox ) — ► D{A). 


We  will  show  this  functor  is  quasi-inverse  to  (35.3.0.1 1 via  the  equivalence  between 


quasi-coherent  modules  on  X and  the  category  of  A-modules. 

Elucidation.  Denote  (Y,  Oy)  the  one  point  space  with  sheaf  of  rings  given  by  A. 
Denote  n : (X,Ox)  — > (Y,Oy)  the  obvious  morphism  of  ringed  spaces.  Then 
RT(X,  — ) can  be  identified  with  Rnt  and  the  functor  (35.3.0.1 ) via  the  equivalence 
Mod(Oy ) = Modn  = QCoh(Ox)  can  be  identified  with  Ln*  = n*  =~(see  Modules, 
Lemma  17.10.5  and  Schemes,  Lemmas  25.7.1  and  25.7.51.  Thus  the  functors 


D{A), 


. DQGoh(Ox ) 


are  adjoint  (by  Cohomology,  Lemma  20.29.1).  In  particular  we  obtain  canonical 
adjunction  mappings 

a : RT(X^E)  — > E 

for  E in  D(Ox)  and 

b : M*  — » RT(X,M») 
for  M*  a complex  of  A-modules. 

to  the  functor 


35.3.4 


Let  E be  an  object  of  DQCohiPx )■  We  may  apply  Lemma 
F(-)  = T(X,  — ) with  N = 1 by  Cohomology  of  Schemes,  Lemma  29.2.2  Hence 

i?°r(x,  e)  = i?°r(x,  t>0e)  = r(x,  h°(e)) 

(the  last  equality  by  definition  of  the  canonical  truncation) . Using  this  we  will  show 
that  the  adjunction  mappings  a and  b induce  isomorphisms  FI0 (a)  and  H°(b).  Thus 
a and  b are  quasi-isomorphisms  (as  the  statement  is  invariant  under  shifts)  and  the 
lemma  is  proved. 


In  both  cases  we  use  that  is  an  exact  functor  (Schemes,  Lemma  25.5.4).  Namely, 
this  implies  that 


H 


(^RffiX^E)^  = R°T{X,E)  = Y(£ffiffi(E)) 
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which  is  equal  to  H°(E)  because  H°(E)  is  quasi-coherent.  Thus  H°(a ) is  an  iso- 
morphism. For  the  other  direction  we  have 

H°(RT(X,  M*))  = R°T(X,  M*)  = T(X,  H°(M •))  = T(X,  H°(M*))  = H°(M *) 
which  proves  that  H°(b ) is  an  isomorphism.  □ 

08DV  Lemma  35.3.6.  Let  X = Spec(A)  be  an  affine  scheme.  If  K*  is  a K-flat  complex 
of  A-modules,  then  K*  is  a K-flat  complex  of  Ox -modules. 


Proof.  By  More  on  Algebra,  Lemma  15.49.5  we  see  that  K*  (&a  Ap  is  a K-flat  com- 
plex of  Ag-modules  for  every  p G Spec(A).  Hence  we  conclude  from  Cohomology, 


Lemma 


20.27.4 


(and  Schemes,  Lemma  25.5.41  that  K*  is  K-flat. 


08DW 


Lemma  35.3.7.  Let  f : Y — ► X be  a morphism  of  schemes. 

(1)  The  functor  Lf*  sends  DQCoh{Ox)  into  DQCoh{0Y). 

(2)  If  X and  Y are  affine  and  f is  given  by  the  ring  map  A 
diagram 

D{B) D QCohiOy ) 


□ 


B,  then  the 


-®AB 

D{A) 

commutes. 

Proof.  We  first  prove  the  diagram 

D(B) 

A 

~®ab 

D(A) 


Lf * 


' B QCohiO X ) 


■ D{Oy ) 
Lf * 

■D(Ox) 


commutes.  This  is  clear  from  Lemma  135.3.61  and  the  constructions  of  the  functors 
in  question.  To  see  (1)  let  E be  an  object  of  DQCohiPx)-  To  see  that  Lf*E  has 
quasi-coherent  cohomology  sheaves  we  may  work  locally  on  A'.  Note  that  Lf*  is 
compatible  with  restricting  to  open  subschemes.  Hence  we  can  assume  that  / is  a 


morphism  of  affine  schemes  as  in  (2).  Then  we  can  apply  Lemma  35.3.5  to  see  that 


E comes  from  a complex  of  A-modules.  By  the  commutativity  of  the  first  diagram 
of  the  proof  the  same  holds  for  Lf*E  and  we  conclude  (1)  is  true.  □ 

08DX  Lemma  35.3.8.  Let  X be  a scheme. 

(1)  For  objects  K,  L of  D QCohfO  x)  the  derived  tensor  product  K i g)^,  , L is  in 
DQCoh(Ox). 

(2)  If  X = Spec(A)  is  affine  then 


M*  ®gx  K*  = M* 

for  any  pair  of  complexes  of  A-modules  K* , M* . 

Proof.  The  equality  of  (2)  follows  immediately  from  Lemma  [35.3.6  and  the  con- 


struction of  the  derived  tensor  product.  To  see  (1)  let  K , L be  objects  of  DQCoh(Ox). 
To  check  that  K ®L  L is  in  DQCoh(Ox)  we  may  work  locally  on  X . hence  we  may 
assume  X = Spec(A)  is  affine.  By  Lemma  35.3.5  we  may  represent  K and  L by 
complexes  of  A-modules.  Then  part  (2)  implies  the  result.  □ 


35.4.  TOTAL  DIRECT  IMAGE 
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35.4.  Total  direct  image 

08DY  The  following  lemma  is  the  analogue  of  Cohomology  of  Schemes,  Lemma  |29.4.5| 

08D5  Lemma  35.4.1.  Let  f : X -A-  S be  a morphism  of  schemes.  Assume  that  f is 
quasi-separated  and  quasi-compact. 

(1)  The  functor  Rf*  sends  DQCoh{Ox)  into  DQCoh(Os). 

(2)  If  S is  quasi-compact,  there  exists  an  integer  N = N(X,S,f)  such  that 
for  an  object  E of  D QCoh(0 x)  with  Hm(E)  = 0 for  to  > 0 we  have 
Hm(Rf*E)  =0  form  >N. 

(3)  In  fact,  if  S is  quasi-compact  we  can  find  N = N(X,  S,  /)  such  that  for 
every  morphism  of  schemes  S'  -A  S the  same  conclusion  holds  for  the 
functor  R(f ')»  where  f : X'  -A  S'  is  the  base  change  of  f. 


Proof.  Let  E be  an  object  of  DQc0h{Ox).  To  prove  (1)  we  have  to  show  that 
Rf*E  has  quasi-coherent  cohomology  sheaves.  The  question  is  local  on  S,  hence 
we  may  assume  S is  quasi-compact.  Pick  N = N{X,S,f)  as  in  Cohomology  of 
Schemes,  Lemma  [29.4.5|  Thus  Rpf*J-  = 0 for  all  quasi-coherent  Ox-modules  T 
and  all  p > N and  the  same  remains  true  after  base  change. 


First,  assume  E is  bounded  below.  We  will  show  (1)  and  (2)  and  (3)  hold  for  such 
E with  our  choice  of  N.  In  this  case  we  can  for  example  use  the  spectral  sequence 


Rpf*Hq(E)  =>  Rp+qf*E 

(Derived  Categories,  Lemma  13.21.3|),  the  quasi-coherence  of  Rp f*Hq(E),  and  the 
vanishing  of  Rp f*Hq(E)  for  p > N to  see  that  (1),  (2),  and  (3)  hold  in  this  case. 


Next  we  prove  (2)  and  (3).  Say  Hm(E ) = 0 for  to  > 0.  Let  U C S be  affine 
open.  By  Cohomology  of  Schemes,  Lemma  |29.4.6|  and  our  choice  of  N we  have 
Hp(f~1(U),E)  = 0 for  p > N and  any  quasi-coherent  Ox-module  T.  Hence  we 
may  apply  Lemma  35.3.4  to  the  functor  T(/_1(f7),  — ) to  see  that 


RT(U,Rf*E)  = RT(f~l(U),E) 


has  vanishing  cohomology  in  degrees  > N.  Since  this  holds  for  all  U C S affine 
open  we  conclude  that  Hm(Rf*E)  = 0 for  m > N. 

Next,  we  prove  (1)  in  the  general  case.  Recall  that  there  is  a distinguished  triangle 


r<-n-iE  — > E — > r>-nE  — > (r<_ra_iL/)  [1] 


in  D{Ox),  see  Derived  Categories,  Remark  13.12.4  By  (2)  we  see  that 

has  vanishing  cohomology  sheaves  in  degrees  > — n+N.  Thus,  given  an  integer  q we 

see  that  Rqf*E  is  equal  to  Rq  f*r>-nE  for  some  n and  the  result  above  applies.  □ 


08DZ  Lemma  35.4.2.  Let  f : X — >•  S be  a quasi- separated  and  quasi-compact  morphism 
of  schemes.  Then  Rf * : DQCoh{Ox ) -A  DQCohiOs)  commutes  with  direct  sums. 


Proof.  Let  E,  be  a family  of  objects  of  DQCoh(0.x)  and  set  E = ©FY  We  want 
to  show  that  the  map 

0 RUEi  — ► RUE 

is  an  isomorphism.  We  will  show  it  induces  an  isomorphism  on  cohomology  sheaves 
in  degree  0 which  will  imply  the  lemma.  Choose  an  integer  N as  in  Lemma [35.4. 1| 
Then  R°f*E  = R° f*T>_xE  and  R°f^Ei  = R° /*t>_x-Ea  by  the  lemma  cited. 
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Observe  that  t>-nE  = ®t>_at-Ei.  Thus  we  may  assume  all  of  the  Ei  have 
vanishing  cohomology  sheaves  in  degrees  < —N.  Next  we  use  the  spectral  sequences 


Rpf*Hq{E)  =►  RP+ift.E  and  Rpf*Hq{Ei)  =>  Rp+qf^Et 


(Derived  Categories,  Lemma  13.21.3)  to  reduce  to  the  case  of  a direct  sum  of 
quasi-coherent  sheaves.  This  case  is  handled  by  Cohomology  of  Schemes,  Lemma 
129.6.11  □ 


35.5.  Affine  morphisms 

OAVV  In  this  section  we  collect  some  information  about  pushforward  along  an  affine  mor- 
phism of  schemes. 

0818  Lemma  35.5.1.  Let  f : X — ► S be  an  affine  morphism  of  schemes.  Then  Rffi  : 
E>QCoh(Ox)  ->  DQCoh(Os)  reflects  isomorphisms. 


Proof.  The  statement  means  that  a morphism  a : E — >•  F of  D Qc0h(0 x)  is 
an  isomorphism  if  Rf*a  is  an  isomorphism.  We  may  check  this  on  cohomology 
sheaves.  In  particular,  the  question  is  local  on  S.  Hence  we  may  assume  S and 
therefore  X is  affine.  In  this  case  the  statement  is  clear  from  the  description  of 
the  derived  categories  Dqc0h{Ox)  and  D QCohiO s)  given  in  Lemma  35.3.5  Some 
details  omitted.  □ 


0819  Lemma  35.5.2.  Let  f : X —t  S be  an  affine  morphism  of  schemes.  For  E in 
DQCohiPs ) we  have  Rfffif*E  = E f*Ox. 

Proof.  Since  / is  affine  the  map  f*Ox  — > Rf*Ox  is  an  isomorphism  (Cohomology 
of  Schemes,  Lemma  29.2.3 ).  There  is  a canonical  map  £'®L  f*Ox  = EtgffiRf^Ox  — 1 


Rf*Lf*E  adjoint  to  the  map 

Lf*(E  ®L  RffiOx)  = Lf*E  ( 


LfRffiOx  — ► Lf*E  Ox  = Lf*E 


coming  from  1 : Lf*E  — ► Lf*E  and  the  canonical  map  Lf*  Rf*Ox  — > Ox ■ To 
check  the  map  so  constructed  is  an  isomorphism  we  may  work  locally  on  S.  Hence 
we  may  assume  S and  therefore  X is  affine.  In  this  case  the  statement  is  clear 
from  the  description  of  the  derived  categories  DQCohiPx ) and  DQCohiPs ) and  the 
functor  Lf*  given  in  Lemmas  |35.3.5|  and  |35.3.7l  Some  details  omitted.  □ 


Let  Y be  a scheme.  Let  A be  a sheaf  of  Oy-algebras.  We  will  denote  Dqcohi^) 
the  inverse  image  of  DQCoh(Ox)  under  the  restriction  functor  D(A)  — > D{Ox)- 
In  other  words,  K G D(A)  is  in  DQCoh(A)  if  and  only  if  its  cohomology  sheaves 
are  quasi-coherent  as  Ox-modules.  If  A is  quasi-coherent  itself  this  is  the  same  as 
asking  the  cohomology  sheaves  to  be  quasi-coherent  as  A-modules,  see  Morphisms, 
Lemma  128.12.61 

OAVW  Lemma  35.5.3.  Let  f : X Y be  an  affine  morphism  of  schemes.  Then  /* 
induces  an  equivalence 

$ : DQCohiPx ) > DQCoh(f*Ox ) 

whose  composition  with  DQCoh(f*Ox ) -t  DQCoh(0Y)  is  Rf * : DQCohiOx)  -> 
D QCohiOy  ) ■ 
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Proof.  Recall  that  Rf*  is  computed  on  an  object  K G DQCoh(Ox)  by  choosing 
a K-injective  complex  I*  of  Cby-modules  representing  K and  taking  ffiZ*.  Thus 
we  let  $(A')  be  the  complex  /* X*  viewed  as  a complex  of  /*C,.\-modules.  Denote 
g : (A',  Ox)  — > {Y,f*Ox)  the  obvious  morphism  of  ringed  spaces.  Then  g is  a 
flat  morphism  of  ringed  spaces  (see  below  for  a description  of  the  stalks)  and  >I> 
is  the  restriction  of  Rg * to  DQCoh{Ox )■  We  claim  that  Lg*  is  a quasi-inverse. 
First,  observe  that  Lg*  sends  DQCoh{f*Ox)  into  DQCohiPx)  because  g*  transforms 
quasi-coherent  modules  into  quasi-coherent  modules  (Modules,  Lemma  17.10.4).  To 
finish  the  proof  it  suffices  to  show  that  the  adjunction  mappings 

Lg*Q(K)  = Lg*RgJ<  -A  K and  M ->  Rg*Lg* M = ${Lg*M) 

are  isomorphisms  for  K G DQCohiPx ) and  M G DQCoh(f*Ox)-  This  is  a local 
question,  hence  we  may  assume  Y and  therefore  X are  affine. 

Assume  Y = Spec  (B)  and  X = Spec(A).  Let  p = iG  Spec(A)  = X be  a point 
mapping  to  q = y G Spec(-B)  = Y.  Then  ( f*Ox)y  = Aq  and  Ox,x  = Ap  hence  g 
is  flat.  Hence  g*  is  exact  and  Hl(Lg* M)  = g*Hl(M ) for  any  M in  D(f^Ox)-  For 
K G DQcoh{Px ) we  see  that 

= H\Rf*K)  = UH\K) 


08E0 


08E1 


08E2 


by  the  vanishing  of  higher  direct  images  (Cohomology  of  Schemes,  Lemma  29.2.3) 
and  Lemma  |35]33J  Thus  it  suffice  to  show  that 

g*g*D  -A  T and  Q — > g*g*R 

are  isomorphisms  where  T is  a quasi-coherent  Ox_module  and  Q is  a quasi-coherent 
/♦Ox-module.  This  follows  from  Morphisms,  Lemma [28. 12. 6[  □ 

35.6.  Derived  category  of  coherent  modules 

Let  X be  a locally  Noetherian  scheme.  In  this  case  the  category  Coh(Ox)  C 
Mod(Ox)  of  coherent  Ox-modules  is  a weak  Serre  subcategory,  see  Homology, 
Section  fl2.9|  and  Cohomology  of  Schemes,  Lemma [29.9. 2|  Denote 

Dcoh(Ox)  C D{Ox) 

the  subcategory  of  complexes  whose  cohomology  sheaves  are  coherent,  see  Derived 
Categories,  Section  [13.131  Thus  we  obtain  a canonical  functor 

(35.6.0.1)  D{Coh{Ox))  — >•  Dcoh(Ox) 


see  Derived  Categories,  Equation  (13.13.1.1). 

Lemma  35.6.1.  Let  S be  a Noetherian  scheme.  Let  f : X — > S be  a morphism  of 
schemes  which  is  locally  of  finite  type.  Let  E be  an  object  of  DbCoh(Ox)  such  that 
the  scheme  theoretic  support  of  Hl{E)  is  proper  over  S for  all  i.  Then  Rf*E  is  an 
object  of  DbCoh(Os). 

Proof.  Consider  the  spectral  sequence 

Rp  f*Hq(E)  =►  Rp+qpE 

see  Derived  Categories,  Lemma[~13.21.3|  By  assumption  and  Cohomology  of  Schemes, 
Remark  29.18.2  the  sheaves  Rp firHq{E)  are  coherent.  Hence  Rp+q f*E  is  coherent, 
i.e.,  E G Dcohids)-  Boundedness  from  below  is  trivial.  Boundedness  from  above 
follows  from  Cohomology  of  Schemes,  Lemma [29.4.5|  or  from  Lemma [35.4. 1|  □ 
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35.7.  The  coherator 


08D6  Let  X be  a scheme.  The  coherator  is  a functor 


Qx  ■ Mod{Ox)  — > QCoh(Ox) 

which  is  right  adjoint  to  the  inclusion  functor  QCoh(Ox)  —>  Mod(Ox)-  It  exists 
for  any  scheme  X and  moreover  the  adjunction  mapping  Qx(J~)  ->  J is  an  iso- 
morphism for  every  quasi-coherent  module  J7,  see  Properties,  Proposition  |27.23.4[ 
Since  Qx  is  left  exact  (as  a right  adjoint)  we  can  consider  its  right  derived  extension 

RQx  : D(Ox)  — > D(QCoh(Ox)). 


08D7 


As  this  functor  is  constructed  by  applying  Qx  to  a K-injective  replacement  we  see 
that  RQx  is  a right  adjoint  to  the  canonical  functor  D{QCoh(Ox ))  — t D(Ox)- 


Lemma  35.7.1.  Let  f : X — ► Y be  an  affine  morphism  of  schemes.  Then  /* 
defines  a derived  functor  /*  : D{QCoh{Ox))  — > D(QCoh(Oy)) . This  functor  has 
the  property  that 


D(QCoh(Ox)) * DQCoh{Ox ) 


V 


D{QCoh(Oy )) 


Rf, 


V 

DQCohiPy ) 


commutes. 


08D8 


Proof.  The  functor  /* 
Schemes,  Lemma  29.2.3 


: QCoh(Ox)  — y QCoh(Oy)  is  exact,  see  Cohomology  of 
Hence  /*  defines  a derived  functor  /*  : D(QCoh(Ox ))  — t 
D(QCoh{Oy))  by  simply  applying  /*  to  any  representative  complex,  see  Derived 
Categories,  Lemma[l3.17.9[  For  any  complex  of  Ox-modules  Tm  there  is  a canonical 
map  /*  J-%  — > Rf*J-m.  To  finish  the  proof  we  show  this  is  a quasi-isomorphism  when 
T%  is  a complex  with  each  J-n  quasi-coherent.  As  the  statement  is  invariant  under 
shifts  it  suffices  to  show  that  7L°(/*(Jr*))  — > R° f*T*  is  an  isomorphism.  The 
statement  is  local  on  Y hence  we  may  assume  Y affine.  By  Lemma  |35.4.1|  we 
have  R° f*iF*  = R° f*T>_nF*  for  all  sufficiently  large  n.  Thus  we  may  assume 
T*  bounded  below.  As  each  Rn  is  /*-acyclic  by  Cohomology  of  Schemes,  Lemma 
29.2.3|  we  see  that  /*  J7*  — >•  Rf*X*  is  a quasi-isomorphism  by  Leray’s  acyclicity 
lemma  (Derived  Categories,  Lemma  13.17.7l.  □ 


Lemma  35.7.2.  Let  f : X — » Y be  a morphism  of  schemes.  Assume  that 

(1)  / is  quasi-compact,  quasi-separated,  and  flat,  and 

(2)  denoting 

$ : D(QCoh{Ox ))  -»•  D{QCoh{Oy )) 
the  right  derived  functor  of  f*  : QCoh(Ox)  — >•  QCoh(Oy)  the  diagram 


D(QCoh(Ox)) * DQCoh{Ox ) 


$ 

Y 


D{QCoh(Oy)) 


Rf, 


V 

L>QGoh{Oy) 


commutes. 

Then  RQy  o Rf * = o RQx  ■ 
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Proof.  Since  / is  quasi-compact  and  quasi-separated,  we  see  that  /*  preserve  quasi- 
coherence, see  Schemes,  Lemma  25.24.1  Recall  that  QCoh(Ox)  is  a Grothendieck 
abelian  category  (Properties,  Proposition  27.23.4).  Hence  any  K in  D{QCoh{Ox)) 
can  be  represented  by  a K-injective  complex  I*  of  QCoh(Ox),  see  Injectives,  The- 
orem 


19.12.6  Then  we  can  define  4)(A')  = /*I*. 


Since  / is  flat,  the  functor  f*  is  exact.  Hence  f*  defines  f*  : D(Oy)  — t D{Ox) 
and  also  f*  : D(QCoh(Oy))  -A  D(QCoh(Ox ))•  The  functor  /*  = Lf*  : D{Oy)  — > 
D(Ox)  is  left  adjoint  to  i?/*  : D(Ox)  — t D(Oy),  see  Cohomology,  Lemma  20.29.1 
Similarly,  the  functor  /*  : D(QCoh(Oy ))  — ► D(QCoh(Ox ))  is  left  adjoint  to  $ : 
D(QCoh(Ox))  — > D{QCoh(Oy))  by  Derived  Categories,  Lemma  13.28.4 


Let  A be  an  object  of  D(QCoh(Oy))  and  E an  object  of  D(Ox)-  Then 
AomD(QCoh(oY))(A,  RQy(Rf*E))  = Horn d^qy)(A,  Rf^E) 

= Hom  D{0x){fA,E) 

= Horn D(QCoh(ox)){f*  A,  RQx{E )) 
= Hom£)(QCo^(Ciy))(H,  $(RQx(E))) 

This  implies  what  we  want. 


□ 


08D9  Lemma  35.7.3.  Let  X = Spec(H)  be  an  affine  scheme.  Then 

(1)  Qx  ■ Mod(Ox)  —>  QCoh(Ox)  is  the  functor  which  sends  T to  the  quasi- 
coherent  Ox-module  associated  to  the  A-module  T{X,JC), 

(2)  RQx  '■  D[Ox)  — > D(QCoh(Ox ))  is  the  functor  which  sends  E to  the 
complex  of  quasi- coherent  Ox-modules  associated  to  the  object  RT(X,E) 
ofD(A), 

(3)  restricted  to  D QCoh(0 x)  the  functor  RQ x defines  a quasi-inverse  to  \35.3. 0.i). 

Proof.  The  functor  Qx  is  the  functor 


08DA 


JrhAr(X,  E) 


by  Schemes,  Lemma  25.7.1  This  immediately  implies  (1)  and  (2). 


assertion  follows  from  (the  proof  of)  Lemma  35.3.5 


The  third 
□ 


Definition  35.7.4.  Let  X be  a scheme.  Let  E be  an  object  of  D(Ox)-  Let  T C X 
be  a closed  subset.  We  say  E is  supported  on  T if  the  cohomology  sheaves  Hl(E) 
are  supported  on  T. 


08DB 


Proposition  35.7.5.  Let  X be  a quasi- compact  scheme  with  affine  diagonal.  Then 
the  functor  1 35. 3.0.1 ) 

D(QCoh(Ox))  — * D QCoh{0 x) 

is  an  equivalence  with  quasi-inverse  given  by  RQx  ■ 


Proof.  In  this  proof  we  will  denote  ix  ■ D(QCoh(Ox ))  — t DQCoh(Ox)  the  func- 
tor of  the  lemma.  Let  E be  an  object  of  DQCoh(@x)  and  let  A be  an  object  of 
D(QCoh{Ox ))■  We  have  to  show  that  the  adjunction  maps 

RQx{ix{A))  — > A and  E —>  ix(RQx{E)) 

are  isomorphisms.  We  will  prove  this  by  induction  on  n:  the  smallest  integer  n > 0 
such  that  E and  ix(A)  are  supported  on  a closed  subset  of  X which  is  contained 
in  the  union  of  n affine  opens  of  X. 
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Base  case:  n = 0.  In  this  case  E = 0.  hence  the  map  E — ► ix(RQx{E))  is 
an  isomorphism.  Similarly  ix(A)  = 0.  Thus  the  cohomology  sheaves  of  ix(A) 
are  zero.  Since  the  inclusion  functor  QCoh(0\ ) — > Mod(Ox)  is  fully  faithful  and 
exact,  we  conclude  that  the  cohomology  objects  of  A are  zero,  i.e. , A = 0 and 
RQx(ix(A))  — ► A is  an  isomorphism  as  well. 


Induction  step.  Suppose  that  E and  ix(A)  are  supported  on  a closed  subset  T of 
X contained  in  U\  U . . . U Un  with  U-i  C X affine  open.  Set  U = Un.  The  inclusion 
morphism  j : U — >■  X is  flat  and  affine  (Morphisms,  Lemma  28.12.11).  Consider 
the  distinguished  triangles 

A -A  j*(A\u)  -»•  A'  ->  A[l]  and  E ->  Rj.(E\u)  -»•  E'  -a  E[  1] 


where  j*  is  as  in  Lemma  35.7. 1|  Note  that  E — » Rj*(E\u)  is  a quasi-isomorphism 


over  U = Un.  Since  ix°j*  = Rj*oijj  by  Lemma  35.7.1  and  since  ix{A)\u  = ijj(A\jj) 
we  see  that  ix{A)  —>  ix(j*(A\u))  is  a quasi-isomorphism  over  U.  Hence  ix(A’)  and 
E'  are  supported  on  the  closed  subset  T\U  of  X which  is  contained  in  U\U. . .VAJn-\. 
By  induction  hypothesis  the  statement  is  true  for  A!  and  E' . By  Derived  Categories, 
Lemma[l3.4.3|it  suffices  to  prove  the  maps 

RQx{ix{j*{A\u)))  — t j*{A\u)  and  Rj*(E\u)  -a-  ix (RQ x (Rj*E\u)) 
are  isomorphisms.  By  Lemmas  |35. 7. 1|  and|35.7T2]  we  have 

RQx(ix(j*{A\u)))  = RQx(Rj*(iu{A\u )))  = j*RQu(iu{A\u)) 


and 

ix(RQx(Rj*(E\u)))  — ix(j*RQu(E\u ))  = Rj*{iu{RQu{E\u))) 

Finally,  the  maps 


RQu{iu{A\u))  — t A\u  and  E\u  — > iu{RQu{E\u)) 
are  isomorphisms  by  Lemma|35.7.3|  The  result  follows. 


□ 


35.7.5 


we  see  that  we  have 


Remark  35.7.6.  Analyzing  the  proof  of  Proposition 
shown  the  following.  Let  X be  a quasi-compact  and  quasi-separated  scheme.  Sup- 
pose that  for  every  affine  open  U C X the  right  derived  functor 


$ : D(QCoh(Ojj))  -A  D(QCoh(Ox )) 


of  the  left  exact  functor  j*  : QCoh(Ou ) — > QCoh(Ox ) fits  into  a commutative 
diagram 


D(QCoh(Ou))  ^ DQCoh(Ou) 

IV 


$ 

Y 


D(QCoh(Ox)) 


ix 


Rj . 


V 

Dqcoh(Ox ) 


Then  the  functor  (35.3.0.1) 


D(QCoh(Ox))  — ► DQCoh(Ox ) 


is  an  equivalence  with  quasi-inverse  given  by  RQx- 
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35.8.  The  coherator  for  Noetherian  schemes 


In  the  case  of  Noetherian  schemes  we  can  use  the  following  lemma. 

Lemma  35.8.1.  Let  X be  a Noetherian  scheme.  Let  J be  an  injective  object  of 
QCoh(Ox )■  Then  J is  a flasque  sheaf  of  Ox -modules. 

Proof.  Let  U C X be  an  open  subset  and  let  s £ J (U)  be  a section.  Let  I C X 
be  the  quasi-coherent  sheaf  of  ideals  defining  the  reduced  induced  scheme  structure 


on  X \ U (see  Schemes,  Definition  25.12.5).  By  Cohomology  of  Schemes,  Lemma 

As  J is  an 
J . Then  s 
□ 


|29.10.4|  the  section  s corresponds  to  a map  a : In  — > J for  some  n. 
injective  object  of  QCoh(Ox)  we  can  extend  a to  a map  s : Ox  — > 
corresponds  to  a global  section  of  J restricting  to  s. 


Lemma  35.8.2.  Let  f : X -A  Y be  a morphism  of  Noetherian  schemes.  Then 
/*  on  quasi-coherent  sheaves  has  a right  derived  extension  $ : D(QCoh(Ox))  — t 
D^QCohjOy))  such  that  the  diagram 


D{QCoh(Ox )) 


D(QCoh(Oy )) 


T>QCoh(Ox) 


Rf . 


' D QCoh(Oy) 


commutes. 


Proof.  Since  X and  Y are  Noetherian  schemes  the  morphism  is  quasi-compact  and 
quasi-separated  (see  Properties,  Lemma  |27.5.4  and  Schemes,  Remark  25.21.18). 
Thus  /*  preserve  quasi-coherence,  see  Schemes,  Lemma  [25.24. 1|  Next,  Let  K be 
an  object  of  D(QCoh{Ox ))■  Since  QCoh(Ox ) is  a Grothendieck  abelian  category 
(Properties,  Proposition  27.23.4),  we  can  represent  K by  a K-injective  complex 


I*  such  that  each  In  is  an  injective  object  of  QCoh(Ox),  see  Injectives,  Theorem 
|19.12.6|  Thus  we  see  that  the  functor  is  defined  by  setting 

*(K)  = f*Z' 

where  the  right  hand  side  is  viewed  as  an  object  of  D{QCoh(Oy)).  To  finish  the 
proof  of  the  lemma  it  suffices  to  show  that  the  canonical  map 

/*x*  — ■>  Rf*r 

is  an  isomorphism  in  D(Oy).  To  see  this  it  suffices  to  prove  the  map  induces  an 
isomorphism  on  cohomology  sheaves.  Pick  any  m £ Z.  Let  N = N(X,Y,f)  be  as 
in  Lemma|35.4.1|  Consider  the  short  exact  sequence 

0 — * cr>m_jv_ \T*  — > T*  — > <7<m_jv-2^*  0 

of  complexes  of  quasi-coherent  sheaves  on  X . By  Lemma  [35.4. 1|  we  see  that  the 
cohomology  sheaves  of  Rf*<J<m-N-2Y'  are  zero  in  degrees  > m — 1.  Thus  we 
see  that  RmfirT'  is  isomorphic  to  Rm/*cr>m_Ar_iI*.  In  other  words,  we  may 
assume  that  I*  is  a bounded  below  complex  of  injective  objects  of  QCoh(Ox)- 


This  follows  from  Leray’s  acyclicity  lemma  (Derived  Categories,  Lemma  13.17.7) 
via  Cohomology,  Lemma [20. 13. 5|  and  Lemma [35.8. 1|  □ 


Proposition  35.8.3.  Let  X be  a Noetherian  scheme.  Then  the  functor  (35.3.0.1) 

D(QCoh(Ox))  —>  DQCoh(Ox) 

is  an  equivalence  with  quasi-inverse  given  by  RQx  ■ 


35.9.  KOSZUL  COMPLEXES 
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08CY 


08CZ 


08D0 


HA 


,fr)  = 


Proof.  This  follows  using  the  exact  same  argument  as  in  the  proof  of  Proposition 
|35.7.5|  using  Lemma |35.8.2|  See  discussion  in  Remark |35.7.6|  □ 

35.9.  Koszul  complexes 

Let  A be  a ring  and  let  A,  • • • , A be  a sequence  of  elements  of  A.  We  have  defined 
the  Koszul  complex  A’.  (f\ , fr)  in  More  on  Algebra,  Definition  15.22.2  It  is 
a chain  complex  sitting  in  degrees  r, . . . , 0.  We  turn  this  into  a cochain  complex 
K*(fi,...,fr)  by  setting  K~n(f1, . . . , fr)  = Kn(flt . . . , fr)  and  using  the  same 
differentials.  In  the  rest  of  this  section  all  the  complexes  will  be  cochain  complexes. 

We  define  a complex  HA, . . . , fr)  such  that  we  have  a distinguished  triangle 

HA,  ■ • • , A)  ->  A ->  K*(A,  . . • , fr)  -»•  HA,  ■ ■ • , A)[l] 

in  K{A).  In  other  words,  we  set 

'Ki~1(f1,...,fr)  if  * < 0 
0 else 

and  we  use  the  negative  of  the  differential  on  AT*(A> . . . , fr).  The  maps  in  the 
distinguished  triangle  are  the  obvious  ones.  Note  that  . . . , fr)  = A®r  — > A is 

given  by  multiplication  by  fi  on  the  ith  factor.  Hence  J*(A> . . . , fr)  — > A factors 
as 

I* (fit  ■ ■ ■ t fr)  —• > I —• > A 

where  I = (A, . . . , fr).  In  fact,  there  is  a short  exact  sequence 

o _►  A,  o 

and  for  every  i < 0 we  have  . . . , fr))  = Hr~1{ . . . , fr).  Observe 

that  given  a second  sequence  gi, ...  ,gr  of  elements  of  A there  are  canonical  maps 

r(fl9lf  -,fr9r)  I'(hf-tfr)  and  K*  (hgi,  . . ■ , fr9r)  K*  (A , • • ■ , fr) 
compatible  with  the  maps  described  above.  The  first  of  these  maps  is  given  by 
multiplication  by  gi  on  the  ith  summand  of  I°(figi, . . . , frgr ) = A®r . In  particular, 
given  A,---,  A we  obtain  an  inverse  system  of  complexes 

(35.9.0.1)  /•( fit ...,fr)<-  HA2, • • • , A2)  <-  HA3, • • ■ , A3)  <-  ■ • • 

which  will  play  an  important  role  in  that  which  is  to  follow.  To  easily  formulate 
the  following  lemmas  we  fix  some  notation. 

Situation  35.9.1.  Here  A is  a ring  and  A,  ■ ■ ■ , A is  a sequence  of  elements  of 
A.  We  set  A'  = Spec(A)  and  U = D(fi)  U . . . U D(fr)  C X.  We  denote  U : U = 
Ui=i  r D(fi)  the  given  open  covering  of  U. 

Our  first  lemma  is  that  the  complexes  above  can  be  used  to  compute  the  cohomology 
of  quasi-coherent  sheaves  on  U . Suppose  given  a complex  /*  of  A-modules  and  an 
A-module  M.  Then  we  define  HomJ4(/*,M)  to  be  the  complex  with  nth  term 
HomJ4(/_n,M)  and  differentials  given  as  the  contragredients  of  the  differentials  on 

r. 


Lemma  35.9.2.  In  Situation 


35.9.1 


Let  M be  an  A-module  and  denote  J-  the 


associated  Ox  -module.  Then  there  is  a canonical  isomorphism  of  complexes 

colime  HomA(HAe>  • ■ • > AA  M)  — > H 


functorial  in  M . 
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Proof.  Recall  that  the  alternating  Cech  complex  is  the  subcomplex  of  the  usual 
Cech  complex  given  by  alternating  cochains,  see  Cohomology,  Section  20.24  As 
usual  we  view  ap-cochain  in  C*lt(U,  J7)  as  an  alternating  function  s on  {1, . . . , r}p+1 
whose  value  Si0...ip  at  (*o, . . . , ip)  lies  in  Mfio,,ji  = J 7(Ui0...ip)-  On  the  other  hand, 
a p-cochain  t in  Hom^ (/*(/f , . . . , /®),  M)  is  given  by  a map  t : Ap+1(A®r)  — * M. 
Write  [i]  € A®r  for  the  ith  basis  element  and  write 

[io,  • • ■ ,iP)  = [*o]  A ...  A [ip]  e Ap+1(A®r) 

Then  we  send  t as  above  to  s with 

Sio-iP  fe  fe 

It  is  clear  that  5 so  defined  is  an  alternating  cochain.  The  construction  of  this  map 
is  compatible  with  the  transition  maps  of  the  system  as  the  transition  map 


I'  (A6,  • • • , fr)  <“  I*  (/l  \ ■ ■ ■ . fr) 


of  the  (35.9.0.1)  sends  [*0,...,ip]  to  fio  . . . fip[i0l . . . ,ip],  It  is  clear  from  the  de- 
scription  of  the  localizations  M /,o  in  Algebra,  Lemma  10. 9. 9|  that  these  maps 


define  an  isomorphism  of  cochain  modules  in  degree  p in  the  limit.  To  finish  the 
proof  we  have  to  show  that  the  map  is  compatible  with  differentials.  To  see  this 
recall  that 


d(s] 


*0  • • -®p+l 


E"+1(-iy 

/—‘j= 0 

= EP+1(-iy 

^ j=o  ' 


s- 


Zq  . . .Zj  . . .Zp 

• ip+i]) 

fe  fe  f 

J in  * ’ ’ j z-i  * * * J i 


lP+ 1 


On  the  other  hand,  we  have 

^(^)([^0>  • * • 5 ^p+l]) 


fe  ...  f ! 

J Zn  J 1 


lp+ 1 


t(d[i0:...,iP+ 1]) 

fe  fe 

J io  * ' * J ip+i 

fiAlio,  *p+i]) 


fe  ...  f 

•>  Zn  J 1 


lp+ 1 


The  two  formulas  agree  by  inspection. 


□ 


Suppose  given  a finite  complex  /*  of  A-modules  and  a complex  of  A- modules  MV 
We  obtain  a double  complex  H*’*  = Horn  a (/*,  M*)  where  Hp,q  = Horn  a(Ip,  Mq). 
The  first  differential  comes  from  the  differential  on  HomJ4(/*,M9)  and  the  second 
from  the  differential  on  M* . Associated  to  this  double  complex  is  the  total  complex 
with  degree  n term  given  by 

0 Horn  A(Ip,Mq) 

p-\-q—n 

and  differential  as  in  Homology,  Definition  |12.22.3|  As  our  complex  I*  has  only 
finitely  many  nonzero  terms,  the  direct  sum  displayed  above  is  finite.  The  conven- 
tions for  taking  the  total  complex  associated  to  a Cech  complex  of  a complex  are 
as  in  Cohomology,  Section  [20.26[ 
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08D1 


08D2 


08DC 


08DD 


Lemma  35.9.3.  In  Situation  35.9.1  Let  M * be  a complex  of  A-modules  and 
denote  F%  the  associated  complex  of  Ox -modules.  Then  there  is  a canonical  iso- 
morphism of  complexes 

colime  Tot(Horrp4 (/* (/® , . . . , /re),  M*))  — ► Tot(Cllt{U,  J*)) 
functorial  in  M* . 

Proof.  Immediate  from  Lemma  |35.9.2|  and  our  conventions  for  taking  associated 
total  complexes.  □ 


Lemma  35.9.4.  In  Situation 


35.9.1 


Let  F*  be  a complex  of  quasi- coherent  Ox- 


modules.  Then  there  is  a canonical  isomorphism 

Tot(Cht(U,T'))  — > RT(U,F‘) 

in  D(A)  functorial  in  F* . 

Proof.  Let  B be  the  set  of  affine  opens  of  U . Since  the  higher  cohomology  groups 
of  a quasi-coherent  module  on  an  affine  scheme  are  zero  (Cohomology  of  Schemes, 
Lemma  29.2.2)  this  is  a special  case  of  Cohomology,  Lemma  20.33.2  □ 


In  Situation  35.9.1  denote  Ie  the  object  of  D(Ox)  corresponding  to  the  complex  of 
A-modules  /*(/f , . . . , ff)  via  the  equivalence  of  Lemma  35.3.5  The  maps  (35.9.0.1 ) 
give  a system 

II  t—  I2  t—  I3  4—  . . . 

Moreover,  there  is  a compatible  system  of  maps  Ie  — »•  Ox  which  become  isomor- 
phisms when  restricted  to  U . Thus  we  see  that  for  every  object  E of  D(Ox ) there 
is  a canonical  map 

(35.9.4.1)  colimeHomD(0x)(Ie,£;)  — s>  H°(U,E) 

constructed  by  sending  a map  Ie  — > E to  its  restriction  to  U and  using  that 
Horn  d(Ou){Ou,E\u)=H0(U,E). 

For  every  object  E of  DQCoh(Px)  the 


Proposition  35.9.5.  In  Situation 
map  (35.9.4.1)  is  an  isomorphism. 


35.9.1 


Proof.  By  Lemma  35.3.5  we  may  assume  that  E is  given  by  a complex  of  quasi- 
coherent  sheaves  F* . Let  M*  = T(X,  F*)  be  the  corresponding  complex  of  A- 
modules.  By  Lemmas  |35.9.3|  and  |35.9.4|  we  have  quasi-isomorphisms 

colime  Tot(Hom a(/#(/i,  • • ■ , /re),M*))  — » Tot (C*lt(U,F*))  — ► RT(U,F') 

Taking  H°  on  both  sides  we  obtain 

colime  Horn D(A)(/*(/f , . . . , ff),M*)  = H°(U,  E) 

Since  Hom£)(^)(/,(/f , . . . , ff),M*)  = Horn  D(ox)(^e>  -®)  by  Lemma  35.3.5  the  lemma 
follows.  □ 


In  Situation  35.9.1  denote  Ke  the  object  of  D{Ox)  corresponding  to  the  complex 
of  A-modules  /\*(/f , . . . , ff)  via  the  equivalence  of  Lemma  35.3.5  Thus  we  have 
distinguished  triangles 

Ie  Ox  — t Ke  — > 7e[l] 

and  a system 

Ki  <-  K2  <-  K3  <-  . . . 
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compatible  with  the  system  (/e).  Moreover,  there  is  a compatible  system  of  maps 

Ke^H°(Ke)=Ox/(fZ,...,f?) 

Lemma  35.9.6.  In  Situation 


35.9.1 


Let  E be  an  object  of  DQCohiPx)-  Assume 
that  Hl(E)\u  = 0 for  i = — r + 1, . . . , 0.  Then  given  s £ H°(X,E ) there  exists 
an  e > 0 and  a morphism  Ke  — ► E such  that  s is  in  the  image  of  H°(X,  Ke)  — ► 
H°(X,E). 

Proof.  Since  U is  covered  by  r affine  opens  we  have  iP  (L7,  X)  = 0 for  j > r and  any 


quasi-coherent  module  (Cohomology  of  Schemes,  Lemma  29.4.2 ).  By  Lemma  35.3.4 
we  see  that  H°(U,E)  is  equal  to  H°(U,r>-r+iE).  There  is  a spectral  sequence 

H\U,H\r>_r+1E))  =►  Hl+j(U,T>-NE) 

Hence  H°(U,E)  = 0 by  our  assumed 


13.21.3 


see  Derived  Categories,  Lemma 
vanishing  of  cohomology  sheaves  of  E.  We  conclude  that  s|[r  = 0.  Think  of  s as  a 
morphism  Ox  —>  E in  D(Ox)-  By  Proposition  35.9.5|the  composition  Ie  -A  Ox  — t 
E is  zero  for  some  e.  By  the  distinguished  triangle  Ie  -A  Ox  — > Ke  — i ► Ie[  1]  we 
obtain  a morphism  Ke  — > E such  that  s is  the  composition  Ox  — t Ke  — > E.  □ 


35.10.  Pseudo-coherent  and  perfect  complexes 

08E4  In  this  section  we  make  the  connection  between  the  general  notions  defined  in 
Cohomology,  Sections[20.38i[20.39[|20.40l  and|20.4f1and  the  corresponding  notions 
for  complexes  of  modules  in  More  on  Algebra,  Sections  |15.54|  |15.55[  and  |15.61| 

08E5  Lemma  35.10.1.  Let  X be  a scheme.  If  E is  an  m-pseudo- coherent  object  of 
D(Px)>  then  Hl(E)  is  a quasi-coherent  Ox-module  for  i > in.  If  E is  pseudo- 
coherent,  then  E is  an  object  of  D QCohkP x) ■ 

Proof.  Locally  Hl(E ) is  isomorphic  to  H\£m)  with  £*  strictly  perfect.  The  sheaves 
£l  are  direct  summands  of  finite  free  modules,  hence  quasi-coherent.  The  lemma 
follows.  □ 

08E6  Lemma  35.10.2.  Let  X be  a locally  ringed  space.  A direct  summand  of  a finite 
free  Ox -module  is  finite  locally  free. 

Proof.  Omitted.  □ 


08E7  Lemma  35.10.3.  Let  X = Spec(A)  be  an  affine  scheme.  Let  M*  be  a complex 
of  A-modules  and  let  E be  the  corresponding  object  of  D(0\)-  Then  E is  an  m- 
pseudo-coherent  (resp.  pseudo-coherent)  as  an  object  of  D{Ox)  if  and  only  if  M* 
is  m-pseudo-coherent  (resp.  pseudo-coherent)  as  a complex  of  A-modules. 


Proof.  It  is  immediate  from  the  definitions  that  if  M*  is  m-pseudo-coherent,  so 
is  E.  To  prove  the  converse,  assume  E is  m-pseudo-coherent.  As  X = Spec(A)  is 
quasi-compact  with  a basis  for  the  topology  given  by  standard  opens,  we  can  find 
a standard  open  covering  X = D{f\)  U . . . U D(fn ) and  strictly  perfect  complexes 
£*  on  D(fi)  and  maps  oti  : £*  E\u%  inducing  isomorphisms  on  H J for  j > m 
and  surjections  on  Hm.  By  Cohomology,  Lemma  20.38. 8|  after  refining  the  open 
covering  we  may  assume  cq  is  given  by  a map  of  complexes  £*  — > M*\ui  for  each  i. 
By  Lemma  35.10.2  the  terms  £f  are  finite  locally  free  modules.  Hence  after  refining 
the  open  covering  we  may  assume  each  £f  is  a finite  free  Ofr-module.  From  the 
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definition  it  follows  that  M*.  is  an  m-pseudo-coherent  complex  of  Aft -modules.  We 


conclude  by  applying  More  on  Algebra,  Lemma  15.54.14 


The  case  “pseudo-coherent”  follows  from  the  fact  that  E is  pseudo-coherent  if  and 
only  if  E is  m-pseudo-coherent  for  all  m (by  definition)  and  the  same  is  true  for 
M * by  More  on  Algebra,  Lemma[l5.54.5|  □ 

08E8  Lemma  35.10.4.  Let  X be  a Noetherian  scheme.  Let  E be  an  object  of  D QCoh(0 x)  ■ 
For  to  £ Z the  following  are  equivalent 

(1)  Hl(E)  is  coherent  for  i > m and  zero  for  i > 0,  and 

(2)  E is  m-pseudo-coherent. 

In  particular,  E is  pseudo-coherent  if  and  only  if  E is  an  object  of  Df,oh(Ox)- 

Proof.  As  X is  quasi-compact  we  see  that  in  both  (1)  and  (2)  the  object  E is 
bounded  above.  Thus  the  question  is  local  on  X and  we  may  assume  X is  affine. 
Say  X = Spec(A)  for  some  Noetherian  ring  A.  In  this  case  E corresponds  to  a 
complex  of  A-modules  M*  by  Lemma  35.3.5  By  Lemma  35.10.3|  we  see  that  E 
is  m-pseudo-coherent  if  and  only  if  M * is  m-pseudo-coherent.  On  the  other  hand, 
Hl(E)  is  coherent  if  and  only  if  Hl(M *)  is  a finite  A- module  (Properties,  Lemma 
27.16.1).  Thus  the  result  follows  from  More  on  Algebra,  Lemma  15.54.16  □ 


08E9  Lemma  35.10.5.  Let  X = Spec(A)  be  an  affine  scheme.  Let  M * be  a complex  of 
A-modules  and  let  E be  the  corresponding  object  of  D(0, v).  Then 

(1)  E has  tor  amplitude  in  [a,  b]  if  and  only  if  M*  has  tor  amplitude  in  [a,  b\. 

(2)  E has  finite  tor  dimension  if  and  only  if  M * has  finite  tor  dimension. 

Proof.  Part  (2)  follows  trivially  from  part  (1).  In  the  proof  of  (1)  we  will  use  the 


equivalence  D{A)  = D QCoh{X)  of  Lemma  35.3.5  without  further  mention.  Assume 
M * has  tor  amplitude  in  [a,  b\.  Then  K*  is  isomorphic  in  D{A)  to  a complex  K * 
of  flat  A-modules  with  Kl  = 0 for  i qL  [a,  b ],  see  More  on  Algebra,  Lemma  15.55.3 


Then  E is  isomorphic  to  I\* . Since  each  Kl  is  a flat  Ox-module,  we  see  that  E 


has  tor  amplitude  in  [a,  6]  by  Cohomology,  Lemma  20.40.3 


Assume  that  E has  tor  amplitude  in  [a,  b\.  Then  E is  bounded  whence  M*  is  in 
I\~ (A) . Thus  we  may  replace  M*  by  a bounded  above  complex  of  A-modules.  We 
may  even  choose  a projective  resolution  and  assume  that  M * is  a bounded  above 
complex  of  free  A-modules.  Then  for  any  A-module  N we  have 


E i 


$ox  N = M* 


>ox  N - M% 


08EA 


in  D(Ox)-  Thus  the  vanishing  of  cohomology  sheaves  of  the  left  hand  side  implies 
M*  has  tor  amplitude  in  [a,b\.  □ 

Lemma  35.10.6.  Let  X be  a quasi-separated  scheme.  Let  E be  an  object  of 
D QCoh(0 x) ■ Let  a < b.  The  following  are  equivalent 

(1)  E has  tor  amplitude  in  [a,  b\,  and 

(2)  for  all  T in  QCoh(Ox)  we  have  Hl(E  , F)  = 0 for  i fL  [a,  b). 


Proof.  It  is  clear  that  (1)  implies  (2).  Assume  (2).  Let  U C X be  an  affine  open. 
As  X is  quasi-separated  the  morphism  j : U X is  quasi-compact  and  separated, 
hence  j*  transforms  quasi-coherent  modules  into  quasi-coherent  modules  (Schemes, 
Lemma  25.24.1).  Thus  the  functor  QCohjOx ) — > QCoh(Ojj ) is  essentially  sur- 
jective. It  follows  that  condition  (2)  implies  the  vanishing  of  Hl(E\u  r Q ) for 
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i fL  [a,  b]  for  all  quasi-coherent  ©(/-modules  Q . Write  U = Spec(A)  and  let  M * be 

We  have  just 

shown  that  M*  > 


the  complex  of  A-modules  corresponding  to  E\jj  by  Lemma  35.3.5 

3^  N has  vanishing  cohomology  groups  outside  the  range  [a,  6],  in 


other  words  M*  has  tor  amplitude  in  [a,b\.  By  Lemma  35.10.5  we  conclude  that 
E\u  has  tor  amplitude  in  [a,  6] . This  proves  the  lemma.  □ 


08EB  Lemma  35.10.7.  Let  X = Spec(A)  be  an  affine  scheme.  Let  M*  be  a complex 
of  A-modules  and  let  E be  the  corresponding  object  of  D (Ox).  Then  E is  a perfect 
object  of  D (Ox)  if  and  only  if  M*  is  perfect  as  an  object  of  D (A). 


Proof.  This  is  a logical  consequence  of  Lemmas  35. 10. 3|  and  |35.1(L5l  Cohomology, 


Lemma  [20.41.5[  and  More  on  Algebra,  Lemma  |15.61.2 


□ 


As  a consequence  of  our  description  of  pseudo-coherent  complexes  on  schemes  we 
can  prove  certain  internal  horns  are  quasi-coherent. 

0A6H  Lemma  35.10.8.  Let  X be  a scheme. 

(1)  If  L is  in  D^Coh(Ox)  and  K inD(Ox)  is  pseudo-coherent,  then  RTLom(K,  L) 
is  in  D+Coh{Ox)- 

(2)  If  L is  in  D QCohiPx)  and  K in  D(Ox)  is  perfect,  then  RHom(K,  L)  is 
in  DQCoh(Ox)- 

(3)  If  X = Spec(A)  is  affine  and  K,L  £ D(A ) then 

RUom(K,L)  = R Hom(A',  V) 
in  the  following  two  cases 

(a)  I\  is  pseudo-coherent  and  L is  bounded  below, 

(b)  I\  is  perfect  and  L arbitrary. 

(4)  If  X = Spec(A)  and  K,L  are  in  D{A),  then  the  nth  cohomology  sheaf  of 
RTlom(K , L)  is  the  sheaf  associated  to  the  presheaf 

X D D(f)  ► ExtnAf(K  ®AAf,L®AAf) 

for  f £ A. 


Proof.  The  construction  of  the  internal  horn  in  the  derived  category  of  Ox  com- 
mutes with  localization  (see  Cohomology,  Section  20.351.  Hence  to  prove  (1)  and 


(2)  we  may  replace  X by  an  affine  open.  By  Lemmas  35.3.5 
in  order  to  prove  (1)  and  (2)  it  suffices  to  prove  (3). 


35.10.3  and  35.10.7 


Part  (3)  follows  from  the  computation  of  the  internal  horn  of  Cohomology,  Lemma 
20.38.10|  by  representing  K by  a bounded  above  (resp.  finite)  complex  of  finite 
projective  A-modules  and  L by  a bounded  below  (resp.  arbitrary)  complex  of  A- 
modules. 


To  prove  (4)  recall  that  on  any  ringed  space  the  nth  cohomology  sheaf  of  RTLom{A,  B) 
is  the  sheaf  associated  to  the  presheaf 


U Horn £>(;/) (A\jj , B\u[n])  = Ext^(ot/)  {A\u,  B \u) 


See  Cohomology,  Section 


20.35 


On  the  other  hand,  the  restriction  of  AT  to  a 
principal  open  D(f)  is  the  image  of  K ®AAf  and  similarly  for  L.  Hence  (4)  follows 
from  the  equivalence  of  categories  of  Lemma |35.3.5[  □ 
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OATN 


09UC 

09UD 

09UE 


09UF 


Lemma  35.10.9.  Let  X be  a scheme.  Let  K,L,M  be  objects  of  DQCoh{Ox)- 
There  is  a canonical  map 

K ®ox  R'Hom(M,  L)  — > R/Hom(M,  K <S>ox  L) 
which  is  an  isomorphism  in  the  following  cases 

(1)  M perfect,  or 

(2)  K is  perfect,  or 

(3)  M is  pseudo-coherent,  L £ D+(Ox),  and  K has  finite  tor  dimension. 


Proof.  We  leave  the  construction  of  the  arrow  to  the  reader  (hint:  use  Cohomology, 
Lemmas  20.35.6  and  20.35.7).  Lemma  35.10.8  reduces  cases  (1)  and  (3)  to  the  affine 
case  which  is  treated  in  More  on  Algebra,  Lemma  15.76.4  (You  also  have  to  use 


Lemmas  35.10.3  35.10.7  and  35.10.5  to  do  the  translation  into  algebra.)  If  K is 
perfect  but  no  other  assumptions  are  made,  then  we  do  not  know  that  either  side  of 
the  arrow  is  in  DQCoh{Ox ) but  the  result  is  still  true  because  we  can  work  locally 
and  reduce  to  the  case  that  K is  a finite  complex  of  finite  free  modules  in  which 
case  it  is  clear.  □ 


35.11.  Descent  fmiteness  properties  of  complexes 


This  section  is  the  analogue  of  Descent,  Section  |34.6|  for  objects  of  the  derived 
category  of  a scheme.  The  easiest  such  result  is  probably  the  following. 

Lemma  35.11.1.  Let  f : X — * Y be  a surjective  flat  morphism  of  schemes  (or 
more  generally  locally  ringed  spaces).  Let  E £ D(Oy).  Let  a,b  £ Z.  Then  E has 
tor-amplitude  in  [a,  b]  if  and  only  if  Lf*E  has  tor-amplitude  in  [a,  b\. 


Proof.  Pullback  always  preserves  tor-amplitude,  see  Cohomology,  Lemma  20.40.4| 


We  may  check  tor-amplitude  in  [a,  b]  on  stalks,  see  Cohomology,  Lemma  20.40.5  A 


flat  local  ring  homomorphism  is  faithfully  flat  by  Algebra,  Lemma  10.38.17 
the  result  follows  from  More  on  Algebra,  Lemma[l5.55.16| 


Thus 

□ 


Lemma  35.11.2.  Let  {fi  : Xi  — > A'}  be  an  fpqc  covering  of  schemes.  Let  E £ 
D QCoh{0 x) ■ Let  m £ Z.  Then  E is  m-pseudo- coherent  if  and  only  if  each  Lf*E 
is  m-pseudo-coherent. 


Proof.  Pullback  always  preserves  m-pseudo-coherence,  see  Cohomology,  Lemma 


20.39.3 


Conversely,  assume  that  Lf*E  is  m-pseudo-coherent  for  all  i.  Let  U C X 
be  an  affine  open.  It  suffices  to  prove  that  E\u  is  m-pseudo-coherent.  Since  {fi  : 
Xi  — > A'}  is  an  fpqc  covering,  we  can  find  finitely  many  affine  open  Vj  C A'a(j)  such 
that  fa(j)(Vj ) C U and  U = (J  fa(j)(Vj).  Set  V = JJ  Vi.  Thus  we  may  replace  A'  by 
U and  {fi  : X,  — > A}  by  {V  — >•  U}  and  assume  that  X is  affine  and  our  covering  is 
given  by  a single  surjective  flat  morphism  {/  : Y — > X}  of  affine  schemes.  In  this 
case  the  result  follows  from  More  on  Algebra,  Lemma |15.54.15]  via  Lemmas  |35.3.5| 
and  135.10.31  □ 


Lemma  35.11.3.  Let  {fi  : Xi  — > A}  be  an  fppf  covering  of  schemes.  Let  E £ 
D(Ox )■  Let  m £ Z.  Then  E is  m-pseudo-coherent  if  and  only  if  each  Lf*E  is 
m-pseudo-coherent. 


Proof.  Pullback  always  preserves  m-pseudo-coherence,  see  Cohomology,  Lemma 


20.39.3  Conversely,  assume  that  Lf*E  is  m-pseudo-coherent  for  all  i.  Let  U C X 


be  an  affine  open.  It  suffices  to  prove  that  E\u  is  m-pseudo-coherent.  Since  {/)  : 
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Xj  — ► A'}  is  an  fppf  covering,  we  can  find  finitely  many  affine  open  Vj  C Xa^  such 
that  fa(j)(Vj ) C U and  U = IJ  fa(j)(Vj)-  Set  V = JJ  V*.  Thus  we  may  replace  A'  by 
U and  {fi  : Xi  — > X}  by  {V  — > U}  and  assume  that  A is  affine  and  our  covering 
is  given  by  a single  surjective  flat  morphism  {/  : Y — > X}  of  finite  presentation. 


Since  / is  flat  the  derived  functor  Lf*  is  just  given  by  f*  and  f*  is  exact.  Hence 
H'l(Lf*E ) = f*Hl(E).  Since  Lf*E  is  m-pseudo-coherent,  we  see  that  Lf*E  £ 
D~{Oy)-  Since  / is  surjective  and  flat,  we  see  that  E £ D~(Ox).  Let  i £ Z 
be  the  largest  integer  such  that  Hl(E)  is  nonzero.  If  i < m,  then  we  are  done. 


Otherwise,  f*Hl{E)  is  a finite  type  CV-module  by  Cohomology,  Lemma  20.39.9 


Then  by  Descent,  Lemma  34.6.2  the  Ox-module  HZ(E)  is  of  finite  type.  Thus, 


after  replacing  X by  the  members  of  a finite  affine  open  covering,  we  may  assume 
there  exists  a map 

a : 0®n[-i]  — > E 

such  that  Hl(a)  is  a surjection.  Let  C be  the  cone  of  a in  D(Ox )■  Pulling  back  to 
Y and  using  Cohomology,  Lemma  20.39.4|we  find  that  Lf*C  is  m-pseudo-coherent. 
Moreover  LP(C)  = 0 for  j > i.  Thus  by  induction  on  i we  see  that  C is  m-pseudo- 
coherent.  Using  Cohomology,  Lemma  [20.39.4|  again  we  conclude.  □ 

09UG  Lemma  35.11.4.  Let  {fi  : Xi  — » A'}  be  an  fpqc  covering  of  schemes.  Let  E £ 
D(Ox).  Then  E is  perfect  if  and  only  if  each  Lf*E  is  perfect. 


Proof.  Pullback  always  preserves  perfect  complexes,  see  Cohomology,  Lemma[20.41.6| 
Conversely,  assume  that  Lf*E  is  perfect  for  all  i.  Then  the  cohomology  sheaves 
of  each  Lf*E  are  quasi-coherent,  see  Lemma  35.10.1|  and  Cohomology,  Lemma 


20.41.5 


Since  the  morphisms  /,;  is  flat  we  see  that  Hp(Lf*E)  = f*Hp(E).  Thus 
the  cohomology  sheaves  of  E are  quasi-coherent  by  Descent,  Proposition  |34.5.2| 
Having  said  this  the  lemma  follows  formally  from  Cohomology,  Lemma [20. 41. 5| and 
Lemmas  135.11.11  and  135.11.21  □ 


09VA  Lemma  35.11.5.  Let  i : Z — > X be  a morphism  of  ringed  spaces  such  that  i is 
a closed  immersion  of  underlying  topological  spaces  and  such  that  i*Oz  is  pseudo- 
coherent  as  an  O x -module.  Let  E £ D(Oz)-  Then  E is  m-pseudo-coherent  if  and 
only  if  Ri*E  is  m-pseudo-coherent. 


Proof.  Throughout  this  proof  we  will  use  that  i* 
that  Ri*  = i*,  see  Modules,  Lemma|17.6.1 


is  an  exact  functor,  and  hence 


Assume  E is  m-pseudo-coherent.  Let  x £ X.  We  will  find  a neighbourhood  of 
x such  that  i^E  is  m-peudo-coherent  on  it.  If  x Z then  this  is  clear.  Thus 
we  may  assume  x £ Z.  We  will  use  that  U n Z for  x £ U C X open  form 
a fundamental  system  of  neighbourhoods  of  x in  Z.  After  shrinking  X we  may 
assume  E is  bounded  above.  We  will  argue  by  induction  on  the  largest  integer  p 
such  that  HP(E)  is  nonzero.  If  p < m,  then  there  is  nothing  to  prove.  If  p > m, 
then  HP(E ) is  an  CU-module  of  finite  type,  see  Cohomology,  Lemma  20.39.9  Thus 
we  may  choose,  after  shrinking  X,  a map  0®n[— p\ 

HP(E).  Choose  a distinguished  triangle 


E which  induces  a surjection 


O®  n 


Of"[-p]  -»•  E -*•  C ■ 


0®zn[-p  + l] 


We  see  that  iP(C')  = 0 for  j > p and  that  C is  m-pseudo-coherent  by  Cohomol- 
ogy, Lemma  [20.39. 4|  By  induction  we  see  that  i„C  is  m-pseudo-coherent  on  X. 
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Since  i*Oz  is  m-pseudo-coherent  on  A as  well,  we  conclude  from  the  distinguished 
triangle 

i*0®n[-p\  UE  -»•  uC  -»■  A0®n[-p  + 1] 
and  Cohomology,  Lemma [20.39. 4| that  i*E  is  m-pseudo-coherent. 

Assume  that  i*E  is  m-pseudo-coherent.  Let  z £ Z.  We  will  find  a neighbourhood 
of  z such  that  E is  m-peudo-coherent  on  it.  We  will  use  that  U fl  Z for  z £ U C A' 
open  form  a fundamental  system  of  neighbourhoods  of  z in  Z . After  shrinking  A' 
we  may  assume  i*E  and  hence  E is  bounded  above.  We  will  argue  by  induction  on 
the  largest  integer  p such  that  HP{E ) is  nonzero.  If  p < m,  then  there  is  nothing 
to  prove.  If  p > m,  then  Hp{i*E)  = i*Hp(E)  is  an  Ox-module  of  finite  type,  see 
Cohomology,  Lemma  |20.39.9|  Choose  a complex  £*  of  ©^-modules  representing 
E.  We  may  choose,  after  shrinking  X , a map  a : 0®”[— p]  — > ?*£*  which  induces 
a surjection  0®n  —$■  i*Hp(£*).  By  adjunction  we  find  a map  a : 0®n[— p]  — ► £* 
which  induces  a surjection  0®n  — ► Hp(£*).  Choose  a distinguished  triangle 

0®n[-p\  ->  E ->  C ->  0®n[-p  + 1] 


We  see  that  H^{C)  = 0 for  j > p.  From  the  distinguished  triangle 

i*Of n[-p\  -¥  UE  i*C  -+  i*0®n[-p  + 1] 

the  fact  that  i*Oz  is  pseudo-coherent  and  Cohomology,  Lemma[20.39.4|we  conclude 
that  i*C  is  m-pseudo-coherent.  By  induction  we  conclude  that  C is  m-pseudo- 
coherent.  By  Cohomology,  Lemma  20.39.4  again  we  conclude  that  E is  m-pseudo- 
coherent.  □ 


09VB  Lemma  35.11.6.  Let  f : X — > Y be  a finite  morphism  of  schemes  such  that 
f*Ox  is  pseudo-coherent  as  an  Oy-modul^ J Let  E £ L>  QCohiO  x)  ■ Then  E is 
m-pseudo-coherent  if  and  only  if  Rf*E  is  m-pseudo-coherent. 


Proof.  This  is  a translation  of  More  on  Algebra,  Lemma  15.54.11  into  the  language 
of  schemes.  To  do  the  translation,  use  Lemmas  |35.3.5|  and  35.10.3|  □ 


35.12.  Lifting  complexes 

08EC  Let  U C X be  an  open  subspace  of  a ringed  space  and  denote  j : U X the 
inclusion  morphism.  The  functor  D(Ox)  — > D{Ojj)  is  essentially  surjective  as  Rj* 
is  a right  inverse  to  restriction.  In  this  section  we  extend  this  to  complexes  with 
quasi-coherent  cohomology  sheaves,  etc. 

08ED  Lemma  35.12.1.  Let  X be  a scheme  and  let  j : U — > X be  a quasi-compact  open 
immersion.  The  functors 

T>QCoh(Ox ) -t  DQcoh(Ou)  and  D^Coh(Ox)  ->  D^Coh(Ou) 
are  essentially  surjective.  If  X is  quasi-compact,  then  the  functors 

DQCoh(°x ) DQCoh(°u ) and  DbQCoh(Ox)  -t  DbQCoh(Ou) 
are  essentially  surjective. 


^This  means  that  / is  pseudo-coherent,  see  More  on  Morphisms,  Lemma 


36.42.8 
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Proof.  The  argument  preceding  the  lemma  applies  for  the  first  case  because 
maps  DQCoh{Ojj)  into  DQCohiPx ) by  Lemma  35.4.1  It  is  clear  that  I?j*  maps 
DQCoh  ( Ou ) into  DqCo1i(Ox ) which  implies  the  statement  on  bounded  below  com- 
plexes. Finally,  Lemma  35.4.1  guarantees  that  maps  D~QCoh{Ou)  into  DqCoIi(Ox ) 
if  X is  quasi-compact.  Combining  these  two  we  obtain  the  last  statement.  □ 


08EE  Lemma  35.12.2.  Let  X be  an  affine  scheme  and  let  U C X be  a quasi-compact 
open  subscheme.  For  any  pseudo-coherent  object  E of  D(Ou)  there  exists  a bounded 
above  complex  of  finite  free  Ox -modules  whose  restriction  to  U is  isomorphic  to  E. 


Proof.  By  Lemma  35.10.1  we  see  that  E is  an  object  of  DQCoh{Ou ).  By  Lemma 
35.12.1  we  may  assume  E = E'\U  for  some  object  E'  of  DQCoh(Ox)-  Write 
X = Spec(A).  By  Lemma  35.3.5  we  can  find  a complex  M*  of  A-modules  whose 
associated  complex  of  Ox-modules  is  a representative  of  E' . 


Choose  fi, . . . , fr  € A such  that  U = D{ff)  U . . . U D(fr).  By  Lemma  35.10.3  the 
complexes  M*.  are  pseudo-coherent  complexes  of  A ^ -modules.  Let  n be  an  integer. 
Assume  we  have  a map  of  complexes  a : F*  — > M*  where  F * is  bounded  above, 
F1  = 0 for  i < n,  each  Fl  is  a finite  free  f?-module,  such  that 


//'('>/  ) = I'' (FJ  ) //'U/;  ) 

is  an  isomorphism  for  i > n and  surjective  for  i = n.  Picture 


pn 


pn+l 


M71-1 


a 

Mn 


a. 

Mn+1 


Since  each  MJ . has  vanishing  cohomology  in  large  degrees  we  can  find  such  a map 
for  n>0.  By  induction  on  n we  are  going  to  extend  this  to  a map  of  complexes 
F*  — > M * such  that  WfoifA  is  an  isomorphism  for  all  i.  The  lemma  will  follow  by 
taking  F* . 


The  induction  step  will  be  to  extend  the  diagram  above  by  adding  F 


n—1 


Let  C*  be 


the  cone  on  a (Derived  Categories,  Definition  13.9.1).  The  long  exact  sequence  of 


cohomology  shows  that  LP(C*.)  = 0 for  i > n.  By  More  on  Algebra,  Lemma  15.54.2 
we  see  that  CJ  is  (n  — 1) -pseudo-coherent.  By  More  on  Algebra,  Lemma  15.54.3 
we  see  that  iL_1(C*.)  is  a finite  Afj -module.  Choose  a finite  free  A- module  F'l-i 
and  an  A-module  fi  : E™-1  — y C-1  such  that  the  composition  F1-1  — > C™-1  —>  Cn 

(Some  details  omitted;  hint: 


is  zero  and  such  that  FJ.  1 surjects  onto  F[r‘ 


clear  denominators.)  Since  C"-1  = Mn_1 
The  vanishing  of  the  composition  En_1  — ► 
a morphism  of  complexes 


® Fn  we  can  write  fi  = ( an  — dn  -1). 

C"-1  — >•  Cn  implies  these  maps  fit  into 


jf'n  — l jfpn  1 


(f*-1 

a71-1 

Ot 

> Mn~l >-  Mn  Mn+1 
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Moreover,  these  maps  define  a morphism  of  distinguished  triangles 


(Fn 


( Fn 


(F 


<n—  1 


■ M* 


F 


n—  1 


c* 


(Fn 


(Fn 


■•)[!] 


■•)[!] 


Hence  our  choice  of  implies  that  the  map  of  complexes  (F_1  M*  induces 

an  isomorphism  on  cohomology  localized  at  fj  in  degrees  > n and  a surjection  in 
degree  —1.  This  finishes  the  proof  of  the  lemma.  □ 

08EF  Lemma  35.12.3.  Let  X be  a quasi-compact  and  quasi-separated  scheme.  Let 
E £ DbQCoh(Ox )•  There  exists  an  integer  no  > 0 such  that  Exfjj^Qx^(£ , E)  = 0 for 
every  finite  locally  free  Ox -module  £ and  every  n > no- 


08EG 


Proof.  Recall  that  Ext£>(0y )(£,  E)  = Horn D(0x)(£,  E[n}).  We  have  Mayer-Vietoris 
for  morphisms  in  the  derived  category,  see  Cohomology,  Lemma  [20.30.6|  Thus  if 
X = U U V and  the  result  of  the  lemma  holds  for  E\u,  E\v,  and  E\unv  for  some 
bound  n0,  then  the  result  holds  for  E with  bound  no  + 1.  Thus  it  suffices  to  prove 
the  lemma  when  X is  affine,  see  Cohomology  of  Schemes,  Lemma [29.4. 1| 

Assume  X = Spec(A)  is  affine.  Choose  a complex  of  A-modules  M*  whose  asso- 
ciated complex  of  quasi-coherent  modules  represents  E,  see  Lemma  [35. 3. 5|  Write 
£ = P for  some  A-module  P.  Since  £ is  finite  locally  free,  we  see  that  P is  a finite 
projective  A-module.  We  have 


Horn D(0x)(£,E[n])  = Horn D(A)(P,  M*[n]) 
= Horn  K(A)(P,M'[n}) 
= Hom  A{P,Hn(M*)) 


The  first  equality  by  Lemma  |35.3.5[  the  second  equality  by  Derived  Categories, 
Lemma  13.19.8  and  the  final  equality  because  Hom^P,  — ) is  an  exact  functor.  As 
E and  hence  M*  is  bounded  we  get  zero  for  all  sufficiently  large  n.  □ 


Lemma  35.12.4.  Let  X be  an  affine  scheme.  Let  U C X be  a quasi-compact 
open.  For  every  perfect  object  E of  D(Ojj)  there  exists  an  integer  r and  a finite 
locally  free  sheaf  T on  U such  that  F[—r\  © E is  the  restriction  of  a perfect  object 
ofD(Ox). 


Proof.  Say  X = Spec(A).  Recall  that  a perfect  complex  is  pseudo-coherent,  see 
Cohomology,  Lemma  |20.41.5  By  Lemma  35.12.2  we  can  find  a bounded  above 
complex  F*  of  finite  free  A-modules  such  that  E is  isomorphic  to  F*  I u in  D(Ou). 
By  Cohomology,  Lemma  [20. 41. 5|  and  since  U is  quasi-conrpact,  we  see  that  E has 
finite  tor  dimension,  say  E has  tor  amplitude  in  [a,  5].  Pick  r < a and  set 

F = Ker (Fr  Fr+1 ) = Imp^”1  ->  Fr). 

Since  E has  tor  amplitude  in  [a,  6]  we  see  that  F\u  is  flat  (Cohomology,  Lemma 


20.40.2 1.  Hence  F\jj  is  flat  and  of  finite  presentation,  thus  finite  locally  free  (Prop- 


erties, Lemma  27.20.2 1 . It  follows  that 

(F  ->  Fr  -> 


1 1 


is  a strictly  perfect  complex  on  U representing  E.  We  obtain  a distinguished  triangle 


F\u[-r  — 1]  — > E — > (Fr  -»■  Fr+1  ->...) \v F\v[-r] 
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Note  that  (Fr  — > Fr+1  is  a perfect  complex  on  X.  To  finish  the  proof  it 

suffices  to  pick  r such  that  the  map  J-\u[—r—  1]  — > E is  zero  in  D(Ou),  see  Derived 
Categories,  Lemma[l3.4.10|  By  Lemma [35.1 2. 3|  this  holds  if  r <C  0.  □ 

08EH  Lemma  35.12.5.  Let  X be  an  affine  scheme.  Let  U C X be  a quasi-compact  open. 
Let  E,E'  be  objects  of  DQCohiOx)  with  E perfect.  For  every  map  a : E\u  — > E'\u 
there  exist  maps 

E A E1^E' 

of  perfect  complexes  on  X such  that  /3  : E\  — > E restricts  to  an  isomorphism  on  U 
and  such  that  a = y| u o . Moreover  we  can  assume  E\  = E I for  some 
perfect  complex  I on  X . 


Proof.  Write  X = Spec(A).  Write  U = D(/i)U. . . U D(fr).  Choose  finite  complex 
of  finite  projective  ^4-modules  M*  representing  E (Lemma  35.10.7l.  Choose  a 
complex  of  A-modules  (M7)*  representing  E'  (Lemma  |35.3.5 ).  In  this  case  the 
complex  H * = Hom^M*,  (M7)*)  is  a complex  of  A-modules  whose  associated 
complex  of  quasi-coherent  ©x-modules  represents  RFbm{E,E'),  see  Cohomology, 
Lemma  |20.38.9|  Then  a determines  an  element  s of  H°(U,  R'Hom(E,  E')),  see 


Cohomology,  Lemma  20.35. 1|  There  exists  an  e and  a map 
£ : rUl,  •••  ,fr)  -»•  Horn A(M\  (M7)*) 


corresponding  to  s,  see  Proposition |35. 9. 5]  Letting  E\  be  the  object  corresponding 
to  complex  of  quasi-coherent  OY-modules  associated  to 


Tot(/*(/i , • ■ • , fr)  0A  M*) 

we  obtain  Ei  — )•  E using  the  canonical  map  /*(/f , . . . , ff)  A and  E\  — )•  E'  using 
f and  Cohomology,  Lemma  [20.35. 1[  □ 

08EI  Lemma  35.12.6.  Let  X be  an  affine  scheme.  Let  U C X be  a quasi-compact 
open.  For  every  perfect  object  F of  D(Ou)  the  object  F ® F[l]  is  the  restriction  of 
a perfect  object  of  D (Ox)- 


Proof.  By  Lemma  35.12.4|  we  can  find  a perfect  object  E of  D(Ox)  such  that 
E\u  = E[r\  ® F for  some  finite  locally  free  ©[/-module  T . By  Lemma  [35. 12. 5 


we 


can  find  a morphism  of  perfect  complexes  a : E\  — > E such  that  (Ei)\u  = E\jj  and 
such  that  a\u  is  the  map 


id 


F[r\ 

0 


: J"[r]  © F -»  T[r\  © F 


Then  the  cone  on  a is  a solution. 


□ 


08EJ  Lemma  35.12.7.  Let  X be  a quasi-compact  and  quasi-separated  scheme.  Let 
f £ T(W  Ox)-  For  any  morphism  a : E — >•  E'  in  D QCoh(0 x)  such  that 

(1)  E is  perfect,  and 

(2)  E'  is  supported  on  T = V (/) 
there  exists  an  n>  0 such  that  fna  = 0. 


Proof.  We  have  Mayer-Vietoris  for  morphisms  in  the  derived  category,  see  Coho- 
mology, Lemma  |20.30.6[  Thus  if  X = U U V and  the  result  of  the  lemma  holds 
for  f\u,  f\v,  and  f\unvi  then  the  result  holds  for  /.  Thus  it  suffices  to  prove  the 
lemma  when  X is  affine,  see  Cohomology  of  Schemes,  Lemma  [29.4. 1| 
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Let  X = Spec(A).  Then  / G A.  We  will  use  the  equivalence  D{A)  = DQCoh{X)  of 
Lemma  |35.3.5|  without  further  mention.  Represent  E by  a finite  complex  of  finite 
projective  A- modules  P*.  This  is  possible  by  Lemma [35. 10. 7|  Let  t be  the  largest 
integer  such  that  Pl  is  nonzero.  The  distinguished  triangle 

P*[-t]  ->  P*  ->  a<t-iP*  ->  P‘[-t  + 1] 

shows  that  by  induction  on  the  length  of  the  complex  P*  we  can  reduce  to  the 
case  where  P*  has  a single  nonzero  term.  This  and  the  shift  functor  reduces  us 
to  the  case  where  P*  consists  of  a single  finite  projective  A-module  P in  degree 
0.  Represent  E'  by  a complex  M * of  A-modules.  Then  a corresponds  to  a map 
P — > H°{M *).  Since  the  module  H°(M*)  is  supported  on  V(f)  by  assumption  (2) 
we  see  that  every  element  of  H°(M *)  is  annihilated  by  a power  of  /.  Since  P is  a 
finite  A-module  the  map  fna  : P —>  is  zero  for  some  n as  desired.  □ 


08EK  Lemma  35.12.8.  Let  X be  an  affine  scheme.  Let  T C X be  a closed  subset  such 
that  X\T  is  quasi-compact.  Let  U C X be  a quasi-compact  open.  For  every  perfect 
object  F of  D(Ou ) supported  on  T HU  the  object  F © F[l]  is  the  restriction  of  a 
perfect  object  E of  D{Ox)  supported  in  T. 


Proof.  Say  T = V(gi, 


35.12.6 


, <7s).  After  replacing  gj  by  a power  we  may  assume 

Choose  E as  in  Lemma 
E restricts  to  zero  on  U.  Choose  a distinguished 


multiplication  by  gj  is  zero  on  P,  see  Lemma  35.12.7 
Note  that  gj  : E — ► 


triangle 


E 


fflv 


E ->•  Ci  ->  E[  1] 


By  Derived  Categories,  Lemma  13.4.10  the  object  C\  restricts  to  P®  F[l]  © F[l]  © 
F[2]  on  U.  Moreover,  g\  : C\  — > C\  has  square  zero  by  Derived  Categories,  Lemma 
|13.4.5|  Namely,  the  diagram 


E 


■E\ 


Sl 


E 


C\ 


■E[  1] 


is  commutative  since  the  compositions  E -^4-  E — > C\  and  C\  — > P[l]  -^4  P[l]  are 
zero.  Continuing,  setting  Ci+ \ equal  to  the  cone  of  the  map  g.t  : Ci  — > C,  we  obtain 
a perfect  complex  Cs  on  X supported  on  T whose  restriction  to  U gives 

P © F[ l]®5  © P[2]®(>)  © ...  © F[s } 


Choose  a morphisms  of  perfect  complexes  /3  : C — >•  Cs  and  7 : C'  - 
such  that  (3\u  is  an  isomorphism  and  such  that  7|i/  o 


35.12.5 


Lemma 
morphism 

F©F[  If 


Cs  as  in 
| fj1  is  the 


p[2]®(=)  © ...  © F[s } ->  P © F[l]®s  © P[2]®(=)  © ...  © F[s] 


which  is  the  identity  on  all  summands  except  for  P where  it  is  zero.  By  Lemma 
35.12.5  we  also  have  C'  = Cs  ®L  I for  some  perfect  complex  / on  X.  Hence  the 


nullity  of  g|idc5  implies  the  same  thing  for  C' . Thus  C1  is  supported  on  T as  well. 
Then  Cone(7)  is  a solution.  □ 


A special  case  of  the  following  lemma  can  be  found  in  |Nee96j. 
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09IM 


09IN 


08EL 

08EM 


08EN 


Lemma  35.12.9.  Let  X be  a quasi-compact  and  quasi-separated  scheme.  Let 
U C X be  a quasi-compact  open.  Let  T C X be  a closed  subset  with  X \ T retro- 
compact  in  X.  Let  E be  an  object  of  DQCohiPx)-  Let  a : P — > E\u  be  a map 
where  P is  a perfect  object  of  D(Ojj)  supported  onTC\U.  Then  there  exists  a map 
(3  : R -A  E where  R is  a perfect  object  of  D(Ox)  supported  on  T such  that  P is  a 
direct  summand  of  R\u  in  D(Ojj)  compatible  a and  /3\u- 


Proof.  Since  X is  quasi-compact  there  exists  an  integer  m such  that  X = ULlV\  U 
. . . U Vm  for  some  affine  opens  Vj  of  X . Arguing  by  induction  on  m we  see  that  we 
may  assume  m = 1.  In  other  words,  we  may  assume  that  X = U UV  with  V affine. 


By  Lemma  35.12.8  we  can  choose  a perfect  object  Q in  D(Oy)  supported  on  T n V 


and  an  isomorphism  Q\uc\V  — ► (P  © -P[l])|uny-  By  Lemma  35.12.5  we  can  replace 
Q by  Q (g)L  / (still  supported  on  T n V)  and  assume  that  the  map 

Q\unv  ->  (P  © -P[l])|c/nv  — * P\unv  — > E\unv 

lifts  to  Q — > E\y.  By  Cohomology,  Lemma  20.30.10|we  find  an  morphism  a : R -A  E 
of  D(Ox)  such  that  a\u  is  isomorphic  to  P © P[l]  -A  E\u  and  a\v  isomorphic  to 
Q — > E\v.  Thus  R is  perfect  and  supported  on  T as  desired.  □ 


Remark  35.12.10.  The  proof  of  Lemma  35.12.9 
R\u  = P (B  P®"1  [1]  ® . . . 


shows  that 

p©nm fi 


for  some  m > 0 and  rij  > 0.  Thus  the  highest  degree  cohomology  sheaf  of  R\u  equals 
that  of  P.  By  repeating  the  construction  for  the  map  P®"1  [1]  ® ...  © p®n™  [777]  — >. 
R\u,  taking  cones,  and  using  induction  we  can  achieve  equality  of  cohomology 
sheaves  of  R\u  and  P above  any  given  degree. 


35.13.  Approximation  by  perfect  complexes 


In  this  section  we  discuss  the  observation,  due  to  Neeman  and  Lipman,  that  a 
pseudo-coherent  complex  can  be  “approximated”  by  perfect  complexes. 

Definition  35.13.1.  Let  A be  a scheme.  Consider  triples  (T,E,m)  where 

(1)  T c X is  a closed  subset, 

(2)  E is  an  object  of  DQcoh(Ox),  and 

(3)  to  S Z. 

We  say  approximation  holds  for  the  triple  (T,  E,  to)  if  there  exists  a perfect  object 
P of  D{Ox)  supported  on  T and  a map  a : P — > E which  induces  isomorphisms 
Hl(P)  — ► Hl{E ) for  i > to  and  a surjection  Hm(P)  -A  Hm(E). 


Approximation  cannot  hold  for  every  triple.  Namely,  it  is  clear  that  if  approxima- 
tion holds  for  the  triple  (T,E,m),  then 

(1)  E is  TO-pseudo-coherent,  see  Cohomology,  Definition  20.39.1  and 

(2)  the  cohomology  sheaves  Hl(E)  are  supported  on  T for  * > m. 


Moreover,  the  “support”  of  a perfect  complex  is  a closed  subscheme  whose  comple- 
ment is  retrocompact  in  X (details  omitted).  Hence  we  cannot  expect  approxima- 
tion to  hold  without  this  assumption  on  T . This  partly  explains  the  conditions  in 
the  following  definition. 


Definition  35.13.2.  Let  X be  a scheme.  We  say  approximation  by  perfect  com- 
plexes holds  on  X if  for  any  closed  subset  T C X with  X \ T retro-compact  in  A' 
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there  exists  an  integer  r such  that  for  every  triple  (T,  E,  to)  as  in  Definition  35.13.1 
with 

(1)  E is  (to  — r)-pseudo-coherent,  and 

(2)  Hl(E)  is  supported  on  T for  i > m — r 

approximation  holds. 

We  will  prove  that  approximation  by  perfect  complexes  holds  for  quasi-compact 
and  quasi-separated  schemes.  It  seems  that  the  second  condition  is  necessary  for 
our  method  of  proof.  It  is  possible  that  the  first  condition  may  be  weakened  to  UE 
is  TO-pseudo-coherent”  by  carefuly  analyzing  the  arguments  below. 

08EP  Lemma  35.13.3.  Let  X be  a scheme.  Let  U C X be  an  open  subscheme.  Let 


(T,E,m)  be  a triple  as  in  Definition  35.13.1.  If 

(1)  TCU, 

(2)  approximation  holds  for  (T,  E\u,m),  and 

(3)  the  sheaves  Hl(E ) for  i > m are  supported  on  T, 

then  approximation  holds  for  ( T,E,m ). 

Proof.  Let  j : U X be  the  inclusion  morphism.  If  P — ► E\jj  is  an  approximation 
of  the  triple  (T,E\u,m)  over  U,  then  jiP  = Rj*P  — > j\{E\u)  E is  an  approxi- 
mation of  ( T,E,m ) over  X.  See  Cohomology,  Lemmas  |20. 30. 9 and  20.41.10  □ 


08EQ  Lemma  35.13.4.  Let  X be  an  affine  scheme.  Then  approximation  holds  for  every 


triple  ( T,E,m ) as  in  Definition  35.13.1  such  that  there  exists  an  integer  r > 0 with 

(1)  E is  m-pseudo-coherent, 

(2)  Hl(E ) is  supported  on  T for  i > m — r + 1, 

(3)  X \ T is  the  union  of  r affine  opens. 

In  particular,  approximation  by  perfect  complexes  holds  for  affine  schemes. 

Proof.  Say  X = Spec  (.A).  Write  T = V(fi, . . . , fr).  (The  case  r = 0,  i.e. , T — X 
follows  immediately  from  Lemma  35.10.3  and  the  definitions.)  Let  ( T,E,m ) be  a 


triple  as  in  the  lemma.  Let  t be  the  largest  integer  such  that  Ht(E)  is  nonzero.  We 
will  proceed  by  induction  on  t.  The  base  case  is  t < m;  in  this  case  the  result  is 
trivial.  Now  suppose  that  t > to.  By  Cohomology,  Lemma  20.39.9  the  sheaf  Ht(E) 


is  of  finite  type.  Since  it  is  quasi-coherent  it  is  generated  by  finitely  many  sections 
(Properties,  Lemma  27.16.1 ).  For  every  s € P(X,  Ht(E))  = ^{X,  E)  (see  proof  of 
Lemma  35.3.5[)  we  can  find  an  e > 0 and  a morphism  Ke\—t]  —t  E such  that  s is  in 

Taking  a finite 


35.9.6 


the  image  of  H°(Ke)  = Ht(Ke[— t])  -A  iL4(E),  see  Lemma 
direct  sum  of  these  maps  we  obtain  a map  P -A  E where  P is  a perfect  complex 
supported  on  T,  where  Hl(P)  = 0 for  i > t,  and  where  Ht(P)  A £ is  surjective. 
Choose  a distinguished  triangle 

PaEaB'a  P[l] 


Then  E'  is  TO-pseudo-coherent  (Cohomology,  Lemma  20.39.4),  Hl(E')  = 0 for 


i > t,  and  Hl(E')  is  supported  on  T for  i > to  — r + 1.  By  induction  we  find  an 
approximation  P'  -A  E'  of  {T,E' , to).  Fit  the  composition  P'  -A  E'  — > P[l]  into  a 
distringuished  triangle  P -A  P"  — > P'  — > P[l]  and  extend  the  morphisms  P'  -A  E' 
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and  P[l]  — > P[l]  into  a morphism  of  distinguished  triangles 

^P[l] 


P 

'<  " P 

W 

P 


E 


E' 


using  TR3.  Then  P"  is  a perfect  complex  (Cohomology,  Lemma  20.41.7 1 supported 
on  T.  An  easy  diagram  chase  shows  that  P"  — > E is  the  desired  approximation.  □ 


08ER  Lemma  35.13.5.  Let  X be  a scheme.  Let  X = U U V be  an  open  covering  with 
U quasi-compact,  V affine,  and  U C\V  quasi-compact.  If  approximation  by  perfect 
complexes  holds  on  U , then  approximation  holds  on  X . 

Proof.  Let  T C X be  a closed  subset  with  X \ T retro-compact  in  X.  Let  rjj  be 

adapted  to  the  pair  (U,  T DU).  Set  T'  = T\U . 


35.13.2 


the  integer  of  Definition 
Note  that  V C V and  that  V \ V = (X  \ T)  D U D V is  quasi-compact  by  our 
assumption  on  T.  Let  r'  be  the  number  of  affines  needed  to  cover  V\T' . We  claim 
that  r = max(r[/,  P)  works  for  the  pair  (X,T). 

To  see  this  choose  a triple  (T,  E,  m)  such  that  E is  (to  — r)-pseudo-coherent  and 
Hl(E)  is  supported  on  T for  i > m — r.  Let  t be  the  largest  integer  such  that 
fP(P) |(7  is  nonzero.  (Such  an  integer  exists  as  U is  quasi-compact  and  E\v  is 
(to  — r)-pseudo-coherent.)  We  will  prove  that  E can  be  approximated  by  induction 
on  t. 

Base  case:  t < m — r' . This  means  that  Hl(E)  is  supported  on  T'  for  i > m — r' . 
Hence  Lemma  35.13.4  guarantees  the  existence  of  an  approximation  P — > E\v 


of  (T',E\v,m)  on  V.  Applying  Lemma  35.13.3  we  see  that  ( T',E,m ) can  be 


approximated.  Such  an  approximation  is  also  an  approximation  of  ( T,E,m ). 

Induction  step.  Choose  an  approximation  P -A  E\v  of  (T  n U,E\u,m).  This 
in  particular  gives  a surjection  iP(P)  — ► lP(P|;y).  By  Lemma  35.12.8 


we  can 


choose  a perfect  object  Q in  D(Oy)  supported  on  T D V and  an  isomorphism 
Q\ur\V  — > (P  © -P[l])|c/nR-  By  Lemma  35.12.5  we  can  replace  Q by  Q ®L  / and 
assume  that  the  map 


Q\unv  -t  {P  ® P[l])|c/ny 


PI 


unv 


E | 


unv 


lifts  to  Q — > E\y . By  Cohomology,  Lemma  20.30.10|we  find  an  morphism  a : R — >•  E 
of  D(Ox)  such  that  a\u  is  isomorphic  to  P®  P[l]  -A  E\v  and  a\y  isomorphic  to 
Q —>  E \y.  Thus  R is  perfect  and  supported  on  T and  the  map  lP(P)  -A  Hl{E)  is 
surjective  on  restriction  to  U . Choose  a distinguised  triangle 

UaEaB'a  R[  1] 


Then  E'  is  (m  — r)-pseudo-coherent  (Cohomology,  Lemma  20.39.4 1,  Hl{E')\u  = 0 
for  i > t,  and  Hl(E')  is  supported  on  T for  i > m — r.  By  induction  we  find  an 
approximation  R'  -A  E'  of  {T,E' , to).  Fit  the  composition  R'  -A  E'  — > P[l]  into  a 
distringuished  triangle  R -A  R"  -A  R'  -A  P[l]  and  extend  the  morphisms  R'  -A  E' 
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08ES 


09IP 


09IQ 


09IR 


09IS 


and  it’ll]  — > i?[l]  into  a morphism  of  distinguished  triangles 


R 


R" 


R' 


R 


V 

R 


V 

E 


a-  E' 


■i?[l] 


using  TR3.  Then  R"  is  a perfect  complex  (Cohomology,  Lemma  20.41.7)  supported 
on  T.  An  easy  diagram  chase  shows  that  R"  — >■  E is  the  desired  approximation.  □ 

Theorem  35.13.6.  Let  X be  a quasi-compact  and  quasi-separated  scheme.  Then 
approximation  by  perfect  complexes  holds  on  X . 

Proof.  This  follows  from  the  induction  principle  of  Cohomology  of  Schemes,  Lemma 
129.4. II  and  Lemmas  135. 13.51  and  135.13.41  □ 

35.14.  Generating  derived  categories 

In  this  section  we  prove  that  the  derived  category  D QCoh(0 x)  of  a quasi-compact 
and  quasi-separated  scheme  can  be  generated  by  a single  perfect  object.  We  urge 
the  reader  to  read  the  proof  of  this  result  in  the  wonderful  paper  by  Bondal  and 
van  den  Bergh,  see  IBV03I. 

Lemma  35.14.1.  Let  X be  a quasi-compact  and  quasi-separated  scheme.  Let  U 
be  a quasi-compact  open  subscheme.  Let  P be  a perfect  object  of  D(Ou).  Then  P 
is  a direct  summand  of  the  restriction  of  a perfect  object  of  D(Ox). 


Proof.  Special  case  of  Lemma  35.12.9 


Lemma  35.14.2.  In  Situation 


35.9.1 


□ 


denote  j : U -A  X the  open  immersion 


and  let  K be  the  perfect  object  of  D (Ox)  corresponding  to  the  Koszul  complex  on 
/i, . . . , fr  over  A.  For  E £ DQCohiPx)  the  following  are  equivalent 

(1)  E = Rj*(E\u),  and 

(2)  Hom.£i(e)x)(A'[n],  E)  = 0 for  all  n £ Z. 

Proof.  Choose  a distinguished  triangle  E -A  R,j.t{E\jj)  — y N — > 1£[1].  Observe 
that 

Horn  D(0x)(K[n],Rj*(E\u))  = RomD(0u)(K\u[n],  E)  = 0 
for  all  n as  K\u  = 0.  Thus  it  suffices  to  prove  the  result  for  N . In  other  words, 
we  may  assume  that  E restricts  to  zero  on  U . Observe  that  there  are  distinguished 
triangles 


K*{fl\.  fep)  -A  K\fl\. . . , . . . , rp)  -A  ..j: 

of  Koszul  complexes,  see  More  on  Algebra,  Lemma 


IBN931  Proposition 
6.1] 


15.22.11 


Hence  if  Horn 


0(0, 


0 for  all  n £ Z then  the  same  thing  is  true  for  the  K replaced  by  Ke  as  in  Lemma 
|35.9.6|  Thus  our  lemma  follows  immediately  from  that  one  and  the  fact  that  E is 
determined  by  the  complex  of  A-modules  RT(X,  E),  see  Lemma  35.3.5  □ 


i fr")  ' 

)(K[n],E) 


Theorem  35.14.3.  Let  X be  a quasi-compact  and  quasi-separated  scheme.  The 
category  DQCoh(Ox ) can  be  generated  by  a single  perfect  object.  More  precisely, 
there  exists  a perfect  object  P ofD(0  \)  such  that  for  E £ TlQCohiPx ) the  following 
are  equivalent 

(1)  E = 0,  and 
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(2)  Horn D(px^{P[n\,E)  = 0 for  all  n £ Z. 

Proof.  We  will  prove  this  using  the  induction  principle  of  Cohomology  of  Schemes, 
Lemma  129.4.11 

If  X is  affine,  then  Ox  is  a perfect  generator.  This  follows  from  Lemma [35. 3. 5[ 

Assume  that  X = U U V is  an  open  covering  with  U quasi-compact  such  that  the 
theorem  holds  for  U and  V is  an  affine  open.  Let  P be  a perfect  object  of  D(Ou) 
which  is  a generator  for  DQCoh{Ou ).  Using  Lemma  35.14.1  we  may  choose  a perfect 
object  Q of  D{Ox)  whose  restriction  to  U is  a direct  sum  one  of  whose  summands  is 
P.  Say  V = Spec(A).  Let  Z = X\U.  This  is  a closed  subset  of  V with  V\Z  quasi- 
compact. Choose  f-\, , fr  £ A such  that  Z = V(fi, . . . , fr).  Let  K £ D(Ov)  be 
the  perfect  object  corresponding  to  the  Koszul  complex  on  fr  over  A.  Note 

that  since  K is  supported  on  Z C V closed,  the  pushforward  K'  = R(V  — > A)*AT 
is  a perfect  object  of  D(Ox)  whose  restriction  to  V is  K (see  Cohomology,  Lemma 
20.41.10 1.  We  claim  that  Q © K'  is  a generator  for  DQCoh{Ox). 


Let  E be  an  object  of  DQCohiOx)  such  that  there  are  no  nontrivial  maps  from  any 
shift  of  Q®K'  into  E.  By  Cohomology,  Lemma  20.30.9  we  have  K'  = R(V  — > X)\K 
and  hence 

Horn  D(0x)(K'[n\,E)  = HomD(cv)(A'  [n],  E\v) 


Thus  by  Lemma  35.14.2  the  vanishing  of  these  groups  implies  that  E\y  is  isomorphic 
to  R{U  fib  4 U)*A \unv-  This  implies  that  E = R{U  —¥  X)*E\u  (small  detail 
omitted).  If  this  is  the  case  then 

Horn D{0x)(Q[n],  E)  = Eom.D{0u){Q\u[n],  E\v) 

which  contains  Hom^^^Pfn],  E\u)  as  a direct  summand.  Thus  by  our  choice  of 
P the  vanishing  of  these  groups  implies  that  E\jj  is  zero.  Whence  E is  zero.  □ 


The  following  result  is  an  strengthening  of  Theorem|35.14.3|proved  using  exactly  the 
same  methods.  Let  T C X be  a closed  subset  of  a scheme  A'.  Let’s  denote  Dt{Ox) 
the  strictly  full,  saturated,  triangulated  subcategory  consisting  of  complexes  whose 
cohomology  sheaves  are  supported  on  T. 

0A9A  Lemma  35.14.4.  Let  X be  a quasi-compact  and  quasi-separated  scheme.  Let  R011O8  Theorem 
T C X be  a closed  subset  such  that  X \ T is  quasi- compact.  With  notation  as  6.8] 
above,  the  category  DQCoh.riOx ) is  generated  by  a single  perfect  object. 


Proof.  We  will  prove  this  using  the  induction  principle  of  Cohomology  of  Schemes, 
Lemma  129.4.11 


Assume  A'  = Spec(A)  is  affine.  In  this  case  there  exist  /j , . . . , fr  £ A such  that 
T = V(fi, . . . , fr).  Let  K be  the  Koszul  complex  on  f-\. , fr  as  in  Lemma 
|35.14.2|  Then  AT  is  a perfect  object  with  cohomology  supported  on  T and  hence 
a perfect  object  of  DQCoh.riOx )■  On  the  other  hand,  if  A £ D QCoh.T^O x)  and 
Hom(A',  E[n\)  = 0 for  all  n , then  Lemma  35.14.2  tells  us  that  E = Rj*{E\x\r)  = 0. 
Hence  K generates  DqcoH.t{Ox ),  (by  our  definition  of  generators  of  triangulated 
categories  in  Derived  Categories,  Definition  13.33.2). 


Assume  that  X = U U V is  an  open  covering  with  U quasi-compact  such  that  the 
lemma  holds  for  U and  V is  an  affine  open.  Let  P be  a perfect  object  of  D(Ou) 


we  may  choose  a perfect  object  Q of  D(Ox ) supported  on  T whose  restriction  to  U 


supported  on  THU  which  is  a generator  for  DQCoh.rnui^u)-  Using  Lemma  35.12.9 
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is  a direct  sum  one  of  whose  summands  is  P.  Write  V = Spec(-B).  Let  Z = X\U . 
Then  Z is  a closed  subset  of  V such  that  V \ Z is  quasi-compact.  As  X is  quasi- 
separated,  it  follows  that  Z n T is  a closed  subset  of  V such  that  W = V\(ZnT)  is 
quasi-compact.  Thus  we  can  choose  g±, ...  ,gs  £ B such  that  ZnT  = V(gi , , gr). 
Let  K £ D(Ov)  be  the  perfect  object  corresponding  to  the  Koszul  complex  on 
gi,...,ga  over  B.  Note  that  since  K is  supported  on  (Z  fl  T)  C V closed,  the 
pushforward  I\'  = R(V  -A  X)*K  is  a perfect  object  of  D(Ox)  whose  restriction  to 
V is  K (see  Cohomology,  Lemma  20.41.10).  We  claim  that  Q ® K'  is  a generator 
for  DQCoh,T{Ox )• 

Let  E be  an  object  of  Dqco}i,t{Ox)  such  that  there  are  no  nontrivial  maps  from  any 
shift  of  Q®I\'  into  E.  By  Cohomology,  Lemma  20.30.9  we  have  K'  = R(V  — ► X)\K 
and  hence 

Horn  D(0x){K'[n\,E)  = HomD{0v)(lf[tj],£|y) 


Thus  by  Lemma  35.14.2  we  have  E\y  = Rj*E\w  where  j : W — > V is  the  inclusion. 
Picture 

W — ZHT 


unv 

Since  E is  supported  on  T we  see  that  E\w  is  supported  on  T n W = T nU  nV 
which  is  closed  in  W . We  conclude  that 

E\v  = Rj*(E\w)  = Rj*(R]*(E\uc\v))  = Rj"{E\unv ) 
where  the  second  equality  is  part  (1)  of  Cohomology,  Lemma  20.30.9|  This  implies 
that  E = R(U  — » X)*E\u  (small  detail  omitted).  If  this  is  the  case  then 

Horn D(ox)(Q[n],E)  = Hom£,(0t/)(Q|(7[n],  E\v) 

which  contains  Hom^p^APfnjj-Elt/)  as  a direct  summand.  Thus  by  our  choice  of 
P the  vanishing  of  these  groups  implies  that  E\jj  is  zero.  Whence  E is  zero.  □ 

35.15.  An  example  generator 

OBQQ  In  this  section  we  prove  that  the  derived  category  of  a projective  scheme  over  a 
ring  is  generated  by  a vector  bundle,  in  fact  a direct  sum  of  shifts  of  the  structure 
sheaf. 

The  following  lemma  says  that  ©„>0  L®~n  is  a generator  if  C is  ample. 

OBQR  Lemma  35.15.1.  Let  X be  a scheme  and  C an  ample  invertible  Ox -module.  If  I\ 
is  a nonzero  object  of  DQCohiPx),  then  for  some  n > 0 and  p £ Z the  cohomology 
group  HP(X,K  C®n)  is  nonzero. 

Proof.  Recall  that  as  X has  an  ample  invertible  sheaf,  it  is  quasi-compact  and 
separated  (Properties,  Definition  27.26.1|and  Lemma  27.26.7|).  Thus  we  may  apply 
Proposition  |35.7.5|  and  represent  I\  by  a complex  J- * of  quasi-coherent  modules. 
Pick  any  p such  that  Rv  = Ker(Jrp  — ► Jrp+1)/Im(Jrp_1  -A  Tp)  is  nonzero.  Choose  a 
point  x £ X such  that  the  stalk  T-Lp  is  nonzero.  Choose  an  n > 0 and  s £ r(A,  £®ra) 
such  that  Xs  is  an  affine  open  neighbourhood  of  x.  Choose  r £ HP(XS)  which  maps 
to  a nonzero  element  of  the  stalk  Pp;  this  is  possible  as  Tjp  is  quasi-coherent  and 
Xs  is  affine.  Since  taking  sections  over  Xs  is  an  exact  functor  on  quasi-coherent 
modules,  we  can  find  a section  t'  £ TP{XS)  mapping  to  zero  in  Jrp+1(A'S)  and 
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mapping  to  r in  TLP{XS).  By  Properties,  Lemma  27.17.2  there  exists  an  m such 
that  t'  ® s®m  is  the  image  of  a section  t"  £ r(X,  Tp  ® £®mnf  Applying  the  same 
lemma  once  more,  we  find  l > 0 such  that  T,,®s®i  maps  to  zero  in  _7rp+i®JC®(m+^". 
Then  t"  gives  a nonzero  class  in  HP(X,K  £(m+i)n  j ag  desired.  □ 


Lemma  35.15.2.  Let  A be  a ring.  Let  X = P^.  For  every  a £ Z there  exists  an 
exact  complex 

0 -A  Ox{a ) Ox  {cl  + -a  . . 

of  vectorbundles  on  X. 


O x {cl  + 7i  + l)  — > 0 


Proof.  Recall  that  is  Proj(A[Ao, . . . , Xn]),  see  Constructions,  Definition  26.13.2 
Consider  the  Koszul  complex 

K.  = K.(A[X0,...,Xn],X0,...,Xn) 

over  S = A[X0, . . . , Xn]  on  X0, . . . , Xn.  Since  X0, . . . , Xn  is  clearly  a regular  se- 
quence in  the  polynomial  ring  S,  we  see  that  (More  on  Algebra,  Lemma  15.23.2) 
that  the  Koszul  complex  Km  is  exact,  except  in  degree  0 where  the  cohomology  is 
S/ {Xq,  . . . , Xn).  Note  that  A',  becomes  a complex  of  graded  modules  if  we  put  the 
generators  of  Ki  in  degree  +i.  In  other  words  an  exact  complex 

0 -A  S{-n  — 1)  — ► . . . — ► S{-n  - 1 + i)®(”)  -A  ...  -A  S -A  S/{X 0, . . . , Xn)  -A  0 

Applying  the  exact  functor  ~ functor  of  Constructions,  Lemma  |26.8.4  and  using 
that  the  last  term  is  in  the  kernel  of  this  functor,  we  obtain  the  exact  complex 

. . -A-  Ox{~n  — 1 + i)®( 


0 -A  Ox{—n  — 1) 


OxaO 


Twisting  by  the  invertible  sheaves  Ox{n  + a)  we  get  the  exact  complexes  of  the 
lemma.  □ 


Lemma  35.15.3.  Let  A be  a ring.  Let  X = P(|.  Then 

E = Ox  © O.y(-I)  © ...  © Ox{-n) 


is  a generator  (Derived  Categories,  Definition  13.33.2)  of  DQCoh{X). 


Proof.  Let  K £ DQCoh{Ox)-  Assume  Horn  (A,  K\p\)  = 0 for  all  p £ Z.  We 
have  to  show  that  AT  = 0.  By  Derived  Categories,  Lemma  13.33.3|  we  see  that 
Hom(A',  K[p\)  is  zero  for  all  E'  £ (E)  and  p £ Z.  By  Lemma  35.15.2  applied  with 
a = —n  — 1 we  see  that  Ox{— n — 1)  £ (E)  because  it  is  quasi-isomorphic  to  a 
finite  complex  whose  terms  are  finite  direct  sums  of  summands  of  E.  Repeating  the 
argument  with  a = — n — 2 we  see  that  Ox{—n  — 2)  £ (E).  Arguing  by  induction 
we  find  that  Ox{—rn)  £ {E)  for  all  m > 0.  Since 

Horn {Ox{-m),K\p})  = Hp(X,K®%x  Ox{m))  = Hp{X,K®%x  Ox{ l)0m) 


we  conclude  that  AT  = 0 by  Lemma  35.15.1  (This  also  uses  that  Ox{l)  is  an  ample 
invertible  sheaf  on  X which  follows  from  Properties,  Lemma  27.26.12  ) □ 


Remark  35.15.4.  Let  / : X — ► Y be  a morphism  of  quasi-compact  and  quasi- 
separated  schemes.  Let  E £ DQCoh{Oy ) be  a generator  (see  Theorem  35.14.3). 
Then  the  following  are  equivalent 


(1)  for  AT  £ DQCoh{Ox)  we  have  i?/*A'  = 0 if  and  only  if  K = 0, 

(2)  A/*  : DQCoh{Ox)  -+  DQcoh{0Y)  reflects  isomorphisms,  and 

(3)  Lf*E  is  a generator  for  DQCoh{Ox)- 
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The  equivalence  between  (1)  and  (2)  is  a formal  consequence  of  the  fact  that  i?/*  : 
DQCoh  (Ox)  — » D QCohiOy)  is  an  exact  functor  of  triangulated  categories.  Similarly, 
the  equivalence  between  (1)  and  (3)  follows  formally  from  the  fact  that  Lf*  is  the 
left  adjoint  to  Rf *.  These  conditions  hold  if  / is  affine  (Lemma  35.5.11  or  if  / is 
an  open  immersion,  or  if  / is  a composition  of  such.  We  conclude  that 

(1)  if  X is  a quasi-affine  scheme  then  Ox  is  a generator  for  DQCoh(Ox ), 

(2)  if  X C P(|  is  a quasi-compact  locally  closed  subscheme,  then  Ox 


Ox(—  1)®  • • .®Ox(—n)  is  a generator  for  DQCoh(Ox ) by  Lemma  35.15.3 


35.16.  Compact  and  perfect  objects 


09M0  Let  X be  a Noetherian  scheme  of  finite  dimension.  By  Cohomology,  Proposition 
|20.21.6|  and  Cohomology  on  Sites,  Lemma  |21.40.4|  the  sheaves  of  modules  j\Ou 
are  compact  objects  of  D(Ox)  for  all  opens  U C X.  These  sheaves  are  typically 
not  quasi-coherent,  hence  these  do  not  give  perfect  object  of  the  derived  category 
D(Gx)-  However,  if  we  restrict  ourselves  to  complexes  with  quasi-coherent  coho- 
mology sheaves,  then  this  does  not  happen.  Here  is  the  precise  statement. 

09M1  Proposition  35.16.1.  Let  X be  a quasi-compact  and  quasi-separated  scheme.  An 
object  of  D QCoh(Ox)  is  compact  if  and  only  if  it  is  perfect. 


Proof.  By  Cohomology,  Lemma [2T42T] the  perfect  objects  define  compact  objects 
of  D(Ox)-  Conversely,  let  K be  a compact  object  of  DQQoh(Ox)-  To  show  that 
I\  is  perfect,  it  suffices  to  show  that  K\jj  is  perfect  for  every  affine  open  U C X, 
see  Cohomology,  Lemma  |20.41.2  Observe  that  j : U — ► X is  a quasi-compact 
and  separated  morphism.  Hence  Rj * : D Qc0h(0\j ) — ► DQCoh(Ox ) commutes  with 
direct  sums,  see  Lemma  |35.4.2[  Thus  the  adjointness  of  restriction  to  U and  l?j* 
implies  that  I\\u  is  a compact  object  of  DQCoh(Ou).  Hence  we  reduce  to  the  case 
that  X is  affine. 


Assume  X = Spec(A)  is  affine.  By  Lemma  35.3.5  the  problem  is  translated  into 
the  same  problem  for  D(A).  For  D(A)  the  result  is  More  on  Algebra,  Proposition 
115.64.31  □ 


The  following  result  is  a strengthening  of  Proposition  |35.16.1[  Let  T C X be  a 
closed  subset  of  a scheme  X.  As  before  DT(Ox)  denotes  the  the  strictly  full,  satu- 
rated, triangulated  subcategory  consisting  of  complexes  whose  cohomology  sheaves 
are  supported  on  T.  Since  taking  direct  sums  commutes  with  taking  cohomology 
sheaves,  it  follows  that  Dt(Ox ) has  direct  sums  and  that  they  are  equal  to  direct 
sums  in  D(Ox )• 

0A9B  Lemma  35.16.2.  Let  X be  a quasi-compact  and  quasi-separated  scheme.  LetT  C 
X be  a closed  subset  such  that  X \ T is  quasi- compact.  An  object  of  DQCoh, t(Ox) 
is  compact  if  and  only  if  it  is  perfect  as  an  object  of  D(Ox )■ 

Proof.  We  observe  that  DQCoh, t(Ox)  is  a triangulated  category  with  direct  sums 
by  the  remark  preceding  the  lemma.  By  Cohomology,  Lemma  |20.42.1|  the  per- 
fect objects  define  compact  objects  of  D(Ox)  hence  a fortiori  of  any  subcategory 
preserved  under  taking  direct  sums.  For  the  converse  we  will  use  there  exists  a gen- 
erator E G DQCoh, t(Ox)  which  is  a perfect  complex  of  Ox -modules,  see  Lemma 
|35.14.4|  Hence  by  the  above,  E is  compact.  Then  it  follows  from  Derived  Cate- 
gories, Proposition  |13.34.6|  that  E is  a classical  generator  of  the  full  subcategory 
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of  compact  objects  of  DQCoh,T(Ox)-  Thus  any  compact  object  can  be  constructed 
out  of  E by  a finite  sequence  of  operations  consisting  of  (a)  taking  shifts,  (b)  taking 
finite  direct  sums,  (c)  taking  cones,  and  (d)  taking  direct  summands.  Each  of  these 
operations  preserves  the  property  of  being  perfect  and  the  result  follows.  □ 


The  following  lemma  is  an  application  of  the  ideas  that  go  into  the  proof  of  the 
preceding  lemma. 

0A9C  Lemma  35.16.3.  Let  X be  a quasi-compact  and  quasi-separated  scheme.  Let 
T C X be  a closed  subset  such  that  U = X \ T is  quasi- compact.  Let  a : P —>  E be 
a morphism  of  DQCoh(Ox)  with  either 

(1)  P is  perfect  and  E supported  on  T , or 

(2)  P pseudo-coherent,  E supported  on  T,  and  E bounded  below. 

Then  there  exists  a perfect  complex  of  Ox -modules  I and  a map  I — > Ox  [0]  such 
that  I ®L  P E is  zero  and  such  that  I\u  — > Ojj[ 0]  is  an  isomorphism. 


Proof.  Set  V = DQc0h,T(Ox)-  In  both  cases  the  complex  K = R'Hom(P,E) 
is  an  object  of  V.  See  Lemma  |35.10.8  for  quasi-coherence.  It  is  clear  that  K is 
supported  on  T as  formation  of  RTLom  commutes  with  restriction  to  opens.  The 
map  a defines  an  element  of  H°(K)  = Hom£)(ox)(0A:[O],  K).  Then  it  suffices  to 
prove  the  result  for  the  map  a : Ox[ 0]  -A  K. 

Let  E £ V be  a perfect  generator,  see  Lemma [35. 14. 4|  Write 

K = hocolimfC, 


as  in  Derived  Categories,  Lemma [13. 34. 3|  using  the  generator  E.  Since  the  functor 
V — » D(Ox)  commutes  with  direct  sums,  we  see  that  K = hocolimA'n  also  in 
D(Ox )•  Since  Ox  is  a compact  object  of  D(Ox ) we  find  an  n and  a morphism 
an  : Ox  —>  Kn  which  gives  rise  to  a.  By  Derived  Categories,  Lemma  13.34.4 
applied  to  the  morphism  Ox [0]  -A  Kn  in  the  ambient  category  D{Ox)  we  see  that 
an  factors  as  Ox  [0]  — > Q — > Kn  where  Q is  an  object  of  ( E ).  We  conclude  that  Q 
is  a perfect  complex  supported  on  T. 


Choose  a distinguished  triangle 

I — t Cbt[0]  — > Q — > /[l] 

By  construction  / is  perfect,  the  map  I —¥  Ojc[0]  restricts  to  an  isomorphism  over 
U,  and  the  composition  I — > K is  zero  as  a factors  through  Q.  This  proves  the 
lemma.  □ 


35.17.  Derived  categories  as  module  categories 

09M2  In  this  section  we  draw  some  conclusions  of  what  has  gone  before.  Before  we  do  so 
we  need  a couple  more  lemmas. 

09M3  Lemma  35.17.1.  Let  X be  a scheme.  Let  K*  be  a complex  of  Ox-modules  whose 
cohomology  sheaves  are  quasi- coherent.  Let  (E,d)  = H.omCompdgfC)x\(K* , K*)  be 
the  endomorphism  differential  graded  algebra.  Then  the  functor 


- K * : D(E,  d)  — ► D{Ox) 

of  Differential  Graded  Algebra,  Lemma\22.25.3  has  image  contained  in  D QCoh{0 x)  ■ 
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Proof.  Let  P be  a differential  graded  .E-module  with  property  (P)  and  let  E.  be 
a filtration  on  P as  in  Differential  Graded  Algebra,  Section|22.13|  Then  we  have 


P (&e  AT * = hocolim  Cg> e AT* 


Each  of  the  E^P  has  a finite  filtration  whose  graded  pieces  are  direct  sums  of  E[k\. 
The  result  follows  easily.  □ 


The  following  lemma  can  be  strengthened  (there  is  a uniformity  in  the  vanishing 
over  all  L with  nonzero  cohomology  sheaves  only  in  a fixed  range). 

09M4  Lemma  35.17.2.  Let  X be  a quasi-compact  and  quasi-separated  scheme.  Let  K , 
L be  objects  of  D(Ox)  with  K perfect  and  L in  DbQCoh(Ox)-  Then  Extrf,^0x^(K,  L) 
is  nonzero  for  only  a finite  number  of  n. 


Proof.  Since  K is  perfect  we  have 


Ext  1D(0y)(Jv,L)  = H\X,K^  ®%x  L) 


where  A'v  is  the  “dual”  perfect  complex  to  A',  see  Cohomology,  Lemma  20.41.11 


35.3.8 


and 


35.10.1 


(to  see 


Note  that  P = Ev  L is  in  DQCoh(X)  by  Lemmas 
that  a perfect  complex  has  quasi-coherent  cohomology  sheaves) . On  the  other  hand, 
the  spectral  sequence 

Ep’q  = HP(KV  Hq{L))  =>  Hp+q{Ky  ®fox  L)  = Hp+q(P), 

the  boundedness  of  A,  and  the  finite  tor  amplitude  of  Kw  show  that  P has  only 
finitely  many  nonzero  cohomology  sheaves.  It  follows  that  Hn{ A',  P)  = 0 for  n <C  0. 
But  also  Hn(X,P ) = 0 for  n 0 by  Cohomology  of  Schemes,  Lemma  29.4.4  and 


the  spectral  sequence  expressing  Hn(X1  P*)  in  terms  of  HP(X7  Hq(P*))  using  that 
the  cohomology  sheaves  of  P are  quasi-coherent.  □ 


The  following  result  is  taken  from  |BV03|. 

09M5  Theorem  35.17.3.  Let  X be  a quasi-compact  and  quasi-separated  scheme.  Then 
there  exist  a differential  graded  algebra  (E,  d)  with  only  a finite  number  of  nonzero 
cohomology  groups  Hl{E)  such  that  D QCohiP x)  equivalent  to  D(E:  d). 


Proof.  Let  A'*  be  a K-injective  complex  of  0-modules  which  is  perfect  and  gen- 
erates DQCoh(Ox )■  Such  a thing  exists  by  Theorem 


35.14.3 


and  the  existence  of 


K-injective  resolutions.  We  will  show  the  theorem  holds  with 


(E,  d)  HomQompdg^£)A^  (AT  ,E  ) 

where  Compd9(0x)  is  the  differential  graded  category  of  complexes  of  0-modules. 
Please  see  Differential  Graded  Algebra,  Section  [22.25[  Since  A'*  is  K-injective  we 
have 


09M6  (35.17.3.1)  Hn(E)  = Ext£(0x)(.fif , K*) 

for  all  n £ Z.  Only  a finite  number  of  these  Exts  are  nonzero  by  Lemma  [35.17.2| 
Consider  the  functor 

-®|E*  :E(E,d)  ~^D{Ox) 

of  Differential  Graded  Algebra,  Lemma  |22.25.3|  Since  K * is  perfect,  it  defines  a 
compact  object  of  D(Ox),  see  Proposition  35.16.1  Combined  with  (35.17.3.1)  the 
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functor  above  is  fully  faithful  as  follows  from  Differential  Graded  Algebra,  Lemmas 
|22.25.5|  It  has  a right  adjoint 

PHom(A'*,  — ) : D(Ox)  — > D(E,  d) 

by  Differential  Graded  Algebra,  Lemmas|22.25.4| which  is  a left  quasi-inverse  functor 
by  generalities  on  adjoint  functors.  On  the  other  hand,  it  follows  from  Lemma 
I35.17.1lthat  we  obtain 

- K*  : D(E,  d)  > DQCoh(Ox ) 

and  by  our  choice  of  A'*  as  a generator  of  E>QCoh(Px ) the  kernel  of  the  adjoint 
restricted  to  DQCoh(Ox ) is  zero.  A formal  argument  shows  that  we  obtain  the 
desired  equivalence,  see  Derived  Categories,  Lemma|i3.7.2|  □ 


09SU  Remark  35.17.4.  Let  X be  a quasi-compact  and  quasi-separated  scheme  over  a 
ring  R.  By  the  construction  of  the  proof  of  Theorem  |35.17.3|  there  exists  a differ- 
ential graded  algebra  (A,d)  over  R such  that  DQCoh(X)  is  P-linearly  equivalent 
to  D(A,  d)  as  a triangulated  category.  One  may  ask:  how  unique  is  (A,d)?  The 
answer  is  (only)  slightly  better  than  just  saying  that  (A,  d)  is  well  defined  up  to 
derived  equivalence.  Namely,  suppose  that  {B,  d)  is  a second  such  pair.  Then  we 
have 

(A,  d)  Hom0ompdg  ) (AT  ,A  ) 

and 

(R,d)  = HomCompdg(C,x)(A*,  A*) 

for  some  K-injective  complexes  I\*  and  L*  of  0A-modules  corresponding  to  perfect 
generators  of  DQCoh{Ox )■  Set 

fl  = HomCompdS(C,x)(A'*,  A*)  Q'  = HomCompd9(0x)(A*,  AT*) 

Then  is  a differential  graded  Bopp  A-module  and  f Y is  a differential  graded 
Aopp  P-module.  Moreover,  the  equivalence 


D(A,  d)  -A  DQCoh(Ox ) -»•  D(B,  d) 

is  given  by  the  functor  — (8)^  D'  and  similarly  for  the  quasi-inverse.  Thus  we  are 
in  the  situation  of  Differential  Graded  Algebra,  Remark  |22.27.1(3|  If  we  ever  need 
this  remark  we  will  provide  a precise  statement  with  a detailed  proof  here. 


OBQU  Example  35.17.5.  Let  A be  a ring.  Let  X = P1; 
A[X o, . . . , Xn] . By  Lemma  35.15.3  we  know  that 


Proj(S')  where  S = 


P = Ox®  Ox(- 1)  © ...  © Ox(-n) 


is  a perfect  generator  of  D QCoh(0 x) ■ Thus  we  can  apply  the  arguments  in  the  proof 
of  Theorem  35.17.3  to  P.  This  produces  a differential  graded  A-algebra  (A,  d)  such 
that  DQCoh{Ox ) is  equivalent  ot  D(E , d)  and  such  that 

IA(A)=ExfY(P,P) 

for  all*  £ Z.  As  in  the  proof  of  Lemma  [35. 17.2|  we  see  that 

Ext  *c(P,P)=ffi(X,PA®P)  = 0 H\X,Ox(a-b )) 

N-L-'  0 <a,b<n 
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By  the  computation  of  cohomology  of  projective  space  (Cohomology  of  Schemes, 
Lemma  29.8. 1|)  we  find  that  these  Ext-groups  are  zero  unless  i = 0.  For  i = 0 we 
get  the  (noncommutative)  A-algebra 


(S0 

Si 

s2  . 

. ...\ 

0 

So 

Si  . 

R = Horn  D(0x){P,P)  = 

0 

0 

So  • 

U 

■ So) 

with  obvious  multiplication  and  addition.  By  Differential  Graded  Algebra,  Lemma 


22.27.4  we  find  that  D(R)  is  equivalent  to  D(E,  d ) as  an  A-linear  triangulated 

Dqco>i(Ox)  = D(R) 


category  and  hence  that 


In  words:  the  derived  category  of  quasi-coherent  modules  on  projective  space  is 
equivalent  to  the  derived  category  of  modules  over  a (noncommutative)  algebra. 
This  property  of  projective  space  appears  to  be  quite  unusual  among  all  projective 
schemes  over  A. 


35.18.  Cohomology  and  base  change,  IV 


08ET 


08EU 


This  section  continues  the  discussion  of  Cohomology  of  Schemes,  Section  |29.21| 
First,  we  have  a very  general  version  of  the  projection  formula  for  quasi-compact 
and  quasi-separated  nrorphisms  of  schemes  and  complexes  with  quasi-coherent  co- 
homology sheaves. 


Lemma  35.18.1.  Let  f : X Y be  a quasi-compact  and  quasi-separated  mor- 
phism of  schemes.  For  E in  Dqc0}i{Ox ) and  K in  DqcoIi(Oy)  the  map 

Rf*(E)  ®%Y  K — > RME  ®%x  Lf*K) 


defined  in  Cohomology,  Equation  (20.  f 3. 2.1 ) is  an  isomorphism. 


Proof.  To  check  the  map  is  an  isomorphism  we  may  work  locally  on  Y.  Hence  we 
reduce  to  the  case  that  Y is  affine. 


Suppose  that  K = 0 Kt  is  a direct  sum  of  some  complexes  Kt  £ DQCoh(Oy )■  If 
the  statement  holds  for  each  K., , then  it  holds  for  K.  Namely,  the  functors  Lf*  and 
®L  preserve  direct  sums  by  construction  and  Rft  commutes  with  direct  sums  (for 
complexes  with  quasi-coherent  cohomology  sheaves)  by  Lemma  35.4.2  Moreover, 
suppose  that  K — > L — > M — > K [1]  is  a distinguished  triangle  in  DQCohiY)-  Then 
if  the  statement  of  the  lemma  holds  for  two  of  K,  L , M , then  it  holds  for  the  third 
(as  the  functors  involved  are  exact  functors  of  triangulated  categories). 

Assume  Y affine,  say  Y = Spec(A).  The  functor  ~ : D(A)  D QCoh{Oy)  is 

an  equivalence  (Lemma  35.3.51.  Let  T be  the  property  for  K £ D(A)  that  the 


statement  of  the  lemma  holds  for  K.  The  discussion  above  and  More  on  Algebra, 


Remark  15.49.11  shows  that  it  suffices  to  prove  T holds  for  A[k\.  This  finishes  the 
proof,  as  the  statement  of  the  lemma  is  clear  for  shifts  of  the  structure  sheaf.  □ 

08IA  Definition  35.18.2.  Let  S'  be  a scheme.  Let  X . Y be  schemes  over  S.  We  say 
X and  Y are  Tor  independent  over  S if  for  every  x £ X and  y £ Y mapping  to 
the  same  point  s £ S the  rings  Ox,x  and  Oy, y are  Tor  independent  over  Os,s  (see 
More  on  Algebra,  Definition  15.51.1). 
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08IB  Lemma  35.18.3.  Let  g : S'  — >•  S be  a morphism  of  schemes.  Let  f : X 
quasi-compact  and  quasi-separated.  Consider  the  base  change  diagram 


S be 


X’ 


X 


f 


S' 


s 

If  X and  S'  are  Tor  independent  over  S,  then  for  all  E £ L>QCoh(Px ) we  have 
Rf*Lh*  E = Lg*RftE. 


Proof.  For  any  object  E of  D(Ox)  we  can  use  Cohomology,  Remark  20.29.2  to 
get  a canonical  base  change  map  Lg*Rf*E  -A  Rf(Lh*E.  To  check  this  is  an 
isomorphism  we  may  work  locally  on  S'.  Hence  we  may  assume  g : S'  -A  S is  a 
morphism  of  affine  schemes.  In  particular,  g is  affine  and  it  suffices  to  show  that 

Rg*Lg* Rf*E  -a  Rg*Rf(Lh*E  = Rf*(Rh*Lh* E) 

is  an  isomorphism,  see  Lemma  35.5.1  (and  use  Lemmas  35.3. 7|  35.3.8  and  35.4.1 
to  see  that  the  objects  Rf(Lh*E  and  Lg*Rf*E  have  quasi-coherent  cohomology 


sheaves).  Note  that  h is  affine  as  well  (Morphisms,  Lemma  28.12.8 1.  By  Lemma 
|35.5.2|  the  map  becomes  a map 

Rf*E  <g>o„  g*0S‘  — > Rf*{E  ®Oy  h*Ox’) 


Observe  that  h*Ox'  = f*g*Os '•  Thus  by  Lemma  [35. 18. 1|  it  suffices  to  prove  that 
Lf*g*0S’  = f*g*Os '■  This  follows  from  our  assumption  that  X and  S'  are  Tor 
independent  over  S.  Namely,  to  check  it  we  may  work  locally  on  X , hence  we  may 
also  assume  X is  affine.  Say  X = Spec(A),  S = Spec (R)  and  S'  = Spec (R’).  Our 
assumption  implies  that  A and  R'  are  Tor  independent  over  R (More  on  Algebra, 
Lemma  15.51.4),  i.e. , Tor^(A,  R')  = 0 for  i > 0.  In  other  words  A®^R'  = A®rR' 


which  exactly  means  that  Lf*gifOsi  = f*g*Os'  (use  Lemma  35.3.7). 


□ 


0A1D 


The  following  two  lemmas  remain  true  if  we  replace  Q with  a bounded  complex  of 
quasi-coherent  CAy-modules  each  flat  over  S. 

Lemma  35.18.4.  Let  f : X — ► S be  a quasi-compact  and  quasi- separated  mor- 
phism of  schemes.  Let  E £ L>QCoh(Ox).  Let  Q be  a quasi-coherent  Ox-module  flat 
over  S.  Then  formation  of 

Rf*(E®%x  S) 

commutes  with  arbitrary  base  change  (see  proof  for  precise  statement). 


Proof.  The  statement  means  the  following.  Let  g : S' 
schemes  and  consider  the  base  change  diagram 


A be  a morphism  of 


X' 


S' 


X 


s 


in  other  words  X'  = S'  x§  X.  Set  E'  = Lh*E  and  Q'  = h*Q  (here  we  do  not  use 
the  derived  pullback).  The  lemma  asserts  that  we  have 

Lg* RUE  G)  = Rfi(E'  G') 
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To  prove  this,  note  that  in  Cohomology,  Remark  |20.29.2|  we  have  constructed  an 
arrow 


Lg*Rf*  (E  ®ox  G)  — ► R(f')*(Lh*(E  ®%x  G))  = R{f)*{E'  ®%x  Lh*G) 
which  we  can  compose  with  the  map  Lh*G  — » h*G  to  get  a canonical  map 
Lg*Rf*(E  ®ox  G ) — > RfUE'  ®%x,  G') 

To  check  this  map  is  an  isomorphism  we  may  work  locally  on  S' . Hence  we  may 
assume  g : S'  -A  S is  a morphism  of  affine  schemes.  In  this  case,  we  will  use 
the  induction  principle  to  prove  this  map  is  always  an  isomorphism  for  any  quasi- 
compact and  quasi-separated  X over  S (Cohomology  of  Schemes,  Lemma  29.4.11. 

Suppose  X = Spec(A)  is  affine.  The  functor  D(A)  -A  DQCoh(Ox)  is  an  equiv- 
alence (Lemma  35.3.51.  Let  T be  the  property  for  K £ D(A)  that  the  canonical 
arrow  above  is  an  isomorphism  for  E = K.  If  we  have  T(Kf)  for  a family  of 
objects  Ki,  then  we  have  r(®A'j).  Namely,  derived  tensor  product  and  derived 
pullback  commute  with  direct  sums  and  the  same  holds  for  total  direct  image  in 
this  case  by  Lemma  |35.4.2  Moreover,  if  T holds  for  two  out  of  three  objects  of 
a distinguished  triangle,  then  it  holds  for  the  third  (Derived  Categories,  Lemma 
13.4.3).  By  More  on  Algebra,  Remark  15.49.1l|this  shows  that  it  suffices  to  prove 


T holds  for  A[k\.  This  reduces  us  to  the  case  E = Ox-  In  this  case  we  are  say- 
ing that  Lg*  f^G  = g*  f*G  (by  flatness  of  G over  S)  equals  f'JTG  which  holds  by 
Cohomology  of  Schemes,  Lemma  |29.5.1| 

The  induction  step.  Suppose  that  X = U U V is  an  open  covering  with  U,  V, 
U fl  V quasi-compact  such  that  the  result  holds  for  the  restriction  of  E and  G to 


U,  V,  and  UnV.  Denote  a = f\u , b = f |y  and  c = f\unv-  Let  a'  : U'  — > S' , 

Note  that 
$ox  & and 

^ G' ■ Using  the  distinguished  triangles  from  relative  Mayer-Vietoris 
(Cohomology,  Lemma  20.30.8)  we  obtain  a commutative  diagram 


b'  : V'  — > S'  and  d : U'  fl  V'  — > S'  be  the  base  changes  of  a,  b,  and  c. 
formation  of  — (g)L  — commutes  with  restriction  to  opens.  Set  H = E < 
H'  = E'  < 


Lg*Rf*H RfiH’ 

V V 

Lg* Ra*H\u  © Lg*RKH\v ^ Ra'tlH'\u,  0 Rb',H'\v, 

M \< 

Lg*Rc*H \unv Rc'*H'\uinv> 


Lg*Rf*H[l] 


RfiH'i  1] 


08IE 


Since  the  2nd  and  3rd  horizontal  arrows  are  isomorphisms  so  is  the  first  (Derived 
Categories,  Lemma  13.4.3)  and  the  proof  of  the  lemma  is  finished.  □ 


Lemma  35.18.5.  Let  f : X — >■  S be  a quasi-compact  and  quasi-separated  mor- 
phism of  schemes.  Let  E £ D(Ox)  be  perfect.  LetG  be  a quasi- coherent  Ox -module 
flat  over  S.  Then  formation  of 


RfifRTLom{E,  Q) 
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commutes  with  arbitrary  base  change  (see  proof  for  precise  statement). 

Proof.  The  statement  means  the  following.  Let  g : S'  — > S be  a morphism  of 
schemes  and  consider  the  base  change  diagram 


X’ ^ A 

h 


f 

Y 

S' 


9 


f 

I 

s 


in  other  words  X'  = S'  XgX.  Set  E'  = Lh*E  and  Q'  = h*Q  (here  we  do  not  use 
the  derived  pullback).  The  lennna  asserts  that  we  have 

Lg*Rf*R'Hom(E,  Q)  = Rf(R‘Hom(E',Q') 

To  prove  this,  note  that  in  Cohomology,  Remark |20. 35. ll|  we  have  constructed  an 
arrow 

Lg*Rf*RRom(E,g)  — > R(f')*RRom(Lh*  E,  Lh*G) 
which  we  can  compose  with  the  map  Lh*G  — > h*Q  to  get  a canonical  map 


Lg*Rf*RHom(E,g ) ->  Rf(RHom(E' ,g') 


With  these  preliminaries  out  of  the  way,  we  deduce  the  result  from  Lemma  35.18.4 


Namely,  since  E is  a perfect  complex  there  exists  a dual  perfect  complex  Eduai , see 
Cohomology,  Lemma  20.41.11  such  that  R7-Lom{E,g)  = Eduai 


g.  We  omit 

the  verification  that  the  base  change  map  of  Lemma  |35.18.4|  for  Eduai  agrees  with 
the  base  change  map  for  E constructed  above.  □ 


0AA7 


The  following  lemma  will  be  used  in  the  chapter  on  dualizing  complexes. 
Lemma  35.18.6.  Consider  a cartesian  square 


X' 

S' 

Y 

S' 


g' 

g 


^X 

f 

Y 


of  quasi-compact  and  quasi-separated  schemes  with  g and  f Tor  independent.  As- 
sume S = Spec (R)  and  S'  = Spec (R')  affine.  We  have 


R Horn (M,  K 0^x  3' 0 Y,)  = f?Hom(M,  K)  < 


R! 


(see  Cohomology,  Section  20.37  for  notation)  in  the  following  two  cases 

(1)  M G D(Ox)  is  perfect  and  K £ D QCoh{X) , or 

(2)  M £ D(Ox)  is  pseudo-coherent,  K £ D~QCoh( X),  and  R'  has  finite  tor 
dimension  over  R. 


Proof.  Proof  in  case  (1).  The  complex  R'Hom(M,K)  is  an  object  of  DQCohfOx) 
by  Lemma |35. 10. 8|  There  is  a natural  map 

R-Hom{M , K ) g(0X‘  — ► RUom{M , K <g>£x  &0X’) 

which  is  an  isomorphism,  see  Lemma  35.10.9  Hence,  by  replacing  K by  R'Hom{M , I\) 
we  reduce  to  proving 

RT(X,  K ®£x  &Ox>)  = K ) 0^  A' 


Note  that  the  left  hand  side  is  equal  to  RT(X' , L(g')* K)  by  Lemma  35.5.2  Hence 
the  result  follows  from  Lemma T35. 18.31 
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0A1E 


08EV 


0B6F 


08IC 


Proof  in  case  (2).  The  exact  same  argument  works;  the  only  change  is  that  we  have 
to  verify  that  Lemma  35.10.9  applies.  We  have  g'^Ox'  = Rg'*Ox'  = Lf*gifOx  the 


second  equality  by  Lemma  35.18.3|  Using  Lemma[35.10.5|and  Cohomology,  Lemma 
20.40.4  we  conclude  that  g'^Ox'  has  finite  Tor  dimension  as  desired.  □ 


35.19.  Producing  perfect  complexes 

The  following  lemma  is  our  main  technical  tool  for  producing  perfect  complexes. 
Later  versions  of  this  result  will  reduce  to  this  by  Noetherian  approximation,  see 
Section  135.221 

Lemma  35.19.1.  Let  S be  a Noetherian  scheme.  Let  f : X — * S be  a morphism 
of  schemes  which  is  locally  of  finite  type.  Let  E £ D(Ox)  such  that 

(1)  E £ DbCoh(Ox), 

(2)  the  scheme  theoretic  support  of  Hl{E)  is  proper  over  S for  all  i, 

(3)  E has  finite  tor  dimension  as  an  object  of  D{f~1Os). 

Then  Rf*E  is  a perfect  object  of  D(Os). 


Proof.  By  Lemma  35.6.1  we  see  that  Rf*E  is  an  object  of  DbCoh(Os ).  Hence  Rf*E 
is  pseudo-coherent  (Lemma  35.10.4).  Hence  it  suffices  to  show  that  Rf*E  has  finite 
tor  dimension,  see  Cohomology,  Lemma  [20. 41. 5|  By  Lemma  [35.10.6|  it  suffices  to 
check  that  Rf*(E)®Qs  T has  universally  bounded  cohomology  for  all  quasi-coherent 
sheaves  T on  S.  Bounded  from  above  is  clear  as  1?/*  (E)  is  bounded  from  above.  Let 
T C X be  the  union  of  the  supports  of  Hl(E)  for  all  i.  Then  T is  proper  over  S by 
assumptions  (1)  and  (2).  In  particular  there  exists  a quasi-compact  open  X'  C X 
containing  T.  Setting  /'  = / \x>  we  have  Rf*(E)  = Rf'flE \x‘)  because  E restricts 
to  zero  on  A'  \ T.  Thus  we  may  replace  X by  X’  and  assume  / is  quasi-compact. 
Moreover,  / is  quasi-separated  by  Morphisms,  Lemma [28.1 5. 7|  Now 

RUE)  ®%s  T = Rfl  (E  ®%x  Lf*T)  = Rfl  (e  ®).,0s  f~lE) 


by  Lemma  35.18.1  and  Cohomology,  Lemma  [20.28.3  By  assumption  (3)  the  com- 
plex E®*f_10q  f~lT  has  cohomology  sheaves  in  a given  finite  range,  say  [a,  b ].  Then 
Rf*  of  it  has  cohomology  in  the  range  [a,oo)  and  we  win.  □ 

We  will  generalize  the  following  lemma  to  flat  and  proper  morphisms  over  general 
bases  in  Lemma  [35. 22. 2 1 and  to  perfect  proper  morphisms  in  More  on  Morphisms, 
Lemma  136.43.121 

Lemma  35.19.2.  Let  S be  a Noetherian  scheme.  Let  f : X — » S be  a flat  proper 
morphism  of  schemes.  Let  E £ D(Ox)  be  perfect.  Then  Rf*E  is  a perfect  object 
ofD(Os). 


Proof.  We  claim  that  Lemma  35.19.1  applies.  Conditions  (1)  and  (2)  are  imme- 


diate. Condition  (3)  is  local  on  X.  Thus  we  may  assume  X and  S affine  and  E 
represented  by  a strictly  perfect  complex  of  Ox-modules.  Since  Ox  is  flat  as  a 
sheaf  of  /"^Os-modules  we  find  that  condition  (3)  is  satisfied.  □ 


35.20.  Cohomology,  Ext  groups,  and  base  change 

The  results  in  this  section  will  be  used  to  verify  one  of  Artin’s  criteria  for  Quot 
functors,  Hilbert  schemes,  and  other  moduli  problems. 
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0A1F  Lemma  35.20.1.  Let  S be  a Noetherian  scheme.  Let  f : X — > S be  a morphism 
of  schemes  which  is  locally  of  finite  type.  Let  E £ D(Ox)  be  perfect.  Let  G be 
a coherent  Ox -module  flat  over  S with  scheme  theoretic  support  proper  over  S. 
Then  I\  = Rf*(E  G)  is  a perfect  object  of  D (Os)  and  there  are  functorial 
isomorphisms 

H\S,  K ®%s  E)  — ► H\X,  E ®%x  ( g ®ox 
for  E quasi- coherent  on  S compatible  with  boundary  maps  (see  proof). 


Proof.  We  have 


Lf*E  = g 


^f~1Os 


f~1Jr  = G< 


1 Os 


f-1T  = G< 


f*E 


the  first  equality  by  Cohomology,  Lemma  20.28.3  the  second  as  C?  is  a flat  / lO$- 
module,  and  the  third  by  definition  of  pullbacks.  Hence  we  obtain 

H'(X,  E ®%x  (G  80x  f*E))  = H\X,  E G ®%x  Lf*E) 

= H\S,  Rf*(E  ®ox  $ Lf*F)) 

= lf(S,Rf.{E  ®%xG)®%s  E) 

= Hi(S,K®%s  E) 


The  first  equality  by  the  above,  the  second  by  Leray  (Cohomology,  Lemma  20.14.1 ), 


and  the  third  equality  by  Lemma  |35.18.1|  The  object  I\  is  perfect  by  Lemma 
35.19.11  We  check  the  lemma  applies:  Locally  E is  isomorphic  to  a finite  complex 


of  finite  free  Ox-modules.  Hence  locally  E ®qx  G is  isomorphic  to  a finite  com- 
plex whose  terms  are  finite  direct  sums  of  copies  G ■ This  immediately  implies  the 
hypotheses  on  the  cohomology  sheaves  Hl(E  ®@x  G )•  The  hypothesis  on  the  tor 
dimension  also  follows  as  G is  flat  over  f~1Os- 


The  statement  on  boundary  maps  means  the  following:  Given  a short  exact  se- 
quence 0 — ► Ei  — > Ei  — > E3  — > 0 of  quasi-coherent  Os-modules,  the  isomorphisms 
fit  into  commutative  diagrams 


W(S,  K ®%s  E3) H*(X , E ®ox  ( G ®ox  f*T 3)) 


<5 

Y 


5 


V 

Hi+1(X,E®\)x  (G  ®ox  1)) 


where  the  boundary  maps  come  from  the  distinguished  triangle 

K ®@s  Ei  — > K E2  — > K <8>eis  E3  — > K Juft] 

and  the  distinguished  triangle  in  D(Ox)  associated  to  the  short  exact  sequence 

0 ->  G ®ox  r? 1 G ®ox  f*? 2 ->  G ®ox  f*T. 3 -»■  0 

This  sequence  is  exact  because  G is  flat  over  S.  We  omit  the  verification  of  the 
commutativity  of  the  displayed  diagram.  □ 


08ID 


Lemma  35.20.2.  Let  S be  a Noetherian  scheme.  Let  f : X -A  S be  a morphism 
of  schemes  which  is  locally  of  finite  type.  Let  E £ D(Ox)  be  perfect.  Let  G be 
a coherent  Ox-module  flat  over  S with  scheme  theoretic  support  proper  over  S. 
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Then  K = Rf*RTLom(E,G)  is  a perfect  object  of  D (Os)  and  there  are  functorial 
isomorphisms 

H\S,  I<  ®%s  F)  A Ext0x  (E,  Q ®Qx  f*F) 
for  F quasi- coherent  on  S compatible  with  boundary  maps  (see  proof). 


Proof.  Since  E is  a perfect  complex  there  exists  a dual  perfect  complex  Eduai,  see 
Cohomology,  Lemma  20.41.11  Observe  that  R'Hom(E,  Q)  = Eduai  ®qx  G and  that 

Ext i0x(E,G®0x  f*F)  = H\X,Edual  0^x  (G  ®0x  f*F)) 

by  construction  of  Eduai.  Thus  the  perfectness  of  I\  and  the  isomorphisms  follow 
from  the  corresponding  results  of  Lemma|35. 20. 1| applied  to  Eduai  and  G- 

The  statement  on  boundary  maps  means  the  following:  Given  a short  exact  se- 
quence 0 — > F\  — > F2  — > F3  — > 0 then  the  isomorphisms  fit  into  commutative 
diagrams 

H^S,  I<  0&  Extj,x  g /* F3) 


>'L  FA 


Ext £UE,G®ox  f*Fi) 


Hi+1(S,  K (<y0s 

where  the  boundary  maps  come  from  the  distinguished  triangle 


AT  0£>s  F\  — A K 0qs  F2  — t K 0g>s  F3  — A A ®@s  -Pl[1] 


and  the  distinguished  triangle  in  D(Ox)  associated  to  the  short  exact  sequence 

0 -»■  G ®ox  f*F 1 -a  G ®ox  f*F2  -a  G ®Qx  f*F3  -a  0 

This  sequence  is  exact  because  G is  flat  over  S.  We  omit  the  verification  of  the 
commutativity  of  the  displayed  diagram.  □ 


08IF  Lemma  35.20.3.  Let  S be  a Noetherian  scheme.  Let  f : X -A  S be  a morphism 
of  schemes  which  is  locally  of  finite  type.  Let  E £ D(0\)  and  G an  Ox-module. 
Assume 

(1)  E £ Dcoh(Ox),  and 

(2)  G is  a coherent  Ox -module  flat  over  S with  scheme  theoretic  support  is 
proper  over  S. 

Then  for  every  m £ Z there  exists  a perfect  object  K of  D(Os)  and  functorial  maps 

: Ext0x  (E,  G ®Qx  f*F)  —A  JP  (S,  K 0^s  F) 

for  F quasi- coherent  on  S compatible  with  boundary  maps  (see  proof)  such  that  alp 
is  an  isomorphism  for  i < m. 


Proof.  We  may  replace  A by  a quasi-compact  open  neighbourhood  of  the  support 
of  G,  hence  we  may  assume  X is  Noetherian.  In  this  case  X and  / are  quasi-compact 
and  quasi-separated.  Choose  an  approximation  P — > E by  a perfect  complex  P of 
(X,E,  — m — 1)  (possible  by  Theorem  35.13.6).  Then  the  induced  map 

Ext^x  (E,  G ®0x  f*F)  — A Ext^x  (P,  Q ®Qx  f*E) 

is  an  isomorphism  for  i < m.  Namely,  the  kernel,  resp.  cokernel  of  this  map  is  a 
quotient,  resp.  submodule  of 

Exti0x  (C,  G ®0x  f*F)  resp.  Ext^1  (C,  Q ®Qx  f*  T) 
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where  C is  the  cone  of  P — > E.  Since  C has  vanishing  cohomology  sheaves  in 
degrees  > — m — 1 these  Ext-groups  are  zero  for  i < m + 1 by  Derived  Categories, 
Lemma 


Lemma 


13.27.3 


35.20.2 


This  reduces  us  to  the  case  that  E is  a perfect  complex  which  is 


The  statement  on  boundaries  is  explained  in  the  proof  of  Lemma |35.20.2|  □ 


35.21.  Limits  and  derived  categories 


09RC  In  this  section  we  collect  some  results  about  the  derived  category  of  a scheme  which 
is  the  limit  of  an  inverse  system  of  schemes.  More  precisely,  we  will  work  in  the 
following  setting. 

09RD  Situation  35.21.1.  Let  S = lining/  Si  be  a limit  of  a directed  system  of  schemes 
over  S with  affine  transition  morphisms  ffi  : Sp  — > Si.  We  assume  that  Si  is  quasi- 
compact and  quasi-separated  for  all  i € I.  We  denote  /,  : S — > Si  the  projection. 
We  also  fix  an  element  0 £ I. 


09RE 


Lemma  35.21.2.  In  Situation 


35.21.1  Let  E0  and  K0  be  objects  of  D(Os0) ■ Set 
Ei  = Lf*0Eo  and  Ki  = Lf*0K$  for  i > 0 and  set  E = Lf^Eo  and  K = L/qA'o. 
Then  the  map 


colim^o  Hom£)(0g_)(Ei,  Ki)  — s>  RomD(0s)(E,  K) 

is  an  isomorphism  if  either 

(1)  E0  is  perfect  and  K0  £ DQCoh(Os0),  or 

(2)  E0  is  pseudo-coherent  and  K0  £ Dqcoh(Ps0 ) has  finite  tor  dimension. 


Proof.  For  every  open  Uq  C So  consider  the  condition  P that  the  canonical  map 
co\\m.i>oLlom.D^ou.){Ei\vi,Ki\Ui)  — > HomD(0t,)(.E|t/,.Kjt/) 


is  an  isomorphism,  where  U = fff  {Uq)  and  Ui  = /iQ1(C/0).  We  will  prove  P 
holds  for  all  quasi-compact  opens  Uq  by  the  induction  principle  of  Cohomology  of 
Schemes,  Lemma  29.4.1  Condition  (2)  of  this  lemma  follows  immediately  from 


Mayer-Vietoris  for  horn  in  the  derived  category,  see  Cohomology,  Lemma  [20.30.6 
Thus  it  suffices  to  prove  the  lemma  when  Sq  is  affine. 


Assume  So  is  affine.  Say  So  = Spec(A0),  Sj  = Spec(Ai),  and  S = Spec(A).  We  will 
use  Lemma  [35 .3 . 51  without  further  mention. 


In  case  (1)  the  object  E*  corresponds  to  a finite  complex  of  finite  projective  A0- 
modules,  see  Lemma[35.10.7  We  may  represent  the  object  I\0  by  a K-flat  complex 
I\ g of  Ao-modules.  In  this  situation  we  are  trying  to  prove 


colimi>oHomr>(A.)(.Eo  ®Ao  Ai:  K*  <g>Ao  A;)  — > HomD(A)(.EQ  ®Ao  A,  K*  <g)Ao  A) 

Because  E * is  a bounded  above  complex  of  projective  modules  we  can  rewrite  this 
as 

colimj>o  Honi/g (Ao) (A* , K*  ®Ao  Af)  — > Horn K(Ao)(E*,K*  <g>Ao  A) 

Since  there  are  only  a finite  number  of  nonzero  modules  Eq  and  since  these  are  all 
finitely  presented  modules,  this  map  is  an  isomorphism. 


In  case  (2)  the  object  E0  corresponds  to  a bounded  above  complex  E*  of  finite  free 
A0-modules,  see  Lemma  35.10.3  We  may  represent  K0  by  a finite  complex  K* 
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of  flat  Ao-modules,  see  Lemma  [35. 10. 5|  and  More  on  Algebra,  Lemma  [15. 55. 3|  In 
particular  K * is  K-flat  and  we  can  argue  as  before  to  arrive  at  the  map 


colim,>0  Hom^Ao) (-E* > Kq  ®A0  Ai)  — » HomK(Ao)(.Ej,  A'*  ®A0  -4) 

It  is  clear  that  this  map  is  an  isomorphism  (only  a finite  number  of  terms  are 
involved  since  K * is  bounded).  □ 


Lemma  35.21.3.  In  Situation 


35.21.1 


the  category  of  perfect  objects  of  D(Os)  is 


the  colimit  of  the  categories  of  perfect  objects  of  D(Osi). 


Proof.  For  every  open  Uq  C Sq  consider  the  condition  P that  the  functor 


colinp>o  Dperf  {^Ojji ) y Dperfi^Ou'j 


is  an  equivalence  where  perf  indicates  the  full  subcategory  of  perfect  objects  and 
where  U = fo(Uo)  and  Ut  = /jo  (Uo).  We  will  prove  P holds  for  all  quasi- 
compact opens  Uq  by  the  induction  principle  of  Cohomology  of  Schemes,  Lemma 
First,  we  observe  that  we  already  know  the  functor  is  fully  faithful  by 
Thus  it  suffices  to  prove  essential  surjectivity. 


29.4.1 


Lemma  35.21.2 


We  first  check  condition  (2)  of  the  induction  principle.  Thus  suppose  that  we  have 
So  = Uo  U Vq  and  that  P holds  for  Uq,  Vo,  and  Uq  n Vo-  Let  E be  a perfect  object 
of  D(Os).  We  can  find  i > 0 and  Eu,i  perfect  on  Ui  and  Ey,i  perfect  on  Vi  whose 
pullback  to  U and  V are  isomorphic  to  E\jj  and  E\v.  Denote 


a : Eij'i  ->•  {Rfi^E)\Ui  and  b \ Ev,i  ^ {Rf%,*E)\Vi 

the  maps  adjoint  to  the  isomorphisms  Lf*Eu}i  — > E\u  and  Lf*Ey,i  — > E\y.  By 
fully  faithfulness,  after  increasing  i,  we  can  find  an  isomorphism  c : Euti\uinv.l  — t 
Ev,i\uiC\Vi  which  pulls  back  to  the  identifications 

Lf* Eu,i\unv  ~ * E\unv  — > Lf* Ev,i\unv- 

Apply  Cohomology,  Lemma[20.30.10|to  get  an  object  Et  on  St  and  a map  d : Ei  — > 
Rfi^E  which  restricts  to  the  maps  a and  b over  Ui  and  V).  Then  it  is  clear  that  Ei 
is  perfect  and  that  d is  adjoint  to  an  isomorphism  Lf* Ei  -A  E. 


Finally,  we  check  condition  (1)  of  the  induction  principle,  in  other  words,  we  check 
the  lemma  holds  when  So  is  affine.  Say  So  = Spec(Ao),  Si  = Spec(Ai),  and 
S = Spec(A).  Using  Lemmas  35.3.5  and  35.10. 7|  we  see  that  we  have  to  show  that 

Dperf  (A)  — Colim  Dperf  ( A.[ ) 


This  is  clear  from  the  fact  that  perfect  complexes  over  rings  are  given  by  finite 
complexes  of  finite  projective  (hence  finitely  presented)  modules.  See  More  on 
Algebra,  Lemma  [15.61. 16|  for  details.  □ 


35.22.  Cohomology  and  base  change,  V 


0A1G 

0A1H 


A final  section  on  cohomology  and  base  change  continueing  the  discussion  of  Sec- 
tions 35.18  and  35.19|  An  easy  to  grok  special  case  is  given  in  Remark  35.22.3 


Lemma  35.22.1.  Let  f : X -A  S be  a morphism  of  finite  presentation.  Let 
E € D(Ox)  be  a perfect  object.  Let  Q be  a finitely  presented  Ox-module,  flat  over 
S,  with  support  proper  over  S.  Then 


K = Rf,(E2fex  G) 

is  a perfect  object  of  D (Os)  and  its  formation  commutes  with  arbitrary  base  change. 
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Proof.  The  statement  on  base  change  is  Lemma  [35. 18. 4|  Thus  it  suffices  to  show 
that  K is  a perfect  object.  If  S is  Noetherian,  then  this  follows  from  Lemma[35.20.1| 
We  will  reduce  to  this  case  by  Noetherian  approximation.  We  encourage  the  reader 
to  skip  the  rest  of  this  proof. 


The  question  is  local  on  S , hence  we  may  assume  S is  affine.  Say  S = Spec (R).  We 
write  R = colim.Ri  as  a filtered  colimit  of  Noetherian  rings  Ri.  By  Limits,  Lemma 
|31.9.1|  there  exists  an  i and  a scheme  Xi  of  finite  presentation  over  Ri  whose  base 
change  to  R is  X.  By  Limits,  Lemma  31.9.2  we  may  assume  after  increasing  i,  that 
there  exists  a finitely  presented  Ox, -module  Qi  whose  pullback  to  X is  §.  After 
increasing  i we  may  assume  Qi  is  flat  over  Ri,  see  Limits,  Lemma  [31.9.4|  After 
increasing  i we  may  assume  the  support  of  Qi  is  proper  over  Ri,  see  Limits,  Lemma 
|31.12.7|  Finally,  by  Lemma [35 . 2 1 . 3|  we  may,  after  increasing  i,  assume  there  exists 
a perfect  object  Ej  of  D(Ox,)  whose  pullback  to  X is  E.  Applying  Lemma  35.20.1 
to  Xi  — > Spec  (Ri),  Ei,  Qi  and  using  the  base  change  property  already  shown  we 
obtain  the  result.  □ 


0B91  Lemma  35.22.2.  Let  S be  a scheme.  Let  f : X — > S be  a flat  proper  morphism 
of  finite  presentation. 

(1)  Let  E £ D(Ox)  be  perfect.  Then  Rf*E  is  a perfect  object  of  D(Os)  and 
its  formation  commutes  with  arbitrary  base  change. 

(2)  Let  Q be  an  Ox-module  of  finite  presentation,  flat  over  S.  Then  Rf*Q  is 
a perfect  object  of  D (Os)  and  its  formation  commutes  with  arbitrary  base 
change. 


Proof.  Special  cases  of  Lemma [35.22. 1| applied  with  Q = Ox  and  E = Ox-  □ 

0A1I  Remark  35.22.3.  Let  R be  a ring.  Let  X be  a scheme  of  finite  presentation 
over  R.  Let  Q be  a finitely  presented  Ox-module  flat  over  R with  scheme  theoretic 
support  proper  over  R.  By  Lemma  35.22.1  there  exists  a finite  complex  of  finite 
projective  R-modules  M*  such  that  we  have 

RT(Xri,Qri)  = M*  ®rR' 
functorially  in  the  R-algebra  R' . 


0A1J  Lemma  35.22.4.  Let  f : X — ► S be  a morphism  of  finite  presentation.  Let 
E £ D(Ox)  be  a perfect  object.  Let  Q be  a finitely  presented  Ox-module,  flat  over 
S,  with  support  proper  over  S.  Then 

K = Rf*RHom(E,Q) 

is  a perfect  object  of  D(Og)  and  its  formation  commutes  with  arbitrary  base  change. 


Proof.  The  statement  on  base  change  is  Lemma [35.18. 5|  Thus  it  suffices  to  show 
that  K is  a perfect  object.  If  S is  Noetherian,  then  this  follows  from  Lemma[35.20.2| 
We  will  reduce  to  this  case  by  Noetherian  approximation.  We  encourage  the  reader 
to  skip  the  rest  of  this  proof. 

The  question  is  local  on  S,  hence  we  may  assume  S is  affine.  Say  S = Spec (R).  We 
write  R = colimRi  as  a filtered  colimit  of  Noetherian  rings  Ri.  By  Limits,  Lemma 
|31.9.1|  there  exists  an  i and  a scheme  X,  of  finite  presentation  over  Ri  whose  base 
change  to  R is  X . By  Limits,  Lemma|31.9.2|we  may  assume  after  increasing  i,  that 
there  exists  a finitely  presented  Oxt  -module  Qi  whose  pullback  to  X is  Q.  After 
increasing  i we  may  assume  Qi  is  flat  over  Ri:  see  Limits,  Lemma  [31.9.4|  After 
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increasing  i we  may  assume  the  support  of  Qi  is  proper  over  Ri,  see  Limits,  Lemma 
|31.12.7|  Finally,  by  Lemma [35 . 2 1 . 3|  we  may,  after  increasing  i,  assume  there  exists 


a perfect  object  E,  of  D{Oxi)  whose  pullback  to  X is  E.  Applying  Lemma  35.20.2 
to  Xi  — > Spec  (Ri),  Ei , Qt  and  using  the  base  change  property  already  shown  we 
obtain  the  result.  □ 


35.23.  Perfect  complexes 


OBDH  We  first  talk  about  jumping  loci  for  betti  numbers  of  perfect  complexes.  Given  a 
complex  E on  a scheme  X and  a point  x of  A'  we  often  write  E x.  k(x)  instead 
of  the  more  correct  Li*xE , where  ix  : x — > X is  the  canonical  morphism. 

OBDI  Lemma  35.23.1.  Let  X be  a scheme.  Let  E £ D(Ox)  be  perfect.  For  any  i £ Z 
consider  the  function 

Pi  : X — {0, 1,  2, . . .},  x i — dimre(x)  Hl{E  y k(x)) 

Then  we  have 

(1)  formation  of  pi  commutes  with  arbitrary  base  change, 

(2)  the  functions  Pi  are  upper  semi- continuous,  and 

(3)  the  level  sets  of  Pi  are  locally  constructible  in  X. 


Proof.  Consider  a morphism  of  schemes  / : Y — > X and  a point  y £ Y.  Let  x be 
the  image  of  y and  consider  the  commutative  diagram 


V 

g 

x 


Y 

f 

Y 

A 


Then  we  see  that  Lg*  o Li*  = Lj*  oLf*.  This  implies  that  the  function  /?'  associated 
to  the  perfect  complex  Lf*K  is  the  pullback  of  the  function  /3,,  in  a formula: 
Pi  = Pi  o f ■ This  is  the  meaning  of  (1). 


Let  x £ X.  By  More  on  Algebra,  Lemma  |15.62.6  there  exists  an  affine  open 
neighbourhood  U of  x and  a < b such  that  K\u  is  represented  by  a complex 


0^0 


.©Ai(®) 

U 


O' 


®/3q+i(x) 

U 


o? 


6-1 (x) 


o 


&Pb(x) 

u 


0 


(This  also  uses  earlier  results  to  turn  the  problem  into  algebra,  for  example  Lemmas 


35.3.5  and  35.10.7  ) It  follows  immediately  that  Ppx')  < Ppx)  for  all  x'  £ U.  This 


proves  that  is  upper  semi-continuous. 


To  prove  (3)  we  may  assume  that  X is  affine  and  K is  given  by  a complex  of  finite 
free  Ox-modules  (for  example  by  arguing  as  in  the  previous  paragraph,  or  by  using 
Cohomology,  Lemma  20.41.3 1.  Thus  we  have  to  show  that  given  a complex 


0®Q  ->•  0®b  0®c 

the  function  associated  to  a point  x £ X the  dimension  of  the  cohomology  of  k®“  — ► 
K®b  — ► k®c  in  the  middle  has  constructible  level  sets.  Let  A £ Mat(a  x b,  T(A',  Ox)) 
be  the  matrix  of  the  first  arrow.  The  rank  of  the  image  of  A in  Mat  (a  x b , n(x)) 
is  equal  to  r if  all  (r  + 1)  x (r  + l)-minors  of  A vanish  at  x and  there  is  some 
r x r-minor  of  A which  does  not  vanish  at  x.  Thus  the  set  of  points  where  the  rank 
is  r is  a constructible  locally  closed  set.  Arguing  similarly  for  the  second  arrow  and 
putting  everything  together  we  obtain  the  desired  result.  □ 
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OBDJ  Lemma  35.23.2.  Let  X be  a scheme.  Let  E £ D(Ox ) he  perfect.  The  function 

Xe  ■ X — ■>  Z,  xi — s>  ^(-l)1  dim«M  H*(E  ®Ox  K(x)) 
is  locally  constant  on  X . 

Proof.  By  Cohomology,  Lemma[20.41.3|we  see  that  we  can,  locally  on  A',  represent 
E by  a finite  complex  £*  of  finite  free  Ox-modules.  On  such  an  open  the  function 
Xe  is  constant  with  value  ^(— l)*rank(£*).  □ 

OBDK  Lemma  35.23.3.  Let  X be  a scheme.  Let  E £ D(Ox ) he  perfect.  Given  i,r  £ Z, 
there  exists  an  open  subscheme  U C X characterized  by  the  following 

(1)  E\u  = Hl(E\u)[—i]  and  Hl{E\u)  is  a locally  free  Ojj-module  of  rank  r, 

(2)  a morphism  f : Y — > X factors  through  U if  and  only  if  Lf*E  is  isomor- 
phic to  a locally  free  module  of  rank  r placed  in  degree  i. 


35.23.1 


Proof.  Let  0j  : X — ► {0, 1,2,.. .}  for  j £ Z be  the  functions  of  Lemma 
Then  the  set 

W = {x  £ X | 0j( x)  < 0 for  all  j ^ *} 

is  open  in  X and  its  formation  commutes  with  pullback  to  any  Y over  X.  This 
follows  from  the  lemma  using  that  apriori  in  a neighbourhood  of  any  point  only  a 
finite  number  of  the  0 j are  nonzero.  Thus  we  may  replace  A'  by  W and  assume 
that  0 j(x)  = 0 for  all  x £ X and  all  j i.  In  this  case  Hl(E)  is  a finite  locally 


free  module  and  E = Hl(E)[— i\,  see  for  example  More  on  Algebra,  Lemma  15.62.6 


OBDL 


Thus  X is  the  disjoint  union  of  the  open  subschemes  where  the  rank  of  Hl\E)  is 
fixed  and  we  win.  □ 

Lemma  35.23.4.  Let  X be  a scheme.  Let  E £ D(Ox ) be  perfect  of  tor-amplitude 
in  [a,  b\  for  some  a,b  £ Z.  Then  there  exists  a locally  closed  subscheme  j : Z — * A' 
characterized  by  the  following 

(1)  Ha(Lj*E ) is  an  invertible  O z-module,  and 

(2)  a morphism  f :Y  X factors  through  Z if  and  only  if  Ha(Lf* E)  is  an 
invertible  Oy -module. 

Moreover,  if  f : Y — ► X factors  as  Y'  A Z — ► X,  then  Ha(Lf*  E)  = g*Ha(Lj*E). 
Proof.  First,  let  U C A be  the  open  subscheme  where  the  function  0a  of  Lemma 


35.23.1  has  values  < 1.  Since  every  / as  in  (2)  factors  through  U,  we  may  replace 


X by  U and  assume  that  0a{x)  £ {0, 1}  for  all  x £ X.  We  will  show  that  in  this 
case  Z is  a closed  subscheme.  Namely,  if  a;  £ A and  0a(x)  = 0,  then  there  is  an 
open  neighbourhood  of  x where  0a  = 0.  In  this  way  we  see  that  set  theoretically 
at  least  the  result  is  true. 

To  get  a scheme  theoretic  structure,  consider  a point  x £ X with  0a{x)  = 1.  Set 


0 = 0ajri(x).  By  More  on  Algebra,  Lemma  15.62.6  there  exists  an  affine  open 


neighbourhood  U of  x and  such  that  K\u  is  represented  by  a complex 


0 ->•  Ou 


> o 


®/3 


o 


0/36_i(x) 


o 


0/3t(x) 

U 


0 -> 


(This  also  uses  earlier  results  to  turn  the  problem  into  algebra,  for  example  Lemmas 
35.3.5  and  35.10.7  ) Now,  if  g : Y — > U is  any  morphism  of  schemes  such  that  g^(fj) 


is  nonzero  for  some  j,  then  H°(Lg* E)  is  not  an  invertible  CV-module  (since  it  is 
annihilated  by  a nonzero  function).  And  trivially  it  is  an  invertible  Oy -module  if 
gHfj)  = 0 for  all  j.  Thus  we  see  that  over  U the  closed  subscheme  cut  out  by 
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OBDM 

OBDN 


0B9T 


0B9S 


/i, . . . , fp  works.  This  finishes  the  proof  as  the  characterization  of  Z shows  that 
the  locally  constructed  patches  glue  (details  omitted).  □ 


35.24.  Applications 

Mostly  applications  of  cohomology  and  base  change.  In  the  future  we  may  generalize 
these  results  to  the  situation  discussed  in  Lemma [35.22. II 


Lemma  35.24.1.  Let  f : X -A  S be  a flat,  proper  morphism  of  finite  presentation. 
Let  T be  an  Ox-module  of  finite  presentation,  flat  over  S.  For  fixed  i G Z consider 
the  function 

{0, 1,  2, . . .},  a ► dimK(s)  H\XS,FS) 


Then  we  have 

(1)  formation  of  fli  commutes  with  arbitrary  base  change, 

(2)  the  functions  fli  are  upper  semi- continuous,  and 

(3)  the  level  sets  of  fli  are  locally  constructible  in  S . 


Proof.  By  cohomology  and  base  change  (more  precisely  by  Lemma  35.22.2 1 the 
object  K = RflF  is  a perfect  object  of  the  derived  category  of  S whose  formation 
commutes  with  arbitrary  base  change.  In  particular  we  have 


Hi(Xs,Xs)  = Hi(K®%s  K(s)) 
Thus  the  lemma  follows  from  Lemma [35.23.1 1 


□ 


Lemma  35.24.2.  Let  f : X -A  S be  a flat,  proper  morphism  of  finite  presentation. 
Let  T be  an  0 \ -module  of  finite  presentation,  flat  over  S.  The  function 

s^x(Xs,Ts) 


is  locally  constant  on  S . Formation  of  this  function  commutes  with  base  change. 


Proof.  By  cohomology  and  base  change  (more  precisely  by  Lemma  35.22.2 1 the 
object  K = RflF  is  a perfect  object  of  the  derived  category  of  S whose  formation 
commutes  with  arbitrary  base  change.  Thus  we  have  to  show  the  map 

s i — » ^](-l)*  dimK(s)  H\K  K(s)) 

is  locally  constant  on  S.  This  is  Lemma [35. 23. 2|  □ 


Lemma  35.24.3.  Let  f : X -A  S be  a flat,  proper  morphism  of  finite  presentation. 
Let  F be  an  Ox -module  of  finite  presentation,  flat  over  S . Fix  i,r  € Z.  Then  there 
exists  an  open  subscheme  U C S with  the  following  property:  A morphism  T -A  S 
factors  through  U if  and  only  if  RfT,*J~T  is  isomorphic  to  a finite  locally  free  module 
of  rank  r placed  in  degree  i. 


Proof.  By  cohomology  and  base  change  (more  precisely  by  Lemma  35.22.2 1 the 
object  K = Rf*T  is  a perfect  object  of  the  derived  category  of  S whose  formation 
commutes  with  arbitrary  base  change.  Thus  this  lemma  follows  immediately  from 
Lemma  135.23.31  □ 
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OBEZ 

OBDP 


OBFO 


35.25.  Theorem  of  the  cube 


The  following  lemma  tells  us  that  the  diagonal  of  the  Picard  functor  is  representable 
by  locally  closed  immersions  under  the  assumptions  made  in  the  lemma. 


Lemma  35.25.1.  Let  f : X — ► S be  a flat,  proper  morphism  of  finite  presentation. 
Let  C be  an  invertible  Ox -module.  For  a morphism  g : T — > S'  consider  the  base 
change  diagram 


Xt >-  X 

1 q 


p 

Y 


T 


g 


f 

S 


Assume  Ot  p*OxT  is  an  isomorphism  for  all  g :T  — » S.  Then  there  is  a locally 
closed  subscheme  Z C S such  that  a morphism  g : T — > S factors  through  Z if  and 
only  if  there  exists  an  invertible  Ot -module  M with  p*H  = q*C. 


Proof.  Let  g : T — > S be  a morphism.  If  there  exists  an  A f as  in  the  lemma,  then, 
using  the  projection  formula  Cohomology,  Lemma  20.43.2 ) we  see  that  the  modules 

p*{q*C)  = p*(p*Af)  = M ®os  P*OxT  — N and  similarly  p*(g*£0_1)  = A/"0-1 
are  invertible  and  we  see  that  the  map  (cup  product  in  degree  0) 

P*{q*£)  ®oT  — > Ot 


is  an  isomorphism.  Conversely,  suppose  that  we  have  g :T  — > S such  that  p*(q*£) 
and  p*((7*£0_1)  are  invertible  and  such  that  the  cup  product  map  displayed  above 
is  an  isomorphism.  Then  we  see  that  locally  on  T we  have  sections  a in  p*(q*£)  and 
a'  in  p*(q* £0_1)  whose  product  is  1.  Thinking  of  er  as  a section  of  q* C on  Xt  and 
a'  as  a section  of  g*£0-1  on  Xt  with  a ■ a'  = 1,  we  conclude  that  a : OxT  —>  q*C  is 
an  isomorphism.  In  other  words,  we  see  that  p*p*q*C  = q* C.  It  is  this  alternative 
description  of  the  condition  on  g : T — > S that  we  will  show  is  representable  by  a 
locally  closed  subscheme  of  S. 


By  cohomology  and  base  change  (more  precisely  by  Lemma  35.22.2)  we  see  that 
E = !?/*£  is  a perfect  object  of  the  derived  category  of  S and  that  its  formation 
commutes  with  arbitrary  change  of  base.  Similarly  for  E'  = I?/*£0_1.  Since  there 
is  never  any  cohomology  in  degrees  < 0,  we  see  that  E and  E'  have  (locally)  tor- 
amplitude  in  [0,  b\  for  some  b.  By  Lemma  35.23.4|  we  see  that  there  exist  locally 
closed  subschemes  Z C S and  Z'  C S over  which  H°(E)  and  H°(E')  become 
invertible  modules  compatible  with  pullback.  After  replacing  S by  Z x 5 Z'  (which 
is  a locally  closed  subscheme  of  X)  we  may  assume  that  /*£  and  /*£0-1  are 
invertible  05-modules  whose  formation  commutes  with  arbitrary  change  of  base. 
Finally,  the  condition  that  the  cupproduct  is  nonzero  picks  out  an  open  subscheme 
and  the  proof  is  complete.  □ 


Lemma  35.25.2.  Let  f : X — ► S and  C be  as  in  Lemma 
geometric  fibres  of  f are  integral,  then  Z is  closed  in  S. 


35.25.1 


If  moreover  the 


Proof.  We  first  do  a standard  argument  to  reduce  to  the  Noetherian  case.  Namely, 
the  question  is  local  on  S , hence  we  may  assume  that  S = Spec (R)  is  affine.  Then 
we  write  R = coliml?;  with  f?.,;  of  finite  type  over  Z.  Set  Si  = Spec (Ri).  For  some  i 
there  exists  a flat  proper  morphism  /)  : X,  — ► Sj  and  an  invertible  0\-. -module  £, 
whose  base  change  to  S gives  back  f : X S and  £.  See  Limits,  Lemmas  |31. 9. 1[ 
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31.7.6 


31.12.4 


and  31.9.3  Then  Rfi^Oxi  is  a perfect  object  of  D{Osi)  whose 


formation  commutes  with  arbitrary  base  change.  Let  T C Si  be  the  locally  closed 


subscheme  of  Si  constructed  in  Lemma  35.23.4  for  Rfi^Ox,  with  a = 0.  By  our 
assumption  that  f*Ox  = Os  universally  we  see  that  S — »•  Si  factors  through  T. 
Set  Y = Xj  XstT  — ► T and  A4  = £i\y-  By  construction  the  morphism  g : Y — ► T 
satisfies  g*Oy  = Ot  universally  and  we  have  a commutative  diagram 

£ X ^ Y M 


f 


Y 

S- 


Y 

T 


Thus  if  we  can  prove  the  lemma  for  g and  A4,  then  it  follows  for  / and  £.  Since  T 
is  Noetherian,  we  have  reduced  to  the  Noetherian  case. 

Assume  S is  Noetherian.  Since  Z is  a locally  closed  subscheme  of  a Noetherian 
scheme  it  suffices  to  show  that  Z is  closed  under  specialization  in  order  to  prove 
that  it  is  closed.  By  Properties,  Lemma  27.5.10  and  base  change  we  see  that 
it  suffices  to  prove  the  lemma  in  case  S is  the  spectrum  of  a dvr  A.  In  other 
words,  suppose  we  have  a flat  proper  morphism  X — > Spec(A)  with  integral  scheme 
theoretic  fibres  Xv  (generic),  X0  (closed)  and  an  invertible  Ox- module  £ whose 
restriction  to  Xv  is  trivial.  Goal:  show  that  £ is  trivial.  This  follows  from  Divisors, 
Lemma  |30.23.1|  However,  we  can  prove  this  special  case  directly  as  follows:  take 
a trivializing  section  s £ T(Xv,£ri).  After  replacing  s by  7rns  if  necessary  (it  £ A 
a uniformizer)  we  can  assume  that  s £ T(X,  £).  If  s|x0  = 0,  then  we  see  that  s is 
divisible  by  7r  (because  X0  is  the  scheme  theoretic  fibre  and  X is  flat  over  A) . Thus 
we  may  assume  that  s|_y0  is  nonzero.  Then  the  zero  locus  Z(s)  of  s is  contained 
in  X0  but  does  not  contain  the  generic  point  of  X0  (because  Xq  is  integral).  This 
means  that  the  Z(s)  has  codimension  > 2 in  X which  contradicts  Divisors,  Lemma 
13(1.12.31  □ 

0BF1  Lemma  35.25.3.  Consider  a commutative  diagram  of  schemes 

X’ »-  X 


with  fiX'—tS  and  f : X — * S satisfying  the  hypotheses  of  Lemma  35.25.1  Let 
£ be  an  invertible  Ox-module  and  let  £'  be  the  pullback  to  X' . Let  Z C S,  resp. 


Z'  C S be  the  locally  closed  subscheme  constructed  in  Lemma  35.25.1  for  (/,£), 
resp.  (/',£')  so  that  Z C Z' . If  s £ Z and 

H\Xs,0)  — ► H\X'e,0) 

is  injective,  then  Z HU  = Z'  D U for  some  open  neighbourhood  U of  s. 

Proof.  We  may  replace  S by  Z' . After  shrinking  S to  an  affine  open  neighbourhood 
of  s we  may  assume  that  £'  = Ox1-  Let  E = i?/*£  and  E'  = Rf*£'  = Rf'tOx'  ■ 
These  are  perfect  complexes  whose  formation  commutes  with  arbitrary  change  of 
base  (Lemma |35. 22.2 1.  In  particular  we  see  that 

E®os  K(s)  = #r(Xs,£s)  = RT(Xs,0Xs) 
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The  second  equality  because  s £ Z.  Set  h,  = dimK(s)  Hl(Xs,Oxs)-  After  shrinking 
S we  can  represent  E by  a complex 


Os 


0<Shi 


us 


see  More  on  Algebra,  Lemma  15.62.6  (strictly  speaking  this  also  uses  Lemmas  35.3.5 
and  35.10.7 1.  Simlarly,  we  may  assume  E'  is  represented  by  a complex 

Os  -4  O^'1  -4  O' 


(&h'2 


where  h' 


dimK(s)  Hl{X's,  Ox’a)-  By  functoriality  of  cohmology  we  have  a map 

E — > E' 


in  D{Os)  whose  formation  commutes  with  change  of  base.  Since  the  complex 
representing  E is  a finite  complex  of  finite  free  modules  and  since  S is  affine,  we 
can  choose  a map  of  complexes 


Os 


d 


0®hi 


0®h2 


Of 


o 


®h[ 


■ o 


® h2 


representing  the  given  map  E -4  E' . Since  s £ Z we  see  that  the  trivializing 
section  of  Cs  pulls  back  to  a trivializing  section  of  C's  = Ox'B  ■ Thus  a (g>  k(s)  is 
an  isomorphism,  hence  after  shrinking  S we  see  that  a is  an  isomorphism.  Finally, 
we  use  the  hypothesis  that  Hl(Xs,0)  — > H1(X's,0)  is  injective,  to  see  that  there 
exists  a,  h\  x hi  minor  of  the  matrix  defining  b which  maps  to  a nonzero  element  in 
k(s).  Hence  after  shrinking  S we  may  assume  that  b is  injective.  Howeover,  since 
C — Ox’  we  see  that  d!  = 0.  It  follows  that  d = 0.  In  this  way  we  see  that  the 
trivializing  section  of  Cs  lifts  to  a section  of  C over  X.  A straightforward  toplogical 
argument  (omitted)  shows  that  this  means  that  C is  trivial  after  possibly  shrinking 
S a bit  further.  □ 


0BF2 


Lemma  35.25.4.  Consider  n commutative  diagrams  of  schemes 


with  fi  : Xi  — )•  S and  f : X — »•  S satisfying  the  hypotheses  of  Lemma  35.25.1  Let 
C be  an  invertible  Ox -module  and  let  Ci  be  the  pullback  to  X Let  Z C S,  resp. 
Zi  C S be  the  locally  closed  subscheme  constructed  in  Lemma  35.25.1  for  (/,£), 
resp.  ( fi,Ci ) so  that  Z C f|i=i  ...nZi-  rf  s e Z ani ^ 


H\Xs,0)— >0.  H\XitS,0) 

1=1  ,...,71 

is  injective,  then  Z D U = (n,;=i  nZi)  ^ ^ (scheme  theoretic  intersection)  for 
some  open  neighbourhood  U of  s. 


Proof.  This  lemma  is  a variant  of  Lemma |35. 25. 3| and  we  strongly  urge  the  reader 
to  read  that  proof  first;  this  proof  is  basically  a copy  of  that  proof  with  minor  mod- 
ifications. It  follows  from  the  descrioption  of  (scheme  valued)  points  of  Z and  the 
Zi  that  Z C P|i=i  n Zi  where  we  take  the  scheme  theoretic  intersection.  Thus  we 
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may  replace  S by  the  scheme  theoretic  intersection  fji=1  n %i-  After  shrinking  S 
to  an  affine  open  neighbourhood  of  s we  may  assume  that  Ci  = Oxi  for  i = 1, . . . , n. 
Let  E = Rf*C  and  Ei  = Rfi<itCi  = Rfi^Ox,  ■ These  are  perfect  complexes  whose 
formation  commutes  with  arbitrary  change  of  base  (Lemma  35.22.2 1.  In  particular 
we  see  that 

E®os  K(s)  = #r(Xs,£s)  = RT(Xs,OxJ 

The  second  equality  because  s £ Z.  Set  hj  = dimK(s)  LP(XS.  OxB)-  After  shrinking 
S we  can  represent  if  by  a complex 

Os 


0®hi 


0®h2 


see  More  on  Algebra,  Lemma  15.62.6  (strictly  speaking  this  also  uses  Lemmas  35.3.5 
and  35.10.7 1.  Simlarly,  we  may  assume  Ei  is  represented  by  a complex 


Os^Ol 


o 


®hi 


where  hij  = dimK(s)  H:l {X.i  s.  Ox,  s).  By  functoriality  of  cohmology  we  have  a map 

E-^Ei 


in  D{Os)  whose  formation  commutes  with  change  of  base.  Since  the  complex 
representing  if  is  a finite  complex  of  finite  free  modules  and  since  S is  affine,  we 
can  choose  a map  of  complexes 


Os a-  0^hl 

d ° 


^o®h2 


Os 


bi 

Y 

us 


Ci 

Y 

us 


representing  the  given  map  E Ei.  Since  s £ Z we  see  that  the  trivializing 
section  of  Cs  pulls  back  to  a trivializing  section  of  £jiS  = Ox,  B • Thus  a*  (g)  k(s)  is 
an  isomorphism,  hence  after  shrinking  S we  see  that  a*  is  an  isomorphism.  Finally, 
we  use  the  hypothesis  that  H1(Xs,0)  — ► ®i=1  nH1(XiiS,0)  is  injective,  to  see 
that  there  exists  a h\  x hi  minor  of  the  matrix  defining  ®bi  which  maps  to  a 
nonzero  element  in  k (s).  Hence  after  shrinking  S we  may  assume  that  (b±, . . . , bn ) : 
Os1  ®i=i  n O s''1  is  injective.  Howeover,  since  = Oxi  we  see  that  di  = 0 
for  i = 1, . . . n.  It  follows  that  d = 0 because  (£>i, . . . , bn)  o d = (©d*)  o (ai, . . . , a„). 
In  this  way  we  see  that  the  trivializing  section  of  Cs  lifts  to  a section  of  C over  X. 
A straightforward  toplogical  argument  (omitted)  shows  that  this  means  that  C is 
trivial  after  possibly  shrinking  S a bit  further.  □ 


0BF3 


Lemma  35.25.5.  Let  f : X — ► S and  g : Y S be  morphisms  of  schemes 
satisfying  the  hypotheses  of  Lemma  \ 35.25. 1\  Let  a : S — > X and  t : S —>  Y be 
sections  of  f and  g.  Let  s £ S.  Let  C be  an  invertible  sheaf  on  X XgY . If 
(1  x t)*C  on  X,  (a  x 1)*£  on  Y , and  £|(xxsU)„  are  trivial,  then  there  is  an  open 
neighbourhood  U of  s such  that  C is  trivial  over  (X  Xg  Y)u. 


Proof.  By  Kiinneth  (Varieties,  Lemma[32.23.1 ) the  map 
H\XS 

X Spec(«;(s)  0)^H\Xs,0)®Hl{Ys,0) 
is  injective.  Thus  we  may  apply  Lemma |35. 25. 4|  to  the  two  morphisms 
1 xt  : X X xsY  and  a xl:Y  ^ X xsY 


to  conclude. 


□ 
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0BF4  Theorem  35.25.6  (Theorem  of  the  cube).  Let  k be  a field.  Let  X,  Y,  Z be  varieties 
with  k-rational  points  x,y,z.  Let  £ be  an  invertible  module  on  X xY  x Z.  If 

(1)  C is  trivial  over  x x Y x Z , X x y x Z , and  X x Y x z,  and 

(2)  X and  Y are  geometrically  integral  and  proper  over  k, 
then  C is  trivial. 


Proof.  Since  A'  and  Y are  geometrically  integral  and  proper  over  k the  product 
X XkY  is  geometrically  integral  and  proper  over  k.  This  implies  that  H°(X  x 
Y,  Ox  x y ) = k and  that  the  same  remains  true  after  any  base  change.  Thus  we 
may  apply  Lennna|35.25.1|to  the  morphism 

p:  X xY  x Z — >Z 


and  the  invertible  module  C to  get  a locally  closed  subscheme  Z'  C Z such  that 


£\ xxYxZ'  is  the  pullback  of  an  invertible  module  Af  on  Z' . By  Lemma  35.25.2  we 
see  that  Z'  C Z is  a closed  subscheme.  Hence  if  Z'  contains  an  open  neighbourhood 
of  z,  then  Z'  = Z and  we  see  that  £ = p*J\f.  Restricting  to  x x y x Z we  find 
that  J\f  = Oz  and  £ is  trivial.  To  get  the  desired  open  neighbourhood  of  z apply 
Lemma  35.25.5  to  the  morphism  p,  the  point  z,  and  the  sections  a : Z -A  X x Z 
and  r : Z — >•  Y x Z given  by  x and  y.  □ 


35.26.  Formal  functions  for  a principal  ideal 


OBLA  In  this  section  we  ask  if  completion  and  taking  cohomology  commute  for  sheaves 
of  modules  on  schemes  over  an  affine  base  A when  completion  is  with  respect  to  a 
principal  ideal  in  A.  Of  course,  we  have  already  discussed  the  theorem  on  formal 
functions  in  Cohomology  of  Schemes,  Section  [29. 19|  Moreover,  we  will  see  in  Pro- 
etale  Cohomology,  Section  |51.15|  that  derived  completion  commutes  with  derived 
cohomology  in  great  generality.  In  this  section  we  just  collect  a few  simple  special 
cases  of  this  material  that  will  help  us  with  future  developments. 

OBLB  Lemma  35.26.1.  Let  A be  a Noetherian  ring  complete  with  respect  to  a principal 
ideal  (/).  Let  X be  a scheme  over  Spec(A).  Let 

...  — f .F 2 — > F i — > Fq 


be  an  inverse  system  of  Ox -modules.  Assume 

(1)  r(A,Jr0)  is  a finite  A-module, 

(2)  multiplication  by  f on  Fn+ 1 factors  through  Fn+\  — > Fn  to  give  a short 
exact  sequence  0 — > Tn  — > Fn+i  — > Fq  — t 0 


Then 


M = lim.r(A,  Fn) 

is  a finite  A-module,  f is  a nonzerodivisor  on  M,  and  M/fM  is  the  image  of  M 
in  r(A,  Fq). 


Proof.  Assumption  (2)  implies  that  Fq  is  annihilated  by  / and  then  by  induction 
that  Fn  is  annihilated  by  fn+1.  Set  Mn  = T(X,Fn).  Since  fn+1  annihilates  Mn 
we  see  that  f)  fnM  = 0.  Since  the  kernel  of  / : Mn+ 1 — ► Mn+ 1 dies  in  Mn  by  (2) 
we  see  that  / : M — > M is  injective.  The  cokernel  of  / : M — v M is  the  image 
of  M — > Mq.  Namely,  if  m = (mn)  is  an  element  of  M with  mo  = 0,  then  each 
m„+i  is  in  the  image  of  Mn  — l Mn+1  by  assumption  (2).  If  m!n  € Mn  maps  to 
mn+ 1 then  f(m'n)  = (mn)  in  M.  Since  A is  Noetherian  and  Mq  is  finite,  we  see 
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that  M/fM  C Mo  is  a finite  module, 
that  M is  finite  over  A. 


By  Algebra,  Lemma  10.95.12  we  conclude 

□ 


OBLC  Lemma  35.26.2.  Let  A be  a ring.  Let  f £ A.  Let  X be  a scheme  over  Spec(A). 
Let 

. . . — > T 2 — A T 1 — > T0 

be  an  inverse  system  of  Ox-modules.  Assume 

(1)  Hl(X,To)  is  an  A-module  of  finite  length, 

(2)  multiplication  by  f on  Tn+\  factors  through  Tn+ 1 -A  Tn  to  give  a short 
exact  sequence  0 -A  Tn  — > Tn+i  — > To  — > 0, 

Then  the  system  Mn  = T(X,Tn)  satisfies  the  Mittag-Leffler  condition. 

Proof.  By  the  short  exact  sequences  and  induction  we  see  that  = iL1(X,  Tn) 
is  an  A-module  of  finite  length  for  all  n.  Fix  n.  Our  goal  is  to  show  that 

Qm  = Coker (Mm  -A  Mn),  m>n 

stabilizes  for  to  n.  Note  that  Qm  C H^n_n  has  finite  length  and  that  we  have 
surjective  maps  Qm+ 1 -A  Qm  for  all  to  > n.  Applying  cohomology  to  the  short 
exact  sequence 

0 — t Tm  —n  ^ m ^ n ^ 0 

we  get  an  exact  sequence 

0 — > Qm  — ■»  H^n_n  — y H]n  — a Hln 

of  finite  length  modules.  Set  qm  = lengthy  (Qm)  and  lm  = lengthy (Hff).  Then  we 
conclude  that 

lm  A lm—n  Qm  T In 

Above  we  have  seen  that  qm+ 1 > qm  for  all  n.  If  the  sequence  does  not  stabilize 
then  for  some  too  we  have  qm  > ln  for  all  to  > ?7i0-  Then  we  would  get 

lm  — lm—n  Qm  T In  — lm—n  1 

provided  to  > too-  This  would  imply  that  the  sequence  lmo,lm0+n,lm0+2n,  ■ ■ ■ is 
strictly  decreasing  contradicting  the  fact  that  lm  > qrn  and  the  sequence  qm  is 
nondecreasing.  Thus  the  sequence  stabilizes.  □ 


OBLD  Lemma  35.26.3.  Let  A be  a ring  and  f £ A.  Let  X be  a scheme  over  A.  Let  T |Bri.T1 41  Lemma 
be  a quasi- coherent  Ox-module.  Assume  that  T[fn]  = Ker(fn  : T T)  stabilizes.  1.6] 

Then 

RT  (X,  lim  T/  fnT)  = RT(X,T)A 

where  the  right  hand  side  indicates  the  derived  completion  with  respect  to  the  ideal 
(/)  C A.  Let  Hp  be  the  pth  cohomology  group  of  this  complex.  Then  there  are  short 
exact  sequences 

0 -+R1  lim Hp-x(X,T lfn T)  -A  Hp  -A  lim Hp{X,T/fnT)  -A  0 

and 

0 -A  H°{Hp(X,T)A)  -a  Hp  -a  Tf{Hp+1(X,T ))  -A  0 


where  Tf(—)  denote  the  f-adic  Tate  module  as  in  More  on  Algebra,  Example  15.73 A 
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Proof.  We  start  with  the  canonical  identifications 
RT(X,  Jr)A  = R]hnKT(X,  T)  (g> 


A) 


= RlimRT(X,R  X) 

= RT(X,R\im(T  A X)) 

The  first  equality  holds  by  More  on  Algebra,  Lemma[l5.72.16[  The  second  by  the 
projection  formula,  see  Cohomology,  Lemma  |20.43.3|  The  third  by  Cohomology, 
Lemma  20.31.1  Note  that  by  Lemma  35.3. 2|  we  have  lim T/fnX  = R lim X/fn X. 


Thus  to  finish  the  proof  of  the  first  statement  of  the  lemma  it  suffices  to  show  that 
the  pro-objects  (/"  : X — > X)  and  {X / fnX)  are  isomorphic.  There  is  clearly  a map 

from  the  first  system  to  the  second.  Suppose  that  X[fc ] = X[fc+1]  = X[fc+2]  = 

Then  we  can  define  an  arrow  of  systems  in  D(Ox)  in  the  other  direction  by  the 
diagrams 

x/x\f*\ — ^x 


r 


X 


X 


Since  the  top  horizontal  arrow  is  injective  the  complex  in  the  top  row  is  quasi- 
isomorphic to  X j fn+cT . Some  details  omitted. 


Since  RF(X,  — ) commutes  with  derived  limits  (Injectives,  Lemma  19.13.6)  we  see 
that 

RT{X,limX/fnX)  = RT  (A,  R lim  X / fnX)  = R lim  RT{  X,  X/fnX) 

(for  first  equality  see  first  paragraph  of  proof).  By  More  on  Algebra,  Remark 
|15.68.16|we  obtain  exact  sequences 

0 -►  Rl  lim  HP-1  {X,  X/fnX)  -»■  Hp{X,  lim  X/rX)  lim  Hp(X,R/InR)  -»■  0 

of  A-modules.  The  second  set  of  short  exact  sequences  follow  immediately  from  the 
discussion  in  More  on  Algebra,  Example  15.73.4  □ 
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More  on  Morphisms 


02GX 


36.1.  Introduction 

02GY  In  this  chapter  we  continue  our  study  of  properties  of  morphisms  of  schemes.  A 
fundamental  reference  is  1DG67I. 


36.2.  Thickenings 


04EW  The  following  terminology  may  not  be  completely  standard,  but  it  is  convenient. 

04EX  Definition  36.2.1.  Thickenings. 

(1)  We  say  a scheme  X'  is  a thickening  of  a scheme  A if  A is  a closed  sub- 
scheme of  A'  and  the  underlying  topological  spaces  are  equal. 

(2)  We  say  a scheme  X'  is  a first  order  thickening  of  a scheme  A if  A is  a 
closed  subscheme  of  X'  and  the  quasi-coherent  sheaf  of  ideals  X C Ox> 
defining  A has  square  zero. 

(3)  Given  two  thickenings  A C X'  and  Y C Y'  a morphism  of  thickenings  is  a 
morphism  f : X'  — ► Y'  such  that  /'(A)  C Y , i.e.,  such  that  f'\x  factors 
through  the  closed  subscheme  Y . In  this  situation  we  set  / = f'\x  : X — ► 
Y and  we  say  that  (/,  /')  : (A  C A')  — ► (Y  C Y')  is  a morphism  of 
thickenings. 

(4)  Let  S'  be  a scheme.  We  similarly  define  thickenings  over  S,  and  morphisms 
of  thickenings  over  S.  This  means  that  the  schemes  A,  X' . Y.  Y'  above 
are  schemes  over  S,  and  that  the  morphisms  A'  — > X' , Y — > Y'  and 
f : X'  Y'  are  morphisms  over  S. 


Finite  order  thickenings.  Let  ix  ■ X — > X'  be  a thickening.  Any  local  section  of 
the  kernel  X = Ker(i  y)  is  locally  nilpotent.  Let  us  say  that  A C X'  is  a finite 
order  thickening  if  the  ideal  sheaf  I is  “globally”  nilpotent,  i.e.,  if  there  exists  an 
n > 0 such  that  In+1  = 0.  Technically  the  class  of  finite  order  thickenings  A C X' 
is  much  easier  to  handle  than  the  general  case.  Namely,  in  this  case  we  have  a 
filtration 

ocrcr-1  c ...  cxc  ox> 

and  we  see  that  X'  is  filtered  by  closed  subspaces 

A = A0CA1C...C  Xn_i  c Xn+1  = X' 


such  that  each  pair  A,;  C Aj+i  is  a first  order  thickening  over  S.  Using  simple  in- 
duction arguments  many  results  proved  for  first  order  thickenings  can  be  rephrased 
as  results  on  finite  order  thickenings. 


First  order  thickening  are  described  as  follows  (see  Modules,  Lemma  17.24.11). 
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05YV  Lemma  36.2.2.  Let  X be  a scheme  over  a base  S . Consider  a short  exact  sequence 

0 -)•  X -)•  A Ox  -t  0 

of  sheaves  on  X where  A is  a sheaf  of  f~1Os~algebras,  A — > Ox  is  a surjection  of 
sheaves  of  f~1Os~algebras,  and  I is  its  kernel.  If 

(1)  I is  an  ideal  of  square  zero  in  A,  and 

(2)  I is  quasi- coherent  as  an  Ox -module 

then  X'  = (X,  A)  is  a scheme  and  X — > X'  is  a first  order  thickening  over  S. 
Moreover,  any  first  order  thickening  over  S is  of  this  form. 


Proof.  It  is  clear  that  X'  is  a locally  ringed  space.  Let  U = Spec (B)  be  an  affine 
open  of  X.  Set  A = T(U,A).  Note  that  since  Hl{U,X)  = 0 (see  Cohomology  of 
Schemes,  Lemma  29.2.2 ) the  map  A — » B is  surjective.  By  assumption  the  kernel 
I = X(U)  is  an  ideal  of  square  zero  in  the  ring  A.  By  Schemes,  Lemma  25.6.4  there 
is  a canonical  morphism  of  locally  ringed  spaces 

(U,A\u)— >Spec(A) 


coming  from  the  map  B — > T(U , A).  Since  this  morphism  fits  into  the  commutative 
diagram 

(U,  Ox\u) ^ Spec(H) 

(U,  A\u) >■  Spec(H) 

we  see  that  it  is  a homeomorphism  on  underlying  topological  spaces.  Thus  to  see 
that  it  is  an  isomorphism,  it  suffices  to  check  it  induces  an  isomorphism  on  the 
local  rings.  For  u £ U corresponding  to  the  prime  p C A we  obtain  a commutative 
diagram  of  short  exact  sequences 


0 3»-  Ip S-  Ap S-  Bp s-  0 


0 


Ox,u 0. 


The  left  and  right  vertical  arrows  are  isomorphisms  because  X and  Ox  are  quasi- 
coherent  sheaves.  Hence  also  the  middle  map  is  an  isomorphism.  Hence  every  point 
of  X'  = ( X , A)  has  an  affine  neighbourhood  and  X'  is  a scheme  as  desired.  □ 

06AD  Lemma  36.2.3.  Any  thickening  of  an  affine  scheme  is  affine. 

Proof.  This  is  a special  case  of  Limits,  Proposition  |31.10T2|  □ 


Proof  for  a finite  order  thickening.  Suppose  that  X C X'  is  a finite  order 
thickening  with  X affine.  Then  we  may  use  Serre’s  criterion  to  prove  X'  is  affine. 
More  precisely,  we  will  use  Cohomology  of  Schemes,  Lemma  |29.3.1[  Let  T be 
a quasi-colierent  Ox'-module.  It  suffices  to  show  that  H1(X’,iF)  = 0.  Denote 
i\X^tX'  the  given  closed  immersion  and  denote  X = Ker(itt  : Ox'  —>  i*Ox )•  By 
our  discussion  of  finite  order  thickenings  (following  Definition  36.2.1)  there  exists 
an  n > 0 and  a filtration 


6 ^ ^_|_i  CZ  X~ n CZ  IF n—\  £ •••  £ F q F 
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09ZU 

OBPE 

OBPF 

09ZV 


by  quasi-coherent  submodules  such  that  Fa/ fFa+i  is  annihilated  by  I.  Namely,  we 
can  take  Ta  = XaT.  Then  Fa/Ta+i  = i*Qa  for  some  quasi-coherent  Ox-module 
Qa , see  Morphisms,  Lemma[28.4.1|  We  obtain 

H\X',  Xa/Xa+1)  = H\X'XGa)  = H\X,Qa)  = 0 


The  second  equality  comes  from  Cohomology  of  Schemes,  Lemma  29.2.4  and  the 
last  equality  from  Cohomology  of  Schemes,  Lemma  |29.2.2|  Thus  T has  a finite 
filtration  whose  successive  quotients  have  vanishing  first  cohomology  and  it  follows 
by  a simple  induction  argument  that  Hx(X' , X)  = 0.  □ 


Lemma  36.2.4.  Let  S G S'  be  a thickening  of  schemes.  Let  X'  — ► S'  be  a 
morphism  and  set  X = S Xs>  X' . Then  ( X G X')  — > (S  C S')  is  a morphism  of 
thickenings.  If  S C S'  is  a first  (resp.  finite  order)  thickening,  then  X G X'  is  a 
first  (resp.  finite  order)  thickening. 


Proof.  Omitted. 

Lemma  36.2.5.  If  S C S'  and  S'  C S"  are  thickenings,  then  so  is  S C S''. 
Proof.  Omitted. 


□ 

□ 


Lemma  36.2.6.  The  property  of  being  a thickening  is  fpqc  local.  Similarly  for 
first  order  thickenings. 


Proof.  The  statement  means  the  following:  Let  X — »•  X'  be  a morphism  of  schemes 
and  let  {gi  : X[  — >•  X'}  be  an  fpqc  covering  such  that  the  base  change  Xi  — ► X[ 
is  a thickening  for  all  i.  Then  X — > X'  is  a thickening.  Since  the  morphisms  gi 
are  jointly  surjective  we  conclude  that  X — > X'  is  surjective.  By  Descent,  Lemma 
134. 19.171  we  conclude  that  X — > X'  is  a closed  immersion.  Thus  X — >•  X'  is  a 
thickening.  We  omit  the  proof  in  the  case  of  first  order  thickenings.  □ 

Lemma  36.2.7.  Let  (/,  /')  : (X  G X')  — > (S  C S')  be  a morphism  of  thickenings. 
Then 

(1)  f is  an  affine  morphism  if  and  only  if  f is  an  affine  morphism, 

(2)  f is  a surjective  morphism  if  and  only  if  f is  a surjective  morphism, 

(3)  f is  quasi-compact  if  and  only  if  f quasi-compact, 

(4)  f is  universally  closed  if  and  only  if  f is  universally  closed, 

(5)  / is  integral  if  and  only  if  f is  integral, 

(6)  / is  (quasi-)separated  if  and  only  if  f is  (quasi-) separated, 

(7)  / is  universally  injective  if  and  only  if  f is  universally  injective, 

(8)  / is  universally  open  if  and  only  if  f is  universally  open,  and 

(9)  add  more  here. 


Proof.  Observe  that  S S'  and  X — > X'  are  universal  homeomorphisms  (see 
for  example  Morphisms,  Lemma  28.44.4 1 . This  immediately  implies  parts  (2),  (3), 
(4),  (7),  and  (8).  Part  (1)  follows  from  Lemma [36. 2. 3 which  tells  us  that  there  is  a 
1-to-l  correspondence  between  affine  opens  of  S and  S'  and  between  affine  opens 
of  X and  X' . Part  (5)  follows  from  (1)  and  (4)  by  Morphisms,  Lemma  28.43.7 
Finally,  note  that 

S xx  S = S xjc'  S ->  S xXr  S'  S'  xX'  S' 

is  a thickening  (the  two  arrows  are  thickenings  by  Lemma  36.2. 4[) . Hence  applying 
(3)  and  (4)  to  the  morphism  (S  C S')  — > (S  xx  S —y  S'  xx>  S')  we  obtain  (6).  □ 
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09ZW  Lemma  36.2.8.  Let  (/,  f)  : {X  G X')  — > (S  G S')  be  a morphism  of  thickenings 
such  that  X = S Xs1  X' . If  S G S'  is  a finite  order  thickening , then 

(1)  / is  a closed  immersion  if  and  only  if  f is  a closed  immersion, 

(2)  / is  locally  of  finite  type  if  and  only  if  f is  locally  of  finite  type, 

(3)  / is  locally  quasi-finite  if  and  only  if  f is  locally  quasi-finite, 

(4)  / is  locally  of  finite  type  of  relative  dimension  d if  and  only  if  f is  locally 
of  finite  type  of  relative  dimension  d, 

(5)  Llx/s  = 0 if  and  only  ifLlX'/S'  = 0, 

(6)  / is  unramified  if  and  only  if  f is  unramified, 

(7)  f is  proper  if  and  only  if  f is  proper, 

(8)  / is  finite  if  and  only  if  f is  finite, 

(9)  / is  a monomorphism  if  and  only  if  f is  a monomorphism, 

(10)  / is  an  immersion  if  and  only  if  f is  an  immersion,  and 

(11)  add  more  here. 


Proof.  The  properties  V listed  in  the  lemma  are  all  stable  under  base  change,  hence 


if  f has  property  V,  then  so  does  /.  See  Schemes,  Lemmas  25.18.2 


and  Morphisms,  Lemmas  |28.15.4[  |28.20.13[  |28.29.2[  |28.33.10[  |28.35.5 
128.43.61 


and  25.23.5 


28.41.5  and 


The  interesting  direction  in  each  case  is  therefore  to  assume  that  / has  the  property 
and  deduce  that  f has  it  too.  By  induction  on  the  order  of  the  thickening  we  may 
assume  that  S G S1  is  a first  order  thickening,  see  discussion  immediately  following 
Definition  136.2.11 

Most  of  the  proofs  will  use  a reduction  to  the  affine  case.  Let  U'  G S'  be  an  affine 
open  and  let  V'  G X'  be  an  affine  open  lying  over  U' . Let  U ' = Spec(A')  and  denote 
IgA'  be  the  ideal  defining  the  closed  subscheme  U'nS.  Say  V'  = Spec  {B').  Then 
V'  CiX  = Spec (B1  /IB').  Setting  A = A' /I  and  B = B' /IB'  we  get  a commutative 
diagram 

0 ^ IB' ^ B' ^ B ^ 0 

A A A 

0 ^ I A' ^ A! > A ^ 0 

with  exact  rows  and  I2  = 0. 


The  translation  of  (1)  into  algebra:  If  A — > B is  surjective,  then  A ' — > B'  is 


surjective.  This  follows  from  Nakayama’s  lemma  (Algebra,  Lemma  10.19.1). 


The  translation  of  (2)  into  algebra:  If  A — > B is  a finite  type  ring  map,  then 
A'  — >■  B'  is  a finite  type  ring  map.  This  follows  from  Nakayama’s  lemma  (Algebra, 
Lemma  10.19.1 ) applied  to  a map  A'[ x\, . . . , xn]  — >•  B'  such  that  A[x i, . . . , xn]  — ► B 
is  surjective. 


Proof  of  (3).  Follows  from  (2)  and  that  quasi-finiteness  of  a morphism  which  is 
locally  of  finite  type  can  be  checked  on  fibres,  see  Morphisms,  Lemma [28. 20. 6| 


Proof  of  (4) . Follows  from  (2)  and  that  the  additional  property  of  “being  of  relative 
dimension  d ” can  be  checked  on  fibres  (by  definition,  see  Morphisms,  Definition 
128.29.11 
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The  translation  of  (5)  into  algebra:  If  CIb/a  = 0,  then  f Ib'/A’  — 0-  By  Algebra, 
we  have  0 = CLb/a  = CIb>  /A'  / Ids' /a1  ■ Hence  CIb’ /a’  = 0 by 


10.130.12 


Lemma 

Nakayama’s  lemma  (Algebra,  Lemma  10.19.1). 


The  translation  of  (6)  into  algebra:  If  A — > B is  unramified  map,  then  A!  -A-  B'  is 
unramified.  Since  A — > B is  of  finite  type  we  see  that  A'  -A  B'  is  of  finite  type  by 

(2)  above.  Since  A — » B is  unramified  we  have  CIb/a  = 0.  By  part  (5)  we  have 
Cl b’ /A'  = 0.  Thus  A'  -A  B'  is  unramified. 


Proof  of  (7).  Follows  by  combining  (2)  with  results  of  Lemma  36.2.7  and  the  fact 
that  proper  equals  quasi-compact  + separated  + locally  of  finite  type  + universally 
closed. 


Proof  of  (8).  Follows  by  combining  (2)  with  results  of  Lemma  36.2.7  and  using  the 
fact  that  finite  equals  integral  + locally  of  finite  type  (Morphisms,  Lemma  28.43.4). 

Proof  of  (9).  As  / is  a monomorphism  we  have  A'  = X xg  A.  We  may  apply 
the  results  proved  so  far  to  the  morphism  of  thickenings  (A  C A ')  -A  ( A xg  X C 
X'  x s1  X').  We  conclude  A'  — » X'  xg/  X'  is  a closed  immersion  by  (1).  In  fact,  it  is 
a first  order  thickening  as  the  ideal  defining  the  closed  immersion  X'  -A  X'  x g/  X’ 
is  contained  in  the  pullback  of  the  ideal  T C Os<  cutting  out  S in  S'.  Indeed, 
A = A Xg  A = (A'  xgi  A')  xg/  S is  contained  in  X' . Hence  by  Morphisms, 
Lemma  28.33.7  it  suffices  to  show  that  Clx'/s ' = 0 which  follows  from  (5)  and  the 
corresponding  statement  for  A / S. 


Proof  of  (10).  If  / : A — > S is  an  immersion,  then  it  factors  as  A — ► U — ► S where 
U -A  S is  an  open  immersion  and  A — ► U is  a closed  immersion.  Let  U'  C S'  be 
the  open  subscheme  whose  underlying  topological  space  is  the  same  as  U.  Then 
X'  -A  S'  factors  through  U'  and  we  conclude  that  X'  — > U'  is  a closed  immersion 
by  part  (1).  This  finishes  the  proof.  □ 


The  following  lemma  is  a variant  on  the  preceding  one.  Rather  than  assume  that 
the  thickenings  involved  are  finite  order  (which  allows  us  to  transfer  the  property 
of  being  locally  of  finite  type  from  / to  /'),  we  instead  take  as  given  that  each  of  / 
and  f is  locally  of  finite  type. 

0BPG  Lemma  36.2.9.  Let  (/,  /')  : (A'  C A7)  — » (Y  — » Y')  be  a morphism  of  thickenings. 
Assume  f and  f are  locally  of  finite  type  and  X = Y Xy'  X’ . Then 

(1)  / is  locally  quasi-finite  if  and  only  if  f is  locally  quasi-finite, 

(2)  / is  finite  if  and  only  if  f is  finite, 

(3)  / is  a closed  immersion  if  and  only  if  f is  a closed  immersion, 

(4)  Clx/y  = 0 if  and  only  if  Clx'/y  = 0, 

(5)  / is  unramified  if  and  only  if  f is  unramified, 

(6)  f is  a monomorphism  if  and  only  if  f is  a monomorphism, 

(7)  / is  an  immersion  if  and  only  if  f is  an  immersion, 

(8)  / is  proper  if  and  only  if  f is  proper,  and 

(9)  add  more  here. 


Proof.  The  properties  V listed  in  the  lemma  are  all  stable  under  base  change, 
hence  if  f has  property  V,  then  so  does  /.  See  Schemes,  Lemmas  25.18.2  and 
and  Morphisms,  Lemmas  |28.20.13|  |28.29.2[  |28.33.10[  |28.35.5[  |28.41.5|  and 
Hence  in  each  case  we  need  only  to  prove  that  if  / has  the  desired  property, 


25.23.5 


28.43.6 


so  does  f . 
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A morphism  is  locally  quasi-finite  if  and  only  if  it  is  locally  of  finite  type  and  the 
scheme  theoretic  fibres  are  discrete  spaces,  see  Morphisms,  Lemma  [28. 20. 8[  Since 
the  underlying  topological  space  is  unchanged  by  passing  to  a thickening,  we  see 
that  f is  locally  quasi-finite  if  (and  only  if)  / is.  This  proves  (1). 


Case  (2)  follows  from  case  (5)  of  Lemma  36.2.7  and  the  fact  that  the  finite  mor- 
phisms are  precisely  the  integral  morphisms  that  are  locally  of  finite  type  (Mor- 
phisms, Lemma  28.43.4). 


Case  (3).  This  follows  immediately  from  Morphisms,  Lemma  28.44.5 


Case  (4)  follows  from  the  following  algebra  statement:  Let  A be  a ring  and  let  I C A 
be  a locally  nilpotent  ideal.  Let  B be  a finite  type  A-algebra.  If  Q(b/ib)/(a/i)  = 0, 


then  Qb/a  = 0. 

Namely,  the  assumption  means  that  Ifls/A  = 0>  see  Algebra, 

Lemma 

10.130.12 

On  the  other  hand  Qb/a  is  a finite  B-module,  see  Algebra, 

Lemma 

10.130.16 

Hence  the  vanising  of  Hb/a  follows  from  Wakayama’s  lemma 

(Algebra,  Lemma 

10.19.1 ) and  the  fact  that  IB  is  contained  in  the  radical  of  B. 

Case  (5)  follows  immediately  from  (4)  and  Morphisms,  Lemma  28.35.2 

Proof  of  (6).  As  / is  a monomorphism  we  have  X = I Xy  I.  We  may  apply 
the  results  proved  so  far  to  the  morphism  of  thickenings  ( X C X')  — » (X  Xy  X C. 
X'  Xyt  X').  We  conclude  A X' /y'  '■  X'  — » X'  Xy<  X'  is  a closed  immersion  by 
(3).  In  fact  A X' /Y'  is  a bijection  on  underlying  sets,  hence  AX' /y  is  a thickening. 
On  the  other  hand  A x1 /y  is  locally  of  finite  presentation  by  Morphisms,  Lemma 


28.21.12  In  other  words,  AX' /y(X')  is  cut  out  by  a quasi-coherent  sheaf  of  ideals 
J C 0X'xY,x'  of  finite  type.  Since  fl X’ /y1  = 0 by  (5)  we  see  that  the  conormal 
sheaf  of  X'  — > X'  Xy>  X'  is  zero  by  Morphisms,  Lemma [28.33.7  In  other  words, 
J j J2  = 0.  This  implies  Ax > /y  is  an  isomorphism,  for  example  by  Algebra, 
Lemma  110.20.51 


Proof  of  (7).  If  / : X — > Y is  an  immersion,  then  it  factors  as  X — > V — > Y where 
V — > Y is  an  open  immersion  and  X — > V is  a closed  immersion.  Let  V’  C Y'  be 
the  open  subscheme  whose  underlying  topological  space  is  the  same  as  V.  Then 
X'  — > V'  factors  through  V'  and  we  conclude  that  X'  — > V'  is  a closed  immersion 
by  part  (3). 


Case  (8)  follows  from  Lemma  36.2.7  and  the  definition  of  proper  morphisms  as  being 
the  quasi-compact,  universally  closed,  and  separated  morphisms  that  are  locally  of 
finite  type.  □ 


36.3.  First  order  infinitesimal  neighbourhood 

05YW  A natural  construction  of  first  order  thickenings  is  the  following.  Suppose  that 
i : Z — x X be  an  immersion  of  schemes.  Choose  an  open  subscheme  U C X 
such  that  i identifies  Z with  a closed  subscheme  Z C U.  Let  I C Ojj  be  the 
quasi-coherent  sheaf  of  ideals  defining  Z in  U.  Then  we  can  consider  the  closed 
subscheme  Z’  C U defined  by  the  quasi-coherent  sheaf  of  ideals  I2 . 

04EY  Definition  36.3.1.  Let  i : Z -A  X be  an  immersion  of  schemes.  The  first  order 
infinitesimal  neighbourhood  of  Z in  X is  the  first  order  thickening  Z C Z’  over  A' 
described  above. 

This  thickening  has  the  following  universal  property  (which  will  assuage  any  fears 
that  the  construction  above  depends  on  the  choice  of  the  open  U). 
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04EZ 


04F0 


02H7 


02H8 


Lemma  36.3.2.  Let  i : Z -A  X be  an  immersion  of  schemes.  The  first  order  in- 
finitesimal neighbourhood  Z'  of  Z in  X has  the  following  universal  property:  Given 
any  commutative  diagram 

Z T 

a 

i 

Y . 

X <— — T' 

where  T C T'  is  a first  order  thickening  over  X , there  exists  a unique  morphism 
(a1,  a)  : ( T C T')  — > (Z  C Z')  of  thickenings  over  X. 


Proof.  Let  U C X be  the  open  used  in  the  construction  of  Z',  i.e. , an  open  such 
that  Z is  identified  with  a closed  subscheme  of  U cut  out  by  the  quasi-colierent 
sheaf  of  ideals  X.  Since  |T|  = \T'\  we  see  that  b(T')  C U.  Hence  we  can  think  of  b 
as  a morphism  into  U.  Let  J C Ot>  be  the  ideal  cutting  out  T.  Since  b(T)  C Z by 
the  diagram  above  we  see  that  &^(&_1X)  C J . As  T1  is  a first  order  thickening  of  T 
we  see  that  J2  = 0 hence  6*(6_1(X2))  = 0.  By  Schemes,  Lemma  25.4.6  this  implies 


that  b factors  through  Z' . Denote  a1  : T’  — > Z'  this  factorization  and  everything  is 
clear.  □ 


Lemma  36.3.3.  Let  i : Z X be  an  immersion  of  schemes.  Let  Z C Z'  be  the 
first  order  infinitesimal  neighbourhood  of  Z in  X.  Then  the  diagram 

Z >-  Z' 

Z X 

induces  a map  of  conormal  sheaves  Cz/x  —• ► Cz/z'  by  Morphisms,  Lemma 
This  map  is  an  isomorphism. 

Proof.  This  is  clear  from  the  construction  of  Z'  above.  □ 


28.32.3 


36.4.  Formally  unramified  morphisms 


Recall  that  a ring  map  R — > A is  called  formally  unramified  (see  Algebra,  Definition 


10.144.1 1 if  for  every  commutative  solid  diagram 


A >B/I 


where  / C 73  is  an  ideal  of  square  zero,  at  most  one  dotted  arrow  exists  which 
makes  the  diagram  commute.  This  motivates  the  following  analogue  for  morphisms 
of  schemes. 


Definition  36.4.1.  Let  / : X — ► S be  a morphism  of  schemes.  We  say  / is 
formally  unramified  if  given  any  solid  commutative  diagram 


A ^ T 

> 

f x i 

V 
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where  T C T'  is  a first  order  thickening  of  affine  schemes  over  S there  exists  at 
most  one  dotted  arrow  making  the  diagram  commute. 

We  first  prove  some  formal  lemmas,  i.e. , lemmas  which  can  be  proved  by  drawing 
the  corresponding  diagrams. 

04F1  Lemma  36.4.2.  If  f : X — >•  S is  a formally  unramified  morphism,  then  given  any 
solid  commutative  diagram 

X ^ T 

v 

fs.  '' 

S* T' 

where  T C T'  is  a first  order  thickening  of  schemes  over  S there  exists  at  most  one 
dotted  arrow  making  the  diagram  commute.  In  other  words,  in  Definition  \36.\.1\ 
the  condition  that  T be  affine  may  be  dropped. 

Proof.  This  is  true  because  a morphism  is  determined  by  its  restrictions  to  affine 
opens.  □ 

02HA  Lemma  36.4.3.  A composition  of  formally  unramified  morphisms  is  formally 
unramified. 


Proof.  This  is  formal.  □ 

02HB  Lemma  36.4.4.  A base  change  of  a formally  unramified  morphism  is  formally 
unramified. 

Proof.  This  is  formal.  □ 

02HC  Lemma  36.4.5.  Let  f : X — ► S be  a morphism  of  schemes.  Let  U C X and  V C S 
be  open  such  that  f(U)  CV.  If  f is  formally  unramified,  so  is  f\u  : U — > V. 


Proof.  Consider  a solid  diagram 


U -4— — -T 

v.  a 


V 


as  in  Definition  |36.4.1[  If  / is  formally  ramified,  then  there  exists  at  most  one 
S'-morphism  a'  : T'  — ► X such  that  a'\ t = a.  Hence  clearly  there  exists  at  most 
one  such  morphism  into  U . □ 


02HD 


Lemma  36.4.6.  Let  f : X — » S be  a morphism  of  schemes.  Assume  X and  S are 
affine.  Then  f is  formally  unramified  if  and  only  if  Os{S)  — ► Ox(X)  is  a formally 
unramified  ring  map. 


Proof.  This  is  immediate  from  the  definitions  (Definition  36.4.1  and  Algebra,  Def- 
inition 10.144.1)  by  the  equivalence  of  categories  of  rings  and  affine  schemes,  see 
Schemes,  Lemma[25.6.5|  □ 


Here  is  a characterization  in  terms  of  the  sheaf  of  differentials. 


Lemma  36.4.7.  Let  f : X — ► S be  a morphism  of  schemes.  Then  f is  formally 
unramified  if  and  only  if  Llx/s  = 0. 


02H9 
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Proof.  We  give  two  proofs. 


First  proof.  It  suffices  to  show  that  tlx/s  is  zero  on  the  members  of  an  affine  open 
covering  of  X.  Choose  an  affine  open  U C X with  f(U)  C V where  V C S is  an 
affine  open  of  S.  By  Lemma  |36.4.5  the  restriction  fjj  : U —>  V is  formally  un- 
ramified. By  Morphisms,  Lemma  28.33.5  we  see  that  ^x/s\u  is  the  quasi-coherent 


36.4.6 


we  see  that 


sheaf  associated  to  the  Ox  (f7)-modufc  x ^ ,0g  (v^ . By  Lemma  I 
Os(V)  — > Ox(U ) is  a formally  unramihed  ring  map.  Hence  by  Algebra,  Lemma 
we  conclude  that  Llx/s\u  = 0 as  desired. 


10.144.2 


Second  proof.  We  recall  some  of  the  arguments  of  the  proof  of  Morphisms,  Lemma 
28.33.5  Let  W C X xg  X be  an  open  such  that  A : X — X Xg  X induces  a 
closed  immersion  into  W.  Let  J C Ow  be  the  ideal  sheaf  of  this  closed  immersion. 
Let  X'  C W be  the  closed  subscheme  defined  by  the  quasi-coherent  sheaf  of  ideals 
J2 . Consider  the  two  morphisms  Pi,P2  ■ X'  — > X induced  by  the  two  projections 
X xg  X — > X.  Note  that  p\  and  P2  agree  when  composed  with  A : X — ► X'  and 
that  X — > X'  is  a closed  immersion  defined  by  a an  ideal  whose  square  is  zero. 
Moreover  there  is  a short  exact  sequence 


0 -A  J/J2  -A  Qx>  ^0x^0 

andfl_Y/s  = J I J2  ■ Moreover,  J/J2  is  generated  by  the  local  sections  p\(f)—p\{f) 
for  / a local  section  of  Ox  ■ 


Suppose  that  / : X — >■  S is  formally  unramified.  By  assumption  this  means  that 
pi  = p2  when  restricted  to  any  affine  open  T'  C X' . Hence  pi  = P2-  By  what  was 
said  above  we  conclude  that  Ox/S  = J / J2  = 0. 


Conversely,  suppose  that  fix/s  = 0-  Then  X'  = X.  Take  any  pair  of  morphisms 
/{,/2  : T'  — > X fitting  as  dotted  arrows  in  the  diagram  of  Definition  36.4.1  This 
gives  a morphism  (/{,  fy)  ■ T'  — ► X Xg  X.  Since  /{|t  = and  |Tj  = \T'\  we  see 
that  the  image  of  T'  under  (/{,  f^)  is  contained  in  the  open  W chosen  above.  Since 
(/-[ , f'2)(T)  C A(A')  and  since  T is  defined  by  an  ideal  of  square  zero  in  T'  we  see 
that  (/(,  factors  through  X' . As  X'  = X we  conclude  f[  = as  desired.  □ 


02HE  Lemma  36.4.8.  Let  f : X — >■  S be  a morphism  of  schemes.  The  following  are 
equivalent: 

(1)  The  morphism  f is  unramified  (resp.  G-unramified) , and 

(2)  the  morphism  f is  locally  of  finite  type  (resp.  locally  of  finite  presentation) 
and  formally  unramified. 

Proof.  Use  Lemma|36.4.7|and  Morphisms,  Lemma [28. 35. 2|  □ 


36.5.  Universal  first  order  thickenings 

04F2  Let  h : Z — >■  X be  a morphism  of  schemes.  A universal  first  order  thickening  of  Z 
over  X is  a first  order  thickening  Z C Z'  over  X such  that  given  any  first  order 


36.5.  UNIVERSAL  FIRST  ORDER  THICKENINGS 


2489 


thickening  T <ZT'  over  X and  a solid  commutative  diagram 


there  exists  a unique  dotted  arrow  making  the  diagram  commute.  Note  that  in 
this  situation  (a,  a')  : (T  C T')  — > (Z  C Z')  is  a morphism  of  thickenings  over 
X . Thus  if  a universal  first  order  thickening  exists,  then  it  is  unique  up  to  unique 
isomorphism.  In  general  a universal  first  order  thickening  does  not  exist,  but  if  h 
is  formally  unramified  then  it  does. 

04F3  Lemma  36.5.1.  Let  h : Z — ► X be  a formally  unramified  morphism  of  schemes. 
There  exists  a universal  first  order  thickening  Z C Z'  of  Z over  X . 


Proof.  During  this  proof  we  will  say  Z C Z'  is  a universal  first  order  thickening  of 
Z over  X if  it  satisfies  the  condition  of  the  lemma.  We  will  construct  the  universal 
first  order  thickening  Z C Z'  over  X by  glueing,  starting  with  the  affine  case  which 
is  Algebra,  Lemma[l0.145.1|  We  begin  with  some  general  remarks. 


If  a universal  first  order  thickening  of  Z over  X exists,  then  it  is  unique  up  to  unique 
isomorphism.  Moreover,  suppose  that  V C Z and  U C X are  open  subschemes  such 
that  h(V)  C U.  Let  Z C Z'  be  a universal  first  order  thickening  of  Z over  X.  Let 
V'  C Z'  be  the  open  subscheme  such  that  V = Z D V' . Then  we  claim  that  V CV' 
is  the  universal  first  order  thickening  of  V over  U . Namely,  suppose  given  any 
diagram 


a 


h 

v . y 
U — T' 


where  T C T'  is  a first  order  thickening  over  U.  By  the  universal  property  of  Z' 
we  obtain  (a,  a')  : (T  C T')  -t(Zc  Z').  But  since  we  have  equality  |T|  = \T'\  of 
underlying  topological  spaces  we  see  that  a'(T')  C V' . Hence  we  may  think  of  (a,  a') 
as  a morphism  of  thickenings  (a,  a')  : (T  C T')  — > (V  C V)  over  U.  Uniqueness  is 
clear  also.  In  a completely  similar  manner  one  proves  that  if  h(Z)  C U and  Z C Z' 
is  a universal  first  order  thickening  over  U,  then  Z C Z'  is  a universal  first  order 
thickening  over  X. 


Before  we  glue  affine  pieces  let  us  show  that  the  lemma  holds  if  Z and  X are  affine. 


Say  X = Spec(I?)  and  Z = Spec(S).  By  Algebra,  Lemma  10.145.1  there  exists  a 
first  order  thickening  Z C Z'  over  X which  has  the  universal  property  of  the  lemma 
for  diagrams 

T 


X c 


V 

r 
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where  T,  T'  are  affine.  Given  a general  diagram  we  can  choose  an  affine  open 
covering  T'  = |J  T[  and  we  obtain  morphisms  a'  : T[  — >■  Z'  over  X such  that 
a'^Ti  = a\Ti-  By  uniqueness  we  see  that  a'  and  a'  agree  on  any  affine  open  of 
T[  HT'.  Hence  the  morphisms  a'  glue  to  a global  morphism  a'  : T'  — > Z'  over  X as 
desired.  Thus  the  lemma  holds  if  X and  Z are  affine. 


Choose  an  affine  open  covering  Z = (J  Zj  such  that  each  Z j maps  into  an  affine 
open  Ui  of  A'.  By  Lemma |36.4.5|  the  morphisms  Zi  — >•  Ut  are  formally  unramified. 
Hence  by  the  affine  case  we  obtain  universal  first  order  thickenings  Zi  C Z[  over 
Ui.  By  the  general  remarks  above  Zi  C Z[  is  also  a universal  first  order  thickening 
of  Zi  over  X.  Let  ZU  C Z[  be  the  open  subscheme  such  that  Zj  n Zj  = Z\ ■ n Zi. 
By  the  general  remarks  we  see  that  both  Z[  ■ and  Z\  „•  are  universal  first  order 


thickenings  of  Zi  n Zj  over  X . Thus,  by  the  first  of  our  general  remarks,  we  see 


that  there  is  a canonical  isomorphism  ipij 


Zi  n Zj 

Section 


Z'iJ 


Z'j  i inducing  the  identity  on 


We  claim  that  these  morphisms  satisfy  the  cocycle  condition  of  Schemes, 
(Verification  omitted. 


25.14 


Hint: 


Use  that  ZG  n Z'i  k is  the  universal 


first  order  thickening  of  Zj  D Zj  n Z&  which  determines  it  up  to  unique  isomorphism 


by  what  was  said  above.)  Hence  we  can  use  the  results  of  Schemes,  Section  25.14 


to  get  a first  order  thickening  Z C Z'  over  X which  the  property  that  the  open 
subscheme  Z\  C Z'  with  Zj  =Z'flZ  is  a universal  first  order  thickening  of  Zj  over 

X. 


It  turns  out  that  this  implies  formally  that  Z'  is  a universal  first  order  thickening 
of  Z over  X.  Namely,  we  have  the  universal  property  for  any  diagram 

Z^ T 

a 

h 

Y I 

X — T' 

where  ci(T)  is  contained  in  some  Zj.  Given  a general  diagram  we  can  choose  an 
open  covering  T'  = (J T[  such  that  a(Tj)  C Zj.  We  obtain  morphisms  a'  : T[  — > Z' 
over  X such  that  a'  | = a\Ti-  We  see  that  a'  and  a'  necessarily  agree  on  T'  n T' 
since  both  a(|T'nr'  and  a'  Ir.'nT'  are  solutions  of  the  problem  of  mapping  into  the 
universal  first  oder  thickening  Z'  n Z'  of  Zj  n Zj  over  X.  Hence  the  morphisms 
a[  glue  to  a global  morphism  a'  : T'  — > Z'  over  X as  desired.  This  finishes  the 
proof.  □ 

04F4  Definition  36.5.2.  Let  h : Z — > X be  a formally  unramified  morphism  of  schemes. 

(1)  The  universal  first  order  thickening  of  Z over  X is  the  thickening  ZcZ' 
constructed  in  Lemmar36.5.1l 

(2)  The  conormal  sheaf  of  Z over  X is  the  conormal  sheaf  of  Z in  its  universal 
first  order  thickening  Z'  over  X. 

We  often  denote  the  conormal  sheaf  Cz/x  in  this  situation. 

Thus  we  see  that  there  is  a short  exact  sequence  of  sheaves 

0 — ► Cz/x  ~ t Oz'  — t Oz  — t 0 

on  Z.  The  following  lemma  proves  that  there  is  no  conflict  between  this  definition 
and  the  definition  in  case  Z — > X is  an  immersion. 

04F5  Lemma  36.5.3.  Let  i : Z -A  X be  an  immersion  of  schemes.  Then 
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(1) 

(2) 

(3) 


i is  formally  unramified, 

the  universal  first  order  thickening  of  Z over  X is  the  first  order  infini- 
tesimal neighbourhood  of  Z in  X of  Definition  \ 36. 3.1\  and 


the  conormal  sheaf  of  i in  the  sense  of  Morphisms,  Definition  28. 32. 1 


agrees  with  the  conormal  sheaf  of  i in  the  sense  of  Definition  \ 36. 5.2 


Proof.  By  Morphisms,  Lemmas  |28.35.7  and  |28.35.8|  an  immersion  is  unramified, 
hence  formally  unramified  by  Lemma  36.4.8|  The  other  assertions  follow  by  com- 
bining Lemmas  |36.3.2|  and  |36.3.3|  and  the  definitions.  □ 


04F6  Lemma  36.5.4.  Let  Z — >•  X be  a formally  unramified  morphism  of  schemes.  Then 
the  universal  first  order  thickening  Z'  is  formally  unramified  over  X . 

Proof.  There  are  two  proofs.  The  first  is  to  show  that  Llz'/x  = 0 by  working 
affine  locally  and  applying  Algebra,  Lemma[l0.145.5|  Then  Lemma  [36.4. 7|  implies 
what  we  want.  The  second  is  a direct  argument  as  follows. 

Let  T C T'  be  a first  order  thickening.  Let 


X ^ T' 


be  a commutative  diagram.  Consider  two  morphisms  a,b  : T'  — > Z'  fitting  into  the 
diagram.  Set  T0  = c~1(Z)  C T and  T'a  = a~x(Z)  (scheme  theoretically).  Since 
Z'  is  a first  order  thickening  of  Z,  we  see  that  T'  is  a first  order  thickening  of  T'a. 
Moreover,  since  c = a\x  we  see  that  Tq  = T C\T'a  (scheme  theoretically).  As  T'  is  a 
first  order  thickening  of  T it  follows  that  T "a  is  a first  order  thickening  of  Tq.  Now 
a\ t'  and  b\x'  are  morphisms  of  X ^ into  Z'  over  X which  agree  on  T0  as  morphisms 
into  Z.  Hence  by  the  universal  property  of  Z'  we  conclude  that  a\r>  = b\ t' ■ Thus 
a and  b are  morphism  from  the  first  order  thickening  T'  of  T'a  whose  restrictions 
to  T'a  agree  as  morphisms  into  Z . Thus  using  the  universal  property  of  Z'  once 
more  we  conclude  that  a = b.  In  other  words,  the  defining  property  of  a formally 
unramified  morphism  holds  for  Z'  — ► X as  desired.  □ 


04F7  Lemma  36.5.5.  Consider  a commutative  diagram  of  schemes 

Z 3-  X 

h 

f 9 

W —^Y 


with  h and  h!  formally  unramified.  Let  Z C Z'  be  the  universal  first  order  thickening 
of  Z over  X . Let  W C W'  be  the  universal  first  order  thickening  of  W over  Y . 
There  exists  a canonical  morphism  (/,  f)  : (Z,  Z')  — > (W,  W' ) of  thickenings  over 
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Y which  fits  into  the  following  commutative  diagram 


In  particular  the  morphism  (/,  /')  of  thickenings  induces  a morphism  of  conormal 
sheaves  f*C\y/y  — x Cyj x ■ 

Proof.  The  first  assertion  is  clear  from  the  universal  property  of  W' . The  induced 
map  on  conormal  sheaves  is  the  map  of  Morphisms,  Lemma  |28.32.3|  applied  to 
(Z  c Z')  -)•  (W  c W').  □ 


04F8  Lemma  36.5.6.  Let 

h 

f 9 

W — /l— ► Y 


be  a fibi'e  product  diagram  in  the  category  of  schemes  with  h'  formally  unramified. 
Then  h is  formally  unramified  and  ifW  C W'  is  the  universal  first  order  thickening 
ofW  over  Y,  then  Z = X Xy  W cXxy  W'  is  the  universal  first  order  thickening 


is  surjective. 


of  Z over  X . In  particular  the  canonical  map  f*C\y/y  —>  Cz/x  of  Lemma 


36.5.5 


Proof.  The  morphism  h is  formally  unramified  by  Lemma  |36.4.4|  It  is  clear  that 
X Xy  W'  is  a first  order  thickening.  It  is  straightforward  to  check  that  it  has  the 
universal  property  because  W'  has  the  universal  property  (by  mapping  properties 
of  fibre  products).  See  Morphisms,  Lemma  28.32.4  for  why  this  implies  that  the 
map  of  conormal  sheaves  is  surjective.  □ 


04F9  Lemma  36.5.7.  Let 


Z 

h 

f 9 

W —^Y 


be  a fibre  product  diagram  in  the  category  of  schemes  with  h!  formally  unramified 
and  g flat.  In  this  case  the  corresponding  map  Z'  — > W'  of  universal  first  order 
thickenings  is  flat,  and  f*C\y/y  —X  Cy/x  an  isomorphism. 


Proof.  Flatness  is  preserved  under  base  change,  see  Morphisms,  Lemma  28.25.7| 


Hence  the  first  statement  follows  from  the  description  of  W'  in  Lemma  36.5.6  It  is 


clear  that  X Xy  W'  is  a first  order  thickening.  It  is  straightforward  to  check  that 
it  has  the  universal  property  because  W'  has  the  universal  property  (by  mapping 
properties  of  fibre  products).  See  Morphisms,  Lemma  28.32.4  for  why  this  implies 
that  the  map  of  conormal  sheaves  is  an  isomorphism.  □ 
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04FA 


04FB 


04FC 


067V 


Lemma  36.5.8.  Taking  the  universal  first  order  thickenings  commutes  with  tak- 
ing opens.  More  precisely,  let  h : Z — ► X be  a formally  unramified  morphism  of 
schemes.  Let  V C Z , U C X be  opens  such  that  h(V)  C U . Let  Z'  be  the  universal 
first  order  thickening  of  Z over  X.  Then  h\v  '■  V —>  U is  formally  unramified  and 
the  universal  first  order  thickening  of  V over  U is  the  open  subscheme  V'  C Z' 
such  that  V = Z Cl  V' . In  particular,  Cz/x\v  = Cv/u- 

Proof.  The  first  statement  is  Lemma[36.4.5|  The  compatibility  of  universal  thick- 
enings can  be  deduced  from  the  proof  of  Lemma  |36.5.1[  or  from  Algebra,  Lemma 
Il0.145.4lor  deduced  from  Lemma [36.5.71  □ 


Lemma  36.5.9.  Let  h : Z — >■  X be  a formally  unramified  morphism  of  schemes 
over  S.  Let  Z C Z'  be  the  universal  first  order  thickening  of  Z over  X with  structure 
morphism  h'  : Z'  — >•  X . The  canonical  map 


cw  '■  ( h')*nx/s  — > ^z'/s 

induces  an  isomorphism  h*Llx/s  ^ z'/s  ® Oz- 

Proof.  The  map  c/ ,/  is  the  map  defined  in  Morphisms,  Lemma [28. 33. 8|  If  i : Z — ► 
Z'  is  the  given  closed  immersion,  then  i*Ch'  is  a map  h*Qx/g  — > Itz'/s  ® Oz- 
Checking  that  it  is  an  isomorphism  reduces  to  the  affine  case  by  localization,  see 
Lemma  36.5.8  and  Morphisms,  Lemma [28. 33. 3|  In  this  case  the  result  is  Algebra, 
Lemma  10.145.51  □ 


Lemma  36.5.10.  Let  h : Z X be  a formally  unramified  morphism  of  schemes 
over  S.  There  is  a canonical  exact  sequence 

Cz/X  — > h*nx/s  — > Llz/s  — t 0. 

The  first  arrow  is  induced  by  dz> /s  where  Z'  is  the  universal  first  order  neighbour- 
hood of  Z over  X . 

Proof.  We  know  that  there  is  a canonical  exact  sequence 
Cz/z1  LlZ' /s  ® Oz  — > ^ z/s  0. 

see  Morphisms,  Lemma  |28.33.15[  Hence  the  result  follows  on  applying  Lemma 

136.5.91  □ 

Lemma  36.5.11.  Let 

Z—^X 

Y 

Y 

be  a commutative  diagram  of  schemes  where  i and  j are  formally  unramified.  Then 
there  is  a canonical  exact  sequence 

Cz/y  — > Cz/ X — > i*^x/Y  ->  0 

where  the  first  arrow  comes  from  Lemma\36.5.5\  and  the  second  from  Lemma\36. 5.1C\ 
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Proof.  Denote  Z — X Z'  the  universal  first  order  thickening  of  Z over  X.  Denote 
Z — x Z"  the  universal  first  order  thickening  of  Z over  Y.  By  Lemma  36.5.10  here 
is  a canonical  morphism  Z'  — x Z"  so  that  we  have  a commutative  diagram 


Z 


> A' 
Y 

> Y 


Apply  Morphisms,  Lemma [28.33. 18| to  the  left  triangle  to  get  an  exact  sequence 
Cz/z"  —■ y Cz/z1  —■ y (i'Y^z' /z"  ~ t 0 


As  Z"  is  formally  unramified  over  Y (see  Lemma  36.5.4)  we  have  Llz'/Z"  = z/y 
(by  combining  Lemma  36.4.7  and  Morphisms,  Lemma  28.33.9).  Then  we  have 
{i')*£lz'/Y  = i*^x/Y  by  Lemma  36.5.9  □ 


06AE  Lemma  36.5.12.  Let  Z — x Y — x X be  formally  unramified  morphisms  of  schemes. 

(1)  If  Z C Z'  is  the  universal  first  order  thickening  of  Z over  X andY  C Y'  is 
the  universal  first  order  thickening  ofY  over  X , then  there  is  a morphism 
Z'  — x Y'  and  Y Xy/  Z'  is  the  universal  first  order  thickening  of  Z over  Y . 

(2)  There  is  a canonical  exact  sequence 


i*Cy/x  — > Cz/x  ~ t Cz/y  —x  0 

where  the  maps  come  from  Lemma  \36.5.5\  and  i : Z —X  Y is  the  first 
morphism. 


Proof.  The  map  h : Z'  — x Y'  in  (1)  comes  from  Lemma  36.5.5  The  assertion 


that  Y x y'  Z'  is  the  universal  first  order  thickening  of  Z over  Y is  clear  from  the 
universal  properties  of  Z'  and  Y' . By  Morphisms,  Lemma  28.32.5  we  have  an  exact 
sequence 

{i)*CYxyiZ'/z'  —■ > Cz/z>  Cz/Yxy'Z ' —• *■  0 


where  : Z — x Y x y>  Z’  is  the  given  morphism.  By  Morphisms,  Lemma  28.32.4 


there  exists  a surjection  h*Cy/Y'  —X  Cyxy>z' iz1  ■ Combined  with  the  equalities 
Cy/yi  = Cy/x , Cz/z>  = Cz/x,  and  Cz/YxytZ'  = C^/y  this  proves  the  lemma.  □ 
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02HF 


Recall  that  a ring  map  R —X  A is  called  formally  etale  (see  Algebra,  Definition 


10.146.1)  if  for  every  commutative  solid  diagram 


A ^B/I 


where  I G B is  an  ideal  of  square  zero,  there  exists  exactly  one  dotted  arrow  which 
makes  the  diagram  commute.  This  motivates  the  following  analogue  for  morphisms 
of  schemes. 
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02HG 


04FD 


02HI 

02HJ 

02HK 


04FE 


Definition  36.6.1.  Let  / : X — > S be  a morphism  of  schemes.  We  say  / is 
formally  etale  if  given  any  solid  commutative  diagram 

T 

v 

fv  \ v< 

S* V 

where  T C T'  is  a first  order  thickening  of  affine  schemes  over  S there  exists  exactly 
one  dotted  arrow  making  the  diagram  commute. 


ft  is  clear  that  a formally  etale  morphism  is  formally  unramified.  Hence  if  / : X — > S 


is  formally  etale,  then  Llx/s  is  zero,  see  Lemma  36.4.7 


Lemma  36.6.2.  If  f : X 

commutative  diagram 


S is  a formally  etale  morphism,  then  given  any  solid 
X ^ T 


f 


V 


S 

where  T C T'  is  a first  order  thickening  of  schemes  over  S there  exists  exactly  one 
dotted  arrow  making  the  diagram  commute.  In  other  words,  in  Definition  \ 36. 6.1 
the  condition  that  T be  affine  may  be  dropped. 

Proof.  Let  T'  = (J  T-  be  an  affine  open  covering,  and  let  Tj  = T D Tf.  Then  we 
get  morphisnrs  a'  : Tf  — ► X fitting  into  the  diagram.  By  uniqueness  we  see  that  a'; 
and  a'  agree  on  any  affine  open  subscheme  of  T[  D T'.  Hence  a'  and  a'-  agree  on 
T/nTj.  Thus  we  see  that  the  morphisms  of  glue  to  a global  morphism  a’  :T'  X. 
The  uniqueness  of  a1  we  have  seen  in  Lemma|36.4.2  □ 

Lemma  36.6.3.  A composition  of  formally  etale  morphisms  is  formally  etale. 

Proof.  This  is  formal.  □ 

Lemma  36.6.4.  A base  change  of  a formally  etale  morphism  is  formally  etale. 

Proof.  This  is  formal.  □ 

Lemma  36.6.5.  Let  f : X — » S be  a morphism  of  schemes.  Let  U C X and  V C S 
be  open  subschemes  such  that  f(U ) Cf.  If  f is  formally  etale,  so  is  f\u  : U — > V. 


Proof.  Consider  a solid  diagram 


as  in  Definition  36.6.1 

morphism  a'  : T'  — > A sucn  tnat  a’  \t  = a. 
a1  (T1)  C U which  gives  our  unique  morphism  from  T'  into  U . 


If  / is  formally  ramified,  then  there  exists  exactly  one  S- 
X such  that  a’ \t  = a.  Since  \T'\  = |T|  we  conclude  that 

□ 


Lemma  36.6.6.  Let  f : X — » S be  a morphism  of  schemes.  The  following  are 
equivalent: 

(1)  / is  formally  etale, 
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(2)  / is  formally  unramified  and  the  universal  first  order  thickening  of  X over 
S is  equal  to  X , 

(3)  f is  formally  unramified  and  Cx/g  = and 

(4)  f lx/s  = 0 and  Cx/s  = 0. 


Proof.  Actually,  the  last  assertion  only  make  sense  because  Llx/s  = 0 implies  that 
Cx/s  is  defined  via  Lemma  |36.4.7|  and  Definition  |36.5.2 


that  (3)  and  (4)  are  equivalent. 


This  also  makes  it  clear 


Either  of  the  assumptions  (1),  (2),  and  (3)  imply  that  / is  formally  unramified. 
Hence  we  may  assume  / is  formally  unramified.  The  equivalence  of  (1),  (2),  and 
(3)  follow  from  the  universal  property  of  the  universal  first  order  thickening  X' 
of  X over  S and  the  fact  that  X = X'  4=>  Cx/s  = 0 since  after  all  by  definition 
Cx/s  = C-x/x'  is  the  ideal  sheaf  of  X in  X' . □ 


04FF  Lemma  36.6.7.  An  unramified  flat  morphism  is  formally  etale. 


Proof.  Say  X S is  unramified  and  flat.  Then  A : X -A  X xg  X is  an  open 


immersion,  see  Morphisms,  Lemma  28.35.13  We  have  to  show  that  Cx/s  is  zero. 
Consider  the  two  projections  p,  q : X Xg  X — > X.  As  / is  formally  unramified  (see 


Lemma  36.4.8),  q is  formally  unramified  (see  Lemma  36.4.4).  As  / is  flat,  p is  flat, 
see  Morphisms,  Lemma  28.25.71  Hence  p*Cx/g  = Cn  by  Lemma  |36.5.7|  where  Cn 


Hence  p*Cx/g  = Cq  by  Lemma  36 
denotes  the  conormal  sheaf  of  the  formally  unramified  morphism  q : X xj  A -A  A. 
But  A (A')  C X xg  X is  an  open  subscheme  which  maps  isomorphically  to  X via 
q.  Hence  by  Lemma  36.5.8  we  see  that  Cq |a(a_)  = Cx/x  = 0.  In  other  words,  the 


pullback  of  Cx/s  to  X via  the  identity  morphism  is  zero,  i.e. , Cx/s  = 0. 


□ 


02HL  Lemma  36.6.8.  Let  f : X -A  S be  a morphism  of  schemes.  Assume  X and  S are 
affine.  Then  f is  formally  etale  if  and  only  if  Og(S)  — » Ox( X)  is  a formally  etale 
ring  map. 


Proof.  This  is  immediate  from  the  definitions  (Definition  36.6.1  and  Algebra,  Def- 


inition 


10.146.1)  by  the  equivalence  of  categories  of  rings  and  affine  schemes,  see 

□ 


Schemes,  Lemma[25.6.5| 


02HM  Lemma  36.6.9.  Let  f : X -A  S be  a morphism  of  schemes.  The  following  are 
equivalent: 

(1)  The  morphism  f is  etale,  and 

(2)  the  morphism  f is  locally  of  finite  presentation  and  formally  etale. 


Proof.  Assume  / is  etale. 
flat  and  unramified,  see  Morphisms,  Section 


presentation  and  formally  etale,  see  Lemma|36.6.7 


An  etale  morphism  is  locally  of  finite  presentation, 
28.36|  Hence  / is  locally  of  finite 


Conversely,  suppose  that  / is  locally  of  finite  presentation  and  formally  etale.  Being 


etale  is  local  in  the  Zariski  topology  on  X and  S,  see  Morphisms,  Lemma  28.36.2 


By  Lemma  36.6.5  we  can  cover  X by  affine  opens  U which  map  into  affine  opens 
V such  that  U — > V is  formally  etale  (and  of  finite  presentation,  see  Morphisms, 
Lemma  28.21.2).  By  Lemma  36.6.8|  we  see  that  the  ring  maps  0{V)  — > 0{U ) are 


formally  etale  (and  of  finite  presentation).  We  win  by  Algebra,  Lemma  10.146.2 


(We  will  give  another  proof  of  this  implication  when  we  discuss  formally  smooth 
morphisms.)  □ 
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04BU 


04FG 


04BV 


02H5 


36.7.  Infinitesimal  deformations  of  maps 

In  this  section  we  explain  how  a derivation  can  be  used  to  infinitesimally  move  a 
map.  Throughout  this  section  we  use  that  a sheaf  on  a thickening  X'  of  X can  be 
seen  as  a sheaf  on  X. 

Lemma  36.7.1.  Let  S be  a scheme.  Let  X C X'  and  Y CL  Y'  be  two  first  order 
thickenings  over  S.  Let  (a,  a'),  (b,br)  : ( X C X')  -y(Fc  Y')  be  two  morphisms  of 
thickenings  over  S . Assume  that 

(1)  a = b,  and 

(2)  the  two  maps  a*CY/Y'  ~ > Cx/x1  (Morphisms,  Lemma 
Then  the  map  (a')**  — (&')**  factors  as 

Oy1  — * Oy  — * a*Cx/x'  a*Ox' 

where  D is  an  Os -derivation. 

Proof.  Instead  of  working  on  Y we  work  on  X.  The  advantage  is  that  the  pullback 
functor  a-1  is  exact.  Using  (1)  and  (2)  we  obtain  a commutive  diagram  with  exact 
rows 

0 s-  Cx/x' Ox> Ox 0 


A 

A 

0')# 

U')“ 

0 > a 1Cy/y' a ' O y ■ a 1 Oy ^ 0 

Now  it  is  a general  fact  that  in  such  a situation  the  difference  of  the  Os-algebra 
maps  {a'Y  and  {b'Y  is  an  Os-derivation  from  a_1Oy  to  Cx/x'-  By  adjointness  of 
the  functors  a-1  and  a*  this  is  the  same  thing  as  an  Os-derivation  from  Oy  into 
a*Cx/x '■  Some  details  omitted.  □ 


28.32.3)  are  equal. 


Note  that  in  the  situation  of  the  lemma  above  we  may  write  D as 
(36.7.1.1)  D = dy/s  o 0 

where  9 is  an  Oy -linear  map  9 : f ly/s  —■ y cl*Cx/x'-  Of  course,  then  by  adjunction 
again  we  may  view  9 as  an  O^-hnear  map  9 : a*LlY/s  Cx/x'- 

Lemma  36.7.2.  Let  S be  a scheme.  Let  (a,  a')  : (X  C X')  — > (Y  C Y')  be  a 
morphism  of  first  order  thickenings  over  S.  Let 


9 : a*flY/s  ~ > Cx/x' 

be  an  Ox -linear  map.  Then  there  exists  a unique  morphism  of  pairs  (b,b')  : ( X C 
X')  -t  (7  C Y')  such  that  (1)  and  (2)  of  Lemma  36.7.1  hold  and  the  derivation  D 
and  9 are  related  by  Equation  {36. 7.1.1 ). 

Proof.  We  simply  set  b = a and  we  define  (6')®  to  be  the  map 

(a')*  + D : a~xOY'  -A  GX' 


where  D is  as  in  Equation  (36.7.1.1).  We  omit  the  verification  that  ( b ')&  is  a map 
of  sheaves  of  Os-algebras  and  that  (1)  and  (2)  of  Lemma  36.7.1|  hold.  Equation 
(36.7.1.1)  holds  by  construction.  □ 
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04FH 


04FI 


04FJ 


04FK 


04FL 


Lemma  36.7.3.  Let  S be  a scheme.  Let  X C X'  and  Y C Y'  be  first  order 
thickenings  over  S . Assume  given  a morphism  a : X —A  Y and  a map  A : a*CY/Y'  —A 
C-x/x'  of  Ox -'modules.  For  an  open  subscheme  U'  C X'  consider  morphisms  a'  : 
U'  -A  Y1  such  that 

(1)  a'  is  a morphism  over  S, 

(2)  a'\u  = a\u,  and 

(3)  the  induced  map  o*Cy/y'\u  — ► Cx/x'\u  is  the  restriction  of  A to  U. 

Here  U = X D U' . Then  the  rule 

(36.7.3.1)  U'  ha  {a'  : U'  — ► Y'  such  that  (1),  (2),  (3)  hold.} 

defines  a sheaf  of  sets  on  X' . 

Proof.  Denote  T the  rule  of  the  lemma.  The  restriction  mapping  F{U')  — > F(V') 
for  V C U'  C X'  of  T is  really  the  restriction  map  a!  K »•  a’\y.  With  this  definition 
in  place  it  is  clear  that  F is  a sheaf  since  morphisms  are  defined  locally.  □ 


In  the  following  lemma  we  identify  sheaves  on  X and  any  thickening  of  X. 


Lemma  36.7.4.  Same  notation  and  assumptions  as  in  Lemma 
an  action  of  the  sheaf 

Homox  ( a*LlY/SiCx/x ') 


36.7.3.  There  is 


on  the  sheaf  (36.7.3.1).  Moreover,  the  action  is  simply  transitive  for  any  open 


U'  C X'  over  which  the  sheaf  ( 36.7.3.1 ) has  a 

section. 

Proof.  This  is  a combination  of  Lemmas |36. 7. 1[  |36.7.2[  and|36.7.3| 

□ 

Remark  36.7.5.  A special  case  of  Lemmas 

36.7.1 

36.7.2 

36.7.3 

and 

36.7.4 

is 

Lemma  36.7.3 


is  just  given  by  the  rule 

U'  ha  {a'  : U'  -A  Y over  S with  a'\u  = a\u} 

and  we  act  on  this  by  the  sheaf  'Homox{oi*TlY/Si('X/x1)-  The  action  of  a local 
section  6 on  a'  is  sometimes  indicated  by  6 ■ a! . Note  that  this  means  nothing  else 
than  the  fact  that  (a7)**  and  (9  ■ a7)**  differ  by  a derivation  D which  is  related  to  9 
by  Equation  (36.7.1.1|). 

Lemma  36.7.6.  Let  S be  a scheme.  Let  X C X'  be  a first  order  thickening  over 
S . Let  Y be  a scheme  over  S . Let  a' , b'  : X'  — >•  Y be  two  morphisms  over  S with 
a = a'\x  = b' \x-  This  gives  rise  to  a commutative  diagram 

X >X' 


V A 

Y 


Y/S 


Y 

YxsY 


Since  the  horizontal  arrows  are  immersions  with  conormal  sheaves  C 


X/X' 


and  f l 


Y/S, 


by  Morphisms,  Lemma  28.32.3,  we  obtain  a map  9 : a*O.Y/s  * C x/x1-  Then  this 
9 and  the  derivation  D of  Lemma  36.7.1  are  related  by  Equation  (36.7.1.1). 


Proof.  Omitted.  Hint:  The  equality  may  be  checked  on  affine  opens  where  it  comes 
from  the  following  computation.  If  / is  a local  section  of  Oy,  then  1 <8>  / — / (8>  1 
is  a local  section  of  Cy/(yxsy)  corresponding  to  d y/s(f)-  It  is  mapped  to  the  local 
section  (a')ti(/)-(f/)B(/)  = D{f)  oiCx/x'-  In  other  words,  0(dY/s(f))  = D(f).  □ 
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For  later  purposes  we  need  a result  that  roughly  states  that  the  construction  of 
Lemma|36.7.2|is  compatible  with  etale  localization. 

04BX  Lemma  36.7.7.  Let 

X1  X2 


S'l^ *5*2 


be  a commutative  diagram  of  schemes  with  X2  — > Xi  and  S2  — > Si  etale.  Then  the 
map  Cf  : -A  Llx2/s2  of  Morphisms,  Lemma 


28.33.8 


is  an  isomorphism. 


Proof.  We  recall  that  an  etale  morphism  U 


Lljj/v  = 0.  Using  this  we  see  that  Morphisms,  Lemma 


^W/Si  and  Morphisms,  Lemma 


28.34.16 


V is  a smooth  morphism  with 
implies  Cx.2/s2  = 


28.33.9 


implies  that  the  map  fiLlx1/s1  ^ x2/S 


(for  the  morphism  / seen  as  a morphism  over  Si)  is  an  isomorphism.  Hence  the 
lemma  follows.  □ 


04BY  Lemma  36.7.8.  Consider  a commutative  diagram  of  schemes 


T-\  ^ T[  — ^ X! 


Si* S2 


and  assume  that 

(1)  i\  : Ti  — i ► T[  is  a first  order  thickening, 

(2)  i2  : T2  — y T2  is  a first  order  thickening,  and 

(3)  X2  — > A'i  and  S2  — > S 1 are  etale. 

Write  at  = a)  o ik  for  k = 1,2.  For  any  Ot2  -linear  map  61  : alflx1/s1  Ct2/t[  lot 
62  be  the  composition 

a2^x -2/s2  = h*a\LlXl/s1  ^ h*CTl/T[ Ct2/i ” 

(equality  sign  is  explained  in  the  proof).  Then  the  diagram 


commutes  where  the  actions  62  • a2  and  6\  ■ a[  are  as  in  Remark  36. 7. 5 


Proof.  The  equality  sign  comes  from  the  identification  f*LlXl/s1  = U x2/s2  of 
Lemma 


36.7.7 


Namely,  using  this  we  have  a2Ux2/s2  = o,2f*LlXl/s1  = ll*a\LlXl/s1 
because  / o a2  = aj  o ft.  Having  said  this,  the  commutativity  of  the  diagram  may 
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be  checked  on  affine  opens.  Hence  we  may  assume  the  schemes  in  the  initial  big 
diagram  are  affine.  Thus  we  obtain  a commutative  diagram  of  rings 


B2/I2 


Bjh 


B2  -6 

A 

h! 

««t Bi  m — 

°'i 


A2 


A\ 


Ri s-  i?2 


with  if  = 0 and  if  = 0 and  moreover  with  the  property  that  A2  ^Ax/Rx  — t 
fl A2/R2  is  an  isomorphism.  Then  9\  : B1/I1  0ax  CIax/Rx  — ► h is  £?i -linear.  This 
gives  an  i?i-derivation  D\  = 9\  o d Ai/rx  '■  A\  — > I\ . In  a similar  way  we  see  that 
62  : B2/I2®a2^a2/r2  I2  gives  rise  to  a /^-derivation  D2  = 02°dA2/R2  ■ A2  -A  I2. 
The  construction  of  02  implies  the  following  compatibility  between  9\  and  92 : for 
every  x € A\  we  have 

h![Dx[x))  = D2{f(x)) 


as  elements  of  I2.  Now  by  the  construction  of  the  action  in  Lemma  36.7.2  and 
Remark  36.7.5  we  know  that  9\  ■ a[  corresponds  to  the  ring  map  a[  + D\  : A\  — > B\ 
and  92  ■ a'2  corresponds  to  the  ring  map  a'2  + D2  : A2  -A  B2.  By  the  displayed 


equality  above  we  obtain  that  h!  o ( af  + D 1)  = {a'2  + D2)  o f as  desired. 


□ 


04BZ 


Remark  36.7.9.  Lemma  36.7.8  can  be  improved  in  the  following  way.  Suppose 
that  we  have  a commutative  diagram  of  schemes  as  in  Lemma  |36.7.8|  but  we  do 
not  assume  that  X2  — ► Xi  and  S2  -A  S 1 are  etale.  Next,  suppose  we  have  9 1 : 
1 1i  and  92  : a2LlX2/s2  —• > ^2  such  that  for  a local  section  t of  0Xl  we 
have  (/i,)*0i(a*(dA;1/s1(t)))  = 02(a*2(dX2/s2{f*t))),  he.,  such  that 


f*Ox2 
/* 
Ox, 


f*D2 


D 1 


f*a2,*CT2/T!, 

induced  by  (ft/)** 
al ,*^TX/T[ 


is  commutative  where  Di  corresponds  to  9i  as  in  Equation  (36.7.1.1).  Then  we 
have  the  conclusion  of  Lemma  |36.7.8|  The  importance  of  the  condition  that  both 
X2  -A  X\  and  S2  -A  S\  are  etale  is  that  it  allows  us  to  construct  a 92  from  9\ . 


36.8.  Infinitesimal  deformations  of  schemes 

063X  The  following  simple  lemma  is  often  a convenient  tool  to  check  whether  an  infini- 
tesimal deformation  of  a map  is  flat. 

063Y  Lemma  36.8.1.  Let  (/,/')  : (X  C X’)  A (S  C S')  be  a morphism  of  first  order 
thickenings.  Assume  that  f is  flat.  Then  the  following  are  equivalent 

(1)  f is  flat  and  X = S xg/  X' , and 

(2)  the  canonical  map  f*Cs/s'  Cx/x'  is  an  isomorphism. 

Proof.  As  the  problem  is  local  on  X'  we  may  assume  that  X,  X' , S,  S'  are  affine 
schemes.  Say  S'  = Spec(A'),  X'  = Spec(R'),  S = Spec(A),  X = Spec(-B)  with 
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06AF 


06AG 


06AH 

06AI 

06AJ 


A = A' /I  and  B = B' / J for  some  square  zero  ideals.  Then  we  obtain  the  following 
commutative  diagram 


with  exact  rows.  The  canonical  map  of  the  lemma  is  the  map 

I ®aB  = I B'  — > J. 

The  assumption  that  / is  flat  signifies  that  A — >■  B is  flat. 


Assume  (1).  Then  A!  — > B'  is  flat  and  J = IB1.  Flatness  implies  Tor^f  ( B'  ,A ) = 0 
(see  Algebra,  Lemma  10.74.8 1.  This  means  / <8U'  B'  — > B'  is  injective  (see  Algebra, 
Remark  10.74.9).  Hence  we  see  that  / B — > J is  an  isomorphism. 


Assume  (2).  Then  it  follows  that  J = IB' , so  that  X = S Xsf  X' . Moreover,  we 
get  Tor^1  {B',A' /I)  = 0 by  reversing  the  implications  in  the  previous  paragraph. 
Hence  B'  is  flat  over  A ’ by  Algebra,  Lemma  10.98.8  □ 


The  following  lemma  is  the  “nilpotent”  version  of  the  “critere  de  platitude  par 


fibres”,  see  Section [36T3 

Lemma  36.8.2. 


Consider  a commutative  diagram 
(X  C X') ^ (Y  C Y’) 


(. S c S') 


of  thickenings.  Assume 

(1)  X'  is  flat  over  S' , 

(2)  / is  flat, 

(3)  S C S'  is  a finite  order  thickening , and 

(4)  X = S x s'  X'  andY  = SxS’  Y'. 

Then  f is  flat  and  Y'  is  flat  over  S'  at  all  points  in  the  image  of  f . 


Proof.  Immediate  consequence  of  Algebra,  Lemma  10.100.8 


□ 


Many  properties  of  morphisms  of  schemes  are  preserved  under  flat  deformations. 
Lemma  36.8.3.  Consider  a commutative  diagram 


(X  C X') ^ (Y  C Y') 


(. S C S') 


of  thickenings.  Assume  S G S'  is  a finite  order  thickening,  X'  and  Y'  flat  over  S' 
and  X = S x s'  X'  and  Y = S x gt  Y' . Then 

(1)  / is  flat  if  and  only  if  f is  flat, 

(2)  / is  an  isomorphism  if  and  only  if  f is  an  isomorphism, 

(3)  / is  an  open  immersion  if  and  only  if  f is  an  open  immersion, 
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06  AK 
06AL 
06AM 
06AN 
06AP 
06AQ 
06AR 
06AS 
06AT 
06AU 

06AV 

06AW 

06AX 

06AY 

06AZ 

06B0 

06B1 

06B2 

06B3 

06B4 


(4)  / is  quasi-compact  if  and  only  if  f is  quasi- compact, 

(5)  / is  universally  closed  if  and  only  if  f is  universally  closed, 

(6)  / is  ( quasi-) separated  if  and  only  if  f is  ( quasi-) separated, 

(7)  f is  a monomorphism  if  and  only  if  f is  a monomorphism, 

(8)  / is  surjective  if  and  only  if  f is  surjective, 

(9)  / is  universally  injective  if  and  only  if  f is  universally  injective, 

(10)  / is  affine  if  and  only  if  f is  affine, 

(11)  f is  locally  of  finite  type  if  and  only  if  f is  locally  of  finite  type, 

(12)  / is  quasi-finite  if  and  only  if  f is  quasi-fmite, 

(13)  / is  locally  of  finite  presentation  if  and  only  if  f is  locally  of  finite  pre- 
sentation, 

(14)  / is  locally  of  finite  type  of  relative  dimension  d if  and  only  if  f is  locally 
of  finite  type  of  relative  dimension  d, 

(15)  / is  universally  open  if  and  only  if  f is  universally  open, 

(16)  / is  syntomic  if  and  only  if  f is  syntomic, 

(17)  / is  smooth  if  and  only  if  f is  smooth, 

(18)  / is  unramified  if  and  only  if  f is  unramified, 

(19)  / is  etale  if  and  only  if  f is  etale, 

(20)  / is  proper  if  and  only  if  f is  proper, 

(21)  / is  integral  if  and  only  if  f is  integral, 

(22)  / is  finite  if  and  only  if  f is  finite, 

(23)  / is  finite  locally  free  (of  rank  d)  if  and  only  if  f is  finite  locally  free  (of 
rank  d ),  and 

(24)  add  more  here. 


Proof.  The  assumptions  on  X and  Y mean  that  / is  the  base  change  of  f by  X — > 
X' . The  properties  V listed  in  (1)  - (23)  above  are  all  stable  under  base  change, 


hence  if  /'  has  property  V,  then  so  does  /.  See  Schemes,  Lemmas  25.18.2l 

25.19.3 

25.21.13 

and  25.23.5  and  Morphisms,  Lemmas  28.10.4  28.11.4  28. 12.81 

28.15.4 

28.20.13 

128.21.4  28.29.21 128.31.4[  128.34.51 128.35.5  28.36.4  28.41.5  28.43.6  and 

128.45.41 


The  interesting  direction  in  each  case  is  therefore  to  assume  that  / has  the  property 
and  deduce  that  f has  it  too.  By  induction  on  the  order  of  the  thickening  we  may 
assume  that  S C S'  is  a first  order  thickening,  see  discussion  immediately  following 
Definition  |36.2.1|  We  make  a couple  of  general  remarks  which  we  will  use  without 
further  mention  in  the  arguments  below.  (I)  Let  W'  C S'  be  an  affine  open  and 
let  U'  C X'  and  V'  C Y1  be  affine  opens  lying  over  W'  with  f'(U')  C V.  Let 
W'  = Spec(l?')  and  denote  I C R'  be  the  ideal  defining  the  closed  subscheme 
W'  n S.  Say  U'  = Spec(B')  and  V'  = Spec(A').  Then  we  get  a commutative 
diagram 

0 IB' >-  B' B 0 

AAA 

0 s-  I A' ^ A! A ^ 0 


with  exact  rows.  Moreover,  I A'  = I A and  IB'  = I B,  see  proof  of  Lemma 
36.8.1  (II)  The  morphisms  X — > X'  and  Y — i Y'  are  universal  homeomorphisms. 
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Hence  the  topology  of  the  maps  / and  /'  (after  any  base  change)  is  identical.  (Ill) 
If  / is  fiat,  then  f is  flat,  see  Lemma [36. 8.2| 

Ad  ([!]).  This  is  general  remark  (III). 

Ad  ([2]).  Assume  / is  an  isomorphism.  Choose  an  affine  open  V'  C Y'  and  set 
U'  = (/,)_1(^,)■  Then  V = Y D V'  is  affine  which  implies  that  V = /_1(V)  = 
U = Y Xy/  U'  is  affine.  By  Lemma  36.2.3  we  see  that  U'  is  affine.  Hence  IB'  = 
I <S)r  B = I A = I A'  and  A = B.  By  the  exactness  of  the  rows  in  the  diagram 
above  we  see  that  A!  = B',  i.e.,  U'  = V'.  Thus  f is  an  isomorphism. 

Ad  ([3]).  Assume  / is  an  open  immersion.  Then  / is  an  isomorphism  of  A'  with  an 
open  subscheme  V C Y.  Let  V'  C Y'  be  the  open  subscheme  whose  underlying 
topological  space  is  V.  Then  /'  is  a map  from  X'  to  V'  which  is  an  isomorphism 
by  t[2j).  Hence  f is  an  open  immersion. 

Ad  Q.  Immediate  from  remark  (II).  See  also  Lemma  36.2.7  for  a more  general 
statement. 


Ad  ([5]).  Immediate  from  remark  (II).  See  also  Lemma  36.2.7  for  a more  general 
statement. 

Ad  ([g]) . Note  that  X Xy  X =Y  Xy/  ( X 1 Xy  X')  so  that  X'  Xy  X'  is  a thickening 
of  A x y AT.  Hence  the  topology  of  the  maps  A x/y  and  A x'/Y'  matches  and  we 
win.  See  also  Lemma|36.2.7  for  a more  general  statement. 

Ad  ([7]).  Assume  / is  a monomorphism.  Consider  the  diagonal  morphism  A x'/Y'  '■ 
X'  — > X'  Xy  A'.  Because  / is  a monomorphism  and  because  X'  Xy  X'  is  a 
thickening  of  A Xy  A we  see  that  Ay-/  /y/  is  surjective.  Hence  Lemma  36.8.2  implies 


that  X'  Xy/  X'  is  flat  over  S'.  Then  (|2j)  shows  that  A x'/Y'  is  an  isomorphism. 

Ad  ([8]).  This  is  clear.  See  also  Lemma [36.2.7  for  a more  general  statement. 

Ad  ([9]).  Immediate  from  remark  (II).  See  also  Lemma  36.2.7  for  a more  general 


statement. 


Ad  (10).  Assume  / is  affine.  Choose  an  affine  open  V'  C Y'  and  set  U'  = 
(/')-Yn.  Then  V = Y fl  V'  is  affine  which  implies  that  U = Y Xy  U'  is  affine. 


By  Lemma [36. 2.3  we  see  that  U'  is  affine.  Hence  f is  affine.  See  also  Lemma  36.2.7 
for  a more  general  statement. 


Ad  (11).  Via  remark  (I)  comes  down  to  proving  A!  — > B'  is  of  finite  type  if 
A — ► B is  of  finite  type.  Suppose  that  x\,...,xn  £ B'  are  elements  whose  images 
in  B generate  B as  an  A-algebra.  Then  A'[x\,...  ,xn]  — > B is  surjective  as  both 
A'[x  1, . . . , xn]  — > B is  surjective  and  I A[x  1, . . . , xn]  — > I B is  surjective.  See 


also  Lemma  36.2.8  for  a more  general  statement. 

Ad  (12).  Follows  from  and  that  quasi-finiteness  of  a morphism  of  finite  type 
can  be  checked  on  fibres,  see  Morphisms,  Lemma  28.20.6|  See  also  Lemma  36.2.8 
for  a more  general  statement. 


Ad  (13).  Via  remark  (I)  comes  down  to  proving  A! 
A 


B'  is  of  finite  presentation  if 


B is  of  finite  presentation.  We  may  assume  that  B'  = A'[ aq, . . . , xn\/K'  for 
some  ideal  K'  by  We  get  a short  exact  sequence 

0 — ► K'  — > A'[x\, . . . , xn)  — >•  B'  — > 0 
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As  B'  is  flat  over  R'  we  see  that  K'®riR  is  the  kernel  of  the  surjection  A[x i, . . . , xn ] - 
B.  By  assumption  on  A — > B there  exist  finitely  many  /{,...,  f'm  £ K'  whose  im- 
ages in  A[x i, . . . , xn ] generate  this  kernel.  Since  I is  nilpotent  we  see  that 


generate  K'  by  Nakayama’s  lemma,  see  Algebra,  Lemma  10.19.1 


Ad  (14).  Follows  from  (11)  and  general  remark  (II).  See  also  Lemma  36.2.8  for  a 
more  general  statement. 


Ad  (15).  Immediate  from  general  remark  (II).  See  also  Lemma  36.2.7  for  a more 


general  statement. 


Ad  (16).  Assume  / is  syntomic.  By  (13)  /'  is  locally  of  finite  presentation,  by 


general  remark  (III)  f is  flat  and  the  fibres  of  f are  the  fibres  of  /.  Hence  f is 
syntomic  by  Morphisms,  Lemma  |28. 31. ll[ 


Ad  (|T7|.  Assume  / is  smooth.  By  ( 13 ) /'  is  locally  of  finite  presentation,  by  general 


remark  (III)  f is  flat,  and  the  fibres  of  /'  are  the  fibres  of  /.  Hence  f is  smooth 


by  Morphisms,  Lemma  28.34.3 


Ad  (18).  Assume  / unramified.  By  (11)  f is  locally  of  finite  type  and  the  fibres  of 


/'  are  the  fibres  of  /.  Hence  f is  unramified  by  Morphisms,  Lemma  28.35.12  See 
also  Lemma [36.2.8| for  a more  general  statement. 


Ad  (19).  Assume  / etale.  By  (13)  f is  locally  of  finite  presentation,  by  general 


remark  (III)  /'  is  flat,  and  the  fibres  of  f are  the  fibres  of  /.  Hence  /'  is  etale  by 
Morphisms,  Lemma  [28.36. 8[ 

Ad  ( 20 1 . This  follows  from  a combination  of  ©,  0 , and  ([5 ) . See  also  Lemma 


36.2.8  for  a more  general  statement. 


Ad  (21).  Combine  0 and  (10)  with  Morphisms,  Lemma  28.43.7  See  also  Lemma 


36.2.7  for  a more  general  statement. 


Ad  ( 22 ).  Combine  (21 ),  and  ( 11 ) with  Morphisms,  Lemma  28.43.4  See  also  Lemma 


|36.2.8  for  a more  general  statement. 


Ad  (23).  Assume  / finite  locally  free.  By  (22)  we  see  that  /'  is  finite,  by  general 


remark  (III)  /'  is  flat,  and  by  (13)  /'  is  locally  of  finite  presentation.  Hence  /'  is 
finite  locally  free  by  Morphisms,  Lemma  [28.45.2[  □ 


36.9.  Formally  smooth  morphisms 

Michael  Artin’s  position  on  differential  criteria  of  smoothness  (e.g.,  Morphisms, 
Lemma  28.34.14 1 is  that  they  are  basically  useless  (in  practice).  In  this  section  we 
introduce  the  notion  of  a formally  smooth  morphism  X -*  S.  Such  a morphism 
is  characterized  by  the  property  that  T-valued  points  of  X lift  to  infinitesimal 
thickenings  of  T provided  T is  affine.  The  main  result  is  that  a morphism  which 
is  formally  smooth  and  locally  of  finite  presentation  is  smooth,  see  Lemma [36. 9. 7| 
It  turns  out  that  this  criterion  is  often  easier  to  use  than  the  differential  criteria 
mentioned  above. 
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02H0 


02H1 

02H2 

02HH 

02H3 


Recall  that  a ring  map  R — ► A is  called  formally  smooth  (see  Algebra,  Definition 


10.136.1 1 if  for  every  commutative  solid  diagram 


A 


R 


B/I 


■ B 


where  I C B is  an  ideal  of  square  zero,  a dotted  arrow  exists  which  makes  the 
diagram  commute.  This  motivates  the  following  analogue  for  morphisms  of  schemes. 

Definition  36.9.1.  Let  / : X — > S be  a morphism  of  schemes.  We  say  / is 
formally  smooth  if  given  any  solid  commutative  diagram 


where  T C T'  is  a first  order  thickening  of  affine  schemes  over  S there  exists  a 
dotted  arrow  making  the  diagram  commute. 

In  the  cases  of  formally  unramified  and  formally  etale  morphisms  the  condition  that 
T'  be  affine  could  be  dropped,  see  Lemmas|36.4.2  and  36.6.2  This  is  no  longer  true 
in  the  case  of  formally  smooth  morphisms.  In  fact,  a slightly  more  natural  condition 
would  be  that  we  should  be  able  to  fill  in  the  dotted  arrow  Zariski  locally  on  T'. 


In  fact,  analyzing  the  proof  of  Lemma  36.9.7  shows  that  this  would  be  equivalent 
to  the  definition  as  it  currently  stands. 

Lemma  36.9.2.  A composition  of  formally  smooth  morphisms  is  formally  smooth. 

Proof.  Omitted.  □ 

Lemma  36.9.3.  A base  change  of  a formally  smooth  morphism  is  formally  smooth. 

Proof.  Omitted,  but  see  Algebra,  Lemma  [10. 136. 2|  for  the  algebraic  version.  □ 

Lemma  36.9.4.  Let  f : X — >•  S be  a morphism  of  schemes.  Then  f is  formally 
etale  if  and  only  if  f is  formally  smooth  and  formally  unramified. 


Proof.  Omitted. 


□ 


Lemma  36.9.5.  Let  f : X — >■  S be  a morphism  of  schemes.  Let  U C X and 
V C S be  open  subschemes  such  that  f(U ) C V.  If  f is  formally  smooth,  so  is 
flu-U^V. 


Proof.  Consider  a solid  diagram 


U 


V- 


T 


V 


as  in  Definition  36.9.1  If  / is  formally  smooth,  then  there  exists  an  .S-morphism 
a'  : T'  X such  that  a'\x  = a.  Since  the  underlying  sets  of  T and  T'  are  the  same 
we  see  that  a!  is  a morphism  into  U (see  Schemes,  Section  25.3).  And  it  clearly  is 
a P-morphism  as  well.  Hence  the  dotted  arrow  above  as  desired.  □ 
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02H4  Lemma  36.9.6.  Let  f : X — ► S be  a morphism  of  schemes.  Assume  X and  S 
are  affine.  Then  f is  formally  smooth  if  and  only  ifOs(S)  — > Ox(X)  is  a formally 
smooth  ring  map. 


Proof.  This  is  immediate  from  the  definitions  (Definition  36.9.1  and  Algebra,  Def- 


inition 


10.136.1)  by  the  equivalence  of  categories  of  rings  and  affine  schemes,  see 

□ 


Schemes,  Lemma[25.6.5| 

The  following  lemma  is  the  main  result  of  this  section.  It  is  a victory  of  the  functorial 


point  of  view  in  that  it  implies  (combined  with  Limits,  Proposition  31.5.1)  that  we 
can  recognize  whether  a morphism  f : X S is  smooth  in  terms  of  “simple” 
properties  of  the  functor  hx  '■  Sch/ S — >•  Sets. 

02H6  Lemma  36.9.7  (Infinitesimal  lifting  criterion).  Let  f : X — » S be  a morphism  of 
schemes.  The  following  are  equivalent: 

(1)  The  morphism  f is  smooth,  and 

(2)  the  morphism  f is  locally  of  finite  presentation  and  formally  smooth. 

Proof.  Assume  / : X — > S is  locally  of  finite  presentation  and  formally  smooth. 
Consider  a pair  of  affine  opens  Spec(A)  = U C X and  Spec(i?)  = VcS  such  that 
/([/)  C V.  By  Lemma  36.9.5  we  see  that  U — > V is  formally  smooth.  By  Lemma 


|36.9.6|  we  see  that  R — > A is  formally  smooth.  By  Morphisms,  Lemma  28. 21. 2|  we 
see  that  R — > A is  of  finite  presentation.  By  Algebra,  Proposition  |10. 136. 13  we  see 
that  R — ► A is  smooth.  Hence  by  the  definition  of  a smooth  morphism  we  see  that 
X — >•  S is  smooth. 

Conversely,  assume  that  / : X — > S is  smooth.  Consider  a solid  commutative 
diagram 

T 


X -< 

v 


/ 


s- 


V 


as  in  Definition  |36. 9. 1[  We  will  show  the  dotted  arrow  exists  thereby  proving  that 
/ is  formally  smooth. 


Let  T be  the  sheaf  of  sets  on  T'  of  Lemma  36.7.3[  see  also  Remark  36.7.5  Let 

TL  = 'HomoT(a*Llx/s,CT/T') 

be  the  sheaf  of  Ox-modules  on  T introduced  in  Lemma [36.7. 4|  Our  goal  is  simply 
to  show  that  J-(T)  ^ 0.  In  other  words  we  are  trying  to  show  that  T is  a trivial 


"H-torsor  on  T (see  Cohomology,  Section  20.5).  There  are  two  steps:  (I)  To  show 
that  T is  a torsor  we  have  to  show  that  Tt  ^ 0 for  all  t £ T (see  Cohomology, 


Definition  20.5.1).  (II)  To  show  that  T is  the  trivial  torsor  it  suffices  to  show  that 
iL1(T,  H)  = 0 (see  Cohomology,  Lemma  20.5.3  - we  may  use  either  cohomology  of 


TL  as  an  abelian  sheaf  or  as  an  C>T-niodule,  see  Cohomology,  Lemma  20.14.3). 


First  we  prove  (I).  To  see  this,  for  every  t £ T we  can  choose  an  affine  open  U C T 
neighbourhood  of  t such  that  a(U)  is  contained  in  an  affine  open  Spec(A)  = W C X 


which  maps  to  an  affine  open  Spec(I?)  =VcS.  By  Morphisms,  Lemma  28.34.2  the 


ring  map  R -A  A is  smooth.  Hence  by  Algebra,  Proposition [10T36T3] the  ring  map 
R — > A is  formally  smooth.  Lemma |36.9.6| in  turn  implies  that  W — >•  V is  formally 
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06B5 


06B6 


06B7 


067W 


smooth.  Hence  we  can  lift  a\u  : U — > W to  a V -morphism  a'  : U'  — > W C A' 
showing  that  J-(U)  ^ 0. 


Finally  we  prove  (II).  By  Morphisms,  Lemma  28.33.13  we  see  that  flx/s  is  of  finite 
presentation  (it  is  even  finite  locally  free  by  Morphisms,  Lemma  28.34.12).  Hence 
a*Qx/s  is  °f  finite  presentation  (see  Modules,  Lemma  17.11.4).  Hence  the  sheaf 
TL  = TLomoT  (a*fly/S;  Ct/t')  is  quasi-coherent  by  the  discussion  in  Schemes,  Section 
25.24  Thus  by  Cohomology  of  Schemes,  Lemma  29.2.2  we  have  Hl(T,  TL)  = 0 as 
desired.  □ 


Locally  projective  quasi-coherent  modules  are  defined  in  Properties,  Section  27.21 


Lemma  36.9.8.  Let  f : X -A  Y be  a formally  smooth  morphism  of  schemes. 
Then  /y  locally  projective  on  X. 


Proof.  Choose  U C X and  V C Y affine  open  such  that  f(U ) C V.  By  Lemma 
36.9.5  f\u  : U — > V is  formally  smooth.  Hence  T(V,Ov)  — > T(U,Ou)  is  a formally 


smooth  ring  map,  see  Lemma  |36.9.6  Hence  by  Algebra,  Lemma  |10.136.7]  the 
T(U,  e>c/)-module  £lr(u,Ou)/r(v,Ov)  is  projective.  Hence  Lljj/y  is  locally  projective, 
see  Properties,  Section  [27  21|  □ 


Lemma  36.9.9.  Let  f : X — ► Y , g : Y — >•  S be  morphisms  of  schemes.  Assume  f 
is  formally  smooth.  Then 


0 — > f*LlY/s  Llx/s 


V-x/y  0 


(see  Morphisms,  Lemma  28.33.9 ) is  short  exact. 


Proof.  The  algebraic  version  of  this  lemma  is  the  following:  Given  ring  maps 
A — » B C with  B — > C formally  smooth,  then  the  sequence 


0 — > C £Ib/A  C/A  ~ t ^C/B  —■ y 0 

of  Algebra,  Lemma [10. 130. 7|  is  exact.  This  is  Algebra,  Lemma [10. 136. 9[  □ 

Lemma  36.9.10.  Let  h : Z -A-  X be  a formally  unramified  morphism  of  schemes 
over  S.  Assume  that  Z is  formally  smooth  over  S.  Then  the  canonical  exact 
sequence 

0 — > Cz/x  —■ > i*^x/s  ^z/s  0 

of  Lemma\36.5.Tty  is  short  exact. 


Proof.  Let  Z — > Z'  be  the  universal  first  order  thickening  of  Z over  X.  From  the 
proof  of  Lemma  36.5.10  we  see  that  our  sequence  is  identified  with  the  sequence 


Cz/z1  ^z'/s  ® Oz  — > Qz/s  ~ t 0. 

Since  Z — >•  S is  formally  smooth  we  can  locally  on  Z'  find  a left  inverse  Z'  — > Z over 
S to  the  inclusion  map  Z — >•  Z' . Thus  the  sequence  is  locally  split,  see  Morphisms, 
Lemma  128.33. 161  □ 


Lemma  36.9.11.  Let 


Z — >-  A 
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02HW 

02HX 


be  a commutative  diagram  of  schemes  where  i and  j are  formally  unramified  and  f 
is  formally  smooth.  Then  the  canonical  exact  sequence 

0 — ► Cz/y  — > Cz/x  — t > 0 


of  Lemma  36.5.11  is  exact  and  locally  split. 

Proof.  Denote  Z -A  Z'  the  universal  first  order  thickening  of  Z over  X.  Denote 
Z — > Z"  the  universal  first  order  thickening  of  Z over  Y . By  Lemma  36.5.10  here 
is  a canonical  morphism  Z'  — > Z"  so  that  we  have  a commutative  diagram 


In  the  proof  of  Lemma  36.5.11  we  identified  the  sequence  above  with  the  sequence 

Cz/z"  Cz/z1  /z"  0 


Let  U"  C Z"  be  an  affine  open.  Denote  U C Z and  U'  C Z'  the  corresponding  affine 
open  subschemes.  As  / is  formally  smooth  there  exists  a morphism  h : U"  —t  X 
which  agrees  with  i on  U and  such  that  f oh  equals  b\u".  Since  Z'  is  the  universal 
first  order  thickening  we  obtain  a unique  morphism  g : U"  — > Z'  such  that  g = aoh. 
The  universal  property  of  Z"  implies  that  hog  is  the  inclusion  map  U"  -A  Z" . Hence 
g is  a left  inverse  to  k.  Picture 


U 


>Z' 


k 


U" ^ Z" 


Thus  g induces  a map  Cz/z'\u  Cz/z"\u  which  is  a left  inverse  to  the  map 
Cz/z"  — > C-z/z'  over  U.  □ 


36.10.  Smoothness  over  a Noetherian  base 


It  turns  out  that  if  the  base  is  Noetherian  then  we  can  get  away  with  less  in  the 
formulation  of  formal  smoothness.  In  some  sense  the  following  lemmas  are  the 
beginning  of  deformation  theory. 

Lemma  36.10.1.  Let  f : X —¥  S be  a morphism  of  schemes.  Let  x £ X . Assume 
that  S is  locally  Noetherian  and  f locally  of  finite  type.  The  following  are  equivalent: 

(1)  / is  smooth  at  x, 

(2)  for  every  solid  commutative  diagram 

X < Spec(H) 

> 

/ N-x  i 

y \ Y 

S Spec(S') 


(3) 


where  B'  — > B is  a surjection  of  local  rings  with  Ker(B ' —^B)of  square 
zero,  and  a mapping  the  closed  point  ofSpec(B)  to  x there  exists  a dotted 
arrow  making  the  diagram  commute, 

same  as  in  (2)  but  with  B'  — ► B ranging  over  small  extensions  (see  Alge- 
bra, Definition  10.139.1),  and 
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(4)  same  as  in  (2)  but  with  B'  -A  B ranging  over  small  extensions  such  that  a 
induces  an  isomorphism  k(x)  — > k(tti)  where  m C B is  the  maximal  ideal. 


Proof.  Choose  an  affine  neighbourhood  V C S of  f(x ) and  choose  an  affine  neigh- 
bourhood U C X of  x such  that  f(U)  C V.  For  any  “test”  diagram  as  in  (2) 
the  morphism  a will  map  Spec(B)  into  U and  the  morphism  /3  will  map  Spec(IT) 
into  V (see  Schemes,  Section  25.13).  Hence  the  lemma  reduces  to  the  morphism 
flu  : U — > V of  affines.  (Indeed,  V is  Noetherian  and  f\u  is  of  finite  type,  see 

In  this  affine  case  the 

□ 


Properties,  Lemma  27.5.2  and  Morphisms,  Lemma  28.15.2 
lemma  is  identical  to  Algebra,  Lemma  [10. 139. 2| 


02HY 


Sometimes  it  is  useful  to  know  that  one  only  needs  to  check  the  lifting  criterion  for 
small  extensions  “centered”  at  points  of  finite  type  (see  Morphisms,  Section  28.16). 


Lemma  36.10.2.  Let  f : X -A  S be  a morphism  of  schemes.  Assume  that  S is 
locally  Noetherian  and  f locally  of  finite  type.  The  following  are  equivalent: 

(1)  f is  smooth , 

(2)  for  every  solid  commutative  diagram 


X -<  a Spec(-B) 

V 

/ i 

Y \ Y 

S ^ — Spec(H') 


where  B'  -A  B is  a small  extension  of  Artinian  local  rings  and  f)  of  finite 
type  (!)  there  exists  a dotted  arrow  making  the  diagram  commute. 


Proof.  If  / is  smooth,  then  the  infinitesimal  lifting  criterion  (Lemma  36.9.7)  says 
/ is  formally  smooth  and  (2)  holds. 

Assume  (2).  The  set  of  points  x £ X where  / is  not  smooth  forms  a closed  subset 


T of  X.  By  the  discussion  in  Morphisms,  Section  28.16  if  T ^ 0 there  exists  a 
point  x € T C X such  that  the  morphism 

Spec(/c(a;))  — > X — > S 

is  of  finite  type  (namely,  pick  any  point  x of  T which  is  closed  in  an  affine  open  of 
X).  By  Morphisms,  Lemma  28.16.2  given  any  local  Artinian  ring  B'  with  residue 
field  k(x)  then  any  morphism  /3  : Spec(H')  — ► S is  of  finite  type.  Thus  we  see 
that  all  the  diagrams  used  in  Lemma  36.10.1  (4)  correspond  to  diagrams  as  in  the 
current  lemma  (2).  Whence  X — > S is  smooth  aia  contradiction.  □ 


Here  is  a useful  application. 

0A43  Lemma  36.10.3.  Let  f : X — » S be  a finite  type  morphism  of  locally  Noetherian 
schemes.  Let  Z C S be  a closed  subscheme  with  nth  infinitesimal  neighbourhood 
Zn  c S.  Set  Xn  = Zn  xs  X. 

(1)  If  Xn  — > Zn  is  smooth  for  all  n,  then  f is  smooth  at  every  point  of  f~1(Z). 

(2)  If  Xn  — > Zn  is  etale  for  all  n,  then  f is  etale  at  every  point  of  f~1(Z). 

Proof.  Assume  Xn  — > Zn  is  smooth  for  all  n.  Let  i £ I be  a point  lying  over 
a point  of  Z.  Given  a small  extension  B'  — » B and  morphisms  a,  /3  as  in  Lemma 


the  morphism  (3  factors  through  Zn  and  a factors  through  Xn  for  a suitable  n. 


36.10.1  part  (3)  the  maximal  ideal  of  B'  is  nilpotent  (as  B'  is  Artinian)  and  hence 
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Thus  the  lifting  property  for  Xn  -A  Zn  kicks  in  to  get  the  desired  dotted  arrow 
in  the  diagram.  This  proves  (1).  Part  (2)  follows  from  (1)  and  the  fact  that  a 
morphism  is  etale  if  and  only  if  it  is  smooth  of  relative  dimension  0.  □ 


36.11.  Pushouts  in  the  category  of  schemes 

07RS  In  this  section  we  collect  some  results  on  pushouts  in  the  category  of  schemes.  See 


Categories,  Section  |4~9|  for  a general  discussion  of  pushouts  in  any  category. 
OBMP  Lemma  36.11.1.  Consider  a commutative  diagram  of  schemes 

Z 5-  X 


Y 


V 

w 


and  set  c = aoi  = boj.  If  there  exists  an  fpqc  covering  {Wi 
all  i and  i'  the  diagrams 


Z x 


Y x 


c,W 


b.W 


Wi 


Wi 


■ X x0jw  Wi  Z xCjw  (Wi  xw  W^) 


Y 

Wi 


Y xb^w  (Wi  xw  Wi') 


— Y W}  such  that  for 
X XaiW  (Wi  XW  Wi') 
Y 

^*4Wi  xwWi>) 


are  cocartesian,  then  so  is  the  original  diagram. 

Proof.  Namely,  for  a scheme  T a morphism  W — Y T is  the  same  thing  as  a collec- 
tion of  morphism  Wi  — Y T which  agree  on  overlaps,  see  Descent,  Lemma [34. 9. 3 □ 


Next,  we  discuss  existence  in  the  case  where  both  morphisms  are  closed  immersions. 

0B7M  Lemma  36.11.2.  Let  i : Z — Y X and  j : Z —f  Y he  closed  immersions  of  schemes. 
Then  the  pushout  Y Hz  X exists  in  the  category  of  schemes.  Picture 

Z 

i 

3 a 

Y Y 

Y Y Uz  X 


The  diagram  is  a fibre  square,  the  morphisms  a : X — Y W and  b : Y — Y W are 
closed  immersions,  and  there  is  a short  exact  sequence 

0 — Y (Dw  — Y a*(D x © KOy  — Y c*Oz  — Y 0 

where  c = aoi  = boj. 


Proof.  As  a topological  space  we  set  FII^  X equal  to  the  pushout  of  the  diagram 
in  the  category  of  topological  spaces  (Topology,  Section  5.281.  As  a set  this  is  just 
the  pushout  of  the  underlying  sets.  The  topology  is  the  quotient  topology  (details 
omitted).  On  Y Hz  X we  have  the  maps  of  sheaves  of  rings 


b^Oy  — Y c*Oz 


a*Ox 


Oyu zx  = KOy  xC(0z  a*Ox 


and  we  can  define 
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as  the  fibre  product  in  the  category  of  sheaves  of  rings.  To  prove  that  we  obtain  a 
scheme  we  have  to  show  that  every  point  has  an  affine  open  neighbourhood.  This 
is  clear  for  points  not  in  the  image  of  c. 

Let  z £ Z.  Choose  an  affine  open  U C X such  that  z £ j-1/ 'J.  Choose  an  affine 
open  V C Y such  that  z £ j~1V  C i~lU . Choose  an  f £ T(U,Ou)  such  that 
^ £ i~1D(f)  C j_1V.  Since  j(Z)  n V is  closed  in  V,  there  exists  a g £ T{V,Oy) 
whose  pullback  to  the  scheme  j_1V  is  equal  to  the  restriction  of  / to  j~xV  C i~1U. 
Then  we  see  that  after  replacing  U by  the  standard  open  D(f)  and  V by  the 
standard  open  D{g)  we  have  2 £ i~1U  = j~1V.  Since  the  construction  of  the  first 
paragraph  is  clearly  compatible  with  restriction  to  compatible  open  subschemes,  to 
prove  that  it  produces  a scheme  we  may  assume  X,  Y,  and  Z are  affine. 


If  X = Spec(A),  Y = Spec (B),  and  Z = Spec(C)  are  affine,  then  More  on  Algebra, 
Lemma [15. 5. 5 shows  that  YIlz  X = Spec (B  Xc  A)  as  topological  spaces.  To  finish 
the  proof  that  Y Xz  X is  a scheme,  it  suffices  to  show  that  on  Spec(R  Xc  A)  the 
structure  sheaf  is  the  fibre  product  of  the  pushforwards.  This  follows  by  applying 
More  on  Algebra,  Lemma [15. 5. 3| to  principal  affine  opens. 


The  scheme  theoretic  properties  of  the  fibre  product  come  from  the  fact  that  B xq 
A — >■  A and  B Xc  A — ► B are  surjective  ring  maps  and  that  C = B ®bxca  A.  We 
omit  the  verification  of  the  universal  property  of  the  pushout.  □ 


An  important  case  for  us  will  be  the  case  where  one  of  the  morphisms  is  a thickening 
and  the  other  is  an  affine  morphism. 

07RT  Lemma  36.11.3.  Let  X — > X'  be  a thickening  of  schemes  and  let  X Y be  an 
affine  morphism  of  schemes.  Then  there  exists  a pushout 


X 


V 

Y 


X' 


S' 

Y UxX' 

in  the  category  of  schemes.  Moreover  Y ’ = Y IIjjc  X'  is  a thickening  of  Y and 

Oy'  = Oy  Xf,ox  fl® X’ 

as  sheaves  on  |Y|  = \Y'\. 

Proof.  We  first  construct  Y'  as  a ringed  space.  Namely,  as  topological  space  we 
take  Y'  = Y . Denote  /'  : X'  — >■  Y'  the  map  of  topological  spaces  which  equals 
/.  As  structure  sheaf  Oy  we  take  the  right  hand  side  of  the  equation  of  the 
lemma.  To  see  that  Y'  is  a scheme,  we  have  to  show  that  any  point  has  an  affine 
neighbourhood.  Since  the  formation  of  the  fibre  product  of  sheaves  commutes  with 
restricting  to  opens,  we  may  assume  Y is  affine.  Then  X is  affine  (as  / is  affine) 
and  X'  is  affine  as  well  (see  Lemma  36.2.3).  Say  Y <—  X X1  corresponds  to 
B — >■  A 4—  A' . Set  B'  = B xa  A']  this  is  the  global  sections  of  Oy> ■ As  A'  — > A 
is  surjective  with  locally  nilpotent  kernel  we  see  that  B'  — > B is  surjective  with 
locally  nilpotent  kernel.  Hence  Spec(f?')  = Spec(H)  (as  topological  spaces).  We 
claim  that  Y'  = Spec(H').  To  see  this  we  will  show  for  g'  £ B'  with  image  g £ B 
that  OY'(D(g))  = B'gl.  Namely,  by  More  on  Algebra,  Lemma 

(B')g'  = Bg  xAh  A'h, 


15.5.3 


we  see  that 
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where  h G A,  h!  £ A'  are  the  images  of  g' . Since  Bg,  resp.  Ah,  resp.  A'h,  is  equal  to 
Oy(D(g)),  resp.  f*Ox(D(g)),  resp.  f'tOx>(D(g ))  the  claim  follows. 

Finally,  we  prove  the  universal  property  of  the  pushout  holds  for  Y'  and  the  mor- 
phisms  Y — i Y'  and  X'  — >•  Y' . Namely,  let  S'  be  a scheme  and  let  b : Y — > S and 
a'  : X'  — > S be  morphisms  such  that 

X 5-X' 


commutes.  Note  that  a'  = bof  on  underlying  topological  spaces.  Denote  also  (a')**  : 
b~1Os  — > fiOX'  the  map  which  is  adjoint  to  ( a ')•*  : ( a')~1Os  = (f')~lb~1Os  — > 
Ox>  ■ Then  we  get  a map 

b~1Os  - Oy  Xf,Ox  ?*®X'  = Oy 

which  defines  a morphism  of  ringed  spaces  b'  : Y'  S compatible  with  a'  and 
b.  Since  Y C Y'  is  a thickening  it  follows  that  b'  is  a morphism  of  locally  ringed 
spaces,  i.e. , a morphism  of  schemes.  This  finishes  the  proof.  □ 


07RV 


In  the  following  lemma  we  use  the  fibre  product  of  categories  as  defined  in  Cate- 
gories, Example  |4.30.3 


Lemma  36.11.4.  Let  X — ► X'  be  a thickening  of  schemes  and  let  X — * Y be 
an  affine  morphism  of  schemes.  Let  Y'  = Y IIjc  X'  be  the  pushout  ( see  Lemma 


36.11.3 ).  Base  change  gives  a functor 

F : (Sch/Y’)  — > (Sch/Y)  x{Sch/YI)  ( Sch/X ') 


given  by  Vr  i — > (V7  xY>  Y,  V'  Xy<  X' , 1)  which  has  a left  adjoint 


G : (Sch/Y)  x{Sch/Y>)  (Sch/X')  — ► (Sch/Y') 

which  sends  the  triple  (V,U',(p)  to  the  pushout  EII(yXl,A-)  U' . Finally,  F o G is 
isomorphic  to  the  identity  functor. 


Proof.  Let  (V,  U' , if)  be  an  object  of  the  fibre  product  category.  Set  U = U'  xX'X. 
Note  that  U — > U'  is  a thickening.  Since  tp  : V xY  X — » U'  xXi  X = U is  an 
isomorphism  we  have  a morphism  U — > V over  I ->  F which  identifies  U with 
the  fibre  product  X xYV.  In  particular  U — > V is  affine,  see  Morphisms,  Lemma 


28.12.8  Hence  we  can  apply  Lemma  36.11.3  to  get  a pushout  V'  = VlluU'.  Denote 


V'  —X  Y'  the  morphism  we  obtain  in  virtue  of  the  fact  that  V'  is  a pushout  and 
because  we  are  given  morphisms  V — > Y and  U'  —X  X'  agreeing  on  U as  morphisms 
into  Y' . Setting  G(V,U',ip)  = V'  gives  the  functor  G. 


Let  us  prove  that  G is  a left  adjoint  to  F.  Let  Z be  a scheme  over  Y' . We  have  to 
show  that 

Mor(I/',  Z)  = Mor«y,  U' , ip),  F(Z)) 

where  the  morphism  sets  are  taking  in  their  respective  categories.  Let  g'  : V'  — > Z 
be  a morphism.  Denote  g,  resp.  f the  composition  of  g'  with  the  morphism  V —X  V' , 
resp.  U'  — x V' . Base  change  g,  resp.  f by  Y — > Y' , resp.  X'  — ► Y'  to  get  a morphism 
g : V —i  Z xYi  Y , resp.  f : U'  Z xYi  X' . Then  (g,f)  is  an  element  of  the 
right  hand  side  of  the  equation  above  (details  omitted).  Conversely,  suppose  that 
(g , /')  : (V,  U',  ip)  —X  F(Z)  is  an  element  of  the  right  hand  side.  We  may  consider 
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the  composition  g : V — X Z,  resp.  f':U'—>Zoi  g,  resp.  f by  Z Xy  X ' -A  Z,  resp. 
Z XyY  Z.  Then  g and  /'  agree  as  morphism  from  U to  Z.  By  the  universal 
property  of  pushout,  we  obtain  a morphism  g'  : V'  — > Z , i.e.,  an  element  of  the  left 
hand  side.  We  omit  the  verification  that  these  constructions  are  mutually  inverse. 


To  prove  that  FoG  is  isomorphic  to  the  identity  we  have  to  show  that  the  adjunction 
mapping  (V,  U' , ip)  — > F(G(V , U' , tp))  is  an  isomorphism.  To  do  this  we  may  work 
affine  locally.  Say  X = Spec(A),  X'  = Spec(A'),  and  Y = Spec(i3).  Then  A'  — > A 
and  B — X A are  ring  maps  as  in  More  on  Algebra,  Lemma  15.5.6  and  Y'  = Spec(13') 
with  B'  = BxaA' . Next,  suppose  that  V = Spec(D),  U'  = Spec(C')  and  p is  given 
by  an  A-algebra  isomorphism  D®bA  — > C'Za’A  = C' /IC' . Set  D'  = Dxc /ic'C  ■ 
In  this  case  the  statement  we  have  to  prove  is  that  D'^b'B  = D and  D'®b'A'  = C' . 
This  is  a special  case  of  More  on  Algebra,  Lemma [15.5.6  □ 


08KU 


Lemma  36.11.5.  Let  X -A  X'  be  a thickening  of  schemes  and  let  X — x Y be  an 
affine  morphism  of  schemes.  LetY'  = Y UxX'  be  the  pushout  (see  Lemma  36.11.3 ). 
Let  V ' — ?•  Y'  be  a morphism  of  schemes.  Set  V = Y Xy<  V' , U'  = X ' xy>  V' , and 
U = X x y'  V' . There  is  an  equivalence  of  categories  between 


(1)  quasi- coherent  Oyt  -modules  flat  over  Y' , and 

(2)  the  category  of  triples  (Q,F',ip)  where 

(a)  Q is  a quasi- coherent  Oy -module  flat  over  Y , 

(b)  T'  is  a quasi- coherent  Ow -module  flat  over  X,  and 

(c)  p : (U  — > V)*G  {U  — X U')*F'  is  an  isomorphism  of  Ojj -modules. 


The  equivalence  maps  Q'  to  ((V  —X  V')*G',  (U'  — ► V')*G' ,can).  Suppose  Q'  corre- 
sponds to  the  triple  (G,T',p).  Then 

(a)  Q'  is  a finite  type  Oy  -module  if  and  only  if  Q and  T'  are  finite  type  Oy 
and  Ow -modules. 

(b)  if  V'  —X  Y'  is  locally  of  finite  presentation,  then  Q'  is  an  Oy' -'module  of 
finite  presentation  if  and  only  if  Q and  F'  are  Oy  and  Ow  -modules  of 
finite  presentation. 


Proof.  A quasi-inverse  functor  assigns  to  the  triple  (G,F',p)  the  fibre  product 


(V  -A  V')*g  x{u^y,Uw  (U'  —¥  V').F 


where  T = (U  — > U')*F' . This  works,  because  on  affines  we  recover  the  equivalence 
of  More  on  Algebra,  Lemma[l5.5.13|  Some  details  omitted. 


Parts  (a)  and  (b)  follow  from  More  on  Algebra,  Lemmas  15.5.12  and  15.5.14  □ 


07RX 


Lemma  36.11.6.  In  the  situation  of  Lemma  36.11.4 
some  triple  (V,U',p),  then 


Ifv1 2 3 4 5 6 


G(V,U',p)  for 


(1)  V'  —X  Y'  is  locally  of  finite  type  if  and  only  if  V — > Y and  U'  —X  X'  are 
locally  of  finite  type, 

(2)  V'  —X  Y'  is  flat  if  and  only  ifV^Y  and  U'  — > X'  are  flat, 

(3)  V'  — > Y'  is  flat  and  locally  of  finite  presentation  if  and  only  if  V — > Y 
and  U'  —X  X'  are  flat  and  locally  of  finite  presentation, 

(4)  V'  —X  Y'  is  smooth  if  and  only  if  V aF  and  U'  — > X'  are  smooth, 

(5)  V'  —X  Y'  is  etale  if  and  only  if  V — > Y and  U'  —X  X'  are  etale,  and 

(6)  add  more  here  as  needed. 
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IfW'  is  flat  over  Y' , then  the  adjunction  mapping  G(F(W'))  —¥  W'  is  an  isomor- 
phism. Hence  F and  G define  mutually  quasi-inverse  functors  between  the  category 
of  schemes  flat  over  Y'  and  the  category  of  triples  (V,  U' , ip)  with  V — > Y and 
U'  ->•  X'  flat. 


Proof.  Looking  over  affine  pieces  the  assertions  of  this  lemma  are  equivalent  to 
the  corresponding  assertions  of  More  on  Algebra,  Lemma  15.5.15  □ 


36.12.  Openness  of  the  flat  locus 

0398  This  result  takes  some  work  to  prove,  and  (perhaps)  deserves  its  own  section.  Here 
it  is. 


0399  Theorem  36.12.1.  Let  S be  a scheme.  Let  f : X — ► S be  a morphism  which  is 
locally  of  finite  presentation.  Let  F be  a quasi- coherent  Ox-module  which  is  locally 
of  finite  presentation.  Then 


U = {x  £ X | F is  flat  over  S at  t} 


is  open  in  X . 

Proof.  We  may  test  for  openness  locally  on  X hence  we  may  assume  that  / is  a 
morphism  of  affine  schemes.  In  this  case  the  theorem  is  exactly  Algebra,  Theorem 
110.128.41  ' □ 


047C  Lemma  36.12.2.  Let  S be  a scheme.  Let 


X' 

f 

Y 

S' 


g' 

g 


> X 

f 

Y 


be  a cartesian  diagram  of  schemes.  Let  F be  a quasi- coherent  Ox -module.  Let 
x'  £ X'  with  images  x = g'(x')  and  s'  = g'(x'). 

(1)  If  F is  flat  over  S at  x,  then  (g')*F  is  flat  over  S'  at  x' . 

(2)  If  g is  flat  at  s'  and  (g')*F  is  flat  over  S'  at  x' , then  F is  flat  over  S at 

x. 

In  particular,  if  g is  flat,  f is  locally  of  finite  presentation,  and  T is  locally  of  finite 
presentation,  then  formation  of  the  open  subset  of  Theorem\36.12.I\  commutes  with 
base  change. 

Proof.  Consider  the  commutative  diagram  of  local  rings 


Ox- 


Ox,. 


Os-,s 


Os,s 


Note  that  O 

tO  Fx  ®Ox,ai 


x-,x'  is  a localization  of  Ox,x  ®e>s,a  ^S',s'>  and  that  (( g')*F ) 
Ox- ,x-  ■ Hence  the  lemma  follows  from  Algebra,  Lemma 


10.99.1 


is  equal 

□ 
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36.13.  Critere  de  platitude  par  fibres 

039A  Consider  a commutative  diagram  of  schemes  (left  hand  diagram) 


Spec(fc(s)) 


and  a quasi-coherent  Ox-module  F . Given  a point  x £ X lying  over  s £ S with 
image  y = f(x)  we  consider  the  question:  Is  F flat  over  Y at  x'l  If  F is  flat  over  S 
at  x,  then  the  theorem  states  this  question  is  intimately  related  to  the  question  of 
whether  the  restriction  of  F to  the  fibre 


Ts  = (Xs  ->•  X)*F 

is  flat  over  Ys  at  x.  Below  you  will  find  a “Noetherian”  version,  a “finitely  presented” 
version,  and  earlier  we  treated  a “nilpotent”  version,  see  Lemma|36.8.2[ 

039B  Theorem  36.13.1.  Let  S be  a scheme.  Let  f : X Y be  a morphism  of  schemes 
over  S . Let  F be  a quasi-coherent  Ox-module.  Let  x £ X . Set  y = f(x)  and  s £ S 
the  image  of  x in  S.  Assume  S,  X,  Y locally  Noetherian,  F coherent,  and  Fx  ^ 0. 
Then  the  following  are  equivalent: 

(1)  F is  flat  over  S at  x,  and  Fs  is  flat  over  Ys  at  x,  and 

(2)  Y is  flat  over  S at  y and  F is  flat  over  Y at  x. 


Proof.  Consider  the  ring  maps 

Os,s  — * Oy,y  — * Ox,x 

and  the  module  Fx.  The  stalk  of  Fs  at  x is  the  module  Fx/msFx  and  the  local 
ring  of  Ys  at  y is  OY,y/vn.sOY,y-  Thus  the  implication  (1)  =>  (2)  is  Algebra,  Lemma 
10.98.15  If  (2)  holds,  then  the  first  ring  map  is  faithfully  flat  and  Fx  is  flat  over 
Oy, y so  by  Algebra,  Lemma  10.38.4  we  see  that  Fx  is  flat  over  Os,s ■ Moreover, 
Fx/msFx  is  the  base  change  of  the  flat  module  Fx  by  Oy.v  — > OY,y/msOY,y,  hence 
flat  by  Algebra,  Lemma [10. 38. 7|  □ 


Here  is  the  non-Noetherian  version. 

039C  Theorem  36.13.2.  Let  S be  a scheme.  Let  f : X Y be  a morphism  of  schemes 
over  S . Let  F be  a quasi-coherent  Ox -module.  Assume 

(1)  X is  locally  of  finite  presentation  over  S, 

(2)  F an  Ox -module  of  finite  presentation,  and 

(3)  Y is  locally  of  finite  type  over  S. 

Let  x £ X.  Set  y = f(x)  and  let  s £ S be  the  image  of  x in  S.  If  Fx  ^ 0,  then  the 
following  are  equivalent: 

(1)  F is  flat  over  S at  x,  and  Fs  is  flat  over  Ys  at  x,  and 

(2)  Y is  flat  over  S at  y and  F is  flat  over  Y at  x. 

Moreover,  the  set  of  points  x where  (1)  and  (2)  hold  is  open  in  Supp(F). 


Proof.  Consider  the  ring  maps 

Os,s  > Oy,y  > Ox,x 

and  the  module  Fx.  The  stalk  of  Fs  at  x is  the  module  Fx/msFx  and  the  local 
ring  of  Ys  at  y is  OY,y/vn.sOY,y-  Thus  the  implication  (1)  =>  (2)  is  Algebra,  Lemma 
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10.127.9  If  (2)  holds,  then  the  first  ring  map  is  faithfully  flat  and  IFX  is  flat  over 
Oy.y  so  by  Algebra,  Lemma  10.38.4  we  see  that  Tx  is  flat  over  0$,s-  Moreover, 
Xx/m STX  is  the  base  change  of  the  flat  module  Tx  by  Oy,y  — > OY,y/msOY,y , hence 
flat  by  Algebra,  Lemma [10.38. 7 


By  Morphisms,  Lemma  |28.21.1l]  the  morphism  / is  locally  of  finite  presentation. 
Consider  the  set 


05VI  (36.13.2.1) 


U = {a;  £ X | T flat  at  x over  both  Y and  S}. 

Note  that  if  a;  £ 


This  set  is  open  in  X by  Theorem  36.12.1  Note  that  if  x £ U , then  jFs  is  flat 
at  x over  Fs  as  a base  change  of  a flat  module  under  the  morphism  Ys  — ► Y . see 


Morphisms,  Lemma  28.25.6  Hence  at  every  point  of  U D Supp(Jr)  condition  (1)  is 
satisfied.  On  the  other  hand,  it  is  clear  that  if  x £ Supp(Jr)  satisfies  (1)  and  (2), 
then  x £ U.  Thus  the  open  set  we  are  looking  for  is  U 0 Supp(Jr).  □ 


These  theorems  are  often  used  in  the  following  simplified  forms.  We  give  only  the 
global  statements  - of  course  there  are  also  pointwise  versions. 

039D  Lemma  36.13.3.  Let  S be  a scheme.  Let  f : X — » Y be  a morphism  of  schemes 
over  S . Assume 

(1)  S,  X,  Y are  locally  Noetherian, 

(2)  X is  flat  over  S, 

(3)  for  every  s £ S the  morphism  fs  : Xs  — > Ys  is  flat. 

Then  f is  flat.  If  f is  also  surjective,  then  Y is  flat  over  S. 

Proof.  This  is  a special  case  of  Theorem |36. 13. l|  □ 

039E  Lemma  36.13.4.  Let  S be  a scheme.  Let  f : X — >•  Y be  a morphism  of  schemes 
over  S.  Assume 

(1)  X is  locally  of  finite  presentation  over  S, 

(2)  X is  flat  over  S, 

(3)  for  every  s £ S the  morphism  fs  : Xs  — > Ys  is  flat,  and 

(4)  Y is  locally  of  finite  type  over  S. 

Then  f is  flat.  If  f is  also  surjective,  then  Y is  flat  over  S . 

Proof.  This  is  a special  case  of  Theorem |36. 13. 2[  □ 

05VJ  Lemma  36.13.5.  Let  S be  a scheme.  Let  f : X — >•  Y be  a morphism  of  schemes 
over  S.  Let  T be  a quasi- coherent  Ox -module.  Assume 

(1)  X is  locally  of  finite  presentation  over  S, 

(2)  T an  Ox -module  of  finite  presentation, 

(3)  T is  flat  over  S,  and 

(4)  Y is  locally  of  finite  type  over  S. 

Then  the  set 

U = {.t  £ X j T flat  at  x over  Y}. 

is  open  in  X and  its  formation  commutes  with  arbitrary  base  change:  If  S'  — )•  S 
is  a morphism  of  schemes,  and  U ' is  the  set  of  points  of  X'  = X Xg  S'  where 
T'  = T xs  S'  is  flat  over  Y’  =Y  xg  S' , then  U'  = U Xg  S' . 
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Proof.  By  Morphisms,  Lemma[28.21.11  the  morphism  / is  locally  of  finite  presen- 
tation. Hence  U is  open  by  Theorem  |36. 12. l|  Because  we  have  assumed  that  F is 
flat  over  S we  see  that  Theorem  |36.13.2  implies 

U = {x  £ X | Fs  flat  at  x over  Ys } . 


where  s always  denotes  the  image  of  x in  S.  (This  description  also  works  trivially 
when  Fx  = 0.)  Moreover,  the  assumptions  of  the  lemma  remain  in  force  for  the 
morphism  f : X'  — > Y'  and  the  sheaf  F' . Hence  U'  has  a similar  description.  In 
other  words,  it  suffices  to  prove  that  given  s'  £ S'  mapping  to  s £ S we  have 

{x'  £ X's,  | F's,  flat  at  x1  over  Y^,} 


is  the  inverse  image  of  the  corresponding  locus  in  Xs.  This  is  true  by  Lemma 
|36.12.2|because  in  the  cartesian  diagram 


x:, 


V 

YL 


■X, 


the  horizontal  morphisms  are  flat  as  they  are  base  changes  by  the  flat  morphism 
Specks'))  — > Spec (k(s)).  □ 

05VK  Lemma  36.13.6.  Let  S be  a scheme.  Let  f : X -A  Y be  a morphism  of  schemes 
over  S.  Assume 

(1)  X is  locally  of  finite  presentation  over  S, 

(2)  X is  flat  over  S,  and 

(3)  Y is  locally  of  finite  type  over  S. 

Then  the  set 

U = {x  £ X | X flat  at  x over  Y}. 

is  open  in  X and  its  formation  commutes  with  arbitrary  base  change. 

Proof.  This  is  a special  case  of  Lemma  [36. 13.5[  □ 

The  following  lemma  is  a variant  of  Algebra,  Lemma  [l0.98.4[  Note  that  the  hy- 
pothesis that  (Fs)x  is  a flat  CW^x-module  means  that  (Fs)x  is  a free  Oxg,x~mo dule 
which  is  always  the  case  if  £ £ A's  is  a generic  point  of  an  irreducible  component 
of  Xs  and  Xs  is  reduced  (namely,  in  this  case  Oxs,x  is  a field,  see  Algebra,  Lemma 
10.24.lj). 

080Q  Lemma  36.13.7.  Let  f : X — >■  S be  a morphism  of  schemes  of  finite  presentation. 
LetF  be  a finitely  presented  Ox -module.  Letx  £ X with  image  s £ S.  If  T is  flat  at 
x over  S and  ( Fs)x  is  a flat  Oxa,x -module,  then  F is  finite  free  in  a neighbourhood 
of  x. 


Proof.  If  Fx  ® k(x)  is  zero,  then  Fx  = 0 by  Nakayama’s  lemma  (Algebra,  Lemma 


10.19.1)  and  hence  F is  zero  in  a neighbourhood  of  x (Modules,  Lemma  17.9.5) 
and  the  lemma  holds.  Thus  we  may  assume  Fx  ® k(x)  is  not  zero  and  we  see 
that  Theorem  |36.13.2|  applies  with  / = id  : X — > X.  We  conclude  that  Fx  is  flat 
over  0\,x ■ Hence  Fx  is  free,  see  Algebra,  Lemma  10.77.4  for  example. 


an  open  neighbourhood  x £ U C X and  sections  si, 
to  a basis  in  Fx.  The  corresponding  map  ip 


o®r 


Choose 
sr  £ F(U)  which  map 
F\u  is  surjective  after 


shrinking  U (Modules,  Lemma  17.9.51.  Then  Ker(^>)  is  of  finite  type  (see  Modules, 
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Lemma  17.11.3 1 and  Ker(i/>)a 
isomorphism. 


0.  Whence  after  shrinking  U once  more  if  is  an 

□ 


36.14.  Normalization  revisited 

081J  Normalization  commutes  with  smooth  base  change. 

081K  Lemma  36.14.1.  Let  f : Y -A  X be  a smooth  morphism  of  schemes.  Let  A be  a 
quasi- coherent  sheaf  of  Ox -algebras.  The  integral  closure  of  Oy  in  f*  A is  equal  to 
f*  A!  where  A!  C A is  the  integral  closure  of  Ox  in  A. 

Proof.  This  is  a translation  of  Algebra,  Lemma  |10. 143.4]  into  the  language  of 
schemes.  Details  omitted.  □ 


03GV  Lemma  36.14.2  (Normalization  commutes  with  smooth  base  change).  Let 


Y2 Y\ 


h 

X2 


h 


>■ 


be  a fibre  square  in  the  category  of  schemes.  Assume  fi  is  quasi-compact  and  quasi- 
separated,  and  tp  is  smooth.  Let  Yi  — > X[  — > X f be  the  normalization  of  Xi  in  Yi . 
Then  X'2^  X2xXlX[. 


Proof.  The  base  change  of  the  factorization  Y\  — )■  X'x  — > Xi  to  X2  is  a factorization 


1 2 ->  X2  x x,  X[  -A  A'!  and  X2  xXl  X[ 


28.43.6 1.  Hence  we  get  a morphism  h : X2 


A Xi  is  integral  (Morphisms,  Lemma 
X2xXl  X'i  by  the  universal  property  of 
Morphisms,  Lemma  28.48.4  Observe  that  X2  is  the  relative  spectrum  of  the  integral 
closure  of  Ox2  in  f2  *Oy2.  If  A'  C fi  *Oyx  denotes  the  integral  closure  of  Ox2,  then 

By 


X2  xXl  X[  is  the  relative  spectrum  of  ip* A',  see  Constructions,  Lemma  26.4.6 


Cohomology  of  Schemes,  Lemma  29.5.2  we  know  that  f2^Oy2  = • Hence 

the  result  follows  from  Lemma  136. 14. II  □ 


07TD  Lemma  36.14.3  (Normalization  and  smooth  morphisms).  Let  X — »•  Y be  a smooth 
morphism  of  schemes.  Assume  every  quasi-compact  open  of  Y has  finitely  many 
irreducible  components.  Then  the  same  is  true  for  X and  there  is  a canonical 
isomorphism  X v = X x y Yu . 


Proof.  By  Descent,  Lemma  |34.12.3|  every  quasi-compact  open  of  X has  finitely 
many  irreducible  components.  Note  that  X red  = X Xy  Yred  as  a scheme  smooth 
over  a reduced  scheme  is  reduced,  see  Descent,  Lemma  34.14.1  Hence  we  may 


assume  that  X and  Y are  reduced  (as  the  normalization  of  a scheme  is  equal  to 
the  normalization  of  its  reduction  by  definition).  Next,  note  that  X'  = X Xy  Y1'  is 
a normal  scheme  by  Descent,  Lemma  [34. 14.2]  The  morphism  X1  — » Yv  is  smooth 
(hence  flat)  thus  the  generic  points  of  irreducible  components  of  X'  lie  over  generic 
points  of  irreducible  components  of  Yv . Since  Yv  — > Y is  birational  we  conclude 
that  X'  — > X is  birational  too  (because  X'  -A  Yv  induces  an  isomorphism  on 
fibres  over  generic  points  of  Y).  We  conclude  that  there  exists  a factorization 
Ay  -A  X'  -a  X , see  Morphisms,  Lemma  28.49.4  which  is  an  isomorphism  as  X'  is 
normal  and  integral  over  X.  □ 
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36.15.  Normal  morphisms 


In  the  article  |DM691  of  Deligne  and  Mumford  the  notion  of  a normal  morphism 
is  mentioned.  This  is  just  one  in  a series  of  type^J  of  morphisms  that  can  all  be 
defined  similarly.  Over  time  we  will  add  these  in  their  own  sections  as  needed. 


Definition  36.15.1.  Let  / : X — > Y be  a morphism  of  schemes.  Assume  that  all 
the  fibres  Xy  are  locally  Noetherian  schemes. 

(1)  Let  x £ A',  and  y = /( x).  We  say  that  / is  normal  at  x if  / is  flat  at  x, 
and  the  scheme  Xy  is  geometrically  normal  at  x over  nfy)  (see  Varieties, 
Definition  32.8.1 1. 

(2)  We  say  / is  a normal  morphism  if  / is  normal  at  every  point  of  X. 


So  the  condition  that  the  morphism  X — » Y is  normal  is  stronger  than  just  requiring 
all  the  fibres  to  be  normal  locally  Noetherian  schemes. 

Lemma  36.15.2.  Let  f : X — > Y be  a morphism  of  schemes.  Assume  all  fibres 
of  f are  locally  Noetherian.  The  following  are  equivalent 

(1)  f is  normal,  and 

(2)  f is  flat  and  its  fibres  are  geometrically  normal  schemes. 


Proof.  This  follows  directly  from  the  definitions. 
Lemma  36.15.3.  A smooth  morphism  is  normal. 


□ 


Proof.  Let  f : X —¥  Y be  a smooth  morphism.  As  / is  locally  of  finite  presentation, 
see  Morphisms,  Lemma  28.34.8  the  fibres  Xy  are  locally  of  finite  type  over  a field, 


hence  locally  Noetherian.  Moreover,  / is  flat,  see  Morphisms,  Lemma  28.34.9[ 
Finally,  the  fibres  Xy  are  smooth  over  a field  (by  Morphisms,  Lemma  28.34.5)  and 
hence  geometrically  normal  by  Varieties,  Lemma  |32.20.4|  Thus  / is  normal  by 
Lemma  136.15.21  □ 


We  want  to  show  that  this  notion  is  local  on  the  source  and  target  for  the  smooth 
topology.  First  we  deal  with  the  property  of  having  locally  Noetherian  fibres. 

Lemma  36.15.4.  The  property  V(f)  = “the  fibres  of  f are  locally  Noetherian”  is 
local  in  the  fppf  topology  on  the  source  and  the  target. 


Proof.  Let  / : X — ► Y be  a morphism  of  schemes.  Let  {ipi  : Yj  — ► Y}iej  be  an 
fppf  covering  of  Y.  Denote  fi  : X f — >•  V;  the  base  change  of  / by  Let  i £ I and 
let  yt  £ Yi  be  a point.  Set  y = ipi {yf).  Note  that 


Xi^y,t  Spec(ft(?/i))  ^ Spec («(y))  -^y 

Moreover,  as  ipi  is  of  finite  presentation  the  field  extension  n{y)  C K{yf)  is  finitely 
generated.  Hence  in  this  situation  we  have  that  Xy  is  locally  Noetherian  if  and 
only  if  Xim  is  locally  Noetherian,  see  Varieties,  Lemma  32.9.1  This  fact  implies 
locality  on  the  target. 


Let  {X i — > X}  be  an  fppf  covering  of  X.  Let  y £ Y . In  this  case  {Xi>y  — ► Xy}  is 
an  fppf  covering  of  the  fibre.  Hence  the  locality  on  the  source  follows  from  Descent, 
Lemma  134.12.11  □ 


1 The  other  types  are  coprof  < k,  Cohen-Macaulay,  ( Sy ) , regular,  (Ry),  and  reduced.  See 
1DG67I  IV  Definition  6.8.1.]. 


36.16.  REGULAR  MORPHISMS 


2520 


0393 


07R6 
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Lemma  36.15.5.  The  property  V(f)  = “the  fibres  of  f are  locally  Noetherian  and 
f is  normal”  is  local  in  the  fppf  topology  on  the  target  and  local  in  the  smooth 
topology  on  the  source. 


Proof.  We  have  V(f)  = V\ (/)  A P2(/)  A P3(/)  where  V\ (/)  =“the  fibres  of  / are 
locally  Noetherian”,  P2 (/)  =“/  is  flat”,  and  V3 (/)  =“the  fibres  of  / are  geometri- 
cally normal” . We  have  already  seen  that  V\  and  "P2  are  local  in  the  fppf  topology 
on  the  source  and  the  target,  see  Lemma  36.15.4[  and  Descent,  Lemmas  |34 . 1 9 . 1 3| 
and |34.23TT|  Thus  we  have  to  deal  with  V3. 


Let  / : X — > Y be  a morphism  of  schemes.  Let  {tpi  : Yi  -A  Y}iej  be  an  fpqc 
covering  of  Y.  Denote  fi  : V,:  — Yi  the  base  change  of  / by  ipi.  Let  i £ I and  let 
Pi  € Yi  be  a point.  Set  y = ip.i(yi).  Note  that 


Xi.y,  — Spec (n{yi))  ^Spec(K(y))  Xy 

Hence  in  this  situation  we  have  that  Xy  is  geometrically  normal  if  and  only  if  X^yi 
is  geometrically  normal,  see  Varieties,  Lemma  [32. 8. 4[  This  fact  implies  V3  is  fpqc 
local  on  the  target. 


Let  {Xi  — > X}  be  a smooth  covering  of  X.  Let  y £ Y.  In  this  case  {A f,y  — > Xy}  is 
a smooth  covering  of  the  fibre.  Hence  the  locality  of  V3  for  the  smooth  topology  on 
the  source  follows  from  Descent,  Lemma [34. 14. 2|  Combining  the  above  the  lemma 
follows.  □ 


36.16.  Regular  morphisms 


Compare  with  Section  |36.15  The  algebraic  version  of  this  notion  is  discussed  in 


More  on  Algebra,  Section  15.32[ 

Definition  36.16.1.  Let  / : X — > Y be  a morphism  of  schemes.  Assume  that  all 
the  fibres  Xy  are  locally  Noetherian  schemes. 

(1)  Let  x £ X , and  y = f(x).  We  say  that  / is  regular  at  x if  / is  flat  at  x , 
and  the  scheme  Xy  is  geometrically  regular  at  x over  n(y)  (see  Varieties, 
Definition  32.10.1). 

(2)  We  say  / is  a regular  morphism  if  / is  regular  at  every  point  of  X. 


The  condition  that  the  morphism  X -A  Y is  regular  is  stronger  than  just  requiring 
all  the  fibres  to  be  regular  locally  Noetherian  schemes. 

Lemma  36.16.2.  Let  f : X — » Y be  a morphism  of  schemes.  Assume  all  fibres 
of  f are  locally  Noetherian.  The  following  are  equivalent 

(1)  f is  regular, 

(2)  / is  flat  and  its  fibres  are  geometrically  regular  schemes, 

(3)  for  every  pair  of  affine  opens  U C X , V CY  with  f(U ) C V the  ring  map 
0(V ) -A  OiU)  is  regular, 

(4)  there  exists  an  open  covering  Y = Ujgj  Vj  anc^  °Pen  coverings  /_1(Vj)  = 
ue,  Ui  such  that  each  of  the  morphisms  Ui  — ► Vj  is  regular,  and 

(5)  there  exists  an  affine  open  covering  Y = (J j Vj  and  affine  open  coverings 

Ui  such  that  the  ring  maps  0(Vj)  — ► 0(Uf)  are  regular. 

Proof.  The  equivalence  of  (1)  and  (2)  is  immediate  from  the  definitions.  Let 
x £ X with  y = f{x).  By  definition  / is  flat  at  x if  and  only  if  Oy,y  — f Ox,x 
is  a flat  ring  map,  and  Xy  is  geometrically  regular  at  x over  n{y)  if  and  only 
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if  Oxy,x  = Ox,x/wyOx,x  is  a geometrically  regular  algebra  over  n(y).  Hence 
Whether  or  not  / is  regular  at  x depends  only  on  the  local  homomorphism  of  local 
rings  Oy,y  Ox,x-  Thus  the  equivalence  of  (1)  and  (4)  is  clear. 


Recall  (More  on  Algebra,  Definition  15.32.1|)  that  a ring  map  A — > B is  regular  if 
and  only  if  it  is  flat  and  the  fibre  rings  B®a  k(p)  are  Noetherian  and  geometrically 
regular  for  all  primes  p C A.  By  Varieties,  Lemma  |32.10.3|  this  is  equivalent  to 
Spec(H  0a  k(p))  being  a geometrically  regular  scheme  over  k(p).  Thus  we  see  that 
(2)  implies  (3).  It  is  clear  that  (3)  implies  (5).  Finally,  assume  (5).  This  implies 
that  / is  flat  (see  Morphisms,  Lemma  28.25.3).  Moreover,  if  y £ Y , then  y £ Vj 
for  some  j and  we  see  that  Xy  = U-.  t/q y with  each  UitV  geometrically  regular 
over  n(y)  by  Varieties,  Lemma  32.10.3  Another  application  of  Varieties,  Lemma 


32.10.3 


shows  that  Xy  is  geometrically  regular.  Hence  (2)  holds  and  the  proof  of 


the  lemma  is  finished. 


□ 


07R9  Lemma  36.16.3.  A smooth  morphism  is  regular. 

Proof.  Let  / : X — ► Y be  a smooth  morphism.  As  / is  locally  of  finite  presentation, 
see  Morphisms,  Lemma  28.34.8  the  fibres  Xy  are  locally  of  finite  type  over  a held, 
hence  locally  Noetherian.  Moreover,  / is  flat,  see  Morphisms,  Lemma  28.34.9| 
Finally,  the  fibres  Xy  are  smooth  over  a held  (by  Morphisms,  Lemma  28.34.5)  and 
hence  geometrically  regular  by  Varieties,  Lemma  |32.20.4|  Thus  / is  regular  by 
Lemma  136.16.21  □ 


07R.A  Lemma  36.16.4.  The  property  V(f)  =“the  fibres  of  f are  locally  Noetherian 
and  f is  regular”  is  local  in  the  fppf  topology  on  the  target  and  local  in  the  smooth 
topology  on  the  source. 


Proof.  We  have  V{f)  = V\  (/)  A P2(/)  A P3(/)  where  V\  (/)  =“the  hbres  of  / are 
locally  Noetherian”,  V2 (/)  =“/  is  hat”,  and  V$(f)  =“the  hbres  of  / are  geometri- 
cally regular” . We  have  already  seen  that  V\  and  V2  are  local  in  the  fppf  topology 
on  the  source  and  the  target,  see  Lemma  36.15.4[  and  Descent,  Lemmas  |34 . 1 9 . 1 3] 
and|34.23.1|  Thus  we  have  to  deal  with  V3. 


Let  / : X — > Y be  a morphism  of  schemes.  Let  {tpi  : V — > V}ig/  be  an  fpqc 
covering  of  Y.  Denote  /,  : Xj  —t  Yi  the  base  change  of  / by  <pi.  Let  i £ I and  let 
yi  £ Yi  be  a point.  Set  y = ipfiyi).  Note  that 


X i^y,'  Spec (/^(t/z))  ^Spec(K(y))  y 

Hence  in  this  situation  we  have  that  Xy  is  geometrically  regular  if  and  only  if  Xi <y. 
is  geometrically  regular,  see  Varieties,  Lemma [32. 10. 4|  This  fact  implies  V3  is  fpqc 
local  on  the  target. 


Let  {Xi  — > X}  be  a smooth  covering  of  X.  Let  y £ Y.  In  this  case  {A — > Xy}  is 
a smooth  covering  of  the  hbre.  Hence  the  locality  of  V3  for  the  smooth  topology  on 
the  source  follows  from  Descent,  Lemma [34. 14. 4|  Combining  the  above  the  lemma 
follows.  □ 


36.17.  Cohen-Macaulay  morphisms 

045Q  Compare  with  Section  [36. 15[  Note  that,  as  pointed  out  in  Algebra,  Section  [10.159| 
and  Varieties,  Section  [32. 11  “geometrically  Cohen-Macaulay”  is  the  same  as  plain 
Cohen-Macaulay. 
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045R  Definition  36.17.1.  Let  / : X — > Y be  a morphism  of  schemes.  Assume  that  all 
the  fibres  Xy  are  locally  Noetherian  schemes. 

(1)  Let  x £ X,  and  y = f(x).  We  say  that  / is  Cohen- Macaulay  at  x if  / is 
flat  at  x,  and  the  local  ring  of  the  scheme  Xy  at  x is  Cohen-Macaulay. 

(2)  We  say  / is  a Cohen-Macaulay  morphism  if  / is  Cohen-Macaulay  at  every 
point  of  X. 


Here  is  a translation. 

045S  Lemma  36.17.2.  Let  f : X — » Y be  a morphism  of  schemes.  Assume  all  fibres 
of  f are  locally  Noetherian.  The  following  are  equivalent 

(1)  f is  Cohen-Macaulay,  and 

(2)  f is  flat  and  its  fibres  are  Cohen-Macaulay  schemes. 


Proof.  This  follows  directly  from  the  definitions.  □ 

OAFG  Lemma  36.17.3.  Let  f : X — ► Y be  a morphism  of  locally  Noetherian  schemes 
which  is  locally  of  finite  type  and  Cohen-Macaulay.  For  every  point  x in  X with 
image  y in  Y, 

dimspO  = dimy(Y)  + dim;c(A'y), 
where  Xy  denotes  the  fiber  over  y. 


045T 


Proof.  After  replacing  X by  an  open  neighborhood  of  x,  there  is  a natural  number 
d such  that  all  fibers  of  X — ► Y have  dimension  d at  every  point,  see  Morphisms, 
Lemma  28.29.4  Then  / is  flat,  locally  of  finite  type  and  of  relative  dimension  d. 
Hence  the  result  follows  from  Morphisms,  Lemma  28.29.6  □ 


Lemma  36.17.4.  Let  f : X Y be  a morphism  of  schemes.  Assume  that  all  the 
fibres  Xy  are  locally  Noetherian  schemes.  Let  Y'  — ► Y be  locally  of  finite  type.  Let 
f : X'  = Xy'  —tYbe  the  base  change  of  f . Let  x'  £ X'  be  a point  with  image 
x £ X. 


(1)  If  f is  Cohen-Macaulay  at  x,  then  the  base  change  f : X’  — ► Y'  is  Cohen- 
Macaulay  at  x1 . 

(2)  If  Y'  -A  Y is  flat  at  fix')  and  f is  Cohen-Macaulay  at  x' , then  f is 
Cohen-Macaulay  at  x. 


Proof.  Note  that  the  assumption  on  Y'  -A  Y means  that  for  yf  £ Y'  mapping 
to  y £ Y the  field  extension  n{y)  C n(y')  is  finitely  generated.  Hence  also  all  the 
fibres  X' , = (A', t)K(y')  are  locally  Noetherian,  see  Varieties,  Lemma  32.9.1  Thus 
the  lemma  makes  sense.  Set  y'  = f(x')  and  y = f(x).  Hence  we  get  the  following 
commutative  diagram  of  local  rings 


Ox> 


,x' 


Ox,, 


Oy\ y’  ^ Oy,j 


where  the  upper  left  corner  is  a localization  of  the  tensor  product  of  the  upper  right 
and  lower  left  corners  over  the  lower  right  corner. 


Assume  / is  Cohen-Macaulay  at  x.  The  flatness  of  O 
of  Oyy  — >•  Ox',x'i  see  Algebra,  Lemma 


10.99.1 


y y — ► Ox,,  implies  the  flatness 
The  fact  that  Ox,x/wyOx,x 
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is  Cohen-Macaulay  implies  that  Ox'  ,x'  /vav'Gx'  ,x'  > 
Hence  we  see  that  f is  Cohen-Macaulay  at  x' . 


see  Varieties,  Lemma 


32.11.1 


Assume  Y'  Y is  flat  at  y'  and  /'  is  Cohen-Macaulay  at  x' . The  flatness  of 
Oy<ty'  — > Ox',x'  and  Oy,y  -A  Gy ,y>  implies  the  flatness  of  Oy;V  — >•  O. x)X, 

The  fact  that  Ox',x’ /Wy'Ox',* 
see  Varieties,  Lemma 


10.99.1 


Algebra,  Lemma 
plies  that  Ox,x/myOx,x, 
Cohen-Macaulay  at  x. 


32.11.1 


see 

is  Cohen-Macaulay  im- 
Hence  we  see  that  / is 
□ 


045U  Lemma  36.17.5.  Let  f : X — >■  S be  a morphism  of  schemes  which  is  flat  and 
locally  of  finite  presentation.  Let 

W = {x  £ X | / is  Cohen-Macaulay  at  x} 


Then 

(1)  W = {x  £ X \ OxfM,x  is  Cohen-Macaulay} , 

(2)  W is  open  in  X, 

(3)  W dense  in  every  fibre  of  X — > S, 

(4)  the  formation  of  W commutes  with  arbitrary  base  change  of  f : For  any 
morphism  g : S'  -A  S , consider  the  base  change  f : X ’ — > S1  of  f and  the 
projection  g'  : X'  — > X . Then  the  corresponding  set  W'  for  the  morphism 
f is  equal  to  W'  = ( g' )~1(W). 


Proof.  As  / is  flat  with  locally  Noetherian  fibres  the  equality  in  (1)  holds  by 
definition.  Parts  (2)  and  (3)  follow  from  Algebra,  Lemma  10.129.5  Part  (4)  follows 
either  from  Algebra,  Lemma [l0.129.7|or  Varieties,  Lemma  32.11.1  □ 


054T 


Lemma  36.17.6.  Let  f : X — >•  S be  a morphism  of  schemes  which  is  flat  and 
locally  of  finite  presentation.  For  d > 0 there  exist  opens  Ud  C X with  the  following 
properties 


(1)  W = Ud>0  Ud  is  dense  in  every  fibre  of  f , and 

(2)  Ud  — i S is  of  relative  dimension  d (see  Morphisms,  Definition  28.29.1). 


Proof.  This  follows  by  combining  Lemma|36.17.5|with  Morphisms,  Lemma|28.29.4| 

□ 


054U  Lemma  36.17.7.  Let  f : X — » S be  a morphism  of  schemes  which  is  flat  and 
locally  of  finite  presentation.  Suppose  x'  x is  a specialization  of  points  of  X with 
image  s'  s in  S.  If  x is  a generic  point  of  an  irreducible  component  of  Xs  then 
dimx/  (Xsi ) = dimx(Xs). 


Proof.  The  point  x is  contained  in  Ud  for  some  d,  where  Ud  as  in  Lemma  36.17.6 


□ 


045V  Lemma  36.17.8.  The  property  V{f)  = “ the  fibres  of  f are  locally  Noetherian  and 
f is  Cohen-Macaulay”  is  local  in  the  fppf  topology  on  the  target  and  local  in  the 
syntomic  topology  on  the  source. 

Proof.  We  have  V(f)  = Vi{f)  AP2(/)  where  V\  (/)  =“/  is  flat”,  and  P2(/)  =“the 
fibres  of  / are  locally  Noetherian  and  Cohen-Macaulay” . We  know  that  V\  is  local 
in  the  fppf  topology  on  the  source  and  the  target,  see  Descent,  Lemmas  |34.19.13| 
and|34.23.1|  Thus  we  have  to  deal  with  P2- 
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Let  / : X — > Y be  a morphism  of  schemes.  Let  {ipi  : Yt  — >•  V},gj  be  an  fppf 
covering  of  Y.  Denote  : Xi  — > Yt  the  base  change  of  / by  <pi.  Let  i £ I and  let 
yi  £ Yi  be  a point.  Set  y = (pflyf).  Note  that 


Spec (/'v(yi))  ^spec («.(y))  ^-y 

and  that  k (y)  C re(j/i)  is  a finitely  generated  field  extension.  Hence  if  Xy  is  locally 
Noetherian,  then  Xj:.y,.  is  locally  Noetherian,  see  Varieties,  Lemma  32.9.1  And  if 
in  addition  Xy  is  Cohen-Macaulay,  then  Xi^Vi  is  Cohen-Macaulay,  see  Varieties, 
Lemma [32. 11. 1[  Thus  V2  is  fppf  local  on  the  target. 


Let  {Xi  — > X}  be  a syntomic  covering  of  X.  Let  y £ Y.  In  this  case  {Xi  y — > Xy}  is 
a syntomic  covering  of  the  fibre.  Hence  the  locality  of  V2  for  the  syntomic  topology 
on  the  source  follows  from  Descent,  Lemma  |34.13.2|  Combining  the  above  the 
lemma  follows.  □ 


36.18.  Slicing  Cohen-Macaulay  morphisms 

056X  The  results  in  this  section  eventually  lead  to  the  assertion  that  the  fppf  topology 
is  the  same  as  the  “finitely  presented,  flat,  quasi- finite”  topology.  The  following 
lemma  is  very  closely  related  to  Divisors,  Lemma [30. 15. 9| 

056Y  Lemma  36.18.1.  Let  f : X -A  S be  a morphism  of  schemes.  Let  x £ X be  a 
point  with  image  s £ S.  Let  h £ mx  C Ox,x-  Assume 

(1)  / is  locally  of  finite  presentation, 

(2)  / is  flat  at  x,  and 

(3)  the  image  h of  h in  Ox3,x  = Ox,x/^sOx,x  is  a nonzerodivisor. 

Then  there  exists  an  affine  open  neighbourhood  U C X of  x such  that  h comes  from 
h £ T(U,Ou)  and  such  that  D = V{h)  is  an  effective  Cartier  divisor  in  U with 
x £ D and  D -A  S flat  and  locally  of  finite  presentation. 


Proof.  We  are  going  to  prove  this  by  reducing  to  the  Noetherian  case.  By  openness 
of  flatness  (see  Theorem  36.12.1)  we  may  assume,  after  replacing  X by  an  open 
neighbourhood  of  x,  that  X — > S is  flat.  We  may  also  assume  that  X and  S 
are  affine.  After  possible  shrinking  X a bit  we  may  assume  that  there  exists  an 
h £ r(X,  Ox)  which  maps  to  our  given  h. 


We  may  write  S = Spec  (A)  and  we  may  write  A = colinR  Ai  as  a directed  colimit 
of  finite  type  Z algebras.  Then  by  Algebra,  Lemma  |10. 160.1]  or  Limits,  Lemmas 
|31.9.1[  |31.7.2[  and  |31.9.1|  we  can  find  a cartesian  diagram 


X 

/ fo 

V V 

S *S0 


with  fo  flat  and  of  finite  presentation,  Xq  affine,  and  So  affine  and  Noetherian. 
Let  Xq  £ Xq , resp.  sq  £ Sq  be  the  image  of  x,  resp.  s.  We  may  also  assume 
there  exists  an  element  ho  £ r(Yo,C,A'0)  which  restricts  to  h on  A.  (If  you  used 
the  algebra  reference  above  then  this  is  clear;  if  you  used  the  references  to  the 
chapter  on  limits  then  this  follows  from  Limits,  Lemma  [31.9. 1|  by  thinking  of  h as 
a morphism  X — > A^.)  Note  that  Ox., x is  a localization  of  0(X 0)so,x0  ®«(s0)  K(s), 
so  that  0(Xo)  x 0 Ox3,x  is  a flat  local  ring  map,  in  particular  faithfully  flat. 
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Hence  the  image  ho  £ O(x0)ao,x0  is  contained  in  m(x0)80,x0  and  is  a nonzerodivisor. 
We  claim  that  after  replacing  X0  by  a principal  open  neighbourhood  of  Xq  the 
element  ho  is  a nonzerodivisor  in  B o = T(Xo,Ox0)  such  that  Bo/hoBo  is  flat  over 
A0  = T{S0,0So).  If  so  then 

0 — > Bo  — ^ Bq  — > Bo/hoBo  — > 0 


is  a short  exact  sequence  of  flat  Ap-modules.  Hence  this  remains  exact  on  tensoring 


with  A (by  Algebra,  Lemma  10.38.12)  and  the  lemma  follows. 


It  remains  to  prove  the  claim  above.  The  corresponding  algebra  statement  is  the 
following  (we  drop  the  subscript  o here):  Let  A — > B be  a flat,  finite  type  ring  map 
of  Noetherian  rings.  Let  q C B be  a prime  lying  over  p C A.  Assume  h £ q maps 
to  a nonzerodivisor  in  Bq/pBq.  Goal:  show  that  after  possible  replacing  B by  Bg 
for  some  g £ B,  g fL  q the  element  h becomes  a nonzerodivisor  and  B/hB  becomes 


flat  over  A.  By  Algebra,  Lemma  10.98.2  we  see  that  h is  a nonzerodivisor  in  Bq 
and  that  Bq/hBq  is  flat  over  A.  By  openness  of  flatness,  see  Algebra,  Theorem 
10.128.4  or  Theorem  36.12.1  we  see  that  B/hB  is  flat  over  A after  replacing  B by 


Bg  for  some  g £ B,  g ^ q.  Finally,  let  / = {b  £ B \ hb  = 0}  be  the  annihilator  of  h. 
Then  IBq  = 0 as  h is  a nonzerodivisor  in  Bq.  Also  I is  finitely  generated  as  B is 
Noetherian.  Hence  there  exists  a g £ B,  g ^ q such  that  IBg  = 0.  After  replacing 


B by  Bg  we  see  that  h is  a nonzerodivisor. 


□ 


06LI  Lemma  36.18.2.  Let  f : X -A  S be  a morphism  of  schemes.  Let  x £ X be  a 
point  with  image  s £ S.  Let  hi, ...  ,hr  £ Ox,x-  Assume 

(1)  f is  locally  of  finite  presentation, 

(2)  f is  flat  at  x,  and 

(3)  the  images  of  h\,...,hr  in  Oxs,x  = Ox,x/^sOx,x  form  a regular  se- 
quence. 

Then  there  exists  an  affine  open  neighbourhood  U C X of  x such  that  h\,...,hr 
come  from  h\, . . . , hr  £ T(t/,  Ojj)  and  such  that  Z = V (hi, . . . , hr)  — > U is  a regular 
immersion  with  x £ Z and  Z — » S flat  and  locally  of  finite  presentation.  Moreover, 
the  base  change  Zgi  — » Ug'  is  a regular  immersion  for  any  scheme  S'  over  S . 


Proof.  (Our  conventions  on  regular  sequences  imply  that  hi  £ rria;  for  each  i.)  The 
case  r = 1 follows  from  Lemma  |36.18.1|  combined  with  Divisors,  Lemma  |30.15.1| 
to  see  that  V(h{)  remains  an  effective  Cartier  divisor  after  base  change.  The  case 
r > 1 follows  from  a straightforward  induction  on  r (applying  the  result  for  r = 1 
exactly  r times;  details  omitted). 


Another  way  to  prove  the  lemma  is  using  the  material  from  Divisors,  Section  30.19 


Namely,  first  by  openness  of  flatness  (see  Theorem  36.12.1)  we  may  assume,  after 
replacing  X by  an  open  neighbourhood  of  x,  that  A -A  S'  is  flat.  We  may  also 
assume  that  X and  S are  affine.  After  possible  shrinking  X a bit  we  may  assume 
that  we  have  h\,...,hr  £ r(A,  Ox)-  Set  Z = V(h\, . . . , hr).  Note  that  Xs  is  a 
Noetherian  scheme  (because  it  is  an  algebraic  «:(s)-scheme,  see  Varieties,  Section 


32.17 1 and  that  the  topology  on  Xs  is  induced  from  the  topology  on  X (see  Schemes, 
Lemma  25.18.5).  Hence  after  shrinking  X a bit  more  we  may  assume  that  Zs  C Xs 
is  a regular  immersion  cut  out  by  the  r elements  hi\xs,  see  Divisors,  Lemma  30.17.8 
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and  its  proof.  It  is  also  clear  that  r = dimx(As)  — dim X(ZS)  because 


dimx(As)  = dim  (Ox„x)  + trdegreW(/c(a;)), 
dim  x(Za)  = dim  (Oz„x)  + trdeg  k(s)(k(x)), 
dim  (0Xs,x)  = dim  (Oza,x)  +r 


the  first  two  equalities  by  Algebra,  Lemma  |10. 115.31  and  the  second  by  r times 
applying  Algebra,  Lemma  10.59.12  Hence  Divisors,  Lemma  30.19.6  part  (3)  ap- 
plies to  show  that  (after  Zariski  shrinking  X ) the  morphism  Z — > X is  a regular 
immersion  to  which  Divisors,  Lemma  30.19.4  applies  (which  gives  the  flatness  and 
the  statement  on  base  change).  □ 


056Z  Lemma  36.18.3.  Let  f : X -A  S be  a morphism  of  schemes.  Let  x £ X be  a 
point  with  image  s £ S . Assume 

(1)  f is  locally  of  finite  presentation, 

(2)  f is  flat  at  x,  and 

(3)  Oxs,x  has  depth>  1. 

Then  there  exists  an  affine  open  neighbourhood  U C X of  x and  an  effective  Cartier 
divisor  D C U containing  x such  that  D — * S is  flat  and  of  finite  presentation. 


Proof.  Pick  any  h £ mx 


apply  Lemma  36.18.1 


C Ox,x  which  maps  to  a nonzerodivisor  in  Ox.,x  and 

□ 


0570  Lemma  36.18.4.  Let  f : X -A  S be  a morphism  of  schemes.  Let  x £ X be  a 
point  with  image  s £ S.  Assume 

(1)  f is  locally  of  finite  presentation, 

(2)  f is  Cohen- Macaulay  at  x,  and 

(3)  x is  a closed  point  of  Xs. 

Then  there  exists  a regular  immersion  Z — > X containing  x such  that 

(a)  Z — ^ S is  flat  and  locally  of  finite  presentation, 

(b)  Z — ^ S is  locally  quasi-finite,  and 

(c)  Zs  = {i}  set  theoretically. 


Proof.  We  may  and  do  replace  S by  an  affine  open  neighbourhood  of  s.  We  will 
prove  the  lemma  for  affine  S by  induction  ond  = dima;(A's). 


The  case  d = 0.  In  this  case  we  show  that  we  may  take  Z to  be  an  open  neigh- 
bourhood of  x.  (Note  that  an  open  immersion  is  a regular  immersion.)  Namely, 
if  d = 0,  then  X — > S is  quasi-finite  at  x , see  Morphisms,  Lemma  [28.29.5[  Hence 
there  exists  an  affine  open  neighbourhood  U C X such  that  U — > S is  quasi-finite, 
see  Morphisms,  Lemma [28.50.2|  Thus  after  replacing  X by  U we  see  that  the  fibre 
Xs  is  a finite  discrete  set.  Hence  after  replacing  X by  a further  affine  open  neigh- 
bourhood of  X we  see  that  that  /-1({s})  = {x}  (because  the  topology  on  Xs  is 
induced  from  the  topology  on  A',  see  Schemes,  Lemma  25.18.5).  This  proves  the 
lemma  in  this  case. 


Next,  assume  d > 0.  Note  that  because  x is  a closed  point  of  its  fibre  the  exten- 
sion k(s)  C k(x)  is  finite  (by  the  Hilbert  Nullstellensatz,  see  Morphisms,  Lemma 


28.20.3).  Thus  we  see 


depth(0XsiX)  = dim (0Xa,x)  =d>  0 
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the  first  equality  as  OxB,x  is  Cohen-Macaulay  and  the  second  by  Morphisms, 
Lemma |28.28.1[  Thus  we  may  apply  Lemma |36.18.3|  to  find  a diagram 


D >■  U >■  X 


with  x G D.  Note  that  OngX  = Oxs,x/{h)  for  some  nonzerodivisor  h,  see  Divi- 
Hence  Odb,x  is  Cohen-Macaulay  of  dimension  one  less  than 


sors,  Lemma  30.15.1 


the  dimension  of  OxB,xi  see  Algebra,  Lemma  10.103.2  for  example.  Thus  the  mor- 
phism D S is  flat,  locally  of  finite  presentation,  and  Cohen-Macaulay  at  x with 
dimx. (Z}5)  = dimx(Xs)  — 1 = d — 1.  By  induction  hypothesis  we  can  find  a regular 
immersion  Z — >•  D having  properties  (a),  (b),  (c).  As  Z D U are  both  regular 
immersions,  we  see  that  also  Z — > U is  a regular  immersion  by  Divisors,  Lemma 
30.18.7  This  finishes  the  proof.  □ 


0571  Lemma  36.18.5.  Let  f : X — > S be  a flat  morphism  of  schemes  which  is  locally 
of  finite  presentation  Let  s G S be  a point  in  the  image  of  f . Then  there  exists  a 
commutative  diagram 


S' 


where  g : S'  —>  S is  flat,  locally  of  finite  presentation,  locally  quasi-finite,  and 
s G g{S'). 


Proof.  The  fibre  Xs  is  not  empty  by  assumption.  Hence  there  exists  a closed  point 
x G Xs  where  / is  Cohen-Macaulay,  see  Lemma [36. 17. 5|  Apply  Lemma [36. 18. 4| and 


set  S'  = S. 


□ 
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The  following  lemma  shows  that  sheaves  for  the  fppf  topology  are  the  same  thing 
as  sheaves  for  the  “quasi-finite,  flat,  finite  presentation”  topology. 


Lemma  36.18.6.  Let  S be  a scheme.  LetU  = {Si  — > S'}ie/  be  an  fppf  covering  of 
S,  see  Topologies,  Definition  33.7.1  Then  there  exists  an  fppf  covering  V = {Tj  — ► 
S}j£j  which  refines  (see  Sites,  Definition  7.8.1)  U such  that  each  Tj  — >■  S is  locally 
quasi-finite. 


Proof.  For  every  s G S there  exists  an  i G / such  that  s is  in  the  image  of  Si  — > S. 
By  Lemma  36.18.5  we  can  find  a morphism  gs  : Ts  — > S such  that  s G gs(Ts)  which 
is  flat,  locally  of  finite  presentation  and  locally  quasi-finite  and  such  that  gs  factors 
through  S,  — ► S.  Hence  {Ts  — >•  S}  is  the  desired  covering  of  S that  refines  U.  □ 


36.19.  Generic  fibres 

054V  Some  results  on  the  relationship  between  generic  fibres  and  nearby  fibres. 

054W  Lemma  36.19.1.  Let  f : X Y be  a finite  type  morphism  of  schemes.  Assume 

Y irreducible  with  generic  point  rj.  If  Xv  = 0 then  there  exists  a nonempty  open 

V C Y such  that  Xy  = V Xy  X = 0. 

Proof.  Follows  immediately  from  the  more  general  Morphisms,  Lemma [28. 8. 4[  □ 


36.19.  GENERIC  FIBRES 


2528 


05F5 


Lemma  36.19.2.  Let  f : X Y be  a finite  type  morphism  of  schemes.  Assume 

Y irreducible  with  generic  point  ip  If  Xv  ^ 0 then  there  exists  a nonempty  open 

V C Y such  that  Xy  = V x y X — ► V is  surjective. 


Proof.  This  follows,  upon  taking  affine  opens,  from  Algebra,  Lemma  10.29.2 
course  it  also  follows  from  generic  flatness.) 


(Of 

□ 


054X 


Lemma  36.19.3.  Let  f : X — > Y be  a finite  type  morphism  of  schemes.  Assume 
Y irreducible  with  generic  point  77.  If  Z C X is  a closed  subset  with  Zy  nowhere 
dense  in  Xv,  then  there  exists  a nonempty  open  V C Y such  that  Zy  is  nowhere 
dense  in  Xy  for  all  y £ V. 


Proof.  Let  Y'  C Y be  the  reduction  of  Y . Set  X'  = Y'  Xy  X and  Z'  =Y'  Xy  Z. 
As  Y'  — ► Y is  a universal  homeomorphism  by  Morphisms,  Lemma  28.44.4 


we  see 


that  it  suffices  to  prove  the  lemma  for  Z'  C X'  — > Y' . Thus  we  may  assume  that 


Y is  integral,  see  Properties,  Lemma  27.3.4  By  Morphisms,  Proposition  28.27.1 
there  exists  a nonempty  affine  open  V C Y such  that  Xy  — > V and  Zy  — »•  Z are 
flat  and  of  finite  presentation.  We  claim  that  V works.  Pick  y £ V.  If  Zy  has  a 
nonempty  interior,  then  Zy  contains  a generic  point  f of  an  irreducible  component 
of  Xy.  Note  that  77  /(£).  Since  Zy  — > V is  flat  we  can  choose  a specialization 

C f,  C € Z with  /(£')  = 77,  see  Morphisms,  Lemma  28.25.8  By  Lemma  36.17.7 
we  see  that 


dim  £'(ZV)  = dim  ^(Zy)  = dim^(Xy)  = dim^/(A^). 

Hence  some  irreducible  component  of  Zri  passing  through  has  dimension  dim^/  (Xy) 
which  contradicts  the  assumption  that  Zv  is  nowhere  dense  in  Xv  and  we  win.  □ 
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Lemma  36.19.4.  Let  f : X — > Y be  a finite  type  morphism  of  schemes.  Assume 
Y irreducible  with  generic  point  77.  Let  U C X be  an  open  subscheme  such  that  Uv 
is  scheme  theoretically  dense  in  Xy.  Then  there  exists  a nonempty  open  V C Y 
such  that  Uy  is  scheme  theoretically  dense  in  Xy  for  all  y £ V . 


Proof.  Let  Y'  C Y be  the  reduction  of  Y . Let  X’  = Y'  Xy  X and  U'  = Y'  Xy  U. 
As  Y'  — ► Y induces  a bijection  on  points,  and  as  U'  — > U and  X’  — > A'  induce 
isomorphisms  of  scheme  theoretic  fibres,  we  may  replace  Y by  Y'  and  X by  X'. 
Thus  we  may  assume  that  Y is  integral,  see  Properties,  Lemma  [27.3.4  We  may 
also  replace  Y by  a nonempty  affine  open.  In  other  words  we  may  assume  that 
Y = Spec(A)  where  A is  a domain  with  fraction  field  K. 


As  / is  of  finite  type  we  see  that  X is  quasi-compact.  Write  X = X\  U . . . U Xn  for 
some  affine  opens  A,.  By  Morphisms,  Definition |28.7.1|  we  see  that  Ui  = Xi  D U is 
an  open  subscheme  of  X,  such  that  I/yr/  is  scheme  theoretically  dense  in  Xi  r).  Thus 
it  suffices  to  prove  the  result  for  the  pairs  (X.t.  Ui),  in  other  words  we  may  assume 
that  A'  is  affine. 


Write  X = Spec (B).  Note  that  Bk  is  Noetherian  as  it  is  a finite  type  Jv-algebra. 
Hence  Uv  is  quasi-compact.  Thus  we  can  find  finitely  many  gi, . . . , grn  £ B such 
that  D(gj)  C U and  such  that  Uy  = D{gi)y  U ...  U D{gm)v.  The  fact  that  Uv 
is  scheme  theoretically  dense  in  Xv  means  that  Bk  — t ©,(SR-)ffj  is  injective,  see 
Morphisms,  Example  28.7.4  By  Algebra,  Lemma  [10.22.4|  this  is  equivalent  to  the 
injectivity  of  Bk  — ► ©j=i  m Bk,  b i->-  (gib, . . . ,gmb )■  Let  M be  the  cokernel  of 
this  map  over  A,  i.e. , such  that  we  have  an  exact  sequence 


0H  -)>  M ^ 0 
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After  replacing  A by  Ah  for  some  nonzero  h we  may  assume  that  B is  a flat,  finitely 
presented  A-algebra,  and  that  M is  flat  over  A , see  Algebra,  Lemma[l0.117.3|  The 
flatness  of  B over  A implies  that  B is  torsion  free  as  an  A-module,  see  More  on 
Algebra,  Lemma  15.16.9|  Hence  B C Bk ■ By  assumption  Ik  = 0 which  implies 
that  1 = 0 (as  I C B C Bk  is  a subset  of  Ik)-  Hence  now  we  have  a short  exact 
sequence 


0 — > B (9A"’gm)>  Cb  0 

with  M flat  over  A.  Hence  for  every  homomorphism  A — > n where  n is  a field,  we 
obtain  a short  exact  sequence 


0 — > B K b k — > M ®a  k->0 

see  Algebra,  Lemma  |10. 38.12]  Reversing  the  arguments  above  this  means  that 
U D(gj  g)  1)  is  scheme  theoretically  dense  in  Spec(H  g^  n).  As  (J  D(gj  <g)  1)  = 
(J  D(gj)K  C UK  we  obtain  that  UK  is  scheme  theoretically  dense  in  XK  which  is 
what  we  wanted  to  prove.  □ 


Suppose  given  a morphism  of  schemes  / : X — * Y and  a point  y £ Y . Recall  that  the 
fibre  Xy  is  homeomorphic  to  the  subset  /_1({y})  of  X with  induced  topology,  see 
Schemes,  Lemma 


25.18.5 


Suppose  given  a closed  subset  T(y)  C Xy.  Let  T be  the 
closure  of  T(y)  in  X . Endow  T with  the  induced  reduced  scheme  structure.  Then 
T is  a closed  subscheme  of  X with  the  property  that  Ty  = T{y)  set-theoretically. 
In  fact  T is  the  smallest  closed  subscheme  of  X with  this  property.  Thus  it  is 
“harmless”  to  denote  a closed  subset  of  Xy  by  Ty  if  we  so  desire.  In  the  following 
lemma  we  apply  this  to  the  generic  fibre  of  /. 


054Y  Lemma  36.19.5.  Let  f : X — ► Y be  a finite  type  morphism  of  schemes.  Assume 
Y irreducible  with  generic  point  77.  Let  Xv  = Z\^  U . . . U Zn^  be  a covering  of 
the  generic  fibre  by  closed  subsets  of  Xv.  Let  Zi  be  the  closure  of  ZitV  in  X (see 
discussion  above).  Then  there  exists  a nonempty  open  V C Y such  that  Xy  = 
Zi>y  U . . . U ZUty  for  all  y £ V. 


Proof.  If  Y is  Noetherian  then  U = X \ (Z\  U . . . U Zn)  is  of  finite  type  over 
Y and  we  can  directly  apply  Lemma  36.19.1|  to  get  that  Uy  = 0 for  a nonempty 
open  V C Y.  In  general  we  argue  as  follows.  As  the  question  is  topological  we 
may  replace  Y by  its  reduction.  Thus  Y is  integral,  see  Properties,  Lemma [27.3.4 


After  shrinking  Y we  may  assume  that  X — >■  Y is  flat,  see  Morphisms,  Proposition 

y is  a specialization  of  a point  x'  £ X„ 


28.27.1 


In  this  case  every  point  x in  Xy  is  a specialization  of  a point  x'  £ Xy  by 
Morphisms,  Lemma [28.25.8|  As  the  Zt  are  closed  in  X and  cover  the  generic  fibre 
this  implies  that  Xy  = (J  Zi>y  for  y £ Y as  desired.  □ 


The  following  lemma  says  that  generic  fibres  of  morphisms  whose  source  is  reduced 
are  reduced. 

054Z  Lemma  36.19.6.  Let  f : X Y be  a morphism  of  schemes.  Let  77  £ Y be  a 
generic  point  of  an  irreducible  component  ofY.  Then  (A .v)reri  = ( Xre(i)r1 ■ 

Proof.  Choose  an  affine  neighbourhood  Spec(A)  CY  of  77.  Choose  an  affine  open 
Spec(B)  C X mapping  into  Spec(A)  via  the  morphism  /.  Let  p C A be  the  minimal 
prime  corresponding  to  77.  Let  Breci  be  the  quotient  of  B by  1 J (0).  The  algebraic 
content  of  the  lemma  is  that  Bre(i  g)^  re(p)  is  reduced.  To  prove  this,  suppose  that 
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x € Bre<i  ®A  «( p)  is  nilpotent.  Say  xn  = 0 for  some  n > 0.  Pick  an  / € A,  / ^ p 
such  that  fx  is  the  image  of  y £ Bred.  Then  gyn  e pBred  for  some  g G A,  g ^ p.  By 
Algebra,  Lemma  10.24.1  we  see  that  pAp  is  locally  nilpotent.  By  Algebra,  Lemma 
10.31.2  we  see  that  p{Bred)p  is  locally  nilpotent.  Hence  we  conclude  that  gyn  is 
nilpotent  in  {Bred) p.  Thus  there  exists  a h € A,  h p and  an  m > 0 such  that 
h(gyn)m  = 0 in  Bred.  This  implies  that  hgy  is  nilpotent  in  Bred , i.e. , that  hgy  = 0. 
Of  course  this  means  that  x = 0 as  desired.  □ 


0550  Lemma  36.19.7.  Let  f : X Y be  a morphism  of  schemes.  Assume  that  Y is 
irreducible  and  f is  of  finite  type.  There  exists  a diagram 


X' 

f 

>' 

Y' 


>-  >■  X 

g' 


g 


V 

V 


f 

Y 

Y 


where 

(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 


V is  a nonempty  open  ofY, 

Xy  = V Xy  X, 

g : Y'  — > V is  a finite  universal  homeomorphism, 
X'  = {Y'  Xy  X)red  = (Y'  Xy  Xy)red, 
g'  is  a finite  universal  homeomorphism, 

Y'  is  an  integral  affine  scheme, 

f is  fiat  and  of  finite  presentation,  and 

the  generic  fibre  of  f is  geometrically  reduced. 
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Proof.  Let  V = Spec(A)  be  a nonempty  affine  open  of  Y . By  assumption  the 
radical  of  A is  a prime  ideal  p.  Let  K = /./(A/p)  be  the  fraction  field.  Let  p be 
the  characteristic  of  K if  positive  and  1 if  the  characteristic  is  zero.  By  Varieties, 
Lemma  32.4.11  there  exists  a finite  purely  inseparable  field  extension  K C K'  such 
that  Xk'  is  geometrically  reduced  over  K' . Choose  elements  x\, . . . , xn  e K'  which 
generate  K'  over  K and  such  that  some  p-power  of  Xi  is  in  A/p.  Let  A'  C K'  be 
the  finite  A-subalgebra  of  K'  generated  by  x\,...,xn.  Note  that  A'  is  a domain 
with  fraction  field  K' . By  Algebra,  Lemma  |10.45.6  we  see  that  A — » A'  is  a 
universal  homeomorphism.  Set  Y'  = Spec(A').  Set  X'  = ( Y ' Xy  X)red.  The 
generic  fibre  of  X'  — > Y'  is  ( Xx)red  by  Lemma  36.19.6  which  is  geometrically 
reduced  by  construction.  Note  that  X'  — > Xy  is  a finite  universal  homeomorphism 
as  the  composition  of  the  reduction  morphism  X'  — > Y'  Xy  X (see  Morphisms, 
Lemma  28.44.4)  and  the  base  change  of  g.  At  this  point  all  of  the  properties  of 
the  lemma  hold  except  for  possibly  (7).  This  can  be  achieved  by  shrinking  Y'  and 
hence  V,  see  Morphisms,  Proposition  |28.27A  □ 


Lemma  36.19.8.  Let  f : X — » V be  a morphism  of  schemes.  Assume  that  Y is 
irreducible  and  f is  of  finite  type.  There  exists  a diagram 


X' 

g 

S' 

I 

Y'  9 >-  V 

where 

(1)  V is  a nonempty  open  ofY, 


X 

f 

V 

Y 
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(2)  Xv  = VxY  X, 

(3)  q : Y'  — y V is  surjective  finite  etale, 

(4)  X'  = Y'  xyX  = Y'  xvXv, 

(5)  g'  is  surjective  finite  etale, 

(6)  Y'  is  an  irreducible  affine  scheme,  and 

(7)  all  irreducible  components  of  the  generic  fibre  of  f are  geometrically  ir- 
reducible. 


0552 


Proof.  Let  V = Spec(A)  be  a nonempty  affine  open  of  Y . By  assumption  the 
radical  of  A is  a prime  ideal  p.  Let  I\  = /./(A/p)  be  the  fraction  field.  By 
Varieties,  Lemma  32.6.14  there  exists  a finite  separable  field  extension  I\  C K' 
such  that  all  irreducible  components  of  X j<t  are  geometrically  irreducible  over  K' . 


Choose  an  element  a £ K'  which  generates  K'  over  K , see  Fields,  Lemma  9.18.1 
Let  P(T ) £ K[T ] be  the  minimal  polynomial  for  a over  K.  After  replacing  a by  fa 
for  some  / € 4,  / / p we  may  assume  that  there  exists  a monic  polynomial  Td  + 
a1Td~1  + . . . + ad  £ A[T]  which  maps  to  P(T)  £ K[T ] under  the  map  A[T ] — ► K[T], 
Set  A'  = A[T]/(P).  Then  A — > A'  is  a finite  free  ring  map  such  that  there  exists  a 
unique  prime  q lying  over  p,  such  that  K = «(p)  C «(q)  = K'  is  finite  separable,  and 
such  that  p A'a  is  the  maximal  ideal  of  A'a.  Hence  g :Y'  = Spec(A')  — > V = Spec(A) 
is  etale  at  q,  see  Algebra,  Lemma  [10.141.7|  This  means  that  there  exists  an  open 
W C Spec(A')  such  that  g\w  ■ W — > Spec(A)  is  etale.  Since  g is  finite  and  since  q 
is  the  only  point  lying  over  p we  see  that  Z = g(Y'  \ W)  is  a closed  subset  of  V not 
containing  p.  Hence  after  replacing  V by  a principal  affine  open  of  V which  does 
not  meet  Z we  obtain  that  g is  finite  etale.  □ 


Lemma  36.19.9.  Let  S be  an  integral  scheme  with  generic  point  g.  Let  f : X — ► S 
and  g : Y — > S be  morphisms  of  schemes  such  that 

(1)  f , g are  locally  of  finite  type, 

(2)  Xv,  Yv  are  integral  with  generic  points  x,  y,  and 

(3)  k(x)  = n(y)  as  n(rf)- extensions. 

Then  there  exist  open  subschemes  x £ U C X , y £ V C Y and  an  S -isomorphism 
U — > V which  induces  the  given  isomorphism  of  residue  fields. 


Proof.  The  question  is  local  around  the  points  g,  x,  y.  Hence  we  may  replace  S, 
X , Y by  affine  neighbourhoods  of  g,  x,  y and  hence  reduce  to  the  case  that  S,  X,  Y 
are  affine.  Say  S = Spec (R)  and  X = Spec(A),  Y = Spec (B).  By  Algebra,  Lemma 
|10.117.3l  we  may  also  assume  that  A and  B are  flat  and  of  finite  presentation  over 
R.  Denote  K = f.f.(R).  The  rings  A,  B are  torsion  free  as  P-modules  because  A, 
B are  flat  over  R,  see  More  on  Algebra,  Lemma  15.16.9  Since  A <Zr  K and  B<S)rK 


are  domains  by  assumption  it  follows  that  A and  B are  domains.  Set  L = f.f.(A) 
and  M = f.f.{B).  Let  tp  : L M be  the  given  isomorphism  of  A'-extensions. 


Choose  elements  x\, . . . , xn  £ A which  generate  A as  an  i?-algebra,  and  choose 
elements  y1,...,ym  £ B which  generate  B as  an  A-algebra.  Write  <p(xi)  = bi/b 
for  some  b , 5,;  £ B.  In  other  words,  b is  a common  denominator  for  the  elements 
p{xf)  £ M = f.f.(B).  Similarly,  write  p^x(yj)  = aj/a  for  some  a,aj  £ A.  Note 
that  tp(a)  £ Bb  because  a can  be  written  as  a polynomial  in  the  X{.  Similarly  we 
have  <p>-1(6)  £ Aa.  Thus  p gives  an  isomorphism 

Aa  — > Bb 


of  A-algebras  and  the  lemma  is  proven. 


□ 
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05F1  Lemma  36.20.1.  Let  f : X -A  S be  a morphism  of  schemes.  Let  J-  be  a quasi- 
coherent  Ox-module.  Let  £ £ Assx/s( B)  and  set  Z = {£}  C X.  If  f is  locally  of 
finite  type  and  T is  a finite  type  Ox -module,  then  there  exists  a nonempty  open 
V C Z such  that  for  every  s £ f(V)  the  generic  points  of  Vs  are  elements  of 

Assx/siJ7)- 

Proof.  We  may  replace  S by  an  affine  open  neighbourhood  of  /(£)  and  X by 
an  affine  open  neighbourhood  of  £.  Hence  we  may  assume  S = Spec(A),  X = 
Spec (B)  and  that  / is  given  by  the  finite  type  ring  map  A -A  B,  see  Morphisms, 
Lemma  28.15.2  Moreover,  we  may  write  T = M for  some  finite  R-module  M,  see 
Properties,  Lemma  |27.16.1[  Let  q C B be  the  prime  corresponding  to  £ and  let 
p C A be  the  corresponding  prime  of  A.  By  assumption  q £ Ass s(M  (g >a  k(p)), 


see  Algebra,  Remark  |10.64.6|  and  Divisors,  Lemma  30.2. 2|  With  this  notation 
Z = V( q)  C Spec(H).  In  particular  f(Z)  C P(p).  Hence  clearly  it  suffices  to  prove 
the  lemma  after  replacing  A,  B , and  M by  A/pA,  B/pB,  and  M/pM.  In  other 
words  we  may  assume  that  A is  a domain  with  fraction  field  I\  and  q C B is  an 
associated  prime  of  M <8>a  K. 

At  this  point  we  can  use  generic  flatness.  Namely,  by  Algebra,  Lemma  1 1 0 . 1 1 7 . 3] 
there  exists  a nonzero  g £ A such  that  Mg  is  flat  as  an  As-module.  After  replacing 
A by  Ag  we  may  assume  that  M is  flat  as  an  A-module. 

In  this  case,  by  Algebra,  Lemma[l0.64.4|we  see  that  q is  also  an  associated  prime  of 
M.  Hence  we  obtain  an  injective  R-module  map  B/q  — >•  M.  Let  Q be  the  cokernel 
so  that  we  obtain  a short  exact  sequence 

0 —t  B/q  -A  M -a  Q ->  0 

of  finite  B-modules.  After  applying  generic  flatness  Algebra,  Lemma [10.1 17. 3| once 
more,  this  time  to  the  R-module  Q , we  may  assume  that  Q is  a flat  A-module.  In 
particular  we  may  assume  the  short  exact  sequence  above  is  universally  injective, 
see  Algebra,  Lemma  10.38.12  In  this  situation  (B/q)  «(p/)  C M (g)^  k(p') 

for  any  prime  p'  of  A.  The  lemma  follows  as  a minimal  prime  q'  of  the  support 
of  (B/q)  (gu  k(p')  is  an  associated  prime  of  (B/q)  k(p')  by  Divisors,  Lemma 

130.2.91  □ 

05KN  Lemma  36.20.2.  Let  f : X -A  Y be  a morphism  of  schemes.  Let  T be  a quasi- 
coherent  Ox -module.  Let  U C X be  an  open  subscheme.  Assume 

(1)  f is  of  finite  type, 

(2)  T is  of  finite  type, 

(3)  Y is  irreducible  with  generic  point  g,  and 

(4)  Assxn(Xrf)  is  not  contained  in  Uv. 

Then  there  exists  a nonempty  open  subscheme  V C Y such  that  for  all  y £ V the 
set  AssXy(Xy)  is  not  contained  in  Uy. 

Proof.  Let  £ £ Assx  (Xrl)  be  a point  which  is  not  contained  in  Uv.  Set  Z = {£}. 
By  assumption  U n Z is  not  dense  in  the  irreducible  scheme  Zg.  Hence  by  Lemma 
36.19.3  after  replacing  Y by  a nonempty  open  we  may  assume  that  Uy  n Zy  is 


nowhere  dense  in  Zy.  On  the  other  hand,  by  Lemma  36.20.1  there  exists  a nonempty 
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open  V C Z such  that  every  generic  point  of  Vv  is  an  associated  point  of  T, 


v 


Lemma  36.19.2  the  set  f(V)  contains  a nonempty  open  subset  of  Y and  we  win. 


By 

□ 


05KP 


Lemma  36.20.3.  Let  f : X — » Y be  a morphism  of  schemes.  Let  T be  a quasi- 
coherent  O x -module.  Let  U C X be  an  open  subscheme.  Assume 

(1)  f is  of  finite  type, 

(2)  T is  of  finite  type, 

(3)  Y is  irreducible  with  generic  point  77,  and 

(4)  Assxn{Fv)  C Ur,. 

Then  there  exists  a nonempty  open  subscheme  V C Y such  that  for  all  y £ V we 
have  Assx  (Xy)  C Uy. 


Proof.  (This  proof  is  the  same  as  the  proof  of  Lemma  36.19.4  We  urge  the  reader 
to  read  that  proof  first.)  Since  the  statement  is  about  fibres  it  is  clear  that  we 
may  replace  Y by  its  reduction.  Hence  we  may  assume  that  Y is  integral,  see 
Properties,  Lemma  27.3.4  We  may  also  assume  that  Y = Spec(A)  is  affine.  Then 
A is  a domain  with  fraction  field  K. 


As  / is  of  finite  type  we  see  that  X is  quasi-compact.  Write  X = Xi  U . . . U Xn 
for  some  affine  opens  Xi  and  set  Ti  = J~\x,  ■ By  assumption  the  generic  fibre  of 
Ui  = Xi  ("I  U contains  Ass^,  (Fi,n)-  Thus  it  suffices  to  prove  the  result  for  the 
triples  ( Xi,Ti , Uf),  in  other  words  we  may  assume  that  X is  affine. 


Write  X = Spec(R).  Let  TV  be  a finite  R-module  such  that  T = N.  Note  that 
Bpc  is  Noetherian  as  it  is  a finite  type  AT-algebra.  Hence  Ur,  is  quasi-compact. 
Thus  we  can  find  finitely  many  g\, . . . ,gm  £ B such  that  D(gj)  C U and  such  that 
Uv  = D(g1)r,  U . . . U D(gm)r,.  Since  Assx„  (Xv)  C Uv  we  see  that  NK  -A  @j(NK)gj 
is  injective.  By  Algebra,  Lemma  10.22.4|  this  is  equivalent  to  the  injectivity  of 
NK  ©,•=!..  m Nk,  n 1 — ^ (gin, . . . , gmn).  Let  I and  M be  the  kernel  and  cokernel 
of  this  map  over  A,  i.e. , such  that  we  have  an  exact  sequence 


0 -)•  I -A  N ■(gl’"'’9™)>  £P)  N ^ M 0 

After  replacing  A by  Ah  for  some  nonzero  h we  may  assume  that  B is  a flat,  finitely 
presented  A-algebra  and  that  both  M and  N are  flat  over  A,  see  Algebra,  Lemma 
|10.117.3)  The  flatness  of  N over  A implies  that  N is  torsion  free  as  an  A-module, 
see  More  on  Algebra,  Lemma  [15.16.9|  Hence  N C Nk-  By  construction  Ik  = 0 
which  implies  that  1 = 0 (as  I C N C Nk  is  a subset  of  Ik).  Hence  now  we  have 
a short  exact  sequence 


0->  N (9l’-  --’gTO.))  (X)  iV  — >■  M — > 0 

with  M flat  over  A.  Hence  for  every  homomorphism  A — > n where  n is  a field,  we 
obtain  a short  exact  sequence 


0 — > N k t?1®1’""9"1®1)).  £1^  AT  (gu  k — > M k — > 0 

see  Algebra,  Lemma  |10.38.12)  Reversing  the  arguments  above  this  means  that 
U D(gj  (g)  1)  contains  Assb®ak(N  «)•  As  (J D(gj  <g>  1)  = (J D(gj)K  C UK  we 
obtain  that  UK  contains  Assx®k(-A  (g)  k)  which  is  what  we  wanted  to  prove.  □ 
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05KQ  Lemma  36.20.4.  Let  f : X — >•  S be  a morphism  which  is  locally  of  finite  type.  Let 
T be  a quasi- coherent  Ox -module  of  finite  type.  Let  U C X be  an  open  subscheme. 
Let  g : S'  — ► S be  a morphism  of  schemes,  let  f':X'  = Xs'  — > S'  be  the  base  change 
of  f , let  g'  : X'  — > X be  the  projection,  set  T'  = ( g')* X , and  set  U'  = 7). 

Finally,  let  s'  £ S'  with  image  s = g(s').  In  this  case 

Assxs(Xs)  C Us<&  Assx^(T's,)  c U's,. 

Proof.  This  follows  immediately  from  Divisors,  Lemma [30. 7. 2|  See  also  Divisors, 
Remark  130.7.31  □ 

05KR  Lemma  36.20.5.  Let  f : X Y be  a morphism  of  finite  presentation.  Let  T be  a 
quasi- coherent  Ox~module  of  finite  presentation.  Let  U C A'  be  an  open  subscheme 
such  that  U —>  Y is  quasi-compact.  Then  the  set 

E = {yeY\AssXy(Ty)cUv} 

is  locally  constructive  in  Y . 


Proof.  Let  y £ Y.  We  have  to  show  that  there  exists  an  open  neighbourhood  V of 
y in  Y such  that  E D V is  constructible  in  V.  Thus  we  may  assume  that  Y is  affine. 
Write  Y = Spec(A)  and  A = colimAi  as  a directed  limit  of  finite  type  Z-algebras. 
By  Limits,  Lemma  31.9.1  we  can  find  an  i and  a morphism  /j  : X f — > Spec(Ai)  of 
finite  presentation  whose  base  change  to  Y recovers  /.  After  possibly  increasing  i 
we  may  assume  there  exists  a quasi-coherent  CA\vm°dule  J7;  of  finite  presentation 
whose  pullback  to  X is  isomorphic  to  T , see  Limits,  Lemma  31.9.2  After  possibly 


increasing  i one  more  time  we  may  assume  there  exists  an  open  subscheme  Ui  C Xi 
whose  inverse  image  in  X is  U,  see  Limits,  Lemma  |31.3.8[  By  Lemma  |36.20.4|  it 
suffices  to  prove  the  lemma  for  /,.  Thus  we  reduce  to  the  case  where  Y is  the 
spectrum  of  a Noetherian  ring. 


We  will  use  the  criterion  of  Topology,  Lemma[5.15.3|to  prove  that  E is  constructible 
in  case  Y is  a Noetherian  scheme.  To  see  this  let  Z C Y be  an  irreducible  closed 
subscheme.  We  have  to  show  that  E n Z either  contains  a nonempty  open  subset 
or  is  not  dense  in  Z.  This  follows  from  Lemmas  |36.20.2|  and  |36.20.3|  applied  to  the 
base  change  {X,E,U)  Xy  Z over  Z.  □ 
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0575  Lemma  36.21.1.  Let  f : X — >•  Y be  a morphism  of  schemes.  Assume  Y irreducible 
with  generic  point  rj  and  f of  finite  type.  If  Xv  is  nonreduced,  then  there  exists  a 
nonempty  open  V C Y such  that  for  all  y £ V the  fibre  Xy  is  nonreduced. 

Proof.  Let  Y1  C Y be  the  reduction  of  Y.  Let  X'  — >•  Y'  be  the  base  change  of 
/.  Note  that  Y'  Y induces  a bijection  on  points  and  that  X'  — > X identifies 
fibres.  Hence  we  may  assume  that  Y'  is  reduced,  i.e. , integral,  see  Properties, 
Lemma  |27.3.4|  We  may  also  replace  Y by  an  affine  open.  Hence  we  may  assume 
that  Y = Spec(A)  with  A a domain.  Denote  K = f.f.(A)  the  fraction  field  of 
A.  Pick  an  affine  open  Spec(l?)  = U C X and  a section  hv  £ r(Uv,Oun)  = Bx 
which  is  nonzero  and  nilpotent.  After  shrinking  Y we  may  assume  that  h comes 
from  h £ T{U,Ojj)  = B.  After  shrinking  Y a bit  more  we  may  assume  that  h is 
nilpotent.  Let  J = {b  £ B \ hb  = 0}  be  the  annihilator  of  h.  Then  C = B/I  is  a 
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finite  type  A-algebra  whose  generic  fiber  ( B/I)k  is  nonzero  (as  hv  ^ 0).  We  apply 
generic  flatness  to  A — > C and  A — > B/hB , see  Algebra,  Lemma  10.117.3  and  we 


obtain  a g £ A,  g ^ 0 such  that  Cg  is  free  as  an  Ag-module  and  ( B/hB)g  is  flat  as 
an  Ag-module.  Replace  Y by  D(g)  C Y.  Now  we  have  the  short  exact  sequence 

0 ->•  C ->  B ->  B/hB  ->  0. 

with  B/hB  flat  over  A and  with  C nonzero  free  as  an  A-module.  It  follows  that  for 
any  homomorphism  A — » n to  a field  the  ring  C (g>A  n is  nonzero  and  the  sequence 

0 ^ C 0^4  ^ — i B 0^4  ^ ^ B/hB  0^4  k — i 0 


0576 


is  exact,  see  Algebra,  Lemma  10.38.12  Note  that  B /hB®AK  = 
by  right  exactness  of  tensor  product.  Thus  we  conclude  that  multiplication  by  h is 
not  zero  on  B (&a  k-  This  clearly  means  that  for  any  point  y £ Y the  element  h 
restricts  to  a nonzero  element  of  Uy,  whence  Xy  is  nonreduced.  □ 

Lemma  36.21.2.  Let  f : X — >•  Y be  a morphism  of  schemes.  Let  g :Y'  — ► Y be 
any  morphism,  and  denote  f : X'  — > Y'  the  base  change  of  f.  Then 

{y'  € Y'  | X'y,  is  geometrically  reduced} 

= g~1({y  £ Y | Xy  is  geometrically  reduced}). 

Proof.  This  comes  down  to  the  statement  that  for  y'  £ Y'  with  image  y £ Y 
the  fibre  X' , = Xy  xy  y'  is  geometrically  reduced  over  n{y')  if  and  only  if  Xy  is 


geometrically  reduced  over  n(y).  This  follows  from  Varieties,  Lemma  32.4.6  □ 


0577  Lemma  36.21.3.  Let  f : X — ► Y be  a morphism  of  schemes.  Assume  Y irreducible 
with  generic  point  g and  f of  finite  type.  If  Xv  is  not  geometrically  reduced,  then 
there  exists  a nonempty  open  V C Y such  that  for  all  y £ V the  fibre  Xy  is  not 
geometrically  induced. 


Proof.  Apply  Lemma [36. 19. 7| to  get 


X' 0-  Vv 

9 


> V 


s' 


Y' 


V 


Y 


with  all  the  properties  mentioned  in  that  lemma.  Let  rf  be  the  generic  point  of 
Y' . Consider  the  morphism  X'  — > Xy'  (which  is  the  reduction  morphism)  and 
the  resulting  morphism  of  generic  fibres  X'n,  — > Xr), . Since  X'r],  is  geometrically 
reduced,  and  Xv  is  not  this  cannot  be  an  isomorphism,  see  Varieties,  Lemma  32.4.6 
Hence  Xv,  is  nonreduced.  Hence  by  Lemma  36.21.1  the  fibres  of  Xy,  — > Y'  are 
nonreduced  at  all  points  y'  £ V'  of  a nonempty  open  V'  C Y' . Since  g : Y'  — > V 


is  a homeomorphism  Lemma  36.21.2  proves  that  g(V')  is  the  open  we  are  looking 
for.  ' □ 


0578  Lemma  36.21.4.  Let  f : X —tY  be  a morphism  of  schemes.  Assume 

(1)  Y is  irreducible  with  generic  point  g, 

(2)  Xv  is  geometrically  reduced,  and 

(3)  / is  of  finite  type. 

Then  there  exists  a nonempty  open  subscheme  V C Y such  that  Xy  — > V has 
geometrically  reduced  fibres. 
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Proof.  Let  Y'  C Y be  the  reduction  of  Y.  Let  X'  — > Y'  be  the  base  change  of  /. 
Note  that  Y'  — > Y induces  a bijection  on  points  and  that  X'  — > X identifies  fibres. 
Hence  we  may  assume  that  Y'  is  reduced,  i.e. , integral,  see  Properties,  Lemma 
27.3.4|  We  may  also  replace  Y by  an  affine  open.  Hence  we  may  assume  that 
Y = Spec(A)  with  A a domain.  Denote  K = f.f.(A)  the  fraction  held  of  A.  After 
shrinking  Y a bit  we  may  also  assume  that  X — > Y is  flat  and  of  finite  presentation, 
see  Morphisms,  Proposition  |28.27Tj 


As  Xv  is  geometrically  reduced  there  exists  an  open  dense  subset  V C Xv  such 
that  V — > Spec(AT)  is  smooth,  see  Varieties,  Lemma  32.20.7  Let  U C X be  the  set 
of  points  where  / is  smooth.  By  Morphisms,  Lemma  28.34.15  we  see  that  V C Uv. 
Thus  the  generic  fibre  of  U is  dense  in  the  generic  fibre  of  X.  Since  Xv  is  reduced, 
it  follows  that  Uv  is  scheme  theoretically  dense  in  Xri,  see  Morphisms,  Lemma 
|28.7.8[  We  note  that  as  U — > Y is  smooth  all  the  fibres  of  U — > Y are  geometrically 
reduced.  Thus  it  suffices  to  show  that,  after  shrinking  Y , for  all  y £ Y the  scheme 

This  follows 

□ 


Uy  is  scheme  theoretically  dense  in  Xy,  see  Morphisms,  Lemma  28.7.9 
from  Lemma  f36. 19.41 


0579 


Lemma  36.21.5.  Let  f : X — >•  Y be  a morphism  of  finite  presentation.  Then  the 
set 

E = {y  £ Y | Xy  is  geometrically  reduced] 
is  locally  constructible  in  Y . 


Proof.  Let  y £ Y.  We  have  to  show  that  there  exists  an  open  neighbourhood  V of 
y in  Y such  that  EC I V is  constructible  in  V.  Thus  we  may  assume  that  Y is  affine. 
Write  Y = Spec(A)  and  A = coffin  as  a directed  limit  of  finite  type  Z-algebras. 
By  Limits,  Lemma  31.9.1  we  can  find  an  i and  a morphism  /j  : X,  — y Spec(Ai)  of 
finite  presentation  whose  base  change  to  Y recovers  /.  By  Lemma  36.21.2|it  suffices 
to  prove  the  lemma  for  /,;.  Thus  we  reduce  to  the  case  where  Y is  the  spectrum  of 
a Noetherian  ring. 

We  will  use  the  criterion  of  Topology,  Lemma[5T5]3]to  prove  that  E is  constructible 
in  case  Y is  a Noetherian  scheme.  To  see  this  let  Z C Y be  an  irreducible  closed 
subscheme.  We  have  to  show  that  E D Z either  contains  a nonempty  open  subset 
or  is  not  dense  in  Z.  If  X ^ is  geometrically  reduced,  then  Lemma  36.21.4  (applied 
to  the  morphism  Xz  — > Z)  implies  that  all  fibres  Xy  are  geometrically  reduced  for 
a nonempty  open  V C Z . If  Xc  is  not  geometrically  reduced,  then  Lemma  36.21.3 
(applied  to  the  morphism  Xz  — t Z)  implies  that  all  fibres  Xy  are  geometrically 
reduced  for  a nonempty  open  V C Z.  Thus  we  win.  □ 
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0554  Lemma  36.22.1.  Let  f : X — » Y be  a morphism  of  schemes.  Assume  Y irreducible 
with  generic  point  rj  and  f of  finite  type.  If  Xy  has  n irreducible  components,  then 
there  exists  a nonempty  open  V C Y such  that  for  all  y £ V the  fibre  Xy  has  at 
least  n irreducible  components. 


Proof.  As  the  question  is  purely  topological  we  may  replace  X and  Y by  their 
reductions.  In  particular  this  implies  that  Y is  integral,  see  Properties,  Lemma 
27.3.41  Let  Xv  = X1  „ U . . . U Xn„  be  the  decomposition  of  X„  into  irreducible 
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components.  Let  I;  C I be  the  reduced  closed  subscheme  whose  generic  fibre 
is  Xi ;I).  Note  that  Zitj  = X,-,  fl  Xj  is  a closed  subset  of  Xt  whose  generic  fibre 
Zij^v  is  nowhere  dense  in  Xl  rr  Hence  after  shrinking  Y we  may  assume  that  Zj_3_y 


is  nowhere  dense  in  Xjiy  for  every  y £ Y,  see  Lemma  36.19.3  After  shrinking 


Y some  more  we  may  assume  that  Xy  = (J  XitV  for  y £ Y,  see  Lemma  36.19.5 
Moreover,  after  shrinking  Y we  may  assume  that  each  X,  — y Y is  flat  and  of  finite 
presentation,  see  Morphisms,  Proposition  |28.27.1[  The  morphisms  X,  — >•  Y are 
open,  see  Morphisms,  Lemma  [28.25.9|  Thus  there  exists  an  open  neighbourhood 

V of  rj  which  is  contained  in  /(X;)  for  each  i.  For  each  y £ V the  schemes  Xiy 

are  nonempty  closed  subsets  of  Xy,  we  have  Xy  = [J  Xi  y and  the  intersections 
Zij  y = XitV  C\Xjyy  are  not  dense  in  Xi^y.  Clearly  this  implies  that  Xy  has  at  least 
n irreducible  components.  □ 

0555  Lemma  36.22.2.  Let  f : X Y be  a morphism  of  schemes.  Let  g : Y'  Y be 
any  morphism,  and  denote  f : X'  — > Y'  the  base  change  of  f.  Then 

{y1  £ Y'  | X',  is  geometrically  irreducible} 

= g~  ({y  £ Y | Xy  is  geometrically  irreducible}). 


Proof.  This  comes  down  to  the  statement  that  for  y'  £ Y'  with  image  y £ Y the 
fibre  Xy,  = Xy  xy  y’  is  geometrically  irreducible  over  n(y’)  if  and  only  if  Xy  is 


geometrically  irreducible  over  n(y).  This  follows  from  Varieties,  Lemma  32.6.2  □ 


0556  Lemma  36.22.3.  Let  f : X — >■  V be  a morphism  of  schemes.  Let 

nx/Y  '■  X — > {0, 1,  2,  3, , oc} 


be  the  function  which  associates  to  y £ Y the  number  of  irreducible  components  of 
{Xv)k  where  K is  a separably  closed  extension  of  n(y).  This  is  well  defined  and  if 
g :Y'  — > Y is  a morphism  then 


nX' /Y'  ~ nX/Y  ° 9 

where  X'  — > Y'  is  the  base  change  of  f . 

Proof.  Suppose  that  y'  £ Y'  has  image  y £ Y.  Suppose  K D n(y)  and  K'  D n{y') 
are  separably  closed  extensions.  Then  we  may  choose  a commutative  diagram 

K •>  K"  -< K' 

n(y) K(y') 

of  fields.  The  result  follows  as  the  morphisms  of  schemes 

(Xy,)K>  ^ (Xy,) K"  = (Xy)K"  ^ (xv)k 

induce  bijections  between  irreducible  components,  see  Varieties,  Lemma [32. 6. 7|  □ 

0557  Lemma  36.22.4.  Let  A be  a domain  with  fraction  field  K . Let  P £ A[x i, . . . , xn ]. 
Denote  I\  the  algebraic  closure  of  K.  Assume  P is  irreducible  in  K[x\, . . . , xn\ . 
Then  there  exists  a f £ A such  that  Pv  £ k[:ti,  . . . , xn]  is  irreducible  for  all  homo- 
morphisms  ip  : Af  — ► k into  fields. 
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We  may 
Thus  we  may  assume  that  P is 


Proof.  There  exists  an  automorphism  if  of  A[xi, . . . , xn]  over  A such  that  'F(P)  = 
ax^+  lower  order  terms  in  xn  with  a / 0,  see  Algebra,  Lemma  10.114.2 
replace  P by  ’I'(P)  and  we  may  replace  A by  Aa 
monic  in  xn  of  degree  d > 0.  For  i = 1, . . . , n — 1 let  di  be  the  degree  of  P in  Xi. 
Note  that  this  implies  that  Pv  is  monic  of  degree  d in  xn  and  has  degree  < di  in 
Xi  for  every  homomorphism  p : A — > n where  k is  a field.  Thus  if  Pv  is  reducible, 
then  we  can  write 

Pv  = Q1Q2 


with  Qi , Q 2 monic  of  degree  e\ , e2  > 0 in  xn  with  e\  + e2  = d and  having  degree 
< di  in  Xi  for  i = 1, ...  ,n  — 1.  In  other  words  we  can  write 


(36.22.4.1)  Q,  = x*  + ^ lxL)  *1 

where  the  sum  is  over  the  set  C of  multi- indices  L of  the  form  L = (7 1, . . . ,ln- 1) 
with  0 < h < di.  For  any  ei,  e2  > 0 with  e\  + = d we  consider  the  A-algebra 


Bei  ,e2  — A[{aij}L}o<i<ei,L£C,  {«2,;,L}o<;<e2,Lez;]/(relations) 
where  the  (relations)  is  the  ideal  generated  by  the  coefficients  of  the  polynomial 


0559 


P — QiQ'2  £ A[{aij;iL}o<z<eiiL6£,  {d2,I,L}o<Z<e2 
with  Qi  and  Q2  defined  as  in  (36.22.4.1).  OK 


,LG.c]  [^1 1 1 *^n] 

and  the  assumption  that  P is 


irreducible  over  K implies  that  there  does  not  exist  any  A-algebra  homomorphism 


Be 


K.  By  the  Hilbert  Nullstellensatz,  see  Algebra,  Theorem 


10.33.1 


this 


means  that  BBi^2®aK  = 0.  As  Be liB2  is  a finitely  generated  A-algebra  this  signifies 
that  we  can  find  an  /ei,e2  £ A such  that  (Pei,e2)/ei  e2  = 0.  By  construction  this 
means  that  if  p : Af  e2  — > n is  a homomorphism  to  a field,  then  Pv  does  not  have 
a factorization  Pv  = Q1Q2  with  Q\  of  degree  e\  in  xn  and  Q 2 of  degree  e2  in  xn. 
Thus  taking  / = rLl,e2>0,e1+e2=d  fe i,e2  ™ win.  □ 


Lemma  36.22.5.  Let  f : X — >•  Y be  a morphism  of  schemes.  Assume 

(1)  Y is  irreducible  with  generic  point  p, 

(2)  Xv  is  geometrically  irreducible,  and 

(3)  / is  of  finite  type. 

Then  there  exists  a nonempty  open  subscheme  V C Y such  that  Xy  — > V has 
geometrically  irreducible  fibres. 


First  proof  of  Lemma  |36.22.5l  We  give  two  proofs  of  the  lemma.  These  are 
essentially  equivalent;  the  second  is  more  self  contained  but  a bit  longer.  Choose  a 
diagram 


X' 

f 

y 

Y’ 


X 

f 

Y 

Y 


as  in  Lemma  36.19.7  Note  that  the  generic  fibre  of  /'  is  the  reduction  of  the 


geometric  fibre  of  / (see  Lemma  36.19.6)  and  hence  is  geometrically  irreducible. 
Suppose  that  the  lemma  holds  for  the  morphism  f . Then  after  shrinking  V all  the 
fibres  of  f are  geometrically  irreducible.  As  X'  = [Y'  Xy  Xy)red  this  implies  that 


all  the  fibres  of  Y'  Xy  Xy  are  geometrically  irreducible.  Hence  by  Lemma  36.22.2 
all  the  fibres  of  Xy  —X  V are  geometrically  irreducible  and  we  win.  In  this  way  we 
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see  that  we  may  assume  that  the  generic  fibre  is  geometrically  reduced  as  well  as 
geometrically  irreducible  and  we  may  assume  Y = Spec(A)  with  A a domain. 


Let  x £ Xv  be  the  generic  point.  As  Xy  is  geometrically  irreducible  and  reduced  we 
see  that  L = n{x)  is  a finitely  generated  extension  of  K = k(t])  = f.f.(A)  which  is 
geometrically  reduced  and  geometrically  irreducible,  see  Varieties,  Lemmas  |32.4.2| 
and  |32.6.6  In  particular  the  field  extension  K C L is  separable,  see  Algebra, 
Lemma  10.43.1  Hence  we  can  find  x\, . . . , av+i  £ L which  generate  L over  K and 
such  that  Xi, . . . ,xr  is  a transcendence  basis  for  L over  AT,  see  Algebra,  Lemma 
10.41.3  Let  P £ K(x\, . . . ,xr)[T\  be  the  minimal  polynomial  for  xr+i . Clearing 


denominators  we  may  assume  that  P has  coefficients  in  A[ xi, . . . , xr\.  Note  that  as 
L is  geometrically  reduced  and  geometrically  irreducible  over  K , the  polynomial  P 
is  irreducible  in  K[x i, . . . ,xr,T\  where  K is  the  algebraic  closure  of  K.  Denote 

B'  = A[x i, . . . ,xr+1]/(P(xr+1)) 

and  set  X'  = Speed!?').  By  construction  the  fraction  field  of  B'  is  isomorphic  to 
L = k(x)  as  A'-extensions.  Hence  there  exists  an  open  U C X , and  open  U'  C X' 
and  a V-isomorphism  U — > [/',  see  Lemma  36.19.9  Here  is  a diagram: 


Spec(B') 


Note  that  Uv  C Xrj  and  [/'  C X ' are  dense  opens.  Thus  after  shrinking  Y by 
applying  Lemma 


36.19.3 


we  obtain  that  Uy  is  dense  in  Xy  and  U'  is  dense  in  X'y 

Y which  is  the  content 
□ 


for  all  y £ F.  Thus  it  suffices  to  prove  the  lemma  for  X' 
of  Lemma  136.22.41 


Second  proof  of  Lemma  36.22.5  Let  Y'  C Y be  the  reduction  of  Y . Let  X'  — ► 
X be  the  reduction  of  X.  Note  that  X'  — \ X — > Y factors  through  Y',  see  Schemes, 
Lemma  25.12.6  As  Y'  — > Y and  X'  — > X are  universal  homeomorphisms  by 
Morphisms,  Lemma  28.44.4  we  see  that  it  suffices  to  prove  the  lemma  for  X'  — > Y' . 
Thus  we  may  assume  that  X and  Y are  reduced.  In  particular  Y is  integral,  see 


Properties,  Lemma  27.3.4  Thus  by  Morphisms,  Proposition  28.27.1  there  exists  a 
nonempty  affine  open  V C Y such  that  Xy  — > V is  flat  and  of  finite  presentation. 
After  replacing  Y by  V we  may  assume,  in  addition  to  (1),  (2),  (3)  that  Y is 
integral  affine,  X is  reduced,  and  / is  flat  and  of  finite  presentation.  In  particular 
/ is  universally  open,  see  Morphisms,  Lemma [28. 25. 9| 


Pick  a nonempty  affine  open  U C X.  Then  U — > Y is  flat  and  of  finite  presentation 
with  geometrically  irreducible  generic  fibre.  The  complement  Xv  \ Uv  is  nowhere 
dense.  Thus  after  shrinking  Y we  may  assume  Uv  C Xy  is  open  dense  for  all  y £ V, 
see  Lemma|36.19.3|  Thus  we  may  replace  X by  U and  we  reduce  to  the  case  where 
Y is  integral  affine  and  X is  reduced  affine,  flat  and  of  finite  presentation  over  Y 
with  geometrically  irreducible  generic  fibre  Xv. 


Write  X = Spec(i?)  and  Y = Spec(A).  Then  A is  a domain,  B is  reduced,  A — >•  i? 
is  flat  of  finite  presentation,  and  Bk  is  geometrically  irreducible  over  K = f.f.(A). 
In  particular  we  see  that  Bk  is  a domain.  Let  L = /./.( Bk ) be  its  fraction  field. 
Note  that  A is  a finitely  generated  field  extension  of  AT  as  i?  is  an  A-algebra  of 
finite  presentation.  Let  K C K'  be  a finite  purely  inseparable  extension  such 
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that  (L  K')red  is  a separably  generated  field  extension,  see  Algebra,  Lemma 
10.44.3|  Choose  x\,...,xn  £ K'  which  generate  the  field  extension  K'  over  K , 
and  such  that  xqf  £ A for  some  prime  power  qi  (proof  existence  x.,  omitted).  Let 
A'  be  the  A-subalgebra  of  K'  generated  by  Xi, . . . ,xn.  Then  A'  is  a finite  A- 
subalgebra  A'  C K'  whose  fraction  field  is  K' . Note  that  Spec(A')  — > Spec(A)  is  a 
universal  homeomorphism,  see  Algebra,  Lemma |10. 45. 6|  Hence  it  suffices  to  prove 
the  result  after  base  changing  to  Spec(A').  We  are  going  to  replace  A by  A'  and 
B by  ( B (g )a  A’)red  to  arrive  at  the  situation  where  L is  a separably  generated  field 
extension  of  K.  Of  course  it  may  happen  that  ( B A')red  is  no  longer  fiat,  or  of 
finite  presentation  over  A',  but  this  can  be  remedied  by  replacing  A'  by  A'^  for  a 


suitable  f £ A1,  see  Algebra,  Lemma  10.117.3 


At  this  point  we  know  that  A is  a domain,  B is  reduced,  A — >■  B is  flat  and 
of  finite  presentation,  Bk  is  a domain,  and  L = f.f.(Bx)  is  a separably  gener- 


ated field  extension  of  K = f.f.(A).  By  Algebra,  Lemma  10.41.3  we  may  write 
L = K(x i, . . . , xr+\)  where  Xi, ...  ,xr  are  algebraically  independent  over  K , and 
xr. (_i  is  separable  over  K(xi, . . . ,xr).  After  clearing  denominators  we  may  assume 
that  the  minimal  polynomial  P £ K(x i, . . . , xr)\T\  of  xr+\  over  K(x i, . . . , xr)  has 
coefficients  in  A[ x\, . . . ,xr\.  Note  that  since  L/K  is  separable  and  since  L is  ge- 
ometrically irreducible  over  K , the  polynomial  P is  irreducible  over  the  algebraic 
closure  AT  of  AT.  Denote 

B'  = A[x i, . . . , xr+i\/{P(xr+i)). 

By  construction  the  fraction  fields  of  B and  B'  are  isomorphic  as  AT-extensions. 
Hence  there  exists  an  isomorphism  of  A-algebras  Bh  — B'h,  for  suitable  h £ B and 


b!  £ B' , see  Lemma  36.19.9  In  other  words  X and  X’  = Spec(H')  have  a common 
affine  open  U.  Here  is  a diagram: 


X = Spec  (B) 


U 


■ Spec  (B')  = X' 


Y = Spec(A) 


After  shrinking  Y once  more  (by  applying  Lemma  36.19.3  to  Z = X \ U in  X and 
Z'  = X'  \U  in  A')  we  see  that  Uy  is  dense  in  Xy  and  Uy  is  dense  in  X'y  for  all 
y £ Y . Thus  it  suffices  to  prove  the  lemma  for  X'  — ► Y which  is  the  content  of 
Lemma  136.22.41  □ 

055A  Lemma  36.22.6.  Let  f : X — »•  Y be  a morphism  of  schemes.  Let  nx/y  be 
the  function  on  Y counting  the  numbers  of  geometrically  irreducible  components  of 
fibres  of  f introduced  in  Lemma  36.22.S\  Assume  f of  finite  type.  Let  y £ Y be  a 


point.  Then  there  exists  a nonempty  open  V C {y}  such  that  nx/y \v  constant. 

Proof.  Let  Z be  the  reduced  induced  scheme  structure  on  {y}.  Let  fz  : Xz  —>  Z 
be  the  base  change  of  /.  Clearly  it  suffices  to  prove  the  lemma  for  fz  and  the  generic 
point  of  Z.  Hence  we  may  assume  that  Y is  an  integral  scheme,  see  Properties, 
Lemma  [27.3. 4|  Our  goal  in  this  case  is  to  produce  a nonempty  open  V C Y such 
that  nx/y \ v is  constant. 

We  apply  Lemma  36.19.8  to  / : X — > Y and  we  get  g : Y'  — ► V C Y.  As 
g : Y'  — > V is  surjective  finite  etale,  in  particular  open  (see  Morphisms,  Lemma 
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28.36.13 1,  it  suffices  to  prove  that  there  exists  an  open  V'  C Y'  such  that  nx'/v \v' 
is  constant,  see  Lemma[36.22.3|  Thus  we  see  that  we  may  assume  that  all  irreducible 
components  of  the  generic  fibre  Xv  are  geometrically  irreducible  over  k{j]). 

At  this  point  suppose  that  Xv  = Al  r/  U ■ • • U Xn,v  is  the  decomposition  of  the 
generic  fibre  into  (geometrically)  irreducible  components.  In  particular  tix/y{v)  = 
n.  Let  X,j  be  the  closure  of  Xi  r)  in  X.  After  shrinking  Y we  may  assume  that 
X = (J  Xj . see  Lemma  36.19.5  After  shrinking  V some  more  we  see  that  each  fibre 
of  / has  at  least  n irreducible  components,  see  Lemma  36.22.1  Hence  nx/y(y)  > n 
for  all  y £ Y.  After  shrinking  Y some  more  we  obtain  that  is  geometrically 


irreducible  for  each  i and  all  y £ Y . see  Lemma  36.22.5 
shows  that  n. x/y{u)  < n and  finishes  the  proof. 


Since  X, 


= u Xi,y  this 
□ 


055B  Lemma  36.22.7.  Let  f : X — ► Y be  a morphism  of  schemes.  Let  Ux/y  be 
the  function  on  Y counting  the  numbers  of  geometrically  irreducible  components  of 
fibres  of  f introduced  in  Lemma  \ 36. 22. 3\  Assume  f of  finite  presentation.  Then 
the  level  sets 

En  = {y  £Y  | nx/Y(y ) = n} 
ofnx/Y  we  locally  constructible  in  Y. 


Proof.  Fix  n.  Let  y £ Y.  We  have  to  show  that  there  exists  an  open  neighbour- 
hood V of  y in  Y such  that  En  D V is  constructible  in  V.  Thus  we  may  assume 
that  Y is  affine.  Write  Y = Spec(A)  and  A = colimA,;  as  a directed  limit  of  fi- 
nite type  Z-algebras.  By  Limits,  Lemma  |31.9.1|  we  can  find  an  i and  a morphism 
fi  : Xi  — > Spec(Ai)  of  finite  presentation  whose  base  change  to  Y recovers  /.  By 
Lemma  [36.22.3|  it  suffices  to  prove  the  lemma  for  _/).  Thus  we  reduce  to  the  case 
where  Y is  the  spectrum  of  a Noetherian  ring. 


We  will  use  the  criterion  of  Topology,  Lemma  5.15.3  to  prove  that  En  is  con- 
structible in  case  Y is  a Noetherian  scheme.  To  see  this  let  Z C Y be  an  irreducible 
closed  subscheme.  We  have  to  show  that  En  n Z either  contains  a nonempty  open 
subset  or  is  not  dense  in  Z.  Let  f £ Z be  the  generic  point.  Then  Lemma [36.22. 6| 
shows  that  nx/Y  is  constant  in  a neighbourhood  of  £ in  Z.  This  clearly  implies 
what  we  want.  □ 
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055D  Lemma  36.23.1.  Let  f : X — >•  Y be  a morphism  of  schemes.  Assume  Y irreducible 
with  generic  point  y and  f of  finite  type.  If  Xv  has  n connected  components,  then 
there  exists  a nonempty  open  V C Y such  that  for  all  y £ V the  fibre  Xy  has  at 
least  n connected  components. 


Proof.  As  the  question  is  purely  topological  we  may  replace  X and  Y by  their 
reductions.  In  particular  this  implies  that  Y is  integral,  see  Properties,  Lemma 

into  connected 


27.3.4 


Let  Xv  = 


Xi  „ U . . . U Xn  v be  the  decomposition  of  X„ 


components.  Let  Xi  C X be  the  reduced  closed  subscheme  whose  generic  fibre  is 
Xl  rr  Note  that  Zt  j = Xi  D Xj  is  a closed  subset  of  X whose  generic  fibre  Zij>rt  is 


empty.  Hence  after  shrinking  Y we  may  assume  that  Zij  = 0,  see  Lemma  36.19.1 
After  shrinking  Y some  more  we  may  assume  that  Xy  = (J  Xi  y for  y £ Y , see 
Lemma  [36. 19. 5[  Moreover,  after  shrinking  Y we  may  assume  that  each  X \ — > Y is 
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flat  and  of  finite  presentation,  see  Morphisms,  Proposition |28. 20]  The  morphisms 
Xj  — ► Y are  open,  see  Morphisms,  Lemma  |28.25.9|  Thus  there  exists  an  open 
neighbourhood  F of  g which  is  contained  in  f{Xi)  for  each  i.  For  each  y £ V the 
schemes  XiiV  are  nonempty  closed  subsets  of  Xy.  we  have  Xy  = IJX^y  and  the 
intersections  Zijty  = A'^y  n X fy  are  empty!  Clearly  this  implies  that  Xy  has  at 
least  n connected  components.  □ 

055E  Lemma  36.23.2.  Let  f : X — » Y be  a morphism  of  schemes.  Let  g : Y'  — » Y be 
any  morphism,  and  denote  f : X'  — > Y'  the  base  change  of  f.  Then 

{y'  £ Y'  | X'y,  is  geometrically  connected } 

= 9~1{{v  € Y | Xy  is  geometrically  connected}). 


055F 


Proof.  This  comes  down  to  the  statement  that  for  y'  £ Y'  with  image  y £ Y the 
is  geometrically  connected  over  n(y')  if  and  only  if  Xy  is 


fibre  X'y,  = Xy  xy  y' 


geometrically  connected  over  n(y).  This  follows  from  Varieties,  Lemma  32.5.3  □ 


Lemma  36.23.3.  Let  f : X — » Y be  a morphism  of  schemes.  Let 

nx/Y  '■  y {0, 1,  2,  3, ... , oo} 


be  the  function  which  associates  to  y £ Y the  number  of  connected  components  of 
(X v)k  where  K is  a separably  closed  extension  of  n(y).  This  is  well  defined  and  if 
g :Y'  — » Y is  a morphism  then 


nx'/Y'  = nx/Y  ° g 

where  X'  — > Y'  is  the  base  change  of  f. 

Proof.  Suppose  that  y'  £ Y'  has  image  y £Y.  Suppose  K D n(y)  and  K'  D n{y') 
are  separably  closed  extensions.  Then  we  may  choose  a commutative  diagram 

K >■  K"  -< K' 


n(y) ^ n{y') 

of  fields.  The  result  follows  as  the  morphisms  of  schemes 

(Xy')K'  ^ (Xy,)K"  = ( Xy)K H 5-  (Xy)K 

induce  bijections  between  connected  components,  see  Varieties,  Lemma|32.5.6[  □ 

055G  Lemma  36.23.4.  Let  f : X — >■  Y be  a morphism  of  schemes.  Assume 

(1)  Y is  irreducible  with  generic  point  g, 

(2)  Xy  is  geometrically  connected,  and 

(3)  / is  of  finite  type. 

Then  there  exists  a nonempty  open  subscheme  V C Y such  that  Xy  — > V has 
geometrically  connected  fibres. 

Proof.  Choose  a diagram 

X' ^ ^ X 

a1 

f f 


Y1 


a 


V 


V 
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as  in  Lemma  36.19.8  Note  that  the  generic  fibre  of  f is  geometrically  connected 


(for  example  by  Lemma  36.23.3 1.  Suppose  that  the  lemma  holds  for  the  morphism 


/'.  This  means  that  there  exists  a nonempty  open  W C Y'  such  that  every  fibre 
of  X'  — > Y'  over  W is  geometrically  connected.  Then,  as  g is  an  open  morphism 
by  Morphisms,  Lemma  [28.36. 13|  all  the  fibres  of  / at  points  of  the  nonempty  open 
V = giW)  are  geometrically  connected,  see  Lemma  36.23.3  In  this  way  we  see 
that  we  may  assume  that  the  irreducible  components  of  the  generic  fibre  Xv  are 
geometrically  irreducible. 

Let  Y'  be  the  reduction  of  Y,  and  set  X'  = Y'  Xyl.  Then  it  suffices  to  prove 
the  lemma  for  the  morphism  X'  — » Y'  (for  example  by  Lemma  36.23.3  once  again). 
Since  the  generic  fibre  of  X'  — > Y'  is  the  same  as  the  generic  fibre  of  X — > Y 
we  see  that  we  may  assume  that  Y is  irreducible  and  reduced  (i.e.,  integral,  see 


Properties,  Lemma  27.3.4)  and  that  the  irreducible  components  of  the  generic  fibre 


Xv  are  geometrically  irreducible. 

At  this  point  suppose  that  Xv  = X\  r)  (J  . . . [J  XnT1  is  the  decomposition  of  the 
generic  fibre  into  (geometrically)  irreducible  components.  Let  Xi  be  the  closure  of 
Xj  r)  in  X.  After  shrinking  Y we  may  assume  that  A'  = (J  A),  see  Lemma 


vl,T} 

Let  4 , j — T, 


36.19.5 


nXj.  Let 


{1, . . . , n}  x {1, . . . , n}  = III  J 

where  ( i,j ) £ / if  Zijt v = 0 and  (i,j)  £ J if  ZijV  ^ ( 
may  assume  that  Zjj  = 0 for  all  (i,j)  £ /,  see  Lemma 
Y we  obtain  that  Xly  is  geometrically  irreducible  for  each  i and  all  y £ Y,  see 


After  shrinking  Y we 
After  shrinking 


36.19.1 


Lemma  36.22.5  After  shrinking  Y some  more  we  achieve  the  situation  where 
Y is  flat  and  of  finite  presentation  for  all  (i,j)  £ J , see  Morphisms, 
This  means  that  f(Ziyj)  C Y is  open,  see  Morphisms,  Lemma 


each  Z. 


Proposition  28.27.1 
128.25.91  We  claim  that 


works,  i.e.,  that  Xy  is  geometrically  connected  for  each  y £ V.  Namely,  the  fact 
that  Xv  is  connected  implies  that  the  equivalence  relation  generated  by  the  pairs 
in  J has  only  one  equivalence  class.  Now  if  y £ V and  K D n(y)  is  a separably 
closed  extension,  then  the  irreducible  components  of  (Xv)k  are  the  fibres  (A i,y)K- 
Moreover,  we  see  by  construction  and  y £ V that  (Xi  y)K  meets  {Xj  y)K  if  and  only 
(i,j)  £ J.  Hence  the  remark  on  equivalence  classes  shows  that  (X v)k  is  connected 
and  we  win.  □ 

055H  Lemma  36.23.5.  Let  f : X Y be  a morphism  of  schemes.  Let  nx/Y  be  the 
function  on  Y counting  the  numbers  of  geometrically  connected  components  of  fibres 
of  f introduced  in  Lemma\36. 23. 3[  Assume  f of  finite  type.  Let  y GY  be  a point. 
Then  there  exists  a nonempty  open  V C {y}  such  that  Ux/yIv  is  constant. 

Proof.  Let  Z be  the  reduced  induced  scheme  structure  on  {y}.  Let  fz  : Xz  — > Z 
be  the  base  change  of  /.  Clearly  it  suffices  to  prove  the  lemma  for  fz  and  the  generic 
point  of  Z . Hence  we  may  assume  that  Y is  an  integral  scheme,  see  Properties, 
Our  goal  in  this  case  is  to  produce  a nonempty  open  V C Y such 


Lemma  27.3.4 


that  Hx/y\v  is  constant. 


We  apply  Lemma  36.19.8  to  / : X — > Y and  we  get  g : Y'  — X V C Y.  As 
g : Y'  — > V is  surjective  finite  etale,  in  particular  open  (see  Morphisms,  Lemma 
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28.36.13 1,  it  suffices  to  prove  that  there  exists  an  open  V'  C Y'  such  that  nx'/y \v' 
is  constant,  see  Lemma[36.22.3|  Thus  we  see  that  we  may  assume  that  all  irreducible 
components  of  the  generic  fibre  Xv  are  geometrically  irreducible  over  nfq).  By 


Varieties,  Lemma  32.6.15  this  implies  that  also  the  connected  components  of  X„ 


are  geometrically  connected. 

At  this  point  suppose  that  Xv  = XitV  (J . . . (J  Xn,v  is  the  decomposition  of  the 
generic  fibre  into  (geometrically)  connected  components.  In  particular  nx/y(j])  = 
n.  Let  Xi  be  the  closure  of  Xir)  in  X.  After  shrinking  Y we  may  assume  that 


X = (J  Xi,  see  Lemma  36.19.5  After  shrinking  Y some  more  we  see  that  each  fibre 
of  / has  at  least  n connected  components,  see  Lemma  36.23.1  Hence  nx/y(y)  > n 


for  all  y £ Y.  After  shrinking  Y some  more  we  obtain  that  X^y  is  geometrically 
connected  for  each  i and  all  y £ Y , see  Lemma 
shows  that  nx/y(y ) < n and  finishes  the  proof. 


36.23.4 


Since  X , 


= \Jxi,y  this 

□ 


0551  Lemma  36.23.6.  Let  f : X Y be  a morphism  of  schemes.  Let  nx/y  he  the 
function  on  Y counting  the  numbers  of  geometric  connected  components  of  fibres  of 
f introduced  in  Lemma  \36. 23.  -i)  Assume  f of  finite  presentation.  Then  the  level 
sets 

En  = {y  £ Y | nx/y(y)  = n} 
ofnx/y  are  locally  constructible  in  Y . 


Proof.  Fix  n.  Let  y £ Y.  We  have  to  show  that  there  exists  an  open  neighbour- 
hood V of  y in  Y such  that  En  D V is  constructible  in  V.  Thus  we  may  assume 
that  Y is  affine.  Write  Y = Spec(A)  and  A = colimA,;  as  a directed  limit  of  fi- 
nite type  Z-algebras.  By  Limits,  Lemma  |31.9.1|  we  can  find  an  i and  a morphism 
fi  : Xi  — ► Spec(Ai)  of  finite  presentation  whose  base  change  to  Y recovers  /.  By 
Lemma  [36. 23. 3|  it  suffices  to  prove  the  lemma  for  fl.  Thus  we  reduce  to  the  case 
where  Y is  the  spectrum  of  a Noetherian  ring. 

We  will  use  the  criterion  of  Topology,  Lemma  |5.15.3|  to  prove  that  En  is  con- 
structible in  case  Y is  a Noetherian  scheme.  To  see  this  let  Z C Y be  an  irreducible 
closed  subscheme.  We  have  to  show  that  En  n Z either  contains  a nonempty  open 
subset  or  is  not  dense  in  Z.  Let  £ £ Z be  the  generic  point.  Then  Lemma [36.23. 5| 
shows  that  nx/y  is  constant  in  a neighbourhood  of  £ in  Z.  This  clearly  implies 
what  we  want.  □ 


055J  Lemma  36.23.7.  Let  f : X — > S be  a morphism  of  schemes.  Assume  that 

(1)  S is  the  spectrum  of  a discrete  valuation  ring, 

(2)  f is  flat, 

(3)  X is  connected, 

(4)  the  closed  fibre  Xs  is  reduced. 

Then  the  generic  fibre  Xv  is  connected. 

Proof.  Write  Y = Spec (R)  and  let  tt  £ R be  a uniformizer.  To  get  a contradiction 
assume  that  Xv  is  disconnected.  This  means  there  exists  a nontrivial  idempotent 
e £ T(A'?), Ox,)'  Let  U = Spec(A)  be  any  affine  open  in  X.  Note  that  it  is  a 
nonzerodivisor  on  A as  A is  flat  over  R , see  More  on  Algebra,  Lemma  [15. 16. 9|  for 
example.  Then  e| u corresponds  to  an  element  e £ A[1  /tt]  . Let  z £ A be  an 
element  such  that  e = z/ nn  with  n > 0 minimal.  Note  that  z2  = i xnz.  This  means 
that  z mod  7tA  is  nilpotent  if  n > 0.  By  assumption  A/ttA  is  reduced,  and  hence 
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055K 

055L 

055M 


055N 


minimality  of  n implies  n = 0.  Thus  we  conclude  that  e £ A!  In  other  words 
e £ T(X,  Ox)-  As  X is  connected  it  follows  that  e is  a trivial  idempotent  which  is 
a contradiction.  □ 


36.24.  Connected  components  meeting  a section 

The  results  in  this  section  are  in  particular  applicable  to  a group  scheme  G — ► S 
and  its  neutral  section  e : S — > G. 

Situation  36.24.1.  Here  / : X — ► Y be  a morphism  of  schemes,  and  s : Y — )■  X 
is  a section  of  /.  For  every  y £ Y we  denote  Xy  the  connected  component  of  Xy 
containing  s(y).  Finally,  we  set  AT0  = (J  y Xy. 


Lemma  36.24.2.  Let  f : X Y,  s : Y — > X be  as  in  Situation  36.24-1 
g : Y'  — >•  Y is  any  morphism,  consider  the  base  change  diagram 


If 


X' 


> V 


/' 


Y' 


Y 


so  that  we  obtain  (A'')0  C X' . Then  {X')°  = {g')  1(AT°). 

Proof.  Let  y'  £ Y'  with  image  y £ Y.  We  may  think  of  Xy  as  a closed  subscheme 
of  Xy,  see  for  example  Morpliisms,  Definition 


32.5.14 


28.26.3 


As  s(y)  £ Xy  we  conclude 
that  Xy  is  a geometrically  connected  scheme  over 
X' , is  a connected  closed  subscheme  which  contains  s'(y'). 


from  Varieties,  Lemma 
n{y).  Hence  X°  xyy'  -s 
Thus  Xy  xy  y'  C (Xy,)°.  The  other  inclusion  Xy  xy  y'  D (A'',)0  is  clear  as  the 
image  of  (AT,)0  in  Xy  is  a connected  subset  of  Xy  which  contains  s(y).  □ 


Lemma  36.24.3.  Let  f : X Y , s : Y X be  as  in  Situation  36.24-1  Assume 


f of  finite  type.  Let  y £Y  be  a point.  Then  there  exists  a nonempty  open  V C {y} 
such  that  the  inverse  image  of  X°  in  the  base  change  Xy  is  open  and  closed  in  Xy. 

Proof.  Let  Z CY  be  the  induced  reduced  closed  subscheme  structure  on  {y}.  Let 
fz  ■ Xz  -A  Z and  Sz  ■ Z -£  Xz  be  the  base  changes  of  / and  s.  By  Lemma [36.24.2| 
we  have  ( Xz)°  = ( X°)z ■ Hence  it  suffices  to  prove  the  lemma  for  the  morphism 
Xz  — > Z and  the  point  x £ Xz  which  maps  to  the  generic  point  of  Z.  In  other 
words  we  have  reduced  the  problem  to  the  case  where  Y is  an  integral  scheme  (see 
Properties,  Lemma  27.3.4)  with  generic  point  rj.  Our  goal  is  to  show  that  after 
shrinking  Y the  subset  X ^ becomes  an  open  and  closed  subset  of  X. 

Note  that  the  scheme  Xv  is  of  finite  type  over  a held,  hence  Noetherian.  Thus  its 
connected  components  are  open  as  well  as  closed.  Hence  we  may  write  Xy  = X°HT, 


li 


for  some  open  and  closed  subset  Tv  of  Xv.  Next,  let  Tclbe  the  closure  of  Ty 
and  let  X00  C X be  the  closure  of  Xy.  Note  that  Ty,  resp.  K is  the  generic  fibre 
of  T,  resp.  V00,  see  discussion  preceding  Lemma  36.19.5 


Moreover,  that  lemma 
implies  that  after  shrinking  Y we  may  assume  that  X = V00UT  (set  theoretically). 
Note  that  (T  D V00)^  = Tv  fl  Xy  = 0.  Hence  after  shrinking  Y we  may  assume 


that  T fl  A'00  = 0,  see  Lemma  36.19.1  In  particular  Af00  is  open  in  X.  Note  that 


is  connected  and  has  a rational  point,  namely  s(rf),  hence  it  is  geometrically 
connected,  see  Varieties,  Lemma  [32.5.14|  Thus  after  shrinking  Y we  may  assume 
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that  all  fibres  of  X00  — > Y are  geometrically  connected,  see  Lemma  36.23.4  At  this 
point  it  follows  that  the  fibres  A°°  are  open,  closed,  and  connected  subsets  of  Xy 
containing  er(y).  It  follows  that  X°  = A'00  and  we  win. 


Lemma  36.24.4.  Let  f : X — >•  Y , s : Y — » X be  as  in  Situation  36.24-1 
of  finite  presentation  then  X°  is  locally  constructible  in  X . 


□ 


Iff  ™ 


Proof.  Let  x £ X.  We  have  to  show  that  there  exists  an  open  neighbourhood  U 
of  x such  that  A0  D U is  constructible  in  U.  This  reduces  us  to  the  case  where  Y 
is  affine.  Write  Y = Spec(A)  and  A = colim  Aj  as  a directed  limit  of  finite  type 
Z-algebras.  By  Limits,  Lemma |3 1.9.1  we  can  find  an  i and  a morphism  /,;  : A,  -A 
Spec(Aj)  of  finite  presentation,  endowed  with  a section  Sj  : Spec(Aj)  — > Xi  whose 
base  change  to  Y recovers  / and  the  section  s.  By  Lemma  [36.24.2|  it  suffices  to 
prove  the  lemma  for  f -L , Sj . Thus  we  reduce  to  the  case  where  Y is  the  spectrum  of 
a Noetherian  ring. 

Assume  Y is  a Noetherian  affine  scheme.  Since  / is  of  finite  presentation,  i.e.,  of 
finite  type,  we  see  that  X is  a Noetherian  scheme  too,  see  Morphisms,  Lemma 


28.15.6  In  order  to  prove  the  lemma  in  this  case  it  suffices  to  show  that  for  every 
irreducible  closed  subset  Z C X the  intersection  ZnX°  either  contains  a nonempty 
open  of  Z or  is  not  dense  in  Z,  see  Topology,  Lemma  |5.15.3[  Let  x € Z be  the 
generic  point,  and  let  y = f(x).  By  Lemma  36.24.3  there  exists  a nonempty  open 
subset  V C {y}  such  that  A'0  n Xv  is  open  and  closed  in  Xv.  Since  f(Z)  C {y} 
and  f(x)  = y £ V we  see  that  W = f~1(V)  n Z is  a nonempty  open  subset  of  Z. 
It  follows  that  A0  n W is  open  and  closed  in  W.  Since  W is  irreducible  we  see  that 
A0  fl  W is  either  empty  or  equal  to  W.  This  proves  the  lemma.  □ 


Let 


Lemma  36.24.5.  Let  f : X — > Y,  s : Y — > X be  as  in  Situation  36.24-1 
y £ Y be  a point.  Assume 

(1)  / is  of  finite  presentation  and  flat,  and 

(2)  the  fibre  Xy  is  geometrically  reduced. 

Then  X°  is  a neighbourhood  of  Xy  in  X. 

Proof.  We  may  replace  Y with  an  affine  open  neighbourhood  of  y.  Write  Y = 
Spec(A)  and  A = colim  Aj  as  a directed  limit  of  finite  type  Z-algebras.  By  Limits, 
Lemma  31.9.1  we  can  find  an  i and  a morphism  /j  : Aj  — » Spec(Aj)  of  finite 
presentation,  endowed  with  a section  Sj  : Spec(Aj)  — ► Aj  whose  base  change  to  Y 
recovers  / and  the  section  s.  After  possibly  increasing  i we  may  also  assume  that 
fi  is  flat,  see  Limits,  Lemma  31.7.6  Let  yj  be  the  image  of  y in  Yj.  Note  that  Xy  = 
(A ji3/i)  xVi  y.  Hence  Ajjyi  is  geometrically  reduced,  see  Varieties,  Lemma  32.4.6 
By  Lemma[36.24.2|it  suffices  to  prove  the  lemma  for  the  system  /j,  Sj,  yj  £ Yi.  Thus 
we  reduce  to  the  case  where  Y is  the  spectrum  of  a Noetherian  ring. 

Assume  Y is  the  spectrum  of  a Noetherian  ring.  Since  / is  of  finite  presentation,  i.e., 
of  finite  type,  we  see  that  A is  a Noetherian  scheme  too,  see  Morphisms,  Lemma 


28.15.6  Let  x £ X°  be  a point  lying  over  y.  By  Topology,  Lemma  5.15.4  it  suffices 
to  prove  that  for  any  irreducible  closed  Z C X passing  through  x the  intersection 
A0  n Z is  dense  in  Z.  In  particular  it  suffices  to  prove  that  the  generic  point  x'  £ Z 
is  in  A°.  By  Properties,  Lemma  27.5.10  we  can  find  a discrete  valuation  ring  R and 
a morphism  Spec (R)  -A  X which  maps  the  special  point  to  x and  the  generic  point 
to  x' . We  are  going  to  think  of  Spec(i?)  as  a scheme  over  Y via  the  composition 
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Spec(-R)  — > X — > Y.  By  Lemma  36.24.2  we  have  that  (Ab?)°  is  the  inverse  image 
of  X°.  By  construction  we  have  a second  section  t : Spec (R)  — > XR  (besides  the 
base  change  sr  of  s)  of  the  structure  morphism  Xr  — > Spec (R)  such  that  t(r)R)  is 
a point  of  XR  which  maps  to  x'  and  t(0R)  is  a point  of  Xr  which  maps  to  x.  Note 
that  t{ 0R)  is  in  (Xr)°  and  that  t(r/R)  £(0^).  Thus  it  suffices  to  prove  that  this 
implies  that  t(r]R)  £ (X^)0.  Hence  it  suffices  to  prove  the  lemma  in  the  case  where 
Y is  the  spectrum  of  a discrete  valuation  ring  and  y its  closed  point. 

Assume  Y is  the  spectrum  of  a discrete  valuation  ring  and  y is  its  closed  point.  Our 
goal  is  to  prove  that  X°  is  a neighbourhood  of  Xfj.  Note  that  X°  is  open  and  closed 
in  Xy  as  Xy  has  finitely  many  irreducible  components.  Hence  the  complement 
C = Xy\  Xy  is  closed  in  X.  Thus  U = X \ C is  an  open  neighbourhood  of  Xy  and 
U°  = X°.  Hence  it  suffices  to  prove  the  result  for  the  morphism  U — > Y . In  other 
words,  we  may  assume  that  Xy  is  connected.  Suppose  that  X is  disconnected,  say 
X = Xi  H . . . H Xn  is  a decomposition  into  connected  components.  Then  s(Y)  is 
completely  contained  in  one  of  the  X, . Say  s(Y)  C X*.  Then  X°  C Xi.  Hence 
we  may  replace  X by  Xi  and  assume  that  X is  connected.  At  this  point  Lemma 
36.23.7  implies  that  Xv  is  connected,  i.e. , X°  = X and  we  win.  □ 


Lemma  36.24.6.  Let  f : X Y , s : Y X be  as  in  Situation 

(1)  / is  of  finite  presentation  and  flat,  and 

(2)  all  fibres  of  f are  geometrically  reduced. 

Then  X°  is  open  in  X . 


36.2f.l 


Assume 


Proof.  This  is  an  immediate  consequence  of  Lemma  36.24.5 


□ 


36.25.  Dimension  of  fibres 


Lemma  36.25.1.  Let  f : X — » Y be  a morphism  of  schemes.  Assume  Y irreducible 
with  generic  point  y and  f of  finite  type.  If  Xy  has  dimension  n,  then  there  exists 
a nonempty  open  V C Y such  that  for  all  y £ V the  fibre  Xy  has  dimension  n. 


Proof.  Let  Z = { x £ X \ dimx(Xj(x))  > n}.  By  Morphisms,  Lemma  28.28.4  this 
is  a closed  subset  of  X.  By  assumption  Zv  = 0.  Hence  by  Lemma [36.19.1  we  may 
shrink  Y and  assume  that  Z = 0.  Let  Z'  = { x £ X \ dimx(X^(x))  > n — 1}  = {x  £ 
X | dimx(X = n }.  As  before  this  is  a closed  subset  of  X.  By  assumption  we 
have  Z'ri  ^ 0.  Hence  after  shrinking  Y we  may  assume  that  Z'  — > Y is  surjective, 
see  Lemma  T36. 19.21  Hence  we  win.  □ 


Lemma  36.25.2.  Let  f : X — >•  Y be  a morphism  of  finite  type.  Let 

nx/Y  ■ Y -£  {0, 1, 2, 3, . . . , oo} 

be  the  function  which  associates  to  y £ Y the  dimension  of  Xy . If  g :Y'  — ► Y is  a 
morphism  then 

nx'/Y'  = n.x /y  ° 9 

where  X'  — > Y'  is  the  base  change  of  f . 

Proof.  This  follows  from  Morphisms,  Lemma [28. 28. 3|  □ 


36.26.  LIMIT  ARGUMENTS 


2548 


05F9 


05FA 


05FB 


05FC 


Lemma  36.25.3.  Let  f : X — ► Y be  a morphism  of  schemes.  Let  nx/Y  be  the 
function  on  Y giving  the  dimension  of  fibres  of  f introduced  in  Lemma  \36.25.2\ 
Assume  f of  finite  presentation.  Then  the  level  sets 

En  = {yeY  | nx/Y(y)  = n} 

of  nx/Y  are  locally  constructible  in  Y . 


Proof.  Fix  n.  Let  y £ Y.  We  have  to  show  that  there  exists  an  open  neighbour- 
hood V of  y in  Y such  that  En  D V is  constructible  in  V.  Thus  we  may  assume 
that  Y is  affine.  Write  Y = Spec(A)  and  A = colimA,;  as  a directed  limit  of  fi- 


nite type  Z-algebras.  By  Limits,  Lemma  31.9.1  we  can  find  an  i and  a morphism 
fi  : Xi  Spec(Ai)  of  finite  presentation  whose  base  change  to  Y recovers  /.  By 
Lemma  [36. 25. 2|  it  suffices  to  prove  the  lemma  for  /j.  Thus  we  reduce  to  the  case 
where  Y is  the  spectrum  of  a Noetherian  ring. 


We  will  use  the  criterion  of  Topology,  Lemma  5.15.3  to  prove  that  En  is  con- 
structible in  case  Y is  a Noetherian  scheme.  To  see  this  let  Z C Y be  an  irreducible 
closed  subscheme.  We  have  to  show  that  En  D Z either  contains  a nonempty  open 
subset  or  is  not  dense  in  Z.  Let  £ £ Z be  the  generic  point.  Then  Lemma [36.25. 1| 
shows  that  nx/y  is  constant  in  a neighbourhood  of  f in  Z.  This  implies  what  we 
want.  □ 


36.26.  Limit  arguments 

Some  lemmas  involving  limits  of  schemes,  and  Noetherian  approximation.  We  stick 
mostly  to  the  affine  case.  Some  of  these  lemmas  are  special  cases  of  lemmas  in  the 
chapter  on  limits. 

Lemma  36.26.1.  Let  f : X -A  S be  a morphism  of  affine  schemes,  which  is  of 
finite  presentation.  Then  there  exists  a cartesian  diagram 

X0* A' 

u 3 

fo  f 

Y Y 

So* ^ 


such  that 

(1)  X0,  Sq  are  affine  schemes, 

(2)  So  of  finite  type  over  Z, 

(3)  fo  is  finite  of  finite  type. 


Proof.  Write  S = Spec(A)  and  X = Spec (B).  As  / is  of  finite  presentation  we  see 


that  B is  of  finite  presentation  as  an  A-algebra,  see  Morphisms,  Lemma  28.21.2 
Thus  the  lemma  follows  from  Algebra,  Lemma  [10.126. 15]  □ 


Lemma  36.26.2.  Let  f : X — > S be  a morphism  of  affine  schemes,  which  is  of 
finite  presentation.  Let  T be  a quasi- coherent  Ox -module  of  finite  presentation. 
Then  there  exists  a diagram  as  in  Lemma\36.26.1\  such  that  there  exists  a coherent 
O Xo -module  J-q  with  g*J- o = T . 


Proof.  Write  S = Spec(A),  X = Spec (B),  and  fF  = M.  As  / is  of  finite  presenta- 
tion we  see  that  B is  of  finite  presentation  as  an  A-algebra,  see  Morphisms,  Lemma 
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|28.21.2|  As  T is  of  finite  presentation  over  Ox  we  see  that  M is  of  finite  presenta- 
tion as  a B-module,  see  Properties,  Lemma |27. 16. 2|  Thus  the  lemma  follows  from 
Algebra,  Lemma  |10.126.15|  □ 

Lemma  36.26.3.  Let  f : X S be  a morphism  of  affine  schemes,  which  is  of 
finite  presentation.  Let  T be  a quasi- coherent  Ox -module  of  finite  presentation  and 
flat  over  S . Then  we  may  choose  a diagram  as  in  Lemma  \36.26.2j  and  sheaf  To 
such  that  in  addition  To  is  flat  over  So  ■ 


Proof.  Write  S = Spec(A),  X = Spec (B),  and  T = M.  As  / is  of  finite  pre- 
sentation we  see  that  B is  of  finite  presentation  as  an  A-algebra,  see  Morphisms, 
Lemma  28.21.2  As  T is  of  finite  presentation  over  Ox  we  see  that  M is  of  finite 


presentation  as  a B-module,  see  Properties,  Lemma  27.16.2  As  T is  flat  over  S we 
see  that  M is  flat  over  A , see  Morphisms,  Lemma|28.25.2  Thus  the  lemma  follows 
from  Algebra,  Lemma[l0.160.1|  □ 

Lemma  36.26.4.  Let  f : X — >■  S be  a morphism  of  affine  schemes,  which  is  of 


fnite  presentation  and  flat.  Then  there  exists  a diagram  as  in  Lemma  36.26.1  such 
that  in  addition  fo  is  flat. 


Proof.  This  is  a special  case  of  Lemma  36.26.3 


□ 


Lemma  36.26.5.  Let  f : X -A  S be  a morphism  of  affine  schemes,  which  is 
smooth.  Then  there  exists  a diagram  as  in  Lemma  [36. 26. 1\  such  that  in  addition  fo 
is  smooth. 


Proof.  Write  S = Spec(A),  X = Spec (B),  and  as  / is  smooth  we  see  that  B is 
smooth  as  an  A-algebra,  see  Morphisms,  Lemma  28.34.2|  Hence  the  lemma  follows 
from  Algebra,  Lemma  [10. 136. 14}  □ 


Lemma  36.26.6.  Let  f : X -A  S be  a morphism  of  affine  schemes,  which  is  of 
finite  presentation  with  geometrically  reduced  fibres.  Then  there  exists  a diagram 
as  in  Lemma  [36. 26.  If  such  that  in  addition  fo  has  geometrically  reduced  fibres. 


of  affine  schemes  with  Xo  — > So  a finite  type  morphism  of  schemes  of  finite  type  over 
Z.  By  Lemma  36.21.5  the  set  E C So  of  points  where  the  fibre  of  fo  is  geometrically 
reduced  is  a constructible  subset.  By  Lemma  36.21.2  we  have  h(S)  C E.  Write 
Sq  = Spec(A0)  and  S = Spec(A).  Write  A = colinuAi  as  a direct  colimit  of 
finite  type  A0-algebras.  By  Limits,  Lemma  31.3.7  we  see  that  Spec(A.;)  — ► So 
has  image  contained  in  E for  some  i.  After  replacing  So  by  Spec(Ai)  and  Xo  by 
X0  x g0  Spec(Ai)  we  see  that  all  fibres  of  fo  are  geometrically  reduced.  □ 


Lemma  36.26.7.  Let  f : X — » S be  a morphism  of  affine  schemes,  which  is  of 
finite  presentation  with  geometrically  irreducible  fibres.  Then  there  exists  a diagram 
as  in  Lemma\36.26.1\  such  that  in  addition  fo  has  geometrically  irreducible  fibres. 
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Proof.  Apply  Lemma [36.26. 1| to  get  a cartesian  diagram 


An 


A 


/o 


So 


s 


of  affine  schemes  with  Ao  — > So  a finite  type  morphism  of  schemes  of  finite  type  over 
Z.  By  Lemma[36.22.7|the  set  E C So  of  points  where  the  fibre  of  /Q  is  geometrically 
irreducible  is  a constructible  subset.  By  Lemma  36.22.2  we  have  h(S)  C E.  Write 
So  = Spec(Ao)  and  S = Spec(A).  Write  A = colinpAi  as  a direct  colimit  of 
finite  type  A0-algebras.  By  Limits,  Lemma  31.3.7  we  see  that  Spec(Ai)  -A  So 
has  image  contained  in  E for  some  i.  After  replacing  So  by  Spec(Ai)  and  Ao  by 
Ao  ><So  Spec(Ai)  we  see  that  all  fibres  of  /o  are  geometrically  irreducible.  □ 

05FI  Lemma  36.26.8.  Let  f : X S be  a morphism  of  affine  schemes,  which  is  of 
finite  presentation  with  geometrically  connected  fibres.  Then  there  exists  a diagram 
as  in  Lemma\36.26.1\  such  that  in  addition  fo  has  geometrically  connected  fibres. 


Proof. 


of  affine  schemes  with  Aq  — > So  a finite  type  morphism  of  schemes  of  finite  type  over 


Z.  By  Lemma  36.23.6  the  set  E C So  of  points  where  the  fibre  of  /o  is  geometrically 


connected  is  a constructible  subset.  By  Lemma  36.23.2  we  have  h(S ) C E.  Write 
S0  = Spec(A0)  and  S = Spec(A).  Write  A = colimjAj  as  a direct  colimit  of 
finite  type  A0-algebras.  By  Limits,  Lemma  31.3.7  we  see  that  Spec(Ai)  — ► So 

and  Ao  by 

□ 


has  image  contained  in  E for  some  i.  After  replacing  So  by  Spec(A,;) 
Aq  x g0  Spec(Ai)  we  see  that  all  fibres  of  fo  are  geometrically  connected. 


05FJ  Lemma  36.26.9.  Let  d>  0 be  an  integer.  Let  f : X — ► S be  a morphism  of  affine 
schemes,  which  is  of  finite  presentation  all  of  whose  fibres  have  dimension  d.  Then 
there  exists  a diagram  as  in  Lemma \36.26.1\  such  that  in  addition  all  fibres  of  fo 
have  dimension  d. 


of  affine  schemes  with  Ao  ->  So  a finite  type  morphism  of  schemes  of  finite  type 
over  Z.  By  Lemma  36.25.3  the  set  E C So  of  points  where  the  fibre  of  fo  has 
dimension  d is  a constructible  subset.  By  Lemma  36.25.2  we  have  h(S)  C E. 
Write  S0  = Spec(A0)  and  S = Spec(A).  Write  A = colim,  A,  as  a direct  colimit 
of  finite  type  A0-algebras.  By  Limits,  Lemma  31.3.7  we  see  that  Spec(Aj)  — >•  S0 
has  image  contained  in  E for  some  i.  After  replacing  So  by  Spec(Ai)  and  Ao  by 
Aq  x s0  Spec(Ai)  we  see  that  all  fibres  of  fo  have  dimension  d.  □ 


36.27.  ETALE  NEIGHBOURHOODS 


2551 


05FK 

05FL 


02LD 

02LE 


Lemma  36.26.10.  Let  f : X — ► 


S be  a morphism  of  affine  schemes,  which 
Then  there  exists  a 


is  standard  syntomic  (see  Morphisms,  Definition  28.31.1 ). 
diagram  as  in  Lemma\36.26.1\  such  that  in  addition  fo  is  standard  syntomic. 


Proof.  This  lemma  is  a copy  of  Algebra,  Lemma  [lO.  134. 12]  □ 

Lemma  36.26.11.  (Noetherian  approximation  and  combining  properties.)  Let  P , 
Q be  properties  of  morphisms  of  schemes  which  are  stable  under  base  change.  Let 
f : X — ► S be  a morphism  of  finite  presentation  of  affine  schemes.  Assume  we  can 
find  cartesian  diagrams 


Ah  X X2  ^ X 


/ and  h 

Y 

Y 

Si  -* S S2  ■* S 


of  affine  schemes,  with  S\,  S2  of  finite  type  over  Z and  f\,  f2  of  finite  type  such  that 
fi  has  property  P and  f2  has  property  Q.  Then  we  can  find  a cartesian  diagram 

X0^ X 

fo  f 

Y Y 

S 

of  affine  schemes  with  So  of  finite  type  over  Z and  fo  of  finite  type  such  that  fo  has 
both  property  P and  property  Q. 


Proof.  The  given  pair  of  diagrams  correspond  to  cocartesian  diagrams  of  rings 

Bi B B2 B 

A A '■ 

and 

A\  A A2  A 

Let  Aq  C A be  a finite  type  Z-subalgebra  of  A containing  the  image  of  both  A\  — > A 
and  A2  — > A.  Such  a subalgebra  exists  because  by  assumption  both  A\  and  A2  are 
of  finite  type  over  Z.  Note  that  the  rings  B0p  = B i A0  and  Ho, 2 = B2  (g) a2 

are  finite  type  A0-algebras  with  the  property  that  H0,i  ®a0  A = B = B0.2  ®a0  A as 
A-algebras.  As  A is  the  directed  colimit  of  its  finite  type  A0-subalgebras,  by  Limits, 
Lemma |31.9.1| we  may  assume  after  enlarging  Ao  that  there  exists  an  isomorphism 
B0p  — -®o,2  as  A0-algebras.  Since  properties  P and  Q are  assumed  stable  under 
base  change  we  conclude  that  setting  So  = Spec(A0)  and 

ATo  = Xi  Xs1  So  = Spec(H0,i)  = Spec(H0,2)  = X2  xg2  So 
works.  □ 


36.27.  Etale  neighbourhoods 

It  turns  out  that  some  properties  of  morphisms  are  easier  to  study  after  doing  an 
etale  base  change.  It  is  convenient  to  introduce  the  following  terminology. 

Definition  36.27.1.  Let  S be  a scheme.  Let  s £ S be  a point. 

(1)  An  etale  neighbourhood  of  ( S,s ) is  a pair  ( U,u ) together  with  an  etale 
morphism  of  schemes  p : U S such  that  p(u)  = s. 
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(2)  A morphism  of  etale  neighbourhoods  f : {V,v)  — > ( U,u ) of  (S,s)  is  simply 
a morphism  of  ^-schemes  / : V — ► U such  that  f(v)  = u. 

(3)  An  elementary  etale  neighbourhood  is  an  etale  neighbourhood  : (17,  u)  — » 
(S,  s)  such  that  k(s)  = k(u). 


( U,u ) is  a morphism  of  etale  neighbourhoods,  then  / is  automat- 

Hence  it  turns  (V,  v)  into  an  etale 


If 

ically  etale,  see  Morphisms,  Lemma  28.36.18 
neighbourhood  of  (17,  u).  Of  course,  since  the  composition  of  etale  morphisms  is 
etale  (Morphisms,  Lemma  28.36.3)  we  see  that  conversely  any  etale  neighbourhood 
{V,v)  of  (17,  u)  is  an  etale  neighbourhood  of  (5,  s)  as  well.  We  also  remark  that 
if  17  C S is  an  open  neighbourhood  of  s,  then  (17,  s)  — > (S,s)  is  an  etale  neigh- 
bourhood. This  follows  from  the  fact  that  an  open  immersion  is  etale  (Morphisms, 
Lemma  28.36.9).  We  will  use  these  remarks  without  further  mention  throughout 
this  section. 


02LF 


Note  that  k(s)  C k(u)  is  a finite  separable  extension  if  (17,  u) 
neighbourhood,  see  Morphisms,  Lemma  28.36.15 


(5,  s)  is  an  etale 


Lemma  36.27.2.  Let  S be  a scheme.  Let  s £ S.  Let  n(s)  C k be  a finite  separable 
field  extension.  Then  there  exists  an  etale  neighbourhood  (17,  u ) — > (S,  s ) such  that 
the  field  extension  n(s)  C k(u)  is  isomorphic  to  k(s)  C k. 


Proof.  We  may  assume  S is  affine.  In  this  case  the  lemma  follows  from  Algebra, 
Lemma  110. 141.161  □ 


057A  Lemma  36.27.3.  Let  S be  a scheme,  and  let  s be  a point  of  S . The  category  of 
etale  neighborhoods  has  the  following  properties: 

(1)  Let  (Ui,  u,)i=i,2  be  two  etale  neighborhoods  of  s in  S.  Then  there  exists  a 
third  etale  neighborhood  ( U,u ) and  morphisms  (U,u)  — ► ( Ui,Ui ),  i = 1,2. 

(2)  Let  hi,  h2  : (17,  u)  -A  ( U',u ')  be  two  morphisms  between  etale  neigh- 
borhoods of  s.  Assume  hi,  h2  induce  the  same  map  n(ur)  —¥  n(u)  of 
residue  fields.  Then  there  exist  an  etale  neighborhood  (U",u")  and  a mor- 
phism h : (U" , u")  —¥  ( U,u ) which  equalizes  h\  and  h2,  i.e.,  such  that 
hi  o h = h2  o h. 


Proof.  For  part  (1),  consider  the  fibre  product  U = U\  Xg  U2.  It  is  etale  over 
both  ?7i  and  U2  because  etale  morphisms  are  preserved  under  base  change,  see 
Morphisms,  Lemma  28.36.4  There  is  a point  of  U mapping  to  both  u\  and  u2  for 


example  by  the  description  of  points  of  a fibre  product  in  Schemes,  Lemma|25.17.5[ 
For  part  (2),  define  U"  as  the  fibre  product 


U" 

(hi,h2) 

" . Y 

U'  -^U'  xs  U' . 


Since  hi  and  h2  induce  the  same  map  of  residue  fields  k(u ')  — > k(u)  there  exists  a 
point  u"  £ U"  lying  over  u ' with  k(u")  = n(u’).  In  particular  U"  0.  Moreover, 
since  U'  is  etale  over  S,  so  is  the  fibre  product  U'  x 5 17'  (see  Morphisms,  Lemmas 
28.36.4  and  |28.36.3 ).  Hence  the  vertical  arrow  (hi,h2)  is  etale  by  Morphisms, 


Lemma  28.36. 18[  Therefore  17"  is  etale  over  U'  by  base  change,  and  hence  also 
etale  over  S (because  compositions  of  etale  morphisms  are  etale).  Thus  ( U",u ")  is 
a solution  to  the  problem.  □ 
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Lemma  36.27.4.  Let  S be  a scheme,  and  let  s be  a point  of  S.  The  category 
of  elementary  Stale  neighborhoods  of  (S,s)  is  cofiltered  (see  Categories,  Definition 
4.20.1]). 

Proof.  This  is  immediate  from  the  definitions  and  Lemma [36.27. 31  □ 

Lemma  36.27.5.  Let  S be  a scheme.  Let  s G S . Then  we  have 

°s,s  = colim(C/  u)  G(U) 

where  the  colimit  is  over  the  filtered  category  which  is  opposite  to  the  category  of 
elementary  Stale  neighbourhoods  ( U,u ) of(S,s). 

Proof.  Let  Spec(A)  C S be  an  affine  neighbourhood  of  s.  Let  p C A be  the 
prime  ideal  corresponding  to  s.  With  these  choices  we  have  canonical  isomorphisms 
Os,s  = Ap  and  k(s)  = «(p).  A cofinal  system  of  elementary  etale  neighbourhoods 
is  given  by  those  elementary  etale  neighbourhoods  ( U,u ) such  that  U is  affine  and 
U — > S factors  through  Spec(A).  In  other  words,  we  see  that  the  right  hand  side 
is  equal  to  colim^q)  B where  the  colimit  is  over  etale  A-algebras  B endowed  with 
a prime  q lying  over  p with  «(p)  = fc(q).  Thus  the  lemma  follows  from  Algebra, 
Lemma  IIP. 148.211  □ 


36.28.  Slicing  smooth  morphisms 

In  this  section  we  explain  a result  that  roughly  states  that  smooth  coverings  of  a 
scheme  S can  be  refined  by  etale  coverings.  The  technique  to  prove  this  relies  on  a 
slicing  argument. 

Lemma  36.28.1.  Let  f : X S be  a morphism  of  schemes.  Let  x € X be  a 
point  with  image  s G S.  Let  h G mx  C 0\,x-  Assume 

(1)  / is  smooth  at  x,  and 

(2)  the  image  dh  of  dh  in 

ftxB/s,x  ®Oxs,x  K(x)  = flx/s,x  »Oi,,  k(x) 

is  nonzero. 

Then  there  exists  an  affine  open  neighbourhood  U C X of  x such  that  h comes  from 
h G T(U,Ou)  and  such  that  D = V{h)  is  an  effective  Cartier  divisor  in  U with 
x G D and  D — >•  S smooth. 


Proof.  As  / is  smooth  at  x we  may  assume,  after  replacing  X by  an  open  neigh- 
bourhood of  x that  / is  smooth.  In  particular  we  see  that  / is  flat  and  locally 
of  finite  presentation.  By  Lemma  |36.18.1|  we  already  know  there  exists  an  open 
neighbourhood  U C X of  x such  that  h comes  from  h G T{U,Ou)  and  such  that 
D = V(h)  is  an  effective  Cartier  divisor  in  U with  x G D and  D S flat  and  of 
finite  presentation.  By  Morphisms,  Lemma  28.33.15  we  have  a short  exact  sequence 


C 


D/U 


¥Tlu/s  — i ► ^ D/S 


0 


where  i : D — > U is  the  closed  immersion  and  Cjj /u  is  the  conormal  sheaf  of  D 
in  U.  As  D is  an  effective  Cartier  divisor  cut  out  by  h G T(U,Ou)  we  see  that 
Cd/u  = h ' ®s-  Since  U — > S is  smooth  the  sheaf  Lljj/S  is  finite  locally  free,  hence 
its  pullback  i*Llu/g  is  finite  locally  free  also.  The  first  arrow  of  the  sequence  maps 
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the  free  generator  h to  the  section  dh\r>  of  i*Llrj/s  which  has  nonzero  value  in  the 
fibre  flu/s, x ® k(x)  by  assumption.  By  right  exactness  of  ®>k(x)  we  conclude  that 


dhnK(x)  (flD/S,x  ® k(x))  = dimre(x)  (flu/s,x  ® k(x))  - 1. 


By  Morphisms,  Lemma 


28.34.14 


we  see  that  £ljj/s,x  ® K(.x)  can  be  generated  by  at 


most  dimx(t/s)  elements.  By  the  displayed  formula  we  see  that  flD/s,x®Kix ) can  be 
generated  by  at  most  dimx([/s)  — 1 elements.  Note  that  dimx(Ds)  = dimx(C/s)  — 1 
for  example  because  dim(0£>s]X)  = dim {Ous,x)  ~ 1 by  Algebra,  Lemma  10.59.12 
(also  Ds  C Us  is  effective  Cartier,  see  Divisors,  Lemma  30.15.1)  and  then  using 
Morphisms,  Lemma 


28.28.1 


Thus  we  conclude  that  D 


by  at  most  dimx(D 
Morphisms,  Lemma  |28.34.14  again, 
smooth  and  we  win. 


D/S,x 


k(x)  can  be  generated 
elements  and  we  conclude  that  D — > S is  smooth  at  x by 
After  shrinking  U we  get  that  D — > S is 

□ 


057D  Lemma  36.28.2.  Let  f : X — > S be  a morphism  of  schemes.  Let  x £ X be  a 
point  with  image  s £ S . Assume 

(1)  / is  smooth  at  x,  and 

(2)  the  map 

^ Xs/s,x  ®Oxs,x  ^(^0  ^ ^k(x)/k(s) 

has  a nonzero  kernel. 

Then  there  exists  an  affine  open  neighbourhood  U C X of  x and  an  effective  Cartier 
divisor  D C U containing  x such  that  D — > S is  smooth. 


Proof.  Write  k = k(s)  and  R = Ox3,x-  Denote  m the  maximal  ideal  of  R and 
k = R/m  so  that  n = k(x).  As  formation  of  modules  of  differentials  commutes  with 


localization  (see  Algebra,  Lemma  10.130.8)  we  have  LlxB/s,x  = ^R/k-  By  Algebra, 
Lemma  [10. 130. 9|  there  is  an  exact  sequence 


m/m“  — > LlR/h  ®R  k — > LlK/k 


0. 


Hence  if  (2)  holds,  there  exists  an  element  h S m such  that  d h is  nonzero.  Choose 
a lift  h £ Ox,x  of  h and  apply  Lemma 


36.28.1 


□ 


36.28.2 


is  necessary  even  if  x 


057E  Remark  36.28.3.  The  second  condition  in  Lemma 

is  a closed  point  of  a positive  dimensional  fibre.  An  example  is  the  following:  Let  k 
be  a field  of  characteristic  p > 0 which  is  imperfect.  Let  a £ k be  an  element  which 
is  not  a pth  power.  Let  m = (x,  yp  — a)  C k[x,  y] . This  corresponds  to  a closed  point 
w of  X = A?.  Set  S = Ajf,  and  let  / : X — > S be  the  morphism  corresponding  to 


k[x]  — > k[x,  y].  Then  there  does  not  exist  any  commutative  diagram 


with  g etale  and  w in  the  image  of  h.  This  is  clear  as  the  residue  field  extension 
n(f(w))  C k(w)  is  purely  inseparable,  but  for  any  s'  £ S'  with  g(s')  = f(w)  the 
extension  n(f(w))  C k(s')  would  be  separable. 


If  you  assume  the  residue  field  extension  is  separable  then  the  phenomenon  of 
Remark [36.28.3|  does  not  happen.  Here  is  the  precise  result. 
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057F  Lemma  36.28.4.  Let  f : X —7  S be  a morphism  of  schemes.  Let  x £ X be  a 
point  with  image  s £ S . Assume 

(1)  f is  smooth  at  x, 

(2)  the  residue  field  extension  k(s)  C k(x)  is  separable,  and 

(3)  x is  not  a generic  point  of  Xs . 

Then  there  exists  an  affine  open  neighbourhood  U C X of  x and  an  effective  Cartier 
divisor  D C U containing  x such  that  D — ► S is  smooth. 


Proof.  Write  k = k(s ) and  R = OxB,x-  Denote  m the  maximal  ideal  of  R and 
k = R/m  so  that  k = k[x).  As  formation  of  modules  of  differentials  commutes 
with  localization  (see  Algebra,  Lemma  10.130.8)  we  have  Llx/sx  = D R/k . By 


assumption  (2)  and  Algebra,  Lemma  10.138.4  the  map 


d : m/m2  — > ClR/k  «(m) 


is  injective.  Assumption  (3)  implies  that  m/m2  7^  0.  Thus  there  exists  an  element 
h £ m such  that  dh  is  nonzero.  Choose  a lift  h £ Ox,x  of  h and  apply  Lemma 


136.28.11 


□ 


The  subscheme  Z constructed  in  the  following  lemma  is  really  a complete  intersec- 
tion in  an  affine  open  neighbourhood  of  x.  If  we  ever  need  this  we  will  explicitly 
formulate  a separate  lemma  stating  this  fact. 

057G  Lemma  36.28.5.  Let  f : X —7  S be  a morphism  of  schemes.  Let  x £ X be  a 
point  with  image  s £ S . Assume 

(1)  / is  smooth  at  x,  and 

(2)  x is  a closed  point  of  Xs  and  k(s)  C k(x)  is  separable. 

Then  there  exists  an  immersion  Z — > X containing  x such  that 

(1)  Z — ^ S is  etale,  and 

(2)  Z3  = {x}  set  theoretically. 

Proof.  We  may  and  do  replace  S by  an  affine  open  neighbourhood  of  s.  We 
may  and  do  replace  X by  an  affine  open  neighbourhood  of  x such  that  X — > S is 
smooth.  We  will  prove  the  lemma  for  smooth  morphisms  of  affines  by  induction  on 
d = dimx(Xs). 


The  case  d = 0.  In  this  case  we  show  that  we  may  take  Z to  be  an  open  neigh- 
bourhood of  x.  Namely,  if  d = 0,  then  X — > S is  quasi-finite  at  x,  see  Morphisms, 
Lemma  28.29.5|  Hence  there  exists  an  affine  open  neighbourhood  U C X such  that 
U — ► S is  quasi-finite,  see  Morphisms,  Lemma^S. 50. 2[  Thus  after  replacing  X by  U 
we  see  that  X is  quasi-finite  and  smooth  over  S , hence  smooth  of  relative  dimension 
0 over  S , hence  etale  over  S.  Moreover,  the  fibre  Xs  is  a finite  discrete  set.  Hence 
after  replacing  X by  a further  affine  open  neighbourhood  of  X we  see  that  that 
/-1({s})  = {a;}  (because  the  topology  on  Xs  is  induced  from  the  topology  on  X, 
see  Schemes,  Lemma  25.18.5).  This  proves  the  lemma  in  this  case. 


Next,  assume  d > 0.  Note  that  because  x is  a closed  point  of  its  fibre  the  exten- 
sion k(s)  C k(x)  is  finite  (by  the  Hilbert  Nullstellensatz,  see  Morphisms,  Lemma 
28.20.3).  Thus  we  see  QK(X)/K(S)  = 0 as  this  holds  for  algebraic  separable  held 
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extensions.  Thus  we  may  apply  Lemma |36.28.2| to  find  a diagram 

D U X 


with  x £ D.  Note  that  dim;c(£)s)  = dim2:(Xs)  — 1 for  example  because  dim(0£)s):z)  = 
dim(Oxe,x)  — 1 by  Algebra,  Lemma  10.59.12  (also  Ds  C Xs  is  effective  Cartier,  see 
Divisors,  Lemma  30.15.1)  and  then  using  Morphisms,  Lemma  28.28.1  Thus  the 


morphism  D — > S is  smooth  with  dim X(DS)  = dima.(As)  — 1 = d—1.  By  induction 
hypothesis  we  can  find  an  immersion  Z — > D as  desired,  which  finishes  the  proof.  □ 

055U  Lemma  36.28.6.  Let  f : X — ► S be  a smooth  morphism  of  schemes.  Let  s £ S be 
a point  in  the  image  of  f.  Then  there  exists  an  etale  neighbourhood  (S' , s')  — > (S,  s) 
and  a S -morphism  S'  — > X. 


First  proof  of  Lemma  36.28.6[  By  assumption  Xs  0.  By  Varieties,  Lemma 


32.20.6  there  exists  a closed  point  x £ Xs  such  that  n(x)  is  a finite  separable  field 


extension  of  n(s).  Hence  by  Lemma  36.28.5  there  exists  an  immersion  Z — > X such 
that  Z — » 5 is  etale  and  such  that  x £ Z.  Take  (S',  s')  = (Z,  x).  □ 


Second  proof  of  Lemma  36.28.6  Pick  a point  x £ X with  f(x)  = s.  Choose  a 
diagram 

ACjigJv  u - 


Y < 


In 


with  7 r etale,  x £ U and  V = Spec(f?)  affine,  see  Morphisms,  Lemma  28.36.20 
particular  s £ V.  The  morphism  7r  : U — > A'/-  is  open,  see  Morphisms,  Lemma 
Thus  W = 7 r(V)  n Af  is  a nonempty  open  subset  of  Af.  Let  w £ W 


28.36.13 


be  a point  with  k(s)  C k(w)  finite  separable,  see  Varieties,  Lemma  32.20.5  By 
Algebra,  Lemma  10.113.1  there  exist  d elements  f1,...,fd  £ k(s)[xi,  . . . , xfl  which 
generate  the  maximal  ideal  corresponding  to  w in  k(s)[xi,  . . . , xn].  After  replacing 
R by  a principal  localization  we  may  assume  there  are  fi, . . . , fd  £ R[x i, . . . , Xd\ 
which  map  to  /i,  • . ■ , fd  G k(s)[xi,  . . . , xf).  Consider  the  f?-algebra 

R'  = R[xu...,xd\/(f1,...,fd) 

and  set  S'  = Spec (R').  By  construction  we  have  a closed  immersion  j : S'  -£  Ay 
over  V.  By  construction  the  fibre  of  S'  — » V over  s is  a single  point  s'  whose  residue 
field  is  finite  separable  over  k(s).  Let  q'  C R'  be  the  corresponding  prime.  By  Al- 


gebra, Lemma  10.134.11  we  see  that  ( R')g  is  a relative  global  complete  intersection 
over  R for  some  g £ R',  g fL  q.  Thus  S'  — i V is  flat  and  of  finite  presentation  in  a 
neighbourhood  of  s',  see  Algebra,  Lemma  [l0.134.14  By  construction  the  scheme 
theoretic  fibre  of  S'  — > V over  s is  Specks')).  Hence  it  follows  from  Morphisms, 
Lemma  128.36. 15l that  S'  — > S is  etale  at  s'.  Set 


S"  = Ux. 


, S'. 


By  construction  there  exists  a point  s''  £ S"  which  maps  to  s'  via  the  projection 
p : S"  — >•  S' . Note  that  p is  etale  as  the  base  change  of  the  etale  morphism  ir,  see 


Morphisms,  Lemma  28.36.4  Choose  a small  affine  neighbourhood  S'"  C S"  of  s" 
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055V 


04HE 

02LG 


02LH 


which  maps  into  the  nonempty  open  neighbourhood  of  s'  £ S'  where  the  morphism 
S'  — > S is  etale.  Then  the  etale  neighbourhood  (S'",  s")  -A  ( S , s)  is  a solution  to 
the  problem  posed  by  the  lemma.  □ 


The  following  lemma  shows  that  sheaves  for  the  smooth  topology  are  the  same 
thing  as  sheaves  for  the  etale  topology. 


Lemma  36.28.7.  Let  S be  a scheme.  LetlA  = {Si  — > S}i^j  be  a smooth  covering 
of  S,  see  Topologies,  Definition  \33.5.1\  Then  there  exists  an  etale  covering  V = 
{Tj  — ► S}jej  (see  Topologies,  Definition  33.4-1)  which  refines  (see  Sites,  Definition 

TfTfyU. 


Proof.  For  every  s £ S there  exists  an  i £ I such  that  s is  in  the  image  of  Si  -A  S. 
By  Lemma  36.28.6  we  can  find  an  etale  morphism  gs  : Ts  -A  S'  such  that  s £ gs(T)s 
and  such  that  gs  factors  through  Si  -A  S.  Hence  {Ts  — ► S}  is  an  etale  covering  of 
S that  refines  U.  □ 


36.29.  Finite  free  locally  dominates  etale 


In  this  section  we  explain  a result  that  roughly  states  that  etale  coverings  of  a 
scheme  S can  be  refined  by  Zariski  coverings  of  finite  locally  free  covers  of  S. 

Lemma  36.29.1.  Let  S be  a scheme.  Let  s £ S.  Let  / : ( U,u ) -A  ( S,s ) be  an 
etale  neighbourhood.  There  exists  an  affine  open  neighbourhood  s £ V C S and  a 
surjective,  finite  locally  free  morphism  n : T -A  V such  that  for  every  t £ 7r_1(.s) 
there  exists  an  open  neighbourhood  t £ Wt  C T and  a commutative  diagram 


V ► S 


with  ht(t)  = u. 


Proof.  The  problem  is  local  on  S hence  we  may  replace  S by  any  open  neigh- 
bourhood of  s.  We  may  also  replace  U by  an  open  neighbourhood  of  u.  Hence, 
by  Morphisms,  Lemma  |28.36.14|  we  may  assume  that  U -A  S is  a standard  etale 
morphism  of  affine  schemes.  In  this  case  the  lemma  (with  V = S)  follows  from 
Algebra,  Lemma  10.141. 18|  □ 


Lemma  36.29.2.  Let  f : U — » S be  a surjective  etale  morphism  of  affine  schemes. 
There  exists  a surjective,  finite  locally  free  morphism  7r  : T — > S and  a finite  open 
covering  T = T\  U . . . U Tn  such  that  each  — > S factors  through  U —>  S . Diagram: 


UTi 


T 


U 


where  the  south-west  arrow  is  a Zariski- covering. 

Proof.  This  is  a restatement  of  Algebra,  Lemma  [10. 141. 19]  □ 
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02LI 


04HF 


02LJ 


02LK 


Remark  36.29.3.  In  terms  of  topologies  the  lemmas  above  mean  the  following. 
Let  S be  any  scheme.  Let  {/,;  : 17,  — > S}  be  an  etale  covering  of  S.  There  exists  a 
Zariski  open  covering  S = (J  V),  for  each  j a finite  locally  free,  surjective  morphism 
Wj  — > Vj,  and  for  each  j a Zariski  open  covering  {Wj  k — > Wj}  such  that  the  family 
{Wjj-  — ► S}  refines  the  given  etale  covering  {_/)  : Ut  — > 5}.  What  does  this  mean  in 
practice?  Well,  for  example,  suppose  we  have  a descent  problem  which  we  know  how 
to  solve  for  Zariski  coverings  and  for  fppf  coverings  of  the  form  {it  : T — > S}  with 
7 r finite  locally  free  and  surjective.  Then  this  descent  problem  has  an  affirmative 
answer  for  etale  coverings  as  well.  This  trick  was  used  by  Gabber  in  his  proof  that 
Br(X)  = Br'(X)  for  an  affine  scheme  X , see  IHoo82| . 


36.30.  Etale  localization  of  quasi-finite  morphisms 


Now  we  come  to  a series  of  lemmas  around  the  theme  “quasi-finite  morphisms 
become  finite  after  etale  localization”.  The  general  idea  is  the  following.  Suppose 
given  a morphism  of  schemes  / : X — > S and  a point  s £ S.  Let  <p  : ( U , u)  — > (S,  s ) 
be  an  etale  neighbourhood  of  s in  S.  Consider  the  fibre  product  Xjj  = U x s X and 
the  basic  diagram 


(36.30.0.1) 


V 


X 

f 

S 


where  V C Xu  is  open.  Is  there  some  standard  model  for  the  morphism  fu  : Xu  — t 
U,  or  for  the  morphism  V — > U for  suitable  opens  VI  Of  course  the  answer  is  no 
in  general.  But  for  quasi-finite  morphisms  we  can  say  something. 

Lemma  36.30.1.  Let  f : X — >■  S be  a morphism  of  schemes.  Let  x £ X . Set 
s = f(x).  Assume  that 

(1)  f is  locally  of  finite  type,  and 

(2)  x £ Xs  is  isolotecQ 
Then  there  exist 


(a)  an  elementary  etale  neighbourhood  ( U,u ) — > (S,s), 

(b)  an  open  subscheme  V C Xu  (see  36.30.0.1 ) 
such  that 


(i)  V — > U is  a finite  morphism, 

(ii)  there  is  a unique  point  v of  V mapping  to  u in  U,  and 

(iii)  the  point  v maps  to  x under  the  morphism  Xu  — > X,  inducing  k(x ) = 
k(v). 

Moreover,  for  any  elementary  etale  neighbourhood  ( U',u ')  — ► (17,  it)  setting  V'  = 
U'  Xu  V C Xu1  the  triple  (U',u',V')  satisfies  the  properties  (i),  (ii),  and  (iii)  as 
well. 


Proof.  Let  Y C X,  W C S be  affine  opens  such  that  f(Y)  C W and  such  that 
x £ Y.  Note  that  x is  also  an  isolated  point  of  the  fibre  of  the  morphism  f\y  : Y — ► 
W.  If  we  can  prove  the  theorem  for  f\y  : Y -A  W,  then  the  theorem  follows  for  /. 
Hence  we  reduce  to  the  case  where  / is  a morphism  of  affine  schemes.  This  case  is 
Algebra,  Lemma  |10.141.22l  □ 


2In  the  presence  of  (1)  this  means  that  / is  quasi-finite  at  x,  see  Morphisms,  Lemma 


28.20.6 
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In  the  preceding  and  following  lemma  we  do  not  assume  that  the  morphism  / is 
separated.  This  means  that  the  opens  V,  V.  created  in  them  are  not  necessarily 
closed  in  Xjj-  Moreover,  if  we  choose  the  neighbourhood  U to  be  affine,  then  each 
Vi  is  affine,  but  the  intersections  V,  D Vj  need  not  be  affine  (in  the  nonseparated 
case). 

02LL  Lemma  36.30.2.  Let  f : X — » S be  a morphism  of  schemes.  Let  X\, . . . , xn  £ X 
be  points  having  the  same  image  s in  S . Assume  that 

(1)  f is  locally  of  finite  type , and 

(2)  Xi  £ Xs  is  isolated  for  i = 1, . . . , n. 

Then  there  exist 

(a)  an  elementary  etale  neighbourhood  ( U,u ) — > ( S,s ), 

(b)  for  each  i an  open  subscheme  Vi  C Xjj, 
such  that  for  each  i we  have 

(i)  Vi  — Y U is  a finite  morphism, 

(ii)  there  is  a unique  point  Vi  of  V.  mapping  to  u in  U , and 

(iii)  the  point  Vi  maps  to  Xi  in  X and  K(xf)  = n(vi). 


Proof.  We  will  use  induction  on  n.  Namely,  suppose  ( U , u)  — > ( S , s)  and  V C Xu, 
i = 1, . . . , n — 1 work  for  X\, . . . , xn-\.  Since  n(s ) = n(u)  the  fibre  ( Xu)u  = Xs. 
Hence  there  exists  a unique  point  x'n  £ Xu  C Xu  corresponding  to  xn  £ Xs. 
Also  x'n  is  isolated  in  Xu.  Hence  by  Lemma  36.30.1  there  exists  an  elementary 
etale  neighbourhood  (U' ,u')  -A  (U,  u)  and  an  open  Vn  C XV'  which  works  for  x'n 
and  hence  for  xn.  By  the  final  assertion  of  Lemma  [36.30.1|  the  open  subschemes 
V(  = U'  xv  Vi  for  i = 1, . . . , n — 1 still  work  with  respect  to  x\, , xn-\.  Hence 
we  win.  □ 


If  we  allow  a nontrivial  field  extension  k(s)  C k(u),  i.e.,  general  etale  neighbour- 
hoods, then  we  can  split  the  points  as  follows. 

02LM  Lemma  36.30.3.  Let  f : X — » S be  a morphism  of  schemes.  Let  x\, . . . , xn  £ X 
be  points  having  the  same  image  s in  S . Assume  that 

(1)  f is  locally  of  finite  type,  and 

(2)  Xi  £ Xs  is  isolated  for  i = 1, . . . , n. 

Then  there  exist 

(a)  an  etale  neighbourhood  ( U,u ) — » (S,s), 

(b)  for  each  i an  integer  mi  and  open  subschemes  Vij  C Xu,  j = 1, . . . , 
such  that  we  have 

(i)  each  Vij  — » U is  a finite  morphism, 

(ii)  there  is  a unique  point  Vij  ofVij  mapping  to  u in  U with  k(u)  C n{vij) 
finite  purely  inseparable, 

(iv)  if  Vij  = Vi>j>,  then  i = i'  and  j = j' , and 

(iii)  the  points  Vij  map  to  Xi  in  X and  no  other  points  of  (Xu) u map  to  Xi . 


Proof.  This  proof  is  a variant  of  the  proof  of  Algebra,  Lemma  |10.141.24  in  the 
language  of  schemes.  By  Morphisms,  Lemma  |28.20.6|  the  morphism  / is  quasi- 
finite  at  each  of  the  points  Xi.  Hence  n(s)  C n(xi ) is  finite  for  each  i (Morphisms, 
Lemma  28.20.5).  For  each  i,  let  k(s)  C Li  C n(Xi)  be  the  subfield  such  that  Li/n(s) 
is  separable,  and  n(Xi)/Li  is  purely  inseparable.  Choose  a finite  Galois  extension 
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k(s)  C L such  that  there  exist  K(s)-embeddings  Li  — > L for  i = 1, . . . , n.  Choose  an 
etale  neighbourhood  (17,  u)  — » (S,  s)  such  that  L = k(u)  as  «(s)-extensions  (Lemma 


36.27.2). 


Let  i jij,  j = 1, . . . ,nii  be  the  points  of  Xjj  lying  over  Xi  £ X and  u £ U.  By 
Schemes,  Lemma  25.17.5  these  points  yt.j  correspond  exactly  to  the  primes  in  the 


rings  k(u)  ®k(s)  «(*»)■  This  also  explains  why  there  are  finitely  many;  in  fact 
rrii  = [Li  : k(s)]  but  we  do  not  need  this.  By  our  choice  of  L (and  elementary 
field  theory)  we  see  that  k(u)  C n(yi,j)  is  finite  purely  inseparable  for  each  pair 
i,  j.  Also,  by  Morphisms,  Lemma [28. 20. 13|  for  example,  the  morphism  Xjj  — >•  L/  is 
quasi-finite  at  the  points  yi.j  for  all  i,j. 


Apply  Lemma  36.30.2  to  the  morphism  Xu  -A  U,  the  point  u £ U and  the  points 


yij  £ ( Xjj)u-  This  gives  an  etale  neighbourhood  (£/',  u')  -A  (17,  u ) with  k(u ) = k(u') 
and  opens  C X 'u>  with  the  properties  (i),  (ii),  and  (iii)  of  that  lemma.  We 
claim  that  the  etale  neighbourhood  ( U',u ')  -A  (S,  s)  and  the  opens  Vh]  C XV'  are 
a solution  to  the  problem  posed  by  the  lemma.  We  omit  the  verifications.  □ 


02LN  Lemma  36.30.4.  Let  f : X — » S be  a morphism  of  schemes.  Let  s £ S . Let 
Xi, . . . ,xn  £ Xs.  Assume  that 

(1)  f is  locally  of  finite  type, 

(2)  / is  separated,  and 

(3)  xi, ...  ,xn  are  pairwise  distinct  isolated  points  of  Xs. 

Then  there  exists  an  elementary  etale  neighbourhood  (U,  u ) -A  ( S , s)  and  a decom- 
position 

UxsX  = WUV1U...UV„ 

into  open  and  closed  subschemes  such  that  the  morphisms  Vi  -A  U are  finite,  the 
fibres  ofVi^-U  over  u are  singletons  {ui},  each  Vi  maps  to  Xi  with  n(xi)  = n(vi), 
and  the  fibre  ofW^-U  over  u contains  no  points  mapping  to  any  of  the  a . 


Proof.  Choose  (17,  u)  -A  (5,  s)  and  V)  C Xu  as  in  Lemma  36.30.2 
U is  separated  (Schemes,  Lemma  25.21.13)  and  Vi 


Since  Xu 


U is  finite  hence  proper 
(Morphisms,  Lemma  28.43.10 ) we  see  that  V)  C Xu  is  closed  by  Morphisms,  Lemma 


28.41.7 


Hence  V D Vj  is  a closed  subset  of  V)  which  does  not  contain  U;.  Hence 
the  image  of  V D Vj  in  U is  a closed  set  (because  Vt  — » U proper)  not  containing  u. 
After  shrinking  U we  may  therefore  assume  that  V)  D Vj  = 0 for  all  i,j.  This  gives 
the  decomposition  as  in  the  lemma.  □ 


Here  is  the  variant  where  we  reduce  to  purely  inseparable  held  extensions. 

02LO  Lemma  36.30.5.  Let  f : X -A  S be  a morphism  of  schemes.  Let  s £ S . Let 
X\, . . . , xn  £ Xs.  Assume  that 

(1)  f is  locally  of  finite  type, 

(2)  / is  separated,  and 

(3)  xi, ...  ,xn  are  pairwise  distinct  isolated  points  of  Xs. 

Then  there  exists  an  etale  neighbourhood  (U,  u)  -A  ( S , s)  and  a decomposition 


UxsX  = W H 


H, 


V. 


into  open  and  closed  subschemes  such  that  the  morphisms  V.j  -A  U are  finite,  the 
fibres  ofVij  -A  U over  u are  singletons  {vij},  each  Vij  maps  to  x^,  n(u)  C K(vitj) 
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02LP 


02LQ 

03GW 


is  purely  inseparable,  and  the  fibre  of  W — * U over  u contains  no  points  mapping 
to  any  of  the  Xi . 

Proof.  This  is  proved  in  exactly  the  same  way  as  the  proof  of  Lemma  |36.30.4| 
except  that  it  uses  Lemma |36.30.3| instead  of  Lemma |36.30.2|  □ 


The  following  version  may  be  a little  easier  to  parse. 

Lemma  36.30.6.  Let  f : X S be  a morphism  of  schemes.  Let  s £ S.  Assume 
that 


(1)  f is  locally  of  finite  type, 

(2)  f is  separated,  and 

(3)  Xs  has  at  most  finitely  many  isolated  points. 

Then  there  exists  an  elementary  etale  neighbourhood  (U,  u ) — > (S,  s)  and  a decom- 
position 

U xsX  = WUV 

into  open  and  closed  subschemes  such  that  the  morphism  V -A  U is  finite,  and  the 
fibre  Wu  of  the  morphism  W -A  U contains  no  isolated  points.  In  particular,  if 
f~1(s ) is  a finite  set,  then  Wu  = 0. 


Proof.  This  is  clear  from  Lemma  36. 30. 4|  by  choosing  x\, 
of  isolated  points  of  Xs  and  setting  V = (J  Vi. 


the  complete  set 
□ 


36.31.  Zariski’s  Main  Theorem 


We  can  use  the  results  Section  |36.30|  to  prove  the  scheme  theoretic  version  of 
Zariski’s  main  theorem. 


Lemma  36.31.1.  Let  f : X -A  S be  a morphism  of  schemes.  Assume  f is  of 
finite  type  and  separated.  Let  S'  be  the  normalization  of  S in  X , see  Morphisms, 
Definition\28. 48~3[  Picture: 


Then  there  exists  an  open  subscheme  U'  C S'  such  that 

(1)  (/7)_1(E^7)  — t U'  is  an  isomorphism,  and 

(2)  (/,)-1(^,)  C X is  the  set  of  points  at  which  f is  quasi-finite. 


Proof.  By  Morphisms,  Lemma  |28.50.2|  the  subset  U C X of  points  where  / is 
quasi-finite  is  open.  The  lemma  is  equivalent  to 

(a)  U'  = f'iU)  C S'  is  open, 

(b)  f/  = /-1(t/'),and 

(c)  U — > U'  is  an  isomorphism. 

Let  x £ U be  arbitrary.  We  claim  there  exists  an  open  neighbourhood  f(x)  £ V C 
S'  such  that  (Z7)-1^  — ► V is  an  isomorphism.  We  first  prove  the  claim  implies 
the  lemma.  Namely,  then  (f')~1V  = V is  both  locally  of  finite  type  over  S (as  an 
open  subscheme  of  X)  and  for  v £ V the  residue  field  extension  k(v)  D k(i^(u)) 
is  algebraic  (as  V C S'  and  S'  is  integral  over  S).  Hence  the  fibres  of  V — >•  S 
are  discrete  (Morphisms,  Lemma  28.20.2)  and  (f')~1V  -A  S'  is  locally  quasi-finite 
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(Morphisms,  Lemma  28.20.8).  This  implies  (/')  XV  C U and  V C U' . Since  x was 
arbitrary  we  see  that  (a),  (b),  and  (c)  are  true. 


Let  s = f(x).  Let  (T,t)  -A  (S,  s)  be  an  elementary  etale  neighbourhood.  Denote 
by  a subscript  t the  base  change  to  T.  Let  y = ( x , t)  £ Xt  be  the  unique  point 
in  the  fibre  Xt  lying  over  x.  Note  that  Ut  C Xt  is  the  set  of  points  where  /t  is 
quasi-finite,  see  Morphisms,  Lemma [28.20. 13[  Note  that 

XT  — S't  — > T 


is  the  normalization  of  T in  Xt,  see  Lemma  36.14.2  Suppose  that  the  claim  holds 
for  y £ Ut  C Xt  — > Sj-  — > T,  i.e. , suppose  that  we  can  find  an  open  neighbourhood 
fr(.y)  £ V'  C S'T  such  that  (/t)-1^  — ► V'  is  an  isomorphism.  The  morphism 
S'T  -A  S'  is  etale  hence  the  image  V C S'  of  V'  is  open.  Observe  that  f'(x)  € V as 
/r(y)  e V-  Observe  that 


WtY'v — -(/r1^) 

I V 

V' 1/ 


is  a fibre  square  (as  St><S'X  = Xt)-  Since  the  left  vertical  arrow  is  an  isomorphism 
and  {V  — > V}  is  a etale  covering,  we  conclude  that  the  right  vertical  arrow  is  an 
isomorphism  by  Descent,  Lemma  134.19.151  In  other  words,  the  claim  holds  for 
x£UcX^  S’  ->S. 


By  the  result  of  the  previous  paragraph  we  may  replace  S by  an  elementary  etale 
neighbourhood  of  s = f(x)  in  order  to  prove  the  claim.  Thus  we  may  assume  there 
is  a decomposition 

X = vuw 


into  open  and  closed  subschemes  where  V — > S is  finite  and  x £ V , see  Lemma 
36.30.4  Since  X is  a disjoint  union  of  V and  W over  S and  since  V — > S is  finite 


we  see  that  the  normalization  of  S in  X is  the  morphism 

X = vuw  — >vuw'  — > s 


where  W'  is  the  normalization  of  S in  W,  see  Morphisms,  Lemmas  28.48.9 , 28.43.4 
andl28.48.11l  The  claim  follows  and  we  win.  □ 


02LR  Lemma  36.31.2.  Let  f : X — ► S'  be  a morphism  of  schemes.  Assume  f is 
quasi-finite  and  separated.  Let  S'  be  the  normalization  of  S in  X , see  Morphisms, 
Definition\28.f87^  Picture: 


Then  f is  a quasi-compact  open  immersion  and  v is  integral.  In  particular  f is 
quasi-affine. 

Proof.  This  follows  from  Lemma  |36.31.1|  Namely,  by  that  lennna  there  exists 
an  open  subscheme  U'  C S'  such  that  (/,)-1(^7)  = A'  (!)  and  X — ► U'  is  an 
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isomorphism!  In  other  words,  f is  an  open  immersion.  Note  that  f is  quasi- 
compact as  / is  quasi-compact  and  v : S'  — > S is  separated  (Schemes,  Lemma 
25.21.15 1.  It  follows  that  / is  quasi-affine  by  Morphisms,  Lemma  28.13.3|  □ 


05K0  Lemma  36.31.3.  Let  f : X -A  S be  a morphism  of  schemes.  Assume  f is  quasi- 
jinite  and  separated  and  assume  that  S is  quasi-compact  and  quasi-separated.  Then 
there  exists  a factorization 


where  j is  a quasi-compact  open  immersion  and  i r is  finite. 


Proof.  Let  X — > S'  — > S be  as  in  the  conclusion  of  Lemma  36.31.2  By  Properties, 
Lemma  |27.22.13|  we  can  write  iz^Os1  = colinqg/Ai  as  a directed  colinrit  of  finite 
quasi-coherent  CW-algebras  At  C v*Os'-  Then  : T,;  = Specs(_4i)  -A  5 is  a finite 
morphism  for  each  i.  Note  that  the  transition  morphisms  T p — > Ti  are  affine  and 
that  S'  = limT). 


By  Limits,  Lemma  31.3.8  there  exists  an  i and  a quasi-compact  open  Vi  C whose 
inverse  image  in  S'  equals  /'( A').  For  i'  > i let  Up  be  the  inverse  image  of  Vi  in 
Tv . Then  X = f'{X ) = limi/>j  Up,  see  Limits,  Lemma  31.2.2  By  Limits,  Lemma 
31.3.13  we  see  that  A'  -a  Up  is  a closed  immersion  for  some  i'  > i.  (In  fact  X = Vp 
for  sufficiently  large  i'  but  we  don’t  need  this.)  Hence  X — > Tp  is  an  immersion. 
By  Morphisms,  Lemma  28.3.2  we  can  factor  this  as  X — > T — > Tp  where  the  first 
arrow  is  an  open  immersion  and  the  second  a closed  immersion.  Thus  we  win.  □ 


02LS  Lemma  36.31.4.  Let  f : X — > S be  a morphism  of  schemes.  The  following  are 
equivalent: 

(1)  f is  finite, 

(2)  / is  proper  with  finite  fibres. 

(3)  / is  universally  closed,  separated,  locally  of  finite  type  and  has  finite  fibres. 


Proof.  We  have  (1)  implies  (2)  by  Morphisms,  Lemmas  28.43.10  28.20.10  and 
28.43.9  By  definition  (2)  implies  (3). 


Assume  (3).  Pick  s £ S.  By  Morphisms,  Lemma  28.20.7  we  see  that  all  the  finitely 
many  points  of  Xs  are  isolated  in  Xs.  Choose  an  elementary  etale  neighbourhood 
(V,  u)  — > (S,s)  and  decomposition  Xu  = V U W as  in  Lemma  36.30.6  Note  that 
Wu  = 0 because  all  points  of  Xs  are  isolated.  Since  / is  universally  closed  we  see 
that  the  image  of  W in  V is  a closed  set  not  containing  u.  After  shrinking  V we 
may  assume  that  W = 0.  In  other  words  we  see  that  X u = V is  finite  over  V.  Since 
s £ S was  arbitrary  this  means  there  exists  a family  {Vi  — > /S'}  of  etale  morphisms 
whose  images  cover  S such  that  the  base  changes  X[j.  — ► Vi  are  finite.  Note  that 
{Vi  -A  S}  is  an  etale  covering,  see  Topologies,  Definition  33.4.1  Hence  it  is  an  fpqc 


covering,  see  Topologies,  Lemma [33. 8 .6|  Hence  we  conclude  / is  finite  by  Descent, 
Lemma  134. 19.211  □ 


As  a consequence  we  have  the  following  useful  results. 
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02UP  Lemma  36.31.5.  Let  f : X -A  S be  a morphism  of  schemes.  Let  s £ S.  Assume 
that  f is  proper  and  f~1{{s})  is  a finite  set.  Then  there  exists  an  open  neighbour- 
hood V C S of  s such  that  /|/-i(y)  : /-1(P)  — > V is  finite. 


Proof.  The  morphism  / is  quasi-finite  at  all  the  points  of  /-1({s})  by  Morphisms, 
Lemma  |28.20.7[  By  Morphisms,  Lemma  |28.50.2|  the  set  of  points  at  which  / is 
quasi-finite  is  an  open  U C X.  Let  Z = X \U . Then  s fL  f(Z).  Since  / is 
proper  the  set  f(Z)  C S is  closed.  Choose  any  open  neighbourhood  V C S of 
s with  Z Cl  V = 0.  Then  /-1(V)  — > V is  locally  quasi-finite  and  proper.  Hence 
it  is  quasi-finite  (Morphisms,  Lemma  28.20.9),  hence  has  finite  fibres  (Morphisms, 
Lemma  28.20.10),  hence  is  finite  by  Lemma  36.31.4  □ 


0AH8  Lemma  36.31.6.  Consider  a commutative  diagram  of  schemes 


> Y 


Let  s £ S.  Assume 

(1)  X — y S is  a proper  morphism , 

(2)  Y — > S is  separated  and  locally  of  finite  type,  and 

(3)  the  image  of  Xs  — > Ys  is  finite. 

Then  there  is  an  open  subspace  U C S containing  s such  that  Xjj  — > Yjj  factors 
through  a closed  subscheme  Z C Yjj  finite  over  U . 


Proof.  Let  Z C Y be  the  scheme  theoretic  image  of  h,  see  Morphisms,  Section  28.6 
By  Morphisms,  Lemma  28.41.9  the  morphism  A'  — > Z is  surjective  and  Z — > S is 
proper.  Thus  As  -A  Zs  is  surjective.  We  see  that  either  (3)  implies  Zs  is  finite. 
Hence  Z -A  S is  finite  in  an  open  neighbourhood  of  s by  Lemma  |36. 31. 5[  □ 


0311  Lemma  36.31.7.  Let  f : Y -A  X be  a quasi-finite  morphism.  There  exists  a dense 
open  U C X such  that  f\f-i(u)  '■  f1^)  — » U is  finite. 

Proof.  If  Ui  C A,  i £ I is  a collection  of  opens  such  that  the  restrictions  f\f-i(Ui)  '■ 
/-1(C/i)  -A  Ui  are  finite,  then  with  U = (J  Ui  the  restriction  : /-1([/)  -A  U 

is  finite,  see  Morphisms,  Lemma  28.43. 3|  Thus  the  problem  is  local  on  X and  we 
may  assume  that  X is  affine. 


Assume  X is  affine.  Write  Y = Uj=i  m Vj  Vj  affine.  This  is  possible  since  / 
is  quasi-finite  and  hence  in  particular  quasi-compact.  Each  V:]  — > X is  quasi-finite 
and  separated.  Let  p £ X be  a generic  point  of  an  irreducible  component  of  A. 
We  see  from  Morphisms,  Lemmas  |28.20.10]  and  |28.47.1|  that  there  exists  an  open 
neighbourhood  p £Urj  such  that  /_1(t/?))  fl  Vj  — > Uv  is  finite.  We  may  choose  Uv 
such  that  it  works  for  each  j = \, ...  ,m.  Note  that  the  collection  of  generic  points 
of  X is  dense  in  X.  Thus  we  see  there  exists  a dense  open  W = (J  Uv  such  that 
each  f~1(W)  fl  Vj  — > W is  finite.  It  suffices  to  show  that  there  exists  a dense  open 
U C W such  that  f\f-i(u)  '■  f~l{U)  U is  finite.  Thus  we  may  replace  X by  an 
affine  open  subscheme  of  W and  assume  that  each  Vj  A is  finite. 
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Assume  X is  affine,  Y = Uj=i  Tl 
X are  finite.  Set 


Vj  with  Vj  affine,  and  the  restrictions  f\v 


Vj 


Xij  — 


(Vi  n Vj  \ vt  n Vj)  n vr 


This  is  a nowhere  dense  closed  subset  of  Vj  because  it  is  the  boundary  of  the  open 
subset  Vj  n Vj  in  Vj.  By  Morphisms,  Lemma  28.45.7  the  image  /(Ay)  is  a nowhere 


dense  closed  subset  of  X.  By  Topology,  Lemma  5.20.2  the  union  T = (J  /(Ay)  is 
a nowhere  dense  closed  subset  of  X.  Thus  U = X \ T is  a dense  open  subset  of 
X.  We  claim  that  f\f~nu)  : /-1(£/)  -At/  is  finite.  To  see  this  let  U'  C U be  an 
affine  open.  Set  Y'  = /_1(t/')  = U'  xx  Y,  Vj  = Y'  n Vj  = U'  Xj  Vj.  Consider  the 
restriction 

/'  = f\Y,  : Y'  — x U' 

of  /.  This  morphism  now  has  the  property  that  Y'  = U/=i  m Vj  is  an  affine  open 
covering,  each  V'  -A  U'  is  finite,  and  V-  D V'  is  (open  and)  closed  both  in  V(  and 
V-.  Hence  V-  D V'  is  affine,  and  the  map 

o(v!)  ®z  o(Vj ')  —A  o<y!  n vj) 


is  surjective.  This  implies  that  Y'  is  separated,  see  Schemes,  Lemma  25.21.8  Fi- 
nally, consider  the  commutative  diagram 

ll,-. 


The  south-east  arrow  is  finite,  hence  proper,  the  horizontal  arrow  is  surjective, 
and  the  south-west  arrow  is  separated.  Hence  by  Morphisms,  Lemma  28.41.8  we 
conclude  that  Y'  —X  U ' is  proper.  Since  it  is  also  quasi-finite,  we  see  that  it  is  finite 
by  Lemma|36.31.4[  and  we  win.  □ 

07RY  Lemma  36.31.8.  Let  / : X -A  S be  flat,  locally  of  finite  presentation,  separated, 
locally  quasi-finite  with  universally  bounded  fibres.  Then  there  exist  closed  subsets 

0 = Z- 1 C Z0  C Z±  C Z2  C . . . C Zn  = S 

such  that  with  Sr  = Zr\  Zr_  i the  stratification  S = JJ.r_0  n Sr  is  characterized 
by  the  following  universal  property:  Given  g : T —X  S the  projection  X x$  T -A  T 
is  finite  locally  free  of  degree  r if  and  only  if  g(T ) C Sr  (set  theoretically) . 

Proof.  Let  n be  an  integer  bounding  the  degree  of  the  fibres  of  X — > S.  By  Mor- 
phisms, Lemma|28.51.4  we  see  that  any  base  change  has  degrees  of  fibres  bounded 
by  n also.  In  particular,  all  the  integers  r that  occur  in  the  statement  of  the  lemma 
will  be  < n.  We  will  prove  the  lemma  by  induction  on  n.  The  base  case  is  n = 0 
which  is  obvious. 

We  claim  the  set  of  points  s £ S with  degK(s)(Xs)  = n is  an  open  subset  Sn  C S 
and  that  X x s Sn  —X  Sn  is  finite  locally  free  of  degree  n.  Namely,  suppose  that 
s £ S is  such  a point.  Choose  an  elementary  etale  morphism  ( U,u ) -A  (5,  s)  and 
a decomposition  U x s X = W H V as  in  Lemma  36.30.6  Since  V — > U is  finite, 
flat,  and  locally  of  finite  presentation,  we  see  that  V -A  U is  finite  locally  free, 
see  Morphisms,  Lemma  [28. 45. 2|  After  shrinking  U to  a smaller  neighbourhood  of 
u we  may  assume  V — X U is  finite  locally  free  of  some  degree  d,  see  Morphisms, 
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Lemma|28.45.5  As  u K > s and  Wu  = 0 we  see  that  d = n.  Since  n is  the  maximum 
degree  of  a fibre  we  see  that  W = 0!  Thus  U x g X — > U is  finite  locally  free  of 
degree  n.  By  Descent,  Lemma  [34.19.28|  we  conclude  that  X — > S is  finite  locally 
free  of  degree  n over  Im(Z7  — > S ) which  is  an  open  neighbourhood  of  s (Morphisms, 


Lemma  28.36.13).  This  proves  the  claim. 


Let  S'  = S \ Sn  endowed  with  the  reduced  induced  scheme  structure  and  set 
X'  = X Xs  S'.  Note  that  the  degrees  of  fibres  of  X'  — > S'  are  universally  bounded 
by  n — 1.  By  induction  we  find  a stratification  S'  = So  II ...  II  Sn_i  adapted  to 
the  morphism  X'  -A  S'.  We  claim  that  S = JJr=0  nSr  works  for  the  morphism 
X — >•  S.  Let  g : T -A  S be  a morphism  of  schemes  and  assume  that  X x g T — >■  T is 
finite  locally  free  of  degree  r.  As  remarked  above  this  implies  that  r < n.  If  r = n, 
then  it  is  clear  that  T — > S factors  through  Sn.  If  r < n,  then  g(T)  C S'  = S \ Sd 
(set  theoretically)  hence  Tred  — » S factors  through  S',  see  Schemes,  Lemma  25.12.6 
Note  that  X x g Tred  — ► Tred  is  also  finite  locally  free  of  degree  r as  a base  change. 
By  the  universal  property  of  the  stratification  S'  = Ur=0  n_1  Sr  we  see  that 
g(T ) = g(Tred)  is  contained  in  Sr.  Conversely,  suppose  that  we  have  g : T — >•  S 
such  that  g(T)  C Sr  (set  theoretically).  If  r = n,  then  g factors  through  Sn  and 
it  is  clear  that  X x 5 T — > T is  finite  locally  free  of  degree  n as  a base  change.  If 
r < n,  then  X XsT  — » T is  a morphism  which  is  separated,  flat,  and  locally  of  finite 
presentation,  such  that  the  restriction  to  Tred  is  finite  locally  free  of  degree  r.  Since 
Tred,  — > T is  a universal  homeomorphism,  we  conclude  that  X Xg  Tred  -A  X x s T 
is  a universal  homeomorphism  too  and  hence  X xg  T — » T is  universally  closed  (as 
this  is  true  for  the  finite  morphism  X x 5 Tred  — > Tred ) . It  follows  that  X xgT  — > T 
is  finite,  for  example  by  Lemma  |36.31.4|  Then  we  can  use  Morphisms,  Lemma 
|28.45.2|to  see  that  X xg  T — > T is  finite  locally  free.  Finally,  the  degree  is  r as  all 
the  fibres  have  degree  r.  □ 


07RZ  Lemma  36.31.9.  Let  f : X — » S be  a morphism  of  schemes  which  is  flat,  locally 
of  finite  presentation,  separated,  and  quasi- finite.  Then  there  exist  closed  subsets 

0 = Z_i  C Z0  C Z±  C Z2  C . . . C S 

such  that  with  Sr  = Zr  \ Zr_  \ the  stratification  S = JJ  Sr  is  characterized  by  the 
following  universal  property:  Given  a morphism  g : T — ► S the  projection  X x$T  — ► 
T is  finite  locally  free  of  degree  r if  and  only  if  g{T)  C Sr  (set  theoretically). 
Moreover,  the  inclusion  maps  Sr  — >•  S are  quasi- compact. 


Proof.  The  question  is  local  on  S , hence  we  may  assume  that  S is  affine.  By 
Morphisms,  Lemma  |28.51.8|  the  fibres  of  / are  universally  bounded  in  this  case. 
Hence  the  existence  of  the  stratification  follows  from  Lemma  [36.31. 81 


We  will  show  that  Ur  = S \ Zr  — ► S is  quasi-compact  for  each  r > 0.  This  will  prove 
the  final  statement  by  elementary  topology.  Since  a composition  of  quasi-compact 
maps  is  quasi-compact  it  suffices  to  prove  that  Ur  Ur- 1 is  quasi-compact.  Choose 
an  affine  open  W C C/r_  1.  Write  W = Spec(A).  Then  Zr  CiW  = V(I)  for  some 
ideal  I C A and  X x$  Spec(A/J)  — » Spec(A/7)  is  finite  locally  free  of  degree 
r.  Note  that  A/I  = colimA/I;  where  C / runs  through  the  finitely  generated 
ideals.  By  Limits,  Lemma  31.7.7  we  see  that  X Xg  Spec(A/Jj)  — > Spec  (A//,) 
is  finite  locally  free  of  degree  r for  some  i.  (This  uses  that  A'  -A  S'  is  of  finite 
presentation,  as  it  is  locally  of  finite  presentation,  separated,  and  quasi-conrpact.) 
Hence  Spec(A/Ji)  -a  Spec(A)  = W factors  (set  theoretically)  through  Zr  D W.  It 
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follows  that  Zr  D W = V ( /, ) is  the  zero  set  of  a finite  subset  of  elements  of  A.  This 
means  that  W \ Zr  is  a finite  union  of  standard  opens,  hence  quasi-compact,  as 
desired.  □ 

086R  Lemma  36.31.10.  Let  f : X -A  S be  a flat,  locally  of  finite  presentation,  sep- 
arated, and  locally  quasi-finite  morphism  of  schemes.  Then  there  exist  open  sub- 
schemes 

S = U0  =>  Th  D U2  D . . . 

such  that  a morphism  Spec (k)  — > S factors  through  Ud  if  and  only  if  X Spec (k) 

has  degree  > d over  k. 


Proof.  The  statement  simply  means  that  the  collection  of  points  where  the  degree 
of  the  fibre  is  > d is  open.  Thus  we  can  work  locally  on  S and  assume  S is  affine.  In 
this  case,  for  every  W C X quasi-compact  open,  the  set  of  points  Ud{W)  where  the 
fibres  of  IT  -A  S'  have  degree  > d is  open  by  Lemma  36.31.9  Since  Ud  = \JW  Ud(W) 
the  result  follows.  □ 


082V  Lemma  36.31.11.  Let  f : X -A  S be  a morphism  of  schemes  which  is  flat, 
locally  of  finite  presentation,  and  locally  quasi-finite.  Let  g £ T(X,  Ox)  nonzero. 
Then  there  exist  an  open  V C X such  that  g\y  7/  0,  an  open  U C S fitting  into  a 
commutative  diagram 

V  ^ V 

* f 

Y Y 

u — >-  s, 

a quasi- coherent  sub  sheaf  T C Ojj,  an  integer  r > 0,  and  an  injective  Ojj-module 
map  T®r  — > 7 r*CV  whose  image  contains  g \y. 


Proof.  We  may  assume  X and  S affine.  We  obtain  a filtration  0 = Z_\  C Zq  C 
Z\  C Z2  C ...  C Zn  = S as  in  Lemmas  |36.31.8|  and  |36.31.9[  Let  T C X be  the 
scheme  theoretic  support  of  the  finite  Ox-module  Im(g  : Ox  Ox)-  Note  that  T 
is  the  support  of  g as  a section  of  Ox  (Modules,  Definition  17.5.1 1 and  for  any  open 
V C A'  we  have  g\y  7^  0 if  and  only  if  V n T 7^  0.  Let  r be  the  smallest  integer  such 
that  f(T)  C Zr  set  theoretically.  Let  ( £ T be  a generic  point  of  an  irreducible 
component  of  T such  that  /(£)  ^ Zr_\  (and  hence  /(£)  £ Zr).  We  may  replace 
S by  an  affine  neighbourhood  of  /(£)  contained  in  S \ Zr_\.  Write  S = Spec  (A) 
and  let  / = (ai, . . . , am)  C A be  a finitely  generated  ideal  such  that  V(I)  = Zr 
(set  theoretically,  see  Algebra,  Lemma  10.28.1 1.  Since  the  support  of  g is  contained 
in  f~1V(I)  by  our  choice  of  r we  see  that  there  exists  an  integer  N such  that 
g = 0 for  j = 1 , ...  ,m.  Replacing  aj  by  aj  we  may  assume  that  Ig  = 0.  For  any 
A-module  M write  M[I\  for  the  /-torsion  of  M,  i.e.,  M[I]  = {m  € M | Im  = 0}. 
Write  X = Spec (B),  so  g £ B[I],  Since  A — ► B is  flat  we  see  that 


B[I\  = A[I\  B = A[I]  ®A/I  B/IB 

By  our  choice  of  Zr , the  A/ 1- module  B/IB  is  finite  locally  free  of  rank  r.  Hence 
after  replacing  S'  by  a smaller  affine  open  neighbourhood  of  /(£)  we  may  assume 
that  B/IB  = ( A/IA)®r  as  A//-modules.  Choose  a map  if  : A®r  — > B which 
reduces  modulo  / to  the  isomorphism  of  the  previous  sentence.  Then  we  see  that 
the  induced  map 


m 


B[I\ 
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is  an  isomorphism.  The  lemma  follows  by  taking  T the  quasi-coherent  sheaf  asso- 
ciated to  the  A- module  A[I]  and  the  map  Jr®r  -A  7r*CV  the  one  corresponding  to 
A[I]®r  c A®r  -a  B.  □ 


07S0  Lemma  36.31.12.  Let  f : X -A  Y be  a separated,  locally  quasi-finite  morphism 
with  Y affine.  Then  every  finite  set  of  points  of  X is  contained  in  an  open  affine 
ofX. 


Proof.  Let  xi, . . . , xn  £ X. 

Then  U — ► Y is  quasi-affine  by  Lemma  36.31.2 
V C U containing  x\, . . . 


Choose  a quasi-compact  open  U C X with  £ U . 

Hence  there  exists  an  affine  open 
by  Properties,  Lemma[27.29.5|  □ 


09Z0  Lemma  36.31.13.  LetU  -A  X be  a surjective  etale  morphism  of  schemes.  Assume 
X is  quasi-compact  and  quasi-separated.  Then  there  exists  a surjective  integral 
morphism  Y -A  X,  such  that  for  every  y £ Y there  is  an  open  neighbourhood 
V C Y such  that  V — > X factors  through  U.  In  fact,  we  may  assume  Y — > X is 
finite  and  of  finite  presentation. 


Proof.  Since  X is  quasi-compact,  there  exist  finitely  many  affine  opens  Ui  C U 
such  that  U'  = JJ  Ui  — >•  X is  surjective.  After  replacing  U by  U' , we  see  that  we 
may  assume  U is  affine.  Then  there  exists  an  integer  d bounding  the  degree  of  the 
geometric  fibres  of  U — > X (see  Morphisms,  Lemma  28.51.8).  We  will  prove  the 
lemma  by  induction  on  d for  all  quasi-compact  and  separated  schemes  U mapping 
surjective  and  etale  onto  X.  If  d = 1,  then  U = X and  the  result  holds  with  Y = U. 
Assume  d > 1. 


We  apply  Lemma |36. 31. 2|  and  we  obtain  a factorization 


r y 


x 


with  7 r integral  and  j a quasi-compact  open  immersion.  We  may  and  do  assume 
that  j(U)  is  scheme  theoretically  dense  in  Y.  Note  that 

U xxY  = UUW 


where  the  first  summand  is  the  image  of  U -A  U xxY  (which  is  closed  by  Schemes, 
Lemma [25. 21. 11| and  open  because  it  is  etale  as  a morphism  between  schemes  etale 
over  Y)  and  the  second  summand  is  the  (open  and  closed)  complement.  The  image 
V C Y of  W is  an  open  subscheme  containing  Y \ U . 


The  etale  morphism  W Y has  geometric  fibres  of  cardinality  < d.  Namely,  this 
is  clear  for  geometric  points  of  U C Y by  inspection.  Since  U C Y is  dense,  it 
holds  for  all  geometric  points  of  Y for  example  by  Lemma  36.31.8  (the  degree  of 
the  fibres  of  a quasi-compact  etale  morphism  does  not  go  up  under  specialization). 
Thus  we  may  apply  the  induction  hypothesis  to  W — > V and  find  a surjective 
integral  morphism  Z — » V with  Z a scheme,  which  Zariski  locally  factors  through 
W.  Choose  a factorization  Z -a  Z'  -a  Y with  Z'  -A  Y integral  and  Z -A  Z'  open 
immersion  (Lemma  36.31.2).  After  replacing  Z'  by  the  scheme  theoretic  closure  of 
Z in  Z'  we  may  assume  that  Z is  scheme  theoretically  dense  in  Z' . After  doing  this 
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we  have  Z'  Xy  V = Z.  Finally,  let  T C Y be  the  induced  reduced  closed  subscheme 
structure  on  Y \ V . Consider  the  morphism 

Z'  II T — > A 


This  is  a surjective  integral  morphism  by  construction.  Since  T C U it  is  clear  that 
the  morphism  T — > X factors  through  U.  On  the  other  hand,  let  z £ Z'  be  a point. 
If  z qL  Z,  then  z maps  to  a point  of  Y \ V C U and  we  find  a neighbourhood  of  z on 
which  the  morphism  factors  through  U.  If  z £ Z , then  we  have  a neighbourhood 
V C Z which  factors  through  W C U Xx  Y and  hence  through  U.  This  proves 
existence. 


Assume  we  have  found  Y — > X integral  and  surjective  which  Zariski  locally  factors 
through  U.  Choose  a finite  affine  open  covering  Y = [JVj  such  that  Vj  — > X factors 
through  U.  We  can  write  Y = lim  Lj  with  Yj  — >■  X finite  and  of  finite  presentation, 
see  Limits,  Lemma  31.6.2  For  large  enough  i we  can  find  affine  opens  Vtj  C Yj 
whose  inverse  image  in  Y recovers  Vj,  see  Limits,  Lemma  31.3.8  For  even  larger  i 
the  morphisms  Vj  ^ U over  X come  from  morphisms  Vjj  — > U over  X , see  Limits, 
Proposition  |31.5.T]  This  finishes  the  proof.  □ 


36.32.  Application  to  morphisms  with  connected  fibres 

057H  In  this  section  we  prove  some  lemmas  that  produce  morphisms  all  of  whose  fibres 
are  geometrically  connected  or  geometrically  integral.  This  will  be  useful  in  our 
study  of  the  local  structure  of  morphisms  of  finite  type  later. 


0571  Lemma  36.32.1. 


Consider  a diagram  of  morphisms  of  schemes 
Z s-  X 


Y 


an  a point  y £ Y . Assume 

(1)  X — ► Y is  of  finite  presentation  and  fiat, 

(2)  Z — > Y is  finite  locally  free, 

(3)  Z,;  / (1. 

(4)  all  fibres  of  X — ► Y are  geometrically  reduced,  and 

(5)  Xy  is  geometrically  connected  over  n(y). 

Then  there  exists  an  open  X°  C X such  that  X°  = Xy  and  such  that  all  nonempty 
fibres  of  X°  — > Y are  geometrically  connected. 

Proof.  In  this  proof  we  will  use  that  flat,  finite  presentation,  finite  locally  free  are 
properties  that  are  preserved  under  base  change  and  composition.  We  will  also  use 
that  a finite  locally  free  morphism  is  both  open  and  closed.  You  can  find  these  facts 
as  Morphisms,  Lemmas  |28.25.7[  |28.21.4[  |28.45.4[  |28.25.5|  |28.21.3[  |28.45.3j  |28.25.9 
andl28.43.10l 


Note  that  Xz  — > Z is  flat  morphism  of  finite  presentation  which  has  a section  s 
coming  from  a.  Let  X%  denote  the  subset  of  Xz  defined  in  Situation  36.24.1  By 


Lemma  36.24.6  it  is  an  open  subset  of  Xz- 


The  pullback  XZy,Yz  of  X to  Z Xy  Z comes  equipped  with  two  sections  So>si, 
namely  the  base  changes  of  s by  pr0,pr1  : Z Xy  Z — > Z.  The  construction  of 
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36.24.2 


Situation  36.24.1  gives  two  subsets  (XzxYz)s0  and  (Izxyz)^-  By  Lemma 
these  are  the  inverse  images  of  X ^ under  the  morphisms  1_y  x pr0,lY  x pri 
XzxYz  ~ > Xz-  In  particular  these  subsets  are  open. 


Let  ( Z Xy  Z)y  = {zi, . . . , zn}.  As  Xy  is  geometrically  connected,  we  see  that  the 
fibres  of  (XzxYz)®0  and  (XzxYz)^Sl  over  each  Zi  agree  (being  equal  to  the  whole 
fibre).  Another  way  to  say  this  is  that 

s0(zi)  G (XZxYz)°Sl  and  Si(zi)  G ( XZXyz)°0 ■ 


Since  the  sets  (X -zxYz)®0  and  (X  ZxY  z)'l,  are  open  in  XzxYz  there  exists  an  open 
neighbourhood  W C Z xy  Z of  (Z  Xy  Z)y  such  that 

s0(bb)  C (X 'zxYz)°Sl  and  sflW)  C ( XZxYz)°So ■ 


Then  it  follows  directly  from  the  construction  in  Situation  |36.24.1  that 
P-\W)  n (XzxYz)°S0  = p~\W)  n (xZxyZ)°Si 


where  p : XzxYz  — > Z Xw  Z is  the  projection.  Because  Z Xy  Z — x Y is  finite 
locally  free,  hence  open  and  closed,  there  exists  an  open  neighbourhood  V C Y of 
y such  that  t/- 1 (TA)  C W , where  q : Z Xy  Z — > Y is  the  structure  morphism.  To 
prove  the  lemma  we  may  replace  Y by  V.  After  we  do  this  we  see  that  X ^ C Yz 
is  an  open  such  that 


(lxxpr0)-1(A»)  = (l.Yxpr1)-1(A»). 

This  means  that  the  image  X°  C X of  X%  is  an  open  such  that  (Xz  — > X)_1(AT°)  = 
see  Descent,  Lemma  134.9.21  At  this  point  it  is  clear  that  X°  is  the  desired 
open  subscheme.  □ 


055W  Lemma  36.32.2.  Let  h : Y —>  S be  a morphism  of  schemes.  Let  s G S be  a point. 
Let  T C Ys  be  an  open  subscheme.  Assume 

(1)  h is  flat  and  of  finite  presentation, 

(2)  all  fibres  of  h are  geometrically  reduced,  and 

(3)  T is  geometrically  connected  over  k(s). 

Then  we  can  find  an  elementary  etale  neighbourhood  (S',  s')  — > (S,  s)  and  an  open 
V C Yg>  such  that 

(a)  all  fibres  ofV—tS'  are  geometrically  connected, 

(b)  Vs’  = Txa  s'. 


Proof.  The  problem  is  clearly  local  on  S , hence  we  may  replace  S by  an  affine 
open  neighbourhood  of  s.  The  topology  on  Ys  is  induced  from  the  topology  on 
X,  see  Schemes,  Lemma  25.18.5|  Hence  we  can  find  a quasi-compact  open  V C Y 
such  that  Vs  = T.  The  restriction  of  h to  V is  quasi-compact  (as  S affine  and  V 
quasi-compact),  quasi-separated,  locally  of  finite  presentation,  and  flat  hence  flat 
of  finite  presentation.  Thus  after  replacing  Y by  V we  may  assume,  in  addition  to 
(1)  and  (2)  that  Ys  = T and  S affine. 

Pick  a point  y G Ys  such  that  h is  Cohen-Macaulay  at  y,  see  Lemma  [36. 17. 5|  By 
Lemma |36.18.4|  there  exists  a diagram 

Z* #■  Y 
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such  that  Z — > S is  flat,  locally  of  finite  presentation,  locally  quasi-finite  with 
Zs  = {z}.  Apply  Lemma  36.30.1  to  find  an  elementary  neighbourhood  (S',  s')  — ► 
(S,  s)  and  an  open  Z'  C Zgi  = S'  xg  Z with  Z'  -A  S'  finite  with  a unique  point 
z’  £ Z'  lying  over  s.  Note  that  Z'  — > S'  is  also  locally  of  finite  presentation 
and  flat  (as  an  open  of  the  base  change  of  Z -A  S),  hence  Z'  -A  S'  is  finite 

S'  is  flat  and  of 


locally  free,  see  Morphisms,  Lemma  28.45.2  Note  that  Yg 


Also 
over  S'  to 


finite  presentation  with  geometrically  reduced  fibres  as  a base  change  of  h. 

Ysi  = Ys  is  geometrically  connected.  Apply  Lemma  36.32.1  to  Z'  -A  Yg> 
get  V C Ygf  satisfying  (2)  whose  fibres  over  S'  are  either  empty  or  geometrically 
connected.  As  V — > S'  is  open  (Morphisms,  Lemma  28.25.9),  after  shrinking  S'  we 
may  assume  V ^ S'  is  surjective,  whence  (1)  holds.  □ 


057J  Lemma  36.32.3.  Let  h : Y -A  S'  be  a morphism  of  schemes.  Let  s £ S be  a point. 
Let  T C Ys  be  an  open  subscheme.  Assume 

(1)  h is  of  finite  presentation, 

(2)  h is  normal,  and 

(3)  T is  geometrically  irreducible  over  n(s). 

Then  we  can  find  an  elementary  etale  neighbourhood  (S',  s')  — > (S,s)  and  an  open 
V C Ys>  such  that 

(a)  all  fibres  of  V -A  S'  are  geometrically  integral, 

(b)  Vs’  = Tx,  s' . 


Proof.  Apply  Lemma  36.32.2  to  find  an  elementary  etale  neighbourhood  (S',  s')  — ► 
(S,  s)  and  an  open  V C Yg>  such  that  all  fibres  of  V — > S'  are  geometrically  integral 
and  Vs'  = T xs  s'.  Note  that  V — > S'  is  open,  see  Morphisms,  Lemma  28.25.9 
Hence  after  replacing  S'  by  the  image  of  V — > S'  we  see  that  all  fibres  of  V — > S' 
are  nonempty.  As  V is  an  open  of  the  base  change  of  h all  fibres  of  V — > S'  are 
geometrically  normal,  see  Lemma  |36.15.2[  In  particular,  they  are  geometrically 
reduced.  To  finish  the  proof  we  have  to  show  they  are  geometrically  irreducible. 
But,  if  t £ S'  then  V*  is  of  finite  type  over  n(t)  and  hence  Vt  xKm  n(t)  is  of  finite 
type  over  n(t)  hence  Noetherian.  By  choice  of  S'  — > S the  scheme  Vt  xK(t)  K(t)  is 

and  we 

□ 


connected.  Hence  Vt  xK(t)  n(t)  is  irreducible  by  Properties,  Lemma 


27.7.6 


36.33.  Application  to  the  structure  of  finite  type  morphisms 

052D  The  result  in  this  section  can  be  found  in  IGR711.  Loosely  stated  it  says  that  a 
finite  type  morphism  is  etale  locally  on  the  source  and  target  the  composition  of 
a finite  morphism  by  a smooth  morphism  with  geometrically  connected  fibres  of 
relative  dimension  equal  to  the  fibre  dimension  of  the  original  morphism. 

052E  Lemma  36.33.1.  Let  f : X -A  S be  a morphism.  Let  x £ X and  set  s = f(x). 
Assume  that  f is  locally  of  finite  type  and  that  n = dima,(As).  Then  there  exists  a 
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commutative  diagram 

X' 

9 

7T 

Y 

h 

S s 


x ■< 1 x' 


V 


s s 


and  a point  x'  £ X'  with  g(x')  = x such  that  with  y = ir(x')  we  have 

(1)  h :Y  -A  S is  smooth  of  relative  dimension  n, 

(2)  g : (X',x')  — ► (X,x)  is  an  elementary  Stale  neighbourhood, 

(3)  7r  is  finite,  and  7r-1({y})  = {x'},  and 

(4)  n(y)  is  a purely  transcendental  extension  of  k(s). 

Moreover,  if  f is  locally  of  finite  presentation  then  7r  is  of  finite  presentation. 


Proof.  The  problem  is  local  on  X and  S,  hence  we  may  assume  that  X and  S 
are  affine.  By  Algebra,  Lemma  |10. 124.3]  after  replacing  A by  a standard  open 
neighbourhood  of  x in  X we  may  assume  there  is  a factorization 

X — ^ A£ » S 


such  that  7T  is  quasi-finite  and  such  that  n(ir(x))  is  purely  transcendental  over  k(s). 
By  Lemma  |36.30.1|  there  exists  an  elementary  etale  neighbourhood 

(Y,y)  ->•  (A£,t t(x)) 


and  an  open  I'  C A'  Xa«  f which  contains  a unique  point  x'  lying  over  y such 


that  X'  — >■  Y is  finite.  This  proves  (1)  - (4)  hold. 


Morphisms,  Lemma  28.21.11 


For  the  final  assertion,  use 

□ 


057K  Lemma  36.33.2.  Let  f : X — » S be  a morphism.  Let  x £ X and  set  s = f(x). 
Assume  that  f is  locally  of  finite  type  and  that  n = dima,(As).  Then  there  exists  a 
commutative  diagram 

X~i X' 

9 

7T 

Y' 

h 

S' 


and  a point  x’  £ X’  with  g(x')  = x such  that  with  y'  = w(x'),  s'  = h(y')  we  have 

(1)  h : Y'  — > S'  is  smooth  of  relative  dimension  n, 

(2)  all  fibres  of  Y ’ — > S'  are  geometrically  integral, 

(3)  g : (X',xr)  — > (X,x)  is  an  elementary  Stale  neighbourhood, 

(4)  7 r is  finite,  and  7r-1({i/})  = {x'}, 

(5)  n{y')  is  a purely  transcendental  extension  of  n(s'),  and 

(6)  e : (S',  s')  -A  (S,s)  is  an  elementary  Stale  neighbourhood. 

Moreover,  if  f is  locally  of  finite  presentation,  then  7r  is  of  finite  presentation. 
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057L 


Proof.  The  question  is  local  on  S , hence  we  may  replace  S by  an  affine  open 
neighbourhood  of  s.  Next,  we  apply  Lemma [36.33. 1|  to  get  a commutative  diagram 


X’ 

g 

7T 

Y 

h 

s s 


x ■< 1 x' 


y 


s s 


where  h.  is  smooth  of  relative  dimension  n and  n(y)  is  a purely  transcendental 
extension  of  k(s).  Since  the  question  is  local  on  X also,  we  may  replace  Y by  an 
affine  neighbourhood  of  y (and  X'  by  the  inverse  image  of  this  under  7r).  As  S 
is  affine  this  guarantees  that  Y — x S is  quasi-compact,  separated  and  smooth,  in 
particular  of  finite  presentation.  Let  T be  the  connected  component  of  Ys  containing 
y.  As  Ys  is  Noetherian  we  see  that  T is  open.  We  also  see  that  T is  geometrically 
connected  over  n(s)  by  Varieties,  Lemma  32.5.14  Since  T is  also  smooth  over 


n(s)  it  is  geometrically  normal,  see  Varieties,  Lemma  32.20.4  We  conclude  that  T 


is  geometrically  irreducible  over  k(s)  (as  a connected  Noetherian  normal  scheme  is 


irreducible,  see  Properties,  Lemma  27.7.6 ).  Finally,  note  that  the  smooth  morphism 


h is  normal  by  Lemma  |36.15.3|  At  this  point  we  have  verified  all  assumption  of 
Lemma [36.32.3  hold  for  the  morphism  h :Y  — X S and  open  T C Ys.  As  a result  of 
applying  Lemma  36.32.3  we  obtain  e : S'  — X S , s'  £ S' , Y'  as  in  the  commutative 
diagram 


X'  xy  Y' 


x < 1 x'  -4 -f  (x' , s') 


V 

y- 


v 

: S < 


4 (y,  s') 


H S' 


where  e : (S',  s')  —X  (S,  s)  is  an  elementary  etale  neighbourhood,  and  where  Y'  C 
YSi  is  an  open  neighbourhood  all  of  whose  fibres  over  S'  are  geometrically  irre- 
ducible, such  that  Y',  = T via  the  identification  Ys  = Ys>,s'-  Let  (y,sr)  € Y'  be 
the  point  corresponding  to  y € T;  this  is  also  the  unique  point  of  Y xj  S'  ly- 
ing over  y with  residue  field  equal  to  n(y)  which  maps  to  s'  in  S' . Similarly,  let 
(x\  s')  £ V Xy  Y'  C X'  xs  S'  be  the  unique  point  over  x'  with  residue  field  equal 
to  k(x')  lying  over  s'.  Then  the  outer  part  of  this  diagram  is  a solution  to  the 
problem  posed  in  the  lemma.  Some  minor  details  omitted.  □ 


Lemma  36.33.3.  Assumption  and  notation  as  in  Lemma 
properties  (1)  - (6)  we  may  also  arrange  it  so  that 
(7)  S' , Y' , X'  are  affine. 


36.33.2. 


In  addition  to 


Proof.  Note  that  if  Y'  is  affine,  then  X'  is  affine  as  7r  is  finite.  Choose  an  affine  open 
neighbourhood  U'  C S'  of  s'.  Choose  an  affine  open  neighbourhood  V'  C /i_1(C/') 
of  y'.  Let  W'  = h(V').  This  is  an  open  neighbourhood  of  s'  in  S',  see  Morphisms, 
Lemma  28.34.10[  contained  in  U' . Choose  an  affine  open  neighbourhood  U"  C 
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W'  of  s'.  Then  /i_1(C/")  fl  V'  is  affine  because  it  is  equal  to  U"  Xjj’  V’ . By 
construction  fl  V'  — > U"  is  a surjective  smooth  morphism  whose  fibres  are 

(nonempty)  open  subschemes  of  geometrically  integral  fibres  of  Y'  —>  S' , and  hence 
geometrically  integral.  Thus  we  may  replace  S'  by  U"  and  Y'  by  h~1(U")C \V’ . □ 

The  significance  of  the  property  7 r_1  ({?/})  = {a/}  is  partially  explained  by  the 
following  lemma. 

05B8  Lemma  36.33.4.  Let  tt  : X -A  Y be  a finite  morphism.  Let  x £ X with  y = tt(x) 
such  that  7r-1({y})  = {a;}.  Then 

(1)  For  every  neighbourhood  U C X of  x in  X,  there  exists  a neighbourhood 
V <ZY  of  y such  that  7r_1(P)  C U. 

(2)  The  ring  map  Oyy  — > Ox,x  finite. 

(3)  If  it  is  of  finite  presentation,  then  Oy,v  — > Ox,x  is  of  finite  presentation. 

(4)  For  any  quasi- coherent  Ox-module  T we  have  Tx  = 7r* Ty  as  Oy^-modules. 


Proof.  The  first  assertion  is  purely  topological;  use  that  tt  is  a continuous  and 
closed  map  such  that  7 r— 1 ({a/})  = {a;}.  To  prove  the  second  and  third  parts  we  may 
assume  A'  = Spec (B)  and  Y = Spec(A).  Then  A -A  B is  a finite  ring  map  and  y 
corresponds  to  a prime  p of  A such  that  there  exists  a unique  prime  q of  B lying 
over  p.  Then  B q = Bp,  see  Algebra,  Lemma  10.40.11  In  other  words,  the  map 
Ap  -A  Bp  is  equal  to  the  map  Ap  — ► Bp  you  get  from  localizing  A -A  B at  p.  Thus 

(2)  and  (3)  follow  from  simple  properties  of  localization  (some  details  omitted).  For 
the  final  statement,  suppose  that  F = M for  some  B-module  M.  Then  T = Mq 
and  7 T*Fy  = Mp.  By  the  above  these  localizations  agree.  Alternatively  you  can  use 


part  (1)  and  the  definition  of  stalks  to  see  that  Tx  = 7 T*J-y  directly. 


□ 


36.34.  Application  to  the  fppf  topology 


05WM  We  can  use  the  above  etale  localization  techniques  to  prove  the  following  result 
describing  the  fppf  topology  as  being  equal  to  the  topology  “generated  by”  Zariski 
coverings  and  by  coverings  of  the  form  {/  : T — > S}  where  / is  surjective  finite 
locally  free. 

05WN  Lemma  36.34.1.  Let  S be  a scheme.  Let  {«S)  — > S}i^i  be  an  fppf  covering.  Then 
there  exist 

(1)  a Zariski  open  covering  S = [JUj, 

(2)  surjective  finite  locally  free  morphisms  Wj  —>  Uj, 

(3)  Zariski  open  coverings  Wj  = (Jfe  Wyfc, 

(4)  surjective  finite  locally  free  morphisms  Tj ^ — > Wj ^ 

such  that  the  fppf  covering  { Tj ^ — > S}  refines  the  given  covering  {Si  — > 51}. 

Proof.  We  may  assume  that  each  Si  — > S is  locally  quasi-finite,  see  Lemma[36.18.6| 

Fix  a point  s £ S.  Pick  an  i £ I and  a point  s,  £ Si  mapping  to  s.  Choose  an 
elementary  etale  neighbourhood  (S' , s)  -A  (S,  s)  such  that  there  exists  an  open 

SiXsS'DV 


which  contains  a unique  point  v £ V mapping  to  s £ S'  and  such  that  V — >•  S'  is 
finite,  see  Lemma  36.30.1  Then  V -A-  S'  is  finite  locally  free,  because  it  is  finite 
and  because  S,xs  S' 
of  the  morphism  Si 


S'  is  flat  and  locally  of  finite  presentation  as  a base  change 
S , see  Morphisms,  Lemmas  |28.21.4[  |28.25.7[  and  |28.45.2| 
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Hence  V — > S'  is  open,  and  after  shrinking  S'  we  may  assume  that  V — > S'  is 
surjective  finite  locally  free.  Since  we  can  do  this  for  every  point  of  S we  conclude 
that  {Si  — > S}  can  be  refined  by  a covering  of  the  form  { Vn  — > S/agA  where  each 
Va  — > S factors  as  Va  — y S’a  — > S with  S’a  —y  S etale  and  Va  —y  S’a  surjective  finite 
locally  free. 


By  Remark  36.29.3  there  exists  a Zariski  open  covering  S = [JUj,  for  each  j a finite 


locally  free,  surjective  morphism  Wj  — > Uj,  and  for  each  j a Zariski  open  covering 
{Wj.fc  — t Wj}  such  that  the  family  {W/*,  — t S}  refines  the  etale  covering  {S1^  — ► 5}, 
i.e. , for  each  pair  j,  k there  exists  an  a(j,  k ) and  a factorization  Wj  ,k  — t S'a  — y S of 
the  morphism  WjtK  — t S.  Set  Tj ^ = Wjtk  xg<  Va  and  everything  is  clear.  □ 


36.35.  Quasi-projective  schemes 

0B41  The  term  “quasi-projective  scheme”  has  not  yet  been  defined.  A possible  definition 
could  be  a scheme  which  has  an  ample  invertible  sheaf.  However,  if  A is  a scheme 
over  a base  scheme  S,  then  we  say  that  X is  quasi-projective  over  S if  the  morphism 
X — y S is  quasi-projective  (Morphisms,  Definition  28.40.11.  Since  the  identity 
morphism  of  any  scheme  is  quasi-projective,  we  see  that  a scheme  quasi-projective 
over  S doesn’t  necessarily  have  an  ample  invertible  sheaf.  For  this  reason  it  seems 
better  to  leave  the  term  “quasi-projective  scheme”  undefined. 

0B42  Lemma  36.35.1.  Let  S be  a scheme  which  has  an  ample  invertible  sheaf.  Let 
f : X —y  S be  a morphism  of  schemes.  The  following  are  equivalent 

(1)  X — y S is  quasi-projective, 

(2)  X — y S is  H- quasi-projective, 

(3)  there  exists  a quasi-compact  open  immersion  X —y  X'  of  schemes  over  S 
with  X'  — y S projective, 

(4)  X — y S is  of  finite  type  and  X has  an  ample  invertible  sheaf,  and 

(5)  X — y S is  of  finite  type  and  there  exists  an  f-very  ample  invertible  sheaf. 


(1)  is  Morphisms,  Lemma  28.40.4  The  implication 
The  implication  (2)  =>  (3)  is  Morphisms, 


Proof.  The  implication  (2) 

(1)  =>•  (2)  is  Morphisms,  Lemma  28.42.15 
Lemma  I28.42.12l 

Assume  X C X'  is  as  in  (3).  In  particular  X — y S is  of  finite  type.  By  Morphisms, 
Lemma  28.42.12  the  morphism  X — > S is  H-projective.  Thus  there  exists  a quasi- 
compact immersion  i : X — y Pg.  Hence  £ = i*0pg(l)  is  f-very  ample.  As  X — y S 
is  quasi-compact  we  conclude  from  Morphisms,  Lemma  [28. 38. 2|  that  £ is  /-ample. 
Thus  X —y  S is  quasi-projective  by  definition. 


The  implication  (4)  =>  (2)  is  Morphisms,  Lemma  28.39.3 


Assume  the  equivalent  conditions  (1),  (2),  (3)  hold.  Choose  an  immersion  i : X — y 
Pg  over  S.  Let  £ be  an  ample  invertible  sheaf  on  S.  To  finish  the  proof  we 
will  show  that  A f = f* £ ®ox  i*C>p^(l)  is  ample  on  X.  By  Properties,  Lemma 
27.26.14  we  reduce  to  the  case  X = Pg.  Let  s £ T(S,£®d)  be  a section  such 
that  the  corresponding  open  Ss  is  affine.  Say  Ss  = Spec(A).  Recall  that  Pg  is 
the  projective  bundle  associated  to  OsT0  ® . . . ® OsTn,  see  Constructions,  Lemma 
26.21.4  and  its  proof.  Let  .s,;  £ T(Pg,C>(l))  be  the  global  section  corresponding  to 


the  section  Tj  of  OsT0  < 


) OsTn.  Then  we  see  that  X 


/*sS 


is  affine  because 


it  is  equal  to  Spec(A[T0/Ti, . . . , Tn/Tj\).  This  proves  that  M is  ample  by  definition. 
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The  equivalence  of  (1)  and  (5) 
128.39.51 


follows  from  Morphisms,  Lemmas  28.38.2  and 

□ 


0B43 


Lemma  36.35.2.  Let  S be  a scheme  which  has  an  ample  invertible  sheaf.  Let  QPg 
be  the  full  subcategory  of  the  category  of  schemes  over  S satisfying  the  equivalent 
conditions  of  Lemma  \ 36. 35.1 

(1)  if  S1  —>  S is  a morphism  of  schemes  and  S1  has  an  ample  invertible  sheaf, 
then  base  change  determines  a functor  QP$  —¥  QPs'  , 

(2)  if  X £ QPs  and  Y £ QPX<  then  Y £ QPs, 

(3)  the  category  QPs  is  closed  under  fibre  products, 

(4)  the  category  QPs  is  closed  under  finite  disjoint  unions, 

(5)  if  X — > S is  projective,  then  X € QPS , 

(6)  if  X — > S is  quasi-affine  of  finite  type,  then  X is  in  QPs, 

(7)  if  X — >•  S is  quasi-fmite  and  separated,  then  X £ QPs, 

(8)  if  X — >•  S is  a quasi-compact  immersion,  then  X £ QPs, 

(9)  add  more  here. 


Proof.  Part  (1)  follows  from  Morphisms,  Lemma  28.40.2 


Part  (2)  follows  from  the  fourth  characterization  of  Lemma  36.35.1 

If  A'  — >•  S and  Y — > S'  are  quasi-projective,  then  X xsY  — » Y is  quasi-projective 
by  Morphisms,  Lemma  28.40.2  Hence  (3)  follows  from  (2). 


If  X = Y H Z is  a disjoint  union  of  schemes  and  C is  an  invertible  Ox-module 
such  that  C\y  and  C\z  are  ample,  then  C is  ample  (details  omitted).  Thus  part  (4) 
follows  from  the  fourth  characterization  of  Lemma  136.35.11 


Part  (5)  follows  from  Morphisms,  Lemma  28.42.11 


Part  (6)  follows  from  Morphisms,  Lemma  28.40.6 


Part  (7)  follows  from  part  (6)  and  Lemma  36.31.2 


Part  (8)  follows  from  part  (7)  and  Morphisms,  Lemma  28.20.15 


□ 


36.36.  Projective  schemes 

0B44  This  section  is  the  analogue  of  Section  [36.35|for  projective  morphisms. 

0B45  Lemma  36.36.1.  Let  S be  a scheme  which  has  an  ample  invertible  sheaf.  Let 
f : X — ► S be  a morphism  of  schemes.  The  following  are  equivalent 

(1)  X — y S is  projective, 

(2)  X — > S is  H-projective, 

(3)  X — > S is  quasi-projective  and  proper, 

(4)  X — > S is  H-quasi-projective  and  proper, 

(5)  X — > S is  proper  and  X has  an  ample  invertible  sheaf, 

(6)  X — > S is  proper  and  there  exists  an  f -ample  invertible  sheaf, 

(7)  X — > S is  proper  and  there  exists  an  f -very  ample  invertible  sheaf, 

(8)  there  is  a quasi- coherent  graded  Os -algebra  A generated  by  A\  over  Ao 
with  Ai  a finite  type  Os-module  such  that  X = Projs(A). 

Proof.  Observe  first  that  in  each  case  the  morphism  / is  proper,  see  Morphisms, 
Lemmas  |28.42.3|  and  |28.42.5|  Hence  it  suffices  to  prove  the  equivalence  of  the 
notions  in  case  / is  a proper  morphism.  We  will  use  this  without  further  mention 
in  the  following. 
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(1)  is  Morphisms,  Lemma  28.42.3 
>■  (2)  and  (3) 


The  equivalences  (1)  3=>  (3)  and  (2)  3=>  (4)  are  Morphisms,  Lemma  28.42.14 
The  implication  (2) 

The  implications  (1) 

The  implication  (1) 


(4)  are  Morphisms,  Lemma  28.42.15 


128.38.11 


(7)  is  immediate  from  Morphisms,  Definitions  28.42.1  and 


The  conditions  (3)  and  (6)  are  equivalent  by  Morphisms,  Definition  28.40.1 


Thus  (1)  - (4),  (6)  are  equivalent  and  imply  (7).  By  Lemma  36.35.1  conditions  (3), 
(5),  and  (7)  are  equivalent.  Thus  we  see  that  (1)  - (7)  are  equivalent. 


By  Divisors,  Lemma  30.24.5  we  see  that  (8)  implies  (1).  Conversely,  if  (2)  holds, 
then  we  can  choose  a closed  immersion 


* : A'  — * Pg  = Projs(0s[To, . . . ,T„]). 

See  Constructions,  Lemma  |26.21.4|  for  the  equality.  By  Divisors,  Lemma  |30.25.1| 
we  see  that  X is  the  relative  Proj  of  a quasi-coherent  graded  quotient  algebra  A of 
Os[Tq,  ■ ■ ■ ,Tn\.  Then  A satisfies  the  conditions  of  (8).  □ 

0B46  Lemma  36.36.2.  Let  S be  a scheme  which  has  an  ample  invertible  sheaf.  Let  Ps 
be  the  full  subcategory  of  the  category  of  schemes  over  S satisfying  the  equivalent 
conditions  of  Lemma  \ 36.36.1\ 

(1)  if  S'  — l S'  is  a morphism  of  schemes  and  S1  has  an  ample  invertible  sheaf, 
then  base  change  determines  a functor  Ps  — > Ps1 , 

(2)  if  X £ Ps  and  Y £ Px , then  Y £ Ps, 

(3)  the  category  Ps  is  closed  under  fibre  products, 

(4)  the  category  Ps  is  closed  under  finite  disjoint  unions, 

(5)  if  X — » S is  finite,  then  X is  in  Ps, 

(6)  add  more  here. 


Proof.  Part  (1)  follows  from  Morphisms,  Lemma  28.42.10 


Part  (2)  follows  from  the  fifth  characterization  of  Lemma  36.36.1  and  the  fact  that 
compositions  of  proper  morphisms  are  proper  (Morphisms,  Lemma  28.41.4 1. 

If  A'  — > S and  Y — >•  S are  projective,  then  X xgF  — > Y is  projective  by  Morphisms, 
Lemma  28.42.10  Hence  (3)  follows  from  (2). 


If  X = Y H Z is  a disjoint  union  of  schemes  and  C is  an  invertible  Ox -module 
such  that  C\y  and  C\z  are  ample,  then  C is  ample  (details  omitted).  Thus  part  (4) 
follows  from  the  fifth  characterization  of  Lemma  136.36. II 


Part  (5)  follows  from  Morphisms,  Lemma  28.43.14 


□ 


36.37.  Closed  points  in  fibres 

053Q  Some  of  the  material  in  this  section  is  taken  from  the  preprint  IOP101. 

053R  Lemma  36.37.1.  Let  f : X — ► S be  a morphism  of  schemes.  Let  Z C X be  a 
closed  subscheme.  Let  s £ S . Assume 

(1)  S is  irreducible  with  generic  point  p, 

(2)  X is  irreducible, 

(3)  / is  dominant, 

(4)  / is  locally  of  finite  type, 
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(5)  dim(ATs)  < dim(XI)), 

(6)  Z is  locally  principal  in  X,  and 

(7)  zv  = m. 

Then  the  fibre  Zs  is  (set  theoretically)  a union  of  irreducible  components  of  Xs. 


Proof.  Let  Xred  denote  the  reduction  of  X.  Then  Z n Xred  is  a locally  principal 
closed  subscheme  of  Xre(j,  see  Divisors,  Lemma  [30.11.10|  Hence  we  may  assume 
that  X is  reduced.  In  other  words  X is  integral,  see  Properties,  Lemma  27.3.4  In 
this  case  the  morphism  X — ► S factors  through  Sred , see  Schemes,  Lemma  25.12.6 
Thus  we  may  replace  S by  Sred  and  assume  that  S is  integral  too. 

The  assertion  that  / is  dominant  signifies  that  the  generic  point  of  X is  mapped  to 
77,  see  Morphisms,  Lemma  28.8.5  Moreover,  the  scheme  Xv  is  an  integral  scheme 
which  is  locally  of  finite  type  over  the  field  k(t]).  Hence  d = dim(X^)  > 0 is 
equal  to  dim^  (Xr))  for  every  point  £ of  X,„.  see  Algebra,  Lemmas 
10.113.51  ' 


10.113.4 


and 


In  view  of  Morphisms,  Lemma  28.28.4  and  condition  (5)  we  conclude 
that  dimx(Xs)  = d for  every  x £ A's. 

In  the  Noetherian  case  the  assertion  can  be  proved  as  follows.  If  the  lemma  does 
not  holds  there  exists  x £ Zs  which  is  a generic  point  of  an  irreducible  component 
of  Zs  but  not  a generic  point  of  any  irreducible  component  of  Xs.  Then  we  see 
that  dim X(ZS)  < d — 1,  because  dimx(Xs)  = d and  in  a neighbourhood  of  x in 
Xs  the  closed  subscheme  Zs  does  not  contain  any  of  the  irreducible  components  of 
Xs.  Hence  after  replacing  X by  an  open  neighbourhood  of  x we  may  assume  that 
dim z(Zftz\)  < d — 1 for  all  z £ Z,  see  Morphisms,  Lemma  28.28.4  Let  £'  £ Z be 


a generic  point  of  an  irreducible  component  of  Z and  set  s'  = /(£).  As  Z X is 
locally  principal  we  see  that  dim(C>x,{)  = 1,  see  Algebra,  Lemma  10.59.10  (this  is 
where  we  use  X is  Noetherian).  Let  £ £ X be  the  generic  point  of  X and  let  £1 
be  a generic  point  of  any  irreducible  component  of  Xs>  which  contains  £'.  Then  we 
see  that  we  have  the  specializations 

£ £1  — > £7. 

As  dim(0x,{)  = 1 one  of  the  two  specializations  has  to  be  an  equality.  By  assump- 
tion s'  7^  77,  hence  the  first  specialization  is  not  an  equality.  Hence  £7  = £1  is  a 
generic  point  of  an  irreducible  component  of  Xsi.  Applying  Morphisms,  Lemma 
one  more  time  this  implies  dim ^i(Zsi)  = dim^/(Xs/)  > dim(A'I))  = d which 


28.28.4 


gives  the  desired  contradiction. 


In  the  general  case  we  reduce  to  the  Noetherian  case  as  follows.  If  the  lemma  is 
false  then  there  exists  a point  x £ X lying  over  s such  that  x is  a generic  point  of 
an  irreducible  component  of  Zs,  but  not  a generic  point  of  any  of  the  irreducible 
components  of  X3 . Let  U C S be  an  affine  neighbourhood  of  s and  let  V C X be  an 
affine  neighbourhood  of  x with  f(V)  C U.  Write  U = Spec(A)  and  V = Spec (B) 
so  that  f\v  is  given  by  a ring  map  A — »•  B.  Let  q C H,  resp.  p C A be  the  prime 
corresponding  to  x,  resp.  s.  After  possibly  shrinking  V we  may  assume  Z n V is 
cut  out  by  some  element  g £ B.  Denote  K = f.f.(A).  What  we  know  at  this  point 
is  the  following: 

(1)  A C B is  a finitely  generated  extension  of  domains, 

(2)  the  element  g (g>  1 is  invertible  in  B <g>  a K, 

(3)  d = dim(H  (8>^  K)  = dim(i?  0^4  «(p)), 

(4)  g 0 1 is  not  a unit  of  B 0^  «(p),  and 
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(5)  g <g>  1 is  not  in  any  of  the  minimal  primes  of  B 0,4  «(p). 
We  are  seeking  a contradiction. 


Pick  elements  X\, . . . ,xn  £ B which  generate  B over  A.  For  a finitely  generated 
Z-algebra  A0  C A let  B0  C B be  the  A0-subalgebra  generated  by  X\, . . . , xn,  denote 
K0  = f.f.(A0),  and  set  p0  = A0  fl  p.  We  claim  that  when  A0  is  large  enough  then 

(1)  - (5)  also  hold  for  the  system  (A0  C B0,g,po). 

We  prove  each  of  the  conditions  in  turn.  Part  (1)  holds  by  construction.  For  part 

(2)  write  (g  0 1 )h  = 1 for  some  h 0 1/a  € B 0^  K.  Write  g = J2  h = a/x1 
(multi-index  notation)  for  some  coefficients  ai,a/  £ A.  As  soon  as  Ao  contains  a 
and  the  a/,  a/  then  (2)  holds  because  B0  <S>a0  K0  C B 0,4  K (as  localizations  of  the 
injective  map  B0  — >•  B).  To  achieve  (3)  consider  the  exact  sequence 

0 ->•/->  A[X i, . . . , Xn]  B 0 


which  defines  I where  the  second  map  sends  X,  to  xt.  Since  0 is  right  exact  we  see 
that  I 0,4  K,  respectively  I ®A  «(p)  is  the  kernel  of  the  surjection  K[Xi, . . . , Xn\  -A 
B 0,4  K,  respectively  k(p)[Xi,  . . . , Xn]  — > B ®a  k(p).  As  a polynomial  ring  over  a 
field  is  Noetlrerian  there  exist  finitely  many  elements  hj  £ I,  j = 1 ,m  which 
generate  I 0^  K and  I ®a  k(p).  Write  hj  = UjjX1 . As  soon  as  A0  contains  all 
a j i we  get  to  the  situation  where 


B0®a0  Ko®k0  K = B ®aK  and  B0  0^o  «(p0)  0K(Po)  «(p)  = B 0a  k(p). 

By  either  Morphisms,  Lemma  28.28.3  or  Algebra,  Lemma  10.115. 5|  we  see  that  the 
dimension  equalities  of  (3)  are  satisfied.  Part  (4)  is  immediate.  As  B0  <2)a0  k(Po)  C 
B 0^4  At(p)  each  minimal  prime  of  Bq  <S>a0  K(po)  lies  under  a minimal  prime  of 
B 0^4  k(p)  by  Algebra,  Lemma  10.29.6  This  implies  that  (5)  holds.  In  this  way  we 
reduce  the  problem  to  the  Noetherian  case  which  we  have  dealt  with  above.  □ 


Here  is  an  algebraic  application  of  the  lemma  above.  The  fourth  assumption  of  the 
lemma  holds  if  A — >•  B is  flat,  see  Lemma|36.37.3| 

053S  Lemma  36.37.2.  Let  A — »•  B be  a local  homomorphism  of  local  rings,  and  g £ ms- 
Assume 

(1)  A and  B are  domains  and  A C B, 

(2)  B is  essentially  of  finite  type  over  A, 

(3)  g is  not  contained  in  any  minimal  prime  over  m aB , and 

(4)  dim(B/mAB)  + trdegK{mA)(n{ mB))  = trdegA{B). 

Then  A C B/gB,  i.e.,  the  generic  point  o/Spec(A)  is  in  the  image  of  the  morphism 
Spec(H/<7l3)  — ► Spec(A). 


Proof.  Note  that  the  two  assertions  are  equivalent  by  Algebra,  Lemma[l0.29.6[  To 
start  the  proof  let  C be  an  A-algebra  of  finite  type  and  q a prime  of  C such  that  B = 
Cq . Of  course  we  may  assume  that  C is  a domain  and  that  g £ C.  After  replacing 
C by  a localization  we  see  that  dim(C /mAC)  = dim(S/mAH)+trdegK/mA)(K(mB)), 
see  Morphisms,  Lemma [28. 28.1  Setting  I\  = f.f.(A)  we  see  by  the  same  reference 
that  dim(C0A I\)  = trdegj4(H).  Hence  assumption  (4)  means  that  the  generic  and 
closed  fibres  of  the  morphism  Spec(C)  — > Spec(A)  have  the  same  dimension. 


Suppose  that  the  lemma  is  false.  Then  {B/gB)  0^4  K = 0.  This  means  that  g 0 1 
is  invertible  in  B 0^4  I\  = Cq  0^4  K.  As  Cq  is  a limit  of  principal  localizations 
we  conclude  that  g 0 1 is  invertible  in  Ch  0,4  K for  some  h £ C,  h ^ q.  Thus 
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after  replacing  C by  Ch  we  may  assume  that  ( C/gC ) Cu  K = 0.  We  do  one  more 
replacement  of  C to  make  sure  that  the  minimal  primes  of  C/m^C  correspond 
one-to-one  with  the  minimal  primes  of  B/xxiaB.  At  this  point  we  apply  Lemma 
36.37.1  to  X = Spec(C)  — > Spec(A)  = S and  the  locally  closed  subscheme  Z = 
Spec(C/gC).  Since  Zk  = 0 we  see  that  Z <8>  /c(m a)  has  to  contain  an  irreducible 
component  of  X ® n(mA)  = Spec(C/mAC').  But  this  contradicts  the  assumption 
that  g is  not  contained  in  any  prime  minimal  over  m aB.  The  lemma  follows.  □ 


053T  Lemma  36.37.3.  Let  A — ► B be  a local  homomorphism  of  local  rings.  Assume 

(1)  A and  B are  domains  and  A C B, 

(2)  B is  essentially  of  finite  type  over  A,  and 

(3)  B is  flat  over  A. 

Then  we  have 


dim(B/mAB)  + trdegK(mA){n(  mB))  = trdegA{B). 

Proof.  Let  C be  an  A-algebra  of  finite  type  and  q a prime  of  C such  that  B = 
Cq.  We  may  assume  C is  a domain.  We  have  dimq(C/m^(7)  = (\im(B /mAB)  + 

Setting  K = f.f.(A)  we  see 


28.28.1 


trdegre(m^(fv(niB)),  see  Morphisms,  Lemma 
by  the  same  reference  that  dim(C7  0^  K)  = trdeg^ (B).  Thus  we  are  really  trying 
to  prove  that  dim^C/m^C)  = dim(C  K).  Choose  a valuation  ring  A!  in  K 
dominating  A,  see  Algebra,  Lemma [lO. 49. 2|  Set  C'  = C <E>a  A'.  Choose  a prime  q' 
of  C’  lying  over  q;  such  a prime  exists  because 

C/vaa'C  = C/mAC  ^ g>K(mA)  /c(mA') 

which  proves  that  C/m^C  C/m-A'C1  is  faithfully  flat.  This  also  proves  that 
dimq(C'/mJ4C')  = dimq/ (C' /vcia’C'),  see  Algebra,  Lemma 
is  a localization  of  B A7.  Hence  B' 


C'« 


10.115.6  Note  that  B'  = 
is  flat  over  A'.  The  generic  fibre 
B'  ®a'  K is  a localization  of  B i g>^  K.  Hence  B'  is  a domain.  If  we  prove  the 
lemma  for  A!  C B' , then  we  get  the  equality  dun^C'/iTU'C7)  = din^C7  ®a'  K) 
which  implies  the  desired  equality  dimq(C'/mJ4C')  = dim (C®aK)  by  what  was  said 
above.  This  reduces  the  lemma  to  the  case  where  A is  a valuation  ring. 


Let  A C B be  as  in  the  lemma  with  A a valuation  ring.  As  before  write  B = Cq 
for  some  domain  C of  finite  type  over  A.  By  Algebra,  Lemma  [10. 124. 9|  we  obtain 
dim(C'/rruC')  = dim(C  Cu  K)  and  we  win.  □ 


053U  Lemma  36.37.4.  Let  f : X — » S be  a morphism  of  schemes.  Let  x x'  be  a 
specialization  of  points  in  X.  Set  s = f{x)  and  s'  = f(x').  Assume 

(1)  x'  is  a closed  point  of  Xs>,  and 

(2)  / is  locally  of  finite  type. 

Then  the  set 


{x\  £ X such  that  f(xi)  = s and  X\  is  closed  in  Xs  and  x X\  x } 
is  dense  in  the  closure  of  x in  Xs . 


Proof.  We  apply  Schemes,  Lemma  |25.20.4  to  the  specialization  x x’ . This 
produces  a morphism  tp  : Spec(H)  — > X where  B is  a valuation  ring  such  that 
ip  maps  the  generic  point  to  x and  the  closed  point  to  x' . We  may  also  assume 
that  k(x)  = f.f.(B).  Let  A = B n k(s).  Note  that  this  is  a valuation  ring  (see 
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Algebra,  Lemma  10.49.6)  which  dominates  the  image  of  Os, s'  — ► k(s).  Consider 


the  commutative  diagram 


Spec  (B) 


xA 


X 


Spec(A) 


V 

S 


The  generic  (resp.  closed)  point  of  B maps  to  a point  xA  (resp.  x'A)  of  XA  lying 
over  the  generic  (resp.  closed)  point  of  Spec(A).  Note  that  x'A  is  a closed  point  of 
the  special  fibre  of  XA  by  Morphisms,  Lemma  [28.20.4  Note  that  the  generic  fibre 
of  XA  — ► Spec(A)  is  isomorphic  to  Xs.  Thus  we  have  reduced  the  lemma  to  the 
case  where  S is  the  spectrum  of  a valuation  ring,  s = g £ S is  the  generic  point, 
and  s'  £ S is  the  closed  point. 

We  will  prove  the  lemma  by  induction  on  dimx(X„).  If  dima,(A'?;)  = 0,  then  there 
are  no  other  points  of  Xv  specializing  to  x and  x is  closed  in  its  fibre,  see  Morphisms, 
and  the  result  holds.  Assume  dimx.(Xr()  > 0. 


Lemma 


28.20.6 


Let  X'  C X be  the  reduced  induced  scheme  structure  on  the  irreducible  closed 
subscheme  {a?}  of  X,  see  Schemes,  Definition  25.12.5  To  prove  the  lemma  we  may 


replace  X by  X 1 as  this  only  decreases  dimx  (Xn ) . Hence  we  may  also  assume  that 
X is  an  integral  scheme  and  that  x is  its  generic  point.  In  addition,  we  may  replace 
X by  an  affine  neighbourhood  of  x'.  Thus  we  have  X = Spec (B)  where  A C B is 
a finite  type  extension  of  domains.  Note  that  in  this  case  dmix(Xrl)  = dim(Xr/)  = 


dim(As/),  and  that  in  fact  Xsi  is  equidimensional,  see  Algebra,  Lemma  10.124.9 


Let  W C Xrj  be  a proper  closed  subset  (this  is  the  subset  we  want  to  “avoid”). 
As  Xs  is  of  finite  type  over  a held  we  see  that  W has  finitely  many  irreducible 
components  W = W\  U . . . U Wn.  Let  C B,  j = 1, . . . , r be  the  corresponding 
prime  ideals.  Let  q C B be  the  maximal  ideal  corresponding  to  the  point  x' . Let 
pi, . . . ,ps  C B be  the  minimal  primes  lying  over  m AB.  There  are  finitely  many 
as  these  correspond  to  the  irreducible  components  of  the  Noetherian  scheme  Xs/. 
Moreover,  each  of  these  irreducible  components  has  dimension  > 0 (see  above) 
hence  we  see  that  pj  yf  q for  all  i.  Now,  pick  an  element  g £ q such  that  g ^ qj 


for  all  j and  g p,;  for  all  i,  see  Algebra,  Lemma  10.14.2  Denote  Z C X the 
locally  principal  closed  subscheme  defined  by  h.  Let  Z v = Z\^  U . . . U Zn i?J,  n > 0 
be  the  decomposition  of  the  generic  fibre  of  Z into  irreducible  components  (finitely 
many  as  the  generic  fibre  is  Noetherian).  Denote  Z%  C X the  closure  of  Zlrj.  After 
replacing  X by  a smaller  affine  neighbourhood  we  may  assume  that  x £ Zi  for  each 
i = 1, . . . , n.  By  construction  Z D Xs'  does  not  contain  any  irreducible  component 
of  Xs ' . Hence  by  Lemma  36.37.1  we  conclude  that  Z v yf  0!  In  other  words  n > 1. 


Letting  x\  £ Z\  be  the  generic  point  we  see  that  Xi  x'  and  f(x i)  = g.  Also, 
by  construction  Ziv  D Wj  C W3  is  a proper  closed  subset.  Hence  every  irreducible 
component  of  Z\:nn W7  has  codimension  > 2 in  Xv  whereas  codim(Zi]??,  Xv)  = 1 by 


Algebra,  Lemma  10.59.10  Thus  is  a proper  closed  subset.  At  this  point  we 

see  that  the  induction  hypothesis  applies  to  Z\  — > S and  the  specialization  X\  x' . 
This  produces  a closed  point  X2  of  not  contained  in  W which  specializes  to 
x' . Thus  we  obtain  x X2  x' , the  point  X2  is  closed  in  Xv,  and  X2  W as 
desired.  □ 
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053V 


05GT 


05GU 


05GV 


Remark  36.37.5.  The  proof  of  Lemma  36.37.4  actually  shows  that  there  exists 
a sequence  of  specializations 


x X\  X2 


. . . Xd  X 


where  all  are  in  the  fibre  Xs , each  specialization  is  immediate,  and  Xd  is  a closed 
point  of  Xs.  The  integer  d = trdegre(s)(«:(a;))  = dim({x})  where  the  closure  is  taken 
in  Xs.  Moreover,  the  points  Xi  can  be  chosen  to  avoid  any  closed  subset  of  Xs 
which  does  not  contain  the  point  x. 

Examples,  Section [88 ■ 3 1 1 shows  that  the  following  lemma  is  false  if  A is  not  assumed 
Noetherian. 


Lemma  36.37.6.  Let  tp  : A — >•  B be  a local  ring  map  of  local  rings.  Let  V C 
Spec(-B)  be  an  open  subscheme  which  contains  at  least  one  prime  not  lying  over 
rtp4-  Assume  A is  Noetherian,  <p  essentially  of  finite  type,  and  A/to-a  C B/ms  is 
finite.  Then  there  exists  a q £ V,  ^ qC\ A such  that  A — > B/q  is  the  localization 
of  a quasi-finite  ring  map. 


Proof.  Since  A is  Noetherian  and  A — >■  B is  essentially  of  finite  type,  we  know 
that  B is  Noetherian  too.  By  Properties,  Lemma  |27.6.4|  the  topological  space 
Spec(R)\{m_e}  is  Jacobson.  Hence  we  can  choose  a closed  point  q which  is  contained 
in  the  nonempty  open 

V\{q  C B | m.4  = qnd}. 


(Nonempty  by  assumption,  open  because  {rru}  is  a closed  subset  of  Spec(A).)  Then 
Spec(.B/q)  has  two  points,  namely  ms  and  q and  q does  not  lie  over  rru.  Write 
B/q  = Cm  for  some  finite  type  A-algebra  C and  prime  ideal  m.  Then  A — ► C 
is  quasi-finite  at  m by  Algebra,  Lemma  10.121.2  (2).  Hence  by  Algebra,  Lemma 


10.122.14  we  see  that  after  replacing  C by  a principal  localization  the  ring  map 
A — > C is  quasi-finite.  □ 


Lemma  36.37.7.  Let  f : X — >■  S be  a morphism  of  schemes.  Let  x £ X with 
image  s £ S.  Let  U C X be  an  open  subscheme.  Assume  f locally  of  finite  type,  S 
locally  Noetherian,  x a closed  point  of  Xs,  and  assume  there  exists  a point  x'  £ U 
with  x'  x and  f{x')  ^ s.  Then  there  exists  a closed  subscheme  Z C X such  that 
(a)  x £ Z,  (b)  f\z  : Z — » S is  quasi-finite  at  x,  and  (c)  there  exists  a z £ Z , z £ U , 
z x and  f(z)  ^ s. 


Proof.  This  is  a reformulation  of  Lemma  36.37.6  Namely,  set  A = Os,s  and 
B = Ox,x ■ Denote  V C Spec(R)  the  inverse  image  of  U.  The  ring  map  ft  : A B 
is  essentially  of  finite  type.  By  assumption  there  exists  at  least  one  point  of  V which 
does  not  map  to  the  closed  point  of  Spec(A).  Hence  all  the  assumptions  of  Lemma 
|36.37.6|hold  and  we  obtain  a prime  qcB  which  does  not  lie  over  uia  and  such  that 
A — > B/q  is  the  localization  of  a quasi-finite  ring  map.  Let  z £ X be  the  image  of 
the  point  q under  the  canonical  morphism  Spec(H)  — > X.  Set  Z = (A}  with  the 
induced  reduced  scheme  structure.  As  z x we  see  that  x £ Z and  Oz,x  = B/q. 
By  construction  Z — > S is  quasi-finite  at  x.  □ 


Remark 

36.37.8.  We  can  use  Lemma 

36.37.6 

or  its  variant  Lemma 

36.37.7 

to 


is  a rough  sketch.  Namely,  first  replace  S by  the  spectrum  of  the  local  ring  at  s'. 
Then  we  may  use  induction  on  dim(S).  The  case  dim(S')  = 0 is  trivial  because 
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then  s'  = s.  Replace  X by  the  reduced  induced  scheme  structure  on  {.t}.  Apply 
Lemma  36.37.7  to  X — > S and  x'  i— > s'  and  any  nonempty  open  U C X containing 
x.  This  gives  us  a closed  subscheme  x'  £ Z C X a point  z € Z such  that  Z — > S is 
quasi-finite  at  x'  and  such  that  f(z)  ^ s'.  Then  z is  a closed  point  of  Xf(z\,  and 
z x'.  As  f(z)  ^ s'  we  see  dim(C(gj(z))  < dim(S').  Since  x is  the  generic  point 
of  X we  see  x z,  hence  s = f(x)  f{z).  Apply  the  induction  hypothesis  to 
s f(z)  and  z i— > f(z)  to  win. 

05GW  Lemma  36.37.9.  Suppose  that  f : X — ► S is  locally  of  finite  type,  S locally 
Noetherian,  x £ X a closed  point  of  its  fibre  Xs,  and  U C X an  open  subscheme 
such  that  U D Xs  = 0 and  x £ U,  then  the  conclusions  of  Lemma  36.37.1  hold. 


Proof.  Namely,  we  can  reduce  this  to  the  cited  lemma  as  follows:  First  we  replace 
X and  S by  affine  neighbourhoods  of  x and  s.  Then  X is  Noetherian,  in  particular  U 


is  quasi-compact  (see  Morphisms,  Lemma  28.15.6  and  Topology,  Lemmas  5.8.2  and 


5.11.131.  Hence  there  exists  a specialization  x'  x with  x'  £ U (see  Morphisms, 


Lemma  28.6.5).  Note  that  f(x')  ^ s.  Thus  we  see  all  hypotheses  of  the  lemma  are 
satisfied  and  we  win.  □ 


36.38.  Stein  factorization 


03GX  Stein  factorization  is  the  statement  that  a proper  morphism  f : X S with 
f*Ox  = Os  has  connected  fibres. 

03GY  Lemma  36.38.1.  Let  S be  a scheme.  Let  f : X — » S be  a universally  closed  and 
quasi-separated  morphism.  There  exists  a factorization 

X *S' 

S' 

s 


with  the  following  properties: 

(1)  the  morphism  f is  universally  closed,  quasi- compact,  quasi- separated  and 
surjective, 

the  morphism  ir  : S'  — >■  S is  integral, 
we  have  ftOx  = Os>, 
we  have  S'  = Specs(/*0A')>  and 


(2) 

(3) 

(4) 

(5) 


S'  is  the  normalization  of  S in  X,  see  Morphisms,  Definition  28.48.3 


Proof.  By  Morphisms,  Lemma  [28.41. 10|  the  morphism  / is  quasi-conrpact.  Hence 
the  normalization  S'  of  S in  A'  is  defined  (Morphisms,  Definition  28.48.3 1 we  obtain 
the  factorization  and  (5)  and  (2)  hold  by  construction.  By  Morphisms,  Lemma 
28.48.10  we  see  that  (4)  holds.  The  morphism  f is  universally  closed  by  Mor- 


phisms, Lemma  |28.41.7|  It  is  quasi-compact  by  Schemes,  Lemma  |25.21.15]  and 
quasi-separated  by  Schemes,  Lemma [25. 21. 14| 


To  show  the  remaining  statements  we  may  assume  the  base  scheme  S is  affine,  say 
S = Spec(i?).  Then  S'  = Spec(A)  with  A = T(X,Ox)  an  integral  i?-algebra.  Thus 
it  is  clear  that  fLOx  is  Os>  (because  flOx  is  quasi-coherent,  by  Schemes,  Lemma 


Let  us  show  that  f is  surjective.  As  f is  universally  closed  (see  above)  the  image 
of  f is  a closed  subset  V(I)  C S'  = Spec(A).  Pick  h £ I.  Then  h\x  = ft(h)  is  a 


25.24.1 


and  hence  equal  to  A).  This  proves  (3). 
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global  section  of  the  structure  sheaf  of  X which  vanishes  at  every  point.  As  X is 
quasi-compact  this  means  that  h\x  is  a nilpotent  section,  i.e.,  hn\X  = 0 for  some 
n > 0.  But  A = T(V, Ox),  hence  hn  = 0.  In  other  words  I is  contained  in  the 
radical  ideal  of  A and  we  conclude  that  V (I)  = S'  as  desired.  □ 

03GZ  Lemma  36.38.2.  Let  f : X — ► S be  a morphism  of  schemes.  Let  s £ S . Then 
Xs  is  geometrically  connected,  if  and  only  if  for  every  etale  neighbourhood  ( U,u ) — ► 
( S , s)  the  base  change  Xu  -A  U has  connected  fibre  Xu. 


Proof.  If  Xs  is  geometrically  connected,  then  any  base  change  of  it  is  connected. 
On  the  other  hand,  suppose  that  Xs  is  not  geometrically  connected.  Then  by 

we  see  that  Xs  x§ pec(K(s)  Spec(fc)  is  disconnected  for 


32.5.11 


Varieties,  Lemma 

some  finite  separable  held  extension  k(s)  C k.  By  Lemma  36.27.2  there  exists  an 
affine  etale  neighbourhood  (U,  u)  -A  (S,  s)  such  that  k(s)  C k(u)  is  identified  with 
k(s)  C k.  In  this  case  Xu  is  disconnected.  □ 


03H0  Theorem  36.38.3  (Stein  factorization;  Noetherian  case).  Let  S be  a locally  Noe- 
therian  scheme.  Let  f : X -A  S be  a proper  morphism.  There  exists  a factorization 


with  the  following  properties: 

(1)  the  morphism  f is  proper  with  geometrically  connected  fibres, 
the  morphism  ir  : S'  — > S is  finite, 
we  have  f(Ox  = Os<, 
we  have  S'  = Spec s(f*Ox)>  and 


(2) 

(3) 

(4) 

(5) 


S'  is  the  normalization  of  S in  X,  see  Morphisms,  Definition  28-48.3 


Proof.  Let  / = no  f'  be  the  factorization  of  Lemma  |~36. 38.1  Note  that  besides  the 
conclusions  of  Lemma  36.38.1  we  also  have  that  /'  is  separated  (Schemes,  Lemma 
25.21.14 1 and  finite  type  (Morphisms,  Lemma  28.15.8).  Hence  f is  proper.  By 
Cohomology  of  Schemes,  Proposition |29. 18(1]  we  see  that  f*Ox  is  a coherent  Os- 
module.  Hence  we  see  that  ir  is  finite,  i.e.,  (2)  holds. 

This  proves  all  but  the  most  interesting  assertion,  namely  that  all  the  fibres  of  /'  are 
geometrically  connected.  It  is  clear  from  the  discussion  above  that  we  may  replace 
S by  S',  and  we  may  therefore  assume  that  S is  Noetherian,  affine,  / : X — > S is 
proper,  and  f*Ox  = Os-  Let  s £ S be  a point  of  S.  We  have  to  show  that  Xs 
is  geometrically  connected.  By  Lemma  [36.38.2|  we  see  that  it  suffices  to  show  Xu 
is  connected  for  every  etale  neighbourhood  (U,u)  -A  {S,s).  We  may  assume  U is 


affine.  Thus  U is  Noetherian  (Morphisms,  Lemma  28.15.6),  the  base  change  fu  ■ 
Xu  —tU  is  proper  (Morphisms,  Lemma  28.41.5),  and  that  also  ( fu)*0Xu  = Ou 
(Cohomology  of  Schemes,  Lemma  29.5.2).  Hence  after  replacing  (/  : X — > S,  s)  by 
the  base  change  (fu  ■ Xv  —*■  U,  u)  it  suffices  to  prove  that  the  fibre  Xs  is  connected. 


At  this  point  we  apply  the  theorem  on  formal  functions,  more  precisely  Cohomology 
of  Schemes,  Lemma [29. 19. 7|  It  tells  us  that 

@S,s  = lim„  H°(Xn,OxJ 
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where  Xn  is  the  nth  infinitesimal  neighbourhood  of  Xs.  Since  the  underlying  topo- 
logical space  of  Xn  is  equal  to  that  of  Xs  we  see  that  if  Xs  = T)  II  T2  is  a disjoint 
union  of  nonempty  open  and  closed  subschemes,  then  similarly  Xn  = Tjjn  II  T2tU 
for  all  n.  And  this  in  turn  means  H°(Xn,  0Xrt)  contains  a nontrivial  idempotent 
eiin,  namely  the  function  which  is  identically  1 on  TijTl  and  identically  0 on  T^n- 
It  is  clear  that  eijn+i  restricts  to  ei)Tl  on  Xn.  Hence  ei  = lim  ei>n  is  a nontrivial 
idempotent  of  the  limit.  This  contradicts  the  fact  that  Ogs  is  a local  ring.  Thus 
the  assumption  was  wrong,  i.e. , Xs  is  connected,  and  we  win.  □ 

03H2  Theorem  36.38.4  (Stein  factorization;  general  case).  Let  S be  a scheme.  Let 
f : X — >•  S be  a proper  morphism.  There  exists  a factorization 

X >S' 

f 

s 


with  the  following  properties: 

(1)  the  morphism  f is  proper  with  geometrically  connected  fibres, 

(2)  the  morphism  tt  : S'  — > S is  integral, 

(3)  we  have  f'*Ox  = Os>, 

(4)  we  have  S'  = Spec  s(f*0  x) , and 

(5)  S'  is  the  normalization  of  S in  X,  see  Morphisms,  Definition  28.48.3 


Proof.  We  may  apply  Lemma  36.38.1  to  get  the  morphism  /'  : X — > S'.  Note 
that  besides  the  conclusions  of  Lemma  36.38. 1|  we  also  have  that  f is  separated 
(Schemes,  Lemma  25.21.14)  and  finite  type  (Morphisms,  Lemma  28.15.8).  Hence 
f is  proper.  At  this  point  we  have  proved  all  of  the  statements  except  for  the 
statement  that  f has  geometrically  connected  fibres. 


We  may  assume  that  S = Spec(-R)  is  affine.  Set  R'  = Y{X,Ox)-  Then  S'  = 
Spec(i?').  Thus  we  may  replace  S by  S'  and  assume  that  S = Spec(-R)  is  affine 
R = Y(X,Ox)-  Next,  let  s G S be  a point.  Let  U — > S be  an  etale  morphism 
of  affine  schemes  and  let  u € U be  a point  mapping  to  s.  Let  Xjj  — > U be 
the  base  change  of  X.  By  Lemma  |36.38.2|  it  suffices  to  show  that  the  fibre  of 
Xjj  — ► U over  u is  connected.  By  Cohomology  of  Schemes,  Lemma  [29.5.2|  we  see 
that  Y(Xjj ,Oxu)  = Y(U,Ou).  Hence  we  have  to  show:  Given  S = Spec (R)  affine, 
X —>  S proper  with  T(A,  Ox)  = R and  s £ S is  a point,  the  fibre  Xs  is  connected. 


By  Limits,  Lemma  [31.12.6  we  can  write  (X  — > S)  = lim  (A,;  — > Si)  with  Xj  — > Si 
proper  and  of  finite  presentation  and  St  Noetherian.  For  i large  enough  S,  is  affine 
(Limits,  Lemma  31.3.10).  Say  Si  = Spec (Rj).  Let  Rl  = Y{Xi,Ox J-  Observe  that 
we  have  ring  maps  Ri  R[  R.  Namely,  we  have  the  first  because  Xj  is  a scheme 
over  Rj  and  the  second  because  we  have  X — ► Xt  and  R = Y{X,Ox)-  Note  that 
R = colim  I?'  by  Limits,  Lemma  31.3.3  Then 


X 

5 S' Si 


36.39.  DESCENDING  SEPARATED  LOCALLY  QUASI-FINITE  MORPHISMS 


2586 


is  commutative  with  S'-  = Spec(-R').  Let  s'  £ S[  be  the  image  of  s.  We  have 
Xs  = lim.Xis>  because  A'  = limXj,  S = limS},  and  k(s)  = colim  k(s').  Now  let 
Xs  = U II  V with  U and  V open  and  closed.  Then  U,  V are  the  inverse  images 
of  opens  Ui,Vi  in  Xia'  (Limits,  Lemma  31.3.8).  By  Theorem 
Xi 


36.38 


S[  are  connected,  hence  either  U or  V is  empty.  This  finishes 


111 

Tni 


the  fibres  of 
e proof.  □ 


Here  is  an  application. 

0AY8  Lemma  36.38.5.  Let  f : X — ► Y be  a morphism  of  schemes.  Assume 

(1)  f is  proper, 

(2)  Y is  integral  with  generic  point  £, 

(3)  Y is  normal, 

(4)  X is  reduced, 

(5)  every  qeneric  point  of  an  irreducible  component  of  X maps  to  £, 

(6)  we  haveH0{Xs.,O)  = «(£). 

Then  f*Ox  = Oy  and  f has  geometrically  connected  fibres. 


Proof.  Apply  Theorem  36.38.4  to  get  a factorization  X — ► Y'  - 
to  show  that  Y'  = Y.  This  will  follow  from  Morphisms,  Lemma 


> Y.  It  is  enough 
28.49.5  Namely, 


Y'  is  reduced  because  X is  reduced  (Morphisms,  Lemma  28.48.7).  The  morphism 
Y'  — > F is  integral  by  the  theorem  cited  above.  Every  generic  point  of  Y'  lies  over 
£ by  Morphisms,  Lemma  28.48. 8|  and  assumption  (5).  On  the  other  hand,  since 
Y'  is  the  relative  spectrum  of  f*Ox  we  see  that  the  scheme  theoretic  fibre  Y/  is 
the  spectrum  of  H0(X^,O)  which  is  equal  to  k(£)  by  assumption.  Hence  Y'  is  an 
integral  scheme  with  function  field  equal  to  the  function  field  of  Y . This  finishes 
the  proof.  □ 


36.39.  Descending  separated  locally  quasi-finite  morphisms 


02W7  In  this  section  we  show  that  “separated  locally  quasi-finite  morphisms  satisfy  de- 
scent for  fppf- coverings” . See  Descent,  Definition  134.32.1]  for  terminology.  This  is 
in  the  marvellous  (for  many  reasons)  paper  by  Raynaud  and  Gruson  hidden  in  the 
proof  of  IGR711  Lemma  5.7.1].  It  can  also  be  found  in  |Mur95j.  and  IABD+661 
Expose  X,  Lemma  5.4]  under  the  additional  hypothesis  that  the  morphism  is  locally 
of  finite  presentation.  Here  is  the  formal  statement. 


02W8 


Lemma  36.39.1.  Let  S be  a scheme.  Let  {Xi  — > S'jig/  be  an  fppf  covering, 

Let  (Vi/ Xi,ipij)  be  a descent  datum  relative  to 
— » X i is  separated  and  locally  quasi-finite,  then 


see  Topologies,  Definition  33.7.1 

{Xi 


S'}.  If  each  morphism  V) 
the  descent  datum  is  effective. 


Proof.  Being  separated  and  being  locally  quasi-finite  are  properties  of  morphisms 
of  schemes  which  are  preserved  under  any  base  change,  see  Schemes,  Lemma 
|25.21.13l  and  Morphisms,  Lemma  |28.20.13l  Hence  Descent,  Lemma  |34.32.2|  ap- 
plies and  it  suffices  to  prove  the  statement  of  the  lemma  in  case  the  fppf-covering  is 
given  by  a single  {X  — > S}  flat  surjective  morphism  of  finite  presentation  of  affines. 
Say  X = Spec(A)  and  S = Spec (R)  so  that  R — » A is  a faithfully  flat  ring  map. 
Let  ( V , (p)  be  a descent  datum  relative  to  X over  S and  assume  that  n : V — > X is 
separated  and  locally  quasi-finite. 
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Let  IT1  cLbe  any  affine  open.  Consider  W = pr1(<^(fL1  Xg  A'))  C V.  Here  is  a 
picture 


IT1  xs  X ^ p(Wx  x s 


W1 


V 


Pr0 

->■  X 


Prl 

X ■<- 


Y 

V 


V 

w 


Ok,  and  now  since  X — ► S is  flat  and  of  finite  presentation  it  is  universally  open 
(Morphisms,  Lemma  28.25.9).  Hence  we  conclude  that  W is  open.  Moreover,  it  is 
also  clearly  the  case  that  IT  is  quasi-compact,  and  IT1  C W.  Moreover,  we  note 
that  ip(W  Xs  X)  = X Xg  W by  the  cocycle  condition  for  ip.  Hence  we  obtain  a 
new  descent  datum  (IT,  <£>')  by  restricting  ip  to  W Xg  X.  Note  that  the  morphism 
W — > X is  quasi-compact,  separated  and  locally  quasi-finite.  This  implies  that  it  is 
separated  and  quasi-finite  by  definition.  Hence  it  is  quasi-affine  by  Lemma |36.31.2| 
Thus  by  Descent,  Lemma  34.34.1  we  see  that  the  descent  datum  (IT,  ip')  is  effective. 


In  other  words,  we  find  that  there  exists  an  open  covering  V = [J  Wi  by  quasi- 
compact opens  Wi  which  are  stable  for  the  descent  morphism  ip.  Moreover,  for 
each  such  quasi-compact  open  W C V the  corresponding  descent  data  (IT,  ip') 
is  effective.  It  is  an  exercise  to  show  this  means  the  original  descent  datum  is 
effective  by  glueing  the  schemes  obtained  from  descending  the  opens  IT,;  (details 
omitted).  □ 


36.40.  Relative  finite  presentation 

05GX  Let  R — > A be  a finite  type  ring  map.  Let  M be  an  A-module.  In  More  on  Algebra, 
Section  |15.65|  we  defined  what  it  means  for  M to  be  finitely  presented  relative  to 
R.  We  also  proved  this  notion  has  good  localization  properties  and  glues.  Hence 
we  can  define  the  corresponding  global  notion  as  follows. 

05H1  Definition  36.40.1.  Let  / : X — >■  S be  a morphism  of  schemes  which  is  locally  of 
finite  type.  Let  J7  be  a quasi- coherent  Ox-module.  We  say  T is  finitely  presented 
relative  to  S or  of  finite  presentation  relative  to  S if  there  exists  an  affine  open 
covering  S = (JV*  and  for  every  i an  affine  open  covering  /_1(T)  = (J  • Uij  such 
that  IF (Uij)  is  a 0x(E%)-module  of  finite  presentation  relative  to  Os(Vi)- 

Note  that  this  implies  that  J7  is  a finite  type  Ox-module.  If  X — > S is  just  locally 
of  finite  type,  then  F may  be  of  finite  presentation  relative  to  S,  without  X — ► S 
being  locally  of  finite  presentation.  We  will  see  that  A -A  S'  is  locally  of  finite 
presentation  if  and  only  if  Ox  is  of  finite  presentation  relative  to  S. 

09T7  Lemma  36.40.2.  Let  f : X — » S be  a morphism  of  schemes  which  is  locally  of 
finite  type.  Let  F be  a quasi- coherent  Ox -module.  The  following  are  equivalent 

(1)  F is  of  finite  presentation  relative  to  S, 
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09T8 


09T9 


09TA 


09TB 


(2)  for  every  affine  opens  U C X , V C S with  f(U)  C V the  Ox(U)-module 
T(U)  is  finitely  presented  relative  to  Os(V). 

Moreover,  if  this  is  true,  then  for  every  open  subschemes  U C X and  V C S with 
f(U ) C V the  restriction  F\u  is  of  finite  presentation  relative  to  V. 


Proof.  The  final  statement  is  clear  from  the  equivalence  of  (1)  and  (2).  It  is  also 
clear  that  (2)  implies  (1).  Assume  (1)  holds.  Let  S = |J  Vi  and  f~x(Vi)  = (J  Uij 
be  affine  open  coverings  as  in  Definition  |36.40.1  Let  U C X and  V C S be  as 
in  (2).  By  More  on  Algebra,  Lemma  15.65.8  it  suffices  to  find  a standard  open 
covering  U = (J  Uk  of  U such  that  IFfUjf)  is  finitely  presented  relative  to  Os(V).  In 
other  words,  for  every  u £ U it  suffices  to  find  a standard  affine  open  u £ U'  C U 
such  that  F{U')  is  finitely  presented  relative  to  Os(V).  Pick  i such  that  f(u)  £ Vi 
and  then  pick  j such  that  u £ Uij.  By  Schemes,  Lemma  25.11.5  we  can  find 
v £ V'  C V fl  Vi  which  is  standard  affine  open  in  V'  and  Vi-  Then  f~xV'  D U, 
resp.  f~1V'  D Uij  are  standard  affine  opens  of  U,  resp.  Uij.  Applying  the  lemma 
again  we  can  find  u £ U'  C f~xV’  fl  U D U.tj  which  is  standard  affine  open  in 
both  f~xV'  fl  U and  f~xV'  fl  Uij.  Thus  U'  is  also  a standard  affine  open  of  U and 
Uij.  By  More  on  Algebra,  Lemma  15.65.4  the  assumption  that  F(Uij)  is  finitely 
presented  relative  to  Os  (Vi)  implies  that  T(U')  is  finitely  presented  relative  to 
Os(Vi).  Since  Ox(U')  = Ox(U')  ®os(Vi)  Os(V')  we  see  from  More  on  Algebra, 
Lemma  15.65.5  that  J-(U')  is  finitely  presented  relative  to  Os{V').  Applying  More 
on  Algebra,  Lemma  15.65.4  again  we  conclude  that  is  finitely  presented 

relative  to  0$(V).  This  finishes  the  proof.  □ 


Lemma  36.40.3.  Let  f : X — > S be  a morphism  of  schemes  which  is  locally  of 
finite  type.  Let  J-  be  a quasi- coherent  Ox -module. 

(1)  If  f is  locally  of  finite  presentation,  then  T is  of  finite  presentation  relative 
to  S if  and  only  if  T is  of  finite  presentation. 

(2)  The  morphism  f is  locally  of  finite  presentation  if  and  only  if  Ox  is  of 
finite  presentation  relative  to  S. 


Proof.  Follows  immediately  from  the  definitions,  see  discussion  following  More  on 
Algebra,  Definition  |15.65.2|  □ 

Lemma  36.40.4.  Let  n : X —>  Y be  a finite  morphism  of  schemes  locally  of  finite 
type  over  a base  scheme  S.  Let  J7  be  a quasi- coherent  Ox -module.  Then  T is  of 
finite  presentation  relative  to  S if  and  only  if  is  of  finite  presentation  relative 
to  S. 


Proof.  Translation  of  the  result  of  More  on  Algebra,  Lemma  15.65.3  into  the  lan- 
guage of  schemes.  □ 


Lemma  36.40.5.  Let  f : X — » S be  a morphism  of  schemes  which  is  locally  of 
finite  type.  Let  J7  be  a quasi- coherent  Ox -module.  Let  S'  —¥  S be  a morphism  of 
schemes,  set  X'  = X xj  S'  and  denote  J7'  the  pullback  of  J7  to  X' . If  J7  is  of  finite 
presentation  relative  to  S,  then  J7'  is  of  finite  presentation  relative  to  S' . 


Proof.  Translation  of  the  result  of  More  on  Algebra,  Lemma [15.65. 5|  into  the  lan- 
guage of  schemes.  □ 


Lemma  36.40.6.  Let  X Y —f  S be  morphisms  of  schemes  which  are  locally 
of  finite  type.  Let  Q be  a quasi- coherent  Oy  -module.  If  f : X — ► Y is  locally  of 
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09TC 

09TD 


09TE 

09UH 

09VC 


finite  presentation  and  Q of  finite  presentation  relative  to  S,  then  f*Q  is  of  finite 
presentation  relative  to  S. 

Proof.  Translation  of  the  result  of  More  on  Algebra,  Lemma  [15. 65. 6|  into  the  lan- 
guage of  schemes.  □ 


Lemma  36.40.7.  Let  X -A  Y — > S be  morphisms  of  schemes  which  are  locally 
of  finite  type.  Let  T be  a quasi- coherent  Ox -module.  If  Y — ► S is  locally  of 
finite  presentation  and  J-  is  of  finite  presentation  relative  to  Y,  then  J-  is  of  finite 
presentation  relative  to  S. 

Proof.  Translation  of  the  result  of  More  on  Algebra,  Lemma  [15. 65. 7|  into  the  lan- 
guage of  schemes.  □ 


Lemma  36.40.8.  Let  X — >■  S be  a morphism  of  schemes  which  is  locally  of  finite 
type.  Let  0 — > T'  — > T — ► T"  — > 0 be  a short  exact  sequence  of  quasi- coherent 
Ox -modules. 

(1)  If  J-' ,J-"  are  finitely  presented  relative  to  S,  then  so  is  T . 

(2)  If  T'  is  a finite  type  Ox -module  and  T is  finitely  presented  relative  to  S, 
then  T"  is  finitely  presented  relative  to  S . 


Proof.  Translation  of  the  result  of  More  on  Algebra,  Lemma  15.65.9  into  the  lan- 
guage of  schemes.  □ 


Lemma  36.40.9.  Let  X — >■  S be  a morphism  of  schemes  which  is  locally  of  finite 
type.  Let  J7,  J7'  be  quasi- coherent  Ox -modules.  If  T ® T'  is  finitely  presented 
relative  to  S , then  so  are  T and  T' . 


Proof.  Translation  of  the  result  of  More  on  Algebra,  Lemma  15.65.10  into  the 
language  of  schemes.  □ 


36.41.  Relative  pseudo-coherence 


This  section  is  the  analogue  of  More  on  Algebra,  Section  15.66  for  schemes.  We 
strongly  urge  the  reader  to  take  a look  at  that  section  first. 


Lemma  36.41.1.  Let  X -A  S be  a finite  type  morphism  of  affine  schemes.  Let  E 
be  an  object  of  D{Ox)-  Let  m G Z.  The  following  are  equivalent 

(1)  for  some  closed  immersion  i : X — ► Ag  the  object  Ri^E  of  D(0 Ag)  is 
m-pseudo-coherent,  and 

(2)  for  all  closed  immersions  i : X — ► Ag  the  object  Ri*E  of  0(0^)  is 
m-pseudo-coherent. 


Proof.  Say  S = Spec(l?)  and  X = Spec(A).  Let  i correspond  to  the  surjection  a : 
R[x i, . . . , xn]  A and  let  X -a  Ag1  correspond  to  /3  : R[yi, . . . , ym]  — > A.  Choose 
fj  e R[x  1,  with  a(fj)  = /3(yj)  and  gt  £ R{yi , . . . ,ym\  with  /3 (gf)  = a{xi). 

Then  we  get  a commutative  diagram 


R[x i,  ...,xn,yi,..  .,ym] 

Y 

R[yi,  •••,2/to] 


2 


■ R[x  i,  ...,xn] 


■ A 
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corresponding  to  the  commutative  diagram  of  closed  immersions 


A„+m  ^ A„ 

A 

X 


Thus  it  suffices  to  show  that  under  a closed  immersion 

/:A£ 


a n+m 

As 


an  object  E of  D(Oa™)  is  m-pseudo-coherent  if  and  only  if  Rf*E  is  m-pseudo- 
coherent.  This  follows  from  Derived  Categories  of  Schemes,  Lemma  35.11.5  and 
the  fact  that  /*C>A'"  is  a pseudo-coherent  0An+m-module.  The  pseudo-coherence 
of  /*0 a™  is  straightforward  to  prove  directly,  but  it  also  follows  from  Derived 
Categories  of  Schemes,  Lemma [35. 10. 3| and  More  on  Algebra,  Lemma[l5.66.3|  □ 


09UI 


Recall  that  if  / : X — > S is  a morphism  of  scheme  which  is  locally  of  finite  type, 
then  for  every  pair  of  affine  opens  U C X and  V C S such  that  f(U)  C V,  the  ring 
map  OsiV)  — > Ox{U)  is  of  finite  type  (Morphisms,  Lemma  28.15.2).  Hence  there 
always  exist  closed  immersions  U — > Ay  and  the  following  definition  makes  sense. 


36.41.2.  Let  / : X — > S be  a morphism  of  schemes  which  is  locally  of 
Let  E be  an  object  of  D(Ox)-  Let  T be  an  Ox-module.  Fix  m £ Z. 

(1)  We  say  E is  m-pseudo-coherent  relative  to  S if  there  exists  an  affine  open 
covering  S = [J  Vi  and  for  each  i an  affine  open  covering  /_1(Vj)  = (J  Uij 
such  that  the  equivalent  conditions  of  Lemma [36 . 4 1 . 1 1 are  satisfied  for  each 
of  the  pairs  (17^  -¥  V,  E\u..). 

(2)  We  say  E is  pseudo-coherent  relative  to  S if  E is  m-pseudo-coherent  rel- 
ative to  S for  all  m £ Z. 

(3)  We  say  T is  m-pseudo-coherent  relative  to  S if  J7  viewed  as  an  object  of 
D(Ox)  is  m-pseudo-coherent  relative  to  S. 

(4)  We  say  T is  pseudo-coherent  relative  to  S’  if  J7  viewed  as  an  object  of 
D(Ox)  is  pseudo-coherent  relative  to  S. 


Definition 

finite  type. 


If  X is  quasi-conrpact  and  E is  m-pseudo-coherent  relative  to  S for  some  m,  then 
E is  bounded  above.  We  first  prove  the  condition  of  relative  pseudo-coherence 
localizes  well. 


09VD 


Lemma  36.41.3.  Let  S be  an  affine  scheme.  Let  V C S be  a standard  open.  Let 
X — y V be  a finite  type  morphism  of  affine  schemes.  Let  U C X be  an  affine  open. 
Let  E be  an  object  of  D(Ox)-  If  the  equivalent  conditions  of  Lemma  36-41.1  are 
satisfied  for  the  pair  ( X — > V,E),  then  the  equivalent  conditions  of  Lemma  36-41.1 
are  satisfied  for  the  pair  (U  — > S,  E\u). 


Proof.  Write  S = Spec (R),  V = D(f),  X = Spec(A),  and  U = D(g).  Assume  the 
equivalent  conditions  of  Lemma  36.41.1  are  satisfied  for  the  pair  ( X — >•  V,  E). 

Choose  Rf[ x\,...,xn]  — > A surjective.  Write  R / = R[xo\/(fxo  — 1).  Then 
R[x o,Xi, . . . ,xn]  — > A is  surjective,  and  Rf[xi, . . . , xn\  is  pseudo-coherent  as  an 
R[xq,  ... , xn] -module.  Thus  we  have 

X -A  Ay  -a  Ag+1 
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and  we  can  apply  Derived  Categories  of  Schemes,  Lemma  |35.11.5|  to  conclude  that 
the  pushfoward  E'  of  E to  A^+1  is  m-pseudo-coherent. 

Choose  an  element  g'  £ R[x o,Xi, . . . ,xn]  which  maps  to  g £ A.  Consider  the 
surjection  i?[xo, . . . , xn+i]  — > R{xq,  . . . , xn,  1 / g'].  We  obtain 

.v  ^ u 


Ag+1- D(g') s-  A^+2 

where  the  lower  left  arrow  is  an  open  immersion  and  the  lower  right  arrow  is  a closed 
immersion.  We  conclude  as  before  that  the  pushforward  of  E' |_d(s')  to  Ag+2  is  m- 
pseudo-coherent.  Since  this  is  also  the  pushforward  of  E\u  to  Ag+2  we  conclude 
the  lemma  is  true.  □ 


09  YE 


Lemma  36.41.4.  Let  X -A  S be  a finite  type  morphism  of  affine  schemes.  Let 
E be  an  object  of  D(Ox)-  Let  m £ Z.  Let  X = [JC/j  be  a standard  affine  open 
covering.  The  following  are  equivalent 


(1)  the  equivalent  conditions  of  Lemma  36-41.1  hold  for  the  pairs  ( Ui  — >• 
S,E\U%), 

(2)  the  equivalent  conditions  of  Lemma  36.41.1  hold  for  the  pair  (X  — > S,E). 


Proof.  The  implication  (2)  =>•  (1)  is  Lemma  36.41.3  Assume  (1).  Say  S = Spec(f?) 
and  X = Spec(A)  and  U,  = D(fi).  Write  1 = fi9i  in  A.  Consider  the  surjections 


R[xi,  yu  Zi]  -)•  R[xi,  yi,  Zi]/(^2  piZi  - 1)  ->•  A. 


which  sends  yi  to  /j  and  Zi  to  gi.  Note  that  R[xi,  pi,  Uizi  — 1)  is  pseudo- 

coherent  as  an  R[xi,  yt,  Zj]-module.  Thus  it  suffices  to  prove  that  the  pushforward 
of  E to  T = Spec (R[xi,pi,Zi\/(Y^Pizi  ~ 1))  is  rn-pseudo-coherent,  see  Derived 
Categories  of  Schemes,  Lemma[35.11.5|  For  each  io  it  suffices  to  prove  the  restriction 
of  this  pushforward  to  Wi0  = Spec(l?.[a;j,  pi,  Zi,  l/yi0\/{Y^  Vizi  — 1))  is  w-pseudo- 
coherent.  Note  that  there  is  a commutative  diagram 


X* — Uio 
Wi0 


which  implies  that  the  pushforward  of  E to  T restricted  to  Wi0  is  the  pushforward 
of  E\Uia  to  Wi0.  Since  R[xi,  Pi,Zi , l/yi0\/ (X]  Vizi  — 1)  is  isomorphic  to  a polynomial 
ring  over  R this  proves  what  we  want.  □ 


09UJ 


Lemma  36.41.5.  Let  f : X -A  S be  a morphism  of  schemes  which  is  locally  of 
finite  type.  Let  E be  an  object  of  D(Ox)-  Fix  m £ Z.  The  following  are  equivalent 

(1)  E is  m-pseudo-coherent  relative  to  S, 

(2)  for  every  affine  opens  U C X and  V C S with  f(U)  C V the  equivalent 
conditions  of  Lemma  36-41.1  are  satisfied  for  the  pair  (U  — > V,  E\u). 


Moreover,  if  this  is  true,  then  for  every  open  subschemes  U C X and  V C S with 
f{U)  C V the  restriction  E\u  is  m-pseudo-coherent  relative  to  V . 
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Proof.  The  final  statement  is  clear  from  the  equivalence  of  (1)  and  (2).  It  is  also 
clear  that  (2)  implies  (1).  Assume  (1)  holds.  Let  S = [JVj  and  /-1(X)  = U Uij 
be  affine  open  coverings  as  in  Definition  |36.41.2|  Let  U C X and  V C S be  as  in 
(2).  By  Lemma  36.41.4  it  suffices  to  find  a standard  open  covering  U = [JUk  of 


U such  that  the  equivalent  conditions  of  Lemma  36.41.1  are  satisfied  for  the  pairs 
(Uk  -A  V,E k).  In  other  words,  for  every  u £ U it  suffices  to  find  a standard 
affine  open  u £ U'  C U such  that  the  equivalent  conditions  of  Lemma  36.41.1  are 
satisfied  for  the  pair  ([/'  -A  V,E\u>).  Pick  i such  that  f(u)  £ Vj  and  then  pick 

we  can  find  v £ V’  C V fl  Vi 


j such  that  u £ 


Uij. 


By  Schemes,  Lemma 


25.11.5 


which  is  standard  affine  open  in  V’  and  Vi.  Then  f~xV'  fl  U,  resp.  f~xV’  fl  Ul3 
are  standard  affine  opens  of  U,  resp.  Uij.  Applying  the  lemma  again  we  can  find 
G U'  C f~1Vl  D U fl  Uij  which  is  standard  affine  open  in  both  f~1Vl  n U and 


f~1V'rUij.  Thus  U1  is  also  a standard  affine  open  of  U and  Uij.  By  Lemma  36.41.3 
the  assumption  that  the  equivalent  conditions  of  Lemma  |36.41.1|  are  satisfied  for 
the  pair  ( Uij  — > Vi,E\ui.)  implies  that  the  equivalent  conditions  of  Lemma  36.41.1 
are  satisfied  for  the  pair  (U'  — > V , E\jj')-  O’ 

For  objects  of  the  derived  category  whose  cohomology  sheaves  are  quasi-coherent, 
we  can  relate  relative  m-pseudo-coherence  to  the  notion  defined  in  More  on  Alge- 


bra, Definition  15.66.4  We  will  use  the  fact  that  for  an  affine  scheme  U = Spec(A) 


the  functor  RT(U,—)  induces  an  equivalence  between  DQCohiPu ) and  D(A ),  see 
Derived  Categories  of  Schemes,  Lemma  |35.3.5  This  functor  is  compatible  with 
pullbacks:  if  E is  an  object  of  D QCohiPu)  and  A — ► B is  a ring  map  correspond- 
ing to  a morphism  of  affine  schemes  g : V = Spec (B)  — >•  Spec(A)  = U,  then 
i?T(V,  Lg*E)  = RT(U,  E)®\B.  See  Derived  Categories  of  Schemes,  Lemma  35.3.7 

09VF  Lemma  36.41.6.  Let  f : X -A  S be  a morphism  of  schemes  which  is  locally  of 
finite  type.  Let  E be  an  object  of  DQCohfOx)-  Fix  m G Z.  The  following  are 
equivalent 

(1)  E is  m-pseudo-coherent  relative  to  S, 

(2)  there  exists  an  affine  open  covering  S = (J  Vi  and  for  each  i an  affine 
open  covering  /-1(K;)  = U Uij  such  that  the  complex  of  Ox  (Uij) -modules 
RT(Uij,  E)  is  m-pseudo-coherent  relative  to  Os(Vi),  and 

(3)  for  every  affine  opens  U C X and  V C S with  f(U)  C V the  complex  of 
Ox (U) -modules  RT(U,E)  is  m-pseudo-coherent  relative  to  Os(V). 

Proof.  Let  U and  V be  as  in  (2)  and  choose  a closed  immersion  i : U — >•  Ay.  A 


formal  argument,  using  Lemma  36.41. 5|  shows  it  suffices  to  prove  that  Ri*(E\u)  is 
m-pseudo-coherent  if  and  only  if  RT(U , E)  is  m-pseudo-coherent  relative  to  Os(V). 
Say  U = Spec(A),  V = Spec (R),  and  Ay  = Spec(li[xi, . . . , irn].  By  the  remarks 
preceding  the  lemma,  E\u  is  quasi- isomorphic  to  the  complex  of  quasi-coherent 
sheaves  on  U associated  to  the  object  RT(U,  E)  of  D{A).  Note  that  RT(U,E)  = 
RT(Ay1Riif(E\u))  as  i is  a closed  immersion  (and  hence  **  is  exact).  Thus  Ri*E 
is  associated  to  RT(U,  E)  viewed  as  an  object  of  D(R[x i, . . . , xn\).  We  conclude  as 
m-pseudo-coherence  of  Ri*(E\u)  is  equivalent  to  m-pseudo-coherence  of  RT(E,  U) 
in  D(R[xi, . . . ,xn])  by  Derived  Categories  of  Schemes,  Lemma  35.10.3  which  is 
equivalent  to  RT(U,E)  is  m-pseudo-coherent  relative  to  R = Os(V)  by  definition. 

□ 


09  VG 


Lemma  36.41.7.  Let  i : X — > Y morphism  of  schemes  locally  of  finite  type  over  a 
base  scheme  S.  Assume  that  i induces  a homeomorphism  of  X with  a closed  subset 
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ofY.  Let  E be  an  object  of  D(Ox)-  Then  E is  m-pseudo- coherent  relative  to  S if 
and  only  if  Ri*E  is  m-pseudo-coherent  relative  to  S. 

Proof.  By  Morphisms,  Lemma  |28.44.2|  the  morphism  i is  affine.  Thus  we  may 
assume  S,  Y,  and  X are  affine.  Say  S = Spec (R),  Y = Spec(A),  and  X = Spec (B). 
The  condition  means  that  A/rad(A)  — ► B/rad(f?)  is  surjective.  As  B is  of  finite 
type  over  A , we  can  find  bi, . . . ,bm  £ rad (B)  which  generate  B as  an  A-algebra. 
Say  bjf  = 0 for  all  j.  Consider  the  diagram  of  rings 

B ^ R[xi,  yj]/{yf)  ^ R[xi,  yf] 

' A 

A -s R[Xi] 

which  translates  into  a diagram 


X 

Y 


y ^A§ 


of  affine  schemes.  By  Lemma  [36. 41. 5|  we  see  that  E is  m-pseudo-coherent  relative 
to  S if  and  only  if  its  pushforward  to  A^+m  is  m-pseudo-coherent.  By  Derived 
Categories  of  Schemes,  Lemma  35.11.5  we  see  that  this  is  true  if  and  only  if  its 
pushforward  to  T is  m-pseudo-coherent.  The  same  lemma  shows  that  this  holds  if 


and  only  if  the  pushforward  to  Ag  is  m-pseudo-coherent.  Again  by  Lemma  36.41.5 
this  holds  if  and  only  if  Ri*E  is  m-pseudo-coherent  relative  to  S.  □ 


09UK  Lemma  36.41.8.  Let  it  : X — > Y be  a finite  morphism  of  schemes  locally  of 
finite  type  over  a base  scheme  S.  Let  E be  an  object  of  DQCoh(Ox)-  Then  E is 
m-pseudo-coherent  relative  to  S if  and  only  if  Rtt*E  is  m-pseudo-coherent  relative 
to  S. 


Proof.  Translation  of  the  result  of  More  on  Algebra,  Lemma [15.66.5  into  the  lan- 
guage of  schemes.  Observe  that  f?7r*  indeed  maps  DQCohiPx)  into  DQCoh(Oy)  by 
Derived  Categories  of  Schemes,  Lemma  |35.4.1[  To  do  the  translation  use  Lemma 
136.41.51  □ 


09UL  Lemma  36.41.9.  Let  f : X — » S be  a morphism  of  schemes  which  is  locally  of 
finite  type.  Let  (E,  E' , E")  be  a distinguished  triangle  of  D{Ox)-  Let  m £ Z. 

(1)  If  E is  ( m+1) -pseudo-coherent  relative  to  S and  E'  is  m-pseudo-coherent 
relative  to  S then  E"  is  m-pseudo-coherent  relative  to  S . 

(2)  If  E,  E"  are  m-pseudo-coherent  relative  to  S,  then  E'  is  m-pseudo-coherent 
relative  to  S. 

(3)  If  E'  is  (m+1) -pseudo-coherent  relative  to  S and  E"  is  m-pseudo-coherent 
relative  to  S,  then  E is  (m  + 1) -pseudo- coherent  relative  to  S. 

Moreover,  if  two  out  of  three  of  E,  E' , E"  are  pseudo-coherent  relative  to  S,  the  so 
is  the  third. 


Proof.  Immediate  from  Lemma [36. 41. 5|  and  Cohomology,  Lemma [20. 39. 4| 


□ 


36.41.  RELATIVE  PSEUDO-COHERENCE 


2594 


09UM  Lemma  36.41.10.  Let  X — ► S'  be  a morphism  of  schemes  which  is  locally  of  finite 
type.  Let  T be  an  Ox -module.  Then 

(1)  T is  m-pseudo-coherent  relative  to  S for  all  m > 0, 

(2)  F is  O-pseudo-coherent  relative  to  S if  and  only  if  T is  a finite  type  Ox- 
module, 

(3)  T is  (—l)-pseudo-coherent  relative  to  S if  and  only  if  T is  quasi- coherent 
and  finitely  presented  relative  to  S . 

Proof.  Part  (1)  is  immediate  from  the  definition.  To  see  part  (3)  we  may  work 
locally  on  X (both  properties  are  local).  Thus  we  may  assume  X and  S are  affine. 
Choose  a closed  immersion  * : X — > Ag.  Then  we  see  that  T is  (— l)-pseudo- 
coherent  relative  to  S if  and  only  if  i*F  is  (— l)-pseudo-coherent,  which  is  true  if 
and  only  if  i*T  is  an  0A"-Lnodule  of  finite  presentation,  see  Cohomology,  Lemma 


if  i*J-  is  quasi-coherent.  Having  said  this  part  (3)  follows.  The  proof  of  (2)  is 
similar  but  less  involved.  □ 


20.39.9  A module  of  finite  presentation  is  quasi-coherent,  see  Modules,  Lemma 
17.11.2  By  Morphisms,  Lemma [28. 4. 1|  we  see  that  T is  quasi-coherent  if  and  only 


09UN  Lemma  36.41.11.  Let  X — ► S be  a morphism  of  schemes  which  is  locally  of  finite 
type.  Let  m £ Z.  Let  E,K  be  objects  of  D{Ox)-  If  E © K is  m-pseudo-coherent 
relative  to  S so  are  E and  K . 


Proof.  Follows  from  Cohomology,  Lemma  20.39.6  and  the  definitions. 


□ 


09UP  Lemma  36.41.12.  Let  X -A  S be  a morphism  of  schemes  which  is  locally  of  finite 
type.  Let  m £ Z.  Let  T%  be  a (locally)  bounded  above  complex  of  Ox-modules  such 
that  Fl  is  (to  — i) -pseudo- coherent  relative  to  S for  all  i.  Then  is  m-pseudo- 
coherent  relative  to  S . 


Proof.  Follows  from  Cohomology,  Lemma  20.39.7  and  the  definitions. 


□ 


09UQ  Lemma  36.41.13.  Let  X — ^ S be  a morphism  of  schemes  which  is  locally  of  finite 
type.  Let  m £ Z.  Let  E be  an  object  of  D(Ox).  If  E is  (locally)  bounded  above  and 
Hl(E)  is  (jn—i) -pseudo- coherent  relative  to  S for  all  i,  then  E is  m-pseudo-coherent 
relative  to  S. 


Proof.  Follows  from  Cohomology,  Lemma  [20. 39. 8|  and  the  definitions.  □ 

09UR  Lemma  36.41.14.  Let  X -A  S be  a morphism  of  schemes  which  is  locally  of  finite 
type.  Let  m £ Z.  Let  E be  an  object  of  D(Ox)  which  is  m-pseudo-coherent  relative 
to  S.  Let  S'  — ^ S be  a morphism  of  schemes.  Set  X'  = X x s S'  and  denote  E'  the 
derived  pullback  of  E to  X' . If  S'  and  X are  Tor  independent  over  S,  then  E'  is 
is  m-pseudo-coherent  relative  to  S' . 


Proof.  The  problem  is  local  on  X and  X'  hence  we  may  assume  X , S,  S' , and 
X'  are  affine.  Choose  a closed  immersion  i : X — » Ag  and  denote  i'  : X'  — > Ag, 
the  base  change  to  S'.  Denote  g : X'  — ► X and  g'  : Arf,  Ag  the  projections, 
so  E'  = Lg*E.  Since  X and  S'  are  tor-independent  over  S,  the  base  change  map 
(Cohomology,  Remark  20.29.2)  induces  an  isomorphism 


Ri'*{Lg*E)  = L(g')*  Ri*E 
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Namely,  for  a point  x'  £ X'  lying  over  x £ X the  base  change  map  on  stalks  at  x' 
is  the  map 

Ex  ®0AniX  t Ex  ®Ox,x 

coming  from  the  closed  immersions  i and  i' . Note  that  the  source  is  quasi-isomorphic 
to  a localization  of  Ex  Os'  ,s'  which  is  isomorphic  to  the  target  as  Ox'y  is 

isomorphic  to  (the  same)  localization  of  Ox  ,X  g Os\ s'  by  assumption.  We 

conclude  the  lemma  holds  by  an  application  of  Cohomology,  Lemma  [20.39.3[  □ 

09US  Lemma  36.41.15.  Let  f : X Y be  a morphism  of  schemes  locally  of  finite  type 
over  a base  S.  Let  m £ Z.  Let  E be  an  object  of  D(Oy).  Assume 

(1)  Ox  is  pseudo-coherent  relative  to  iQ  and 

(2)  E is  m-pseudo-coherent  relative  to  S. 

Then  Lf*E  is  m-pseudo-coherent  relative  to  S. 


Proof.  The  problem  is  local  on  X.  Thus  we  may  assume  X,  Y,  and  S are  affine. 
Arguing  as  in  the  proof  of  More  on  Algebra,  Lemma  15.66.13  we  can  find  a com- 
mutative diagram 


Observe  that 


RuLf*E  = Ri*Li* Lp* E = Lp*E®1f)^  Ri*Ox 

by  Derived  Categories  of  Schemes,  Lemma  35.18.1|  By  assumption  and  the  fact 
that  Y is  affine,  we  can  represent  Ri*Ox  = i*Ox  by  a complexes  of  finite  free 
O a™  -modules  J7*,  with  Tl  = 0 for  i > 0 (details  omitted;  use  Derived  Categories 
of  Schemes,  Lemma  35.10.3  and  More  on  Algebra,  Lemma  15.66.7 1.  By  assumption 
E is  bounded  above,  say  Hl[E ) = 0 for  i > a.  Represent  A by  a complex  £*  of 
CV-modules  with  £l  = 0 for  i > a.  Then  the  derived  tensor  product  above  is 
represented  by  Tot(p*£*  ®oA„  J7*). 


Thus  we  have  to  show  that  j*Tot(p*£*®e>A„  J7*)  is  m-pseudo-coherent  as  a complex 
of  C>A^+m-modules.  Note  that  Tot(p*£*  X*)  has  a filtration  by  subcomplexes 
with  successive  quotients  the  complexes  p*£ * Note  that  for  i <C  0 

the  complexes  p*£ * 0oA„  J7^— i]  have  zero  cohomology  in  degrees  < m and  hence 
are  m-pseudo-coherent.  Hence,  applying  Lemma  |36. 41. 9|  and  induction,  it  suffices 
to  show  that  p*£m  (g>oA„  Xl[— i]  is  pseudo-coherent  relative  to  S for  all  i.  Note 

that  Tl  = 0 for  i > 0.  Since  also  X1  is  finite  free  this  reduces  to  proving  that 
p*£m  is  m-pseudo-coherent  relative  to  R which  follows  from  Lemma  |36.41.14]  for 
instance.  □ 


09UT  Lemma  36.41.16.  Let  f : X — » Y be  a morphism  of  schemes  locally  of  finite 
type  over  a base  S.  Let  m £ Z.  Let  E be  an  object  of  D(0\)-  Assume  Oy  is 
pseudo-coherent  relative  to  SQ  Then  the  following  are  equivalent 


3 

4 


This  means  / is  pseudo-coherent,  see  Definition  36.42.2 
This  means  Y — > S is  pseudo-coherent,  see  Definition 


36.42.2 
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09UU 


067X 


067Y 


(1)  E is  m-pseudo-coherent  relative  to  Y , and 

(2)  E is  m-pseudo-coherent  relative  to  S . 


Proof.  The  question  is  local  on  X , hence  we  may  assume  X,  Y,  and  S are  affine. 
Arguing  as  in  the  proof  of  More  on  Algebra,  Lemma  |15. 66.131  we  can  find  a com- 
mutative diagram 


The  assumption  that  Oy  is  pseudo-coherent  relative  to  S implies  that  0a™  is 
pseudo-coherent  relative  to  A™  (by  flat  base  change;  this  can  be  seen  by  using  for 


example  Lemma  36.41.14).  This  in  turn  implies  that  ;/*0a"  is  pseudo-coherent 
as  an  0An+m-moduIe.  Then  the  equivalence  of  the  lemma  follows  from  Derived 
Categories  of  Schemes,  Lemma  [35.11.5|  □ 


be  a commutative  diagram  of  schemes.  Assume  i is  a closed  immersion  and  P — * S 
flat  and  locally  of  finite  presentation.  Let  E be  an  object  of  D{Ox)-  Then  the 
following  are  equivalent 

(1)  E is  m-pseudo-coherent  relative  to  S , 

(2)  Ri*E  is  m-pseudo-coherent  relative  to  S,  and 

(3)  Ri*E  is  m-pseudo-coherent  on  P. 


Proof.  The  equivalence  of  (1)  and  (2)  is  Lemma  36.41.8  The  equivalence  of  (2) 
and  (3)  follows  from  Lemma  36.41.16  applied  to  id  : P — )■  P provided  we  can  show 
that  Op  is  pseudo-coherent  relative  to  S.  This  follows  from  More  on  Algebra, 
Lemma  Il5.67.4l  and  the  definitions.  □ 


36.42.  Pseudo- coherent  morphisms 


Avoid  reading  this  section  at  all  cost.  If  you  need  some  of  this  material,  first 
take  a look  at  the  corresponding  algebra  sections,  see  More  on  Algebra,  Sections 
15.54[  15.66[  and  |15.67|  For  now  the  only  thing  you  need  to  know  is  that  a ring 
map  A — > B is  pseudo-coherent  if  and  only  if  B = A[x i, . . . ,xn]/I  and  B as  an 
A[x i, . . . , xn]-module  has  a resolution  by  finite  free  A\x i, . . . , ccn]-modules. 


Lemma  36.42.1.  Let  f : X — ► S be  a morphism  of  schemes.  The  following  are 
equivalent 

(1)  there  exist  an  affine  open  covering  S = (J  Vj  and  for  each  j an  affine 
open  covering  f~1(Vj)  = (J  Uji  such  that  Os(Vj)  — ► Ox{Uij)  is  a pseudo- 
coherent  ring  map, 

(2)  for  every  pair  of  affine  opens  U C X,  V C S such  that  f(U ) C V the  ring 
map  Os{V)  — > Ox(fJ)  is  pseudo-coherent,  and 

(3)  / is  locally  of  finite  type  and  Ox  is  pseudo-coherent  relative  to  S. 
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0682 

0695 
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OAVX 


Proof.  To  see  the  equivalence  of  (1)  and  (2)  it  suffices  to  check  conditions  (l)(a), 
(b),  (c)  of  Morphisms,  Definition  28.14.1  for  the  property  of  being  a pseudo-coherent 


ring  map.  These  properties  follow  (using  localization  is  flat)  from  More  on  Algebra, 
Lemmas  15.66.12  15.66. ll[  and|15.66.16| 


If  (1)  holds,  then  / is  locally  of  finite  type  as  a pseudo-coherent  ring  map  is  of  finite 


type  by  definition.  Moreover,  (1)  implies  via  Lemma  36.41.6  and  the  definitions 
that  Ox  is  pseudo-coherent  relative  to  S.  Conversely,  if  (3)  holds,  then  we  see  that 
for  every  U and  V as  in  (2)  the  ring  Ox{U)  is  of  finite  type  over  Os{V)  and  Ox(U) 


is  as  a module  pseudo-coherent  relative  to  Os(V),  see  Lemmas  36.41.5  and  36.41.6 


This  is  the  definition  of  a pseudo-colrerent  ring  map,  hence  (2)  and  (1)  hold.  □ 

Definition  36.42.2.  A morphism  of  schemes  f : X S is  called  pseudo-coherent 
if  the  equivalent  conditions  of  Lemma  36.42.1|are  satisfied.  In  this  case  we  also  say 
that  A'  is  pseudo-coherent  over  S. 


Beware  that  a base  change  of  a pseudo-coherent  morphism  is  not  pseudo-colrerent 
in  general. 

Lemma  36.42.3.  A flat  base  change  of  a pseudo-coherent  morphism  is  pseudo- 
coherent. 


Proof.  This  translates  into  the  following  algebra  result:  Let  A — > B be  a pseudo- 
colrerent  ring  map.  Let  A — ► A'  be  flat.  Then  A'  — »•  B A'  is  pseudo-coherent. 
This  follows  from  the  more  general  More  on  Algebra,  Lemma  15.66.12  □ 


Lemma  36.42.4.  A composition  of  pseudo-coherent  morphisms  of  schemes  is 
pseudo-coherent. 


Proof.  This  translates  into  the  following  algebra  result:  If  A — ► B — > C are 
composable  pseudo-colrerent  ring  maps  then  A — ► C is  pseudo-coherent.  This 
follows  from  either  More  on  Algebra,  Lemma [15.66. 13| or  More  on  Algebra,  Lemma 
115.66.151  □ 

Lemma  36.42.5.  A pseudo-coherent  morphism  is  locally  of  finite  presentation. 
Proof.  Immediate  from  the  definitions.  □ 


Lemma  36.42.6.  A flat  morphism  which  is  locally  of  finite  presentation  is  pseudo- 
coherent. 


Proof.  This  follows  from  the  fact  that  a flat  ring  map  of  finite  presentation  is 
pseudo-coherent  (and  even  perfect),  see  More  on  Algebra,  Lemma  15.67.4  □ 


Lemma  36.42.7.  Let  f : X — >■  Y be  a morphism  of  schemes  pseudo-coherent  over 
a base  scheme  S . Then  f is  pseudo-coherent. 


Proof.  This  translates  into  the  following  algebra  result:  If  R — > A — > B are 
composable  ring  maps  and  R — » A,  R — » B pseudo-coherent,  then  R — > B is 
pseudo-coherent.  This  follows  from  More  on  Algebra,  Lemma[l5.66.15  □ 


Lemma  36.42.8.  Let  f : X — >•  S be  a finite  morphism  of  schemes.  Then  f is 
pseudo-coherent  if  and  only  if  f*Ox  is  pseudo-coherent  as  an  Os-module. 
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Proof.  Translated  into  algebra  this  lemma  says  the  following:  If  R — ► A is  a finite 
ring  map,  then  R — > A is  pseudo-coherent  as  a ring  map  (which  means  by  definition 
that  A as  an  A-module  is  pseudo-coherent  relative  to  R)  if  and  only  if  A is  pseudo- 
coherent  as  an  f?-module.  This  follows  from  the  more  general  More  on  Algebra, 
Lemma  115.66.51  □ 

0684  Lemma  36.42.9.  Let  f : X — ► S'  be  a morphism  of  schemes.  If  S is  locally 
Noetherian,  then  f is  pseudo-coherent  if  and  only  if  f is  locally  of  finite  type. 

Proof.  This  translates  into  the  following  algebra  result:  If  R — ► A is  a finite 
type  ring  map  with  R Noetherian,  then  R — ► A is  pseudo-coherent  if  and  only  if 
R — > A is  of  finite  type.  To  see  this,  note  that  a pseudo-coherent  ring  map  is  of 
finite  type  by  definition.  Conversely,  if  R — ► A is  of  finite  type,  then  we  can  write 


A = R[x±, . . . , xn\/I  and  it  follows  from  More  on  Algebra,  Lemma  15.54.16  that 
A is  pseudo-coherent  as  an  R[x i, . . . , a;ra]-module,  i.e. , R — > A is  a pseudo-coherent 
ring  map.  □ 

0696  Lemma  36.42.10.  The  property  'P(f)  =“f  is  pseudo-coherent”  is  fpqc  local  on 
the  base. 


Proof.  We  will  use  the  criterion  of  Descent,  Lemma  34.18.4  to  prove  this.  By  Defi- 
nition[36.42.2|being  pseudo-coherent  is  Zariski  local  on  the  base.  By  Lemmar36.42.3| 
being  pseudo-coherent  is  preserved  under  flat  base  change.  The  final  hypothesis  (3) 
of  Descent,  Lemma  |34.18.4|  translates  into  the  following  algebra  statement:  Let 
A — > B be  a faithfully  flat  ring  map.  Let  C = A[x i, . . . , xn\/I  be  an  A-algebra.  If 
C B is  pseudo-coherent  as  an  B[x i, , xn]-module,  then  C is  pseudo-colrerent 
as  a A[xi, . . . , ir„]-module.  This  is  More  on  Algebra,  Lemma  15.54.15  □ 


0697  Lemma  36.42.11.  Let  A — * B be  a flat  ring  map  of  finite  presentation.  Let  I C B 
be  an  ideal.  Then  A — ► B/I  is  pseudo-coherent  if  and  only  if  I is  pseudo-coherent 
as  a B -module. 

Proof.  Choose  a presentation  B = A[x\, . . . , xn]/ J.  Note  that  B is  pseudo- 
coherent  as  an  A[x i, . . . , a;n]-module  because  A — > B is  a pseudo-coherent  ring  map 
by  Lemma  36.42.6  Note  that  A — > B/I  is  pseudo-coherent  if  and  only  if  B/I  is 
pseudo-coherent  as  an  A[x\, . . . , £n]-module.  By  More  on  Algebra,  Lemma[l5.54.11 
we  see  this  is  equivalent  to  the  condition  that  B/I  is  pseudo-coherent  as  an  13- 
module.  This  proves  the  lemma  as  the  short  exact  sequence  0—>I—>B-*B/I—t0 
shows  that  I is  pseudo-coherent  if  and  only  if  B/I  is  (see  More  on  Algebra,  Lemma 
15.54.6b.  □ 


The  following  lemma  will  be  obsoleted  by  the  stronger  Lemma  36.42.13 


0698  Lemma  36.42.12.  The  property  V(f)  = “f  is  pseudo-coherent”  is  syntomic  local 
on  the  source. 


Proof.  We  will  use  the  criterion  of  Descent,  Lemma  |34.22.3|  to  prove  this.  It 
follows  from  Lemmas  |36.42.6|  and  |36.42.4|  that  being  pseudo-coherent  is  preserved 
under  precomposing  with  flat  morphisms  locally  of  finite  presentation,  in  particular 
under  precomposing  with  syntomic  morphisms  (see  Morphisms,  Lemmas  28.31.7 
and  28.31.6 ).  It  is  clear  from  Definition  36.42.2|that  being  pseudo-coherent  is  Zariski 
local  on  the  source  and  target.  Hence,  according  to  the  aforementioned  Descent, 
Lemma  34.22.3  it  suffices  to  prove  the  following:  Suppose  X'  — ► X — > Y are 
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morphisms  of  affine  schemes  with  X'  — ► X syntomic  and  X'  — > Y pseudo-coherent. 
Then  X — ► Y is  pseudo-coherent.  To  see  this,  note  that  in  any  case  X — >■  Y 
is  of  finite  presentation  by  Descent,  Lemma  |34.10.1|  Choose  a closed  immersion 
X — > A y-  By  Algebra,  Lemma  10.134.18  we  can  find  an  affine  open  covering  X'  = 
Ui=i  n X'i  and  syntomic  morphisms  Wr  — ► Ay  lifting  the  morphisms  X'  — ► X, 
i.e.,  such  that  there  are  fibre  product  diagrams 


X' 


X 


■Wi 


Y 

A1 


After  replacing  X'  by  ]J  X[  and  setting  W = ]J  Wi  we  obtain  a fibre  product 
diagram 

X' ->  W 


X 


with  W — > Ay  flat  and  of  hnite  presentation  and  X'  — > Y still  pseudo-coherent. 


Since  W — > Ay  is  open  (see  Morphisms,  Lemma  28.25.9)  and  X'  — ► X is  surjective 


we  can  find  / £ T{Ay,0)  such  that  X C D(f)  C Im(/i).  Write  Y = Spec (R),  X = 
Spec(A),  X'  = Spec(A')  and  W = Spec(B),  A = R[x i, . . . , xn]/I  and  A1  = B/IB. 
Then  R — > A!  is  pseudo-coherent.  Picture 


A'  = B/IB 


B 

A 


A = R[x i, . . . ,a ;„]//  ■ 


■ R[x  i, 


By  Lemma  [36.42. 11|  we  see  that  IB  is  pseudo-coherent  as  a l?-module.  The  ring 
map  . . . ,xn]f  —¥  Bf  is  faithfully  flat  by  our  choice  of  / above.  This  implies 
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that  If  C R[x i, . . . , xn]f  is  pseudo-coherent,  see  More  on  Algebra,  Lemma  15.54.15 
Applying  Lemma[36]42TT]one  more  time  we  see  that  R — > A is  pseudo-coherent.  □ 

Lemma  36.42.13.  The  property  V(f)  =“f  is  pseudo-coherent”  is  fppf  local  on 
the  source. 


Proof.  Let  / : X — ► S be  a morphism  of  schemes.  Let  {gt  : Xj  — >•  X}  be  an  fppf 
covering  such  that  each  composition  /oc^  is  pseudo-coherent.  According  to  Lemma 
I36.34.1lthere  exist 

(1)  a Zariski  open  covering  X = (J  Uj, 

(2)  surjective  finite  locally  free  morphisms  Wj  — >•  Uj , 

(3)  Zariski  open  coverings  Wj  = \JkWjtk, 

(4)  surjective  finite  locally  free  morphisms  Tjj.  Wjtk 

such  that  the  fppf  covering  {h3_k  '■  Tj ^ —t  X}  refines  the  given  covering  {Xj  — » X}. 
Denote  ipj^k  ■ Tj ^ — > Xa^j  ^ the  morphisms  that  witness  the  fact  that  {Tyfc  — > X} 
refines  the  given  covering  {X,;  — ► X}.  Note  that  Tj^  — > X is  a flat,  locally  finitely 
presented  morphism,  so  both  X,  and  Tj  k are  pseudo-coherent  over  X by  Lemma 


Tj  ].  — > S is  pseudo  coherent  as  the  composition  of  ipj^  and  / o ga/jtj-),  see  Lemma 


36.42.6  Hence  b'yfc  : Tj.k  X is  pseudo-coherent,  see  Lemma  36.42.7  Hence 
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|36.42.4[  Thus  we  see  we  have  reduced  the  lemma  to  the  case  of  a Zariski  open 
covering  (which  is  OK)  and  the  case  of  a covering  given  by  a single  surjective  finite 
locally  free  morphism  which  we  deal  with  in  the  following  paragraph. 


Assume  that  X'  — > X — > S is  a sequence  of  morphisms  of  schemes  with  X'  — > X 
surjective  finite  locally  free  and  X'  — » Y pseudo-coherent.  Our  goal  is  to  show  that 
X — )■  S is  pseudo-coherent.  Note  that  by  Descent,  Lemma  [34.10.3|  the  morphism 
X — > S is  locally  of  finite  presentation.  It  is  clear  that  the  problem  reduces  to  the 
case  that  X' , X and  S are  affine  and  X'  — > X is  free  of  some  rank  r > 0.  The 
corresponding  algebra  problem  is  the  following:  Suppose  R — > A — > A'  are  ring 
maps  such  that  R — > A!  is  pseudo-coherent,  R — > A is  of  finite  presentation,  and 
A'  = A®r  as  an  A-module.  Goal:  Show  R — > A is  pseudo-coherent.  The  assumption 
that  R — > A'  is  pseudo-coherent  means  that  A!  as  an  A'-module  is  pseudo-colrerent 
relative  to  R.  By  More  on  Algebra,  Lemma  15.66.5  this  implies  that  A'  as  an 
A-module  is  pseudo-coherent  relative  to  R.  Since  A'  = A®r  as  an  A-module  we 
see  that  A as  an  A-module  is  pseudo-coherent  relative  to  R , see  More  on  Algebra, 
Lemma  |15. 66. 8[  This  by  definition  means  that  R — > A is  pseudo-coherent  and  we 
win.  □ 


36.43.  Perfect  morphisms 


0685  In  order  to  understand  the  material  in  this  section  you  have  to  understand  the 
material  of  the  section  on  pseudo-colrerent  morphisms  just  a little  bit.  For  now  the 
only  thing  you  need  to  know  is  that  a ring  map  A — > B is  perfect  if  and  only  if  it 
is  pseudo-coherent  and  B has  finite  tor  dimension  as  an  A-module. 

0686  Lemma  36.43.1.  Let  f : X — ► S be  a morphism  of  schemes  which  is  locally  of 
finite  type.  The  following  are  equivalent 

(1)  there  exist  an  affine  open  covering  S = U Vj  and  for  each  j an  affine  open 
covering  /-1(V))  = (JUji  such  that  Os(Vj)  — » Ox(Uij)  is  a perfect  ring 
map , and 

(2)  for  every  pair  of  affine  opens  U C X,  V C S such  that  f{U)  C V the  ring 
map  Os(V)  — » Ox(U)  is  perfect. 


Proof.  Assume  (1)  and  let  U,  V be  as  in  (2).  It  follows  from  Lemma  36.42.1  that 
Os(V)  —>  Ox(U)  is  pseudo-coherent.  Hence  it  suffices  to  prove  that  the  property 
of  a ring  map  being  ”of  finite  tor  dimension”  satisfies  conditions  (l)(a),  (b),  (c) 


of  Morphisms,  Definition  28.14.1  These  properties  follow  from  More  on  Algebra, 
Lemmas  |15. 55.10|  |15.55.13  and  15.55. 15|  Some  details  omitted.  □ 


0687  Definition  36.43.2.  A morphism  of  schemes  f : X ^ S is  called  perfect  if  the 
equivalent  conditions  of  Lemma  36.42.1  are  satisfied.  In  this  case  we  also  say  that 
X is  perfect  over  S. 


Note  that  a perfect  morphism  is  in  particular  pseudo-coherent,  hence  locally  of 
finite  presentation.  Beware  that  a base  change  of  a perfect  morphism  is  not  perfect 
in  general. 

0688  Lemma  36.43.3.  A flat  base  change  of  a perfect  morphism  is  perfect. 

Proof.  This  translates  into  the  following  algebra  result:  Let  A — > B be  a perfect 
ring  map.  Let  A — > A'  be  flat.  Then  A'  — ► B (g)^  A'  is  perfect.  This  result  for 
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068A 


068B 


068C 
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pseudo-coherent  ring  maps  we  have  seen  in  Lemma|36.42.3|  The  corresponding  fact 
for  finite  tor  dimension  follows  from  More  on  Algebra,  Lemma |15. 55. 13]  □ 


Lemma  36.43.4.  A composition  of  perfect  morphisms  of  schemes  is  perfect. 

Proof.  This  translates  into  the  following  algebra  result:  If  A — > B — »•  C are 
composable  perfect  ring  maps  then  A — ► C is  perfect.  We  have  seen  this  is  the  case 
for  pseudo-coherent  in  Lemma  |36.42.4|  and  its  proof.  By  assumption  there  exist 
integers  n,  m such  that  B has  tor  dimension  < n over  A and  C has  tor  dimension 
< m over  B.  Then  for  any  A- module  M we  have 


M®\C  = (M  <g>^  B)  <g)^  C 


and  the  spectral  sequence  of  More  on  Algebra,  Example 
0 for  p > n + m as  desired. 


15.52.4 


shows  that  TorJ;  (M,  C) 

□ 


Lemma  36.43.5.  Let  f : X — ► S be  a morphism  of  schemes.  The  following  are 
equivalent 

(1)  f is  flat  and  perfect,  and 

(2)  f is  flat  and  locally  of  finite  presentation. 


Proof.  The  implication  (2)  =>  (1)  is  More  on  Algebra,  Lemma  15.67.4  The  con- 
verse follows  from  the  fact  that  a pseudo-coherent  morphism  is  locally  of  finite 
presentation,  see  Lemma [36. 42. 5[  □ 


Lemma  36.43.6.  Let  f : X — > S'  be  a morphism  of  schemes.  Assume  S is  regular 
and  f is  locally  of  finite  type.  Then  f is  perfect. 


Proof.  See  More  on  Algebra,  Lemma [15. 67. 5[ 


□ 


Lemma  36.43.7.  A regular  immersion  of  schemes  is  perfect.  A Koszul-regular 
immersion  of  schemes  is  perfect. 


Proof.  Since  a regular  immersion  is  a Koszul-regular  immersion,  see  Divisors, 
Lemma  |30.18.2|  it  suffices  to  prove  the  second  statement.  This  translates  into 
the  following  algebraic  statement:  Suppose  that  I C A is  an  ideal  generated  by 
a Koszul-regular  sequence  /i, . . . , fr  of  A.  Then  A — ► A/ 1 is  a perfect  ring  map. 
Since  A — >•  A/ 1 is  surjective  this  is  a presentation  of  A/ 1 by  a polynomial  algebra 
over  A.  Hence  it  suffices  to  see  that  A/ 1 is  pseudo-coherent  as  an  A-module  and 
has  finite  tor  dimension.  By  definition  of  a Koszul  sequence  the  Koszul  complex 
AT  (A,  /!,...,  fr)  is  a finite  free  resolution  of  A/I.  Hence  A/I  is  a perfect  complex 
of  A-modules  and  we  win.  □ 


Lemma  36.43.8.  Let 

x *.y 


s 

be  a commutative  diagram  of  morphisms  of  schemes.  Assume  Y — ► S smooth  and 
X — > S perfect.  Then  f : X — ► Y is  perfect. 
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Proof.  We  can  factor  / as  the  composition 

x — >xxsy — > y 

where  the  first  morphism  is  the  map  i = (1,  /)  and  the  second  morphism  is  the 
projection.  Since  Y — ► S is  flat,  see  Morphisms,  Lemma  28.34.9  we  see  that 
X x s y — > Y is  perfect  by  Lemma  |36.43.3  As  Y — > S is  smooth,  also  X x 5 Y — > 
X is  smooth,  see  Morphisms,  Lemma  28.34.5|  Hence  j is  a section  of  a smooth 


morphism,  therefore  * is  a regular  immersion,  see  Divisors,  Lemma  |30.19.7|  This 
implies  that  i is  perfect,  see  Lemma [36. 43. 7[  We  conclude  that  / is  perfect  because 
the  composition  of  perfect  morphisms  is  perfect,  see  Lemma  36.43.4|  □ 


069A  Remark  36.43.9.  It  is  not  true  that  a morphism  between  schemes  X,  Y per- 
fect over  a base  S is  perfect.  An  example  is  S = Spec (k),  X = Spec(ft),  Y = 
Spec(fc[x]/(x2)  and  X — > Y the  unique  S-morphism. 

069B  Lemma  36.43.10.  The  property  V(f)  = “f  is  perfect”  is  fpqc  local  on  the  base. 

Proof.  We  will  use  the  criterion  of  Descent,  Lemma  |34.18.4|  to  prove  this.  By 
Defmition|36.43.2|being  perfect  is  Zariski  local  on  the  base.  By  Lemma[36.43.3|being 
perfect  is  preserved  under  flat  base  change.  The  final  hypothesis  (3)  of  Descent, 
Lemma  34.18.4  translates  into  the  following  algebra  statement:  Let  A — ► B be  a 
faithfully  flat  ring  map.  Let  C = A[x  1, . . . ,xn]/I  be  an  A-algebra.  If  C Gu  B is 
perfect  as  an  B[xi, . . . , x„]-module,  then  C is  perfect  as  a A[x\, . . . , x„]-module. 
This  is  More  on  Algebra,  Lemma[l5.61.12|  □ 

069C  Lemma  36.43.11.  Let  f : X — ► S be  a pseudo-coherent  morphism  of  schemes. 
The  following  are  equivalent 

(1)  / is  perfect, 

(2)  Ox  locally  has  finite  tor  dimension  as  a sheaf  of  /_1  Os -modules,  and 

(3)  for  all  x G X the  ring  Ox,x  has  finite  tor  dimension  as  an  O sj(x) -module. 

Proof.  The  problem  is  local  on  X and  S.  Hence  we  may  assume  that  X = Spec (B), 
S = Spec(A)  and  / corresponds  to  a pseudo-coherent  ring  map  A — ► B. 

If  (1)  holds,  then  B has  finite  tor  dimension  d as  A-module.  Then  Bq  has  tor 
dimension  d as  an  Ap-module  for  all  primes  q C B with  p = A D q,  see  More  on 


Algebra,  Lemma  15.55.14  Then  Ox  has  tor  dimension  d as  a sheaf  of  / xOs 


modules  by  Cohomology,  Lemma  20.40.5  Thus  (1)  implies  (2). 


By  Cohomology,  Lemma  20.40.5  (2)  implies  (3). 

Assume  (3).  We  cannot  use  More  on  Algebra,  Lemma  15.55.14  to  conclude  as 


we  are  not  given  that  the  tor  dimension  of  B q over  Av  is  bounded  independent 
of  q.  Choose  a presentation  A[x  1, . . . ,xn]  —>  B.  Then  B is  pseudo-coherent  as  a 
A[x  1, . . . ,xn]-module.  Let  q C A[x  1, . . . ,xn\  be  a prime  ideal  lying  over  p C A. 
Then  either  Bq  is  zero  or  by  assumption  it  has  finite  tor  dimension  as  an  Ap- 
module.  Since  the  fibres  of  A — >■  A[x  1, . . . , xn } have  finite  global  dimension,  we  can 
apply  More  on  Algebra,  Lemma 


15.63.7 


to  Ap  — >•  A[x  1, . . . , xn]q  to  see  that  Bq  is  a 
perfect  A[x  1, . . . , xn]q-module.  Hence  B is  a perfect  A[x  1, . . . , x„]-module  by  More 
on  Algebra,  Lemma |15.63.6[  Thus  A — » B is  a perfect  ring  map  by  definition.  □ 

0B6G  Lemma  36.43.12.  Let  S be  a Noetherian  scheme.  Let  f : X — > S be  a perfect 
proper  morphism  of  schemes.  Let  E G D(Ox)  be  perfect.  Then  Rf*E  is  a perfect 
object  of  D(Os). 
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Proof.  We  claim  that  Derived  Categories  of  Schemes,  Lemma[35.19.1|applies.  Con- 
ditions (1)  and  (2)  are  immediate.  Condition  (3)  is  local  on  X . Thus  we  may  assume 
X and  S affine  and  E represented  by  a strictly  perfect  complex  of  Ox-modules. 
Thus  it  suffices  to  show  that  Ox  has  finite  tor  dimension  as  a sheaf  of  f~1Os- 
modules.  This  is  equivalent  to  being  perfect  by  Lemma  36.43.1l[  □ 

069D  Lemma  36.43.13.  The  property  V(f)  = “f  is  perfect”  is  fppf  local  on  the  source. 

Proof.  Let  {gi  : Xi  — ► X}i&j  be  an  fppf  covering  of  schemes  and  let  / : X — > S 
be  a morphism  such  that  each  / o is  perfect.  By  Lemma  |36.42.13]  we  conclude 
that  / is  pseudo-coherent.  Hence  by  Lemma  36.43.11  it  suffices  to  check  that  Ox,x 
is  an  Ogj^ymodule  of  finite  tor  dimension  for  all  x £ X.  Pick  i £ I and  Xi  £ W 
mapping  to  x.  Then  we  see  that  Oxt,xi  has  finite  tor  dimension  over  Ogj (x)  and 
that  Ox,x  — t Oxi.xi  is  faithfully  flat.  The  desired  conclusion  follows  from  More  on 
Algebra,  Lemma  15.55.16[  □ 


09RK  Lemma  36.43.14. 

Assume 


Let  i : Z Y and  j : Y — ► X be  immersions  of  schemes. 


(1)  X is  locally  Noetherian, 

(2)  j o i is  a regular  immersion,  and 

(3)  i is  perfect. 

Then  i and  j are  regular  immersions. 


Proof.  Since  X (and  hence  Y)  is  locally  Noetherian  all  4 types  of  regular  immer- 
sions agree,  and  moreover  we  may  check  whether  a morphism  is  a regular  immersion 
on  the  level  of  local  rings,  see  Divisors,  Lemma  |30.17.8[  Thus  the  result  follows 
from  Divided  Power  Algebra,  Lemma [23. 7. 5|  □ 


36.44.  Local  complete  intersection  morphisms 

068E  In  Divisors,  Section  [30. 18|  we  have  defined  4 different  types  of  regular  immersions: 
regular,  Koszul-regular,  Hi-regular,  and  quasi-regular.  In  this  section  we  consider 
morphisms  / : X -A  S which  locally  on  X factors  as 


S 

where  i is  a *-regular  immersion  for  * £ {0,  Koszul,  Hi,  quasi}.  However,  we  don’t 
know  how  to  prove  that  this  condition  is  independent  of  the  factorization  if  * = 0, 
i.e.,  when  we  require  i to  be  a regular  immersion.  On  the  other  hand,  we  want  a 
local  complete  intersection  morphism  to  be  perfect,  which  is  only  going  to  be  true  if 
* = Koszul  or  * = 0.  Hence  we  will  define  a local  complete  intersection  morphism 
or  Koszul  morphism  to  be  a morphism  of  schemes  f : X S that  locally  on  X has 
a factorization  as  above  with  i a Koszul-regular  immersion.  To  see  that  this  works 
we  first  prove  this  is  independent  of  the  chosen  factorizations. 

069E  Lemma  36.44.1.  Let  S be  a scheme.  Let  U , P,  P'  be  schemes  over  S . Let  u £ U. 
Let  i : U P , i’  : U —¥  P'  be  immersions  over  S.  Assume  P and  P'  smooth  over 
S.  Then  the  following  are  equivalent 

(1)  i is  a Koszul-regular  immersion  in  a neighbourhood  of  x,  and 
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(2)  i'  is  a Koszul-regular  immersion  in  a neighbourhood  of  x. 

Proof.  Assume  i is  a Koszul-regular  immersion  in  a neighbourhood  of  x.  Consider 
the  morphism  j = (i,i')  : U -A  P xg  P'  = P" . Since  P"  = P xg  P'  — » P is 
smooth,  it  follows  from  Divisors,  Lemma  30. 19. 8|  that  j is  a Koszul-regular  immer- 
sion, whereupon  it  follows  from  Divisors,  Lemma|30.19.11  that  i!  is  a Koszul-regular 
immersion.  □ 


069F 


Before  we  state  the  definition,  let  us  make  the  following  simple  remark.  Let  / : 
X — > S be  a morphism  of  schemes  which  is  locally  of  finite  type.  Let  x £ X. 
Then  there  exist  an  open  neighbourhood  U C X and  a factorization  of  f\u  as  the 
composition  of  an  immersion  i : U -A  Ag  followed  by  the  projection  Ait  — ► S which 
is  smooth.  Picture 


S 


In  fact  you  can  do  this  with  any  affine  open  neighbourhood  U of  r in  J, 
Morphisms,  Lemma  28.39.2| 


see 


Definition  36.44.2.  Let  / : X — > S be  a morphism  of  schemes. 

(1)  Let  x £ X.  We  say  that  / is  Koszul  at  x if  / is  of  finite  type  at  x and 
there  exists  an  open  neighbourhood  and  a factorization  of  f\u  as  tt  o i 
where  i : U — > P is  a Koszul-regular  immersion  and  7r  : P — > S is  smooth. 

(2)  We  say  / is  a Koszul  morphism , or  that  / is  a local  complete  intersection 
morphism  if  / is  Koszul  at  every  point. 


We  have  seen  above  that  the  choice  of  the  factorization  f\jj  = no i is  irrelevant,  i.e. , 
given  a factorization  of  f\u  as  an  immersion  i followed  by  a smooth  morphism  n, 
whether  or  not  i is  Koszul  regular  in  a neighbourhood  of  x is  an  intrinsic  property 
of  / at  x.  Let  us  record  this  here  explicitly  as  a lemma  so  that  we  can  refer  to  it 

069G  Lemma  36.44.3.  Let  f : X — » S be  a local  complete  intersection  morphism.  Let 
P be  a scheme  smooth  over  S.  Let  U C X be  an  open  subscheme  and  i : U — )•  P 
an  immersion  of  schemes  over  S . Then  i is  a Koszul-regular  immersion. 


Proof.  This  is  the  defining  property  of  a local  complete  intersection  morphism. 
See  discussion  above.  □ 


It  seems  like  a good  idea  to  collect  here  some  properties  in  common  with  all  Koszul 
morphisms. 

069H  Lemma  36.44.4.  Let  f : X — » S be  a local  complete  intersection  morphism.  Then 

(1)  / is  locally  of  finite  presentation, 

(2)  / is  pseudo-coherent,  and 

(3)  / is  perfect. 

Proof.  Since  a perfect  morphism  is  pseudo-coherent  (because  a perfect  ring  map  is 
pseudo-coherent)  and  a pseudo-coherent  morphism  is  locally  of  finite  presentation 
(because  a pseudo-coherent  ring  map  is  of  finite  presentation)  it  suffices  to  prove 
the  last  statement.  Being  perfect  is  a local  property,  hence  we  may  assume  that  / 
factors  as  tt  o i where  tt  is  smooth  and  i is  a Koszul-regular  immersion.  A Koszul- 
regular  immersion  is  perfect,  see  Lemma |36. 43. 7|  A smooth  morphism  is  perfect  as 
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07DB 


0691 


069J 


069K 


it  is  flat  and  locally  of  finite  presentation,  see  Lemmar36.43.5|  Finally  a composition 
of  perfect  morphisms  is  perfect,  see  Lemma [36. 43. 4|  □ 

Lemma  36.44.5.  Let  f : X = Spec (B)  -A-  S = Spec(A)  be  a morphism  of  affine 
schemes.  Then  f is  a local  complete  intersection  morphism  if  and  only  if  A — ► B 
is  a local  complete  intersection  homomorphism,  see  More  on  Algebra,  Definition 
\15.25.A 


Proof.  Follows  immediately  from  the  definitions.  □ 

Beware  that  a base  change  of  a Koszul  morphism  is  not  Koszul  in  general. 

Lemma  36.44.6.  A flat  base  change  of  a local  complete  intersection  morphism  is 
a local  complete  intersection  morphism. 

Proof.  Omitted.  Hint:  This  is  true  because  a base  change  of  a smooth  morphism 
is  smooth  and  a flat  base  change  of  a Koszul-regular  immersion  is  a Koszul-regular 
immersion,  see  Divisors,  Lemma  [30. 18. 3[  □ 

Lemma  36.44.7.  A composition  of  local  complete  intersection  morphisms  is  a 
local  complete  intersection  morphism. 


Proof.  Let  g : Y — ► S and  / : X — > Y be  local  complete  intersection  morphisms. 
Let  x £ X and  set  y = /( x).  Choose  an  open  neighbourhood  V C Y of  y and 
a factorization  g\y  = tt  o i for  some  Koszul-regular  immersion  i : V — * P and 
smooth  morphism  tt  : P — >■  S.  Next  choose  an  open  neighbourhood  U of  x £ X 
and  a factorization  f\u  = tt'  o i'  for  some  Koszul-regular  immersion  i'  : U — >•  P' 
and  smooth  morphism  tt'  : P'  — > Y . In  fact,  we  may  assume  that  P'  = Ay,  see 


discussion  preceding  and  following  Definition  36.44.2  Picture: 


X U = Ay 

i 

Y 

Y V — 

Y 

S 


l 


p 

s 


Set  P"  = A p.  Then  U — > P'  — > P"  is  a Koszul-regular  immersion  as  a composition 


of  Koszul-regular  immersions,  namely  i'  and  the  flat  base  change  of  i via  P" 
see  Divisors,  Lemma  30.18.3  and  Divisors,  Lemma  30.18.7  Also  P"  — > P - 


-*P, 

S is 

smooth  as  a composition  of  smooth  morphisms,  see  Morphisms,  Lemma  |28.34.4[ 
Hence  we  conclude  that  X — >•  S is  Koszul  at  x as  desired.  □ 


Lemma  36.44.8.  Let  f : X — » S be  a morphism  of  schemes.  The  following  are 
equivalent 

(1)  f is  flat  and  a local  complete  intersection  morphism,  and 

(2)  / is  syntomic. 


Proof.  Assume  (2).  By  Morphisms,  Lemma  28.31.10  for  every  point  x of  X there 
exist  affine  open  neighbourhoods  U of  x and  V of  /( x)  such  that  f\u-U  — > V is 
standard  syntomic.  This  means  that  U = Spec(i?[a;i, . . . , xn]/(fi, . . . , /c))  — > V = 
Spec(i?)  where  R[x i, . . . , xn]/ (/1; . . . , fc)  is  a relative  global  complete  intersection 
over  R.  By  Algebra,  Lemma [10. 134. 13| the  sequence  fi, . . . , fc  is  a regular  sequence 
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in  each  local  ring  R[x\, . . . , xn]q  for  every  prime  q D (/i,...,/c).  Consider  the 
Koszul  complex  Km  = K,(R[xi,. . . ,xn],  fi, . . . , fc)  with  homology  groups  Hi  = 
Hi(K ,).  By  More  on  Algebra,  Lemma  15.23.2  we  see  that  (Lf,)q  = 0,  i > 0 for 
every  q as  above.  On  the  other  hand,  by  More  on  Algebra,  Lemma [15.22.6  we  see 
that  Hi  is  annihilated  by  (/i, . . . , fc).  Hence  we  see  that  Hi  = 0,  i > 0 and  /i , . . . , fc 
is  a Koszul-regular  sequence.  This  proves  that  U — > V factors  as  a Koszul-regular 
immersion  U — > A L followed  by  a smooth  morphism  as  desired. 


Assume  (1).  Then  / is  a flat  and  locally  of  finite  presentation  ( Lemma |36 . 44. 4 ) . 
Hence,  according  to  Morphisms,  Lemma  [28.31. 10|  it  suffices  to  show  that  the  local 
rings  OxB,x  are  local  complete  intersection  rings.  Choose,  locally  on  X , a factoriza- 
tion / = 7r  o i for  some  Koszul-regular  immersion  i : X — >•  P and  smooth  morphism 
7r  : P — > S.  Note  that  X — ► P is  a relative  quasi-regular  immersion  over  S , see  Di- 
visors, Definition |30. 19. 2|  Hence  according  to  Divisors,  Lennna[30.19.4|we  see  that 
X — > P is  a regular  immersion  and  the  same  remains  true  after  any  base  change. 
Thus  each  fibre  is  a regular  immersion,  whence  all  the  local  rings  of  all  the  fibres 
of  X are  local  complete  intersections.  □ 


069L  Lemma  36.44.9.  A regular  immersion  of  schemes  is  a local  complete  intersection 
morphism.  A Koszul-regular  immersion  of  schemes  is  a local  complete  intersection 
morphism. 


069M 


Proof.  Since  a regular  immersion  is  a Koszul-regular  immersion,  see  Divisors, 
Lemma  [30.18.2[  it  suffices  to  prove  the  second  statement.  The  second  statement 
follows  immediately  from  the  definition.  □ 


be  a commutative  diagram  of  morphisms  of  schemes.  Assume  Y S smooth  and 
X — ^ S is  a local  complete  intersection  morphism.  Then  f : X Y is  a local 
complete  intersection  morphism. 


Proof.  Immediate  from  the  definitions. 


□ 


The  following  lemma  is  of  a different  nature. 
09RL  Lemma  36.44.11.  Let 


S 


be  a commutative  diagram  of  morphisms  of  schemes.  Assume 

(1)  S is  locally  Noetherian, 

(2)  Y —>  S is  locally  of  finite  type, 

(3)  / :X->Y  is  perfect, 

(4)  X — )■  S is  a local  complete  intersection  morphism. 

Then  X — >•  Y is  a local  complete  intersection  morphism  and  Y —¥  S is  Koszul  at 
f(x)  for  all  x £ X. 
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Proof.  In  the  course  of  this  proof  all  schemes  will  be  locally  Noetherian  and  all 
rings  will  be  Noetherian.  We  will  use  without  further  mention  that  regular  se- 
quences and  Koszul  regular  sequences  agree  in  this  setting,  see  More  on  Algebra, 
Lemma  15.23.6  Moreover,  whether  an  ideal  (resp.  ideal  sheaf)  is  regular  may  be 


checked  on  local  rings  (resp.  stalks),  see  Algebra,  Lemma  10.67.6  (resp.  Divisors, 
Lemma  30.17.8 ) 


The  question  is  local.  Hence  we  may  assume  S , X,  Y are  affine.  In  this  situation 
we  may  choose  a commutative  diagram 


A 


n+m 

S 


x 


Y 


whose  horizontal  arrows  are  closed  immersions.  Let  x € A be  a point  and  consider 
the  corresponding  commutative  diagram  of  local  rings 


J 

A 


O 


X,x 

A 


I 


g,/(x) 


where  J and  I are  the  kernels  of  the  horizontal  arrows.  Since  X — >■  S is  a local 
complete  intersection  morphism,  the  ideal  J is  generated  by  a regular  sequence. 
Since  X — > Y is  perfect  the  ring  Ox,x  has  finite  tor  dimension  over  0Yjix)-  Hence 
we  may  apply  Divided  Power  Algebra,  Lemma  23.7.6  to  conclude  that  I and  J /I  are 
generated  by  regular  sequences.  By  our  initial  remarks,  this  finishes  the  proof.  □ 

069N  Lemma  36.44.12.  The  property  V(f)  =“f  is  a local  complete  intersection  mor- 
phism” is  fpqc  local  on  the  base. 


Proof.  Let  / : X — > S be  a morphism  of  schemes.  Let  {Si  — > S'}  be  an  fpqc 
covering  of  S.  Assume  that  each  base  change  fi  : Xi  -A  Si  of  / is  a local  complete 
intersection  morphism.  Note  that  this  implies  in  particular  that  / is  locally  of  finite 
type,  see  Lemma[36.44.4|and  Descent,  Lemma [34. 19. 8[  Let  x £ X.  Choose  an  open 
neighbourhood  U of  x and  an  immersion  j : U — ► Ag  over  S (see  discussion  pre- 


ceding Definition  36.44.2 1 . We  have  to  show  that  j is  a Koszul-regular  immersion. 


Since  fi  is  a local  complete  intersection  morphism,  we  see  that  the  base  change 
ji  : U x g Si  — > AJ.  is  a Koszul-regular  immersion,  see  Lemma 


36.44.3 


Because 

{Ag.  — > Ag}  is  a fpqc  covering  we  see  from  Descent,  Lemma  34.19.30  that  j is  a 
Koszul-regular  immersion  as  desired.  □ 

069P  Lemma  36.44.13.  The  property  V{f)  = “f  is  a local  complete  intersection  mor- 
phism” is  syntomic  local  on  the  source. 


Proof.  We  will  use  the  criterion  of  Descent,  Lemma  |34.22.3|  to  prove  this.  It 
follows  from  Lemmas  |36.44.8|  and  |36.44.7|  that  being  a local  complete  intersection 
morphism  is  preserved  under  precomposing  with  syntomic  morphisms.  It  is  clear 
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from  Definition|36.44.2lthat  being  a local  complete  intersection  morphism  is  Zariski 
local  on  the  source  and  target.  Hence,  according  to  the  aforementioned  Descent, 
Lemma  34.22.3  it  suffices  to  prove  the  following:  Suppose  X'  — > X — > Y are 
morphisms  of  affine  schemes  with  X'  — ► X syntomic  and  X'  — > Y a local  complete 
intersection  morphism.  Then  X — > Y is  a local  complete  intersection  morphism.  To 
see  this,  note  that  in  any  case  X — > Y is  of  finite  presentation  by  Descent,  Lemma 


34.10.1  Choose  a closed  immersion  A' 


By  Algebra,  Lemma  10.134.18 


we  can  find  an  affine  open  covering  X'  = (Ji=1  X'  and  syntomic  morphisms 
Wi  -A  Ay  lifting  the  morphisms  X[  — ► A,  i.e.,  such  that  there  are  fibre  product 
diagrams 


x: 


X 


> Wi 


After  replacing  X'  by  ]J  X[  and  setting  W = ]J  Wi  we  obtain  a fibre  product 
diagram  of  affine  schemes 

X' ^ W 


X 


with  h : W -A  Ay  syntomic  and  X'  — > Y still  a local  complete  intersection  mor- 
phism. Since  W — » Ay  is  open  (see  Morphisms,  Lemma  28.25.9)  and  X'  — > X is 
surjective  we  see  that  A is  contained  in  the  image  of  W — > Ay.  Choose  a closed 
immersion  W — ► Ay+m  over  Ay.  Now  the  diagram  looks  like 


Because  h is  syntomic  and  hence  a local  complete  intersection  morphism  (see  above) 
the  morphism  W — > Ay+m  is  a Koszul-regular  immersion.  Because  X ’ — ► Y is  a 
local  complete  intersection  morphism  the  morphism  X'  — > 


a n+m 


is  a Koszul- 

regular  immersion.  We  conclude  from  Divisors,  Lemma  30.18.8  that  X'  — > W is  a 
Koszul-regular  immersion.  Hence,  since  being  a Koszul-regular  immersion  is  fpqc 

Ay  is  a 
□ 


local  on  the  target  (see  Descent,  Lemma  34.19.30)  we  conclude  that  X 


Koszul-regular  immersion  which  is  what  we  had  to  show. 

06B8  Lemma  36.44.14.  Let  S be  a scheme.  Let  f : X aL  be  a morphism  of  schemes 
over  S.  Assume  both  X and  Y are  flat  and  locally  of  finite  presentation  over  S. 
Then  the  set 

{x  £ X | / Koszul  at  x}. 

is  open  in  X and  its  formation  commutes  with  arbitrary  base  change  S'  S. 


Proof.  The  set  is  open  by  definition  (see  Definition  36.44.2).  Let  S'  -A  S be  a 
morphism  of  schemes.  Set  X'  = S'  x s X , Y'  = S'  x s Y , and  denote  /'  : X'  — > Y' 
the  base  change  of  /.  Let  x'  € X'  be  a point  such  that  f is  Koszul  at  x' . Denote 
s'  £ S',  x £ X,  y'  £ Y'  , y € Y,  s € S the  image  of  x' . Note  that  / is  locally  of 
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finite  presentation,  see  Morphisms,  Lemma[28.21.11|  Hence  we  may  choose  an  affine 


neighbourhood  JJ  C X of  x and  an  immersion  i : U 


ly 


Denote  U'  = S'  xgU 


and  : U'  — > Ay,  the  base  change  of  i.  The  assumption  that  f is  Koszul  at  x' 
implies  that  i!  is  a Koszul-regular  immersion  in  a neighbourhood  of  x' , see  Lemma 
36.44.3  The  scheme  X'  is  flat  and  locally  of  finite  presentation  over  S'  as  a base 


change  of  X (see  Morphisms,  Lemmas  28.25.7  and  28.21.4l.  Hence  i'  is  a relative 
Hi-regular  immersion  over  S'  in  a neighbourhood  of  x'  (see  Divisors,  Definition 
30.19.2).  Thus  the  base  change  i' , : U',  — > Ay,  is  a Hi-regular  immersion  in  an 


open  neighbourhood  of  x' , see  Divisors,  Lemma[30.19.1|and  the  discussion  following 


Divisors,  Definition  30.19.2  Since  s'  = Spec (k(s'))  — > Spec (k(s))  = s is  a surjective 
flat  universally  open  morphism  (see  Morphisms,  Lemma  28.23.4)  we  conclude  that 
the  base  change  is  : Us  — >•  Ay  is  an  Hy regular  immersion  in  a neighbourhood  of 
x.  see  Descent,  Lemma  34.19.30  Finally,  note  that  Ay  is  flat  and  locally  of  finite 
presentation  over  S,  hence  Divisors,  Lemma  30.19.6  implies  that  i is  a (Koszul- 
)regular  immersion  in  a neighbourhood  of  x as  desired.  □ 


06B9  Lemma  36.44.15.  Let  f : X — ► Y be  a local  complete  intersection  morphism  of 
schemes.  Then  f is  unramified  if  and  only  if  f is  formally  unramified  and  in  this 
case  the  conormal  sheaf  Cx/y  is  finite  locally  free  on  X. 


Proof.  The  first  assertion  follows  immediately  from  Lemma  |36.4.8|  and  the  fact 
that  a local  complete  intersection  morphism  is  locally  of  finite  type.  To  compute 
the  conormal  sheaf  of  / we  choose,  locally  on  X,  a factorization  of  / as  / = p o i 
where  * : X — > V is  a Koszul-regular  immersion  and  V — t Y is  smooth.  By  Lemma 


36.9.11  we  see  that  Cx/y  is  a locally  direct  summand  of  Cx/v  which  is  finite  locally 
free  as  i is  a Koszul-regular  (hence  quasi-regular)  immersion,  see  Divisors,  Lemma 
130.18.51  □ 


06BA  Lemma  36.44.16.  Let  Z — > Y — > X be  formally  unramified  morphisms  of 
schemes.  Assume  that  Z — ► Y is  a local  complete  intersection  morphism.  The 
exact  sequence 

0 — » i*Cy/x  —■ ► Cz/x  — > Cz/y  0 

of  Lemma\36.5.~n^  is  short  exact. 

Proof.  The  question  is  local  on  Z hence  we  may  assume  there  exists  a factorization 
Z — > Ay  — > Y of  the  morphism  Z — > Y . Then  we  get  a commutative  diagram 

f —f*AY  

Y 

Z — l-^Y 

As  Z — > Y is  a local  complete  intersection  morphism,  we  see  that  Z — > Ay  is  a 
Koszul-regular  immersion.  Hence  by  Divisors,  Lemma  |30. 18. 6|  the  sequence 


0 -4  {i')*C\r, ./A"  Cz/x^  — > Cz/a™  > 0 
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is  exact  and  locally  split.  Note  that  i*Cy/x  = (O^Ay./A"  by  Lemma 
note  that  the  diagram 

(*TCa™/A"  ^Cz/ak 

A A 

= 

i*CY/x Cz/X 

is  commutative.  Hence  the  lower  horizontal  arrow  is  a locally  split  injection.  This 
proves  the  lemma.  □ 


36.5.7 


and 


36.45.  Exact  sequences  of  differentials  and  conormal  sheaves 

06BB  In  this  section  we  collect  some  results  on  exact  sequences  of  conormal  sheaves  and 
sheaves  of  differentials.  In  some  sense  these  are  all  realizations  of  the  triangle  of 
cotangent  complexes  associated  to  a pair  of  composable  morphisms  of  schemes. 


In  the  sequences  below  each  of  the  maps  are  as  constructed  in  either  Morphisms, 

Let  g : . 


Lemma  28.33.8  or  Lemma  36.5.5 
schemes. 


Y and  f : Y —>  X be  morphisms  of 


(1)  There  is  a canonical  exact  sequence 


9*ttY/x  &z/x  —■ > -^z/y  — > 0, 

see  Morphisms,  Lemma  [28.33. 9[  If  g : Z — > Y is  formally  smooth,  then 
this  sequence  is  a short  exact  sequence,  see  Lemma [36. 9. 9| 

(2)  If  g is  formally  unramified,  then  there  is  a canonical  exact  sequence 


Cy/y  ~ t g*^r/x  — > Qz/x  — t 0, 


see  Lemma  36.5.10  If  fog  : Z — > X is  formally  smooth,  then  this  sequence 
is  a short  exact  sequence,  see  Lemma [36.9. 10[ 

(3)  If  g and  fog  are  formally  unramified,  then  there  is  a canonical  exact 
sequence 

Cz/x  — t Cz/y  — > g*ttY/x  ~ t 0, 

see  Lemma  36.5.11  If  / : Y — > X is  formally  smooth,  then  this  sequence 
is  a short  exact  sequence,  see  Lemma  [36.9. 11[ 

(4)  If  g and  / are  formally  unramified,  then  there  is  a canonical  exact  sequence 


g*CY/x  — > Cz/x  — > Cz/r  — t 0. 

see  Lemma  |36.5.12[  If  g : Z — ► Y is  a local  complete  intersection  mor- 
phism, then  this  sequence  is  a short  exact  sequence,  see  Lemma [36.44. 16| 


36.46.  Weakly  etale  morphisms 

094N  A ring  homomorphism  A — > B is  weakly  etale  if  both  A -A  B and  B (g)^  B — ► B are 
flat,  see  More  on  Algebra,  Definition 1 15. 78. f[  The  analogous  notion  for  morphisms 
of  schemes  is  the  following. 

094P  Definition  36.46.1.  A morphism  of  schemes  X — ► Y is  weakly  etale  or  absolutely 
flat  if  both  X — ► Y and  the  diagonal  morphism  X — > X xY  X are  flat. 
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094Q 


094R 


094S 


An  etale  morphism  is  weakly  etale  and  conversely  it  turns  out  that  a weakly  etale 
morphism  is  indeed  somewhat  like  an  etale  morphism.  For  example,  if  X -A  Y is 
weakly  etale,  then  Lx/y  = 0;  as  follows  from  Cotangent,  Lemma  75.8.4  We  will 
prove  a very  precise  result  relating  weakly  etale  morphisms  to  etale  morphisms  later 
(see  Pro-etale  Cohomology,  Section  51.9).  In  this  section  we  stick  with  the  basics. 


Lemma  36.46.2.  Let  f : X -A-  Y be  a morphism  of  schemes.  The  following  are 
equivalent 


(1)  X — > Y is  weakly  etale,  and 

(2)  for  every  x £ X the  ring  map  Oy,f(x)  — ► Ox.x  weakly  etale. 


Proof.  Observe  that  under  both  assumptions  (1)  and  (2)  the  morphism  / is  flat. 
Thus  we  may  assume  / is  flat.  Let  x £ X with  image  y = f(x)  in  Y . There  are 
canonical  maps  of  rings 


Ox,x  ®o,-„  Ox,. 


O 


Ox, 


A'XyX.A  x/y{x) 

where  the  first  map  is  a localization  (hence  flat)  and  the  second  map  is  a surjection 
(hence  an  epimorphism  of  rings).  Condition  (1)  means  that  for  all  x the  second 
arrow  is  flat.  Condition  (2)  is  that  for  all  x the  composition  is  flat.  These  conditions 


are  equivalent  by  Algebra,  Lemma  10.38.4  and  More  on  Algebra,  Lemma  15.78.2 


□ 


Lemma  36.46.3.  Let  X — > Y be  a morphism  of  schemes  such  that  X AlxyX 
is  flat.  Let  T be  an  Ox  -module.  If  T is  flat  over  Y,  then  T is  flat  over  X. 


Proof.  Let  x £ X with  image  y = f(x)  in  Y.  Since  X — > X Xy  X is  flat,  we 
see  that  Ox,x  ®Oy,v  Ox,x  — ► Ox,x  is  flat-  Hence  the  result  follows  from  More  on 
Algebra,  Lemma |15.78.2|  and  the  definitions.  □ 

Lemma  36.46.4.  Let  f : X -A  S be  a morphism  of  schemes.  The  following  are 
equivalent 

(1)  The  morphism  f is  weakly  etale. 

(2)  For  every  affine  opens  U C X,  V C S with  f(U)  C V the  ring  map 
Osiy)  — l ► Ox(U)  is  weakly  etale. 

(3)  There  exists  an  open  covering  S = UjeJ  an d °Pen  coverings  /_1(Vj)  = 
Uiei  Ui  such  that  each  of  the  morphisms  Ui  — » Vj , j £ J,i  £ Ij  is  weakly 
etale. 

(4)  There  exists  an  affine  open  covering  S = (J jejVj  an d affine  open  cover- 
ings f-'(Vj)  = \JieI  Ui  such  that  the  ring  map  Os{Vj ) —A  OxifUf)  is  of 
weakly  etale,  for  all  j £ J,i  £ Ij . 

Moreover,  if  f is  weakly  etale  then  for  any  open  subschemes  U C X , V C S with 
f(U ) C V the  restriction  f\u  : U — > V is  weakly-etale. 


Proof.  Suppose  given  open  subschemes  U C X,  V C S with  f(U)  C V.  Then 
U Xy  U C X Xy  X is  open  (Schemes,  Lemma  25.17.3)  and  the  diagonal  Ay /y  of 
f\u  : U — > V is  the  restriction  Ax/y\u  '■  U -A  U Xy  U.  Since  flatness  is  a local 
property  of  morphisms  of  schemes  (Morphisms,  Lemma  28.25.3 ) the  final  statement 
of  the  lemma  is  follows  as  well  as  the  equivalence  of  (1)  and  (3).  If  X and  Y are 
affine,  then  X —>  Y is  weakly  etale  if  and  only  if  Oy(Y)  — > Ox(X)  is  weakly  etale 
(use  again  Morphisms,  Lemma  28.25.3).  Thus  (1)  and  (3)  are  also  equivalent  to  (2) 
and  (4) . □ 
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094T  Lemma  36.46.5.  Let  X — X Y — X Z be  morphisms  of  schemes. 

(1)  If  X — x X xy  X and  Y —*Y  XzY  are  flat,  then  is  flat. 

(2)  If  X — x Y and  Y — x Z are  weakly  etale,  then  X — x Z is  weakly  etale. 

Proof.  Part  (1)  follows  from  the  factorization 

l4lxrlAl  xz  X 


of  the  diagonal  of  X over  Z,  the  fact  that 

XxvX  = (XxzX)x{YxzY)Y, 

the  fact  that  a base  change  of  a flat  morphism  is  flat,  and  the  fact  that  the  compo- 
sition of  flat  morphisms  is  flat  (Morphisms,  Lemmas  28.25.7  and  28.25.5).  Part  (2) 
follows  from  part  (1)  and  the  fact  (just  used)  that  the  composition  of  flat  morphisms 
is  flat.  □ 


094U  Lemma  36.46.6.  Let  X — x Y and  Y'  — x Y be  morphisms  of  schemes  and  let 
X ' = Y'  xY  X be  the  base  change  of  X. 

(1)  If  lAlxyl  is  flat,  then  X ' -x  X'  xr,  X'  is  flat. 

(2)  If  X —x  Y is  weakly  etale,  then  X'  — x Y'  is  weakly  etale. 


Proof.  Assume  X — x X xY  X is  flat.  The  morphism  X'  — x X'  xY>  X'  is  the  base 
change  of  X — x X xY  X by  Y'  —X  Y . Hence  it  is  flat  by  Morphisms,  Lemmas 


094V  Lemma  36.46.7.  Let  X —X  Y —X  Z be  morphisms  of  schemes.  Assume  that 
X —X  Y is  flat  and  surjective  and  that  X — x X x z X is  flat.  Then  Y Y xzY  is 
flat. 

Proof.  Consider  the  commutative  diagram 


28.25.7  This  proves  (1).  Part  (2)  follows  from  (1)  and  the  fact  (just  used)  that  the 
base  change  of  a flat  morphism  is  flat.  □ 


X >-  V xzX 

Y 

Y  »-  Y xzY 


The  top  horizontal  arrow  is  flat  and  the  vertical  arrows  are  flat.  Hence  X is  flat  over 
Y Xz  Y . By  Morphisms,  Lemma[28.25.11|  we  see  that  Y is  flat  over  Y x z Y . □ 

094W  Lemma  36.46.8.  Let  f : X —X  Y be  a weakly  etale  morphism  of  schemes.  Then 
f is  formally  unramified,  i.e.,  Llx/y  = 0. 


Proof.  Recall  that  / is  formally  unramified  if  and  only  if  f 1x/y  = 0 by  Lemma 
|36.4.7|  Via  Lemma  [36.46.4|  and  Morphisms,  Lemma  28.33.5|  this  follows  from  the 


case  of  rings  which  is  More  on  Algebra,  Lemma  15.78.12 


□ 


094X  Lemma  36.46.9.  Let  f : X — x Y be  a morphism  of  schemes.  Then  X — x Y is 
weakly  etale  in  each  of  the  following  cases 

(1)  X — X Y is  a flat  monomorphism, 

(2)  X — X Y is  an  open  immersion, 

(3)  X — X Y is  flat  and  unramified, 

(4)  X — X Y is  etale. 
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Proof.  If  (1)  holds,  then  A x/y  is  an  isomorphism,  hence  certainly  / is  weakly  etale. 
Case  (2)  is  a special  case  of  (1).  The  diagonal  of  an  unramified  morphism  is  an 
open  immersion  (Morphisms,  Lemma  28.35.13),  hence  flat.  Thus  a flat  unramified 


morphism  is  weakly  etale.  An  etale  morphism  is  flat  and  unramified  (Morphisms, 
Lemma  28.36.5),  hence  (4)  follows  from  (3).  □ 


094Y  Lemma  36.46.10.  Let  f : X — * Y be  a morphism  of  schemes.  If  Y is  reduced 
and  f weakly  etale,  then  X is  reduced. 


Proof.  Via  Lemma  36.46.4|  this  follows  from  the  case  of  rings  which  is  More  on 
Algebra,  Lemma |15.78.8  □ 


The  following  lemma  uses  a nontrivial  result  about  weakly  etale  ring  maps. 

094Z  Lemma  36.46.11.  Let  f : X — >•  Y be  a morphism  of  schemes.  The  following  are 
equivalent 

(1)  f is  weakly  etale,  and 

(2)  for  x £ X the  local  ring  map  Oyj{x)  — > 0.\>  induces  an  isomorphism  on 
strict  henselizations. 


Proof.  Let  i € I be  a point  with  image  y = /( x)  in  Y . Choose  a separable 
algebraic  closure  nsep  of  k(x).  Let  0^x  be  the  strict  henselization  corresponding 
to  Ksep  and  Oyy  the  strict  henselization  relative  to  the  separable  algebraic  closure 
of  n(y)  in  Ksep.  Consider  the  commutative  diagram 


O 


X,x 


O 


sh 

X,x 


o 


Y,v 


* o 


sh 

Y,y 
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local  homomorphisms  of  local  rings,  see  Algebra,  LemmaflO.  148.26]  Since  the  strict 
henselization  is  a filtered  colimit  of  etale  ring  maps,  More  on  Algebra,  Lemma 
15.78.13|  shows  the  horizontal  maps  are  weakly  etale.  Moreover,  the  horizontal 
maps  are  faithfully  flat  by  More  on  Algebra,  Lemma  [15.36.1] 


Assume  / weakly  etale.  By  Lemma  36.46.2  the  left  vertical  arrow  is  weakly  etale. 
By  More  on  Algebra,  Lemmas|15.78.9  and|15.78.11|the  right  vertical  arrow  is  weakly 
etale.  By  More  on  Algebra,  Theorem  1 15. 78. 24  we  conclude  the  right  vertical  map 
is  an  isomorphism. 


Assume  Oyy 

'x,x  O'* 


O 


Osx,x  is  an  isomorphism.  Then  Oy^y  — > is  weakly  etale.  Since 

is  faithfully  flat  we  conclude  that  Oyy  — > Ox,x  is  weakly  etale  by 

□ 


More  on  Algebra,  Lemma  15.78.10  Thus  (2)  implies  (1)  by  Lemma  36.46.2 


Lemma  36.46.12.  Let  f : X — >•  Y be  a morphism  of  schemes.  IfY  is  a normal 
scheme  and  f weakly  etale,  then  X is  a normal  scheme. 


Proof.  By  More  on  Algebra,  Lemma  |15.36.6|  a scheme  S is  normal  if  and  only  if 
for  all  s £ S the  strict  henselization  of  Os,s  is  a normal  domain.  Hence  the  lemma 
follows  from  Lemma  [36.46.1  II  □ 

0951  Lemma  36.46.13.  Let  S be  a scheme.  Let  f : X —>■  Y be  a morphism  of  schemes 
over  S.  If  X , Y are  weakly  etale  over  S , then  f is  weakly  etale. 
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Proof.  We  will  use  Morphisms,  Lemmas |28. 25. 7| and |28.25.5| without  further  men- 
tion. Write  X — > Y as  the  composition  X — > X x g Y — ► Y.  The  second  morphism 
is  flat  as  the  base  change  of  the  flat  morphism  X — > S.  The  first  is  the  base  change 
of  the  flat  morphism  Y — > Y xg  Y by  the  morphism  X XgY  — >Y  XgY,  hence  flat. 
Thus  X — ► Y is  flat.  The  morphism  X Xyl  — > X Xg  X is  an  immersion.  Thus 
Lemma [36.46.3| implies,  that  since  X is  flat  over  X xg  X it  follows  that  X is  flat 
over  X Xy  X.  □ 


36.47.  Reduced  fibre  theorem 


09IJ  In  this  section  we  discuss  the  simplest  kind  of  theorem  of  the  kind  advertised  by  the 
title.  Although  the  proof  of  the  result  is  kind  of  laborious,  in  essence  it  follows  in 
a straightforward  manner  from  Epp’s  result  on  eliminating  ramification,  see  More 
on  Algebra,  Theorem  |15. 82. 23] 

Let  A be  a Dedekind  domain  with  fraction  field  K.  Let  X be  a scheme  flat  and 
of  finite  type  over  A.  Let  L be  a finite  extension  of  K.  Let  B be  the  integral 
closure  of  A in  L.  Then  B is  a Dedekind  domain  (Algebra,  Lemma[l0.119.16).  Let 
XB  = X x spec(A)  Spec(R)  be  the  base  change.  Then  XB  -+  Spec (B)  is  of  finite 
type  (Morphisms,  Lemma [28. 15. 4 1.  Hence  XB  is  Noetherian  (Morphisms,  Lemma 
28.15.6).  Thus  the  normalization  v : Y — ► XB  exists  (see  Morphisms,  Definition 
28.49.1  and  the  discussion  following).  Picture 


09IK  (36.47.0.1) 


Spec(B) Spec(A) 


We  sometimes  call  Y the  normalized  base  change  of  A'.  In  general  the  morphism  v 
may  not  be  finite.  But  if  A is  a Nagata  ring  (a  condition  that  is  virtually  always 
satisfied  in  practice)  then  v is  of  finite  and  Y is  of  finite  type  over  B , see  Morphisms, 
Lemmas  128.49.71  and  128.18.11 

Taking  the  normalized  base  change  commutes  with  composition.  More  precisely,  if 
K C L C M are  finite  extensions  of  fields  with  integral  closures  A C B C C then 
the  normalized  base  change  Z of  Y — > Spec (B)  relative  to  L C M is  equal  to  the 
normalized  base  change  of  X — >■  Spec(A)  relative  to  K C M . 

09IL  Theorem  36.47.1.  Let  A be  a Dedekind  ring  with  fraction  field  K.  Let  X be  a 
scheme  flat  and  of  finite  type  over  A.  Assume  A is  a Nagata  ring.  There  exists 
a finite  extension  K C L such  that  the  normalized  base  change  Y is  smooth  over 
Spec (B)  at  all  generic  points  of  all  fibres. 


Proof.  During  the  proof  we  will  repeatedly  use  that  formation  of  the  set  of  points 
where  a (flat,  finitely  presented)  morphism  like  X — »•  Spec(A)  is  smooth  commutes 
with  base  change,  see  Morphisms,  Lemma  [28.34. 15[ 


We  first  choose  a finite  extension  K C L such  that  (A^)^  is  geometrically  reduced 
over  L,  see  Varieties,  Lemma  32.4.11  Since  Y — » (XB)red  is  birational  we  see 
applying  Varieties,  Lemma  |32.4.8  that  YB  is  geometrically  reduced  over  L as  well. 
Hence  YL  — ► Spec(L)  is  smooth  on  a dense  open  V C YL  by  Varieties,  Lemma 
32.20.7  Thus  the  smooth  locus  U CY  oi  the  morphism  Y — >•  Spec(B)  is  open  (by 
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Morphisms,  Definition  28.34.1 ) and  is  dense  in  the  generic  fibre.  Replacing  A by  B 


and  X by  Y we  reduce  to  the  case  treated  in  the  next  paragraph. 

Assume  X is  normal  and  the  smooth  locus  U C X of  X — > Spec(A)  is  dense  in 
the  generic  fibre.  This  implies  that  U is  dense  in  all  but  finitely  many  fibres,  see 
Lemma  36.19.3  Let  Xi,...,xr  G X \ U be  the  finitely  many  generic  points  of 
irreducible  components  of  X \ U which  are  moreover  generic  points  of  irreducible 
components  of  fibres  of  X — > Spec(A).  Set  Oi  = Ox,xt-  Let  Ai  be  the  localization 
of  A at  the  maximal  ideal  corresponding  to  the  image  of  xt  in  Spec(A).  By  More 
on  Algebra,  Proposition  |15.82.25]  there  exist  finite  extensions  K C Ki  which  are 
solutions  for  the  extension  of  discrete  valuation  rings  Ai  — > Oi.  Let  K C L be  a 
finite  extension  dominating  all  of  the  extensions  K C Ki-  Then  K C L is  still  a 
solution  for  Ai  — > Oi  by  More  on  Algebra,  Lemma  [15. 82. 4| 


Consider  the  diagram  (36.47.0.1)  with  the  extension  L/K  we  just  produced.  Note 
that  Ub  C Xb  is  smooth  over  B , hence  normal  (for  example  use  Algebra,  Lemma 
10.155.7 ).  Thus  Y — > Xb  is  an  isomorphism  over  Ub-  Let  y GY  be  a generic  point 


OBRQ 


of  an  irreducible  component  of  a fibre  of  Y — » Spec  (13)  lying  over  the  maximal  ideal 
m C B.  Assume  that  y ^ Ub-  Then  y maps  to  one  of  the  points  Xi-  It  follows  that 
Oyy  is  a local  ring  of  the  integral  closure  of  Oi  in  R(X)  L (details  omitted). 
Hence  because  K C L is  a solution  for  Ai  — > Oi  we  see  that  Bm  — > OytV  is  formally 
smooth  (this  is  the  definition  of  being  a ’’solution”).  In  other  words,  m Oy.y  = my 
and  the  residue  field  extension  is  separable.  Hence  the  local  ring  of  the  fibre  at  y 
is  n(y).  This  implies  the  fibre  is  smooth  over  «;(m)  at  y for  example  by  Algebra, 
Lemma [10.138. 5 1 This  finishes  the  proof.  □ 

Lemma  36.47.2  (Variant  over  curves).  Let  f : X — >•  S be  a flat,  finite  type 
morphism  of  schemes.  Assume  S is  Nagata,  integral  with  function  field  K , and 
regular  of  dimension  1.  Then  there  exists  a finite  extension  L/ K such  that  in  the 
diagram 

Y X xsT ^ X 


the  morphism  g is  smooth  at  all  generic  points  of  fibres.  Here  T is  the  normalization 
of  S in  Spec(L)  and  v : Y X XsT  is  the  normalization. 

Proof.  Choose  a finite  affine  open  covering  S = IJSpec(Ai).  Then  K is  equal  to 
the  fraction  field  of  A;  for  all  i.  Let  Xi  = X x§  Spec(Ai).  Choose  Li/K  as  in 
Theorem  36.47.1  for  the  morphism  Xt  — > Spec(A.j).  Let  Bi  C Lt  be  the  integral 


closure  of  Ai  and  let  1)  be  the  normalized  base  change  of  X to  Bi.  Let  L/K  be  a 
finite  extension  dominating  each  Li.  Let  Xi  C T be  the  inverse  image  of  Spec(Aj). 
For  each  i we  get  a commutative  diagram 


r\Ti) 


Y 


■X  xs  Spec(Aj) 


V 

X. 


Spec(-Bi) 


Spec(Ai) 


and  in  fact  the  left  hand  square  is  a normalized  base  change  as  discussed  at  the 
beginning  of  the  section.  In  the  proof  of  Theorem  |36.47.1|  we  have  seen  that  the 
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smooth  locus  of  Y — > T contains  the  inverse  image  in  g 1(Ti)  of  the  set  of  points 
where  Y,  is  smooth  over  Bi.  This  proves  the  lemma.  □ 

OBRR  Lemma  36.47.3  (Variant  with  separable  extension).  Let  A be  a Dedekind  ring 
with  fraction  field  I\.  Let  X be  a scheme  flat  and  of  finite  type  over  A.  Assume 
A is  a Nagata  ring  and  that  for  every  generic  point  g of  an  irreducible  component 
of  X the  field  extension  K C n(g)  is  separable.  Then  there  exists  a finite  separable 
extension  K C L such  that  the  normalized  base  change  Y is  smooth  over  Spec(R) 
at  all  generic  points  of  all  fibres. 

Proof.  This  is  proved  in  exactly  the  same  manner  as  Theorem |36.47.l|  with  a few 
minor  modifications.  The  most  important  change  is  to  use  More  on  Algebra,  Lemma 
15.82.26|instead  of  More  on  Algebra,  Proposition|15.82.25|  During  the  proof  we  will 
repeatedly  use  that  formation  of  the  set  of  points  where  a (flat,  finitely  presented) 
morphism  like  X — > Spec(A)  is  smooth  commutes  with  base  change,  see  Morphisms, 
Lemma  128.34. 151 


Since  X is  flat  over  A every  generic  point  g of  X maps  to  the  generic  point  of 
Spec(A).  After  replacing  X by  its  reduction  we  may  assume  X is  reduced.  In 
this  case  XK  is  geometrically  reduced  over  K by  Varieties,  Lemma  |32.4.8 
Xk  —>  Spec(A')  is  smooth  on  a dense  open  by  Varieties,  Lemma  32.20.7 


Hence 
Thus 

the  smooth  locus  U C X of  the  morphism  X — > Spec(A)  is  open  (by  Morphisms, 
Definition  28.34.1 1 and  is  dense  in  the  generic  fibre.  This  reduces  us  to  the  situation 
of  the  following  paragraph. 


Assume  X is  normal  and  the  smooth  locus  U C X of  X — > Spec(A)  is  dense  in  the 
generic  fibre.  This  implies  that  U is  dense  in  all  but  finitely  many  fibres,  see  Lemma 


components  of  X \ U which  are  moreover  generic  points  of  irreducible  components 
of  fibres  of  X — » Spec(A).  Set  Oi  = Ox,Xi-  Observe  that  the  fraction  field  of  Oi 
is  the  residue  field  of  a generic  point  of  X.  Let  A,  be  the  localization  of  A at  the 
maximal  ideal  corresponding  to  the  image  of  Xi  in  Spec(A).  We  may  apply  More 
on  Algebra,  Lemma [15. 82. 26|  and  we  find  finite  separable  extensions  K C Ki  which 
are  solutions  for  A*  — > Oi.  Let  if  C L be  a finite  separable  extension  dominating 
all  of  the  extensions  K C Ki.  Then  K C L is  still  a solution  for  Aj  — > Oi  by  More 
on  Algebra,  Lemma [15. 82. 4| 


36.19.3  Let  Xi, . . . , xr  £ X \ U be  the  finitely  many  generic  points  of  irreducible 


Consider  the  diagram  (36.47.0.1)  with  the  extension  L/K  we  just  produced.  Note 
that  Ub  C Xb  is  smooth  over  B1  hence  normal  (for  example  use  Algebra,  Lemma 


10.155.7 ).  Thus  Y — > Xb  is  an  isomorphism  over  Ub-  Let  y GY  be  a generic  point 


of  an  irreducible  component  of  a fibre  of  Y — > Spec(R)  lying  over  the  maximal  ideal 
m C B.  Assume  that  y ^ Ub.  Then  y maps  to  one  of  the  points  Xi.  It  follows  that 
Oy,v  is  a local  ring  of  the  integral  closure  of  Oi  in  R(X)  <S>k  L (details  omitted). 
Hence  because  K C L is  a solution  for  Ai  — >■  Oi  we  see  that  Bm  — > Oy,v  is  formally 
smooth  (this  is  the  definition  of  being  a ’’solution”).  In  other  words,  n\Oyy  = 
and  the  residue  field  extension  is  separable.  Hence  the  local  ring  of  the  fibre  at  y 
is  n(y).  This  implies  the  fibre  is  smooth  over  /c(m)  at  y for  example  by  Algebra, 
Lemma[l0.138.5|  This  finishes  the  proof.  □ 


OBRS 


Lemma  36.47.4  (Variant  with  separable  extensions  over  curves).  Let  f : X — ► S 
be  a flat,  finite  type  morphism  of  schemes.  Assume  S is  Nagata,  integral  with 
function  field  K,  and  regular  of  dimension  1.  Assume  the  field  extensions  K C n(g) 
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are  separable  for  every  generic  point  77  of  an  irreducible  component  of  X . Then  there 
exists  a finite  separable  extension  L/ K such  that  in  the  diagram 


Y ---- > X xsT s*  X 

x | 

T »- S 


the  morphism  g is  smooth  at  all  generic  points  of  fibres.  Here  T is  the  normalization 
of  S in  Spec(L)  and  v : Y -A  X XsT  is  the  normalization. 


Proof.  This  follows  from  Lemma  36.47.3|in  exactly  the  same  manner  that  Lemma 
136.47.21  follows  from  Theorem  136.47. l[  □ 


36.48.  Ind-quasi-affine  morphisms 

0AP5  A bit  of  theory  to  be  used  later. 

0AP6  Definition  36.48.1.  A scheme  X is  ind- quasi- affine  if  every  quasi-compact  open 
of  X is  quasi-affine.  Similarly,  a morphism  of  schemes  X — > Y is  ind-quasi-affine  if 
/-1(fo)  is  ind-quasi-affine  for  each  affine  open  V in  Y . 

An  example  of  an  ind-quasi-affine  scheme  is  an  open  of  an  affine  scheme  or  an  open 
of  a quasi-projective  scheme.  An  ind-quasi-affine  scheme  X is  separated  because 
any  two  affine  opens  U,  V are  contained  in  a separated  open  subscheme  of  X , namely 
U UP.  Similarly  an  ind-quasi-affine  morphism  is  separated. 

0AP7  Lemma  36.48.2.  The  property  of  being  ind-quasi-affine  is  stable  under  base 
change. 


Proof.  Let  f : X Y be  an  ind-quasi-affine  morphism.  Let  Z be  an  affine 
scheme  and  let  Z — > Y be  a morphism.  To  show:  Z Xy  X is  ind-quasi-affine.  Let 
W C Z Xy  X be  a quasi-compact  open.  We  can  find  finitely  many  affine  opens 
V\, . . . , Vn  of  Y and  finitely  many  quasi-compact  opens  Ut  C /_1(V()  such  that  Z 
maps  into  (J  V)i  and  W maps  into  (J  Lfo  Then  we  may  replace  Y by  (J  Vi  and  A' 
by  \JWi.  In  this  case  /_1(V'i)  is  quasi-compact  open  (details  omitted;  use  that  / 
is  separated)  and  hence  quasi-affine.  Thus  now  A'  — > Y is  a quasi-affine  morphism 
(Morphisms,  Lemma  28.13.3)  and  the  result  follows  from  the  fact  that  the  base 
change  of  a quasi-affine  morphism  is  quasi-affine  (Morphisms,  Lemma  28.13.5).  □ 


0AP8  Lemma  36.48.3.  The  property  of  being  ind-quasi-affine  is  fpqc  local  on  the  base. 

Proof.  Let  / : X — > Y be  a morphism  of  schemes.  Let  {<?*  : Y)  — >•  Y}  be  an  fpqc 
covering  such  that  the  base  change  fi  : Xt  -A  Yj  is  ind-quasi-affine  for  all  i.  We  will 
show  / is  ind-quasi-affine.  Namely,  let  U C X be  a quasi-compact  open  mapping 
into  an  affine  open  V C Y.  We  have  to  show  that  U is  quasi-affine.  Let  V)  C K,. , 
j = 1, . . . ,m  be  affine  opens  such  that  V = U hi;  (Yi)  (exist  by  definition  of  fpqc 
coverings) . Then  V)  x y X — > Vi  is  ind-quasi-affine  as  well.  Hence  we  may  replace 
Y by  V and  {gi  : Yt  — ► Y}  by  the  finite  covering  {Vj  -A  V}.  We  may  replace  A by 
U,  because  VjXyU  cVjXyX  is  open  and  hence  VjXyU  — > Vj  is  ind-quasi-affine 
as  well  (ind-quasi-affineness  is  inherited  by  opens).  Hence  we  may  assume  X is 
quasi-compact  and  Y affine.  In  this  case  we  have  to  show  that  X is  quasi-affine 
and  we  know  that  A,  is  quasi-affine.  Thus  the  result  follows  from  Descent,  Lemma 
134.19.181  □ 
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0AP9  Lemma  36.48.4.  A separated  locally  quasi-finite  morphism  of  schemes  is  ind- 
quasi-affine. 

Proof.  Let  / : A'  — > Y be  a separated  locally  quasi-finite  morphism  of  schemes. 
Let  V C Y be  affine  and  U C /_1(P)  quasi-compact  open.  We  have  to  show  U 
is  quasi-affine.  Since  U — > V is  a separated  quasi-finite  morphism  of  schemes,  this 
follows  from  Zariski’s  Main  Theorem.  See  Lemma  fcfi. 31.21  □ 


36.49.  Relative  morphisms 


OBLO 


In  this  section  we  prove  a representability  result  which  we  will  use  in  Fundamental 
Groups,  Section  |48.4|  to  prove  a result  on  the  category  of  finite  etale  coverings  of 
a scheme.  The  material  in  this  section  is  discussed  in  the  correct  generality  in 


Criteria  for  Representability,  Section  79.10 


Let  S'  be  a scheme.  Let  Z and  X be  schemes  over  S.  Given  a scheme  T over  S we 
can  consider  morphisms  b'.TxgZ^TxgX  over  S.  Picture 


T x .< 


0BL1  (36.49.0.1) 


T Xa  X 


Of  course,  we  can  also  think  of  b as  a morphism  b : T xj  Z — )•  X such  that 
T Xs  Z 


commutes.  In  this  situation  we  can  define  a functor 


0BL2  (36.49.0.2)  Mors{Z,X)  : ( Sch/S)opp  — > Sets,  T — » {b  as  above} 

Here  is  a basic  representability  result. 

05Y6  Lemma  36.49.1.  Let  Z — ► S and  X -A  S be  morphisms  of  affine  schemes.  As- 
sume r (Z,  Oz)  is  a finite  free  T(S,  Os)-module.  Then  Mors{Z , X)  is  representable 
by  an  affine  scheme  over  S . 

Proof.  Write  S = Spec(R).  Choose  a basis  {e\ , ...,em}  for  F(Z,Oz)  over  R. 
Choose  a presentation 

r (x,ox)  = R[{xi}i£i}/({fk}k&K)- 

We  will  denote  Xi  the  image  of  x,;  in  this  quotient.  Write 

P — i€:I 

Consider  the  R-algebra  map 

T : R[{xi}7<zi] — > P®r  T(Z,Oz),  ay(g)ej. 

Write  'i(fk)  = ckj  ® Cj  with  Ckj  € P.  Finally,  denote  J C P the  ideal  generated 
by  the  elements  c^j , k £ K,  1 < j < m.  We  claim  that  W = Spec (P/J)  represents 
the  functor  Morg(Z,X). 
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First,  note  that  by  construction  P/  J is  an  i?-algebra,  hence  a morphism  W — > S. 
Second,  by  construction  the  map  T factors  through  F(X,Ox),  hence  we  obtain  an 
Pj  J-algebra  homomorphism 

P/J  ®R  T(X,  Ox)  > P/J  ®R  r(Z,  Oz) 

which  determines  a morphism  buniV  : W x s Z — ► W xg  X.  By  the  Yoneda  lemma 
buniv  determines  a transformation  of  functors  W — » Mor${Z,  X)  which  we  claim 
is  an  isomorphism.  To  show  that  it  is  an  isomorphism  it  suffices  to  show  that  it 
induces  a bijection  of  sets  W(T)  — > Morg{Z,  X)(T)  over  any  affine  scheme  T. 

Suppose  T = Spec (Rr)  is  an  affine  scheme  over  S and  b £ Morg{Z,  X)(T).  The 
structure  morphism  T -A  S defines  an  /?,-algebra  structure  on  R!  and  b defines  an 
//-algebra  map 

: R'  ®R  T(X,  Ox)  — ► R'  ®R  T(Z,  Oz). 

In  particular  we  can  write  6**(1  ® xf)  = Ylaij  ® ej  f°r  some  £ R' . This 
corresponds  to  an  //algebra  map  P — > R'  determined  by  the  rule  a,j  i— > a.ij. 
This  map  factors  through  the  quotient  P/J  by  the  construction  of  the  ideal  J to 
give  a map  P/J-+R'.  This  in  turn  corresponds  to  a morphism  T — > W such  that 
b is  the  pullback  of  buniV.  Some  details  omitted.  □ 

0BL3  Lemma  36.49.2.  Let  Z — > S and  X — > S be  morphisms  of  schemes.  If  Z — » S 
is  finite  locally  free  and  X — ► S is  affine,  then  Mors(Z,X)  is  representable  by  a 
scheme  affine  over  S. 


Proof.  Choose  an  affine  open  covering  S = (J  Ui  such  that  F(Z  xg  Ui,OzxsUi) 
is  finite  free  over  OsfUf).  Let  Fi  C Mors[Z,X)  be  the  subfunctor  which  assigns 
to  T/S  the  empty  set  if  T — ► S does  not  factor  through  Ui  and  Mors{Z,X)(T) 
otherwise.  Then  the  collection  of  these  subfunctors  satisfy  the  conditions  (2) (a), 
(2)(b),  (2)(c)  of  Schemes,  Lemma  25.15.4  which  proves  the  lemma.  Condition 
(2)(a)  follows  from  Lemma  36.49.1  and  the  other  two  follow  from  straightforward 
arguments.  □ 


The  condition  on  the  morphism  f : X — > S in  the  lemma  below  is  very  useful  to 
prove  statements  like  it.  It  holds  if  one  of  the  following  is  true:  X is  quasi-affine, 
/ is  quasi-affine,  / is  quasi-projective,  / is  locally  projective,  there  exists  an  ample 
invertible  sheaf  on  X , there  exists  an  /-ample  invertible  sheaf  on  A',  or  there  exists 
an  /-very  ample  invertible  sheaf  on  X. 

0BL4  Lemma  36.49.3.  Let  Z — * S and  X — ► S be  morphisms  of  schemes.  Assume 

(1)  Z — ^ S is  finite  locally  free,  and 

(2)  for  all  (s,  x±, . . ■ , xf)  where  s £ S and  Xi,...,Xd  £ Xs  there  exists  an 
affine  open  U C X with  xi, . . . , Xd  £ U. 

Then  Morg(Z,  X)  is  representable  by  a scheme. 


Proof.  Consider  the  set  I of  pairs  (U,  V)  where  U C X and  V C S are  affine  open 
and  U — ^ S factors  through  V.  For  i £ I denote  ( ) the  corresponding  pair. 
Set  Fi  = MorVi^ZvijUf).  It  is  immediate  that  F \ is  a subfunctor  of  Morg(Z,  X). 
Then  we  claim  that  conditions  (2) (a),  (2)(b),  (2)(c)  of  Schemes,  Lemma  25.15.4 
which  proves  the  lemma. 


Condition  (2)  (a)  follows  from  Lemma  36.49.2 
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To  check  condition  (2)(b)  consider  T/S  and  b £ Morg(Z,X).  Thinking  of  6 as  a 
morphism  T Xg  Z — ► X we  find  an  open  C T Xg  Z.  Clearly,  b £ FfiT ) 

if  and  only  if  6”1(17i)  = T Xg  Z . Since  the  projection  p\TxgZ^rT  is  finite 
hence  closed,  the  set  Ui^  C T of  points  t £ T with  p_1({t})  C 5_1( Uf)  is  open. 
Then  / : T'  — > T factors  through  Uij,  if  and  only  if  b o f £ FfiT')  and  we  are  done 
checking  (2)(b). 

Finally,  we  check  condition  (2)(c)  and  this  is  where  our  condition  on  X -A  S is  used. 
Namely,  consider  T/S  and  b £ Morg(Z,X).  It  suffices  to  prove  that  every  t £ T 
is  contained  in  one  of  the  opens  Un,  defined  in  the  previous  paragraph.  This  is 
equivalent  to  the  condition  that  b(p~1({t}))  C f7*  for  some  i where  p :T  Xg  Z — ► T 
is  the  projection  and  b : T x g Z — > X is  the  given  morphism.  Since  p is  finite,  the 
set  fr(p_1  ({£}))  C X is  finite  and  contained  in  the  fibre  of  A'  — >■  S over  the  image  s 
of  t in  S.  Thus  our  condition  onl-jS  exactly  shows  a suitable  pair  exists.  □ 

0BL5  Lemma  36.49.4.  Let  Z — ► S and  X -A  S be  morphisms  of  schemes.  Assume 
Z — )■  S is  finite  locally  free  and  X — » S'  is  separated  and  locally  quasi-finite.  Then 
Morg(Z1  X)  is  representable  by  a scheme. 

Proof.  This  follows  from  Lemmas  136.49.31  and  136.31.121  □ 


36.50.  Other  chapters 


Preliminaries 

(1) 

Introduction 

(2) 

Conventions 

(3) 

Set  Theory 

(4) 

Categories 

(5) 

Topology 

(6) 

Sheaves  on  Spaces 

(7) 

Sites  and  Sheaves 

(8) 

Stacks 

(9) 

Fields 

(10) 

Commutative  Algebra 

(11) 

Brauer  Groups 

(12) 

Homological  Algebra 

(13) 

Derived  Categories 

(14) 

Simplicial  Methods 

(15) 

More  on  Algebra 

(16) 

Smoothing  Ring  Maps 

(17) 

Sheaves  of  Modules 

(18) 

Modules  on  Sites 

(19) 

Injectives 

(20) 

Cohomology  of  Sheaves 

(21) 

Cohomology  on  Sites 

(22) 

Differential  Graded  Algebra 

(23) 

Divided  Power  Algebra 

(24) 

Hypercoverings 

Schemes 

(25)  Schemes 

(26) 

(27) 

(28) 

(29) 

(30) 

(31) 

(32) 

(33) 

(34) 

(35) 

(36) 

(37) 

(38) 

(39) 

(40) 


Constructions  of  Schemes 

Properties  of  Schemes 

Morphisms  of  Schemes 

Cohomology  of  Schemes 

Divisors 

Limits  of  Schemes 

Varieties 

Topologies  on  Schemes 

Descent 

Derived  Categories  of  Schemes 

More  on  Morphisms 

More  on  Flatness 

Groupoicl  Schemes 

More  on  Groupoid  Schemes 

Etale  Morphisms  of  Schemes 

Topics  in  Scheme  Theory 


(41) 

Chow  Homology 

(42) 

Intersection  Theory 

(43) 

Picard  Schemes  of  Curves 

(44) 

Adequate  Modules 

(45) 

Dualizing  Complexes 

(46) 

Algebraic  Curves 

(47) 

Resolution  of  Surfaces 

(48) 

Fundamental 

Groups 

of 

Schcmesl 

(49) 

Etale  Cohomology 

(50) 

Crystalline  Cohomology 

36.50.  OTHER  CHAPTERS 


2621 


(51)  Pro-etale  Cohomology 
Algebraic  Spaces 

(52) 

(53) 

(54) 

(55) 

(56) 


(57) 

(58) 

(59) 

(60) 

(61) 

(62) 

(63) 

(64) 

(65) 

(66) 

(67) 

Topics  in  Geometry 


Algebraic  Spaces 

Properties  of  Algebraic  Spaces 

Morphisms  of  Algebraic  Spaces 

Decent  Algebraic  Spaces 

Cohomology  of  Algebraic 

Spaces 

Limits  of  Algebraic  Spaces 

Divisors  on  Algebraic  Spaces 

Algebraic  Spaces  over  Fields 

Topologies  on  Algebraic  Spaces 

Descent  and  Algebraic  Spaces 

Derived  Categories  of  Spaces 

More  on  Morphisms  of  Spaces 

Pushouts  of  Algebraic  Spaces 

Groupoids  in  Algebraic  Spaces 

More  on  Groupoids  in  Spaces 

Bootstrap 

(68) 

Quotients  of  Groupoids 

(69) 

Simplicial  Spaces 

(70) 

Formal  Algebraic  Spaces 

(71) 

Restricted  Power  Series 

(72) 

Resolution  of  Surfaces 

Revis- 

ited| 

(73) 

(74) 

(75) 


Formal  Deformation  Theory 
Deformation  Theory 
The  Cotangent  Complex 


Algebraic  Stacks 


(76) 

Algebraic  Stacks 

(77) 

Examples  of  Stacks 

(78) 

Sheaves  on  Algebraic  Stacks 

(79) 

Criteria  for  Representability 

(80) 

Artin’s  Axioms 

(81) 

Quot  and  Hilbert  Spaces 

(82) 

Properties  of  Algebraic  Stacks 

(83) 

Morphisms  of  Algebraic  Stacks 

(84) 

Cohomology 

of 

Algebraic 

Stacksl 

(85) 

Derived  Categories  of  Stacks 

(86) 

Introducing  Algebraic  Stacks 

(87) 

More  on  Morphisms  of  Stacks 

Miscellany 


(88) 

(89) 

(90) 

(91) 

(92) 

(93) 

(94) 

(95) 


Examples 

Exercises 

Guide  to  Literature 

Desirables 

Coding  Style 

Obsolete 


GNU  Free  Documentation  Li- 
ICOnsQI 

Auto  Generated  Index 


Deformation  Theory 


CHAPTER  37 


057M 

057N 


05FM 

057R 

05H2 


More  on  Flatness 


37.1.  Introduction 


In  this  chapter,  we  discuss  some  advanced  results  on  flat  modules  and  flat  mor- 
phisms  of  schemes.  Most  of  these  results  can  be  found  in  the  paper  [GR7l]  by 
Raynaud  and  Gruson. 


Before  reading  this  chapter  we  advise  the  reader  to  take  a look  at  the  following 
results  (this  list  also  serves  as  a pointer  to  previous  results): 


(1)  General  discussion  on  flat  modules  in  Algebra,  Section  10.38 


(2)  The  relationship  between  Tor-groups  and  flatness,  see  Algebra,  Section 

MM 

(3)  Criteria  for  flatness,  see  Algebra,  Section  10.98  (Noetherian  case),  Alge- 
bra, Section  10.100  (Artinian  case),  Algebra,  Section l0.127|(non-Noetherian 


case),  and  finally  More  on  Morphisms,  Section 


36.13| 


(4)  Generic  flatness,  see  Algebra,  Section  10.117  and  Morphisms,  Section 

125271 

(5)  Openness  of  the  flat  locus,  see  Algebra,  Section  10.128  and  More  on  Mor- 


phisms, Section  36.12 


(6)  Flattening,  see  More  on  Algebra,  Sections  15.10  15.11  15.12.  15.13  and 

mna  

(7)  Additional  results  in  More  on  Algebra,  Sections  15.15  15.16  15.19  and 

nCTi 


37.2.  Lemmas  on  etale  localization 

In  this  section  we  list  some  lemmas  on  etale  localization  which  will  be  useful  later 
in  this  chapter.  Please  skip  this  section  on  a first  reading. 

Lemma  37.2.1.  Let  i : Z — >■  X be  a closed  immersion  of  affine  schemes.  Let 
Z'  — ^ Z be  an  etale  morphism  with  Z'  affine.  Then  there  exists  an  etale  morphism 
X'  — > X with  X'  affine  such  that  Z'  = Z X \ X'  as  schemes  over  Z . 

Proof.  See  Algebra,  Lemma  [10. 141. ll]  □ 

Lemma  37.2.2.  Let 

X X' 

S* S' 
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be  a commutative  diagram  of  schemes  with  X'  — > X and  S'  —>  S etale.  Let  s'  £ S' 
be  a point.  Then 

X'  x Si  Spec(£V;S/)  — A X x s Spec(C>S/;S/) 

is  etale. 


Proof.  This  is  true  because  X'  — > Xg>  is  etale  as  a morphism  of  schemes  etale  over 
X , see  Morphisms,  Lemma  [28.36.18  and  the  base  change  of  an  etale  morphism  is 
etale,  see  Morphisms,  Lemma  28.36.4  □ 


05B9  Lemma  37.2.3.  Let  X —A  T -A  S be  morphisms  of  schemes  with  T -A  S etale. 
Let  F be  a quasi- coherent  Ox -‘module.  Let  x £ X be  a point.  Then 

F flat  over  S at  x F flat  over  T at  x 

In  particular  F is  flat  over  S if  and  only  if  F is  flat  over  T. 


Proof.  As  an  etale  morphism  is  a flat  morphism  (see  Morphisms,  Lemma  28.36.12 ) 


the  implication  “<*=”  follows  from  Algebra,  Lemma[l0.38.4|  For  the  converse  assume 
that  IF  is  flat  at  x over  S.  Denote  x £ X Xg  T the  point  lying  over  x in  X and 
over  the  image  of  x in  T in  T.  Then  (X  XgT  — ► X)*F  is  flat  at  x over  T via  pr2  : 
X XgT  — A T,  see  Morphisms,  Lemma  28.25.6  The  diagonal  AT/g  : T -A  T Xs  T 


is  an  open  immersion;  combine  Morphisms,  Lemmas  |28.35.13[ and  28.36.5  So  X is 


identified  with  open  subscheme  of  A xj  T,  the  restriction  of  pr2  to  this  open  is  the 
given  morphism  X — > T,  the  point  x corresponds  to  the  point  x in  this  open,  and 
(A  xsT  — ► A )*F  restricted  to  this  open  is  F.  Whence  we  see  that  F is  flat  at  x 
over  T.  □ 


05BA  Lemma  37.2.4.  Let  T -A  S be  an  etale  morphism.  Let  t £ T with  image  s £ S . 
Let  M be  a OT,t~module.  Then 

M flat  over  Os,s  FI  flat  over  Or,t- 


Proof.  We  may  replace  S by  an  affine  neighbourhood  of  s and  after  that  T by  an 
affine  neighbourhood  of  t.  Set  F = (Spec(C>T,t)  — ► T)*M.  This  is  a quasi-coherent 
sheaf  (see  Schemes,  Lemma  25.24.1  or  argue  directly)  on  T whose  stalk  at  t is  M 
(details  omitted).  Apply  Lemma  37.2.3  □ 


05VL 


Lemma  37.2.5.  Let  S be  a scheme  and  s £ S a point, 
the  henselization  (resp.  strict  henselization),  see  Algebra, 
Msh  be  a Osshs-module.  The  following  are  equivalent 


Denote  Ogs  (resp.  Oghs) 
Definition  10.148.18  Let 


(1)  Msh  is  flat  over  Os,S! 

(2)  Msh  is  flat  over  Og  s,  and 

(3)  Msh  is  flat  over  0^hs. 


If  Msh  = Mh  ($>£)h  Oghs  this  is  also  equivalent  to 

(4)  Mh  is  flat  over  Os,s>  and 

(5)  Mh  is  flat  over  Og  s. 

If  Mh  = M (8 >os  s Og  s this  is  also  equivalent  to 

(6)  M is  flat  overOg^s. 
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Proof.  We  may  assume  that  S is  an  affine  scheme.  It  is  shown  in  Algebra,  Lemmas 


10.148.21 


and 


10.148.27 


where  T 


that  Og  s and  Osshs  are  filtered  colimits  of  the  rings  Ox,t 
S is  etale  and  affine.  Hence  the  local  ring  maps  Os,s  — » Og  s 
are  flat  as  directed  colimits  of  etale  ring  maps,  see  Algebra,  Lemma  10.38.3 
(3)  =>  (2)  =>  (1)  and  (5)  =»  (4)  follow  from  Algebra,  Lemma  10.38.4  Of  course 


Hence 


these  maps  are  faithfully  flat,  see  Algebra,  Lemma[l0.38.17  Hence  the  equivalences 
(6)  <t=>  (5)  and  (5)  <t=>  (3)  follow  from  Algebra,  Lemma  10.38.8  Thus  it  suffices  to 
show  that  (1)  =>  (2)  =>  (3)  and  (4)  =>  (5). 

we  see  that  Msh  is  flat  over  Or,t  for  any  etale 


37.2.4 


Assume  (1).  By  Lemma 
neighbourhood  (T,  t)  — > (S,s).  Since  Ogs  and  Oghs  are  directed  colimits  of  local 
rings  of  the  form  Ox,t  (see  above)  we  conclude  that  Msh  is  flat  over  Og  and  Oghs 


by  Algebra,  Lemma  10.38.6  Thus  (1)  implies  (2)  and  (3).  Of  course  this  implies 
also  (2)  =>  (3)  by  replacing  Os,s  by  Og  s.  The  same  argument  applies  to  prove  (4) 

=*  (5)-  ’ ’ □ 

05FN  Lemma  37.2.6.  Let  g : T — » S be  a finite  flat  morphism  of  schemes.  Let  Q be  a 
quasi- coherent  Og-module.  Let  t £ T be  a point  with  image  s £ S . Then 

t £ WeakAss(g*G)  4=>  s £ WeakAss(G) 


Proof.  The  implication  “4=”  follows  immediately  from  Divisors,  Lemma  |30.6.4| 
Assume  t £ WeakAss(g*t/).  Let  Spec(A)  C S be  an  affine  open  neighbourhood  of 
s.  Let  Q be  the  quasi-coherent  sheaf  associated  to  the  A-module  M.  Let  p C A 
be  the  prime  ideal  corresponding  to  s.  As  g is  finite  flat  we  have  g-1(Spec(A))  = 
Spec(H)  for  some  finite  flat  A-algebra  B.  Note  that  g*G  is  the  quasi-coherent 
C,Spec(B)-module  associated  to  the  H-module  M B and  g*g*G  is  the  quasi- 
coherent  0sPec(A)“modrde  associated  to  the  A-module  M(&aB.  By  Algebra,  Lemma 
we  have  B0 


10.77.4 


Jp  — Cip 


for  some  integer  n > 0.  Note  that  n > 1 as  we  assumed 
there  exists  at  least  one  point  of  T lying  over  s.  Hence  we  see  by  looking  at  stalks 
that 

s £ WeakAss(<?)  4=>  s £ WeakAss (g*g*G) 

Now  the  assumption  that  t £ WeakAss(g*t/)  implies  that  s £ WeakAss(g*<7*t/)  by 
Divisors,  Lemma  30.6.3  and  hence  by  the  above  s £ WeakAss(^).  □ 


05FP  Lemma  37.2.7.  Let  h : U —¥  S be  an  etale  morphism  of  schemes.  Let  Q be  a 
quasi-coherent  Og -module.  Let  u £ U be  a point  with  image  s £ S . Then 

u £ WeakAss{h*G)  •<=>  s £ WeakAss(G ) 


Proof.  After  replacing  S and  U by  affine  neighbourhoods  of  s and  u we  may  assume 
that  g is  a standard  etale  morphism  of  affines,  see  Morphisms,  Lemma  |28.36.14| 
Thus  we  may  assume  S = Spec(A)  and  X = Spec(A[x,  1 /<?]/(/)),  where  / is  monic 
and  f is  invertible  in  A[x,  1 / g\.  Note  that  A[x,  l/<7]/(/)  = (A[x]/(f))g  is  also  the 
localization  of  the  finite  free  A-algebra  A[x]/(f).  Hence  we  may  think  of  U as  an 
open  subscheme  of  the  scheme  T = Spec(A[ai]/(/))  which  is  finite  locally  free  over 
S.  This  reduces  us  to  Lemma  137.2.61  above.  □ 


37.3.  The  local  structure  of  a finite  type  module 


057P  The  key  technical  lemma  that  makes  a lot  of  the  arguments  in  this  chapter  work  is 
the  geometric  Lemma|37.3.2| 


37.3.  THE  LOCAL  STRUCTURE  OF  A FINITE  TYPE  MODULE 


2625 


057Q  Lemma  37.3.1.  Let  f : X -A  S be  a finite  type  morphism  of  affine  schemes. 
Let  T be  a finite  type  quasi- coherent  Ox-module.  Let  x £ X with  image  s = f{x) 
in  S.  Set  Fs  = F\xs-  Then  there  exist  a closed  immersion  i : Z -A  X of  finite 
presentation,  and  a quasi- coherent  finite  type  Oz~module  Q such  that  i*Q  = T and 
Zs  = Supp{Fs). 


28.15.2 


Proof.  Say  the  morphism  / : X — ► S is  given  by  the  ring  map  A -A  B and  that  T 
is  the  quasi-coherent  sheaf  associated  to  the  B-module  M.  By  Morphisms,  Lemma 
we  know  that  A — > B is  a finite  type  ring  map,  and  by  Properties,  Lemma 
we  know  that  M is  a finite  B-module.  In  particular  the  support  of  T is 
the  closed  subscheme  of  Spec(I3)  cut  out  by  the  annihilator  I = {x  £ B \ xm  = 
0 Vm  £ tf}  of  M,  see  Algebra,  Lemma  10.39.5  Let  q C B be  the  prime  ideal 


27.16.1 


corresponding  to  x and  let  p C A be  the  prime  ideal  corresponding  to  s.  Note  that 
X„  = Spec (B  (8 u /c(p))  and  that  Ts  is  the  quasi-coherent  sheaf  associated  to  the 
B (8a  «(p)  module  M (8a  re(p).  By  Morphisms,  Lemma  28.5.3  the  support  of  Ts  is 
equal  to  V(I(B  ®a  K(p)))-  Since  B ®a  k(p)  is  of  finite  type  over  k(p)  there  exist 
finitely  many  elements  fi,...,fm€l  such  that 


I{B  ®A  «(p))  = (/l,  • ■ • , fn)(B  ®A  k(P)). 

Denote  i : Z — >•  X the  closed  subscheme  cut  out  by  (/i,  • • ■ , /m),  in  a formula 
Z = Spec(i3/(/i, . . . ,/m)).  Since  M is  annihilated  by  / we  can  think  of  M as 
an  B/(fi, . . . , fm)- module.  In  other  words,  T is  the  pushforward  of  a finite  type 
module  on  Z . As  Zs  = Supp(Jrs)  by  construction,  this  proves  the  lemma.  □ 


057S  Lemma  37.3.2.  Let  f : X S be  morphism  of  schemes  which  is  locally  of  finite 
type.  Let  T be  a finite  type  quasi-coherent  Ox -module.  Let  x £ X with  image 
s = f(x)  in  S.  Set  Fs  = F\xB  and  n = dim x(Supp(F s)) . Then  we  can  construct 

(1)  elementary  etale  neighbourhoods  g : ( X ',  x')  — » ( X , x),  e:  {S' , s')  -A  (S,  s), 

(2)  a commutative  diagram 


X ^ X'  ^ Z' 

9 i 


9 

i 

Y 

Y 

\ 

V 

S -<  f:  S' S' 


(3)  a point  z'  £ Z'  with  i(z ')  = x' , y'  = 7 t(z'),  h(y')  = s' , 

(4)  a finite  type  quasi-coherent  Ozf -module  Q , 
such  that  the  following  properties  hold 

(1)  X' , Z',  Y',  S'  are  affine  schemes, 

(2)  i is  a closed  immersion  of  finite  presentation, 

(3  )U(G)^g*F, 

(4)  7r  is  finite  and  i r^1  ({?/})  = 

(5)  the  extension  k(s')  C n{y')  is  purely  transcendental, 

(6)  h is  smooth  of  relative  dimension  n with  geometrically  integral  fibres. 


Proof.  Let  V C S be  an  affine  neighbourhood  of  s.  Let  U C /_1(Vr)  be  an  affine 
neighbourhood  of  x.  Then  it  suffices  to  prove  the  lemma  for  f\v  :[/—>.  V and  F\u- 
Hence  in  the  rest  of  the  proof  we  assume  that  X and  S are  affine. 
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057T 


First,  suppose  that  Xs  = Supp^s),  in  particular  n = dimx(Xs).  Apply  More  on 
Morphisms,  Lemmas  |36.33.2]  and  |36.33.3[  This  gives  us  a commutative  diagram 

X -e- X' 

g 

7 r 

Y' 

h 

S+-?—  S' 


and  point  x'  £ X' . We  set  Z'  = X\  i = id,  and  Q — g*T  to  obtain  a solution  in 
this  case. 


In  general  choose  a closed  immersion  Z — >•  X and  a sheaf  Q on  Z as  in  Lemma 
|37.3.1[  Applying  the  result  of  the  previous  paragraph  to  Z — > S and  Q we  obtain  a 
diagram 


X - 

— z 

9 

V 

f\z 

Y 

Y 

V 

S — S -<-5—  S' 


and  point  z’  £ Z’ 
to  embed  Z'  into 
we  want  X'  to  be 


satisfying  all  the  required  properties.  We  will  use  Lemma  37.2.1 


a scheme  etale  over  X.  We  cannot  apply  the  lemma  directly  as 
a scheme  over  S' . Instead  we  consider  the  morphisms 


Z' >-  Z xsS' >-  X xs  S' 

The  first  morphism  is  etale  by  Morphisms,  Lemma [28. 36. 18[  The  second  is  a closed 
immersion  as  a base  change  of  a closed  immersion.  Finally,  as  A,  S,  S' , Z,  Z'  are 
all  affine  we  may  apply  Lemma  |37.2.1|  to  get  an  etale  morphism  of  affine  schemes 
X'  -A-  X Xg  S'  such  that 

Z'  = (Z  Xs  S')  X(XxsS>)  X'  = Z xx  X'. 

As  Z — > X is  a closed  immersion  of  finite  presentation,  so  is  Z'  — > X' . Let  x'  £ X' 
be  the  point  corresponding  to  z'  £ Z' . Then  the  completed  diagram 


is  a solution  of  the  original  problem. 


□ 


Lemma  37.3.3.  Assumptions  and  notation  as  in  Lemma  37.3.2  If  f is  locally 
of  finite  presentation  then  tt  is  of  finite  presentation.  In  this  case  the  following  are 
equivalent 
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(1)  T is  an  Ox-module  of  finite  presentation  in  a neighbourhood  of  x, 

(2)  Q is  an  O z1  -module  of  finite  presentation  in  a neighbourhood  of  z' , and 

(3)  7r*t/  is  an  Oy  -module  of  finite  presentation  in  a neighbourhood  of  y' . 
Still  assuming  f locally  of  finite  presentation  the  following  are  equivalent  to  each 
other 

(a)  Tx  is  an  Ox,x-module  of  finite  presentation, 

(b)  Qzt  is  an  Oz\z' -module  of  finite  presentation,  and 

(c)  (7 T*,G)y'  is  an  Oy,y' -module  of  finite  presentation. 


Proof.  Assume  / locally  of  finite  presentation.  Then  Z'  — > S is  locally  of  finite 
presentation  as  a composition  of  such,  see  Morphisms,  Lemma  [28. 21. 3|  Note  that 
Y'  — > S is  also  locally  of  finite  presentation  as  a composition  of  a smooth  and  an 
etale  morphism.  Hence  Morphisms,  Lemma  |28.21.1l1  implies  7r  is  locally  of  finite 
presentation.  Since  n is  finite  we  conclude  that  it  is  also  separated  and  quasi- 
compact, hence  7 r is  actually  of  finite  presentation. 

To  prove  the  equivalence  of  (1),  (2),  and  (3)  we  also  consider:  (4)  g*T  is  a Ox'- 
module  of  finite  presentation  in  a neighbourhood  of  x' . The  pullback  of  a module  of 
finite  presentation  is  of  finite  presentation,  see  Modules,  Lemma  17.11.4  Hence  (1) 


(4).  The  etale  morphism  g is  open,  see  Morphisms,  Lemma  28.36.13 


Hence  for 

any  open  neighbourhood  U'  C X'  of  x' , the  image  g{U')  is  an  open  neighbourhood 
of  x and  the  map  {IT  -4  g(U')}  is  an  etale  covering.  Thus  (4)  =>  (1)  by  Descent, 
Lemma[34.6.3|  Using  Descent,  Lemma  34.6.10|and  some  easy  topological  arguments 
(see  More  on  Morphisms,  Lemma|36.33.4)  we  see  that  (4)  (2)  «=>  (3). 

To  prove  the  equivalence  of  (a),  (b),  (c)  consider  the  ring  maps 

Ox,x  ~ > Ox’,x'  — > Oz>,z>  t-  Oy,y< 

The  first  ring  map  is  faithfully  flat.  Hence  Tx  is  of  finite  presentation  over  Ox, x if 
and  only  if  g*Tx/  is  of  finite  presentation  over  Ox' ,x’ , see  Algebra,  Lemma  10.82.2 


The  second  ring  map  is  surjective  (hence  finite)  and  finitely  presented  by  assump- 
tion, hence  g*J-x<  is  of  finite  presentation  over  Ox',x'  if  and  only  if  Qz'  is  of  finite 
presentation  over  Oz' ,z>,  see  Algebra,  Lemma  10.35.21 
presentation,  and  7 r_1  ({?/})  = {2/}  the  ring  homomorphism  Oy  ,y 
finite  and  of  finite  presentation,  see  More  on  Morphisms,  Lemma  [36.33.4[  Hence 
Qz'  is  of  finite  presentation  over  Oz' ,z'  if  and  only  if  Tr*Qy'  is  of  finite  presentation 
over  Oy  ,y 


see  Algebra,  Lemma  10.35.21 


Because  7r  is  finite,  of  finite 
t—  Oz\z'  is 


□ 


Lemma  37.3.4.  Assumptions  and  notation  as  in  Lemma  37.3.2  The  following 
are  equivalent 

(1)  T is  flat  over  S in  a neighbourhood  of  x, 

(2)  Q is  flat  over  S1  in  a neighbourhood  of  z' , and 

(3)  7r*  Q is  flat  over  S'  in  a neighbourhood  of  y' . 

The  following  are  equivalent  also 

(a)  Tx  is  flat  over  Os, s, 

(b)  Qz<  is  flat  over  O s', s' 1 and 

(c)  (7 t*G)v'  is  flat  over  O s', s'  ■ 


Proof.  To  prove  the  equivalence  of  (1),  (2),  and  (3)  we  also  consider:  (4)  g*T  is 
flat  over  S'  in  a neighbourhood  of  x' . We  will  use  Lemma  37.2.3  to  equate  flatness 
over  S and  S'  without  further  mention.  The  etale  morphism  g is  flat  and  open, 
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see  Morphisms,  Lemma  28.36.13|  Hence  for  any  open  neighbourhood  U'  C X'  of 
x',  the  image  g(U ')  is  an  open  neighbourhood  of  x and  the  map  U'  — >■  g(U')  is 
surjective  and  flat.  Thus  (4)  <t=>  (1)  by  Morphisms,  Lemma  28.25.11  Note  that 

T(X'  ,g*X)  =r(Z'  ,G)  =r(Y'  ,tt*S) 

Hence  the  flatness  of  g*X,  Q and  ir*G  over  S'  are  all  equivalent  (this  uses  that  X', 
Z' , Y' , and  S'  are  all  affine).  Some  omitted  topological  arguments  (compare  More 


on  Morphisms,  Lemma  36.33.4 1 regarding  affine  neighbourhoods  now  show  that  (4) 
^ (2)  ^ (3). 

To  prove  the  equivalence  of  (a),  (b),  (c)  consider  the  commutative  diagram  of  local 
ring  maps 

Ox\x>  — Oz’,z’  — Oy',y'  — Os>, s' 


X,x 


Os,s 


We  will  use  Lemma  37.2.4  to  equate  flatness  over  Os,s  and  Os',a'  without  further 
mention.  The  map  7 is  faithfully  flat.  Hence  Xx  is  flat  over  Os,s  if  and  only 
if  g*Tx'  is  flat  over  Os',s',  see  Algebra,  Lemma  10.38.9  As  ^/-modules  the 
modules  g*  Xx> , Gz1-,  and  n*Gy'  are  all  isomorphic,  see  More  on  Morphisms,  Lemma 
|36.33.4[  This  finishes  the  proof.  □ 


37.4.  One  step  devissage 

05H3  In  this  section  we  explain  what  is  a one  step  devissage  of  a module.  A one  step 
devissage  exist  etale  locally  on  base  and  target.  We  discuss  base  change,  Zariski 
shrinking  and  etale  localization  of  a one  step  devissage. 

05H4  Definition  37.4.1.  Let  S'  be  a scheme.  Let  X be  locally  of  finite  type  over  S. 
Let  X be  a quasi-coherent  Ox-module  of  finite  type.  Let  s € S be  a point.  A one 
step  devissage  of  X/X/S  over  s is  given  by  morphisms  of  schemes  over  S 

X Z Y 

and  a quasi-coherent  O^-module  G of  finite  type  such  that 

(1)  X , S,  Z and  Y are  affine, 

(2)  i is  a closed  immersion  of  finite  presentation, 

(3) 

(4)  7 r is  finite,  and 

(5)  the  structure  morphism  Y — > S is  smooth  with  geometrically  irreducible 
fibres  of  dimension  dim(Supp(Jr;s)). 

In  this  case  we  say  (Z,  Y,  i,  n,  G)  is  a one  step  devissage  of  X/X/S  over  s. 

Note  that  such  a one  step  devissage  can  only  exist  if  A'  and  S are  affine.  In  the 
definition  above  we  only  require  X to  be  (locally)  of  finite  type  over  S and  we 
continue  working  in  this  setting  below.  In  }GR7l)  the  authors  use  consistently 
the  setup  where  X — > S is  locally  of  finite  presentation  and  X quasi-coherent  Ox- 
module  of  finite  type.  The  advantage  of  this  choice  is  that  it  “makes  sense”  to  ask 
for  X to  be  of  finite  presentation  as  an  (Dx-module,  whereas  in  our  setting  it  “does 
not  make  sense”.  Please  see  More  on  Morphisms,  Section [36T40] for  a discussion;  the 
observations  made  there  show  that  in  our  setup  we  may  consider  the  condition  of  X 
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being  “locally  of  finite  presentation  relative  to  S” , and  we  could  work  consistently 
with  this  notion.  Instead  however,  we  will  rely  on  the  results  of  Lemma  |37.3.3| 
and  the  observations  in  Remark  137.6.31  to  deal  with  this  issue  in  an  ad  hoc  fashion 
whenever  it  comes  up. 

05H5  Definition  37.4.2.  Let  S'  be  a scheme.  Let  X be  locally  of  finite  type  over  S. 
Let  F be  a quasi-coherent  Ox-module  of  finite  type.  Let  x £ X be  a point  with 
image  s in  S.  A one  step  devissage  of  F/X/S  at  x is  a system  (Z,Y,i,n,G , z,y), 
where  (Z,  Y,  i,  n,  Q)  is  a one  step  devissage  of  JF/X/S  over  s and 

(1)  dima;(Supp(J's))  = dim(Supp(j;)), 

(2)  z & Z is  a point  with  i(z)  = x and  n(z)  = y , 

(3)  we  have  7r—1  ({?/})  = {z}, 

(4)  the  extension  k(s)  C n(y)  is  purely  transcendental. 


05H6 


A one  step  devissage  of  F/X/S  at  x can  only  exist  if  X and  S are  affine.  Condition 
(1)  assures  us  that  Y — ► S has  relative  dimension  equal  to  dimx(Supp(Jrs))  via 
condition  (5)  of  Definition  37.4. 1| 


Lemma  37.4.3.  Let  f : X — »•  S be  morphism  of  schemes  which  is  locally  of  finite 
type.  Let  F be  a finite  type  quasi-coherent  Ox -module.  Let  x £ X with  image 
s = f(x)  in  S.  Then  there  exists  a commutative  diagram  of  pointed  schemes 


(X,x)^j-(X',x') 

f 

(S,s)* (S',  s') 


such  that  (S',  s')  — » (S,s)  and  (. X',x ')  -A  (X,x)  are  elementary  etale  neighbour- 
hoods, and  such  that  g*  F / X'  / S'  has  a one  step  devissage  at  x' . 

Proof.  This  is  immediate  from  Definition  137.4.21  and  Lemma [37.3.21  □ 


Let  (Z,Y,i,TT,Q) 
be  any  morphism 


05H7  Lemma  37.4.4.  Let  S,  X,  F,  s be  as  in  Definition  37.4-1 
be  a one  step  devissage  of  F/X/S  over  s.  Let  (S',  s')  -4  (S,  s) 
of  pointed  schemes.  Given  this  data  let  X' , Z' , Y' , i! , n'  be  the  base  changes  of 
X,  Z,  Y,  i,  7r  via  S'  — > S.  Let  F’  be  the  pullback  of  F to  X'  and  let  Q'  be  the  pullback 
ofQ  to  Z' . If  S'  is  affine,  then  (Z1,  Y' , i' , ir' , Q')  is  a one  step  devissage  of  F' / X' / S' 
over  s' . 


Proof.  Fibre  products  of  afhnes  are  affine,  see  Schemes,  Lemma  |25.17.2[  Base 
change  preserves  closed  immersions,  morphisms  of  finite  presentation,  finite  mor- 
phisms,  smooth  morphisms,  morphisms  with  geometrically  irreducible  fibres,  and 
morphisms  of  relative  dimension  n,  see  Morphisms,  Lemmas|28.2.4|[28.21.4[[28.43.6[ 
28.34.5  28.29.2  and  More  on  Morphisms,  Lemma  36.22.2  We  have  i'Jfj'  = F'  be- 


cause pushforward  along  the  finite  morphism  i commutes  with  base  change,  see  Co- 

We  have  dim(Supp(Jrs))  = dim(Supp(Jr'/)) 


homology  of  Schemes,  Lemma 


by  Morphisms,  Lemma  [28. 28. 3 


29.5.1 


because 


This  proves  the  lemma. 


Supp(J's)  xs  s'  = Supp(7v). 


□ 
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Lemma  37.4.5.  Let  S,  X,  F , x,  s be  as  in  Definition  37. 4-2  Let  (Z,  Y,  i.  n,  G,  z,  y) 
be  a one  step  devissage  of  F/X/S  at  x.  Let  (S',  s')  — ► (S,s)  be  a morphism  of 
pointed  schemes  which  induces  an  isomorphism  n(s)  = k(s').  Let  (Z',  Y' , i! , id,  G') 
be  as  constructed  in  Lemma  37.4-4  and  let  x'  £ X'  (resp.  z’  £ Z' , y'  £ Y' ) be  the 
unique  point  mapping  to  both  x £ X (resp.  z £ Z , y £ Y ) and  s'  £ S' . If  S'  is 
affine,  then  (Z' , Y' , i’ , n' , G' , z' , y')  is  a one  step  devissage  of  F' /X' /S'  at  x' . 


Proof.  By  Lemma  37.4.4|  (Z' , Y' , i' , n' , G')  is  a one  step  devissage  of  F'/X’/S'  over 
s'.  Properties  (1)  - (4)  of  Definition  37.4.2  hold  for  (Z' ,Y' ,i' ,n' ,G' , z' ,y')  as  the 
assumption  that  n(s)  = k(s')  insures  that  the  fibres  X’s,,  Z's,,  and  Y's,  are  isomorphic 
to  Xs.  Zs,  and  Y..  □ 


Definition  37.4.6.  Let  S,  X,  F , x,  s be  as  in  Definition  37.4.2  Let  (Z,  Y,  i,  n,  G,  z,  y ) 
be  a one  step  devissage  of  F/X/S  at  x.  Let  us  define  a standard  shrinking  of  this 
situation  to  be  given  by  standard  opens  S'  C S,  X'  C X,  Z’  C Z,  and  Y'  C Y such 
that  s £ S',  x £ X' , z £ Z' , and  y £ Y’  and  such  that 


(Z',Y',i\z,,-jr\z>,G\z',z,y) 


is  a one  step  devissage  of  F\x> / X' / S'  at  x. 


Lemma  37.4.7.  With  assumption  and  notation  as  in  Definition  37.4-6  we  have: 


(1)  If  S'  C S is  a standard  open  neighbourhood  of  s,  then  setting  X'  = Xs', 
Z'  = Zg'  and  Y'  = Yg'  we  obtain  a standard  shrinking. 

(2)  Let  W C Y be  a standard  open  neighbourhood  of  y.  Then  there  exists  a 
standard  shrinking  with  Y'  = W x g S' . 

(3)  Let  U C X be  an  open  neighbourhood  of  x.  Then  there  exists  a standard 
shrinking  with  X'  C U . 


Proof.  Part  (1)  is  immediate  from  Lemma  37.4.5  and  the  fact  that  the  inverse 
image  of  a standard  open  under  a morphism  of  affine  schemes  is  a standard  open, 
see  Algebra,  Lemma  [l0.16.4| 


Let  W C Y as  in  (2).  Because  Y — > S is  smooth  it  is  open,  see  Morphisms,  Lemma 
28.34.10  Hence  we  can  find  a standard  open  neighbourhood  S'  of  s contained  in 
the  image  of  W.  Then  the  fibres  of  Ws > —>  S'  are  nonempty  open  subschemes 
of  the  fibres  of  Y — > S over  S'  and  hence  geometrically  irreducible  too.  Setting 
Y'  = Wg>  and  Z'  = we  see  that  Z'  C Z is  a standard  open  neighbourhood 

of  z.  Let  h £ T(Z,Oz)  be  a function  such  that  Z'  = D(h).  As  i : Z — > X is  a 
closed  immersion,  we  can  find  a function  h £ T(X,0. y)  such  that  $(h)  = h.  Take 
X'  = D(h)  C X.  In  this  way  we  obtain  a standard  shrinking  as  in  (2). 


Let  U C X be  as  in  (3).  We  may  after  shrinking  U assume  that  U is  a standard 
open.  By  More  on  Morphisms,  Lemma|36.33.4|there  exists  a standard  open  W C Y 
neighbourhood  of  y such  that  7r_1(W)  C i-1(/7).  Apply  (2)  to  get  a standard 
shrinking  X',S',Z',Y'  with  Y'  = Ws>-  Since  Z'  C 7r-1(W)  C 1 (L/)  we  may 
replace  X'  by  X'  D U (still  a standard  open  as  U is  also  standard  open)  without 
violating  any  of  the  conditions  defining  a standard  shrinking.  Hence  we  win.  □ 
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Lemma  37.4.8.  Let  S,  X,  T , x,  s be  as  in  Definition  37-4-2  Let  ( Z , Y,  i,  7 r,  G,  z,  y) 
be  a one  step  devissage  of  T/X/S  at  x.  Let 


(Y,y) 


( Y',y ') 


C S,s )* (S',  s') 

be  a commutative  diagram  of  pointed  schemes  such  that  the  horizontal  arrows  are 
elementary  etale  neighbourhoods.  Then  there  exists  a commutative  diagram 


(X",x")^ (Z",z") 


of  pointed  schemes  with  the  following  properties: 

(1)  (S" , s")  —>  (S',  s')  is  an  elementary  etale  neighbourhood  and  the  morphism 
S"  — > S is  the  composition  S"  — )•  S'  — > S , 

(2)  Y"  is  an  open  subscheme  ofY'  xgi  S" , 

(3)  Z"  = ZxY  Y", 

(4)  (X" ,x”)  — > (X,x)  is  an  elementary  etale  neighbourhood,  and 

(5)  (Z",Y",i",n",G",z",y")  is  a one  step  devissage  at  x"  of  the  sheaf  T” . 

Here  T"  (resp.  Q" ) is  the  pullback  of  T (resp.  G ) via  the  morphism  X"  -A  X (resp. 
Z"  — » Z)  and  i"  : Z"  — > X"  and  tt"  : Z"  — > Y"  are  as  in  the  diagram. 


Proof.  Let  (S",s")  — > (S',  s')  be  any  elementary  etale  neighbourhood  with  S" 
affine.  Let  Y”  C Y'  x S"  be  any  affine  open  neighbourhood  containing  the  point 
y"  = (y',s").  Then  we  obtain  an  affine  (Z",z")  by  (3).  Moreover  Zs"  — > Xg" 


applies  and  we  can  find  an  etale  morphism  X"  — > Xg'  of  affines  such  that  Z"  = 
X"  xXs,  Zgi.  Denote  i"  : Z"  — > X"  the  corresponding  closed  immersion.  Setting 
x"  = i"(z")  we  obtain  a commutative  diagram  as  in  the  lemma.  Properties  (1), 
(2),  (3),  and  (4)  hold  by  construction.  Thus  it  suffices  to  show  that  (5)  holds  for  a 
suitable  choice  of  (S",  s")  — > (S',  s')  and  Y". 


is  a closed  immersion  and  Z"  — > Zgn  is  an  etale  morphism.  Hence  Lemma  37.2.1 


We  first  list  those  properties  which  hold  for  any  choice  of  (S",s")  -A  (S',  s')  and 
Y"  as  in  the  first  paragraph.  As  we  have  Z"  = X"  Xx  Z by  construction  we  see 
that  i'lG"  = T"  (with  notation  as  in  the  statement  of  the  lemma),  see  Cohomology 
of  Schemes,  Lemma  29.5.1  Set  n = dim(Supp(Jrs))  = dima,(Supp(Jrs)).  The  mor- 
phism Y"  — >■  S " is  smooth  of  relative  dimension  n (because  Y'  — > S'  is  smooth  of 
relative  dimension  n as  the  composition  Y'  — > Ygi  — > S'  of  an  etale  and  smooth  mor- 
phism of  relative  dimension  n and  because  base  change  preserves  smooth  morphisms 
of  relative  dimension  n).  We  have  n(y")  = n(y)  and  k(s)  = k(s")  hence  n(y")  is  a 
purely  transcendental  extension  of  k(s").  The  morphism  of  fibres  X’J„  — > Xs  is  an 
etale  morphism  of  affine  schemes  over  k(s)  = k(s")  mapping  the  point  x"  to  the 
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05HF 


05HG 


point  x and  pulling  back  Ta  to  T",, . Hence 

dim(Supp(Jrs//))  = dim(Supp(Jrs))  = n = dimx(Supp(Jrs))  = dimx// (Supply,)) 

because  dimension  is  invariant  under  etale  localization,  see  Descent,  Lennna[34.17.2[ 
As  7r"  : Z"  — > Y"  is  the  base  change  of  7r  we  see  that  7 r"  is  hnite  and  as  n(y)  = n{y") 
we  see  that  tt ~1{{y"})  = {%"}■ 


At  this  point  we  have  verified  all  the  conditions  of  Definition  37.4.1  except  we 
have  not  verified  that  Y"  — > S"  has  geometrically  irreducible  fibres.  Of  course 
in  general  this  is  not  going  to  be  true,  and  it  is  at  this  point  that  we  will  use 
that  k(s)  C k (y)  is  purely  transcendental.  Namely,  let  T C Y',  be  the  irreducible 
component  of  Yfi  containing  y'  = ( y,s' ).  Note  that  T is  an  open  subscheme  of 
YJ,  as  this  is  a smooth  scheme  over  k(s').  By  Varieties,  Lemma  32.5.14  we  see 
that  T is  geometrically  connected  because  k(s')  = k(s)  is  algebraically  closed  in 
n(y')  = K(y).  As  T is  smooth  we  see  that  T is  geometrically  irreducible.  Hence 
More  on  Morphisms,  Lemma  |36.32.3|  applies  and  we  can  find  an  elementary  etale 
morphism  (S",s")  ->  {S',  s')  and  an  affine  open  Y"  C Y's„  such  that  all  fibres 
of  Y"  — > S"  are  geometrically  irreducible  and  such  that  T = Y'l, . After  shrinking 
(first  Y"  and  then  S'')  we  may  assume  that  both  Y"  and  S''  are  affine.  This  finishes 
the  proof  of  the  lemma.  □ 


Lemma  37.4.9.  Let  S,  X,  T,  s be  as  in  Definition  37-4-1  Let  {Z,Y,i,n,Q)  be 
a one  step  devissage  of  T/X/S  over  s.  Let  f £ Ys  be  the  (unique)  generic  point. 
Then  there  exists  an  integer  r > 0 and  an  Oy  -module  map 


a : 0®r 


such  that 

a : n{£)®r  — » (tt*c;)?  «(£) 

is  an  isomorphism.  Moreover,  in  this  case  we  have 

dim (Supp(Coker{a)s))  < dim {Supp{J-s)). 

Proof.  By  assumption  the  schemes  S and  Y are  affine.  Write  S = Spec(A)  and 
Y = Spec {B).  As  7r  is  hnite  the  CV-module  is  a hnite  type  quasi-coherent  Oy- 
module.  Hence  = N for  some  hnite  B- module  N . Let  p C B be  the  prime  ideal 
corresponding  to  £.  To  obtain  a set  r = dimK(P)  N®b  k(p)  and  pick  x\, . . . ,xr  £ N 
which  form  a basis  of  N <S>b  «(p).  Take  a : B®r  — > N to  be  the  map  given  by 
the  formula  a{b1, . . . , br)  = hxi.  It  is  clear  that  a : «(p)®r  — > N ®b  k(p)  is  an 
isomorphism  as  desired.  Finally,  suppose  a is  any  map  with  this  property.  Then 
N'  = Coker(a)  is  a hnite  B-module  such  that  N'®n{p)  = 0.  By  Nakayama’s  lemma 


(Algebra,  Lemma  10.19.1 1 we  see  that  N'  = 0.  Since  the  fibre  Ys  is  geometrically 


irreducible  of  dimension  n with  generic  point  £ and  since  we  have  just  seen  that  £ 
is  not  in  the  support  of  Coker(a)  the  last  assertion  of  the  lemma  holds.  □ 


37.5.  Complete  devissage 

In  this  section  we  explain  what  is  a complete  devissage  of  a module  and  prove  that 
such  exist.  The  material  in  this  section  is  mainly  bookkeeping. 
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05HH  Definition  37.5.1.  Let  S'  be  a scheme.  Let  X be  locally  of  finite  type  over  S.  Let 
X be  a quasi- coherent  Ox-module  of  finite  type.  Let  s £ S be  a point.  A complete 
devissage  of  X/X/S  over  s is  given  by  a diagram 


A ^ Zi 

u 

Vl  ^2 
*2 

V 

r2 -< — z3 


Y 

Yn 


of  schemes  over  S,  finite  type  quasi-coherent  Ozk -modules  Qk,  and  Oyk -module 
maps 

ak  : Oylk  — t 7 Jk,*Gk,  k = 1, . . . , n 

satisfying  the  following  properties: 

(1)  (Zi,Yi,ii,7ri,£/i)  is  a one  step  devissage  of  X/X/S  over  s, 

(2)  the  map  ak  induces  an  isomorphism 

— * (tt k,*Qk)^k  ®0Yk,ik  «(6) 

where  £ ( Yk)s  is  the  unique  generic  point, 

(3)  for  k = 2 ,n  the  system  ( Zk,Yk , ik,  nk,  Qk)  is  a one  step  devissage  of 
Coker(afc_i)/Yfc_i/S  over  s, 

(4)  Coker(an)  = 0. 

In  this  case  we  say  that  (Zk,  Yk,  ik,  nk,  Qk,  &k)k=i,...,n  is  a complete  devissage  of 
X/X/S  over  s. 

05HI  Definition  37.5.2.  Let  S'  be  a scheme.  Let  X be  locally  of  finite  type  over  S. 
Let  J7  be  a quasi-coherent  Ox— module  of  finite  type.  Let  x £ X be  a point  with 
image  s £ S.  A complete  devissage  of  X/ X/S  at  x is  given  by  a system 

(Zk , 1/c  5 Ik  i TTfc , Qkt  Q-k-i  5 Vk)k= 1 ,.  ..,n 

such  that  ( Zk,Yk , ik,  nk,  Gk,  ak)  is  a complete  devissage  of  X/X/S  over  s,  and  such 
that 

(1)  (Zi,Yi,  il.Tri,  ft,  si.yi)  is  a one  step  devissage  of  X/X/S  at  x, 

(2)  for  k = 2, . . . , n the  system  (Zk,  Yk,  ikl  nk,  Qk,  zk,yk)  is  a one  step  devissage 
of  Coker(afc_i)/Yfc_i/S  at  yk-\. 


Again  we  remark  that  a complete  devissage  can  only  exist  if  X and  S are  affine. 


05HJ  Lemma  37.5.3.  Let  S,  X , X,  s be  as  in  Definition 


37.5.1 


Let  (S',  s')  — ► (S,  s)  be 


any  morphism  of  pointed  schemes.  Let  (Zk,  Yk,ik,  7 rk,Gk,  otk)k=\,...,n  be  a complete 
devissage  of  X/X/S  over  s.  Given  this  data  let  X' , Z'k,  Y/ , i'k,  nk  be  the  base  changes 
of  X,Zk,Yk,ik,nk  via  S'  — ► S.  Let  X'  be  the  pullback  of  X to  X'  and  let  Q'k  be 
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05HK 


05HL 


05HM 

05HN 

05HP 

05HQ 


the  pullback  of  Gk  to  Z'k.  Let  a'k  be  the  pullback  of  ak  to  Yk.  If  S'  is  affine,  then 
{Z'k,Yf.,i'k,n'k,G'k,(x,k)k=i,...,n  is  a complete  devissage  of  F' /X' /S'  over  s' . 

Proof.  By  Lemma  |37.4.4|  we  know  that  the  base  change  of  a one  step  devissage 
is  a one  step  devissage.  Hence  it  suffices  to  prove  that  formation  of  Coker(afc) 
commutes  with  base  change  and  that  condition  (2)  of  Definition  37.5.1  is  preserved 
by  base  change.  The  first  is  true  as  n'k  JG'k  is  the  pullback  of  ~Kk,*Gk  (by  Cohomology 
of  Schemes,  Lemma  29.5.11  and  because  (g>  is  right  exact.  The  second  because  by 
the  same  token  we  have 


{^k,*Qk)tk  K(£fc)  ®K(ffc)  K(fk)  “ (7 ®oy,£,  «(&) 

with  obvious  notation. 


□ 


Lemma  37.5.4.  Let  S,  X,  F , x,  s be  as  in  Definition  37.5.2  Let  (S',  s')  — ► (S,  s) 
be  a morphism  of  pointed  schemes  which  induces  an  isomorphism  k(s)  = k(s').  Let 
(Zk,Yk,ik,-iTk,Gk,Oik,Zk,yk)k=i,...,n  be  a complete  devissage  of  F/X/S  at  x.  Let 
(Z'k,  Yf,  i!k,  Tr'k,  G'k,  ct'k)k— i,...,n  be  as  constructed  in  Lemma  37.5.3  and  let  x’  £ X' 


(resp.  z'k  £ Z' , y'k  £ Y' ) be  the  unique  point  mapping  to  both  x £ X (resp.  zk  £ Zk, 
yk  £ Yk)  and  s'  £ S'.  If  S'  is  affine,  then  (Z'k,  Y/,  i'k,  n'k,  G'k,  a’k,  z'k,  y'k)k=l,...,n  is  a 
complete  devissage  ofF'/X'/S ' at  x' . 

Proof.  Combine  Lemma  137.5.31  and  Lemmal37.4.5l  □ 


37.5.2 


Consider  a 


Definition  37.5.5.  Let  S,  X , F,  x,  s be  as  in  Definition 
complete  devissage  (Zk,Yk,  ik,nk,Gk,uk,zk,yk)k=i,...,n  of  F/X/S  at  x.  Let  us 
define  a standard  shrinking  of  this  situation  to  be  given  by  standard  opens  S'  C S, 
X'  C X,  Z'k  C Zkl  and  YJ,  C Yk  such  that  sk  £ S',  xk  £ X',  zk  £ Z',  and  yk  £ Y' 
and  such  that 

ik > Ski  ak ) zki  Uk)k=l,...,n 

is  a one  step  devissage  of  F'/X' /S'  at  x where  G'k  = Gk\ z'k  and  F'  = F\x>- 

Lemma  37.5.6. 


37.5.5 


have: 


With  assumption  and  notation  as  in  Definition 

(1)  If  S'  C S is  a standard  open  neighbourhood  of  s,  then  setting  X'  = X$’, 
Z'k  = Zgf  and  Yf  = Ygi  we  obtain  a standard  shrinking. 

(2)  Let  W C Yn  be  a standard  open  neighbourhood  of  y.  Then  there  exists  a 
standard  shrinking  with  Yf  = W x g S' . 

(3)  Let  U C X be  an  open  neighbourhood  of  x.  Then  there  exists  a standard 
shrinking  with  X'  C U . 


Proof.  Part  (1)  is  immediate  from  Lemmas  37.5.4  and  37.4.7 


Proof  of  (2).  For  convenience  denote  X = Yq.  We  apply  Lemma  37.4.7  (2|  to  find  a 
standard  shrinking  S',  Y/_1,Z'n,  Yf  of  the  one  step  devissage  of  Coker(an_1)/Yrj_1/S' 
at  yn-\  with  Yf  = W Xg  S'.  We  may  repeat  this  procedure  and  find  a standard 
shrinking  S" ,Y"_2,  Z'/_1,Y//_1  of  the  one  step  devissage  of  Coker(an_2)/Pn-2/<5' 
at  yn- 2 with  Y//_ l = Y/_l  xg  S" . We  may  continue  in  this  manner  until  we  obtain 
S(n\  z[n\  Y^nK  At  this  point  it  is  clear  that  we  obtain  our  desired  standard 
shrinking  by  taking  S^n\  X^n\  Zk'  ^ XgS^n\  and  Ykn  ^ XgS W with  the  desired 
property. 

Proof  of  (3).  We  use  induction  on  the  length  of  the  complete  devissage.  First 
we  apply  Lemma  37.4.  H§  to  find  a standard  shrinking  S’ , X' , Z\ , Y{  of  the  one 
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step  devissage  of  X/X/S  at  x with  X'  C U.  If  n = 1,  then  we  are  done.  If 
n > 1,  then  by  induction  we  can  find  a standard  shrinking  S" , Y[' , Z 'f,  and  Yjf  of 
the  complete  devissage  (Zk,  Yk,  ik,  nk , Qk,  ak,  zk , yk)k=2,...,n  of  Coker(ai)/Yi/S'  at 
x such  that  Y"  C Y{.  Using  Lemma  37.4.7|p|  we  can  find  S'"  C S' , X'"  C X' , ■Z’"' 
and  Y{"  = Y"  x 5 S'"  which  is  a standard  shrinking.  The  solution  to  our  problem 
is  to  take 


Qin  7n  Qin  Q/II  7n  vu  Qm 

S , A U2  xso  ,i2  XS  S , . . . , Zn  XS  S ,lnXsS 

This  ends  the  proof  of  the  lemma. 


□ 


05HR  Proposition  37.5.7.  Let  S be  a scheme.  Let  X be  locally  of  finite  type  over  S. 
Let  x £ X be  a point  with  image  s £ S . There  exists  a commutative  diagram 


(X,x)^^[X',x') 
(S,s)* (S',  s') 


of  pointed  schemes  such  that  the  horizontal  arrows  are  elementary  etale  neighbour- 
hoods and  such  that  g*  T / X'  / S'  has  a complete  devissage  at  x. 

Proof.  We  prove  this  by  induction  on  the  integer  d = dima;(Supp(J:'s)).  By  Lemma 
|37.4.3|  there  exists  a diagram 

(X,x)^~(X',x') 

(S,s)^ (S',  s') 


of  pointed  schemes  such  that  the  horizontal  arrows  are  elementary  etale  neigh- 
bourhoods and  such  that  g*X/X'/S'  has  a one  step  devissage  at  x'.  The  local 
nature  of  the  problem  implies  that  we  may  replace  (X,x)  — > (S,s)  by  ( X',x ')  — > 
(S',  s').  Thus  after  doing  so  we  may  assume  that  there  exists  a one  step  devissage 
(Zi,Yi,i1,'rti,Qi)  of  T/X/S  at  x. 


We  apply  Lemma|37.4.9|to  find  a map 


ai  : O ®ri 


which  induces  an  isomorphism  of  vector  spaces  over  k(£i)  where  £1  £ Y1  is  the 
unique  generic  point  of  the  fibre  of  Y\  over  s.  Moreover  dim^  (Supp(Coker(aq)s))  < 
d.  It  may  happen  that  the  stalk  of  Coker(ai)s  at  y±  is  zero.  In  this  case  we  may 
shrink  Y\  by  Lemma  37.4.  H§  and  assume  that  Coker(ai)  = 0 so  we  obtain  a 
complete  devissage  of  length  zero. 


Assume  now  that  the  stalk  of  Coker(ai)s  at  yi  is  not  zero.  In  this  case,  by  induction, 
there  exists  a commutative  diagram 


(Yi,yi)  (Y( , y( ) 

05HS  (37.5.7.1) 

C S,s )- (S',  s') 
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of  pointed  schemes  such  that  the  horizontal  arrows  are  elementary  etale  neighbour- 
hoods and  such  that  h*Cokev(ai)/Y{/ S'  has  a complete  devissage 


(^k  5 Yk , ifc , TT/g , Qk,  5 yk)k=2,...,n 

at  y[.  (In  particular  i2  : Z-2  -A  Y[  is  a closed  immersion  into  Y2.)  At  this  point 
we  apply  Lemma  37.4.8  to  S,  A , T , x,  s,  the  system  (Z\,Yi,i\,  n±,Qi)  and  diagram 
(37.5.7.1|).  We  obtain  a diagram 


(X,x) 


(S,s) 


wa ') 

{Y{',y'D 


with  all  the  properties  as  listed  in  the  referenced  lemma.  In  particular  Y"  C 
Y[  x 5'  S" . Set  X\  = Y[  Xs>  S"  and  let  T\  denote  the  pullback  of  Coker(ai).  By 
Lemma  [37.5.4|  the  system 

05HT  (37.5.7.2)  (Zk  xs>  S",Yk  xs , S",  *£,  tt",  Ql  a",  z'f,  yl)k=2,...,n 


is  a complete  devissage  of  T\  to  X\ . Again,  the  nature  of  the  problem  allows  us  to 
replace  (A,  x)  -A  ( S , s)  by  (A",  x")  -A  (S" , s").  In  this  we  see  that  we  may  assume: 

(a)  There  exists  a one  step  devissage  (Zlt  Yi,  i\,  7rl5  <?i)  of  T/X/S  at  x, 

(b)  there  exists  an  or  : Oy^1  -A  7^*1/!  such  that  a®/v(£i)  is  an  isomorphism, 

(c)  Yl  C Ai  is  open,  yi  = a?i,  and  = Coker(ai),  and 

(d)  there  exists  a complete  devissage  (Zk,  Yk,  ik,irk,  Qk,  ak,  zk,  yk)k=2,...,n  of 
Fi/Xi/S  at  xi. 


To  finish  the  proof  all  we  have  to  do  is  shrink  the  one  step  devissage  and  the 
complete  devissage  such  that  they  fit  together  to  a complete  devissage.  (We  suggest 
the  reader  do  this  on  their  own  using  Lemmas  |37.4.7|  and  |37.5.6| instead  of  reading 
the  proof  that  follows.)  Since  Yl  C A'i  is  an  open  neighbourhood  of  X\  we  may 
apply  Lemma  37.5.  6]  0 to  find  a standard  shrinking  S' . X\ , Z!2,Y.f. . . . . Yf  of  the 
datum  (d)  so  that  A[  C hi.  Note  that  A{  is  also  a standard  open  of  the  affine 
scheme  Y . Next,  we  shrink  the  datum  (a)  as  follows:  first  we  shrink  the  base  S to 
S' , see  Lemma  37.4.  30  and  then  we  shrink  the  result  to  S ",  A",  Z”,  Y"  using 
Lemma  37.4.7  (2j)  such  that  eventually  Y"  = X[  Xg  S"  and  S"  C S'.  Then  we  see 
that 


Z",  Y",  Z'2  x s.  S'\  Y'  x s,  5", . . . , Y’n  xS‘  S'1 


gives  the  complete  devissage  we  were  looking  for. 


□ 


Some  more  bookkeeping  gives  the  following  consequence. 

05HU  Lemma  37.5.8.  Let  X -A  S'  be  a finite  type  morphism  of  schemes.  Let  T be 
a finite  type  quasi- coherent  Ox -module.  Let  s £ S be  a point.  There  exists  an 
elementary  etale  neighbourhood  (S' , s')  -A  (S,  s ) and  etale  morphisms  hi  : Y —>  A 
i = 1, ...  ,n  such  that  for  each  i there  exists  a complete  devissage  of  Ti/Yi/S'  over 
s',  where  Ti  is  the  pullback  of  T to  Y{  and  such  that  Xs  = (A s')s'  C (J  hi(Yf). 
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Proof.  For  every  point  x £ Xs  we  can  find  a diagram 

{X,  x)  (X',  x') 

{S,s)* (S',  s') 


of  pointed  schemes  such  that  the  horizontal  arrows  are  elementary  etale  neighbour- 
hoods and  such  that  g*T/X' /S'  has  a complete  devissage  at  x' . As  X — > S is  of 
finite  type  the  fibre  Xs  is  quasi-compact,  and  since  each  g : X'  — > X as  above  is 
open  we  can  cover  Xs  by  a finite  union  of  g(X's,).  Thus  we  can  find  a finite  family 
of  such  diagrams 


(X,x) 


(S,  s) 


PM) 


(«) 


i = 1, . . . , n 


such  that  Xs  = 1J Set  S'  = S[  Xg  ...  Xg  S'n  and  let  Yi  = Xi  Xg1.  S'  be  the 
base  change  of  X[  to  S' . By  Lemma  37.5.3  we  see  that  the  pullback  of  T to  Yi  has 
a complete  devissage  over  s and  we  win.  □ 


37.6.  Translation  into  algebra 

05HV  It  may  be  useful  to  spell  out  algebraically  what  it  means  to  have  a complete 
devissage.  We  introduce  the  following  notion  (which  is  not  that  useful  so  we  give 
it  an  impossibly  long  name). 

05HW  Definition  37.6.1.  Let  R — > S be  a ring  map.  Let  q be  a prime  of  S lying  over 
the  prime  p of  R.  A elementary  etale  localization  of  the  ring  map  R -A  S at  q is 
given  by  a commutative  diagram  of  rings  and  accompanying  primes 


such  that  R -A  R'  and  S -A  S'  are  etale  ring  maps  and  k(p)  = /c(p')  and  ft(q)  = 

K(q'). 

05HX  Definition  37.6.2.  Let  R — > S be  a finite  type  ring  map.  Let  r be  a prime  of 
R.  Let  N be  a finite  i'-module.  A complete  devissage  of  N/S/R  over  r is  given  by 
.R-algebra  maps 


Ai  A2  ...  An 


finite  A^-modules  Mi  and  Bj-module  maps  : BfTi  — >•  Mj  such  that 

(1)  S — y A\  is  surjective  and  of  finite  presentation, 

(2)  Bi  -A  Ai+ 1 is  surjective  and  of  finite  presentation, 

(3)  Bi  — > Ai  is  finite, 

(4)  R — > Bi  is  smooth  with  geometrically  irreducible  fibres, 
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(5)  N = Mi  as  B-modules, 

(6)  Coker(a.j)  = Mi+i  as  Bi-modules, 

(7)  at  : «(pi)®ri  ->  Mi  At(pi)  is  an  isomorphism  where  pi  = ill,,  and 

(8)  Coker(an)  = 0. 

In  this  situation  we  say  that  (Ai,  Bi,  Mi,  ati)i=i,...,n  is  a complete  devissage  of 
N/S/R  over  r. 


05HY 


Remark  37.6.3.  Note  that  the  B-algebras  Bi  for  all  i and  Ai  for  i > 2 are  of 
hnite  presentation  over  R.  If  S is  of  finite  presentation  over  R , then  it  is  also  the 
case  that  A\  is  of  hnite  presentation  over  R.  In  this  case  all  the  ring  maps  in  the 
complete  devissage  are  of  hnite  presentation.  See  Algebra,  Lemma  |10.6.2[  Still 
assuming  S of  hnite  presentation  over  R the  following  are  equivalent 


(1)  M is  of  hnite  presentation  over  S, 

(2)  Mi  is  of  hnite  presentation  over  A i, 

(3)  Mi  is  of  hnite  presentation  over  B\, 

(4)  each  Mi  is  of  hnite  presentation  both  as  an  A^-module  and  as  a Bi-module. 


The  equivalences  (1)  <t=>  (2)  and  (2)  <t=>  (3)  follow  from  Algebra,  Lemma  10.35.21 


If  Mi  is  hnitely  presented,  so  is  Coker(ai)  (see  Algebra,  Lemma  10.5.3)  and  hence 
M2,  etc. 


05HZ  Definition  37.6.4.  Let  R — > S be  a hnite  type  ring  map.  Let  q be  a prime  of  S 
lying  over  the  prime  r of  R.  Let  N be  a hnite  B-module.  A complete  devissage  of 
N/S/R  at  q is  given  by  a complete  devissage  (Ai,  Bi,  Mi,  a/)i- of  N/S/R  over 
r and  prime  ideals  q,  C Bi  lying  over  r such  that 

(1)  k(x)  C re(qj)  is  purely  transcendental, 

(2)  there  is  a unique  prime  q ' C Ai  lying  over  q;  C Bi, 

(3)  q = qi  n S and  q,  = q'+1  n Aiy 

(4)  R^  Bi  has  relative  dimension  dimqi  (Supp(Mj  re(t))). 


0510  Remark  37.6.5.  Let  A — > B be  a hnite  type  ring  map  and  let  A be  a hnite 
B-module.  Let  q be  a prime  of  B lying  over  the  prime  r of  A.  Set  X = Spec(B), 
S = Spec(A)  and  R = N on  X.  Let  x be  the  point  corresponding  to  q and  let 
s £ S be  the  point  corresponding  to  p.  Then 

(1)  if  there  exists  a complete  devissage  of  R/X/S  over  s then  there  exists  a 
complete  devissage  of  N/B/A  over  p,  and 

(2)  there  exists  a complete  devissage  of  R/X/S  at  x if  and  only  if  there  exists 
a complete  devissage  of  N/B/A  at  q. 

There  is  just  a small  twist  in  that  we  omitted  the  condition  on  the  relative  dimension 
in  the  formulation  of  “a  complete  devissage  of  N/B/A  over  p”  which  is  why  the 
implication  in  (1)  only  goes  in  one  direction.  The  notion  of  a complete  devissage 
at  q does  have  this  condition  built  in.  In  any  case  we  will  only  use  that  existence 
for  R/X/S  implies  the  existence  for  N/B/A. 


0511  Lemma  37.6.6.  Let  R S be  a finite  type  ring  map.  Let  M be  a finite  S- 
module.  Let  q be  a prime  ideal  of  S . There  exists  an  elementary  etale  localization 
R'  — > S'jq'.p'  of  the  ring  map  R — » S at  q such  that  there  exists  a complete 
devissage  of  (AI  S')/ S' /R'  at  q'. 


Proof.  This  is  a reformulation  of  Proposition  |37.5.7|  via  Remark |37. 6. 5| 


□ 
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37.7.  Localization  and  universally  injective  maps 


Lemma  37.7.1.  Let  R -A  S be  a ring  map.  Let  N be  a S-module.  Assume 

(1)  R is  a local  ring  with  maximal  ideal  m, 

(2)  S = S/mS  is  Noetherian,  and 

(3)  N = N/vcirN  is  a finite  S-module. 

Let  £ C S be  the  multiplicative  subset  of  elements  which  are  not  a zerodivisor  on  N . 
Then  T,~1S  is  a semi-local  ring  whose  spectrum  consists  of  primes  q C S contained 
in  an  element  of  Asss(N).  Moreover,  any  maximal  ideal  ofY,~1S  corresponds  to 
an  associated  prime  of  N over  S. 


Proof.  Note  that  Ass s(-/V)  = Ass-g(N),  see  Algebra,  Lemma 


a finite  set  by  Algebra,  Lemma  10.62.5 
£ = S \ (U  q;)  by  Algebra,  Lemma 


Say  {qi,...,qr}  = Asss(iV). 


10.62.9 


10.62.14  This  is 
We  have 

By  the  description  of  Spec(£_1S')  in 

Algebra,  Lemma [l0.16.5| and  by  Algebra,  Lemma[l0.14.2|we  see  that  the  primes  of 
T,~1S  correspond  to  the  primes  of  S contained  in  one  of  the  q.j.  Hence  the  maximal 
ideals  of  £_1SI  correspond  one-to-one  with  the  maximal  (w.r.t.  inclusion)  elements 
of  the  set  { q i , . . . , q,.}.  This  proves  the  lemma.  □ 


Lemma  37.7.2. 

that 


Assumption  and  notation  as  in  Lemma 


37.7.1. 


Assume  moreover 


(1)  S is  local  and  R -A  S is  a local  homomorphism, 

(2)  S is  essentially  of  finite  presentation  over  R, 

(3)  N is  finitely  presented  over  S , and 

(4)  N is  flat  over  R. 

Then  each  s £ £ defines  a universally  injective  R-module  map  s : N — >•  N , and  the 
map  N — ► £-1iV  is  R-universally  injective. 


Proof.  By  Algebra,  Lemma  10.127.4  the  sequence  0 -A  N — > N — > N/sN  —A  0 is 
exact  and  N/sN  is  flat  over  R.  This  implies  that  s : N — >•  N is  universally  injective, 
see  Algebra,  Lemma  10.38.12  The  map  N — > £-1./V  is  universally  injective  as  the 
directed  colimit  of  the  maps  s : N — >•  N.  □ 


Lemma  37.7.3.  Let  R — » S be  a ring  map.  Let  N be  an  S-module.  Let  S — > S1 
be  a ring  map.  Assume 

(1)  R — > S is  a local  homomorphism  of  local  rings 

(2)  S is  essentially  of  finite  presentation  over  R, 

(3)  N is  of  finite  presentation  over  S, 

(4)  N is  flat  over  R, 

(5)  S — ► S'  is  flat,  and 

(6)  the  image  of  Spec^')  — > Spec(5)  contains  all  primes  q of  S lying  over 

such  that  q is  an  associated  prime  of  N/wirN. 

Then  N — ► N S'  is  R-universally  injective. 


Proof.  Set  N'  = N 0#  S'.  Consider  the  commutative  diagram 


N »JV' 

Y V 

£"1iV ^£-17V' 
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where  E C S'  is  the  set  of  elements  which  are  not  a zerodivisor  on  N/xyirN.  If  we 
can  show  that  the  map  N — A E-1^'  is  universally  injective,  then  N — A N'  is  too 
(see  Algebra,  Lemma  10.81.10). 


By  Lemma  37.7.1  the  ring  E_1S  is  a semi-local  ring  whose  maximal  ideals  cor- 
respond to  associated  primes  of  N/m^N.  Hence  the  image  of  Spec(E_1S')  —3 
Spec(S~1S)  contains  all  these  maximal  ideals  by  assumption.  By  Algebra, 
10.38.16|  the  ring  map  E_1S  —A  E_1S'  is  faithfully  flat.  Hence  E-11V  —A 


Lemma 

E-1AA 


which  is  the  map 

N ®s  E "XS  — A N <S>s  E^S' 

is  universally  injective,  see  Algebra,  Lemmas|10.81.1l]and  10.81.8[  Finally,  we  apply 
Lemma  37.7.2  to  see  that  N —A  E -11V  is  universally  injective.  As  the  composition 
of  universally  injective  module  maps  is  universally  injective  (see  Algebra,  Lemma 
10.81.9)  we  conclude  that  N — A T,~1N'  is  universally  injective  and  we  win. 


□ 


Lemma  37.7.4.  Let  R —A  S be  a ring  map.  Let  N be  an  S -module.  Let  S —A  S1 
be  a ring  map.  Assume 

(1)  R —A  S is  of  finite  presentation  and  N is  of  finite  presentation  over  S, 

(2)  N is  flat  over  R, 

(3)  S — A S'  is  flat , and 

(4)  the  image  of  Spec(S')  — A Spec(S)  contains  all  primes  q such  that  q is  an 
associated  prime  of  N <Sir  k(p)  where  p is  the  inverse  image  of  q in  R. 

Then  N —A  N <g> g S'  is  R-universally  injective. 


Proof.  By  Algebra,  Lemma  10.81.12  it  suffices  to  show  that  Nq  — > ( N S')q  is  a 

Ap-universally  injective  for  any  prime  q of  S lying  over  p in  R.  Thus  we  may  apply 


Lemma 


37.7.3 


to  the  ring  maps  Rv  —¥  Sc 


-A  Sq  and  the  module  Nq. 


□ 


The  reader  may  want  to  compare  the  following  lemma  to  Algebra,  Lemmas |10.98.l1 
and  IIP. 127.41  and  the  results  of  Section  137.251  In  each  case  the  conclusion  is  that 
the  map  u : M — > N is  universally  injective  with  flat  cokernel. 


05FQ  Lemma  37.7.5.  Let  ( R , m)  be  a local  ring.  Let  u : M — » N be  an  R-module  map. 
If  M is  a projective  R-module,  N is  a flat  R-module,  and  u : M/mM  — > N/mN  is 
injective  then  u is  universally  injective. 


Proof.  By  Algebra,  Theorem  |10.84.4|  the  module  M is  free.  If  we  show  the  result 
holds  for  every  finitely  generated  direct  summand  of  M,  then  the  lemma  follows. 
Hence  we  may  assume  that  M is  finite  free.  Write  N = colinp  Nt  as  a directed 
colimit  of  finite  free  modules,  see  Algebra,  Theorem  |10.80.4[  Note  that  u : M — > N 
factors  through  for  some  i (as  M is  finite  free).  Denote  u,  : M — ► iV»  the 
corresponding  l?-module  map.  As  u is  injective  we  see  that  uj  : M/mM  —A  W / miV) 
is  injective  and  remains  injective  on  composing  with  the  maps  Ay/mA)  —A  Nti /mA-V 
for  all  i'  > i.  As  M and  Np  are  finite  free  over  the  local  ring  R this  implies  that 
M —A  Ny  is  a split  injection  for  all  i'  > i.  Hence  for  any  l?-module  Q we  see  that 
M <S)rQ  — A Ny  Q is  injective  for  all  i'  > i.  As  — ®r  Q commutes  with  colimits 
we  conclude  that  M ®r  Q —a  Ny  ®r  Q is  injective  as  desired.  □ 


05FR 


Lemma  37.7.6.  Assumption  and  notation  as  in  Lemma  37.7.1  Assume  moreover 
that  N is  projective  as  an  R-module.  Then  each  s £ E defines  a universally  injective 
R-module  map  s : N —A  N , and  the  map  N —A  T,~1N  is  R-universally  injective. 
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Proof.  Pick  s G E.  By  Lemma [37.7. 5| the  map  s : N — > N is  universally  injective. 
The  map  N — >■  E_17V  is  universally  injective  as  the  directed  colimit  of  the  maps 
s : N — )•  N.  □ 


37.8.  Completion  and  Mittag-Leffler  modules 


Lemma  37.8.1.  Let  R be  a ring.  Let  I C R be  an  ideal.  Let  A be  a set.  Assume 
R is  Noetherian  and  complete  with  respect  to  I . The  completion  ((J)oeA  A1)A  fla t 

and  Mittag-Leffler. 


Proof.  By  More  on  Algebra,  Lemma  15.21.1  the  map  ((BaGA  R)A  — t is 

universally  injective.  Thus,  by  Algebra,  Lemmas  |10.81.7]  and  |10.88.7|  it  suffices  to 
show  that  IlagA  R 's  and  Mittag-Leffler.  By  Algebra,  Proposition  10.89.5  (and 
Algebra,  Lemma  10.89.4)  we  see  that  IlaeA  R 's  Thus  we  conclude  because  a 
product  of  copies  of  R is  Mittag-Leffler,  see  Algebra,  Lemma  [10. 90. 3|  □ 


Lemma  37.8.2.  Let  R be  a ring.  Let  I C R be  an  ideal.  Let  M be  an  R-module. 
Assume 


(1)  R is  Noetherian  and  I-adically  complete, 

(2)  M is  flat  over  R,  and 

(3)  M/IM  is  a projective  R/ 1 -module. 

Then  the  I-adic  completion  MA  is  a flat  Mittag-Leffler  R-module. 


Proof.  Choose  a surjection  F — > M where  F is  a free  -R-module.  By  Algebra, 
Lemma  IIP. 96.91  the  module  MA  is  a direct  summand  of  the  module  FA . Hence 
it  suffices  to  prove  the  lemma  for  F.  In  this  case  the  lemma  follows  from  Lemma 
137.8.11  □ 

In  Lemmas  |37.8.3|  and  |37.8.4|  the  assumption  that  S be  Noetherian  holds  if  R — ► S 
is  of  finite  type,  see  Algebra,  Lemma  [10. 30. 1| 

Lemma  37.8.3.  Let  R be  a ring.  Let  I C R be  an  ideal.  Let  R — ► S be  a ring 
map,  and  N an  S -module.  Assume 

(1)  R is  a Noetherian  ring, 

(2)  S is  a Noetherian  ring, 

(3)  N is  a finite  S -module,  and 

(4)  for  any  finite  R-module  Q,  any  q G Asss(Q  N)  satisfies  IS  + q ^ S. 
Then  the  map  N — » NA  of  N into  the  I-adic  completion  of  N is  universally  injective 
as  a map  of  R-modules. 


Proof.  We  have  to  show  that  for  any  finite  R-module  Q the  map  Q <E>n  N — ► 
Q NA  is  injective,  see  Algebra,  Theorem  10.81.3  As  there  is  a canonical  map 
Q 0^  NA  — ► ( Q N)A  it  suffices  to  prove  that  the  canonical  map  Q N —» 
(Q®rN)a  is  injective.  Hence  we  may  replace  N by  Q®rN  and  it  suffices  to  prove 
the  injectivity  for  the  map  N — > NA. 

Let  I\  = Ker(A^  — > NA).  It  suffices  to  show  that  Kq  = 0 for  q G Ass(N)  as  is  a 
submodule  of  riqGAss(Ar)  see  Algebra,  Lemma  10.62.19  Pick  q G Ass(N).  By 
the  last  assumption  we  see  that  there  exists  a prime  q'  D IS  + q.  Since  I\q  is  a 
localization  of  Kq'  it  suffices  to  prove  the  vanishing  of  I\q>.  Note  that  K = fj  InN , 
hence  Kq:  C fj  InNq'.  Hence  Kqi  = 0 by  Algebra,  Lemma 


10.50.4 


□ 
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Lemma  37.8.4.  Let  R be  a ring.  Let  I C R be  an  ideal.  Let  R — > S be  a ring 
map , and  N an  S -module.  Assume 

(1)  R is  a Noetherian  ring, 

(2)  S is  a Noetherian  ring, 

(3)  N is  a finite  S -module, 

(4)  N is  flat  over  R,  and 

(5)  for  any  prime  q C S which  is  an  associated  prime  of  N <S)r  k(p)  where 
p = R (~l  q we  have  IS  + q ^ S. 

Then  the  map  N — > NA  of  N into  the  I-adic  completion  of  N is  universally  injective 
as  a map  of  R-modules. 


Proof.  This  follows  from  Lemma [37. 8. 3| because  Algebra,  Lemma[l0.64.5|and  Re- 
mark 10.64.6  guarantee  that  the  set  of  associated  primes  of  tensor  products  N 
are  contained  in  the  set  of  associated  primes  of  the  modules  N «(p).  □ 


37.9.  Projective  modules 


The  following  lemma  can  be  used  to  prove  projectivity  by  Noetherian  induction  on 


the  base,  see  Lemma  37.9.2 


Lemma  37.9.1.  Let  R be  a ring.  Let  I C R be  an  ideal.  Let  R — ► S be  a ring 
map,  and  N an  S -module.  Assume 


(1)  R is  Noetherian  and  I-adically  complete, 

(2)  R — >•  S is  of  finite  type, 

(3)  N is  a finite  S -module, 

(4)  N is  flat  over  R, 

(5)  N/IN  is  projective  as  a Rj I -module,  and 

(6)  for  any  prime  q C S which  is  an  associated  prime  of  N <Sir  «(p)  where 
p = R (~l  q we  have  IS  + q ^ S . 

Then  N is  projective  as  an  R-module. 


Proof.  By  Lemma  37.8.4  the  map  N — > NA  is  universally  injective.  By  Lemma 


37.8.2  the  module  NA  is  Mittag-Leffler.  By  Algebra,  Lemma  10.88.7  we  conclude 


that  N is  Mittag-Leffler.  Hence  N is  countably  generated,  flat  and  Mittag-Leffler 
as  an  i?-module,  whence  projective  by  Algebra,  Lemma [10. 92.1  □ 


Lemma  37.9.2.  Let  R be  a ring.  Let  R — »•  S be  a ring  map.  Assume 

(1)  R is  Noetherian, 

(2)  R S is  of  finite  type  and  flat,  and 

(3)  every  fibre  ring  S k(p)  is  geometrically  integral  over  re(p). 
Then  S is  projective  as  an  R-module. 


Proof.  Consider  the  set 


{/  C R | S/IS  not  projective  as  R/J-module} 

We  have  to  show  this  set  is  empty.  To  get  a contradiction  assume  it  is  nonempty. 
Then  it  contains  a maximal  element  I.  Let  J = \fl  be  its  radical.  If  I J , 
then  S/JS  is  projective  as  a A/ J-module,  and  S/IS  is  flat  over  R/I  and  J/I  is  a 
nilpotent  ideal  in  R/I.  Applying  Algebra,  Lemma  10.76.5  we  see  that  S/IS  is  a 
projective  -R/7-module,  which  is  a contradiction.  Hence  we  may  assume  that  I is 
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a radical  ideal.  In  other  words  we  are  reduced  to  proving  the  lemma  in  case  I?  is  a 
reduced  ring  and  S/IS  is  a projective  I?//-module  for  every  nonzero  ideal  / of  R. 

Assume  I?  is  a reduced  ring  and  S/IS  is  a projective  R/I- module  for  every  nonzero 


ideal  / of  R.  By  generic  flatness,  Algebra,  Lemma  10.117.1  (applied  to  a localization 


Rg  which  is  a domain)  or  the  more  general  Algebra,  Lemma  10.117.7  there  exists 


a nonzero  f £ R such  that  Sf  is  free  as  an  i?/-module.  Denote  RA  = lim  R/(fn) 
the  (/)-adic  completion  of  R.  Note  that  the  ring  map 

R — > Rf  x i?A 


is  a faithfully  flat  ring  map,  see  Algebra,  Lemma  10.96.2[  Hence  by  faithfully 
flat  descent  of  projectivity,  see  Algebra,  Theorem  |10.94.5  it  suffices  to  prove  that 
S RA  is  a projective  J?A-module.  To  see  this  we  will  use  the  criterion  of  Lemma 


37.9.1  First  of  all,  note  that  S/  fS  = (S  ®rRa)/ f{S  ®rRa)  is  a projective  R/(f)~ 
module  and  that  S RA  is  flat  and  of  finite  type  over  RA  as  a base  change  of 
such.  Next,  suppose  that  pA  is  a prime  ideal  of  RA . Let  p C R be  the  corresponding 
prime  of  R.  As  R — > S has  geometrically  integral  fibre  rings,  the  same  is  true  for 
the  fibre  rings  of  any  base  change.  Hence  qA  = p A(SI  ®r  Ra),  is  a prime  ideals 
lying  over  pA  and  it  is  the  unique  associated  prime  of  S ®r  «.(pA).  Thus  we  win  if 
f(S  ®r  RA)  + qA  yl  S <S>r  RA-  This  is  true  because  pA  + fRA  ^ RA  as  / lies  in  the 
radical  of  the  /-adically  complete  ring  RA  and  because  RA  — ► 5 <&r  Ra  is  surjective 
on  spectra  as  its  fibres  are  nonempty  (irreducible  spaces  are  nonempty).  □ 


05FT  Lemma  37.9.3.  Let  R be  a ring.  Let  R —¥  S be  a ring  map.  Assume 

(1)  i?  — >•  S is  of  finite  presentation  and  flat , and 

(2)  every  fibre  ring  S ®r  /-c(p)  is  geometrically  integral  over  «(p). 

Then  S is  projective  as  an  R.-module. 


Proof.  We  can  find  a cocartesian  diagram  of  rings 


So 

A 

R0 ^ R 


such  that  Rq  is  of  finite  type  over  Z,  the  map  Ro  — > Sq  is  of  finite  type  and 
flat  with  geometrically  integral  fibres,  see  More  on  Morphisms,  Lemmas  |36.26.4[ 
|36.26.6[  |36.26.7[  and  |36.26.11|  By  Lemma  |37.9.2|  we  see  that  So  is  a projective 
i?o-module.  Hence  S = So  ®r0  R is  a projective  S-module,  see  Algebra,  Lemma 
110.93.11  □ 


05FU 


Remark  37.9.4.  Lemma  37.9.3  is  a key  step  in  the  development  of  results  in  this 
chapter.  The  analogue  of  this  lemma  in  IGR71I  is  |GR711  I Proposition  3.3.1]: 
If  R — > S is  smooth  with  geometrically  integral  fibres,  then  S is  projective  as  an 
S-module.  This  is  a special  case  of  Lemma  |37.9.3[  but  as  we  will  later  improve 
on  this  lemma  anyway,  we  do  not  gain  much  from  having  a stronger  result  at  this 
point.  We  briefly  sketch  the  proof  of  this  as  it  is  given  in  [GR.71  j . 


(1)  First  reduce  to  the  case  where  R is  Noetherian  as  above. 

(2)  Since  projectivity  descends  through  faithfully  flat  ring  maps,  see  Algebra, 
Theorem  |10.94.5|  we  may  work  locally  in  the  fppf  topology  on  R,  hence 
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(3) 

(4) 


(5) 


we  may  assume  that  R — ► S has  a section  a : S — > R.  (Just  by  the  usual 
trick  of  base  changing  to  S .)  Set  / = Ker(£  — > R). 

Localizing  a bit  more  on  R we  may  assume  that  I /I2  is  a free  R- module 
and  that  the  completion  SA  of  S with  respect  to  I is  isomorphic  to 

R[[ti , 

R 


,tn]},  see  Morphisms,  Lemma  28.34.20 
S is  smooth. 


Here  we  are  using  that 


To  prove  that  S is  projective  as  an  i?-module,  it  suffices  to  prove  that 
S is  flat,  countably  generated  and  Mittag-Leffler  as  an  i?-module,  see 
Algebra,  Lemma  |l0.92.1|  The  first  two  properties  are  evident.  Thus  it 
suffices  to  prove  that  S is  Mittag-Leffler  as  an  i?-module.  By  Algebra, 
Lemma  10.90.4  the  module  R[[ti, . . . ,tn]\  is  Mittag-Leffler  over  R.  Hence 
Algebra,  Lemma  10.88.7  shows  that  it  suffices  to  show  that  the  S — » SA 
is  universally  injective  as  a map  of  i?-modules. 

Apply  Lemma  37.7.4  to  see  that  S — > SA  is  A-universally  injective. 
Namely,  as  R — > S has  geometrically  integral  fibres,  any  associated  point 
of  any  fibre  ring  is  just  the  generic  point  of  the  fibre  ring  which  is  in  the 
image  of  Spec(iSA)  — > Spec(S'). 


There  is  an  analogy  between  the  proof  as  sketched  just  now,  and  the  development 
of  the  arguments  leading  to  the  proof  of  Lemma [37. 9. 3|  In  both  a completion  plays 
an  essential  role,  and  both  times  the  assumption  of  having  geometrically  integral 
fibres  assures  one  that  the  map  from  S to  the  completion  of  S is  i?-universally 
injective. 


37.10.  Flat  finite  type  modules,  Part  I 


0512  In  some  cases  given  a ring  map  R — > S of  finite  presentation  and  a finite  S'-module 
N the  flatness  of  N over  R implies  that  N is  of  finite  presentation.  In  this  section 
we  prove  this  is  true  “pointwise”.  We  remark  that  the  first  proof  of  Proposition 
|37.10.3|uses  the  geometric  results  of  Section  37.3  but  not  the  existence  of  a complete 
devissage. 

0513  Lemma  37.10.1.  Let  (R,  m)  be  a local  ring.  Let  R — >■  S be  a finitely  presented  flat 
ring  map  with  geometrically  integral  fibres.  Write  p = m S . Let  q C S be  a prime 
ideal  lying  over  m.  Let  N be  a finite  S-module.  There  exist  r > 0 and  an  S-module 
map 

a : S®r  — > N 


such  that  a : K(p)®r  — > N( 2>s  «(p)  is  an  isomorphism.  For  any  such  a the  following 
are  equivalent: 

(1)  Aq  is  R-flat, 

(2)  a is  R-universally  injective  and  Coker(a)q  is  R-flat, 

(3)  a is  injective  and  Coker(a)q  is  R-flat, 

(4)  Op  is  an  isomorphism  and  Coker(a)q  is  R-flat,  and 

(5)  aq  is  injective  and  Coker(a)q  is  R-flat. 


Proof.  To  obtain  a set  r = dimK(P)  N (g>s «(p)  and  pick  x\,...,xr  £ N which  form 
a basis  of  N /c(p).  Define  a(si, . . . , sr)  = ^ SiXi.  This  proves  the  existence. 


Fix  an  a.  The  most  interesting  implication  is  (1)  =>  (2)  which  we  prove  first. 
Assume  (1).  Because  S/mS  is  a domain  with  fraction  field  re(p)  we  see  that 
(S'/mS')®r  — > Np/mNp  = N (g >5  k(p)  is  injective.  Hence  by  Lemmas 


37.7.5 


and 
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0514 


37.9.3 


the  map  5®r  — > Np  is  R-universally  injective.  It  follows  that  S®r  — > N 


is  R-universally  injective,  see  Algebra,  Lemma  |10.81.10  Then  also  the  localiza- 


tion aq  is  R-universally  injective,  see  Algebra,  Lemma  10.81.13  We  conclude  that 


Coker(a)q  is  R-flat  by  Algebra,  Lemma  10.81.7 


The  implication  (2)  =>  (3)  is  immediate.  If  (3)  holds,  then  ap  is  injective  as  a 
localization  of  an  injective  module  map.  By  Nakayama’s  lemma  (Algebra,  Lemma 
10.19.1 1 ap  is  surjective  too.  Hence  (3)  =>  (4).  If  (4)  holds,  then  ap  is  an  isomor- 
phism, so  a is  injective  as  S q — > Sp  is  injective.  Namely,  elements  of  S'  \ p are 
nonzerodivisors  on  S by  a combination  of  Lemmas  37.7.6  and  37.9.3  Hence  (4) 


=>  (5).  Finally,  if  (5)  holds,  then  Nq  is  R-flat  as  an  extension  of  flat  modules,  see 
Algebra,  Lemma  10.38.13  Hence  (5)  =>  (1)  and  the  proof  is  finished.  □ 


Lemma  37.10.2.  Let  (R,  m)  be  a local  ring.  Let  R — * S be  a ring  map  of  finite 
presentation.  Let  N be  a finite  S -module.  Let  q be  a prime  of  S lying  over  m. 
Assume  that  Nq  is  flat  over  R,  and  assume  there  exists  a complete  devissage  of 
N/S/R  at  q.  Then  N is  a finitely  presented  S -module,  free  as  an  R-module,  and 
there  exists  an  isomorphism 


N = Bf 


■©i-i 


B 


{ Sr n 


as  R-modules  where  each  Bi  is  a smooth  R-algebra  with  geometrically  irreducible 
fibres. 


Proof.  Let  (Ai,  Rj,  Mi,  ai,  qi)i=i,...,n  be  the  given  complete  devissage.  We  prove 
the  lemma  by  induction  on  n.  Note  that  N is  finitely  presented  as  an  S-module 
if  and  only  if  M\  is  finitely  presented  as  an  IR-module,  see  Remark  |37.6.3|  Note 
that  Nq  = (Mi) qi  as  R-modules  because  (a)  Nq  = (Mi)q>  where  qq  is  the  unique 
prime  in  Ai  lying  over  qi  and  (b)  (Ai)q'  = (Ai)qi  by  Algebra,  Lemma 
so  (c)  (MO,,  ^ (Mi)qi. 
place  ( S,N ) by  (Hi, Mi) 


10.40.11 


map  a\  : B 


©ri 


Hence  (Mi)qi  is  a flat  R-module.  Thus  we  may  re- 
in order  to  prove  the  lemma.  By  Lemma  37.10.1  the 
Mi  is  R- universally  injective  and  Coker(ai)q  is  R-flat.  Note 


that  (Ai,Bi,Mi,ai,qi)i=2,...,n  is  a complete  devissage  of  Coker (a-|)/R-| /R  at  qi. 
Hence  the  induction  hypothesis  implies  that  Coker(ai)  is  finitely  presented  as  a 
Ri-module,  free  as  an  R-module,  and  has  a decomposition  as  in  the  lemma.  This 
implies  that  Mi  is  finitely  presented  as  a Ri-module,  see  Algebra,  Lemma[l0.5.3|  It 
further  implies  that  Mi  = Bfri  © Coker(ai)  as  R-modules,  hence  a decomposition 
as  in  the  lemma.  Finally,  Ri  is  projective  as  an  R-module  by  Lemma  37.9.3  hence 
free  as  an  R-module  by  Algebra,  Theorem |10. 84. 4[  This  finishes  the  proof.  □ 


0515  Proposition  37.10.3.  Let  f : X — >•  S be  a morphism  of  schemes.  Let  T be  a 
quasi- coherent  sheaf  on  X . Let  x £ X with  image  s £ S . Assume  that 

(1)  / is  locally  of  finite  presentation, 

(2)  T is  of  finite  type,  and 

(3)  T is  flat  at  x over  S. 

Then  there  exists  an  elementary  etale  neighbourhood  (S^s')  —¥  (S,s)  and  an  open 
subscheme 

PCX  xs  Spec  (Os', S') 

which  contains  the  unique  point  of  X xg  Spec(C,s'jS')  mapping  to  x such  that  the 
pullback  of  T to  V is  an  Oy -module  of  finite  presentation  and  flat  over  Os\s’  ■ 
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First  proof.  This  proof  is  longer  but  does  not  use  the  existence  of  a complete 
devissage.  The  problem  is  local  around  x and  s,  hence  we  may  assume  that  X 
and  S are  affine.  During  the  proof  we  will  finitely  many  times  replace  S by  an 
elementary  etale  neighbourhood  of  (S,s).  The  goal  is  then  to  find  (after  such  a 
replacement)  an  open  V C X xg  Spec(OsiS)  containing  x such  that  F\v  is  flat 
over  S and  finitely  presented.  Of  course  we  may  also  replace  S by  Spec(OsiS)  at 
any  point  of  the  proof,  i.e. , we  may  assume  S is  a local  scheme.  We  will  prove  the 
lemma  by  induction  on  the  integer  n = dima;(Supp(Jrs)). 

We  can  choose 

(1)  elementary  etale  neighbourhoods  g : ( X',x ')  — > {X,  x),  e : {S',  s')  — > 
(S,s), 

(2)  a commutative  diagram 


X X’  ^ Z' 

a i 


9 

i 

Y 

Y 

Y 

Y 

S- 


S' : 


S' 


(3)  a point  z'  £ Z'  with  i(z')  = x',  y'  = 7 t(z'),  h{y')  = s', 

(4)  a finite  type  quasi-coherent  Oz>  -module  Q, 

We  are  going  to  replace  S by  Spec(C>s'jS'),  see  remarks  in  first 


37.3.2 


as  in  Lemma 
paragraph  of  the  proof.  Consider  the  diagram 


Spec(C>s/)S/) 


Here  we  have  base  changed  the  schemes  X' , Z' ,Y'  over  S'  via  Spec(0s'jS/)  -A  S' 
and  the  scheme  X over  S via  Spec(C,s'  a')  S.  It  is  still  the  case  that  g is  etale, 

X'  by 


see  Lemma 
^'by  YL 


37.2.2 


After  replacing  X by  Xq„ 


,,  Z'  by  Z'0  t,  and 


37.3.2 


where  in  addition 


we  may  assume  we  have  a diagram  as  Lemma  I 
S = S'  is  a local  scheme  with  closed  point  s.  By  Lemmas  |37.3.3|  and  |37.3.4|  the 
result  for  Y'  — >•  S,  the  sheaf  n*Q,  and  the  point  y'  implies  the  result  for  X — > S,  T 
and  x.  Hence  we  may  assume  that  S is  local  and  X — > S is  a smooth  morphism  of 
affines  with  geometrically  irreducible  fibres  of  dimension  n. 

The  base  case  of  the  induction:  n = 0.  As  X — » S is  smooth  with  geometrically 
irreducible  fibres  of  dimension  0 we  see  that  X — » S is  an  open  immersion,  see 
Descent,  Lemma  34.21.2  As  S is  local  and  the  closed  point  is  in  the  image  of 
X — > S we  conclude  that  X = S.  Thus  we  see  that  T corresponds  to  a finite  fiat 
Os,s  module.  In  this  case  the  result  follows  from  Algebra,  Lemma  10.77.4  which 
tells  us  that  T is  in  fact  finite  free. 
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The  induction  step.  Assume  the  result  holds  whenever  the  dimension  of  the  support 
in  the  closed  fibre  is  < n.  Write  S = Spec(A),  A'  = Spec(-B)  and  J7  = TV  for  some 
73-module  TV.  Note  that  A is  a local  ring;  denote  its  maximal  ideal  m.  Then  p = mi? 
is  the  unique  minimal  prime  lying  over  m as  X — > S has  geometrically  irreducible 
fibres.  Finally,  let  q C B be  the  prime  corresponding  to  x.  By  Lemma  [37. 10. 1|  we 
can  choose  a map 

a : B®r  -A  TV 

such  that  iv(p)®r  — X TV  «(p)  is  an  isomorphism.  Moreover,  as  TVq  is  A-flat 
the  lemma  also  shows  that  a is  injective  and  that  Coker(a)q  is  A-flat.  Set  Q = 
Coker  (a).  Note  that  the  support  of  Q/mQ  does  not  contain  p.  Hence  it  is  certainly 
the  case  that  dimq(Supp(Q/m(5))  < n.  Combining  everything  we  know  about  Q 
we  see  that  the  induction  hypothesis  applies  to  Q.  It  follows  that  there  exists 
an  elementary  etale  morphism  {S',  s)  — > {S,  s)  such  that  the  conclusion  holds  for 
Q A!  over  B A'  where  A'  = Os',s'  ■ After  replacing  A by  A'  we  have  an  exact 
sequence 

0 -A  B®r  -A  TV  -A  Q -A  0 

(here  we  use  that  a is  injective  as  mentioned  above)  of  finite  73-modules  and  we 
also  get  an  element  g £ B,  g qL  q such  that  Qg  is  finitely  presented  over  Bg  and  flat 
over  A.  Since  localization  is  exact  we  see  that 


0 -»  Bqn 


Nn 


Qg 


is  still  exact. 


As  Bg  and  Qg  are  flat  over  A we  conclude  that  Ng  is  flat  over  A , 


see  Algebra,  Lemma  10.38.13  and  as  Bg  and  Qg  are  finitely  presented  over  Bg  the 
same  holds  for  Ng,  see  Algebra,  Lemma  10.5.3  □ 


Second  proof.  We  apply  Proposition |37.5.7| to  find  a commutative  diagram 


(S,s)^ {S',  s') 


of  pointed  schemes  such  that  the  horizontal  arrows  are  elementary  etale  neighbour- 
hoods and  such  that  g*T /X' /S'  has  a complete  devissage  at  x.  (In  particular  S' 
and  X'  are  affine.)  By  Morphisms,  Lemma  28.25.11  we  see  that  g*T  is  flat  at  x' 


over  S and  by  Lemma  37.2.3  we  see  that  it  is  flat  at  x'  over  S'.  Via  Remark  37.6.5 
we  deduce  that 

T{X',g*X)/T{X',  0X')/Y{S' , Os>) 

has  a complete  devissage  at  the  prime  of  T(A',  Ox>)  corresponding  to  x' . We  may 
base  change  this  complete  devissage  to  the  local  ring  Os',s'  of  T(S',,C)5')  at  the 
prime  corresponding  to  s'.  Thus  Lemma  37.10.2  implies  that 

T{X',T’)  ®r (S',os,)0S',s' 

is  flat  over  Os',8'  and  °f  finite  presentation  over  T{X' ,Ox')  ®t(S',osi)  Os>,s'-  In 
other  words,  the  restriction  of  T to  X'  xg/  Spec(Os'jS')  is  of  finite  presentation 
and  flat  over  Os',s>-  Since  the  morphism  X'  Xg/  Spec(Os'iS')  ->lxj  Spec(C>s'iS/) 
is  etale  (Lemma  37.2.2)  its  image  V C X xg  Spec(Og/)S/)  is  an  open  subscheme, 
and  by  etale  descent  the  restriction  of  T to  V is  of  finite  presentation  and  flat  over 
Os\ s'-  (Results  used:  Morphisms,  Lemma  28.36.13  Descent,  Lemma  34.6.3  and 
Morphisms,  Lemma  28.25.11  ) □ 
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05M9  Lemma  37.10.4.  Let  f : X -A  S be  a morphism  of  schemes  which  is  locally  of 
finite  type.  Let  F be  a quasi- coherent  Ox -module  of  finite  type.  Let  s £ S.  Then 
the  set 

{x  £ Xs  | F flat  over  S at  x} 

is  open  in  the  fibre  Xs . 


Proof.  Suppose  x £ U.  Choose  an  elementary  etale  neighbourhood  (S',  s')  — > 
(S,  s)  and  open  V C X Spec(CV)S/)  as  in  Proposition  37.10.3  Note  that  Xa>  = 
Xs  as  k(s)  = k(s').  If  x'  £ V fl  Xsi,  then  the  pullback  of  F to  X Xg  S'  is  flat  over 
S'  at  x1 . Hence  F is  flat  at  x'  over  S,  see  Morphisms,  Lemma  28.25.11 
words  Isnb  C U is  an  open  neighbourhood  of  x in  U. 


In  other 
□ 


05KT  Lemma  37.10.5.  Let  f : X S be  a morphism  of  schemes.  Let  F be  a quasi- 
coherent  sheaf  on  X . Let  x £ X with  image  s £ S . Assume  that 

(1)  / is  locally  of  finite  type, 

(2)  F is  of  finite  type,  and 

(3)  F is  flat  at  x over  S. 

Then  there  exists  an  elementary  etale  neighbourhood  (S',  s')  — »•  (S,s)  and  an  open 
subscheme 

V C X xs  Spec(0s',s') 

which  contains  the  unique  point  of  X xg  Spec(0s'jS')  mapping  to  x such  that  the 
pullback  of  F to  V is  flat  over  Os',s’  ■ 


05KU 


Proof.  (The  only  difference  between  this  and  Proposition  37.10.3  is  that  we  do 
not  assume  / is  of  finite  presentation.)  The  question  is  local  on  X and  S,  hence 
we  may  assume  X and  S are  affine.  Write  X = Spec(H),  S = Spec(A)  and  write 
B = A\x i, . . . ,xn\/I.  In  other  words  we  obtain  a closed  immersion  i : X — > A". 


Denote  t = i(x)  £ Ag.  We  may  apply  Proposition  |37. 10 (3 


to  A" 


5,  the  sheaf 

** F and  the  point  t.  We  obtain  an  elementary  etale  neighbourhood  (S',  s')  — > (S,  s) 
and  an  open  subscheme 


W c 

such  that  the  pullback  of  i*F  to  W is  flat  over  Os\s'-  This  means  that  V := 
Xs  Spec(Os' ,s'))  is  the  desired  open  subscheme.  □ 


Lemma  37.10.6.  Let  f : X — » S be  a morphism  of  schemes.  Let  F be  a quasi- 
coherent  sheaf  on  X . Let  s £ S.  Assume  that 

(1)  / is  of  finite  presentation, 

(2)  F is  of  finite  type,  and 

(3)  F is  flat  over  S at  every  point  of  the  fibre  Xs. 

Then  there  exists  an  elementary  etale  neighbourhood  (S',  s')  —¥  (S,s)  and  an  open 
subscheme 

PCX  xs  Spec  (Os-, S') 

which  contains  the  fibre  Xs  = X xg  s'  such  that  the  pullback  of  F to  V is  an 
Oy -module  of  finite  presentation  and  flat  over  Os\s'  ■ 


Proof.  For  every  point  x £ Xs  we  can  use  Proposition  37.10.3  to  find  an  elementary 
etale  neighbourhood  (Sx,sx)  — > (S,s)  and  an  open  Vx  C X xg  Spec(OsxiSx)  such 
that  x £ Xs  = X Xs  sx  is  contained  in  Vx  and  such  that  the  pullback  of  F to  Vx 
is  an  Oy^-module  of  finite  presentation  and  flat  over  Og  9a,.  In  particular  we  may 
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view  the  fibre  (Vx)Sa.  as  an  open  neighbourhood  of  x in  X3.  Because  Xs  is  quasi- 
compact we  can  find  a finite  number  of  points  X\, . . . ,xn  £ Xs  such  that  Xs  is  the 
union  of  the  ( VXi)Sx ..  Choose  an  elementary  etale  neighbourhood  (S',  s')  (S,s) 

which  dominates  each  of  the  neighbourhoods  (SXi,sXi),  see  More  on  Morphisms, 
Lemma  36.27.4  Set  V = (JVi  where  V,  is  the  inverse  images  of  the  open  VXi  via 


the  morphism 


X xs  Spec(CV)S/)  — > X xs  Spec(0gx.jSx. ) 


By  construction  V contains  Xs  and  by  construction  the  pullback  of  T to  V is  an 
Oy-module  of  finite  presentation  and  flat  over  Os\s‘-  □ 


05KV  Lemma  37.10.7.  Let  f : X S be  a morphism  of  schemes.  Let  T be  a quasi- 
coherent  sheaf  on  X . Let  s £ S . Assume  that 

(1)  f is  of  finite  type, 

(2)  T is  of  finite  type,  and 

(3)  T is  flat  over  S at  every  point  of  the  fibre  Xs . 

Then  there  exists  an  elementary  etale  neighbourhood  (S',  s')  — ► (S,s)  and  an  open 
subscheme 

FcXxgSpec  (Os>,s>) 

which  contains  the  fibre  Xs  = X Xg  s'  such  that  the  pullback  of  T to  V is  flat  over 
Os',s'. 


Proof.  (The  only  difference  between  this  and  Lemma  37.10.6  is  that  we  do  not 
assume  / is  of  finite  presentation.)  For  every  point  x £ Xs  we  can  use  Lemma 
37.10.5  to  find  an  elementary  etale  neighbourhood  (Sx,sx)  — > (S,s)  and  an  open 
14  Cl  Xg  Spec(C>gxiSx)  such  that  x £ Xs  = X Xg  sx  is  contained  in  Vx  and  such 
that  the  pullback  of  J-  to  Vx  is  flat  over  0gx  >Sx . In  particular  we  may  view  the 
fibre  (Vx)gx  as  an  open  neighbourhood  of  x in  Xs.  Because  A's  is  quasi-compact 
we  can  find  a finite  number  of  points  Xi, ...  ,xn  £ Xs  such  that  Xs  is  the  union 
of  the  (Vx JSx..  Choose  an  elementary  etale  neighbourhood  (S',  s')  — ► (S,  s)  which 
dominates  each  of  the  neighbourhoods  (SXi,sXi),  see  More  on  Morphisms,  Lemma 
36.27.4  Set  V = [JVi  where  V.  is  the  inverse  images  of  the  open  VXi  via  the 


morphism 


X xs  Spec(Og'jS<)  — > X xg  Spec(Ogx.jSx. ) 


By  construction  V contains  Xs  and  by  construction  the  pullback  of  J-  to  V is  flat 
over  Os>, s'-  □ 


0516  Lemma  37.10.8.  Let  S be  a scheme.  Let  X be  locally  of  finite  type  over  S.  Let 
x £ X with  image  s £ S.  If  X is  flat  at  x over  S,  then  there  exists  an  elementary 
etale  neighbourhood  (S',  s')  — > (S,s)  and  an  open  subscheme 

PcXxgSpec  (Os', s’) 

which  contains  the  unique  point  of  X Xg  Spec(0g'jS')  mapping  to  x such  that  V — ► 
Spec(Og/]S')  is  flat  and  of  finite  presentation. 


Proof.  The  question  is  local  on  A'  and  S,  hence  we  may  assume  X and  S are  affine. 
Write  A = Spec(S),  S = Spec(A)  and  write  B = A[x\, . . . ,xn\/I.  In  other  words 
we  obtain  a closed  immersion  i : X — > Ag.  Denote  t = i(x)  £ Ag.  We  may  apply 
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0517 


0518 


0B47 

081N 


Proposition  37.10.3  to  Ag  — > S,  the  sheaf  T = i*Ox  and  the  point  t.  We  obtain 
an  elementary  etale  neighbourhood  (S',  s')  — > ( S,s ) and  an  open  subscheme 


W C 

such  that  the  pullback  of  i*Ox  is  flat  and  of  finite  presentation.  This  means  that 
V :=  W (~1  (X  xg  Spec(Os',s'))  is  the  desired  open  subscheme.  □ 

Lemma  37.10.9.  Let  f : X — >•  S'  be  a morphism  which  is  locally  of  finite  presen- 
tation. Let  T be  a quasi- coherent  Ox -module  of  finite  type.  If  x £ X and  T is  flat 
at  x over  S,  then  Tx  is  an  Ox,x-module  of  finite  presentation. 


Proof.  Let  s = f(x).  By  Proposition  37.10.3  there  exists  an  elementary  etale 
neighbourhood  (S',  s')  -»  (S,  s)  such  that  the  pullback  of  T to  X Xg  Spec(Og>jSi)  is 
of  finite  presentation  in  a neighbourhood  of  the  point  x'  £ Xs<  = Xs  corresponding 
to  x.  The  ring  map 


Ox, 


O 


Xx  sSpec(Oi5/  s/),a:/  Oxx  sS' 


is  flat  and  local  as  a localization  of  an  etale  ring  map.  Hence  Tx  is  of  finite  pre- 
sentation over  Ox,x  by  descent,  see  Algebra,  Lemma  10.82.2  (and  also  that  a flat 
local  ring  map  is  faithfully  flat,  see  Algebra,  Lemma  10.38.17l.  □ 


Lemma  37.10.10.  Let  f : X — ► S be  a morphism  which  is  locally  of  finite  type. 
Let  x £ X with  image  s £ S.  If  f is  flat  at  x over  S,  then  Ox,x  is  essentially  of 
finite  presentation  over  Og,s. 


Proof.  We  may  assume  X and  S affine.  Write  X = Spec (B),  S = Spec(A) 
and  write  B = A(x\, . . . ,xn\/ 1 . In  other  words  we  obtain  a closed  immersion 
* : X — > Ag.  Denote  t = i(x)  £ Ag.  We  may  apply  Lemma  37.10.9 
the  sheaf  T = i*Ox  and  the  point  t.  We  conclude  that  Ox,i 
over  C>Ag.t  which  implies  what  we  want. 


to  Arl 


S , 


is  of  finite  presentation 

□ 


37.11.  Extending  properties  from  an  open 

In  this  section  we  collect  a number  of  results  of  the  form:  If  / : X — ► S is  a flat 
morphism  of  schemes  and  / satisfies  some  property  over  a dense  open  of  S , then  / 
satisfies  the  same  property  over  all  of  S. 

Lemma  37.11.1.  Let  f : X — > S be  a morphism  of  schemes.  Let  IF  be  a quasi- 
coherent  Ox -module.  Let  U C S be  open.  Assume 

(1)  / is  locally  of  finite  presentation, 

(2)  T is  of  finite  type  and  flat  over  S, 

(3)  U C S is  retrocompact  and  scheme  theoretically  dense, 

(4)  X\f-  i jj  is  of  finite  presentation. 

Then  J-  is  of  finite  presentation. 


Proof.  The  problem  is  local  on  X and  S,  hence  we  may  assume  X and  S affine. 
Write  S = Spec(A)  and  X = Spec(B).  Let  A be  a finite  S-module  such  that  T 
is  the  quasi-coherent  sheaf  associated  to  N.  We  have  U = D(fi)  U . . . U D(fn ) 
for  some  fi  £ A,  see  Algebra,  Lemma  10.28.1  As  U is  schematically  dense  the 
map  A — > Af,  x . . . x Afn  is  injective.  Pick  a prime  q C B lying  over  p C A 
corresponding  to  x £ X mapping  to  s £ S.  By  Lemma  37.10.9  the  module  iVq  is 
of  finite  presentation  over  Bq.  Choose  a surjection  tp  : J3®m  — >•  N of  B-modules. 
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Choose  ki,...,kt  £ Ker(y>)  and  set  N'  = B®m  / Y2  Bkj.  There  is  a canonical 
surjection  N'  — > N and  N is  the  filtered  colimit  of  the  B-modules  N'  constructed 
in  this  manner.  Thus  we  see  that  we  can  choose  k\, ...  ,kt  such  that  (a)  Nj  = Nf., 
i = 1, ...  ,n  and  (b)  IV'  = Nq.  This  in  particular  implies  that  IV'  is  flat  over  A.  By 


openness  of  flatness,  see  Algebra,  Theorem  10.128.4  we  conclude  that  there  exists 
a g £ B,  g ^ q such  that  Ng  is  flat  over  A.  Consider  the  commutative  diagram 


N' 

a 


■Nn 


uk 


9fi 


n Ngfi 


The  bottom  arrow  is  an  isomorphism  by  choice  of  k\ , . . . , kt  ■ The  left  vertical  arrow 
is  an  injective  map  as  A — > Aft  is  injective  and  N'g  is  flat  over  A.  Hence  the  top 

horizontal  arrow  is  injective,  hence  an  isomorphism.  This  proves  that  Ng  is  of  finite 
presentation  over  Bg.  We  conclude  by  applying  Algebra,  Lemma  10.23.2  □ 


081P  Lemma  37.11.2.  Let  f : X S be  a morphism  of  schemes.  Let  U C S be  open. 
Assume 

(1)  / is  locally  of  finite  type  and  flat, 

(2)  U C S is  retrocompact  and  scheme  theoretically  dense, 

(3)  f\f-Hj  '■  flU  —7  U is  locally  of  finite  presentation. 

Then  f is  of  locally  of  finite  presentation. 

Proof.  The  question  is  local  on  X and  S,  hence  we  may  assume  X and  S affine. 
Choose  a closed  immersion  * : X — ► Ag  and  apply  Lemma  37.11.1  to  i*Ox-  Some 
details  omitted.  □ 


081L  Lemma  37.11.3.  Let  f : X —7  S be  a morphism  of  schemes  which  is  flat  and 
locally  of  finite  type.  Let  U C S be  a dense  open  such  that  Xjj  — >•  U has  relative 
dimension  < e,  see  Morphisms,  Definition \28.‘29.1\  If  also  either 

(1)  / is  locally  of  finite  presentation,  or 

(2)  U C S is  retrocompact, 

then  f has  relative  dimension  < e. 


Proof.  Proof  in  case  (1).  Let  W C X be  the  open  subscheme  constructed  and 
studied  in  More  on  Morphisms,  Lemmas  |36.17.5|  and  |36.17.6|  Note  that  every 
generic  point  of  every  fibre  is  contained  in  W,  hence  it  suffices  to  prove  the  result 
for  W.  Since  W = Ud>o  ^ suffices  to  prove  that  Ud  = 0 for  d > e.  Since  / is 
flat  and  locally  of  finite  presentation  it  is  open  hence  f{Ud ) is  open  (Morphisms, 
Lemma  28.25.9).  Thus  if  Ud  is  not  empty,  then  f{Ud)  H U ^ 0 as  desired. 


Proof  in  case  (2).  We  may  replace  S by  its  reduction.  Then  U is  scheme  theoretically 
dense.  Hence  / is  locally  of  finite  presentation  by  Lemma  [37. 11. 2|  In  this  way  we 
reduce  to  case  (1).  □ 


0B48 


Lemma  37.11.4.  Let  f : X -A  S be  a morphism  of  schemes  which  is  flat  and 
proper.  Let  U C S be  a dense  open  such  that  Xjj  -A  U is  finite.  If  also  either  f is 
locally  of  finite  presentation  or  U C S is  retrocompact,  then  f is  finite. 
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Proof.  By  Lemma  [37. 11. 3|  the  fibres  of  / have  dimension  zero.  Hence  / is  quasi- 
finite  (Morphisms,  Lemma  28.29.5)  whence  has  finite  fibres  (Morphisms,  Lemma 
28.20.10|.  Hence  / is  finite  by  More  on  Morphisms,  Lemma [36. 3 1.4  □ 

081M  Lemma  37.11.5.  Let  f : X — ► S be  a morphism  of  schemes  and  U C S an  open. 

If 

(1)  / is  separated,  locally  of  finite  type,  and  flat, 

(2)  f~l(U)  — )•  U is  an  isomorphism,  and 

(3)  U C S is  retrocompact  and  scheme  theoretically  dense, 
then  f is  an  open  immersion. 


Proof.  By  Lemma  |37.11.2|  the  morphism  / is  locally  of  finite  presentation.  The 
image  f(X ) C S is  open  (Morphisms,  Lemma  28.25.9)  hence  we  may  replace  S by 


f(X).  Thus  we  have  to  prove  that  / is  an  isomorphism.  We  may  assume  S is  affine. 
We  can  reduce  to  the  case  that  X is  quasi-compact  because  it  suffices  to  show  that 
any  quasi-compact  open  X'  C X whose  image  is  S maps  isomorphically  to  S.  Thus 
we  may  assume  / is  quasi-compact.  All  the  fibers  of  / have  dimension  0,  see  Lemma 
37.11.3|  Hence  / is  quasi-finite,  see  Morphisms,  Lemma[28.29.5  Let  s £ S.  Choose 
an  elementary  etale  neighbourhood  g : (T,  t ) -A  ( S , s ) such  that  X XgT  = VUW 
with  V -A  T finite  and  W±  = 0,  see  More  on  Morphisms,  Lemma  36.30.6  Denote 
tv  : VUW  T the  given  morphism.  Since  tv  is  fiat  and  locally  of  finite  presentation, 
we  see  that  tv{V)  is  open  in  T (Morphisms,  Lemma  28.25.9).  After  shrinking  T we 


may  assume  that  T = tv(V).  Since  / is  an  isomorphism  over  U we  see  that  tv  is  an 
isomorphism  over  g~1U.  Since  tv{V)  = T this  implies  that  Tv~1g~1U  is  contained 


in  V.  By  Morphisms,  Lemma |28.25.13| we  see  that  7r  1g  1U  C PH  W is  scheme 


theoretically  dense.  Hence  we  deduce  that  W = 0.  Thus  X x#  T = V is  finite  over 
T.  Shrinking  T once  more  we  may  assume  T is  affine.  Then  V is  affine  too  and  we 
see  that 

T(T,  Ot)  = Tig-'U,  Ot)  = T^g^U,  Ov)  = r(V,  Ov) 

because  the  inverse  image  of  U is  schematically  dense  in  both  T and  V (see  above). 
Thus  X Xs  T — > T is  an  isomorphism.  This  implies  that  / is  an  isomorphism,  for 
example  by  Descent,  Lemma [34. 19. 15|  □ 


37.12.  Flat  finitely  presented  modules 

0519  In  some  cases  given  a ring  map  R — > S of  finite  presentation  and  a finitely  presented 
S'-module  N the  flatness  of  N over  R implies  that  N is  projective  as  an  i?-module, 
at  least  after  replacing  S by  an  etale  extension.  In  this  section  we  collect  a some 
results  of  this  nature. 

05IA  Lemma  37.12.1.  Let  R be  a ring.  Let  R — > S be  a finitely  presented  flat  ring  map 
with  geometrically  integral  fibres.  Let  q C S be  a prime  ideal  lying  over  the  prime 
r C R.  Set  p = t S.  Let  N be  a finitely  presented  S-module.  There  exists  r > 0 and 
an  S-module  map 

a:  S®r  —>N 

such  that  a : ft(p)®r’  -A  N «(p)  is  an  isomorphism.  For  any  such  a the  following 
are  equivalent: 

(1)  Aq  is  R-flat, 

(2)  there  exists  an  f € R,  f fL  r such  that  af  : S^r  — >■  Nf  is  Rf -universally 
injective  and  a g G S , g ^ q such  that  Coker(a)g  is  R-flat, 
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(3)  at  is  Rt-universally  injective  and  Coker(a)q  is  R-flat 

(4)  at  is  injective  and  Coker(a )q  is  R-flat, 

(5)  av  is  an  isomorphism  and  Coker(a)q  is  R-flat,  and 

(6)  aq  is  injective  and  Coker(a)q  is  R-flat. 

Proof.  To  obtain  a set  r = dimK(p)  N «(p)  and  pick  xi,...,xr  £ N which  form 
a basis  of  N «(p).  Define  a(si, . . . , sr)  = SiXi.  This  proves  the  existence. 

Fix  a choice  of  a.  We  may  apply  Lemma  37.10.1  to  the  map  at  : S®r  -A  Nt.  Hence 


we  see  that  (1),  (3),  (4),  (5),  and  (6)  are  all  equivalent.  Since  it  is  also  clear  that 
(2)  implies  (3)  we  see  that  all  we  have  to  do  is  show  that  (1)  implies  (2). 

Assume  (1).  By  openness  of  flatness,  see  Algebra,  Theorem  10.128. 4[  the  set 

Ui  = {q'  C S | Nq'  is  flat  over  R} 

is  open  in  Spec(5).  It  contains  q by  assumption  and  hence  p.  Because  5®r  and  N 
are  finitely  presented  5-modules  the  set 

U2  = {c\'  C S \ aq'  is  an  isomorphism} 

is  open  in  Spec(5),  see  Algebra,  Lemma  10.78.2|  It  contains  p by  (5).  As  R — > S 
is  finitely  presented  and  flat  the  map  $ : Spec(5)  -A  Spec(R)  is  open,  see  Algebra, 
Proposition|10.4(L8  For  any  prime  x'  £ ^{UiCiUf)  we  see  that  there  exists  a prime  q' 
lying  over  x'  such  that  Nq>  is  flat  and  such  that  ay  is  an  isomorphism,  which  implies 
that  a^^p')  is  an  isomorphism  where  p'  = x'S.  Thus  ati  is  Rv> -universally  injective 
by  the  implication  (1)  =>  (3).  Hence  if  we  pick  f £ R,  f £ r such  that  D(f)  C 
^{U1r\U2)  then  we  conclude  that  a/  is  R/-universally  injective,  see  Algebra,  Lemma 
10.81.12  The  same  reasoning  also  shows  that  for  any  q'  £ U\  n 4>~1  fl  Uf)) 
the  module  Coker(a)q/  is  R-flat.  Note  that  q £ U\  fl  1 (<B(L/i  fl  1/2))-  Hence  we 
can  find  a g £ 5,  g ^ q such  that  D(g ) C U\  fl  <!>_1(4>([/i  fl  Uff)  and  we  win.  □ 

05IB  Lemma  37.12.2.  Let  R — >•  5 be  a ring  map  of  finite  presentation.  Let  N be  a 
finitely  presented  S -module  flat  over  R.  Let  r C R be  a prime  ideal.  Assume  there 
exists  a complete  devissage  of  N/S/R  over  r.  Then  there  exists  an  f £ R,  f ^ r 
such  that 

Nf  “ Bfri  © . . . © B®r" 

as  R-modules  where  each  Bi  is  a smooth  Rf  -algebra  with  geometrically  irreducible 
fibres.  Moreover,  Nf  is  projective  as  an  Rf -module. 

Proof.  Let  (Aj,  Bt,  Mi,  be  the  given  complete  devissage.  We  prove  the 

lemma  by  induction  on  n.  Note  that  the  assertions  of  the  lemma  are  entirely  about 
the  structure  of  N as  an  i?-module.  Hence  we  may  replace  N by  Mi,  and  we  may 
think  of  Mi  as  a L^-module.  See  Remark  |37.6.3  in  order  to  see  why  Mi  is  of 
finite  presentation  as  a i?i-module.  By  Lemma  37.12.1  we  may,  after  replacing  R 
by  Rf  for  some  f £ R,  f £ r,  assume  the  map  a 1 : Bfri  — >•  Mi  is  R-universally 
injective.  Since  Mi  and  Bfri  are  .R-flat  and  finitely  presented  as  Bi-modules  we 


see  that  Coker(ai)  is  R-flat  (Algebra,  Lemma  10.81.7 1 and  finitely  presented  as  a 
Ri -module.  Note  that  {Ai,Bi,Mi,af)i= 2,...,n  is  a complete  devissage  of  Coker(ai). 
Hence  the  induction  hypothesis  implies  that,  after  replacing  R.  by  Rf  for  some 
f £ R,  f £ r,  we  may  assume  that  Coker(ai)  has  a decomposition  as  in  the 
lemma  and  is  projective.  In  particular  Mi  = Bf  ri  © Coker(ai).  This  proves  the 
statement  regarding  the  decomposition.  The  statement  on  projectivity  follows  as 
B 1 is  projective  as  an  R-module  by  Lemma  [37. 9. 3|  □ 
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05IC  Remark  37.12.3.  There  is  a variant  of  Lemma  37.12.2  where  we  weaken  the 
flatness  condition  by  assuming  only  that  N is  flat  at  some  given  prime  q lying  over 
r but  where  we  strengthen  the  devissage  condition  by  assuming  the  existence  of  a 
complete  devissage  at  q.  Compare  with  Lemma  37.10.2[ 


The  following  is  the  main  result  of  this  section. 

05ID  Proposition  37.12.4.  Let  f : X — > S be  a morphism  of  schemes.  Let  T be  a 
quasi- coherent  sheaf  on  X . Let  x £ X with  image  s £ S . Assume  that 

(1)  f is  locally  of  finite  presentation, 

(2)  T is  of  finite  presentation,  and 

(3)  T is  flat  at  x over  S. 

Then  there  exists  a commutative  diagram  of  pointed  schemes 


(X,x)^^(X',x') 
(S,s)* (S',  s') 


whose  horizontal  arrows  are  elementary  etale  neighbourhoods  such  that  X' , S'  are 
affine  and  such  that  T(X',g*J7)  is  a projective  T (S' , Os') -module. 


Proof.  By  openness  of  flatness,  see  More  on  Morphisms,  Theorem  36.12.1  we  may 
replace  X by  an  open  neighbourhood  of  x and  assume  that  T is  flat  over  S.  Next, 
we  apply  Proposition|37.5~7|to  find  a diagram  as  in  the  statement  of  the  proposition 
such  that  g*iF/X'/S'  has  a complete  devissage  over  s' . (In  particular  S’  and  X' 
are  affine.)  By  Morphisms,  Lemma  28.25.11  we  see  that  g*T  is  flat  over  S and  by 
Lemmar37.2.3l  we  see  that  it  is  flat  over  S'.  Via  Remark  137.6.51  we  deduce  that 

r(X',g*T)/T(X',  0X')/Y(S’,  Os>) 

has  a complete  devissage  over  the  prime  of  T(S",Os')  corresponding  to  s'.  Thus 


Lemma  37.12.2  implies  that  the  result  of  the  proposition  holds  after  replacing  S' 
by  a standard  open  neighbourhood  of  s'.  □ 


In  the  rest  of  this  section  we  prove  a number  of  variants  on  this  result.  The  first  is 
a “global”  version. 

05KW  Lemma  37.12.5.  Let  f : X — ► S be  a morphism  of  schemes.  Let  T be  a quasi- 
coherent  sheaf  on  X . Let  s £ S . Assume  that 

(1)  f is  of  finite  presentation, 

(2)  T is  of  finite  presentation,  and 

(3)  T is  flat  over  S at  every  point  of  the  fibre  Xs . 

Then  there  exists  an  elementary  etale  neighbourhood  (S',  s')  — » (S,  s)  and  a com- 
mutative diagram  of  schemes 

,V«- V' 

9 

S * S' 

such  that  g is  etale,  Xs  C g(X'),  the  schemes  X' , S'  are  affine,  and  such  that 
T(X',g*T)  is  a projective  T (S' ,0 s1) -module. 
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Proof.  For  every  point  x £ Xs  we  can  use  Proposition  |37. 12~4| to  find  a commuta- 
tive diagram 

(X,x)  — (Yx,yx) 


(S,s) 


{Sx:  Sx) 


whose  horizontal  arrows  are  elementary  etale  neighbourhoods  such  that  Yx,  Sx  are 
affine  and  such  that  T{YX,  g*T)  is  a projective  r(S'a;)  C)5x)-module.  In  particular 
gx(Yx)  H Xs  is  an  open  neighbourhood  of  x in  Xs.  Because  A's  is  quasi-compact  we 
can  find  a finite  number  of  points  x±, ...  ,xn  € Xs  such  that  Xs  is  the  union  of  the 
[Jx,i  (YXi ) n Xs.  Choose  an  elementary  etale  neighbourhood  {S',  s')  — > {S,s)  which 
dominates  each  of  the  neighbourhoods  (SXi,  sXi),  see  More  on  Morphisms,  Lemma 
36.27.4  We  may  also  assume  that  S'  is  affine.  Set  X'  = JJ  YXi  Xsx  S'  and  endow 
it  with  the  obvious  morphism  g : X'  — ► X.  By  construction  g{X')  contains  Xs  and 


F (X',g*T)  = 0^,3:/)  ®r(S.i|0!.j  T(S,,Os>). 
This  is  a projective  T{S',  Os/)-module,  see  Algebra,  Lemma  10.93. 1| 


□ 


The  following  two  lemmas  are  reformulations  of  the  results  above  in  case  T = Ox  ■ 

05IE  Lemma  37.12.6.  Let  f : X — > S be  locally  of  finite  presentation.  Let  x £ X with 
image  s £ S.  If  f is  flat  at  x over  S,  then  there  exists  a commutative  diagram  of 
pointed  schemes 

{X,  x)  ^—g  (A'',  x') 

(S,s)^ {S',  s') 

whose  horizontal  arrows  are  elementary  etale  neighbourhoods  such  that  X' , S'  are 
affine  and  such  that  T(A/ ,Ox>)  is  a projective  T {S' ,Os>) -module. 

Proof.  This  is  a special  case  of  Proposition |37.12T|  □ 

05KX  Lemma  37.12.7.  Let  f : X — » S be  of  finite  presentation.  Let  s € S.  If  X is 
flat  over  S at  all  points  of  Xs,  then  there  exists  an  elementary  etale  neighbourhood 
{S',  s')  — ► (S,s)  and  a commutative  diagram  of  schemes 


X * X' 

g 

S ■* S' 

with  g etale,  Xs  C g{ A'),  such  that  X' , S'  are  affine,  and  such  that  T{X' ,Ox')  is 
a projective  r(S'/,  Os') -module. 

Proof.  This  is  a special  case  of  Lemma  [37. 12.5[  □ 

The  following  lemmas  explain  consequences  of  Proposition  |37.12.4|  in  case  we  only 
assume  the  morphism  and  the  sheaf  are  of  finite  type  (and  not  necessarily  of  finite 
presentation). 

05KY  Lemma  37.12.8.  Let  f : X -A  S be  a morphism  of  schemes.  Let  T be  a quasi- 
coherent  sheaf  on  A.  Let  x € X with  image  s £ S . Assume  that 
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(1)  / is  locally  of  finite  presentation, 

(2)  T is  of  finite  type,  and 

(3)  T is  flat  at  x over  S . 

Then  there  exists  an  elementary  etale  neighbourhood  (S'7,  s')  -A  (S,  s)  and  a com- 
mutative diagram  of  pointed  schemes 

(S,  s)  (Spec(C>S', «')>  s') 


such  that  X'  — ^ X x s Spec  [Os’, s')  is  etale,  k(x)  = k(x'),  the  scheme  X'  is  affine 
of  finite  presentation  over  Os',s'>  the  sheaf  g*T  is  of  finite  presentation  over  Ox’, 
and  such  that  Y(X'  ,g*T)  is  a free  O s'  s'  -module. 


05KZ 


Proof.  To  prove  the  lemma  we  may  replace  ( S , s)  by  any  elementary  etale  neigh- 
bourhood, and  we  may  also  replace  S by  Spec(C,gjS).  Hence  by  Proposition 


37.10.3 


we  may  assume  that  T is  finitely  presented  and  flat  over  S'  in  a neighbourhood  of  x. 
In  this  case  the  result  follows  from  Proposition  37.12.4  because  Algebra,  Theorem 
10.84.41  assures  us  that  projective  = free  over  a local  ring.  □ 


Lemma  37.12.9.  Let  f : X S be  a morphism  of  schemes.  Let  T be  a quasi- 
coherent  sheaf  on  X . Let  x £ X with  image  s £ S . Assume  that 

(1)  f is  locally  of  finite  type, 

(2)  T is  of  finite  type,  and 

(3)  T is  fiat  at  x over  S. 

Then  there  exists  an  elementary  etale  neighbourhood  (S',  s')  — > (S,  s)  and  a com- 
mutative diagram  of  pointed  schemes 


{X,of^^M{X',x') 

(S,  s)  ^ (Spec(e>sgs/),  s') 


such  that  X'  — y X x g Spec(05'iS')  is  etale,  k(x)  = n(x'),  the  scheme  X'  is  affine, 
and  such  that  T(X' , g*X)  is  a free  Os',s'  -module. 


Proof.  (The  only  difference  with  Lemma  37.12. 8|  is  that  we  do  not  assume  / is 
of  finite  presentation.)  The  problem  is  local  on  X and  S.  Hence  we  may  assume 
X and  S are  affine,  say  X = Spec (B)  and  S = Spec(A).  Since  B is  a finite  type 
A-algebra  we  can  find  a surjection  A[xi, . . . , xn]  -A  B.  In  other  words,  we  can 
choose  a closed  immersion  i : X — > Ag.  Set  t = i(x)  and  Q = . Note  that 

Qt  = JFX  are  OsiS-modules.  Hence  Q is  flat  over  S at  t.  We  apply  Lemma  37.12.8 
to  the  morphism  Ag  — > S,  the  point  t , and  the  sheaf  Q.  Thus  we  can  find  an 
elementary  etale  neighbourhood  (S',  s')  — > (S,s)  and  a commutative  diagram  of 
pointed  schemes 

(A  ns,t)^ (Y,y) 


(S,s) 


(Spec(0s'jS'),  s') 
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such  that  Y — > Agj(  ; is  etale,  n(t)  = n(y ),  the  scheme  Y is  affine,  and  such  that 
r(Y,  h*Q)  is  a projective  Os'^'-module.  Then  a solution  to  the  original  problem  is 
given  by  the  closed  subscheme  X'  = Y x Ag  X of  Y.  □ 

05L0  Lemma  37.12.10.  Let  f : X S be  a morphism  of  schemes.  Let  X be  a quasi- 
coherent  sheaf  on  X . Let  s £ S . Assume  that 

(1)  f is  of  finite  presentation, 

(2)  X is  of  finite  type,  and 

(3)  X is  flat  over  S at  all  points  of  Xs. 

Then  there  exists  an  elementary  etale  neighbourhood  ( S',s ')  — ► (S',  s)  and  a com- 
mutative diagram  of  schemes 

X -z X' 

9 

S0^Spec(Os',a>) 


such  that  X'  — > X XsSpec(Os’lS')  is  etale,  Xs  = g((X')s*),  the  scheme  X'  is  affine 
of  finite  presentation  over  Os',s'>  the  sheaf  g*X  is  of  finite  presentation  over  Ox’, 
and  such  that  Y(X'  ,g*X)  is  a free  Os',s' -module. 


Proof.  For  every  point  x £ Xs  we  can  use  Lemma  37.12. 8|  to  find  an  elementary 
etale  neighbourhood  (Sx,sx)  — > ( S,s ) and  a commutative  diagram 


( x , x)  -< — (Yx,  yx) 

(S,  s)  (Spec(C>S;EiS  J,  sx) 


such  that  Yx  — » X x$  Spec(C,gj;jS:i;)  is  etale,  k(x ) = n(yx),  the  scheme  Yx  is  affine 
of  finite  presentation  over  Osx,Sxi  the  sheaf  g*J-  is  of  finite  presentation  over  Oyx, 
and  such  that  T(Yx,g*X)  is  a free  Osx,Sx -module.  In  particular  gx((Yx)Sx)  is  an 
open  neighbourhood  of  x in  A's.  Because  Xs  is  quasi-compact  we  can  find  a finite 
number  of  points  xi,...,xn  £ Xs  such  that  Xs  is  the  union  of  the  gXi{(YXi)Sx  ). 
Choose  an  elementary  etale  neighbourhood  (S',  s')  — > (S,  s)  which  dominates  each 
of  the  neighbourhoods  (SXi , t 


see  More  on  Morphisms,  Lemma  36.27.4  Set 


^ IT  YXi  *-Spec(Osx . ,3X. ) ^P®l"(Os'>s' ) 


and  endow  it  with  the  obvious  morphism  g : X'  — » X.  By  construction  Xs  = g(X's,) 
and 

This  is  a free  C>5^s/-module  as  a direct  sum  of  base  changes  of  free  modules.  Some 
minor  details  omitted.  □ 


05L1  Lemma  37.12.11.  Let  f : X — > S be  a morphism  of  schemes.  Let  X be  a quasi- 
coherent  sheaf  on  X . Let  s £ S.  Assume  that 

(1)  f is  of  finite  type, 

(2)  X is  of  finite  type,  and 

(3)  X is  flat  over  S at  all  points  of  Xs. 
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Then  there  exists  an  elementary  etale  neighbourhood  ( S',s ')  —¥  (S,s)  and  a com- 
mutative diagram  of  schemes 

ifw x' 

g 

S Spec  (Os', s') 


such  that  X'  — > X XsSpec(Os',s >)  is  etale,  Xs  = g((X')s>),  the  scheme  X'  is  affine, 
and  such  that  T(X'  ,g*J-)  is  a free  O s1 , s'  -module. 


Proof.  (The  only  difference  with  Lemma  37.12.10|is  that  we  do  not  assume  / is  of 
finite  presentation.)  For  every  point  x £ Xs  we  can  use  Lemma  37.12.9  to  find  an 
elementary  etale  neighbourhood  (Sx,sx)  — t ( S,s ) and  a commutative  diagram 


( x > x)  ^ yx (Yx,  Vx) 

(S,  s ) ^ (Spec(0Sxi5  J,  sx) 


such  that  Yx  — > X x$  Spec(Osx,Sx)  is  etale,  n(x)  = n(yx),  the  scheme  Yx  is  affine, 
and  such  that  T(Yx,g*iF)  is  a free  Osx,Sx -module.  In  particular  gx((Yx)Sx)  is  an 
open  neighbourhood  of  x in  A's.  Because  Xs  is  quasi-compact  we  can  find  a finite 
number  of  points  xi,...,xn  £ Xs  such  that  Xs  is  the  union  of  the  gXi{(Yxi) s*.)- 
Choose  an  elementary  etale  neighbourhood  (S',  s')  — » (S,  s ) which  dominates  each 
of  the  neighbourhoods  ( SXi,sx .),  see  More  on  Morphisms,  Lemma |36. 27. 4|  Set 


^ IT  YXj  ^Spec(Os. 


see  More  on  Morphisms,  Lemma  36.27.4 
) Spec(0S/iS/) 


and  endow  it  with  the  obvious  morphism  g : X'  — > X.  By  construction  Xs  = g(X's,) 
and 

r(i',?*j)  = 0r(yI„5:j) ®os^SXi  os^. 

This  is  a free  Os',s' -module  as  a direct  sum  of  base  changes  of  free  modules.  □ 
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05IG 


The  following  lemma  will  be  superseded  by  the  stronger  Lemma |37.13.3|  below. 

Lemma  37.13.1.  Let  (R,  m)  be  a local  ring.  Let  R -A  S be  of  finite  presentation. 
Let  N be  a finitely  presented  S -module  which  is  free  as  an  R-module.  Let  M be  an 
R-module.  Let  q be  a prime  of  S lying  over  m.  Then 

(1)  if  q £ WeakAsss(M  <S)r  N)  then  m £ WeakAssu(M)  and  q £ Assj(N), 

(2)  if  m £ WeakAssn(M)  and  q £ Ass^(N)  is  a maximal  element  then  q £ 

WeakAsss(M  N ). 

Here  S = S/mS,  q = qS1,  and  N = N/mN. 


Proof.  Suppose  that  q fL  Ass g(N).  By  Algebra,  Lemmas 


10.14.2 


10.62.9 


10.62.5 


and 


there  exists  an  element  g £ q which  is  not  a zerodivisor  on  N.  Let  g £ q 
be  an  element  which  maps  to  g in  q.  By  Lemma  |37.7.6|  the  map  g : N -A  N 
is  i?-universally  injective.  In  particular  we  see  that  g : M N — »•  M Xr  N is 
injective.  Clearly  this  implies  that  q ^ WeakAsss(M  (g>#  N).  We  conclude  that 
q £ WeakAssg(M  N)  implies  q £ Ass g(N). 
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Assume  q £ WeakAsss(Af  g/jTV).  Let  z £ M®rN  be  an  element  whose  annihilator 
in  S has  radical  q.  As  N is  a free  f?-module,  we  can  find  a finite  free  direct  summand 
F C N such  that  z £ M g^  F.  The  radical  of  the  annihilator  of  2 £ M g^  F in 
R is  m (by  our  assumption  on  z and  because  q lies  over  m).  Hence  we  see  that 
m £ WeakAss(Af  g^  F ) which  implies  that  m £ WeakAss(Af)  by  Algebra,  Lemma 


10.65.3  This  finishes  the  proof  of  (1). 


Assume  that  m £ WeakAss/{(M)  and  q £ Ass-g(N)  is  a maximal  element.  Let 
y £ M be  an  element  whose  annihilator  I = Ann n(y)  has  radical  m.  Then  R/I  C M 
and  by  flatness  of  N over  R we  get  N/IN  = R/I  g^  N C M g#  N.  Hence  it  is 
enough  to  show  that  q £ WeakAss(N/ 1 N) . Write  q = (g1, . . . ,gn)  for  some  ~gi  £ S. 
Choose  lifts  <?i  £ q.  Consider  the  map 


4-  : N/IN  — > N/IN®n,  z ► (9lz, ...,  gnz). 


We  may  think  of  this  as  a map  of  free  i?//-modules.  As  the  ring  R/I  is  auto- 
associated  (since  m/I  is  locally  nilpotent)  and  since  T g R/m  isn’t  injective  (since 
q £ Ass (N))  we  see  by  More  on  Algebra,  Lemma  15.9.4  that  4/  isn’t  injective.  Pick 
z £ N/IN  nonzero  in  the  kernel  of  4/.  The  annihilator  of  2 contains  / and  gi, 
whence  its  radical  J = ^/Ami5(z)  contains  q.  Let  q'  D J be  a minimal  prime 
over  J.  Then  q'  £ WeakAss(Af  g«  N)  (by  definition)  and  by  (1)  we  see  that 
cf  £ Ass(iV).  Then  since  q C q'  by  construction  the  maximality  of  q implies  q = q' 
whence  q £ WeakAss(M  g#  N).  This  proves  part  (2)  of  the  lemma.  □ 


05IH  Lemma  37.13.2.  Let  S be  a scheme.  Let  f : X — * S be  locally  of  finite  type.  Let 
x £ X with  image  s £ S . Let  F be  a finite  type  quasi- coherent  sheaf  on  X . Let  Q 
be  a quasi- coherent  sheaf  on  S.  If  T is  flat  at  x over  S,  then 

x £ WeakAssx(F  ®Ox  f*G)  WeakAsss(Q)  and  x £ Assjsq  (Fs)- 


Proof.  The  question  is  local  on  X and  S,  hence  we  may  assume  X and  S are 
affine.  Write  X = Spec (1?),  S = Spec(A)  and  write  B = A[x  1, . . . ,xn\/I.  In  other 
words  we  obtain  a closed  immersion  * : X — >•  Ag  over  S.  Denote  t = i(x)  £ Ag. 
Note  that  i*F  is  a finite  type  quasi-coherent  sheaf  on  Ag  which  is  flat  at  t over  S 
and  note  that 


i*(F g Ox  f*G)  = i*F g oAn  p*G 


where  p : Ag  — ► S is  the  projection.  Note  that  t is  a weakly  associated  point  of 
i*{F  g ox  f*G)  if  and  only  if  x is  a weakly  associated  point  of  F g ox  f*G , see 
Divisors,  Lemma  30.6.3  Similarly  x £ Assjffl(Jrs)  if  and  only  if  t £ Assa ™{{i*F)s) 


(see  Algebra,  Lemma  10.62.14).  Hence  it  suffices  to  prove  the  lemma  in  case  A'  = 

S is  of  finite  presentation. 


A/j.  In  particular  we  may  assume  that  X 


Recall  that  Assxs  (.Fs)  is  a locally  finite  subset  of  the  locally  Noetherian  scheme  As, 
see  Divisors,  Lemma [30.2. 5|  After  replacing  X by  a suitable  affine  neighbourhood 
of  x we  may  assume  that 


(*)  if  x'  £ Assa8(F’s)  and  x x'  then  x = x' . 


(Proof  omitted.  Hint:  using  Algebra,  Lemma  10.14.2  invert  a function  which  does 
not  vanish  at  x but  does  vanish  in  all  the  finitely  many  points  of  Assx,  (Fs)  which 
are  specializations  of  x but  not  equal  to  x.)  In  words,  no  point  of  Assx„  (Fs)  is  a 
proper  specialization  of  x. 
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Suppose  given  a commutative  diagram 

(X,x)^ir(X',x') 

(S,8)**A+(S',s') 


of  pointed  schemes  whose  horizontal  arrows  are  elementary  etale  neighbourhoods. 


Then  it  suffices  to  prove  the  statement  for  x' , s',  g*J-  and  e*Q , see  Lemma  37.2.7 


Note  that  property  (*)  is  preserved  by  such  an  etale  localization  by  the  same  lemma 
(if  there  is  a proper  specialization  x'  x"  on  X's,  then  this  maps  to  a proper 
specialization  on  Xs  because  the  fibres  of  an  etale  morphism  are  discrete).  We 
may  also  replace  S by  the  spectrum  of  its  local  ring  as  the  condition  of  being 
an  associated  point  of  a quasi-coherent  sheaf  depends  only  on  the  stalk  of  the 
sheaf.  Again  property  (*)  is  preserved  by  this  as  well.  Thus  we  may  first  apply 
Proposition  |37.10.3|  to  reduce  to  the  case  where  J-  is  of  finite  presentation  and 
flat  over  S,  whereupon  we  may  use  Proposition  |37.1T4|  to  reduce  to  the  case  that 
X — > S is  a morphism  of  affines  and  r(X,  X)  is  a finitely  presented  T(X,Ox)- 
module  which  is  projective  as  a T(S,  Ogj-module.  Localizing  S once  more  we  may 
assume  that  P(S',  Os)  is  a local  ring  such  that  s corresponds  to  the  maximal  ideal.  In 
this  case  Algebra,  Theorem |1 0.84. 4 guarantees  that  r(Jf,  X)  is  free  as  an  T(S,  Os)- 
module.  The  implication  x £ WeakAssjf  f*G)  =>  s £ WeakAsss((?)  and  x £ 

Assv,  (Xs)  follows  from  part  (1)  of  Lemma  37.13.1  The  converse  implication  follows 
from  part  (2)  of  Lemma  37.13.1  as  property  (*)  insures  that  the  prime  corresponding 
to  x gives  rise  to  a maximal  element  of  Ass-g(N)  exactly  as  in  the  statement  of  part 
(2)  of  Lemma  37.13.1  □ 


0511  Lemma  37.13.3.  Let  R -A  S'  be  a ring  map  which  is  essentially  of  finite  type.  Let 
N be  a localization  of  a finite  S-module  flat  over  R.  Let  M be  an  R-module.  Then 


WeakAsss(M  ®R  N)  = 


p£  WeakAssn(M) 


AssS®RK(f,)(N  ®rk{ p)) 


Proof.  This  lemma  is  a translation  of  Lemma  37.13.2  into  algebra.  Details  of 
translation  omitted.  □ 


05IJ  Lemma  37.13.4.  Let  f : X — > S be  a morphism  which  is  locally  of  finite  type. 
Let  J-  be  a finite  type  quasi-coherent  sheaf  on  X which  is  flat  over  S.  Let  Q be  a 
quasi-coherent  sheaf  on  S . Then  we  have 

WeakA,sx(X®o,  F9)  = U,€W„„.„WI 

Proof.  Immediate  consequence  of  Lemma |37. 13. 2]  □ 

05IK  Theorem  37.13.5.  Let  f : X — >■  S be  a morphism  of  schemes.  Let  J-  be  a 
quasi-coherent  O x -module.  Assume 

(1)  X — > S is  locally  of  finite  presentation, 

(2)  T is  an  Ox -module  of  finite  type,  and 

(3)  the  set  of  weakly  associated  points  of  S is  locally  finite  in  S. 

Then  U = {x  & X \ T flat  at  x over  51}  is  open  in  X and  X\u  is  an  Ou-module  of 
finite  presentation  and  flat  over  S . 
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05IL 


05IM 


05IN 


053G 


Proof.  Let  x £ X be  such  that  X is  flat  at  x over  S.  We  have  to  find  an  open 
neighbourhood  of  x such  that  X restricts  to  a fj-flat  finitely  presented  module  on 
this  neighbourhood.  The  problem  is  local  on  X and  S,  hence  we  may  assume  that 
X and  S are  affine.  As  Xx  is  a finitely  presented  Ox:x~m odule  by  Lemma  37.10.9 


we  conclude  from  Algebra,  Lemma  [10.125. 5 there  exists  a finitely  presented  Ox 
module  X'  and  a map  ip  : X'  — » X which  induces  an  isomorphism  ipx  : X'x  — > Xx. 
In  particular  we  see  that  X'  is  flat  over  S at  x,  hence  by  openness  of  flatness  More 
on  Morphisms,  Theorem |36. 12. l| we  see  that  after  shrinking  X we  may  assume  that 
X'  is  flat  over  S.  As  X is  of  finite  type  after  shrinking  X we  may  assume  that  <p 
is  surjective,  see  Modules,  Lemma  17.9.4  or  alternatively  use  Nakayama’s  lemma 
(Algebra,  Lemma  10.19. 1|) . By  Lemma |3 7. 13.4  we  have 

WeakAssW-F')  C I I Assy  (, X' ) 

As  WeakAss(S')  is  finite  by  assumption  and  since  AssxflX’s)  is  finite  by  Divi- 
sors, Lemma  30.2.5  we  conclude  that  WeakAssx(-F')  is  finite.  Using  Algebra, 
Lemma  10.14.2  we  may,  after  shrinking  X once  more,  assume  that  WeakAssx(-F') 
is  contained  in  the  generalization  of  x.  Now  consider  K,  = Ker(yj).  We  have 
WeakAssjc(A)  C WeakAssx(-F')  (by  Divisors,  Lemma  30.5.4)  but  on  the  other 
hand,  ipx  is  an  isomorphism,  also  ipx>  is  an  isomorphism  for  all  x'  x.  We  con- 
clude that  WeakAssjf(/C)  = 0 whence  1C  = 0 by  Divisors,  Lemma  30.5.5  □ 


Lemma  37.13.6.  Let  R -A  S be  a ring  map  of  finite  presentation.  Let  M be  a 
finite  S-module.  Assume  WeakAsss(S)  is  finite.  Then 


U = {q  C S | Mq  flat  over  R} 

is  open  in  Spec (S)  and  for  every  g £ S such  that  D{g)  C U the  localization  Mg  is 
a finitely  presented  Sg-module  flat  over  R. 

Proof.  Follows  immediately  from  Theorem  |37. 13. 5|  □ 

Lemma  37.13.7.  Let  f : X -A  S be  a morphism  of  schemes  which  is  locally  of 
finite  type.  Assume  the  set  of  weakly  associated  points  of  S is  locally  finite  in  S. 
Then  the  set  of  points  x £ X where  f is  flat  is  an  open  subscheme  U C X and 
U — Y S is  flat  and  locally  of  finite  presentation. 


Proof.  The  problem  is  local  on  X and  S,  hence  we  may  assume  that  X and  S 
are  affine.  Then  X — > S corresponds  to  a finite  type  ring  map  A — ► B.  Choose 
a surjection  A[xi, . . . , xn]  — > B and  consider  B as  an  A[x±, . . . , a;„]-module.  An 
application  of  Lemma [37. 13. 6|  finishes  the  proof.  □ 

Lemma  37.13.8.  Let  f : X — > S be  a morphism  of  schemes  which  is  locally  of 
finite  type  and  flat.  If  S is  integral,  then  f is  locally  of  finite  presentation. 


Proof.  Special  case  of  Lemma [37.1 3. 7|  □ 

Proposition  37.13.9.  Let  R be  a domain.  Let  R — » S be  a ring  map  of  finite 
type.  Let  M be  a finite  S-module. 

(1)  If  S is  flat  over  R,  then  S is  a finitely  presented  R-algebra. 

(2)  If  M is  flat  as  an  R-module,  then  M is  finitely  presented  as  an  S-module. 


Proof.  Part  (1)  is  a special  case  of  Lemma  37.13.8  For  Part  (2)  choose  a surjection 
R[x i,. . . ,xn\  -A  S.  By  Lemma  37.13.6  we  find  that  M is  finitely  presented  as  an 
R[xi, . . . , xn] -module.  We  conclude  by  Algebra,  Lemma  10.6. 4|  □ 
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05IQ 


Remark  37.13.10  (Finite  type  version  of  Theorem  37.13.5 ).  Let  / : X — » S be  a 
morphism  of  schemes.  Let  J-  be  a quasi-coherent  0x_moduie.  Assume 

(1)  X — > S is  locally  of  finite  type, 

(2)  T is  an  Ox"m°dule  of  finite  type,  and 

(3)  the  set  of  weakly  associated  points  of  S is  locally  finite  in  S. 

Then  U = {x  € X \ T flat  at  x over  S}  is  open  in  X and  F\u  is  flat  over  S and 


locally  finitely  presented  relative  to  S (see  More  on  Morphisms,  Definition  36.40.1 ). 


If  we  ever  need  this  result  in  the  stacks  project  we  will  convert  this  remark  into  a 
lemma  with  a proof. 


05IR 


Remark  37.13.11  (Algebra  version  of  Remark  37.13.10).  Let  R — > S be  a ring 
map  of  finite  type.  Let  M be  a finite  S-module.  Assume  WeakAsss(S)  is  finite. 
Then 

U = {q  C S | Mq  flat  over  R} 

is  open  in  Spec(S)  and  for  every  g £ S such  that  D(g ) C U the  localization  Mg  is 
flat  over  R and  an  Sg -module  finitely  presented  relative  to  R (see  More  on  Algebra, 
Definition  15.65.2).  If  we  ever  need  this  result  in  the  stacks  project  we  will  convert 


this  remark  into  a lemma  with  a proof. 


37.14.  Examples  of  relatively  pure  modules 

05IS  In  the  short  section  we  discuss  some  examples  of  results  that  will  serve  as  motivation 
for  the  notion  of  a relatively  pure  module  and  the  concept  of  an  impurity  which  we 
will  introduce  later.  Each  of  the  examples  is  stated  as  a lemma.  Note  the  similarity 
with  the  condition  on  associated  primes  to  the  conditions  appearing  in  Lemmas 
|37.7.4[|37.8.3[|37.8.4[  and|37.9.T|  See  also  Algebra,  Lemma [1 0 .64 . 1 1 for  a discussion. 

05FV  Lemma  37.14.1.  Let  R be  a local  ring  with  maximal  ideal  m.  Let  R — » S be  a 
ring  map.  Let  N be  an  S-module.  Assume 

(1)  N is  projective  as  an  R-module,  and 

(2)  S/mS  is  Noetherian  and  N/mN  is  a finite  S / mS -module. 

Then  for  any  prime  q C S which  is  an  associated  prime  of  N<Sirk(p)  where  p = i?Hq 
we  have  q + mS  yf  S. 

Proof.  Note  that  the  hypotheses  of  Lemmas  |37.7.1|  and  |37.7.6|  are  satisfied.  We 
will  use  the  conclusions  of  these  lemmas  without  further  mention.  Let  E C S be 
the  multiplicative  set  of  elements  which  are  not  zerodivisors  on  N/mN . The  map 
N — » T,~1N  is  R-universally  injective.  Hence  we  see  that  any  q C S which  is 
an  associated  prime  of  N k( p)  is  also  an  associated  prime  of  E_1iV  «(p). 

Clearly  this  implies  that  q corresponds  to  a prime  of  E_1S'.  Thus  q C q'  where  q' 
corresponds  to  an  associated  prime  of  N/mN  and  we  win.  □ 

The  following  lemma  gives  another  (slightly  silly)  example  of  this  phenomenon. 

05IT  Lemma  37.14.2.  Let  R be  a ring.  Let  I C R be  an  ideal.  Let  R S be  a ring 
map.  Let  N be  an  S-module.  If  N is  I-adically  complete,  then  for  any  R-module 
M and  for  any  prime  q C S which  is  an  associated  prime  of  N 0^  M we  have 
q + IS^S. 

Proof.  Let  SA  denote  the  /-adic  completion  of  S.  Note  that  N is  an  5A-module, 
hence  also  N M is  an  ,S'A-module.  Let  z G N M be  an  element  such  that 
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q = Anns(z).  Since  z ^ 0 we  see  that  Ahii^a  (z)  ^ SA.  Hence  q5A  ^ SA.  Hence 
there  exists  a maximal  ideal  m C SA  with  qSA  C m.  Since  ISA  C m by  Algebra, 
Lemma llO. 95. 61  we  win.  □ 


Note  that  the  following  lemma  gives  an  alternative  proof  of  Lemma  37.14.1|  as  a 


projective  module  over  a local  ring  is  free,  see  Algebra,  Theorem  10.84.4 


05IU  Lemma  37.14.3.  Let  R be  a local  ring  with  maximal  ideal  m.  Let  R — * S be  a 
ring  map.  Let  N be  an  S -module.  Assume  N is  isomorphic  as  an  R-module  to 
a direct  sum  of  finite  R-modules.  Then  for  any  R-module  M and  for  any  prime 
q C S which  is  an  associated  prime  of  N M we  have  q + mS  S. 


Proof.  Write  N = M*  with  each  M,  a finite  .R-module.  Let  M be  an  R- 
module  and  let  q C S be  an  associated  prime  of  N ®R  M such  that  q + ins'  = S. 
Let  z £ N M be  an  element  with  q = Anns(z).  After  modifying  the  direct 
sum  decomposition  a little  bit  we  may  assume  that  z £ M\  M for  some  element 
1 6 J.  Write  1 = / + xj9j  for  some  f £ q,  Xj  £ m,  and  g.j  £ S.  For  any  g £ S 
denote  g'  the  R-linear  map 

Mi  -4  A 4 IV  ->  Mi 


where  the  first  arrow  is  the  inclusion  map,  the  second  arrow  is  multiplication  by 
g and  the  third  arrow  is  the  projection  map.  Because  each  Xj  £ R we  obtain  the 
equality 


f + ^2  xj9j  = id  Mi  e End/j(M1) 


By  Nakayama’s  lemma  (Algebra,  Lemma  10.19.1 ) we  see  that  f is  surjective,  hence 
by  Algebra,  Lemma  |10.15.4|  we  see  that  f is  an  isomorphism.  In  particular  the 
map 

Mx  0h  M ->■  IV  0R  M A N M Mi  ®RM 


is  an  isomorphism.  This  contradicts  the  assumption  that  fz  = 0. 


□ 


05IV  Lemma  37.14.4.  Let  R be  a henselian  local  ring  with  maximal  ideal  m.  Let 
R — )•  S'  be  a ring  map.  Let  N be  an  S-module.  Assume  N is  countably  generated 
and  Mittag-Leffler  as  an  R-module.  Then  for  any  R-module  M and  for  any  prime 
q C S which  is  an  associated  prime  of  N (g>R  M we  have  q + m S S. 


Proof.  This  lemma  reduces  to  Lemma  [37. 14. 3|  by  Algebra,  Lemma  [10. 148.32 


□ 


Suppose  / : A'  — > S'  is  a morphism  of  schemes  and  J7  is  a quasi-coherent  module  on 
X.  Let  £ £ Ass x/si^)  and  let  Z = {£}.  Picture 


£ 

I 

m) 


Z ^ X 


f 

s 


Note  that  f(Z)  C {/(£)}  and  that  f(Z)  is  closed  if  and  only  if  equality  holds,  i.e., 


f{Z)  = {/(£)}•  It  follows  from  Lemma 


37.14.1 


that  if  S,  X are  affine,  the  fibres  Xs 


are  Noetherian,  T is  of  finite  type,  and  T(X,  T)  is  a projective  T(S,  Ogj-module, 
then  f(Z)  = {/(£)}  is  a closed  subset.  Slightly  different  analogous  statements  holds 
for  the  cases  described  in  Lemmas  |37.14.2[  |37.14.3[  and  |37.14.4| 


37.15.  IMPURITIES 


2664 


05IW 

05FW 

05IX 

05IY 

05FX 


37.15.  Impurities 


We  want  to  formalize  the  phenomenon  of  which  we  gave  examples  in  Section [37. 14| 
in  terms  of  specializations  of  points  of  Assx/s(A).  We  also  want  to  work  locally 
around  a point  s £ S.  In  order  to  do  so  we  make  the  following  definitions. 

Situation  37.15.1.  Here  S,  A are  schemes  and  / : X — > S is  a finite  type 
morphism.  Also,  F is  a finite  type  quasi-coherent  Ox-module.  Finally  s is  a point 
of  S. 

In  this  situation  consider  a morphism  g : T —¥  S,  a point  t £ T with  g(t ) = s,  a 
specialization  t!  t , and  a point  £ £ AY  in  the  base  change  of  A'  lying  over  if . 
Picture 

Xj'  — 


(37.15.1.1) 


£ 


if- 


T 


X 


S 


Moreover,  denote  Ft  the  pullback  of  F to  AY- 

Definition  37.15.2.  In  Situation  . 


37.15.1 


we  say  a diagram  (37.15.1.1 1 defines  an 


impurity  of  F above  s if  £ £ Ass xt/t{Ft)  and  {£}  D Xt  = 0.  We  will  indicate  this 
by  saying  “let  {g  : T — > S,t'  t,  £)  be  an  impurity  of  F above  s”. 


Lemma  37.15.3.  In  Situation 


37.15.1 


If  there  exists  an  impurity  of  F above 
S,  t'  t , £)  of  F above  s such  that  g is 


s,  then  there  exists  an  impurity  ( g : T 
locally  of  finite  presentation  and  t a closed  point  of  the  fibre  of  g above  s. 

Proof.  Let  (g  : T — > S.  t'  ^ t.  £)  be  any  impurity  of  F above  s.  We  apply  Limits, 
Lemma  31.13.1  to  t £ T and  Z = {£}  to  obtain  an  open  neighbourhood  V C T of 

t,  a commutative  diagram 

V s-  V 


and  a closed  subscheme  Z'  C AY'  such  that 

(1)  the  morphism  b : T'  — ► S is  locally  of  finite  presentation, 

(2)  we  have  Z'  fl  Xa^  = 0,  and 

(3)  Z fl  X v maps  into  Z'  via  the  morphism  X y — > X t>  ■ 

As  t'  specializes  to  t we  may  replace  T by  the  open  neighbourhood  V of  t.  Thus 
we  have  a commutative  diagram 

A t ^ A 7" >-  A 


Y 

T 


I 

T 


where  b o a = g.  Let  £'  £ AY'  denote  the  image  of  £.  By  Divisors,  Lemma  30.7.2| 
we  see  that  £'  £ Ass xT, Moreover,  by  construction  the  closure  of  {£'}  is 
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05IZ 


05J0 


contained  in  the  closed  subset  Z'  which  avoids  the  fibre  Xarty  In  this  way  we  see 
that  IT'  — > S,a(t')  is  an  impurity  of  T above  s. 

Thus  we  may  assume  that  g : T — > S is  locally  of  finite  presentation.  Let  Z = {£}. 
By  assumption  Zt  = 0.  By  More  on  Morphisms,  Lemma  36.19.1  this  means  that 
Zt"  = 0 for  t"  in  an  open  subset  of  {t\.  Since  the  fibre  of  T — ► 5 over  s is  a 
Jacobson  scheme,  see  Morphisms,  Lemma[28.16.10|we  find  that  there  exist  a closed 
point  t"  G {t}  such  that  Zt"  = 0.  Then  (g  : T — »•  S,  t'  t",f)  is  the  desired 
impurity.  □ 


Lemma  37.15.4.  In  Situation  37.15.1.  Let  (g  : T — > S,t'  t,f)  be  an  impurity 
of  T above  s.  Assume  S is  affine  and  that  T is  written  T = limigj  T*  as  a directed 
colimit  of  affine  schemes  over  S.  Then  for  some  i the  triple  ( Tj  — ► S,  t\  ti,  fi)  is 
an  impurity  of  IF  above  s. 

Proof.  The  notation  in  the  statement  means  this:  Let  fi  : T — > Ti  be  the  projection 
morphisms,  let  ti  = fi(t ) and  t[  = fi(t').  Finally  G Xxt  is  the  image  of  £.  By 
Divisors,  Lemma  30.7.2|  it  is  true  that  f,  is  a point  of  the  relative  assassin  of  J 
over  Tj.  Thus  the  only  point  is  to  show  that  {£j}n Xti  = 0 for  some  i.  Set  Z = {£}. 
Apply  Limits,  Lemma  |31.13.1|  to  this  situation  to  obtain  an  open  neighbourhood 
V C T of  t,  a commutative  diagram 


V 


V 


T 


and  a closed  subscheme  Z’  C Xt>  such  that 

(1)  the  morphism  b : T'  — > S is  locally  of  finite  presentation, 

(2)  we  have  Z'  n Xa^  = 0,  and 

(3)  Z D Xy  maps  into  Z'  via  the  morphism  Xy  — > Xt>  ■ 

We  may  assume  V is  an  affine  open  of  T,  hence  by  Limits,  Lemmas  |31.3.8|  and 


31.3.10 


we  can  find  an  i and  an  affine  open  Vi  C 7j  with  V = fi  (V).  By 


Limits,  Proposition  31.5.1  after  possibly  increasing  i a bit  we  can  find  a morphism 
dj  : Vi  — > T'  such  that  a = ai  o fi\y.  The  induced  morphism  X^  — t Xt>  maps  fi 
into  Z' . As  Z'  n XaM  = 0 we  conclude  that  ( Tj  — > 5,  t!i  ti,fi)  is  an  impurity  of 
T above  s.  □ 


Lemma  37.15.5. 

S,t'  - 
(g-T 


In  Situation  37. 15.1  If  there  exists  an  impurity  (g  : T — >■ 
t,f)  of  J-  above  s with  g quasi-finite  at  t,  then  there  exists  an  impurity 
■ S,t'  t,  f)  such  that  (T,  t)  — » (51,  s)  is  an  elementary  etale  neighbourhood. 


Proof.  Let  (g  : T — » S,t'  -w  t,  f)  be  an  impurity  of  J-  above  s such  that  g is 
quasi-finite  at  t.  After  shrinking  T we  may  assume  that  g is  locally  of  finite  type. 
Apply  More  on  Morphisms,  Lemma [36.30. 1| to  T — ► S and  14  s.  This  gives  us  a 
diagram 

T T xsU^ 


S -< U 


V 
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where  (U,u)  — > ( S,  s ) is  an  elementary  etale  neighbourhood  and  V C T xj  U is 
an  open  neighbourhood  of  v = (t,  u ) such  that  V ^ U is  finite  and  such  that  v 
is  the  unique  point  of  V lying  over  u.  Since  the  morphism  V — > T is  etale  hence 
flat  we  see  that  there  exists  a specialization  v'  v such  that  v'  h > t' . Note  that 
n{t')  C n(v')  is  finite  separable.  Pick  any  point  ( £ X V mapping  to  £ £ Xt>.  By 
we  see  that  ( £ Assxv/y(7y).  Moreover,  the  closure  {C} 


30.7.2 


Divisors,  Lemma 

does  not  meet  the  fibre  Xv  as  by  assumption  the  closure  {£}  does  not  meet  Xt.  In 
other  words  (V  — ► S,  v'  v,  Q is  an  impurity  of  7 above  S. 

Next,  let  u'  £ U'  be  the  image  of  v'  and  let  9 £ Xu  be  the  image  of  Then  9 v! 
and  v!  u.  By  Divisors,  Lemma  30.7.2  we  see  that  9 £ Ass Xu/ui^7)-  Moreover, 
as  7 r : Xy  — > Xu  is  finite  we  see  that  7t({£})  = {7t(£)}.  Since  v is  the  unique  point 
of  V lying  over  u we  see  that  Xu  n {t(£)}  = 0 because  Xv  fl  {C}  = 0-  In  this  way 
we  conclude  that  (U  — >■  5,  v!  u,  9)  is  an  impurity  of  T above  s and  we  win.  □ 


Lemma  37.15.6.  In  Situation  37.15.1  Assume  that  S is  locally  Noetherian.  If 
there  exists  an  impurity  of  T above  s,  then  there  exists  an  impurity  (<?  : T — > S,t' 
t,£)  of  IF  above  s such  that  g is  quasi-finite  at  t. 


Proof.  We  may  replace  S by  an  affine  neighbourhood  of  s.  By  Lemma [37. 15. 3| we 
may  assume  that  we  have  an  impurity  (g  : T S,t'  t,  £)  of  such  that  g is  locally 
of  finite  type  and  t a closed  point  of  the  fibre  of  g above  s.  We  may  replace  T by 
the  reduced  induced  scheme  structure  on  {t'}.  Let  Z = {£}  C Xt-  By  assumption 
Zt  = % and  the  image  of  Z — > T contains  t' . By  More  on  Morphisms,  Lemma  36.20.1 


there  exists  a nonempty  open  V C Z such  that  for  any  w £ f(V)  any  generic  point 
If  of  Vw  is  in  AssXt/t(J't).  By  More  on  Morphisms,  Lemma 


36.19.2 


there  exists  a 


nonempty  open  W C T with  W C f(V).  By  More  on  Morphisms,  Lemma  36.37.7 
there  exists  a closed  subscheme  V C T such  that  t £ T' , T'  — >•  S is  quasi-finite  at 
t,  and  there  exists  a point  z £ T'  fl  W,  z -w  t which  does  not  map  to  s.  Choose 
any  generic  point  £'  of  the  nonempty  scheme  Vz.  Then  (T'  — >■  S,  z ~-+  t,  £')  is  the 
desired  impurity.  □ 


In  the  following  we  will  use  the  henselization  Sh  = Spec(0gs)  of  S at  s,  see  Etale 
Cohomology,  Definition  49.33.2  Since  Sh  — ► S maps  to  closed  point  of  Sh  to  s and 
induces  an  isomorphism  of  residue  fields,  we  will  indicate  s £ Sh  this  closed  point 
also.  Thus  ( Sh , s ) — > (S,  s ) is  a morphism  of  pointed  schemes. 


Lemma  37.15.7.  In  Situation 


37.15.1 


If  there  exists  an  impurity  ( Sh  — > S,  s' 
s,£)  of  7 above  s then  there  exists  an  impurity  (T  t,£)  of  7 above  s 

where  (T,  t)  — > (S',  s)  is  an  elementary  etale  neighbourhood. 

Proof.  We  may  replace  S by  an  affine  neighbourhood  of  s.  Say  S = Spec(A) 
and  s corresponds  to  the  prime  p C A.  Then  Og  s = colim(To  T(T,  Ot)  where 
the  limit  is  over  the  opposite  of  the  cofiltered  category  of  affine  elementary  etale 
neighbourhoods  (T,  t)  of  (S,  s),  see  More  on  Morphisms,  Lemma  36.27.5|  and  its 
proof.  Hence  Sh  = linq  7 and  we  win  by  Lemma  37.15.4  □ 


37.15.1 


Lemma  37.15.8.  In  Situation 

(1)  there  exists  an  impurity  ( Sh 
henselization  of  S at  s, 


the  following  are  equivalent 


S, 


sj£)  of  7 above  s where  Sh  is  the 


37.16.  RELATIVELY  PURE  MODULES 


2667 


(2)  there  exists  an  impurity  (T  — > S,  t!  t,  £)  of  T above  s such  that  ( T,t ) — ► 
(S,  s)  is  an  elementary  etale  neighbourhood,  and 

(3)  there  exists  an  impurity  (T  — > S,t'  t,  £)  of  T above  s such  that  T — > S 
is  quasi-finite  at  t. 


Proof.  As  an  etale  morphism  is  locally  quasi-finite  it  is  clear  that  (2)  implies  (3). 
We  have  seen  that  (3)  implies  (2)  in  Lemma  37.15.5  We  have  seen  that  (1)  implies 

(2)  in  Lemma  37.15.7  Finally,  if  (T  -A  S,t'  ~-+  i,  £)  is  an  impurity  of  T above  s 
such  that  (T,  t)  — ► (5,  s)  is  an  elementary  etale  neighbourhood,  then  we  can  choose 
a factorization  Sh  — > T — > S of  the  structure  morphism  Sh  -A  S'.  Choose  any 
point  s'  £ S^1  mapping  to  t'  and  choose  any  f £ Xs>  mapping  to  £ £ Xt>.  Then 
(. Sh  -»•  S,  s'  s,£')  is  an  impurity  of  T above  s.  We  omit  the  details.  □ 


37.16.  Relatively  pure  modules 

05BB  The  notion  of  a module  pure  relative  to  a base  was  introduced  in  IGR71I. 

05J4  Definition  37.16.1.  Let  / : X — > S be  a morphism  of  schemes  which  is  of  finite 
type.  Let  T be  a finite  type  quasi-coherent  Ox-module. 

(1)  Let  s £ S.  We  say  T is  pure  along  Xs  if  there  is  no  impurity  (g  : T -A 
S,t'  t,f)  of  T above  s with  (T,t)  — > (S,s)  an  elementary  etale  neigh- 
bourhood. 

(2)  We  say  T is  universally  pure  along  Xs  if  there  does  not  exist  any  impurity 
of  T above  s. 

(3)  We  say  that  X is  pure  along  Xs  if  Ox  is  pure  along  Xs. 

(4)  We  say  T is  universally  S-pure , or  universally  pure  relative  to  S if  T is 
universally  pure  along  Xs  for  every  s £ S. 

(5)  We  say  T is  S-pure,  or  pure  relative  to  S if  T is  pure  along  Xs  for  every 
s £ S. 

(6)  We  say  that  X is  S-pure  or  pure  relative  to  S if  Ox  is  pure  relative  to  S. 


We  intentionally  restrict  ourselves  here  to  morphisms  which  are  of  finite  type  and 
not  just  morphisms  which  are  locally  of  finite  type,  see  Remark  37.16.2|  for  a dis- 
cussion. In  the  situation  of  the  definition  Lemma [37. 15. 8| tells  us  that  the  following 
are  equivalent 


(1)  JF  is  pure  along  Xs, 

(2)  there  is  no  impurity  (g  : T — ► S,t'  £,£)  with  g quasi-finite  at  t, 

(3)  there  does  not  exist  any  impurity  of  the  form  (Sh  -A  S,  s'  s,£),  where 
Sh  is  the  henselization  of  S at  s. 

If  we  denote  Xh  — X XsSh  and  J-h  the  pullback  of  T to  Xh , then  we  can  formulate 
the  last  condition  in  the  following  more  positive  way: 

(4)  All  points  of  AssXh/sh(J-h)  specialize  to  points  of  Xs. 

In  particular,  it  is  clear  that  T is  pure  along  Xs  if  and  only  if  the  pullback  of  T to 
A xg  Spec(C>s,s)  is  pure  along  Xs. 


05J5  Remark  37.16.2.  Let  / : X — » S be  a morphism  which  is  locally  of  finite  type 
and  J-  a quasi-coherent  finite  type  Ox-module.  In  this  case  it  is  still  true  that  (1) 
and  (2)  above  are  equivalent  because  the  proof  of  Lemma  37.15.5  does  not  use  that 
/ is  quasi-conrpact.  It  is  also  clear  that  (3)  and  (4)  are  equivalent.  However,  we 
don’t  know  if  (1)  and  (3)  are  equivalent.  In  this  case  it  may  sometimes  be  more 
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convenient  to  define  purity  using  the  equivalent  conditions  (3)  and  (4)  as  is  done  in 
lGR7l).  On  the  other  hand,  for  many  applications  it  seems  that  the  correct  notion 
is  really  that  of  being  universally  pure. 


A natural  question  to  ask  is  if  the  property  of  being  pure  relative  to  the  base  is 
preserved  by  base  change,  i.e.,  if  being  pure  is  the  same  thing  as  being  universally 
pure.  It  turns  out  that  this  is  true  over  Noetherian  base  schemes  (see  Lemma 


37.16.5),  or  if  the  sheaf  is  flat  (see  Lemmas  37.18.3  and  37.18.4).  It  is  not  true  in 

, see  Examp 
universally”  to 


general,  even  if  the  morphism  and  the  sheaf  are  of  finite  presentation,  see  Examples, 
Section  P 


L32  for  a counter  example.  First  we  match  our  usage  of 
the  usual  notion. 


05J6  Lemma  37.16.3.  Let  f : X S be  a morphism  of  schemes  which  is  of  finite 
type.  Let  T be  a finite  type  quasi- coherent  Ox-module.  Let  s £ S.  The  following 
are  equivalent 

(1)  T is  universally  pure  along  Xs,  and 

(2)  for  every  morphism  of  pointed  schemes  (S',  s')  -A  (S,s)  the  pullback  Ts> 
is  pure  along  Xs' . 

In  particular,  T is  universally  pure  relative  to  S if  and  only  if  every  base  change 
•Ps'  of  J-  is  pure  relative  to  S' . 

Proof.  This  is  formal.  □ 


05J7  Lemma  37.16.4.  Let  f : X -A  S be  a morphism  of  schemes  which  is  of  finite  type. 
Let  T be  a finite  type  quasi- coherent  Ox-module.  Let  s £ S.  Let  (S',  s')  — > (S,s) 
be  a morphism  of  pointed  schemes.  If  S'  — )•  S is  quasi-finite  at  s'  and  J-  is  pure 
along  Xs,  then  J-s>  is  pure  along  Xs' . 


05J8 


Proof.  It  (T  — > S' , t'  t,  £)  is  an  impurity  of  Fs'  above  s'  with  T -A  S'  quasi-finite 

at  t,  then  (T  —}S,t'—>  t,  £)  is  an  impurity  of  T above  s with  T -A  S quasi-finite 
at  t,  see  Morphisms,  Lemma  [28.20. 12|  Hence  the  lemma  follows  immediately  from 
the  characterization  (2)  of  purity  given  following  Definition  37.16.1  □ 


Lemma  37.16.5.  Let  f : X — ► S be  a morphism  of  schemes  which  is  of  finite  type. 
Let  J-  be  a finite  type  quasi- coherent  Ox -module.  Let  s £ S . If  Os,s  is  Noetherian 
then  J-  is  pure  along  Xs  if  and  only  if  T is  universally  pure  along  Xs. 


Proof.  First  we  may  replace  S by  Spec(C>s,s),  i.e. , we  may  assume  that  S is  Noe- 
therian. Next,  use  Lemma  37.15.6  and  characterization  (2)  of  purity  given  in  dis- 
cussion following  Definition  37.16.1  to  conclude.  □ 


Purity  satisfies  flat  descent. 

05J9  Lemma  37.16.6.  Let  f : X -4  S be  a morphism  of  schemes  which  is  of  finite  type. 
Let  T be  a finite  type  quasi- coherent  Ox -module.  Let  s £ S.  Let  (S',  s')  —>  (S,s) 
be  a morphism  of  pointed  schemes.  Assume  S'  — > S is  flat  at  s' . 

(1)  If  T s>  is  pure  along  Xs>,  then  T is  pure  along  Xs. 

(2)  If  Xs1  is  universally  pure  along  Xs>,  then  J-  is  universally  pure  along  Xs. 


Proof.  Let  (T  —>S,t'~*  t,f)  be  an  impurity  of  F above  s.  Set  T\  = T xg  S', 
and  let  t\  be  the  unique  point  of  T\  mapping  to  t and  s' . Since  Tf  — > T is  flat  at 
t\,  see  Morphisms,  Lemma  28.25.7,  there  exists  a specialization  t\  t\  lying  over 
t'  t,  see  Algebra,  Section  10.40  Choose  a point  £i  £ Xti  which  corresponds  to  a 
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05K1 


05K2 

05K3 


05K4 


generic  point  of  Spec(«;(t,1)  Z)K(t')  k(£)),  see  Schemes,  Lemma 


25.17.5 


By  Divisors, 


Lemma  30.7.2  we  see  that  € AssxTl /t\ (Xrt ) • As  the  Zariski  closure  of  {£1}  in 
Xt±  maps  into  the  Zariski  closure  of  {£}  in  Xt  we  conclude  that  this  closure  is 
disjoint  from  Xtl.  Hence  (Tj  — > ti,£i)  is  an  impurity  of  IFs'  above  s'.  In 

other  words  we  have  proved  the  contrapositive  to  part  (2)  of  the  lemma.  Finally,  if 
(T,  t)  -A  (S',  s)  is  an  elementary  etale  neighbourhood,  then  (Tj,ti)  -A  (S',  s')  is  an 
elementary  etale  neighbourhood  too,  and  in  this  way  we  see  that  (1)  holds.  □ 


Lemma  37.16.7.  Let  i : Z -A  X be  a closed  immersion  of  schemes  of  finite  type 
over  a scheme  S.  Let  s £ S.  Let  IF  be  a finite  type,  quasi- coherent  sheaf  on  Z . 
Then  T is  (universally)  pure  along  Zs  if  and  only  if  i*T  is  (universally)  pure  along 
Xs. 


Proof.  Omitted. 


□ 


37.17.  Examples  of  relatively  pure  sheaves 

Here  are  some  example  cases  where  it  is  possible  to  see  what  purity  means. 

Lemma  37.17.1.  Let  f : X -A  S be  a proper  morphism  of  schemes.  Then 
every  finite  type,  quasi- coherent  Ox-module  IF  is  universally  pure  relative  to  S.  In 
particular  X is  universally  pure  relative  to  S. 

Proof.  Let  (g  : T — y S,  t'  t,  £)  be  an  impurity  of  IF  above  s £ S.  Since  / is 
proper,  it  is  universally  closed.  Hence  fr  ■ Xt  — > T is  closed.  Since  frif)  = t'  this 
implies  that  t £ /({£})  which  is  a contradiction.  □ 

Lemma  37.17.2.  Let  f : X — >•  S be  a separated,  finite  type  morphism  of  schemes. 
Let  IF  be  a finite  type,  quasi- coherent  Ox-module.  Assume  that  Supp(Ts)  is  finite 
for  every  s £ S.  Then  the  following  are  equivalent 

(1)  T is  pure  relative  to  S, 

(2)  the  scheme  theoretic  support  of  IF  is  finite  over  S,  and 

(3)  IF  is  universally  pure  relative  to  S. 

In  particular,  given  a quasi-finite  separated  morphism  X — >•  S we  see  that  X is  pure 
relative  to  S if  and  only  if  X — >•  S is  finite. 


Proof.  Let  Z C A be  the  scheme  theoretic  support  of  T , see  Morphisms,  Definition 
28.5.5  Then  Z — > S is  a separated,  finite  type  morphism  of  schemes  with  finite 
fibres.  Hence  it  is  separated  and  quasi-finite,  see  Morphisms,  Lemma  28.20.10  By 
Lemma  |37.16.7|  it  suffices  to  prove  the  lemma  for  Z — > S and  the  sheaf  IF  viewed 
as  a finite  type  quasi-coherent  module  on  Z . Hence  we  may  assume  that  X — > S is 
separated  and  quasi-finite  and  that  Supp(Jr)  = X. 


It  follows  from  Lemma  37.17.1  and  Morphisms,  Lemma  28.43. 10|  that  (2)  implies 
(3).  Trivially  (3)  implies  (1).  Assume  (1)  holds.  We  will  prove  that  (2)  holds.  It  is 
clear  that  we  may  assume  S is  affine.  By  More  on  Morphisms,  Lemma |36. 3 1.3 
can  find  a diagram 


we 


■>■  T 


S 
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with  7T  finite  and  j a quasi-compact  open  immersion.  If  we  show  that  j is  closed, 
then  j is  a closed  immersion  and  we  conclude  that  / = 7ro  j is  finite.  To  show  that 
j is  closed  it  suffices  to  show  that  specializations  lift  along  j , see  Schemes,  Lemma 


25.19.8  Let  x £ X , set  t'  = j(x)  and  let  t'  t be  a specialization.  We  have  to 


show  t £ j( X).  Set  s'  = f{x)  and  s = ir(t)  so  s'  s.  By  More  on  Morphisms, 
Lemma  36.30.4  we  can  find  an  elementary  etale  neighbourhood  ( U , u)  — > ( S , s)  and 


a decomposition 

T[7  = Txs[/  = 1/I11L 

into  open  and  closed  subschemes,  such  that  V — > U is  finite  and  there  exists  a unique 
point  v of  V mapping  to  u , and  such  that  v maps  to  t in  T.  As  V — > T is  etale,  we 
can  lift  generalizations,  see  Morphisms,  Lemmas  28.25.8  and  28.36. 12|  Hence  there 
exists  a specialization  v'  v such  that  v'  maps  to  t'  £ T.  In  particular  we  see  that 
v’  £ Xjj  c Tv.  Denote  u'  £ U the  image  of  if . Note  that  v'  £ Ass Xu/u(^)  because 
Xui  is  a finite  discrete  set  and  Xu>  = Supp(Jru').  As  T is  pure  relative  to  S we  see 
that  v ' must  specialize  to  a point  in  Xu . Since  v is  the  only  point  of  V lying  over  u 
(and  since  no  point  of  W can  be  a specialization  of  v')  we  see  that  v £ Xu.  Hence 
t £ X.  □ 

05K5  Lemma  37.17.3.  Let  f : X S be  a finite  type,  flat  morphism  of  schemes  with 
geometrically  integral  fibres.  Then  X is  universally  pure  over  S. 

Proof.  Let  £ £ X with  s'  = /(£)  and  s'  s a specialization  of  S.  If  £ is 
an  associated  point  of  Xsi,  then  £ is  the  unique  generic  point  because  Xsi  is  an 
integral  scheme.  Let  £o  be  the  unique  generic  point  of  Xs.  As  I ->  S is  flat  we 
can  lift  s'  ^ s to  a specialization  £'  £o  in  X , see  Morphisms,  Lemma  28.25.8 
The  £ £'  because  £ is  the  generic  point  of  Xs>  hence  £ £o-  This  means  that 

(ids,  s'  — ► s,0  is  not  an  impurity  of  Ox  above  s.  Since  the  assumption  that  / is 
finite  type,  flat  with  geometrically  integral  fibres  is  preserved  under  base  change, 
we  see  that  there  doesn’t  exist  an  impurity  after  any  base  change.  In  this  way  we 
see  that  X is  universally  S'-pure.  □ 

05K6  Lemma  37.17.4.  Let  f : X —x  S be  a finite  type,  affine  morphism  of  schemes. 
Let  T be  a finite  type  quasi- coherent  Ox -module  such  that  f*fF  is  locally  projective 
on  S,  see  Properties,  Definition\27.21~l  Then  fF  is  universally  pure  over  S. 


Proof.  After  reducing  to  the  case  where  S is  the  spectrum  of  a henselian  local  ring 
this  follows  from  Lemma  (37.14. 11  □ 


37.18.  A criterion  for  purity 

05L2  We  first  prove  that  given  a flat  family  of  finite  type  quasi-coherent  sheaves  the 
points  in  the  relative  assassin  specialize  to  points  in  the  relative  assassins  of  nearby 
fibres  (if  they  specialize  at  all). 

05L3  Lemma  37.18.1.  Let  f : X — > S be  a morphism  of  schemes  of  finite  type.  Let 
F be  a quasi-coherent  Ox -module  of  finite  type.  Let  s £ S.  Assume  that  T is 
flat  over  S at  all  points  of  Xs.  Let  x'  £ Assx/s(J~)  f(x')  = s'  such  that 
s'  ^ s is  a specialization  in  S.  If  x'  specializes  to  a point  of  Xs,  then  x1  x with 
x £ AssXs(Fs). 

Proof.  Let  x'  t be  a specialization  with  t £ Xs.  We  may  replace  X by  an 
affine  neighbourhood  of  t and  S by  an  affine  neighbourhood  of  s.  Choose  a closed 
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immersion  i : X — > A§.  Then  it  suffices  to  prove  the  lemma  for  the  module  i„F  on 
A g and  the  point  i{x').  Hence  we  may  assume  X — > S is  of  finite  presentation. 


Let  x'  t be  a specialization  with  t £ Xs.  Set  A = Os,Sl  B = Ox,t , and  N = Ft. 
Note  that  B is  essentially  of  finite  presentation  over  A and  that  A is  a finite  B- 


module  flat  over  A.  Also  A is  a finitely  presented  R-module  by  Lemma  37.10.9 


Let  q'  C B be  the  prime  ideal  corresponding  to  x'  and  let  p'  C A be  the  prime 
ideal  corresponding  to  s'.  The  assumption  x'  £ Assx/si^)  means  that  q'  is  an 
associated  prime  of  A k(p').  Let  E C B be  the  multiplicative  subset  of  elements 

the  map  A -A  E_1A  is 


37.7.2 


which  are  not  zerodi visors  on  A/m^A.  By  Lemma 
universally  injective.  In  particular,  we  see  that  A «(p/)  — t E_1A  Cu  /t(p')  is 
injective  which  implies  that  q'  is  an  associated  prime  of  E-1  N®ak(p')  and  hence  q' 
is  in  the  image  of  Spec(E_1B)  — > Spec(H).  Thus  Lemma  37.7.1  implies  that  q'  C q 


for  some  prime  q £ Asss(A/m_4A)  (which  in  particular  implies  that  rriA  = A n q). 
If  x £ Xs  denotes  the  point  corresponding  to  q,  then  x £ Assxa(-7rs)  and  x'  x as 
desired.  □ 


05L4  Lemma  37.18.2.  Let  f : X — ► S be  a morphism  of  schemes  of  finite  type.  Let  F 
be  a quasi- coherent  Ox -module  of  finite  type.  Let  s £ S.  Let  {S',  s')  -A  (S,  s ) be  an 
elementary  etale  neighbourhood  and  let 

X -< X' 

9 

5-s S' 

be  a commutative  diagram  of  morphisms  of  schemes.  Assume 

(1)  T is  flat  over  S at  all  points  of  Xs, 

(2)  X'  — ► S'  is  of  finite  type , 

(3)  g*T  is  pure  along  X's,, 

(4)  g : X'  -A  X is  etale,  and 

(5)  g{X')  contains  Assxs(Fs). 

In  this  situation  F is  pure  along  Xs  if  and  only  if  the  image  of  X'  — >•  X x g S' 
contains  the  points  of  AssxxsS' /S'{B  Xg  S')  lying  over  points  in  S'  which  specialize 
to  s' . 


Proof.  Since  the  morphism  S'  —>  S is  etale,  we  see  that  if  F is  pure  along  Xs,  then 
F Xs  S'  is  pure  along  X8,  see  Lemma  37.16.4  Since  purity  satisfies  flat  descent,  see 
Lemma  37.16.6  we  see  that  if  F Xg  S'  is  pure  along  Xsi,  then  F is  pure  along  Xs. 
Hence  we  may  replace  S by  S'  and  assume  that  S = S'  so  that  g : X'  — > X is  an 
etale  morphism  between  schemes  of  finite  type  over  S.  Moreover,  we  may  replace 
S by  Spec(0giS)  and  assume  that  S is  local. 

First,  assume  that  F is  pure  along  Xs.  In  this  case  every  point  of  Assx/g(^r)  spe- 
cializes to  a point  of  Xs  by  purity.  Hence  by  Lemma|37.18.1|we  see  that  every  point 
of  Assx/g^)  specializes  to  a point  of  Assxs(^rs)-  Thus  every  point  of  Ass x/s(B) 
is  in  the  image  of  g (as  the  image  is  open  and  contains  Ass^s  (J^)). 

Conversely,  assume  that  g{X ')  contains  Ass,Y/g(Jr)-  Let  Sh  = Spec(C,|s)  be  the 
henselization  of  S at  s.  Denote  gh  : {X')h  — > Xh  the  base  change  of  q by  Sh  — > S , 
and  denote  Fh  the  pullback  of  F to  Xh.  By  Divisors,  Lemma  30.7.2|  and  Remark 
30.7.3  the  relative  assassin  Ass xh/sh(Fh)  is  the  inverse  image  of  Assx/g(^r)  via 
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the  projection  Xh  — » X.  As  we  have  assumed  that  g(X')  contains  Assx/s(-A)  we 
conclude  that  the  base  change  gh(( X’)h)  = g(X')  xj  Sh  contains  Ass xh/sh(Fh). 
In  this  way  we  reduce  to  the  case  where  S is  the  spectrum  of  a henselian  local 
ring.  Let  x £ Ass x/s(X).  To  finish  the  proof  of  the  lemma  we  have  to  show  that 
x specializes  to  a point  of  A's,  see  criterion  (4)  for  purity  in  discussion  following 
Definition  37.16.1|  By  assumption  there  exists  ai'e  X'  such  that  g(x')  = x.  As 
g : X’  — ¥ X is  etale,  we  see  that  x'  £ Ass x'/s(d*X),  see  Lemma  37.2.7  (applied  to 
the  morphism  of  fibres  X’w  — » Xw  where  w £ S is  the  image  of  x').  Since  g*F  is 
pure  along  X's  we  see  that  x'  y for  some  y £ X's.  Hence  x = g(x ')  g(y ) and 
g(y)  £ Xs  as  desired.  □ 


05L5  Lemma  37.18.3.  Let  f : X S be  a morphism  of  schemes.  Let  F be  a quasi- 
coherent  Ox-module.  Let  s £ S.  Assume 

(1)  f is  of  finite  type, 

(2)  F is  of  finite  type, 

(3)  F is  flat  over  S at  all  points  of  Xs,  and 

(4)  F is  pure  along  Xs. 

Then  F is  universally  pure  along  Xs. 


Proof.  We  first  make  a preliminary  remark.  Suppose  that  ( S',s' ) — » (S,s)  is  an 
elementary  etale  neighbourhood.  Denote  F'  the  pullback  of  F to  X'  = X xg  S'. 


By  the  discussion  following  Definition  37.16.1  we  see  that  F'  is  pure  along  X ’ 


Moreover,  F'  is  flat  over  S'  along  X's, . Then  it  suffices  to  prove  that  F'  is  universally 
pure  along  X's,.  Namely,  given  any  morphism  (T,t)  — >•  (5,  s)  of  pointed  schemes 
the  fibre  product  ( T',t ')  = (T  Xg  S',  ( t,s '))  is  flat  over  ( T,t ) and  hence  if  Tt>  is 
pure  along  Xt>  then  Ft  is  pure  along  Xt  by  Lemma [37. 16.6[  Thus  during  the  proof 
we  may  always  replace  (s,  S)  by  an  elementary  etale  neighbourhood.  We  may  also 
replace  S by  Spec(OsjS)  due  to  the  local  nature  of  the  problem. 

Choose  an  elementary  etale  neighbourhood  (S',  s')  — > (S,  s ) and  a commutative 
diagram 

X%$f;r:  X' 


Y 

s- 


Spec(£>s',s') 


such  that  X'  — ► X Xg  Spec(Os',s')  is  etale,  Xs  = g((X')s>),  the  scheme  X'  is  affine, 
and  such  that  T(X' ,g*F)  is  a free  Os'^-module,  see  Lemma  37.12.11  Note  that 
X'  — > Spec(0s')S/)  is  of  finite  type  (as  a quasi-compact  morphism  which  is  the 
composition  of  an  etale  morphism  and  the  base  change  of  a finite  type  morphism). 
By  our  preliminary  remarks  in  the  first  paragraph  of  the  proof  we  may  replace  S 
by  Spec(C,s,,s')-  Hence  we  may  assume  there  exists  a commutative  diagram 


of  schemes  of  finite  type  over  S,  where  g is  etale,  Xs  C g(X'),  with  S local  with 
closed  point  s,  with  X'  affine,  and  with  T(X',g*F)  a free  T(S',  (Ds)-module.  Note 
that  in  this  case  g*F  is  universally  pure  over  S,  see  Lemma  [37. 17. 4| 
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In  this  situation  we  apply  Lemma  37.18.2 
our  assumption  that  T is  pure  along  X 


to  deduce  that  Assa'/s^)  C g(X')  from 
and  flat  over  S along  Xs.  By  Divisors, 


Lemma |30 . 7. 2| and  Remark|30.7.3|we  see  that  for  any  morphism  of  pointed  schemes 
(T,  t ) — > (S,s)  we  have 


Ass xt/t{Xt)  C (Xt  — > X)  1(Assx/s(X ))  C g(X')  xg  T = gT(X'T). 

Hence  by  Lemma  |37.18.2|  applied  to  the  base  change  of  our  displayed  diagram  to 
(T,  t)  we  conclude  that  Tt  is  pure  along  Xt  as  desired.  □ 


05L6  Lemma  37.18.4.  Let  f : X — » S be  a finite  type  morphism  of  schemes.  Let  J-  be 
a finite  type  quasi- coherent  Ox -module.  Assume  T is  flat  over  S.  In  this  case  T 
is  pure  relative  to  S if  and  only  if  J-  is  universally  pure  relative  to  S. 


Proof.  Immediate  consequence  of  Lemma [37. 18. 3|  and  the  definitions.  □ 

05MA  Lemma  37.18.5.  Let  I be  a directed  partially  ordered  set.  Let  (Si,gip)  be  an 
inverse  system  of  affine  schemes  over  I.  Set  S = linp  Si  and  s £ S.  Denote  gt  : 
S — ^ Si  the  projections  and  set  Si  = gfis).  Suppose  that  f : X — ► S is  a morphism 
of  finite  presentation,  J-  a quasi- coherent  Ox -module  of  finite  presentation  which 
is  pure  along  Xs  and  flat  over  S at  all  points  of  Xs.  Then  there  exists  an  i £ I,  a 
morphism  of  finite  presentation  Xi  — > Si,  a quasi- coherent  Oxi~module  Ti  of  finite 
presentation  which  is  pure  along  (Xi)Si  and  flat  over  Si  at  all  points  of  ( Xi)Si  such 
that  X = Xi  xs,  S and  such  that  the  pullback  of  Xi  to  X is  isomorphic  to  T . 


Proof.  Let  U C X be  the  set  of  points  where  T is  flat  over  S.  By  More  on 
Morphisms,  Theorem  |36.12.1|  this  is  an  open  subscheme  of  X.  By  assumption 
Xs  C U.  As  Xs  is  quasi-compact,  we  can  find  a quasi-compact  open  U'  C U 
with  Xs  C U' . By  Limits,  Lemma  31.9.1  we  can  find  an  i £ I and  a morphism 
of  finite  presentation  fi  : Xi  — > Si  whose  base  change  to  S is  isomorphic  to  /,;. 
Fix  such  a choice  and  set  Xt>  = Xi  Xg.  Sp.  Then  X = lim.j/  Xp  with  affine 
transition  morphisms.  By  Limits,  Lemma  |31.9.2|  we  can,  after  possible  increasing 
i assume  there  exists  a quasi-coherent  Ox,- module  J~i  of  finite  presentation  whose 
base  change  to  S is  isomorphic  to  J- . By  Limits,  Lemma  31.3.8  after  possibly 
increasing  i we  may  assume  there  exists  an  open  U[  C Xi  whose  inverse  image  in 
X is  U' . Note  that  in  particular  (A'j)Si  C U[.  By  Limits,  Lemma  31.9.4  (after 
increasing  i once  more)  we  may  assume  that  Tj  is  flat  on  U[.  In  particular  we  see 
that  Ti  is  flat  along  (Xi)Sj. 


Next,  we  use  Lemma  37.12.5  to  choose  an  elementary  etale  neighbourhood  (S[,  s') 
(Si,  Si)  and  a commutative  diagram  of  schemes 


Xt 


9i 


X' 


V 


Si 


S' 


such  that  gi  is  etale,  (Xi)a.  C gfiX'fj,  the  schemes  X[,  S\  are  affine,  and  such  that 
F ( A' , g* ) is  a projective  r(5',  Og/)-module.  Note  that  g* T,  is  universally  pure 
over  S(,  see  Lemma  37.17.4  We  may  base  change  the  diagram  above  to  a diagram 
with  morphisms  (S'p,  s',)  ( Sp , sp ) and  gp  : X(,  — > Xp  over  Sp  for  any  i'  > i and 

we  may  base  change  the  diagram  to  a diagram  with  morphisms  (S',  s')  — > (S,s) 
and  g : X'  — > X over  S. 
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At  this  point  we  can  use  our  criterion  for  purity.  Set  Wj  CliXg,  S[  equal  to  the 
image  of  the  etale  morphism  X'  — >•  Xj  Xg.  S[.  For  every  i'  > i we  have  similarly 
the  image  W[,  C X,/  Xg.,  S[,  and  we  have  the  image  W'  C X Xg  S'.  Taking  images 
commutes  with  base  change,  hence  W[,  = W'  Xg<  S",  and  W'  = Wi  Xg<  S'.  Because 
T is  pure  along  Xs  the  Lemma  [37. 18.2|  implies  that 

(37.18.5.1)  r1(Spec(Os',s'))nAssXxss'/s'(J7xsS,)cWl 

By  More  on  Morphisms,  Lemma [36. 20. 5|  we  see  that 

E = {t  £ S'  | Assxt  (E)  C W'}  and  Ev  = {t  £ S[,  | Ass*,  C W^,} 

are  locally  constructible  subsets  of  S'  and  S[,.  By  More  on  Morphisms,  Lemma 
36.20.4  we  see  that  £)/  is  the  inverse  image  of  Ei  under  the  morphism  S[,  — > 
S[  and  that  E is  the  inverse  image  of  Ei  under  the  morphism  S'  — x S').  Thus 


Equation  (37.18.5.11  is  equivalent  to  the  assertion  that  SpecfOg/^/)  maps  into  Ei. 
As  Os',s’  = colimj/>j  Os'nS'.,  we  see  that  Spec(Og'/jS'( ) maps  into  Ei  for  some  i'  > i, 
see  Limits,  Lemma|31.3.7|  Then,  applying  Lemma|37.18.2|to  the  situation  over  Si>, 
we  conclude  that  Jv  is  pure  along  (Xi>)a., . □ 

05MC  Lemma  37.18.6.  Let  f : X — x S be  a morphism  of  finite  presentation.  Let  T be 
a quasi- coherent  Ox -module  of  finite  presentation  flat  over  S.  Then  the  set 

U = {s  £ S \ T is  pure  along  Xs} 

is  open  in  S. 


Proof.  Let  s £ U.  Using  Lemma  [37.12.5|  we  can  find  an  elementary  etale  neigh- 
bourhood (S',  s')  — > (S,s)  and  a commutative  diagram 


X 


X' 


S' 


such  that  g is  etale,  Xs  C g(X' ),  the  schemes  X' , S'  are  affine,  and  such  that 
Y(X',g*F)  is  a projective  T(S",  0g/)-module.  Note  that  g*T  is  universally  pure 
over  S' , see  Lemma  37.17.4[  Set  W'  C X xg  S'  equal  to  the  image  of  the  etale 
morphism  X'  — > X Xg  S'.  Note  that  W is  open  and  quasi-compact  over  S'.  Set 

E = {t  £ S'  \ Assxt(Xt)  C W'}. 

By  More  on  Morphisms,  Lemma  |36.20.5  if  is  a constructible  subset  of  S'.  By 
Lemma  37.18.2  we  see  that  Spec(C,g'jS/)  C E.  By  Morphisms,  Lemma  28.22.4  we 


see  that  E contains  an  open  neighbourhood  V'  of  s'.  Applying  Lemma  37.18.2 


once 


more  we  see  that  for  any  point  Si  in  the  image  of  V'  in  S the  sheaf  T is  pure  along 


XSl.  Since  S'  —X  S is  etale  the  image  of  V ’ in  S is  open  and  we  win. 


□ 


37.19.  How  purity  is  used 

05L7  Here  are  some  examples  of  how  purity  can  be  used.  The  first  lemma  actually  uses 
a slightly  weaker  form  of  purity. 

05L8  Lemma  37.19.1.  Let  f : X — » S be  a morphism  of  finite  type.  Let  T be  a quasi- 
coherent  sheaf  of  finite  type  on  X.  Assume  S is  local  with  closed  point  s.  Assume 
T is  pure  along  Xs  and  that  T is  flat  over  S.  Let  ip  : T —X  Q of  quasi- coherent 
Ox -modules.  Then  the  following  are  equivalent 
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(1)  the  map  on  stalks  ipx  is  injective  for  all  x £ Assas  (Fs),  and, 

(2)  ip  is  injective. 


Proof.  Let  1C  = Ker(^).  Our  goal  is  to  prove  that  K,  = 0. 


it  suffices  to  prove  that  WeakAssx(AH)  = 0,  see  Divisors,  Lemma  30.5.5 


In  order  to  do  this 
We  have 


Weak  Ass  x (AH)  C WeakAssx  (F) , see  Divisors,  Lemma  30.5.4 
from  Lemma 


37.13.4 


As  F is  flat  we  see 


that  WeakAssx(.A)  C Ass x/s{F).  By  purity  any  point  x'  of 
Assx/si-F)  is  a generalization  of  a point  of  Xs,  and  hence  is  the  specialization  of 
a point  x £ Assa s (Fs ) , by  Lemma  37.18.1  Hence  the  injectivity  of  tpx  implies  the 
injectivity  of  t px /,  whence  Xxj  =0.  □ 


05MD  Proposition  37.19.2.  Let  f : X — >•  S be  an  affine,  finitely  presented  morphism 
of  schemes.  Let  F be  a quasi- coherent  Ox-module  of  finite  presentation,  flat  over 
S.  Then  the  following  are  equivalent 

(1)  f*F  is  locally  projective  on  S,  and 

(2)  F is  pure  relative  to  S. 

In  particular,  given  a ring  map  A — >•  B of  finite  presentation  and  a finitely  presented 
B-module  N flat  over  A we  have:  N is  projective  as  an  A-module  if  and  only  if  N 
on  Spec (B)  is  pure  relative  to  Spec(A). 


Proof.  The  implication  (1)  =£*  (2)  is  Lemma  37.17.4  Assume  F is  pure  relative  to 
S.  Note  that  by  Lemma|37.18.3|this  implies  F remains  pure  after  any  base  change. 
By  Descent,  Lemma  [34. 6. 7|  it  suffices  to  prove  f*F  is  fpqc  locally  projective  on  S. 
Pick  s £ S.  We  will  prove  that  the  restriction  of  f*F  to  an  etale  neighbourhood  of 
s is  locally  projective.  Namely,  by  Lemma  37.12.5[  after  replacing  S by  an  affine 
elementary  etale  neighbourhood  of  s,  we  may  assume  there  exists  a diagram 


of  schemes  affine  and  of  finite  presentation  over  S,  where  g is  etale,  Xs  C g{X'), 
and  with  T(X',g*F)  a projective  r(6',  0s)-module.  Note  that  in  this  case  g*F  is 
universally  pure  over  S,  see  Lemma  [37. 17. 4[  Hence  by  Lemma  [37. 18. 2|  we  see  that 
the  open  g(X')  contains  the  points  of  Assa7s(.A)  lying  over  Spec(C>sjS).  Set 

E = {teS\  ASSXt(Ft)  C g(X')}. 


By  More  on  Morphisms,  Lemma  36.20.5  E is  a constructible  subset  of  S.  We  have 
seen  that  Spec(C)s,s)  C E.  By  Morphisms,  Lemma  28.22.4  we  see  that  E contains 


an  open  neighbourhood  of  s.  Hence  after  replacing  S by  an  affine  neighbourhood 
of  s we  may  assume  that  Assx/si-F)  C g( X').  By  Lemma  37.7.4  this  means  that 

r(X,7")  — T(X',g*F) 


is  r(A,  Os  (-universally  injective.  By  Algebra,  Lemma  [l0.88.7|  we  conclude  that 
r(X,  F)  is  Mittag-Leffier  as  an  r(S,  Ogj-module.  Since  L(A',  F)  is  countably  gen- 
erated and  flat  as  a r(S’,  0s)-module,  we  conclude  it  is  projective  by  Algebra, 
Lemma  110.92.11  □ 


We  can  use  the  proposition  to  improve  some  of  our  earlier  results.  The  following 
lemma  is  an  improvement  of  Proposition  |37.12.4| 
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05ME  Lemma  37.19.3.  Let  f : X — >•  S be  a morphism  which  is  locally  of  finite  presen- 
tation. Let  J-  be  a quasi- coherent  Ox -module  which  is  of  finite  presentation.  Let 
x £ X with  s = f(x)  £ S.  If  J-  is  flat  at  x over  S there  exists  an  affine  elemen- 
tary etale  neighbourhood  (S',  s')  — > ( S,s ) and  an  affine  open  U'  C X x$  S'  which 
contains  x’  — (x,s')  such  that  T(U',  F\u')  is  a projective  T (S' , Os') -module. 


Proof.  During  the  proof  we  may  replace  X by  an  open  neighbourhood  of  x and 
we  may  replace  S by  an  elementary  etale  neighbourhood  of  s.  Hence,  by  openness 
of  flatness  (see  More  on  Morphisms,  Theorem  36.12.1)  we  may  assume  that  T is 
flat  over  S.  We  may  assume  S and  X are  affine.  After  shrinking  X some  more  we 
may  assume  that  any  point  of  Assx.; (Xs)  is  a generalization  of  x.  This  property 
is  preserved  on  replacing  (S,  s)  by  an  elementary  etale  neighbourhood.  Hence  we 
may  apply  Lemma |37.12.5|  to  arrive  at  the  situation  where  there  exists  a diagram 


of  schemes  affine  and  of  finite  presentation  over  S,  where  g is  etale,  Xs  C g(X'), 
and  with  T(X'  ,g*T)  a projective  T(S,  0s)-module.  Note  that  in  this  case  g*T  is 
universally  pure  over  S,  see  Lemma  |37. 17. 4| 


Let  U C g(X')  be  an  affine  open  neighbourhood  of  x.  We  claim  that  T\ u is  pure 
along  Us.  If  we  prove  this,  then  the  lemma  follows  because  T\u  will  be  pure  relative 
to  S after  shrinking  S , see  Lemma|37.18.6[  whereupon  the  projectivity  follows  from 
Proposition  37.19.2  To  prove  the  claim  we  have  to  show,  after  replacing  (S,s) 


by  an  arbitrary  elementary  etale  neighbourhood,  that  any  point  £ of  Assjj/s(X\u) 
lying  over  some  s'  £ S,  s'  s specializes  to  a point  of  Us.  Since  U C g(X')  we 
can  find  a f £ X'  with  g(£')  = £.  Because  g*T  is  pure  over  S,  using  Lemma 
37.18.1  we  see  there  exists  a specialization  x'  with  x'  £ Ass.y >(g*J-s).  Then 


9(x')  £ Assxe (Xs)  (see  for  example  Lemma  [37.2.7|  applied  to  the  etale  morphism 
X's  — > Xs  of  Noetherian  schemes)  and  hence  g(x')  x by  our  choice  of  X above! 
Since  x £ U we  conclude  that  g(x')  £ U.  Thus  £ = g(f')  g(x')  £ Us  as 

desired.  □ 


The  following  lemma  is  an  improvement  of  Lemma |37.12.9| 

05MF  Lemma  37.19.4.  Let  f : X — > S be  a morphism  which  is  locally  of  finite  type. 
Let  J-  be  a quasi- coherent  Ox -module  which  is  of  finite  type.  Let  x £ X with 
s = f(x)  £ S.  If  T is  flat  at  x over  S there  exists  an  affine  elementary  etale 
neighbourhood  (S',  s')  — > (S,s)  and  an  affine  open  U'  C X Xj  Spec  (Os',s')  which 
contains  x'  = (x,s')  such  that  T(U',  X\u’)  is  a free  Os\ s'  -module. 


Proof.  The  question  is  Zariski  local  on  X and  S.  Hence  we  may  assume  that  X 
and  S are  affine.  Then  we  can  find  a closed  immersion  i : X — >■  Ag  over  S.  It  is 
clear  that  it  suffices  to  prove  the  lemma  for  the  sheaf  i*T  on  A g and  the  point 
i(x).  In  this  way  we  reduce  to  the  case  where  X — > S is  of  finite  presentation.  After 
replacing  S by  Spec(C>sqs/)  and  X by  an  open  of  X XsSpec(Os'jS/)  we  may  assume 
that  T is  of  finite  presentation,  see  Proposition  37.10.3|  In  this  case  we  may  appeal 
to  Lemma [37.19.3|  and  Algebra,  Theorem  |10.84.4  to  conclude.  □ 


37.20.  FLATTENING  FUNCTORS 


2677 


05U7 


OASX 


05MG 

05MH 

05MI 


Lemma  37.19.5.  Let  A -A  B be  a local  ring  map  of  local  rings  which  is  essentially 
of  finite  type.  Let  N be  a finite  B-module  which  is  flat  as  an  A-module.  If  A is 
henselian,  then  N is  a filtered  colimit 

N = colim,;  Fi 

of  free  A-modules  Fi  such  that  all  transition  maps  Ui  : Fi  — > Fp  of  the  system  induce 
injective  maps  Ui  : Fi/mAFi  — » Fp  /mAFp . Also,  N is  a Mittag-Leffier  A-module. 

Proof.  We  can  find  a morphism  of  finite  type  X — > S = Spec(A)  and  a point  x £ X 
lying  over  the  closed  point  s of  S and  a finite  type  quasi-coherent  Ox-module  T 
such  that  Fx  = N as  an  A-module.  After  shrinking  X we  may  assume  that  each 


point  of  Assx,  (Fs)  specializes  to  x.  By  Lemma  37.19.4  we  see  that  there  exists  a 


fundamental  system  of  affine  open  neighbourhoods  Ui  C X of  x such  that  T(Ui,  F) 
is  a free  A-module  Fi.  Note  that  if  Up  C Ui,  then 

Fi/mAFi  = T(Ups,Fs)  — T(UpiS,Fs)  = Fp/mAFp 

is  injective  because  a section  of  the  kernel  would  be  supported  at  a closed  subset 
of  Xs  not  meeting  x which  is  a contradiction  to  our  choice  of  X above.  Since 
the  maps  F,  — ► Fp  are  A-universally  injective  (Lemma  37.7.51  it  follows  that  N is 
Mittag-Leffier  by  Algebra,  Lemma[l0.88.8|  □ 

The  following  lemma  should  be  skipped  if  reading  through  for  the  first  time. 

Lemma  37.19.6.  Let  A -A  B be  a local  ring  map  of  local  rings  which  is  essentially 
of  finite  type.  Let  N be  a finite  B-module  which  is  flat  as  an  A-module.  If  A is  a 
valuation  ring,  then  any  element  of  N has  a content  ideal  I C A (More  on  Algebra, 


Definition  15.18.1). 

Proof.  Let  A C Ah  be  the  henselization.  Let  B'  be  the  localization  of  B <g)A  Ah 
at  the  maximal  ideal  ms  ® Ah  + B ® m^/. . Then  B — > B'  is  flat,  hence  faithfully 
flat.  Let  N'  = N B' . Let  x £ N and  let  x ' £ N'  be  the  image.  We  claim 

that  for  an  ideal  / C A we  have  x £ IN  <t=>  x'  £ IN' . Namely,  N/IN  -A  N' /IN' 
is  the  tensor  product  of  B — > B'  with  N/IN  and  B -A  B'  is  universally  injective 
by  Algebra,  Lemma  |10.81.1l]  By  More  on  Algebra,  Lemma  |15.84.5|  and  Algebra, 
Lemma  10.49.17  the  map  A — > Ah  defines  an  inclusion  preserving  bijection  1 H > IAh 


on  sets  of  ideals.  We  conclude  that  x has  a content  ideal  in  A if  and  only  if  x'  has 
a content  ideal  in  Ah.  The  assertion  for  x'  £ N'  follows  from  Lemma  [37. 19.51  and 
Algebra,  Lemma  10.88.6  □ 


37.20.  Flattening  functors 


Let  S be  a scheme.  Recall  that  a functor  F : ( Sch/S)opp  — > Sets  is  called  limit 
preserving  if  for  every  directed  inverse  system  {Xj}i6j  of  affine  schemes  with  limit 
T we  have  F(T)  = colim,;  F(Tj). 


Situation  37.20.1.  Let  / : X — ► S be  a morphism  of  schemes.  Let  u : F — > Q be 
a homomorphism  of  quasi-coherent  O.v-modules.  For  any  scheme  T over  S we  will 
denote  ut  '■  Ft  —t  Qt  the  base  change  of  u to  T,  in  other  words,  ut  is  the  pullback 
of  u via  the  projection  morphism  Xp  = X Xg  T — > X.  In  this  situation  we  can 
consider  the  functor 


(37.20.1.1) 

Fiso  : (Sch/S)opp  — ► Sets, 


{{*}  if  ut  is  an  isomorphism, 
0 else. 
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There  are  variants  Finj , Fsurj,  Fzero  where  we  ask  that  ut  is  injective,  surjective, 
or  zero. 

05MJ 

(1)  Each  of  the  functors  FiSO,  Finj,  Fsurj,  Fzero  satisfies  the  sheaf  property 
for  the  fpqc  topology. 

(2)  If  f is  quasi-compact  and  Q is  of  finite  type,  then  Fsurj  is  limit  preserving. 

(3)  If  f is  quasi-compact  and  T of  finite  type,  then  Fzero  is  limit  preserving. 

(4)  If  f is  quasi- compact,  T is  of  finite  type,  and  Q is  of  finite  presentation, 
then  FiSO  is  limit  preserving. 


Lemma  37.20.2.  In  Situation 


37.20.1 


Proof.  Let  {7j  -A  T}iej  be  an  fpqc  covering  of  schemes  over  S.  Set  Xi  = Xt,  = 
X Xs  Ti  and  Ui  = Ut,  ■ Note  that  {Xi  -A  Xrjier  is  an  fpqc  covering  of  Xt,  see 
Topologies,  Lemma. [33. 8. 7[  In  particular,  for  every  x £ Xt  there  exists  an  i £ I and 
an  xt  £ Xi  mapping  to  x.  Since  OxT,x  — > Oxi,Xi  is  Sat,  hence  faithfully  flat  (see 
Algebra,  Lemma  10.38.17)  we  conclude  that  {uf)Xi  is  injective,  surjective,  bijective, 


or  zero  if  and  only  if  ( ut)x  is  injective,  surjective,  bijective,  or  zero.  Whence  part 
(1)  of  the  lemma. 

Proof  of  (2).  Assume  / quasi-conrpact  and  Q of  finite  type.  Let  T = lim,e  j Tj  be  a 
directed  limit  of  affine  S'-schemes  and  assume  that  ut  is  surjective.  Set  X f = Xt,  = 
X Xs  Ti  and  Ui  = ut,  '■  Xi  = Ft,  —*■  G%  = Gt,  ■ To  prove  part  (2)  we  have  to  show 
that  Ui  is  surjective  for  some  i.  Pick  i0  £ I and  replace  I by  {*  | i > to}-  Since  / is 
quasi-conrpact  the  scheme  Xi0  is  quasi-compact.  Hence  we  may  choose  affine  opens 
W\, . . . , Wm  C X and  an  affine  open  covering  Xla  = U . . . U such  that 

Uj,i0  maps  into  W7  under  the  projection  morphism  Xio  — ► X.  For  any  i £ I let  Uj,i 
be  the  inverse  image  of  Uj,i0 . Setting  Uj  = lim*  Ujj  we  see  that  Xt  = U\  U . . . U Um 
is  an  affine  open  covering  of  Xt-  Now  it  suffices  to  show,  for  a given  j £ {1, . . . , to} 
that  Ui\u  . is  surjective  for  some  i = i(j)  £ I . Using  Properties,  Lemma  27.16.1  this 
translates  into  the  following  algebra  problem:  Let  A be  a ring  and  let  u : M — > N 
be  an  A-module  map.  Suppose  that  R = colinug/  Ri  is  a directed  colimit  of  A- 
algebras.  If  TV  is  a finite  A-module  and  if  m & 1 : M (g)^  R—>N  R is  surjective, 
then  for  some  i the  map  u®  1 : M Ri  — >■  TV Ri  is  surjective.  This  is  Algebra, 


Lemma  10.126.3  part  (2). 

Proof  of  (3).  Exactly  the  same  arguments  as  given  in  the  proof  of  (2)  reduces  this  to 
the  following  algebra  problem:  Let  A be  a ring  and  let  u : M — >•  TV  be  an  A-module 
map.  Suppose  that  R = colimiej  Ri  is  a directed  colimit  of  A-algebras.  If  M is  a 
finite  A-module  and  if  u g>  1 : M gu  R — > TV  g^  R is  zero,  then  for  some  i the  map 
ug  1 : M gA  Ri  — > TV  gA  Ri  is  zero.  This  is  Algebra,  Lemma  10.126.3  part  (1). 

Proof  of  (4).  Assume  / quasi-compact  and  T,  Q of  finite  presentation.  Arguing 
in  exactly  the  same  manner  as  in  the  previous  paragraph  (using  in  addition  also 


Properties,  Lemma  27.16.2)  part  (3)  translates  into  the  following  algebra  statement: 
Let  A be  a ring  and  let  u : M — ► TV  be  an  A-module  map.  Suppose  that  R = 
colimigj  Ri  is  a directed  colimit  of  A-algebras.  Assume  M is  a finite  A-module,  TV 
is  a finitely  presented  A-module,  and  Ttg  1 : M g a R — > TV  gA  R is  an  isomorphism. 
Then  for  some  i the  map  u g 1 : M gA  Ri  —>  TV  gA  Ri  is  an  isomorphism.  This  is 
Algebra,  Lemma  10.126.3  part  (3).  □ 


05MK  Situation  37.20.3.  Let  (A,itia)  be  a local  ring.  Denote  C the  category  whose 
objects  are  A-algebras  A'  which  are  local  rings  such  that  the  algebra  structure 
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05ML 

05MM 

05MN 


05P4 


05P5 


A — > A'  is  a local  homomorphism  of  local  rings.  A morphism  between  objects 
A'  1 A"  of  C is  a local  homomorphism  A'  — > A"  of  A-algebras.  Let  A — > B be  a 
local  ring  map  of  local  rings  and  let  M be  a H-module.  If  A!  is  an  object  of  C we 
set  B'  = B ®a  A'  and  we  set  M'  = M ®a  A'  as  a H'-module.  Given  A'  £ Ob(C), 
consider  the  condition 

(37.20.3.1)  Vq  € V(m.A'B'  + m bB')  C Spe^l?')  : M'q  is  flat  over  A'. 

Note  the  similarity  with  More  on  Algebra,  Equation  (|15. 13.1.1).  In  particular,  if 
A ' — > A"  is  a morphism  of  C and  (37.20.3.1)  holds  for  A',  then  it  holds  for  A ",  see 


More  on  Algebra,  Lemma  [15. 13.2[  Hence  we  obtain  a functor 

>} 


(37.20.3.2) 


Fif-C 


Sets,  A1 


if  (37.20.3.1)  holds, 
else. 


Lemma  37.20.4.  In  Situation  37.20.3. 

(1)  If  A1  — > A"  is  a flat  morphism  in  C then  Ffi(A')  = Fif(A"). 

(2)  If  A — * B is  essentially  of  finite  presentation  and  M is  a B-module  of 
finite  presentation,  then  Ffi  is  limit  preserving:  If  {Ai}iej  is  a directed 
system  of  objects  ofC,  then  -F/i(colinii  A;)  = colinp  Ffi(Ai). 


Proof.  Part  (1)  is  a special  case  of  More  on  Algebra,  Lemma  15.13.3  Part  (2)  is 
a special  case  of  More  on  Algebra,  Lemma |15.13.4| 


□ 


Lemma  37.20.5.  In  Situation  37.20.3  suppose  that  B -A  C is  a local  map  of  local 
A-algebras  and  that  M = N as  B -modules.  Denote  F[j  : C Sets  the  functor 
associated  to  the  pair  ( C , N).  If  B — ► C is  finite,  then  Fif  = F[j. 

Proof.  Let  A'  be  an  object  of  C.  Set  C'  = C (S>a  A'  and  N'  = N ($>a  A'  similarly  to 


the  definitions  of  B' , M'  in  Situation  37.20.3  Note  that  M'  = N'  as  H'-modules. 
The  assumption  that  B — > C is  finite  has  two  consequences:  (a)  me  = \fmsC  and 
(b)  B'  — > C'  is  finite.  Consequence  (a)  implies  that 


V(m a'C  + mcC")  = (Spec(C")  -»•  Spec^'))  1 V(m A>B'  + m bB'). 

Suppose  q C V(m.A'B'  + m bB').  Then  M'q  is  flat  over  A'  if  and  only  if  the  C'- 
module  N'  is  flat  over  A'  (because  these  are  isomorphic  as  A'-modules)  if  and  only 
if  for  every  maximal  ideal  r of  C'  the  module  Af  is  flat  over  A ' (see  Algebra,  Lemma 
10.38.19 ).  As  B'q  — > C'q  is  finite  by  (b),  the  maximal  ideals  of  C'a  correspond  exactly 


to  the  primes  of  C’  lying  over  q (see  Algebra,  Lemma  10.35.20)  and  these  primes 
are  all  contained  in  F(m A'C'  + m cC’)  by  the  displayed  equation  above.  Thus  the 
result  of  the  lemma  holds.  □ 


Lemma  37.20.6.  In  Situation  37.20.3  suppose  that  B — » C is  a flat  local  homo- 
morphism of  local  rings.  Set  N = M C.  Denote  F : C — > Sets  the  functor 
associated  to  the  pair  ( C , N).  Then  Fif  = F[^. 

Proof.  Let  A!  be  an  object  of  C.  Set  C’  = A!  and  N'  = N®aA'  = M'  ®b'  C' 
similarly  to  the  definitions  of  B' , M'  in  Situation  |37. 20. 3|  Note  that 

P(m a’B'  + m bB')  = Spec(K(ms)  (gu  K(m.4')) 

and  similarly  for  P(m a'C'  + mcC").  The  ring  map 

n{mB)  <S>a  k(iha')  — > x(mc)  Oa  K{mA') 
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is  faithfully  flat,  hence  V{m.A'C  AmcC')  -A  V(mA'B'+mBB')  is  surjective.  Finally, 
if  r G V(m.A'C  + m cC")  maps  to  q G V(m a'B'  + m bB'),  then  M'  is  flat  over  A!  if 
and  only  if  TV'  is  flat  over  A!  because  B'  -A  C'  is  flat,  see  Algebra,  Lemma  10.38.9 
The  lemma  follows  formally  from  these  remarks.  □ 


05MP  Situation  37.20.7.  Let  / : A — > S be  a smooth  morphism  with  geometrically 
irreducible  fibres.  Let  F be  a quasi-coherent  Ox-module  of  finite  type.  For  any 
scheme  T over  S we  will  denote  Ft  the  base  change  of  F to  T,  in  other  words,  Ft 
is  the  pullback  of  F via  the  projection  morphism  AY  = X Xj  T — > A.  Note  that 
A t — > T is  smooth  with  geometrically  irreducible  fibres,  see  Morphisms,  Lemma 
|28.34.5|  and  More  on  Morphisms,  Lemma [36. 22. 2|  Let  p > 0 be  an  integer.  Given 
a point  t G T consider  the  condition 

05MQ  (37.20.7.1)  Ft  is  free  of  rank  p in  a neighbourhood  of  ft 


05MR 


05MS 


where  ft  is  the  generic  point  of  the  fibre  Xt.  This  condition  for  all  t G T is  stable 

under  base  change,  and  hence  we  obtain  a functor 

(37.20.7.2) 

H . ( Sch/ s)°pp > Sets  M if  Ft  satisfies  (|37.20.7.1|)  Vf  G T, 


else. 


37.20.1 


Lemma  37.20.8.  In  Situation 

(1)  The  functor  Hp  satisfies  the  sheaf  property  for  the  fpqc  topology. 

(2)  If  F is  of  finite  presentation,  then  functor  Hp  is  limit  preserving. 

Proof.  Let  {T*  — > T}ie/  be  an  fpqc[j]  covering  of  schemes  over  S.  Set  X.,  = Xt \ = 
XxsTi  and  denote  Fz  the  pullback  of  F to  A,;.  Assume  that  F%  satisfies  (37.20.7.1 ) 
for  all  i.  Pick  f G T and  let  ft  G X t denote  the  generic  point  of  Xt.  We  have  to 
show  that  F is  free  in  a neighbourhood  of  ft-  For  some  i G I we  can  find  a ti  G T,; 
mapping  to  t.  Let  G A,:  denote  the  generic  point  of  Xt. , so  that  maps  to  ft.  The 
fact  that  Fi  is  free  of  rank  p in  a neighbourhood  of  implies  that  ( Ff)Xi  = x. 
which  implies  that  Ft,£±  — , as  OxT,it  ®Xt,x t is  Sat,  see  for  example 


Algebra,  Lemma  10.77.5 
and  a surjection  Ovp 


Thus  there  exists  an  affine  neighbourhood  U of  ft  in  Xt 
Fu  = Ft\u j see  Modules,  Lemma  17.9.4  After  shrinking 
T we  may  assume  that  U — > T is  surjective.  Hence  U — > T is  a smooth  morphism 
of  affines  with  geometrically  irreducible  fibres.  Moreover,  for  every  t'  G T we  see 
that  the  induced  map 


« : °?L. 


Fu,it, 


is  an  isomorphism  (since  by  the  same  argument  as  before  the  module  on  the  right 
is  free  of  rank  p).  It  follows  from  Lemma  37.10.1  that 


r(E7,  Offi)  (8>r(T,oT)  Ot,v  — > ^{U,Fu)  ®r(T,e>T)  Ot,v 

is  injective  for  every  t'  G T.  Hence  we  see  the  surjection  a is  an  isomorphism.  This 
finishes  the  proof  of  (1). 

Assume  that  F is  of  finite  presentation.  Let  T = lining/  Tt  be  a directed  limit  of 


affine  ^-schemes  and  assume  that  Ft  satisfies  (37.20.7.1 ).  Set  X,  = A^.  = A XgT, 


and  denote  F,  the  pullback  of  F to  Aj.  Let  U C XT  denote  the  open  subscheme 


1 It.  is  quite  easy  to  show  that  Hp  is  a sheaf  for  the  fppf  topology  using  that  flat  morphisms 
of  finite  presentation  are  open.  This  is  all  we  really  need  later  on.  But  it  is  kind  of  fun  to  prove 
directly  that  it  also  satisfies  the  sheaf  condition  for  the  fpqc  topology. 
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of  points  where  Tt  is  flat  over  T,  see  More  on  Morphisms,  Theorem  |36.12.l[  By 
assumption  every  generic  point  of  every  fibre  is  a point  of  U,  i.e. , U — t T is  a 
smooth  surjective  morphism  with  geometrically  irreducible  fibres.  We  may  shrink 
U a bit  and  assume  that  U is  quasi-compact.  Using  Limits,  Lemma  31.3.8  we  can 
find  an  i £ I and  a quasi-compact  open  {/*  C Xj  whose  inverse  image  in  Xt  is 
U.  After  increasing  i we  may  assume  that  Ti\u,  is  flat  over  Tj,  see  Limits,  Lemma 


31.9.4  In  particular,  u is  finite  locally  free  hence  defines  a locally  constant  rank 
function  p : Ui  -A  {0, 1,  2, . . .}.  Let  (Ui)p  C Ui  denote  the  open  and  closed  subset 
where  p has  value  p.  Let  V)  C Tj  be  the  image  of  (t/j)p;  note  that  V);  is  open  and 
quasi-compact.  By  assumption  the  image  of  T — > Ti  is  contained  in  V).  Hence  there 
i such  that  T f — > Ti  factors  through  Vj  by  Limits,  Lemma  31.3.8 


exists  an  i > 

Then  Tv  satisfies  (137.20. 7. lh  as  desired.  Some  details  omitted. 


□ 


05MT 


Situation  37.20.9.  Let  / : X — >•  S be  a morphism  of  schemes  which  is  of  finite 
type.  Let  T be  a quasi-coherent  Ojc-module  of  finite  type.  For  any  scheme  T over 
S we  will  denote  Tt  the  base  change  of  T to  T,  in  other  words,  Tt  is  the  pullback 
of  T via  the  projection  morphism  Xt  = X Xg  T — > X.  Note  that  XT  — > T is  of 
finite  type  and  that  Tt  is  an  C>xT-module  of  finite  type,  see  Morphisms,  Lemma 
|28.15.4|and  Modules,  Lemma  [17.9.2|  Let  n > 0.  We  say  that  Tt  is  flat  over  T in 
dimensions  > n if  for  every  t £ T the  closed  subset  Z C Xt  of  points  where  Tt  is 


not  flat  over  T (see  Lemma  37.10.4 1 satisfies  dim(Z)  < n for  all  t £T.  Note  that  if 
this  is  the  case,  and  if  T'  — > T is  a morphism,  then  Tt<  is  also  flat  in  dimensions  > n 


over  T',  see  Morphisms,  Lemmas  28.25.6  and  28.28.3  Hence  we  obtain  a functor 
(37.20.9.1) 


05MU 


Fn  : ( Sch/S)opp  — A Sets,  T 


{*}  if  Tt  is  flat  over  T in  dim  > n, 
0 else. 


05MV 

(1)  The  functor  Fn  satisfies  the  sheaf  property  for  the  fpqc  topology. 

(2)  If  f is  quasi-compact  and  locally  of  finite  presentation  and  T is  of  finite 
presentation , then  the  functor  Fn  is  limit  preserving. 


Lemma  37.20.10.  In  Situation 


37.20.9 


Proof.  Let  {Tj  -A  T} iej  be  an  fpqc  covering  of  schemes  over  S.  Set  Xi  = Xt,  = 
X Xs  T and  denote  Ti  the  pullback  of  T to  X j.  Assume  that  Ti  is  flat  over  Tj  in 
dimensions  > n for  all  i.  Let  t £ T.  Choose  an  index  i and  a point  tj  £ Tj  mapping 
to  t.  Consider  the  cartesian  diagram 

^Spec(OT.t)  * -^-Spec 

V Y 

Spec(0T,t)  Spec(0Tl,tl) 


As  the  lower  horizontal  morphism  is  flat  we  see  from  More  on  Morphisms,  Lemma 
36.12.21  that  the  set  Zi  C Xt  where  Ti  is  not  flat  over  Tj  and  the  set  Z C Xt  where 


Tt  is  not  flat  over  T are  related  by  the  rule  Zi  = ZKu.y  Hence  we  see  that  Tt  is 
flat  over  T in  dimensions  > n by  Morphisms,  Lemma  [28. 28. 3| 


Assume  that  / is  quasi-compact  and  locally  of  finite  presentation  and  that  T is  of 
finite  presentation.  In  this  paragraph  we  first  reduce  the  proof  of  (2)  to  the  case 
where  / is  of  finite  presentation.  Let  T = linijgj  Tj  be  a directed  limit  of  affine  S- 
schemes  and  assume  that  Tt  is  flat  in  dimensions  > n.  Set  Xj  = Xt,  = XxgTi  and 
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05MW 

05MX 

05MY 


052F 

05P6 


denote  T the  pullback  of  T to  Xj.  We  have  to  show  that  T,  is  flat  in  dimensions 
> n for  some  i.  Pick  i0  £ I and  replace  I by  {i  \ i > io}.  Since  Tio  is  affine  (hence 
quasi-conrpact)  there  exist  finitely  many  affine  opens  Wj  C S,  j = 1, . . . , m and  an 
affine  open  overing  Tj0  = (J  -=1  m Vjt j0  such  that  Tl0^S  maps  Vj_iu  into  Wj . For 
i > io  denote  Vhl  the  inverse  image  of  Vjj0  in  Tj.  If  we  can  show,  for  each  j,  that 
there  exists  an  i such  that  Ty. ; is  flat  in  dimensions  > n,  then  we  win.  In  this  way 
we  reduce  to  the  case  that  S is  affine.  In  this  case  X is  quasi-conrpact  and  we  can 
choose  a finite  affine  open  covering  X = Wi  U . . . U Wm.  In  this  case  the  result  for 
(X  — > S,T)  is  equivalent  to  the  result  for  (U  Hj,  U T\w  )■  Hence  we  may  assume 
that  / is  of  finite  presentation. 


Assume  / is  of  finite  presentation  and  T is  of  finite  presentation.  Let  U C Xt  de- 
note the  open  subscheme  of  points  where  Tt  is  flat  over  T,  see  More  on  Morphisms, 
Theorem  |36.12.1[  By  assumption  the  dimension  of  every  fibre  of  Z = Xt  \ U over 


T has  dimension  < n.  By  Limits,  Lemma  |31.14.3|  we  can  find  a closed  subscheme 
Z C Z'  C Xt  such  that  dim (Z't)  < n for  all  t € T and  such  that  Z'  -A  Xt  is  of 
finite  presentation.  By  Limits,  Lemmas  |31. 9. 1|  and  |31. 7. 4|  there  exists  an  i £ I and 
a closed  subscheme  Z\  C X,;  of  finite  presentation  whose  base  change  to  T is  Z' . 
By  Limits,  Lemma  31.14.1  we  may  assume  all  fibres  of  Z[  -A  Tj  have  dimension 
< n.  By  Limits,  Lemma  31.9.4  we  may  assume  that  Ti\ xat'.  is  flat  over  Tj.  This 
implies  that  Tj  is  flat  in  dimensions  > n;  here  we  use  that  Z'  — > Xt  is  of  finite 
presentation,  and  hence  the  complement  Xt  \ Z'  is  quasi-compact!  Thus  part  (2) 
is  proved  and  the  proof  of  the  lemma  is  complete.  □ 


Situation  37.20.11.  Let  / : X — ► S be  a morphism  of  schemes.  Let  T be  a quasi- 
coherent  CW-module.  For  any  scheme  T over  S we  will  denote  Tt  the  base  change 
of  T to  T,  in  other  words,  Tt  is  the  pullback  of  T via  the  projection  morphism 
Xt  = X X5  T — > X.  Since  the  base  change  of  a flat  module  is  flat  we  obtain  a 
functor 


(37.20.11.1) 


F fiat  : (Sch/S)opp  — ► Sets, 


f{*}  if  Tt  is  flat  over  T, 
\ 0 else. 


Lemma  37.20.12. 


In  Situation 


37.20.11 


(1)  The  functor  Ffiat  satisfies  the  sheaf  property  for  the  fpqc  topology. 

(2)  If  f is  quasi-compact  and  locally  of  finite  presentation  and  T is  of  finite 
presentation,  then  the  functor  Ffiat  is  limit  preserving. 


Proof.  Part  (1)  follows  from  the  following  statement:  If  T'  -A  T is  a surjective  flat 
morphism  of  schemes  over  S,  then  Tt>  is  flat  over  T'  if  and  only  if  Tt  is  flat  over 
T,  see  More  on  Morphisms,  Lemma  36.12.2  Part  (2)  follows  from  Limits,  Lemma 


31.9.4  after  reducing  to  the  case  where  X and  S are  affine  (compare  with  the  proof 
of  Lemma  37.20.10 ).  □ 


37.21.  Flattening  stratifications 

Just  the  definitions  and  an  important  baby  case. 

Definition  37.21.1.  Let  X -A  5 be  a morphism  of  schemes.  Let  J be  a quasi- 
coherent  C^-module.  We  say  that  the  universal  flattening  of  T exists  if  the  functor 


Ffut  defined  in  Situation  37.20.11  is  representable  by  a scheme  S'  over  S.  We  say 
that  the  universal  flattening  of  X exists  if  the  universal  flattening  of  Ox  exists. 
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Note  that  if  the  universal  flattening  S’j^Jof  T exists,  then  the  morphism  S'  — > S is  a 
monomorphism  of  schemes  such  that  Ts>  is  flat  over  S'  and  such  that  a morphism 
T — > S factors  through  S'  if  and  only  if  Tt  is  flat  over  T. 


We  define  (compare  with  Topology,  Remark  5.27. 5|)  a (locally  finite,  scheme  theo- 
retic) stratification  of  a scheme  S to  be  given  by  closed  subschemes  Zi  C S indexed 
by  a partially  ordered  set  I such  that  S = (J  Zi  (set  theoretically),  such  that  every 
point  of  S has  a neighbourhood  meeting  only  a finite  number  of  Z%,  and  such  that 


Zi  n Zj  — (I  Zk- 


Setting  Si  = Zi  \ U,<i  Zj  the  actual  stratification  is  the  decomposition  S = ]J  Si 
into  locally  closed  subschemes.  We  often  only  indicate  the  strata  Si  and  leave  the 
construction  of  the  closed  subschemes  Zi  to  the  reader.  Given  a stratification  we 
obtain  a monomorphism 


s ' =n  rSi 


S. 


We  will  call  this  the  monomorphism  associated  to  the  stratification.  With  this 
terminology  we  can  define  what  it  means  to  have  a flattening  stratification. 


05P7 


Definition  37.21.2.  Let  X — > S be  a morphism  of  schemes.  Let  T be  a quasi- 
coherent  Ox-module.  We  say  that  T has  a flattening  stratification  if  the  functor 
Ffiat  defined  in  Situation  37.20.11  is  representable  by  a monomorphism  S'  — ► S 
associated  to  a stratification  of  S by  locally  closed  subschemes.  We  say  that  X has 
a flattening  stratification  if  Ox  has  a flattening  stratification. 


When  a flattening  stratification  exists,  it  is  often  important  to  understand  the  index 
set  labeling  the  strata  and  its  partial  ordering.  This  often  has  to  do  with  ranks  of 
modules,  as  in  the  baby  case  below. 

05P8  Lemma  37.21.3.  Let  S be  a scheme.  Let  T be  a finite  type,  quasi- coherent  Os- 
module.  The  closed  subschemes 


S = Z-i  D Z0  D Zx  D Z2  ■ . . 


defined  by  the  fitting  ideals  of  T have  the  following  properties 

(1)  The  intersection  f)  Zr  is  empty. 

(2)  The  functor  (Sch/ S)opp  — > Sets  defined  by  the  rule 

T ^ f {*}  if  Tt  is  locally  generated  by  < r sections 

\ 0 otherwise 


is  representable  by  the  open  subscheme  S\Zr. 

(3)  The  functor  Fr  : ( Sch/ S)opp  — > Sets  defined  by  the  rule 

j,  | f {*}  if  Tt  locally  free  rank  r 

\ 0 otherwise 


is  representable  by  the  locally  closed  subscheme  Zr_  i \ Zr  of  S. 

If  T is  of  finite  presentation,  then  Zr  — ► S,  S \ Zr  — ► S , and  Zr_\  \Zr  — » S are  of 
finite  presentation. 


2The  scheme  S'  is  sometimes  called  the  universal  flatificator.  In  tGiml  it  is  called  the 
platificateur  universel.  Existence  of  the  universal  flattening  should  not  be  confused  with  the  type 
of  results  discussed  in  More  on  Algebra,  Section  15.20 
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Proof.  We  refer  to  More  on  Algebra,  Section[l5.6|for  the  construction  of  the  fitting 
ideals  in  the  algebraic  setting.  Here  we  will  construct  the  sequence 

0 = T_  i Clo  C Xl  C . . . c e>s 

of  fitting  ideals  of  F as  an  Os-module.  Namely,  if  U C X is  open,  and 

0.6/OCr^O®d^|c/-^O 

is  a presentation  of  F over  U,  then  Tr\u  is  generated  by  the  (n  — r)  x (n  — r )-minors 
of  the  matrix  defining  the  first  arrow  of  the  presentation.  In  particular,  Ir  is  locally 
generated  by  sections,  whence  quasi-coherent.  If  U = Spec(A)  and  F\u  = M,  then 
Ir\ u is  the  ideal  sheaf  associated  to  the  fitting  ideal  Fitr(M)  as  in  More  on  Algebra, 
Definition  |15. 6. 3[  Let  Zr  C S be  the  closed  subscheme  corresponding  to  Ir. 

For  any  morphism  g : T S we  see  from  More  on  Algebra,  Lemma |15.6.6| that  Ft 
is  locally  generated  by  < r sections  if  and  only  if  Ir  ■ Ot  = Ot-  This  proves  (2). 

For  any  morphism  g : T -A  S we  see  from  More  on  Algebra,  Lemma |15. 6. 7| that  Ft 
is  free  of  rank  r if  and  only  if  Ir  ■ Ot  = Ot  and  Tr-i  * Ot  = 0.  This  proves  (3). 

The  final  statement  of  the  lemma  follows  from  the  fact  that  if  F is  of  finite  presen- 
tation, then  each  of  the  morphisms  Zr  -A  S is  of  finite  presentation  as  Tr  is  locally 
generated  by  finitely  many  minors.  This  implies  that  Zr_ i \ Zr  is  a retrocompact 
open  in  Zr  and  hence  the  morphism  Zr-\  \ Zr  — ► Zr  is  of  finite  presentation  as 
well.  □ 


Lemma  |37.21.3|  notwithstanding  the  following  lemma  does  not  hold  if  F is  a finite 
type  quasi-coherent  module.  Namely,  the  stratification  still  exists  but  it  isn’t  true 
that  it  represents  the  functor  Ffiat  in  general. 

05P9  Lemma  37.21.4.  Let  S be  a scheme.  Let  F be  a quasi-coherent  Os-module  of 
finite  presentation.  There  exists  a flattening  stratification  S'  = Ur>g  Sr  for  F 
(relative  to  ids  ■ S —>  S)  such  that  is  locally  free  of  rank  r.  Moreover,  each 
Sr  — y S is  of  finite  presentation. 


Proof.  Suppose  that  g : T — >•  S is  a morphism  of  schemes  such  that  the  pullback 
Ft  = g*F  is  flat.  Then  Ft  is  a flat  dr-module  of  finite  presentation.  Hence  Ft  is 
finite  locally  free,  see  Properties,  Lemma  27.20.2 


is  locally  free  of  rank  r.  This  implies  that 

Ffiat  = 


Thus  T = Ur>0  Tr , where  F \ 


T\Tr 


r>  0 


Fr- 


ill the  category  of  Zariski  sheaves  on  Sch/S  where  Fr  is  as  in  Lemma  37.21.3 
follows  that  Ffiat  is  represented  by  Ur>0 
137.21.31 


-){Zr— i \ Zr)  where  Zr 


It 

is  as  in  Lemma 
□ 


We  end  this  section  showing  that  if  we  do  not  insist  on  a canonical  stratification, 
then  we  can  use  generic  flatness  to  construct  some  stratification  such  that  our  sheaf 
is  flat  over  the  strata. 

OASY  Lemma  37.21.5  (Generic  flatness  stratification).  Let  f : X — > S be  a morphism  of 
finite  presentation  between  quasi- compact  and  quasi-separated  schemes.  Let  F be  an 
Ox -module  of  finite  presentation.  Then  there  exists  at>  0 and  closed  subschemes 

S D S0  D Si  D . . . D St  = 0 
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such  that  Si  — ^ S is  defined  by  a finite  type  ideal  sheaf,  So  C S is  a thickening,  and 
T pulled  back  to  X Xg  (Si  \ Si+ 1)  is  flat  over  Si  \ Si+\. 


Proof.  We  can  find  a cartesian  diagram 

X > A'0 

5 ^S0 


and  a finitely  presented  0.Yo~mo<iule  Tq  which  pulls  back  to  T such  that  Xq  and 
S0  are  of  finite  type  over  Z.  See  Limits,  Proposition  |31.4.4|  and  Lemmas |31.9.1| and 
|31.9.2|  Thus  we  may  assume  X and  S are  of  finite  type  over  Z and  J-  is  a coherent 
Ox-module. 


Assume  X and  S are  of  finite  type  over  Z and  J7  is  a coherent  0\--module.  In 
this  case  every  quasi-coherent  ideal  is  of  finite  type,  hence  we  do  not  have  to  check 
the  condition  that  Si  is  cut  out  by  a finite  type  ideal.  Set  Sq  = Sred  equal  to  the 
reduction  of  S.  By  generic  flatness  as  stated  in  Morphisms,  Proposition  28.27.2 


there  is  a dense  open  Uo  C So  such  that  T pulled  back  to  A'  xg  Uo  is  flat  over  U$. 
Let  Si  C S0  be  the  reduced  closed  subscheme  whose  underlying  closed  subset  is 

S\Uo . We  continue  in  this  way,  provided  Si  7^  0,  to  find  So  D Si  D Because 

S is  Noetherian  any  descending  chain  of  closed  subsets  stabilizes  hence  we  see  that 
St  = 0 for  some  t > 0.  □ 


37.22.  Flattening  stratification  over  an  Artinian  ring 

A flatting  stratification  exists  when  the  base  scheme  is  the  spectrum  of  an  Artinian 
ring. 

Lemma  37.22.1.  Let  S be  the  spectrum  of  an  Artinian  ring.  For  any  scheme  X 
over  S,  and  any  quasi-coherent  Ox -module  there  exists  a universal  flattening.  In 
fact  the  universal  flattening  is  given  by  a closed  immersion  S'  — > S , and  hence  is  a 
flattening  stratification  for  J-  as  well. 

Proof.  Choose  an  affine  open  covering  X = 1J  Ui.  Then  Ffiat  is  the  product  of  the 
functors  associated  to  each  of  the  pairs  (Ui,  X\uf).  Hence  it  suffices  to  prove  the 
result  for  each  (Ui,  X\jji).  In  the  affine  case  the  lemma  follows  immediately  from 
More  on  Algebra,  Lemma  [15.11.2|  □ 

37.23.  Flattening  a map 

Theorem  |37. 23. 3|  is  the  key  to  further  flattening  statements. 

Lemma  37.23.1.  Let  S be  a scheme.  Let  g : X'  —7  X be  a flat  morphism  of 
schemes  over  S with  X locally  of  finite  type  over  S.  Let  T be  a finite  type  Ox- 
module  which  is  flat  over  S.  If  Assx/s(J~ ) C g( X')  then  the  canonical  map 

T ~~t  g*g* T 

is  injective,  and  remains  injective  after  any  base  change. 

Proof.  The  final  assertion  means  that  Tt  — > (gr)*gfJ7T  is  injective  for  any  mor- 
phism T — > S.  The  assumption  Assx/s(A")  C g( X’)  is  preserved  by  base  change, 
see  Divisors,  Lemma [30. 7. 2| and  Remark|30.7.3|  The  same  holds  for  the  assumption 
of  flatness  and  finite  type.  Hence  it  suffices  to  prove  the  injectivity  of  the  displayed 
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arrow.  Let  K,  = Ker(Jr  — >■  g*g*F).  Our  goal  is  to  prove  that  K.  = 0.  In  order  to 
do  this  it  suffices  to  prove  that  WeakAssx(ZC)  = 


see  Divisors,  Lemma  30.5.5 
We  have  WeakAssx  (1C)  C WeakAssx(-A),  see  Divisors,  Lemma [30. 5.4  As  F is  flat 


we  see  from  Lemma  37.13.4  that  WeakAssx(-A)  C Assx/s(^r).  By  assumption  any 
point  x of  Ass x /s{E)  is  the  image  of  some  x'  £ X' . Since  g is  flat  the  local  ring 
map  Ox.x  — ► Ox',x'  is  faithfully  flat,  hence  the  map 


Fx 


g*Fx>  = Fx  ®o.y,x 


is  injective  (see  Algebra,  Lemma  10.81.11 ).  This  implies  that  K,x  = 0 as  desired.  □ 


05PE  Lemma  37.23.2.  Let  A be  a ring.  Let  u : M — > N be  a surjective  map  of  A- 
modules.  If  M is  projective  as  an  A-module , then  there  exists  an  ideal  I C A such 
that  for  any  ring  map  ip  : A B the  following  are  equivalent 

(1)  u (g>  1 : M <%>a  B -A  N <8)j4  B is  an  isomorphism,  and 

(2)  p{I)  = 0. 


Proof.  As  M is  projective  we  can  find  a projective  A-module  C such  that  F = 
M ® C is  a free  A-module.  By  replacing  u by  u © 1 : F = M ® C — I A © C we 
see  that  we  may  assume  M is  free.  In  this  case  let  I be  the  ideal  of  A generated 
by  coefficients  of  all  the  elements  of  Ker(zi)  with  respect  to  some  (fixed)  basis  of 
M.  The  reason  this  works  is  that,  since  u is  surjective  and  is  right  exact, 

Ker(u  (g)  1)  is  the  image  of  Ker(u)  (g >a  B in  M B.  □ 

05PF 

(1)  / is  of  finite  presentation, 

(2)  T is  of  finite  presentation,  flat  over  S,  and  pure  relative  to  S,  and 

(3)  u is  surjective. 

Then  Fiso  is  representable  by  a closed  immersion  Z -A  S.  Moreover  Z -A  S is  of 
finite  presentation  if  Q is  of  finite  presentation. 


Theorem  37.23.3.  In  Situation 


37.20.1 


assume 


Proof.  We  will  use  without  further  mention  that  F is  universally  pure  over  S,  see 
Lemma [37.18.3[  By  Lemma [37. 20. 2|  and  Descent,  Lemmas  |34.33.2|  and  |34.35.1| the 
question  is  local  for  the  etale  topology  on  S.  Hence  it  suffices  to  prove,  given  s £ S, 
that  there  exists  an  etale  neighbourhood  of  ( S , s ) so  that  the  theorem  holds. 

Using  Lemma |37. 12. 5|  and  after  replacing  S by  an  elementary  etale  neighbourhood 
of  s we  may  assume  there  exists  a commutative  diagram 


S 


of  schemes  of  finite  presentation  over  S,  where  g is  etale,  Xs  C g{ X'),  the  schemes 
X'  and  S are  affine,  T(X',g*F)  a projective  r(Sl,  (Ds)-module.  Note  that  g*F  is 
universally  pure  over  S,  see  Lemma [37. 17. 4|  Hence  by  Lemma [37. 18. 2|  we  see  that 
the  open  g(X')  contains  the  points  of  Assa'/ s(-A)  lying  over  Spec(C>siS).  Set 

E = {t  £ S \ AssXt(Ft)  C g(X’)}. 


By  More  on  Morphisms,  Lemma  |36.20.5|  A is  a constructible  subset  of  S.  We 
have  seen  that  Spec(C)s,s)  C E.  By  Morphisms,  Lemma  28.22.4  we  see  that  E 
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contains  an  open  neighbourhood  of  s.  Hence  after  replacing  S'  by  a smaller  affine 
neighbourhood  of  s we  may  assume  that  Assx/s(X)  C g{X'). 


Since  we  have  assumed  that  u is  surjective  we  have  FiSO  = F 


37.23.1  it  follows  that  u : F Q is  injective  if  and  only  if  g*u 


From  Lemma 
g*F  -A  g*Q  is 

injective,  and  the  same  remains  true  after  any  base  change.  Hence  we  have  reduced 
to  the  case  where,  in  addition  to  the  assumptions  in  the  theorem,  X — > S is  a 
morphism  of  affine  schemes  and  T(A,  F)  is  a projective  T(S,  0s)-module.  This 
case  follows  immediately  from  Lemma[37.23.2| 


To  see  that  Z is  of  finite  presentation  if  Q is  of  finite  presentation,  combine  Lemma 
37.20.2  part  (4)  with  Limits,  Remark  31.5.2  □ 


Lemma  37.23.4.  Let  f : X —¥  S be  a morphism  of  schemes  which  is  of  finite 
presentation,  flat,  and  pure.  Let  Y be  a closed  subscheme  of  X.  Let  F = ffiY  be 
the  Weil  restriction  functor  ofY  along  f,  defined  by 


F : ( Sch/S)opp  -4  Sets, 


{{*}  if  Yt  — > Xt  is  an  isomorphism, 

0 else. 


Then  F is  representable  by  a closed  immersion  Z -A  S.  Moreover  Z -A  S is  of 
finite  presentation  ifY—^S  is. 


Proof.  Let  T be  the  ideal  sheaf  defining  Y in  X and  let  u : 0\  — > Ox /T  be 
the  surjection.  Then  for  an  iS-scheme  T,  the  closed  immersion  Yt  -a  Xt  is  an 
isomorphism  if  and  only  if  ut  is  an  isomorphism.  Hence  the  result  follows  from 
Theorem  137.23.31  □ 
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05MZ 
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In  this  section  we  start  applying  the  earlier  material  to  obtain  a shadow  of  the 
flattening  stratification. 


Theorem  37.24.1.  In  Situation  37.20.3  assume  A is  henselian,  B is  essentially 
of  finite  type  over  A,  and  M is  a finite  B-module.  Then  there  exists  an  ideal 
IgA  such  that  A/ 1 corepresents  the  functor  Fif  on  the  category  C . In  other  words 
given  a local  homomorphism  of  local  rings  ip  : A -a  A!  with  B’  = B ®a  A!  and 
M'  = M A!  the  following  are  equivalent: 


(1)  Vq  € V(mA’B'  + m bB')  C Spec(B')  : M'q  is  flat  over  A',  and 

(2)  p(I)  =0. 

If  B is  essentially  of  finite  presentation  over  A and  M of  finite  presentation  over 
B , then  I is  a finitely  generated  ideal. 


Proof.  Choose  a finite  type  ring  map  A -A  C and  a finite  C-module  N and  a prime 
q of  C such  that  B = Cq  and  M = Nq.  In  the  following,  when  we  say  “the  theorem 
holds  for  {N/C /A,  q)  we  mean  that  it  holds  for  {A  -A  B,M ) where  B = Cq  and 
M = Nq.  By  Lemma [37.20.6  the  functor  Fif  is  unchanged  if  we  replace  B by  a 
local  ring  flat  over  B.  Hence,  since  A is  henselian,  we  may  apply  Lemma  |37.6.6| 
and  assume  that  there  exists  a complete  devissage  of  N/C /A  at  q. 


Let 

Since 


Let  (Ai,  Bi,  Mi,  Oj,  qi)i=i,...,n  be  such  a complete  devissage  of  N/C /A  at  q. 
q ■ C Ai  be  the  unique  prime  lying  over  q^  C Bi  as  in  Definition  |37.6.4[ 

C — > Ax  is  surjective  and  N = Mi  as  C-modules,  we  see  by  Lemma  37.20. 5|  it 
suffices  to  prove  the  theorem  holds  for  (Mi/Ai/A,  qj ).  Since  B i — > Ai  is  finite  and 
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qi  is  the  only  prime  of  B\  over  qq  we  see  that  (-Ai)q/  -A  (B i)qi  is  finite  (see  Algebra, 


Lemma  10.40.11  or  More  on  Morphisms,  Lemma  36.33.4).  Hence  by  Lemma  37.20.5 
it  suffices  to  prove  the  theorem  holds  for  (M\/B\/A,  qi). 


At  this  point  we  may  assume,  by  induction  on  the  length  n of  the  devissage,  that 
the  theorem  holds  for  (M2/B2/A,  q2).  (If  n = 1,  then  M2  = 0 which  is  flat  over 
A.)  Reversing  the  last  couple  of  steps  of  the  previous  paragraph,  using  that  M2  = 
Coker(a2)  as  Hi-modules,  we  see  that  the  theorem  holds  for  (Coker(ai)/Ri/A,  qi). 

Let  A!  be  an  object  of  C.  At  this  point  we  use  Lemma  |37.10.1|  to  see  that  if 
(Mi  <gu  A1) q/  is  flat  over  A!  for  a prime  q'  of  B\  (g>A  A'  lying  over  m^,  then 
(Coker(ai)  (g>A  A')q,  is  flat  over  A' . Hence  we  conclude  that  Fif  is  a subfunctor  of 
the  functor  F[j  associated  to  the  module  Coker(ai)qi  over  By  the  previous 

paragraph  we  know  F/j  is  corepresented  by  A/J  for  some  ideal  J C A.  Hence  we 
may  replace  A by  A/J  and  assume  that  Coker(ai)qi  is  flat  over  A. 


Since  Coker(ai)  is  a Hi-module  for  which  there  exist  a complete  devissage  of 
N1/B1/A  at  qi  and  since  Coker(ai)qi  is  flat  over  A by  Lemma  37.10.2  we  see 


Hence 
1a*  is  injective.  Let 


that  Coker(ai)  is  free  as  an  A- module,  in  particular  flat  as  an  A-module. 

Lemma  37.10.1  implies  Fif(A')  is  nonempty  if  and  only  if  a 
Ni  = Im(«i)  C Mi  so  that  we  have  exact  sequences 

0 — » Ni  — a Mi  — a Coker(aq)  — a 0 and  Bfri  — A Ni  — A 0 
The  flatness  of  Coker(ai)  implies  the  first  sequence  is  universally  exact  (see  Algebra, 


10.81.5).  Hence  a (g  1 a1 


Lemma 
A'  is  an  isomorphism. 


is  injective  if  and  only  if  Bfri  (g^  A! 


Ad  <g>A 


Finally,  Theorem  37.23.3  applies  to  show  this  functor  is 
corepresentable  by  A/ 1 for  some  ideal  / and  we  conclude  Fif  is  corepresentable  by 
A/I  also. 


To  prove  the  final  statement,  suppose  that  A — A B is  essentially  of  finite  presentation 
and  M of  finite  presentation  over  B.  Let  I C A be  the  ideal  such  that  Fif  is 
corepresented  by  A/ 1.  Write  I = [Jl\  where  I\  ranges  over  the  finitely  generated 
ideals  contained  in  I.  Then,  since  Fif(A/I ) = {*}  we  see  that  Fif(A/I\)  = {*}  for 
some  A,  see  Lemma|37.20.4  part  (2).  Clearly  this  implies  that  I = I\.  □ 

Remark  37.24.2. 

Let  (X,  x) 


37.24.1 


Here  is  a scheme  theoretic  reformulation  of  Theorem 
(5,  s)  be  a morphism  of  pointed  schemes  which  is  locally  of  finite  type. 
Let  J7  be  a finite  type  quasi-coherent  Ox-module.  Assume  S henselian  local  with 
closed  point  s.  There  exists  a closed  subscheme  Z C S with  the  following  property: 
for  any  morphism  of  pointed  schemes  (T,  t)  -A  (5,  s)  the  following  are  equivalent 

(1)  Ft  is  flat  over  T at  all  points  of  the  fibre  Xt  which  map  to  x G Xs,  and 

(2)  Spec(0T,t)  — > S factors  through  Z. 

Moreover,  if  X -A  S is  of  finite  presentation  at  x and  Fx  of  finite  presentation  over 
Ox,x,  then  Z -A  S is  of  finite  presentation. 


At  this  point  we  can  obtain  some  very  general  results  completely  for  free  from  the 
result  above.  Note  that  perhaps  the  most  interesting  case  is  when  E = Xs\ 

Lemma  37.24.3.  Let  S be  the  spectrum  of  a henselian  local  ring  with  closed  point 
s.  Let  X — y S be  a morphism  of  schemes  which  is  locally  of  finite  type.  Let  F be 
a finite  type  quasi-coherent  Ox -module.  Let  E C Xs  be  a subset.  There  exists  a 
closed  subscheme  Z C S with  the  following  property:  for  any  morphism  of  pointed 
schemes  (T,  t)  — > ( S , s ) the  following  are  equivalent 
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(1)  J~t  is  flat  over  T at  all  points  of  the  fibre  Xt  which  map  to  a point  of 
E C Xs,  and 

(2)  Spec(C)T,i)  — > S factors  through  Z. 

Moreover,  if  X -A  S is  locally  of  finite  presentation,  T is  of  finite  presentation,  and 
E C Xs  is  closed  and  quasi-compact,  then  Z -A  S is  of  finite  presentation. 


Proof.  For  x £ Xs  denote  Zx  C S the  closed  subscheme  we  found  in  Remark 


37.24.2  Then  it  is  clear  that  Z = Zx  works! 


To  prove  the  final  statement  assume  X locally  of  finite  presentation,  T of  finite 
presentation  and  Z closed  and  quasi-conrpact.  First,  choose  finitely  many  affine 
opens  Wj  C X such  that  E C (J  Wj . It  clearly  suffices  to  prove  the  result  for  each 

Hence  we  may 


and  closed  subset  E n Wj. 


morphism  Wj  -A  S with  sheaf  E\x 
assume  X is  affine.  In  this  case,  More  on  Algebra,  Lemma  [15. 13. 4|  shows  that  the 
functor  defined  by  (1)  is  “limit  preserving”.  Hence  we  can  show  that  Z — > S is  of 
finite  presentation  exactly  as  in  the  last  part  of  the  proof  of  Theorem  37.24.1  □ 


Remark  37.24.4.  Tracing  the  proof  of  Lemma 
long  and  winding  road.  But  if  we  assume  that 


37.24.3 


to  its  origins  we  find  a 


(1)  / is  of  finite  type, 

(2)  J7  is  a finite  type  Ox-module, 

(3)  E = X„,  and  ' 

(4)  S is  the  spectrum  of  a Noetherian  complete  local  ring. 


then  there  is  a proof  relying  completely  on  more  elementary  algebra  as  follows: 
first  we  reduce  to  the  case  where  X is  affine  by  taking  a finite  affine  open  cover. 
In  this  case  Z exists  by  More  on  Algebra,  Lemma  |15.14.3|  The  key  step  in  this 
proof  is  constructing  the  closed  subscheme  Z step  by  step  inside  the  truncations 
Spec(OsiS/m").  This  relies  on  the  fact  that  flattening  stratifications  always  exist 
when  the  base  is  Artinian,  and  the  fact  that  Os,s  = liinOgjS/m". 


37.25.  Variants  of  a lemma 


In  this  section  we  discuss  variants  of  Algebra,  Lemmas  10.127.4  and  10.98.1  The 


most  general  version  is  Proposition  37.25.13  this  was  stated  as  1GR711  Lemma 


4.2.2]  but  the  proof  in  loc.cit.  only  gives  the  weaker  result  as  stated  in  Lemma 
|37.25.5|  The  intricate  proof  of  Proposition  |37.25T3|  is  due  to  Ofer  Gabber.  As  we 
currently  have  no  application  for  the  proposition  we  encourage  the  reader  to  skip 
to  the  next  section  after  reading  the  proof  of  Lemma  37.25.5  this  lemma  will  be 
used  in  the  next  section  to  prove  Theorem |37. 26.1 


Situation  37.25.1.  Let  tp  : A — > B be  a local  ring  homomorphism  of  local  rings 
which  is  essentially  of  finite  type.  Let  M be  a flat  A-module,  N a finite  R-module 
and  u : N — y M an  A- module  map  such  that  u : N/ixiaN  — » M/m^A/  is  injective. 


In  this  situation  it  is  our  goal  to  show  that  u is  A-universally  injective,  N is  of  finite 
presentation  over  B,  and  N is  flat  as  an  A-module.  If  this  is  true,  we  will  say  the 
lemma  holds  in  the  given  situation. 


Lemma  37.25.2. 

holds. 


If  in  Situation 


37.25.1 


the  ring  A is  Noetherian  then  the  lemma 
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Proof.  Applying  Algebra,  Lemma  |10.98.1|  we  see  that  u is  injective  and  that 
N/u(M ) is  flat  over  A.  Then  u is  A-universally  injective  (Algebra,  Lemma  10.38.12 ) 


and  N is  A-flat  (Algebra,  Lemma  10.38.13).  Since  B is  Noetherian  in  this  case  we 
see  that  N is  of  finite  presentation.  □ 


Lemma  37.25.3.  Let  Aq  be  a local  ring.  If  the  lemma  holds  for  every  Situation 
\37.25. 1\  with  A = A0,  with  B a localization  of  a polynomial  algebra  over  A,  and 
N of  finite  presentation  over  B,  then  the  lemma  holds  for  every  Situation\37.25.T\ 
with  A = Aq. 


Proof.  Let  A — ► B,  u : N — > M be  as  in  Situation  37.25.1  Write  B = C/I 
where  C is  the  localization  of  a polynomial  algebra  over  A at  a prime.  If  we  can 
show  that  N is  finitely  presented  as  a C-module,  then  a fortiori  this  shows  that  N 


is  finitely  presented  as  a ZJ-module  (see  Algebra,  Lemma  10.6.4).  Hence  we  may 


assume  that  B is  the  localization  of  a polynomial  algebra.  Next,  write  N = B®n/K 
for  some  submodule  K C f?®n.  Since  B/mAB  is  Noetherian  (as  it  is  essentially  of 
finite  type  over  a field),  there  exist  finitely  many  elements  k\, ...  ,ks  £ K such  that 
for  K'  = Y/Bki  and  N'  = B®n /K ' the  canonical  surjection  N'  -A  N induces  an 
isomorphism  N1  /vo-aN'  = N/mAN.  Now,  if  the  lemma  holds  for  the  composition 
u'  : N'  — > M,  then  u'  is  injective,  hence  N'  = N and  v!  = u.  Thus  the  lemma 
holds  for  the  original  situation.  □ 


Lemma  37.25.4.  If  in  Situation  37.25.1  the  ring  A is  henselian  then  the  lemma 
holds. 

Proof.  It  suffices  to  prove  this  when  B is  essentially  of  finite  presentation  over 
A and  N is  of  finite  presentation  over  B , see  Lemma  [37.25.3  Let  us  temporarily 
make  the  additional  assumption  that  N is  flat  over  A.  Then  Af  is  a filtered  colimit 
N = coliup  Fj  of  free  A-modules  Fj  such  that  the  transition  maps  Uw  : Fi  F. / are 

injective  modulo  m^,  see  Lemma  [37.19.5  Each  of  the  compositions  Ui  : Fi  -A  M 
is  A-universally  injective  by  Lemma  37.7.5  wherefore  u = colimiti  is  A-universally 
injective  as  desired. 

Assume  A is  a henselian  local  ring,  B is  essentially  of  finite  presentation  over  A,  N 
of  finite  presentation  over  B.  By  Theorem  |37.24.l|  there  exists  a finitely  generated 
ideal  I C A such  that  N/IN  is  flat  over  A/I  and  such  that  N/I2N  is  not  flat  over 
A/I2  unless  1 = 0.  The  result  of  the  previous  paragraph  shows  that  the  lemma 
holds  for  u mod  I : N/IN  -A  M/IM  over  A/ 1.  Consider  the  commutative  diagram 


■ M ®A  I /I2 


N <g)A  I /I2 


■ M / 12  M 


■ M/IM  - 


■ N / 12  N ■ 


■ N/IN  ■ 


whose  rows  are  exact  by  right  exactness  of  ® and  the  fact  that  M is  flat  over  A. 
Note  that  the  left  vertical  arrow  is  the  map  N/IN  ®a/i  f/f2  — > M/IM  ®a/i  I/I2> 
hence  is  injective.  A diagram  chase  shows  that  the  lower  left  arrow  is  injective,  i.e., 
Tor  1A/i2(I / 12 1 M / 12)  = 0 see  Algebra,  Remark  10.74.9  Hence  N/I2N  is  flat  over 


A/I 2 by  Algebra,  Lemma  10.98.8  a contradiction  unless  1 = 0. 


□ 
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The  following  lemma  discusses  the  special  case  of  Situation  |37. 25. ll  where  M has  a 
B-module  structure  and  u is  B-linear.  This  is  the  case  most  often  used  in  practice 
and  it  is  significantly  easier  to  prove  than  the  general  case. 

Lemma  37.25.5.  Let  A — ► B be  a local  ring  homomorphism  of  local  rings  which 
is  essentially  of  finite  type.  Let  u : N — ► M be  a B-module  map.  If  N is  a finite 
B-module,  M is  flat  over  A,  and  u : N/txiaN  -A  M/vcxaM  is  injective,  then  u is 
A-universally  injective,  N is  of  finite  presentation  over  B,  and  N is  flat  over  A. 

Proof.  Let  A — » Ah  be  the  henselization  of  A.  Let  B'  be  the  localization  of  B®^  A^1 
at  the  maximal  ideal  mg  ® Ah  -f  B ® m4/. . Since  B — > B'  is  flat  (hence  faithfully 
flat,  see  Algebra,  Lemma  10.38.17 1,  we  may  replace  A — > B with  Ah  — > B' , the 
module  M by  M B' , the  module  N by  IV  ®> b B' , and  u by  u ® id^/ , see  Algebra, 
Lemmas |10.82.2| and  10.38.9  Thus  we  may  assume  that  A is  a henselian  local  ring. 
In  this  case  our  lemma  follows  from  the  more  general  Lemma  |37.25.4|  □ 


Lemma  37.25.6. 

lemma  holds. 


If  in  Situation 


37.25.1 


the  ring  A is  a valuation  ring  then  the 


Proof.  Recall  that  an  A-module  is  flat  if  and  only  if  it  is  torsion  free,  see  More  on 


Algebra,  Lemma  15.16.10  Let  T C N be  the  A-torsion.  Then  u(T)  = 0 and  N/T 
is  A- flat.  Hence  N/T  is  finitely  presented  over  B , see  More  on  Algebra,  Lemma 
15.19.6  Thus  T is  a finite  -B-module,  see  Algebra,  Lemma  10.5. 3|  Since  N/T  is  A- 


flat  we  see  that  T/m^T  C N/vciaN,  see  Algebra,  Lemma  10.38.12  As  u is  injective 


but  u(T)  = 0,  we  conclude  that  T/xuaT  = 0.  Hence  T = 0 by  Nakayama’s  lemma, 
see  Algebra,  Lemma  |10.19.1|  At  this  point  we  have  proved  two  out  of  the  three 
assertions  (N  is  A-flat  and  of  finite  presentation  over  B)  and  what  is  left  is  to  show 
that  u is  universally  injective. 

By  Algebra,  Theorem|10.81.3|it  suffices  to  show  that  N®aQ  — > M®aQ  is  injective 
for  every  finitely  presented  A- module  Q.  By  More  on  Algebra,  Lennna|l5.85.3  we 
may  assume  Q = A /(a)  with  a £ rriA  nonzero.  Thus  it  suffices  to  show  that 
N/aN  — > M/aM  is  injective.  Let  x £ N with  u( x)  £ aM.  By  Lemma  37.19.6 
we  know  that  x has  a content  ideal  I C A.  Since  I is  finitely  generated  (More  on 
Algebra,  Lemma 


Algebra,  Lemma 
has  content  ideal 


15.18.2 1 and  A is  a valuation  ring,  we  have  / = ( b ) for  some  b (by 
10.49.15).  By  More  on  Algebra,  Lemma [15.18.3  the  element  u(x) 
I as  well.  Since  u( x)  £ aM  we  see  that  (6)  c (a)  by  More  on 
Algebra,  Definition  [15A8A  Since  x £ bN  we  conclude  x £ aN  as  desired.  □ 


(37.25.6.1) 


Consider  the  following  situation 

A — > B of  finite  presentation,  S C B a multiplicative  subset,  and 
N a finitely  presented  S'-1  .B-module 

In  this  situation  a pure  spreadout  is  an  affine  open  U C Spec(B)  with  Spec(S'_1B)  C 
U and  a finitely  presented  0(/7)-module  N'  extending  N such  that  N'  is  A- 
projective  and  N'  ^ N = S~1N'  is  A-universally  injective. 

In  (37.25.6.1 ) if  A — ► is  a ring  map,  then  we  can  base  change:  take  Bi  = B®aAi, 
let  Si  C B\  be  the  image  of  S,  and  let  Ni  = N A±.  This  works  because 
Sf1Bi  = S~1B  ig )a  Ai.  We  will  use  this  without  further  mention  in  the  following. 


Lemma  37.25.7.  In  (37.25.6.1)  if  there  exists  a pure  spreadout,  then 


(1)  elements  of  N have  content  ideals  in  A,  and 


0AT7 
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(2)  if  u : N M is  a morphism  to  a flat  A-module  M such  that  N/mN  — > 
M/mM  is  injective  for  all  maximal  ideals  m of  A,  then  u is  A-universally 
injective. 


Proof.  Choose  U,  N'  as  in  the  definition  of  a pure  spreadout.  Any  element  x ' £ N' 
has  a content  ideal  in  A because  N'  is  A-projective  (this  can  easily  be  seen  directly, 
but  it  also  follows  from  More  on  Algebra,  Lemma  |15.18.4|  and  Algebra,  Example 
10.90.1 ).  Since  N'  — > N is  A-universally  injective,  we  see  that  the  image  x £ N of 
any  x'  £ N'  has  a content  ideal  in  A (it  is  the  same  as  the  content  ideal  of  x').  For 
a general  x £ N we  choose  s £ S such  that  sx  is  in  the  image  of  N'  — >■  N and  we 
use  that  x and  sx  have  the  same  content  ideal. 


Let  u : N — > M be  as  in  (2).  To  show  that  u is  A-universally  injective,  we  may 
replace  A by  a localization  at  a maximal  ideal  (small  detail  omitted).  Assume  A is 
local  with  maximal  ideal  m.  Pick  s £ S and  consider  the  composition 

N'  -s-  N N A M 


Each  of  these  maps  is  injective  modulo  m,  hence  the  composition  is  A-universally 
injective  by  Lemma  37.7.5  Since  N = colims6s(l/s)A^'  we  conclude  that  u is 
A-inversally  injective  as  a colimit  of  universally  injective  maps.  □ 


Lemma  37.25.8.  In  (37.25.6.1)  for  every  p £ Spec(A)  there  is  a finitely  generated 
ideal  I C pAp  such  that  over  Av/I  we  have  a pure  spreadout. 

Proof.  We  may  replace  A by  Ap.  Thus  we  may  asume  A is  local  and  p is  the 
maximal  ideal  m of  A.  We  may  write  N = S~1N'  for  some  finitely  presented 
B-module  N'  by  clearing  denominators  in  a presentation  of  N over  S~1B.  Since 
B/mB  is  Noetherian,  the  kernel  K of  N' /mN'  — > N/mN  is  finitely  generated.  Thus 
we  can  pick  s £ S such  that  K is  annihilated  by  s.  After  replacing  B by  Bs  which  is 
allowed  as  it  just  means  passing  to  an  affine  open  subscheme  of  Spec(B) , we  find  that 
the  elements  of  S are  injective  on  N' /mN'.  At  this  point  we  choose  a local  subring 
Ao  C A essentially  of  finite  type  over  Z,  a finite  type  ring  map  Aq  — > Bq  such  that 
B = A (g>^40  B0l  and  a finite  .Bo-module  N(  such  that  N'  = B ®b0  = A N(. 

We  claim  that  I = mA0A  works.  Namely,  we  have 

N'/IN'  = N'JmAoN'0  A/I 

which  is  free  over  A/I.  Multiplication  by  the  elements  of  S is  injective  after  divid- 
ing out  by  the  maximal  ideal,  hence  N'/IN'  — > N/IN  is  universally  injective  for 
example  by  Lemma  37.7.6  □ 


Lemma  37.25.9.  In  (37.25.6.1)  assume  N is  A-flat,  M is  a flat  A-module,  and 
u : N — > M is  an  A-module  map  such  that  u ® *dK(P)  is  injective  for  all  p £ Spec(A). 
Then  u is  A-universally  injective. 


Proof.  By  Algebra,  Lemma  10.81.14  it  suffices  to  check  that  N/IN  — > M/IM  is 
injective  for  every  ideal  I C A.  After  replacing  A by  A/ 1 we  see  that  it  suffices  to 
prove  that  u is  injective. 

Proof  that  u is  injective.  Let  x £ N be  a nonzero  element  of  the  kernel  of  u.  Then 
there  exists  a weakly  associated  prime  p of  the  module  Ax,  see  Algebra,  Lemma 
10.65.4  Replacing  A by  Ap  we  may  assume  A is  local  and  we  find  a nonzero 
element  y £ Ax  whose  annihilator  has  radical  equal  to  m^,  see  Algebra,  Lemma 
10.65.2  Thus  Supp(y)  C Spec(B_1B)  is  nonempty  and  contained  in  the  closed 


37.25.  VARIANTS  OF  A LEMMA 


2693 


OATA 


OATB 


OATC 


05U9 


fibre  of  Spec (S~1B)  -a  Spec(A).  Let  / C be  a finitely  generated  ideal  so  that 
we  have  a pure  spreadout  over  A/ 1,  see  Lemma  37.25.8  Then  Iny  = 0 for  some 
n.  Now  y £ Ann; v/(/n)  = Ann^J")  N by  flatness.  Thus,  to  get  the  desired 
contradiction,  it  suffices  to  show  that 

Anr iA(In)  <8>r  N — > Ann^/")  M 

is  injective.  Since  N and  M are  flat  and  since  Ann^J")  is  annihilated  by  In , 
it  suffices  to  show  that  Q N -A  Q <S)A  M is  injective  for  every  A-module  Q 
annihilated  by  I.  This  holds  by  our  choice  of  / and  Lemma [37.25.7  part  (2).  □ 


Lemma  37.25.10.  Let  A be  a local  domain.  Let  S be  a set  of  finitely  generated 
ideals  of  A.  Assume  that  S is  closed  under  products  and  such  that  fj V(J)  is 
the  complement  of  the  generic  point  o/Spec(A).  Then  fjJgS/  = (0). 

Proof.  Let  / £ A be  nonzero.  Then  V(f)  C Ujgs^CO-  Since  the  constructible 
topology  on  V(f)  is  quasi-compact  (Topology,  Lemma [5. 22. 2 and  Algebra,  Lemma 


10.25.2 ) we  find  that  V(f)  C V'(Ji)L). . .U V(In)  for  some  Ij  £ S.  Because  I1. . .In  £ 


S we  see  that  V(f)  C V{I)  for  some  I.  As  I is  finitely  generated  this  implies  that 
Im  c (y)  £or  some  m ancj  since  S is  closed  under  products  we  see  that  / C (/2)  for 
some  I £ S.  Then  it  is  not  possible  to  have  f £ I.  □ 

Lemma  37.25.11.  Let  A be  a local  ring.  Let  I,JcAbe  ideals.  If  J is  finitely 
generated  and  I C Jn  for  alln>  1,  then  V (I)  contains  the  closed  points  o/Spec(A)\ 
V{J). 

Proof.  Let  p C A be  a closed  point  of  Spec(A)  \ V(J).  We  want  to  show  that 
I C p.  If  not,  then  some  / £ I maps  to  a nonzero  element  of  A/p.  Note  that 
V(J)  fl  Spec(A/p)  is  the  set  of  non-generic  points.  Hence  by  Lemma  37.25.10 


applied  to  the  collection  of  ideals  J™A/p  we  conclude  that  the  image  of  / is  zero  in 

A/p.  ' □ 

Lemma  37.25.12.  Let  A be  a local  ring.  Let  I C A be  an  ideal.  Let  U C Spec(A) 
be  quasi-compact  open.  Let  M be  an  A-module.  Assume  that 

(1)  M/IM  is  flat  over  A/ 1 , 

(2)  M is  flat  over  U , 

Then  M/I2M  is  flat  over  A/I2  where  I2  = Ker(I  — > T(U,I/I2)). 

Proof.  It  suffices  to  show  that  M (gu  I/I2  — > IM/I2M  is  injective,  see  Algebra, 
Lemma  10.98.9  This  is  true  over  U by  assumption  (2).  Thus  it  suffices  to  show  that 
M®aI/I2  injects  into  its  sections  over  U.  We  ha ve  M®AI/I2  = M / IM(&AI / 12  and 
M/IM  is  a filtered  colimit  of  finite  free  A//-modules  (Algebra,  Theorem |10.80.4). 
Hence  it  suffices  to  show  that  I/I2  injects  into  its  sections  over  U,  which  follows 
from  the  construction  of  I2.  □ 


Proposition  37.25.13.  Let  A -A  B be  a local  ring  homomorphism  of  local  rings 
which  is  essentially  of  finite  type.  Let  M be  a flat  A-module,  N a finite  B -module 
and  u : N M an  A-module  map  such  that  u : N/mAN  —¥  M/mAM  is  injective. 
Then  u is  A-universally  injective,  N is  of  finite  presentation  over  B , and  N is  flat 
over  A. 


Proof.  We  may  assume  that  B is  the  localization  of  a finitely  presented  A-algebra 
B0  and  that  N is  the  localization  of  a finitely  presented  H0-module  M0,  see  Lemma 
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37.25.3  By  Lemma  37.21.5  there  exists  a “generic  flatness  stratification”  for  Mq 
on  Spec(H0)  over  Spec(A).  Translating  back  to  N we  find  a sequence  of  closed 
subschemes 

S = Spec(A)  D So  3 Si  D . . . D St  = 0 

with  Si  C S cut  out  by  a finitely  generated  ideal  of  A such  that  the  pullback  of  N 
to  Spec(B)  Xg  (Si  \ Si+i)  is  flat  over  Si  \ Si+i-  We  will  prove  the  proposition  by 
induction  on  t (the  base  case  t = 1 will  be  proved  in  parallel  with  the  other  steps). 
Let  Spec(A/Ji)  be  the  scheme  theoretic  closure  of  Si  \ Si+ 1- 

Claim  1.  N / JiN  is  flat  over  A/Ji.  This  is  immediate  for  * = t — 1 and  follows 
from  the  induction  hypothesis  for  i > 0.  Thus  we  may  assume  t > 1,  St- i ^ 0,  and 
Jo  = 0 and  we  have  to  prove  that  N is  flat.  Let  J C A be  the  ideal  defining  S\. 
By  induction  on  t again,  we  also  have  flatness  modulo  powers  of  J.  Let  Ah  be  the 
henselization  of  A and  let  B'  be  the  localization  of  B g ^ Ah  at  the  maximal  ideal 
ms  g Ah  + B g m^h.  Then  B — ► B'  is  faithfully  flat.  Set  N'  = N (g>s  B' . Note 
that  N'  is  Ah-R. at  if  and  only  if  N is  A-flat.  By  Theorem  37.24.1  there  is  a smallest 
ideal  / C Ah  such  that  N' /IN'  is  flat  over  At1  /I , and  / is  finitely  generated.  By 
the  above  I C JnAh  for  all  n > 1.  Let  S/  C Spec(A/t)  be  the  inverse  image  of 
Si  C Spec(A).  By  Lemma [37. 25. 11|  we  see  that  V(I)  contains  the  closed  points  of 
U = Spec(Aft)  — 5 1-  By  construction  N1  is  A^-flat  over  U.  By  Lemma  37.25.12  we 
see  that  N' / I^N'  is  flat  over  A/1%,  where  I2  = Ker(J  -A  T(i7, 1 /I2)).  Hence  I = I2 
by  minimality  of  I.  This  implies  that  I = I2  locally  on  U,  i.e.,  we  have  IOjj,u  = (0) 
or  IOjj,u  = (1)  for  all  u £ U.  Since  V (/)  contains  the  closed  points  of  U we  see  that 
I = 0 on  U.  Since  U C Spec(Ah)  is  scheme  theoretically  dense  (because  replaced  A 
by  A/J0  in  the  beginning  of  this  paragraph),  we  see  that  1 = 0.  Thus  N'  is  H^-flat 
and  hence  Claim  1 holds. 

We  return  to  the  situation  as  laid  out  before  Claim  1.  With  Ah  the  henselization 
of  A,  with  B'  the  localization  of  B g )a  Ah  at  the  maximal  ideal  m b ® Ah  + B g) 
m ^ , and  with  N'  = N B'  we  now  see  that  the  flattening  ideal  I C Ah  of 
is  nilpotent.  If  nil{Ah)  denotes  the  ideal  of  nilpotent  elements, 


Theorem 


37.24.1 


then  nil(An ) = nil(A)Ah  (More  on  Algebra,  Lemma  15.36.5 1.  Hence  there  exists  a 


finitely  generated  nilpotent  ideal  Iq  C A such  that  N/IqN  is  flat  over  A/Iq. 

Claim  2.  For  every  prime  ideal  p C A the  map  n(p)  g^  N -A  k( p)  g^  M is 
injective.  We  say  p is  bad  it  this  is  false.  Suppose  that  C is  a nonempty  chain  of 
bad  primes  and  set  p*  = Upec  P-  Lemma 


37.25.8 


there  is  a finitely  generated 
ideal  a C p*  Ap*  such  that  there  is  a pure  spreadout  over  V (a).  If  p*  were  good,  then 
it  would  follow  from  Lemma  37.25.7  that  the  points  of  V(a)  are  good.  However, 


since  a is  finitely  generated  and  since  p*Ap.  = Upec  ^P*  we  see  ^(a)  contains 
a p £ C,  contradiction.  Hence  p*  is  bad.  By  Zorn’s  lemma,  if  there  exists  a bad 
prime,  there  exists  a maximal  one,  say  p.  In  other  words,  we  may  assume  every 
p'  D p,  p'  7^  p is  good.  In  this  case  we  see  that  for  every  / £ A,  f ^ p the  map 


u g id^/(p+y)  is  universally  injective,  see  Lemma  37.25.9  Thus  it  suffices  to  show 
that  N/pN  is  separated  for  the  topology  defined  by  the  submodules  f(N/pN).  Since 
B —>  B'  is  faithfully  flat,  it  is  enough  to  prove  the  same  for  the  module  N' /pN' . 
By  Lemma [37. 19. 5|  and  More  on  Algebra,  Lemma  15.18.4  elements  of  N' /pN'  have 
content  ideals  in  Ah/pAh.  Thus  it  suffices  to  show  that  H/eA  fgp  f{Ah/ pAh)  = 0. 
Then  it  suffices  to  show  the  same  for  Ah /<\Ah  for  every  prime  q C Ah  minimal  over 
pAh.  Because  A — >•  Ah  is  the  henselization,  every  q contracts  to  p and  every  q'  D q, 
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q'  ^ q contracts  to  a prime  p'  which  strictly  contains  p.  Thus  we  get  the  vanishing 
of  the  intersections  from  Lemma  T37. 25. 101 


At  this  point  we  can  put  everything  together.  Namely,  using  Claim  1 and  Claim 
2 we  see  that  N/IqN  — > M/IqM  is  A//o-universally  injective  by  Lemma  37.25.9 
Then  the  diagrams 


N ( W+1)  ^ M ®A  (/07/on+1) 


LffN/I™+1N I%M/I™+1M 

show  that  the  left  vertical  arrows  are  injective.  Hence  by  Algebra,  Lemma  [10. 98. 9| 
we  see  that  N is  flat.  In  a similar  way  the  universal  injectivity  of  u can  be  reduced 
(even  without  proving  flatness  of  N first)  to  the  one  modulo  Iq.  This  finishes  the 
proof.  □ 


37.26.  Flat  finite  type  modules,  Part  III 

05U8  The  following  result  is  one  of  the  main  results  of  this  chapter. 

05UA  Theorem  37.26.1.  Let  f : X — ► S be  locally  of  finite  type.  Let  T be  a quasi- 
coherent  Ox-module  of  finite  type.  Let  x £ X with  image  s £ S . The  following  are 
equivalent 

(1)  T is  flat  at  x over  S,  and 

(2)  for  every  x'  £ AssxflXfl)  which  specializes  to  x we  have  that  T is  flat  at 
x'  over  S. 


Proof.  It  is  clear  that  (1)  implies  (2)  as  Tx'  is  a localization  of  Tx  for  every  point 
which  specializes  to  x.  Set  A = Os,s,  B = Ox,x  and  N = Tx.  Let  ScBbe  the 
multiplicative  subset  of  B of  elements  which  act  as  nonzerodivisors  on 
Assumption  (2)  implies  that  T,~1N  is  A-flat  by  the  description  of  Spec(S-1IV)  in 
Lemma  37.7.l[  On  the  other  hand,  the  map  N — > T,~1N  is  injective  modulo 
by  construction.  Hence  applying  Lemma |37. 25. 5|  we  win.  □ 


Now  we  apply  this  directly  to  obtain  the  following  useful  results. 

05UB  Lemma  37.26.2.  Let  S be  a local  scheme  with  closed  point  s.  Let  f : X S be 
locally  of  finite  type.  Let  T be  a finite  type  Ox -module.  Assume  that 

(1)  every  point  of  Assx/s(B)  specializes  to  a point  of  the  closed  fibre  AbJ^J 

(2)  T is  flat  over  S at  every  point  of  Xs . 

Then  T is  flat  over  S. 

Proof.  This  is  immediate  from  the  fact  that  it  suffices  to  check  for  flatness  at 
points  of  the  relative  assassin  of  T over  S by  Theorem  |37.26.1[  □ 


Tor  example  this  holds  if  / is  finite  type  and  T is  pure  along  Xs,  or  if  / is  proper. 
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05PS 

05UC 


05UD 


37.27.  Universal  flattening 


If  / : X — > S is  a proper,  finitely  presented  morphism  of  schemes  then  one  can  find 
a universal  flattening  of  /.  In  this  section  we  discuss  this  and  some  of  its  variants. 


Lemma  37.27.1.  In  Situation  37.20.7  For  eachp  > 0 the  functor  Hp  (37.20.7.2) 
is  representable  by  a locally  closed  immersion  Sp  — > S.  If  F is  of  finite  presentation, 
then  Sp  — ^ S is  of  finite  presentation. 

Proof.  For  each  S we  will  prove  the  statement  for  all  p > 0 concurrently.  The 
functor  Hp  is  a sheaf  for  the  fppf  topology  by  Lemma  37.20.8  Hence  combin- 


ing Descent,  Lemma  [34.35.1|  More  on  Morphisms,  Lemma  36.39.1| , and  Descent, 
Lemma  |34.20.1|  we  see  that  the  question  is  local  for  the  etale  topology  on  S.  In 
particular,  the  question  is  Zariski  local  on  S. 

For  s £ S denote  fs  the  unique  generic  point  of  the  fibre  Xs.  Note  that  for 
every  s £ S the  restriction  Fs  of  F is  locally  free  of  some  rank  p(s)  > 0 in  some 
neighbourhood  of  fs.  (As  Xs  is  irreducible  and  smooth  this  follows  from  generic 
flatness  for  Fs  over  Xs , see  Algebra,  Lemma  10.117.1  although  this  is  overkill.)  For 
future  reference  we  note  that 

p(s)  = dimK(€a)(J'c3  ®ox,(s  «(&))• 

In  particular  Hp^(s)  is  nonempty  and  Hq(s)  is  empty  if  g ^ p(s ). 

Let  U C X be  an  open  subscheme.  As  / : X — > S is  smooth,  it  is  open.  It  is 
immediate  from  (37.20.7.2)  that  the  functor  Hp  for  the  pair  (f\u  : U — t f(U),F\  u) 
and  the  functor  Hp  for  the  pair  (/ 1 y — i (/([/)) , J~\f~1(f(U)))  are  the  same.  Hence  to 
prove  the  existence  of  Sp  over  f(U)  we  may  always  replace  X by  U . 

Pick  s € S.  There  exists  an  affine  open  neighbourhood  U of  £s  such  that  F\u  can 
be  generated  by  at  most  p(s)  elements.  By  the  arguments  above  we  see  that  in 
order  to  prove  the  statement  for  Hp(s)  hr  an  neighbourhood  of  s we  may  assume 
that  F is  generated  by  p(s)  elements,  i.e. , that  there  exists  a surjection 


u : O' 


©p(s) 

X 


F 


In  this  case  it  is  clear  that  77p(s)  is  equal  to  Fiso  (37.20.1.1 ) for  the  map  u (this  fol- 
lows immediately  from  Lemma|37.19.1|but  also  from  Lemma|37.12.1|after  shrinking 
a bit  more  so  that  both  S and  X are  affine.)  Thus  we  may  apply  Theorem  37.23.3 
to  see  that  Hp^s\  is  representable  by  a closed  immersion  in  a neighbourhood  of  s. 

The  result  follows  formally  from  the  above.  Namely,  the  arguments  above  show 
that  locally  on  S the  function  s ha  p(s)  is  bounded.  Hence  we  may  use  induction 
onp=  maxsesp(s).  The  functor  Hp  is  representable  by  a closed  immersion  Sp  — )•  S 
by  the  above.  Replace  S by  S \ Sp  which  drops  the  maximum  by  at  least  one  and 
we  win  by  induction  hypothesis. 


To  see  that  S „ 


S is  of  finite  presentation  if  F is  of  finite  presentation  combine 

□ 


Lemma  37.20.8  part  (2)  with  Limits,  Remark  31.5.2 


Lemma  37.27.2.  In  Situation 


37.20.9  Let  h : X'  — > X be  an  etale  morphism. 


Set  F'  = h*F  and  f = f oh.  Let  F^  be  \37.20.9(D(  associated  to  (/'  : X'  -A  S,F'). 
Then  Fn  is  a subfunctor  of  Ff  and  if  h(X')  D Assx/s(F),  then  Fn  = F'n. 
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Proof.  Let  T — > S be  any  morphism.  Then  hx  : X'T  — > Xt  is  etale  as  a base 
change  of  the  etale  morphism  g.  For  t £ T denote  Z C Xt  the  set  of  points  where 
Fx  is  not  flat  over  T,  and  similarly  denote  Z'  C X[  the  set  of  points  where  F'T  is 
not  flat  over  T.  As  F'T  = hfFx  we  see  that  Z'  = hfx(Z),  see  Morphisms,  Lemma 
28.25. 11|  Hence  Z'  — > Z is  an  etale  morphism,  so  dim(Z')  < di m(Z)  (for  example 


by  Descent,  Lemma  34.17.2  or  just  because  an  etale  morphism  is  smooth  of  relative 
dimension  0).  This  implies  that  F„  C F'. 

Finally,  suppose  that  h{ X')  D Assx/s(-F)  and  that  T — > S is  a morphism  such 
that  F^(T)  is  nonempty,  i.e.,  such  that  F'T  is  flat  in  dimensions  > n over  T.  Pick 
a point  t £ T and  let  Z C Xt  and  Z'  C X[  be  as  above.  To  get  a contradiction 
assume  that  dim(Z)  > n.  Pick  a generic  point  £ £ Z corresponding  to  a component 
of  dimension  > n.  Let  x £ Assxt(Ft)  be  a generalization  of  £.  Then  x maps  to  a 
point  of  Assx /s{F)  by  Divisors,  Lemma 


that  x is  in  the  image  of  hx,  say  x = hx(x')  for 


30.7.2 

7 


and  Remark 


30.7.3 


V7 — 
A . 


Thus  we  see 


But  x'  ^ Z'  as 


\x' ) tor  some  x £ 

x £ and  dim (Z1)  < n.  Hence  F'T  is  flat  over  T at  x'  which  implies  that  Fx  is 
flat  at  x over  T (by  Morphisms,  Lemma  28.25.11 1.  Since  this  holds  for  every  such 
x we  conclude  that  Tx  is  flat  over  T at  £ by  Theorem  |37. 26. l|  which  is  the  desired 
contradiction.  □ 


05UE 


Lemma  37.27.3.  Assume  that  X — > S is  a smooth  morphism  of  affine  schemes 
with  geometrically  irreducible  fibres  of  dimension  d and  that  T is  a quasi- coherent 


Ox -module  of  finite  presentation.  Then  Fd  = IIp=0 
as  in  ( 37.20.9.1 ) and  F[p  as  in  (37.20.7.2). 


. F[p  for  some  c > 0 with  Fd 


05UF 


Proof.  As  X is  affine  and  T is  quasi-coherent  of  finite  presentation  we  know  that 
T can  be  generated  by  c > 0 elements.  Then  dimK(a;)(J:'a;  (g)  k(x))  in  any  point 
x £ X never  exceeds  c.  In  particular  ffp  = 0 for  p > c.  Moreover,  note  that  there 
certainly  is  an  inclusion  Hp  — > Fd . Having  said  this  the  content  of  the  lemma  is 
that,  if  a base  change  Fx  is  flat  in  dimensions  > d over  T and  if  t £ T,  then  Fx  is 
free  of  some  rank  r in  an  open  neighbourhood  U C Xx  of  the  unique  generic  point 
£ of  Xf.  Namely,  then  F[r  contains  the  image  of  U which  is  an  open  neighbourhood 
of  t.  The  existence  of  U follows  from  More  on  Morphisms,  Lemma  [36. 13. 7[  □ 


Lemma  37.27.4.  In  Situation 


37.20.9  Let  s £ S let  d > 0.  Assume 


(1)  there  exists  a complete  devissage  of  F/X/S  over  some  point  s £ S, 

(2)  X is  of  finite  presentation  over  S, 

(3)  F is  an  Ox -module  of  finite  presentation , and 

(4)  F is  flat  in  dimensions  > d + 1 over  S. 


Then  after  possibly  replacing  S by  an  open  neighbourhood  of  s the  functor  Fd 
( 37.20.9.1 ) is  representable  by  a monomorphism  Zd  S of  finite  presentation. 


Proof.  A preliminary  remark  is  that  X,  S are  affine  schemes  and  that  it  suffices  to 
prove  Fd  is  representable  by  a closed  subscheme  on  the  category  of  affine  schemes 
over  S.  Hence  throughout  the  proof  of  the  lemma  we  work  in  the  category  of  affine 
schemes  over  S. 


Let  (Zk,  Yk,  ik,  7Tfc,  Qk,  &k)k=i,...,n  be  a complete  devissage  of  F/X/S  over  s,  see 
Definition  |37.5.1[  We  will  use  induction  on  the  length  n of  the  devissage.  Recall 
that  Yj-  — > S is  smooth  with  geometrically  irreducible  fibres,  see  Definition  |37. 4. l| 
Let  dk  be  the  relative  dimension  of  Yj.  over  S.  Recall  that  ik,*Gk  = Coker  (a  k) 
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05UG 


and  that  ik  is  a closed  immersion.  By  the  definitions  referenced  above  we  have 
d\  = dim(Supp(Jrs))  and 

dk  = dim(Supp(Coker(afc_i)s))  = dim(Supp(<?fc)5)) 

for  k = 2, . . . , n.  It  follows  that  d\  > d2  > ■ ■ ■ > dn  > 0 because  a*,  is  an 
isomorphism  in  the  generic  point  of  (Yfc)s- 

Note  that  i\  is  a closed  immersion  and  F = ii^Gi-  Hence  for  any  morphism  of 
schemes  T — > S with  T affine,  we  have  Ft  = and  iiT  is  still  a closed 

immersion  of  schemes  over  T.  Thus  Ft  is  flat  in  dimensions  > d over  T if  and  only 
if  Gi,t  is  flat  in  dimensions  > d over  T.  Because  7Ti  : Z\  — > Y\  is  finite  we  see  in  the 
same  manner  that  Gi,t  is  flat  in  dimensions  > d over  T if  and  only  if  'K\^t,*G\,t  is 
flat  in  dimensions  > d over  T.  The  same  arguments  work  for  “flat  in  dimensions 

> d + 1”  and  we  conclude  in  particular  that  is  flat  over  S in  dimensions 

> d + 1 by  our  assumption  on  F. 


Suppose  that  g?i  > d.  It  follows  from  the  discussion  above  that  in  particular 
is  flat  over  S at  the  generic  point  of  (Yi)s.  By  Lemma  37.12.1  we  may  replace  S by 
an  affine  neighbourhood  of  s and  assume  that  a\  is  S-universally  injective.  Because 
a.\  is  ^-universally  injective,  for  any  morphism  T -A  S with  T affine,  we  have  a 
short  exact  sequence 


0 -A  Oy[\,  — t — > Coker(ai)T  -A  0 

and  still  the  first  arrow  is  T-universally  injective.  Hence  the  set  of  points  of  (Yi)t 
where  tti  t,*Gi,t  is  flat  over  T is  the  same  as  the  set  of  points  of  {Y\)x  where 
Coker(a1)7’  is  flat  over  S.  In  this  way  the  question  reduces  to  the  sheaf  Coker(ai) 
which  has  a complete  devissage  of  length  n — 1 and  we  win  by  induction. 


If  d\  < d then  Fd  is  represented  by  S and  we  win. 


The  last  case  is  the  case  d\  = d.  This  case  follows  from  a combination  of  Lemma 
137.27.31  and  Lemma [3L27T1  □ 


Theorem  37.27.5.  In  Situation  37.20.9  Assume  moreover  that  f is  of  finite 
presentation,  that  F is  an  Ox -module  of  finite  presentation,  and  that  T is  pure 
relative  to  S.  Then  Fn  is  representable  by  a monomorphism  Zn  — ► S of  finite 
presentation. 


Proof.  The  functor  Fn  is  a sheaf  for  the  fppf  topology  by  Lemma  37.20.10  Hence 
combining  Descent,  Lemma  |34.35.1  More  on  Morphisms,  Lemma  36.39. 1|  , and 
Descent,  Lemmas  |34. 19.291  and  34.19. ll|  we  see  that  the  question  is  local  for  the 
etale  topology  on  S. 

In  particular  the  situation  is  local  for  the  Zariski  topology  on  S and  we  may  assume 
that  S is  affine.  In  this  case  the  dimension  of  the  fibres  of  / is  bounded  above,  hence 
we  see  that  Fn  is  representable  for  n large  enough.  Thus  we  may  use  descending 
induction  on  n.  Suppose  that  we  know  Fn+ 1 is  representable  by  a monomorphism 
Zn+ 1 — ► S of  finite  presentation.  Consider  the  base  change  Xn+\  = Zn+ \ xjl 
and  the  pullback  Fn+^  of  F to  Xn+i.  The  morphism  Zn+i  — > S is  quasi-finite  as  it 


is  a monomorphism  of  finite  presentation,  hence  Lemma  37.16.4  implies  that  Frl+\ 
is  pure  relative  to  Zn+ Since  Fn  is  a subfunctor  of  Fn+\  we  conclude  that  in 
order  to  prove  the  result  for  Fn  it  suffices  to  prove  the  result  for  the  corresponding 
functor  for  the  situation  Fn+x/ Xn+1/ Zn+i.  In  this  way  we  reduce  to  proving  the 
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result  for  Fn  in  case  Sn+i  = S , i.e.,  we  may  assume  that  F is  flat  in  dimensions 
>n  + l over  S. 


Fix  n and  assume  F is  flat  in  dimensions  > n+ 1 over  S.  To  finish  the  proof  we  have 
to  show  that  Fn  is  representable  by  a monomorphism  Zn  — > S of  finite  presentation. 
Since  the  question  is  local  in  the  etale  topology  on  S it  suffices  to  show  that  for 
every  s £ S there  exists  an  elementary  etale  neighbourhood  (S',  s')  -A  (S,  s)  such 
that  the  result  holds  after  base  change  to  S'.  Thus  by  Lemma|37.5.8|we  may  assume 


there  exist  etale  morphisms  hj 


Y, 


X , j = 1 , ,m  such  that  for  each  i there 


exists  a complete  devissage  of  Fj/Yj/S  over  s,  where  F;,  is  the  pullback  of  F to  Yj 


37.27.2 


the  sheaves  F:l  are  still 


and  such  that  Xs  C [J  hj(Yj).  Note  that  by  Lemma 
flat  over  in  dimensions  > n+ 1 over  S.  Set  W = (j  hj  (Yj ) , which  is  a quasi-compact 
open  of  X.  As  F is  pure  along  Xs  we  see  that 

E = {t€  S \ AssXt(Ft)  C W}. 


contains  all  generalizations  of  s.  By  More  on  Morphisms,  Lemma  [36.20.5|  E is  a 
constructible  subset  of  S.  We  have  seen  that  Spec(0giS)  C E.  By  Morphisms, 
Lemma  |28.22.4|  we  see  that  E contains  an  open  neighbourhood  of  s.  Hence  after 
shrinking  S we  may  assume  that  E = S.  It  follows  from  Lemma  37.27.2|  that 
it  suffices  to  prove  the  lemma  for  the  functor  Fn  associated  to  X = JJ  Yj  and 
F = \\Fj.  If  Fjn  denotes  the  functor  for  Yj  -A  S and  the  sheaf  Ft  we  see 
that  Fn  = ]~[  F,jn.  Hence  it  suffices  to  prove  each  FjV  is  representable  by  some 
monomorphism  Zj>n  -A  S'  of  finite  presentation,  since  then 

En  = E\,n  Xg  . . . Xg 


Thus  we  have  reduced  the  theorem  to  the  special  case  handled  in  Lemma  37.27.4 


□ 


We  make  explicit  what  the  theorem  means  in  terms  of  universal  flattenings  in  the 
following  lemma. 

05UH  Lemma  37.27.6.  Let  f : X — » S be  a morphism  of  schemes.  Let  F be  a quasi- 
coherent  Ox -module. 

(1)  If  f is  of  finite  presentation,  F is  an  Ox-module  of  finite  presentation, 
and  F is  pure  relative  to  S,  then  there  exists  a universal  flattening  S'  -A  S 
of  F.  Moreover  S'  — > S is  a monomorphism  of  finite  presentation. 

(2)  If  f is  of  finite  presentation  and  X is  pure  relative  to  S,  then  there  exists  a 
universal  flattening  S'  — > S of  X.  Moreover  S'  — > S is  a monomorphism 
of  finite  presentation. 

(3)  If  f is  proper  and  of  finite  presentation  and  F is  an  Ox -module  of  fi- 
nite presentation,  then  there  exists  a universal  flattening  S'  -A  S of  F . 
Moreover  S'  -+  S is  a monomorphism  of  finite  presentation. 

(4)  If  f is  proper  and  of  finite  presentation  then  there  exists  a universal  flat- 
tening S'  — ^ S of  X. 

Proof.  These  statements  follow  immediately  from  Theorem|37.27.5|applied  to  Fq  = 
F fiat  and  the  fact  that  if  / is  proper  then  F is  automatically  pure  over  the  base, 
see  Lemma  T37. 17.  II  □ 
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37.28.  Blowing  up  and  flatness 


080X  In  this  section  we  begin  our  discussion  of  results  of  the  form:  “After  a blowup  the 
strict  transform  becomes  flat”.  We  will  use  the  following  (more  or  less  standard) 
notation  in  this  section.  If  X — > S is  a morphism  of  schemes,  P is  a quasi-coherent 
module  on  X,  and  T — > S is  a morphism  of  schemes,  then  we  denote  Ft  the 
pullback  of  P to  the  base  change  Xt  = X XsT. 

080Y  Remark  37.28.1.  Let  S be  a quasi-compact  and  quasi-separated  scheme.  Let 
/ : X — > S be  a morphism  of  schemes.  Let  P be  a quasi-coherent  module  on  X. 
Let  U C S be  a quasi-compact  open  subscheme.  Given  a {/-admissible  blowup 
S'  — ^ S we  denote  X'  the  strict  transform  of  X and  P'  the  strict  transform  of  P 
which  we  think  of  as  a quasi-coherent  module  on  X'  (via  Divisors,  Lemma|30.27.2 ). 
Let  P be  a property  of  P/X/S  which  is  stable  under  strict  transform  (as  above) 
for  {7-admissible  blowups.  The  general  problem  in  this  section  is:  Show  (under 
auxiliary  conditions  on  F/X/S)  there  exists  a {/-admissible  blowup  S'  -A  S such 
that  the  strict  transform  P'  / X'  / S'  has  P. 


The  general  strategy  will  be  to  use  that  a composition  of  {/-admissible  blowups  is 
a {/-admissible  blowup,  see  Divisors,  Lemma  30.28.21  In  fact,  we  will  make  use  of 


the  more  precise  Divisors,  Lemma  |30.26.14|  and  combine  it  with  Divisors,  Lemma 
|30.27.6|  The  result  is  that  it  suffices  to  find  a sequence  of  {/-admissible  blowups 


S = So  <-  Si 


such  that,  setting  P0  = P and  X0  = X and  setting  Pi/Xi  equal  to  the  strict 
transform  of  Pi- we  arrive  at  Pn/Xn/ Sn  with  property  P. 


In  particular,  choose  a finite  type  quasi-coherent  sheaf  of  ideals  I C Os  such  that 

Let  S' 


V(X)  = S\U,  see  Properties,  Lemma  27.24.1 


S be  the  blowup  in  X 


and  let  E C S'  be  the  exceptional  divisor  (Divisors,  Lemma  30.26.4 1 . Then  we  see 
that  we’ve  reduced  the  problem  to  the  case  where  there  exists  an  effective  Cartier 
divisor  D C S whose  support  is  X \ U.  In  particular  we  may  assume  U is  scheme 


theoretically  dense  in  S (Divisors,  Lemma  30.11.4). 


Suppose  that  P is  local  on  S':  If  S = (J  Si  is  a finite  open  covering  by  quasi-compact 
opens  and  P holds  for  PsJXgJ Si  then  P holds  for  P/X/S.  In  this  case  the  general 
problem  above  is  local  on  S as  well,  i.e.,  if  given  s £ S we  can  find  a quasi-compact 
open  neighbourhood  W of  s such  that  the  problem  for  Pw / Xw /W  is  solvable,  then 


the  problem  is  solvable  for  P/X/S.  This  follows  from  Divisors,  Lemmas  30.28.3 
and  130. 28.41 


0810  Lemma  37.28.2.  Let  R be  a ring  and  let  f £ R.  Let  r,  d > 0 be  integers.  Let 
R -A  S be  a ring  map  and  let  M be  an  S -module.  Assume 

(1)  R -A  S is  of  finite  presentation  and  flat, 

(2)  every  fibre  ring  S k(p)  is  geometrically  integral  over  R, 

(3)  M is  a finite  S -module, 

(4)  Mf  is  a finitely  presented  Sf -module, 

(5)  for  all  p £ R,  f ^ p with  q = pS  the  module  Mq  is  free  of  rank  r over  Sq. 
Then  there  exists  a finitely  generated  ideal  I C R with  V (/)  = V (/)  such  that  for 
all  a £ I with  R'  = R[ the  quotient 

M ' = (M  R!) / a-power  torsion 
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over  S'  = S R'  satisfies  the  following:  for  every  prime  p'  C R'  there  exists  a 
g £ S' , g p'  S'  such  that  Mg  is  a free  S'g-module  of  rank  r. 

Proof.  This  lemma  is  a generalization  of  More  on  Algebra,  Lemma  |15.20.3[  we 
urge  the  reader  to  read  that  proof  first.  Choose  a surjection  S®n  — > M,  which 
is  possible  by  (1).  Choose  a finite  submodule  I\  C Ker(S®n  — ► M)  such  that 
S®n /K  — > M becomes  an  isomorphism  after  inverting  /.  This  is  possible  by  (4). 
Set  M\  = S®n /K  and  suppose  we  can  prove  the  lemma  for  M\.  Say  I C R is  the 
corresponding  ideal.  Then  for  a £ I the  map 

M\  = (Mi  R')/a- power  torsion  — ► M'  = ( M 8#  R')/a- power  torsion 

is  surjective.  It  is  also  an  isomorphism  after  inverting  a in  R'  as  R'a  = Rf , see 


Algebra,  Lemma  10.69.4  But  a is  a nonzerodivisor  on  M(,  whence  the  displayed 


map  is  an  isomorphism.  Thus  it  suffices  to  prove  the  lemma  in  case  M is  a finitely 
presented  S'-module. 

Assume  M is  a finitely  presented  5'-module  satisfying  (3).  Then  J = Fitr(M)  C S 
is  a finitely  generated  ideal.  By  Lemma  37.9. 3| we  can  write  S'  as  a direct  summand 
of  a free  S-module:  0QgA  R = S © C.  For  any  element  h £ S writing  h = ^faa  in 
the  decomposition  above,  we  say  that  the  aa  are  the  coefficents  of  h.  Let  /'  C R be 
the  ideal  of  coefficients  of  elements  of  J.  Multiplication  by  an  element  of  S defines 
an  f?-linear  map  S — > S,  hence  /'  is  generated  by  the  coefficients  of  the  generators 
of  J,  i.e. , I'  is  a finitely  generated  ideal.  We  claim  that  I = fl'  works. 

We  first  check  that  V(f)  = V(I).  The  inclusion  V(f)  C V{I)  is  clear.  Conversely, 
if  / ^ p,  then  q = pS  is  not  an  element  of  V(J)  by  property  (3)  and  the  fact  that 
formation  of  fitting  ideals  commute  with  base  change  (More  on  Algebra,  Lemma 


15.6.4).  Hence  there  is  an  element  of  J which  does  not  map  to  zero  in  S «(p). 


Thus  there  exists  an  element  of  /'  which  is  not  contained  in  p,  so  p ^ V ( fl ')  = V(I). 

Let  a £ I and  set  R'  = R{^].  We  may  write  a = fa'  for  some  a'  £ I'.  By  Algebra, 
Lemmas  110.69.21  and  IIP. 69.51  we  see  that  I'R1  = a'R'  and  a ' is  a nonzerodivisor  in 
R' . Set  S'  = S (8s  R! . Every  element  g of  JS ' = Fit r(M  g>s  S')  can  be  written 
as  g = ^2a  ca  for  some  ca  £ I'R'.  Since  I'R'  = a'R'  we  can  write  ca  = a'c'a  for 
some  c'a  £ R'  and  g = ()>f  c'a)a'  = g'a'  in  S'.  Moreover,  there  is  an  go  £ J such 
that  a'  = ca  for  some  a.  For  this  element  we  have  go  = g'o&'  in  S'  where  g'0  is  a 
unit  in  S'.  Let  p'  C R'  be  a prime  ideal  and  q'  = p'S".  By  the  above  we  see  that 
J Sg,  is  the  principal  ideal  generated  by  the  nonzerodivisor  a' . It  follows  from  More 
on  Algebra,  Lemma  15.6.8  that  M' , can  be  generated  by  r elements.  Since  M'  is 

mr  £ M'  and  g £ S',  g q'  such  that  the  corresponding 


finite,  there  exist  mi , . . . 
map  (S')®r  M'  becomes  surjective  after  inverting  g. 

Finally,  consider  the  ideal  J'  = Fit/C_ : (M').  Note  that  J' S'g  is  generated  by  the 
coefficients  of  relations  between  mi, . . . , mr  (compatibility  of  fitting  ideal  with  base 
change).  Thus  it  suffices  to  show  that  J'  = 0,  see  More  on  Algebra,  Lemma 


15.6.7  Since  R'a  = Rf  (Algebra,  Lemma  10.69.4)  and  M’a  = Mf  we  see  from  (3) 
that  J'  maps  to  zero  in  Sq"  for  any  prime  q"  C S'  of  the  form  q"  = p^S"  where 
p"  C R'a.  Since  S'a  C Ilq"  as  above  s'q"  (as  (5a)p"  C S’q„  by  Lemma |37.7.4|)  we  see 
that  J'R'a  = 0.  Since  a is  a nonzerodivisor  in  R'  we  conclude  that  J'  = 0 and  we 

□ 


win. 
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0811  Lemma  37.28.3.  Let  S be  a quasi-compact  and  quasi-separated  scheme.  Let 
X — > S be  a morphism  of  schemes.  Let  F be  a quasi- coherent  module  on  X.  Let 
U C S be  a quasi-compact  open.  Assume 

(1)  X — > S is  affine,  of  finite  presentation,  flat,  geometrically  integral  fibres, 

(2)  J7  is  a module  of  finite  type, 

(3)  Fu  is  of  finite  presentation, 

(4)  F is  flat  over  S at  all  generic  points  of  fibres  lying  over  points  of  U. 

Then  there  exists  a U -admissible  blowup  S'  — > S and  an  open  subscheme  V C Xg/ 
such  that  (a)  the  strict  transform  F’  of  F restricts  to  a finitely  locally  free  Oy- 
module  and  (b)  V — » S'  is  surjective. 


Proof.  Given  F/X/S  and  U C S with  hypotheses  as  in  the  lemma,  denote  P 
the  property  “F  is  flat  over  S at  all  generic  points  of  fibres”.  It  is  clear  that  P 


is  preserved  under  strict  transform,  see  Divisors,  Lemma  30.27.3  and  Morphisms, 
Lemma[28.25.6  It  is  also  clear  that  P is  local  on  S.  Hence  any  and  all  observations 
of  Remark  37.28. 1|  apply  to  the  problem  posed  by  the  lemma. 


Consider  the  function  r : U — > Z>0  which  assigns  to  u £ U the  integer 

r{u)  = dimK(ju)(Jlu  ® «(£„)) 

where  is  the  generic  point  of  the  fibre  Xu.  By  More  on  Morphisms,  Lemma 


36.13.7  and  the  fact  that  the  image  of  an  open  in  Xg  in  S is  open,  we  see  that  r{u) 


is  locally  constant.  Accordingly  U = Uq  H U\  H . . . H Uc  is  a finite  disjoint  union  of 
open  and  closed  subschemes  where  r is  constant  with  value  i on  C/j.  By  Divisors, 
Lemma|30.28.5|we  can  find  a 17-admissible  blowup  to  decompose  S into  the  disjoint 
union  of  two  schemes,  the  first  containing  Uq  and  the  second  UiU. . .UUC.  Repeating 
this  c—  1 more  times  we  may  assume  that  S'  is  a disjoint  union  S = SoHSiH. . .HSC 
with  Ui  C Si.  Thus  we  may  assume  the  function  r defined  above  is  constant,  say 
with  value  r. 


By  Remark  |37.28.1|  we  see  that  we  may  assume  that  we  have  an  effective  Cartier 
divisor  D C S whose  support  is  S \U.  Another  application  of  Remark  37.28.1 


combined  with  Divisors,  Lemma  30.11.2  tells  us  we  may  assume  that  S = Spec(i?) 
and  D = Spec (R/(f))  for  some  nonzerodivisor  f £ R.  This  case  is  handled  by 
Lemma  13730  ' ' □ 


0812  Lemma  37.28.4.  Let  A — * C be  a finite  locally  free  ring  map  of  rank  d.  Let 
h £ C be  an  element  such  that  Ch  is  etale  over  A.  Let  J C C be  an  ideal.  Set 
I = Fito(C  / J)  where  we  think  of  C / J as  a finite  A-module.  Then  ICh  = J J'  for 
some  ideal  J'  C Ch-  If  J is  finitely  generated  so  are  I and  J' . 


Proof.  We  will  use  basic  properties  of  fitting  ideals,  see  More  on  Algebra,  Lemma 
15.6.4  Then  IC  is  the  fitting  ideal  of  C/J®  aC.  Note  that  C —>  C®a  C,  c ha  1 ®c 
has  a section  (the  multiplication  map).  By  assumption  C C C is  etale  at 
every  prime  in  the  image  of  Spec(C^)  under  this  section.  Hence  the  multiplication 
map  C ®a  Ch  —>  Ch  is  etale  in  particular  flat,  see  Algebra,  Lemma p.0. 141. 9|  Hence 
there  exists  a C^-algebra  such  that  C<S>ACh  — C\ ® C as  C^-algebras,  see  Algebra, 
Thus  (C/J)  Ch  S (Ch/Jh) 


Lemma 
ideal  /' 


10.141.10 


C' /I'  as  C^-modules  for  some 
C C' . Hence  ICh  = JJ'  with  J'  = Fito (C/T)  where  we  view  C'/J'  as  a 
C/j-module.  □ 
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0813  Lemma  37.28.5.  Let  A -A  B be  an  etale  ring  map.  Let  a £ A be  a nonzerodivisor. 
Let  J C B be  a finite  type  ideal  with  V(J)  C V(aB).  For  every  q C B there  exists 
a finite  type  ideal  I C A with  V(I)  C V(a)  and  g £ B,  g (jL  q such  that  IBg  = J J' 
for  some  finite  type  ideal  J'  C Bg . 


Proof.  We  may  replace  B by  a principal  localization  at  an  element  g £ B,  g ^ q. 
Thus  we  may  assume  that  B is  standard  etale,  see  Algebra,  Proposition  |10. 141. 17| 
Thus  we  may  assume  B is  a localization  of  C = A[x]/(f)  for  some  monic  / £ A[x] 
of  some  degree  d.  Say  B = Ch  for  some  h £ C.  Choose  elements  hi,...,hn  £ C 
which  generate  J over  B.  The  condition  V(J)  C V(aB)  signifies  that  am  = Y bJi 
in  B for  some  large  to.  Set  hn+ 1 = am.  As  in  Lemma  37.28.4  we  take  I = 
Fit0(C'/(fti, . . . , hr+i)).  Since  the  module  C/{h\, . . . , hr+f)  is  annihilated  by  am 
we  see  that  adm  £ I which  implies  that  V(I)  C V(a).  □ 


0814  Lemma  37.28.6.  Let  S be  a quasi-compact  and  quasi-separated  scheme.  Let 
X — > S be  a morphism  of  schemes.  Let  J-  be  a quasi- coherent  module  on  X.  Let 
U C S be  a quasi-compact  open.  Assume  there  exist  finitely  many  commutative 
diagrams 


S* 


X 


where 

(1)  ej  : Si  -A  S are  quasi-compact  etale  morphisms  and  S = IJej(Sj), 

(2)  ji  : Xi  — > X are  etale  morphisms  and  X = U ji(Xi), 

(3)  Sf  — > Si  is  an  e~  (U)- admissible  blowup  such  that  the  strict  transform 
Tf  of  j*  T is  flat  over  S* . 

Then  there  exists  a U -admissible  blowup  S1  — > S such  that  the  strict  transform  of 
F is  flat  over  S' . 

Proof.  We  claim  that  the  hypotheses  of  the  lemma  are  preserved  under  [/-admissible 
blowups.  Namely,  suppose  b : S'  — > S is  a [/-admissible  blowup  in  the  quasi- 
coherent  sheaf  of  ideals  I.  Moreover,  let  S[  -A  S,  be  the  blowup  in  the  quasi- 
coherent  sheaf  of  ideals  Ji.  Then  the  collection  of  morphisms  e'  : S'  = Si  x s S'  -£  S' 
and  j[  : X[  = Xi  Xg  S'  — > X xg  S'  satisfy  conditions  (1),  (2),  (3)  for  the  strict 
transform  T'  of  T relative  to  the  blowup  S'  -A  S.  First,  observe  that  S[  is  the 
blowup  of  Sj  in  the  pullback  of  I,  see  Divisors,  Lemma  [30.26. 3[  Second,  consider 
the  blowup  S'*  -A  S[  of  S[  in  the  pullback  of  the  ideal  Jt.  By  Divisors,  Lemma 
30.26.12|  we  get  a commutative  diagram 


s'; 


S' 


V 
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and  all  the  morphisms  in  the  diagram  above  are  blowups.  Hence  by  Divisors, 
Lemmas  130.27.31  and  130.27.61  we  see 

the  strict  transform  of  (j'f)* IF'  under  S'*  S'- 

= the  strict  transform  of  j* T under  S'*  Si 

= the  strict  transform  of  IF[  under  S'*  — > S[ 

= the  pullback  of  IF*  via  x g.  S'*  — ► Xt 


which  is  therefore  flat  over  S'*  (Morphisms,  Lemma  28.25.6).  Having  said  this, 


we  see  that  all  observations  of  Remark  |37.28.1|  apply  to  the  problem  of  finding  a 
[/-admissible  blowup  such  that  the  strict  transform  of  IF  becomes  flat  over  the  base 
under  assumptions  as  in  the  lemma.  In  particular,  we  may  assume  that  S \ U is 
the  support  of  an  effective  Cartier  divisor  D C S.  Another  application  of  Remark 
|37.28.1|  combined  with  Divisors,  Lemma  30.11.2  shows  we  may  assume  that  S = 
Spec(A)  and  D = Spec(A/(a))  for  some  nonzerodivisor  a £ A. 

Pick  an  i and  s £ Si.  Lemma|37.28.5  implies  we  can  find  an  open  neighbourhood 
s £ Wi  C Si  and  a finite  type  quasi-coherent  ideal  I C Os  such  that  X-Ow,  = JiJ[ 
for  some  finite  type  quasi-coherent  ideal  J[  C Owt  and  such  that  V(X)  C V (a)  = 
S\U.  Since  S,  is  quasi-compact  we  can  replace  Si  by  a finite  collection  W\, . . . , Wn 
of  these  opens  and  assume  that  for  each  i there  exists  a quasi-coherent  sheaf  of  ideals 
li  C Os  such  that  X,  ■ Osi  = JiJf  for  some  finite  type  quasi-coherent  ideal  J[  C 
Osi  ■ As  in  the  discussion  of  the  first  paragraph  of  the  proof,  consider  the  blowup 
S'  of  S in  the  product  Xi . . .In  (this  blowup  is  [/-admissible  by  construction).  The 
base  change  of  S'  — > S to  S*  is  the  blowup  in 

Ji  ■ Jlh  . . .Xi . . ,Xn 


which  factors  through  the  given  blowup  S*  — » Si  (Divisors,  Lemma  30.26.12).  In 


the  notation  of  the  diagram  above  this  means  that  S'*  = S' . Hence  after  replacing 
S by  S'  we  arrive  in  the  situation  that  j*T  is  flat  over  Si.  Hence  j*T  is  flat  over 
S,  see  Lemma  |37.2.3|  By  Morphisms,  Lemma  |28.25.11|  we  see  that  T is  flat  over 
S.  ’ □ 


0815  Theorem  37.28.7.  Let  S be  a quasi-compact  and  quasi-separated  scheme.  Let 
X be  a scheme  over  S . Let  J-  be  a quasi-coherent  module  on  X . Let  U C S be  a 
quasi-compact  open.  Assume 

(1)  X is  quasi-compact, 

(2)  X is  locally  of  finite  presentation  over  S, 

(3)  T is  a module  of  finite  type, 

(4)  T\j  is  of  finite  presentation,  and 

(5)  Tjj  is  flat  over  U . 

Then  there  exists  a U -admissible  blowup  S'  —>  S such  that  the  strict  transform  X' 
of  IF  is  an  OxxsS'-module  of  finite  presentation  and  flat  over  S' . 


Proof.  We  first  prove  that  we  can  find  a [/-admissible  blowup  such  that  the  strict 
transform  is  flat.  The  question  is  etale  local  on  the  source  and  the  target,  see  Lemma 


and  X = Spec(A)  are  affine.  For  s £ S write  IFS  = IF \xB  (pullback  of  IF  to  the 
fibre).  As  X — > S is  of  finite  type  d = maxseg  dim(Supp(Jrs))  is  an  integer.  We 
will  do  induction  on  d. 


37.28.6  for  a precise  statement.  In  particular,  we  may  assume  that  S = Spec(i?) 
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Let  x £ X be  a point  of  X lying  over  s £ S with  dim^Supp^s))  = d.  Apply 
Lemma  37.3.2  to  get  g : X'  — > X,  e : S'  — >■  S,  i : Z'  — > X' , and  7r  : Z’  — >■  Y'. 
Observe  that  Y'  aS'  is  a smooth  morphism  of  afhnes  with  geometrically  irreducible 
fibres  of  dimension  d.  Because  the  problem  is  etale  local  it  suffices  to  prove  the 
theorem  for  g*T/X' /S'.  Because  i : Z'  — > X'  is  a closed  immersion  of  finite 
presentation  (and  since  strict  transform  commutes  with  affine  pushforward,  see 


Divisors,  Lemma  30.27.4)  it  suffices  to  prove  the  flattening  result  for  Q.  Since  7r  is 


finite  (hence  also  affine)  it  suffices  to  prove  the  flattening  result  for  /Y' / S' . Thus 

we  may  assume  that  X -A  S is  a smooth  morphism  of  affines  with  geometrically 
irreducible  fibres  of  dimension  d. 


Next,  we  apply  a blow  up  as  in  Lemma  37.28.3  Doing  so  we  reach  the  situation 
where  there  exists  an  open  V C X surjecting  onto  S such  that  T\v  is  finite  locally 
free.  Let  (gibe  the  generic  point  of  Xs.  Let  r = dimK(j)  Cg  k(£).  Choose  a 
map  a : 0®r  -a  T which  induces  an  isomorphism  K(£)®r  -A  (g>  k(£).  Because 
T is  locally  free  over  V we  find  an  open  neighbourhood  W of  £ where  a is  an 
isomorphism.  Shrink  S to  an  affine  open  neighbourhood  of  s such  that  W — > S 
is  surjective.  Say  T is  the  quasi-coherent  module  associated  to  the  A-module  N. 
Since  J-  is  flat  over  S at  all  generic  points  of  fibres  (in  fact  at  all  points  of  W):  we 
see  that 


N„ 


is  universally  injective  for  all  primes  p of  R , see  Lemma  |37.10.1[  Hence  a is  uni- 

Set  H = Coker(a).  By  Divisors, 
S the  strict  trans- 


versally  injective,  see  Algebra,  Lemma  10.81.12 


Lemma  30.27.7  we  see  that,  given  a [/-admissible  blowup  S' 
forms  of  J7'  and  R'  fit  into  an  exact  sequence 

aT'a-H'aO 


0 


/n©r 
-Y  x s S' 


Hence  Lemma  37.10.1  also  shows  that  J7'  is  flat  at  a point  x'  if  and  only  if  TL'  is 
flat  at  that  point.  In  particular  Ru  is  flat  over  U and  Rjj  is  a module  of  finite 
presentation.  We  may  apply  the  induction  hypothesis  to  R to  see  that  there  exists 
a [/-admissible  blowup  such  that  the  strict  transform  R'  is  flat  as  desired. 

To  finish  the  proof  of  the  theorem  we  still  have  to  show  that  T'  is  a module  of 
finite  presentation  (after  possibly  another  [/-admissible  blowup).  This  follows  from 


Lemma  37.11.1  as  we  can  assume  U C S is  scheme  theoretically  dense  (see  third 
paragraph  of  Remark  37.28.1).  This  finishes  the  proof  of  the  theorem.  □ 
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081Q  In  this  section  we  apply  some  of  the  results  above. 

081R  Lemma  37.29.1.  Let  S be  a quasi-compact  and  quasi-separated  scheme.  Let  X 
be  a scheme  over  S.  Let  U C S be  a quasi-compact  open.  Assume 

(1)  X — ^ S is  of  finite  type  and  quasi-separated,  and 

(2)  Xjj  — » U is  flat  and  locally  of  finite  presentation. 

Then  there  exists  a U -admissible  blowup  S'  — > S such  that  the  strict  transform  of 
X is  flat  and  of  finite  presentation  over  S' . 

Proof.  Since  A -A  S'  is  quasi-compact  and  quasi-separated  by  assumption,  the 
strict  transform  of  X with  respect  to  a blowing  up  S'  — > S is  also  quasi-compact 
and  quasi-separated.  Hence  to  prove  the  lemma  it  suffices  to  find  a [/-admissible 
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blowup  such  that  the  strict  transform  is  flat  and  locally  of  finite  presentation.  Let 
X = W\  U . . . U Wn  be  a finite  affine  open  covering.  If  we  can  find  a [/-admissible 
blowup  Si  — ^ S such  that  the  strict  transform  of  Wi  is  flat  and  locally  of  finite 
presentation,  then  there  exists  a [/-admissble  blowing  up  S'  -A  S dominating  all 
Si  -A  S which  does  the  job  (see  Divisors,  Lemma  30.28.4  see  also  Remark  37.28.1 1. 
Hence  we  may  assume  X is  affine. 

Assume  X is  affine.  By  Morphisms,  Lemma  |28.39.2|  we  can  choose  an  immersion 
j : X — ¥ Ag  over  S.  Let  V C Ag  be  a quasi-compact  open  subscheme  such  that  j 
induces  a closed  immersion  * : X — > V over  S.  Apply  Theorem  37.28.7  to  V — > S 
and  the  quasi-coherent  module  LOy  to  obtain  a [/-admissible  blowup  S'  -A  S 
such  that  the  strict  transform  of  i*Ox  is  flat  over  S'  and  of  finite  presentation 
over  OvxsS '•  Let  X'  be  the  strict  transform  of  X with  respect  to  S'  -A  S.  Let 
i'  : X'  — > VxsS'  be  the  induced  morphism.  Since  taking  strict  transform  commutes 
with  pushforward  along  affine  morphisms  (Divisors,  Lemma  30.27.4),  we  see  that 
i'JDx1  is  flat  over  S and  of  finite  presentation  as  a CVxsS'~module.  This  implies 
the  lemma.  □ 


0B49  Lemma  37.29.2.  Let  S be  a quasi-compact  and  quasi-separated  scheme.  Let  X 
be  a scheme  over  S.  Let  U C S be  a quasi-compact  open.  Assume 

(1)  X — y S is  proper,  and 

(2)  Xjj  -A  U is  finite  locally  free. 

Then  there  exists  a U -admissible  blowup  S'  -A  S such  that  the  strict  transform  of 
X is  finite  locally  free  over  S' . 


081S 


Proof.  By  Lemma[37.29.1|we  may  assume  that  X — > S is  flat  and  of  finite  presen- 
tation. After  replacing  S’  by  a [/-admissible  blow  up  if  necessary,  we  may  assume 
that  U C S is  scheme  theoretically  dense.  Then  / is  finite  by  Lemma  37.11.4 


Hence  / is  finite  locally  free  by  Morphisms,  Lemma  28.45.2 


□ 


Lemma  37.29.3.  Let  ip  : X -A  S be  a separated  morphism  of  finite  type  with  S 
quasi-compact  and  quasi-separated.  Let  U C S be  a quasi-compact  open  such  that 
p~1U  — > U is  an  isomorphism.  Then  there  exists  a U -admissible  blowup  S'  -A  S 
such  that  the  strict  transform  X'  of  X is  isomorphic  to  an  open  subscheme  of  S' . 


Proof.  The  discussion  in  Remark  |37.28.1|  applies.  Thus  we  may  do  a first  U- 
admissible  blowup  and  assume  the  complement  S\U  is  the  support  of  an  effective 
Cartier  divisor  D.  In  particular  U is  scheme  theoretically  dense  in  S.  Next,  we  do 
another  [/-admissible  blowup  to  get  to  the  situation  where  X -A  S'  is  flat  and  of 
finite  presentation,  see  Lemma|37.29.1|  In  this  case  the  result  follows  from  Lemma 
137.11.51  □ 


The  following  lemma  says  that  a proper  modification  can  be  dominated  by  a blowup. 

081T  Lemma  37.29.4.  Let  p : X — > S be  a proper  morphism  with  S quasi-compact  and 
quasi-separated.  Let  U C S be  a quasi-compact  open  such  that  p~1U  — >•  U is  an 
isomorphism.  Then  there  exists  a U -admissible  blowup  S'  — » S which  dominates 
X,  i.e.,  such  that  there  exists  a factorization  S'  — > X — > S of  the  blowup  morphism. 

Proof.  The  discussion  in  Remark  |37.28.1|  applies.  Thus  we  may  do  a first  U- 
admissible  blowup  and  assume  the  complement  S\U  is  the  support  of  an  effective 
Cartier  divisor  D.  In  particular  U is  scheme  theoretically  dense  in  S.  Choose 
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another  [/-admissible  blowup  S'  S such  that  the  strict  transform  X'  of  X is  an 

S'  is  proper,  and  U C S'  is 

□ 


open  subscheme  of  S',  see  Lemma  37.29.3  Since  X' 


dense,  we  see  that  X'  = S'.  Some  details  omitted. 
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Groupoid  Schemes 


38.1.  Introduction 

This  chapter  is  devoted  to  generalities  concerning  groupoid  schemes.  See  for  exam- 
ple the  beautiful  paper  IKM971  by  Keel  and  Mori. 


38.2.  Notation 


Let  S'  be  a scheme.  If  U,  T are  schemes  over  S we  denote  U(T)  for  the  set  of 
T-valued  points  of  U over  S.  In  a formula:  U(T)  = Mor,s  (T,  U).  We  try  to  reserve 
the  letter  T to  denote  a “test  scheme”  over  S,  as  in  the  discussion  that  follows. 
Suppose  we  are  given  schemes  X,  Y over  S and  a morphism  of  schemes  / : X Y 
over  S.  For  any  scheme  T over  S we  get  an  induced  map  of  sets 

/ : X(T)  — ■>  Y(T) 


which  as  indicated  we  denote  by  / also.  In  fact  this  construction  is  functorial 
in  the  scheme  T/S.  Yoneda’s  Lemma,  see  Categories,  Lemma  4.3.5  says  that  / 
determines  and  is  determined  by  this  transformation  of  functors  / : hx  — > hy. 
More  generally,  we  use  the  same  notation  for  maps  between  fibre  products.  For 
example,  if  X,  Y,  Z are  schemes  over  S,  and  if  m : X Xs  Y — > Z xg  Z is  a 
morphism  of  schemes  over  S,  then  we  think  of  m as  corresponding  to  a collection 
of  maps  between  T-valued  points 


X(T)  x Y(T)  — » Z{T)  x Z(T). 

And  so  on  and  so  forth. 


We  continue  our  convention  to  label  projection  maps  starting  with  index  0,  so  we 
have  pr0  : X x 5 Y — > X and  pr-,  : X x g Y — > Y. 


38.3.  Equivalence  relations 

Recall  that  a relation  R on  a set  A is  just  a subset  of  R c A x A.  We  usually  write 
aRb  to  indicate  (a,  b)  £ R.  We  say  the  relation  is  transitive  if  aRb , bRc  =>  aRc.  We 
say  the  relation  is  reflexive  if  aRa  for  all  a £ A.  We  say  the  relation  is  symmetric  if 
aRb  =>  bRa.  A relation  is  called  an  equivalence  relation  if  it  is  transitive,  reflexive 
and  symmetric. 

In  the  setting  of  schemes  we  are  going  to  relax  the  notion  of  a relation  a little  bit 
and  just  require  R — > A x A to  be  a map.  Here  is  the  definition. 

Definition  38.3.1.  Let  S'  be  a scheme.  Let  U be  a scheme  over  S. 

(1)  A pre-relation  on  U over  S is  any  morphism  j : R — » U Xg  U . In  this  case 
we  set  t = pr0  o j and  s = prx  o j,  so  that  j = ( t , s). 
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(2)  A relation  on  U over  S'  is  a monomorphism  j : R -A  U xg  U. 

(3)  A pre-equivalence  relation  is  a pre- relation  j : R^t-U  x g U such  that  the 
image  of  j : R(T)  — ► U(T)  x U(T)  is  an  equivalence  relation  for  all  T/S. 

(4)  We  say  a morphism  R — > U x 5 U is  an  equivalence  relation  on  U over  S if 
and  only  if  for  every  T / S the  T-valued  points  of  R define  an  equivalence 
relation  on  the  set  of  T-valued  points  of  U. 

In  other  words,  an  equivalence  relation  is  a pre-equivalence  relation  such  that  j is 
a relation. 

02V8  Lemma  38.3.2.  Let  S be  a scheme.  Let  U be  a scheme  over  S . Letj:R^UxgU 
be  a pre-relation.  Let  g : U'  —¥  U be  a morphism  of  schemes.  Finally,  set 

R1  = ( U ' xs  U')  xUxsU  i?  4 [/'  xs  U' 

Then  j'  is  a pre-relation  on  U'  over  S.  If  j is  a relation,  then  j'  is  a relation. 
If  j is  a pre- equivalence  relation,  then  j ' is  a pre-equivalence  relation.  If  j is  an 
equivalence  relation,  then  j'  is  an  equivalence  relation. 

Proof.  Omitted.  □ 

02V9  Definition  38.3.3.  Let  S be  a scheme.  Let  U be  a scheme  over  S.  Let  j : R — > 
U xg  U be  a pre-relation.  Let  g : U'  — > U be  a morphism  of  schemes.  The  pre- 
relation j'  : R'  — > U'  x s U'  is  called  the  restriction , or  pullback  of  the  pre-relation 
j to  U' . In  this  situation  we  sometimes  write  R'  = R\u'- 

022Q  Lemma  38.3.4.  Let  j : R —¥  U Xg  U be  a pre-relation.  Consider  the  relation  on 
points  of  the  scheme  U defined  by  the  rule 

x~y<t=>3r£l?:  t(r)  = x,  s{r)  = y. 

If  j is  a pre- equivalence  relation  then  this  is  an  equivalence  relation. 

Proof.  Suppose  that  x ~ y and  y ~ z.  Pick  r £ R with  t(r)  = x,  s(r)  = y and 
pick  r'  £ R with  f(r')  = y , s(r')  = z.  Pick  a held  K fitting  into  the  following 
commutative  diagram 

k(t) K 


K(y)  — K(r') 

Denote  Xk  , Vk,Zk  '■  Spec  (A')  — y U the  morphisms 

Spec(A')  — >■  Spec («(r))  — > Spec(n(x))  — > U 
Spec(A')  — t Spec(/v(r))  — > Spec {n(y))  U 

Spec(AT)  — > Spec («(/))  — »•  Spec(«;(2))  —r  U 

By  construction  ( xk,Vk ) £ j{R{K))  and  (i/k,zk)  £ j(R{K)).  Since  j is  a pre- 
equivalence relation  we  see  that  also  (xk,  zk)  € j{R{K)).  This  clearly  implies  that 
x ~ z. 


The  proof  that  ~ is  reflexive  and  symmetric  is  omitted. 


□ 
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38.4.  Group  schemes 


022R  Let  us  recall  that  a group  is  a pair  (G,  m)  where  G is  a set,  and  to  : G x G — > G is 
a map  of  sets  with  the  following  properties: 

(1)  (associativity)  m{g,  m(g',  g"))  = m(m{g,g'),g")  for  all  g,g',g”  £ G, 

(2)  (identity)  there  exists  a unique  element  e £ G (called  the  identity , unit , 
or  1 of  G)  such  that  m(g , e)  = m (e,  g)  = g for  all  g £ G,  and 

(3)  (inverse)  for  all  g £ G there  exists  a *(<7)  £ G such  that  m(g,i(g))  = 
m(i(g),g)  = e,  where  e is  the  identity. 

Thus  we  obtain  a map  e :{*}—>  G and  a map  z : G — t G so  that  the  quadruple 
( G,m,e,i ) satisfies  the  axioms  listed  above. 

A homomorphism  of  groups  if  : (G,  to)  — » (G',  to')  is  a map  of  sets  if  : G — > G'  such 
that  m' (if{g),if{g'))  = if(m(g,g’)).  This  automatically  insures  that  if(e)  = e'  and 
i'(if(g ))  = if(i(g)).  (Obvious  notation.)  We  will  use  this  below. 

022S  Definition  38.4.1.  Let  S'  be  a scheme. 

(1)  A group  scheme  over  S is  a pair  (G,  to),  where  G is  a scheme  over  S and 
m : G xg  G ->  G is  a morphism  of  schemes  over  S with  the  following 
property:  For  every  scheme  T over  S the  pair  (G(T),to)  is  a group. 

(2)  A morphism  if  : (G,  to)  —X  (G',  m!)  of  group  schemes  over  S is  a morphism 
if  : G — X G'  of  schemes  over  S such  that  for  every  T/S  the  induced  map 
if  : G(T)  —X  G'(T)  is  a homomorphism  of  groups. 


Let  (G,  to)  be  a group  scheme  over  the  scheme  S.  By  the  discussion  above  (and  the 
discussion  in  Section  38.2)  we  obtain  morphisms  of  schemes  over  S:  (identity)  e : 
S — X G and  (inverse)  i : G — X G such  that  for  every  T the  quadruple  (G(T),  to,  e,  z) 
satisfies  the  axioms  of  a group  listed  above. 


Let  (G,  to),  (G',m')  be  group  schemes  over  S.  Let  / : G — X G'  be  a morphism 
of  schemes  over  S.  It  follows  from  the  definition  that  / is  a morphism  of  group 
schemes  over  S if  and  only  if  the  following  diagram  is  commutative: 


GxsG 5-  G'  xsG' 

/X/ 

m m 

G >-  G" 

022T  Lemma  38.4.2.  Let  (G,  to)  6e  a group  scheme  over  S . Let  S'  ^ S be  a morphism 
of  schemes.  The  pullback  ( Gs’,ms >)  is  a group  scheme  over  S'. 

Proof.  Omitted.  □ 

047D  Definition  38.4.3.  Let  S'  be  a scheme.  Let  (G,  to)  be  a group  scheme  over  S. 

(1)  A closed  subgroup  scheme  of  G is  a closed  subscheme  H C G such  that 
m\ hxsh  factors  through  H and  induces  a group  scheme  structure  on  H 
over  S. 

(2)  An  open  subgroup  scheme  of  G is  an  open  subscheme  G'  C G such  that 
w I G'xsG'  factors  through  G'  and  induces  a group  scheme  structure  on  G’ 
over  S. 


Alternatively,  we  could  say  that  H is  a closed  subgroup  scheme  of  G if  it  is  a group 
scheme  over  S endowed  with  a morphism  of  group  schemes  i : H — * G over  S’  which 
identifies  H with  a closed  subscheme  of  G. 
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047E  Definition  38.4.4.  Let  S'  be  a scheme.  Let  ( G,m ) be  a group  scheme  over  S. 

(1)  We  say  G is  a smooth  group  scheme  if  the  structure  morphism  G — > S is 
smooth. 

(2)  We  say  G is  a flat  group  scheme  if  the  structure  morphism  G — > S is  flat. 

(3)  We  say  G is  a separated  group  scheme  if  the  structure  morphism  G — > S 
is  separated. 

Add  more  as  needed. 


38.5.  Examples  of  group  schemes 


047F 

022U  Example  38.5.1  (Multiplicative  group  scheme).  Consider  the  functor  which  as- 
sociates to  any  scheme  T the  group  T(T,  O'f)  of  units  in  the  global  sections  of  the 
structure  sheaf.  This  is  representable  by  the  scheme 

G m = Spec(Z[x,  X-1]) 

The  morphism  giving  the  group  structure  is  the  morphism 


Gm  x Gm  — > 
Spec(Z[x,  x_1]  ®z  Z[x,  x-1])  — > 

Z[x,  x_1]  (g>z  Z[x,  x_1]  <— 

x <S>  x G- 


Gm 

Spec(Z[x,  x^1]) 
Z[x,  x'1] 
x 


Hence  we  see  that  Gm  is  a group  scheme  over  Z.  For  any  scheme  S the  base  change 
Gm,s  is  a group  scheme  over  S whose  functor  of  points  is 

T/S  ► G mtS(T)  = Gm(T)  = F(T,0*t) 

as  before. 


040M  Example  38.5.2  (Roots  of  unity).  Let  n £ N.  Consider  the  functor  which 
associates  to  any  scheme  T the  subgroup  of  T(T,0^)  consisting  of  nth  roots  of 
unity.  This  is  representable  by  the  scheme 

Hn  = Spec(Z[x]/(xn  - 1)). 

The  morphism  giving  the  group  structure  is  the  morphism 


hn  x /an 

Spec(Z[x]/(x"  — 1)  (g>z  Z[x]/(x"  — 1)) 
Z[x]/ (xn  - 1)  Gz  Z[x]/(xn  - 1) 

x G x 


~ t hn 

-A  Spec(Z[x]/(xn 
Z[x]/(x"  - 1) 

X 


1)) 


Hence  we  see  that  p,n  is  a group  scheme  over  Z.  For  any  scheme  S the  base  change 
pnts  is  a group  scheme  over  S whose  functor  of  points  is 

T/S  — ► /vs(T)  = hn(T)  = {/  G T(T,  0*T)  | fn  = 1} 

as  before. 


022V  Example  38.5.3  (Additive  group  scheme).  Consider  the  functor  which  associates 
to  any  scheme  T the  group  T(T,  Ot ) of  global  sections  of  the  structure  sheaf.  This 
is  representable  by  the  scheme 


Gq  = Spec(Z[x]) 
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The  morphism  giving  the  group  structure  is  the  morphism 


Ga  x Ga  — > 
Spec(Z[x]  0z  Z[x])  — » 

Z[x]  0z  Z[x]  ■<— 

101  + 101 


Spec  (Z  [x]) 
Z[x\ 


Hence  we  see  that  Ga  is  a group  scheme  over  Z.  For  any  scheme  S the  base  change 
Ga  5 is  a group  scheme  over  S whose  functor  of  points  is 

T/S  ► G a,s(T)  = G a(T)  = T(T,  Ot) 


as  before. 


022W  Example  38.5.4  (General  linear  group  scheme).  Let  n > 1.  Consider  the  functor 
which  associates  to  any  scheme  T the  group 


GL„(r(T,  Ot)) 


of  invertible  n x n matrices  over  the  global  sections  of  the  structure  sheaf.  This  is 
representable  by  the  scheme 

GLn  = Spec(Z[{a;ji}i<ij<„][l/d]) 

where  d = det((:rij))  with  ( Xij ) the  n x n matrix  with  entry  Xij  in  the  (*,/)-spot. 
The  morphism  giving  the  group  structure  is  the  morphism 


GLn  x GLra 
Spec(Z[xij,  l/d]  0Z  Z [x^,  1/d]) 
Z[xij,  1/d]  0 z Z [x^,  1/d] 


y.  %ik  ® xkj 


— t GL„ 

-A  Spec(Z[xiij,  1/d]) 
Z [if  j , 1/d] 


Hence  we  see  that  GLn  is  a group  scheme  over  Z.  For  any  scheme  S the  base  change 
GLrajs  is  a group  scheme  over  S whose  functor  of  points  is 


T/S  ► GLn,s(T)  = GLn(T)  = GL„(r(T,0T)) 


as  before. 


022X  Example  38.5.5.  The  determinant  defines  a morphisms  of  group  schemes 

det  ; GLn  ^ Gm 


over  Z.  By  base  change  it  gives  a morphism  of  group  schemes  GLrajs  — ► Gm.s  over 
any  base  scheme  S. 

03YW  Example  38.5.6  (Constant  group).  Let  G be  an  abstract  group.  Consider  the 
functor  which  associates  to  any  scheme  T the  group  of  locally  constant  maps  T — > G 
(where  T has  the  Zariski  topology  and  G the  discrete  topology).  This  is  repre- 
sentable by  the  scheme 

Gspecfz)  = TTcC  Spec(Z). 

The  morphism  giving  the  group  structure  is  the  morphism 
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which  maps  the  component  corresponding  to  the  pair  ( g , g')  to  the  component 
corresponding  to  gg' . For  any  scheme  S the  base  change  Gg  is  a group  scheme  over 
S whose  functor  of  points  is 

T/S  i — » Gg(T)  = {/  : T — > G locally  constant} 

as  before. 


38.6.  Properties  of  group  schemes 

045W  In  this  section  we  collect  some  simple  properties  of  group  schemes  which  hold  over 
any  base. 

047G  Lemma  38.6.1.  Let  S be  a scheme.  Let  G be  a group  scheme  over  S.  Then 
G — )•  S is  separated  (resp.  quasi-separated)  if  and  only  if  the  identity  morphism 
e : S G is  a closed  immersion  (resp.  quasi- compact). 

Proof.  We  recall  that  by  Schemes,  Lemma[25.21.12|we  have  that  e is  an  immersion 
which  is  a closed  immersion  (resp.  quasi-compact)  if  G — >•  S is  separated  (resp. 
quasi-separated).  For  the  converse,  consider  the  diagram 


G 

S 


A G/S 


e 


GxsG 

G 


It  is  an  exercise  in  the  functorial  point  of  view  in  algebraic  geometry  to  show  that 
this  diagram  is  cartesian.  In  other  words,  we  see  that  A G/g  is  a base  change  of 
e.  Hence  if  e is  a closed  immersion  (resp.  quasi-compact)  so  is  A G/g,  see  Schemes, 
Lemma  25.18.2  (resp.  Schemes,  Lemma  25.19.3).  □ 


047H  Lemma  38.6.2.  Let  S be  a scheme.  Let  G be  a group  scheme  over  S . Let  T be  a 
scheme  over  S and  let  if  : T — ► G be  a morphism  over  S.  If  T is  flat  over  S,  then 
the  morphism 

TxsG — » G,  (t,g)  i — > m(xp(t),g) 

is  flat.  In  particular,  if  G is  flat  over  S,  then  m : G x g G — ► G is  flat. 


Proof.  Consider  the  diagram 


TxgG- 


(t,g)^(t,m(ip(t),g)) 


■TxsG 


pr 


T 


G 

Y 

s 


The  left  top  horizontal  arrow  is  an  isomorphism  and  the  square  is  cartesian.  Hence 
the  lemma  follows  from  Morphisms,  Lemma [28. 25. 7[  □ 

0471  Lemma  38.6.3.  Let  ( G,m,e,i ) be  a group  scheme  over  the  scheme  S.  Denote 
f : G S the  structure  morphism.  Assume  f is  flat.  Then  there  exist  canonical 
isomorphisms 

Q g/s  — f*Cs/G  — /*e*  Dq/s 

where  Cs/g  denotes  the  conormal  sheaf  of  the  immersion  e.  In  particular,  if  S is 
the  spectrum  of  a field,  then  Hg/S  a free  Gg -module. 
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0BF5 


047 J 


047K 


0B7N 


Proof.  In  Morphisms,  Lemma  28.33.5  we  identified  LtG/S  with  the  conormal  sheaf 
of  the  diagonal  morphism  AG/g~.  In  the  proof  of  Lemma  38.6.1  we  showed  that 
A g/s  is  a base  change  of  the  immersion  e by  the  morphism  ( g , g')  ha  m(i(g)1gl). 
This  morphism  is  isomorphic  to  the  morphism  ( g,g ')  ha  m{g,g')  hence  is  flat  by 
Lemma [38. 6. 2|  Hence  we  get  the  first  isomorphism  by  Morphisms,  Lemma [28. 32. 4| 
By  Morphisms,  Lemma  28.33.16  we  have  Cg/G  = e*LlG/g. 


If  S is  the  spectrum  of  a field,  then  G 
free. 


S is  flat,  and  any  Os-module  on  S is 

□ 


Lemma  38.6.4.  Let  S be  a scheme.  Let  G be  a group  scheme  over  S . Let  s £ S . 
Then  the  composition 

TG/S,e{s)  © Ta/S,e{s)  = TGx  SG/S,(e(s),e(s))  TG/S,e(s) 


is  addition  of  tangent  vectors.  Here  the  = comes  from  Varieties,  Lemma  32.1  f.  7| 
and  the  right  arrow  is  induced  from  m : G XgG  -A  G via  Varieties,  Lemma\32.14.6\ 


Proof.  We  will  use  Varieties,  Equation  (32.14.3.1)  and  work  with  tangent  vectors 


in  fibres.  An  element  0 in  the  first  factor  Tq  /s,e(s)  is  the  image  of  6 via  the 
map  TGs/s^s)  -a  TGs xGs/s,(e(s),e(s))  coming  from  (l,e)  : Gs  -A  Gs  x Gs.  Since 
to  o (1,  e)  = 1 we  see  that  6 maps  to  8 by  functoriality.  Since  the  map  is  linear  we 
see  that  {81,62)  maps  to  8\  + 02-  □ 


38.7.  Properties  of  group  schemes  over  a Held 

In  this  section  we  collect  some  properties  of  group  schemes  over  a field.  In  the  case 
of  group  schemes  which  are  (locally)  algebraic  over  a field  we  can  say  a lot  more, 
see  Section  138.81 

Lemma  38.7.1.  If  {G,m ) is  a group  scheme  over  a field  k,  then  the  multiplication 
map  to  : G xk  G -A  G is  open. 


Proof.  The  multiplication  map  is  isomorphic  to  the  projection  map  pr0  : Gx^G  A 
G because  the  diagram 


GxkG- 


G 


id 


GxkG 

(g,g')^g 

G 


is  commutative  with  isomorphisms  as  horizontal  arrows.  The  projection  is  open  by 
Morphisms,  Lemma  [28.23.4  □ 


Lemma  38.7.2.  If  ( G,m ) is  a group  scheme  over  a field  k.  Let  U C G open  and 
T -A  G a morphism  of  schemes.  Then  the  image  of  the  composition  T xk  U -A 
Gx^GaG  is  open. 


Proof.  For  any  field  extension  k C K the  morphism  Gk  — > G is  open  (Morphisms, 
Lemma  28.23.4).  Every  point  £ of  T xk  U is  the  image  of  a morphism  (t,u)  : 
Spec(A')  — x T x k U for  some  K.  Then  the  image  of  Tk  x k Uk  = ( TxkU)K  — > Gk 
contains  the  translate  t ■ Uk  which  is  open.  Combining  these  facts  we  see  that  the 
image  of  T xk  U -A  G contains  an  open  neighbourhood  of  the  image  of  £.  Since  £ 
was  arbitrary  we  win.  □ 
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047L 


047M 


04L9 


047R 


047S 


Lemma  38.7.3.  Let  G be  a group  scheme  over  a field.  Then  G is  a separated 
scheme. 


Proof.  Say  S = Spec (k)  with  k a field,  and  let  G be  a group  scheme  over  S. 
By  Lemma  |38.6.1|  we  have  to  show  that  e : S — y G is  a closed  immersion.  By 
Morphisms,  Lemma  |28.20.2|  the  image  of  e : S — y G is  a closed  point  of  G.  It  is 
clear  that  Oq  — > e^Os  is  surjective,  since  e*Og  is  a skyscraper  sheaf  supported  at 
the  neutral  element  of  G with  value  k.  We  conclude  that  e is  a closed  immersion 
by  Schemes,  Lemma  25.24.2  □ 


Lemma  38.7.4.  Let  G be  a group  scheme  over  a field  k.  Then 

(1)  every  local  ring  Oc,g  of  G has  a unique  minimal  prime  ideal, 

(2)  there  is  exactly  one  irreducible  component  Z of  G passing  through  e,  and 

(3)  Z is  geometrically  irreducible  over  k. 

Proof.  For  any  point  g £ G there  exists  a field  extension  k C K and  a A'-valued 
point  g'  £ G(A')  mapping  to  g.  If  we  think  of  g'  as  a ^-rational  point  of  the  group 
scheme  Gk,  then  we  see  that  Oc,g  — > Ogk,3'  is  a faithfully  flat  local  ring  map  (as 
Gk  — > G is  flat,  and  a local  flat  ring  map  is  faithfully  flat,  see  Algebra,  Lemma 
10.38. 17|) . The  result  for  Og K,g'  implies  the  result  for  Oc,g,  see  Algebra,  Lemma 


10.29.5  Hence  in  order  to  prove  (1)  it  suffices  to  prove  it  for  fc-rational  points  g of 
G.  In  this  case  translation  by  g defines  an  automorphism  G — y G which  maps  e to 
g.  Hence  Oc,g  — 0G,e-  In  this  way  we  see  that  (2)  implies  (1),  since  irreducible 
components  passing  through  e correspond  one  to  one  with  minimal  prime  ideals  of 

0G,e- 

In  order  to  prove  (2)  and  (3)  it  suffices  to  prove  (2)  when  k is  algebraically  closed. 
In  this  case,  let  Z\,  Z-2  be  two  irreducible  components  of  G passing  through  e.  Since 
k is  algebraically  closed  the  closed  subscheme  Z\  xk  Z2  C G xk  G is  irreducible 


too,  see  Varieties,  Lemma  32.6.4  Hence  m(Z i xk  Z2)  is  contained  in  an  irreducible 
component  of  G.  On  the  other  hand  it  contains  Z\  and  Z2  since  m|exG  = idc  and 
m\Gxe  = idG-  We  conclude  Z1  = Z2  as  desired.  □ 


Remark  38.7.5.  Warning:  The  result  of  Lemma  38.7.4  does  not  mean  that 
every  irreducible  component  of  G/k  is  geometrically  irreducible.  For  example  the 
group  scheme  (j*3,q  = Spec(Q[x]/(a:3  — 1))  over  Q has  two  irreducible  components 
corresponding  to  the  factorization  a:3  — 1 = (x  — l)(x2  + x + 1).  The  first  factor 
corresponds  to  the  irreducible  component  passing  through  the  identity,  and  the 
second  irreducible  component  is  not  geometrically  irreducible  over  Spec(Q). 

Lemma  38.7.6.  Let  G be  a group  scheme  over  a perfect  field  k.  Then  the  reduction 
Gred  of  G is  a closed  subgroup  scheme  ofG. 


Proof.  Omitted.  Hint:  Use  that  Gred  xk  Gred  is  reduced  by  Varieties,  Lemmas 
132.4.31  and  I32A71  □ 

Lemma  38.7.7.  Let  k be  a field.  Let  if  : G'  — > G be  a morphism  of  group  schemes 
over  k.  If  if(G')  is  open  in  G,  then  i f(G')  is  closed  in  G. 

Proof.  Let  U = ip{G')  C G.  Let  Z = G\if(Gl ) = G\U  with  the  reduced  induced 
closed  subscheme  structure.  By  Lemma  [38. 7. 2|  the  image  of 

Z xkG'  — > Z xkU  — >G 
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is  open  (the  first  arrow  is  surjective).  On  the  other  hand,  since  ip  is  a homomorphism 
of  group  schemes,  the  image  of  Z G'  — y G is  contained  in  Z (because  translation 
by  ip(g')  preserves  U for  all  points  g'  of  G'\  small  detail  omitted).  Hence  Z C G is 
an  open  subset  (although  not  necessarily  an  open  subscheme).  Thus  U = ip(G')  is 
closed.  □ 


047T  Lemma  38.7.8.  Let  i : G'  —y  G be  an  immersion  of  group  schemes  over  a field,  k. 
Then  i is  a closed  immersion,  i.e.,  i(G')  is  a closed  subgroup  scheme  of  G. 

Proof.  To  show  that  i is  a closed  immersion  it  suffices  to  show  that  i(G')  is  a 
closed  subset  of  G.  Let  k C k'  be  a perfect  extension  of  k.  If  i{G’k,)  C Gk  is  closed, 
then  i(G')  C G is  closed  by  Morphisms,  Lemma  28.25.10  (as  Gk  — y G is  flat, 
quasi-compact  and  surjective).  Hence  we  may  and  do  assume  k is  perfect.  We  will 
use  without  further  mention  that  products  of  reduced  schemes  over  k are  reduced. 
We  may  replace  G'  and  G by  their  reductions,  see  Lemma 


38.7.6 


Let  G'  C G be 

the  closure  of  i{G')  viewed  as  a reduced  closed  subscheme.  By  Varieties,  Lemma 
32.19.1  we  conclude  that  G'  x G"  is  the  closure  of  the  image  of  G'  x k G'  — y G x k G. 


Hence 

m(y  XfcG7)  c G7 

as  to  is  continuous.  It  follows  that  G'  C G is  a (reduced)  closed  subgroup  scheme. 


By  Lemma 
as  desired. 


38.7.7 


we  see  that  i(G')  C G'  is  also  closed  which  implies  that  i{G')  = G' 

□ 


0B7P  Lemma  38.7.9.  Let  G be  a group  scheme  over  a field  k.  If  G is  irreducible,  then 
G is  quasi-compact. 


Proof.  Suppose  that  k C K is  a field  extension.  If  Gk  is  quasi-compact,  then  G 
is  too  as  Gk  — > G is  surjective.  By  Lemma  [38.7.4|  we  see  that  Gk  is  irreducible. 
Hence  it  suffices  to  prove  the  lemma  after  replacing  k by  some  extension.  Choose 
I\  to  be  an  algebraically  closed  field  extension  of  very  large  cardinality.  Then  by 
Varieties,  Lemma [32.1 2. 2|  we  see  that  Gk  is  a Jacobson  scheme  all  of  whose  closed 
points  have  residue  field  equal  to  K.  In  other  words  we  may  assume  G is  a Jacobson 
scheme  all  of  whose  closed  points  have  residue  field  k. 


Let  U C G be  a nonempty  affine  open.  Let  g € G(k).  Then  gU  D U 0.  Hence  we 
see  that  g is  in  the  image  of  the  morphism 


U xSpec(fc)  U — y G,  (ultu2)  ' — » uiu2  1 

Since  the  image  of  this  morphism  is  open  (Lemma  38.7.1|)  we  see  that  the  image 
is  all  of  G (because  G is  Jacobson  and  closed  points  are  fc-rational).  Since  U is 
affine,  so  is  U Xspec(k)  U.  Hence  G is  the  image  of  a quasi-compact  scheme,  hence 
quasi-compact.  □ 


0B7Q  Lemma  38.7.10.  Let  G be  a group  scheme  over  a field  k.  If  G is  connected,  then 
G is  irreducible. 


Proof.  By  Varieties,  Lemma  32.5.13  we  see  that  G is  geometrically  connected.  If 
we  show  that  Gk  is  irreducible  for  some  field  extension  k C K,  then  the  lemma 
follows.  Hence  we  may  apply  Varieties,  Lemma [32. 12. 2| to  reduce  to  the  case  where 
k is  algebraically  closed,  G is  a Jacobson  scheme,  and  all  the  closed  points  are 
fc-rational. 
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Let  Z C G be  the  unique  irreducible  component  of  G passing  through  the  neutral  el- 
ement, see  Lemma|38.7.4|  Endowing  Z with  the  reduced  induced  closed  subscheme 
structure,  we  see  that  Z x*,  Z is  reduced  and  irreducible  (Varieties,  Lemmas  32.4.7 

Z x fc  Z 


and  32.6.41.  We  conclude  that  m\zxkz 
becomes  a closed  subgroup  scheme  of  G. 


G factors  through  Z.  Hence  Z 


To  get  a contradiction,  assume  there  exists  another  irreducible  component  Z'  C G. 
Then  Z n Z'  = 


by  Lemma  38.7.4 


By  Lemma  38.7.9  we  see  that  Z is  quasi- 
Thus  we  may  choose  a quasi-compact  open  U C G with  Z C U and 
0.  The  image  W of  Z x*,  U — > G is  open  in  G by  Lemma  38.7.2  On  the 


compact. 

unz'  = 

other  hand,  W is  quasi-compact  as  the  image  of  a quasi-compact  space.  We  claim 
that  W is  closed.  If  the  claim  is  true,  then  W C G\  Z'  is  a proper  open  and  closed 
subset  of  G,  which  contradicts  the  assumption  that  G is  connected. 


Proof  of  the  claim.  Since  W is  quasi-compact,  we  see  that  points  in  the  closure  of 


W are  specializations  of  points  of  W (Morphisms,  Lemma  28.6.51.  Thus  we  have 
to  show  that  any  irreducible  component  Z"  C G of  G which  meets  W is  contained 
in  W.  As  G is  Jacobson  and  closed  points  are  rational,  Z" GW  has  a rational  point 
g e Z"{k)  n W(k)  and  hence  Z”  = Zg.  But  W = m{Z  x*,  W)  by  construction,  so 
implies  Z"  C W.  □ 


0B7R  Proposition  38.7.11.  Let  G be  a group  scheme  over  a field  k.  There  exists  a 
canonical  closed  subgroup  scheme  G°  C G with  the  following  properties 

(1)  G°  — ► G is  a flat  closed  immersion, 

(2)  G°  C G is  the  connected  component  of  the  identity , 

(3)  G°  is  geometrically  irreducible,  and 

(4)  G°  is  quasi-compact. 


Proof.  Let  G°  be  the  connected  component  of  the  identity  with  its  canonical 


scheme  structure  (Morphisms,  Definition  28.26.3).  By  Varieties,  Lemma  32.5.13 


we  see  that  G°  is  geometrically  connected.  Thus  G°  x *.  G°  is  connected  (Varieties, 
Lemma  32.5.4).  Thus  m(G°  xfc  G°)  C G°  set  theoretically.  To  see  that  this  holds 
scheme  theoretically,  note  that  G°  x *.  G°  — >•  G x G is  a flat  closed  immersion. 
By  Morphisms,  Lemma  [28 . 26 . 1 1 it  follows  that  G°  Xfc  G°  is  a closed  subscheme  of 
(GXfcG)  xmj(;G0.  Thus  we  see  that  m | go Xfc go  : G°  XfcG°  — > G factors  through  G°. 
Hence  G°  becomes  a closed  subgroup  scheme  of  G.  By  Lemma  38.7.10  we  see  that 
G°  is  irreducible.  By  Lemma  38.7.4  we  see  that  G°  is  geometrically  irreducible.  By 
Lemma  38.7.9  we  see  that  G°  is  quasi-compact.  □ 


0B7T  Lemma  38.7.12.  Let  k be  afield.  LetT  = Spec(A)  where  A is  a directed  colimit 
of  algebras  which  are  finite  products  of  copies  of  k.  For  any  scheme  X over  k we 
have  | T Xk  X\  = |T|  x |V|  as  topological  spaces. 

Proof.  By  taking  an  affine  open  covering  we  reduce  to  the  case  of  an  affine  X. 
Say  X = Spec(B).  Write  A = colimAb  with  Ai  = II(eT  ^ an<^  finite.  Then 
Tj  = | Spec(Ai)|  with  the  discrete  topology  and  the  transition  morphisms  Ai  — >•  A^ 
are  given  by  set  maps  TV  — > Tj.  Thus  |T|  = limTj  as  a topological  space,  see 
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Limits,  Lemma  |31.3.2[  Similarly  we  have 

\TxkX\  = | Spec {A®k  B) \ 

= | Spec(colim  A*  (g)*,  B)\ 

= lim  | Spec(A;  ®k  B) \ 

= lim  | Spec(JJt^  B)\ 

= lim Ti  x \X\ 

= (limTj)  x \X\ 

= \T\x\X\ 

by  the  lemma  above  and  the  fact  that  limits  commute  with  limits.  □ 


The  following  lemma  says  that  in  fact  we  can  put  a “algebraic  profinite  family  of 
points”  in  an  affine  open.  We  urge  the  reader  to  read  Lemma [38. 8. 6| first. 

0B7U  Lemma  38.7.13.  Let  k be  an  algebraically  closed  field.  Let  G be  a group  scheme 
over  k.  Assume  that  G is  Jacobson  and  that  all  closed  points  are  k-rational.  Let 
T = Spec(A)  where  A is  a directed  colimit  of  algebras  which  are  finite  products 
of  copies  of  k.  For  any  morphism  f : T -A  G there  exists  an  affine  open  U C G 
containing  f(T). 


The  first  two  paragraphs  serve  to  reduce  to  the  case  G = G°. 


Proof.  Let  G°  C G be  the  closed  subgroup  scheme  found  in  Proposition  |38.7.11 


Observe  that  T is  a directed  inverse  limit  of  finite  topological  spaces  (Limits,  Lemma 
31.3.2),  hence  profinite  as  a topological  space  (Topology,  Definition  5.21.1|).  Let 
W C G be  a quasi-compact  open  containing  the  image  of  T — y G.  After  replacing 
W by  the  image  of  G°  x W ->GxG-)Gwe  may  assume  that  W is  invariant  under 
the  action  of  left  translation  by  G°,  see  Lemma  38.7.2  Consider  the  composition 

ijj  = TT  O f : T W A-  7To (W) 

The  space  -kq{W)  is  profinite  (Topology,  Lemma  [5.22.8  and  Properties,  Lemma 
27.2.4).  Let  C T be  the  fibre  of  T — »•  ir0(W)  over  £ £ tt0{W).  Assume  that 

for  all  £ we  can  find  an  affine  open  C W with  F C U.  Since  if  : T — ► 7ro(W) 
is  proper  as  a map  of  topological  spaces  (Topology,  Lemma  5.16.7),  we  can  find  a 
quasi-compact  open  Vj  C 7r0(W)  such  that  -0_1(V^)  C f~l{U^)  (easy  topological  ar- 
gument omitted).  After  replacing  by  Lr^n7r_1(Vj),  which  is  open  and  closed  in 
hence  affine,  we  see  that  t/j  C 7r-1(V{)  and  t/^DT  = ^>_1(Vj).  By  Topology,  Lemma 
we  can  find  a finite  disjoint  union  decomposition  7To(W)  = (Ji=1  n Vi  by 


5.21.3 


quasi-conrpact  opens  such  that  V)  C for  some  i.  Then  we  see  that 

/(T)C=U  . Uit  Ctt-1^) 

1 79. 


the  right  hand  side  of  which  is  a finite  disjoint  union  of  affines,  therefore  affine. 


Let  Z be  a connected  component  of  G which  meets  f(T).  Then  Z has  a fc-rational 
point  z (because  all  residue  fields  of  the  scheme  T are  isomorphic  to  k).  Hence 
Z = G°z.  By  our  choice  of  W,  we  see  that  Z C W.  The  argument  in  the  preceding 
paragraph  reduces  us  to  the  problem  of  finding  an  affine  open  neighbhourhood  of 
f{T)  fl  Z in  W.  After  translation  by  a rational  point  we  may  assume  that  Z = G° 
(details  omitted).  Observe  that  the  scheme  theoretic  inverse  image  T'  = /_1(G°)  C 
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047V 

047U 


0BF6 

045X 


T is  a closed  subscheme,  which  has  the  same  type.  After  replacing  T by  T'  we  may 
assume  that  f(T)  C G°.  Choose  an  affine  open  neighbourhood  U C G of  e £ G',  so 
that  in  particular  U D G°  is  nonempty.  We  will  show  there  exists  a g £ G°(k)  such 
that  f(T)  C g~1U.  This  will  finish  the  proof  as  g~1U  C W by  the  left  G°-invariance 
of  W. 


The  arguments  in  the  preceding  two  paragraphs  allow  us  to  pass  to  G°  and  reduce 
the  problem  to  the  following:  Assume  G is  irreducible  and  U C G an  affine  open 
neighbourhood  of  e.  Show  that  f{T)  C g~1U  for  some  g £ G(k).  Consider  the 
morphism 

U xkT  — > G xkT,  (t,u)— >(u/(t)-1)i) 


which  is  an  open  immersion  (because  the  extension  of  this  morphism  to  G xkT  -A 
GxkT  is  an  isomorphism).  By  our  assumption  on  T we  see  that  we  have  \U  xkT\  = 
\U\  x |T|  and  similarly  for  G xk  T,  see  Lemma  38.7.12  Hence  the  image  of  the 


displayed  open  immersion  is  a finite  union  of  boxes  (Ji=1  nUi  x V)  with  V)  C T 
and  Ui  C G quasi-compact  open.  This  means  that  the  possible  opens  [7/(f)_1, 
t £T  are  finite  in  number,  say  U f{t  i)-1,  ■ ■ ■ , U Since  G is  irreducible  the 

intersection 

ufiG)-1  n...nuf(tr)~1 


is  nonempty  and  since  G is  Jacobson  with  closed  points  fc-rational,  we  can  choose 
a fc-valued  point  g £ G(k)  of  this  intersection.  Then  we  see  that  g € G/(t)_1  for 
all  t £ T which  means  that  f(t)  £ g~1U  as  desired.  □ 


Remark  38.7.14.  If  G is  a group  scheme  over  a field,  is  there  always  a quasi- 
compact open  and  closed  subgroup  scheme?  By  Proposition  38.7.11|  this  question 
is  only  interesting  if  G has  infinitely  many  connected  components  (geometrically). 


Lemma  38.7.15.  Let  G be  a group  scheme  over  a field.  There  exists  an  open  and 
closed  subscheme  G'  C G which  is  a countable  union  of  affines. 


Proof.  Let  e £ U{k)  be  a quasi-compact  open  neighbourhood  of  the  identity  ele- 
ment. By  replacing  U by  U (~l  i{U)  we  may  assume  that  U is  invariant  under  the 
inverse  map.  As  G is  separated  this  is  still  a quasi-compact  set.  Set 


n>  1 


m. 


,([/  xk  ...  x k U ) 


G is  the  n-slot  multiplication  map  (cq, . . . ,gn)  i— >• 


where  mn  : G x k . . . x k G — ) 

m{m{...{m{g1,g2),g3),...),gr  

hence  G'  is  an  open  subgroup  scheme.  By  Lemma  38.7.7  it  is  also  a closed  subgroup 
scheme.  □ 


Each  of  these  maps  are  open  (see  Lemma  38.7.1) 


38.8.  Properties  of  algebraic  group  schemes 

Recall  that  a scheme  over  a field  k is  (locally)  algebraic  if  it  is  (locally)  of  finite 
type  over  Spec(fc),  see  Varieties,  Definition  32.17.1  This  is  the  sense  of  algebraic 
we  are  using  in  the  title  of  this  section. 


Lemma  38.8.1.  Let  k be  a field.  Let  G be  a locally  algebraic  group  scheme  over  k. 
Then  G is  equidimensional  and  dim(G)  = dimg(G)  for  all  g £ G.  For  any  closed 
point  g £ G we  have  dim(G)  = dim (Oa,g)- 
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Proof.  Let  us  first  prove  that  dimg(G)  = dimg'  (G)  for  any  pair  of  points  g,  g'  £ G. 
By  Morphisms,  Lemma  |28.28.3|  we  may  extend  the  ground  field  at  will.  Hence 
we  may  assume  that  both  g and  g'  are  defined  over  k.  Hence  there  exists  an 
automorphism  of  G mapping  g to  g' , whence  the  equality.  By  Morphisms,  Lemma 
28.28.1  we  have  dimg(G)  = dim(C>Gjg)  + trdeg /.(«(<?)).  On  the  other  hand,  the 


dimension  of  G (or  any  open  subset  of  G)  is  the  supremum  of  the  dimensions  of 
the  local  rings  of  of  G,  see  Properties,  Lemma  [27. 10. 3[  Clearly  this  is  maximal  for 
closed  points  g in  which  case  trdegfe(ft(g))  = 0 (by  the  Hilbert  Nullstellensatz,  see 
Morphisms,  Section  28.16).  Hence  the  lemma  follows.  □ 


The  following  result  is  sometimes  referred  to  as  Cartier’s  theorem. 

047N  Lemma  38.8.2.  Let  k be  a field  of  characteristic  0.  Let  G be  a locally  algebraic 
group  scheme  over  k.  Then  the  structure  morphism  G — > Spec(fc)  is  smooth , i.e., 
G is  a smooth  group  scheme. 


0470 


047P 


Proof.  By  Lemma  |38.6.3|  the  module  of  differentials  of  G over  k is  free. 


smoothness  follows  from  Varieties,  Lemma  32.20.1 


Hence 

□ 


Remark  38.8.3.  Any  group  scheme  over  a field  of  characteristic  0 is  reduced,  see 
[Per751  I,  Theorem  1.1  and  I,  Corollary  3.9,  and  II,  Theorem  2.4]  and  also  (Per76l 
Proposition  4.2.8].  This  was  a question  raised  in  OorOO  page  80].  We  have  seen 
in  Lemma [38.8. 2|  that  this  holds  when  the  group  scheme  is  locally  of  finite  type. 


Lemma  38.8.4.  Let  k be  a perfect  field  of  characteristic  p > 0 (see  Lemma  38.8.2 
for  the  characteristic  zero  case).  Let  G be  a locally  algebraic  group  scheme  over  k. 
If  G is  reduced  then  the  structure  morphism  G —¥  Spec (k)  is  smooth,  i.e.,  G is  a 
smooth  group  scheme. 


Proof.  By  Lemma 


38.6.3 


Varieties,  Lemma [32. 20. 2| 


the  sheaf  f] 


G/k 


is  free. 


Hence  the  lemma  follows  from 

□ 


047Q  Remark  38.8.5.  Let  k be  a field  of  characteristic  p > 0.  Let  a £ He  an  element 
which  is  not  a pth  power.  The  closed  subgroup  scheme 

G = L(/  + a/)cG^ 

is  reduced  and  irreducible  but  not  smooth  (not  even  normal). 


The  following  lemma  is  a special  case  of  Lemma  |38.7.13|  with  a somewhat  easier 
proof. 

0B7S  Lemma  38.8.6.  Let  k be  an  algebraically  closed  field.  Let  G be  a locally  algebraic 
group  scheme  over  k.  Let  g i, . . . ,gn  £ G{k ) be  k-rational  points.  Then  there  exists 
an  affine  open  U C G containing  gi , . . . , gr . 


Proof.  We  first  argue  by  induction  on  n that  we  may  assume  all  gi  are  on  the 
same  connected  component  of  G.  Namely,  if  not,  then  we  can  find  a decomposition 
G = W\  H IV2  with  Wi  open  in  G and  (after  possibly  renumbering)  gi, ...  ,gr  £ W\ 
and  gr+i,  ■ ■ ■ ,gn  £ W2  for  some  0 < r < n.  By  induction  we  can  find  affine  opens 
U\  and  U2  of  G with  gi, . . . ,gr  £ U\  and  gr+ 1, . . . , gn  £ G2.  Then 

gi,...,9n  € (U1nw1)u(U2nw2) 

is  a solution  to  the  problem.  Thus  we  may  assume  gi, ...  ,gn  are  all  on  the  same 
connected  component  of  G.  Translating  by  gf1  we  may  assume  gi, . . . , gn  £ G° 
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where  G°  C G is  as  in  Proposition  38.7.11  Choose  an  affine  open  neighbourhood 
U of  e,  in  particular  U D G°  is  nonempty.  Since  G°  is  irreducible  we  see  that 

G°  n (Ugf1  n ...  n Ug-1) 

is  nonempty.  Since  G — > Spec(fc)  is  locally  of  finite  type,  also  G°  -A  Spec (fc)  is 
locally  of  finite  type,  hence  any  nonempty  open  has  a fc-rational  point.  Thus  we 
can  pick  g £ G°(k)  with  g £ U g~x  for  all  i.  Then  gi  £ g~1U  for  all  i and  g~xU  is 
the  affine  open  we  were  looking  for.  □ 

0BF7  Lemma  38.8.7.  Let  k be  a field.  Let  G be  an  algebraic  group  scheme  over  k. 
Then  G is  quasi-projective  over  k. 


Proof.  By  Varieties,  Lemma  32.13.1  we  may  assume  that  k is  algebraically  closed. 
Let  G°  C G be  the  connected  component  of  G as  in  Proposition  38.7.11  Then  every 
other  connected  component  of  G has  a fc-rational  point  and  hence  is  isomorphic  to 
G°  as  a scheme.  Since  G is  quasi-compact  and  Noetherian,  there  are  finitely  many 
of  these  connected  components.  Thus  we  reduce  to  the  case  discussed  in  the  next 
paragraph. 

Let  G be  a connected  algebraic  group  scheme  over  an  algebraically  closed  field  k. 
If  the  characteristic  of  k is  zero,  then  G is  smooth  over  k by  Lemma  [38. 8. 2|  If  the 
characteristic  of  k is  p > 0,  then  we  let  H = Gred  be  the  reduction  of  G.  By  Divisors, 
Proposition  30.14.8  it  suffices  to  show  that  H has  an  ample  invertible  sheaf.  (For  an 
algebraic  scheme  over  k having  an  ample  invertible  sheaf  is  equivalent  to  being  quasi- 
projective  over  k.  see  for  example  the  very  general  More  on  Morphisms,  Lemma 


36.35.1  ) By  Lemma  38.7.6  we  see  that  H is  a group  scheme  over  k.  By  Lemma 
38.8.41  we  see  that  H is  smooth  over  k.  This  reduces  us  to  the  situation  discussed 
in  the  next  paragraph. 

Let  G be  a quasi-compact  irreducible  smooth  group  scheme  over  an  algebraically 
closed  field  k.  Observe  that  the  local  rings  of  G are  regular  and  hence  UFDs 


(Varieties,  Lemma  32.20.3  and  More  on  Algebra,  Lemma  15.83.7 1.  The  complement 


of  a nonempty  affine  open  of  G is  the  support  of  an  effective  Cartier  divisor  D.  This 
follows  from  Divisors,  Lemma  30.13.6  (Observe  that  G is  separated  by  Lemma 


38.7.3 


We  conclude  there  exists  an  effective  Cartier  divisor  D C G such  that 
G \ D is  affine.  We  will  use  below  that  for  any  n > 1 and  gi, . . . , gn  £ G(k ) the 
complement  G \ (J  Dgi  is  affine.  Namely,  it  is  the  intersection  of  the  affine  opens 
G \ Dgi  = G\D  in  the  separated  scheme  G. 

We  may  choose  the  top  row  of  the  diagram 


G- 


U 


W ■ 


■Ag 


■ V 


such  that  U ^ 


Lemma  28.36.20 
_1(V)  the  morphism  7r'  = 7r|w 


7T 


j : U — > G is  an  open  immersion,  and  n is  etale,  see  Morphisms, 
There  is  a nonempty  affine  open  V C A f such  that  with  W = 
W — > V is  finite  etale.  In  particular  n'  is  finite 


locally  free,  say  of  degree  n.  Consider  the  effective  Cartier  divisor 
= {(g,w)  | m{g,j(w ))  £ D}  c G x W 
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(This  is  the  restriction  to  G x W of  the  pullback  ofDcG  under  the  flat  morphism 
m : G x G — > G.)  Consider  the  closed  subset^T  = (1  x 7r')(I?)  C G xV.  Since 
it'  is  finite  locally  free,  every  irreducible  component  of  T has  codimension  1 in 
G x V.  Since  G x V is  smooth  over  k we  conclude  these  components  are  effective 
Cartier  divisors  (Divisors,  Lemma  30.12.7  and  lemmas  cited  above)  and  hence  T 
is  the  support  of  an  effective  Cartier  divisor  E in  G x V.  If  v £ V(fc),  then 
(7r,)_1(t;)  = {mi, . . . , wn}  C W(k)  and  we  see  that 


£«  = U-  , Dj(wi)  1 

in  G set  theoretically.  In  particular  we  see  that  G \ Ev  is  affine  open  (see  above). 
Moreover,  if  g £ G(k),  then  there  exists  a v £ V such  that  g Ev.  Namely,  the 
set  W'  of  w £ W such  that  g £ Dj(w)~ 1 is  nonempty  open  and  it  suffices  to  pick 
v such  that  the  fibre  of  W'  -A  V over  v has  n elements. 


0BF8 


Consider  the  invertible  sheaf  M.  = Ogxv{E ) on  G x V.  By  Varieties,  Lemma 
32.24.1  the  isomorphism  class  C of  the  restriction  Mv  = Og(Ev)  is  independent  of 


v £ V(k).  On  the  other  hand,  for  every  g £ G{k)  we  can  find  a v such  that  g £ Ev 
and  such  that  G \ Ev  is  affine.  Thus  the  canonical  section  (Divisors,  Definition 
30.11.14|)  of  Og(Ev)  corresponds  to  a section  sv  of  C which  does  not  vanish  at  g 
and  such  that  GSv  is  affine.  This  means  that  C is  ample  by  definition  (Properties, 
Definition  27.26.1 ).  □ 


Lemma  38.8.8.  Let  k be  a field.  Let  G be  a locally  algebraic  group  scheme  over 
k.  Then  the  center  of  G is  a closed  subgroup  scheme  of  G. 


Proof.  Let  Aut(G)  denote  the  contravariant  functor  on  the  category  of  schemes 
over  k which  associates  to  S/k  the  set  of  automorphisms  of  the  base  change  Gs  as 
a group  scheme  over  S.  There  is  a natural  transformation 

G — > Aut(G),  g i — > inng 

sending  an  ^-valued  point  g of  G to  the  inner  automorphism  of  G determined  by 
g.  The  center  G of  G is  by  definition  the  kernel  of  this  transformation,  i.e.,  the 
functor  which  to  S associates  those  g £ G(S)  whose  associated  inner  automorphism 
is  trivial.  The  statement  of  the  lemma  is  that  this  functor  is  representable  by  a 
closed  subgroup  scheme  of  G. 


Choose  an  integer  n > 1.  Let  Gn  C G be  the  nth  infinitesimal  neighbourhood  of 
the  identity  element  e of  G.  For  every  scheme  S/k  the  base  change  Gn,s  is  the  nth 
infinitesimal  neighbourhood  of  es  : S — > Gs-  Thus  we  see  that  there  is  a natural 
transformation  Aut(G)  — > Aut(Gn)  where  the  right  hand  side  is  the  functor  of 
automorphisms  of  Gn  as  a scheme  (G„  isn’t  in  general  a group  scheme).  Observe 
that  Gn  is  the  spectrum  of  an  artinian  local  ring  An  with  residue  field  k which 
has  finite  dimension  as  a fc-vector  space  (Varieties,  Lemma  32.17.2).  Since  every 
automorphism  of  Gn  induces  in  particular  an  invertible  linear  map  An  -A  An,  we 
obtain  transformations  of  functors 


G -a  Aut(G)  -A  Aut(G„)  -A  GL(A„) 


iUsing  the  material  in  Divisors,  Section 


30.14 


we  could  take  as  effective  Cartier  divisor  E 


the  norm  of  the  effective  Cartier  divisor  T>  along  the  finite  locally  free  morphism  1 x tt'  bypassing 
some  of  the  arguments. 
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The  final  group  valued  functor  is  representable,  see  Example  |38.5.4[  and  the  last 
arrow  is  visibly  injective.  Thus  for  every  n we  obtain  a closed  subgroup  scheme 

Hn  = Ker(G  -A  Aut(Gn))  = Ker(G  —A  GL(An)). 

As  a first  approximation  we  set  H = (~j)i>i  Hn  (scheme  theoretic  intersection).  This 
is  a closed  subgroup  scheme  which  contains  the  center  G. 


Let  h be  an  5-valued  point  of  H with  5 locally  Noetherian.  Then  the  automorphism 
inn/j  induces  the  identity  on  all  the  closed  subschemes  Gn,s-  Consider  the  kernel 
I\  = Ker(inn/!  : Gs  —>  Gs)-  This  is  a closed  subgroup  scheme  of  Gs  over  5 
containing  the  closed  subschemes  Gn for  n > 1.  This  implies  that  K contains  an 

Let  G°  C G be 


10.50.6 


open  neighbourhood  of  e(5)  C Gs,  see  Algebra,  Remark 
as  in  Proposition  38.7.11  Since  G°  is  geometrically  irreducible,  we  conclude  that 
K contains  G°  (for  any  nonempty  open  U C G?,/  and  any  field  extension  k' /k  we 
have  U-U~1=G°k,,  see  proof  of  Lemma  38.7.9b.  Applying  this  with  5 = H we  find 
that  G°  and  H are  subgroup  schemes  of  G whose  points  commute:  for  any  scheme 
5 and  any  5-valued  points  g € G°(5),  h £ H(S)  we  have  gh  = hg  in  G(5). 


Assume  that  k is  algebraically  closed.  Then  we  can  pick  a fc-valued  point  gt  in  each 
irreducible  component  G,;  of  G.  Observe  that  in  this  case  the  connected  components 
of  G are  the  irreducible  components  of  G are  the  translates  of  G°  by  our  gi.  We 
claim  that 

C = H H | Ker(inng.  : G — > G)  (scheme  theoretic  intersection) 

Namely,  G is  contained  in  the  right  hand  side.  On  the  other  hand,  every  5-valued 
point  h of  the  right  hand  side  commutes  with  G°  and  with  gi  hence  with  everything 
in  G = U G°gi. 


The  case  of  a general  base  field  k follows  from  the  result  for  the  algebraic  closure 
k by  descent.  Namely,  let  A C Gk  the  closed  subgroup  scheme  representing  the 
center  of  Gk.  Then  we  have 

A Xspec(fc)  Spec(A-)  = Spec(fc)  xSpec(*:)  A 


as  closed  subschemes  of  Gk^hk  by  the  functorial  nature  of  the  center.  Hence  we  see 
that  A descends  to  a closed  subgroup  scheme  Z C G by  Descent,  Lemma  [34.33. 2| 
(and  Descent,  Lemma  34.19.17).  Then  Z represents  G (small  argument  omitted) 
and  the  proof  is  complete.  □ 


38.9.  Abelian  varieties 

0BF9  An  excellent  reference  for  this  material  is  Mumford’s  book  on  abelian  varieties,  see 
}Mum70].  We  encourage  the  reader  to  look  there.  There  are  many  equivalent 
definitions;  here  is  one. 

03RO  Definition  38.9.1.  Let  k be  a field.  An  abelian  variety  is  a group  scheme  over  k 
which  is  also  a proper,  geometrically  integral  variety  over  k. 

We  prove  a few  lemmas  about  this  notion  and  then  we  collect  all  the  results  together 
in  Proposition |38.9.10| 

OBFA  Lemma  38.9.2.  Let  k be  a field.  Let  A be  an  abelian  variety  over  k.  Then  A is 
projective. 
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OBFB 


OBFC 


OBFD 


OBFE 


OBFF 


Proof.  This  follows  from  Lemma |38.8.7| and  More  on  Morphisms,  Lemma|36.36.1| 

□ 


Lemma  38.9.3.  Let  k be  a field.  Let  A be  an  abelian  variety  over  k.  For  any 
field  extension  K/k  the  base  change  Ak  is  an  abelian  variety  over  K. 

Proof.  Omitted.  Note  that  this  is  why  we  insisted  on  A being  geometrically 
integral;  without  that  condition  this  lemma  (and  many  others  below)  would  be 
wrong.  □ 

Lemma  38.9.4.  Let  k be  a field.  Let  A be  an  abelian  variety  over  k.  Then  A is 
smooth  over  k. 


Proof.  If  k is  perfect  then  this  follows  from  Lemma  38.8. 2|  (characteristic  zero) 
and  Lemma  38.8.4  (positive  characteristic).  We  can  reduce  the  general  case  to  this 
case  by  descent  for  smoothness  (Descent,  Lemma  34.19.25 1 and  going  to  the  perfect 
closure  using  Lemma [38.9. 3|  □ 


Lemma  38.9.5.  An  abelian  variety  is  an  abelian  group  scheme,  i.e.,  the  group 
law  is  commutative. 


Proof.  Let  A;  be  a field.  Let  A be  an  abelian  variety  over  k.  By  Lemma  38.9.3 
may  replace  k by  its  algebraic  closure.  Consider  the  morphism 

h:AxkA — >AxkA,  (x,y) 


we 


(x,xyx  1y  *) 


This  is  a morphism  over  A via  the  first  projection  on  either  side.  Let  e £ A(k) 
be  the  unit.  Then  we  see  that  c\eXA  is  constant  with  value  (e,  e).  By  More  on 
Morphisms,  Lemma  [36.31.6|  there  exists  an  open  neighbourhood  U C A of  e such 
that  h\uXA  factors  through  some  Z C U x A finite  over  U.  This  means  that  for 
x £ U(k)  the  morphism  A — > A,  y ha  xyx~1y~ 1 takes  finitely  many  values.  Of 
course  this  means  it  is  constant  with  value  e.  Thus  ( x,y ) i— > xyx~1y~1  is  constant 
with  value  e on  U x A which  implies  that  the  group  law  on  A is  abelian.  □ 


Lemma  38.9.6.  Let  k be  a field.  Let  A be  an  abelian  variety  over  k.  Let  C be  an 
invertible  OA-module.  Then  there  is  an  isomorphism 

mi.2,3^  ® m\C  0 m*2C,  0 = ml2C  0 ml3C  0 m23C 

of  invertible  modules  on  A xk  A xk  A where  mix,...,it  :AxkAxkA^  A is  the 
morphism  (x\,X2,x3)  K > Yhxij . 


Proof.  Apply  the  theorem  of  the  cube  (Derived  Categories  of  Schemes,  Theorem 


35.25.6)  to  the  difference 

M = ml  2, 3^-  ® mlC  ® m2  £ ® m%C  ® 0 m*  3£®_1  0 

This  works  because  the  restriction  ofAfto4xdxe  = 4xdis  equal  to 
nl2C  0 n\C  0 n*2C  0 n^Af®-1  0 n^®"1  0 n^®-1  “ 0AxkA 

A xk  A — > A is  the  morphism  ( x±,X2 ) <— > Y'.  Xj  ■ Similarly  for 

□ 


where  nq^.. 

Ax  ex  A and  e x A x A. 


Lemma  38.9.7.  Let  k be  a field.  Let  A be  an  abelian  variety  over  k.  Let  C be  an 
invertible  OA-module.  Then 


[n}*C  2*  £®"0+i)/2  ^ ([-i]*/;)®"!"-!)/2 
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where  [n]  : A —>  A sends  x to  x 
A -a  A is  the  inverse  of  A. 


x with  n summands  and  where  [—1]  : 


Proof.  Consider  the  morphism  A — > A Xk  A Xk  A,  x t— > (x,x,—x)  where  —x  = 
[—  l](x).  Pulling  back  the  relation  of  Lemma [38.9.6  we  obtain 

£0£0£0  [-1]*£  =*  [2 ]*£ 

which  proves  the  result  for  n = 2.  By  induction  assume  the  result  holds  for 
1,2, ...  ,n.  Then  consider  the  morphism  A -A  A Xj.  A Xj  A,  x K > (x,  x,  [n  — l]x). 
Pulling  back  the  relation  of  Lemma |38.9.6|  we  obtain 

[n  + 1]*£  0 £ 0 £ 0 [n  - 1]*£  “ [2]*£  0 [n]*£  0 [n]*£ 

and  the  result  follows  by  elementary  arithmetic.  □ 

OBFG  Lemma  38.9.8.  Let  k be  a field.  Let  A be  an  abelian  variety  over  k.  Let  [d]  : 
A — > A be  the  multiplication  by  d.  Then  [d\  is  finite  locally  free  of  degree  rf2dim(-A). 


Proof.  By  Lemma  38.9.2  (and  More  on  Morphisms,  Lemma  36.36.1)  we  see  that 
A has  an  ample  invertible  module  £.  Since  [—1]  : A -A  A is  an  automorphism,  we 
see  that  [— 1]*£  is  an  ample  invertible  Ox-module  as  well.  Thus  M = £ 0 [— 1]*£ 
is  ample,  see  Properties,  Lemma  27.26.5  Since  A f = [ — 1]*A£  we  see  that  [d]*A/"  = 

a r®' " 


by  Lemma 


38.9.7 


To  get  a contradiction  C C A'  be  a proper  curve  contained  in  a fibre  of  [d].  Then 
J\f®d  \c  — Oc  is  an  ample  invertible  Op-module  of  degree  0 which  contrdicts  Va- 


rieties, Lemma  32.33.11  for  example.  (You  can  also  use  Varieties,  Lemma  32.34.9  ) 


Thus  every  fibre  of  [d]  has  dimension  0 and  hence  [d]  is  finite  for  example  by  Coho- 
mology of  Schemes,  Lemma  29.20. 1|  Moreover,  since  A is  smooth  over  k by  Lemma 
38.9.4  we  see  that  [d]  : A — > A is  flat  by  Algebra,  Lemma  10.127.l|(we  also  use  that 


schemes  smooth  over  fields  are  regular  and  that  regular  rings  are  Cohen-Macaulay, 
see  Varieties,  Lemma  32.20.3  and  Algebra,  Lemma|10. 105.3 ).  Thus  [d]  is  finite  flat 
hence  finite  locally  free  by  Morphisms,  Lemma |28. 45. 2| 


we 


Finally,  we  come  to  the  formula  for  the  degree.  By  Varieties,  Lemma  32.34.11 
see  that 

deg N®d*{A)  = deg([d])deg_x(A) 

Since  the  degree  of  A with  respect  to  A/"®6*2,  respectively  A f is  the  coefficient  of 
ndim(A)  jn  ^ie  polynomial 

n i — > x{A,N®nd  ),  respectively  n — > x(A,A/"®ra) 
we  see  that  deg([d])  = d2dim^^.  □ 


OBFH  Lemma  38.9.9.  Let  k be  a field.  Let  A be  an  abelian  variety  over  k. 
[dj  : A — > A is  etale  if  and  only  if  d is  invertible  in  k. 


Then 


Proof.  Observe  that  [d](x  + y)  = [d](x)  + [d](y).  Since  translation  by  a point  is  an 
automorphism  of  A,  we  see  that  the  set  of  points  where  [d]  : A — > A is  etale  is  either 
empty  or  equal  to  A (some  details  omitted).  Thus  it  suffices  to  check  whether  [d] 
is  etale  at  the  unit  e £ A{k).  Since  we  know  that  [d]  is  finite  locally  free  (Lemma 

La  / k.e 

— By 


38.9.8)  to  see  that  it  is  etale  at  e is  equivalent  to  proving  that  d[d]  : TA/k,e  — ► TA/k,e 
is  injective.  See  Varieties,  Lemma  [32.14.8  and  Morphisms,  Lemma  28.36.16 


Lemma  38.6.4  we  see  that  d[d]  is  given  by  multiplication  by  d on  TA/k,e- 


□ 
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03RP  Proposition  38.9.10.  Let  A be  an  abelian  variety  over  a field  k.  Then 

(1)  A is  projective  over  k, 

(2)  A is  a commutative  group  scheme, 

(3)  the  morphism  [n]  : A — > A is  surjective  for  all  n>  1, 

(4)  if  k is  algebraically  closed,  then  A(k ) is  a divisible  abelian  group, 

(5)  A[n\  = Ker([n ] : A — > A)  is  a finite  group  scheme  of  degree  n2AlmA  over 
k, 

(6)  A[n\  is  etale  over  k if  and  only  if  n £ k* , 

(7)  if  n £ k*  and  k is  algebraically  closed,  then  A(k)[n]  = (Z/nZ)®2dlm(A). 


Wonderfully 
explained  in 

;Mum70] . 


Proof.  Part  (1)  follows  from  Lemma  38.9.2 
Part  (3)  follows  from  Lemma  38.9.8 


Part  (2)  follows  from  Lemma  38.9.5 


If  k is  algebraically  closed  then  surjective 
morphisms  of  varieties  over  k induce  surjective  maps  on  fc-rational  points,  hence 
(4)  follows  from  (3).  Part  (5)  follows  from  Lemma  38.9.8  and  the  fact  that  a base 
change  of  a finite  locally  free  morphism  of  degree  TV  is  a finite  locally  free  morphism 
of  degree  TV.  Part  (6)  follows  from  Lemma  38.9.9  Namely,  if  n is  invertible  in  k, 
then  [n]  is  etale  and  hence  A[n\  is  etale  over  k.  On  the  other  hand,  if  n is  not 
invertible  in  k,  then  [n]  is  not  etale  at  e and  it  follows  that  A[n ] is  not  etale  over  k 
at  e (use  Morphisms,  Lemmas  28.36.16  and|28.35.15 1. 


Assume  k is  algebraically  closed.  Set  g = dim(A).  Let  i be  a prime  number  which 
is  invertible  in  k.  Then  we  see  that 


A[i]{k)  = A{k)[(\ 

is  a finite  abelian  group,  annihilated  by  l,  of  order  (A9 . It  follows  that  it  is  isomorphic 
to  (Z/fZ)2®  by  the  structure  theory  for  finite  abelian  groups.  Next,  we  consider 
the  short  exact  sequence 


0 ->  A(k)[t]  -a  A(k)[£2}  4 A(k)[f\  ->  0 

Arguing  similarly  as  above  we  conclude  that  A(fc)[£2]  = (Z/f2Z)2s.  By  induction  on 
the  exponent  we  find  that  A(k)[Tm\  = (Z/£mZ)2g . For  composite  integers  n prime 
to  the  characterisitc  of  k we  take  primary  parts  and  we  find  the  correct  shape  of 
the  n-torsion  in  A(k).  □ 


38.10.  Actions  of  group  schemes 

022Y  Let  (G,to)  be  a group  and  let  V be  a set.  Recall  that  a (left)  action  of  G on  V is 
given  by  a map  a : G x V — ?•  V such  that 

(1)  (associativity)  a(m(g,  g'),v)  = a(g,  a(g' ,v))  for  all  g,g'  £ G and  v £ V, 
and 

(2)  (identity)  a(e,v)  = v for  all  v G V. 

We  also  say  that  V is  a G-set  (this  usually  means  we  drop  the  a from  the  notation 
- which  is  abuse  of  notation).  A map  of  G-sets  if  : V — > V'  is  any  set  map  such 
that  if{a{g,v))  = a(g,tjj(v))  for  all  v £ V. 

022Z  Definition  38.10.1.  Let  S'  be  a scheme.  Let  ( G,m ) be  a group  scheme  over  S. 

(1)  An  action  of  G on  the  scheme  X/S  is  a morphism  a : G xg  X — » X over 
S such  that  for  every  T/S  the  map  a : G(T)  x X(T)  -A  X(T)  defines  the 
structure  of  a G(T)-set  on  X(T). 
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(2)  Suppose  that  X,  Y are  schemes  over  S each  endowed  with  an  action  of  G. 
An  equivariant  or  more  precisely  a G-equivariant  morphism  ip  : X -A  Y 
is  a morphism  of  schemes  over  S such  that  for  every  T / S the  map  ip  : 
X(T)  — > Y(T)  is  a morphism  of  G(T)-sets. 


In  situation  (1)  this  means  that  the  diagrams 
03LD  (38.10.1.1)  GxsGxsX- >GxsI  GxsX 

m X lx 


- ' IJ  - 

1 GXa 

O “ - 

A 

V 

a 

ex  lx 

G x c X 


X 


are  commutative.  In  situation  (2)  this  just  means  that  the  diagram 


G Xo  X 


V 

X 


id  X/ 
/ 


G x c Y 


Y 


commutes. 


07S1 


07S2 


38.10.1 


Let 


Definition  38.10.2.  Let  S,  G —¥  S,  and  X — X S as  in  Definition 
a : G x$  X X be  an  action  of  G on  X/S.  We  say  the  action  is  free  if  for  " every 
scheme  T over  S the  action  a : G(T ) x X(T)  —X  X(T)  is  a free  action  of  the  group 
G(T)  on  the  set  X(T). 


Lemma  38.10.3.  Situation  as  in  Definition  38.10.2 
only  if 

GxsX->XxsX,  (g,x)  i-a  (a(g,x),x) 
is  a monomorphism. 


The  action  a is  free  if  and 


Proof.  Immediate  from  the  definitions. 


□ 


38.11.  Principal  homogeneous  spaces 

0497  In  Cohomology  on  Sites,  Definition  |21.5.1|  we  have  defined  a torsor  for  a sheaf 
of  groups  on  a site.  Suppose  r £ {Zariski,  etale,  smooth,  syntomic,  fppf}  is  a 
topology  and  (G,  m ) is  a group  scheme  over  S.  Since  r is  stronger  than  the  canonical 
topology  (see  Descent,  Lemma  34.9.3)  we  see  that  G (see  Sites,  Definition  7.13.3) 
is  a sheaf  of  groups  on  (Sch/ S)T.  Hence  we  already  know  what  it  means  to  have  a 
torsor  for  G on  ( Sch/S)T . A special  situation  arises  if  this  sheaf  is  representable. 
In  the  following  definitions  we  define  directly  what  it  means  for  the  representing 
scheme  to  be  a G-torsor. 


0498  Definition  38.11.1.  Let  S be  a scheme.  Let  (G,  m)  be  a group  scheme  over  S. 
Let  A be  a scheme  over  S,  and  let  a : G x§  X — X X be  an  action  of  G on  X. 

(1)  We  say  X is  a pseudo  G-torsor  or  that  X is  formally  principally  homoge- 
neous under  G if  the  induced  morphism  of  schemes  G Xg  X — » X Xgl, 
(g,x)  i — >■  (a(g,x),x)  is  an  isomorphism  of  schemes  over  S. 

(2)  A pseudo  G-torsor  X is  called  trivial  if  there  exists  an  G-equivariant  iso- 
morphism G — > X over  S where  G acts  on  G by  left  multiplication. 

It  is  clear  that  if  S'  —X  S is  a morphism  of  schemes  then  the  pullback  Xg/  of  a 
pseudo  G-torsor  over  S'  is  a pseudo  Gg'-torsor  over  S' . 
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0499 

(1)  The  scheme  X is  a pseudo  G-torsor  if  and  only  if  for  every  scheme  T over 
S the  set  X(T)  is  either  empty  or  the  action  of  the  group  G(T)  on  X(T) 
is  simply  transitive. 

(2)  A pseudo  G-torsor  X is  trivial  if  and  only  if  the  morphism  X — > S has  a 
section. 


Lemma  38.11.2.  In  the  situation  of  Definition 


38.11.1. 


Proof.  Omitted.  □ 

049A  Definition  38.11.3.  Let  S be  a scheme.  Let  (G,m)  be  a group  scheme  over  S. 
Let  X be  a pseudo  G-torsor  over  S. 

(1)  We  say  A is  a principal  homogeneous  space  or  a G-torsor  if  there  exists  a 
fpqc  covering  {Si  -A  5}ig/  such  that  each  Xst  — ► S'*  has  a section  (i.e., 
is  a trivial  pseudo  Ggc -torsor). 

(2)  Let  t £ {Zariski,  etale,  smooth , syntomic , fppf}.  We  say  A is  a G-torsor 
in  the  r topology , or  a t G-torsor , or  simply  a r torsor  if  there  exists  a r 
covering  {Si  -A  S}iei  such  that  each  ly  — ► S)  has  a section. 

(3)  If  X is  a G-torsor,  then  we  say  that  it  is  quasi-isotrivial  if  it  is  a torsor 
for  the  etale  topology. 

(4)  If  A is  a G-torsor,  then  we  say  that  it  is  locally  trivial  if  it  is  a torsor  for 
the  Zariski  topology. 

We  sometimes  say  “let  X be  a G-torsor  over  S”  to  indicate  that  X is  a scheme  over 
S equipped  with  an  action  of  G which  turns  it  into  a principal  homogeneous  space 
over  S.  Next  we  show  that  this  agrees  with  the  notation  introduced  earlier  when 
both  apply. 

049B  Lemma  38.11.4.  Let  S be  a scheme.  Let  ( G,  m ) he  a group  scheme  over  S. 
Let  X be  a scheme  over  S,  and  let  a : G xg  X -A  X he  an  action  of  G on  X. 
Let  t £ {Zariski,  etale,  smooth,  syntomic,  fppf}  ■ Then  X is  a G-torsor  in  the 
t -topology  if  and  only  if  X_  is  a G-torsor  on  ( Sch/S)T . 

Proof.  Omitted.  □ 

049C  Remark  38.11.5.  Let  (G,m)  be  a group  scheme  over  the  scheme  S.  In  this 
situation  we  have  the  following  natural  types  of  questions: 

(1)  If  X — > S is  a pseudo  G-torsor  and  X -A  S is  surjective,  then  is  X 
necessarily  a G-torsor? 

(2)  Is  every  G-torsor  on  (Sch/S) fppf  representable?  In  other  words,  does 
every  G-torsor  come  from  a fppf  G-torsor? 

(3)  Is  every  G-torsor  an  fppf  (resp.  smooth,  resp.  etale,  resp.  Zariski)  torsor? 
In  general  the  answers  to  these  questions  is  no.  To  get  a positive  answer  we  need  to 
impose  additional  conditions  on  G — > S.  For  example:  If  S is  the  spectrum  of  a held, 
then  the  answer  to  (1)  is  yes  because  then  {X  — >•  S}  is  a fpqc  covering  trivializing 
X.  If  G — > S is  affine,  then  the  answer  to  (2)  is  yes  (insert  future  reference  here). 
If  G = GLKjs  then  the  answer  to  (3)  is  yes  and  in  fact  any  GLrais-torsor  is  locally 
trivial  (insert  future  reference  here). 

2This  means  that  the  default  type  of  torsor  is  a pseudo  torsor  which  is  trivial  on  an  fpqc 
covering.  This  is  the  definition  in  fABD+661  Expose  IV,  6.5].  It  is  a little  bit  inconvenient  for 
us  as  we  most  often  work  in  the  fppf  topology. 
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03LE 


03LF 


03LG 


0230 


38.12.  Equivariant  quasi-coherent  sheaves 


We  think  of  “functions”  as  dual  to  “space”.  Thus  for  a morphism  of  spaces  the 
map  on  functions  goes  the  other  way.  Moreover,  we  think  of  the  sections  of  a sheaf 
of  modules  as  “functions”.  This  leads  us  naturally  to  the  direction  of  the  arrows 
chosen  in  the  following  definition. 

Definition  38.12.1.  Let  S be  a scheme,  let  (G,  to)  be  a group  scheme  over  S,  and 
let  a : G Xg  X — > X be  an  action  of  the  group  scheme  G on  X/S.  An  G-equivariant 
quasi-coherent  Ox -module,  or  simply  a equivariant  quasi-coherent  Ox -module,  is  a 
pair  (J~,  a),  where  T is  a quasi-coherent  G^-module,  and  a is  a GGxsx~m°dule 
map 

a : a* I — * pr \T 

where  p^  : G Xs  X — > X is  the  projection  such  that 

(1)  the  diagram 


(1G  x a)*pr^Jr- 
(1g  xa)*a 

(1G  x a)*a*J-  ■ 


Pr12“ 


' Pr2-A 

(mx  lx)*Q! 


(to  x lx)*a*T 


is  a commutative  in  the  category  of  GGxsGxsJf"modules,  and 

(2)  the  pullback 

(e  x lx)*cr  : J-  — > J- 

is  the  identity  map. 


For  explanation  compare  with  the  relevant  diagrams  of  Equation  (38.10.1.1). 


Note  that  the  commutativity  of  the  first  diagram  guarantees  that  (e  x lx)* a is  an 
idempotent  operator  on  T , and  hence  condition  (2)  is  just  the  condition  that  it  is 
an  isomorphism. 


Lemma  38.12.2.  Let  S be  a scheme.  Let  G be  a group  scheme  over  S.  Let 
f : X Y be  a G-equivariant  morphism  between  S-schemes  endowed  with  G- 
actions.  Then  pullback  f*  given  by  (X,  a)  H > ( f*J - , (1G  x f)*a)  defines  a functor 
from  the  category  of  G-equivariant  sheaves  on  X to  the  category  of  quasi-coherent 
G-equivariant  sheaves  on  Y. 


Proof.  Omitted. 


□ 


38.13.  Groupoids 

Recall  that  a groupoid  is  a category  in  which  every  morphism  is  an  isomorphism, 
see  Categories,  Definition  |4.2.5|  Hence  a groupoid  has  a set  of  objects  Ob,  a set 
of  arrows  Arrows,  a source  and  target  map  s,  t : Arrows  — ► Ob,  and  a composition 
law  c : Arrows  xSjob,t  Arrows  — > Arrows.  These  maps  satisfy  exactly  the  following 
axioms 

(1)  (associativity)  c o (1,  c)  = c o (c,  1)  as  maps  Arrows  xSjob,t  Arrows  xSjob,t 
Arrows  — ► Arrows, 

(2)  (identity)  there  exists  a map  e : Ob  — ► Arrows  such  that 

(a)  s o e = t o e = id  as  maps  Ob  — ► Ob, 

(b)  co(l,eos)=co(eof,l)  = l as  maps  Arrows  — > Arrows, 

(3)  (inverse)  there  exists  a map  i : Arrows  — > Arrows  such  that 
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(a)  soi  = t,toi  = sas  maps  Arrows  Ob,  and 

(b)  c o (1,  i)  = e o t and  c o (j,  1)  = e o s as  maps  Arrows  — > Arrows. 

If  this  is  the  case  the  maps  e and  i are  uniquely  determined  and  i is  a bijection. 
Note  that  if  (Ob',  Arrows',  s',  t' , c')  is  a second  groupoid  category,  then  a functor 
/ : (Ob,  Arrows,  s,  t,  c)  — >•  (Ob7,  Arrows',  s',  if,  d)  is  given  by  a pair  of  set  maps 
/ : Ob  — > Ob7  and  / : Arrows  Arrows7  such  that  s'  of  = fos,t'of  = fot1  and 
c7  ° (/?  /)  = / ° c-  The  compatibility  with  identity  and  inverse  is  automatic.  We 
will  use  this  below.  (Warning:  The  compatibility  with  identity  has  to  be  imposed 
in  the  case  of  general  categories.) 

0231  Definition  38.13.1.  Let  S be  a scheme. 

(1)  A groupoid,  scheme  over  S,  or  simply  a groupoid  over  S is  a quintuple 
(U,  R,  s,  t,  c)  where  U and  R are  schemes  over  S,  and  s,t  : R — ► U and 
c : R x s,u,t  R R are  morphisms  of  schemes  over  S with  the  following 
property:  For  any  scheme  T over  S the  quintuple 

0 U(T),R(T),3,t,c ) 

is  a groupoid  category  in  the  sense  described  above. 

(2)  A morphism  f : (U,R,s,t,c)  — > ([/' , R! , s' ,t' ,c7)  of  groupoid  schemes  over 
S is  given  by  morphisms  of  schemes  / : U — > U'  and  / : R — > R'  with  the 
following  property:  For  any  scheme  T over  S the  maps  / define  a functor 
from  the  groupoid  category  (U(T),R(T),s,t,c)  to  the  groupoid  category 
(Ur (T) , R1  (T) , s',  f7,  c7). 

Let  (U,R,s,t,c)  be  a groupoid  over  S.  Note  that,  by  the  remarks  preceding  the 
definition  and  the  Yoneda  lemma,  there  are  unique  morphisms  of  schemes  e : U — > R 
and  i : R — >•  R over  S such  that  for  every  scheme  T over  S the  induced  map 
e : U(T)  — ► R(T)  is  the  identity,  and  i : R(T)  — > R(T)  is  the  inverse  of  the 
groupoid  category.  The  septuple  (U,  R,  s,t,c,e,i)  satisfies  commutative  diagrams 
corresponding  to  each  of  the  axioms  (1),  (2) (a),  (2)(b),  (3) (a)  and  (3)(b)  above, 
and  conversely  given  a septuple  with  this  property  the  quintuple  (U,  R,  s,  t,  c)  is  a 
groupoid  scheme.  Note  that  i is  an  isomorphism,  and  e is  a section  of  both  s and 
t.  Moreover,  given  a groupoid  scheme  over  S we  denote 


j = (t,s):R  — >U  xsU 


which  is  compatible  with  our  conventions  in  Section  38.3  above.  We  sometimes  say 
“let  (U,R,s,t,c,e,i)  be  a groupoid  over  S”  to  stress  the  existence  of  identity  and 
inverse. 


0232  Lemma  38.13.2.  Given  a groupoid  scheme  (U,R,s,t,c)  over  S the  morphism 
j : R — )•  U xglJ  is  a pre- equivalence  relation. 


Proof.  Omitted.  This  is  a nice  exercise  in  the  definitions. 


□ 


0233  Lemma  38.13.3.  Given  an  equivalence  relation  j : R — » U over  S there  is  a 
unique  way  to  extend  it  to  a groupoid  ([/,  R , s,  t,  c)  over  S. 

Proof.  Omitted.  This  is  a nice  exercise  in  the  definitions.  □ 
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02YE  Lemma  38.13.4.  Let  S be  a scheme.  Let  ( U,R,s,t,c ) be  a groupoid  over  S.  In 
the  commutative  diagram 


U 


the  two  lower  squares  are  fibre  product  squares.  Moreover,  the  triangle  on  top  ( which 
is  really  a square)  is  also  cartesian. 

Proof.  Omitted.  Exercise  in  the  definitions  and  the  functorial  point  of  view  in 
algebraic  geometry.  □ 


03C6 

03C7 


Lemma  38.13.5.  Let  S be  a scheme.  Let  ( U,R,s,t,c,e,i ) be  a groupoid  over  S. 
The  diagram 


(38.13.5.1) 


pri 


R x t.u.t.  R ft 

I—^U 

Pr 0 

pr0xco(i,l ) 

idR 

c 

' * 

R xs 

TT.t.  r r i 

7.  >U 

Pr 0 

pr  i 

S 

idu 


R 


U 


is  commutative.  The  two  top  rows  are  isomorphic  via  the  vertical  maps  given.  The 
two  lower  left  squares  are  cartesian. 

Proof.  The  commutativity  of  the  diagram  follows  from  the  axioms  of  a groupoid. 
Note  that,  in  terms  of  groupoids,  the  top  left  vertical  arrow  assigns  to  a pair  of 
morphisms  (a,  B)  with  the  same  target,  the  pair  of  morphisms  (a,  a-1  o B).  In  any 
groupoid  this  defines  a bijection  between  Arrows  xtob,t  Arrows  and  Arrows  xSjob,t 
Arrows.  Hence  the  second  assertion  of  the  lemma.  The  last  assertion  follows  from 
Lemma  138.13.41  □ 


38.14.  Quasi-coherent  sheaves  on  groupoids 

03LH  See  the  introduction  of  Section  [38. 1 21  for  our  choices  in  direction  of  arrows. 

03LI  Definition  38.14.1.  Let  S'  be  a scheme,  let  ( U,R,s,t,c ) be  a groupoid  scheme 
over  S.  A quasi-coherent  module  on  (U,  R,  s,t,c)  is  a pair  (IF,  a),  where  T is  a 
quasi-coherent  ©(/-module,  and  a is  a ©/(-module  map 

a:t*F  — > s*F 


such  that 
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(1)  the  diagram 


pr*f*.F  — 


pr*a 


pr  *0t*R  = C*t*T 


is  a commutative  in  the  category  of  Orx,  v t_R-modules,  and 


(2)  the  pullback 


is  the  identity  map. 


Compare  with  the  commutative  diagrams  of  Lemma |38.13.4| 

The  commutativity  of  the  first  diagram  forces  the  operator  e*a  to  be  idempotent. 
Hence  the  second  condition  can  be  reformulated  as  saying  that  e*a  is  an  isomor- 
phism. In  fact,  the  condition  implies  that  a is  an  isomorphism. 

077Q  Lemma  38.14.2.  Let  S be  a scheme,  let  (U,  R,  s,t,c)  be  a groupoid  scheme  over 
S . If  {JF,  a)  is  a quasi- coherent  module  on  (U,  R,  s , t , c)  then  a is  an  isomorphism. 

Proof.  Pull  back  the  commutative  diagram  of  Definition |38. 14. 1] by  the  morphism 
(£,  1)  : R — ► R x.s,u,t  R-  Then  we  see  that  i*a  o a = s*e*a.  Pulling  back  by  the 
morphism  (1,  i)  we  obtain  the  relation  a o i*a  = t*e*a.  By  the  second  assumption 
these  morphisms  are  the  identity.  Hence  i*a  is  an  inverse  of  a.  □ 

03LJ  Lemma  38.14.3.  Let  S be  a scheme.  Consider  a morphism  f : (U,  R,  s,t,  c)  —>■ 
(U' , R! , s'  ,t'  ,d)  of  groupoid  schemes  over  S . Then  pullback  f*  given  by 


defines  a functor  from  the  category  of  quasi- coherent  sheaves  on  (U1  ,R'  ,s' ,t'  ,c')  to 
the  category  of  quasi- coherent  sheaves  on  (U,R,s,t,c). 


09VH  Lemma  38.14.4.  Let  S be  a scheme.  Consider  a morphism  f : (U,  R,  s,t,  c)  — > 
{U'  ,R' , s'  ,t'  ,c')  of  groupoid  schemes  over  S.  Assume  that 

(1)  / : U — > U'  is  quasi-compact  and  quasi-separated, 

(2)  the  square 


Proof.  Omitted. 


□ 


R ->/?/ 

/ 


t 


t' 


U 


f 


U' 


is  cartesian,  and 

(3)  s'  and  t'  are  flat. 
Then  pushforward  /*  given  by 
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defines  a functor  from  the  category  of  quasi- coherent  sheaves  on  (U,  R , s,  t,  c)  to 
the  category  of  quasi- coherent  sheaves  on  (U' , R' , s' ,t' , c')  which  is  right  adjoint  to 
pullback  as  defined  in  Lemma\38.1j.3\ 


Proof.  Since  U — y XJ'  is  quasi-compact  and  quasi-separated  we  see  that  /*  trans- 
forms quasi-coherent  sheaves  into  quasi-coherent  sheaves  (Schemes,  Lemma  25.24.1 ). 
Moreover,  since  the  squares 


R 

r i 

7 

f 

f 

t'  and  a 

U — L 

r'  t 

f 

are  cartesian  we  find  that  (t')* f*T  = f*t*R  and  (s')*  f^J7  = f*s*F  , see  Coho- 
mology of  Schemes,  Lemma  |29.5.2|  Thus  it  makes  sense  to  think  of  /*a  as  a 
map  (t')*f*F  — > (s’YUT.  A similar  argument  shows  that  /*a  satisfies  the  cocy- 
cle condition.  The  functor  is  adjoint  to  the  pullback  functor  since  pullback  and 
pushforward  on  modules  on  ringed  spaces  are  adjoint.  Some  details  omitted.  □ 

077R  Lemma  38.14.5.  Let  S be  a scheme.  Let  (U,  R,  s,t,c)  be  a groupoid  scheme  over 
S.  The  category  of  quasi-coherent  modules  on  (U,  R,  s , t,  c)  has  colimits. 

Proof.  Let  i K > (J-j,  cq)  be  a diagram  over  the  index  category  X.  We  can  form  the 
colimit  J7  = colim  T,  which  is  a quasi-coherent  sheaf  on  U,  see  Schemes,  Section 
|25.24|  Since  colimits  commute  with  pullback  we  see  that  s*F  = colim  s*J7i  and 
similarly  t*  J7  = colim  t*T%.  Hence  we  can  set  a = colim  a,;.  We  omit  the  proof  that 
(J7 , a)  is  the  colimit  of  the  diagram  in  the  category  of  quasi-coherent  modules  on 
(U,  R,  s,t,c).  □ 

077S  Lemma  38.14.6.  Let  S be  a scheme.  Let  (U,  R,  s,t,c)  be  a groupoid  scheme  over 
S.  If  s,  t are  flat,  then  the  category  of  quasi-coherent  modules  on  ( U,R,s,t,c ) is 
abelian. 


Proof.  Let  <p  : (T,a)  — > (G,/3)  be  a homomorphism  of  quasi-coherent  modules  on 
(U,  R,  s,  t,  c).  Since  s is  flat  we  see  that 

0 -»■  s*Ker(p)  ->  s*R  s*G  -►  s*Coker(^)  -a  0 

is  exact  and  similarly  for  pullback  by  t.  Hence  a and  /3  induce  isomorphisms  k : 
t*Ker((p)  — ► s*Ker((/j)  and  A : t*Coker((/3)  — )•  s*Coker(</j)  which  satisfy  the  cocycle 
condition.  Then  it  is  straightforward  to  verify  that  (Ker(^),«;)  and  (Coker(^),  A) 
are  a kernel  and  cokernel  in  the  category  of  quasi-coherent  modules  on  (U,  R,  s,  t,  c). 
Moreover,  the  condition  Coim(</?)  = Im(^)  follows  because  it  holds  over  U.  □ 


38.15.  Colimits  of  quasi-coherent  modules 

07TS  In  this  section  we  prove  some  technical  results  saying  that  under  suitable  assump- 
tions every  quasi-coherent  module  on  a groupoid  is  a filtered  colimit  of  “small” 
quasi-coherent  modules. 

07TR  Lemma  38.15.1.  Let  (U,  R,  s,t,  c)  be  a groupoid  scheme  over  S.  Assume  s,t  are 
flat,  quasi-compact,  and  quasi-separated.  For  any  quasi-coherent  module  G on  U , 
there  exists  a canonical  isomorphism  a : t*t*s*G  — > s*t*s*G  which  turns  (t*s*G,cx) 
into  a quasi-coherent  module  on  (U,R,s,t,c).  This  construction  defines  a functor 

QCoh(Ojj)  — > QCoh(U,  R,  s,t,c) 
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which  is  a right  adjoint  to  the  forgetful  functor  {JF,  (3)  K > T . 


Proof.  The  pushforward  of  a quasi-coherent  module  along  a quasi-compact  and 

Hence 


quasi-separated  morphism  is  quasi-coherent,  see  Schemes,  Lemma  25.24.1 
t*s*Q  is  quasi-coherent.  With  notation  as  in  Lemma  38.13.4  we  have 


t*Us*G  = Wo,*c*s*G  = Pro.*Pris*£  = s*Us*G 


The  middle  equality  because  soc  = so  p^  as  morphisms  R y.s,u,t  R U,  and 
the  first  and  the  last  equality  because  we  know  that  base  change  and  pushforward 
commute  in  these  steps  by  Cohomology  of  Schemes,  Lemma [29. 5. 2| 


To  verify  the  cocycle  condition  of  Definition  |38.14.1|  for  a and  the  adjointness 
property  we  describe  the  construction  g H > ( g,a ) in  another  way.  Consider  the 
groupoid  scheme  (R,  RxSjutSR,  pr0,  prl5  pr02)  associated  to  the  equivalence  relation 

There  is  a morphism 


R xSyu,s  R on  R , see  Lemma  38.13.3 

/ : (R,Rxs>u>s  R,  prl5  pr0,  pr02) 


(■ U,R,s,t,c ) 


of  groupoid  schemes  given  by  t : R — > U and  R xtjj,t  R R given  by  (ro,ri)  i— > 
r0  o rf1  (we  omit  the  verification  of  the  commutativity  of  the  required  diagrams). 
Since  t,  s : R — >•  U are  quasi-compact,  quasi-separated,  and  flat,  and  since  we  have 
a cartesian  square 


R X s , t/,  s 

Pr0 

V 

R- 


R ^R 

(r0,ri)<-^r0or1  1 


t 


t 


u 


by  Lemma [38. 13. 5 1 it  follows  that  Lemma [38. 14.4|  applies  to  /.  Note  that 


QCoh(R,R  xSjC/jS  R,  pr0,  pr1;  pr02)  = QCoh{Ov) 


by  the  theory  of  descent  of  quasi-coherent  sheaves  as  {t  : R — > U}  is  an  fpqc 
covering,  see  Descent,  Proposition  |34.5.2[  Observe  that  pullback  along  / agrees 
with  the  forgetful  functor  and  that  pushforward  agrees  with  the  construction  that 
assigns  to  g the  pair  We  omit  the  precise  verifications.  Thus  the  lemma 

follows  from  Lemma  [38.14.41  □ 


07TT  Lemma  38.15.2.  Let  f : Y — » X be  a morphism  of  schemes.  Let  T be  a quasi- 
coherent  Ox-module,  let  g be  a quasi-coherent  Oy-module,  and  let  : g — )•  f*T 
be  a module  map.  Assume 

(1)  ip  is  injective, 

(2)  / is  quasi- compact,  quasi-separated,  flat,  and  surjective, 

(3)  X,  Y are  locally  Noetherian,  and 

(4)  g is  a coherent  Oy-module. 

Then  J-  C\  f*g  defined  as  the  pullback 


T 

| A 

Rnf.g ^ug 


is  a coherent  Ox -module. 
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Proof.  We  will  freely  use  the  characterization  of  coherent  modules  of  Cohomology 
of  Schemes,  Lemma  [29.9. 1|  as  well  as  the  fact  that  coherent  modules  form  a Serre 
subcategory  of  QCoh(Ox),  see  Cohomology  of  Schemes,  Lemma  29.9.3  If  / has  a 
section  a,  then  we  see  that  JFtlf*G  is  contained  in  the  image  of  a*G  -»  a*  f*T  = T, 
hence  coherent.  In  general,  to  show  that  J-  n f„Q  is  coherent,  it  suffices  the  show 
that  f*(fF  H f*G)  is  coherent  (see  Descent,  Lemma  34.6.1).  Since  / is  flat  this  is 
equal  to  f*T  D f*  f„Q.  Since  / is  flat,  quasi-compact,  and  quasi-separated  we  see 
PUG  = p*q*G  where  p,q  : Y Xx  Y — > Y are  the  projections,  see  Cohomology  of 
Schemes,  Lemma  29.5.2|  Since  p has  a section  we  win.  □ 


Let  S'  be  a scheme.  Let  (U,  R,  s,  t,  c)  be  a groupoid  in  schemes  over  S.  Assume  that 
U is  locally  Noetherian.  In  the  lemma  below  we  say  that  a quasi-coherent  sheaf 
(F,  a)  on  ({/,  R , s,  t,  c ) is  coherent  if  J"  is  a coherent  ©(/-module. 

07TU  Lemma  38.15.3.  Let  (U,R,s,t,c)  be  a groupoid  scheme  over  S.  Assume  that 

(1)  U , R are  Noetherian, 

(2)  s,  t are  flat,  quasi-compact,  and  quasi-separated. 

Then  every  quasi-coherent  module  (F,  a)  on  (U,R,s,t,c)  is  a filtered  colimit  of 
coherent  modules. 


Proof.  We  will  use  the  characterization  of  Cohomology  of  Schemes,  Lemma[29.9.1| 
of  coherent  modules  on  locally  Noetherian  scheme  without  further  mention.  Write 
J - = colim TLi  with  TL,  coherent,  see  Properties,  Lemma  27.22.6  Given  a quasi- 


coherent  sheaf  % on  U we  denote  t*s*TL  the  quasi-coherent  sheaf  on  ( U,R,s,t,c ) 
of  Lemma  38.15.1  There  is  an  adjunction  map  F —¥  tirs*F  in  QCoh(U,  R,  s,t,c). 


Consider  the  pullback  diagram 


J- Us*T 

Ti 5-  t*s*TLi 


in  other  words  p = J-  H t*s*Tli.  Then  T%  is  coherent  by  Lemma  [38. 15. 2[  On  the 
other  hand,  the  diagram  above  is  a pullback  diagram  in  QCoh(U,  R,  s,  t,  c)  also  as 
restriction  to  U is  an  exact  functor  by  (the  proof  of)  Lemma  38.14.6  Finally,  be- 
cause t is  quasi-compact  and  quasi-separated  we  see  that  t*  commutes  with  colimits 
(see  Cohomology  of  Schemes,  Lemma  29.6.1 ).  Hence  t*s* T = colim  tflHi  and  hence 
J = colim  J7,-  as  desired.  □ 


Here  is  a curious  lemma  that  is  useful  when  working  with  groupoids  on  fields.  In 
fact,  this  is  the  standard  argument  to  prove  that  any  representation  of  an  algebraic 
group  is  a colimit  of  finite  dimensional  representations. 

07TV  Lemma  38.15.4.  Let  (U,R,s,t,c)  be  a groupoid  scheme  over  S.  Assume  that 

(1)  U , R are  affine, 

(2)  there  exist  e*  £ Or(R)  such  that  every  element  g £ Or(R)  can  be  uniquely 
written  as  ^ s*(fi)e.i  for  some  /,  £ Ou(U). 

Then  every  quasi-coherent  module  (R,u)  on  (U,R,s,t,c)  is  a filtered  colimit  of 
finite  type  quasi-coherent  modules. 

Proof.  The  assumption  means  that  Or(R)  is  a free  ©[/ ([/(-module  via  s with  basis 
e*.  Hence  for  any  quasi-coherent  ©(/-module  G we  see  that  s*Q(R)  = ® ■ G(U)et. 
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We  will  write  s(— ) to  indicate  pullback  of  sections  by  s and  similarly  for  other 
morphisms.  Let  (F,  a)  be  a quasi-coherent  module  on  (U7  R7  s7t7c).  Let  a € F(17). 
By  the  above  we  can  write 

a(t(a))  = X!  s(ai)ei 

for  some  unique  eq  £ F(£7)  (all  but  finitely  many  are  zero  of  course).  We  can  also 
write 

c(e»)  = 5Zpri^b')Pro(ej) 

as  functions  on  R xStu,t  R-  Then  the  commutativity  of  the  diagram  in  Definition 
I38T4H1  means  that 

^Pri(a(t(f7i)))pr0(ei)  = ^ Wiis(vi)fij  )Pro(ej) 

(calculation  omitted).  Picking  off  the  coefficients  of  pr0(e;)  we  see  that  a(t(ai))  = 
J2s{ai)fu.  Hence  the  submodule  Q C F generated  by  the  elements  Oj  defines  a 
finite  type  quasi-coherent  module  preserved  by  a.  Hence  it  is  a subobject  of  F in 
QCoh(U , R,  s,  t,  c).  This  submodule  contains  a (as  one  sees  by  pulling  back  the  first 
relation  by  e).  Hence  we  win.  □ 

We  suggest  the  reader  skip  the  rest  of  this  section.  Let  S be  a scheme.  Let 
(U,  R,  s,  t,  c)  be  a groupoid  in  schemes  over  S.  Let  re  be  a cardinal.  In  the  following 
we  will  say  that  a quasi-coherent  sheaf  (F,  a)  on  (U,  R , s,  t,  c ) is  re-generated  if  F 
is  a re-generated  ©[/-module,  see  Properties,  Definition  |27.23.ll 

077T  Lemma  38.15.5.  Let  (U7  R7  s7t,c)  be  a groupoid  scheme  over  S.  Let  re  be  a 
cardinal.  There  exists  a set  T and  a family  {Tt7at)t^T  of  n-generated  quasi- 
coherent  modules  on  (U,  R,  s,  t,  c)  such  that  every  K-generated  quasi-coherent  module 
on  ( U,R,s,t,c ) is  isomorphic  to  one  of  the  (.Ft,  a*). 

Proof.  For  each  quasi-coherent  module  T on  U there  is  a (possibly  empty)  set  of 
maps  a : t*T  — > s*iF  such  that  (F-,  a)  is  a quasi-coherent  modules  on  (17,  i?,  s,  t,  c). 
By  Properties,  Lemma  |27.23.2|  there  exists  a set  of  isomorphism  classes  of  re- 
generated quasi-coherent  ©[/-modules.  □ 

077U  Lemma  38.15.6.  Let  (U,  R,  s,t,  c)  be  a groupoid  scheme  over  S.  Assume  that  s,t 
are  flat.  There  exists  a cardinal  re  such  that  every  quasi-coherent  module  (F,  a)  on 
(U7  R,  s,t,  c)  is  the  directed  colimit  of  its  K-generated  quasi-coherent  submodules. 

Proof.  In  the  statement  of  the  lemma  and  in  this  proof  a submodule  of  a quasi- 
coherent  module  (F,  a)  is  a quasi-coherent  submodule  Q C F such  that  a{t*Q)  = 
s*Q  as  subsheaves  of  s*F.  This  makes  sense  because  since  s,  t are  flat  the  pullbacks 

s*  and  t*  are  exact,  i.e.,  preserve  subsheaves.  The  proof  will  be  a repeat  of  the 

proof  of  Properties,  Lemma [27. 23. 3|  We  urge  the  reader  to  read  that  proof  first. 

Choose  an  affine  open  covering  U = Uie/  F°r  each  Pair  h J choose  affine  open 
coverings 

Ui  n Uj  = UfceJy  uijk  and  s-'m  n t-\Uj)  = U , wijk. 

Write  Ui  = Spec(Hj),  L hjk  = Spec (Aijk),  Wijk  = Spec(Bijk).  Let  re  be  any  infinite 
cardinal  > than  the  cardinality  of  any  of  the  sets  /,  Rj,  Jij. 
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Let  (J7,  a)  be  a quasi-coherent  module  on  (U,  R,  s,t,c).  Set  Mi  = T(Ui),  A'Rjk  = 
T(Uijk).  Note  that 

Mi  0 Ai  Aijk  = Mijk  = Mj  Aijk 

and  that  a gives  isomorphisms 


OWi 


jk 


see  Schemes,  Lemma  25.7.3 


Mi  0 A , . /,  Bijk  t Mj  0 A :l , .s  Rijk 

Using  the  axiom  of  choice  we  choose  a map 

(' i,j,k,m ) ha  S(i,j,k,m) 


which  associates  to  every  i,j  G R k G Rj  or  k G Jij  and  to  G AR  a finite  subset 
S(i,j,  k,  to)  C Mj  such  that  we  have 


to  0 1 = > to'  0 am'  or  a (to  0 1)  = ) m!  0 

in  Mjjfc  for  some  am'  G or  6m/  G Moreover,  let’s  agree  that  i,  fc,  to)  = 

{m}  for  all  i,j  =i,k,m  when  A:  G Rj.  Fix  such  a collection  S(i,  j,  k,m) 


Given  a family  5 = (S))j6j  of  subsets  5)  C Mi  of  cardinality  at  most  k we  set 
S ' = ( S[ ) where 

^=11  *■  i htht  S(i,j,k,m) 

J such  that  mEo* 

Note  that  S)  C S'.  Note  that  S't  has  cardinality  at  most  k because  it  is  a union 
over  a set  of  cardinality  at  most  k of  finite  sets.  Set  <f>(°)  = S,  S^1)  = S1  and  by 
induction  S(n+1)  = (5W)'.  Then  set  $(°°)  = U„>0‘?(")-  Writing  S(°°)  = (sH) 
we  see  that  for  any  element  m G .S'?- °c')  the  image  of  to  in  M^k  can  be  written  as  a 
finite  sum  ^ m!  0 am'  with  m'  G S'j00^.  In  this  way  we  see  that  setting 

iVj  = Aj-submodule  of  Mj  generated  by  S'j00'1 


we  have 


-N)  0Aj  Aijk  — N)  0 A ;j  Aijk  and  OL  ( Mj  0: A , .t  Rijk ) — Nj  0 .4 , . s Rijk 

as  submodules  of  M^k  or  Mj  0 3.jS  Bijk • Thus  there  exists  a quasi-coherent  sub- 
module  G C J7  with  Q{Ui)  = Ni  such  that  a(t*G)  = s*G  as  submodules  of  s*F.  In 
other  words,  {G,ce\rg)  is  a submodule  of  (J7,  a).  Moreover,  by  construction  G is 
K-generated. 

Let  {(Gt,  at)}teT  be  the  set  of  K-generated  quasi-coherent  submodules  of  (J7,  a). 
If  t,t'  G T then  Gt  + Gt'  is  also  a ^-generated  quasi-coherent  submodule  as  it  is 
the  image  of  the  map  Gt  0 Gt'  —>  T.  Hence  the  system  (ordered  by  inclusion)  is 
directed.  The  arguments  above  show  that  every  section  of  J-  over  Ui  is  in  one  of 
the  Gt  (because  we  can  start  with  S such  that  the  given  section  is  an  element  of 
Si).  Hence  colimt  Gt  — t J7  is  both  injective  and  surjective  as  desired.  □ 


38.16.  Groupoids  and  group  schemes 

03LK  There  are  many  ways  to  construct  a groupoid  out  of  an  action  a of  a group  G on 
a set  V.  We  choose  the  one  where  we  think  of  an  element  g G G as  an  arrow 
with  source  v and  target  a(g,  v).  This  leads  to  the  following  construction  for  group 
actions  of  schemes. 
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0234 


Lemma  38.16.1.  Let  S be  a scheme.  Let  Y be  a scheme  over  S.  Let  (G,m)  be  a 
group  scheme  over  Y with  identity  eG  and  inverse  iG.  Let  X/Y  be  a scheme  over 
Y and  let  a : G Xy  X — > X be  an  action  of  G on  X/Y.  Then  we  get  a groupoid 
scheme  (U,  R , s,  t,  c,  e,  i)  over  S in  the  following  manner: 


(1) 

We 

set  U 

= 

x, 

and  R - 

--  G Xy  A'. 

(2) 

We 

set  s : 

R 

-X 

U equal 

to 

{g,x) 

X. 

(3) 

We 

set  t : 

R 

-X 

U equal 

to 

(g,x) 

a(g,x). 

(4) 

We 

set  c : 

R 

xs 

,u,t  R y 

R 

equal  to 

i{g,x),{g',x'))  i 

(5) 

We 

set  e : 

U 

-X 

R equal 

to 

x i-A  {eG{x),x). 

(6) 

We 

set  i : 

R 

-x 

R equal 

to 

(9,x)  ^ 

{iG{g),a{g, 

z))- 

Proof.  Omitted.  Hint:  It  is  enough  to  show  that  this  works  on  the  set  level. 
For  this  use  the  description  above  the  lemma  describing  g as  an  arrow  from  v to 
a(g,v).  □ 


03LL 


Lemma  38.16.2.  Let  S be  a scheme.  Let  Y be  a scheme  over  S.  Let  ( G,m ) be 
a group  scheme  over  Y . Let  X be  a scheme  over  Y and  let  a : G Xy  X — x X be 
an  action  of  G on  X overY.  Let  (U,R,s,t,c)  be  the  groupoid  scheme  constructed 
in  Lemma  38.16.1  The  rule  {IF,  a)  K > {IF,  a)  defines  an  equivalence  of  categories 


between  G-equivariant  O x -modules  and  the  category  of  quasi- coherent  modules  on 
( U,R,s,t,c ). 


Proof.  The  assertion  makes  sense  because  t = a and  s = piq  as  morphisms  R = 
G Xy  X — x X,  see  Definitions  |38. 12  J]  and  [38.14. 1|  Using  the  translation  in  Lemma 
|38.16.1|the  commutativity  requirements  of  the  two  definitions  match  up  exactly.  □ 


38.17.  The  stabilizer  group  scheme 

03LM  Given  a groupoid  scheme  we  get  a group  scheme  as  follows. 

0235  Lemma  38.17.1.  Let  S be  a scheme.  Let  {U,  R,  s,t,c)  be  a groupoid  over  S.  The 
scheme  G defined  by  the  cartesian  square 

G R 

j=(M) 

U —^U  XSU 

is  a group  scheme  over  U with  composition  law  m induced  by  the  composition  law 
c. 

Proof.  This  is  true  because  in  a groupoid  category  the  set  of  self  maps  of  any 
object  forms  a group.  □ 

Since  A is  an  immersion  we  see  that  G = j~1(Au/g ) is  a locally  closed  subscheme 
of  R.  Thinking  of  it  in  this  way,  the  structure  morphism  j~1{Ajj/g)  — X U is  induced 
by  either  s or  t (it  is  the  same),  and  m is  induced  by  c. 

0236  Definition  38.17.2.  Let  S'  be  a scheme.  Let  (U,  R,  s,t,c)  be  a groupoid  over  S. 
The  group  scheme  j~1{Au/s)  — > U is  called  the  stabilizer  of  the  groupoid  scheme 
(U,R,s,t,  c). 

In  the  literature  the  stabilizer  group  scheme  is  often  denoted  S (because  the  word 
stabilizer  starts  with  an  “s”  presumably);  we  cannot  do  this  since  we  have  already 
used  S for  the  base  scheme. 
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0237 


04Q2 


04Q3 


02VA 


02VB 


Lemma  38.17.3.  Let  S be  a scheme.  Let  (U,  R,  s,t,  c)  be  a groupoid  over  S,  and 
let  G/U  be  its  stabilizer.  Denote  Rt/U  the  scheme  R seen  as  a scheme  over  U via 
the  morphism  t : R U . There  is  a canonical  left  action 

a : G Xu  Rt  — > Rt 
induced  by  the  composition  law  c. 

Proof.  In  terms  of  points  over  T / S we  define  a(g,  r)  = c(g7  r).  □ 

Lemma  38.17.4.  Let  S be  a scheme.  Let  ( U7R7s7t7c ) be  a groupoid  scheme  over 
S.  Let  G be  the  stabilizer  group  scheme  of  R.  Let 

G0  = G x Upr.Q  (UxsU)  = GxsU 

as  a group  scheme  over  U XgU.  The  action  of  G on  R of  Lemma \ 38. 1 7. dj  induces 
an  action  of  Gq  on  R over  U XgU  which  turns  R into  a pseudo  G^-torsor  over 
U x s U. 


Proof.  This  is  true  because  in  a groupoid  category  C the  set  Morc(x,  y)  is  a prin- 
cipal homogeneous  set  under  the  group  Moic(y,y)-  □ 


Lemma  38.17.5.  Let  S be  a scheme.  Let  (U,  R,  s,t,c)  be  a groupoid  scheme 
over  S.  Let  pGUxgU  be  a point.  Denote  Rp  the  scheme  theoretic  fibre  of 
j = (t,  s)  : R — ► U XgU.  If  Rp  ^ 0,  then  the  action 


G, 


O.K.(p)  X K.(p)  Rp 


Rr, 


(see  Lemma  38.17.4 ) which  turns  Rp  into  a GKu>)-torsor  over  k(p). 


Proof.  The  action  is  a pseudo-torsor  by  the  lemma  cited  in  the  statement.  And  if 
Rp  is  not  the  empty  scheme,  then  {Rp  — > p}  is  an  fpqc  covering  which  trivializes 
the  pseudo-torsor.  □ 


38.18.  Restricting  groupoids 

Consider  a (usual)  groupoid  C = (Ob,  Arrows,  s,  t,  c).  Suppose  we  have  a map  of 
sets  g : Ob'  — >•  Ob.  Then  we  can  construct  a groupoid  C = (Ob7,  Arrows',  s',  t\  d) 
by  thinking  of  a morphism  between  elements  x',y'  of  Ob'  as  a morphisms  in  C 
between  g(x'),g(y').  In  other  words  we  set 

Arrows'  = Ob'  x9iob ,t  Arrows  xSjob,g  Ob'. 

with  obvious  choices  for  s',  t',  and  d . There  is  a canonical  functor  C — » C which  is 
fully  faithful,  but  not  necessarily  essentially  surjective.  This  groupoid  C endowed 
with  the  functor  C — > C is  called  the  restriction  of  the  groupoid  C to  Ob  . 

Lemma  38.18.1.  Let  S be  a scheme.  Let  (t/,  R,  s,t,c)  be  a groupoid  scheme  over 
S . Let  g : U'  — » U be  a morphism  of  schemes.  Consider  the  following  diagram 


R' 


t'  ( U'  X ug  R 


U' 


R xS}u  U' 


R- 


U 


U’ 

g 

U 


g 
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02VC 


02VD 


04ML 


03LN 

03BC 


03LO 


where  all  the  squares  are  fibre  product  squares.  Then  there  is  a canonical  compo- 
sition law  c'  : R!  y.s',u',t'  R'  — ► R'  such  that  ([/' , R! , s' ,t' ,d)  is  a groupoid  scheme 
over  S and  such  that  U'  -A  U , R'  — ► R defines  a morphism  (U1 , R' , s' ,t' ,c')  -A 
(U,  R,  s,t,c)  of  groupoid  schemes  over  S.  Moreover,  for  any  scheme  T over  S the 
functor  of  groupoids 

(U'(T),  R'(T),  s' , t' , o')  (U(T),  R(T),s,t,  c) 

is  the  restriction  (see  above)  of  (U(T),R(T),s,t,c)  via  the  map  U'(T)  — » U(T). 
Proof.  Omitted.  □ 


Definition  38.18.2.  Let  S'  be  a scheme.  Let  (U,  R,  s,t,c)  be  a groupoid  scheme 
over  S.  Let  g : U'  -A  U be  a morphism  of  schemes.  The  morphism  of  groupoids 
(£/',  R! , s',  t' , c')  — > (U,  R,  s,  t , c)  constructed  in  Lemma  38.18.1  is  called  the  restric- 
tion of  ( U , R,  s,t,  c)  to  U' . We  sometime  use  the  notation  R'  = R\jji  in  this  case. 

Lemma  38.18.3.  The  notions  of  restricting  groupoids  and  (pre-) equivalence  rela- 
tions defined  in  Definitions\38.18 and\38.3.S\  agree  via  the  constructions  of  Lem- 
mas \38.13.3\  and \38. 13.31 


Proof.  What  we  are  saying  here  is  that  R'  of  Lemma  38.18.1  is  also  equal  to 
R'  = {U'  xs  U')  Xuxsu  R — * U'  xs  U' 

In  fact  this  might  have  been  a clearer  way  to  state  that  lemma. 


□ 


Lemma  38.18.4.  Let  S be  a scheme.  Let  (U,  R,  s,t,c)  be  a groupoid  scheme 
over  S.  Let  g : U'  — )•  U be  a morphism  of  schemes.  Let  (U' , R' , s' ,t! ,cr)  be  the 
restriction  of  (U,  R,  s,t,  c)  via  g.  Let  G be  the  stabilizer  of  (U,  R,  s,t,c)  and  let  G' 
be  the  stabilizer  of  (U1 , R' , s' ,t' ,c').  Then  G'  is  the  base  change  of  G by  g,  i.e., 
there  is  a canonical  identification  G'  = U’  xg yjj  G. 


Proof.  Omitted. 


□ 


38.19.  Invariant  subschemes 

In  this  section  we  discuss  briefly  the  notion  of  an  invariant  subscheme. 

Definition  38.19.1.  Let  (U,  R,  s,  t,  c)  be  a groupoid  scheme  over  the  base  scheme 

S. 

(1)  A subset  W C U is  set-theoretically  R-invariant  if  t(s_1(ILr))  C W. 

(2)  An  open  W C U is  R-invariant  if  t{s~1{W))  C W. 

(3)  A closed  subscheme  Z C U is  called  R-invariant  if  t~1(Z)  = s~1(Z). 
Here  we  use  the  scheme  theoretic  inverse  image,  see  Schemes,  Definition 
I25TT71 

(4)  A monomorphism  of  schemes  T — > U is  R-invariant  if  T x utt  R = RxStjjT 
as  schemes  over  R. 

For  subsets  and  open  subschemes  W C U the  A-invariance  is  also  equivalent  to 
requiring  that  s-1(W)  = t_1(H/)  as  subsets  of  R.  If  W C U is  an  .R-equivariant 
open  subscheme  then  the  restriction  of  R to  W is  just  Rw  = s~1{W ) = t~1(W). 
Similarly,  if  Z C U is  an  R-invariant  closed  subscheme,  then  the  restriction  of  R to 
Z is  just  Rz  = s~1(Z)  = t~1(Z). 

Lemma  38.19.2.  Let  S be  a scheme.  Let  (U,  R,  s,t,c)  be  a groupoid  scheme  over 
S. 
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OAPA 


OAPB 


02VE 


(1)  For  any  sub  set  W C U the  subset  t(s^1(W))  is  set-theoretically  R-invariant. 

(2)  If  s and  t are  open,  then  for  every  open  W C U the  open  f(s_1(W))  is  an 
R-invariant  open  subscheme. 

(3)  If  s and  t are  open  and  quasi-compact,  then  U has  an  open  covering  con- 
sisting of  R-invariant  quasi-compact  open  subschemes. 


Proof.  Part  (1)  follows  from  Lemmas 


38.3.4 


and 


38.13.2 


namely,  t(s  1(W))  is  the 


set  of  points  of  U equivalent  to  a point  of  W . Next,  assume  s and  t open  and 
W C U open.  Since  s is  open  the  set  W'  = t(s_1(W))  is  an  open  subset  of  U. 
Finally,  assume  that  s,  t are  both  open  and  quasi-compact.  Then,  if  W C U is 
a quasi-compact  open,  then  also  W'  = <(s-1(TF))  is  a quasi-compact  open,  and 
invariant  by  the  discussion  above.  Letting  W range  over  all  affine  opens  of  U we 
see  (3).  □ 

Lemma  38.19.3.  Let  S be  a scheme.  Let  (U,  R,  s,t,c)  be  a groupoid  scheme  over 
S.  Assume  s and  t quasi-compact  and  flat  and  U quasi-separated.  Let  W C U be 
quasi-compact  open.  Then  t(s_1(W))  is  an  intersection  of  a nonempty  family  of 
quasi-compact  open  subsets  of  U . 

Proof.  Note  that  s~1(W)  is  quasi-conrpact  open  in  R.  As  a continuous  map  t 
maps  the  quasi-compact  subset  s-1( W)  to  a quasi-compact  subset  f(s_1(IT)).  As  t 
is  flat  and  s_1(W)  is  closed  under  generalization,  so  is  t(s_1(W/)),  see  (Morphisms, 


Lemma  28.25.8  and  Topology,  Lemma  5.18.5).  Pick  a quasi-compact  open  W'  C U 
containing  f(s_1(W)).  By  Properties,  Lemma  27.2.4  we  see  that  W'  is  a spec- 


tral space  (here  we  use  that  U is  quasi-separated).  Then  the  lemma  follows  from 
Topology,  Lemma  5.23.7  applied  to  f(s_1(W))  C W' . □ 


Lemma  38.19.4.  Assumptions  and  notation  as  in  Lemma  38.19.3.  There  exists 
an  R-invariant  open  V C U and  a quasi-compact  open  W'  such  that  W C V C 
W'  C U. 

Proof.  Set  E = f(s_1(W)).  Recall  that  E is  set-theoretically  .R-invariant  (Lemma 
38.19.2).  By  Lemma  38.19.3  there  exists  a quasi-conrpact  open  W'  containing  E. 
Let  Z = U \ W'  and  consider  T = t{s~1(Z)).  Observe  that  Z C T and  that 
E D T = 0 because  s~1(E)  = t_1(R)  is  disjoint  from  s_1(Z).  Since  T is  the  image 
of  the  closed  subset  s~1{Z)  C R under  the  quasi-compact  morphism  t : R — >•  U 
we  see  that  any  point  £ in  the  closure  T is  the  specialization  of  a point  of  T,  see 


Morphisms,  Lemma  28.6.5  (and  Morphisms,  Lemma  28.6.3  to  see  that  the  scheme 
theoretic  image  is  the  closure  of  the  image).  Say  with  £'  G T.  Suppose 

that  r G R and  s(r)  = £ . Since  s is  flat  we  can  find  a specialization  r'  ^ r in  R 
such  that  s(r')  = £'  (Morphisms,  Lemma  28.25.8).  Then  t(r')  ~>  t(r).  We  conclude 

Thus  T is  a 


38.19.2 


that  t(r')  G T as  T is  set-theoretically  invariant  by  Lemma 
set-theoretically  R-invariant  closed  subset  and  V = U\T  is  the  open  we  are  looking 
for.  It  is  contained  in  W'  which  finishes  the  proof.  □ 


38.20.  Quotient  sheaves 

Let  t G { Zariski , Stale,  fppf,  smooth,  syntomic] . Let  S be  a scheme.  Let  j : R — > 
U Xs  U be  a pre-relation  over  S.  Say  U,R,S  are  objects  of  a r-site  SchT  (see 


Topologies,  Section  33.2).  Then  we  can  consider  the  functors 


hu,hR  : (Sch/S)°pp 


Sets. 
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These  are  sheaves,  see  Descent,  Lemma  [34.9. 3|  The  morphism  j induces  a map 
j : hR  -A  hjj  x hu . For  each  object  T € Ob ((Sch/S)T)  we  can  take  the  equivalence 
relation  generated  by  j(T)  : R(T)  — > U(T)  x U(T)  and  consider  the  quotient. 
Hence  we  get  a presheaf 


02VF  (38.20.0.1) 


(Sch/S)°pp  — ► Sets,  T ► U(T) / ~T 


02VG  Definition  38.20.1.  Let  r,  S,  and  the  pre-relation  j : R — > U xg  U be  as  above. 
In  this  setting  the  quotient  sheaf  U/R  associated  to  j is  the  sheafification  of  the 
presheaf  (38.20.0.1)  in  the  r-topology.  If  j : R -A  U Xg  U comes  from  the  action 
of  a group  scheme  G/S  on  U as  in  Lemma  38.16.1  then  we  sometimes  denote  the 
quotient  sheaf  U/G. 


This  means  exactly  that  the  diagram 

Hr  ; hu  sKUfe  U/ R 


is  a coequalizer  diagram  in  the  category  of  sheaves  of  sets  on  ( Sch/S)T . Using 
the  Yoneda  embedding  we  may  view  ( Sch/S)T  as  a full  subcategory  of  sheaves  on 
( Sch/S)T  and  hence  identify  schemes  with  representable  functors.  Using  this  abuse 
of  notation  we  will  often  depict  the  diagram  above  simply 


R u >■  U/R 

t 


03BD 


We  will  mostly  work  with  the  fppf  topology  when  considering  quotient  sheaves  of 
groupoids / equivalence  relations. 


Definition  38.20.2.  In  the  situation  of  Definition  38.20.1  We  say  that  the  pre- 
relation j has  a representable  quotient  if  the  sheaf  U/R  is  representable.  We  will 
say  a groupoid  (U,  R,  s,t,c)  has  a representable  quotient  if  the  quotient  U/R  with 
j = ( t , s)  is  representable. 


The  following  lemma  characterizes  schemes  M representing  the  quotient.  It  applies 
for  example  if  r = fppf,  U — t M is  flat,  of  finite  presentation  and  surjective,  and 
R = U xjvf  U. 


03C5 


Lemma  38.20.3.  In  the  situation  of  Definition 
M , and  a morphism  U — > M such  that 


38.20.1 


Assume  there  is  a scheme 


(1)  the  morphism  U —¥  M equalizes  s,t, 

(2)  the  morphism  U — ► M induces  a surjection  of  sheaves  hu  -4  /im  in  the 
r-topology,  and 

(3)  the  induced  map  (t,s)  : R — ► U Xu  U induces  a surjection  of  sheaves 
hu  — > huxMu  in  the  r-topology. 

In  this  case  M represents  the  quotient  sheaf  U /R. 


Proof.  Condition  (1)  says  that  hu  — > hM  factors  through  U/R.  Condition  (2) 
says  that  U/R  hM  is  surjective  as  a map  of  sheaves.  Condition  (3)  says  that 
U/R  — » hM  is  injective  as  a map  of  sheaves.  Hence  the  lemma  follows.  □ 


The  following  lemma  is  wrong  if  we  do  not  require  j to  be  a pre-equivalence  relation 
(but  just  a pre-relation  say). 
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045Y  Lemma  38.20.4.  Let  r £ {Zariski,etale,  fppf,  smooth,  syntomic} . Let  S be  a 
scheme.  Let  j : R U Xg  U be  a pre-equivalence  relation  over  S.  Assume  U,  R , S 
are  objects  of  a r-site  SchT.  For  T £ Ob ((Sch/S)T)  and  a,b  £ U(T)  the  following 
are  equivalent: 

(1)  a and  b map  to  the  same  element  of  (U/R)(T),  and 

(2)  there  exists  a t -covering  {/,;  : Ti  — > T}  of  T and  morphisms  n : Ti  — > R 
such  that  a o fi  = s o n and  b o fi  = t o n. 

In  other  words,  in  this  case  the  map  of  r-sheaves 


is  surjective. 


ha 


xu/r  hu 


045Z 


Proof.  Omitted.  Hint:  The  reason  this  works  is  that  the  presheaf  ( 38. 20.0.1])  in 
this  case  is  really  given  by  T h>  U(T)/j(R(T))  as  j(R(T))  C U(T)  x U(T)  is  an 
equivalence  relation,  see  Definition  |38.3.1[  □ 


Lemma  38.20.5.  Let  t £ {Zariski,etale,  fppf , smooth,  syntomic} . Let  S be  a 
scheme.  Let  j : R — »•  U XgU  be  a pre- equivalence  relation  over  S and  g : U'  — )•  U 
a morphism  of  schemes  over  S.  Let  j'  : R'  — ► U'  x g U'  be  the  restriction  of  j to 
U' . Assume  U,U' , R,  S are  objects  of  a r-site  SchT.  The  map  of  quotient  sheaves 


U'/R' 


U/R 


is  injective.  If  g defines  a surjection  hjj>  — > hjj  of  sheaves  in  the  r-topology  (for 
example  if  {g  : U'  — > U}  is  a r -covering),  then  U'/R!  — » U/R  is  an  isomorphism. 


Proof.  Suppose  £,£'  £ (U' / R')(T)  are  sections  which  map  to  the  same  section  of 
U/R.  Then  we  can  find  a r-covering  T = {Ti  — » T}  of  T such  that  £ | t,  • £ 7 1 t,  are 
given  by  a^,  a'  £ U'{Ti).  By  Lemma  38. 20. 4| and  the  axioms  of  a site  we  may  after 
refining  T assume  there  exist  morphisms  : Tj  — > R such  that  g o m = son , 
g o a'i  = ton . Since  by  construction  R'  = R xUxsU  (U1  Xg  U')  we  see  that 
( ri,(ai,a’i ))  £ R' (Ti)  and  this  shows  that  m and  a'  define  the  same  section  of 
U'/R'  over  Ti.  By  the  sheaf  condition  this  implies  f = f' . 


— > hu  is  a surjection  of  sheaves,  then  of  course  U'/R'  — > U/R  is  surjective 
If  {g  : U'  — > U}  is  a r-covering,  then  the  map  of  sheaves  hjji  — > hu  is 


If  hu* 
also. 

surjective,  see  Sites,  Lemma  7.13.4  Hence  U'/R'  — > U/R  is  surjective  also  in  this 
case.  □ 


02VH  Lemma  38.20.6.  Let  r £ {Zariski,etale,  fppf , smooth,  syntomic] . Let  S be  a 
scheme.  Let  (U,  R,  s , t,  c)  be  a groupoid  scheme  over  S.  Let  g \U'  — » U a morphism 
of  schemes  over  S.  Let  (U1 , R' , s' ,t' ,c')  be  the  restriction  of  (U,  R,  s,t,c)  to  U' . 
Assume  U,  U' , R,  S are  objects  of  a r-site  SchT.  The  map  of  quotient  sheaves 

U'/R'  — ► U/R 

is  injective.  If  the  composition 


h 


defines  a surjection  of  sheaves  in  the  r-topology  then  the  map  is  bijective.  This 
holds  for  example  if  {h  : U'  xg  u t R — > U}  is  a r-covering,  or  if  U'  —>  U defines 
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a surjection  of  sheaves  in  the  t -topology,  or  if  {g  : U'  — > U}  is  a covering  in  the 
r-topology. 


Proof.  Injectivity  follows  on  combining  Lemmas  |38.13.2|  and  |38.20.5[  To  see  sur- 
jectivity (see  Sites,  Section  7.12  for  a characterization  of  surjective  maps  of  sheaves) 
we  argue  as  follows.  Suppose  that  T is  a scheme  and  a £ U/R(T).  There  exists  a 
covering  {Xj  -A  T}  such  that  ojT;  is  the  image  of  some  element  fi  € UiTf).  Hence 
we  may  assume  that  a if  the  image  of  / £ U(T).  By  the  assumption  that  h is 
a surjection  of  sheaves,  we  can  find  a r- covering  {(pi  : Ti  — > T}  and  morphisms 
fi  : Ti  — >■  U'  xg,u,tR  such  that  f oipi  = ho  fo.  Denote  /'  = pr0o  fi  : Ti  — ► U' . Then 
we  see  that  f[  £ U'iTf)  maps  to  go  f 7 £ U(Ti)  and  that  go  /'  ~T.  ho  fi  = foipi  no- 
tation as  in  (38. 20.0.1]).  Namely,  the  element  of  i?(Ti)  giving  the  relation  is  piq  o /). 
This  means  that  the  restriction  of  a to  Ti  is  in  the  image  of  U' /RH/Tf)  -A  U / R(Ti) 
as  desired. 


If  {h}  is  a r-covering,  then  it  induces  a surjection  of  sheaves,  see  Sites,  Lemma 

the  neutral  element  e of  the  groupoid  scheme).  □ 

07S3  Lemma  38.20.7.  Let  S be  a scheme.  Let  f : (U,R,j)  —¥  (U1 , i?'  ,f)  be  a morphism 
between  equivalence  relations  over  S.  Assume  that 

R >R' 

f 

« s' 

f 

U—L^u' 

is  cartesian.  For  any  t £ {Zariski,  etale,  fppf,  smooth,  syntomic}  the  diagram 


7.13.4  If  U'  — > U is  surjective,  then  also  h is  surjective  as  s has  a section  (namely 


U *U/R 

f 

Y V 

U’ ^ U’/R’ 


is  a fibre  product  square  of  t -sheaves. 


Proof.  By  Lemma  38.20.4  the  quotient  sheaves  have  a simple  description  which 
we  will  use  below  without  further  mention.  We  first  show  that 


u—m1  xw/R,  u/R 

is  injective.  Namely,  assume  a,  & £ U(T)  map  to  the  same  element  on  the  right 
hand  side.  Then  /(a)  = fib).  After  replacing  T by  the  members  of  a T-covering  we 
may  assume  that  there  exists  an  r £ R{T)  such  that  a = s{r)  and  b = t{r).  Then 
r'  = f{r)  is  a T-valued  point  of  R'  with  s'(r')  = t'{r').  Hence  r'  = e'(/(a))  (where 
e!  is  the  identity  of  the  groupoid  scheme  associated  to  f , see  Lemma  [38.13.3). 
Because  the  first  diagram  of  the  lemma  is  cartesian  this  implies  that  r has  to  equal 
e(a).  Thus  a = b. 

Finally,  we  show  that  the  displayed  arrow  is  surjective.  Let  T be  a scheme  over  S 
and  let  (a7,  b)  be  a section  of  the  sheaf  U'  Xjji/r*  U/R  over  T.  After  replacing  T 
by  the  members  of  a r-covering  we  may  assume  that  b is  the  class  of  an  element 
b £ U(T).  After  replacing  T by  the  members  of  a T-covering  we  may  assume  that 
there  exists  an  r'  £ R'(T)  such  that  a'  = t{r')  and  s'(r')  = fib).  Because  the 
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first  diagram  of  the  lemma  is  cartesian  we  can  find  r £ R{T)  such  that  s(r)  = b 
and  f{r)  = r' . Then  it  is  clear  that  a = t(r ) £ U(T)  is  a section  which  maps  to 
(o',  6).  □ 


38.21.  Descent  in  terms  of  groupoids 

OAPC  Cartesian  morphisms  are  defined  as  follows. 

OAPD  Definition  38.21.1.  Let  S be  a scheme.  Let  / : {U' , R' , s' , t' , d)  — > (U,  R1  s,  t,  c)  be 
a morphism  of  groupoid  schemes  over  S.  We  say  / is  cartesian,  or  that  (U1 , R' , s',t',  d) 
is  cartesian  over  (U,  R,  s,t,c),  if  the  diagram 

R’ >R 

f 

s'  s 

U'—t+U 

is  a fibre  square  in  the  category  of  schemes.  A morphism  of  groupoid  schemes 
cartesian  over  ( U , R,  s,  t,  c)  is  a morphism  of  groupoid  schemes  compatible  with  the 
structure  morphisms  towards  ( U , R,  s,  t , c). 

Cartesian  morphisms  are  related  to  descent  data.  First  we  prove  a general  lemma 
describing  the  category  of  cartesian  groupoid  schemes  over  a fixed  groupoid  scheme. 

OAPE  Lemma  38.21.2.  Let  S be  a scheme.  Let  {U,  R,  s,t,c)  be  a groupoid  scheme  over 
S.  The  category  of  groupoid  schemes  cartesian  over  (U,  R,  s,t,c)  is  equivalent  to 
the  category  of  pairs  ( V. , ip)  where  V is  a scheme  over  U and 

ip  :V  X[/,t  R — > R xs,u  V 

is  an  isomorphism  over  R such  that  e*p  = idy  and  such  that 

c* p = pr\ip  o pr^ip 

as  morphisms  of  schemes  over  R xs,u,t  R- 

Proof.  The  pullback  notation  in  the  lemma  signifies  base  change.  The  displayed 
formula  makes  sense  because 

( R Xs7Uj  R)  ^pr1,K,pr1  (L  ^[/,t  R)  = (R  R)  ^pro,H,pr0  {R  Xs^jj  P) 

as  schemes  over  R xSj[/,t  R- 

Given  (V,  ip)  we  set  V = V and  R!  = V x u.t  R-  We  set  t'  : R!  —>  U'  equal  to 
the  projection  V Xu,t  R — t V.  We  set  s'  equal  to  ip  followed  by  the  projection 
Rxs,uV  —>V.  We  set  d equal  to  the  composition 

R’  xs,,u>}t,  R'  ^4  ( R xStU  V)xv(V  xUit  R) 

— > R xS:u  V xUttR 

^>fxK,t  {Rx,,u,t  R) 

^4  V xu>t  R = R' 

A computation,  which  we  omit  shows  that  we  obtain  a groupoid  scheme  over 
( U , R,  s,  t,  c).  It  is  clear  that  this  groupoid  scheme  is  cartesian  over  (U,  R,  s,  t,  c). 
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Conversely,  given  / : ([/' , R' , s',  t' , d)  — > (U,  R,  s,  t,  c ) cartesian  then  the  morphisms 
U’  x u t R R’  -L—}  R x s U U’ 

are  isomorphisms  and  we  can  set  V = U'  and  ip  equal  to  the  composition  (/,  s')  o 
(t1 , /)_1.  We  omit  the  proof  that  p satisfies  the  conditions  in  the  lemma.  We  omit 
the  proof  that  these  constructions  are  mutually  inverse.  □ 

Let  S'  be  a scheme.  Let  / : X -A  Y be  a morphism  of  schemes  over  S.  Then  we 
obtain  a groupoid  scheme  (X,X  Xy  X,  pr^p^c)  over  S.  Namely,  j : X Xy  X -* 
X x 5 X is  an  equivalence  relation  and  we  can  take  the  associated  groupoid,  see 
Lemma  138.13.31 

OAPF  Lemma  38.21.3.  Let  S be  a scheme.  Let  f : X — >■  Y be  a morphism  of  schemes 
over  S.  The  construction  of  Lemma\38.21.1%  determines  an  equivalence 

category  of  groupoids  schemes  category  of  descent  data 

cartesian  over  ( X , X xY  X, . . .)  relative  to  X/Y 

Proof.  This  is  clear  from  Lemma  138.21.21  and  the  definition  of  descent  data  on 
schemes  in  Descent,  Definition |34. 30. I|  □ 


38.22.  Separation  conditions 

02YG  This  really  means  conditions  on  the  morphism  j : R — ► U Xg  U when  given  a 
groupoid  (U,  R,  s,  t,  c ) over  S.  As  in  the  previous  section  we  first  formulate  the 
corresponding  diagram. 

02YH  Lemma  38.22.1.  Let  S be  a scheme.  Let  ( U,R,s,t,c ) be  a groupoid  over  S.  Let 
G — » U be  the  stabilizer  group  scheme.  The  commutative  diagram 


R 


f^(fAf)) 


Ar/UX  su 


R x{UxsU)  R 


1q9) 


R xSjc/  U 


R xs,u  G 


> G 


the  two  left  horizontal  arrows  are  isomorphisms  and  the  right  square  is  a fibre 
product  square. 

Proof.  Omitted.  Exercise  in  the  definitions  and  the  functorial  point  of  view  in 
algebraic  geometry.  □ 

02YI  Lemma  38.22.2.  Let  S be  a scheme.  Let  (U,  R,  s,t,c)  be  a groupoid  over  S.  Let 
G -A  U be  the  stabilizer  group  scheme. 

(1)  The  following  are  equivalent 

(a)  j : R — > U XsU  is  separated, 

(b)  G -A  U is  separated,  and 

(c)  e : U — > G is  a closed  immersion. 

(2)  The  following  are  equivalent 

(a)  j : R — >•  U XgU  is  quasi-separated, 

(b)  G — >•  U is  quasi-separated,  and 

(c)  e : U — > G is  quasi- compact. 
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03BE 

03BF 


03BG 


03BH 


Proof.  The  group  scheme  G 

diagonal  morphism  U — ► U XgU,  see  Lemma  38.17.1 
quasi-separated),  then  G — > U is  separated  (resp.  quasi-separated).  (See  Schemes, 
Lemma  25.21.13).  Thus  (a)  =>  (b)  in  both  (1)  and  (2). 


U is  the  base  change  of  R — > U Xg  U by  the 
Hence  if  j is  separated  (resp. 


If  G — > U is  separated  (resp.  quasi-separated),  then  the  morphism  U — > G,  as 
a section  of  the  structure  morphism  G — > U is  a closed  immersion  (resp.  quasi- 


that  if  e is  a closed  immersion  (resp.  quasi-compact)  AR/UxsU  is  a closed  immersion 
(resp.  quasi-compact).  Thus  (c)  =>  (a)  in  both  (1)  and  (2).  □ 


38.23.  Finite  flat  groupoids,  affine  case 

Let  S'  be  a scheme.  Let  ( U,R,s,t,c ) be  a groupoid  scheme  over  S.  Assume  U = 
Spec(A),  and  R = Spec (B)  are  affine.  In  this  case  we  get  two  ring  maps  : 
A — > B.  Let  C be  the  equalizer  of  s**  and  £**.  In  a formula 

(38.23.0.1)  C = {a£A\tli(a)  = s'i{a)}. 

We  will  sometimes  call  this  the  ring  of  R-invariant  functions  on  U.  What  properties 
does  M = Spec (C)  have?  The  first  observation  is  that  the  diagram 

R — -&4J 

S 

t 

Y 

U >■  M 

is  commutative,  i.e. , the  morphism  U — > M equalizes  s,t.  Moreover,  if  T is  any 
affine  scheme,  and  if  U — > T is  a morphism  which  equalizes  s,  t,  then  U —>  T factors 
through  U — ► M.  In  other  words,  U -A  M is  a coequalizer  in  the  category  of  affine 
schemes. 


We  would  like  to  find  conditions  that  guarantee  the  morphism  U M is  really 
a “quotient”  in  the  category  of  schemes.  We  will  discuss  this  at  length  elsewhere 
(insert  future  reference  here);  here  we  just  discuss  some  special  cases.  Namely,  we 
will  focus  on  the  case  where  s,  t are  finite  locally  free. 

Example  38.23.1.  Let  k be  a field.  Let  U = GL2,fc.  Let  B c GL2  be  the  closed 
subgroup  scheme  of  upper  triangular  matrices.  Then  the  quotient  sheaf  GL2ifc/i? 
(in  the  Zariski,  etale  or  fppf  topology,  see  Definition  38.20.1)  is  representable  by 
the  projective  line:  P1  = GL2 tk/B-  (Details  omitted.)  On  the  other  hand,  the  ring 
of  invariant  functions  in  this  case  is  just  k.  Note  that  in  this  case  the  morphisms 
s,t  : R = GL 2,k  xk  B — > GL2jfc  = U are  smooth  of  relative  dimension  3. 


Recall  that  in  Exercises,  Exercises  |89.15.6]  and  89.15.7  we  have  defined  the  deter- 
minant and  the  norm  for  finitely  locally  free  modules  and  finite  locally  free  ring 
extensions.  If  ip  : A — >■  B is  a finite  locally  free  ring  map,  then  we  will  denote 
Norrim(6)  £ A the  norm  of  b £ B.  In  the  case  of  a finite  locally  free  morphism  of 
schemes,  the  norm  was  constructed  in  Divisors,  Lemma  |30. 14. 5| 

Lemma  38.23.2.  Let  S be  a scheme.  Let  (t/,  R,  s7t,c)  be  a groupoid  scheme  over 
S.  Assume  U = Spec(A),  and  R = Spec(-B)  are  affine,  and  s,t  : R — >•  U finite 
locally  free.  Let  C be  as  in  ( 38.23.0.1 ).  Let  f £ A.  Then  Norms»(t^(f))  £ C. 
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Proof.  Consider  the  commutative  diagram 


U 


of  Lemma  38.13.4|  Think  of  / £ T([/,  Ou ).  The  commutativity  of  the  top  part  of  the 
diagram  shows  that  pr\ (i**(/))  = d*(d(/))  as  elements  of  T(Rxs,u,tR,0).  Looking 
at  the  right  lower  cartesian  square  the  compatibility  of  the  norm  construction  with 
base  change  shows  that  s^(Novmst(t^(f)))  = Normpri  (c** (t** (/))).  Similarly  we  get 
ft* (Norm stt(d(/)))  = Normpri (prg (t1* (/))).  Hence  by  the  first  equality  of  this  proof 
we  see  that  s#(Normsa (£**(/)))  = ^(Normsj (t**(/)))  as  desired.  □ 


03BI  Lemma  38.23.3.  Let  S be  a scheme.  Let  (U,R,s,t,c)  be  a groupoid  scheme  over 
S.  Assume  s,t  : R U finite  locally  free.  Then 

C/  = TT  Ur 

J— Lr>l 

is  a disjoint  union  of  R-invariant  opens  such  that  the  restriction  Rr  of  R to  Ur  has 
the  property  that  s,t  : Rr  -A  Ur  are  finite  locally  free  of  rank  r. 


Proof.  By  Morphisms,  Lemma  28.45.5  there  exists  a decomposition  U = ]jr>0  Ur 
such  that  s : s_1(Lrr)  -A  Ur  is  finite  locally  free  of  rank  r.  As  s is  surjective  we  see 
that  Uq  = 0.  Note  that  u £ Ur  <t=>  if  and  only  if  the  scheme  theoretic  fibre  s-1(u) 
has  degree  r over  k(u).  Now,  if  z £ R with  s(z)  = u and  t(z)  = u'  then  using 
notation  as  in  Lemma  f38. 13.41 


prx  1(z)  -A  Spec (k(z)) 

is  the  base  change  of  both  s-1(m)  — > Spec(ft(M))  and  s_1(m')  -A-  Spec(K(u'))  by  the 
lemma  cited.  Hence  u £ Ur  u’  £ Ur,  in  other  words,  the  open  subsets  Ur  are 
i?-invariant.  In  particular  the  restriction  of  R to  Ur  is  just  s_1(l Jr)  and  s : Rr  Ur 
is  finite  locally  free  of  rank  r.  As  t : Rr  — > Ur  is  isomorphic  to  s by  the  inverse  of 
Rr  we  see  that  it  has  also  rank  r.  □ 


03BJ  Lemma  38.23.4.  Let  S be  a scheme.  Let  ([/,  R,  s,t,c)  be  a groupoid  scheme  over 
S.  Assume  U = Spec(A),  and  R = Spec (B)  are  affine,  and  s,t  : R U finite 


locally  free.  Let  C C A be  as  in  (38.23.0.1).  Then  A is  integral  over  C. 


Proof.  First,  by  Lemma  38.23.3  we  know  that  (U,  R,  s,t,  c)  is  a disjoint  union  of 
groupoid  schemes  ( Ur,Rr,s,t,c ) such  that  each  s,t  : Rr  —A  Ur  has  constant  rank 
r.  As  U is  quasi-compact,  we  have  Ur  = 0 for  almost  all  r.  It  suffices  to  prove  the 
lemma  for  each  (Ur,  Rr,  s,  t,  c)  and  hence  we  may  assume  that  s,  t are  finite  locally 
free  of  rank  r. 


Assume  that  s,  t are  finite  locally  free  of  rank  r.  Let  / € A.  Consider  the  element 
x — / € A[x],  where  we  think  of  x as  the  coordinate  on  A1.  Since 

( U x A1,  J?  x A\s  x idAi,t  x idAi,c  x idAi) 


38.23.  FINITE  FLAT  GROUPOIDS,  AFFINE  CASE 


2750 


is  also  a groupoid  scheme  with  finite  source  and  target,  we  may  apply  Lemma 
38.23.2  to  it  and  we  see  that  P(x ) = Norms« (P(x  — /))  is  an  element  of  C[x\. 
Because  : A — >•  B is  finite  locally  free  of  rank  r we  see  that  P is  monic  of  degree 
r.  Moreover  P(f)  = 0 by  Cayley-Hamilton  (Algebra,  Lemma  10.15.1).  □ 


03BK 


Lemma  38.23.5.  Let  S be  a scheme.  Let  (U,  R,  s,t,c)  be  a groupoid  scheme  over 
S.  Assume  U = Spec(A),  and  R = Spec(H)  are  affine,  and  s,t  : R — l U finite 
locally  free.  Let  C C A be  as  in  f 38. 23. 0.1 ).  Let  C — l C'  be  a ring  map,  and  set 


U'  = Spec(A  (8» c C"),  R!  = Spec(13  0c  C').  Then 

(1)  the  maps  s,  t,  c induce  maps  s',  t' , d such  that  (U' , R' , s',  t' , d)  is  a groupoid 
scheme,  and 

(2)  there  is  a canonical  map  ip  : C'  —>  C1  of  C'  into  the  R' -invariant  functions 
C 1 on  U'  with  the  properties 

(a)  for  every  f £ C1  there  exists  an  n > 0 such  that  fn  is  in  the  image 
of  ip,  and 

(b)  for  every  f £ Ker(ip)  there  exists  an  n > 0 such  that  fn  = 0. 

(3)  if  C — ► C'  is  flat  then  ip  is  an  isomorphism. 

Proof.  The  proof  of  part  (1)  is  omitted.  Let  us  denote  A1  = A 0c  C'  and  B'  = 
B 0 c C' . Then  we  have 

C1  = {x  £ A’  | (t')\x)  = (s7)^)}  = {a  £ C'  \ $ ® \{x)  = s1*  ® l(a;)}. 

In  other  words,  C 1 is  the  kernel  of  the  difference  map  (d  — s**)  ® 1 which  is  just  the 
base  change  of  the  C-linear  map  R — : A — > B by  C — l C . Hence  (3)  follows. 

Proof  of  part  (2)(b).  Since  C — > A is  integral  (Lemma  38.23.4)  and  injec 
see  that  Spec(A)  ->  Spec(C)  is  surjective,  see  Algebra,  Lemma  10.35.15 
also  Spec(A')  — > Spec(C")  is  surjective  as  a base  change  of  a surjective  morphism 
(Morphisms,  Lemma  28.10.4).  Hence  Spec(C'1)  — > Spec(C")  is  surjective  also.  This 
implies  that  the  kernel  of  ip  is  contained  in  the  radical  of  the  ring  C , i.e.,  (2)  (b) 
holds. 


Proof  of  part  (2) (a).  By  Lemma  38.23.3  we  know  that  A is  a finite  product  of  rings 
Ar  and  B is  a finite  product  of  rings  Br  such  that  the  groupoid  scheme  decomposes 


accordingly  (see  the  proof  of  Lemma  38.23.4).  Then  also  C is  a product  of  rings  Cr 
and  correspondingly  C decomposes  as  a product.  Hence  we  may  and  do  assume 
that  the  ring  maps  s^,P  : A — > B are  finite  locally  free  of  a fixed  rank  r.  Let 
/ £ C1  C A!  = A <g>c  C ■ We  may  replace  C'  by  a finitely  generated  C-subalgebra 
of  C'  and  hence  we  may  assume  that  C'  = C[X i, . . . , Xn]/I  for  some  ideal  I.  Choose 
a lift  / £ A®cC[A’i]  = A[Xi]  of  the  element  /.  Note  that  fr  = Norm (s')tt  ((^)*(/)) 
in  A as  t$(f)  = s**(/).  Hence  we  see  that 

h = Norms#01(t1^  0 1(f))  £ A[Xf\ 

is  invariant  according  to  Lemma  38.23.2|  and  maps  to  fr  in  A! . Since  C —>  C[Xf\ 
is  flat  we  see  from  (3)  that  h £ C[Xf\.  Hence  it  follows  that  fr  is  in  the  image  of 

ip.  □ 

03BL  Lemma  38.23.6.  Let  S be  a scheme.  Let  (U,  R,  s,t,c)  be  a groupoid  scheme  over 
S.  Assume  U = Spec(A),  and  R = Spec (B)  are  affine,  and  s,t  : R — > U finite 
locally  free.  Let  C C A be  as  in  \3 8. 23.0 .7 ).  Then  U -A  M = Spec(C)  has  the 
following  properties: 
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(1)  the  map  on  points  \U\  -A  \M\  is  surjective  and  uo,u±  £ \U\  map  to  the 
same  point  if  and  only  if  there  exists  a r £ \R\  with  t{r)  = Uq  and  s(r)  = 
u\,  in  a formula 

\M\=\U\/\R\ 

(2)  for  any  algebraically  closed  field  k we  have 

M(k)  = U(k)/R(k) 

Proof.  Let  k be  an  algebraically  closed  field.  Since  C — > A is  integral  (Lemma 
38.23.4 1 and  injective  we  see  that  Spec(A)  -a  Spec(C)  is  surjective,  see  Algebra, 
Lemma  10.35.15  Thus  \U\  — > \M\  is  surjective.  Let  C — > k be  a ring  map.  Since 


surjective  morphisms  are  preserved  under  base  change  (Morphisms,  Lemma  28.10.4) 
we  see  that  A gc  k is  not  zero.  Now  k C A g c k is  a nonzero  integral  extension. 
Hence  any  residue  field  of  A gp  k is  an  algebraic  extension  of  fc,  hence  equal  to  k. 
Thus  we  see  that  U(k)  — > M{k)  is  surjective. 

Let  oo,  a\  : A -A  k be  ring  maps.  If  there  exists  a ring  map  b : B -A  k such  that 
ag  = b o f#  and  ai  = b o s#  then  we  see  that  ao|c  = ai| c by  definition.  Conversely, 
suppose  that  ao|c  = «i|c-  Let  us  name  this  algebra  map  c : C — > k.  Consider  the 
diagram 

B 


We  are  trying  to  construct  the  dotted  arrow,  and  if  we  do  then  part  (2)  follows, 
which  in  turn  implies  part  (1).  Since  A — > B is  finite  and  faithfully  flat  there  exist 
finitely  many  ring  maps  b±, ...  ,bn  : B — > k such  that  6,  o = a\.  If  the  dotted 
arrow  does  not  exist,  then  we  see  that  none  of  the  a!i  = o i = 1, . . . , n is  equal 
to  Oo-  Hence  the  maximal  ideals 

m'  = Ker(a'  (g)  1 : A <%>c  k — >■  k) 

of  A k are  distinct  from  m = Ker(ao  g 1 : A gc  k k).  By  Algebra,  Lemma 
10.14.2  we  would  get  an  element  / € A®ck  with  / € m,  but  / ^ for  i = 1, . . . , n. 


Consider  the  norm 

3 = Norms«81(i,gl(/))GAgcfc 

By  Lemma  38.23.2|  this  lies  in  the  invariants  C1  C A g c k of  the  base  change 
groupoid  (base  change  via  the  map  c : C -A  k).  On  the  one  hand,  ai  (g)  £ k*  since 
the  value  of  t^(f)  at  all  the  points  (which  correspond  to  b\, . . . , bn)  lying  over  a\ 
is  invertible  (insert  future  reference  on  property  determinant  here).  On  the  other 
hand,  since  f £ m,  we  see  that  / is  not  a unit,  hence  t^(f)  is  not  a unit  (as  l*gl 
is  faithfully  flat),  hence  its  norm  is  not  a unit  (insert  future  reference  on  property 
determinant  here) . We  conclude  that  C 1 contains  an  element  which  is  not  nilpotent 
and  not  a unit.  We  will  now  show  that  this  leads  to  a contradiction.  Namely,  apply 
Lemma  38.23.5  to  the  map  c : C — ► C'  = k,  then  we  see  that  the  map  of  k into  the 
invariants  Cl  is  injective  and  moreover,  that  for  any  element  x £ C1  there  exists 
an  integer  n > 0 such  that  xn  £ k.  Hence  every  element  of  C 1 is  either  a unit  or 
nilpotent.  □ 
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03C8  Lemma  38.23.7.  Let  S be  a scheme.  Let  ([/,  R,  s,t,c)  be  a groupoid  scheme  over 
S.  Assume 

(1)  U = Spec(H),  and  R = Spec (B)  are  affine,  and 

(2)  there  exist  elements  Xi  £ A,  i € I such  that  B = ©i6/  sHA)tt(xi). 

Then  A = T Cxj,  and  B = A ®c  A where  C C A is  the  R-invariant  functions 
on  U as  in  {38.23.0.1). 

Proof.  During  this  proof  we  will  write  s,t  : A — > B instead  of  and  similarly 

c : B — > B®s,A,tB.  We  write  p0  : B — ► B®StA,tB,  b i-A  b®  1 andpi  : B — ► B®s^A,tB, 
b i — x 1 ® b.  By  Lemma  |38.13.5|  and  the  definition  of  C we  have  the  following 
commutative  diagram 

B ®a,A,t  B f.  B - A 
A P° 

Pi  s 

B":  A c 

t 

Moreover  the  tow  left  squares  are  cocartesian  in  the  category  of  rings,  and  the  top 
row  is  isomorphic  to  the  diagram 

^ pi 

B ®t,A,t  B _< B 4^-Apr  A 

Po 

which  is  an  equalizer  diagram  according  to  Descent,  Lemma |34.3.6|  because  condi- 
tion (2)  implies  in  particular  that  s (and  hence  also  then  isomorphic  arrow  t)  is 
faithfully  flat.  The  lower  row  is  an  equalizer  diagram  by  definition  of  C.  We  can 
use  the  Xi  and  get  a commutative  diagram 


C 


B®*  A,  B B ^ A 

PO 

1 A 

Pi 

s 

s 

©,e/  Bxi  ^ ©ie/  Axi  ^ ©,e/  Cxi 

t 


where  in  the  right  vertical  arrow  we  map  a to  x j,  in  the  middle  vertical  arrow  we 
map  Xi  to  t{xi)  and  in  the  left  vertical  arrow  we  map  Xi  to  c(t(xi))  = t{xi)  ® 1 = 
Pu(t(xi))  (equality  by  the  commutativity  of  the  top  part  of  the  diagram  in  Lemma 
38.13.4).  Then  the  diagram  commutes.  Moreover  the  middle  vertical  arrow  is 
an  isomorphism  by  assumption.  Since  the  left  two  squares  are  cocartesian  we 
conclude  that  also  the  left  vertical  arrow  is  an  isomorphism.  On  the  other  hand, 
the  horizontal  rows  are  exact  (i.e.,  they  are  equalizers).  Hence  we  conclude  that 
also  the  right  vertical  arrow  is  an  isomorphism.  □ 

03BM  Proposition  38.23.8.  Let  S be  a scheme.  Let  (U,  R,  s,t,  c)  be  a groupoid  scheme 
over  S.  Assume 

(1)  U = Spec(H),  and  R = Spec (B)  are  affine, 

(2)  s,t  : R -A  U finite  locally  free,  and 

(3)  j = ( t , s)  is  an  equivalence. 

In  this  case,  let  C C A be  as  in  (38.23.0.1).  Then  U — t M = Spec(C)  is  finite 


locally  free  and  R = U Xu  U.  Moreover,  M represents  the  quotient  sheaf  U / R in 
the  fppf  topology  (see  Definition  38.20.1 ). 
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03JE 


Proof.  During  this  proof  we  use  the  notation  s,t  : A — >•  B instead  of  the  notation 
s\tK  By  Lemma  38.20.3  it  suffices  to  show  that  C — > A is  finite  locally  free  and 
that  the  map 

t<8>  s : A A — > B 

is  an  isomorphism.  First,  note  that  j is  a monomorphism,  and  also  finite  (since 
already  s and  t are  finite).  Hence  we  see  that  j is  a closed  immersion  by  Morphisms, 
Lemma [28.43.13|  Hence  A A — > B is  surjective. 


We  will  perform  base  change  by  flat  ring  maps  C — ► C'  as  in  Lemma  38.23.5 


and  we  will  use  that  formation  of  invariants  commutes  with  flat  base  change,  see 
part  (3)  of  the  lemma  cited.  We  will  show  below  that  for  every  prime  p C C, 
there  exists  a local  flat  ring  map  Cp  — > C'p  such  that  the  result  holds  after  a 
base  change  to  C'p . This  implies  immediately  that  A (g>c  A — ► B is  injective  (use 
Algebra,  Lemma  10.23.1 ).  It  also  implies  that  C — ► A is  flat,  by  combining  Algebra, 

Then  since  U — >•  Spec(C)  is  surjective  also 
A is  faithfully  flat.  Then  the  isomorphism 


10.38.17  10.38.19  and  10.38.8 


38.23.6)  we  conclude  that  C 


Lemmas 
(Lemma 

B = A A implies  that  A is  a finitely  presented  (7-module,  see  Algebra,  Lemma 
10.82.2  Hence  A is  finite  locally  free  over  C,  see  Algebra,  Lemma [l0.77.2| 

By  Lemma  |38.23.3|  we  know  that  A is  a finite  product  of  rings  Ar  and  B is  a finite 
product  of  rings  Br  such  that  the  groupoid  scheme  decomposes  accordingly  (see  the 
proof  of  Lemma  38.23.4 ).  Then  also  C is  a product  of  rings  Cr  and  correspondingly 
C'  decomposes  as  a product. 
s,  t 


Hence  we  may  and  do  assume  that  the  ring  maps 
A — > B are  finite  locally  free  of  a fixed  rank  r. 


The  local  ring  maps  Cp  — > Cp  we  are  going  to  use  are  any  local  flat  ring  maps  such 
that  the  residue  field  of  C'p  is  infinite.  By  Algebra,  Lemma 
maps  exist. 


10.151.1 


such  local  ring 


Assume  C is  a local  ring  with  maximal  ideal  m and  infinite  residue  field,  and  assume 
that  s,  t : A — > B is  finite  locally  free  of  constant  rank  r > 0.  Since  C C A is  integral 


(Lemma  38.23.4 1 all  primes  lying  over  m are  maximal,  and  all  maximal  ideals  of  A 
lie  over  m.  Similarly  for  C C B.  Pick  a maximal  ideal  m'  of  A lying  over  m (exists 
by  Lemma  38.23.6).  Since  t : A B is  finite  locally  free  there  exist  at  most  finitely 


many  maximal  ideals  of  B lying  over  m'.  Hence  we  conclude  (by  Lemma  38.23.6 


again)  that  A has  finitely  many  maximal  ideals,  i.e. , A is  semi-local.  This  in  turn 
implies  that  B is  semi-local  as  well.  OK,  and  now,  because  t (8)  s : A A — > B 
is  surjective,  we  can  apply  Algebra,  Lemma  |10.77.7|  to  the  ring  map  C — > A,  the 
A- module  M = B (seen  as  an  A-module  via  t)  and  the  C-submodule  s(A)  C B. 
This  lemma  implies  that  there  exist  X\ , . . . , xr  £ A such  that  Ad  is  free  over  A 
on  the  basis  s(xi), . . . , s(xr).  Hence  we  conclude  that  C — ► A is  finite  free  and 
B = A A by  applying  Lemma |38.23.7|  □ 


38.24.  Finite  flat  groupoids 

In  this  section  we  prove  a lemma  that  will  help  to  show  that  the  quotient  of  a scheme 
by  a finite  flat  equivalence  relation  is  a scheme,  provided  that  each  equivalence  class 
is  contained  in  an  affine.  See  Properties  of  Spaces,  Proposition  1 5 3 . 1 3A] 

Lemma  38.24.1.  Let  S be  a scheme.  Let  (U,R,s,t,c)  be  a groupoid  scheme  over 
S.  Assume  s,  t are  finite  locally  free.  Let  u £ U be  a point  such  that  t(s_1({u})) 
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is  contained,  in  an  affine  open  of  U.  Then  there  exists  an  R-invariant  affine  open 
neighbourhood  of  u in  U. 


Proof.  Since  s is  finite  locally  free  it  has  finite  fibres.  Hence  t(s_1  ({«.}))  = 
{ui, . . . , un}  is  a finite  set.  Note  that  u £ {tti, . . . , un}.  Let  W C U be  an  affine 
open  containing  {rti, . . . ,un},  in  particular  u £ W.  Consider  Z = R \ s_1(bF)  fl 
t_1(W).  This  is  a closed  subset  of  R.  The  image  t(Z)  is  a closed  subset  of  U which 
can  be  loosely  described  as  the  set  of  points  of  U which  are  f?-equivalent  to  a point 
of  U \ W.  Hence  W'  = U \ t{Z)  is  an  i?-invariant,  open  subscheme  of  U contained 
in  W,  and  {u i, . . . , un } C W' . Picture 

{ui, . . . , un}  CW'  CW  CU. 


Let  / £ T(W,  Ow)  be  an  element  such  that  {u\, . . . , un}  C D{f)  C W’ . 
exists  by  Algebra,  Lemma  10.14.2  By  our  choice  of  W'  we  have  s_1(Hr') 
and  hence  we  get  a diagram 


Such  an  / 


s 

W’ 


The  vertical  arrow  is  finite  locally  free  by  assumption.  Set 

g = Norms(f tf)  £ T(W',  Ow>) 

By  construction  g is  a function  on  W'  which  is  nonzero  in  it,  as  f^(/)  is  nonzero 
in  each  of  the  points  of  R lying  over  it,  since  / is  nonzero  in  iti, . . . , it„.  Similarly, 
D(g)  C W’  is  equal  to  the  set  of  points  w such  that  / is  not  zero  in  any  of  the 
points  equivalent  to  w.  This  means  that  D{g)  is  an  /?,- invariant  affine  open  of  W' . 
The  final  picture  is 

{iti,...,it„}  C D(g)  C D(f)  C W'  C W C U 


and  hence  we  win. 


□ 
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More  on  Groupoid  Schemes 


39.1.  Introduction 

This  chapter  is  devoted  to  advanced  topics  on  groupoid  schemes.  Even  though  the 
results  are  stated  in  terms  of  groupoid  schemes,  the  reader  should  keep  in  mind  the 
2-cartesian  diagram 


R 

(39.1.0.1) 

V 

U [U/R] 


where  [U/R]  is  the  quotient  stack,  see  Groupoids  in  Spaces,  Remark  65.19.4  Many 


of  the  results  are  motivated  by  thinking  about  this  diagram.  See  for  example  the 
beautiful  paper  IIKM97I  by  Keel  and  Mori. 


39.2.  Notation 

We  continue  to  abide  by  the  conventions  and  notation  introduced  in  Groupoids, 
Section  138.21 


39.3.  Useful  diagrams 

We  briefly  restate  the  results  of  Groupoids,  Lemmas  |38.13.4  and  |38.13.5|  for  easy 
reference  in  this  chapter.  Let  S'  be  a scheme.  Let  (U,  R , s,  t,  c)  be  a groupoid  scheme 
over  S.  In  the  commutative  diagram 


U 


the  two  lower  squares  are  fibre  product  squares.  Moreover,  the  triangle  on  top 
(which  is  really  a square)  is  also  cartesian. 
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The  diagram 


04LG  (39.3.0.3) 


R ><t,u,t  R 

pr0  xco(i,l) 

R xs,u,t  R 

pri 

R 


pri 


Pr0 


R 


U 


ids 


idn 


u 


is  commutative.  The  two  top  rows  are  isomorphic  via  the  vertical  maps  given.  The 
two  lower  left  squares  are  cartesian. 


39.4.  Sheaf  of  differentials 

04R8  The  following  lemma  is  the  analogue  of  Groupoids,  Lemma [38. 6. 3[ 

04R9  Lemma  39.4.1.  Let  S be  a scheme.  Let  (U,  R,  s,t,  c)  be  a groupoid  scheme  over 
S.  The  sheaf  of  differentials  of  R seen  as  a scheme  over  U via  t is  a quotient  of 
the  pullback  via  t of  the  conormal  sheaf  of  the  immersion  e : U — >•  R.  In  a formula: 
there  is  a canonical  surjection  t*Cjj/R  — > LIr/u-  If  s is  flat,  then  this  map  is  an 
isomorphism. 


Proof.  Note  that  e : U — > R is  an  immersion  as  it  is  a section  of  the  morphism  s, 
see  Schemes,  Lemma [25. 21. 12|  Consider  the  following  diagram 

R 77  R xs,u,t  R 7 t , > R xt,u,t  R 

(1,0  (pro,*°Prl) 

t c 

Y 

V  5 s-  R 


The  square  on  the  left  is  cartesian,  because  if  a o b = e,  then  b = i(a).  The  com- 
position of  the  horizontal  maps  is  the  diagonal  morphism  of  t : R — > U.  The  right 
top  horizontal  arrow  is  an  isomorphism.  Hence  since  LIr/u  is  the  conormal  sheaf 
of  the  composition  it  is  isomorphic  to  the  conormal  sheaf  of  (1,7).  By  Morphisms, 
Lemma|28. 32.4| we  get  the  surjection  t*Cu/R  — > LIr/u  and  if  c is  flat,  then  this  is  an 


isomorphism.  Since  c is  a base  change  of  s by  the  properties  of  Diagram  (39.3.0.3) 


we  conclude  that  if  s is  flat,  then  c is  flat,  see  Morphisms,  Lemma [28.25.7  □ 


39.5.  Properties  of  groupoids 

02YD  Let  ( U , R , s,  t,  c)  be  a groupoid  scheme.  The  idea  behind  the  results  in  this  section 
is  that  s : R — > U is  a base  change  of  the  morphism  U — > [U/R]  (see  Diagram 
(39.1.0.l[.  Hence  the  local  properties  of  s : R —r  U should  reflect  local  properties 
of  the  morphism  U — > [U/R].  This  doesn’t  work,  because  [U/R]  is  not  always  an 
algebraic  stack,  and  hence  we  cannot  speak  of  geometric  or  algebraic  properties 
of  U — > [U/R].  But  it  turns  out  that  we  can  make  some  of  it  work  without  even 
referring  to  the  quotient  stack  at  all. 

Here  is  a first  example  of  such  a result.  The  open  W C U'  found  in  the  lemma  is 
roughly  speaking  the  locus  where  the  morphism  U'  —>  [U/R]  has  property  V . 
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04LH  Lemma  39.5.1.  Let  S be  a scheme.  Let  (U,  R,  s,t,c,  e,i)  be  a groupoid  over  S. 
Let  g : U'  XJ  be  a morphism  of  schemes.  Denote  h the  composition 

h : U'  x „ jj  t R >-  R >-  U. 

Let  V,  Q,1Z  be  properties  of  morphisms  of  schemes.  Assume 

(1)  n=>Q, 

(2)  Q is  preserved  under  base  change  and  composition, 

(3)  for  any  morphism  f : X — ► Y which  has  Q there  exists  a largest  open 
W{V,f)  C X such  that  f\w(v,f)  has  V,  and 

(4)  for  any  morphism  f : X — ► Y which  has  Q,  and  any  morphism  Y'  — > Y 
which  has  LI  we  have  Y'  x>-  W(V,f)  = W(V,f),  where  f : Xy  — > Y' 
is  the  base  change  of  f. 

If  s,t  have  1Z  and  g has  Q,  then  there  exists  an  open  subscheme  W C U'  such  that 
W x gtU  t R = W(V,h). 

Proof.  Note  that  the  following  diagram  is  commutative 


U'  x 


g,u,t 


R x 


t,u,t 


R 


Pr01 


U'  x 


Pr12 


R x 


t,u,t 


R 


Pr02 


Pr0 


9,U,t 


R 


Pri 


Pri 


R 


with  both  squares  cartesian  (this  uses  that  the  two  maps  t o pr,;  : R xt,u,t  R — » U 
are  equal).  Combining  this  with  the  properties  of  diagram  (39.3.0.3)  we  get  a 
commutative  diagram 


U'  xg,U,t 
Proi 

U'  x 


E 

R — - — >■ 

CO(2,l) 

R 

Pr02  t 

j~)  h 

g,u,t 


R 


where  both  squares  are  cartesian. 

Assume  s,  t have  1Z  and  g has  Q.  Then  h has  Q as  a composition  of  s (which  has  1Z 
hence  Q)  and  a base  change  of  g (which  has  Q).  Thus  W(V,  h)  C XJ'  xg,u,tR  exists. 
By  our  assumptions  we  have  pr^^TPCP,  h))  = pr^^W^Th))  since  both  are  the 
largest  open  on  which  c o (i,  1)  has  V.  Note  that  the  projection  U'  xg,u,t  R — ► U' 
has  a section,  namely  a : U'  —>  U'  xg,u,t  R,  u'  >->•  (u' , e(g(u'))).  Also  via  the 
isomorphism 

{U1  xg,u,t  R)  xu'  {U'  xg,u,t  R)  = U'  xg,u,t  R x t,u,t  R 

the  two  projections  of  the  left  hand  side  to  U'  xg,u,t  R agree  with  the  morphisms 
pr01  and  pr02  on  the  right  hand  side.  Since  pr^  (W (fP , h))  = pr^  {W (fP , h))  we 
conclude  that  W(V,  h)  is  the  inverse  image  of  a subset  of  U,  which  is  necessarily 
the  open  set  W = a~1(W(V,h)).  □ 

04LI 

it  applies  to  V =“flat”,  Q = “empty”  , and 1Z  =“flat  and  locally  of  finite  presenta- 
tion” . But  given  a morphism  of  schemes  / : X — >•  Y the  largest  open  W C X such 
that  f\w  is  flat  is  not  the  set  of  points  where  / is  flat! 


Remark  39.5.2.  Warning:  Lemma 


39.5.1 


should  be  used  with  care.  For  example, 
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Remark  39.5.3.  Notwithstanding  the  warning  in  Remark  39.5.2  there  are  some 
cases  where  Lemma  |39.5.1|  can  be  used  without  causing  too  much  ambiguity.  We 
give  a list.  In  each  case  we  omit  the  verification  of  assumptions  (1)  and  (2)  and  we 
give  references  which  imply  (3)  and  (4).  Here  is  the  list: 


(1)  Q = TZ  = “locally  of  finite  type”,  and  V = “relative  dimension  < d" . 
See  Morphisms,  Definition  |28.29.1|  and  Morphisms,  Lemmas  |28.28.4|  and 
128.28.31 

(2)  Q = TZ  = “locally  of  finite  type”,  and  V = “locally  quasi-finite” . This  is 
the  case  d = 0 of  the  previous  item,  see  Morphisms,  Lemma  [28. 29. 5| 

(3)  Q = TZ  = “locally  of  finite  type”,  and  V = “unramified” . See  Morphisms, 
Lemmas  128.35.31  and  128.35.151 


What  is  interesting  about  the  cases  listed  above  is  that  we  do  not  need  to  assume 
that  s,  t are  flat  to  get  a conclusion  about  the  locus  where  the  morphism  h has 
property  V . We  continue  the  list: 


(4) 

(5) 

(6) 

(7) 

(8) 


Q = “locally  of  finite  presentation” , TZ  = “flat  and  locally  of  finite  presen- 
tation”, and  V =“flat”.  See  More  on  Morphisms,  Theorem  |36.12.l|  and 
Lemma  136.12.21 

Q = “locally  of  finite  presentation” , TZ  = “flat  and  locally  of  finite  presen- 
tation”, and  V = “Cohen-Macaulay” . See  More  on  Morphisms,  Definition 
|36.17.1|and  More  on  Morphisms,  Lemmas  36.17. 4|  and  36.17.5 
Q = “locally  of  finite  presentation” , TZ  = “flat  and  locally  of  finite  presen- 
tation”, and  V =“syntomic”  use  Morphisms,  Lemma  28.31.12  (the  locus 
is  automatically  open). 

Q = “locally  of  finite  presentation” , TZ  = “flat  and  locally  of  finite  presen- 
tation”, and  V = “smooth”.  See  Morphisms,  Lemma  28.34.15  (the  locus 
is  automatically  open). 

Q = “locally  of  finite  presentation” , TZ  = “flat  and  locally  of  finite  presen- 
tation”, and  V =“etale”.  See  Morphisms,  Lemma  28.36.17|  (the  locus  is 
automatically  open). 


Here  is  the  second  result.  The  J?-invariant  open  W C U should  be  thought  of  as 
the  inverse  image  of  the  largest  open  of  [U / i?]  over  which  the  morphism  U — > [U/R] 
has  property  V. 


03JC  Lemma  39.5.4.  Let  S be  a scheme.  Let  (U,  R7s,t,c)  be  a groupoid  over  S.  Let 
t £ {Zariski,  fppf,  etale,  smooth,  syntomic^  Let  V be  a property  of  morphisms 
of  schemes  which  is  r-local  on  the  target  ( Descent , Definition  34-18.1).  Assume 
{ s : R — > U}  and  {t.  : R — > U}  are  coverings  for  the  t -topology.  Let  W C U be  the 
maximal  open  subscheme  such  that  s|s-i(u/)  : s~1(W)  — > W has  property  V.  Then 
W is  R-invariant,  see  Groupoids,  Definition\38. 1 !hl\ 


Proof.  The  existence  and  properties  of  the  open  W C U are  described  in  Descent, 
Lemma  34.18.3  In  Diagram  (39.3.0.2 1 let  W\  C R be  the  maximal  open  subscheme 
over  which  the  morphism  p^  : R y.s,u,t  R — l R has  property  V.  It  follows  from 
the  aforementioned  Descent,  Lemma  34.18.3  and  the  assumption  that  {s  : R — > U} 
and  {t  : R — > U}  are  coverings  for  the  T-topology  that  t~1{W)  = W\  = s-1(W)  as 
desired.  □ 


1 TIi (:‘  fact  that  fpqc  is  missing  is  not  a typo. 
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06QQ  Lemma  39.5.5.  Let  S be  a scheme.  Let  ( U , R , s,  t,  c)  be  a groupoid  over  S.  Let 
G —>  U be  its  stabilizer  group  scheme.  Let  r £ { fppf , etale,  smooth , syntomic}.  Let 
V be  a property  of  morphisms  which  is  t -local  on  the  target.  Assume  {s  : R — ► U} 
and  {t  : R U}  are  coverings  for  the  r-topology.  Let  W C U be  the  maximal 
open  subscheme  such  that  Gw  — > W has  property  V . Then  W is  R-invariant  (see 
Groupoids , Definition  38.19.1). 


Proof.  The  existence  and  properties  of  the  open  W C U are  described  in  Descent, 


Lemma  34.18.3 


The  morphism 

G *u,t  R — > R xs,u  G, 


(g,r)  I — > (r,r  1 o g o r) 


is  an  isomorphism  over  R (where  o denotes  composition  in  the  groupoid).  Hence 
s_1(W)  = F1(W)  by  the  properties  of  W proved  in  the  aforementioned  Descent, 
Lemma  134.18.31  □ 


04LJ 


39.6.  Comparing  fibres 


Let  (U,R,s,t,c,e,i)  be  a groupoid  scheme  over  S.  Diagram  (39.3.0.2)  gives  us  a 
way  to  compare  the  fibres  of  the  map  s : R —>  U in  a groupoid.  For  a point  u £ U 
we  will  denote  Fu  = s_1(u)  the  scheme  theoretic  fibre  of  s : R — > U over  u.  For 
example  the  diagram  implies  that  if  u,  v!  £ U are  points  such  that  s(r)  = u and 
t(r)  = u' , then  (Fu)K(r)  = (Fu>)K(r).  This  is  a special  case  of  the  more  general  and 
more  precise  Lemma  39.6.1|below.  To  see  this  take  r1  = i(r). 


A pair  (A,  x)  consisting  of  a scheme  A and  a point  x £ X is  sometimes  called 
the  germ  of  X at  x.  A morphism  of  germs  f : (A,  x)  — > ( S , s)  is  a morphism 
/ : U — >•  S defined  on  an  open  neighbourhood  of  x with  f(x)  = s.  Two  such  /,  f 
are  said  to  give  the  same  morphism  of  germs  if  and  only  if  / and  f agree  in  some 
open  neighbourhood  of  x.  Let  r £ {Zariski,  etale,  smooth,  syntomic,  fppf } . We 
temporarily  introduce  the  following  concept:  We  say  that  two  morphisms  of  germs 
/ : {X,x)  -A  (S,  s)  and  f : (X',x')  -A  (S',  s')  are  isomorphic  locally  on  the  base  in 
the  r-topology,  if  there  exists  a pointed  scheme  ( S",s ")  and  morphisms  of  germs 
g : (S" , s")  — ► ( S , s),  and  g ' : (S" , s")  —*■  (S',  s')  such  that 

(1)  g and  g ' are  an  open  immersion  (resp.  etale,  smooth,  syntomic,  flat  and 
locally  of  finite  presentation)  at  s" , 

(2)  there  exists  an  isomorphism 


(S"  X g,s,f  X,x)  = (S"  xg',S',f.  X',  x') 


of  germs  over  the  germ  (S" , s")  for  some  choice  of  points  x and  x'  lying 
over  (s",x)  and  (s",x'). 

Finally,  we  simply  say  that  the  maps  of  germs  / : (A,  x)  —>  (S,  s ) and  f : (A',  x ')  — > 
(S' , s')  are  flat  locally  on  the  base  isomorphic  if  there  exist  S'' , s" , g,  g'  as  above  but 
with  (1)  replaced  by  the  condition  that  g and  g'  are  flat  at  s"  (this  is  much  weaker 
than  any  of  the  r conditions  above  as  a flat  morphism  need  not  be  open). 

02YF  Lemma  39.6.1.  Let  S be  a scheme.  Let  ( U,R,s,t,c ) be  a groupoid  over  S.  Let 
r,r'  £ R with  t(r ) = t(r')  in  U.  Set  u = s(r),  v!  = s(r').  Denote  Fu  = s~l(u)  and 
Fu’  = s~1(u')  the  scheme  theoretic  fibres. 

(1)  There  exists  a common  field  extension  k(u)  C k,  k(u ')  C k and  an  iso- 
morphism (Fu)k  = (Fu>)k. 
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(2)  We  may  choose  the  isomorphism  of  (1)  such  that  a point  lying  over  r 
maps  to  a point  lying  over  r' . 

(3)  If  the  morphisms  s,  t are  flat  then  the  morphisms  of  germs  s : (R,  r)  — » 
( U,u ) and  s : (R,r')  — > (U,ur)  are  flat  locally  on  the  base  isomorphic. 

(4)  If  the  morphisms  s,  t are  etale  (resp.  smooth , syntomic,  or  flat  and  locally 
of  finite  presentation)  then  the  morphisms  of  germs  s : ( R,r ) — > ( U,u ) 
and  s : ( R,r ')  — > ( U,u ')  are  locally  on  the  base  isomorphic  in  the  etale 
(resp.  smooth,  syntomic,  or  fppf)  topology. 


Proof.  We  repeatedly  use  the  properties  and  the  existence  of  diagram  (39.3.0.2). 
By  the  properties  of  the  diagram  (and  Schemes,  Lemma  25.17.5 1 there  exists  a 
point  £ of  R xs,u,t  R with  pr0(£)  = r and  c(£)  = r' . Let  f = pr:(£)  € R. 


Proof  of  (1).  Set  k = /t(r).  Since  f(f)  = u and  s(f)  = u'  we  see  that  k is  a 
common  extension  of  both  k{u)  and  n[u')  and  in  fact  that  both  {Fy)^  and  {Fu>)f. 
are  isomorphic  to  the  fibre  of  prx  : R xs,u,t  R —*  R over  f.  Hence  (1)  is  proved. 


Part  (2)  follows  since  the  point  £ maps  to  r,  resp.  r' . 


Part  (3)  is  clear  from  the  above  (using  the  point  £ for  u and  u')  and  the  definitions. 


If  s and  t are  flat  and  of  finite  presentation,  then  they  are  open  morphisms  (Mor- 
phisms, Lemma  28.25.9|).  Hence  the  image  of  some  affine  open  neighbourhood  V" 
of  f will  cover  an  open  neighbourhood  V of  u,  resp.  V'  of  u' . These  can  be  used  to 
show  that  properties  (1)  and  (2)  of  the  definition  of  “locally  on  the  base  isomorphic 
in  the  r-topology” . □ 


39.7.  Cohen-Macaulay  presentations 


Given  any  groupoid  ( U , R,  s , t,  c ) with  s,  t flat  and  locally  of  finite  presentation 
there  exists  an  “equivalent”  groupoid  (U' , R' , s',  t' , d)  such  that  s'  and  t'  are  Cohen- 
Macaulay  morphisms  (and  locally  of  finite  presentation).  See  More  on  Morphisms, 
Section  36.17  for  more  information  on  Cohen-Macaulay  morphisms.  Here  “equiva- 
lent” can  be  taken  to  mean  that  the  quotient  stacks  [U /R]  and  \U' /R']  are  equivalent 
stacks,  see  Groupoids  in  Spaces,  Section  [65. 19|  and  Section [65. 24| 


Lemma  39.7.1.  Let  S be  a scheme.  Let  (U,  R,  s,t,  c)  be  a groupoid  over  S. 
Assume  s and  t are  flat  and  locally  of  finite  presentation.  Then  there  exists  an 
open  U'  C U such  that 

(1)  f_1(l J')  C R is  the  largest  open  subscheme  of  R on  which  the  morphism  s 
is  Cohen-Macaulay, 

(2)  s_1([/')  C R is  the  largest  open  subscheme  of  R on  which  the  morphism  t 
is  Cohen-Macaulay, 

(3)  the  morphism  : s l(U')  — t U is  surjective, 

(4)  the  morphism  s|t-i([//)  : f_1(f7')  — ► U is  surjective,  and 

(5)  the  restriction  R'  = s^1(l 7')  fl  t^1([/')  of  R to  U'  defines  a groupoid 
(U1 , R' , s'  ,t'  ,d)  which  has  the  property  that  the  morphisms  s'  and  t'  are 
Cohen-Macaulay  and  locally  of  finite  presentation. 


Proof.  Apply  Lemma [39.5. 1| with  g = id  and  Q = “locally  of  finite  presentation”, 
1Z  =“flat  and  locally  of  finite  presentation”,  and  V = “Cohen-Macaulay” , see  Re- 
mark 39.5.3  This  gives  us  an  open  U'  C U such  that  Let  f-1([/')  C R is  the  largest 
open  subscheme  of  R on  which  the  morphism  s is  Cohen-Macaulay.  This  proves 


39.8.  RESTRICTING  GROUPOIDS 


2762 


(1).  Let  i : R — > R be  the  inverse  of  the  groupoid.  Since  i is  an  isomorphism,  and 
s o i = t and  t o i = s we  see  that  s_1(t/')  is  also  the  largest  open  of  R on  which  t 
is  Cohen-Macaulay.  This  proves  (2).  By  More  on  Morphisms,  Lemma  36.17.5  the 
open  subset  1 (L/')  is  dense  in  every  fibre  of  s : R — ► U.  This  proves  (3).  Same 
argument  for  (4).  Part  (5)  is  a formal  consequence  of  (1)  and  (2)  and  the  discussion 
of  restrictions  in  Groupoids,  Section  |38.18|  □ 


39.8.  Restricting  groupoids 


04MM  In  this  section  we  collect  a bunch  of  lemmas  on  properties  of  groupoids  which  are 
inherited  by  restrictions.  Most  of  these  lemmas  can  be  proved  by  contemplating 
the  defining  diagram 


04MN 


04MP 


(39.8.0.1) 


of  a restriction.  See  Groupoids,  Lemma |38.18.1| 

Lemma  39.8.1.  Let  S be  a scheme.  Let  (U,  R,  s,t,  c)  be  a groupoid  scheme  over 
S.  Let  g : U'  — )•  U be  a morphism  of  schemes.  Let  ([/',  R! , s',  t! , c')  be  the  restriction 
of  (U, R,  s,  t,  c ) via  g. 

(1)  If  s,t  are  locally  of  finite  type  and  g is  locally  of  finite  type,  then  s' ,t'  are 
locally  of  finite  type. 

(2)  If  s,  t are  locally  of  finite  presentation  and  g is  locally  of  finite  presentation, 
then  s'  ,t!  are  locally  of  finite  presentation. 

(3)  If  s,t  are  flat  and  g is  flat,  then  s' ,t'  are  flat. 

(4)  Add  more  here. 


Proof.  The  property  of  being  locally  of  finite  type  is  stable  under  composition 
and  arbitrary  base  change,  see  Morphisms,  Lemmas  28.15.3  and  |28.15.4 


Hence 


(1)  is  clear  from  Diagram  (39.8.0.1).  For  the  other  cases,  see  Morphisms,  Lemmas 
128.21.31 128.21.41 128.25.51  and|28.25.71  □ 


The  following  lemma  could  have  been  used  to  prove  the  results  of  the  preceding 
lemma  in  a more  uniform  way. 

04MV  Lemma  39.8.2.  Let  S be  a scheme.  Let  (U,  R,  s,t,  c)  be  a groupoid  scheme  over 
S.  Let  g : U'  —>  U be  a morphism  of  schemes.  Let  (U' , R! , s' ,tr  ,c')  be  the  restriction 
of  (U,  R,  s,  t,  c)  via  g,  and  let  h = s o prx  : U'  xg,u,t  R —tU.  If  V is  a property  of 
morphisms  of  schemes  such  that 

(1)  h has  property  V,  and 

(2)  V is  preserved  under  base  change, 
then  s'  ,t'  have  property  V . 


Proof.  This  is  clear  as  s'  is  the  base  change  of  h by  Diagram  (39.8.0.1)  and  t'  is 
isomorphic  to  s'  as  a morphism  of  schemes.  □ 
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04MW  Lemma  39.8.3.  Let  S be  a scheme.  Let  (U,  R,  s,t,  c)  be  a groupoid  scheme  over 
S.  Let  g : U'  — X U and  g'  : U"  —>  U'  be  morphisms  of  schemes.  Set  g"  = gog'.  Let 
([/',  R' , s',  t',  d)  be  the  restriction  of  R to  U' . Let  h = s o prx  : U'  xg,u,t  R—>U,  let 
h'  = s'  o prx  : U"  'Xg\u',t  R U' , and  let  h"  = s o pr±  : U"  xgnUt  R — » U.  The 
following  diagram  is  commutative 

U"  Xg',u',t  R'  - (U'  xg,u>t  R)  xv  ( U " xg„tUtt  R) ^ U"  xg^u>t  R 


h! 

h" 

r,  . Pr0  r Tf  .. 

r)  h r 

U'  — U'  X g,U,t  R u 


with  both  squares  cartesian  where  the  left  upper  horizontal  arrow  is  given  by  the 
rule 

(U'  x gUt  R)  xv  (I U " xg„jUjt  R)  — ► U"  xg,tU,it  R' 

({u',r0),{u",r i))  i — » (u",(c(n,i(r0)),(g'(u"),  u'))) 

with  notation  as  explained  in  the  proof. 

Proof.  We  work  this  out  by  exploiting  the  functorial  point  of  view  and  reducing  the 
lemma  to  a statement  on  arrows  in  restrictions  of  a groupoid  category.  In  the  last 
formula  of  the  lemma  the  notation  ((u',ro),  (u",r i))  indicates  a T-valued  point  of 
(U'  xg}u}tR)  Xu{U"  xg"'U,tR).  This  means  that  u’ ,u” ,ro,r\  are  T-valued  points  of 
U',U",R,R.  and  that  gfu')  = t(r0),  g{g'{u"))  = g"{u")  = t(n),  and  s(r0)  = s(n). 
It  would  be  more  correct  here  to  write  g o u'  = t o ro  and  so  on  but  this  makes  the 
notation  even  more  unreadable.  If  we  think  of  r\  and  r0  as  arrows  in  a groupoid 
category  then  we  can  represent  this  by  the  picture 

t(r0)  = g{u')  s(r0)  = s(r i)  — t(n)  = g(g'{u")) 

This  diagram  in  particular  demonstrates  that  the  composition  c(rr,i(ro))  makes 
sense.  Recall  that 

R'  = R x(t,s),UxsU,gxg  U'  Xj  U' 

hence  a T-valued  point  of  R!  looks  like  (r,  (u'0,  u^))  with  t(r)  = g(u'0)  and  s(r)  = 
giui).  In  particular  given  ((«',  ro),  (u",  ri))  as  above  we  get  the  T-valued  point 
{c(n,i{r0)),(g'(u"),u'))  of  R!  because  we  have  t(c(n,  i(r0)))  = t(n ) = g(g'{u'')) 
and  s(c(ri,*(ro)))  = s(i(ro))  = t(r0)  = g{u').  We  leave  it  to  the  reader  to  show 
that  the  left  square  commutes  with  this  definition. 

To  show  that  the  left  square  is  cartesian,  suppose  we  are  given  (v" ,p')  and  (v',p) 
which  are  T-valued  points  of  U"  xg>:U',t  R'  and  U'  x9}u,t  R with  v'  = s'(jp').  This 
also  means  that  g'(v")  = t'{jp')  and  g{v')  = t(p).  By  the  discussion  above  we  know 
that  we  can  write  p'  = (r,  {u'q,^))  with  tfr)  = g{u'0)  and  s(r)  = ff(rti).  Using  this 
notation  we  see  that  v'  = s'(p')  = u[  and  g'(v")  = t'(p')  = u'0.  Here  is  a picture 

s(p)  — — 9W)  = g{u[)  g(u'0)  = g(g’{v")) 

What  we  have  to  show  is  that  there  exists  a unique  T-valued  point  ((u' , r0),  (u",  ri)) 
as  above  such  that  v'  = u',  p = ro,  v"  = u"  and  p'  = (c(ri,i(ro)),(g'(u"),u')). 
Comparing  the  two  diagrams  above  it  is  clear  that  we  have  no  choice  but  to  take 

{(u',ro),(u",n))  = (( v',p),(v",c{r,p )) 


Some  details  omitted. 


□ 
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04MX  Lemma  39.8.4.  Let  S be  a scheme.  Let  (U,  R,  s,t,  c)  be  a groupoid  scheme  over 
S.  Let  g : U'  — ► U and  g'  : U"  — ► U'  be  morphisms  of  schemes.  Set  g"  = gog'.  Let 
( U'  ,R'  ,s'  ,t'  ,d ) be  the  restriction  of  R to  U' . Let  h = so  prx  : U’  xg,u,t  R — >•  U, 
let  h!  = s'  o prx  : U"  xg',u',t  R — t U' , and  let  h"  = s o prt  : U"  xgnUt  R — )•  U . 
Let  t £ {Zariski,etale,  smooth,  syntomic,  fppf,  fpqc}.  Let  V be  a property  of 
morphisms  of  schemes  which  is  preserved  under  base  change,  and  which  is  local  on 
the  target  for  the  r-topology.  If 

(1)  h{U'  Xjj  R)  is  open  in  U, 

(2)  {h  : U'  Xjj  R — > h{U'  Xjj  R)}  is  a r -covering, 

(3)  h'  has  property  V , 

then  h"  has  property  V . Conversely,  if 
(a)  {t  : R — > U}  is  a t -covering, 

(d)  h"  has  property  V , 
then  hi  has  property  V . 

Proof.  This  follows  formally  from  the  properties  of  the  diagram  of  Lemma [39. 8. 3| 
In  the  first  case,  note  that  the  image  of  the  morphism  h"  is  contained  in  the  image 
of  h , as  g"  = g o g' . Hence  we  may  replace  the  U in  the  lower  right  corner  of  the 
diagram  by  h(U'  Xjj  R).  This  explains  the  significance  of  conditions  (1)  and  (2)  in 
the  lemma.  In  the  second  case,  note  that  {pr0  : U'  xg^,t  R — > U'}  is  a r-covering 
as  a base  change  of  r and  condition  (a).  □ 


39.9.  Properties  of  groupoids  on  fields 


04LL  A “groupoid  on  a field”  indicates  a groupoid  scheme  (I/,  R,  s,t,c)  where  U is  the 
spectrum  of  a field.  It  does  not  mean  that  (U,  R,  s,  t,  c)  is  defined  over  a field,  more 
precisely,  it  does  not  mean  that  the  morphisms  s,t  : R —¥  U are  equal.  Given  any 
field  k,  an  abstract  group  G and  a group  homomorphism  ip  : G — >•  Aut(fc)  we  obtain 
a groupoid  scheme  (U,  R , s,t,  c ) over  Z by  setting 

U = Spec  (k) 

R = ]lgeGSPec{k) 
s = JJ^GSpec(idfc) 

t = IIg6G  SPecMff)) 

c = composition  in  G 

This  example  still  is  a groupoid  scheme  over  Spec(fcG).  Hence,  if  G is  finite,  then 
U = Spec (k)  is  finite  over  Spec(fcG).  In  some  sense  our  goal  in  this  section  is  to 
show  that  suitable  finiteness  conditions  on  s,  t force  any  groupoid  on  a field  to  be 
defined  over  a finite  index  subfield  k!  C k. 


04LM 


If  k is  a field  and  (G,  m ) is  a group  scheme  over  k with  structure  morphism  p : G — > 
Spec(fc),  then  (Spec (k),G,p,p,m)  is  an  example  of  a groupoid  on  a field  (and  in 
this  case  of  course  the  whole  structure  is  defined  over  a field).  Hence  this  section 
can  be  viewed  as  the  analogue  of  Groupoids,  Section  38. 7[ 


Lemma  39.9.1.  Let  S be  a scheme.  Let  (U,  R,  s,t,  c)  be  a groupoid  scheme  over 
S . If  If  is  the  spectrum  of  a field,  then  the  composition  morphism  c : Rxs  utR  — > R 
is  open. 
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Proof.  The  composition  is  isomorphic  to  the  projection  map  pr-j^  : R Xt,u,t 
by  Diagram  (39.3.0.3).  The  projection  is  open  by  Morphisms,  Lemma  28.23.4 


R—>R 
□ 


04LN  Lemma  39.9.2.  Let  S be  a scheme.  Let  (U,  R,  s,t,  c)  be  a groupoid  scheme  over 
S.  If  U is  the  spectrum  of  a field,  then  R is  a separated  scheme. 


Proof.  By  Groupoids,  Lemma  38.7.3  the  stabilizer  group  scheme  G — > U is  sep- 
arated. By  Groupoids,  Lemma  38.22.2  the  morphism  j = (t,s)  : R —>  U Xs  U is 
separated.  As  U is  the  spectrum  of  a field  the  scheme  U xg  U is  affine  (by  the 
construction  of  fibre  products  in  Schemes,  Section  25.17).  Hence  R is  a separated 
scheme,  see  Schemes,  Lemma  [25.21. 13|  □ 


04LP  Lemma  39.9.3.  Let  S be  a scheme.  Let  (U,  R,  s,t,  c)  be  a groupoid  scheme  over 
S.  Assume  U = Spec(fc)  with  k a field.  For  any  points  r,r'  £ R there  exists  a field 
extension  k C k!  and  points  ri,r2  £ R xs, Spec(fc)  Spec(fc')  and  a diagram 


R “ R Xs,Spec(fc)  Spec(/c  ) ■ ''  R X 6-.Spec(/c)  Spec(/c  ) - X'  R 


04LQ 


such  that  ip  is  an  isomorphism  of  schemes  over  Spec (k1),  we  have  <p{rf)  = r2, 
pr 0(n)  = r,  and  pr0(r2)  = r'  ■ 


Proof.  This  is  a special  case 


of  Lemma  39.6.1|parts  (1)  and  (2). 


□ 


Lemma  39.9.4.  Let  S be  a scheme.  Let  ( U,R,s,t,c ) be  a groupoid  scheme  over 
S.  Assume  U = Spec(fc)  with  k a field.  Let  k C k'  be  a field  extension,  U'  = 
Spec(fc')  and  let  (IT ,R' , s' ,t' , c')  be  the  restriction  of  (U,  R,  s,t,c)  via  U'  — > U.  In 
the  defining  diagram 


t'  U'  Xu.t.  R 


all  the  morphisms  are  surjective,  flat,  and  universally  open.  The  dotted  arrow 
R'  — ► R is  in  addition  affine. 


Proof.  The  morphism  U'  — > U equals  Spec(fc')  — > Spec(fc),  hence  is  affine,  sur- 
jective and  flat.  The  morphisms  s,t  : R U and  the  morphism  U'  — > U are 
universally  open  by  Morphisms,  Lemma[28.23.4[  Since  R is  not  empty  and  U is  the 
spectrum  of  a field  the  morphisms  s,t  : R — > U are  surjective  and  flat.  Then  you 
conclude  by  using  Morphisms,  Lemmas  |28.10.4[  |28.10.2[  |28.23.3|  |28.12.8[  |28.12.7[ 
28.25.71  and|28.25.5|  □ 


04LR  Lemma  39.9.5.  Let  S be  a scheme.  Let  (U,  R,  s,t,  c)  be  a groupoid  scheme  over 
S.  Assume  U = Spec(fc)  with  k a field.  For  any  point  r £ R there  exist 

(1)  a field  extension  k C k'  with  k!  algebraically  closed, 

(2)  a point  r'  £ R'  where  ([/',  R' , s' , t' , d)  is  the  restriction  of  (U,  R,  s,  t , c)  via 
Spec(fc')  — > Spec(fc) 
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such  that 

(1)  the  point  r'  maps  to  r under  the  morphism  R!  — > R,  and 

(2)  the  maps  s' ,t'  : R!  — > Spec(fc')  induce  isomorphisms  k!  — > K(r'). 

Proof.  Translating  the  geometric  statement  into  a statement  on  fields,  this  means 
that  we  can  find  a diagram 


where  i : k — > k'  is  the  embedding  of  k into  k! , the  maps  s,  t : k — > n(r)  are  induced 
by  s,  t : R — > U,  and  the  map  r : k'  — > k'  is  an  automorphism.  To  produce  such  a 
diagram  we  may  proceed  in  the  following  way: 

(1)  Pick  i : k ^ k'  a field  map  with  k ' algebraically  closed  of  very  large 
transcendence  degree  over  k. 

(2)  Pick  an  embedding  a : tt(r)  — > k!  such  that  er  o s = i.  Such  a a exists 

because  we  can  just  choose  a transcendence  basis  {xa}a<zA  of  n[r)  over  k 
and  find  ya  £ k' , a £ A which  are  algebraically  independent  over  i(k ),  and 
map  s(/c)({a;Q})  into  k!  by  the  rules  s(A)  i( A)  for  A £ k and  xa  H > ya 

for  a £ A.  Then  extend  to  r : n(a)  — >■  k!  using  that  k ' is  algebraically 
closed. 

(3)  Pick  an  automorphism  r : k!  — > k'  such  that  t o i = a o t.  To  do  this 
pick  a transcendence  basis  {ia}QgA  of  k over  its  prime  field.  On  the  one 
hand,  extend  (f(a:a)}  to  a transcendence  basis  of  k'  by  adding  {yp}p^B 
and  extend  {cr(t(a:a))}  to  a transcendence  basis  of  k'  by  adding  {z7}7gc’. 
As  k!  is  algebraically  closed  we  can  extend  the  isomorphism  a o t o : 
i{k)  — > a(t(k))  to  an  isomorphism  t'  : i(k ) —>  a(t(k))  of  their  algebraic 
closures  in  k' . As  k!  has  large  transcendence  degree  we  see  that  the  sets 
B and  C have  the  same  cardinality.  Thus  we  can  use  a bijection  B — > C 
to  extend  t'  to  an  isomorphism 

*0)({2//3})  — > cr(t(fc))({27}) 

and  then  since  k!  is  the  algebraic  closure  of  both  sides  we  see  that  this 
extends  to  an  automorphism  r : k'  — > k!  as  desired. 

This  proves  the  lemma.  □ 

04LS  Lemma  39.9.6.  Let  S be  a scheme.  Let  (U,  R,  s,t,  c)  be  a groupoid  scheme  over 
S.  Assume  U = Spec(fc)  with  k a field.  If  r £ R is  a point  such  that  s,t  induce 
isomorphisms  k — > n{r),  then  the  map 

R — > R , x i — > c{r,  x) 

(see  proof  for  precise  notation)  is  an  automorphism  R — > R which  maps  e to  r. 

Proof.  This  is  completely  obvious  if  you  think  about  groupoids  in  a functorial  way. 
But  we  will  also  spell  it  out  completely.  Denote  a : U —>  R the  morphism  with 
image  r such  that  soa  = idy  which  exists  by  the  hypothesis  that  s : k — > n(r)  is  an 
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isomorphism.  Similarly,  denote  b : U —¥  R the  morphism  with  image  r such  that 
t o b = idy . Note  that  b = a o (t  o a)^1 , in  particular  a o s o b = b. 

Consider  the  morphism  : R — > R given  on  T-valued  points  by 

(f  :T  ->  R)  {c{aoto  f,f)  :T  ->  R) 

To  see  this  is  defined  we  have  to  check  that  soaotof  = tof  which  is  obvious  as 
s o a = 1.  Note  that  <f>(e)  = a,  so  that  in  order  to  prove  the  lemma  it  suffices  to 
show  that  $ is  an  automorphism  of  R.  Let  $ : R — > R be  the  morphism  given  on 
T-valued  points  by 

{g\T  ->•  R)y — » {c(i  o b o t o g,  g)  :T  — >■  R). 

This  is  defined  because  soiobotog  = tobotog  = tog.  We  claim  that  d)  and  T 
are  inverse  to  each  other.  To  see  this  we  compute 

c(a  o t o c{i  o b o t o g,  g),  c(i  o b o t o g,  g )) 

= c(a  otoiobotog,  c(i  o bo  t o g,  g)) 

= c(a  osobotog,c{iobotog,  g)) 

= c(boto  g,c(ioboto  g,g)) 

= c{c{boto  g.ioboto  g),g)) 

= c(e,g) 

= 9 

where  we  have  used  the  relation  a o s o b = b shown  above.  In  the  other  direction 
we  have 


c(ioboto  c(cioto  /,  /),  c{aoto  /,  /)) 

= c(iobot.oaotof , c(a  ofo/,  /)) 

= c(io«o(fo  a)-1  otoaotof,  c(a  ofo/,  /)) 

= c(i  o a o t o /,  c(a  o t o /,  /)) 

= c(c(i  oaoto  f,aoto  f),f) 

= c(e,f ) 

= f 

The  lemma  is  proved.  □ 

0B7V  Lemma  39.9.7.  Let  S be  a scheme.  Let  (U,  R,  s,t,  c)  be  a groupoid,  scheme  over 
S.  If  U is  the  spectrum  of  a field,  W C R is  open,  and  Z R is  a morphism  of 
schemes,  then  the  image  of  the  composition  Z xStuyt  W — > R xStjj,t  R — ► R is  open. 


Proof.  Write  U = Spec (fc).  Consider  a field  extension  k C k1 . Denote  U'  = 
Spec (k').  Let  R'  be  the  restriction  of  R via  U'  — >•  U.  Set  Z'  = Z Xr  R'  and 
W = R’xrW.  Consider  a point  ^ = (z,  w)  of  ZxStu,t.W.  Let  r £ R be  the  image  of 
z under  Z — > R.  Pick  k'  D k and  r'  £ R'  as  in  Lemmaf39.9.5l  We  can  choose  z'  £ Z' 
mapping  to  z and  r' . Then  we  can  find  £f  £ Z'  xaijj',t'  W'  mapping  to  z'  and  £.  The 
open  c(r' ,W')  (Lemma  39.9.6)  is  contained  in  the  image  of  Z'  xs^u',t'  W — > R' . 
Observe  that  Z’  W'  = (Z  xsjJtt  W)  xRx^UttR  ( R ' xa-)C//it/  R').  Hence  the 

image  of  Z'  x, r,u’,t'  W'  — > R'  — > R is  contained  in  the  image  of  Z xStu,t  W — > 
R.  As  R'  — > R is  open  (Lemma  39.9.4)  we  conclude  the  image  contains  an  open 
neighbourhood  of  the  image  of  f as  desired.  □ 
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04LT  Lemma  39.9.8.  Let  S be  a scheme.  Let  (U,  R,  s,t,  c)  be  a groupoid  scheme  over 
S.  Assume  U = Spec(fc)  with  k a field.  By  abuse  of  notation  denote  e £ R the 
image  of  the  identity  morphism  e : U — > R.  Then 

(1)  every  local  ring  Or,t  of  R has  a unique  minimal  prime  ideal, 

(2)  there  is  exactly  one  irreducible  component  Z of  R passing  through  e,  and 

(3)  Z is  geometrically  irreducible  over  k via  either  s or  t. 


Proof.  Let  r £ R be  a point.  In  this  proof  we  will  use  the  correspondence  between 
irreducible  components  of  R passing  through  a point  r and  minimal  primes  of  the 
local  ring  Or^t  without  further  mention.  Choose  k C k!  and  r'  £ R!  as  in  Lemma 
Note  that  Or^  Or' y is  faithfully  flat  and  local,  see  Lemma  39.9.4 


39.9.5 


Hence  the  result  for  r'  £ R!  implies  the  result  for  r £ R.  In  other  words  we  may 
assume  that  s,t  : k n(r)  are  isomorphisms.  By  Lemma  39.9.6  there  exists  an 


automorphism  moving  e to  r.  Hence  we  may  assume  r = e,  i.e. , part  (1)  follows 
from  part  (2). 

We  first  prove  (2)  in  case  k is  separably  algebraically  closed.  Namely,  let  X,Y  C R 
be  irreducible  components  passing  through  e.  Then  by  Varieties,  Lemma  |32.6.4| 
and  32.6.3  the  scheme  X xsUt  Y is  irreducible  as  well.  Hence  c(X  xSRt  Y)  C R 
is  an  irreducible  subset.  We  claim  it  contains  both  X and  Y (as  subsets  of  R). 
Namely,  let  T be  the  spectrum  of  a Held.  If  x : T — )■  X is  a T-valued  point  of  X , 
then  c(x,  eo  s ox)  = x and  eo  so  x factors  through  Y as  e £ Y.  Similarly  for  points 
of  Y.  This  clearly  implies  that  X = Y,  i.e.,  there  is  a unique  irreducible  component 
of  R passing  through  e. 

Proof  of  (2)  and  (3)  in  general.  Let  k C k!  be  a separable  algebraic  closure,  and 
let  ([/' , R! , s' ,tr ,c')  be  the  restriction  of  (U,R,s,t,c)  via  Spec(fc')  — ► Spec(fc).  By 
the  previous  paragraph  there  is  exactly  one  irreducible  component  Z'  of  R!  passing 
through  e' . Denote  e"  £ R xsy  U'  the  base  change  of  e.  As  R'  — > R xsy  U' 
is  faithfully  flat,  see  Lemma  39.9.4  and  e!  K > e"  we  see  that  there  is  exactly 
one  irreducible  component  Z"  of  R xs ^ k'  passing  through  e" . This  implies,  as 
Rx^k'^-R  is  faithfully  flat,  that  there  is  exactly  one  irreducible  component  Z of 
R passing  through  e.  This  proves  (2). 

To  prove  (3)  let  Z'"  C R x*.  k!  be  an  arbitrary  irreducible  component  of  Z x*.  k' . 
By  Varieties,  Lemma  32.6.12  we  see  that  Z'"  = a(Z")  for  some  a £ Gal (fc'/fc). 
Since  cr(e")  = e"  we  see  that  e"  £ Z'"  and  hence  Z'"  = Z" . This  means  that  Z 
is  geometrically  irreducible  over  Spec(fc)  via  the  morphism  s.  The  same  argument 
implies  that  Z is  geometrically  irreducible  over  Spec (k)  via  the  morphism  t.  □ 


04LU  Lemma  39.9.9.  Let  S be  a scheme.  Let  (U,  R,  s,t,  c)  be  a groupoid  scheme  over 
S.  Assume  U = Spec(fc)  with  k afield.  Assume  s,t  are  locally  of  finite  type.  Then 

(1)  R is  equidimensional, 

(2)  dim(f?)  = dimr(I?)  for  all  r £ R, 

(3)  for  any  r £ R we  have  trdeg sik)(K(r))  = ^e3t(fe) (K(r))>  and 

(4)  for  any  closed  point  r £ R we  have  dim(I?)  = dim(0fl;jr). 


Proof.  Let  r,  r'  £ R.  Then  dimr(I?)  = dinv  (R)  by  Lemma  39.9.3  and  Morphisms, 
Lemma [28.28.3|  By  Morphisms,  Lemma [28. 28. 1|  we  have 


dim  r(R)  = dim(Oii,r)  + trdegs(fe)(«(r))  = dim(Oii)J.)  + trdegt(fc)(/c(r)). 
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On  the  other  hand,  the  dimension  of  R (or  any  open  subset  of  R)  is  the  supremum 
of  the  dimensions  of  the  local  rings  of  of  R , see  Properties,  Lemma [27. 10. 3|  Clearly 
this  is  maximal  for  closed  points  r in  which  case  trdegfc(ft(r))  = 0 (by  the  Hilbert 
Nullstellensatz,  see  Morphisms,  Section  28.16).  Hence  the  lemma  follows.  □ 


Lemma  39.9.10.  Let  S be  a scheme.  Let  (U,  R,  s,t,c)  be  a groupoid  scheme  over 
S.  Assume  U = Spec(fc)  with  k a field.  Assume  s,t  are  locally  of  finite  type.  Then 
dim(l?)  = dim(G)  where  G is  the  stabilizer  group  scheme  of  R. 


Proof.  Let  Z C R be  the  irreducible  component  passing  through  e (see  Lemma 
39.9.8)  thought  of  as  an  integral  closed  subscheme  of  R.  Let  k's,  resp.  k't  be  the 


integral  closure  of  s(k),  resp.  t{k)  in  T(Z,  Oz).  Recall  that  k's  and  k't  are  fields,  see 
Varieties,  Lemma  32.22.4  By  Varieties,  Proposition  32.25.1  we  have  fc'  = k't  as 


subrings  of  T(Z,Oz).  As  e factors  through  Z we  obtain  a commutative  diagram 


04MR 


This  on  the  one  hand  shows  that  k's  = s(k ),  k't  = t(k),  so  s(fc)  = t(k),  which 
combined  with  the  diagram  above  implies  that  s = t\  In  other  words,  we  conclude 
that  Z is  a closed  subscheme  of  G = R X(t,s),uxsu,&  U.  The  lemma  follows  as  both 


G and  R are  equidimensional,  see  Lemma  39.9.9  and  Groupoids,  Lemma  38.8.1  □ 


Remark  39.9.11.  Warning:  Lemma 


39.9.10 


is  wrong  without  the  condition  that 


s and  t are  locally  of  finite  type.  An  easy  example  is  to  start  with  the  action 


G 


m, Q XQ  Aq 


Aq 


and  restrict  the  corresponding  groupoid  scheme  to  the  generic  point  of  Aq.  In 
other  words  restrict  via  the  morphism  Spec(Q(x))  — >•  Spec(Q[x])  = Aq.  Then  you 
get  a groupoid  scheme  (U,R,s,t,c)  with  U = Spec(Q(x))  and 


R = Spec  Q(x)[y] 


P{xy) 


,P  £ Q[T],P  ^ 0 


In  this  case  diin(R)  = 1 and  dim(G)  = 0. 


04RA  Lemma  39.9.12.  Let  S be  a scheme.  Let  (I/,  R,  s,t,c)  be  a groupoid  scheme  over 
S.  Assume 

(1)  U = Spec(fc)  with  k a field, 

(2)  s,t  are  locally  of  finite  type,  and 

(3)  the  characteristic  of  k is  zero. 

Then  s,t  : R —¥  U are  smooth. 


Proof.  By  Lemma [39. 4. 1|  the  sheaf  of  differentials  of  R — > U is  free.  Hence  smooth- 
ness follows  from  Varieties,  Lemma [32.20. 1|  □ 

04RB  Lemma  39.9.13.  Let  S be  a scheme.  Let  (U,  R,  s,t,c)  be  a groupoid  scheme  over 
S.  Assume 
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(1)  U = Spec(fc)  with  k a field, 

(2)  s,t  are  locally  of  finite  type, 

(3)  R is  reduced,  and 

(4)  k is  perfect. 

Then  s,t  : R —¥  U are  smooth. 


Proof.  By  Lemma 


39.4.1  the  sheaf  Q 


Varieties,  Lemma [32. 20. 2| 


R/u 


is  free. 


Hence  the  lemma  follows  from 

□ 


39.10.  Morphisms  of  groupoids  on  fields 


04Q4  This  section  studies  morphisms  between  groupoids  on  fields.  This  is  slightly  more 
general,  but  very  akin  to,  studying  morphisms  of  groupschemes  over  a field. 

04Q5  Situation  39.10.1.  Let  S'  be  a scheme.  Let  U = Spec(fc)  be  a scheme  over  S 
with  k a field.  Let  (U,Ri,si,t\,c\),  (U,  R2,  S2,  £2,  c2)  be  groupoid  schemes  over  S 
with  identical  first  component.  Let  a : R±  — ► R 2 be  a morphism  such  that  (idj/,  o) 
defines  a morphism  of  groupoid  schemes  over  S,  see  Groupoids,  Definition  |38.13.1| 
In  particular,  the  following  diagrams  commute 


The  following  lemma  is  a generalization  of  Groupoids,  Lemma|38.7.7| 

04Q6  Lemma  39.10.2.  Notation  and  assumptions  as  in  Situation 
open  in  R2,  then  a(Ri)  is  closed  in  R 2. 


39.10.1 


Ifa(R1 


is 


Proof.  Let  r2  G R2  be  a point  in  the  closure  of  a(R\).  We  want  to  show  r2  € a(Ri). 
Pick  k C k'  and  r'2  G R'2  adapted  to  (U,  i?2,  s2,  t2,  c2)  and  r2  as  in  Lemma [39.9.5 
Let  R!i  be  the  restriction  of  Ri  via  the  morphism  U'  = Spec(fc')  —>U  = Spec(fc). 
Let  a'  : R[  — > R2  be  the  base  change  of  a.  The  diagram 


R'i 

pi 

Y 

Ri 


R' 


■2 

P2 


R‘2 


is  a fibre  square.  Hence  the  image  of  a1  is  the  inverse  image  of  the  image  of  a via 
the  morphism  p2  : R'2  R2-  By  Lemma  39.9.4  the  map  p2  is  surjective  and  open. 

Hence  by  Topology,  Lemma  5.5.4  we  see  that  r2  is  in  the  closure  of  a'(R[).  This 
means  that  we  may  assume  that  r2  G i?2  has  the  property  that  the  maps  k — > re(r2) 
induced  by  s2  and  t2  are  isomorphisms. 


In  this  case  we  can  use  Lemma  39.9.6  This  lemma  implies  c(r2,a(i?i))  is  an  open 
neighbourhood  of  r2.  Hence  a(R\)  fl  c(r2,a(i?i))  / 0 as  we  assumed  that  r2  was 
a point  of  the  closure  of  a(R±).  Using  the  inverse  of  i?2  and  R\  we  see  this  means 
c2(a(i?i),  a(Ri))  contains  r2.  As  c2(a(i?i),  a(i?i))  C a(ci(Ri,  Ri))  = a(Ri)  we 
conclude  r2  G a(i?i)  as  desired.  □ 
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04Q9 


04QA 


Lemma  39.10.3.  Notation  and  assumptions  as  in  Situation  39.10.1  Let  Z C R2 


be  the  reduced  closed  subscheme  (see  Schemes,  Definition  25.12.5)  whose  underlying 
topological  space  is  the  closure  of  the  image  of  a : R\  — > R2.  Then  c2{Z  x S2,u,t2  Z)  C 
Z set  theoretically. 


Proof.  Consider  the  commutative  diagram 

Ri  xSl,U,ti  f?i  - 

Y 

R.2  ^ S2,U,t2  Ra- 


Ri 


R-i 


By  Varieties,  Lemma  32.19.2  the  closure  of  the  image  of  the  left  vertical  arrow  is 
(set  theoretically)  Z xS2,u,t2  Z.  Hence  the  result  follows.  □ 


Lemma  39.10.4.  Notation  and  assumptions  as  in  Situation  39.10.1  Assume  that 
k is  perfect.  Let  Z C f?2  be  the  reduced  closed  subscheme  (see  Schemes,  Definition 


25.12.5)  whose  underlying  topological  space  is  the  closure  of  the  image  of  a : f?i  — ► 
R2.  Then 

( U,Z , s2\z,  t2\ z,  c2\z) 

is  a groupoid  scheme  over  S. 

Proof.  We  first  explain  why  the  statement  makes  sense.  Since  U is  the  spec- 
trum of  a perfect  field  k,  the  scheme  Z is  geometrically  reduced  over  k (via  either 
projection),  see  Varieties,  Lemma  32.4.3  Hence  the  scheme  Z xS2}u,t2  Z C Z is 


reduced,  see  Varieties,  Lemma  32.4.7  Hence  by  Lemma  39.10.3  we  see  that  c in- 
duces a morphism  Z xS2,u,t2  Z — ► Z.  Finally,  it  is  clear  that  e2  factors  through  Z 
and  that  the  map  i2  : R2  — > R2  preserves  Z . Since  the  morphisms  of  the  septu- 
ple (U,  R2,  s2,t2,c2,e2,i2)  satisfies  the  axioms  of  a groupoid,  it  follows  that  after 
restricting  to  Z they  satisfy  the  axioms.  □ 


Lemma  39.10.5.  Notation  and  assumptions  as  in  Situation  39.10.1  If  the  image 
a(R\)  is  a locally  closed  subset  of  R2  then  it  is  a closed  subset. 

Proof.  Let  k C k'  be  a perfect  closure  of  the  field  k.  Let  R[  be  the  restriction  of 
Ri  via  the  morphism  U'  = Spec(fc')  — > Spec (k).  Note  that  the  morphisms  R\  —>  Ri 
are  universal  homeomorphisms  as  compositions  of  base  changes  of  the  universal 
homeomorphism  U'  — >•  U (see  diagram  in  statement  of  Lemma  39.9.4).  Hence  it 
suffices  to  prove  that  a’^R’fi)  is  closed  in  R'2.  In  other  words,  we  may  assume  that 
k is  perfect. 


If  k is  perfect,  then  the  closure  of  the  image  is  a groupoid  scheme  2 C 1?2,  by 
By  the  same  lemma  applied  to  id^  : I?i  — > R\  we  see  that 


Lemma  39.10.4 


red  is  a groupoid  scheme.  Thus  we  may  apply  Lemma|39.10.2|to  the  morphism 
a\(R2)red  ■ (R2)red  — > Z to  conclude  that  Z equals  the  image  of  a. 


□ 


Lemma  39.10.6.  Notation  and  assumptions  as  in  Situation 
a : R\  — > R2  is  a quasi-compact  morphism.  Let  Z C R2  be 
image  (see  Morphisms,  Definition  28.  6.21)  of  a ■ R\  — ^ R2 

{U,  Z,  s2\z,  t2\z,  c2\z) 


39.10.1 


Assume  that 
the  scheme  theoretic 
Then 


is  a groupoid  scheme  over  S. 
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Proof.  The  main  difficulty  is  to  show  that  cfi\zxS2  ut2z  maPs  into  Z.  Consider  the 
commutative  diagram 

R\  xs1,u,t1  Ri ^ Ri 

axa 

Y 

R2  X S2,U,t2  f?2  R2 


By  Varieties,  Lemma  |32.19.3|  we  see  that  the  scheme  theoretic  image  of  a x a is 
Z Xs2,u,t2  Z-  By  the  commutativity  of  the  diagram  we  conclude  that  Z xS2,u,t2  Z 
maps  into  Z by  the  bottom  horizontal  arrow.  As  in  the  proof  of  Lemma  39.10.4  it 
is  also  true  that  *2(2?)  C Z and  that  e2  factors  through  Z.  Hence  we  conclude  as 
in  the  proof  of  that  lemma.  □ 


Lemma  39.10.7.  Let  S be  a scheme.  Let  (U,  R,  s,t,c)  be  a groupoid  scheme  over 
S.  Assume  U is  the  spectrum  of  a field.  Let  Z C U x§  U be  the  reduced  closed 
subscheme  ( see  Schemes , Definition  25.12.5 ) whose  underlying  topological  space  is 
the  closure  of  the  image  of  j = (t,  s)  : R — >•  U x g U . Then  pr02(Z  Xpri,u,Pr0  Z)  C Z 
set  theoretically. 


Proof.  As  (U,U  Xs  f/,  pr1,pr0,pr02)  is  a groupoid  scheme  over  S this  is  a special 
case  of  Lemma  |39.10.3|  But  we  can  also  prove  it  directly  as  follows. 

Write  U = Spec(fc).  Denote  Rs  (resp.  Zs,  resp.  U2)  the  scheme  R (resp.  Z,  resp. 
U XsU)  viewed  as  a scheme  over  k via  s (resp.  pr x\z,  resp.  pr:).  Similarly,  denote 
tR  (resp.  tZ,  resp.  tf72)  the  scheme  R (resp.  Z,  resp.  U xgU)  viewed  as  a scheme 
over  k via  t (resp.  pr0|z,  resp.  pr0).  The  morphism  j induces  morphisms  of  schemes 
js  : Rs  U2  and  tj  ■ tR  — ► tU2  over  k.  Consider  the  commutative  diagram 


Rs  xktR  — >R 

jsX-tj  j 

u2s  xktu2 UxsU 


04QC 


By  Varieties,  Lemma  |32.19.2|  we  see  that  the  closure  of  the  image  of  js  x tj  is 
Zs  xk  tZ.  By  the  commutativity  of  the  diagram  we  conclude  that  Zs  xktZ  maps 
into  Z by  the  bottom  horizontal  arrow.  □ 


Lemma  39.10.8.  Let  S be  a scheme.  Let  (U,R,s,t,c)  be  a groupoid  scheme  over 
S.  Assume  U is  the  spectrum  of  a perfect  field.  Let  Z C U xg  U be  the  reduced 
closed  subscheme  (see  Schemes,  Definition  25.12.5)  whose  underlying  topological 
space  is  the  closure  of  the  image  of  j = (t,s)  : R — » U xg  U . Then 


( U,  Z,  pr0 1 z , prt  | z , pr02 \ z x pri , v,pro z) 
is  a groupoid  scheme  over  S. 


Proof.  As  {U,U  Xg  [/, pr1,pr0,pr02)  is  a groupoid  scheme  over  S this  is  a special 
case  of  Lemma  [39.10.4|  But  we  can  also  prove  it  directly  as  follows. 


We  first  explain  why  the  statement  makes  sense.  Since  U is  the  spectrum  of  a perfect 
field  fc,  the  scheme  Z is  geometrically  reduced  over  k (via  either  projection),  see 
Varieties,  Lemma  |32.4.3|  Hence  the  scheme  Z xprii[/jPrn  Z C Z is  reduced,  see 
Varieties,  Lemma  32.4.7  Hence  by  Lemma  39.10.7  we  see  that  pr02  induces  a 
morphism  Z x pr]  ./y.pr()  Z —¥  Z.  Finally,  it  is  clear  that  A u/g  factors  through  Z 
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and  that  the  map  a : U xj  U — >•  U xj  U,  (x,y)  >->•  {y,x)  preserves  Z.  Since 
(U,  U XgU,  pr0,  prl5  pr02,  A jj/g,  a)  satisfies  the  axioms  of  a groupoid,  it  follows  that 
after  restricting  to  Z they  satisfy  the  axioms.  □ 


Lemma  39.10.9.  Let  S be  a scheme.  Let  (U,  R,  s,t,c)  be  a groupoid  scheme  over 
S.  Assume  U is  the  spectrum  of  a field  and  assume  R is  quasi-compact  (equiva- 
lently s,t  are  quasi- compact) . Let  Z C U xgU  be  the  scheme  theoretic  image  (see 
Morphisms,  Definition  28.6.2)  of  j = ( t,s ) : R U XgU.  Then 

{U,  Z,  prolz^r^z, pr02 Izx^^z) 
is  a groupoid  scheme  over  S. 


Proof.  As  (U,U  Xg  U,  pr1;  pr0,  pr02)  is  a groupoid  scheme  over  S this  is  a special 
case  of  Lemma  |39.10.6|  But  we  can  also  prove  it  directly  as  follows. 

The  main  difficulty  is  to  show  that  pr02l zxpri,UtProz  maps  into  Z.  Write  U = 
Spec (k).  Denote  Rs  (resp.  Zs,  resp.  Uf)  the  scheme  R.  (resp.  Z,  resp.  U xg  U) 
viewed  as  a scheme  over  k via  s (resp.  pr x\z,  resp.  piq).  Similarly,  denote  tR  (resp. 
tZ,  resp.  tU2)  the  scheme  R (resp.  Z,  resp.  U xg  U)  viewed  as  a scheme  over 
k via  t (resp.  pr0|.z,  resp.  pr0).  The  morphism  j induces  morphisms  of  schemes 
js  : Rs  — ► U2  and  tj  ■ tR  — ► tU2  over  k.  Consider  the  commutative  diagram 


Rs  x k tR  — ^ R 

isXtj  j 

u2s  XktU2 XgU 


By  Varieties,  Lemma  |32.19.3|  we  see  that  the  scheme  theoretic  image  of  js  x tj  is 
Zs  Xfc  tZ.  By  the  commutativity  of  the  diagram  we  conclude  that  Zs  xktZ  maps 
into  Z by  the  bottom  horizontal  arrow.  As  in  the  proof  of  Lemma  39.10.8  it  is  also 
true  that  a(Z)  C Z and  that  A u/g  factors  through  Z.  Hence  we  conclude  as  in  the 
proof  of  that  lemma.  □ 


39.11.  Slicing  groupoids 

04LV  The  following  lemma  shows  that  we  may  slice  a Cohen-Macaulay  groupoid  scheme 
in  order  to  reduce  the  dimension  of  the  fibres,  provided  that  the  dimension  of  the 
stabilizer  is  small.  This  is  an  essential  step  in  the  process  of  improving  a given 
presentation  of  a quotient  stack. 

04MY  Situation  39.11.1.  Let  S be  a scheme.  Let  (17,  R,  s,t,  c)  be  a groupoid  scheme 
over  S.  Let  g : U'  — > U be  a morphism  of  schemes.  Let  u £ U be  a point,  and  let 
v!  &U1  be  a point  such  that  g(u')  = u.  Given  these  data,  denote  (U' , R',  s',  t',  d)  the 
restriction  of  (U,  R,  s , t,  c)  via  the  morphism  g.  Denote  G — > U the  stabilizer  group 
scheme  of  R,  which  is  a locally  closed  subscheme  of  R.  Denote  h the  composition 

h = s o pr:  : U'  x9tu,t  R — > U. 

Denote  Fu  = s_1(rt)  (scheme  theoretic  fibre),  and  Gu  the  scheme  theoretic  fibre  of 
G over  u.  Similarly  for  R'  we  denote  F'u,  = (s/)_1(u').  Because  g{u')  = u we  have 

h u ^ (d)  Xspec^f^p  Spec(«;(M  )). 

The  point  e(u)  £ R may  be  viewed  as  a point  on  Gu  and  Fu  also,  and  e'{u')  is  a 
point  of  R'  (resp.  G'u,,  resp.  Ff,)  which  maps  to  e(u)  in  R (resp.  Gu,  resp.  Fu). 
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Lemma  39.11.2.  Let  S be  a scheme.  Let  (U,  R,s,t,c,e,i)  be  a groupoid  scheme 
over  S.  Let  G — ► U be  the  stabilizer  group  scheme.  Assume  s and  t are  Cohen- 
Macaulay  and  locally  of  finite  presentation.  Let  u £ U be  a finite  type  point  of 
the  scheme  U , see  Morphisms,  Definition  1 28.16.3\  With  notation  as  in  Situation 
1 39.11. 1\  set 

d\  = dim(G„),  d2  = dime(u)(Fu). 

If  d2  > d\,  then  there  exist  an  affine  scheme  U'  and  a morphism  g : U' 


U such 


that  (with  notation  as  in  Situation  39.11.1 ) 

(1)  q is  an  immersion 

(2)  u&U', 

(3)  g is  locally  of  finite  presentation, 

(4)  the  morphism  h : U'  xg,u,t  R — ^ U is  Cohen- Macaulay  at  (u,e(u)),  and 

(5)  we  have  dim-e^qM-F^)  = d2  — 1. 

Proof.  Let  Spec(A)  C U be  an  affine  neighbourhood  of  u such  that  u corresponds 
to  a closed  point  of  U,  see  Morphisms,  Lemma  28.16.4  Let  Spec(B)  C R be  an 
affine  neighbourhood  of  e(u)  which  maps  via  j into  the  open  Spec(A)  xgSpec(A)  C 
U x 5 U.  Let  m C A be  the  maximal  ideal  corresponding  to  u.  Let  q C B be  the 
prime  ideal  corresponding  to  e(u).  Pictures: 


B -e A 

A s A 

t and  t 

A 

Note  that  the  two  induced  maps  s,t  : ft(m)  — > ft(q)  are  equal  and  isomorphisms  as 
soe  = toe  = id[/-  In  particular  we  see  that  q is  a maximal  ideal  as  well.  The  ring 
maps  s,t  '.  A — Y B are  of  finite  presentation  and  flat.  By  assumption  the  ring 

@Fu,e(u)  = 

is  Cohen-Macaulay  of  dimension  d2.  The  equality  of  dimension  holds  by  Morphisms, 
Lemma  128.28.11 


Let  R"  be  the  restriction  of  R to  u = Spec(K(M))  via  the  morphism  Spec(«(u))  — > 
U.  As  u — > U is  locally  of  finite  type,  we  see  that  (Spec {n{u)),R" ,s" ,t" ,c") 
is  a groupoid  scheme  with  s",t"  locally  of  finite  type,  see  Lemma  [39.8. 1 [ By 
Lemma  39.9.10  this  implies  that  dim(G")  = dim(l?").  We  also  have  dim(i?")  = 
(/?")  = dim (0R",e"),  see  Lemma 


dim, 
have  G"  = G 


39.9.9 


Hence  we  conclude  that  dim(G^//ie//)  = d 


By  Groupoids,  Lemma 


38.18.4 


we 


As  a scheme  R"  is 

R"  = R*(UXSU)  (Spec(K(m))  xs  Spec(«:(m))^ 
Hence  an  affine  open  neighbourhood  of  e"  is  the  spectrum  of  the  ring 


B ®(a®a)  («(m)  ® «(m))  = B/s[m)B  + t(m)B 

We  conclude  that 

0R">e"  = Bq/s(m)Bc[  +t(m)Bq 
and  so  now  we  know  that  this  ring  has  dimension  d\. 
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We  claim  this  implies  we  can  find  an  element  f £ m such  that 


dim(Bq/(s(m)Bq  + fBq)  < d2 

Namely,  suppose  tv,-  D s(m)I?q,  j = 1 ,m  correspond  to  the  minimal  primes  of 
the  local  ring  Bq/s(m)Bq.  There  are  finitely  many  as  this  ring  is  Noetherian  (since 
it  is  essentially  of  finite  type  over  a field  but  also  because  a Cohen-Macaulay  ring 
is  Noetherian).  By  the  Cohen-Macaulay  condition  we  have  dim(Bq/n;)  = d2,  for 
example  by  Algebra,  Lemma 


10.103.4 


Note  that  dim(Bq/{xij  + t(xn)Bq))  < d\  as 
it  is  a quotient  of  the  ring  Or"^"  = Bq/s{m)Bq  + t(m)Bq  which  has  dimension 
d\.  As  d\  < d2  this  implies  that  m <£_  f_1( tij).  By  prime  avoidance,  see  Algebra, 


Lemma  10.14.2  we  can  find  f £ m with  t(f)  $ ny  for  j = 1, . . . , m.  For  this  choice 


of  / we  have  the  displayed  inequality  above,  see  Algebra,  Lemma[l0.59.12| 

Set  A'  = A/fA  and  U'  = Spec(A').  Then  it  is  clear  that  U'  — ► U is  an  immersion, 
locally  of  finite  presentation  and  that  u £ U' . Thus  (1),  (2)  and  (3)  of  the  lemma 
hold.  The  morphism 

U'  xg,u,tR—>U 

factors  through  Spec(A)  and  corresponds  to  the  ring  map 


■ A/ (/)  ®A,t  B ■ 


A 


Now,  we  see  t{f)  is  not  a zerodivisor  on  Bq/ s(m)Bq  as  this  is  a Cohen-Macaulay  ring 
of  positive  dimension  and  / is  not  contained  in  any  minimal  prime,  see  for  example 
Algebra,  Lemma  |10. 103.2]  Hence  by  Algebra,  Lemma  |10.127.5]  we  conclude  that 
s : Am  — > Bq/t{f)Bq  is  flat  with  fibre  ring  l?q/(s(m)i3q  +t(f)Bq)  which  is  Cohen- 
Macaulay  by  Algebra,  Lemma  10.103.2  again.  This  implies  part  (4)  of  the  lemma. 
To  see  part  (5)  note  that  by  Diagram  (39.8.0.1 ) the  fibre  F'u  is  equal  to  the  fibre  of  h 
over  u.  Hence  dime/(„)(F0)  = dim(Hq/(s(m)Hq  +t(f)Bq))  by  Morphisms,  Lemma 
|28.28.1|  and  the  dimension  of  this  ring  is  d2  — 1 by  Algebra,  Lemma |10.103.2]  once 
more.  This  proves  the  final  assertion  of  the  lemma  and  we  win.  □ 


Now  that  we  know  how  to  slice  we  can  combine  it  with  the  preceding  material  to  get 
the  following  “optimal”  result.  It  is  optimal  in  the  sense  that  since  Gu  is  a locally 
closed  subscheme  of  Fu  one  always  has  the  inequality  dim(Gu)  = dim e(u\(Gu)  < 
dime(u)(.Fu)  so  it  is  not  possible  to  slice  more  than  in  the  lemma. 

04MZ  Lemma  39.11.3.  Let  S be  a scheme.  Let  (17,  R,s,t,c,e,i)  be  a groupoid  scheme 
over  S . Let  G —¥  U be  the  stabilizer  group  scheme.  Assume  s and  t are  Cohen- 
Macaulay  and  locally  of  finite  presentation.  Let  u £ U be  a finite  type  point  of 
the  scheme  U , see  Morphisms , Definition \28.16.3\  With  notation  as  in  Situation 
39.11.1 1 there  exist  an  affine  scheme  U'  and  a morphism  g : U'  — > U such  that 

(1)  g is  an  immersion, 

(2)  u £ U', 

(3)  g is  locally  of  finite  presentation, 

(4)  the  morphism  h : U'  xg,u,t  R — > U is  Cohen-Macaulay  and  locally  of 
finite  presentation, 

(5)  the  morphisms  s'  ,t'  : R'  U'  are  Cohen-Macaulay  and  locally  of  finite 
presentation,  and 

(6)  dime(u)(i^)  = dim(G,u). 
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Proof.  As  s is  locally  of  finite  presentation  the  scheme  Fu  is  locally  of  finite  type 
over  k(u).  Hence  dim e(uAFu)  < oo  and  we  may  argue  by  induction  on  dime(„\(Fu). 

If  dime(u)  (ly  = dim(G.u)  there  is  nothing  to  prove.  Assume  dime(u)  (Fu)  > 


dim(G.u).  This  means  that  Lemma  39.11.2|  applies  and  we  find  a morphism  g : 
U'  — y U which  has  properties  (1),  (2),  (3),  instead  of  (6)  we  have  dime(u)(F')  < 
dime(u)(.Ft,),  and  instead  of  (4)  and  (5)  we  have  that  the  composition 


h = s o pr-L  : U'  x 


g,u,t 


R 


U 


is  Cohen-Macaulay  at  the  point  (u,e{u)).  We  apply  Remark  39.5.3  and  we  obtain 
an  open  subscheme  U"  C U'  such  that  U"  xg,u,t  R C U'  xg,u,t  R is  the  largest 
open  subscheme  on  which  h is  Cohen-Macaulay.  Since  (u,e(u))  £ U"  xg,u,t  R we 
see  that  u £ U" . Hence  we  may  replace  U'  by  U"  and  assume  that  in  fact  h is 


Cohen-Macaulay  everywhere!  By  Lemma  39.8.2  we  conclude  that  s' ,t!  are  locally 


of  finite  presentation  and  Cohen-Macaulay  (use  Morphisms,  Lemma  28.21.4  and 
More  on  Morphisms,  Lemma  36.17.4). 


By  construction  dime/(u)(ir'^)  < dime(u)(Fu),  so  we  may  apply  the  induction  hy- 
pothesis to  (IF , R' , s' ,t' ,c')  and  the  point  u £ U' . Note  that  u is  also  a finite  type 
point  of  U'  (for  example  you  can  see  this  using  the  characterization  of  finite  type 
points  from  Morphisms,  Lemma  28.16.4).  Let  g'  : U"  -£  U'  and  (U" ,R" ,s" ,t" ,d') 


be  the  solution  of  the  corresponding  problem  starting  with  ([/',  R' , s',  t'  1 d)  and  the 
point  u £ U' . We  claim  that  the  composition 


g"=gog':U" 


U 


is  a solution  for  the  original  problem.  Properties  (1),  (2),  (3),  (5),  and  (6)  are 
immediate.  To  see  (4)  note  that  the  morphism 

h"  = so  pi^  : U"  xgnUt  R — » U 

is  locally  of  finite  presentation  and  Cohen-Macaulay  by  an  application  of  Lemma 


39.8.4  (use  More  on  Morphisms,  Lemma  36.17.8  to  see  that  Cohen-Macaulay  mor- 
phisms are  fppf  local  on  the  target).  □ 


In  case  the  stabilizer  group  scheme  has  fibres  of  dimension  0 this  leads  to  the 
following  slicing  lemma. 


04N0 


Lemma  39.11.4.  Let  S be  a scheme.  Let  (U,R,s,t,c,e,i)  be  a groupoid  scheme 
over  S.  Let  G — » U be  the  stabilizer  group  scheme.  Assume  s and  t are  Cohen- 
Macaulay  and  locally  of  finite  presentation.  Let  u £ U be  a finite  type  point  of 
the  scheme  U,  see  Morphisms,  Definition  \ 28. 1 6H  Assume  that  G — )•  U is  locally 
quasi-finite.  With  notation  as  in  Situation  39.11.1  there  exist  an  affine  scheme  U' 
and  a morphism  g : U'  — > U such  that 


(1)  g is  an  immersion, 

(2)  u £ U', 

(3)  g is  locally  of  finite  presentation, 

(4)  the  morphism  h : U'  xgj{7,t  R — > U is  flat,  locally  of  finite  presentation, 
and  locally  quasi-finite,  and 

(5)  the  morphisms  s'  ,t'  : R'  —¥  U'  are  flat,  locally  of  finite  presentation,  and 
locally  quasi-finite. 
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39.11.3 


Proof.  Take  g : U'  — > U as  in  Lemma 
h has  relative  dimension  < 0 at  (u,e(u)).  Hence,  by  Remark  39.5.3 
an  open  subscheme  U"  C U'  such  that  u £ 


Since  h~l{u ) = F "u  we  see  that 
we  obtain 

U"  and  U"  xg,u,t  R is  the  maximal 
open  subscheme  of  U'  Xg,u,t  R on  which  h has  relative  dimension  < 0.  After 
replacing  U'  by  U " we  see  that  h has  relative  dimension  < 0.  This  implies  that  h is 
locally  quasi-finite  by  Morphisms,  Lemma  [28. 29. 5|  Since  it  is  still  locally  of  finite 
presentation  and  Cohen-Macaulay  we  see  that  it  is  flat,  locally  of  finite  presentation 
and  locally  quasi-finite,  i.e. , (4)  above  holds.  This  implies  that  s'  is  flat,  locally 
of  finite  presentation  and  locally  quasi-finite  as  a base  change  of  h,  see  Lemma 
139.8.21  □ 


39.12.  Etale  localization  of  groupoids 


03FK 


03FL 


In  this  section  we  begin  applying  the  etale  localization  techniques  of  More  on  Mor- 
phisms, Section  |36.30|  to  groupoid  schemes.  More  advanced  material  of  this  kind 
can  be  found  in  More  on  Groupoids  in  Spaces,  Section  66.13  Lemma  39.12.2  will  be 


used  to  prove  results  on  algebraic  spaces  separated  and  quasi-finite  over  a scheme, 
namely  Morphisms  of  Spaces,  Proposition  |54.47.2|  and  its  corollary  Morphisms  of 
Spaces,  Lemma [54.48.1 1 


Lemma  39.12.1.  Let  S be  a scheme.  Let  (t/,  R,  s,t,c)  be  a groupoid  scheme  over 
S.  Let  p £ S be  a point,  and  let  u £ U be  a point  lying  over  p.  Assume  that 

(1)  U — > S is  locally  of  finite  type, 

(2)  U — ^ *5*  is  quasi-finite  at  u, 

(3)  U — > S is  separated, 

(4)  R — ► S is  separated, 

(5)  s,  t are  flat  and  locally  of  finite  presentation,  and 

(6)  s-1({u})  is  finite. 

Then  there  exists  an  etale  neighbourhood  ( S' ,p ')  — > ( S,p ) with  n(jp)  = n(p')  and  a 
base  change  diagram 


R!  H W'  = S'  xsR >-  R 

t'  s'  t S 

Y V 

U'UW  ^=S'  xsu — 

Y 

S' >- s 

where  the  equal  signs  are  decompositions  into  open  and  closed  subschemes  such  that 

(a)  there  exists  a point  u'  of  U'  mapping  to  u in  U , 

(b)  the  fibre  (U')p>  equals  t'  ((s' )— 1 ({it'}))  set  theoretically, 

(c)  the  fibre  (R’)p'  equals  (s')-1  ((U')p>)  set  theoretically, 

(d)  the  schemes  U'  and  R'  are  finite  over  S' , 

(e)  we  have  s'(R')  C U'  and  t'(R')  C U' , 

(f)  we  have  c'{R'  xs',u',t'  R')  C R'  where  d is  the  base  change  of  c,  and 

(g)  the  morphisms  s'  ,t' , c'  determine  a groupoid  structure  by  taking  the  system 
(U' , R',  s'\R',t'\R',d\R'Xa,  ul  t,R>). 
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Proof.  Let  us  denote  / : U — ► S the  structure  morphism  of  U.  By  assumption  (6) 
we  can  write  s_1({u})  = {rq, . . . , rn}.  Since  this  set  is  finite,  we  see  that  s is  quasi- 
finite  at  each  of  these  finitely  many  inverse  images,  see  Morphisms,  Lemma [28. 20. 7| 
Hence  we  see  that  / o s : R — > S is  quasi-finite  at  each  q (Morphisms,  Lemma 
28.20.12|).  Hence  r,  is  isolated  in  the  fibre  Rp,  see  Morphisms,  Lemma  |28.20.6| 


Write  t({ri, . . . ,r„})  = {iq, . . . ,um}.  Note  that  it  may  happen  that  m < n and 
note  that  u £ {tq, . . . , um}.  Since  t is  flat  and  locally  of  finite  presentation,  the 
morphism  of  fibres  tp  : Rp  — ► Up  is  flat  and  locally  of  finite  presentation  (Morphisms, 
Lemmas  28.25.7  and  28.21.4),  hence  open  (Morphisms,  Lemma  28.25.9).  The  fact 
that  each  r.t  is  isolated  in  Rp  implies  that  each  Uj  = t(ri)  is  isolated  in  Up.  Using 
Morphisms,  Lemma  [28.20.6|  again,  we  see  that  / is  quasi-finite  at  iq, . ..  ,um. 

Denote  Fu  = s_1(u)  and  Fu  = s~1(uj)  the  scheme  theoretic  fibres.  Note  that  Fu 
is  finite  over  k(u)  as  it  is  locally  of  finite  type  over  k(u)  with  finitely  many  points 
(for  example  it  follows  from  the  much  more  general  Morphisms,  Lemma  28.51.8). 
By  Lemma  39.6.1  we  see  that  Fu  and  Fu.  become  isomorphic  over  a common  field 
extension  of  n(u)  and  n(uj).  Hence  we  see  that  Fu.  is  finite  over  /t(tq).  In  particular 
we  see  s_1({uj})  is  a finite  set  for  each  j = 1, . . . ,m.  Thus  we  see  that  assumptions 
(2)  and  (6)  hold  for  each  Uj  also  (above  we  saw  that  U — 1 S is  quasi-finite  at 
Uj).  Hence  the  argument  of  the  first  paragraph  applies  to  each  Uj  and  we  see  that 
R — > U is  quasi-finite  at  each  of  the  points  of 

{ri, . . . , rN}  = S_1({lti,  . . . , Um}) 

Note  that  t({r1, . . . , rN})  = {wi,...,nm}  and  t_1({ui, . • . , um})  = {n,...,rN} 
since  R is  a groupoicQ  Moreover,  we  have  pr0(c-1({ri, . . . , r/v}))  = {ri, . . . , rjv} 
and  pr1(c_1({ri, . . . ,7qv}))  = {ri, . . . , rN}.  Similarly  we  get  e({zq, . . . , um})  C 
{n,  ■ • • ,tat}  and  *({ri, . . .,rN})  = {ri, . . . ,rjv}- 

We  may  apply  More  on  Morphisms,  Lemma|36.30.4  to  the  pairs  (U  — > S,  {iq, . . . , um}) 
and  (i?  — > S',  {ri, . . . ,rjv})  to  get  an  etale  neighbourhood  ( S',p ')  — > (S,p)  which 
induces  an  identification  n(p)  = n(p')  such  that  S’  xgU  and  S'  x#  R decompose  as 

S'  xsU  = U'U  W,  S'  xs  R = R’UW 


with  U'  -A  S'  finite  and  (U')p > mapping  bijectively  to  { u\ , . . . , um},  and  R!  — > S' 
finite  and  ( R')p / mapping  bijectively  to  {ri, . . . , rjv}.  Moreover,  no  point  of  Wp> 
(resp.  (W')pi)  maps  to  any  of  the  points  Uj  (resp.  r,).  At  this  point  (a),  (b),  (c),  and 
(d)  of  the  lemma  are  satisfied.  Moreover,  the  inclusions  of  (e)  and  (f)  hold  on  fibres 
over  p',  i.e.,  s'((R')p>)  C {U')p>,  tf((R')p>)  C (U')p>,  and  c' {{R'  R')P’)  C 

(R’)p'. 

We  claim  that  we  can  replace  S'  by  a Zariski  open  neighbourhood  of  p'  so  that  the 
inclusions  of  (e)  and  (f)  hold.  For  example,  consider  the  set  E = (s' \R')~1(W). 
This  is  open  and  closed  in  R'  and  does  not  contain  any  points  of  R'  lying  over 
p'.  Since  R'  — ► S'  is  closed,  after  replacing  S'  by  S'  \ (R!  — > S')(E)  we  reach  a 
situation  where  E is  empty.  In  other  words  s'  maps  R'  into  U'.  Note  that  this 
property  is  preserved  under  further  shrinking  S'.  Similarly,  we  can  arrange  it  so 
that  t'  maps  R'  into  U' . At  this  point  (e)  holds.  In  the  same  manner,  consider  the 
set  E = (cVx  , t,R')~1(W).  It  is  open  and  closed  in  the  scheme  R'  xs/)C/',t'  R' 


^Explanation  in  groupoid  language:  The  original  set  (ri, . . . , rn  } was  the  set  of  arrows  with 
source  u.  The  set  {ui, . . . , um}  was  the  set  of  objects  isomorphic  to  u.  And  {r i, . . . , r jy}  is  the 
set  of  all  arrows  between  all  the  objects  equivalent  to  u. 
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which  is  finite  over  S',  and  does  not  contain  any  points  lying  over  p' . Hence  after 
replacing  S'  by  S'\(R'  y.s’,u',t'  R'  — ► S')(E)  we  reach  a situation  where  E is  empty. 
In  other  words  we  obtain  the  inclusion  in  (f).  We  may  repeat  the  argument  also 
with  the  identity  e!  : S'  x g U — » S'  x g R and  the  inverse  i'  : S'  xg  R — ► S'  xg  R 
so  that  we  may  assume  (after  shrinking  S'  some  more)  that  (e'| [// )— 1 (HW7)  = 0 and 

(*V)”W  = 0- 


At  this  point  we  see  that  we  may  consider  the  structure 


(U',R',s'\R',t'\R',c'\R' 


,R>,e  \u> A I r> 


The  axioms  of  a groupoid  scheme  over  S'  hold  because  they  hold  for  the  groupoid 
scheme  (S'  xsU,S'  x g R,  s' ,t' , d , e' ,i').  □ 


03X5  Lemma  39.12.2.  Let  S be  a scheme.  Let  (I/,  R,  s,t,c)  be  a groupoid  scheme  over 
S.  Let  p £ S be  a point,  and  let  u £ U be  a point  lying  over  p.  Assume  assumptions 
(1)  - (6)  of  Lemma  39.12.1  hold  as  well  as 

(7)  j : R — » U xsU  is  universally  closecQ 

Then  we  can  choose  ( S',p ')  -A  ( S,p ) and  decompositions  S'  Xg  U = U'  H W and 
S'  xg  R=  R'  H W’  and  u'  £ U'  such  that  (a)  - (g)  of  Lemma  39.12.1  hold  as  well 
as 

(h)  R'  is  the  restriction  of  S'  x g R to  U' . 


Proof.  We  apply  Lemma  39.12.1  for  the  groupoid  ( U , R,  s,  t,  c)  over  the  scheme  S 
with  points  p and  u.  Hence  we  get  an  etale  neighbourhood  ( S',p ')  — ► (S,p)  and 
disjoint  union  decompositions 

S'  xs  U = U'Tl  W,  S'xsR  = R'UW' 


and  v!  £ U'  satisfying  conclusions  (a),  (b),  (c),  (d),  (e),  (f),  and  (g).  We  may  shrink 
S'  to  a smaller  neighbourhood  of  p'  without  affecting  the  conclusions  (a)  - (g).  We 
will  show  that  for  a suitable  shrinking  conclusion  (li)  holds  as  well.  Let  us  denote 
j'  the  base  change  of  j to  S'.  By  conclusion  (e)  it  is  clear  that 

j'~\U'  xs , U')  = R'  H Rest 

for  some  open  and  closed  Rest  piece.  Since  U1  — > S'  is  finite  by  conclusion  (d)  we 
see  that  U'  xg>  U'  is  finite  over  S'.  Since  j is  universally  closed,  also  j'  is  universally 
closed,  and  hence  j'  \ gest  is  universally  closed  too.  By  conclusions  (b)  and  (c)  we 
see  that  the  fibre  of 


(U'XS,  U'  -»■  S')  O j’ 


Rest 


Rest 


S' 


over  p'  is  empty.  Hence,  since  Rest  — ► S'  is  closed  as  a composition  of  closed 
morphisms,  after  replacing  S'  by  S'\lm(Rest  — > S'),  we  may  assume  that  Rest  = 0. 
And  this  is  exactly  the  condition  that  R'  is  the  restriction  of  S'  x g R to  the  open 
subscheme  U'  C S'  Xg  U,  see  Groupoids,  Lemma  38.18.3  and  its  proof.  □ 


An  view  of  the  other  conditions  this  is  equivalent  to  requiring  j to  be  proper. 
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0AB8 

0AB9 


OABA 


39.13.  Finite  groupoids 


A groupoid  scheme  (U,  A , s,  t,  c ) is  sometimes  called  finite  if  the  morphisms  s and 
t are  finite.  This  is  potentially  confusing  as  it  doesn’t  imply  that  U or  R or  the 
quotient  sheaf  U /R  are  finite  over  anything. 

Lemma  39.13.1.  Let  (U,  R , s,  t , c)  be  a groupoid  scheme  over  a scheme  S . Assume 
s,t  are  finite.  There  exists  a sequence  of  R-invariant  closed  subschemes 

U = Z0  D Zi  D Z2  D ■ . ■ 

such  that  p|  Zr  = 0 and  such  that  s~1(Zr_i)  \ s~1(Zr)  — > Zr_ i \ Zr  is  finite  locally 
free  of  rank  r. 


Proof.  Let  { Zr } be  the  stratification  of  U given  by  the  fitting  ideals  of  the  finite 
type  quasi-coherent  modules  s*Or.  See  More  on  Flatness,  Lemma  [37. 21.3|  Since 
the  identity  e : U — > R is  a section  to  s we  see  that  s*Or  contains  Os  as  a direct 
summand.  Hence  U = Z_\  = Zq  (details  omitted).  Since  formation  of  fitting  ideals 
commutes  with  base  change  (More  on  Algebra,  Lemma  15.6.4)  we  find  that  s~1(Zr ) 
corresponds  to  the  rth  fitting  ideal  of  piq  *0rXs  v tR  because  the  lower  right  square 
of  diagram  (39.3.0.2)  is  cartesian.  Using  the  fact  that  the  lower  left  square  is  also 
cartesian  we  conclude  that  s~l(Zr ) = t~1(Zr),  in  other  words  Zr  is  A-invariant. 
The  morphism  s~1{Zr- 1)  \ s~1(Zr)  — ► Zr_\  \ Zr  is  finite  locally  free  of  rank  r 
because  the  module  s*Or  pulls  back  to  a finite  locally  free  module  of  rank  r on 
Zr_ i \ Zr  by  More  on  Flatness,  Lemma  37.21.3  □ 


Lemma  39.13.2.  Let  ([/,  A,  s,  t , c)  be  a groupoid  scheme  over  a scheme  S . Assume 
s,t  are  finite.  There  exists  an  open  subscheme  W C U and  a closed  subscheme 
W'  C W such  that 


(1)  W and  W'  are  R-invariant, 

(2)  U = t(s~l(W))  set  theoretically, 

(3)  W is  a thickening  ofW',  and 

(4)  the  maps  s',  t'  of  the  restriction  (W' , R' , s' ,t' , c')  are  finite  locally  free. 


Proof.  Consider  the  stratification  U = Zq  D Z\  D Z2  D . . . of  Lemma  [39. 13. 1| 

We  will  construct  disjoint  unions  W = Ur>i  Wr  and  W'  = Hr>1  W'  with  each 
W'  Wr  a thickening  of  A-invariant  subschemes  of  U such  that  the  morphisms 
4,  t'r  of  the  restrictions  (Wf,  R'r,  s'r,  t'r,  c'r ) are  finite  locally  free  of  rank  r.  To  begin 
we  set  Hi  = W[  = U\Z\.  This  is  an  A-invariant  open  subscheme  of  U , it  is  true  that 
Wq  is  a thickening  of  IT y , and  the  maps  .sj , t\  of  the  restriction  ( W[ , A)  ,s\,  t\ , c\ ) 
are  isomorphisms,  i.e.,  finite  locally  free  of  rank  1.  Moreover,  every  point  of  U\  Z\ 
is  in  t(s_1(lTri)). 

Assume  we  have  found  subschemes  W'r  C Wr  C U for  r < n such  that 

(1)  W\, . . . , Wn  are  disjoint, 

(2)  Wr  and  W. 'r  are  A-invariant, 

(3)  U\Zn  C Ur<n  4s_1(W/r))  set  theoretically, 

(4)  Wr  is  a thickening  of  W', 

(5)  the  maps  s'r,  t'r  of  the  restriction  ( W^.,R'r,s'r,t'r,c'r ) are  finite  locally  free 
of  rank  r. 


Then  we  set 

wn+ 1 = \ (zn+1  U (Jr<n 
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set  theoretically  and 


K+i 


= z. 


\(zn+1ulJr<nt(S-1(Wr ))) 


scheme  theoretically.  Then  Wn+ 1 is  an  i?-invariant  open  subscheme  of  U because 
Zn+ 1 \U  \ Zn+ 1 is  open  in  U and  U \ Zn+ \ is  contained  in  the  closed  subset 
Ur<n  t(s_1(Wr.))  we  are  removing  by  property  (3)  and  the  fact  that  t is  a closed 


morphism.  It  is  clear  that  W'n+1  is  a closed  subscheme  of  Wn+1  with  the  same 
underlying  topological  space.  Finally,  properties  (1),  (2)  and  (3)  are  clear  and 


property  (5)  follows  from  Lemma  39.13.1 


By  Lemma|39.13.1  we  have  f]  Zr  = 0.  Hence  every  point  of  U is  contained  in  U\Zn 
for  some  n.  Thus  we  see  that  U = Ur>i  ^(s_1(W/r))  set  theoretically  and  we  see 
that  (2)  holds.  Thus  W'  C W satisfy  (1),  (2),  (3),  and  (4).  □ 


OABB 


Let  ([/,  R , s,  t,  c)  be  a groupoid  scheme.  Given  a point  u £ U the  R-orbit  of  u is  the 
subset  f (s— 1 ({u}))  of  U. 


Lemma  39.13.3. 

presentation.  Then 


In  Lemma 


39.13.2 


assume  in  addition  that  s and  t are  of  finite 


(1)  the  morphism  W'  — > W is  of  finite  presentation,  and 

(2)  if  u £ U is  a point  whose  R-orbit  consists  of  generic  points  of  irreducible 
components  of  U , then  u £ W. 


Proof.  In  this  case  the  stratification  U = Zq  D Z\  D Z^  D . . . of  Lemma  [39. 13. 1| 
is  given  by  closed  immersions  Zk  — > U of  finite  presentation,  see  More  on  Flatness, 
Lemma  37.21.3  Part  (1)  follows  immediately  from  this  as  W'  — > W is  locally  given 
by  intersecting  the  open  W by  Zr.  To  see  part  (2)  let  {u\, . . . , un}  be  the  orbit 
of  u.  Since  the  closed  subschemes  Zk  are  i?-invariant  and  f]Zk  = 0,  we  find  an  k 
such  that  Ui  £ Z^  and  Ui  fL  Z^+i  for  all  i.  The  image  of  Z^  — > U and  Z^+i  — > U 
is  locally  constructible  (Morphisms,  Theorem  28.22.3 1.  Since  Ui  £ U is  a generic 
point  of  an  irreducible  component  of  U , there  exists  an  open  neighbourhood  Ui  of 
Ui  which  is  contained  in  Z ^ \ Z^+i  set  theoretically  (Properties,  Lemma|27.2.2 1.  In 
the  proof  of  Lemma  39.13.2  we  have  constructed  IT  as  a disjoint  union  ]j  Wr  with 
Wr  C Zr_ i \ Zr  such  that  U = |J  t(s_1(ITT.)).  As  {ui, . . . , un}  is  an  .R-orbit  we  see 
that  u £ t(s~1(Wr))  implies  Ui  £ Wr  for  some  i which  implies  Ui  fl  Wr  ^ 0 which 
implies  r = k.  Thus  we  conclude  that  u is  in 


wk+ 1 = Zk  \ (zk+1  U \J  <k  t(s-\Wr))^j 


as  desired. 


□ 


OABC  Lemma  39.13.4.  Let  (U,  R,  s,t,c)  be  a groupoid  scheme  over  a scheme  S . Assume 
s , t are  finite  and  of  finite  presentation  and  U quasi-separated.  Let  Ui, . . . , um  £ U 
be  points  whose  orbits  consist  of  generic  points  of  irreducible  components  of  U . 
Then  there  exist  R-invariant  subschemes  V'  C V C U such  that 

(1)  Til  > ■ • • ) £ T , 

(2)  V is  open  in  U , 

(3)  V'  and  V are  affine, 

(4)  V'  C V is  a thickening  of  finite  presentation, 

(5)  the  morphisms  s' ,t'  of  the  restriction  (V , R! , s' ,t' ,d)  are  finite  locally 
free. 
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Proof.  Let  W'  C W C U be  as  in  Lemma  39.13.2 
Un  £ W and  that  W' 


By  Lemma  39.13.3  we  get 

, j ^ ,,  ouu  uxiciu  r,  r W is  a thickening  of  finite  presentation.  By  Limits,  Lemma 
31.10.3|it  suffices  to  find  an  R- invariant  affine  open  subscheme  V’  of  W'  containing 


(because  then  we  can  let  V C W be  the  corresponding  open  subscheme  which 
will  be  affine).  Thus  we  may  replace  (U,  R,  s,  t,  c)  by  the  restriction  (W7,  R',  s',  t' , d) 
to  W' . In  other  words,  we  may  assume  we  have  a groupoid  scheme  (U,  R,  s,t,  c) 
whose  morphisms  s and  t are  finite  locally  free.  By  Properties,  Lemma  [27.29. 1|  we 
can  find  an  affine  open  containing  the  union  of  the  orbits  of  ui, . . . , urn . Finally,  we 
can  apply  Groupoids,  Lemma  [38.24. 1|  to  conclude.  □ 


OABD 


The  following  lemma  is  a special  case  of  Lemma [39. 13. 4| but  we  redo  the  argument 
as  it  is  slightly  easier  in  this  case  (it  avoids  using  Lemma  39.13.3). 


Lemma  39.13.5.  Let  (U,  R,  s,  t,  c)  be  a groupoid  scheme  over  a scheme  S . Assume 
s,t  finite,  U is  locally  Noetherian,  and  u±, . . . ,um  £ U points  whose  orbits  consist 
of  generic  points  of  irreducible  components  of  U . Then  there  exist  R-invariant 
subschemes  V'  C V C U such  that 


(1)  U\,  • ■ - , Urxi  £ P , 

(2)  V is  open  in  U , 

(3)  V'  and  V are  affine, 

(4)  V'  <ZV  is  a thickening, 

(5)  the  morphisms  s' ,t'  of  the  restriction  (V ,R! , s' ,t'  ,c')  are  finite  locally 
free. 


Proof.  Let  {? 


39.13.2 


''3 1>  ' 


*3nj 

D-l 


} be  the  orbit  of  Uj.  Let  W'  C W C U be  as  in  Lemma 
Since  U = t(s_1(W/))  we  see  that  at  least  one  Uji  £ W.  Since  Uji  is  a 
generic  point  of  an  irreducible  component  and  U locally  Noetherian,  this  implies 
that  Uji  £ W . Since  W is  i?-invariant,  we  conclude  that  Uj  £ W and  in  fact 
the  whole  orbit  is  contained  in  W.  By  Cohomology  of  Schemes,  Lemma  [29. 13. 3|  it 
suffices  to  find  an  l?-invariant  affine  open  subscheme  V'  of  W'  containing  u± , . . . , um 
(because  then  we  can  let  V C W be  the  corresponding  open  subscheme  which  will 
be  affine).  Thus  we  may  replace  (U,  R,  s,  t,  c)  by  the  restriction  [W' , R' , s',  t' , d)  to 
W' . In  other  words,  we  may  assume  we  have  a groupoid  scheme  (U,  R,  s,  t,  c ) whose 
morphisms  s and  t are  finite  locally  free.  By  Properties,  Lemma|27.29.1|we  can  find 
an  affine  open  containing  {ity}  (a  locally  Noetherian  scheme  is  quasi-separated  by 
Properties,  Lemma  27.5.41.  Finally,  we  can  apply  Groupoids,  Lemma  38.24.1  to 
conclude.  □ 


OABE  Lemma  39.13.6.  Let  (U,  R,  s,t,  c)  be  a groupoid  scheme  over  a scheme  S with 
s,t  integral.  Let  g : U'  — » U be  an  integral  morphism  such  that  every  R-orbit  in 
U meets  g(U').  Let  (U' , R! , s' ,t' ,c')  be  the  restriction  of  R to  U' . If  u'  £ U'  is 
contained  in  an  R' -invariant  affine  open,  then  the  image  u £ U is  contained  in  an 
R-invariant  affine  open  of  U . 

Proof.  Let  W'  C U'  be  an  /^'-invariant  affine  open.  Set  R = U'  xg,u,tR  with  maps 
pr0  : R — >•  U'  and  h = s o piq  : R — ► U.  Observe  that  pr0  and  h are  integral.  It 
follows  that  W = pi-g  1(IF/)  is  affine.  Since  W'  is  i?'-invariant,  the  image  W = h(W) 
is  set  theoretically  .R-invariant  and  W = h~1(W)  set  theoretically  (details  omitted). 
Thus,  if  we  can  show  that  W is  open,  then  IT  is  a scheme  and  the  morphism  W — > W 
is  integral  surjective  which  implies  that  W is  affine  by  Limits,  Proposition |31.1(L2| 
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However,  our  assumption  on  orbits  meeting  U'  implies  that  h : R — > U is  surjective. 
Since  an  integral  surjective  morphism  is  submersive  (Topology,  Lemma  5.5.5  and 
Morphisms,  Lemma  28.43.7)  it  follows  that  W is  open.  □ 


The  following  technical  lemma  produces  “almost”  invariant  functions  in  the  situa- 
tion of  a finite  groupoid  on  a quasi-afhne  scheme. 

OABF  Lemma  39.13.7.  Let  (U,  R,  s,t,  c)  be  a groupoid  scheme  with  s,t  finite  and  of 
finite  presentation.  Let  u\, .. . ,um  £ U be  points  whose  R-orbits  consist  of  generic 
points  of  irreducible  components  of  U . Let  j : U — ► Spec(A)  be  an  immersion. 
Let  I C A be  an  ideal  such  that  j(U)  D V(I)  =0  and  V(I)  U j(U)  is  closed  in 
Spec(A).  Then  there  exists  an  h £ I such  that  j~1D(h)  is  an  R-invariant  affine 
open  subscheme  of  U containing  u\, . . . , um. 


Proof.  Let  iti, . . . ,um  £ V'  C V C U be  as  in  Lemma  39.13.4  Since  U \ V is 
closed  in  U,  j an  immersion,  and  V(I)  U j(U)  is  closed  in  Spec(A),  we  can  find 
an  ideal  J C I such  that  V(J)  = V(I)  U j{U  \ V).  For  example  we  can  take  the 
ideal  of  elements  of  I which  vanish  on  j(U  \ V).  Thus  we  can  replace  (U,  R , s,  t,  c), 
j : U — > Spec(A),  and  I by  (V7,  R',  s',  t',  c'),  j\y  ■ V'  —7  Spec(A),  and  J.  In  other 
words,  we  may  assume  that  U is  affine  and  that  s and  t are  finite  locally  free.  Take 
any  / £ I which  does  not  vanish  at  all  the  points  in  the  .R-orbits  of  U\ , . . . , um 
(Algebra,  Lemma  10.14.2).  Consider 

fl  = Norm8(t«(j»(/)))er(£7,Otr) 


Since  / £ I and  since  V(I)  U j(U)  is  closed  we  see  that  U fl  D{f)  — > D(f)  is  a 
closed  immersion.  Hence  fng  is  the  image  of  an  element  h £ I for  some  n > 0. 
We  claim  that  h works.  Namely,  we  have  seen  in  Groupoids,  Lemma  [38.23.2|  that 
g is  an  R-invariant  function,  hence  D(g ) C U is  R-invariant.  Since  / does  not 
vanish  on  the  orbit  of  Uj,  the  function  g does  not  vanish  at  Uj.  Moreover,  we  have 
V(g)  D V(j*(f))  and  hence  j~1D(h)  = D(g).  □ 

OABG  Lemma  39.13.8.  Let  (U,  R,  s,t,  c)  be  a groupoid  scheme.  If  s,t  are  quasi-finite, 
and  u,u’  £ R are  distinct  points  in  the  same  orbit,  then  v!  is  not  a specialization 
of  u. 


U‘ . If  u U' 

' see  Schemes,  Lemma|25.19.8 


then  we  can  find  a 
Set 


Proof.  Let  r £ R with  s(r)  = u and  t(r)  = 
nontrivial  specialization  r r'  with  s(r')  = u‘ 
u"  = t(r').  Note  that  u"  7^  v!  as  there  are  no  specializations  in  the  fibres  of  a 
quasi-finite  morphism.  Hence  we  can  continue  and  find  a nontrivial  specialization 
r’  ^ r"  with  s(r")  = u" , etc.  This  shows  that  the  orbit  of  u contains  an  infinite 
sequence  u v!  u"  . . . of  specializiations  which  is  nonsense  as  the  orbit 
f(s-1({u}))  is  finite.  □ 


OABH  Lemma  39.13.9.  Let  j : V —¥  Spec(A)  be  a quasi-compact  immersion  of  schemes. 

Let  f £ A be  such  that  j~lD(f)  is  affine  and  j(V)  H V(f)  is  closed.  Then  V is 
affine. 


Proof.  We  encourage  the  reader  to  find  their  own  proof  of  this  lemma.  Let  A'  = 
T{y,Gv).  Then  j'  : V —7  Spec(A')  is  a quasi-compact  open  immersion,  see  Proper- 
ties, Lemma  27.18.3  Let  /'  £ A!  be  the  image  of  /.  Then  = j~1D(f) 


is  affine.  On  the  other  hand,  j'(V)  0 V(f)  is  a subscheme  of  Spec(A')  which  maps 
isomorphically  to  the  closed  subscheme  j(V)  0 V{f)  of  Spec(A).  Hence  it  is  closed 
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in  Spec(A')  for  example  by  Schemes,  Lemma  25.21.12  Thus  we  may  replace  A by 
A'  and  assume  that  j is  an  open  immersion  and  A = Y{V,Oy). 


OABI 


In  this  case  we  claim  that  j(V)  = Spec(A)  which  finishes  the  proof.  If  not,  then  we 
can  find  a principal  affine  open  D(g)  C Spec  (A)  which  meets  the  complement  and 
avoids  the  closed  subset  j(V)  D V(f).  Note  that  j maps  j~1D(f)  isomorphically 
onto  D(f ),  see  Properties,  Lemma  27.18.2  Hence  D(g)  meets  V(f).  On  the  other 
hand,  j~lD{g)  is  a principal  open  of  the  affine  open  j~1D(f)  hence  affine.  Hence 
by  Properties,  Lemma 


27.18.2 


again  we  see  that  D(g)  is  isomorphic  to  j 1D(g)  C 
j~1D{f)  which  implies  that  D(g)  C D(f).  This  contradiction  finishes  the  proof.  □ 


Lemma  39.13.10.  Let  ( U,R,s,t,c ) be  a groupoicL  scheme.  Let  u GU.  Assume 

(1)  s,t  are  finite  morphisms , 

(2)  U is  separated  and  locally  Noetherian, 

(3)  &\m(Pu,u')  < 1 for  every  point  v!  in  the  orbit  of  u. 

Then  u is  contained  in  an  R-invariant  affine  open  of  U . 


Proof.  The  R-orbit  of  u is  finite.  By  conditions  (2)  and  (3)  it  is  contained  in  an 
affine  open  U'  of  U,  see  Varieties,  Proposition 


32.31.7 


Then  t(s~1(U  \ U'))  is  an 

R-invariant  closed  subset  of  U which  does  not  contain  u.  Thus  U\t(s~1(U\U'))  is 
an  R-invariant  open  of  U'  containing  u.  Replacing  U by  this  open  we  may  assume 
U is  qua, si-affine. 

By  Lemma  |39.13.6|  we  may  replace  U by  its  reduction  and  assume  U is  reduced. 
This  means  R-invariant  subschemes  W'  C W C U of  Lemma  39.13.2  are  equal 
W'  = W.  As  U = £(s~1(W))  some  point  v!  of  the  R-orbit  of  u is  contained  in  W 
and  by  Lemma  39.13.6  we  may  replace  U by  W and  u by  v! . Hence  we  may  assume 
there  is  a dense  open  R-invariant  subscheme  W C U such  that  the  morphisms 
swAw  of  the  restriction  (W,  Rw,  Sw,  t\Vi  cw)  are  finite  locally  free. 

If  u G W then  we  are  done  by  Groupoids,  Lemma  38.24.1  (because  W is  quasi- 
affine  so  any  finite  set  of  points  of  W is  contained  in  an  affine  open,  see  Properties, 
Lemma  27.29.5 1.  Thus  we  assume  u ^ W and  hence  none  of  the  points  of  the  orbit 
of  u is  in  W.  Let  f G U be  a point  with  a nontrivial  specialization  to  a point  v!  in 
the  orbit  of  u.  Since  there  are  no  specializations  among  the  points  in  the  orbit  of  u 
(Lemma  39.13.8)  we  see  that  £ is  not  in  the  orbit.  By  assumption  (3)  we  see  that 
£ is  a generic  point  of  U and  hence  £ G W . As  U is  Noetherian  there  are  finitely 
many  of  these  points  £i, . . . , £m  G W.  Because  sw,  tw  are  flat  the  orbit  of  each  £,- 
consists  of  generic  points  of  irreducible  components  of  W (and  hence  U). 

Let  j : U — >•  Spec(A)  be  an  immersion  of  U into  an  affine  scheme  (this  is  possible  as 
U is  quasi-afhne).  Let  J C A be  an  ideal  such  that  V ( J)C\j(W ) = 0 and  V ( J)L>j(W) 
is  closed.  Apply  Lemma  39.13.7  to  the  groupoid  scheme  (W,  Rwi  sw>  cw),  the 
morphism  j\w  : W — > Spec(A),  the  points  £j,  and  the  ideal  J to  find  an  / G J 
such  that  (j\w)~1D(f)  is  an  R^y-invariant  affine  open  containing  £,  for  all  j.  Since 
f G J we  see  that  j~1D(f)  C W,  i.e.,  j~1D(f)  is  an  R-invariant  affine  open  of  U 
contained  in  W containing  all  £, . 

Let  Z be  the  reduced  induced  closed  subscheme  structure  on 


u\r1D(f)=riv(f). 


Then  Z is  set  theoretically  R-invariant  (but  it  may  not  be  scheme  theoretically 
R-invariant).  Let  (Z,  Rz,  Sz,tz,cz)  be  the  restriction  of  R to  Z.  Since  Z — >•  U is 


OAPG 


OAPH 
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finite,  it  follows  that  sz  and  tz  are  finite.  Since  u £ Z the  orbit  of  u is  in  Z and 
agrees  with  the  Rz- orbit  of  u viewed  as  a point  of  Z.  Since  dim < 1 and 
since  qL  Z for  all  j,  we  see  that  dim(Oz,u')  < 0 for  all  v!  in  the  orbit  of  u.  In 
other  words,  the  Rz- orbit  of  u consists  of  generic  points  of  irreducible  components 
of  Z. 

Let  I C A be  an  ideal  such  that  V(I)  D j(U)  = 0 and  V(I)  U j(U)  is  closed. 
Apply  Lemma  39.13.7  to  the  groupoid  scheme  (Z,  Rz,  sz,tz,cz),  the  instruction 
j\z,  the  ideal  /,  and  the  point  u £ Z to  obtain  h £ I such  that  j~1D(h)  D Z is  an 
i?2-invariant  open  affine  containing  u. 


Consider  the  -Rvv-invariant  (Groupoids,  Lemma  38.23.2 ) function 


9 = NormSw  £ T(W,Ow) 

(In  the  following  we  only  need  the  restriction  of  g to  j~1D(f)  and  in  this  case  the 
norm  is  along  a finite  locally  free  morphism  of  affines.)  We  claim  that 

v = (wg  n j- lD(f))  u (j-'Dih)  n z) 

is  an  I?-invariant  afhne  open  of  U which  finishes  the  proof  of  the  lemma.  It  is  set 
theoretically  i?-invariant  by  construction.  As  V is  a constuctible  set,  to  see  that  it 
is  open  it  suffices  to  show  it  is  closed  under  generalization  in  U (Topology,  Lemma 


5.18.9 


or  the  more  general  Topology,  Lemma  5.22.5 1.  Since  WgC\j  1D(f)  is  open  in 


U,  it  suffices  to  consider  a specialization  u\  U2  of  U with  U2  £ j~1D(h)nZ.  This 
means  that  h is  nonzero  in  j(u 2)  and  112  £ Z.  If  iti  £ Z,  then  j(ui)  j(u 2)  and 
since  h is  nonzero  in  ,7(112)  it  is  nonzero  in  j{u\)  which  implies  iti  £ V.  If  iti  ^ Z 
and  also  not  in  Wg  fl  j~1D{f)1  then  u\  £ W,  U\  £ Wg  because  the  complement  of 
Z = j~1V(f)  is  contained  in  W nj~1D(f).  Hence  there  exists  a point  rx  £ R with 
s(ri)  = iti  such  that  h is  zero  in  £(n).  Since  s is  finite  we  can  find  a specialization 
n r2  with  s(r2)  = U2-  However,  then  we  conclude  that  / is  zero  in  u'2  = t(r2) 
which  contradicts  the  fact  that  j~1D(h)  n Z is  7?-invariant  and  U2  is  in  it.  Thus  V 
is  open. 

Observe  that  V C j~lD{h)  for  our  function  h £ I.  Thus  we  obtain  an  immersion 

j'  :V  — » Spec (Ah) 

Let  /'  £ Ah  be  the  image  of  /.  Then  ( j')~1D{f ) is  the  principal  open  determined 
by  g in  the  affine  open  j~1D(f)  of  U.  Hence  ( j,)~1D(f ) is  affine.  Finally,  j'(V)  fl 
V(f)  = f{j~1D(h)nZ)  is  closed  in  Spec(Aft/(/'))  = Spec  ((A/ f)h)  = D(h)nv{f) 
by  our  choice  of  h £ I and  the  ideal  I.  Hence  we  can  apply  Lemma  |39.13.9|  to 
conclude  that  V is  affine  as  claimed  above.  □ 


39.14.  Descending  ind-quasi-affine  morphisms 

Ind-quasi-affine  morphisms  were  defined  in  More  on  Morphisms,  Section[36.48|  This 
section  is  the  analogue  of  Descent,  Section  [Ti  l . 31 1 for  ind-quasi-affine-morphisms. 

Let  A'  be  a quasi-separated  scheme.  Let  E C A'  be  a subset  which  is  an  intersection 
of  a nonempty  family  of  quasi-compact  opens  of  X.  Say  E = Hie/  E/i  with  Ui  C A' 
quasi-compact  open  and  I nonempty.  By  adding  finite  intersections  we  may  assume 
that  for  i,j  £ I there  exists  a k £ I with  Uk  C Ui  fl  Uj.  In  this  situation  we  have 

(39.14.0.1)  T(E,  T\e)  =colimT([/i,A'|a.) 
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for  any  sheaf  T defined  on  X.  Namely,  fix  *o  £ 7 and  replace  X by  Ui0  and  7 by 
{i  £ I | Ui  C Uio } . Then  X is  quasi-compact  and  quasi-separated,  hence  a spectral 
space,  see  Properties,  Lemma [2 7. 2. 4|  Then  we  see  the  equality  holds  by  Topology, 
Lemma  5.23.7  and  Sheaves,  Lemma  6.29. 4|  (In  fact,  the  formula  holds  for  higher 
cohomology  groups  as  well  if  T is  abelian,  see  Cohomology,  Lemma  20.20.2|) 


OAPI 


Lemma  39.14.1.  Let  X be  an  ind- quasi- affine  scheme.  Let  E C X be  an  inter- 
section of  a nonempty  family  of  quasi-compact  opens  of  X . Set  A = T(E,Ox\e) 
and  Y = Spec(A).  Then  the  canonical  morphsm 

j:(E,0x\E)-^(Y,0Y) 


of  Schemes,  Lemma  25. 6. f determines  an  isomorphism  ( E,Ox\e ) — > {E'  ,Oy\e') 


where  E'  C Y is  an  intersection  of  quasi-compact  opens.  If  W C E is  open  in  X , 
then  j(W)  is  open  in  Y. 

Proof.  Note  that  (E,Ox\e)  is  a locally  ringed  space  so  that  Schemes,  Lemma 
25.6.4  applies  to  A -a  T(E,Ox\e)-  Write  E = f]ieIUi  with  7^0  and  Ui  C X 


quasi-conrpact  open.  We  may  and  do  assume  that  for  i,j  £ I there  exists  a k £ I 
with  Uk  CUiH  Uj.  Set  A,  = T(Ui,  OuJ-  We  obtain  commutative  diagrams 

(E,Ox\e) (Spec(A),0Spec(^)) 


( Ui , Ouf) ^ (Spec(Aj),  0sPeC(Ai)) 


Since  Ui  is  quasi-affine,  we  see  that  Ui  Spec(Ai)  is  a quasi-compact  open  im- 
mersion. On  the  other  hand  A = colim  A,; . Hence  Spec(A)  = lim  Spec(Aj)  as 


topological  spaces  (Limits,  Lemma  31.3.2).  Since  E = limf/i  (by  Topology,  Lemma 


5.23.7)  we  see  that  E — ► Spec(A)  is  a homeomorphism  onto  its  image  E'  and  that 


E'  is  the  intersection  of  the  inverse  images  of  the  opens  Ui  C Spec(Ai)  in  Spec(A). 
For  any  e £ E the  local  ring  Ox,e  is  the  value  of  OuiyS  which  is  the  same  as  the 
value  on  Spec  (A). 

To  prove  the  final  assertion  of  the  lemma  we  argue  as  follows.  Pick  i,j  £ I with 
U C Uj . Consider  the  following  commtuative  diagrams 


Ui 


Ui 


Spec(Ai) 


W ■ 


Spec(Ai)  W 


Spec(A) 


■ Spec(Aj) 


W ■ 


■ Spec(Aj) 


W 


■ Spec(Aj 


By  Properties,  Lemma  [27. 18. 4|  the  first  diagram  is  cartesian.  Hence  the  second  is 
cartesian  as  well.  Passing  to  the  limit  we  find  that  the  third  diagram  is  cartesian, 
so  the  top  horizontal  arrow  of  this  diagram  is  an  open  immersion.  □ 

OAPJ  Lemma  39.14.2.  Suppose  given  a cartesian  diagram 

X a-  Spec(7?) 

/ 


Y 


Spec(A) 
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of  schemes.  Let  E C Y be  an  intersection  of  a nonempty  family  of  quasi-compact 
opens  ofY.  Then 

T(r1(E),Ox\f-HE))  = T{E,Oy\e ) B 

provided  Y is  quasi- separated  and  A B is  flat. 


Proof.  Write  E = Hie/  with  Vi  C Y quasi-compact  open.  We  may  and  do 
assume  that  for  i,j  £ I there  exists  a k £ I with  Vk  C Vi  fl  V3.  Then  we  have 
similarly  that  f~1{E)  = Hie/  /_1(^i)  in  -X"-  Thus  the  result  follows  from  equation 
(39.14.0.1)  and  the  corresponding  result  for  V)  and  /_1(ki)  which  is  Cohomology 
of  Schemes,  Lemma [29. 5. 2|  □ 


OAPK  Lemma  39.14.3  (Gabber).  Let  S be  a scheme.  Let  {Xi  — x S}iGi  be  an  fpqc 
covering.  Let  (Vi/Xi,ipij)  be  a descent  datum  relative  to  {Xi  — x S'},  see  Descent, 
Definition\3f.303 ?[  If  each  morphism  Vi  -A  Xi  is  ind- quasi- affine,  then  the  descent 
datum  is  effective. 


Proof.  Being  ind-quasi-affine  is  a property  of  morphisms  of  schemes  which  is  pre- 
served under  any  base  change,  see  More  on  Morphisms,  Lemma  I36.48.2J  Hence 


Descent,  Lemma  34. 32. 2 1 applies  and  it  suffices  to  prove  the  statement  of  the  lemma 
in  case  the  fpqc-covering  is  given  by  a single  {X  — x S}  flat  surjective  morphism  of 
affines.  Say  X = Spec(A)  and  S = Spec(f?)  so  that  R — X A is  a faithfully  flat  ring 
map.  Let  (V)  ip)  be  a descent  datum  relative  to  X over  S and  assume  that  V — X X 
is  ind-quasi-affine,  in  other  words,  V is  ind-quasi-afline. 


Let  (U,  R,  s,t,  c)  be  the  groupoid  scheme  over  S with  U = X and  R = X Xg  X 
and  s,  t,  c as  usual.  By  Groupoids,  Lemma  38.21.3  the  pair  (V,  ip)  corresponds  to  a 
cartesian  morphism  (£/' , R' , s' ,t' ,c')  — X ( U,R,s,t,c ) of  groupoid  schemes.  Let  u'  £ 
U'  be  any  point.  By  Groupoids,  Lemmas[38.19.2  38.19.3  and|38.11L4  we  can  choose 
v!  £ W C E C U'  where  W is  open  and  /t'- invariant,  and  E is  set-theoretically 
.R'-invariant  and  an  intersection  of  a nonempty  family  of  quasi-compact  opens. 


Translating  back  to  (V,tp),  for  any  v £ V we  can  find  v £ W C E C V with  the 
following  properties:  (a)  W is  open  and  <p(W  xjl)  = X xEW  and  (b)  E an 
intersection  of  quasi-conrpact  opens  and  <p(E  xgl)  = X xg  E set-theoretically. 
Here  we  use  the  notation  E x g X to  mean  the  inverse  image  of  E in  V x g X by 
the  projection  morphism  and  similarly  for  X Xg  E.  By  Lemma|39.14.2|this  implies 
that  ip  defines  an  isomorphism 


r {E,  Ov\e)  A = T(E  Xg  X,  Ovxsx\exsx) 

-X  T(X  Xs  E,Oxxsv\xxse) 
= A (8 )R  T (E,  Ov\e) 


of  A (gi r H-algebras  which  we  will  call  if.  The  cocycle  condition  for  ip  tranlates 


into  the  cocycle  condition  for  as  in  Descent,  Definition  34.3.1  (details  omitted). 
By  Descent,  Proposition  |34.3.9|  we  find  an  f?-algebra  R'  and  an  isomorphism  \ '■ 
R' ®rA  —X  T(E,  Ov\e)  of  A-algebras,  compatible  with  and  the  canonical  descent 
datum  on  R'  g)g  A. 


By  Lemma  [39. 14. 1|  we  obtain  a canonical  “embedding” 

j : (E,  Ov\e ) — > Spec(T(i?,  Ov\e))  = Spec(i?'  <S>r  A) 
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of  locally  ringed  spaces.  The  construction  of  this  map  is  canonical  and  we  get  a 
commutative  diagram 


ExsX 


XxsE 


Spec (R!  <B>r  A A) 


Spec (i?7  <8» R A) 


Spec  (R!) 

where  j'  and  j"  come  from  the  same  construction  applied  to  E Xg  X C V Xg  X 
and  X Xg  E C X Xg  V via  \ and  the  identifications  used  to  construct  ip.  It 
follows  that  j(W)  is  an  open  subscheme  of  Spec(i?'  <S>R  A)  whose  inverse  image 
under  the  two  projections  Spec(i?'  <S)r  A ®r  A)  — > Spec(i?'  A)  are  equal.  By 
Descent,  Lemma  34.9.2  we  find  an  open  Wo  C Spec(i?')  whose  base  change  to 
Spec(A)  is  j(W).  Contemplating  the  diagram  above  we  see  that  the  descent  datum 
(W,  <p\wxsx)  is  effective, 
datum  is  effective. 


By  Descent,  Lemma  34.31.13  we  see  that  our  descent 

□ 
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Etale  Morphisms  of  Schemes 


40.1.  Introduction 

In  this  Chapter,  we  discuss  etale  morphisms  of  schemes.  We  illustrate  some  of  the 
more  important  concepts  by  working  with  the  Noetherian  case.  Our  principal  goal 
is  to  collect  for  the  reader  enough  commutative  algebra  results  to  start  reading  a 
treatise  on  etale  cohomology.  An  auxiliary  goal  is  to  provide  enough  evidence  to 
ensure  that  the  reader  stops  calling  the  phrase  “the  etale  topology  of  schemes”  an 
exercise  in  general  nonsense,  if  (s)he  does  indulge  in  such  blasphemy. 

We  will  refer  to  the  other  chapters  of  the  stacks  project  for  standard  results  in 
algebraic  geometry  (on  schemes  and  commutative  algebra) . We  will  provide  detailed 
proofs  of  the  new  results  that  we  state  here. 


40.2.  Conventions 


In  this  chapter,  frequently  schemes  will  be  assumed  locally  Noetherian  and  fre- 
quently rings  will  be  assumed  Noetherian.  But  in  all  the  statements  we  will  reit- 
erate this  when  necessary,  and  make  sure  we  list  all  the  hypotheses!  On  the  other 
hand,  here  are  some  general  facts  that  we  will  use  often  and  are  useful  to  keep  in 
mind: 


(1)  A ring  homomorphism  A — > B of  finite  type  with  A Noetherian  is  of  finite 


presentation.  See  Algebra,  Lemma  10.30.4 


(2)  A morphism  (locally)  of  finite  type  between  locally  Noetherian  schemes 
is  automatically  (locally)  of  finite  presentation.  See  Morphisms,  Lemma 
128.21.91 

(3)  Add  more  like  this  here. 


40.3.  Unramified  morphisms 

We  first  define  “unramified  homomorphisms  of  local  rings”  for  Noetherian  local 
rings.  We  cannot  use  the  term  “unramified”  as  there  already  is  a notion  of  an  un- 
ramified ring  map  (Algebra,  Section  10.147)  and  it  is  different.  After  discussing  the 
notion  a bit  we  globalize  it  to  describe  unramified  morphisms  of  locally  Noetherian 
schemes. 


Definition  40.3.1.  Let  A,  B be  Noetherian  local  rings.  A local  homomorphism 
A — > B is  said  to  be  unramified  homomorphism  of  local  rings  if 

(1)  m aB  = mB, 

(2)  «(mB)  is  a finite  separable  extension  of  ^(m^),  and 
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(3)  B is  essentially  of  finite  type  over  A (this  means  that  B is  the  localization 
of  a finite  type  A-algebra  at  a prime). 


This  is  the  local  version  of  the  definition  in  Algebra,  Section [fOT47]  In  that  section 
a ring  map  R — > S is  defined  to  be  unramified  if  and  only  if  it  is  of  finite  type,  and 
il S/R  = 0.  We  say  R — ► S is  unramified  at  a prime  q C S'  if  there  exists  a g € S, 
g qL  q such  that  R — > Sg  is  an  unramified  ring  map.  It  is  shown  in  Algebra,  Lemmas 


|10. 147.5]  and  10.147.7  that  given  a ring  map  R 
S lying  over  p C R,  then  we  have 


S of  finite  type,  and  a prime  q of 


R — > S is  unramified  at  q <t=>  pSq  = qSq  and  «(p)  C «(q)  finite  separable 

Thus  we  see  that  for  a local  homomorphism  of  local  rings  the  properties  of  our 
definition  above  are  closely  related  to  the  question  of  being  unramified.  In  fact,  we 
have  proved  the  following  lemma. 

039G  Lemma  40.3.2.  Let  A — ► B be  of  finite  type  with  A a Noetherian  ring.  Let  q 
be  a prime  of  B lying  over  p C A.  Then  A — ► B is  unramified  at  q if  and  only  if 
Ap  — > Bp  is  an  unramified  homomorphism  of  local  rings. 


Proof.  See  discussion  above. 


□ 
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We  will  characterize  the  property  of  being  unramified  in  terms  of  completions.  For 
a Noetherian  local  ring  A we  denote  AA  the  completion  of  A with  respect  to  the 
maximal  ideal.  It  is  also  a Noetherian  local  ring,  see  Algebra,  Lemma  [10. 96. 6| 

Lemma  40.3.3.  Let  A,  B be  Noetherian  local  rings.  Let  A — ► B be  a local 
homomorphism. 

(1)  if  A ^ B is  an  unramified  homomorphism  of  local  rings,  then  BA  is  a 
finite  AA  module, 

(2)  if  A — > B is  an  unramified  homomorphism  of  local  rings  and  ^(m^)  = 
«(m b),  then  AA  — > BA  is  surjective, 

(3)  if  A — >■  B is  an  unramified  homomorphism  of  local  rings  and  is 

separably  closed,  then  AA  — > BA  is  surjective, 

(4)  if  A and  B are  complete  discrete  valuation  rings,  then  A — ► B is  an 
unramified  homomorphism  of  local  rings  if  and  only  the  uniformizer  for 
A maps  to  a uniformizer  for  B,  and  the  residue  field  extension  is  finite 
separable  (and  B is  essentially  of  finite  type  over  A). 


Proof.  Part  (1)  is  a special  case  of  Algebra,  Lemma  10.96.7  For  part  (2),  note 
that  the  it(m.4)-vector  space  BA /mA^BA  is  generated  by  1.  Hence  by  Nakayama’s 
lemma  (Algebra,  Lemma  10.19.1)  the  map  AA  — » BA  is  surjective.  Part  (3)  is  a 
special  case  of  part  (2).  Part  (4)  is  immediate  from  the  definitions.  □ 


0391  Lemma  40.3.4.  Let  A,  B be  Noetherian  local  rings.  Let  A — ► B be  a local 
homomorphism  such  that  B is  essentially  of  finite  type  over  A.  The  following  are 
equivalent 

(1)  A B is  an  unramified  homomorphism  of  local  rings 

(2)  AA  — > BA  is  an  unramified  homomorphism  of  local  rings,  and 

(3)  AA  -A  BA  is  unramified. 


Proof.  The  equivalence  of  (1)  and  (2)  follows  from  the  fact  that  is  the 

maximal  ideal  of  AA  (and  similarly  for  B)  and  faithful  flatness  of  B — > BA . For 
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example  if  AA  -a  Ba  is  unramified,  then  xyiaBa  = (vtiAB)BA  = m bBa  and  hence 
mAB  = mB- 


Assume  the  equivalent  conditions  (1)  and  (2).  By  Lemma  40.3.3  we  see  that  AA 
BA  is  finite.  Hence  AA  -A  B 


10.147.7  we  conclude  that  AA 
conclude  that  AA  -a  Ba 


is  of  finite  presentation,  and  by  Algebra,  Lemma 
A BA  is  unramified  at  ragA.  Since  BA  is  local  we 
is  unramified. 


Assume  (3).  By  Algebra,  Lemma  10.147.5|  we  conclude  that  AA  -A  BA  is  an  un- 
ramified homomorphism  of  local  rings,  i.e. , (2)  holds.  □ 


024N 


Definition  40.3.5.  (See  Morphisms,  Definition  28.35.1 
general  case.)  Let  Y be  a locally  Noetherian  scheme.  Let  / : X 
finite  type.  Let  x £ X. 


for  the  definition  in  the 
Y be  locally  of 


(1)  We  say  / is  unramified  at  x if  Oyjrx\  -A  Ox,x  is  an  unramified  homomor- 
phism of  local  rings. 

(2)  The  morphism  / : X -A  Y is  said  to  be  unramified  if  it  is  unramified  at 
all  points  of  X. 


Let  us  prove  that  this  definition  agrees  with  the  definition  in  the  chapter  on  mor- 
phisms of  schemes.  This  in  particular  guarantees  that  the  set  of  points  where  a 
morphism  is  unramified  is  open. 

039J  Lemma  40.3.6.  Let  Y be  a locally  Noetherian  scheme.  Let  f : X -A  Y be  locally  of 
finite  type.  Letx  € X.  The  morphism  f is  unramified  atx  in  the  sense  of  Definition 
\40-3.5\  if  and  only  if  it  is  unramified  in  the  sense  of  Morphisms,  Definition\28.35~l\ 

Proof.  This  follows  from  Lemma  140.3.21  and  the  definitions.  □ 


Here  are  some  results  on  unramified  morphisms.  The  formulations  as  given  in 
this  list  apply  only  to  morphisms  locally  of  finite  type  between  locally  Noetherian 
schemes.  In  each  case  we  give  a reference  to  the  general  result  as  proved  earlier  in 
the  project,  but  in  some  cases  one  can  prove  the  result  more  easily  in  the  Noetherian 
case.  Here  is  the  list: 


(1) 

(2) 

(3) 

(4) 

(5) 

(6) 


Unramifiedness  is  local  on  the  source  and  the  target  in  the  Zariski  topol- 
ogy- 

Unramified  morphisms  are  stable  under  base  change  and  composition.  See 
Morphisms,  Lemmas  |28.35.5|  and  |28.35.4| 

Unramified  morphisms  of  schemes  are  locally  quasi-finite  and  quasi-compact 
unramified  morphisms  are  quasi-finite.  See  Morphisms,  Lemma |28. 35. 10 
Unramified  morphisms  have  relative  dimension  0.  See  Morphisms,  Defi- 
nition [28?29T]  and  Morphisms,  Lemma  [28. 29. 5[ 

A morphism  is  unramified  if  and  only  if  all  its  fibres  are  unramified.  That 
is,  unramifiedness  can  be  checked  on  the  scheme  theoretic  fibres.  See 


Morphisms,  Lemma  28.35.12 


Let  X and  Y be  unramified  over  a base  scheme  S.  Any  S-morphism  from 
X to  Y is  unramified.  See  Morphisms,  Lemma  [28.35. 16| 


40.4.  Three  other  characterizations  of  unramified  morphisms 

0240  The  following  theorem  gives  three  equivalent  notions  of  being  unramified  at  a point. 
See  Morphisms,  Lemma  28.35.14  for  (part  of)  the  statement  for  general  schemes. 
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024P  Theorem  40.4.1.  Let  Y be  a locally  Noetherian  scheme.  Let  f : X -A  Y be  a 
morphism  of  schemes  which  is  locally  of  finite  type.  Let  x be  a point  of  X.  The 
following  are  equivalent 

(1)  f is  unramified  at  x, 

(2)  the  stalk  flx/Y,x  of  the  module  of  relative  differentials  at  x is  trivial , 

(3)  there  exist  open  neighbourhoods  U of  x and  V of  f(x),  and  a commutative 
diagram 


(4) 


where  i is  a closed  immersion  defined  by  a quasi- coherent  sheaf  of  ideals 
T such  that  the  differentials  dg  for  g £ generate  ^ATv/y,j(x);  and 
the  diagonal  A x/y  '■  X X xy  X is  a local  isomorphism  at  x. 


Proof.  The  equivalence  of  (1)  and  (2)  is  proved  in  Morphisms,  Lemma  28.35.14 


If  / is  unramified  at  x,  then  / is  unramified  in  an  open  neighbourhood  of  x;  this 
does  not  follow  immediately  from  Definition|40.3.5|of  this  chapter  but  it  does  follow 
from  Morphisms,  Definition  |28.35~  which  we  proved  to  be  equivalent  in  Lemma 
40.3.6  Choose  affine  opens  V C Y,  U C X with  f(U)  C V and  x £ U,  such  that 
/ is  unramified  on  U,  i.e. , f\u  : U — > V is  unramified.  By  Morphisms,  Lemma 
28.35. 13| the  morphism  U — ► U Xy  U is  an  open  immersion.  This  proves  that  (1) 


implies  (4). 

If  A x/y  is  a local  isomorphism  at  x,  then  ilx/Y.x  = 0 by  Morphisms,  Lemma 
28.33.7  Hence  we  see  that  (4)  implies  (2).  At  this  point  we  know  that  (1),  (2)  and 

(4)  are  all  equivalent. 

Assume  (3).  The  assumption  on  the  diagram  combined  with  Morphisms,  Lemma 
28.33.15  show  that  Slu/v,x  = 0-  Since  Sljj/v,x  = ^x/y,x  we  conclude  (2)  holds. 

Finally,  assume  that  (2)  holds.  To  prove  (3)  we  may  localize  on  A'  and  Y and  assume 
that  X and  Y are  affine.  Say  X = Spec (B)  and  Y = Spec(A).  The  point  x £ X 
corresponds  to  a prime  q C B.  Our  assumption  is  that  LIb/a, q = 0 (see  Morphisms, 
Lemma  28.33.5  for  the  relationship  between  differentials  on  schemes  and  modules 
of  differentials  in  commutative  algebra).  Since  Y is  locally  Noetherian  and  / locally 
of  finite  type  we  see  that  A is  Noetherian  and  B = A[x i, . . . , xn]/(fi, . . . , fm),  see 
Properties,  Lemma  27.5.2  and  Morphisms,  Lemma 
a finite  S-module. 


28.15.2 


In  particular,  £lB ^ is 
ience  we  can  find  a single  g € B,  g 0 q such  that  the  principal 
localization  (Qb i a) g is  zero.  Hence  after  replacing  B by  Bg  we  see  that  CIb/a  = 
0 (formation  of  modules  of  differentials  commutes  with  localization,  see  Algebra, 
Lemma  10.130.8).  This  means  that  d(/'?)  generate  the  kernel  of  the  canonical  map 
^A[x1,...,xn\/A  B -A  Qb / a-  Thus  the  surjection  A[x i, . . . , xn\  — > B of  A-algebras 
gives  the  commutative  diagram  of  (3),  and  the  theorem  is  proved.  □ 


How  can  we  use  this  theorem?  Well,  here  are  a few  remarks: 

(1)  Suppose  that  f : X -A  Y and  g : Y -A  Z are  two  morphisms  locally  of 
finite  type  between  locally  Noetherian  schemes.  There  is  a canonical  short 
exact  sequence 

f*{^Y/z)  ~ x/z  ^x/y  — > 0 
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see  Morphisms,  Lemma  |28.33.9|  The  theorem  therefore  implies  that  if 
g o f is  unramified,  then  so  is  /.  This  is  Morphisms,  Lemma |28.35. 16} 

(2)  Since  LIx/y  is  isomorphic  to  the  conormal  sheaf  of  the  diagonal  morphism 
(Morphisms,  Lemma  28.33.7 ) we  see  that  if  X -A  Y is  a monomorphism  of 
locally  Noetherian  schemes  and  locally  of  finite  type,  then  X — ► Y is  un- 
ramified.  In  particular,  open  and  closed  immersions  of  locally  Noetherian 
schemes  are  unramified.  See  Morphisms,  Lemmas  |28.35.7|  and  |28.35.8| 

(3)  The  theorem  also  implies  that  the  set  of  points  where  a morphism  / : X — > 
Y (locally  of  finite  type  of  locally  Noetherian  schemes)  is  not  unramified  is 
the  support  of  the  coherent  sheaf  VLx/y-  This  allows  one  to  give  a scheme 
theoretic  definition  to  the  “ramification  locus” . 


40.5.  The  functorial  characterization  of  unramified  morphisms 


024Q  In  basic  algebraic  geometry  we  learn  that  some  classes  of  morphisms  can  be  char- 
acterized functorially,  and  that  such  descriptions  are  quite  useful.  Unramified  mor- 
phisms too  have  such  a characterization. 

024R  Theorem  40.5.1.  Let  f : X — ► S be  a morphism  of  schemes.  Assume  S is  a 
locally  Noetherian  scheme,  and  f is  locally  of  finite  type.  Then  the  following  are 
equivalent: 

(1)  f is  unramified, 

(2)  the  morphism  f is  formally  unramified:  for  any  affine  S-scheme  T and 
subscheme  Tq  of  T defined  by  a square-zero  ideal,  the  natural  map 

Horn  S(T,X)  — ► Homs(T0,X) 


is  injective. 


Proof.  See  More  on  Morphisms,  Lemma [36.4.8  for  a more  general  statement  and 
proof.  What  follows  is  a sketch  of  the  proof  in  the  current  case. 


Firstly,  one  checks  both  properties  are  local  on  the  source  and  the  target.  This  we 
may  assume  that  S and  X are  affine.  Say  X = Spec(U)  and  S = Spec(i?).  Say 
T = Spec(C).  Let  J be  the  square-zero  ideal  of  C with  T0  = Spec (C/J).  Assume 
that  we  are  given  the  diagram 


B 


R 


Secondly,  one  checks  that  the  association  <jf  i->-  <f>'  — (j)  gives  a bijection  between  the 
set  of  liftings  of  </>  and  the  module  TterffiB,  J).  Thus,  we  obtain  the  implication 
(1)  =>  (2)  via  the  description  of  unramified  morphisms  having  trivial  module  of 
differentials,  see  Theorem  |40.4.1[ 

To  obtain  the  reverse  implication,  consider  the  surjection  q : C = (B  <S)r  B)/1 2 — ► 
B = C/J  defined  by  the  square  zero  ideal  J = I /I2  where  I is  the  kernel  of 
the  multiplication  map  B (&r  B -a  B.  We  already  have  a lifting  B — > C defined 
by,  say,  b i— > b (g)  1.  Thus,  by  the  same  reasoning  as  above,  we  obtain  a bijective 
correspondence  between  liftings  of  id  : B — >•  C/  J and  Der^(B,  J).  The  hypothesis 
therefore  implies  that  the  latter  module  is  trivial.  But  we  know  that  J = LIr/r- 
Thus,  B/R  is  unramified.  □ 
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40.6.  Topological  properties  of  unramified  morphisms 


The  first  topological  result  that  will  be  of  utility  to  us  is  one  which  says  that 
unramified  and  separated  morphisms  have  “nice”  sections.  The  material  in  this 
section  does  not  require  any  Noetherian  hypotheses. 

Proposition  40.6.1.  Sections  of  unramified  morphisms. 

(1)  Any  section  of  an  unramified  morphism  is  an  open  immersion. 

(2)  Any  section  of  a separated  morphism  is  a closed  immersion. 

(3)  Any  section  of  an  unramified  separated  morphism  is  open  and  closed. 


Proof.  Fix  a base  scheme  S.  If  / : X'  — > X is  any  5-morphism,  then  the  graph 
Vf  : X'  — > X'  Xs  X is  obtained  as  the  base  change  of  the  diagonal  A x/s  '■  X -A 
X Xs  X via  the  projection  X'  xj  A'  — X xg  X.  If  g : X -A  S is  separated  (resp. 
unramified)  then  the  diagonal  is  a closed  immersion  (resp.  open  immersion)  by 
Schemes,  Definition  25.21.3|  (resp.  Morphisms,  Lemma [28.35.13|).  Hence  so  is  the 
graph  as  a base  change  (by  Schemes,  Lemma  25.18.2).  In  the  special  case  X'  = S , 
we  obtain  (1),  resp.  (2).  Part  (3)  follows  on  combining  (1)  and  (2).  □ 


We  can  now  explicitly  describe  the  sections  of  unramified  morphisms. 

Theorem  40.6.2.  Let  Y be  a connected  scheme.  Let  f : X -A  Y be  unramified 
and  separated.  Every  section  of  f is  an  isomorphism  onto  a connected  component. 
There  exists  a bijective  correspondence 

f ? J connected  components  X'  of  X such  that  1 
sec  ions  o j aa  ^n(^uce(i  map  x'  -A  Y is  an  isomorphism  j 

In  particular,  given  x £ X there  is  at  most  one  section  passing  through  x. 


Proof.  Direct  from  Proposition  40.6.1  part  (3). 


□ 


The  preceding  theorem  gives  us  some  idea  of  the  “rigidity”  of  unramified  morphisms. 
Further  indication  is  provided  by  the  following  proposition  which,  besides  being 
intrinsically  interesting,  is  also  useful  in  the  theory  of  the  algebraic  fundamental 
group  (see  lGro7l[  Expose  V]).  See  also  the  more  general  Morphisms,  Lemma 
128.35.171 

Proposition  40.6.3.  Let  S is  be  a scheme.  Let  tt  : X — > S be  unramified  and 
separated.  Let  Y be  an  S-scheme  and  y £ Y a point.  Let  f,g  : Y -A  X be  two 
S-morphisms.  Assume 

(1)  Y is  connected 

(2)  x = f(y)  = g{y),  and 

(3)  the  induced  maps  f^,g^  : n(x)  -A  n(y)  on  residue  fields  are  equal. 

Then  f = g. 


Proof.  The  maps  f,g:Y  -A  A'  define  maps  f ,g'  : Y -A  Xy  = Y xg  X which  are 
sections  of  the  structure  map  Xy  -a  Y.  Note  that  / = g if  and  only  if  f = g' . 
The  structure  map  Xy  -A  Y is  the  base  change  of  7r  and  hence  unramified  and 
separated  also  (see  Morphisms,  Lemmas  28.35.5  and  Schemes,  Lemma  25.21.13). 
Thus  according  to  Theorem  40.6.2  it  suffices  to  prove  that  /'  and  g'  pass  through  the 
same  point  of  Xy.  And  this  is  exactly  what  the  hypotheses  (2)  and  (3)  guarantee, 
namely  f'{y)  = g'(y)  £ Xy.  □ 
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OAKI  Lemma  40.6.4.  Let  S be  a Noetherian  scheme.  Let  X — * S be  a quasi-compact 
unramified  morphism.  Let  Y — ► S be  a morphism  with  Y Noetherian.  Then 
Morg(Y,A)  is  a finite  set. 

Proof.  Assume  first  X — > S is  separated  (which  is  often  the  case  in  practice).  Since 

Y is  Noetherian  it  has  finitely  many  connected  components.  Thus  we  may  assume 

Y is  connected.  Choose  a point  y GY  with  image  s € S.  Since  X — > S is  unramified 
and  quasi-compact  then  fibre  Xs  is  finite,  say  A's  = {.ti,  . . . ,xn}  and  k(s)  C n(x,i) 
is  a finite  field  extension.  See  Morphisms,  Lemma  [28.35. 10[  28.20.5|  and  |28.20.10| 
For  each  i there  are  at  most  finitely  many  K(s)-algebra  maps  n{xi)  — > k (y)  (by 


elementary  field  theory).  Thus  Mors(Y,  X)  is  finite  by  Proposition  40.6.3 


General  case.  There  exists  a nonempty  open  U C X such  that  Xu  — ► U is  finite 


(in  particular  separated),  see  Morphisms,  Lemma  28.47.1  (the  lemma  applies  since 
we’ve  already  seen  above  that  a quasi-compact  unramified  morphism  is  quasi-finite 


and  since  A'  — > S is  quasi-separated  by  Morphisms,  Lemma  28.15.7).  Let  Z C S be 


the  reduced  closed  subscheme  supported  on  the  complement  of  U.  By  Noetherian 
induction,  we  see  that  Mor z(Yz,Xz)  is  finite  (details  omitted).  By  the  result  of 
the  first  paragraph  the  set  Morj/(Y{/,  Xu)  is  finite.  Thus  it  suffices  to  show  that 

Mors(T,  X)  — * Mor Z(YZ,XZ)  x Mo ru(Yu,Xu) 

is  injective.  This  follows  from  the  fact  that  the  set  of  points  where  two  morphisms 
a,  b : Y — » X agree  is  open  in  Y.  due  to  the  fact  that  A:A— >•  A xg  A is  open,  see 
Morphisms,  Lemma  28.35.13  □ 


06ND 


40.7.  Universally  injective,  unramified  morphisms 

Recall  that  a morphism  of  schemes  f : X — > Y is  universally  injective  if  any  base 
change  of  / is  injective  (on  underlying  topological  spaces),  see  Morphisms,  Defini- 
tion [28TTTTJ  Universally  injective  and  unramified  morphisms  can  be  characterized 
as  follows. 

Let  f : X -A  S be  a morphism  of  schemes.  The  following  are 


(2) 

(3) 

(4) 

(5) 


05VH  Lemma  40.7.1. 

equivalent: 

(1)  f is  unramified  and  a monomorphism, 
f is  unramified  and  universally  injective, 
f is  locally  of  finite  type  and  a monomorphism, 

f is  universally  injective,  locally  of  finite  type,  and  formally  unramified, 
f is  locally  of  finite  type  and  Xy  is  either  empty  or  Xy  -A  y is  an  isomor- 
phism for  all  y £ Y . 

Proof.  We  have  seen  in  More  on  Morphisms,  Lemma  |36.4.8|  that  being  formally 
unramified  and  locally  of  finite  type  is  the  same  thing  as  being  unramified.  Hence 
(4)  is  equivalent  to  (2).  A monomorphism  is  certainly  universally  injective  and 
formally  unramified  hence  (3)  implies  (4).  It  is  clear  that  (1)  implies  (3).  Finally,  if 
(2)  holds,  then  A : X — > X x s X is  both  an  open  immersion  (Morphisms,  Lemma 
28.35.13)  and  surjective  (Morphisms,  Lemma  28.11.2)  hence  an  isomorphism,  i.e. , 


/ is  a monomorphism.  In  this  way  we  see  that  (2)  implies  (1). 

Condition  (3)  implies  (5)  because  monomorphisms  are  preserved  under  base  change 


(Schemes,  Lemma  25.23.5)  and  because  of  the  description  of  monomorphisms  to- 

Condition  (5)  implies  (4) 


wards  the  spectra  of  fields  in  Schemes,  Lemma  25.23.10 
by  Morphisms,  Lemmas  |28.11.2|  and  |28. 35. 12| 


□ 
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This  leads  to  the  following  useful  characterization  of  closed  immersions. 


04XV  Lemma  40.7.2.  Let  f : X -A  S be  a morphism  of  schemes.  The  following  are 
equivalent: 

(1)  f is  a closed  immersion, 

(2)  f is  a proper  monomorphism, 

(3)  / is  proper,  unramified,  and  universally  injective, 

(4)  / is  universally  closed,  unramified,  and  a monomorphism, 

(5)  / is  universally  closed,  unramified,  and  universally  injective, 

(6)  / is  universally  closed,  locally  of  finite  type,  and  a monomorphism, 

(7)  / is  universally  closed,  universally  injective,  locally  of  finite  type,  and 
formally  unramified. 


Proof.  The  equivalence  of  (4)  - (7)  follows  immediately  from  Lemma  40.7.1 


Let  / : X -A  S satisfy  (6).  Then  / is  separated,  see  Schemes,  Lemma  25.23.3  and 
has  finite  fibres.  Hence  More  on  Morphisms,  Lemma[36. 31. 4| shows  / is  finite.  Then 
Morphisms,  Lemma  28.43.13  implies  / is  a closed  immersion,  i.e. , (1)  holds. 


Note  that  (1)  =>  (2)  because  a closed  immersion  is  proper  and  a monomorphism 
(Morphisms,  Lemma  28.41.6  and  Schemes,  Lemma  25.23.7).  By  Lemma  40.7.1  we 
see  that  (2)  implies  (3).  It  is  clear  that  (3)  implies  (5). 


□ 


Here  is  another  result  of  a similar  flavor. 

04DG  Lemma  40.7.3.  Let  7r  : X — > S he  a morphism  of  schemes.  Let  s £ S . Assume 
that 

(1)  7r  is  finite, 

(2)  7r  is  unramified, 

(3)  7r_1({s})  = {x},  and 

(4)  k(s)  C k(x)  is  purely  inseparably J 

Then  there  exists  an  open  neighbourhood  U of  s such  that  7r|„—i m)  '■  t_1(I/)  — t U 
is  a closed  immersion. 


Proof.  The  question  is  local  on  S.  Hence  we  may  assume  that  S = Spec(A).  By 
definition  of  a finite  morphism  this  implies  X = Spec(H).  Note  that  the  ring  map 
ip  : A -A  B defining  7r  is  a finite  unramified  ring  map.  Let  p C A be  the  prime 
corresponding  to  s.  Let  q C B be  the  prime  corresponding  to  x.  By  Conditions  (2), 
(3)  and  (4)  imply  that  Bq/pBq  = «(p).  Algebra,  Lemma  10.40.11  we  have  Bq  = Bp 
(note  that  a finite  ring  map  satisfies  going  up,  see  Algebra,  Section  10.40  ) Hence 
we  see  that  Bp/pBp  = re(p).  As  B is  a finite  A-module  we  see  from  Nakayama’s 
lemma  (see  Algebra,  Lemma  10.19.1)  that  Bp  = ip{Ap).  Hence  (using  the  finiteness 
of  B as  an  A-module  again)  there  exists  a / £ A,  f ^ p such  that  Bf  = <p{Af)  as 
desired.  □ 


The  topological  results  presented  above  will  be  used  to  give  a functorial  character- 


ization of  etale  morphisms  similar  to  Theorem  40.5.1 


1 1 n view  of  condition  (2)  this  is  equivalent  to  re(s)  = k(x). 
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40.8.  Examples  of  unramified  morphisms 


024W 

024X 


024Y 


024Z 


Here  are  a few  examples. 


Example  40.8.1.  Let  k be  a field.  Unramified  quasi-compact  morphisms  X — ► 
Spec(fc)  are  affine.  This  is  true  because  X has  dimension  0 and  is  Noetherian,  hence 
is  a finite  discrete  set,  and  each  point  gives  an  affine  open,  so  X is  a finite  disjoint 
union  of  affines  hence  affine.  Noether  normalization  forces  X to  be  the  spectrum 
of  a finite  fc-algebra  A.  This  algebra  is  a product  of  finite  separable  Held  extensions 
of  k.  Thus,  an  unramified  quasi-compact  morphism  to  Spec(fc)  corresponds  to  a 
finite  number  of  finite  separable  field  extensions  of  k.  In  particular,  an  unramified 
morphism  with  a connected  source  and  a one  point  target  is  forced  to  be  a finite 
separable  field  extension.  As  we  will  see  later,  X — » Spec(fc)  is  etale  if  and  only  if  it 
is  unramified.  Thus,  in  this  case  at  least,  we  obtain  a very  easy  description  of  the 
etale  topology  of  a scheme.  Of  course,  the  cohomology  of  this  topology  is  another 
story. 


Example  40.8.2.  Property  (3)  in  Theorem  40.4.1  gives  us  a canonical  source 
of  examples  for  unramified  morphisms.  Fix  a ring  R and  an  integer  n.  Let  I = 
(<7i)  • • • , <7m)  be  an  ideal  in  R[x i, . . • , xn\.  Let  q C R[x\, . . . , xn]  be  a prime.  Assume 
I C q and  that  the  matrix 


% 

dx-i 


mod  q 


Mat(n  x m,  «(q)) 


Z = Spec(i?[xi, . . . , xn\/I)  — > Spec(l?)  is 
R corresponding  to  q.  Clearly  we  must  have 


i.e.,  the  differential  of  the  map  A 


R 


A 


has  rank  n.  Then  the  morphism  / 
unramified  at  the  point  x £ Z C A 
m > n.  In  the  extreme  case  m = n 
defined  by  the  g^s  is  an  isomorphism  of  the  tangent  spaces,  then  / is  also  flat  x 
and,  hence,  is  an  etale  map  (see  Algebra,  Definition  10.135.6  Lemma  10.135.7  and 
Example  10.135.8). 


R 


Example  40.8.3.  Fix  an  extension  of  number  fields  L/K  with  rings  of  integers 
Ol  and  Ok-  The  injection  K — > L defines  a morphism  / : Spec(CU)  — > Spec(0#-). 
As  discussed  above,  the  points  where  / is  unramified  in  our  sense  correspond  to  the 
set  of  points  where  / is  unramified  in  the  conventional  sense.  In  the  conventional 
sense,  the  locus  of  ramification  in  Spec(CU)  can  be  defined  by  vanishing  set  of  the 
different;  this  is  an  ideal  in  Ol-  In  fact,  the  different  is  nothing  but  the  annihilator 
of  the  module  LIql/qk.  Similarly,  the  discriminant  is  an  ideal  in  Ok-,  namely  it 
is  the  norm  of  the  different.  The  vanishing  set  of  the  discriminant  is  precisely 
the  set  of  points  of  K which  ramify  in  L.  Thus,  denoting  by  X the  complement 
of  the  closed  subset  defined  by  the  different  in  Spec(C>L),  we  obtain  a morphism 
X — > Spec(CU)  which  is  unramified.  Furthermore,  this  morphism  is  also  flat,  as  any 
local  homomorphism  of  discrete  valuation  rings  is  flat,  and  hence  this  morphism  is 
actually  etale.  If  L/K  is  Galois,  then  denoting  by  Y the  complement  of  the  closed 
subset  defined  by  the  discriminant  in  Spec(0A')j  we  see  that  we  get  even  a finite 
etale  morphism  X — » Y . Thus,  this  is  an  example  of  a finite  etale  covering. 


40.9.  Flat  morphisms 

0250  This  section  simply  exists  to  summarize  the  properties  of  flatness  that  will  be  useful 
to  us.  Thus,  we  will  be  content  with  stating  the  theorems  precisely  and  giving 
references  for  the  proofs. 
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After  briefly  recalling  the  necessary  facts  about  flat  modules  over  Noetherian  rings, 
we  state  a theorem  of  Grothendieck  which  gives  sufficient  conditions  for  “hyperplane 
sections”  of  certain  modules  to  be  flat. 

0251  Definition  40.9.1.  Flatness  of  modules  and  rings. 

(1)  A module  N over  a ring  A is  said  to  be  flat  if  the  functor  N 

is  exact. 

(2)  If  this  functor  is  also  faithful,  we  say  that  N is  faithfully  flat  over  A. 

(3)  A morphism  of  rings  / : A — > B is  said  to  be  flat  (resp.  faithfully  flat)  if 
the  functor  M H > M (g)^  B is  exact  (resp.  faithful  and  exact). 


Here  is  a list  of  facts  with  references  to  the  algebra  chapter. 


(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 
(9) 


Free  and  projective  modules  are  flat.  This  is  clear  for  free  modules  and 
follows  for  projective  modules  as  they  are  direct  summands  of  free  modules 
and  (g>  commutes  with  direct  sums. 

Flatness  is  a local  property,  that  is,  M is  flat  over  A if  and  only  if  Mv  is 


flat  over  Ap  for  all  p £ Spec(A).  See  Algebra,  Lemma  10.38.19 

If  M is  a flat  A-module  and  A — > B is  a ring  map,  then  M 0 a B is  a flat 


H-module.  See  Algebra,  Lemma  10.38.7 


Finite  flat  modules  over  local  rings  are  free.  See  Algebra,  Lemma  10.77.4 
If  / : A — > B is  a morphism  of  arbitrary  rings,  / is  flat  if  and  only  if  the 
induced  maps  Af-i^  — ► are  flat  for  all  q £ Spec(-B).  See  Algebra, 

Lemma  IIP. 38.191 

If  / : A — > B is  a local  homomorphism  of  local  rings,  / is  flat  if  and  only 
if  it  is  faithfully  flat.  See  Algebra,  Lemma [10. 38. 17[ 

A map  A — > B of  rings  is  faithfully  flat  if  and  only  if  it  is  flat  and  the 
induced  map  on  spectra  is  surjective.  See  Algebra,  Lemma  [10.38. 16| 

If  A is  a noetherian  local  ring,  the  completion  AA  is  faithfully  flat  over  A. 


See  Algebra,  Lemma  10.96.3 


Let  A be  a Noetherian  local  ring  and  M an  A-module.  Then  M is  flat 
over  A if  and  only  if  M (g>^  AA  is  flat  over  AA.  (Combine  the  previous 
statement  with  Algebra,  Lemma  10.38.8  ) 


Before  we  move  on  to  the  geometric  category,  we  present  Grothendieck’s  theorem, 
which  provides  a convenient  recipe  for  producing  flat  modules. 


0252  Theorem  40.9.2.  Let  A,  B be  Noetherian  local  rings.  Let  f : A — ► B be  a local 
homomorphism.  If  M is  a finite  B -module  that  is  flat  as  an  A-module,  and  t € mg 
is  an  element  such  that  multiplication  by  t is  injective  on  then  M/tM  is 

also  A-flat. 


0253 


Proof.  See  Algebra,  Lemma  10.98.1 


See  also  IMat70al  Section  20]. 


□ 


Definition  40.9.3.  (See  Morphisms,  Definition  28.25.1).  Let  / 
morphism  of  schemes.  Let  T be  a quasi-coherent  Cl.Y-module. 


I A 7 be  a 


(1)  Let  x £ X.  We  say  T is  flat  over  Y at  x £ X if  Tx  is  a flat  CV,/(a;)-module. 
This  uses  the  map  Oyjix)  — t Ox,x  to  think  of  Tx  as  a CV,/(z)-module. 

(2)  Let  x £ X.  We  say  / is  flat  at  x € X if  Oyj(x)  — t Ox,x  is  flat. 

(3)  We  say  / is  flat  if  it  is  flat  at  all  points  of  X. 

(4)  A morphism  / : A'  — > Y that  is  flat  and  surjective  is  sometimes  said  to  be 
faithfully  flat. 
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Once  again,  here  is  a list  of  results: 

(1)  The  property  (of  a morphism)  of  being  flat  is,  by  fiat,  local  in  the  Zariski 
topology  on  the  source  and  the  target. 

(2)  Open  immersions  are  flat.  (This  is  clear  because  it  induces  isomorphisms 
on  local  rings.) 

(3)  Flat  morphisms  are  stable  under  base  change  and  composition.  Mor- 
phisms,  Lemmas  |28.25.7|  and  |28.25.5| 

(4)  If  / : X — > Y is  flat,  then  the  pullback  functor  QCoh(Oy)  — > QCohfOx) 
is  exact.  This  is  immediate  by  looking  at  stalks. 

(5)  Let  / : X — > Y be  a morphism  of  schemes,  and  assume  Y is  quasi-compact 
and  quasi-separated.  In  this  case  if  the  functor  f*  is  exact  then  / is  flat. 
(Proof  omitted.  Hint:  Use  Properties,  Lemma  27.22.1  to  see  that  Y has 
“enough”  ideal  sheaves  and  use  the  characterization  of  flatness  in  Algebra, 
Lemma  10.38.5  ) 


40.10.  Topological  properties  of  flat  morphisms 


0254  We  “recall”  below  some  openness  properties  that  flat  morphisms  enjoy. 

0255  Theorem  40.10.1.  Let  Y be  a locally  Noetherian  scheme.  Let  f : X -A  Y be  a 
morphism  which  is  locally  of  finite  type.  Let  J-  be  a coherent  Ox -module.  The  set 
of  points  in  X where  J-  is  flat  over  S is  an  open  set.  In  particular  the  set  of  points 
where  f is  flat  is  open  in  X . 


Proof.  See  More  on  Morphisms,  Theorem  36.12.1 


□ 


039K  Theorem  40.10.2.  Let  Y be  a locally  Noetherian  scheme.  Let  f : X — ► Y be  a 
morphism  which  is  flat  and  locally  of  finite  type.  Then  f is  (universally)  open. 


Proof.  See  Morphisms,  Lemma [28. 25. 9[  □ 

0256  Theorem  40.10.3.  A faithfully  flat  quasi-compact  morphism  is  a quotient  map 
for  the  Zariski  topology. 


Proof.  See  Morphisms,  Lemma [28.25. 10 


□ 


An  important  reason  to  study  flat  morphisms  is  that  they  provide  the  adequate 
framework  for  capturing  the  notion  of  a family  of  schemes  parametrized  by  the 
points  of  another  scheme.  Naively  one  may  think  that  any  morphism  / : X S 
should  be  thought  of  as  a family  parametrized  by  the  points  of  S.  However,  without 
a flatness  restriction  on  /,  really  bizarre  things  can  happen  in  this  so-called  family. 
For  instance,  we  aren’t  guaranteed  that  relative  dimension  (dimension  of  the  fibres) 
is  constant  in  a family.  Other  numerical  invariants,  such  as  the  Hilbert  polynomial, 
too  may  change  from  fibre  to  fibre.  Flatness  prevents  such  things  from  happening 
and,  therefore,  provides  some  “continuity”  to  the  fibres. 


40.11.  Etale  morphisms 

0257  In  this  section,  we  will  define  etale  morphisms  and  prove  a number  of  important 
properties  about  them.  The  most  important  one,  no  doubt,  is  the  functorial  char- 
acterization presented  in  Theorem  |40.16.1|  Following  this,  we  will  also  discuss  a 
few  properties  of  rings  which  are  insensitive  to  an  etale  extension  (properties  which 
hold  for  a ring  if  and  only  if  they  hold  for  all  its  etale  extensions)  to  motivate  the 
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basic  tenet  of  etale  cohomology  - etale  morphisms  are  the  algebraic  analogue  of 
local  isomorphisms. 

As  the  title  suggests,  we  will  define  the  class  of  etale  morphisms  - the  class  of  mor- 
phisms (whose  surjective  families)  we  shall  deem  to  be  coverings  in  the  category  of 
schemes  over  a base  scheme  S in  order  to  define  the  etale  site  S etale-  Intuitively,  an 
etale  morphism  is  supposed  to  capture  the  idea  of  a covering  space  and,  therefore, 
should  be  close  to  a local  isomorphism.  If  we’re  working  with  varieties  over  alge- 
braically closed  fields,  this  last  statement  can  be  made  into  a definition  provided 
we  replace  “local  isomorphism”  with  “formal  local  isomorphism”  (isomorphism  af- 
ter completion).  One  can  then  give  a definition  over  any  base  field  by  asking  that 
the  base  change  to  the  algebraic  closure  be  etale  (in  the  aforementioned  sense). 
But,  rather  than  proceeding  via  such  aesthetically  displeasing  constructions,  we 
will  adopt  a cleaner,  albeit  slightly  more  abstract,  algebraic  approach. 


We  first  define  “etale  homomorphisms  of  local  rings”  for  Noetherian  local  rings. 
We  cannot  use  the  term  “etale” , as  there  already  is  a notion  of  an  etale  ring  map 


(Algebra,  Section  10.141)  and  it  is  different. 


0258  Definition  40.11.1.  Let  A,  B be  Noetherian  local  rings.  A local  homomorphism 
/ : A — > B is  said  to  be  a etale  homomorphism  of  local  rings  if  it  is  flat  and  an 


unramified  homomorphism  of  local  rings  (please  see  Definition  40.3.1 ). 


This  is  the  local  version  of  the  definition  of  an  etale  ring  map  in  Algebra,  Section 
|10.141|  The  exact  definition  given  in  that  section  is  that  it  is  a smooth  ring  map 
of  relative  dimension  0.  It  is  shown  (in  Algebra,  Lemma  10.141.2)  that  an  etale 
.R-algebra  S always  has  a presentation 


H 

Cd 

II 

CO 

■ ■ >xn]/(fl,  ■ 

■ i fn) 

/ dfi/dxx 

df2/dxx  . 

■ dfn/dx  A 

det 

dfi/dx2 

df2/dx2  ■ 

■ dfn/dx  2 

ydfc/dxn 

df2/dxn  . 

■ dfn/dxnj 

maps  to  an  invertible  element  in  S.  The  following  two  lemmas  link  the  two  notions. 


039L  Lemma  40.11.2.  Let  A — »•  B be  of  finite  type  with  A a Noetherian  ring.  Let  q he 
a prime  of  B lying  over  p C A.  Then  A — * B is  etale  at  q if  and  only  if  Ap  — * Bq 
is  an  etale  homomorphism  of  local  rings. 


Proof.  See  Algebra,  Lemmas  10.141.3  (flatness  of  etale  maps),  10.141.5  (etale  maps 
are  unramified)  and  10.141.7  (flat  and  unramified  maps  are  etale).  □ 


039M  Lemma  40.11.3.  Let  A,  B he  Noetherian  local  rings.  Let  A — ► B be  a local 
homomorphism  such  that  B is  essentially  of  finite  type  over  A.  The  following  are 
equivalent 

(1)  A -A  B is  an  etale  homomorphism  of  local  rings 

(2)  AA  — > BA  is  an  etale  homomorphism  of  local  rings,  and 

(3)  AA  — ► BA  is  etale. 

Moreover,  in  this  case  BA  = (AA)®n  as  AA  -modules  for  some  n > 1. 
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Proof.  To  see  the  equivalences  of  (1),  (2)  and  (3),  as  we  have  the  corresponding 
results  for  unramified  ring  maps  (Lemma  40.3.4)  it  suffices  to  prove  that  A — > B is 
flat  if  and  only  if  AA  — > BA  is  flat.  This  is  clear  from  our  lists  of  properties  of  flat 
maps  since  the  ring  maps  A — > AA  and  B —A  BA  are  faithfully  flat.  For  the  final 
statement,  by  Lemma  40.3.3  we  see  that  BA  is  a finite  flat  AA  module.  Hence  it  is 
finite  free  by  our  list  of  properties  on  flat  modules  in  Section  |40.9[  □ 


The  integer  n which  occurs  in  the  lemma  above  is  nothing  other  than  the  degree 
[k(ihb)  : of  the  residue  field  extension.  In  particular,  if  K(mA)  is  separably 

closed,  we  see  that  AA  — > BA  is  an  isomorphism,  which  vindicates  our  earlier  claims. 
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Definition  40.11.4.  (See  Morphisms,  Definition 


Noetherian  scheme.  Let  / 
finite  type. 


28.36.1 


) Let  Y be  a locally 


X — > Y be  a morphism  of  schemes  which  is  locally  of 


(1)  Let  x € X.  We  say  / is  etale  at  x € X if  Oyj(x)  — > Ox.x  is  an  etale 
homomorphism  of  local  rings. 

(2)  The  morphism  is  said  to  be  etale  if  it  is  etale  at  all  its  points. 


Let  us  prove  that  this  definition  agrees  with  the  definition  in  the  chapter  on  mor- 
phisms of  schemes.  This  in  particular  guarantees  that  the  set  of  points  where  a 
morphism  is  etale  is  open. 

039N  Lemma  40.11.5.  Let  Y be  a locally  Noetherian  scheme.  Let  f : X — > Y be  locally 
of  finite  type.  Let  x £ X.  The  morphism  f is  etale  at  x in  the  sense  of  Definition 
\f0.11.J\  if  and  only  if  it  is  unramified  at  x in  the  sense  of  Morphisms,  Definition 

[ MMH 

Proof.  This  follows  from  Lemmal40.11.2| and  the  definitions.  □ 


Here  are  some  results  on  etale  morphisms.  The  formulations  as  given  in  this  list 
apply  only  to  morphisms  locally  of  finite  type  between  locally  Noetherian  schemes. 
In  each  case  we  give  a reference  to  the  general  result  as  proved  earlier  in  the  project, 
but  in  some  cases  one  can  prove  the  result  more  easily  in  the  Noetherian  case.  Here 
is  the  list: 


(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 


An  etale  morphism  is  unramified.  (Clear  from  our  definitions.) 

Etaleness  is  local  on  the  source  and  the  target  in  the  Zariski  topology. 
Etale  morphisms  are  stable  under  base  change  and  composition.  See  Mor- 
phisms, Lemmas  28.36.4  and  28.36.3| 

Etale  morphisms  of  schemes  are  locally  quasi-finite  and  quasi-compact 
etale  morphisms  are  quasi-finite.  (This  is  true  because  it  holds  for  unram- 
ified morphisms  as  seen  earlier.) 

Etale  morphisms  have  relative  dimension  0.  See  Morphisms,  Definition 
|28.29.1|and  Morphisms,  Lemma  [28. 29. 5[ 

A morphism  is  etale  if  and  only  if  it  is  flat  and  all  its  fibres  are  etale.  See 
Morphisms,  Lemma[28.36.8| 

Etale  morphisms  are  open.  This  is  true  because  an  etale  morphism  is  flat, 
and  Theorem  140. 10.21 

Let  X and  Y be  etale  over  a base  scheme  S.  Any  S'-morphism  from  X to 
Y is  etale.  See  Morphisms,  Lemma [28.36. 18| 


40.12.  THE  STRUCTURE  THEOREM 
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40.12.  The  structure  theorem 


025A  We  present  a theorem  which  describes  the  local  structure  of  etale  and  unramified 
morphisms.  Besides  its  obvious  independent  importance,  this  theorem  also  allows 
us  to  make  the  transition  to  another  definition  of  etale  morphisms  that  captures 
the  geometric  intuition  better  than  the  one  we’ve  used  so  far. 

To  state  it  we  need  the  notion  of  a standard  etale  ring  map , see  Algebra,  Definition 
. Namely,  suppose  that  R is  a ring  and  f,g  £ R[t]  are  polynomials  such 

that 

(a)  / is  a monic  polynomial,  and 

(b)  f = df/dt  is  invertible  in  the  localization  R[t\g/(f). 

Then  the  map 

R — ► R[t]g/(f)  = R[t , 1 /<?]/(/) 

is  a standard  etale  algebra,  and  any  standard  etale  algebra  is  isomorphic  to  one  of 
these.  It  is  a pleasant  exercise  to  prove  that  such  a ring  map  is  flat,  and  unramified 
and  hence  etale  (as  expected  of  course).  A special  case  of  a standard  etale  ring  map 
is  any  ring  map 

R^R[t]f,/(f)  = R[t,l/f'}/(f) 

with  / a monic  polynomial,  and  any  standard  etale  algebra  is  (isomorphic  to)  a 
principal  localization  of  one  of  these. 

025B  Theorem  40.12.1.  Let  f : A — ► B be  an  etale  homomorphism  of  local  rings. 
Then  there  exist  f,g  £ A[t]  such  that 

(1)  B'  = A[t]g/(f)  is  standard  etale  - see  (a)  and  (b)  above,  and 

(2)  B is  isomorphic  to  a localization  of  B'  at  a prime. 


10.141.14 


Proof.  Write  B = for  some  finite  type  A-algebra  B'  (we  can  do  this  because  B 
is  essentially  of  finite  type  over  A).  By  Lemma  40.11.2  we  see  that  A — > B'  is  etale 
at  q.  Hence  we  may  apply  Algebra,  Proposition  10.141.17|  to  see  that  a principal 
localization  of  B'  is  standard  etale.  □ 


Here  is  the  version  for  unramified  homomorphisms  of  local  rings. 

0390  Theorem  40.12.2.  Let  f : A — ► B be  an  unramified  morphism  of  local  rings. 
Then  there  exist  f,g  £ A[t\  such  that 

(1)  B'  = A[t]g/(f)  is  standard  etale  - see  (a)  and  (b)  above,  and 

(2)  B is  isomorphic  to  a quotient  of  a localization  of  B'  at  a prime. 


Proof.  Write  B = U'  for  some  finite  type  A-algebra  B'  (we  can  do  this  because 
B is  essentially  of  finite  type  over  A).  By  Lemma  40.3.2  we  see  that  A — > B'  is 
unramified  at  q.  Hence  we  may  apply  Algebra,  Proposition  |10. 147. 8|  to  see  that  a 
principal  localization  of  B'  is  a quotient  of  a standard  etale  A-algebra.  □ 


Via  standard  lifting  arguments,  one  then  obtains  the  following  geometric  statement 
which  will  be  of  essential  use  to  us. 

025C  Theorem  40.12.3.  Let  tp  : X — >•  Y be  a morphism  of  schemes.  Let  x £ X.  If  p 
is  etale  at  x,  then  there  exist  exist  affine  opens  V C Y and  U C X with  x £ U and 
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ip(U)  C V such  that  we  have  the  following  diagram 

U—+Spec(R[t}r/(f)) 

" Y 


Y 


V ■■ 


Spec  (R) 


where  j is  an  open  immersion,  and  f £ R[t\  is  monic. 

Proof.  This  is  equivalent  to  Morphisms,  Lemma  28. 36. 14| although  the  statements 
differ  slightly.  □ 


40.13.  Etale  and  smooth  morphisms 

039P  An  etale  morphism  is  smooth  of  relative  dimension  zero.  The  projection  A'f  — > S 
is  a standard  example  of  a smooth  morphism  of  relative  dimension  n.  It  turns 
out  that  any  smooth  morphism  is  etale  locally  of  this  form.  Here  is  the  precise 
statement. 

039Q  Theorem  40.13.1.  Let  tp  : X -A  Y be  a morphism  of  schemes.  Let  x £ X . If  ip 
is  smooth  at  x,  then  there  exist  exist  and  integer  n > 0 and  affine  opens  V C Y and 
U C X with  x £ U and  <p(U)  C V such  that  there  exists  a commutative  diagram 

X -e U Spec{R[x1, ..., xn]) 


Y V = Spec (R) 

where  n is  etale. 


Proof.  See  Morphisms,  Lemma  [28. 36. 20| 


□ 


40.14.  Topological  properties  of  etale  morphisms 


025F  We  present  a few  of  the  topological  properties  of  etale  and  unramified  morphisms. 
First,  we  give  what  Grothendieck  calls  the  fundamental  property  of  etale  morphisms, 
see  |Gro711  Expose  1.5]. 

025G  Theorem  40.14.1.  Let  f : X -^Y  be  a morphism  of  schemes.  The  following  are 
equivalent: 

(1)  f is  an  open  immersion, 

(2)  / is  universally  injective  and  etale,  and 

(3)  f is  a flat  monomorphism,  locally  of  finite  presentation. 


Proof.  An  open  immersion  is  universally  injective  since  any  base  change  of  an 
open  immersion  is  an  open  immersion.  Moreover,  it  is  etale  by  Morphisms,  Lemma 


28.36.9  Hence  (1)  implies  (2). 


Assume  / is  universally  injective  and  etale.  Since  / is  etale  it  is  flat  and  locally 
of  finite  presentation,  see  Morphisms,  Lemmas  |28.36.12]  and  |28.36.1l]  By  Lemma 


40.7.1  we  see  that  / is  a monomorphism.  Hence  (2)  implies  (3). 


Assume  / is  flat,  locally  of  finite  presentation,  and  a monomorphism.  Then  / is 
open,  see  Morphisms,  Lemma  28.25.9  Thus  we  may  replace  Y by  f(X)  and  we 


may  assume  / is  surjective.  Then  / is  open  and  bijective  hence  a homeomorphism. 
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Hence  / is  quasi-compact.  Hence  Descent,  Lemma  |34.21.1|  shows  that  / is  an 
isomorphism  and  we  win.  □ 


Here  is  another  result  of  a similar  flavor. 

04DH  Lemma  40.14.2.  Let  7r  : X —$■  S be  a morphism  of  schemes.  Let  s £ S.  Assume 
that 

(1)  tt  is  finite, 

(2)  7 r is  etale, 

(3)  7r_1({s})  = {x},  and 

(4)  k(s)  C k(x)  is  purely  inseparably 

Then  there  exists  an  open  neighbourhood  U of  s such  that  7r| n-im)  : 7r_1(t/)  — > U 
is  an  isomorphism. 


Proof.  By  Lemma  |40.7.3|  there  exists  an  open  neighbourhood  U of  s such  that 
7r| n-i(u)  '■  7T~1{U)  — > U is  a closed  immersion.  But  a morphism  which  is  etale  and 
a closed  immersion  is  an  open  immersion  (for  example  by  Theorem  40.14.1 ).  Hence 
after  shrinking  U we  obtain  an  isomorphism.  □ 


40.15.  Topological  invariance  of  the  etale  topology 

06NE  Next,  we  present  an  extremely  crucial  theorem  which,  roughly  speaking,  says  that 
etaleness  is  a topological  property. 

025H  Theorem  40.15.1.  Let  X and  Y be  two  schemes  over  a base  scheme  S.  Let  So 
be  a closed  subscheme  of  S whose  ideal  sheaf  has  square  zero.  Denote  Xq  (resp.  Yq) 
the  base  change  So  x$  X (resp.  So  xg  Y ).  If  X is  etale  over  S,  then  the  map 

Mors(Y,X)^MorSo(Yo,X0) 

is  bijective. 


Proof.  After  base  changing  via  Y — > S,  we  may  assume  that  Y = S.  In  this  case 
the  theorem  states  that  any  5-morphism  op  : So  -A  A'  actually  factors  uniquely 
through  a section  5 — > X of  the  etale  structure  morphism  X — > S. 


Existence.  Since  we  have  equality  of  underlying  topological  spaces  |5o|  = |5|  and 
|X0|  = |A|,  by  Theorem  40.6.2  the  section  fjn  is  uniquely  determined  by  a connected 


component  X'  of  X such  that  the  base  change  X'0  = So  x s X'  maps  isomorphically 
to  So-  In  particular,  X'  -A  5 is  a universal  homeomorphism  and  therefore  univer- 
sally injective.  Since  X'  — > S is  etale,  it  follows  from  Theorem  40.14.1  that  X'  — > S 


is  an  isomorphism  and,  therefore,  it  has  an  inverse  a which  is  the  required  section. 


Uniqueness.  This  follows  from  Theorem  40.5.1  or  directly  from  Theorem  |40.6.2 
or,  if  one  carefuly  observes,  from  our  proof  itself.  □ 


From  the  proof  of  preceeding  theorem,  we  also  obtain  one  direction  of  the  promised 
functorial  characterization  of  etale  morphisms.  The  following  theorem  will  be 
strengthened  in  Etale  Cohomology,  Theorem  49.46.1 


2In  view  of  condition  (2)  this  is  equivalent  to  k(s)  = k(x). 
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039R  Theorem  40.15.2  (Une  equivalence  remarquable  de  categories).  Let  S be  a 
scheme.  Let  Sq  C S be  a closed  subscheme  defined  by  an  ideal  with  square  zero. 
The  functor 

IhaI0  = So  xs  X 
defines  an  equivalence  of  categories 

{schemes  X etale  over  S}  {schemes  Xq  etale  over  So} 

Proof.  By  Theorem  |40. 15. l|  we  see  that  this  functor  is  fully  faithful.  It  remains  to 
show  that  the  functor  is  essentially  surjective.  Let  Y — > So  be  an  etale  morphism 
of  schemes. 


Suppose  that  the  result  holds  if  S and  Y are  affine.  In  that  case,  we  choose  an 
affine  open  covering  Y = (J  Vj  such  that  each  Vj  maps  into  an  affine  open  of  S.  By 
assumption  (affine  case)  we  can  find  etale  morphisms  Wj  — > S such  that  Wyo  — Vj 
(as  schemes  over  So).  Let  Wjj,  C Wj  be  the  open  subscheme  whose  underlying 
topological  space  corresponds  to  Vj  D Vj'.  Because  we  have  isomorphisms 

— Vj  (~l  Vy  = Wj-jto 


as  schemes  over  So  we  see  by  fully  faithfulness  that  we  obtain  isomorphisms  0j_. 


W, 


Wj'J 


of  schemes  over  S.  We  omit  the  verification  that  these  isomor- 


phisms satisfy  the  cocycle  condition  of  Schemes,  Section [25. 14|  Applying  Schemes, 
Lemma  25.14.2  we  obtain  a scheme  X — X S by  glueing  the  schemes  W3  along  the 
identifications  Ojji . It  is  clear  that  X — > S is  etale  and  Xq  = Y by  construction. 


Thus  it  suffices  to  show  the  lemma  in  case  S and  Y are  affine.  Say  S = Spec (R) 
and  Sq  = Spec {R/I)  with  I2  = 0.  By  Algebra,  Lemma  10.141.2  we  know  that  Y is 
the  spectrum  of  a ring  A with 


-4=  (R/I)[x1,...,xn]/(f1,...,fn) 


such  that 


g = det 


/dfi/dx i 
df i/dx2 


df_2/dx  i 
df 2/8x2 


df_Jdx  l\ 
dfjd  x2 


\8fi/dxn  df2/dxn  ...  dfjdxnj 


maps  to  an  invertible  element  in  A.  Choose  any  lifts  fi  G R[x  1, . . . ,xn].  Since  / 
is  nilpotent  it  follows  that  the  determinant  of  the  matrix  of  partials  of  the  /)  is 
invertible  in  the  algebra  A defined  by 


A — R[x  1,  • ■ - , Xn\/ (/l,  • ■ • , /n) 

Hence  R — > A is  etale  and  (R/I)  A = A.  To  prove  the  general  case  one  argues 
with  glueing  affine  pieces.  □ 


40.16.  The  functorial  characterization 

025J  We  finally  present  the  promised  functorial  characterization.  Thus  there  are  four 
ways  to  think  about  etale  morphisms  of  schemes: 

(1)  as  a smooth  morphism  of  relative  dimension  0, 

(2)  as  locally  finitely  presented,  flat,  and  unramified  morphisms, 

(3)  using  the  structure  theorem,  and 

(4)  using  the  functorial  characterization. 
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025K  Theorem  40.16.1.  Let  f : X — > S be  a morphism  that  is  locally  of  finite  presen- 
tation. The  following  are  equivalent 

(1)  f is  etale, 

(2)  for  all  affine  S -schemes  Y,  and  closed  subschemes  Yq  C Y defined  by 
square-zero  ideals,  the  natural  map 

Mors(Y,  X)  — » Morg(lo,  X) 

is  bijective. 

Proof.  This  is  More  on  Morphisms,  Lemma [36. 6. 9[  □ 

This  characterization  says  that  solutions  to  the  equations  defining  X can  be  lifted 
uniquely  through  nilpotent  thickenings. 


40.17.  Etale  local  structure  of  unramified  morphisms 

04HG  In  the  chapter  More  on  Morphisms,  Section  [36.301  the  reader  can  find  some  results 
on  the  etale  local  structure  of  quasi-finite  morphisms.  In  this  section  we  want  to 
combine  this  with  the  topological  properties  of  unramified  morphisms  we  have  seen 
in  this  chapter.  The  basic  overall  picture  to  keep  in  mind  is 


V 


X 

f 


u s 


04HH 


see  More  on  Morphisms,  Equation  (36.30.0.1).  We  start  with  a very  general  case. 


Lemma  40.17.1.  Let  f : X S be  a morphism  of  schemes.  Letxi, ...  ,xn  £ X be 
points  having  the  same  image  s in  S . Assume  f is  unramified  at  each  Xi.  Then  there 
exists  an  etale  neighbourhood  ( U,u ) — > (S,s)  and  opens  Vij  C Xjj,  i = 1 ,...,n, 
j = 1, . . . , TOj  such  that 

(1)  Vij  U is  a closed  immersion  passing  through  u, 

(2)  u is  not  in  the  image  of  Vij  (~l  Vpji  unless  i = i'  and  j = f , and 

(3)  any  point  of  ( Xjj)u  mapping  to  Xi  is  in  some  Vij. 


Proof.  By  Morphisms,  Definition  |28.35.1|  there  exists  an  open  neighbourhood  of 
each  Xi  which  is  locally  of  finite  type  over  S.  Replacing  X by  an  open  neighbourhood 
of  {x\, . . . , xn}  we  may  assume  / is  locally  of  finite  type.  Apply  More  on  Morphisms, 
to  get  the  etale  neighbourhood  ( U , u ) and  the  opens  Vij  finite  over 


36.30.3 


Lemma 
U.  By  Lemma 
immersion. 


40.7.3  after  possibly  shrinking  U we  get  that  V j — >•  U is  a closed 

□ 


04HI  Lemma  40.17.2.  Let  f : X — » S be  a morphism  of  schemes.  Let  X\, . . . , xn  £ X 
be  points  having  the  same  image  s in  S . Assume  f is  separated  and  f is  unramified 
at  each  x^ . Then  there  exists  an  etale  neighbourhood  ( U,u ) (S,s)  and  a disjoint 

union  decomposition 

such  that 

(1)  Vi  j -A  U is  a closed  immersion  passing  through  u, 

(2)  the  fibre  Wu  contains  no  point  mapping  to  any  Xi . 

In  particular,  *//_1({s})  = {aq, . . . ,xn},  then  the  fibre  Wu  is  empty. 
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04HJ 


04HK 

04HL 


04HM 


Proof.  Apply  Lemma  |40.17.1[  We  may  assume  U is  affine,  so  Xjj  is  separated. 
Then  V,j  — > Xv  is  a closed  map,  see  Morphisms,  Lemma  28.41.7  Suppose  (i,j)  ^ 
(*',  j').  Then  Vij  fl  Vpj>  is  closed  in  Vij  and  its  image  in  U does  not  contain  u. 
Hence  after  shrinking  U we  may  assume  that  Vij  D V.iji  = 0.  Moreover,  (J  Vtj  is  a 
closed  and  open  subscheme  of  Xjj  and  hence  has  an  open  and  closed  complement 
W.  This  finishes  the  proof.  □ 


The  following  lemma  is  in  some  sense  much  weaker  than  the  preceding  one  but  it 
may  be  useful  to  state  it  explicitly  here.  It  says  that  a finite  unramified  morphism 
is  etale  locally  on  the  base  a closed  immersion. 

Lemma  40.17.3.  Let  f : X -A  S be  a finite  unramified  morphism  of  schemes. 
Let  s £ S.  There  exists  an  etale  neighbourhood  (U,u)  — > (S,  s ) and  a disjoint  union 
decomposition 

xv  = H Tj 

such  that  each  Vj  — )•  U is  a closed  immersion. 


Proof.  Since  X — > S is  finite  the  fibre  over  S’  is  a finite  set  {a?i, . . . , xn}  of  points  of 
X.  Apply  Lemma  40.17.2  to  this  set  (a  finite  morphism  is  separated,  see  Morphisms, 
Section  28.43).  The  image  of  W in  U is  a closed  subset  (as  Xu  — > U is  finite,  hence 
proper)  which  does  not  contain  u.  After  removing  this  from  U we  see  that  W = 0 
as  desired.  □ 


40.18.  Etale  local  structure  of  etale  morphisms 

This  is  a bit  silly,  but  perhaps  helps  form  intuition  about  etale  morphisms.  We 
simply  copy  over  the  results  of  Section  |40.17|  and  change  “closed  immersion”  into 
“isomorphism” . 

Lemma  40.18.1.  Let  f : X S be  a morphism  of  schemes.  Let  x\, . . . , xn  £ X 
be  points  having  the  same  image  s in  S.  Assume  f is  etale  at  each  a Then  there 
exists  an  etale  neighbourhood  (U,u)  — ► (S,s)  and  opens  Vij  C Xu,  i = 1 
j = 1 , ...  ,mi  such  that 

(1)  Vij  —tU  is  an  isomorphism, 

(2)  u is  not  in  the  image  of  Vij  D Vi',j'  unless  i = i'  and  j = j' , and 

(3)  any  point  of  (Xu)u  mapping  to  Xi  is  in  some  V,j- 

Proof.  An  etale  morphism  is  unramified,  hence  we  may  apply  Lemma  |40.17.1| 
Now  V{  j — > U is  a closed  immersion  and  etale.  Hence  it  is  an  open  immersion, 
for  example  by  Theorem  |40.14.1|  Replace  U by  the  intersection  of  the  images  of 
Vij  — l U to  get  the  lemma.  □ 

Lemma  40.18.2.  Let  f : X — » S be  a morphism  of  schemes.  Let  X\, . . . ,xn  £ X 
be  points  having  the  same  image  s in  S.  Assume  f is  separated  and  f is  etale  at 
each  Xi . Then  there  exists  an  etale  neighbourhood  ( U,u ) — 1 (S,s)  and  a disjoint 
union  decomposition 

Xu  = W Hjj  .Vij 

such  that 

(1)  Vij  — > U is  an  isomorphism, 

(2)  the  fibre  Wu  contains  no  point  mapping  to  any  Xi . 

In  particular,  *//_1({s})  = {*1, . . . ,xn},  then  the  fibre  Wu  is  empty. 
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039T 


025Q 


025N 
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Proof.  An  etale  morphism  is  unramified,  hence  we  may  apply  Lemma |40.17.2[  As 
in  the  proof  of  Lemma  40.18.1  the  morphisms  V%1  — > U are  open  immersions  and 
we  win  after  replacing  U by  the  intersection  of  their  images.  □ 


The  following  lemma  is  in  some  sense  much  weaker  than  the  preceding  one  but  it 
may  be  useful  to  state  it  explicitly  here.  It  says  that  a finite  etale  morphism  is  etale 
locally  on  the  base  a “topological  covering  space”,  i.e.,  a finite  product  of  copies  of 
the  base. 


Lemma  40.18.3.  Let  / : X — ► S be  a finite  etale  morphism  of  schemes.  Let 
s £ S.  There  exists  an  etale  neighbourhood  ( U , u)  —¥  ( S , s)  and  a disjoint  union 
decomposition 

AV  = UTj 

such  that  each  Vj  — )•  U is  an  isomorphism. 


Proof.  An  etale  morphism  is  unramified,  hence  we  may  apply  Lemma |40. 17. 3[  As 
in  the  proof  of  Lemma  40.18.1  we  see  that  Vij  — » U is  an  open  immersion  and  we 


win  after  replacing  U by  the  intersection  of  their  images. 


□ 


40.19.  Permanence  properties 


In  what  follows,  we  present  a few  “permanence”  properties  of  etale  homomorphisms 
of  Noetherian  local  rings  (as  defined  in  Definition  40.11.1).  See  More  on  Algebra, 
Sections  |15.34|  and  |15.36|  for  the  analogue  of  this  material  for  the  completion  and 
henselization  of  a Noetherian  local  ring. 


Lemma  40.19.1.  Let  A,  B be  Noetherian  local  rings.  Let  A — ► B be  a etale 
homomorphism  of  local  rings.  Then  dim(A)  = dim(B). 


Proof.  See  for  example  Algebra,  Lemma  [10.111.7|  □ 

Proposition  40.19.2.  Let  A,  B be  Noetherian  local  rings.  Let  f : A — » B be  an 
etale  homomorphism  of  local  rings.  Then  depth(A)  = depth(B) 


Proof.  See  Algebra,  Lemma [10. 155. 2|  □ 

Proposition  40.19.3.  Let  A,  B be  Noetherian  local  rings.  Let  f : A -A  B be  an 
etale  homomorphism  of  local  rings.  Then  A is  Cohen- Macaulay  if  and  only  if  B is 
so. 


Proof.  A local  ring  A is  Cohen-Macaulay  if  and  only  dim(A)  = depth(A).  As  both 
of  these  invariants  is  preserved  under  an  etale  extension,  the  claim  follows.  □ 

Proposition  40.19.4.  Let  A,  B be  Noetherian  local  rings.  Let  f : A -A  B be  an 
etale  homomorphism  of  local  rings.  Then  A is  regular  if  and  only  if  B is  so. 


Proof.  If  B is  regular,  then  A is  regular  by  Algebra,  Lemma[l0.109.9|  Assume  A is 
regular.  Let  m be  the  maximal  ideal  of  A.  Then  dimK(m)  m/m2  = dim(A)  = dim(I?) 
(see  Lemma  40.19.1 ).  On  the  other  hand,  m B is  the  maximal  ideal  of  B and  hence 
nrs/ms  = mB/m2B  is  generated  by  at  most  dim(I3)  elements.  Thus  B is  regular. 
(You  can  also  use  the  slightly  more  general  Algebra,  Lemma  10.111.8  ) □ 


Proposition  40.19.5.  Let  A,  B be  Noetherian  local  rings.  Let  f : A — >•  B be  an 
etale  homomorphism  of  local  rings.  Then  A is  reduced  if  and  only  if  B is  so. 
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Proof.  It  is  clear  from  the  faithful  flatness  of  A — > B that  if  B is  reduced,  so 
is  A.  See  also  Algebra,  Lemma  |10.156.2|  Conversely,  assume  A is  reduced.  By 
assumption  B is  a localization  of  a finite  type  A- algebra  B'  at  some  prime  q.  After 
replacing  B'  by  a localization  we  may  assume  that  B'  is  etale  over  A,  see  Lemma 
40.11.2  Then  we  see  that  Algebra,  Lemma  10.155.6  applies  to  A -A  B'  and  B'  is 
reduced.  Hence  B is  reduced.  □ 


039U 


Remark  40.19.6.  The  result  on  “reducedness”  does  not  hold  with  a weaker 
definition  of  etale  local  ring  maps  A — > B where  one  drops  the  assumption  that  B 
is  essentially  of  finite  type  over  A.  Namely,  it  can  happen  that  a Noetherian  local 
domain  A has  nonreduced  completion  AA,  see  Examples,  Section  88.15  But  the 
ring  map  A — > AA  is  flat,  and  mJ4AA  is  the  maximal  ideal  of  AA  and  of  course  A 
and  AA  have  the  same  residue  fields.  This  is  why  it  is  important  to  consider  this 
notion  only  for  ring  extensions  which  are  essentially  of  finite  type  (or  essentially  of 
finite  presentation  if  A is  not  Noetherian). 


025P  Proposition  40.19.7.  Let  A,  B be  Noetherian  local  rings.  Let  f : A — > B be  an 
etale  homomorphism  of  local  rings.  Then  A is  a normal  domain  if  and  only  if  B is 
so. 


Proof.  See  Algebra,  Lemma[i0.156.3|for  descending  normality.  Conversely,  assume 
A is  normal.  By  assumption  B is  a localization  of  a finite  type  A-algebra  B'  at 
some  prime  q.  After  replacing  B'  by  a localization  we  may  assume  that  B'  is  etale 
over  A,  see  Lemma [40. 11. 2[  Then  we  see  that  Algebra,  Lemma[l0.155.7| applies  to 
A — y B'  and  we  conclude  that  B'  is  normal.  Hence  B is  a normal  domain.  □ 

The  preceeding  propositions  give  some  indication  as  to  why  we’d  like  to  think 
of  etale  maps  as  “local  isomorphisms”.  Another  property  that  gives  an  excellent 
indication  that  we  have  the  “right”  definition  is  the  fact  that  for  C-schemes  of 
finite  type,  a morphism  is  etale  if  and  only  if  the  associated  morphism  on  analytic 
spaces  (the  C-valued  points  given  the  complex  topology)  is  a local  isomorphism 
in  the  analytic  sense  (open  embedding  locally  on  the  source).  This  fact  can  be 
proven  with  the  aid  of  the  structure  theorem  and  the  fact  that  the  analytification 
commutes  with  the  formation  of  the  completed  local  rings  - the  details  are  left  to 
the  reader. 
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CHAPTER  41 


02P3 


02P4 


Chow  Homology  and  Chern  Classes 


41.1.  Introduction 


In  this  chapter  we  discuss  Chow  homology  groups  and  the  construction  of  chern 
classes  of  vector  bundles  as  elements  of  operational  Chow  cohomology  groups  (ev- 
erything with  Z-coefficients). 

In  the  first  part  of  this  chapter  we  work  on  determinants  of  finite  length  modules, 
we  define  periodic  complexes,  their  determinants,  and  properties  of  these.  All  of 
this  is  done  to  give  a direct  proof  of  the  Key  Lemma  |41.7.1|  Presumably  a more 
standard  approach  to  this  lemma  would  be  to  use  K-theory  of  local  Noetherian 
rings. 


Next,  we  introduce  the  basic  setup  we  work  with  in  the  rest  of  this  chapter  in 
Section  41.8  To  make  the  material  a little  bit  more  challenging  we  decided  to  treat 


a somewhat  more  general  case  than  is  usually  done.  Namely  we  assume  our  schemes 
A are  locally  of  finite  type  over  a fixed  locally  Noetherian  base  scheme  which  is 
universally  catenary  and  is  endowed  with  a dimension  function.  These  assumption 
suffice  to  be  able  to  define  the  Chow  homology  groups  A*  (A)  and  the  action  of 
capping  with  chern  classes  on  them.  This  is  an  indication  that  we  should  be  able 
to  define  these  also  for  algebraic  stacks  locally  of  finite  type  over  such  a base. 


Next,  we  follow  the  first  few  chapters  of  (Ful98j  in  order  to  define  cycles,  flat 
pullback,  proper  pushforward,  and  rational  equivalence,  except  that  we  have  been 
less  precise  about  the  supports  of  the  cycles  involved. 


We  diverge  from  the  presentation  given  in  |Ful98j  by  using  the  Key  lemma  men- 
tioned above  to  prove  a basic  commutativity  relation  in  Section  |41.26|  Using  this 
we  prove  that  the  operation  of  intersecting  with  an  invertible  sheaf  passes  through 
rational  equivalence  and  is  commutative,  see  Section  41.27  One  more  application 


of  the  Key  lemma  proves  that  the  Gysin  map  of  an  effective  Cartier  divisor  passes 
through  rational  equivalence,  see  Section|41.29|  Having  proved  this,  it  is  straightfor- 
ward to  define  chern  classes  of  vector  bundles,  prove  additivity,  prove  the  splitting 
principle,  introduce  chern  characters,  Todd  classes,  and  state  the  Grothendieck- 
Riemann-Roch  theorem. 


In  the  appendix  we  collect  some  hints  to  different  approaches  to  this  material. 

We  will  return  to  the  Chow  groups  A*  (A)  for  smooth  projective  varieties  over 
algebraically  closed  fields  in  the  next  chapter.  Using  a moving  lemma  as  in  Sam56l . 
|Che58a].  and  IChe58bl  and  Serre’s  Tor-formula  (see  |Ser  00]  or  |Ser65jf  we  will 
define  a ring  structure  on  A*(A).  See  Intersection  Theory,  Section  42.1  ff. 
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41.2.  Determinants  of  finite  length  modules 

02P5  The  material  in  this  section  is  related  to  the  material  in  the  paper  IKM761  and  to 
the  material  in  the  thesis  Ros()9! . 

Given  any  field  n and  any  finite  dimensional  K-vector  space  V we  set  detre(P)  = 
An(V)  where  n = dimK(Vr).  We  will  generalize  this  to  finite  length  modules  over 
local  rings.  If  the  local  ring  contains  a field,  then  the  determinant  constructed 
below  is  a “usual”  determinant,  see  Remark  41.2.8 

02P6  Definition  41.2.1.  Let  R be  a local  ring  with  maximal  ideal  m and  residue  field 
k.  Let  M be  a finite  length  R-module.  Say  l = length  R(M). 

(1)  Given  elements  x\ , . . . , xr  £ M we  denote  (x\ , . . . , xr)  = Rx\  + . . . + Rxr 
the  R-submodule  of  M generated  by  x\,...,xr. 

(2)  We  will  say  an  Z-tuple  of  elements  (ei, . . . , ef)  of  M is  admissible  if  me^  £ 
(ei, . . . ,ei_i)  for  i = 1,...,Z. 

(3)  A symbol  [ei, . . . , ef\  will  mean  (ei, . . . , e{)  is  an  admissible  Ltuple. 

(4)  An  admissible  relation  between  symbols  is  one  of  the  following: 

(a)  if  (ei, . . . ,ei)  is  an  admissible  sequence  and  for  some  1 < a < l we 
have  ea  £ (ei, . . . , e0_i),  then  [ex , ...,ej]  =0, 

(b)  if  (ei, . . . ,ei)  is  an  admissible  sequence  and  for  some  1 < a < l we 
have  ea  = \e'a  + x with  A £ R*,  and  x £ (e\, . . . , ea_i),  then 

[ei , . . . , ei\  A[ei, . . . , ea—  i , ea , ea_|_i , . . . , e^] 

where  A £ n*  is  the  image  of  A in  the  residue  field,  and 

(c)  if  (ei, . . . , ei)  is  an  admissible  sequence  and  me0  C (ei, . . . , ea_2) 

[ci,  * - - , C/]  [Cl,  • ■ ■ j ^a—2:  Ca,  ea_r,  ea_|_r,  - - - , 6/]. 

(5)  We  define  the  determinant  of  the  finite  length  R-module  M to  be 


then 


det  k(M)  = 


K-vector  space  generated  by  symbols  | 


K-linear  combinations  of  admissible  relations  J 

We  stress  that  always  l = length^M).  We  also  stress  that  it  does  not  follow  that 
the  symbol  [ei, . . . , ei\  is  additive  in  the  entries  (this  will  typically  not  be  the  case). 
Before  we  can  show  that  the  determinant  det K(M)  actually  has  dimension  1 we 
have  to  show  that  it  has  dimension  at  most  1. 


02P7  Lemma  41.2.2.  With  notations  as  above  we  have  dimre(detK(M))  < 1. 

Proof.  Fix  an  admissible  sequence  (/i, . . • , of  M such  that 

length^/!,..., /*))  =i 

for  i = 1, . . . , l.  Such  an  admissible  sequence  exists  exactly  because  M has  length  l. 
We  will  show  that  any  element  of  detre(M)  is  a K-multiple  of  the  symbol  [A,  • • • , /;]■ 
This  will  prove  the  lemma. 

Let  (ei , ,ei)  be  an  admissible  sequence  of  M.  It  suffices  to  show  that  [ei, . . . , ef\ 
is  a multiple  of  [/i, . . . , //].  First  assume  that  (ei, . . . , e{)  M.  Then  there  exists 
an  i £ [1, . . . , Z]  such  that  ei  £ (ei, . . . , ej_i).  It  immediately  follows  from  the 
first  admissible  relation  that  [ei,...,en]  = 0 in  det „(M).  Hence  we  may  assume 
that  (ei = M.  In  particular  there  exists  a smallest  index  i £ {1,...,/} 
such  that  /i  £ (e\, . . . , ef).  This  means  that  e*  = Xfi  + x with  x £ (e\, . . . , e^_ i) 
and  A £ R* . By  the  second  admissible  relation  this  means  that  [ei,...,e/]  = 
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A[ei, . . . , e,_i,  /i,  ej+i, . . . , e;].  Note  that  m/i  = 0.  Hence  by  applying  the  third 
admissible  relation  i — 1 times  we  see  that 

[e^,  • • • , e{\  ( 1)  A[/i,  e\, . . . , i,  e^. |_i,  - • • , e/]. 

Note  that  it  is  also  the  case  that  (f\,e\, . . . , ej_i,  ej+i, . . . , e;)  = M.  By  induction 
suppose  we  have  proven  that  our  original  symbol  is  equal  to  a scalar  times 

[fl  7 • * * 7 J 'jl  f-l  7 * • * 7 ^l] 

for  some  admissible  sequence  (f\, . . . , fj, eJ+i , . . . , ei)  whose  elements  generate  M, 
i.e. , with  (/]_,••. , /j,  e^+i, , e;)  = M.  Then  we  find  the  smallest  i such  that 
fj+ 1 € (fi, . . . , fj,  ej+ 1, . . . ,ef)  and  we  go  through  the  same  process  as  above  to  see 
that 

[/i 7 • • * 7 /j 7 *b’+i ? • * • 7 ^l\  (scalar) [fi, . . . , fj , fj-\- i 7 G7+I7  • • • 7 C 7 • • • 7 
Continuing  in  this  vein  we  obtain  the  desired  result.  □ 

Before  we  show  that  detK(M)  always  has  dimension  1,  let  us  show  that  it  agrees 
with  the  usual  top  exterior  power  in  the  case  the  module  is  a vector  space  over  re. 

02P8  Lemma  41.2.3.  Let  R be  a local  ring  with  maximal  ideal  m and  residue  field  re. 
Let  M be  a finite  length  R-module  which  is  annihilated  by  m.  Let  l = dimK(M). 
Then  the  map 

detK(M)  — > A lK(M),  [ei, . . . , ej]  i — > ei  A . . . A ez 

is  an  isomorphism. 


Proof.  It  is  clear  that  the  rule  described  in  the  lemma  gives  a re-linear  map  since  all 
of  the  admissible  relations  are  satisfied  by  the  usual  symbols  ei  A . . . A e;.  It  is  also 
clearly  a surjective  map.  Since  by  Lemma  [41.2. 2|  the  left  hand  side  has  dimension 
at  most  one  we  see  that  the  map  is  an  isomorphism.  □ 

02P9  Lemma  41.2.4.  Let  R be  a local  ring  with  maximal  ideal  m and  residue  field  re. 
Let  M be  a finite  length  R-module.  The  determinant  det K(M)  defined  above  is  a 
K-vector  space  of  dimension  1.  It  is  generated  by  the  symbol  [/1 for  any 
admissible  sequence  such  that  (/1,  • • ■ /;)  = M . 


Proof.  We  know  detK(Al)  has  dimension  at  most  1,  and  in  fact  that  it  is  generated 
by  [fi,--.,fi],  by  Lemma  41.2.2  and  its  proof.  We  will  show  by  induction  on 
l = length(M)  that  it  is  nonzero.  For  l = 1 it  follows  from  Lemma  41.2.3  Choose 
a nonzero  element  / £ M with  mf  = 0.  Set  M = M/(f),  and  denote  the  quotient 
map  x 1 y x.  We  will  define  a surjective  map 

ip  : detfc(M)  -A  det K(M) 

which  will  prove  the  lemma  since  by  induction  the  determinant  of  M is  nonzero. 


We  define  ip  on  symbols  as  follows.  Let  (ei, . . . , e;)  be  an  admissible  sequence.  If 
/ ^ (ei, . . . , ef)  then  we  simply  set  ip([e  1, . . . , e{\)  =0.  If  / € (ei, . . . , ef)  then  we 
choose  an  i minimal  such  that  / £ (e\, . . . ,ef) . We  may  write  e,  = A f + x for  some 
unit  A £ R and  x £ (ei, . . . , e,_i ).  In  this  case  we  set 

ip([ei, ... , ei})  = (— l)*A[ei, . . . , e*_i,  ei+i, . . . , ef\. 

Note  that  it  is  indeed  the  case  that  (ei, . . . ,ej_i,ej+i, . . . ,e{)  is  an  admissible  se- 
quence in  M , so  this  makes  sense.  Let  us  show  that  extending  this  rule  re-linearly 
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to  linear  combinations  of  symbols  does  indeed  lead  to  a map  on  determinants.  To 
do  this  we  have  to  show  that  the  admissible  relations  are  mapped  to  zero. 

Type  (a)  relations.  Suppose  we  have  (ei,...,e;)  an  admissible  sequence  and  for 
some  1 < a < l we  have  ea  € (ei, . . . , en_i).  Suppose  that  / € (ei,...,ej) 
with  i minimal.  Then  i a and  ea  € (ei, . . . ,e,, . . . ,ea_i)  if  i < a or  ea  £ 
(ei, . . . , ea_i)  if  i > a.  Thus  the  same  admissible  relation  for  det K(M)  forces  the 
symbol  [ei, . . . e,_i,  e*+i, . . . , ej]  to  be  zero  as  desired. 

Type  (b)  relations.  Suppose  we  have  (ei,...,e/)  an  admissible  sequence  and  for 
some  1 < a < l we  have  ea  = Xe'a  +x  with  A £ R* , and  x £ (ei, . . . , ea_i).  Suppose 
that  / £ (e\,. ..  ,Ci)  with  i minimal.  Say  e*  = yf  + y with  y £ (ei, . . . , e»_i).  If 
i < a then  the  desired  equality  is 

( I)  [^i 5 • • * 7 i ) ? • • • 5 ^-z]  ( 1)  A[ei , . . . , Ci— i ? Cj-i-i 5 . . . , ea_i , ea , \ j ■ * * i ^i] 

which  follows  from  ea  = Ae^  + x and  the  corresponding  admissible  relation  for 
det k(M).  If  i > a then  the  desired  equality  is 

( 1)  A[ei  j . . . , e^_i , e^_(_i , . . . j 6^]  ( 1)  A[ei , . . . , ea— i , ea,  ea-\~ i •>  • • * 7 e$—  l ? ^i+i ? ■ ■ • 7 &i\ 

which  follows  from  ea  = \e’a  + x and  the  corresponding  admissible  relation  for 
detK(M).  The  interesting  case  is  when  i = a.  In  this  case  we  have  ea  = Ae„  + x = 
yf  + y.  Hence  also  e'a  = X_1(yf  + y — x).  Thus  we  see  that 

ip([e  i,  • • • ,ej])  = (— l)’7*[ei, . . . ,ej_i,ei+1, . . . ,et]  = ip(X[e!, . . . , ea-1,e'a,ea+1, a}) 
as  desired. 

Type  (c)  relations.  Suppose  that  [e\ ,ei)  is  an  admissible  sequence  and  me0  C 
(ei, . . . , e0_2)-  Suppose  that  / € (e\, . . . , ef)  with  i minimal.  Say  e,  = A f + x with 
x £ (ei, . . . , We  distinguish  4 cases: 

Case  1:  i < a — 1.  The  desired  equality  is 

(— l)*A[ei, . . . , i,  ej+i, . . . , e{\ 

( I)  A[ei, ... . , ej_i,  5 . . . ; ea— 2 ? ea , ea_  1 , Ca-f-i 7 • • * 7 ^i\ 

which  follows  from  the  type  (c)  admissible  relation  for  det«(M). 

Case  2:  i > a.  The  desired  equality  is 

( 1)  A[ei, . . . , e^_i,  • ■ • 7 o/] 

( 1)  A[ei, . . . , ea_2,  ea— i,  • * * 7 e^—  1,  • • • , c/] 

which  follows  from  the  type  (c)  admissible  relation  for  detK(M). 

Case  3:  i = a.  We  write  ea  = A / + yea-i  + y with  y £ (e\, . . . , ea-2)-  Then 

■ ■ ■ ,ei})  = (-l)aA[ei,...,ea_i,e0+i  ,...,ez] 

by  definition.  If  Ji  is  nonzero,  then  we  have  ea-i  = —y~1\ f + y~1ea  — y~1y  and 
we  obtain 

V*(  [^-l ? • • • ? ea—2 > ^a— 1 ? ea-\-\ 7 • • • 7 e/] ) ( 1)  y A[ei , . . . , ea—2 7 ea , ea_(_i , . . . , e/] 

by  definition.  Since  in  M we  have  ea  = yea-i  + y we  see  the  two  outcomes  are 
equal  by  relation  (a)  for  detK(M).  If  on  the  other  hand  Ji  is  zero,  then  we  can  write 
ea  = A f + y with  y £ {e\, . . . , ea_2)  and  we  have 

^ ( [c  7 ■ • * 7 ea—2t  ea , ea_  1 , ea_|_i  ,...,e/])  ( 1)  A [e^ , . . . , ea_i , Ca-j-i  7 • • • 7 e{\ 
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which  is  equal  to  ip([ei, . . . , e;]). 

Case  4:  i = a — 1.  Here  we  have 

V>([ei,...,ei])  = (-l)a_1A[ei,...,ea_2,eQ,...,e;] 
by  definition.  If  / ^ (ei, . . . , ea_2,  ea)  then 

ip(-[e i,  ■ ■ • , ea_2,  ea,  ea_i,  ea+1, . . . , ef\)  = (-l)a+1A[ei, . . . , ea_2,  eQ, . . . , ej] 

Since  (— l)a_1  = (— l)a+1  the  two  expressions  are  the  same.  Finally,  assume  / £ 
(ei, . . . , e0_2,  ea).  In  this  case  we  see  that  ea_i  = A/  + x with  x £ (ei, . . . , ea_2) 
and  ea  = [if  + y with  y £ (ei, . . . , e0_2)  for  units  A ,fi  £ R.  We  conclude  that 
both  ea  £ (ei, . . . , eQ_i)  and  ea-i  £ (ei, . . . , ea_2,  ea).  In  this  case  a relation  of 
type  (a)  applies  to  both  [ei, . . . , ei\  and  [ei, . . . , ea_2,  eQ,  ea-i,ea+i,  ■ ■ ■ , ei]  and  the 
compatibility  of  ip  with  these  shown  above  to  see  that  both 

V>([ei,  ■ ■ • ,ez])  and  ^([ei>  • • • , e0_2,  eot  e0_!,  en+i, . . . , e*]) 
are  zero,  as  desired. 

At  this  point  we  have  shown  that  ip  is  well  defined,  and  all  that  remains  is  to  show 
that  it  is  surjective.  To  see  this  let  (/2, ...,/;)  be  an  admissible  sequence  in  M.  We 
can  choose  lifts  /2, . . . , fi  £ M,  and  then  (/,  f2,  ■ ■ ■ , fi)  is  an  admissible  sequence  in 
M.  Since  ip([f,  f2, . . . , //])  = [/2,  • • • , fi]  we  win.  □ 


Let  R be  a local  ring  with  maximal  ideal  m and  residue  field  k.  Note  that  if  ip  : 
M — ► N is  an  isomorphism  of  finite  length  i?-modules,  then  we  get  an  isomorphism 

detK(y>)  : det «(M)  -S>  detK(iV) 


simply  by  the  rule 

detK(^)([ei,  ...,ei])  = [^(ei), . . . , ¥>(e/)] 
for  any  symbol  [ei, . . . , ei]  for  M.  Hence  we  see  that  detK  is  a functor 

l-dinrensional  n- vector  spaces  1 


05M7  (41.2.4.1)  [finite  length  tf-modulesj 

1 with  isomorphisms  J 


! 


with  isomorphisms 

This  is  typical  for  a “determinant  functor”  (see  IKnu02]).  as  is  the  following  addi- 
tivity property. 

02PA  Lemma  41.2.5.  Let  (R,m,  k)  be  a local  ring.  For  every  short  exact  sequence 


of  finite  length  R-modules  there  exists  a canonical  isomorphism 

■ det k(K)  <S>k  det K(M)  — > detK(L) 
defined  by  the  rule  on  nonzero  symbols 

[ei , . . . , efc]  <g)  — > [ei, . . . ,efc,/i, . . . ,/m] 

with  the  following  properties: 

(1)  For  every  isomorphism  of  short  exact  sequences,  i.e.,  for  every  commuta- 
tive diagram 


0 


K >-  L ^ M 


U 

f 


V 

V 


> L' 


W 


0 


0 


K‘ 


V 

> M’ 


^0 
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with  short,  exact  rows  and  isomorphisms  u,  v,  w we  have 

7 ° (detK(u)  <g>  detK(u>))  = detK{v)  o 7A-_>i_>M, 

(2)  for  every  commutative  square  of  finite  length  R-modules  with  exact  rows 
and  columns 


0 0 0 

I v 

0 ^ A 5T7#-  B c 0 

Y 

0 #►  D >-  E a>-  F i 0 

y v 

o — o 

y v y 

0 0 0 

the  following  diagram  is  commutative 


detK(H)  <g>  detK(G)  <8>  detK(G)  <8>  det K(I) det K(B)  <g)  det K(H) 

7 B^-E^H 

e detK(i?) 

7 D-tE->F 

Y 

detK(H)  <8>  det„(G)  (8)  det„(G)  <8»  detK(/)  lA^D^G  yc^F^I>.  detK(D)  <8>  det«(F) 


where  e is  the  switch  of  the  factors  in  the  tensor  product  times  (— l)cff  with 
c = lengthR(C ) and  g = lengthR(G),  and 
(3)  the  map  'yx^L-tM  agrees  with  the  usual  isomorphism  if  0 — > I\  — » L — » 
M — > 0 is  actually  a short  exact  sequence  of  n-vector  spaces. 


Proof.  The  significance  of  taking  nonzero  symbols  in  the  explicit  description  of 
the  map  7 x^l^m  is  simply  that  if  (ei,...,e;)  is  an  admissible  sequence  in  K, 
and  (f1, . . . , fm)  is  an  admissible  sequence  in  M,  then  it  is  not  guaranteed  that 
(ei, . . . , e;,  /1, . . . , fm)  is  an  admissible  sequence  in  L (where  of  course  ft  £ L sig- 
nifies a lift  of  ff).  However,  if  the  symbol  [ei, . . . , ei\  is  nonzero  in  detK(A'),  then 
necessarily  K = (e  1, . . . , e*,)  (see  proof  of  Lemma  41.2.2 ),  and  in  this  case  it  is  true 
that  (ei,. . . ,6k,  fi, . . . , fm)  is  an  admissible  sequence.  Moreover,  by  the  admissible 
relations  of  type  (b)  for  detK(A)  we  see  that  the  value  of  [ei, . . . , e*,,  /1, . . . , fm]  in 
detK(A)  is  independent  of  the  choice  of  the  lifts  /,  in  this  case  also.  Given  this 
remark,  it  is  clear  that  an  admissible  relation  for  e\, . ■ ■ iek  in  K translates  into  an 
admissible  relation  among  ei, . . . , e*,,  /1, . . . , fm  in  A,  and  similarly  for  an  admissi- 
ble relation  among  the  /1; . . . , fm.  Thus  7 defines  a linear  map  of  vector  spaces  as 
claimed  in  the  lemma. 
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By  Lemma  41.2.4  we  know  detK(L)  is  generated  by  any  single  symbol  [aq, . . . , Xk+m ] 
such  that  (aq, . . . , aq+m)  is  an  admissible  sequence  with  L = (xi, . . . , aq+m).  Hence 
it  is  clear  that  the  map  7 k^l^m  is  surjective  and  hence  an  isomorphism. 


Property  (1)  holds  because 

detK(u)([ei,...  ,ek,fi  >■■■■>  fm ] ) 

= b(ei),  • • ■ , v(ek),v(fi), ...,  v(fm)] 

= 7if'-*-L'->M'([w(ei), . . . , w(efe)]  (g>  [w(/i), . . .,w(fm)}). 


Property  (2)  means  that  given  a symbol  [oq, . . . ,aa]  generating  detK(H),  a symbol 
[71 1 ■ • • i7c]  generating  detK(C),  a symbol  [Ci,---,C9]  generating  detK(G),  and  a 
symbol  [ii, . . . , g]  generating  detK(J)  we  have 

[crij . . . , Oia ; 7l ) • * • j 7c?  Cl ? * * * ? C9 Hi 5 * • • ? 

( 1)  [07 , . . . , aa ? Ci ? • • * ? C9  ? 7i ? * * • ? 7c?  ^1  ? * * * ? i'l] 

(for  suitable  lifts  x in  E ) in  detK(i?).  This  holds  because  we  may  use  the  admissible 
relations  of  type  (c)  cg  times  in  the  following  order:  move  the  Ci  past  the  elements 
7c  ...,71  (allowed  since  mCi  C A),  then  move  C2  past  the  elements  7C,  ...,71 
(allowed  since  mC2  C A + i?Ci)>  and  so  on. 


Part  (3)  of  the  lemma  is  obvious.  This  finishes  the  proof. 


□ 


We  can  use  the  maps  7 of  the  lemma  to  define  more  general  maps  7 as  follows. 
Suppose  that  (R,  m,  n)  is  a local  ring.  Let  M be  a finite  length  i?-module  and 
suppose  we  are  given  a finite  filtration  (see  Homology,  Definition  12.16.1) 


M = FnD  Fn+1  D . . . D Fn 


D Frn  = 0. 


Then  there  is  a canonical  isomorphism 

7(m,f)  : 0.det .(F'/Fl+1)  — > det K(M) 

well  defined  up  to  sign(!).  One  can  make  the  sign  explicit  either  by  giving  a well 
defined  order  of  the  terms  in  the  tensor  product  (starting  with  higher  indices  un- 
fortunately), and  by  thinking  of  the  target  category  for  the  functor  detK  as  the 
category  of  1-dimensional  super  vector  spaces.  See  IIKM761  Section  1]. 


Here  is  another  typical  result  for  determinant  functors.  It  is  not  hard  to  show.  The 
tricky  part  is  usually  to  show  the  existence  of  a determinant  functor. 


02PB  Lemma  41.2.6.  Let  be  any  local  ring.  The  functor 


detK  : 


j finite  length  R-modules\ 
with  isomorphisms 


■{ 


1-dimensional  n-vector  spaces' 1 
with  isomorphisms  | 


endowed  with  the  maps  is  characterized  by  the  following  properties 

(1)  its  restriction  to  the  subcategory  of  modules  annihilated  by  m is  isomorphic 
to  the  usual  determinant  functor  (see  Lemma  fl.2.3),  and 

(2)  (1),  (2)  and  (3)  of  Lemma  41.2.5  hold. 


Proof.  Omitted. 


□ 
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02PC  Lemma  41.2.7.  Let  — > (/?,  m)  be  a local  ring  homomorphism  which  in- 

duces an  isomorphism  on  residue  fields  k.  Then  for  every  finite  length  R-module  the 
restriction  Mr/  is  a finite  length  R'  -module  and  there  is  a canonical  isomorphism 

det r,„(M)  — » detR/jK(MR/) 

This  isomorphism  is  functorial  in  M and  compatible  with  the  isomorphisms 
of  Lemma  41.2.5  defined  for  detR)K  and  detR/jK. 


Proof.  If  the  length  of  M as  an  A-module  is  Z,  then  the  length  of  M as  an  R'- 
module  (i.e.,  Mr/)  is  l as  well,  see  Algebra,  Lemma  10.51.12  Note  that  an  ad- 


OBDQ 


missible  sequence  Xi,...,Xi  of  M over  R is  an  admissible  sequence  of  M over 
R'  as  m'  maps  into  m.  The  isomorphism  is  obtained  by  mapping  the  symbol 
[x\,...,xi\  £ detRjK(M)  to  the  corresponding  symbol  [x\ ,...,xi]  £ detR/jK(M). 
It  is  immediate  to  verify  that  this  is  functorial  for  isomorphisms  and  compatible 
with  the  isomorphisms  7 of  Lemma  |41.2.5|  □ 

Remark  41.2.8.  Let  ( R , m,  r)  be  a local  ring  and  assume  either  the  characteristic 
of  n is  zero  or  it  is  p and  pR  = 0.  Let  Mi, . . . , Mn  be  finite  length  R- modules.  We 
will  show  below  that  there  exists  an  ideal  /Cm  annihilating  M*  for  i = 1, . . . ,n 
and  a section  a : k R/I  of  the  canonical  surjection  R/I  — > k.  The  restriction 
MqK  of  Mi  via  a is  a K-vector  space  of  dimension  U = lengtliR(Mi)  and  using 
Lemma  f4 1 . 2 . 71  we  see  that 

detK(Mj)  = A^(MjiK) 

These  isomorphisms  are  compatible  with  the  isomorphisms  7 of  Lemma 


41.2.5  for  short  exact  sequences  of  finite  length  A-modules  annihilated  by  I.  The 
conclusion  is  that  verifying  a property  of  detK  often  reduces  to  verifying  correspond- 
ing properties  of  the  usual  determinant  on  the  category  finite  dimensional  vector 
spaces. 


For  / we  can  take  the  annihilator  (Algebra,  Definition  10.39.3)  of  the  module  M = 


@Mj.  In  this  case  we  see  that  R/I  C EikIr(M)  hence  has  finite  length.  Thus 
R/I  is  an  Artinian  local  ring  with  residue  held  n.  Since  an  Artinian  local  ring  is 
complete  we  see  that  R/I  has  a coefficient  ring  by  the  Cohen  structure  theorem 
(Algebra,  Theorem  |10. 152.8)  which  is  a held  by  our  assumption  on  R. 


Here  is  a case  where  we  can  compute  the  determinant  of  a linear  map.  In  fact  there 
is  nothing  mysterious  about  this  in  any  case,  see  Example  |41.2.10|  for  a random 
example. 

02PD  Lemma  41.2.9.  Let  R be  a local  ring  with  residue  field  r.  Let  u £ R*  be  a 
unit.  Let  M be  a module  of  finite  length  over  R.  Denote  um  '■  M M the  map 
multiplication  by  u.  Then 

det k(um)  ■ det K(M)  — >•  detK(M) 

is  multiplication  by  ul  where  l = lengthR(M)  and  u £ n*  is  the  image  of  u. 


Proof.  Denote  /m  £ k*  the  element  such  that  detK(u.M)  = /AfiddetK(M)-  Suppose 
that  0 — y K — y L — ^ M — y 0 is  a short  exact  sequence  of  finite  A-modules.  Then 
we  see  that  Uk , wl,  um  give  an  isomorphism  of  short  exact  sequences.  Hence  by 
Lemma  41.2.5  (1)  we  conclude  that  /r-/m  = /l-  This  means  that  by  induction  on 
length  it  suffices  to  prove  the  lemma  in  the  case  of  length  1 where  it  is  trivial.  □ 
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02PE  Example  41.2.10.  Consider  the  local  ring  R = Zp.  Set  M = Zp/{p2)  © Zp/{p3). 
Let  u : M — >-  M be  the  map  given  by  the  matrix 

( a b 
U~  \pc  d 

where  a,b,c,d  £ Zp,  and  a,d  £ Z*.  In  this  case  detK(u)  equals  multiplication  by 
a2d3  mod  p £ F* . This  can  easily  be  seen  by  consider  the  effect  of  u on  the  symbol 
[p2e,pe,pf,  e,  f]  where  e = (0, 1)  £ M and  / = (1, 0)  £ M. 


41.3.  Periodic  complexes  and  Herbrand  quotients 

02PF  Of  course  there  is  a very  general  notion  of  periodic  complexes.  We  can  require 
periodicity  of  the  maps,  or  periodicity  of  the  objects.  We  will  add  these  here  as 
needed.  For  the  moment  we  only  need  the  following  cases. 

02PG  Definition  41.3.1.  Let  R be  a ring. 

(1)  A 2 -periodic  complex  over  R is  given  by  a quadruple  (M,  N,  ip,  'll))  consist- 
ing of  -R-modules  M,  N and  A-module  maps  ip  : M — ► N,  ip  : N — ► M 
such  that 

tp  ib  tp 

. . . > M — N M — ^ N > . . . 

is  a complex.  In  this  setting  we  define  the  cohomology  modules  of  the 
complex  to  be  the  J?-modules 

H°(M,  N,ip,i/j)  = Ker(tp)/Im('if)),  and  H1(M,  N,  ip,  ip)  = Ker(^))/Im(y>). 

We  say  the  2-periodic  complex  is  exact  if  the  cohomology  groups  are  zero. 

(2)  A (2, 1 )-periodic  complex  over  R is  given  by  a triple  (M,ip,xp)  consisting 
of  an  JCmodule  M and  l?-module  maps  ip  : M — ► M,  ip  : M — > M such 
that 

& M — ^ M — ^ M >- . . . 

is  a complex.  Since  this  is  a special  case  of  a 2-periodic  complex  we  have  its 
cohomology  modules  H°(M , ip,  ip),  p,  ip)  and  a notion  of  exactness. 

In  the  following  we  will  use  any  result  proved  for  2-periodic  complexes  without 
further  mention  for  (2,  l)-periodic  complexes.  It  is  clear  that  the  collection  of 
2-periodic  complexes  (resp.  (2,  l)-periodic  complexes)  forms  a category  with  mor- 
phisms  (/,  g)  : (M,  N,  p,  ip)  — ► (M' , N' ,ip' , ip')  pairs  of  morphisms  / : M — ► M'  and 
g : N -A  N'  such  that  ip'  o / = / o ip  and  ip'  o g = g o ip.  In  fact  it  is  an  abelian 
category,  with  kernels  and  cokernels  as  in  Homology,  Lemma  |12.12.3|  Also,  note 
that  a special  case  are  the  (2,  l)-periodic  complexes  of  the  form  ( M,0,ip ).  In  this 
special  case  we  have 

H°(M , 0,  ip)  = Coker  (ip),  and  Hrl(M,  0,  ip)  = Ker  (ip). 

02PH  Definition  41.3.2.  Let  I?  be  a local  ring.  Let  (M,  N,  ip,  ip)  be  a 2-periodic  complex 
over  R whose  cohomology  groups  have  finite  length  over  R.  In  this  case  we  define 
the  multiplicity  of  (M,  N,  p,  ip)  to  be  the  integer 

eR{M,N,ip,ip)  = lengthy (U°(M,  N,ip,ip))  - length^#1  (M,  TV,  ip,  ip)) 
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We  will  sometimes  (especially  in  the  case  of  a (2,  l)-periodic  complex  with  ip  = 0) 
call  this  the  Herbrand  quotient 

02PI  Lemma  41.3.3.  Let  R be  a local  ring. 

(1)  If  ( M , N,  <p,  if)  is  a 2-periodic  complex  such  that  M,  N have  finite  length. 
Then  en(M,N,ip,if)  = lengthR(M)  — lengthR(N). 

(2)  If  ( M,ip,if ) is  a (2,1) -periodic  complex  such  that  M has  finite  length. 
Then  en(M,  ip,  if)  = 0. 

(3)  Suppose  that  we  have  a short  exact  sequence  of  (2,1) -periodic  complexes 

0 —A  (Mi,  Ni,<pi,ipi)  — A (M2,  N2,  ip2,  1P2)  > ( M3,N3,<p3,if3 ) —A  0 

If  two  out  of  three  have  cohomology  modules  of  finite  length  so  does  the 
third  and  we  have 


e«(M2,  N2 , ip2,  ^2)  = cr(Mi,  N\,  tpijifi)  + en(M3,  N3,  ip3,  if 3). 


Proof.  Proof  of  (3).  Abbreviate  A = (Mi,Ni,<pi,ifi),  B = (M2,  N2,  <p2,  1P2)  and 
C = (M3,  N3,ip3,if3).  We  have  a long  exact  cohomology  sequence 

. . . — A Hl(C)  -A  H°(A)  -A  H°(B)  -A  H°(C)  -A  H^A)  -a  H\B)  -a  H1  (C)  -A  . . . 


This  gives  a finite  exact  sequence 

0 -a  / -a  H°(A)  -a  iL°(B)  -A  M°(C)  -a  HX(A)  -a  H1(B)  -a  K -a  0 

with  0 — A AT  — A Hl(C)  ->  I->  0 a filtration.  By  additivity  of  the  length  function 
(Algebra,  Lemma  10.51.3)  we  see  the  result.  The  proofs  of  (1)  and  (2)  are  omitted. 

□ 
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Let  R be  a local  ring  with  residue  field  k.  Let  (M,  ip,  if)  be  a (2,  l)-periodic  complex 
over  R.  Assume  that  M has  finite  length  and  that  (M,  ip,  if)  is  exact.  We  are  going 
to  use  the  determinant  construction  to  define  an  invariant  of  this  situation.  See 
Section  41.2  Let  us  abbreviate  Kv  = Ker(yj),  Iv  = lm(<p),  Kp,  = Kei(if),  and 
1$  = lm(if).  The  short  exact  sequences 


0 —A  K, 


v> 


M — A lip  — A 0, 


0 —A  K, 


M 


0 


give  isomorphisms 

7 ^ ■ det k(Kv)  <g>  detK(/¥>)  — A det K(M),  7^,  : detK(AT^)  ® det «(/,/,)  — A detK(M), 

see  Lemma [41.2. 5 On  the  other  hand  the  exactness  of  the  complex  gives  equalities 
Kv  = Ip,,  and  Kp,  = Iv  and  hence  an  isomorphism 

a : det k(Kv)  ® det K(JV)  — A detre(A^)  <g>  det K(Ipf) 


by  switching  the  factors.  Using  this  notation  we  can  define  our  invariant. 

02PJ  Definition  41.4.1.  Let  R be  a local  ring  with  residue  field  n.  Let  ( M,ip,if ) be  a 
(2,  l)-periodic  complex  over  R.  Assume  that  M has  finite  length  and  that  (M,  ip,  if) 
is  exact.  The  determinant  of  (M,  ip,  if)  is  the  element 


det K(M,ip,if)  G k* 


1 If  the  residue  field  of  R is  finite  with  q elements  it  is  customary  to  call  the  Herbrand 
quotient  h(M,  N,  ip,ip)  = /7  wj1;cj1  ;s  eqUal  to  the  number  of  elements  of  H°  divided 

by  the  number  of  elements  of  H1. 
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such  that  the  composition 

detre(M)  > det«(M) 

is  multiplication  by  det«(M,  ip, ip). 

02PK  Remark  41.4.2.  Here  is  a more  down  to  earth  description  of  the  determinant 
introduced  above.  Let  R be  a local  ring  with  residue  field  k.  Let  be  a 

(2,  l)-periodic  complex  over  R.  Assume  that  M has  finite  length  and  that  (M,  ip,  ip) 
is  exact.  Let  us  abbreviate  I v = Im(^),  1^,  = Im (ip)  as  above.  Assume  that 
lengthfl(/v,)  = a and  lengthy (J^)  = 6,  so  that  a + b = lengthH(M)  by  exactness. 
Choose  admissible  sequences  x\ , . . . , xa  £ Iv  and  2/i , ■ ■ . , yb  £ lip  such  that  the  sym- 
bol [x\, ... , xa\  generates  det K(IV)  and  the  symbol  [xi, . . . , xb\  generates  detK(/^,). 
Choose  Xi  £ M such  that  ip(xi ) = Xi . Choose  ijj  £ M such  that  ippyj)  = yj.  Then 
det K(M,tp,tp)  is  characterized  by  the  equality 

[xi,  ...,xa,y1,...,yb]  = (-l)abdetre(M,  ip,ip)[yu  ...,yb,Xi,..  .,xa\ 
in  det K(M).  This  also  explains  the  sign. 

02PL  Lemma  41.4.3.  Let  R be  a local  ring  with  residue  field  k.  Let  {M,(p,ip)  be  a 
(2, 1) -periodic  complex  over  R.  Assume  that  M has  finite  length  and  that  ( M , ip,  ip) 
is  exact.  Then 

det  K(M,ip,  ip)  det  K(M,  ip,  (p)  = 1. 

Proof.  Omitted.  □ 


02PM  Lemma  41.4.4.  Let  R be  a local  ring  with  residue  field  n.  Let  (M,ip,(p)  be  a 
(2, 1 )-periodic  complex  over  R.  Assume  that  M has  finite  length  and  that  ( M , ip,  ip) 
is  exact.  Then  lengthR{M)  = 2lengthR(Im(tp))  and 

det  K(M,ip,<p)  = (_1  yengthR(Im(<p))  = ^^length^M) 


Proof.  Follows  directly  from  the  sign  rule  in  the  definitions.  □ 

02PN  Lemma  41.4.5.  Let  R be  a local  ring  with  residue  field  k.  Let  M be  a finite  length 
R-module. 

(1)  if  ip  : M -A  M is  an  isomorphism  then  detK(M,ip,0)  = detK(<^). 

(2)  if  ip  : M — >■  M is  an  isomorphism  then  detK(M,0,ip)  = detK (-0)  1 - 


02PO 


Proof.  Let  us  prove  (1).  Set  ip  = 0.  Then  we  may,  with  notation  as  above 
Definition  41.4.1  identify  Kv  = 1^  = 0,  1^  = = M.  With  these  identifications, 

the  map 


: k <g>  det „(M)  = detK(A'v)  <g>  det K(IV)  — > det«(M) 
is  identified  with  detK(</3_1).  On  the  other  hand  the  map  7^  is  identified  with  the 
identity  map.  Hence  7^  o a o is  equal  to  detK(v?)  in  this  case.  Whence  the 
result.  We  omit  the  proof  of  (2).  □ 


Lemma  41.4.6.  Let  R be  a local  ring  with  residue  field  n.  Suppose  that  we  have 
a short  exact  sequence  of  (2, 1 )-periodic  complexes 


0 -A  (M1,ip1,ip1)  -a  (. M2,<p2,'tp2 ) ->  ( M3,ip3,ip3 ) -A  0 
with  all  Mi  of  finite  length,  and  each  (Mi,ipi,ipi)  exact.  Then 

detre  (M2 , y>2 , 1P2)  = detK{M1,tp1,ip1)  detK(M3,<p3,ip3). 


m K . 
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Proof.  Let  us  abbreviate  = Im(</Jj),  = Ker(</>.;),  = Im(^/>j),  and 

K^ti  = Ker(^j).  Observe  that  we  have  a commutative  square 

0 0 0 

0 Kip,l  A^.2  ^Cp,3  0 

0 >■  M\ >■  M2 .1/3 >■  0 

0 I(p,  1 lip, 2 -1^,3  b 


0 0 0 


of  finite  length  A-modules  with  exact  rows  and  columns.  The  top  row  is  exact 
since  it  can  be  identified  with  the  sequence  I^t  1 —>  /,y2  — t 1^, 3 — > 0 of  images,  and 
similarly  for  the  bottom  row.  There  is  a similar  diagram  involving  the  modules 
and  K^,i.  By  definition  det*(M2,  y>2,  r/>2)  corresponds,  up  to  a sign,  to  the 
composition  of  the  left  vertical  maps  in  the  following  diagram 


02PP 


det*  (Mi)  <g>  det*(M3) 


■ det  k(M2) 


707 


detK(A'v,i)  (g)  detK(/¥,ji)  <8>  detK(Jv¥,j3)  <g>  detK(/¥,j3)  — — detK(A^i2)  <S>  det *(/v,2) 


707 


det^A^i)  <g)  detK(/^,,i)  <g>  detK(AT^>3)  ® det *(.4,3)  — ^ detK(AT^,j2)  <g>  det *(4,2) 


707 

V 

det* (Mi)  g>  det*(M3) 


det*(M2) 


The  top  and  bottom  squares  are  commutative  up  to  sign  by  applying  Lemma|41.2.5| 
(2).  The  middle  square  is  trivially  commutative  (we  are  just  switching  factors). 
Hence  we  see  that  det *(M2,  <£2,^2)  = edetK(Mi,</Ji,^i)det*(M3,yj3,'03)  for  some 
sign  e.  And  the  sign  can  be  worked  out,  namely  the  outer  rectangle  in  the  diagram 
above  commutes  up  to 


£ _ ^_^yength(/Vii)length(Ar¥J,3)+length(7^ii)length(Jf^i3) 

_ ^_^yength(/Vii)length(/^i3)+length(/^ii)length(/¥,i3) 


(proof  omitted).  It  follows  easily  from  this  that  the  signs  work  out  as  well.  □ 

Example  41.4.7.  Let  k be  a field.  Consider  the  ring  R = k[T]/(T2)  of  dual 
numbers  over  k.  Denote  t the  class  of  T in  R.  Let  M = R and  p = ut,  if)  = vt  with 
u,v  £ k*.  In  this  case  detfc(M)  has  generator  e = [f,  1],  We  identify  Iv  = Kv  = 
4 = K ^ = (f).  Then  7 v(t  (g)  t)  = M_1[t,  1]  (since  u~l  £ M is  a lift  of  t £ 4)  and 
7 ^(t  g>  t)  = v~l [t,  1]  (same  reason).  Hence  we  see  that  detfc(M,  ip,  if))  = —u/v  £ k* . 
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02PQ 


02PR 


02PS 


02PT 


02PU 


Example  41.4.8.  Let  R = Zp  and  let  M = Z p/{pl).  Let  p = pbu  and  p = pa 


with  a,  b > 0,  a + b = l and  it,  v £ Z*.  Then  a computation  as  in  Example  |41.4.7 
shows  that 

detFp(Z P/(pl),pbu,pav)  = {—l)abua/vb  mod  p 

„,ordp(/3) 

= (_l)°^p(a)ordp(/3)  ^ mod  p 


41.5.11 


/gordp(a) 

for  a more  general  case  (and  a 


with  a = pbu,(3  = pav  £ Zp.  See  Lemma 
proof). 

Example  41.4.9.  Let  R = k be  a field.  Let  M = k®a  ® k®b  be  l = a + b 
dimensional.  Let  p and  ip  be  the  following  diagonal  matrices 

ip  = diag(iti, . ..  ,uo,0, . . . ,0),  ip  = diag(0, . . . , 0,  Vi, . . . , vb) 


with  m,  Vj  £ k* . In  this  case  we  have 

det k(M,  ip,ip) 


ui...ua 

Vi...Vb' 


This  can  be  seen  by  a direct  computation  or  by  computing  in  case  l = 1 and  using 
the  additivity  of  Lemma  |41.4.6| 

Example  41.4.10.  Let  R = k be  a field.  Let  M = k®a  © k®a  be  l = 2a 
dimensional.  Let  p and  ip  be  the  following  block  matrices 


p = 


0 U 

0 0 


= 


0 V 

0 0 


with  U,  V £ Mat  (a  x a,  k)  invertible.  In  this  case  we  have 

.det(£/) 


detfc(M,  p,  ip)  = (-l)c 


det(V) ' 


This  can  be  seen  by  a direct  computation.  The  case  a = 1 is  similar  to  the  compu- 
tation in  Example  |41.4.7| 

Example  41.4.11.  Let  R = k be  a field.  Let  M = k ®4.  Let 


(° 

0 

0 

(0 

0 

0 

°\ 

Ui 

0 

0 

0 

0 

0 

V2 

0 

V = 

0 

0 

0 

0 

(p  = 

0 

0 

0 

0 

^0 

0 

U2 

0^ 

\Vl 

0 

0 

0/ 

with  ui,U2,vi,V2  £ k* . Then  we  have 

det  k(M,p,ip)  = 

VxV2 


Next  we  come  to  the  analogue  of  the  fact  that  the  determinant  of  a composition 
of  linear  endomorphisms  is  the  product  of  the  determinants.  To  avoid  very  long 
formulae  we  write  Iv  = Im(y>),  and  Kv  = Ker(y>)  for  any  i?-module  map  p : M — >■ 
M.  We  also  denote  pip  = p o ip  for  a pair  of  morphisms  p,  ip  : M — > M. 

Lemma  41.4.12.  Let  R be  a local  ring  with  residue  field  k.  Let  M be  a finite 
length  R-module.  Let  a,  /3,y  be  endomorphisms  of  M . Assume  that 

(1)  Ia  = and  similarly  for  any  permutation  of  a,  /3,7, 

(2)  Ka  = Ip1,  and  similarly  for  any  permutation  of  a,  ft,'). 

Then 
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(1)  The  triple  (M,  a,/3j)  is  an  exact  (2,1) -periodic  complex. 

(2)  The  triple  (/7,a, /3)  is  an  exact  (2, 1 )-periodic  complex. 

(3)  The  triple  (M/Kp, a, 'y)  is  an  exact  (2,1) -periodic  complex. 

(4)  We  have 

detK(M,  a,  /3y)  = detK(IJ,a,P)detK(M/Kp,a,'y). 

Proof.  It  is  clear  that  the  assumptions  imply  part  (1)  of  the  lemma. 

To  see  part  (1)  note  that  the  assumptions  imply  that  Iia  = JQ7,  and  similarly  for 
kernels  and  any  other  pair  of  morphisms.  Moreover,  we  see  that  I^p  = Ip^  = Ka  C 
/7  and  similarly  for  any  other  pair.  In  particular  we  get  a short  exact  sequence 

0 — y 1 p^  — y T.  — y /a7  — y 0 
and  similarly  we  get  a short  exact  sequence 

0 — y f o,7  — y /7  — y 7g7  — y 0. 

This  proves  (77,a,/3)  is  an  exact  (2,  l)-periodic  complex.  Hence  part  (2)  of  the 
lemma  holds. 


To  see  that  a,  7 give  well  defined  endomorphisms  of  M/Kp  we  have  to  check  that 
cx(Kp)  C Kf 3 and  7 (Kp)  C Kp.  This  is  true  because  a(Kf 3)  = a(Iia)  = Iaia  C 
Iai  = Kp , and  similarly  in  the  other  case.  The  kernel  of  the  map  a : M/Kp  — >■ 
M/Kp  is  Kpa/Kp  = J7/ Kp . Similarly,  the  kernel  of  7 : M/Kp  -A  M/Kp  is  equal 
to  Ia/Kp.  Hence  we  conclude  that  (3)  holds. 


We  introduce  r = lengthy (Ka),  s = length^Tv^)  and  t = lengthy (/v7).  By 
the  exact  sequences  above  and  our  hypotheses  we  have  lengthy (Ia)  = s + t, 
lengthfl(J/3)  = r + t,  lengthfl(/7)  = r + s,  and  length(M)  = r + s + t.  Choose 

(1)  an  admissible  sequence  x\, . . . ,xr  € Ka  generating  Ka 

(2)  an  admissible  sequence  yi, . . . , ys  £ Kp  generating  Kp, 

(3)  an  admissible  sequence  Z\, . . . ,zt  £ K1  generating  K. y, 

(4)  elements  27  £ M such  that  P'yXi  = Xi, 

(5)  elements  yi  £ M such  that  cryj/i  = yi, 

(6)  elements  Zi  £ M such  that  (3aZi  = Zi. 

With  these  choices  the  sequence  y\, ...  ,ys,  az\, . . . , azt  is  an  admissible  sequence 
in  Ia  generating  it.  Hence,  by  Remark  41.4.2  the  determinant  D = detK(M,  a,  /3y) 
is  the  unique  element  of  k*  such  that 


[yi,  ■ ■ ■ ,ys,a5i, . . .,azs,x  1, . . . ,xr] 
= (-l)r(s+t)T>[a;i, . . . , xr,  72/1, . . . , 7 ys,  Zi,...,Zt] 


By  the  same  remark,  we  see  that  D\  = det^M/Kp,  a,  7)  is  characterized  by 
[yi,  ah,  • • • , azt,  xi,...,  xr\  = (—l)rtDi  [2/1 , • ■ • , ys,  7^1,  • • • ,7®r>  h,  ■ ■ ■ , Zt\ 

By  the  same  remark,  we  see  that  D2  = detK(/7,  a,  /3)  is  characterized  by 
[yi,  ■ ■ -,ya,  7^i,  • • • , 7^r,  zi,  ■ ■ ■ , zt\  = (-1  )rsD2[x1, ...,  xr,7yi, . . .,^ys,zu  ■ ■ ■ , zt\ 


Combining  the  formulas  above  we  see  that  D = DiD2  as  desired.  □ 

02PV  Lemma  41.4.13.  Let  R be  a local  ring  with  residue  field  k.  Let  a : — y 

(M' , ip' be  a morphism  of  (2,1) -periodic  complexes  over  R.  Assume 
(1)  M , M'  have  finite  length, 
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(2)  (M,p,ip),  (M' , p',  if>')  are  exact, 

(3)  the  maps  ip,  ip  induce  the  zero  map  on  K = Ker(a),  and 

(4)  the  maps  p,  ip  induce  the  zero  map  on  Q = Coker(a). 

Denote  TV  = a(M)  C M' . We  obtain  two  short  exact  sequences  of  (2,1) -periodic 

PHTYlTll  PTP  S 

0 -A  (TV,  if’,  if/)  -A  (. M’ , ip’,  if/)  -A  ( Q , 0, 0)  -A  0 
0 -A  (K,  0, 0)  -A  (M,  ip,  ip)  -a  (TV,  p',  ip')  -A  0 
which  induce  two  isomorphisms  ai  : Q —A  K,  i = 0,1.  Then 

det k(M,  p,  ip)  = detK(«Q  1 o or)  det K(M',  p1,  ip') 

In  particular,  if  ao  = a±,  then  det K(M,p,ip)  = detK(M' ,p' ,ip'). 

Proof.  There  are  (at  least)  two  ways  to  prove  this  lemma.  One  is  to  produce 
an  enormous  commutative  diagram  using  the  properties  of  the  determinants.  The 
other  is  to  use  the  characterization  of  the  determinants  in  terms  of  admissible 
sequences  of  elements.  It  is  the  second  approach  that  we  will  use. 

First  let  us  explain  precisely  what  the  maps  a*  are.  Namely,  «o  is  the  composition 
a0:Q  = H°(Q,  0,  0)  -A  I?1  (TV,  p’ , if/)  -A  H2(K,  0,0)  = K 
and  a\  is  the  composition 

a\\Q  = H\Q,0,0)  -A  H2(N,p',ip')  -a  H3(K,  0,0)  = K 

coming  from  the  boundary  maps  of  the  short  exact  sequences  of  complexes  displayed 
in  the  lemma.  The  fact  that  the  complexes  (M,  p,  ip),  {M' , p' , ip')  are  exact  implies 
these  maps  are  isomorphisms. 

We  will  use  the  notation  Iv  = Im(y>),  Kv  = Ker(<p)  and  similarly  for  the  other 
maps.  Exactness  for  M and  M'  means  that  Kv  = 1^  and  three  similar  equalities. 
We  introduce  k = lengthy  (if),  a = lengthfi(/v),  b = lengthK(/^,).  Then  we  see 
that  lengthy  (M)  = a + b,  and  lengthfl(TV)  = a + b — k,  lengthij(Q)  = k and 
lengthi?(M')  = a + b.  The  exact  sequences  below  will  show  that  also  lengthy  (7^,/)  = 
a and  lengthy (/,/,/)  = b. 

The  assumption  that  K C Kv  = 1^  means  that  p factors  through  TV  to  give  an 
exact  sequence 

0 -A  a(I^)  -A  TV  A 1^  -A  0. 

Here  pa^1(x')  = y means  x'  = a(x)  and  y = p(x).  Similarly,  we  have 

0 -A  a(Iv)  -A  TV  — A Iv  -A  0. 

The  assumption  that  ip'  induces  the  zero  map  on  Q means  that  1^  = Kv*  C TV. 
This  means  the  quotient  p'(N)  C Iv>  is  identified  with  Q.  Note  that  p'(N)  = a(Iv). 
Hence  we  conclude  there  is  an  isomorphism 

p'  : Q — A lip’ / u(I^) 

simply  described  by  p'(x'  mod  TV)  = p'{x')  mod  a(Iv).  In  exactly  the  same  way 
we  get 

ip'  : Q -A  Ij/j> / a(Ijj,) 

Finally,  note  that  ao  is  the  composition 


Q 


i<p' /a(i<p) 


K 
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and  similarly  oq  = pa  %\i^/a{i^)  ° ip' ■ 


To  shorten  the  formulas  below  we  are  going  to  write  ax  instead  of  a(x)  in  the 
following.  No  confusion  should  result  since  all  maps  are  indicated  by  Greek  letters 
and  elements  by  Roman  letters.  We  are  going  to  choose 

(1)  an  admissible  sequence  Zi, . . . , zk  £ K generating  K, 

(2)  elements  z\  £ M such  that  pz[  = Zi, 

(3)  elements  z " € M such  that  i/jz " = Zi, 

(4)  elements  xk+\,  ■ ■ ■ , xa  £ I<p  such  that  Z\, . . . , zk,  xk+i,  ■ ■ ■ , xa  is  an  admis- 
sible sequence  generating  I 

(5)  elements  Xi  £ M such  that  ip&i  = Xi, 

(6)  elements  yk+ i,  ...  , yb  £ such  that  z\,...,zk,  yk+ 1,  ■■■  ,Vb  is  an  admis- 
sible sequence  generating  1^, 

(7)  elements  jji  £ M such  that  f/’j/i  = yi,  and 

(8)  elements  wi, ...  ,wk  £ M'  such  that  uq  mod  N, ...  ,wk  mod  N are  an 
admissible  sequence  in  Q generating  Q. 


By  Remark  41.4. 2|  the  element  D 


detK(M,  ip,  ip)  £ k*  is  characterized  by 


[2:1, , Zk,  Zfc+1,  • • • , Xa,  z" , . . . , 4',  yk+ 1,  • • • , Vb\ 

( 1)  -^|4j  ■ • • j 2/fc+l?  ■ ■ ■ 5 Vbj  • ■ • ? ^\zi  Kk+l j ■ • • ? %a\ 


Note  that  by  the  discussion  above  axk+i, . . . , axa,  <pw\, . . . , pwk  is  an  admissible 
sequence  generating  Ip  and  ayk+ 1,  • • • , ayb,  ipwi, . . . , tpwk  is  an  admissible  sequence 
generating  Ip.  Hence  by  Remark  41.4.2  the  element  D1  = det K(M' ,ip' ,1/)')  £ k*  is 
characterized  by 

[axk+ 1,  ■ ■ ■ , axa,  ip'wi, ...,  <p'wk,ayk+i, . . . , ayb , Wi  ,...,wk\ 

= ( -l)abD'[ayk+1 , . . .,ayb,i/j'w  1, . . . , ip'wk,  axk+1, . . .,axa,w  1, . ..  ,wk] 


Note  how  in  the  first,  resp.  second  displayed  formula  the  the  first,  resp.  last  k 
entries  of  the  symbols  on  both  sides  are  the  same.  Hence  these  formulas  are  really 
equivalent  to  the  equalities 

[otxk+ 1, . . . , ax a,  az'l , . . . ,azk,  ayk+ 1,  ■ • ■ ,ayb] 

= (-1  )abD[ayk+i, . . . , ayb , az[, . . . , azk,  axk+1, ...,  axa] 


and 


. • • 1 OtXai  (p  i (*p  Wki  (%yk-\-li  • • • 5 c^yb\ 

= (- l)abD'[ayk+i , . . . , ayb,  ip'wi, ...,  ip'wk , axk+1, ...,  axa ] 

in  detK(N).  Note  that  ip'wi, . . . , <p'wk  and  az",...,zk  are  admissible  sequences 
generating  the  module  Ip/a(I<p).  Write 

[ffi'wi, ...,  p'wk]  = A0  [az", ...,  azk } 
in  det K(Ip  / a(Iv))  for  some  Ao  £ n*.  Similarly,  write 

[ip'wi,...,ip'wk]  = Xi[az[,...,az'k] 
in  det K(Ip /a(I^,))  for  some  Ai  £ k*.  On  the  one  hand  it  is  clear  that 

ai([wi, . . . ,wk])  = \i[zi,...,zk\ 
for  i = 0, 1 by  our  description  of  a i above,  which  means  that 

detK(a(71  o ai)  = Ai/A0 
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02PW 

02PX 


02PY 


02PZ 

02Q0 


and  on  the  other  hand  it  is  clear  that 

Ao  , • • • , OLXa  , OLZ-y  5 > Otyk-\-l ) • • * 5 

= [axk+ 1,  ■ • • , axa,  ip'w!, ...,  ip'wk,  ayk+ 1,  • • • , ayb } 

and 

Ai[at/fe+i,  • ■ ■ ,<*2/6,  a^, . . . ,a^,a5fe+i, . . . ,axa] 

= [ayk+ 1,  ■ ■ .,ayb,ip'wi, . . . ,ip'wk,axk+1, . . .,axa] 
which  imply  Aq-D  = X\D' . The  lemma  follows.  □ 


41.5.  Symbols 


The  correct  generality  for  this  construction  is  perhaps  the  situation  of  the  following 
lemma. 

Lemma  41.5.1.  Let  A be  a Noetherian  local  ring.  Let  M be  a finite  A-module  of 
dimension  1.  Assume  ip,  if  : AL  — ► M are  two  injective  A-module  maps,  and  assume 
<p(ip{M))  = for  example  if  ip  and  if  commute.  Then  lengthR(M  / \pipM)  < 

00  and  (M /ipifM,(p,xf)  is  an  exact  (2,1)  -periodic  complex. 


Proof.  Let  q be  a minimal  prime  of  the  support  of  M.  Then  Mq  is  a finite  length 
Aq-module,  see  Algebra,  Lemma  10.61.3  Hence  both  and  if  induce  isomorphisms 


M. 


M„ 


q.  Thus  the  support  of  M/tpifM  is  {01,4}  and  hence  it  has  finite  length 
(see  lemma  cited  above).  Finally,  the  kernel  of  on  M/ipipM  is  clearly  ipM / tpipM , 
and  hence  the  kernel  of  ip  is  the  image  of  ip  on  M/ipipM.  Similarly  the  other  way 
since  M/<pipM  = M/ipipM  by  assumption.  □ 


Lemma  41.5.2.  Let  A be  a Noetherian  local  ring.  Let  a,b  € A. 

(1)  If  M is  a finite  A-module  of  dimension  1 such  that  a,  b are  nonzerodivisors 
on  M,  then  length A(M / abM)  < 00  and  (M/abM,a,b)  is  a (2,1) -periodic 
exact  complex. 

(2)  If  a,  b are  nonzerodivisors  and  dim(A)  = 1 then  length A(. A / (ab))  < 00  and 
( A/{ab)1a,b ) is  a (2,1) -periodic  exact  complex. 

In  particular,  in  these  cases  detK(M/abM,  a,  b)  £ k* , resp.  det K(A/(ab),a,b)  £ n* 
are  defined. 


Proof.  Follows  from  Lemma  Til  .5.  II 


□ 


Definition  41.5.3.  Let  A be  a Noetherian  local  ring  with  residue  field  k.  Let  a,  6 £ 
A.  Let  M be  a finite  A-module  of  dimension  1 such  that  a,  b are  nonzerodivisors 
on  M . We  define  the  symbol  associated  to  M,  a,  b to  be  the  element 


dM{a,  b)  = det K(M / abM , a , b)  £ k* 

Lemma  41.5.4.  Let  A be  a Noetherian  local  ring.  Let  a,b,c  £ A.  Let  M be  a 
finite  A-module  with  dim (Supp(M))  = 1.  Assume  a , b , c are  nonzerodivisors  on  M . 
Then 

dM{a,  be)  = dM{a,  b)dM(a , c) 

and  dM(a , b)dM{b,  a)  = 1. 


Proof.  The  first  statement  follows  from  Lemma  41.4.12  applied  to  M/abcM  and 
endomorphisms  a,  /3, 7 given  by  multiplication  by  a,  b , c.  The  second  comes  from 
Lemma  141.4.31  □ 
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02Q1 


0AY9 


02Q2 


02Q3 


02Q4 


Definition  41.5.5.  Let  A be  a Noetherian  local  domain  of  dimension  1 with 
residue  field  k.  Let  K be  the  fraction  field  of  A.  We  define  the  tame  symbol  of  A 
to  be  the  map 

K*  x K* — t k*,  (x,y)i — > dA(x,y) 


where  d,A{x,y)  is  extended  to  K*  x K*  by  the  multiplicativity  of  Lemma  41.5.4 


It  is  clear  that  we  may  extend  more  generally  cIm{—i  — ) to  certain  rings  of  fractions 
of  A (even  if  A is  not  a domain). 

Lemma  41.5.6.  Let  A be  a Noetherian  local  ring  and  M a finite  A-module  of  di- 
mension 1.  Let  a £ A be  a nonzerodivisor  on  M . Then  dM  («,  a)  = (-1  )lengthA(M/aM) 


Proof.  Immediate  from  Lemma  Til. 4. 41  □ 

Lemma  41.5.7.  Let  A be  a Noetherian  local  ring.  Let  M be  a finite  A-module  of 
dimension  1.  Let  b £ A be  a nonzerodivisor  on  M,  and  let  u £ A* . Then 

dM(u,  b)  = u}engthA  {M/bM)  mod  mA. 

In  particular,  if  M = A,  then  dA{u , b ) = uordA^  mod  m^. 


Proof.  Note  that  in  this  case  M/ubM  = M/bM  on  which  multiplication  by  b is 
zero.  Hence  dM{u,b)  = detK(u\M/bM)  by  Lemma  41.4.5  The  lemma  then  follows 
from  Lemma  T41.2. 91  □ 


Lemma  41.5.8.  Let  A be  a Noetherian  local  ring.  Let  a,  b £ A.  Let 

0 — » M — ?•  M'  —$■  M"  0 


be  a short  exact  sequence  of  A-modules  of  dimension  1 such  that  a,  b are  nonzero- 
divisors  on  all  three  A-modules.  Then 


m k . 


dM'(a,b)  = dM(a,b)dM"{a,  b) 


Proof.  It  is  easy  to  see  that  this  leads  to  a short  exact  sequence  of  exact  (2, 1)- 
periodic  complexes 

0 — ► ( M/abM , a,  b ) — > {M' / abM' , a,  b)  — > (M" / abM" , a,  b)  — > 0 
Hence  the  lemma  follows  from  Lemma  [41.4.61  □ 

Lemma  41.5.9.  Let  A be  a Noetherian  local  ring.  Let  a : M — ► M'  be  a homo- 
morphism of  finite  A-modules  of  dimension  1.  Let  a,b  £ A.  Assume 

(1)  a,  b are  nonzerodivisors  on  both  M and  M' , and 

(2)  dim(A'er(a)),  dim(Cofcer(a))  <0. 

Then  dM  (a,  6)  = dM'  (a,  b) . 


Proof.  If  a £ A*,  then  the  equality  follows  from  the  equality  length(M/6M)  = 
length (M' /bM')  and  Lemma  41.5.7  Similarly  if  b is  a unit  the  lemma  holds  as  well 
(by  the  symmetry  of  Lemma  41.5.4).  Hence  we  may  assume  that  a,b  £ m^.  This  in 
particular  implies  that  m is  not  an  associated  prime  of  M,  and  hence  a : M — > M' 
is  injective.  This  permits  us  to  think  of  M as  a submodule  of  M' . By  assumption 
M' /M  is  a finite  A-module  with  support  {m^}  and  hence  has  finite  length.  Note 
that  for  any  third  module  M"  with  M C M"  C M'  the  maps  M ->  M"  and 
M"  — >•  M'  satisfy  the  assumptions  of  the  lemma  as  well.  This  reduces  us,  by 
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induction  on  the  length  of  M' /M,  to  the  case  where  length A(M'  /M)  = 1.  Finally, 
in  this  case  consider  the  map 

a : M/abM  — > M'/abM'. 

By  construction  the  cokernel  Q of  a has  length  1.  Since  a,  b £ they  act  trivially 
on  Q.  It  also  follows  that  the  kernel  K of  a has  length  1 and  hence  also  a,  b act 
trivially  on  K.  Hence  we  may  apply  Lemma  [41.4.13|  Thus  it  suffices  to  see  that 
the  two  maps  cq  : Q — >•  K are  the  same.  In  fact,  both  maps  are  equal  to  the  map 
q = x'  mod  Im(a)  i— > abx'  £ K.  We  omit  the  verification.  □ 


02Q5 


Lemma  41.5.10.  Let  A be  a Noetherian  local  ring.  Let  M be  a finite  A-module 
with  dim (Supp(M))  = 1.  Let  a,b  £ A nonzerodivisors  on  M . Let  qi, . . . , qt  be  the 
minimal  primes  in  the  support  of  M . Then 


dM(a,b)  = J j 


dA/qi(a,b) 


length  A (Afq 


as  elements  of  n*  . 


Proof.  Choose  a filtration  by  A-submodules 

0 = M0  C Mi  c . . . C Mn  = M 

such  that  each  quotient  Mj/Mj_ i is  isomorphic  to  A / p , for  some  prime  ideal  pj  of 
A.  See  Algebra,  Lemma  10.61.1  For  each  j we  have  either  pj  = q.;  for  some  i,  or 
pj  = Moreover,  for  a fixed  i,  the  number  of  j such  that  pj  = q{;  is  equal  to 
lengthy  (Mq.)  by  Algebra,  Lemma  10.61.5  Hence  cZmj  (a,  b)  is  defined  for  each  j 


and 

n. . („  h\  — fdMj. 

dMj-ifab)  if  pj=mA 

by  Lemma [41.5.8|  in  the  first  instance  and  Lemma [41. 5. 9|  in  the  second.  Hence  the 


dM  (a  b)  = \ dMj~1  ^ if  Pj  = q< 


lemma. 


□ 


02Q6  Lemma  41.5.11.  Let  A be  a discrete  valuation  ring  with  fraction  field  K . For 
nonzero  x,y  £ I\  we  have 

, , , , , , rordA(y) 

dA(*,y)  = 

in  other  words  the  symbol  is  equal  to  the  usual  tame  symbol. 


Proof.  By  multiplicativity  it  suffices  to  prove  this  when  x,y  £ A.  Let  t £ A be 
a uniformizer.  Write  x = tbu  and  y = tbv  for  some  a,  b > 0 and  u,v  £ A*.  Set 
l = a + b.  Then  f/_1, . . . ,tb  is  an  admissible  sequence  in  (x)/(xy)  and  tl~x , . . . ,ta  is 
an  admissible  sequence  in  ( y)/(xy ).  Hence  by  Remark [41.4.2  we  see  that  dA(x,y) 
is  characterized  by  the  equation 

[tl~\  . . . , tb,  v-1^, . . . , v^1]  = (-1  )abdA{x,  y)[tl~\  ...,ta,  , u-1}. 

Hence  by  the  admissible  relations  for  the  symbols  [aq, . . . , x{\  we  see  that 

dA{x,  y)  = (— 1 )abua/vb  mod  mj 


as  desired. 


□ 


We  add  the  following  lemma  here.  It  is  very  similar  to  Algebra,  Lennna[l0.118.3[ 
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02Q7  Lemma  41.5.12.  Let  R be  a local  Noetherian  domain  of  dimension  1 with  maximal 
ideal  m.  Let  a,b  £ m be  nonzero.  There  exists  a finite  ring  extension  R C R' 
with  same  field  of  fractions,  and  t,a',b'  £ R'  such  that  a = ta'  and  b = tb'  and 
R' =a'R' + b'R! . 

Proof.  Set  I = ( a,b ).  The  idea  is  to  blow  up  R in  I as  in  the  proof  of  Algebra, 
Lemma  [10.118. 3[  Instead  of  doing  the  algebraic  argument  we  work  geometrically. 
Let  X = Proj(@  Id/Id+1).  By  Divisors,  Lemma  30.26.9  this  is  an  integral  scheme. 
The  morphism  X — > Spec (R)  is  projective  by  Divisors,  Lemma  30.26.13  By  Alge- 
bra, Lemma[l0.112.2|and  the  fact  that  X is  quasi-compact  we  see  that  the  fibre  of 
X — > Spec (R)  over  m is  finite.  By  Properties,  Lemma  27.29.5  there  exists  an  affine 
open  U C X containing  this  fibre.  Hence  X = U because  X — ► Spec(i?)  is  closed. 
In  other  words  X is  affine,  say  X = Spec(R').  By  Morphisms,  Lemma  28.15.2 
we  see  that  R.  — ► R'  is  of  finite  type.  Since  X — » Spec(i?)  is  proper  and  affine  it 
is  integral  (see  Morphisms,  Lemma  28.43.7).  Hence  R — > R'  is  of  finite  type  and 
integral,  hence  finite  (Algebra,  Lemma  10.35.5).  By  Divisors,  Lemma  30.26.4  we 


see  that  IR ' is  a locally  principal  ideal.  Since  R ' is  semi-local  we  see  that  IR!  is 


principal,  see  Algebra,  Lemma  10.77.6  say  IR!  = (f).  Then  we  have  a = a't  and 
b = b't  and  everything  is  clear.  □ 

02Q8  Lemma  41.5.13.  Let  A be  a Noetherian  local  ring.  Let  a,b  £ A.  Let  M be  a 
finite  A-module  of  dimension  1 on  which  each  of  a,  b,  b — a are  nonzerodivisors. 
Then 

dM(a , b — a)dM{b,  b)  = dM(b , b — a)dM(a,  b) 


Proof.  By  Lemma  41.5.10  it  suffices  to  show  the  relation  when  M = A/ q for  some 


prime  q C A with  dim(A/q)  = 1. 

In  case  M = A/q  we  may  replace  A by  A/q  and  a,  b by  their  images  in  A/q.  Hence 
we  may  assume  A = M and  A a local  Noetherian  domain  of  dimension  1.  The 
reason  is  that  the  residue  field  k of  A and  A/q  are  the  same  and  that  for  any  A/q- 
module  M the  determinant  taken  over  A or  over  A/q  are  canonically  identified.  See 
Lemma  141.2.71 

It  suffices  to  show  the  relation  when  both  a,  b are  in  the  maximal  ideal.  Namely, 
the  case  where  one  or  both  are  units  follows  from  Lemmas  141.5.71  and  141.5.61 


Choose  an  extension  A C A!  and  factorizations  a = ta' , b = tb ' as  in  Lemma[41.5.12[ 
Note  that  also  b — a = t(b'  — a')  and  that  A!  = [a! , b ')  = (a',  b'  — a')  = {b'  — a' , b'). 
Here  and  in  the  following  we  think  of  A'  as  an  A-module  and  a,b,a' ,b' ,t  as  A- 
module  endomorphisms  of  A'.  We  will  use  the  notation  d\,  (a',b')  and  so  on  to 
indicate 

d^,(a',b')  = det  K(A' /a'b'  A'  ,a'  ,b') 

The  upper  index  A is  used  to  distinguish  this 


which  is  defined  by  Lemma  41.5.1 


from  the  already  defined  symbol  dA'{a',b')  which  is  different  (for  example  because 
it  has  values  in  the  residue  field  of  A!  which  may  be  different  from  n).  By  Lemma 
41.5.9  we  see  that  dA{a,b)  = d^,(a,  b),  and  similarly  for  the  other  combinations. 


Using  this  and  multiplicativity  we  see  that  it  suffices  to  prove 

dA,(a' , b'  — a')dA,(b' , b')  = d\,{f> , b'  — a')d"\,{a' , b') 
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Now,  since  (a',  b')  = A!  and  so  on  we  have 

A'/(a\b'  - a’))  S*  A! / (a')  ® A'/ (b'  — a’) 
A'/{V{V  - a'))  “ A'/\V)  © A'/(b'  - a') 
A'/(a'b')  “ A' /{a')  © A'/{b') 


Moreover,  note  that  multiplication  by  b'  — a'  on  A/ (a1)  is  equal  to  multiplication 
by  b' , and  that  multiplication  by  b'  — a'  on  A/{b')  is  equal  to  multiplication  by  —a' . 
Using  Lemmas  41.4.5  and|41.4U|  we  conclude 

d%{a',b'-a!)  = det^&V/O'))-1  detK(a'|A,/(6'-a')) 

d^,(b',b' - a')  = detK(-a/U//(bq)'1detK(6,U//(h/_Q/)) 

di,(a',b')  = detK(&,|j4//(aq)-1detK(a'|A//(bq) 

Hence  we  conclude  that 

(_1)ie„gth AA'/&y)dA,{a'tf  - a')  = di,{b',b'  - a')di,{a' ,b') 

the  sign  coming  from  the  —a'  in  the  second  equality  above.  On  the  other  hand,  by 
Lemma  41.4.4  we  have  d^,(b' , b')  = (— l)lengthA(-4  /(*> ))  ancj  lemma  is  proved.  □ 


The  tame  symbol  is  a Steinberg  symbol. 

02Q9  Lemma  41.5.14.  Let  A be  a Noetherian  local  domain  of  dimension  1 . Let  K = 
f.f.(A).  For  x G K \ {0, 1}  we  have 

dA{x , 1 — x)  = 1 


Proof.  Write  x = a/b  with  a,b  £ A.  The  hypothesis  implies,  since  1—x  = ( b—a)/b , 
that  also  b — a ^ 0.  Hence  we  compute 

dA{x , 1 — x)  = dA{a,  b — o)c?a(o,  b)~1dA{b , b — a)~1dA{b , b ) 

Thus  we  have  to  show  that  dA{a,b  — a)dA(b,b)  = dA(b,b  — a)dA{a,b).  This  is 
Lemma  141.5.131  □ 


41.6.  Lengths  and  determinants 

02QA  In  this  section  we  use  the  determinant  to  compare  lattices.  The  key  lemma  is  the 
following. 

02QB  Lemma  41.6.1.  Let  R be  a noetherian  local  ring.  Let  q C R be  a prime  with 
dim(l?/q)  = 1.  Let  tp  : M — > N be  a homomorphism  of  finite  R-modules.  Assume 
there  exist  X\ , . . . ,xi  £ M and  j/i, . . . , yi  G M with  the  following  properties 

(1)  M = (X!,...,X i), 

(2)  (xlt . . .,Xi)/{xu  . . .,Xi- 1)  = R/q  for  i = 1, . . . ,1, 

(3)  N = (j/i, . . . ,yi),  and 

(4)  (yi,...,yi)/(yi,...,yi-i)  = R/q  fori  = 1,...,Z. 

Then  ip  is  injective  if  and  only  if  is  an  isomorphism,  and  in  this  case  we  have 

lengthR(Coker(ip))  = ordR/q(f) 
where  f £ n(q)  is  the  element  such  that 

[<p{xi),.-.,‘p{xi)]  = f[yi,...,yi \ 


in  detK(q)(Arq). 
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Proof.  First,  note  that  the  lemma  holds  in  case  l = 1.  Namely,  in  this  case  X\  is  a 
basis  of  M over  R/ q and  y\  is  a basis  of  N over  R/q  and  we  have  tp( X\)  = f yi  for 
some  / € R.  Thus  ip  is  injective  if  and  only  if  / ^ q.  Moreover,  Coker(</?)  = R/(f,  q) 
and  hence  the  lemma  holds  by  definition  of  ord R/q(f)  (see  Algebra,  Definition 
10.120.21. 

In  fact,  suppose  more  generally  that  ip(xi)  = f,yi  for  some  /,  £ R,  fi  £ q.  Then 
the  induced  maps 

(xi, . . . , Xi)/(x  1, . . . , Xi- 1)  — > (yi, . . . , Vi)/ <2/i , - - - , Vi- 1) 
are  all  injective  and  have  cokernels  isomorphic  to  R/(fi,  q).  Hence  we  see  that 

lengthy  (Coker  (9?))  = E °rd  R/cifi)- 
On  the  other  hand  it  is  clear  that 


[V?(xi), . . . , ip{xi)]  = fi . . . ft  [yi, . . . , y{\ 

in  this  case  from  the  admissible  relation  (b)  for  symbols.  Hence  we  see  the  result 
holds  in  this  case  also. 


We  prove  the  general  case  by  induction  on  l.  Assume  l > 1.  Let  i £ {1, . . . ,1}  be 
minimal  such  that  ip(x  1)  € <2/1 , ■ • • ,Vi)-  We  will  argue  by  induction  on  i.  If  i = 1, 
then  we  get  a commutative  diagram 


0 (xi) 5-  {xi,  ...,xi) (xi, . . . ,x;)/(xi) ^ 0 

V Y 

0 (yi) >■  (yi,...,yi) (yi, - ■ • ,yi)/(yi) ^0 


and  the  lemma  follows  from  the  snake  lemma  and  induction  on  /.  Assume  now  that 
i > 1.  Write  p{x\)  = a\y\  + . . . + ai-\yt-\  + ayi  with  a,j,a  £ R and  a £ q (since 
otherwise  i was  not  minimal).  Set 


f Xj  if  j = 1 
| aXj  if  j > 2 


and  y'j  = lV:) 
3 \aVj 


if  j <i 
if  j > i 


Let  M'  = (xi, . . . ,x\)  and  N'  = (yi, . . . ,y[).  Since  ip(x[)  = aiy[  + . . .+ai-1y'i_1+y'i 
by  construction  and  since  for  j > 1 we  have  tp(x'j)  = aip{xi)  £ {y[, . . . , y[)  we  get  a 
commutative  diagram  of  A-modules  and  maps 


By  the  result  of  the  second  paragraph  of  the  proof  we  know  that  length R{M/M’)  = 
(l  — l)ordfl/q(a)  and  similarly  length^iM/M7)  = (Z  — i + l)ordfl/q(a).  By  a diagram 
chase  this  implies  that 

lengthfliCokei'i^'))  = lengthfl(Coker(</?))  + i ordfl/q(o). 

On  the  other  hand,  it  is  clear  that  writing 

[<p(xi),  ■ ■ ■ iV>(xi)]  = f[yi,---,yi],  W(x  i),...,<^(x()]  = /'  [2/1 , ■ • ■ ) y[\ 
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we  have  f = alf.  Hence  it  suffices  to  prove  the  lemma  for  the  case  that  <p{xfi)  = 
«i2/i  + ■ • • di-iUi-i  + Vi,  he.,  in  the  case  that  a = 1.  Next,  recall  that 

[Vu  ■■■,yi]  = [yi,  ■ ■ -,yi-i,aiyi  + . ■ +yilyi+ 1, 

by  the  admissible  relations  for  symbols.  The  sequence  y\,  . . . , yi-i,  aiy±  + . . . + 
di-iyi-i  +yi,  yi+i,  . ■ ■ ,yi  satisfies  the  conditions  (3),  (4)  of  the  lemma  also.  Hence, 
we  may  actually  assume  that  ip{x i)  = yi-  In  this  case,  note  that  we  have  qaq  = 0 
which  implies  also  q yi  = 0.  We  have 

[yi,---,yi]  = - [yi,  ■ ■ ■ ,yi-2,yi,yi-i,yi+i,  • ■ ■ ,yi) 

by  the  third  of  the  admissible  relations  defining  detK(q)(_/Vq).  Hence  we  may  replace 
yi,...,yi  by  the  sequence  y[, . . . , y[  = yi, . . . , yi_2,  yi , J/i-i,  Vi+i,  ■ ■ ■ , yi  (which  also 
satisfies  conditions  (3)  and  (4)  of  the  lemma).  Clearly  this  decreases  the  invariant 
* by  1 and  we  win  by  induction  on  i.  □ 


To  use  the  previous  lemma  we  show  that  often  sequences  of  elements  with  the 
required  properties  exist. 


02QC  Lemma  41.6.2.  Let  R be  a local  Noetherian  ring.  Let  q C R be  a prime  ideal. 

Let  M be  a finite  R-module  such  that  q is  one  of  the  minimal  primes  of  the  support 
of  M . Then  there  exist  x\ , . . . ,xi  £ M such  that 

(1)  the  support  of  M/(x i, . . . ,xf)  does  not  contain  q,  and 

(2)  (x1,...,xi)/{x1>...,xi_1)  = R/q  for  i = 1, . . . ,1. 

Moreover,  in  this  case  l = lengthR^(Mq). 


Proof.  The  condition  that  q is  a minimal  prime  in  the  support  of  M implies  that 
l = lengthy  (Mq)  is  finite  (see  Algebra,  Lemma  10.61.3).  Hence  we  can  find 
y1,...,yi  e Mq  such  that  {y±, . . . , yf)  / (y1, . . . , = K(q)  for  * = 1, ... , l.  We 

can  find  fi  £ R , fi  ^ q such  that  fiyi  is  the  image  of  some  element  zi:  £ M. 
Moreover,  as  R is  Noetherian  we  can  write  q = (gq, . . . , gt)  for  some  g7  £ R.  By 
assumption  £ (yi, . . . , yi_i)  inside  the  module  Mq.  By  our  choice  of  Zi  we 
can  find  some  further  elements  fji  £ R , fij  ft  q such  that  fijgjZi  £ (zi, . . . ,Zi- 1) 
(equality  in  the  module  M).  The  lemma  follows  by  taking 


X\  — /11/12  ■ • ■ fltZl,  X2  — /11/12  ■ • ■ /li/2l/22  • ■ ■ /2t^2, 


and  so  on.  Namely,  since  all  the  elements  fi,  fij  are  invertible  in  Rq  we  still  have 
that  RqX\  + . . . + RqXi/ Rqxi  + . . . + RqXi-i  = At(q)  for  i = 1, . . . , l.  By  construction, 
q Xi  £ ( X\ , . . . , Xi- 1).  Thus  (xi, . . . , Xi)/{x i, . . . , Xi-\)  is  an  f?-module  generated  by 
one  element,  annihilated  q such  that  localizing  at  q gives  a g-dimensional  vector 
space  over  K(q).  Hence  it  is  isomorphic  to  R/q.  □ 


02QD 


Here  is  the  main  result  of  this  section.  We  will  see  below  the  various  different 
consequences  of  this  proposition.  The  reader  is  encouraged  to  first  prove  the  easier 
Lemma  41.6.4  his/herself. 


41.6.3.  Let  R be  a local  Noetherian  ring  with  residue  field  k . Suppose 
is  a (2, 1 )-periodic  complex  over  R.  Assume 

(1)  M is  a finite  R-module, 

(2)  the  cohomology  modules  of  (AL,  are  of  finite  length,  and 

(3)  dim (Supp(M))  = 1. 


Proposition 

that  (M,  ip,  ip) 
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Let  q i,  i = 1, . . . ,t  be  the  minimal  primes  of  the  support  of  M . Then  we 
-eR(M,ip,ip)  = ^.=i  t ordR/qi  (detK(q.)(Mqi,<pqi,V’qi)) 

Proof.  We  first  reduce  to  the  case  t = 1 in  the  following  way.  Note  that  Supp(M)  = 
{m,  qi, . . . , q;},  where  m C R is  the  maximal  ideal.  Let  Mi  denote  the  image  of 
M — > Mqi,  so  Supp(Mi)  = {m,  q,}.  The  map  ip  (resp.  if)  induces  an  f?-module  map 
tfii  : Mi  — ► Mi  (resp.  ipi  : Mi  — >•  Mf).  Thus  we  get  a morphism  of  (2,  l)-periodic 
complexes 

(M,tp,if) — > ®l=1 

The  kernel  and  cokernel  of  this  map  have  support  equal  to  {m}  (or  are  zero).  Hence 


by  Lemma  41.3.3  these  (2,  l)-periodic  complexes  have  multiplicity  0.  In  other  words 
we  have 

eR{M,ip,ip)  = eR(Mi,ipuifi) 

z Jl=l 

On  the  other  hand  we  clearly  have  Mqi  = Mjiqi,  and  hence  the  terms  of  the  right 
hand  side  of  the  formula  of  the  lemma  are  equal  to  the  expressions 

ordfl/q . (detK(q .)  (Mijqi , <^i>qi , ipit qi )) 

In  other  words,  if  we  can  prove  the  lemma  for  each  of  the  modules  A/,; , then  the 
lemma  holds.  This  reduces  us  to  the  case  t = 1. 

Assume  we  have  a (2,  l)-periodic  complex  ( M,  ip,  ip)  over  a Noetherian  local  ring 
with  M a finite  U-module,  Supp(AL)  = {m,  q},  and  finite  length  cohomology  mod- 
ules. The  proof  in  this  case  follows  from  Lemma  |41.6.1|  and  careful  bookkeeping. 
Denote  Kv  = Ker(y>),  Iv  = Im(^),  K ^ = Ker (ip),  and  1^  = Im(t/>).  Since  R is 
Noetherian  these  are  all  finite  f?-modules.  Set 

a = lengthy  (/v,q)  = lengthy  (K^q),  b = lengthy  (I^q)  = lengthy  (ATv,q). 

Equalities  because  the  complex  becomes  exact  after  localizing  at  q.  Note  that 
l = lengthy  (Mq)  is  equal  to  l = a + b. 


We  are  going  to  use  Lemma  41.6.2  to  choose  sequences  of  elements  in  finite  R- 
modules  N with  support  contained  in  {m,  q}.  In  this  case  _/Vq  has  finite  length, 
say  n £ N.  Let  us  call  a sequence  wi,...,wn  £ N with  properties  (1)  and  (2) 
of  Lemma  41.6.2  a “good  sequence”.  Note  that  the  quotient  N/{wi, . . . , wn)  of 
N by  the  submodule  generated  by  a good  sequence  has  support  (contained  in) 
{m}  and  hence  has  finite  length  (Algebra,  Lemma  10.61.3).  Moreover,  the  symbol 
[uq, . . . , w;n]  £ detK(q)(Arq)  is  a generator,  see  Lemma 

Having  said  this  we  choose  good  sequences 


41.2.4 


Xi, 

yi, 


,xb 

,2/a 


m 

in 


Ka- 


, t/Q,  in 

1 n (^1  ? ■ • • ^a)  5 ) ■ • • ) &b  1H  lip  ^ (^T 1 • • • i %b)  • 


K, 


Lip  1 1 \°li  • • • °a/  i °I?  • • • i -m p ' 

We  will  adjust  our  choices  a little  bit  as  follows.  Choose  lifts  pi  £ M of  yi  £ Iv  and 
Si  £ M of  Si  £ lip.  It  may  not  be  the  case  that  qpi  C (aq, . . . , xf)  and  it  may  not  be 
the  case  that  qiq  C (ti, . . . , ta).  However,  using  that  q is  finitely  generated  (as  in  the 


proof  of  Lemma  41.6.2 1 we  can  find  a d £ R,  d ft  q such  that  qdpi  C (aq, . . . , Xb)  and 


qdsi  C (ti, . . . , fa).  Thus  after  replacing  yt  by  dyt,  pi  by  dpi,  Sj  by  dsi  and  s*  by  dSi 


2 Obviously  we  could  get  rid  of  the  minus  sign  by  redefining  det K(M,  ip,ip)  as  the  inverse  of 
its  current  value,  see  Definition  41.4.1 
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we  see  that  we  may  assume  also  that  X\, . . . , Xb,  yi,  ■ ■ • , yb  and  t\, . . . , ta,  Si, . . . , sb 
are  good  sequences  in  M. 

Finally,  we  choose  a good  sequence  zi, . . . , zi  in  the  finite  R- module 
{xi,  • • • i Xb,  Vh  • • • i Va ) Fl  (^1 5 * • • j ta,  , Sb)  • 

Note  that  this  is  also  a good  sequence  in  M. 

Since  /v,q  = A',yq  there  is  a unique  element  h £ «;(q)  such  that  [yi,...,ya]  = 
h[t\, . . . , ta]  inside  detK(q)  Similarly,  as  7,yq  = Kv  q there  is  a unique  element 

h £ /t(q)  such  that  [si, . . . , Sb]  = g[x i, . . . , Xb]  inside  detK(q)(/\v,q).  We  can  also  do 
this  with  the  three  good  sequences  we  have  in  M.  All  in  all  we  get  the  following 
identities 


[yi,---,ya]  = hit!,..., ta] 

[si,...,sb]  = g[xi,...,xb\ 

[z!,...,z{\  = fv,[x1,...,xb,y1,...,ya] 
[zi , • • • ) Zl]  = flp  [tl)  • ■ ■ , ta,  Si,  . . . , Sb] 


for  some  g,  h,  fv,  / ^ £ «(q). 


Having  set  up  all  this  notation  let  us  compute  detK(cp(M,  ip,  ip).  Namely,  consider 

of  Definition 


the  element  [z\, . . . , zi\.  Under  the  map  7^,  o <7  o y( 


-1 

v 


41.4.1 


we  have 


[zi,...,zz]  = 


HA 

HA 


fv[x!,...,xb,yi,...,ya] 
fv[xi,...,xb]  <8  [2/1,  — , 2/0] 
fvh/g[ti, . . . ,ta]  8 [si,  ...,sb\ 
fiph/ g[ti, . . . , ta , si, . . . , St] 
fvh/f4,g[z!,...,zi\ 


This  means  that  detK(q)  (Mq,  ipq,  ipq)  is  equal  to  fvh/ f^g  up  to  a sign. 


We  abbreviate  the  following  quantities 


k(p 

= lengthy  (A^/  (aq 

,...,xb)) 

kijj 

= length  .fl(A^/(ti, 

■ ■ ■ 1 ta)) 

'i'tp 

= lengthy  (I<p/(yi, 

* * * ) Va) ) 

i"il) 

= length  r(Itp/(s!, 

-.»«)) 

mp) 

= lengthy  (M/(x!, 

...,xb,yi,...,ya)) 

m $ 

= length  R(M/(t1:. 

■ ■ >ta,S  1,  . . . , Sb)  ) 

= lengthfl((a;i,..., 

xb,yi,---,ya)(zi,...,zi)) 

= lengthfl.((t1, . . . , 

ta,  §!,...,  Sb)(Z!,...,Zi)) 

Using  the  exact  sequences  0 -A  A ^ -A  M — > 1^  -A  0 we  get  mv  = k^  + i^.  Similarly 
we  have  m -p  = k4,  + i 4,.  We  have  8 v + mv  = 8^  + m ^ since  this  is  equal  to  the 
colength  of  {z\, . . . , z{)  in  M.  Finally,  we  have 


8<p  = ord  R/q{U),  8 4 = ord  R/q(U) 


by  our  first  application  of  the  key  Lemma |41.6.1| 
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02QE 


02QI 

02QJ 


Next,  let  us  compute  the  multiplicity  of  the  periodic  complex 
eR(M,ip,ip)  = lengthy  //,/,)  — length  R(K^  / 1 v) 

= lengthy  ((aq, . . . ,xb)/(si, . . . , sb))  + kv  - 
-lengthi?((ii 
= ord  R/q(g/h)- 
= ord  R/q(g/h)- 
= °rd  R/q(g/h)- 
= ord  R/q(Ug/fvh) 

where  we  used  the  key  Lemma  |4 1 . 6 . 1 1 twice  in  the  third  equality.  By  our  computa- 
tion of  detK(q)(Mq,<^q,'0q)  this  proves  the  proposition.  □ 


■ • • i to) / (2/1  > • • • ! Ua) ) T ip 

iij j k^  -f-  %p 

Trip  rn^p 

ftp  3p 


In  most  applications  the  following  lemma  suffices. 

Lemma  41.6.4.  Let  R be  a Noetherian  local  ring  with  maximal  ideal  m.  Let  M 
be  a finite  R-module,  and  let  if  : M — » M be  an  R-module  map.  Assume  that 

(1)  Ker(ib)  and  Cokeriib')  have  finite  lenqth,  and 

(2)  dim (Supp(M))  < 1. 

Write  Supp(M)  = {m,  qi, . . . , qt}  and  denote  fi  £ «(q,)*  the  element  such  that 
detK(qi)(V,qi)  : detre(qi)(Mqi)  — » detK(qi)(Mqi)  is  multiplication  by  fi.  Then  we  have 

length R{Coker{i!)))  - lengthR{Ker{if))  = Y\  n ordR/q.(fi). 

Proof.  Recall  that  H°(M,  0,ip)  = Coker(')/))  and  = Ker (ip),  see  re- 

marks above  Definition|41.3.2|  The  lemma  follows  by  combining  Proposition |41.6.3| 
with  Lemma  f4 1.4. 5 1 

Alternative  proof.  Reduce  to  the  case  Supp(M)  = {m,  q}  as  in  the  proof  of  Proposi- 
tion |41.6.3|  Then  directly  combine  Lemmas  |41.6.1|  and |41.6.2| to  prove  this  specific 
case  of  Proposition  |41.6.3|  There  is  much  less  bookkeeping  in  this  case,  and  the 
reader  is  encouraged  to  work  this  out.  Details  omitted.  □ 


41.7.  Application  to  tame  symbol 

In  this  section  we  apply  the  results  above  to  show  the  following  key  lemma.  This 
lemma  is  a low  degree  case  of  the  statement  that  there  is  a complex  for  Milnor  K- 
theory  similar  to  the  Gersten-Quillen  complex  in  Quillen’s  K-theory.  See  [Kat86j. 

Lemma  41.7.1  (Key  Lemma).  Let  A be  a 2-dimensional  Noetherian  local  domain. 
Let  K = f.f.(A).  Let  f,g&  K*.  Let  qlt . . . , qt  be  the  height  1 primes  q of  A such 
that  either  f or  g is  not  an  element  of  A* . Then  we  have 

tordA/cu(dAq.(f,g))  = 0 

We  can  also  write  this  as 

£«(„  )=1O^A/q(rfAq(/,ff))  = 0 

since  at  any  height  one  prime  q of  A where  f,g  £ A*  we  have  dAq  (/, g)  = 1 by 
Lemma  \fl.5.  rl\ 


When  A is  an 
excellent  ring  this  is 
IKat86l  Proposition 
!]■ 
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02QK 

02QL 


02QM 

02QN 


Proof.  Since  the  tame  symbols  <A,  (/,<?)  are  additive  (Lemma  41.5.4)  and  the 
order  functions  ord^/q  are  additive  (Algebra,  Lemma  10.120.1)  it  suffices  to  prove 
the  formula  when  / = a £ A and  g = b £ A.  In  this  case  we  see  that  we  have  to 
show 

^hoight(q)=l0rdA^(detK(Aq/(a6)’a,&))  = 0 

By  Proposition |41. 6. 3] this  is  equivalent  to  showing  that 

ca(A/ ( ab),a , b)  = 0. 


Since  the  complex  A/(ab)  A A/(ab)  — > A/(ab)  A A/(ab)  is  exact  we  win. 


□ 


41.8.  Setup 


We  will  throughout  work  over  a locally  Noetherian  universally  catenary  base  S 
endowed  with  a dimension  function  <5.  Although  it  is  likely  possible  to  generalize 
(parts  of)  the  discussion  in  the  chapter,  it  seems  that  this  is  a good  first  approx- 
imation. We  usually  do  not  assume  our  schemes  are  separated  or  quasi-compact. 
Many  interesting  algebraic  stacks  are  non-separated  and/or  non-quasi-compact  and 
this  is  a good  case  study  to  see  how  to  develop  a reasonable  theory  for  those  as 
well.  In  order  to  reference  these  hypotheses  we  give  it  a number. 

Situation  41.8.1.  Here  S is  a locally  Noetherian,  and  universally  catenary  scheme. 
Moreover,  we  assume  S is  endowed  with  a dimension  function  <5  : S — > Z. 


See  Morphisms,  Definition  |28. 17. f for  the  notion  of  a universally  catenary  scheme, 
and  see  Topology,  Definition  5.19.1|  for  the  notion  of  a dimension  function.  Recall 
that  any  locally  Noetherian  catenary  scheme  locally  has  a dimension  function,  see 
Properties,  Lemma  27.11.3|  Moreover,  there  are  lots  of  schemes  which  are  univer- 
sally catenary,  see  Morphisms,  Lemma  [28. 17.4 


Let  (S,  6)  be  as  in  Situation  41.8.1  Any  scheme  X locally  of  finite  type  over  S is 
locally  Noetherian  and  catenary.  In  fact,  X has  a canonical  dimension  function 


8 = Sx/s  '■  X — » Z 

associated  to  (/  : X — ► S,  S)  given  by  the  rule  Sx/s(x ) = 8(f(x))  +trdegK^(a.pfi;(x). 
See  Morphisms,  Lemma[28.30.3[  Moreover,  if  h : X — ► Y is  a morphism  of  schemes 
locally  of  finite  type  over  S,  and  x £ X,  y = h{x),  then  obviously  8x/six ) = 
Sy/siu)  + trdeg^^x).  We  will  freely  use  this  function  and  its  properties  in  the 
following. 


Here  are  the  basic  examples  of  setups  as  above.  In  fact,  the  main  interest  lies  in 
the  case  where  the  base  is  the  spectrum  of  a field,  or  the  case  where  the  base  is  the 
spectrum  of  a Dedekind  ring  (e.g.  Z,  or  a discrete  valuation  ring). 


Example  41.8.2.  Here  S = Spec (k)  and  A:  is  a field.  We  set  6(pt)  = 0 where  pt 
indicates  the  unique  point  of  S.  The  pair  ( S , S ) is  an  example  of  a situation  as  in 
Situation |41.8.1|  by  Morphisms,  Lemma [28. 17. 4| 


Example  41.8.3.  Here  S = Spec(A),  where  A is  a Noetherian  domain  of  dimen- 
sion 1.  For  example  we  could  consider  A — Z.  We  set  <5(p)  = 0 if  p is  a maximal 
ideal  and  <5(p)  = 1 if  p = (0)  corresponds  to  the  generic  point.  This  is  an  example 
of  Situation  |41.8.1  by  Morphisms,  Lemma  28.17.4 


In  good  cases  8 corresponds  to  the  dimension  function. 
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02QO 


02QP 


02QQ 


02QR 


Lemma  41.8.4.  Let  (S,S)  be  as  in  Situation  41-8.1  Assume  in  addition  S is  a 
Jacobson  scheme,  and  5(s)  = 0 for  every  closed  point  s of  S.  Let  X be  locally  of 
finite  type  over  S . Let  Z C X be  an  integral  closed  subscheme  and  let  f £ Z be  its 
generic  point.  The  following  integers  are  the  same: 

(1)  SX/ s(£), 

(2)  dirn(Z),  and 

(3)  dim(0ZiZ)  where  z is  a closed  point  of  Z. 

Proof.  Let  X — ► S,  £ £ Z C X be  as  in  the  lemma.  Since  X is  locally  of 
finite  type  over  S we  see  that  X is  Jacobson,  see  Morphisms,  Lemma  |28.16.9| 
Hence  closed  points  of  X are  dense  in  every  closed  subset  of  Z and  map  to  closed 
points  of  S.  Hence  given  any  chain  of  irreducible  closed  subsets  of  Z we  can 
end  it  with  a closed  point  of  Z.  It  follows  that  dim(Z)  = supz(dim(0Zj2)  (see 
Properties,  Lemma  [27.10.3 ) where  z £ Z runs  over  the  closed  points  of  Z.  Note 
that  dim (0Z}Z)  = <5(£)  — <5(z))  by  the  properties  of  a dimension  function.  For  each 
closed  z £ Z the  field  extension  n(z)  D n(f(z))  is  finite,  see  Morphisms,  Lemma 
28.16.8  Hence  Sx/s{z)  = $(f(z))  = 0 for  z £ Z closed.  It  follows  that  all  three 
integers  are  equal.  □ 

In  the  situation  of  the  lemma  above  the  value  of  <5  at  the  generic  point  of  a closed 
irreducible  subset  is  the  dimension  of  the  irreducible  closed  subset.  However,  in 
general  we  cannot  expect  the  equality  to  hold.  For  example  if  S = Spec(C[[f]]) 
and  X = Spec(C((f)))  then  we  would  get  S(x)  = 1 for  the  unique  point  of  X , 
but  dim(A)  = 0.  Still  we  want  to  think  of  5x/s  as  giving  the  dimension  of  the 
irreducible  closed  subschemes.  Thus  we  introduce  the  following  terminology. 

Definition  41.8.5.  Let  (S,5)  as  in  Situation 


41.8.1 


For  any  scheme  X locally  of 
finite  type  over  S and  any  irreducible  closed  subset  Z C X we  define 

dim  S(Z)  = <5(£) 

where  £ £ Z is  the  generic  point  of  Z.  We  will  call  this  the  8-dimension  of  Z . 
If  Z is  a closed  subscheme  of  X , then  we  define  dim s(Z)  as  the  supremum  of  the 
J-dimensions  of  its  irreducible  components. 

41.9.  Cycles 

Since  we  are  not  assuming  our  schemes  are  quasi-compact  we  have  to  be  a little 
careful  when  defining  cycles.  We  have  to  allow  infinite  sums  because  a rational 
function  may  have  infinitely  many  poles  for  example.  In  any  case,  if  X is  quasi- 
compact then  a cycle  is  a finite  sum  as  usual. 

Definition  41.9.1.  Let  (S',  (5)  be  as  in  Situation 
type  over  S.  Let  k £ Z. 

(1)  A cycle  on  X is  a formal  sum 


41.8.1 


Let  X be  locally  of  finite 


a = ^2  nz  [Z] 

where  the  sum  is  over  integral  closed  subschemes  Z C X,  each  nz  £ Z,  and 


the  collection  {Z;nz  ^ 0}  is  locally  finite  (Topology,  Definition  5.27.4). 
(2)  A k-cycle,  on  X is  a cycle 

a = ^2nz[Z] 

where  nz  yf  0 =>  dim s(Z)  = k. 
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02QS 

02QT 


02QU 


02QV 

02QW 


(3)  The  abelian  group  of  all  k- cycles  on  X is  denoted  Zk(X). 

In  other  words,  a fc-cycle  on  X is  a locally  finite  formal  Z-linear  combination  of 
integral  closed  subschemes  of  d-dimension  k.  Addition  of  fc-cycles  a = Y^nz[Z] 
and  /3  = ^ 171  z [Z]  is  given  by 

a + f3  = ^ ](ri2  + mz)[Z], 

i.e. , by  adding  the  coefficients. 

41.10.  Cycle  associated  to  a closed  subscheme 


Lemma  41.10.1.  Let  (8,5)  be  as  in  Situation  41-8.1  Let  X be  locally  of  finite 
type  over  S.  Let  Z C X be  a closed  subscheme. 

(1)  Let  Z'  C Z be  an  irreducible  component  and  let  £ £ Z'  be  its  generic  point. 
Then 

length0x  Oz,£  < oo 

(2)  If  dimi(Z)  < k and  £ £ Z with  5(1;)  = k,  then  t;  is  a generic  point  of  an 
irreducible  component  of  Z . 

Proof.  Let  Z'  C Z,  £ £ Z'  be  as  in  (1).  Then  dim (Oz,i)  = 0 (for  example  by 
Properties,  Lemma  27.10.3).  Hence  Oz,£  is  Noetherian  local  ring  of  dimension  zero, 
and  hence  has  finite  length  over  itself  (see  Algebra,  Proposition  10.59.6|) . Hence,  it 


also  has  finite  length  over  O x,£,  see  Algebra,  Lemma  10.51.12 

Assume  £ £ Z and  <$(£)  = k.  Consider  the  closure  Z'  = {£}.  It  is  an  irreducible 
closed  subscheme  with  dim s(Z')  = k by  definition.  Since  dim s(Z)  = k it  must  be 
an  irreducible  component  of  Z.  Hence  we  see  (2)  holds.  □ 


41.8.1 


Let  X be  locally  of  finite 


Definition  41.10.2.  Let  (S',  5)  be  as  in  Situation 
type  over  S.  Let  Z C X be  a closed  subscheme. 

(1)  For  any  irreducible  component  Z'  C Z with  generic  point  £ the  integer 
mz',z  = length0x  Oz,£  (Lemma  41.10.1)  is  called  the  multiplicity  of  Z' 
in  Z . 

(2)  Assume  dima(Z)  < k.  The  k-cycle  associated  to  Z is 

[Z\k  = ^mZ',z[Z'} 

where  the  sum  is  over  the  irreducible  components  of  Z of  ^-dimension  k. 
(This  is  a fc-cycle  by  Divisors,  Lemma  30.21.1  ) 

It  is  important  to  note  that  we  only  define  [Z]k  if  the  ^-dimension  of  Z does  not 
exceed  k.  In  other  words,  by  convention,  if  we  write  [Z\k  then  this  implies  that 
dim^(Z)  < k. 


41.11.  Cycle  associated  to  a coherent  sheaf 


Lemma  41.11.1.  Let  (S,5)  be  as  in  Situation  f 1.8.1 
type  over  S.  Let  IF  be  a coherent  Ox-module. 


Let  X be  locally  of  finite 


(1)  The  collection  of  irreducible  components  of  the  support  of  F is  locally 
finite. 
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(2)  Let  Z'  C Supp(F)  be  an  irreducible  component  and  let  f £ Z'  be  its  generic 
point.  Then 

lengthy  x F^  < oo 

(3)  If  dims(Supp(F))  < k and  f £ Z with  6(f)  = k,  then  f is  a generic  point 
of  an  irreducible  component  of  Supp(F). 


Proof.  By  Cohomology  of  Schemes,  Lemma  [29. 9 .7|  the  support  Z of  F is  a closed 
subset  of  X.  We  may  think  of  Z as  a reduced  closed  subscheme  of  X (Schemes, 
Lemma  25.12.4).  Hence  (1)  follows  from  Divisors,  Lemma  30.21.1  applied  to  Z and 
(3)  follows  from  Lemma  41.10.1  applied  to  Z . 

Let  f £ Z'  be  as  in  (2).  In  this  case  for  any  specialization  in  X we  have 

= 0.  Recall  that  the  non-maximal  primes  of  Ox,$  correspond  to  the  points  of 
X specializing  to  f (Schemes,  Lemma  25.13.2).  Hence  F^  is  a finite  Ox. ^-module 
whose  support  is  {m^}.  Hence  it  has  finite  length  by  Algebra,  Lemma  10.61.3  □ 


41.8.1 


Let  X be  locally  of  finite 


Definition  41.11.2.  Let  (S,6)  be  as  in  Situation 
type  over  S.  Let  F be  a coherent  Ox- module. 

(1)  For  any  irreducible  component  Z'  C Supp(Jr)  with  generic  point  f the 
integer  mz\x  = lengthy  (Lemma  41.11.1)  is  called  the  multiplicity 
of  Z'  in  F. 

(2)  Assume  dima(Supp(Jr))  < k.  The  k-cycle  associated  to  F is 

[F\k  =J^mz',AZ'} 

where  the  sum  is  over  the  irreducible  components  of  Supp(Jr)  of  (5-dimension 
k.  (This  is  a k- cycle  by  Lemma  41.11. 1|) 


It  is  important  to  note  that  we  only  define  [F\k  if  F is  coherent  and  the  (5-dimension 
of  Supp(Jr)  does  not  exceed  k.  In  other  words,  by  convention,  if  we  write  [F]k  then 
this  implies  that  F is  coherent  on  X and  dim5(Supp(Jr))  < k. 


Lemma  41.11.3.  Let  (S,5)  be  as  in  Situation  f 1.8.1  Let  X be  locally  of  finite 
type  over  S.  Let  Z C X be  a closed  subscheme,  if  dims  (Z)  < k,  then  [Z]k  = [Oz\k- 

Proof.  This  is  because  in  this  case  the  multiplicities  mz^z  and  mz'.oz  agree  by 
definition.  □ 


Lemma  41.11.4.  Let  (S:S)  be  as  in  Situation  fl.8.1  Let  X be  locally  of  finite 
type  over  S.  Let  0— > F — > Q — > TL  — > 0 be  a short  exact  sequence  of  coherent 
sheaves  on  X.  Assume  that  the  6-dimension  of  the  supports  of  F , Q,  and  TL  is  < k. 
Then  [Q]k  = [^]fc  + [TL\k- 


Proof.  Follows  immediately  from  additivity  of  lengths,  see  Algebra,  Lemma  10.51.3 

□ 

41.12.  Preparation  for  proper  pushforward 


Lemma  41.12.1.  Let  ( S,6 ) be  as  in  Situation  fl.8.1.  Let  X,  Y be  locally  of 


finite  type  over  S.  Let  f : X — ► Y be  a morphism.  "Kssume  X,  Y integral  and 
dim^X)  = dirn^y).  Then  either  f(X)  is  contained  in  a proper  closed  subscheme 
ofY,  or  f is  dominant  and  the  extension  of  function  fields  R(Y)  C R(X)  is  finite. 
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Proof.  The  closure  f{X)  C Y is  irreducible  as  X is  irreducible  (Topology,  Lemmas 
5.7.2|and 


5.7.31.  If  /(A)  ^ Y,  then  we  are  done.  If  /(A)  = Y , then  / is  dominant 


and  by  Morphisms,  Lemma  [28. 8. 5|  we  see  that  the  generic  point  r/y  of  Y is  in  the 
image  of  /.  Of  course  this  implies  that  = Vy,  where  rjx  € A'  is  the  generic 

point  of  X.  Since  S(rjx)  = 5{rfy)  we  see  that  R(Y)  = k(t]y)  C k(tix)  = R( X)  is  an 
extension  of  transcendence  degree  0.  Hence  R(Y)  C R{X)  is  a finite  extension  by 
Morphisms,  Lemma  28.47.7  (which  applies  by  Morphisms,  Lemma  28.15.8).  □ 


Lemma  41.12.2.  Let  {S,S)  be  as  in  Situation  f 1.8.1  Let  X,  Y be  locally  of  finite 
type  over  S.  Let  f : X -A  Y be  a morphism.  Assume  f is  quasi-compact,  and 
{Zi}iej  is  a locally  finite  collection  of  closed  subsets  of  X.  Then  {f(Zi)}iej  is  a 
locally  finite  collection  of  closed  subsets  ofY. 

Proof.  Let  V CY  be  a quasi-compact  open  subset.  Since  / is  quasi-compact  the 
open  f~1(V)  is  quasi-compact.  Hence  the  set  {i  £ I \ Zi  D /_1(P)  7^  0}  is  finite  by 
a simple  topological  argument  which  we  omit.  Since  this  is  the  same  as  the  set 


{iei  | f{Zi)  nb/0}  = {iei  | f{Zf)  nb/0} 

the  lemma  is  proved. 


□ 


41.13.  Proper  pushforward 


Definition  41.13.1.  Let  (S,  S)  be  as  in  Situation 


41.8.1 


Let  A,  Y be  locally  of 


finite  type  over  S.  Let  / : X — > Y be  a morphism.  Assume  / is  proper. 

(1)  Let  Z C A be  an  integral  closed  subscheme  with  dim^Z)  = k.  We  define 

f r7i  f 0 if  dim s(f(Z))  < k, 

\deg  (Z/f{Z))[f{Z)]  if  dim  s(f(Z))  = k. 

Here  we  think  of  f(Z)  C Y as  an  integral  closed  subscheme.  The  degree 


of  Z over  f{Z)  is  finite  if  dim g(f(Z))  = dim^Z)  by  Lemma  41.12.1 


(2)  Let  a = Y^  nz[Z]  be  a k- cycle  on  A.  The  pushforward  of  a as  the  sum 

f*a  = Y,nzUZ\ 


where  each  /*  [Z\  is  defined  as  above.  The  sum  is  locally  finite  by  Lemma 
l41.12.2labove. 


By  definition  the  proper  pushforward  of  cycles 


/*  : Zk{ X)  — > Zk(Y) 


is  a homomorphism  of  abelian  groups.  It  turns  A 1— > Zk( A)  into  a covariant  functor 
on  the  category  of  schemes  locally  of  finite  type  over  S with  morphisms  equal  to 
proper  morphisms. 


Lemma  41.13.2.  Let  ( S , S)  be  as  in  Situation  f 1.8.1  Let  A,  Y,  and  Z be  locally 
of  finite  type  over  S.  Let  f : X Y and  g : Y -a  Z be  proper  morphisms.  Then 
g*  o /*  = (g  o /)*  as  maps  Zk( X)  ->•  Zk{Z). 


Proof.  Let  IP  C A be  an  integral  closed  subscheme  of  dimension  k.  Consider 
W'  = f(Z)  C Y and  W"  = g(f(Z))  C Z.  Since  /,  g are  proper  we  see  that 
W'  (resp.  W")  is  an  integral  closed  subscheme  of  Y (resp.  Z).  We  have  to  show 
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that  g*{f*[W])  = (/  o g)*[W] |.  If  dim^fP")  < k , then  both  sides  are  zero.  If 
dim^IR")  = k , then  we  see  the  induced  morphisms 

W — > W'  — > W" 

both  satisfy  the  hypotheses  of  Lemma |41.12.1|  Hence 
9*(f*[W})  = deg(W/W')  deg(W'/W")[W"],  (/  o g).\W]  = deg(W/W")[W"]. 

Then  we  can  apply  Morphisms,  Lemma  [28. 47. 9|  to  conclude.  □ 

Lemma  41.13.3.  Let  {S,S)  be  as  in  Situation  41-8-1  ■ Let  f : X — ► Y be  a proper 
morphism  of  schemes  which  are  locally  of  finite  type  over  S. 

(1)  Let  Z C X be  a closed  subscheme  with  dim s(Z)  < k.  Then 

f*[Z]k  = [ f*Oz]k . 

(2)  Let  T be  a coherent  sheaf  on  X such  that  dirng  (Supp(iF))  < k.  Then 

f*[F)k  = [f*F]k- 

Note  that  the  statement  makes  sense  since  f*J-  and  f*Oz  are  coherent  Oy -modules 
by  Cohomology  of  Schemes,  Proposition\29.18.1 


Proof.  Part  (1)  follows  from  (2)  and  Lemma  41.11.3  Let  T be  a coherent  sheaf  on 


X.  Assume  that  dim^Supp^))  < k.  By  Cohomology  of  Schemes,  Lemma  29.9.7 


there  exists  a closed  subscheme  * : Z — ► X and  a coherent  Oz-modide  Q such  that 
i*Q  = T and  such  that  the  support  of  T is  Z.  Let  Z'  C Y be  the  scheme  theoretic 
image  of  f\z  - Z — > Y . Consider  the  commutative  diagram  of  schemes 


We  have  f^T  = f*i*G  = i*{f\z)*G  by  going  around  the  diagram  in  two  ways. 
Suppose  we  know  the  result  holds  for  closed  immersions  and  for  f\z-  Then  we  see 
that 

f*[X]k  = f*i*[G]k  = {i')*{f\z)*[G]k  = (i')*[{f\z)*G]k  = [( i')*{f\z)*G]k  = [/*-?r]fc 

as  desired.  The  case  of  a closed  immersion  is  straightforward  (omitted).  Note  that 
f\z  : Z Z'  is  a dominant  morphism  (see  Morphisms,  Lemma  28.6.3).  Thus 
we  have  reduced  to  the  case  where  dim^(A')  < k and  / : A'  — > Y is  proper  and 
dominant. 

Assume  dima(A')  < k and  / : X — > Y is  proper  and  dominant.  Since  / is  dominant, 
for  every  irreducible  component  Z C Y with  generic  point  rj  there  exists  a point 
£ £ X such  that  /(£)  = 77.  Hence  5(r])  < 6(£)  < k.  Thus  we  see  that  in  the 
expressions 

U[T\k  = Y,  nz[Z\,  and  [f*F}k  = Y mz[Z ]. 
whenever  nz  7^  0,  or  mz  0 the  integral  closed  subscheme  Z is  actually  an  irre- 
ducible component  of  Y of  (5-dimension  k.  Pick  such  an  integral  closed  subscheme 
Z C Y and  denote  rj  its  generic  point.  Note  that  for  any  (el  with  /(£)  = 77  we 
have  <5(£)  > k and  hence  £ is  a generic  point  of  an  irreducible  component  of  X of  5- 
dimension  k as  well  (see  Lemma  41.10.1 ).  Since  / is  quasi-compact  and  X is  locally 
Noetherian,  there  can  be  only  finitely  many  of  these  and  hence  /_1({t7})  is  finite. 
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By  Morphisms,  Lemma  |28.47.1|  there  exists  an  open  neighbourhood  17  £ V C Y 
such  that  /_1(Vr)  — > V is  finite.  Replacing  Y by  V and  X by  /_1(Vr)  we  reduce  to 
the  case  where  Y is  affine,  and  / is  finite. 

Write  Y = Spec (R)  and  X = Spec(A)  (possible  as  a finite  morphism  is  affine). 
Then  R and  A are  Noetherian  rings  and  A is  finite  over  R.  Moreover  T = M for 
some  finite  A-module  M.  Note  that  /* T corresponds  to  M viewed  as  an  R-module. 
Let  p C R be  the  minimal  prime  corresponding  to  77  £ Y.  The  coefficient  of  Z in 
[f*X]k  is  clearly  lengthy  (Mp).  Let  q, , i = 1, . . . , t be  the  primes  of  A lying  over  p. 
Then  Ap  = J([  Aq . since  Ap  is  an  Artinian  ring  being  finite  over  the  dimension  zero 
local  Noetherian  ring  Rp.  Clearly  the  coefficient  of  Z in  f*[J-]k  is 

^2i=1  t : K(P)]lengthj4q . (Mqj ) 

Hence  the  desired  equality  follows  from  Algebra,  Lemma  |10. 51.12|  □ 


41.14.  Preparation  for  flat  pullback 


Recall  that  a morphism  / : X — >■  Y which  is  locally  of  finite  type  is  said  to  have 
relative  dimension  r if  every  nonempty  fibre  is  equidimensional  of  dimension  r.  See 
Morphisms,  Definition  |28. 29.  l) 


Lemma  41.14.1.  Let  {S,S)  be  as  in  Situation  41-8.1  Let  X,  Y be  locally  of  finite 
type  over  S . Let  f : X -A  Y be  a morphism.  Assume  / is  flat  of  relative  dimension 
r.  For  any  closed  subset  Z C Y we  have 


dim  s(f  1(Z))  = dim5(Z)  + r. 


If  Z is  irreducible  and  Z'  C / 1(Z)  is  an  irreducible  component,  then  Z'  dominates 
Z and  = dim^Z)  + r. 


Proof.  It  suffices  to  prove  the  final  statement.  We  may  replace  Y by  the  integral 
closed  subscheme  Z and  X by  the  scheme  theoretic  inverse  image  f~x{Z)  = ZxyX. 
Hence  we  may  assume  Z — Y is  integral  and  / is  a flat  morphism  of  relative 
dimension  r.  Since  Y is  locally  Noetherian  the  morphism  / which  is  locally  of  finite 
type,  is  actually  locally  of  finite  presentation.  Hence  Morphisms,  Lemma  [28.25.9 


applies  and  we  see  that  / is  open.  Let  £ £ X be  a generic  point  of  an  irreducible 
component  of  X.  By  the  openness  of  / we  see  that  /(£)  is  the  generic  point  77 
of  Z = Y . Note  that  dim^(A^)  = r by  assumption  that  / has  relative  dimension 
r.  On  the  other  hand,  since  £ is  a generic  point  of  X we  see  that  Ox£  = Oxn,£ 
has  only  one  prime  ideal  and  hence  has  dimension  0.  Thus  by  Morphisms,  Lemma 


28.28.1  we  conclude  that  the  transcendence  degree  of  k(£)  over  k(tj)  is  r.  In  other 
words,  S(£)  = S(rj)  + r as  desired.  □ 


Here  is  the  lemma  that  we  will  use  to  prove  that  the  flat  pullback  of  a locally  finite 
collection  of  closed  subschemes  is  locally  finite. 


Lemma  41.14.2.  Let  (S,S)  be  as  in  Situation  fl.8.1  Let  X,  Y be  locally  of  finite 
type  over  S.  Let  f : X -A  Y be  a morphism.  Assume  {Zi}i&i  is  a locally  finite 
collection  of  closed  subsets  ofY.  Then  {f~1(Zi)}iGj  is  a locally  finite  collection  of 
closed  subsets  ofY. 
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Proof.  Let  U C X be  a quasi-compact  open  subset.  Since  the  image  f{U)  C Y 
is  a quasi-compact  subset  there  exists  a quasi-compact  open  V C Y such  that 
f(U)  C V.  Note  that 

{*  € / 1 n u ± 0}  c {i  e 1 1 Zi  n v f 0}. 

Since  the  right  hand  side  is  finite  by  assumption  we  win.  □ 


41.15.  Flat  pullback 

In  the  following  we  use  f~1(Z)  to  denote  the  scheme  theoretic  inverse  image  of  a 
closed  subscheme  Z C Y for  a morphism  of  schemes  / : X -A  Y.  We  recall  that 
the  scheme  theoretic  inverse  image  is  the  fibre  product 

f~\Z) -X 


Z »-  Y 


and  it  is  also  the  closed  subscheme  of  X cut  out  by  the  quasi-coherent  sheaf  of  ideals 
if  T C Oy  is  the  quasi-coherent  sheaf  of  ideals  corresponding  to  Z in 
Y.  (This  is  discussed  in  Schemes,  Section  25.4  and  Lemma  25.17.6  and  Definition 
25.17.71) 


Definition  41.15.1.  Let  (S,S)  be  as  in  Situation  41.8.1  Let  X , Y be  locally  of 
finite  type  over  S.  Let  / : X — > Y be  a morphism.  Assume  / is  flat  of  relative 
dimension  r. 

(1)  Let  Z C Y be  an  integral  closed  subscheme  of  5-dimension  k.  We  define 
f*[Z]  to  be  the  (k  + r)-cycle  on  X to  the  scheme  theoretic  inverse  image 

f*[Z}  = [f-1(Z)]k+r. 

This  makes  sense  since  dims(f~1(Z))  = k + r by  Lemma 


41.14.1 


(2)  Let  a = J2ni[Zi\  be  a /c-cycle  on  Y.  The  flat  pullback  of  a by  f is  the 
sum 

ra  = Yjnir[Zi\ 

where  each  f*  (Z,\  is  defined  as  above.  The  sum  is  locally  finite  by  Lemma 
141. 14.21 

(3)  We  denote  f*  : Zk(Y)  -A  Zk+r(X)  the  map  of  abelian  groups  so  obtained. 

An  open  immersion  is  flat.  This  is  an  important  though  trivial  special  case  of  a flat 
morphism.  If  U C X is  open  then  sometimes  the  pullback  by  j : U -A  X of  a cycle 
is  called  the  restriction  of  the  cycle  to  U.  Note  that  in  this  case  the  maps 

f : Zk(X)  — ► Zk(U) 

are  all  surjective.  The  reason  is  that  given  any  integral  closed  subscheme  Z'  C U,  we 
can  take  the  closure  of  Z of  Z'  in  X and  think  of  it  as  a reduced  closed  subscheme 
of  X (see  Schemes,  Lemma  25.12.4).  And  clearly  Z n U = Z' , in  other  words 


j*\Z\  = \Z'\  whence  the  surjectivity.  In  fact  a little  bit  more  is  true. 
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Lemma  41.15.2.  Let  (S,5)  be  as  in  Situation  41-8.1  Let  X be  locally  of  finite 
type  over  S.  Let  U C X be  an  open  subscheme,  and  denote  i : Y = X \ U — > X as 
a reduced  closed  subscheme  of  X.  For  every  k £ Z the  sequence 


zk(Yfe^  zk(x)  ^4  zk(u) 


0 


is  an  exact  complex  of  abelian  groups. 

Proof.  First  assume  X is  quasi-compact.  Then  Zk(X)  is  a free  Z-module  with 
basis  given  by  the  elements  [Z]  where  Z C X is  integral  closed  of  (5-dimension  k. 
Such  a basis  element  maps  either  to  the  basis  element  \Z  n 17]  or  to  zero  if  Z C Y. 
Hence  the  lemma  is  clear  in  this  case.  The  general  case  is  similar  and  the  proof  is 
omitted.  □ 


Lemma  41.15.3.  Let  (S,S)  be  as  in  Situation  41.8.1  Let  X,Y,Z  be  locally  of 
finite  type  over  S.  Let  f : X — ► Y and  g : Y — > Z be  flat  morphisms  of  relative 
dimensions  r and  s.  Then  g o / is  flat  of  relative  dimension  r + s and 

r°g*  = (gof)* 

as  maps  Zk(Z)  Zk+r+s(X). 


Proof.  The  composition  is  flat  of  relative  dimension  r + s by  Morphisms,  Lemma 
|28.29.3|  Suppose  that 

(1)  W C Z is  a closed  integral  subscheme  of  (5-dimension  k, 

(2)  W'  C Y is  a closed  integral  subscheme  of  5-dimension  k + s with  W'  C 
g~x(W),  and 

(3)  W"  C Y is  a closed  integral  subscheme  of  5-dimension  k + s + r with 
W"  C f~l{W'). 

We  have  to  show  that  the  coefficient  n of  | W"\  in  ( g o f)*[W]  agrees  with  the 
coefficient  m of  \W"}  in  f*(g*[W]).  That  it  suffices  to  check  the  lemma  in  these 
cases  follows  from  Lemma[41.14.1|  Let  £"  £ W" , £f  £ W'  and  £ £ W be  the  generic 
points.  Consider  the  local  rings  A = Oz.p,  B = Gy,£'  and  C = Ox,£"-  Then  we 
have  local  flat  ring  maps  A — > B,  B — ► C and  moreover 

n = lengthc(C'/mJ4C'),  and  to  = lengthc(C/msC)lengthB(l?/mAH) 
Hence  the  equality  follows  from  Algebra,  Lemma[l0.51.14|  □ 

Lemma  41.15.4.  Let(S,S)  be  as  in  Situation  41-8.1  Let  X,Y  be  locally  of  finite 
type  over  S . Let  f : X — >■  Y be  a flat  morphism  of  relative  dimension  r. 

(1)  Let  Z C Y be  a closed  subscheme  with  dim g(Z)  < k.  Then  we  have 
dim s(f~1(Z))  <k  + r and  [f~1(Z)]k+r  = f*[Z]k  in  Zk+r(X). 

(2)  Let  T be  a coherent  sheaf  on  Y with  dim s(Supp(T))  < k.  Then  we  have 
dim $(Supp{f* T))  < k + r and 

r[F]k  = [f*F]k+r 

in  Zk+r  (A ) . 

Proof.  Part  (1)  follows  from  part  (2)  by  Lemma  41.11.3  and  the  fact  that  f*Oz  = 

Proof  of  (2).  As  X,  Y are  locally  Noetherian  we  may  apply  Cohomology  of  Schemes, 
Lemma 
Lemma 


29.9.1  to  see  that  F is  of  finite  type,  hence  f*F  is  of  finite  type  (Modules, 


17.9.2),  hence  f*F  is  coherent  (Cohomology  of  Schemes,  Lemma  29.9.1 
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again).  Thus  the  lemma  makes  sense.  Let  W C Y be  an  integral  closed  subscheme 
of  ^-dimension  k,  and  let  W'  C A'  be  an  integral  closed  subscheme  of  dimension 
k + r mapping  into  W under  /.  We  have  to  show  that  the  coefficient  n of  [W]  in 
f*[J7]k  agrees  with  the  coefficient  m of  [W]  in  [f*F]k+r-  Let  £ £ W and  £'  £ W' 
be  the  generic  points.  Let  A = B = O x,i'  and  set  M = as  an  A-module. 
(Note  that  M has  finite  length  by  our  dimension  assumptions,  but  we  actually  do 


not  need  to  verify  this.  See  Lemma  41.11.1  ) We  have  f*F^  = B M.  Thus  we 
see  that 


n = length b(B  <S> a AI)  and  m = lengthy (M)lengthB(B /xx\aB) 
Thus  the  equality  follows  from  Algebra,  Lemma[l0.51.13| 

41.16.  Push  and  pull 


□ 


In  this  section  we  verify  that  proper  pushforward  and  flat  pullback  are  compat- 
ible when  this  makes  sense.  By  the  work  we  did  above  this  is  a consequence  of 
cohomology  and  base  change. 


Lemma  41.16.1.  Let  (5,(5)  be  as  in  Situation  41-8.1 


Let 


X' 


X 


f 


Y' 


Y 


be  a fibre  product  diagram  of  schemes  locally  of  finite  type  over  S.  Assume  f : A'  -A 
Y proper  and  g : Y'  — » Y flat  of  relative  dimension  r.  Then  also  f is  proper  and 
g'  is  flat  of  relative  dimension  r.  For  any  k-cycle  a on  X we  have 

9*f*a  = fUa')*a 

in  Zk+r(Y'). 


Proof.  The  assertion  that  /'  is  proper  follows  from  Morphisms,  Lemma  28.41.5 
The  assertion  that  g'  is  flat  of  relative  dimension  r follows  from  Morphisms,  Lemmas 


28.29.2  and  28.25.7  It  suffices  to  prove  the  equality  of  cycles  when  a = [W]  for  some 
integral  closed  subscheme  W <Z  X oi  5-dimension  k.  Note  that  in  this  case  we  have 


a = [Ow\k,  see  Lemma  41.11.3  By  Lemmas  41.13.3  and  41.15.4  it  therefore  suffices 
to  show  that  f'fl<j')*Ow  is  isomorphic  to  g*f*Ow-  This  follows  from  cohomology 
and  base  change,  see  Cohomology  of  Schemes,  Lemma  29.5.2  □ 


Lemma  41.16.2. 

finite  type  over  S. 


Let  (5,5)  be  as  in  Situation  41-8.1.  Let  X,  Y be  locally  of 
Let  f : X Y be  a finite  locally  free  morphism  of  degree  d 
(see  Morphisms,  Definition  28-45.1).  Then  f is  both  proper  and  flat  of  relative 
dimension  0,  and 


f*f*a  = da 


for  every  a £ Zk(Y). 


Proof.  A finite  locally  free  morphism  is  flat  and  finite  by  Morphisms,  Lemma 
|28.45.2[  and  a finite  morphism  is  proper  by  Morphisms,  Lemma  28.43.10  We  omit 
showing  that  a finite  morphism  has  relative  dimension  0.  Thus  the  formula  makes 
sense.  To  prove  it,  let  Z C Y be  an  integral  closed  subscheme  of  5-dimension 
k.  It  suffices  to  prove  the  formula  for  a = [Z\.  Since  the  base  change  of  a finite 
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locally  free  morphism  is  finite  locally  free  (Morphisms,  Lemma  28.45.4)  we  see  that 
f*f*Oz  is  a finite  locally  free  sheaf  of  rank  d on  Z.  Hence 


f*m  = f*f*Pz}k  = [f*fOz]k  = d[Z } 

where  we  have  used  Lemmas  141.15.41  and  141.13.31 


□ 


41.17.  Preparation  for  principal  divisors 


02RI 

02RK 


Some  of  the  material  in  this  section  partially  overlaps  with  the  discussion  in  Divi- 
sors, Section  [30.21| 


Lemma  41.17.1.  Let  ( S,5 ) be  as  in  Situation  41-8.1 
type  over  S.  Assume  X is  integral. 


Let  X be  locally  of  finite 


(1)  If  Z C X is  an  integral  closed  subscheme,  then  the  following  are  equivalent: 

(a)  Z is  a prime  divisor, 

(b)  Z has  codimension  1 in  X , and 

(c)  &ira.$(Z)  = dima(A')  — 1. 

(2)  If  Z is  an  irreducible  component  of  an  effective  Cartier  divisor  on  X , then 
dim5(Z)  =dim6(X)-  1. 


Proof.  Part  (1)  follows  from  the  definition  of  a prime  divisor  (Divisors,  Definition 


30.21.2)  and  the  definition  of  a dimension  function  (Topology,  Definition  5.19.1). 


Let  £ £ Z be  the  generic  point  of  an  irreducible  component  Z of  an  effective  Cartier 
divisor  D C X.  Then  dim(OD^)  = 0 and  Od,£  = Ox,z/{f)  for  some  nonzerodivisor 
/ £ Ox,$  (Divisors,  Lemma  30.12.2).  Then  dim(C?x-,e)  = 1 by  Algebra,  Lemma 
10.59.121  Hence  Z is  as  in  (1)  by  Properties,  Lemma  |27.10.3|  and  the  proof  is 
complete.  □ 


02RM  Lemma  41.17.2.  Let  f : X — ► Y be  a morphism  of  schemes.  Let  f £ Y be  a 
point.  Assume  that 

(1)  X , Y are  integral, 

(2)  Y is  locally  Noetherian 

(3)  / is  proper,  dominant  and  R(X)  C R(Y)  is  finite,  and 

(4)  dim(CV,f)  = 1. 

Then  there  exists  an  open  neighbourhood  V C Y of  £ such  that  /|/-i(y)  : /_1(R)  — > 
V is  finite. 


Proof.  This  lemma  is  a special  case  of  Varieties,  Lemma  32.15.2  Here  is  a direct 


argument  in  this  case.  By  Cohomology  of  Schemes,  Lemma  29.20.2  it  suffices  to 
prove  that  /-1({£})  is  finite.  We  replace  Y by  an  affine  open,  say  Y = Spec (R). 
Note  that  R is  Noetherian,  as  Y is  assumed  locally  Noetherian.  Since  / is  proper  it  is 
quasi-compact.  Hence  we  can  find  a finite  affine  open  covering  X = UiLi. . .LiUn  with 
each  Ui  = Spec(Ai).  Note  that  R Ai  is  a finite  type  injective  homomorphism 
of  domains  with  f.f.(R)  C f.f.(Aj)  finite.  Thus  the  lemma  follows  from  Algebra, 
Lemma  IIP. 112.21  □ 


41.18.  Principal  divisors 


02RN 


The  following  definition  is  the  analogue  of  Divisors,  Definition|30.21.5|in  our  current 
setup. 
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02RO 


02RR 


02RS 

02RT 


Definition  41.18.1.  Let  (S,6)  be  as  in  Situation  41.8.1  Let  X be  locally  of 
finite  type  over  5.  Assume  X is  integral  with  dim^X)  = n.  Let  / £ R(X)* . The 
principal  divisor  associated  to  f is  the  (n  — l)-cycle 

div(/)  = divx(/)  = 5Z°rd  z{f)[z\ 


defined  in  Divisors,  Definition  |30.21.5|  This  makes  sense  because  prime  divisors 
have  (5-dimension  n — 1 by  Lemma |41. 17. 1[ 

In  the  situation  of  the  definition  for  f,g  £ R(X)*  we  have 

div.v  {fg)  = di  vx(/)  + divx{g) 

in  Zn-i(X).  See  Divisors,  Lemma  30.21.6|  The  following  lemma  will  be  superseded 


by  the  more  general  Lemma  |41. 21.1 


Lemma  41.18.2.  Let  (5,(5)  be  as  in  Situation  41-8.1.  Let  X,  Y be  locally  of  finite 
type  over  S.  Assume  X,  Y are  integral  and  n = dim^Y).  Let  f : X — ► Y be  a flat 
morphism  of  relative  dimension  r.  Let  g £ R(Y)* . Then 

f*(divY{g))  = divx(g) 

in  An_|_r_i(A). 

Proof.  Note  that  since  / is  flat  it  is  dominant  so  that  / induces  an  embedding 
R(Y)  C R(X),  and  hence  we  may  think  of  g as  an  element  of  R(X)* . Let  Z C X 
be  an  integral  closed  subscheme  of  ^-dimension  n + r — 1.  Let  £ £ Z be  its  generic 
point.  If  dim^(/(Z))  > n — 1,  then  we  see  that  the  coefficient  of  \Z\  in  the  left  and 
right  hand  side  of  the  equation  is  zero.  Hence  we  may  assume  that  Z'  = f(Z)  is 
an  integral  closed  subscheme  of  Y of  (5-dimension  n — 1.  Let  £'  = /(£).  It  is  the 
generic  point  of  Z' . Set  A = Oy B = Ox,£-  The  ring  map  A — > B is  a flat  local 
homomorphism  of  Noetherian  local  domains  of  dimension  1.  We  have  g £ f.f.(A). 
What  we  have  to  show  is  that 


oidA(g)\engthB(B/mAB)  = ord  B(g)- 


This  follows  from  Algebra,  Lemma  10.51.13  (details  omitted). 


□ 


41.19.  Principal  divisors  and  pushforward 


The  first  lemma  implies  that  the  pushforward  of  a principal  divisor  along  a generi- 
cally  finite  morphism  is  a principal  divisor. 


Lemma  41.19.1.  Let  (5,(5)  be  as  in  Situation  41-8-1  Let  X,  Y be  locally  of 
finite  type  over  S.  Assume  X,  Y are  integral  and  n = dim^X)  = dim^T).  Let 
p : X — ► Y be  a dominant  proper  morphism.  Let  f £ R(X)* . Set 

g = NmR(x)/R(Y)(f)- 
Then  we  have  p*div(f)  = div(g). 

Proof.  Let  Z C Y be  an  integral  closed  subscheme  of  (5-dimension  n — 1.  We 
want  to  show  that  the  coefficient  of  [Z]  in  p*div(/)  and  di v(g)  are  equal.  We  may 
apply  Lemma  41.17.2  to  the  morphism  p : X — > Y and  the  generic  point  £ £ Z. 
Hence  we  may  replace  Y by  an  affine  open  neighbourhood  of  £ and  assume  that 
p : X — > Y is  finite.  Write  Y = Spec(f?)  and  X = Spec(A)  with  p induced  by 
a finite  homomorphism  R — > A of  Noetherian  domains  which  induces  an  finite 
field  extension  f.f.(R)  C f.f.(A)  of  fraction  fields.  Now  we  have  / £ f.f.(A), 
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g = Nm(/)  £ f.f.(R),  and  a prime  p C R with  dim(i?p)  = 1.  The  coefficient  of  [Z] 
in  divy(g)  is  ord Rp(g).  The  coefficient  of  [Z]  in  p^divx(f)  is 

X!  , • Ml)  : K(P)]°rd4iq  (/) 

z — 'q  lying  over  p 

The  desired  equality  therefore  follows  from  Algebra,  Lemma[l0.120.8|  □ 


An  important  role  in  the  discussion  of  principal  divisors  is  played  by  the  “universal” 
principal  divisor  [0]  — [oo]  on  Pg.  To  make  this  more  precise,  let  us  denote 

An  Ax,  C Pi?  = prOjo(Os[r0,T1]) 


the  closed  subscheme  cut  out  by  the  section  T\,  resp.  T0  of  0(1).  These  are  effective 
Cartier  divisors,  see  Divisors,  Definition  30.11.1|and  Lemma[30.11.21|  The  following 
lemma  says  that  loosely  speaking  we  have  “div(Ti/T0)  = [A]  — [D i]”  and  that  this 
is  the  universal  principal  divisor. 


02RQ  Lemma  41.19.2.  Let  ( S,6 ) be  as  in  Situational.  8.  l\  Let  X be  locally  of  finite 


type  over  S.  Assume  X is  integral  and  n = dima(A').  Let  f £ R(X)*.  Let 


U C X be  a nonempty  open  such  that  f corresponds  to  a section  f £ 
Let  Y C X Xs  Pg  be  the  closure  of  the  graph  of  f : U — >•  Pg.  Then 


T(U,  O* 


(1)  the  projection  morphism  p :Y  X is  proper, 

(2)  P Ip-  1 (m  : p 1(U)  —tU  is  an  isomorphism, 
the  pullbacks  Yq  = q~1Do  and  Poo  = q~1Doa  via  the  morphism  q:Y 


(3) 

(4) 

(5) 

(6) 


P1 


are  defined  (Divisors,  Definition  30.11.11), 
we  have 

diVr(f)  = [P0]n-1  - [Poo]n— 1 

we  have 

divx(f)  = P*divy{f) 

if  we  view  lo  and  Y^  as  closed  subschemes  of  X via  the  morphism  p then 
we  have 

diVx(f)  = [Po]n-l  - [Poo]n  — 1 


Proof.  Since  X is  integral,  we  see  that  U is  integral.  Hence  Y is  integral,  and 
(1,  f)(U)  C Y is  an  open  dense  subscheme.  Also,  note  that  the  closed  subscheme 
Y C X Xs  P5  does  not  depend  on  the  choice  of  the  open  U,  since  after  all  it  is  the 
closure  of  the  one  point  set  {77'}  = {(1, /)(??)}  where  77  £ A'  is  the  generic  point. 
Having  said  this  let  us  prove  the  assertions  of  the  lemma. 


For  (1)  note  that  p is  the  composition  of  the  closed  immersion  Y — > X Xg  Pg  = P^- 
with  the  proper  morphism  P(.  — > X.  As  a composition  of  proper  morphisms  is 
proper  (Morphisms,  Lemma  28.41.4)  we  conclude. 


It  is  clear  that  Y HU  x$  P^  = (1,  f)(U).  Thus  (2)  follows.  It  also  follows  that 
dim^F)  = n. 


Note  that  q(g')  = f(rj)  is  not  contained  in  D0  or  D ^ since  / £ R(X)* . Hence  (3) 
by  Divisors,  Lemma  30.11.12  We  obtain  dim^Po)  = n — 1 and  dim5(P00)  = n — 1 


from  Lemma  T41. 17.1 


Consider  the  effective  Cartier  divisor  P0.  At  every  point  £ £ Y0  we  have  / £ Oy£ 
and  the  local  equation  for  P0  is  given  by  /.  In  particular,  if  <5(£)  = n — 1 so  £ is  the 
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generic  point  of  a integral  closed  subscheme  Z of  5-dimension  n — 1,  then  we  see 
that  the  coefficient  of  [Z]  in  divy(/)  is 

ord  z(f)  = lengthy  ((IV,£ //Or, «)  = lengthy ? (e>y0,|) 

which  is  the  coefficient  of  [Z]  in  [Yo]n-i-  A similar  argument  using  the  rational 
function  1 //  shows  that  — [YJx,]  agrees  with  the  terms  with  negative  coefficients  in 
the  expression  for  divy(/).  Hence  (4)  follows. 


Note  that  Dq  — ► S is  an  isomorphism.  Hence  we  see  that  I xj  Dq  — ► X is 
an  isomorphism  as  well.  Clearly  we  have  Y$  = Y D X Dq  (scheme  theoretic 
intersection)  inside  I Xj  Pg.  Hence  it  is  really  the  case  that  Yo  — t X is  a closed 
immersion.  It  follows  that 


P*OY0  = Oy> 


where  Yq  C X is  the  image  of  Y0  — i 
[F0']„_  i-  The  same  is  true  for  Dx 
Finally,  (5)  follows  immediately  from  Lemma  41.19.1 


X.  By  Lemma  41.13.3  we  have  p*[Yo]„_i  = 
and  Yoo.  Hence  (6)  is  a consequence  of  (5). 

□ 


The  following  lemma  says  that  the  degree  of  a principal  divisor  on  a proper  curve 
is  zero. 


02RU 


Lemma  41.19.3.  Let  K be  any  field,.  Let  X be  a 1-dimensional  integral  scheme 
endowed  with  a proper  morphism  c : X — ► Spec(lv).  Let  f £ K(X)*  be  an  invertible 
rational  function.  Then 


E 


x£X  closed 


[k(x)  : K]ordox,Af ) = 0 


where  ord  is  as  in  Algebra,  Definition  10.120.2  In  other  words,  c*div(f)  = 0. 


Proof.  Consider  the  diagram 


Y 


X 


Pjr  Spec(RT) 


that  we  constructed  in  Lemma  41.19.2  starting  with  X and  the  rational  function 
/ over  S = Spec (K).  We  will  use  all  the  results  of  this  lemma  without  further 
mention.  We  have  to  show  that  c*divx(/)  = c*p*divy(/)  = 0.  This  is  the  same 
as  proving  that  c*<7*divy(/)  = 0.  If  q(Y)  is  a closed  point  of  P^  then  we  see 
that  div.Y(/)  = 0 and  the  lemma  holds.  Thus  we  may  assume  that  q is  dominant. 
Since  divy(/)  = [q~1D0)0  — [q_1Hoo]o  we  see  (by  definition  of  flat  pullback)  that 
divy(/)  = g*([Do]o  — [A>o]o)-  Suppose  we  can  show  that  q :Y  — >■  P^  is  finite  locally 
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02RV 


02RW 


02RX 


41.20.  Rational  equivalence 


In  this  section  we  define  rational  equivalence  on  fc-cycles.  We  will  allow  locally  finite 
sums  of  images  of  principal  divisors  (under  closed  immersions).  This  leads  to  some 
pretty  strange  phenomena,  see  Example|41.20.3  However,  if  we  do  not  allow  these 
then  we  do  not  know  how  to  prove  that  capping  with  chern  classes  of  line  bundles 
factors  through  rational  equivalence. 


Definition  41.20.1.  Let  (S,S)  be  as  in  Situation  41.8.1  Let  X be  a scheme 
locally  of  finite  type  over  S.  Let  k £ Z. 

(1)  Given  any  locally  finite  collection  { Wj  C X}  of  integral  closed  subschemes 
with  dim^Wj)  = k + 1,  and  any  fj  £ R(Wj)*  we  may  consider 


/ A3 


(ij)^div(fj)  £ Zk{X) 


where  ij  : Wj  — )■  X is  the  inclusion  morphism.  This  makes  sense  as  the 
morphism  IK  : II  Wj  — >■  X is  proper. 

(2)  We  say  that  a £ Zk( X)  is  rationally  equivalent  to  zero  if  a is  a cycle  of 
the  form  displayed  above. 

(3)  We  say  a,/3  £ Zk(X)  are  rationally  equivalent  and  we  write  a ~rat  P if 
a — /3  is  rationally  equivalent  to  zero. 

(4)  We  define 

MX)  = zk(x)i  ^ rat 

to  be  the  Chow  group  of  k-cycles  on  X.  This  is  sometimes  called  the  Chow 
group  of  k-cycles  modulo  rational  equivalence  on  X. 


There  are  many  other  interesting  (adequate)  equivalence  relations.  Rational  equiv- 
alence is  the  coarsest  one  of  them  all.  A very  simple  but  important  lemma  is  the 
following. 


Lemma  41.20.2.  Let  (S,S)  be  as  in  Situation  4 1-8.1  Let  X be  a scheme  locally  of 
finite  type  over  S.  Let  U C X be  an  open  subscheme,  and  denote  i :Y  = X\U  — )•  X 
as  a reduced  closed  subscheme  of  X.  Let  k £ Z.  Suppose  a,  (3  £ Zk(X).  If 
a\jj  ~rat  (3\u  then  there  exist  a cycle  7 £ Zk(Y)  such  that 


a ~rat  P + i*  7- 


In  other  words,  the  sequence 


Ak{Y)  Ak(X)  -M  Ak{U) ^ 0 

is  an  exact  complex  of  abelian  groups. 


Proof.  Let  {Wj}j^j  be  a locally  finite  collection  of  integral  closed  subschemes  of 
U of  J-dimension  k + 1,  and  let  fj  £ R(W j)*  be  elements  such  that  ( a — (3)\u  = 
2(*j)*div(/j)  as  in  the  definition.  Set  Wj  C X equal  to  the  closure  of  Wj.  Suppose 
that  V C X is  a quasi-compact  open.  Then  also  V fl  U is  quasi-compact  open  in  U 
as  V is  Noetherian.  Hence  the  set  {j  £ J | Wj  fl  V 0}  = {j  £ J \ Wj  n V 7^  0}  is 
finite  since  {Wj}  is  locally  finite.  In  other  words  we  see  that  {Wj}  is  also  locally 
finite.  Since  RiWj)  = R{W')  we  see  that 


a-  /3-  ^2(i'j  )*div(/j) 


is  a cycle  supported  on  Y and  the  lemma  follows  (see  Lemma  41.15.2 1. 


□ 
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Example  41.20.3.  Here  is  a “strange”  example.  Suppose  that  S is  the  spectrum 
of  a held  k with  8 as  in  Example|41.8.2|  Suppose  that  X = Cj  IJ  Ca  U . . . is  an  infinite 
union  of  curves  Cj  = PjS.  glued  together  in  the  following  way:  The  point  oo  £ Cj  is 

glued  transversally  to  the  point  0 £ Cj+ 1 for  j = 1,2,3, Take  the  point  0 £ Cj. 

This  gives  a zero  cycle  [0]  £ Zq(X).  The  “strangeness”  in  this  situation  is  that 
actually  [0]  ~rat  0!  Namely  we  can  choose  the  rational  function  fj  £ R{Cj ) to  be 
the  function  which  has  a simple  zero  at  0 and  a simple  pole  at  oo  and  no  other 
zeros  or  poles.  Then  we  see  that  the  sum  ^(ij)*div(/'?)  is  exactly  the  0-cycle  [0]. 
In  fact  it  turns  out  that  Aq(X)  = 0 in  this  example.  If  you  find  this  too  bizarre, 
then  you  can  just  make  sure  your  spaces  are  always  quasi-compact  (so  X does  not 
even  exist  for  you). 


Remark  41.20.4.  Let  (S,6)  be  as  in  Situation  41.8.1  Let  X be  a scheme  locally 
of  finite  type  over  S.  Suppose  we  have  infinite  collections  cq,  /?,  £ Zk(X).  i £ I of  Re- 
cycles on  X.  Suppose  that  the  supports  of  cq  and  Pi  form  locally  finite  collections  of 
closed  subsets  of  X so  that  a*  and  Pi  are  defined  as  cycles.  Moreover,  assume 
that  a,  ~rat  Pi  for  each  i.  Then  it  is  not  clear  that  cq  ~rat  'fZPi-  Namely, 
the  problem  is  that  the  rational  equivalences  may  be  given  by  locally  finite  families 
£ R(Wij)*}jeji  but  the  union  may  not  be  locally  finite. 


In  many  cases  in  practice,  one  has  a locally  finite  family  of  closed  subsets  {Tj  jue/ 
such  that  cq,  pi  are  supported  on  X)  and  such  that  a*  = pi  in  Ak(Ti),  in  other  words, 
the  families  {Wij,fij  £ R(Wij)*}jeji  consist  of  subschemes  Wij  C T).  In  this 
case  it  is  true  that  ^ cq  ~rat  A on  simply  because  the  family 
is  automatically  locally  finite  in  this  case. 
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In  this  section  we  show  that  flat  pullback  and  proper  pushforward  commute  with 
rational  equivalence. 


Lemma  41.21.1.  Let  ( S,5 ) be  as  in  Situation  41-8.1  Let  X , Y be  schemes  locally 
of  finite  type  over  S.  Let  f : X Y be  a flat  morphism  of  relative  dimension  r. 
Let  a ~rat  P be  rationally  equivalent  k-cycles  on  Y . Then  f*a  ~rat  f*P  as  (fc  + re- 
cycles on  X . 


Proof.  What  do  we  have  to  show?  Well,  suppose  we  are  given  a collection 

ij  : Wj  — >■  Y 

of  closed  immersions,  with  each  Wj  integral  of  ^-dimension  k + 1 and  rational 
functions  fj  £ R(Wj)*.  Moreover,  assume  that  the  collection  {ij{Wj)}jej  is  locally 
finite  on  Y . Then  we  have  to  show  that 

H>div(/f)) 

is  rationally  equivalent  to  zero  on  X. 

Consider  the  fibre  products 

i'j  : Wj  = Wj  xY  X — > X. 

For  each  j,  consider  the  collection  of  irreducible  components  W- ; C Wj 

having  ^-dimension  k + 1 . We  may  write 

[WX']fc+1  = J2leLj  nj,i[W^)k+ 1 


41.21.  RATIONAL  EQUIVALENCE  AND  PUSH  AND  PULL 


2854 


for  some  rijj  > 0.  By  Lemma  41.14.1  we  see  that  — > W3  is  dominant  and 
hence  we  can  let  fjj  £ R(Wj  f)*  denote  the  image  of  f3  under  the  map  of  fields 
R(Wj)  — > RfW'^f).  We  claim  that 

(1)  the  collection  {Wj  i}jeJ,i&Lj  is  locally  finite  on  X,  and 

(2)  with  obvious  notation 
Clearly  this  claim  implies  the  lemma. 

To  show  (1),  note  that  {IT7}  is  a locally  finite  collection  of  closed  subschemes  of  X 
by  Lemma  |41.14.2|  Hence  if  U C X is  quasi-compact,  then  U meets  only  finitely 
many  IT,7 . By  Divisors,  Lemma  30.21.1  the  collection  of  irreducible  components  of 
each  Wj  is  locally  finite  as  well.  Hence  we  see  only  finitely  many  IT,' ; meet  U as 
desired. 


Let  Z C X be  an  integral  closed  subscheme  of  (5-dimension  k + r.  We  have  to  show 
that  the  coefficient  n of  [Z]  in  /*($Z  *j,*div(/7-))  is  equal  to  the  coefficient  m of 
[Z]  in  i'n  i *div(/,";’i).  Let  Z'  be  the  closure  of  f(Z)  which  is  an  integral  closed 


subscheme  of  Y.  By  Lemma  41.14.1  we  have  dim s{Z')  > k.  If  dim^Z7)  > k,  then 
the  coefficients  n and  m are  both  zero,  since  the  generic  point  of  Z will  not  be 
contained  in  any  IT7  or  IT7;.  Hence  we  may  assume  that  dim^i?7)  = k. 


We  are  going  to  translate  the  equality  of  n and  m into  algebra.  Namely,  let  £7  £ Z 7 
and  £ £ Z be  the  generic  points.  Set  A = Oy and  B = 0x,£-  Note  that  A,  B 
are  Noetherian,  A — > B is  flat,  local,  and  that  m aB  is  an  ideal  of  definition  of  the 
local  ring  B.  There  are  finitely  many  j such  that  Wj  passes  through  £7,  and  these 
correspond  to  prime  ideals 

Pi,  • • • , Pt  C A 

with  the  property  that  dim(H/pt)  = 1 for  each  t = 1, . . . , T.  The  rational  functions 
fj  correspond  to  elements  ft  £ Say  pt  corresponds  to  Wj.  By  construction, 

the  closed  subschemes  IT7 ; which  meet  £ correspond  1 — 1 with  minimal  primes 


pt-B  c qtji, . . . , qqst  C B 


over  p tB.  The  integers  n3j  correspond  to  the  integers 

nt,a  = lengthBqtia  ((H/ptH)Bqt  5 ) 

The  rational  functions  fjj  correspond  to  the  images  ft,s  £ K(qt,s)*  of  the  elements 
ft  £ fv(pt)*.  Putting  everything  together  we  see  that 


n = ^ordA/Pt(/t)lengthB(H/mAH) 

and  that 

m = E oi'dB/ctha  (/t,s) lengthBqt  s {(B /ptB)Bllt  a ) 

Note  that  it  suffices  to  prove  the  equality  for  each  t £ {1, ...  ,T}  separately.  Writing 
ft  = x/y  for  some  nonzero  x,y  £ A/pt  coming  from  x,y  £ A we  see  that  it  suffices 
to  prove 


lengthA/pt(H/(pi,x))lengths(B/mAB)  = lengths(H/(x,  pt)B) 
(equality  uses  Algebra,  Lemma  10.51.13)  equals 

Es=i  St0TdB/qt,s(B/(x,qt,s))\engthBqtY(B/ptB)Bllts) 
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and  similarly  for  y.  Note  that  as  x ^ pt  we  see  that  x is  a nonzerodivisor  on  A/ pt. 
As  A — ► B is  flat  it  follows  that  a;  is  a nonzerodivisor  on  the  module  M = B/ptB. 
Hence  the  equality  above  follows  from  Algebra,  Lemma  [10. 120. lfj  □ 


Lemma  41.21.2.  Let  (S,S)  be  as  in  Situation  41-8.1  Let  X , Y be  schemes  locally 
of  finite  type  over  S.  Let  p : X — ► Y be  a proper  morphism.  Suppose  a,  f3  £ Zk(X) 
are  rationally  equivalent.  Then  p*a  is  rationally  equivalent  to  p*/3. 


Proof.  What  do  we  have  to  show?  Well,  suppose  we  are  given  a collection 

ij  ■ Wj  - > X 

of  closed  immersions,  with  each  Wj  integral  of  5-dimension  k + 1 and  rational 
functions  f)  £ R(Wj)* . Moreover,  assume  that  the  collection  { ij{Wj)}jej  is  locally 
finite  on  X.  Then  we  have  to  show  that 

p * (Y  ij^div(fj)J 

is  rationally  equivalent  to  zero  on  X . 


Note  that  the  sum  is  equal  to 


Let  W'  C Y be  the  integral  closed  subscheme  which  is  the  image  of  p o ij . The 

Hence  it  suffices  to  show, 


41.12.2 


collection  {W'j}  is  locally  finite  in  Y by  Lemma 
for  a given  j,  that  either  p*ijt*dxv(fj)  = 0 or  that  it  is  equal  to  i '■  *div (gj)  for  some 
g0£R(W'j)\ 


The  arguments  above  therefore  reduce  us  to  the  case  of  a since  integral  closed 
subscheme  W C A of  5-dimension  k + 1.  Let  / £ R(W)* . Let  W'  = p{W)  as 
above.  We  get  a commutative  diagram  of  morphisms 


W- 


X 


W' 


Note  that  p*i*div(/)  = i{(p')*div(f)  by  Lemma  41.13.2  As  explained  above  we 


have  to  show  that  (j/)*cliv(/)  is  the  divisor  of  a rational  function  on  W'  or  zero. 
There  are  three  cases  to  distinguish. 


The  case  dim s{W')  < k.  In  this  case  automatically  (p')*div(/)  = 0 and  there  is 
nothing  to  prove. 

The  case  dim^(IT,)  = k.  Let  us  show  that  (p')*div(/)  = 0 in  this  case.  Let  y £ W' 
be  the  generic  point.  Note  that  c : Wv  — > Spec(A')  is  a proper  integral  curve  over 
K = k(t])  whose  function  field  K(WV)  is  identified  with  R(W).  Here  is  a diagram 


Wv ^ W 

C p 

T Y 

Spec(AT) W’ 


Let  us  denote  fn  £ K(Wr/)*  the  rational  function  corresponding  to  / £ R(W)* . 
Moreover,  the  closed  points  f of  Wv  correspond  1 — 1 to  the  closed  integral  sub- 
schemes Z = C W of  5-dimension  k with  p'(Z)  = W’ . Note  that  the  multiplicity 
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of  Z ^ in  div(/)  is  equal  to  ord oWv^(fr/)  simply  because  the  local  rings  Own,£  and 
Ow,£  are  identified  (as  subrings  of  their  fraction  fields).  Hence  we  see  that  the  mul- 
tiplicity of  [W7]  in  (p')*div(/)  is  equal  to  the  multiplicity  of  [Spec(/i)]  in  c*div(/^). 
By  Lemma  [41.19.3|  this  is  zero. 


The  case  dim^W7)  = k + 1.  In  this  case  Lemma  41.19.1  applies,  and  we  see  that 
indeed  p(div(/)  = div(g)  for  some  g £ R{W')*  as  desired.  □ 


41.22.  Rational  equivalence  and  the  projective  line 


Let  (S,  5)  be  as  in  Situation  41.8.1  Let  X be  a scheme  locally  of  finite  type  over  S. 
Given  any  closed  subscheme  Zclxj  Pg  = X x P1  we  let  Z0 , resp.  Z^  be  the 
scheme  theoretic  closed  subscheme  Z0  = pr^1(H0),  resp.  Z^  = pr^'1(D00).  Here 
Do, 


Doo  are  as  defined  just  above  Lemma|41.19.2| 


Lemma  41.22.1.  Let  (S,5)  be  as  in  Situation  41-8.1  Let  X be  a scheme  locally  of 
finite  type  over  S . Let  W C X x sPg  be  an  integral  closed  subscheme  of  5-dimension 
k + 1.  Assume  W Wo,  and  W ^ Woo-  Then 


(1)  Wo,  Woo  are  effective  Cartier  divisors  ofW, 

(2)  Wq,  Woo  can  be  viewed  as  closed  subschemes  of  X and 


[ i'ljj ] k ^ rat  [IPoojfci 

(3)  for  any  locally  finite  family  of  integral  closed  subschemes  Wi  C I Xj 

Pg  of  5-dimension  k + 1 with  W*  (Wi) o and  Wi  (Wi)oo  we  have 

- [(Wjjocjfc)  ~rat  0 on  X,  and 

(4)  for  any  a £ Zk(X)  with  a ~rat  0 there  exists  a locally  finite  family 
of  integral  closed  subschemes  Wi  C X x$  P5  as  above  such  that  a = 

um)o]k-m)oc)k). 


Proof.  Part  (1)  follows  from  Divisors,  Lemma  30.11.12  since  the  generic  point  of  W 
is  not  mapped  into  Dq  or  Doo  under  the  projection  X P5  — > P5  by  assumption. 


Since  X x 5 D0  -A  A'  is  an  isomorphism  we  see  that  Wq  is  isomorphic  to  a closed 
subscheme  of  X.  Similarly  for  Woo.  Consider  the  morphism  p : W — X X.  It  is 
proper  and  on  W we  have  [Wo]*,  ~rat  [Woo]fc.  Hence  part  (2)  follows  from  Lemma 


41.21.2  as  clearly  p*\Wo\k  = [Wq ]fc  and  similarly  for  Wo, 


The  only  content  of  statement  (3)  is,  given  parts  (1)  and  (2),  that  the  collection 
{(Wj) 0,  (W;)oo}  is  a locally  finite  collection  of  closed  subschemes  of  X.  This  is  clear. 


Suppose  that  a ~rat  0.  By  definition  this  means  there  exist  integral  closed  sub- 
schemes Vi  C X of  ^-dimension  k + 1 and  rational  functions  f £ R(Vi)*  such  that 
the  family  {W}ie/  is  locally  finite  in  X and  such  that  a = X](W  — > A)*div(/i).  Let 

WiCViXsP'sCXxsPs 

be  the  closure  of  the  graph  of  the  rational  map  /,  as  in  Lemma  [41. 19. 2|  Then  we 
have  that  (V)  -A  X)*div(/i)  is  equal  to  [(Wi)o]fc  — [(Wi)oo]fc  by  that  same  lemma. 
Hence  the  result  is  clear.  □ 


Lemma  41.22.2.  Let  ( S,5 ) be  as  in  Situation  4.1. 8.1  Let  X be  a scheme  locally 
of  finite  type  over  S.  Let  Z be  a closed  subscheme  of  X x P1.  Assume  dim^Z)  < 
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k + 1,  dim^-Zo)  < k,  dim<5(2'00)  < k and  assume  any  embedded  point  f (Divisors, 
Definition\3 0.4-1 ) of  Z has  5(f)  < k.  Then 


[Zi 


Oj/c  ~ rat  [Zoo\k 


as  k-cycles  on  X. 


Proof.  Let  be  the  collection  of  irreducible  components  of  Z which  have 

^-dimension  k + 1.  Write 


[2]fc+1  = 


with  Hi  > 0 as  per  definition.  Note  that  { Wj } is  a locally  finite  collection  of  closed 
subsets  of  X X5  by  Divisors,  Lemma  [30.21.1  We  claim  that 


[z0}k  — y ni[(Wi)0]k 


and  similarly  for  [^oo]fc.  If  we  prove  this  then  the  lemma  follows  from  Lemma 
I4l.22.ll 


Let  Z'  C X be  an  integral  closed  subscheme  of  (5-dimension  k.  To  prove  the 
equality  above  it  suffices  to  show  that  the  coefficient  n of  [Z'\  in  [l?o]fc  is  the  same 
as  the  coefficient  m of  [Z'\  in  ni[(Wi)o\k-  Let  £ £ Z'  be  the  generic  point. 
Set  f = (£,0)  £ X xs  P^.  Consider  the  local  ring  A = 0Xxs p*,£-  Let  I C A 
be  the  ideal  cutting  out  Z,  in  other  words  so  that  A/I  = Oz,£-  Let  t £ A be 
the  element  cutting  out  X D0  (i.e.,  the  coordinate  of  P1 2 3  at  zero  pulled  back). 
By  our  choice  of  £ £ Z'  we  have  5(f)  = k and  hence  dim(^4//)  = 1.  Since  f is 
not  an  embedded  point  by  definition  we  see  that  A/ 1 is  Cohen-Macaulay.  Since 
dim^(Zo)  = k we  see  that  dim(^4/(t,  I))  = 0 which  implies  that  t is  a nonzerodivisor 
on  A/I.  Finally,  the  irreducible  closed  subschemes  Wi  passing  through  f correspond 
to  the  minimal  primes  I C q;  over  I.  The  multiplicities  n j correspond  to  the  lengths 
lengthy  (A/I)qi.  Hence  we  see  that 

n = length A(A/(t,I)) 


and 

m = E length A(A/(t,  q^length^  (A//)q. 

Thus  the  result  follows  from  Algebra,  Lemma  [10.120. ll]  □ 


Lemma  41.22.3.  Let  (S,5)  be  as  in  Situation  41-8.1  Let  X be  a scheme  locally 
of  finite  type  over  S . Let  T be  a coherent  sheaf  on  X x P1 . Let  5o>  *00  : X > X x P1 
be  the  closed  immersion  such  that  it(x)  = (x,  t).  Denote  Fq  = i^F  and  Foo  = i^F. 


(1)  dim s(Supp(F))  < k + 1, 

(2)  dim5(S,Mpp(Jro))  < k,  dims(Supp(FOQ))  < k,  and 

(3)  any  embedded  associated  point  f of  F has  5(f)  < k. 

Then 

[*Ao]fc  ~ rat  \d~ 30] k 

as  k-cycles  on  X . 


Proof.  Let  be  the  collection  of  irreducible  components  of  Supp(Jr)  which 

have  (5-dimension  k + 1.  Write 


[F]k+i  =y  nfiW.,} 
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with  rii  > 0 as  per  definition.  Note  that  { Wi } is  a locally  finite  collection  of  closed 
subsets  of  A Xs  P5  by  Lemma  41.11.l|  We  claim  that 

[•^b]fc  = YMmoh 


and  similarly  for  [J~vz\k-  If  we  prove  this  then  the  lemma  follows  from  Lemma 
I4l.22.ll 


Let  Z'  C X be  an  integral  closed  subscheme  of  ^-dimension  k.  To  prove  the 
equality  above  it  suffices  to  show  that  the  coefficient  n of  \Z'\  in  [J~o]fc  is  the  same 
as  the  coefficient  to  of  \Z'\  in  J2  ni[(Wi)o]k-  Let  £'  £ Z'  be  the  generic  point.  Set 
£ = (£',0)  £ X Xs  Pg.  Consider  the  local  ring  A = 0Xxs p£,f-  Let  ^ = as 
an  A-module.  Let  t £ Abe  the  element  cutting  out  X xg  D0  (i.e.,  the  coordinate 
of  P1  at  zero  pulled  back).  By  our  choice  of  £'  £ Z'  we  have  <5(£)  = k and  hence 
dim(Supp(M))  = 1.  Since  £ is  not  an  associated  point  of  T by  definition  we 
see  that  M is  Cohen-Macaulay  module.  Since  dim^(Supp(Jro))  = k we  see  that 
dim(Supp(M jtM))  = 0 which  implies  that  t is  a nonzerodivisor  on  M.  Finally, 
the  irreducible  closed  subschemes  IF,;  passing  through  £ correspond  to  the  minimal 
primes  q^  of  Ass (M).  The  multiplicities  rii  correspond  to  the  lengths  lengthy  Mqi. 
Hence  we  see  that 

n = length  A(M/tM) 

and 

to  = E lengthy  [A/ (t,  qj)A)lengthAqi  Mq. 

Thus  the  result  follows  from  Algebra,  Lemma  [10. 120. li)  □ 
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The  following  definition  is  the  analogue  of  Divisors,  Definition|30.22.4]in  our  current 
setup. 


Definition  41.23.1.  Let  (S,6)  be  as  in  Situation  41.8.1  Let  X be  locally  of 
finite  type  over  S.  Assume  X is  integral  and  n = dim^A).  Let  C be  an  invertible 
Ov-module. 

(1)  For  any  nonzero  meromorphic  section  s of  C we  define  the  Weil  divisor 
associated  to  s is  the  (n  — l)-cycle 


div£(s)  =^OTdzx{s)[Z] 

defined  in  Divisors,  Definition  |30.22.4[  This  makes  sense  because  Weil 
divisors  have  ^-dimension  n — 1 by  Lemma |41.17.1| 

(2)  We  define  Weil  divisor  associated  to  C as 


Ci(£)  n [A]  = class  of  div£(s)  £ An_i( A) 


where  s is  any  nonzero  meromorphic  section  of  C over  A.  This  is  well 
defined  by  Divisors,  Lemma [30. 22. 3| 


There  are  some  cases  where  it  is  easy  to  compute  the  Weil  divisor  associated  to  an 
invertible  sheaf. 


02SK 


Lemma  41.23.2.  Let  (S,5)  be  as  in  Situation  J^l.8.1 
type  over  S.  Assume  X is  integral  and  n = dim^ (A ) . 
Ox-module.  Let  s £ T(A,  C)  be  a nonzero  global  section. 


Let  X be  locally  of  finite 
Let  C be  an  invertible 
Then 


divc(s)  = [Z(s)]„_  1 
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in  Zn_i(X)  and 
in  An_i  ) . 


ci(C)  n [A']  = [Z(s)]n_! 


Proof.  Let  Z C X be  an  integral  closed  subscheme  of  5-dimension  n — 1.  Let 
£ £ Z be  its  generic  point.  Choose  a generator  £ C |.  Write  s = fs%  for  some 
/ € Ox,£-  By  definition  of  Z(s),  see  Divisors,  Definition  30.11.19  we  see  that  Z(s) 
is  cut  out  by  a quasi-coherent  sheaf  of  ideals  I C Ox  such  that  = (/).  Hence 
length0x  x (0Z(s),z)  = lengthy  ^ (Ox,z/ (/))  = ord0x ^ (/)  as  desired.  □ 


The  following  lemma  will  be  superseded  by  the  more  general  Lemma |41. 25. 1[ 

Lemma  41.23.3.  Let  (S,6)  be  as  in  Situation  41-8.1.  Let  X,  Y be  locally  of  finite 
type  over  S.  Assume  X,  Y are  integral  and  n = dim^Y).  Let  C be  an  invertible 
Oy -module.  Let  f : X — >■  Y be  a flat  morphism  of  relative  dimension  r . Let  C be 
an  invertible  sheaf  on  Y . Then 


/*(d(£)  n [y])  = cx{f*c)  n [x] 


in  An-\-r— i(^0- 


Proof.  Let  s be  a nonzero  meromorphic  section  of  C.  We  will  show  that  actually 
/*div£(s)  = di  Vfc(f*s)  and  hence  the  lemma  holds.  To  see  this  let  £ £ Y be  a 
point  and  let  s f be  a generator.  Write  s = gs 5 with  g £ R(X)*.  Then  there  is 
an  open  neighbourhood  Lchof(  such  that  s $ £ C(V)  and  such  that  generates 
C\v-  Hence  we  see  that 

div£(s)|v  = div(g)|y. 

In  exactly  the  same  way,  since  f*s % generates  C over  /_1(P)  and  since  f*s  = gf*s j 
we  also  have 

div£(/*s)|/-i(y)  =div(p)|/-i(v). 

Thus  the  desired  equality  of  cycles  over  /~1(P)  follows  from  the  corresponding 
result  for  pullbacks  of  principal  divisors,  see  Lemma  [41. 18. 2|  □ 


41.24.  Intersecting  with  an  invertible  sheaf 

In  this  section  we  study  the  following  construction. 

Let  X be  locally  of  finite 


41.8.1 


Definition  41.24.1.  Let  (S,  S)  be  as  in  Situation 
type  over  S.  Let  C be  an  invertible  Ox-module.  We  define,  for  every  integer  k,  an 
operation 

ci(£)n-  : Zk+1(X)  ^ Ak(X) 
called  intersection  with  the  first  chern  class  of  C. 

(1)  Given  an  integral  closed  subscheme  i : W — > X with  dim^W)  = i + lwe 
define 

ci(£)n  \W]  =i*(ci(i*£)n  [W]) 

where  the  right  hand  side  is  defined  in  Definition  |41.23.1 

(2)  For  a general  (fc  + l)-cycle  a = ^ rij[Wi]  we  set 


ci  (£)  n a = ^ riiCi  (£)  n [Wj] 
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Write  each  ci(£)  D = JT  riij[Zij]  with  {Zij}j  a locally  finite  sum  of  integral 
closed  subschemes  of  W-L.  Since  {Wi}  is  a locally  finite  collection  of  integral  closed 
subschemes  on  X , it  follows  easily  that  {Zjjj-jj  is  a locally  finite  collection  of 
closed  subschemes  of  X.  Hence  c\{C)  (la  = J2nini,j[^i,j]  is  a cycle.  Another, 
more  convenient,  way  to  think  about  this  is  to  observe  that  the  morphism  II  ^ -> 
X is  proper.  Hence  ci(£)  D a can  be  viewed  as  the  pushforward  of  a class  in 
Ak  (ii  wo  = n Afc(Wi).  This  also  explains  why  the  result  is  well  defined  up  to 
rational  equivalence  on  X. 


02SP 


The  main  goal  for  the  next  few  sections  is  to  show  that  intersecting  with  C\(C) 
factors  through  rational  equivalence.  This  is  not  a triviality. 


Lemma  41.24.2.  Let  (S.  <5)  be  as  in  Situation  41-8.1 
type  over  S . Let  C,  M be  an  invertible  sheaves  on  X . i 


Let  X be  locally  of  finite 
hhen 


Ci  (£)  fla  + ci  (A f)  D a = c\  (C  ®ox  AT)  n a 


in  Ak(X)  for  every  a £ Zk-i(X).  Moreover,  Ci(Ox)  D a = 0 for  all  a. 


Proof.  The  additivity  follows  directly  from  Divisors,  Lemma[30.22.5|and  the  defini- 
tions. To  see  that  ci  (Ox)  (la  = 0 consider  the  section  1 e T(X,  Ox)-  This  restricts 
to  an  everywhere  nonzero  section  on  any  integral  closed  subscheme  W C X.  Hence 
ci{Ox)  H [W]  = 0 as  desired.  □ 


The  following  lemma  is  a useful  result  in  order  to  compute  the  intersection  product 
of  the  ci  of  an  invertible  sheaf  and  the  cycle  associated  to  a closed  subscheme. 
Recall  that  Z(s)  C X denotes  the  zero  scheme  of  a global  section  s of  an  invertible 
sheaf  on  a scheme  X , see  Divisors,  Definition  30.11.19[ 

02SQ  Lemma  41.24.3.  Let  ( S,5 ) be  as  in  Situations  1.8.  l\  Let  X be  locally  of  finite 
type  over  S.  Let  C be  an  invertible  Ox-module.  Let  Z C X be  a closed  subscheme. 
Assume  &un.s{Z)  < k + 1.  Let  s £ T(Z,  C\z) ■ Assume 

(1)  dim5(Z(s))  < k,  and 

(2)  for  every  generic  point  £ of  an  irreducible  component  of  Z(s)  of  dimension 
k the  multiplication  by  s induces  an  injection  Oz,£  — > (£| z)$- 

This  holds  for  example  if  s is  a regular  section  of  C\z-  Then 

[Z(s)\k  = Ci(£)  H [Z\k+ i 

in  Ak(X). 

Proof.  Write 

[Z]k+1  = Y,ni[Wi) 

where  IV,  C Z are  the  irreducible  components  of  Z of  (5-dimension  fc  + 1 and  n,  > 0. 
By  assumption  the  restriction  s,  = s \ w,.  G T{Wi,  C\wf)  is  not  zero,  and  hence  is  a 
regular  section.  By  Lemma  41.23.2  we  see  that  [Z{si)]k  represents  Ci  (C \ w, ) ■ Hence 
by  definition 

ci(£)  n [Z\k+ 1 = y 'ni[Z(sj)\k 
In  fact,  the  proof  below  will  show  that  we  have 

[Z{sj\k  = y ^ni[Z(si)}k 


02SR  (41.24.3.1) 

as  k- cycles  on  X. 
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Let  Z'  C X be  an  integral  closed  subscheme  of  (5-dimension  k.  Let  f £ Z'  be 
its  generic  point.  We  want  to  compare  the  coefficient  n of  \Z'\  in  the  expression 
Y^ni[Z(si)]k  with  the  coefficient  m of  [Z'\  in  the  expression  [Z(s)\k-  Choose  a 
generator  s^  £ C Let  1 c Ox  be  the  ideal  sheaf  of  Z.  Write  A = Ox,£',  L = 
and  7 = T^.  Then  L = As^/  and  L/IL  = ( A/I)s £>  = (C\z)t>-  Write  s = fs^  for 
some  (unique)  / £ A/I.  Hypothesis  (2)  means  that  / : A/I  — ► A/I  is  injective. 
Since  dim^(Z)  < k + 1 and  &mi$(Z')  = k we  have  dim(A/7)  = 0 or  1.  We  have 

m = length  A(A/(f,I)) 

which  is  finite  in  either  case. 

If  dim(A/7)  = 0,  then  / : A/I  —*■  A/I  being  injective  implies  that  / £ (A/I)*. 
Hence  in  this  case  m is  zero.  Moreover,  the  condition  dim(A/7)  = 0 means  that 
does  not  lie  on  any  irreducible  component  of  (5-dimension  k + 1,  i.e.,  n = 0 as  well. 

Now,  let  dim(A/7)  = 1.  Since  A is  a Noetherian  local  ring  there  are  finitely 
many  minimal  primes  q i , . . . , qt  D 7 over  7.  These  correspond  1-1  with  W.-,  passing 
through  £' . Moreover  rii  = lengthy  ((A/7)qi).  Also,  the  multiplicity  of  [Z'\  in 
[Z(si)]k  is  lengthy (A/(/,  q,)).  Hence  the  equation  to  prove  in  this  case  is 

lengthy  (A/  (/,  7) ) = ^ lengthy  ((A/7)q.)lengthA(A/(/,  q*)) 

which  follows  from  Algebra,  Lemma [10.120. if]  □ 


41.25.  Intersecting  with  an  invertible  sheaf  and  push  and  pull 


In  this  section  we  prove  that  the  operation  Ci(C)  D — commutes  with  flat  pullback 
and  proper  pushforward. 


Lemma  41.25.1.  Let  (5,(5)  be  as  in  Situation  /l. 8.1  Let  X,  Y be  locally  of  finite 


type  over  S.  Let  f : X — > Y be  a flat  morphism  of  relative  dimension  r.  Let  C be 
an  invertible  sheaf  on  Y . Let  a be  a k-cycle  on  Y . Then 


in  Afe+r_  i(X). 


f*(ci(£)  n a)  = Ci(f*£)  n f*a 


Proof.  Write  a = ^e  claim  it  suffices  to  show  that  f*(c\(C)  H [W,])  = 

Ci(f*C)  n f*[Wi)  for  each  i.  Proof  of  this  claim  is  omitted.  (Remarks:  it  is  clear 
in  the  quasi-compact  case.  Something  similar  happened  in  the  proof  of  Lemma 
41.21.1  and  one  can  copy  the  method  used  there  here.  Another  possibility  is  to 


check  the  cycles  and  rational  equivalences  used  for  all  Wt  combined  at  each  step 
form  a locally  finite  collection). 


Let  W C Y be  an  integral  closed  subscheme  of  (5-dimension  k.  We  have  to  show  that 
f*(ci(C)  n [W])  = c\(f*C)  n f*[W].  Consider  the  following  fibre  product  diagram 


w = w 

W ^ Y 


and  let  W(  C W'  be  the  irreducible  components  of  (5-dimension  k + r.  Write 
\W']k+r  = J2ni[WI\  with  rij  > 0 as  per  definition.  So  /*[W]  = Yhni\Wi\-  Choose 
a nonzero  meromorphic  section  s of  C\w  Since  each  W[  -A  W is  dominant  we  see 
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that  Si  = s |vw  is  a nonzero  meromorphic  section  for  each  i.  We  claim  that  we  have 
the  following  equality  of  cycles 

= /*div£|w  (s) 
in 


Having  formulated  the  problem  as  an  equality  of  cycles  we  may  work  locally  on  Y. 
Hence  we  may  assume  Y and  also  W affine,  and  s = p/q  for  some  nonzero  sections 
p £ r {W,  C)  and  q £ r(W,  O).  If  we  can  show  both 

£^idiv£|Wi(pi)  = f*divC\w(p),  and  £ m&\v0\Wi  (<?i)  = /*div0|w  (g) 


(with  obvious  notations)  then  we  win  by  the  additivity,  see  Divisors,  Lemma  30.22.5 


Thus  we  may  assume  that  s £ T(W1  C\w)-  In  this  case  we  may  apply  the  equality 
(41.24.3.1)  obtained  in  the  proof  of  Lemma [41. 24. 3| to  see  that 

£nidiv,C|Wi(si)  = [Z(s')]k+r- 1 

where  s'  £ f*C\w'  denotes  the  pullback  of  s to  W' . On  the  other  hand  we  have 
f*dxvC\w(s)  = f*[Z(s)]k- 1 = {f-\Z{s)))h+r-U 
Since  Z(s')  = f~1(Z(s))  we  win. 


by  Lemmas 


41.23.2 


and 


41.15.4 


□ 


Lemma  41.25.2.  Let  (S,S)  be  as  in  Situation  41-8.1.  Let  X,  Y be  locally  of  finite 
type  over  S.  Let  f : X -£Y  be  a proper  morphism.  Let  C be  an  invertible  sheaf  on 
Y.  Let  s be  a nonzero  meromorphic  section  s of  C on  Y . Assume  X,  Y integral , f 
dominant,  and  dirn^X)  = dim^H).  Then 

/*  ( divf-c{f*s ))  = [-R(A')  : R(Y)\divc(s). 
as  cycles  on  Y . In  particular 

/*(cr(/*£)  O [X])  = cr(£)  n f*[Y). 


Proof.  The  last  equation  follows  from  the  first  since  /*  [X]  = [R(X)  : l?(y )]  [F]  by 
definition.  It  turns  out  that  we  can  re-use  Lemma  |41.19.1|  to  prove  this.  Namely, 
since  we  are  trying  to  prove  an  equality  of  cycles,  we  may  work  locally  on  Y . Hence 
we  may  assume  that  C = Oy  ■ In  this  case  s corresponds  to  a rational  function 
g £ R(Y ),  and  we  are  simply  trying  to  prove 

/*  (divA ig))  = [R(X)  : R(Y)]dWy(g). 

Comparing  with  the  result  of  the  aforementioned  Lemma  |41.19.1|  we  see  this  true 
since  Nmfl(x)/a(y)(s)  = gW^-^  as  g £ R(V)*.  □ 


Lemma  41.25.3.  Let  (S,S)  be  as  in  Situation  fl.8.1  Let  X,  Y be  locally  of  finite 
type  over  S.  Let  p : X — ► Y be  a proper  morphism.  Let  a £ Zk+i(X).  Let  C be  an 
invertible  sheaf  on  Y . Then 


p*(ci(p*£)  n a)  = ci(£)  np*a 


in  Ak{Y). 
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Proof.  Suppose  that  p has  the  property  that  for  every  integral  closed  subscheme 
W C X the  map  p\w  '■  W — ► Y is  a closed  immersion.  Then,  by  definition  of 
capping  with  c\(C)  the  lemma  holds. 

We  will  use  this  remark  to  reduce  to  a special  case.  Namely,  write  a = 

with  m 7^  0 and  Wt  pairwise  distinct.  Let  W\  C Y be  the  image  of  Wt  (as  an 

integral  closed  subscheme).  Consider  the  diagram 

xf  = uWi—^x 

p p 

Y'  = UW'^Y. 


Since  {W»}  is  locally  finite  on  X,  and  p is  proper  we  see  that  { W' } is  locally  finite  on 
Y and  that  q,  q',p'  are  also  proper  morphisms.  We  may  think  of  ^ nj[Wj]  also  as  a 
fc-cycle  a!  £ Zfc(X').  Clearly  q*a!  = a.  We  have  q*{ci(q* p* £)na')  = C\(p* C)r\q*a' 
and  (g,)*(ci((g,)*£)  C p'^a')  = C\{C)  fl  q'^p'^Oi'  by  the  initial  remark  of  the  proof. 
Hence  it  suffices  to  prove  the  lemma  for  the  morphism  p'  and  the  cycle  ^7ij[Wi]. 
Clearly,  this  means  we  may  assume  X , Y integral,  / : X -A  Y dominant  and 
a = [X],  In  this  case  the  result  follows  from  Lemma  41.25.2  □ 


OAYB 


41.26.  The  key  formula 


Let  (S,6)  be  as  in  Situation  41.8.1  Let  X be  locally  of  finite  type  over  S.  Assume 
X is  integral  and  dim^X)  = n.  Let  C and  J\f  be  invertible  sheaves  on  X.  Let  s be 
a nonzero  meromorphic  section  of  C and  let  t be  a nonzero  meromorplric  section  of 
AT.  Let  Zi  C X,  i £ I be  a set  of  locally  finite  set  of  irreducible  closed  subsets  of 
codimension  1 with  the  following  property:  If  Z { Zi } with  generic  point  £,  then 
s is  a generator  for  C % and  t is  a generator  for  A/f.  Such  a set  exists  by  Divisors, 
Lemma  KlO. 22. 21  Then 

div£(s)  = J^ord  Zi,c{s)\Zi] 


and  similarly 

divA r(t)  = 5^ordZiiA r(t)[Zi] 

Unwinding  the  definitions  more,  we  pick  for  each  i generators  s*  £ C ^ and  tx  £ A/& 
where  C is  the  generic  point  of  Zt.  Then  we  can  write 


s = fiSi  and  t = gtU 

Set  Bi  = Ox,£ i ■ Then  by  definition 

ord  Zi,c(s)  = ord  Bi(fi)  and  ordZijf{t)  = ord  Bi(gi) 

Since  tt  is  a generator  of  A/&  we  see  that  its  image  in  the  fibre  A C§)  k(0)  is  a 
nonzero  meromorphic  section  of  Af\Zi.  We  will  denote  this  image  U \Zi.  From  our 
definitions  it  follows  that 

ci (A/-)  ndiv£(s)  = ^2  ordBi( fi)(Zi  -A  X)*divA/-|z.  {U\Zi) 

and  similarly 


ci(£)  ndiv^(t)  = y^ordfl. (gj)(Zj  -A  X)*div£|z.  (sj|zJ 
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in  A„_2(X).  We  are  going  to  find  a rational  equivalence  between  these  two  cycles. 
To  do  this  we  consider  the  tame  symbol 

dBi(fi,9i ) G «(&)* 

see  Definition  141.5.51 

OAYC  Lemma  41.26.1  (Key  formula).  In  the  situation  above  the  cycle 

->■  AT)*  ^onZBi(/»)dii!A/-|z<  (ti|z4)  - ordBi(gi)divc\z.  (sj|z.)J 
egwal  to  the  cycle 

X)*div(dBi{fi,gi)) 


Proof.  First,  let  us  examine  what  happens  if  we  replace  s,  by  us*  for  some  unit  u 
in  Bi.  Then  fi  gets  replaced  by  u~1fi.  Thus  the  first  part  of  the  first  expression  of 
the  lemma  is  unchanged  and  in  the  second  part  we  add 


-ordB.  (gi)div(u\z) 


(where  u\zi  is  the  image  of  a*  in  the  residue  field)  by  Divisors,  Lemma  30.22.3  and 
in  the  second  expression  we  add 


di  v(dBi(u  1,gi )) 


by  bi-linearity  of  the  tame  symbol.  These  terms  agree  by  Lemma  41.5.7 


Let  Z C I be  an  irreducible  closed  with  dim^(Z)  = n — 2.  To  show  that  the 
coefficients  of  Z of  the  two  cycles  of  the  lemma  is  the  same,  we  may  do  a replacement 
Si  i — y usi  as  in  the  previous  paragraph.  In  exactly  the  same  way  one  shows  that  we 
may  do  a replacement  ij  i— > vti  for  some  unit  v of  Bi. 


Since  we  are  proving  the  equality  of  cycles  we  may  argue  one  coefficient  at  a time. 
Thus  we  choose  an  irreducible  closed  Z C X with  dims(Z)  = n — 2 and  compare 
coefficients.  Let  £ £ Z be  the  generic  point  and  set  A = Ox,£-  This  is  a Noetherian 
local  domain  of  dimension  2.  Choose  generators  a and  r for  C £ and  A/j.  After 
shrinking  X,  we  may  and  do  assume  a and  r define  trivializations  of  the  invertible 
sheaves  C and  M over  all  of  X.  Because  Zt  is  locally  finite  after  shrinking  X we 
may  assume  Z C Zi  for  all  i £ I and  that  I is  finite.  Then  corresponds  to  a 
prime  q;  C A of  height  1.  We  may  write  Si  = and  ti  = biT  for  some  ai  and  bi 
units  in  Aqi . By  the  remarks  above,  it  suffices  to  prove  the  lennna  when  at  = bi  = 1 
for  all  i. 


Assume  at  = bi  = 1 for  all  i.  Then  the  first  expression  of  the  lemma  is  zero,  because 
we  choose  a and  t to  be  trivializing  sections.  Write  s = fa  and  t = gr  with  / and 
g in  the  fraction  field  of  A.  By  the  previous  paragraph  we  have  reduced  to  the  case 
fi  = f and  gi  = g for  all  i.  Moreover,  for  a height  1 prime  q of  A which  is  not  in 
{ q.i } we  have  that  both  / and  g are  units  in  Aq  (by  our  choice  of  the  family  {Zf\ 
in  the  discussion  preceding  the  lemma).  Thus  the  coefficient  of  Z in  the  second 
expression  of  the  lemma  is 

5Ziord  A/m(dBi(f,g)) 

which  is  zero  by  the  key  Lemma  [41. 7. 1|  □ 
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41.27.  Intersecting  with  an  invertible  sheaf  and  rational  equivalence 

Applying  the  key  lemma  we  obtain  the  fundamental  properties  of  intersecting  with 
invertible  sheaves.  In  particular,  we  will  see  that  ci(£)n  — factors  through  rational 
equivalence  and  that  these  operations  for  different  invertible  sheaves  commute. 


Lemma  41.27.1.  Let  (S \S)  be  as  in  Situation  41-8.1  Let  X be  locally  of  finite 
type  over  S.  Assume  X integral  and  dim^X)  = n.  Let  C,  A f be  invertible  on  X. 
Choose  a nonzero  meromorphic  section  s of  C and  a nonzero  meromorphic  section 
t of  Af.  Set  a = divc(s)  and  p = divjq-ft).  Then 

ci  (A f)  D a = ci  (£)  fl  /3 

in  An_2(X). 


Proof.  Immediate  from  the  key  Lemma  41.26.1  and  the  discussion  preceding  it.  □ 


Lemma  41.27.2.  Let  (S,S)  be  as  in  Situation  fl.8.1  Let  X be  locally  of  finite 
type  over  S.  Let  C be  invertible  on  X.  The  operation  a K > Ci(£)na  factors  through 
rational  equivalence  to  give  an  operation 

ci(£)  fl  — : Ak+ i(X)  — A Ak(X) 

Proof.  Let  a £ Zk+i(X),  and  a ~rat  0.  We  have  to  show  that  ci(£)  Da  as  defined 
in  Definition|41.24.f1is  zero.  By  Definition|41.20.i1  there  exists  a locally  finite  family 
{ Wj } of  integral  closed  subschemes  with  dim s{Wj)  = k + 2 and  rational  functions 
fj  £ R{Wj)*  such  that 

Note  that  p : JJ  Wj  -A  X is  a proper  morphism,  and  hence  a = p*a'  where 
a'  £ Zfc+i(II  Wj)  is  the  sum  of  the  principal  divisors  clivu^  (fj)-  By  Lemma  41.25.3 
we  have  ci(£)na  = p*(ci(p*£)fla/).  Hence  it  suffices  to  show  that  each  ci(£|wj  )H 
di vw  (fj)  is  zero.  In  other  words  we  may  assume  that  X is  integral  and  a = divx(/) 
for  some  / £ R(X)*. 

Assume  X is  integral  and  a = di vx(f)  for  some  / £ R(X)* . We  can  think  of 
/ as  a regular  meromorphic  section  of  the  invertible  sheaf  Af  = Ox-  Choose 
a meromorphic  section  s of  £ and  denote  (f  = div£(s).  By  Lemma  41.27.1  we 
conclude  that 

Ci(£)  n a = ci(Ox)n/3. 


However,  by  Lemma  41.24.2  we  see  that  the  right  hand  side  is  zero  in  Ak(X)  as 
desired.  □ 


Let  (S7S)  be  as  in  Situation  41.8.1  Let  A'  be  locally  of  finite  type  over  S.  Let  £ 


be  invertible  on  X.  We  will  denote 

ci(£)s  fl  — : A^+S(A')  -A  Ak( X) 

the  operation  Ci(£)  fl  — . This  makes  sense  by  Lemma  41.27.2  We  will  denote 
Ci(£s  D — the  s-fold  iterate  of  this  operation  for  all  s > 0. 


Lemma  41.27.3.  Let  (S,S)  be  as  in  Situation  fl.8.1  Let  X be  locally  of  finite 


type  over  S.  Let  £,  Af  be  invertible  on  X.  For  any  a £ Ak+ 2(A)  we  have 
Ci(£)  D ci(Af)  fla  = ci  (Af)  fl  Ci(£)  n a 
as  elements  of  Ak( A). 
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Proof.  Write  a = Y^mj[^j\  for  some  locally  finite  collection  of  integral  closed 
subschemes  Z j C X with  dim s{Zj)  = k + 2.  Consider  the  proper  morphism  p : 
£J  Zj  — > X.  Set  a'  = J2  rn.j  [Zj]  as  a (k  + 2)-cycle  on  JJ  Zj.  By  several  applications 
of  Lemma  41.25.3  we  see  that  ci(£)  fl  c\(N)  n a = p*(ci(p*£)  fl  Ci{p*N)  fl  a')  and 
Ci (J\f)  fl  Ci(£)  fl  a = p*(ci(p*Af)  fl  C\(p*C)  n a').  Hence  it  suffices  to  prove  the 
formula  in  case  X is  integral  and  a = [A'].  In  this  case  the  result  follows  from 
Lemma  [41.27.  II  and  the  definitions.  □ 


41.28.  Intersecting  with  effective  Cartier  divisors 


02T7  In  this  section  we  define  the  gysin  map  for  the  zero  locus  of  a section  of  an  invertible 
sheaf.  The  most  interesting  case  is  that  of  an  effective  Cartier  divisor;  the  reason 
for  the  generalization  is  to  be  able  to  formulate  various  compatibilities,  see  Remark 
|41.28.2|  and  Lemmas  |41.28.7[  |41.28.8[  and  |41.29.4|  These  results  can  be  general- 
ized to  deal  with  locally  principal  closed  subschemes  with  a virtual  normal  bundle 
(Remark  41.28.4[).  A generalization  in  a different  direction  comes  from  looking  at 
pseudo-divisors  (Remark  41.28.5 1. 


Recall  that  effective  Cartier  divisors  correspond  1-to-l  to  isomorphism  classes  of 
pairs  (£,  s)  where  £ is  an  invertible  sheaf  and  s is  a global  section,  see  Divisors, 
Lemma [30. 11. 21  If  D corresponds  to  (£,  s),  then  £ = Ox (D).  Please  keep  this  in 
mind  while  reading  this  section. 


02T8 


Definition  41.28.1.  Let  ( S , S)  be  as  in  Situation  41.8.1  Let  X be  locally  of  finite 
type  over  S.  Let  (£,  s)  be  a pair  consisting  of  an  invertible  sheaf  and  a global  section 
s £ r(X,  £).  Let  D = Z(s)  be  the  zero  scheme  of  s,  and  denote  i : D X the 
closed  immersion.  We  define,  for  every  integer  k,  a (refined)  Gysin  homomorphism 


i*  : Zk+1(X) Ak(D). 


by  the  following  rules: 

(1)  Given  a integral  closed  subscheme  W C X with  dim^W)  = k + 1 we 
define 

(a)  if  W D,  then  i* [IT]  = [flfl  W\k  as  a fc-cycle  on  D,  and 

(b)  if  W C D,  then  i*\W]  = ?’*(ci(£|w)  H \W}),  where  i'  : W — > D is  the 
induced  closed  immersion. 

(2)  For  a general  (k  + l)-cycle  a = ^ nj\Wj\  we  se^ 

i*  a = 

(3)  If  D is  an  effective  Cartier  divisor,  then  we  denote  D ■ a = i*i*a  the 
pushforward  of  the  class  to  a class  on  X. 


In  fact,  as  we  will  see  later,  this  Gysin  homomorphism  i*  can  be  viewed  as  an 
example  of  a non-flat  pullback.  Thus  we  will  sometimes  informally  call  the  class 
i*a  the  pullback  of  the  class  a. 


0B6Y 


Remark  41.28.2.  Let  / : X'  -A  A be  a morphism  of  schemes  locally  of  finite 
type  over  S as  in  Situation  41.8.1  Let  (£,  s,  i : D — > X)  be  a triple  as  in  Definition 
41.28.1  Then  we  can  set  £'  = /*£,  s'  = f*s , and  D'  = X'  xx  D = Z(s').  This 
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gives  a commutative  diagram 


D'  < — ->  X' 


y 

D 


■ X 


41.28.1 


and 


and  we  can  ask  for  various  compatibilities  between  i*  and  (£)*. 

Remark  41.28.3.  Let  X — >■  S',  £,  s,  * : I?  — >■  X be  as  in  Definition 
assume  that  C\d  — Od-  In  this  case  we  can  define  a canonical  map  i*  : Zk+i{X) 
Zk{D)  on  cycles,  by  requiring  that  i*\W\  = 0 whenever  W C D.  The  possibility  to 
do  this  will  be  useful  later  on. 

Remark  41.28.4.  Let  X be  a scheme  locally  of  finite  type  over  S as  in  Situation 


41.8.1  Let  ( D,J\f , a)  be  a triple  consisting  of  a locally  principal  (Divisors,  Definition 
30.11.1 ) closed  subscheme  i : D — ► X,  an  invertible  Co-module  A/”,  and  a surjection 
<j7A/®_1  — > i*Xd  of  Co-modules.  Here  A f should  be  thought  of  as  a virtual  normal 
bundle  of  D in  X.  The  construction  of  i*  : Zk+i(X)  — > Ak{D)  in  Definition  41.28.1 


generalizes  to  such  triples  and  it  is  perhaps  the  correct  generality  for  the  definition. 
Remark  41.28.5.  Let  X be  a scheme  locally  of  finite  type  over  S as  in  Situation 


41.8.1  In  |Ful98]  a pseudo-divisor  on  X is  defined  as  a triple  D = (£,  Z , s)  where 
C is  an  invertible  Cx-module,  Z C X is  a closed  subset,  and  s £ T(X  \ Z,C)  is 
a nowhere  vanishing  section.  Similarly  to  the  above,  one  can  define  for  every  a in 
Hfc(A')  a product  D a in  Ak(Z  D |a|)  where  |a|  is  the  support  of  a. 


Lemma  41.28.6.  Let  ( S,S ) be  as  in  Situation  41-8-1  Let  X be  locally  of  finite 


type  over  S.  Let  ( C,s,i  : D — ► X)  be  as  in  Definition  41-28.1  Let  a be  a (k  + 1)- 
cycle  on  X.  Then  i*i*a  = Ci(£)  D a in  Ak(X).  In  particular,  if  D is  an  effective 
Cartier  divisor,  then  D ■ a = ci(Ox(D))  n a. 

Proof.  Write  a = ^2nj[Wj]  where  ij  : Wj  — > X are  integral  closed  subschemes 
with  dimd~(IT.y)  = k.  Since  D is  the  zero  scheme  of  s we  see  that  D n Wj  is  the 
zero  scheme  of  the  restriction  s\w--  Hence  for  each  j such  that  Wj  <£  D we  have 
Ci(£)  n \Wj\  = [Dfl  Wj\k  by  Lemma  41.24.3[  So  we  have 


ci  (£)  n a = *52  D nj  [D  n Wj]k  + ^ 


WnCD 


k(ci(£)|wj  n [Wj]) 


in  Ak{X)  by  Definition |41. 24. 1|  The  right  hand  side  matches  (termwise)  the  push- 
forward  of  the  class  i*a  on  D from  Definition  141. 28. II  Hence  we  win.  □ 


Lemma  41.28.7.  Let{S,8)  be  as  in  Situation  41-8.1  Let  f : X' 
morphism  of  schemes  locally  of  finite  type  over  S.  Let  (£,  s,i  : D 
Definition  \ 41-  28. T\  Form  the  diagram 


X be  a proper 
-A  X)  be  as  in 


D' 


V 

D 


>-  X' 


■X 


as  in  Remark  41-28.2.  For  any  (k  + 1 )-cycle  a'  on  X'  we  have  i* f*a'  = g*(i')*a' 
in  Ak(D)  (this  makes  sense  as  /»  is  defined  on  the  level  of  cycles). 


41.28.  INTERSECTING  WITH  EFFECTIVE  CARTIER  DIVISORS 


2868 


0B71 


02TB 


Proof.  Suppose  a = \W'\  for  some  integral  closed  subscheme  W'  C A'.  Let 
W = f(W' ) C X.  In  case  W'  jL  D' , then  W jL  D and  we  see  that 

[W' n D']k  = dWC'\w,(s'\w')  and  [W 11  D]k  = divc\w(s\w) 

and  hence  /*  of  the  first  cycle  equals  the  second  cycle  by  Lemma  |41.25.2[  Hence 
the  equality  holds  as  cycles.  In  case  W'  C D' , then  W C D and  f*(ci(£\w')T\[W']) 
is  equal  to  c\(C\w)  fl  [W]  in  Ak(W)  by  the  second  assertion  of  Lemma  41.25.2  By 
Remark  41.20.4|  the  result  follows  for  general  a! . □ 

Lemma  41.28.8.  Let  (S,5)  be  as  in  Situation  41-8.1.  Let  f : X'  -A  X be  a 
flat  morphism  of  relative  dimension  r of  schemes  locally  of  finite  type  over  S.  Let 
(C,s,i  : D — > X)  be  as  in  Definition  41-28.1  Form  the  diagram 


D' 


Y 

D 


>- A' 


■ X 


as  in  Remark\4 1-28.2  For  any  (k  + 1 )-cycle  a on  X we  have  (i')*f*a  = g*i*a'  in 
Ah+r(D)  (this  makes  sense  as  f*  is  defined  on  the  level  of  cycles). 

Proof.  Suppose  a = [W]  for  some  integral  closed  subscheme  W C X.  Let  W'  = 
f~1{W)  C X' . In  case  W <£_  D,  then  W'  (jL  D1  and  we  see  that 

W'  CD'  = g~1(W  n D) 

as  closed  subschemes  of  D' . Hence  the  equality  holds  as  cycles,  see  Lemma [4 1.1 5. 4 


In  case  W C D,  then  W'  C D'  and  W'  = g_1(I/L)  with  \W']k+i+r  = <7*[W]  and 
equality  holds  in  Ak+r(D')  by  Lemma  41.25.1  By  Remark  41.20.4  the  result  follows 
for  general  a' . □ 


Lemma  41.28.9.  Let  (3,5)  be  as  in  Situation  41-8.1  Let  X be  locally  of  finite 
type  over  S.  Let  (C,  s,i  : D — > X)  be  as  in  Definitional -28 .1 


(1)  Let  Z C X be  a closed  subscheme  such  that  dim^Z)  < k + 1 and  such  that 
D n Z is  an  effective  Cartier  divisor  on  Z.  Then  i*[Z]k+i  = [11(1  Z]k- 

(2)  Let  T be  a coherent  sheaf  on  X such  that  dim.g (Support(LF))  < k + 1 and 
s:F^T  <8>ox  £ is  injective.  Then 


i*[X]k+ 1 = \i*X\k 


in  Ak(D). 


Proof.  Assume  Z C X as  in  (1).  Then  set  T = Oz ■ The  assumption  that  DnZ  is 
an  effective  Cartier  divisor  is  equivalent  to  the  assumption  that  s : T — » T (do  x £ 
is  injective.  Moreover  [Z\k+1  = [J]fe+i]  and  [D  n Z]k  = [0Dnz]k  = [i*LF)k.  See 
Lemma  41.11.3  Hence  part  (1)  follows  from  part  (2). 

Write  [J-jfc+i  = J2mj[Wj]  with  rrij  > 0 and  pairwise  distinct  integral  closed  sub- 


schemes Wj  C A'  of  5-dimension  k + 1.  The  assumption  that  s : LF  —¥  IF  ( 
injective  implies  that  Wj  (jL  D for  all  j.  By  definition  we  see  that 


C is 


We  claim  that 


i*[F)k+1  = Y^[DnWj]k. 
y\DCWj)k  = \i*X}k 
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as  cycles.  Let  Z C D be  an  integral  closed  subscheme  of  ^-dimension  k.  Let 
£ £ Z be  its  generic  point.  Let  A = Ox  Let  M = Let  f £ A be  an 
element  generating  the  ideal  of  D,  i.e. , such  that  Od,£  = A/ fA.  By  assumption 
dim(Supp(M))  = 1,  / : M — > M is  injective,  and  lengthy (M//M)  < oo.  Moreover, 
length A(M/fM)  is  the  coefficient  of  [Z]  in  [i i*F]k ■ On  the  other  hand,  let  qi, . . . , qt 
be  the  minimal  primes  in  the  support  of  M . Then 

Y leneth4lqi  (MqJordA/qi(/) 

is  the  coefficient  of  [ Z ] in  Wj]k-  Hence  we  see  the  equality  by  Algebra, 

Lemma  H0.12H.lT1  □ 


41.29.  Gysin  homomorphisms 


02TK  In  this  section  we  use  the  key  formula  to  show  the  Gysin  homomorphism  factor 
through  rational  equivalence. 


02TM 


Lemma  41.29.1.  Let  (S,  8)  be  as  in  Situation  41-8.1 
over  S.  Let  X be  integral  and  n = dim^(X).  Let  i : D 
divisor.  Let  Af  be  an  invertible  Ox  -module  and  let  t be  a nonzero  meromorphic 
section  of  Af . Then  i*divjy(t ) = C\(AT)  D [D\n- 1 in  An_2{D). 


Let  X be  locally  of  finite  type 
X be  an  effective  Cartier 


Proof.  Write  diyy(f)  = ord Zi,Af{t)[Zi]  for  some  integral  closed  subschemes  Zt  C 

X of  ^-dimension  n — 1.  We  may  assume  that  the  family  {Zt}  is  locally  finite, 
that  t £ r([f,Afju)  is  a generator  where  U = X \{J  Zl:  and  that  every  irreducible 
component  of  D is  one  of  the  Zj,  see  Divisors,  Lemmas|30.21.1  30.21.4  and  30.22.2 


Set  C = Ox{D).  Denote  s £ T(X,Ox(D))  = T(X,C)  the  canonical  section.  We 
will  apply  the  discussion  of  Section  |41.26|  to  our  current  situation.  For  each  i let 
£ Zi  be  its  generic  point.  Let  Bi  = Ox,^-  For  each  i we  pick  generators  s,  £ C ^ 
and  tj  £ over  Bi  but  we  insist  that  we  pick  Si  = s if  Zi  fL  D.  Write  s = fisi 
and  t = gfii  with  fi,gi  £ Bi.  Then  ord = ord Bi(gi)-  On  the  other  hand,  we 
have  fi  £ Bi  and 

[D\n- 1 = J^ord  Bi(fi)[Zi\ 

because  of  our  choices  of  s.; . We  claim  that 


i*divA rit)  = ^2  ordBi  (gf) div£|z.  (si|z») 


as  cycles.  More  precisely,  the  right  hand  side  is  a cycle  representing  the  left 
hand  side.  Namely,  this  is  clear  by  our  formula  for  divjv(f)  and  the  fact  that 
div£|z.  (si\zi)  = [Z(si\zi)]n-2  = [Zi  D D]„_ 2 when  Zi  <jt  D because  in  that  case 
Si\zi  = s\z,  is  a regular  section,  see  Lemma [41. 23. 2[  Similarly, 

Cl  (Af)  D [£>]„_  1 ='22oidBi(fi)divJy\Zi(ti\zi) 


The  key  formula  (Lemma|41.26.1 ) gives  the  equality 

(ordBi  {fi)divjy\Zi  (ti\Zi)  - ord^^jdiv^^.  (s^Jj  =Ydivzi(dBi(fi,gi) 


of  cycles.  If  Z%  <jt  D , then  /,;  = 1 and  hence  divZi  [dBi  (fi,  gi)  = 0.  Thus  we 
get  a rational  equivalence  between  our  specific  cycles  representing  i* div^ (f)  and 
ci (Af)  D [D\n- 1 on  D.  This  finishes  the  proof.  □ 
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Lemma  41.29.2.  Let  (S,S)  be  as  in  Situation  41-8.1 
type  over  S.  Let  (£,  s,  i : D — > X ) be  as  in  Definition  41-28.1 


Let  X be  locally  of  finite 
The  Gysin  homomor- 
phism factors  through  rational  equivalence  to  give  a map  i*  : Ak+±(X)  — > Ak(D). 


Proof.  Let  a £ Zk+i(X)  and  assume  that  a ~rat  0.  This  means  there  exists  a 
locally  finite  collection  of  integral  closed  subschemes  Wj  C X of  d-dimension  k + 2 
and  fj  £ R(Wj)*  such  that  a = J^ij,*divwj(fj)-  Set  X'  = JJ  Wi  and  consider  the 
diagram 

D' — ->  A' 

■ / 

% 

q p 

D — l-^x 


of  Remark  41.28.2  Since  X'  — > A'  is  proper  we  see  that  i*p * = q*(i')*  by  Lemma 


41.28.7  As  we  know  that  g*  factors  through  rational  equivalence  (Lemma|41.21.2 ), 


it  suffices  to  prove  the  result  for  a'  = J^di vwjifj)  on  X' . Clearly  this  reduces  us 
to  the  case  where  X is  integral  and  a = div(/)  for  some  / £ R(X)*. 


Assume  X is  integral  and  a = div(/)  for  some  / £ R(X)*.  If  X = D,  then  we 
see  that  i*a  is  equal  to  C\{C)  l~l  a.  This  is  rationally  equivalent  to  zero  by  Lemma 


41.27.2  If  D / A,  then  we  see  that  i*divx(f)  is  equal  to  c\{Od)^  [D]n-i  in  Ak(D) 
by  Lemma  41.29.1  Of  course  capping  with  ci(Od)  is  the  zero  map. 


□ 


Let  X be  locally  of  finite 
Let  A f be 


Lemma  41.29.3.  Let  ( S,S ) be  as  in  Situation  41-8.1 
type  over  S.  Let  ( C,s,i  : D — > A')  be  a triple  as  in  Definition  41-28.1 
an  invertible  Ox -‘module.  Then  i*{c\(N)  D a)  = c\{i*Af)  D i*a 
a £ Ak(Z). 


Ak~2(L>)  for  all 


Definition \ 41. 28~1\  Then  the  diagram 


Ak(X)*4**mrAk-i(D) 

l 

(i’y 

Ak-1(D') ^Ak_2(DnDr) 


commutes  where  each  of  the  maps  is  a gysin  map. 

Proof.  Denote  j : D n D'  — >•  D and  j'  : D D D'  — > D'  the  closed  immersions  cor- 
responding to  (£\d',s\d'  and  (C'd,s\d)-  We  have  to  show  that  (j')*i*a  = j*(i')*a 
for  all  a £ Ak{X).  Let  IT  C A be  an  integral  closed  subscheme  of  dimension  k. 
Let  us  prove  the  equality  in  case  a = [W].  We  will  deduce  it  from  the  key  formula. 

We  let  a be  a nonzero  meromorphic  section  of  C\w  which  we  require  to  be  equal 
to  s\w  if  W qL  D.  We  let  a'  be  a nonzero  meromorphic  section  of  C!\w  which  we 
require  to  be  equal  to  s'\w  if  W ft.  D' . Write 

div,c|wO)  = 'Y^or&ZuC\w{o)[Zi\  = S^ni\Zl\ 
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and  similarly 


div£'|w(o-')  = ^OT&Zi,o\wW)[Zi]  =J2n'ilZi] 


as  in  the  discussion  in  Section  |41.26|  Then  we  see  that  Z,  C D if  / 0 and 
Z-  C D'  if  n\  ^ 0.  For  each  i,  let  £ Zi  be  the  generic  point.  As  in  Section 


41.26 

~W= 


we  choose  for  each  i an  element  eq  £ Ce 


resp.  ct'  € which  generates  over 
Ow,£i  and  which  is  equal  to  the  image  of  s,  resp.  s'  if  Z,j  D , resp.  Zi:  (£_  D' . 

Write  a = flai  and  a'  = f(a\  so  that  rq  = ord Bi{fi)  and  n'  = ord Bi(f()-  From  our 
definitions  it  follows  that 


(j')*i*[W]  = J2oTdBl{fi)^o\Zi{<Ji\zi) 

as  cycles  and 

j*{i')*[W)  =^2ordBi{fl)divc\Zi(cri\zi) 

The  key  formula  (Lemma|41.26.1[)  now  gives  the  equality 

Y (ordBi(/i)div£,|z.(o-'|Zi)  ~ ordSi(/-)div£|z.  (oqlzj)  = Y zMbAU,  AO) 

of  cycles.  Note  that  dxvZi(dBi(fi,  f[))  = 0 if  Zi  (£.  D fl  D'  because  in  this  case 
either  f)  = 1 or  /'  = 1.  Thus  we  get  a rational  equivalence  between  our  specific 


the  result  follows  for  general  a.  □ 


cycles  representing  ( j')*i*[W ] and  j*(i')*[W]  on  D n D'  n W.  By  Remark  41.20.4 


41.30.  Relative  effective  Cartier  divisors 


Relative  effective  Cartier  divisors  are  defined  and  studied  in  Divisors,  Section  30.15 


To  develop  the  basic  results  on  chern  classes  of  vector  bundles  we  only  need  the 
case  where  both  the  ambient  scheme  and  the  effective  Cartier  divisor  are  flat  over 
the  base. 


Let  ( S,d ) be  as  in  Situation  41-8-1 
Y be  a flat  morphism  of 


Let  X,  Y be  locally  of 
relative  dimension  r.  Let 


Lemma  41.30.1. 

finite  type  over  S.  Let  p : X 
i : D — $•  X be  a relative  effective  Cartier  divisor  (Divisors,  Definition  30.15.2).  Let 
C = Ox{D).  For  any  a £ Ak+\(Y)  we  have 


in  Ak+r(D)  and 


in  Ak+riX'j . 


i*p*a  = (p\D)*a 


ci(£)  n p*a  = u((p\D)*a) 


Proof.  Let  W C Y be  an  integral  closed  subscheme  of  ^-dimension  k + 1.  By 
Divisors,  Lemma  30.15.1  we  see  that  D Cp~1W  is  an  effective  Cartier  divisor  on 
p~1W.  By  Lemma  41.28.9  we  get  the  first  equality  in 


i*[p-LW}k+r+ 1 = [DCp~lW}k+r  = [(p\D)-flW)]k+r. 


and  the  second  because  DC\p~1(W)  = (p|d)_1(B/)  as  schemes.  Since  by  definition 
p*[W]  = [p~lW}k+r+ i we  see  that  i*p*\W]  = (p\d)*\W]  as  cycles.  If  a = mj[Wj\ 
is  a general  k + 1 cycle,  then  we  get  i*a  = mji*p*[Wj]  = Y^,mj(p\D  )*[Wj]  as 
cycles.  This  proves  then  first  equality.  To  deduce  the  second  from  the  first  apply 
Lemma  141.28.61  □ 
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41.31.  Affine  bundles 


For  an  affine  bundle  the  pullback  map  is  surjective  on  Chow  groups. 

Lemma  41.31.1.  Let  (S,S)  be  as  in  Situation  41-8.1  Let  X,  Y be  locally  of 


finite  type  over  S . Let  f : X -A  Y be  a flat  morphism  of  relative  dimension  r. 
Assume  that  for  every  y £ Y , there  exists  an  open  neighbourhood  U C Y such 
that  /|/-i(u)  : f~X{U)  — )•  U is  identified  with  the  morphism  U x Ar  — ► U . Then 
f*  : Ak(Y)  -A  Ak+r(X)  is  surjective  for  all  k £ Z. 


Proof.  Let  a £ Ak+r{X).  Write  a = Y^mi\Wi)  with  mj  / 0 and  W3  pairwise 
distinct  integral  closed  subschemes  of  (5-dimension  k + r.  Then  the  family  {Wj}  is 
locally  finite  in  X.  For  any  quasi-compact  open  V C Y we  see  that  /-1(P)  D Wj 
is  nonempty  only  for  finitely  many  j.  Hence  the  collection  Z3  = f(Wj)  of  closures 
of  images  is  a locally  finite  collection  of  integral  closed  subschemes  of  Y . 


Consider  the  fibre  product  diagrams 


f-Hzfl 


ft 

V 


X 

f 

Y 

Y 


Suppose  that  [Wj]  € Zk+r(f~1(Zj))  is  rationally  equivalent  to  f* flj  for  some  fc- 
cycle  flj  £ Ak(Zj).  Then  /3  = m jPj  will  be  a fc-cycle  on  Y and  f*(3  = J2  mjfj  flj 

will  be  rationally  equivalent  to  a (see  Remark|41.20.4).  This  reduces  us  to  the  case 

Y integral,  and  a = [W]  for  some  integral  closed  subscheme  of  A'  dominating  Y. 
In  particular  we  may  assume  that  d = dim^F)  < oo. 

Hence  we  can  use  induction  on  d = dim^F).  If  d < k,  then  Ak+r( X)  = 0 and  the 
lemma  holds.  By  assumption  there  exists  a dense  open  V C Y such  that  /-1(H)  = 

V x Ar  as  schemes  over  V.  Suppose  that  we  can  show  that  a\ /-qu)  = f*P  for  some 
fl  £ Zk(V).  By  Lemma  41.15.2  we  see  that  fl  = (3'\v  for  some  fl'  £ Zk(Y).  By  the 
exact  sequence  Ak(f~1(Y\V))  — > Ak(X)  — t Afc(/_1(V'))  of  Lemma  41.20.2  we  see 
that  a — f*fj'  comes  from  a cycle  a'  £ Ak+r(f~1(Y  \ V)).  Since  dim5(F  \ V)  < d 
we  win  by  induction  on  d. 

Thus  we  may  assume  that  1=7  x Ar.  In  this  case  we  can  factor  / as 
X = Y x Ar  -)7  x Ar_1  a...->7  x A1  — >■  Y. 


Hence  it  suffices  to  do  the  case  r = 1.  By  the  argument  in  the  second  paragraph  of 
the  proof  we  are  reduced  to  the  case  a = [ W ],  Y integral,  and  W — > Y dominant. 
Again  we  can  do  induction  on  d = dirn^F).  If  W = 7x  A1,  then  [ W ] = f*[Y], 
Lastly,  W C Y x A1  is  a proper  inclusion,  then  W — > Y induces  a finite  held 
extension  R(Y)  C R{W).  Let  P(T)  £ R(Y)[T ] be  the  monic  irreducible  polynomial 
such  that  the  generic  fibre  of  W -A  Y is  cut  out  by  P in  A^r^.  Let  V C Y be  a 
nonempty  open  such  that  P £ r(V,  Oy)[T],  and  such  that  W n /-1(F)  is  still  cut 
out  by  P.  Then  we  see  that  a\f-i(y)  ~rat  0 and  hence  a ~rat  a!  for  some  cycle  a' 
on  (y  \ V)  x A1.  By  induction  on  the  dimension  we  win.  □ 


Lemma  41.31.2.  Let  ( S,5 ) be  as  in  Situation  41.8.1 
type  over  S.  Let  C be  an  invertible  Ox-module.  Let 


Let  X be  locally  of  finite 


p : L = Spec(Sym* (£))  — > X 
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be  the  associated  vector  bundle  over  X.  Then  p*  : Ak(X)  — A Ak+i(L)  is  an  isomor- 
phism for  all  k. 


Proof.  For  surjectivity  see  Lemma  [41. 31. 1|  Let  o : X ->  L be  the  zero  section  of 
L — A X,  i.e.,  the  morphism  corresponding  to  the  surjection  Sym*(£)  — A Ox  which 
maps  to  zero  for  all  n > 0.  Then  po  o = idx  and  o{X)  is  an  effective  Cartier 
divisor  on  L.  Hence  by  Lemma  41.30.1  we  see  that  o*  op*  = id  and  we  conclude 
that  p*  is  injective  too.  □ 


Remark  41.31.3.  We  will  see  later  (Lemma  41.33.3)  that  if  X is  a vector  bundle 
of  rank  r over  Y then  the  pullback  map  A^iY)  — A Ak+r{X)  is  an  isomorphism.  This 
is  true  whenever  X — A Y satisfies  the  assumptions  of  Lemma  41.31.1  see  lTot!4l 
Lemma  2.2]. 


41.32.  Bivariant  intersection  theory 


In  order  to  intelligently  talk  about  higher  chern  classes  of  vector  bundles  we  in- 
troduce the  following  notion,  following  IFM81],  It  follows  from  [Ful98l  Theorem 
17.1]  that  our  definition  agrees  with  that  of  |Ful98j  modulo  the  caveat  that  we  are 
working  in  different  settings. 


41.8.1 


Let  / : X — a Y be  a 


Definition  41.32.1.  Let  (S,5)  be  as  in  Situation 
morphism  of  schemes  locally  of  finite  type  over  S.  Let  p £ Z.  A bivariant  class 
c of  degree  p for  f is  given  by  a rule  which  assigns  to  every  locally  of  finite  type 
morphism  Y'  — A Y and  every  k a map 

cn-:Ak(X')-^Ak_p(Y') 

where  Y'  = X ' x y Y,  satisfying  the  following  conditions 

(1)  if  Y"  -A  Y'  is  a proper,  then  c C (Y"  -A  Y')*a"  = ( X " -A  X%(c  C a") 
for  all  a”  on  Y”, 

(2)  if  Y"  — A Y'  is  flat  locally  of  finite  type  of  fixed  relative  dimension,  then 
c n (X"  -A  X')*a'  = [Y"  -A  Y')*(c  n o')  for  all  a’  on  Y',  and 

(3)  if  : D'  — > X1)  is  as  in  Definition  41.28.1  with  pullback  (A : 

E 1 — > Y1)  to  Y',  then  we  have  cD  = (j,)*(cn  a')  for  all  a'  on  X’ . 

The  collection  of  all  bivariant  classes  of  degree  p for  / is  denoted  Ap{ X -a  Y). 


41.8.1 


Similar  to  ]Ful981 
Definition  17.1] 


Let  (S,S)  be  as  in  Situation  41.8.1  Let  / : X — ► Y be  a morphism  of  schemes 
locally  of  finite  type  over  S.  Let  p € Z.  It  is  clear  that  AP(X  — > Y)  is  an  abelian 
group.  Moreover,  it  is  clear  that  we  have  a bilinear  compositon 

Ap(X  ->  Y)  x Aq(Y  ->  Z)  -a  Ap+q{X  -a  Z) 

which  is  associative.  We  will  be  most  interested  in  AP{X)  = AP(X  —A  X),  which 
will  always  mean  the  bivariant  cohomology  classes  for  id_Y-  Namely,  that  is  where 
chern  classes  will  live. 


Let  X be  locally  of  finite 


Definition  41.32.2.  Let  (S,  S)  be  as  in  Situation 
type  over  S.  The  Chow  cohomology  of  X is  the  graded  Z-algebra  A*{X)  whose 
degree  p component  is  AP(X  —A  X). 


Warning:  It  is  not  clear  that  a priori  that  the  Z-algebra  structure  on  A*(X)  is 
commutative,  but  we  will  see  that  chern  classes  live  in  its  center. 
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Remark  41.32.3.  Let  (S,  S)  be  as  in  Situation  41.8.1  Let  / : X — > Y be  a 
morphism  of  schemes  locally  of  finite  type  over  S.  Then  there  is  a canonical  Z- 
algebra  map  A*(Y)  —A  A*(X).  Namely,  given  c £ AP(Y)  and  X'  — a X , then  we 
can  let  f*c  be  defined  by  the  map  c D — : Ak{X')  —A  Ak-p(X')  which  is  given  by 
thinking  of  X'  as  a scheme  over  Y . 


Lemma  41.32.4.  Let  ( S,S ) be  as  in  Situation  41-8-1  Let  X be  locally  of  finite 
type  over  S.  Let  C be  an  invertible  Ox -module.  Then  the  rule  that  to  f : X'  —A  X 
assignes  c±(f*C)  D — : Ak(X')  -A  Ak~ i(X')  is  a bivariant  class  of  degree  1. 

Proof.  This  follows  from  Lemmas  |41.27.2[  |41.25.3[  |41.25.1[  and  |41.29.3|  □ 

Having  said  this  we  see  that  we  can  define  c\(C)  as  the  element  of  A1(X)  constructed 
in  Lemma  T41. 32.41  We  will  return  to  this  in  Section  141.361 


Let  f : X -A  Y be 


Lemma  41.32.5.  Let  ( S,S ) be  as  in  Situation  41-8-1 
flat  morphism  of  relative  dimension  r between  schemes  locally  of  finite  type  over 
S.  Then  the  rule  that  to  Y'  — A Y assignes  ( /' )*  : Ak(Y')  —A  Ak+r(X')  where 
X'  = X Xy  Y'  is  a bivariant  class  of  degree  —r. 


Proof.  This  follows  from  Lemmas  |41. 21. 1[  |41.15.3|  |41.16.1[  and  |41.28.8| 


□ 


Lemma  41.32.6.  Let  (S:S)  be  as  in  Situation  41-8.1  Let  X be  locally  of  finite 
type  over  S.  Let  ( C,s,i  : D -A  X)  be  a triple  as  in  Definition  41-28. 1 Then  the 
rule  that  to  f : X'  —A  X assignes  (i')*  : A/.(X')  —A  Ak_i(D')  where  D’  = D Xx  X' 
is  a bivariant  class  of  degree  1. 

Proof.  This  follows  from  Lemmas  |41.29.2[  |41.28.7|  |41.28.8[  and  |41.29.4[  □ 

Here  is  a criterion  to  see  that  an  operation  passes  through  rational  equivalence. 

Let  f 


X 


Y be  a 


Lemma  41.32.7.  Let  (S,S)  be  as  in  Situation  41-8.1 
morphism  of  schemes  locally  of  finite  type  over  S.  Let  p £ Z.  Suppose  given  a rule 
which  assigns  to  every  locally  of  finite  type  morphism  Y'  — A V and  every  k a map 

cfl-  : Zk(X')  — ► Ak_p(Y') 


Very  weak  form  of 
|Ful981  Theorem 
17.1] 


where  Y’  = X'  Xx  Y,  satisfying  condition  (3)  of  Definition  41-32.1  whenever 
C'\d’  — Od>-  Then  cfl  — factors  through  rational  equivalence. 

Proof.  The  statement  makes  sense  because  given  a triple  (C,s,i  : D -A  X)  as  in 
Definition  41.28.1  such  that  C\d  — Od,  then  the  operation  i*  is  defined  on  the 
level  of  cycles,  see  Remark  41.28.3  Let  a £ Zk(X')  be  a cycle  which  is  rationally 
equivalent  to  zero.  We  have  to  show  that  cHa  = 0.  By  Lemma [41. 22. 1| there  exists 
a cycle  /3  £ Zk+i(X'  x P1)  such  that  a = Iq/3  — i^fd  where  io,  ?oo  : X'  X'  x P1 
are  the  closed  immersions  of  X'  over  0,oo.  Since  these  are  examples  of  effective 
Cartier  divisors  with  trivial  normal  bundles,  we  see  that  c D 7q/3  = j g (c  l~l  /3)  and 
cni^/3  = jJo(c  H j3)  where  jo,  joo  : Y'  -A  Y'  x P1  are  closed  immersions  as  before. 
Since  jg(c  fl  (3)  ~rat  jo C(c  fl  f$)  (follows  from  Lemma  41.22.1 ) we  conclude.  □ 

Here  we  see  that  Ci(£)  is  in  the  center  of  A*{X). 

Lemma  41.32.8.  Let  (S,S)  be  as  in  Situation  41-8.1  Let  X be  locally  of  finite 
type  over  S.  Let  C be  an  invertible  Ox -module.  Then  ci(£)  £ Ax(X)  commutes 
with  every  element  c £ AP(X). 
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Proof.  Let  p : L — ► X be  as  in  Lemma  |41.31.2|  and  let  o : X — > L be  the  zero 
section.  Observe  that  p*  C®~x  has  a canonical  section  whose  zero  scheme  is  exactly 
the  effective  Cartier  divisor  o(X).  Let  a £ Ak{X).  Then  we  see  that 

p*(ci(£®_1)  Oq)  = C\{p*  L®^1)  fl/d  = o*o*p*a 
by  Lemmas  |41.25.1|  and  |41.30.1|  Since  c is  a bivariant  class  we  have 

p*(cfl  Ci{C®~1)  fl  a)  = cn/(ci(£®_1)  O a) 

= c fl  o*o* p* a 
= o*o*p*(c  D a) 

= p*(ci(£®-1)  n c n a) 

(last  equality  by  the  above  applied  to  cfla).  Since  p*  is  injective  by  a lemma  cited 
above  we  get  that  ci(£®_1)  is  in  the  center  of  A* (A').  This  proves  the  lemma.  □ 


Here  a criterion  for  when  a bivariant  class  is  zero. 


02UC 


Lemma  41.32.9.  Let  (S,5)  be  as  in  Situation  41-8-1  Let  X be  locally  of  finite 


type  over  S.  Let  c £ AP(X).  Then  c is  zero  if  and  only  if  c 0 [T]  = 0 in  A*(Y)  for 
every  integral  scheme  Y locally  of  finite  type  over  X . 


Proof.  The  if  direction  is  clear.  For  the  converse,  assume  that  cfl[F]  = 0 in  A*(Y) 
for  every  integral  scheme  Y locally  of  finite  type  over  X.  Let  X'  — > X be  locally 
of  finite  type.  Let  a £ Ak(X').  Write  a = J2  ni[Yi]  with  Yi  C X'  a locally  finite 
collection  of  integral  closed  subschemes  of  ^-dimension  k.  Then  we  see  that  a is 
pushforward  of  the  cycle  a'  = n,  [Yf  on  X"  = JJY^  under  the  proper  morphism 
X"  -A  X' . By  the  properties  of  bivariant  classes  it  suffices  to  prove  that  c fl  a'  = 0 
in  Ak-p(X").  We  have  Ak-P( X")  = Y[Ak-p(Yi)  as  follows  immediately  from  the 
definitions.  The  projection  maps  Ak~p(X ")  — > Ak-p{Yi)  are  given  by  flat  pullback. 
Since  capping  with  c commutes  with  flat  pullback,  we  see  that  it  suffices  to  show 
that  cfi  [Yi]  is  zero  in  Ak-p(Yi)  which  is  true  by  assumption.  □ 


41.33.  Projective  space  bundle  formula 


02TV  Let  (S,  S)  be  as  in  Situation  41.8.1  Let  X be  locally  of  finite  type  over  S.  Consider 
a finite  locally  free  Ojf-module  £ of  rank  r.  Our  convention  is  that  the  projective 
bundle  associated  to  £ is  the  morphism 


P(g)=ProjY(Sym*(g)) 


>-  X 


over  X with  C,p(£)(l)  normalized  so  that  7r*(0p(£)(l))  = £.  In  particular  there  is 
a surjection  7r*£  -a  Op(£)(l).  We  will  say  informally  “let  (77  : P — > X,Op{  1))  be 
the  projective  bundle  associated  to  £”  to  denote  the  situation  where  P = P(£)  and 
Op(l)  = 0P(£)(1). 


02TW 


Lemma  41.33.1.  Let(S,S)  be  as  in  Situation  41-8.1  Let  X be  locally  of  finite  type 


overS.  Let£  be  a finite  locally  free  O x -module  £ of  rank  r.  Let(n  : P — > X,Op(  1)) 
be  the  projective  bundle  associated  to  £ . For  any  a £ Ak(X)  the  element 


7T*  (ci(C>p(1))s  0 7r*a)  G Hfe+r_ i_spO 


is  0 if  s < r — 1 and  is  equal  to  a when  s = r — 1 . 
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Proof.  Let  Z C X be  an  integral  closed  subscheme  of  (5-dimension  k.  Note  that 
7 t*[Z]  = [tt~1(Z)\  as  n~1(Z)  is  integral  of  (5-dimension  r — 1.  If  s < r — 1,  then  by 
construction  ci(0p(l))s  fl  tt*  [Z]  is  represented  by  a (k  + r — 1 — s)-cycle  supported 
on  7 r~1(Z).  Hence  the  pushforward  of  this  cycle  is  zero  for  dimension  reasons. 

Let  s = i — 1.  By  the  argument  given  above  we  see  that  7r*(ci(Op(l))sri7r*a)  = n[Z] 
for  some  n £ Z.  We  want  to  show  that  n = 1.  For  the  same  dimension  reasons 
as  above  it  suffices  to  prove  this  result  after  replacing  X by  X \ T where  T C Z 
is  a proper  closed  subset.  Let  £ be  the  generic  point  of  Z.  We  can  choose  el- 
ements ei,...,er_i  £ £^  which  form  part  of  a basis  of  £ j.  These  give  rational 
sections  si, . . . , sr_i  of  Op(l)\n-i(z)  whose  common  zero  set  is  the  closure  of  the 
image  a rational  section  of  P(£\z)  — > Z union  a closed  subset  whose  support 
maps  to  a proper  closed  subset  T of  Z.  After  removing  T from  X (and  corre- 
spondingly 7 r_1(T)  from  P),  we  see  that  s\,...,sn  form  a sequence  of  global  sec- 
tions Si  £ r(7r-1(Z),  Ojr-i(2)(l))  whose  common  zero  set  is  the  image  of  a section 
Z — >■  7 t~1(Z).  Hence  we  see  successively  that 

7T*[Z\  = [7 T~\Z)\ 

Cl(Op(l))ri7r*[Z]  = [Z(Sl)} 

Cl(Op(i))2  nn*[z}  = [Z(Sl)nz(S2)} 


c1(Op(i))r-1n7r*[Z]  = [Z(s1)n...nz(«r_1)] 

by  repeated  applications  of  Lemma  |41.24.3|  Since  the  pushforward  by  7r  of  the 
image  of  a section  of  tt  over  Z is  clearly  \Z\  we  see  the  result  when  a = [Z\. 
We  omit  the  verification  that  these  arguments  imply  the  result  for  a general  cycle 

<x  = EnAzj]-  D 

02TX 


module  £ of  rank  r.  Let  (tt  : P — > A',  0p(l))  be  the  projective  bundle  associated  to 
£ . The  map 

®:  ^ Ak+l( X)  — ► Ak+r-l  { P ), 

(a0, . . . , ar- 1)  I — > 7T*a0  + ci(Op(l))  n 7r*«i  + . . . + ci(C’p(l))r_1  n 7r*ar_i 
is  an  isomorphism. 

Proof.  Fix  k £ Z.  We  first  show  the  map  is  injective.  Suppose  that  (op, . . . , ar_i) 
is  an  element  of  the  left  hand  side  that  maps  to  zero.  By  Lemma  |41.33.1|  we  see 
that 

0 = 7r*(7r*a0  + ci(0p(l))  fl  7r*aq  + . . . + ci(0p(l))r-1  fl  7r*ar_i)  = ar_i 
Next,  we  see  that 

0 = 7r*(ci(0p(l))n(7r*ao+Ci((I?p(l))n7r*ai  + . . .+ci(C>p(l))r_2n7r*Q!r_2))  = ar-2 
and  so  on.  Hence  the  map  is  injective. 

It  remains  to  show  the  map  is  surjective.  Let  X j,  i £ I be  the  irreducible  com- 
ponents of  X.  Then  Pj  = P(£|x,,);  i £ I are  the  irreducible  components  of  P. 


Lemma  41.33.2  (Projective  space  bundle  formula).  Let  (5,(5)  be  as  in  Situation 
jl.8.1  Let  X be  locally  of  finite  type  over  S.  Let  £ be  a finite  locally  free  Ox- 
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Consider  the  commutative  diagram 

UPi-r+P 

Urn 

U 


Observe  that  p*  is  surjective.  If  /3  £ AfcQJXj)  then  n*q*/3  = p*(]j 7Tj)*/3,  see 
Lemma  41.16.1  Similarly  for  capping  with  Ci(0(l))  by  Lemma  41.25.3  Hence,  if 
the  map  of  the  lemma  is  surjective  for  each  of  the  morphisms  77  : If  -a  X, , then 
the  map  is  surjective  for  7r  : P — > X.  Hence  we  may  assume  X is  irreducible.  Thus 
dim,5(X)  < oo  and  in  particular  we  may  use  induction  on  dim^X). 

The  result  is  clear  if  dim^(X)  < k.  Let  a £ Ak+r-i(P)-  For  any  locally  closed 
subscheme  T C X denote  7 p '■  ® Afc+i(T)  — ► Au+r-i)^-1  (T))  the  map 

7r(a0) . . . , ar-i)  = tt *a0  + ■ ■ ■ + Ci(07r-i(T)(l))r_:L  D 7r*ar_i. 

Suppose  for  some  nonempty  open  U C X we  have  = ju(oto,  ■ ■ ■ , av-i). 

Then  we  may  choose  lifts  a'  £ Ak+i(X)  and  we  see  that  a — 7a'(cKo>  • ■ ■ > a'r-i)  is  by 
Lemma  41.20.2  rationally  equivalent  to  a fc-cycle  on  Py  = P(£|y)  where  Y = X\U 


as  a reduced  closed  subscheme.  Note  that  dim,5(Y)  < dim^X).  By  induction  the 
result  holds  for  Py  -A  Y and  hence  the  result  holds  for  a.  Hence  we  may  replace 
X by  any  nonempty  open  of  X. 

In  particular  we  may  assume  that  £ = 0®-r.  In  this  case  P(£)  = X x Pr_1.  Let  us 
use  the  stratification 

P1--1  = A1'”1  H Ar_2  H...HA0 

The  closure  of  each  stratum  is  a Pr_1_*  which  is  a representative  of  Ci(0(l))1  fl 
[Pr_1].  Hence  P has  a similar  stratification 

P = Ur~1  H Ur~2  H . . . H U° 

Let  Pl  be  the  closure  of  Ul.  Let  nl  : Pl  — > X be  the  restriction  of  7r  to  PL 


represents  ci(Op(l))  fl  7r*ai.  We  also  see  that  a — w*ao  — ci(0p(l))  n 7r*ai  is  the 
image  of  some  a"  £ Ak+r_i(Pr~3).  And  so  on.  □ 


Lemma  41.33.3.  Let  (S:S)  be  as  in  Situation  f 1.8.1  Let  X be  locally  of  finite 
type  over  S . Let  £ be  a finite  locally  free  sheaf  of  rank  r on  X . Let 

p:E  = Spec (Sym*(£))  — > A' 

be  the  associated  vector  bundle  over  X.  Then  p*  : Ak( X)  — > Ak+r(E)  is  an  iso- 
morphism for  all  k. 


Proof.  (For  the  case  of  linebundles,  see  Lemma  41.31.2|)  For  surjectivity  see 


Lemma  41.31.1  Let  (tt  : P — > X,Op(l))  be  the  projective  space  bundle  asso- 
ciated to  the  finite  locally  free  sheaf  £ © Ox-  Let  s £ r(P, Op(l))  correspond 
to  the  global  section  (0,1)  £ T(X,£  © Ox)-  Let  D = Z(s)  C P.  Note  that 
(tt\d  '■  D — > X,  Op( l)|p>)  is  the  projective  space  bundle  associated  to  £.  We  denote 
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7Td  = 7r| d and  Op{  1)  = Op{1)\d-  Moreover,  D is  an  effective  Cartier  divisor  on 
P.  Hence  Op{D)  = Op(  1)  (see  Divisors,  Lemma  30.11.21).  Also  there  is  an  iso- 
morphism E = P \ D . Denote  j : E — ► P the  corresponding  open  immersion.  For 
injectivity  we  use  that  the  kernel  of 

j*  : Ak+r(P)  — ► Ak+r(E) 


are  the  cycles  supported  in  the  effective  Cartier  divisor  D , see  Lemma  41.20.2  So 


if  p*a  = 0,  then  7r*a  = **/3  for  some  (3  £ Ak+r(D).  By  Lemma  41.33.2 
write 

. . . + c1(0D{l))r~1 2 3  D it*DPr-i- 


we  may 


1 Dh 


for  some  /3j  £ Ak+i(X).  By  Lemmas  41.30.1  and  41.25.3  this  implies 

TT*a  = U/3  = Ci(Op(l))  n 7T* [3 o + . . . + Ci(Pd(X)Y  n 7 T* fir-1- 

Since  the  rank  of  £ © Ox  is  r + 1 this  contradicts  Lemma |41.25.3|  unless  all  a and 
all  /3 i are  zero.  □ 

41.34.  The  Chern  classes  of  a vector  bundle 

We  can  use  the  projective  space  bundle  formula  to  define  the  chern  classes  of  a 
rank  r vector  bundle  in  terms  of  the  expansion  of  ci(0(l))r  in  terms  of  the  lower 


powers,  see  formula  (41.34.1.1).  The  reason  for  the  signs  will  be  explained  later. 

Let  X be  locally  of  finite 


41.8.1 


Definition  41.34.1.  Let  (S,S)  be  as  in  Situation 
type  over  S.  Assume  X is  integral  and  n = cliiri^ (X).  Let  £ be  a finite  locally 
free  sheaf  of  rank  r on  X.  Let  (n  : P — > X,Op(  1))  be  the  projective  space  bundle 
associated  to  £. 


(1)  By  Lemma  41.33.2  there  are  elements  Cj  £ An_i(X),  i = 0,  ...,r  such 


that  Co  = [X],  and 
(41.34.1.1)  ^o(-l)Vi(Op(l)),;niV.=0. 

(2)  With  notation  as  above  we  set  Cj(£)  D [X]  = c*  as  an  element  of  An_i(X). 
We  call  these  the  chern  classes  of  £ on  X. 

(3)  The  total  chern  class  of  £ on  X is  the  combination 

c(£)  n [X]  = co(£)  n [X]  + ci(£)  n [X]  + . . . + Cr(£)  n [X] 

which  is  an  element  of  A*(X)  = ©fcgZ  Ak(X). 

Let  us  check  that  this  does  not  give  a new  notion  in  case  the  vector  bundle  has 
rank  1. 


Lemma  41.34.2.  Let  (£,  6)  be  as  in  Situation  f 1.8.1  Let  X be  locally  of  finite 
type  over  S.  Assume  X is  integral  and  n = dim^(A).  Let  C be  an  invertible  Ox- 
module.  The  first  chern  class  of  C on  X of  Definitional. 34- 1\  is  equal  to  the  Weil 
divisor  associated  to  C by  Definition\41.2371\ 

Proof.  In  this  proof  we  use  Ci(£)  D [X]  to  denote  the  construction  of  Definition 
Since  C has  rank  1 we  have  P(£)  = A'  and  C,P(£)(1)  — C by  our  normal- 


41.23.1 


izations.  Hence  (41.34.1.1)  reads 


(-l)xci(£)  n c0  + (-l)°ci  = 0 
Since  cq  = [X],  we  conclude  c\  = C\{C)  D [X]  as  desired. 


□ 
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Remark  41.34.3.  We  could  also  rewrite  equation 


41.34.1.1 


as 


(41.34.3.1)  ^r_oc1(Op(-l))i  n7T*cr_i  = 0. 

but  we  find  it  easier  to  work  with  the  tautological  quotient  sheaf  Op(  1)  instead  of 
its  dual. 


41.35.  Intersecting  with  chern  classes 

In  this  section  we  study  the  operation  of  capping  with  chern  classes  of  vector  bun- 
dles. Our  definition  follows  the  familiar  pattern  of  first  defining  the  operation  on 
prime  cycles  and  then  summing,  but  in  Lemma  |41.35.2|  we  show  that  the  result  is 
determined  by  the  usual  formula  on  the  associated  projective  bundle. 


Definition  41.35.1.  Let  ( S , S)  be  as  in  Situation  41.8.1  Let  X be  locally  of  finite 
type  over  S.  Let  £ be  a finite  locally  free  sheaf  of  rank  r on  X.  We  define,  for  every 
integer  k and  any  0 < j < r,  an  operation 

called  intersection  with  the  jth  chern  class  of  £. 

(1)  Given  an  integral  closed  subscheme  i : W — > X of  (5-dimension  k we  define 

c,(£)  n [W]  = i*{Cj(i*£)  n [W])  e Ak_j(X) 


41.34.1 


where  Cj(i*£)  fl  [W]  is  as  defined  in  Definition 
(2)  For  a general  fc-cycle  a = Y2ni  \Wi]  we  set 

Cj(£)na  = ^ ~2niCj(£ ) n [Wj] 

Again,  if  £ has  rank  1 then  this  agrees  with  our  previous  definition. 


Lemma  41.35.2.  Let  (S,  <5)  be  as  in  Situation  f 1.8.1  Let  X be  locally  of  finite  type 
over  S.  Let  £ be  a finite  locally  free  sheaf  of  rank  r on  X . Let  (n  : P — > X,  Op{  1)) 
be  the  projective  bundle  associated  to  £.  For  a £ Zh(X)  the  elements  Cj(£)  Ha  are 
the  unique  elements  aj  of  A^^fiX)  such  that  a0  = ol  and 

]Tr  (— l)ic1(Op(l))i  D 7r*(ar_i)  = 0 

holds  in  the  Chow  group  of  P. 


Proof.  The  uniqueness  of  ag,  ■ ■ ■ , ay  such  that  oo  = a and  such  that  the  displayed 
equation  holds  follows  from  the  projective  space  bundle  formula  Lemma  |41.33.2| 
The  identity  holds  by  definition  for  a = [W]  where  W is  an  integral  closed  sub- 
scheme of  X.  For  a general  fc-cycle  a on  X write  a = "Ylria\Wa\  with  na  0,  and 
ia  : Wa  — ► X pairwise  distinct  integral  closed  subschemes.  Then  the  family  { Wa } 
is  locally  finite  on  X.  Set  Pa  = 7 T~1(Wa)  = P(£| wa)-  Denote  i'a  : Pa  -A  P the 
corresponding  closed  immersions.  Consider  the  fibre  product  diagram 


P' 


7 T 


Y 


X' 


U Pa 


uc 


UWa 


Uia 


P 


7 r 


Y 

x 
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The  morphism  p : X'  — > X is  proper.  Moreover  n'  : P'  -A  X'  together  with 
the  invertible  sheaf  Op>(  1)  = []Opo(l)  which  is  also  the  pullback  of  Op(  1)  is  the 
projective  bundle  associated  to  £'  = p*£.  By  definition 

Cj(£)  PI  [a]  = y^jg,*(cj(£\wa)  f~l  [Wo] ) . 

Write  paj  = Cj(£\wa)  H [ Wa ] which  is  an  element  of  Ak-j(Wa).  We  have 

E'  n(-i)ici(Opa(i))in<(^-i)  = o 

Z ^2  — 0 

for  each  a by  definition.  Thus  clearly  we  have 

E-'  n(-irci(^(l))in(7r0*(/3r-i)=O 


with  (3j  = '}2naPa,j  G Ak-j(X').  Denote  p1  : P'  P the  morphism  JJ  i! a.  We 
have  n*p*(3j  = pi{'n’,)*Pj  by  Lemma  41.16.1  By  the  projection  formula  of  Lemma 
141.25.31  we  conclude  that 


E^0(-i)ic1(Op(i))in7r*(p.^)  = o 


Since  p*(3j  is  a representative  of  Cj {£ ) Ha  we  win. 


□ 


We  will  consistently  use  this  characterization  of  chern  classes  to  prove  many  more 
properties. 


Lemma  41.35.3.  Let  (S:S)  be  as  in  Situation  41-8.1  Let  X be  locally  of  finite 
type  over  S.  Let  £ be  a finite  locally  free  sheaf  of  rank  r on  X.  If  a ~rat  P are 
rationally  equivalent  k-cycles  on  X then  Cj(£)  fl  a = Cj(£ ) H p in  Ak-j(X). 


Proof.  By  Lemma  41.35.2  the  elements  cc,  = cj(£)  n a,  j > 1 and  ft j = cA£)  fl 
P,  j > 1 are  uniquely  determined  by  the  same  equation  in  the  chow  group  of 
the  projective  bundle  associated  to  £.  (This  of  course  relies  on  the  fact  that  flat 
pullback  is  compatible  with  rational  equivalence,  see  Lemma  41.21.1  ) Hence  they 
are  equal.  □ 

In  other  words  capping  with  chern  classes  of  finite  locally  free  sheaves  factors 
through  rational  equivalence  to  give  maps 

ci(£)  LI  — : Ak(fX ) -4  Ak-j(X). 

Our  next  task  is  to  show  that  chern  classes  are  bivariant  classes,  see  Definition 
I4l.32.ll 


Lemma  41.35.4.  Let  (S,S)  be  as  in  Situation  fl.8.1  Let  X,  Y be  locally  of  finite 
type  over  S . Let  £ be  a finite  locally  free  sheaf  of  rank  r on  X . Let  p : X — ► Y be 
a proper  morphism.  Let  a be  a k-cycle  on  X . Let  £ be  a finite  locally  free  sheaf  on 
Y.  Then 

P*(cj(p*£)  n a)  = Cj(£)  n 

Proof.  Let  (tt  : P — ► Y,Op{  1))  be  the  projective  bundle  associated  to  £.  Then 
Px  = XxYP  is  the  projective  bundle  associated  to  p*£  and  O px  ( 1 ) is  the  pullback 
of  Op{  1).  Write  a3  = Cj(p*£)  fl  a,  so  ap  = a.  By  Lemma  41.35.2  we  have 


E'=0(-irci(Op(l))i  n n*x{ar-i)  = 0 
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in  the  chow  group  of  Px-  Consider  the  fibre  product  diagram 

Px—^P 


Apply  proper  pushforward  p*  (Lemma  41.21.2)  to  the  displayed  equality  above. 
Using  Lemmas  |41.25.3|  and  |41.16.1|  we  obtain 

Vr  (-l)<c1(Op(l))<  n 7 r*(p*ar_i)  = 0 

z — Ji= 0 

in  the  chow  group  of  P.  By  the  characterization  of  Lemma[41.35.2|we  conclude.  □ 


Lemma  41.35.5.  Let  (S,S)  be  as  in  Situation  41-8.1.  Let  X,  Y be  locally  of  finite 
type  over  S . Let  £ be  a finite  locally  free  sheaf  of  rank  r on  Y . Let  f : X — ► Y be 
a flat  morphism  of  relative  dimension  r . Let  a be  a k-cycle  on  Y . Then 


r(cJ(£)na)  = cJ(f*£)nra 


Proof.  Write  a j = Cj(£)  D a,  so  a o = a.  By  Lemma 


41.35.2 


we  have 


E"  n(-l)ici(Op(l))in7r*(ar_i)=0 
Z '2—0 

Y,Op{  1))  associated  to  £. 


in  the  chow  group  of  the  projective  bundle  (w  : P 
Consider  the  fibre  product  diagram 


Px  = P (f*£) 


X 


S' 


p 


-*-Y 


Note  that  Opx(l)  is  the  pullback  of  Op(  1).  Apply  flat  pullback  (/')*  (Lemma 
41.21.1)  to  the  displayed  equation  above.  By  Lemmas  41.25.1  and  |41.15.3| 


we  see 


that 


£■=„(— 1 Yci(Opx(l)y  n TT*x(tar-t)  = 0 


holds  in  the  chow  group  of  Px-  By  the  characterization  of  Lemma  41.35.2 
conclude. 


we 

□ 


Lemma  41.35.6.  Let  (S,S)  be  as  in  Situation  41-8-1  Let  X be  locally  of  finite 
type  over  S.  Let  £ be  a finite  locally  free  sheaf  of  rank  r on  X . Let  (£,  s,  i : D — > X) 
be  as  in  Definition  41-28.1.  Then  Cj(£\p)  D i*a  = i*(cj(£)  D a)  for  all  a € Ak(X). 


Proof.  Write  aq  = Cj{£)  D a,  so  op  = a.  By  Lemma  41.35.2  we  have 

]Tr  (—iyci(Op(i)y  n 7r*(ar-i)  = o 

in  the  chow  group  of  the  projective  bundle  (w  : P — > X,Op{  1))  associated  to  £. 
Consider  the  fibre  product  diagram 

Pd=P(£\d)—+P 


D 


> A 
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Note  that  OpD(  1)  is  the  pullback  of  Op{  1).  Apply  the  gysin  map  ( i ')*  (Lemma 
41.29.2 1 to  the  displayed  equation  above.  Applying  Lemmas  41.29.3  and  41.28.8 


we  obtain 


E"  n(-l)ic1(OpD(l))<n7rJ,(**ar_i)  = 0 
z — '/=0 


in  the  chow  group  of  Pd-  By  the  characterization  of  Lemma  |41.35.2|  we  conclude. 

□ 


At  this  point  we  have  enough  material  to  be  able  to  prove  that  capping  with  chern 
classes  defines  a bivariant  class. 


Lemma  41.35.7.  Let  (8,5)  be  as  in  Situation  41-8.1  Let  X be  locally  of  finite 
type  over  S . Let  £ be  a locally  free  Ox-module  of  rank  r.  Let  0 < p < r.  Then  the 
rule  that  to  f : X'  — > X assignes  cp(f*£)  D — : Ak(X')  — > Ak-i(X')  is  a bivariant 
class  of  degree  p. 


Proof.  Immediate  from  Lemmas  |41.35.3[  |41.35.4[  |41.35.5[  and|41.35.6|and  Defini- 
tion 141.32.11  □ 


Let  (S,5)  be  as  in  Situation  41.8.1  Let  X be  locally  of  finite  type  over  S.  Let  £ 


be  a locally  free  Ox -module  of  rank  r.  At  this  point  we  define  the  chern  classes  of 
£ to  be  the  elements 

Cj(£)  £ A*(X) 


constructed  in  Lemma  141.35. 71  The  total  chern  class  of  £ is  the  element 

c(£)  = cq(£ ) + ci  (£)  + . . . + cr(£)  £ A*  (X) 

Next  we  see  that  chern  classes  are  in  the  center  of  the  bivariant  Chow  cohomology 
ring  A* (A). 


Lemma  41.35.8.  Let  (S,5)  be  as  in  Situation  41-8.1  Let  X be  locally  of  finite 
type  over  S.  Let  £ be  a locally  free  Ox-module  of  rank  r.  Then  Cj(C ) £ A3(X) 
commutes  with  every  element  c £ AP(X).  In  particular,  if  T is  a second  locally  free 
Ox -module  on  X of  rank  s,  then 

Ci(£)  fl  Cj(T)  fl  a = Cj(JF)  D Ci(£)  D a 

as  elements  of  Ak-i-j(X)  for  all  a £ Ak(X). 


we 


Proof.  Let  a £ Aj.(A).  Write  ay  = Cj(£)  fl  a,  so  ao  = a.  By  Lemma  41.35.2 
have 

]Tr  (— l)*c1(Op(l))i  fl  7T*(ar_j)  = 0 

z — 'i= 0 

in  the  chow  group  of  the  projective  bundle  (n  : P — > Y,Op(l))  associated  to  £. 
Applying  cfl  — and  using  Lemma |41. 32. 8| and  the  properties  of  bivariant  classes  we 
obtain 

vr  (-\)ic1(Op(\))i  n 7T*(c  n ar_j)  = o 

z — J i=0 

in  the  Chow  group  of  P.  Hence  we  see  that  cfl  ay  is  equal  to  Cj(£)  D (cfl  a)  by  the 
characterization  of  Lemma |41.35.2|  This  proves  the  lemma.  □ 
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41.36.  Polynomial  relations  among  chern  classes 


Let  (S,S)  be  as  in  Situation  41.8.1  Let  X be  locally  of  finite  type  over  S.  Let 
be  a finite  collection  of  finite  locally  free  sheaves  on  X.  By  Lemma  [41. 35.8|  we  see 
that  the  chern  classes 


€ A*(X) 

generate  a commutative  (and  even  central)  Z-subalgebra  of  the  Chow  cohomology 
algebra  A* (A').  Thus  we  can  say  what  it  means  for  a polynomial  in  these  chern 
classes  to  be  zero,  or  for  two  polynomials  to  be  the  same.  As  an  example,  saying 
that  ci(£i)5  + c2(£2)c3(£3)  = 0 means  that  the  operations 


Ak(Y)  — Ak_5(Y),  a i — ci(£i)5  C a + c2(£2)  C c3(£3)  D a 


are  zero  for  all  morphisms  f : Y — >■  X which  are  locally  of  finite  type.  By  Lemma 
|41.32.9|this  is  equivalent  to  the  requirement  that  given  any  morphism  f :Y  — > X 
where  Y is  an  integral  scheme  locally  of  finite  type  over  S the  cycle 

ci(£i)5  n [Y]  + c2(£2)  n c3(£3)  n [Y] 
is  zero  in  Adim(y)_5(F). 

A specific  example  is  the  relation 


ci(£  ®0x  AT)  = ci(£)  + ci  (A/-) 

proved  in  Lemma  |41.24.2|  More  generally,  here  is  what  happens  when  we  tensor 
an  arbitrary  locally  free  sheaf  by  an  invertible  sheaf. 


Lemma  41.36.1.  Let  (S,5)  be  as  in  Situation  f 1.8.1 
type  over  S.  Let  £ be  a finite  locally  free  sheaf  of  rank  r on 
sheaf  on  X . Then  we  have 


Let  X be  locally  of  finite 
X.  Let  £ be  an  invertible 


(41.36.1.1)  ci(£®£)=£‘=o(r  *+^Ci_J-(5)c1(JCy 

in  A*(X). 


Proof.  This  should  hold  for  any  triple  (X,£,C).  In  particular  it  should  hold  when 
X is  integral  and  by  Lemma  |41.32.9|  it  is  enough  to  prove  it  holds  when  capping 
with  [X]  for  such  X.  Thus  assume  that  X is  integral.  Let  (71  : P — ► X,Op(  1)), 
resp.  (t'  : P'  — > X,Op>(  1))  be  the  projective  space  bundle  associated  to  £,  resp. 
£ (g)  C.  Consider  the  canonical  morphism 


see  Constructions,  Lemma  26.20.1 
7 t*  C.  This  means  that  we  have 


It  has  the  property  that  g*Op>(  1)  = Op(  1)  ® 


Vr  (-1)^  + xy  n 7 t*{Cm(£  ® c)  n \x})  = o 

^ ^ i—0 


in  A*(P),  where  $,  represents  ci(Op(l))  and  x represents  ci(7t*£).  By  simple  alge- 
bra this  is  equivalent  to 
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Comparing  with  Equation  (|41.34.1.I ) it  follows  from  this  that 


Cr-i{£)  n [X]  = P ) (-d (£))*-*  n Cr-j(S  ® C)  n [X] 

3 — ^ \Z  ' 


Reworking  this  (getting  rid  of  minus  signs,  and  renumbering)  we  get  the  desired 


relation. 


□ 


Some  example  cases  of  (41.36.1.1)  are 
ci (5  0 C)  = ci(£ ) + rci(£) 

c2(£  <£>£)  = c2(£)  + (r  — l)ci(£)ci(£)  + 
c3{£  <8>jC)  = c3(£)  + (r  - 2 )c2(£)c1(C)  + 


r 
2 

r — 1 
2 


ci(C)2 

ci(£)Cl(£)2 


d(£)3 


41.37.  Additivity  of  chern  classes 

All  of  the  preliminary  lemmas  follow  trivially  from  the  final  result. 


Lemma  41.37.1.  Let  ( S,S ) be  as  in  Situation  J^l.8.1  Let  X be  locally  of  finite 
type  over  S . Let  £ , T be  finite  locally  free  sheaves  on  X of  ranks  r,  r — 1 which  fit 
into  a short  exact  sequence 


Then  we  have 


in  A*(X). 


0 -)•  Ox  -t  £ ->  T -)•  0 
cr(£)  = 0,  Cj(£)  = Cj{X),  j = 0, . . . ,r  — 1 


Proof.  By  Lemma  41.32.9  it  suffices  to  show  that  if  X is  integral  then  Cj{£) fl[X]  = 
Cj{T)  n [X],  Let  (7 r : P — > X,Op(  1)),  resp.  (n'  : P’  -A  X,Op>(l))  denote  the 
projective  space  bundle  associated  to  £ , resp.  T . The  surjection  £ — ► T gives  rise 
to  a closed  immersion 

i : P’  — > P 

over  X.  Moreover,  the  element  1 € T(X,Ox)  C T(A',  £)  gives  rise  to  a global 
section  s £ T(P1Op(  1))  whose  zero  set  is  exactly  P' . Hence  P'  is  an  effective 
Cartier  divisor  on  P such  that  Op(P')  = Op(  1).  Hence  we  see  that 

C\(Op{\))  n 7r*a  = i*(( 7r')*a) 

for  any  cycle  class  a on  X by  Lemma  |41.30.1|  By  Lemma  |41.35.2|  we  see  that 
atj  = Cj(T)  n [A'],  j = 0, . . . , 1 — 1 satisfy 

z — 0=0 

Pushing  this  to  P and  using  the  remark  above  as  well  as  Lemma [41. 25. 3|  we  get 
Y/r~=!0(-l)jci(Op(l)y+1  n n*aj  = 0 

By  the  uniqueness  of  Lemma  41.35.2|we  conclude  that  cr{£)  D [A]  = 0 and  Cj(£)  fl 
[A]  = ctj  = Cj(T)  D [A']  for  j = 0, . . . , 1 — 1.  Hence  the  lemma  holds.  □ 
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Lemma  41.37.2.  Let  (S:S)  be  as  in  Situation  41-8.1  Let  X be  locally  of  finite 
type  over  S . Let  £ , J-  be  finite  locally  free  sheaves  on  X of  ranks  r,  r — 1 which  fit 
into  a short  exact  sequence 

where  C is  an  invertible  sheaf  Then 

c{£)  = c(£)c(Jr) 

in  A*(X). 

Proof.  This  relation  really  just  says  that  Ci{£)  = ci(Jr)+Ci(£)ci_i(J').  By  Lemma 
we  have  Cj(£ = Cj( 


41.37.1 


by  convention) . Applying  Lemma  41.36. 1|  we  deduce 

r — 1 — i + j 


L)  for  j = 0, . . . , r (were  we  set  cr(T)  = 0 


E 

3=0 


r — i + j 

j 


J 


(-i  yCi.frp)Cl(cy 


\(-i)jCi-j(£)ci(cy  = J2 

3=0 

Setting  Ci(£)  = Ci(P)  + cfrfrjCi-frP)  gives  a “solution”  of  this  equation.  The 
lemma  follows  if  we  show  that  this  is  the  only  possible  solution.  We  omit  the 
verification.  □ 


Lemma  41.37.3.  Let  ( S,S ) be  as  in  Situation  41.8.1  Let  X be  a scheme  locally 
of  finite  type  over  S.  Suppose  that  £ sits  in  an  exact  sequence 

0 -»  £i  -)•£-)•  £2  ->0 

of  finite  locally  free  sheaves  £i  of  rank  ri-  The  total  chern  classes  satisfy 

c(£)  = c(£i)c(£ 2) 

in  A*(X). 


Proof.  By  Lemma  41.32.9  we  may  assume  that  X is  integral  and  we  have  to  show 
the  identity  when  capping  against  [X].  By  induction  on  r\.  The  case  r\  = 1 is 
Lemma  41.37.2  Assume  rq  > 1.  Let  (77  : P — > X,Op(  1))  denote  the  projective 
space  bundle  associated  to  £\ . Note  that 

(1)  7T*  : A*(X)  — > A*(P)  is  injective,  and 

(2)  tt*£\  sits  in  a short  exact  sequence  0 — >•  J7  — ► -k*£\  — > C — > 0 where  C is 
invertible. 

The  first  assertion  follows  from  the  projective  space  bundle  formula  and  the  second 
follows  from  the  definition  of  a projective  space  bundle.  (In  fact  C = 0p(l).)  Let 
Q = 7 t*£/jF,  which  sits  in  an  exact  sequence  0 -A  C — > Q — > 7t*£2  — > 0.  By 
induction  we  have 

c(tt*£)  n [p]  = c(J-)nc(7T*£/j-)n  [P] 

= c(T)  n c(£)  n c(tt*£:2)  n [P] 

= c(tt*£i)  fl  c(7T*£2)  n [P] 


Since  [P]  = 7r*[X]  we  win  by  Lemma  41.35.5 


□ 


Lemma  41.37.4.  Let  (S,S)  be  as  in  Situation  41-8.1  Let  X be  locally  of  finite 
type  over  S.  Let  Ci,  i = 1, . . . , r be  invertible  O x -modules  on  X . Let  £ be  a locally 
free  rank  Ox -module  endowed  with  a flirtation 

0 = £0  C £1  C £2  C . . . C £r  = £ 


41.38.  THE  SPLITTING  PRINCIPLE 


2886 


02UK 

02UL 


such  that  Ei/Ei-x  = Li.  Set  cflLi)  = Xi.  Then 

<£)  = II-  Sl  + Xi) 

-1-  J-2=l 

in  A*(X). 


Proof.  Apply  Lemma  41.37.2  and  induction. 


□ 


41.38.  The  splitting  principle 


In  our  setting  it  is  not  so  easy  to  say  what  the  splitting  principle  exactly  says/is. 
Here  is  a possible  formulation. 


Lemma  41.38.1.  Let  ( S,S ) be  as  in  Situation  41-8.1  Let  X be  locally  of  finite 
type  over  S.  Let  £i  be  a finite  collection  of  locally  free  Ox-modules  of  rank  ri. 
There  exists  a projective  flat  morphism  tt  : P — > X of  relative  dimension  d such 
that 

(1)  for  any  morphism  f : Y — ► X the  map  'Ey  : A*(T)  — ► A*_ \-d(Y  Xx  P)  is 
injective,  and 

(2)  each  tt *£i  has  a filtration  whose  successive  quotients  Lip, . . . , Li>ri  are 
invertible  Op -modules. 


Proof.  Omitted.  Hint:  Use  a composition  of  projective  space  bundles. 


□ 


Let  (S,S),  X,  and  be  as  in  Lemma  41.38.1  The  splitting  principle  refers  to  the 
practice  of  symbolically  writing 

c(£i)  = na+^) 

The  symbols  Xip, . . . , Xi:Ti  are  called  the  Chern  roots  of  £i.  We  think  of  Xij  as  the 
first  chern  classes  of  some  (unknown)  invertible  sheaves  whose  direct  sum  equals 
£i . The  usefulness  of  the  splitting  principle  comes  from  the  assertion  that  in  order 
to  prove  a polynomial  relation  among  chern  classes  of  the  £i  it  is  enough  to  prove 
the  corresponding  relation  among  the  chern  roots. 

Namely,  let  7r  : P — > X be  as  in  Lemma  [41.38. 1[  Recall  that  there  is  a canonical 
Z-algebra  map  7r*  : A*  (A)  — ► A*(P),  see  Remark  41.32.3  The  injectivity  of  7Ty 
on  Chow  groups  for  every  Y over  X,  implies  that  the  map  tt*  : A*(X)  — ► A*(P)  is 
injective  (details  omitted).  We  have 

ir*c(£i)  = J|(l  + Ci(Aj)) 


by  Lemma  41.37.4  Thus  we  may  identify  the  chern  roots  Xij  with  ci(Lij)  at  least 
after  applying  the  injective  map  n*  : A*(X)  — >■  A*(P). 

To  see  how  this  works,  it  is  best  to  give  an  example.  Let  us  calculate  the  chern 
classes  of  the  dual  £A  of  a locally  free  Ox-module  £ of  rank  r.  Note  that  if  n*£  has 
a filtration  with  subquotients  the  invertible  modules  L\, . . . ,Lr,  then  tt*£a  has  a 
filtration  with  subquotients  invertible  sheaves  Lf1, . . . , Lf-1.  Hence  if  Xi  are  the 
chern  roots  of  £,  in  other  words,  if  x,  = C]  (L,),  then  the  —Xp  are  the  chern  roots  of 
£A  by  Lemma  41.24.2  It  follows  that 


n*c(£A)  = JJ(1  - xfl 

in  A*(P)  and  hence  by  elementary  algebra  that 

cj(£A)  = (-l)jcJ(£) 
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in  A*(X)  by  the  injectivity  above. 

It  should  be  said  here  that  in  any  application  of  the  splitting  principle  it  is  no  longer 
necessary  to  choose  an  actual  7r  : P — > X and  to  use  the  pullback  map;  it  suffices 
to  know  that  one  exists.  In  a way  this  is  an  abuse  of  language,  more  than  anything 
else.  In  the  following  paragraph  we  give  an  example. 

Let  us  compute  the  chern  classes  of  a tensor  product  of  vector  bundles.  Namely, 
suppose  that  £,  X are  finite  locally  free  of  ranks  r,  s.  Write 

c(£) = c(^) = iw1^-) 

where  Xi1  y:j  are  the  chern  roots  of  £,  X.  Then  we  see  that 

c{£  <g>ox  X)  = TT  Xl+Xi+y j) 

because  if  £ is  the  direct  sum  of  invertible  sheaves  Ci  and  X is  the  direct  sum  of 
invertible  sheaves  A fj,  then  £g X is  the  direct  sum  of  the  invertible  sheaves  Ci®My 
Here  are  some  examples  of  what  this  means  in  terms  of  chern  classes 

ci(£  (g>  X)  = rc\(X ) + sci(£) 
c2(£  <g>  X)  = r2c2(X)  + rsc\(X)c\(£)  + s2c2(£) 

41.39.  Chern  classes  and  tensor  product 

02UM  We  define  the  Chern  character  of  a finite  locally  free  sheaf  of  rank  r to  be  the  formal 
expression 

ch(£)  = ^ eXi 

if  the  Xi  are  the  chern  roots  of  £.  Writing  this  in  terms  of  chern  classes  Ci  = Ci(£) 
we  see  that 

ch(£)  = r+ci+  - (c2—2c2)+  - (cf—3cic2+3c3)+  — (cf—4c2c2+4ciC3+2c2—4c4)+. . . 
Zb  24 

What  does  it  mean  that  the  coefficients  are  rational  numbers?  Well  this  simply 
means  that  we  think  of  chj{£)  as  an  element  of  A^{X)  (g)  Q.  By  the  above  we  have 
in  case  of  an  exact  sequence 


0 ^ £i  -*  £ ^ £2  ^ 0 

that 

ch(£)  = ch(£  i)  + ch(£2 ) 

in  A*(X)  (g)  Q.  Using  the  Chern  character  we  can  express  the  compatibility  of  the 
chern  classes  and  tensor  product  as  follows: 

ch{£ i g )qx  £2)  = ch{£i)ch{£2) 

in  A*(X)  (g)  Q.  This  follows  directly  from  the  discussion  of  the  chern  roots  of  the 
tensor  product  in  the  previous  section. 
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41.40.  Todd  classes 


02UN  A final  class  associated  to  a vector  bundle  £ of  rank  r is  its  Todd  class  Todd{£).  In 
terms  of  the  chern  roots  Xi, ...  ,xr  it  is  defined  as 

Todd(S)  = |I 

In  terms  of  the  chern  classes  C;  = Ci{£ ) we  have 

Todd{£ ) = 1 + -ci  + — (c^  + C2)  + — C1C2  + ^20  ci  +4c^C2  + 3c2  +C1C3  — C4)  + . . . 

We  have  made  the  appropriate  remarks  about  denominators  in  the  previous  section. 
It  is  the  case  that  given  an  exact  sequence 

0-4  £1  £2  -tO 


we  have 

Todd{£)  = Todd(£i)Todd(£2)  ■ 


41.41.  Degrees  of  zero  cycles 

OAZO  We  start  defining  the  degree  of  a zero  cycle  on  a proper  scheme  over  a field.  One 
approach  is  to  define  it  directly  as  in  Lemma [4L4L2] and  then  show  it  is  well  defined 
by  Lemma [41.19.3|  Instead  we  define  it  as  follows. 

0AZ1  Definition  41.41.1.  Let  k be  a field  (Example  41.8.21.  Let  p : X — > Spec (fc)  be 
proper.  The  degree  of  a zero  cycle  on  X is  given  by  proper  pushforward 

p * ■ A0(X ) A0(Spec(fc)) 

(Lemma  41.21.2)  combined  with  the  natural  isomorphism  A0(Spec(fc))  = Z which 
maps  [Spec(fc)]  to  1.  Notation:  deg(a). 


0AZ2 


0AZ3 


Let  us  spell  this  out  further. 

Lemma  41.41.2.  Let  k be  a field.  Let  X be  proper  over  k.  Let  a = W nAZA  be 
inZ0{X).  Then 


deg(a)  = ^ n*  deg (Zf) 

where  deg (Z,;)  is  the  degree  of  Zi  —4  Spec(fc),  i.e.,  deg [Z.f)  = dim*  T(Zi,  Ozi )• 
Proof.  This  is  the  definition  of  proper  pushforward  (Definition [4L13T  ) . 


□ 


Next,  we  make  the  connection  with  degrees  of  vector  bundles  over  1-dimensional 


proper  schemes  over  fields  as  defined  in  Varieties,  Section  32.33 


Lemma  41.41.3.  Let  k be  a field.  Let  X be  a proper  scheme  over  k of  dimension 
< 1.  Let  £ be  a finite  locally  free  Ox -module  of  constant  rank.  Then 


deg(£)  = deg(ci  {£)  n [A']  4) 

where  the  left  hand  side  is  defined  in  Varieties,  Definition  \ 32. 33A 


Proof.  Let  Ci  C X,  i = 1, . . . , t be  the  irreducible  components  of  dimension  1 with 
reduced  induced  scheme  structure  and  let  mi  be  the  multiplicity  of  Ci  in  A.  Then 
[X]i  = and  ci(£)  H [A]i  is  the  sum  of  the  pushforwards  of  the  cycles 

ixiiCi(£\ci)  H [Ci\.  Since  we  have  a similar  decomposition  of  the  degree  of  £ by 
Varieties,  Lemma|32.33.6|it  suffices  to  prove  the  lemma  in  case  X is  a proper  curve 
over  k. 
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Assume  X is  a proper  curve  over  k.  By  Divisors,  Lemma  |30.29.1|  there  exists  a 
modification  / : X'  — > X such  that  f*£  has  a filtration  whose  successive  quotients 


are  invertible  Ox'-modules.  Since  /*[X']i  = [X]i  we  conclude  from  Lemma  41.35.4 
that 

deg(Cl(£)  n [X]i)  = deg(ci(f*£)  D [X'h) 

Since  we  have  a similar  relationship  for  the  degree  by  Varieties,  Lemma [32. 33. 4|  we 
reduce  to  the  case  where  £ has  a filtration  whose  successive  quotients  are  invertible 
Ox-modules.  In  this  case,  we  may  use  additivity  of  the  degree  (Varieties,  Lemma 
32.33.3)  and  of  first  chern  classes  (Lemma  41.37.3)  to  reduce  to  the  case  discussed 
in  the  next  paragraph. 

Assume  X is  a proper  curve  over  k and  £ is  an  invertible  Ox-module.  By  Di- 
visors, Lemma  30.12.10  we  see  that  £ is  isomorphic  to  Ox(D)  <8>  Ox(-D')®-1  for 


some  effective  Cartier  divisors  D,  D'  on  X (this  also  uses  that  X is  projective, 


see  Varieties,  Lemma  32.32.4  for  example).  By  additivity  of  degree  under  tensor 
product  of  invertible  sheaves  (Varieties,  Lemma  32.33.7)  and  additivity  of  C\  under 
tensor  product  of  invertible  sheaves  (Lemma  |41.24.2  or  41.36.1)  we  reduce  to  the 


case  £ = Ox(D).  In  this  case  the  left  hand  side  gives  deg(D)  (Varieties,  Lemma 
32.33.8)  and  the  right  hand  side  gives  deg([Z?]0)  by  Lemma  41.24.3  Since 


[°]o  = ^xpnlengtho*,,(°^M  = J2xeD  lengthy  x(Od,x)[x] 


by  definition,  we  see 


deg([D]0)  = Y]  length0  (Od  j)[k(i)  : k\  = dimfc  T(D,  Od)  = deg (D) 

The  penultimate  equality  by  Algebra,  Lemma  [10. 51. 12|  using  that  D is  affine.  □ 

Finally,  we  can  tie  everything  up  with  the  numerical  intersections  defined  in  Vari- 
eties, Section  [32.34[ 

OBFI  Lemma  41.41.4.  Let  k be  a field.  Let  X be  a proper  scheme  over  k.  Let  Z C X 
be  a closed  subscheme  of  dimension  d.  Let  C±, ...  ,£d  be  invertible  Ox -modules. 
Then 

(Ci  ■ ■ ■ Cd  ■ Z)  = deg(ci(£i)  n ...  n ci(£i)  D [Z]d) 
where  the  left  hand  side  is  defined  in  Varieties,  Definition  \ 32. In  particular, 

deg C(Z)  = deg(ci(£)d  n [Z]d) 
if  C is  an  ample  invertible  Ox -module. 

Proof.  We  will  prove  this  by  induction  on  d.  If  d = 0,  then  the  result  is  true  by 
Varieties,  Lemma [32. 26. 3|  Assume  d > 0. 

Let  Zi  C Z,  i = 1, . . . , t be  the  irreducible  components  of  dimension  d with  reduced 
induced  scheme  structure  and  let  mi  be  the  multiplicity  of  Z,  in  Z.  Then  [Z]d  = 
mi[Zi]  and  C\(Ci)  D . . . D Ci(Cd)  H [Z]d  is  the  sum  of  the  cycles  miCi(Ci)  D . . . D 
C\(Cd ) D [Zi].  Since  we  have  a similar  decomposition  for  (C\  ■ ■ ■ Cd  ■ Z)  by  Varieties, 
Lemma [32.34.2  it  suffices  to  prove  the  lemma  in  case  Z = X is  a proper  variety  of 
dimension  d over  k. 

By  Chow’s  lemma  there  exists  a birational  proper  morphism  f : Y —¥  X with 
Y H-projective  over  k.  See  Cohomology  of  Schemes,  Lemma  [29.17. 1|  and  Remark 
129.17.21  Then 


(f*C1---f*Cd-Y)  = (Cl---Cd-X) 
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by  Varieties,  Lemma [32. 34. 7|  and  we  have 

/*(ci(/*A)  n . . . n Cl(/*A)  n [V])  = ci(A)  n . . . n <* (A)  n [X] 

by  Lemma |41.25.3|  Thus  we  may  replace  V by  V and  assume  that  X is  projective 
over  k. 


If  A'  is  a proper  d-dimensional  projective  variety,  then  we  can  write  A = Ox(D)  £§) 
OxiD')®-1  for  some  effective  Cartier  divisors  D,D ' C X by  Divisors,  Lemma 
30.12.101  By  additivity  for  both  sides  of  the  equation  (Varieties,  Lemma  |32.34.5 


and  Lemma  41.24.2 1 we  reduce  to  the  case  A = 0\(D)  for  some  effective  Cartier 
divisor  D.  By  Varieties,  Lemma  [32.34.8|  we  have 

(A  • • ■ A ■ X)  = (A  • • • A ■ D) 

and  by  Lemma  [41 .24.3|  we  have 

Cl  (A)  n...n  d(A)  n [X]  = ci(A)  n . . . n ci(A)  n [D]d_  i 

Thus  we  obtain  the  result  from  our  induction  hypothesis.  □ 


41.42.  Grothendieck-Riemann-Roch 


Let  (S',  6)  be  as  in  Situation  41.8.1  Let  A,  Y be  locally  of  finite  type  over  S.  Let  8 
be  a finite  locally  free  sheaf  8 on  X of  rank  r.  Let  / : X — > Y be  a proper  smooth 
morphism.  Assume  that  R7  f*8  are  locally  free  sheaves  on  Y of  finite  rank.  The 
Grothendieck-Riemann-Roch  theorem  say  in  this  case  that 

U(Todd{Tx/y)ch{8))  = ^(-1) 7ch{R7f*8) 


Here 

Tx/y  = Romox  ( FIx/y > Ay) 

is  the  relative  tangent  bundle  of  X over  Y . If  Y = Spec(fc)  where  k is  a field,  then 
we  can  restate  this  as 


x(X,£)  = deg  (Todd(Tx/k)ch(8)) 

The  theorem  is  more  general  and  becomes  easier  to  prove  when  formulated  in  correct 
generality.  We  will  return  to  this  elsewhere  (insert  future  reference  here). 


41.43.  Appendix 

In  this  appendix  we  present  some  alternative  approaches  to  the  material  explained 
above. 


41.43.1.  Rational  equivalence  and  K-groups.  In  this  section  we  compare  the 
cycle  groups  Zk{X)  and  the  Chow  groups  Aj.{X)  with  certain  AT0-groups  of  abelian 
categories  of  coherent  sheaves  on  X.  We  avoid  having  to  talk  about  Ki(A)  for 
an  abelian  category  A by  dint  of  Homology,  Lemma  |12.10.3[  In  particular,  the 
motivation  for  the  precise  form  of  Lemma |41.43.5| is  that  lemma. 


Let  us  introduce  the  following  notation.  Let  (S,  S ) be  as  in  Situation  41.8.1|  Let 
A be  a scheme  locally  of  finite  type  over  S.  We  denote  Coh{ X)  = Coh(Ox ) the 
category  of  coherent  sheaves  on  A.  It  is  an  abelian  category,  see  Cohomology  of 
Schemes,  Lemma  29.9.2  For  any  k G Z we  let  Co/i<fc( A)  be  the  full  subcategory 


of  Coh(X)  consisting  of  those  coherent  sheaves  T having  dim^(Supp(Jr))  < k. 
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Lemma  41.43.2.  Let  (S,S)  be  as  in  Situation  41-8.1.  Let  X be  a scheme  locally  of 
finite  type  over  S.  The  categories  Coh<k(X)  are  Serre  subcategories  of  the  abelian 
category  Coh(X). 

Proof.  Omitted.  The  definition  of  a Serre  subcategory  is  Homology,  Definition 
112.9.11  □ 


Lemma  41.43.3.  Let  (S,S)  be  as  in  Situation  41.8.1  Let  X be  a scheme  locally 
of  finite  type  over  S.  There  are  maps 

Zk(X)  — > K0(Coh<1'(X)/Coh<k-1{X))  — ► Zk(X) 

whose  composition  is  the  identity.  The  first  is  the  map 


,nz[Z]  e-t  [0 


nz>  0 


Q®nz 


[© 


nz<  0 


0®-“z 


and  the  second  comes  from  the  map  T K > [A7]*,.  If  X is  quasi- compact,  then  both 
maps  are  isomorphisms. 

Proof.  Note  that  the  direct  sum  @nz>0O®nz  is  indeed  a coherent  sheaf  on  A' 
since  the  family  {Z  \ nz  > 0}  is  locally  finite  on  X.  The  map  T — ► [A7]*,  is  additive 
on  Coh<k(X),  see  Lemma [4 1.1 1.4  And  [T}k  = 0 if  A7  £ Coh<k~ i(A').  This  implies 
we  have  the  left  map  as  shown  in  the  lemma.  It  is  clear  that  their  composition  is 
the  identity. 

In  case  X is  quasi-compact  we  will  show  that  the  right  arrow  is  injective.  Sup- 
pose that  q £ K0(Coh<k(X) / Coh<k+i(X))  maps  to  zero  in  Zk{ X).  By  Homology, 
we  can  find  a q £ K0(Coh<k(X))  mapping  to  q.  Write  q = [J7]  — [Q] 
I\o(Coh<k(X)).  Since  A is  quasi-compact  we  may  apply  Coho- 


Lemma 


12.10.3 


for  some  J7,  Q 

mology  of  Schemes,  Lemma  |29.12.3[  This  shows  that  there  exist  integral  closed 
subschemes  Zj  ,Ti  C X and  (nonzero)  ideal  sheaves  Ij  C Oz, , Xt  C O t,  such  that 
J7,  resp.  Q have  nitrations  whose  successive  quotients  are  the  sheaves  Ij,  resp.  1^. 
In  particular  we  see  that  dims  (Zj),  dims  (Tf)  < k.  In  other  words  we  have 

[■fi  = £■&]»  [<?]  = £.[£], 

in  K0(Coh<k(X)).  Our  assumption  is  that  J2j[^-j\k  ~ Y2i[Zi]k  = 0.  It  is  clear  that 
we  may  throw  out  the  indices  j,  resp.  i such  that  dim s{Zj)  < k,  resp.  dim^(Xi)  < k, 
since  the  corresponding  sheaves  are  in  Cohk_ i(A)  and  also  do  not  contribute  to 
the  cycle.  Moreover,  the  exact  sequences  0 — ► Ij  — > Oz ■ — > OzJIj  — t 0 and 
0 — >•  Xj  — > Ot i —t  Ozjli  — > 0 show  similarly  that  we  may  replace  Ij,  resp.  Xj  by 
Oz, , resp.  Ot,  ■ OK,  and  finally,  at  this  point  it  is  clear  that  our  assumption 

-^2  [0Ti]k  =0 

implies  that  in  K0(Cohk( A))  we  have  also  J^JOzj]  — = 0 as  desired.  □ 


41.43.3 


are  not 


Remark  41.43.4.  It  seems  likely  that  the  arrows  of  Lemma 
isomorphisms  if  A is  not  quasi-compact.  For  example,  suppose  A is  an  infinite 
disjoint  union  X = UneN  Pfc  over  a Let  J7,  resp.  Q be  the  coherent  sheaf 

on  A whose  restriction  to  the  nth  summand  is  equal  to  the  skyscraper  sheaf  at  0 
associated  to  Opi  0 / m.Q , resp.  k(0)®".  The  cycle  associated  to  T is  equal  to  the 
cycle  associated  to  Q,  namely  both  are  equal  to  Jf,  n[^n]  where  0n  £ X denotes  0 
on  the  nth  component  of  X.  But  there  seems  to  be  no  way  to  show  that  [J7]  = [Q] 
in  K0(Coh(X))  since  any  proof  we  can  envision  uses  infinitely  many  relations. 
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Lemma  41.43.5.  Let  (S,S)  be  as  in  Situation  41.8.1  Let  X be  a scheme  locally 
of  finite  type  over  S.  Let  IF  be  a coherent  sheaf  on  X . Let 


■ T - 


■T 


■ T - 


■ T - 


be  a complex  as  in  Homology,  Equation  ( 12.10.2.1 ).  Assume  that 

(1)  dim s(Supp(T))  < k + 1. 

(2)  dim $(Supp(Hl  [T , tp,  'if)))  < k for  i = 0, 1. 

Then  we  have 

as  k-cycles  on  X. 


Proof.  Let  {W3}j^j  be  the  collection  of  irreducible  components  of  Supp(Jr)  which 
have  (5-dimension  k + 1 . Note  that  { W 3 } is  a locally  finite  collection  of  closed  subsets 
of  X by  Lemma  41.11.1  For  every  j , let  f j £ Wj  be  the  generic  point.  Set 

fj=AetK{ij){^,p^)£R{Wjy. 

See  Definition  141.4.11  for  notation.  We  claim  that 

-[H°(X,ip,ip)\k  + -t  X)*div(fj) 

If  we  prove  this  then  the  lemma  follows. 


Let  Z C X be  an  integral  closed  subscheme  of  (5-dimension  k.  To  prove  the 
equality  above  it  suffices  to  show  that  the  coefficient  n of  [Z]  in  [H0{E,  p,  ip)\k  ~ 
[U1(Jr,  p,  if)\k  is  the  same  as  the  coefficient  m of  [Z]  in  J2(Wj  — > A')*div(/j).  Let 
f £ Z be  the  generic  point.  Consider  the  local  ring  A = Ox,£-  Let  M = as 
an  H-module.  Denote  p,ip  : M — ► M the  action  of  p,  if  on  the  stalk.  By  our 
choice  of  £ £ Z we  have  5(£)  = k and  hence  dim(Supp(M))  = 1.  Finally,  the 
integral  closed  subschemes  W3  passing  through  £ correspond  to  the  minimal  primes 
q;  of  Supp(M).  In  each  case  the  element  fj  £ R(Wj)*  corresponds  to  the  element 
detK(q.)(Afqi,  p,  if)  in  K(qj)*.  Hence  we  see  that 

n = -eA(M,  p,ip) 


and 


m = E ordA/qi  (detK(q.)(Afq. , p,  ip)) 
Thus  the  result  follows  from  Proposition  |41.6.3l 


□ 


Lemma  41.43.6.  Let  ( S,5 ) be  as  in  Situation  41. 8.1  Let  X be  a scheme  locally 
of  finite  type  over  S.  Denote  Bk{X)  the  image  of  the  map 

Ko(Coh<k(X)/ Coh<k~i(X))  — Ko(Coh<k+i{X)  / Coh<k-i(X)). 

There  is  a commutative  diagram 


TS  ( Coh<k(X ) 
iv0  [Coh^-dX) 

Y 

Zk{X)  — 


^Bk{X)  c ^K0(Cc:hhf+l  jg) 

*~Ak(X) 


where  the  left  vertical  arrow  is  the  one  from  Lemma \41-43.3\  If  X is  quasi-compact 
then  both  vertical  arrows  are  isomorphisms. 


41.43.  APPENDIX 


2893 


02SD 


Proof.  Suppose  we  have  an  element  [A]  — [B]  of  K0(Coh<k(X)  / Coh<k-i{X)) 
which  maps  to  zero  in  Bk(X),  i.e. , in  K0(Coh<k+i(X)/ Coh<k-i{X)).  Suppose 
[A]  = [A]  and  [B]  = [B]  for  some  coherent  sheaves  A,B  on  X supported  in 
(5-dimension  < k.  The  assumption  that  [A]  — [ B \ maps  to  zero  in  the  group 
K0(Coh<k+i(X) / Coh<k-i{X))  means  that  there  exists  coherent  sheaves  A',B'  on 
X supported  in  5-dimension  < k — 1 such  that  [A  ® A!]  — [B  © B’\  is  zero  in 
K0(Cohk+i(X))  (use  part  (1)  of  Homology,  Lemma  12. 10.31.  By  part  (2)  of  Ho- 
mology, Lemma|l2.10.3  this  means  there  exists  a (2,  l)-periodic  complex  (Jr,  <p,  %jj)  in 
the  category  Coh<k+i(X)  such  that  A®  A!  = H°(T,  p,il>)  and  B®B’  = 

By  Lemma  [41. 43. 5|  this  implies  that 

[A®A']k  ~rat  [B®B']k 

This  proves  that  [A]  — [B\  maps  to  zero  via  the  composition 

KoiCohzkiXyCohKk-iil 0)  — ► Zk(X)  — ► Ak(X). 

In  other  words  this  proves  the  commutative  diagram  exists. 

Next,  assume  that  X is  quasi-compact.  By  Lemma [41. 43. 3| the  left  vertical  arrow  is 
bijective.  Hence  it  suffices  to  show  any  a £ Zk( X)  which  is  rationally  equivalent  to 
zero  maps  to  zero  in  Bk( X)  via  the  inverse  of  the  left  vertical  arrow  composed  with 
the  horizontal  arrow.  By  Lemma  41.22.1  we  see  that  a = — [(bbi)oo]fc) 


for  some  closed  integral  subschemes  Wi  C X x g P ^ of  5-dimension  k + 1.  Moreover 
the  family  {W{}  is  finite  because  X is  quasi-compact.  Note  that  the  ideal  sheaves 
Tj , Jr  C Owi  °f  the  effective  Cartier  divisors  (Wj) o,  {Wi)oc  are  isomorphic  (as  Owr 
modules).  This  is  true  because  the  ideal  sheaves  of  Do  and  on  P1  are  isomorphic 
and  Ii,Ji  are  the  pullbacks  of  these.  (Some  details  omitted.)  Hence  we  have  short 
exact  sequences 


0 — ■>  2)  — > Owi  — > 0(iy;)o  — > 0,  0 — > {Ji  — > 0\yi  — > 0(Wi)o o ~ t 0 

of  coherent  0^ -modules.  Also,  since  [(Wj)o]fc  = [p*O(Kwi)0]k  in  Zk(X)  we  see  that 
the  inverse  of  the  left  vertical  arrow  maps  [(Wj)o]fc  to  the  element  \p*Oi Wi)0\  m 
K0(Coh<k(X)/Coh<k-i(X)).  Thus  we  have 

« = E([(^)o  }k-m)oc\k) 

i-A  5Z([p*  ^(W^o)  - [p*0( Wi)„J) 

= ^2  - [p*Zi]  - [p*0Wi]  + [p*Ji]) 

in  K0(Coh<k+i(X)/ Coh<k-i{X)).  By  what  was  said  above  this  is  zero,  and  we 
win.  □ 


Remark  41.43.7.  Let  (5,5)  be  as  in  Situation  41.8.1  Let  X be  a scheme  locally 
of  finite  type  over  5.  Assume  X is  quasi-compact.  4'he  result  of  Lemma  41.43. 6| in 
particular  gives  a map 

Ak{X)  — ► K0(Coh(X)/ Coh<k-i(X)). 


We  have  not  been  able  to  find  a statement  or  conjecture  in  the  literature  as  to 
whether  this  map  is  should  be  injective  or  not.  If  X is  connected  nonsingular, 
then,  using  the  isomorphism  K0(X)  = K°(X)  (see  insert  future  reference  here) 
and  chern  classes  (see  below),  one  can  show  that  the  map  is  an  isomorphism  up  to 
(p  — l)!-torsion  where  p = dirna(X)  — k. 
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02SV  41.43.8.  Cartier  divisors  and  K-groups.  In  this  section  we  describe  how  the 
intersection  with  the  first  chern  class  of  an  invertible  sheaf  C corresponds  to  ten- 
soring  with  C — O in  A'-groups. 

02QH  Lemma  41.43.9.  Let  A be  a Noetherian  local  ring.  Let  M be  a finite  A-module. 
Let  a,b  £ A.  Assume 

(1)  dim(A)  = 1, 

(2)  both  a and  b are  nonzerodivisors  in  A, 

(3)  A has  no  embedded  primes, 

(4)  M has  no  embedded  associated  primes, 

(5)  Supp(M)  = Spec(A). 

Let  I = {x  £ A I x(a/b)  £ A}.  Let  qi, . . . , qt  be  the  minimal  primes  of  A.  Then 
(■ a/b)IM  C M and 

lengthA(M  / {a/b)I  M)  — length  A{M  / 1 M)  = E.,  lengthAq_  (Mqi ) ordA/qi  ( a/b ) 

Proof.  Since  M has  no  embedded  associated  primes,  and  since  the  support  of  M 
is  Spec(A)  we  see  that  Ass (M)  = {qi, . . . , qf}.  Hence  a,  b are  nonzerodivisors  on 
M.  Note  that 


length  A(M/(a/b)IM) 

= length  A(bM/aIM) 

= length  A(M/aIM)  — lengthA(M  /bM) 

= length  A(M/aM)  + length  A(aM/aIM)  — length  A(M/bM) 
= length  A(M/aM)  + length  A(M/IM)  — length  A(M/bM) 


as  the  injective  map  b : M — > bM  maps  ( a/b)IM  to  alM  and  the  injective  map 
a : M — >■  aM  maps  IM  to  alM.  Hence  the  left  hand  side  of  the  equation  of  the 
lemma  is  equal  to 

length  A(M/aM)  — length  A(M/bM). 


Applying  the  second  formula  of  Algebra,  Lemma  |10. 120.11]  with  x = a,  b respec- 
tively and  using  Algebra,  Definition  |10. 120.2  of  the  ord-functions  we  get  the  re- 
sult. □ 


02SW 


Let  (S,5)  be  as  in  Situation  fl.8.1 

Let  J~ 


Lemma  41.43.10. 

type  over  S . Let  C be  an  invertible  Ox -module. 


Let  X be  locally  of  finite 
be  a coherent  Ox -module. 


Let  s £ T(X,lCx(C))  be  a meromorphic  section  of  C.  Assume 

(1)  dim5(A)  < k + 1, 

(2)  X has  no  embedded  points, 

(3)  T has  no  embedded  associated  points, 

(4)  the  support  of  T is  X,  and 

(5)  the  section  s is  regular  meromorphic. 

In  this  situation  let  T C Ox  be  the  ideal  of  denominators  of  s,  see  Divisors,  Defi- 
nition\30.20.15\  Then  we  have  the  following: 


(1)  there  are  short  exact  sequences 

0 IT  \ T — t Qi  ->  0 

0 — y HJ~  — y J~  §§ox  E — y Q2  — ^ 0 


(2)  the  coherent  sheaves  Q\,  Q2  are  supported  in  5 -dimension  < k, 
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(3)  the  section  s restricts  to  a regular  meromorphic  section  Si  on  every  irre- 
ducible component  Xi  of  X of  S -dimension  k + 1,  and 

(4)  writing  [,F]fc+i  = 'fP,mi[Xi\  we  have 

[fi2]fc  - [Qi]k  = ’^2,mi(Xi  -a  X)*divc\x.{si) 
in  Zk(X),  in  particular 

[fi2]fc  — [Qi]k  = ci(C)  n [T]k+ 1 

in  Ak(X). 


Proof.  Recall  from  Divisors,  Lemma  30.20.16  the  existence  of  injective  maps  1 : 
XT  — > X and  s : XT  — > T®ox  £ whose  cokernels  are  supported  on  a closed  nowhere 
dense  subsets  T.  Denote  Qi  there  cokernels  as  in  the  lemma.  We  conclude  that 
dim,5(Supp(Qj))  < k.  By  Divisors,  Lemmas  30.20.4  and  30.20.12  the  pullbacks  s, 
are  defined  and  are  regular  meromorphic  sections  for  L\xi ■ The  equality  of  cycles 
in  (4)  implies  the  equality  of  cycle  classes  in  (4).  Hence  the  only  remaining  thing 
to  show  is  that 


[Q2]fc  - [Ql]k  = X mi(Xi  ^)*div£|Xi  (Si) 

holds  in  Zk(X).  To  see  this,  let  Z C X be  an  integral  closed  subscheme  of  5- 
dimension  k.  Let  £ £ Z be  the  generic  point.  Let  A = Ox,e,  and  M = T$. 
Moreover,  choose  a generator  s £ £ C g.  Then  we  can  write  s = (a/b)s£  where 
a,  b £ A are  nonzerodivisors.  In  this  case  I = X^  = {x  £ A \ x(a/b)  £ A}.  In  this 
case  the  coefficient  of  [Z]  in  the  left  hand  side  is 

length  A(M/(a/b)IM)  — length  A(M/IM) 

and  the  coefficient  of  [Z\  in  the  right  hand  side  is 

X lenSthAqi  (Mq.)ordA/q.(a/&) 

where  q i , . . . , qt  are  the  minimal  primes  of  the  1-dimensional  local  ring  A.  Hence 
the  result  follows  from  Lemma  141.43. 91  □ 


Lemma  41.43.11.  Let  ( S,S ) be  as  in  Situation  41-8.1  Let  X be  locally  of  finite 
type  over  S.  Let  C be  an  invertible  O x -module.  Let  T be  a coherent  Ox -module. 
Assume  dim s(Support(T))  < k + 1.  Then  the  element 

[T®0x  C]  - [T\  £ iLo(Co/j<fe+i(X)/Co/i<fe_i(X)) 


lies  in  the  subgroup  Bk(X)  of  Lemma  41-43-6  and  maps  to  the  element  Ci(C)r\[T]k+i 
via  the  map  Bk(X)  — » Ak(X). 


Proof.  Let 


0 JC T ^ T1  ->  0 


be  the  short  exact  sequence  constructed  in  Divisors,  Lemma  30.4.5  This  in  par- 


ticular means  that  T’  has  no  embedded  associated  points.  Since  the  support  of  K, 
is  nowhere  dense  in  the  support  of  T we  see  that  dim^(Supp(/C))  < k.  We  may 
re-apply  Divisors,  Lemma  [30. 4. 5|  starting  with  K.  to  get  a short  exact  sequence 


0 — ► K."  ->  K.  -A  K!  0 
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where  now  dim^Supp^"))  < k and  PC'  has  no  embedded  associated  points.  Sup- 
pose we  can  prove  the  lemma  for  the  coherent  sheaves  F'  and  PC' . Then  we  see 
from  the  equations 


[F]k+x  = [F']k+1  + [JC']k+1  + [JC"]k+1 

use  Lemma  41.11.4), 


(use  the  ®£  is  exact)  and  the  trivial  vanishing  of  [PC"]k+i  and  [PC"  Z>ox  £]  — [PC"] 
in  Ko(Coh<k+i(X) / Coh<k-i(X))  that  the  result  holds  for  F.  What  this  means  is 
that  we  may  assume  that  the  sheaf  CF  has  no  embedded  associated  points. 


Assume  X,  F as  in  the  lemma,  and  assume  in  addition  that  CF  has  no  embedded 
associated  points.  Consider  the  sheaf  of  ideals  X C Ox , the  corresponding  closed 
subscheme  i : Z ^ X and  the  coherent  (D^-module  G constructed  in  Divisors, 
Lemma  30.4.6  Recall  that  Z is  a locally  Noetherian  scheme  without  embedded 


points,  G is  a coherent  sheaf  without  embedded  associated  points,  with  Supp(<?)  = 
Z and  such  that  i*G  = F . Moreover,  set  A f = £\z- 


By  Divisors,  Lemma  |30. 20.131  the  invertible  sheaf  A f has  a regular  meromorphic 
section  s over  Z.  Let  us  denote  J C Oz  the  sheaf  of  denominators  of  s.  By 


Lemma  41.43.10  there  exist  short  exact  sequences 


JG 

JG 


i 

— > 


G ®oz  W 


Qi 

Q2 


such  that  dim5(Supp(Qi))  < k and  such  that  the  cycle  [Q^k  ~ [Qi]fe  is  a represen- 
tative of  ci (N)  D [G]k+ 1-  We  see  (using  the  fact  that  «*(£  (8>  A f)  = CF  ® £ by  the 
projection  formula,  see  Cohomology,  Lemma  20.43.2)  that 


[CF  ®ox  £\  ~ [F]  = [i*Q,2\  - [i*Q\] 


in  K0{Coh<k+i{X) / Coh<k-i{X)).  This  already  shows  that  [F  <E>ox  F\  — [F]  is  an 
element  of  Bk{X).  Moreover  we  have 


[i*  Q2]  fc  — [i*Qi]k 


i*  ([fialfc  — [Qi]fc) 
i*  (ci(A f)  D [G]k+ 1) 
Ci  (£)  C i*  [G]  fc+i 
ci(£)  n [F\k+ 1 


by  the  above  and  Lemmas  |41.25.3|  and  |41.13.3|  And  this  agree  with  the  image  of 
the  element  under  Bk{X)  -A  Ak{X)  by  definition.  Hence  the  lemma  is  proved.  □ 


41.43.12.  Blowing  up  lemmas.  In  this  section  we  prove  some  lemmas  on  rep- 
resenting Cartier  divisors  by  suitable  effective  Cartier  divisors  on  blow-ups.  These 
lemmas  can  be  found  in  |Ful98l  Section  2.4].  We  have  adapted  the  formulation  so 
they  also  work  in  the  non-finite  type  setting.  It  may  happen  that  the  morphism  b 


of  Lemma  41.43.19  is  a composition  of  infinitely  many  blow  ups,  but  over  any  given 
quasi-compact  open  W C X one  needs  only  finitely  many  blow-ups  (and  this  is  the 
result  of  loc.  cit.). 


Lemma  41.43.13.  Let  (S,  5)  be  as  in  Situation  J^l.8.1  Let  X,  Y be  locally  of 


finite  type  over  S.  Let  f : X Y be  a proper  morphism.  Let  D C Y be  an  effective 
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Cartier  divisor.  Assume  X , Y integral,  n = dim^X)  = dim^Y)  and  f dominant. 
Then 

Mr1  (D)}n-1  = [R(X)  : R(Y)][D]n_i. 

In  particular  if  f is  birational  then  /*[/_1  (£>)]„_ i = 

Proof.  Immediate  from  Lemma  f4 1 . 2 5 . 2 1 and  the  fact  that  D is  the  zero  scheme  of 
the  canonical  section  1e>  of  Ox(D).  □ 


Lemma  41.43.14.  Let  (S,S)  be  as  in  Situation  f 1.8.1  Let  X be  locally  of  finite 
type  over  S.  Assume  X integral  with  dim^X)  = n.  Let  C be  an  invertible  Ox- 
module.  Let  s be  a nonzero  meromorphic  section  of  C.  Let  U C X be  the  maximal 
open  subscheme  such  that  s corresponds  to  a section  of  C over  U . There  exists  a 
projective  morphism 

7 r : X'  — y X 

such  that 

(1)  X'  is  integral, 

(2)  77^-1  ([/)  : 7r_1(t/)  —tU  is  an  isomorphism, 

(3)  there  exist  effective  Cartier  divisors  D,  E C X'  such  that 

t t*L  = 0X'(D-E), 

the  meromorphic  section  s corresponds,  via  the  isomorphism  above,  to  the 
meromorphic  section  1 d ® (Ie)^1  (see  Divisors,  Definition  30. 11. If), 


(4) 

(5) 


have 


in  Zn_  i(X). 


7T » ([£>]„_$  -[£]„_ i)  = divc{s) 


Proof.  Let  T C Ox  be  the  quasi-coherent  ideal  sheaf  of  denominators  of  s.  Namely, 
we  declare  a local  section  / of  Ox  to  be  a local  section  of  I if  and  only  if  fs  is 
a local  section  of  C.  On  any  affine  open  U = Spec(H)  of  X write  C\jj  = L for 
some  invertible  A-module  L.  Then  A is  a Noetherian  domain  with  fraction  field 
K = R(X)  and  we  may  think  of  s|u  as  an  element  of  L®aK  (see  Divisors,  Lemma 


30.20.7 1 . Let  I = {x  £ A | xs  € L}.  Then  we  see  that  1\ u = I (details  omitted) 


and  hence  X is  quasi-coherent. 

Consider  the  closed  subscheme  Z C X defined  by  X.  It  is  clear  that  U = X \ Z. 
This  suggests  we  should  blow  up  Z.  Let 

w:X'  = Projx  (©.^i,1”)  “ * X 

be  the  blowing  up  of  X along  Z.  The  quasi-coherent  sheaf  of  Ox-algebras  ©n>0X” 
is  generated  in  degree  1 over  Ox-  Moreover,  the  degree  1 part  is  a coherent  Ox- 
module,  in  particular  of  finite  type.  Hence  we  see  that  7r  is  projective  and  Ox'(l) 
is  relatively  very  ample. 


By  Divisors,  Lemma  30.26.9  we  have  X'  is  integral.  By  Divisors,  Lemma  30.26.4 
there  exists  an  effective  Cartier  divisor  E C X'  such  that  7r_1X  • Ox1  = Re-  Also, 
by  the  same  lemma  we  see  that  7r _1(f7)  = U. 

Denote  s1  the  pullback  of  the  meromorphic  section  s to  a meromorphic  section  of 
C = 7 r*£  over  X'.  It  follows  from  the  fact  that  Is  C C that  Ies'  C C . In 
other  words,  s'  gives  rise  to  an  Ox'-bnear  map  X#  — > £ , or  in  other  words  a 
section  t g C ®Ox’(E).  By  Divisors,  Lemma  30.11.21  we  obtain  a unique  effective 
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Cartier  divisor  D C X'  such  that  £ (g>  Ox'  (E)  = Ox'  (D)  with  t corresponding  to 
1b-  Reversing  this  procedure  we  conclude  that  £ = Ox<{—E)  = Ox'{D)  with  s' 
corresponding  to  1^  ® If}  as  in  (4). 


We  still  have  to  prove  (5).  By  Lemma  41.25.2  we  have 

7r*(div£/(s'))  = divc(s). 

Hence  it  suffices  to  show  that  divas')  = [D]„_i  — \E\n_i.  This  follows  from  the 
equality  s — Ip  ® 1^  and  additivity,  see  Divisors,  Lemma  30.22.5 


□ 


Definition  41.43.15.  Let  (S,S)  be  as  in  Situation  41.8.1  Let  X be  locally  of 
finite  type  over  S.  Assume  X integral  and  dirn^X)  = n.  Let  Di,D-2  be  two 
effective  Cartier  divisors  in  X.  Let  Z C X be  an  integral  closed  subscheme  with 
dim^  (Z)  = n — 1.  The  e-invariant  of  this  situation  is 

ez(D1,D2)  =nz  ■ mz 

where  nz , resp.  mz  is  the  coefficient  of  Z in  the  (n—  l)-cycle  [Di]n-i,  resp. 


Lemma  41.43.16.  Let  ( S,5 ) be  as  in  Situation  f 1.8.1.  Let  X be  locally  of  finite 
type  over  S.  Assume  X integral  and  dim^X)  = n.  Let  D\,D2  be  two  effective 
Cartier  divisors  in  X.  Let  Z be  an  open  and  closed  subscheme  of  the  scheme 
D i n D2 . Assume  dim^Di  D D2  \ Z)  < n — 2.  Then  there  exists  a morphism 
b : X'  — > X,  and  Cartier  divisors  D[,D'2,E  on  X'  with  the  following  properties 

(1)  X'  is  integral, 

(2)  b is  projective, 

(3)  b is  the  blow  up  of  X in  the  closed  subscheme  Z, 

(4  )E  = b~\Z), 

(5)  b~\D  i)  = D[  + E,  and  b-1D2  = D'2+E, 

(6)  dim5(Z?^  (~l  D2)  < n — 2,  and  if  Z = Di  n D2  then  D[r\D2  = 0, 

(7)  for  every  integral  closed  subscheme  W'  with  dim^H-")  = n — 1 we  have 

(a)  ifew'{D[,E ) > 0,  then  setting  W = b(W')  we  have  dims (W)  = n—  1 
and 

ew'(D[,E)  < ew(D1,  D2), 

(b)  if  ew'  (D2,E)  > 0,  then  setting  W = b(W')  we  have  dims  (W)  = n—  1 
and 

e w'(D'2,E ) < ew{Di,  D2), 


Proof.  Note  that  the  quasi-coherent  ideal  sheaf  I = TZ)l  +Zd2  defines  the  scheme 
theoretic  intersection  D\  n D 2 C X.  Since  Z is  a union  of  connected  components 
of  Di  n D2  we  see  that  for  every  2 G Z the  kernel  of  Ox,z  C>z,z  is  equal  to 
Iz.  Let  b : X'  — ► X be  the  blow  up  of  X in  Z.  (So  Zariski  locally  around  Z it  is 
the  blow  up  of  X in  I.)  Denote  E = b~1(Z)  the  corresponding  effective  Cartier 
divisor,  see  Divisors,  Lemma  30.26.4  Since  Z C D\  we  have  E C /_1(D i)  and 


hence  D i = D[+E  for  some  effective  Cartier  divisor  D[  C X',  see  Divisors,  Lemma 


30.11.8  Similarly  D2  = D2  + E.  This  takes  care  of  assertions  (1)  - (5). 


Note  that  if  W'  is  as  in  (7)  (a)  or  (7)  (b),  then  the  image  W of  W'  is  contained 
in  D\  n D2.  If  W is  not  contained  in  Z , then  b is  an  isomorphism  at  the  generic 
point  of  W and  we  see  that  dim^TT)  = dim^fC')  = n — 1 which  contradicts  the 
assumption  that  dim^D!  n D2  \ Z)  < n — 2.  Hence  W C Z.  This  means  that  to 
prove  (6)  and  (7)  we  may  work  locally  around  Z on  X. 
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Thus  we  may  assume  that  X = Spec(A)  with  A a Noetherian  domain,  and  Di  = 
Spec(A/a),  D2  = Spec(A/6)  and  Z = Di  n D2.  Set  I = (a,  b).  Since  A is  a domain 
and  a, !)  / 0 we  can  cover  the  blow  up  by  two  patches,  namely  U = Spec(A[s]/(as  — 
b))  and  V = Spec(A[f]/(6t  — a)).  These  patches  are  glued  using  the  isomorphism 
A[s,  s_1]/(as  — b)  = A[t,t~1]/ {bt  — a)  which  maps  s to  f_1.  The  effective  Cartier 
divisor  E is  described  by  Spec(A[s]/(as  — 6,  a))  C U and  Spec (A[t]/(bt  — a,b))  C V. 
The  closed  subscheme  D[  corresponds  to  Spec(A[f]/(6f  — a,t))  C U.  The  closed 
subscheme  D2  corresponds  to  Spec(A[s]/(as  — b,s))  C V.  Since  “ts  = 1”  we  see 
that  D[  fl  D'2  = 0. 


Suppose  we  have  a prime  q C A[s]/(as  — b)  of  height  one  with  s,  a £ q.  Let  p C A 
be  the  corresponding  prime  of  A.  Observe  that  a,  b £ p.  By  the  dimension  formula 
we  see  that  dim(Ap)  = 1 as  well.  The  final  assertion  to  be  shown  is  that 


ordAp  (a)ordAp  {b)  > ordSq  (a)ordBq  (s) 
where  B = A[s]/(as  — b).  By  Algebra,  Lemma 


10.123.1 


we  have  ordAp (x)  > 
ordsq  (x)  for  x = a,  b.  Since  ords  (s)  > 0 we  win  by  additivity  of  the  ord  function 
and  the  fact  that  as  = b.  □ 


Definition  41.43.17.  Let  AT  be  a scheme.  Let  be  a locally  finite  collection 

of  effective  Cartier  divisors  on  X.  Suppose  given  a function  / -A  Z>o,  i n, . 
The  sum  of  the  effective  Cartier  divisors  D = is  the  unique  effective 

Cartier  divisor  D C X such  that  on  any  quasi-compact  open  U C X we  have 
D\u  = nu^0  niDi\u  is  the  sum  as  in  Divisors,  Definition 


30.11.6 


Lemma  41.43.18.  Let  ( S,5 ) be  as  in  Situation  f 1.8.1  Let  X be  locally  of  finite 
type  over  S . Assume  X integral  and  dim^(X)  = n.  Let  be  a locally  finite 

collection  of  effective  Cartier  divisors  on  X . Suppose  given  Ui  > 0 for  i £ I.  Then 


[^]n— 1 — ^ ^i[-Ci\n—l 

z * I. 


Zn-l(X). 


Proof.  Since  we  are  proving  an  equality  of  cycles  we  may  work  locally  on  X.  Hence 
this  reduces  to  a finite  sum,  and  by  induction  to  a sum  of  two  effective  Cartier 
divisors  D = D\  + D2.  By  Lemma  41.23.2  we  see  that  D i = divoY(£j1)(lo1) 
where  1 />,  denotes  the  canonical  section  of  Ox{D\).  Of  course  we  have  the  same 
statement  for  D2  and  D.  Since  Id  = 1dx  ® 1 d2  vi&  the  identification  0\{D)  = 
Ox{D\) 


1 Ox(D2)  we  win  by  Divisors,  Lemma  30.22.5 


□ 


Lemma  41.43.19.  Let  (S,S)  be  as  in  Situation  f 1.8.1  Let  X be  locally  of  finite 
type  over  S.  Assume  X integral  and  dim^X)  = d.  Let  {Di}iGi  be  a locally  finite 
collection  of  effective  Cartier  divisors  on  X.  Assume  that  for  all  {i,j,k}  C I, 
k)  = 3 we  have  Di  fl  Dj  fl  D = 0.  Then  there  exist 

(1)  an  open  subscheme  U C X with  dim^(X  \ U)  < d — 3, 

(2)  a morphism  b : U'  — » U , and 

(3)  effective  Cartier  divisors  {Dt}j&j  on  U' 
with  the  following  properties: 

(1)  b is  proper  morphism  b : U'  — » U , 

(2)  U'  is  integral, 

(3)  b is  an  isomorphism  over  the  complement  of  the  union  of  the  pairwise 
intersections  of  the  Di\u, 
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(4)  {ZXjngj  is  a locally  finite  collection  of  effective  Cartier  divisors  on  U' , 

(5)  dim^D'  n £>'•,)  < d - 2 if  j ± j' , and 

(6)  b~1(Di\jj)  = J2nijDj  for  certain  > 0. 

Moreover,  if  X is  quasi-compact,  then  we  may  assume  U = X in  the  above. 


Proof.  Let  us  first  prove  this  in  the  quasi-compact  case,  since  it  is  perhaps  the 
most  interesting  case.  In  this  case  we  produce  inductively  a sequence  of  blowups 

V VpO\r  bl\r 
A — A.  Q i A x > A 2 "n — ■ - ■ 


and  finite  sets  of  effective  Cartier  divisors  {-Dny}ie/„-  At  each  stage  these  will  have 
the  property  that  any  triple  intersection  Dn y n Dn  j n Dn y is  empty.  Moreover,  for 
each  n > 0 we  will  have  /n+1  = In  II  P(In)  where  P(In ) denotes  the  set  of  pairs  of 
elements  of  In.  Finally,  we  will  have 

bn  (Ai,i)  = Dn+l,i  + Ai+1  ,{*,»'} 

We  conclude  that  for  each  n > 0 we  have  (b0  o ...  o bn)~1{Di)  is  a nonnegative 
integer  combination  of  the  divisors  Dn+ij,  j £ In+ 1- 


To  start  the  induction  we  set  Xq  = X and  Iq  = I and  Hoy  = Di . 

Given  (X„,{.Dny}jejn)  let  Xn+i  be  the  blow  up  of  Xn  in  the  closed  subscheme 
Zn  = U{iy'}£P(/„)  Dn,i  H Dny.  Note  that  the  closed  subschemes  D„y  n Dn y are 
pairwise  disjoint  by  our  assumption  on  triple  intersections.  In  other  words  we  may 


write  Zn  = ]_] 


Dn.i  G Dr. 


Moreover,  in  a Zariski  neighbourhood  of 


D„y  n Dny  the  morphism  bn  is  equal  to  the  blow  up  of  the  scheme  Xn  in  the 


closed  subscheme  Dny  n Dny,  and  the  results  of  Lemma  41.43.16  apply.  Hence 
setting  Dn+1uy\  = b~1(Di  n Hy)  we  get  an  effective  Cartier  divisor.  The  Cartier 
divisors  Dn+i  uy  1 are  pairwise  disjoint.  Clearly  we  have  D Dn+i  uy\ 

for  every  i'  £ In,  i'  ^ i.  Hence,  applying  Divisors,  Lemma  [30.11.8|  we  see  that 


for  some  effective  Cartier  divisor 


indeed  b (Dny)  — Hn_j_iyT T 
Dn+iti  on  Ari+1 . In  a neighbourhood  of  Dn+\Ai,i'}  these  divisors  Dn+ iy  play  the 
role  of  the  primed  divisors  of  Lemma  |41. 43.16}  In  particular  we  conclude  that 


Dn+i,iC\Dn+iy  = 0 if  i i',  i,i'  £ /„  by  part  (6)  of  Lemma  41.43.16  This  already 
implies  that  triple  intersections  of  the  divisors  H„_|_iy  are  zero. 


OK,  and  at  this  point  we  can  use  the  quasi-conrpactness  of  X to  conclude  that  the 
invariant 


(41.43.19.1) 

e(X,{Di}ieI)  = ma x{ez(A>  A')  I Z C -Xjdim S(Z)  = d - 1 ,{i,i’}  £ P(/)} 


is  finite,  since  after  all  each  Di  has  at  most  finitely  many  irreducible  components. 
We  claim  that  for  some  n the  invariant  e(Xn,  {Hny}ie/n)  is  zero.  Namely,  if  not 
then  by  Lemma  [41.43. 16|  we  have  a strictly  decreasing  sequence 

e(X,{Di}ieI)  = e(X0,{D0 

,ihei0  ) > > ■■■ 

of  positive  integers  which  is  a contradiction.  Take  n with  invariant  e(Xn,  {Hny}ie/„) 
equal  to  zero.  This  means  that  there  is  no  integral  closed  subscheme  Z C Xn 
and  no  pair  of  indices  i,i!  £ In  such  that  ez(Dn^,  Dny)  > 0.  In  other  words, 
dim  s{Dn}i,  Dny)  < d—  2 for  all  pairs  {i,i’}  £ P{In ) as  desired. 

Next,  we  come  to  the  general  case  where  we  no  longer  assume  that  the  scheme  A'  is 
quasi-compact.  The  problem  with  the  idea  from  the  first  part  of  the  proof  is  that 
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we  may  get  and  infinite  sequence  of  blow  ups  with  centers  dominating  a fixed  point 
of  X.  In  order  to  avoid  this  we  cut  out  suitable  closed  subsets  of  codimension  > 3 
at  each  stage.  Namely,  we  will  construct  by  induction  a sequence  of  morphisms 
having  the  following  shape 


i o | 

Uo  Xi. 

3i 

u1-^x2 

32 

u2  -Jl—  x3 

Each  of  the  morphisms  jn  : Un  — > Xn  will  be  an  open  immersion.  Each  of  the  mor- 
phisms bn  : Xn+\  — » Un  will  be  a proper  birational  morphism  of  integral  schemes. 
As  in  the  quasi-compact  case  we  will  have  effective  Cartier  divisors  {-Dn>i}je/„ 
on  Xn.  At  each  stage  these  will  have  the  property  that  any  triple  intersection 
TJn ; i fl Dn  j n Dn ; ^ is  empty.  Moreover,  for  each  n > 0 we  will  have  In+ i = /„HP(/„) 
where  P(/„)  denotes  the  set  of  pairs  of  elements  of  Finally,  we  will  arrange  it 
so  that 

bn  tilin')  = Dn+ii  -\-  / . 

z n'G/nAp1 


We  start  the  induction  by  setting  X0  = X,  I0  = I and  Do  i = Dj. 

Given  (A„,  {£>„_,})  we  construct  the  open  subscheme  Un  as  follows.  For  each  pair 
{«,*'}  € P(/„ ) consider  the  closed  subscheme  Dn  i n Dny . This  has  “good”  irre- 
ducible components  which  have  ^-dimension  d—  2 and  “bad”  irreducible  components 
which  have  ^-dimension  d — 1 . Let  us  set 


Bad(i,  i')  = [J 


WcDntir\Dn y irred.  comp,  with  dims (W)=d—  1 


w 


and  similarly 


Good(i,  i')  = 11  W. 

^'WdDn,iC\Dn  i/  irred.  comp,  with  dims(W)—d—  2 

Then  Dn n Dny  = Bad(i,  i')  U Good(i,  i')  and  moreover  we  have  dim^Badfy,  i ')  fl 
Good(i,  i'))  < d — 3.  Here  is  our  choice  of  Un : 


Un  = Xn\  M Bad(i, i1)  n Good(i, i'). 

By  our  condition  on  triple  intersections  of  the  divisors  Dn<i  we  see  that  the  union 
is  actually  a disjoint  union.  Moreover,  we  see  that  (as  a scheme) 


D„ 


nfl„ 


Z n,i,i ' Gn  ; 


where  Zn^y  is  5-equidimension  of  dimension  d — 1 and  Gn^y  is  5-equidimensional 
of  dimension  d—  2.  (So  topologically  Zn^y  is  the  union  of  the  bad  components  but 
throw  out  intersections  with  good  components.)  Finally  we  set 


=u 


{ i,i'}EP(In 


Z ri.A.r ' — 


n 


{i,i'}eP{In) 
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and  we  let  bn  : Xn+i  — > Xn  be  the  blow  up  in  Zn.  Note  that  Lemma  41.43.16  applies 
to  the  morphism  bn  : Xn+1  — >•  Xn  locally  around  each  of  the  loci  Dn  i | un  D Dny  \ un . 
Hence,  exactly  as  in  the  first  part  of  the  proof  we  obtain  effective  Cartier  divisors 
Dn+ i,{M'l  f°r  ^ P(Jn)  and  effective  Cartier  divisors  Dn+iti  for  i £ In  such 

that  bn  ( Dn  jj\un ) — Dn- \-i,i  4“  Dr>.+-\ .-f?.d • For  each  n denote  i Tn  . Xn  ^ 

X the  morphism  obtained  as  the  composition  jo  o . . . o jn_ i o bn-\. 


Claim:  given  any  quasi-compact  open  V C X for  all  sufficiently  large  n the  maps 

nn  1 00  7T„+ 1 ( V)  «-  . . . 


are  all  isomorphisms.  Namely,  if  the  map  7r“1(l/)  -s—  7r~,  x(y)  is  not  an  isomor- 
phism, then  (~l  7T“1(y)  ^ 0 for  some  {i,i'}  £ P(/n).  Hence  there  exists  an 

irreducible  component  W C Dn ^ D Dn y with  dinirt  (H7)  = d — 1.  In  particular  we 
see  that  ew(Dn,i,  Dny)  > 0.  Applying  Lemma [4 1 . 43 . 1 6| repeatedly  we  see  that 

e^/(Dn  j,  ^ { Di | v } ) 


with  e(V,  {Di\y})  as  in  ( 41.43. IgA]).  Since  V is  quasi-compact,  we  have  e(V,  {^ilv})  < 
oo  and  taking  n > e(V,  {Di\v})  we  see  the  result. 


Note  that  by  construction  the  difference  Xn  \ Un  has  dim^Ajj  \ Un)  < d — 3.  Let 
Tn  = 7 Tn(Xn  \Un)  be  its  image  in  X.  Traversing  in  the  diagram  of  maps  above 
using  each  bn  is  closed  it  follows  that  T0  U . . . UT„  is  a closed  subset  of  X for  each  n. 
Any  ieT„  satisfies  S(t)  < d — 3 by  construction.  Hence  Tn  C X is  a closed  subset 
with  dim^Tjj)  < d — 3.  By  the  claim  above  we  see  that  for  any  quasi-compact  open 
V C A'  we  have  Tn  fl  V ^ 0 for  at  most  finitely  many  n.  Hence  {Tn}n> 0 is  a locally 
finite  collection  of  closed  subsets,  and  we  may  set  U = X \ (J  Tn.  This  will  be  U as 
in  the  lemma. 


Note  that  Un  ri7rn1(f7)  = 7r„1(f/)  by  construction  of  U.  Hence  all  the  morphisms 

bn  ■ Kli{U)  — > ^(U) 

are  proper.  Moreover,  by  the  claim  they  eventually  become  isomorphisms  over  each 
quasi-compact  open  of  X . Hence  we  can  define 

U'  = lim„  7r“1(fJ). 

The  induced  morphism  b : U'  — » U is  proper  since  this  is  local  on  U,  and  over 
each  compact  open  the  limit  stabilizes.  Similarly  we  set  J = U„>o-^ra  using  the 
inclusions  In  — > In+ i from  the  construction.  For  j £ J choose  an  n o such  that  j 
corresponds  to  * £ Ino  and  define  Dj  = limn>no  Dn  i.  Again  this  makes  sense  as 
locally  over  X the  morphisms  stabilize.  The  other  claims  of  the  lemma  are  verified 
as  in  the  case  of  a quasi-compact  X.  □ 


41.43.20.  Commutativity.  The  results  of  this  subsection  can  be  used  to  provide 
an  alternative  proof  of  the  lemmas  of  Section [4L27] as  was  done  in  an  earlier  version 
of  this  chapter.  See  also  the  discussion  preceding  Lemma  [41. 43. 24[ 


Lemma  41.43.21.  Let  (S,S)  be  as  in  Situation  J^l.8.1  Let  X be  locally  of  finite 
type  over  S.  Let  {ij  : Dj  — > X}j^j  be  a locally  finite  collection  of  effective  Cartier 
divisors  on  X.  Let  nj  > 0,  j £ J.  Set  D = fZ:]ej  nj^j  ■ and  denote  i : D — > X the 
inclusion  morphism.  Let  a £ Zk+i(X) . Then 


p : 


D 
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is  proper  and 


i a = p* 


in  Ak{D). 

Proof.  The  proof  of  this  lemma  is  made  a bit  longer  than  expected  by  a subtlety 
concerning  infinite  sums  of  rational  equivalences.  In  the  quasi-compact  case  the 
family  Dj  is  finite  and  the  result  is  altogether  easy  and  a straightforward  conse- 
quence of  Lemmas  41.23.2  and  Divisors,  |30.22.5|  and  the  definitions. 

The  morphism  p is  proper  since  the  family  { is  locally  finite.  Write  a = 
Y^a&Ama\Wa\  with  Wa  C X an  integral  closed  subscheme  of  (5-dimension  k + 1. 
Denote  ia  : Wa  — >•  X the  closed  immersion.  We  assume  that  ma  ^ 0 for  all  a £ A 
such  that  {Wa}aeA  is  locally  finite  on  X. 


Observe  that  by  Definition  41.28.1  the  class  i*a  is  the  class  of  a cycle  E maBa  for 
certain  /?„  £ Zk(WaAD).  Namely,  if  Wa  <£.  D then  /3a  = [D(^Wa\k  and  if  Wa  C D , 
then  f3a  is  a cycle  representing  C\{Ox{D))  fl  [Wo]. 

For  each  a £ A write  J = Ja, i II  Jaj2  II  3 where 

(1)  j £ Ja,i  if  and  only  if  Wa  0 Dj  = 0, 

(2)  j £ Jat2  if  and  only  if  Wa  ± Wa  fl  Di  / 0,  and 

(3)  j £ Ja,3  if  and  only  if  Wa  C Dj. 

Since  the  family  {Dj}  is  locally  finite  we  see  that  Ja  3 is  a finite  set.  For  every 

a £ A and  j £ J we  choose  a cycle  /3aj  £ Zk(Wa  H Dj)  as  follows 

(1)  if  j £ J0,i  we  set  /3aj  = 0, 

(2)  if  j £ JQi2  we  set  /3OJ  = [Dj  n Wa\k,  and 

(3)  if  j £ Ja,3  we  choose  /3aj  £ Zk(Wa)  representing  a(i*aOx(Dj))  n [Wj]. 

We  claim  that  

/?a  ^ njPa,j 

in  Ak(Wa  n D). 

Case  I:  Wa  <jL  D.  In  this  case  Jai3  = 0.  Thus  it  suffices  to  show  that  [D  D Wa]k  = 
J2nADj  fl  Wa]k  as  cycles.  This  is  Lemma f 


41.43.18 


30.22.5 


Case  II:  Wa  C D.  In  this  case  /3a  is  a cycle  representing  ci{i*Ox  (D))n  [Wa].  Write 
D = Da  i + Da  2 + Da  3 with  Da  s = Yhjeja  g n jDj.  By  Divisors,  Lemma 
we  have 

Cl{i*aox{D))  n [Wo]  = dfiOxp.,!))  n [Wo]  + ci{%lOx{Dat))  n [wa 

+Cl(i*aox(Dai3))n[wa}. 

It  is  clear  that  the  first  term  of  the  sum  is  zero.  Since  J0j3  is  finite  we  see  that 
the  last  term  agrees  with  3 


30.22.5 


rijC\(i*aCj)  n [Wa],  see  Divisors,  Lemma 
This  is  represented  by  YljeJa  3 njPa,j-  Finally,  by  Case  I we  see  that  the  middle 
term  is  represented  by  the  cycle  J2jeja  , nj[Dj  Fl  Wa]k  = Y2j^ja  2 njPa,j-  Whence 
the  claim  in  this  case. 

At  this  point  we  are  ready  to  finish  the  proof  of  the  lemma.  Namely,  we  have 
i*D  ~rat  by  our  choice  of  fia.  For  each  a we  have  j3a  ~rat  Xj  @a,j  with 

the  rational  equivalence  taking  place  on  I)  fl  Wa.  Since  the  collection  of  closed 
subschemes  DnWa  is  locally  finite  on  D , we  see  that  also  ma/3a  ~rat  Eaj  maPa,j 
on  D\  (See  Remark  41.20.4 


) Ok,  and  now  it  is  clear  that  Ea  maPa,j  (viewed  as 
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a cycle  on  Dj ) represents  i*a  and  hence  j rnaPa,j  represents  p*  JT  and  we 


□ 


Lemma  41.43.22.  Let  (S,S)  be  as  in  Situation  f 1.8.1.  Let  X be  locally  of  finite 
type  over  S.  Assume  X integral  and  dim^(X)  = n.  Let  D,  D'  be  effective  Cartier 
divisors  on  X . Assume  dim^D  D D')  = n — 2.  Let  i : D — ► X , resp.  i'  : D'  X 
be  the  corresponding  closed  immersions.  Then 

(1)  there  exists  a cycle  a £ Zn_2(D  n D')  whose  pushforward  to  D rep- 
resents i*[D']n- 1 £ An_2(D)  and  whose  pushforward  to  D'  represents 
(i')*[D]n- 1 e An_2(D'),  and 

(2)  we  have 

D ■ [D']„_i  = D'  • [£>]„_! 

in  An_ 2(X). 

Proof.  Part  (2)  is  a trivial  consequence  of  part  (1).  Let  us  write  [£>]„_ i = na[Za ] 
and  \D']n-i  = J2mb[^b]  with  Za  the  irreducible  components  of  D and  [Zf\  the 
irreducible  components  of  D' . According  to  Definition  41.28.1  we  have  i*D'  = 
Yf,Tnbi*[Zb]  and  ( i')*D  = ^ nQ(i')*[2'a].  By  assumption,  none  of  the  irreducible 
components  Zb  is  contained  in  D , and  hence  i*[Zf\  = [Zb  n D]„_ 2 by  definition. 
Similarly  {i')*[Za\  = \Za  n D']r j_2.  Hence  we  are  trying  to  prove  the  equality  of 
cycles 

^ ~2na[Za  H D']n_ 2 = ^ ~2mb[Zb  n D]n_2 

which  are  indeed  supported  on  DC D' . Let  W C X be  an  integral  closed  subscheme 
with  dim^IP)  = n — 2.  Let  f £ W be  its  generic  point.  Set  R = Ox,£-  It  is  a 
Noetherian  local  domain.  Note  that  dim(f?)  = 2.  Let  f £ R,  resp.  f £ R be  an 
element  defining  the  ideal  of  D , resp.  D' . By  assumption  dim  (R/(f,f))  = 0.  Let 
q'l5 . . . , <ft  C R be  the  minimal  primes  over  (/'),  let  qi, . . . , qs  C R be  the  minimal 
primes  over  (/).  The  equality  above  comes  down  to  the  equality 

X!  lenSth«q.  (-Rqi/(/))°rciJ?./qi(/')  = len§thiV.  (i?q'/(/,))ordfl/q-(/). 

j= 1 t J 


By  Algebra,  Lemma  10.120.10  applied  with  M = R/(f)  the  left  hand  side  of  this 
equation  is  equal  to 

lengthfl(i?/(/,  /'))  - lengthi?(Ker(//  : R/(f)  ->■  R/(f))) 

OK,  and  now  we  note  that  Ker(/'  : R/(f)  — > R/(f))  is  canonically  isomorphic  to 
((/)  H (//)) / (///)  via  the  map  x mod  (/)  i->  f'x  mod  (//').  Hence  the  left  hand 
side  is 

length^#/ (/,  /'))  - length R({f)  0 (/')/(//')) 

Since  this  is  symmetric  in  / and  f we  win.  □ 


Lemma  41.43.23.  Let  ( S,S ) be  as  in  Situation  fl.8.1  Let  X be  locally  of  finite 
type  over  S.  Assume  X integral  and  dim^(Ai)  = n.  Let  be  a locally 

finite  collection  of  effective  Cartier  divisors  on  X.  Let  nj,mj  > 0 be  collections  of 
nonnegative  integers.  Set  D = Y^  njDj  and  D'  = Y^  mjDj.  Assume  that  dim^-DjO 
Dp)  =n-2  for  every  j f . Then  D ■ [D']n_1  = D1  ■ [£>]„_  1 in  An_2(X). 
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Proof.  This  lemma  is  a trivial  consequence  of  Lemmas  |41.43.18l  and  |41.43.22l  in 
case  the  sums  are  finite,  e.g.,  if  X is  quasi-compact.  Hence  we  suggest  the  reader 
skip  the  proof. 

Here  is  the  proof  in  the  general  case.  Let  ij  : Dj  — )•  X be  the  closed  immersions 
Let  p : IJ  Dj  — > X denote  coproduct  of  the  morphisms  ij.  Let  {Za}aSA  be  the 
collection  of  irreducible  components  of  (J  Dj . For  each  j we  write 

[Dj\n-\  = £ djtg[Za\. 


[D  ]n— 1 — 'y  ^ TTlj dj  g [Za[[ . 

D'  • [£)]„_ i = p*  rrij'i*,  [D\n-i 


By  Lemma  [41.43.18|  we  have 

[^]n— 1 y ^ Tlj  dj}a  \Zg\ , 

By  Lemma  [41. 43. 21|  we  have 

D ■ [£>']„_!  = p*  (£  Uji*  , 

As  in  the  definition  of  the  Gysin  homomorphisms  (see  Definition|41.28.f  I we  choose 
cycles  (3aj  on  Dj  n Za  representing  i*[Za).  (Note  that  in  fact  f3aj  = [Dj  fl  Za]n_ 2 
if  Za  is  not  contained  in  Dj,  i.e. , there  is  no  choice  in  that  case.)  Now  since  p is  a 
closed  immersion  when  restricted  to  each  of  the  Dj  we  can  (and  we  will)  view  /3aj 
as  a cycle  on  X.  Plugging  in  the  formulas  for  [D]n_  i and  [D']n_i  obtained  above 
we  see  that 

D ■ [D']n-\  = y , njmj’djpaPaJ,  D'-[D]n- l=y  , mj'rljdj  afiaj' . 

z — 'j-j  ,a  z — '3,J  ,a 

Moreover,  with  the  same  conventions  we  also  have 

Dj  • [Dj']n- 1 = y djpaf3aj. 

In  these  terms  Lemma  41.43.22  (see  also  its  proof)  says  that  for  j ^ j'  the  cycles 


J2dj',a/3a,j  and 

8aji  are  equal  as  cycles!  Hence 

we  see  that 

D-\D'}n_  i = 

■ ■,  njmj'djf  ,a(3a,j 

z — J3,3  ,cl 

= 

nomj'  (ya  dj,,t A,i) 

= 

n (£ adj,aPa,j ') 

+ £;  a dj.uda.j 

= 

y j a rnj'njdj,aPa,j' 

= 

D'  ■ [£>]n_i 

and  we  win. 


□ 


Let  (S,S)  be  as  in  Situation  41.8.1  Let  X be  locally  of  finite  type  over  S.  Assume 
X integral  and  dim^(X)  = n.  Let  D , D'  be  effective  Cartier  divisors  on  X.  A 
stronger  (and  more  useful)  version  of  the  following  lemma  asserts  that 

D ■ [D']n_\  = D'  ■ [£>]„_!  in  A-2(DnH') 

for  suitable  representatives  of  the  dot  products  involved.  The  first  proof  of  the 
lemma  together  with  Lemmas  41.43.21  41.43.22  and  41.43.23  can  be  modified  to 
show  this  (see  iFiimsn.  It  is  not  so  clear  how  to  modify  the  second  proof  to  prove 
the  refined  version.  An  application  of  the  refined  version  is  a proof  that  the  Gysin 
homomorphism  factors  through  rational  equivalence  which  we  proved  by  a different 
method  in  Lemma [41.29.21 
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Lemma  41.43.24.  Let  ( S,S ) be  as  in  Situation  f 1.8.1  Let  X be  locally  of  finite 
type  over  S.  Assume  X integral  and  dirn^A')  = n.  Let  D,  D'  be  effective  Cartier 
divisors  on  X . Then 

D ■ [£>']„_!  = D'  • [£>]„_! 

in  An_2( A). 


First  proof  of  Lemma  41.43.24.  First,  let  us  prove  this  in  case  X is  quasi- 
compact. In  this  case,  apply  Lemma  |41.43.19l  to  X and  the  two  element  set 
{D,D'}  of  effective  Cartier  divisors.  Thus  we  get  a proper  morphism  b : X'  — »■  X, 
a finite  collection  of  effective  Cartier  divisors  D'  C X'  intersecting  pairwise  in 
codimension  > 2,  with  6_1(D)  = fC  rij  13' , and  b~1(D')  = 'ffrrijDl.  Note  that 
&*[6_1(D)]n_ i = [£)]„_ i in  Zn-i(X)  and  similarly  for  D',  see  Lemma  41.43.13 
Hence,  by  Lemma [41. 25. 3|  we  have 

D ■ [D']n_t  = (b~1(D)  • [6-1(£»,)]r1-i) 

in  An_2( X)  and  similarly  for  the  other  term.  Hence  the  lemma  follows  from  the 
equality  b~1{D)  ■ [b~1(D')\n-i  = b~1(D')  ■ [6-1(D)]n_i  in  An_2(X')  of  Lemma 

m -43.231 

Note  that  in  the  proof  above,  each  referenced  lemma  works  also  in  the  general  case 
(when  X is  not  assumed  quasi-compact).  The  only  minor  change  in  the  general 
case  is  that  the  morphism  b : U1  -A  U we  get  from  applying  Lemma  41.43.19  has 
as  its  target  an  open  U C X whose  complement  has  codimension  > 3.  Hence  by 
Lemma  41.20.2  we  see  that  An_2(U)  = An_2( X)  and  after  replacing  X by  U the 
rest  of  the  proof  goes  through  unchanged.  □ 

Second  proof  of  Lemma  |41.43.24[  Let  I = Ox{~D ) and  X'  = Ox(—D')  be 
the  invertible  ideal  sheaves  of  D and  D' . We  denote  Iw  = X <S>ox  ®D'  and  I'D  = 
T'  ®ox  C>d-  We  can  restrict  the  inclusion  map  X — > Ox  to  D'  to  get  a map 


ip  : Id'  — t Od' 

and  similarly 

if  :1'd-*Od 

It  is  clear  that 

Coker(</?)  = Odhd'  — Coker  (^)) 

and 

Ker(v?)  = ~ Ker(^). 

Hence  we  see  that 

7 = \XD'\  - [On,]  = [l'D\  - [Od] 

in  Ko(Coh<n-i(X)).  On  the  other  hand  it  is  clear  that 

[I'd. 

\n- 1 = [D]n- 1)  [Xn']n-1  = [D']n- 

and  that 

Ox  (£>')  ®T'd  = Od , O: v (D)  ® 1D.  = Od. 

By  Lemma  41.43.11  (applied  two  times)  this  means  that  the  element  7 is  an  element 
of  Bn_2(X),  and  maps  to  both  ci(Ox{D'))  n [£>]„_  1 and  to  c\{Gx{D))  fl  [D']n_  1 
and  we  win  (since  the  map  B„_2( A)  — > A„_2( A)  is  well  defined  - which  is  the  key 
to  this  proof).  □ 
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42.1.  Introduction 


0AZ7  In  this  chapter  we  construct  the  intersection  product  on  the  Chow  groups  modulo 
rational  equivalence  on  a nonsingular  projective  variety  over  an  algebraically  closed 
field.  Our  tools  are  Serre’s  Tor  formula  (see  |Ser65l  Chapter  V]),  reduction  to  the 
diagonal,  and  the  moving  lemma. 


We  first  recall  cycles  and  how  to  construct  proper  pushforward  and  flat  pullback 
of  cycles.  Next,  we  introduce  rational  equivalence  of  cycles  which  gives  us  the 
Chow  groups  A* (A-).  Proper  pushforward  and  flat  pullback  factor  through  rational 
equivalence  to  give  operations  on  Chow  groups.  This  takes  up  Sections  |42.3[  |42.4[ 
42. 5[  42.6  |42.7[  |42.8[  |42.9[  |42.10[  and  42.11  For  proofs  we  mostly  refer  to  the 


chapter  on  Chow  homology  where  these  results  have  been  proven  in  the  setting  of 
schemes  of  locally  of  finite  over  a universally  catenary  Noetherian  base,  see  Chow 
Homology,  Section  [41. 8|ff. 


Since  we  work  on  a nonsingular  projective  A any  irreducible  component  of  the 
intersection  V D W of  two  irreducible  closed  subvarieties  has  dimension  at  least 
dim(lZ)+dim(W/)—  dim(A).  We  say  V and  W intersect  properly  if  equality  holds  for 
every  irreducible  component  Z.  In  this  case  we  define  the  intersection  multiplicity 
ez  = e(A,  V ■ W.  Z)  by  the  formula 

ez  = {Ow,z,  Ov,z) 

We  need  to  do  a little  bit  of  commutative  algebra  to  show  that  these  intersection 
multiplicities  agree  with  intuition  in  simple  cases,  namely,  that  sometimes 


ez  = length0x  zOynw,z, 

in  other  words,  only  Tor0  contributes.  This  happens  when  V and  W are  Cohen- 
Macaulay  in  the  generic  point  of  Z or  when  W is  cut  out  by  a regular  sequence 


in  Ox,z  which  also  defines  a regular  sequence  on  Oy,z-  However,  Example  42.14.4 
shows  that  higher  tors  are  necessary  in  general.  Moreover,  there  is  a relationship 
with  the  Samuel  multiplicity.  These  matters  are  discussed  in  Sections |42.13[  |42.14[ 
|42T5l|42T6l  and[42T7[ 


Reduction  to  the  diagonal  is  the  statement  that  we  can  intersect  V and  W by 
intersecting  V x W with  the  diagonal  in  A x A.  This  innocuous  statement,  which 
is  clear  on  the  level  of  scheme  theoretic  intersections,  reduces  an  intersection  of  a 
general  pair  of  closed  subschemes,  to  the  case  where  one  of  the  two  is  locally  cut 
out  by  a regular  sequence.  We  use  this,  following  Serre,  to  obtain  positivity  of 
intersection  multiplicities.  Moreover,  reduction  to  the  diagonal  leads  to  additivity 
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of  intersection  multiplicities,  associativity,  and  a projection  formula.  This  can  be 
found  in  Sections  [42^8)  |42T9[  |42^0[  [42%]  and  [4^221 

Finally,  we  come  to  the  moving  lemmas  and  applications.  There  are  two  parts  to 
the  moving  lemma.  The  first  is  that  given  closed  subvarieties 

Z CX  CPN 

with  X nonsingular,  we  can  find  a subvariety  C C PN  intersecting  X properly  such 
that 

C-X=[Z\  + J2mJ[ZJ) 

and  such  that  the  other  components  Z?  are  “more  general”  than  Z.  The  second 
part  is  that  one  can  move  C C PN  over  a rational  curve  to  a subvariety  in  general 
position  with  respect  to  any  given  list  of  subvarieties.  Combined  these  results  imply 
that  it  suffices  to  define  the  intersection  product  of  cycles  on  X which  intersect 
properly  which  was  done  above.  Of  course  this  only  leads  to  an  intersection  product 
on  A*(X)  if  one  can  show,  as  we  do  in  the  text,  that  these  products  pass  through 
rational  equivalence.  This  and  some  applications  are  discussed  in  Sections  |42.23| 
|42224l  |42^1  [42T26j  [42^7)  and|4T28[ 
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We  fix  an  algebraically  closed  ground  held  C of  any  characteristic.  All  schemes  and 
varieties  are  over  C and  all  morphisms  are  over  C.  A variety  X is  nonsingular  if  X 
is  a regular  scheme  (see  Properties,  Definition  27.9.1 ).  In  our  case  this  means  that 
the  morphism  X Spec(C)  is  smooth  (see  Varieties,  Lemma  32.10.6). 


42.3.  Cycles 

0AZ9  Let  X be  a variety.  A closed  subvariety  of  X is  an  integral  closed  subscheme  Z C X. 
A k-cycle  on  X is  a finite  formal  sum  ^ n,;  [Zj]  where  each  Zi  is  a closed  subvariety 
of  dimension  k.  Whenever  we  use  the  notation  a = ^ ni  [■Z't]  for  a fc-cycle  we  always 
assume  the  subvarieties  Zt  are  pairwise  distinct  and  ra*  0 for  all  i.  In  this  case 
the  support  of  a is  the  closed  subset 

Supp(a)  = (J  Zi  C X 

of  dimension  k.  The  group  of  fc-cycles  is  denoted  Zk{X).  See  Chow  Homology, 
Section  141.91 


42.4.  Cycle  associated  to  closed  subscheme 

OAZA  Suppose  that  X is  a variety  and  that  Z C A'  be  a closed  subscheme  with  dim(Z)  < 
k.  Let  Zi  be  the  irreducible  components  of  Z of  dimension  k and  let  n,  be  the 
multiplicity  of  Zi  in  Z defined  as 

ni  = length0x  z_  Oz,Zi 

where  Ox,zt , resp.  Oz.Zi  is  the  local  ring  of  X , resp.  Z at  the  generic  point  of  Zi. 
We  define  the  fc-cycle  associated  to  Z to  be  the  fc-cycle 

[z]k  = Ym*)- 


See  Chow  Homology,  Section  [41. 10| 
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42.5.  Cycle  associated  to  a coherent  sheaf 

OAZB  Suppose  that  X is  a variety  and  that  F is  a coherent  Ox- module  with  dim(Supp(Jr))  < 
fc.  Let  Zi  be  the  irreducible  components  of  Supp(Jr)  of  dimension  k and  let  rii  be 
the  multiplicity  of  Zi  in  F defined  as 

Hi  = length0xZi 

where  Ox,zt  is  the  local  ring  of  X at  the  generic  point  of  Zt  and  JA  is  the  stalk 
of  F at  this  point.  We  define  the  fc-cycle  associated  to  F to  be  the  fc-cycle 

[F\k  = ^2,ni[Zi]. 

See  Chow  Homology,  Section  |41.11|  Note  that,  if  Z C X is  a closed  subscheme 
with  dim (Z)  < k , then  [Z]k  = [Oz]k  by  definition. 


42.6.  Proper  pushforward 


OAZC  Suppose  that  / : X — >■  Y is  a proper  morphism  of  varieties.  Let  Z C X be  a 
fc-dimensional  closed  subvariety.  We  define  f*[Z]  to  be  0 if  dim(/(.Z))  < k and 
d ■ [f(Z)]  if  dim (f(Z))  = k where 

d=[C(Z):C(f(Z))\  = deg(Z/f(Z)) 

is  the  degree  of  the  dominant  morphism  Z — > f(Z ),  see  Morphisms,  Definition 
Let  a = Y^ni  [Zi]  be  a fc-cycle  on  Y . The  pushforward  of  a is  the  sum  /*a  = 

Y^nif*[Zi\  where  each  /, [Zf\  is  defined  as  above.  This  defines  a homomorphism 

/*  : Zk(X)  — ► Zk(Y) 

See  Chow  Homology,  Section[41.13[ 

OAZD  Lemma  42.6.1.  Suppose  that  f : X Y is  a proper  morphism  of  varieties.  Let  See  [Ser65l  Chapter 

F be  a coherent  sheaf  with  dim(Supp(F))  < k,  then  f*[F]k  = [ f*F]k • In  particular , V]. 
if  Z C X is  a closed  subscheme  of  dimension  < k,  then  f*[Z]  = [f*Oz\k- 


28.47.8 


OBON 


Proof.  See  Chow  Homology,  Lemma  41.13.3 


□ 


Lemma  42.6.2.  Let  f : X Y and  g :Y  — >•  Z be  proper  morphisms  of  varieties. 
Then  g*  o /*  = (g  o /)*  as  maps  Zk(X)  -A  Zk{Z). 


Proof.  Special  case  of  Chow  Homology,  Lemma [41.13.2 


□ 


42.7.  Flat  pullback 

OAZE  Suppose  that  f : X —t  Y is  a flat  morphism  of  varieties.  By  Morphisms,  Lemma 


fc-dimensional  closed  subvariety.  We  define  f*  \Z\  to  be  the  ( k + r)-cycle  associated 
to  the  scheme  theoretic  inverse  image:  f*[Z ] = [ f~1(Z)]k+r ■ Let  a = J2ni[Zi]  be 
a fc-cycle  on  Y.  The  pullback  of  a is  the  sum  /*a  = ^ n,/*[Zj]  where  each  f*[Zi] 
is  defined  as  above.  This  defines  a homomorphism 

r : Zk(Y)  > Zk+r(X) 

See  Chow  Homology,  Section  [41 .15[ 


28.28.2 


every  fibre  of  / has  dimension  r = dim(X)  — dim(P  r]  Let  Z C A be 


1 Conversely,  if  / : X — > Y is  a dominant  morphism  of  varieties,  X is  Cohen-Macaulay,  Y is 
nonsingular,  and  all  fibres  have  the  same  dimension  r,  then  / is  flat.  This  follows  from  Algebra, 


Lemma 


10.127.1 


and  Varieties,  Lemma 


32.17.4 


showing  dim  (A)  = dim(V)  + r. 
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OAZF  Lemma  42.7.1.  Let  f : X -+Y  be  aflat  morphism  of  varieties.  Setr  = dim  (A)  — 
dim(y).  Then  f*\F\k  = [f*X]k+r  if  X is  a coherent  sheaf  on  Y and  the  dimension 
of  the  support  of  T is  at  most  k. 

Proof.  See  Chow  Homology,  Lemma  [41. 15.4|  □ 

OBOP  Lemma  42.7.2.  Let  f : X — )•  Y and  g : Y — »•  Z be  flat  morphisms  of  varieties. 
Then  g o f is  flat  and  f*°g*  = (g°  /)*  as  maps  Zk{Z)  -A  Zk+dim(X)-dim(z)(X). 

Proof.  Special  case  of  Chow  Homology,  Lemma [41.15. 3|  □ 


42.8.  Rational  Equivalence 


OAZG 


We  are  going  to  define  rational  equivalence  in  a way  which  at  first  glance  may 
seem  different  from  what  you  are  used  to,  or  from  what  is  in  }Ful98l  Chapter  I] 
or  Chow  Homology,  Section  |41.20[  However,  in  Section |42.9|  we  will  show  that  the 
two  notions  agree. 


Let  X be  a variety.  Let  W C X x P1  be  a closed  subvariety  of  dimension  k + 1. 
Let  a,  b be  distinct  closed  points  of  P1.  Assume  that  X x a,  X x b and  W intersect 
properly: 

dim(W  fl  A'  x a)  < k,  dim(W  Cl  X x b)  < k. 

This  is  true  as  soon  as  If  — »•  P1  is  dominant  or  if  W is  contained  in  a fibre  of 
the  projection  over  a closed  point  different  from  a or  b (this  is  an  uninteresting 
case  which  we  will  discard).  In  this  situation  the  scheme  theoretic  fibre  Wa  of  the 
morphism  W — > P1  is  equal  to  the  scheme  theoretic  intersection  W D X x a in 
IxP1.  Identifying  X x a and  X x b with  X we  may  think  of  the  fibres  Wa  and 
Wb  as  closed  subschemes  of  A'  of  dimension  < ^ A basic  example  of  a rational 
equivalence  is 


[Wa]k  ~rat  [Wb]k 

The  cycles  \Wa]k  and  \Wb}k  are  easy  to  compute  in  practice  (given  W)  because 
they  are  obtained  by  proper  intersection  with  a Cartier  divisor  (we  will  see  this  in 
Section  42.17).  Since  the  automorphism  group  of  P1  is  2-transitive  we  may  move 
the  pair  of  closed  points  a,  b to  any  pair  we  like.  A traditional  choice  is  to  choose 


a = 0 and  b = oo. 


More  generally,  let  a = Yhni\Wi\  be  a (k  + l)-cycle  on  X x P1.  Let  oq,&i  be 
pairs  of  distinct  closed  points  of  P1.  Assume  that  X x a*,  X x bi  and  U')  intersect 
properly,  in  other  words,  each  Wi,at,bi  satisfies  the  condition  discussed  above.  A 
cycle  rationally  equivalent  to  zero  is  any  cycle  of  the  form 

k-[wtM\k). 

This  is  indeed  a fc-cycle.  The  collection  of  fc-cycles  rationally  equivalent  to  zero  is 
an  additive  subgroup  of  the  group  of  k- cycles.  We  say  two  fc-cycles  are  rationally 
equivalent,  notation  a ~rat  a1 , if  a — a'  is  a cycle  rationally  equivalent  to  zero. 


We  define 

MX)  = zk(x)/  ^ rat 

to  be  the  Chow  group  of  k-cycles  on  X.  We  will  see  in  Lemma  |42.9.1  that  this 


agrees  with  the  Chow  group  as  defined  in  Chow  Homology,  Definition  41.20.1 


2 We  will  sometimes  think  of  Wa  as  a closed  subscheme  of  X x P1  and  sometimes  as  a closed 
subscheme  of  X.  It  should  always  be  clear  from  context  which  point  of  view  is  taken. 


42.10.  PROPER  PUSHFORWARD  AND  RATIONAL  EQUIVALENCE 


2913 


OAZH 


OAZI 


OAZJ 


42.9.  Rational  equivalence  and  rational  functions 


Let  X be  a variety.  Let  W C X be  a subvariety  of  dimension  k + 1.  Let  / £ C (W)* 
be  a nonzero  rational  function  on  W.  For  every  subvariety  Z C W of  dimension  k 
one  can  define  the  order  of  vanishing  ord w,z(f)  of  / at  at  Z.  If  / is  an  element  of 
the  local  ring  Ow,z,  then  one  has 

ord w,z(f)  = length0x  zOw,z/ fOw,z 

where  Ox,z > resp.  Ow,z  is  the  local  ring  of  X,  resp.  W at  the  generic  point  of 
Z.  In  general  one  extends  the  definition  by  multiplicativity.  The  principal  divisor 
associated  to  f is 

di  vw{f)  =^2ordw,z(f)[Z] 

in  Zk(W).  Since  W C X is  a closed  subvariety  we  may  think  of  divw(f)  as  a cycle 
on  X.  See  Chow  Homology,  Section  |41.18| 

Lemma  42.9.1.  Let  X be  a variety.  Let  W C X be  a subvariety  of  dimension 
k + 1.  Let  f £ C(VF)*  be  a nonzero  rational  function  on  W.  Then  divw(f)  is 
rationally  equivalent  to  zero  on  X . Conversely,  these  principal  divisors  generate 
the  abelian  group  of  cycles  rationally  equivalent  to  zero  on  X . 


Proof.  The  first  assertion  follows  from  Chow  Homology,  Lemma  |41.19.2|  More 
precisely,  let  W'  C X x P1  be  the  closure  of  the  graph  of  /.  Then  divw(/)  = 
[Wo]fc  — [Woe]  in  Zk(W)  C Zk(X ),  see  part  (6)  of  Chow  Homology,  Lemma  41.19.2 


For  the  second,  let  W'  C X x P1  be  a closed  subvariety  of  dimension  k + 1 which 
dominates  P1.  We  will  show  that  [Wq]*,  — [kF^Jfc  is  a principal  divisor  which  will 
finish  the  proof.  Let  W C X be  the  image  of  W'  under  the  projection  to  X.  Then 
W'  — > W is  proper  and  generically  finitcJ^J  Let  / denote  the  projection  W'  — > P1 
viewed  as  an  element  of  C(VF')*.  Let  g = Nm(/)  £ C(W)*  be  the  norm.  By  Chow 
Homology,  Lemma  [41. 19. 1|  we  have 


divvy  (g)  = prA>di  vw>(f) 


Since  it  is  clear  that  divw'(/)  = [Wq ]*,  — [W^]fc  the  proof  is  complete.  □ 


42.10.  Proper  pushforward  and  rational  equivalence 

Suppose  that  / : X — ► Y is  a proper  morphism  of  varieties.  Let  a ~rat.  0 be  a 
fc-cycle  on  X rationally  equivalent  to  0.  Then  the  pushforward  of  a is  rationally 
equivalent  to  zero:  /*a  ~rat  0.  See  Chapter  I of  [Ful98j  or  Chow  Homology, 
Lemma  141.21.21 

Therefore  we  obtain  a commutative  diagram 

Zk(X) ^Ak(  X) 

f,  /. 

V 

Zk(Y) Ak(Y) 

of  groups  of  fc-cycles. 


^If  W'  IV  is  birational,  then  the  result  follows  from  Chow  Homology,  Lemma 
task  is  to  show  that  even  if  W'  — »■  W has  degree  > 1 the  basic  rational  equivalence  [VFgJfc 
[W^]k  conies  from  a principal  divisor  on  a subvariety  of  X. 


41.19.2 


Our 

^ rat 
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42.11.  Flat  pullback  and  rational  equivalence 


OAZK  Suppose  that  / : X — ► Y is  a flat  morphism  of  varieties.  Set  r = clim(A')  — dim(V). 
Let  a ~rat  0 be  a fc-cycle  on  Y rationally  equivalent  to  0.  Then  the  pullback  of 
a is  rationally  equivalent  to  zero:  f*a  ~rat  0.  See  Chapter  I of  [Ful98|  or  Chow 


Homology,  Lemma  41.21.1 


Therefore  we  obtain  a commutative  diagram 

Zk+r(X)  Ak+r(X) 


/* 
Zk(Y) 


r 

■Ak(Y) 


of  groups  of  fc-cycles. 


42.12.  The  short  exact  sequence  for  an  open 

0B5Z  Let  X be  a variety  and  let  U C X be  an  open  subvariety.  Let  X \ U = (J  Zi  be 
the  decomposition  into  irreducible  component^  Then  for  each  k > 0 there  exists 
a commutative  diagram 

© Zk(Zi) *-  Zk(X) *-  Zk(U) 0 

I V 

© Ak(Zi) >.  Ak(X) >-  Ak(U) *-  0 

with  exact  rows.  Here  the  vertical  arrows  are  the  canonical  quotient  maps.  The 
left  horizontal  arrows  are  given  by  proper  pushforward  along  the  closed  immer- 
sions Zi  — ► X.  The  right  horizontal  arrows  are  given  by  flat  pullback  along  the 
open  immersion  j : U -A  X.  Since  we  have  seen  that  these  maps  factor  through 
rational  equivalence  we  obtain  the  commutativity  of  the  squares.  The  top  row  is 
exact  simply  because  every  subvariety  of  X is  either  contained  in  some  Zi  or  has 
irreducible  intersection  with  U.  The  bottom  row  is  exact  because  every  principal 
divisor  divw(/)  on  U is  the  restriction  of  a principal  divisor  on  X.  More  precisely, 
if  W C U is  a [k  + ©dimensional  closed  subvariety  and  / € C(W)* , then  denote 
W the  closure  of  W in  X.  Then  W C W is  an  open  immersion,  so  C (W)  = C(W) 
and  we  may  think  of  / as  a nonconstant  rational  function  on  W.  Then  clearly 

j*divw{f)  = di  vw(f) 

in  Zk(X).  The  exactness  of  the  lower  row  follows  easily  from  this.  For  details  see 
Chow  Homology,  Lemma [41. 20. 2| 


42.13.  Proper  intersections 


OAZL 

OAZM 


First  a few  lemmas  to  get  dimension  estimates. 

Lemma  42.13.1.  Let  X andY  be  varieties.  ThenXxY  is  a variety  and  dim(X  x 
Y)  = dim(X)  + dim(y). 


Proof.  The  scheme  X x Y = X Xspec(c)  Y is  a variety  by  Varieties,  Lemma 
The  statement  on  dimension  is  Varieties,  Lemma  [32. 17.5[ 


42AV 

c 


'Since  in  this  chapter  we  only  consider  Chow  groups  of  varieties,  we  are  prohibited  from 
taking  Zk{ X \ U)  and  Ak(X  \ U).  hence  the  approach  using  the  varieties  Zt . 
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Recall  that  a regular  immersion  i : X — > Y of  schemes  is  a closed  immersion 
whose  corresponding  sheaf  of  ideals  is  locally  generated  by  a regular  sequence,  see 


Divisors,  Section  30.181  Moreover,  the  conormal  sheaf  Cx/y  is  finite  locally  free  of 
rank  equal  to  the  length  of  the  regular  sequence.  Let  us  say  * is  a regular  immersion 
of  codimension  c if  Cx/y  is  locally  free  of  rank  c. 


More  generally,  recall  (More  on  Morphisms,  Section  36.441  that  / : X — ► Y is  a 


local  complete  intersection  morphism  if  we  can  cover  X by  opens  U such  that  we 
can  factor  f\u  as 


where  i is  a Koszul  regular  immersion  (if  Y is  locally  Noetherian  this  is  the  same 
as  asking  i to  be  a regular  immersion,  see  Divisors,  Lemma  30.18.3).  Let  us  say 
that  / is  a local  complete  intersection  morphism  of  relative  dimension  r if  for  any 
factorization  as  above,  the  closed  immersion  i has  conormal  sheaf  of  rank  n — r (in 
other  words  if  i is  a Koszul-regular  immersion  of  codimension  n — r which  in  the 
Noetherian  case  just  means  it  is  regular  immersion  of  codimension  n — r). 


OAZN 

(1)  If  Z C Y is  a subvariety  dimension  d and  f is  a regular  immersion  of 
codimension  c,  then  every  irreducible  component  of  f~x{Z)  has  dimension 
> d — c. 

(2)  If  Z CY  is  a subvariety  of  dimension  d and  f is  a local  complete  intersec- 
tion morphism  of  relative  dimension  r,  then  every  irreducible  component 
off~\Z)  has  dimension  >d  + r. 


Lemma  42.13.2.  Let  f : X Y be  a morphism  of  varieties. 


Proof.  Proof  of  (1).  We  may  work  locally,  hence  we  may  assume  that  Y = 
Spec(A)  and  X = V{f\, . . . , fc)  where  fi,  ■ ■ ■ , fc  is  a regular  sequence  in  A.  If 
Z = Spec(A/p),  then  we  see  that  f~l(Z)  = Spec(A/p  + (/i, . . . , /c)).  If  V is  an 
irreducible  component  of  f~l(Z),  then  we  can  choose  a closed  point  v £ V not 
contained  in  any  other  irreducible  component  of  /_1(Z).  Then 

dim(Z)  = dim  Oz,v  and  dim(V')  = dimCV,u  = dimO^^/(/i, ...  ,fc) 

The  first  equality  for  example  by  Algebra,  Lemma [10. 115. 1| and  the  second  equality 
by  our  choice  of  closed  point.  The  result  now  follows  from  the  fact  that  dividing 
by  one  element  in  the  maximal  ideal  decreases  the  dimension  by  at  most  1,  see 
Algebra,  Lemma [10.59. 12| 

Proof  of  (2).  Choose  a factorization  as  in  the  definition  of  a local  complete  inter- 
section and  apply  (1).  Some  details  omitted.  □ 

0B0Q  Lemma  42.13.3.  Let  X be  a nonsingular  variety.  Then  the  diagonal  A : X — ► 
X x X is  a regular  immersion  of  codimension  dim(X). 


Proof.  In  fact,  any  closed  immersion  between  nonsingular  projective  varieties  is  a 
regular  immersion,  see  Divisors,  Lemma  30.19.10]  □ 


The  following  lemma  demonstrates  how  reduction  to  the  diagonal  works. 
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OAZP  Lemma  42.13.4.  Let  X be  a nonsingular  variety  and  let  W,V  C X be  closed 
subvarieties  with  dim(W)  = s and  dim(P)  = r.  Then  every  irreducible  component 
Z of  V fl  W has  dimension  > r + s — dim(A). 

Proof.  Since  V fl  W = A-1(V  x W)  (scheme  theoretically)  we  conclude  by  Lemmas 
142.13.31  and  142.13.21  □ 

This  lemma  suggests  the  following  definition. 

OAZQ  Definition  42.13.5.  Let  X be  a nonsingular  variety. 

(1)  Let  W,V  C X be  closed  subvarieties  with  dim(W)  = s and  dim(V)  = r. 
We  say  that  W and  V intersect  properly  if  dim(V  D W)  < r + s — dim(A). 

(2)  Let  a = rii[Wi]  be  an  s-cycle,  and  (3  = JT  rrij[Vj]  be  an  r-cycle  on  X. 
We  say  that  a and  /3  intersect  properly  if  Wi  and  Vj  intersect  properly  for 
all  i and  j. 


42.14.  Intersection  multiplicities  using  Tor  formula 


OAZR 


OAZS 


A basic  fact  we  will  use  frequently  is  that  given  sheaves  of  modules  J7,  Q on  a ringed 
space  (X,  Ox)  and  a point  x £ X we  have 

Tor®x  {F,  Q)x  = Tor®*-  (TX,SX) 


as  Ox.x'Hiodules.  This  can  be  seen  in  several  ways  from  our  construction  of  derived 
tensor  products  in  Cohomology,  Section  20.27  for  example  it  follows  from  Cohomol- 
ogy, Lemma [20. 27. 4[  Moreover,  if  X is  a scheme  and  J-  and  Q are  quasi-coherent, 
then  the  modules  Tor? x (F,  Q)  are  quasi-coherent  too,  see  Derived  Categories  of 
Schemes,  Lemma|35.3.8|  More  important  for  our  purposes  is  the  following  result. 


Lemma  42.14.1.  Let  X be  a locally  Noetherian  scheme. 

(1)  If  T and  Q are  coherent  Ox-rnodules,  then  Tor®x  (T,G)  is  too. 

(2)  If  L and  K are  in  Df,oh(Ox),  then  so  is  L K ■ 


Proof.  Let  us  explain  how  to  prove  (1)  in  a more  elementary  way  and  part  (2) 
using  previously  developed  general  theory. 


Proof  of  (1).  Since  formation  of  Tor  commutes  with  localization  we  may  assume  A' 
is  affine.  Hence  X = Spec(A)  for  some  Noetherian  ring  A and  J7,  Q correspond  to 


By  Derived  Categories  of  Schemes,  Lemma [35. 10.4|  the  assumption  is  equivalent  to 
asking  L and  K to  be  (locally)  pseudo-coherent.  Then  L K is  pseudo-coherent 
by  Cohomology,  Lemma  [20. 39.5|  □ 


OAZT  Lemma  42.14.2.  Let  X be  a nonsingular  variety.  Let  JF , Q be  coherent  Ox- 

modules.  The  Ox-module  Tor®x  (J7,  Q)  is  coherent,  has  stalk  at  x equal  to  Tor®x (Tx, 
is  supported  on  Supp(T)  fl  Supp(Q),  and  is  nonzero  only  for  p £ {0, . . . , dirn(A)}. 


Proof.  The  result  on  stalks  was  discussed  above  and  it  implies  the  support  condi- 
tion. The  Tor’s  are  coherent  by  Lemma  |42.14.1|  The  vanishing  of  negative  Tor’s 
is  immediate  from  the  construction.  The  vanishing  of  Torp  for  p > dim(A')  can 
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be  seen  as  follows:  he  local  rings  Ox,x  are  regular  (as  A'  is  nonsingular)  of  dimen- 
sion < dim(A)  (Algebra,  Lemma  10.115.l[),  hence  Ox,x  has  finite  global  dimension 
< dim(A')  (Algebra,  Lemma  10.109.8)  which  implies  that  Tor-groups  of  modules 
vanish  beyond  the  dimension  (More  on  Algebra,  Lemma  15.55.17).  □ 


Let  A be  a nonsingular  variety  and  W,  V C A be  closed  subvarieties  with  dim(lL)  = 
s and  dim(V)  = r.  Assume  V and  W intersect  properly.  In  this  case  Lemma  42.13.4 
tells  us  all  irreducible  components  of  VnW  have  dimension  equal  to  r + s — dim(A). 
The  sheaves  Tor"  x (Ow,  CV)  are  coherent,  supported  onbD  W,  and  zero  if  j < 0 
or  j > dim(A)  (Lemma |42. 14. 2|.  We  define  the  intersection  product  as 

W ■ V = £.(—!)* [Tor ?x(Ow,Ov)}r+s_diia{x). 


We  stress  that  this  makes  sense  only  because  of  our  assumption  that  V and  W 
intersect  properly.  This  fact  will  necessitate  a moving  lemma  in  order  to  define  the 
intersection  product  in  general. 


With  this  notation,  the  cycle  V ■ W is  a formal  linear  combination  YhezZ  of  the 
irreducible  components  Z of  the  intersection  V D W.  The  integers  ez  are  called  the 
intersection  multiplicities 

ez  = e(X,  V ■ W,  Z)  = ^ .(-l)Tength0xzTorfx'z  (0WiZ,  Ov.z) 

where  Ox,z,  resp.  Ow,z,  resp.  Oy,z  denotes  the  local  ring  of  A,  resp.  W,  resp.  V 
at  the  generic  point  of  Z.  These  alternating  sums  of  lengths  of  Tor’s  satisfy  many 
good  properties,  as  we  wll  see  later  on. 


In  the  case  of  transversal  intersections,  the  intersection  number  is  1. 


0B1I  Lemma  42.14.3.  Let  X be  a nonsingular  variety.  Let  V,  W C X be  closed 
subvarieties  which  intersect  properly.  Let  Z be  an  irreducible  component  ofVCiW 


and  assume  that  the  multiplicity  (in  the  sense  of  Section  42.  f)  of  Z in  the  closed 


subscheme  V D W is  1.  Then  e(X,V  -W,Z)  = 1 and  V and  W are  smooth  in  a 
general  point  of  Z. 


Z is  the  generic  point.  Then 
Let  I,JcA  cut 


Proof.  Let  (A,m,  k)  = (Ox,£,  «;(£))  where  £ £ 

dim(A)  = dim(A)  — dim(Z),  see  Varieties,  Lemma  32.17.3 
out  the  trace  of  V and  W in  Spec(A).  Set  I = I + m2/m2.  Then  dimK  I < 
dirn(A)  — dim(V)  with  equality  if  and  only  if  A/I  is  regular  (this  follows  from 
the  lemma  cited  above  and  the  definition  of  regular  rings,  see  Algebra,  Definition 
10.59.9  and  the  discussion  preceding  it).  Similarly  for  J.  If  the  multiplicity  is  1,  then 
lengthy  (A/I  + J ) = 1,  hence  I + J = m,  hence  1 + J = m/m2.  Then  we  get  equality 
everywhere  (because  the  intersection  is  proper).  Hence  we  find  /i, . . . , fa  £ I and 
gw — 9b  € J such  that  f1,...,gb  is  a basis  for  m/m2.  Then  fi,  — .,gb  is  a regular 


system  of  parameters  and  a regular  sequence  (Algebra,  Lemma  10.105.3 ).  The  same 


lemma  shows  A/ (/i, . . . , fa)  is  a regular  local  ring  of  dimension  dim(A')  — dim(V), 
hence  A/(/i, . . . , fa)  — » A/I  is  an  isomorphism  (if  the  kernel  is  nonzero,  then  the 
dimension  of  A/ 1 is  strictly  less,  see  Algebra,  Lemmas  |10.105.2|  and  |10.59.12|). 
We  conclude  I = (/i, . . . , fa)  and  J = (gx, ...  ,gb)  by  symmetry.  Thus  the  Koszul 
complex  K,(A,  /i, . . . , fa)  on  , . . . , fa  is  a resolution  of  A/I,  see  More  on  Algebra, 
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Lemma Fl5.23.2l  Hence 

Tor $(A/I,  A/J)  = HP(K.(A,  fu  . . . , fa)  ®A  A/J) 

= Hp(K . (A/  J,  /i  mod  J, . . . , fa  mod  J)) 

Since  we’ve  seen  above  that  /i  mod  </,...,  /a  mod  J is  a regular  system  of  param- 
eters in  the  regular  local  ring  A/J  we  conclude  that  there  is  only  one  cohomology 
group,  namely  Hq  = A/ (I  + J)  = k.  This  finishes  the  proof.  □ 


0B2S 


Example  42.14.4.  In  this  example  we  show  that  it  is  necessary  to  use  the  higher 
tors  in  the  formula  for  the  intersection  multiplicities  above.  Let  X be  a nonsingular 
variety  of  dimension  4.  Let  p £ X be  a closed  point.  Let  V,W  C X be  closed 
subvarieties  in  X.  Assume  that  there  is  an  isomorphism 

°x,P  = C [[x,y,z,w]] 

such  that  the  ideal  of  V is  (xz,xw,yz,yw)  and  the  ideal  of  IT  is  (x  — z,y  — w). 
Then  a computation  shows  that 


length  C[[a;,  y , z,  w\\/{xz,  xw,  yz , yw,  x — z,y  — w)  = 3 

On  the  other  hand,  the  multiplicity  e(X,  V ■ W,p)  = 2 as  can  be  seen  from  the 
fact  that  formal  locally  V is  the  union  of  two  smooth  planes  x = y = 0 and 
z = w = 0 at  p,  each  of  which  has  intersection  multiplicity  1 with  the  plane 
x — z = y~w  = 0 (Lemma  42.14.3 1.  To  make  an  actual  example,  take  a general 
morphism  / : P2  — ► P4  given  by  5 homogeneous  polynomials  of  degree  > 1.  The 
image  V C P4  = X will  have  singularities  of  the  type  described  above,  because 
there  will  be  Pi,P2  £ P2  with  f(p±)  = f{p-i)-  To  find  W take  a general  plane 
passing  through  such  a point. 


OAZU 


42.15.  Algebraic  multiplicities 

Let  (A,  m,  k)  be  a Noetherian  local  ring.  Let  M be  a finite  A-module  and  let  I C A 
be  an  ideal  of  definition  (Algebra,  Definition  |10. 58. 1]).  Recall  that  the  function 


Xi,M(n ) = length  A(M/InM)  = ^ 


p=0,...,n—  1 


length  a(IpM/Ip+1M) 


is  a numerical  polynomial  (Algebra,  Proposition  10.58.5).  The  degree  of  this  poly- 
nomial is  equal  to  dim(Supp(M))  by  Algebra,  Lemma|10.61.6 


OAZV 


Definition  42.15.1.  In  the  situation  above,  if  d > dim(Supp(M)),  then  we  set 
e/(M,  d)  equal  to  0 if  d > dim(Supp(M))  and  equal  to  d\  times  the  leading  coeffi- 
cient of  the  numerical  polynomial  Xi,m  so  that 

Xi  mM  ~ e/(M,  d)—  + lower  order  terms 
’ a! 

The  multiplicity  of  M for  the  ideal  of  definition  I is  ei(M)  = ei(M,  dim(Supp(Al))). 


We  have  the  following  properties  of  these  multiplicities. 

OAZW  Lemma  42.15.2.  Let  A be  a Noetherian  local  ring.  Let  I C A be  an  ideal  of 
definition.  Let  0 — > M'  -A  M ->  M"  — > 0 be  a short  exact  sequence  of  finite 
A-modules.  Let  d > dim (Supp(M)) . Then 

ei{M,d)  = ei{M',d)  + ei{M"  ,d) 

Proof.  Immediate  from  the  definitions  and  Algebra,  Lemma [10. 58. 10|  □ 
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OAZX 


OAZY 


OAZZ 


Lemma  42.15.3.  Let  A be  a Noetherian  local  ring.  Let  I C A be  an  ideal  of 
definition.  Let  M be  a finite  A-module.  Let  d > dim.(Supp(M)) . Then 

e/(M,  d)=^2  lengthAp  {Mp)eI{A/p,  d) 

where  the  sum  is  over  primes  p C A with  dim(A/p)  = 1. 

Proof.  Both  the  left  and  side  and  the  right  hand  side  are  additive  in  short  exact 
sequences  of  modules  of  dimension  < d,  see  Lemma  |42.15.2|  and  Algebra,  Lemma 
10.51.3  Hence  by  Algebra,  Lemma[l0.61.1  it  suffices  to  prove  this  when  M = A/ q 
for  some  prime  q of  A with  dim(A/q)  < d.  This  case  is  obvious.  □ 


Lemma  42.15.4. 

Then 


for  any  t. 


Let  P be  a polynomial  of  degree  r with  leading  coefficient  a. 


"!a  = E 


i= 0,.. 


HI ; 


Proof.  Let  us  write  A the  operator  which  to  a polynomial  P associates  the  poly- 
nomial A(P)  = P(t)  — P(t  — 1).  We  claim  that 


Ar(p)  = E n (-iy(rW-*) 


This  is  true  for  r = 0, 1 by  inspection.  Assume  it  is  true  for  r.  Then  we  compute 


Ar+1(P)  = E. 

J r. 


2=0,. 


(-iy 

(-iy 


Jn=— r,...,0 

Thus  the  claim  follows  from  the  equality 

r + 1 
i 


A (P)(t-i) 

{P{t  - i)  - P{t  - i - 1)) 


r 

i — 1 


The  lemma  follows  from  the  fact  that  A(P)  is  of  degree  r — 1 with  leading  coefficient 
ra  if  the  degree  of  P is  r.  □ 

An  important  fact  is  that  one  can  compute  the  multiplicity  in  terms  of  the  Koszul 
complex.  Recall  that  if  R is  a ring  and  /i,  • • • , fr  G R,  then  AT.(/i, . . . , fr)  denotes 
the  Koszul  complex,  see  More  on  Algebra,  Section  [15.221 

Theorem  42.15.5.  Let  A be  a Noetherian  local  ring.  Let  I = (/i, . . . , fr ) C A be 
an  ideal  of  definition.  Let  M be  a finite  A-module.  Let  d > dim (Supp(M)).  Then 

ei(M,r)  = ^ ~2(-l)llengthAHi{K\(f1 , . . . , fr)  ®A  M) 

Proof.  Let  us  change  the  Koszul  complex  AT,(/i, . . . , fr ) into  a cochain  complex 
K*  by  setting  Kn  = K_n(fi, . . . , fr).  Then  K * is  sitting  in  degrees  — r, . . . , 0 and 
Hl(K * (gu  M)  = H_i(K.(fi, . . . , fr)  <8,4  M).  The  statement  of  the  theorem  makes 
sense  as  the  modules  H‘(K * (g)  M ) are  annihilated  by  /i, . . . , fr  (More  on  Algebra, 
Lemma  15.22.6)  hence  have  finite  length.  Define  a filtration  on  the  complex  K*  by 
setting 

Fp(Kn  g >A  M)  = I™*(°’P+n\Kn  ®aM),  peZ 


|Ser65l  Theorem  1 
in  part  B of  Chapter 
IV1 
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Since  filp  C Ip+1  this  is  a filtration  by  subcomplexes.  Thus  we  have  a filtered 
complex  and  we  obtain  a spectral  sequence,  see  Homology,  Section  |12.21|  We  have 

A0  = ® Ep'q  = © grP  ( I<P+q  ® A M)  = Gr/  ( K‘  ® A M) 

p,q  p,q 

Since  Kn  is  finite  free  we  have 


Gr i(K*  M)  = Gr/(K*)  ®Gr/(A)  Grj(M) 

Note  that  Grj(AT*)  is  the  Koszul  complex  over  Gr/(A)  on  the  elements  /l7 . . . , fr  £ 
I / 12.  A simple  calculation  (omitted)  shows  that  the  differential  do  on  Eq  agrees 
with  the  differential  coming  from  the  Koszul  complex.  Since  Gr i(M)  is  a finite 
Gr/(A)-module  and  since  Gr/(A)  is  Noetherian  (as  a quotient  of  A/I\x \,...,xr] 
with  Xi  i ^ /J,  the  cohomology  module  Ex  = is  a finite  Gr/(A)-module. 

However,  as  above  E\  is  annihilated  by  We  conclude  E\  has  finite 

length.  In  particular  we  find  that  Gr^(A'*  ® M)  is  acyclic  for  0. 


Next,  we  check  that  the  spectral  sequence  above  converges  using  Homology,  Lemma 
12.21.101  The  required  equalities  follow  easily  from  the  Artin-Rees  lemma  in  the 


form  stated  in  Algebra,  Lemma [10. 50. 3|  Thus  we  see  that 


^(-iriengthA(7A(A-  M))  = ^(-l)^lengthA(A^) 

= X©1)P+91ensth^(-E’i’9) 


because  as  we’ve  seen  above  the  length  of  Ei  is  finite  (of  course  this  uses  additivity 
of  lengths).  Pick  t so  large  that  Gr^(A'*  ® M ) is  acyclic  for  p > t (see  above). 
Using  additivity  again  we  see  that 


£(-l)P+*length a(AD  = EnEp<,(-l)”lengthA(grp(^n  ®A  M)) 

This  is  equal  to 

E n(— 1)™  ( u]  Xi,M{t  + n) 

z — 'n=—r,....0  VI71!/ 

by  our  choice  of  filtration  above  and  the  definition  of  xi,m  in  Algebra,  Section 


10.58  The  lemma  follows  from  Lemma  42.15.4  and  the  definition  of  e/(M,  r).  □ 


0B00  Remark  42.15.6  (Trivial  generalization).  Let  (A,  m,  k)  be  a Noetherian  local 
ring.  Let  M be  a finite  A-module.  Let  I C A be  an  ideal.  The  following  are 
equivalent 


(1)  I'  = I + Ann (M)  is  an  ideal  of  definition  (Algebra,  Definition  10.58.1 ), 

(2)  the  image  I of  I in  A = A/ Ann(M)  is  an  ideal  of  definition, 

(3)  Supp (M/IM)  C {m}, 

(4)  dim(Supp(M//M))  < 0,  and 

(5)  length A(M/IM)  < oo. 

This  follows  from  Algebra,  Lemma  10.61.3  (details  omitted).  If  this  is  the  case  we 
have  M/InM  = M/{I’)nM  for  all  n and  M/InM  = M/TM  for  all  n if  M is 
viewed  as  an  A-module.  Thus  we  can  define 


Xi,m(ji)  = length  A(M/InM)  = V]  length  A(IPM/IP+1M) 

z — 'p=0,...,n—  1 

and  we  get 

X/,M(n)  = Xi’,m(ti)  = Xi,m(a) 
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for  all  n by  the  equalities  above.  All  the  results  of  Algebra,  Section[i0.58|and  all  the 
results  in  this  section,  have  analogues  in  this  setting.  In  particular  we  can  define 
multiplicties  e/(M,  d)  for  d > dim(Supp(M))  and  we  have 


7i 

Xi,M(n)  ~ e/(M,  d)  — 


+ lower  order  terms 


as  in  the  case  where  I is  an  ideal  of  definition. 


42.16.  Computing  intersection  multiplicities 


0B01  In  this  section  we  discuss  some  cases  where  the  intersection  multiplicities  can  be 
computed  by  different  means.  Here  is  a first  example. 

0B02  Lemma  42.16.1.  Let  X be  a nonsingular  variety  and  W,V  C X closed  subvari- 
eties which  intersect  properly.  Let  Z be  an  irreducible  component  of  V C\W  with 
generic  point  f.  Assume  that  Ow,£  and  CV,{  are  Cohen- Macaulay.  Then 

e(X,  V-W,Z)  = length.0x  i (Ov nw,t) 

where  V n W is  the  scheme  theoretic  intersection.  In  particular,  if  both  V and  W 
are  Cohen- Macaulay,  then  V ■ W = [V  n IP]dim(v)+dim(iu)-dim(A')  • 


Proof.  Set  A = O 


Xf> 


B = O 


V,£» 


and  C = ■ By  Auslander-Buchsbaum 

(Algebra,  Proposition  10.110.1 1 we  can  find  a finite  free  resolution  Ft  — > B of 
length 

depth(A)  — depth(H)  = dim(A)  — dim(B)  = dim(C) 

First  equality  as  A and  B are  Cohen-Macaulay  and  the  second  as  V and  W intersect 
properly.  Then  F,  gu  C is  a complex  of  finite  free  modules  representing  B (g)^  C 
hence  has  cohomology  modules  with  support  in  {itia}-  By  the  Acyclicity  lemma 
(Algebra,  Lemma  10.101.9)  which  applies  as  C is  Cohen-Macaulay  we  conclude  that 
Ft  C has  nonzero  cohomology  only  in  degree  0.  This  finishes  the  proof.  □ 


0B03  Lemma  42.16.2.  Let  A be  a Noetherian  local  ring.  Let  I = (/i,...,/r)  be  an 
ideal  generated  by  a regular  sequence.  Let  M be  a finite  A-module.  Assume  that 
dim (Supp(M/IM))  = 0.  Then 


ei(M,r)  = Y/(-1)i^ngthA(Torf(A/I,M)) 
Here  e/(M, r)  is  as  in  Remark\42.15.b\ 


Proof.  Since  fi,  - ■ ■ ,fr  is  a regular  sequence  the  Koszul  complex  K,(fi, . . . , fr)  is 
a resolution  of  A/I  over  A,  see  More  on  Algebra,  Lemma  15.23.6  Thus  the  right 
hand  side  is  equal  to 


^(-l)llengthA7Ll(AT.(/i,  ...,fr)®A  M) 

Now  the  result  follows  immediately  from  Theorem  |42.15.5|  if  I is  an  ideal  of  defi- 
nition. In  general,  we  replace  A by  A = A/ Ann(M)  and  fi, . . ■ , fr  by  f1,---,fr 
which  is  allowed  because 


K.ifu ®A  M = K.(flt ... , fr)  ®A  M 

Since  e/(M,  r)  = ey(M,  r)  where  / = (/1; . . . , fr)  C A is  an  ideal  of  definition  the 
result  follows  from  Theorem  142. 15.51  in  this  case  as  well.  □ 
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0B04  Lemma  42.16.3.  Let  X be  a nonsingular  variety.  Let  W,V  C X be  closed 
subvarieties  which  intersect  properly.  Let  Z be  an  irreducible  component  ofVCiW 
with  generic  point  £.  Suppose  the  ideal  ofV  in  Ox,£  is  cut  out  by  a regular  sequence 
fi, . . . , fc  € ®x,£-  Then  e(X,  V ■ W,  Z)  is  equal  to  c!  times  the  leading  coefficient 
in  the  Hilbert  polynomial 

t length0x  iOw^/(f1 , . . . , fc)\  t » 0. 

In  particular , this  coefficient  is  > 0. 


Proof.  The  equality 


e(X,V-W,Z)=e{fu...>fe)(Ow>t,c) 


42.16 


follows  from  the  more  general  Lemma 
> 0 or  equivalently  that  £(flt... c)  is 


3 

Hi< 


To  see  that  e(flt...,fc)(Ow,£) c)  is 
e leading  coefficient  of  the  Hilbert 
polynomial  it  suffices  to  show  that  the  dimension  of  Ow,£  is  c,  because  the  degree  of 
the  Hilbert  polynomial  is  equal  to  the  dimension  by  Algebra,  Proposition  |10.59.8[ 
Say  dim(H)  = r,  dim(IT)  = s,  and  dim(X)  = n.  Then  dim(Z)  = r + s — n as  the 
intersection  is  proper.  Thus  the  transcendence  degree  of  «;(£)  over  C is  r + s — n, 
see  Algebra,  Lemma [10. 115. 1[  We  have  r + c = n because  V is  cut  out  by  a regular 
sequence  in  a neighbourhood  of  £,  see  Divisors,  Lemma  30.17.8  and  then  Lemma 


42.13.2  applies  (for  example).  Thus 


dim(C>vu,|)  = s — (r  + s — n)  = s—  ((n  — c)  + s — n)  = c 
the  first  equality  by  Algebra,  Lemma  10.115.3[ 


□ 


0B05  Lemma  42.16.4.  In  Lemma 
Cartier  divisor.  Then 


.16.3  assume  that  c = 1,  i.e.,  V is  an  effective 


e(X,  V ■ W,Z)  = lengtho^OwJhOwt). 

Proof.  In  this  case  the  image  of  f±  in  Ow,£  is  nonzero  by  properness  of  intersection, 
hence  a nonzerodivisor  divisor.  Moreover,  Ow,£  is  a Noetherian  local  domain  of 
dimension  1.  Thus 


length ox.^w,(,/ flOw^)  = tlength0if  ? {Ow^/ fiOw^) 
for  allt  > 1,  see  Algebra,  Lemma[l0.120.1|  This  proves  the  lemma. 


□ 


0B06  Lemma  42.16.5.  In  Lemma 
Macaulay.  Then  we  have 


42.16.3  assume  that  the  local  ring  Ow,£  is  Cohen- 

■ + fcOwx)- 


e(X,  V -W,Z)  = length0x  i (0W£/ fiOWA  + . . 

Proof.  This  follows  immediately  from  Lemma  [42.16. 1[  Alternatively,  we  can  de- 
duce it  from  Lemma  |42.16.3|  Namely,  by  Algebra,  Lemma  |10.103.2]  we  see  that 
/i, . . . , fc  is  a regular  sequence  in  0\y,£-  Then  Algebra,  Lemma  10.68. 2|  shows  that 
/i, . . . , fc  is  a quasi-regular  sequence.  This  easily  implies  the  length  of  0w,f/(/i>  • • • , fc 
is 


c + 1 


length0x  AOw,z/ fiOw,£ 


fcOw,i)- 


Looking  at  the  leading  coefficient  we  conclude. 


□ 
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42.17.  Intersection  product  using  Tor  formula 

0B08  Let  X be  a nonsingular  variety.  Let  a = ©[W7,;]  be  an  r-cycle  and  (3  = JV  rrij [Vj] 

be  an  s-cycle  on  A'.  Assume  that  a and  (3  intersect  properly,  see  Definition |42. 13.5] 
In  this  case  we  define 

a ■ (3  = riimjWi  ■ Vj. 

where  Wi-Vj  is  as  defined  in  Section|42.14|  If  f3  = [V]  where  V is  a closed  subvariety 
of  dimension  s,  then  we  sometimes  write  a ■ (3  = a ■ V . 

0B07  Lemma  42.17.1.  Let  X be  a nonsingular  variety.  Let  a,  b € P1  be  distinct  closed 
points.  Let  k > 0. 

(1)  IfWcXx  P1  is  a closed  subvariety  of  dimension  k + 1 which  intersects 
X x a properly , then 

(a)  [Wa}k  = W ■ X x a as  cycles  on  X x P1,  and 

(b)  [Wa]k  = prx  *(W  ■ X x a)  as  cycles  on  X. 

(2)  Let  a be  a ( k + 1) -cycle  on  XxP1  which  intersects  X x a and  X x b 
properly.  Then  prx,*{a  -Xxa  — a-Xxb)  is  rationally  equivalent  to  zero. 

(3)  Conversely,  any  k-cycle  which  is  rationally  equivalent  to  0 is  of  this  form. 


Proof.  First  we  observe  that  X x a is  an  effective  Cartier  divisor  in  X x P1  and  that 
Wa  is  the  scheme  theoretic  intersection  of  W with  Xxa.  Hence  the  equality  in  (1) (a) 
is  immediate  from  the  definitions  and  the  calculation  of  intersection  multiplicity 
in  case  of  a Cartier  divisor  given  in  Lemma  42.16.4  Part  (l)(b)  holds  because 
-A  A x P1 


A'  maps  isomorphically  onto  its  image  which  is  how  we  viewed 

Parts  (2)  and  (3)  are  formal 

□ 


WL 

Wa  as  a closed  subscheme  of  A'  in  Section  |42.8 
consequences  of  part  (1)  and  the  definitions. 


For  transversal  intersections  of  closed  subschemes  the  intersection  multiplicity  is  1. 


0B1J 


Lemma  42.17.2.  Let  X be  a nonsingular  variety.  Let  r,  s > 0 and  let  Y,  Z C X be 
closed  subschemes  with  dim(T)  < r and  dim(Z)  < s.  Assume  [Y]r  = '^2ni[Yi]  and 
[Z]s  = mj[Zj\  intersect  properly.  Let  T be  an  irreducible  component  ofYi0  (~l  Z jo 
for  some  io  and  jo  and  assume  that  the  multiplicity  (in  the  sense  of  Section  f2.j) 
of  T in  the  closed  subscheme  Y D Z is  1.  Then 


(1)  the  coefficient  of  T in  [T]r  • [Z]s  is  1, 

(2)  Y and  Z are  nonsingular  at  the  generic  point  of  Z , 

(3)  n.i0  = 1,  nij0  = 1,  and 

(4)  T is  not  contained  in  Yi  or  Zj  for  i ^ io  and  j ^ jo  ■ 


Proof.  Set  n = dim(A),  a = n — r,  b = n — s.  Observe  that  dim(T)  = r + 
s~n  = n — a — b by  the  assumption  that  the  intersections  are  transversal.  Let 
(A,  m,  k)  = (Ox,£,  TRj,  k(£))  where  £ € T is  the  generic  point.  Then  dim(A)  = a + b , 

Let  I0 , 


see  Varieties,  Lemma  32.17.3 


, Ii  Jo 


J c A cut  out  the  trace  of  Yio , Y, 


Z i, 


Z in  Spec(A).  Then  dim(A//)  = dim(A//o)  = b and  dim(A/J)  = dim(A/Jo)  = a 
by  the  same  reference.  Set  1 = 1 + rrr/m2.  Then  I C Jo  C m and  J C Jo  C m 
and  I + J = m.  By  Lemma  42.14.3  and  its  proof  we  see  that  Io  = (/i, . . . , fa)  and 
Jo  = (<7i, . • • , gb)  where  fi , . . . , is  a regular  system  of  parameters  for  the  regular 
local  ring  A.  Since  I + J = m,  the  map 


I ® J — > m/m2  = nfi  ® . . . © nfa  © ngi  © ...  © ngb 
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is  surjective.  We  conclude  that  we  can  find  e / and  g[, . . . , g'b  £ J whose 

residue  classes  in  m/m2  are  equal  to  the  residue  classes  of  /i, . . . , fa  and  gi,. . . ,gb. 


Then  /(,...,  g'b  is  a regular  system  of  parameters  of  A.  By  Algebra,  Lemma  10.105.3 


we  find  that  A/(f[ , . . . , /' ) is  a regular  local  ring  of  dimension  b.  Thus  any  nontrivial 


quotient  of  A/{f[, . . . , /')  has  strictly  smaller  dimension  (Algebra,  Lemmas  10.105.2 
and  10.59.12).  Hence  / = (/[,...,/')  = I0.  By  symmetry  J = J0.  This  proves 
(2),  (3),  and  (4).  Finally,  the  coefficient  of  T in  \Y]r  ■ [ Z]s  is  the  coefficient  of  T in 


Yin 


Zj0  which  is  is  1 by  Lemma  42.14.3 


□ 


42.18.  Exterior  product 

0B09  Let  A'  and  Y be  varieties.  Let  V,  resp.  W be  a closed  subvariety  of  A,  resp.  Y. 
The  product  V xW  is  a closed  subvariety  of  A x Y (Lemma  42.13.1 ).  For  a fc-cycle 
a = ni[Yi]  and  a Tcycle  /?  = m j[Vj]  on  Y we  define  the  exterior  product  of  a 
and  /3  to  be  the  cycle  a x /3  = J/  UiVij  [Vj  x IF,-].  Exterior  product  defines  a Z-linear 
map 

Zr(X)  ®z  ZS(Y ) — ► Zr+S( X x Y) 


Let  us  prove  that  exterior  product  factors  through  rational  equivalence. 

0B0S  Lemma  42.18.1.  Let  X and  Y be  varieties.  Let  a £ Zr( X)  and  /3  £ ZS(Y).  If 
oc  ~ rat  0 (d  ^ rat  0?  then  cx  x j3  ^ rat  0- 


Proof.  By  linearity  and  symmetry  in  X and  Y,  it  suffices  to  prove  this  when 
a = [ V } for  some  subvariety  V C X of  dimension  s and  (3  = [Wa]s  — [Wb]s  for  some 
closed  subvariety  W CY  x P1  of  dimension  s + 1 which  intersects  Y x a and  Y x b 
properly.  In  this  case  the  lemma  follows  if  we  can  prove 


[( V x W)a}r+S  = [V]  x [Wa]a 


and  similarly  with  a replaced  by  b.  Namely,  then  we  see  that  a x j3  = [(V  x 
W)a}r+S  — [{V  x W)b]r+s  as  desired.  To  see  the  displayed  equality  we  note  the 
equality 

V X Wa  = (V  X W)a 


of  schemes.  The  projection  V x Wa  — > Wa  induces  a bijection  of  irreducible  com- 
ponents (see  for  example  Varieties,  Lemma  32.6.41.  Let  W’  C Wa  be  an  irreducible 
component  with  generic  point  f.  Then  V x W'  is  the  corresponding  irreducible 
compenent  of  V x Wa  (see  Lemma  42.13.1 ).  Let  £ be  the  generic  point  of  V x W’ . 
We  have  to  show  that 


length  oY,c(Owa,c)  = length  oxxy,((Ovxwa,£) 


In  this  formula  we  may  replace  Oy, c by  &wa, c and  we  may  replace  OxxY, c by 
GvxWax  (see  Algebra,  Lemma  10.51.5).  As  Owa, c GvxWax  Is  Hat)  by  Algebra, 

Lemma  ri0.51. 131  it  suffices  to  show  that 


length  oVxwa,t((->VxWa>t/m<;C>vxwax)  = 1 

This  is  true  because  the  quotient  on  the  right  is  the  local  ring  OyxW'x  °f  a variety 
at  a generic  point  hence  equal  to  k(£).  □ 
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We  conclude  that  exterior  product  defines  a commutative  diagram 
Zr(X)  ®z  ZS(Y) ^ Zr+s(X  x Y) 

V 

Ar{X)  Ae(Y) >■  Ar+s(X  x Y) 


for  any  pair  of  varieties  X and  Y.  For  nonsingular  varieties  we  can  think  of  the 
exterior  product  as  an  intersection  product  of  pullbacks. 

OBOR  Lemma  42.18.2.  Let  X and  Y be  nonsingular  varieties.  Let  a £ Zr(X)  and 
/d  £ ZS{Y).  Then 

(1)  pry((3)  = [X]  x f3  and  prx(a)  = a x [Y], 

(2)  a x [X]  and  [X]  x /3  intersect  properly  on  X x Y , and 

(3)  we  have  a x (3  = (a  x [F])  • ([X]  x /?)  =pry(a)  ■ pr*x{j3)  in  Zr+s(X  x Y). 


Proof.  By  linearity  we  may  assume  a = [V]  and  /3  = [W].  Then  (1)  says  that 
pry1(W)  = X x W and  pr^-1(P)  = V x Y.  This  is  clear.  Part  (2)  holds  because 


X x W C\V  x Y = V x W and  dim(Vr  x W)  = r + s by  Lemma  42.13.1 


Proof  of  (3).  Let  £ be  the  generic  point  of  VxW.  Since  the  projections  Xx  W — >•  W 
is  smooth  as  a base  change  of  X -A  Spec(C),  we  see  that  Xx  If  is  nonsingular 
at  every  point  lying  over  the  generic  point  of  W,  in  particular  at  £.  Similarly  for 
V x Y.  Hence  OxxW,i  and  @VxY,£  are  Cohen-Macaulay  local  rings  and  Lemma 
|42.16.1|  applies.  Since  V xY(lXxW  = V x W scheme  theoretically  the  proof  is 
complete.  □ 


42.19.  Reduction  to  the  diagonal 


OBOA  Let  X be  a nonsingular  variety.  We  will  use  A to  denote  either  the  diagonal 
morphism  A : X -)  X x X or  the  image  A C X x X.  Reduction  to  the  diagonal 
is  the  statement  that  intersection  products  on  X can  be  reduced  to  intersection 
products  of  exterior  products  with  the  diagonal  on  X x X. 

OBOT  Lemma  42.19.1.  Let  X be  a nonsingular  variety. 

(1)  If  T and  Q are  coherent  Ox -modules,  then  there  are  canonical  isomor- 
phisms 

Tor?x*x(0A,prlT®0xxx  pr*2G)  = A *Tor?x(X,G) 

(2)  If  I\  and  M are  in  DQCohiPx),  then  there  is  a canonical  isomorphism 

LA*  (Lpr*1K®%xxx  Lpr*2M ) = I<  M 
in  D QQoh(Ox ) and  a canonical  isomorphism 

Oa  ®oxxx  Lpr*K  ®%xxx  Lpr*2M  = A m(K  <g>£x  M) 
in  DQCoh(X  x X). 


Proof.  Let  us  explain  how  to  prove  (1)  in  a more  elementary  way  and  part  (2) 
using  more  general  theory.  As  (2)  implies  (1)  the  reader  can  skip  the  proof  of  (1). 


Proof  of  (1).  Choose  an  affine  open  Spec(A)  C X.  Then  A is  a Noetherian 
C-algebra  and  T , G correspond  to  finite  A-modules  M and  N (Cohomology  of 
Schemes,  Lemma  29.9.1).  By  Derived  Categories  of  Schemes,  Lemma  35.3.8  we 
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may  compute  Tor;  over  Ox  by  first  computing  the  Tor’s  of  M and  N over  A,  and 
then  taking  the  associated  Ox-module.  For  the  Tor*  over  Oxxx  we  compute  the 
tor  of  A and  M N over  A A and  then  take  the  associated  Gxx  a— module. 
Hence  on  this  afffine  patch  we  have  to  prove  that 

Tor f®cA(A,  M <g>c  N)  = Tor f(M,  N) 


To  see  this  choose  resolutions  F,  — > M and  G,  — > M by  finite  free  A-modules 
(Algebra,  Lemma  10.70.1).  Note  that  Tot(F.  G.)  is  a resolution  of  M N 
as  it  computes  Tor  groups  over  C!  Of  course  the  terms  of  F,  (g>c  G.  are  finite  free 
A (g> c A-modules.  Hence  the  left  hand  side  of  the  displayed  equation  is  the  module 


Hi{A  Tot(F.  G.)) 


and  the  right  hand  side  is  the  module 


Hi(Tot(F,  ®A  G.)) 


Since  A®a®ca  ( Fp  ®c  Gq)  = Fp  Gq  we  see  that  these  modules  are  equal.  This 
defines  an  isomorphism  over  the  affine  open  Spec(A)  x Spec(A)  (which  is  good 
enough  for  the  application  to  equality  of  intersection  numbers) . We  omit  the  proof 
that  these  isomorphisms  glue. 


Proof  of  (2).  The  second  statement  follows  from  the  first  by  the  projection  formula 
as  stated  in  Derived  Categories  of  Schemes,  Lemma [35. 18. 1|  To  see  the  first,  repre- 
sent K and  M by  K-fiat  complexes  1C*  and  M* . Since  pullback  and  tensor  product 
preserve  K-flat  complexes  (Cohomology,  Lemmas  20.27.5  and  20.27.7)  we  see  that 
it  suffices  to  show 


A*Tot(prjX*  (8)0xxx  pr^AT)  = Tot(/C*  ®ox  M*) 

Thus  it  suffices  to  see  that  there  are  canonical  isomorphisms 
A*(prjX  ®oxxx  wlM)  — K ®ox  M 

whenever  K and  M.  are  Gx-modules  (not  necessarily  quasi-coherent  or  flat).  We 
omit  the  details.  □ 


0B0U  Lemma  42.19.2.  Let  X be  a nonsingular  variety.  Let  a,  resp.  /3  be  an  r-cycle, 
resp.  s-cycle  on  X.  Assume  a and  (3  intersect  properly.  Then 

(1)  a x /3  and  [A]  intersect  properly 

(2)  we  have  A*  (a  • /3)  = [A]  ■ a x /3  as  cycles  on  X x X, 

(3)  if  X is  proper,  then  prl  t([A]  ■ a x /3)  = a ■ (3,  where  pr\  : X x X — > X is 
the  projection. 

Proof.  By  linearity  it  suffices  to  prove  this  when  a = [V]  and  (3  = [W]  for  some 
closed  subvarieties  V C X and  W C Y which  intersect  properly.  Recall  that  VxW 
is  a closed  subvariety  of  dimension  r + s.  Observe  that  scheme  theoretically  we  have 
V GW  = A^1(H  x W)  as  well  as  A(P  D W)  = A D V x W.  This  proves  (1). 

Proof  of  (2).  Let  Z C V D W be  an  irreducible  component  with  generic  point  £. 
We  have  to  show  that  the  coefficient  of  Z in  a ■ (3  is  the  same  as  the  coefficient  of 
A (Z)  in  [A]  • a x (3.  The  first  is  given  by  the  integer 

^(-lyiength^ Tor?*  (Ov,  Ow)e 
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and  the  second  by  the  integer 

^(-l)ilength0xxyiA(s) 

However,  by  Lemma [42. 19. 1|  we  have 

Tor  f*{Ov,Ow)t  - Tor  fxxY  (0A}0VxW  lAU) 

as  Oxx.Y,A(5)-m°dules.  Thus  equality  of  lengths  (by  Algebra,  Lemma 
be  precise). 

Part  (2)  implies  (3)  because  pr-,  * o A*  = id  by  Lemma 


.Tor?xxY(0A,0VxW)A(i) 


10.51.5 


42.6.2 


to 


□ 


0B0V  Proposition  42.19.3.  Let  X be  a nonsingular  variety.  Let  V C X and  W C Y 
be  closed  subvarieties  which  intersect  properly.  Let  Z C V D W be  an  irreducible 
component.  Then  e(X,  V ■ W.  Z)  >0. 

Proof.  By  Lemma [42. 19. 2|  we  have 

e(X,  V ■ W,  Z)  = e(X  x X,  A • V x W,  A (Z)) 

Since  A:X-tXxIisa  regular  immersion  (see  Lemma  |42. 1.3.3 1 , we  see  that 

□ 


e(AT  x A',  A • V x W,  A(Z))  is  a positive  integer  by  Lemma  42.16.3 


The  following  is  a key  lemma  in  the  development  of  the  theory  as  is  done  in  this 
chapter.  Essentially,  this  lemma  tells  us  that  the  intersection  numbers  have  a 
suitable  additivity  property. 

0B0W  Lemma  42.19.4.  Let  X be  a nonsingular  variety.  LetiF  andQ  be  coherent  sheaves 
on  X with  dim (Supp{J-))  < r,  dim {Supp(G))  < s,  and  dim.(Supp(X)  fl  Supp(Q))  < 
r + s — dim  A.  In  this  case  [A-],,  and  [G]s  intersect  properly  and 

Mr  • [Q]s  = YJ^l)PiTorrX^^)]r+s-^(X). 


Proof.  The  statement  that  [F\r  and  \Q]S  intersect  properly  is  immediate.  Since 
we  are  proving  an  equality  of  cycles  we  may  work  locally  on  X.  (Observe  that  the 
formation  of  the  intersection  product  of  cycles,  the  formation  of  Tor-sheaves,  and 
forming  the  cycle  associated  to  a coherent  sheaf,  each  commute  with  restriction  to 
open  subschemes.)  Thus  we  may  and  do  assume  that  X is  affine. 

Denote 

RHS(T,  g)  = [F]r  ■ [! g\,  and  LHS(X,  G)  = £(-l)*[Tor®*  (X,  g)}r+s-dim(X) 
Consider  a short  exact  sequence 


0 -5>  X2  -t  X3  -X  0 

of  coherent  sheaves  on  X with  Supp(J'i)  C Supp(Jr),  then  both  LHS^Ti.Q)  and 
RHS(lFi,g)  are  defined  for  i = 1,2, 3 and  we  have 

RHS(F2,g)  = RHS(r1,g)  + RHS(r3,g) 


and  similarly  for  LHS.  Namely,  the  support  condition  guarantees  that  everything 
is  defined,  the  short  exact  sequence  and  additivity  of  lenghts  gives 


]r  — [X i]r  + [-7-" 3]t 


(Chow  Homology,  Lemma  41.11.4 ) which  implies  additivity  for  RHS.  The  long  exact 
sequence  of  Tors 


• ■ • — > Tor1(7-'3,  Q)  —x  Tor0(7:i,  G)  —X  Toro(J-2,  G)  — t Toro(7-3,  G)  — > 0 


This  is  one  of  the 
main  results  of 

ISer65|. 
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and  additivity  of  lengths  as  before  implies  additivity  for  LHS. 


By  Algebra,  Lemma  [10. 61.1  and  the  fact  that  X is  affine,  we  can  find  a filtration 
of  T whose  graded  pieces  are  structure  sheaves  of  closed  subvarieties  of  Supp(-F). 
The  additivity  shown  in  the  previous  paragraph,  implies  that  it  suffices  to  prove 
LHS  = RHS  with  T replaced  by  Oy  where  V C Supp(Jr).  By  symmetry  we  can 
do  the  same  for  Q.  This  reduces  us  to  proving  that 


0B0X 


LHS(Ov  ,Ow)  = RHS(Ov,Ow) 

where  W C Supp(£/)  is  a closed  subvariety.  If  dim(V’)  = r and  dim(W)  = s, 
then  this  equality  is  the  definition  of  V ■ W.  On  the  other  hand,  if  dirn(U)  < 
r or  dim(IU)  < s,  i.e.,  \V]r  = 0 or  \W]S  = 0,  then  we  have  to  prove  that 

RHS(Ov,Ow)  = 00 


Let  Z C V CiW  be  an  irreducible  component  of  dimension  r+s— dim  (A).  This  is  the 
maximal  dimension  of  a component  and  it  suffices  to  show  that  the  coefficient  of  Z 
in  RHS  is  zero.  Let  £ £ Z be  the  generic  point.  Write  A = Ox,£,  B = OxxX,A(£)i 
and  C = OyxW,A(i)-  By  Lemma  42.19.1|we  have 

coeff  of  Z in  RHS(Ov , Ow)  = ^(-l)TengthBTorf  (A,  C) 


Since  clim(U)  < r or  dim(IU)  < s we  have  dim(U  x W)  < r + s which  implies 
dim(C)  < dirn(A')  (small  detail  omitted).  Moreover,  the  kernel  I of  B -A  A is  gen- 
erated by  a regular  sequence  of  length  dim(X)  (Lemma |42. 13.3 1.  Hence  vanishing 
by  Lemma |42.16.2|  because  the  Hilbert  function  of  C with  respect  to  I has  degree 
dim(C)  < n by  Algebra,  Proposition  10.59. 8|  □ 


Remark  42.19.5.  Let  (A,  m,  k)  be  a regular  local  ring.  Let  M and  N be  nonzero 
finite  A-modules  such  that  M N is  supported  in  {m}.  Then 


X(M,N)  = ^(— lyiength^Torf  (M,N) 

is  finite.  Let  r = dim(Supp(M))  and  s = dim(Supp(A^)).  In  )Ser65]  it  is  shown 
that  r + s < dim(A)  and  the  following  conjectures  are  made: 

(1)  if  r + s < dim(A),  then  x(M,  N)  = 0,  and 

(2)  if  r + s = dim(A),  then  x(M,  N ) > 0. 

The  arguments  that  prove  Lemma |42. 19. 4|and  Proposition|42.19T3|can  be  leveraged 
(as  is  done  in  Serre’s  text)  to  show  that  (1)  and  (2)  are  true  if  A contains  a field. 
Currently,  conjecture  (1)  is  known  in  general  and  it  is  known  that  x(M,N)  > 0 in 
general  (Gabber).  Positivity  is,  as  far  as  we  know,  still  an  open  problem. 


42.20.  Associativity  of  intersections 


0B1K 

0B1L 


It  is  clear  that  proper  intersections  as  defined  above  are  commutative.  Using  the  key 
Lemma  42.19.4  we  can  prove  that  (proper)  intersection  products  are  associative. 


Lemma  42.20.1.  Let  X be  a nonsingular  variety.  Let  U^V^W  be  closed  subvari- 
eties. Assume  that  U,  V. , W intersect  properly  pairwise  and  that  dim(t/  (~l  V n W)  < 
dim({7)  + dim(U)  + dim(IU)  — 2 dim(A).  Then 


U ■ (V  ■ W)  = (U  ■ V)  ■ W 


r'The  reader  can  see  that  this  is  not  a triviality  by  taking  r = s = 1 and  X a nonsingular 
surface  and  V = W a closed  point  x of  X.  In  this  case  there  are  3 nonzero  Tors  of  lengths  1,  2, 1 
at  x. 
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as  cycles  on  X . 


Proof.  We  are  going  to  use  Lemma [42. 19. 4| without  further  mention.  This  implies 
that 


v-w  = ^(-lHTor^ev,  Ow)}b+c-n 

U ■ (V  -W)  = Y/(-1)i+jiTorj(Ou,Toii(Ov,Ow))\a+b+c_2n 

U-V  = 53(-1)<[Tor‘(°tr>  °v)]a+b-n 

( U-V)-W  = ^(-ly+^Tor^T ovi(Ou,Ov),Ow))]a+b+c_2n 

where  dim(17)  = a , dim(F)  = &,  dim(W)  = c,  dim(Y)  = n.  The  assumptions  in 
the  lemma  guarantee  that  the  coherent  sheaves  in  the  formulae  above  satisfy  the 
required  bounds  on  dimensions  of  supports  in  order  to  make  sense  of  these.  Now 
consider  the  object 

K = (Du  0£>x  Oy  (Dw 

of  the  derived  category  Dc0k{Ox)-  We  claim  that  the  expressions  obtained  above 
for  U ■ (V  ■ W)  and  (U  ■ V)  ■ W are  equal  to 

J2(-l)k[Hk(K)]a+b+c_2n 


This  will  prove  the  lemma.  By  symmetry  it  suffices  to  prove  one  of  these  equalities. 
To  do  this  we  represent  Ou  and  Oy  ®O.Y  Ow  by  K-flat  complexes  M*  and  L*  and 
use  the  spectral  sequence  associated  to  the  double  complex  K*  0qx  L*  in  Homology, 
Section  |12.22|  This  is  a spectral  sequence  with  E2  page 

E p2q  = Tov_p{Ou,Tov_q{Ov,Ow)) 


converging  to  Hp+q(K ) (details  omitted;  compare  with  More  on  Algebra,  Example 


15.52.4).  Since  lengths  are  additive  in  short  exact  sequences  we  see  that  the  result 
is  true.  □ 


42.21.  Flat  pullback  and  intersection  products 


OBOB 

OBOY 


Short  discussion  of  the  interaction  between  intersections  and  flat  pullback. 

Lemma  42.21.1.  Let  f : X —>■  Y be  a flat  morphism  of  nonsingular  varieties.  Set 
e = dim(Y)  — dim(Y).  Let  J-  and  Q be  coherent  sheaves  on  Y with  dun(Supp(J-))  < 
r,  dim (Supp(Q))  < s,  and  dim (Supp(F)  fl  Supp(Q))  < r + s — dim(Y).  In  this  case 
the  cycles  [f*lF]r+e  and  [f*G]s+e  intersect  properly  and 

rmr-ig]s)  = irx}r+e-irg]s+e 

Proof.  The  statement  that  [f*T]r+e  and  [f*g]s+e  intersect  properly  is  immediate 
from  the  assumption  that  / has  relative  dimension  e.  By  Lemmas  |42.19.4  and 
142.7. II  it  suffices  to  show  that 

f*TorfY  [T , g)  = Tor  f*G) 

as  CAy-modules.  This  follows  from  Cohomology,  Lemma  |20.28.2|  and  the  fact  that 
f*  is  exact,  so  Lf*T  = f*E  and  similarly  for  g.  □ 


OBOZ  Lemma  42.21.2.  Let  f : X — » Y be  a flat  morphism  of  nonsingular  varieties. 
Let  a be  a r-cycle  on  Y and  fl  an  s-cycle  on  Y . Assume  that  a and  fl  intersect 
properly.  Then  f*a  and  f* fl  intersect  properly  and  f*(a  ■ fl)  = f*a  ■ f*fl. 
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Proof.  By  linearity  we  may  assume  that  a = [V]  and  fl  = \W]  for  some  closed 
subvarieties  V,W  C Y of  dimension  r,  s.  Say  / has  relative  dimension  e.  Then 
the  lemma  is  a special  case  of  Lemma  42.21.1  because  [P]  = [Oy]r,  [W]  = [Ow]r, 
f*[V]  = [f-'WUe  = [f*Ov]r+e,  and  f*  [W\  = [f~\W)}s+e  = [f*Ow]s+e.  □ 

42.22.  Projection  formula  for  flat  proper  morphisms 

OBOC  Short  discussion  of  the  projection  formula  for  flat  proper  morphisms. 
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Lemma  42.22.1.  Let  f : X -A  Y be  a flat  proper  morphism  of  nonsingular 
varieties.  Set  e = dirn(X)  — dim(P).  Let  a he  an  r -cycle  on  X and  let  fl  be  a 
s-cycle  on  Y.  Assume  that  a and  f*(fl)  intersect  properly.  Then  f*(a)  and  fl 
intersect  properly  and 

ffla)-fl  = ffla-f*fl) 

Proof.  By  linearity  we  reduce  to  the  case  where  a = [V]  and  fl  = [IP]  for  some 
closed  subvariety  V C X and  IP  C Y of  dimension  r and  s.  Then  f~1(W)  has  pure 
dimension  s + e.  We  assume  the  cycles  [V]  and  /*[IP]  intersect  properly.  We  will 
use  without  further  mention  the  fact  that  V fl  /-1( IP)  —>  f(V)  D IP  is  surjective. 

Let  a be  the  dimension  of  the  generic  fibre  of  V -A  f(V).  If  a > 0,  then  /*  [P]  = 0. 
In  particular  /*a  and  fl  intersect  properly.  To  finish  this  case  we  have  to  show  that 
/*([P]  • f*[W})  = 0.  However,  since  every  fibre  of  P — > /(P)  has  dimension  > a 
(see  Morphisms,  Lemma  28.28.4 1 we  conclude  that  every  irreducible  component  Z 
of  P fl  /-1(IP)  has  fibres  of  dimension  > a over  f(Z).  This  certainly  implies  what 
we  want. 

Assume  that  P — > /(P)  is  generically  finite.  Let  Z C /( P)  n W be  an  irreducible 
component.  Let  Zi  C P fl  /_1( IP),  i = 1, ...  ,t  be  the  irreducible  components  of 
P D f~1(W)  dominating  Z.  By  assumption  each  Z%  has  dimension  r + s + e — 
dirn(A)  = r + s — dim(P).  Hence  dim (Z)  < r + s — dim(P).  Thus  we  see  that 
/(P)  and  W intersect  properly,  dim (Z)  = r + s — dirn(P),  and  each  — > Z is 

generically  finite.  In  particular,  it  follows  that  P — > /( P)  has  finite  fibre  over  the 
generic  point  £ of  Z.  Thus  P — » Y is  finite  in  an  open  neighbourhood  of  £,  see 
Cohomology  of  Schemes,  Lemma  29.20.2  Using  a very  general  projection  formulc^] 
for  derived  tensor  products,  we  get 

RfflOy  ®ox  Lf*Ow ) = Rf*Oy  ®oY  Ow 

see  Derived  Categories  of  Schemes,  Lemma  |35.18.1|  Since  / is  flat,  we  see  that 
Lf*Ow  = f*0W-  Since  f\v  is  finite  in  an  open  neighbourhood  of  £ we  have 

for  any  coherent  sheaf  on  X whose  support  is  contained  in  P (see  Cohomology  of 


0B11 


Schemes,  Lemma  29.19.8|.  Thus  we  conclude  that 
(42.22.1.1) 


(/*Tor  f *(0y, /*£%))  = (Tor  fY(f.Ov,Owj) 


for  all  i.  Since  /*[W]  = [f*Ow]s+e  by  Lemma  42.7. l|we  have 


[v\  ■ rm  = J2(-iy[Toi-fx{ov,row)}r+s_diiniY) 


bThis  can  be  avoided  by  working  in  an  affine  neighbourhood  of  £ as  above,  choosing  an  affine 
open  of  X containing  the  generic  points  of  the  Z{ , and  translating  the  question  into  algebra.  Doing 
this  will  produce  a relatively  elementary  proof  of  (42.22.1.1). 


See  |Ser651  Chapter 
V,  Section  7, 
formula  (10)]  for  a 
more  general 
formula. 
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0B1N 


by  Lemma [42.19.4|  Applying  Lemma [42 . 6 . 1 1 we  find 

f*([V\  ■ r\W})  = l)*[/*Tor®x (Ov, f*Ow)\r+s_dim(Y) 

Since  f*[V]  = [f*Ov)r  by  Lemma [42.6.1  we  have 

[f*V]  ■ [W]  = ^(-l^Tor ?x(f*Ov,Ow)]r+s-diMY) 

again  by  Lemma  42.19. 4[  Comparing  the  formula  for  f*([V } ■ f*[W])  with  the 
formula  for  f*[V]  • [W]  and  looking  at  the  the  coefficient  of  Z by  taking  lengths  of 
stalks  at  £,  we  see  that  (42.22.1.11  finishes  the  proof.  □ 


Lemma  42.22.2.  Let  X — X P be  a closed  immersion  of  nonsingular  varieties.  Let 
C"  C P x P1  be  a closed  subvariety  of  dimension  r + 1.  Assume 

(1)  the  fibre  C = C'0  has  dimension  r,  i.e.,  C'  — X P1  is  dominant, 

(2)  C'  intersects  IxP1  properly , 

(3)  [C]r  intersects  X properly. 

Then  setting  a = [C]r  ■ X viewed  as  cycle  on  X and  (3  = C'  ■ X x P1  viewed  as 
cycle  on  I x P1,  we  have 

a = Pr x,*(0  ’ x x 0) 

as  cycles  on  X where  prx  ■ X x P1  — x X is  the  projection. 

Proof.  Let  pr  : P x P1  — x P be  the  projection.  Since  we  are  proving  an  equality 
of  cycles  it  suffices  to  think  of  a , resp.  (3  as  a cycle  on  P,  resp.  PxP1  and  prove 
the  result  for  pushing  forward  by  pr.  Because  pr*X  = X x P1  and  pr  defines  an 


isomorphism  of  Cg  onto  C the  projection  formula  (Lemma  42.22.1)  gives 
Pr*([Co]r  • X x P1)  = [C}r  ■ X — a 

On  the  other  hand,  we  have  [C'0\r  = C'  ■ P X 0 as  cycles  on  P x P1  by  Lemma 
142.17.11  Hence 

[C'0]r  ■ X x P1  = (C"  • P x 0)  • X x P1  = (C"  • X x P1)  • P x 0 


by  associativity  (Lemma  42.20.1)  and  commutativity  of  the  intersection  product. 


It  remains  to  show  that  the  intersection  product  of  C'  ■ X x P1  with  P x 0 on 
P x P1  is  equal  (as  a cycle)  to  the  intersection  product  of  /3  with  X x 0 on  X x P1. 
Write  C'  ■ X x P1  = Ylnk[Ek\  and  hence  f3  = Ylnk[Ek]  for  some  subvarieties 
Ek  C X x P1  C P x P1.  Then  both  intersections  are  equal  to  Y^mk[Ek,o]  by 
Lemma  [42 . 1 7. 1 1 applied  twice.  This  finishes  the  proof.  □ 

42.23.  Projections 

Recall  that  we  are  working  over  a fixed  algebraically  closed  ground  field  C.  If  V is 
a finite  dimensional  vector  space  over  C then  we  set 

P(P)  = Proj(Sym(P)) 

where  Sym(P)  is  the  symmetric  algebra  on  V over  C.  The  normalization  is  chosen 
such  that  V = T(P(P),  Op(V)(3)).  Of  course  we  have  P(P)  = P£,  if  dim(P)  = 
n+  1.  We  note  that  P(P)  is  a nonsingular  projective  variety. 

Let  p € P(V)  be  a closed  point.  The  point  p corresponds  to  a surjection  V — > Lp 
of  vector  spaces  where  dim(Lp)  = 1,  see  Constructions,  Lemma  26.12.3  Let  us 
denote  Wp  = Ker(P  — x Lp).  Projection  from  p is  the  morphism 

rp  : P(V)  \ M — »•  P (Wp) 
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of  Constructions,  Lemma |26. 11. 1|  Here  is  a lemma  to  warm  up. 

OB  IP  Lemma  42.23.1.  Let  V be  a vector  space  of  dimension  n+ 1.  Let  X C P(V)  be  a 
closed  subscheme.  If  X ^ P(V),  then  there  is  a nonempty  Zariski  open  U C P(V) 
such  that  for  all  closed  points  p £ U the  restriction  of  the  projection  rp  defines  a 
finite  morphism  rp\x  ■ X — > P (Wp). 
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Proof.  We  claim  the  lemma  holds  with  U = P(V)  \ X.  For  a closed  point  p of 
U we  indeed  obtain  a morphism  rp\x  '■  X — > P(Wp).  This  morphism  is  proper 
because  X is  a proper  scheme  (Morphisms,  Lemmas  28.42.  5]  and  |28.41.7[) . On  the 
other  hand,  the  fibres  of  rp  are  affine  lines  as  can  be  seen  by  a direct  calculation. 
Hence  the  fibres  of  rp\X  are  proper  and  affine,  whence  finite  (Morphisms,  Lemma 


28.43.10 1.  Finally,  a proper  morphism  with  finite  fibres  is  finite  (Cohomology  of 
Schemes,  Lemma  29.20.1 1.  □ 


Lemma  42.23.2.  Let  V be  a vector  space  of  dimension  n+  1.  Let  X C P(V)  be 
a closed  subvariety.  Let  x £ X be  a nonsingular  point. 

(1)  If  dirn(X)  < n — 1,  then  there  is  a nonempty  Zariski  open  U C P(V)  such 
that  for  all  closed  points  p £ U the  morphism  rp\x  '■  X — > rp(X)  is  an 
isomorphism  over  an  open  neighbourhood  of  rp(x). 

(2)  If  dirn(X)  =n  — 1,  then  there  is  a nonempty  Zariski  open  U C P(V)  such 
that  for  all  closed  points  p £ U the  morphism  rp\x  '■  X — > P (Wp)  is  etale 
at  x. 


Proof.  Proof  of  (1).  Note  that  if  x,  y £ X have  the  same  image  under  rp  then  p is 
on  the  line  xy.  Consider  the  finite  type  scheme 


T = {( y,P ) \ y£X\  {a;},  p £ P(V'),  p £ xy} 

and  the  morphisms  T — > X and  T —>  P(V)  given  by  ( y,p ) i— > y and  (y,p)  p. 
Since  each  fibre  of  T — >■  X is  a line,  we  see  that  the  dimension  of  T is  dirn(X)  + 1 < 
dim(P(f/)).  Hence  T — ¥ P(P)  is  not  surjective.  On  the  other  hand,  consider  the 
finite  type  scheme 

T'  ={p\p£  P(V)  \ {a;},  xp  tangent  to  X at  x} 


Then  the  dimension  of  T'  is  dim(X)  < dim(P(V)).  Thus  the  morphism  T'  — > 
P(P)  is  not  surjective  either.  Let  U C P(P)  \ X be  nonempty  open  and  disjoint 
from  these  images;  such  a U exists  because  the  images  of  T and  T'  in  P(P)  are 
constructible  by  Morphisms,  Lemma[28.22.2|  Then  for  p £ U closed  the  projection 
rp\x  ■ X — > P (Wp)  is  injective  on  the  tangent  space  at  x and  r~1({rp(a:)})  = {ai}. 


This  means  that  rp  is  unramified  at  x (Varieties,  Lemma  32.14.8),  finite  by  Lemma 
and  r“1({rp(a;)})  = {a;}  thus  Etale  Morphisms,  Lemma 


42.23.1 


40.7.3 


there  is  an  open  neighbourhood  R of  rp(x)  in  P (Wp)  such  that  (7>|.y) 
is  a closed  immersion  which  proves  (1). 


applies  and 
~\R)  ->•  R 


Proof  of  (2).  In  this  case  we  still  conclude  that  the  morphism  T'  P(V)  is  not 
surjective.  Arguing  as  above  we  conclude  that  for  U C P(V)  avoiding  X and  the 
image  of  T' , the  projection  rp\x  ■ X — > V(WP)  is  etale  at  x and  finite.  □ 

0B1R  Lemma  42.23.3.  Let  V be  a vector  space  of  dimension  n+  1.  Let  Y,  Z C P(V) 
be  closed  subvarieties.  There  is  a nonempty  Zariski  open  U C P(V)  such  that  for 
all  closed  points  p £ U we  have 

Ynr^(rp(Z))  = (YnZ)UE 
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with  E C Y closed  and  dim(.E)  < dirn(V)  + dim(Z)  + 1 — n. 


Proof.  Set  Y'  = Y \ Y n Z.  Let  y £ Y',  z £ Z be  closed  points  with  rp(y)  = rp{z). 
Then  p is  on  the  line  yz  passing  through  y and  z.  Consider  the  finite  type  scheme 

T = {( y,z,p ) | y £ Y',z  £ Z,p  G yz} 


and  the  morphism  T — > P(V)  given  by  {y,  z,p)  H > p.  Observe  that  T is  irreducible 
and  that  dim(T)  = dim(P)  + dim (Z)  + 1.  Hence  the  general  fibre  of  T — ► P(V) 
has  dimension  at  most  dim(V)  + dirn(Z)  + 1 — n,  more  precisely,  there  exists  a 
nonempty  open  U C P(V)  \ (Y  U Z)  over  which  the  fibre  has  dimension  at  most 
dim(y)  + dim  (Z)  + 1 — n (Varieties,  Lemma  32.17.4).  Let  p GU  be  a closed  point 
and  let  F C T be  the  fibre  of  T — » P(V)  over  p.  Then 

(Ynr~1(rp(Z)))\(YnZ) 


is  the  image  of  F — >•  Y,  (y,  z,p ) y.  Again  by  Varieties,  Lemma  32.17.4  the  closure 

of  the  image  of  F — > Y has  dimension  at  most  dirn(V)  + dim(Z')  + 1 — n.  □ 


0B2T  Lemma  42.23.4.  Let  V be  a vector  space.  Let  B C P(V)  be  a closed  subvariety 
of  codimension  > 2.  Let  p G P(V)  be  a closed  point,  p £ B.  Then  there  exists  a 
line  i C P(V)  with  £ D B = 9).  Moreover,  these  lines  sweep  out  an  open  subset  of 
P(V). 


Proof.  Consider  the  image  of  B under  the  projection  rp  : P(V)  — ► P (Wp).  Since 
dim(Wp)  = dim(V)  — 1,  we  see  that  rp(B)  has  codimension  > 1 in  P {Wp).  For 
any  q G P(V)  with  rp(q)  rp(B ) we  see  that  the  line  £ = pq  connecting  p and  q 

works.  □ 


0B2U  Lemma  42.23.5.  Let  V be  a vector  space.  Let  G = PGL{V).  Then  G x P(V)  — ► 
P(V)  is  doubly  transitive. 


Proof.  Omitted.  Hint:  This  follows  from  the  fact  that  GL(V)  acts  doubly  transi- 
tive on  pairs  of  linearly  independent  vectors.  □ 


0B2V  Lemma  42.23.6.  Let  k be  a field.  Let  n > 1 be  an  integer  and  let  Xij,  1 < i,  j < n 
be  variables.  Then 

/ X\\  X\2  ••• 

det  3:21  

yJ'nl  %nn ) 

is  an  irreducible  element  of  the  polynomial  ring  k[xij\. 


Proof.  Let  V be  an  n dimensional  vector  space.  Translating  into  geometry  the 
lemma  signifies  that  the  variety  C of  non-invertible  linear  maps  V — > V is  irre- 
ducible. Let  W be  a vector  space  of  dimension  n—1.  By  elementary  linear  algebra, 
the  morphism 

Hom(W,  V)  x Hom(V,  W)  — > Hom(V,  V ),  {ip,  y>)  \ — > ip  o tp 
has  image  C.  Since  the  source  is  irreducible,  so  is  the  image.  □ 


Let  V be  a vector  space  of  dimension  n+1.  Set  E = End(V).  Let  i?A  = Hom(i5,  C) 
be  the  dual  vector  space.  Write  P = P (EA).  There  is  a canonical  linear  map 

V ®c  Ea  = Horn (E,  V) 


V 
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sending  v £ V to  the  map  g K »•  g(v)  in  Hom(.E,  V).  Recall  that  we  have  a canonical 
map  EA  — > r(P,Op(l))  which  is  an  isomorphism.  Hence  we  obtain  a canonical 
map 

i/j  :V  ® Op  V®  0P(1) 

of  sheaves  of  modules  on  P which  on  global  sections  recovers  the  given  map.  Recall 
that  a projective  bundle  P(£)  is  defined  as  the  relative  Proj  of  the  symmetric  alge- 
bra on  £,  see  Constructions,  Definition |26. 21. T)  We  are  going  to  study  the  rational 
map  between  P(P  0 0p(l))  and  P(H  ® Op)  associated  to  if}.  By  Constructions, 
Lemma  |26. 16. 10|  we  have  a canonical  isomorphism 

P(H®0p)  =P  x P(V) 

By  Constructions,  Lemma [26. 20. 1|  we  see  that 

P{V  0 Op(l))  = P(V  0 Op)  = P x P(V) 

Combining  this  with  Constructions,  Lemma |26. 18. 1|  we  obtain 
0B2W  (42.23.6.1)  P x P(V)  D U(ijj)  ^Px  P(V) 

To  understand  this  better  we  work  out  what  happens  on  fibres  over  P.  Let  g £ E be 
nonzero.  This  defines  a nonzero  map  E A — > C,  hence  a point  [g\  £ P.  On  the  other 
hand,  g defines  a C-linear  map  g : V — > V.  Hence  we  obtain,  by  Constructions, 
Lemma |26.11.1|  a map 

P(V)  0 U(g)  ^ P(V) 

What  we  will  use  below  is  that  U(g)  is  the  fibre  U(i/j)  rg]  and  that  rg  is  the  fibre  of 
r ^ over  the  point  [g].  Another  observation  we  will  use  is  that  the  complement  of 
U(g)  in  P(V)  is  the  image  of  the  closed  immersion 

P(Coker(5))  — > P(V) 

and  the  image  of  rg  is  the  image  of  the  closed  immersion 

P(Im(<?))  — > P(V) 

OBIS  Lemma  42.23.7.  With  notation  as  above.  Let  X,Y  be  closed  subvarieties  of  P(P) 
which  intersect  properly  such  that  X ^ P(P).  There  exists  a line  t C P such  that 

(1)  [idy]  S t, 

(2)  X C Ug  for  all  [g]  € l, 

(3)  g(X)  intersects  Y properly  for  all  [5]  £ £. 


Proof.  Let  B C P be  the  set  of  “bad”  points,  i.e. , those  points  [g]  that  violate 
either  (2)  or  (3).  Note  that  [idy]  ^ B by  assumption.  Moreover,  B is  closed.  Hence 
it  suffices  to  prove  that  dim(f?)  < dim(P)  — 2 (Lemma  42.23.4). 

First,  consider  the  open  G = PGL(H)  C P consisting  of  points  \g]  such  that 
g : V — ► V is  invertible.  Since  G acts  doubly  transitively  on  P(V)  (Lemma  42.23.5) 
we  see  that 

T = {{x,y,  [3])  | x e X,y  £ Y,  [g]  £ G,rg{x)  = y } 
is  a locally  trivial  fibration  over  X x Y with  fibre  equal  to  the  stabilizer  of  a pair 
of  points  in  G.  Hence  T is  a variety.  Observe  that  the  fibre  of  T — > G over 
[g]  is  rg{X)  n Y.  The  morphism  T — > G is  surjective,  because  any  translate  of 
X intersects  Y (Varieties,  Lemma  32.27.3).  Since  the  dimensions  of  fibres  of  a 
dominant  morphism  of  varieties  do  not  jump  in  codimension  1 (Varieties,  Lemma 


32.17.4)  we  conclude  that  B flG  has  codimension  > 2. 
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Next  we  look  at  the  complement  Z = P \ G.  This  is  an  irreducible  variety  because 
the  determinant  is  an  irreducible  polynomial  (Lemma  42.23.6).  Thus  it  suffices  to 
prove  that  B does  not  contain  the  generic  point  of  Z.  For  a general  point  [5]  £ Z the 
cokernel  V — >■  Coker(g)  has  dimension  1,  hence  U(g)  is  the  complement  of  a point. 
Since  X ^ P(V)  we  see  that  for  a general  [g]  £ Z we  have  X C U (g).  Moreover,  the 
morphism  rg \x  '■  X — > rg(X ) is  finite,  hence  dim(rs(A'))  = dim(A).  On  the  other 
hand,  for  such  a g the  image  of  rg  is  the  closed  subspace  H = P(Im(<7))  C P(V) 
which  has  codimension  1.  For  genenal  point  of  Z we  see  that  H DY  has  dimension 
1 less  than  Y (compare  with  Varieties,  Lemma  32.28.3).  Thus  we  see  that  we 
have  to  show  that  rg(X)  and  H Dh  intersect  properly  in  H.  For  a fixed  choice  of 
H , we  can  by  postcomposing  g by  an  automorphism,  move  rg(X)  by  an  arbitrary 
automorphism  of  H = P(Im(g)).  Thus  we  can  argue  as  above  to  conclude  that  the 
intersection  of  H D Y with  rg{X)  is  proper  for  general  g with  given  H = P(Im(g)). 
Some  details  omitted.  □ 


42.24.  Moving  Lemma 


OBOD 


OBOE 


The  moving  lemma  states  that  given  an  r-cycle  a and  a s cycle  /3  there  exists  a' , 
rat  ol  such  that  a'  and  /3  intersect  properly  (Lemma  42.24.3).  See  Sam56] . 


a 


Che58ai.  I Che58b  . The  key  to  this  is  Lemma  [42. 24.1|  the  reader  may  find  this 
lemma  in  the  form  stated  in  ]Ful98l  Example  11.4.1]  and  find  a proof  in  |Rob72] . 


Lemma  42.24.1.  Let  X C PN  be  a nonsingular  closed  subvariety.  Let  n = 
dim(A)  and  0 < d,  d'  < n.  Let  Z C X be  a closed  subvariety  of  dimension  d and 
Tj  C X,  i £ I be  a finite  collection  of  closed  subvarieties  of  dimension  d! . Then 
there  exists  a subvariety  C C PN  such  that  C intersects  X properly  and  such  that 


C ■ X = Z + V m,Z, 

where  Zg  C X are  irreducible  of  dimension  d,  distinct  from  Z , and 


dim (Zj  D Tj)  < dim (Z  D Tf) 


with  strict  inequality  if  Z does  not  intersect  Ti  properly  in  X. 


Proof.  Write  P^  = P(Vat)  so  dim(Vjv)  = N + 1 and  set  Xjy  = X.  We  are  going 
to  choose  a sequence  of  projections  from  points 

rN  : P(Vjv)  \ {pn}  ~ * P(Viv-i)) 

Tn~1  '■  P(VjV-l)  \ {pn-i}  — > P(PjV-2)> 


rn+i  ■ P(Pn+l)  \ {Pn+ 1}  — > P(Ki) 


as  in  Section  42.23  At  each  step  we  will  choose  pn,Pn-i,  ■ ■ ■ ,Pn+ 1 in  a suitable 
Zariski  open  set.  Pick  a closed  point  x £ Z C X.  For  every  i pick  closed  points 
Xu  £ Ti  n Z,  at  least  one  in  each  irreducible  component  of  Ti  D Z.  Taking  the 
composition  we  obtain  a morphism 

7T  = (rn+ 1 o . . . o rN)\x  ■ X — ¥ P(V„) 


which  has  the  following  properties 

(1)  7r  is  finite, 

(2)  7 r is  etale  at  x and  all  x a, 

(3)  7r|^  : Z -A  7 t(Z)  is  an  isomorphism  over  an  open  neighbourhood  of  7r(xjt), 


See  |Rob72|. 
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(4)  Ti  (~l  7r  1(ir(Z))  = (Tj  (~l  Z)  U Ei  with  Ei  C Ti  closed  and  dim(£'j)  < 
d + d'  + 1 — (n  + 1)  = d + d!  — n. 

It  follows  in  a straightforward  manner  from  Lemmas  |42.23.1[  |42.23.2|  and  |42.23.3| 
and  induction  that  we  can  do  this;  observe  that  the  last  projection  is  from  P(Vn+1  J 
and  that  dim(V^+i)  = n + 2 which  explains  the  inequality  in  (4). 


Let  C C P(Vjv)  be  the  scheme  theoretic  closure  of  (rn+io. . .orN)~1(j^{Z)).  Because 
7T  is  etale  at  the  point  x of  Z,  we  see  that  the  closed  subscheme  C (1  X contains 
Z with  multiplicity  1 (local  calculation  omitted).  Hence  by  Lemma  42.17.2  we 
conclude  that 


C-X=[Z\  + Yjmj[Zj 


for  some  subvarieties  Zj  C X of  dimension  d.  Note  that 


Cnx  = 


\<Z)) 


set  theoretically.  Hence  TidZj  C Tir\Tr~1(n(Z))  C TitlZUEj.  For  any  irreducible 
component  of  Till  Z contained  in  Ei  we  have  the  desired  dimension  bound.  Finally, 
let  V be  an  irreducible  component  of  Ti  n Zj  which  is  contained  in  T,  D Z.  To  finish 
the  proof  it  suffices  to  show  that  V does  not  contain  any  of  the  points  Xu , because 
then  dim(V’)  < dim (Z  D Ti).  To  show  this  it  suffices  to  show  that  Xu  ^ Zj  for  all 


Set  Z'  = n(Z)  and  Z"  = n ~1(Z'),  scheme  theoretically.  By  condition  (3)  we  can 
find  an  open  U C P(Vn)  containing  7 r(x,t)  such  that  7r_1([/)  (1  Z — > U fl  Z’  is 
an  isomorphism.  In  particular,  Z — > Z'  is  a local  isomorphism  at  Xu-  On  the 
other  hand,  Z"  — > Z'  is  etale  at  Xu  by  condition  (2).  Hence  the  closed  immersion 
Z — ► Z"  is  etale  at  Xu  (Morphisms,  Lemma  28.36.18).  Thus  Z = Z"  in  a Zariski 
neighbourhood  of  Xu  which  proves  the  assertion.  □ 


The  actual  moving  is  done  using  the  following  lemma. 

OBIT  Lemma  42.24.2.  Let  C C Pw  be  a closed  subvariety.  Let  X C Pw  be  subvariety 
and  let  Ti  C X be  a finite  collection  of  closed  subvarieties.  Assume  that  C and  X 
intersect  properly.  Then  there  exists  a closed  subvariety  C'  C P^  x P1  such  that 

(1)  C'  P1  is  dominant, 

(2)  Cq  = C scheme  theoretically, 

(3)  C and  IxP1  intersect  properly, 

(4)  Cqq  properly  intersects  each  of  the  given  Ti . 


Proof.  Write  PN  = P(V)  so  dim(H)  = N + 1. 
Hom(Fl,  C).  Set  P = P(EA)  as  in  Lemma  42.23.7 


Let  E = End(H).  Let  EA  = 
Choose  a general  line  £ C P 
passing  through  idy.  Set  C'  C t x P(H)  equal  to  the  closed  subscheme  having  fibre 
rg(C ) over  [g]  € l.  More  precisely,  C'  is  the  image  of 

e xCcPxP(H) 

under  the  morphism  (42.23.6.1).  By  Lemma [42. 23. 7 this  makes  sense,  i.e.,  £x  C C 
U(i/j).  The  morphism  £ x C — > C is  finite  and  C|  , = rg(C)  set  theoretically  for 
all  \g]  € £.  Parts  (1)  and  (2)  are  clear  with  0 = [idy]  € £.  Part  (3)  follows  from 
the  fact  that  rg(C)  and  X intersect  properly  for  all  [<?]  £ £.  Part  (4)  follows  from 
the  fact  that  a general  point  oo  = \g\  £ £ is  a general  point  of  P and  for  such  as 
point  rg(C)nT  is  proper  for  any  closed  subvariety  T of  P(V)  (see  proof  of  Lemma 
42.23.7).  Some  details  omitted.  □ 
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0B1U  Lemma  42.24.3.  Let  X be  a nonsingular  projective  variety.  Let  a be  an  r-cycle 
and  P be  an  s-cycle  on  X.  Then  there  exists  an  r-cycle  a'  such  that  a'  ~rat  ol  and 
such  that  a'  and  ft  intersect  properly. 


Proof.  Write  fi  = Y^nfifTi]  f°r  some  subvarieties  Tj  C X of  dimension  s.  By 
linearity  we  may  assume  that  a = [Z]  for  some  irreducible  closed  subvariety  Z C X 
of  dimension  r.  We  will  prove  the  lemma  by  induction  on  the  maximum  e of  the 
integers 

dim (Z  D Tj) 

The  base  case  is  e = r + s — dirn(X).  In  this  case  Z intersects  p properly  and  the 
lemma  is  trivial. 


Induction  step.  Assume  that  e > r + s — dim(X).  Choose  an  embedding  X C Pw 
and  apply  Lemma  42.24.1  to  find  a closed  subvariety  C C Pw  such  that  C • X = 
[Z]  + yimj\Z.j ] and  such  that  the  induction  hypothesis  applies  to  each  Zj.  Next, 
apply  Lemma  42.24.2  to  C,  X , Tj  to  find  C'  C PN  x P1.  Let  7 = C'  ■ X x P1 
viewed  as  a cycle  on  IxP1.  By  Lemma  42.22.2  we  have 

[Z\  + J2  mj[Zj]  = PLy,* (7  • X x 0) 

On  the  other  hand  the  cycle  700  = Wx  ' X x °°)  is  supported  on  C1^  n X 


t -J2mj[zj]  + 7oo  by 
is  rationally  equivalent  to  a cycle 
which  properly  intersects  P this  finishes  the  proof.  □ 


hence  intersects  P transversally.  Thus  we  see  that  [Z] 
Lemma  42.17.1  Since  by  induction  each  [Zj] 


42.25.  Intersection  products  and  rational  equivalence 


0B0F  With  definitions  as  above  we  show  that  the  intersection  product  is  well  defined 
modulo  rational  equivalence.  We  first  deal  with  a special  case. 

0B60  Lemma  42.25.1.  Let  X be  a nonsingular  variety.  LetW  C X x P1  bean(s  + 1)- 
dimensional  subvariety  dominating  P1.  Let  Wa,  resp.  Wb  be  the  fibre  of  W — >■  P1 
over  a,  resp.  b.  Let  V be  a r-dimensional  subvariety  of  X such  that  V intersects 
both  Wa  and  Wb  properly.  Then  [V]  • [Wa]r  ~rat  [V]  ■ [Wi,]r. 


Proof.  We  have  [Wa]r  = pr x „{W  ■ X x a)  and  similarly  for  [W,]r,  see  Lemma 
|42.17.1|  Thus  we  reduce  to  showing 

V ■ Wx,*(W  -Xxa)  ~ rat  V ■ WxAW  -Xxb). 

Applying  the  projection  formula  Lemma |42.22.1|  we  get 

V ■ pr Xi,(W  ■ X x a)  = Wx,*{V  x P1  • (W  ■ X x a)) 


and  similarly  for  b.  Thus  we  reduce  to  showing 

pr*,*(P  x P1  • (W  ■ X x a))  ~rat  prA>(P  x P1  • (W  ■ X x b)) 

If  V x P1  intersects  W properly,  then  associativity  for  the  intersection  multiplicities 
(Lemma  42.20.1 ) gives  V x P1  • (W  ■ X x a)  = (V  x P1  • W)  -Xxa  and  similarly 
for  b.  Thus  we  reduce  to  showing 

prAi*((P  x P1  • W)  ■ X x a)  ~rat  prA>((P  x P 1-W)-Xxb) 
which  is  true  by  Lemma [42. 17. 1| 


The  argument  above  does  not  quite  work.  The  obstruction  is  that  we  do  not  know 
that  V x P1  and  W intersect  properly.  We  only  know  that  V and  Wa  and  V and 
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Wb  intersect  properly.  Let  Zi}  i £ I be  the  irreducible  components  of  V x P1  D W. 
Then  we  know  that  dim(Zj)  > r + l + s + 1 — n—  1 = r + s + l — n where  n = dim(X), 
see  Lemma [42.13.4|  Since  we  have  assumed  that  V and  Wa  intersect  properly,  we 
see  that  dim (Zi^a)  = r + s — n or  = 0.  On  the  other  hand,  if  Zi^a  ^ 0,  then 
dim (Zi:a)  > dim (Zj)  — 1 = r + s — n.  It  follows  that  dim (Zi)  — r + s + 1 — n if  Zi 
meets  X x a and  in  this  case  Zi  — ► P1  is  surjective.  Thus  we  may  write  I = I' HI" 
where  I'  is  the  set  of  i £ I such  that  Z,  -A  P1  is  surjective  and  I"  is  the  set  of  i £ I 
such  that  Zi  lies  over  a closed  point  U £ P1  with  tt  ^ a and  tj  ^ b.  Consider  the 
cycle 

'y  = T/iere^ 

where  we  take 


eu 


e-i  = 


(-l)plength0xxpl  ZiToi> 


(Ov 


xP1,Zi 


,Ow,Zi) 


We  will  show  that  7 can  be  used  as  a replacement  for  the  intersection  product  of 
kxP1  and  W. 


We  will  show  this  using  associativity  of  intersection  products  in  exactly  the  same 
way  as  above.  Let  U = P1  \ {ti,  i £ I"}.  Note  that  X x a and  X x b are  contained 
in  X x U . The  subvarieties 


V x U,  Wu , X x a of  XxU 

intersect  transversally  pairwise  by  our  choice  of  U and  moreover  dim(P  x U D Wjj  fl 
X x a)  = dim(P  fl  W„ ) has  the  expected  dimension.  Thus  we  see  that 

VxU-  (Wu  ■ X x a)  = (V  x U ■ Wv)  ■ X x a 

as  cycles  on  X x U by  Lemma  |42.20.1|  By  construction  7 restricts  to  the  cycle 
VxU-  Wu  on  XxU . Trivially,  V x P1  • (W  x X x a)  restricts  toVxU-  (Wu  -X  xa) 
on  XxU.  Hence 

P x P1  • (W  - Xxa)='y-Xxa 

as  cycles  on  X x P1  (because  both  sides  are  contained  in  X x U and  are  equal  after 
restricting  to  X x U by  what  was  said  before).  Since  we  have  the  same  for  b we 
conclude 

V ■ [WJ  = prXj*(P  x P1  • (W  ■ X x a)) 

= Wx,*(l'x  x a) 
at  Prjf,*(7  • X x b) 

= Prx,*  (V  x P1  • (W  ■ X x b)) 

= V ■ [W6] 

The  first  and  the  last  equality  by  the  first  paragraph  of  the  proof,  the  second  and 
penultimate  equalities  were  shown  in  this  paragraph,  and  the  middle  equivalence  is 
Lemma  142.17.11  □ 

0B1V  Theorem  42.25.2.  Let  X be  a nonsingular  projective  variety.  Let  a,  resp.  /?  be 
an  r,  resp.  s cycle  on  X . Assume  that  a and  f3  intersect  properly  so  that  a • /3  is 
defined.  Finally,  assume  that  a ~ro t 0.  Then  a ■ ft  ~rat  0. 
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Proof.  Pick  a closed  immersion  X C Pw.  By  linearity  it  suffices  to  prove  the  result 
when  /3  = [Z]  for  some  s-dimensional  closed  subvariety  Z C X which  intersects  a 
properly.  The  condition  a ~rat  0 means  there  are  finitely  many  (r  + l)-dimensional 
closed  subvarieties  Wi  C X x P1  such  that 


for  some  pairs  of  points  a,; . 6,;  of  P1.  Let  W*  and  W-b.  be  the  irreducible  compo- 
nents of  Wi>ai  and  Witbt  ■ We  will  use  induction  on  the  maximum  d of  the  integers 

dim  (ZrWla.),  dim  (ZnW‘6.) 


The  main  problem  in  the  rest  of  the  proof  is  that  although  we  know  that  Z intersects 
a properly,  it  may  not  be  the  case  that  Z intersects  the  “intermediate”  varieties 
W*a.  and  W-  b.  properly,  i.e.,  it  may  happen  that  d > r + s — dim(A'). 


Base  case:  d = r + s — dim(A’).  In  this  case  all  the  intersections  of  Z with  the  Wf  a 

because 


and  Wj' , are  proper  and  the  desired  result  follows  from  Lemma 


it  applies  to  show  that  [Z]  ■ \Wi,a 


[Z]  ■ \Wi,bi\r  for  each  i. 


42.25.1 


Induction  step:  d > r + s — dim(X). 
family  of  subvarieties  {W*  ,W*b.}. 
intersecting  X properly  such  that 


Apply  Lemma  42.24.1  to  Z C X and  the 
Then  we  find  a closed  subvariety  C C Pw 


C-X  = [Z}+J2mJ[ZJ] 


and  such  that 


dim(Zj  H Wla. ) < dim (Z  D W/)Cl. ) , dim (Zj  n W/>bi ) < dim (Z  D W/>6. ) 

with  strict  inequality  if  the  right  hand  side  is  > r + s — dim(X).  This  implies 
two  things:  (a)  the  induction  hypothesis  applies  to  each  Z3.  and  (b)  C ■ X and  a 
intersect  properly  (because  a is  a linear  combination  of  those  [Wj;a .]  and  [W^a.] 
which  intersect  Z properly).  Next,  pick  C'  C x P1  as  in  Lemma 


42.24.2 


with  respect  to  C,  X,  and  W-a. , W-b..  Write  C'  ■ X x P1  = Y^nk[Ek]  for  some 


subvarieties  Ek  C X x P1  of  dimension  s + 1. 
Proposition  |42. 19731  By  Lemma  [42.22.2|  we  have 


Note  that  rik  > 0 for  all  k by 


w 


i[Zj]  — 


Os 


Since  Ek, o C C D X we  see  that  [Ek, o]s  and  a intersect  properly.  On  the  other 
hand,  the  cycle 

b ^ ^ ^ k [A'^;?oo]s 

is  supported  on  C'^  0 X and  hence  properly  intersects  each  W*  , W-  b..  Thus  by 
the  base  case  and  linearity,  we  see  that 


q * OL  ~ rat  d 


As  we  have  seen  that  Ek  o fmd  Ek,oo 
to  EkCXx  P1  and  a gives 


intersect  a properly  Lemma  42.25.1  applied 


[Ek,0]  ' OL  ~ rat  [-^fc,oo]  * OL 
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0B61 


OBOG 


Putting  everything  together  we  have 

[Z]  ' a = (E  n'k\Ek,o\r  - Y mAZA ) ' a 

^ rat  E rik[Ek, o]  • o>  (by  induction  hypothesis) 

~rat  Y,  nAEk, oo]  • a (by  the  lemma) 

= 7 • a 

~rat  0 (by  base  case) 

This  finishes  the  proof.  □ 


Remark  42.25.3.  Lemma  42.24.3  and  Theorem  42.25.2  also  hold  for  nonsingular 
quasi-projective  varieties  with  the  same  proof.  The  only  change  is  that  one  needs 

Let  X c PN  be  a 


42.24.1 


to  prove  the  following  version  of  the  moving  Lemma 
closed  subvariety.  Let  n = dim(X)  and  0 < d,d'  < n.  Let  Xreg  C X be  the  open 
subset  of  nonsingular  points.  Let  Z C Xreg  be  a closed  subvariety  of  dimension  d 
and  Tj  C Xreg , i £ I be  a finite  collection  of  closed  subvarieties  of  dimension  d! . 
Then  there  exists  a subvariety  C C Pw  such  that  C intersects  X properly  and  such 
that 


(C-X)\x~9  =Z  + 


j&J 


rrinZj 


where  Zj  C Xreg  are  irreducible  of  dimension  d,  distinct  from  Z,  and 

dim (Zj  D Ti)  < dim(Z  D Tj) 


with  strict  inequality  if  Z does  not  intersect  Tj  properly  in  Xreg . 


42.26.  Chow  rings 

Let  X be  a nonsingular  projective  variety.  We  define  the  intersection  product 

A (X)xAs  (X)  — ► Ar+s_dim(.Y)  (X) , (a,  0)-^  a -0 

as  follows.  Let  a G Zr(X)  and  0 € ZS(X).  If  a and  0 intersect  properly,  we  use 
the  definition  given  in  Section  42.17  If  not,  then  we  choose  a ~rat  cd  as  in  Lemma 
142.24.31  and  we  set 


a-  0 = class  of  a'  ■ 0 G Ar+s_dim(A-)(X) 


This  is  well  defined  and  passes  through  rational  equivalence  by  Theorem  |42.25.2| 
The  intersection  product  on  A*(X)  is  commutative  (this  is  clear),  associative  (Lemma 


42.20.1)  and  has  a unit  [X]  G Adim(A)(X). 


Often  it  is  convenient  to  use  AC{X)  = Ad imA_e(X)  to  denote  the  group  of  codi- 
mension c cycles  modulo  rational  equivalence.  The  intersection  product  defines  a 
product 

Ak(X)  x A\X)  — » Ak+l{X) 

which  is  commutative,  associative,  and  has  a unit  1 = [X]  G A°(A'). 
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42.27.  Pullback  for  a general  morphism 

OBOH  Let  / : X — ► Y be  a morphism  of  nonsingular  projective  varieties.  We  define 

r ■■  my)  ->  -^/c+dim  X— dim  Y (A) 

by  the  rule 

/*(«)  = prX,*(Tf  ' pry  (a )) 

where  Tf  C X x Y is  the  graph  of  /.  Note  that  in  this  generality,  it  is  defined  only 
on  cycle  classes  and  not  on  cylces.  With  the  notation  A*  introduced  in  Section 
|42.26|  we  may  think  of  pullback  as  a map 

/*  : A*(Y)  -A  A*(X) 

in  other  words,  it  is  a map  of  graded  abelian  groups. 

0B2X  Lemma  42.27.1.  Let  f : X -A  Y be  a morphism  of  nonsingular  projective  vari- 
eties. The  pullback  map  on  chow  groups  satisfies: 

(1)  f*  : A*(Y)  -A  A*(X)  is  a ring  map, 

(2)  (g  o /)*  = f*  o g*  for  a composable  pair  /,  g, 

(3)  the  projection  formula  holds:  f*(a)  • ft  = /*(a  • /*/ 3),  and 

(4)  if  f is  flat  then  it  agrees  with  the  previous  definition. 

Proof.  All  of  these  follow  readily  from  the  results  above. 

For  (1)  it  suffices  to  show  that  pr  Y *(r / • a ■ (3)  = prx  *(r / • a)  ■ prx  *(r f ■ fj)  for 
cycles  a , /3  on  X x Y . If  a is  a cycle  on  X x Y which  intersects  T f properly,  then 
it  is  easy  to  see  that 

Tra  = rr  prx(prx>*(F/  • a)) 

as  cycles  because  Tf  is  a graph.  Thus  we  get  the  first  equality  in 

PrA,*(r/  ■«■£)  = PrA,*(r/  ' Prx(Prx,*(r/  ■(*))■$) 

= Prx,*(Prx(Prx,*(r/  • a))  • (Tf  ■ 13)) 

= Prx,*(r/  ' a)  ’ Pr.Y,*(r/  • /3) 

the  last  step  by  the  projection  formula  in  the  flat  case  (Lemma  42.22.1 1. 

If  g : Y — > Z then  property  (2)  follows  formally  from  the  observation  that 

T = P^xyT/  • pr^-x^rg 

in  Z*(X  xY  x Z)  where  F = {(x,  f(x),  g(f(x))}  and  maps  isomorphically  to  rso/ 
in  X x Z.  The  equality  follows  from  the  scheme  theoretic  equality  and  Lemma 
l42T4~3l 

For  (3)  we  use  the  projection  formula  for  flat  maps  twice 

f*(a  • prx,*(Tf  - pry (/3)))  = f*(prx,*(pr*xa  ■ Tf  - pry (/?))) 

= PrY,*(prxa  ■Tfpry(P))) 

= ptY,*(pr*xa  ■ Tf)  ■ (3 
= /*(«)  • /3 

where  in  the  last  equality  we  use  the  remark  on  graphs  made  above.  This  proves 
(3). 

Property  (4)  rests  on  identifying  the  intersection  product  T f -prya  in  the  case  / is 
flat.  Namely,  in  this  case  if  V C Y is  a closed  subvariety,  then  every  generic  point 
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£ of  the  scheme  /_1(V)  = T/  D prY  (V)  lies  over  the  generic  point  of  V.  Hence 
the  local  ring  of  prY(V)  = X xV  at  £ is  Cohen-Macaulay.  Since  rjCXxhisa 
regular  immersion  (as  a morphism  of  smooth  projective  varieties)  we  find  that 


Tf-pr*Y[V]  = [rfnpry1(V)}d 

with  d the  dimension  of  Tf  see  Lemma 

maps  isomorphically  to  /_1(H)  we  conclude. 


42.16.5 


Since  Tf  Dprr1(H) 
□ 


42.28.  Pullback  of  cycles 


0B0I  Suppose  that  X and  Y be  nonsingular  projective  varieties,  and  let  / : X ->  Y be  a 
morphism.  Suppose  that  Z CY  is  a closed  subvariety.  Let  be  the  scheme 

theoretic  inverse  image: 

f~\Z) 


Y 


is  a fibre  product  diagram  of  schemes.  In  particular  / 1(Z)  C X is  a closed 
subscheme  of  X.  In  this  case  we  always  have 

dim  f~1(Z)  > dim  Z + dim  X — dim  Y. 

If  equality  holds  in  the  formula  above,  then  f*[Z]  = [/_1(^)]dimZ+dimX-dimi' 
provided  that  the  scheme  Z is  Cohen-Macaulay  at  the  images  of  the  generic  points  of 
f~1(Z).  This  follows  by  identifying  f~1(Z)  with  the  scheme  theoretic  intersection 


of  Tf  and  X x Z and  using  Lemma  42.16.5  Details  are  similar  to  the  proof  of  part 
(4)  of  Lemma  42.27.1  above. 
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Picard  Schemes  of  Curves 


43.1.  Introduction 

In  this  chapter  we  do  just  enough  work  to  construct  the  Picard  scheme  of  a pro- 
jective nonsingular  curve  over  an  algebraically  closed  field.  See  IKle05l  for  a more 
thorough  discussion  as  well  as  historical  background. 

Later  in  the  Stacks  project  we  will  discuss  Hilbert  and  Quot  functors  in  much 
greater  generality. 


43.2.  Hilbert  scheme  of  points 


Let  X — ► S be  a morphism  of  schemes.  Let  d > 0 be  an  integer.  For  a scheme  T 
over  S we  let 


Hilb  dx/s(T)  = 


Z C XT  closed  subscheme  such  that 
Z — > T is  finite  locally  free  of  degree  d 


If  T'  — > T is  a morphism  of  schemes  over  S and  if  Z £ Hilb^s(T),  then  the  base 
change  Zt>  C Xt>  is  an  element  of  Hilb^//S(T/).  In  this  way  we  obtain  a functor 

Hilb^yg  : ( Sch/S)opp  — ■>  Sets,  T — > m\hdx/s{T) 

In  general  Hilb^/g  is  an  algebraic  space  (insert  future  reference  here).  In  this  section 
we  will  show  that  Hilb^yg  is  representable  by  a scheme  if  any  finite  number  of  points 
in  a fibre  of  X — > S are  contained  in  an  affine  open.  If  Hilb  y /g  is  representable  by 
a scheme,  we  often  denote  this  scheme  by  Hilb^-zc- 

Lemma  43.2.1.  Let  X — ► S be  a morphism  of  schemes.  The  functor  Hilbdx/s 
satisfies  the  sheaf  property  for  the  fpqc  topology  (Topologies,  Definition  33.8.12 ). 

Proof.  Let  {Tj  — ► T},ej  be  an  fpqc  covering  of  schemes  over  S.  Set  Xt  = Xr.t  = 
X Xg  Tj.  Note  that  {A*  — » Xrjiei  is  an  fpqc  covering  of  Xt  (Topologies,  Lemma 


33.8.7)  and  that  XtxtT,,  = X{  XxTXi>.  Suppose  that  Zt  £ Hilb^-/S(Tj)  is  a collec- 
tion of  elements  such  that  Z,_  and  Z ^ map  to  the  same  element  of  HUb^- / g (Tj  XtT)')- 
By  effective  descent  for  closed  immersions  (Descent,  Lemma  34.33.2)  there  is  a 
closed  immersion  Z — > Xt  whose  base  change  by  X;L  — ► Xt  is  equal  to  Z,  — >■  JQ. 
The  morphism  Z — ^ T then  has  the  property  that  its  base  change  to  Tj  is  the  mor- 
phism Z%  — >•  Tj.  Hence  Z — > T is  finite  locally  free  of  degree  d by  Descent,  Lemma 
134.19.281  □ 
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0B96  Lemma  43.2.2.  Let  X — X S be  a morphism  of  schemes.  If  X — > S is  of  finite 


presentation,  then  the  functor  Hilbax j s is  limit  preserving  (Limits,  Remark  31.5.2). 


Proof.  Let  T = liinTj  be  a limit  of  affine  schemes  over  S.  We  have  to  show 
that  Hilbx/s  (^)  = colim  Hilb  wS(Tj).  Observe  that  if  Z — > Xt  is  an  element 
of  Hilb  y/cj(T),  then  2 ->  T is  of  finite  presentation.  Hence  by  Limits,  Lemma 
31.9.1|there  exists  an  j,  a scheme  Zi  of  finite  presentation  over  Tj,  and  a morphism 
Zi  — > Xr..  over  Ti  whose  base  change  to  T gives  Z — > Xt-  We  apply  Limits,  Lemma 

X Ti  is  a closed  immersion  after  increasing 
Tj  is  finite  locally  free  of  degree 

□ 


31.7.4  to  see  that  we  may  assume  Zt 


i.  We  apply  Limits,  Lemma [31. 7. 7| to  see  that  Z, 
d after  possibly  increasing  i.  Then  Z,  £ Hilbx/s  (^i)  as  desired. 


Let  S'  be  a scheme.  Let  i : X — ► Y be  a closed  immersion  of  schemes  over  S.  Then 
there  is  a transformation  of  functors 

Hilbx/s  * Hilby/S 

which  maps  an  element  Z £ Hilbx/s  (T)  to  ir{Z)  C Yr  in  Hilby/s-  Here  ir  ■ Xt  — t 
Yt  is  the  base  change  of  i. 

0B97  Lemma  43.2.3.  Let  S be  a scheme.  Let  i : X Y be  a closed  immersion  of 
schemes.  If  Hilby/s  representable  by  a scheme,  so  is  Hilbx/S  an d ^ e correspond- 
ing morphism  of  schemes  Hilb  y / o — > Hilby/a  is  a closed  immersion. 


Proof.  Let  T be  a scheme  over  S and  let  Z £ HilbyyS(T).  Claim:  there  is  a closed 
subscheme  Tx  C T such  that  a morphism  of  schemes  T'  T factors  through  Tx 
if  and  only  if  Zt'  — > Yt<  factors  through  Xt' ■ Applying  this  to  a scheme  Tuniv 
representing  Hilb^yS  and  the  universal  object1  \Zuniv  G Hilb y/s^univ)  we  get  a 
closed  subscheme  Tuniv^ \ d TUn%v  such  that  Zuniv,x  ~ Z univ  ^ Tu.n ,v  I1u.nir.x  is  a 
closed  subscheme  of  X x sTuniv,x  and  hence  defines  an  element  of  Hilbx/s  ) • 

A formal  argument  then  shows  that  Tuniv,x  is  a scheme  representing  Hilbx/s  with, 
universal  object  Zuniv  X . 

Proof  of  the  claim.  Consider  Z'  = Xt  XyT  Z.  Given  T'  — > T we  see  that  Zt>  —>  Yt> 
factors  through  Xt>  if  and  only  if  Z'T,  — > Zt'  is  an  isomorphism.  Thus  the  claim 
follows  from  the  very  general  More  on  Flatness,  Lemma [37. 23. 4|  However,  in  this 
special  case  one  can  prove  the  statement  directly  as  follows:  first  reduce  to  the  case 
T = Spec(A)  and  Z = Spec(H).  After  shrinking  T further  we  may  assume  there  is 
an  isomorphism  ip  : B — > A®d  as  A-modules.  Then  Z'  = Spec(H/J)  for  some  ideal 
J C B.  Let  gp  G J be  a collection  of  generators  and  write  <p(gp)  = ( gp , . . . ,gp). 
Then  it  is  clear  that  Tx  is  given  by  Spec (A/(<^)).  □ 

0B98  Lemma  43.2.4.  Let  X — > S be  a morphism  of  schemes.  If  X — » S is  separated 
and  Hilbx/s  representable,  then  Hffbx/s  — t S is  separated. 


Proof.  In  this  proof  all  unadorned  products  are  over  S.  Let  H = Hilb y/o  and 
let  Z G Hilbxyg(iL)  be  the  universal  object.  Consider  the  two  objects  Zi,Z2  G 
Hilb^/s  (Ff  x H)  we  Set  by  pulling  back  Z by  the  two  projections  H x H — ► H . 
Then  Z\  = Z x H C X^^h  and  Z2  = H x Z C Xhxh-  Since  H represents 


1 See  Categories,  Section  4.3 
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the  functor  Hilb^/g,  the  diagonal  morphism  A : H — > H x H has  the  following 
universal  property:  A morphism  of  schemes  T -A  H x H factors  through  A if  and 
only  if  Z\tT  = Z2.t  as  elements  of  Hilb^-yS(T).  Set  Z = Z\  XxHxH  Z2 . Then  we  see 
that  T — > H x H factors  through  A if  and  only  if  the  morphisms  Zt  — > Z\yr  and 
Zt  — ► Z2  t are  isomorphisms.  It  follows  from  the  very  general  More  on  Flatness, 
Lemma  |37.23.4|  that  A is  a closed  immersion.  In  the  proof  of  Lemma  |43.2.3|  the 
reader  finds  an  alternative  easier  proof  of  the  needed  result  in  our  special  case.  □ 


0B99  Lemma  43.2.5.  Let  X — » S be  a morphism  of  affine  schemes.  Let  d > 0.  Then 
Hilbx/s  *s  representable. 


Proof.  Say  S = Spec (R).  Then  we  can  choose  a closed  immersion  of  X into  the 
spectrum  of  R{xi\i  £ I]  for  some  set  / (of  sufficiently  large  cardinality.  Hence  by 
Lemma  43.2.3  we  may  assume  that  X = Spec(A)  where  A = R[xt  \ i £ I].  We  will 
use  Schemes,  Lemma  25.15.4  to  prove  the  lemma  in  this  case. 


Condition  (1)  of  the  lemma  follows  from  Lemma  43.2.1 


For  every  subset  W C A of  cardinality  d we  will  construct  a subfunctor  Fw  of 
Hilbjf/g.  (It  would  be  enough  to  consider  the  case  where  W consists  of  a collection 
of  monomials  in  the  a,’;  but  we  do  not  need  this.)  Namely,  we  will  say  that  Z £ 
Hilb(^/g(T)  is  in  F\y(T)  if  and  only  if  the  Ot~ linear  map 


©/eVE°T — >{Z-£T)*Oz,  (g/)  ' — >^2gf.f\z 

is  surjective  (equivalently  an  isomorphism).  Here  for  / £ A and  Z £ Hilb^/S(T) 
we  denote  f\z  the  pullback  of  / by  the  morphism  Z — > X f — > X. 


Openness,  i.e. , condition  (2)(b)  of  the  lemma.  This  follows  from  Algebra,  Lemma 
110.78.31 


Covering,  i.e.,  condition  (2)(c)  of  the  lemma.  Since 

A ®R  Ot  = (. XT  -a  T)*0Xt  ^{Z^  T)*Oz 

is  surjective  and  since  (Z  -A  T)*Oz  is  finite  locally  free  of  rank  d , for  every  point 
t £ T we  can  find  a finite  subset  W C A of  cardinality  d whose  images  form  a basis 
of  the  d-dimensional  /-c(f)-vector  space  ((Z  -A  T)*Oz)t  ®0T.t  K(t)-  By  Nakayama’s 
lemma  there  is  an  open  neighbourhood  V C T of  t such  that  Zy  £ Fyf  V). 

Representable,  i.e.,  condition  (2) (a)  of  the  lemma.  Let  W C A have  cardinality  d. 
We  claim  that  Fw  is  representable  by  an  affine  scheme  over  R.  We  will  construct 
this  affine  scheme  here,  but  we  encourage  the  reader  to  think  it  trough  for  them- 
selves. Choose  a numbering  fi,. . ■ ,fd  of  the  elements  of  W.  We  will  construct  a 
universal  element  ZuniV  = Spec (BuniV)  of  Fw  over  TuniV  = Spec (RuniV)  which  will 
be  the  spectrum  of 

Lduniv  — RUniv[&li  • • • 5 ^d\/ ^ ^ 0/c^em) 

where  the  ei  will  be  the  images  of  the  fi  and  where  the  closed  immersion  ZuniV  -A 
XTuniv  is  given  by  the  ring  map 


A ®R  Ru 


B„ 
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mapping  1 (g>  1 to  X)  blei  and  to  ]T)  b\ei • In  fact,  we  claim  that  Fw  is  represented 
by  the  spectrum  of  the  ring 


R» 


= R[<%,b,,b‘i\/a< 


where  the  ideal  auniv  is  generated  by  the  following  elements: 

(1)  multiplication  on  Buniv  is  commutative,  i.e.,  £ auniv> 

(2)  multiplication  on  Buniv  is  associative,  i.e.,  - tfqcqkn  £ auniv, 

(3)  Ylblei  is  a multiplicative  1 in  BuniV,  in  other  words,  we  should  have 
Q2blei)ek  = efc  for  all  k,  which  means  f2blc [J*  — 5km  £ au„j„  (Kronecker 
delta) . 

After  dividing  out  by  the  ideal  o!univ  of  the  elements  listed  sofar  we  obtain  a well 
defined  ring  map 

'k  : A®R  R^b1  ,blf\/ o!univ  — * (R[c%,  b\  bl^/a!univ)  [ex, . . . ,ed]/(efcej  - ^c£|em) 


sending  1 <g)  1 to  ^fblei  and  a?*  (8)  1 to  ^2,b\ei-  We  need  to  add  some  more  elements 
to  our  ideal  because  we  need 

(5)  fi  to  map  to  ei  in  Buniv.  Write  'b(fi)  - et  = 'ffhYlem  with  /ij71  £ 
, bl,  b\]/a'univ  then  we  need  to  set  hf1  equal  to  zero. 

Thus  setting  auniV  C &■]  equal  to  a'univ+  ideal  generated  by  lifts  of  /i™  to 

RMi,bl  , b\],  then  it  is  clear  that  Fw  is  represented  by  Spec(i?uni„).  □ 


0B9A 


Proposition  43.2.6.  Let  X — > S be  a morphism  of  schemes.  Let  d>  0.  Assume 
for  all  (s,x i, . . . , Xd)  where  s G S and  x\ , . . . ,Xd  £ -Ws  there  exists  an  affine  open 
U C X with  xi, . . . ,Xd  £ U.  Then  Hilbx/s  is  representable  by  a scheme. 


Proof.  Either  using  relative  glueing  (Constructions,  Section  26.2 1 or  using  the 
functorial  point  of  view  (Schemes,  Lemma  25.15.4)  we  reduce  to  the  case  where  S 
is  affine.  Details  omitted. 


Assume  S is  affine.  For  U C X affine  open,  denote  Fjj  C Hilb^/g  the  subfunctor 
parametrizing  closed  subschemes  of  U.  We  will  use  Schemes,  Lemma  25.15.4  and 
the  sub  functors  Fu  to  conclude. 


Condition  (1)  is  Lemma  43.2.1 


Condition  (2)  (a)  follows  from  the  fact  that  Fjj  = Hilb^yg  and  that  this  is  repre- 
sentable by  Lemma  [43.2.5[ 


Let  Z £ Hilb^g(T)  for  some  scheme  T over  S.  Let 


B = {Z  ->  T)  ({Z  -¥  XT  -t  X)_1(X  \ U)) 


This  is  a closed  subset  of  T and  it  is  clear  that  over  the  open  Tz,u  = T \ B the 
restriction  Zt>  maps  into  Ut'-  On  the  other  hand,  for  any  b £ B the  fibre  Z\,  does 
not  map  into  U . Thus  we  see  that  given  a morphism  T'  ^ T we  have  Zt>  £ FjjiT1) 
4=>  T'  — > T factors  through  the  open  Tz.u-  This  proves  condition  (2)(b). 


Condition  (2)(c)  follows  from  our  assuption  on  X/S.  All  we  have  to  do  is  show  the 
following:  If  T is  the  spectrum  of  a field  and  Z C Xt  is  a closed  subscheme,  finite 
flat  of  degree  d over  T,  then  Z — > Xt  — )•  X factors  through  an  affine  open  U of  X. 
This  is  clear  because  Z will  have  at  most  d points  and  these  will  all  map  into  the 
fibre  of  X over  the  image  point  of  T — > S.  □ 
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0B9B  Remark  43.2.7.  Let  / : X — ► S be  a morphism  of  schemes.  The  assumption  of 
Proposition  |43.2.6]  and  hence  the  conclusion  holds  in  each  of  the  following  cases: 

(1)  X is  quasi-afhne, 

(2)  / is  quasi-affine, 

(3)  / is  quasi-projective, 

(4)  / is  locally  projective, 

(5)  there  exists  an  ample  invertible  sheaf  on  X , 

(6)  there  exists  an  /-ample  invertible  sheaf  on  X,  and 

(7)  there  exists  an  /-very  ample  invertible  sheaf  on  X. 

Namely,  in  each  of  these  cases,  every  finite  set  of  points  of  a fibre  Xs  is  contained 
in  a quasi-compact  open  U of  X which  comes  with  an  ample  invertible  sheaf,  is 
isomorphic  to  an  open  of  an  affine  scheme,  or  is  isomorphic  to  an  open  of  Proj  of 
a graded  ring  (in  each  case  this  follows  by  unwinding  the  definitions).  Thus  the 
existence  of  suitable  affine  opens  by  Properties,  Lemma [27. 29. 5| 


43.3.  Moduli  of  divisors  on  smooth  curves 


0B9C 

0B9D 


For  a smooth  morphism  X S of  relative  dimension  1 the  functor 
parametrizes  relative  effective  Cartier  divisors  as  defined  in  Divisors,  Section [30T5 


HilbjU 


Lemma  43.3.1.  Let  X — >■  S be  a smooth  morphism  of  schemes  of  relative  dimen- 
sion 1.  Let  D C X be  a closed  subscheme.  Consider  the  following  conditions 

(1)  D — >•  S is  finite  locally  free, 

(2)  D is  a relative  effective  Cartier  divisor  on  X/S, 

(3)  D — > S is  locally  quasi- finite,  flat,  and  locally  of  finite  presentation,  and 

(4)  D — >•  S is  locally  quasi-finite  and  flat. 

We  always  have  the  implications 


(1)  =>  (2)  4*  (3)  =*  (4) 


If  S is  locally  Noetherian,  then  the  last  arrow  is  an  if  and  only  if.  If  X — >•  S is 
proper  (and  S arbitrary),  then  the  first  arrow  is  an  if  and  only  if. 


Proof.  Equivalence  of  (2)  and  (3).  This  follows  from  Divisors,  Lemma  30.15.9 


if  we  can  show  the  equivalence  of  (2)  and  (3)  when  S is  the  spectrum  of  a field 
k.  Let  x £ X be  a closed  point.  As  X is  smooth  of  relative  dimension  1 over  k 
and  we  see  that  Ox,x  is  a regular  local  ring  of  dimension  1 (see  Varieties,  Lemma 
32.20.3 1.  Thus  Ox,x  is  a discrete  valuation  ring  (Algebra,  Lemma  10.118.7 1 and 


hence  a PID.  It  follows  that  every  sheaf  of  ideals  X C Ox  which  is  nonvanishing  at 
all  the  generic  points  of  X is  invertible  (Divisors,  Lemma  30.12.2).  In  other  words, 
every  closed  subscheme  of  X which  does  not  contain  a generic  point  is  an  effective 
Cartier  divisor.  It  follows  that  (2)  and  (3)  are  equivalent. 


If  S is  Noetherian,  then  any  locally  quasi-finite  morphism  D — > S is  locally  of  finite 


presentation  (Morphisms,  Lemma  28.21.9),  whence  (3)  is  equivalent  to  (4). 


If  X — > S is  proper  (and  S is  arbitrary),  then  D — > S is  proper  as  well.  Since  a 


proper  locally  quasi-finite  morphism  is  finite  (More  on  Morphisms,  Lemma  36.31.4) 
and  a finite,  flat,  and  finitely  presented  morphism  is  finite  locally  free  (Morphisms, 
Lemma  28.45.2),  we  see  that  (1)  is  equivalent  to  (2).  □ 
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0B9E  Lemma  43.3.2.  Let  X — >•  S be  a smooth  morphism  of  schemes  of  relative  dimen- 
sion 1.  Let  Di,D2  C X be  closed  subschemes  finite  locally  free  of  degrees  d\,  d2 
over  S.  Then  D i + D2  is  finite  locally  free  of  degree  d\  + d2  over  S. 


Proof.  By  Lemma  43.3.1  we  see  that  D\  and  D2  are  relative  effective  Cartier 
divisors  on  X/ S.  Thus  D = D\  + D2  is  a relative  effective  Cartier  divisor  on  X/S 
by  Divisors,  Lemma  [30. 15. 3|  Hence  D — > S is  locally  quasi-finite,  flat,  and  locally 
of  finite  presentation  by  Lemma [43. 3. 1[  Applying  Morphisms,  Lemma [28.41 .11|  the 
the  surjective  integral  morphism  D\  H D2  — > D we  find  that  D — »•  S is  separated. 
Then  Morphisms,  Lemma  28.41.8  implies  that  D — > S is  proper.  This  implies  that 
D — > S is  finite  (More  on  Morphisms,  Lemma  36.31.4)  and  in  turn  we  see  that 
D — > S is  finite  locally  free  (Morphisms,  Lemma  28.45.2).  Thus  it  suffice  to  show 


that  the  degree  of  D — > S is  d\  + d2.  To  do  this  we  may  base  change  to  a fibre 
of  X — >■  S,  hence  we  may  assume  that  S = Spec (k)  for  some  field  k.  In  this  case, 
there  exists  a finite  set  of  closed  points  xi,...,xn  € X such  that  D\  and  D2  are 
supported  on  {aq, . . . , xn}.  In  fact,  there  are  nonzerodivisors  fjj  £ Ox,Xi  such  that 

D\  = IISpec(Ox,x»/(/i,i))  and  D2  = Spec(Ox,xi/ (fi.,2)) 

Then  we  see  that 

£>  = ]JSpec(0^X4/(/ill/i,2)) 

From  this  one  sees  easily  that  D has  degree  d\  + d2  over  k (if  need  be,  use  Algebra, 
Lemma  10.120.1 ).  □ 


0B9F  Lemma  43.3.3.  Let  X — >•  S be  a smooth  morphism  of  schemes  of  relative  di- 
mension 1.  Let  DuD2  C X be  closed  subschemes  finite  locally  free  of  degrees  d\, 
d2  over  S.  If  D\  C D2  (as  closed  subschemes)  then  there  is  a closed  subscheme 
D C X finite  locally  free  of  degree  d2  — d\  over  S such  that  D2  = D\  + D . 

Proof.  This  proof  is  almost  exactly  the  same  as  the  proof  of  Lemma  |43.3.2|  By 
Lemma  43.3.1  we  see  that  D\  and  D2  are  relative  effective  Cartier  divisors  on  X/S. 


By  Divisors,  Lemma  30.15.4  there  is  a relative  effective  Cartier  divisor  D C X such 
that  D2  — Di  + D.  Hence  D — > S is  locally  quasi-finite,  flat,  and  locally  of  finite 
presentation  by  Lemma  [43.3. 1|  Since  D is  a closed  subscheme  of  D2 , we  see  that 
D — > S is  finite.  It  follows  that  D — > S is  finite  locally  free  (Morphisms,  Lemma 
28.45.2 ) . Thus  it  suffice  to  show  that  the  degree  of  D — >•  S is  d2  — d\ . This  follows 
from  Lemma  [43321  □ 

Let  X — > S be  a smooth  morphism  of  schemes  of  relative  dimension  1.  By  Lemma 
for  a scheme  T over  S and  D £ HilbY/s(T),  we  can  view  D as  a relative 


43.3.1 


effective  Cartier  divisor  on  XT /T  such  that  D — > T is  finite  locally  free  of  degree 
d.  Hence,  by  Lemma  |43.3.2|  we  obtain  a transformation  of  functors 

(Di,D2)  1 — > £>1  + D2 


Bilbos  x Hilb*/S 


Hilb£+^, 


If  Hilb^/S  is  representable  for  all  degrees  d,  then  this  transformation  of  functors 
corresponds  to  a morphism  of  schemes 


Hilb 


X/S 
0 


x s Hilb  J/s 


Hilb$+?2 


over  S.  Observe  that  Hilb^/o  = S and  Hilb j^/e  = X.  A special  case  of  the 
morphism  above  is  the  morphism 


Hilb 


'x/s  XS 


X 


Hdb^, 


(D,x) 


D 
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0B9G  Lemma  43.3.4.  Let  X — X S be  a smooth  morphism  of  schemes  of  relative  dimen- 
sion 1 such  that  the  functors  Hilb^/g  are  representable.  The  morphism  Hilb\/g 
X — > Hilbdx}s  is  finite  locally  free  of  degree  d+  1. 

Proof.  Let  DuniV  C X x .gHilb^g  be  the  universal  object.  There  is  a commutative 
diagram 


Hilb  1/5 


xs  X 


Hilb 


d+ 1 
X/S 


- Hilt/j^,  xs  X 


where  the  top  horizontal  arrow  maps  (D' , x)  to  (D'  + x,  x).  We  claim  this  morphism 
is  an  isomorphism  which  certainly  proves  the  lemma.  Namely,  given  a scheme  T 
over  S,  a T-valued  point  £ of  Duniv  is  given  by  a pair  £ = ( D , x)  where  D C X t 
is  a closed  subscheme  finite  locally  free  of  degree  d + 1 over  T and  x : T — X X is 
a morphism  whose  graph  x : T — > AY  factors  through  D.  Then  by  Lemma  43.3.3 


we  can  write  D = D'  + x for  some  D'  C AY  finite  locally  free  of  degree  d over  T. 
Sending  £ = (D,  x)  to  the  pair  (D',x)  is  the  desired  inverse.  □ 


0B9H  Lemma  43.3.5.  Let  X — >•  S be  a smooth  morphism  of  schemes  of  relative  dimen- 
sion 1 such  that  the  functors  HilbdXjS  are  representable.  The  schemes  Hilb^/g  are 
smooth  over  S of  relative  dimension  d. 


Proof.  We  have  Hilb  y /c  = S and  Hilb  y /g  = X thus  the  result  is  true  for  d = 0,1. 
Assuming  the  result  for  d,  we  see  that  Hilby-/g  Xg  A is  smooth  over  S (Morphisms, 
Lemma  28.34.5  and  28. 34.41.  Since  Hilb  y/g  XgT  ->  Hilb^jg  is  finite  locally  free  of 


degree  d+1  by  Lemma|43.3.4|the  result  follows  from  Descent,  Lemma [34. 10. 5[  We 
omit  the  verification  that  the  relative  dimension  is  as  claimed  (you  can  do  this  by 
looking  at  fibres,  or  by  keeping  track  of  the  dimensions  in  the  argument  above).  □ 


We  collect  all  the  information  obtained  sofar  in  the  case  of  a proper  smooth  curve 
over  a field. 


0B9I  Proposition  43.3.6.  Let  X be  a geometrically  irreducible  smooth  proper  curve 
over  a field  k. 

(1)  The  functors  Hilbdxjk  are  representable  by  smooth  proper  varieties  Hilbxik 
of  dimension  d over  k. 

(2)  For  a field  extension  k' /k  the  k' -rational  points  of  Hilbx/k  are  in  1-to-l 
bijection  with  effective  Cartier  divisors  of  degree  d on  Xk'  ■ 

(3)  For  g?i  , c?2  >0  there  is  a morphism 

m%k  xfc  m%k  — » 

which  is  finite  locally  free  of  degree  (dl^d2)  ■ 


Proof. 


The  functors  Hilby/fc  are  representable  by  Proposition 


43.2.6 


(see  also  Re- 


mark 43.2.71  and  the  fact  that  X is  projective  (Varieties,  Lemma  32.32.4).  The 


schemes  Hilby-^.  are  separated  over  k by  Lemma 


43.2.4 


The  schemes  Hilby-^.  are 
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0B9J 


0B9K 


0B9L 


smooth  over  k by  Lemma  43.3.5 
Lemma|43.3.4[  and  induction  we  find  a morphism 


Starting  with  X = Hilb\-/t. . the  morphisms  of 


Xd  = X xkX  x, 


xfc  X 


Hilb' 


X/k ) 


(Xl,  ■■■,Xd)  — > X\  + . . . + 


Xd 


which  is  finite  locally  free  of  degree  d\.  Since  X is  proper  over  k,  so  is  Xd , hence 

Since  X is  geometrically 


28.41.8 


Pic  x/k  is  proper  over  k by  Morphisms,  Lemma 

irreducible  over  k , the  product  Xd  is  irreducible  (Varieties,  Lemma  32.6.4)  hence 


the  image  is  irreducible  (in  fact  geometrically  irreducible).  This  proves  (1).  Part 
(2)  follows  from  the  definitions.  Part  (3)  follows  from  the  commutative  diagram 


Xdl  xkXd2 


. xdl+d2 


m$/k  xfc 


m>%k 


■ Hilbdl+d2 


and  multiplicativity  of  degrees  of  finite  locally  free  morphisms. 


□ 


Remark  43.3.7.  Let  X be  a geometrically  irreducible  smooth  proper  curve  over 
a held  k as  in  Proposition  |43.3.6|  Let  d > 0.  The  universal  closed  object  is  a 
relatively  effective  divisor 


A, 


C Hilbg*  xfcV 


over  HilbAj,  by  Lemma 


43.3.1 


Hilb  x/k  Xfe  X,  see  proof  of  Lemma 


In  fact,  DuniV  is  isomorphic  as  a scheme  to 
3.4  In  particular,  DuniV  is  an  effective 
Cartier  divisor  and  we  obtain  an  invertible  module  0(Duniv).  If  [D]  € HilbAJ, 
denotes  the  fc-rational  point  corresponding  to  the  effective  Cartier  divisor  D C X 
of  degree  d,  then  the  resiction  of  0{Duniv)  to  to  the  fibre  [D]  x X is  Ox{D)- 


43.4.  The  Picard  functor 

Given  any  scheme  X we  denote  Pic(A')  the  set  of  isomorphism  classes  of  invertible 
Ox-modules.  See  Modules,  Definition  |17.21.9  Given  a morphism  / : X — A Y of 
schemes,  pullback  defines  a group  homomorphism  Pic(V)  —A  Pic(A).  The  assign- 
ment X Pic(A)  is  a contravariant  functor  from  the  category  of  schemes  to  the 
category  of  abelian  groups.  This  functor  is  not  representable,  but  it  turns  out  that 
a relative  variant  of  this  construction  sometimes  is  representable. 

Let  us  define  the  Picard  functor  for  a morphism  of  schemes  / : X — A S.  The  idea 
behind  our  construction  is  that  we’ll  take  it  to  be  the  sheaf  I?1/* Gm  where  we  use 
the  fppf  topology  to  compute  the  higher  direct  image.  Unwinding  the  definitions 
this  leads  to  the  following  more  direct  definition. 


Definition  43.4.1.  Let  Schfppf  be  a big  site  as  in  Topologies,  Definition 
Let  / : X —A  S be  a morphism  of  this  site.  The  Picard  functor  Pic^/s  is  t 
sheafification  of  the  functor 


33.7.8 

le  fpp 


(Sch/ S)  fpPf  — > Sets , T i — > Pic(Xr) 

If  this  functor  is  representable,  then  we  denote  PiCx/s  a scheme  representing  it. 
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0B9M 


0B9N 


An  often  used  remark  is  that  if  T £ Ob ((Sch/S)fppf),  then  Pic xt/t  is  the  restric- 
tion of  Picx/s  t°  (Sch/T)  fppf.  It  turns  out  to  be  nontrivial  to  see  what  the  value 
of  Picx/s  is  011  schemes  T over  S.  Here  is  a lemma  that  helps  with  this  task. 


Lemma  43.4.2.  Let  f : X — » S be  as  in  Definition  43-4-1 
an  isomorphism  for  all  T £ Ob ((Sch/  S)fppf),  then 


If  Ot  ->  fr,*OxT 


0 -x  Pic{T)  — > Pic{XT)  -x  Picx/S(T) 


is  an  exact  sequence  for  all  T. 


Proof.  We  may  replace  S by  T and  A'  by  X t and  assume  that  S = T to  simplify 
the  notation.  Let  A f be  an  invertible  Og-module.  If  f*M  = Ox,  then  we  see  that 
f*f*Af  = f*Ox  — Os  by  assumption.  Since  A f is  locally  trivial,  we  see  that  the 
canonical  map  J\f  — > f*f*J\f  is  locally  an  isomorphism  (because  Os  —>  f*f*Os  is 
an  isomorphism  by  assumption).  Hence  we  conclude  that  A f — » f*f*Af  — » Os  is  an 
isomorphism  and  we  see  that  A f is  trivial.  This  proves  the  first  arrow  is  injective. 


Let  C be  an  invertible  Ox-module  which  is  in  the  kernel  of  Pic(A)  — x Picx/s(<S'). 
Then  there  exists  an  fppf  covering  {Si  — X S}  such  that  C pulls  back  to  the  trival 
invertible  sheaf  on  X st-  Choose  a trivializing  section  s,;.  Then  prjjsi  and  prjs.,-  are 
both  trivialising  sections  of  C over  X SiXSSj  and  hence  differ  by  a multiplicative 
unit 


feer  (xSiXsSj,o*Xs. 


,)=T(SixsSj,0*SiXsS) 


(equality  by  our  assumption  on  pushforward  of  structure  sheaves).  Of  course  these 
elements  satisy  the  cocycle  condition  on  Si  Xs  Sj  XsSk,  hence  they  define  a descent 
datum  on  invertible  sheaves  for  the  fppf  covering  {Si  — x S}.  By  Descent,  Proposi- 
tion |34.5.2|  there  is  an  invertible  Os-module  A f with  trivializations  over  Si  whose 
associated  descent  datum  is  { ftj } . Then  f*Af  = C as  the  functor  from  descent  data 
to  modules  is  fully  faithful  (see  proposition  cited  above).  □ 


Lemma  43.4.3.  Let  f : X -A  S be  as  in  Definition  43-4-1  Assume  f has  a 
section  a and  that  Ot  — > fr,*OxT  an  isomorphism  for  all  T £ Ob((Sch/  S)  fppf)  ■ 
Then  there  is  a functorial  bijection 


Ker(Pic(XT)  Pic(T))  — > Picx/S{T) 
In  particular  the  map  Pic(XT)  — > Picx/s(T ) is  surjective. 


Proof.  Denote  K(T)  = Ker(Pic(AT)  Pic(T)).  Since  o is  a section  of  / we  see 


that  Pic(X^)  is  the  direct  sum  of  Pic(T)  and  K{T).  Thus  by  Lemma  43.4.2 


we 


see  that  K(T ) C P\cx/s(T)  for  all  T.  Moreover,  it  is  clear  from  the  construction 
that  Pic  Y/s  is  the  sheafification  of  the  presheaf  I\.  To  finish  the  proof  it  suffices 
to  show  that  K satisfies  the  sheaf  condition  for  fppf  coverings  which  we  do  in  the 
next  paragraph. 


Let  {Ti  — ► T}  be  an  fppf  covering.  Let  £,  be  elements  of  AT(T,)  which  map  to  the 
same  elements  of  I\  (Ti  Xy  Tfi)  for  all  i and  j.  Choose  an  isomorphism  on  : Ot{ 
otf  .Li  for  all  i.  Choose  an  isomorphism 

Tij  ■ Hi\xTixTTj  t Hj\xTixTTj 


Xj\TiXTTj  ° aT,xTT,Tij  ° ai\TiXTTj  '■  0TixTTj  0TixTTj 


If  the  map 
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0B9P 

0B9Q 


0B9R 


0B9U 


is  not  equal  to  multiplication  by  1 but  some  Uij,  then  we  can  scale  < Pij  by  u ij1  to 
correct  this.  Having  done  this,  consider  the  self  map 


<Pki \xT. 


' Fjk\xTixTT.xTTk  ° Tij\xTixTTixTTk  on  ^'t|xri: 


TTj  *TTk 


which  is  given  by  multiplication  by  some  regular  function  on  the  scheme 
XTiXiTjXrTk-  By  our  choice  of  ipij  we  see  that  the  pullback  of  this  map  by  a 
is  equal  to  multiplication  by  1.  By  our  assumption  on  functions  on  X,  we  see  that 
fijk  = 1.  Thus  we  obtain  a descent  datum  for  the  fppf  covering  { Xr,  -A  X}. 
By  Descent,  Proposition  34.5.2  there  is  an  invertible  CbYT-module  C and  an  iso- 


morphism a : Ot  — t crtfC  whose  pullback  to  Xj\  recovers  (small  detail 

omitted).  Thus  C defines  an  object  of  K(T)  as  desired.  □ 


43.5.  A representability  criterion 


To  prove  the  Picard  functor  is  representable  we  will  use  the  following  criterion. 

Lemma  43.5.1.  Let  k be  a field.  Let  G : ( Sch/k)opp  — > Groups  be  a functor.  With 
terminology  as  in  Schemes,  Definition\25 . 1 5 ,3t  assume  that 

(1)  G satisfies  the  sheaf  property  for  the  Zariski  topology, 

(2)  there  exists  a subfunctor  F C G such  that 

(a)  F is  representable, 

(b)  F C G is  representable  by  open  immersion, 

(c)  for  every  field  extension  K ofk  and  g £ G(K)  there  exists  a g’  £ G{k ) 
such  that  g’  g £ F(K). 

Then  G is  representable  by  a group  scheme  over  k. 


Proof.  This  follows  from  Schemes,  Lemma  25.15.4  Namely,  take  I = G{k)  and 
for  i = g'  £ I take  Fi  C G the  subfunctor  which  associates  to  T over  k the 
set  of  elements  g £ G(T ) with  g' g £ F(T).  Then  Fi  = F by  multiplication  by 
g' . The  map  Fj  -A  G is  isomorphic  to  the  map  F — > G by  multiplication  by  g' , 
hence  is  representable  by  open  immersions.  Finally,  the  collection  (Fj)ie/  covers  G 
by  assumption  (2)(c).  Thus  the  lemma  mentioned  above  applies  and  the  proof  is 
complete.  □ 


43.6.  The  Picard  scheme  of  a curve 


43.5.1  to  show  that  Pic x/k  is  representable, 


In  this  section  we  will  apply  Lemma 
when  k is  an  algebraically  closed  field  and  X is  a smooth  projective  curve  over  k. 
To  make  this  work  we  use  a bit  of  cohomology  and  base  change  developed  in  the 
chapter  on  derived  categories  of  schemes. 

Lemma  43.6.1.  Let  k be  a field.  Let  X be  a smooth  projective  curve  over  k which 
has  a k-rational  point.  Then  the  hypotheses  of  Lemma\43.4 -3|  are  satisfied. 

Proof.  The  meaning  of  the  phrase  “has  a ^-rational  point”  is  exactly  that  the 
structure  morphism  / : X — > Spec(fc)  has  a section,  which  verifies  the  first  condi- 
tion. By  Varieties,  Lemma  32.21.2  we  see  that  k!  = H°(X,Ox ) is  a field  extension 
of  k.  Since  X has  a fc-rational  point  there  is  a k- algebra  homomorphism  k'  — > k and 
we  conclude  k'  = k.  Since  k is  a field,  any  morphsm  T — > Spec(fc)  is  flat.  Hence  we 


see  by  cohomology  and  base  change  (Cohomology  of  Schemes,  Lemma  29.5.2)  that 
Ot  — t fr,*OxT  is  an  isomorphism.  This  finishes  the  proof.  □ 


43.6.  THE  PICARD  SCHEME  OF  A CURVE 


2954 


Let  X be  a a smooth  projective  curve  over  a field  k with  a fc-rational  point  a.  Then 
the  functor 


Pic x/k,a  ■ ( Sch/S)opp  — > Ab,  T \ — > Ker(Pic(Xy) 
is  isomorphic  to  Pic x/k  on  {Sch/ S) fppf  by  Lemmas 


Pic(T)) 


43.6.1 


and 


43.4.3 


Hence  it 
le  notation  “£  € 


will  suffice  to  prove  that  Picx/k.a  is  representable.  We  will  use  t 
Pic x/k,a(T)'’  to  signify  that  T is  a scheme  over  k and  C is  an  invertible  Ox-r-niodule 
whose  restriction  to  T via  cry  is  isomorphic  to  Oy. 


0B9V  Lemma  43.6.2.  Let  k be  a field.  Let  X be  a smooth  projective  curve  over  k with  a 
k-rational  point  a.  For  a scheme  T over  k,  consider  the  subset  F(T)  C Picx/k,a(T) 
consisting  of  C such  that  Rfx,*C  is  isomorphic  to  an  invertible  Or-module  placed 
in  degree  0.  Then  F C Picx/k.a  is  a subfunctor  and  the  inclusion  is  representable 
by  open  immersions. 


Proof.  Immediate  from  Derived  Categories  of  Schemes,  Lemma  |35.24.3|  applied 
with  i = 0 and  r = 1 and  Schemes,  Definition |25. 15.3]  □ 


0B9W 

0B9X 


To  continue  it  is  convenient  to  make  the  following  definition. 


Definition  43.6.3.  Let  k be  an  algebraically  closed  field.  Let  X be  a smooth 
projective  curve  over  k.  The  genus  of  X is  g = dim*,  Ff1(X,  Ox)- 


Lemma  43.6.4.  Let  k be  a field.  Let  X be  a smooth  projective  curve  of  genus  g 
over  k with  a k-rational  point  a.  The  open  subfunctor  F defined  in  Lemma\j3. 6.2 \ 
is  representable  by  an  open  subscheme  of  Hilb9x,h. 


Proof.  In  this  proof  unadorned  products  are  over  Spec(fc).  By  Proposition  43.3.6 
the  scheme  Ft  = Hilb^/*  exists.  Consider  the  universal  divisor  DuniV  C H x X 


and  the  associated  invertible  sheaf  0(DuniV),  see  Remark  43.3.7 
tensoring  with  the  pullback  via  oh  : H — > H x X to  get 


We  adjust  by 


C-h  = 0{DU niv)  < 


pv*Ha*H0(Duniv)^-1  e Pic x/k^H) 


By  the  Yoneda  lemma  (Categories,  Lemma  4.3.5)  the  invertible  sheaf  Ch  defines  a 
natural  transformation 


h-H  t Pic^y*.  ^. 

Because  F is  an  open  subfuctor,  there  exists  a maximal  open  W C H such  that 
£h\wxx  is  in  F(W).  Of  course,  this  open  is  nothing  else  than  the  open  subscheme 
constructed  in  Derived  Categories  of  Schemes,  Lemma [35. 24. 3|  with  i = 0 and  r = 1 
for  the  morphism  H x X — ► Ff  and  the  sheaf  T = 0(DuniV).  Applying  the  Yoneda 
lemma  again  we  obtain  a commutative  diagram 


hw F 

V 

d H ^ Pic Xjk,(T 


To  finish  the  proof  we  will  show  that  the  top  horizontal  arrow  is  an  isomorphism. 

Let  C £ F(T)  C Picx/fe, ct(T).  Let  Af  be  the  invertible  Oy-module  such  that 
RfT,*T  — W[0].  The  adjunction  map 

ffAf  — C corresponds  to  a section  s of  C®  /yA/"®-1 
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on  Xt-  Claim:  The  zero  scheme  of  s is  a relative  effective  Cartier  divisor  D on 
(T  x X)/T  finite  locally  free  of  degree  g over  T. 

Let  us  finish  the  proof  of  the  lemma  admitting  the  claim.  Namely,  D defines  a 
morphism  m : T — ► H such  that  D is  the  pullback  of  DuniV.  Then 

(m  x id x)*0{Duniv)  = 0Txx(D) 

Hence  (m  x h1.y)*£h  and  0{D)  differ  by  the  pullback  of  an  invertible  sheaf  on 
H.  This  in  particular  shows  that  m : T — y H factors  through  the  open  W C H 
above.  Moreover,  it  follows  that  these  invertible  modules  define,  after  adjusting 
by  pullback  via  <7t  as  above,  the  same  element  of  Pic x/k,a(T).  Chasing  diagrams 
using  Yoneda’s  lemma  we  see  that  m £ hw{T)  maps  to  £ £ F(T).  We  omit 
the  verification  that  the  rule  F(T)  -A  hw(T ),  £ i-a  m defines  an  inverse  of  the 
transformation  of  functors  above. 


Proof  of  the  claim.  Since  D is  a locally  principal  closed  subscheme  of  T x X,  it 
suffices  to  show  that  the  fibres  of  D over  T are  effective  Cartier  divisors,  see  Lemma 
|43.3.1|  and  Divisors,  Lemma  |30.15.9|  Because  taking  cohomology  of  £ commutes 
with  base  change  (Derived  Categories  of  Schemes,  Lemma  35.22.2 1 we  reduce  to 
T = Spec(Jv)  where  K/k  is  a field  extension.  Then  £ is  an  invertible  sheaf  on  Xk 
with  H°(Xk,C)  = K and  £)  = 0.  Thus 


deg(£)  = x{XK,C)  - x{XK,  OxK)  = l-(l-g)  = g 

See  Varieties,  Definition  |32.33.1|  To  finish  the  proof  we  have  to  show  a nonzero 
section  of  £ defines  an  effective  Cartier  divisor  on  Xk-  This  is  clear.  □ 


0B9Y  Lemma  43.6.5.  Let  k be  an  algebraically  closed  field.  Let  X be  a smooth  pro- 
jective curve  of  genus  g over  k.  Let  K/k  be  a field  extension  and  let  £ be  an 
invertible  sheaf  on  Xk  ■ Then  there  exists  an  invertible  sheaf  £$  on  X such  that 
dim kH0(Xk,£®Oxk  £0\Xk)  = 1 and  dim kH1(Xk,£®oXk  ^o\xk)  = 0. 

Proof.  This  proof  is  a variant  of  the  proof  of  Varieties,  Lemma  |32.33.14|  We 
encourage  the  reader  to  read  that  proof  first. 

First  we  pick  an  ample  invertible  sheaf  £o  and  we  replace  £ by  £ ®OxA  £x>n\xK 
for  some  n^$>  0.  The  result  will  be  that  we  may  assume  that  H°(Xk,£)  7^  0 and 
7L1(Xi<-,£)  = 0.  Namely,  we  will  get  the  vanishing  by  Cohomology  of  Schemes, 
Lemma  |29.16.1|  and  the  nonvanishing  because  the  degree  of  the  tensor  product  is 
0.  We  will  finish  the  proof  by  descending  induction  on  f = dim^  H°(Xk , £)■ 
The  base  case  t = 1 is  trivial.  Assume  t > 1. 


Observe  that  for  a closed  and  hence  fc-rational  point  x of  X,  the  inverse  image  xk 
is  a K -rational  point  of  Xk-  Moreover,  there  are  infinitely  many  fc-rational  points. 
Therefore  the  points  Xk  form  a Zariski  dense  collection  of  points  of  Xk- 


Let  s £ H°(Xk,£)  be  nonzero.  There  exists  an  x as  above  such  that  s does  not 
vanish  in  xk-  Let  I be  the  ideal  sheaf  of  i : Xk  — t Xk  as  in  Varieties,  Lemma 
32.33.13  Look  at  the  short  exact  sequence 


0 — y T ®OxK  ^ t £ — y i*i  £ — y 0 

Observe  that  H°(XK,i*i*£)  = H°(xK,i*£)  has  dimension  1 over  K.  Since  s does 
not  vanish  at  x we  conclude  that 
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is  surjective.  Hence  dim#  H°(Xk,I  ®0Xj<  £)  = t — 1.  Finally,  the  long  exact 
sequence  of  cohomology  also  shows  that  H1(Xk,I  ®ox  k £)  = 0 thereby  finishing 
the  proof  of  the  induction  step.  □ 

0B9Z  Proposition  43.6.6.  Let  k be  an  algebraically  closed  field.  Let  X be  a smooth 
projective  curve  over  k.  The  Picard  functor  Picx/k  is  representable. 


Proof.  Since  k is  algebraically  closed  there  exists  a rational  point  a of  X.  As 
discussed  above,  it  suffices  to  show  that  the  functor  Pic x/k, a classifying  invertible 
modules  trivial  along  er  is  representable.  To  do  this  we  will  check  conditions  (1), 


(2)(a),  (2)(b),  and  (2)(c)  of  Lemma  43.5.1 

The  functor  Pic x/k, a satisfies  the  sheaf  condition  for  the  fppf  topology  because  it 
is  isomorphic  to  Picx/g.  It  would  be  more  correct  to  say  that  we’ve  shown  the 
sheaf  condition  for  Pic x/k, a in  the  proof  of  Lemma  43.4.3  which  applies  by  Lemma 
43.6.1  This  proves  condition  (1) 


As  our  subfunctor  we  use  F as  defined  in  Lemma [43. 6. 2 Condition  (2)(a)  follows. 


Condition  (2)(b)  is  Lemma  43.6.4  Condition  (2)(c)  is  Lemma  43.6.5 


□ 


In  fact,  the  proof  given  above  produces  more  information  which  we  collect  here. 

OBAO  Lemma  43.6.7.  Let  k be  an  algebraically  closed  field.  Let  X be  a smooth  projective 
curve  of  genus  g over  k. 

(1)  Picx/k  is  a disjoint  union  of  g -dimensional  smooth  proper  varieties  Picx/k> 

(2)  k-points  of  Pic  x- if.  correspond  to  invertible  Ox -modules  of  degree  d, 

(3)  Pic°x/h  is  an  open  and  closed  subgroup  scheme, 

(4)  for  d > 0 there  is  a canonical  morphism  jd  : fMftx/k  Eidx/k 

(5)  the  morphisms  7 d are  surjective  for  d > g and  smooth  for  d > 2g  — 1, 

(6)  the  morphism  Hilb9x,h  —y  Pic9x,h  is  birational. 


Proof.  Pick  a fc-rational  point  a of  X.  Recall  that  Pic x/k  is  isomorphic  to  the 
functor  Picx /k.cr-  By  Derived  Categories  of  Schemes,  Lemma 
d £ Z there  is  an  open  subfunctor 


35.24.2 


for  every 


B^Cv/fe,c t PiCY/fc,cr 

whose  value  on  a scheme  T over  k consists  of  those  C € Pic x/k,cr(T)  such  that 
X(ATt,  Ct)  = d + 1 — g and  moreover  we  have 


Pic 


X/k,o 


n 


de  z 


Pi  CX/k,a 


as  fppf  sheaves.  It  follows  that  the  scheme  Pic  xn.  (which  exists  by  Proposition 


43.6.6)  has  a corresponding  decomposition 

Pic, 


VY  /k.o 


u 


de  z 


Pi^.Y /k,cr 


where  the  points  of  Pic x/k  a correspond  to  isomorphism  classes  of  invertible  mod- 
ules of  degree  d on  1. 


Fix  d > 0.  There  is  a morphism 

7 d ■ lilb x/k  — * Pic 

coming  from  the  invertible  sheaf  0(Duniv)  on  Hilb^//c  Xj,  X (Remark  43.3.7)  by  the 
Yoneda  lemma  (Categories,  Lemma [4. 3. 5 ).  Our  proof  of  the  representabiiity  of  the 


X/k 

d 
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43.6.6 


and  Lemma 


43.6.4 


shows  that  7 g induces 


Picard  functor  of  X/k  in  Proposition 
an  open  immersion  on  a nonempty  open  of  Hilby  . Moreover,  the  proof  shows  that 
the  translates  of  this  open  by  fc-rational  points  of  the  group  scheme  Pic x/k  define 
an  open  covering.  Since  Hilb gxiK  is  smooth  of  dimension  g (Proposition  43.3.6) 
over  k , we  conclude  that  the  group  scheme  Pic  y ,h  is  smooth  of  dimension  g over  fc. 

By  Groupoids,  Lemma  |38.7.3|  we  see  that  Pic x/k  is  separated.  Hence,  for  every 


d > 0,  the  image  of  7^  is  a proper  variety  over  k (Morphisms,  Lemma  28.41.9). 


Let  d > g.  Then  for  any  field  extension  K/k  and  any  invertible  OxK  -module  £ of 
degree  d,  we  see  that  x(Xk , £)  = d+1  ~ g > 0.  Hence  £ has  a nonzero  section  and 
we  conclude  that  £ = OxK{D)  for  some  divisor  D C Xk  of  degree  d.  It  follows 
that  7 d is  surjective. 


Combining  the  facts  mentioned  above  we  see  that  Pic  x/k  is  proper  for  d > g.  This 
finishes  the  proof  of  (2)  because  now  we  see  that  Pic' \/h  is  proper  for  d > g but 
then  all  Pic^/^.  are  proper  by  translation. 

It  remains  to  prove  that  7 d is  smooth  for  d > 2g  — 1.  Consider  an  invertible 
Ox-module  £ of  degree  d.  Then  the  fibre  of  the  point  corresponding  to  £ is 

Z = {DCX  | Ox(D)  = £}  C mix/k 


with  its  natural  scheme  structure.  Since  any  isomorphism  Ox{D)  — > £ is  well 
defined  up  to  multiplying  by  a nonzero  scalar,  we  see  that  the  canonical  section 
1 £ Ox{D)  is  mapped  to  a section  s £ P(A',  £)  well  defined  up  to  multiplication 
by  a nonzero  scalar.  In  this  way  we  obtain  a morphism 


Z — > Proj(Sym(P(A, £)*)) 


(dual  because  of  our  conventions).  This  morphism  is  an  isomorphism,  because 
given  an  section  of  £ we  can  take  the  associated  effective  Cartier  divisor,  in  other 
words  we  can  construct  an  inverset  of  the  displayed  morphism;  we  omit  the  precise 
formulation  and  proof.  Since  dim  H°  (X,  £)  = d + 1 — g for  every  £ of  degree 


d > 2g—  1 by  Varieties,  Lemma 


32.33.15 


d-g 


we  see  that  Proj(Sym(r(X,  £)*))  = Pf  9 . 
) = d — g.  We  conclude  that  the  fibres 


We  conclude  that  dim (Z)  = dim(Pfe 
of  the  morphism  7^  all  have  dimension  equal  to  the  difference  of  the  dimensions 
of  Hilby/f.  and  Pic dxih.  It  follows  that  7 d is  flat,  see  Algebra,  Lemma 


10.127.1 


As  moreover  the  fibres  are  smooth,  we  conclude  that  7 d is  smooth  by  Morphisms, 
Lemma  128.34.31  □ 
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CHAPTER  44 


Adequate  Modules 


06Z1 


44.1.  Introduction 

06Z2  For  any  scheme  X the  category  QCoh(Ox ) of  quasi-coherent  modules  is  abelian 
and  a weak  Serre  subcategory  of  the  abelian  category  of  all  Ox-modules.  The  same 
thing  works  for  the  category  of  quasi-coherent  modules  on  an  algebraic  space  X 
viewed  as  a subcategory  of  the  category  of  all  0x-nrodules  on  the  small  etale  site 
of  X.  Moreover,  for  a quasi-compact  and  quasi-separated  morphism  / : X — > Y 
the  pushforward  /*  and  higher  direct  images  preserve  quasi-coherency. 

Next,  let  X be  a scheme  and  let  0 be  the  structure  sheaf  on  one  of  the  big  sites 
of  X,  say,  the  big  fppf  site.  The  category  of  quasi-coherent  0-modules  is  abelian 
(in  fact  it  is  equivalent  to  the  category  of  usual  quasi-coherent  0x-modules  on  the 
scheme  X we  mentioned  above)  but  its  imbedding  into  Mod(0)  is  not  exact.  An 
example  is  the  map  of  quasi-coherent  modules 


on  A l = Spec(fc[x])  given  by  multiplication  by  x.  In  the  abelian  category  of 
quasi-coherent  sheaves  this  map  is  injective,  whereas  in  the  abelian  category  of 
all  0-modules  on  the  big  site  of  A),  this  map  has  a nontrivial  kernel  as  we  see 
by  evaluating  on  sections  over  Spec(/c[x]/(x))  = Spec(fc).  Moreover,  for  a quasi- 
compact and  quasi-separated  morphism  / : X — >•  Y the  functor  fug,*  does  not 
preserve  quasi-coherency. 

In  this  chapter  we  introduce  a larger  category  of  modules,  closely  related  to  quasi- 
coherent  modules,  which  “fixes”  the  two  problems  mentioned  above. 


44.2.  Conventions 


06Z3  In  this  chapter  we  fix  r £ {Zar,  etale , smooth , syntomic , fppf}  and  we  fix  a big 
r-site  SchT  as  in  Topologies,  Section  33.2  All  schemes  will  be  objects  of  SchT.  In 
particular,  given  a scheme  S we  obtain  sites  ( Aff/S)T  C ( Sch/S)T . The  structure 
sheaf  0 on  these  sites  is  defined  by  the  rule  0(T)  = T(T,Ot)- 


All  rings  A will  be  such  that  Spec(A)  is  (isomorphic  to)  an  object  of  SchT.  Given  a 
ring  A we  denote  AlgA  the  category  of  A-algebras  whose  objects  are  the  A-algebras 
B of  the  form  B = T(U,Ou)  where  S is  an  affine  object  of  SchT.  Thus  given  an 
affine  scheme  S = Spec(A)  the  functor 


(Aff/S)r  — » AlgA,  U i — > 0(U) 


is  an  equivalence. 
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06US 

06Z4 


06UT 


06UU 


44.3.  Adequate  functors 


In  this  section  we  discuss  a topic  closely  related  to  direct  images  of  quasi-coherent 
sheaves.  Most  of  this  material  was  taken  from  the  paper  IJaf97l. 

Definition  44.3.1.  Let  A be  a ring.  A module-valued,  functor  is  a functor  F : 
AlgA  -A  A b such  that 

(1)  for  every  object  B of  AlgA  the  group  F(B)  is  endowed  with  the  structure 
of  a .B-module,  and 

(2)  for  any  morphism  B — >•  B'  of  AlgA  the  map  F(B)  -A  F(B')  is  B-linear. 

A morphism  of  module-valued  functors  is  a transformation  of  functors  tp  : F G 
such  that  F(B)  -A  G(B ) is  B-linear  for  all  B £ Ob (AlgA). 


Let  S = Spec(A)  be  an  affine  scheme.  The  category  of  module-valued  functors  on 
AlgA  is  equivalent  to  the  category  PMod((Aff/S)r,  O)  of  presheaves  of  0-modules. 
The  equivalence  is  given  by  the  rule  which  assigns  to  the  module-valued  functor 
F the  presheaf  F defined  by  the  rule  F(U)  = F(0(U)).  This  is  clear  from  the 
equivalence  ( Aff/S)T  — > AlgA,  U ha  0(U)  given  in  Section  44.2 
sets  F(B)  = F(Spec(B)). 


The  quasi-inverse 


An  important  special  case  of  a module-valued  functor  comes  about  as  follows.  Let 
M be  an  A-module.  Then  we  will  denote  M the  module-valued  functor  B ha 
M ®A  B (with  obvious  .B-module  structure).  Note  that  if  M — > N is  a map  of  A- 
modules  then  there  is  an  associated  morphism  M_  -A  N_  of  module- valued  functors. 
Conversely,  any  morphism  of  module-valued  functors  M_  — > N_  comes  from  an  A- 
module  map  M — > N as  the  reader  can  see  by  evaluating  on  B = A.  In  other  words 
Modyi  is  a full  subcategory  of  the  category  of  module- valued  functors  on  AlgA. 

Given  and  A-module  map  ip  : M -A  N then  Coker(M  -a  N_)  = Q where  Q = 
Coker(M  -A-  N)  because  (g>  is  right  exact.  But  this  isn’t  the  case  for  the  kernel  in 
general:  for  example  an  injective  map  of  A-modules  need  not  be  injective  after  base 
change.  Thus  the  following  definition  makes  sense. 

Definition  44.3.2.  Let  A be  a ring.  A module-valued  functor  F on  AlgA  is  called 

(1)  adequate  if  there  exists  a map  of  A-modules  M -a  N such  that  F is 
isomorphic  to  Ker(M  -A  N_). 

(2)  linearly  adequate  if  F is  isomorphic  to  the  kernel  of  a map  A®n  -a  A®m. 


Note  that  F is  adequate  if  and  only  if  there  exists  an  exact  sequence  0 — >•  F — > 
M — >■  N_  and  F is  linearly  adequate  if  and  only  if  there  exists  an  exact  sequence 
0 -a  F -a  A®n  -a  Affim. 


Let  A be  a ring.  In  this  section  we  will  show  the  category  of  adequate  functors  on 
AlgA  is  abelian  (Lemmas |44 . 3 . 1 0| and  44.3.11)  and  has  a set  of  generators  (Lemma 


44.3.6).  We  will  also  see  that  it  is  a weak  Serre  subcategory  of  the  category  of  all 
module- valued  functors  on  Alq  * (Lemma  144.3. 16 ) and  that  it  has  arbitrary  colimits 
(Lemma  [443A2| . 


Lemma  44.3.3.  Let  A be  a ring.  Let  F be  an  adequate  functor  on  AlgA.  If 
B = colimBj  is  a filtered  colimit  of  A- algebras,  then  F{B ) = colim  F(Bf). 


Proof.  This  holds  because  for  any  A-module  M we  have  M®AB  = colim M®ABi 
(see  Algebra,  Lemma  10.11.9)  and  because  filtered  colimits  commute  with  exact 
sequences,  see  Algebra,  Lemma [l0.8.9|  □ 
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06UV 


06UW 


Remark  44.3.4.  Consider  the  category  Algj  A whose  objects  are  A-algebras  B 
of  the  form  B = A[x i, . . . , xn]/{fi, . . . , fm)  and  whose  morphisms  are  A-algebra 
maps.  Every  A-algebra  B is  a filtered  colimit  of  finitely  presented  A-algebra,  i.e.,  a 
filtered  colimit  of  objects  of  AlgfpA.  By  Lemma  44.3.3  we  conclude  every  adequate 
functor  F is  determined  by  its  restriction  to  AlgjpA.  For  some  questions  we  can 
therefore  restrict  to  functors  on  Alg^p  A.  For  example,  the  category  of  adequate 
functors  does  not  depend  on  the  choice  of  the  big  r-site  chosen  in  Section  |44.2[ 


Lemma  44.3.5.  Let  A be  a ring.  Let  F be  an  adequate  functor  on  AlgA.  If 
B -A  B'  is  flat,  then  F(B)  ®b  B'  — » F(B')  is  an  isomorphism. 


Proof.  Choose  an  exact  sequence  0 — > F — M — > IV.  This  gives  the  diagram 
F(B)  ®B  B'  'i^'%  (M  ®A  B ) ®B  Br (JV  ®AB)  ®B  B' 

Y 

I),---  • -p  FiB'i > M ®A  B' >■  N ®A  B' 


where  the  rows  are  exact  (the  top  one  because  B — ► B'  is  flat).  Since  the  right  two 
vertical  arrows  are  isomorphisms,  so  is  the  left  one.  □ 

06UX  Lemma  44.3.6.  Let  A be  a ring.  Let  F be  an  adequate  functor  on  AlgA.  Then 
there  exists  a surjection  L -A  F with  L a direct  sum  of  linearly  adequate  functors. 


Proof.  Choose  an  exact  sequence  0 — > F — > M_  — > N_  where  M_  — >•  N_  is  given  by  ip  : 
M -A-  N . By  Lemma  44.3.3  it  suffices  to  construct  L — > F such  that  L(B)  — » F(B) 
is  surjective  for  every  finitely  presented  ^4-algebra  B.  Hence  it  suffices  to  construct, 
given  a finitely  presented  A-algebra  B and  an  element  £ £ F(B)  a map  L -A  F 
with  L linearly  adequate  such  that  £ is  in  the  image  of  L(B)  -A-  F(B).  (Because 
there  is  a set  worth  of  such  pairs  ( B ,£)  up  to  isomorphism.) 


To  do  this  write  Y^i= l nm»  ® the  image  of  f in  M(B)  = M ®A  B.  We  know 
that  p(mi)  ® hi  = 0 in  N ®a  B.  As  N is  a filtered  colimit  of  finitely  presented 
A-modules,  we  can  find  a finitely  presented  A-module  N1 , a commutative  diagram 
of  A-modules 

A®n N' 

mi 

Y 

M N 


such  that  (&i,...,  bn)  maps  to  zero  in  N1  ®a  B.  Choose  a presentation  A®1  — ► 
A®k  -a-  N'  -a-  0.  Choose  a lift  A®n  -a  A®k  of  the  map  A®n  -a  N’  of  the  diagram. 
Then  we  see  that  there  exist  (ci, . . . , Cj)  £ B®1  such  that  (£>i,  ci, ...,  Cj)  maps 

to  zero  in  B®k  under  the  map  B®n  ® B ®l  -A  B®k.  Consider  the  commutative 
diagram 

A®n  ® A ®^  

V 

M **,N 


where  the  left  vertical  arrow  is  zero  on  the  summand  A®1 . Then  we  see  that  L equal 
to  the  kernel  of  A®n+l  -A  A®k  works  because  the  element  (2>i, . . . , bn,  Ci, . . . , c;)  £ 
L(B)  maps  to  £.  □ 
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Consider  a graded  A-algebra  B = ©rf>0i?d-  Then  there  are  two  A-algebra  maps 
p,a  : B -A  B[t,  t_1],  namely  p : b H >■  b and  a : b ha-  tdes^b  where  b is  homogeneous. 
If  P is  a module-valued  functor  on  AlgA , then  we  define 

06UY  (44.3.6.1)  F(B)^  = {£  £ F(H)  | tkF(p)(£)  = F{a){£)}. 

For  functors  which  behave  well  with  respect  to  flat  ring  extensions  this  gives  a 
direct  sum  decomposition.  This  amounts  to  the  fact  that  representations  of  Gm 
are  completely  reducible. 

06UZ  Lemma  44.3.7.  Let  A be  a ring.  Let  F be  a module-valued  functor  on  AlgA. 
Assume  that  for  B -A  B'  flat  the  map  F{B)  B'  — > F(B')  is  an  isomorphism. 
Let  B be  a graded  A-algebra.  Then 

(1)  F(B)  = ©fc6ZF(i?)«  and 

(2)  the  map  B -A  B0  -A  B induces  map  F(B)  -A  F(B)  whose  image  is 
contained  in  F(B)<'°') . 

Proof.  Let  x £ F(B).  The  map  p : B -A  B\t,t~l]  is  free  hence  we  know  that 

FiBlft-1])  = 0fegz  F(p)(F(B))  ■ tk  = 0fegz  F(B)  • tk 

as  indicated  we  drop  the  F(p)  in  the  rest  of  the  proof.  Write  F(a)(x)  = ^2  tkXk  for 
some  Xk  £ F(B).  Denote  e : — > B the  H-algebra  map  t H > 1.  Note  that 

the  compositions  top,  eoa  : 5 ->  B[t,  t_1]  -A  B are  the  identity.  Hence  we  see  that 

x = F{e)(F(a)(x))  = F(e)(^]tfexfc)  = ^0. 

On  the  other  hand,  we  claim  that  Xk  £ F(B)(kf  Namely,  consider  the  commutative 
diagram 

B 

a'  f 

Y Y 

B[s,  s^1]  — 9—^  B[t , s,  t-1,  s_1] 

where  a' (b)  = sdeg^b^6,  f(b)  = b,  f(t)  = st  and  g(b)  = tdes^b  and  g(s)  = s.  Then 

F(g)(F(a))(x)  = F(g)(J^  skxk)  = ^ skF(a){xk ) 

and  going  the  other  way  we  see 

F(f)(F(a))(x)  = F(f)(J^tkXk)  = ]T(st)kxk. 

Since  B -A-  B[s,  t,  s-1,  t_1]  is  free  we  see  that  F(B[t,  s , f_1,  s-1])  = ®fe  1&Z  F(B)  ■ 
tksl  and  comparing  coefficients  in  the  expressions  above  we  find  F(a)(xk)  = tkXk 
as  desired. 

Finally,  the  image  of  F(B0)  -A  F(B)  is  contained  in  F(B )(°)  because  B0  -A  B -A 
5[f,f_1]  is  equal  to  B0  -A  B A S[f,f-1].  □ 

As  a particular  case  of  Lemma|44.3.7| note  that 

M(B)W  =M®ABk 

where  Bk  is  the  degree  k part  of  the  graded  A-algebra  B. 
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06  VO 
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06V2 


Lemma  44.3.8.  Let  A be  a ring.  Given  a solid  diagram 


0 


L 


■ A®71 


M 


of  module-valued  functors  on  AlgA  with  exact  row  there  exists  a dotted  arrow  making 
the  diagram  commute. 


Proof.  Suppose  that  the  map  A®n  — > A®m  is  given  by  the  mx  n-matrix  (oy).  Con- 
sider the  ring  B = A[x i, . . . , xn]/ (]C  aijXj).  The  element  (aq, . . . , xn)  £ A®n(B) 
maps  to  zero  in  A®m(B)  hence  is  the  image  of  a unique  element  £ € L(H).  Note  that 
£ has  the  following  universal  property:  for  any  A-algebra  C and  any  f £ L(C)  there 
exists  an  H-algebra  map  B — ► C such  that  f maps  to  £'  via  the  map  L(B)  — >•  L{C). 

Note  that  B is  a graded  H-algebra,  hence  we  can  use  Lemmas  |44.3.7|  and  |44.3.5| 
to  decompose  the  values  of  our  functors  on  B into  graded  pieces.  Note  that  £ £ 
L(B)A’  as  (aq, . . . , xn)  is  an  element  of  degree  one  in  A®n(B ).  Hence  we  see  that 
y>(0  £ M(H)(1)  = M ®A  Hi.  Since  Hi  is  generated  by  xi,...,x„  as  an  A- module 
we  can  write  ip(f)  = 'Yrni  ® xi-  Consider  the  map  A®n  — > M which  maps  the 
itli  basis  vector  to  mi.  By  construction  the  associated  map  A®n  — > M_  maps  the 
element  £ to  (/?(£).  It  follows  from  the  universal  property  mentioned  above  that  the 
diagram  commutes.  □ 


Lemma  44.3.9.  Let  A be  a ring.  Let  ip  : F — » M_  be  a map  of  module-valued 
functors  on  AlgA  with  F adequate.  Then  Coker{ip ) is  adequate. 


Proof.  By  Lemma  44.3.6  we  may  assume  that  F = 0 Li  is  a direct  sum  of  linearly 
adequate  functors.  Choose  exact  sequences  0 — > Lt  — ► A®ni  — ► For  each  i 

choose  a map  H®” 


M as  in  Lemma  44.3.8  Consider  the  diagram 


Consider  the  A-modules 

Q = Coker(0  A®n'  M®0 .4®m;)  and  P = Coker(0 .4®n;  -»•  0 y4®m"). 

Then  we  see  that  Coker  (ip)  is  isomorphic  to  the  kernel  of  Q — > P.  □ 

Lemma  44.3.10.  Let  A be  a ring.  Let  ip  : F —¥  G be  a map  of  adequate  functors 
on  AlgA.  Then  Coker(ip)  is  adequate. 


Proof.  Choose  an  injection  G — > M.  Then  we  have  an  injection  G/F  — > MjF. 
By  Lemma  44.3.9  we  see  that  M_/F  is  adequate,  hence  we  can  find  an  injection 
M IF  — > N_.  Composing  we  obtain  an  injection  G/F  — > N_.  By  Lemma  [44.3.9  the 
cokernel  of  the  induced  map  G — >■  iV  is  adequate  hence  we  can  find  an  injection 
N_/G  — > K_-  Then  0 — » G/F  — ► N_  — > K_  is  exact  and  we  win.  □ 


Lemma  44.3.11.  Let  A be  a ring.  Let  ip  : F — >•  G be  a map  of  adequate  functors 
on  AlgA.  Then  Ker(ip)  is  adequate. 


06V3 
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Proof.  Choose  an  injection  F — > M_  and  an  injection  G — > N_.  Denote  F — > MfflJV 
the  diagonal  map  so  that 

F G 

v 

M®N 

commutes.  By  Lemma [44. 3. 10|  we  can  find  a module  map  M ® N — » K such  that  F 
is  the  kernel  of  M ® N — » AT.  Then  Ker(</?)  is  the  kernel  of  M 0 N — ► K ® N.  □ 

06V4  Lemma  44.3.12.  Let  A be  a ring.  An  arbitrary  direct  sum  of  adequate  functors 
on  AlgA  is  adequate.  A colimit  of  adequate  functors  is  adequate. 

Proof.  The  statement  on  direct  sums  is  immediate.  A general  colimit  can  be 
written  as  a kernel  of  a map  between  direct  sums,  see  Categories,  Lemma  [4.14. 11| 
Hence  this  follows  from  Lemma [4T3Tl]  □ 

06V5  Lemma  44.3.13.  Let  A be  a ring.  Let  F,G  be  module-valued  functors  on  AlgA. 
Let  (fi  '.  F — y G be  a transformation  of  functors.  Assume 

(1)  ip  is  additive, 

(2)  for  every  A-algebra  B and  f £ F(B)  and  unit  u £ B*  we  have  p{uff)  = 
up{fl)  in  G(B),  and 

(3)  for  any  flat  ring  map  B — > B'  we  have  G(B ) ®>b  B'  = G(B’). 

Then  p is  a morphism  of  module-valued  functors. 

Proof.  Let  B be  an  A-algebra,  £ £ F(B),  and  b £ B.  We  have  to  show  that 
i p(btf)  = bip(£).  Consider  the  ring  map 

B ->■  B'  = B[x,  y,  x~1,y~1}/{ x + y-b). 

This  ring  map  is  faithfully  flat,  hence  G(B)  C G(B').  On  the  other  hand 

<pQ>£)  = <p((x  + y)  0 = <p(x£)  + <p(yO  = xp{£)  + ytp(£)  = (x  + y)p(0  = M£) 
because  x,y  are  units  in  B' . Hence  we  win.  □ 

06V6  Lemma  44.3.14.  Let  A be  a ring.  Let  0— \ Is/fl— > G — > L — >-0  be  a short  exact 
sequence  of  module-valued  functors  on  AlgA  with  L linearly  adequate.  Then  G is 
adequate. 


Proof.  We  first  point  out  that  for  any  flat  A-algebra  map  B — ► B'  the  map 
G(B ) Br  — ^ G{B')  is  an  isomorphism.  Namely,  this  holds  for  M and  L , see 

Lemma [44 . 3 . 5 1 and  hence  follows  for  G by  the  five  lemma.  In  particular,  by  Lemma 


44.3.7 


we  see  that  G(B)  = 0fcgZ  G{B)^  for  any  graded  A-algebra  B. 


Choose  an  exact  sequence  0 — ► L — ► A®n  — > A®m.  Suppose  that  the  map 
A ®n  — > A®m  is  given  by  the  m x n-matrix  (a,j).  Consider  the  graded  A-algebra 
B = A[xi, . . . ,xn]/(J2aijxj)-  The  element  (ari,...,xn)  £ A®n(B ) maps  to  zero 
in  A®m(B)  hence  is  the  image  of  a unique  element  £ £ L(B).  Observe  that 
f £ L(B)G) . The  map 


Horn a(B,  C ) y L(C),  f ^ L(/)(0 


defines  an  isomorphism  of  functors.  The  reason  is  that  / is  determined  by  the 
images  q = f{xi)  £ C which  have  to  satisfy  the  relations  "}2aijcj  = *-*•  And  L{C) 
is  the  set  of  ?r-tuples  (ci, . . . , cn)  satisfying  the  relations  aijcj  = 0- 
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Since  the  value  of  each  of  the  functors  M,  G,  L on  B is  a direct  sum  of  its  weight 
spaces  (by  the  lemma  mentioned  above)  exactness  of  0 — > M — »G— »0 
implies  the  sequence  0 — > M(B V1)  — » G(B)1'1')  — ► L(B)^  — ► 0 is  exact.  Thus  we 
may  choose  an  element  9 £ G(B)^  mapping  to  £. 

Consider  the  graded  H-algebra 

C A[x\,  ...  , Xn  , Ul  j • • • ; !Jn ] / ( ^ ' ®ijXj  ’ ^ ) 

There  are  three  graded  H- algebra  homomorphisms  pi,p2,m  : 1?  -A  G defined  by 
the  rules 

Pi(xi)=Xi,  Pi(xi)=yi,  m(xi)=Xi  + yi. 

We  will  show  that  the  element 


r = G(m)(0)  - G(Pl)(9)  - G{p2){9)  £ G(G) 

is  zero.  First,  r maps  to  zero  in  L(C)  by  a direct  calculation.  Hence  r is  an 
element  of  M(G).  Moreover,  since  m,  pi,  p2  are  graded  algebra  maps  we  see  that 
r £ G(C)(b  and  since  McGwe  conclude 

r e M(G)(1)  =M®a  Gi. 

We  may  write  uniquely  r = M(p1)(r1)  + M(p2)(t2)  with  r,  € M = M(B)<'1'1 

because  Gi  = pi(l?i)  ©P2(-Bi).  Consider  the  ring  map  qi  : C B defined  by 
Xi  i-A  a;,  and  i-A  0.  Then  M(<7i)(t)  = M(9i)(M(Pi)(n)  + M(P2)(t2))  = n.  On 
the  other  hand,  because  q±om  = q\op\  we  see  that  G(gi)(r)  = —G(qiop2)(r).  Since 
gi  op2  factors  as  B — ► H — >•  f?  we  see  that  G(gi  op2)(r)  is  in  G(B)(°\  see  Lemma 


Similarly  r2  = 0,  whence  r = 0. 

Since  9 £ G(B)  we  obtain  a transformation  of  functors 


44.3.7 


Hence  n = 0 because  it  is  in  G(B)^  n M(B)A)  c G(B)^  n G(B)^  = 0. 


ip  : L(-)  = Honu(-B,  -)  — > G(-) 

by  mapping  / : B — > C to  G(f)(0).  Since  9 is  a lift  of  £ the  map  is  a right  inverse 
of  G — »•  L.  In  terms  of  ip  the  statements  proved  above  have  the  following  meaning: 
r = 0 means  that  ip  is  additive  and  9 £ G(B implies  that  for  any  A-algebra 
D we  have  ip(ul)  = uip(l)  in  G(D)  for  l £ L(D)  and  u £ D*  a unit.  This  implies 
that  ip  is  a morphism  of  module-valued  functors,  see  Lemma  44.3. 13|  Clearly  this 
implies  that  G = M_  © L and  we  win.  □ 


06V7 

extension  0— > M_— > E — > L — >■  0 of  module- valued  functors  on  AtgA  with  L linearly 
adequate  splits.  It  uses  only  the  following  properties  of  the  module-valued  functor 
F = M: 

(1)  F(B)  B ' — ► F(B')  is  an  isomorphism  for  a flat  ring  map  B — > B',  and 

(2)  F(G)«  = F(Pl)(F(B)W)(BF(p2)(F(B)W)  where  B = A[x  i, . . . , *„]/(£  a 

and  G = H[xi, . . . , xn,  yi, . . . , yn]/(J2  aijVj)- 

These  two  properties  hold  for  any  adequate  functor  F:  details  omitted.  Hence  we 
see  that  L is  a projective  object  of  the  abelian  category  of  adequate  functors. 


Remark  44.3.15.  Let  A be  a ring.  The  proof  of  Lemma 


44.3.14 


shows  that  any 


06V8 


Lemma  44.3.16.  Let  A be  a ring.  Let  O-^F^G^-H-^Obeci  short  exact 
sequence  of  module-valued  functors  on  AlgA.  If  F and  H are  adequate,  so  is  G. 
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06V9 


06VA 


06VB 


06VH 


Proof.  Choose  an  exact  sequence  0 — t F — > M_  — > TV.  If  we  can  show  that 
(M  © G)/F  is  adequate,  then  G is  the  kernel  of  the  map  of  adequate  functors 
{Mj&G) / F — > TV,  hence  adequate  by  Lemma  44.3.11  Thus  we  may  assume  F = M_. 


We  can  choose  a surjection  L — > H where  L is  a direct  sum  of  linearly  adequate 
functors,  see  Lemma  44.3.6  If  we  can  show  that  the  pullback  G Xh  L is  adequate, 
then  G is  the  cokernel  of  the  map  Ker(L  -A  H ) -A  G x#  L hence  adequate  by 
Lemma  44.3.10  Thus  we  may  assume  that  F[  = is  a direct  sum  of  linearly 

adequate  functors.  By  Lemma [44.3. 14| each  of  the  pullbacks  G xH  Li  is  adequate. 
By  Lemma  44.3.12  we  see  that  0 G x#  Li  is  adequate.  Then  G is  the  cokernel  of 


0^,-,  F - ©Gx^L, 


' i^i‘ 

where  £ in  the  summand  (i,  i')  maps  to  (0, . . . , 0,  £,  0, . . . , 0,  — £,  0, . . . , 0)  with  nonzero 
entries  in  the  summands  i and  i' . Thus  G is  adequate  by  Lemma|44.3.10  □ 


Lemma  44.3.17.  Let  A — * A'  be  a ring  map.  If  F is  an  adequate  functor  on 
AlgA,  then  its  restriction  F'  to  AlgA,  is  adequate  too. 


Proof.  Choose  an  exact  sequence  0 — ► F — >■  M — > TV.  Then  F'(B')  = F(B')  = 
Ker (M  ©a  B'  -A  N B').  Since  M ©a  B'  = M ©^4  A!  ©^4/  B'  and  similarly  for  N 
we  see  that  F'  is  the  kernel  of  M ©^  A!  — >■  N ©^4  A' . □ 


Lemma  44.3.18.  Let  A — » A!  be  a ring  map.  If  F'  is  an  adequate  functor  on 
AlgA,,  then  the  module-valued  functor  F : B 1— > F'{A'  ©^4  B)  on  AlgA  is  adequate 
too. 


Proof.  Choose  an  exact  sequence  0 — > F'  — ► Mf  — > N'..  Then 
F(B)  = F'(A'  ©A  B) 

= Ker (M'  ©a'  ( A ' ©a  B)  -5>  N'  ©A'  ( A ’ ©a  B)) 

= Ker (M'  ©a  B ^ N’  ©a  B) 

Thus  F is  the  kernel  of  M -A  TV  where  M = M'  and  N = N'  viewed  as  A- 
modules.  □ 


Lemma  44.3.19.  Let  A = Ai  x ...  x An  be  a product  of  rings.  An  adequate 
functor  over  A is  the  same  thing  as  a sequence  F\ , . . . , Fn  of  adequate  functors  Fi 
over  Ai. 

Proof.  This  is  true  because  an  A-algebra  B is  canonically  a product  B\X  . . .x  Bn 
and  the  same  thing  holds  for  A-modules.  Setting  F(B)  = JJ Fi(Bi)  gives  the 
correspondence.  Details  omitted.  □ 

Lemma  44.3.20.  Let  A — > A'  be  a ring  map  and  let  F be  a module-valued  functor 
on  AlgA  such  that 

(1)  the  restriction  F'  of  F to  the  category  of  A1  -algebras  is  adequate,  and 

(2)  for  any  A-algebra  B the  sequence 

0 -A  F(B)  -A  F(B  ©a  A1)  -a  F(B  ©a  Af  ©A  A!) 
is  exact. 

Then  F is  adequate. 
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Proof.  The  functors  B -A  F(B  ®A  A')  and  B 
see  Lemmas |44. 3. 18| and 
is  adequate,  see  Lemma 


44.3.17 


44.3.11 


F(B  CSu  A!  gu  A')  are  adequate, 
Hence  F as  a kernel  of  a map  of  adequate  functors 

□ 


44.4.  Higher  exts  of  adequate  functors 

06Z5  Let  A be  a ring.  In  Lemma  |44.3.16|  we  have  seen  that  any  extension  of  adequate 
functors  in  the  category  of  module-valued  functors  on  AlgA  is  adequate.  In  this 
section  we  show  that  the  same  remains  true  for  higher  ext  groups. 

06Z6  Lemma  44.4.1.  Let  A be  a ring.  For  every  module-valued  functor  F on  AlgA 
there  exists  a morphism  Q(F ) —tFof  module-valued  functors  on  AlgA  such  that  (1) 
Q(F)  is  adequate  and  (2)  for  every  adequate  functor  G the  map  Hom(G,  Q(F))  — > 
Hom(G,  F)  is  a bijection. 


Proof.  Choose  a set  {Li}iGj  of  linearly  adequate  functors  such  that  every  linearly 
adequate  functor  is  isomorphic  to  one  of  the  L,.  This  is  possible.  Suppose  that  we 
can  find  Q(F)  — > F with  (1)  and  (2)’  or  every  i £ I the  map  Hom(Lj,  Q(F))  — > 
Hom(Lj,P)  is  a bijection.  Then  (2)  holds.  Namely,  combining  Lemmas  44.3.6  and 
|44.3.11|we  see  that  every  adequate  functor  G sits  in  an  exact  sequence 

K -a  L — 5>  G -A-  0 


with  I\  and  L direct  sums  of  linearly  adequate  functors.  Hence  (2)’  implies  that 
Hom(L,  Q(F))  -4-  Hom(L,F)  and  Horn  (K,Q(F))  -A  Horn  (If,  F)  are  bijections, 
whence  the  same  thing  for  G. 


Consider  the  category  X whose  objects  are  pairs  [i,  ip)  where  i £ I and  g>  : Li  -A  F 
is  a morphism.  A morphism  — > (z' , is  a map  ip  : Li  -A  L ,/  such  that 

ip'  o ip  = ip.  Set 


Q(F')  colirri(,  y)eob(i)  A 
There  is  a natural  map  Q(F)  — > 
construction  it  has  property  (2)’. 


by  Lemma  44.3.12  it  is  adequate,  and  by 

□ 


06Z7  Lemma  44.4.2.  Let  A be  a ring.  Denote  V the  category  of  module-valued  functors 
on  AlgA  and  A the  category  of  adequate  functors  on  AlgA.  Denote  i : A —¥  V the 
inclusion  functor.  Denote  Q : V — > A the  construction  of  Lemma\44-4-l\  Then 

(1)  i is  fully  faithful,  exact,  and  its  image  is  a weak  Serre  subcategory, 

(2)  V has  enough  injectives, 

(3)  the  functor  Q is  a right  adjoint  to  i hence  left  exact, 

(4)  Q transforms  injectives  into  injectives, 

(5)  A has  enough  injectives. 


Proof.  This  lemma  just  collects  some  facts  we  have  already  seen  so  far.  Part  (1) 
is  clear  from  the  definitions,  the  characterization  of  weak  Serre  subcategories  (see 
Homology,  Lemma  12.9.3),  and  Lemmas  44.3. 10[  44.3.11  and  44.3.16  Recall  that 
V is  equivalent  to  the  category  PMod{{Aff/  Spec(A))T,  O).  Hence  (2)  by  Injectives, 
Proposition  |19.8.5  Part  (3)  follows  from  Lemma  44.4.1  and  Categories,  Lemma 

12.25. 1|  and  |12.25.3|  □ 


4.24.4  Parts  (4)  and  (5)  follow  from  Homology,  Lemmas 


Let  A be  a ring.  As  in  Formal  Deformation  Theory,  Section  |73.10|  given  an  A- 
algebra  B and  an  B- module  N we  set  B[N\  equal  to  the  i?-algebra  with  underlying 
R-module  B®N  with  multiplication  given  by  ( b , m)(b',  m')  = (bb' , bm!  + b'm).  Note 
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that  this  construction  is  functorial  in  the  pair  ( B,TV ) where  morphism  ( B,TV ) — ► 
(B' , TV')  is  given  by  an  A- algebra  map  B — ► B'  and  an  B-module  map  TV  — )•  TV' . In 
some  sense  the  functor  TF  of  pairs  defined  in  the  following  lemma  is  the  tangent 
space  of  F.  Below  we  will  only  consider  pairs  (B,N)  such  that  B[N\  is  an  object 
of  AlgA. 

06Z8  Lemma  44.4.3.  Let  A be  a ring.  Let  F be  a module  valued  functor.  For  every 
B € Ob(AlgA)  and  B-module  TV  there  is  a canonical  decomposition 

F(B[N ])  = F(B)  ® TF(B,  TV ) 


06Z9 


characterized  by  the  following  properties 

(1)  TF(B,  TV)  = Ker(F(B[N ])  -A-  F(B)), 

(2)  there  is  a B-module  structure  TF(B,  N)  compatible  with  B[N]-module 
structure  on  F(B[N]), 

(3)  TF  is  a functor  from  the  category  of  paws  (B,N), 

(4)  there  are  canonical  maps  TV  ®b  B(B)  _• y TF(B,  N)  inducing  a transfor- 
mation between  functors  defined  on  the  category  of  pairs  (B,N), 

(5)  TF(B,  0)  = 0 and  the  map  TF(B,  TV ) — > TF(B,  TV')  is  zero  when  TV  -A  TV' 
is  the  zero  map. 


Proof.  Since  B -A-  B[N]  — ► B is  the  identity  we  see  that  F(B)  -A  P(B[TV])  is 
a direct  summand  whose  complement  is  TF(N,B)  as  defined  in  (1).  This  con- 
struction is  functorial  in  the  pair  ( B,N ) simply  because  given  a morphism  of  pairs 
(B,N)  — > ( B',N ')  we  obtain  a commutative  diagram 


B' >■ B'[N ') >■  B' 


B B[N] >-  B 

in  AlgA.  The  .B-module  structure  comes  from  the  B[iV]-module  structure  and  the 
ring  map  B — > B[N],  The  map  in  (4)  is  the  composition 

N®b  F(B)  —a  B[N]  ®B[n]  F{B[N ])  — > F(B[N}) 

whose  image  is  contained  in  TF(B,N).  (The  first  arrow  uses  the  inclusions  N — > 
B[N ] and  F(B)  — > F(B[N ])  and  the  second  arrow  is  the  multiplication  map.)  If 
N = 0,  then  B = B[N]  hence  TF(B , 0)  = 0.  If  N — > N'  is  zero  then  it  factors  as 
TV  — > 0 — > N'  hence  the  induced  map  is  zero  since  TF(B,  0)  = 0.  □ 


Let  A be  a ring.  Let  M be  an  ^4-module.  Then  the  module-valued  functor  M_  has 
tangent  space  TM  given  by  the  rule  TM(B . TV)  = TV  M.  In  particular,  for  B 
given,  the  functor  TV  ha  TM(B,  TV)  is  additive  and  right  exact.  It  turns  out  this 
also  holds  for  injective  module-valued  functors. 

06ZA  Lemma  44.4.4.  Let  A be  a ring.  Let  I be  an  injective  object  of  the  category 
of  module-valued  functors.  Then  for  any  B € Ob (AlgA)  and  short  exact  sequence 
0 -A  Ni  — >■  TV  — ► TV2  — »•  0 of  B -modules  the  sequence 

T/(B,  TVi)  T/(B,  TV)  T/(B,  T V2)  -A  0 


is  exact. 
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Proof.  We  will  use  the  results  of  Lemma  T44.4.3I  without  further  mention.  Denote 
h : AlgA  -A  Sets  the  functor  given  by  h(C)  = MorA(B[N],C).  Similarly  for  hi  and 
/12 ■ The  map  B[N\  — > B[N2 ] corresponding  to  the  surjection  N — >■  IV2  is  surjective. 
It  corresponds  to  a map  /12  — > h such  that  /12(C)  — >■  h(C)  is  injective  for  all  21- 
algebras  C.  On  the  other  hand,  there  are  two  maps  p,  q : h — > hi , corresponding  to 
the  zero  map  Ni  — > N and  the  injection  Ni  -A  N.  Note  that 

/12 h f hi 

is  an  equalizer  diagram.  Denote  Oh  the  module-valued  functor  C 1— > C. 

Similarly  for  Oh,  and  Oh2  ■ Note  that 

Romv  (Oh,F)  = F(B[N}) 

where  V is  the  category  of  of  module- valued  functors  on  AlgA.  We  claim  there  is 
an  equalizer  diagram 

oh2  — oh  otll 

in  V.  Namely,  suppose  that  C £ Ob (AlgA)  and  £ = Xu=i  nci  ' fi  where  Ci  £ C 
and  fi  : B[N]  — >•  C is  an  element  of  Oh(C).  If  p(£)  = g(£),  then  we  see  that 

y~l  Ci  ■ fi  o z = Ci  ■ ^ o y 

where  z,y  : I3[iVi]  — >•  B[N]  are  the  maps  2 : (b,mi)  i-A  (6,0)  and  y : (b,m  1)  i-A 
(i b , mi).  This  means  that  for  every  i there  exists  a j such  that  fjoz  = fioy.  Clearly, 
this  implies  that  fi(Ni)  = 0,  i.e. , /,  factors  through  a unique  map  /,:  : B[N2\  -A  C. 
Hence  £ is  the  image  of  £ = X)  O ' fi-  Since  / is  injective,  it  transforms  this  equalizer 
diagram  into  a coequalizer  diagram 

I(B[N 1])  I(B[N]) ^ I(B[N2\) 

This  diagram  is  compatible  with  the  direct  sum  decompositions  I(B[N])  = 1(B)  ® 
TI(B,N ) and  I(B[Ni\)  = 1(B)  ®TI(B,Ni).  The  zero  map  N — > Ni  induces  the 
zero  map  TI(B , N)  -A  TI(B,  Ni).  Thus  we  see  that  the  coequalizer  property  above 
means  we  have  an  exact  sequence  TI(B,Ni)  — > TI(B,N)  — > TI(B,  N2)  -A  0 as 
desired.  □ 


06ZB  Lemma  44.4.5.  Let  A be  a ring.  Let  F be  a module-valued  functor  such  that  for 
any  B £ Ob (AlgA)  the  functor  TF(B , — ) on  B-modules  transforms  a short  exact 
sequence  of  B-modules  into  a right  exact  sequence.  Then 

TF(B , Ni  ® N2)  = TF(B , Ni)  ® TF(B , JV2), 

there  is  a second  functorial  B-module  structure  on  TF(B,  N)  defined  by 
setting  x ■ b = TF(B , b ■ l^)(a;)  for  x £ TF(B , N)  and  b £ B, 
the  canonical  map  N®bF(B)  —a  TF(B,N)  of  Lemma  44-4-3  is  B-linear 
also  with  respect  to  the  second  B-module  structure, 

given  a finitely  presented  B-module  N there  is  a canonical  isomorphism 
TF(B,B)  <g>B  N — > TF(B,N)  where  the  tensor  product  uses  the  second 
B-module  structure  on  TF(B,B). 


sequence 

(i) 

(2) 

06ZC 

(3) 

06ZD 

(4) 

Proof.  We  will  use  the  results  of  Lemma  144.4.31  without  further  mention.  The 
maps  Ni  —A  Ni  ® N2  and  7V2  — ► Ni  ® N2  give  a map  TF(B , Ni ) ® TF(B,  N2)  — > 
TF(B,  Ni®N2)  which  is  injective  since  the  maps  Ni(BN2  -4  Ni  and  IViffiA^  —A  N2 
induce  an  inverse.  Since  TF  is  right  exact  we  see  that  TF(B , Ni)  -A  TF(B , Ni  ® 
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TV2)  -a  TF{B,  N2 ) -A  0 is  exact.  Hence  TF(B , TVi)®TF(.B,  iV2)  -A  TF(B,  TVi®TV2) 
is  an  isomorphism.  This  proves  (1). 


To  see  (2)  the  only  thing  we  need  to  show  is  that  x ■ (b\  + b2)  = x ■ b\  + x ■ b2. 
(Associativity  and  additivity  are  clear.)  To  see  this  consider 

TV  {bl’b2-\  N ® N ^ N 


and  apply  TF{B,  —). 

Part  (3)  follows  immediately  from  the  fact  that  TV  ® b F(B)  -a  TF(B,N)  is  func- 
torial  in  the  pair  (B,N). 

Suppose  TV  is  a finitely  presented  F-module.  Choose  a presentation  B®m  -A  B®n  -A 
TV  — > 0.  This  gives  an  exact  sequence 

TF{B,  B®m)  -A  TF(B,  B®n)  -A  TF(B,  TV)  -A  0 

by  right  exactness  of  TF(B,  — ).  By  part  (1)  we  can  write  TF(B,  B®m)  = TF(B , B)®m 
and  TF(B,  B®n)  = TF(B,B)®n.  Next,  suppose  that  B®m  -A  B®n  is  given  by  the 
matrix  T = (fey).  Then  the  induced  map  TF(B,  B)®m  -A  TF(B,B)®n  is  given  by 
the  matrix  with  entries  TF(B,bij  -Is).  This  combined  with  right  exactness  of  (g> 
proves  (4).  □ 


06ZE  Example  44.4.6.  Let  F be  a module-valued  functor  as  in  Lemma  44.4.5  It  is 
not  always  the  case  that  the  two  module  structures  on  TF(B,  TV)  agree.  Here  is  an 
example.  Suppose  A = Fp  where  p is  a prime.  Set  F(B)  = B but  with  B-module 
structure  given  by  b-x  = bPx.  Then  TF(B,  TV)  = TV  with  i?-module  structure  given 
by  b ■ x = bpx  for  a;  € TV.  However,  the  second  ZJ-module  structure  is  given  by 
x ■ b = bx.  Note  that  in  this  case  the  canonical  map  TV  (g#  F(B)  -A  TF{B,N ) is 
zero  as  raising  an  element  n £ B[N]  to  the  pth  power  is  zero. 


In  the  following  lemma  we  will  frequently  use  the  observation  that  ifO—^F—^G—^ 
H -A  0 is  an  exact  sequence  of  module-valued  functors  on  AlgAl  then  for  any  pair 
(H,  TV)  the  sequence  0 -a  TF{B , TV)  -a  TG(B , TV)  -a  TH{B , TV)  -a  0 is  exact.  This 
follows  from  the  fact  that  0 -A  F(B[N])  -A  G(B[N])  -A  H(B[N])  — ► 0 is  exact. 

06ZF  Lemma  44.4.7.  Let  A be  a ring.  For  F a module-valued,  functor  on  AlgA  say  (*) 
holds  if  for  all  B £ Ob  (AlgA)  the  functor  TF{B,—)  on  B-modules  transforms  a 

short  exact  sequence  of  B-modules  into  a right  exact  sequence.  Let  0 A F A G A 

H — > 0 be  a short  exact  sequence  of  module-valued  functors  on  AlgA. 

(1)  If  (*)  holds  for  F,  G then  (*)  holds  for  H. 

(2)  If  (*)  holds  for  F,  H then  (*)  holds  for  G. 

(3)  If  H'  -a  H is  morphism  of  module-valued  functors  on  AlgA  and  (*)  holds 
for  F,  G,  H , and  H' , then  (*)  holds  for  G x#  H' . 
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Proof.  Let  B be  given.  Let  0 — >•  N±  — > N2  — > N3  — ► 0 be  a short  exact  sequence 
of  B-modules.  Part  (1)  follows  from  a diagram  chase  in  the  diagram 

0 •>  TF(B,  iVi) >-  TG(B , Nfi) > TH(B,  N3) >■  0 

Y 

0 m TF(B,  N2) >■  TG(B , N2) *•  TH(B,  N2) •>  0 

Y 

0 •>  TF(B,  N3) **  TG(B , N3) *■  TH(B,  N3 ) *•  0 


0 0 

with  exact  horizontal  rows  and  exact  columns  involving  TF  and  TG.  To  prove  part 
(2)  we  do  a diagram  chase  in  the  diagram 

0 ^ TF(B,  iVi) TG(B,  Nfi) TH(B,  N±) =►  0 

Y 

0 ^ TF(B,  N2) >■  TG(B , N2) TH(B,  N2 ) 0 

Y 

0 ^ TF{B,  N3) TG(B , N3) ^ TH(B,  N3) >■  0 

Y 

0 0 

with  exact  horizontal  rows  and  exact  columns  involving  TF  and  TH.  Part  (3) 
follows  from  part  (2)  as  G Xjj  H'  sits  in  the  exact  sequence  0 — > F — »•  G x h H'  — >■ 
H'  — > 0.  □ 


Most  of  the  work  in  this  section  was  done  in  order  to  prove  the  following  key 
vanishing  result. 

06ZG  Lemma  44.4.8.  Let  A be  a ring.  Let  M,  P be  A-modules  with  P of  finite  presen- 
tation. Then  Exfp  (P,  M)  = 0 for  i > 0 where  V is  the  category  of  module-valued 
functors  on  AlgA. 


Proof.  Choose  an  injective  resolution  M — > I*  in  V,  see  Lemma  44.4.2  By  Derived 

any  element  of  Ext p(P,  M)  comes  from  a morphism 


13.27.2 


Categories,  Lemma 
ip  : P — > I1  with  dl  o tp  = 0.  We  will  prove  that  the  Yoneda  extension 


E : 0 ->  M — S>  1°  -> 


I1-1  x 


Ker(tT)  P^P^O 


of  P by  M associated  to  <p  is  trivial,  which  will  prove  the  lemma  by  Derived  Cate- 
gories, Lemma  [13.27. 5| 

For  F a module-valued  functor  on  AlgA  say  (*)  holds  if  for  all  B £ Ob (AlgA)  the 
functor  TF(B , — ) on  f?-modules  transforms  a short  exact  sequence  of  P-modules 
into  a right  exact  sequence.  Recall  that  the  module- valued  functors  M,  7",P  each 
have  property  (*),  see  Lemma  44.4.4  and  the  remarks  preceding  it.  By  splitting  0 — > 
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M_  — > /*  into  short  exact  sequences  we  find  that  each  of  the  functors  Im(cP_1)  = 
Ker(d")  C In  has  property  (*)  by  Lemma  44.4.7  and  also  that  I i_1  xKer(rf;)  P has 
property  (*). 

Thus  we  may  assume  the  Yoneda  extension  is  given  as 

E : 0 -A  M -A  Fi—i  -A  . . . -A  F0  -A  P -A  0 

where  each  of  the  module-valued  functors  Fj  has  property  (*).  Set  Gj(B ) = 
TFj(B,  B)  viewed  as  a B-module  via  the  second  B-module  structure  defined  in 


Lemma  44.4.5  Since  TFj  is  a functor  on  pairs  we  see  that  Gj  is  a module- 
valued functor  on  AlgA.  Moreover,  since  E is  an  exact  sequence  the  sequence 
Gj+ 1 — ► Gj  — > Gj- 1 is  exact  (see  remark  preceding  Lemma  44.4.71.  Observe  that 


TM(B . B ) = M 0 a B = A£(B)  and  that  the  two  B-module  structures  agree  on 
this.  Thus  we  obtain  a Yoneda  extension 

E'  : 0 -A  M -A  Gi- 1 -A  . . . -A  G0  -A  P -A  0 

Moreover,  the  canonical  maps 

Fj(B)  =B®b  Fj(B)  > TFj(B,  B)  = Gj(B) 

of  Lemma  44.4.  10  are  B- linear  by  Lemma  [44.4. 5|  (jTT[)  and  functorial  in  B.  Hence 
a map 

Ok  djjf  M . Fi- 1 ■ • >-  Fq  P 0 


0 


Y 

M 


■ Gi-i 


of  Yoneda  extensions.  In  particular  we  see  that  E and  E'  have  the  same  class  in 
ExtpfP.  M)  by  the  lemma  on  Yoneda  Exts  mentioned  above.  Finally,  let  IV  be  a 
A-module  of  finite  presentation.  Then  we  see  that 

0 -A  TM(A,N)  -a  TFi-i(A,  N)  -a  . . . ->  TF0(A,N ) -a  TP{A,N)  -a  0 


is  exact.  By  Lemma  44.4.5  |0  with  B = A this  translates  into  the  exactness  of  the 
sequence  of  A-modules 


0 Y Ad  0a  IV  — y G i—\i^AA)  0a  IV  — y . . . — y Gq(A)  0a  IV  — t P 0a  IV 


• 0 


Hence  the  sequence  of  A-modules  0 -A  M -A  Gj_i(A)  -A  . . . — ► G0(A)  aPa  0 is 
universally  exact,  in  the  sense  that  it  remains  exact  on  tensoring  with  any  finitely 
presented  A-module  N.  Let  K = Ker(Go(A)  -a  P)  so  that  we  have  exact  sequences 

Oa  A'aG0(4)  aPaO  and  G2(A)  a Gi(A)  A A'  a 0 

Tensoring  the  second  sequence  with  N we  obtain  that  K 0a  IV  = Coker(G2(A)  0a 
N — > Gi  (A)  0^4  IV) . Exactness  of  G2  (A)  0^  N -a  Gi  (A)  0^  IV  -a  G0  ( A)  0a  IV  then 
implies  that  K 0a  N -a  Go(A)  0a  IV  is  injective.  By  Algebra,  Theorem  10.81.3 
this  means  that  the  A-module  extension  0 — > K — > Go  (A)  -A  P -A  0 is  exact,  and 
because  P is  assumed  of  finite  presentation  this  means  the  sequence  is  split,  see 
Algebra,  Lemma  10.81.4  Any  splitting  P -a  Go  (A)  defines  a map  P — > Go  which 
splits  the  surjection  Gq  — > P_.  Thus  the  Yoneda  extension  E'  is  equivalent  to  the 


trivial  Yoneda  extension  and  we  win. 


□ 
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06VF 


Lemma  44.4.9.  Let  A be  a ring.  Let  M be  an  A-module.  Let  L be  a linearly 
adequate  functor  on  AlgA.  Then  Exttp(L.  M)  = 0 for  i > 0 where  V is  the  category 
of  module-valued  functors  on  AlgA. 


Proof.  Since  L is  linearly  adequate  there  exists  an  exact  sequence 

0 -a  L -A  A®m  -a  A®"  -a  P -a  0 


Here  P = Cokcr(A®m  -A  A®n)  is  the  cokernel  of  the  map  of  finite  free  A-modules 
which  is  given  by  the  definition  of  linearly  adequate  functors.  By  Lemma |44.4.8|  we 
have  the  vanishing  of  Ext^(P,  M)  and  Ext j>(A,  M ) for  i > 0.  Let  K = Ker (A®n  — > 
P).  By  the  long  exact  sequence  of  Ext  groups  associated  to  the  exact  sequence 
0 — » K -A  A®71  — » P — » 0 we  conclude  that  Extp  (K.  M)  = 0 for  i > 0.  Repeating 
with  the  sequence  0 -A  L — > A®m  A If  A 0 we  win.  □ 


Lemma  44.4.10.  With  notation  as  in  Lemma 
all  p > 0 and  any  adequate  functor  F. 


44-4-2  we  have  RPQ(F ) 


0 for 


Proof.  Choose  an  exact  sequence  0 — >•  F — > M°  -A  M1.  Set  M 2 = Coker(M°  — >■ 
M1)  so  that  0 — y F — ^ M°  -a  M 1 -a  M2  a 0 is  a resolution.  By  Derived 
Categories,  Lemma  |13.21.3|  we  obtain  a spectral  sequence 

RPQ(M1)  =>  Rp+qQ(F) 


Since  Q(Mq)  = Mq  it  suffices  to  prove  RPQ(M_ ) = 0,  p > 0 for  any  A-module  M. 

Choose  an  injective  resolution  M -a  /*  in  the  category  V.  Suppose  that  RlQ{M ) 
Then  Ker(Q(P)  -A  Q(P+1))  is  strictly  bigger  than  the  image  of 

there  exists  a linearly  adequate  functor 


is  nonzero. 


44.3.6 


Q(P~1)  -A  Q(P).  Hence  by  Lemma 
L and  a map  ip  : L — >•  Q(P)  mapping  into  the  kernel  of  Q{P)  -A  Q(Il+1)  which 
does  not  factor  through  the  image  of  Q(/z_1)  -A  Q(Il).  Because  Q is  a left  adjoint 
to  the  inclusion  functor  the  map  ip  corresponds  to  a map  ip'  : L — > P with  the  same 
properties.  Thus  ip'  gives  a nonzero  element  of  Ext?p(X,  M ) contradicting  Lemma 
144.4.91  □ 


44.5.  Adequate  modules 

In  Descent,  Section  [34. 7|  we  have  seen  that  quasi-coherent  modules  on  a scheme  S 
are  the  same  as  quasi-coherent  modules  on  any  of  the  big  sites  ( Sch/S)T  associated 
to  S.  We  have  seen  that  there  are  two  issues  with  this  identification: 

(1)  QCoh(Os)  -A  Mod((Sch/ S)T , O),  F i-a  Fa  is  not  exact  in  general,  and 

(2)  given  a quasi-compact  and  quasi-separated  morphism  / : X -A  S the 
functor  /*  does  not  preserve  quasi-coherent  sheaves  on  the  big  sites  in 
general. 

Part  (1)  means  that  we  cannot  define  a triangulated  subcategory  of  D(0)  consisting 
of  complexes  whose  cohomology  sheaves  are  quasi-coherent.  Part  (2)  means  that 
Rf*F  isn’t  a complex  with  quasi-coherent  cohomology  sheaves  even  when  T is 
quasi-coherent  and  / is  quasi-compact  and  quasi-separated.  Moreover,  the  examples 
given  in  the  proofs  of  Descent,  Lemma [3T7T3] and  Descent,  Proposition! 34. 7.14] are 
not  of  a pathological  nature. 

In  this  section  we  discuss  a slightly  larger  category  of  0-modules  on  (Sch/S)T  with 
contains  the  quasi-coherent  modules,  is  abelian,  and  is  preserved  under  /*  when  / 
is  quasi-compact  and  quasi-separated.  To  do  this,  suppose  that  S is  a scheme.  Let 
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F be  a presheaf  of  0-modules  on  ( Sch/S)T . For  any  affine  object  U = Spec(A)  of 
( Sch/S)T  we  can  restrict  F to  ( Aff/U)T  to  get  a presheaf  of  0-modules  on  this  site. 
The  corresponding  module- valued  functor,  see  Section  |44.3[  will  be  denoted 

F = F>jA  : AlgA  — ► Ab,  F(Spec(B)) 

The  assignment  F K >•  FjrA  is  an  exact  functor  of  abelian  categories. 

06VG  Definition  44.5.1.  A sheaf  of  0-modules  F on  ( Sch/ S)T  is  adequate  if  there  exists 
a r-covering  {Spec(Aj)  -A  S’jjgj  such  that  Fj^a,  is  adequate  for  all  i £ I. 


We  will  see  below  that  the  category  of  adequate  0-modules  is  independent  of  the 
chosen  topology  r. 

06VI  Lemma  44.5.2.  Let  S be  a scheme.  Let  F be  an  adequate  0 -module  on  ( Sch/S)T . 
For  any  affine  scheme  Spec(A)  over  S the  functor  FjrA  is  adequate. 


06ZJ 


Proof.  Let  {Spec(A.j)  — ► S}iei  be  a r-covering  such  that  FTAi  is  adequate  for 
all  i £ I.  We  can  find  a standard  affine  r-covering  {Spec (A' ) — ► Spec(A)}J=i!...jm 
such  that  Spec(A')  — > Spec(A)  -a  S factors  through  Spec(Ai(J))  for  some  i(j ) £ I. 
Then  we  see  that  F{f,A'  is  the  restriction  of  Fj:_Ai{.)  to  the  category  of  A' -algebras. 
Hence  Fjr  A’  is  adequate  by  Lemma  ■ 


By  Lemma 


44.3.19 


the  sequence  Fjr  A: 


.44.3.17 

corresponds  to  an  adequate  “product”  functor  F'  over  A'  = A[  x . . . x A'm.  As  F is 
a sheaf  (for  the  Zariski  topology)  this  product  functor  F'  is  equal  to  Fjr  A>,  i.e.,  is 
the  restriction  of  F to  A'-algebras.  Finally,  {Spec(A')  — >•  Spec(A)}  is  a r-covering. 
ft  follows  from  Lemma  44.3.20  that  Fjr  A is  adequate.  □ 


Lemma  44.5.3.  Let  S = Spec(A)  be  an  affine  scheme.  The  category  of  adequate 
O-modules  on  ( Sch/S)T  is  equivalent  to  the  category  of  adequate  module-valued 
functors  on  AlgA. 


Proof.  Given  an  adequate  module  F the  functor  Fjr  A is  adequate  by  Lemma 
44.5.2  Given  an  adequate  functor  F we  choose  an  exact  sequence  0 — » F — > M — » 
N_  and  we  consider  the  0-module  F = Ker(Ma  — > Na)  where  Ma  denotes  the 
quasi-coherent  0-module  on  (Sch/ S)T  associated  to  the  quasi-coherent  sheaf  M on 
S.  Note  that  F = Fjr  A , in  particular  the  module  F is  adequate  by  definition. 
We  omit  the  proof  that  the  constructions  define  mutually  inverse  equivalences  of 
categories.  □ 

06VJ  Lemma  44.5.4.  Let  f : T -A  S be  a morphism  of  schemes.  The  pullback  f*F  of 
an  adequate  0 -module  F on  ( Sch/S)T  is  an  adequate  0 -module  on  ( Sch/T)T . 


Proof.  The  pullback  map  f*  : Mod((Sch/S)T,0)  -A  Mod((Sch/T)T,0)  is  given 
by  restriction,  i.e.,  f*F(V)  = F(V)  for  any  scheme  V over  T.  Hence  this  lemma 
follows  immediately  from  Lemma  |44.5.2|  and  the  definition.  □ 


Here  is  a characterization  of  the  category  of  adequate  0-modules.  To  understand 
the  significance,  consider  a map  Q — > Tl  of  quasi-coherent  0s-modules  on  a scheme 
S.  The  cokernel  of  the  associated  map  Qa  -A  Tia  of  0-modules  is  quasi-coherent 
because  it  is  equal  to  (' H/Q)a . But  the  kernel  of  Qa  -A  TLa  in  general  isn’t  quasi- 
coherent.  However,  it  is  adequate. 

06VK  Lemma  44.5.5.  Let  S be  a scheme.  Let  F be  an  0 -module  on  ( Sch/S)T . The 
following  are  equivalent 
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(1)  F is  adequate, 

(2)  there  exists  an  affine  open  covering  S = IJ  Si  and  maps  of  quasi- coherent 
O Si-modules  Qi  — > Hi  such  that  F\ (Sch/St)T  ®s  the  kernel  of  Qf  — > Hf 

(3)  there  exists  a r-covering  {S)  — > S}i&j  and  maps  of  Os,- quasi- coherent 
modules  Qi  — > Hi  such  that  F\(sch/Si)T  the  kernel  of  Qf  — > Hf, 

(4)  there  exists  a r-covering  {ft  : Si  — > S}i&j  such  that  each  f*F  is  adequate, 

(5)  for  any  affine  scheme  U over  S the  restriction  J~\(Sch/u)T  the  kernel  of 
a map  Qa  — > Ha  of  quasi- coherent  Ojj -modules. 


Proof.  Let  U = Spec(A)  be  an  affine  scheme  over  S.  Set  F = FjrA.  By  definition, 
the  functor  F is  adequate  if  and  only  if  there  exists  a map  of  A-modules  M — > N 
such  that  F = Ker (M  — > N_).  Combining  with  Lemmas  44.5.2  and  44.5.3  we  see 
that  (1)  and  (5)  are  equivalent. 


It  is  clear  that  (5)  implies  (2)  and  (2)  implies  (3).  If  (3)  holds  then  we  can  refine 
the  covering  {Si  — > S}  such  that  each  Si  = Spec(Aj)  is  affine.  Then  we  see,  by  the 
prelimiary  remarks  of  the  proof,  that  FjrAi  is  adequate.  Thus  T is  adequate  by 
definition.  Hence  (3)  implies  (1). 


Finally,  (4)  is  equivalent  to  (1)  using  Lemma  44.5.4  for  one  direction  and  that  a 
composition  of  T-coverings  is  a T-covering  for  the  other.  □ 


Just  like  is  true  for  quasi-coherent  sheaves  the  category  of  adequate  modules  is 
independent  of  the  topology. 

06VL  Lemma  44.5.6.  Let  F be  an  adequate  O-module  on  ( Sch/S)T . For  any  surjective 
flat  morphism  Spec (B)  — > Spec(H)  of  affines  over  S the  extended  Cech  complex 
0 -A  Jr(Spec(H))  -a  Jr(Spec(H))  -a  Jr(Spec(B  B ))  -a  . . . 

is  exact.  In  particular  T satisfies  the  sheaf  condition  for  fpqc  coverings,  and  is  a 
sheaf  of  O -modules  on  ( Sch / S)  fppf . 

Proof.  With  AaB  as  in  the  lemma  let  F = FjrA.  This  functor  is  adequate  by 
Lemma  [44.5.2|  By  Lemma  [44.3. 5|  since  A -A  B,  A -a  B B , etc  are  flat  we  see 

that  F(B)  = F(A)  Cu  B , F{B  (g)^  B)  = F(A)  Cu  B B , etc.  Exactness  follows 

from  Descent,  Lemma [34. 3. 6[ 

Thus  F satisfies  the  sheaf  condition  for  T-coverings  (in  particular  Zariski  coverings) 
and  any  faithfully  flat  covering  of  an  affine  by  an  affine.  Arguing  as  in  the  proofs  of 
Descent,  Lemma[~34.5.1|and  Descent,  Proposition|34.5.2lwe  conclude  that  F satisfies 
the  sheaf  condition  for  all  fpqc  coverings  (made  out  of  objects  of  ( Sch/S)T ).  Details 
omitted.  □ 


Lemma  44.5.6  shows  in  particular  that  for  any  pair  of  topologies  r,  r'  the  collec- 
tion of  adequate  modules  for  the  T-topology  and  the  r'-topology  are  identical  (as 
presheaves  of  modules  on  the  underlying  category  Sch/ S). 


07AH  Definition  44.5.7.  Let  S be  a scheme.  The  category  of  adequate  O-modules  on 
( Sch/S)T  is  denoted  Adeq{0)  or  Adeq((Sch/ S)T,0).  If  we  want  to  think  just  about 
the  abelian  category  of  adequate  modules  without  choosing  a topology  we  simply 
write  Adeq(S). 

06VM  Lemma  44.5.8.  Let  S be  a scheme.  Let  F be  an  adequate  O-module  on  ( Sch/S)T . 

(1)  The  restriction  F\sZar  is  a quasi-coherent  Os-module  on  the  scheme  S. 
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(2)  The  restriction  F\sitaU  is  the  quasi- coherent  module  associated  to  F\sZar- 

(3)  For  any  affine  scheme  U over  S we  have  Hq{U,  F)  = 0 for  all  q > 0. 

(4)  There  is  a canonical  isomorphism 

Hq(S,F\Szar)=Hq((Sch/S)T,F). 


Proof.  By  Lemma [44. 3. 5|  and  Lemma |44.5.2|  we  see  that  for  any  flat  morphism  of 
afhnes  U — > V over  S we  have  F(U)  = F(V)  ®o(v)  0{U).  This  works  in  particular 
if  U C V C S are  affine  opens  of  S,  hence  F\ sZar  is  quasi-coherent.  Thus  (1)  holds. 


Let  S'  ^ S be  an  etale  morphism  of  schemes.  Then  for  U C S'  affine  open  mapping 
into  an  affine  open  V C S we  see  that  F(U)  = F(V)  ®o(v)  0(U)  because  U — > V 
is  etale,  hence  flat.  Therefore  F\s>z  is  the  pullback  of  F\ sZar-  This  proves  (2). 


We  are  going  to  apply  Cohomology  on  Sites,  Lemma  21.11.9  to  the  site  ( Sch/S)T 
with  B the  set  of  affine  schemes  over  S and  Cov  the  set  of  standard  affine  r- 
coverings.  Assumption  (3)  of  the  lemma  is  satisfied  by  Descent,  Lemma  34.7.8  and 
Lemma [44.5.6| for  the  case  of  a covering  by  a single  affine.  Hence  we  conclude  that 
HP(U,F)  = 0 for  every  affine  scheme  U over  S.  This  proves  (3).  In  exactly  the 
same  way  as  in  the  proof  of  Descent,  Proposition  |34.7.T0|  this  implies  the  equality 
of  cohomologies  (4).  □ 


Remark  44.5.9.  Let  S'  be  a scheme.  We  have  functors  u : QCoh{Os)  -A  Adeq(0) 
and  v : Adeq(0)  -A  QCoh(Os)-  Namely,  the  functor  u : F ha  Fa  comes  from  taking 
the  associated  0-module  which  is  adequate  by  Lemma  44.5.5[  Conversely,  the 


functor  v comes  from  restriction  v : Q i-a  G\sZa.r,  see  Lemma  44.5.8  Since  J-a  can  be 


described  as  the  pullback  of  T under  a morphism  of  ringed  topoi  (( Sch/S)T,0 ) — ► 
( Szar , Os),  see  Descent,  Remark  34.7.6  and  since  restriction  is  the  pushforward  we 
see  that  u and  v are  adjoint  as  follows 


'Homos(F,vQ)  = 'Homo(uF,Q) 

where  O denotes  the  structure  sheaf  on  the  big  site.  It  is  immediate  from  the 
description  that  the  adjunction  mapping  F -A  vuF  is  an  isomorphism  for  all  quasi- 
coherent  sheaves. 


06VP  Lemma  44.5.10.  Let  S be  a scheme.  Let  T be  a presheaf  of  O -modules  on 
(, Sch/ S)T . If  for  every  affine  scheme  Spec(A)  over  S the  functor  FjrA  is  adequate, 
then  the  sheafification  of  T is  an  adequate  O-module. 


Proof.  Let  U = Spec(A)  be  an  affine  scheme  over  S.  Set  F = Fjr  A-  The  sheafifi- 
cation F#  — (Jr+)+,  see  Sites,  Section  7.10  By  construction 

(F)+{U)  = colim u H°(U,F) 

where  the  colimit  is  over  coverings  in  the  site  ( Sch/ S)T . Since  U is  affine  it  suffices 
to  take  the  limit  over  standard  affine  r-coverings  U = {Ui  -A  U}i^i  = {Spec(Ai)  -a 
Spec(A)}ie/  of  U.  Since  each  A — > Ai  and  A 

H°(U,  F)  = Ker(JI  F(A)  ®A  A . 

Since  A 


-A 


► A{  ®A  Aj  is  flat  we  see  that 

Y[f{A)®a  Ai  ®AAj) 


by  Lemma  44.3.5 


UA 


is  faithfully  flat  we  see  that  this  always  is 
canonically  isomorphic  to  F(A)  by  Descent,  Lemma  34.3.6  Thus  the  presheaf  (Jr)  + 
has  the  same  value  as  F on  all  affine  schemes  over  S.  Repeating  the  argument  once 
more  we  deduce  the  same  thing  for  F # = ((Jr)+)+.  Thus  Fjr  A = Fjt#  a and  we 
conclude  that  F#  is  adequate.  □ 


44.5.  ADEQUATE  MODULES 


2977 


06VQ 


Lemma  44.5.11.  Let  S be  a scheme. 

(1)  The  category  Adeq((D)  is  abelian. 

(2)  The  functor  Adeq(O)  -A  Mod((Sch/S)T,0)  is  exact. 

(3)  If  0 — > F\  — ► F2  — > F3  — > 0 is  a short  exact  sequence  of  O-modules  and 
F±  and  F3  are  adequate,  then  F2  is  adequate. 

(4)  The  category  AdeqlO)  has  colimits  and  AdeqlO ) — > Mod((Sch/ S)T,0) 
commutes  with  them. 


Proof.  Let  ip  : F — > Q be  a map  of  adequate  O-modules.  To  prove  (1)  and  (2)  it 
suffices  to  show  that  K.  = Ker((^)  and  Q = Coker(<p)  computed  in  Mod((Sch/ S)Tl  O) 
are  adequate.  Let  U = Spec(H)  be  an  affine  scheme  over  S.  Let  F = Fjr  A and 
G = Fg  A.  By  Lemmas  44.3.11  and  44.3.10  the  kernel  K and  cokernel  Q of  the 


induced  map  F — > G are  adequate  functors.  Because  the  kernel  is  computed  on  the 
level  of  presheaves,  we  see  that  K = F/c,a  and  we  conclude  K,  is  adequate.  To  prove 
the  result  for  the  cokernel,  denote  Q!  the  presheaf  cokernel  of  tp.  Then  Q = Fq^a 
and  Q = (Q7)#.  Hence  Q is  adequate  by  Lemma 


44.5.10 


Let  0 — y F\  — ^ F2  — ^ F3  — y 0 is  a short  exact  sequence  of  O-modules  and  F\  and 
F3  are  adequate.  Let  U = Spec(A)  be  an  affine  scheme  over  S.  Let  Ft  = Fjr.A. 
The  sequence  of  functors 

0 — I'  ] — ^ /'5  — h ^ 0 

is  exact,  because  for  V = Spec(H)  affine  over  U we  have  Lf1(P,  ^i)  = 0 by  Lemma 
|44.5.8|  Since  Fj  and  F3  are  adequate  functors  by  Lemma  [44.5.2|  we  see  that  F2  is 
adequate  by  Lemma  [44. 3. 16  Thus  F2  is  adequate. 

Let  X -A  Adeq(O),  i A J,  be  a diagram.  Denote  T = colirn,;  F-L  the  colimit 
computed  in  Mod((Sch/ S)Tl  O).  To  prove  (4)  it  suffices  to  show  that  F is  adequate. 
Let  F'  = colirn,;  F,  be  the  colimit  computed  in  presheaves  of  O-modules.  Then 
F = (F')#.  Let  U = Spec(H)  be  an  affine  scheme  over  S.  Let  F^  = Fjr.  A.  By 
Lemma  |44.3.12  the  functor  colinq  Fi  = Fjn  A is  adequate.  Lemma  44.5.10  shows 
that  F is  adequate.  □ 


The  following  lemma  tells  us  that  the  total  direct  image  Rf*F  of  an  adequate 
module  under  a quasi-compact  and  quasi-separated  morphism  is  a complex  whose 
cohomology  sheaves  are  adequate. 

06VR  Lemma  44.5.12.  Let  f : T -A  S be  a quasi-compact  and  quasi-separated  morphism 
of  schemes.  For  any  adequate  Ox-module  on  ( Sch/T)T  the  pushforward  f*F  and 
the  higher  direct  images  Rlf*F  are  adequate  Os-modules  on  ( Sch/S)T . 

Proof.  First  we  explain  how  to  compute  the  higher  direct  images.  Choose  an 
injective  resolution  F — > X* . Then  Rl  ftF  is  the  ith  cohomology  sheaf  of  the 
complex  /*I*.  Hence  Rlf*F  is  the  sheaf  associated  to  the  preslreaf  which  associates 
to  an  object  U/S  of  ( Sch/S)T  the  module 

Ker (f*Xl(U)  -A  f*Xi+1(U))  = Ker {TjU  xs  T)  -a  T+\U  xsT)) 
Imif^-^U)  -A  f*F{U))  xs  T)  -A  F(U  xs  T)) 

= H\UxsT,F) 

= H\(Sch/U  xsT)t,  F\(Sch/UxsT)T) 

= Hi(UxsT,F\(UxsT)zar) 
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06ZK 


The  first  equality  by  Topologies,  Lemma  33.7.12  (and  its  analogues  for  other  topolo- 
gies), the  second  equality  by  definition  of  cohomology  of  T over  an  object  of 
( Sch/T)T , the  third  equality  by  Cohomology  on  Sites,  Lemma  21.8.1  and  the  last 


equality  by  Lemma  [44.5. 8|  Thus  by  Lemma  [44.5.10  it  suffices  to  prove  the  claim 
stated  in  the  following  paragraph. 

Let  A be  a ring.  Let  T be  a scheme  quasi-compact  and  quasi-separated  over  A. 
Let  T be  an  adequate  0T-module  on  ( Sch/T)T . For  an  H-algebra  B set  TB  = 
T x spec(A)  Spec (B)  and  denote  Tb  = T| (rB)zo.r  the  restriction  of  T to  the  small 
Zariski  site  of  TB.  (Recall  that  this  is  a “usual”  quasi-coherent  sheaf  on  the  scheme 
Tg,  see  Lemma  44.5. 8|)  Claim:  The  functor 

B i — > Hq(TB,TB) 


is  adequate.  We  will  prove  the  lemma  by  the  usual  procedure  of  cutting  T into 
pieces. 


Case  I:  T is  affine.  In  this  case  the  schemes  TB  are  all  affine  and  Hq(TBl  Tb)  = 0 


for  all  q > 1.  The  functor  B ha  H°(TB,TB)  is  adequate  by  Lemma  44.3.18 


Case  II:  T is  separated.  Let  n be  the  minimal  number  of  affines  needed  to  cover 
T.  We  argue  by  induction  on  n.  The  base  case  is  Case  I.  Choose  an  affine  open 
covering  T = V\  U . . . U Vn.  Set  V = V\  U . . . U Vn-\  and  U = Vn.  Observe  that 


u n v = (Vi  n vn)  u . . . u (K-i  n vn) 

is  also  a union  of  n — 1 affine  opens  as  T is  separated,  see  Schemes,  Lemma [25. 21. 8| 
Note  that  for  each  B the  base  changes  UB,  VB  and  (U  0 V)B  = UB  O VB  behave  in 
the  same  way.  Hence  we  see  that  for  each  B we  have  a long  exact  sequence 

0 -A  H°(Tb,Tb)  -a  H°{Ub,Tb)®H°(Vb,Tb)  -a  H°((UnV)B,J7B)  -A  H\Tb,Tb) 


functorial  in  B1  see  Cohomology,  Lemma|20.9.2|  By  induction  hypothesis  the  func- 
tors B ha  Hq(UB,TB),  B ha  Hq(VB,  Fb),  and  B ha  Hq{(U  0 V)Bl  TB)  are  ade- 
quate. Using  Lemmas  44.3.11  and  44.3.10  we  see  that  our  functor  B ha  Hq(TB,FB ) 
sits  in  the  middle  of  a short  exact  sequence  whose  outer  terms  are  adequate.  Thus 
the  claim  follows  from  Lemma 0T3T61 


Case  III:  General  quasi-compact  and  quasi-separated  case.  The  proof  is  again  by 
induction  on  the  number  n of  affines  needed  to  cover  T.  The  base  case  n = 1 is 
Case  I.  Choose  an  affine  open  covering  T = V\  U . . . U Vn.  Set  V = V\  U . . . U Vn-\ 
and  U = Vn.  Note  that  since  T is  quasi-separated  U D V is  a quasi-compact  open 
of  an  affine  scheme,  hence  Case  II  applies  to  it.  The  rest  of  the  argument  proceeds 
in  exactly  the  same  manner  as  in  the  paragraph  above  and  is  omitted.  □ 


44.6.  Parasitic  adequate  modules 


In  this  section  we  start  comparing  adequate  modules  and  quasi-coherent  modules 
on  a scheme  S.  Recall  that  there  are  functors  u : QCoh(Os)  -A  Adeq(0)  and 
v : Adeq(O)  -A  QCoh{Os ) satisfying  the  adjunction 


T-Lom  QGoh(0  s)(T  ,vQ)  = 'HomAdeq(0)(uB,g) 

and  such  that  T — > vuT  is  an  isomorphism  for  every  quasi-coherent  sheaf  J~,  see 
Remark  44.5.9  Hence  u is  a fully  faithful  embedding  and  we  can  identify  QCoh(Os) 
with  a full  subcategory  of  Adeq(0).  The  functor  v is  exact  but  u is  not  left  exact 
in  general.  The  kernel  of  v is  the  subcategory  of  parasitic  adequate  modules. 
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06ZM 


06ZN 


06ZP 


06VS 


In  Descent,  Definition  |34.8.1|  we  give  the  definition  of  a parasitic  module.  For 
adequate  modules  the  notion  does  not  depend  on  the  chosen  topology. 

Lemma  44.6.1.  Let  S be  a scheme.  Let  J-  be  an  adequate  O-module  on  ( Sch/S)T . 
The  following  are  equivalent: 

(1)  vT  = 0, 

(2)  IF  is  parasitic, 

(3)  J-  is  parasitic  for  the  t -topology, 

(4)  J-(U)  = 0 for  all  U C S open,  and 

(5)  there  exists  an  affine  open  covering  S = 1J  Ui  such  that  T(Ui ) = 0 for  all 

i. 


Proof.  The  implications  (2)  =>  (3)  =>  (4)  =>  (5)  are  immediate  from  the  definitions. 
Assume  (5).  Suppose  that  S = |J  Ui  is  an  affine  open  covering  such  that  T(U{)  = 0 
for  all  i.  Let  V -t  S be  a flat  morphism.  There  exists  an  affine  open  covering 
V = U Vj  such  that  each  Vj  maps  into  some  t/j.  As  the  morphism  Vj  — > S is  flat, 
also  Vj  — > Ui  is  flat.  Hence  the  corresponding  ring  map  A,  = 0(Ui ) -A  0(Vj)  = Bj 
is  flat.  Thus  by  Lemma  44.5.2  and  Lemma  44.3.5  we  see  that  F{Ui)V)A.:  Bj  -a  J-(Vj) 
is  an  isomorphism.  Hence  F(Vj)  = 0.  Since  J7  is  a sheaf  for  the  Zariski  topology 
we  conclude  that  IF(V)  = 0.  In  this  way  we  see  that  (5)  implies  (2). 

This  proves  the  equivalence  of  (2),  (3),  (4),  and  (5).  As  (1)  is  equivalent  to  (3)  (see 
Remark  44.5.9)  we  conclude  that  all  five  conditions  are  equivalent.  □ 


Let  5 be  a scheme.  The  subcategory  of  parasitic  adequate  modules  is  a Serre 
subcategory  of  Adeq(0).  The  quotient  is  the  category  of  quasi-coherent  modules. 

Lemma  44.6.2.  Let  S be  a scheme.  The  subcategory  C C Adeq(0)  of  parasitic 
adequate  modules  is  a Serre  subcategory.  Moreover,  the  functor  v induces  an  equiv- 
alence of  categories 

Adeq(0)/C  = QCoh(Os). 


Proof.  The  category  C is  the  kernel  of  the  exact  functor  v : Adeq{0)  — > QCohlfDs ), 
see  Lemma  [44.6. 1|  Hence  it  is  a Serre  subcategory  by  Homology,  Lemma  [l2.9.4[ 
By  Homology,  Lemma  12.9.6  we  obtain  an  induced  exact  functor  v : Adeq(0)/C  —> 
QCoh(Os )•  Because  u is  a right  inverse  to  v we  see  right  away  that  v is  essentially 
surjective.  We  see  that  v is  faithful  by  Homology,  Lemma  12.9.7  Because  u is  a 
right  inverse  to  v we  finally  conclude  that  v is  fully  faithful.  □ 


Lemma  44.6.3.  Let  f : T — » S be  a quasi-compact  and  quasi-separated  morphism 
of  schemes.  For  any  parasitic  adequate  OT~module  on  ( Sch/T)T  the  pushforward 
f*J-  and  the  higher  direct  images  Rl f*F  are  parasitic  adequate  Os -modules  on 
{Sch/S)T. 


Proof.  We  have  already  seen  in  Lemma  |44.5.12|  that  these  higher  direct  images 
are  adequate.  Hence  it  suffices  to  show  that  (Rl f*T){Ui)  = 0 for  any  r-covering 
{Ui  — >•  S}  open.  And  Rlf*F  is  parasitic  by  Descent,  Lemma  34.8.3  □ 


44.7.  Derived  categories  of  adequate  modules,  I 

Let  S'  be  a scheme.  We  continue  the  discussion  started  in  Section  144.61  The  exact 
functor  v induces  a functor 


D(Adeg(0))  D(QCoh(Os )) 
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and  similarly  for  bounded  versions. 

06ZQ  Lemma  44.7.1.  Let  S be  a scheme.  Let  C C Adeq(0 ) denote  the  full  subcategory 
consisting  of  parasitic  adequate  modules.  Then 

D(Adeq(0))/Dc(Adeq(0))  = D(QCoh(Os )) 

and  similarly  for  the  bounded  versions. 

Proof.  Follows  immediately  from  Derived  Categories,  Lemma[l3.13.3|  □ 


Next,  we  look  for  a description  the  other  way  around  by  looking  at  the  functors 

K+(QCoh(Os ))  — > K+(Adeq{0))  — > D+(Adeq(0))  —>  D+(QCoh(Os)). 

In  some  cases  the  derived  category  of  adequate  modules  is  a localization  of  the 
homotopy  category  of  complexes  of  quasi-coherent  modules  at  universal  quasi- 
isomorphisms. Let  S'  be  a scheme.  A map  of  complexes  ip  : T*  — > Q * of  quasi- 
coherent  Og-modules  is  said  to  be  a universal  quasi-isomorphism  if  for  every  mor- 
phism of  schemes  / : T — > S the  pullback  f*p  is  a quasi-isomorphism. 

06ZR  Lemma  44.7.2.  Let  U = Spec(A)  be  an  affine  scheme.  The  bounded  below  derived 
category  D+(Adeq(0))  is  the  localization  of  K+  (QCoh(Ojj))  at  the  multiplicative 
subset  of  universal  quasi-isomorphisms. 


Proof.  If  p : T*  — > Q*  is  a morphism  of  complexes  of  quasi-coherent  Oy-moclules, 
then  up  : uiF*  —¥  uQm  is  a quasi-isomorphism  if  and  only  if  tp  is  a universal  quasi- 
isomorphism. Hence  the  collection  S of  universal  quasi-isomorphisms  is  a satu- 
rated multiplicative  system  compatible  with  the  triangulated  structure  by  Derived 
Categories,  Lemma  13.5.3  Hence  S~1K+{QCoh{Ojj))  exists  and  is  a triangulated 


category,  see  Derived  Categories,  Proposition [1333J  We  obtain  a canonical  functor 
can  : S'-1 1\  + (QCoh(Ou))  — » D+  (Adeq(0))  by  Derived  Categories,  Lemma  13.5.6 


Note  that,  almost  by  definition,  every  adequate  module  on  U has  an  embedding  into 
a quasi-coherent  sheaf,  see  Lemma  |44.5.5|  Hence  by  Derived  Categories,  Lemma 


13. 16. 4| given  T*  € Ob (K+  (Adeq(0)))  there  exists  a quasi-isomorphism  T*  -A  uQ* 
where  Q*  £ Ob(Jv  + (QCoh(Ojj)))-  This  proves  that  can  is  essentially  surjective. 


Similarly,  suppose  that  T * and  Q*  are  bounded  below  complexes  of  quasi-coherent 
0[/-modules.  A morphism  in  D+(Adeq(0))  between  these  consists  of  a pair  / : 
uT%  — > Tl * and  s : uQ * — > TL * where  s is  a quasi-isomorphism.  Pick  a quasi- 
isomorphism s'  : TT  — > u£* . Then  we  see  that  s'  o / : T — > £*  and  the  universal 
quasi-isomorphism  s'os  : Q*  — > £*  give  a morphism  in  S’-1  K+  ( QCoh(Ojj ))  mapping 
to  the  given  morphism.  This  proves  the  ’’fully”  part  of  full  faithfulness.  Faithfulness 
is  proved  similarly.  □ 


06ZS  Lemma  44.7.3.  Let  U = Spec(A)  be  an  affine  scheme.  The  inclusion  functor 

Adeq(0)  Mod((Sch/U)T,0) 

has  a right  adjoint  43  Moreover,  the  adjunction  mapping  A(fF)  —t  J-  is  an  iso- 
morphism for  every  adequate  module  J- . 


'This  is  the  “adequator”. 
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Proof.  By  Topologies,  Lemma[33.7.11|  (and  similarly  for  the  other  topologies)  we 
may  work  with  0-modules  on  ( Aff/U)T . Denote  V the  category  of  module-valued 
functors  on  AlgA  and  A the  category  of  adequate  functors  on  AlgA.  Denote  * : A — ► 
V the  inclusion  functor.  Denote  Q : V -A  A the  construction  of  Lemma  44.4.1  We 
have  the  commutative  diagram 


Adeq(O) 


■ Mod{{Aff/U)r,0) 


PMod{(Aff/U)r,0) 


(44.7.3.1) 


The  left  vertical  equality  is  Lemma  |44.5.3|  and  the  right  vertical  equality  was  ex- 
plained in  Section  44.3  Define  A{T)  = Q(j(F)).  Since  j is  fully  faithful  it  follows 
immediately  that  A is  a right  adjoint  of  the  inclusion  functor  k.  Also,  since  k is 
fully  faithful  too,  the  final  assertion  follows  formally.  □ 

The  functor  A is  a right  adjoint  hence  left  exact.  Since  the  inclusion  functor  is 
exact,  see  Lemma [44 . 5 . 1 1 1 we  conclude  that  A transforms  injectives  into  injectives, 
and  that  the  category  AdeqiO)  has  enough  injectives,  see  Homology,  Lemma  12.25.3 
and  Injectives,  Tlreorem|19.8.4  This  also  follows  from  the  equivalence  in  (44.7.3.1 ) 
and  Lemma |44A2l 

Lemma  44.7.4.  Let  U = Spec(A)  be  an  affine  scheme.  For  any  object  T of 


Adeq{0)  we  have  RPA(J-)  = 0 for  all  p > 0 where  A is  as  in  Lemma  ff.7.3 


Proof.  With  notation  as  in  the  proof  of  Lemma  |44.7.3|  choose  an  injective  reso- 
lution k(T)  — > X * in  the  category  of  0-modules  on  ( Aff/U)T . By  Cohomology  on 
Sites,  Lemmas|21.12.2  and  Lemma  44.5.8  the  complex  j (X* ) is  exact.  On  the  other 
hand,  each  j(In)  is  an  injective  object  of  the  category  of  presheaves  of  modules  by 
Cohomology  on  Sites,  Lemma  21.12.1  It  follows  that  RPA(T)  = RpQ{j{k{T))). 
Hence  the  result  now  follows  from  Lemma  [44.4.101  □ 


Let  S'  be  a scheme.  By  the  discussion  in  Section  44.5  the  embedding  Adeq(O)  C 


Mod((Sch/S)T , 0)  exhibits  Adeq((D)  as  a weak  Serre  subcategory  of  the  category  of 
all  0-modules.  Denote 

DAdeq(0)  C D(0)  = D(Mod((Sch/S)T,0)) 

the  triangulated  subcategory  of  complexes  whose  cohomology  sheaves  are  adequate, 
see  Derived  Categories,  Section  [l3.13|  We  obtain  a canonical  functor 

D(Adeq(0))  — ► DAdeq{0) 


see  Derived  Categories,  Equation  ( 13.13.1.1 1. 

Lemma  44.7.5.  If  U = Spec(A)  is  an  affine  scheme,  then  the  bounded  below 


(44.7.5.1)  D+(Adeq((D)) 

of  the  functor  above  is  an  equivalence. 


^ Adeq 


(0) 


Proof.  Let  A : Mod(O)  — » Adeq((D)  be  the  right  adjoint  to  the  inclusion  functor 


constructed  in  Lemma  44.7.3  Since  A is  left  exact  and  since  Mod(0)  has  enough 
injectives,  A has  a right  derived  functor  RA  : DAdeq(0 ) -A  D+{Adeq{0)).  We  claim 
that  RA  is  a quasi-inverse  to  (44.7.5.1 1.  To  see  this  the  key  fact  is  that  if  T is  an 
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adequate  module,  then  the  adjunction  map  T — > RA[F)  is  a quasi-isomorphism  by 
Lemma  144.7.41 


Namely,  to  prove  the  lemma  in  full  it  suffices  to  show: 

(1)  Given  T%  £ K+  (Adeq(0))  the  canonical  map  P* 
isomorphism,  and 

(2)  given  Q*  £ K+  (Mod(O))  the  canonical  map  RA(Qm 
isomorphism. 

Both  (1)  and  (2)  follow  from  the  key  fact  via  a spectral  sequence  argument  using 
one  of  the  spectral  sequences  of  Derived  Categories,  Lemma  13.21.3  Some  details 
omitted.  □ 


RA(Fm)  is  a quasi- 
CP  is  a quasi- 


Lemma  44.7.6.  Let  U = Spec(A)  be  an  affine  scheme.  Let  J-  and  Q be  adequate 
O -modules.  For  any  i > 0 the  natural  map 

Ex^AdeqiO)^ >©  * ExtMod(0)(-F >© 

is  an  isomorphism. 


Proof.  By  definition  these  ext  groups  are  computed  as  horn  sets  in  the  derived 
category.  Hence  this  follows  immediately  from  Lemma  44.7.5  □ 


44.8.  Pure  extensions 


We  want  to  characterize  extensions  of  quasi-coherent  sheaves  on  the  big  site  of  an 

affine  schemes  in  terms  of  algebra.  To  do  this  we  introduce  the  following  notion. 

Definition  44.8.1.  Let  A be  a ring. 

(1)  An  A- module  P is  said  to  be  pure  projective  if  for  every  universally 
exact  sequence  0— > K — > M — > N — >■  0 of  A-module  the  sequence 
0 — > HomJ4(P,  K)  — >■  Homn(P,  M ) — »■  Horn a(P,  N)  — » 0 is  exact. 

(2)  An  A-module  / is  said  to  be  pure  injective  if  for  every  universally  ex- 
act sequence  0— > K — > M — > N — »0of  A-module  the  sequence  0 — > 
Hom^(Al,  I)  — > Homj4(M,  I)  -A  Hom^ (K,I)  — > 0 is  exact. 

Let’s  characterize  pure  projectives. 

Lemma  44.8.2.  Let  A be  a ring. 

(1)  A module  is  pure  projective  if  and  only  if  it  is  a direct  summand  of  a direct 
sum  of  finitely  presented  A-modules. 

(2)  For  any  module  M there  exists  a universally  exact  sequence 
P —>  M —>  0 with  P pure  projective. 


Proof.  First  note  that  a finitely  presented  A-module  is  pure  projective  by  Algebra, 
Theorem  |10. 81. 3|  Hence  a direct  summand  of  a direct  sum  of  finitely  presented  A- 
modules  is  indeed  pure  projective.  Let  M be  any  A-module.  Write  M = colinij6/  P, 
as  a filtered  colimit  of  finitely  presented  A-modules.  Consider  the  sequence 

O^-N^^Pi-AM^-O. 


For  any  finitely  presented  A-module  P the  map  Homn(P,  ©Pi)  — > Horn a(P,M) 
is  surjective,  as  any  map  P — >■  M factors  through  some  Pi.  Hence  by  Algebra, 
Theorem  10.81.3  this  sequence  is  universally  exact.  This  proves  (2).  If  now  M is 
pure  projective,  then  the  sequence  is  split  and  we  see  that  M is  a direct  summand 
of  ©Pi-  □ 
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Let’s  characterize  pure  injectives. 

0700  Lemma  44.8.3.  LetAbearing.  For  any  A-module  M set  MA  = Homz(M,Q/Z). 

(1)  For  any  A-module  M the  A-module  MA  is  pure  injective. 

(2)  An  A-module  I is  pure  injective  if  and  only  if  the  map  I —¥  (JA)A  splits. 

(3)  For  any  module  M there  exists  a universally  exact  sequence  0—tM—t 
I — > N — > 0 with  I pure  injective. 


Proof.  We  will  use  the  properties  of  the  functor  M H > M A found  in  More  on  Alge- 
bra, Section  15.46  without  further  mention.  Part  (1)  holds  because  HoniA(-A,  MA)  = 
Homz(./V  (g)^  M,  Q/Z)  and  because  Q/Z  is  injective  in  the  category  of  abelian 
groups.  Hence  if  I — >•  (7A)A  is  split,  then  / is  pure  injective.  We  claim  that 
for  any  A-module  M the  evaluation  map  ev  : M — > (MA)A  is  universally  injec- 
tive. To  see  this  note  that  evA  : ((MA)A)A  — > MA  has  a right  inverse,  namely 
ev'  : MA  — ► ((MA)A)A.  Then  for  any  A-module  N applying  the  exact  faithful 
functor  A to  the  map  N <g> A M — ► N ( MA)A  gives 

HomJ4(Ar,  ((Ma)a)a)  = (n®a  (Ma)a)A  -»■  (n®am)  = UomA(N,  MA) 


which  is  surjective  by  the  existence  of  the  right  inverse.  The  claim  follows.  The 
claim  implies  (3)  and  the  necessity  of  the  condition  in  (2).  □ 


Before  we  continue  we  make  the  following  observation  which  we  will  use  frequently 
in  the  rest  of  this  section. 


0701  Lemma  44.8.4.  Let  A be  a ring. 

(1)  Let  L — >■  M — >■  N be  a universally  exact  sequence  of  A-modules.  Let 
K = Im(M  — » N).  Then  K — > N is  universally  injective. 

(2)  Any  universally  exact  complex  can  be  split  into  universally  exact  short 
exact  sequences. 

Proof.  Proof  of  (1).  For  any  A-module  T the  sequence  L (g>_4  T — > M ®A  T — > 
K®aT  — >■  0 is  exact  by  right  exactness  of  (g>.  By  assumption  the  sequence  L®AT  — ► 
M T — »•  N (g>A  T is  exact.  Combined  this  shows  that  I\  ®A  T — ► TV  ®A  T is 
injective. 

Part  (2)  means  the  following:  Suppose  that  M*  is  a universally  exact  complex  of 
A-modules.  Set  Kl  = Ker(d*)  C Ml.  Then  the  short  exact  sequences  0 — > Kl  — ► 
Mr  — > Kl+1  — > 0 are  universally  exact.  This  follows  immediately  from  part  (1).  □ 

0702  Definition  44.8.5.  Let  A be  a ring.  Let  M be  an  A-module. 

(1)  A pure  projective  resolution  P,  — > M is  a universally  exact  sequence 

...->•  Pi  ->•  P0  ->•  M ->■  0 
with  each  Pi  pure  projective. 

(2)  A pure  injective  resolution  M — > I*  is  a universally  exact  sequence 

0 M — 5>  1°  I1  -+  . . . 

with  each  1 1 pure  injective. 


These  resolutions  satisfy  the  usual  uniqueness  properties  among  the  class  of  all 
universally  exact  left  or  right  resolutions. 

0703  Lemma  44.8.6.  Let  A be  a ring. 
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(1)  Any  A-module  has  a pure  projective  resolution. 

Let  M TV  be  a map  of  A-modules.  Let  P,  —¥  M be  a pure  projective  resolution 
and  let  TV , — ► TV  be  a universally  exact  resolution. 

(2)  There  exists  a map  of  complexes  P . —¥  TV,  inducing  the  given  map 

M = Coker{P\  — > Po)  — ) > Coker{N\  —¥  Nq)  = TV 

(3)  two  maps  a,  /?  : P.  — )•  TV,  inducing  the  same  map  M — ► TV  are  homotopic. 


Proof.  Part  (1)  follows  immediately  from  Lemma  44.8.2  Before  we  prove  (2) 


and  (3)  note  that  by  Lemma  44.8.4  we  can  split  the  universally  exact  complex 
TV,  — )•  TV  — > 0 into  universally  exact  short  exact  sequences  0 
and  0 — > Ki  — » TVj  — » 7<)_ \ — > 0. 


Kn 


TV0  — )•  TV  — >■  0 


Proof  of  (2).  Because  Pq  is  pure  projective  we  can  find  a map  P0  — >•  TV0  lifting  the 
map  Po  — > M — > TV.  We  obtain  an  induced  map  Pi  — > Fq  ► N0  wich  ends  up  in 
Kq.  Since  P\  is  pure  projective  we  may  lift  this  to  a map  P\  —¥  N\.  This  in  turn 
induces  a map  P2  — > Pi  — >•  TVi  which  maps  to  zero  into  TVo,  i.e. , into  K\ . Hence  we 
may  lift  to  get  a map  P2  — > TV2.  Repeat. 

Proof  of  (3).  To  show  that  a,  f3  are  homotopic  it  suffices  to  show  the  difference 
7 = a — ft  is  homotopic  to  zero.  Note  that  the  image  of  y0  : Po  — > TV0  is  contained 
in  Kq.  Hence  we  may  lift  70  to  a map  ho  '■  Po  — t TVi.  Consider  the  map  7J  = 
71  — ho  o dpi  : Pi  — > TVi.  By  our  choice  of  h0  we  see  that  the  image  of  yj  is 
contained  in  K\.  Since  Pi  is  pure  projective  may  lift  yj  to  a map  hi  : P\  — > TV2. 
At  this  point  we  have  71  = ho  ° dpy  + dw,2  0 h\.  Repeat.  □ 

0704  Lemma  44.8.7.  Let  A he  a ring. 

(1)  Any  A-module  has  a pure  injective  resolution. 

Let  M — > TV  be  a map  of  A-modules.  Let  M — > M * be  a universally  exact  resolution 
and  let  TV  — » /*  be  a pure  injective  resolution. 

(2)  There  exists  a map  of  complexes  M * — » 7*  inducing  the  given  map 

M = Ker(M°  — >•  M1)  — > Ker{I°  ->  71)  = TV 

(3)  two  maps  a , /3  : M*  — >■  7*  inducing  the  same  map  M — » TV  are  homotopic. 


Proof.  This  lemma  is  dual  to  Lemma  |44.8.6|  The  proof  is  identical,  except  one 
has  to  reverse  all  the  arrows.  □ 


Using  the  material  above  we  can  define  pure  extension  groups  as  follows.  Let  A be 
a ring  and  let  M , TV  be  A-modules.  Choose  a pure  injective  resolution  TV  — ► 7*. 
By  Lemma  [44.8.7|  the  complex 

Horn. 4 (M,  7*) 

is  well  defined  up  to  homotopy.  Hence  its  Tth  cohomology  module  is  a well  defined 
invariant  of  M and  TV. 

0705  Definition  44.8.8.  Let  A be  a ring  and  let  TV7,  TV  be  A-modules.  The  itli 
pure  extension  module  Pext^(A7,  TV)  is  the  7th  cohomology  module  of  the  complex 
Hom,4(A7,  7*)  where  7*  is  a pure  injective  resolution  of  TV. 

Warning:  It  is  not  true  that  an  exact  sequence  of  A-modules  gives  rise  to  a long 
exact  sequence  of  pure  extensions  groups.  (You  need  a universally  exact  sequence 
for  this.)  We  collect  some  facts  which  are  obvious  from  the  material  above. 
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0706  Lemma  44.8.9.  Let  A be  a ring. 

(1)  Pext\(M , TV)  = 0 for  i > 0 whenever  TV  is  pure  injective, 

(2)  PextA(M,N)  = 0 for  i > 0 whenever  M is  pure  projective,  in  particular 
if  M is  an  A-module  of  finite  presentation, 

(3)  Pext\(M , TV)  is  also  the  ith  cohomology  module  of  the  complex  Horn A(P,,  TV) 
where  P,  is  a pure  projective  resolution  of  M. 

Proof.  To  see  (3)  consider  the  double  complex 

A*-*  = Honu(P.,/*) 

Each  of  its  rows  is  exact  except  in  degree  0 where  its  cohomology  is  Hom^ (M,  Iq). 
Each  of  its  columns  is  exact  except  in  degree  0 where  its  cohomology  is  Hom^Pp,  TV). 
Hence  the  two  spectral  sequences  associated  to  this  complex  in  Homology,  Section 
12. 22| degenerate,  giving  the  equality.  □ 


44.9.  Higher  exts  of  quasi-coherent  sheaves  on  the  big  site 

0707  It  turns  out  that  the  module-valued  functor  / associated  to  a pure  injective  module 
I gives  rise  to  an  injective  object  in  the  category  of  adequate  functors  on  AlgA. 
Warning:  It  is  not  true  that  a pure  projective  module  gives  rise  to  a projective 
object  in  the  category  of  adequate  functors.  We  do  have  plenty  of  projective  objects, 
namely,  the  linearly  adequate  functors. 

0708  Lemma  44.9.1.  Let  A be  a ring.  Let  A be  the  category  of  adequate  functors 
on  AlgA.  The  injective  objects  of  A are  exactly  the  functors  / where  I is  a pure 
injective  A-module. 


Proof.  Let  / be  an  injective  object  of  A.  Choose  an  embedding  I — > M for  some  A- 
module  M.  As  I is  injective  we  see  that  M_  = /©P  for  some  module- valued  functor 
F.  Then  M = 1(A)  © F(A)  and  it  follows  that  I = 1(A).  Thus  we  see  that  any 
injective  object  is  of  the  form  / for  some  A-module  I.  It  is  clear  that  the  module  I 
has  to  be  pure  injective  since  any  universally  exact  sequence  0— > M — > TV  — > L — >-0 
gives  rise  to  an  exact  sequence  0 — » M — » TV  — » L — > 0 of  A. 


Finally,  suppose  that  I is  a pure  injective  A-module.  Choose  an  embedding  I—>J 
into  an  injective  object  of  A (see  Lemma  44.4.21.  We  have  seen  above  that  J = If 
for  some  A-module  P which  is  pure  injective.  As  / — >■  If  is  injective  the  map  /—>■/' 
is  universally  injective.  By  assumption  on  I it  splits.  Hence  / is  a summand  of 
J = If  whence  an  injective  object  of  the  category  A.  □ 


Let  U = Spec(A)  be  an  affine  scheme.  Let  M be  an  A-module.  We  will  use 
the  notation  Ma  to  denote  the  quasi-coherent  sheaf  of  0-modules  on  (Sch/U)T 
associated  to  the  quasi-coherent  sheaf  M on  U.  Now  we  have  all  the  notation  in 
place  to  formulate  the  following  lemma. 

0709  Lemma  44.9.2.  Let  U = Spec(A)  be  an  affine  scheme.  Let  M , TV  be  A-modules. 
For  all  i we  have  a canonical  isomorphism 

ExtMod{0)(Ma,Na)  = PextA  (M,  TV) 


functorial  in  M and  TV. 


44.10.  DERIVED  CATEGORIES  OF  ADEQUATE  MODULES,  II 


2986 


070T 


070U 


070V 


070W 


Proof.  Let  us  construct  a canonical  arrow  from  right  to  left.  Namely,  if  N — >•  /* 
is  a pure  injective  resolution,  then  Ma  — ► (/*)“  is  an  exact  complex  of  (adequate) 
0-modules.  Hence  any  element  of  Pext \{M,N)  gives  rise  to  a map  Na  — > Ma[i] 
in  D{0),  i.e. , an  element  of  the  group  on  the  left. 


To  prove  this  map  is  an  isomorphism,  note  that  we  may  replace  Ext lMod(o)(Ma , Na) 
by  Ext^  eq(0)(Ma,Na),  see  Lemma  44.7. 6|  Let  A be  the  category  of  adequate 


functors  on  AlgA.  We  have  seen  that  A is  equivalent  to  Adeq{0),  see  Lemma 
44.5.3  see  also  the  proof  of  Lemma |44.7.3  Hence  now  it  suffices  to  prove  that 


Ext \{M,N)  = Pext  \{M,N) 


However,  this  is  clear  from  Lemma  1 44. 9.1  as  a pure  injective  resolution  N 
exactly  corresponds  to  an  injective  resolution  of  N_  in  A. 


/* 

□ 


44.10.  Derived  categories  of  adequate  modules,  II 


Let  S be  a scheme.  Denote  Os  the  structure  sheaf  of  S and  O the  structure  sheaf 
of  the  big  site  {Sch/ S)T.  In  Descent,  Remark  34.7.4  we  constructed  a morphism  of 
ringed  sites 


(44.10.0.1)  / : {{Sch/S)T,  O ) — > ( SZar , Os). 

In  the  previous  sections  have  seen  that  the  functor  /*  : Mod(0 ) -A  Mod{Os)  trans- 
forms adequate  sheaves  into  quasi-coherent  sheaves,  and  induces  an  exact  func- 
tor v : Adeq(0)  -4  QCoh{Os),  and  in  fact  that  /*  = v induces  an  equivalence 
Adeq{0)/C  -A  QCoh(Os)  where  C is  the  subcategory  of  parasitic  adequate  mod- 
ules. Moreover,  the  functor  f*  transforms  quasi-coherent  modules  into  adequate 
modules,  and  induces  a functor  u : QCoh(Os)  -4  Adeq{0)  which  is  a left  adjoint  to 
v. 


There  is  a very  similar  relationship  between  DAdeq{0)  and  DQCoh{S).  First  we 
explain  why  the  category  DAdeq{0)  is  independent  of  the  chosen  topology. 

Remark  44.10.1.  Let  S'  be  a scheme.  Let  r,  t'  € { Zar , etale,  smooth , syntomic,  fppf}. 
Denote  Ot,  resp.  Oti  the  structure  sheaf  O viewed  as  a sheaf  on  {Sch/ S)T,  resp. 
{Sch/S)T'.  Then  DAdeq{0T ) and  DAdeq{0T')  are  canonically  isomorphic.  This 
follows  from  Cohomology  on  Sites,  Lemma  [21.22.3|  Namely,  assume  r is  stronger 
than  the  topology  r',  let  C = {Sch/ S)  fppf,  and  let  B the  collection  of  affine  schemes 
over  S.  Assumptions  (1)  and  (2)  we’ve  seen  above.  Assumption  (3)  is  clear  and 


assumption  (4)  follows  from  Lemma  44.5.8 


Remark  44.10.2.  Let  S'  be  a scheme.  The  morphism  / see  (44.10.0.1)  induces 
adjoint  functors  i?/*  : DAdeq{0)  ->•  DQCoh{S ) and  Lf*  : DQCoh{S)  ->•  UAdeq{0). 
Moreover  Rf*Lf*  = idnQCah{S). 


We  sketch  the  proof.  By  Remark  |44.10.1|  we  may  assume  the  topology  r is  the 
Zariski  topology.  We  will  use  the  existence  of  the  unbounded  total  derived  functors 
Lf*  and  Rf * on  0-modules  and  their  adjointness,  see  Cohomology  on  Sites,  Lemma 


21.19.1  In  this  case  /*  is  just  the  restriction  to  the  subcategory  Szar  of  {Sch/S)zar- 
Hence  it  is  clear  that  Rf * = /*  induces  i?/*  : DAdeq{0)  — >•  DQCoh{S )■  Suppose 
that  Qm  is  an  object  of  Dqco/i(< S).  We  may  choose  a system  V*  — >•  K.*  — > ■ ■ ■ of 
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bounded  above  complexes  of  flat  Os-modules  whose  transition  maps  are  termwise 
split  injectives  and  a diagram 

1 ^ ^ • • • 


r<iG* >-  t< iG* 


with  the  properties  (1),  (2),  (3)  listed  in  Derived  Categories,  Lemma  13.28.1  where 

see 


V is  the  collection  of  flat  Os-modules.  Then  Lf*G * is  computed  by  colim  /*/C*, 
Cohomology  on  Sites,  Lemmas  21.18. l|and  21.18.3  (note  that  our  sites  have  enough 
points  by  Etale  Cohomology,  Lemma  49.30.1).  We  have  to  see  that  Hl(Lf*Qm ) = 
colim  H‘(f*JCn)  is  adequate  for  each  i.  By  Lemma 
suffices  to  show  that  each  Hl(f*K,*n)  is  adequate. 


44.5.11 


we  conclude  that  it 


The  adequacy  of  Hl(f*K,*n)  is  local  on  S,  hence  we  may  assume  that  S = Spec(A)  is 
affine.  Because  S is  affine  DQCoh(S)  = D(QCoh(Os)),  see  the  discussion  in  Derived 
Categories  of  Schemes,  Section [35.3|  Hence  there  exists  a quasi-isomorphism  T * — ► 
/C*  where  J7*  is  a bounded  above  complex  of  flat  quasi-coherent  modules.  Then 
f*T*  — > /*/C*  is  a quasi-isomorphism,  and  the  cohomology  sheaves  of  f*T * are 
adequate. 


070X 


The  final  assertion  Rf*Lf*  = id DQCah(S)  follows  from  the  explicit  description  of  the 
functors  above.  (In  plain  English:  if  T is  quasi-coherent  and  p > 0,  then  Lpf*J-  is 
a parasitic  adequate  module.) 


Remark  44.10.3. 

categories 


Remark 


44.10.2 


above  implies  we  have  an  equivalence  of  derived 


D Adeq(O) / DC{0)  ¥ DQCoh(S) 

where  C is  the  category  of  parasitic  adequate  modules.  Namely,  it  is  clear  that 
Dq(0)  is  the  kernel  of  1?/*,  hence  a functor  as  indicated.  For  any  object  X of 
DAdeq{0)  the  map  Lf*RfJfX  — » X maps  to  a quasi-isomorphism  in  DQGoh{S), 
hence  Lf*Rf* X — > X is  an  isomorphism  in  D Adeq{0) / Dc{0).  Finally,  for  X,Y 
objects  of  DAdeq{0 ) the  map 


Rf*  '■  ftomDAdeq(0)/Dc(0)(X,Y)  -a  Horn Dq0o^S)W*X,  Rf*Y) 
is  bijective  as  Lf*  gives  an  inverse  (by  the  remarks  above). 
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CHAPTER  45 


Dualizing  Complexes 


08XG 

45.1.  Introduction 

08XH  A reference  is  the  book  [Har66] . 

The  goals  of  this  chapter  are  the  following: 

(1)  Define  what  it  means  to  have  a dualizing  complex  uj*a  over  a Noetherian 
ring  A , namely 

(a)  we  have  u>A  G D+(A), 

(b)  the  cohomology  modules  H1(uja)  are  all  finite  A-modules, 

(c)  uA  has  finite  injective  dimension,  and 

(d)  we  have  A — > RHom^o^,^)  is  a quasi-isomorphism. 

(2)  List  elementary  properties  of  dualizing  complexes. 

(3)  Show  a dualizing  complex  gives  rise  to  a dimension  function. 

(4)  Show  a dualizing  complex  gives  rise  to  a good  notion  of  a reflexive  hull. 

(5)  Prove  the  finiteness  theorem  when  a dualizing  complex  exists. 

45.2.  Essential  surjections  and  injections 

08X1  We  will  mostly  work  in  categories  of  modules,  but  we  may  as  well  make  the  definition 
in  general. 

08XJ  Definition  45.2.1.  Let  A be  an  abelian  category. 

(1)  An  injection  A C B of  A is  essential , or  we  say  that  B is  an  essential 
extension  of  A,  if  every  nonzero  subobject  B'  C B has  nonzero  intersection 
with  A. 

(2)  A surjection  f : A — > B of  A is  essential  if  for  every  proper  subobject 
A'  c A we  have  f(A')  ± B. 

Some  lemmas  about  this  notion. 

08XK  Lemma  45.2.2.  Let  A be  an  abelian  category. 

(1)  If  A C B and  B C C are  essential  extensions,  then  A C C is  an  essential 
extension. 

(2)  If  A C B is  an  essential  extension  and  C C B is  a subobject,  then  AnC  C 
C is  an  essential  extension. 

(3)  If  A — ► B and  B — >•  C are  essential  surjections,  then  A — ► C is  an  essential 
surjection. 

(4)  Given  an  essential  surjection  f : A — ► B and  a surjection  A — >•  C with 
kernel  K,  the  morphism  C — » B/f(K)  is  an  essential  surjection. 

Proof.  Omitted.  □ 
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08XL  Lemma  45.2.3.  Let  R be  a ring.  Let  M be  an  R-module.  Let  E = colimiSj 
be  a filtered  colimit  of  R-modules.  Suppose  given  a compatible  system  of  essential 
injections  M — >■  Ei  of  R-modules.  Then  M — ► E is  an  essential  injection. 


08XM 


Proof.  Immediate  from  the  definitions  and  the  fact  that  filtered  colimits  are  exact 
(Algebra,  Lemma  10.8.9).  □ 


Lemma  45.2.4.  Let  R be  a ring.  Let  M C N be  R-modules.  The  following  are 
equivalent 

(1)  M C N is  an  essential  extension, 

(2)  for  all  x £ N there  exists  an  f £ R such  that  fx  £ M and  /i/  0. 


Proof.  Assume  (1)  and  let  x £ N be  a nonzero  element.  By  (1)  we  have  RxC\M  ^ 
0.  This  implies  (2). 

Assume  (2).  Let  N'  C N be  a nonzero  submodule.  Pick  x £ N'  nonzero.  By  (2) 
we  can  find  / £ with  fx  £ N and  fx  0.  Thus  N'  n M ^ 0.  □ 


45.3.  Injective  modules 


08XN  Some  results  about  injective  modules  over  rings. 

08XP  Lemma  45.3.1.  Let  R be  a ring.  Any  product  of  injective  R-modules  is  injective. 

Proof.  Special  case  of  Homology,  Lemma [12. 23. 3[  □ 

08XQ  Lemma  45.3.2.  Let  R — )•  S be  a flat  ring  map.  If  E is  an  injective  S-module, 
then  E is  injective  as  an  R-module. 


08  YV 


Proof.  This  is  true  because  Horn r(M,  E)  = Homs(M(gi^S',  E)  by  Algebra,  Lemma 
10.13.3  and  the  fact  that  tensoring  with  S is  exact.  □ 


Lemma  45.3.3.  Let  R — ► S be  an  epimorphism  of  rings.  Let  E be  an  S-module. 
If  E is  injective  as  an  R-module,  then  E is  an  injective  S-module. 


Proof.  This  is  true  because  Horn r(N,  E)  = Homs (IV,  E)  for  any  R-module  N , see 
Algebra,  Lemma  |10.106.14|  □ 

08XR  Lemma  45.3.4.  Let  R — > S be  a ring  map.  If  E is  an  injective  R-module,  then 
Homs; (S,E)  is  an  injective  S-module. 

Proof.  This  is  true  because  Homs(IV,  Homs(R,  E))  = Horn R(N,E)  by  Algebra, 
Lemma  110.13.41  □ 

08XS  Lemma  45.3.5.  Let  R be  a ring.  Let  I be  an  injective  R-module.  Let  E C I be 
a submodule.  The  following  are  equivalent 

(1)  E is  injective,  and 

(2)  for  all  E C E'  C I with  E C E'  essential  we  have  E = E' . 

In  particular,  an  R-module  is  injective  if  and  only  if  every  essential  extension  is 
trivial. 


Proof.  The  final  assertion  follows  from  the  first  and  the  fact  that  the  category  of 
-R-modules  has  enough  injectives  (More  on  Algebra,  Section  15.46). 


Assume  (1).  Let  E C E'  C I as  in  (2).  Then  the  map  ids  : E — > E can  be 
extended  to  a map  a : E1  — >•  E.  The  kernel  of  a has  to  be  zero  because  it  intersects 
E trivially  and  E'  is  an  essential  extension.  Hence  E = E'. 
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Assume  (2).  Let  M C N be  R-modules  and  let  p : M — ► E be  an  R-module  map. 
In  order  to  prove  (1)  we  have  to  show  that  p extends  to  a morphism  N E. 
Consider  the  set  S of  pairs  ( M',p' ) where  M C M'  C N and  p'  : M'  — > E is  an 
R-module  map  agreeing  with  p on  M.  We  define  an  ordering  on  S by  the  rule 
< ( M",cp ")  if  and  only  if  M'  C M"  and  p"\ m1  = p' ■ It  is  clear  that  we 
can  take  the  maximum  of  a totally  ordered  subset  of  S.  Hence  by  Zorn’s  lemma  we 
may  assume  (M,  p)  is  a maximal  element. 

Choose  an  extension  ip  : N — >■  I of  <p  composed  with  the  inclusion  E I.  This  is 
possible  as  I is  injective.  If  ip(N)  C E,  then  ip  is  the  desired  extension.  If  ip(N)  is 
not  contained  in  E,  then  by  (2)  the  inclusion  E C E + ip(N)  is  not  essential,  hence 
we  can  find  a nonzero  submodule  K C E + ip(N)  meeting  E in  0.  This  means  that 
M'  = + K)  strictly  contains  M.  Thus  we  can  extend  p to  M'  using 

M'  -^4  E + K ->  {E  + K)/K  = E 

This  contradicts  the  maximality  of  (. M , p).  □ 


08XT 


Example  45.3.6.  Let  I?  be  a reduced  ring.  Let  p C R be  a minimal  prime 
so  that  K = Rp  is  a field  (Algebra,  Lemma  10.24.1).  Then  K is  an  injective  R- 
module.  Namely,  we  have  Honifj(M,  K)  = Hom^-(Mp,  K ) for  any  i?-module  M. 
Since  localization  is  an  exact  functor  and  taking  duals  is  an  exact  functor  on  K- 
vector  spaces  we  conclude  Hom^(— ,K)  is  an  exact  functor,  i.e.,  K is  an  injective 
i?-module. 


08XU  Lemma  45.3.7.  Let  R be  a ring.  Let  E be  an  R-module.  The  following  are 
equivalent 

(1)  E is  an  injective  R-module,  and 

(2)  given  an  ideal  I C R and  a module  map  p : / — » E there  exists  an 
extension  of  p to  an  R-module  map  R — > E. 


Proof.  The  implication  (1)  =>  (2)  follows  from  the  definitions.  Thus  we  assume 
(2)  holds  and  we  prove  (1).  First  proof:  The  lemma  follows  from  More  on  Algebra, 
Lemma[l5.46.4[  Second  proof:  Since  R is  a generator  for  the  category  of  f?-modules, 
the  lemma  follows  from  Injectives,  Lemma[l9.11.5| 


Third  proof:  We  have  to  show  that  every  essential  extension  E C E'  is  trivial,  see 
Lemma  45.3.5  Pick  x £ E'  and  set  I = {f  £ R \ fx  £ E}.  The  map  / — ► E, 
f i— >■  fx  extends  to  ip  : R — > E by  (2).  Then  x'  = x — ip{  1)  is  an  element  of  E' 
whose  annihilator  in  E' /E  is  / and  which  is  annihilated  by  / as  an  element  of  E' . 
Thus  Rx'  = ( R/I)x ' does  not  intersect  E.  Since  E C E'  is  an  essential  extension 
it  follows  that  x'  £ E as  desired.  □ 


08XV  Lemma  45.3.8.  Let  R be  a Noetherian  ring.  A direct  sum  of  injective  modules  is 
injective. 


Proof.  Let  Ei  be  a family  of  injective  modules  parametrized  by  a set  I.  Set 
E = (J  Ei.  To  show  that  E is  injective  we  use  Lemma  45.3.7  Thus  let  p : I — > E 
be  a module  map  from  an  ideal  of  R into  E.  As  I is  a finite  -R-module  (because  R 
is  Noetherian)  we  can  find  finitely  many  elements  i\, . . . , ir  £ I such  that  p maps 


into  (Jj=i 
the  modules  E, 


Ej,. . Then  we  can  extend  p into  (J  ■ x r Ei 


using  the  injectivity  of 
□ 
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0A6I  Lemma  45.3.9.  Let  R be  a Noetherian  ring.  Let  S C R be  a multiplicative  subset. 
If  E is  an  injective  R-module,  then  S^XE  is  an  injective  S~l R-module. 

Proof.  Since  R — > S~1R  is  an  epimorphism  of  rings,  it  suffices  to  show  that  S~1E 


is  injective  as  an  R-module,  see  Lemma  45.3.3  To  show  this  we  use  Lemma  45.3.7 
Thus  let  I C R be  an  ideal  and  let  ip  : I — > S~1E  be  an  .R-module  map.  As  I is  a 
finitely  presented  R-module  (because  R is  Noetherian)  we  can  find  find  an  f £ S 
and  an  R-module  map  I — > E such  that  f(p  is  the  composition  / — > E — > S~1E 
(Algebra,  Lemma  10.10.2 ).  Then  we  can  extend  I — > E to  a homomorphism  R — > E. 


Then  the  composition 


R-S>  E ->  S-'E 


4 S~1E 


is  the  desired  extension  of  to  R. 


□ 


08XW  Lemma  45.3.10.  Let  R be  a Noetherian  ring.  Let  I be  an  injective  R-module. 

(1)  Let  f £ R.  Then  E = |J  /[/"]  = 7[/°°]  is  an  injective  submodule  of  I. 

(2)  Let  J C R be  an  ideal.  Then  the  J-power  torsion  submodule  I[J°°]  is  an 
injective  submodule  of  I. 


Proof.  We  will  use  Lemma  45.3.5  to  prove  (1).  Suppose  that  E C E'  C I and 
that  E'  is  an  essential  extension  of  E.  We  will  show  that  E'  = E.  If  not,  then  we 
can  find  x £ E'  and  x qL  E.  Let  J = {a  £ R \ ax  £ E'}.  Since  R is  Noetherian  we 
can  choose  x with  J maximal.  Since  R is  Noetherian  we  can  write  J = ( g\, . . . ,gt) 
for  some  gt  £ R.  Say  fni  annihilates  giX.  Set  n = max{ni}.  Then  x'  = fnx  is 
an  element  of  E'  not  in  E and  is  annihilated  by  J . By  maximality  of  J we  see 
that  Rx'  = ( R/J)x'  n E = (0).  Hence  E'  is  not  an  essential  extension  of  £ a 
contradiction. 


To  prove  (2)  write  J = (fi, . . . , ft).  Then  /[J°°]  is  equal  to 

(•••(wrDiCT.-ot/n 

and  the  result  follows  from  (1)  and  induction.  □ 


0A6J  Lemma  45.3.11.  Let  A be  a Noetherian  ring.  Let  E be  an  injective  A-module. 
Then  E®aA[x\  has  injective-amplitude  [0, 1]  as  an  object  of  D(A[x]).  In  particular, 
E A[ir]  has  finite  injective  dimension  as  an  A[x]-module. 

Proof.  Let  us  write  E[x\  = E (gu  A[x\.  Consider  the  short  exact  sequence  of 
A[a;]-modules 

0 — > E[x]  — > Hom^(A[a;],  R[a;])  — > HomJ4(A[x],  E[x])  — > 0 

where  the  first  map  sends  p £ E[x]  to  / i— > fp  and  the  second  map  sends  </?  to 
/ i->-  ip(xf)  — xip(f).  The  second  map  is  surjective  because  Homj4(A[ai], R[.t])  = 
n„>0  E[x\  as  an  abelian  group  and  the  map  sends  (e„)  to  (en+i  — xen)  which  is 
surjective.  As  an  A-module  we  have  E\x\  = ©„>□  E which  is  injective  by  Lemma 


the  proof  is  complete.  □ 


45.3.8  Hence  the  A[x]-module  Homj4(A[cc], /[cc])  is  injective  by  Lemma  45.3.4  and 
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45.4.  Projective  covers 

In  this  section  we  briefly  discuss  projective  covers. 

Definition  45.4.1.  Let  R be  a ring.  A surjection  P — > M of  R-modules  is  said 
to  be  a projective  cover , or  sometimes  a projective  envelope,  if  P is  a projective 
R-module  and  P — »•  M is  an  essential  surjection. 

Projective  covers  do  not  always  exist.  For  example,  if  A;  is  a field  and  R = k[x]  is 
the  polynomial  ring  over  k,  then  the  module  M = R/(x)  does  not  have  a projective 
cover.  Namely,  for  any  surjection  / : P — ► M with  P projective  over  R,  the  proper 
submodule  (x  — 1 )P  surjects  onto  M.  Hence  / is  not  essential. 

Lemma  45.4.2.  Let  R be  a ring  and  let  M be  an  R-module.  If  a projective  cover 
of  M exists,  then  it  is  unique  up  to  isomorphism. 

Proof.  Let  P — > M and  P'  — > M be  projective  covers.  Because  P is  a projective 
R-module  and  P'  — ► M is  surjective,  we  can  find  an  .R-module  map  a : P — > P' 
compatible  with  the  maps  to  M.  Since  P'  — > M is  essential,  we  see  that  a is 
surjective.  As  P'  is  a projective  R-module  we  can  choose  a direct  sum  decomposition 
P = Ker(a)  ® P' . Since  P'  M is  surjective  and  since  P — > M is  essential  we 
conclude  that  Ker(a)  is  zero  as  desired.  □ 

Here  is  an  example  where  projective  covers  exist. 

Lemma  45.4.3.  Let  (R,  m,  n)  be  a local  ring.  Any  finite  R-module  has  a projective 
cover. 


Proof.  Let  M be  a finite  R-module.  Let  r = dimK(M/mM).  Choose  x\, . . . , xr  £ 
M mapping  to  a basis  of  M/mM.  Consider  the  map  / : R®r  — ► M.  By  Nakayama’s 
lemma  this  is  a surjection  (Algebra,  Lemma  10.19.1 1.  If  N C R®R  is  a proper 
submodule,  then  N/mN  — >•  is  not  surjective  (by  Nakayama’s  lemma  again) 

hence  N/mN  — > M/mM  is  not  surjective.  Thus  / is  an  essential  surjection.  □ 


45.5.  Injective  hulls 

In  this  section  we  briefly  discuss  injective  hulls. 

Definition  45.5.1.  Let  R be  a ring.  A injection  M — ► I of  R-modules  is  said  to 
be  an  injective  hull  if  I is  a injective  R-module  and  M — > I is  an  essential  injection. 


Injective  hulls  always  exist. 

Lemma  45.5.2.  Let  R be  a ring.  Any  R-module  has  an  injective  hull. 


Proof.  Let  M be  an  R-module.  By  More  on  Algebra,  Section  [15.46|  the  category 
of  R-modules  has  enough  injectives.  Choose  an  injection  M — > / with  I an  injective 
R-module.  Consider  the  set  S of  submodules  M C E C / such  that  E is  an  essential 
extension  of  M.  We  order  S by  inclusion.  If  {Ea}  is  a totally  ordered  subset  of  S, 
then  (J  Ea  is  an  essential  extension  of  M too  (Lemma  45.2.3).  Thus  we  can  apply 


Zorn’s  lemma  and  find  a maximal  element  E £ S.  We  claim  M C E is  an  injective 
hull,  i.e.,  E is  an  injective  R-module.  This  follows  from  Lemma [45. 3. 5 1 □ 


Lemma  45.5.3.  Let  R be  a ring.  Let  M , N be  R-modules  and  let  M E and 
N — ► E'  be  injective  hulls.  Then 
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(1)  for  any  R-module  map  ip  : M — > N there  exists  an  R-module  map  if  : 
E — ► E'  such  that 


M 


ili 


N >E' 


commutes, 

(2)  if  p is  injective,  then  ip  is  injective, 

(3)  if  ip  is  an  essential  injection,  then  ip  is  an  isomorphism, 

(4)  if  ip  is  an  isomorphism,  then  ip  is  an  isomorphism, 

(5)  if  M — > I is  an  embedding  of  M into  an  injective  R-module,  then  there  is 
an  isomorphism  I = E © I'  compatible  with  the  embeddings  of  M , 

In  particular,  the  injective  hull  E of  M is  unique  up  to  isomorphism. 


Proof.  Part  (1)  follows  from  the  fact  that  E'  is  an  injective  .R-module.  Part  (2) 
follows  as  Ker (ip)  n M = 0 and  E is  an  essential  extension  of  M.  Assume  ip  is  an 
essential  injection.  Then  E = ip(E)  C E'  by  (2)  which  implies  E'  = ip(E)  © E" 
because  E is  injective.  Since  E'  is  an  essential  extension  of  M (Lemma |45.2.2 ) we 
get  E"  = 0.  Part  (4)  is  a special  case  of  (3).  Assume  M — > I as  in  (5).  Choose 
a map  a : E — >•  I extending  the  map  M — > I.  Arguing  as  before  we  see  that  a is 
injective.  Thus  as  before  a(E)  splits  off  from  I.  This  proves  (5).  □ 


Example  45.5.4.  Let  R be  a domain  with  fraction  field  K.  Then  R C K is 
an  injective  hull  of  R.  Namely,  by  Example  45.3.6  we  see  that  K is  an  injective 
.R-module  and  by  Lemma  [45 . 2. 4|  we  see  that  R C K is  an  essential  extension. 


Definition  45.5.5.  An  object  X of  an  additive  category  is  called  indecomposable 
if  it  is  nonzero  and  if  X = Y © Z,  then  either  Y = 0 or  Z = 0. 


Lemma  45.5.6.  Let  R be  a ring.  Let  E be  an  indecomposable  injective  R-module. 
Then 

(1)  E is  the  injective  hull  of  any  nonzero  submodule  of  E, 

(2)  the  intersection  of  any  two  nonzero  submodules  of  E is  nonzero, 

(3)  Endn(E,  E)  is  a noncommutative  local  ring  with  maximal  ideal  those  ip  : 
E — ► E whose  kernel  is  nonzero,  and 

(4)  the  set  of  zerodivisors  on  E is  a prime  ideal  p of  R and  E is  an  injective 
Rp  -module. 


Proof.  Part  (1)  follows  from  Lemma  45.5.3 
definition  of  injective  hulls. 


Part  (2)  follows  from  part  (1)  and  the 


Proof  of  (3).  Set  A = End R(E,E)  and  I = {ip  £ A | Ker (/)  ^ 0}.  The  statement 
means  that  / is  a two  sided  ideal  and  that  any  p £ A,  ip  ^ / is  invertible.  Suppose  ip 
and  ip  are  not  injective.  Then  Ker(</?)  n Ker  (ip)  is  nonzero  by  (2).  Hence  p + ip  £ I. 
It  follows  that  / is  a two  sided  ideal.  If  p £ A,  ip  I,  then  E = p(E)  C E is  an 
injective  submodule,  hence  E = p{E)  because  E is  indecomposable. 


Proof  of  (4).  Consider  the  ring  map  R — » A and  let  p C R be  the  inverse  image 
of  the  maximal  ideal  I.  Then  it  is  clear  that  p is  a prime  ideal  and  that  R A 
extends  to  Rp  — » A.  Thus  E is  an  f?p-module.  It  follows  from  Lemma  45.3.3  that 
E is  injective  as  an  Ap-module.  □ 
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Lemma  45.5.7.  Let  p C R be  a prime  of  a ring  R.  Let  E be  the  injective  hull  of 
R/p.  Then 

(1)  E is  indecomposable, 

(2)  E is  the  injective  hull  of  n( p), 

(3)  E is  the  injective  hull  of  n{ p)  over  the  ring  Rp. 

Proof.  As  R/p  C re(p)  we  can  extend  the  embedding  to  a map  re(p)  — » E.  Hence 
(2)  holds.  For  / € R,  f jL  p the  map  / : re(p)  — > re(p)  is  an  isomorphism  hence  the 
map  / : E 


E is  an  isomorphism,  see  Lemma 


45.5.3  Thus  E is  an  Rp-module. 
It  is  injective  as  an  Rp-module  by  Lemma  45.3.3  Finally,  let  E'  C E be  a nonzero 
injective  R-submodule.  Then  J = (R/p)  HR'  is  nonzero.  After  shrinking  E'  we  may 


assume  that  E'  is  the  injective  hull  of  J (see  Lemma  45.5.3  for  example).  Observe 

Hence  E'  -A  E 


that  R/p  is  an  essential  extension  of  J for  example  by  Lemma  45.2.4 


is  an  isomorphism  by  Lemma  45.5.3  part  (3).  Hence  E is  indecomposable. 


Lemma  45.5.8.  Let  R be  a Noetherian  ring.  Let  E be  an  indecomposable  injective 
R-module.  Then  there  exists  a prime  ideal  p of  R such  that  E is  the  injective  hull 
of  k( p). 


Proof.  Let  p be  the  prime  ideal  found  in  Lemma  45.5.6  Say  p = (/i, . . . , fr).  Pick 
a nonzero  element  x £ fjKer (/,;  : E — > E ),  see  Lemma  45.5.6  Then  ( Rp)x  is  a 
module  isomorphic  to  re(p)  inside  E.  We  conclude  by  Lemma  45.5.6  □ 


Proposition  45.5.9  (Structure  of  injective  modules  over  Noetherian  rings).  Let 
R be  a Noetherian  ring.  Every  injective  module  is  a direct  sum  of  indecomposable 
injective  modules.  Every  indecomposable  injective  module  is  the  injective  hull  of  the 
residue  field  at  a prime. 


Proof.  The  second  statement  is  Lemma  |45.5.8|  For  the  first  statement,  let  I be 
an  injective  -R-module.  We  will  use  transfinite  induction  to  construct  Ia  C I for 
ordinals  a which  are  direct  sums  of  indecomposable  injective  R-modules  Ep. |_i  for 
f3  < a.  For  a = 0 we  let  Iq  = 0.  Suppose  given  an  ordinal  a such  that  Ia  has 
been  constructed.  Then  Ia  is  an  injective  R-module  by  Lemma  45.3.8  Hence 
I = Ia  ® I'.  If  I'  = 0 we  are  done.  If  not,  then  I'  has  an  associated  prime  by 


Algebra,  Lemma  10.62.7  Thus  I'  contains  a copy  of  R/p  for  some  prime  p.  Hence 
I'  contains  an  indecomposable  submodule  E by  Lemmas  |45.5.3  and  45.5.7  Set 
Ia+i  = Ea.  If  a is  a limit  ordinal  and  Ip  has  been  constructed  for  /3  < a, 
then  we  set  Ia  = \Jp<aIp-  Observe  that  Ia  = @p<aEp+i.  This  concludes  the 
proof.  □ 

45.6.  Duality  over  Artinian  local  rings 

Let  (R,  m,  re)  be  an  artinian  local  ring.  Recall  that  this  implies  R is  Noetherian 
and  that  R has  finite  length  as  an  R-module.  Moreover  an  R-module  is  finite  if 
and  only  if  it  has  finite  length.  We  will  use  these  facts  without  further  mention  in 


this  section.  Please  see  Algebra,  Sections  10.51  and  10.52  and  Algebra,  Proposition 
II  0.50.61  for  more  details. 

Lemma  45.6.1.  Let  (R,  m,  re)  be  an  artinian  local  ring.  Let  E be  an  injective  hull 
of  re.  For  every  finite  R-module  M we  have 

lengthR(M)  = length R{R.om r(M , E)) 

In  particular,  the  injective  hull  E of  re  is  a finite  R-module. 
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Proof.  Because  E is  an  essential  extension  of  n we  have  k = _E[m]  where  ^[m] 
is  the  m-torsion  in  E (notation  as  in  More  on  Algebra,  Section  15.701.  Hence 


08YY 
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Homj^K,  E)  = k and  the  equality  of  lengths  holds  for  M = k.  We  prove  the  dis- 
played equality  of  the  lemma  by  induction  on  the  length  of  M.  If  M is  nonzero  there 
exists  a surjection  M — > n with  kernel  M' . Since  the  functor  M H » Hom^M,  E)  is 
exact  we  obtain  a short  exact  sequence 

0 — ¥ Horn#  (re,  E)  — ► Hom#(M,  E)  — > Hom^M',  E)  — ¥ 0. 

Additivity  of  length  for  this  sequence  and  the  sequence  0 — > M'  — ¥ M — ¥ re  — ► 0 
and  the  equality  for  M'  (induction  hypothesis)  and  re  implies  the  equality  for  M. 
The  hnal  statement  of  the  lemma  follows  as  E = Hom#(i?,  E).  □ 

Lemma  45.6.2.  Let  {R,  m,  k)  be  an  artinian  local  ring.  Let  E be  an  injective  hull 
of  k.  For  any  finite  R-module  M the  evaluation  map 

M — ► Honifl;(Homfl(M,  E),E) 

is  an  isomorphism.  In  particular  R = Horn r(E,E). 

Proof.  Observe  that  the  displayed  arrow  is  injective.  Namely,  if  x £ M is  a 
nonzero  element,  then  there  is  a nonzero  map  Rx  — > k which  we  can  extend  to  a 
map  ip  : M — ► E that  doesn’t  vanish  on  x.  Since  the  source  and  target  of  the  arrow 
have  the  same  length  by  Lemma|45.6.1|we  conclude  it  is  an  isomorphism.  The  final 
statement  follows  on  taking  M = R.  □ 

To  state  the  next  lemma,  denote  Mod^9  the  category  of  finite  i?-modules  over  a 
ring  R. 

Lemma  45.6.3.  Let  (R,  m,  ft)  be  an  artinian  local  ring.  Let  E be  an  injective 
hull  of  n.  The  functor  D(-)  = Hom#(— ,E)  induces  an  exact  anti- equivalence 
Modi f — ► Modi?  and  D o D = id. 


Proof.  We  have  seen  that  D o D = id  on  Mod^,9  in  Lemma 
immediately  that  D is  an  anti-equivalence. 


45.6.2 


It  follows 

□ 
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Lemma  45.6.4.  Assumptions  and  notation  as  in  Lemma  45.6.3.  Let  I C R be 
an  ideal  and  M a finite  R-module.  Then 

D(M[T\)  = D{M)/ID{M)  and  D(M/IM)  = D{M)[I] 

Proof.  Say  I = {fi,  ■ ■ ■ , ft)-  Consider  the  map 


h,-Jt 


¥ M 


with  cokernel  M/IM.  Applying  the  exact  functor  D we  conclude  that  D(M/IM) 
is  D(M)[I],  The  other  case  is  proved  in  the  same  way.  □ 


45.7.  Injective  hull  of  the  residue  field 

08Z1  Most  of  our  results  will  be  for  Noetherian  local  rings  in  this  section. 

08Z2  Lemma  45.7.1.  Let  R — » S'  be  a surjective  map  of  local  rings  with  kernel  I . Let 
E be  the  injective  hull  of  the  residue  field  of  R over  R.  Then  E[I \ is  the  injective 
hull  of  the  residue  field  of  S over  S. 
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Proof.  Observe  that  E[I\  = Hom^S,  E)  as  S = R/I.  Hence  E[I\  is  an  injective 


S'-module  by  Lemma  45.3.4  Since  E is  an  essential  extension  of  k = R/mR  it 
follows  that  E[I]  is  an  essential  extension  of  k as  well.  The  result  follows.  □ 

Lemma  45.7.2.  Let  (R,  m,  k)  be  a local  ring.  Let  E be  the  injective  hull  of  n. 
Let  M be  a m-power  torsion  R-module  with  n = dimK(M[m])  < oo.  Then  M is 
isomorphic  to  a submodule  of  E®n . 

Proof.  Observe  that  E®n  is  the  injective  hull  of  k®"  = M[m].  Thus  there  is  an 
iJ-module  map  M — ► E®n  which  is  injective  on  M[m].  Since  M is  m-power  torsion 
the  inclusion  M[ m]  C M is  an  essential  extension  (for  example  by  Lemma  45.2.4) 
we  conclude  that  the  kernel  of  M — ► E®n  is  zero.  □ 

Lemma  45.7.3.  Let  (R,  m,  re)  be  a Noetherian  local  ring.  Let  E be  an  injective 
hull  of  k over  R.  Let  En  be  an  injective  hull  of  k over  R/mn.  Then  E = (J  En  and 
En  = E[mn}. 

Proof.  We  have  En  = E[ m”]  by  Lemma  45.7.1  We  have  E = (J  En  because 


1J  En  = J?[m°°]  is  an  injective  f?-submodule  which  contains  re,  see  Lemma  45.3.10 


□ 

The  following  lemma  tells  us  the  injective  hull  of  the  residue  field  of  a Noetherian 
local  ring  only  depends  on  the  completion. 

Lemma  45.7.4.  Let  R — >•  S be  a flat  local  homomorphism  of  local  Noetherian 
rings  such  that  R/mn  — S/mRS.  Then  the  injective  hull  of  the  residue  field  of  R 
is  the  injective  hull  of  the  residue  field  of  S. 

Proof.  Set  re  = R/mR  = S/ms-  Let  ER  be  the  injective  hull  of  re  over  R.  Let 
Eg  be  the  injective  hull  of  re  over  S.  Observe  that  Eg  is  an  injective  i?-module 
by  Lemma  [45. 3. 2 1 Choose  an  extension  ER  — > Eg  of  the  identification  of  residue 
fields.  This  map  is  an  isomorphism  by  Lemma  45.7.3  because  R — >•  S induces  an 
isomorphism  R/vNf  — ► S/mg  for  all  n.  □ 

Lemma  45.7.5.  Let  (R,  m.  k)  be  a Noetherian  local  ring.  Let  E be  an  injective 
hull  of  k over  R.  Then  Horn R(E,E)  is  canonically  isomorphic  to  the  completion  of 

R. 


Proof.  Write  E = |J  En  with  En  = i£[mn]  as  in  Lemma  45.7.3  Any  endomorphism 
of  E preserves  this  filtration.  Hence 

Horn r{E,E)  = limHoinR^,  En) 

The  lemma  follows  as  Horn R(En,En)  = Homfl/mn (En,En)  = R/mn  by  Lemma 
145.6.21  □ 

Lemma  45.7.6.  Let  (i?,  m,  k)  be  a Noetherian  local  ring.  Let  E be  an  injective 
hull  of  k over  R.  Then  E satisfies  the  descending  chain  condition. 

Proof.  If  E C Mi  C M2  ...  is  a sequence  of  submodules,  then 

Horn r(E,  E)  — >•  E)  —*■  Horn R(M2,E)  —>•... 

is  sequence  of  surjections.  By  Lemma  |45.7.5|  each  of  these  is  a module  over  the 
completion  RA  = Horn R(E,E).  Since  RA  is  Noetherian  (Algebra,  Lemma  10.96.6) 


the  sequence  stabilizes:  Horn R(Mn,E)  = Horn R(Mn+i,  E)  = Since  E is  injec- 

tive, this  can  only  happen  if  Hom# (Mn/Mn+i,  E)  is  zero.  However,  if  Mn/Mn+i 
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is  nonzero,  then  it  contains  a nonzero  element  annihilated  by  m,  because  E is  m- 


08Z8 


power  torsion  by  Lemma  45.7.3  In  this  case  Mn/Mn+\  has  a nonzero  map  into  E, 
contradicting  the  assumed  vanishing.  This  finishes  the  proof.  □ 

Lemma  45.7.7.  Let  (R,  m,  re)  be  a Noetherian  local  ring.  Let  E be  an  injective 
hull  of  K. 

For  an  R-module  M the  following  are  equivalent: 

(a)  M satisfies  the  ascending  chain  condition, 

(b)  M is  a finite  R-module,  and 

(c)  there  exist  n,m  and  an  exact  sequence  R®m  — ► R®n  — > M — > 0. 

For  an  R-module  M the  following  are  equivalent: 

(a)  M satisfies  the  descending  chain  condition, 

(b)  M is  m -power  torsion  and  dimK(M[m])  < oo,  and 

(c)  there  exist  n,  m and  an  exact  sequence  0 — ► M — ► E®n  — > E®m . 

Proof.  We  omit  the  proof  of  (1). 

Let  M be  an  .R-module  with  the  descending  chain  condition.  Let  x £ M.  Then 
mnx  is  a descending  chain  of  submodules,  hence  stabilizes.  Thus  mnx  = mn+1x  for 


(1) 

For 

(a) 

(b) 

(c) 

(2) 

For 

(a) 

(b) 

(c) 

some  n.  By  Nakayama’s  lemma  (Algebra,  Lemma  10.19.1)  this  implies  mnx  = 0, 
i.e.,  x is  m-power  torsion.  Since  M[ m]  is  a vector  space  over  k it  has  to  be  finite 
dimensional  in  order  to  have  the  descending  chain  condition. 

Assume  that  M is  m-power  torsion  and  has  a finite  dimensional  m-torsion  sub- 

we  see  that  M is  a submodule  of  E®n  for  some 

the  module  E has  the 


45.7.2 


45.7.6 
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module  M[m].  By  Lemma 

n.  Consider  the  quotient  N = E®n /M.  By  Lemma 
descending  chain  condition  hence  so  do  E®n  and  N.  Therefore  N satisfies  (2)  (a) 
which  implies  N satisfies  (2)  (b)  by  the  second  paragraph  of  the  proof.  Thus  by 
Lemma  45.7.2  again  we  see  that  IV  is  a submodule  of  E®m  for  some  m.  Thus  we 
have  a short  exact  sequence  0 — ► M — > E®n  — > E®m. 

Assume  we  have  a short  exact  sequence  0 — ► M — ► E®n  — > E®m.  Since  E satisfies 
the  descending  chain  condition  by  Lemma [45. 7. 6|  so  does  M.  □ 

Proposition  45.7.8  (Matlis  duality).  Let  (R,  m,  k)  be  a complete  local  Noetherian 
ring.  Let  E be  an  injective  hull  of  k over  R.  The  functor  D(—)  = Hom^(— ,E) 
induces  an  anti- equivalence 

j R-modules  with  the  1 J R-modules  with  the  1 
\ descending  chain  condition  j \ascending  chain  condition  j 

and  we  have  D o D = id  on  either  side  of  the  equivalence. 


Proof.  By  Lemma  45.7.5  we  have  R = Homjj(R,  E)  = D(E).  Of  course  we  have 
E = Horn# (R, R)  = R(R).  Since  E is  injective  the  functor  D is  exact.  The  result 
now  follows  immediately  from  the  description  of  the  categories  in  Lemma  45.7.7  □ 


45.8.  Deriving  torsion 

OBJA  Let  A be  a ring  and  let  / C A be  a finitely  generated  ideal  (if  I is  not  finitely 
generated  perhaps  a different  definition  should  be  used).  Let  Z = V(I)  C Spec(A). 
Recall  that  the  category  /°°-torsion  of  I- power  torsion  modules  only  depends  on 
the  closed  subset  Z and  not  on  the  choice  of  the  finitely  generated  ideal  I such  that 
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Z = V(I),  see  More  on  Algebra,  Lemma  15.69.6  In  this  section  we  will  consider 
the  functor 

77/  : ModA  — t 7°°- torsion,  M i — > M[7°°]  = (J  M[In } 

which  sends  M to  the  submodule  of  7- power  torsion. 

Let  A be  a ring  and  let  7 be  a finitely  generated  ideal.  Note  that  7°°-torsion  is  a 
Grothendieck  abelian  category  (direct  sums  exist,  filtered  colimits  are  exact,  and 
0 A/7"  is  a generator  by  More  on  Algebra,  Lemma  15.69.2 ).  Hence  the  derived 

Our  functor  77/  is 


19.13.3 


category  D (7°° -torsion)  exists,  see  Injectives,  Remark 
left  exact  and  has  a derived  extension  which  we  will  denote 


RT ! : 71(A)  — > T?(7°°-torsion). 


Warning:  this  functor  does  not  deserve  the  name  local  cohomology  unless  the  ring 
A is  Noetherian.  The  functors  77/ , RTi , and  the  satellites  77/  only  depend  on  the 
closed  subset  Z C Spec(A)  and  not  on  the  choice  of  the  finitely  generated  ideal  7 
such  that  V(I)  = Z.  However,  we  insist  on  using  the  subscript  7 for  the  functors 
above  as  the  notation  RT z is  going  to  be  used  for  a different  functor,  see  (45.9.0.1 ), 


which  agrees  with  the  functor  RT  j only  (as  far  as  we  know)  in  case  A is  Noetherian 
(see  Lemma  45.10.1). 


0A6L  Lemma  45.8.1.  Let  A be  a ring  and  let  I C A be  a finitely  generated  ideal.  The 
functor  RT  j is  right  adjoint  to  the  functor  D (7°° -torsion)  — > 71(A). 

Proof.  This  follows  from  the  fact  that  taking  7-power  torsion  submodules  is  the 
right  adjoint  to  the  inclusion  functor  7°°-torsion  — > ModA.  See  Derived  Categories, 
Lemma  113.28.41  □ 


0954  Lemma  45.8.2.  Let  A be  a ring  and  let  I C A be  a finitely  generated  ideal.  For 
any  object  K of  D(A)  we  have 

RTj(K)  = hocolim  7?HomA(A/7",  A') 

in  71(A)  and 

RqTj(K)  = colim„  ExtfA(A/In,K) 
as  modules  for  all  q G Z. 


Proof.  Let  J*  be  a K-injective  complex  representing  K.  Then 

RT^K)  = J* [7°°]  = colim  J* [In]  = colim Horn 4 ( A/7",  J*) 

By  Derived  Categories,  Lemma  |13.31.4|  we  obtain  the  first  equality.  The  second 
equality  is  clear  because  77l?(HomA(A/7",  J*))  = Ext4(A/7",  K)  and  because  fil- 
tered colimits  are  exact  in  the  category  of  abelian  groups.  □ 


0A6M  Lemma  45.8.3.  Let  A be  a ring  and  let  I C A be  a finitely  generated  ideal.  Let 
Km  be  a complex  of  A-modules  such  that  f : K*  — > K*  is  an  isomorphism  for  some 
f £ I,  i.e.,  K * is  a complex  of  A f -modules.  Then  RTj(K*)  = 0. 

Proof.  Namely,  in  this  case  the  cohomology  modules  of  RT / (77* ) are  both  /-power 
torsion  and  / acts  by  automorphisms.  Hence  the  cohomology  modules  are  zero  and 
hence  the  object  is  zero.  □ 
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Let  A be  a ring  and  I C A a finitely  generated  ideal.  By  More  on  Algebra, 
Lemma  |15. 69. 5|  the  category  of  I- power  torsion  modules  is  a Serre  subcategory  of 
the  category  of  all  A-modules,  hence  there  is  a functor 

(45.8.3.1)  D(/°°-torsion)  D/oo.torsion(A) 

see  Derived  Categories,  Section  [13. 13| 

Lemma  45.8.4.  Let  A be  a ring  and  let  I be  a finitely  generated  ideal.  Let  M 
and  N be  I -power  torsion  modules. 

(1)  Horn D(a){M,N)  = HomD(J 

00 -torsion  )(M,  N), 

(2)  Ext]j^(M,  N)  = - torsion ) {At,  -^0  ? 

(3)  Ext2D(Iaa_torsion^(M,  N)  — > Ext^^^M,  N)  is  not  surjective  in  general, 

(4)  \/5.8.3.  I|)  is  not  an  equivalence  in  general. 

Proof.  Parts  (1)  and  (2)  follow  immediately  from  the  fact  that  I- power  torsion 
forms  a Serre  subcategory  of  Mod.4-  Part  (4)  follows  from  part  (3). 

For  part  (3)  let  A be  a ring  with  an  element  / £ A such  that  A[f  ] contains  a nonzero 
element  x and  A contains  elements  x„  with  fnxn  = x.  Such  a ring  A exists  because 
we  can  take 

A = Z [/,  x,  xn]/(fx,  fnxn  - x ) 

Given  A set  I = (/).  Then  the  exact  sequence 

0 -a  A[f]  -)A4A-)  A/fA  -a  0 

defines  an  element  in  Ext4(A//A,  A[/]).  We  claim  this  element  does  not  come  from 
an  element  of  Ext^/oo _torsion)(A//A,  A[/]).  Namely,  if  it  did,  then  there  would  be 
an  exact  sequence 

0 ->  A[f]  ->  M N -a  A/fA  ->  0 

where  M and  N are  /-power  torsion  modules  defining  the  same  2 extension  class. 
Since  A — ► A is  a complex  of  free  modules  and  since  the  2 extension  classes  are  the 
same  we  would  be  able  to  find  a map 


0 

0 


A 


A 


^ A - 
v 

Y 

- M 


A 


■ N - 


■A/fA 


■A/fA 


^0 


^0 


(some  details  omitted).  Then  we  could  replace  M by  the  image  of  ip  and  N by 
the  image  of  if.  Then  M would  be  a cyclic  module,  hence  fnM  = 0 for  some 
n.  Considering  p(xn+ 1)  we  get  a contradiction  with  the  fact  that  fn+1xn  = x is 
nonzero  in  A[f],  □ 


45.9.  Local  cohomology 

Let  A be  a ring  and  let  I C A be  a finitely  generated  ideal.  Set  Z = V(I)  C Spec(A). 
We  will  construct  a functor 

(45.9.0.1)  RTZ  ■ D{A)  — » D/  °°-torsion  (A). 

which  is  right  adjoint  to  the  inclusion  functor.  For  notation  see  Section  |45.8|  The 
cohomology  modules  of  RTz(K)  are  the  local  cohomology  groups  of  K with  respect 
to  Z.  In  fact,  we  will  show  RT z computes  cohomology  with  support  in  Z for  the 
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assocated  complex  of  quasi-coherent  sheaves  on  Spec(A).  By  Lemma  45.8.4  this 
functor  will  in  general  not  be  equal  to  RTj(-)  even  viewed  as  functors  into  D(A). 
In  Section  [45. 10|  we  will  show  that  if  A is  Noetherian,  then  the  two  agree. 

0A6R  Lemma  45.9.1.  Let  A be  a ring  and  let  I C A be  a finitely  generated  ideal.  There 
exists  a right  adjoint  RT z (45.9.0.1)  to  the  inclusion  functor  Dj<x,_torsion(A)  — ► 
D(A).  In  fact,  if  I is  generated  by  fi, ...,  fr  £ A,  then  we  have 


Rrz(K) = o -» n,„  Af..  ->  n 

functorially  in  K £ D(A). 


io<ii 


A f.  t. 


Vi  ■■■/. 


■J' 


K 


Proof.  Say  I = (fi, , fr)  is  an  ideal.  Let  K*  be  a complex  of  A-modules.  There 
is  a canonical  map  of  complexes 

^ ni0  ALo  ^ lli0<il  Af*0  /*!  ^ ^ Ah-fr)  — >•  A‘ 

from  the  extended  Cech  complex  to  A.  Tensoring  with  K * , taking  associated  total 
complex,  we  get  a map 

Tot  (AT*  ®a  (A  — t Yl  AfiQ  — t nio<ii  Ah0fH  ->■  • • • “► 

in  D(A).  We  claim  the  cohomology  modules  of  the  complex  on  the  left  are  I- power 
torsion,  i.e.,  the  LHS  is  an  object  of  Djoo_torsion(A).  Namely,  we  have 


(A->n 


Afi 

JtQ 


n 


A 


io  <ii 


f.  f. 


by  More  on  Algebra,  Lemma  15.22.13 


• Afl...fr)  = colim  A(A, 

Moreover,  multiplication  by  /"  on  the 


complex  K(A,  /”, . . . , /")  is  homotopic  to  zero  by  More  on  Algebra,  Lemma  15.22.6 
Since 


Hq  (LHS)  = colim  iL9(Tot(A'*  <g)A  K(A,  /**, ....  /”))) 

we  obtain  our  claim.  On  the  other  hand,  if  K*  is  an  object  of  .Djoo_torsion(A),  then 
the  complexes  K*  (g>_4  ^4/io.../ip  have  vanishing  cohomology.  Hence  in  this  case  the 
map  LHS  — > K*  is  an  isomorphism  in  D(A).  The  construction 


RTz(K')  = Tot  (A*  <8u  (A  — t JJio  “►  IIio<il  A/.0/n  Ah-fr)) 

is  functorial  in  K*  and  defines  an  exact  functor  D(A)  — > Di<x,_toIS-lon(A)  between 
triangulated  categories.  It  follows  formally  from  the  existence  of  the  natural  trans- 
formation RT z — > id  given  above  and  the  fact  that  this  evaluates  to  an  isomorphism 
on  K*  in  the  subcategory,  that  RT z is  the  desired  right  adjoint.  □ 


OBJB  Lemma  45.9.2.  Let  A — » B be  a ring  homomorphism  and  let  I C A be  a finitely 
generated  ideal.  Set  J = IB.  Set  Z = V(I)  and  Y = V(J).  Then 

RTZ(MA)  = RTY(M)A 

functorially  in  M £ D(B).  Here  (-)a  denotes  the  restriction  functors  D(B)  — ► 
D(A)  and  a • L) jo° -torsion(-B)  y L)i°°~t0rsi0n(A4). 


Proof.  This  follows  from  uniquess  of  adjoint  functors  as  both  RTZ((— )a)  and 
ATy(— are  right  adjoint  to  the  functor  D/°°-torsion(-A)  — > D(B ),  K i->  K B. 
Alternatively,  one  can  use  the  description  of  RT z and  RT y in  terms  of  alternating 
Cech  complexes  (Lemma  45.9.1 ).  Namely,  if  / = (/,, . . . , fr)  then  J is  generated  by 
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the  images  g\, ...  ,gr  £ B of  fi, . . . , fr.  Then  the  statement  of  the  lemma  follows 
from  the  existence  of  a canonical  isomorphism 

Ma  ®a  C A ni0  AL o IIio<i1  Afiofn  • ■ ■ ->•  Ah-fr) 

= M®b{B->  IJ.  Bg  ->■  IJ  Bg  g ^ Bgi,..gr) 

for  any  B-module  M.  □ 


Lemma  45.9.3.  Let  A B be  a ring  homomorphism  and  let  I C A be  a finitely 
generated  ideal.  Set  J = IB.  Let  Z = V(I)  and  Y = V(J).  Then 

RTZ(K)  <8 )\B  = RTy(K  B) 


functorially  in  K £ D(A). 

Proof.  This  follows  from  uniquess  of  adjoint  functors  as  both  RT z{~)  <8^  B and 
i?Ty  ( — B)  are  right  adjoint  to  the  functor  D j=o _torsion (B)  — > D(A).  Alterna- 
tively, one  can  use  the  description  of  RT z and  RTy  in  terms  of  alternating  Cech 
complexes  (Lemma  45.9.1)  and  use  that  formation  of  the  extended  Cech  complex 
commutes  with  base  change.  □ 


Lemma  45.9.4.  Let  A be  a ring  and  let  I C A be  a finitely  generated  ideal.  Let 
Km  be  a complex  of  A-modules  such  that  f : K * — > K*  is  an  isomorphism  for  some 
f £ I,  i.e.,  K * is  a complex  of  Af  -modules.  Then  RTz(K *)  = 0. 

Proof.  Namely,  in  this  case  the  cohomology  modules  of  RT z{K%)  are  both  /-power 
torsion  and  / acts  by  automorphisms.  Hence  the  cohomology  modules  are  zero  and 
hence  the  object  is  zero.  □ 


Lemma  45.9.5.  Let  A be  a ring  and  let  I C A be  a finitely  generated  ideal.  For 
I\,  L £ D(A)  we  have 

RT  Z{K  <8^  L)  = K 8^  RTZ{L)  = RTZ(K)  <8  \L  = RTz(K)  <8^  RTZ(L) 


If  K or  L is  in  Di°c_torsion(A)  then  so  is  K <8^  L. 


Proof.  By  Lemma  45.9.1  we  know  that  RT z is  given  by  C(gr  — 
Hence,  for  K,  L £ D(A)  general  we  have 


for  some  C £ D{A). 


RT  z (K  <8^4  L)=K®l  L®\C  = K RTZ{L) 


The  other  equalities  follow  formally  from  this  one.  This  also  implies  the  last  state- 
ment of  the  lemma.  □ 


The  following  lemma  tells  us  that  the  functor  RT z is  related  to  cohomology  with 
supports. 

Lemma  45.9.6.  Let  A be  a ring  and  let  I be  a finitely  generated  ideal.  With 
Z = V (/)  C X = Spec( A)  there  is  a functorial  isomorphism 


RT  z{K*)  = RTZ{K *) 


where  on  the  left  we  have  (45.9.0.1 ) and  on  the  right  we  have  the  functor  of  Coho- 
mology, Section[20.22\ 
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Proof.  Denote  J 7*  = K • be  the  complex  of  quasi-coherent  Ox-modules  on  X as- 
sociated to  I\*.  By  Cohomology,  Section |20.22| there  exists  a distinguished  triangle 

RTZ{X,T*)  -»  RT(X,T*)  ->  RT(U, Fm)  -»  RTZ (X, T' ) [1] 

where  U = X \ Z.  We  know  that  RT(X,  J7*)  = K*  for  example  by  Derived 
Categories  of  Schemes,  Lemma  35.3.5  Say  I = (/i, . . . , fr).  Then  we  obtain  a 
finite  affine  open  covering  U : U = D(ff)  U . . . U D(fr).  By  Derived  Categories  of 
Schemes,  Lemma 


35.9.4 


the  alternating  Cech  complex 
Tot  {Cllt{U,F)) 

computes  RT(U,  F’).  Working  through  the  definitions  we  find 

RT(U,F*)  = Tot  (K-  ®a  (nio  Aho  -A  Hn<li  Ahohl  -A  • • • -t  Afl...fr 

It  is  clear  that  i?T(X,  J7*)  -A  RT(U,Fm)  is  given  by  the  map  from  A into  Y[Afi- 
Hence  we  conclude  that 

BTz{X,F)  = Tot  (/\*  (A  -A  H Afio  n_,  Afiofti 


h ■■■/. 


>) 


10  --U 

By  Lemma  45.9.1  this  complex  computes  RT z{K*)  and  we  see  the  lemma  holds.  □ 

OBJC  Lemma  45.9.7.  Let  A be  a ring  and  let  I , J C A be  finitely  generated  ideals.  Set 
Z = V(I)  and  Y = V(J).  Then  Z nY  = V(I  + J)  and  RTY  oRTz  = RTynz  as 
functors  D(A)  — ► D^I+j)ao_torsion(A).  For  I\  £ D+{A)  there  is  a spectral  sequence 

E™  = HP(HP(K))  =►  H^iK) 
as  in  Derived  Categories,  Lemma\l3.22.2\ 


Proof.  There  is  a bit  of  abuse  of  notation  in  the  lemma  as  strictly  speaking  we 
cannot  compose  RTy  and  RTZ.  The  meaning  of  the  statement  is  simply  that  we 
are  composing  RTZ  with  the  inclusion  -D/oo_torsion(A)  — > D(A)  and  then  with  ATy. 
Then  the  equality  RTy  o RT z = RTynz  follows  from  the  fact  that 

D joo_  torsion  (A)  -a  D(A)  ^ D(I+  J)  °° -torsion  (^) 

is  right  adjoint  to  the  inclusion  D(/_|_j)oo_torSion(A)  — > D/oo_torsion(A).  Alternatively 
one  can  prove  the  formula  using  Lemma|45.9.1|and  the  fact  that  the  tensor  product 
of  extended  Cech  complexes  on  f\, ... , fr  and  g\ , . . . , gm  is  the  extended  C complex 
on  /i, . . . , fn-gii  ■ ■ ■ i9m-  The  final  assertion  follows  from  this  and  the  cited  lemma. 

□ 


The  following  lemma  is  the  analogue  of  More  on  Algebra,  Lemma  |15. 72.211  for 
complexes  with  torsion  cohomologies. 


OAMO 


Lemma  45.9.8.  Let  A — ► B be  a flat  ring  map  and  let  I C A be  a finitely 
generated  ideal  such  that  A/ 1 = B/IB.  Then  base  change  and  restriction  induce 
quasi-inverse  equivalences  Dj^_torsion  (■ A ) — -D(lb)  00 -torsion  (B). 


Proof.  More  precisely  the  functors  are  K H » I\  (g>^  B for  K in  D/oo_torsion(A)  and 
M i — ^ Ma  for  M in  D(/s)~-torsion(S).  The  reason  this  works  is  that  B)  = 

Hl(K)  ®A  B = Hl(K).  The  first  equality  holds  as  A — > B is  flat  and  the  second 
by  More  on  Algebra,  Lemma  15.70.2|  □ 


The  following  lemma  was  shown  for  Horn  and  Ext1  of  modules  in  More  on  Algebra, 
Lemmas  115.70.31  and  115.70.81 
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05EH  Lemma  45.9.9.  Let  A -A  B be  a flat  ring  map  and  let  I C A be  a finitely  generated 
ideal  such  that  A/I  — > B/IB  is  an  isomorphism.  For  K £ Djcx,_torsion(A ) and 
L £ D(A)  the  map 

R L)  — A R Homs(/\  B,  L g^  B) 

is  a quasi-isomorphism.  In  particular,  if  M,  N are  A-modules  and  M is  I-power 
torsion,  then  the  canonical  map 

ExtA(M,  N)  — a ExtB(M  g^  B,  N g^  B) 

is  an  isomorphism  for  all  i. 


Proof.  Let  Z = V(I)  C Spec(A)  and  Y = V(IB)  C Spec(B).  Since  the  cohomol- 
ogy modules  of  I\  are  I power  torsion,  the  canonical  map  RTz{L)  -A  L induces  an 
isomorphism 

RRomA(K,RTz(L))  -A  R Hom^ (K, L) 

in  D(A).  Similarly,  the  cohomology  modules  of  K ®A  B are  IB  power  torsion  and 
we  have  an  isomorphism 


RAomB(K  (g)^4  B , RTy(L  ®A  B ))  -A  RBomB(K  g^  B , L (g )A  B) 


in  D(B).  By  Lemma  45.9.3  we  have  RT z(L)  <g)A  B = RTy(L  g^  B). 
suffices  to  show  that  the  map 


Hence  it 


f?HomJ4(iv,  RTZ(L))  -A  RRomB(K  g^  B , RTz(L)  g^  B) 
is  a quasi- isomorphism.  This  follows  from  Lemma [45. 9. 8[ 


□ 


45.10.  Local  cohomology  for  Noetherian  rings 

OBJD  Let  A be  a ring  and  let  I cibea  finitely  generated  ideal.  Set  Z = V (I)  C Spec(A). 
Recall  that  (45.8.3.11  is  the  functor 

U(/°°-t0rsi0n)  -A  -D/°°-torsion(A) 

In  fact,  there  is  a natural  transformation  of  functors 

0A6U  (45.10.0.1)  (|45.8.3.l[)  o RTi(-) — >RTZ{-) 

Namely,  given  a complex  of  A-modules  K * the  canonical  map  RTi(K*)  -a  K* 
in  D(A)  factors  (uniquely)  through  RT z{K*)  as  /£Tj(A'*)  has  /-power  torsion 
cohomology  modules  (see  Lemma  45.8.1 ).  In  general  this  map  is  not  an  isomorphism 
(we’ve  seen  this  in  Lemma  45.8.41. 

0955  Lemma  45.10.1.  Let  A be  a Noetherian  ring  and  let  I C A be  an  ideal. 

(1)  the  adjunction  RTj(K)  -A  I\  is  an  isomorphism  for  I\  £ D /«> .torsion  (A), 

(2)  the  functor  1(45.8.3.  i)  D(I°° -torsion)  —A  Djac_torsion(A)  is  an  equivalence, 

(3)  the  transformation  of  functors  1(45.10. 0.1 ) is  an  isomorphism,  in  other 
words  RT^K)  = RTZ(K)  for  K £ D(A). 


Proof.  A formal  argument,  which  we  omit,  shows  that  it  suffices  to  prove  (1). 

Let  M be  an  I- power  torsion  A-module.  Choose  an  embedding  M A J into  an 
injective  A-module.  Then  J[/°°]  is  an  injective  A-module,  see  Lemma 
and  we  obtain  an  embedding  A I -A  J[I°°].  Thus  every  /-power  torsion  module 
has  an  injective  resolution  M -A  J*  with  Jn  also  /-power  torsion.  It  follows  that 


45.3.10 
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RTz(M)  = M (this  is  not  a triviality  and  this  is  not  true  in  general  if  A is  not 
Noetherian).  Next,  suppose  that  K £ -torsion(A)-  Then  the  spectral  sequence 


RqTz(Hp(K))  =>  Rp+qTi(K) 


(Derived  Categories,  Lemma[l3.21.3 ) converges  and  above  we  have  seen  that  only 
the  terms  with  q = 0 are  nonzero.  Thus  we  see  that  RTj(K)  — ► K is  an  isomor- 
phism. 


Suppose  K is  an  arbitrary  object  of  -Djoo_torsion(A).  We  have 


RqTi{K)  = colim Ext \(A/In,  K) 


by  Lemma [45. 8. 2 Choose  A, . . . , fr  £ A generating  I.  Let  K*  = K{A , /”, . . . , /") 
be  the  Koszul  complex  with  terms  in  degrees  — r,  ...,0.  Since  the  pro-objects 


{A/In}  and  {K*}  in  D(A)  are  the  same  by  More  on  Algebra,  Lemma  15.74.1 
see  that 

RqVj{K)  = colim  Ext  qA{K*,K) 


we 


Pick  any  complex  K * of  A-modules  representing  K . Since  K * is  a finite  complex 
of  finite  free  modules  we  see  that 


Ext  \{Kn 


K)  = Hq{Tot((K‘ny  ®aK')) 


where  (A"*)v  is  the  dual  of  the  complex  K*.  See  More  on  Algebra,  Lemma  15.60.2 
As  (A’*)v  is  a complex  of  finite  free  A- modules  sitting  in  degrees  0, . . . ,r  we  see 
that  the  terms  of  the  complex  Tot((A'*)v  K *)  are  the  same  as  the  terms  of  the 

complex  Tot((/\*)v  Cu  T>q-r-2K*)  in  degrees  q — 1 and  higher.  Hence  we  see  that 

Ext  qA(Kn,K)  = Ext  qA(Kn,T>q_r_2K) 


for  all  n.  It  follows  that 


R^TjiK)  = RqYz{T>q-r-2K)  = Hq{r>q-r-2K)  = Hq(K) 

Thus  we  see  that  the  map  RTz(K)  -A  K is  an  isomorphism.  □ 

0956  Lemma  45.10.2.  If  A is  a Noetherian  ring  and  I = (/ 1, . . . , fr)  an  ideal.  There 
are  canonical  isomorphisms 

RTz{A)  a(4a[|  Af  -A  ]X  Afi0Sii  -+■■■->  Afi-fr)  RTZ(A) 

A -*-Zo  u u 

in  D{A). 

Proof.  This  follows  from  Lemma [45. 10. 1| and  the  computation  of  the  functor  RT z 
in  Lemmar45.9.1l  □ 


0957  Lemma  45.10.3.  If  A -A  B is  a homomorphism  of  Noetherian  rings  and  I £ A 
is  an  ideal,  then  in  D{B ) we  have 

RTi(A)  B = RTZ(A)  ®\B  = RYy{B)  = RTiB{B) 

where  Y = V{IB)  c Spec(H). 

Proof.  Combine  Lemmas  I45.10.2l  and  145.9.31  □ 
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45.11.  Depth 


In  this  section  we  revisit  the  notion  of  depth  introduced  in  Algebra,  Section  [10.711 

Lemma  45.11.1.  Let  A be  a Noetherian  ring , let  I C A be  an  ideal,  and  let  M 
be  a finite  A-module  such  that  IM  ^ M . Then  the  following  integers  are  equal: 

(1)  depthj(M), 

(2)  the  smallest  integer  i such  that  Ext\(A/I,M ) is  nonzero , and 

(3)  the  smallest  integer  i such  that  Hj(M)  is  nonzero. 

Moreover,  we  have  ExtA(N,  M)  = 0 for  i < depthj(AI)  for  any  finite  A-module  N 
annihilated  by  a power  of  I. 


Proof.  We  prove  the  equality  of  (1)  and  (2)  by  induction  on  depthj(M)  which  is 
allowed  by  Algebra,  Lemma[l0.71.4| 


Base  case.  If  depthj(M)  = 0,  then  I is  contained  in  the  union  of  the  associated 
primes  of  M (Algebra,  Lemma  10.62.9).  By  prime  avoidance  (Algebra,  Lemma 


10.14.2)  we  see  that  I C p for  some  associated  prime  p.  Hence  Horn a{A/I,M)  is 


nonzero.  Thus  equality  holds  in  this  case. 


Assume  that  depth/(M)  > 0.  Let  / G / be  M- regular, 
sequence 

0 -»  M — ► M ->  M/fM  0 


Consider  the  short  exact 


and  the  associated  long  exact  sequence  for  Ext^(A/J,  — ).  Note  that  Ext \(A/I,  M) 
is  a finite  A/J-module  (Algebra,  Lemmas  10.70.9  and  10.70.8).  Hence  we  obtain 


Horn a(A/I,  M/fM)  = Ext \{A/I,  M) 


and  short  exact  sequences 

0 -»■  Ext ^(A//,M)  -»•  Ext^(A/7,  M/fM)  -»■  Ext ^\A/I,M)  -►  0 
Thus  the  equality  of  (1)  and  (2)  by  induction. 


Observe  that  deptj(M)  = depth7„  (A I)  for  all  n > 1 for  example  by  Algebra,  Lemma 
10.67.8  Hence  by  the  equality  of  (1)  and  (2)  we  see  that  Ext lA(A/In,M)  = 0 for 


all  n and  i < depth7(M).  Let  iV  be  a finite  A-module  annihilated  by  a power  of  I. 
Then  we  can  choose  a short  exact  sequence 


0 ->•  N'  ( A/In)®m  ->  N 0 

for  some  n,m  > 0.  Then  HomJ4(7V,  M)  C Hony4((A//")®m,  M)  and  Ext^(Af,  M)  C 
Ext(^1(W,Af)  for  i < depthj(M).  Thus  a simply  induction  argument  shows  that 
the  final  statement  of  the  lemma  holds. 


Finally,  we  prove  that  (3)  is  equal  to  (1)  and  (2).  We  have  H/(M)  = colimExt^(A//",  M) 
by  Lemma  45.8.2  Thus  we  see  that  H\(M)  = 0 for  i < depth7(M).  For  i = 
depth  j(M),  using  the  vanishing  of  Ext  lAx  (///",  M)  we  see  that  the  map  Ext  A (A/ 1,  M)  — ► 
H}(M)  is  injective  which  proves  nonvanishing  in  the  correct  degree.  □ 


Lemma  45.11.2.  Let  A be  a ring  and  let  I C A be  a finitely  generated  ideal.  Let 
Ad  be  an  A-module.  Let  Z = V(I).  Then  H/(AL)  = H^(Ad).  Let  N be  the  common 
value  and  set  M'  = M/N . Then 

(1)  H°{M')  = 0 and  H/(AL)  = H/{M')  and  H%(N)  = 0 for  all  p > 0, 

(2)  H°Z(M')  = 0 and  HPZ(M)  = HPZ{M')  and  HP{N)  = 0 for  all  p > 0. 


0AW0 
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Proof.  By  definition  Hj(M)  = M[I°°]  is  /-power  torsion, 
see  that 


By  Lemma 


45.9.1 


we 


H%{M)  = Ker (M  — > Mflx  ...x  Mfr) 

if  I = (/i, . . . , fr).  Thus  Hj(M)  C HZ(M)  and  conversely,  if  x e HZ(M ),  then 
it  is  annihilated  by  a /?’  for  some  e*  > 1 hence  annihilated  by  some  power  of  I. 
This  proves  the  first  equality  and  moreover  N is  I- power  torsion.  By  Lemma [45. 8. 1| 
we  see  that  RTj(N)  = N.  By  Lemma  [45.9.1  we  see  that  RTz(N)  = N.  This 
proves  the  higher  vanishing  of  Hj(N)  and  HZ{N)  in  (1)  and  (2).  The  vanishing 
of  Hj(M')  and  HZ(M')  follow  from  the  preceding  remarks  and  the  fact  that  M'  is 
I- power  torsion  free  by  More  on  Algebra,  Lemma  |15.69.4|  The  equality  of  higher 
cohomologies  for  M and  M'  follow  immediately  from  the  long  exact  cohomology 
sequence.  □ 


45.12.  Torsion  versus  complete  modules 


0A6V  Let  A be  a ring  and  let  / be  a finitely  generated  ideal.  In  this  case  we  can  consider 
the  derived  category  Dj^> -torsion  (A)  of  complexes  with  I- power  torsion  cohomology 
modules  (Section  45.9)  and  the  derived  category  Dcomp(A1 1)  of  derived  complete 
complexes  (More  on  Algebra,  Section  15.72).  In  this  section  we  show  these  cate- 
gories are  equivalent.  A more  general  statement  can  be  found  in  IDG02I. 

0A6W  Lemma  45.12.1.  Let  A be  a ring  and  let  I be  a finitely  generated  ideal.  Let  RT z 
be  as  in  Lemma  45.9.1  Let  A denote  derived  completion  as  in  More  on  Algebra, 


Lemma  1 5. 12. For  an  object  K in  D(A)  we  have 

RT  z (RA ) = RT  z (K)  and  ( RT  z = KA 

in  D{A). 

Proof.  Choose  /i, . . . , fr  £ A generating  I.  Recall  that 


KA  = R tiomA  ((A  n Af,0  ^UA 


La 


A 


h- 


■Sr\K) 


by  More  on  Algebra,  Lemma [l5.72.9[  Hence  the  cone  C = Con e(K  — ► KA)  is  given 
by 

AHony4  ((JJ  Afio  ^l[Ahoii  -t  • • • -»  Afl_fr),K^ 

which  can  be  represented  by  a complex  endowed  with  a finite  filtration  whose 
successive  quotients  are  isomorphic  to 

RH.omA(Afio...fip,K),  p>  0 

These  complexes  vanish  on  applying  RT z , see  Lemma  45.9.4[  Applying  RT z to 
the  distinguished  triangle  K — > KA  — >■  C — > A [1]  we  see  that  the  first  formula  of 
the  lemma  is  correct. 


Recall  that 

RT  Z{K)  = K 


-'ll-'/,  1 1 u 


->■■■->  Aa-I, 

by  Lemma [45. 9.1  Hence  the  cone  C = Con e(RTz(K)  — > K)  can  be  represented  by 
a complex  endowed  with  a finite  filtration  whose  successive  quotients  are  isomorphic 
to 


-) 


K M P>0 
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0A6X 


0A6Y 


These  complexes  vanish  on  applying  A,  see  More  on  Algebra,  Lemma  15.72.10 
Applying  derived  completion  to  the  distinguished  triangle  RT  z{K)  — ► K — » C — > 
RVz{K)[V\  we  see  that  the  second  formula  of  the  lemma  is  correct.  □ 

The  following  result  is  a special  case  of  a very  general  phenomenon  concerning 
admissible  subcategories  of  a triangulated  category. 

Proposition  45.12.2.  Let  A be  a ring  and  let  I C A be  a finitely  generated  ideal. 
The  functors  RT z and  A define  quasi-inverse  equivalences  of  categories 

-torsion  (A)o 

Dcomp  (A  I) 

Proof.  Follows  immediately  from  Lemma [45.1 2. 1|  □ 

The  following  addendum  of  the  proposition  above  makes  the  correspondence  on 
morphisms  more  precise. 


45.12.1  For  objects  K , L in  D(A) 


Lemma  45.12.3.  With  notation  as  in  Lemma 
there  is  a canonical  isomorphism 

R Honut (/\  A , A A ) — > RAomA(RTz{K),RTz(L)) 

in  D{A). 

Proof.  Say  I = (/1, . . . , fr).  Denote  C = {A  — > JjfAy  —>■■■•  — t Ay,  ...fr)  the 
alternating  Cech  complex.  Then  derived  completion  is  given  by  R Hom^C,  — ) 
(More  on  Algebra,  Lemma  15.72.9)  and  local  cohomology  by  C 0L  — (Lemma 


C)) 


45.9.1).  Combining  the  isomorphism 

i?HomJ4(A'  0L  C,  L 0L  C)  = AHony4(A',  AHom(C,  L ( 

(More  on  Algebra,  Lemma  15.60. 1|)  and  the  map 

L ->•  AHomA(C,A®L  C ) 

(More  on  Algebra,  Lemma  15.60.5|)  we  obtain  a map 

7 : AHom/t(A^,  L)  — > i?HomJ4(A'  (g)L  C,  L g)L  C) 

On  the  other  hand,  the  right  hand  side  is  derived  complete  as  it  is  equal  to 
R Honp4  (C,  R HomA  ( AT,  L (g)L  C) ) . 

Thus  7 factors  through  the  derived  completion  of  i?HomJ4(A',  L)  by  the  universal 
property  of  derived  completion.  However,  the  derived  completion  goes  inside  the 
A Horn ,4  by  More  on  Algebra,  Lemma  [15. 72. 11|  and  we  obtain  the  desired  map. 

To  show  that  the  map  of  the  lemma  is  an  isomorphism  we  may  assume  that  I\  and 
L are  derived  complete,  i.e. , K = A'A  and  L = AA.  In  this  case  we  are  looking  at 
the  map 

7 : AHomA(A',A)  — > RRomA(RTz(K),  RTZ{L)) 

By  Proposition  45.12. 2|  we  know  that  the  cohomology  groups  of  the  left  and  the 
right  hand  side  coincide.  In  other  words,  we  have  to  check  that  the  map  7 sends  a 
morphism  a : K — > L in  D(A)  to  the  morphism  RT z(a)  : RT Z{K)  — > RTZ(L).  We 
omit  the  verification  (hint:  note  that  RTz(a)  is  just  the  map  a (g>  idc  : K (g)L  C 
A®LC'  which  is  almost  the  same  as  the  construction  of  the  map  in  More  on  Algebra, 
Lemma  15.60.5).  □ 
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0AW1 

0AW2 

OALR 


0AW3 


45.13.  Formally  catenary  rings 

In  this  section  we  prove  a theorem  of  Ratliff  IRat71j  that  a Noetherian  local  ring 
is  universally  catenary  if  and  only  if  it  is  formally  catenary. 

Definition  45.13.1.  A Noetherian  local  ring  A is  formally  catenary  if  for  every 
minimal  prime  p C A the  ring  AA/pAA  is  equidimensional. 

The  following  lemma  can  be  used  to  construct  finite  type  extensions  from  given 
finite  type  extensions  of  the  formal  completion. 

Lemma  45.13.2.  Let  A be  a Noetherian  ring  and  I an  ideal.  Let  B be  a finite 
type  A-algebra.  Let  BA  -A  C be  a surjective  ring  map  with  kernel  J where  BA 
is  the  I-adic  completion.  If  J/J2  is  annihilated  by  Ic  for  some  c > 0,  then  C is 
isomorphic  to  the  completion  of  a finite  type  A-algebra. 


Proof.  Since  BA  is  Noetherian  (Algebra,  Lemma  10.96.6 1,  we  see  that  J is  a finitely 


generated  ideal.  Hence  we  conclude  from  Algebra,  Lemma  [10. 20. 5|  that 

Spec (C)  \ V(IC)  — > Spec (BA)  \ V{IBA) 

is  an  open  and  closed  immersion.  Let  V C Spec(13A)  \ V(IBA)  be  the  complement 
of  the  image  viewed  as  an  open  and  closed  subscheme.  Let  Z C Spec(13A)  be  the 
scheme  theoretic  closure  of  V.  Write  Z = Spec(C").  Then 

Spec (C  x C')  = Spec (C)  H Z — a Spec(RA) 

is  a finite  morphism  of  schemes  which  is  an  isomorphism  away  from  V ( IBA ).  Hence 
the  corresponding  ring  map  BA  -A  C x C'  is  finite  and  becomes  an  isomorphism 
on  inverting  any  element  of  I.  Since  B — > BA  is  a flat  map  (Algebra,  Lemma 
10.96.2 1 inducing  an  isomorphism  B/IB  -A  BA /IBA  we  may  apply  More  on  Alge- 
bra, Proposition  15.70.15  and  Remark  [l5.70.19|  to  it.  We  conclude  that  C x C'  is 
isomorphic  to  D®bBa  for  some  finite  B-algebra  D.  Then  D/ID  = C/ICxC /IC' . 
Let  e £ D/ID  be  the  idempotent  corresponding  to  the  factor  C/IC.  By  More  on 
Algebra,  Lemma  [l5.7.9|  there  exists  an  etale  ring  map  B -A  B'  which  induces  an 
isomorphism  B/IB  — ► B' /IB'  such  that  D'  = D (&b  B'  contains  an  idempotent  e 
lifting  e.  Since  C x C'  is  .Radically  complete  the  pair  (C  x C' , IC  x IC')  is  henselian 
(More  on  Algebra,  Lemma  15.8.3).  Thus  we  can  factor  the  map  B -A  C x C' 


through  B' . Doing  so  we  may  replace  B by  B'  and  D by  D' . Then  we  find  that 
D = Dex  D i_e  = D/(l  — e)  x D/{e)  is  a product  of  finite  type  A-algebras  and  the 
completion  of  the  first  part  is  C and  the  completion  of  the  second  part  is  C' . □ 

Lemma  45.13.3.  Let  (A,m)  be  a Noetherian  local  ring  which  is  not  formally 
catenary.  Then  A is  not  universally  catenary. 

Proof.  By  assumption  there  exists  a minimal  prime  p C A such  that  AA /pAA  is 
not  equidimensional.  After  replacing  A by  A/p  we  may  assume  that  A is  a domain 
and  that  AA  is  not  equidimensional.  Let  q be  a minimal  prime  of  AA  such  that 
d = dim(AA/q)  is  minimal  and  hence  0 < d < dim(A).  We  prove  the  lemma  by 
induction  on  d. 

The  case  d = 1.  In  this  case  dim(AA)  = 0.  Hence  AA  is  Artinian  local  and  we  see 
that  for  some  n > 0 the  ideal  J = qn  maps  to  zero  in  AA.  It  follows  that  m is  the 
only  associated  prime  of  J/J2,  whence  mm  annihilates  J/J2  for  some  to  > 0.  Thus 
we  can  use  Lemma  45.13.2  to  find  A — >•  B of  finite  type  such  that  BA  = AA / J . It 
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follows  that  ms  = \JmB  is  a maximal  ideal  with  the  same  residue  field  as  m and 
BA  is  the  ms-adic  completion  (Algebra,  Lemma  10.96.7 1.  Then 

di  m.(BmB)  = dim(I3A)  = 1 = d. 


Since  we  have  the  factorization  A — > B — > AA  / J the  inverse  image  of  q/J  is  a prime 
H'  C Wb  lying  over  (0)  in  A.  Thus,  if  A were  universally  catenary,  the  dimension 
formula  (Algebra,  Lemma  10.112.1 1 would  give 


dim(Hmf3)  > dim((B/q')  mB  ) 

= dim(A)  + trdegjy  (A)(/-/-(s/q'))  - trdegK(m) (ft (ms ) ) 

= dim(A)  +trdeg//(A)(/./.(S/q')) 


This  contradictions  finishes  the  argument  in  case  d = 1. 


Assume  d > 1.  Let  Z C Spec(AA)  be  the  union  of  the  irreducible  components 
distinct  from  P(q).  Let  ti,...,tm  C AA  be  the  prime  ideals  corresponding  to 
irreducible  components  of  V(c\ ) (1  Z of  dimension  > 0.  Choose  f € m,  f £ A tl  tj 
using  prime  avoidance  (Algebra,  Lemma  10.14.2).  Then  dim(A//A)  = dim(A)  — 1 
and  there  is  some  irreducible  component  of  V (q,  /)  of  dimension  d — 1.  Thus  A/ f A 
is  not  formally  catenary  and  the  invariant  d has  decreased.  By  induction  A/  f A is 
not  universally  catenary,  hence  A is  not  universally  catenary.  □ 


0AW4  Lemma  45.13.4.  Let  A -A  B be  a flat  local  ring  map  of  local  Noetherian  rings. 
Assume  B is  catenary  and  equidimensional.  Then 

(1)  B/pB  is  equidimensional  for  all  p C A, 

(2)  A is  catenary  and  equidimensional. 


Proof.  Let  p C A be  a prime  ideal.  Let  q C B be  a prime  minimal  over  p B.  Then 
q n A = p by  going  down  for  A -A  B (Algebra,  Lemma  10.38.18).  Hence  Ap  -A 
is  a flat  local  ring  map  with  special  fibre  of  dimension  0 and  hence 


dim(Ap)  = dim(7?(])  = dim(H)  — dim(H/q) 


(Algebra,  Lemma  10.111.7). 
and  catenary. 


The  second  equality  because  B is  equidimensional 
Thus  dim(13/q)  is  independent  of  the  choice  of  q and  we  con- 
clude that  B/pB  is  equidimensional  of  dimension  dim(H)  — dim(Ap).  On  the 
other  hand,  we  have  dim(H/pH)  = dim(A/p)  + dim(B/mAB)  and  dim(B)  = 
dim(A)  + d\m(B /vaaB)  by  flatness  (see  lemma  cited  above)  and  we  get 


dim(Ap)  = dirn(A)  — dim(A/p) 

for  all  p in  A.  Applying  this  to  all  minimal  primes  in  A we  see  that  A is  equidi- 
mensional. If  p C p'  is  a strict  inclusion  with  no  primes  in  between,  then  we  may 
apply  the  above  to  the  prime  p'/p  in  A/p  because  A/p  -A  B/pB  is  flat  and  B/pB 
is  equidimensional,  to  get 

1 = dim((A/p)p<)  = dim(A/p)  — din^A/p') 

Thus  p i-a  dim(A/p)  is  a dimension  function  and  we  conclude  that  A is  catenary.  □ 


0AW5  Lemma  45.13.5.  Let  A be  a formally  catenary  Noetherian  local  ring.  Then  A is 
universally  catenary. 
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Proof.  We  may  replace  A by  A/p  where  p is  a minimal  prime  of  A,  see  Algebra, 


Lemma  10.104.7  Thus  we  may  assume  that  AA  is  equidimensional.  It  suffices  to 
show  that  every  local  ring  essentially  of  finite  type  over  A is  catenary  (see  for  exam- 
ple Algebra,  Lemma  10.104.5 1.  Hence  it  suffices  to  show  that  A[x\, . . . , xn]m  is  cate- 
nary where  m C A[ aq, . . . , xn ] is  a maximal  ideal  lying  over  rnq,  see  Algebra,  Lemma 
10.53.5  (and  Algebra,  Lemmas  10.104.6  and  10.104.4).  Let  m'  C A^[x i, . . . ,xn } be 
the  unique  maximal  ideal  lying  over  m.  Then 

A[aq,  . . . , ^njm  ^ A [a?i,  . . . , 


is  local  and  flat  (Algebra,  Lemma  10.96.2).  Hence  it  suffices  to  show  that  the  ring 


on  the  right  hand  side  is  equidimensional  and  catenary,  see  Lemma  |45.13.4[  It  is 
catenary  because  complete  local  rings  are  universally  catenary  (Algebra,  Remark 
10.152.9 1 . Pick  any  minimal  prime  q of  AA[xi, . . . , xn]m' . Then  q = pAA[xi, . . . , xn]m' 


for  some  minimal  prime  p of  AA  (small  detail  omitted).  Hence 

dim(AA[ai1, . . . , xn]m' /q)  = dim(AA/p)  + n = dim(AA)  + n 


the  first  equality  by  Algebra,  Lemina|l0.111.7|and  the  second  because  AA  is  equidi- 
mensional. This  finishes  the  proof.  □ 


0AW6  Proposition  45.13.6  (Ratliff).  A Noetherian  local  ring  is  universally  catenary  if  IRat71] 
and  only  if  it  is  formally  catenary. 

Proof.  Combine  Lemmas  145. 13.31  and  145.13.51  □ 


45.14.  Finiteness  of  local  cohomology,  I 

0AW7  We  will  follow  Faltings  approach  to  finiteness  of  local  cohomology  modules,  see 
|Fal78b|  and  lFal811.  Here  is  a lemma  which  shows  that  it  suffices  to  prove  local 
cohomology  modules  have  an  annihilator  in  order  to  prove  that  they  are  finite 
modules. 


0AW8  Lemma  45.14.1.  Let  A be  a Noetherian  ring,  I C A an  ideal,  M a finite  A- 
module,  and  n > 0 an  integer.  Let  Z = V(I).  The  following  are  equivalent 

(1)  HZ(M)  is  finite  for  i < n, 

(2)  there  exists  an  e > 0 such  that  Ie  annihilates  HZ(M)  for  i < n,  and 

(3)  there  exists  an  ideal  J C A with  V(J)  C Z such  that  J annihilates  Hlz(M) 
for  i < n. 


Proof.  We  prove  the  lemma  by  induction  on  n.  For  n = 0we  have  HZ(M)  C M 
is  finite,  hence  (1),  (2),  and  (3)  are  true.  Assume  that  n > 0. 


If  (1)  is  true,  then,  since  HZ(M)  = Hj(M)  (Lemma  45.10.1 1 is  I- power  torsion,  we 
see  that  (2)  holds.  It  is  clear  that  (2)  implies  (3). 


45.11.2 


we 


Assume  (3)  is  true.  Let  N = HZ(M)  and  M'  = M/N.  By  Lemma 
may  replace  M by  M' . Thus  we  may  assume  that  HZ(M ) = 0.  This  means  that 
depthj(M)  > 0 (Lemma  45.11.1 ).  Pick  f £ I a nonzerodivisor  on  M.  After  raising 
/ to  a suitable  power,  we  may  assume  f £ J as  V{J)  C V{I).  Then  the  long  exact 
local  cohomology  sequence  associated  to  the  short  exact  sequence 

M M - > M/fM 


0 


0 


turns  into  short  exact  sequences 

0 ->  H^M)  HZ(M/ fM)  R^+1(M)  ->  0 


This  is  a special 
case  of  IFal  78hl 
Lemma  3]. 
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for  i < n.  We  conclude  that  J 2 annihilates  Hlz(M  / fM)  for  i < n.  By  induction 
hypothesis  we  see  that  HZ(M/ fM)  is  finite  for  i < n.  Using  the  short  exact 
sequence  once  more  we  see  that  H^~  (M)  is  finite  for  i < n as  desired.  □ 


The  following  result  of  Faltings  allows  us  to  prove  finiteness  of  local  cohomology  at 
the  level  of  local  rings. 

This  is  a special 
case  of  [Fal81 1 Satz 
!]■ 

Proof.  The  implication  (1)  =>  (2)  is  immediate.  We  prove  the  converse  by  induc- 
tion on  n.  The  case  n = 0 is  clear  because  both  (1)  and  (2)  are  always  true  in  that 
case. 


0AW9  Lemma  45.14.2.  Let  A be  a Noetherian  ring,  I C A an  ideal,  M a finite  A- 
module,  and  n > 0 an  integer.  Let  Z = V(I).  The  following  are  equivalent 

(1)  the  modules  HZ(M)  are  finite  for  i < n,  and 

(2)  for  all  p £ Spec(A)  the  modules  HZ(M) p,  i < n are  finite  Ap-modules. 


Assume  n > 0 and  that  (2)  is  true.  Let  N = HZ(M)  and  M'  = M/N.  By  Lemma 
45.11.2  we  may  replace  M by  M1 . Thus  we  may  assume  that  HZ(M)  = 0.  This 
means  that  depth,  (M)  > 0 (Lemma |45.11.1 ).  Pick  / £ I a nonzerodivisor  on  M 
and  consider  the  short  exact  sequence 

0 -»  M — ► M — >•  M/fM  0 


which  produces  a long  exact  sequence 

0 ->•  HZ(M/ fM)  -a  Hl{M)  ->  HZ(M)  ->•  HZ(M/ fM)  -a-  Hz(M)  —)•... 

and  similarly  after  localization.  Thus  assumption  (2)  implies  that  the  modules 
HZ(M/ fM) p are  finite  for  i < n.  Hence  by  induction  assumption  HZ(M/ fM)  are 
finite  for  i < n. 


Let  p be  a prime  of  A which  is  associated  to  H'Z(M)  for  some  i < n.  Say  p is  the 
annihilator  of  the  element  x £ HZ(M).  Then  p £ Z,  hence  / £ p.  Thus  fx  = 0 
and  hence  x comes  from  an  element  of  H1^1  (M/ fM)  by  the  boundary  map  S in 
the  long  exact  sequence  above.  It  follows  that  p is  an  associated  prime  of  the  finite 
module  Im(i5).  We  conclude  that  Ass (HZ(M))  is  finite  for  i < n,  see  Algebra, 
Lemma  110.62.51 


Recall  that 

Hlz{M)  C TT  HUM)P 

by  Algebra,  Lemma [10.62. 19|  Since  by  assumption  the  modules  on  the  right  hand 
side  are  finite  and  I- power  torsion,  we  can  find  integers  eP;i  > 0,  i < n,  p £ 
Ass (HZ(M))  such  that  7eP'i  annihilates  Hlz(M)p.  We  conclude  that  Ie  with  e = 
max{ePi,}  annihilates  HZ(M)  for  i < n.  By  Lemma  45.14.1  we  see  that  HZ(M)  is 
finite  for  i < n.  □ 


0BPX  Lemma  45.14.3.  Let  A be  a ring  and  let  J C I C A be  finitely  generated  ideals. 
Let  i > 0 be  an  integer.  Set  Z = V(I).  If  Hz  (A)  is  annihilated  by  Jn  for  some  n, 
then  HZ(M)  annihilated  by  Jm  for  some  m = m(M)  for  every  finitely  presented 
A-module  M such  that  Mf  is  a finite  locally  free  A f -module  for  all  f £ I. 
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Proof.  Consider  the  annihilator  a of  HZ(M).  Let  p C A with  p ^ Z.  By  assump- 
tion there  exists  an  / £ I,  f qL  p and  an  isomorphism  p : A®r  — > Mf  of  Ay-modules. 
Clearing  denominators  (and  using  that  M is  of  finite  presentation)  we  find  maps 

a:  A®r  — >M  and  b : M — > A®r 

with  a,f  = fN<p  and  bf  = fNp>~x  for  some  N.  Moreover  we  may  assume  that  a o b 
and  boa  are  equal  to  multiplication  by  f2N . Thus  we  see  that  Hlz(M)  is  annihilated 
by  f2NJn , i.e.,  f2NJn  c a. 

As  U = Spec(A)  \ Z is  quasi-compact  we  can  find  finitely  many  f\, ... , ft  and 
Nlt...,Nt  such  that  U = (J D(fj)  and  fjNlJn  C a.  Then  V(I)  = 
and  since  / is  finitely  generated  we  conclude  IM  C {fi,...,  ft)  for  some  M.  All  in 
all  we  see  that  Jm  C o for  to  0,  for  example  m = M(2N\  + . . . + 2 Nt)n  will 
do.  □ 


OBPY  Lemma  45.14.4.  Let  A be  a Noetherian  ring.  Let  I C A be  an  ideal.  Set 
Z = V(I).  Let  n > 0 be  an  integer.  If  HZ(A)  is  finite  for  0 < i < n,  then  the  same 
is  true  for  HZ(M ),  0 < i < n for  any  finite  A-module  M such  that  Mf  is  a finite 
locally  free  Af -module  for  all  f £ I. 


Proof.  The  assumption  that  HZ(A)  is  finite  for  0 < i < n implies  there  exists  an 


e > 0 such  that  Ie  annihilates  Hlz(A)  for  0 < i < n,  see  Lemma  45.14.1  Then 
Lemma  45.14.3  implies  that  HZ(M ),  0 < i < n is  annihilated  by  Im  for  some 


to  = We  may  take  the  same  to  for  all  0 < i < n.  Then  Lemma  45.14.1 

implies  that  Hlz(M)  is  finite  for  0 < i < n as  desired.  □ 
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In  this  section  we  discuss  the  easiest  nontrivial  case  of  the  finiteness  theorem, 
namely,  the  finiteness  of  the  first  local  cohomology  or  what  is  equivalent,  finite- 
ness of  j^J-  where  j : U — > X is  an  open  immersion,  X is  locally  Noetherian,  and 
J7  is  a coherent  sheaf  on  U.  Following  a method  of  Kollar  we  find  a necessary  and 
sufficient  condition,  see  Proposition |45. 15/7  The  reader  who  is  interested  in  higher 
direct  images  or  higher  local  cohomology  groups  should  skip  ahead  to  Section|45.41| 
or  Section  45.40  (which  are  developed  independently  of  the  rest  of  this  section). 


OBJZ  Lemma  45.15.1.  Let  X be  a locally  Noetherian  scheme.  Let  j : U — » X be  the 
inclusion  of  an  open  subscheme  with  complement  Z . For  x £ U let  ix  : Wx  -A  U be 
the  integral  closed  subscheme  with  generic  point  x.  Let  T be  a coherent  Ou -module. 
The  following  are  equivalent 

(1)  for  all  x £ Ass(X)  the  Ox -module  jNx^Ow^  is  coherent, 

(2)  is  coherent. 

Proof.  We  first  prove  that  (1)  implies  (2).  Assume  (1)  holds.  The  statement  is 
local  on  X,  hence  we  may  assume  X is  affine.  Then  U is  quasi-compact,  hence 


Ass(Jr)  is  finite  (Divisors,  Lemma  30.2.5).  Thus  we  may  argue  by  induction  on 
the  number  of  associated  points.  Let  x £ U be  a generic  point  of  an  irreducible 


component  of  the  support  of  T . By  Divisors,  Lemma  30.2.5  we  have  x £ Ass(Jr). 
By  our  choice  of  x we  have  din^J7^)  = 0 as  ©Ayarmodule.  Hence  Tx  has  finite 


length  as  an  Ox,x-m odule  (Algebra,  Lemma  10.61.3).  Thus  we  may  use  induction 
on  this  length. 
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Set  G = j*ix,*Owx-  This  is  a coherent  C^-module  by  assumption.  We  have 
Qx  = k(x).  Choose  a nonzero  map  ipx  '■  Fx  ~ t k(x)  = Gx-  By  Cohomology  of 
Schemes,  Lemma  29.9.6  there  is  an  open  x £ V C U and  a map  tpy  : X\y  — )•  Q\y 


whose  stalk  at  x is  <px.  Choose  / £ T(X,Ox)  which  does  not  vanish  at  x such 


that  D(f)  C V.  By  Cohomology  of  Schemes,  Lemma  29.10.4  (for  example)  we 
see  that  py  extends  to  fnX 
by  fn  we  obtain  a map  X 


G\u  for  some  n.  Precomposing  with  multiplication 
► Q\xj  whose  stalk  at  x is  nonzero.  Let  X'  C X 
be  the  kernel.  Note  that  Ass(J7')  C Ass {X),  see  Divisors,  Lemma  30.2.4  Since 
lengthy  [X')  = lengthy  {X)  - 1 we  may  apply  the  induction  hypothesis  to 
conclude  j*F'  is  coherent.  Since  Q = j*{G\u)  = j*ix,*@wx  is  coherent,  we  can 
consider  the  exact  sequence 

0 7*  j*X  7*  j*X  7*-  G 


By  Schemes,  Lemma  [25.24.1|  the  sheaf  j*X  is  quasi-coherent.  Hence  the  image  of 
jxX  in  j,(G\u)  is  coherent  by  Cohomology  of  Schemes,  Lemma  29.9.3  Finally,  j+X 


is  coherent  by  Cohomology  of  Schemes,  Lemma  29.9.2 


Assume  (2)  holds.  Exactly  in  the  same  manner  as  above  we  reduce  to  the  case  X 
affine.  We  pick  x £ Ass(X)  and  we  set  G = j*ix,*Ow x-  Then  we  choose  a nonzero 
map  px  : Gx  = k(x)  J~x  which  exists  exactly  because  x is  an  associated  point 
of  T . Arguing  exactly  as  above  we  may  assume  <px  extends  to  an  Oy-module  map 
ip  : G\u  H > T.  Then  <p  is  injective  (for  example  by  Divisors,  Lemma  30.2.101  and 
we  find  and  injective  map  G = j*(G\v  — » j*X.  Thus  (1)  holds.  □ 


0BK0  Lemma  45.15.2.  Let  A be  a Noetherian  ring  and  let  I C A be  an  ideal.  Set 
X = Spec(A),  Z = V(I),  U = X\Z,  and  j : U — >■  X the  inclusion  morphism.  Let 
T be  a coherent  Ou  -module.  Then 

(1)  there  exists  a finite  A-module  M such  that  T is  the  restriction  of  M to  U, 

(2)  given  M there  is  an  exact  sequence 

0 ->•  H°Z(M)  -A  M — ► H°(U,  J-)  -)•  H\(M)  ->  0 

and  isomorphisms  Hp(U,iF)  = Hz+1(M)  for  p > 1, 

(3)  given  M and  p > 0 the  following  are  equivalent 

(a)  Rpj*J-  is  coherent, 

(b)  HP(U,J-)  is  a finite  A-module, 

(c)  Hz+1(M)  is  a finite  A-module, 

(4)  if  the  equivalent  conditions  in  (3)  hold  for  p = 0,  we  may  take  M = 
TfU,!7)  in  which  case  we  have  H\(M)  = 0. 


Proof.  By  Properties,  Lemma  27.22.4  there  exists  a coherent  O.v-module  T'  whose 
restriction  to  U is  isomorphic  to  T . Say  T'  corresponds  to  the  finite  A-module  M 
as  in  (1).  Note  that  Rpj*J-  is  quasi-coherent  (Cohomology  of  Schemes,  Lemma 


29.4.5)  and  corresponds  to  the  A-module  HP(U,T).  By  Lemma  45.9.6  and  the 


general  facts  in  Cohomology,  Section  20.22|  we  obtain  an  exact  sequence 

0 ->•  H°Z(M)  — ► M — ► H°(U,T)  ->•  H\(M)  0 

and  isomorphisms  HP(U , T)  = HZ+1(M)  for  p > 1.  Here  we  use  that  LP  ( A',  X')  = 0 
for  j > 0 as  X is  affine  and  X'  is  quasi-coherent  (Cohomology  of  Schemes,  Lemma 
29.2.2).  This  proves  (2).  Parts  (3)  and  (4)  are  straightforward  from  (2).  □ 
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OAWA  Lemma  45.15.3.  Let  X be  a locally  Noetherian  scheme.  Let  j : U — >•  A'  be 
the  inclusion  of  an  open  subscheme  with  complement  Z . Let  T be  a coherent  Ojj- 
module.  Assume 

(1)  X is  Nagata, 

(2)  X is  universally  catenary,  and 

(3)  for  x £ AssLF)  and  z £ Z n {a;}  we  have  dim/CU^r  ) > 2. 

X XS  iz 

Then  j*  J7  is  coherent. 


Proof.  By  Lemma  45.15.1  it  suffices  to  prove  j*ix,*Owx  is  coherent  for  x £ Ass(Jr). 
Let  7r  : Y — > X be  the  normalization  of  X in  Spec(/«(a;)),  see  Morphisms,  Section 
|28.49|  By  Morphisms,  Lemma  [28.48. 13|  the  morphism  7r  is  finite.  Since  tt  is  finite 
Q = 7T*CV  is  a coherent  Ox-module  by  Cohomology  of  Schemes,  Lemma  [29.9. 9| 
Observe  that  Wx  = U C I n (Y).  Thus  7r|„—i ^ : 7r—1  (t/)  -A-  U factors  through 
ix  '■  Wx  — ► U and  we  obtain  a canonical  map 


ix,*@Wx  > (ttU r-1(C/))*(C,7T-1(t/))  — (k*Oy)\u  = G\ U 


This  map  is  injective  (for  example  by  Divisors,  Lemma  30.2.10 1.  Hence  j*ix,*Owx 
j*G\u  and  it  suffices  to  show  that  j*G\u  is  coherent. 


C 


It  remains  to  prove  that  j*{G\u)  is  coherent.  We  claim  Divisors,  Lemma  30.2.11 
applies  to 

G — » j*(G\u) 

which  finishes  the  proof.  Let  z £ X.  If  z £ U,  then  the  map  is  an  isomorphism 
on  stalks  as  j*[G\u)\u  = G\u-  If  z £ Z,  then  z £ Ass(j*(^|y))  (Divisors,  Lemmas 
30.5.9  and|30.5.3).  Thus  it  suffices  to  show  that  depth(^)  > 2.  Let  j/i, . . . , yn  £ Y 


be  the  points  mapping  to  z.  By  Algebra,  Lemma  |10.71.9|  it  suffices  to  show  that 
depth(CV,yi)  > 2 for  * = 1 


,n.  If  not,  then  by  Properties,  Lemma 


27.12.5 


we 


see  that  dim (0y)#i)  = 1 for  some  i.  This  is  impossible  by  the  dimension  formula 


(Morphisms,  Lemma  28.30.1 1 for  7 r : Y — » {a;}  and  assumption  (3). 


□ 


0BK1  Lemma  45.15.4.  Let  X be  an  integral  locally  Noetherian  scheme.  Let  j : U — >■ 
X be  the  inclusion  of  a nonempty  open  subscheme  with  complement  Z . Assume 
that  for  all  z £ Z and  any  associated  prime  p of  the  completion  O x z we  have 
dim(£)^-z/p)  > 2.  Then  j*Ojj  is  coherent. 

Proof.  We  may  assume  X is  affine.  Using  Lemmas  |45.14.2|  and  |45.15.2|we  reduce 
to  X = Spec(A)  where  (A,m)  is  a Noetherian  local  domain  and  m £ Z.  Then  we 
can  use  induction  on  d = dim(A).  (The  base  case  is  d = 0, 1 which  do  not  happen 
by  our  assumption  on  the  local  rings.)  Set  V = Spec(A)  \ {m}.  Observe  that  the 
local  rings  of  V have  dimension  strictly  smaller  than  d.  Repeating  the  arguments 
for  j'  : U — > V we  and  using  induction  we  conclude  that  j'xOu  is  a coherent  Oy- 
module.  Pick  a nonzero  / £ A which  vanishes  on  Z.  Since  D(f)  D V C U we  find 
an  n such  that  multiplication  by  fn  on  U extends  to  a map  /”  : jxOu  — >•  Oy  over 


V (for  example  by  Cohomology  of  Schemes,  Lemma  29.10.4).  This  map  is  injective 
hence  there  is  an  injective  map 

j*Ou  = j'lj'JDu  —t  j'fOy 


on  X where  j"  : V — > X is  the  incusion  morphism.  Hence  it  suffices  to  show  that 
j'fOy  is  coherent.  In  other  words,  we  may  assume  that  X is  the  spectrum  of  a local 
Noetherian  domain  and  that  Z consists  of  the  closed  point. 
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Assume  X = Spec(A)  with  (A,  m)  local  and  Z = {m}.  Let  AA  be  the  completion 
of  A.  Set  XA  = Spec(AA),  ZA  = {mA},  UA  = XA  \ ZA,  and  TA  = The 


ring  AA  is  universally  catenary  and  Nagata  (Algebra,  Remark  10.152.9  and  Lemma 
10.154.8 1.  Moreover,  condition  (3)  of  Lemma  45.15.3  for  XA,ZA , UA,TA  holds  by 
assumption!  Thus  we  see  that  ( UA  — » XA)*Ou a is  coherent.  Since  the  morphism 
c : A'A  — > X is  flat  we  conclude  that  the  pullback  of  j*Ou  is  ( UA  — > Xa)*0(/a 


(Cohomology  of  Schemes,  Lemma  29.5.21.  Finally,  since  c is  faithfully  flat  we 
conclude  that  j*Ou  is  coherent  by  Descent,  Lemma [34. 6. 1[  □ 

0BK2  Remark  45.15.5.  Let  j : U — ► X be  an  open  immersion  of  locally  Noetherian 
schemes.  Let  x £ U . Let  ix  : Wx  — > U be  the  integral  closed  subscheme  with 
generic  point  x and  let  {x}  be  the  closure  in  X.  Then  we  have  a commutative 
diagram 


Wx 


U 


{x} 


Y 

■X 


We  have  j*ia 
see  that  j*ix 


*Owx  = As  the  left  vertical  arrow  is  a closed  immersion  we 

is  coherent  if  and  only  of  j'*Owx  is  coherent. 


OAWC  Remark  45.15.6.  Let  X be  a locally  Noetherian  scheme.  Let  j : U — >■  X be 
the  inclusion  of  an  open  subscheme  with  complement  Z.  Let  J7  be  a coherent  Ojj- 
module.  If  there  exists  an  x £ Ass(Jr)  and  z £ Z C]  {x}  such  that  dim(OrT  ) < 1, 
then  jtfJF  is  not  coherent.  To  prove  this  we  can  do  a flat  base  change  to  the  spectrum 
of  Ox,z-  Let  X'  = {x}.  The  assumption  implies  Ox'nu  C T . Thus  it  suffices  to  see 
that  j*0\'nu  is  not  coherent.  This  is  clear  because  X’  = {x,  z},  hence  j*Ox’r\U 
corresponds  to  k(x)  as  an  O^.z-module  which  cannot  be  finite  as  x is  not  a closed 
point. 

In  fact,  the  converse  of  Lemma  |45.15.4|  holds  true:  given  an  open  immersion  j : 
U — > X of  integral  Noetherian  schemes  and  there  exists  a z £ X \ U and  an 
associated  prime  p of  the  completion  Ox  , with  dim(0^z/p)  = 1,  then  j*Ojj  is 
not  coherent.  Namely,  you  can  pass  to  the  local  ring,  you  can  enlarge  U to  the 
punctured  spectrum,  you  can  pass  to  the  completion,  and  then  the  argument  above 
gives  the  nonfiniteness. 


0BK3 


0BL9 


Proposition  45.15.7  (Kollar).  Let  j : U X be  an  open  immersion  of  locally 
Noetherian  schemes  with  complement  Z.  Let  J7  be  a coherent  Ou -module.  The 
following  are  equivalent 

(1)  j*T  is  coherent, 

(2)  for  x £ Ass(T)  and  z £ Z n {x}  and  any  associated  prime  p of  the 
completion  , we  have  dim((I?A_-  /p)  > 2. 


Proof.  If  (2)  holds  we  get  (1)  by  a combination  of  Lemmas  45.15.1  Remark  45.15.5 
and  Lemma  |45.15.4[  If  (2)  does  not  hold,  then  j*ix,*Owx  is  n°t  finite  for  some 


x £ Ass(Jr)  by  the  discussion  in  Remark  45.15.6  (and  Remark  45.15.5 1.  Thus  j*J- 
is  not  coherent  by  Lemma  45.15.1  □ 


Lemma  45.15.8.  Let  A be  a Noetherian  ring  and  let  I C A be  an  ideal.  Set 
Z = V(I).  Let  M be  a finite  A-module.  The  following  are  equivalent 


Theorem  of  Kollar 
stated  in  an  email 
dated  Wed,  1 Jul 
2015. 
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(1)  H\(M)  is  a finite  A-module,  and 

(2)  for  all  p £ Ass(M),  p ^ Z and  all  q £ V(p  + I)  the  completion  of  (A/p)q 
does  not  have  associated  primes  of  dimension  1. 


Proof.  Follows  immediately  from  Proposition  |45. 15. 7|  via  Lemma [45. 15. 2|  □ 


The  formulation  in  the  following  lemma  has  the  advantage  that  conditions  (1)  and 
(2)  are  inherited  by  schemes  of  finite  type  over  X.  Moreover,  this  is  the  form  of 
finiteness  which  we  will  generalize  to  higher  direct  images  in  Section  [45.41| 

OAWB  Lemma  45.15.9.  Let  X be  a locally  Noetherian  scheme.  Let  j : U — » X be 
the  inclusion  of  an  open  subscheme  with  complement  Z . Let  T be  a coherent  Ojj- 
module.  Assume 

(1)  X is  universally  catenary, 

(2)  for  every  z £ Z the  formal  fibres  of  Ox, z (Si). 

In  this  situation  the  following  are  equivalent 

(a)  for  x £ Ass(F ) and  z £ Z n {x}  we  have  dim(CL-w  ) > 2,  and 

1 x}iz 

(b)  j^T  is  coherent. 


Proof.  Let  x £ Ass (X).  By  Proposition 


45.15.7 


it  suffices  to  check  that  A = O-r^r 

[x},z 


satisfies  the  condition  of  the  proposition  on  associated  primes  of  its  completion  if 
and  only  if  dim(A)  > 2.  Observe  that  A is  universally  catenary  (this  is  clear)  and 


that  its  formal  fibres  are  (Si)  as  follows  from  More  on  Algebra,  Lemma  15.42.9 
and  Proposition  15.42.5|  Let  p'  C AA  be  an  associated  prime.  As  A — > AA  is  flat, 
by  Algebra,  Lemma  10.64.3  we  find  that  p'  lies  over  (0)  C A.  Since  the  formal 
fibre  AA  (g>_4  f.f.(A)  is  (Si)  we  see  that  p'  is  a minimal  prime,  see  Algebra,  Lemma 
10.149.2|  Since  A is  universally  catenary  it  is  formally  catenary  by  Proposition 
45.13.6  Hence  dim(AA/p')  = dim(A)  which  proves  the  equivalence.  □ 


45.16.  Trivial  duality  for  a ring  map 

0A6Z  Let  A -a  B be  a ring  homomorphism.  Consider  the  functor 

Hom^H,— ) : Mod^  — )■  Mods,  M \ — > Hom^(H,M) 

This  functor  is  left  exact  and  has  a derived  extension  R Hom(13,  — ) : D(A)  — ► 
D(B).  If  /*  : D(B)  D(A)  is  the  restriction  functor,  then  /*/?  Hom(B,  K)  = 
RBomji(B,K)  for  every  K £ D(A).  Since  i?Hom^(A, K)  = K,  the  map  A — ► B 
induces  a canonical  map  /*l?Hom(l?,  K)  — > K in  D(A)  functorial  in  K. 

0A70  Lemma  45.16.1.  Let  A — >•  B be  a ring  homomorphism.  The  functor  RBom(B , — ) 
constructed  above  is  the  right  adjoint  to  the  restriction  functor  /*  : D(B)  -A  D(A). 

Proof.  This  is  a consequence  of  the  fact  that  /*  and  Hom^(H,  — ) are  adjoint 
functors  by  Algebra,  Lemma[l0.13.3|  See  Derived  Categories,  Lemma [13. 28.4|  □ 

0A71  Lemma  45.16.2.  With  notation  as  above.  For  K in  D(A)  we  have  Rq  Hom(!3,  I\)  = 
ExtqA(B,K)  as  A-modules  (the  left  hand  side  starts  out  as  a B-module). 

Proof.  Omitted.  □ 


Let  A be  a Noetherian  ring.  We  will  denote 


Dcoh(A)  C D(A) 
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0A72 


0A73 


0A7A 

0A7B 


0A7C 


the  full  subcategory  consisting  of  those  objects  K of  D{A)  whose  cohomology  mod- 
ules are  all  finite  A-modules.  This  makes  sense  by  Derived  Categories,  Section 
|13.13|  because  as  A is  Noetherian,  the  subcategory  of  finite  A-modules  is  a Serre 
subcategory  of  ModA . 

Lemma  45.16.3.  With  notation  as  above,  assume  A -A  B is  a finite  ring  map  of 
Noetherian  ihngs.  Then  RRom.(B,  — ) maps  Dgoh(A)  into  D~/joh(B). 


Proof.  We  have  to  show:  if  K £ D+(A)  has  finite  cohomology  modules,  then 
the  complex  RHom(B,  K)  has  finite  cohomology  modules  too.  This  follows  for 
example  from  Lemma 


45.16.2 


if  we  can  show  the  ext  modules  ExtA(.B,  K)  are  finite 
A-modules.  Since  K is  bounded  below  there  is  a convergent  spectral  sequence 

ExtpA(B,Hq(K))  =>  Extp+q(B,  K) 

This  finishes  the  proof  as  the  modules  ExtpA(B,Hq{K))  are  finite  by  Algebra, 
Lemma  110.70.91  □ 


Remark  45.16.4.  Let  A be  a ring  and  let  / C A be  an  ideal.  Set  B = A/I.  In 
this  case  the  functor  HomA(.B,  — ) is  equal  to  the  functor 

ModA  — > Mod B,  M i — > M[I\ 
which  sends  M to  the  submodule  of  /-torsion. 


45.17.  Dualizing  complexes 


In  this  section  we  define  dualizing  complexes  for  Noetherian  rings. 

Definition  45.17.1.  Let  A be  a Noetherian  ring.  A dualizing  complex  is  a complex 
of  A-modules  uja  such  that 

(1)  uja  has  finite  injective  dimension, 

(2)  H1(uja)  is  a finite  A-module  for  all  i,  and 

(3)  A — ► /?HomA(o;^,i4;^)  is  a quasi-isomorphism. 

This  definition  takes  some  time  getting  used  to.  It  is  perhaps  a good  idea  to  prove 
some  of  the  following  lemmas  yourself  without  reading  the  proofs. 

Lemma  45.17.2.  Let  A be  a Noetherian  ring.  If  ui\  is  a dualizing  complex,  then 
the  functor 

D:K  i — > RRom.A{K,ujA) 

is  an  anti-equivalence  D coh{A)  -A  Dc0h{A)  which  exchanges  Dgoh(A)  and  Df/,oh(A) 
and  induces  an  equivalence  DbCoh{A)  — > DbCoh(A).  Moreover  D o D is  isomorphic 
to  the  identity  functor. 


Proof.  Let  K be  an  object  of  Dcoh(A).  Pick  an  integer  n and  consider  the  distin- 
guihsed  triangle 

7 <nK  — > K — > T>n+i/\  — > T<nK[  1] 


see  Derived  Categories,  Remark  13.12.4  Since  w*  has  finite  injective  dimension 
we  see  that  /?HomA(r>n+iA",  uj\)  has  vanishing  cohomology  in  degrees  > n — c for 
some  constant  c.  On  the  other  hand,  we  obtain  a spectral  sequence 

Ext pA(H~q(T<nK,u}*A)  =>  Ext pAq(T<nK,uj*A)  = Hp+q (RRomA(T<nK , wA)) 

which  shows  that  these  cohomology  modules  are  finite.  Since  for  n > p + q + c 
this  is  equal  to  Hp+q (RRom.A(K , wA))  we  see  that  l?HomA(/\,  uja)  is  indeed  an 
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object  of  D coh(A) . By  More  on  Algebra,  Lemma  15.76.2  and  the  assumptions  on 
the  dualizing  complex  we  obtain  a canonical  isomorphism 

K = i?HomA(w*,w^)  (g>^  K — > i?Honci(i?  Honi^iv,  ui\),  ui\) 


Thus  our  functor  has  a quasi-inverse  and  the  proof  is  complete.  □ 

0A7D  Lemma  45.17.3.  Let  A be  a Noetherian  ring.  Let  K £ DbCoh(A).  Let  m be  a 
maximal  ideal  of  A.  If  Hl(K)/mHl(K)  ^ 0,  then  there  exists  a finite  A-module  E 
annihilated  by  a power  of  m and  a map  K — ► E[—i\  which  is  nonzero  on  Hl(K). 


Proof.  Let  / be  the  injective  hull  of  the  residue  field  of  m.  If  Hl(K)/mHl(K)  ^ 0, 
then  there  exists  a nonzero  map  Hl(K)  — > I.  Since  I is  injective,  we  can  lift  this 
to  a nonzero  map  K — > I[—i\.  Recall  that  I = (J/[m”],  see  Lemma  45.7.2  and  that 
each  of  the  modules  E = /[m11]  is  of  the  desired  type.  Thus  it  suffices  to  prove  that 


Horn D(a){K,I)  = colim Hom£)(A) (K,  /[mn]) 

This  would  be  immediate  if  K where  a compact  object  (or  a perfect  object)  of 
D(A).  This  is  not  the  case,  but  K is  a pseudo-coherent  object  which  is  enough  here. 
Namely,  we  can  represent  K by  a bounded  above  complex  of  finite  free  R-modules 
K* . In  this  case  the  Horn  groups  above  are  computed  by  using  Horn k(A){K* , —)■ 
As  each  Kn  is  finite  free  the  limit  statement  holds  and  the  proof  is  complete.  □ 


Let  R be  a ring.  We  will  say  that  an  object  L of  D(R)  is  invertible  if  there  is  an 
open  covering  Spec(R)  = (JD(/j)  such  that  L®RRf.  = Rf.  [— nf\  for  some  integers 
Hi.  In  this  case,  the  function 

where  nv  is  the  unique  integer  such  that  iL"p  (L  ® ft(p))  ^ 0 

is  locally  constant  on  Spec(I?).  In  particular,  it  follows  that  L = ® JIn(L)[- n] 
which  gives  a well  defined  complex  of  i?-modules  (with  zero  differentials)  represent- 
ing L.  Since  each  Hn(L)  is  finite  projective  and  nonzero  for  only  a finite  number 
of  n we  also  see  that  L is  a perfect  object  of  D{R). 

0A7E  Lemma  45.17.4.  Let  A be  a Noetherian  ring.  Let  F : DbCoh(A)  — ► DbCoh(A)  be 
an  A-linear  equivalence  of  categories.  Then  F(A)  is  an  invertible  object  of  D(A). 

Proof.  Let  m C A be  a maximal  ideal  with  residue  field  n.  Consider  the  object 
F(k).  Since  k = Hom^j^  (k,  k)  we  find  that  all  cohomology  groups  of  F(k)  are 
annihilated  by  m.  We  also  see  that 

Ext^ (k,k)  = Ext  1a(F(k),F(k))  = Hom£,(j4 )(F(k),  F(K)[-i]) 

is  zero  for  i < 0.  Say  Ha(F(n))  ^ 0 and  Hb(F(n))  ^ 0 with  a minimal  and  b 
maximal  (so  in  particular  a < b).  Then  there  is  a nonzero  map 

F(k)  -a  Hb(F{K))[-b}  -A  Ha(F(n))[-b}  -»•  F(K)[a  - b } 

in  D(A)  (nonzero  because  it  induces  a nonzero  map  on  cohomology).  This  proves 
that  b = a.  We  conclude  that  F(k)  = k[— a]. 

Let  G be  a quasi-inverse  to  our  functor  F.  Arguing  as  above  we  find  an  integer 
b such  that  G(k)  = k[— b].  On  composing  we  find  a + b = 0.  Let  If  be  a finite 
A-module  wich  is  annihilated  by  a power  of  m.  Arguing  by  induction  on  the  length 
of  E we  find  that  G(E)  = E'[—b]  for  some  finite  A-module  E'  annihilated  by  a 
power  of  m.  Then  E[—a ] = F{E').  Next,  we  consider  the  groups 

Ext \(A,  E')  = Ext^EXA),  F(E'))  = RomD{A)  (F(A),  E[-a  + I]) 


45.17.  DUALIZING  COMPLEXES 


3020 


The  left  hand  side  is  nonzero  if  and  only  if  i = 0 and  then  we  get  E' . Applying 
this  with  E = E'  = k and  using  Nakayama’s  lemma  this  implies  that  (F(A))m 
is  zero  for  j > a and  generated  by  1 element  for  j = a.  On  the  other  hand,  if 
Hi (F(A))m  is  not  zero  for  some  j < a , then  there  is  a map  F(A)  — ► E[—a  + i]  for 


some  i < 0 and  some  E (Lemma  45.17.3)  which  is  a contradiction.  Thus  we  see 


that  F(A)m  = M[—a\  for  some  Am-module  M generated  by  1 element.  However, 
since 

Am  = HomD(j4)(A,  A)m  = Horn d{a)(F(A),  F(A))m  = Horn Am{M,M) 

we  see  that  M = Am.  We  conclude  that  there  exists  an  element  / e A,  f £ m such 
that  F(A)f  is  isomorphic  to  Af[—a\.  This  finishes  the  proof.  □ 

0A7F  Lemma  45.17.5.  Let  A be  a Noetherian  ring.  If  uja  and  {u'A)m  are  dualizing 
complexes,  then  (w'A)*  is  quasi-isomorphic  to  loa  L for  some  invertible  object  L 
of  D(A). 


Proof.  By  Lemmas  45.17.2  and  45.17.4  the  functor  A'  i— > il Hom^ (i?  Hom^ (/f , w*  ) , 
maps  A to  an  invertible  object  L.  In  other  words,  there  is  an  isomorphism 

L — ■>  HHomA(^,  (o4)*) 

Since  L has  finite  tor  dimension,  this  means  that  we  can  apply  More  on  Algebra, 
Lemma Tl5. 76. 21  to  see  that 


R Horn  a (lo*a , (u'A)m) 


^aK 


RHamA(RKomA(K,wZ),  K)*) 


is  an  isomorphism  for  K in  DbCoh(A).  In  particular,  setting  K = finishes  the 
proof.  □ 

0A7G  Lemma  45.17.6.  Let  A be  a Noetherian  ring.  Let  B = be  a localization. 

If  u>A  is  a dualizing  complex,  then  uiA  ®A  B is  a dualizing  complex  for  B. 

Proof.  Let  uiA  — > /*  be  a quasi-isomorphism  with  /*  a bounded  complex  of  injec- 
tives.  Then  S'-1/*  is  a bounded  complex  of  injective  B = S-1A-modules  (Lemma 


45.3.9)  representing  uja  B.  Thus  u>*A  B has  finite  injective  dimension.  Since 

H1(uja  ®a  B)  = H1(uja)  B by  flatness  of  A — » B we  see  that  uja  ®a  B has  finite 

cohomology  modules.  Finally,  the  map 


B 


R Hoiim  (oja  ®a  B,uj*a  <8) A B) 


is  a quasi-isomorphism  as  formation  of  internal  horn  commutes  with  flat  base  change 
in  this  case,  see  More  on  Algebra,  Lemma[l5.76.3|  □ 

0A7H  Lemma  45.17.7.  Let  A be  a Noetherian  ring.  Let  f\, , fn  £ A generate  the 
unit  ideal.  If  is  a complex  of  A-modules  such  that  (w^)^  is  a dualizing  complex 
for  Aft  for  all  i,  then  ui*A  is  a dualizing  complex  for  A. 


Proof.  Consider  the  double  complex 


n.K>/, 


— »■ 


a0<ilK)/./u 


The  associated  total  complex  is  quasi-isomorphic  to  uiA  for  example  by  Descent,  Re- 
mark |34.3.10|  or  by  Derived  Categories  of  Schemes,  Lemma |35.9.4|  By  assumption 
the  complexes  (w^)/;  have  finite  injective  dimension  as  complexes  of  A^-modules. 
This  implies  that  each  of  the  complexes  (wA)/in.../it),  p > 0 has  finite  injective  di- 
mension over  Af.  j.  , see  Lemma  45.3.9  This  in  turn  implies  that  each  of  the 


K)*) 
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complexes  (w* ) /,n  .../,rj . p > 0 has  finite  injective  dimension  over  A,  see  Lemma 
Hence  u*A  has  finite  injective  dimension  as  a complex  of  A-modules  (as  it 


45.3.2 


can  be  represented  by  a complex  endowed  with  a finite  filtration  whose  graded  parts 
have  finite  injective  dimension).  Since  Hn(u*A)fi  is  a finite  Afr  module  for  each  i 
we  see  that  Hl(u>A)  is  a finite  A-module,  see  Algebra,  Lemma  10.23.2  Finally, 
the  (derived)  base  change  of  the  map  A — »•  RHom^u;^,^)  to  Af.  is  the  map 
Afi  — ► RHomA((w^)  f- , (uja) /J  by  More  on  Algebra,  Lemma  15.76.3  Hence  we  de- 
duce that  A — > fiHom^fw^tiJ*)  is  an  isomorphism  and  the  proof  is  complete.  □ 

Lemma  45.17.8.  Let  A — > B be  a surjective  homomorphism  of  Noetherian  rings. 
Let  u>*A  be  a dualizing  complex.  Then  RBom(B,uiA)  is  a dualizing  complex  for  B. 

Proof.  Let  u*A  — > /*  be  a quasi-isomorphism  with  /*  a bounded  complex  of  injec- 
tives.  Then  Hom^B,/*)  is  a bounded  complex  of  injective  B-modules  (Lemma 


45.3.4)  representing  RHom(B,a;^).  Thus  RHom(B,w*)  has  finite  injective  dimen- 


sion. By  Lemma  45.16.3  it  is  an  object  of  Dcoh(B).  Finally,  we  compute 


Hom£)(S)(RHom(l?,  w'),J?.Hom(B,w^))  = Hom^^RHon^B,^),^)  = B 
and  for  n/0  we  compute 

Hom£)(B)(RHom(B,  w^),  RHom(B,  w^)[?i])  = Homfl(^)  (R  Hom(5,  w*  ),  u>*A[n\)  = 0 

which  proves  the  last  property  of  a dualizing  complex.  In  the  displayed  equations, 
the  first  equality  holds  by  Lemma [45.1 6. 1| and  the  second  equality  holds  by  Lemma 
145.17.21  □ 

Lemma  45.17.9.  Let  A be  a Noetherian  ring.  If  u>\  is  a dualizing  complex,  then 
uja  A[x\  is  a dualizing  complex  for  A[x\. 


Proof.  Set  B = A[a’]  and  tx*B  = u>*A  B.  It  follows  from  Lemma  45.3.11  and 


More  on  Algebra,  Lemma  15.58.4  that  coB  has  finite  injective  dimension.  Since 
Hl( uj*b)  = H1(oja)  ® a B by  flatness  of  A -A  B we  see  that  u*A  (gu  B has  finite 
cohomology  modules.  Finally,  the  map 


B 


RHomB(ajg,Wg) 


is  a quasi-isomorphism  as  formation  of  internal  horn  commutes  with  flat  base  change 
in  this  case,  see  More  on  Algebra,  Lemma[l5.76.3|  □ 

Proposition  45.17.10.  Let  A be  a Noetherian  ring  which  has  a dualizing  complex. 
Then  any  A-algebra  essentially  of  finite  type  over  A has  a dualixing  complex. 


Proof.  This  follows  from  a combination  of  Lemmas  45.17.6[  |45.17.8[  and  45.17.9 


□ 


Lemma  45.17.11.  Let  A be  a Noetherian  ring.  Let  ui*A  be  a dualizing  complex. 
Let  m C A be  a maximal  ideal  and  set  k = A/m.  Then  RHom^K,  coA)  = n[n\  for 
some  n £ Z. 

Proof.  This  is  true  because  RHom^fKjW*)  is  a dualizing  complex  over  n (Lemma 
45.17.8),  because  dualizing  complexes  over  n are  unique  up  to  shifts  (Lemma 
45.17.5),  and  because  n is  a dualizing  complex  over  n.  □ 
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45.18.  Dualizing  complexes  over  local  rings 


In  this  section  (A,  m,  re)  will  be  a Noetherian  local  ring  endowed  with  a dualizing 
complex  tjj*A  such  that  the  integer  n of  Lemma  45.17.11  is  zero.  More  precisely, 


we  assume  that  .RHom^re, coA)  = re[0] . In  this  case  we  will  say  that  the  dualizing 
complex  is  normalized.  Observe  that  a normalized  dualizing  complex  is  unique  up 
to  isomorphism  and  that  any  other  dualizing  complex  for  A is  isomorphic  to  a shift 
of  a normalized  one  (Lemma  45.17.5). 


Lemma  45.18.1.  Let  (A,m,  re)  be  a Noetherian  local  ring  with  normalized  du- 
alizing complex  u>A.  Let  A — >■  B be  surjective.  Then  ujb  = RHom.A(B , uiA)  is  a 
normalized  dualizing  complex  for  B. 


Proof.  By  Lemma  45.17.8  the  complex  uiB 


is  dualizing  for  B.  We  compute 


i?Homs(re,  i?HomJ4(i3, uja))  = fiHom^(re,w')  = re[0] 


The  first  equality  by  Lennna|45.16.1| 


□ 


Lemma  45.18.2.  Let  (A,m,  re)  be  a Noetherian  local  ring.  Let  F be  an  A-linear 
self-equivalence  of  the  category  of  finite  length  A-modules.  Then  F is  isomorphic 
to  the  identity  functor. 


Proof.  Since  re  is  the  unique  simple  object  of  the  category  we  have  P(re)  = re.  Since 
our  category  is  abelian,  we  find  that  F is  exact.  Hence  F(E)  has  the  same  length 
as  E for  all  finite  length  modules  E.  Since  Hom(£’,  re)  = Hom(P(15),  F(re))  = 
Hom(.F(.E),  re)  we  conclude  from  Nakayama’s  lemma  that  E and  F(E)  have  the 
same  number  of  generators.  Hence  F(A/ m")  is  a cyclic  A-module.  Pick  a generator 
e G F(A/mn).  Since  F is  A-linear  we  conclude  that  m"e  = 0.  The  map  A/m"  — > 
F(A/ m")  has  to  be  an  isomorphism  as  the  lengths  are  equal.  Pick  an  element 

e G limF(A/m") 

which  maps  to  a generator  for  all  n (small  argument  omitted).  Then  we  obtain 
a system  of  isomorphisms  A/m"  -A  F(A/m")  compatible  with  all  A-module  maps 
A/m"  — > A/m"  (by  A-linearity  of  F again).  Since  any  finite  lenghth  module  is  a 
cokernel  of  a map  between  direct  sums  of  cyclic  modules,  we  obtain  the  isomorphism 
of  the  lemma.  □ 


Lemma  45.18.3.  Let  (A,m,  re)  be  a Noetherian  local  ring  with  normalized  dual- 
izing complex  uj\.  Let  E be  an  injective  hull  of  re.  Then  there  exists  a functorial 
isomorphism 

RKomA(N,w\)  = KomA(N,E)[0] 
for  N running  through  the  finite  length  A-modules. 


Proof.  By  induction  on  the  length  of  N we  see  that  R Hom^iV,  uiA)  is  a module  of 
finite  length  sitting  in  degree  0.  Thus  f?Homyi(— , uA)  induces  an  anti-equivalence 
on  the  category  of  finite  length  modules.  Since  the  same  is  true  for  Homx(- ,E) 
by  Proposition  45.7.8  we  see  that 

N i — » Horn  a ( R Hom^  (N,  uj*a  ),E) 

is  an  equivalence  as  in  Lemma  |45.18.2[  Hence  it  is  isomorphic  to  the  identity 
functor.  Since  Homyi(- ,E)  applied  twice  is  the  identity  (Proposition  45.7.8)  we 
obtain  the  statement  of  the  lemma.  □ 
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0A7U  Lemma  45.18.4.  Let  (A,  m,  k)  be  a Noetherian  local  ring  with  normalized  dual- 
izing complex  coA.  Let  M be  a finite  A-module  and  let  d = dim (Supp(M)) . Then 

(1)  if  ExtlA(M,  uA)  is  nonzero,  then  i £ {—d, . . . , 0}, 

(2)  the  dimension  of  the  support  of  ExfA(M,u>A)  is  at  most  —i, 

(3)  depth(M)  is  the  smallest  integer  6 > 0 such  that  ExtA(M,ojA)  7^  0. 

Proof.  We  prove  this  by  induction  on  d.  If  d = 0,  this  follows  from  Lemma 
is  nonzero  if  M is  nonzero. 


45.18.3  and  Matlis  duality  (Proposition  45.7.8)  which  guarantees  that  Hom^ (M,  E ) 


Assume  the  result  holds  for  modules  with  support  of  dimension  < d and  that  M 
has  depth  > 0.  Choose  an/era  which  is  a nonzerodivisor  on  M and  consider  the 
short  exact  sequence 

M/fM  -7  0 


Since  dim(Supp(M//M))  = d — 
induction  hypothesis.  Writing  El 
obtain  a long  exact  sequence 


1 (Algebra,  Lemma  10.62.10)  we  may  apply  the 
= Ext a(M,uja)  and  Fi  = Ext A(M/fM,u\)  we 


...aF'aB'AP-)  Fi+1  -^  ... 


By  induction  E1/fEl  = 0 for  i+ 1 ^ {—  dim(Supp(M//M)), . . . , —depth {M/fM)}. 
By  Nakayama’s  lemma  (Algebra,  Lemma[l0.19.1 1 and  Algebra,  Lemma  10.71.7  we 
conclude  El  = 0 for  * ^ {— dim(Supp(A/)), . . . , — depth(M)}.  Moreover,  in  the 
boundary  case  i = — depth(M)  we  deduce  that  El  is  nonzero  as  Fl+1  is  nonzero  by 
induction.  Since  El  / fEl  C F'l+1  we  get 

dim(Supp(Fl+1))  > dim(Supp(FI//F1))  > dim(Supp(F*))  — 1 

(see  lemma  used  above)  we  also  obtain  the  dimension  estimate  (2). 

If  M has  depth  0 and  d > 0 we  let  N = M[m°°]  and  set  M'  = M/N  (compare  with 


Lemma  45.11.2).  Then  M'  has  depth  > 0 and  dim(Supp(M/))  = d.  Thus  we  know 
the  result  for  M'  and  since  i?Hom^(A^, uiA)  = Hoi tia(N,E)  (Lemma  45.18.3)  the 
long  exact  cohomology  sequence  of  Ext’s  implies  the  result  for  M.  □ 


0B5A  Lemma  45.18.5.  Let  (A,  m,  k)  be  a Noetherian  local  ring  with  normalized  dual- 
izing complex  uiA.  Let  M be  a finite  A-module.  The  following  are  equivalent 

(1)  M is  Cohen- Macaulay, 

(2)  Ex?a(M,uja)  is  nonzero  for  a single  i, 

(3)  EoctA(M,u}A)  is  zero  for  i 7^  dim (Supp(M)). 

Denote  CMd  the  category  of  finite  Cohen- Macaulay  A-modules  of  depth  d.  Then 
M 1-7  ExtAd(M,ujA)  defines  an  anti-auto-equivalence  of  CMd- 


Proof.  We  will  use  the  results  of  Lemma  145.18.41  without  further  mention.  Fix 
a finite  module  M.  If  M is  Cohen-Macaulay,  then  only  Ext Ad(M,ujA)  can  be 
nonzero,  hence  (1)  =>•  (3).  The  implication  (3)  =>  (2)  is  immediate.  Assume  (2) 
and  let  N = Ext as(M,uja)  be  the  nonzero  Ext  where  <5  = depth(M).  Then,  since 


M[  0]  = i?HomJ4(i?HomJ4(M,  uA),u>A)  = i?HomJ4(7V[i5],  u>A) 


(Lemma  45.17.2)  we  conclude  that  M = ExtA5(N,  coA).  Thus  6 > dim(Supp(M)). 
Howeover,  since  we  also  know  that  <5  < dim(Supp(M))  (Algebra,  Lemma  10.71.3) 
we  conclude  that  M is  Cohen-Macaulay. 
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To  prove  the  final  statement,  it  suffices  to  show  that  N = Ext/jd(M,  u>\)  is  in  CMd 
for  M in  CM j.  Above  we  have  seen  that  M[ 0]  = i?Homj4(A^[d],  uiA)  and  this  proves 
the  desired  result  by  the  equivalence  of  (1)  and  (3).  □ 

Lemma  45.18.6.  Let  (A,m,  n)  be  a Noetherian  local  ring  with  normalized  dual- 
izing complex  uiA.  If  dim(A)  = 0,  then  uiA  = 15 [0]  where  E is  an  injective  hull  of 
the  residue  field. 

Proof.  Immediate  from  Lemma T45. 18.31  □ 

Lemma  45.18.7.  Let  (A,  m,  k)  be  a Noetherian  local  ring  with  normalized  dual- 
izing complex.  Let  I C tn  be  an  ideal  of  finite  length.  Set  B = A/ 1.  Then  there  is 
a distinguished  triangle 

ujb  — > ui*A  -4  HomJ4(J,  15)  [0]  -4  Wg[l] 

in  D(A)  where  E is  an  injective  hull  of  k and  ujb  is  a normalized  dualizing  complex 
for  B. 

Proof.  Use  the  short  exact  sequence  0— > I — > A — > B — )•  0 and  Lemmas  |45.18.3| 
andl45.18.ll  □ 

Lemma  45.18.8.  Let  (A,m,  k)  be  a Noetherian  local  ring  with  normalized  dual- 
izing complex  uja.  Let  f £ m be  a nonzerodivisor.  Set  B = A/(f).  Then  there  is  a 
distinguished  triangle 

— * WA  — * — * wb[  1] 

in  D{A)  where  ujb  is  a normalized  dualizing  complex  for  B. 

Proof.  Use  the  short  exact  sequence  0— > A — > A — > B — >-0  and  Lemma  |45.18.1| 

□ 


Lemma  45.18.9.  Let  A B be  a local  homomorphism  of  Noetherian  local  rings. 
Let  0JA  be  a normalized  dualizing  complex.  If  A B is  flat  and  m aB  = ms,  then 
w*  B is  a normalized  dualizing  complex  for  B. 

Proof.  It  is  clear  that  w*  ®a  B is  in  DbCoh{B).  Let  ka  and  nB  be  the  residue  fields 
of  A and  B.  By  More  on  Algebra,  Lemma [15. 76. 3|  we  see  that 


RRomB(KB,uj\  ®a  B ) = HHomA(KA,u^)  gu  B = k^[0]  g^  B = kb[0] 


Thus  lo*a  g^  B has  finite  injective  dimension  by  More  on  Algebra,  Lemma  15.58.5 
Finally,  we  can  use  the  same  arguments  to  see  that 


HHomB(w*  ®a  B,uja  B)  = fiHonu(w^^)  g^  B = A g^  B = B 


as  desired. 


□ 


Lemma  45.18.10.  Let  (A,m,  k)  be  a Noetherian  local  ring  with  normalized  du- 
alizing complex  u>A.  Let  p be  a minimal  prime  of  A with  dim(A/p)  = e.  Then 
Hl(u>A) p is  nonzero  if  and  only  if  i = — e. 

Proof.  Since  Ap  has  dimension  zero,  there  exists  an  integer  n > 0 such  that  p"Ap 
is  zero.  Set  B = A/p"  and  ojb  = RBouia{B,  uja).  Since  Bp  = Ap  we  see  that 
(ug)p  = (ct^)p  by  using  More  on  Algebra,  Lemma [15.76.3  By  Lemma  45.18.1 


we 


may  replace  A by  B.  After  doing  so,  we  see  that  dim  (A)  = e.  Then  we  see  that 
Hz(oja) p can  only  be  nonzero  if  i = — e by  Lemma  45.18.4  On  the  other  hand, 
since  (w^)p  is  a dualizing  complex  for  the  nonzero  ring  Ap  (Lemma  45.17.6 1 we  see 
that  the  remaining  module  has  to  be  nonzero.  □ 
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0A7W 

0A7X 


0A7Y 

0A7Z 


0A80 


45.19.  The  dimension  function  of  a dualizing  complex 


Our  results  in  the  local  setting  have  the  following  consequence:  a Noetherian  ring 
with  has  a dualizing  complex  is  a universally  catenary  ring  of  finite  dimension. 


Lemma  45.19.1.  Let  A be  a Noetherian  ring.  Let  p be  a minimal  prime  of  A. 
Then  H1(uja)p  is  nonzero  for  exactly  one  i. 

Proof.  The  complex  (g)^  Ap  is  a dualizing  complex  for  Ap  (Lemma  45.17.6). 
The  dimension  of  Ap  is  zero  as  p is  minimal.  Hence  the  result  follows  from  Lemma 
145.18.61  □ 


Let  A be  a Noetherian  ring  and  let  ui*A  be  a dualizing  complex, 
allows  us  to  define  a function 


Lemma  45.17.11 


S = 6U.  : Spec(A) 


by  mapping  p to  the  integer  of  Lemma 


45.17.11 


for  the  dualizing  complex  (uiA)p 
over  Ap  (Lemma  45.17.6)  and  the  residue  field  «(p).  To  be  precise,  we  define  <5(p) 
to  be  the  unique  integer  such  that 

K)pM(P)] 

is  a normalized  dualizing  complex  over  the  Noetherian  local  ring  Ap. 

Lemma  45.19.2.  Let  A be  a Noetherian  ring  and  let  w’  be  a dualizing  complex. 
Let  A -A  B be  a surjective  ring  map  and  let  uj*b  = i?Hom(H,  uja)  be  the  dualizing 


complex  for  B of  Lemma  45.17.8.  Then  we  have 

|spec(B) 

Proof.  This  follows  from  the  definition  of  the  functions  and  Lemma [45.18. II 


□ 


Lemma  45.19.3.  Let  A be  a Noetherian  ring  and  let  ui*A  be  a dualizing  complex. 
The  function  8 = Su»  defined  above  is  a dimension  function  (Topology,  Definition 


5.19.1). 


Proof.  Let  p C q be  an  immediate  specialization.  We  have  to  show  that  <S(p)  = 
<5(q)  + 1.  We  may  replace  A by  A/p,  the  complex  toA  by  wW=EHom(A/p,w^), 


the  prime  p by  (0),  and  the  prime  q by  q/p,  see  Lemma  45.19.2  Thus  we  may 


assume  that  A is  a domain,  p = (0),  and  q is  a prime  ideal  of  height  1. 


45.19.1 


In  fact 


Then  Hl(ioA)( 0)  is  nonzero  for  exactly  one  i.  say  , by  Lemma 
*o  = — <5((0))  because  (w^)(0)[— <5((0))]  is  a normalized  dualizing  complex  over  the 
field  A( o). 

On  the  other  hand  (u;^)q [— <5(q)]  is  a normalized  dualizing  complex  for  Aq.  By 
Lemma T45. 18. 101  we  see  that 

q)])(0)=JHe-^)K)(0) 

is  nonzero  only  for  e = — dim(Aq)  = — 1.  We  conclude 

— 6((0))  = — 1 — S(p) 

as  desired.  □ 


Lemma  45.19.4.  Let  A be  a Noetherian  ring  which  has  a dualizing  complex.  Then 
A is  universally  catenary  of  finite  dimension. 
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Proof.  Because  Spec(A)  has  a dimension  function  by  Lemma  45.19.3  it  is  catenary, 
see  Topology,  Lemma  [5.19.2  Hence  A is  catenary,  see  Algebra,  Lemma  [10.104.2| 
It  follows  from  Proposition |45. 17.101  that  A is  universally  catenary. 

Because  any  dualizing  complex  uj\  is  in  DbCoh(A)  the  values  of  the  function  in 
minimal  primes  are  bounded  by  Lemma|45.19.1|  On  the  other  hand,  for  a maximal 
ideal  m with  residue  field  re  the  integer  i = — 6(m)  is  the  unique  integer  such  that 
Ext^(re, uj*a)  is  nonzero  (Lemma  45.17.11 1.  Since  uj*a  has  finite  injective  dimension 
these  values  are  bounded  too.  Since  the  dimension  of  A is  the  maximal  value  of 
<5(p)  — <5(m)  where  pCm  are  a pair  consisting  of  a minimal  prime  and  a maximal 
prime  we  find  that  the  dimension  of  Spec(A)  is  bounded.  □ 

OAWE  Lemma  45.19.5.  Let  (A,  m,  re)  be  a Noetherian  local  ring  with  normalized  dual- 
izing complex  oja.  Let  d = dim(A)  and  to  a = H~d(uiA).  Then 

(1)  the  support  of  uja  is  the  union  of  the  irreducible  components  of  Spec(A) 
of  dimension  d, 


(2)  uja  satisfies  ( S2 ),  see  Algebra,  Definition  10.  If  9.1 


Proof.  We  will  use  Lemma [45. 18.4|  without  further  mention.  By  Lemma [45. 18. 10| 
the  support  of  uja  contains  the  irreducible  components  of  dimension  d.  Let  p C 
A be  a prime.  By  Lemma  45.19.3  the  complex  (w*  )p[dim(A/p)]  is  a normalized 


dualizing  complex  for  Ap.  Hence  if  dim(A/p)  + dim(Ap)  < d,  then  (uja)p  = 0.  This 
proves  the  support  of  u>A  is  the  union  of  the  irreducible  components  of  dimension 
d , because  the  complement  of  this  union  is  exactly  the  primes  p of  A for  which 


dim(A/p)  + dim(Ap)  < d as  A is  catenary  (Lemma  45.19.4 1.  On  the  other  hand,  if 
dim(A/p)  + dim(Ap)  = d , then 

(WA)p=iL-dim^)(K)p[dirn(A/p)]) 

Hence  in  order  to  prove  uja  has  (£>2)  it  suffices  to  show  that  the  depth  of  u>a  is  at 
least  min(dim(A),  2).  We  prove  this  by  induction  on  dim(A).  The  case  dim(A)  = 0 
is  trivial. 


Assume  depth(A)  > 0.  Choose  a nonzerodivisor  / £ m and  set  B = A/ f A.  Then 
dim(B)  = dim(A)  — 1 and  we  may  apply  the  induction  hypothesis  to  B.  By  Lemma 


This  proves  the  depth  of  uja  is  at  least  1.  If  dirn(A)  > 1,  then  dim(H)  > 0 and  ujb 
has  depth  > 0.  Hence  uja  has  depth  > 1 and  we  conclude  in  this  case. 

Assume  dim(A)  > 0 and  depth(A)  = 0.  Let  I = A[m°°]  and  set  B = A/I.  Then  B 
has  depth  > 1 and  uja  = wb  by  Lemma [45. 18.6[  Since  we  proved  the  result  for  ujb 
above  the  proof  is  done.  □ 


45.18.8  we  see  that  multiplication  by  / is  injective  on  am  and  we  get  uja/ f uja  C ujb- 


45.20.  The  local  duality  theorem 

0A81  The  main  result  in  this  section  is  due  to  Grothendieck. 

0A82  Lemma  45.20.1.  Let  {A,  m,  re)  be  a Noetherian  local  ring . LetujA  be  a normalized 
dualizing  complex.  Let  Z = H(m)  C Spec(A).  Then  E = R°Tz{uja)  is  an  injective 
hull  of  k and  RT z(uja)  = E[0]. 

Proof.  By  Lemma  [45.10.1|  we  have  ftTm  = RT z ■ Thus 

RT z{uj*a)  = i?rm(u;*  ) = hocolim  .RHom^A/m", uj*a) 
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by  Lemma  45.8.2  Let  E'  be  an  injective  hull  of  the  residue  field.  By  Lemma  45.18.3 
we  can  find  isomorphisms 

RUomA(A/mn,uj'A)  “ UomA(A/r,E')[0] 

compatible  with  transition  maps.  Since  E'  = = colimHom A(A/In,E') 

by  Lemma  45.7.3|  we  conclude  that  E = E'  and  that  all  other  cohomology  groups 
of  the  complex  RT z{w*A)  are  zero.  □ 


0A83 


Remark  45.20.2.  Let  (A,  m,  k)  be  a Noetherian  local  ring  with  a normalized 
dualizing  complex  ui\.  By  Lemma  45.20.1  above  we  see  that  KT  z(ijj*A)  's  an  injective 
hull  of  the  residue  field  placed  in  degree  0.  In  fact,  this  gives  a “construction”  or 
“realization”  of  the  injective  hull  which  is  slightly  more  canonical  than  just  picking 
any  old  injective  hull.  Namely,  a normalized  dualizing  complex  is  unique  up  to 
isomorphism,  with  group  of  automorphisms  the  group  of  units  of  A,  whereas  an 
injective  hull  of  k is  unique  up  to  isomorphism,  with  group  of  automorphisms  the 
group  of  units  of  the  completion  AA  of  A with  respect  to  m. 


Here  is  the  main  result  of  this  section. 

0A84  Theorem  45.20.3.  Let  (A,m,  n)  be  a Noetherian  local  ring.  Let  iv\  be  a nor- 
malized dualizing  complex.  Let  E be  an  injective  hull  of  the  residue  field.  Let 
Z = H(m)  C Spec(A).  Denote  A derived  completion  with  respect  to  m.  Then 

RRomA(K,u;A)A  = RRom.A{RTz(K),E[0]) 


for  K in  D(A). 


Proof.  Observe  that  A[0]  = RT  z{ui*A)  by  Lemma  45.20.1  By  More  on  Algebra, 
Lemma  |15.72.1lj  completion  on  the  left  hand  side  goes  inside.  Thus  we  have  to 
prove 

A Horn 4 (Aa,  (u^)A)  = R Hom4 (AT Z(K),  RT z (uj\ ) ) 

This  follows  from  the  equivalence  between  Dcomp(A,m)  and  -Dmoo_torsion(A)  given 
in  Proposition  45.12.2  More  precisely,  it  is  a special  case  of  Lemma  45.12.3|  □ 


Here  is  a special  case  of  the  theorem  above. 


0AAK  Lemma  45.20.4.  Let  {A,  m,  k)  be  a Noetherian  local  ring.  Letoj\  be  a normalized 
dualizing  complex.  Let  E be  an  injective  hull  of  the  residue  field.  Let  IT  £ Dc0h(A). 
Then 

Ext~A\K,u\)A  = Hom4  (H'm(K),E) 
where  A denotes  m-adic  completion. 


Proof.  By  Lemma  45.17.2  we  see  that  HHomA(I\,w')  is  an  object  of  Dc0h{A).  It 
follows  that  the  cohomology  modules  of  the  derived  completion  of  AHom4(AT,  coA) 
are  equal  to  the  usual  completions  Ext^AT,  w^)A  by  More  on  Algebra,  Lemma 


15.74.3  On  the  other  hand,  we  have  -fiTm  = RT z for  Z = H(m)  by  Lemma  45.10.1 


Moreover,  the  functor  Hom^j- , A)  is  exact  hence  factors  through  cohomology. 
Hence  the  lemma  is  consequence  of  Theorem  |45.20.3|  □ 
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45.21.  Dualizing  complexes  on  schemes 

0A85  We  define  a dualizing  complex  on  a locally  Noetherian  scheme  to  be  a complex 
which  affine  locally  comes  from  a dualizing  complex  on  the  corresponding  ring. 
This  is  not  completely  standard  but  agrees  with  all  definitions  in  the  literature  on 
Noetherian  schemes  of  finite  dimension. 


0A86  Lemma  45.21.1.  Let  X be  a locally  Noetherian  scheme.  Let  K be  an  object  of 
D(OxJ.  The  following  are  equivalent 

(1)  For  every  affine  open  U = Spec(A)  C X there  exists  a dualizing  complex 
<jj*A  for  A such  that  K\jj  is  isomorphic  to  the  image  of  w*  by  the  functor 

D(A)  -»■  D(Ou). 

(2)  There  is  an  affine  open  covering  X = (J  Ui,  Ui  = Spec(A.j)  such  that 
for  each  i there  exists  a dualizing  complex  lo*  for  Aj  such  that  K\u  is 
isomorphic  to  the  image  of  w*  by  the  functor~:  D(Ai)  — » D(Oui). 


Proof.  Assume  (2)  and  let  U = Spec(A)  be  an  affine  open  of  X.  Since  condition 
(2)  implies  that  K is  in  DQCohiPx ) we  find  an  object  w*A  in  D(A)  whose  associated 
complex  of  quasi-coherent  sheaves  is  isomorphic  to  K\u,  see  Derived  Categories  of 
Schemes,  Lemma  35.3.5  We  will  show  that  uja  is  a dualizing  complex  for  A which 
will  finish  the  proof. 


Since  X = |J  Ui  is  an  open  covering,  we  can  find  a standard  open  covering  U = 
D(fi)  U . . . U D{fm)  such  that  each  D(fj)  is  a standard  open  in  one  of  the  affine 
opens  Ui , see  Schemes,  Lemma  25.11.5  Say  D(fj)  = D(gj)  for  g:j  £ Atj . Then 


Afj  = (Aij)gj  and  we  have 

(wa)/j  — (wi  )gj 

in  the  derived  category  by  Derived  Categories  of  Schemes,  Lemma  |35.3.5|  By 
Lemma  |45. 17.6  we  find  that  the  complex  (vjA)fj  is  a dualizing  complex  over  Afj 
for  j = 177777m.  This  implies  that  uja  is  dualizing  by  Lemma  45.17.7  □ 


0A87  Definition  45.21.2.  Let  X be  a locally  Noetherian  scheme.  An  object  K of 
D(Ox)  is  called  a dualizing  complex  if  K satisfies  the  equivalent  conditions  of 
Lemma  145.21.11 


Please  see  remarks  made  at  the  beginning  of  this  section. 

0A88  Lemma  45.21.3.  Let  A be  a Noetherian  ring  and  let  X = Spec(A).  Let  K,L  be 
objects  of  D (A).  If  K £ Dc0h(A)  and  L has  finite  injective  dimension,  then 

R Rom(K,  L)=R  Ho m^{K,  L) 

in  D(Ox)- 

Proof.  We  may  assume  that  L is  given  by  a finite  complex  /*  of  injective  A- 
modules.  By  induction  on  the  length  of  /*  and  compatibility  of  the  constructions 
with  distinguished  triangles,  we  reduce  to  the  case  that  L = 7[0]  where  I is  an 
injective  A-module.  In  this  case,  Derived  Categories  of  Schemes,  Lemma  [35.10. 8[ 
tells  us  that  the  nth  cohomology  sheaf  of  RTLom{K,L)  is  the  sheaf  associated  to 
the  presheaf 

D(f)  i — > Ext^  (K  0yt  Af,I®AAf) 
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Since  A is  Noetherian,  the  ^/-module  I <S>a  Af  is 
we  see  that 


injective  (Lemma|45.3.9 ).  Hence 


Ext  Af(K  0a  A/,I  <g >a  A/)  = Horn  Af{H~n(K  Af),I  <gu  Af) 

= Horn Af(H~n(K)  ®AAfJ®AAf) 

= Hoiiia (H~n(K),  I)  ®AAf 

The  last  equality  because  H~n{K)  is  a finite  A-module.  This  proves  that  the 
canonical  map 

RTS.am^{K,L)  — > RHom(K,L) 

is  a quasi-isomorphism  in  this  case  and  the  proof  is  done.  □ 


0A89  Lemma  45.21.4.  Let  K be  a dualizing  complex  on  a locally  Noetherian  scheme 
X.  Then  K is  an  object  of  Dc0h(Px)  and  D = RTLom(—,  K)  induces  an  anti- 
equivalence 

D : DCoh(Ox)  — > DCoh{Ox) 

which  comes  equipped  with  a canonical  isomorphism  id  ^ Do  D.  If  X is  quasi- 
compact, then  D exchanges  Dcohi®x)  am ^ D~f;oh(Px)  and  induces  an  equivalence 
Dcok(Ox)^D»Coh(Ox). 


Proof.  Let  U C X be  an  affine  open.  Say  U = Spec(A)  and  let  w*  be  a dualizing 
complex  for  A corresponding  to  K\u  as  in  Lemma  45.21.1  By  Lemma  45.21.3  the 
diagram 


Dcoh{A) >■  DcohiPu) 


R HomA(— 

v 

Dcoh(A) 


R-Hom(-,K  |(7 ) 

V 


D(Ov) 


commutes.  We  conclude  that  D sends  Dc0h{Ox)  into  Dcoh(Ox)-  Moreover,  the 
canonical  map 

L — > R'Hom(R'Hom{L1K),K) 


(Cohomology  on  Sites,  Lemma  21.26.5)  is  an  isomorphism  for  all  L because  this  is 
true  on  affines  by  Lemma  [45. 17(2  The  statement  on  boundedness  properties  of  the 
functor  D in  the  quasi-compact  case  also  folow  from  the  corresponding  statements 
of  Lemma  145.17.21  □ 


Let  X be  a locally  ringed  space.  We  will  say  that  an  object  L of  D(0\ ) is  invertible 
if  there  is  an  open  covering  X = (J  Ui  such  that  L\jj.  = Oui  [— rq]  for  some  integers 
ni-  In  this  case,  the  function 

x i — y nx,  where  nx  is  the  unique  integer  such  that  Hnx(Lx)  ^ 0 

is  locally  constant  on  X.  In  particular,  it  follows  that  L = Q)Hn(L)\— n]  which 
gives  a well  defined  complex  of  Ov-niodules  (with  zero  differentials)  representing 
L.  In  particular  L is  a perfect  object  of  D(Ox)- 

OATP  Lemma  45.21.5.  Let  X be  a locally  Noetherian  scheme.  If  I\  and  K'  are  dualizing 
complexes  on  X,  then  K'  is  isomorphic  to  K L for  some  invertible  object  L 
of  D(Ox). 
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OAWF 


0A9D 


0A9E 


0A9F 


0A9G 


Proof.  Set 

L = R'Hom0x{K,K') 

This  is  an  invertible  object  of  D(Ox ),  because  affine  locally  this  is  true,  see  Lemma 

K'  is  an  isomorphism  for 


45.17.5 


and  its  proof.  The  evaluation  map  L 


the  same  reason. 


%>x  K 


□ 


Lemma  45.21.6.  Let  X be  a locally  Noetherian  scheme.  Let  u>x  be  a dualizing 
complex  on  X . Then  X is  universally  catenary  and  the  function  X — A Z defined  by 

x i — A 5{x)  such  that  u*x  x[— <5(:r)]  is  a normalized  dualizing  complex  over  Ox.x 

is  a dimension  functor. 

Proof.  Immediate  from  the  affine  case  Lemma T45. 19.31  and  the  definitions.  □ 


45.22.  Right  adjoint  of  pushforward 

References  for  this  section  and  the  following  are  [Nee  96],  |LN07|.  |Lip09|  , and 

|Neel4|. 

Let  / : X — A Y be  a morphism  of  schemes.  In  this  section  we  consider  the  right 
adjoint  to  the  functor  i?/*  : DQCoh(Px ) — ► DQCoh{C>x )■  In  the  literature,  if  this 
functor  exists,  then  it  is  sometimes  denoted  /x.  This  notation  is  not  universally 
accepted  and  we  refrain  from  using  it.  We  will  not  use  the  notation  /■  for  such  a 
functor,  as  this  would  clash  (for  general  morphisms  /)  with  the  notation  in  [Har66] . 

Lemma  45.22.1.  Let  f : X —A  Y be  a morphism  between  quasi-separated  and 
quasi-compact  schemes.  The  functor  Rf * : DQCoh(X)  -A  DqcohO 0 has  a right 
adjoint. 


Proof.  We  will  prove  a right  adjoint  exists  by  verifying  the  hypotheses  of  Derived 
Categories,  Proposition  13.35.2  First  off,  the  category  D Qc0h{O x)  has  direct  sums, 
see  Derived  Categories  of  Schemes,  Lemma  35.3.1  The  category  DQCohiP. x)  is 
compactly  generated  by  Derived  Categories  of  Schemes,  Theorem  |35.14.3|  Since 
X and  Y are  quasi-compact  and  quasi-separated,  so  is  /,  see  Schemes,  Lemmas 
|25.21.14]  and  |25.21.15]  Hence  the  functor  1?/*  commutes  with  direct  sums,  see 
Derived  Categories  of  Schemes,  Lemma [35. 4. 2|  This  finishes  the  proof.  □ 


Example  45.22.2.  Let  A — A B be  a ring  map.  Let  Y = Spec(A)  and  X = Spec(R) 
and  / : X — A Y the  morphism  corresponding  to  A — ► B.  Then  Rft  : D Qc„h(0 x)  -A 
L) QCohifAy)  corresponds  to  restriction  D(B)  —A  D(A)  via  the  equivalences  D{B)  —A 
L>QCoh{Ox ) and  D(A)  —A  DgcohiPy).  Hence  the  right  adjoint  corresponds  to  the 
functor  K i 


i?Hom(R,/\)  of  Section  45.16 


Example  45.22.3.  If  / : X — A Y is  a separated  finite  type  morphism  of  Noetherian 
schemes,  then  the  right  adjoint  of  i?/*  : DQCoh{Ox)  —A  D QCohiPy)  does  not  map 
Dcoh{Oy)  into  Dc0h(Ox )■  Namely,  let  k be  a field  and  consider  the  morphism 
/ : AjS.  —A  Spec(fc).  By  Example  45.22.2|this  corresponds  to  the  question  of  whether 
i?Hom(H,  — ) maps  Dcoh(A)  into  Dc0h{B)  where  A = k and  B = k[x\.  This  is  not 
true  because 


RHom(fc[il,  k)  = (T[  k)  [0] 


which  is  not  a finite  /c[x]-module.  Hence  a(Oy)  does  not  have  coherent  cohomology 
sheaves. 


This  is  almost  the 
same  as  [Nee96l 
Example  4.2]. 
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0A9H 


0A9I 
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Example  45.22.4.  If  / : X — > Y is  a proper  or  even  finite  morphism  of  Noetherian 
schemes,  then  the  right  adjoint  of  i?/*  : DQCoh(Ox)  — > D QCoh(Oy)  does  not  map 
D-Qcoh(Oy)  into  DQCoh(Ox)-  Namely,  let  k be  a field,  let  /c[e]  be  the  dual  numbers 
over  k,  let  X = Spec (fc),  and  let  Y = Spec(fe[e]).  Then  Ext^e1(fc,  k)  is  nonzero  for 


all  i > 0.  Hence  a(Oy)  is  not  bounded  above  by  Example  45.22.2 


Lemma  45.22.5.  Let  f : X -A  Y be  a morphism  of  quasi-compact  and  quasi- 
separated  schemes.  Let  a : D QCoh(Oy)  — > D QCohiPx)  be  the  right  adjoint  to  Rf * 
Then  a maps  D~QCoh(Oy ) into 


of  Lemma  45.22.1 


n+ 

u QGoh 


(Ox). 


Proof.  By  Derived  Categories  of  Schemes,  Lemma  35.4. 1|  the  functor  i?/*  has 
finite  cohomological  dimension.  In  other  words,  there  exist  an  integer  N such  that 
H'(Rf^L)  = 0 for  i > N + c if  HfL)  = 0 for  j > c.  Say  K G D QCoh(OY ) has 
Hk(K)  = 0 for  k > c.  Then 

RomD(0x)(T<c_Na(K),  a(K))  = Hom£,(c,5,)  (Rf*T<c-Na(K),  K)  = 0 

by  what  we  said  above.  Clearly,  this  implies  that  a{K)  is  bounded  below.  □ 

We  often  want  to  know  whether  the  right  adjoints  to  pushforward  commutes  with 
base  change.  Thus  we  consider  a cartesian  square 


(45.22.5.1) 


X' ^ X 

g' 


f 


Y' 


Y 


of  quasi-compact  and  quasi-separated  schemes.  Denote 


a : D QCoh(Oy)  — > DqCoIi(Ox), 
a'  ■ D QCoh(Oy ) -A  DQCohfOx'), 

b ■ L>QCoh(Ox)  — > DQCoh(Ox'), 

b'  ■ D QCoh(Oy)  -A  D QCoh(Oy) 


the  right  adjoints  to  I?/* 
Rg*  ° Rf l we  get 


Rfi,  Rg *,  and  Rg ' (Lemma |45. 22.1 ).  Since  1?/*  o Rg'*  = 


b'  o a = a'  o b. 


Another  compatibility  comes  from  the  base  change  map  of  Cohomology,  Remark 
120.29.21  It  induces  a transformation  of  functors 

Lg * o Rf.  —a  Rf*  o L{g'y 


on  derived  categories  of  sheaves  with  quasi-coherent  cohomology.  Hence  a trans- 
formation between  the  right  adjoints  in  the  opposite  direction 

a o Rg * < — Rg*  o a' 


Lemma  45.22.6.  In  diagram  (45.22.5.1 ) assume  that  g is  fiat  or  more  generally 
that  f and  g are  Tor  independent.  Then  a o Rg * 4—  Rg'*  o a'  is  an  isomorphism. 


Proof.  In  this  case  the  base  change  map  Lg*  o Rf^K  — ► Rf*  o L(g')*K  is  an 
isomorphism  for  every  I\  in  DqcoIi(Ox)  by  Derived  Categories  of  Schemes,  Lemma 
|35.18.3|  Thus  the  corresponding  transformation  between  adjoint  functors  is  an 
isomorphism  as  well.  □ 
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Let  / : X — > Y be  a morphism  of  quasi-compact  and  quasi-separated  schemes.  Let 
V C Y be  a quasi-compact  open  subscheme  and  set  U = /_1(P).  This  gives  a 
cartesian  square 


as  in  (45.22.5.1).  By  Lemma  45.22.6  the  map  £ : a o 4-  Rj't 


morphism  where  a and  a'  are  the  right  adjoints  to  i?/*  and  R(f\u)> 
transformation  of  functors  D QCoh{Oy)  -4  DQCohfOu ) 


o a is  an  iso- 
. We  obtain  a 


0A9L  (45.22.6.1)  (/)*  os-)  (/)*  o a o Rjt  o j* 

where  the  first  arrow  comes  from  id  -4  Rj * o j* 


0A9M 


■>  (/)*  ° -Rj*  ° a,'  o j*  -Wo  j* 

and  the  final  arrow  from  the  iso- 
morphism {f)*°Rf*  -4  id-  In  particular,  we  see  that  (|45.22.6.I ) is  an  isomorphism 
when  evaluated  on  K if  and  only  if  a(K)\jj  — ► a ( Rj * ( K\v))\ jj  is  an  isomorphism. 

Example  45.22.7.  There  is  a finite  morphsm  / : X — > Y of  Noetherian  schemes 
such  that  ( 45.22.6. lj)  is  not  an  isomorphism  when  evaluated  on  some  I\  £ D cohiOy)- 
Namely,  let  X = Spec(i?)  — > Y = Spec(A)  with  A = k[x,  e]  where  k is  a field  and 
e2  = 0 and  B = k[x]  = A/(e).  For  n £ N set  Mn  = A/{e,xn).  Observe  that 

Ext lA(B,Mn)  = Mn,  i>  0 

because  B has  the  free  periodic  resolution  . . . — > A — >•  A — >•  A with  maps  given 
by  multiplication  by  e.  Consider  the  object  I\  = © K-n  \ fi\  = n Kn[n]  of  Dcoh(A) 
(equality  in  D{A)  by  Derived  Categories,  Lemmas  13.31.2  and  13.32.2).  Then  we 
see  that  a(K ) correspnds  to  R.  Hom(ZL  K)  by  Example  45.22. 2|  and 


H°{RRom(B,K))  = Ext  °A(B,K)  = TT  Ext  nAB.Mn)  = TT 


0A9N 


Ln>  1 

by  the  above.  But  this  module  has  elements  which  are  not  annihilated  by  any 
power  of  x,  whereas  the  complex  K does  have  every  element  of  its  cohomology 
annihilated  by  a power  of  x.  In  other  words,  for  the  map  (45.22.6.1 1 with  V = D(x) 
and  U = D(x)  and  the  complex  I\  cannot  be  an  isomorphism  because  (j')*(a(A')) 
is  nonzero  and  a'(j*K)  is  zero. 

Lemma  45.22.8.  Let  f : X Y be  a morphism  of  quasi-compact  and  quasi- 
separated  schemes.  Let  a be  the  right  adjoint  to  Rf * : DQCoh(Ox)  -4  DQCoh(Oy-). 
Let  V C Y be  quasi-compact  open  with  inverse  image  U C X.  If  for  every 
Q £ DpcohjOy)  supported  on  Y \ V the  image  a(Q)  is  supported  on  X \ U,  then 
( 45.22.6.1 ) is  an  isomorphism  on  all  K in  D~QCoh(Oy). 

Proof.  Choose  a distinguished  triangle 

K -4  RjJC \v  -4  Q ->  K[  1] 

Observe  that  Q is  supported  on  Y \ V (Derived  Categories  of  Schemes,  Definition 


35.7.4).  Applying  a we  obtain  a distinguished  triangle 

a(K)  -4  a{Rj*K\v)  -4  a(Q)  -4  a(K)[V\ 

on  X.  If  a(Q)  is  supported  on  X \ U,  then  restricting  to  U the  map  a(K)\u  -4 
a{Rj*K\y)\u  is  an  isomorphism,  i.e. , (45.22.6.1)  is  an  isomorphism.  □ 
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Lemma  45.22.9.  Let  f : X — > Y be  a prope^\  morphism  of  Noetherian  schemes. 
The  assumption  and  hence  the  conclusion  of  Lemma\45.22.8\  holds  for  all  opens  V 
of  Y. 

Proof.  Let  Q £ ^QCoh(®Y)  supported  on  Y \ V.  To  get  a contradiction, 
assume  that  a(Q)  is  not  supported  on  X \ U.  Then  we  can  find  a perfect  complex 
Pu  on  U and  a nonzero  map  Py  —A  a(Q) \u  (follows  from  Derived  Categories  of 
Schemes,  Theorem  35.14.3).  Then  using  Derived  Categories  of  Schemes,  Lemma 


35.12.9  we  may  assume  there  is  a perfect  complex  P on  X and  a map  P -A  a{Q) 
whose  restriction  to  U is  nonzero.  By  definition  of  a this  map  is  adjoint  to  a map 

Rf*P  -t  Q- 

Because  / is  proper  and  X and  Y Noetherian,  the  complex  P/*P  is  pseudo- 
coherent,  see  Derived  Categories  of  Schemes,  Lemmas  35.6.  3 and|35.1(L4|  Thus  we 
may  apply  Derived  Categories  of  Schemes,  Lemma |35.16.3  and  get  a map  I — > Oy 
of  perfect  complexes  whose  restriction  to  V is  an  isomorphism  such  that  the  com- 
position / 

Lemma 


35.18.1 


)pv  Rf*P  — > Rf*P  — > K is  zero.  By  Derived  Categories  of  Schemes, 
we  have  I <8>£)Y  Rf*P  = Rf*(Lf*I  <£>ox  P).  We  conclude  that  the 


composition 

Lf*I  <8 )qx  P — >•  P —¥  a(K ) 

is  zero.  However,  the  restriction  to  U is  the  map  P\u  — ) 
to  be  nonzero.  This  contradiction  finishes  the  proof. 


a(K)\u  which  we  assumed 
□ 


Let  / : X — > Y be  a morphism  of  quasi-separated  and  quasi-compact  schemes. 
Let  a denote  the  right  adjoint  to  P/*  : DQCohiO. \)  — >•  DQCohfOy).  For  every 
K £ D QCoh(Oy)  and  L £ D QCoh{Oy)  we  obtain  a canonical  map 

(45.22.9.1)  Rf*RHom(L,a(K ))  — > PPom(P/*P, K) 

Namely,  this  map  is  constructed  as  the  composition 

RURVom{L,a{K ))  -A  RWom(Rf.L,  Rf.a(K))  -A  RTlom(Rf*L,  K) 


where  the  first  arrow  is  Cohomology,  Remark |20. 35. 9|  and  the  second  arrow  comes 
from  the  adjunction  map  Rf*a(K)  -A  K. 

Lemma  45.22.10.  Let  f : X — ► Y be  a morphism  of  quasi- separated  and  quasi- 
compact schemes.  For  all  L £ DQCoh(Ox ) and  I\  £ D QCohiOy)  {45.22.9. 1])  in- 
duces an  isomorphism  PHom(L,  a(K))  —A  R Horn  (P./*L,  K)  of  global  derived  horns. 


Proof.  By  construction  (Cohomology,  Section  20.37)  the  complexes 

PHom(L,  a{K))  = RT{X,  RHom(L,  a(K)))  = RF(Y,  Rf*RHom(L,  a(K))) 

and  P.Hom(P/*L,  K)  = RF(Y,  RHom(Rf*L,  a(K)))  have  H°  equal  to  Hom(L,  a(K)) 
and  Horn (Rf*L,K)  and  (45.22.9.1)  induces  the  adjunction  map  between  these. 
Similarly  in  other  degrees.  □ 


'This  proof  works  for  those  morphisms  of  quasi-compact  and  quasi-separated  schemes  such 
that  RftP  is  pseudo-coherent  for  all  P perfect  on  X.  It  follows  easily  from  a theorem  of  Kiehl 
IKie72l  that  this  holds  if  / is  proper  and  pseudo-coherent.  This  is  the  correct  generality  for  this 
lemma  and  some  of  the  other  results  in  this  section. 


45.23.  RIGHT  ADJOINT  OF  PUSHFORWARD  AND  BASE  CHANGE 


3034 


0A9Q 


0AA5 


0AA6 


Lemma  45.22.11.  Let  f : X —>Y  be  a proper  morphism  of  Noetherian  schemes. 
Let  a be  the  right  adjoint  to  Rf * : DQCoh{Ox ) — > T>QCoh(C>y).  Then  (45.22.9.1) 

Rf*R'Hom(L,  a(K))  — ■>  R'Hom(Rf*L,K) 
is  an  isomorphism  for  all  L £ L>QCoh(Ox)  and  all  I\  £ D~QCoh(Oy) . 

Proof.  Taking  H°(V,  — ) for  an  open  V of  Y with  inverse  image  U in  X we  get 
HomD(0c/)(A|[/,  a(K)\u)  — t HomD(ov)  (Rf*L\v,  K\v) 
see  Cohomology,  Lemma  20.35.1  Since  a{K)\u  is  the  image  of  K\y  (Lemma 


45.22.9 1 under  the  right  adjoint  to  R(f\u)*  the  two  sides  of  this  arrow  are  iso- 


morphic. We  omit  the  verification  that  the  two  maps  agree.  A similar  argument 
works  for  Hn(V , — ).  Thus  the  map  defined  above  is  an  isomorphism  on  cohomology 
and  hence  an  isomorphism  in  the  derived  category.  □ 


45.23.  Right  adjoint  of  pushforward  and  base  change 


The  map  (45.22.6.1 ) is  a special  case  of  a base  change  map.  Namely,  suppose  that 
we  have  a diagram  (45.22.5.1) 


X' 

f 

V 

Y' 


g' 

g 


X 


f 

Y 

Y 


where  / and  g are  Tor  independent.  Then  we  can  consider  the  morphism  of  functors 
L>QCoh(0Y)  ->  DQcoh(Ox ')  given  by  the  composition 

(45.23.0.1)  L(g'Y  o a — >■  L(g')*  oao  Rg * o Lg*  t—  L(g')*  o Rg*  oa'o  Lg*  — > a'  o Lg* 


The  first  arrow  comes  from  the  adjunction  map  id  — > Rg*Lg*  and  the  last  arrow 
from  the  adjunction  map  L{g')* Rg*  — ► id.  We  need  the  assumption  on  Tor  indepen- 
dence to  invert  the  arrow  in  the  middle,  see  Lemma |45. 22. 6|  Alternatively,  we  can 
think  of  (45.23.0.1 ) by  adjointness  of  L(g')*  and  R(g ')*  as  a natural  transformation 

a — > a o Rg * o Lg*  <—  Rg(  o a'  o Lg* 


were  again  the  second  arrow  is  invertible.  If  M £ DQCoh{Ox ) and  K £ DQCoh{Oy) 
then  on  Yoneda  functors  this  map  is  given  by 


Uomx{M,a{K))  = Horn  Y(Rf.M,K) 

-A  Horn y(Rf*M,  Rg*Lg*K) 

= Horn y,(Lg*Rf*M,  Lg* K) 

<-  Horn y,(RflL(g'yM,Lg*K) 
= Hom  x>(L(g')*M,a'(Lg*K)) 
= Hom  x(M,Rgia'(Lg*K)) 


(were  the  arrow  pointing  left  is  invertible  by  the  base  change  theorem  given  in 
Derived  Categories  of  Schemes,  Lemma  35.18.3)  which  makes  things  a little  bit 
more  explicit. 


In  this  section  we  first  prove  that  the  base  change  map  is  an  isomorphism  in  some 
cases  and  then  we  prove  that  the  base  change  map  satisfies  some  natural  compat- 
ibilities with  regards  to  stacking  squares  as  in  Cohomology,  Remarks  |20.29.3|  and 
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|20.29.4|for  the  usual  base  change  map.  We  suggest  the  reader  skip  the  rest  of  this 
section  on  a first  reading. 


Lemma  45.23.1.  In  diagram  (45.22.5.1)  assume 


(1)  g :Y'  — ► y is  a morphism  of  affine  schemes, 

(2)  / : X — ► Y is  proper, 

(3)  Y Noetherian,  and 

(4)  / and  g are  Tor  independent. 


Then  the  base  change  map  f 45-23 . 0A ) induces  an  isomorphism 


L(g')*a(K)  — ► a'(Lg*K) 


in  the  following  cases 

(1)  for  all  K £ DQCoh{Ox ) if  f is  flat,  or 

(2)  for  K £ D^cohi^x)  if  g has  finite  Tor  dimension. 


Proof.  Write  Y = Spec(A)  and  Y'  = Spec(A').  As  a base  change  of  an  affine 
morphism,  the  morphism  g'  is  affine.  Hence  Fig*  reflects  isomorphisms,  see  Derived 
Categories  of  Schemes,  Lemma  35.5.1|  Thus  (45.23.0.1)  is  an  isomorphism  for 
K £ F>QCoh(Px ) if  and  only  if  the  map  a(K)  —>  a(Rg*Lg* K)  = Rg'*a' {Lg* K) 
induces  an  isomorphism 


a(K)  <g&x  g'*Ox , —¥  a(Rg*Lg*K ) 


(see  Derived  Categories  of  Schemes,  Lemma  [35.5.2).  As  DQCoh(Ox ) is  generated 
by  perfect  objects  (see  Derived  Categories  of  Schemes,  Theorem |35.14.3||,  it  suffices 
to  check  we  obtain  an  isomorphism  after  applying  the  functor  Hom(M,  — ) where 
M is  perfect  on  X.  Recall  that  Hom(M,  — ) = H°(RJlom(M,  — )),  see  Cohomology, 
Thus  on  the  left  hand  side  we  get  H°  of  the  following  complex 


Section  20.37 


R Hom(M, a(K)  ®ox  9*Ox')  = RHom(M,a(K))  A' 

= RAom(Rf*M,  K ) A' 


The  first  equality  by  Derived  Categories  of  Schemes,  Lemma  [35. 18. 6[  The  second 
equality  is  Lemma [45. 22. 10|  In  the  case  that  / is  flat  the  complex  Rf*M  is  perfect 
on  Y (Derived  Categories  of  Schemes,  Lemma  35.19.1)  and  in  general  the  complex 


R f( M is  pseudo-coherent  on  Y (Derived  Categories  of  Schemes,  Lemmas  35.6.1 


and  35.10.4 1.  Thus  we  get  on  the  right  hand  side  H°  of  the  following  complex 


RRom{M,a{Rg*Lg*K))  = RAom(Rf*M,  Rg*Lg* K) 

= A Horn (/?,/* AT  K gJJY>) 

= AHom(A/*M,  K)  <g)^  A' 


The  first  equality  by  Lemma  45.22.10[  The  second  equality  by  Derived  Categories 
of  Schemes,  Lemma  [35.5. 2|  The  third  equality  by  Derived  Categories  of  Schemes, 
Lemma[35.18.6|  Thus  we  get  the  same  outcome  as  before.  We  omit  the  verification 
that  our  map  induces  the  given  identifications.  □ 
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OATQ  Lemma  45.23.2.  Consider  a commutative  diagram 


X' X 

k 


f 

Y 

Y' 


i 


f 

I 

> y 


s' 

Y 

Z' 


g 


m 


Y 

z 


of  quasi-compact  and  quasi-separated  schemes  where  both  diagrams  are  cartesian 
and  where  f and  l as  well  as  g and  in  are  Tor  independent.  Then  the  maps 
(4^5. 23.0 A |)  for  the  two  squares  compose  to  give  the  base  change  map  for  the  outer 
rectangle  (see  proof  for  a precise  statement) . 


Proof.  It  follows  from  the  assumptions  that  g o / and  to  are  Tor  independent 
(details  omitted),  hence  the  statement  makes  sense.  In  this  proof  we  write  k* 
in  place  of  Lk*  and  /*  instead  of  Rf *.  Let  a,  b , and  c be  the  right  adjoints  of 
Lemma |45. 22. 1| for  /,  g , and  go  f and  similarly  for  the  primed  versions.  The  arrow 
corresponding  to  the  top  square  is  the  composition 


Atop 


: k*  o a — > k*  o a o L o V 


4^  k* 


o L o a'  o f 


/ _ 7* 

X o i 


where  £top  : fc*  o a'  — > a o £*  is  an  isomorphism  (hence  can  be  inverted)  and  is  the 
arrow  “dual”  to  the  base  change  map  T o /*  — >•  /'  o k* . The  outer  arrows  come  from 
the  canonical  maps  1 — > Z*  o l*  and  k*  o k*  -A  1.  Similarly  for  the  second  square  we 
have 


7 bot  ■ l*  ° b — ► l*  o b o To*  o To*  <^°*  l*  oU  Ob'  O to*  — ► 67  o m* 


For  the  outer  rectangle  we  get 


Arect  : k*  o c — > k*  o c o TO*  o to* 


k*  o k*  o c'  O TO*  — >■  c'  O TO* 


We  have  (g  o /)*  = <7*  o /*  and  hence  c = a o b and  similarly  c'  = a'  o b' . The 
statement  of  the  lemma  is  that  7reci  is  equal  to  the  composition 


7 * 7 'Ytop  , / 7 sfs  7 'ybot  / 7/  5):  / 

o c = k o ao  b > a o / o b >■  a o b o m = c o m 
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To  see  this  we  contemplate  the  following  diagram: 


k*  o a o b 


k*  o a o b o m * o to* 


■ k*  o a o Z*  o l*  o b o m*  o to* 


k*  o fc*  o a'  o l*  o b 


k*  o /c*  o a'  o l*  o b o to*  o to*  a'  o l*  o b 


£bo 


k*  o fc*  o a1  o b'  o to*  ■< k*  o k*  o a'  o l*  o /*  o b'  o to*  a'  o l*  o b o to*  o to 


£bo 


o Z*  o b'  o to* 


a!  ob'  o to* 


Going  down  the  right  hand  side  we  have  the  composition  and  going  down  the  left 
hand  side  we  have  jrect-  All  the  quadrilaterals  on  the  right  hand  side  of  this  diagram 
commute  by  Categories,  Lemma  4.27.2|  or  more  simply  the  discussion  preceding 
Categories,  Definition  |4.27.1|  Hence  we  see  that  it  suffices  to  show  the  diagram 


a o £*  o l*  o b o to*  fedrr:  ao  bo  to* 
A A 

Stop 

fc*  o a'  o l*  o b o to*  Get 

A 

£bot 

fc*  o o'  o !*  o /,  o 6' fc*  o a'  ob' 


becomes  commutative  if  we  invert  the  arrows  £top,  £&0t,  and  £rect  (note  that  this  is 
different  from  asking  the  diagram  to  be  commutative).  However,  the  diagram 


a o Z*  o l*  o b o to* 


fc,oa'o|*oi,o  6' 
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commutes  by  Categories,  Lemma  [4. 27. 2|  Since  the  diagrams 


0 b 0 m»  -e — 

— a ob 

0 m a 0 Z*  0 Z 

* 0 Z*  0 b’ 

^ CL  O 

A 

and 

* 0 Zt  0 b'  — 

— a 0 l 

* 0 b'  L 0 a'  0 1 

* 0 Z,  0 6' 

— >■  Ze*  0 a 

commute  (see  references  cited)  and  since  the  composition  of  Z*  — > Z*  o l*  o Z*  — >■  Z*  is 
the  identity,  we  find  that  it  suffices  to  prove  that 


k o a'  o b'  ^bo-t > a o L o b ^°P>  a o b 


o m* 


is  equal  to  £rect  (via  the  identifications  a o b = c and  a!  o b'  = c').  This  is  the 
statement  dual  to  Cohomology,  Remark  |20 . 29 . 3|  and  the  proof  is  complete.  □ 


OATR  Lemma  45.23.3.  Consider  a commutative  diagram 


of  quasi-compact  and  quasi-separated  schemes  where  both  diagrams  are  cartesian 
and  where  f and  h as  well  as  f and  h!  are  Tor  independent.  Then  the  maps 
(45.23.  OD)  for  the  two  squares  compose  to  give  the  base  change  map  for  the  outer 
rectangle  (see  proof  for  a precise  statement). 

Proof.  It  follows  from  the  assumptions  that  / and  h o h'  are  Tor  independent 
(details  omitted),  hence  the  statement  makes  sense.  In  this  proof  we  write  g*  in 
place  of  Lg*  and  /*  instead  of  I?/*.  Let  a,  a',  and  a”  be  the  right  adjoints  of 


Lemma  45.22.1  for  /,  /',  and  /".  The  arrow  corresponding  to  the  right  square  is 
the  composition 


* * 7 7*  S right  * / 7 * / 7 * 

bright  ■ g o a — > g o a o rUt  o h < g o g*  o a o h,  a o h 

where  £ right  ■ g*  0 a1  — > a o h*  is  an  isomorphism  (hence  can  be  inverted)  and  is  the 
arrow  “dual”  to  the  base  change  map  h*  o /*  — >■  fi°g*.  The  outer  arrows  come 
from  the  canonical  maps  1 -A  /i*  o h*  and  g*  o g*  — y 1 . Similarly  for  the  left  square 
we  have 


7 left  ■ {. g'T  oo'->  ( g')*  O a'  O {h%  O ( h')*  4 

For  the  outer  rectangle  we  get 


£ left 


{g'Y°{g')*oa"o(tiy  ^ a"  o(ti)* 


^5)5  , 7 * * ,S red  7^7  //  * , //  * 

oaAk  o a o m*  o m < k ofc*oa  o m — > a o m 

where  k = go  g'  and  m = h o h' . We  have  k*  = ( g ')*  o g*  and  m*  = ( h ')*  o h* . The 
statement  of  the  lemma  is  that  7rect  is  equal  to  the  composition 


k*  o a = ( g ')*  o g*  o i 


bright 


> ( g')*  o a'  o h*  7ie/t>  a"  o ( h'Y  0 h*  = a " o \ 
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To  see  this  we  contemplate  the  following  diagram 


(. g'Y°g*oa 

v 

(, g')*  o g*  o a o h*  o h* 
A 

bright 

( g ')*  o g*  o a o h*  o (h')*  o (h')*  o h*  (g1)*  o g*  o g*  o a'  o h* 


( g ')*  ° g*  ° g*  ° (</)*  o a"  o (ft')*  o h*  (g')*  o a'  o (/i')*  o (h')*  o h* 


A 

£left 

o a"  o [h')*  o h* 


Y 

{h'Y  o h* 


Going  down  the  right  hand  side  we  have  the  composition  and  going  down  the  left 
hand  side  we  have  "frect-  All  the  quadrilaterals  on  the  right  hand  side  of  this  diagram 
commute  by  Categories,  Lemma  4.27.2|  or  more  simply  the  discussion  preceding 
Categories,  Definition  |4.27.1  Hence  we  see  that  it  suffices  to  show  that 


3*  o (g')t  o a " j,oa'o  (/i')*  «oft,o 


is  equal  to  ^rect . This  is  the  statement  dual  to  Cohomology,  Remark  [20.29.4|  and 
the  proof  is  complete.  □ 


OATS  Remark  45.23.4.  Consider  a commutative  diagram 


X" 


Y" 


k' 


> X' 


f 


Y' 


Y 

Z' 


Y 


Y 

Z 


of  quasi-compact  and  quasi-separated  schemes  where  all  squares  are  cartesian  and 
where  (/,  l),  ( g,m ),  ( f,l '),  ( g',m ')  are  Tor  independent  pairs  of  maps.  Let  a,  a', 
a",  b , 6',  b"  be  the  right  adjoints  of  Lemma  45.22.1  for  /,  /',  /",  g , g' , g" . Let  us 


label  the  squares  of  the  diagram  A,  B , C,  D as  follows 


A B 
C D 


45.24.  RIGHT  ADJOINT  OF  PUSHFORWARD  AND  TRACE  MAPS 


3040 


OAWG 


Then  the  maps  (45.23.0.1 1 for  the  squares  are  (where  we  use  k*  = Lk* , etc) 


7 a ■ ( k ')*  oa'-)  a"  o (/')*  7 B : k*  o a — > a'  o I* 

7C  : (/')*  o — » 6"  o (to')*  7d  : l*  o b — > b1  o to* 

For  the  2x1  and  1x2  rectangles  we  have  four  further  base  change  maps 

7 a+b  ■ ( k o k')*  o a ->  «"  o (I  o Z')* 

'fC+D  ■ (Z  0 Z')*  0 b — » 6"  o (m  o to/)* 

7a+c  : o (a'  o 6')  — » (a"  o b")  o (to')* 

7a+c  : A;*  o (a  o 6)  — > (o'  o 6')  o to* 

By  Lemma [45.23.3|  we  have 

7 a+b  = 7a  0 7s  i 7c+b  = 7c  0 7b 


and  by  Lemma  45.23.2  we  have 

7A+C  = 7c  0 7a,  7b+d  =1d  °1b 

Here  it  would  be  more  correct  to  write  7 a+b  = (7a  * id;*)  o (id(fc/)»  * 7 b)  with 
notation  as  in  Categories,  Section  4.27  and  similarly  for  the  others.  However,  we 
continue  the  abuse  of  notation  used  in  the  proofs  of  Lemmas  45.23.2  and  45.23.3|of 
dropping  * products  with  identities  as  one  can  figure  out  which  ones  to  add  as  long 
as  the  source  and  target  of  the  transformation  is  known.  Having  said  all  of  this  we 
find  (a  priori)  two  transformations 


namely 

and 


(k')*  ok*  o a ob  — > a " o b”  o (m')*  o m* 


7c  0 7a  0 Id  0 7b  = 7a+c  0 7 b+d 


7c  0 7b  0 7a  0 7b  = 7 c+d  0 7a+b 

The  point  of  this  remark  is  to  point  out  that  these  transformations  are  equal. 
Namely,  to  see  this  it  suffices  to  show  that 


( k ')*  o a'  o Z*  o b - 


( k ')*  o a'  o b'  o to* 


1A 


1A 


a " o (/')*  o l*  o b — a"  o (I'Y  o b'  o to* 


commutes.  This  is  true  by  Categories,  Lemma |4.27.2|or  more  simply  the  discussion 
preceding  Categories,  Definition |4.27.1[ 

45.24.  Right  adjoint  of  pushforward  and  trace  maps 

Let  f : X —>  Y be  a morphism  of  quasi-compact  and  quasi-separated  schemes. 
Let  a : D QCohiOy)  —>  DQCoh(Ox)  be  the  right  adjoint  as  in  Lemma  45.22.1  By 
Categories,  Section  |4.24  we  obtain  a transformation  of  functors 

Tr  f : Rf  * o a — > id 

The  defining  maps  Tr fyK  : Rf*a(K)  — > K for  K £ D QCohiOy)  are  sometimes 
called  the  Race  map.  This  is  the  map  which  has  the  property  that  the  bijection 

Hohi_y(L,  a(K))  — > Homy(i?/*L,  K) 
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for  L £ DqcoIi(Ox)  which  characterizes  the  right  adjoint  is  given  by 

< p ' — t Tr ftK  o Rf*V 

If  / is  a proper  morphism  of  Noetherian  schemes  and  K is  bounded  below,  then 
Lemma [45.22. 11| shows  that  the  isomorphism 

Rf*R'Hom(L,  a(K))  — > R'Hom(Rf*L1K) 


comes  about  by  composition  with  Tr fx-  Every  trace  map  we  are  going  to  consider 
in  this  section  will  be  a special  case  of  this  trace  map.  Before  we  discuss  some 
special  cases  we  show  that  formation  of  the  trace  map  commutes  with  base  change. 


0B6J  Lemma  45.24.1  (Trace  map  and  base  change).  Suppose  we  have  a diagram 
( 45.22.5.1 ) where  f and  g are  tor  independent.  Then  the  maps  1 * Trf  : Lg*  o 
Rf*  oa-)  Lg*  and  Trp  * 1 : Rf * o a'  o Lg*  — ► Lg*  agree  via  the  base  change  maps 
/3  : Lg*  o Rf * — > Rf*  o L(g')*  ( Cohomology,  Remark  20.29.2)  and  a : L(g')*  oaA 
a'  o Lg*  (45.23.0.1).  More  precisely,  the  diagram 


Lg*  o Rf * o a ■ 


1-kTrt 


Lg* 

A 


/3*1 


Rf* ° L(g')* 0 a 


Rf, l 0 a'  O Lg* 


of  transformations  of  functors  commutes. 

Proof.  In  this  proof  we  write  /*  for  Rf * and  g*  for  Lg*  and  we  drop  * products 
with  identities  as  one  can  figure  out  which  ones  to  add  as  long  as  the  source  and 
target  of  the  transformation  is  known.  Recall  that  (3  : g*  o /*—>•/*  o (</)*  is  an 
isomorphism  and  that  a is  defined  using  the  isomorphism  /3V  : g*  o a'  — > a o g* 
which  is  the  adjoint  of  /3,  see  Lemma [45. 22. 6|  and  its  proof.  First  we  note  that  the 
top  horizontal  arrow  of  the  diagram  in  the  lemma  is  equal  to  the  composition 

where  the  first  arrow  is  the  unit  for  (g*,g*),  the  second  arrow  is  Tr f,  and  the  third 
arrow  is  the  counit  for  (g*,g*).  This  is  a simple  consequence  of  the  fact  that  the 
composition  g*  -A  g*  o g*  o g*  — y g*  of  unit  and  counit  is  the  identity.  Consider  the 
diagram 


In  this  diagram  the  two  squares  commute  Categories,  Lemma |4. 27. 2|or  more  simply 
the  discussion  preceding  Categories,  Definition  |4. 27. 1|  The  triangle  commutes  by 
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0B6K 


the  discussion  above.  By  Categories,  Lemma  [4. 24. 6|  the  square 

9*  ° f*  ° 9*  ° «'  /*  ° (g'Y 

j*o/,oaoj, s-  id 


commutes  which  implies  the  pentagon  in  the  big  diagram  commutes.  Since  /d  and 
/3V  are  isomorphisms,  and  since  going  on  the  outside  of  the  big  diagram  equals 
Trf  o a o (3  by  definition  this  proves  the  lemma.  □ 


Let  / : X — > Y be  a morphism  of  quasi-compact  and  quasi-separated  schemes.  Let 
a : DQCohiPy)  — > DQGohiPx)  be  the  right  adjoint  of  f?/*  as  in  Lemma  45.22.1 
By  Categories,  Section  |4.24|  we  obtain  a transformation  of  functors 


gj  : id  — > a o Rf* 


which  is  called  the  unit  of  the  adjunction. 


Lemma  45.24.2.  Suppose  we  have  a diagram  { 45.22.5.1 ) where  f and  g are  tor 
independent.  Then  the  maps  l*r?/  : L(g'Y  — > L(g'Y  o«o Rf*  and  gp*  1 : L{g')*  — >■ 
a'  ° Rfl  ° L(g')*  agree  via  the  base  change  maps  fd  : Lg*  o Rft  — >■  i?/'  o L{g')* 
(Cohomology,  Remark  20.29.2)  and  a : L{g')*  o a — > a'  o Lg*  (45.23.0.1).  More 
precisely,  the  diagram 


L(g'r 


l*Vf 


rip*  1 

a'  o Rf(  o L{g')*  *J- 


L(g')*  o a o Rft 

a 

- a'  o Lg*  o Rf* 


of  transformations  of  functors  commutes. 

Proof.  This  proof  is  dual  to  the  proof  of  Lemma  [45. 24. 1|  In  this  proof  we  write 
/*  for  i?/*  and  g*  for  Lg*  and  we  drop  * products  with  identities  as  one  can  figure 
out  which  ones  to  add  as  long  as  the  source  and  target  of  the  transformation  is 
known.  Recall  that  fd  : g*  o /*—►/'  o ( g ')*  is  an  isomorphism  and  that  a is  defined 
using  the  isomorphism  /3V  : j'  o «'  ->  a o which  is  the  adjoint  of  (d,  see  Lemma 
|45.22.6|  and  its  proof.  First  we  note  that  the  left  vertical  arrow  of  the  diagram  in 
the  lemma  is  equal  to  the  composition 


(</)*  (g'Y  o g(  O {g’Y  ->  (g'Y  ogioa'ofio  {g'Y  ^a'of(o  (g'Y 


where  the  first  arrow  is  the  unit  for  ((g'Y>  $*)>  the  second  arrow  is  gp,  and  the 
third  arrow  is  the  counit  for  ((g'Y ^9*)-  This  is  a simple  consequence  of  the  fact 
that  the  composition  ( g'Y  (g'Y  ° (l/)*  ° (g'Y  (g'Y  °f  unit  and  counit  is  the 
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0B6L 

0B6N 

0A9S 


identity.  Consider  the  diagram 


(. 9 ')*  °a°  f* 


(. g ')*  0«05«oj*o/, 


a'  o g*  o /, 


In  this  diagram  the  two  squares  commute  Categories,  Lemma |4.27.2|or  more  simply 
the  discussion  preceding  Categories,  Definition  |4.27.l|  The  triangle  commutes  by 
the  discussion  above.  By  the  dual  of  Categories,  Lemma[4.24.6|the  square 


id 


- gi  ° a'  O g*  o /* 
0 

a°g*°  fl°  (g'Y 


g'*  ° a'  ° g*  ° /*  - 

commutes  which  implies  the  pentagon  in  the  big  diagram  commutes.  Since  /3  and 
/3V  are  isomorphisms,  and  since  going  on  the  outside  of  the  big  diagram  equals 
/3  o a o r]f  by  definition  this  proves  the  lemma.  □ 

Example  45.24.3.  Let  A -A  B be  a ring  map.  Let  Y = Spec(A)  and  X = Spec(i?) 
and  / : X Y the  morphism  corresponding  to  A — » B.  As  seen  in  Example 


45.22.2  the  right  adjoint  of  i?/*  : DQCchiPx ) — > DQCoh(Oy)  sends  an  object  K of 
D(A)  = DQCoh{Oy)  to  RAom(B,  K)  in  D(B)  = DQCohi.Ox)-  The  trace  map  is 
the  map 

Tr ftK  ■ RBom.(BJ<)  — > RRom(A,K)  = K 
induced  by  the  A-module  map  A -A  B. 


45.25.  Right  adjoint  of  pushforward  and  pullback 

Let  / : X — > Y be  a morphism  of  quasi-compact  and  quasi-separated  schemes.  Let 
a be  the  right  adjoint  of  pushforward  as  in  Lemma  45.22. 1|  There  is  a canonical 
map 


(45.25.0.1) 


Lf*K®%xa(Oy) 


i(K) 


functorial  in  K and  compatible  with  distinguished  triangles.  Namely,  this  map  is 
adjoint  to  a map 


Rf*(Lf*K  ®ax  a(Or))  = K Rf*{a{Oy)) 


K 


(equality  by  Derived  Categories  of  Schemes,  Lemma  35.18.1)  for  which  we  use 
the  adjunction  map  Rf*ci(Oy)  -A  Oy  and  the  identity  on  K.  This  map  is  an 
isomorphism  for  every  perfect  object. 
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0A9T 


0B6P 


0B6Q 


Lemma  45.25.1.  Let  f : X -A  Y be  a morphism  of  quasi-compact  and  quasi- 


separated  schemes.  The  map  (45.25.0.1 ) is  an  isomorphism  for  every  perfect  object 
K of  D(Oy). 

Proof.  Let  I\  be  a perfect  object  on  Y with  “dual”  KA,  see  Cohomology,  Lemma 


20.41.11  For  L £ DqcoIi(Ox)  we  have 

Horn D(oY)(Rf*L,K)  = Horn D(oY)(Rf*L  ®bY  KA,Oy) 

= Horn d(0x)(L  ®%x  Lf*KA,a(Oy)) 
= Horn D(0x)(L,a(0Y)  ®%x  Lf*K) 
Hence  the  result  by  the  Yoneda  lemma. 


□ 


Lemma  45.25.2.  Suppose  we  have  a diagram  (45.22.5.1)  where  f and  g are  tor 
independent.  Let  I\  £ DQCoh(0Y).  The  diagram 

L{g')*(Lf*K  ®cix  <°y)) L(g')*a{K ) 


L{f')*Lg*K  < 


i'(Oy>) 


' a'(Lg*K) 


commutes  where  the  horizontal  arrows  are  the  maps  |^5. 25. 0.1 ) for  K and  Lg*K 
and  the  vertical  maps  are  constructed  using  Cohomology,  Remark  \20.29.H !|  and 
(45.23.0. 1\). 


Proof.  In  this  proof  we  will  write  /«  for  Rft  and  f*  for  Lf*,  etc,  and  we  will  write 
® for  ®gy,  etc.  Let  us  write  (45.25.0.11  as  the  composition 


f*K  ® a(Oy)  —>  a(f.  (f*K  ® a(Oy))) 

£-  a(K  ® f*a(C>K)) 

-A  a(K  ® Oy) 

-A  a(K) 

Here  the  first  arrow  is  the  unit  r]f,  the  second  arrow  is  a applied  to  Cohomology, 
Equation  (20.43.2.1)  which  is  an  isomorphism  by  Derived  Categories  of  Schemes, 
Lemma  35.18.1  the  third  arrow  is  a applied  to  id/^  (g)  Tr f,  and  the  fourth  arrow 
is  a applied  to  the  isomorphism  I\  ® Oy  = K.  The  proof  of  the  lemma  consists 
in  showing  that  each  of  these  maps  gives  rise  to  a commutative  square  as  in  the 


statement  of  the  lemma.  For  r)f  and  Try  this  is  Lemmas  45.24.2  and  45.24.1  For 
the  arrow  using  Cohomology,  Equation  (20.43.2.1)  this  is  Cohomology,  Remark 
20.43.5  For  the  multiplication  map  it  is  clear.  This  finishes  the  proof.  □ 


Lemma  45.25.3.  Let  f : X Y be  a proper  morphism  of  Noetherian  schemes. 
Let  V C Y be  an  open  such  that  -A  V is  an  isomorphism.  Then  for 

K e D+Coh  (Oy)  the  map  \45.25.0.Tb  restricts  to  an  isomorphism  over  f 1{V). 


Proof.  By  Lemma 

45.22.9 

the  map 

Dlcoh^v).  Hence  Lemma 

45.25.2 

/ 1(F)  is  the  map  ( 

45.25.0.1)  for  K\ 

tells  us  the  restriction  of  (45.25.0.1)  for  K to 
id  /-1(F)  -A  V.  Thus  it  suffices  to  show 
that  the  map  is  an  isomorphism  when  / is  the  identity  morphism.  This  is  clear.  □ 
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Lemma  45.25.4.  Let  f : X — >•  Y and  g : Y -4  Z be  composable  morphisms  of 
quasi-compact  and  quasi- separated  schemes  and  set  h = g o f . Let  a,b,c  be  the 
adjoints  of  Lemma  45.22.1  for  f,g,h.  For  any  I\  £ F>QCoh{Oz)  the  diagram 


Lf*(Lg*K  ®%y  b(Oz))  ®ox  a(Ov) a(Lg*K  b(Oz )) *■  a(b(K)) 

Lh*K  ®%x  Lf*b{Oz)  ®%x  a(Oy) »-  Lh*K  ®%x  c(Oz ) *-  c{K) 


is  commutative  where  the  arrows  are 
and  c = a o b. 


(45.25.00 ) and  we  have  used  Lh*  = Lf*  oLg* 


Proof.  In  this  proof  we  will  write  /*  for  Rf*  and  f*  for  Lf*,  etc,  and  we  will  write 
® for  ®qx  ■ etc.  The  composition  of  the  top  arrows  is  adjoint  to  a map 

g*f*{f*(g*K  ® b(Oz))  ® a(oY))  -A  K 

The  left  hand  side  is  equal  to  K ® g*f*(f*b(Oz)  ® a(0Y))  by  Derived  Categories 
of  Schemes,  Lemma [35. 18. 1|  and  inspection  of  the  definitions  shows  the  map  comes 
from  the  map 

g*f*(fb(Oz)  ® a(0Y))  g*(b(Oz)  ® jU(0F))  ^ g*{b{Oz ))  A Oz 


tensored  with  idx-  Here  e is  the  isomorphism  from  Derived  Categories  of  Schemes, 
Lemma|35.18.1|and  /3  comes  from  the  counit  map  gxb  —4 id.  Similarly,  the  composi- 
tion of  the  lower  horizontal  arrows  is  adjoint  to  idA  tensored  with  the  composition 

g*Mf*b(Oz)  ® a{Oy))  g*f*(ab(Oz))  g*{b{Oz))  A Oz 

where  7 comes  from  the  counit  map  /*a  — 4 id  and  6 is  the  map  whose  adjoint  is 
the  composition 

W*b(Oz ) ® a(0Y ))  ^ b(Oz)  ® f*a(Oy)  ^ b(Oz) 


By  general  properties  of  adjoint  functors,  adjoint  maps,  and  counits  (see  Categories, 
Section  4.24)  we  have  7 o /*<5  = a o e-1  as  desired.  □ 


45.26.  Right  adjoint  of  pushforward  for  closed  immersions 


0A74 


0A75 


Let  i : ( Z,Oz ) -4  (A',  Ox)  be  a morphism  of  ringed  spaces  such  that  i is  a ho- 
momorphism onto  a closed  subset  and  such  that  : Ox  — 4 i*Oz  is  surjective. 
(For  example  a closed  immersion  of  schemes.)  Let  X = Ker(z^).  For  a sheaf  of 
Ox-modules  T the  sheaf 

L{omox(i*Oz,T) 


a sheaf  of  Ox-modules  annihilated  by  X.  Hence  by  Modules,  Lemma  17.13.4  there 
is  a sheaf  of  O^-modules,  which  we  will  denote  'Hom(Oz,F),  such  that 


z*  LLom^Oz,  IF)  = FLomox  (i*Oz,  -X) 


as  Ox-modules.  We  spell  out  what  this  means. 


Lemma  45.26.1.  With  notation  as  above.  The  functor  FLom(Oz , — ) is  a right 
adjoint  to  the  functor  z*  : Mod(Oz)  —4  Mod(Ox) ■ For  V C Z open  we  have 

r(V,7fom(Oz,.F))  ={s£  T(U,J-)  \ Is  = 0} 


where  U C X is  an  open  whose  intersection  with  Z is  V . 
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Proof.  Let  Q be  a sheaf  of  O^-modules.  Then 


Homo  Y (i*G,  J-)  = Romuoz{i*G ^omox  {i*0 z , F))  = Hom0z  (G,  TLom(Oz,  -A)) 


The  first  equality  by  Modules,  Lemma  17. 19. 5|  and  the  second  by  the  fully  faithful- 
ness of  «*,  see  Modules,  Lemma  17.13.4  The  description  of  sections  is  left  to  the 
reader.  □ 


The  functor 

Mod(Ox)  — » Mod{Oz),  T ' — > 'Hom{Oz,F) 

is  left  exact  and  has  a derived  extension 

RUom(Oz , -)  : D{Ox)  -»■  D(Oz). 

Lemma  45.26.2.  With  notation  as  above.  The  functor  RTLom{Oz,  — ) is  the  right 
adjoint  of  the  functor  i*  : D(Oz)  —t  D(Ox)- 

Proof.  This  is  a consequence  of  the  fact  that  i*  and  'Hom(Oz,—)  are  adjoint 
functors  by  Lemma [45.26. 1|  See  Derived  Categories,  Lemma [13. 28. 4|  □ 

Lemma  45.26.3.  With  notation  as  above.  We  have 

iifR'Hom{0 z , K)  = RTLom(i*Oz,  K) 
in  D{Ox)  for  all  K in  D{Ox )■ 

Proof.  This  is  immediate  from  the  construction  of  the  functor  RTk>m(Oz,  — ).  □ 

Lemma  45.26.4.  In  the  situation  above,  assume  i : Z — > X is  a pseudo-coherent 
morphism  of  schemes  (for  example  if  X is  locally  Noetherian).  Then 

(1)  RTLom(Oz , -)  maps  D~^Coh(Ox)  into  D^Coh(Oz),  and 

(2)  if  X = Spec(A)  and  Z = Spec (B),  then  the  diagram 


D+(B) 

RHom(B-) 

D+(A) 


is  commutative. 


^D+Coh(Oz) 

A 

R'Hom(Oz,  — ) 

>D+Coh(Ox) 


Proof.  To  explain  the  parenthetical  remark,  if  X is  locally  Noetherian,  then  i is 
pseudo-coherent  by  More  on  Morphisms,  Lemma [36. 42. 9[ 


Let  K be  an  object  of  D~QCoh(Ox)-  To  prove  (1),  by  Morphisms,  Lemma  28.4.1  it 
suffices  to  show  that  i*  applied  to  Hn {RTLomtjD z , K))  produces  a quasi-coherent 
module  on  X.  By  Lemma  45.26.3  this  means  we  have  to  show  that  RTLomfi^O z , K) 
is  in  DQCoh{Ox )■  Since  i is  pseudo-coherent  the  sheaf  Oz  is  a pseudo-colrerent 
O Y-module.  Hence  the  result  follows  from  Derived  Categories  of  Schemes,  Lemma 
135.10.81 


Assume  X = Spec(A)  and  Z = Spec(H)  as  in  (2).  Let  I*  be  a bounded  below 
complex  of  injective  A- modules  representing  an  object  K of  D+(A).  Then  we  know 
that  RHom(B,  K)  = Hom^-B,  I*)  viewed  as  a complex  of  B-modules.  Choose  a 
quasi-isomorphisnr 

/•  — > 1* 
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where  I*  is  a bounded  below  complex  of  injective  Ox-modules.  It  follows  from  the 
description  of  the  functor  'Hom(Oz,  — ) in  Lemma  45.26. l|that  there  is  a map 

Horn  A(B,Im)  — ► T{Z,nom{Oz,T)) 


Observe  that  7iom(Oz,Zm)  represents  RTLom(Oz,K).  Applying  the  universal 
property  of  the  ~ functor  we  obtain  a map 

Ho m^B,  /*)  — > RHom(Oz,  K) 


in  D(Oz)-  We  may  check  that  this  map  is  an  isomorphism  in  D(Oz)  after  applying 
i*.  However,  once  we  apply  7*  we  obtain  the  isomorphism  of  Derived  Categories  of 
Schemes,  Lemma [35. 10. 8|  via  the  identification  of  Lemma [45. 26. 3|  □ 

Lemma  45.26.5.  In  this  situation  above.  Assume  X is  a locally  Noetherian 
scheme.  Then  RRom(Oz,—)  maps  D~Qoh(Ox)  into  D~^oh(Oz). 


Proof.  The  question  is  local  on  X,  hence  we  may  assume  that  X is  affine.  Say 
X = Spec(A)  and  Z = Spec (B)  with  A Noetherian  and  A — > B surjective.  In 
this  case,  we  can  apply  Lemma [45. 26. 4| to  translate  the  question  into  algebra.  The 
corresponding  algebra  result  is  a consequence  of  Lemma |45.16.3|  □ 

Lemma  45.26.6.  Let  X be  a quasi-compact  and  quasi-separated  scheme.  Let 
i : Z — ► X be  a pseudo-coherent  closed  immersion  (if  X is  Noetherian,  then  any 
closed  immersion  is  pseudo-coherent) . Let  a : D QCoh(0 x)  — > D QCoh(0 z)  be  the 
right  adjoint  to  Ri * . Then  there  is  a functorial  isomorphism 

a{K)  = RHom{Oz,I< ) 

for  K G D+Coh(Ox). 


Proof.  (The  parenthetical  statement  follows  from  More  on  Morphisms,  Lemma 


36.42.9  ) By  Lemma  45.26.2  the  functor  RTLom{0 z , — ) is  a right  adjoint  to  Ri*  : 
D(Oz ) — > D(Ox).  Moreover,  by  Lemma|45.26.4  and  Lemma  45.22.5  both  R Horn (Oz,  —) 
and  a map  I)QCoh(0 x)  into  D~QCoh(Oz).  Hence  we  obtain  the  isomorphism  by 
uniqueness  of  adjoint  functors.  □ 


Example  45.26.7.  If  * : Z — > X is  closed  immersion  of  Noetherian  schemes,  then 
the  diagram 


i*a{K) K 

itRHom^Oz,  K)  RTbmox  {i*Oz,  K) >-  K 


is  commutative  for  K G DQCoh(Ox)-  Here  the  horizontal  equality  sign  is  Lemma 


45.26.3  and  the  lower  horizontal  arrow  is  induced  by  by  the  map  Ox  —>  i*Oz-  The 


commutativity  of  the  diagram  is  a consequence  of  Lemma  45.26.6 


45.27.  Right  adjoint  of  pushforward  for  finite  morphisms 

In  this  section  work  out  what  some  of  the  results  above  mean  for  finite  morphisms 
of  schemes. 

Lemma  45.27.1.  Let  A — > B be  a finite  ring  map  of  Noetherian  rings.  Let  be 
a dualizing  complex.  Then  f?Hom(5,w*)  is  a dualizing  complex  for  B. 


0AX0 
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Proof.  The  proof  is  identical  to  the  proof  of  Lemma  [45. 17.8|  □ 

0AX1  Lemma  45.27.2.  Let  (A,  m,  n)  — > ( B,m',K ')  be  a finite  local  map  of  Noetherian 
local  rings.  Let  be  a normalized  dualizing  complex.  Then  uiB  = i?Hom(B,w^) 
is  a normalized  dualizing  complex  for  B. 


Proof.  By  Lemma  45.27.1  the  complex  u>B  is  dualizing  for  B.  We  compute 

R Homs(K/,  R Hom(B,  w^))  = R Hom^fc',  u>\)  = HomK(K,J  k)[0] 

which  is  isomorphic  in  D(k')  to  k'  placed  in  degree  0 as  desired.  The  first  equality 
holds  by  Lemma  [45. 16. 1|  □ 


Let  / : X — > Y be  a finite  morphism  of  schemes.  Let  us  denote 
RRomiUOx,-)  : D(Oy)  — ► D(f.Ox) 

the  functor  right  adjoint  to  the  restriction  functor.  It  is  the  right  derived  functor 
of  the  left  exact  functor  Mod(<DY ) — > Mod(f*Ox)  given  by  Q i-A  TLomoY  (f*Ox,G)- 
See  Derived  Categories,  Lemma|i3.28.4| 

0AX2  Lemma  45.27.3.  Let  f : X — » Y be  a finite  pseudo-coherent  morphism  of  schemes 
(any  finite  morphism  of  Noetherian  schemes  is  pseudo-coherent).  The  functor 
RTLom(f*0 x,  — ) maps  D^Goh(0Y)  into  DJQGoh(f*Ox)-  IfY  is  quasi-compact  and 
quasi-separated,  then  the  diagram 


^QCohi^Y) 


DQCoh(Ox) 


RHom(ftOx?S 


^QCoh(f*^x) 


is  commutative,  where  a is  the  right  adjoint  of  Lemma  45.22. 1\  for  f and  $ is  the 
equivalence  of  Derived  Categories  of  Schemes,  Lemma  \ 35.5.S\ 


Proof.  (The  parenthetical  remark  follows  from  More  on  Morphisms,  Lemma  36.42.9 
Since  / is  pseudo-coherent,  the  CV-module  f*Ox  is  pseudo-coherent,  see  More 


on  Morphisms,  Lemma  36.42.8  Thus  RTLom(f*Ox , — ) maps  DpcotSPy)  into 
DQCoh  {f*C>x ),  see  Derived  Categories  of  Schemes,  Lemma  35.10.8  Then  4>  o a 
and  RHom(f*Ox,  — ) agree  on  D~QCoh(0Y ) because  these  functors  are  both  right 
adjoint  to  the  restriction  functor  DQCoh(f*Ox ) 


^QCohi^y)- 


□ 


0AX3 


Remark  45.27.4.  If  / : X — > Y is  a finite  of  Noetherian  schemes,  then  the 
diagram 

Rf*a(K)  — — -A 

R Rom  (f*Ox,  K) K 


45.27.3 


The  lower 


is  commutative  for  K £ D~QCofi(0Y)-  This  follows  from  Lemma 
horizontal  arrow  is  induced  by  the  map  Oy  — > f*Ox  and  the  upper  horizontal 
arrow  is  the  trace  map  discussed  in  Section [45. 24| 
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45.28.  Right  adjoint  of  pushforward  for  perfect  proper  morphisms 

The  correct  generality  for  this  section  would  be  to  consider  perfect  proper  mor- 
phisms of  quasi-compact  and  quasi-separated  schemes,  see  ILN07I.  A flat  proper 


morphism  of  Noetherian  schemes  is  perfect,  see  More  on  Morphisms,  Lemma  36.43.5 


0A9R  Lemma  45.28.1.  Let  f : X — » Y be  a perfect  proper  morphism  of  Noetherian 
schemes.  Let  a be  the  right  adjoint  for  Rf*  : EqcoyXOx ) — > Dqco^Oy)  of  Lemma 
\45l2l\  Then  a commutes  with  direct  sums. 

Proof.  Let  P be  a perfect  object  of  D{Ox)-  By  More  on  Morphisms,  Lemma 
36.43. 12|  the  complex  Rf*P  is  perfect  on  Y.  Let  Ki  be  a family  of  objects  of 


P>QGoh(PY )■  Then 

HomD(C)Y)(P,  A;))  = Horn D(oY){Rf*P,  ®*<) 

= © Horn D(GY)(Rf*P,  Ki) 

= ^HomD(C)x)(P,  a(Ki)) 

because  a perfect  object  is  compact  (Derived  Categories  of  Schemes,  Proposition 


35.16.1 1.  Since  DQCoh(Ox)  has  a perfect  generator  (Derived  Categories  of  Schemes, 


OAAA 


Theorem  35.14.3)  we  conclude  that  the  map  ®a(iQ)  — ► a(®  Ki)  is  an  isomor- 
phism, i.e. , a commutes  with  direct  sums.  □ 

Lemma  45.28.2.  Let  f : X Y be  a perfect  proper  morphism  of  Noetherian 
schemes.  Let  a be  the  right  adjoint  for  Rf*  : P>QCoh{Ox ) — > Dqco^Oy)  of  Lemma 
Then 

(1)  for  every  closed  T CY  if  Q £ DQCoh(Y ) is  supported  on  T,  then  a(Q)  is 
supported  on  /-1(T), 

2.6. 1\)  is 


45.22. 1\ 


(2)  for  every  open  V C Y and  any  K £ D qco/i(£V)  the  map  (45-i 
an  isomorphism , and 

(3)  the  canonical  map 

Rf*RHom(L,a(K))  — > R'Hom(Rf*L,  K) 

is  an  isomorphism  for  all  L £ D QCobkQ x ) nnd  all  K £ D QCoh{OY) ■ 

Proof.  Arguing  exactly  as  in  the  proof  of  Lemma  45.22.11  we  see  that  (2)  implies 
(3).  Arguing  exactly  as  in  the  proof  of  Lemma  45.22.8  we  see  that  (1)  implies  (2). 

Proof  of  (1).  We  will  use  the  notation  DQCoh,r{OY ) and  DQc0h,f-1(T){C>x)  to 
denote  complexes  whose  cohomology  sheaves  are  supported  on  T and  f~l{T).  By 
Lemma  |45.28.1|the  functor  a commutes  with  direct  sums.  Hence  the  strictly  full, 
saturated,  triangulated  subcategory  V with  objects 

{Q  € DQCoh,T(0Y ) | a(Q)  £ D QGohj-i(T){0 x)j 

is  preserved  by  direct  sums  (and  hence  derived  colimits).  On  the  other  hand,  the 
category  Dqco/i,t(C)i')  is  generated  by  a perfect  object  E (see  Derived  Categories 
of  Schemes,  Lemma  35.14.4).  By  Lemma  45.22.9  we  see  that  E £ V.  By  Derived 
Categories,  Lemma  13.34.3  every  object  Q of  Dqco/i,t(^t)  is  a derived  colimit  of 
a system  Qi  — > Q2  > Qz  H ► . . . such  that  the  cones  of  the  transition  maps  are 
direct  sums  of  shifts  of  E.  Arguing  by  induction  we  see  that  Qn  £ V for  all  n and 
finally  that  Q is  in  V.  Thus  (1)  is  true.  □ 
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0A9U  Lemma  45.28.3.  Let  f : X — X Y be  a perfect  proper  morphism  of  Noetherian 


schemes.  The  map  (45.25.0.1)  is  an  isomorphism  for  every  object  K of  DQCoh(Oy). 


Proof.  By  Lemma  |45.28.1|  we  know  that  a commutes  with  direct  sums.  Hence 
the  collection  of  objects  of  D QCoh{Oy)  for  which  ( 45.25.0. i|)  is  an  isomorphism  is 
a strictly  full,  saturated,  triangulated  subcategory  of  D QCohifRy)  which  is  more- 
over preserved  under  taking  direct  sums.  Since  DQCoh(Oy)  is  a module  category 
(Derived  Categories  of  Schemes,  Theorem  35.17.3)  generated  by  a single  perfect 
object  (Derived  Categories  of  Schemes,  Theorem  35.14.3)  we  can  argue  as  in  More 


on  Algebra,  Remark  15.49.11  to  see  that  it  suffices  to  prove  (45.25.0.1)  is  an  iso- 


morphism for  a single  perfect  object.  However,  the  result  holds  for  perfect  objects, 
see  Lemma  T45.25.  II  □ 


The  following  lemma  shows  that  the  base  change  map  (45.23.0.1 ) is  an  isomorphism 


for  flat  proper  morphisms.  We  will  see  in  Example  45.30.2  that  this  does  not  remain 
true  for  perfect  proper  morphisms. 

0AAB  Lemma  45.28.4.  Let  f : X — x Y be  a flat  proper  morphism  of  Noetherian 
schemes.  Let  g : Y'  — x Y be  a morphism  with  Y'  Noetherian.  Then  the  base 


change  map  (45.23.0.1)  is  an  isomorphism  for  all  K £ DQCohiPx)- 


Proof.  By  Lemma  45.28.2  formation  of  the  functors  a and  a1  commutes  with  re- 
striction to  opens  of  Y and  Y' . Hence  we  may  assume  Y'  — x Y is  a morphism  of 
affine  schemes.  In  this  case  the  statement  follows  from  Lemma [45.23.1 1 □ 


0B6S  Remark  45.28.5.  Let  / : X — X Y be  a flat  proper  morphism  of  Noetherian 
schemes.  Let  a be  the  adjoint  of  Lemma 


45.22.1 


for  /.  In  this  situation,  u>x, Y = 


a(Oy ) is  sometimes  called  the  relative  dualizing  complex.  By  Lemma  45.28.3  there  is 
a functorial  isomorphism  a(K)  = Lf*K®Qxuv*x,Y  for  K G DQCoh(Oy).  Moreover, 
the  trace  map 


of  Section 
diagram 


45.24 


Tr ftoY  '■  Rf*U*x/y  ->  Oy 

induces  the  trace  map  for  all  K in  DQCoh{Oy).  More  precisely  the 


RfMK ) 


Rf.(Lf*K®%x  u'x/Y) 


Tr 


K 


f,K 


1 K 


idic®Trf  0 

Rf^x/y - K 


where  the  equality  on  the  lower  right  is  Derived  Categories  of  Schemes,  Lemma 


35.18.1  If  g : Y'  —>  Y is  a morphism  of  Noetherian  schemes  and  X'  = Y'  Xy  A, 
then  by  Lemma  45.28.4  we  have  u>x, /Y,  = L(g')*u>Y^Y  where  g'  : X'  — > X is  the 


projection  and  by  Lemma |45.24T] the  trace  map 

Tr f,oY,  '■  Rflux'/y  ®Y' 


for  f':X'—>  Y'  is  the  base  change  of  Tr f oY  via  the  base  change  isomorphism. 
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45.29.  Right  adjoint  of  pushforward  for  effective  Cartier  divisors 


Let  A be  a scheme  and  let  i : D — ► X be  the  inclusion  of  an  effective  Cartier 


divisor.  Denote  A f = i*Ox(D)  the  normal  sheaf  of  i,  see  Morphisms,  Section  28.32 
and  Divisors,  Section  30.11|  Recall  that  RRom{On,  — ) denotes  the  right  adjoint  to 
i,  : D(Od ) — > D(Ox)  and  has  the  property  i^RTLomlOr,,  — ) = RHom^i^On,  —), 
see  Section  145.261 

Lemma  45.29.1.  As  above , let  X be  a scheme  and  let  D C X be  an  effective 
Cartier  divisor.  There  is  a canonical  isomorphism  RTLom(OD,Ox)  = A/"[—  1]  in 
D{Od). 

Proof.  Equivalently,  we  are  saying  that  RTLom{0 d , O x)  has  a unique  nonzero 
cohomology  sheaf  in  degree  1 and  that  this  sheaf  is  isomorphic  to  A f.  Since  **  is 
exact  and  fully  faithful,  it  suffices  to  prove  that  i^RRom^D^Ox)  is  isomorphic 


to  i*J\f[—  1].  We  have  iitR'Hom(Ojo,Ox ) = RRom(i^Ou,  Ox)  by  Lemma  45.26.3 
We  have  a resolution 

0 — ^ T — )■  Ox  i*On  ~ t 0 

where!  is  the  ideal  sheaf  of  D which  we  can  use  to  compute.  Since  RRom(0  x , Ox)  = 
Ox  and  RRom(l,Ox)  = Ox{D)  by  a local  compilation,  we  see  that 

RRom(itODiOx)  = ( Ox  — > Ox(D)) 

where  on  the  right  hand  side  we  have  Ox  in  degree  0 and  Ox(D)  in  degree  1.  The 
result  follows  from  the  short  exact  sequence 

0 hOi-)  Ox(D)  -a-  i*J\f  -rt  0 

coming  from  the  fact  that  D is  the  zero  scheme  of  the  canonical  section  of  Ox{D) 
and  from  the  fact  that  J\f  = i*Ox{D).  □ 

For  every  object  I\  of  D{Ox)  there  is  a canonical  map 

(45.29.1.1)  Li*K<gfeD  RRom{0DlOx)  — > RRomiOo,  K) 

functorial  in  K and  compatible  with  distinguished  triangles.  Namely,  this  map  is 
adjoint  to  a map 

i*(Li*K®%D  RRom(0 D , O x))  = K ®ox  RHom(i*0D,Ox ) — ► K 

where  the  equality  is  Cohomology,  Lemma  20.43.4|  and  the  arrow  comes  from  the 


canonical  map  RTlom(i*OD,Ox)  —>  Ox  induced  by  Ox  -A  i*Oo- 


If  Kg  T>QCohfQx ),  then  (45.29.1.1)  is  equal  to  (45.25.0.1)  via  the  identification 
a(K)  = RHom(OD,  K)  of  Lemma  45.26.6  If  K £ DQCoh(Ox)  and  X is  Noether- 
ian,  then  the  following  lemma  is  a special  case  of  Lemma  [45. 28.3| 

Lemma  45.29.2.  As  above,  let  X be  a scheme  and  let  D C X be  an  effective 


Cartier  divisor.  Then  (4  5.29.1.1)  combined  with  Lemma  45-29.1  defines  an  iso- 
morphism 


Li  K ( 

functorial  in  K in  D(Ox)- 


, A/"[— 1]  — ► RRom{0D,K) 


Proof.  Since  i*  is  exact  and  fully  faithful  on  modules,  to  prove  the  map  is  an 
isomorphism,  it  suffices  to  show  that  it  is  an  isomorphism  after  applying  i*.  We 
will  use  the  short  exact  sequences  0 — >•  X — > Ox  — > i*Ojj  — ► 0 and  0 — > Ox  — t 
Ox(D)  i*J\f  0 used  in  the  proof  of  Lemma  45.29.1  without  further  mention. 
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By  Cohomology,  Lemma  20.43.4  which  was  used  to  define  the  map  (45.29.1.11  the 
left  hand  side  becomes 


K ( 


*JV[-1]  = K ®%x  (Ox  -A  Ox(D)) 


The  right  hand  side  becomes 

R'Homox(i*Ou,K)  = RHomox((l  — A Ox),K ) 

= RTLomoxdl  —A  Ox), Ox)  ®ox  K 

the  final  equality  by  Cohomology,  Lemma [20. 41.11[  Since  the  map  comes  from  the 
isomorphism 

RT-U)mox((l  —a  Ox),  Ox)  = ( Ox  — > Ox(D)) 

the  lemma  is  clear.  □ 


45.30.  Right  adjoint  of  pushforward  in  examples 


0BQV  In  this  section  we  compute  the  right  adjoint  to  pushforward  in  some  examples. 

The  isomorphisms  are  canonical  but  only  in  the  weakest  possible  sense,  i.e. , we  do 
not  prove  or  claim  that  these  isomorphisms  are  compatible  with  various  operations 
such  as  base  change  and  compositions  of  morphisms.  There  is  a huge  literature  on 
these  types  of  issues;  the  reader  can  start  with  the  material  in  |Har66| . |Con00j 
(these  citations  use  a different  starting  point  for  duality  but  address  the  issue  of 
constructing  canonical  representatives  for  relative  dualizing  complexes)  and  then 
continue  looking  at  works  by  Joseph  Lipman  and  collaborators. 


0A9W 


Lemma  45.30.1.  Let  Y be  a Noetherian  scheme.  Let  8 be  a finite  locally  free 
Oy -module  of  rank  n + 1 with  determinant  C = An+1(£).  Let  f : X = P(f ) -A  Y 
be  the  projection.  Let  a be  the  right  adjoint  for  Rf * : D QCoh(Ox)  —A  D QCoh(Oy) 
of  Lemma\f5 ,22~1\  Then  there  is  an  isomorphism 

c : f* C(—n  - l)[n]  — a a(Oy) 

In  particular,  if  £ = Oyn+l , then  X = Py  and  we  obtain  a(Oy)  = Ox(—n  — l)[n]. 


Proof.  In  (the  proof  of)  Cohomology  of  Schemes,  Lemma  29.8. 4| we  constructed  a 
canonical  isomorphism 


RnU(fC.(-n-l))-^0Y 

Moreover,  i?/*(/*£(— n — l))[n]  = Rnf*(f*C(— n — 1)),  i.e.,  the  other  higher  direct 
images  are  zero.  Thus  we  find  an  isomorphism 


Rf*(f* £(—n  — l)[n])  — A Oy 

This  isomorphism  determines  c as  in  the  statement  of  the  lemma  because  a is 
the  right  adjoint  of  Rf*.  By  Lemma  45.22.9  construction  of  the  a is  local  on  the 
base.  In  particular,  to  check  that  c is  an  isomorphism,  we  may  work  locally  on 
Y.  In  other  words,  we  may  assume  Y is  affine  and  £ = Oyn+1 . In  this  case  the 
sheaves  Ox,  Ox(— 1),  ■ • • , Ox(— n)  generate  DQc0h(X),  see  Derived  Categories  of 
Schemes,  Lemma  35.15.3  Hence  it  suffices  to  show  that  c : O x(~n—l)[n]  —A  a(0Y) 
is  transformed  into  an  isomorphism  under  the  functors 


Fi,P(~)  = Horn D(ox)(Ox(i),  (-)M) 
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OAAC 


OBQW 


OBQX 


OBQY 


for  i £ {— n,  • ■ ■ , 0}  and  p £ Z.  For  FotP  this  holds  by  construction  of  the  arrow  c! 
For  i £ {— n, . . . , —1}  we  have 

Horn D(Ox)(Ox(i),0x(-n  - 1 )[n+p\)  = Hp(X,Ox(-n  - 1 - *))  = 0 
by  the  computation  of  cohomology  of  projective  space  (Cohomology  of  Schemes, 


Lemma  29.8.1)  and  we  have 


Horn  D(ox){Ox{i),a(0Y)\p])  = KomD(oY)(Rf*Ox(i),0Y\p])  = 0 

because  Rf*Ox(i)  = 0 by  the  same  lemma.  Hence  the  source  and  the  target  of 
Fi  p(c)  vanish  and  Fip(c)  is  necessarily  an  isomorphism.  This  finishes  the  proof.  □ 


Example  45.30.2.  The  base  change  map  (45.23.0.1)  is  not  an  isomorphism  if  / 


is  perfect  proper  and  g is  perfect.  Let  k be  a field.  Let  Y = Af,  and  let  / : A'  — > Y 
be  the  blow  up  of  Y in  the  origin.  Denote  E C X the  exceptional  divisor.  Then 
we  can  factor  / as 

X 4 Py  4 Y 

This  gives  a factorization  a = c o b where  a,  b , and  c are  the  right  adjoints  of 

Denote  G(n)  the  Serre  twist  of  the  structure 


and  Ri » 


Lemma  45.22.1  of  i?/*,  Rp *, 
sheaf  on  Py  and  denote  Ox(n ) its  restriction  to  X.  Note  that  X C 


out  by  a degree  one  equation,  hence  O(X)  = 0(1).  By  Lemma  45.30.1  we  have 
b(Oy)  = 0(— 2) [1] . By  Lemma [45.26  (6]  we  have 


Py  is  cut 


a(Oy)  = c(b(Oy ))  = c(0(-2)[l])  = RHom(Ox,0(- 2)[1])  = Ox(~  1) 

Let  Y'  = Spec (k)  be  the  origin  in  Y . 


Last  equality  by  Lemma  45.29.2  Let  Y'  = Spec (k)  be  the  origin  in  Y.  The 
restriction  of  a(Oy)  to  X'  = E = Pjf,  is  an  invertible  sheaf  of  degree  —1  placed  in 
cohomological  degree  0.  But  on  the  other  hand,  a'  (Ospec{k))  = Oe(~ 2) [1]  which  is 
an  invertible  sheaf  of  degree  —2  placed  in  cohomological  degree  —1,  so  different.  In 
this  example  (4)  is  the  only  hypothesis  of  Lemma  45.23.1|  which  is  violated. 


Lemma  45.30.3.  Let  Y be  a ringed  space.  Let  X C Oy  be  a sheaf  of  ideals. 
Set  Ox  = Oy /X  and  Af  = RomoY(I/I2,Ox).  There  is  a canonical  isomorphism 
c:AT  -+£xt1OY(Ox,Ox). 

Proof.  Consider  the  canonical  short  exact  sequence 
(45.30.3.1)  0 ->  I/I2  ->•  Oy/ 12  -)•  Ox  0 

Let  U C X be  open  and  let  s £ Af(U).  Then  we  can  pushout  ( 45.30.3. lj)  via  s 
to  get  an  extension  Es  of  Ox\u  by  Ox\u-  This  in  turn  defines  a section  c(s)  of 
£xtlQY(Ox,Ox)  over  U.  See  Cohomology,  Lemma 
Lemma  |13. 27. 6[  Conversely,  given  an  extension 

0 ->  Ox\u  ->  £ ->  Ox\u  ->  0 

of  Oy-modules,  we  can  Hnd  an  open  covering  U = (J  Ui  and  sections  d £ £(Ui) 
mapping  to  1 £ Ox(Ui).  Then  a defines  a map  Oy\ut  ->  £\ut  whose  kernel 
contains  I2.  In  this  way  we  see  that  £\ jji  comes  from  a pushout  as  above.  This 
shows  that  c is  surjective.  We  omit  the  proof  of  injectivity.  □ 

Lemma  45.30.4.  Let  Y be  a ringed  space.  Let  I C Oy  be  a sheaf  of  ideals.  Set 


20.35.1 


and  Derived  Categories, 


Ox  = Oy  /X.  IfX  is  Koszul-regular  (Divisors,  Definition  30.17.2 ) then  composition 
on  RTLom(Ox,Ox)  defines  isomorphisms 

A ‘(firt^^.Ox))  — ► £xF0y(Ox,Ox) 
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for  all  i. 


Proof.  By  composition  we  mean  the  map 

RRom(Ox,Ox)  ®ov  RRom(Ox,Ox)  — ► RRom(Ox,Ox ) 

of  Cohomology,  Lemma |20. 35. 6[  This  induces  multiplication  maps 

SxtaOY(Ox,Ox)  ®oY  SxtbOY(Ox,Ox)  — ► £xta+Yb(Ox,Ox) 

Please  compare  with  More  on  Algebra,  Equation  ( 15.53.0.1]).  The  statement  of  the 
lemma  means  that  the  induced  map 


£xt1OY(Ox,Ox) 


' £xt1oY (Ox,  Ox)  — > £x£0y  (Ox,  Ox) 


factors  through  the  wedge  product  and  then  induces  an  isomorphism.  To  see  this 
is  true  we  may  work  locally  on  Y . Hence  we  may  assume  that  we  have  global  sec- 
tions f\, ... . fr  of  Oy  which  generate  I and  which  form  a Koszul  regular  sequence. 
Denote 

A = Oy(£, i,  ■ ■ ■ ,£r) 

the  sheaf  of  strictly  commutative  differential  graded  CV-algebras  which  is  a (divided 
power)  polynomial  algebra  on  £i, . . . ,£r  in  degree  —1  over  Oy  with  differential  d 
given  by  the  rule  d£j  = /,;.  Let  us  denote  A * the  underlying  complex  of  (Dy-modules 
which  is  the  Koszul  complex  mentioned  above.  Thus  the  canonical  map  A * — > Ox 
is  a quasi-isomorphism.  We  obtain  quasi-isomorphisms 


RMom(Ox,Ox)  -A  Rom* (A’,  A*)  -A  Rom*(A*,Ox) 

by  Cohomology,  Lemma  [20.38.9[  The  differentials  of  the  latter  complex  are  zero, 
and  hence 

£xtiOY(Ox,Ox)  = Rom(A-\Ox) 

For  j £ {1, . . . , r}  let  Sj  : A — > A be  the  derivation  of  degree  1 with  6j(£i)  = 5ij 
(Kronecker  delta).  A computation  shows  that  Sj  od  = — do<5j  which  shows  that  we 
get  a morphism  of  complexes. 


Sj  -.Am-*A*[1]. 

Whence  Sj  defines  a section  of  the  corresponding  £xt- sheaf.  Another  computation 
shows  that  <Ji, . . . , Sr  map  to  a basis  for  Rom(A~1  ,Ox)  over  Ox-  Since  it  is  clear 
that  Sj  o Sj  =0  and  Sj  o 5j>  = — Sj > o Sj  as  endomorphisms  of  A and  hence  in 
the  firf-sheaves  we  obtain  the  statement  that  our  map  above  factors  through  the 
exterior  power.  To  see  we  get  the  desired  isomorphism  the  reader  checks  that  the 
elements 

Sj,  o . . . ° Sjz 

for  ji  < ...  < ji  map  to  a basis  of  the  sheaf  Rom(A~l,0, \)  over  Ox-  □ 


OBQZ  Lemma  45.30.5.  Let  Y be  a ringed  space.  Let  X C Oy  be  a sheaf  of  ideals. 
Set  Ox  = Oy  /I  and  Af  = RomoY(X/X2 , Ox)  ■ If  X is  Koszul-regular  (Divisors, 
Defjnition\3 0.1X2)  then 

RRom(Ox,Oy)  = RrAf[r] 


where  r :Y  {1,  2,  3, . . .}  sends  y to  the  minimal  number  of  generators  ofX  needed 
in  a neighbourhood  of  y. 
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Proof.  We  can  use  Lemmas |45.30.3| and |45.30.4| to  see  that  we  have  isomorphisms 
AZA f —$■  SxtlOY  (Ox,  Ox)  for  i > 0.  Thus  it  suffices  to  show  that  the  map  Oy  — ► Ox 
induces  an  isomorphism 


SxtroY  (°x  ,Oy ) — > £xtrOY  {Ox , Ox ) 


and  that  £xt'OY(0  x,Oy)  is  zero  for  i^r.  These  statements  are  local  on  Y . Thus 
we  may  assume  that  we  have  global  sections  fi, . . . , fr  of  Oy  which  generate  X and 
which  form  a Koszul  regular  sequence.  Let  A*  be  the  Koszul  complex  on  /i, . . . , fr 
as  introduced  in  the  proof  of  Lemma  |45.30.4|  Then 


RRom(Ox,Oy)=Rom*(A',Oy) 


by  Cohomology,  Lemma  20.38.9 
map  of  A0  = Oy 


Denote  1 G H° {Horn* (A* , Oy))  the  identity 


Oy.  With  Sj  as  in  the  proof  of  Lemma  45.30.4  we  get  an 


isomorphism  of  graded  CV-moclules 


Oy{61,...,6r)  — > 'Horn*  {A* , Oy ) 


by  mapping  Sj,  . . . 5ji  to  1 o Sj,  o . . . o Sj,  in  degree  i.  Via  this  isomorphism  the 
differential  on  the  right  hand  side  induces  a differential  d on  the  left  hand  side.  By 
our  sign  rules  we  have  d(l)  = — ^ZfjSj.  Since  Sj  : A*  -A  «4*[1]  is  a morphism  of 
complexes,  it  follows  that 

Observe  that  we  have  d = ^ fjSj  on  the  differential  graded  algebra  A.  Therefore 
the  map  defined  by  the  rule 


loSji...  Sjt  i — » (Sj±  o...o  Sjjfa  ...&) 
will  define  an  isomorphism  of  complexes 


'Hom'{A%,Oy ) ->A*[-r] 


if  r is  odd  and  commuting  with  differentials  up  to  sign  if  r is  even.  In  any  case 
these  complexes  have  isomorphic  cohomology,  which  shows  the  desired  vanishing. 
The  isomorphism  on  cohomology  in  degree  r under  the  map 

T-Lom*  (A* , Oy)  — > Rom* {A* , O x) 

also  follows  in  a straightforward  manner  from  this.  (We  observe  that  our  choice 
of  conventions  regarding  Koszul  complexes  does  intervene  in  the  definition  of  the 
isomorphism  RRom{Ox,Oy)  = ArW[r].)  □ 


0BR0  Lemma  45.30.6.  Let  Y be  a quasi-compact  and  quasi-separated  scheme.  Let 
i : X -A  Y be  a Koszul-regular  immersion.  Let  a be  the  right  adjoint  of  Ri * : 
L>QGoh(Ox ) 


D QCoh(Oy)  as  in  Lemma  j5.‘, 
ArA/’[— r]  — > a 


2.1 


Then  there  is  an  isomorphism 


{Oy) 


where  N = Romox  {C-y/x,  Ox)  is  the  normal  sheaf  of  i (Morphisms,  Section  28.32) 
and  r is  its  rank  viewed  as  a locally  constant  function  on  X . 


Proof.  Recall,  from  Lemmas  45.26.6  and  45.26.3 


DQCoh  (Ox)  whose  pushforward  to  Y is  RRom^^O 
lows  from  Lemma  [45.30.51 


that  a(Oy)  is  an  object  of 
x,  Oy).  Thus  the  result  fol- 

□ 
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OBRT  Lemma  45.30.7.  Let  Y be  a Noetherian  scheme.  Let  f : X — ► Y be  a smooth 
proper  morphism  of  relative  dimension  d.  Let  a be  the  right  adjoint  of  Rf * : 
L>QCoh(Ox ) 


D QCoh(Oy)  as  in  Lemma  45. 

hdLlx/s[d]  — > 


2.1 


Then  there  is  an  isomorphism 


a(0Y) 


in  D(Ox). 


Proof.  Consider  the  cartesian  square 

X — 


■X  XcX 


V 

X 


Let  b denote  the  right  adjoint  of  Rq * : DQCoh{0. \xsx)  — > DQCohiPx)  as  in  Lemma 
45.22.1  By  Lemma  45.28.4  we  have  an  isomorphism  b(Ox)  = Lp*a(Os).  Let  c 
denote  the  right  adjoint  of  i?A*  : DQCoh(Ox ) — > L)QCoh{Oxxsx ) as  in  Lemma 
45.22.1  Applying  c we  obtain  Ox  = c{b(Ox ))  = c(Lp*a{Os))-  The  first  equality 


because  q o A = idx  and  uniqueness  of  adjoints. 

Because  A is  the  diagonal  of  a smooth  morphism  it  is  a Koszul-regular  immersion, 


see  Divisors,  Lemma  30.19.10  In  particular,  A is  a perfect  proper  morphism  (More 
on  Morphisms,  Lemma  36.43.7)  and  we  obtain 


c(Lp*a(Os))  = LA* Lp*a(Os)  ®%x  c(0Xxsx) 

= a(Os)  ®ox  c(®xxsx) 

= a(Os)  ® Ad(WA)M 
The  first  equality  by  Lemma  |45.28.3|  The  second  equality  because  p o A = idx . 


The  third  equality  by  Lemma  |45.30.6|  Observe  that  A“(Aa)  is  an  invertible  Ox- 
module.  Hence  Ad(A/A)[— d\  is  an  invertible  object  of  D{Ox ) and  we  conclude  that 
a{Os)  = /\d(CA)[d].  Since  the  conormal  sheaf  C\  of  <5  is  Llx/s  by  Morphisms, 
Lemma  |28.33.7|  the  proof  is  complete.  □ 

OBRU  Remark  45.30.8.  The  use  of  the  diagonal  morphism  in  the  proof  of  Lemma 
45.30.7  is  not  an  accident.  In  fact,  if  / : X -A  S is  a proper  flat  morphism  of 


Noetherian  schemes  with  relative  dualizing  complex  oj*x,s  (Remark  45.28.5),  then 
a slight  modification  of  the  argument  shows  that  we  have  an  isomorphism 


: (-bpr l^x/s  ®Oxxsx  -bpr2 ^*x/s) 


Ux/S  = c [f'P'-'lUx/S  ' 

where  c is  the  right  adjoint  to  R A*.  Thus  our  relative  dualizing  complex  is  rigid  in 
a sense  analogous  to  the  notion  introduced  in  |vdB97|.  Namely,  since  the  functor 
on  the  right  is  “quadratic”  in  oj^/s  and  the  functor  on  the  left  is  “linear”  this  “pins 
down”  the  complex  to  some  extent.  There  is  an  approach  to  duality  theory 

using  “rigid”  (relative)  dualizing  complexes,  see  for  example  [Nee  EE],  |Yekinj.  and 
IYZ09I. 


45.31.  Compactifications 

0ATT  We  interrupt  the  flow  of  the  arguments  for  a little  bit  of  geometry. 

Let  S'  be  a quasi-compact  and  quasi-separated  scheme.  We  will  say  a scheme  A' 
over  S has  a compactification  over  S if  there  exists  an  open  immersion  A'  — > X 
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into  a scheme  X proper  over  S.  If  X has  a compactification  over  S,  then  X — > S 
is  separated  and  of  finite  type.  It  is  a theorem  of  Nagata  (see  |Lut93j.  [Con07b]. 
|Nag56|,  |Nag57a|,  |Nag62a]  , and  |Nag63|)  that  the  converse  is  true  as  well  (we 
will  give  a precise  statement  and  a proof  if  we  ever  need  this  result). 


Let  S be  a quasi-compact  and  quasi-separated  scheme.  Let  X be  a scheme  over 
S.  The  category  of  compactifications  of  X is  the  category  whose  objects  are  open 
immersions  j : X — ► X over  S with  X S proper  and  whose  morphisms  (j  : X -A 
x')  — ► (j  : X — > X)  are  morphisms  / : X — > X such  that  / o j'  = j. 

OATU  Lemma  45.31.1.  Let  S be  a quasi-compact  and  quasi- separated  scheme.  Let  X 
be  a compactifyable  scheme  over  S.  The  category  of  compactifications  of  X over  S 
is  cofiltered. 


Proof.  We  have  to  check  conditions  (1),  (2),  (3)  of  Categories,  Definition  4.20.1 


Condition  (1)  holds  exactly  because  we  assumed  that  X is  compactifyable.  Let 
ji  : X — * Xi,  i = 1, 2 be  two  compactifications.  Then  we  can  consider  the  scheme 
theoretic  closure  X of  (ji,j2)  : X — > X\  xg  X2.  This  determines  a third  compact- 
ification j : X — > X which  dominates  both  jp 


(X,  X\)  ^ (X,  X) (X,  X2) 


Thus  (2)  holds.  Let  f\,  f2  : Xi  — » X2  be  two  morphisms  between  compactifications 
ji  : X — > Xi , i = 1,2.  Let  X C X±  be  the  equalizer  of  fi  and  f2.  As  X2  — > S 
is  separated,  we  see  that  X is  a closed  subscheme  of  X\  and  hence  proper  over  S. 
Moreover,  we  obtain  an  open  immersion  X — > X because  f\  \ x = f2\x  = id.Y-  The 
morphism  (X  — > X)  — > (ji  : X — > Xi)  given  by  the  closed  immersion  X — > X\ 
equalizes  /1  and  f2  which  proves  condition  (3)  and  finishes  the  proof.  □ 


We  can  also  consider  the  category  of  all  compactifications  (for  varying  X).  It 
turns  out  that  this  category,  localized  at  the  set  of  morphisms  which  induce  an 
isomorphism  on  the  interior  is  equivalent  to  the  category  of  compactifyable  schemes 
over  S. 


0A9Z  Lemma  45.31.2.  Let  S be  a quasi-compact  and  quasi-separated  scheme.  Let 
f : X — ► Y be  a morphism  of  schemes  over  S with  Y separated  and  of  finite  type 
over  S and  X compactifyable  over  S . Then  X has  a compactification  over  Y . 


Proof.  Let  / : X — > Y be  a morphism  of  schemes  over  S with  Y separated  and 
of  finite  type  over  S.  Let  j : X — ► X be  a compactification  of  X over  S.  Then 
we  let  X be  the  scheme  theoretic  image  of  (j, /)  : X — ► X Xg  Y . The  morphism 


X — ► Y is  proper  because  X Xg  Y — > Y is  proper  as  a base  change  of  X — > S.  On 
the  other  hand,  since  Y is  separated  over  S , the  morphism  (1,  /)  : X — ► X Xg  Y 
is  a closed  immersion  (Schemes,  Lemma  25.21.11)  and  hence  X — ► X'  is  an  open 
immersion.  □ 


Let  S'  be  a quasi-compact  and  quasi-separated  scheme.  We  define  the  category  of 
compactifications  to  be  the  category  whose  objects  are  pairs  (X,  X)  where  X is  a 
scheme  proper  over  S and  X C X is  a quasi-compact  open  and  whose  morphisms 
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are  commutative  diagrams 


of  morphisms  of  schemes  over  S. 

OATV  Lemma  45.31.3.  Let  S be  a quasi- compact  and  quasi-separated  scheme.  The 

collection  of  morphisms  ( u,u ) : ( X',X  ) — » (X,  X)  such  that  u is  an  isomorphism 
forms  a right  multiplicative  system  (Categories,  Definition  4.26.1)  of  arrows  in  the 
category  of  compactifications. 


Proof.  Axiom  RMS1  is  trivial  to  verrify.  Let  us  check  RMS2  holds.  Suppose  given 
a diagram 

(■ X’,X ') 

( u,u ) 

_ v 

(f,f)  

(y,  y)  -cAU  {x,  x) 

with  u : X'  — > X an  isomorphism.  Then  we  let  Y'  = Y Xx  X'  with  the  projection 
map  v : Y'  —>  Y (an  isomorphism).  We  also  set  Y =Yx^-X  with  the  projection 
map  v : Y — > Y It  is  clear  that  Y’  -a  Y is  an  open  immersion.  The  diagram 

(Y>,Y')—^(X',x') 

(9,9) 

(v,v)  (u,u) 

— Y 

(Y,Y)  {fJ)».(X,X) 


shows  that  axiom  RMS2  holds. 

Let  us  check  RMS3  holds.  Suppose  given  a pair  of  morphims  (/,  /),  ( g , g)  : ( X , A')  — » 
(Y,  Y)  of  compactifications  and  a morphism  (v,  v)  : (Y,  Y)  -A  (Yr,  Y ) such  that  v is 
an  isomorphism  and  such  that  (v,v)  o (/,  /)  = (v,v)  o (g,g).  Then  / = g.  Hence  if 
we  let  X'  C X be  the  equalizer  of  / and  g , then  (u,  u ) : (X,  X')  (A,  X)  will  be  a 

morphism  of  the  category  of  compactifications  such  that  (/,  f)o(u,  u ) = (g,  g)o(u,  u) 
as  desired.  □ 


OATW 


Lemma  45.31.4.  Let  S be  a quasi-compact  and  quasi-separated  scheme.  The 
functor  (X,X)  ha  X defines  an  equivalence  from  the  category  of  compactifications 
localized  (Categories,  Lemma  4-26.11)  at  the  right  multiplicative  system  of  Lemma 


45.31.S\  to  the  category  of  compactifyable  schemes  over  S . 


Proof.  Denote  C the  category  of  compactifications  and  denote  Q : C — > C the 
localization  functor  of  Categories,  Lemma|4.26.16|  Denote  V the  category  of  com- 
pactifyable schemes  over  S.  It  is  clear  from  the  lemma  just  cited  and  our  choice 
of  multiplicative  system  that  we  obtain  a functor  C — > T>.  This  functor  is  clearly 
essentially  surjective.  If  / : X — ► Y is  a morphism  of  compactifyable  schemes,  then 
we  choose  an  open  immersion  Y — > Y into  a scheme  proper  over  S , and  then  we 
choose  an  embedding  X — > X into  a scheme  X proper  over  Y (possible  by  Lemma 
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45.31.2  applied  to  X — > Y).  This  gives  a morphism  (X,  X)  — ► (Y.  Y)  of  compactifi- 
cations  which  produces  our  given  morphism  X — > Y . Finally,  suppose  given  a pair 
of  morphisms  in  the  localized  category  with  the  same  source  and  target:  say 

o = ((/,/)  : (X'X)  (Y,Y),(u,u)  : (X',jt)  -+  (X,X)) 

and 

b = ((< g,g)  : (X",x")  -t  (Y,Y),  (v,v)  : (X",x")  (X,X)) 

which  produce  the  same  morphism  X — > Y over  S,  in  other  words  /om_1  = g or-1. 
By  Categories,  Lemma  4.26.13  we  may  assume  that  (X',X  ) = (X",X  ) and 
(u,u)  = (v,v).  In  this  case  we  can  consider  the  equalizer  X C X of  / and 
g.  The  morphism  (w,w)  : (X',X  ) — ► (X',X  ) is  in  the  multiplicative  subset  and 
we  see  that  a = b in  the  localized  category  by  precomposing  with  (w,w). 

45.32.  Upper  shriek  functors 


□ 


0A9Y 


In  this  section,  we  construct  the  functors  /'  for  morphisms  between  compactifyable 
schemes  over  a fixed  Noetherian  base.  As  is  customary  in  coherent  duality,  there 
are  a number  of  diagrams  that  have  to  be  shown  to  be  commutative.  We  suggest 
the  reader,  after  reading  the  construction,  skips  the  verification  of  the  lemmas 
and  continues  to  the  next  section  where  we  discuss  properties  of  the  upper  shriek 
functors. 

Given  a morphism  / : X — > Y of  compactifyable  schemes  over  a Noetherian  base 
scheme  S,  we  will  define  an  exact  functor 


f:D+ 


QCoh 


(Oy) 


n+ 

UQCoh 


{Ox) 


of  triangulated  categories.  Namely,  we  choose  a compactification  X — > X over  Y 

Denote  / : X — ► Y the  structure  morphism. 


45.31.2 


which  is  possible  by  Lemma 
Let  a : D qc0}i{Oy)  — > DQCoh{Oj^)  be  the  right  adjoint  of  Rf*  constructed  in 
Lemma T45. 22. II  Then  we  set 

f-K  = a(K)\x 

for  K £ D~QCoh(OY)-  The  result  is  an  object  of  D^jCofSPx)  by  Lemma 


45.22.5 


OAAO 


Lemma  45.32.1.  Let  f : X — >■  Y be  a morphism  between  compactifyable  schemes 
over  a Noetherian  scheme  S.  The  functor  f ! is,  up  to  canonical  isomorphism, 
independent  of  the  choice  of  the  compactification. 

Proof.  Consider  the  category  of  compactifications  of  X over  Y,  which  is  cofiltered 


according  to  Lemmas  45.31.1  and  45.31.2  To  every  choice  of  a compactification 

j:X^X,  J:X^Y 

the  construction  above  associates  the  functor  j*  o a : D~QCoh(OY ) — > DqCoIi(Ox) 
where  a is  the  right  adjoint  of  Rf  * constructed  in  Lemma 


45.22.1 


Supppose  given  a morphism  g : X\  — > A' 2 between  compactifications  ji  : X — ► Xj 
over  Y . Namely,  let  c be  the  right  adjoint  of  Lemma [45. 22. 1| for  g.  Then  cod2  = di 
because  these  functors  are  adjoint  to  Rf2  * o Rg * = R{f2  0 g)*-  By  (45.22.6.1 1 we 
have  a canonical  transformation 


Ji°c 


J2 
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45.22.9 


of  functors  D^Coh{0^2 ) — > DQCoh(Ox)  which  is  an  isomorphism  by  Lemma 
The  composition 

j*  ° Si  — > j{oco  a2  — t j2  ° S2 

is  an  isomorphism  of  functors  which  we  will  denote  by  ag. 

To  finish  the  proof,  since  the  category  of  compactifications  of  X over  Y is  cofiltered, 
it  suffices  to  show  compositions  of  morphisms  of  compactifications  of  X over  Y are 
turned  into  compositions  of  isomorphisms  of  functor^)  To  do  this,  suppose  that 
j3  : X — > X3  is  a third  compactification  and  that  h : X2  — » X3  is  a morphism 

for  h.  Then 


45.22.1 


of  compactifications.  Let  d be  the  right  adjoint  of  Lemma 
doa3  = a2  and  there  is  a canonical  transformation 

32  o d — > it 

of  functors  DJQCoh(P y3)  ^QCohi^x)  for  the  same  reasons  as  above.  Denote  e 

the  right  adjoint  of  Lemma|45.22.i1for  for  hog.  There  is  a canonical  transformation 


Ji°e 


■3  3 


^QCohi^x)  given  by  (45.22.6.11.  Spelling  things  out 


of  functors  D+Coh(0^3) 
we  have  to  show  that  the  composition 

ahoag  : j*  o ax  -S>  j*  o c o a2  -S>  j2  oa2->j%odoa3-*  j3  o a3 
is  the  same  as  the  composition 

a-hog  ■ j*  ° 3i  ->•  j*  o e o S3  ->•  j3  o a3 
We  split  this  into  two  parts.  The  first  is  to  show  that  the  diagram 


a0  '-  o a2 

Y J' 

e o a3 co  do  a3 


commutes  where  the  lower  horizontal  arrow  comes  from  the  identification  e = cod. 
This  is  true  because  the  corresponding  diagram  of  total  direct  image  functors 


Rf  1, 


R(hog)*oRf3jt 


Rg*  0 Rf2 


■ Rg * o Rh * o 


is  commutative  (insert  future  reference  here).  The  second  part  is  to  show  that  the 
composition 

j*  o c o d ->■  jl  o d ->■  j3 


is  equal  to  the  map 

3*i  0 e -t  it 

via  the  identification  e = c o d.  This  was  proven  in  Lemma 


45.23.2 


(note  that  in 


the  current  case  the  morphisms  f\g'  of  that  lemma  are  equal  to  idx). 


□ 


2Namely,  i f rv:,  fj  : F G are  morphisms  of  functors  and  7 : G — > H is  an  isomorphism  of 
functors  such  that  7 o a = 7 o (3,  then  we  conclude  a = (3. 
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OATX  Lemma  45.32.2.  Let  f : X — ► Y and  g : Y — ► Z be  composable  morphisms  be- 
tween compactifyable  schemes  over  a Noetherian  scheme  S.  Then  there  is  a canon- 
ical isomorphism  ( g o f)'  ->/!oj!. 


Proof.  Choose  a compactification  i : Y — > Y of  Y over  Z.  Choose  a compactifi 
cation  X — >•  X of  X over  Y . 
adjoint  of  Lemma 


45.22.1 


45.22.1 


45.31.2 


This  uses  Lemma 
for  X — ► Y and  let  b be  the  right  adjoint  of  Lemma 


twice.  Let  a be  the  right 


for  Y — > Z.  Then  a o b is  the  right  adjoint  of  Lemma 
position  X —>  Z.  Hence  g'  = jy  °b  and  (s  ° f)'  = (X  — > X) 


45.22.1 


for  the  com- 


ci  a o 6.  Let  U be  the 
inverse  image  of  Y in  X so  that  we  get  the  commutative  diagram 


X 

Y 

Z 


Let  a'  be  the  right  adjoint  of 
obtain 


Lemma  45.22.1  for  U — > Y.  Then  /■  = j* 


We 


7 : (/)* 


by  (45.22.6.1 ) and  we  can  use  it  to  define 


(g  ° /)’  = 3x  ° a ° b = J*  ° (/)*  oflo6->foa'ojyo6=/!oj! 


which  is  an  isomorphism  on  objects  of  D^Coh(Oz)  by  Lemma  45.22.9  To  finish 
the  proof  we  show  that  this  isomorphism  is  independent  of  choices  made. 


Suppose  we  have  two  diagrams 


We  can  first  choose  a compactification  i : Y — » Y of  Y over  Z which  dominates  both 


Y i and  Y 2 , see  Lemma  45.31.1  By  Lemma  45.31.3  and  Categories,  Lemmas  4.26.13 
and  4.26.14  we  can  choose  a compactification  X — ► X of  X over  Y with  morphisms 
X — > X\  and  X —>  X2  and  such  that  the  composition  X — ► Y — > Y \ is  equal  to  the 
composition  X — > Xi  —¥Y\  and  such  that  the  composition  X — > Y — > Y 2 is  equal 
to  the  composition  X — > X2  Y 2.  Thus  we  see  that  it  suffices  to  compare  the 


45.32.  UPPER  SHRIEK  FUNCTORS 


3062 


maps  determined  by  our  diagrams  when  we  have  a commutative  diagram  as  follows 


We  use  a*,  a',  c,  and  d for  the  right  adjoint  of  Lemma 
Xi  -A  X 2 . and  U\  — > U2.  Each  of  the  squares 


45.22.1 


for  Xi  -A  Y i,  Ui  -A  Y , 


X 


ux  u2 


x2  ux 


Xx  Y >■  Y1  X 


X 


u2 


Y 


Y 2 


Y 


Y i 


Y 


■y2 


X1 


A 

B 

c 

D 

E 

j 

! 

\ 

f ' 

X 


■x2 


gives  rise  to  a base  change  map  (45.22.6.1 1 as  follows 


7A  : j*  ° d j2  7 b ■ (j2)*  ° a2  -t  <4  o 7c  : 0i)*  °“i->  a'i  ° 

7u>  : o d -A  *2  7u  : O’l  ° Ji)*  ° c -t  (j2  o j2)* 

Denote /{  = Jioai,  = *i0&i>52  = i2°b2:  (gof)[  = (jioj1)*oaiofe1, 

and  (5  o f)'2  = (j!2  o j2)*  oa2ob2.  The  construction  given  in  the  first  paragraph  of 
the  proof  and  in  Lemma |45.32.1|  uses 

(1)  7 c for  the  map  ( g o f)[  -A  f[o  g[, 

(2)  7 B for  the  map  (g  ° f)2  ^ f2  ° g2, 

(3)  7 A for  the  map  /j  -t  /j, 

(4)  7c  for  the  map  g\  — > g2,  and 

(5)  7 E for  the  map  {g  ° f)[ (g  o f)'2. 

We  have  to  show  that  the  diagram 

(5°/)iu^(s°/)2 


J.I  | lAO'lD  ,1  | 

/i  0 5i **  Ji  0 52 


is  commutative.  We  will  use  Lemmas  45.23.2  and  45.23.3  and  with  (abuse  of) 
notation  as  in  Remark  45.23.4  (in  particular  dropping  * products  with  identity 
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transformations  from  the  notation).  We  can  write  7u  = 7a  ° 7 f where 

t/i ->A, 


■ a2 


V 

u2- 

Thus  we  see  that 

7b  ° 7e  = 7s  ° 7a  ° 7f  = 7a  ° 7s  ° 7 f 

the  last  equality  because  the  two  squares  A and  B only  intersect  in  one  point 
(similar  to  the  last  argument  in  Remark  45.23.4 1 . Thus  it  suffices  to  prove  that 
7o  ° 7c  = 7 b ° 7f-  Since  both  of  these  are  equal  to  the  map  (45.22.6.1)  for  the 
square 

U!  *X! 


Y 

Y 


Y 2 


we  conclude. 


□ 


OATY  Lemma  45.32.3.  Let  S be  a Noetherian  scheme.  The  constructions  of  Lemmas 
\45.32. 1\  and  145.32.21  define  a pseudo  functor  from  the  category  of  compactifyable 
schemes  over  S into  the  2-category  of  categories  (see  Categories,  Definition  4-28.5). 


Proof.  To  show  this  we  have  to  prove  given  morphisms  / : X 
h : Z -A  T that 


Y,  g : Y 


(hogo  f)[ 


1 B + C 


1A+B 


f ° {hog)1 


1C 


{go  f)'  °h'- 


-f'  1 7 ' 

■ f og  °h- 


is  commutative  (for  the  meaning  of  the  7’s,  see  below).  To  do  this  we  choose  a 
compactihcation  Z of  Z over  T,  then  a compactification  Y of  Y over  Z , and  then 
a compactification  A of  A over  Y.  This  uses  Lemma  45.31.2  thrice.  Let  W C Y 


be  the  inverse  image  of  Z under  Y — )■  Z and  let  U C V C A be  the  inverse  images 
of  Y C W under  A — » Y . This  produces  the  following  diagram 


A 


U 


V 


■A 


Y 


Y 


W 


Y 


Y 

Z 


z 


T 


T- 


Y 

T 


T 


Without  introducing  tons  of  notation  but  arguing  exactly  as  in  the  proof  of  Lemma 


45.32.2  we  see  that  the  maps  in  the  first  displayed  diagram  use  the  maps  (45.22.6.1 ) 


for  the  rectangles  A + B,  B + C,  A,  and  C as  indicated.  Since  by  Lemmas  45.23. 2| 
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and  45.23.3|  we  have  7 a+b  = 1a  0 1b  and  1b+c  = 7c  0 1b  we  conclude  that  the 
desired  equality  holds  provided  7a  0 7c  = 7c  0 7a-  This  is  true  because  the  two 
squares  A and  C only  intersect  in  one  point  (similar  to  the  last  argument  in  Remark 
45.23.41 . □ 


0B6T  Lemma  45.32.4.  Let  / : X -A  Y be  a morphism  between  compactifyable  schemes 
over  a Noetherian  scheme  S.  There  are  canonical  maps 

Hf,K  '■  Lf*K  <8>e>x  f'Oy  — > f'K 

functorial  in  K in  D~QCoh{Oy).  If  g : Y Z is  another  morphism  between  com- 
pactifyable schemes,  then  the  diagram 


Lf*{Lg*K  <8>q  g'Oz) 


%>x  f'Ov 


Lf*Lg*K  00 x Lf*g'Oz  ®%x  fOY 
commutes  for  all  K £ D~QCoh{Oz)- 


M/ 


Uf 


■ f\Lg*K  ®qy  g'Oz) 


fng 


f'g'K 


■ Lf*Lg*K  ( 


I /r\  ^ 9°f  pi  l js- 

f g Oz f g K 


Proof.  If  / is  proper,  then  /■  = a and  we  can  use  (45.25.0.1)  and  if  g is  also 


proper,  then  Lemma  45.25.4  proves  the  commutativity  of  the  diagram  (in  greater 
generality) . 

In  general,  choose  a compactihcation  j : X — ► X of  X over  Y . Since  /!  is  defined 


as  j*  o a we  obtain  pf  as  the  restriction  of  the  map  (45.25.0.1 ) 


Lf  K ■ 


L - 


(Oy)  — ► a(K) 


to  X.  To  see  this  is  independent  of  the  choice  of  the  compactihcation,  we  may 
assume  given  a morphism  g : X 1 X 2 between  compactihcations  ji  : X — > Xi 

over  Y.  But  now  we  know  that  the  maps 

Lf\K  ®Q_ai(CV)  — > ai (K)  and  Lf*2K  ®Q_a2(C)^)  — > d2(K) 

ht  into  a commutative  diagram  by  Lemma  |45.25.4|  with  two  other  maps  given  by 
pg  which  restrict  to  an  isomorphism  on  X by  Lemma  45.25.3  This  implies  the  two 


displayed  maps  above  restrict  to  the  same  map  on  the  open,  via  the  identification 
ai(K)\x  = d2(K)\x  used  in  the  definition  of  f \ Having  said  this,  the  commutativ- 


ity of  the  diagram  follows  from  the  construction  of  the  isomorphism  {go  f)' 
(first  part  of  the  proof  of  Lemma 


Lemma  145.2511  for  X — ► Y — >•  Z. 


45.32.2 


/I  l 

_ _ °9' 

using  A'  — > Y — > Z)  and  the  result  of 

□ 


45.33.  Properties  of  upper  shriek  functors 

OATZ  Here  are  some  properties  of  the  upper  shriek  functors. 

0AU0  Lemma  45.33.1.  Let  S be  a Noetherian  scheme.  Let  Y be  a compactifyable 
scheme  over  S and  let  j : X Y be  an  open  immersion.  Then  there  is  a canonical 
isomorphism  j'  = j*  of  functors. 

Proof.  In  this  case  we  may  choose  X = Y as  our  compactihcation.  Then  the  right 
adjoint  of  Lemma 


45.22.1 


for  id  : Y — > Y is  the  identity  functor  and  hence  j'  = j* 


by  definition. 


□ 
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OAAl  Lemma  45.33.2.  Let  S be  a Noetherian  scheme.  LetY  be  a compactifyable  scheme 
over  S and  let  f : X = Aj.  — > Y be  the  projection.  Then  there  is  a (noncanonical) 
isomorphism  /!(— ) = Lf*{— )[1]  of  functors. 

Proof.  Since  X = Ay  C Py  and  since  Op i (— 2)\x  — Ox  this  follows  from 
Lemmas  145.30.11  and  145.28.31  □ 


0AA2  Lemma  45.33.3.  Let  S be  a Noetherian  scheme.  Let  Y be  a compactifyable 
scheme  over  S and  let  i : X — » Y be  a closed  immersion.  Then  there  is  a canonical 
isomorphism  r(— ) = RTLom{Ox , — ) of  functors. 

Proof.  This  is  a restatement  of  Lemma f45. 26. 61  □ 


0AU1  Lemma  45.33.4.  Let  S be  a Noetherian  scheme.  Let  f : X — > Y be  a morphism 
of  compactifyable  schemes  over  S.  Then  f]  maps  D~goh (Oy)  into  D~^oh(Ox) ■ 

Proof.  The  question  is  local  on  A'  hence  we  may  assume  that  X and  Y are  affine 
schemes.  In  this  case  we  can  factor  / : X — > Y as 

Ay-1  Ay  — ► Y 

where  i is  a closed  immersion.  The  lemma  follows  from  By  Lenmias|45.33.2[|45.17.9] 
145.26.51  and  induction.  □ 

0AA3  Lemma  45.33.5.  Let  S be  a Noetherian  scheme.  Let  f : X —>  Y be  a morphism 
of  compactifyable  schemes  over  S.  If  K is  a dualizing  complex  for  Y,  then  f'K  is 
a dualizing  complex  for  X . 


Proof.  The  question  is  local  on  A'  hence  we  may  assume  that  X and  Y are  affine 
schemes  mapping  into  an  affine  open  of  S.  In  this  case  we  can  factor  / : X — > Y as 


lAAy-4  Ay 


n~1  Ay  — ► Y 


where  i is  a closed  immersion.  By  Lemmas  45.33.2  and  45.17.9  and  induction  we 


see  that  the  p K is  a dualizing  complex  on  A"  where  p : Ay  — ► Y is  the  projec- 
tion. Similarly,  by  Lemmas 


45.17.8 


45.26.4 


and 


45.33.3 


we  see  that  r 


dualizing  complexes  into  dualizing  complexes. 


transforms 

□ 


0AU2  Lemma  45.33.6.  Let  S be  a Noetherian  scheme.  Let  f : X — ► Y be  a morphism  of 
compactifyable  schemes  over  S . Let  K be  a dualizing  complex  on  Y . Set  Dy(M)  = 
R-HomOY(M,K)  for  M e DGoh{0Y ) and  DX(E)  = Rnom0x{E,  f'K)  for  E £ 
Dcoh{Ox).  Then  there  is  a canonical  isomorphism 

f'M  — > Dx(Lf*DY(M)) 


forM  £D+(Oy). 


Proof.  Choose  compactification  j : X C A of  X over  Y (Lemma  45.31.2 ).  Let  a be 


the  right  adjoint  of  Lemma 


45.22.1 


for  X Y.  Set  %(£)  = RHomoUE , a{K)) 


for  E £ DGoh{0 y)-  Since  formation  of  RTLom  commutes  with  restriction  to  opens 
and  since  / ! = j*  o a we  see  that  it  suffices  to  prove  that  there  is  a canonical 
isomorphism 


a(M ) — ► Dx(Lf*DY(M)) 
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for  M £ DCoh(0Y)-  For  F £ DQCoh(Ox ) we  have 

Horn x(F,Dx{LTDy(M)))  = Horn X(F  Lf*  DY(M),  a(K)) 

= Homy  (i?7*  (F  (dox  lJdy{M )),  K) 

= Homy(i?7,(F)  Dy(M),K ) 

= Homy(i?7jF),Dy(Dy(M))) 

= Homy  ( i?7*  (F),M) 

= Hom^fF.  a(M)) 


The  first  equality  by  Cohomology,  Lemma  [20.35. 2|  The  second  by  definition  of  a. 
The  third  by  Derived  Categories  of  Schemes,  Lemma  35.18.1  The  fourth  equality 


by  Cohomology,  Lemma  [20.35.2|  and  the  definition  of  DY.  The  fifth  equality  by 
Lemma  45.21.4|  The  final  equality  by  definition  of  a.  Hence  we  see  that  a(M ) = 
D-x(Lf  Dy(M ))  by  Yoneda’s  lemma.  □ 


0B6U  Lemma  45.33.7.  Let  S be  a Noetherian  scheme.  Let  f : X — ► Y be  a perfect 
(e.g.,  flat)  morphism  of  compactifyable  schemes  over  S.  Then 

(1)  f maps  Dcoh(Oy)  DbC(,h(Ox),  ^ 

(2)  the  map  Pf,K  ■ Lf*K  (do  x f'0Y  — » f'K  of  Lemma\45.32.4\  is  an  isomor- 
phism for  all  K £ D~QCoh((DY). 

Proof.  (A  flat  morphism  of  finite  presentation  is  perfect,  see  More  on  Morphisms, 
Lemma  36.43.5  ) We  begin  with  a series  of  preliminary  remarks. 

(1)  We  already  know  that  /!  sends  D~g 0h{OY)  into  D^oh(Ox),  see  Lemma 
145.33.41 

(2)  If  / is  an  open  immersion,  then  (1)  and  (2)  are  true  because  we  can  take 
X = Y in  the  construction  of  /! 


45.33.1 


and  p,f.  See  also  Lemma 

(3)  If  / is  a perfect  proper  morphism,  then  (2)  is  true  by  Lemma  45.28.3 

(4)  If  there  exists  an  open  covering  X = (J  Ui  and  (1)  is  true  for  Ui  — ► Y,  then 
(1)  is  true  for  X — > Y.  Same  for  (2).  This  holds  because  the  construction 
of  /!  and  pLf  commutes  with  passing  to  open  subschemes. 

(5)  If  g : Y — > Z is  a second  perfect  morphism  of  compactifyable  schemes  over 
S and  (2)  holds  for  / and  g , then  f g Oz  = Lf*g'Oz  0p v f'QY  and  (2) 
holds  for  7 by  the  commutative  diagram  of  Lemma |45.32.4[ 

(6)  If  (1)  and  (2)  hold  for  both  f and  g , then  (1)  and  (2)  hold  for  gof.  Namely, 
then  fg'Oz  is  bounded  above  (by  the  previous  point)  and  L(g  o /)*  has 
finite  cohomological  dimension  and  (1)  follows  from  (2)  which  we  saw 
above. 

From  these  points  we  see  it  suffices  to  prove  the  result  in  case  X is  affine.  Choose 
an  immersion  X — > A y (Morphisms,  Lemma  28.39.2 1 which  we  factor  as  X — > U — > 
A y — ► Y where  X — > U is  a closed  immersion  and  U C Ay  is  open.  Note  that 
X — ► U is  a perfect  closed  immersion  by  More  on  Morphisms,  Leinma[il6.  '13.8[  Thus 
it  suffices  to  prove  the  lemma  for  a perfect  closed  immersion  and  for  the  projection 
A”  ->  Y. 

X 


Let  / : X ► Y be  a perfect  closed  immersion.  We  already  know  (2)  holds.  Let 
K G DCoh(°r )■  Then  f'K  = R'Hom(Ox,K)  (Lemma,  |45.33.3[)  and  f,f[K  = 
R'Hom(f*Ox,K ).  Since  f is  perfect,  the  complex  f„Ox  is  perfect  and  hence 
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R'Hom(f*Ox,K)  is  bounded  above, 
omittted. 


This  proves  that  (1)  holds.  Some  details 


Let  / : 
Lemma 


A"  ->  L be  the  projection.  Then  (1)  holds  by  repeated  application  of 
Finally,  (2)  is  true  because  it  holds  for  Py  -A  Y (flat  and  proper) 

□ 


45.33.2 


and  because  A".  C Py  is  an  open. 

Lemma  45.33.8.  Let  S be  a Noetherian  scheme.  Let  f : A -A  Y be  a local 
complete  intersection  morphism  of  compactifyable  schemes  over  S . Then  f'  maps 
perfect  complexes  to  perfect  complexes. 

Proof.  Recall  that  a local  complete  intersection  morphism  is  perfect,  see  More  on 
Morphisms,  Lemma  36.44.4  By  Lemma  45.33.7 


it  suffices  to  show  that  fOy  is  a 
perfect  complex  on  A.  This  question  is  local  on  X and  Y.  Hence  we  may  assume 


that  X — > Y factors  as  X 


immersion.  See  More  on  Morphisms,  Section  36.44 


Y where  the  first  arrow  is  a Koszul  regular 

Y 


The  result  holds  for  Ay 


by  Lemma|45.33.2[  Thus  it  suffices  to  prove  the  lemma  when  / is  a Koszul  regular 
immersion.  Working  locally  once  again  we  reduce  to  the  case  X = Spec(A)  and 
Y = Spec (B),  where  A = B/(fi, ...  ,fr)  for  some  regular  sequence  fr  £ B 

(use  that  for  Noetherian  local  rings  the  notion  of  Koszul  regular  and  regular  are 
the  same,  see  More  on  Algebra,  Lemma  15.23.6 1.  Thus  X — > Y is  a composition 


A'  = Xr  -a  Ar_!  -a  ...  Ay  ->  A, 0 = Y 

where  each  arrow  is  the  inclusion  of  an  effective  Cartier  divisor.  In  this  way  we 
reduce  to  the  case  of  an  inclusion  of  an  effective  Cartier  divisor  i : D X.  In  this 

case  vOx  = A/"[l]  by  Lemma  45.29.1  and  the  proof  is  complete.  □ 


45.34.  A duality  theory 

In  this  section  we  spell  out  what  kind  of  a duality  theory  our  very  general  results 
above  give  for  compactifyable  schemes  over  a fixed  Noetherian  base  scheme  endowed 
with  a dualizing  complex. 

Recall  that  a dualizing  complex  on  a Noetherian  scheme  S,  is  an  object  of  D(Os) 
which  affine  locally  gives  a dualizing  complex  for  the  corresponding  rings,  see  Def- 
inition 145.21.21 

Situation  45.34.1.  Here  S'  is  a Noetherian  scheme  and  u> * is  a dualizing  complex. 

We  summarize  the  most  important  points  of 


For  (S,  w*)  as  in  Situation  45.34.1 
the  results  obtained  above: 

(1)  the  functors  f'  for  morphisms  between  compactifyable  schemes  over  S 
turn  D~QCoh  into  a pseudo  functor, 

(2)  w'y  = (A  -A  S)!w*  is  a dualizing  complex  for  A over  S compactifyable, 

(3)  the  functor  Dx  = RTLom{— , uj*x)  defines  an  involution  of  Dc0h{Ox ) 
switching  D+oh(Ox)  and  Df.oh{Ox)  and  fixing  DbCoh(Ox), 

(4)  Wy  = f'ojy  for  / : A — ► Y between  compactifyable  schemes  over  S, 

(5)  f'M  = Dx(Lf*Dy(M))  canonically  for  M £ D^oh(Oy),  and 

(6)  if  in  addition  / is  proper  then  /!  is  the  restriction  of  the  right  adjoint  of 
Rf*  ■ DQCoh(Ox ) -t  DQCoh(Oy)  to  D^Coh(Oy)  and  there  is  a canonical 
isomorphism 

Rf*RHomox(K,f]M)  -a  R'HomOY{Rf*K,M) 
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for  all  K € DQCoh.(Ox)  and  M € DQCoh(Oy),  and  most  importantly 

Rf*R'Homox{K,u)x)  = R'Homor{Rf*K,WY ) 

See  Lemmas  |45.32.3[  |45.33.5[  |45.21.4[  |45.32.2[  |45.33.6[  and  |45.22.11| 

We  have  obtained  our  functors  by  a very  abstract  procedure  which  finally  rests 
on  invoking  an  existence  theorem  (Derived  Categories,  Proposition  13.35.2).  This 
means  we  have  no  explicit  description  of  the  functors  /■.  This  can  sometimes  be 
a problem.  However,  as  we  will  see,  often  it  is  enough  to  know  the  existence  of  a 
dualizing  complex  and  the  duality  isomorphism  to  pin  down  what  it  is  more  exactly. 


45.35.  Glueing  dualizing  complexes 


We  will  now  use  glueing  of  dualizing  complexes  to  get  a theory  which  works  for 
all  finite  type  schemes  over  S given  a pair  (5,0;*)  as  in  Situation  45.34.1  This  is 
similar  to  [Har66l  Remark  on  page  310]. 


Let  A'  be  a scheme  of  finite  type  over  S.  Let  U : X = (Ji=1  n Ui  be  a finite 
open  covering  of  X by  quasi-conrpact  compactifyable  schemes  over  S.  Every  affine 
scheme  of  finite  type  over  S is  compactifyable  over  S by  Morphisms,  Lemma[28.39.3| 
hence  such  open  coverings  certainly  exist.  For  each  i,j,k£  { 1 , . . . , n}  the  schemes 
Pi  : Ui  S,  pij  : UidUj  — ► S,  and  pijk  : Ui  fl  Uj  fl  t/*,  — »•  S are  compactifyable. 
From  such  an  open  covering  we  obtain 

(1)  w*  = Pi^Jg  as  in  Section 

(2)  for  each  i,j  a canonical  isomorphism  ipij  : u*\uiC\Uj  — t w*|ir4ni7,-!  and 

(3)  for  each  i,j,k  we  have 


45.34 


‘Pik\uinujnuk  — (Pjk\uinu:ir\Uk  ° Pij  lUinUjCUk 
in  D^OuinUjHUk)- 

Here,  in  (2)  we  use  that  (Ui  fl  Uj  — >•  U)'  is  given  by  restriction  (Lemma  45.33.1) 
and  that  we  have  canonical  isomorphisms 

(Ui  n Uj  ->  Ui)'  o P[  = p\. : (u  n u0  -a  u0)[  o p\ 

by  Lemma  45.32. 2|  and  to  get  (3)  we  use  that  the  upper  shriek  functors  form  a 
pseudo  functor  by  Lemma  45.32.3| 


In  the  situation  just  described  a dualizing  complex  normalized  relative  to  oj*  and 
U is  a pair  (K,a.i)  where  K € D(Ox)  and  : K\ut  — > to*  are  isomorphisms  such 
that  is  given  by  ajh/inUj  ° ^1\uinuj-  Since  being  a dualizing  complex  on  a 
scheme  is  a local  property  we  see  that  dualizing  complexes  normalized  relative  to 
w*  and  U are  indeed  dualizing  complexes. 


Lemma  45.35.1.  In  Situation 


45.34.1 


let  X be  a scheme  of  finite  type  over  S 


and  let  U be  a finite  open  covering  of  X by  compactifyable  schemes.  If  there  exists 
a dualizing  complex  normalized  relative  to  w*  andU,  then  it  is  unique  up  to  unique 
isomorphism. 


Proof.  If  (K,oti)  and  (A'',  o')  are  two,  then  we  consider  L = RHom(K,  K').  By 
Lemma [45. 21. 5|  and  its  proof,  this  is  an  invertible  object  of  D(Ox )■  Using  and 
of-  we  obtain  an  isomorphism 

a\  (g)  a(  : L\Vi 


R'Hom(u*i,dl)  = 0Vi[  0] 
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This  already  implies  that  L = if°(L)[0]  in  D(Ox)-  Moreover,  H°(L)  is  an  invertible 
sheaf  with  given  trivializations  on  the  opens  Ui  of  X.  Finally,  the  condition  that 
and  a'Au^Uj  ° (a^'  taniq  both  give  ipij  implies  that  the 


ajlUiCUj  ° oi{  | UiHUj 

transition  maps  are  1 and  we  get  an  isomorphism  H°(L)  = Ox- 


□ 


Lemma  45.35.2.  In  Situation  45-34-1  let  X be  a scheme  of  finite  type  over  S 


and  letlA,  V be  two  finite  open  coverings  of  X by  compactifyable  schemes.  If  there 
exists  a dualizing  complex  normalized  relative  to  u>*  andU,  then  there  exists  a dual- 
izing complex  normalized  relative  to  w*  and  V and  these  complexes  are  canonically 
isomorphic. 

Proof.  It  suffices  to  prove  this  when  U is  given  by  the  opens  Ui,...,Un  and  V by 
the  opens  U\, . . . , Un+m.  In  fact,  we  may  and  do  even  assume  m = 1.  To  go  from  a 
dualizing  complex  (A',  ctij)  normalized  relative  to  w*  and  V to  a dualizing  complex 
normalized  relative  to  w*  amd  IA  is  achieved  by  forgetting  about  on  for  i = n + 1. 
Conversely,  let  ( K , on)  be  a dualizing  complex  normalized  relative  to  w*  and  IA. 
To  finish  the  proof  we  need  to  construct  a map  an+ 1 : K\u  — > w*+1  satisfying 

the  desired  conditions.  To  do  this  we  observe  that  Un+±  = (J  I/,  fl  Un+ 1 is  an  open 
covering.  It  is  clear  that  (K\un+1,  Oil^nuv.+i)  is  a dualizing  complex  normalized 
relative  to  w*  and  the  covering  Un+i  = |J  Ui  fl  Un+\.  On  the  other  hand,  by 
condition  (|3])  the  pair  (w*+1|(7n+1,  ipn+u)  is  another  dualizing  complex  normalized 
relative  to  w*  and  the  covering  Un+ 1 = U t/j  fl  Un+i-  By  Lemma|45.35.1|we  obtain 
a unique  isomorphism 

an+i  : K\Un+1  — ^ w*+1 

compatible  with  the  given  local  isomorphisms.  It  is  a pleasant  exercise  to  show  that 
this  means  it  satisfies  the  required  property.  □ 


Lemma  45.35.3.  In  Situation  45-34-1  let-  X be  a scheme  of  finite  type  over  S and 
let  U be  a finite  open  covering  of  X by  compactifyable  schemes.  Then  there  exists 
a dualizing  complex  normalized  relative  to  w*  and  IA . 

Proof.  Say  U : X = U»=i  n U-i. ■ We  prove  the  lemma  by  induction  on  n.  The 
base  case  n = 1 is  immediate.  Assume  n > 1.  Set  X'  = U\  U . . . U Un- 1 and 
let  (A'7,  {a^}i=i,...)Ti_i)  be  a dualizing  complex  normalized  relative  to  w*  and  U'  : 
X'  = Ui=i  n-i  Ui-  It  is  clear  that  (K'\x'nun,  c^iluinUr,)  is  a dualizing  complex 
normalized  relative  to  w*  and  the  covering  X'  fl  Un  = Ui=i  n-i  Ui  H Un.  On  the 
other  hand,  by  condition  © the  pair  (ca*  \x'nun->  Tni)  is  another  dualizing  complex 
normalized  relative  to  w*  and  the  covering  X'  (~l  Un  = Ui=i  ...  n-r  Ui  n Un-  By 
Lemma |45.35.1|  we  obtain  a unique  isomorphism 

e ■ K'\x'nu„  — ^ ^*\x’n un 


compatible  with  the  given  local  isomorphisms.  By  Cohomology,  Lemma[20]30T0  we 
obtain  K £ D(Ox)  together  with  isomorphisms  /?  : K\x>  ->  AT7  and  7 : K\u„  —>  w* 
such  that  e = 7|.Y'nu„  0 ^lx'n£/„  . Then  we  define 

oti  = oli  o f}\ui,  i — 1,  ■ • • , n — 1,  and  an  = 7 

We  still  need  to  verify  that  (pij  is  given  by  afiinnUj  0 ai_1|LrinUj  ■ F01, 

this  follows  from  the  corresping  condition  for  a7.  For  i = j = n it  is  clear  as  well. 

If  i < j = n,  then  we  get 

an\uinun  oaf1\uinun  = 7|i/in!7„0  /?_1  lc/inc/„  0 {ai)^1\uinurl  = elc/inu„  °(Q:i)_1|!7in!7„ 
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This  is  equal  to  a* 
a',  and  am-. 


exactly  because  e is  the  unique  map  compatible  with  the  maps 

□ 


Let  (S,u>g)  be  as  in  Situation  45.34.1  The  upshot  of  the  lemmas  above  is  that 
given  any  scheme  X of  finite  type  over  S,  there  is  a pair  (AT,  ajj)  given  up  to  unique 
isomorphism,  consisting  of  an  object  K € D(Ox)  and  isomorphisms  ajj  : K\jj  — > 
uiy  for  every  open  subscheme  U C X which  has  a compactification  over  S and 
where  ojy  is  as  in  Section  45.34  such  that,  if  U : X = |J  Ui  is  a finite  open  covering 
by  opens  which  are  compactifyable  over  S,  then  (A',  aut ) is  a dualizing  complex 
normalized  relative  to  w*  and  U.  Namely,  uniqueness  up  to  unique  isomorphsm  by 


Lemma  45.35.1  existence  for  one  open  covering  by  Lemma  45.35.3  and  the  fact 
that  K then  works  for  all  open  coverings  is  Lemma [45. 35. 2| 

Definition  45.35.4.  Let  S'  be  a Noetherian  scheme  and  let  oj * be  a dualizing 
complex  on  S.  Let  A'  be  a scheme  of  finite  type  over  S.  The  complex  K constructed 
above  is  called  the  dualizing  complex  normalized  relative  to  to*  and  is  denoted  ui*x. 

As  the  terminology  suggest,  a dualizing  complex  normalized  relative  to  w*  is  not 
just  an  object  of  the  derived  category  of  X but  comes  equipped  with  the  local 
isomorphisms  described  above.  This  does  not  conflict  with  setting  uix  = p'oj* 
where  p : X — > S is  the  structure  morphism  if  X has  a compactification  over  S (see 


Section  45.171.  More  generally  we  have  the  following  sanity  check. 


Lemma  45.35.5.  Let  (S,  w*)  be  as  in  Situation  45-34-1  Let  f : X Y be 


morphism  of  finite  type  schemes  over  S.  Let  w*Y  and  ujy  be  dualizing  complexes 
normalized  relative  to  cu*.  Then  w*-  is  a dualizing  complex  normalized  relative  to 

UJy. 

Proof.  This  is  just  a matter  of  bookkeeping.  Choose  a finite  affine  open  covering 
V : Y = U Vj.  For  each  j choose  a finite  affine  open  covering  /_1(V^)  = Ujt.  Set 
U : X = (J  Uji-  The  schemes  Vj  and  Uji  are  compactifyable  over  S,  hence  we  have 
the  upper  shriek  functors  for  qj  : Vj  — > S,  Pji  : Uji  — » S and  fji  : Uji  — ► Vj  and 
f'ji  '■  Uji  —t  Y.  Let  (A,  Bj)  be  a dualizing  complex  normalized  relative  to  w*  and 
V.  Let  (K,  7jj)  be  a dualizing  complex  normalized  relative  to  to*  and  IA.  (In  other 
words,  L = u}y  and  K = ojx.)  We  can  define 


■K\i 


7 Si 


! • /»!  ! • 
Pii^s  = JjiQj^s 


^fUL\Vj)  = (f'J(L) 


To  finish  the  proof  we  have  to  show  that  ajilu^nUy^  oaj'i'\ujinu:j,i,  is  the  canonical 
isomorphism  (/j») 1 (i)  [tr^ncTu,^ 
the  details. 


{fj'i'YmiujinUj'i,-  This  is  formal  and  we  omit 

□ 


Lemma  45.35.6.  Let  (S,  w*)  be  as  in  Situation  45-34-1  Let  j : X — > Y be  an  open 
immersion  of  schemes  of  finite  type  over  S.  Let  uimx  ana  uiy  be  dualizing  complexes 
normalized  relative  to  w* . Then  there  is  a canonical  isomorphism  u>\  = w*-|_y- 

Proof.  Immediate  from  the  construction  of  normalized  dualizing  complexes  given 
just  above  Definition |45. 35. 4|  □ 

Lemma  45.35.7. 


Let  (S,  w*)  be  as  in  Situation  45-34-1 
proper  morphism  of  schemes  of  finite  type  over  S.  Let  to 


Let  f 
and  uiy 


X —i  Y be  a 

be  dualizing 


complexes  normalized  relative  to  w*.  Let  a be  the  right  adjoint  of  Lemma  45-1 
for  f.  Then  there  is  a canonical  isomorphism  a(ujy)  = u>x. 


2.1 
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Proof.  Let  p : X -A  S and  q : Y — > S be  the  structure  morphisms.  If  X and  Y are 


S and  we’ve  just  seen  the  result. 


□ 


Let  (S,uj*)  be  as  in  Situation  45.34.1  For  a scheme  A'  of  finite  type  over  S de- 
note w'y  the  dualizing  complex  for  X normalized  relative  to  w*.  Define  Dx{—)  = 
R'Homox(—,0Jx)  as  in  Lemma  45.21.4  Let  / : X — > Y be  a morphism  of  finite 
type  schemes  over  S.  Define 


fnew  = Dx  o Lf*  o DY  : D+oh(0Y) 


D+cok(°x ) 


If  / : X — > Y and  g : Y -A  Z are  composable  morphisms  between  schemes  of  finite 
type  over  S,  define 

(. 9 ° f)new  = Dx  o L(g  o /)*  o Dz 
= Dx  o Lf*  o Lg*  o Dz 

Dx  o Lf*  o Dy  oDyo  Lg*  o Dz 

= f' 

J n 


where  the  arrow  is  defined  in  Lemma  45.21.4  We  collect  the  results  together  in  the 
following  lemma. 


Lemma  45.35.8.  Let  (S,cu*)  be  as  in  Situation  45.34-1.  With  f, 


and 


defined  for  all  (morphisms  of)  schemes  of  finite  type  over  S as  above: 


J x 


(1)  the  functors  fnew  and  the  arrows  {gof)\ 


f 

J n 


turn  D()oh  into 


a pseudo  functor  from  the  category  of  schemes  of  finite  type  over  S into 
the  2-category  of  categories, 

(2)  u*x  = (A  -A  S)'newu*s, 

(3)  the  functor  Dx  defines  an  involution  of  Dc0h{Ox)  switching  D^oh(Ox) 
and  Dcoh(Ox)  and  fixing  DbCoh(Ox), 

(4)  u>x  = fhew  wy  for  f '■  X v Y a morphism  of  finite  type  schemes  over  S, 

(5)  fLwM  = Dx(Lf*DY(M))  for  M e D+oh(0Y),  and 


(6)  if  in  addition  f is  proper,  then  fnew 
right  adjoint  of  Rf»  : DQCoh{Ox)  - 
is  a canonical  isomorphism 


is  isomorphic  to  the  restriction  of  the 
■ DQCoh(Oy)  to  D~^oh(Oy)  and  there 


Rf*RKom0x(K,f'newM)  RUom0x(Rf*K,  M) 
for  all  K £ D QCoh(0 x ) and  M £ D^,oh{Oy),  and  most  importantly 

Rf * RRomox  ( K , u>x ) = R /HomoY  ( Rf*  w*- ) 

Moreover,  if  X is  compactifyable  over  S then  ui*x  is  canonically  isomorphic  to  the 


complexcv*x  of  Section  45.34  and  if  f is  a morphism  between  compactifyable  schemes 
over  S,  then  there  is  a canonical  isomorphisn^f'newK  = f'K  for  I\  in  D~))oh. 


3We  haven’t  checked  that  these  are  compatible  with  the  isomorphisms  (g  o /)!  — >•  /!  o g-  and 


(.9  ° f)r. 


f 

J n 


i °9n 


We  will  do  this  here  if  we  need  this  later. 
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Proof.  Let  f:X—}Y,g-.Y—tZ,h:Z—>T  be  morphisms  of  schemes  of  finite 
type  over  S.  We  have  to  show  that 


(hogo  f)\ 


flew  °(ho  9)1, 


{.9°  f) 


7 ! 

new  ® new 


7, 


• h 1 

new  ® 9new  ® ^ new 


is  commutative.  Let  rjy  : id  — > Dy  and  r/z  ■ id  -A  D2Z  be  the  canonical  isomorphisms 
of  Lemma  45.21.4  Then,  using  Categories,  Lemma  4.27.2  a computation  (omitted) 

are  given  by 


shows  that  both  arrows  (ho  g o f)n 


f' 

J nt 


° 9new  ° 


l-kr]Y*l*riz*l  ■ Dx°Lf*oLg*oLh*oDT  — » DxoLf*  oD^oLg*  oD%oLh*  oDT 

This  proves  (1).  Part  (2)  is  immediate  from  the  definition  of  (A'  — ► 5)[jeuj  and  the 


fact  that  Dg(u]' ) = Og.  Part  (3)  is  Lemma  45.21.4  Part  (4)  follows  by  the  same 
arguemtn  as  part  (2).  Part  (5)  is  the  definition  of  f'new- 


Proof  of  (6).  Let  a be  the  right  adjoint  of  Lemma  45.22.1  for  the  proper  morphism 
/ : X — > Y of  schemes  of  finite  type  over  S.  The  issue  is  that  we  do  not  know 
X or  Y is  compactifyable  over  S (and  in  general  this  won’t  be  true)  hence  we 
cannot  immediately  apply  Lemma|45.33.6|to  / over  S.  To  get  around  this  we  use 


the  canonical  identification  ui*x  = a(LOy)  of  Lemma  45.35.7  Hence  fnew  is  the 


45.33.6 


applied  to  / : X — > Y over  the 


0B6X 


restriction  of  a to  D^,oIi(Oy)  by  Lemma 
base  scheme  Y\  Thus  the  result  is  true  by  Lemma  [45.22. 11| 

The  final  assertions  follow  from  the  construction  of  normalized  dualizing  complexes 
and  the  already  used  Lemma [45. 33. 6|  □ 

Example  45.35.9.  Let  S be  a Noetherian  scheme  and  let  w*  be  a dualizing 
complex.  Let  / : X — > Y be  a proper  morphism  of  finite  type  schemes  over  S.  Let 
and  coy  be  dualizing  complexes  normalized  relative  to  w* . In  this  situation  we 
have  a(uiy)  = ui*x  (Lemma |45. 35.71  and  hence  the  trace  map  (Section  45.24)  is  a 
canonical  arrow 

Try  : y — > U}y 


0AX4 


which  produces  the  isomorphisms  (Lemma  45.35.8) 

HomA-(L,WY)  = Homy(i?/*L,w*-) 

and 

Rf*R'Homox(L,ujx)  = i?/Homov(i?/*L,a;y) 
for  L in  DQCoh(Ox)- 

Remark  45.35.10.  Let  S'  be  a Noetherian  scheme  and  let  w*  be  a dualizing 
complex.  Let  / : X — > Y be  a finite  morphism  between  schemes  of  finite  type  over 
S.  Let  u>x  and  w*-  be  dualizing  complexes  normalized  relative  to  to*.  Then  we  have 

= RHom(f*Ox,ujy) 

and 


45.27.3 


45.35.7 


in  DQCoh(f*°x)  by  Lemmas 
145.35(91  is  the  map 

Try  : Rf*uj*x  = f*u>'x  = R'Hom(fieOx,^Y) 
which  often  goes  under  the  name  “evaluation  at  1”. 


and  the  trace  map  of  Example 


UJy 
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Remark  45.35.11.  Let  / : X — > Y be  a flat  proper  morphism  of  finite  type 
schemes  over  a pair  (S',  w*)  as  in  Situation  45.34.1  The  relative  dualizing  complex 

we  have  the  first  canonical 


45.35.7 


(Remark  45.28.5)  is  oj*x/y  = a(CV)-  By  Lemma 
isomorphism  m 

ujx  = a(ujY)  = Lf  ujy  <8>ox  w x/y 


in  D(Ox)-  The  second  canonical  isomorphism  follows  from  the  discussion  in  Re- 
mark 145.28.51 


45.36.  Dualizing  modules 

OAWH  If  ( A , m, ft)  is  a Noetlierian  local  ring  and  is  a normalized  dualizing  complex, 
then  we  say  the  module  uiA  = H~dlm(A\oj* 


45.19.5 


is  a 


described  in  Lemma 
dualizing  module  for  A.  This  module  is  a canonical  module  of  A.  It  seems  generally 
agreed  upon  to  define  a canonical  module  for  a Noetherian  local  ring  (A,  m,  ft)  to 
be  a finite  A-module  K such  that 

Horn  a{K,E)^H^T{A\A) 

where  E is  an  injective  hull  of  the  residue  field.  A dualizing  module  is  canonical 
because 

Ho  mA(H^m{A)(A),E)  = (caA)A 


by  Lemma  45.20.4  and  hence  applying  Hom^— ,E)  we  get 
Homj4(wJi,£)  = Honu((wA)A,-E) 

= HomA  (HomA  A)  ( A) , E) , E) 

= H^m(A\A) 

the  first  equality  because  E is  m-power  torsion,  the  second  by  the  above,  and  the 


third  by  Matlis  duality  (Proposition  45.7.8).  The  utility  of  the  definition  of  a 
canonical  module  given  above  lies  in  the  fact  that  it  makes  sense  even  if  A does  not 
have  a dualizing  complex. 

Let  A be  a Noetherian  scheme  and  let  be  a dualizing  complex.  Let  n £ Z be  the 
smallest  integer  such  that  Hn{uj*x)  is  nonzero.  In  other  words,  — n is  the  maximal 
value  of  the  dimension  function  associated  to  ui\  (Lemma  |45.21.6 1 . Sometimes 
Hn(ui*x)  is  called  a dualizing  module  or  dualizing  sheaf  for  X and  then  it  is  often 
denoted  by  ux-  We  will  say  “let  ojx  be  a dualizing  module”  to  indicate  the  above. 


Care  has  to  be  taken  when  using  dualizing  modules  u>x  on  Noetherian  schemes  X: 

(1)  the  integer  n may  change  when  passing  from  X to  an  open  U of  X and 
then  it  won’t  be  true  that  u>x\u  = wjj, 

(2)  the  dualizing  complex  isn’t  unique;  the  dualizing  module  is  only  unique 
up  to  tensoring  by  an  invertible  module. 


The  second  problem  will  often  be  irrelevant  because  we  will  work  with  X of  finite 
type  over  a base  change  S which  is  endowed  with  a fixed  dualizing  complex  w* 
and  ui*x  will  be  the  dualizing  complex  normalized  relative  to  w* . The  first  problem 
will  not  occur  if  X is  equidimensional,  more  precisely,  if  the  dimension  function 
associated  to  w*-  (Lemma  45.21.6)  maps  every  generic  point  of  X to  the  same 
integer. 
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OAWI  Example  45.36.1.  Say  S = Spec(A)  with  (A,m,  k)  a local  Noetherian  ring,  and 
w*  corresponds  to  a normalized  dualizing  complex  co*  . Then  if  / : X — ► S is  proper 
over  S and  cox  = /!w*  the  coherent  sheaf 

WA-  = H- dim<-Y>(Wi-) 

is  a dualizing  module  and  is  often  called  the  dualizing  module  of  X (with  S and 
w*  being  understood).  We  will  see  that  this  has  good  properties. 

OAWJ  Example  45.36.2.  Say  X is  an  equidimensional  scheme  of  finite  type  over  a field 
k.  Then  it  is  customary  to  take  oo*x  the  dualizing  complex  normalized  relative  to 
k[0]  and  to  refer  to 

cox  = H-di^x\oo*x) 

as  the  dualizing  module  of  X. 

OAWK  Lemma  45.36.3.  Let  X be  a connected  Noetherian  scheme  and  let  oox  be  a dual- 
izing module  on  X.  The  support  of  oox  is  the  union  of  the  irreducible  components 
of  maximal  dimension  with  respect  to  any  dimension  function  and  cox  is  a coherent 
Ox -module  having  property  (£2). 


Proof.  By  our  conventions  discussed  above  there  exists  a dualizing  complex  oox 
such  that  oox  is  the  leftmost  nonvanishing  cohomology  sheaf.  Since  X is  connected, 
any  two  dimension  functions  differ  by  a constant  (Topology,  Lemma  5.19.3).  Hence 
we  may  use  the  dimension  function  associated  to  oox  (Lemma  45.21.6).  With  these 
remarks  in  place,  the  lemma  now  follows  from  Lemma  |45.19.5|  and  the  definitions 
(in  particular  Cohomology  of  Schemes,  Definition  29.11.1).  □ 


To  say  a bit  more  about  dualizing  modules  we  need  a bit  more  information  about 
how  the  dimension  functions  change  when  passing  to  a scheme  of  finite  type  over 
another. 


OAWL  Lemma  45.36.4.  Let  (A,m,  n)  be  a Noetherian  local  ring.  Letoo\  be  a normalized 
dualizing  complex.  Let  X be  a scheme  of  finite  type  over  A and  let  uo*x  be  the 
dualizing  complex  normalized  relative  to  uj*a  . If  x £ X is  a closed  point  lying  over 
the  closed  point  s of  S = Spec(A),  then  aiXx  is  a normalized  dualizing  complex 
over  Ox,x, 


Proof.  We  may  replace  X by  an  affine  neighbourhood  of  x,  hence  we  may  and  do 
assume  that  / : X — s-  S = Spec(A)  is  compactifyable.  Then  oj*x  = f 'OJg.  We  have 
to  show  that  f?HomoX  l (k(x),wAi)  is  sitting  in  degree  0.  Let  ix  : x — > X denote 
the  inclusion  morphism  which  is  a closed  immersion  as  x is  a closed  point.  Hence 

Since  x lives  over  the 


45.33.3 


UHomoX  s.(/{(a;),wA3.)  represents  ixLox  by  Lemma 
closed  point  we  see  that  A — ► k(x)  factors  through  k and  since  a;  is  a closed  point 
of  X we  see  that  n C k(x)  is  a finite  extension  (Morphisms,  Lemma  28.20.3).  Thus 
we  get  a commutative  diagram 


X 

/ 

S 


with  7 r finite.  We  conclude  that 


!IWX  = Ixf  = 7T  1SUJS 
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OAWM 


OAWN 


OAWP 


Since  uj*a  is  normalized  and  s is  the  closed  point  we  see  that  isojg  = k[0].  We  have 
i?7r*(7r(/c[0]))  = R'Hom(Rn^(K(x)[0]) , k[0])  = HomK(n(a;),  k) 


The  first  equality  by  Lemma  45.22.11  applied  with  L = /c(a;)[0].  The  second  equality 
holds  because  7r*  is  exact.  Thus  7t(k[0])  is  supported  in  degree  0 and  we  win.  □ 


Lemma  45.36.5.  Let  S be  a Noetherian  scheme  and  letujg  be  a dualizing  complex. 
Let  f : X —*■  S be  of  finite  type  and  let  ui\  be  the  dualizing  complex  normalized 
relative  to  w*  . For  all  x £ X 

5x{x)  - Ss(f  (x))  = trdegK{f(x))(K( x)) 


where  5s,  resp.  5x  is  the  dimension  function  of  w*,  resp.  w>*x,  see  Lemma  45.21.6 


Proof.  We  may  replace  X by  an  affine  neighbourhood  of  x.  Hence  we  may  and 
do  assume  there  is  a compactification  X C X over  S.  Then  we  may  replace  X by 
X and  assume  that  X is  proper  over  S.  We  may  also  assume  X is  connected  by 
replacing  X by  the  connected  component  of  A'  containing  x.  Next,  recall  that  both 
5x  and  the  function  x 5s(f(x))  + trdegre(f fx) )(K(X))  are  dimension  functions  on 
X , see  Morphisms,  Lemma  [28.30.3|  By  Topology,  Lemma  [5.19.3|  we  see  that  the 
difference  is  locally  constant,  hence  constant  as  A'  is  connected.  Thus  it  suffices  to 


prove  equality  in  any  point  of  X.  By  Properties,  Lemma  27.5.9  the  scheme  X has 
a closed  point  x.  Since  X — > S is  proper  the  image  s of  x is  closed  in  S.  Thus  we 
may  apply  Lemma  [45 . 36 . 4|  to  conclude.  □ 


Lemma  45.36.6.  Let  X/A  with  ui*x  and  ujx  be  as  in  Example  45.36.1 


Then 


(1)  fP(wv)  ^ 0 {—  dim(AT), . . . , 0}, 

(2)  the  dimension  of  the  support  of  Hl(uix)  is  at  most  —i, 

(3)  Suppiojx)  is  the  union  of  the  components  of  dimension  dirn(A),  and 

(4)  u>x  has  property  (S^). 

Proof.  Let  5x  and  5s  be  the  dimension  functions  associated  to  ui*x  and  w*  as  in 


Lemma  45.36.5 


As  X is  proper  over  A,  every  closed  subscheme  of  A'  contains  a 
closed  point  x which  maps  to  the  closed  point  s € S and  5\{x)  = 5s{s)  = 0.  Hence 
5x  (f)  = dim({£}  for  any  point  (el.  Hence  we  can  check  each  of  the  statements 
of  the  lemma  by  looking  at  what  happens  over  Spec(Ox,x)  in  which  case  the  result 
follows  from  Lemmas  145.18.41  and  145.19.51  Some  details  omitted.  The  last  two 
statements  can  also  be  deduced  from  Lemma f45. 36. 31  □ 


Lemma  45.36.7.  Let  X/A  with  dualizing  module  ojx  be  as  in  Example  45.36.1 
Let  d = dim(As)  be  the  dimension  of  the  closed  fibre.  If  dim(A)  = d + dirn(A) 
then  the  dualizing  module  w>x  represents  the  functor 


HomA(Hd(X,  X),loa) 


on  the  category  of  coherent  Ox -modules. 
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Proof.  We  have 

Homx(J,  cox)  = Ext-dim(X)p^) 

= Hom^  (,F[dim(X)],  w^-) 

= Hom*(.F[dim(X)],  /!(w* )) 
= Homs(f?/*Jr[dim(X)],a;* ) 
= Hom  A(Hd(X,T),coA) 


The  first  equality  because  H'(oj'x)  = 0 for  i < — dim(X),  see  Lemma  45.36.6 


and  Derived  Categories,  Lemma  [13.27.3|  The  second  equality  is  follows  from  the 
definition  of  Ext  groups.  The  third  equality  is  our  choice  of  uj*x  . The  fourth  equality 
holds  because  /!  is  the  right  adjoint  of  Lemma  45.22. l|for  /,  see  Section 


45.34 


The 

final  equality  holds  because  Rlf*lF  is  zero  for  i > d (Cohomology  of  Schemes, 
Lemma  29.19.9)  and  H:>  (oj*A)  is  zero  for  j < — dim(A).  □ 


45.37.  Cohen-Macaulay  schemes 

OAWQ  Duality  takes  a particularly  simple  form  for  Cohen-Macalaulay  schemes. 

OAWR  Lemma  45.37.1.  Let  (A,m,  k)  be  a Noetherian  local  ring  with  normalized  dual- 
izing complex  uja.  Then  depth(A)  is  equal  to  the  smallest  integer  S > 0 such  that 

0. 

Proof.  This  follows  immeduately  from  Lemma  |45.18.4|  Here  are  two  other  ways 
to  see  that  it  is  true. 


First  alternative.  By  Nakayama’s  lemma  we  see  that  <5  is  the  smallest  integer  such 
that  HomA(Lf_<5(w^),  k)  ^ 0.  In  other  words,  it  is  the  smallest  integer  such  that 
Ext (u*A,  k)  is  nonzero.  Using  Lemma  • 


45.17.2 


and  the  fact  that  oja  is  normalized 
this  is  equal  to  the  smallest  integer  such  that  Ext^(«;,  A)  is  nonzero.  This  is  equal 


to  the  depth  of  A by  Algebra,  Lemma[l0.71.5 


Second  alternative.  By  the  local  duality  theorem  (in  the  form  of  Lemma  45.20.4) 
S is  the  smallest  integer  such  that  H^(A)  is  nonzero.  This  is  equal  to  the  depth  of 
A by  Lemma  45.11.1  □ 


OAWS  Lemma  45.37.2.  Let  (A,  m,  k)  be  a Noetherian  local  ring  with  normalized  dual- 
izing complex  uiA  and  dualizing  module  u>a  = H~  dunl'A')  . The  following  are 
equivalent 

(1)  A is  Cohen-Macaulay, 

(2)  ui*A  is  concentrated  in  a single  degree,  and 

(3)  w*  = UM[dim(A)]. 

In  this  case  uja  is  a maximal  Cohen-Macaulay  module. 


Proof.  Follows  immediately  from  Lemma [45. 18. 5 1 


□ 


OAWT  Lemma  45.37.3.  Let  X be  a connected  Cohen-Macaulay  scheme.  If  cox  is  a 
dualizing  complex  on  X,  then  there  is  an  integer  n and  a coherent  Cohen-Macaulay 
Ox -module  ojx  such  that  uix  = ojx[— n]- 
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45.17.6 


for  every  x £ X the  complex  u)*x  x is  a 


be  the  unique  integer  such  that  H n*  (w x)  is 
For  an  affine  neighbourhood  U C X of  x we  have  ux  \ u 


Proof.  By  definition  and  Lemma 
dualizing  complex  over  Ox.x-  Let  nx 
nonzero,  see  Lemma  45.3 

is  in  DbCoh(Ou ) hence  there  are  finitely  many  nonzero  coherent  modules  Hz(u)x)\u- 
Thus  after  shrinking  U we  may  assume  only  Hnj:  is  nonzero,  see  Modules,  Lemma 
17.9.5  In  this  way  we  see  that  the  map  x H > nx  is  locally  constant.  Since  X is 
connected  it  is  constant,  say  equal  to  n.  Setting  ojx  = Hn{u>\)  we  see  that  the 
lemma  holds  because  u>x  is  Cohen-Macaulay  by  Lemma  45.37.2  (and  Cohomology 
of  Schemes,  Definition  29.11.2).  □ 


OAWU  Lemma  45.37.4.  Existence  of  a dualizing  module  implies  Cohen-Macaulay. 

(1)  Let  A be  a Noetherian  ring.  If  there  exists  a finite  A-module  to  a such  that 
w^fO]  is  a dualizing  complex,  then  A is  Cohen-Macaulay. 

(2)  Let  X be  a locally  Noetherian  scheme.  If  there  exists  a coherent  sheaf  ux 
such  that  w.\'[0]  is  a dualizing  complex  on  X,  then  X is  a Cohen-Macaulay 
scheme. 


Proof.  Part  (2)  follows  from  part  (1)  and  our  definitions.  To  see  (1)  we  may 
replace  A by  the  localization  at  a prime  (use  Lemma  45.17.6  and  Algebra,  Definition 
10.103.6).  In  this  case  the  result  follows  immediately  from  Lemma  45.37.2  □ 
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So  far,  the  only  explicit  dualizing  complex  we  seen  is  re  on  re  for  a field  re,  see 
proof  of  Lemma |45.17.1l|  By  Proposition  |45.17.10]  this  means  that  any  finite  type 
algebra  over  a held  has  a dualizing  complex.  However,  it  turns  out  that  there  are 
Noetherian  (local)  rings  which  do  not  have  a dualizing  complex.  Namely,  we  have 
seen  that  a ring  which  has  a dualizing  complex  is  universally  catenary  (Lemma 


45.19.4)  but  there  are  examples  of  Noetherian  local  rings  which  are  not  catenary, 


see  Examples,  Section  [88. 16[ 


Nonetheless  many  rings  in  algebraic  geometry  have  dualizing  complexes  simply 
because  they  are  quotients  of  Gorenstein  rings.  This  condition  is  in  fact  both  nec- 
essary and  sufficient.  That  is:  a Noetherian  ring  has  dualizing  complexes  if  and 
only  if  it  is  a quotient  of  a finite  dimensional  Gorenstein  ring.  This  is  Sharp’s  con- 
jecture f [Sha79|l  which  can  be  found  as  IKaw  m Corollary  1.4]  in  the  literature. 
Returning  to  our  current  topic,  here  is  the  definition  of  Gorenstein  rings. 


OAWW  Definition  45.38.1.  Gorenstein  rings  and  schemes. 

(1)  Let  A be  a Noetherian  local  ring.  We  say  A is  Gorenstein  if  A[0]  is  a 
dualizing  complex  for  A. 

(2)  Let  A be  a Noetherian  ring.  We  say  A is  Gorenstein  if  Ap  is  Gorenstein 
for  every  prime  p of  A. 

(3)  Let  X be  a locally  Noetherian  scheme.  We  say  X is  Gorenstein  if  Ox,x  is 
Gorenstein  for  all  x £ X. 


This  definition  makes  sense,  because  if  A[0]  is  a dualizing  complex  for  A,  then 
S_1A[0]  is  a dualizing  complex  for  S'_1A  by  Lemma  45.17.6  Observe  that  a Goren- 
stein ring  or  scheme  is  Cohen-Macaulay  (for  example  by  Lemma  45.37.2).  We  will 
see  later  that  a finite  dimensional  Noetherian  ring  is  Gorenstein  if  it  has  finite 
injective  dimension  as  a module  over  itself. 
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OBFQ 


OAWX 


OBJI 


OBJJ 


OBJK 


Lemma  45.38.2.  Let  X be  a locally  Noetherian  scheme. 

(1)  If  X has  a dualizing  complex  uj\,  then  X is  Gorenstein  if  and  only  if  lox 
is  an  invertible  object  of  D(Ox)- 

(2)  If  X is  Gorenstein,  then  X has  a dualizing  complex  if  and  only  if  Ox  [0] 
is  a dualizing  complex. 


Proof.  Proof  of  (1).  If  X has  a dualizing  complex  uix  and  is  Gorenstein,  then 
locally  on  X we  see  that  ujx  is  equal  to  cox[n]  for  some  coherent  Ox-module  and 
some  n by  Lemma|45.37.3|  Looking  at  the  stalks  we  find  that  tax  is  invertible  and 
hence  ui\  is  inveritible  in  D(Ox ) (this  is  defined  in  Section  45.211.  Conversely,  if 
a dualizing  complex  lox  exists  and  is  invertible,  then  it  is  locall  isomorphic  to  the 
shift  of  an  invertible  module  and  it  is  clear  that  the  local  rings  of  X are  Gorenstein. 


If  0x[O]  is  a dualizing  complex  then  X is  Gorenstein  by  part  (1).  Conversely,  we 
see  that  part  (1)  shows  that  w*-  is  locally  isomorphic  to  a shift  of  Ox-  Since  being 
a dualizing  complex  is  local  the  result  is  clear.  □ 


An  example  of  a Gorenstein  ring  is  a regular  ring. 

Lemma  45.38.3.  A regular  local  ring  is  Gorenstein.  A regular  ring  is  Gorenstein. 


Proof.  Let  A be  a regular  ring  of  finite  dimension  d.  Then  A has  finite  global 


dimension  d , see  Algebra,  Lemma 

10.109.8 

Hence  Ext^+1(M,  A)  = 0 for  all  A- 

modules  M,  see  Algebra,  LemmallO. 108.4 

Thus  A has  finite  injective  dimension  as 

an  A-module  by  More  on  Algebra,  Lemma 

15.58.2 

It  follows  that  A[0]  is  a dualizing 

complex,  hence  A is  Gorenstein  by  the  remark  following  the  definition.  □ 


Lemma  45.38.4.  Let  (A,m,  k)  be  a Noetherian  local  ring.  Then  A is  Gorenstein 
if  and  only  if  ExtlA(n,  A)  is  zero  for  i 0. 


Proof.  Observe  that  A[0]  is  a dualizing  complex  for  A if  and  only  if  A has  finite 
injective  dimension  as  an  A-module  (follows  immediately  from  Definition  45.17.11. 
Thus  the  lemma  follows  from  More  on  Algebra,  Lemma [15. 58. 5[  □ 

Lemma  45.38.5.  Let  (A,m,  k)  be  a Noetherian  local  ring.  Let  f £ m be  a nonze- 
rodivisor.  Set  B = A/(f).  Then  A is  Gorenstein  if  and  only  if  B is  Gorenstein. 


Proof.  If  A is  Gorenstein,  then  B is  Gorenstein  by  Lemma  [45.18. 8|  Conversely, 
suppose  that  B is  Gorenstein.  Then  Ext  1b(k,B)  is  zero  for  i ^ 0 (Lemma  45.38.4 1 . 
Recall  that  i?.Hom(B,  — ) : D(A)  — >•  D(B)  is  a right  adjoint  to  restriction  (Lemma 
45.16.1 1.  Hence 


RHom^ft,  A)  = R Homs (k,  RHom(B,  A))  = RHoijib(k,  2?[1]) 

The  final  equality  by  direct  computation  or  by  applying  the  very  general  Lemma 
Thus  we  see  that  Ext^(/c,  A)  is  zero  for  i 0 and  A is  Gorenstein  (Lemma 

□ 


45.29.1 


45.38.4). 


Lemma  45.38.6.  Let  A — ► B be  a flat  local  homomorphism  of  Noetherian  local 
rings.  If  A and  B/mAB  are  Gorenstein,  then  B is  Gorenstein. 

Proof.  We  will  use  Lemma  [45.38.4|  without  further  mention.  Let  nA,  hb  be  the 
residue  field  of  A,  B.  Let  m C A be  the  maximal  ideal.  Using  that  R Hom(f? / mB,  — ) 
D(B ) — > D{B/mB)  is  a right  adjoint  to  restriction  (Lemma  45.16.1)  we  obtain 


BHomB(KB,B)  = RRomB/mB(KB,  RHom(B/mB,  B )) 
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OBJL 


OBFR 


OBJM 


OBJN 


The  cohomology  modules  of  17  Horn  (B/mB,  B)  are  the  modules  Ext^B/mB,  B) 


which  by  More  on  Algebra,  Remark 


15.54.18 


are  equal  to  ExPa(ka,  A)  0^  B.  Since 


A is  Gorenstein,  only  a finite  number  of  these  are  nonzero  and  each  Ext^B/mB,  B) 
is  isomorphic  to  a direct  sum  of  copies  of  B/mB.  Hence  since  B/mB  is  Gorenstein 
we  conclude  that  R Homs^s,  A)  has  only  a finite  number  of  nonzero  cohomology 
modules  and  the  proof  is  complete.  □ 

Lemma  45.38.7.  Let  A — > B be  a flat  local  homomorphism  of  Noetherian  local 
rings.  If  B is  Gorenstein,  then  A is  Gorenstein. 

Proof.  By  More  on  Algebra,  Remark 1 15. 54. 18|  we  have 

Ext a(ka,  A)  (gu  B = Ext^B/rruB,  B) 

for  all  i.  Since  B is  Gorenstein,  B has  finite  injective  dimension  as  a B-module. 
Hence  Ex.t%B{B  / vciaB  , B)  is  0 for  * 0.  Since  A — >■  B is  faithfully  flat  we  conclude 

that  Ext\(KA,  A)  is  0 for  i 0.  We  conclude  by  Lemma 


45.38.4 


□ 


The  following  types  of  rings  have  a dualizing  complex: 


Lemma  45.38.8. 

(1)  fields, 

(2)  Noetherian  complete  local  rings, 

(3)  Z, 

(4)  Dedekind  domains, 

(5)  ring  essentially  of  finite  type  over  any  of  the  above. 

Proof.  By  Lemma [45 . 38 . 3|  a regular  local  ring  has  a dualizing  complex.  Thus  any 
ring  essentially  of  finite  type  over  a regular  local  ring  has  a dualizing  complex  by 
Proposition  |45. 17. 10|  A complete  Noetherian  local  ring  is  the  quotient  of  a regular 
local  ring  by  the  Cohen  structure  theorem  (Algebra,  Theorem  10.152.8| . Let  A be  a 
Dedekind  domain.  Then  every  ideal  I is  a finite  projective  A-module  (follows  from 
Algebra,  Lemma[l0.77.2  and  the  fact  that  the  local  rings  of  A are  discrete  valution 
ring  and  hence  PIDs).  Thus  every  A- module  has  finite  injective  dimension  at  most 

It  follows  easily  that  A[0]  is  a dualizing 

□ 


1 by  More  on  Algebra,  Lemma  15.58.2 
complex. 


45.39.  Formal  fibres 


This  section  is  a continuation  of  More  on  Algebra,  Section  15.42  There  we  saw 
there  is  a (fairly)  good  theory  of  Noetherian  rings  A whose  local  rings  have  Colren- 
Macaulay  formal  fibres.  Namely,  we  proved  (1)  it  suffices  to  check  the  formal  fibres 
of  localizations  at  maximal  ideals  are  Cohen-Macaulay,  (2)  the  property  is  inherited 
by  rings  of  finite  type  over  A,  (3)  the  fibres  of  A — >•  AA  are  Cohen-Macaulay  for  any 
completion  AA  of  A,  and  (4)  the  property  is  inherited  by  henselizations  of  A.  See 
More  on  Algebra,  Lemma[l5.42.4[  Proposition|15.42T5l  Lemma[i5.42.6|  and  Lemma 
|15.42.7|  Similarly,  for  Noetherian  rings  whose  local  rings  have  formal  fibres  which 
are  geometrically  reduced,  geometrically  normal,  (Sn),  and  geometrically  (Rn).  In 
this  section  we  will  see  that  the  same  is  true  for  Noetherian  rings  whose  local  rings 
have  formal  fibres  which  are  Gorenstein  or  local  complete  intersections.  This  is 
relevant  to  this  chapter  because  a Noetherian  ring  which  has  a dualizing  complex 
is  an  example. 

Lemma  45.39.1.  Properties  (A),  (B),  (C),  and  (D)  of  More  on  Algebra,  Section 
15.42  hold  for  P{k  — > R)  = “R  is  a Gorenstein  ring” . 
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Proof.  Since  we  already  know  the  result  holds  for  Cohen-Macaulay  instead  of 
Gorenstein,  we  may  in  each  step  assume  the  ring  we  have  is  Cohen-Macaulay.  This 
is  not  particularly  helpful  for  the  proof,  but  psychologically  may  be  useful. 

Part  (A).  Let  k C K be  a finitely  generated  field  extension.  Let  R be  a Gorenstein 
fc-algebra.  We  can  find  a global  complete  intersection  A = k[x i, . . . , xn}/{f\1 . . . , fc) 
over  k such  that  K is  isomorphic  to  the  fraction  field  of  A,  see  Algebra,  Lemma 
10.150.11  Then  R — > R<S>k  A is  a relative  global  complete  intersection.  Since  Rv  is 
a dualizing  complex  over  Rp,  we  see  that  i?p[a:i, . . . , xn]  is  a dualizing  complex  over 
i?p[ xi, . . . , xn]  by  Lemma  45.17.9  Hence  the  polynomial  ring  over  R is  Gorenstein. 
Next,  if  5 is  a Gorenstein  local  ring  and  f £ S is  a nonzerodivisor,  then  S/fS  is 
Gorenstein  by  Lemma [45. 18. 8|  In  this  way  we  see  that  R A is  a Gorenstein  ring. 
Thus  R K is  too  as  a localization. 

Proof  of  (B) . This  is  clear  because  a ring  is  Gorenstein  if  and  only  if  all  of  its  local 
rings  are  Gorenstein. 

Part  (C).  Let  A — ► B — ► C be  flat  maps  of  Noetherian  rings.  Assume  the  fibres  of 
A — ► B are  Gorenstein  and  B — > C is  regular.  We  have  to  show  the  fibres  of  A — ► C 
are  Gorenstein.  Clearly,  we  may  assume  A = k is  a field.  Then  we  may  assume 
that  B — > C is  a regular  local  homomorphism  of  Noetherian  local  rings.  Then  B 
is  Gorenstein  and  C/msC  is  regular,  in  particular  Gorenstein  (Lemma  |45.38.3). 
Then  C is  Gorenstein  by  Lemma [45. 38. 6| 

Part  (D).  This  follows  from  Lemma  45.38.7  □ 


OAWY  Lemma  45.39.2.  Let  A be  a Noetherian  local  ring.  If  A has  a dualizing  complex, 
then  the  formal  fibres  of  A are  Gorenstein. 

Proof.  Let  p be  a prime  of  A.  The  formal  fibre  of  A at  p is  isomorphic  to  the  formal 
fibre  of  A/p  at  (0).  The  quotient  A/p  has  a dualizing  complex  (Lemma |45.17.8). 
Thus  it  suffices  to  check  the  statement  when  A is  a local  domain  and  p = (0). 
Let  ui\  be  a dualizing  complex  for  A.  Then  ix*A  (g>A  AA  is  a dualizing  complex  for 
the  completion  AA  (Lemma  45.18.9).  Then  ui*A  f.f.(A)  is  a dualizing  complex 
for  K = f.f.(A)  (Lemma  45.17.6)  hence  is  isomorphic  ot  K[n]  for  some  n £ Z. 
Similarly,  we  conclude  a dualizing  complex  for  the  formal  fibre  AA  K is 

w*  0A  AA  <8ua  (Aa  ®a  K)  = {uA  Gu  K ) ®K  (AA  <g>A  K)  ^ (AA  <g>A  K)[n ] 
as  desired.  □ 


0BJP 


Here  is  the  verification  promised  in  Divided  Power  Algebra,  Remark  |23. 9. 3[ 

Lemma  45.39.3.  Properties  (A),  (B),  (C),  and  (D)  of  More  on  Algebra,  Section 
15.42  hold  for  P{k  — > R)  = “R  is  a local  complete  intersection’’ . See  Divided  Power 


Algebra,  Definition  \ 23. 8. 5[ 

Proof.  Part  (A).  Let  k C K be  a finitely  generated  field  extension.  Let  R be  a 
fc-algebra  which  is  a local  complete  intersection.  We  can  find  a global  complete 
intersection  A = k[x\, . . . , xn]/(fi, . . . , fc)  over  k such  that  K is  isomorphic  to  the 
fraction  field  of  A,  see  Algebra,  Lemma [10. 150. llj  Then  R — ► R A is  a relative 
global  complete  intersection.  It  follows  that  R £§>*,  A is  a local  complete  intersection 
by  Divided  Power  Algebra,  Lemma  [23. 8. 9[ 

Proof  of  (B).  This  is  clear  because  a ring  is  a local  complete  intersection  if  and  only 
if  all  of  its  local  rings  are  complete  intersections. 
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Part  (C).  Let  A — > B — > C be  flat  maps  of  Noetherian  rings.  Assume  the  fibres  of 
A — )•  B are  local  complete  intersections  and  B -A  C is  regular.  We  have  to  show 
the  fibres  of  A — > C are  Gorenstein.  Clearly,  we  may  assume  A = k is  a field.  Then 
we  may  assume  that  B — > C is  a regular  local  homomorphism  of  Noetherian  local 
rings.  Then  B is  a complete  intersection  and  C/vo-bC  is  regular,  in  particular  a 
complete  intersection  (by  definition).  Then  C is  a complete  intersection  by  Divided 
Power  Algebra,  Lemma [23.8. 9| 

Part  (D).  This  follows  by  the  same  arguments  as  in  (C)  from  the  other  implication 
in  Divided  Power  Algebra,  Lemma  [23. 8. 9[  □ 


45.40.  Finiteness  of  local  cohomology,  II 


OBJQ  We  continue  the  discussion  of  finiteness  of  local  cohomology  started  in  Section 
45.14  Let  A be  a Noetherian  ring  and  let  I C A be  an  ideal.  Set  X = Spec(A) 


and  Z = V(I)  C X.  Let  M be  a finite  A-module.  We  define 


OBJR  (45.40.0.1)  sa,i(M)  = min{depthAp  (Mp) +dim((A/p)q)  | p € X\Z,  q £ Z,  p C q} 

Our  conventions  on  depth  are  that  the  depth  of  0 is  oo  thus  we  only  need  to  consider 
primes  p in  the  support  of  M.  It  will  turn  out  that  sa.i{M)  is  an  important  invariant 
of  the  situation. 


0BJS  Lemma  45.40.1.  Let  A — ► B be  a finite  homomorphism  of  Noetherian  rings.  Let 
I C A he  an  ideal  and  set  J = IB.  Let  M be  a finite  B-module.  If  A is  universally 
catenary,  then  Sb,j(M)  = sa,i{M). 


Proof.  Let  p C q C A be  primes  with  I C q and  If, £ p.  Since  A — > B is  finite  there 
are  finitely  many  primes  pi  lying  over  p.  By  Algebra,  Lemma  10.71.9  we  have 


depth(Mp)  = min  depth  (Mp.) 


Let  pi  C q ij  be  primes  lying  over  q.  By  going  up  for  A — >•  B (Algebra,  Lemma 


10.35.20 1 there  is  at  least  one  q y for  each  i.  Then  we  see  that 


dim  ((B/pi)qij)  = dim((A/p)q) 


by  the  dimension  formula,  see  Algebra,  Lemma  |10.112.l|  This  implies  that  the 
minimum  of  the  quantities  used  to  define  Sb,j(M)  for  the  pairs  (pi,  q.y)  is  equal  to 
the  quantity  for  the  pair  (p,q).  This  proves  the  lemma.  □ 


0BJT  Lemma  45.40.2.  Let  A be  a universally  catenary  Noetherian  local  ring.  Let  I C A 
be  an  ideal.  Let  M be  a finite  A-module.  Then 

sa,i(M)  > sa*,i*(Ma) 

If  the  formal  fibres  of  A are  ( Sn ),  then  min(n  + 1,  sa,i(M))  < sa/\,/a(Ma). 


Proof.  Write  X = Spec(A),  XA  = Spec(AA),  Z = V(I)  C X,  and  ZA  = F(/A). 
Let  p'  C q'  C AA  be  primes  with  p'  ^ ZA  and  q'  G ZA . Let  p C q be  the 
corresponding  primes  of  A.  Then  p ^ Z and  q £ Z.  Picture 


P' 
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Let  us  write 


a = dim(A/p)  = dim(AA/pAA), 
b = dim(A/q)  = dim(AA/qAA), 
a'  = dim(AA/p'), 
b’  = dim(AA/q') 


Equalities  by  More  on  Algebra,  Lemma  [15.34. 1[  We  also  write 
p = dim (AA /pAA ) = dim((AA/pAAV) 
q = dim(AA /pAA  ) = dim((AA/qAA)q/) 


Since  A is  universally  catenary  we  see  that  AA/pAA  = (A/p)A  is  equidimensional 
of  dimension  a (Proposition  45.13.6 1.  Hence  a = a'  + p.  Similarly  b = b'  + q.  By 
Algebra,  Lemma  10.155.1  applied  to  the  flat  local  ring  map  Ap  — > AA,  we  have 


depth(Mp)  = clepth(Mp)  + depth(AA,/pAp,) 


The  quantity  we  are  minimizing  for  sa,i(M)  is 


s(p,  q)  = depth(Mp)  + dim((A/p)q)  = depth(Afp)  + a — b 

(last  equality  as  A is  catenary).  The  quantity  we  are  minimizing  for  s^a,/a(ALa)  is 

s(p\  q')  = depth(MA,)  + dim((AA/p')q/)  = depth(MA,)  + a'  — b' 

(last  equality  as  AA  is  catenary).  Now  we  have  enough  notation  in  place  to  start 
the  proof. 


Let  p C q C A be  primes  with  p qL  Z and  q £ Z such  that  sa,i(M ) = s(p,q). 
Then  we  can  pick  q'  minimal  over  qAA  and  p'  C q'  minimal  over  pAA  (using  going 
down  for  A -A  AA).  Then  we  have  four  primes  as  above  with  p = 0 and  q = 0. 
Moreover,  we  have  depth(AA,/pAA,)  = 0 also  because  p = 0.  This  means  that 
s(p',  q')  = s(p,  q).  Thus  we  get  the  first  inequality. 

Assume  that  the  formal  fibres  of  A are  ( Sn ).  Then  depth(AA,/pAA,)  > min (n,p). 
Hence 


s(p',q')  > s(p,q)  + q + min(n,p)  —p  > sa,i{M)  + g + min(n,p)  —p 
Thus  the  only  way  we  can  get  in  trouble  is  if  p > n.  If  this  happens  then 
s(p',  q')  = depth (MA/)  + dim((AA/p')q') 

= depth  (Mp)  + depth(AA,/pAA,)  + dim((AA/p')q/) 

> 0 + n + 1 

because  (AA/p')q-  has  at  least  two  primes.  This  proves  the  second  inequality.  □ 


The  method  of  proof  of  the  following  lemma  works  more  generally,  but  the  stronger 
results  one  gets  will  be  subsumed  in  Theorem  45.40.4|  below. 


0BJU  Lemma  45.40.3.  Let  A be  a Gorenstein  Noetherian  local  ring.  Let  I C A be  an 
ideal  and  set  Z = V(I ) C Spec(A).  Let  M be  a finite  A-module.  Let  s = sa,i(M) 
as  in  ( 45.40.0.1 ).  Then  H‘Z(M)  is  finite  for  i < s,  but  HZ(M)  is  not  finite. 


This  is  a special 
case  of  (Fal78hl 
Satz  1]. 
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Proof.  An  important  role  will  be  played  by  the  finite  A-modules 

Ei  =Ext  a(M,A) 

For  p C A we  will  write  H p to  denote  the  local  cohomology  of  a Ap-module.  Then 
we  see  that  the  pAp-adic  completion  of 

(E%  =Ext\p(Mp,Ap) 

is  Matlis  dual  to 

by  Lemma [45. 20. 4 and  the  fact  that  Ap  is  Gorenstein.  In  particular  we  deduce  from 
this  the  following  fact:  an  ideal  J C A annihilates  (El)v  if  and  only  if  J annihilates 
^dim(Ap)— Set  Zn  = {p  £ Z | dim(A/p)  < n}.  Observe  that  Z_\  = 0 and 
Zn  = Z for  n = dim (Z). 

Proof  of  finiteness  for  i < s.  We  will  use  a double  induction  to  do  this.  For  i < s 
consider  the  induction  hypothesis  IHi : HZ(M)  is  finite  for  0 < a < i.  The  case 
I Ho  is  trivial  because  HZ(M)  is  a submodule  of  M and  hence  finite. 

Induction  step.  Assume  IHi- 1 holds  for  some  0 < i < s.  For  0 < a < i—  1 let  Ja  be 
the  annihilator  of  HZ(M).  Observe  that  V(Ja)  C Z as  the  support  of  the  finite  A- 
module  HZ(M)  is  contained  in  Z.  We  will  show  by  descending  induction  on  n that 
there  exists  an  ideal  J with  V(J)  C Z such  that  the  associated  primes  of  JHl7(M) 
are  in  Z.n . For  n = —1  this  implies  JHl7(M ) = 0 (Algebra,  Lemma  10.62.7)  and 


hence  the  finiteness  of  Hlz(M)  by  Lemma 
trivial. 


45.14.1 


The  base  case  n = dim(Z)  is 


Thus  we  assume  given  J with  the  property  for  n.  Let  q £ Zn . With  Zq  = V(IAq) 
we  have  HJZ{M) q = Hz  (Mq)  by  Lemma  45.9.3  Consider  the  spectral  sequence 


of  Lemma 


45.9.7 


for  the  ideals  IAq  C qAq  C Aq.  Below  we  will  find  an  ideal  J'  C A 


with  V(J')  C Z such  that  Hq(Mq)  is  annihilated  by  J'  for  all  q £ Zn\Zn-\.  Claim: 
JJ'Jo  . . . Ji-\  will  work  for  n—  1.  Namely,  let  q £ Zn\Zn_ i.  The  spectral  sequence 
above  defines  a filtration 


IT'OjZ  7T'0)*  f— 

- Fi+2  C 


C E0/  c E^  = Lfqu(F|(M)q) 


-i0,i 


The  module  E^£  is  annihilated  by  J’ . The  subquotients  E®’1  /E^q  are  annihilated 


by  Ji-j+i  because  the  target  of  is  a subquotient  of  Hq  (HlzJ  (A/)).  Finally,  by 
our  choice  of  J we  have  J Hz ( M ) q C Hq(Hlz(AI) q).  Thus  q cannot  be  an  associated 
prime  of  JJ’Jo...  HZ(M)  as  desired. 

By  our  initial  remarks  we  see  that  J 1 should  annihilate 

^^idim(Aq)— _ ^^dim(A)  — n— 

for  all  q £ Zn\  Zn-\.  But  if  J'  works  for  one  q,  then  it  works  for  all  q in  an  open 
neighbourhood  of  q as  the  modules  Edlml'A^~n~l  are  finite.  Since  every  subset  of 
X is  Noetherian  with  the  induced  topology  (Topology,  Lemma  5.8.2),  we  conclude 
that  it  suffices  to  prove  the  existence  of  J'  for  one  q. 

Since  the  ext  modules  are  finite  the  existence  of  J'  is  equivalent  to 
Supp (^dinqAj-n-*)  n Spec(Aq)  c Z. 
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This  is  equivalent  to  showing  the  localization  at  every  p C q,  p (jL  Z is  zero.  Using 
local  duality  over  Ap  we  find  that  we  need  to  prove  that 

^dim(Ap)-dim(A)+ra+i^^  _ ^i-dim((A/p)„) 

is  zero  (this  uses  that  A is  catenary).  This  vanishes  exactly  by  our  definition  of 


s(M)  and  Lemma  45.11.1  This  finishes  the  proof  of  finiteness  for  i < s. 


To  prove  HSZ[M ) is  not  finite  we  work  backwards  through  the  arguments  above. 
First,  we  pick  a q £ 2,  p C q with  p ^ Z such  that  s = depthA  (Mp)  + dim((A/p)q). 

Then  Hp  dlm^A^P’)q')(Mp)  is  nonzero  by  the  nonvanishing  in  Lemma  45.11.1  Set 
n = dim(A/q).  Then  there  does  not  exist  an  ideal  J C A with  V{J)  C Z such 
that  J(Edlm^~n~s)q  = 0.  Thus  Hq(Mq)  is  not  annihilated  by  an  ideal  J C A 
with  V(J)  C Z.  It  follows  from  the  spectral  sequence  displayed  above  that  at  least 
one  of  the  modules  Hz(M)q,  0 < * < s is  not  annihilated  by  an  ideal  J C A with 
V(J)  C Z.  Since  Hl 2z(M)  is  finite  for  i < s and  hence  are  annihilated  by  such 
ideals,  we  conclude  that  HZ(M)  is  not  finite.  □ 

Observe  that  the  hypotheses  of  the  following  theorem  are  satisfied  by  excellent  Noe- 
therian  rings  (by  definition),  by  Noetherian  rings  which  have  a dualizing  complex 
(Lemmas  45. 19. 4| and  45.39.2),  and  by  regular  Noetherian  rings. 


OBJV 


Theorem  45.40.4.  Let  A be  a Noetherian  ring  and  let  I C A be  an  ideal.  Set 
Z = V(I)  C Spec(A).  Let  M be  a finite  A-module.  Set  s = sa,i(M)  as  in 
(45.40. 0. 7|).  Assume  that 

(1)  A is  universally  catenary, 

(2)  the  formal  fibres  of  the  local  rings  of  A are  Cohen- Macaulay. 

Then  HZ(M)  is  finite  for  0 < i < s and  HSZ{M)  is  not  finite. 


Proof.  By  Lemma  45.14.2  we  may  assume  that  A is  a local  ring. 


OBJW 


This  is  a special 
case  of  [Fal81 1 Satz 
2]- 


If  A is  a Noetherian  complete  local  ring,  then  we  can  write  A as  the  quotient  of 
a regular  complete  local  ring  B by  Cohen’s  structure  theorem  (Algebra,  Theorem 
10.152.8|.  Using  Lemmas  45.40.1  and  45.9.2  we  reduce  to  the  case  of  a regular 


local  ring  which  is  a consequence  of  Lemma  45.40.3|  because  a regular  local  ring  is 
Gorenstein  (Lemma|45.38.3 1. 


Let  A be  a Noetherian  local  ring.  Let  m be  the  maximal  ideal.  We  may  assume  I C 
m,  otherwise  the  lemma  is  trivial.  Let  AA  be  the  completion  of  A , let  ZA  = V (IAA), 
and  let  M A = M (g>^  AA  be  the  completion  of  M (Algebra,  Lemma  10.96.1[).  Then 
HZ(M ) (gu  AA  = Hza(Ma)  by  Lemma  45.9.3  and  flatness  of  A -4  AA  (Algebra, 
Lemma  10.96.2).  Hence  it  suffices  to  show  that  HzA(Ma)  is  finite  for  * < s and 


not  finite  for  i = s,  see  Algebra,  Lemma  [10. 82. 2[  Since  we  know  the  result  is  true 
for  AA  it  suffices  to  show  that  sa,i(M ) = saa,i^{Ma).  This  follows  from  Lemma 
145.40.21  □ 

Remark  45.40.5.  The  astute  reader  will  have  realized  that  we  can  get  a away 
with  a slightly  weaker  condition  on  the  formal  fibres  of  the  local  rings  of  A.  Namely, 


in  the  situation  of  Theorem  45.40.4  assume  A is  universally  catenary  but  make  no 
assumptions  on  the  formal  fibres.  Suppose  we  have  an  n and  we  want  to  prove  that 
HZ(M ) are  finite  for  i < n.  Then  the  exact  same  proof  shows  that  it  suffices  that 
Sa,i(M)  > n and  that  the  formal  fibres  of  local  rings  of  A are  (Sn).  On  the  other 
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hand,  if  we  want  to  show  that  HZ(M)  is  not  finite  where  s = sa,i(M),  then  our 
arguments  prove  this  if  the  formal  fibres  are  (S's_i). 


45.41.  Finiteness  of  pushforwards,  II 


This  section  is  the  continuation  of  Section  45.15 
of  the  labor  done  in  Section  145.401 


In  this  section  we  reap  the  fruits 


Lemma  45.41.1.  Let  X be  a locally  Noetherian  scheme.  Let  j : U —¥  X be 
the  inclusion  of  an  open  subscheme  with  complement  Z . Let  T be  a coherent  Ojj- 
module.  Let  n > 0 be  an  integer.  Assume 

(1)  X is  universally  catenary, 

(2)  for  every  z £ Z the  formal  fibres  of  Ox, z are  (Sn). 

In  this  situation  the  following  are  equivalent 

(a)  for  x £ Supp(J-)  and  z £ ZC\{x}  we  have  depth0x  ^ (J-x)  +dim(0^y  /)  > 
n, 

(b)  RPjifX  is  coherent  for  0 < p < n. 


Proof.  The  statement  is  local  on  X , hence  we  may  assume  X is  affine.  Say  X = 
Spec(A)  and  Z = V(I).  Let  M be  a finite  A-module  whose  associated  coherent 
Ox-module  restricts  to  T over  U,  see  Lemma[45.15.2  This  lemma  also  tells  us  that 
Rpj*iF  is  coherent  if  and  only  if  HZ+1(M)  is  a finite  A-module.  Observe  that  the 
minimum  of  the  expressions  depth0x  ^ (IF/)  +dim(Oj^y  _)  is  the  number  sa.i(M)  of 
(45.40.0.1 ).  Having  said  this  the  lemma  follows  from  Theorem  45.40.4  as  elucidated 
by  Remark  |45. 40. 5|  □ 


Lemma  45.41.2.  Let  X be  a locally  Noetherian  scheme.  Let  j : U -A  X be  the 
inclusion  of  an  open  subscheme  with  complement  Z.  Let  n > 0 be  an  integer.  If 
Rpj*Ou  is  coherent  for  0 < p < n,  then  the  same  is  true  for  Rpj*T,  0 < p < n for 
any  finite  locally  free  Ou -module  F . 


Proof.  The  question  is  local  on  X,  hence  we  may  assume  X is  affine.  Say  X = 
Spec(Al)  and  Z = V(I). 

145.14.41 


Via  Lemma  45.15.2  our  lemma  follows  from  Lemma 

□ 


Lemma  45.41.3.  Let  A be  a ring  and  let  J C I C A be  finitely  generated  ideals. 
Let  p > 0 be  an  integer.  Set  U = Spec(A)  \ V(I).  If  Hp(U,Ojj)  is  annihilated  by 
Jn  for  some  n,  then  HPiU,!7)  annihilated  by  Jm  for  some  m = m(J-)  for  every 
finite  locally  free  Ou-module  T . 


iBd.1 14t  Lemma 
1.9] 


Proof.  Consider  the  annihilator  a of  HP(U,J-).  Let  u £ U.  There  exists  an  open 
neighbourhood  u £ U'  C U and  an  isomorphism  ip  : 0®,r  — » T\u'-  Pick  f £ A such 
that  u £ D(f)  C U' . There  exist  maps 


a:OfTr 


o®r 


whose  restriction  to  D(f)  are  equal  to  fN ip  and  fN ip  1 


T and  b : T 

for  some  N.  Moreover  we 

may  assume  that  a o b and  boa  are  equal  to  multiplication  by  f2N . This  follows 
from  Properties,  Lemma  27.17.3  since  U is  quasi-compact  (I  is  finitely  generated), 
separated,  and  T and  Of/  are  finitely  presented.  Thus  we  see  that  HP(U,R)  is 
annihilated  by  f2N Jn , i.e.,  f2NJn  C a. 


As  U is  quasi-compact  we  can  find  finitely  many  f\, ... , ft  and  N\ , . . . , Nt  such  that 
U = (J  D(fi)  and  f2Ni  Jn  C a.  Then  V(I)  = V(/1, . . . , ft)  and  since  I is  finitely 
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generated  we  conclude  IM  C (fi,  - ft)  for  some  M.  All  in  all  we  see  that  Jm  C a 
for  m 0,  for  example  m = M(2Ar1  + . . . + 2Nt)n  will  do.  □ 
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Algebraic  Curves 


46.1.  Introduction 

In  this  chapter  we  develop  some  of  the  theory  of  algebraic  curves.  A reference 
covering  algebraic  curves  over  the  complex  numbers  is  the  book  IACGH85I. 


46.2.  Riemann-Roch  and  duality 


Let  k be  a field.  Let  X be  a proper  scheme  of  dimension  < 1 over  k.  In  Varieties, 
Section [32. 33| we  have  defined  the  degree  of  a locally  free  Ox-module  8 of  constant 
rank  by  the  formula 


(46.2.0.1)  deg(£)  = x(A,£)  - rank  (8)x(X,Ox) 

see  Varieties,  Definition |32. 33. 1]  In  the  chapter  on  Chow  Homology  we  defined  the 
first  chern  class  of  8 as  an  operation  on  cycles  (Chow  Homology,  Section  41.35 ) and 
we  proved  that 


(46.2.0.2)  deg(f)  = deg(ci(£)  C [X]i) 

we  obtain 

our  first  version  of  the  Riemann-Roch  formula 


see  Chow  Homology,  Lemma  41.41.3  Combining  (|46.2.0.1 ) and  (46.2.0.2 


(46.2.0.3)  x(A,£)  = deg(ci(£)  n Ah)  + rank (£)x(X,Ox) 

If  C is  an  invertible  Ox-module,  then  we  can  also  consider  the  numerical  intersection 
(£  • X)  as  defined  in  Varieties,  Definition  32.34.3  However,  this  does  not  give 
anything  new  as 

(46.2.0.4)  (C  ■ X)  = deg(£) 

by  Varieties,  Lemma  32.34. 12[  If  C is  ample,  then  this  integer  is  positive  and  is 
called  the  degree 


(46.2.0.5)  deg£(X)  = (£  ■ X)  = deg (£) 

of  X with  respect  to  C,  see  Varieties,  Definition  |32. 34. 10| 

To  obtain  a true  Riemann-Roch  theorem  we  would  like  to  write  y(A”,  Ox)  as  the 
degree  of  a canonical  zero  cycle  on  X.  We  refer  to  IFul98l  for  a fully  general  version 
of  this.  We  will  use  duality  to  get  a formula  in  the  case  where  X is  Gorenstein; 
however,  in  some  sense  this  is  a cheat  (for  example  because  this  method  cannot 
work  in  higher  dimension). 

Lemma  46.2.1.  Let  X be  a proper  scheme  of  dimension  < 1 over  a field  k.  There 
exists  a dualizing  complex  ojx  with  the  following  properties 
(1)  is  nonzero  only  for  i = —1,0, 
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(2)  uix  = H~1{lo*x)  is  a coherent  Cohen- Macaulay  module  whose  support  is 
the  irreducible  components  of  dimension  1, 

(3)  for  x £ X closed,  the  module  H°(uix  x)  is  nonzero  if  and  only  if  either 

(a)  dim {Ox,x)  = 0 or 

(b)  dim.(0XtX)  = 1 and  Ox,x  is  not  Cohen- Macaulay, 

(4)  there  are  functorial  isomorphisms  Extlx(K,uix)  = Horn k(H~l(X,  K),k) 
compatible  with  shifts  for  K £ DQCoh(X), 

(5)  there  are  functorial  isomorphisms  Hom(Jr,  lox)  = Horn k(H1(X,  I r),  k)  for 
T quasi- coherent  on  X. 


Proof.  We  start  with  the  relative  dualizing  complex  uix  = uj*x/k  as  described  in 
Dualizing  Complexes,  Remark  45.28.5  Then  property  (4)  holds  by  construction. 
Observe  that  is  also  the  dualizing  complex  normalized  relative  to  w*poc(.^  — 


Ospec(fc);  i-e-i  ^ is  the  dualizing  complex  w*-  as  in  Dualizing  Complexes,  Example 
45.36.1  with  A = k and  u>a  = fc[0] . Parts  (1)  and  (2)  follow  from  Dualizing 

For  a closed  point  x 


X we  see  that  a iXx 


is  a 


Complexes,  Lemma  45.36.6 
normalized  dualizing  complex  over  Ox,i 
Assertion  (3)  then  follows  from  Dualizing  Complexes,  Lemma  45.37.2  Finally, 


see  Dualizing  Complexes,  Lemma  45.36.4 


assertion  (5)  follows  from  Dualizing  Complexes,  Lemma  45.36.7  for  coherent  J-  and 
in  general  by  unwinding  (4)  for  K = ,F[0]  and  i = — 1.  □ 


0BS3  Lemma  46.2.2.  Let  X be  a proper  scheme  over  a field  k which  is  Cohen- Macaulay 
and  equidimensional  of  dimension  1 . There  exists  a dualizing  module  uix  with  the 
following  properties 

(1)  u)X  is  a coherent  Cohen- Macaulay  module  whose  support  is  X, 

(2)  there  are  functorial  isomorphisms  Extx(K,  wx[l])  = Aomk(H~l (X , K ),  k) 
compatible  with  shifts  for  K £ DQCoh{X), 

(3)  there  are  functorial  isomorphisms  Ext1+1(E,  uix)  = Horn k(H~'l(X,Jr),k) 
for  T quasi- coherent  on  X . 


Proof.  Let  us  take  uix  normalized  as  in  as  in  Dualizing  Complexes,  Example 


45.36.2 


Then  the  statements  follow  from  Lemma  |46.2.1|  and  the  fact  that  uix  = 

□ 


uix  [lj  as  X is  Cohen-Macualay  (Dualizing  Complexes,  Lemma  45.37.3). 


0BS4  Remark  46.2.3.  Let  X be  a proper  scheme  of  dimension  < 1 over  a field  k.  Let 


u>x  be  as  in  Lemma  46.2.1  If  £ is  a finite  locally  free  Ox-module  with  dual 


then  we  have  canonical  isomorphisms 


Horn k(H-\X,£),k)  = LP(X,£A  2&x  ui'x) 

This  follows  from  the  lemma  and  Cohomology,  Lemma  [20.41.11  If  X is  Cohen- 
Macaulay  and  equidimensional  of  dimension  1,  then  we  have  canonical  isomor- 
phisms 

Horn k{H~\X,£),k)  = H1~\X,£a  ux) 
where  uix  is  as  in  Lemma|46.2.2| 


We  can  use  Lemmas  |46.2.1|  and  |46.2.2|  to  get  a relation  between  the  euler  charac- 
teristic of  Ox  and  the  euler  characteristic  of  the  dualizing  complex  or  the  dualizing 
module. 
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0BS5  Lemma  46.2.4.  Let  X be  a proper  scheme  of  dimension  < 1 over  a field  k.  With 
tvx  as  in  Lemma  46-2.1  we  have 

x{X,Ox)  = X{X,^x) 

If  X is  Cohen- Macaulay  and  equidimensional  of  dimension  1,  then 


x(X,Ox)  = -x(X,u;x ) 
with  tvx  as  in  Lemma  146.2.21 

Proof.  We  define  the  right  hand  side  of  the  first  formula  as  follows: 

x(X,u>x)  = 

This  is  well  defined  because  wx  is  in  DbCoh(Ox),  but  also  because 
H\ X,umx)  = Ext  i(Ox,^x)  = H~\X,Ox ) 


which  is  always  finite  dimensional  and  nonzero  only  if  i = 0,-1.  This  of  course 
also  proves  the  first  formula.  The  second  is  a consequence  of  the  first  because 
oj*x  = ojx[  1]  in  the  CM  case.  □ 


We  will  use  Lemma  46.2.4  to  get  the  desired  formula  for  x(x,  Ox)  in  the  case  that 
u)X  is  invertible,  i.e.,  that  A'  is  Gorenstein.  The  statement  is  that  —1/2  of  the  first 
chern  class  of  ujx  capped  with  the  cycle  [A]i  associated  to  X is  a natural  zero  cycle 
on  X with  half-integer  coefficients  whose  degree  is  x(x,Ox).  The  occurence  of 
fractions  in  the  statement  of  Riemann-Roch  cannot  be  avoided. 


0BS6  Lemma  46.2.5  (Rieman-Roch) . Let  X be  a proper  scheme  over  a field  k which 
is  Gorenstein  and  equidimensional  of  dimension  1.  Let  tv x he  as  in  Lemma\46.2.2 
Then 

(1)  u>x  is  an  invertible  Ox -module, 

(2)  deg(w^)  = -2 x(X,Ox), 

(3)  for  a locally  free  Ox -module  £ of  constant  rank  we  have 

X(X,£)  = deg(£)  ~ \rank{£)  deg(wx) 
and  dimfc(4f*(X,  £))  = dimfc(iJ1_*(X,  £ A <8>ox  wy)  for  all  i £ Z. 


Proof.  It  follows  more  or  less  from  the  definition  of  the  Gorenstein  property 
that  the  dualizing  sheaf  is  invertible,  see  Dualizing  Complexes,  Section  45.38  By 
(46.2.0.31  applied  to  uix  we  have 

x(X,gjx)  = deg(ci (u>x)  (~l  [X]i)  + x(X,Ox) 

Combined  with  Lemma [46. 2. 4|  this  gives 

2x(x,£>x)  = -deg(ci(wA-)  n [A]i)  = -deg(wx) 


the  second  equality  by  (46.2.0.2|).  Putting  this  back  into  (46.2.0.3)  for  £ gives  the 
displayed  formula  of  the  lemma.  The  symmetry  in  dimensions  is  a consequence  of 
duality  for  A,  see  Remark |46. 2. 3|  □ 
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46.3.  Some  vanishing  results 

In  this  section  we  work  in  the  following  situation. 

Situation  46.3.1.  Here  k is  a field  and  X is  a proper  scheme  over  k which  is 
Cohen-Macaulay,  equidimensional  of  dimension  1,  and  has  H°(X,Ox)  = k.  Let 
ux  be  the  dualizing  sheaf  of  X as  in  Dualizing  Complexes,  Example  |45.36.2 


From  the  discussion  in  Section  46. 2|  we  see  that  the  dualizing  sheaf  u>x  on  X has 
nonvanishing  H1 . It  turns  out  that  anything  slightly  more  “positive”  than  u>x  has 
vanishing  H1. 


Lemma  46.3.2.  In  Situation  46.3.1  Given  an  exact  sequence 

ujx  -t  X -*  Q -)•  0 

of  coherent  Ox-modules  with  H1(X,Q)  = 0 (for  example  if  dim(Supp(Q))  = 0), 
then  either  H1(X,Jr)  = 0 or  T = uix  © Q- 

Proof.  (The  parenthetical  statement  follows  from  Cohomology  of  Schemes,  Lemma 
29.9.101)  Since  H°(X , Ox)  = k is  dual  to  Hl{X,  uix)  (see  Section  46.2 ) we  see  that 


dim#1  (A',  uix)  = 1.  The  sheaf  ujx  represents  the  functor  T i-a  Horn*,  (U1  (X,  J 7),  k) 
on  the  category  of  coherent  Ox-modules  (Dualizing  Complexes,  Lemma  [45.36.7). 
Consider  an  exact  sequence  as  in  the  statement  of  the  lemma  and  assume  that 
LT1(X, F)  ^ 0.  Since  H1(X,Q)  = 0 we  see  that  1L1(X, uix)  — » H1(X,F)  is  an 
isomorphism.  By  the  universal  property  of  uix  stated  above,  we  conclude  there 
is  a map  T — > uix  whose  action  on  H 1 is  the  inverse  of  this  isomorphism.  The 
composition  uix  — t F — > uix  is  the  identity  (by  the  universal  property)  and  the 
lemma  is  proved.  □ 


Lemma  46.3.3.  In  Situation  46.3.1.  Let  C be  an  invertible  Ox-module  which  is 


globally  generated  and  not  isomorphic  to  Ox-  Then  H1(X,uix  © C)  = 0. 
Proof.  By  duality  as  discussed  in  Section 


46.2 


we  have  to  show  that  H°( X,  C®^1)  = 
0.  If  not,  then  we  can  choose  a global  section  t of  and  a global  section  s of  £ 
such  that  st  ^ 0.  However,  then  st  is  a constant  multiple  of  1,  by  our  assumption 
that  H°(X,  Ox)  = k.  It  follows  that  C = Ox , which  is  a contradiction.  □ 


Lemma  46.3.4.  In  Situation  46.3.1  Given  an  exact  sequence 

uix  — t IF  — v Q — > 0 

of  coherent  Ox-modules  with  dim (Supp(Q))  = 0 and  dim*,  H°(X , Q)  > 2 and  such 
that  there  is  no  nonzero  submodule  Q'  C T such  that  Q!  — ► Q is  injective.  Then 
the  submodule  of  J-  generated  by  global  sections  surjects  onto  Q. 

Proof.  Let  T'  C T be  the  submodule  generated  by  global  sections  and  the  image  of 
uix  — > F ■ Since  dimfe  7L0(AT,  Q)  > 2 and  dim kH1(X,uix)  = dim k H°(X,Ox)  = 1, 
we  see  that  T'  — ► Q is  not  zero  and  uix  —>  X'  is  not  an  isomorphism.  Hence 
H1(X1T')  = 0 by  Lemma 


46.3.2 


and  our  assumption  on  T . Consider  the  short 

exact  sequence 

0 F’  F -4  Q/Im(J-'  ->•  Q)  -a  0 

If  the  quotient  on  the  right  is  nonzero,  then  we  obtain  a contradiction  because  then 
H°(X,  T)  is  bigger  than  H°(X,  P).  □ 


Here  is  an  example  global  generation  statement. 
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Lemma  46.3.5.  In  Situation  4 6.3.1  assume  that  X is  integral.  Let  0 -A  u>x 


F — > Q — > 0 be  a short  exact  sequence  of  coherent  Ox -modules  with  F torsion  free, 
dim(Sitpp(Q))  = 0,  and  dim*,  H°(X , Q)  > 2.  Then  F is  globally  generated. 

Proof.  Consider  the  submodule  F'  generated  by  the  global  sections.  By  Lennna 
46.3.4  we  see  that  F'  — > Q is  surjective,  in  particular  F'  ^ 0.  Since  X is  a curve, 


we  see  that  F'  C F is  an  inclusion  of  rank  1 sheaves,  hence  Q!  = F /F'  is  supported 
in  finitely  many  points.  To  get  a contradiction,  assume  that  Q!  is  nonzero.  Then 
we  see  that  H1(X,F')  ^ 0.  Then  we  get  a nonzero  map  F'  — > u>x  by  the  universal 


property  (Dualizing  Complexes,  Lemma  45.36.7).  The  image  of  the  composition 
F'  — » ujx  — > F is  generated  by  global  sections,  hence  is  inside  of  F' . Thus  we  get 
a nonzero  self  map  F'  — » F' . Since  F'  is  torsion  free  of  rank  1 on  a proper  curve 
this  has  to  be  an  automorphism  (details  omitted) . But  then  this  implies  that  F'  is 
contained  in  u>x  C F contradicting  the  surjectivity  of  F'  — > Q.  □ 


Lemma  46.3.6.  In  Situation  46.3.1  Let  C be  a very  ample  invertible  Ox-module 
with  deg(£)  > 2.  Then  tax  ®Ox  ^ is  globally  generated. 


Proof.  Assume  k is  algebraically  closed.  Let  1 £ X be  a closed  point.  Let  Ci  C A' 
be  the  irreducible  components  and  for  each  i let  Xi  £ Ci  be  the  generic  point. 
By  Varieties,  Lemma  32.18.2  we  can  choose  a section  s £ H°(X,£)  such  that  s 
vanishes  at  x but  not  at  Xi  for  all  i.  The  corresponding  module  map  s : Ox  -A  £ is 
injective  with  cokernel  Q supported  in  finitely  many  points  and  with  H°(X,  Q)  > 2. 
Consider  the  corresponding  exact  sequence 

0 — t*  tux  — ^ ojx  G £ — ^ ojx  ® Q — 0 

By  Lemma[46.3.4|we  see  that  the  module  generated  by  global  sections  surjects  onto 
w>x  ® Q-  Since  x was  arbitrary  this  proves  the  lemma.  Some  details  omitted. 

We  will  reduce  the  case  where  k is  not  algebraically  closed,  to  the  algebraically 
closed  field  case.  We  suggest  the  reader  skip  the  rest  of  the  proof.  Choose  an 
algebraic  closure  k of  k and  consider  the  base  change  X Let  us  check  that  X ^ v 
Spec(fc)  is  an  example  of  Situation 
Schemes,  Lemma 


46.3.1 


By  flat  base  change  (Cohomology  of 


29.5.2 ) we  see  that  H°(X-j_,  O)  = k.  By  Varieties,  Lemma 


32.11.1 


we  see  that  is  Cohen-Macaulay.  The  scheme  Xk  is  proper  over  k (Morphisms, 
Lemma  28.41.5)  and  equidimensional  of  dimension  1 (Morphisms,  Lemma[28.28.3 ). 
The  pullback  of  cox  to  Xk  is  the  dualizing  module  of  Xk  by  Dualizing  Complexes, 
The  pullback  of  £ to  Xk  is  very  ample  (Morphisms 


Lemma 


45.23.1 


Lemma 

28. 38.81).  The  degree  of  the  pullback  of  £ to  Xk  is  equal  to  the  degree  of  £ on  X 
(Varieties,  Lemma  32.33.2).  Finally,  we  see  that  wj  C £ is  globally  generated  if 


and  only  if  its  base  change  is  so  (Varieties,  Lemma  32.18.1).  In  this  way  we  see 


that  the  result  follows  from  the  result  in  the  case  of  an  algebraically  closed  ground 
field.  ' □ 
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Resolution  of  Surfaces 


47.1.  Introduction 


This  chapter  discusses  resolution  of  singularities  of  surfaces  following  Liprnan  |Lip78| 
and  mostly  following  the  exposition  of  Artin  in  |Art86j.  The  main  result  (Theo- 


rem 


47.14.5)  tells  us  that  a Noetherian  2-dimensional  scheme  Y has  a resolution  of 


singularities  when  it  has  a finite  normalization  Yv  — > Y with  finitely  many  singular 


points  yi  € Y"  and  for  each  i the  completion  Oyv 


is  normal. 


To  be  sure,  if  Y is  a 2-dimensional  scheme  of  finite  type  over  a quasi-excellcnt  base 
ring  R.  (for  example  a field  or  a Dedekind  domain  with  fraction  field  of  characteristic 
0 such  as  Z)  then  the  normalization  of  Y is  finite,  has  finitely  many  singular  points, 
and  the  completions  of  the  local  rings  are  normal.  See  the  discussion  in  More  on 
Algebra,  Sections  |15.38[  |15.41[  and  |15.43|  and  More  on  Algebra,  Lemma  |15.33.2| 
Thus  such  a Y has  a resolution  of  singularities. 


A rough  outline  of  the  proof  is  as  follows.  Let  A be  a Noetherian  local  domain  of 
dimension  2.  The  steps  of  the  proof  are  as  follows 
N replace  A by  its  normalization, 

V prove  Grauert-Riemenschneider, 

B show  there  is  a maximum  g of  the  lengths  of  H1(X,Ox)  over  all  normal 
modifications  X — »•  Spec(A)  and  reduce  to  the  case  g = 0, 

R we  say  A defines  a rational  singularity  if  g = 0 and  in  this  case  after  a 
finite  number  of  blowups  we  may  assume  A is  Gorenstein  and  g = 0, 

D we  say  A defines  a rational  double  point  if  g = 0 and  A is  Gorenstein  and 
in  this  case  we  explicitly  resolve  singularities. 

Each  of  these  steps  needs  assumptions  on  the  ring  A.  We  will  discuss  each  of  these 
in  turn. 


Add  N:  Here  we  need  to  assume  that  A has  a finite  normalization  (this  is  not 
automatic).  Throughout  most  of  the  chapter  we  will  assume  that  our  scheme  is 
Nagata  if  we  need  to  know  some  normalization  is  finite.  However,  being  Nagata  is 
a slightly  stronger  condition  than  is  given  to  us  in  the  statement  of  the  theorem.  A 
solution  to  this  (slight)  problem  would  have  been  to  use  that  our  ring  A is  formally 
unramified  (i.e.,  its  completion  is  reduced)  and  to  use  Lemma  47.11.5  However,  the 
way  our  proof  works,  it  turns  out  it  is  easier  to  use  Lemma  |47.1 1.6  to  lift  finiteness 
of  the  normalization  over  the  completion  to  finiteness  of  the  normalization  over  A. 

Add  V : This  is  Proposition  |47.7.8|  and  it  roughly  states  that  for  a normal  modifi- 
cation / : X — > Spec(A)  one  has  R1  f*GJx  = 0 where  ojx  is  the  dualizing  module 
of  X/A  (Remark  47.7.7).  In  fact,  by  duality  the  result  is  equivalent  to  a statement 
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(Lemma  47.7.6)  about  the  object  Rf*Ox  in  the  derived  category  D(A).  Having 
said  this,  the  proof  uses  the  standard  fact  that  components  of  the  special  fibre  have 
positive  conormal  sheaves  (Lemma|47.7.4). 

Add  B:  This  is  in  some  sense  the  most  subtle  part  of  the  proof.  In  the  end  we  only 
need  to  use  the  output  of  this  step  when  A is  a complete  Noetherian  local  ring, 
although  the  writeup  is  a bit  more  general.  The  terminology  is  set  in  Definition 
47.8.6  If  g (as  defined  above)  is  bounded,  then  a straightforward  argument  shows 
that  we  can  find  a normal  modification  X — > Spec(A)  such  that  all  singular  points 
of  X are  rational  singularities,  see  Lemma  |47.8.8|  We  show  that  given  a finite 
extension  A C B1  then  g is  bounded  for  B if  it  is  bounded  for  A in  the  following 


two  cases:  (1)  if  the  fraction  field  extension  is  separable,  see  Lemma  47.8.8  and  (2) 
if  the  fraction  held  extension  has  degree  p,  the  characteristic  is  p , and  A is  regular 
and  complete,  see  Lemma [47.8. 13| 

Add  R:  Here  we  reduce  the  case  g = 0 to  the  Gorenstein  case.  A marvellous  fact, 
which  makes  everything  work,  is  that  the  blowing  up  of  a rational  surface  singularity 
is  normal,  see  Lemma  [47. 9.4[ 

Add  D:  The  resolution  of  rational  double  points  proceeds  more  or  less  by  hand,  see 
Section  47.12  A rational  double  point  is  a hypersurface  singularity  (this  is  true 


but  we  don’t  prove  it  as  we  don’t  need  it).  The  local  equation  looks  like 

&ux\  + a\2X\X2  + a\^X\X^  + a22^2  A a23x2X3  + a33x3  = ^ ' aijkXiXjXk 

Using  that  the  quadratic  part  cannot  be  zero  because  the  multiplicity  is  2 and 
remains  2 after  any  blowup  and  the  fact  that  every  blowup  is  normal  one  quickly 
achieves  a resolution.  One  twist  is  that  we  do  not  have  an  invariant  which  decreases 
every  blowup,  but  we  rely  on  the  material  on  formal  arcs  from  Section  |47.10|  to 
demonstrate  that  the  process  stops. 

To  put  everything  together  some  additional  work  has  to  be  done.  The  main  kink  is 
that  we  want  to  lift  a resolution  of  the  completion  AA  to  a resolution  of  Spec(A). 
In  order  to  do  this  we  first  show  that  if  a resolution  exists,  then  there  is  a resolution 


by  normalized  blowups  (Lemma  47.14.3 ).  A sequence  of  normalized  blowups  can  be 


lifted  from  the  completion  by  Lemma  47.11.7[  We  then  use  this  even  in  the  proof 
of  resolution  of  complete  local  rings  A because  our  strategy  works  by  induction  on 
the  degree  of  a finite  inclusion  Aq  C A with  Aq  regular,  see  Lemma  [47. 14.4  With 
a stronger  result  in  B (such  as  is  proved  in  Lipman’s  paper)  this  step  could  be 
avoided. 


47.2.  A trace  map  in  positive  characteristic 


OADY 


In  this  section  p will  be  a prime  number.  Let  R be  an  Fp-algebra.  Given  an  a £ R 
set  S = R{x\/(xp  — a).  Define  an  i?-linear  map 


Trx  : fts/R 


Qr 


by  the  rule 


if 

if 


0 < i < p — 2, 
i = p — 1 


This  makes  sense  as  &s/R  is  a free  7?- module  with  basis  j'di,  0 < i < p — 1.  The 
following  lemma  implies  that  the  trace  map  is  well  defined,  i.e. , independent  of  the 
choice  of  the  coordinate  x. 
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OADZ  Lemma  47.2.1.  Let  ip  : R[x]/(xp  — a)  — > R[y]/(yp  — b)  be  an  R- algebra  homomor- 
phism. Then  Trx  = Try  o ip. 

Proof.  Say  ip( x)  = Ao  + Aiy  + . . . + Ap_iyp_1  with  A,;  € R.  The  condition  that 
mapping  x to  Ao  + Aiy  + . . . + Ap_i yp^1  induces  an  f?-algebra  homomorphism 
R.[x\/(xp  — a)  — > R[y\/{yp  — b)  is  equivalent  to  the  condition  that 

a = Xp0  + Xpb+...  + Xp_1bp-1 

in  the  ring  R.  Consider  the  polynomial  ring 

Runiv  — Fp[^,  A0,  ■ ■ • , Ap_i] 

with  the  element  a = Ag  4-  Xpb  + . . . + A^_1£>p— 1 Consider  the  universal  algebra  map 
Vuniv  ■ Runiv M/(xp  - a)  ->•  Runiv [y\ / [yp  - b)  given  by  mapping  x to  A0  + Ai y + 
. . . + Ap_iyp_1.  We  obtain  a canonical  map 

Runiv  ^ R 

sending  &,  A , to  &,  A j.  By  construction  we  get  a commutative  diagram 


Runiv  [^]  / (xP  d) 

RUniv[y]/{yp  - b ) 


R[x\/{xp  — a) 

¥> 

■ R[y\/(yp  - b ) 


and  the  horizontal  arrows  are  compatible  with  the  trace  maps.  Hence  it  suffices  to 
prove  the  lemma  for  the  map  <puniv  Thus  we  may  assume  R = Fp[6,  Ao, . . . , Ap_i] 
is  a polynomial  ring.  We  will  check  the  lemma  holds  in  this  case  by  evaluating 
Ti:y(ip(x)l&ip(x))  for  i = 0, . . . ,p  — 1. 

The  case  0 < i < p — 2.  Expand 

(Ao  + Ai y + . . . + Xp-iyp  1 ) z ( A i + 2A2 y + • • • + {p  — l)Ap_i yp  2) 

in  the  ring  R[y\/(yp  — b).  We  have  to  show  that  the  coefficient  of  i/p_1  is  zero.  For 
this  it  suffices  to  show  that  the  expression  above  as  a polynomial  in  y has  vanishing 
coefficients  in  front  of  the  powers  ypk~1.  Then  we  write  our  polynomial  as 

_^_(A°  + xiy  + ...  + Xp-1yp~1)t+1 

and  indeed  the  coefficients  of  yfcp_1  are  all  zero. 

The  case  i = p — 1.  Expand 

(Ao  + Ai y + . . . + Xp-\yp  1)p  x(Ai  + 2A2 y + • ■ ■ + (p  — l)Ap_i yp  2) 

in  the  ring  R[y\/(yp  — b).  To  finish  the  proof  we  have  to  show  that  the  coefficient 
of  yp~l  times  d&  is  da.  Here  we  use  that  R is  S/pS  where  S = Z [b,  A0, . . . , Ap_i]. 
Then  the  above,  as  a polynomial  in  y,  is  equal  to 

-^(Ao  + Ary  + .-.  + A^-V 

pdy 

Since  jjj(ypfc)  = pkypk~x  it  suffices  to  understand  the  coefficients  of  ypk  in  the 
polynomial  (Ao  + Aiy  + . . . + Ap_iyp-1)p  modulo  p.  The  sum  of  these  terms  gives 

Aq  + A pyp  + . . . + X p_1yp<'p~1'1  mod  p 
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Whence  we  see  that  we  obtain  after  applying  the  operator  and  after  reducing 
modulo  yp  — b the  value 

A?  + 2Xp2b+...  + (P-l)Xp_1bp-2 

for  the  coefficient  of  yp~x  we  wanted  to  compute.  Now  because  a = Aq  + Af6  + . . . + 
in  R we  obtain  that 

da  = (Af  + 2Xpb  + . . . + (p  - l)\p_1bp~2)db 
in  R.  This  proves  that  the  coefficient  of  yp~ 1 is  as  desired.  □ 


0AX5 


Lemma  47.2.2.  Let  Fp  C A C R C S be  ring  extensions  and  assume  that  S is 
isomorphic  to  R[x\/{xp  — a)  for  some  a £ R.  Then  there  are  canonical  R-linear 
maps 


Tr-.tf+l 


o*+1 

llR/ A 


for  t > 0 such  that 


. a * ij  f 0 if  0 < i < p - 2, 

rii  A . . . A m A x dx  i — > < * a j r ■ , 

(?7i  A . . . A T]t  A da  if  i=p—l 

for  rji  £ XIr/a  and  such  that  Tr  annihilates  the  image  of  S ®r  Xl^f  — > 


Proof.  For  t = 0 we  use  the  composition 


xi 


S/A 


n 


S/R 


XI  T 


XI 


R/A 


where  the  second  map  is  Lemma  [47. 2. 1|  There  is  an  exact  sequence 
Hi  (Ls/r)  —■ y ^Ir/a  ®r  S ~ > fts/ a ft S/R  > 0 


(Algebra,  Lemma  10.132.4).  The  module  Xls/R  is  free  over  S with  basis  da"  and 
the  module  ^{Lr/r)  is  free  over  S with  basis  xp  — a which  S maps  to  —da  <S>  1 in 
XIr/ a S.  In  particular,  if  we  set 

M = Coker  (I?.  — > XlR/A,  1 —da) 

then  we  see  that  Coker(<5)  = M ®r  S.  We  obtain  a canonical  map 

A s (Coker (<5))  Xls/R  = A lR{M)  Xls/R 

is  contained 


0‘+l 

“S/A 


47.2.1 


Now,  since  the  image  of  the  map  Tr  : XlR/R  — > XlR/\  of  Lemma 
in  Rda  we  see  that  wedging  with  an  element  in  the  image  annihilates  da.  Hence 
there  is  a canonical  map 

A fl(Af)  ®_R  Xls/R  ft R/A 

mapping  rj-^  A . . . A rjt  A oj  to  r/i  A . . . A rjt  A Tr(w) . □ 


0AX6  Lemma  47.2.3.  Let  S be  a scheme  over  Fp.  Let  f : Y -A  X be  a finite  morphism 
of  Noetherian  normal  integral  schemes  over  S.  Assume 

(1)  the  extension  of  function  fields  is  purely  inseparable  of  degree  p,  and 

(2)  Xlx/s  is  a coherent  Ox -module  (for  example  if  X is  of  finite  type  over  S ). 
For  i > 1 there  is  a canonical  map 

Tr  : ftfty/s  > (ftx/s)** 

whose  stalk  in  the  generic  point  of  X recovers  the  trace  map  of  Lemma  \f  7-  2. 
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Proof.  The  exact  sequence  f*TLx/s  —■ ► ^y/s  —■ ► ^ y/x  ~ ► 0 shows  that  fly/s  and 
hence  are  coherent  modules  as  well.  Thus  it  suffices  to  prove  the  trace  map 

in  the  generic  point  extends  to  stalks  at  x £ X with  dim(Ox,x)  = 1:  see  Divisors, 
Lemma  [30.10.9[  Thus  we  reduce  to  the  case  discussed  in  the  next  paragraph. 

Assume  X = Spec(A)  and  Y = Spec (B)  with  A a discrete  valuation  ring  and 
B finite  over  A.  Since  the  induced  extension  K C L of  fraction  fields  is  purely 
inseparable,  we  see  that  B is  local  too.  Hence  B is  a discrete  valuation  ring  too. 
Then  either 


(1)  B/A  has  ramification  index  p and  hence  B = A[x\/{xp  — a)  where  a £ A 
is  a uniformizer,  or 

(2)  ms  = vciaB  and  the  residue  field  B/vciaB  is  purely  inseparable  of  degree 
p over  ka  = A/vcia-  Choose  any  x £ B whose  residue  class  is  not  in  ka 
and  then  we’ll  have  B = A[x\/(x?  — a)  where  a £ A is  a unit. 

Let  Spec(A)  C S be  an  affine  open  such  that  X maps  into  Spec(A).  Then  we  can 
apply  Lemma  47.2.2  to  see  that  the  trace  map  extends  to  fl^/A  ^a/a  f°r  all 
i > 1.  □ 


47.3.  Quadratic  transformations 

OAGP  In  this  section  we  study  what  happens  when  we  blow  up  a nonsingular  point  on  a 
surface.  We  hesitate  the  formally  define  such  a morphism  as  a quadratic  transfor- 
mation as  on  the  one  hand  often  other  names  are  used  and  on  the  other  hand  the 
phrase  “quadratic  transformation”  is  sometimes  used  with  a different  meaning. 

OAGQ  Lemma  47.3.1.  Let  (A,  m,  re)  be  a regular  local  ring  of  dimension  2.  Let  f : X — > 
S = Spec(A)  be  the  blowing  up  of  A in  m.  There  is  a closed  immersion 

r : X A P^ 

over  S such  that  0,y(1)  = ^*£^(1)  &nd  such  that  t\e  '■  E -A  P^.  is  an  isomor- 
phism. 


Proof.  As  A is  regular  of  dimension  2 we  can  write  m = (x,y). 
y placed  in  degree  1 generate  the  Rees  algebra  ©„>omn  over  A. 
,m~" 


Then  x and 
Recall  that 


X = Proj(© 


n>  0 1 


l),  see  Divisors,  Lemma 
A[To,T i]— >® 


30.26.2 


'n>  0 


m 


Thus  the  surjection 
T0  i-A  x,  Ti  t-A-  y 


of  graded  A-algebras  induces  a closed  immersion  r : X — > 
such  that  Ox(  1)  = r*0Pi  (1),  see  Constructions,  Lemma 
final  statement  note  that 


P1 


26.11.5 


Proj(A[T0,Ti]) 
To  prove  the 


(©„>. m”)  K = ©„>„  y] 

a polynomial  algebra,  see  Algebra,  Lemma[l0.105.1[  This  proves  that  the  fibre  of 
X — > S over  Spec(«)  is  equal  to  Proj(«;[a;,  y])  = P*,  see  Constructions,  Lemma 
|26.11.6|  Recall  that  E is  the  closed  subscheme  of  X defined  by  mOy,  he.,  E = XK. 
By  our  choice  of  the  morphism  r we  see  that  r|s  in  fact  produces  the  identification 
of  E = XK  with  the  special  fibre  of  P^  -A  S.  □ 


OAGR 


Lemma  47.3.2.  Let  (A,  m,  re)  be  a regular  local  ring  of  dimension  2.  Let  f : X — > 
S = Spec(A)  be  the  blowing  up  of  A in  m.  Then  X is  an  irreducible  regular  scheme. 
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Proof.  Observe  that  X is  integral  by  Divisors,  Lemma[30.26.9|and  Algebra,  Lemma 
10.105.2  To  see  X is  regular  it  suffices  to  check  that  Ox  x is  regular  for  closed  points 
x £ X,  see  Properties,  Lemma  [~27.9.2|  Let  x £ X be  a closed  point.  Since  / is 
proper  x maps  to  m,  i.e. , x is  a point  of  the  exceptional  divisor  E.  Then  E is  an 
effective  Cartier  divisor  and  E = P*.  Thus  if  / £ mx  C Ox,x  is  a local  equation 
for  E,  then  Ox,x/{f)  — Opi,j.  Since  P*  is  covered  by  two  affine  opens  which  are 
the  spectrum  of  a polynomial  ring  over  k,  we  see  that  dpi  x is  regular  by  Algebra, 
Lemmafl0.113.il  We  conclude  by  Algebra,  Lemma [10.105.7|  □ 


0AGS  Lemma  47.3.3.  Let  (A,  m,  n)  be  a regular  local  ring  of  dimension  2.  Let  f : X — > 
S = Spec(A)  be  the  blowing  up  of  A in  m.  Let  F be  a quasi- coherent  Ox -module. 

(1)  H*{X,  F)  = 0 for  p?  {0,1}, 

(2)  H1(X,  Ox(n))  = 0 for  n > —1, 

(3)  Hl{X,F)  = 0 if  F or  F{  1)  is  globally  generated, 

(4)  H°(X,Ox(n))  =mmax(°’n\ 

(5)  lengthAH1(X,Ox(n))  = — n{—n — l)/2  if  n < 0. 


Proof.  If  m = (x,  y ),  then  X is  covered  by  the  spectra  of  the  affine  blowup  algebras 
A[™]  and  A[™[  because  x and  y placed  in  degree  1 generate  the  Rees  algebra  0 mn 
over  A.  See  Divisors,  Lemma  |30.26.2|  and  Constructions,  Lemma  |26.8.9|  Since 
X is  separated  by  Constructions,  Lemma  [26. 8. 8|  we  see  that  cohomology  of  quasi- 
coherent  sheaves  vanishes  in  degrees  > 2 by  Cohomology  of  Schemes,  Lemma[29A2] 


Let  i : E — > X be  the  exceptional  divisor,  see  Divisors,  Definition  30.26.1|  Recall 


that  Ox(—E)  = Ox(  1)  is  /-relatively  ample,  see  Divisors,  Lemma  30.26.4  Hence 


we  know  that  ^{X^Oxi—nE))  = 0 for  some  n > 0,  see  Cohomology  of  Schemes, 
Lemma T29. 15. 21  Consider  the  filtration 


Ox(-nE)  c Ox(-(n  - 1 )E)  C...C  Ox(-E)  C C Ox(E) 

The  successive  quotients  are  the  sheaves 

Ox(-tE)/Ox(-(t  + 1 )E)  = Ox{t)/l(t)  = i*0E(t) 

we  have  E = Pi  and 


47.3.1 


where  I = Ox{~E ) is  the  ideal  sheaf  of  E.  By  Lemma  ■ 

Oe{  1)  indeed  corresponds  to  the  usual  Serre  twist  of  the  structure  sheaf  on  P1. 
Hence  the  cohomology  of  0E{t)  vanishes  in  degree  1 for  t > — 1,  see  Cohomology  of 
Schemes,  Lemma  29.8.1  Since  this  is  equal  to  H1(X,i*0E(t))  (by  Cohomology  of 
Schemes,  Lemma  29.2.4)  we  find  that  H1(X,Ox{~{t  + l)E))  — > H1  (X , O x {—tE)) 


is  surjective  for  t > — 1.  Hence 

0 = H1(X,  O x{—nE))  — ► H\X,Ox(-tE))  = H\X,Ox(t)) 
is  surjective  for  t > — 1 which  proves  (2). 


Let  F be  globally  generated.  This  means  there  exists  a short  exact  sequence 

0 °x  -t  F 0 

iei 


By  part  (2)  we  have  H1(X,Ox)  = 0.  If  J"(l)  is  globally  generated,  then  we  can 
find  a surjection  0ig/  Ox{~  1)  — > F and  argue  in  a similar  fashion.  In  other  words, 
part  (3)  follows  from  part  (2). 


Note  that  H1(X,  0igJ  Ox)  = 0igJ  Hrl(X,  Ox)  by  Cohomology,  Lemma 


20.20.1 
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For  part  (4)  we  note  that  for  all  n large  enough  we  have  r(A',Ox(n))  = m”,  see 
Cohomology  of  Schemes,  Lemma [29. 14. 4|  If  n > 0,  then  we  can  use  the  short  exact 
sequence 

0 — ■>  Ox{n)  — t Ox(n  — 1)  — ^ i*0E(n  — 1)  — >■  0 
and  the  vanishing  of  H 1 for  the  sheaf  on  the  left  to  get  a commutative  diagram 

q ^ ^max(0,n)  ^ ^max(0,n—  1)  ^max(0,n)  ^max(0,n-l)  q 

Y Y Y 

0 T(X,  Ox{n )) >■  T(X,  Ox{n  - 1)) T(E,  0E{n  - 1)) 0 

with  exact  rows.  In  fact,  the  rows  are  exact  also  for  n < 0 because  in  this  case  the 
groups  on  the  right  are  zero.  In  the  proof  of  Lemma  [47. 3. 1|  we  have  seen  that  the 
right  vertical  arrow  is  an  isomorphism  (details  omitted).  Hence  if  the  left  vertical 
arrow  is  an  isomorphism,  so  is  the  middle  one.  In  this  way  we  see  that  (4)  holds 
by  descending  induction  on  n. 

Finally,  we  prove  (5)  by  descending  induction  on  n and  the  sequences 

0 -A  Ox{n)  -A  Ox(n  - 1)  -A  i*0E(n  - 1)  -A  0 

Namely,  for  n > —1  we  already  know  H1(X,  Ox(n))  = 0.  Since 

H\X,uOe(- 2))  = H\E,Oe{- 2))  = H\PlO(-2))  - K 

by  Cohomology  of  Schemes,  Lemma [29. 8. 1|  which  has  length  1 as  an  H-module,  we 
conclude  from  the  long  exact  cohomology  sequence  that  (5)  holds  for  n = —2.  And 
so  on  and  so  forth.  □ 


OAGT  Lemma  47.3.4.  Let  (A,m)  be  a regular  local  ring  of  dimension  2.  Let  f : X - A 
S = Spec(A)  be  the  blowing  up  of  A in  m.  Let  m™  G I C m be  an  ideal.  Let  d > 0 
be  the  largest  integer  such  that 

IOx  C Ox(-dE) 

where  E is  the  exceptional  divisor.  Set  L'  = IOx{dE)  C Ox.  Then  d > 0,  the 
sheaf  Ox /T'  is  supported  in  finitely  many  closed  points  x\, . . . ,xr  of  X,  and 

length AlyAI I)  > length Ar (A',  O x /T’) 

> J2.l=1  r len9thox,Xi  (' °x,xjT'Xi ) 

Proof.  Since  / C m we  see  that  every  element  of  / vanishes  on  E.  Thus  we  see 
that  d > 1.  On  the  other  hand,  since  m"  C / we  see  that  d < n.  Consider  the  short 
exact  sequence 

0 -A  IOx  A0XA  Oxl  IOx  -t  0 

Since  IOx  is  globally  generated,  we  see  that  H1(X,  IOx)  = 0 by  Lemma 
Hence  we  obtain  a surjection  A/I  -A  F(X,  Ox/IOx)-  Consider  the  short  exact 
sequence 


47.3.3 


0 -A  Ox{-dE)/IOx  ->  Ox/IOx  -A  Ox/Ox(-dE)  -A  0 


By  Divisors,  Lemma  30.12.8  we  see  that  Ox{—dE)/IOx  is  supported  in  finitely 
many  closed  points  of  A'.  In  particular,  this  coherent  sheaf  has  vanishing  higher 
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cohomology  groups  (detail  omitted).  Thus  in  the  following  diagram 

A/I 

0 T(X,  Ox (- dE)/IOx ) • T(X,  Ox/IOx) **  T(X,  Ox/Ox{-dE )) s* 

the  bottom  row  is  exact  and  the  vertical  arrow  surjective.  We  have 
lengthAT(X,  Ox{-dE)/IOx)  < length a(A/I) 

since  T(X,Ox/Ox(—dE))  is  nonzero.  Namely,  the  image  of  1 £ T(X,Ox)  is 
nonzero  as  d > 0. 


To  finish  the  proof  we  translate  the  results  above  into  the  statements  of  the  lemma. 
Since  Ox(dE)  is  invertible  we  have 

Ox/1'  = Ox(-dE)/IOx  Oxi.dE). 

Thus  Ox/1'  and  Ox{—dE)/IOx  are  supported  in  the  same  set  of  finitely  many 
closed  points,  say  x±, . . . , xr  £ E C X.  Moreover  we  obtain 

T (X,Ox(-dE)/IOx)  = Q)Ox(-dE)Xi/IOx,Xi  = (&Ox,xJl'Xi  = T{X,Ox/l') 

because  an  invertible  module  over  a local  ring  is  trivial.  Thus  we  obtain  the  strict 
inequality.  We  also  get  the  second  because 

length A{Ox,xi/l'Xi)  > length^  ^ (Ox,xJl'x.) 
as  is  immediate  from  the  definition  of  length.  □ 


0B4L 


Lemma  47.3.5.  Let  (A,  m,  n)  be  a regular  local  ring  of  dimension  2.  Let  f : X — » 
S = Spec(A)  be  the  blowing  up  of  A in  m.  Then  Ltx/s  = where  i : E -A  A' 

is  the  immersion  of  the  exceptional  divisor. 


Proof.  Writing  P1  = P^,  let  r : X — > P1  be  as  in  Lemma 
an  exact  sequence 

C.x/p 1 r*I^P1/s  I^x/s  —■ y 0 


47.3.1 


Then  we  have 


see  Morphisms,  Lemma  28.33.15  Since  flpi/gl#  = LlE/K  by  Morphisms,  Lemma 
|28.33.10lit  suffices  to  see  that  the  first  arrow  defines  a surjection  onto  the  kernel  of 
the  canonical  map  r*flpi /g  I^e/k-  This  we  can  do  locally.  With  notation  as 
in  the  proof  of  Lemma  47.3.1  on  an  affine  open  of  X the  morphism  / corresponds 
to  the  ring  map 

A ->■  A[t]/(xt  - y ) 

where  x,  y £ m are  generators.  Thus  d(xt  — y)  = xdt  and  ydt  = t ■ xdt  which  proves 
what  we  want.  □ 


47.4.  Dominating  by  quadratic  transformations 

OBFS  Using  the  result  above  we  can  prove  that  blowups  in  points  dominate  any  modifi- 
cation of  a regular  2 dimensional  scheme. 

Let  X be  a scheme.  Let  a;  £ A'  be  a closed  point.  As  usual,  we  view  i : x = 
Spec(/c(a;))  — > X as  a closed  subscheme.  The  blowing  up  X'  — > X of  X at  x is 
the  blowing  up  of  X in  the  closed  subscheme  x C X.  Observe  that  if  X is  locally 
Noetherian,  then  X’  — > X is  projective  (in  particular  proper)  by  Divisors,  Lemma 
130.2(1.131 
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OAHH  Lemma  47.4.1.  Let  X be  a Noetherian  scheme.  Let  T C X be  a finite  set  of 
closed  points  x such  that  Ox.x  is  regular  of  dimension  2 for  x £ T.  Let  X C Ox 
be  a quasi- coherent  sheaf  of  ideals  such  that  Ox  /X  is  supported  on  T.  Then  there 
exists  a sequence 

Xn  — A An_i  —A  ...  —A  X\  -A  Xq  = X 

where  Aj+i  — > Xi  is  the  blowing  up  of  A f at  a closed  point  Xi  lying  above  a point 
of  T such  that  XOxn  is  an  invertible  ideal  sheaf. 


Proof.  Say  T = {xi, . . . , xr}.  Set 

ni  = lengthOA><  {Ox,Xi/h) 

This  is  finite  as  Ox/X  is  supported  on  T and  hence  Ox,Xi/Ii  has  support  equal  to 
{m^}  (see  Algebra,  Lemma  10.61.3).  We  are  going  to  use  induction  on  J2ni-  If 
Hi  = 0 for  all  i.  then  I = Ox  and  we  are  done. 

Suppose  rii  > 0.  Let  X'  — > X be  the  blowing  up  of  X in  Xi  (see  discussion  above 
the  lemma).  Since  Spec(C,jfjXJ  — A X is  flat  we  see  that  X'  xx  Spec(Ox,a;i)  is  the 
blowup  of  the  ring  Ox.x,  in  the  maximal  ideal,  see  Divisors,  Lemma  30.26.3|  Hence 
the  square  in  the  commutative  diagram 


Pr°j(©d>o  mt) ^ X' 

Spec  (Ox,Xi) -A 


is  cartesian.  Let  E C X'  and  E'  C Proj(0d>o m^.)  be  the  exceptional  divisors. 
Let  d > 1 be  the  integer  found  in  Lemma  47. 3. 4| for  the  ideal  2)  C Ox,Xi  ■ Since  the 
horizontal  arrows  in  the  diagram  are  flat,  since  E'  E is  surjective,  and  since  E' 
is  the  pullback  of  E,  we  see  that 

TOx'  C Ox'(-dE) 

(some  details  omitted).  Set  X'  = XOx'(dE)  c Ox' ■ Then  we  see  that  Ox’ /X'  is 
supported  in  finitely  many  closed  points  T'  C |A''|  because  this  holds  over  A'\  {xj} 
and  for  the  pullback  to  Proj(0d>o  nr^_).  The  final  assertion  of  Lemma 
us  that  the  sum  of  the  lengths  of  the  stalks  Ox'  ,x'  /Xi' Ox' 

< m . Hence  the  sum  of  the  lengths  has  decreased. 


47.3.4 


tells 


for  x'  lying  over  Xi  is 


By  induction  hypothesis,  there  exists  a sequence 

X'n  X[  — > X' 

of  blowups  at  closed  points  lying  over  T'  such  that  X'Ox1  is  invertible.  Since 
X'Ox'{-dE)  = XOx',  we  see  that  XOx'n  = TOx^-dif^E)  where  f : X'n  -a 
X'  is  the  composition.  Note  that  ( f)~1E  is  an  effective  Cartier  divisor  by  Divisors, 
Lemma  [30.26. 11|  Thus  we  are  done  by  Divisors,  Lemma  [30. 11. 7|  □ 

0AHI  Lemma  47.4.2.  Let  X be  a Noetherian  scheme.  LetT  C X be  a finite  set  of  closed 
points  x such  that  Ox,x  is  a regular  local  ring  of  dimension  2.  Let  f : Y — » X be  a 
proper  morphism  of  schemes  which  is  an  isomorphism  over  U = X\T.  Then  there 
exists  a sequence 

Xn  —>  Xn_i  — > . . . — > A-|  —A  A0  = A 
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OBBR 

OBBS 


OBFT 


OBBT 


where  Xi+ 1 -A  Xi  is  the  blowing  up  of  A f at  a closed  point  a lying  above  a point 
of  T and  a factorization  Xn  a!  of  the  composition. 

Proof.  By  More  on  Flatness,  Lemma  [37.29.4|  there  exists  a [/-admissible  blowup 
X'  -A  X which  dominates  Y — > X.  Hence  we  may  assume  there  exists  an  ideal 
sheaf  X C Ox  such  that  Ox/X  is  supported  on  T and  such  that  Y is  the  blowing 
up  of  X in  X.  By  Lemma  |47.4.1|  there  exists  a sequence 

Xn  — A An_i  -A  ...  —A  Xi  — > Xq  = X 


where  Ai+1  -a  Xi  is  the  blowing  up  of  A,:  at  a closed  point  Xi  lying  above  a point  of 
T such  that  XOx„  is  an  invertible  ideal  sheaf.  By  the  universal  property  of  blowing 
up  (Divisors,  Lemma  30.26.5)  we  find  the  desired  factorization.  □ 


47.5.  Dominating  by  normalized  blowups 

In  this  section  we  prove  that  a modification  of  a surface  can  be  dominated  by  a 
sequence  of  normalized  blowups  in  points. 

Definition  47.5.1.  Let  A be  a scheme  such  that  every  quasi-compact  open  has 
finitely  many  irreducible  components.  Let  x G X be  a closed  point.  The  normalized 
blowup  of  X at  x is  the  composition  X"  A A A I where  X'  — A X is  the  blowup 
of  A in  r and  X"  -A  X'  is  the  normalization  of  A'. 


Here  the  normalization  X"  —A  X'  is  defined  as  the  scheme  X'  has  an  open  covering 
by  opens  which  have  finitely  many  irreducible  components  by  Divisors,  Lemma 
|30. 26.10)  See  Morphisms,  Definition [28(494  for  the  definition  of  the  normalization. 

In  general  the  normalized  blowing  up  need  not  be  proper  even  when  X is  Noether- 
ian.  Recall  that  a scheme  is  Nagata  if  it  has  an  open  covering  by  affines  which  are 


spectra  of  Nagata  rings  (Properties,  Definition  27.13.1 ). 


Lemma  47.5.2.  In  Definition  47.5.1  if  X is  Nagata,  then  the  normalized  blowing 
up  of  X at  x is  normal,  Nagata,  and  proper  over  X. 

Proof.  The  blowup  morphism  X'  — A X is  proper  (as  A is  locally  Noetherian  we 


may  apply  Divisors,  Lemma  30.26.13).  Thus  X'  is  Nagata  (Morphisms,  Lemma 
28.18.1).  Therefore  the  normalization  A"  — A X'  is  finite  (Morphisms,  Lemma 
28.49.7)  and  we  conclude  that  X"  — A X is  proper  as  well  (Morphisms,  Lemmas 


28.43.10  and  28.41.4).  It  follows  that  the  normalized  blowing  up  is  a normal  (Mor- 
phisms, Lemma  28.49.4)  Nagata  algebraic  space.  □ 


In  the  following  lemma  we  need  to  assume  X is  Noetherian  in  order  to  make  sure 
that  it  has  finitely  many  irreducible  components.  Then  the  properness  of  / : Y -A  A' 
assures  that  Y has  finitely  many  irreducible  components  too  and  it  makes  sense  to 


require  / to  be  birational  (Morphisms,  Definition  28.46.1). 


Lemma  47.5.3.  Let  X be  a scheme  which  is  Noetherian,  Nagata,  and  has  di- 
mension 2.  Let  f : Y —A  X be  a proper  birational  morphism.  Then  there  exists  a 
commutative  diagram 


X„ 


■Ai 


■An 


^ A 


Y 
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where  Xq  — X X is  the  normalization  and  where  Xi+ 1 — > X,  is  the  normalized 
blowing  up  of  X;  at  a closed  point. 

Proof.  We  will  use  the  results  of  Morphisms,  Sections  |28.18[  |28.30[  and  |28.49| 
without  further  mention.  We  may  replace  Y by  its  normalization.  Let  Xq  — > X 
be  the  normalization.  The  morphism  Y —>  X factors  through  Xq.  Thus  we  may 
assume  that  both  X and  Y are  normal. 


Assume  X and  Y are  normal.  The  morphism  / : Y — » X is  an  isomorphism  over 
an  open  which  contains  every  point  of  codimension  0 and  1 in  Y and  every  point 
of  Y over  which  the  fibre  is  finite,  see  Varieties,  Lemma  [32. 15.3|  Hence  there  is  a 
finite  set  of  closed  points  T C X such  that  / is  an  isomorphism  over  X \ T.  For 
each  x £ T the  fibre  Yx  is  a proper  geometrically  connected  scheme  of  dimension  1 
over  k(x),  see  More  on  Morphisms,  Lemma [36. 38. 5 Thus 

BadCurves(f)  = {C  CY  closed  | dirn(C)  = 1,  f(C)  = a point} 


is  a finite  set.  We  will  prove  the  lemma  by  induction  on  the  number  of  elements  of 
BadCurves(f).  The  base  case  is  the  case  where  BadCurves(f)  is  empty,  and  in 
that  case  / is  an  isomorphism. 

Fix  x £ T.  Let  X'  — X X be  the  normalized  blowup  of  X at  x and  let  Y'  be  the 
normalization  of  Y X\  X'.  Picture 


Y’ im  X ' 

/' 


f 

Y — — ^ X 


Let  x’  £ X’  be  a closed  point  lying  over  x such  that  the  fibre  Y’x,  has  dimension 
> 1.  Let  C C Y ’ be  an  irreducible  component  of  Yf, , i.e. , C'  £ BadCurves(f'). 
Since  Y'  — > Y Xj;X'  is  finite  we  see  that  C1  must  map  to  an  irreducible  component 
C C Yx.  If  is  clear  that  C £ BadCurves(f).  Since  Y'  — X Y is  birational  and 
hence  an  isomorphism  over  points  of  codimension  1 in  Y , we  see  that  we  obtain  an 
injective  map 

BadCurves(f')  — X BadCurves(f) 

Thus  it  suffices  to  show  that  after  a finite  number  of  these  normalized  blowups  we 
get  rid  at  of  at  least  one  of  the  bad  curves,  i.e.,  the  displayed  map  is  not  surjective. 


We  will  get  rid  of  a bad  curve  using  an  argument  due  to  Zariski.  Pick  C £ 
BadCurves{f)  lying  over  our  x.  Denote  Oy,c  the  local  ring  of  Y at  the  generic 
point  of  C.  Choose  an  element  u £ Ox,c  whose  image  in  the  residue  field  R{C)  is 
transcendental  over  k(x)  (we  can  do  this  because  R(C)  has  transcendence  degree 
1 over  k(x)  by  Varieties,  Lemma  32.17.3 1.  We  can  write  u = a/b  with  a,  6 £ Ox  x 
as  Oy,c  and  Ox,x  have  the  same  fraction  fields.  By  our  choice  of  u it  must  be  the 
case  that  a,b  £mx.  Hence 


NU}a,b  = minjordev c(a), ordorc(6)}  > 0 

Thus  we  can  do  descending  induction  on  this  integer.  Let  X'  — > X be  the  normal- 
ized blowing  up  of  x and  let  Y'  be  the  normalization  of  X'  Xx  Y as  above.  We  will 
show  that  if  C is  the  image  of  some  bad  curve  C C Y'  lying  over  x ' £ X',  then 
there  exists  a choice  of  a',b'Ox\x ’ such  that  Nu  aiy  < Nu  a i,.  This  will  finish  the 
proof.  Namely,  since  X'  —X  X factors  through  the  blowing  up,  we  see  that  there 
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0AE1 


OBFU 


OBFV 


OBFW 


OBFX 


OBFY 


exists  a nonzero  element  d £ rrq-'  such  that  a = a! d and  b = b'd  (namely,  take  d to 
be  the  local  equation  for  the  exceptional  divisor  of  the  blow  up).  Since  Y'  — ► Y is 
an  isomorphism  over  an  open  containing  the  generic  point  of  C (seen  above)  we  see 
that  Oy’,c  = Oy.c-  Hence 

ordev,c(a)  = ord oY,  c,{a'd)  = ord or,  c,(a')  + ordoY,  c,  (d)  > ord oY,iC,(a') 
Similarly  for  b and  the  proof  is  complete.  □ 


47.6.  Modifying  over  local  rings 


Let  S'  be  a scheme.  Let  si,...,sn  £ S be  pairwise  distinct  closed  points.  Assume 
that  the  open  embedding 


U = S\  {si, . . . ,s„} 


S 


is  quasi-compact.  Denote  FPgiaia\  the  category  of  morphisms  / : X — ► S 
of  finite  presentation  which  induce  an  isomorphism  1({7)  — ► U.  Morphisms  are 
morphisms  of  schemes  over  S.  For  each  i set  S,;  = Spec(C,sjSJ  and  let  Vi  = Si\{sj}. 
Denote  FPgi>Si  the  category  of  morphisms  gi  : Yi  — > Si  of  finite  presentation  which 
induce  an  isomorphism  gf^iVi)  — > Vi.  Morphisms  are  morphisms  over  St.  Base 
change  defines  an  functor 


(47.6.0.1) 


F ■ FPs,{Sl:...tSri}  — > FPs1}Sl  x ...  x FPsn 


To  reduce  at  least  some  of  the  problems  in  this  chapter  to  the  case  of  local  rings 
we  have  the  following  lemma. 


Lemma  47.6.1.  The  functor  F (47 .6.0.1)  is  an  equivalence. 


Proof.  For  n = 1 this  is  Limits,  Lemma  |31.15.3|  For  n > 1 the  lemma  can  be 
proved  in  exactly  the  same  way  or  it  can  be  deduced  from  it.  For  example,  suppose 
that  gi  : Yi  Si  are  objects  of  Cs%.Si  ■ Then  by  the  case  n = 1 we  can  find 
f[  : X[  — > S of  finite  presentation  which  are  isomorphisms  over  S \ {s;}  and  whose 
base  change  to  Si  is  gi.  Then  we  can  set 

f:X  = X[  xs...XSX'n^S 

This  is  an  object  of  Cg ,{Sl,...,Sn}  whose  base  change  by  Si  — > S recovers  gi.  Thus 
the  functor  is  essentially  surjective.  We  omit  the  proof  of  fully  faithfulness.  □ 


Lemma  47.6.2.  Let  S,Si,Si  be  as  in  (47.6.0.1).  If  f : X — ► S corresponds  to 
gi  : Yi  — »•  Si  under  F,  then  f is  separated,  proper,  finite,  if  and  only  if  gi  is  so  for 

i = 1 ,...,n. 


Proof.  Follows  from  Limits,  Lemma  31.15.4 


Lemma  47.6.3.  Let  S,Si,Si  be  as  in  (47.6.0.1).  If  f : X — 
gi  : Yi  — > Si  under  F,  then  XSi  = ( l))Si  as  schemes  over  n{si). 

Proof.  This  is  clear. 


□ 


S corresponds  to 


□ 


Lemma  47.6.4. 

sponds  to  gi  :Yi  - 


Let  S,Si,Si  be  as  in  \ 47 .6.0.1)  and  assume  f : X — >•  S corre- 


Si  under  F.  Then  there  exists  a factorization 


X — Zm  -£  Zm_  i — >•  . . . — > Z\  — > Z0  — s 
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of  f where  Zj+ 1 — ► Zj  is  the  blowing  up  of  Zj  at  a closed  point  Zj  lying  over 
{si, . . . , sra}  if  and  only  if  for  each  i there  exists  a factorization 

Yi  = Zi  rrii  — > Zi:m.- 1 Zit i — > Zit o = Si 

of  gi  where  Zij+i  — > Zij  is  the  blowing  up  of  Zij  at  a closed  point  Zij  lying  over 

Si. 


Proof.  Let’s  start  with  a sequence  of  blowups  Zm  — > Zm_\  — > ...  — >■  Z\  — ► Z0  = S . 
The  first  morphism  Z\  — > S is  given  by  blowing  up  one  of  the  s,;,  say  Si.  Applying  F 
to  Z\  — > S we  find  a blow  up  Zip  -A  Si  at  si  is  the  blowing  up  at  si  and  otherwise 
Zip  = Si  for  i > 1.  In  the  next  step,  we  either  blow  up  one  of  the  Si,  i > 2 on  Z\  or 
we  pick  a closed  point  Z\  of  the  fibre  of  Z\  — ► S over  si.  In  the  first  case  it  is  clear 
what  to  do  and  in  the  second  case  we  use  that  (Zi)Sl  = (Zip)Sl  (Lemma  47.6.3)  to 
get  a closed  point  Ziti  £ Zip  corresponding  to  Z\.  Then  we  set  Z\  — > Z ij  equal  to 
the  blowing  up  in  Zi,±-  Continuing  in  this  manner  we  construct  the  factorizations 
of  each  gi. 


Conversely,  given  sequences  of  blowups  Zi  m.  — > Zi  mi_i  Zi  x — > Zi  0 = Si 

we  construct  the  sequence  of  blowing  ups  of  S in  exactly  the  same  manner.  □ 


Here  is  the  analogue  of  Lemma |47.6.4|for  normalized  blowups. 

Lemma  47.6.5.  Let  S,Si,Si  be  as  in  (47.6.0.1)  and  assume  f : X — » S corre- 
sponds to  gi  :Yi  — >■  Si  under  F . Assume  every  quasi-compact  open  of  S has  finitely 
many  irreducible  components.  Then  there  exists  a factorization 

X = Zm  —>  Zm_  i — ► ...—>•  Z\  —>  z0  = s 


of  f where  Zj+ \ — > Zj  is  the  normalized  blowing  up  of  Zj  at  a closed  point  Zj  lying 
over  { X\ , . . . , xn}  if  and  only  if  for  each  i there  exists  a factorization 

Yi  = Zi^mi  — > Zi^mi- 1 Zi^i  — > Zifi  = Si 

of  gi  where  Zij+ 1 -A  Zij  is  the  normalized  blowing  up  of  Zij  at  a closed  point  Zij 
lying  over  Si . 


Proof.  The  assumption  on  S is  used  to  assure  us  (successively)  that  the  schemes 
we  are  normalizing  have  locally  finitely  many  irreducible  components  so  that  the 
statement  makes  sense.  Having  said  this  the  lemma  follows  by  the  exact  same 
argument  as  used  to  prove  Lemma  47.6. 4|  □ 


47.7.  Vanishing 


In  this  section  we  will  often  work  in  the  following  setting.  Recall  that  a modification 
birational  morphism  between  integral  schemes  (Morphisms,  Definition 


47.7.1.  Here  (A,  m,  k)  be  a local  Noetherian  normal  domain  of  dimen- 
s be  the  closed  point  of  S = Spec(A)  and  U = S \ {s}.  Let  / : X — >•  S 
be  a modification.  We  denote  Ci , . . . , Cr  the  irreducible  components  of  the  special 
fibre  Xs  of  /. 


is  a proper 
28.47.111. 

Situation 

sion  2.  Let 


By  Varieties,  Lemma  32.15.3  the  morphism  / defines  an  isomorphism  /-1([/)  -A  U. 
The  special  fibre  Xs  is  proper  over  Spec(«;)  and  has  dimension  at  most  1 by  Varieties, 
Lemma  32.16.3  By  Stein  factorization  (More  on  Morphisms,  Lemma  [36.38.5 1 we 
have  f*Ox  = Os  and  the  special  fibre  A's  is  geometrically  connected  over  k.  If  Xs 
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has  dimension  0,  then  / is  finite  (More  on  Morphisms,  Lemma  36.31.5)  and  hence 
an  isomorphism  (Morphisms,  Lemma [28.49.5 1.  We  will  discard  this  uninteresting 
case  and  we  conclude  that  dim(Ci)  = 1 for  i = 1, . . . , r. 


Lemma  47.7.2.  In  Situation 
which  dominates  X. 


47.7.1  there  exists  a U -admissible  blowup  X'  — > S 


Proof.  This  is  a special  case  of  More  on  Flatness,  Lemma [37.29. 4| 


□ 


47.7.1  there  exists  a nonzero  / € m such  that  for 


Lemma  47.7.3.  In  Situation 
every  i = 1, ...  ,r  there  exist 

(1)  a closed  point  Xi  £ Ci  with  Xi  ^ Cj  for  j i, 

(2)  a factorization  f = gifi  of  f in  Ox,Xi  such  that  gi  £ maps  to  a 
nonzero  element  ofOci>Xi- 

Proof.  We  will  use  the  observations  made  following  Situation  47. 7. 1|  without  fur- 
ther mention.  Pick  a closed  point  Xi  £ C)  which  is  not  in  Cj  for  j 7^  i.  Pick 
<?i  £ niXi  which  maps  to  a nonzero  element  of  OcilXi • Since  the  fraction  field  of 
A is  the  fraction  field  of  Ox,  Xi  we  can  write  gi  = ai/bi  for  some  Oj,  bi  £ A.  Take 

/ = n«i-  ! □ 


Lemma  47.7.4.  In  Situation 


47.7.1 


normal.  Let  Z C X be  a 
set  theoretically.  Then  the 
More  precisely,  there  exists  an  i such  that 


assume  X is 

nonempty  effective  Cartier  divisor  such  that  Z C Xs 
conormal  sheaf  of  Z is  not  trivial. 

Ci  C Z and  Aeg(Cz/x\Ci)  > 0. 

Proof.  We  will  use  the  observations  made  following  Situation  |47. 7. 1|  without  fur- 
ther mention.  Let  / be  a function  as  in  Lemma  [47. 7. 3[  Let  £*  £ Ci  be  the  generic 
point.  Let  Oi  be  the  local  ring  of  X at  Then  Oi  is  a discrete  valuation  ring.  Let 
e*  be  the  valuation  of  / in  Oi,  so  e*  > 0.  Let  hi  £ Oi  be  a local  equation  for  Z and 
let  di  be  its  valuation.  Then  di  > 0.  Choose  and  fix  i with  di/ti  maximal  (then 
di  > 0 as  Z is  not  empty).  Replace  / by  fdi  and  Z by  e* Z.  This  is  permissible, 
by  the  relation  OxifijZ)  = Ox{Z)®ei , the  relation  between  the  conormal  sheaf 
and  Ox{Z)  (see  Divisors,  Lemmas |30.1 1.1 6 and  30.11.15  and  since  the  degree  gets 
multiplied  by  e*,  see  Varieties,  Lemma  32.33.7[  Let  I be  the  ideal  sheaf  of  Z so  that 
Cz/x  = 1\z-  Consider  the  image  / of  / in  r(Z,Oz).  By  our  choices  above  we  see 
that  / vanishes  in  the  generic  points  of  irreducible  compoenents  of  Z (these  are  all 
generic  points  of  Cj  as  Z is  contained  in  the  special  fibre).  On  the  other  hand,  Z is 
(Si)  by  Divisors,  Lemma  30.12.6  Thus  the  scheme  Z has  no  embedded  associated 

and 


30.4.3 


30.5.6).  Hence  / 


points  and  we  conclude  that  / = 0 (Divisors,  Lemmas 
is  a global  section  of  T which  generates  by  construction.  Thus  the  image  Sj  of 
/ in  T(Ci,l\Ci)  is  nonzero.  However,  our  choice  of  / guarantees  that  Si  has  a zero 
at  Xi . Hence  the  degree  of  I\ct  is  > 0 by  Varieties,  Lemma  32.33.10  □ 


Lemma  47.7.5.  In  Situation  ^7.7.1  assume  X is  normal  and  A Nagata.  The 
map 


HffX,Ox)  H\f~\U),Ox) 


is  injective. 


Proof.  Let  0 — ► Ox  — > £ -a  Ox  — > 0 be  the  extension  corresponding  to  a nontriv- 
ial element  £ of  H1(X , Ox)  (Cohomology,  Lemma  20.6.1 ).  Let  n : P = P(£)  -A  A' 
be  the  projective  bundle  associated  to  £.  The  surjection  £ — ► Ox  defines  a section 
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a-  : X — > P whose  conormal  sheaf  is  isomorphic  to  Ox  (Divisors,  Lemma  30.25.4). 
If  the  restriction  of  £ to  /-1(t/)  is  trivial,  then  we  get  a map  — > Oj-i/m 

splitting  the  injection  Ox  — t £■  This  defines  a second  section  a'  : /-1(f 7)  — >■  P dis- 
joint from  cr.  Since  £ is  nontrivial  we  conclude  that  a'  cannot  extend  to  all  of  A'  and 
be  disjoint  from  a.  Let  X'  C P be  the  scheme  theoretic  image  of  a1  (Morphisms, 
Definition  28.6.2).  Picture 


f~\U) 

The  morphism  P\a(X)  — ► X is  affine.  If  X'C\<j(X)  = 0,  then  X'  — > X is  both  affine 


and  proper,  hence  finite  (Morphisms,  Lemma  28.43.10),  hence  an  isomorphism  (as 
X is  normal,  see  Morphisms,  Lemma  28.49.5).  This  is  impossible  as  mentioned 
above. 

Let  AT"  be  the  normalization  of  X' . Since  A is  Nagata,  we  see  that  Xv  -A  X'  is 


finite  (Morphisms,  Lemmas  28.49.7  and  28.18.2).  Let  Z C Xv  be  the  pullback  of 
the  effective  Cartier  divisor  er(A')  C P.  By  the  above  we  see  that  Z is  not  empty 
and  is  contained  in  the  closed  fibre  of  A"  — >•  S.  Since  P — > A is  smooth,  we  see 
that  er(A)  is  an  effective  Cartier  divisor  (Divisors,  Lemma  30.19.7|).  Hence  Z C Xv 
is  an  effective  Cartier  divisor  too.  Since  the  conormal  sheaf  of  <r( A)  in  P is  Ox, 
the  conormal  sheaf  of  Z in  Xv  (which  is  a priori  invertible)  is  Oz  by  Morphisms, 
Lemma  28.32.4  This  is  impossible  by  Lemma  47.7(4|and  the  proof  is  complete.  □ 


Lemma  47.7.6.  In  Situation  fl.1.1  assume  X is  normal  and  A Nagata.  Then 


HomD(A)(«[-l  ],Rf*Ox) 

is  zero.  This  uses  D(A)  = DQCoh{Os)  to  think  of  Rf*Ox  as  an  object  of  D(A). 

Proof.  By  adjointness  of  P/*  and  Lf*  such  a map  is  the  same  thing  as  a map 
a : Lf*n[—  1]  -A  Ox-  Note  that 

f 0 if  i > 1 

Hl{Lf*  k[—1\)  = < 0Ys  if  7 = 1 

[some  Oxs -module  if  i < 0 

Since  Aom(H° (Lf* n[—  1]),  Ox)  = 0 as  Ox  is  torsion  free,  the  spectral  sequence  for 
Ext  (Cohomology  on  Sites,  Example  21.24.1 ) implies  that  Hon\D(0x){Lf* k[—1],Ox) 
is  equal  to  ExtgY  {Oxs , Ox)-  We  conclude  that  a : Lf*n[— 1]  — > Ox  is  given  by  an 
extension 

Ox  -)>£-)>  Ox  -t0 


By  Lemma  47.7.5  the  pullback  of  this  extension  via  the  surjection  Ox  — > Oxs  is 
zero  (since  this  pullback  is  clearly  split  over  /-1  ([/)).  Thus  1 € Oxs  lifts  to  a global 
section  s of  £.  Multiplying  s by  the  ideal  sheaf  I of  Xs  we  obtain  an  (Djf -module 
map  cs  : I — > Ox-  Applying  /*  we  obtain  an  A-linear  map  /*cs  : m — ► A.  Since 
A is  a Noetherian  normal  local  domain  this  map  is  given  by  multplication  by  an 
element  a £ A.  Changing  s into  s — a we  find  that  s is  annihilated  by  T and  the 
extension  is  trivial  as  desired.  □ 
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0B4R  Remark  47.7.7.  Let  X be  an  integral  Noetherian  normal  scheme  of  dimension 
2.  In  this  case  the  following  are  equivalent 

(1)  X has  a dualizing  complex  uj*x, 

(2)  there  is  a coherent  Ox-module  u>x  such  that  uJx[n\  is  a dualizing  complex, 
where  n can  be  any  integer. 


This  follows  from  the  fact  that  X is  Cohen-Macaulay  (Properties,  Lemma  27.12.6) 


and  Dualizing  Complexes,  Lemma  45.37.3|  In  this  situation  we  will  say  that  ojx 
is  a dualizing  module  in  accordance  with  Dualizing  Complexes,  Section  45.36  In 


particular,  when  A is  a Noetherian  normal  local  domain  of  dimension  2,  then  we  say 
A has  a dualizing  module  u>a  if  the  above  is  true.  In  this  case,  if  X — > Spec(A)  is  a 
normal  modification,  then  X has  a dualizing  module  too,  see  Dualizing  Complexes, 


Example  45.36.1  In  this  situation  we  always  denote  ojx  the  dualizing  module  nor- 
malized with  respect  to  to  a,  he.,  such  that  w.y[2]  is  the  dualizing  complex  normalized 


relative  to  wa[2].  See  Dualizing  Complexes,  Section  45.35 


The  Grauert-Riemenschneider  vanishing  of  the  next  proposition  is  a formal  conse- 
quence of  Lemma  |47.7.6|  and  the  general  theory  of  duality. 


OAXD 


Proposition  47.7.8  (Grauert-Riemenschneider).  In  Situation 

(1)  X is  a normal  scheme, 

(2)  A is  Nagata  and  has  a dualizing  complex  uja  . 


47.7.1 


Let  u)x  he  the  dualizing  module  of  X (Remark  4 7.7.7).  Then  R1f*u>x  = 0. 


Proof.  In  this  proof  we  will  use  the  identification  D(A)  = D QCoh{0 s)  to  identify 
quasi-coherent  05-modules  with  A-modules.  Moreover,  we  may  assume  that  ui*A 
is  normalized,  see  Dualizing  Complexes,  Section  |45.18|  Since  A is  a Noetherian 
normal  2-dimensional  scheme  it  is  Cohen-Macaulay  (Properties,  Lemma  27.12.6). 
Thus  u>x  = wa'[2]  (Dualizing  Complexes,  Lemma  |45.37.3  and  the  normalization 
in  Dualizing  Complexes,  Example  |45.36.l|).  If  the  proposition  is  false,  then  we 
can  find  a nonzero  map  R1ftaix  — > n.  In  other  words  we  obtain  a nonzero  map 
a : Rf*u>x  — > k[1].  Applying  iJHomA(-,w*)  we  get  a nonzero  map 

/?  : «[— 1]  — ► Rf*Ox 


which  is  impossible  by  Lemma  47.7. 6|  To  see  that  RHom^— , ui*A)  does  what  we 
said,  first  note  that 

i?Homy4(/«[l],  lo'a)  = i?HomJ4(«,  w^)[—  1]  = k[—  1] 
as  w*  is  normalized  and  we  have 

RRomA(Rf*uJx,vmA)  = Rf*R'Homox{u*XiUJx)  = Rf*Ox 


The  first  equality  by  Dualizing  Complexes,  Lemma  45.22.11  and  the  fact  that  w'Y  = 
f'toA  by  construction,  and  the  second  equality  because  ux  is  a dualizing  complex 
for  X (which  goes  back  to  Dualizing  Complexes,  Lemma  45.33.5).  □ 


47.8.  Boundedness 


OAXE  In  this  section  we  begin  the  discussion  which  will  lead  to  a reduction  to  the  case  of 
rational  singularities  for  2-dimensional  schemes. 
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OAXF  Lemma  47.8.1.  Let  (A,m,  k)  be  a Noetherian  normal  local  domain  of  dimension 
2.  Consider  a commutative  diagram 


Spec(A) 


where  f and  f are  modifications  as  in  Situation  f 1.1.1  and  X normal.  Then  we 
have  a short  exact  sequence 

0 H\X,  Ox)  -►  H\X',Ox')  ->  H°{X,R1g1,Ox')  0 

Also  dim {Supp{R1  g^O  x'))  = 0 and  R^g^Ox'  is  generated  by  global  sections. 


Proof.  We  will  use  the  observations  made  following  Situation  |47. 7. 1|  without  fur- 
ther mention.  As  X is  normal  and  g is  dominant  and  birational,  we  have  g*Ox'  = 
Ox,  see  for  example  More  on  Morphisms,  Lemma  [36.38. 5|  Since  the  fibres  of  g 
have  dimension  < 1,  we  have  RPg^Ox'  = 0 for  p > 1,  see  for  example  Cohomology 
of  Schemes,  Lemma  29.19.9  The  support  of  R}g*Ox'  is  contained  in  the  set  of 
points  of  X where  the  fibres  of  g'  have  dimension  > 1.  Thus  it  is  contained  in 
the  set  of  images  of  those  irreducible  components  C'  C X's  which  map  to  points 
of  Xs  which  is  a finite  set  of  closed  points  (recall  that  X's  — > Xs  is  a morphism 
of  proper  1-dimensional  schemes  over  k).  Then  Rlg*Ox'  is  globally  generated  by 
Cohomology  of  Schemes,  Lemma[29.9.10|  Using  the  morphism  / : X S and  the 
references  above  we  find  that  HP(X,  X)  = 0 for  p > 1 for  any  coherent  (Djf -module 
T . Hence  the  short  exact  sequence  of  the  lemma  is  a consequence  of  the  Leray 
spectral  sequence  for  g and  Ox1,  see  Cohomology,  Lemma  20.14.4|  □ 


OAXG  Lemma  47.8.2.  Let  A be  a Noetherian  local  normal  domain  of  dimension  2. 

For  /'em  nonzero  denote  div(f)  = Pi)  the  divisor  associated  to  f on  the 

punctured  spectrum  of  A.  We  set  \ f\  = ^ni.  There  exist  integers  N and  M such 
that  |/  + g\  < M for  all  g € m^. 


Proof.  Pick  h £ m such  that  /,  h is  a regular  sequence  in  A (this  follows  from 
Algebra,  Lemmas  10.149.4  and  10.71.7 1.  We  will  prove  the  lemma  with  M = 
length A(A/(f,h))  and  with  N any  integer  such  that  mN  C ( f,h ).  Such  an  integer 
N exists  because  \J (/,  h)  = m.  Note  that  M = lengthy (A/(/-|-<7,  h))  for  all  g € mw 
because  (/,  h)  = ( f + g , h).  This  moreover  implies  that  f + g,  h is  a regular  sequence 


in  A too,  see  Algebra,  Lemma  10.103.2  Now  suppose  that  div(/  + g)  = mj(clj)- 
Then  consider  the  map 


c : A/(f  + g) 


YlA/i 


(mi) 


10.63 


where  is  the  symbolic  power,  see  Algebra,  Section 

we  see  that  Aq.  is  a discrete  valuation  ring  and  hence 

AJU  + g)  = AqJaiTiA^  = {A/vti\ 


Since  A is  normal, 


Since  V (/  + g , h)  = {m}  this  implies  that  c becomes  an  isomorphism  on  inverting 
h (small  detail  omitted).  Since  h is  a nonzerodivisor  on  A/(f  + g)  we  see  that 
the  length  of  A/(f  + g,h)  equals  the  Herbrand  quotient  eA(A/(f  + g),0,h)  as 
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OAXH 


defined  in  Chow  Homology,  Section  41.3). 
equals  eA(A/q(mj\ 0,  h).  Then  we  have 


Similarly  the  length  of  A/(h,  qjm^) 


M = length* {A/ (/  + g,  h) 


= eA(A/(f  + g),0,h) 

= X,  /i) 

= £.£  0 e^tqfVq^'lo,/.) 

z — '2  z — Jm=0,...,rrij  — 1 J J 

The  equalities  follow  from  Chow  Homology,  Lemma |41. 3. 3| using  in  particular  that 
the  cokernel  of  c has  finite  length  as  discussed  above.  It  is  straightforward  to  prove 
that  e / <£m+1\  0,  h)  is  at  least  1 by  Nakayama’s  lemma.  This  finishes  the 
proof  of  the  lemma.  □ 


Lemma  47.8.3.  Let  A be  a Noetherian  local  normal  domain  of  dimension  2. 
Let  pi,...,p.r  be  pairwise  distinct  primes  of  height  1.  There  exists  an  element 
/ € pi  fl . . . fl  pr  such  that  A/  f A is  reduced. 


Proof.  As  a first  approximation  pick  any  nonzero  / G pi  f~l . . . fl  pr.  Pick  integers 
N and  M as  in  Lemma [47. 8. 2|  adapted  to  /.  Write 

div(/)  = + £j=i,...,t 

with  rrij  > 1 and  with  no  equalities  among  the  primes  q*  and  tj  (in  other  words 
the  set  {q^ , ry } has  r + s elements).  We  have  r + nij  < M is  bounded  among  all 
/ in  / + hence  we  may  assume  / G pi  D . . . D pr  is  chosen  with  s maximal.  We 
claim  that  t = 0.  If  not,  then  we  choose 

g G mN  n q?  n . . . n q^  n ti  n . . . n tt  and  g ^ x\  U . . . U 


First  choose  go  G m , gt  G q,  and  g[  G t,;  and  each  not  contained  in  any  other 
of  the  primes  (using  prime  avoidance  Algebra,  Lemma  10.14.2|)  and  then  take  g = 
9o9i  ■ ■ ■ 9s9i  ■ ■ ■ 9t-  Observe  that  g G pi  D ...  Dpr  as  {pj}  C {q.;, tj}.  Now  we  note 
that 


div(/  + g)  = X,  bh)  + Xi=i,...,tfe)  + X efc(Sfc) 

for  some  height  one  primes  Sk  ^ {pi,  qy , } . This  is  a contradiction  with  maximality 

of  s unless  t = 0 which  is  what  we  wanted  to  show.  □ 


OAXI  Lemma  47.8.4.  Let  (A,  m,  k)  be  a Noetherian  normal  local  domain  of  dimension 
2.  If  a G m is  nonzero,  then  there  exists  an  element  c G A such  that  A/cA  is 
reduced  and  such  that  a divides  cn  for  some  n. 


Proof.  Let  div(a)  = Xu=i  r ni(P »)■  Choose  c G pi  D . . . C pr  with  A/cA  reduced, 


see  Lemma  47.8.3  For  n > ma x(rij)  we  see  that  — div(o)  + div(cn)  is  an  effective 


divisor  (all  coefficients  nonnegative).  Thus  cn /a  G A by  Algebra,  Lemma  10.149.6 


□ 


OAXJ  Lemma  47.8.5.  Let  (A,m,  re)  be  a local  normal  Nagata  domain  of  dimension  2. 

Let  a € A be  nonzero.  There  exists  an  integer  N such  that  for  every  modification 
f : X — > Spec(A)  with  X normal  the  A-module 

Mx,a  = Coker(A  — > H°(Z,Oz)) 
where  Z C X is  cut  out  by  a has  length  bounded  by  N . 
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Proof.  By  the  short  exact  sequence  0 —>  Ox  — > Ox  — > Oz  -tOwe  see  that 

OAXK  (47.8.5.1)  MXta  = H1(X,Ox)[a] 

Here  N[a]  = {n  € N \ an  = 0}  for  an  A-module  N.  Thus  if  a divides  b,  then 
Mx,a  C Mx,b-  Suppose  that  for  some  c £ A the  modules  Mx,c  have  bounded 
length.  Then  for  every  X we  have  an  exact  sequence 


0 — ► Mx,c  — > MXic2  — * Mx,c 

where  the  second  arrow  is  given  by  multiplication  by  c.  Hence  we  see  that  M x c2 
has  bounded  length  as  well.  Thus  it  suffices  to  find  a c € A for  which  the  lemma 
is  true  such  that  a divides  cn  for  some  n > 0.  By  Lemma  |47.8.4|  we  may  assume 
A/  (a)  is  a reduced  ring. 


Assume  that  A/ (a)  is  reduced.  Let  A/ (a)  C B be  the  normalization  of  A/ (a)  in  its 
quotient  ring.  Because  A is  Nagata,  we  see  that  Coker(A  — > B ) is  finite.  We  claim 
the  length  of  this  finite  module  is  a bound.  To  see  this,  consider  / : X — > Spec(A) 
as  in  the  lemma  and  let  Z'  C Z be  the  scheme  theoretic  closure  of  Z n /_1(1 7). 
Then  Z'  — > Spec(A/(a))  is  finite  for  example  by  Varieties,  Lemma  32.15.2  Hence 


Z'  = Spec (B')  with  A/ (a)  C B'  C B.  On  the  other  hand,  we  claim  the  map 

H°(Z,  Oz)  — » H°(Z',  Oz>) 

is  injective.  Namely,  if  s £ H°(Z,Oz)  is  in  the  kernel,  then  the  restriction 
of  s to  /-1(t/)  D Z is  zero.  Hence  the  image  of  s in  H1(X,Ox)  vanishes  in 
H1(f~1(U)1Ox)-  By  Lemma  47.7.5  we  see  that  s comes  from  an  element  s of 
A.  But  by  assumption  s maps  to  zero  in  B'  which  implies  that  s = 0.  Putting 
everything  together  we  see  that  Mx.a  is  a subquotient  of  B'/A,  namely  not  every 
element  of  B'  extends  to  a global  section  of  Oz,  but  in  any  case  the  length  of  MX  a 
is  bounded  by  the  length  of  B/A.  □ 


In  some  cases,  resolution  of  singularities  reduces  to  the  case  of  rational  singularities. 

0B4N  Definition  47.8.6.  Let  ( A . m,  re)  be  a local  normal  Nagata  domain  of  dimension 

2. 

(1)  We  say  A defines  a rational  singularity  if  for  every  normal  modification 
X — y Spec(A)  we  have  H1(X,Ox)  = 0. 

(2)  We  say  that  reduction  to  rational  singularities  is  possible  for  A if  the 
length  of  the  A-modules 

H\X,Ox) 

is  bounded  for  all  modifications  X — > Spec(A)  with  X normal. 


The  meaning  of  the  language  in  (2)  is  explained  by  Lemma  47.8.8  The  following 


lemma  says  roughly  speaking  that  local  rings  of  modifcations  of  Spec(A)  with  A 
defining  a rational  singularity  also  define  rational  singularities. 


0BG0  Lemma  47.8.7.  Let  (A,m,  re)  be  a local  normal  Nagata  domain  of  dimension  2 
which  defines  a rational  singularity.  Let  A C B be  a local  extension  of  domains 
with  the  same  fraction  field  which  is  essentially  of  finite  type  such  that  dim(i?)  = 2 
and  B normal.  Then  B defines  a rational  singularity. 
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Proof.  Choose  a finite  type  A-algebra  C such  that  B = Cq  for  some  prime  q C C. 
After  replacing  C by  the  image  of  C in  B we  may  assume  that  C is  a domain  with 
fraction  field  equal  to  the  fraction  field  of  A.  Then  we  can  choose  a closed  immer- 
sion Spec(C')  -7-  A (4  and  take  the  closure  in  Pj|  to  conclude  that  B is  isomorphic 
to  O x,x  for  some  closed  point  x £ X of  a projective  modification  X — ► Spec(A). 


(Morphisms,  Lemma  28.30.1  shows  that  k(x)  is  finite  over  k and  then  Morphisms, 


Lemma  28.20.2  shows  that  £ is  a closed  point.)  Let  v : Xv  — > X be  the  normaliza- 
tion. Since  A is  Nagata  the  morphism  v is  finite  (Morphisms,  Lemma  28.49.7).  Thus 


Xv  is  projective  over  A by  More  on  Morphisms,  Lemma  36.36.2  Since  B = Ox.x 
is  normal,  we  see  that  Ox.x  = (t/*Ox")x-  Hence  there  is  a unique  point  x v £ Xv 
lying  over  x and  Oxv,xv  = Ox.x-  Thus  we  may  assume  X is  normal  and  projec- 
tive over  A.  Let  Y — » Spec(0x,:c)  = Spec(S)  be  a modification  with  Y normal. 
We  have  to  show  that  H1(Y,Oy ) = 0.  By  Limits,  Lemma  31.15.3  we  can  find  a 
morphism  of  schemes  g : X’  — > X which  is  an  isomorphism  over  X \ {a;}  such  that 
X'  Xx  Spec  (Ox.x)  is  isomorphic  to  Y . Then  g is  a modification  as  it  is  proper  by 
Limits,  Lemma  [31.15.4|  The  local  ring  of  X'  at  a point  of  x'  is  either  isomorphic 
to  the  local  ring  of  X at  g(x')  if  g{x')  ^ x and  if  g(x')  = x,  then  the  local  ring  of 
X'  at  x'  is  isomorphic  to  the  local  ring  of  Y at  the  corresponding  point.  Hence  we 
see  that  X'  is  normal  as  both  X and  Y are  normal.  Thus  H [ {X’ . Ox1)  = 0 by  our 
assumption  on  A.  By  Lemma  47.8.1  we  have  R}g*Ox'  = 0.  Clearly  this  means 
that  H1(Y , Oy)  = 0 as  desired.  □ 

0B4P  Lemma  47.8.8.  Let  (A,m,ft)  be  a local  normal  Nagata  domain  of  dimension 
2.  If  reduction  to  rational  singularities  is  possible  for  A,  then  there  exists  a finite 
sequence  of  normalized  blowups 


X — Xn  — > Xn_i  — > 


Xl  ->  X0  = Spec(A) 


in  closed  points  such  that  for  any  closed  point  x £ X the  local  ring  Ox.x  defines 
a rational  singularity.  In  particular  X — > Spec(A)  is  a modification  and  X is  a 
normal  scheme  projective  over  A. 


Spec(A)  with  X normal  which  maximizes 
for  any  further  modification  g : X'  — ► 


47.8.1 


Proof.  We  choose  a modification  X - 
the  length  of  H1(X,0\)-  By  Lemma 

X with  X'  normal  we  have  Rlg*Ox'  = 0 and  H1(X,Ox)  = H1(X,1  Ox1)- 

Let  x £ X be  a closed  point.  We  will  show  that  Ox.x  defines  a rational  singularity. 
Let  Y — » Spec(Ojc,2:)  be  a modification  with  Y normal.  We  have  to  show  that 
H1(Y,Oy)  = 0.  By  Limits,  Lemma  31.15.3  we  can  find  a morphism  of  schemes 
g : X'  — > X which  is  an  isomorphism  over  X \ {a;}  such  that  X'  Spec(C)A',a;)  is 
isomorphic  to  Y . Then  g is  a modification  as  it  is  proper  by  Limits,  Lemma|31.15.4[ 
The  local  ring  of  X'  at  a point  of  x'  is  either  isomorphic  to  the  local  ring  of  X at 
g{x')  if  g{x')  ^ x and  if  g(x')  = x,  then  the  local  ring  of  X'  at  x'  is  isomorphic 
to  the  local  ring  of  Y at  the  corresponding  point.  Hence  we  see  that  X'  is  normal 
as  both  X and  Y are  normal.  By  maximality  we  have  Rlg*Ox'  = 0 (see  first 
paragraph).  Clearly  this  means  that  H1{ Y.Oy ) = 0 as  desired. 

The  conclusion  is  that  we’ve  found  one  normal  modification  X of  Spec(A)  such 
that  the  local  rings  of  X at  closed  points  all  define  rational  singularities.  Then  we 
choose  a sequence  of  normalized  blowups  Xn  -4...4A)-)  Spec(A)  such  that  Xn 


dominates  X,  see  Lemma  47.5.3  For  a closed  point  x'  £ Xn  mapping  to  x £ X we 
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can  apply  Lemma  47.8.7  to  the  ring  map  Ox,x  — > Ox„  ,x'  to  see  that  Oxn,x'  defines 
a rational  singularity.  □ 


OAXL  Lemma  47.8.9.  Let  A — » B be  a finite  injective  local  ring  map  of  local  normal 
Nagata  domains  of  dimension  2.  Assume  that  the  induced  extension  of  fraction 
fields  is  separable.  If  reduction  to  rational  singularities  is  possible  for  A then  it  is 
possible  for  B . 


Proof.  Let  n be  the  degree  of  the  fraction  field  extension  I\  C L.  Let  Trac Ql/k  '■ 
L — > K be  the  trace.  Since  the  extension  is  finite  separable  the  trace  pairing 
(h,  g)  i ¥ Trace^/if  (fg)  is  a nondegenerate  quadratic  form  on  L over  K.  See  Fields, 
Lemma [9.19.7|  Pick  b\,...,bn  £ B which  form  a basis  of  L over  K.  By  the  above 
d = det(Trac eL/K{bibj))  £ A is  nonzero. 

Let  Y —¥  Spec (B)  be  a modification  with  Y normal.  We  can  find  a [/-admissible 
blow  up  X'  of  Spec(A)  such  that  the  strict  transform  Y'  of  Y is  finite  over  X' , see 
More  on  Flatness,  Lemma  [37. 29. 2[  Picture 

Y> s*  Y #>  Spec(B) 


X' *-  Spec(A) 


After  replacing  X'  and  Y'  by  their  normalizations  we  may  assume  that  X'  and  Y' 
are  normal  modifications  of  Spec(A)  and  Spec(f?).  In  this  way  we  reduce  to  the 
case  where  there  exists  a commutative  diagram 

Y Spec (B) 

TV 

X — ^ Spec(A) 


with  X and  Y normal  modifications  of  Spec(A)  and  Spec(B)  and  7r  finite. 

The  trace  map  on  L over  K extends  to  a map  of  Ox-modules  Trace  : 7T*Ov  — > Ox- 
Consider  the  map 

<E>  : 7 r*0y  — ¥ 0®n,  s i — ¥ (Trace(6is), . . . , Trace(6„s)) 

This  map  is  injective  (because  it  is  injective  in  the  generic  point)  and  there  is  a 
map 

0%n—¥n.OY, 

whose  composition  with  $ has  matrix  Trace (bibj).  Hence  the  cokernel  of  is 
annihilated  by  d.  Thus  we  see  that  we  have  an  exact  sequence 

H°{X,  Coker (<f>))  H\Y,  Oy)  -¥  H\X7  Ox)®" 


0B4Q 


Since  the  right  hand  side  is  bounded  by  assumption,  it  suffices  to  show  that  the 
d-torsion  in  iJ1(F,  Oy)  is  bounded. 


This  is  the  content  of  Lemma  47.8.5 


(47.8.5.11. 


and 

□ 


Lemma  47.8.10.  Let  A be  a Nagata  regular  local  ring  of  dimension  2.  Then  A 
defines  a rational  singularity. 
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Proof.  (The  assumption  that  A be  Nagata  is  not  necessary  for  this  proof,  but  we’ve 
only  defined  the  notion  of  rational  singularity  in  the  case  of  Nagata  2-dimensional 
normal  local  domains.)  Let  X — > Spec(A)  be  a modification  with  X normal.  By 


Lemma  47.4.2  we  can  dominate  X by  a scheme  Xn  which  is  the  last  in  a sequence 


X„ 


X, 


n—  1 


Ah 


X0  = Spec(A) 

of  blowing  ups  in  closed  points.  By  Lemma  47.3.2|  the  schemes  Xt  are  regu- 
lar, in  particular  normal  (Algebra,  Lemma  10.149.5).  By  Lemma [47.8.1  we  have 
H1(X,Ox)  C H1(Xn,Oxr,.)-  Thus  it  suffices  to  prove  H1(Xn,Oxn)  = 0.  Using 
Lemma  47.8.1  again,  we  see  that  it  suffices  to  prove  R1(Xi  — ► Xi_i)*Oxi  = 0 for 
i = 1, ...  ,n.  This  follows  from  Lemma|47.3.3|  □ 

0B4S  Lemma  47.8.11.  Let  A be  a local  normal  Nagata  domain  of  dimension  2 which 
has  a dualizing  complex  x*A.  If  there  exists  a nonzero  d £ A such  that  for  all  normal 
modifications  X — > Spec(A)  the  cokernel  of  the  trace  map 

r(x, u>x)  — > wa 

is  annihilated  by  d,  then  reduction  to  rational  singularities  is  possible  for  A. 

Proof.  For  X — ► Spec(A)  as  in  the  statement  we  have  to  bound  H1(X,Ox)-  Let 
ix x be  the  dualizing  module  of  X as  in  the  statement  of  Grauert-Riemenschneider 
(Proposition  47.7.8).  The  trace  map  is  the  map  Rf^xx  — > wa  described  in  Dual- 


izing Complexes,  Section  |45.24|  By  Grauert-Riemenschneider  we  have  Rf*xx  = 
f*u>x  thus  the  trace  map  indeed  produces  a map  F(A', xx)  — > wa-  By  duality  we 
have  Rf*xx  = R Horn  a ( R.f*Ox , oja  ) (this  uses  that  Xx  [2]  is  the  dualizing  complex 
on  X normalized  relative  to  xa  [2] , see  Dualizing  Complexes,  Lemma  45.35.8  or  more 


directly  Section  45.34  or  even  more  directly  Lemma  45.22.11).  The  distinguished 
triangle 

A — > Rf*0\  — ► R1  f*@x[~l]  — ► A[l] 

is  transformed  by  i?HomJ4(— , xa)  into  the  short  exact  sequence 

0 — > f*xx  — t oja  — t Ext^4(i?1/*Ojv,  oja)  —t  0 

(and  Ext)l(ii!1/*C,.Y,  wa)  = 0 for  i ^ 2;  this  will  follow  from  the  discussion  below 
as  well).  Since  Rl  f*Ox  is  supported  in  {m},  the  local  duality  theorem  tells  us  that 

Ext^  (.R1/*  Ox , ojA ) = Ext^R1  UOx,coa[2})  = Horn  ^(R1/*^,^) 

is  the  Matlis  dual  of  R1f*Ox  (and  the  other  ext  groups  are  zero),  see  Dualizing 
Complexes,  Lemma  |45.20.4  By  the  equivalence  of  categories  inherent  in  Maths 
duality  (Dualizing  Complexes,  Proposition  45.7.8),  if  R1f*Ox  is  not  annihilated 
by  d,  then  neither  is  the  Ext2  above.  Hence  we  see  that  H1(X,Ox)  is  annihilated 
by  d.  Thus  the  required  boundedness  follows  from  Lemma  47.8.5  and  (47.8.5.1 ).  □ 


0B4T  Lemma  47.8.12.  Let  p be  a prime  number.  Let  A be  a regular  local  ring  of 
dimension  2 and  characteristic  p.  Let  Aq  C A be  a subring  such  that  LIa/a0  is  free 
of  rank  r < oo.  Set  xa  = ^a/a0-  V X ^ Spec(A)  is  the  result  of  a sequence  of 
blowups  in  closed  points,  then  there  exists  a map 

<PX  ■ (^Y/Spec(A0))**  * ^x 

extending  the  given  identification  in  the  generic  point. 
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Proof.  Observe  that  A is  Gorenstein  (Dualizing  Complexes,  Lemma  45.38.3)  and 
hence  the  invertible  module  uja  does  indeed  serve  as  a dualizing  module.  Moreover, 
any  X as  in  the  lemma  has  an  invertible  dualizing  module  uix  as  X is  regular  (hence 
Gorenstein)  and  proper  over  A , see  Remark  47.7.7  and  Lemma  47.3.2  Suppose  we 
have  constructed  the  map  ipx 


(O' 


X/A0) 


A ujx  and  suppose  that  b : X'  — »•  X is 
a blow  up  in  a closed  point.  Set  ttx  = {Qrx/Ao)**  and  V,x,  = (12 x'/j40)**‘  Since 
wx>  = b'{u>x)  a map  VL\,  — > uix>  is  the  same  thing  as  a map  Rb*(£lrx,)  — > ujx ■ See 
discussion  in  Remark |47. 7. 7| and  Dualizing  Complexes,  Section [45. 34|  Thus  in  turn 
it  suffices  to  produce  a map 

RK(flrx,)  — > nrx 

The  sheaves  ttx,  and  flx  are  invertible,  see  Divisors,  Lemma  30.10.10  Consider 
the  exact  sequence 


6*0, 


lX/A0  —> y X’/Aa  llX'/X 

A local  calculation  shows  that  O Xi /x  is  isomorphic  to  an  invertible  module  on  the 
exceptional  divisor  E , see  Lemma|47.3.5[  It  follows  that  either 


12, 


0 


nrx,  2*  (b*cix)(E)  or  nrx,  z*  b*n 


X 


(The  second  possibility  never  happens  in  char- 
but  can  happen  in  characteristic  p.)  In  both  cases  we  see  that 

□ 


see  Divisors,  Lemma  30.12.11 
acteristic  zero 
R1b*(Llx,)  = 0 and  b*(£lx,)  = O rx  by  Lemma  47.3.3 


0B4U  Lemma  47.8.13.  Let  p be  a prime  number.  Let  A be  a complete  regular  local  ring 
of  dimension  2 and  characteristic  p.  Let  K = f.f.(A)  C L be  a degree  p inseparable 
extension  and  let  B C L be  the  integral  closure  of  A.  Then  reduction  to  rational 
singularities  is  possible  for  B . 

Proof.  We  have  A = k[[x,  y]].  Write  L = K[x\/ ( xp  — f)  for  some  / £ A and  denote 
g £ B the  congruence  class  of  x,  i.e. , the  element  such  that  gp  = f.  By  More  on 
Algebra,  Lemma  15.37.5  there  exists  a subfield  kp  C k!  C k with  pe  = [k  : k']  < oo 
such  that  / is  not  contained  in  the  fraction  field  Kq  of  Aq  = k'[[ xp,  yp]]  C A.  Then 

12 a/a0  = A ®k  i lk/k,  © Adx  © Ady 

is  finite  free  of  rank  e + 2.  Set  uja  = ^a/Aq-  Consider  the  canonical  map 

Tr  : ^B/A0  * ^A/Ao  = UA 

of  Lemma  47.2. 3|  By  duality  this  determines  a map 

c : Lle^2Ao  -»  ujB  = HomA(B,WA) 

Claim:  the  cokernel  of  c is  annilated  by  a nonzero  element  of  B. 


Since  d / is  nonzero  in  LIa/a0  (Algebra,  Lemma  10.150.2 ) we  can  find  r) i,  ■ ■ ■ , ge+ 1 € 
1 Ia/a0  such  that  9 = g i A. . .Ape+iAdf  is  nonzero  in  uja  = ■ To  Prove  the  claim 

we  will  construct  elements  Wj  of  1^^0,  i = 0, . . . ,p  — 1 which  are  mapped  to  ipi  £ 
lob  = Hom^(S,  loa)  with  ipi(gJ)  = for  j = 0, . . . ,p- 1.  Since  {1  ,g, . . . is 

a basis  for  L/K  this  proves  the  claim.  We  set  rj  = rji  A ...  A rje+i  so  that  9 = rjAdf. 
Set  uii  = y A gp^1~ldg.  Then  by  construction  we  have 

Vi(9j)  = A g^^dg)  = Tr(V  A g^^dg)  = bZJ9 

by  the  explicit  description  of  the  trace  map  in  Lemma |47.2.2[ 
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0B4V 

0B4W 

0B4X 


0B4Y 


Let  Y -A  Spec(-B)  be  a normal  modification.  Exactly  as  in  the  proof  of  Lemma 
47.8.9  we  can  reduce  to  the  case  where  Y is  finite  over  a modification  X of  Spec(A). 


Arguing  as  in  the  proof  of  Lemma[47.8.10|we  may  even  assume  that  X = Xn  where 
Xn  — A Xn-\  —A  ...  —A  X-[  — A Xq  = X 

is  a sequence  of  blowing  ups  in  closed  points.  By  Lemma [47.2. 3|  we  obtain  the  first 
arrow  in 

_ / oe+ 2 i Tr.  / oe+ 2 i**  tpx  * / i 

7T*(S2y/Aoj  A (“x/A0J  * UJx 

and  the  second  arrow  is  from  Lemma [47.8.121  By  duality  this  corresponds  to  a map 


cy  : 


Uy 


extending  the  map  c above.  Hence  we  see  that  the  image  of  r(Y,  uy)  —A  lub 
contains  the  image  of  c.  By  our  claim  we  see  that  the  cokernel  is  annihilated  by  a 
fixed  nonzero  element  of  B.  We  conclude  by  Lemma  [47.8. 11[  □ 


47.9.  Rational  singularities 

In  this  section  we  reduce  from  rational  singular  points  to  Gorenstein  rational  sin- 
gular points.  See  |Lip69|  and  [Mat  70b). 

Situation  47.9.1.  Here  (A,  m,  k)  be  a local  normal  Nagata  domain  of  dimension 
2 which  defines  a rational  singularity.  Let  s be  the  closed  point  of  S'  = Spec  (A) 
and  U = S \ {s}.  Let  / : X — A S be  a modification  with  X normal.  We  denote 
Cj , . . . , Cr  the  irreducible  components  of  the  special  fibre  Xs  of  /. 


Lemma  47.9.2.  In  Situation  47.9.1  Let  T be  a quasi-  coherent  Ox  -module.  Then 


(1)  HP(X,  T)  = 0 for  p <jL  {0, 1},  and 

(2)  H1(X,F)  = 0 if  J-  is  globally  generated. 


Proof.  Part  (1)  follows  from  Cohomology  of  Schemes,  Lemma  29.19.9 
globally  generated,  then  there  is  a surjection  ©ig/ 


If  T is 


Ox  —A  T.  By  part  (1)  and 
the  long  exact  sequence  of  cohomology  this  induces  a surjection  on  Hl . Since 
H\X,  Ox)  = 0 as  S has  a rational  singularity,  and  since  H1(X,  — ) commutes  with 
direct  sums  (Cohomology,  Lemma  20.20.1)  we  conclude.  □ 


47.9.1  assume  E = Xs  is  an  effective  Cartier  divisor. 


Lemma  47.9.3.  In  Situation 
Let  I be  the  ideal  sheaf  of  E.  Then  H°(X,Xn)  = m”  and  H1(X,Xn)  = 0. 


Proof.  We  have  H°(X,Ox)  = A,  see  discussion  following  Situation  47.7.1  Then 
m C H°(X,1)  C H°(X,Ox)-  The  second  inclusion  is  not  an  equality  as  Xs  ^ 0. 


Thus  H°(X,I)  = m.  As  In  = mnOx  our  Lemma  47.9.2  shows  that  H1{X1In)  = 0. 


Choose  generators  aq, . . . , xji+\  of  m.  These  define  global  sections  of  T which  gen- 
erate it.  Hence  a short  exact  sequence 


0 -A  X ^ O 


0M+1 


0 


Then  J7  is  a finite  locally  free  Ox-module  of  rank  p,  and  T ® I is  globally  generated 
by  Constructions,  Lemma[26.13.8  Hence  F ®In  is  globally  generated  for  all  n > 1. 
Thus  for  n > 2 we  can  consider  the  exact  sequence 


0^  F®!" 


(Jn_i)®/i+1  -a  I"  -A  0 
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0B4Z 


0B63 


OBBU 


Applying  the  long  exact  sequence  of  cohomology  using  that  Hl(X,  T (8)  I"-1)  = 0 

by  Lemma  47.9.2  we  obtain  that  every  element  of  H°(X,In)  is  of  the  form 

for  some  a\  £ HU(X, Z"-1).  This  shows  that  H°(X,In)  = m"  by  induction.  □ 


Lemma  47.9.4. 
Proof.  Let  X'  - 


In  Situation 


4-7. 9.1  the  blow  up  o/Spec(A)  in  m is  normal. 


Spec(A)  be  the  blow  up,  in  other  words 
X'  = Proj(A  © m © m2  © . . .). 

is  the  Proj  of  the  Rees  algebra.  This  in  particular  shows  that  X'  is  integral  and 
that  X'  — ► Spec(A)  is  a projective  modification.  Let  X be  the  normalization  of  X'. 
Since  A is  Nagata,  we  see  that  v : X — » X'  is  finite  (Morphisms,  Lemma [28.49.7). 
Let  E'  C X'  be  the  exceptional  divisor  and  let  E C X be  the  inverse  image.  Let 
X'  C Ox>  and  X C Ox  be  their  ideal  sheaves.  Recall  that  X'  = Oxr(  1)  (Divisors, 
Lemma  30.26.13).  Observe  that  I = v*X'  and  that  E is  an  effective  Cartier  divisor 


(Divisors,  Lemma  30.11.12).  We  are  trying  to  show  that  v is  an  isomorphism.  As 
v is  finite,  it  suffices  to  show  that  Ox>  —• y v*Ox  is  an  isomorphism.  If  not,  then  we 
can  find  an  n > 0 such  that 

H°{X\  (T')n)  ^ H°(X',  {v,Ox)  <8  (IT) 

for  example  because  we  can  recover  quasi-coherent  Ox' -modules  from  their  asso- 
ciated graded  modules,  see  Properties,  Lemma [27. 28. 3|  By  the  projection  formula 
we  have 

H°(X',  (v*Ox)  ® (X')n)  = H°(X,v*( X’)n)  = H°(X, Xn)  = mn 

the  last  equality  by  Lemma [47. 9. 3|  On  the  other  hand,  there  is  clearly  an  injection 
mn  -A  H°(X',  (X')n).  Since  H°( X',  (X')n)  is  torsion  free  we  conclude  equality  holds 
for  all  n,  hence  X = X' . □ 


Lemma  47.9.5.  In  Situation  47.9.1  Let  X be  the  blow  up  of  Spec(A)  in  m.  Let 
E C X be  the  exceptional  divisor.  With  Ox{  1)  =X  as  usual  and  Oe{  1)  = C,a(1)|e 
we  have 

(1)  E is  a proper  Cohen- Macaulay  curve  over  k. 

(2)  Oe{  1)  is  very  ample 

(3)  deg(0E(l))  > 1 and  equality  holds  only  if  A is  a regular  local  ring, 

(4)  IL1(i?,  OE{n ))  = 0 for  n > 0,  and 

(5)  H°(E,  Oe(ti))  = mn/m”+1  for  n > 0. 

Proof.  Since  Ox{l)  is  very  ample  by  construction,  we  see  that  its  restriction  to 


the  special  fibre  E is  very  ample  as  well.  By  Lemma  47.9.4  the  scheme  X is  normal. 
Then  E is  Cohen-Macaulay  by  Divisors,  Lemma  30.12.6  Lemma  47.9.3|applies  and 
we  obtain  (4)  and  (5)  from  the  exact  sequences 


0 


rn+l 


->r->  i*0E(n) 


0 


and  the  long  exact  cohomology  sequence.  In  particular,  we  see  that 
deg(LTl))  = X(E,  Oe(  1))  - X(E,  Oe)  = dim(m/m2)  - 1 


by  Varieties,  Definition  32.33.1  Thus  (3)  follows  as  well. 


□ 


Lemma  47.9.6.  In  Situation  47.9.1  assume  A has  a dualizing  complex  u>*A.  With 
ojx  the  dualizing  module  of  X,  the  trace  map  H°(X,u>x)  — t oja  is  an  isomorphism 
and  consequently  there  is  a canonical  map  f*0JA  — > u>x- 
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Proof.  By  Grauert-Riemenschneider  (Proposition  47.7.8)  we  see  that  i?/*wx  = 
By  duality  we  have  a short  exact  sequence 

0 — > —*■  Ext 'a{R1  f*Ox,u>A)  — > 0 


(for  example  see  proof  of  Lemma  47.8.11 ) and  since  A defines  a rational  singularity 
we  obtain  f*cox  = w a ■ 


□ 


0B64  Lemma  47.9.7.  In  Situation 


47.9.1  assume  A has  a dualizing  complex  and  is 
not  regular.  Let  X be  the  blow  up  0/ Spec  (A)  in  m with  exceptional  divisor  E C X . 
Let  u>x  be  the  dualizing  module  of  X.  Then 

(1)  ue  = ux\e  0 Oe(—  1), 

(2) H1(X,wx(n))=0forn>0, 

(3)  the  map  f*u>A  —t  ojx  of  Lemma  47.9.6  is  surjective. 

Proof.  We  will  use  the  results  of  Lemma [47.9. 51  without  further  mention.  Observe 
that  oje  = ojx\e  <S>  Oe{—  1)  by  Dualizing  Complexes,  Lemmas  45.29.2  and  45.26.6 
Thus  u>x\e  = oje(  1).  Consider  the  short  exact  sequences 

0 — ^ u>x(n  1)  — > lox(ji)  — t i*iVE(ri  T 1)  — > 0 

By  Algebraic  Curves,  Lemma  46.3.3  we  see  that  H1(E,uJE{iri  + 1))  = 0 for  n > 0. 
Thus  we  see  that  the  maps 

H\X,ux( 2))  -t  H\X,cjx(  1))  ->•  H\X,ujx) 

are  surjective.  Since  H1(X,u;x(_n))  is  zero  for  n 0 (Cohomology  of  Schemes, 
Lemma  29.15.2)  we  conclude  that  (2)  holds. 


OBBV 


By  Algebraic  Curves,  Lemma  46.3.6  we  see  that  ujx\e  = oje  ® Oe{  1)  is  globally 
generated.  Since  we  seen  above  that  H1(X,ujx(1))  = 0 the  map  H°(X,ujx)  —► 
H°(E,ljx\e)  is  surjective.  We  conclude  that  ux  is  globally  generated  hence  (3) 
holds  because  T(A, ux)  = wa  is  used  in  Lemma|47.9.6  to  define  the  map.  □ 

Lemma  47.9.8.  Let  (A,m,  k)  be  a local  normal  Nagata  domain  of  dimension  2 
which  defines  a rational  singularity.  Assume  A has  a dualizing  complex.  Then  there 
exists  a finite  sequence  of  blowups  in  singular  closed  points 

X = Xn^  X„_i  X\  -a  A'0  = Spec(A) 

such  that  Xi  is  normal  for  each  i and  such  that  the  dualizing  sheaf  u>x  of  X is  an 
invertible  Ox -module. 


Proof.  The  dualizing  module  lua  is  a finite  A-module  whose  stalk  at  the  generic 
point  is  invertible.  Namely,  u ja  K is  a dualizing  module  for  the  fraction  field 

I\  of  A , hence  has  rank  1.  Thus  there  exists  a blowup  b : Y -A  Spec(A)  such 
that  the  strict  transform  of  coa  with  respect  to  b is  an  invertible  CV-module.  This 
follows  from  the  definition  of  strict  transform  in  Divisors,  Definition  130.27.11  the 


description  of  the  strict  transform  of  quasi-coherent  modules  in  Properties,  Lemma 
|27.24.5[  and  More  on  Algebra,  Lemma [15. 20. 3|  By  Lemma [47.5. 3|  we  can  choose  a 
sequence  of  normalized  blowups 


Xn  — y Xn_i  — ^ . . . — y Xi  — ^ Spec(A) 

such  that  Xn  dominates  Y . By  Lemma  |47.9.4|  and  arguing  by  induction  each 
X,  -a  Xj_ -j  is  simply  a blowing  up. 
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We  claim  that  ujxn  is  invertible.  Since  is  a coherent  Oxn -module,  it  suffices 
to  see  its  stalks  are  invertible  modules.  If  a;  € Xn  is  a regular  point,  then  this 
is  clear  from  the  fact  that  regular  schemes  are  Gorenstein  (Dualizing  Complexes, 
Lemma  45.38.3).  If  a;  is  a singular  point  of  Xn , then  each  of  the  images  a £ Xj  of 
a;  is  a singular  point  (because  the  blowup  of  a regular  point  is  regular  by  Lemma 
47.3.2).  Consider  the  canonical  map  /*om  — > Ux„  of  Lemma  47.9.6  For  each  i the 


morphism  Xi+i  — > Xt  is  either  a blowup  of  Xi  or  an  isomorphism  at  a Since  Xi  is 
always  a singular  point,  it  follows  from  Lemma |47.9.7| and  induction  that  the  maps 
f*0JA  — t coxi  is  always  surjective  on  stalks  at  a;*.  Hence 

( fnu}A)x  > Uxn,x 

is  surjective.  On  the  other  hand,  by  our  choice  of  b the  quotient  of  f*u>A  by  its 
torsion  submodule  is  an  invertible  module  C.  Moreover,  the  dualizing  module  is 
torsion  free  (Dualizing  Complexes,  Lemma  45.36.3).  It  follows  that  Cx  = <xxn,x 
and  the  proof  is  complete. 


□ 


47.10.  Formal  arcs 


0BG1  Let  X be  a locally  Noetherian  scheme.  In  this  section  we  say  that  a formal  arc 
in  X is  a morphism  a : T X where  T is  the  spectrum  of  a complete  discrete 
valuation  ring  R whose  residue  field  k is  identified  with  the  residue  field  of  the 
image  p of  the  closed  point  of  Spec(i?).  Let  us  say  that  the  formal  arc  a is  centered 
at  p in  this  case.  We  say  the  formal  arc  T — > X is  nonsingular  if  the  induced  map 
mp/rrip  — >■  mn/m2R  is  surjective. 

Let  a : T — >•  X,T  = Spec (R)  be  a nonsingular  formal  arc  centered  at  a closed  point 
p of  X.  Assume  X is  locally  Noetherian.  Let  b : X\  — > X be  the  blowing  up  of  X 
at  x.  Since  a is  nonsingular,  we  see  that  there  is  an  element  / £ mp  which  maps 
to  a uniformizer  in  R.  In  particular,  we  find  that  the  generic  point  of  T maps  to 
a point  of  X not  equal  to  p.  In  other  words,  with  K = f.f.(R)  the  fraction  field, 
the  restriction  of  a defines  a morphism  Spec(A')  — ► X \ {p}.  Since  the  morphism  b 
is  proper  and  an  isomorphism  over  X \ {cc}  we  can  apply  the  valuative  criterion  of 
properness  to  obtain  a unique  morphism  a\  making  the  following  diagram  commute 


X 


Let  pi  £ Xi  be  the  image  of  the  closed  point  of  T.  Observe  that  p±  is  a closed 
point  as  it  is  a k = «(p)-rational  point  on  the  fibre  of  X\  — » X over  x.  Since  we 
have  a factorization 

Ox,x  — t Ox,  .p,  — t R 

we  see  that  a\  is  a nonsingular  formal  arc  as  well. 

We  can  repeat  the  process  and  obtain  a sequence  of  blowing  ups 


This  kind  of  sequence  of  blowups  can  be  characterized  as  follows. 
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0BG2  Lemma  47.10.1.  Let  X be  a locally  Noetherian  scheme.  Let 

{X,p)  = ( X0,p0 ) £-  (Xi,pi)  <-  (X2,p2)  <-  (X3,p3)  4-  ... 

be  a sequence  of  blowups  such  that 

(1)  pi  is  closed,  maps  to  Pi-i,  and  n(pi)  = n{pi- 1), 

(2)  there  exists  an  X\  £ mp  whose  image  in  mPi,  i > 0 defines  the  exceptional 
divisor  Ei  C X;. 

Then  the  sequence  is  obtained  from  a nonsingular  arc  a : T — ► X as  above. 

Proof.  Let  us  write  On  = Oxn,Pn  and  O = Ox,P-  Denote  m C O and  mn  C On 
the  maximal  ideals. 


We  claim  that  x\  qL  m^+1.  Namely,  if  this  were  the  case,  then  in  the  local  ring 
On+ i the  element  x\  would  be  in  the  ideal  of  (t  + l)En+i.  This  contradicts  the 
assumption  that  Xi  defines  En+ i. 


For  every  n choose  generators  yn.i,  ■ ■ ■ , Vn,tn  for  mn.  As  mn0n+i  = x\On+i  by 
assumption  (2),  we  can  write  yn^  = an  ix-[  for  some  an ^ £ On+i-  Since  the  map 
On  — > On+ 1 defines  an  isomorphism  on  residue  fields  by  (1)  we  can  choose  cH:i  £ On 
having  the  same  residue  class  as  a„y.  Then  we  see  that 

Rl n — (*4l:  %n, lj  • * * ) Zn,tnfi  Zn,i  — Pn^i 

and  the  elements  zni  map  to  elements  of  m^+1  in  On+\. 

Let  us  consider 

Jn  = Ker  (O  -»■  OJ m"+1) 

We  claim  that  OfJn  has  length  n + 1 and  that  0/{xfi)  + Jn  equals  the  residue  field. 
For  n = 0 this  is  immediate.  Assume  the  statement  holds  for  n.  Let  / £ Jn.  Then 
in  On  we  have 

/ = ax7f+1  + XiAi(zn:i)  + x"  1A2(zrlti)  + . - . + An+\  (znji) 

for  some  a £ On  and  some  Ai  homogeneous  of  degree  i with  coefficients  in  On. 
Since  O — > On  identifies  residue  fields,  we  may  choose  a £ O (argue  as  in  the 
construction  of  zn^  above).  Taking  the  image  in  On. |_i  we  see  that  / and  ax3+1 
have  the  same  image  modulo  m™^.  Since  x"+1  ^ it  follows  that  Jn/Jn+\ 

has  length  1 and  the  claim  is  true. 


Consider  R = lim  OjJn.  This  is  a quotient  of  the  m-adic  completion  of  O hence 
it  is  a complete  Noetherian  local  ring.  On  the  other  hand,  it  is  not  finite  length 
and  x’i  generates  the  maximal  ideal.  Thus  R is  a complete  discrete  valuation  ring. 
The  map  O — » R lifts  to  a local  homomorphism  On  — > R for  every  n.  There 
are  two  ways  to  show  this:  (1)  for  every  n one  can  use  a similar  procedure  to 
construct  On  — > Rn  and  then  one  can  show  that  O — > On  —>  Rn  factors  through  an 
isomorphism  R — > Rn,  or  (2)  one  can  use  Divisors,  Lemma  30.26.6  to  show  that  On 
is  a localization  of  a repeated  affine  blowup  algebra  to  explicitly  construct  a map 
On  — >•  R.  Having  said  this  it  is  clear  that  our  sequence  of  blow  ups  comes  from  the 
nonsingular  arc  a : T = Spec(i?)  — >•  X.  □ 


The  following  lemma  is  a kind  of  Neron  desingularization  lemma. 
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0BG3  Lemma  47.10.2.  Let  (A,  m,  k)  be  a Noetherian  local  domain  of  dimension  2.  Let 
A R be  a surjection  onto  a complete  discrete  valuation  ring.  This  defines  a 
nonsingular  arc  a :T  = Spec  (R)  — > Spec(A).  Let 

Spec(A)  = X0  Xi  <-  X2  <-  X3  <-  . . . 

be  the  sequence  of  blowing  ups  constructed  from  a.  If  Ap  is  a regular  local  ring 
where  p = Ker(A  — ► R),  then  for  some  i the  scheme  Xi  is  regular  at  Xj. 

Proof.  Let  X\  £ m map  to  a uniformizer  of  R.  Observe  that  «(p)  = K = f.f.(R) 
is  the  fraction  field  of  R.  Write  p = (X2,  ■ ■ ■ ,xr)  with  r minimal.  If  r = 2,  then 
m = {x\,X2)  and  A is  regular  and  the  lemma  is  true.  Assume  r > 2.  After 
renumbering  if  necessary,  we  may  assume  that  X2  maps  to  a uniformizer  of  Ap. 
Then  p/p2  + (a^)  is  annihilated  by  a power  of  x±.  For  i > 2 we  can  find  n,  > 0 and 
at  £ A such  that 

X\  Xi  diX 2 = ^ ^ ^ OjkXjXk 

for  some  ajk  £ A.  If  Ui  = 0 for  some  i.  then  we  can  remove  x^  from  the  list  of 
generators  of  p and  we  win  by  induction  on  r.  If  for  some  i the  element  cq  is  a 
unit,  then  we  can  remove  X2  from  the  list  of  generators  of  p and  we  win  in  the  same 
manner.  Thus  either  at  £ p or  a;  = UiX™1  mod  p for  some  mi  > 0 and  unit  u,c  £ A. 
Thus  we  have  either 

Xi*Xi  = <k  djkXjXk  Or  XrfiXi-UiX™iX2=^2i2<<kaikx3xk 

We  will  prove  that  after  blowing  up  the  integers  Hi,  mi  decrease  which  will  finish 
the  proof. 

Let  us  see  what  happens  with  these  equations  on  the  affine  blowup  algebra  A!  = 
A[ m/xi].  As  m = (aq, . . . , xr)  we  see  that  A'  is  generated  over  R by  = Xi/x \ for 
i > 2.  Clearly  A — > R extends  to  A!  — > R with  kernel  (y2,  ■ ■ ■ , yr)-  Then  we  see 
that  either 

n — 1 \ > n —1  m^ —1  \ ' 

XL  Vi  = }^2<j<k  aikyiVk  0r  *1  Vi-UiXi1  V2  = 2^2<j<ka3kyjVk 
and  the  proof  is  complete.  □ 

47.11.  Base  change  to  the  completion 

0BG4  The  following  simple  lemma  will  turn  out  to  be  a useful  tool  in  what  follows. 

0BG5  Lemma  47.11.1.  Let  (A,  m,  k)  be  a local  ring  with  finitely  generated  maximal 
ideal  m.  Let  X be  a scheme  over  A.  Let  Y = X Xgp^^)  Spec(AA)  where  AA  is 
the  m-adic  completion  of  A.  For  a point  q £ Y with  image  p £ X lying  over  the 
closed  point  of  Spec(A)  the  local  ring  map  Ox,P  — t Oy,q  induces  an  isomorphism 
on  completions. 

Proof.  We  may  assume  X is  affine.  Then  we  may  write  X = Spec(B).  Let 
q C B'  = B Gu  AA  be  the  prime  corresponding  to  q and  let  p C B be  the  prime 
ideal  corresponding  to  p.  By  Algebra,  Lemma |10.95.5|  we  have 

B'/{m^)nB'  = AA/( mA)n  ®AB  = A/mn  <g )AB  = B/mnB 

for  all  n.  Since  ml?  C p and  nd?'  C q we  see  that  B/pn  and  B' / q"  are  both 
quotients  of  the  ring  displayed  above  by  the  nth  power  of  the  same  prime  ideal. 
The  lemma  follows.  □ 
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0BG6  Lemma  47.11.2.  Let  (A,  m,  k)  be  a Noetherian  local  ring.  Let  X -A  Spec(A)  be  a 
morphism  which  is  locally  of  finite  type.  Set  Y = X Xgpec(yn  Spec(AA).  Let  y GY 
with  image  x £ X.  Then 

(1)  if  Oy,y  is  regular,  then  Ox,x  Is  regular, 

(2)  if  y is  in  the  closed  fibre,  then  OytV  is  regular  4=>  Ox,x  is  regular,  and 

(3)  If  X is  proper  over  A,  then  X is  regular  if  and  only  ifY  is  regular. 


OAFK 


Proof.  Since  A -A  AA  is  faithfully  flat  (Algebra,  Lemma  10.96.3 1,  we  see  that 
Y — > X is  flat.  Hence  (1)  by  Algebra,  Lemma  10.156.4  Lemma  47.11.1  shows  the 
morphism  Y — > X induces  an  isomorphism  on  complete  local  rings  at  points  of  the 

If  X is  proper  over 


special  fibres.  Thus  (2)  by  More  on  Algebra,  Lemma  15.34.4 


A,  then  Y is  proper  over  AA  (Morphisms,  Lemma  28.41.5)  and  we  see  every  closed 
point  of  X and  Y lies  in  the  closed  fibre.  Thus  we  see  that  Y is  a regular  scheme 
if  and  only  if  X is  so  by  Properties,  Lemma  |27.9.2[  □ 


Lemma  47.11.3.  Let  (A,m)  be  a Noetherian  local  ring  with  completion  AA . Let 
U C Spec(A)  and  UA  C Spec(AA)  be  the  punctured  spectra.  IfY  -A  Spec(AA)  is  a 
UA  -admissible  blowup,  then  there  exists  a U -admissible  blowup  X -A  Spec(A)  such 
that  Y = X x spec(A)  Spec(AA). 


0BG7 


Proof.  By  definition  there  exists  an  ideal  J C AA  such  that  V(J)  = {mdA}  and 
such  that  Y is  the  blowup  of  SA  in  the  closed  subscheme  defined  by  J,  see  Divisors, 
Definition  30.28.1[  Since  AA  is  Noetherian  this  implies  m”  AA  C J for  some  n. 
Since  AA /mnAA  = A/m"  we  find  an  ideal  m"  c I C A such  that  J = IAA.  Let 
X — > S be  the  blowup  in  I.  Since  A — >•  AA  is  flat  we  conclude  that  the  base  change 
of  X is  Y by  Divisors,  Lemma  [30. 26. 3|  □ 

Lemma  47.11.4.  Let  (A,m,  n)  be  a Nagata  local  normal  domain  of  dimension  2. 
Assume  A defines  a rational  singularity  and  that  the  completion  AA  of  A is  normal. 
Then 


(1)  AA  defines  a rational  singularity,  and 

(2)  if  X — > Spec(A)  is  the  blowing  up  in  m,  then  for  a closed  point  x £ X the 
completion  Ox,x  Is  normal. 


Proof.  Let  Y — ► Spec(AA)  be  a modification  with  Y normal.  We  have  to  show  that 
H1(Y,Oy)  = 0.  By  Varieties,  Lemma  32.15.3|  Y -A  Spec(AA)  is  an  isomorphism 

',A}.  By  Lemma  47.7.2  there 


over  the  punctured  spectrum  UA  = Spec(AA)  \ {nr 
exists  a [/A-admissible  blowup  Y'  -A  Spec(AA)  dominating  Y.  By  Lemma  47.11.3 
we  find  there  exists  a [/-admissible  blowup  X — > Spec(A)  whose  base  change  to  AA 
dominates  Y.  Since  A is  Nagata,  we  can  replace  X by  its  normalization  after  which 
X -A  Spec(A)  is  a normal  modification  (but  possibly  no  longer  a [/-admissible 
blowup).  Then  H1(X,Ox)  = 0 as  A defines  a rational  singularity.  It  follows  that 
HfiX  x Spec(A)  Spec(AA),  0jyXSpec(A)Spec(j4A))  = 0 by  flat  base  change  (Cohomology 
of  Schemes,  Lemma  29.5. 2|  and  flatness  of  A -A  AA  by  Algebra,  Lemma  |10.96. 2[. 


47.8.1 


We  find  that  i71(V,  Oy)  = 0 by  Lemma 

Finally,  let  X — ► Spec(A)  be  the  blowing  up  of  Spec(A)  in  m.  Then  Y = X Xgpec(A) 
Spec(AA)  is  the  blowing  up  of  Spec(AA)  in  mA.  By  Lemma  47.9.4  we  see  that  both 
Y and  X are  normal.  On  the  other  hand,  AA  is  excellent  (More  on  Algebra, 


Proposition  15.43.3)  hence  every  affine  open  in  Y is  the  spectrum  of  an  excellent 


normal  domain  (More  on  Algebra,  Lemma  15.43.2).  Thus  for  y £Y  the  ring  map 
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Oy,y  — > O y is  regular  and  by  More  on  Algebra,  Lemma  15.33.2  we  find  that  Oyt 


is  normal.  If  a;  £ A'  is  a closed  point  of  the  special  fibre,  then  there  is  a unique 
closed  point  y £ Y lying  over  x.  Since  Ox,x  — > @Y,y  induces  an  isomorphism  on 
completions  (Lemma |47. 11.1 ) we  conclude.  □ 


0BG8  Lemma  47.11.5.  Let  (A,m)  be  a local  Noetherian  ring.  Let  X be  a scheme  over 
A.  Assume 


(1)  A is  analytically  unramified  (Algebra,  Definition  10.154-9), 

(2)  X is  locally  of  finite  type  over  A,  and 

(3)  X -A  Spec(A)  is  etale  at  the  generic  points  of  irreducible  components  of 
X. 

Then  the  normalization  of  X is  finite  over  X. 


Proof.  Since  A is  analytically  unramified  it  is  reduced  by  Algebra,  Lemmari0.154.10l 
Since  the  normalization  of  X depends  only  on  the  reduction  of  X,  we  may  replace 
X by  its  reduction  Xrerf,  note  that  Xre(]  — ► X is  an  isomorphism  over  the  open 
U where  X -A  Spec(A)  is  etale  because  U is  reduced  (Descent,  Lemma  34.14.1) 
hence  condition  (3)  remains  true  after  this  replacement.  In  addition  we  may  and 
do  assume  that  X = Spec (B)  is  affine. 

The  map 

k = TT  k(p)  — ► ka  = TT  /c(pA) 

-*-pC A minimal  -*-J-pACAA  minimal 

is  injective  because  A — > AA  is  faithfully  flat  (Algebra,  Lemma  |10.96.3[)  hence 
induces  a surjective  map  between  sets  of  minimal  primes  (by  going  down  for  flat 
ring  maps,  see  Algebra,  Section  10.40 ).  Both  sides  are  finite  products  of  fields  as  our 


rings  are  Noetherian.  Let  L = J1qcB  minimal  K(cl)-  Our  assumption  (3)  implies  that 
L = B K and  that  K L is  a finite  etale  ring  map  (this  is  true  because  A -A  B 
is  generically  finite,  for  example  use  Algebra,  LemmaflO.121.9  or  the  more  detailed 
results  in  Morphisms,  Section  28.47).  Since  B is  reduced  we  see  that  B C L.  This 
implies  that 

C = B ®A  AA  c L ®a  Aa  = L ®K  KA  = M 

Then  M is  the  total  ring  of  fractions  of  C and  is  a finite  product  of  fields  as  a finite 
separable  algebra  over  KA . It  follows  that  C is  reduced  and  that  its  normalization 
C'  is  the  integral  closure  of  C in  M.  The  normalization  B'  of  B is  the  integral  closure 
of  B in  L.  By  flatness  of  A -A  AA  we  obtain  an  injective  map  B'  AA  -A  M 
whose  image  is  contained  in  C' . Picture 


B'  ®A  AA 


C 


As  AA  is  Nagata  (by  Algebra,  Lemma  10.154.8),  we  see  that  C’  is  finite  over 
C = B iS) a AA  (see  Algebra,  Lemmas  10.154.8  and  10.154.2).  As  C is  Noetherian, 
we  conclude  that  B'  S>a  Aa  is  finite  over  C = B (g>^  AA . Therefore  by  faithfully  flat 


descent  (Algebra,  Lemma  10.82.2)  we  see  that  B'  is  finite  over  B which  is  what  we 
had  to  show.  □ 


0BG9  Lemma  47.11.6.  Let  (A,m,  k)  be  a Noetherian  local  ring.  Let  X -a  Spec(A)  be 
a morphism  which  is  locally  of  finite  type.  Set  Y = X Xgpecq4)  Spec(AA).  If  the 
complement  of  the  special  fibre  in  Y is  normal , then  the  normalization  Xv  -A  X is 
finite  and  the  base  change  of  Xv  to  Spec(AA)  recovers  the  normalization  ofY. 
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Proof.  There  is  an  immediate  reduction  to  the  case  where  A = Spec (f?)  is  affine 
with  B a finite  type  A-algebra.  Set  C = B Aa  so  that  Y = Spec(C).  Since 
A — > AA  is  faithfully  flat,  for  any  prime  q C B there  exists  a prime  r C C lying 
over  q.  Then  Bq  — > Ct  is  faithfully  flat.  Hence  if  q does  not  lie  over  m,  then  Ct  is 
normal  by  assumption  on  Y and  we  conclude  that  Bq  is  normal  by  Algebra,  Lemma 
|10.156.3|  In  this  way  we  see  that  X is  normal  away  from  the  special  fibre. 


Recall  that  the  complete  Noetherian  local  ring  AA  is  Nagata  (Algebra,  Lemma 


10.154.8 1.  Hence  the  normalization  Yv  — > Y is  finite  (Morphisms,  Lemma  28.49.7) 


and  an  isomorphism  away  from  the  special  fibre.  Say  Yv  = Spec(C").  Then  C — > C' 
is  finite  and  an  isomorphism  away  from  V(mC).  Since  B — > C is  flat  and  induces 
an  isomorphism  B / m B -A  C / mC  there  exists  a finite  ring  map  B -A  B'  whose  base 
change  to  C recovers  C -A  C1 . See  More  on  Algebra,  Lemma  15.70.16  and  Remark 
15.70.191  Thus  we  find  a finite  morphism  X’  — > X which  is  an  isomorphism  away 
from  the  special  fibre  and  whose  base  change  recovers  Yv  -A  Y . By  the  discussion 
in  the  first  paragraph  we  see  that  X'  is  normal  at  points  not  on  the  special  fibre. 
For  a point  x € X'  on  the  special  fibre  we  have  a corresponding  point  y £ Yv  and  a 
flat  map  Ox\x  — ► Oy*, y Since  Oy",y  is  normal,  so  is  Ox',x,  see  Algebra,  Lemma 
11 0.1 56. ill  Thus  X'  is  normal  and  it  follows  that  it  is  the  normalization  of  A'.  □ 


OBGA  Lemma  47.11.7.  Let  (A,  m,  k)  be  a Noetherian  local  domain  whose  completion 
An  is  normal.  Then  given  any  sequence 

Yn  — > Yn_ i li  — > Spec(AA) 

of  normalized  blowups,  there  exists  a sequence  of  (proper)  normalized  blowups 
Xn  — y Xn_x  — ^ . . . — y Xi  — Spec(A) 
whose  base  change  to  AA  recovers  the  given  sequence. 


Proof.  Given  the  sequence  Yn  — Y\  -A  Y0  = Spec(A)A)  we  inductively 
construct  Xn  -A  ...  -A  X±  -A  Xq  = Spec(A).  The  base  case  is  i = 0.  Given  A,; 
whose  base  change  is  Yi:  let  Y(  -a  Y.;  be  the  blowing  up  in  the  closed  point  j/,;  € Y/ 
such  that  Yi+i  is  the  normalization  of  Fj.  Since  the  closed  fibres  of  Y,  and  X,  are 
isomorphic,  the  point  y,;  corresponds  to  a closed  ponit  Xj  on  the  special  fibre  of  X,  . 
Let  X[  -a  A i be  the  blowup  of  A,  in  Xi . Then  the  base  change  of  X[  to  Spec(AA) 
is  isomorphic  to  Y[.  By  Lemma  47.11.6  the  normalization  Ai+1  -a  A'  is  finite  and 
its  base  change  to  Spec(AA)  is  isomorphic  to  Yl+i . □ 


47.12.  Rational  double  points 


0BGB 


In  Section  [47(9]  we  argued  that  resolution  of  2-dimensional  rational  singularities  re- 
duces to  the  Gorenstein  case.  A Gorenstein  rational  surface  singularity  is  a rational 
double  point.  We  will  resolve  them  by  explicit  computations. 


According  to  the  discussion  in  Examples,  Section  88. 17| there  exists  a normal  Noe- 
therian local  domain  A whose  completion  is  isomorphic  to  C[[x,  y,  z\\/(z2).  In  this 
case  one  could  say  that  A has  a rational  double  point  singularity,  but  on  the  other 
hand,  Spec(A)  does  not  have  a resolution  of  singularities.  This  kind  of  behaviour 
cannot  occur  if  A is  a Nagata  ring,  see  Algebra,  Lemma  [10.154. 13) 


However,  it  gets  worse  as  there  exists  a local  normal  Nagata  domain  A whose 
completion  is  C[[x,  y,  z]]/(yz)  and  another  whose  completion  is  C[[x,  y,  z]]/(y2  — z3). 
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This  is  Example  2.5  of  [Nis  M-  This  is  why  we  need  to  assume  the  completion  of 
our  ring  is  normal  in  this  section. 

OBGC  Situation  47.12.1.  Here  (A,  m,  re)  be  a Nagata  local  normal  domain  of  dimension 
2 which  defines  a rational  singularity,  whose  completion  is  normal,  and  which  is 
Gorenstein.  We  assume  A is  not  regular. 


The  arguments  in  this  section  will  show  that  repeatedly  blowing  up  singular  points 
resolves  Spec  (A)  in  this  situation.  We  will  need  the  following  lemma  in  the  course 
of  the  proof. 

OBGD  Lemma  47.12.2.  Let  re  be  a field.  Let  I C re  [a;,  y\  be  an  ideal.  Let 

a + bx  + cy  + dx2  + exy  + fy2  £ 1 2 

for  some  a,  6,  c,  d,  e,  / £ k not  all  zero.  If  the  colength  of  I in  k\x ,y\  is  > 1,  then 
a + bx  + cy  + dx2  + exy  + fy 2 = j(g  + hx  + iy)2  for  some  j,  g,h,i  £ re. 


Proof.  Consider  the  partial  derivatives  b + 2 dx  + ey  and  c + ex  + 2 fy.  By  the 
Leibniz  rules  these  are  contained  in  I.  If  one  of  these  is  nonzero,  then  after  a linear 
change  of  coordinates,  i.e. , of  the  form  x H > a + /3x  + 73/  and  y 1— > 6 + ex  + £y,  we 
may  assume  that  x £ I.  Then  we  see  that  I = (x)  or  I = (x,F)  with  F a monic 
polynomial  of  degree  > 2 in  y.  In  the  first  case  the  statement  is  clear.  In  the  second 
case  observe  that  we  can  can  write  any  element  in  1 2 in  the  form 

A(x,  y)x2  + B(y)xF  + C(y)F2 
for  some  A(x,y)  £ re[x,  y]  and  B,C  £ n[y].  Thus 

a + bx  + cy  + dx2  + exy  + fy2  = A(x,  y)x2  + B(y)xF  + C(y)F2 
and  by  degree  reasons  we  see  that  B = C = 0 and  A is  a constant. 

To  finish  the  proof  we  need  to  deal  with  the  case  that  both  partial  derivatives  are 
zero.  This  can  only  happen  in  characteristic  2 and  then  we  get 

a + dx2  + fy 2 £ 1 2 

We  may  assume  / is  nonzero  (if  not,  then  switch  the  roles  of  x and  y).  After 
dividing  by  / we  obtain  the  case  where  the  characteristic  of  k is  2 and 

a + dx2  +y2  £ I2 


If  a and  d are  squares  in  re,  then  we  are  done.  If  not,  then  there  exists  a derivation 
9 : re  — > re  with  9(a)  ^ 0 or  9(d)  0,  see  Algebra,  Lemma  10.150.2  We  can  extend 

this  to  a derivation  of  re  [a:,  y\  by  setting  9(x)  = 9(y)  = 0.  Then  we  find  that 

9(a)  + 9(d)x2  £ I 


The  case  9(d)  = 0 is  absurd.  Thus  we  may  assume  that  a + x2  £ I for  some  a £ re. 
Combining  with  the  above  we  find  that  a + ad  + y2  £ I . Hence 


J = (a  + x2,a  + ad  + y2)  C / 


with  codimension  at  most  2.  Observe  that  J / J2  is  free  over  n[x,y]/J  with  basis 
a + x2  and  a + ad  + y2 . Thus  a + dx2  + y2  = 1 • (a  + ad  + y2)  + d ■ (a  + x2)  £ 1 2 
implies  that  the  inclusion  J C I is  strict.  Thus  we  find  a nonzero  element  of  the 
form  g + hx  + iy  + jxy  in  I.  If  j = 0,  then  / contains  a linear  form  and  we  can 
conclude  as  in  the  first  paragraph.  Thus  j / 0 and  dimK(J/J)  = 1 (otherwise  we 
could  find  an  element  as  above  in  I with  j = 0).  We  conclude  that  I has  the  form 
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(a  + x2, 0 + y2,  g + hx  + iy  + jxy)  with  j ^ 0 and  has  colength  3.  In  this  case 
a + dx2  + y2  £ I2  is  impossible.  This  can  be  shown  by  a direct  computation,  but 
we  prefer  to  argue  as  follows.  Namely,  to  prove  this  statement  we  may  assume  that 
re  is  algebraically  closed.  Then  we  can  do  a coordinate  change  x i->  y/a  + x and 
y K > \fj3  + y and  assume  that  / = (x2 ,y2 , g'  + h'x  + i'y+jxy)  with  the  same  j.  Then 
g'  = h!  = i!  = 0 otherwise  the  colength  of  I is  not  3.  Thus  we  get  I = (x2,y2,xy) 
and  the  result  is  clear.  □ 


Let  (A,  m,  re)  be  as  in  Situation  47.12.1  Let  X -A  Spec(A)  be  the  blowing  up  of 


m in  Spec(A).  By  Lemma  47.9.4  we  see  that  X is  normal.  All  singularities  of  X 
are  rational  singularities  by  Lemma  47.8.7  Since  u>a  = A we  see  from  Lemma 


47.9.7  that  u>x  — Ox  (see  discussion  in  Remark  47.7.7  for  conventions).  Thus  all 


singularities  of  X are  Gorenstein.  Moreover,  the  local  rings  of  X at  closed  point 


have  normal  completions  by  Lemma  47.11.4  In  other  words,  by  blowing  up  Spec  (A) 
we  obtain  a normal  surface  X whose  singular  points  are  as  in  Situation [47T2T]  We 
will  use  this  below  without  further  mention.  (Note:  we  will  see  in  the  course  of  the 
discussion  below  that  there  are  finitely  many  of  these  singular  points.) 


Let  E C A'  be  the  exceptional  divisor.  We  have  u>e  = Oe{— 1)  by  Lemma  47.9.7 
By  Lemma  47.9.5  we  have  re  = H°(E , Oe)-  Thus  E is  a Gorenstein  curve  and  by 


Riemann-Roch  as  discussed  in  Algebraic  Curves,  Section [46. 2|  we  have 
X{E,  Oe)  = 1 - g = -(1/2)  deg(wB)  = (1/2)  deg(e>B(l)) 
where  g = dimK  H1(E,  Oe)  > 0.  Since  deg(0£(l))  is  positive  by  Varieties,  Lemma 


32.33.12  we  find  that  g = 0 and  deg(Os(l))  = 2.  It  follows  that  we  have 

dimK(m"/m™+1)  = 2n  + 1 


by  Lemma  47.9.5  and  Riemann-Roch  on  E. 


Choose  £1,3:2, £3  £ m which  map  to  a basis  of  m/m2.  Because  dimK(m2/m3)  = 5 
the  images  of  XjXj , i > j in  this  re- vector  space  satisfy  a relation.  In  other  words, 
we  can  find  a-ij  £ A,  i > j , not  all  contained  in  m,  such  that 

ai\x\  + ai23iia:2  + <113X1X3  + 022^2  + 023*22:3  + 033*3  = ^ ' «ijkX-iXjXk 

for  some  aijk  £ A where  i < j < k.  Denote  a < -Ad  the  map  A — ► re.  The  quadratic 
form  q = y) djjtjtj  £ re[ti,t2;i3]  is  well  defined  up  to  multiplication  by  an  element 
of  re*  by  our  choices.  If  during  the  course  of  our  arguments  we  find  that  ai:j  = 0 in 
re,  then  we  can  subsume  the  term  aijXiXj  in  the  right  hand  side  and  assume  aij  = 0; 
this  operation  changes  the  a^-fc  but  not  the  other  a^j'. 

The  blowing  up  is  covered  by  3 affine  charts  corresponding  to  the  “variables” 
*1,  *2,  *3.  By  symmetry  it  suffices  to  study  one  of  the  charts.  To  do  this  let 

A'  = A[m/a;i] 


be  the  affine  blowup  algebra  (as  in  Algebra,  Section[l0.69 ).  Since  *1,  *2,  *3  generate 
m we  see  that  A'  is  generated  by  3/2  = *2/*i  and  3/3  = X3/X1  over  A.  We  will 
occasionally  use  yi  = 1 to  simplify  formulas.  Moreover,  looking  at  our  relation 
above  we  find  that 


an  + a12y2  + a13y3  + a22y\  + a23y2y3  + a33yl  = *i(Y]  aijkyiyjyk) 
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in  A'.  Recall  that  x\  £ A'  defines  the  exceptional  divisor  E on  our  affine  open  of 
X which  is  therefore  scheme  theoretically  given  by 

K[y2:  yal/Oll  + tti2j/2  + 0132/3  + °222/2  + 0232/22/3  + a33U3) 

In  other  words,  E C P2  = Proj(/c[/i,  Z2,  63])  is  the  zero  scheme  of  the  quadratic 
form  q introduced  above. 


The  quadratic  form  q is  an  important  invariant  of  the  singularity  defined  by  A.  Let 
us  say  we  are  in  case  II  if  q is  a square  of  a linear  form  times  an  element  of  k*  and 
in  case  I otherwise.  Observe  that  we  are  in  case  II  exactly  if,  after  changing  our 
choice  of  x 1,  , £3,  we  have 

*£3  = ^ ( Q'ijk%i'Ej£k 

in  the  local  ring  A. 


Let  m'  C A'  be  a maximal  ideal  lying  over  m with  residue  field  k'.  In  other  words, 
m'  corresponds  to  a closed  point  p £ E of  the  exceptional  divisor.  Recall  that  the 
surjection 

«[2/2, 2/3]  ->  «' 


has  kernel  generated  by  two  elements  /2,/3  £ k [2/2 ,2/3]  (see  f°r  example  Algebra, 
Example  10.26.3|  or  the  proof  of  Algebra,  Lemma  10.113.1).  Let  £2,  £3  £ A!  map 
to  /2,  f3  in  ac[z/2 , 2/3] • Then  we  see  that  m'  = (xi,Z2,z3)  because  X2  and  x3  become 
divisble  by  X\  in  A' . 


Claim.  If  X is  singular  at  p , then  n'  = n or  we  are  in  case  II.  Namely,  if  is 
singular,  then  dimK,  m,/(m')2  = 3 which  implies  that  dimK/  m,/(^Tl,)2  = 2 where  m! 
is  the  maximal  ideal  of  Oe,p  = Ox,p/%iOx,P-  This  implies  that 

<7(1,  2/2, 2/3)  = an  + ai22/2  + a13y3  + a22yl  + 0232/22/3  + 0332/3  e (/a,  h)2 

otherwise  there  would  be  a relation  between  the  classes  of  z2  and  z3  in  m'/^m')2. 
The  claim  now  follows  from  Lemma [47.12. 21 


Resolution  in  case  I.  By  the  claim  any  singular  point  of  X is  K-rational.  Pick  such 
a singular  point  p.  We  may  choose  our  x±,  X2,  x3  £ m such  that  p lies  on  the  chart 
described  above  and  has  coordinates  2/2  = 2/3  = 0.  Since  it  is  a singular  point 
arguing  as  in  the  proof  of  the  claim  we  find  that  17(1,2/2,2/3)  £ (2/2, 2/3)2-  Thus  we 
can  choose  an  = a\2  = 013  = 0 and  q(t\,t2,t3)  = q(t2,t3).  It  follows  that 

E = V{q)  C Pi 

either  is  the  union  of  two  distinct  lines  meeting  at  p or  is  a degree  2 curve  with 
a unique  K-rational  point  (small  detail  omitted;  use  that  q is  not  a square  of  a 
linear  form  up  to  a scalar) . In  both  cases  we  conclude  that  X has  a unique  singular 
point  p which  is  K-rational.  We  need  a bit  more  information  in  this  case.  First, 
looking  at  higher  terms  in  the  expression  above,  we  find  that  dm  = 0 because  p is 
singular.  Then  we  can  write  am  = bmXi  mod  (x2,x3)  for  some  6m  £ A.  Then 
the  quadratic  form  at  p for  the  generators  x\,  2/2, 2/3  °f  is 

q = biuti  + 0112/4/2  + 0113/1/3  + 022/2  + 023/2/3  + 033/3 

We  see  that  E'  = V(q')  intersects  the  line  Zi  = 0 in  either  two  points  or  one  point 
of  degree  2.  We  conclude  that  p lies  in  case  I. 
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Suppose  that  the  blowing  up  X'  — > X of  X at  p again  has  a singular  point  p' . Then 
we  see  that  p'  is  a ^-rational  point  and  we  can  blow  up  to  get  X"  — ► X' . If  this 
process  does  not  stop  we  get  a sequence  of  blowings  up 

Spec(A)  elelVTV... 

We  want  to  show  that  Lemma  |d7.10.1|  applies  to  this  situation.  To  do  this  we 
have  to  say  something  about  the  choice  of  the  element  Xi  of  m.  Suppose  that  A 
is  in  case  I and  that  X has  a singular  point.  Then  we  will  say  that  X\  £ m is  a 
good  coordinate  if  for  any  (equivalently  some)  choice  of  x2,X3  the  quadratic  form 
q(ti,t2,t3)  has  the  property  that  q( OA2A3)  is  not  a scalar  times  a square.  We 
have  seen  above  that  a good  coordinate  exists.  If  X\  is  a good  coordinate,  then 
the  singular  point  p £ E of  X does  not  lie  on  the  hypersurface  ii  = 0 because 
either  this  does  not  have  a rational  point  or  if  it  does,  then  it  is  not  singular  on  X. 
Observe  that  this  is  equivalent  to  the  statement  that  the  image  of  x\  in  Ox.p  cuts 
out  the  exceptional  divisor  E.  Now  the  computations  above  show  that  if  X\  is  a 
good  coordinate  for  A,  then  x\  £ m 'Ox,P  is  a good  coordinate  for  p.  This  of  course 
uses  that  the  notion  of  good  coordinate  does  not  depend  on  the  choice  of  x2,  x%  used 
to  do  the  computation.  Hence  x\  maps  to  a good  coordinate  at  p' , p" , etc.  Thus 
Lemma  47.10.1  applies  and  our  sequence  of  blowing  ups  comes  from  a nonsingular 
arc  A — > R.  Then  the  map  AA  -A  I?  is  a surjection.  Since  the  completion  of  A is 
normal,  we  conlude  by  Lemma  |47.10.2|  that  after  a finite  number  of  blowups 

Spec(AA)  <-  XA  <-  (X')A  . 

the  resulting  scheme  (X^  )A  is  regular.  Since  (X(ni)A  -a  X ^ induces  isomor- 
phisms  on  complete  local  rings  (Lemma  47. 1 1 . 1|)  we  conclude  that  the  same  is  true 
for  XW. 


Resolution  in  case  II.  Here  we  have 

x^  ^ ) aijkXiXjXk 

in  A for  some  choice  of  generators  xi,x2,  X3  of  m.  Then  q = 1 3 and  E = 2 C where 
C is  a line.  Recall  that  in  A'  we  get 

vl  = *1  C^aiokyiPiPk) 

Since  we  know  that  X is  normal,  we  get  a discrete  valuation  ring  Ox,£  at  the  generic 
point  £ of  C.  The  element  1/3  £ A'  maps  to  a uniformizer  of  Ox.£-  Since  x\  scheme 
theoretically  cuts  out  E which  is  C with  multiplicity  2,  we  see  that  X\  is  a unit 
times  2/3  in  Ox^-  Looking  at  our  equality  above  we  conclude  that 

h{y2)  = ciin  + cin2i/2  + <21222/2  + 02222/2 

must  be  nonzero  in  the  residue  field  of  £.  Now,  suppose  that  p £ C defines  a singular 
point.  Then  2/3  is  zero  at  p and  p must  correspond  to  a zero  of  h by  the  reasoning 
used  in  proving  the  claim  above.  If  h does  not  have  a double  zero  at  p , then  the 
quadratic  form  q'  at  p is  not  a square  and  we  conclude  that  p falls  in  case  I which 
we  have  treated  above.  Since  the  degree  of  h is  3 we  get  at  most  one  singular  point 
p £ C falling  into  case  II  which  is  moreover  ^-rational.  After  changing  our  choice  of 
x\,x2l  X3  we  may  assume  this  is  the  point  2/2  = 2/3  = 0-  Then  h = 01222/2  + 02222/2- 
Moreover,  it  still  has  to  be  the  case  that  0113  = 0 for  the  quadratic  form  q'  to 
have  the  right  shape.  Thus  the  local  ring  Ox,P  defines  a singularity  as  in  the  next 
paragraph. 
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The  final  case  we  treat  is  the  case  where  we  can  choose  our  generators  Xi,  X2,  X3  of 
m such  that 

£3  + X\{aX2  + bx 2X3  + cx 3)  £ m4 

for  some  a,  6,  c £ A.  This  is  a subclass  of  case  II.  If  a = 0,  then  we  can  write 
a = 0,3X1  + U2X2  + <13X3  and  we  get  after  blowing  up 

y\  + Xi{a\Xiy2  + a2Xi  y\  + a3Xiy|i/3  + by2y3  + cy%)  = xj  aijkiyiyjykyi) 

This  means  that  X is  not  normal  a contradiction.  By  the  result  of  the  previous 
paragraph,  if  the  blow  up  X has  a singular  point  p which  falls  in  case  II,  then  there 
is  only  one  and  it  is  K-rational.  Computing  the  affine  blowup  algebras  A[^]  and 
A[^]  the  reader  easily  sees  that  p cannot  be  contained  the  corresponding  opens  of 
X.  Thus  p is  in  the  spectrum  of  A[^-].  Doing  the  blowing  up  as  before  we  see  that 
p must  be  the  point  with  coordinates  t/2  = 2/3  = 0 and  the  new  equation  looks  like 

2/|  + x\{ayl  + by2y3  + c.y\ ) £ (m')4 

which  has  the  same  shape  as  before  and  has  the  property  that  x\  defines  the  ex- 
ceptional divisor.  Thus  if  the  process  does  not  stop  we  get  an  infinite  sequence  of 
blow  ups  and  on  each  of  these  X\  defines  the  exceptional  divisor  in  the  local  ring  of 
the  singular  point.  Thus  we  can  finish  the  proof  using  Lemmas |47. 10. 1| and |47. 10. 2| 
and  the  same  reasoning  as  before. 

OBGE  Lemma  47.12.3.  Let  (A,m,  k)  be  a local  normal  Nagata  domain  of  dimension 
2 which  defines  a rational  singularity,  whose  completion  is  normal,  and  which  is 
Gorenstein.  Then  there  exists  a finite  sequence  of  blowups  in  singular  closed  points 

Xn  — t Xn—  1 X\  — > Xq  = Spec(A) 

such  that  Xn  is  regular  and  such  that  each  intervening  schemes  Xi  is  normal  with 
finitely  many  singular  points  of  the  same  type. 

Proof.  This  is  exactly  what  was  proved  in  the  discussion  above.  □ 


47.13.  Implied  properties 


OBGF  In  this  section  we  prove  that  for  a Noetherian  integral  scheme  the  existence  of  a 
regular  alteration  has  quite  a few  consequences.  This  section  should  be  skipped  by 
those  not  interested  in  “bad”  Noetherian  rings. 

OBGG  Lemma  47.13.1.  Let  Y be  a Noetherian  integral  scheme.  Assume  there  exists  an 
alteration  f : X — ► Y with  X regular.  Then  the  normalization  Yv  — » Y is  finite 
and  Y has  a dense  open  which  is  regular. 


Proof.  It  suffices  to  prove  this  when  Y = Spec(A)  where  A is  a Noetherian  domain. 
Let  B be  the  integral  closure  of  A in  its  fraction  field.  Set  C = T(X,Ox)-  By 
Cohomology  of  Schemes,  Lemma  29. 18. 3|  we  see  that  C is  a finite  A-module.  As  X 
is  normal  (Properties,  Lemma  27.9.4 ) we  see  that  C is  normal  domain  (Properties, 
Lemma  27.7.9).  Thus  B C C and  we  conclude  that  B is  finite  over  A as  A is 


Noetherian. 

There  exists  a nonempty  open  V CY  such  that  f~xV  — ► V is  finite,  see  Morphisms, 
Definition  28.47.12  After  shrinking  V we  may  assume  that  f~lV  — > V is  flat 
(Morphisms,  Proposition  28.27.1).  Thus  f~1V  — > V is  faithfully  flat.  Then  V is 
regular  by  Algebra,  Lemma  10.156.4|  □ 


47.13.  IMPLIED  PROPERTIES 


3132 


OBGH  Lemma  47.13.2.  Let  (A,  m)  be  a local  Noetherian  ring.  Let  B C C be  finite 
A-algebras.  Assume  that  (a)  B is  a normal  ring,  and  (b)  the  m-adic  completion 
CA  is  a normal  ring.  Then  BA  is  a normal  ring. 

Proof.  Consider  the  commutative  diagram 

B 


Br 


CA 


Recall  that  m-adic  completion  on  the  category  of  finite  A-modules  is  exact  because 


it  is  given  by  tensoring  with  the  flat  A-algebra  AA  (Algebra,  Lemma  10.96.2).  We 


will  use  Serre’s  criterion  (Algebra,  Lemma  10.149.4)  to  prove  that  the  Noetherian 
ring  BA  is  normal.  Let  q C BA  be  a prime  lying  over  p C B.  If  dim(Rp)  > 2, 
then  depth(Rp)  > 2 and  since  Bp  — > BA  is  flat  we  find  that  depth(.BA)  > 2 


(Algebra,  Lemma  10.155.2).  If  dim(Bp)  < 1,  then  Bp  is  either  a discrete  valuation 
ring  or  a field.  In  that  case  Cp  is  faithfully  flat  over  Bp  (because  it  is  finite  and 
torsion  free).  Hence  BA  — > Cp  is  faithfully  flat  and  the  same  holds  after  localizing 
at  q.  As  CA  and  hence  any  localization  is  (S2)  we  conclude  that  BA  is  (£>2)  by 


Algebra,  Lemma  10.156.5  All  in  all  we  find  that  (£>2)  holds  for  BA.  To  prove  that 
BA  is  (Ri)  we  only  have  to  consider  primes  q C BA  with  dim(.BA)  < 1.  Since 


dim(.BA  ) = dim(I3p)  + dim(BA /pBA)  by  Algebra,  Lemma  10.111.6  we  find  that 
dim (Bp)  < 1 and  we  see  that  BA  — > CA  is  faithfully  flat  as  before.  We  conclude 
using  Algebra,  Lemma[l0.156.6|  □ 

0BGI  Lemma  47.13.3.  Let  (A,  m,  k)  be  a local  Noetherian  domain.  Assume  there  exists 
an  alteration  f : X — > Spec(A)  with  X regular.  Then 


(1) 

(2) 

(3) 

(4) 


there  exists  a nonzero  f £ A such  that  Af  is  regular, 

the  integral  closure  B of  A in  its  fraction  field  is  finite  over  A, 

the  m-adic  completion  of  B is  a normal  ring,  i.e.,  the  completions  of  B 

at  its  maximal  ideals  are  normal  domains,  and 

the  generic  formal  formal  fibre  of  A is  regular. 


Proof.  Parts  (1)  and  (2)  follow  from  Lemma  47.13.1  We  have  to  redo  part  of 
the  proof  of  that  lemma  in  order  to  set  up  notation  for  the  proof  of  (3).  Set 
C = T(A',  Ox).  By  Cohomology  of  Schemes,  Lemma  29.18.3  we  see  that  C is  a 
finite  A-module.  As  X is  normal  (Properties,  Lemma  27.9.41  we  see  that  C is 
normal  domain  (Properties,  Lemma |27.7.9 ).  Thus  B C C and  we  conclude  that 
B is  finite  over  A as  A is  Noetherian.  By  Lemma  47.13.2  in  order  to  prove  (3)  it 
suffices  to  show  that  the  m-adic  completion  CA  is  normal. 


By  Algebra,  Lemma  10.96.8  the  completion  CA  is  the  product  of  the  completions 
of  C at  the  prime  ideals  of  C lying  over  m.  There  are  finitely  many  of  these  and 
these  are  the  maximal  ideals  mi , . . . , mr  of  C.  (The  corresponding  result  for  B 
explains  the  final  statement  of  the  lemma.)  Thus  replacing  A by  Cmi  and  X by 
Xj  = X x Spec(c)  Spec(C'mi)  we  reduce  to  the  case  discussed  in  the  next  paragraph. 
(Note  that  T(Xi,0)  = Cmi  by  Cohomology  of  Schemes,  Lemma [29. 5. 2 ) 

Here  A is  a Noetherian  local  normal  domain  and  / : X — > Spec(A)  is  a regular 
alteration  with  T(X,  Ox)  = A.  We  have  to  show  that  the  completion  AA  of  A is 
a normal  domain.  By  Lemma  47.11.2  Y = X Xspec(7i)  Spec(AA)  is  regular.  Since 
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OBGJ 

OBGK 

OBGL 


OBGM 


r (Y,Oy)  = AA  by  Cohomology  of  Schemes,  Lemma  29.5.2  we  conclude  that  AA  is 
normal  as  before.  Namely,  Y is  normal  by  Properties,  Lemma[27lb4]  It  is  connected 
because  T(Y,  Oy)  = AA  is  local.  Hence  Y is  normal  and  integral  (as  connected  and 
normal  implies  integral  for  Noetherian  schemes).  Thus  T(Y,Oy)  = AA  is  a normal 
domain  by  Properties,  Lemma  27.7. 9|  This  proves  (3). 

Proof  of  (4).  Let  r\  £ Spec(A)  denote  the  generic  point  and  denote  by  a subscript  rj 
the  base  change  to  ry.  Since  / is  an  alteration,  the  scheme  X v is  finite  and  faithfully 
flat  over  g.  Since  Y = X x spec(4)  Spec(AA)  is  regular  by  Lemma  47.11.2  we  see 
that  Yv  is  regular  (as  a limit  of  opens  in  Y).  Then  Yv  — ► Spec(AA  Gu  f.f.(A))  is 
finite  faithfully  flat  onto  the  generic  formal  fibre.  We  conclude  by  Algebra,  Lemma 
110.156.41  □ 


47.14.  Resolution 


Here  is  a definition. 

Definition  47.14.1.  Let  Y be  a Noetherian  integral  scheme.  A resolution  of 
singularities  of  X is  a modification  / : X Y such  that  X is  regular. 

In  the  case  of  surfaces  we  sometimes  want  a bit  more  information. 


Definition  47.14.2.  Let  Y be  a 2-dinrensional  Noetherian  integral  scheme.  We  say 
Y has  a resolution  of  singularities  by  normalized  blowups  if  there  exists  a sequence 

Yn  Xn_i  Y\  Yq  —>  Y 


where 

(1)  Yi  is  proper  over  Y for  i = 0, . . . , n, 

(2)  To  — y Y is  the  normalization, 

(3)  Yi  — > Yi_ i is  a normalized  blowup  for  i = 1, . . . , n,  and 

(4)  Yn  is  regular. 


Observe  that  condition  (1)  implies  that  the  normalization  Y0  of  Y is  finite  over  Y 
and  that  the  normalizations  used  in  the  normalized  blowing  ups  are  finite  as  well. 

Lemma  47.14.3.  Let  (A,  m,Ac)  be  a Noetherian  local  ring.  Assume  A is  normal 
and  has  dimension  2.  If  Spec(A)  has  a resolution  of  singularities,  then  Spec(A) 
has  a resolution  by  normalized  blowups. 


Proof.  By  Lemma[47.13.3  the  completion  AA  of  A is  normal.  By  Lemma  47.11.2  we 
see  that  Spec(AA)  has  a resolution.  By  Lemma  47.11.7  any  sequence  Yn  — » Yn_1  — ► 


...—»•  Spec(AA)  of  normalized  blowups  of  comes  from  a sequence  of  normalized 
blowups  Xn  Spec(A).  Moreover  if  Yn  is  regular,  then  Xn  is  regular  by 

Lemma  47.11.2  Thus  it  suffices  to  prove  the  lemma  in  case  A is  complete. 


Assume  in  addition  A is  a complete.  We  will  use  that  A is  Nagata  (Algebra, 


Proposition  10.154.16),  excellent  (More  on  Algebra,  Proposition  15.43.3),  and  has 


a dualizing  complex  (Dualizing  Complexes,  Lemma  45.38.8).  Moreover,  the  same 


is  true  for  any  ring  essentially  of  finite  type  over  A.  If  B is  a excellent  local  normal 
domain,  then  the  completion  BA  is  normal  (as  B — > BA  is  regular  and  More  on 


Algebra,  Lemma  15.33.2  applies).  We  will  use  this  without  further  mention  in  the 
rest  of  the  proof. 


47.14.  RESOLUTION 


3134 


Let  X — * Spec(A)  be  a resolution  of  singularities.  Choose  a sequence  of  normalized 
blowing  ups 

Yn  — > Yn_ i — > . . . — > Yi  — ► Spec(A) 

dominating  X (Lemma  47.5.3).  The  morphism  Yn  — > X is  an  isomorphism  away 


from  finitely  many  points  of  X.  Hence  we  can  apply  Lemma  47.4.2  to  find  a 
sequence  of  blowing  ups 

Xm  Xm—i  X 

in  closed  points  such  that  Xm  dominates  Yn.  Diagram 


Spec(A) 


To  prove  the  lemma  it  suffices  to  show  that  a finite  number  of  normalized  blowups  of 
Yn  produce  a regular  scheme.  By  our  diagram  above  we  see  that  Yn  has  a resolution 
(namely  Xm).  As  Yn  is  a normal  surface  this  implies  that  Yn  has  at  most  finitely 
many  singularities  yi, ...  ,yt  (because  Xm  — > Yn  is  an  isomorphism  away  from  the 


fibres  of  dimension  1,  see  Varieties,  Lemma  32.15.3). 


Let  xa  £ X be  the  image  of  ya.  Then  Ox,Xo  is  regular  and  hence  defines  a rational 


O 


Yn,ya 


to  see  that 


singularity  (Lemma  47.8.10).  Apply  Lemma  47.8.7  to  Ox,x 
0Yn,Va  defines  a rational  singularity.  By  Lemma  47.9.8  there  exists  a finite  sequence 
of  blowups  in  singular  closed  points 


Yn 


— > Ya  n i 


Spec(C,y-rijj/a) 


such  that  Ya  ria  is  Gorenstein,  i.e.,  has  an  invertible  dualizing  module.  By  (the 


essentially  trivial)  Lemma  47.6.4  with  n1  = na  these  sequences  correspond  to  a 
sequence  of  blowups 

Mi+n'  ^ ^ n+n'  — 1 ^ ^ In 

such  that  Yn+ni  is  normal  and  the  local  rings  of  Yn+ni  are  Gorenstein.  Using  the 
references  given  above  We  can  dominate  Yn+ni  by  a sequence  of  blowups  Xm+m < — > 
Xm  dominating  Yn+n / as  in  the  following 


Spec(A) 


X 


Thus  again  Yn+ni  has  a finite  number  of  singular  points  y\. ... , y's . but  this  time 
the  singularities  are  rational  double  points,  more  precisely,  the  local  rings  Oyn+rl,,y'h 
are  as  in  Lemma |47.12.3|  Arguing  exactly  as  above  we  conclude  that  the  lemma  is 
true.  □ 

OBGN  Lemma  47.14.4.  Let  (A,  m,  k)  be  a Noetherian  complete  local  ring.  Assume  A is 
a normal  domain  of  dimension  2.  Then  Spec(A)  has  a resolution  of  singularities. 

Proof.  A Noetherian  complete  local  ring  is  J-2  (More  on  Algebra,  Proposition 
15.39.6),  Nagata  (Algebra,  Proposition  10.154.16|,  excellent  (More  on  Algebra, 


Proposition  15.43.3),  and  has  a dualizing  complex  (Dualizing  Complexes,  Lemma 
45.38.8).  Moreover,  the  same  is  true  for  any  ring  essentially  of  finite  type  over 
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A.  If  B is  a excellent  local  normal  domain,  then  the  completion  BA  is  normal  (as 
BA  is  regular  and  More  on  Algebra,  Lemma  15.33.2  applies).  In  other  words, 


B 


the  local  rings  which  we  encounter  in  the  rest  of  the  proof  will  have  the  required 
“excellency”  properties  required  of  them. 


Choose  Ao  C A with  Aq  a regular  complete  local  ring  and  Aq  — ► A finite,  see 
Algebra,  Lemma  [10. 152. 10}  This  induces  a finite  extension  of  fraction  fields  Kq  C 
I\.  We  will  argue  by  induction  on  [K  : A'0],  The  base  case  is  when  the  degree  is  1 
in  which  case  A0  = A and  the  result  is  true. 


Suppose  there  is  an  intermediate  field  K0  C L C K,  K0  ^ L ^ K.  Let  B C A be 
the  integral  closure  of  Ao  in  L.  By  induction  we  choose  a resolution  of  singularities 
Y — >•  Spec(B).  Let  X be  the  normalization  of  Y Xg pec(B)  Spec(A).  Picture: 


X 


■ Spec(A) 


Y 


Spec  (B) 


oA 

UY,y 


->  o$,' 


hypothesis  that  Oa 


47.14.3 


there  is  a 


Since  A is  J-2  the  regular  locus  of  X is  open.  Since  A'  is  a normal  surface  we 
conclude  that  X has  at  worst  finitely  many  singular  points  x\1 ...  ,xn  which  are 
closed  points  with  dim (Ox,If)  = 2.  For  each  i let  yi  € Y be  the  image.  Since 
is  finite  of  smaller  degree  than  before  we  conclude  by  induction 
x has  resolution  of  singularities.  By  Lemma 

sequence 

Zi,m  — t • • ■ — > -»  Spec(C> x,Xi) 

of  normalized  blowups  with  ZAn.  regular.  By  Lemma  47.11. 
ing  sequence  of  normalized  blowing  ups 

t • • ■ — t Zit i — > Spec(&x,xi ) 


there  is  a correspond- 


Then  Zi<ni  is  a regular  scheme  by  Lemma  47.11.2  By  Lemma  47.6.5  we  can  fit 
these  normalized  blowing  ups  into  a corresponding  sequence 

Zn  — > Zn_  i Z\  — > X 

and  of  course  Zn  is  regular  too  (look  at  the  local  rings).  This  proves  the  induction 
step. 

Assume  there  is  no  intermediate  field  Kq  C L C K with  Kq  ^ L ^ K.  Then 
either  K/Kq  is  separable  or  the  characteristic  to  K is  p and  [ K : A'o]  = p.  Then 
either  Lemma [47.8. 9|  or  |47.8.13| implies  that  that  reduction  to  rational  singularities 
is  possible.  By  Lemma  [47.8.8  we  conclude  that  there  exists  a normal  modification 
X — >•  Spec(A)  such  that  for  every  singular  point  x of  X the  local  ring  Ox,x  defines 
a rational  singularity.  Since  A is  J-2  we  find  that  X has  finitely  many  singular 
points  x\, . . . , xn.  By  Lemma  |47.9.8|  there  exists  a finite  sequence  of  blowups  in 
singular  closed  points 

Xi>ni  — t Spec(CbY,:Zi) 

such  that  Xj  n^  is  Gorenstein,  i.e. , has  an  invertible  dualizing  module.  By  (the 
essentially  trivial)  Lemma  47.6.4  with  n = ^Ana  these  sequences  correspond  to  a 
sequence  of  blowups 


Xn  —>  Xn_i  —>  X 
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such  that  Xn  is  normal  and  the  local  rings  of  Xn  are  Gorenstein.  Again  Xn  has 
a finite  number  of  singular  points  x[, . . . ,x's,  but  this  time  the  singularities  are 
rational  double  points,  more  precisely,  the  local  rings  O xnx‘.  are  as  in  Lemma 
47.12.3|  Arguing  exactly  as  above  we  conclude  that  the  lemma  is  true.  □ 


We  finally  come  to  the  main  theorem  of  this  chapter. 

OBGP  Theorem  47.14.5  (Lipman).  Let  Y be  a two  dimensional  integral  Noetherian  [Lip78j  Theorem  on 
scheme.  The  following  are  equivalent  page  151] 

(1)  there  exists  an  alteration  X — > Y with  X regular, 

(2)  there  exists  a resolution  of  singularities  of  Y, 

(3)  Y has  a resolution  of  singularities  by  normalized  blowups, 

(4)  the  normalization  Yv  — » Y is  finite  and  Yv  has  finitely  many  singular 
points  j/i, .. . ,ym  such  that  the  completion  of  Oy^^Vi  is  normal. 


Proof.  The  implications  (3)  =>  (2)  =>  (1)  are  immediate. 

Let  X Y be  an  alteration  with  X regular.  Then  Yv  — > Y is  finite  by  Lemma 
Consider  the  factorization  / : X — > Yv  from  Morphisms,  Lemma  [28.49.4 


47.13.1 


The  morphism  / is  finite  over  an  open  V C Yv  containing  every  point  of  codi- 
mension < 1 in  Yv  by  Varieties,  Lemma  |32.15.2|  Then  / is  flat  over  V by  Al- 
gebra, Lemma  |10. 127.1]  and  the  fact  that  a normal  local  ring  of  dimension  < 2 
is  Cohen-Macaulay  by  Serre’s  criterion  (Algebra,  Lemma  10.149.4).  Then  V is 
regular  by  Algebra,  Lemma  |10. 156.4]  As  Yv  is  Noetherian  we  conclude  that 
V"  \ V = {2/1, . . . ,2/m}  is  finite.  By  Lemma 
normal.  In  this  way  we  see  that  (1)  =>  (4). 

Assume  (4).  We  have  to  prove  (3).  We  may  immediately  replace  Y by  its  normal- 
ization. Let  2/1,  ■ ■ • ,2/m  € Y be  the  singular  points.  Applying  Lemmas  47.14.4  and 


47.13.3 


the  completion  of  Oyvy.  is 


47.14.3  we  find  there  exists  a finite  sequence  of  normalized  blowups 


*■  Y,rii-i  Spec(C?y  ) 


such  that  Yi,ni  is  regular.  By  Lemma  47. 11. 7|  there  is  a corresponding  sequence  of 


normalized  blowing  ups 


Xi. 


X, 


Spec(CViS 


Then  X.^n%  is  a regular  scheme  by  Lemma  47.11.2  By  Lemma  47.6.5  we  can  fit 
these  normalized  blowing  ups  into  a corresponding  sequence 

Xn  — ► Xn—\  X\  —>  Y 


and  of  course  Xn  is  regular  too  (look  at  the  local  rings).  This  completes  the 
proof.  □ 


47.15.  Embedded  resolution 


0BI3 


0BI4 


Given  a curve  on  a surface  there  is  a blowing  up  which  turns  the  curve  into  a strict 
normal  crossings  divisor.  In  this  section  we  will  use  that  a one  dimensional  locally 
Noetherian  scheme  is  normal  if  and  only  if  it  is  regular  (Algebra,  Lemma  10.118.7). 
We  will  also  use  that  any  point  on  a locally  Noetherian  scheme  specializes  to  a 
closed  point  (Properties,  Lemma  27.5.9). 


Lemma  47.15.1.  Let  Y be  a one  dimensional  integral  Noetherian  scheme.  The 
following  are  equivalent 
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(1)  there  exists  an  alteration  X — > Y with  X regular, 

(2)  there  exists  a resolution  of  singularities  of  Y , 

(3)  there  exists  a finite  sequence  Yn  — > Yn-  i Y\  — ► Y of  blowups  in 

closed  points  with  Yn  regular,  and 

(4)  the  normalization  Yu  — » Y is  finite. 


Proof.  The  implications  (3)  =>  (2)  =>  (1)  are  immediate.  The  implication  (1) 


(4)  follows  from  Lemma  47.13.1  Observe  that  a normal  one  dimensional  scheme  is 
regular  hence  the  implication  (4)  =>  (2)  is  clear  as  well.  Thus  it  remains  to  show 
that  the  equivalent  conditions  (1),  (2),  and  (4)  imply  (3). 

Let  / : X — ► Y be  a resolution  of  singularities.  Since  the  dimension  of  Y is  one  we 
see  that  / is  finite  by  Varieties,  Lemma [32. 15. 2[  We  will  construct  factorizations 

V Y2  ->  Yi  Y 


where  Yj  — y Yi_1  is  a blowing  up  of  a closed  point  and  not  an  isomorphism  as  long 
as  Yi- 1 is  not  regular.  Each  of  these  morphisms  will  be  finite  (by  the  same  reason 
as  above)  and  we  will  get  a corresponding  system 


f*Ox  7)  . . . 73  fl,*Oy2  D fl,*Oy1  13  Oy 

where  /)  : Yr  — >■  Y is  the  structure  morphism.  Since  Y is  Noetherian,  this  increasing 
sequence  of  coherent  submodules  must  stabilize  (Cohomology  of  Schemes,  Lemma 
29.10.1)  which  proves  that  for  some  n the  scheme  Yn  is  regular  as  desired.  To 
construct  V given  Yj-i  we  pick  a singular  closed  point  yi-i  £ V:-i  and  we  let  Yj  — > 
Yj- 1 be  the  corresponding  blowup.  Since  X is  regular  of  dimension  1 (and  hence 
the  local  rings  at  closed  points  are  discrete  valuation  rings  and  in  particular  PIDs), 
the  ideal  sheaf  m.yi  l • Ox  is  invertible.  By  the  universal  property  of  blowing  up 
(Divisors,  Lemma  30.26.5)  this  gives  us  a factorization  X — > Yj.  Finally,  Yj  — »•  Y)_i 
is  not  an  isomorphism  as  m,,^  is  not  an  invertible  ideal.  □ 


0BI5  Lemma  47.15.2.  Let  X be  a Noetherian  scheme.  Let  Y C X be  an  integral  closed 
subscheme  of  dimension  1 satisfying  the  equivalent  conditions  of  Lemma  \^7. 15. 1\ 
Then  there  exists  a finite  sequence 

Xn  — > Xn—i  Xi  — > X 

of  blowups  in  closed  points  such  that  the  strict  transform  of  Y in  Xn  is  a regular 
curve. 


Proof.  Let  V, 


us  by  Lemma  47.15.1 


—t  Yn— i — > . . 
Let  Xr 


-t  n -> 

— t Xn-i 


Y be  the  sequence  of  blowups  given  to 
X\  X be  the  corresponding 


sequence  of  blowups  of  X.  This  works  because  the  strict  transform  is  the  blowup 
by  Divisors,  Lemma  [30.27. 2|  □ 


Let  X be  a locally  Noetherian  scheme.  Let  Y,  Z C X be  closed  subschemes.  Let 
p £ Y D Z be  a closed  point.  Assume  that  Y is  integral  of  dimension  1 and  that 
the  generic  point  of  Y is  not  contained  in  Z.  In  this  situation  we  can  consider  the 
invariant 


0BI6  (47.15.2.1)  mp(YnZ)=\ength0xJOynz,p) 

This  is  an  integer  > 1.  Namely,  if  I,  J C Oy,P  are  the  ideals  corresponding  to 
Y,  Z,  then  we  see  that  Oynz,P  = Ox,P/I  + J has  support  equal  to  {mp}  because 
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we  assumed  that  Y H Z does  not  contain  the  unique  point  of  Y specializing  to  p. 
Hence  the  length  is  finite  by  Algebra,  Lemma[l0.61.3| 

0BI7  Lemma  47.15.3.  In  the  situation  above  let  X'  — > X be  the  blowing  up  of  X in  p. 
Let  Y'  ,Z'  C X'  be  the  strict  transforms  ofY,Z.  If  Oy,P  is  regular,  then 

(1)  Y'  — > Y is  an  isomorphism, 

(2)  Y'  meets  the  exceptional  fibre  E C X'  in  one  point  q and  mq{Y  HE)  = 1, 

(3)  if  q £ Z'  too,  then  mq(Y  n Z')  < mp(Y  D Z). 


Proof.  Since  Ox,p  — t OytP  is  surjective  and  Oy,P  is  a discrete  valuation  ring, 
we  can  pick  an  element  aq  £ mp  mapping  to  a uniformizer  in  Oyp.  Choose  an 
affine  open  U = Spec(A)  containing  p such  that  aq  £ A.  Let  m C A be  the 
maximal  ideal  corresponding  to  p.  Let  /,  J C A be  the  ideals  defining  Y.  Z in 
Spec(A).  After  shrinking  U we  may  assume  that  m = I + (aq),  in  other  words, 
that  V(aq)  Dt/n  Y = {p}  scheme  theoretically.  We  conclude  that  p is  an  effective 
Cartier  divisor  on  Y and  since  Y'  is  the  blowing  up  of  Y in  p (Divisors,  Lemma 
30.27.2)  we  see  that  Y'  — > Y is  an  isomorphism  by  Divisors,  Lemma  30.26.7  The 
relationship  m = I + (aq)  implies  that  m”  C / + (xf)  hence  we  can  define  a map 


if  : A[£]  — ► A/I 

by  sending  y/xf  £ A[^-]  to  the  class  of  a in  A/I  where  a is  chosen  such  that 
y = axf  mod  I.  Then  xp  corresponds  to  the  morphism  of  Y fl  U into  X'  over  U 
given  by  Y'  = Y . Since  the  image  of  aq  in  A[  j1]  cuts  out  the  exceptional  divisor 
we  conclude  that  mq(Y',E)  = 1.  Finally,  since  J Cm  implies  that  the  ideal 
J'  C A[^]  certainly  contains  the  elements  f/x i for  f £ J.  Thus  if  we  choose 
f £ J whose  image  / in  A/ 1 has  minimal  valuation  equal  to  mp(Y  D Z),  then  we 
see  that  xf{f  / aq)  = //a q in  A/I  has  valuation  one  less  proving  the  last  part  of  the 
lemma.  □ 


0BI8  Lemma  47.15.4.  Let  X be  a Noetherian  scheme.  Let  Y)  C X,  i = 1, . . . , n be  an 
integral  closed  subschemes  of  dimension  1 each  satisfying  the  equivalent  conditions 
Then  there  exists  a finite  sequence 

Xn  — ► Xn—i  X\  -£  X 


of  Lemma  f 7. 15.1 


of  blowups  in  closed  points  such  that  the  strict  transform  Yf  C Xn  of  Yi  in  Xn  are 
pairwise  disjoint  regular  curves. 


Proof.  It  follows  from  Lemma  [47.15.2  that  we  may  assume  Yj  is  a regular  curve 
for  i = 1, . . . , n.  For  every  i j and  p £ Yi  fl  Yj  we  have  the  invariant  mp(Yi  D Yj) 
(47.15.2.1).  If  the  maximum  of  these  numbers  is  > 1,  then  we  can  decrease  it 
(Lemma  47.15.3 1 by  blowing  up  in  all  the  points  p where  the  maximum  is  attained. 
If  the  maximum  is  1 then  we  can  separate  the  curves  using  the  same  lemma  by 
blowing  up  in  all  these  points  p.  □ 


When  our  curve  is  contained  on  a regular  surface  we  often  want  to  turn  it  into  a 
divisor  with  normal  crossings. 

0BI9  Definition  47.15.5.  Let  X be  a locally  Noetherian  scheme.  A strict  normal 
crossings  divisor  on  X is  an  effective  Cartier  divisor  D C X such  that  for  every 
p £ D the  local  ring  O \,P  is  regular  and  there  exists  a regular  system  of  parameters 
aq, . . . , Xd  £ mp  and  1 < r < d such  that  D is  cut  out  by  aq  . . . xr  in  Ox,P ■ 
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We  often  encounter  effective  Cartier  divisors  E on  locally  Noetherian  schemes  A' 
such  that  there  exists  a strict  normal  crossings  divisor  D with  E C D set  theoret- 
ically. In  this  case  we  have  E = with  a*  > 0 where  D = (J ieI  Di  is  the 

decomposition  of  D into  its  irreducible  components.  Observe  that  D’  = Ua  >o 
is  a strict  normal  crossings  divisor  with  E = D'  set  theoretically.  When  the  above 
happens  we  will  say  that  E is  supported  on  a strict  normal  crossings  divisor. 

OBIA  Lemma  47.15.6.  Let  X be  a locally  Noetherian  scheme.  Let  D C X be  an  effective 
Cartier  divisor.  Let  Di  C D,  i £ I be  its  irreducible  components  viewed  as  reduced 
closed  subschemes  of  X . The  following  are  equivalent 

(1)  D is  a strict  normal  crossings  divisor,  and 

(2)  D is  reduced  and  for  every  nonempty  finite  subset  J C I the  scheme 
theoretic  intersection  Dj  = nleJo,  is  a regular  scheme  each  of  whose 
irreducible  components  has  codimension  |«7|  in  X. 


Proof.  Assume  D is  a strict  normal  crossings  divisor.  Pick  p £ D and  choose  a 
regular  system  of  parameters  aq, . . . , Xd  £ mp  and  1 < r < d as  in  Definition  47.15.5 


Since  Ox,p/{xi)  is  a regular  local  ring  (and  in  particular  a domain)  we  see  that  the 
irreducible  components  D\, . . . , Dr  of  D passing  through  p correspond  1-to-l  to  the 
height  one  primes  (aq), . . . , (xr)  of  Ox,P-  By  Algebra,  Lemma  10.105.3  we  find  that 
the  intersections  Dlt  n . . . n Di  , have  codimension  s in  an  open  neighbourhood  of 
p and  that  this  intersection  has  a regular  local  ring  at  p.  Since  this  holds  for  all 
p £ D we  conclude  that  (2)  holds. 

Assume  (2).  Let  p £ D.  Since  Ox,P  is  finite  dimensional  we  see  that  p can  be 
contained  in  at  most  dim (Ox,P)  of  the  components  Di.  Say  p £ D\, . . . , Dr  for 
some  r > 1.  Let  x\, . . . , xr  £ mp  be  local  equations  for  D\, . . . , Dr.  Then  x\  is  a 
nonzerodivisor  in  Ox,y  and  Ox,v/(x i)  = Op liP  is  regular.  Hence  Ox,P  is  regular, 


see  Algebra,  Lemma  10.105.7  Since  D\  0 . . . 0 Dr  is  a regular  (hence  normal) 
scheme  it  is  a disjoint  union  of  its  irreducible  components  (Properties,  Lemma 
27.7.6).  Let  Z C D\  D . . . D Dr  be  the  irreducible  component  containing  p.  Then 
Oz,P  = Ox,p/{x\, . . . ,xr)  is  regular  of  codimension  r (note  that  since  we  already 
know  that  Ox,P  is  regular  and  hence  Cohen-Macaulay,  there  is  no  ambiguity  about 
codimension  as  the  ring  is  catenary,  see  Algebra,  Lemmas  10.105.3  and  10.103.4). 


Hence  dim (Oz,P)  = dim(Ox,p)— r.  Choose  additional  xr+\, . . . , xn  £ mp  which  map 
to  a minimal  system  of  generators  of  mziP.  Then  mp  = (x\ , . . . , xn ) by  Nakayama’s 
lemma  and  we  see  that  D is  a normal  crossings  divisor.  □ 

0BIB  Lemma  47.15.7.  Let  X be  a regular  scheme  of  dimension  2.  Let  Z C X be  a 
proper  closed  subscheme.  There  exists  a sequence 

Xn  Ad  — > X 

of  blowing  ups  in  closed  points  such  that  the  inverse  image  Zn  of  Z in  Xn  is  an 
effective  Cartier  divisor. 


Proof.  Let  D C Z be  the  largest  effective  Cartier  divisor  contained  in  Z.  Then 


I z C I d and  the  quotient  is  supported  in  closed  points  by  Divisors,  Lemma  30.12.8 


Thus  we  can  write  Iz  = Dz'Dd  where  Z'  C X is  a closed  subscheme  which  set 
theoretically  consists  of  finitely  many  closed  points.  Applying  Lemma  |47.4.1|  we 
find  a sequence  of  blowups  as  in  the  statement  of  our  lemma  such  that  X z'  @xn  is 
invertible.  This  proves  the  lemma.  □ 
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OBIC  Lemma  47.15.8.  Let  X be  a regular  scheme  of  dimension  2.  Let  Z C X be  a 
proper  closed  subscheme  such  that  every  irreducible  component  Y C Z of  dimension 
1 satisfies  the  equivalent  conditions  of  Lemma\^7.15.1\  Then  there  exists  a sequence 

Xn  A'i  -A  X 

of  blowups  in  closed  points  such  that  the  inverse  image  Zn  of  Z in  Xn  is  an  effective 
Cartier  divisor  supported  on  a normal  crossings  divisor. 


Proof.  Let  X'  — ► X be  a blowup  in  a closed  point  p.  Then  the  inverse  image 
Z'  C X'  of  Z is  supported  on  the  strict  transform  of  Z and  the  exceptional  divisor. 
The  exceptional  divisor  is  a regular  curve  (Lemma  47.3.1)  and  the  strict  transform 
Y'  of  each  irreducible  component  Y is  either  equal  to  Y or  the  blowup  of  Y at  p. 
Thus  in  this  process  we  do  not  produce  additional  singular  components  of  dimension 
1.  Thus  it  follows  from  Lemmas  |47.15.7|  and  |47.15.4|  that  we  may  assume  Z is  an 
effective  Cartier  divisor  and  that  all  irreducible  components  Y of  Z are  regular.  (Of 
course  we  cannot  assume  the  irreducible  components  are  pairwise  disjoint  because 
in  each  blowup  of  a point  of  Z we  add  a new  irreducible  component  to  Z,  namely 
the  exceptional  divisor.) 

Assume  Z is  an  effective  Cartier  divisor  whose  irreducible  components  Yt  are  regu- 
lar. For  every  i ^ j and  p £ Y{  0 Yj  we  have  the  invariant  mp(Yi  D Y))  (47.15.2.1 ).  If 
the  maximum  of  these  numbers  is  > 1,  then  we  can  decrease  it  (Lemma  47.15.3)  by 
blowing  up  in  all  the  points  p where  the  maximum  is  attained  (note  that  the  “new” 
invariants  mqi  (Yf  D E)  are  always  1).  If  the  maximum  is  1 then,  if  p £ Yj  D . . . D Yr 
for  some  r > 2 and  not  any  of  the  others  (for  example),  then  after  blowing  up  p 
we  see  that  Y{, . . . . Yf  do  not  meet  in  points  above  p and  mqi(Yi',E ) = 1 where 
Yf  n E = {(j,}.  Thus  continuing  to  blowup  points  where  more  than  3 of  the  compo- 
nents of  Z meet,  we  reach  the  situation  where  for  every  closed  point  p £ X there  is 
either  (a)  no  curves  Y passing  through  p,  (b)  exactly  one  curve  Y passing  through 
p and  OYt,p  is  regular,  or  (c)  exactly  two  curves  Yl:  Yj  passing  through  p,  the  local 
rings  Oy.i ,p ■ Oy^p  are  regular  and  mp(Y  H Yj)  = 1.  This  exactly  means  that  Y 
is  a strict  normal  crossings  divisor  on  the  regular  surface  A'.  □ 


47.16.  Other  chapters 


Preliminaries 


(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 
(9) 

(10) 

(11) 

(12) 

(13) 

(14) 


Introduction 
Conventions 
Set  Theory 
Categories 


Topology 


Sheaves  on  Spaces 

Sites  and  Sheaves 

Stacks 

Fields 

Commutative  Algebra 

Brauer  Groups 

Homological  Algebra 

Derived  Categories 

Simplicial  Methods 

(15) 

More  on  Algebra 

(16) 

Smoothing  Ring  Maps 

(17) 

Sheaves  of  Modules 

(18) 

Modules  on  Sites 

(19) 

Injectives 

(20) 

Cohomology  of  Sheaves 

(21) 

Cohomology  on  Sites 

(22) 

Differential  Graded  Algebra 

(23) 

Divided  Power  Algebra 

(24) 

Hypercoverings 

Schemes 

(25) 

Schemes 

(26) 

Constructions  of  Schemes 

(27) 

Properties  of  Schemes 

(28) 

Morphisms  of  Schemes 

47.16.  OTHER  CHAPTERS 


3141 


(29) 

Cohomology  of  Schemes  (64) 

Pushouts  of  Algebraic  Spaces 

(30) 

Divisors 

(65) 

Groupoids 

in  Algebraic  Spaces 

(31) 

Limits  of  Schemes 

(66) 

More  on  Groupoids  in  Spaces 

(32) 

Varieties 

(67) 

Bootstrap 

(33) 

(34) 

(35) 

(36) 

(37) 

(38) 

(39) 

(40) 


Topologies  on  Schemes 


Descent 


Derived  Categories  of  Schemes 


More  on  Morphisms 


More  on  Flatness 


Groupoid  Schemes 


More_mr^rou£oid_Schemes 


Etale  Morphisms  of  Schemes 


Topics  in  Scheme  Theory 
(41) 


(42) 

(43) 

(44) 

(45) 

(46) 

(47) 

(48) 

(49) 

(50) 

(51) 


Chow  Homology 

Intersection  Theorj 

Picard  Schemes  of  Curves 

Adequate  Modules 

Dualizing  Complexes 

Algebraic  Curves 

Resolution  of  Surfaces 

Fundamental  Groups  of 

Schemesl 

Etale  Cohomology 

Crystalline  Cohomology 

Pro-etale  Cohomology 

Algebraic  Spaces 


Topics  in  Geometry 
(68) 


(69) 

(70) 

(71) 

(72) 


Quotients  of  Groupoids 

Simplicial  Spaces 

Formal  Algebraic  Spaces 

Restricted  Power  Series 

Resolution  of  Surfaces 

Revis- 

ited| 

Deformation  Theory 
(73) 


Formal  Deformation  Theory 


(74) 

(75) 


Deformation  Theory 


The  Cotangent  Complex 


Algebraic  Stacks 
(76) 


Algebraic  Stacks 


(77) 

(78) 

(79) 

(80) 
(81) 
(82) 

(83) 

(84) 


Examples  of  Stacks 


Artin’s  Axioms 


Sheaves  on  Algebraic  Stacks 


Criteria  for  Representability 


Quot  and  Hilbert  Spaces 


Properties  of  Algebraic  Stacks 


Morphisms  of  Algebraic  Stacks 


Cohomology 

Stacksl 


of  Algebraic 


(52) 

Algebraic  Spaces 

(53) 

Properties  of  Algebraic  Spaces 

(54) 

Morphisms  of  Algebraic  Spaces 

(55) 

Decent  Algebraic  Spaces 

(56) 

Cohomology  of  Algebraic 

Spaces 

(57) 

Limits  of  Algebraic  Spaces 

(58) 

Divisors  on  Algebraic  Spaces 

(59) 

Algebraic  Spaces 

over  Fields 

(60) 

Topologies  on  Algebraic  Spaces 

(61) 

Descent  and  Algebraic  Spaces 

(62) 

Derived  Categories  of  Spaces 

(63) 

More  on  Morphisms  of  Spaces 

(85) 

(86) 
(87) 


Derived  Categories  of  Stacks 
Introducing  Algebraic  Stacks 
More  on  Morphisms  of  Stacks 


Miscellany 


(88) 

Examples 

(89) 

Exercises 

(90) 

Guide  to  Literature 

(91) 

Desirable 

(92) 

Coding  Style 

(93) 

Obsolete 

(94) 

GNU  Free  Documentation  Li- 

iccnsci 


(95) 


Auto  Generated  Index 


CHAPTER  48 


Fundamental  Groups  of  Schemes 


0BQ6 


48.1.  Introduction 

0BQ7  In  this  chapter  we  discuss  Grothendieck’s  fundamental  group  of  a scheme  and  appli- 
cations. A foundational  reference  is  lGro7ll.  A nice  introduction  is  |Len] . Other 
references  [Mur67j  and  |GM7l). 


48.2.  Schemes  etale  over  a point 

04JI  In  this  section  we  describe  schemes  etale  over  the  spectrum  of  a field.  Before  we 
state  the  result  we  introduce  the  category  of  G-sets  for  a topological  group  G. 

04JJ  Definition  48.2.1.  Let  G be  a topological  group.  A G-set,  sometime  called  a 
discrete  G-set , is  a set  X endowed  with  a left  action  a : G x X — >•  X such  that  a is 
continuous  when  X is  given  the  discrete  topology  and  G x X the  product  topology. 
A morphism  of  G-sets  f : X — ► Y is  simply  any  G-equivariant  map  from  X to  Y . 
The  category  of  G-sets  is  denoted  G-Sets. 


03QR 


The  condition  that  a : G x X — > X is  continuous  signifies  simply  that  the  stabilizer 
of  any  a:  £ A'  is  open  in  G.  If  G is  an  abstract  group  G (i.e.,  a group  but  not  a 
topological  group)  then  this  agrees  with  our  preceding  definition  (see  for  example 
Sites,  Example  7.6.51  provided  we  endow  G with  the  discrete  topology. 


Recall  that  if  K C L is  an  infinite  Galois  extension  then  the  Galois  group  G = 


Gal(A/A')  comes  endowed  with  a canonical  topology,  see  Fields,  Section  9.21 


Lemma  48.2.2.  Let  K be  a field.  Let  Ksep  a separable  closure  of  K . Consider 
the  profinite  group  G = Gal(Ksep/K).  The  functor 


schemes  etale  over  I\ 
X/K 


is  an  equivalence  of  categories. 


G-Sets 

MorSpec(if)(Spec(A^eP),  X) 


Proof.  A scheme  X over  AT  is  etale  over  K if  and  only  if  X = Spec(A'i) 
with  each  Af  a finite  separable  extension  of  K (Morphisms,  Lemma  28.36.7).  The 
functor  of  the  lemma  associates  to  X the  G-set 


I^Ho  mK(Ki,Ksep) 

with  its  natural  left  G-action.  Each  element  has  an  open  stabilizer  by  definition  of 
the  topology  on  G.  Conversely,  any  G-set  S'  is  a disjoint  union  of  its  orbits.  Say 
S = IJ  S^  Pick  Si  £ Si  and  denote  G,  C G its  open  stabilizer.  By  Galois  theory 
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OBMR 


(Fields,  Theorem  9.21.3)  the  fields  ( xsep)Gi  are  finite  separable  field  extensions  of 
K , and  hence  the  scheme 

II.  Spec ((Fsep)G‘) 

is  etale  over  K . This  gives  an  inverse  to  the  functor  of  the  lemma.  Some  details 
omitted.  □ 


48.2.2 


the  coverings  in 


Remark  48.2.3.  Under  the  correspondence  of  Lemma 
the  small  etale  site  Spec (K)aaie  of  K correspond  to  surjective  families  of  maps  in 
G-Sets. 


48.3.  Galois  categories 

In  this  section  we  discuss  some  of  the  material  the  reader  can  find  in  [GroTll 
Expose  V,  Sections  4,  5,  and  6]. 


Let  F : C — > Sets  be  a functor.  Recall  that  by  our  conventions  categories  have  a 
set  of  objects  and  for  any  pair  of  objects  a set  of  morpliisms.  There  is  a canonical 
injective  map 


(48.3.0.1)  Aut(F)  — > nA,Gb(C)  Aut (F(X)) 


For  a set  E we  endow  Aut(F)  with  the  compact  open  topology,  see  Topology, 
Example  5.29.2  Of  course  this  is  the  discrete  topology  when  E is  finite,  which  is 
the  case  of  interest  in  this  sectiorQ  We  endow  Aut(F)  with  the  topology  induced 
from  the  product  topology  on  the  right  hand  side  of  (|48.3.0.1 ).  In  particular,  the 
action  maps 

Aut(F)  x F{X)  — » F{X) 


are  continuous  when  F(X)  is  given  the  discrete  topology  because  this  is  true  for 
the  action  maps  Aut  (F)  x E — )•  E for  any  set  E.  The  universal  property  of  our 
topology  on  Aut(F)  is  the  following:  suppose  that  G is  a topological  group  and 
G — > Aut(F)  is  a group  homomorphism  such  that  the  induced  actions  G x F(X)  -A 
F(X)  are  continuous  for  all  X £ Ob(C)  where  F(X)  has  the  discrete  topology. 
Then  G — > Aut(F)  is  continuous. 


The  following  lemma  tells  us  that  the  group  of  automorphisms  of  a functor  to  the 
category  of  finite  sets  is  automatically  a profinite  group. 


Lemma  48.3.1.  Let  C be  a category  and  let  F : C Sets  be  a functor.  The 
map  ( 48.3.0.1 ) identifies  Aut(F)  with  a closed  subgroup  of  YeOb(c)  Aut(F(X)). 
In  particular,  if  F(X)  is  finite  for  all  X,  then  Aut(F)  is  a profinite  group. 


Proof.  Let  £ = (jx)  € J|Aut(F(X))  be  an  element  not  in  Aut(F).  Then 
there  exists  a morphism  / : X — ► X'  of  C and  an  element  x £ F(X)  such 
that  F(f)fjx(x))  yx'(F(/)(a;)).  Consider  the  open  neighbourhood  U = { 7 £ 
Aut(F(X))  | y(x)  = 7x(a;)}  of  7a  and  the  open  neighbourhood  U'  = {7'  £ 
AUt(F(X'))  | Y(F(/)(x))  =1X'{F{f){x))}.  Then  UxU'x  Y\X"^X,X'  Aut(F(X")) 
is  an  open  neighbourhood  of  £ not  meeting  Aut(F).  The  final  statement  is  follows 
from  the  fact  that  J([  Aut(F(X))  is  a profinite  space  if  each  F(X)  is  finite.  □ 


1 When  we  discuss  the  pro-etale  fundamental  group  the  general  case  will  be  of  interest. 
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OBMS  Example  48.3.2.  Let  G be  a topological  group.  An  important  example  will  be 
the  forgetful  functor 

OBMT  (48.3.2.1)  Finite-G-Sets  — > Sets 

where  Finite-G-Sets  is  the  full  subcategory  of  G-Sets  whose  objects  are  the  finite 
G-sets.  The  category  G-Sets  of  G-sets  is  defined  in  Definition  |48.2.1| 


Let  G be  a topological  group.  The  profinite  completion  of  G will  be  the  profinite 
group 

G = lim[/CG  open,  normal,  finite  idex  G/U 

with  its  profinite  topology.  Observe  that  the  limit  is  cofiltered  as  a finite  intersection 
of  open,  normal  subgroups  of  finite  index  is  another.  The  universal  property  of  the 
profinite  completion  is  that  any  continuous  map  G — > iL  to  a profinite  group  Ft 
factors  canonically  as  G — > GA  — > H. 


OBMU  Lemma  48.3.3.  Let  G be  a topological  group. 


functor  (48.3.2.1)  endowed  with  its  profinite  topology  from  Lemma  48-3.1 


The  automorphism  group  of  the 

is  the 


profinite  completion  of  G. 


Proof.  Denote  Fq  the  functor  (48.3.2.1).  Any  morphism  X — ► Y in  Finite-G-Sets 


commutes  with  the  action  of  G.  Thus  any  g £ G defines  an  automorphism  of  Fq  and 
we  obtain  a canonical  homomorphism  G — > Aut(.FG)  of  groups.  Observe  that  any 
finite  G-set  X is  a finite  disjoint  union  of  G-sets  of  the  form  G/Hi  with  canonical 
G-action  where  Hi  C G is  an  open  subgroup  of  finite  index.  Then  Ui  = fj  gHig~l  is 
open,  normal,  and  has  finite  index.  Moreover  Ui  acts  trivially  on  G / Hi  hence  U = 
P|  Ui  acts  trivially  on  Fg{X).  Hence  the  action  G x Fg( X)  — ► Fg{X)  is  continuous. 
By  the  universal  property  of  the  topology  on  Aut(FG)  the  map  G — > Aut(Fc)  is 
continuous.  By  Lemma  |48.3.1|  and  the  universal  property  of  profinite  completion 
there  is  an  induced  continuous  group  homomorphism 


G 


Aut(EG) 


Moreover,  since  G/U  acts  faithfully  on  G/U  this  map  is  injective.  If  the  image  is 
dense,  then  the  map  is  surjective  and  hence  a homeomorphism  by  Topology,  Lemma 

15.16.81 


Let  7 £ Aut(FG)  and  let  X £ Ob(C).  We  will  show  there  is  a g £ G such  that  7 
and  g induce  the  same  action  on  Fg(X).  This  will  finish  the  proof.  As  before  we 
see  that  X is  a finite  disjoint  union  of  G/Hi.  With  Ui  and  U as  above,  the  finite 
G-set  Y = G/U  surjects  onto  G/Hi  for  all  i and  hence  it  suffices  to  find  g £ G 
such  that  7 and  g induce  the  same  action  on  Fq{G/U)  = G/U.  Let  e £ G be  the 
neutral  element  and  say  that  7 (eU)  = goU  for  some  go  £ G.  For  any  g\  £ G the 
morphism 

Rgi  : G/U  — ► G/U,  gU  ► g9lU 
of  Finite-G-Sets  commutes  with  the  action  of  7.  Hence 

T(9iU)  = l{Rgi  (eU))  = Rgi  (7 (eU))  = Rgi  ( g0U ) = g0giU 
Thus  we  see  that  g = go  works.  □ 


Recall  that  an  exact  functor  is  one  which  commutes  with  all  finite  limits  and  finite 
colimits.  In  particular  such  a functor  commutes  with  equalizers,  coequalizers,  fibred 
products,  pushouts,  etc. 
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OBMV  Lemma  48.3.4.  Let  G be  a topological  group.  Let  F : Finite-G-Sets  -4  Sets  be 
an  exact  functor  with  F(X)  finite  for  all  X . Then  F is  isomorphic  to  the  functor 
(48.3.2.1]). 

Proof.  Let  X be  a nonempty  object  of  Finite-G-Sets.  The  diagram 

X ->■ 

V Y 

{*} »!*} 


is  cocartesian.  Hence  we  conclude  that  F(X)  is  nonempty.  Let  U C G be  an  open, 
normal  subgroup  with  finite  index.  Observe  that 

g/uxg/v  = UiU€0/ug/u 

where  the  summand  corresponding  to  gU  corresponds  to  the  orbit  of  ( eU,gU ) on 
the  left  hand  side.  Then  we  see  that 

F(G/U)  x F(G/U)  = F{G/U  x G/U)  = ]]_gUeG/uF(G/U) 

Hence  \F(G/U)\  = \G/U\  as  F(G/U)  is  nonempty.  Thus  we  see  that 


1 i T II [J open,  normal,  finite  idex  F {G  f U ) 


is  nonempty  (Categories,  Lemma  4.21.51.  Pick  7 = (7 u)  an  element  in  this  limit. 
Denote  Fq  the  functor  (48.3.2.1).  We  can  identify  Fq  with  the  functor 


colim^  Mor(G//7,  X) 


where  / : G/U  -A  X corresponds  to  /(e/7)  £ X = Fq(X)  (details  omitted).  Hence 
the  element  7 determines  a well  defined  map 


t : Fq 


F 


Namely,  given  x £ X choose  U and  / : G/U  -A  X sending  e/7  to  x and  then 
set  tx{x)  = F{f){'yu).  We  will  show  that  t induces  a bijective  map  ta/u  ’■ 
Fq(G/U)  — > F(G/U)  for  any  U.  This  implies  in  a straightforward  manner  that 
t is  an  isomorphism  (details  omitted).  Since  \Fg(G/U)\  = |F(G/Z7)|  it  suffices  to 
show  that  tQ/u  is  surjective.  The  image  contains  at  least  one  element,  namely 
tG/u(.eU)  = F(idG/u){lu)  = 7 u-  For  g £ G denote  Rg  : G/U  ->•  G/U  right 
multiplication.  Then  set  of  fixed  points  of  F(Rg)  : F(G/U)  —>■  F(G/U ) is  equal 
to  F(0)  = 0 if  g U because  F commutes  with  equalizers.  It  follows  that  if 
31, . . . ,g\G/u\  is  a system  of  representatives  for  G/U,  then  the  elements  P(^?Si)(7c/) 
are  pairwise  distinct  and  hence  fill  out  F(G/U).  Then 

ta/u(9iU)  = F(Rg.)(,yu) 

and  the  proof  is  complete.  □ 


OBMW 


Example  48.3.5.  Let  C be  a category  and  let  F : C — ► Sets  be  a functor  such 
that  F(X)  is  finite  for  all  X £ Ob(C).  By  Lemma  48.3.1  we  see  that  G = Aut(F) 
comes  endowed  with  the  structure  of  a profinite  topological  group  in  a canonical 
manner.  We  obtain  a functor 


OBMX  (48.3.5.1) 


C 


Finite-G-Sets,  X 1 — ► E(X) 
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OBMY 

OBMZ 


OBNO 

0BN1 


where  F(X)  is  endowed  with  the  induced  action  of  G.  This  action  is  continuous  by 
our  construction  of  the  topology  on  Aut(F). 


The  purpose  of  defining  Galois  categories  is  to  single  out  those  pairs  {C,F)  for 
which  the  functor  (48.3.5.1)  is  an  equivalence.  Our  definition  of  a Galois  category 
is  as  follows. 


Definition  48.3.6.  Let  C be  a category  and  let  F : C — > Sets  be  a functor.  The 
pair  (■ C,F ) is  a Galois  category  if 

(1)  C has  finite  limits  and  finite  colimits, 

(2)  every  object  of  C is  a finite  (possibly  empty)  coproduct  of  connected  ob- 
jects, 

(3)  F(X)  is  finite  for  all  X £ Ob(C),  and 

(4)  F reflects  isomorphisms  and  is  exact. 

Here  we  say  X £ Ob(C)  is  connected  if  it  is  not  initial  and  for  any  monomorphism 
Y — > X either  Y is  initial  or  Y — > X is  an  isomorphism. 

Warning:  This  definition  is  not  the  same  (although  eventually  we’ll  see  it  is  equiva- 
lent) as  the  definition  given  in  most  references.  Namely,  in  lGro7ll  Expose  V,  Def- 
inition 5.1]  a Galois  category  is  defined  to  be  a category  equivalent  to  Finite-G-Sets 
for  some  profinite  group  G.  Then  Grothendieck  characterizes  Galois  categories  by 
a list  of  axioms  (Gl)  - (G6)  which  are  weaker  than  our  axioms  above.  The  motiva- 
tion for  our  choice  is  to  stress  the  existence  of  finite  limits  and  finite  colimits  and 
exactness  of  the  functor  F.  The  price  we’ll  pay  for  this  later  is  that  we’ll  have  to 
work  a bit  harder  to  apply  the  results  of  this  section. 

Lemma  48.3.7.  Let  ( C,F ) be  a Galois  category.  Let  X —>Y  £ Arrows(C).  Then 

(1)  F is  faithful, 

(2)  X — y Y is  a monomorphism  4=>  F(X)  — X F(Y)  is  injective, 

(3)  X — y Y is  an  epimorphism  4=>  F(X)  — > F(Y)  is  surjective, 

(4)  an  object  A of  C is  initial  if  and  only  if  F (A)  = 0, 

(5)  an  object  Z of  C is  final  if  and  only  if  F(Z)  is  a singleton, 

(6)  if  X and  Y are  connected,  then  X — x Y is  an  epimorphism, 

(7)  if  X is  connected  and  a,  b : X — x Y are  two  morphisms  then  a = b as  soon 
as  F(a)  and  F(b)  agree  on  one  element  of  F(X), 

(8)  if  x = LL  :i:  and  Y = ]j  .=1  where  Xit  Yj  are  connected, 

then  there  is  map  a : {1, . . . , n}  — x {1, . . . , m } such  that  X — x Y comes 
from  a collection  of  morphisms  X i — x Ya^ . 

Proof.  Proof  of  (1).  Suppose  a,b  : X — x Y with  F{a)  = F(b).  Let  E be  the 
equalizer  of  a and  b.  Then  F(E)  = F(X)  and  we  see  that  E = X because  F 
reflects  isomorphisms. 

Proof  of  (2).  This  is  true  because  F turns  the  morphism  X — >•  X Xy  X into  the 
map  F(X)  —x  F(X)  xF(Y)  F(X)  and  F reflects  isomorphisms. 

Proof  of  (3).  This  is  true  because  F turns  the  morphism  Y Hy  Y — > Y into  the 
map  F(Y)  H^  y)  F{Y)  — x F(Y)  and  F reflects  isomorphisms. 

Proof  of  (4).  There  exists  an  initial  object  A and  certainly  F(A)  = 0.  On  the  other 
hand,  if  X is  an  object  with  F(X)  = 0,  then  the  unique  map  A — x X induces  a 
bijection  F(A)  —X  F(X)  and  hence  A —X  X is  an  isomorphism. 


Different  from  the 
definition  in 
)Gro7ll  Expose  V, 
Definition  5.1]. 
Compare  with 
[BSl3l  Definition 
7.2.1], 
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Proof  of  (5).  There  exists  a final  object  Z and  certainly  F{Z)  is  a singleton.  On  the 
other  hand,  if  X is  an  object  with  F( X)  a singleton,  then  the  unique  map  X — x Z 
induces  a bijection  F(X)  — > F(Z)  and  hence  X — x Z is  an  isomorphism. 

Proof  of  (6).  The  equalizer  E of  the  two  maps  Y — x Y II x Y is  not  an  initial  object 
of  C because  X — X Y factors  through  E and  F(X)  ^ 0.  Hence  E = Y and  we 
conclude. 

Proof  of  ([T]) . The  equalizer  E of  a and  b comes  with  a monomorphism  E — x X and 
F(E)  C F(X)  is  the  set  of  elements  where  F(a)  and  F{b)  agree.  To  finish  use  that 
either  E is  initial  or  E = X. 

Proof  of  (8).  For  each  i,j  we  see  that  Ei:j  = X,  Xy  Yj  is  either  initial  or  equal  to 
Xj.  Picking  s £ F(Xi)  we  see  that  Eij  = Xi  if  and  only  if  s maps  to  an  element  of 
F{Yj)  C F(Y),  hence  this  happens  for  a unique  j = a(i).  □ 

By  the  lemma  above  we  see  that,  given  a connected  object  X of  a Galois  categoey 
( C,F ),  the  automorphism  group  Aut(X)  has  order  at  most  |F(X)|.  Namely,  given 
s £ F(X)  and  g £ Aut(X)  we  see  that  g(s)  = s if  and  only  if  g = idx  by  Q.  We 
say  X is  Galois  if  equality  holds.  Equivalently,  X is  Galois  if  it  is  connected  and 
Aut(X)  acts  transitively  on  F(X). 

0BN2  Lemma  48.3.8.  Let  (C,  F)  be  a Galois  category.  For  any  connected  object  X of 
C there  exists  a Galois  object  Y and  a morphism  Y — x X . 

Proof.  We  will  use  the  results  of  Lemma  148.3.71  without  further  mention.  Let 
n = |F(X)|.  Consider  Xn  endowed  with  its  natural  action  of  Sn.  Let 

xn  = ii  zt 

J-Lter 

be  the  decomposition  into  connected  objects.  Pick  a t such  that  F(Zt)  contains 
(s  1, . . • , sn)  with  Si  pairwise  distinct.  If  (s^, . . . , s'n)  £ F(Zt)  is  another  element, 
then  we  claim  s'  are  pairwise  distinct  as  well.  Namely,  if  not,  say  s'  = s' , then  Zt 
is  the  image  of  an  connected  component  of  Xn~ 1 under  the  diagonal  morphism 

A ij  : X”"1  — x Xn 

Since  morphisms  of  connected  objects  are  epimorphisms  and  induce  surjections 
after  applying  F it  would  follow  that  Sj  = Sj  which  is  not  the  case. 

Let  G C Sn  be  the  subgroup  of  elements  with  g(Zt)  = Zt.  Looking  at  the  action 
of  Sn  on 

F(X)n  = F(Xn)  = ]ltieTF(Ztl) 

we  see  that  G = {g  £ Sn  \ g(si,...,sn)  £ F(Zt)}.  Now  pick  a second  element 
(s'y, . . . , s'J  £ F(Zt).  Above  we  have  seen  that  s'  are  pairwise  distinct.  Thus  we 
can  find  a g £ Sn  with  g(s  1, . . . , sn)  = (s'1; . . . , s'n ).  In  other  words,  the  action  of  G 
on  F(Zt)  is  transitive  and  the  proof  is  complete.  □ 

Here  is  a key  lemma. 

48.3.9.  Let  (C,  F)  be  a Galois  category.  Let  G = Aut(F)  be  as  in  Example  Compare  with 
7or  any  connected  X in  C the  action  of  G on  F(X)  is  transitive.  }BS13t  Definition 

7.2.4], 


0BN3  Lemma 
48.3.5[  1 
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Proof.  We  will  use  the  results  of  Lemma  148.3.71  without  further  mention.  Let  I 
be  the  set  of  isomorphism  classes  of  Galois  objects  in  C.  For  each  * £ I let  X,  be 
a representative  of  the  isomorphism  class.  Choose  7i  £ F(Xj)  for  each  i £ I.  We 
define  a partial  ordering  on  I by  setting  i > i'  if  and  only  if  there  is  a morphism 
fai  : Xi  — > Xi / . Given  such  a morphism  we  can  post-compose  by  an  automorphism 
Xi>  -A  Xi i to  assure  that  F(fai)fyi)  = Tv-  With  this  normalization  the  morphsm 
fa'  is  unique. 


We  claim  that  the  functor  F is  isomorphic  to  the  functor  F'  which  sends  X to 

F'( X)  = colim/  Mor c(Xi,  X) 

via  the  transformation  of  functors  t : F'  —A  F defined  as  follows:  given  / : Xt  -A  X 
we  set  tx(f)  = F(f)(7i).  Using  § we  find  that  tx  is  injective.  To  show  surjectivity, 
let  7 £ F(X).  Then  we  can  immediately  reduce  to  the  case  where  X is  connected 
by  the  definition  of  a Galois  category.  Then  we  may  assume  X is  Galois  by  Lemma 
48.3.8  In  this  case  X is  isomorphic  to  Xi  for  some  i and  we  can  choose  the 


isomorphism  X,;  -a  X such  that  7 j maps  to  7 (by  definition  of  Galois  objects).  We 
conclude  that  t is  an  isomorphism. 


Set  Ai  = Aut(Xj).  We  claim  that  for  i>i'  there  is  a canonical  map  ha'  : Aj  — A A,,/ 
such  that  for  all  a £ Ai  the  diagram 


h ii/  (a) 


x. 


‘ Xj' 


commutes.  Namely,  just  let  hu'(a)  = a'  : X —A  X be  the  unique  automorphism 
such  that  F(a,)('yi')  = F(fu>  o a)( 7.;).  As  before  this  makes  the  diagram  commute 
and  moreover  the  choice  is  unique.  It  follows  that  hi>i " o ha'  = ha"  if  i > i1  > i" . 
Since  F(Xi)  — > F(X^)  is  surjective  we  see  that  Ai  — > A;/  is  surjective.  Taking  the 
inverse  limit  we  obtain  a group 

A = limj  Ai 

This  is  a profinite  group  since  the  automorphism  groups  are  finite  and  moreover 
A — ► Ai  is  surjective  for  all  i. 

Since  elements  of  A act  on  the  inverse  system  Xj  we  get  an  action  of  A (on  the 
right)  on  F'  by  pre-composing.  In  other  words,  we  get  a homomorphism  Aopp  — > G. 
Since  A -A  Aj  is  surjective  we  conclude  that  G acts  transitively  on  F(Xi)  for  all  i. 
Since  every  connected  object  is  dominated  by  one  of  the  Xi  we  conclude  the  lemma 
is  true.  □ 


0BN4 


Proposition  48.3.10 

Example  48-3.5  The  functor 


Let  {C,L)  be  a Galois  category. 

F : C — >•  Finite-G-Sets  (48.3.5.1)  an  equivalence. 


Proof.  We  will  use  the  results  of  Lemma  [48.3.7|  without  further  mention.  In  par- 
ticular we  know  the  functor  is  faithful.  By  Lemma  |48.3.9|  we  know  that  for  any 
connected  X the  action  of  G on  F(X)  is  transitive.  Hence  F preserves  the  decom- 
position into  connected  components  (existence  of  which  is  an  axioms  of  a Galois 
category).  Let  X and  Y be  objects  and  let  s : F(X)  —A  F(Y)  be  a map.  Then 
the  graph  Ts  C F(X)  x F(Y)  of  s is  a union  of  connected  components.  Hence 
there  exists  a union  of  connected  components  Z of  X x Y,  which  comes  equipped 


This  is  a weak 
version  of  IOro71 1 
Expose  V].  The 
proof  is  borrowed 
from  [BS131 
Theorem  7.2.5]. 
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with  a monomorphism  Z — > X X Y,  with  F{Z)  = Ts.  Since  F(Z)  — > F(X)  is 
bijective  we  see  that  Z — >■  X is  an  isomorphism  and  we  conclude  that  s = F(f) 
where  / : X = Z — ► Y is  the  composition.  Hence  F is  fully  faithful. 


To  finish  the  proof  we  show  that  F is  essentially  surjective.  It  suffices  to  show  that 
G/F[  is  in  the  essential  image  for  any  open  subgroup  FL  d G of  finite  index.  By 
definition  of  the  topology  on  G there  exists  a finite  collection  of  objects  Xi  such 


that 

Ker(G  — > JJ.  Aut^AQ))) 


is  contained  in  H.  We  may  assume  Xi  is  connected  for  all  i.  We  can  choose  a Galois 
object  Y mapping  to  a connected  component  of  Y[Xi  using  Lemma  48.3.8  Choose 
an  isomorphism  F(Y)  = G/U  in  G-sets  for  some  open  subgroup  U C G.  As  Y 
is  Galois,  the  group  Aut(Y)  = AutGSets(G/U)  acts  transitively  on  F(Y)  = G/U. 
This  implies  that  U is  normal.  Since  F(Y)  surjects  onto  F(Xi ) for  each  i we  see 
that  U C H.  Let  M C Aut(F)  be  the  finite  subgroup  corresponding  to 


(H/U)opp  c (G/U)opp  = Aut G-Sets(G/U)  = Aut(Y). 

Set  X = Y/M , i.e.,  X is  the  coequalizer  of  the  arrows  m : Y — > Y,  m £ M.  Since 
F is  exact  we  see  that  F(X)  = G/F[  and  the  proof  is  complete.  □ 

0BN5  Lemma  48.3.11.  Let  ( C,F ) and  ( C',F ')  be  Galois  categories.  Let  H : C C 
be  an  exact  functor.  There  exists  an  isomorphism  t : F'  o F[  -A  F . The  choice  of 
t determines  a continuous  homomorphism  h : G'  = Aut(F')  — > Aut(F)  = G and  a 
2-commutative  diagram 


C 


H 


C 


Finite-G-Sets  — — ^ Finite-G' -Sets 


The  map  h is  independent  oft  up  to  an  inner  automorphism  of  G . Conversely,  given 
a continuous  homomorphism  h : G'  — >•  G there  is  an  exact  functor  H : C C and 
an  isomorphism  t recovering  h as  above. 

Proof.  By  Proposition|48.3.10|and  Lemma|48.3.3|we  may  assume  C = Finite-G-Sets 
and  F is  the  forgetful  functor  and  similarly  for  C . Thus  the  existence  of  t follows 
from  Lemma |48.3.4|  The  map  h comes  from  transport  of  structure  via  t.  The  com- 
mutativity of  the  diagram  is  obvious.  Uniqueness  of  h up  to  innner  conjugation  by 
an  element  of  G comes  from  the  fact  that  the  choice  of  t is  unique  up  to  an  element 
of  G.  The  final  statement  is  straightforward.  □ 

0BN6  Lemma  48.3.12.  Let  ( C,F ) and  (■ C',F ')  be  Galois  categories.  Let  H : C C 
be  an  exact  functor.  Let  h : G'  = Aut(F')  — > Aut(F)  = G be  the  corresponding 
continuous  homomorphism  as  in  Lemma\/8.3.11\  The  following  are  equivalent 

(1)  h is  surjective,  and 

(2)  H is  fully  faithful. 


Proof.  Here  we  are  just  saying  that  given  a continuous  group  homomorphism  h : 
G — > G1  of  profinite  groups  the  corresponding  functor  Finite-G-Sets  — t Finite-G' -Sets 
is  fully  faithful  if  and  only  if  h is  surjective.  This  is  clear  because  h is  not  surjective 
if  and  only  if  there  exists  a finite  discrete  G'-set  M with  a nontrivial  action  such 
that  G acts  trivially  on  M.  □ 
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0BS8  Lemma  48.3.13.  Let  (C,F),  ( C',F '),  (C",F")  be  Galois  categories.  Set  G = 
Aut(F),  G’  = Aut(F'),  and  G"  = Aut(F").  Let  H : C ->  C and  H’  : C -A  C"  be 
exact  functors.  Let  h : G'  -A  G and  h!  : G"  -A  G'  be  the  corresponding  continuous 
homomorphism  as  in  Lemma\48.3.11\  The  following  are  equivalent 

(1)  h oh!  is  trivial,  and 

(2)  the  image  of  H'  o H consists  of  objects  isomorphic  to  finite  coproducts  of 
final  objects. 

Proof.  We  may  assume  the  functors  F[  and  H'  are  the  canonical  functors  Finite-G-Sets  -A 
Finite-G' -Sets  — > Finite-G" -Sets  determined  by  h and  h! . Then  we  are  saying  that 
the  action  of  G"  on  every  G-set  is  trivial  if  and  only  if  the  homomorphism  G"  — ► G 
is  trivial.  This  is  clear.  □ 


0BS9  Lemma  48.3.14.  Let  (C,F),  ( C’,F ’),  ( C”,F ")  be  Galois  categories.  Set  G = 
Aut(F),  G ' = Aut(F'),  and  G"  = Aut(F").  Let  FI  : C -A  C and  H'  : C1  C"  be 
exact  functors.  Let  h : G'  -A  G and  h!  : G"  -A  G'  be  the  corresponding  continuous 
homomorphism  as  in  Lemma\48.3.11\  The  following  are  equivalent 

(1)  the  sequence  G"  G'  -A  G ->  1 is  exact  in  the  following  sense:  h 
is  surjective,  h o h'  is  trivial,  and  Ker{h)  is  the  smallest  closed  normal 
subgroup  containing  Im(h!),  and 

(2)  H is  fully  faithful,  and  an  object  X'  of  C is  in  the  essential  image  of  FL 
if  and  only  if  H'(X')  is  isomorphic  to  a finite  coproduct  of  final  objects. 


Proof.  By  Lemmas|48.3.12|and|48.3.13  we  may  assume  that  F[  is  fully  faithful,  h 
is  surjective,  H'  o FI  maps  objects  to  disjoint  unions  of  the  final  object,  and  hoh!  is 
trivial.  Let  N C G'  be  the  smallest  closed  normal  subgroup  containing  the  image 
of  h! . It  is  clear  that  N C Ker (h).  We  may  assume  the  functors  F[  and  H'  are  the 
canonical  functors  Finite-G-Sets  — > Finite-G' -Sets  — > Finite-G” -Sets  determined 
by  h and  h! . 


Suppose  that  (2)  holds.  This  means  that  for  a finite  G'-set  X'  such  that  G"  acts 
trivially,  the  action  of  G'  factors  through  G.  Apply  this  to  X'  = G'/U'N  where  U' 
is  a small  open  subgroup  of  G'.  Then  we  see  that  Ker(ft.)  C U'N  for  all  U1 . Since 
N is  closed  this  implies  Ker (h)  C N as  desired. 

Suppose  that  (1)  holds.  This  means  that  N = Ker (h).  Let  X'  be  a finite  G'-set 
such  that  G"  acts  trivially.  This  means  that  Ker(G'  — ► Aut(X'))  is  a closed  normal 
subgroup  containg  Im(/i').  Hence  N = Ker (h)  is  contained  in  it  and  the  G'-action 
on  X'  factors  through  G as  desired.  □ 


0BN7  Lemma  48.3.15.  Let  ( C,F ) and  {C ,F')  be  Galois  categories.  Let  H : C C 
be  an  exact  functor.  Let  h : G'  = Aut(F')  — > Aut(F)  = G be  the  corresponding 
continuous  homomorphism  as  in  Lemma\48.3.11\  The  following  are  equivalent 

(1)  h is  injective,  and 

(2)  for  every  connected  object  X'  of  C there  exists  an  object  X of  C and  a 
diagram 

X'  <-  Y’  -A  H{X) 

in  C where  Y'  -A  X'  is  an  epimorphism  and  Y'  —¥  H(X)  is  a monomor- 
phism. 


48.4.  FINITE  ETALE  MORPHISMS 


3151 


Proof.  Using  the  lemma  we  translate  this  into  a question  for  the  corresponding 
functor  between  the  categories  of  finite  G-sets  and  finite  G'-sets. 

Let  h : G'  — > G be  an  injective  continuous  group  homomorphism  of  profinite  groups. 
Let  H'  C G'  be  an  open  subgroup.  Since  the  topology  on  G'  is  the  induced  topology 
from  G there  exists  an  open  subgroup  H C G such  that  h~1H  C H' . Then  the 
desired  diagram  is 

G'/H'  <-  G' /h~lH  ->•  G/H 

Conversely,  assume  (2)  holds  for  the  functor  Finite-G-Sets  -4  Finite-G' -Sets.  Let 
g'  £ Ker (h).  Pick  any  open  subgroup  H'  C G' . By  assumption  there  exists  a finite 
G-set  X and  a diagram 

G'/H'  <-  Y'  ->  A' 

of  G7-sets  with  the  left  arrow  surjective  and  the  right  arrow  injective.  Since  g'  is  in 
the  kernel  of  h we  see  that  g'  acts  trivally  on  X.  Hence  g'  acts  trivially  on  Y'  and 
hence  trivially  on  G'/H' . Thus  g'  £ H' . As  this  holds  for  all  open  subgroups  we 
conclude  that  g'  is  the  identity  element  as  desired.  □ 

48.4.  Finite  etale  morphisms 

0BL6  In  this  section  we  prove  enough  basic  results  on  finite  etale  morphisms  to  be  able 
to  construct  the  etale  fundamental  group. 

Let  X be  a scheme.  We  will  use  the  notation  FEtx  to  denote  the  category  of 
schemes  finite  and  etale  over  X.  Thus 

(1)  an  object  of  FEtx  is  a finite  etale  morphism  Y — > X with  target  A,  and 

(2)  a morphism  in  FEtx  from  Y — ► X to  Y'  — ► X is  a morphism  Y —>  Y' 
making  the  diagram 


commute. 

We  will  often  call  an  object  of  FEtx  a finite  etale  cover  of  X (even  if  Y is  empty). 
It  turns  out  that  there  is  a stack  p : FEt  — >■  Sch  over  the  category  of  schemes  whose 
fibre  over  X is  the  category  FEtx  just  defined.  See  Examples  of  Stacks,  Section 

1771 

0BN8  Example  48.4.1.  Let  k be  an  algebraically  closed  field  and  X = Spec (k).  In  this 
case  FEtx  is  equivalent  to  the  category  of  finite  sets.  This  works  more  generally 
when  k is  separably  algebraically  closed.  The  reason  is  that  a scheme  etale  over 
k is  the  disjoint  union  of  spectra  of  fields  finite  separable  over  k,  see  Morphisms, 
Lemma  128.36.71 

0BN9  Lemma  48.4.2.  Let  X be  a scheme.  The  category  FEtx  has  finite  limits  and  finite 
colimits  and  for  any  morphism  X'  — > X the  base  change  functor  FEtx  — > FEtx1  is 
exact. 
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Proof.  Finite  limits  and  left  exactness.  By  Categories,  Lemma [4.18. 4| it  suffices  to 
show  that  FEtx  has  a final  object  and  fibred  products.  This  is  clear  because  the 
category  of  all  schemes  over  X has  a final  object  (namely  X)  and  fibred  products 
and  fibred  products  of  schemes  finite  etale  over  X are  finite  etale  over  X.  Moreover, 
it  is  clear  that  base  change  commutes  with  these  operations  and  hence  base  change 
is  left  exact  (Categories,  Lemma  4.23.2). 


Finite  colimits  and  right  exactness.  By  Categories,  Lemma  4.18.7  it  suffices  to  show 
that  FEtx  has  finite  coproducts  and  coequalizers.  Finite  coproducts  are  given  by 
disjoint  unions  (the  empty  coproduct  is  the  empty  scheme).  Let  a,  b : Z — >•  Y be 
two  morphisms  of  FEtx ■ Since  Z — »•  X and  Y — t X are  finite  etale  we  can  write 
Z = Spec(C)  and  Y = Spec(F)  for  some  finite  locally  free  Ojf-algebras  C and  B. 
The  morphisms  a,b  induce  two  maps  a1*, : B — > C.  Let  A = Eq(ati,6ti)  be  their 
equalizer.  If 

Spec(.4)  — » X 

is  finite  etale,  then  it  is  clear  that  this  is  the  coequalizer  (after  all  we  can  write 
any  object  of  FEtx  as  the  relative  spectrum  of  a sheaf  of  Ox-algebras).  This  we 


34.19.21 

and 

34.19.5 

).  Thus  by  Etale  Morphisms,  Lemma 

40.18.3 

that  Y = LU nX  and  Z = IIJ=i, ...,m 


we  may  assume 


X.  Then 


C = TT  Ox  and  S = TT  Oy 

<j<m  J-J-l  <i<n 

After  a further  replacement  by  the  members  of  an  open  covering  we  may  assume 
that  a,  b correspond  to  maps  as,  bs  : {1, . . . , m}  — > {1, . . . , n},  i.e. , the  summand  A' 
of  Z corresponding  to  the  index  j maps  into  the  summand  X of  Y corresponding 
to  the  index  as(j ),  resp.  bs(j)  under  the  morphism  a,  resp.  b.  Let  {1, . . . , n}  — > T 
be  the  coequalizer  of  as,bs.  Then  we  see  that 


A = TT  Ox 

whose  spectrum  is  certainly  finite  etale  over  X.  We  omit  the  verification  that  this 
is  compatible  with  base  change.  Thus  base  change  is  a right  exact  functor.  □ 


OBNA  Remark  48.4.3.  Let  X be  a scheme.  Consider  the  natural  functors  Fi  : FEtx  — ► 
Sch  and  F%  : FEtx  — > Sch/X.  Then 

(1)  The  functors  F\  and  F-2  commute  with  finite  colimits. 

(2)  The  functor  F 2 commutes  with  finite  limits, 

(3)  The  functor  Fj  commutes  with  connected  finite  limits,  i.e.,  with  equalizers 
and  fibre  products. 

The  results  on  limits  are  immediate  from  the  discussion  in  the  proof  of  Lemma 
|48.4.2|  and  Categories,  Lemma  |4.16.2|  It  is  clear  that  Fj  and  F2  commute  with 
finite  coproducts.  By  the  dual  of  Categories,  Lemma  [4.23.2|  we  need  to  show  that 
Fi  and  F2  commute  with  coequalizers.  In  the  proof  of  Lemma  [48.4. 2|  we  saw  that 
coequalizers  in  FEtx  look  etale  locally  like  this 


IljeJ  U ^ Li  e / ^ ' " - IIteCoeq(a,b)  U 

b 
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which  is  certainly  a coequalizer  in  the  category  of  schemes.  Hence  the  statement 
follows  from  the  fact  that  being  a coequalizer  is  fpqc  local  as  formulate  precisely  in 
Descent,  Lemma [34. 9. 4| 

0BL7  Lemma  48.4.4.  Let  X be  a scheme.  Given  U,  V finite  etale  over  X there  exists 
a scheme  W finite  etale  over  X such  that 

Morjf  (X,  W)  = Mor*(C7,  V) 

and  such  that  the  same  remains  true  after  any  base  change. 


Proof.  By  More  on  Morphisms,  Lemma[36.49.4|there  exists  a scheme  W represent- 
ing Morx{U,  V").  (Use  that  an  etale  morphism  is  locally  quasi-finite  by  Morphisms, 
Lemmas  28.36.6  and  that  a finite  morphism  is  separated.)  This  scheme  clearly  sat- 
isfies the  formula  after  any  base  change.  To  finish  the  proof  we  have  to  show  that 
W — ► X is  finite  etale.  This  we  may  do  after  replacing  X by  the  members  of  an 


etale  covering  (Descent,  Lemmas 
Lemma 


34.19.21 


and 


40.18.3 
this  case  W = JJ 
is  complete. 


we  may  assume  that  U = JJi=1  nX  and  V = ]J  =1 


34.19.5).  Thus  by  Etale  Morphisms, 

X. 


...n}— ►{!,.. 


In 

, X by  inspection  (details  omitted)  and  the  proof 

□ 


Let  X be  a scheme.  A geometric  point  of  A'  is  a morphism  Spec(fc)  —¥  X where  k is 
algebraically  closed.  Such  a point  is  usually  denoted  x,  i.e. , by  an  overlined  small 
case  letter.  We  often  use  x to  denote  the  scheme  Spec(fc)  as  well  as  the  morphism, 
and  we  use  k(x)  to  denote  k.  We  say  x lies  over  x to  indicate  that  x £ X is  the 
image  of  x.  We  will  discuss  this  further  in  Etale  Cohomology,  Section  49.29  Given 
x and  an  etale  morphism  U — > X we  can  consider 

| Ux\  : the  underlying  set  of  points  of  the  scheme  UX  = U x x x 
Since  Ux  as  a scheme  over  if  is  a disjoint  union  of  copies  of  x (Morphisms,  Lemma 


28.36.7)  we  can  also  describe  this  set  as 


U 


m = 


\ commutative 
I diagrams 


A 


The  assignement  U e- > \Ux\  is  a functor  which  is  often  denoted  Fx. 


OBNB 


Lemma  48.4.5.  Let  X be  a connected  scheme.  Let  x be  a geometric  point.  The 
functor 


: FEtx 


Sets,  Y 


defines  a Galois  category  (Definition  48.3.6). 
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Lemma  28.43.12 ),  hence  closed  (Morphisms,  Lemma  28.43.10 1,  hence  it  is  the  inclu- 
sion of  an  open  and  closed  subscheme  of  Y.  It  follows  that  Y is  a connected  objects 
of  the  category  FEtx  (as  in  Definition  48.3.6)  if  and  only  if  Y is  connected  as  a 
scheme.  Then  it  follows  from  Topology,  Lemma  5.6.6|  that  Y is  a finite  coproduct 
of  its  connected  components  both  as  a scheme  and  in  the  sense  of  Definition|48.3.6| 


Let  Y — ► Z be  a morphism  in  FEtx  which  induces  a bijection  Fx(Y)  — » Fx(Z). 
We  have  to  show  that  Y — > Z is  an  isomorphism.  By  the  above  we  may  assume  Z 
is  connected.  Since  Y — > Z is  finite  etale  and  hence  finite  locally  free  it  suffices  to 
show  that  Y — > Z is  finite  locally  free  of  degree  1.  This  is  true  in  a neighbourhood 
of  any  point  of  Z lying  over  x and  since  Z is  connected  and  the  degree  is  locally 
constant  we  conclude.  □ 


48.5.  Fundamental  groups 

0BQ8  In  this  section  we  define  Grothendieck’s  algebraic  fundamental  group.  The  following 
definition  makes  sense  thanks  to  Lemma [48.4. 5 1 

OBNC  Definition  48.5.1.  Let  X be  a connected  scheme.  Let  x be  a geometric  point  of 
X.  The  fundamental  group  of  A'  with  base  point  x is  the  group 


ni(X,x)  = Aut(F^) 


of  automorphisms  of  the  fibre  functor  F f : FEtx  — > Sets  endowed  with  its  canonical 


profmite  topology  from  Lemma  48.3.1 


Combining  the  above  with  the  material  from  Section  |48.3|  we  obtain  the  following 
theorem. 


OBND  Theorem  48.5.2.  Let  X be  a connected  scheme.  Let  x be  a geometric  point  of 

X. 


(1)  The  fibre  functor  defines  an  equivalence  of  categories 

FEtx  — > Finite-iv \{X,x) -Sets 

(2)  Given  a second  geometric  point  x'  of  X there  exists  an  isomorphism  t : 
Fx  — ► Fx’ ■ This  gives  an  isomorphism  tt\{X,x)  — > tti(X,x')  compatible 
with  the  equivalences  in  (1).  This  isomorphism  is  independent  oft  up  to 
innner  conjugation. 

(3)  Given  a morphism  f : X — ► Y of  connected  schemes  denote  y = f ox. 
There  is  a canonical  continuous  homomorphism 

f*  ■ TT\{X,X)  7Tl  (Y,y) 
such  that  the  diagram 


FEty 


base  change 


FEtx 


Finite-ni  ( Y,  y)  -Sets  — ^ Finite- 7Ti  (A,  x)  -Sets 


is  commutative. 
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OBNE 


0BQ9 


Proof.  Part  (1)  follows  from  Lemma  48.4.5  and  Proposition  48.3.10  Part  (2)  is  a 
special  case  of  Lemma  48.3.11  For  part  (3)  observe  that  the  diagram 


FEty 


FEtx 


Fw 


Sets  - 


Fw 
I 

Sets 


is  commutative  (actually  commutative,  not  just  2-commutative)  because  y = f ox. 
Hence  we  can  apply  Lemma |48. 3. 11|  with  the  implied  transformation  of  functors  to 
get  (3).  □ 

Lemma  48.5.3.  Let  K be  a field  and  set  X = Spec(A').  Let  K be  an  algebraic 
closure  and  denote  x : Spec(A')  -A  X the  corresponding  geometric  point.  Let  I\sep  c 
K be  the  separable  algebraic  closure. 


(1)  The  functor  of  Lemma  48.2.2  induces  an  equivalence 

FEtx  — > Finite- G al(K  sep  / K)- Sets. 

compatible  with  Fx  and  the  functor  Finite- Gal(Ksep / K)-Sets  - 

(2)  This  induces  a canonical  isomorphism 


Sets. 


Gal(Ksep/K) 

of  profinite  topological  groups. 


7Ti(X,x) 


Proof.  The  functor  of  Lemma [48. 2. 2 is  the  same  as  the  functor  Fx  because  for  any 

Y etale  over  X we  have 

Morx(Spec  (K),Y)  = Morx(SPec(A'sep),  Y) 

Namely,  as  seen  in  the  proof  of  Lemma  48.2.2  we  have  Y = He;  Spec(A,;)  with 
Li/ K finite  separable  over  K.  Hence  any  Af-algebra  homomorphism  Li  — > K factors 
through  Ksep . Also,  note  that  FX(Y)  is  finite  if  and  only  if  I is  finite  if  and  only  if 

Y -a  X is  finite  etale.  This  proves  (1). 


Part  (2)  is  a formal  consequence  of  (1),  Lemma  48.3.11  and  Lemma  48.3.3  (Please 
also  see  the  remark  below.)  □ 


Remark  48.5.4.  In  the  situation  of  Lemma 
construction  of  the  isomorphism  Gal(A'sep/A') 


48.5.3 


let  us  give  a more  explicit 


7Ti(X, x)  = Aut(A^).  Observe 
that  Gal(A'sep/AT)  = Aut (K/K)  as  K is  the  perfection  of  Ksep . Since  FX(Y)  = 
Mor.v(Spec(A'),  Y)  we  may  consider  the  map 

Aut(K/K)  x FX(Y)  -A  FW(Y),  (a,y)  a -y  = y o Spec(u) 

This  is  an  action  because 

err  ■ y = y o Spec(ar)  = y o Spec(r)  o Spec(cr)  = a ■ (t  -y) 

The  action  is  functorial  in  Y £ FEtx  and  we  obtain  the  desired  map. 


Instead  of  directly  proving  two  schemes  have  the  same  fundamental  group,  we 
often  prove  that  their  categories  of  finite  etale  coverings  are  the  same.  This  of 
course  trivially  implies  that  their  fundamental  groups  are  equal  provided  they  are 
connected. 
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OBQA 


09ZS 


OBQB 


Lemma  48.5.5.  Let  f : X -A  Y be  a morphism  of  quasi-compact  and  quasi- 
separated  schemes  such  that  the  base  change  functor  FEty  -A  FEtx  is  an  equiva- 
lence of  categories.  In  this  case 

(1)  f induces  a homeomorphism  ttq{X)  -a  7To(P), 

(2)  if  X or  equivalently  Y is  connected,  then  ■K\(X,x)  = m (Y,y). 


Proof.  Let  Y = 1 o II  Y±  be  a decomposition  into  nonempty  open  and  closed  sub- 
schemes. We  claim  that  f(X)  meets  both  Y*.  Namely,  if  not,  say  f(X)  C Yi,  then 
we  can  consider  the  finite  etale  morphism  V = Yi  — > Y.  This  is  not  an  isomorphism 
but  V Xy  X -A  X is  an  isomorphism,  which  is  a contradiction. 


Suppose  that  X = Xq  II  X±  is  a decomposition  into  open  and  closed  subschemes. 
Consider  the  finite  etale  morphism  U = X-t  -A  X.  Then  U = XxyV  for  some  finite 
etale  morphism  V — > Y . The  degree  of  the  morphism  V — >■  Y is  locally  constant, 
hence  we  obtain  a decomposition  Y = IJd>0  Yd  into  open  and  closed  subschemes 
such  that  V — > Y has  degree  d over  Yd.  Since  f~1(Yd)  = 0 for  d > 1 we  conclude 
that  Yd  = 0 for  d > 1 by  the  above.  And  we  conclude  that  f~1(Yi)  = Xj  for 
* = 0,1. 

It  follows  that  /-1  induces  a bijection  between  the  set  of  open  and  closed  sub- 
sets of  Y and  the  set  of  open  and  closed  subsets  of  X . Note  that  X and  Y are 
spectral  spaces,  see  Properties,  Lemma  27.2.4|  By  Topology,  Lemma  5.11.10  the 
lattice  of  open  and  closed  subsets  of  a spectral  space  determines  the  set  of  con- 
nected components.  Hence  7r0(X)  -a  7t0(F)  is  bijective.  Since  7r0(A)  and  7 t0(Y) 
are  profinite  spaces  (Topology,  Lemma  5.21.4)  we  conclude  that  7r0(X)  -a  7 t0(Y) 
is  a homeomorphism  by  Topology,  Lemma  |5.16.8  This  proves  (1).  Part  (2)  is 
immediate.  □ 


The  following  lemma  tells  us  that  the  fundamental  group  of  a henselian  pair  is  the 
fundamental  group  of  the  closed  subset. 

Lemma  48.5.6.  Let  (A,  I)  be  a henselian  pair.  Set  X = Spec(A)  and  Z = 
Spec(A/J).  The  functor 

FEtx  — t FEtz , U i — > U Xx  Z 
is  an  equivalence  of  categories. 

Proof.  This  is  a translation  of  More  on  Algebra,  Lemma[l5.8.12|  □ 


The  following  lemma  tells  us  that  the  fundamental  group  of  a thickening  is  the  same 
as  the  fundamental  group  of  the  original.  We  will  see  that  this  is  true  in  greater 
generality  for  universal  homeomorphisms  in  Etale  Cohomology,  Lemma  49.46.3 


Lemma  48.5.7.  Let  X C X'  be  a thickening  of  schemes.  The  functor 
FEtX'  — > FEtx,  U'  i — >U'  xX'  X 
is  an  equivalence  of  categories. 


Proof.  For  a discussion  of  thickenings  see  More  on  Morphisms,  Section  [36. 2|  Let 
U'  -A  X'  be  an  etale  morphism  such  that  U = U'  Xx'  X — ► X is  finite  etale.  Then 
U'  -A  X'  is  finite  etale  as  well.  This  follows  for  example  from  More  on  Morphisms, 
Lemma  36.2.9  Now,  if  X C X'  is  a finite  order  thickening  then  this  remark 
combined  with  Etale  Morphisms,  Theorem  40.15.2  proves  the  lemma.  Below  we 
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will  prove  the  lemma  for  general  thickenings,  but  we  suggest  the  reader  skip  the 
proof. 


Let  X'  = 1J  X'j  be  an  affine  open  covering.  Set  Xt  = X Xy  X{,  X'  - = X[  n XL 


X„  = X x 


V / 

^ijk 


= x'  n x' 


-v  - - ~X'  x'ip  x'ijk  = X[  n X'j  n X'k,  Xijk  = X xx>  x'ijk.  Suppose  that 
we  can  prove  the  theorem  for  each  of  the  thickenings  X,L  C X',  Xij  C XL,  and 
X^k  C XLfc.  Then  the  result  follows  for  X C X'  by  relative  glueing  of  schemes, 

XL 


see  Constructions,  Section 


26.2 


Observe  that  the  schemes  X',  XL, 


ijk 


are  each 


separated  as  open  subschemes  of  affine  schemes.  Repeating  the  argument  one  more 
time  we  reduce  to  the  case  where  the  schemes  X',  XL,  X,Lfc  are  affine. 

In  the  affine  case  we  have  X'  = Spec(A')  and  X = Spec(^4,///)  where  /'  is  a locally 
nilpotent  ideal.  Then  (A1, 1')  is  a henselian  pair  (More  on  Algebra,  Lemma  15.8.2) 
and  the  result  follows  from  Lemma  48.5.6|  (which  is  much  easier  in  this  case).  □ 


48.6.  Finite  etale  covers  of  proper  schemes 

OBQC  In  this  section  we  show  that  the  fundamental  group  of  a connected  proper  scheme 
over  a henselian  local  ring  is  the  same  as  the  fundamental  group  of  its  special 
fibre.  We  also  show  that  the  fundamental  group  of  a connected  proper  scheme  over 
an  algebraically  closed  field  k does  not  change  if  we  replace  k by  an  algebraically 
closed  extension.  Instead  of  stating  and  proving  the  results  in  the  connected  case 
we  prove  the  results  in  general  and  we  leave  it  to  the  reader  to  deduce  the  result 
for  fundamental  groups  using  Lemma  |48.5.5| 

0A48  Lemma  48.6.1.  Let  A be  a henselian  local  ring.  Let  X be  a proper  scheme  over 
A with  closed  fibre  Xq.  Then  the  functor 

FEtx  — > FEtxa,  U i — > Uq  = U xx  X0 

is  an  equivalence  of  categories. 


Proof.  The  proof  given  here  is  an  example  of  applying  algebraization  and  approx- 
imation. We  proceed  in  a number  of  stages. 


Essential  surjectivity  when  A is  a complete  local  Noetherian  ring.  Let  Xn  = 

the  inclusions 


X x spec(A)  Spec(A/m'1+1).  By  Etale  Morphisms,  Theorem 

X0  —¥  Xi  —¥  X2 


40.15.2 


induce  equivalence  of  categories  between  the  category  of  schemes  etale  over  X0  and 
the  category  of  schemes  etale  over  Xn.  Moreover,  if  Un  — > Xn  corresponds  to  a 
finite  etale  morphism  Uq  —X  Xo,  then  Un  —X  Xn  is  finite  too,  for  example  by  More  on 
Morphisms,  Lemma  36.2.8  In  this  case  the  morphism  Uq  — > Spec(A/m)  is  proper  as 


Xo  is  proper  over  A/m.  Thus  we  may  apply  Grothendieck’s  algebraization  theorem 
(in  the  form  of  Cohomology  of  Schemes,  Lemma  29.24.2 ) to  see  that  there  is  a finite 
morphism  U —X  X whose  restriction  to  X0  recovers  Uq.  By  More  on  Morphisms, 
Lemma [36.10.3|  we  see  that  U — X X is  etale  at  every  point  of  Uq.  However,  since 
every  point  of  U specializes  to  a point  of  Uq  (as  U is  proper  over  A ),  we  conclude 
that  U —X  X is  etale.  In  this  way  we  conclude  the  functor  is  essentially  surjective. 


Fully  faithfulness  when  A is  a complete  local  Noetherian  ring.  Let  U — > X and 
V — X X be  finite  etale  morphisms  and  let  ipo  : Uo  ► Vq  be  a morphism  over  A'o- 
Look  at  the  morphism 

r^0  - Uq  > Uq  XXo  Vq 
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This  morphism  is  both  finite  etale  and  a closed  immersion.  By  essential  surjectivity 
aplied  to  A = U x x V we  find  a finite  etale  morphism  W — > U x x V whose  special 
fibre  is  isomorphic  to  TVo.  Consider  the  projection  W — > U . It  is  finite  etale  and  an 
isomorphism  over  Uq  by  construction.  By  Etale  Morphisms,  Lemma  ‘ 


40.14.2 


W -A  U 

is  an  isomorphism  in  an  open  neighbourhood  of  Uq.  Thus  it  is  an  isomorphism  and 
the  composition  ip  : U = W — > V is  the  desired  lift  of  <po- 

Essential  surjectivity  when  A is  a henselian  local  Noetlierian  G-ring.  Let  Uq  — ► A0 
be  a finite  etale  morphism.  Let  AA  be  the  completion  of  A with  respect  to  the 
maximal  ideal.  Let  AA  be  the  base  change  of  X to  AA.  By  the  result  above 
there  exists  a finite  etale  morphism  V -A  XA  whose  special  fibre  is  Uq.  Write 
AA  = colim  A,  with  A — > Ai  of  finite  type.  By  Limits,  Lemma  31.9.1  there  exists 


an  i and  a finitely  presented  morphism  Ui  -A  X a,  whose  base  change  to  XA  is 
V.  After  increasing  i we  may  assume  that  Ui  — > X^.  is  finite  and  etale  (Limits, 


Lemmas  31.7.3  and  31.7.8).  Writing 


A i , ^'n]/(/l;  * * * j fm ) 

AA  can  be  reinterpreted  as  a solution  (ai, . . . ,an)  in  AA  for 


the  ring  map  Ai 

the  system  of  equations  fj  = 0.  By  Smoothing  Ring  Maps,  Theorem  116.14.1 


we 

can  approximate  this  solution  (to  order  11  for  example)  by  a solution  (£>!,...,  bn) 
in  A.  Translating  back  we  find  an  A-algebra  map  A;  -A  A which  gives  the  same 
closed  point  as  the  original  map  A,  — > AA  (as  11  > 1).  The  base  change  U — ► X of 
V — > Xai  by  this  ring  map  will  therefore  be  a finite  etale  morphsm  whose  special 
fibre  is  isomorphic  to  Uq. 

Fully  faithfulness  when  A is  a henselian  local  Noetherian  G-ring.  This  can  be 
deduced  from  essential  surjectivity  in  exactly  the  same  manner  as  was  done  in  the 
case  that  A is  complete  Noetherian. 

General  case.  Let  (A,  m)  be  a henselian  local  ring.  Set  S = Spec(A)  and  denote 
s £ S the  closed  point.  By  Limits,  Lemma  31.12.6  we  can  write  X — > Spec(A) 
as  a cofiltered  limit  of  proper  morphisms  A,;  — > Si  with  St  of  finite  type  over  Z. 
For  each  i let  Sj  € Si  be  the  image  of  s.  Since  S = limS^  and  A = Og,s  we  have 
A = colim Osi:Si-  The  ring  Aj  = OsitSi  is  a Noetherian  local  G-ring  (More  on 


Algebra,  Proposition  15.41.12).  By  More  on  Algebra,  Lemma  15.8.17  we  see  that 
A = colim  A^.  By  More  on  Algebra,  Lemma  15.41.8  the  rings  Af  are  G-rings.  Thus 
we  see  that  A = colim  Aj1  and 

A'  = lim(Aj  xsi  Spec(Af)) 

as  schemes.  The  category  of  schemes  finite  etale  over  A is  the  limit  of  the  category 
of  schemes  finite  etale  over  A*  x s,.  Spec(A(t)  (by  Limits,  Lemmas  I 


31.9.1 


31.7.3 


and 

|31.7.8[)  The  same  thing  is  true  for  schemes  finite  etale  over  Ao  = lim(At  Si). 
Thus  we  formally  deduce  the  result  for  A/  Spec(A)  from  the  result  for  the  (A*  x g. 
Spec(A^))/  Spec(A^)  which  we  dealt  with  above.  □ 

0A49  Lemma  48.6.2.  Let  k C k!  be  an  extension  of  algebraically  closed  fields.  Let  X 
be  a proper  scheme  over  k.  Then  the  functor 

U^Uk, 

is  an  equivalence  of  categories  between  schemes  finite  etale  over  X and  schemes 
finite  etale  over  Xk'  ■ 
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Proof.  Let  us  prove  the  functor  is  essentially  surjective.  Let  U'  —>  Xk>  be  a finite 
etale  morphism.  Write  k!  — colimA;  as  a filtered  colimit  of  finite  type  fc-algebras. 
By  Limits,  Lemma |31. 9. 1| there  exists  an  i and  a finitely  presented  morphism  Ui  — > 
XAi  whose  base  change  to  X is  U' . After  increasing  i we  may  assume  that  Ui  — >■ 


XA.  is  finite  and  etale  (Limits,  Lemmas  31.7.3  and  31.7.8).  Since  k is  algebraically 


closed  we  can  find  a fc-valued  point  t in  Spec(Ai).  Let  U = ( U)t  be  the  fibre 
of  Ui  over  t.  Let  Aff  be  the  henselization  of  (A, ) n,  where  m is  the  maximal  ideal 


corresponding  to  the  point  t.  By  Lemma 


48.6.1 


we  see  that  {Ui)Ah  = U x Spec(A(l) 


as  schemes  over  XAh . Now  since  A h is  algebraic  over  Ai  (see  for  example  discussion 


in  Smoothing  Ring  Maps,  Example  16.14.3)  and  since  k!  is  algebraically  closed 
we  can  find  a ring  map  A ^ — * k'  extending  the  given  incusion  Ai  C k' . Hence 
we  conclude  that  U'  is  isomorphic  to  the  base  change  of  U.  The  proof  of  fully 
faithfulness  is  exactly  the  same.  □ 

48.7.  Local  connectedness 

OBQD  In  this  section  we  ask  when  iti(U)  — > t:\{X)  is  surjective  for  U a dense  open  of  a 
scheme  X.  We  will  see  that  this  is  the  case  (roughly)  when  U D B is  connected  for 
any  small  “ball”  B around  a point  x G X \ U. 

OBQE  Lemma  48.7.1.  Let  f : X — >•  Y be  a morphism  of  schemes.  If  f(X)  is  dense  in 
Y then  the  base  change  functor  FEty  — > FEtx  is  faithful. 

Proof.  Since  the  category  of  finite  etale  coverings  has  an  internal  horn  (Lemma 


48.4.4 ) it  suffices  to  prove  the  following:  Given  W finite  etale  over  Y and  a morphism 
W over  X there  is  at  most  one  section  t : Y — > W such  that  s = to/. 

W such  that  s = t±of  = f2°/-  Since  the  equalizer 


s : X 

Consider  two  sections  U , G -Y 


of  t\  and  f2  is  closed  in  Y (Schemes,  Lemma  25.21.5)  and  since  f(X)  is  dense  in  Y 
we  see  that  tA  and  t2  agree  on  Yre(i.  Then  it  follows  that  H and  t-2  have  the  same 
image  which  is  an  open  and  closed  subscheme  of  W mapping  isomorphically  to  Y 
(Etale  Morphisms,  Proposition  40.6.1)  hence  they  are  equal.  □ 


OBLQ 


The  condition  in  the  following  lemma  that  the  punctured  spectrum  of  the  strict 
henselization  is  connected  follows  for  example  from  the  assumption  that  the  local 
ring  is  geometrically  unibranch,  see  More  on  Algebra,  Lemma  |15.79.3|  There  is  a 
partial  converse  in  Properties,  Lemma  27.15.3| 

Lemma  48.7.2.  Let  (A,  m)  be  a local  ring.  Set  X = Spec(A)  and  let  U = X\{m}. 
If  the  punctured  spectrum  of  the  strict  henselization  of  A is  connected,  then 


FEtx 

is  a fully  faithful  functor. 


FEtjj,  Y i — >YxxU 


Proof.  Assume  A is  strictly  henselian.  In  this  case  any  finite  etale  cover  Y of  X 
is  isomorphic  to  a finite  disjoint  union  of  copies  of  X.  Thus  it  suffices  to  prove 
that  any  morphism  U -A  U H . . . H U over  U , extends  uniquely  to  a morphism 
X -A  X H . . . H X over  X.  If  C7  is  connected  (in  particular  nonempty),  then  this  is 
true. 

The  general  case.  Since  the  category  of  finite  etale  coverings  has  an  internal  horn 


(Lemma  48.4.4)  it  suffices  to  prove  the  following:  Given  Y finite  etale  over  X any 
morphism  s : U — ► Y over  X extends  to  a morphism  t : X — >■  Y over  Y . Let  Ash 
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OBLR 


OBQF 


OBSA 


be  the  strict  henselization  of  A and  denote  Xsh  = Spec (Ash),  Ush  = U xx  Xsh, 
Ysh  = Y x x Xsh . By  the  first  paragraph  and  our  assumption  on  A,  we  can  extend 
the  base  change  ssh  : Ush  ->•  Ysh  of  s to  tsh  : Xsh  -»  Ysh.  Set  A'  = Ash  ®A  Ash. 
Then  the  two  pullbacks  t\ . t'2  of  tsh  to  X'  = Spec(AZ)  are  extensions  of  the  pullback 
s'  of  s to  U'  = U xx  X' . As  A — > A!  is  flat  we  see  that  U'  C X'  is  (topologically) 


Y for  example  by 
□ 


In  view  of  Lemma  48.7. 2| it  is  interesting  to  know  when  the  punctured  spectrum  of 
a ring  (and  of  its  strict  henselization)  is  connected.  The  following  famous  lemma 
due  to  Hartshorne  gives  a sufficient  condition. 


Lemma  48.7.3.  Let  A be  a Noetherian  local  ring  of  depth  > 2.  Then  the  punctured 
spectra  of  A,  Ah,  and  Ash  are  connected. 


Proof.  Let  U be  the  punctured  spectrum  of  A.  If  U is  disconnected  then  we  see 
that  T(U,  Ou)  has  a nontrivial  idempotent.  But  A,  being  local,  does  not  have  a 
nontrivial  idempotent.  Hence  A — ► T(f7,  Ojj)  is  not  an  isomorphism.  By  Dualizing 
Complexes,  Lemma  45.15.2  we  conclude  that  either  H^(A)  or  H^(A)  is  nonzero. 


Thus  depth(A)  < 1 by  Dualizing  Complexes,  Lemma  45.11.1  To  see  the  result  for 
Ah  and  Ash  use  More  on  Algebra,  Lemma  [l5.36.8[  □ 


48.7.4.  Let  X be  a scheme.  Let  U C X be  a dense  open.  Assume 
the  underlying  topological  space  of  X is  Noetherian,  and 
for  every  x £ X \ U the  punctured  spectrum  of  the  strict  henselization  of 
Ox>x  is  connected. 

Then  FEtx  — > Fetu  is  fully  faithful. 


Lemma 

(1) 

(2) 


Proof.  Let  L) , Y2  be  finite  etale  over  A'  and  let  ip  : {Y\)u  -A  ( Y^u  be  a morphism 
over  U.  We  have  to  show  that  ip  lifts  uniquely  to  a morphsm  Y\  — > Y%  over  X. 
Uniqueness  follows  from  Lemma [48. 7. 1| 


Let  x £ X \ U be  a generic  point  of  an  irreducible  component  of  X \ U.  Set 
V = U x x Spec (0X: x).  By  our  choice  of  x this  is  the  punctured  spectrum  of 
Spec(C,jc,a:)-  By  Lemma  48.7.2  we  can  extend  the  morphism  <py  : {Y\)v  — l ► (Y2)v 

C (Ox  A ->■  (^2)sPec(Oxx)-  By  Limits,  Lemma 

(Y2)i 


uniquely  to  a morphism  (Yi)spe 
we  find  an  open  U C U'  containing  x and  an  extension  ip'  : (Li )u> 


31.15.2 
~ Tip. 


Since  the  underlying  topological  space  of  X is  Noetherian  this  finishes  the  proof  by 
Noetherian  induction  on  the  complement  of  the  open  over  which  p is  defined.  □ 


Lemma  48.7.5.  Let  X be  a scheme.  Let  U C X be  a dense  open.  Assume 

(1)  U — > X is  quasi-compact, 

(2)  every  point  of  X \ U is  closed,  and 

(3)  for  every  x £ X \ U the  punctured  spectrum  of  the  strict  henselization  of 
OxtX  is  connected. 

Then  FEtx  -A  Fetu  is  fully  faithful. 


Proof.  Let  Y\,Y2  be  finite  etale  over  X and  let  p : {Y\)u  — > ( Y2)u  be  a morphism 
over  U.  We  have  to  show  that  tp  lifts  uniquely  to  a morphsm  Yi  — > Y2  over  X. 
Uniqueness  follows  from  Lemma [48. 7. 1| 


IHar62t 

Proposition  2.1] 
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Let  x £ X \ U.  Set  V = U Xx  Spec(C>A>)-  Since  every  point  of  X \ U is  closed 
V is  the  punctured  spectrum  of  Spec(C,x,s)-  By  Lemma  48.7.2  we  can  extend 
the  morphism  tpy  '■  (^i)v  — > (Y2)v  uniquely  to  a morphism  (Yi)gpec(c)x  \ — > 
(^2)spec(Ox,x)  • 


By  Limits,  Lemma 


31.15.2 


(this  uses  that  U is  retrocompact  in  X) 
we  find  an  open  U C U'x  containing  x and  an  extension  ip'x  : {Yi)u'  — ► (U2 )u'  of 
ip.  Note  that  given  two  points  x,x'  £ X \ U the  morphisms  ip'x  and  ip'x,  agree  over 
U'x  fl  U'x,  as  U is  dense  in  that  open  (Lemma  48.7.1).  Thus  we  can  extend  ip  to 
U Ux  = X as  desired.  □ 


Lemma  48.7.6.  Let  X be  a scheme.  Let  U C X be  a dense  open.  Assume 

(1)  every  quasi-compact  open  of  X has  finitely  many  irreducible  components , 

(2)  for  every  x £ X \ U the  punctured  spectrum  of  the  strict  henselization  of 
Ox,x  is  connected. 

Then  FEtx  — > Fetjj  is  fully  faithful. 


Proof.  Let  Yj , Y2  be  finite  etale  over  X and  let  ip  : (Yi)jj  (12)17  be  a morphism 
over  U.  We  have  to  show  that  ip  lifts  uniquely  to  a morphsm  Y\  -A  Y2  over  X. 
Uniqueness  follows  from  Lemma  |48.7.1|  We  will  prove  existence  by  showing  that 
we  can  enlarge  U if  U ^ X and  using  Zorn’s  lemma  to  finish  the  proof. 


OBSB 


Let  x £ X \ U be  a generic  point  of  an  irreducible  component  of  X \ U . Set  V = 
U XxSpec(Ox,x)-  By  our  choice  of  x this  is  the  punctured  spectrum  of  Spec(0x,x)- 
By  Lemma  48.7.2  we  can  extend  the  morphism  ipy  '■  (Yi)v  (Y2)v  (uniquely) 
to  a morphism  (Ti)sPec(Ox  A O^SpecfOx  *)•  Choose  an  affine  neighbourhood 
W C X of  x.  Since  U fl  W is  dense  in  W it  contains  the  generic  points  rji, . . . , tqn 
of  W . Choose  an  affine  open  W'  C W fl  U containing  r)i,...,r)n.  Set  V'  = W'  Xx 
Spec(Ox,a;)-  By  Limits,  Lemma 


31.15.2 


applied  to  W'  C W 
and  a morphism  ip"  : {Y\)wn 


x we  find  an  open 
(Y2)w"  agreeing 


W'  C W"  C W with  x £ W"  ana  a inorpmsm  ip  : \i\jw"  G2 )wn 
with  ip  over  W' . Since  W'  is  dense  in  W"  fl  U,  we  see  by  Lemma[48.7.1|that  ip  and 
ip"  agree  over  U fl  W' . Thus  ip  and  ip"  glue  to  a morphism  ip'  over  U'  = U U W" 
agreeing  with  ip  over  U.  Observe  that  x £ U'  so  that  we’ve  extended  ip  to  a strictly 
larger  open. 


Consider  the  set  S of  pairs  (U',tp')  where  U C U'  and  tp'  is  an  extension  of  tp. 
We  endow  S with  a partial  ordering  in  the  obvious  manner.  If  ( U[ , ip^ ) is  a totally 
ordered  subset,  then  it  has  a maximum  (U',ip').  Just  take  U'  = (J  U[  and  let 
iff  : (Yi )w  — > ( Yf)u ' be  the  morphism  agreeing  with  <pl  over  U[.  Thus  Zorn’s 
lemma  applies  and  S has  a maximal  element.  By  the  argument  above  we  see  that 
this  maxmimal  element  is  an  extension  of  ip  over  all  of  X.  □ 


Lemma  48.7.7.  Let  (4l,m)  be  a local  ring.  Set  X = Spec(A)  and  U = X \ {m}. 
Let  Ush  be  the  punctured  spectrum  of  the  strict  henselization  Ash  of  A.  Assume  U 
is  quasi-compact  and  Ush  is  connected.  Then  the  sequence 


7Ti  (Ush,  u)  — > 7T!  (C/,  u)  7Ti(X,  u)  — > 1 


is  exact  in  the  sense  of  Lemma\48.3.14  part  (1). 


Proof.  The  map  7Ti (U)  — > tti(X)  is  surjective  by  Lemmas  48.7.2  and  48.3.12 


Write  Xsh  = Spec(As?l).  Let  Y — > X be  a finite  etale  morphism.  Then  Ysh  = 
Y x x Xsh  -A  Xsh  is  a finite  etale  morphism.  Since  Ash  is  strictly  henselian  we 
see  that  Ysh  is  isomorphic  to  a disjoint  union  of  copies  of  Xsh.  Thus  the  same  is 
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true  for  Y Xx  Ush . It  follows  that  the  composition  xi(Ush)  — > ni(U)  -4  77,  (X)  is 
trivial,  see  Lemma  [48. 3.13[ 


To  finish  the  proof,  it  suffices  according  to  Lemma  48.3.14  to  show  the  following: 
Given  a finite  etale  morphism  V — > U such  that  V Xjj  Ush  is  a disjoint  union  of 
copies  of  Ush , we  can  find  a finite  etale  morphism  Y — > X with  V = Y x x U over 
U.  The  assumption  implies  that  there  exists  a finite  etale  morphism  Ysh  — > Xsh 
and  an  isomorphism  V Xjj  Ush  = Ysh  xx^  Ush.  Consider  the  following  diagram 


U ■ 


X 


Us 


Xs 


Ush  xvUs 


Ush  xvUsh  xuUs 


' Xsh  Xx  Xs 


\Xsh  x x Xsh  Xx  Xs 


Since  U C X is  quasi-compact  by  assumption,  all  the  downward  arrows  are  quasi- 
compact open  immersions.  Let  £ £ Xsh  Xx  Xsh  be  a point  not  in  Ush  Xjj  Ush. 
Then  £ lies  over  the  closed  point  xsh  of  Xsh . Consider  the  local  ring  homomorphism 

ASh  = 0Xsh'XBh  — > 0X‘hXxX‘h^ 

determined  by  the  first  projection  Xsh  Xx  Xsh . This  is  a filtered  colimit  of  lo- 
cal homomorphisms  which  are  localizations  etale  ring  maps.  Since  Ash  is  strictly 
henselian,  we  conclude  that  it  is  an  isomorphism.  Since  this  holds  for  every  £ in  the 
complement  it  follows  there  are  no  specializations  among  these  points  and  hence 
every  such  £ is  a closed  point  (you  can  also  prove  this  directly).  As  the  local  ring 
at  £ is  isomorphic  to  Ash,  it  is  stricly  henselian  and  has  connected  punctured  spec- 
trum. Similarly  for  points  £ of  Xsh  xx  Xsh  xx  Xsh  not  in  Ush  xv  Ush  xv  Ush . 
It  follows  from  Lemma  48.7.5|  that  pullback  along  the  vertical  arrows  induce  fully 
faithful  functors  on  the  categories  of  finite  etale  schemes.  Thus  the  canonical  de- 
scent datum  on  V XjjUsh  relative  to  the  fpqc  covering  {Ush  —>■[/}  translates  into  a 
descent  datum  for  Yah  relative  to  the  fpqc  covering  {Xsh  — ► X}.  Since  Ysh  — > Xsh 


is  finite  hence  affine,  this  descent  datum  is  effective  (Descent,  Lemma  34.33.1). 
Thus  we  get  an  affine  morphism  Y — > X and  an  isomorphism  Y Xx  Xstl  — > Ysh 
compatible  with  descent  data.  By  fully  faithfulness  of  descent  data  (as  in  Descent, 
Lemma  34.31.11)  we  get  an  isomorphism  V — » U x \-  Y . Finally,  Y — >•  X is  finite 
etale  as  Ysn  — > Xsh  is,  see  Descent,  Lemmas  |34. 19.271  and  |34 . 1 9 . 2 1 1 □ 


Let  X be  an  irreducible  scheme.  Let  r)  £ X be  the  geometric  point.  The  canonical 
morphism  rj  — > X induces  a canonical  map 

OBQH  (48.7.7.1)  Gal (K(r])sep / K{r,))  = 77,(7 hrj)  — > MX,v) 

The  identification  on  the  left  hand  side  is  Lemma  [48.5.31 

OBQI  Lemma  48.7.8.  Let  X be  an  irreducible,  geometrically  unibranch  scheme.  For 
any  nonempty  open  U C X the  canonical  map 


771  (U,U)  77!  (X,  it) 

is  surjective.  The  map  (48.7.7.1)  77,  (77, 77)  — > iri(X,rj)  is  surjective  as  well. 


Proof.  By  Lemma  |48.5.7|  we  may  replace  X by  its  reduction.  Thus  we  may  as- 
sume that  X is  an  integral  scheme.  By  Lemma [48.3. 12  the  assertion  of  the  lemma 
translates  into  the  statement  that  the  functors  FEtx  — t FEtjj  and  FEt-x  —>  FEtv 
are  fully  faithful. 
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The  result  for  FEtx  — t FEtjj  follows  from  Lemma  48.7.6  and  the  fact  that  for  a local 
ring  A which  is  geometrically  unibranch  its  strict  henselization  has  an  irreducible 
spectrum.  See  More  on  Algebra,  Lemma[l5.79.3| 


Observe  that  the  residue  field  k(ti)  = Ox, v is  the  filtered  colimit  of  Ox{U)  over 
U C X nonempty  open  affine.  Hence  FELj  is  the  colimit  of  the  categories  FEtjj  over 
such  U , see  Limits,  Lemmas  |31.9.1[  |31.7.3[  and  |31.7.8|  A formal  argument  then 
shows  that  fully  faithfulness  for  FEtx  — ► FEt v follows  from  the  fully  faithfulness  of 
the  functors  FEtx  — t FEtjj.  □ 


OBSC  Lemma  48.7.9.  Let  X be  a scheme.  Let  Xi,...,x„  £ X be  a finite  number  of 
closed  points  such  that 

(1)  U = X \ {xi, . . . ,xn}  is  connected  and  is  a retrocompact  open  of  X,  and 

(2)  for  each  i the  punctured  spectrum  Ufh  of  the  strict  henselization  of  Ox,xi 
is  connected. 

Then  the  map  'X\(U)  — > tti(X)  is  surjective  and  the  kernel  is  the  smallest  closed  nor- 
mal subgroup  of  tti(U)  containing  the  image  of  TT\{Ufh)  -A  7Ti  (U)  for  i = 1,. . . ,n. 

Proof.  Surjectivity  follows  from  Lemmas|48.7.5|and|48.3.l2l  We  can  consider  the 
sequence  of  maps 

7Tl({7)  7Tl(X  \ {xi,  X2})  — > 7Tl(X  \ {xi})  — > 7Tl(X) 

A group  theory  argument  then  shows  it  suffices  to  prove  the  statement  on  the  kernel 
in  the  case  n = 1 (details  omitted).  Write  x = Xi,  Ush  = Ufl . set  A = Ox,x,  and 
let  Ash  be  the  strict  henselization.  Consider  the  diagram 


U ^ Spec(A)  \ {m}  Ush 

\ \ 

X ^ Spec(A)  ^ Spec {Ash) 


By  Lemma [48.3. 14| we  have  to  show  finite  etale  morphisms  V — > U which  pull  back 
to  trivial  coverings  of  Ush  extend  to  finite  etale  schemes  over  X.  By  Lemma  48.7.7 


we  know  the  corresponding  statement  for  finite  etale  schemes  over  the  punctured 
spectrum  of  A.  However,  by  Limits,  Lemma  31.15.1  schemes  of  finite  presentation 
over  X are  the  same  thing  as  schemes  of  finite  presentation  over  U and  A glued 
over  the  punctured  spectrum  of  A.  This  finishes  the  proof.  □ 


48.8.  Fundamental  groups  of  normal  schemes 


OBQJ  Let  X be  an  integral,  geometrically  unibranch  scheme.  In  the  previous  section  we 
have  seen  that  the  fundamental  group  of  X is  a quotient  of  the  Galois  group  of 
the  function  field  K of  X.  Since  the  map  is  continuous  the  kernel  is  a normal 
closed  subgroup  of  the  Galois  group.  Hence  this  kernel  corresponds  to  a Galois 


extension  K C M by  Galois  theory  (Fields,  Theorem  9.21.3).  In  this  section  we 
will  determine  M when  X is  a normal  integral  scheme. 

Let  X be  an  integral  normal  scheme  with  function  field  K.  Let  K C L be  a finite 
extension.  Consider  the  normalization  Y — >-  X of  X in  the  morphism  Spec(L)  — > X 


as  defined  in  Morphisms,  Section  28.48  We  will  say  (in  this  setting)  that  X is 
unramified  in  L AY  — > X is  unramified.  Observe  that  the  scheme  theoretic  fibre 
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of  Y — >•  X over  Spec(A')  is  Spec(L).  Hence  the  field  extension  L/K  is  separable  if 
X is  unramified  in  L,  see  Morpliisms,  Lemmas  |28. 35. lT] 

OBQK  Lemma  48.8.1.  In  the  situation  above  the  following  are  equivalent 

(1)  X is  unramified  in  L, 

(2)  Y — > X is  etale,  and 

(3)  Y — ► X is  finite  etale. 


Proof.  Observe  that  Y — > X is  an  integral  morphism.  In  each  case  the  morphism 
Y — > X is  locally  of  finite  type  by  definition  (this  is  why  this  lemma  is  a bit  of  a 
cheat).  Hence  we  find  that  in  each  case  the  lemma  is  finite  by  Morphisms,  Lemma 


unramified,  hence  (2)  implies  (1). 


28.43.4  In  particular  we  see  that  (2)  is  equivalent  to  (3).  An  etale  morphism  is 


Conversely,  assume  Y — ► X is  unramified.  Let  x £ X.  We  can  choose  an  etale 
neighbourhood  (U,  u)  — » ( X , x)  such  that 


Y x 


A' 


c = II L 


u 


40.17.3 


is  a disjoint  union  of  closed  immersions,  see  Etale  Morphisms,  Lemma 
Shrinking  we  may  assume  U is  quasi-compact.  Then  U has  finitely  many  irre- 


ducible components  (Descent,  Lemma  34.12.3).  Since  U is  normal  (Descent,  Lemma 


34.14.2)  the  irreducible  components  of  U are  open  and  closed  (Properties,  Lemma 


27.7.5)  and  we  may  assume  U is  irreducible.  Then  U is  an  integral  scheme  whose 


generic  point  £ maps  to  the  generic  point  of  X.  On  the  other  hand,  we  know  that 
Y XxU  is  the  normalization  of  U in  Spec(L)  x.y  U by  More  on  Morphisms,  Lemma 
36.14.2  Every  point  of  Spec(L)  Xjf  U maps  to  £.  Thus  every  Vj  contains  a point 
mapping  to  £ by  Morphisms,  Lemma  28.48.8  Thus  Vj  U is  an  isomorphism 
as  U = {£}.  Thus  Y Xx  U — > U is  etale  and  by  etale  descent  (Descent,  Lemma 
34.19.27|)  we  conclude  that  Y — > X is  etale  over  the  image  of  U — > X (an  open 
neighbourhood  of  x).  □ 


OBQL  Lemma  48.8.2.  Let  X be  a normal  integral  scheme  with  function  field  K . Let 
Y — ► X be  a finite  etale  morphism.  If  Y is  connected,  then  Y is  an  integral  normal 
scheme  andY  is  the  normalization  of  X in  the  function  field  ofY. 


Proof.  The  scheme  Y is  normal  by  Descent,  Lemma [34. 14.2|  Since  Y — > X is  flat 
every  generic  point  of  Y maps  to  the  generic  point  of  X by  Morphisms,  Lemma 
128.25.81  Since  Y ->  X is  finite  we  see  that  Y has  a finite  number  of  irreducible 
components.  Thus  Y is  the  disjoint  union  of  a finite  number  of  integral  normal 
schemes  by  Properties,  Lemma[27.7.5|  Thus  if  Y is  connected,  then  Y is  an  integral 
normal  scheme. 


Let  L be  the  function  field  of  Y and  let  Y'  — > X be  the  normalization  of  X in  L.  By 
Morphisms,  Lemma  28.48.4  we  obtain  a factorization  Y'  Y — ► X and  Y'  — ► Y 
is  the  normalization  of  Y in  L.  Since  Y is  normal  it  is  clear  that  Y'  = Y (this  can 
also  be  deduced  from  Morphisms,  Lemma  28.49.5).  □ 


OBQM 


Proposition  48.8.3.  Let  X be  a normal  integral  scheme  with  function  field  K . 
Then  the  canonical  map  | f8. 7. 7.i) 


Gal(Ksep / K)  = Tnfa.ly)  — > ^{X,rf) 
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is  identified  with  the  quotient  map  Gal(Ksep /K)  — > Gal(M / K)  where  M C Ksep  is 
the  union  of  the  finite  subextensions  L such  that  X is  unramified  in  L. 

Proof.  Observe  that  a normal  scheme  is  geometrically  unibranch  (Properties,  Lemma 


and 


48.8.2 


27.15.2 ) and  hence  Lemma  48.7.8  applies  to  X.  Combining  this  with  Lemmas  48.8.1 


Jwe  see  that  the  category  FEtx  is  equivalent  to  the  category  of  finite  prod- 
ucts \\Li  with  Li/K  finite  separable  such  that  A'  is  unramified  in  Li.  Consider 
the  functor 

FEtx  — t FEtv  — *•  Finite-G&\(Ksep  / K) -sets 
where  the  second  arrow  is  the  equivalence  of  Lemma  |48.5.3|  It  is  clear  from  the 
discussion  above  that  objecs  on  the  left  hand  side  correspond  to  the  full  subcategory 
Finite-Gal(M  / I\)-sets  on  the  right  hand  side.  Some  details  omitted.  □ 

48.9.  Finite  etale  covers  of  punctured  spectra,  I 

We  first  prove  some  results  a la  Lefschetz. 

Situation  48.9.1.  Let  (A,m)  be  a Noetherian  local  ring  and  / € m.  We  set 
X = Spec(A)  and  X0  = Spec  {A/  f A)  and  we  let  U = X \ {m}  and  Uq  = X0  \ {m} 
be  the  punctured  spectrum  of  A and  A/fA. 

Recall  that  for  a scheme  X the  category  of  schemes  finite  etale  over  X is  denoted 


FEtx,  see  Section 


48.4 


In  Situation 
FEtx 


FEtx  o 


48.9.1 


we  will  study  the  base  change  functors 
*-  FEtjj 


V 

■ FEtu0 


In  many  case  the  right  vertical  arrow  is  faithful. 
Lemma  48.9.2.  In  Situation 


4-8. 9.1  Assume  one  of  the  following  holds 


(1)  dim(A/p)  > 2 for  every  minimal  prime  p C A with  / ^ p,  or 

(2)  every  connected  component  of  U meets  Uq. 


Then 


FEtr 


FEh 


'■ U0 > 


V^V0  = VxuU0 


is  a faithful  functor. 

Proof.  Let  a,  b : V — > W be  two  morphisms  of  schemes  finite  etale  over  U whose 
restriction  to  Uq  are  the  same.  Assumption  (1)  means  that  every  irreducible  com- 
ponent of  U meets  Uq,  see  Algebra,  Lemma [10. 59. 12|  The  image  of  any  irreducible 
component  of  V is  an  irreducible  component  of  U and  hence  meets  Uq.  Hence  Vo 
meets  every  connected  component  of  V and  we  conclude  that  a = b by  Etale  Mor- 


phisms, Proposition  40.6.3  In  case  (2)  the  argument  is  the  same  using  that  the 
image  of  a connected  component  of  V is  a connected  component  of  U.  □ 

Before  we  prove  something  more  interesting,  we  need  a couple  of  lemmas. 


Lemma  48.9.3.  In  Situation 


48.9.1 


Let  V — ^ U be  a finite  morphism.  Let 
A/x  be  the  m-adic  completion  of  A,  let  X'  = Spec(AA)  and  let  U'  and  V'  be  the 
base  changes  of  U and  V to  X' . If  Y'  -A  X'  is  a finite  morphism  such  that 
V'  = Y'  x x'  U' , then  there  exists  a finite  morphism  Y — ► X such  that  V = Y x x U 
and  Y'  = Y xx  X' . 
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Proof.  This  is  a straightforward  application  of  More  on  Algebra,  Proposition 
15.70.15|  Namely,  choose  generators  f\, ... , /)  of  m.  For  each  i write  V xu  D(fi)  = 
Spec (Bi).  For  1 < i,j  < n we  obtain  an  isomorphism  oy7  : (f?i)/3  — » ( Bj)f. 
of  Afifj -algebras  because  the  spectrum  of  both  represent  V Xu  D(fifj).  Write 
Y'  = Spe c(B').  Since  V Xjj  U'  = Y Xx>  U'  we  get  isomorphisms  on  : B'f,  -A 
Bi  AA.  A straightforward  argument  shows  that  (B',  Bj,aj,  qy7- ) is  an  object  of 


Glue(A  — > AA,  fi, . . . , ft),  see  More  on  Algebra,  Remark  15.70.10  Applying  the 


proposition  cited  above  (and  using  More  on  Algebra,  Remark  15.70.19  to  obtain 


the  algebra  structure)  we  find  an  A-algebra  B such  that  Can(R)  is  isomorphic  to 
(B' , Bi,ai,a.ij).  Setting  Y = Spec(R)  we  see  that  Y — ► X is  a morphism  which 
comes  equipped  with  compatible  isomorphisms  V = Y x x U and  Y'  = Y x x X'  as 
desired.  □ 


Lemma  48.9.4.  In  Situation  48-9.1  assume  A is  henselian  or  more  generally 
that  (A,  (/))  is  a henselian  pair.  Let  A A be  the  m-adic  completion  of  A,  let  X'  = 
Spec(AA)  and  let  U'  and  U'q  be  the  base  changes  of  U and  Uq  to  X' . If  FEtw  — > 
FEtjj ' is  fully  faithful,  then  FEtu  — > FEtu0  is  fully  faithful. 


FEtu'o  is  a fully  faithful. 


Since  X'  — > X is  faithfully 
— ► Vq  = V Xu  Uq  is  faithful.  Since  the 


Proof.  Assume  FEtu>  - 
flat,  it  is  immediate  that  the  functor  V 
category  of  finite  etale  coverings  has  an  internal  horn  (Lemma  48.4.4)  it  suffices  to 
prove  the  following:  Given  V finite  etale  over  U we  have 

Motu(U,V)  =MovUo(U0,V0) 

The  we  assume  we  have  a morphism  so  '■  Go  — > Vq  over  Uq  and  we  will  produce  a 
morphism  s : U — > V over  U. 

By  our  assumption  there  does  exist  a morphism  s'  : U'  — > V ' whose  restriction 
to  Vq  is  the  base  change  Sq  of  so-  Since  V'  — > U'  is  finite  etale  this  means  that 
V'  = s'(U')  II  W'  for  some  W'  — > U'  finite  and  etale.  Choose  a finite  morphism 
Z'  — ► X'  such  that  W'  = Z'  Xx'  U' . This  is  possible  by  Zariski’s  main  theorem 


in  the  form  stated  in  More  on  Morphisms,  Lemma  36.31.3  (small  detail  omitted). 
Then 

V'  = s\U’)  II  W'  — >X'U  Z'  = Y' 

is  an  open  immersion  such  that  V'  = Y'  x x'  V ■ By  Lemma  48.9.3|  we  can  find 
Y -A-  X finite  such  that  V = Y xxU  and  Y'  = Y xx  X' . Write  Y = Spec(R)  so 
that  Y'  = Spec(U  AA).  Then  B ®a  Ax  has  an  idempotent  e!  corresponding  to 
the  open  and  closed  subscheme  X'  of  Y'  = X'  II  Z' . 

The  case  A is  henselian  (slightly  easier).  The  image  e of  e'  in  B «(m)  = B/mB 
lifts  to  an  idempotent  e of  B as  A is  henselian  (because  B is  a product  of  local 
rings  by  Algebra,  Lemma  10.148.3).  Then  we  see  that  e maps  to  e!  by  uniqueness 
of  lifts  of  idempotents  (using  that  B Gu  AA  is  a product  of  local  rings).  Let  Y\  C Y 
be  the  open  and  closed  subscheme  corresponding  to  e.  Then  Y\  Xx  X'  = s'(X') 
which  implies  that  Y\  — >•  X is  an  isomorphism  (by  faithfully  flat  descent)  and  gives 
the  desired  section. 

The  case  where  (A,  (/))  is  a henselian  pair.  Here  we  use  that  s'  is  a lift  of  s'0. 
Namely,  let  F0,i  C Y0  = Y Xx  X0  be  the  closure  of  sq(Uo)  C Vq  = Y0  Xx0  Uq. 
As  X’  — > X is  flat,  the  base  change  Yf  x C Yq  is  the  closure  of  s'0(Uq)  which  is 
equal  to  X'0  C Yf  (see  Morphisms,  Lemma  28.25.14 ) . Since  Yf  — > Y0  is  submersive 
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(Morphisms,  Lemma  28.25.10 1 we  conclude  that  Yo,i  is  open  and  closed  in  Yq.  Let 


eo  G B/fB  be  the  corresponding  idempotent.  By  More  on  Algebra,  Lemma  15.8.7 
we  can  lift  eg  to  an  idempotent  e £ B.  Then  we  conclude  as  before. 


□ 


The  following  lemma  will  be  superseded  by  Lemma [48. 9. 6| below. 


Lemma  48.9.5.  In  Situation  48.9.1  Asssume  f is  a nonzerodivisor,  that  A has 
depth  > 3,  and  that  A is  henselian  or  more  generally  (A,  (/))  is  a henselian  pair. 
Then 

FEtjj  — A FEtjj0 , V i — A Vo  = V Xu  Uq 

is  a fully  faithful  functor. 


Proof.  By  Lemma  |48.9.4|  we  may  assume  A is  a complete  local  Noetherian  ring. 
The  functor  is  faithful  by  Lemma  48.9.2  (to  see  the  assumption  of  that  lemma  holds, 
apply  Algebra,  Lemma  10.71.8).  Since  the  category  of  finite  etale  coverings  has  an 


internal  horn  (Lemma  48.4.4 1 it  suffices  to  prove  the  following:  Given  V finite  etale 
over  U we  have 

Mor j/([7,  V)  = Morj70  (Uq,  Vo) 

If  we  have  a morphism  Uq  —A  Vo  over  Uq,  then  we  obtain  an  decomposition  Vo  = 
Uo  II  Vq  into  open  and  closed  subschemes.  We  will  show  that  this  implies  the  same 
thing  for  V thereby  finishing  the  proof. 


For  n > 1 let  Un  be  the  punctured  spectrum  of  A/fn+1A  and  let  V7 
base  change  of  V — A U.  By  Etale  Morphisms,  Theorem 


40.15.2 


Un  be  the 
we  conclude  that 

there  is  a unique  decomposition  Vn  = Un  II  V'n  into  open  and  closed  subschemes 
whose  base  change  to  Uq  recovers  the  given  decomposition. 

Since  A has  depth  > 3 and  / is  a nonzerodivisor,  we  see  that  A// A has  depth 
> 2 (Algebra,  Lemma  10.71.7).  This  implies  the  vanishing  of  Hf,(A/ /A)  and 

This  in  turn  tells  us  that 


45.11.1 


H^(A/fA),  see  Dualizing  Complexes,  Lemma 
A//A  — A T{U0,0Uo)  is  an  isomorphism,  see  Dualizing  Complexes,  Lemma  45.15.2 
As  / is  a nonzerodivisor  we  obtain  short  exact  sequences 

0 -a  A/fA  A A/fn+1A  -a  A/fnA  -a-  0 

Induction  on  n shows  that  H^(A/ fn+1A)  = H^(A/ fn+lA)  = 0 for  all  n.  Hence  the 
same  reasoning  shows  that  A/ fn+lA  -A  T(Un,  Oun)  is  an  isomorphism.  Combined 
with  the  decompositions  above  this  determines  a map 

r (V,0v)  -t  lim r(K,CVj  -a  limr (Un,OuJ  = A 

Since  V —A  U is  affine,  this  A-algebra  map  corresponds  to  a section  U — A V as 
desired.  □ 


In  the  following  lemma  we  prove  fully  faithfulness  under  very  weak  assumptions. 
Note  that  the  assumptions  do  not  imply  that  U is  a connected  scheme,  but  the  con- 
clusion guarantees  that  U and  Uq  have  the  same  number  of  connected  components. 


Lemma  48.9.6. 


In  Situation 


48.9.1. 


Asssume 


(1)  f is  a nonzerodivisor, 

(2)  H^(A)  is  finite, 

(3)  H^(A)  is  annihilated  by  a power  of  f , and 

(4)  A is  henselian  or  more  generally  (A,  (/))  is  a henselian  pair. 


IRd.TI  41  Corollary 

1.11] 
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Then 

FEtjj  — > FEtjj0 , V i — > Vq  = V Xu  Uq 
is  a fully  faithful  functor. 

Proof.  By  Lemma  |48.9.4|  we  may  assume  that  A is  a Noetherian  complete  local 
ring.  (The  assumptions  carry  over;  use  Dualizing  Complexes,  Lemma  45.9. 3|) 

Assume  A is  complete  in  addition  to  the  other  conditions.  We  will  show  that 
given  7r  : V — ^ U finite  etale,  the  set  of  connected  components  of  V agrees  with 
the  set  of  connected  components  of  Vq.  This  will  prove  the  lemma  because  the 


category  of  finite  etale  covers  has  internal  horn  (Lemma  48.4.4)  and  images  of 


sections  are  connected  components  (Etale  Morphisms,  Proposition  40.6.1).  Some 
details  omitted. 

Set  B = 7T*CV-  This  is  a finite  locally  free  0;y-algebra.  Thus  Ass (B)  = Ass (Ou)- 
Assumption  (2)  means  that  H°(U,Ou ) is  a finite  A-module  and  equivalently  that 
jt Ou  is  coherent  (Dualizing  Complexes,  Lemma  45.15.2).  By  Dualizing  Complexes, 
Proposition |45. 15771  and  the  agreement  of  Ass  we  see  that  the  same  holds  for  B and 
we  conclude  that  B = T(U,  B)  = T(V,  Oy)  is  a finite  A-algebra. 

Next,  using  that  H^(A)  = H^(U,  Ou)  is  annihilated  by  /"  for  some  n we  see  that 
HX(U,  B)  = H1(V,Oy ) is  annihilated  by  fm  for  some  m,  see  Dualizing  Complexes, 
Lemma  145.41.31 

At  this  point  we  apply  Derived  Categories  of  Schemes,  Lemma[3572673]to  the  scheme 
V over  Spec(A)  and  the  sheaf  Oy  with  p = 0.  Since  / is  a nonzerodivisor  in  A 
the  /-power  torsion  subsheaf  of  Oy  is  zero.  The  first  short  exact  sequence  of  the 
lemma  collapses  to  become 

H°  = lim  H°(V,Ov/fnOv)  = lim  H°(Vn,OvJ 

where  Vn  C V is  the  closed  subscheme  cut  out  by  fn+1.  Since  H1(V,Oy)  is 
annihilated  by  a power  of  / we  see  that  the  Tate  module  X/ {Ft1  (V,  Oy))  is  zero. 
On  the  other  hand,  since  A is  complete  and  B = H°(V,  Oy)  is  a finite  A-module  it 


is  complete  (Algebra,  Lemma  10.96.1)  hence  derived  complete  (More  on  Algebra, 
Proposition  15.72.5|)  and  hence  equal  to  its  derived  /- adic  completion.  Thus  we  see 
that  H°  = B.  Since 

V0  C Vl  C V2  C . . . 

are  nilpotent  thickenings  the  connected  components  of  these  schemes  agree.  Cor- 
respondingly the  maps 

H°(V2:Oy2)  -A  H°(VyOVl)  -A  H°(V0,Oy0) 

induce  bijections  between  idempotents.  Hence  the  map  B — » H°(Vo,Oy0)  induces 
a bijection  between  idempotents  and  we  conclude.  □ 

In  the  rest  of  this  sections  we  prove  some  variants  of  the  lemmas  above  where  U is 
replaced  by  opens  U'  C U containing  Uo ■ We  advise  the  reader  to  skip  to  the  next 
section. 


Lemma  48.9.7.  In  Situation  f8.9.1  Let  U'  C U he  open  and  contain  Uq.  Assume 
dim(A/p)  > 2 for  every  minimal  prime  p C A corresponding  to  a point  ofU'.  Then 


FEtu' 


FEtUo,  V'  ^V0  = V Xu'Uo 


is  a faithful  functor.  Moreover,  there  exists  a U'  satisfying  these  assumptions. 


48.9.  FINITE  ETALE  COVERS  OF  PUNCTURED  SPECTRA,  I 


3169 


OBLP 


Proof.  Let  a,b  : V'  -A  W'  be  two  morphisms  of  schemes  finite  etale  over  U'  whose 


restriction  to  Uq  are  the  same.  By  Algebra,  Lemma  10.59.12  we  see  that  V (p)  meets 


Uq  for  every  prime  p of  A with  dim(A/p)  > 2.  The  assumption  therefore  implies 
that  every  irreducible  component  of  U'  meets  Uq.  The  image  of  any  irreducible 
component  of  V'  is  an  irreducible  component  of  U'  and  hence  meets  Uq.  Hence 
Vo  meets  every  connected  component  of  V'  and  we  conclude  that  a = b by  Etale 
Morphisms,  Proposition |40. 6. 3 To  see  the  existence  of  such  a U'  note  that  if  p C A 
is  a prime  with  dim(A/p)  = 1 then  p corresponds  to  a closed  point  of  U.  □ 


Lemma  48.9.8.  In  Situation  / 8.9.1  Assume  f is  a nonzerodivisor,  A is  f- 
adically  complete,  and  that  H^(A/ fA)  is  a finite  A-module.  Let  V' , W'  be  finite 
etale  over  an  open  U'  C U which  contains  Uq-  Let  ipo  '■  V'  X-u1  Uo  — > W'  X[/<  Uq 
be  a morphism  over  Uq-  Then  there  exists  an  open  U"  C U'  containing  Uq  and  a 
morphism  p : V'  x u'  U"  — t W'  x fji  U"  lifting  ipo- 

Proof.  Since  the  category  of  finite  etale  coverings  has  an  internal  horn  (Lemma 


48.4.4)  it  suffices  to  prove  the  following:  Given  V'  finite  etale  over  U'  any  section 
Uq  — » V'  X[/'  Uq  extends  to  a section  of  V'  over  some  open  U"  C U'  containing  Uq. 
Given  our  section  we  obtain  a decomposition  V'  Xu>  Uq  = Uq  H Ro  into  open  and 
closed  subschemes.  We  will  show  that  this  implies  the  same  thing  for  V'  Xjj1  U" 
for  some  U"  C U'  open  containing  Uq  thereby  finishing  the  proof. 

For  n > 1 let  Un  be  the  punctured  spectrum  of  A/fn+1A.  By  Etale  Morphisms, 


Theorem  40.15.2  we  conclude  that  there  is  a unique  decomposition  V'  x iji  Un  = 
Un  H Rn  into  open  and  closed  subschemes  whose  base  change  to  Uo  recovers  the 
given  decomposition. 

The  finiteness  of  H^(A/fA)  tells  us  that  B0  = r(f/0,  Ojj0 ) is  a finite  A-module,  see 
Dualizing  Complexes,  Lemma  45.15.2  Set  Bn  = T(Un,Oun )■  As  / is  a nonzerodi- 
visor we  have  exact  sequences 

0 -x  A/fnA  A A/fn+1A  -a  A/ fA  -a  0 
and  hence  short  exact  sequences  0 — > Oun  — > Ojjn+ 


A Ojj0  — > 0.  Thus  we  may 
apply  Derived  Categories  of  Schemes,  Lemma[35.26.1|to  the  inverse  system  Oun  on 


U.  We  find  that  B = lim  Bn  is  a finite  A-algebra,  such  that  / is  a nonzerodivisor 
on  B , and  such  that  B/fB  C B0.  Via  the  inclusions  Un  —>  V'  Xjj>  Un  -A  V'  we 
obtain  an  A-algebra  map  T{V' ,Oy')  -A  B.  Since  V — X U is  affine,  this  A-algebra 
map  corresponds  to  a morphism 

Spec(H)  X Spec(A)  u'  — ^ V' 

over  U' . 


Let  q £ Uo  be  a prime.  The  kernel  and  cokernel  of  A//A  -A  B0  have  support 
contained  in  {m}  (see  above).  Hence  the  same  is  true  for  the  map  A// A -A  B/fB. 
Then  Aq  -a  f?q  is  finite  and  induces  an  isomorphism  (A//A)q  -a  (B/fB)q.  Since 
/ is  a nonzerodivisor  on  B it  follows  that  Aq  -A  f?q  is  an  isomorphism.  Using 
finiteness  again  we  find  g G A,  g ^ q such  that  Ag  -A  Bg  is  an  isomorphism.  It 
follows  that  Spec(H)  — X Spec(A)  is  an  isomorphism  over  an  open  U"  C U'  which 
produces  the  desired  section  by  the  above.  □ 
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48.10.  Purity  in  local  case,  I 


Let  ( A , m)  be  a Noetherian  local  ring.  Set  X = Spec(A)  and  let  U = X \ {m}  be 
the  puctured  spectrum.  We  say  purity  holds  for  {A,  m)  if  the  restriction  functor 

FEtx  — t FEtu 


is  essentially  surjective.  In  this  section  we  try  to  understand  how  the  question 
changes  when  one  passes  from  X to  a hypersurface  Xo  in  A',  in  other  words,  we 
study  a kind  of  local  Lefschetz  property  for  the  fundamental  groups  of  punctured 
spectra.  These  results  will  be  useful  to  proceed  by  induction  on  dimension  in  the 
proofs  of  our  main  results  on  local  purity,  namely,  Lemma  |48 . 1 1 . 4|  and  Proposition 

ids.i  aa 

Lemma  48.10.1.  Let  (A,m)  he  a Noetherian  local  ring.  Set  X = Spec(A)  and  let 
U = X \ {m}.  Let  n : Y — > X he  a finite  morphism  such  that  depth{Oy^y)  > 2 for 
all  closed  points  y £ Y.  Then  Y is  the  spectrum  of  B = Oy  (7r_1(C4)). 


Proof.  Set  V = n 1(U)  and  denote  7r'  : V -A  U the  restriction  of  7 r.  Consider  the 
C4,Y-module  map 

7 T*Oy  > j*7T*Oy 


where  j : U — > X is  the  inclusion  morphism.  We  claim  Divisors,  Lemma  |30.2.11| 
applies  to  this  map.  If  so,  then  B = T{Y,Oy)  and  we  see  that  the  lemma  holds. 
Let  x £ X.  If  x £ U,  then  the  map  is  an  isomorphism  on  stalks  as  V = YxxU.  If 
x is  the  closed  point,  then  x Ass (j*7T*CV)  (Divisors,  Lemmas  30.5.9  and  30.5.3). 
Thus  it  suffices  to  show  that  depth  ( (71*  CV)z)  > 2.  Let  yi, . . . , yn  £ Y be  the  points 
mapping  to  x.  By  Algebra,  Lemma 


10.71.9 


it  suffices  to  show  that  depth(CV,.y t ) > 2 
for  i = 1, . . . , n.  Since  this  is  the  assumption  of  the  lemma  the  proof  is  complete.  □ 


Lemma  48.10.2.  Let  (A,m)  be  a Noetherian  local  ring.  Set  X = Spec(A)  and 
let  U = X \ {in}.  Let  V be  finite  etale  over  U.  Assume  A has  depth  > 2.  The 
following  are  equivalent 

(1)  V = Y Xx  U for  some  Y — ► X finite  etale, 

(2)  B = T(V,  Oy)  is  finite  etale  over  A. 


Proof.  Denote  7r  : V — > U the  given  finite  etale  morphism.  Assume  Y as  in  (1) 
exists.  Let  y £ Y be  a point  mapping  to  x.  We  claim  that  depth(£V,y)  > 2.  This 
is  true  because  Y — > X is  etale  and  hence  A = Ox,x  and  OytV  have  the  same  depth 
(Algebra,  Lemma  10.155.2).  Hence  Lemma  48.10.1  applies  and  Y = Spec (B). 


The  implication  (2)  =>  (1)  is  easier  and  the  details  are  omitted. 


□ 


Lemma  48.10.3.  Let  (A,m)  be  a Noetherian  local  ring.  Set  X = Spec(A)  and  let 
U = X \ {m}.  Assume  A is  normal  of  dimension  > 2.  The  functor 


FEtu 


\ finite  normal  A-algebras  B such  1 
\that  Spec(B)  — > X is  etale  over  U J ’ 


V 


r (v,ov) 


is  an  equivalence.  Moreover,  V = Y XxU  for  some  Y — > X finite  etale  if  and  only 
if  B = T(V,  Oy)  is  finite  etale  over  A. 


Proof.  Observe  that  depth(A)  > 2 because  A is  normal  (Serre’s  criterion  for  nor- 
mality, Algebra,  Lemma  10.149.4).  Thus  the  final  statement  follows  from  Lemma 
48.10.2  Given  7r  : V — > U finite  etale,  set  B = T{V.  Oy).  If  we  can  show  that  B is 
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normal  and  finite  over  A,  then  we  obtain  the  displayed  functor.  Since  there  is  an 
obvious  quasi-inverse  functor,  this  is  also  all  that  we  have  to  show. 


Since  A is  normal,  the  scheme  V is  normal  (Descent,  Lemma 
finite  disjoint  union  of  integral  schemes  (Properties,  Lemma 
assume  V is  integral.  In  this  case  the  function  held  L of  V (Morphisms,  Section 


34.14.2).  Hence  V is  a 
27.7.6|)'  Thus  we  may 


28.9)  is  a finite  separable  extension  of  f.f.(A)  (because  we  get  it  by  looking  at 


the  generic  fibre  of  V -A  U and  using  Morphisms,  Lemma  28.36.7).  By  Algebra, 
Lemma  10.153.8  the  integral  closure  B'  C L of  A in  L is  finite  over  A.  By  More 
on  Algebra,  Lemma |l5. 17. 16~  we  see  that  B'  is  a reflexive  A- module,  which  in  turn 


implies  that  depthA(H')  > 2 by  More  on  Algebra,  Lemma  15.17.14 


Let  / (Em.  Then  Bf  = T(F  Xu  D(f),Oy)  (Properties,  Lemma  27.17.1).  Hence 
Bj  = Bf  because  Bf  is  normal  (see  above),  finite  over  Af  with  fraction  held  L. 
It  follows  that  V = Spec (B')  X\  U.  Then  we  conclude  that  B = B'  from  Lemma 
48.10.1  applied  to  Spec(H')  — ► X.  This  lemma  applies  because  the  localizations 


B'm,  of  B'  at  maximal  ideals  m'  C B1  lying  over  m have  depth  > 2 by  Algebra, 
Lemma  10.71.9  and  the  remark  on  depth  in  the  preceding  paragraph.  □ 


Lemma  48.10.4.  Let  (A,  m)  be  a Noetherian  local  ring.  Set  X = Spec(A)  and  let 
U = X \ {m}.  Let  V be  finite  etale  over  U . Let  AA  be  the  m-adic  completion  of  A, 
let  X'  = Spec(AA)  and  let  U'  and  V'  be  the  base  changes  of  U and  V to  X' . The 
following  are  equivalent 

(1)  V = Y Xx  U for  some  Y — > X finite  etale,  and 

(2)  V'  = Y'  x x'  V for  some  Y'  X'  finite  etale. 


Proof.  The  implication  (1)  =>  (2)  follows  from  taking  the  base  change  of  a solution 
Y —>■  X.  Let  Y'  X'  be  as  in  (2).  By  Lemma  48.9.3  we  can  hnd  Y — > X finite 
such  that  V = YxxU  and  Y'  = Y Xx  X' . By  descent  we  see  that  Y — > X is  finite 
etale  (Algebra,  Lemmas  10.82.2  and  10.141.3).  This  finishes  the  proof.  □ 


The  following  lemma  will  be  superseded  by  Lemma [48. 10. 6| 


Lemma  48.10.5.  In  Situation  4-8-9. 1.  Let  V be  finite  etale  over  U.  Assume 

(1)  f is  a nonzerodivisor, 

(2)  A has  depth  > 3, 

(3)  Vo  = V Xu  Uo  is  equal  to  Yq  Xx0  Uq  for  some  To  — i ► Xq  finite  etale. 
Then  V = Y Xx  U for  some  Y — ► X finite  etale. 


Proof.  We  reduce  to  the  complete  case  by  Lemma  [48. 10. 4[  Alternatively  you  can 
use  Lemma  48.10.2|  cohomology  and  base  change  (Cohomology  of  Schemes,  Lemma 
29.5.2),  and  descent  (Algebra,  Lemmas  10.82.2  and  10.141.3). 


In  the  complete  case  we  can  lift  To  — ► A'o  to  a finite  etale  morphism  Y — i X 
by  More  on  Algebra,  Lemma  15.8.12  observe  that  (A, /A)  is  a henselian  pair  by 


More  on  Algebra,  Lemma |15.8.3  Then  we  can  use  Lemma [48. 9. 5 1 to  see  that  V is 
isomorphic  to  Y x x U and  the  proof  is  complete.  □ 


The  point  of  the  following  lemma  is  that  the  assumptions  do  not  force  A to  have 
depth  > 3.  For  example  if  A is  a complete  normal  local  domain  of  dimension  > 3 
and  f £ m is  nonzero,  then  the  assumptions  are  satisfied. 


Lemma  48.10.6. 


In  Situation 


48.9.1 


Let  V be  finite  etale  over  U . Assume 
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(1)  f is  a nonzerodivisor, 

(2)  H^(A)  is  a finite  A-module, 

(3)  a power  of  f annihilates  H^(A), 

(4)  Vo  = V Xu  Uq  is  equal  to  Yq  Xx0  Uq  for  some  Yq  -A  Xo  finite  etale. 
Then  V = Y Xx  U for  some  Y — ► X finite  etale. 


Proof.  We  reduce  to  the  complete  case  using  Lemma  48.10.4|  (The  assumptions 
carry  over;  use  Dualizing  Complexes,  Lemma  45.9.3|) 

In  the  complete  case  we  can  lift  Yq  — > Xo  to  a finite  etale  morphism  Y — y X 
by  More  on  Algebra,  Lemma  15.8.12  observe  that  (A,  fA)  is  a henselian  pair  by 
More  on  Algebra,  Lemma|15.8.3  Then  we  can  use  Lemma [48. 9. 6|  to  see  that  V is 
isomorphic  to  Y Xx  U and  the  proof  is  complete.  □ 


48.11.  Purity  of  branch  locus 


OBJE  Let  7r  : X — 'i  Y be  a morphism  of  schemes  which  is  finite  locally  free.  Then  there 
exists  a canonical  trace  for  7r  which  is  an  0\ --linear  map 

Trace^  : n*Ox  — > Oy 

• • 7r^  Trace  , t 

such  that  the  composition  Oy-  — > tt*Ox  ^ Oy  equals  multiplication  by  the 

degree  of  7r  (which  is  a locally  constant  function  on  Y).  In  analogy  with  Fields, 
Section  [9. 19|  we  can  define  the  trace  pairing 

Qtt  : 7 T*Ox  X TT*Ox  > Oy 

by  the  rule  (/, g)  Trac ev(fg).  We  can  think  of  Q as  a linear  map  7r,Oy  — >■ 

TLomQY(n*Ox,Oy)  between  locally  free  modules  of  the  same  rank,  and  hence  ob- 
tain a determinant 

Det(Q„)  : A^(t uOx)  — > A ^(tt.Ojc)®-1 
or  in  other  words  a global  section 

Det(Qw)  eT(F,Atop(7r*Ox)®-2) 

The  discriminant  of  ir  is  by  definition  the  closed  subscheme  C Y cut  out  by 
this  global  section.  Clearly,  Dn  is  a locally  principal  closed  subscheme  of  Y. 

OBJF  Lemma  48.11.1.  Let  7r  : X — > Y be  a morphism  of  schemes  which  is  finite  locally 
free.  Then  tt  is  etale  if  and  only  if  its  discriminant  is  empty. 


Proof.  By  Morphisms,  Lemma  [28.36.8|  it  suffices  to  check  that  the  fibres  of  tt  are 
etale.  Since  the  construction  of  the  trace  pairing  commutes  with  base  change  we 
reduce  to  the  following  question:  Let  k be  a field  and  let  A be  a finite  dimensional  k- 
algebra.  Show  that  A is  etale  over  k if  and  only  if  the  trace  pairing  Qx/k  '■  Ax  A — »•  k, 
( a,b ) i ^ Trace^/^afe)  is  nondegenerate. 


Assume  Q Aik  is  nondegenerate.  If  a € A is  a nilpotent  element,  then  ab  is  nilpotent 
for  all  b £ A and  we  conclude  that  Q A/k(a>~)  is  identically  zero.  Hence  A is 
reduced.  Then  we  can  write  A = K\  x . . . x Kn  as  a product  where  each  K.t  is  a 
field  (see  Algebra,  Lemmas  10.52.2  10.52.6|  and  10.24.1 ).  In  this  case  the  quadratic 
space  (. A,QA/k ) is  the  orthogonal  direct  sum  of  the  spaces  (Ki,QK./k).  It  follows 
from  Fields,  Lemma  [9. 19. 7|  that  each  Ki  is  separable  over  k.  This  means  that  A is 
etale  over  k by  Algebra,  Lemma  [10.141.4[  The  converse  is  proved  by  reading  the 
argument  backwards.  □ 
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OBJG  Lemma  48.11.2.  Let  (A,  m)  be  a Noetherian  local  ring  with  dim(A)  > 1.  Let 
f £ m.  Then  there  exist  a p £ V(f)  with  dim(Ap)  = 1. 

Proof.  By  induction  on  dim(A).  If  dim(A)  = 1,  then  p = m works.  If  dim(A)  > 1, 
then  let  Z C Spec(A)  be  an  irreducible  component  of  dimension  > 1.  Then  V ( f)C\Z 
has  dimension  > 0 (Algebra,  Lemma  10.59.12).  Pick  a prime  q £ V(f)  DZ,  (|  /m 
corresponding  to  a closed  point  of  the  punctured  spectrum  of  A ; this  is  possible 
by  Properties,  Lemma  |27.6.4|  Then  q is  not  the  generic  point  of  Z.  Hence  0 < 
dim(Aq)  < dim(A)  and  / £ q Aq.  By  induction  on  the  dimension  we  can  find 


/Sped,  with  dim((Aq)p)  = 1.  Then  pfld  works. 


□ 


OBJH  Lemma  48.11.3.  Let  f : X -A  Y be  a morphism  of  locally  Noetherian  schemes. 
Let  x £ X.  Assume 

(1)  f is  flat, 

(2)  / is  quasi-finite  at  x, 

(3)  x is  not  a generic  point  of  an  irreducible  component  of  X , 

(4)  for  specializations  x'  x with  dxm(Ox,x')  = 1 our  f is  unramified  at  x' . 
Then  f is  etale  at  x. 

Proof.  Observe  that  the  set  of  points  where  / is  unramified  is  the  same  as  the  set 
of  points  where  / is  etale  and  that  this  set  is  open.  See  Morphisms,  Definitions 
|28.35.1|and|28.36Tland  Lemma[2836T6j  To  check  / is  etale  at  x we  may  work  etale 
locally  on  the  base  and  on  the  target  (Descent,  Lemmas  34.19.27  and  34.27.1 ).  Thus 
we  can  apply  More  on  Morphisms,  Lemma  [36.30.1  and  assume  that  f : X —>  Y is 
finite  and  that  x is  the  unique  point  of  X lying  over  y = f(x).  Then  it  follows  that 
/ is  finite  locally  free  (Morphisms,  Lemma  28.45.2). 


Assume  / is  finite  locally  free  and  that  x is  the  unique  point  of  X lying  over 
y = f(x).  By  Lemma  48.11.1  we  find  a locally  principal  closed  subscheme  C Y 
such  that  y'  £ if  and  only  if  there  exists  an  x'  £ X with  f(x')  = y'  and  / 
ramified  at  x' . Thus  we  have  to  prove  that  y ^ PT.  Assume  y £ to  get  a 
contradiction. 

By  condition  (3)  we  have  dim (Ox,x)  > 1-  We  have  dim {Ox,x)  = dim (Oy,y)  by 
Algebra,  Lemma  |10.111.7|  By  Lemma  48.11.2|  we  can  find  y'  £ D specializing  to 
y with  dim(CV,y')  = 1-  Choose  x'  £ X with  f(x')  = y'  where  / is  ramified.  Since 
/ is  finite  it  is  closed,  and  hence  x'  x.  We  have  dim (Ox,x')  = dim (Gry)  = 1 as 
before.  This  contradicts  property  (4).  □ 

OBMA  Lemma  48.11.4.  Let  (A,m)  be  a regular  local  ring  of  dimension  d > 2.  Set 
X = Spec(A)  and  U = X \ {m}.  Then 

(1)  the  functor  FEt-x  — > FEtjj  is  essentially  surjective, 

(2)  any  finite  A -A  B with  B normal  which  induces  a finite  etale  morphism 
on  punctured  spectra  is  etale. 


Proof.  Recall  that  a regular  local  ring  is  normal  by  Algebra,  Lemma  |10. 149.5] 
Hence  (1)  and  (2)  are  equivalent  by  Lemma  48.10.3  We  prove  the  lemma  by 
induction  on  d. 

The  case  d = 2.  In  this  case  A — > B is  flat.  Namely,  we  have  going  down  for  A — > B 


by  Algebra,  Proposition  10.37.7  Then  dim(i3m/)  = 2 for  all  maximal  ideals  m'  C B 
by  Algebra,  Lemma  |10.111.7  Then  Bmi  is  Cohen-Macaulay  by  Algebra,  Lemma 
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|10. 149.4]  Hence  and  this  is  the  important  step  Algebra,  Lemma [lO.  127. 1| applies  to 
show  A —>■  Bmi  is  flat.  Then  Algebra,  Lemma [10.38. 19|  shows  A — > B is  flat.  Thus 
we  can  apply  Lemma  48.11.3  (or  you  can  directly  argue  using  the  easier  Lemma 


48.11.1 ) to  see  that  A — > B is  etale. 


The  case  d > 3.  Let  V — * U be  finite  etale.  Let  / e rrqt,  / fL  1114.  Then  A/ f A 
is  a regular  local  ring  of  dimension  d — 1 > 2,  see  Algebra,  Lemma  I10.105.3I  Let 


48.10.5 


U0  be  the  punctured  spectrum  of  A/ f A and  let  Vq  = V X u Uq.  By  Lemma 
(or  the  more  general  Lemma  48.10.6)  it  suffices  to  show  that  Vo  is  in  the  essential 
image  of  FEtsvec(A/  fA)  — ► FEtu0 ■ This  follows  from  the  induction  hypothesis.  □ 


0BMB  Lemma  48.11.5  (Purity  of  branch  locus).  Let  f : X — ► Y be  a morphism  of 
locally  Noetherian  schemes.  Let  x £ X and  set  y = f(x).  Assume 

(1)  Ox,x  is  normal, 

(2)  Oy,y  is  regular, 

(3)  f is  quasi-finite  at  x, 

(4)  dim (Ox,x)  = dim (0Y,y)  > 1 

(5)  for  specializations  x'  x with  dim (Ox,x')  — 1 our  f is  unramified  at  x' . 
Then  f is  etale  at  x. 


Proof.  We  will  prove  the  lemma  by  induction  on  d = dim(Ox,x)  = diin(CVj?/). 

An  uninteresting  case  is  when  d = 1.  In  that  case  we  are  assuming  that  / is  un- 


ramified at  x and  that  Oy,y  is  a discrete  valuation  ring  (Algebra,  Lemma  10.118.7). 
Then  Ox,x  is  flat  over  Oy,v  (otherwise  the  map  would  not  be  quasi-finite  at  x)  and 
we  see  that  / is  flat  at  x.  Since  flat  + unramified  is  etale  we  conclude  (some  details 
omitted). 

The  case  d > 2.  We  will  use  induction  on  d to  reduce  to  the  case  discussed  in 
Lemma [48.11.4|  To  check  / is  etale  at  x we  may  work  etale  locally  on  the  base  and 
on  the  target  (Descent,  Lemmas  34.19.27  and  34.27.1).  Thus  we  can  apply  More 
on  Morphisms,  Lemma [36.30.1  and  assume  that  / : X — ► Y is  finite  and  that  x is 
the  unique  point  of  X lying  over  y.  Here  we  use  that  etale  extensions  of  local  rings 
do  not  change  dimension,  normality,  and  regularity,  see  More  on  Algebra,  Section 
15.35  and  Etale  Morphisms,  Section  40.19 


Next,  we  can  base  change  by  Spec(CViy)  and  assume  that  Y is  the  spectrum  of  a 
regular  local  ring.  It  follows  that  X = Spec(C,x,£c)  as  every  point  of  X necessarily 
specializes  to  x. 

The  ring  map  Oy, y —t  Ox,x  is  finite  and  necessarily  injective  (by  equality  of  dimen- 
sions). We  conclude  we  have  going  down  for  Oy, y —t  Ox,x  by  Algebra,  Proposition 
10.37.7  (and  the  fact  that  a regular  ring  is  a normal  ring  by  Algebra,  Lemma 
10.149. 5|).  Pick  x'  £ X,  x’  7^  x with  image  y'  = f{x').  Then  Ox,x'  is  normal  as  a 
localization  of  a normal  domain.  Similarly,  CV,y'  is  regular  (see  Algebra,  Lemma 
10.109.6).  We  have  dim [Ox,x')  = dim {Oy,v')  by  Algebra,  Lemma  10.111.7  (we 


checked  going  down  above).  Of  course  these  dimensions  are  strictly  less  than  d as 
x'  x and  by  induction  on  d we  conclude  that  / is  etale  at  x' . 


Thus  we  arrive  at  the  following  situation:  We  have  a finite  local  homomorphism 
A — > B of  Noetherian  local  rings  of  dimension  d > 2,  with  A regular,  B normal, 
which  induces  a finite  etale  morphism  V -A  U on  punctured  spectra.  Our  goal  is 
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to  show  that  A — > B is  etale.  This  follows  from  Lemma  |48.11.4|  and  the  proof  is 
complete.  □ 


48.12.  Finite  etale  covers  of  punctured  spectra,  II 

OBLU  Continuation  of  Section  |48.9|  and  in  particular  Lemmas  |48.9.7|  and  |48.9.8| 

OBLV  Lemma  48.12.1.  Let  (A,  m)  be  a Noetherian  local  ring.  Let  f £ m be  a nonzero- 
divisor.  Assume  A is  f-adically  complete  and  that  H^(A/ fA)  and  H^(A/ f A)  are 
finite  A-modules.  Let  U , resp.  Uq  be  the  punctured  spectrum  of  A,  resp.  A/ f A.  For 
any  finite  etale  morphism  Vq  — > Uq  there  exists  an  open  U'  C U containing  Uq  and 
a finite  etale  morphism  V'  -A  U'  whose  base  change  to  Uq  is  Vo  -A  Uq. 

Proof.  For  n > 1 let  Un  be  the  punctured  spectrum  of  A/ f 71+1  A.  By  Etale  Mor- 
phisms,  Theorem  |40.15.2|  we  conclude  that  there  is  a unique  finite  etale  morphism 
7Tn  : Vn  — )•  Un  whose  base  change  to  U0  recovers  Vo  -A  U0.  Consider  the  sheaves 
Fn  = "Tri,*CV„-  We  may  view  Fn  as  an  Cfo-module  on  U.  As  / is  a nonzerodivisor 
we  obtain  short  exact  sequences 

0 -a  A/fnA  A A/fn+lA  -a  A/fA  -a  0 

and  because  Vn  — > Un  is  finite  locally  free  we  have  corresponing  short  exact  se- 
quences 0 -A  Fn  -A  Fn+±  -A  J~o  -A  0. 

We  will  use  Dualizing  Complexes,  Lemma  |45.15.2|  without  further  mention.  Our 
assumptions  imply  that  H°(U,Ou0)  and  Ojj0)  are  finite  A-modules.  Hence 

the  same  thing  is  true  for  Fq.  see  Dualizing  Complexes,  Lemma  |45.41.2|  Thus 
H°{U:  Fq)  is  a finite  A-module  and  H1(U,Fo)  has  finite  length  (as  a finite  A- 
module  which  is  m-power  torsion).  Thus  Derived  Categories  of  Schemes,  Lemmas 


Bn=T(Vn,OvJ=T(U1Fn) 

We  conclude  that  the  system  ( Bn ) satisfies  the  Mittag-Leffler  condition,  that  B = 
limUn  is  a finite  A- algebra,  that  / is  a nonzerodivisor  on  B and  that  B/fB  C Bo. 
To  finish  the  proof,  we  will  show  that  the  finite  morphism  Spec(H)  -a  Spec(A)  (a) 
becomes  isomorphic  to  V0  — t U0  after  base  change  to  U0  and  (b)  is  etale  at  all 
points  lying  over  Uq. 


i.26.1  and  35.26.21  applv  to  the  system  above.  Set 


Let  q € Co  be  a prime.  By  the  Mittag-LefHer  condition,  we  know  that  B/fB  C Bq 
is  the  image  of  Bn+ 1 -A  B0  for  some  n.  Since  the  cokernel  of  Bn+ 1 -a  B0  is 
contained  in  ^{U^Fn)  which  is  m-power  torsion,  we  conclude  that  B/fB  -a  Bo 
becomes  an  isomorphism  after  localizing  at  q.  This  proves  (a).  Thus  Aq  -A  Bq  is 
finite  and  (A//A)q  -A  (B/ fB)q  is  etale.  Since  / is  a nonzerodivisor  on  B it  follows 
that  Aq  -A  Bq  is  flat  (Algebra,  Lemma  10.98.10).  Thus  A — > B is  etale  at  all  primes 
lying  over  q (for  example  by  Algebra,  Lemma  10.141.7)  which  proves  (b).  □ 


OBLW  Remark  48.12.2.  Let  (A,  m)  be  a complete  local  ring  and  f £ m a nonze- 
rodivisor. Let  U,  resp.  Uo  be  the  punctured  spectrum  of  A,  resp.  A// A As- 
sume H^A/ f A)  and  H^(A/ f A)  are  finite  A-modules.  Combining  Lemmas 
|48.9.8[  and  |48.LTT1we  see  that  the  category 


48.9.7 


colim[//C[/  open  u0cu  category  of  schemes  finite  etale  over  V' 
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is  equivalent  to  the  category  of  schemes  finite  etale  over  Uq.  Note  that  by  Dualizing 
Complexes,  Theorem  45.40.4  the  condition  that  H^(A/ fA)  and  H^(A/fA)  are 
finite  A-modules  means  that 


depth(Ap//Ap)  + dim(A/p)  > 2 

for  all  (nonmaximal)  primes  / £ p C A.  For  example  it  suffices  if  every  irreducible 
component  of  Spec(A//A)  has  dimension  > 3 and  A/fA  is  (S^)- 


48.13.  Purity  in  local  case,  II 

OBPB  This  section  is  the  continuation  of  Section |48.10|  In  the  next  lemma  we  say  purity 
holds  for  a Noetherian  local  ring  (A,  m)  if  the  restriction  functor  FEtx  — t FEtjj 
is  essentially  surjective  where  X = Spec(A)  and  U = X \ {m}  is  the  punctured 
spectrum. 

OBPC  Lemma  48.13.1.  Let  (A,  m)  be  a Noetherian  local  ring.  Let  f G m.  Assume 

(1)  f is  a nonzerodivisor, 

(2)  A is  f-adically  complete, 

(3)  H^A/fA)  andH^A/fA)  are  finite  A-modules, 

(4)  for  every  maximal  ideal  p C Af  purity  holds  for  ( Ay)p , 

(5)  purity  holds  for  A. 

Then  purity  holds  for  A/fA. 


Proof.  Denote  X = Spec(A)  and  U = X \ {m}  the  punctured  spectrum.  Simlarly 
we  have  X0  = Spec  (A/fA)  and  Uq  = X0\  {m}.  Let  Vo  — > Uq  be  a finite  etale 
morphism.  By  Lemma  [48.12.1  there  exists  an  open  U'  C U containing  Uq  and  a 
finite  etale  morphism  V'  — > U whose  base  change  to  U0  is  isomorphic  to  V0  — ) > U0- 
Since  U'  D Uq  we  see  that  U\XJ'  consists  of  points  corresponding  to  prime  ideals 
pi,...,p„  as  in  (4).  By  assumption  we  can  find  finite  etale  morphisms  V/  — > 
Spec(Ap.)  agreeing  with  V'  -A  U'  over  U'  X;y  Spec(APi).  By  Limits,  Lemma  31.15.1 
applied  n times  we  see  that  V'  — > U'  extends  to  a finite  etale  morphism  V — > U. 
By  assumption  (5)  we  find  that  V — ► U extends  to  a finite  etale  morphism  Y — > X. 
Then  the  restriction  of  Y to  A'0  is  the  desired  extension  of  Vq  — > Uq.  □ 


Now  we  can  bootstrap  the  earlier  results  to  prove  that  purity  holds  for  complete 
intersections  of  dimension  > 3.  Recall  that  a Noetherian  local  ring  is  called  a 
complete  intersection  if  its  completion  is  the  quotient  of  a regular  local  ring  by  the 
ideal  generated  by  a regular  sequence.  See  the  discussion  in  Divided  Power  Algebra, 
Section  123.81 

OBPD  Proposition  48.13.2.  Let  (A,  m)  be  a Noeterian  local  ring.  If  A is  a complete 
intersection  of  dimension  > 3,  then  purity  holds  for  A in  the  sense  that  any  finite 
etale  cover  of  the  punctured  spectrum  extends. 


Proof.  By  Lemma  48.10.4  we  may  assume  that  A is  a complete  local  ring.  By 
assumption  we  can  write  A = B/(fi, . . . ,/r)  where  B is  a complete  regular  local 
ring  and  /i, . . . , fr  is  a regular  sequence.  We  will  finish  the  proof  by  induction  on  r. 
The  base  case  is  r = 0 which  follows  from  Lemma  |48.11.4|  which  applies  to  regular 
rings  of  dimension  > 2. 

Assume  that  A = B/(fi, . . . , fr)  and  that  the  proposition  holds  for  r — 1.  Set 
A'  = B/(fi, . . . , fr-i)  and  apply  Lemma  48.13.1  to  fr  £ A'.  This  is  permissible: 
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condition  (1)  holds  as  is  a regular  sequence,  condition  (2)  holds  as  B 

and  hence  A'  is  complete,  condition  (3)  holds  as  A = A! / frA!  is  Cohen-Macaulay 
of  dimension  dim(A)  > 3,  see  Dualizing  Complexes,  Lemma  45.11.1|  condition  (4) 
holds  by  induction  hypothesis  as  dim((Ay  )p)  > 3 for  a maximal  prime  p of  A'j  and 
as  (Afr) p = Sq/(/i, . . . , /r-i)  for  some  q C B,  condition  (5)  holds  by  induction 
hypothesis.  □ 


48.14.  Ramification  theory 

OBSD  In  this  section  we  continue  the  discussion  of  More  on  Algebra,  Section  |15.81|  and 
we  relate  it  to  our  discussion  of  the  fundamental  groups  of  schemes. 

Let  A be  a discrete  valuation  ring  with  fraction  held  K.  Choose  a separable  alge- 
braic closure  Ksep.  Let  Asep  be  the  integral  closure  of  A in  Ksep. 


48.15.  Tame  ramification 

OBSE  Let  X — ► Y be  a finite  etale  morphism  of  schemes  of  finite  type  over  Z.  There  are 
many  ways  to  define  what  it  means  for  / to  be  tamely  rarnhed  at  oo.  The  article 
IKSIO]  discusses  to  what  extend  these  notions  agree. 

In  this  section  we  discuss  a different  more  elementary  question  which  precedes  the 
notion  of  tameness  at  infinity.  Namely,  given  a scheme  X and  a dense  open  U C X 
when  is  a finite  morphism  / :Y  —>  X tamely  ramified  relative  to  D = X \ UI  We 
will  use  the  definition  as  given  in  [GM71I  but  only  in  the  case  that  D is  a divisor 
with  normal  crossings. 

OBSF  Definition  48.15.1.  Let  X be  a locally  Noetherian  scheme.  A normal  crossings 
divisor  on  X is  an  effective  Cartier  divisor  D C X such  that  there  exists  an  etale 
covering  {Ui  -A  X}iej  with  D Xx  Ui  C Ui  is  a strict  normal  crossings  divisor  for 
each  i. 

For  example  D = V ( x 2 + y 2)  is  a normal  crossings  divisor  on  Spec(R[x,  y\)  because 
after  pulling  back  to  the  etale  cover  Spec(C[x,  y])  we  obtain  (x  — iy)(x  + iy)  = 0. 
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Etale  Cohomology 


03N1 

49.1.  Introduction 

03N2  These  are  the  notes  of  a course  on  etale  cohomology  taught  by  Johan  de  Jong  at 
Columbia  University  in  the  Fall  of  2009.  The  original  note  takers  were  Thibaut 
Pugin,  Zachary  Maddock  and  Min  Lee.  Over  time  we  will  add  references  to  back- 
ground material  in  the  rest  of  the  stacks  project  and  provide  rigorous  proofs  of  all 
the  statements. 


49.2.  Which  sections  to  skip  on  a first  reading? 


04 JG  We  want  to  use  the  material  in  this  chapter  for  the  development  of  theory  related 
to  algebraic  spaces,  Deligne-Mumford  stacks,  algebraic  stacks,  etc.  Thus  we  have 
added  some  pretty  technical  material  to  the  original  exposition  of  etale  cohomology 
for  schemes.  The  reader  can  recognize  this  material  by  the  frequency  of  the  word 
“topos” , or  by  discussions  related  to  set  theory,  or  by  proofs  dealing  with  very 
general  properties  of  morphisms  of  schemes.  Some  of  these  discussions  can  be 
skipped  on  a first  reading. 


In  particular,  we  suggest  that  the  reader  skip  the  following  sections: 


(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 
(9) 

(10) 


Comparing  big  and  small  topoi,  Section  49.39 


49.43 


49.44 


49.45 


Recovering  morphisms,  Section  49.41 
Push  and  pull,  Section  49.42 
Property  (A),  Section 
Property  (B),  Section 
Property  (C),  Section 


Topological  invariance  of  the  small  etale  site,  Section  49.46 


Integral  universally  injective  morphisms,  Section  49.48 


Big  sites  and  pushforward,  Section  49.49 


Exactness  of  big  lower  shriek,  Section  49.50 


Besides  these  sections  there  are  some  sporadic  results  that  may  be  skipped  that  the 
reader  can  recognize  by  the  keywords  given  above. 


49.3.  Prologue 

03N3  These  lectures  are  about  another  cohomology  theory.  The  first  thing  to  remark  is 
that  the  Zariski  topology  is  not  entirely  satisfactory.  One  of  the  main  reasons  that 
it  fails  to  give  the  results  that  we  would  want  is  that  if  A'  is  a complex  variety  and 
T is  a constant  sheaf  then 

Hi(X,T)  = 0,  for  all  i > 0. 
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The  reason  for  that  is  the  following.  In  an  irreducible  scheme  (a  variety  in  par- 
ticular), any  two  nonempty  open  subsets  meet,  and  so  the  restriction  mappings  of 
a constant  sheaf  are  surjective.  We  say  that  the  sheaf  is  flasque.  In  this  case,  all 
higher  Cecil  cohomology  groups  vanish,  and  so  do  all  higher  Zariski  cohomology 
groups.  In  other  words,  there  are  “not  enough”  open  sets  in  the  Zariski  topology 
to  detect  this  higher  cohomology. 

On  the  other  hand,  if  X is  a smooth  projective  complex  variety,  then 

H2Bt™x(X(C),A)  = A for  A = Z,  Z/nZ, 

where  X(C)  means  the  set  of  complex  points  of  X.  This  is  a feature  that  would  be 
nice  to  replicate  in  algebraic  geometry.  In  positive  characteristic  in  particular. 

49.4.  The  etale  topology 

03N4  It  is  very  hard  to  simply  “add”  extra  open  sets  to  refine  the  Zariski  topology. 
One  efficient  way  to  define  a topology  is  to  consider  not  only  open  sets,  but  also 
some  schemes  that  lie  over  them.  To  define  the  etale  topology,  one  considers  all 
morphisms  tp  : U — > X which  are  etale.  If  X is  a smooth  projective  variety  over  C, 
then  this  means 

(1)  U is  a disjoint  union  of  smooth  varieties,  and 

(2)  tp  is  (analytically)  locally  an  isomorphism. 

The  word  “analytically”  refers  to  the  usual  (transcendental)  topology  over  C.  So 
the  second  condition  means  that  the  derivative  of  tp  has  full  rank  everywhere  (and 
in  particular  all  the  components  of  U have  the  same  dimension  as  X). 

A double  cover  loosely  defined  as  a finite  degree  2 map  between  varieties  for 
example 

Spec(C[f])  — > Spec(C[i]),  1 1 — > t2 

will  not  be  an  etale  morphism  if  it  has  a fibre  consisting  of  a single  point.  In  the 
example  this  happens  when  t = 0.  For  a finite  map  between  varieties  over  C to 
be  etale  all  the  fibers  should  have  the  same  number  of  points.  Removing  the  point 
t = 0 from  the  source  of  the  map  in  the  example  will  make  the  morphism  etale. 
But  we  can  remove  other  points  from  the  source  of  the  morphism  also,  and  the 
morphism  will  still  be  etale.  To  consider  the  etale  topology,  we  have  to  look  at  all 
such  morphisms.  Unlike  the  Zariski  topology,  these  need  not  be  merely  be  open 
subsets  of  X , even  though  their  images  always  are. 

03N5  Definition  49.4.1.  A family  of  morphisms  {tpi  : Ui  -A  A}igj  is  called  an  etale 
covering  if  each  tp^  is  an  etale  morphism  and  their  images  cover  A,  i.e.,  X = 
U ei<pW). 

This  “defines”  the  etale  topology.  In  other  words,  we  can  now  say  what  the  sheaves 
are.  An  etale  sheaf  T of  sets  (resp.  abelian  groups,  vector  spaces,  etc)  on  X is  the 
data: 

(1)  for  each  etale  morphism  tp  : U -A  X a set  (resp.  abelian  group,  vector 
space,  etc)  F{U), 

(2)  for  each  pair  U,  U'  of  etale  schemes  over  X , and  each  morphism  U —>  U' 
over  X (which  is  automatically  etale)  a restriction  map  /?[>,  : X(U)  — ► 

HU') 

These  data  have  to  satisfy  the  following  sheaf  axiom : 
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03N6 


03N7 


03N8 


(*)  for  every  etale  covering  {ipi  : Ui  -4  A}i6/,  the  diagram 

0 — +F(U) — m,  „ ,/i.r,  Xu  U0) 

is  exact  in  the  category  of  sets  (resp.  abelian  groups,  vector  spaces,  etc). 

Remark  49.4.2.  In  the  last  statement,  it  is  essential  not  to  forget  the  case  where 
i = j which  is  in  general  a highly  nontrivial  condition  (unlike  in  the  Zariski  topol- 
ogy). In  fact,  frequently  important  coverings  have  only  one  element. 

Since  the  identity  is  an  etale  morphism,  we  can  compute  the  global  sections  of  an 
etale  sheaf,  and  cohomology  will  simply  be  the  corresponding  right-derived  functors. 
In  other  words,  once  more  theory  has  been  developed  and  statements  have  been 
made  precise,  there  will  be  no  obstacle  to  defining  cohomology. 

49.5.  Feats  of  the  etale  topology 

For  a natural  number  n £ N = {1, 2, 3, 4, . . .}  it  is  true  that 

Hltale(P1c,Z/nZ)  = Z/nZ. 

More  generally,  if  X is  a complex  variety,  then  its  etale  Betti  numbers  with  coeffi- 
cients in  a finite  Held  agree  with  the  usual  Betti  numbers  of  X(C),  i.e., 

dimF,  H%ale(X,  F,)  = dimFg  H2Jetti(X (C) , F,). 

This  is  extremely  satisfactory.  However,  these  equalities  only  hold  for  torsion  coef- 
ficients, not  in  general.  For  integer  coefficients,  one  has 

Hlale(  P^,Z)=0. 

There  are  ways  to  get  back  to  nontorsion  coefficients  from  torsion  ones  by  a limit 
procedure  which  we  will  come  to  shortly. 


49.6.  A computation 


How  do  we  compute  the  cohomology  of  Pj-,  with  coefficients  A = Z/nZ?  We 
use  Cech  cohomology.  A covering  of  Pj-,  is  given  by  the  two  standard  opens 
Uq,  Ui,  which  are  both  isomorphic  to  A)-,,  and  which  intersection  is  isomorphic 
to  Aq  \ {0}  = Gm.  c • It  turns  out  thut  the  M^yGr  "Vietons  sequence  holds  in  etule 
cohomology.  This  gives  an  exact  sequence 

Hl;a)e(u0nuuA)  -A 

^ etale  (^C’  ^ ^ etale  (U0lA)®Hltale(UuA)^ 

etale  (f/oflHi,  A). 

To  get  the  answer  we  expect,  we  would  need  to  show  that  the  direct  sum  in  the 
third  term  vanishes.  In  fact,  it  is  true  that,  as  for  the  usual  topology, 

H!taie(A C>A)  = 0 for  q>  1, 


and 


#L*e(Ac\{0},A) 


JA  if  q = 1,  and 
1 0 for  q > 2. 


These  results  are  already  quite  hard  (what  is  an  elementary  proof?).  Let  us  explain 
how  we  would  compute  this  once  the  machinery  of  etale  cohomology  is  at  our 
disposal. 


Higher  cohomology.  This  is  taken  care  of  by  the  following  general  fact:  if  X is 
an  affine  curve  over  C,  then 


Hqitale(X,Z/nZ)  = 0 for  q > 2. 
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This  is  proved  by  considering  the  generic  point  of  the  curve  and  doing  some  Galois 
cohomology.  So  we  only  have  to  worry  about  the  cohomology  in  degree  1. 


Cohomology  in  degree  1.  We  use  the  following  identifications: 


Hjtale(X,Z/nZ)  = 


( sheaves  of  sets  T on  the  etale  site  X etale  endowed  with  an  1 / 
[ action  Z/nZ  x J->  J such  that  T is  a Z/nZ-torsor.  J / 

morphisms  Y — > X which  are  finite  etale  together 
with  a free  ZjnZ  action  such  that  X = Y/{Z/nZ). 


The  first  identification  is  very  general  (it  is  true  for  any  cohomology  theory  on  a 
site)  and  has  nothing  to  do  with  the  etale  topology.  The  second  identification  is 
a consequence  of  descent  theory.  The  last  set  describes  a collection  of  geometric 
objects  on  which  we  can  get  our  hands. 


The  curve  Aj-,  has  no  nontrivial  finite  etale  covering  and  hence  H\tale( A^,,  Z/nZ)  = 
0.  This  can  be  seen  either  topologically  or  by  using  the  argument  in  the  next 
paragraph. 


Let  us  describe  the  finite  etale  coverings  <p  : Y — X A(.  \ {0}.  It  suffices  to  consider 
the  case  where  Y is  connected,  which  we  assume.  We  are  going  to  find  out  what  Y 
can  be  by  applying  the  Riemann-Hurwitz  formula  (of  course  this  is  a bit  silly,  and 
you  can  go  ahead  and  skip  the  next  section  if  you  like).  Say  that  this  morphism  is 
n to  1,  and  consider  a projective  compactification 


Y c >-  Y 


r 

\ {0}^ 


<p 

>■ 


i 

c 


Even  though  p is  etale  and  does  not  ramify,  (p  may  ramify  at  0 and  oo.  Say  that 
the  preimages  of  0 are  the  points  y\, . . . , yr  with  indices  of  ramification  ei, . . . er, 
and  that  the  preimages  of  oo  are  the  points  y[ , . . . , y's  with  indices  of  ramification 
d\, . . . ds.  In  particular,  e,  = n = )T)  dj . Applying  the  Riemann-Hurwitz  formula, 
we  get 

2 gY  — 2 = —2 n + ^ ^(e^  — 1)  + ^ ( (dj  — 1) 

and  therefore  gy  = 0,  r = s = 1 and  e\  = d%  = n.  Hence  Y = Aq  \ {0},  and  it 
is  easy  to  see  that  p(z)  = A zn  for  some  A € C*.  After  reparametrizing  Y we  may 
assume  A = 1.  Thus  our  covering  is  given  by  taking  the  nth  root  of  the  coordinate 
on  Aq  \ {0}. 

Remember  that  we  need  to  classify  the  coverings  of  Aj-,  \ {0}  together  with  free 
Z/nZ-actions  on  them.  In  our  case  any  such  action  corresponds  to  an  automor- 
phism of  Y sending  z to  (nz,  where  (n  is  a primitive  nth  root  of  unity.  There  are 
4>(ri)  such  actions  (here  <j){ri)  means  the  Euler  function).  Thus  there  are  exactly 
4>[n)  connected  finite  etale  coverings  with  a given  free  Z/nZ-action,  each  corre- 
sponding to  a primitive  nth  root  of  unity.  We  leave  it  to  the  reader  to  see  that  the 
disconnected  finite  etale  degree  n coverings  of  Ajj  \ {0}  with  a given  free  Z/nZ- 
action  correspond  one-to-one  with  nth  roots  of  1 which  are  not  primitive.  In  other 
words,  this  computation  shows  that 

Hjtaiei^C  \ {0},  Z/nZ)  = Hom(/x„(C),  Z/nZ)  - Z/nZ. 
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The  first  identification  is  canonical,  the  second  isn’t,  see  Remark|49.65.5|  Since  the 
proof  of  Riemann-Hurwitz  does  not  use  the  computation  of  cohomology,  the  above 
actually  constitutes  a proof  (provided  we  fill  in  the  details  on  vanishing,  etc). 

49.7.  Nontorsion  coefficients 

03N9  To  study  nontorsion  coefficients,  one  makes  the  following  definition: 

H'itale(X,  Q<)  :=  (limnHitale(X,Z/rZ))  <g>z,  Q,. 

The  symbol  lim„  denote  the  limit  of  the  system  of  cohomology  groups  H\tale{X , Z/t"Z) 
indexed  by  n,  see  Categories,  Section  [4. 21|  Thus  we  will  need  to  study  systems  of 
sheaves  satisfying  some  compatibility  conditions. 

49.8.  Sheaf  theory 

03NA  At  this  point  we  start  talking  about  sites  and  sheaves  in  earnest.  There  is  an 
amazing  amount  of  useful  abstract  material  that  could  fit  in  the  next  few  sections. 
Some  of  this  material  is  worked  out  in  earlier  chapters,  such  as  the  chapter  on  sites, 
modules  on  sites,  and  cohomology  on  sites.  We  try  to  refrain  from  adding  too  much 
material  here,  just  enough  so  the  material  later  in  this  chapter  makes  sense. 


49.9.  Presheaves 


03NB  A reference  for  this  section  is  Sites,  Section  [772} 

03NC  Definition  49.9.1.  Let  C be  a category.  A presheaf  of  sets  (respectively,  an  abelian 
presheaf)  on  C is  a functor  C°vv  — > Sets  (resp.  Ab). 


Terminology.  If  U £ Ob(C),  then  elements  of  J-(U)  are  called  sections  of  T over 
U.  For  ip  : V — » U in  C,  the  map  P(p)  : P{U)  — > T(V)  is  called  the  restriction 
map  and  is  often  denoted  s K > s|y  or  sometimes  s H > tp*s.  The  notation  s|y  is 
ambiguous  since  the  restriction  map  depends  on  tp,  but  it  is  a standard  abuse  of 
notation.  We  also  use  the  notation  T(J7,  T)  = F{U). 


Saying  that  J-  is  a functor  means  that  if  W -A  V — > U are  morphisms  in  C and 
s £ then  (s|y)|iv  = s|w,  with  the  abuse  of  notation  just  seen.  Moreover, 

the  restriction  mappings  corresponding  to  the  identity  morphisms  idy  : U -A  U are 
the  identity. 


03ND 


The  category  of  presheaves  of  sets  (respectively  of  abelian  presheaves)  on  C is  de- 
noted PSh(C)  (resp.  PAb(C )).  It  is  the  category  of  functors  from  C°vv  to  Sets  (resp. 
A 6),  which  is  to  say  that  the  morphisms  of  presheaves  are  natural  transformations 
of  functors.  We  only  consider  the  categories  PSh(C)  and  PAb(C)  when  the  category 
C is  small.  (Our  convention  is  that  a category  is  small  unless  otherwise  mentioned, 


and  if  it  isn’t  small  it  should  be  listed  in  Categories,  Remark  4.2.2 


Example  49.9.2.  Given  an  object  X £ Ob(C),  we  consider  the  functor 
hx 


QOpp 

U 

vA  u 


Sets 

hx{U)  =Morc(U,X) 
<P°  - : hx{U)  ->  hx(V). 


It  is  a presheaf,  called  the  representable  presheaf  associated  to  X.  It  is  not  true 
that  representable  presheaves  are  sheaves  in  every  topology  on  every  site. 
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03NE  Lemma  49.9.3  (Yoneda).  Let  C be  a category,  and  X,  Y £ Ob(C).  There  is  a 
natural  bijection 


Mor  C(X,Y) 


PSh(C){^X , hy) 
h^  = if  o — : hx  hy. 


Proof.  See  Categories,  Lemma  4.3.5 


□ 
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03NG  Definition  49.10.1.  Let  C be  a category.  A family  of  morphisms  with  fixed  target 
U = {<fi  : Ui  — > U}iGi  is  the  data  of 

(1)  an  object  U £ C, 

(2)  a set  / (possibly  empty),  and 

(3)  for  all  i £ I,  a morphism  ipi  : Ui  -4  U of  C with  target  U . 

There  is  a notion  of  a morphism  of  families  of  morphisms  with  fixed  target.  A 
special  case  of  that  is  the  notion  of  a refinement.  A reference  for  this  material  is 
Sites,  Section  [778} 

03NH  Definition  49.10.2.  A site *] consists  of  a category  C and  a set  Cov(C)  consisting 
of  families  of  morphisms  witn  fixed  target  called  coverings , such  that 

(1)  (isomorphism)  if  tp  : V — > U is  an  isomorphism  in  C,  then  {ip  : V — > U}  is 
a covering, 

(2)  (locality)  if  {tfi  : Ui  — > U}i&i  is  a covering  and  for  all  i £ I we  are  given 
a covering  {ipij  : Uij  — > Ui}jeii,  then 

{<Pi  ° Ipij  '■  Uij  U}(iJ)eUi€I{i}xIi 

is  also  a covering,  and 

(3)  (base  change)  if  {Ui  — ► U}iei  is  a covering  and  V — > U is  a morphism  in 
C,  then 

(a)  for  all  i £ I the  fibre  product  UiXjjV  exists  in  C , and 

(b)  {Ui  V — > V}i£i  is  a covering. 

For  us  the  category  underlying  a site  is  always  “small”,  i.e. , its  collection  of  objects 
form  a set,  and  the  collection  of  coverings  of  a site  is  a set  as  well  (as  in  the 
definition  above) . We  will  mostly,  in  this  chapter,  leave  out  the  arguments  that  cut 
down  the  collection  of  objects  and  coverings  to  a set.  For  further  discussion,  see 
Sites,  Remark [7. 6. 3| 

03NI  Example  49.10.3.  If  A is  a topological  space,  then  it  has  an  associated  site  Xzar 
defined  as  follows:  the  objects  of  Xzar  are  the  open  subsets  of  X,  the  morphisms 
between  these  are  the  inclusion  mappings,  and  the  coverings  are  the  usual  topolog- 
ical (surjective)  coverings.  Observe  that  if  U,  V C W C X are  open  subsets  then 
U V = U C\V  exists:  this  category  has  fiber  products.  All  the  verifications  are 
trivial  and  everything  works  as  expected. 


^What  we  call  a site  is  a called  a category  endowed  with  a pretopology  in  1AGV71I  Expose 
II,  Definition  1.3].  In  Art62|  it  is  called  a category  with  a Grothendieck  topology. 
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03NK  Definition  49.11.1.  A presheaf  T of  sets  (resp.  abelian  presheaf)  on  a site  C is 
said  to  be  a separated  presheaf  if  for  all  coverings  {ipi  : Ui  — > I/}j6j  £ Cov(C)  the 
map 

-1- 

is  injective.  Here  the  map  is  s K > (slcrjie/-  The  presheaf  T is  a sheaf  if  for  all 
coverings  {ipi  : Ui  — U}  iei  e Cov(C),  the  diagram 

03NL  (49.11.1.1)  T(U) ILe/^)  " *u  Uj), 

where  the  first  map  is  s i — >•  (slu^iei  and  the  two  maps  on  the  right  are  (si)ig/  i— > 
(siluiXuUj)  and  (si)ieI  H>  (sjlUiXuUj),  is  an  equalizer  diagram  in  the  category  of 
sets  (resp.  abelian  groups). 

03NM  Remark  49.11.2.  For  the  empty  covering  (where  / = 0),  this  implies  that  T{ftf)  is 
an  empty  product,  which  is  a final  object  in  the  corresponding  category  (a  singleton, 
for  both  Sets  and  Ah). 

03NN  Example  49.11.3.  Working  this  out  for  the  site  Xzar  associated  to  a topological 
space,  see  Example  |49.10.3[  gives  the  usual  notion  of  sheaves. 

03NO  Definition  49.11.4.  We  denote  Sh(C')  (resp.  Ab(C))  the  full  subcategory  of  PSh(C) 
(resp.  PAb(C ))  whose  objects  are  sheaves.  This  is  the  category  of  sheaves  of  sets 
(resp.  abelian  sheaves)  on  C. 


49.12.  The  example  of  G-sets 
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Let  G be  a group  and  define  a site  Tg  as  follows:  the  underlying  category  is  the 
category  of  G-sets,  i.e. , its  objects  are  sets  endowed  with  a left  G-action  and  the 
morphisms  are  equivariant  maps;  and  the  coverings  of  Tg  are  the  families  {ipi  : 
Ui  ->  U}l&1  satisfying  U = (J iGi<Pi(Ui). 


There  is  a special  object  in  the  site  Tg,  namely  the  G-set  G endowed  with  its  natural 
action  by  left  translations.  We  denote  it  gG.  Observe  that  there  is  a natural  group 
isomorphism 

p:  Gopp  — > Aut  G-Sets(GG) 

g i — !>  (h  hg ). 

In  particular,  for  any  presheaf  T,  the  set  T(qG)  inherits  a G-action  via  p.  (Note 
that  by  contravariance  of  T,  the  set  T{gG)  is  again  a left  G-set.)  In  fact,  the 
functor 

Sh(Ta)  — > G-Sets 
T ► T(gG) 


is  an  equivalence  of  categories.  Its  quasi-inverse  is  the  functor  X i— »•  hx-  Without 
giving  the  complete  proof  (which  can  be  found  in  Sites,  Section  7.9)  let  us  try  to 
explain  why  this  is  true. 

(1)  If  S'  is  a G-set,  we  can  decompose  it  into  orbits  S = ]JigJ  O.;.  The  sheaf 
axiom  for  the  covering  {Oi  —>  S}i6j  says  that 


J-(S) 


- iwm) : xs  Oj) 
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is  an  equalizer.  Observing  that  fibered  products  in  G-Sets  are  induced 
from  fibered  products  in  Sets,  and  using  the  fact  that  ,F(0)  is  a G-singleton, 
we  get  that 

i,jei  iei 

and  the  two  maps  above  are  in  fact  the  same.  Therefore  the  sheaf  axiom 
merely  says  that  J-(S)  = .F(Oi). 

(2)  If  S is  the  G-set  S = G/H  and  T is  a sheaf  on  Tg,  then  we  claim  that 

T(G/H)  = F{gG)h 

and  in  particular  = T(cG)G.  To  see  this,  let’s  use  the  sheaf  axiom 

for  the  covering  {gG  — ► G/H } of  S.  We  have 

gG  x-g/h  gG  = G x H 

{91,92)  ' — *•  {g^gigf1) 

is  a disjoint  union  of  copies  of  gG  (as  a G-set).  Hence  the  sheaf  axiom 
reads 

HG/H) *HgG)~ 

YlheH  HgG) 


where  the  two  maps  on  the  right  are  s H > (s)heH  and  s H > (hs)heH- 
Therefore  T{G/H)  = T{gG)h  as  claimed. 


This  doesn’t  quite  prove  the  claimed  equivalence  of  categories,  but  it  shows  at  least 
that  a sheaf  T is  entirely  determined  by  its  sections  over  gG.  Details  (and  set 


theoretical  remarks)  can  be  found  in  Sites,  Section  7.9 


49.13.  Sheafification 


03NQ 

03NR  Definition  49.13.1.  Let  T be  a presheaf  on  the  site  C and  U = {£/j  — > U}  £ 
Cov(C).  We  define  the  zeroth  Cech  cohomology  group  of  T with  respect  to  U by 

H°{U,T)  = {(sj)iei  e such  that  Si\UiXuUj  = Sj\UiXuUj}  ■ 

There  is  a canonical  map  T{U)  — > H°{U,  T),  s ha  {s\ui)iei-  We  say  that  a mor- 
phism of  coverings  from  a covering  V = {V)  -A  V}jGj  to  U is  a triple  (x,a,Xj), 
where  x : V — > U is  a morphism,  a : J — » I is  a map  of  sets,  and  for  all  j £ J the 
morphism  \j  fits  into  a commutative  diagram 

Vi  xj  ^ Ua(j) 

X V 

V ^U. 

Given  the  data  x, a , {Xj}ieJ  we  define 

H°{U,T)  — t H°(V,T) 

(si)iel  1 * (Xj  (Sa{j)))jeJ  ■ 

We  then  claim  that 

(1)  the  map  is  well-defined,  and 

(2)  depends  only  on  x and  is  independent  of  the  choice  of  a,  { Xj}ieJ • 
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We  omit  the  proof  of  the  first  fact.  To  see  part  (2),  consider  another  triple  {ip,  (3,  ipj) 
with  \ = ip.  Then  we  have  the  commutative  diagram 


Given  a section  s £ Tfl(),  its  image  in  J-{Vj)  under  the  map  given  by  (x,  a , {xjliej) 
is  Xjsa(j) > an<^  ^s  image  under  the  map  given  by  {ip, (3,  {ipj}nzj)  is  ipjSp^y  These 
two  are  equal  since  by  assumption  s £ H(U,F)  and  hence  both  are  equal  to  the 
pullback  of  the  common  value 

^a(j)  I W(j)  X uUp(j)  ~ SP(i)\uoLU)xuUf>U) 

pulled  back  by  the  map  {Xji^j)  in  the  diagram. 

03NS  Theorem  49.13.2.  Let  C be  a site  and  T a presheaf  on  C. 

(1)  The  rule 

U !->■  iF+{U)  :=  Colima 

covering  of  U H°{U,F) 

is  a presheaf.  And  the  colimit  is  a directed  one. 

(2)  There  is  a canonical  map  of  presheaves  T — »•  Jr+ . 

(3)  If  T is  a separated  presheaf  then  F+  is  a sheaf  and  the  map  in  (2)  is 
injective. 

(4)  F+  is  a separated  presheaf. 

(5)  J#  = (J-+)+  is  a sheaf,  and  the  canonical  map  induces  a functorial  iso- 
morphism 

Homp5/j(c)(Jr  ,Q)  = Horn  Sh(C){F*,G) 
for  any  Q £ Sh{C). 

Proof.  See  Sites,  Theorem  |7. 10. 10|  □ 

In  other  words,  this  means  that  the  natural  map  T — > 3F&  is  a left  adjoint  to  the 
forgetful  functor  Sh{C)  -4  PSh{C). 

49.14.  Cohomology 

03NT  The  following  is  the  basic  result  that  makes  it  possible  to  define  cohomology  for 
abelian  sheaves  on  sites. 

03NU  Theorem  49.14.1.  The  category  of  abelian  sheaves  on  a site  is  an  abelian  category 
which  has  enough  injectives. 

Proof.  See  Modules  on  Sites,  Lemma[l8.3.1|and  Injectives,  Theorem  |19. 7. 4[  □ 

So  we  can  define  cohomology  as  the  right-derived  functors  of  the  sections  functor: 
if  U £ Ob(C)  and  I £ Ab{C), 

Hp{U,T)  :=  RpT{U,  F)  = HP{T{U,1')) 
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03NV 

03NW 

03NX 

03NY 


03NZ 


03X6 


where  T — > X*  is  an  injective  resolution.  To  do  this,  we  should  check  that  the 
functor  T(f7,  — ) is  left  exact.  This  is  true  and  is  part  of  why  the  category  Ab(C) 
is  abelian,  see  Modules  on  Sites,  Lemma  |18.3.1|  For  more  general  discussion  of 
cohomology  on  sites  (including  the  global  sections  functor  and  its  right  derived 


functors),  see  Cohomology  on  Sites,  Section  21.3 


49.15.  The  fpqc  topology 


Before  doing  etale  cohomology  we  study  a bit  the  fpqc  topology,  since  it  works  well 
for  quasi-coherent  sheaves. 

Definition  49.15.1.  Let  T be  a scheme.  An  fpqc  covering  of  T is  a family 
{pi  : Ti  — > T}jS/  such  that 

(1)  each  ipi  is  a flat  morphism  and  (Jigj  < PiiTf)  = T,  and 

(2)  for  each  affine  open  U C T there  exists  a finite  set  K , a map  i : K — ► I 
and  affine  opens  Ui(k)  C Ti(k)  such  that  U = [jkeK  Ti(k)(U^k)). 

Remark  49.15.2.  The  first  condition  corresponds  to  fp,  which  stands  for  fidelement 
plat , faithfully  flat  in  french,  and  the  second  to  qc,  quasi- compact.  The  second  part 
of  the  first  condition  is  unnecessary  when  the  second  condition  holds. 

Example  49.15.3.  Examples  of  fpqc  coverings. 

(1)  Any  Zariski  open  covering  of  T is  an  fpqc  covering. 

(2)  A family  {Spec(R)  — >•  Spec(A)}  is  an  fpqc  covering  if  and  only  if  A — > B 
is  a faithfully  flat  ring  map. 

(3)  If  / : X — > Y is  flat,  surjective  and  quasi-compact,  then  {/  : X — >•  Y}  is 
an  fpqc  covering. 

(4)  The  morphism  ip  : LLeA^  Spec(0Ai  x)  — ► A£,  where  k is  a field,  is  flat 
and  surjective.  It  is  not  quasi-compact,  and  in  fact  the  family  {<p}  is  not 
an  fpqc  covering. 

(5)  Write  Aj;  = Spec(fc[cc,  y]).  Denote  ix  : D{x)  — ► A | and  iy  : D{y)  c— > Ak 
the  standard  opens.  Then  the  families  {ix,  iv,  Spec(A;[[a;,  y]])  — > A|}  and 
{ix,  iy,  Spec(C,A2  0)  — > A^}  are  fpqc  coverings. 

Lemma  49.15.4.  The  collection  of  fpqc  coverings  on  the  category  of  schemes 
satisfies  the  axioms  of  site. 

Proof.  See  Topologies,  Lemma [33. 8. 7|  □ 


It  seems  that  this  lemma  allows  us  to  define  the  fpqc  site  of  the  category  of  schemes. 
However,  there  is  a set  theoretical  problem  that  comes  up  when  considering  the  fpqc 
topology,  see  Topologies,  Section[33.8[  It  comes  from  our  requirement  that  sites  are 
“small” , but  that  no  small  category  of  schemes  can  contain  a cofinal  system  of  fpqc 
coverings  of  a given  nonempty  scheme.  Although  this  does  not  strictly  speaking 
prevent  us  from  defining  “partial”  fpqc  sites,  it  does  not  seem  prudent  to  do  so. 
The  work-around  is  to  allow  the  notion  of  a sheaf  for  the  fpqc  topology  (see  below) 
but  to  prohibit  considering  the  category  of  all  fpqc  sheaves. 


Definition  49.15.5.  Let  S'  be  a scheme.  The  category  of  schemes  over  S is  denoted 
Sch/S.  Consider  a functor  T : ( Sch/S)opp  ->  Sets , in  other  words  a presheaf  of  sets. 
We  say  T satisfies  the  sheaf  property  for  the  fpqc  topology  if  for  every  fpqc  covering 
{Ui  — > U}i&i  of  schemes  over  S the  diagram  (49.11.1.1)  is  an  equalizer  diagram. 
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We  similarly  say  that  T satisfies  the  sheaf  property  for  the  Zariski  topology  if  for 
every  open  covering  U = (J iGlUi  the  diagram  (49.11.1.1)  is  an  equalizer  diagram. 
See  Schemes,  Definition  |25 . 1 5 . 3}  Clearly,  this  is  equivalent  to  saying  that  for  every 
scheme  T over  S the  restriction  of  T to  the  opens  of  T is  a (usual)  sheaf. 


Lemma  49.15.6.  Let  J-  he  a presheaf  on  Sch/S.  Then  J-  satisfies  the  sheaf 
property  for  the  fpqc  topology  if  and  only  if 

(1)  T satisfies  the  sheaf  property  with  respect  to  the  Zariski  topology,  and 

(2)  for  every  faithfully  flat  morphism  Spec (B)  — > Spec(A)  of  affine  schemes 
over  S,  the  sheaf  axiom  holds  for  the  covering  |Spec(13)  — > Spec(A)}. 
Namely,  this  means  that 


Jr(Spec(A)) 5-  Jr(Spec(B))  f -F(Spec(.B  0 A B )) 


is  an  equalizer  diagram. 

Proof.  See  Topologies,  Lemma [33.8. 13|  □ 


An  alternative  way  to  think  of  a presheaf  T on  Sch/S  which  satisfies  the  sheaf 
condition  for  the  fpqc  topology  is  as  the  following  data: 

(1)  for  each  T/S,  a usual  (i.e.,  Zariski)  sheaf  Ft  on  Tzar, 

(2)  for  every  map  / : T'  — > T over  S , a restriction  mapping  f~lFr  — > Ft> 
such  that 

(a)  the  restriction  mappings  are  functorial, 

(b)  if  / : T'  — y T is  an  open  immersion  then  the  restriction  mapping  f~xTr  — > 
Tt'  is  an  isomorphism,  and 

(c)  for  every  faithfully  flat  morphism  Spec(H)  — » Spec(A)  over  S,  the  diagram 


*^~Spec(A)  (Spec( A))  ^ ^~Spec(i?)  (Spec(H) ) ^~Spec(H0AH)  (Spec(.B  0a  -^)) 


is  an  equalizer. 

Data  (1)  and  (2)  and  conditions  (a),  (b)  give  the  data  of  a presheaf  on  Sch/S 
satisfying  the  sheaf  condition  for  the  Zariski  topology.  By  Lemma |~49. 15. 6|condition 
(c)  then  suffices  to  get  the  sheaf  condition  for  the  fpqc  topology. 

0302  Example  49.15.7.  Consider  the  presheaf 

T : (, Sch/S)0PP  — ► Ab 

T/S  ► T(T,  Qt/s)- 

The  compatibility  of  differentials  with  localization  implies  that  J7  is  a sheaf  on  the 
Zariski  site.  However,  it  does  not  satisfy  the  sheaf  condition  for  the  fpqc  topology. 
Namely,  consider  the  case  S = Spec(Fp)  and  the  morphism 

tp  : V = Spec(Fp[u])  — » U = Spec(Fp[u]) 

given  by  mapping  u to  vp.  The  family  {ip}  is  an  fpqc  covering,  yet  the  restriction 
mapping  T{U)  — > T{V)  sends  the  generator  du  to  d(up)  = 0,  so  it  is  the  zero  map, 
and  the  diagram 

hu)  ny  xuV) 

is  not  an  equalizer.  We  will  see  later  that  T does  in  fact  give  rise  to  a sheaf  on  the 
etale  and  smooth  sites. 
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0303  Lemma  49.15.8.  Any  representable  presheaf  on  Sch/ S satisfies  the  sheaf  condition 
for  the  fpqc  topology. 

Proof.  See  Descent,  Lemma [34. 9. 3|  □ 


We  will  return  to  this  later,  since  the  proof  of  this  fact  uses  descent  for  quasi- 
coherent  sheaves,  which  we  will  discuss  in  the  next  section.  A fancy  way  of  express- 
ing the  lemma  is  to  say  that  the  fpqc  topology  is  weaker  than  the  canonical  topology, 
or  that  the  fpqc  topology  is  subcanonical.  In  the  setting  of  sites  this  is  discussed  in 
Sites,  Section  [7. 13| 

0304  Remark  49.15.9.  The  fpqc  is  the  finest  topology  that  we  will  see.  Hence  any 
preslieaf  satisfying  the  sheaf  condition  for  the  fpqc  topology  will  be  a sheaf  in  the 
subsequent  sites  (etale,  smooth,  etc) . In  particular  representable  presheaves  will  be 
sheaves  on  the  etale  site  of  a scheme  for  example. 


0305  Example  49.15.10.  Let  5 be  a scheme.  Consider  the  additive  group  scheme 
Ga,s  = A*  over  S,  see  Groupoids,  Example 
presheaf  is  given  by 


38.5.3 


The  associated  representable 


hGa,s  (T)  = Mor S(T,  Ga,s)  = T(T,  Ot). 

By  the  above  we  now  know  that  this  is  a presheaf  of  sets  which  satisfies  the  sheaf 
condition  for  the  fpqc  topology.  On  the  other  hand,  it  is  clearly  a presheaf  of  rings 
as  well.  Hence  we  can  think  of  this  as  a functor 

O : ( Sch/S)opp  — > Rings 

T/S  i— ► T(T,Ot) 


which  satisfies  the  sheaf  condition  for  the  fpqc  topology.  Correspondingly  there  is 
a notion  of  0-module,  and  so  on  and  so  forth. 


49.16.  Faithfully  flat  descent 

0306 

0307  Definition  49.16.1.  Let  U = {ti  : Ti  -A  T}igj  be  a family  of  morphisms  of 
schemes  with  fixed  target.  A descent  datum  for  quasi-coherent  sheaves  with  respect 
to  U is  a family  (Ti,  Pij)i,jei  where 

(1)  for  all  i,  Ti  is  a quasi-coherent  sheaf  on  Ti,  and 

(2)  for  all  i,  j £ I the  map  ipij  : prJJq  = pr *Tj  is  an  isomorphism  on  7)  XrTj 
such  that  the  diagrams 


Pr01^ij 


Pr 


Pr02 Vik  Pr12 V^jfc 

pr 


commute  on  Ti  Xj  Tj  x^Tj;. 

This  descent  datum  is  called  effective  if  there  exist  a quasi-coherent  sheaf  J-  over 
T and  CV, -module  isomorphisms  <p>i  : t\T  = Ti  satisfying  the  cocycle  condition, 
namely 


<Pij  = oprSO^i)  1 
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In  this  and  the  next  section  we  discuss  some  ingredients  of  the  proof  of  the  following 
theorem,  as  well  as  some  related  material. 

0308  Theorem  49.16.2.  IfV  = {T)  — » T}ig/  is  an  fpqc  covering,  then  all  descent  data 
for  quasi- coherent  sheaves  with  respect  to  V are  effective. 

Proof.  See  Descent,  Proposition  |34.5/2[  □ 


In  other  words,  the  fibered  category  of  quasi-coherent  sheaves  is  a stack  on  the 
fpqc  site.  The  proof  of  the  theorem  is  in  two  steps.  The  first  one  is  to  realize  that 
for  Zariski  coverings  this  is  easy  (or  well-known)  using  standard  glueing  of  sheaves 


(see  Sheaves,  Section  6.33 ) and  the  locality  of  quasi-coherence.  The  second  step  is 
the  case  of  an  fpqc  covering  of  the  form  {Spec(f?)  — > Spec(A)}  where  A — > B is  a 
faithfully  flat  ring  map.  This  is  a lemma  in  algebra,  which  we  now  present. 

Descent  of  modules.  If  A — >•  B is  a ring  map,  we  consider  the  complex 

(B /A)  9 : 13  — > B B — > B 0/i  B ®A  B — > . . . 

where  B is  in  degree  0,  B ®A  B in  degree  1,  etc,  and  the  maps  are  given  by 

b i->  106—60  1, 

60  0 6i  i-a  1 0 60  0 6X  — 60  0 1 0 6X  + 60  0 6i  0 1, 
etc. 

0309  Lemma  49.16.3.  If  A— ¥ B is  faithfully  flat,  then  the  complex  ( B/A ).  is  exact  in 
positive  degrees,  and  H°((B/A ).)  = A. 


Proof.  See  Descent,  Lemma  [34.3.6 


□ 


Grothendieck  proves  this  in  three  steps.  Firstly,  he  assumes  that  the  map  A — > B 
has  a section,  and  constructs  an  explicit  homotopy  to  the  complex  where  A is  the 
only  nonzero  term,  in  degree  0.  Secondly,  he  observes  that  to  prove  the  result, 
it  suffices  to  do  so  after  a faithfully  flat  base  change  A — > A',  replacing  B with 
B'  = B 0/i  A' . Thirdly,  he  applies  the  faithfully  flat  base  change  A — » A'  = B and 
remark  that  the  map  A!  = B -A  B'  = B 0/i  B has  a natural  section. 

The  same  strategy  proves  the  following  lemma. 

03OA  Lemma  49.16.4.  If  A — » B is  faithfully  flat  and  M is  an  A-module,  then  the 
complex  (B/A).  0/i  M is  exact  in  positive  degrees,  and  H°((B/A)m  ®A  M)  = M . 

Proof.  See  Descent,  Lemma  [34. 3. 6|  □ 

03OB  Definition  49.16.5.  Let  A — > B be  a ring  map  and  N a 13-module.  A descent 
datum  for  N with  respect  to  A -A  B is  an  isomorphism  ip  : N 0/i  B = B 0/i  N of 
B 0/i  U-modules  such  that  the  diagram  of  B 0/i  B 0/i  B-modules 

n®ab®ab — ^ b®an®ab 


b®ab®an 


commutes. 
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If  N'  = B®AFI  for  some  A-module  M,  then  it  has  a canonical  descent  datum  given 
by  the  map 

</?can  : N'  ®A  B — > B N' 

bo  <g>  m <g>  bi  i y bo  0 bi  (g>  m. 

03OC  Definition  49.16.6.  A descent  datum  (N,ip)  is  called  effective  if  there  exists 
an  A-module  M such  that  (N,ip)  = (B  ®a  Ff,(pcan),  with  the  obvious  notion  of 
isomorphism  of  descent  data. 

Theorem  |49. 16. 2|  is  a consequence  the  following  result. 

03OD  Theorem  49.16.7.  If  A — > B is  faithfully  flat  then  descent  data  with  respect  to 
A — >■  B are  effective. 


Proof.  See  Descent,  Proposition  |.‘ll . 3 .T))  See  also  Descent,  Remark  |34.3.11|for  an 
alternative  view  of  the  proof.  □ 


03OE  Remarks  49.16.8.  The  results  on  descent  of  modules  have  several  applications: 

(1)  The  exactness  of  the  Cech  complex  in  positive  degrees  for  the  covering 
{Spec(R)  — ► Spec(A)}  where  A — y B is  faithfully  flat.  This  will  give  some 
vanishing  of  cohomology. 

(2)  If  ( N , ip)  is  a descent  datum  with  respect  to  a faithfully  flat  map  A — ► B1 
then  the  corresponding  A-module  is  given  by 


FI  = Ker 


'AT  — *•  B®aN 

n i — ► 1 <g)  n — <p(n  § 

See  Descent,  Proposition  |34.3.9~| 


1) 


49.17.  Quasi-coherent  sheaves 


03OF  We  can  apply  the  descent  of  modules  to  study  quasi-coherent  sheaves. 

03OG  Proposition  49.17.1.  For  any  quasi-coherent  sheaf  T on  S the  presheaf 

Fa  : Sch/S  -A  Ab 

(f-T^S)  ha  T(T,f*T) 

is  an  O -module  which  satisfies  the  sheaf  condition  for  the  fpqc  topology. 


Proof.  This  is  proved  in  Descent,  Lemma  [34. 7. 1[  We  indicate  the  proof  here.  As 
established  in  Lemma  |49.15.6[  it  is  enough  to  check  the  sheaf  property  on  Zariski 
coverings  and  faithfully  flat  morphisms  of  affine  schemes.  The  sheaf  property  for 
Zariski  coverings  is  standard  scheme  theory,  since  T{U,i*F)  = F(U)  when  i :U  M- 
S is  an  open  immersion. 

For  {Spec(R)  — > Spec(A)}  with  A — »•  B faithfully  flat  and  .F|spec(A)  = M this 
corresponds  to  the  fact  that  M = H°  (( B/A ).  ®a  M),  i.e. , that 


0 — ^ FI  — y B Ga  FI  — y B Ga  hd  G^a  AI 


is  exact  by  Lemma  49.16.4 


□ 


There  is  an  abstract  notion  of  a quasi-coherent  sheaf  on  a ringed  site.  We  briefly 
introduce  this  here.  For  more  information  please  consult  Modules  on  Sites,  Section 
18.231  Let  C be  a category,  and  let  U be  an  object  of  C.  Then  C/U  indicates  the 


category  of  objects  over  U,  see  Categories,  Example  |4.2.13|  If  C is  a site,  then 
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C/U  is  a site  as  well,  namely  the  coverings  of  V/U  are  families  {Vi/U  — ► V/U} 
of  morphisms  of  C/U  with  fixed  target  such  that  {V  — » V}  is  a covering  of  C. 
Moreover,  given  any  sheaf  T on  C the  restriction  T\c/u  (defined  in  the  obvious 
manner)  is  a sheaf  as  well.  See  Sites,  Section  7.24|for  details. 


Definition  49.17.2.  Let  C be  a ringed  site , i.e.,  a site  endowed  with  a sheaf  of  rings 
0.  A sheaf  of  0-modules  T on  C is  called  quasi- coherent  if  for  all  U £ Ob(C)  there 
exists  a covering  {£/)—►  t/}jej  of  C such  that  the  restriction  J:\cmi  is  isomorphic 
to  the  cokernel  of  an  0-linear  map  of  free  0-modules 


The  direct  sum  over  K is  the  sheaf  associated  to  the  presheaf  V Q)k£K  0(V) 
and  similarly  for  the  other. 


0301 

03OJ 


Although  it  is  useful  to  be  able  to  give  a general  definition  as  above  this  notion  is 
not  well  behaved  in  general. 

Remark  49.17.3.  In  the  case  where  C has  a final  object,  e.g.  S,  it  suffices  to  check 
the  condition  of  the  definition  for  U = S in  the  above  statement.  See  Modules  on 
Sites,  Lemma [18. 23. 3| 

Theorem  49.17.4  (Meta  theorem  on  quasi-coherent  sheaves).  Let  S be  a scheme. 
Let  C be  a site.  Assume  that 


(1)  the  underlying  category  C is  a full  subcategory  of  Sch/S, 

(2)  any  Zariski  covering  of  T £ Ob(C)  can  be  refined  by  a covering  of  C, 

(3)  S/S  is  an  object  ofC, 

(4)  every  covering  of  C is  an  fpqc  covering  of  schemes. 

Then  the  presheaf  0 is  a sheaf  on  C and  any  quasi-coherent  0 -module  on  (C,0)  is 
of  the  form  Ta  for  some  quasi-coherent  sheaf  T on  S. 


Proof.  After  some  formal  arguments  this  is  exactly  Theorem  49.16.2  Details 
omitted.  In  Descent,  Proposition  34.7.11  we  prove  a more  precise  version  of  the 
theorem  for  the  big  Zariski,  fppf,  etale,  smooth,  and  syntomic  sites  of  S , as  well  as 
the  small  Zariski  and  etale  sites  of  S.  □ 


In  other  words,  there  is  no  difference  between  quasi-coherent  modules  on  the  scheme 
S and  quasi-coherent  0-modules  on  sites  C as  in  the  theorem.  More  precise  state- 
ments for  the  big  and  small  sites  (Sch/S) fppf,  S^taie,  etc  can  be  found  in  Descent, 
Section  |34.7[  In  this  chapter  we  will  sometimes  refer  to  a “site  as  in  Theorem 
|49.17.4|’  in  order  to  conveniently  state  results  which  hold  in  any  of  those  situations. 

49.18.  Cech  cohomology 

03OK  Our  next  goal  is  to  use  descent  theory  to  show  that  Hl(C,Ta)  = HlZar(S:T)  for  all 
quasi-coherent  sheaves  T on  S,  and  any  site  C as  in  Theorem |49.1 7. 4[  To  this  end, 
we  introduce  Cech  cohomology  on  sites.  See  lArt62j  and  Cohomology  on  Sites, 
Sections  |21.9[  |2L10|  and  [21.111  for  more  details. 

03OL  Definition  49.18.1.  Let  C be  a category,  U = {Ui  — > U}i^i  a family  of  morphisms 
of  C with  fixed  target,  and  T £ PAb(C)  an  abelian  presheaf.  We  define  the  Cech 
complex  C*  (U , F)  by 

n m>>  -*  n ?(Uio  ^ n nui0xuuilxuui2)^... 

io£l  io,ii,i2  €/ 
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where  the  first  term  is  in  degree  0,  and  the  maps  are  the  usual  ones.  Again,  it  is 
essential  to  allow  the  case  i0  = i\  etc.  The  Cech  cohomology  groups  are  defined  by 

Hp(U,F)  = F)). 

03OM  Lemma  49.18.2.  The  functor  C*  (Li , — ) is  exact  on  the  category  PAb(C). 

In  other  words,  if  0 — > F\  — > F2  — > F3  — > 0 is  a short  exact  sequence  of  presheaves 
of  abelian  groups,  then 

0 C*  (U,  F{)  ->  C*{U,F2)  ->•  C.'fU,F 3)  -)•  0 
is  a short  exact  sequence  of  complexes. 

Proof.  This  follows  at  once  from  the  definition  of  a short  exact  sequence  of  presheaves. 
Namely,  as  the  category  of  abelian  presheaves  is  the  category  of  functors  on  some 
category  with  values  in  A 6,  it  is  automatically  an  abelian  category:  a sequence 
T\  — ► F2  — t is  exact  in  PAb  if  and  only  if  for  all  U € Ob(C),  the  sequence 
F\  (U)  — » F2(U)  — > Fz{U)  is  exact  in  Ab.  So  the  complex  above  is  merely  a prod- 
uct of  short  exact  sequences  in  each  degree.  See  also  Cohomology  on  Sites,  Lemma 
121.10.11  □ 

This  shows  that  H*{U,—)  is  a (5-functor.  We  now  proceed  to  show  that  it  is  a 
universal  (5-functor.  We  thus  need  to  show  that  it  is  an  effaceable  functor.  We  start 
by  recalling  the  Yoneda  lemma. 

03ON  Lemma  49.18.3  (Yoneda  Lemma).  For  any  presheaf  F on  a category  C there  is 
a functorial  isomorphism 


Horn psh(C){hu , F)  = F(U). 

Proof.  See  Categories,  Lemma  [4. 3. 5[  □ 

Given  a set  E we  denote  (in  this  section)  Z [E\  the  free  abelian  group  on  E.  In  a 
formula  Z [E\  = 0(,eE  Z,  i.e.,  Z [E\  is  a free  Z-module  having  a basis  consisting  of 
the  elements  of  E.  Using  this  notation  we  introduce  the  free  abelian  presheaf  on  a 
presheaf  of  sets. 

0300  Definition  49.18.4.  Let  C be  a category.  Given  a presheaf  of  sets  Q,  we  define 
the  free  abelian  presheaf  on  Q,  denoted  Zg,  by  the  rule 

Zg(U)  = Z[G(U)} 

for  U £ Ob(C)  with  restriction  maps  induced  by  the  restriction  maps  of  Q.  In  the 
special  case  Q = hjj  we  write  simply  Zy  = Z/^. 

The  functor  Q 1— > Zg  is  left  adjoint  to  the  forgetful  functor  PAb(C)  —*■  PSh(C). 
Thus,  for  any  presheaf  F ',  there  is  a canonical  isomorphism 

HomPAKC)(Zc/,JT)  = Horn  psh(C)(hu,F)  = F{U) 

the  last  equality  by  the  Yoneda  lemma.  In  particular,  we  have  the  following  result. 


49.18.  CECH  COHOMOLOGY 
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03OP 


Lemma  49.18.5.  The  Cech  complex  C*  (IA , T)  can  be  described  explicitly  as  follows 


C'fU,T) 


I Hompj4f,(C)(Zc/.o 
\io£l 


n Hompyup)  xvuil , F) 


io,u6-f 


© ZU(0XuU(l 
io,ii€l 


Proof.  This  follows  from  the  formula  above.  See  Cohomology  on  Sites.  Lemma 
121. 10,31  □ 


03OQ 


This  reduces  us  to  studying  only  the  complex  in  the  first  argument  of  the  last  Horn. 
49.18.6.  The  complex  of  abelian  presheaves 

'■  ®Z^ o © Z»,xd',  <-  © ZUioXuUHXuUi2  <- 

io€l  io,ii£l  io,ii,i2  €/ 

is  exact  in  all  degrees  except  0 in  PAb[C). 


Lemma 
Z u 


Proof.  For  any  V € Ob(C)  the  complex  of  abelian  groups  Z^(V)  is 
Z [U.ioe/Morc(P,[/lo)]  4-  Z [ni0iiieJMorc(P,f/,0  xv  Un) 


(Z  [nioe/Morv(P,C/io)] 


«-...= 


LI 


Morv(V,  Uio)  x Mor¥3(V,?7j1) 


C7 

where 

Morv,(F,  Ui ) = {V  — ► Ui  such  that  V — »■  Ui  — ► U equals  </?}. 

Set  = LUz  Mor¥,(P,  Ui),  so  that 

Z£(V)  = © (Z[SV]  i- Z[SV  x <- Z[SV  x Sv  x Sv]  i- . . .) . 

<p:V—>U 

Thus  it  suffices  to  show  that  for  each  S = Sv,  the  complex 
Z[S]  <-  Z[S  x S]  <-  Z[S  x S X S)  <-  . . . 


is  exact  in  negative  degrees.  To  see  this,  we  can  give  an  explicit  homotopy.  Fix 
s £ S and  define  K : n(SOi..,iS  ) i— > n(s,s0,...,s  )•  One  easily  checks  that  K is  a 
nullhomotopy  for  the  operator 

<5  : V(s0,—,sp)  ^ l)P^(s0,...,Si,...,sp)- 

See  Cohomology  on  Sites,  Lemma  [21. 10. 4|  for  more  details.  □ 

03OR  Lemma  49.18.7.  Let  C be  a category.  If  I is  an  injective  object  of  PAb(C)  and 
U is  a family  of  morphisms  with  fixed  target  in  C,  then  HP(U,I)  = 0 for  all  p > 0. 


Proof.  The  Cech  complex  is  the  result  of  applying  the  functor  Homp^c)  (“i^) 
to  the  complex  Z^,  i.e. , 

Hp(U,l)  = ffp(HomP^(c)(Z^,I)). 

But  we  have  just  seen  that  Z^  is  exact  in  negative  degrees,  and  the  functor 
Horn pAb(c)(~:Z)  is  exact,  hence  Horn Pa h(C) ( < I)  is  exact  in  positive  degrees.  □ 

03OS  Theorem  49.18.8.  On  PAb(C)  the  functors  HP{U,—)  are  the  right  derived  func- 
tors of  H°(U,  — ). 


49.19.  THE  CECH-TO-COHOMOLOGY  SPECTRAL  SEQUENCE 
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03OT 

03OU 

03OV 

03OW 


03OX 


Proof.  By  the  Lemma  49.18.7  the  functors  HP(U , — ) are  universal  (5-functors  since 
they  are  effaceable.  So  are  the  right  derived  functors  of  H°(U,  — ).  Since  they  agree 
in  degree  0,  they  agree  by  the  universal  property  of  universal  (5-functors.  For  more 
details  see  Cohomology  on  Sites,  Lemma  [21. 10. 6|  □ 


Remark  49.18.9.  Observe  that  all  of  the  preceding  statements  are  about  presheaves 
so  we  haven’t  made  use  of  the  topology  yet. 


49.19.  The  Cech-to-cohomology  spectral  sequence 

This  spectral  sequence  is  fundamental  in  proving  foundational  results  on  cohomol- 
ogy of  sheaves. 

Lemma  49.19.1.  The  forgetful  functor  Ab(C)  -A  PAb(C)  transforms  injectives 
into  injectives. 

Proof.  This  is  formal  using  the  fact  that  the  forgetful  functor  has  a left  adjoint, 
namely  sheafification,  which  is  an  exact  functor.  For  more  details  see  Cohomology 
on  Sites,  Lemma  |21.11.1|  □ 

Theorem  49.19.2.  Let  C be  a site.  For  any  covering  U = {Ui  -A  U}  iei  of 
U € Ob(C)  and  any  abelian  sheaf  J-  on  C there  is  a spectral  sequence 

Ep’q  = Hp(U,Hq(f))  =>  Hp+q(U,  T), 

where  H}(fF)  is  the  abelian  presheaf  V ha  Hq(V,J-). 

Proof.  Choose  an  injective  resolution  T — >•  T*  in  Ab(C),  and  consider  the  double 
complex  C'(U,I*)  and  the  maps 


C*(U,  F) 

Here  the  horizontal  map  is  the  natural  map  T(U,  /*)  — > C°(W,X*)  to  the  left  column, 
and  the  vertical  map  is  induced  by  T — > 1°  and  lands  in  the  bottom  row.  By 
assumption,  I*  is  a complex  of  injectives  in  Ab(C),  hence  by  Lemma  49.19.1  it  is 


a complex  of  injectives  in  PAb(C).  Thus,  the  rows  of  the  double  complex  are  exact 
in  positive  degrees  (Lemma  49.18.7|) , and  the  kernel  of  the  horizontal  map  is  equal 
to  since  X*  is  a complex  of  sheaves.  In  particular,  the  cohomology  of  the 

total  complex  is  the  standard  cohomology  of  the  global  sections  functor  H°{U,F). 

For  the  vertical  direction,  the  qth  cohomology  group  of  the  pth  column  is 
n Hq{Uioxu  ...xuUip,F)=  n Hq{F){Uioxu...xuUip) 


in  the  entry  Ep’q . So  this  is  a standard  double  complex  spectral  sequence,  and 
the  £2-page  is  as  prescribed.  For  more  details  see  Cohomology  on  Sites,  Lemma 
121.11.61  □ 

Remark  49.19.3.  This  is  a Grothendieck  spectral  sequence  for  the  composition 
of  functors 

Ab{C)  — > PAb(C)  —a  Ab. 


49.20.  BIG  AND  SMALL  SITES  OF  SCHEMES 
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03X7 


03X8 


03X9 


03XA 


03XB 


49.20.  Big  and  small  sites  of  schemes 


Let  S be  a scheme.  Let  r be  one  of  the  topologies  we  will  be  discussing.  Thus 
r £ {fppf,  syntomic,  smooth,  etale , Zariski}.  Of  course  if  you  are  only  interested 
in  the  etale  topology,  then  you  can  simply  assume  r = etale  throughout.  Moreover, 
we  will  discuss  etale  morphisms,  etale  coverings,  and  etale  sites  in  more  detail 
starting  in  Section  |49.25[  In  order  to  proceed  with  the  discussion  of  cohomology 
of  quasi-coherent  sheaves  it  is  convenient  to  introduce  the  big  r-site  and  in  case 
r £ {etale,  Zariski},  the  small  r-site  of  S.  In  order  to  do  this  we  first  introduce 
the  notion  of  a r-covering. 


49.20.1.  (See  Topologies,  Definitions 

33.7.1 

33.6.1 

33.5.1 

33.4.1 

and 


of  schemes  {fi  : Ti  — ► T }i^i  with  fixed  target  is  called  a r-covering  if  and  only  if  each 
f,  is  flat  of  finite  presentation,  syntomic,  smooth,  etale,  resp.  an  open  immersion, 
and  we  have  1J  /;(T,;)  = T. 

It  turns  out  that  the  class  of  all  r-coverings  satisfies  the  axioms  (1),  (2)  and  (3)  of 
Definition  49.10.2  (our  definition  of  a site),  see  Topologies,  Lemmas  33.7.3  |33.6.3 


|33.5.3[|33.4.3  and|33.3.2)  In  order  to  be  able  to  compare  any  of  these  new  topologies 
to  the  fpqc  topology  and  to  use  the  preceding  results  on  descent  on  modules  we 
single  out  a special  class  of  r-coverings  of  affine  schemes  called  standard  coverings. 


Definition 

49.20.2.  (See  Topologies,  Definitions 

33.7.5 

33.6.5 

33.5.5 

33.4.5 

scheme.  A standard  r-covering  of  T is  a family  {fj  : Uj  — > T}J= i m with  each  Uj 
is  affine,  and  each  f:i  flat  and  of  finite  presentation,  standard  syntomic,  standard 
smooth,  etale,  resp.  the  immersion  of  a standard  principal  open  in  T and  T = 

U fjiUj). 

Lemma  49.20.3.  Let  r £ {fppf , syntomic,  smooth,  etale,  Zariski}.  Any  r- 
covering  of  an  affine  scheme  can  be  refined  by  a standard  r-covering. 

Proof.  See  Topologies,  Lemmas  33.7.4|  [33.6.4[  |33.5A  33.4. 4[  and  |33.3.~3 


□ 


Finally,  we  come  to  our  definition  of  the  sites  we  will  be  working  with.  This  is 
actually  somewhat  involved  since,  contrary  to  what  happens  in  IAGV711.  we  do 
not  want  to  choose  a universe.  Instead  we  pick  a “partial  universe”  (which  is  a 


suitably  large  set  as  in  Sets,  Section  3.5),  and  consider  all  schemes  contained  in  this 
set.  Of  course  we  make  sure  that  our  favorite  base  scheme  S is  contained  in  the 
partial  universe.  Having  picked  the  underlying  category  we  pick  a suitably  large 
set  of  r-coverings  which  turns  this  into  a site.  The  details  are  in  the  chapter  on 
topologies  on  schemes;  there  is  a lot  of  freedom  in  the  choices  made,  but  in  the  end 
the  actual  choices  made  will  not  affect  the  etale  (or  other)  cohomology  of  S (just 
as  in  IAGV7H  the  actual  choice  of  universe  doesn’t  matter  at  the  end).  Moreover, 
the  way  the  material  is  written  the  reader  who  is  happy  using  strongly  inaccessible 
cardinals  (i.e.,  universes)  can  do  so  as  a substitute. 

Definition  49.20.4.  Let  S be  a scheme.  Let  r £ {fppf,  syntomic,  smooth,  etale, 
Zariski}. 

(1)  A big  r-site  of  S is  any  of  the  sites  ( Sch/S)T  constructed  as  explained 
above  and  in  more  detail  in  Topologies,  Definitions  |33.7.8|  |33.6.8[  |33.5.8[ 
|33.4.8[  and  |33.3.7| 


49.20.  BIG  AND  SMALL  SITES  OF  SCHEMES 
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(2)  If  t £ { etale , Zariski},  then  the  small  r-site  of  S is  the  full  subcategory  ST 
of  ( Sch/S)T  whose  objects  are  schemes  T over  S whose  structure  morphism 
T — > S is  etale,  resp.  an  open  immersion.  A covering  in  ST  is  a covering 
{Ui  — > U}  in  ( Sch/S)T  such  that  U is  an  object  of  ST. 


The  underlying  category  of  the  site  ( Sch/S)T  has  reasonable  “closure”  properties, 
i.e.,  given  a scheme  T in  it  any  locally  closed  subscheme  of  T is  isomorphic  to  an 
object  of  ( Sch/S)T . Other  such  closure  properties  are:  closed  under  fibre  products  of 
schemes,  taking  countable  disjoint  unions,  taking  finite  type  schemes  over  a given 
scheme,  given  an  affine  scheme  Spec(f?)  one  can  complete,  localize,  or  take  the 
quotient  of  R by  an  ideal  while  staying  inside  the  category,  etc.  On  the  other  hand, 
for  example  arbitrary  disjoint  unions  of  schemes  in  ( Sch/S)T  will  take  you  outside 
of  it.  Also  note  that,  given  an  object  T of  ( Sch/S)T  there  will  exist  r-coverings 
{Ti  — > T}iS/  (as  in  Definition  49.20.1)  which  are  not  coverings  in  ( Sch/S)T  for 
example  because  the  schemes  Tj  are  not  objects  of  the  category  ( Sch/S)T . But 
our  choice  of  the  sites  ( Sch/S)T  is  such  that  there  always  does  exist  a covering 
{Uj  — > T}jej  of  ( Sch/S)T  which  refines  the  covering  {Tj  — ► T}igj,  see  Topologies, 
Lemmas|33.7.7[[33.6.7[|33.5.7[|33.4.7[  and|33.3.6|  We  will  mostly  ignore  these  issues 
in  this  chapter. 


If  F is  a sheaf  on  ( Sch/S)T  or  ST,  then  we  denote 

Hp{U,F),  in  particular  Hp {S, F) 

the  cohomology  groups  of  F over  the  object  U of  the  site,  see  Section|49.14|  Thus  we 
have  Hpfppf{S,F),  Hpsyntomi C{S,F),  Hpsmooth{S,F),  Hptale{S,F),  and  HpZar{S,F). 
The  last  two  are  potentially  ambiguous  since  they  might  refer  to  either  the  big  or 
small  etale  or  Zariski  site.  However,  this  ambiguity  is  harmless  by  the  following 
lemma. 


03YX  Lemma  49.20.5.  Let  t £ {etale,  Zariski} . If  F is  an  abelian  sheaf  defined  on 
{Sch/ S)T,  then  the  cohomology  groups  of  F over  S agree  with  the  cohomology  groups 
of  F\St  overS. 


Proof.  By  Topologies,  Lemmas  33.3.13  and  33.4.13  the  functors  ST  — > ( Sch/S)T 
satisfy  the  hypotheses  of  Sites,  Lemma  7.20.8  Hence  our  lemma  follows  from 
Cohomology  on  Sites,  Lemma  21.8.2  □ 


03YY 


For  completeness  we  state  and  prove  the  invariance  under  choice  of  partial  universe 
of  the  cohomology  groups  we  are  considering.  We  will  prove  invariance  of  the  small 
etale  topos  in  Lemma  |49.21.3|  below.  For  notation  and  terminology  used  in  this 


lemma  we  refer  to  Topologies,  Section  33.10 


Lemma  49.20.6.  Let  t £ {fppf , syntomic,  smooth,  etale,  Zariski} . Let  S be  a 
scheme.  Let  ( Sch/S)T  and  {Sch  / S)T  be  two  big  t -sites  of  S,  and  assume  that  the 
first  is  contained  in  the  second.  In  this  case 

(1)  for  any  abelian  sheaf  T'  defined  on  {Sch! / S)T  and  any  object  U of  {Sch/ S)T 
we  have 

Hp{U,F\Sch/s)T)  = Hp(U,F') 

In  words:  the  cohomology  of  T'  over  U computed  in  the  bigger  site  agrees 
with  the  cohomology  of  IF'  restricted  to  the  smaller  site  over  U. 

(2)  for  any  abelian  sheaf  F on  {Sch/S)T  there  is  an  abelian  sheaf  F'  on 
{Sch/S)'T  whose  restriction  to  {Sch/S)T  is  isomorphic  to  F. 


49.21.  THE  ETALE  TOPOS 
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Proof.  By  Topologies,  Lemma  33.10.2 
satisfies  the  assumptions  of  Sites,  Lemma  7.20.8 


from  Cohomology  on  Sites,  Lemma [21.8. 2| 


the  inclusion  functor  ( Sch/S)T  — > (Sch! / S)T 
This  implies  (2)  and  (1)  follows 

□ 


49.21.  The  etale  topos 

04HP  A topos  is  the  category  of  sheaves  of  sets  on  a site,  see  Sites,  Definition  |7.16.1[ 
Hence  it  is  customary  to  refer  to  the  use  the  phrase  “etale  topos  of  a scheme”  to 
refer  to  the  category  of  sheaves  on  the  small  etale  site  of  a scheme.  Here  is  the 
formal  definition. 

04HQ  Definition  49.21.1.  Let  S be  a scheme. 

(1)  The  etale  topos , or  the  small  etale  topos  of  S is  the  category  Sh(Sztaie)  of 
sheaves  of  sets  on  the  small  etale  site  of  S. 

(2)  The  Zariski  topos , or  the  small  Zariski  topos  of  S is  the  category  Sh(Szar) 
of  sheaves  of  sets  on  the  small  Zariski  site  of  S. 

(3)  For  t £ {.fppf,  syntomic , smooth,  etale,  Zariski}  a big  r-topos  is  the  cat- 
egory of  sheaves  of  set  on  a big  r-topos  of  S. 


Note  that  the  small  Zariski  topos  of  S is  simply  the  category  of  sheaves  of  sets  on 
the  underlying  topological  space  of  S,  see  Topologies,  Lemma|33.3.11|  Whereas  the 
small  etale  topos  does  not  depend  on  the  choices  made  in  the  construction  of  the 
small  etale  site,  in  general  the  big  topoi  do  depend  on  those  choices. 

Here  is  a lemma,  which  is  one  of  many  possible  lemmas  expressing  the  fact  that  it 
doesn’t  matter  too  much  which  site  we  choose  to  define  the  small  etale  topos  of  a 
scheme. 

04HR  Lemma  49.21.2.  Let  S be  a scheme.  Let  Saf fine, etale  denote  the  full  subcategory 
of  S etale  whose  objects  are  those  U/S  £ Ob {S etale)  with  U affine.  A covering  of 


Then  restriction 

F ' — > F\saSfin^tale 

defines  an  equivalence  of  topoi  Sh(S^taie)  — Sh(Saf  fine, etale)- 


Saf fine, etale  will  be  a standard  etale  covering,  see  Topologies,  Definition  33. f.  5 


0958 


Proof.  This  you  can  show  directly  from  the  definitions,  and  is  a good  exercise.  But 
it  also  follows  immediately  from  Sites,  Lemma  7.28.1|by  checking  that  the  inclusion 
functor  Saf  fine, etale  — ► S^taie  is  a special  cocontinuous  functor  (see  Sites,  Definition 
7.28.2b.  ’ □ 


Lemma  49.21.3.  Let  S be  a scheme.  The  etale  topos  of  S is  independent  (up 
to  canonical  equivalence)  of  the  construction  of  the  small  etale  site  in  Definition 


i m 


Proof.  We  have  to  show,  given  two  big  etale  sites  Sch^taie  and  Sch!^taie  containing 
S,  then  ShiSetaie)  — Sh(S'-.  , ) with  obvious  notation.  By  Topologies,  Lemma 


etale  over  S is  isomorphic  to  an  object  of  both  Sch^taie  and  Scn&taie-  Thus  the 
induced  functor  Saf fine, etale  S'affine  etaie  an  equivalence.  Moreover,  it  is  clear 
that  both  this  functor  and  a quasi-inverse  map  transform  standard  etale  coverings 
into  standard  etale  coverings.  Hence  the  result  follows  from  Lemma [49. 21. 2 1 □ 


33.10.1  we  may  assume  Schetaie  C Sch)tale.  By  Sets,  Lemma  3.9.9  any  affine  scheme 
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49.22.  Cohomology  of  quasi-coherent  sheaves 


We  start  with  a simple  lemma  (which  holds  in  greater  generality  than  stated).  It 
says  that  the  Cech  complex  of  a standard  covering  is  equal  to  the  Cech  complex  of 
an  fpqc  covering  of  the  form  {Spec(B)  — > Spec(A)}  with  A -A  B faithfully  flat. 

Lemma  49.22.1.  Let  r £ {/ ppf,  syntomic,  smooth,  etale,  Zariski} . Let  S be  a 
scheme.  Let  F be  an  abelian  sheaf  on  ( Sch/S)T , or  on  ST  in  case  r = etale,  and 
let  U — { U{  — y U{i^j  be  a standard  t -covering  of  this  site.  Let  V = He/  Ui . Then 

(1)  V is  an  affine  scheme, 

(2)  V = {V  -A  U}  is  a r-covering  and  an  fpqc  covering, 

(3)  the  Cech  complexes  Cm  (U , F)  andC’(V,F)  agree. 


Proof.  As  the  covering  is  a standard  r-covering  each  of  the  schemes  Uj  is  affine 
and  I is  a finite  set.  Hence  V is  an  affine  scheme.  It  is  clear  that  V ^ U is  flat 
and  surjective,  hence  V is  an  fpqc  covering,  see  Example  |49.15.3|  Note  that  U is  a 
refinement  of  V and  hence  there  is  a map  of  Cech  complexes  C*(V, F)  — > C*(U,F), 
see  Cohomology  on  Sites,  Equation  (21.9.2.11.  Next,  we  observe  that  if  T = 
is  a disjoint  union  of  schemes  in  the  site  on  which  F is  defined  then  the  family  of 
morphisms  with  fixed  target  {Tj  — * is  a Zariski  covering,  and  so 


(49.22.1.1)  F{T)  = F{[[  ffi)  = JT  HTj) 

JtzJ 

by  the  sheaf  condition  of  F.  This  implies  the  map  of  Cech  complexes  above  is  an 
isomorphism  in  each  degree  because 

V Xjj  . . . xjj  V = TT  Ui  Xu.-.XuUi 

^lOr-'p 

as  schemes.  □ 


Note  that  Equality  (49.22.1.1)  is  false  for  a general  presheaf.  Even  for  sheaves  it 


does  not  hold  on  any  site,  since  coproducts  may  not  lead  to  coverings,  and  may  not 
be  disjoint.  But  it  does  for  all  the  usual  ones  (at  least  all  the  ones  we  will  study). 


Remark  49.22.2.  In  the  statement  of  Lemma 


49.22.1 


the  covering  IA  is  a refine- 


ment of  V but  not  the  other  way  around.  Coverings  of  the  form  {V  — > U}  do  not 
form  an  initial  subcategory  of  the  category  of  all  coverings  of  U.  Yet  it  is  still  true 
that  we  can  compute  Cech  cohomology  Hn{U,F)  (which  is  defined  as  the  colimit 
over  the  opposite  of  the  category  of  coverings  U of  U of  the  Cech  cohomology  groups 
of  F with  respect  to  U)  in  terms  of  the  coverings  {V  — > U}.  We  will  formulate  a 
precise  lemma  (it  only  works  for  sheaves)  and  add  it  here  if  we  ever  need  it. 


Lemma  49.22.3  (Locality  of  cohomology).  Let  C be  a site,  F an  abelian  sheaf 
on  C,  U an  object  of  C,  p > 0 an  integer  and  f £ HP(U,F).  Then  there  exists  a 
covering  U = {Ui  U}t ;e/  of  U in  C such  that  f\jji  = 0 for  all  i £ I . 


Proof.  Choose  an  injective  resolution  F — > X*.  Then  £ is  represented  by  a cocycle 
£ £ 1P(U)  with  dp(f)  = 0.  By  assumption,  the  sequence  Tp_1  — Tp  — > Ip+1  in 
exact  in  Ab(C),  which  means  that  there  exists  a covering  U = {Ui  U}i^i  such 
that  £|{74  = dp-1(£i)  for  some  & £ Ip-1(/7j).  Since  the  cohomology  class  £1^  is 
represented  by  the  cocycle  £ | jjit  which  is  a coboundary,  it  vanishes.  For  more  details 
see  Cohomology  on  Sites,  Lemma [21. 8. 3|  □ 


49.22.  COHOMOLOGY  OF  QUASI-COHERENT  SHEAVES 
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03P2  Theorem  49.22.4.  Let  S be  a scheme  and  T a quasi- coherent  Os-module.  Let 
C be  either  ( Sch/S)T  for  t € {fppf , syntomic,  smooth,  etale,  Zariski}  or  S^taie- 
Then 

Hp{S,P)  = Hp(S,Pa) 

for  all  p > 0 where 

(1)  the  left  hand  side  indicates  the  usual  cohomology  of  the  sheaf  T on  the 
underlying  topological  space  of  the  scheme  S , and 

(2)  the  right  hand  side  indicates  cohomology  of  the  abelian  sheaf  J-a  (see 


Proposition  f 9. 17.1)  on  the  site  C. 


Proof.  We  are  going  to  show  that  HP(U,  f*T)  = Hp{U,J7a)  for  any  object  / : 

U — > S of  the  site  C.  The  result  is  true  for  p = 0 by  the  sheaf  property. 

Assume  that  U is  affine.  Then  we  want  to  prove  that  Hp(U,Fa)  = 0 for  all  p > 0. 

We  use  induction  on  p. 

p=  1 Pick  £ £ Hf(U,J:a).  By  Lemma  49.22.3  there  exists  an  fpqc  covering 
U = {Ui  — > U}iGi  such  that  £| m = 0 for  all  i £ I.  Up  to  refining  IA, 
we  may  assume  that  IA  is  a standard  r-covering.  Applying  the  spectral 
sequence  of  Theorem  |49.19.2|  we  see  that  £ comes  from  a cohomology 
class  £ £ H1(U,J:a).  Consider  the  covering  V = {U iejU  — > U}.  By 
Lemma 


49.22.1 


H*(U,  Ta)  = H*(V,  Fa).  On  the  other  handjsince  V is 
a covering  of  the  form  {Spec(i3)  -A  Spec(A)}  and  f*T  = M for  some 
A-module  M,  we  see  the  Cech  complex  C*(V,  T)  is  none  other  than  the 


complex  ( B/A ),  M.  Now  by  Lemma  49.16.4  HP((B /A),  (g>^  M ) = 0 

for  p > 0,  hence  £ = 0 and  so  £ = 0. 

p > 1 Pick  £ £ Hp(U,Jra).  By  Lemma  49.22.3  there  exists  an  fpqc  covering 
U = {Ui  — > U}i£i  such  that  £|j/;  =0  for  all  i £ I.  Up  to  refining U,  we  may 
assume  that  U is  a standard  r-covering.  We  apply  the  spectral  sequence 

Xu  U; 


of  Theorem  49.19.2  Observe  that  the  intersections  Ujn  x 


u ■■■ 


are 


affine,  so  that  by  induction  hypothesis  the  cohomology  groups 
Ep’q  = Hp{U,Hq{Fa)) 

vanish  for  all  0 < q < p.  We  see  that  £ must  come  from  a £ £ HP(IA,  Ta). 
Replacing  IA  with  the  covering  V containing  only  one  morphism  and  using 
Lemma 


49.16.4 


again,  we  see  that  the  Cech  cohomology  class  £ must  be 
zero,  hence  £ = 0. 

Next,  assume  that  U is  separated.  Choose  an  affine  open  covering  U = Ue/  U of 
U.  The  family  U = {Ui  — > U}i^i  is  then  an  fpqc  covering,  and  all  the  intersections 
Ui0  X(/...X[f  Uip  are  affine  since  U is  separated.  So  all  rows  of  the  spectral  sequence 
of  Theorem |49. 19. 2|  are  zero,  except  the  zeroth  row.  Therefore 

Hp(U,Pa)  = HP(IA,  Ta)  = HP(IA,  T)  = HP(U,P) 

where  the  last  equality  results  from  standard  scheme  theory,  see  Cohomology  of 
Schemes,  Lemma[29.2.6| 

The  general  case  is  technical  and  (to  extend  the  proof  as  given  here)  requires  a 
discussion  about  maps  of  spectral  sequences,  so  we  won’t  treat  it.  It  follows  from 


Descent,  Proposition  34.7.10  (whose  proof  takes  a slightly  different  approach)  com- 
bined with  Cohomology  on  Sites,  Lemma  [21.8. 1|  □ 


49.23.  EXAMPLES  OF  SHEAVES 


3202 


03P3 


03YZ 


03P4 


03P5 


04HS 


03P6 


Remark  49.22.5.  Comment  on  Theorem  49.22.4  Since  S is  a final  object  in 
the  category  C , the  cohomology  groups  on  the  right-hand  side  are  merely  the 
right  derived  functors  of  the  global  sections  functor.  In  fact  the  proof  shows  that 
HP(U , f*JF)  = Hp(U,fFa)  for  any  object  / : U — > S of  the  site  C. 


49.23.  Examples  of  sheaves 

be  as  in  Section  [49.20[  We  have  already  seen  that  any  representable 


Let  S and  r 
presheaf  is  a sheaf  on  ( Sch/S ) 
Here  are  some  special  cases. 


or  ST,  see  Lemma  49.15.8  and  Remark  49.15.9 


Definition  49.23.1. 


On  any  of  the  sites  ( Sch/S)T  or  ST  of  Section 


49.20 


(1)  The  sheaf  T ha  T(T,Ot)  is  denoted  Os,  or  Ga,  or  G Qjs  if  we  want  to 
indicate  the  base  scheme. 

(2)  Similarly,  the  sheaf  T ha  T(T,  Ojf)  is  denoted  Og,  or  Gm,  or  G if  we 
want  to  indicate  the  base  scheme. 

(3)  The  constant  sheaf  Z /nZ  on  any  site  is  the  sheafification  of  the  constant 
presheaf  U ha  Z/nZ. 


The  first  is  a sheaf  by  Theorem |49.17.4|for  example.  The  second  is  a sub  presheaf  of 
the  first,  which  is  easily  seen  to  be  a sheaf  itself.  The  third  is  a sheaf  by  definition. 
Note  that  each  of  these  sheaves  is  representable.  The  first  and  second  by  the  schemes 
Ga,s  and  G mjs,  see  Groupoids,  Section  |38.4|  The  third  by  the  finite  etale  group 


scheme  Z/nZs  sometimes  denoted  ( Z/nZ)g  which  is  just  n copies  of  S endowed 
with  the  obvious  group  scheme  structure  over  S,  see  Groupoids,  Example  |38.5.6| 
and  the  following  remark. 


Remark  49.23.2.  Let  G be  an  abstract  group.  On  any  of  the  sites  ( Sch/S)T  or 
ST  of  Section  [49 . 20|  the  sheafification  G of  the  constant  presheaf  associated  to  G in 
the  Zariski  topology  of  the  site  already  gives 


T (U,G)  = {Zariski  locally  constant  maps  U -A  G} 


This  Zariski  sheaf  is  representable  by  the  group  scheme  Gs  according  to  Groupoids, 
Example  |38.5.6|  By  Lemma  |49.15.8|  any  representable  presheaf  satisfies  the  sheaf 
condition  for  the  r-topology  as  well,  and  hence  we  conclude  that  the  Zariski  sheafi- 
fication G above  is  also  the  r-sheafification. 

Definition  49.23.3.  Let  S'  be  a scheme.  The  structure  sheaf  of  S is  the  sheaf  of 
rings  Os  on  any  of  the  sites  Szar , S^aie,  or  ( Sch/S)T  discussed  above. 


If  there  is  some  possible  confusion  as  to  which  site  we  are  working  on  then  we  will 
indicate  this  by  using  indices.  For  example  we  may  use  Ositale  to  stress  the  fact 
that  we  are  working  on  the  small  etale  site  of  S. 

Remark  49.23.4.  In  the  terminology  introduced  above  a special  case  of  Theorem 
149.22.41  is 

Hpfppf(X , G„)  = Hptale(X,  Ga)  = HpZar(X,  Go)  = HP(X,  Ox) 

for  all  p > 0.  Moreover,  we  could  use  the  notation  Hppp^(X,Ox)  to  indicate  the 
cohomology  of  the  structure  sheaf  on  the  big  fppf  site  of  X. 


49.26.  ETALE  MORPHISMS 
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03P7 

03P8 


03P9 

03PA 


03PB 

03PC 


49.24.  Picard  groups 

The  following  theorem  is  sometimes  called  “Hilbert  90” . 

Theorem  49.24.1.  For  any  scheme  X we  have  canonical  identifications 

Grm)  HSyntomic(Xi  Grm) 

^ smooth  (X  ■ 

= Hltale(X,  Gm) 

= H1Zar(X , Gm) 

= Pic(X) 

= H1{X,(Tx) 

Proof.  Let  r be  one  of  the  topologies  considered  in  Section[49.20|  By  Cohomology 


on  Sites,  Lemma  21.7.1  we  see  that  Hf(X,  Gm)  = Hf(X,0*)  = Pic (Ot)  where 
Ot  is  the  structure  sheaf  of  the  site  ( Sch/X)T . Now  an  invertible  0T-module  is 
a quasi-colrerent  0T-module.  By  Theorem  |49.17.4|  or  the  more  precise  Descent, 
Proposition  34.7.11  we  see  that  Pic (Ot)  = Pic(A).  The  last  equality  is  proved  in 
the  same  way.  □ 


49.25.  The  etale  site 


At  this  point  we  start  exploring  the  etale  site  of  a scheme  in  more  detail.  As  a first 
step  we  discuss  a little  the  notion  of  an  etale  morphism. 


49.26.  Etale  morphisms 

For  more  details,  see  Morphisms,  Section 


28.36 


for  the  formal  definition  and  Etale 


Morphisms,  Sections  |40.11|  |40.12|  |40.13[  40.14[  |40.16[  and  |40.19|  for  a survey  of 
interesting  properties  of  etale  morphisms. 


Recall  that  an  algebra  A over  an  algebraically  closed  field  k is  smooth  if  it  is  of 
finite  type  and  the  module  of  differentials  Ll^/k  is  finite  locally  free  of  rank  equal 
to  the  dimension.  A scheme  X over  k is  smooth  over  k if  it  is  locally  of  finite  type 
and  each  affine  open  is  the  spectrum  of  a smooth  fc-algebra.  If  k is  not  algebraically 
closed  then  an  A-algebra  is  said  to  be  a smooth  fc-algebra  if  A (g)*,  k is  a smooth 
fc-algebra.  A ring  map  A — > B is  smooth  if  it  is  flat,  finitely  presented,  and  for  all 
primes  p C A the  fibre  ring  n(p)  Cu  B is  smooth  over  the  residue  field  «(p).  More 
generally,  a morphism  of  schemes  is  smooth  if  it  is  flat,  locally  of  finite  presentation, 
and  the  geometric  fibers  are  smooth. 


For  these  facts  please  see  Morphisms,  Section  28.34|  Using  this  we  may  define  an 
etale  morphism  as  follows. 


Definition  49.26.1.  A morphism  of  schemes  is  etale  if  it  is  smooth  of  relative 
dimension  0. 


In  particular,  a morphism  of  schemes  X — > S is  etale  if  it  is  smooth  and  ftx/s  = 0. 

Proposition  49.26.2.  Facts  on  etale  morphisms. 

(1)  Let  k be  a field.  A morphism  of  schemes  U — > Spec(fc)  is  etale  if  and  only 
tfU  = Uie/  Spec(fcj)  such  that  for  each  i £ I the  ring  ki  is  a field  which 
is  a finite  separable  extension  ofk. 


49.26.  ETALE  MORPHISMS 
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(2)  Let  ip  : U —¥  S be  a morphism  of  schemes.  The  following  conditions  are 
equivalent: 

(a)  <p  is  etale, 

(b)  ip  is  locally  finitely  presented,  flat,  and  all  its  fibres  are  etale, 

(c)  ip  is  flat,  unramified  and  locally  of  finite  presentation. 

(3)  A ring  map  A — ► B is  etale  if  and  only  if  B = A[x i, . . . , xn]/(fi, . . . , /„) 

such  that  A = det  invertible  in  B. 

(4)  The  base  change  of  an  etale  morphism  is  etale. 

(5)  Compositions  of  etale  morphisms  are  etale. 

(6)  Fibre  products  and  products  of  etale  morphisms  are  etale. 

(7)  An  etale  morphism  has  relative  dimension  0. 

(8)  Let  Y -A  X be  an  etale  morphism.  If  X is  reduced  ( respectively  regular) 
then  so  is  Y . 

(9)  Etale  morphisms  are  open. 

(10)  If  X — > S and  Y — >•  S are  etale,  then  any  S-morphism  X — ► Y is  also 
etale. 


03PD 


Proof.  We  have  proved  these  facts  (and  more)  in  the  preceding  chapters.  Here  is  a 
list  of  references:  (1)  Morphisms,  Lemma  28.36. 7|  (2)  Morphisms,  Lemmas  28.36.8 


and  28.36.16  (3)  Algebra,  Lemma  10.141.2|  (4)  Morphisms,  Lemma  [28.36.4  (5) 


Morphisms,  Lemma  28.36.3  (6)  Follows  formally  from  (4)  and  (5).  (7)  Morphisms, 


Lemmas  28.36.6  and  28.29.5  (8)  See  Algebra,  Lemmas  |10.155.6~  and  10.155.5[  see 


also  more  results  of  this  kind  in  Etale  Morphisms,  Section  40.19 


Lemma  28.25.9  and  28.36.12  (10)  See  Morphisms,  Lemma  28.36.18 


(9)  See  Morphisms, 

□ 


Definition  49.26.3.  A ring  map  A — ► B is  called  standard  etale  if  B = {A[t\/(f))g 
with  f,g  £ A[t],  with  / monic,  and  d//d£  invertible  in  B. 


It  is  true  that  a standard  etale  ring  map  is  etale.  Namely,  suppose  that  B = 
(A[t\/(f))g  with  f,g£  A[t\,  with  / monic,  and  df/dt  invertible  in  B.  Then  A[t]/ (/) 
is  a finite  free  A-module  of  rank  equal  to  the  degree  of  the  monic  polynomial  /. 
Hence  B,  as  a localization  of  this  free  algebra  is  finitely  presented  and  flat  over  A. 
To  finish  the  proof  that  B is  etale  it  suffices  to  show  that  the  fibre  rings 

«(p)  B 2*  k( p)  (gu  {A[t]/(f))g  2*  «(p)[£,  l/g\/(f) 

are  finite  products  of  finite  separable  field  extensions.  Here  f ,g  £ K(p)M  are  the 
images  of  / and  g.  Let 

//»  n /»^1  j>€-b 

J 1 • • • J aJ  a+1  * * * J a-\-b 

be  the  factorization  of  / into  powers  of  pairwise  distinct  irreducible  monic  factors 
f i with  ei, . . . , e*,  > 0.  By  assumption  d//df  is  invertible  in  «;(p)[t,  1 /g\.  Hence  we 
see  that  at  least  all  the  fi,i>a  are  invertible.  We  conclude  that 

«(p)[*.  i/^]/(7)  ss  *(P)W/(7i) 

where  I C {1,  ...,o}  is  the  subset  of  indices  i such  that  f.L  does  not  divide  g. 
Moreover,  the  image  of  df/dt  in  the  factor  «(p)[£]/(/J  is  clearly  equal  to  a unit 
times  d/j/dt.  Hence  we  conclude  that  Kj  = «;(p)[£]/(/i)  is  a finite  field  extension 
of  «(p)  generated  by  one  element  whose  minimal  polynomial  is  separable,  i.e. , the 
field  extension  /c(p)  C K*  is  finite  separable  as  desired. 


49.27.  ETALE  COVERINGS 
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03PE 


03PF 

03PG 


03PH 


03PI 


03PJ 


It  turns  out  that  any  etale  ring  map  is  locally  standard  etale.  To  formulate  this  we 
introduce  the  following  notation.  A ring  map  A — » B is  etale  at  a prime  q of  B if 
there  exists  h £ B,  h ^ q such  that  A — ► Bh  is  etale.  Here  is  the  result. 

Theorem  49.26.4.  A ring  map  A — >•  B is  etale  at  a prime  q if  and  only  if  there 
exists  g £ B , g ^ q such  that  Bg  is  standard  etale  over  A. 

Proof.  See  Algebra,  Proposition  |10. 141 .17|  □ 


49.27.  Etale  coverings 


We  recall  the  definition. 


Definition  49.27.1.  An  etale  covering  of  a scheme  U is  a family  of  morphisms  of 
schemes  {ipi  : Ui  — ► U}t^i  such  that 

(1)  each  ipi  is  an  etale  morphism, 

(2)  the  U,  cover  U,  i.e.,  U = UigJ  T i{Ui). 


Lemma  49.27.2.  Any  etale  covering  is  an  fpqc  covering. 


Proof.  (See  also  Topologies,  Lemma  33.8.6  ) Let  {pi  : Ui  — >•  be  an  etale 

covering.  Since  an  etale  morphism  is  flat,  and  the  elements  of  the  covering  should 
cover  its  target,  the  property  fp  (faithfully  flat)  is  satisfied.  To  check  the  property 
qc  (quasi-compact),  let  V C U be  an  affine  open,  and  write  p/1  = UjeJ  f°r 
some  affine  opens  C Ui . Since  Pi  is  open  (as  etale  morphisms  are  open),  we 
see  that  V = Pi (Vjj ) is  an  open  covering  of  V.  Further,  since  V is 

quasi-compact,  this  covering  has  a finite  refinement.  □ 


So  any  statement  which  is  true  for  fpqc  coverings  remains  true  a fortiori  for  etale 
coverings.  For  instance,  the  etale  site  is  subcanonical. 


Definition  49.27.3.  (For  more  details  see  Section  49.20  or  Topologies,  Section 
33.4  ) Let  S'  be  a scheme.  The  big  etale  site  over  S is  the  site  (Sch/ S) etale,  see  Def- 


inition [49T20T4J  The  small  etale  site  over  S is  the  site  S^taie,  see  Definition |49. 20. 4} 
We  define  similarly  the  big  and  small  Zariski  sites  on  S,  denoted  (Sch/ S)zar  and 
Szar- 


Loosely  speaking  the  big  etale  site  of  S is  made  up  out  of  schemes  over  S and 
coverings  the  etale  coverings.  The  small  etale  site  of  S is  made  up  out  of  schemes 
etale  over  S with  coverings  the  etale  coverings.  Actually  any  morphism  between 
objects  of  Setaie  is  etale,  in  virtue  of  Proposition  |49.26.2[  hence  to  check  that 
{Ui  — » U}iei  in  S^tale  is  a covering  it  suffices  to  check  that  ](J  Ui  — > U is  surjective. 

The  small  etale  site  has  fewer  objects  than  the  big  etale  site,  it  contains  only  the 
“opens”  of  the  etale  topology  on  S.  It  is  a full  subcategory  of  the  big  etale  site, 
and  its  topology  is  induced  from  the  topology  on  the  big  site.  Hence  it  is  true  that 
the  restriction  functor  from  the  big  etale  site  to  the  small  one  is  exact  and  maps 
injectives  to  injectives.  This  has  the  following  consequence. 

Proposition  49.27.4.  Let  S be  a scheme  and  T an  abelian  sheaf  on  (Sch/ S)^taie- 
Then  F\  s6taU  a sheaf  on  S^aie  and 

H?taie(S,F\s£taJ=HVtale(S,T) 


for  all  p > 0. 


49.28.  KUMMER  THEORY 
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03PK 


03PL 


03PM 


Proof.  This  is  a special  case  of  Lemma  |49.20.5|  □ 

In  accordance  with  the  general  notation  introduced  in  Section  |49.20|  we  write 
fL|taZe(S',  J")  for  the  above  cohomology  group. 


49.28.  Kummer  theory 


Let  n £ N and  consider  the  functor  /x„  defined  by 
Schopp  — ► Ab 

S h— > 0n(S,)  = {ter(S,,0S)|*n  = l}. 

By  Groupoids,  Example  |38.5.2|  this  is  a representable  functor,  and  the  scheme 
representing  it  is  denoted  /j,n  also.  By  Lemma  49.15.8  this  functor  satisfies  the 
sheaf  condition  for  the  fpqc  topology  (in  particular,  it  is  also  satisfies  the  sheaf 
condition  for  the  etale,  Zariski,  etc  topology). 

Lemma  49.28.1.  If  n £ 0%  then 


0 —>  Hn,S  c 


(■: 


->  G 


m,S 


o 


is  a short  exact  sequence  of  sheaves  on  both  the  small  and  big  etale  site  of  S. 

Proof.  By  definition  the  sheaf  gLn^s  is  the  kernel  of  the  map  (•)".  Hence  it  suffices 
to  show  that  the  last  map  is  surjective.  Let  U be  a scheme  over  S.  Let  f £ 
G m(U)  = P(f/, O^).  We  need  to  show  that  we  can  find  an  etale  cover  of  U over 
the  members  of  which  the  restriction  of  / is  an  nth  power.  Set 

U'  = Spec n(Ou[T\/(Tn  - /))  A U. 


(See  Constructions,  Section  26.3  or  26.4|for  a discussion  of  the  relative  spectrum.) 


Let  Spec(H)  C U be  an  affine  open,  and  say  /|sPec(A)  corresponds  to  the  unit 
a £ A*.  Then  7r_1(Spec(H))  = Spec(B)  with  B = A[T]/(Tn  — a).  The  ring  map 
A — > B is  finite  free  of  rank  n,  hence  it  is  faithfully  flat,  and  hence  we  conclude 
that  Spec(B)  — > Spec(H)  is  surjective.  Since  this  holds  for  every  affine  open  in 
U we  conclude  that  7r  is  surjective.  In  addition,  n and  Tn~ 1 are  invertible  in  B , 
so  nTra_1  £ B*  and  the  ring  map  A — > B is  standard  etale,  in  particular  etale. 
Since  this  holds  for  every  affine  open  of  U we  conclude  that  tt  is  etale.  Hence 
U = {n  : U’  — » U}  is  an  etale  covering.  Moreover,  f\jji  = (/')ra  where  f is  the 
class  of  T in  Y(U' , O ^,),  so  U has  the  desired  property.  □ 


Remark  49.28.2.  Lemma 


49.28.1 


is  false  when  “etale”  is  replaced  with  “Zariski” . 
Since  the  etale  topology  is  coarser  than  the  smooth  topology,  see  Topologies,  Lemma 
|33.5.2|it  follows  that  the  sequence  is  also  exact  in  the  smooth  topology. 

By  Theorem  |49.24.1|  and  Lemma |49.28.1|  and  general  properties  of  cohomology  we 
obtain  the  long  exact  cohomology  sequence 


o H%ale(S,  nn,s) r(5, 0%)  T(S,  0*s ) 
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at  least  if  n is  invertible  on  S.  When  n is  not  invertible  on  S we  can  apply  the 
following  lemma. 

040N  Lemma  49.28.3.  For  any  n £ N the  sequence 


fJ-n,S 


G 


m,S 


(■y 


> G 


771,5 


is  a short  exact  sequence  of  sheaves  on  the  site  (Sch/  S)  fppf  and  (Sch/ S)synt0mic- 

Proof.  By  definition  the  sheaf  is  the  kernel  of  the  map  (•)".  Hence  it  suffices 
to  show  that  the  last  map  is  surjective.  Since  the  syntomic  topology  is  stronger 


than  the  fppf  topology,  see  Topologies,  Lemma  |33.7.2[  it  suffices  to  prove  this  for 
the  syntomic  topology.  Let  U be  a scheme  over  S.  Let  / £ Gm(U)  = T(U,0/j). 
We  need  to  show  that  we  can  find  a syntomic  cover  of  U over  the  members  of  which 
the  restriction  of  / is  an  nth  power.  Set 

U'  = Spec  (Ou[T]/(Tn  - /))  U. 


(See  Constructions,  Section  26.3  or  26.4|for  a discussion  of  the  relative  spectrum.) 


Let  Spec(A)  C U be  an  affine  open,  and  say  /|sPec(A)  corresponds  to  the  unit 
a £ A*.  Then  7r_1(Spec(A))  = Spec(B)  with  B = A[T]/(Tn  — a).  The  ring  map 
A — > B is  finite  free  of  rank  n,  hence  it  is  faithfully  flat,  and  hence  we  conclude 
that  Spec(B)  — > Spec(A)  is  surjective.  Since  this  holds  for  every  affine  open  in 
U we  conclude  that  tt  is  surjective.  In  addition,  I?  is  a global  relative  complete 
intersection  over  A , so  the  ring  map  A — > B is  standard  syntomic,  in  particular 
syntomic.  Since  this  holds  for  every  affine  open  of  U we  conclude  that  n is  syntomic. 
Hence  U = {tt  : U'  U}  is  a syntomic  covering.  Moreover,  f\u'  = (/')"  where  /' 
is  the  class  of  T in  T([//,  so  U has  the  desired  property.  □ 


0400  Remark  49.28.4.  Lemma 
ogy- 


49.28.3 


is  false  for  the  smooth,  etale,  or  Zariski  topol- 


By  Theorem  |49.24.1|  and  Lemma  |49.28.3  and  general  properties  of  cohomology  we 
obtain  the  long  exact  cohomology  sequence 


o H°fppf(S,  Hn,s) m 0*s)  T(S , 0%) 


H fppf  Mn,s) 


for  any  scheme  S and  any  integer  n.  Of  course  there  is  a similar  sequence  with 
syntomic  cohomology. 

Let  n £ N and  let  S be  any  scheme.  There  is  another  more  direct  way  to  describe 
the  first  cohomology  group  with  values  in  /. in . Consider  pairs  (C,a)  where  £ is  an 
invertible  sheaf  on  S and  a : — > Os  is  a trivialization  of  the  nth  tensor  power 

of  C.  Let  (£',a')  be  a second  such  pair.  An  isomorphism  tp  : (£,a)  — > {C',a')  is 
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an  isomorphism  tp  : £ — > £ of  invertible  sheaves  such  that  the  diagram 


Os 


Os 


040P 


commutes.  Thus  we  have 
(49.28.4.1) 

t un  \ /w  /w  f 0 if  they  are  not  isomorphic 

Isoms((C,  a),(£  , a))  — ^ ^ ^ if  ^ isomorphism  of  pairs 

Moreover,  given  two  pairs  (£,a),  (£',<£)  the  tensor  product 

(£,  a)  (8)  (£' , a')  = (£  8 £',  a ® a') 


is  another  pair.  The  pair  (0g,l)  is  an  identity  for  this  tensor  product  operation, 
and  an  inverse  is  given  by 

(£,  a)-1  = OC®-1,^"1). 

Hence  the  collection  of  isomorphism  classes  of  pairs  forms  an  abelian  group.  Note 
that 

(£,a)®n  = (£®",a0n)  ^ (Os,  1) 

hence  every  element  of  this  group  has  order  dividing  n.  We  warn  the  reader  that 
this  group  is  in  general  not  the  n-torsion  in  Pic(.S'). 

040Q  Lemma  49.28.5.  Let  S be  a scheme.  There  is  a canonical  identification 

H\taie(S i Tn)  = group  of  pairs  (£,a)  up  to  isomorphism  as  above 

if  n is  invertible  on  S.  In  general  we  have 

Hfppf(S,  Hn)  = group  of  pairs  (£,  a)  up  to  isomorphism  as  above. 

The  same  result  holds  with  fppf  replaced  by  syntomic. 


Proof.  We  first  prove  the  second  isomorphism.  Let  (£,  a)  be  a pair  as  above. 
Choose  an  affine  open  covering  S = (J  C7*  such  that  C\ui  = O^-  Say  Sj  € £(£/,) 
is  a generator.  Then  a(sfn)  = fi  G 0*s(Ui).  Writing  U\  = Spec(H,)  we  see  there 
exists  a global  relative  complete  intersection  Ai  — > Bi  = Ai[T]/(Tn  — fi)  such  that 
fi  maps  to  an  nth  power  in  Bi.  In  other  words,  setting  V)  = Spec(-Bj)  we  obtain  a 
syntomic  covering  V = {Vi  — > S}i^i  and  trivializations  ipt  : (£,a)|y;  — > (CV;,  1)- 

We  will  use  this  result  (the  existence  of  the  covering  V)  to  associate  to  this  pair  a 
cohomology  class  in  Hlyntornic{S , fin,s) ■ We  give  two  (equivalent)  constructions. 

First  construction:  using  Cech  cohomology.  Over  the  double  overlaps  Vi  x g Vj  we 
have  the  isomorphism 


{OviXsVi,  1) 


Pr0^i 


-t  (^IViXsVj)  aWiXsVj)  P liP°>  ( OvtXsVjA ) 


of  pairs.  By  (49.28.4.1 ) this  is  given  by  an  element  Qj  £ pn(Vi  Xg  Vj).  We  omit  the 
verification  that  these  Qfis  give  a 1-cocycle,  i.e.,  give  an  element  (Ci0*i ) € C(V,  Pn) 
with  d(C<o<i)  = 0-  Thus  its  class  is  an  element  in  IL1(V,  p,n)  and  by  Theorem 
it  maps  to  a cohomology  class  in  H{yntomic(S,  pLn,s)- 


49.19.2 
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Second  construction:  Using  torsors.  Consider  the  presheaf 

/.!„(£,  a)  : U i — » Isomu^Ou,  1),  (£,  a)\u) 


on  (Sch/ S)Syntomic-  We  may  view  this  as  a subpresheaf  of  Homo{0,  C)  (internal 
hom  sheaf,  see  Modules  on  Sites,  Section  18.271.  Since  the  conditions  defining  this 
subpresheaf  are  local,  we  see  that  it  is  a sheaf.  By  (49.28.4.1)  this  sheaf  has  a free 
action  of  the  sheaf  nn>s-  Hence  the  only  thing  we  have  to  check  is  that  it  locally 
has  sections.  This  is  true  because  of  the  existence  of  the  trivializing  cover  V.  Hence 
Hn(C,a)  is  a nn,s- torsor  and  by  Cohomology  on  Sites,  Lemma 
corresponding  element  of  Hjyntomic(S,  /zn,s). 


21.5.3 


we  obtain  a 


Ok,  now  we  have  to  still  show  the  following 

(1)  The  two  constructions  give  the  same  cohomology  class. 

(2)  Isomorphic  pairs  give  rise  to  the  same  cohomology  class. 

(3)  The  cohomology  class  of  (£,  a)  ® (£',  a')  is  the  sum  of  the  cohomology 
classes  of  (£,a)  and  {£  ,a!). 

(4)  If  the  cohomology  class  is  trivial,  then  the  pair  is  trivial. 

(5)  Any  element  of  H]yntomic{S , Hn,s)  is  the  cohomology  class  of  a pair. 

We  omit  the  proof  of  (1).  Part  (2)  is  clear  from  the  second  construction,  since 
isomorphic  torsors  give  the  same  cohomology  classes.  Part  (3)  is  clear  from  the 
first  construction,  since  the  resulting  Cech  classes  add  up.  Part  (4)  is  clear  from 
the  second  construction  since  a torsor  is  trivial  if  and  only  if  it  has  a global  section, 
see  Cohomology  on  Sites,  Lemma [21. 5. 2| 


Part  (5)  can  be  seen  as  follows  (although  a direct  proof  would  be  preferable).  Sup- 
pose Hlyntomic{S,  nnts).  Then  £ maps  to  an  element  £ € Hlyntomic{S,  Gm,s) 
with  ni ; = 0.  By  Theorem 


49.24.1 


we  see  that  £ corresponds  to  an  invertible  sheaf 
C whose  nth  tensor  power  is  isomorphic  to  Os-  Hence  there  exists  a pair  (£,«') 
whose  cohomology  class  £'  has  the  same  image  £'  in  Hlyntomic  ( S,  Grrlis ) ■ Thus  it 
suffices  to  show  that  £ — £'  is  the  class  of  a pair.  By  construction,  and  the  long  exact 
cohomology  sequence  above,  we  see  that  £ — £'  = d(f)  for  some  / £ H°{S,Og). 
Consider  the  pair  {Os if)-  We  omit  the  verification  that  the  cohomology  class 
of  this  pair  is  d{f),  which  finishes  the  proof  of  the  first  identification  (with  fppf 
replaced  with  syntomic). 


To  see  the  first,  note  that  if  n is  invertible  on  S,  then  the  covering  V constructed  in 
the  first  part  of  the  proof  is  actually  an  etale  covering  (compare  with  the  proof  of 
Lemma  49.28.1).  The  rest  of  the  proof  is  independent  of  the  topology,  apart  from 
the  very  last  argument  which  uses  that  the  Kummer  sequence  is  exact,  i.e.,  uses 
Lemma  149.28.11  □ 


49.29.  Neighborhoods,  stalks  and  points 

03PN  We  can  associate  to  any  geometric  point  of  S'  a stalk  functor  which  is  exact.  A 
map  of  sheaves  on  S^taie  is  an  isomorphism  if  and  only  if  it  is  an  isomorphism  on 
all  these  stalks.  A complex  of  abelian  sheaves  is  exact  if  and  only  if  the  complex  of 
stalks  is  exact  at  all  geometric  points.  Altogether  this  means  that  the  small  etale 
site  of  a scheme  S has  enough  points.  It  also  turns  out  that  any  point  of  the  small 
etale  topos  of  S (an  abstract  notion)  is  given  by  a geometric  point.  Thus  in  some 
sense  the  small  etale  topos  of  S can  be  understood  in  terms  of  geometric  points 
and  neighbourhoods. 
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03PO  Definition  49.29.1.  Let  S be  a scheme. 

(1)  A geometric  point  of  S is  a morphism  Spec(fc)  -A  S where  k is  algebraically 
closed.  Such  a point  is  usually  denoted  s,  i.e.,  by  an  overlined  small 
case  letter.  We  often  use  s to  denote  the  scheme  Spec (k)  as  well  as  the 
morphism,  and  we  use  k(s)  to  denote  k. 

(2)  We  say  s lies  over  s to  indicate  that  s £ S is  the  image  of  s. 

(3)  An  etale  neighborhood  of  a geometric  point  s of  S is  a commutative  dia- 
gram 


U 


where  ip  is  an  etale  morphism  of  schemes.  We  write  ( U,u ) — x (S,s). 

(4)  A morphism  of  etale  neighborhoods  ( U,u ) — > ( L/7 , ) is  an  iS-morphism 
h : U -A  U'  such  that  u'  = ho  u. 


03PP  Remark  49.29.2.  Since  U and  U'  are  etale  over  S,  any  S'-morphism  between 
them  is  also  etale,  see  Proposition  |49.26.2|  In  particular  all  morphisms  of  etale 
neighborhoods  are  etale. 


04HT 


Remark  49.29.3.  Let  S be  a scheme  and  s £ S a point.  In  More  on  Morphisms, 
Definition  36.27.1  we  defined  the  notion  of  an  etale  neighbourhood  (U,u)  — > (S,s) 
of  (S,  s).  If  s is  a geometric  point  of  S lying  over  s,  then  any  etale  neighbourhood 
(U,  u)  -A  (S,  s)  gives  rise  to  an  etale  neighbourhood  ([/,  u)  of  ( S , s)  by  taking  u GU 
to  be  the  unique  point  of  U such  that  u lies  over  u.  Conversely,  given  an  etale 
neighbourhood  (U,  u)  of  ( S , s ) the  residue  field  extension  k(s)  C k(u)  is  finite 
separable  (see  Proposition  49.26.2 ) and  hence  we  can  find  an  embedding  k(u)  C k(s) 
over  k(s).  In  other  words,  we  can  find  a geometric  point  u of  U lying  over  u such 
that  (U,u)  is  an  etale  neighbourhood  of  (S,  s).  We  will  use  these  observations  to 
go  between  the  two  types  of  etale  neighbourhoods. 


03PQ  Lemma  49.29.4.  Let  S be  a scheme,  and  let  s be  a geometric  point  of  S . The 
category  of  etale  neighborhoods  is  cofiltered.  More  precisely: 

(1)  Let  (Ui,Ui)i= 1,2  be  two  etale  neighborhoods  ofs  in  S.  Then  there  exists  a 
third  etale  neighborhood  ( U,u ) and  morphisms  ( U,u ) — > (Ui,Ui),  i = 1,2. 

(2)  Let  hi,/i2  : ( U,u ) — >•  {U' ,u')  be  two  morphisms  between  etale  neighbor- 
hoods ofs.  Then  there  exist  an  etale  neighborhood  (U"  ,u")  and  a mor- 
phism h : (U" ,u")  -A  ( U,u ) which  equalizes  h\  and  h2,  i.e.,  such  that 
hi  o h = h-2  o h. 


Proof.  For  part  (1),  consider  the  fibre  product  U = U\  xj  U^-  It  is  etale  over 
both  U\  and  U2  because  etale  morphisms  are  preserved  under  base  change,  see 
Proposition  49.26.2  The  map  s — > U defined  by  (ui,U2)  gives  it  the  structure  of 
an  etale  neighborhood  mapping  to  both  U\  and  1/2-  For  part  (2),  define  U"  as  the 
fibre  product 


U" 

(^1,^2) 

W A V 

U'  —^+U'  xj  U' . 
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Since  u and  u'  agree  over  S with  s,  we  see  that  u"  = (u,u')  is  a geometric  point 
of  U" . In  particular  U"  ^ 0.  Moreover,  since  U'  is  etale  over  S , so  is  the  fibre 
product  U'  Xs  U'  (see  Proposition  49.26.2l.  Hence  the  vertical  arrow  (hi,h2)  is 


etale  by  Remark  |49.29.2|  above.  Therefore  U"  is  etale  over  U'  by  base  change,  and 
hence  also  etale  over  S (because  compositions  of  etale  morphisms  are  etale).  Thus 
( U",u ")  is  a solution  to  the  problem.  □ 

03PR  Lemma  49.29.5.  Let  S be  a scheme.  Let  s be  a geometric  point  of  S.  Let  (U,u) 
an  etale  neighborhood  ofs.  LetU  = {tpi  : Ui  -A  U}i^i  be  an  etale  covering.  Then 
there  exist  i £ I and  u.,  : s — )•  Ui  such  that  ipi  : ( Ui,Ui ) — ► (17, u)  is  a morphism  of 
etale  neighborhoods. 

Proof.  As  U = Uie/  Vi(Ui),  the  fibre  product  s Xutu,ipi  Ui  is  not  empty  for  some 
i.  Then  look  at  the  cartesian  diagram 

8 Xu,U,ifii  Ui  Ui 


Prl 


Spec(fc)  = s ■ 


U 


The  projection  prx  is  the  base  change  of  an  etale  morphisms  so  it  is  etale,  see 
Therefore,  s Ui  is  a disjoint  union  of  finite  separable 

Here  s = Spec  (k).  But  k is  algebraically 


Proposition  49.26.2 


extensions  of  k,  by  Proposition  49.26.2 


closed,  so  all  these  extensions  are  trivial,  and  there  exists  a section  a of  pi^.  The 
composition  pr2  o a gives  a map  compatible  with  u.  □ 

040R  Definition  49.29.6.  Let  S be  a scheme.  Let  T be  a presheaf  on  S^taie-  Let  s be 
a geometric  point  of  S.  The  stalk  of  J-  at  s is 

Fs  = colim(i7)5)  F{U) 

where  (U,u)  runs  over  all  etale  neighborhoods  of  s in  S. 

By  Lemma  |49.29.4[  this  colimit  is  over  a filtered  index  category,  namely  the  op- 
posite of  the  category  of  etale  neighbourhoods.  In  other  words,  an  element  of 
can  be  thought  of  as  a triple  ( U,u,a ) where  a £ .F(f7).  Two  triples  ( U,u,a ), 
( U',u',a ')  define  the  same  element  of  the  stalk  if  there  exists  a third  etale  neigh- 
bourhood (U",vf)  and  morphisms  of  etale  neighbourhoods  h : (U" ,u”)  — > ( U,u ), 
h!  : (U",  u")  — > (■ U',vf ) such  that  h* a = (. h')*a ' in  F(U").  See  Categories,  Section 
I4T91 

04FM  Lemma  49.29.7.  Let  S be  a scheme.  Let  s be  a geometric  point  of  S.  Consider 
the  functor 

u . Setaie  ^ Sets , 

U i — > \Us\  = {u  such  that  ( Ufa ) is  an  etale  neighbourhood  ofs}. 

Here  |f7sj  denotes  the  underlying  set  of  the  geometric  fibre.  Thenu  defines  a point  p 


of  the  site  S^taie  (Sites,  Definition  7 .31.2)  and  its  associated  stalk  functor  J7  i— > 


(Sites,  Equation  7 .31.1.1)  is  the  functor  J7  i— > defined  above. 

Proof.  In  the  proof  of  Lemma  49.29.5|we  have  seen  that  the  scheme  U-g  is  a disjoint 
union  of  schemes  isomorphic  to  s.  Thus  we  can  also  think  of  \Ug\  as  the  set  of 
geometric  points  of  U lying  over  s,  i.e. , as  the  collection  of  morphisms  u : s — » U 


fitting  into  the  diagram  of  Definition  49.29.1  From  this  it  follows  that  u(S)  is  a 
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04FN 


singleton,  and  that  u(U  Xy  W)  = u(U)  xu(v)  u{W)  whenever  U — > V and  W — > V 
are  morphisms  in  S etale-  And,  given  a covering  {Ui  J7}igj  in  Setaie  we  see  that 
[]«({/;)  — > u(U)  is  surjective  by  Lemma  49.29.5  Hence  Sites,  Proposition  7.32.2 


applies,  so  p is  a point  of  the  site  Setaie-  Finally,  the  our  functor  P H > Pg  is  given  by 
exactly  the  same  colimit  as  the  functor  P i— > Pp  associated  to  p in  Sites,  Equation 
|7. 31. 1.1|  which  proves  the  final  assertion.  □ 


Remark  49.29.8.  Let  S'  be  a scheme  and  let  s : Spec (k)  — > S and  s'  : Spec {k')  — > 
S be  two  geometric  points  of  S.  A morphism  a : s -A  s'  of  geometric  points  is 
simply  a morphism  a : Spec(fc)  — > Spec(fc')  such  that  a o s'  = s.  Given  such  a 
morphism  we  obtain  a functor  from  the  category  of  etale  neighbourhoods  of  s'  to 
the  category  of  etale  neighbourhoods  of  s by  the  rule  ( U,u ')  ha  (U,u'  o a).  Hence 
we  obtain  a canonical  map 


Pg’  = colim([;i5/)  T(U)  — > cohm(C/jS)  F(U)  = JV 

from  Categories,  Lemma  4.14.7  Using  the  description  of  elements  of  stalks  as  triples 
this  maps  the  element  of  J-s>  represented  by  the  triple  (U.  v! . a)  to  the  element 
of  J-j  represented  by  the  triple  (U,  v!  o a,  a).  Since  the  functor  above  is  clearly 
an  equivalence  we  conclude  that  this  canonical  map  is  an  isomorphism  of  stalk 
functors. 


Let  us  make  sure  we  have  the  map  of  stalks  corresponding  to  a pointing  in  the 
correct  direction.  Note  that  the  above  means,  according  to  Sites,  Dehnition|7.36.2[ 
that  a defines  a morphism  a : p — ► p'  between  the  points  p,p'  of  the  site  S^.aie 


associated  to  s,  s'  by  Lemma  49.29.7  There  are  more  general  morphisms  of  points 
(corresponding  to  specializations  of  points  of  S)  which  we  will  describe  later,  and 
which  will  not  be  isomorphisms  (insert  future  reference  here). 

03PT  Lemma  49.29.9.  Let  S be  a scheme.  Let  s be  a geometric  point  of  S. 

(1)  The  stalk  functor  PAb(S^taie)  Ab,  T e- > Fs  is  exact. 

(2)  We  have  (J7^)^  = F-g  for  any  presheaf  of  sets  T on  S^taie- 

(3)  The  functor  Ab(Setaie)  —t  Ab,  T i— >■  Tg  is  exact. 

(4)  Similarly  the  functors  PSh(Setaie)  Sets  and  Sh{S^taie)  * Sets  given  by 
the  stalk  functor  T i— ► T-%  are  exact  (see  Categories,  Definition  4.23.1) 
and  commute  with  arbitrary  colimits. 


Proof.  Before  we  indicate  how  to  prove  this  by  direct  arguments  we  note  that  the 


result  follows  from  the  general  material  in  Modules  on  Sites,  Section  18.35  This  is 


true  because  T Tg  comes  from  a point  of  the  small  etale  site  of  S,  see  Lemma 


49.29.7  We  will  only  give  a direct  proof  of  (1),  (2)  and  (3),  and  omit  a direct  proof 
of  (4). 


Exactness  as  a functor  on  PAb(S (tale)  is  formal  from  the  fact  that  directed  colimits 
commute  with  all  colimits  and  with  finite  limits.  The  identification  of  the  stalks  in 
(2)  is  via  the  map 


Tg 


induced  by  the  natural  morphism  T — ► J7#,  see  Theorem  49.13.2  We  claim  that 


this  map  is  an  isomorphism  of  abelian  groups.  We  will  show  injectivity  and  omit 
the  proof  of  surjectivity. 


Let  a € Pg.  There  exists  an  etale  neighborhood  (U,  u ) — > (5,  s)  such  that  a is  the 
image  of  some  section  s G P{U).  If  k(<t)  = 0 in  {P^)g  then  there  exists  a morphism 
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03PU 


040S 


04FP 


04HU 


of  etale  neighborhoods  (U' ,vf)  -A  (U,u)  such  that  s|[/'  is  zero  in  ([/').  It  follows 
there  exists  an  etale  covering  {U[  — > U'}iei  such  that  s|{//  = 0 in  T{U[)  for  all 
i.  By  Lemma  49.29.5  there  exist  i £ I and  a morphism  zt'  : s — >•  U[  such  that 
(U-ju'j)  -A  (U',u')  -A  {U,u)  are  morphisms  of  etale  neighborhoods.  Hence  a = 0 
since  ( U[ . ) — ► (U,u)  is  a morphism  of  etale  neighbourhoods  such  that  we  have 

s|;y'  = 0.  This  proves  k is  injective. 

To  show  that  the  functor  Ab(S etale)  — > Ab  is  exact,  consider  any  short  exact  se- 
quence in  Abi^S etale)-  0— > J- > G H — I 0.  This  gives  us  the  exact  sequence  of 
presheaves 

o -a uivq  ->  o, 

where  jp  denotes  the  quotient  in  PAb(Sstaie)-  Taking  stalks  at  s,  we  see  that 
(' H/pQ)s  = {'H/G)s  = 0,  since  the  sheafification  of  TL/PQ  is  0.  Therefore, 

o-».7Wfe-»?fe-K)  = (n/pg)s 

is  exact,  since  taking  stalks  is  exact  as  a functor  from  presheaves.  □ 

Theorem  49.29.10.  Let  S be  a scheme.  A map  a : T -A  Q of  sheaves  of  sets  is 
injective  (resp.  surjective)  if  and  only  if  the  map  on  stalks  a -j  : J-j  -A  is  injective 
(resp.  surjective)  for  all  geometric  points  of  S.  A sequence  of  abelian  sheaves  on 
Set.aie  is  exact  if  and  only  if  it  is  exact  on  all  stalks  at  geometric  points  of  S. 


Proof.  The  necessity  of  exactness  on  stalks  follows  from  Lemma  |49.29.9|  For 
the  converse,  it  suffices  to  show  that  a map  of  sheaves  is  surjective  (respectively 
injective)  if  and  only  if  it  is  surjective  (respectively  injective)  on  all  stalks.  We 
prove  this  in  the  case  of  surjectivity,  and  omit  the  proof  in  the  case  of  injectivity. 

Let  a : J-  —A  Q be  a map  of  abelian  sheaves  such  that  T-j  — > G~s  is  surjective  for 
all  geometric  points.  Fix  U £ Ob(S^taie)  and  s £ Q{U).  For  every  u £ U choose 
some  u — > U lying  over  u and  an  etale  neighborhood  (Vu,vu)  — > ( U,u ) such  that 
s|vq  = a(svu)  for  some  syu  £ F(VU).  This  is  possible  since  a is  surjective  on  stalks. 
Then  { Vv  — Z U}u^jj  is  an  etale  covering  on  which  the  restrictions  of  s are  in  the 
image  of  the  map  a.  Thus,  a is  surjective,  see  Sites,  Section  7.12  □ 


Remarks  49.29.11.  On  points  of  the  geometric  sites. 


(1)  Theorem  49.29.10  says  that  the  family  of  points  of  S etale  given  by  the 


(2) 


geometric  points  of  S (Lemma  49.29.7)  is  conservative,  see  Sites,  Definition 
|7.37.1  In  particular  S^taie  has  enough  points. 

Suppose  J7  is  a sheaf  on  the  big  etale  site  of  S.  Let  T -a  5 be  an  object 


of  the  big  etale  site  of  S,  and  let  i be  a geometric  point  of  T.  Then  we 
define  J-f  as  the  stalk  of  the  restriction  F\ Te-ta!e  of  T to  the  small  etale  site 
of  T.  In  other  words,  we  can  define  the  stalk  of  J-  at  any  geometric  point 
of  any  scheme  T/S  £ Ob ((Sch/ S)^taie)- 
(3)  The  big  etale  site  of  S also  has  enough  points,  by  considering  all  geometric 
points  of  all  objects  of  this  site,  see  ([2]). 

The  following  lemma  should  be  skipped  on  a first  reading. 

Lemma  49.29.12.  Let  S be  a scheme. 

(1)  Let  p be  a point  of  the  small  etale  site  S^taie  of  S given  by  a functor 
u : S etale  Sets.  Then  there  exists  a geometric  point  s of  S such  that  p 
is  isomorphic  to  the  point  of  S etale  associated  to  s in  Lemma\)9.29. 1\ 
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(2)  Let  p : Sh(pt)  — > Sh(Saaie)  be  a point  of  the  small  etale  topos  of  S.  Then 
p comes  from  a geometric  point  of  S,  i.e.,  the  stalk  functor  J7  \ Tp  is 
isomorphic  to  a stalk  functor  as  defined  in  Definition \f9.29. 6| 


Proof.  By  Sites,  Lemmar7.31.7|there  is  a one  to  one  correspondence  between  points 
of  the  site  and  points  of  the  associated  topos,  hence  it  suffices  to  prove  (1).  By 


Sites,  Proposition  7.32.2  the  functor  u has  the  following  properties:  (a)  u(S)  = {*}, 
(b)  u(U  x y W)  = u(U)  xu(v)  U(W),  and  (c)  if  {{/*  — > U}  is  an  etale  covering,  then 
Jj  u(Ui)  — > u(U)  is  surjective.  In  particular,  if  U'  C U is  an  open  subscheme,  then 
u(U')  C u(U).  Moreover,  by  Sites,  Lemma  7.31.7  we  can  write  u(U)  = in 

other  words  u(U)  is  the  stalk  of  the  representable  sheaf  hu . HU  = V II  W,  then 
we  see  that  hu  = ( hy  II  hw )#  and  we  get  u(U)  = u(V)  Hu(W)  since  p-1  is  exact. 


Consider  the  restriction  of  u to  Szar ■ By  Sites,  Examples  |7.32.4|  and  |7.32.5  there 
exists  a unique  point  s £ S such  that  for  S'  C S open  we  have  u(S')  = {*}  if  s £ S' 
and  u(S')  = 0 if  s ^ S'.  Note  that  if  ip  : U — > S is  an  object  of  Setaie  then  <p(U)  C S 
is  open  (see  Proposition  49.26.2)  and  {U  — > <p(U)}  is  an  etale  covering.  Hence  we 
conclude  that  u(U)  = 0 s € <p{U). 


Pick  a geometric  point  s : s — > S lying  over  s,  see  Definition  |49 .29(1]  for  customary 
abuse  of  notation.  Suppose  that  ip  : U — > S is  an  object  of  S^aie  with  U affine. 
Note  that  ip  is  separated,  and  that  the  fibre  Us  of  p over  s is  an  affine  scheme  over 
Spec(«(s))  which  is  the  spectrum  of  a finite  product  of  finite  separable  extensions 
ki  of  k(s).  Hence  we  may  apply  Etale  Morphisms,  Lemma 
neighbourhood  (V,  v)  of  (5,  s)  such  that 


40.18.2 


to  get  an  etale 


U xsV  = U1U...UUnUW 


with  U i — ^ V an  isomorphism  and  W having  no  point  lying  over  v.  Thus  we 
conclude  that 


u(U)  x u(V)  = u(U  xs  V ) = u(Ui)  H . . . H u(Un)  H u(W) 

and  of  course  also  u(Ui)  = u(V).  After  shrinking  V a bit  we  can  assume  that  V 
has  exactly  one  point  lying  over  s,  and  hence  W has  no  point  lying  over  s.  By  the 
above  this  then  gives  u(W)  = 0.  Hence  we  obtain 

u(U)  x u(V ) = u(U\)  H . . . H u(Un)  = TT  U(Y) 

Note  that  u(V)  ^ 0 as  s is  in  the  image  of  V — i S.  In  particular,  we  see  that  in 
this  situation  u(U)  is  a finite  set  with  n elements. 


Consider  the  limit 

lim(v,u)  u(V) 

over  the  category  of  etale  neighbourhoods  (V,v)  of  s.  It  is  clear  that  we  get  the 
same  value  when  taking  the  limit  over  the  subcategory  of  ( V , v)  with  V affine.  By 
the  previous  paragraph  (applied  with  the  roles  of  V and  U switched)  we  see  that 
in  this  case  u(V)  is  always  a finite  nonempty  set.  Moreover,  the  limit  is  cofiltered, 
see  Lemma |49.29.4[  Hence  by  Categories,  Section  4.20  the  limit  is  nonempty.  Pick 
an  element  x from  this  limit.  This  means  we  obtain  a xy,v  € u(V)  for  every  etale 
neighbourhood  (V,  v)  of  (S,  s)  such  that  for  every  morphism  of  etale  neighbourhoods 
ip  : (V',vr)  — i (V,v)  we  have  u(tp)(xv’ ,v')  = %v,v- 
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We  will  use  the  choice  of  x to  construct  a functorial  bijective  map 


c : |E/s|  — > u(U) 


for  U € Ob (Setaie)  which  will  conclude  the  proof.  See  Lemma  49.29.7  and  its  proof 
for  a description  of  |J7g|.  First  we  claim  that  it  suffices  to  construct  the  map  for  U 
affine.  We  omit  the  proof  of  this  claim.  Assume  U — > S in  S^.aie  with  U affine,  and 
let  u : s — > U be  an  element  of  \US\.  Choose  a (V,v)  such  that  U Xg  V decomposes 
as  in  the  third  paragraph  of  the  proof.  Then  the  pair  (u,  v)  gives  a geometric 
point  oft/  XsV  lying  over  v and  determines  one  of  the  components  Ui  of  U x$V. 
More  precisely,  there  exists  a section  a : V U XsV  of  the  projection  pr^  such 
that  (u,v)  = cro  v.  Set  c(u)  = u(pvjj)(u(a)(xv,v))  € u(U).  We  have  to  check 


this  is  independent  of  the  choice  of  (V,  v).  By  Lemma  49.29.4  the  category  of  etale 
neighbourhoods  is  cofiltered.  Hence  it  suffice  to  show  that  given  a morphism  of  etale 
neighbourhood  p : — > (V,v)  and  a choice  of  a section  o'  : V'  — ► U XsV' 

of  the  projection  such  that  (u,v')  = a'  o v'  we  have  u(a')(xv' ,v’)  — u(a)(xy,v)- 
Consider  the  diagram 

V' V 


U xsV’ 


1x^3 


Y 

UxsV 


Now,  it  may  not  be  the  case  that  this  diagram  commutes.  The  reason  is  that  the 
schemes  V'  and  V may  not  be  connected,  and  hence  the  decompositions  used  to 
construct  a1  and  a above  may  not  be  unique.  But  we  do  know  that  a o ip  ov'  = 
(1  x p)  o a'  o v'  by  construction.  Hence,  since  U xg  V is  etale  over  S,  there  exists 
an  open  neighbourhood  V"  C V of  v1  such  that  the  diagram  does  commute  when 


restricted  to  V",  see  Morphisms,  Lemma  28.35.17  This  means  we  may  extend  the 
diagram  above  to 


V" 


V' 


V 


CT'U 


y y 

U xs  V" ^ UxsV'  — ^ u xs  V 


such  that  the  left  square  and  the  outer  rectangle  commute.  Since  u is  a functor 
this  implies  that  Xv",v’  maps  to  the  same  element  in  u(U  xgL)  no  matter  which 
route  we  take  through  the  diagram.  On  the  other  hand,  it  maps  to  the  elements 
Xv'y  and  Xy,v  in  u(V')  and  u(V).  This  implies  the  desired  equality  u(a')(xv\v')  = 
u(a)(xVtV). 

In  a similar  manner  one  proves  that  the  construction  c : \US\  — > u(U)  is  functorial 
in  U;  details  omitted.  And  finally,  by  the  results  of  the  third  paragraph  it  is  clear 
that  the  map  c is  bijective  which  ends  the  proof  of  the  lemma.  □ 


49.30.  Points  in  other  topologies 

06VW  In  this  section  we  briefly  discuss  the  existence  of  points  for  some  sites  other  than 
the  etale  site  of  a scheme.  We  refer  to  Sites,  Section  [7.37|  and  Topologies,  Section 
|33.2|  ff  for  the  terminology  used  in  this  section.  All  of  the  geometric  sites  have 
enough  points. 
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06VX  Lemma  49.30.1.  Let  S be  a scheme.  All  of  the  following  sites  have  enough  points 
Szar,  S etale y (Sch/S)zary  (Aff/ S')  z ary  (Schj S)etaley  (Aff/  S)  etale,  ( S chj  S)  smooth  , 
(Aff/S)  smooth,  ( S eh/ S ) syntomic y ( Aff/  S)  syntomic  y (Sch/S)fppf,  and  ( Aff/S) fppf . 


Proof.  For  each  of  the  big  sites  the  associated  topos  is  equivalent  to  the  topos 


defined  by  the  site  (Aff/S)T,  see  Topologies,  Lemmas  33.3.10  33.4.11  33.5.9  33.6.9 
The  result  for  the  sites  (Aff/ S)T  follows  immediately  from  Deligne’s 


and  33.7.11 


result  Sites,  Proposition  7.38.3 


The  result  for  Szar  is  clear.  The  result  for  S^taie  either  follows  from  (the  proof  of) 
Theorem|49.29.10|or  from  Lemma|49 .21. 2 |and  Deligne’s  result  applied  to  Saf fine, etale ■ 

□ 


The  lemma  above  guarantees  the  existence  of  points,  but  it  doesn’t  tell  us  what 
these  points  look  like.  We  can  explicitly  construct  some  points  as  follows.  Suppose 
s : Spec (k)  — > S is  a geometric  point  with  k algebraically  closed.  Consider  the 
functor 


u : ( Sch/S)fppf  — > Sets,  u(U)  = U(k)  = Mors(Spec(fc),  U). 

Note  that  U H >■  U(k)  commutes  with  direct  limits  as  S(k)  = {s}  and  (U\  Xjj 
C/2) (A:)  = Ui(k)  x u(k)  U2(k).  Moreover,  if  {Ui  — > U}  is  an  fppf  covering,  then 
]JC/,;(/c)  — > U{k)  is  surjective.  By  Sites,  Proposition |7. 32. 2 we  see  that  u defines  a 
point  p of  (Sch/ S) fppf  with  stalks 


Tv  = colim(c/)X)  JF{U) 

where  the  colimit  is  over  pairs  U — >■  S,  x £ U{k ) as  usual.  But...  this  category  has 
an  initial  object,  namely  (Spec(fc),  id),  hence  we  see  that 


Tp  = Jr(Spec(fc)) 


which  isn’t  terribly  interesting!  In  fact,  in  general  these  points  won’t  form  a con- 
servative family  of  points.  A more  interesting  type  of  point  is  described  in  the 
following  remark. 


06VY  Remark  49.30.2.  Let  S = Spec(A)  be  an  affine  scheme.  Let  (p,u)  be  a point  of 


the  site  (Aff/S) fppf,  see  Sites,  Sections  7.31  and  7.32 
the  structure  sheaf  at  the  point  p.  Recall  that 


Let  B = Op  be  the  stalk  of 


This  is  discussed 

ISchl4|. 


B = colim((7iX)  0(U)  = colim(Spec(c)iXc)  C 

where  xc  £ ■u(Spec(C)).  It  can  happen  that  Spec(R)  is  an  object  of  (Aff/ S) fppf 
and  that  there  is  an  element  xb  £ u(Spec(B))  mapping  to  the  compatible  system 
xc-  In  this  case  the  system  of  neighbourhoods  has  an  initial  object  and  it  follows 
that  Tp  = Jr(Spec(B))  for  any  sheaf  T on  (Aff/ S)fppf.  It  is  straightforward  to 
see  that  if  T T(Spec(B))  defines  a point  of  Sh((Aff/S)fppf ),  then  B has  to 
be  a local  A-algebra  such  that  for  every  faithfully  flat,  finitely  presented  ring  map 
B — » B'  there  is  a section  B'  — > B.  Conversely,  for  any  such  A- algebra  B the 
functor  T T (Spec(R))  is  the  stalk  functor  of  a point.  Details  omitted.  It  is  not 
clear  what  a general  point  of  the  site  (Aff/S)fppf  looks  like. 
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49.31.  Supports  of  abelian  sheaves 


First  we  talk  about  supports  of  local  sections. 

Lemma  49.31.1.  Let  S be  a scheme.  Let  T be  a subsheaf  of  the  final  object  of 

).  Then  there  exists  a unique  open 

W C S such  that  T = hw  ■ 


the  etale  topos  of  S (see  Sites,  Example  7.10.2 


Proof.  The  condition  means  that  T(U)  is  a singleton  or  empty  for  all  : C/  — >■ 
S in  Ob (S'etaie)-  hi  particular  local  sections  always  glue.  If  E(U)  ^ 0,  then 
T(p(U))  ^ 0 because  {ip  : U p{U)}  is  a covering.  Hence  we  can  take  W = 
<P(U).  □ 

Lemma  49.31.2.  Let  S be  a scheme.  Let  T be  an  abelian  sheaf  on  S^taie-  Let 
a £ E{U)  be  a local  section.  There  exists  an  open  subset  W C U such  that 

(1)  W C U is  the  largest  Zariski  open  subset  of  U such  that  a\ w = 0, 

(2)  for  every  ip  : V — )•  U in  S^taie  we  have 

= <p(V)  C W, 

(3)  for  every  geometric  point  u of  U we  have 

( U , u,  a)  = 0 in  Ts  <=>  u £ W 
where  s = ([/—)•  S)  o u. 


Proof.  Since  T is  a sheaf  in  the  etale  topology  the  restriction  of  T to  Uzar  is  a 
sheaf  on  U in  the  Zariski  topology.  Hence  there  exists  a Zariski  open  W having 
property  (1),  see  Modules,  Lemma  17.5.2  Let  ip  : V — > U be  an  arrow  of  S^aie- 


Note  that  p{V)  C U is  an  open  subset  and  that  {V  — >•  <^(1^)}  is  an  etale  covering. 
Hence  if  er|y  = 0,  then  by  the  sheaf  condition  for  T we  see  that  cr|¥,(y)  = 0.  This 
proves  (2).  To  prove  (3)  we  have  to  show  that  if  (U,u,a)  defines  the  zero  element 
of  Fs,  then  u £ W.  This  is  true  because  the  assumption  means  there  exists  a 
morphism  of  etale  neighbourhoods  (V,  v)  — > ( U,u ) such  that  <j\v  = 0.  Hence  by  (2) 
we  see  that  V — > U maps  into  W,  and  hence  u £ W.  □ 


Let  S'  be  a scheme.  Let  s £ S.  Let  T be  a sheaf  on  S (tale-  By  Remark  |49.29.8|the 
isomorphism  class  of  the  stalk  of  the  sheaf  T at  a geometric  points  lying  over  s is 
well  defined. 


Definition  49.31.3.  Let  S be  a scheme.  Let  T be  an  abelian  sheaf  on  S^taie- 

(1)  The  support  of  T is  the  set  of  points  s £ S such  that  Fj  ^ 0 for  any 
(some)  geometric  point  s lying  over  s. 

(2)  Let  a £ J-(U)  be  a section.  The  support  of  a is  the  closed  subset  U \ W, 
where  W C U is  the  largest  open  subset  of  U on  which  a restricts  to  zero 
(see  Lemma  49.31.2 1 . 


In  general  the  support  of  an  abelian  sheaf  is  not  closed.  For  example,  suppose  that 
S = Spec(A^).  Let  it  : Spec(C)  — ► S be  the  inclusion  of  the  point  t £ C.  We  will 
see  later  that  Ft  = itj*(Z/2Z)  is  an  abelian  sheaf  whose  support  is  exactly  {t},  see 
Section  149.471  Then 


© 


nGN 


n 


is  an  abelian  sheaf  with  support  {1,2,3,...}  C S.  This  is  true  because  taking  stalks 
commutes  with  colimits,  see  Lemma  [49. 29. 9|  Thus  an  example  of  an  abelian  sheaf 
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whose  support  is  not  closed.  Here  are  some  basic  facts  on  supports  of  sheaves  and 
sections. 

Lemma  49.31.4.  Let  S be  a scheme.  Let  T be  an  abelian  sheaf  on  S^taie-  Let 
U £ Ob (S'etoie)  and,  a £ T{U). 

(1)  The  support  of  a is  closed  in  U. 

(2)  The  support  of  o + o'  is  contained  in  the  union  of  the  supports  of  a , o'  £ 
T(U). 

(3)  If  ip  : T — >■  Q is  a map  of  abelian  sheaves  on  S^taie,  then  the  support  of 
<p(cr)  is  contained  in  the  support  of  o £ F(U). 

(4)  The  support  of  T is  the  union  of  the  images  of  the  supports  of  all  local 
sections  of  T . 

(5)  If  T — )•  Q is  surjective  then  the  support  of  Q is  a subset  of  the  support  of 

T. 

(6)  If  T — )•  Q is  injective  then  the  support  of  J-  is  a subset  of  the  support  of 

g. 


Proof.  Part  (1)  holds  by  definition.  Parts  (2)  and  (3)  hold  because  they  holds  for 
the  restriction  of  T and  Q to  Uzar , see  Modules,  Lemma  17.5.2|  Part  (4)  is  a direct 
consequence  of  Lemma  49.31.2  part  (3).  Parts  (5)  and  (6)  follow  from  the  other 
parts.  □ 


Lemma  49.31.5.  The  support  of  a sheaf  of  rings  on  S^taie  is  closed. 

Proof.  This  is  true  because  (according  to  our  conventions)  a ring  is  0 if  and  only 
if  1 = 0,  and  hence  the  support  of  a sheaf  of  rings  is  the  support  of  the  unit 
section.  □ 


49.32.  Henselian  rings 


We  begin  by  stating  a theorem  which  has  already  been  used  many  times  in  the  stacks 
project.  There  are  many  versions  of  this  result;  here  we  just  state  the  algebraic 
version. 

Theorem  49.32.1.  Let  A — > B be  finite  type  ring  map  and  p G A a prime  ideal. 
Then  there  exist  an  etale  ring  map  A — » A'  and  a prime  p'  G A'  lying  over  p such 
that 

(1)  «(p)  = k(p'), 

(2)  B ® a A'  = Bi  x ...  x Br  x C , 

(3)  A'  — > Bi  is  finite  and  there  exists  a unique  prime  qt  C Bi  lying  over  p' , 
and 

(4)  all  irreducible  components  of  the  fibre  Spec(C®A' «(p0)  of  C over  p'  have 
dimension  at  least  1. 


Proof.  See  Algebra,  Lemma  10.141.23  or  see  [GD671  Theoreme  18.12.1],  For  a 
slew  of  versions  in  terms  of  morphisms  of  schemes,  see  More  on  Morphisms,  Section 
[3?130l  □ 


Recall  Hensel’s  lemma.  There  are  many  versions  of  this  lemma.  Here  are  two: 

(f)  if  / £ Z p[T]  monic  and  fmodp  = goho  with  gcd(go1ho)  = 1 then  / 
factors  as  / = gh.  with  g = go  and  h = ho, 

(r)  if  / £ Zp[T],  monic  a0  £ Fp,  f{a0)  = 0 but  f(a0)  ^ 0 then  there  exists 
a £ Zp  with  /(a)  = 0 and  a = a q. 
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Both  versions  are  true  (we  will  see  this  later).  The  first  version  asks  for  lifts  of 
factorizations  into  coprime  parts,  and  the  second  version  asks  for  lifts  of  simple 
roots  modulo  the  maximal  ideal.  It  turns  out  that  requiring  these  conditions  for  a 
general  local  ring  are  equivalent,  and  are  equivalent  to  many  other  conditions.  We 
use  the  root  lifting  property  as  the  definition  of  a henselian  local  ring  as  it  is  often 
the  easiest  one  to  check. 


Definition  49.32.2.  (See  Algebra,  Definition  10.148.1 
called  henselian  if  for  all  / £ R[T]  monic,  for  all  a o £ 
f'(a o)  ^ 0,  there  exists  an  a £ R such  that  /(a)  = 0 and  a mod  m = oq. 


) A local  ring  ( R , m,  re)  is 
re  such  that  /(do)  = 0 and 


A good  example  of  henselian  local  rings  to  keep  in  mind  is  complete  local  rings. 
Recall  (Algebra,  Definition  10.152.1 ) that  a complete  local  ring  is  a local  ring  (R.  m) 
such  that  R = lim„  R/ m",  i.e. , it  is  complete  and  separated  for  the  m-adic  topology. 


Theorem  49.32.3.  Complete  local  rings  are  henselian. 

Proof.  Newton’s  method.  See  Algebra,  Lemma [10.148. 10]  □ 


Theorem  49.32.4.  Let  (R,  m,  re)  be  a local  ring.  The  following  are  equivalent: 

(1)  R is  henselian, 

(2)  for  any  f £ R[T]  and  any  factorization  f = goho  in  k[T]  with  gcd(<?oi  ho)  = 
1,  there  exists  a factorization  f = gh  in  R[T]  with  g = go  and  h = ho, 

(3)  any  finite  R-algebra  S is  isomorphic  to  a finite  product  of  finite  local  rings, 

(4)  any  finite  type  R-algebra  A is  isomorphic  to  a product  A = A'  x C where 
A!  = A\  x ...  x Ar  is  a product  of  finite  local  R-algebras  and  all  the 
irreducible  components  of  C re  have  dimension  at  least  1, 

(5)  if  A is  an  etale  R-algebra  and  n is  a maximal  ideal  of  A lying  over  m such 
that  re  = A/n,  then  there  exists  an  isomorphism  <p  : A = R x A!  such  that 
tp(n)  = m x A1  c R x A’ . 


Proof.  This  is  just  a subset  of  the  results  from  Algebra,  Lemma  |10.148.3|  Note 
that  part  (5)  above  corresponds  to  part  (8)  of  Algebra,  Lemma  10.148.3  but  is 
formulated  slightly  differently.  □ 


Lemma  49.32.5.  If  R is  henselian  and  A is  a finite  R-algebra,  then  A is  a finite 
product  of  henselian  local  rings. 


Proof.  See  Algebra,  Lemma  [10. 148. 4[  □ 

Definition  49.32.6.  A local  ring  R is  called  strictly  henselian  if  it  is  henselian 
and  its  residue  field  is  separably  closed. 

Example  49.32.7.  In  the  case  R = C[[t]],  the  etale  i?-algebras  are  finite  products 
of  the  trivial  extension  R — > R and  the  extensions  R — > R[X,  X~l\/{Xn  — t).  The 
latter  ones  factor  through  the  open  D(t)  C Spec(f?),  so  any  etale  covering  can  be 
refined  by  the  covering  {id  : Spec(A)  — > Spec(A)}.  We  will  see  below  that  this  is 
a somewhat  general  fact  on  etale  coverings  of  spectra  of  henselian  rings.  This  will 
show  that  higher  etale  cohomology  of  the  spectrum  of  a strictly  henselian  ring  is 
zero. 


Theorem  49.32.8.  Let  ( R , m,  re)  be  a local  ring  and  re  C nsep  a separable  algebraic 
closure.  There  exist  canonical  flat  local  ring  maps  R —>  Rh  — > Rsh  where 
(1)  Rh , Rsh  are  filtered  colimits  of  etale  R-algebras, 
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(2)  Rh  is  henselian,  Rsh  is  strictly  henselian, 

(3)  m Rh  (resp.  m Rsh)  is  the  maximal  ideal  of  Rh  (resp.  Rsh),  and 

(4)  k = Rh/mRh,  and  Ksep  = Rsh/mRsh  as  extensions  of  n. 


Proof.  The  structure  of  Rh  and  Rsh 
and  IIP. 148.171 


is  described  in  Algebra,  Lemmas 


10.148.16 

□ 


The  rings  constructed  in  Theorem |49. 32. 8]  are  called  respectively  the  henselization 
and  the  strict  henselization  of  the  local  ring  R , see  Algebra,  Definition  |10.148.18| 
Many  of  the  properties  of  R are  reflected  in  its  (strict)  henselization,  see  More  on 


Algebra,  Section  15.36 


49.33.  Stalks  of  the  structure  sheaf 


04HW  In  this  section  we  identify  the  stalk  of  the  structure  sheaf  at  a geometric  point  with 
the  strict  henselization  of  the  local  ring  at  the  corresponding  “usual”  point. 

04HX  Lemma  49.33.1.  Let  S be  a scheme.  Let  s be  a geometric  point  of  S lying  over 
s € S . Let  k = k(s)  and  let  n C nsep  C k(s)  denote  the  separable  algebraic  closure 
of  k in  k(s).  Then  there  is  a canonical  identification 

(< Os,s)sh  = Os,s 

where  the  left  hand  side  is  the  strict  henselization  of  the  local  ring  Os,s  os  described 
in  Theorem  \49.3S.S]  and  right  hand  side  is  the  stalk  of  the  structure  sheaf  Os  on 
Set.aie  at  the  geometric  point  s. 


Proof.  Let  Spec(A)  C S be  an  affine  neighbourhood  of  s.  Let  p C A be  the 
prime  ideal  corresponding  to  s.  With  these  choices  we  have  canonical  isomorphisms 
Os,s  = Ap  and  k(s)  = «(p).  Thus  we  have  «(p)  C nsep  C k(s).  Recall  that 

Os,s  = colim^.u)  0{U) 

where  the  limit  is  over  the  etale  neighbourhoods  of  ( S,s ).  A cofinal  system  is  given 
by  those  etale  neighbourhoods  ( U,u ) such  that  U is  affine  and  U -A  S factors 
through  Spec(A).  In  other  words,  we  see  that 


Os, 5 = colim(£,q,^)  B 

where  the  colimit  is  over  etale  A-algebras  B endowed  with  a prime  q lying  over  p 
and  a «(p)-algebra  map  </>  : «(q)  — > k(s).  Note  that  since  /c(q)  is  finite  separable 
over  k(p)  the  image  of  <fi  is  contained  in  nsep . Via  these  translations  the  result  of 
the  lemma  is  equivalent  to  the  result  of  Algebra,  Lemma [10. 148.27}  □ 

03PS  Definition  49.33.2.  Let  S'  be  a scheme.  Let  s be  a geometric  point  of  S lying 
over  the  point  s £ S. 

(1)  The  etale  local  ring  of  S at  s is  the  stalk  of  the  structure  sheaf  Os  on 

S etale  at  We  sometimes  call  this  the  strict  henselization  of  Os,s  relative 

to  the  geometric  point  s.  Notation  used:  Os,s  = C’sV 

(2)  The  henselization  of  Os.s  is  the  henselization  of  the  local  ring  of  S at  s. 


See  Algebra,  Definition 


10.148.18 


and  Theorem 


49.32.8 


(3)  The  strict  henselization  of  S at  s is  the  scheme  Spec (Ossh 

(4)  The  henselization  of  S at  s is  the  scheme  Spec(0gs). 


Notation:  Og  g. 
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Lemma  49.33.3.  Let  S be  a scheme.  Let  s £ S . Then  we  have 

°S,s  = colim(j7,u)  0{U) 

where  the  colimit  is  over  the  filtered  category  of  etale  neighbourhoods  (U,  u)  of  ( S , s) 
such  that  k(s)  = k(u). 


Proof.  This  lemma  is  a copy  of  More  on  Morphisms,  Lemma  [36.27.5 


□ 


Remark  49.33.4.  Let  S'  be  a scheme.  Let  s £ S.  If  S is  locally  noetherian  then 
Og  s is  also  noetherian  and  it  has  the  same  completion: 


In  particular,  Os,s  C Ogs  C Os,s-  The  henselization  of  Os,s  is  in  general  much 
smaller  than  its  completion  and  inherits  many  of  its  properties.  For  example,  if 
Os,s  is  reduced,  then  so  is  Og  s,  but  this  is  not  true  for  the  completion  in  general. 
Insert  future  references  here. 


Lemma  49.33.5.  Let  S be  a scheme.  The  small  etale  site  S etale  endowed  with  its 
structure  sheaf  Os  is  a locally  ringed  site,  see  Modules  on  Sites,  Definition\18.39.4 


Proof.  This  follows  because  the  stalks  Oghs  = Os,s  are  local,  and  because  S^taie 
has  enough  points,  see  Lemma  |49.33.1|  Theorem  49.29.10[  and  Remarks  |49.29.1l| 
See  Modules  on  Sites,  Lemmas|18.39.2  and|18.3973  for  the  fact  that  this  implies  the 
small  etale  site  is  locally  ringed.  □ 


49.34.  Functoriality  of  small  etale  topos 


So  far  we  haven’t  yet  discussed  the  functoriality  of  the  etale  site,  in  other  words 
what  happens  when  given  a morphism  of  schemes.  A precise  formal  discussion  can 
be  found  in  Topologies,  Section  [33. 4|  In  this  and  the  next  sections  we  discuss  this 
material  briefly  specifically  in  the  setting  of  small  etale  sites. 


Let  / : X — Y be  a morphism  of  schemes.  We  obtain  a functor 
(49.34.0.1)  U-.Yetale^Xetale,  V/Y^XXyV/X. 


This  functor  has  the  following  important  properties 

(1)  u(final  object)  = final  object, 

(2)  u preserves  fibre  products, 

(3)  if  {Vj  — > V}  is  a covering  in  Yetaie , then  {u(Vj)  —>  u{V)}  is  a covering  in 
X etale  • 


Each  of  these  is  easy  to  check  (omitted) . As  a consequence  we  obtain  what  is  called 
a morphism  of  sites 

f small  • Xef.ale  t Y^talei 


see  Sites,  Definition  7.15.1  and  Sites,  Proposition  7.15.6  It  is  not  necessary  to  know 
about  the  abstract  notion  in  detail  in  order  to  work  with  etale  sheaves  and  etale  co- 
homology. It  usually  suffices  to  know  that  there  are  functors  fsmaii ,*  (pushforward) 
and  f~mau  (pullback)  on  etale  sheaves,  and  to  know  some  of  their  simple  properties. 
We  will  discuss  these  properties  in  the  next  sections,  but  we  will  sometimes  refer 
to  the  more  abstract  material  for  proofs  since  that  is  often  the  natural  setting  to 
prove  them. 
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49.35.  Direct  images 


Let  us  define  the  pushforward  of  a presheaf. 

Definition  49.35.1.  Let  / : X — x Y be  a morphism  of  schemes.  Let  T a presheaf 
of  sets  on  X etale-  The  direct  image , or  pushforward  of  T (under  /)  is 

UT  ■■  YZl  — > Sets,  ( V/Y ) —►  F(X  xY  V/X). 

We  sometimes  write  /*  = f small,*  to  distinguish  from  other  direct  image  functors 
(such  as  usual  Zariski  pushforward  or  fbig,*)- 


This  is  a well-defined  etale  presheaf  since  the  base  change  of  an  etale  morphism  is 
again  etale.  A more  categorical  way  of  saying  this  is  that  f*J-  is  the  composition 
of  functors  Jo®  where  u is  as  in  Equation  (49.34.0.1).  This  makes  it  clear  that 
the  construction  is  functorial  in  the  presheaf  T and  hence  we  obtain  a functor 


f*  = f small,*  ■ PSh(Xitale)  X PSh(Yttale) 

Note  that  if  T is  a presheaf  of  abelian  groups,  then  /* T is  also  a presheaf  of  abelian 
groups  and  we  obtain 


f*  — f small,*  • PA b ( X £ tale)  X PAb{\  etale) 

as  before  (i.e.,  defined  by  exactly  the  same  rule). 

Remark  49.35.2.  We  claim  that  the  direct  image  of  a sheaf  is  a sheaf.  Namely, 
if  { Vj  — X V}  is  an  etale  covering  in  Yetaie  then  {X  Xy  V)  — x X Xy  V}  is  an  etale 
covering  in  X^aie-  Hence  the  sheaf  condition  for  T with  respect  to  {X  Xy  V)  — X 
X XyV}  is  equivalent  to  the  sheaf  condition  for  f*T  with  respect  to  {V)  4 b}. 
Thus  if  T is  a sheaf,  so  is  f*T. 

Definition  49.35.3.  Let  / : X — x Y be  a morphism  of  schemes.  Let  T a sheaf  of 
sets  on  X^faie.  The  direct  image,  or  pushforward  of  T (under  /)  is 


U?  ■■  YZL  — ► Sets,  (V/Y)  MJ(Ixy  V/X) 

which  is  a sheaf  by  Remark  49.35.2  We  sometimes  write  /*  = f small,*  to  distinguish 
from  other  direct  image  functors  (such  as  usual  Zariski  pushforward  or  fbig,*)- 


The  exact  same  discussion  as  above  applies  and  we  obtain  functors 
f*  — f small,*  • Sh(Xetale)  > Sh(Yetale) 

and 

f*  — f small,*  • Ab(X^tale)  t Ab(Ygtaie) 
called  direct  image  again. 

The  functor  /*  on  abelian  sheaves  is  left  exact.  (See  Homology,  Section  12.7  for 
what  it  means  for  a functor  between  abelian  categories  to  be  left  exact.)  Namely, 
if  0 — X T\  — \ t J3  is  exact  on  X^taie,  then  for  every  U/X  G Ob (Xetaie)  the 

sequence  of  abelian  groups  0 —X  F\(U)  —X  X2(U)  —X  P:i(U)  is  exact.  Hence  for  every 
V/Y  € Ob  (Yetaie)  the  sequence  of  abelian  groups  0 —X  \(V)  —X  f*P 2(V)  —X 
f*Fz(V)  is  exact,  because  this  is  the  previous  sequence  with  U = X Xy  V. 

Definition  49.35.4.  Let  / : X — x Y be  a morphism  of  schemes.  The  right  derived 
functors  {Rp f*}p>  1 of  /*  : Ab(Xgtaie)  — x Ab(Y^taie)  are  called  higher  direct  images. 


The  higher  direct  images  and  their  derived  category  variants  are  discussed  in  more 
detail  in  (insert  future  reference  here). 
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49.36.  Inverse  image 


In  this  section  we  briefly  discuss  pullback  of  sheaves  on  the  small  etale  sites.  The 
precise  construction  of  this  is  in  Topologies,  Section  |33.4| 

Definition  49.36.1.  Let  / : X — > Y be  a morphism  of  schemes.  The  inverse 
image , or  pullbac^  functors  are  the  functors 

r1  = fTrLi  ■■  Sh(Yitale)  — > Sh(X4tale ) 

and 

= f small  ■■  MYetale)  — ► Ab(X,tale ) 

which  are  left  adjoint  to  /*  = fsmaii,*-  Thus  f^1  thus  characterized  by  the  fact 
that 

Horn sh(x6tale)(f"l0,^)  = Horn Sh(Yitau){G , f*X) 
functorially,  for  any  T £ Sh(Xetaie)  and  Q £ Sh(Y^taie) ■ We  similarly  have 

Horn^pc ttaU){rlG,X)  = Horn Ab(yHaU){G,  f*F) 
for  T £ Ab(X6taie ) and  Q £ Ab(Y4taie). 


It  is  not  trivial  that  such  an  adjoint  exists.  On  the  other  hand,  it  exists  in  a fairly 
general  setting,  see  Remark  49.36.3  below.  The  general  machinery  shows  that  f~xQ 
is  the  sheaf  associated  to  the  presheaf 

(49.36.1.1)  U/X  ► colim^xxvv  S(V/Y) 

where  the  colimit  is  over  the  category  of  pairs  ( V/Y,tp  : U/X  -A  X Xy  V/X).  To 
see  this  apply  Sites,  Proposition  7.15.6|  to  the  functor  u of  Equation  (49.34.0.1) 
and  use  the  description  of  us  = [up  )*  in  Sites,  Sections 


7.14 


and 


7.5 


We  will 


occasionally  use  this  formula  for  the  pullback  in  order  to  prove  some  of  its  basic 
properties. 

Lemma  49.36.2.  Let  f : X — x Y be  a morphism  of  schemes. 

(1)  The  functor  f ~1  : Ab(Y^taie ) -»  Ab(Xetaie)  is  exact. 

(2)  The  functor  f~x  : Sh(Yetaie ) — > Sh(Xetaie)  is  exact , i.e.,  it  commutes  with 
finite  limits  and  colimits,  see  Categories,  Definition\f.23.T\ 

(3)  Let  be  a geometric  point.  Let  Q be  a sheaf  on  Yet.aie ■ Then  there 

is  a canonical  identification 

c rish  = Sy . 

where  y = f ox. 

(4)  For  any  V — X Y etale  we  have  f~1hy  = hxxYv- 

Proof.  The  exactness  of  f~1  on  sheaves  of  sets  is  a consequence  of  Sites,  Proposi- 
tion 7.15.6  applied  to  our  functor  u of  Equation  (49.34.0.1).  In  fact  the  exactness 


of  pullback  is  part  of  the  definition  of  of  a morphism  of  topoi  (or  sites  if  you  like). 
Thus  we  see  (2)  holds.  It  implies  part  (1)  since  given  an  abelian  sheaf  Q on  Y^taie 
the  underlying  sheaf  of  sets  of  f~xF  is  the  same  as  /_1  of  the  underlying  sheaf  of 
sets  of  F , see  Sites,  Section  |7.43|  See  also  Modules  on  Sites,  Lemma  |18.30.2 


the  literature  (1)  and  (2)  are  sometimes  deduced  from  (3)  via  Theorem  49.29.10 


In 


2 We  use  the  notation  / 1 for  pullbacks  of  sheaves  of  sets  or  sheaves  of  abelian  groups,  and 
we  reserve  f*  for  pullbacks  of  sheaves  of  modules  via  a morphism  of  ringed  sites/topoi. 
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Part  (3)  is  a general  fact  about  stalks  of  pullbacks,  see  Sites,  Lemma  7.33.1  We 


03Q2 


will  also  prove  (3)  directly  as  follows.  Note  that  by  Lemma  49.29.9  taking  stalks 
commutes  with  sheafification.  Now  recall  that  f~1G  is  the  sheaf  associated  to  the 
presheaf 

U > Colinpy^.YxyV  G(V), 

see  Equation  (49.36.1.11.  Thus  we  have 

{f~1G)x  = colini((7;H)  f~lQ{U) 

= colim(j/H)  colim a-.u^xxYv  G{V) 

= colim(y^)  Q(V) 

= Gy 

in  the  third  equality  the  pair  ( U,u ) and  the  map  a : U —>  X Xy  V corresponds  to 
the  pair  (V,aou). 

Part  (4)  can  be  proved  in  a similar  manner  by  identifying  the  colimits  which  de- 
fine f~1hy • Or  you  can  use  Yoneda’s  lemma  (Categories,  Lemma  4.3.5)  and  the 
functorial  equalities 

Mors^toie)(/-1/iy,jr)  = Mors^taie)(/iy,/^)  = f*T(V)  = T(X  xY  V) 

combined  with  the  fact  that  representable  presheaves  are  sheaves.  See  also  Sites, 
Lemma |7. 14. 5|  for  a completely  general  result.  □ 

The  pair  of  functors  (/*,/_1)  define  a morphism  of  small  etale  topoi 

f small  • Sh(Xitale)  — > Sh(Yitale) 

Many  generalities  on  cohomology  of  sheaves  hold  for  topoi  and  morphisms  of  topoi. 
We  will  try  to  point  out  when  results  are  general  and  when  they  are  specific  to  the 
etale  topos. 

Remark  49.36.3.  More  generally,  let  C\,Ci  be  sites,  and  assume  they  have  final 
objects  and  fibre  products.  Let  u : C2  — > C\  be  a functor  satisfying: 

(1)  if  {Vi  — >■  V}  is  a covering  of  C2,  then  { u(Vi ) -A  Vi}  is  a covering  of  C\  (we 
say  that  u is  continuous ),  and 

(2)  u commutes  with  finite  limits  (i.e.,  u is  left  exact,  i.e.,  u preserves  fibre 
products  and  final  objects). 

Then  one  can  define  /*  : Sh(C\)  — > Sh(C2)  by  f*T(V)  = F(u(V)).  Moreover,  there 
exists  an  exact  functor  /-1  which  is  left  adjoint  to  /*,  see  Sites,  Definition  7.15.1 


and  Proposition  |7.15.6[  Warning:  It  is  not  enough  to  require  simply  that  u is 
continuous  and  commutes  with  fibre  products  in  order  to  get  a morphism  of  topoi. 


49.37.  Functoriality  of  big  topoi 

04DI  Given  a morphism  of  schemes  / : X — » Y there  are  a whole  host  of  morphisms  of 
topoi  associated  to  /,  see  Topologies,  Section[33.9|for  a list.  Perhaps  the  most  used 
ones  are  the  morphisms  of  topoi 

fug  = fug,T  : Sh((Sch/X)T)  — + Sh((Sch/Y)T) 

where  r £ {Zciriski,  etale,  smooth,  syntomic,  fppf} . These  each  correspond  to  a 
continuous  functor 
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which  preserves  final  objects,  fibre  products  and  covering,  and  hence  defines  a 
morphism  of  sites 

fbig  : (Sch/X)T  — > (Sch/Y) T. 

See  Topologies,  Sections  [33. 3[  |33.4[  |33.5[  |33.6[  and|33.7|  In  particular,  pushforward 
along  fi,ig  is  given  by  the  rule 

(fbig,*F)(V/Y)  = T(XxY  V/X) 

It  turns  out  that  these  morpliisms  of  topoi  have  an  inverse  image  functor  which 
is  very  easy  to  describe.  Namely,  we  have 

(&W/X)  = Q(U/Y ) 

where  the  structure  morphism  of  U/Y  is  the  composition  of  the  structure  morphism 
U — > X with  f,  see  Topologies,  Lemmas  |33.3.15|  |33.4.15[  |33.5.10[  |33.6.10[  and 

mzm 


49.38.  Functoriality  and  sheaves  of  modules 


0414  In  this  section  we  are  going  to  reformulate  some  of  the  material  explained  in  Descent, 
Section  |34.7|  in  the  setting  of  etale  topologies.  Let  / : X — ► Y be  a morphism  of 
schemes.  We  have  seen  above,  see  Sections  [49. 34[  [4935}  and [4936] that  this  induces 
a morphism  f small  of  small  etale  sites.  In  Descent,  Remark|34.7.4  we  have  seen  that 
/ also  induces  a natural  map 


small 


Or,,. 


f small, *0  Xet 


of  sheaves  of  rings  on  Y^taie  such  that  (/ small,  f small ) is  a morphism  of  ringed  sites. 
See  Modules  on  Sites,  Definition  |18.6.1|  for  the  definition  of  a morphism  of  ringed 
sites.  Let  us  just  recall  here  that  flmaii  is  defined  by  the  compatible  system  of 
maps 

pr^  : 0(V)  — » 0(X  xY  V) 
for  V varying  over  the  objects  of  Y^taie. 


It  is  clear  that  this  construction  is  compatible  with  compositions  of  morphisms  of 
schemes.  More  precisely,  if  / : X — > Y and  g : Y Z are  morphisms  of  schemes, 
then  we  have 


{g  small,  glmall)  ° if  small,  f small ) — (id  ° f)small,  (<7  ° f)\mall) 


as  morphisms  of  ringed  topoi.  Moreover,  by  Modules  on  Sites,  Definition  |18.13.1| 
we  see  that  given  a morphism  / : X —>  Y of  schemes  we  get  well  defined  pullback 
and  direct  image  functors 


f:mall  : Mod{0YitaU)  — >■  Mod(OxUaJ, 
f small,*  ■ M0d(OXttalJ  ^ Mod(0Y.ta 


which  are  adjoint  in  the  usual  way.  If  g : Y — > Z is  another  morphism  of  schemes, 

then  we  have  ( g O f) small  = f small  ° 9small  an(^  (ff  ° f) small,*  = g small  ,*  ® f small,* 

because  of  what  we  said  about  compositions. 


There  is  quite  a bit  of  difference  between  the  category  of  all  Ox  modules  on  X and 
the  category  between  all  OA^ta!e“m0(iules  on  X^taie-  But  the  results  of  Descent, 
Section  |34.7|  tell  us  that  there  is  not  much  difference  between  considering  quasi- 
coherent  modules  on  S and  quasi-coherent  modules  on  S etale-  (We  have  already 
seen  this  in  Theorem  49.17.4  for  example.)  In  particular,  if  / : X — > Y is  any 
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0757 


0758 


0759 


morphism  of  schemes,  then  the  pullback  functors  ffmau  and  f*  match  for  quasi- 
coherent  sheaves,  see  Descent,  Proposition  |34.7.T4|  Moreover,  the  same  is  true  for 
pushforward  provided  / is  quasi-compact  and  quasi-separated,  see  Descent,  Lemma 
134.7.151 

A few  words  about  functoriality  of  the  structure  sheaf  on  big  sites.  Let  f : X Y 
be  a morphism  of  schemes.  Choose  any  of  the  topologies  r £ {Zariski,etale, 
smooth,  syntomic,  fppf}.  Then  the  morphism  fug  '■  ( Sch/X)T  — > ( Sch/Y)T  be- 
comes a morphism  of  ringed  sites  by  a map 


fig  ■ f*9,*Ox 


see  Descent,  Remark  34.7.4  In  fact  it  is  given  by  the  same  construction  as  in  the 


case  of  small  sites  explained  above. 


49.39.  Comparing  big  and  small  topoi 

Let  X be  a scheme.  In  Topologies,  Lemma |33.4.13| we  have  introduced  comparison 
morphisms  TTX  ■ ( Sch/X)etale  Xetale  and  ix  ■ Sh{X&tale ) ->  Sh((Sch/X)etale) 

we  have  extended 


34.7.4 


with  7r y o ix  = id  and  7Ty:,*  = ix  ■ In  Descent,  Remark 
these  to  a morphism  of  ringed  sites 

TV  '•  ({Sch/ X)£taie,0)  -A-  (Xetale,  Ox) 
and  a morphism  of  ringed  topoi 

ix  : (Sh(X4tale),Ox)  -A  (Sh((Sch/X)6tale),0) 


Note  that  the  restriction  ix  = nx t*  (see  Topologies,  Definition  33.4.14)  transforms 
O into  Ox  ■ Hence  i*x  -F  — ix  T for  any  O-module  T on  ( Sch/X)etaie ■ In  particular 
i*x  is  exact.  This  functor  is  often  denoted  T >->•  T \xitalB- 

Lemma  49.39.1.  Let  X be  a scheme. 

(1)  Z\xitaU  is  injective  in  Ab(X^taie)  fori  injective  in  Ab((Sch/ X)^taie) , and 

(2)  1 \x6taU  is  injective  in  Mod{Xet.aieiOx)  fori  injective  in  Mod((Sch/X)etaie , O). 

Proof.  This  follows  formally  from  the  fact  that  the  restriction  functor  nx^  = ix 
is  an  exact  left  adjoint  of  ix,*,  see  Homology,  Lemma  12.25.1  □ 

Let  f : X —t  Y be  a morphism  of  schemes.  The  commutative  diagram  of  Topologies, 
Lemma  33.4.16  (3)  leads  to  a commutative  diagram  of  ringed  sites 

(: Tetale,0T ) ((Sch/T)itale,  O) 

fsma 


f big 


(( Sch/S),tale,0 ) 


{Setale,  Os)  ^ 

as  one  easily  sees  by  writing  out  the  definitions  of  /jman,  flig,  7rjg,  and  ty\,.  In 
particular  this  means  that 

(49.39.1.1)  = f small  AX\X6taJ 


for  any  sheaf  T on  ( Sch/X)^taie  and  if  T is  a sheaf  of  0-modules,  then  (49.39.1.1) 
is  an  isomorphism  of  CV-modules  on  Yetaie- 


075A 


Lemma  49.39.2.  Let  f : X — >•  Y be  a morphism  of  schemes. 
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09XL 

09XM 


09XN 


(1)  For  any  F £ Ab((Sch/ X) Hale)  we  have 

{Rfbig,*F)\YHaU  Rf small,*  (?\  Xetale  ) * 

771  DiYatale^)- 

(2)  For  any  object  F of  Mod((Sch/X)etaie,0)  we  have 

( Rfbig,*F)\yital e = Rf small, *(F\xitalB)- 
in  D(Mod(Yetale,0Y))- 


Proof.  Follows  immediately  from  Lemma  49.39.1  and  (49.39.1.1)  on  choosing  an 
injective  resolution  of  F . □ 


49.40.  Comparing  topologies 

In  this  section  we  start  studying  what  happens  when  you  compare  sheaves  with 
respect  to  different  topologies. 

Lemma  49.40.1.  Let  S be  a scheme.  Let  F be  a sheaf  of  sets  on  S^taie-  Let 
s,t  £ F(S).  Then  there  exists  an  open  W C S characterized  by  the  following 
property:  A morphism  f : T S factors  through  W if  and  only  if  s\t  = t |t 
(restriction  is  pullback  by  f small)- 


Proof.  Consider  the  presheaf  which  assigns  to  U £ Ob (S^taie)  the  emptyset  if 
s | jj  ^ t\u  and  a singleton  else.  It  is  clear  that  this  is  a subsheaf  of  the  final  object 
of  Sh(Setaie)-  By  Lemma  49.31.1  we  find  an  open  W C S representing  this  presheaf. 
For  a geometric  point  x of  S we  see  that  x £ W if  and  only  if  the  stalks  of  s and  t 
at  x agree.  By  the  description  of  stalks  of  pullbacks  in  Lemma  [49 . 36 . 2 1 we  see  that 
W has  the  desired  property.  □ 


Lemma  49.40.2.  Let  S be  a scheme.  Let  r £ {Zariski,  etale}.  Consider  the 
morphism 


n : ( Sch/S)7 


of  Topologies,  Lemma  33. 3.13  or  33-4-13  Let  F be  a sheaf  on  ST.  Then  n 1F  is 
given  by  the  rule 

Tr~1F(T)  = T(Tt,  f~^aUF) 


where  f : T — ► S.  Moreover,  n lF  satisfies  the  sheaf  condition  with  respect  to  fpqc 
coverings. 


Proof.  Observe  that  we  have  a morphism  if  : Sh(TT ) — ► Sh(Sch/ S)T)  such  that 


7T  o if  = f smaii  as  morphisms  Tt  — > ST , see  Topologies,  Lemmas  33.3.12  33.3.16 


33.4.12 


and 


as  desired. 


33.4.16 


Since  pullback  is  transitive  we  see  that  17r  1 ~F  = /, 


f — 1 

small 


F 


Let  {gi  : Ti  — > Tjjg/  be  an  fpqc  covering.  The  final  statement  means  the  following: 
Given  a sheaf  Q on  Tt  and  given  sections  Si  £ r(Ti:  g~lmanQ)  whose  pullbacks  to 
Ti  Xt  Tj  agree,  there  is  a unique  section  s of  Q over  T whose  pullback  to  Ti  agrees 
with  Si. 


Let  V — > T be  an  object  of  Tt  and  let  t £ G(V).  For  every  i there  is  a largest  open 
Wi  C Ti  Xt  V such  that  the  pullbacks  of  Si  and  t agree  as  sections  of  the  pullback 
of  G to  Wi  C F xTV,  see  Lemma|49.40.1|  Because  s,  and  Sj  agree  over  Tj  xtT,-  we 


find  that  Wj  and  IF,  pullback  to  the  same  open  over  Tj  xT  T~  xT  V.  By  Descent, 
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Lemma  |34.9.2|  we  find  an  open  W C V whose  inverse  image  to  Ti  x t V recovers 

Wt. 

By  construction  of  gfismauG  there  exists  a r-covering  {T,;?  — ► for  each 

j an  open  immersion  or  etale  morphism  Vi:l  — > T,  a section  tl;j  £ GiVij),  and 
commutative  diagrams 

T . ^ y . 

J-IJ  VlJ 


Ti >■  T 


0A3H 


such  that  Sj|Tij  is  the  pullback  of  tij . In  other  words,  after  replacing  the  covering 
{Ti  — > T}  by  {T^  — > T}  we  may  assume  there  are  factorizations  Ti  — > Vi  — > T with 
Vi  £ Ob(Tr)  and  sections  ti  £ G{Vf)  pulling  back  to  Si  over  Ti.  By  the  result  of 
the  previous  paragraph  we  find  opens  Wi  C Vi  such  that  ti\wi  “agrees  with”  every 
Sj  over  Tj  Xt  Wi.  Note  that  Ti  -£  Vi  factors  through  Wi.  Hence  {Wi  — > T}  is  a 
r-covering  and  the  lemma  is  proven.  □ 


Lemma  49.40.3.  Let  S be  a scheme.  Let  f : T — » S be  a morphism  such  that 

(1)  f is  flat  and  quasi- compact,  and 

(2)  the  geometric  fibres  of  f are  connected. 

Let  T be  a sheaf  on  S^aie-  Then  T (S,T)  = T(T,  ff^alliF). 

Proof.  There  is  a canonical  map  T(S,  T)  —>  T(T,  f^aii^)-  Since  / is  surjective 
(because  its  fibres  are  connected)  we  see  that  this  map  is  injective. 


To  show  that  the  map  is  surjective,  let  a £ T(T,  f^aii-^)-  Since  {T  5}  is  an  fpqc 
covering  we  can  use  Lemma  49.40.2  to  see  that  suffices  to  prove  that  a pulls  back 
to  the  same  section  over  TxgT  by  the  two  projections.  Let  s — > S be  a geometric 
point.  It  suffices  to  show  the  agreement  holds  over  (T  Xg  T)j  as  every  geometric 
point  of  T XgT  is  contained  in  one  of  these  geometric  fibres.  In  other  words,  we  are 
trying  to  show  that  a\xT  pulls  back  to  the  same  section  over  (T  x$T)j  by  the  two 
projections  Tg  XgTg.  Howeover,  since  T\ ry  is  the  pullback  of  it  is  a constant 
sheaf  with  value  J~s . Since  Tg  is  connected  by  assumption,  any  section  of  a constant 
sheaf  is  constant  and  this  proves  what  we  want.  □ 


0A3I  Lemma  49.40.4.  Let  k C K be  an  extension  of  fields  with  k separably  algebraically 
closed.  Let  S be  a scheme  over  k.  Denote  p : Sk  = S Xspec(k)  Spec (K)  — > S the 
projection.  Let  J-  be  a sheaf  on  S^taie-  Then  T(S,J-)  = T (S k , Pjmaii^') ■ 

Proof.  Follows  from  Lemma  |49.40.3|  Namely,  it  is  clear  that  p is  flat  and  quasi- 
compact as  the  base  change  of  Spec(A")  — ► Spec (k).  On  the  other  hand,  if  s : 
Spec(L)  — » S is  a geometric  point,  then  the  fibre  of  p over  s is  the  spectrum  of 
K (g)fc  L which  is  irreducible  hence  connected  by  Algebra,  Lemma[l0.46.2|  □ 


49.41.  Recovering  morphisms 

04JH  In  this  section  we  prove  that  the  rule  which  associates  to  a scheme  its  locally  ringed 
small  etale  topos  is  fully  faithful  in  a suitable  sense,  see  Theorem |49. 41. 5| 

0415  Lemma  49.41.1.  Let  f : X — * Y be  a morphism  of  schemes.  The  morphism  of 
ringed  sites  {f small,  ftman)  associated  to  f is  a morphism  of  locally  ringed  sites,  see 
Modules  on  Sites,  Definition\18.39A P| 
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Proof.  Note  that  the  assertion  makes  sense  since  we  have  seen  that  (Xgtaie,  OxitaU ) 
and  (' Yfraie , OyMale)  are  locally  ringed  sites,  see  Lemma  49.33.5  Moreover,  we  know 
that  Xetaie  has  enough  points,  see  Theorem  |49. 29. 10|  and  Remarks |49 . 29 . 1 1)  Hence 
it  suffices  to  prove  that  (/small,  ftmau)  satisfies  condition  (3)  of  Modules  on  Sites, 
Lemma [18. 39. 8|  To  see  this  take  a point  p of  Xgtaie.  By  Lemma [49 . 29 . 1 2| p corre- 
sponds to  a geometric  point  x of  X.  By  Lemma  |49.36.2|  the  point  q = f small  ° P 
corresponds  to  the  geometric  point  y = f o x of  Y.  Hence  the  assertion  we  have  to 
prove  is  that  the  induced  map  of  stalks 


Oy,y 


Ox 


is  a local  ring  map.  Suppose  that  a £ Oy,y  is  an  element  of  the  left  hand  side  which 
maps  to  an  element  of  the  maximal  ideal  of  the  right  hand  side.  Suppose  that  a is 
the  equivalence  class  of  a triple  ( V,  v,  a)  with  V —>■  Y etale,  v : x — x V over  Y . and 
a £ 0(V).  It  maps  to  the  equivalence  class  of  (X  Xy  V,xx  v,  pi'y(a))  in  the  local 
ring  Ox,x ■ Bui  it  is  clear  that  being  in  the  maximal  ideal  means  that  pulling  back 
pr^.  (a)  to  an  element  of  n(x)  gives  zero.  Hence  also  puffing  back  a to  n(x)  is  zero. 
Which  means  that  a lies  in  the  maximal  ideal  of  Oy,y-  □ 

04IJ  Lemma  49.41.2.  Let  X,  Y be  schemes.  Let  f : X — x Y be  a morphism  of 
schemes.  Let  t be  a 2-morphism  from  (f small,  flmau)  to  itself,  see  Modules  on 
Sites,  Definition  \ 1 8.8.  l\  Then  t = id. 

Proof.  This  means  that  t : ffrnau  — ► ffmaii  is  a transformation  of  functors  such 
that  the  diagram 


is  commutative.  Suppose  V — ► Y is  etale  with  V affine.  By  Morphisms,  Lemma 
28.39.2  we  may  choose  an  immersion  i : V — X A",  over  Y . In  terms  of  sheaves  this 
means  that  i induces  an  injection  h,  : hy  — > JI 7=i  nOy  of  sheaves.  The  base 
change  i'  of  i to  X is  an  immersion  (Schemes,  Lemma  25.18.2 ).  Hence  i'  : XxyV 

IW 


A“-  is  an  immersion 


which  in  turn  means  that  hr  : h 


XxYV 


Ox  is  an 


injection  of  sheaves.  Via  the  identification  fsmaU 
the  map  hy  is  equal  to 


hy  = hxxYv  °f  Lemma 


49.36.2 


f small  hY  ^ ^ nj=l,...,„  fsmallOY1^—^  IIj=l,..,n 

(verification  omitted).  This  means  that  the  map  t : ff^uhy  —X  ff^aUhy  fits  into 
the  commutative  diagram 


f small  h'V 


f~lh. 


- 11-1...., 


=1  J small 


fsmnllOy 


n/“ 


■i= b- 


,Ox 


t 


n* 


id 


f small b'Y  ~ *■  nj=l,...,n  f small0 Y IIj=l,...,„  °X 

The  commutativity  of  the  right  square  holds  by  our  assumption  on  t explained 
above.  Since  the  composition  of  the  horizontal  arrows  is  injective  by  the  discussion 
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04LW 


above  we  conclude  that  the  left  vertical  arrow  is  the  identity  map  as  well.  Any 
sheaf  of  sets  on  YfHaie  admits  a surjection  from  a (huge)  coproduct  of  sheaves  of  the 
form  hy  with  V affine  (combine  Lemma  49.21.2  with  Sites,  Lemma  7.13.5).  Thus 
we  conclude  that  t : f~man  —>  fffmaii  is  the  identity  transformation  as  desired.  □ 


Lemma  49.41.3.  Let  X,  Y be  schemes.  Any  two  morphisms  a,b  : X — » Y of 
schemes  for  which  there  exists  a 2-isomorphism  {a  small,  a\mau)  — (& small,  blmaU)  in 
the  2-category  of  ringed  topoi  are  equal. 


Proof.  Let  us  argue  this  carefuly  since  it  is  a bit  confusing.  Let  t : %maU  — > b~^all 
be  the  2-isomorphism.  Consider  any  open  V C Y.  Note  that  hy  is  a subsheaf 
of  the  final  sheaf  *.  Thus  both  CL~mallhy  = ha-iry\  and  bf^^hy  = /i(,-i(y)  are 
subsheaves  of  the  final  sheaf.  Thus  the  isomorphism 

t '■  asmallhV  = ha-i(V)  KmallhV  = hb~i (V) 

has  to  be  the  identity,  and  a-1(P)  = &_1(P).  It  follows  that  a and  b are  equal  on 
underlying  topological  spaces.  Next,  take  a section  / £ Oy(V).  This  determines 
and  is  determined  by  a map  of  sheaves  of  sets  / : hy  — ► Oy.  Pull  this  back  and 
apply  t to  get  a commutative  diagram 


asmallhV  = K-i(V) 

*7Lu(f) 

asmall<->Y 


Ox 


where  the  triangle  is  commutative  by  definition  of  a 2-isomorphism  in  Modules  on 
Sites,  Section  fl8.8[  Above  we  have  seen  that  the  composition  of  the  top  horizontal 
arrows  comes  from  the  identity  a~l(V ) = b~1(V).  Thus  the  commutativity  of  the 
diagram  tells  us  that  a*moH(/)  = b\mall(f)  in  Ox(a-\V))  = Ox(&_1(^))-  Since 
this  holds  for  every  open  V and  every  / £ Oy(V)  we  conclude  that  a = b as 
morphisms  of  schemes.  □ 

0416  Lemma  49.41.4.  Let  X , Y be  affine  schemes.  Let 

(g,g*)  : (. Sh(Xitaie),Ox ) — ► {Sh(Yitaie) , Oy) 
be  a morphism  of  locally  ringed  topoi.  Then  there  exists  a unique  morphism  of 
schemes  f : X — ► Y such  that  (g,g&)  is  2-isomorphic  to  (f small,  f small) > see  Mod- 
ules on  Sites,  Definition  \18.8.l\ 

Proof.  In  this  proof  we  write  Ox  for  the  structure  sheaf  of  the  small  etale  site 
Xetaie,  and  similarly  for  Oy.  Say  Y = Spec (B)  and  X = Spec(A).  Since  B = 
T(Yetaie,0Y),  A = T (X^taie,  Ox)  we  see  that  g # induces  a ring  map  ip  : B A. 
Let  / = Spec(y>)  : X — >•  Y be  the  corresponding  morphism  of  affine  schemes.  We 
will  show  this  / does  the  job. 

Let  V — i Y be  an  affine  scheme  etale  over  Y.  Thus  we  may  write  V = Spec(C) 
with  C an  etale  H-algebra.  We  can  write 

C = B[xi, ... , xn\/(Pi, . . . ,Pn) 
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with  Pi  polynomials  such  that  A = det (dPi/dxj)  is  invertible  in  C,  see  for  example 
Algebra,  Lemma  |10.141.2|  If  T is  a scheme  over  Y,  then  a T-valued  point  of  V 
is  given  by  n sections  of  T(T,Ot)  which  satisfy  the  polynomial  equations  P±  = 
0, . . . , Pn  = 0.  In  other  words,  the  sheaf  hy  on  Y^taie  is  the  equalizer  of  the  two 
maps 

rL=i,...,n  °y  > II,  ; „ °y 

b 

where  b(hi,...,hn)  = 0 and  a(hi,...,hn)  = (Pi(hi, . . . , hn), . . . , Pn(hi, . . . , hn)). 
Since  g_1  is  exact  we  conclude  that  the  top  row  of  the  following  solid  commutative 
diagram  is  an  equalizer  diagram  as  well: 


g 1hv ^rL=i,...,n<?  °y ^rij=i,...,„5  °y 

s-A 

ns" 


hx 


XyV 


II, -I n 


ns' 

II,  : n °x 


Here  b'  is  the  zero  map  and  a'  is  the  map  defined  by  the  images  P'  = <p(Pi)  G 
A[x  i, . . . ,xn\  via  the  same  rule  a1  (hi,...,  hn)  = (P{(hi, . . . , hn), . . . , Pn(hi, . ■ ■ , h„)). 
that  a was  defined  by.  The  commutativity  of  the  diagram  follows  from  the  fact  that 
ip  = on  global  sections.  The  lower  row  is  an  equalizer  diagram  also,  by  exactly 
the  same  arguments  as  before  since  X Xr  V is  the  affine  scheme  Spec(A  (&b  C) 
and  A C = A[xi, . . . , xn]/(P[, . . . , P^).  Thus  we  obtain  a unique  dotted  arrow 
g~1hy  — > hxxy-v  fitting  into  the  diagram 


We  claim  that  the  map  of  sheaves  g~1hv  — ► hxxYv  is  an  isomorphism.  Since  the 
small  etale  site  of  X has  enough  points  (Theorem  49.29.10)  it  suffices  to  prove  this 
on  stalks.  Hence  let  x be  a geometric  point  of  X,  and  denote  p the  associate  point 
of  the  small  etale  topos  of  X.  Set  q = gop.  This  is  a point  of  the  small  etale  topos 


of  Y . By  Lemma  49.29.12  we  see  that  q corresponds  to  a geometric  point  y of  Y. 
Consider  the  map  of  stalks 


(g^p  '■  Oy.y  = Oy,q  = (g  1Oy)p 


Ox,P  = O 


X,x 


Since  (g,g^)  is  a morphism  of  locally  ringed  topoi  (g^)p  is  a local  ring  homomor- 
phism of  strictly  henselian  local  rings.  Applying  localization  to  the  big  commuta- 
tive diagram  above  and  Algebra,  Lemma  10.148.31  we  conclude  that  (g~1hv)p  — 1 
(hxxyv)p  is  an  isomorphism  as  desired. 


We  claim  that  the  isomorphisms  g~lhy  —>  hxxYv  are  functorial.  Namely,  suppose 
that  V\  — > V-2  is  a morphism  of  affine  schemes  etale  over  Y.  Write  Vi  = Spec(Ci) 
with 


P?  1 , • ■ ■ 7 / (Pip  7 ■ ■ ■ , P'i.n.,  ) 

The  morphism  V\  — > V-2  is  given  by  a H-algebra  map  C2  — > C±  which  in  turn  is 
given  by  some  polynomials  Qj  G B[x  1^, . . . , Xi<ni]  for  j = 1,.. . ,n  2.  Then  it  is  an 
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easy  matter  to  show  that  the  diagram  of  sheaves 

hV!  s-ni=i,...,n1  °y 

Ql,  -,Qn2 

hv2 -IL=1,...,„2  °y 

is  commutative,  and  pulling  back  to  X^aie  we  obtain  the  solid  commutative  diagram 


where  Q'  £ A[xi.i, . . . , XiyHl]  is  the  image  of  Qj  via  ip.  Since  the  dotted  arrows 
exist,  make  the  two  squares  commute,  and  the  horizontal  arrows  are  injective  we 
see  that  the  whole  diagram  commutes.  This  proves  functoriality  (and  also  that  the 
construction  of  g~1hy  hxxYv  is  independent  of  the  choice  of  the  presentation, 
although  we  strictly  speaking  do  not  need  to  show  this). 

At  this  point  we  are  able  to  show  that  f small,*  — g*-  Namely,  let  T be  a sheaf  on 
Xetale ■ For  every  V £ Ob (Xitaie)  affine  we  have 

(g*T){V)  = MovSHYitale)(hv,g*X) 

= Mor sh(x6taU){g  lhv,T) 

— Sh(XttaU){h  A’XyViF) 

= X(X  xYV) 

= f small,  *X(V) 

where  in  the  third  equality  we  use  the  isomorphism  g~1hy  = hxxYv  constructed 
above.  These  isomorphisms  are  clearly  functorial  in  T and  functorial  in  V as 
the  isomorphisms  g~lhy  = hxxYv  are  functorial.  Now  any  sheaf  on  Y^taie  is 
determined  by  the  restriction  to  the  subcategory  of  affine  schemes  (Lemma|49.21.2 ), 
and  hence  we  obtain  an  isomorphism  of  functors  fsmaii,*  — g*  as  desired. 


Finally,  we  have  to  check  that,  via  the  isomorphism  f small,*  — g*  above,  the  maps 


f small  and  agree.  By  construction  this  is  already  the  case  for  the  global  sections 


F ^ n -n  A rj  ^ 

of  Oy,  i.e.,  for  the  elements  of  B.  We  only  need  to  check  the  result  on  sections 
over  an  affine  V etale  over  Y (by  Lemma  49.21.2  again).  Writing  V = Spec (C), 
C = B[xi]/(Pj)  as  before  it  suffices  to  check  that  the  coordinate  functions  a:*  are 
mapped  to  the  same  sections  of  Ox  over  X Xy  V.  And  this  is  exactly  what  it 
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means  that  the  diagram 


9 h 


]l,=i  5 oY 


hx 


XyV 


n»=i. 


ns* 


commutes.  Thus  the  lemma  is  proved.  □ 

Here  is  a version  for  general  schemes. 

0417  Theorem  49.41.5.  Let  X,  Y be  schemes.  Let 

G 9,9 *)  : (Sh(Xitale),Ox)  — > (Sh(Yetaie),  Oy) 

be  a morphism  of  locally  ringed  topoi.  Then  there  exists  a unique  morphism  of 
schemes  f : X — ► Y such  that  (g,g&)  is  isomorphic  to  (f small,  f\mau)-  In  other 
words,  the  construction 

Sch  — > Locally  ringed  topoi , X — ► (X$taie,  Ox) 
is  fully  faithful  (morphisms  up  to  2-isomorphisms  on  the  right  hand  side). 

Proof.  You  can  prove  this  theorem  by  carefuly  adjusting  the  arguments  of  the 
proof  of  Lemma  |49.41.4|  to  the  global  setting.  However,  we  want  to  indicate  how 
we  can  glue  the  result  of  that  lemma  to  get  a global  morphism  due  to  the  rigidity 
provided  by  the  result  of  Lemma  49.41.2|  Unfortunately,  this  is  a bit  messy. 

Let  us  prove  existence  when  Y is  affine.  In  this  case  choose  an  affine  open  covering 
X = (J  Ui.  For  each  i the  inclusion  morphism  ji  : Ui  -4  X induces  a morphism 
of  locally  ringed  topoi  (ji, small,  j\iSmail)  ■ (ShfUi^tale),®^)  ( Sh(Xitaie),Ox ) by 

Lemma  49.41.1  We  can  compose  this  with  (g,g^)  to  obtain  a morphism  of  locally 
ringed  topoi 

(. 9,9 #)  ° (ji, small,  j\y small)  : (SKUi,etale) , 0Vi)  ->  (Sh(X Hale) , O x) 

see  Modules  on  Sites,  Lemma  |18.39.10l  By  Lemma  |49.41.4|  there  exists  a unique 
morphism  of  schemes  /,;  : t/,  — > Y and  a 2-isomorphism 

ti  '■  ( fi,  small,  filSmall)  * ( 9,9 ° (ji,  small , ji^mall)  ' 

Set  Uiy  = Ui  (~1  Ui>,  and  denote  jty  : Ui y — ► Ui  the  inclusion  morphism.  Since  we 
have  ji  o jiy  = ji / o j^  i we  see  that 

( 9,9 ° (ji, small,  ji  small)  ° (ji,i' , small,  jf  j/ 


^all 


) = 


{9i9^)  ° {ji' , small  5 ji'  small)  ° ,i, small  ? 


lall / 


Hence  by  uniqueness  (see  Lemma  49.41.3 1 we  conclude  that  fi  o jjy  = fi>  o jit>i,  in 
other  words  the  morphisms  of  schemes  fi  = f ° ji  are  the  restrictions  of  a global 
morphism  of  schemes  / : X Y.  Consider  the  diagram  of  2-isomorphisms  (where 
we  drop  the  components  ® to  ease  the  notation) 


ti-kidj 


9 ° Ji, small  ® Ji,i' , small 


9 ° Ji' , small  O Ji'  small 


J small  ® Ji, small  ® Ji,i' , small 


LL  n 

J small  O Ji' , small  ® Ji'  ,i, small 
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The  notation  * indicates  horizontal  composition,  see  Categories,  Definition  |4.28.1| 
in  general  and  Sites,  Section  |7.35|  for  our  particular  case.  By  the  result  of  Lemma 
|49.41.2|this  diagram  commutes.  Hence  for  any  sheaf  Q on  Yetaie  the  isomorphisms 
ti  : f^moiiG\u,.  — t 9~1G\ui  agree  over  UlY  and  we  obtain  a global  isomorphism 
t : f smaii@  g1^-  If  is  clear  that  this  isomorphism  is  functorial  in  Q and  is 
compatible  with  the  maps  flmau  and  g ^ (because  it  is  compatible  with  these  maps 
locally).  This  proves  the  theorem  in  case  Y is  affine. 


In  the  general  case,  let  V C Y be  an  affine  open.  Then  hy  is  a subsheaf  of  the  final 
sheaf  * on  Yetaie ■ As  g is  exact  we  see  that  g~1hy  is  a subsheaf  of  the  final  sheaf  on 
Xetaie ■ Hence  by  Lemma  49.31.1  there  exists  an  open  subscheme  W C X such  that 
g~1hy  = hw-  By  Modules  on  Sites,  Lemma  18.39.12  there  exists  a commutative 
diagram  of  morphisms  of  locally  ringed  topoi 


(SIl(Wetale)  i Ow)  ( Sh(Xetale ),  Ox) 

g'  a 

Y V 

(Sh(Vstale) , Oy)  (ShfY&ale) , Oy) 


where  the  horizontal  arrows  are  the  localization  morphisms  (induced  by  the  inclu- 
sion morphisms  V -A  Y and  W — > X)  and  where  g'  is  induced  from  g.  By  the 
result  of  the  preceding  paragraph  we  obtain  a morphism  of  schemes  f':W—>V 
and  a 2-isomorphism  t : (f'smau,  (f small)*)  Wiig')*)-  Exactly  as  before  these 
morphisms  f (for  varying  affine  opens  V C Y)  agree  on  overlaps  by  uniqueness, 
so  we  get  a morphism  / : X -A  Y.  Moreover,  the  2-isomorphisms  t are  compat- 
ible on  overlaps  by  Lemma  |49.41.2|  again  and  we  obtain  a global  2-isomorphism 
( f smalh  (,f small  as  desired.  Some  details  omitted.  □ 


49.42.  Push  and  pull 

04C6  Let  / : A'  — >•  Y be  a morphism  of  schemes.  Here  is  a list  of  conditions  we  will 
consider  in  the  following: 

(A)  For  every  etale  morphism  U — » X and  u € U there  exist  an  etale  morphism 
V — ¥ Y and  a disjoint  union  decomposition  X Xy  V = W H W'  and  a 
morphism  h : W — » U over  X with  u in  the  image  of  h. 

(B)  For  every  V — > Y etale,  and  every  etale  covering  {Ui  — )•  X x y V}  there 
exists  an  etale  covering  {Vj  —>  V}  such  that  for  each  j we  have  X xy  Vj  = 
JJHji  where  Wl;j  —►A'  xYV  factors  through  U-,  — > X xYV  for  some  i. 

(C)  For  every  U — > X etale,  there  exists  a V — > Y etale  and  a surjective 
morphism  X xY  V -At/  over  X. 

It  turns  out  that  each  of  these  properties  has  meaning  in  terms  of  the  behaviour  of 
the  functor  f small,*-  We  will  work  this  out  in  the  next  few  sections. 


04DJ 

04DK 


49.43.  Property  (A) 


Please  see  Section  49.42  for  the  definition  of  propery  (A). 


Lemma  49.43.1.  Let  f : X — >•  Y be  a morphism  of  schemes.  Assume  (A). 

(1)  f small,*  : Ab(X&taie)  Ab(Y^taie ) reflects  injections  and  surjections, 

(2)  f small  f small, *x  -A  X is  surjective  for  any  abelian  sheaf  X on  Xetaie, 
(*!)  f small,*  - Abi^X^tale)  t AbfY^tale)  ^ faithful. 
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Proof.  Let  T be  an  abelian  sheaf  on  X^taie-  Let  U be  an  object  of  X^aie-  By 
assumption  we  can  find  a covering  {Wj  — > U}  in  X^taie  such  that  each  My  is  an 
open  and  closed  subscheme  of  X Xy  Vi  for  some  object  Vi  of  Yetaie ■ The  sheaf 
condition  shows  that 

T(U)cY[T(Wi) 

and  that  T(Wi)  is  a direct  summand  of  JF(X  Xy  Vi)  = f small, (Vi).  Hence  it  is 
clear  that  fsmaii ,*  reflects  injections. 


Next,  suppose  that  a : Q — > T is  a map  of  abelian  sheaves  such  that  fsmaii, *0-  is 
surjective.  Let  s £ X(U)  with  U as  above.  With  Wj,  V)  as  above  we  see  that 
it  suffices  to  show  that  s\wt  is  etale  locally  the  image  of  a section  of  Q under 
a.  Since  T(Wf)  is  a direct  summand  of  T(X  Xy  V) ) it  suffices  to  show  that  for 
any  V £ Ob  (Yetaie)  any  element  s £ JF(X  Xy  V)  is  etale  locally  on  X Xy  V the 
image  of  a section  of  Q under  a.  Since  T(X  Xyf)  = f small, *Jr(V)  we  see  by 
assumption  that  there  exists  a covering  {Vj  — > V}  such  that  s is  the  image  of 
Sj  £ f small, *G(Vj)  = Q(X  Xy  Vj).  This  proves  fsmaii,*  reflects  surjections. 


Parts  (2),  (3)  follow  formally  from  part  (1),  see  Modules  on  Sites,  Lemma  18.15.1 


□ 


04DL  Lemma  49.43.2.  Let  f : A'  — » Y be  a separated  locally  quasi-finite  morphism  of 
schemes.  Then  property  (A)  above  holds. 


Proof.  Let  U — » X be  an  etale  morphism  and  u £ U.  The  geometric  statement  (A) 
reduces  directly  to  the  case  where  U and  Y are  affine  schemes.  Denote  x £ X and 
y £Y  the  images  of  u.  Since  X — > Y is  locally  quasi-finite,  and  U — > X is  locally 
quasi-finite  (see  Morphisms,  Lemma  28.36.6)  we  see  that  U — > Y is  locally  quasi- 
finite  (see  Morphisms,  Lemma  28.20.12).  Moreover  both  X — ► Y and  U —>  Y are 
separated.  Thus  More  on  Morphisms,  Lemma  |36.30.5|  applies  to  both  morphisms. 
This  means  we  may  pick  an  etale  neighbourhood  (V,v)  — > (Y,y)  such  that 

X xY  V = W U R,  U xYV  = W'UR' 


and  points  w £ W,  w'  £ W'  such  that 

(1)  W,  R are  open  and  closed  in  X Xy  V, 

(2)  W' , R'  are  open  and  closed  in  U Xyb, 

(3)  W — ^ V and  W'  —*■  V are  finite, 

(4)  w,  w'  map  to  v, 

(5)  k(v)  C k(w)  and  n(v)  C n(w')  are  purely  inseparable,  and 

(6)  no  other  point  of  W or  W'  maps  to  v. 

Here  is  a commutative  diagram 


U ^ U xy  V ^ W'  H R! 

Y Y 

X%^X  Xyb< lb  HE 

Y 

v 

After  shrinking  V we  may  assume  that  W'  maps  into  W:  just  remove  the  image  the 
inverse  image  of  R in  W'\  this  is  a closed  set  (as  W'  — > V is  finite)  not  containing 
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04DM 


04C9 


04DN 

04DO 


04DP 


v.  Then  W'  — > W is  finite  because  both  W — > V and  W'  -4  V are  finite.  Hence 
W'  — >■  W is  finite  etale,  and  there  is  exactly  one  point  in  the  fibre  over  w with 
k(w)  = k(w').  Hence  W'  — > W is  an  isomorphism  in  an  open  neighbourhood  W° 
of  w,  see  Etale  Morpliisms,  Lemma 


40.14.2 


Since  W — ► V is  finite  the  image  of 
W \ W°  is  a closed  subset  T of  V not  containing  v.  Thus  after  replacing  V by 
V \ T we  may  assume  that  W'  — > W is  an  isomorphism.  Now  the  decomposition 
X Xy  V = WU  R and  the  morphism  W — >•  U are  as  desired  and  we  win.  □ 


Lemma  49.43.3.  Let  f : X — » Y be  an  integral  morphism  of  schemes.  Then 
property  (A)  holds. 


Proof.  Let  U — > X be  etale,  and  let  u £ U be  a point.  We  have  to  find  V — > Y 
etale,  a disjoint  union  decomposition  X XyV  = WUW'  and  an  X-morphism  W — ► 
U with  u in  the  image.  We  may  shrink  U and  Y and  assume  U and  Y are  affine.  In 
this  case  also  A'  is  affine,  since  an  integral  morphism  is  affine  by  definition.  Write 
Y = Spec(H),  X = Spec(H)  and  U = Spec (C).  Then  A — > B is  an  integral  ring 
map,  and  B — > C is  an  etale  ring  map.  By  Algebra,  Lemma [10.141.3| we  can  find  a 
finite  A-subalgebra  B'  C B and  an  etale  ring  map  B'  — > C'  such  that  C = B(&b'  C'  . 
Thus  the  question  reduces  to  the  etale  morphism  U'  = Spec(C")  — > X'  = Spec(H') 
over  the  finite  morphism  X'  —>  Y.  In  this  case  the  result  follows  from  Lemma 
149.43.21  □ 


Lemma  49.43.4.  Let  f : X — » Y he  a morphism  of  schemes.  Denote  f small  ■ 
Sh(Xetaie)  — t Sh(Yetaie)  the  associated  morphism  of  small  etale  topoi.  Assume  at 
least  one  of  the  following 

(1)  f is  integral,  or 

(2)  / is  separated  and  locally  quasi-finite. 

Then  the  functor  fsrnaii : Ab(X^taie)  — > AbfYetaie)  has  the  following  properties 

(1)  the  map  f~^allf small, J7  is  always  surjective, 

(2)  f small,*  is  faithful,  and 

(3)  f small,*  reflects  injections  and  surjections. 


Proof.  Combine  Lemmas  |49. 43.2  49.43.3  and|49.43.1| 


□ 


49.44.  Property  (B) 


Please  see  Section  49.42  for  the  definition  of  propery  (B). 


Lemma  49.44.1.  Let  f : X Y be  a morphism  of  schemes.  Assume  (B)  holds. 
Then  the  functor  f small,*  ■ Sh(Xetaie)  — > Sh(Yetaie)  transforms  surjections  into 
surjections. 


Proof.  This  follows  from  Sites,  Lemma[7.40.2|  □ 

Lemma  49.44.2.  Let  f : X — > Y be  a morphism  of  schemes.  Suppose 

(1)  V — Y Y is  an  etale  morphism  of  schemes, 

(2)  {Ui  —>  X XyV}  is  an  etale  covering,  and 

(3)  v £ V is  a point. 

Assume  that  for  any  such  data  there  exists  an  etale  neighbourhood  (V',v')  — > {V,v), 
a disjoint  union  decomposition  X xy  V'  = \JW',  and  morphisms  W'  — > Ui  over 
X Xy  V.  Then  property  (B)  holds. 
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Proof.  Omitted. 


□ 


04DQ  Lemma  49.44.3.  Let  f : X —>Y  be  a finite  morphism  of  schemes.  Then  property 
(B)  holds. 


Proof.  Consider  V — > Y etale,  {Ui  — > X Xy  V}  an  etale  covering,  and  v € V.  We 
have  to  find  af'-jf  and  decomposition  and  maps  as  in  Lemma  49.44.2  We  may 
shrink  V and  Y , hence  we  may  assume  that  V and  Y are  affine.  Since  X is  finite 
over  Y,  this  also  implies  that  X is  affine.  During  the  proof  we  may  (finitely  often) 
replace  (V.v)  by  an  etale  neighbourhood  (V'v')  and  correspondingly  the  covering 
{Ui  rt  X xY  V}  by  {V'  xv  Ut  rt  X xy  V'}. 


Since  X Xy  V — ► V is  finite  there  exist  finitely  many  (pairwise  distinct)  points 
x±, ...  ,xn  £ X x y V mapping  to  v.  We  may  apply  More  on  Morphisms,  Lemma 
|36.30.5|to  X Xy  V — > V and  the  points  x\,...,xn  lying  over  v and  find  an  etale 
neighbourhood  (V\v')  — > (V,v)  such  that 


XxY  V'  = RH\[Ta 

with  Ta  — ► V'  finite  with  exactly  one  point  pa  lying  over  v'  and  moreover  k(v')  C 
n(pa ) purely  inseparable,  and  such  that  R — ► V'  has  empty  fibre  over  v' . Because 
X — } Y is  finite,  also  R — > V'  is  finite.  Hence  after  shrinking  V'  we  may  assume 
that  R = 0.  Thus  we  may  assume  that  X xy  V = X\  H . . . H Xn  with  exactly  one 
point  xi  £ Xi  lying  over  v with  moreover  k(v)  C k(xi)  purely  inseparable.  Note 
that  this  property  is  preserved  under  refinement  of  the  etale  neighbourhood  (V,  v). 


For  each  l choose  an  i/  and  a point  ui  £ mapping  to  Xi . Now  we  apply  property 
(A)  for  the  finite  morphism  X Xy  V — > V and  the  etale  morphisms  Uit  —>  X Xy  V 
and  the  points  ui.  This  is  permissible  by  Lemma  49.43.3  This  gives  produces  an 
etale  neighbourhood  (V',v')  — ► (V,v)  and  decompositions 

X Xy  V1  = W,  H Ri 


and  A'-morphisms  a;  : Wi  — > Uit  whose  image  contains  w,;, . Here  is  a picture: 


After  replacing  (V,v)  by  (V',v')  we  conclude  that  each  xi  is  contained  in  an  open 
and  closed  neighbourhood  W)  such  that  the  inclusion  morphism  Wi  — > X Xy  V 
factors  through  Ui  — > X Xy  V for  some  i.  Replacing  Wi  by  Wi  fl  X / we  see 
that  these  open  and  closed  sets  are  disjoint  and  moreover  that  {x\, . . . , xn}  C 
Wi  U . . . U Wn . Since  X x y V — > V is  finite  we  may  shrink  V and  assume  that 
X Xy  V = Wi  H . . . H Wn  as  desired.  □ 

04DR  Lemma  49.44.4.  Let  f : X Y be  an  integral  morphism  of  schemes.  Then 
property  (B)  holds. 
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Proof.  Consider  V — X Y etale,  {Ui 
We  have  to  find  a V7  — X P and  decomposition  and  maps  as  in  Lemma  [49.44.2 


X Xyf}  an  etale  covering,  and  v £ V. 

We 


may  shrink  V and  Y,  hence  we  may  assume  that  V and  Y are  affine.  Since  X is 
integral  over  Y . this  also  implies  that  X and  X xYV  are  affine.  We  may  refine  the 
covering  {Ui  — X X xy  V},  and  hence  we  may  assume  that  {Ui  — X X Xy  P}i=i,...,n 
is  a standard  etale  covering.  Write  Y = Spec(A),  X = Spec(.B),  V = Spec(C),  and 
Ui  = Spec(Bj).  Then  A —X  B is  an  integral  ring  map,  and  B C — x are  etale 

ring  maps.  By  Algebra,  Lemma  10.141.3  we  can  find  a finite  A-subalgebra  B'  C B 
and  an  etale  ring  map  B'  ® a C — X B[  for  i = 1 , ,n  such  that  Bi  = B ®b'  B[. 
Thus  the  question  reduces  to  the  etale  covering  {Spec (B[)  — x X'  Xy  P}i= i,...,n 
with  X'  = Spec(-B')  finite  over  Y.  In  this  case  the  result  follows  from  Lemma 
149.44.31  □ 


04C2 


Lemma  49.44.5.  Let  f : X —X  Y be  a morphism  of  schemes.  Assume  f is  integral 
(for  example  finite).  Then 

(1)  f small,*  transforms  surjections  into  surjections  (on  sheaves  of  sets  and  on 
abelian  sheaves), 

(2)  f small  f small, *d~  X is  surjective  for  any  abelian  sheaf  X on  Xitaie, 

(3)  f small,*  : Ab(Xetaie)  Ab(Yitaie)  is  faithful  and  reflects  injections  and 
surjections,  and 

(4)  fsmall ,*  ■ Ab(Xgtale)  t AbiY^tale)  U eXClCt. 


Proof.  Parts  (2),  (3)  we  have  seen  in  Lemma  49.43.4  Part  (1)  follows  from  Lem- 
49.44.4|  and  49.44.1  Part  (4)  is  a consequence  of  part  (1),  see  Modules  on 


mas 


Sites,  Lemma|18.15.2 


□ 


04DS 

04DT 


49.45.  Property  (C) 


Please  see  Section  49.42  for  the  definition  of  propery  (C). 


Lemma  49.45.1.  Let  f : X — > Y be  a morphism  of  schemes.  Assume  (C) 
holds.  Then  the  functor  f small,*  '■  5 'h(X^taie)  —X  Sh(Y^taie)  reflects  injections  and 
surjections. 


Proof.  Follows  from  Sites,  Lemma  [7. 40. 4|  We  omit  the  verification  that  property 
(C)  implies  that  the  functor  Yf;toje  — x X ftaie,  V > -xlxyf  satisfies  the  assumption 
of  Sites,  Lemma  [7.40. 4|  □ 

04DU  Remark  49.45.2.  Property  (C)  holds  if  / : X — x Y is  an  open  immersion.  Namely, 
if  U £ Ob {Xetaie),  then  we  can  view  U also  as  an  object  of  Yftaie  and  U xY  X = U. 
Hence  property  (C)  does  not  imply  that  f small,*  is  exact  as  this  is  not  the  case  for 
open  immersions  (in  general). 

04DV  Lemma  49.45.3.  Let  f : X — x Y be  a morphism  of  schemes.  Assume  that  for 
any  V — X Y etale  we  have  that 

(1)  X Xy'  V — X V has  property  (C),  and 

(2)  X Xy'  V — X V is  closed. 

Then  the  functor  Y^taie  —X  X& taie,  V t-x  X Xy  V is  almost  cocontinuous,  see  Sites, 
Definition \7 ,41.3[ 

Proof.  Let  V — X Y be  an  object  of  Yitaie  and  let  {Ui  — X X Xy  V}iej  be  a covering 
of  X^taie.  By  assumption  (1)  for  each  i we  can  find  an  etale  morphism  hi  : V)  — X V 
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and  a surjective  morphism  Xxy  Vj  — x t/i  over  IXyK.  Note  that  (J  hl(Vj)  C V is  an 
open  set  containing  the  closed  set  Z = Im(X  xYV  —X  V).  Let  h0  :V0  = V\Z  — > V 
be  the  open  immersion.  It  is  clear  that  { Vj:  — x P}ie/u{o}  is  an  stale  covering 
such  that  for  each  i £ I U {0}  we  have  either  Vj  Xy  X = 0 (namely  if  i = 0),  or 
Vi  Xy  X — > V Xy  X factors  through  Ui  —X  X Xy  V (if  i ^ 0).  Hence  the  functor 
Yetaie  H X Xetaie  is  almost  cocontinuous.  □ 

04DW  Lemma  49.45.4.  Let  f : X — x Y be  an  integral  morphism  of  schemes  which 
defines  a homeomorphism  of  X with  a closed  subset  ofY.  Then  property  (C)  holds. 


Proof.  Let  g : U — x X be  an  etale  morphism.  We  need  to  find  an  object  V — X Y 
of  Yetaie  and  a surjective  morphism  X Xy  V —X  U over  X.  Suppose  that  for  every 
u £ U we  can  find  an  object  Vu  —X  Y of  Yetaie  and  a morphism  hu  : X Xy  Vu  — X U 
over  X with  u £ In^/i^).  Then  we  can  take  V = JJ  Vu  and  h = JJ  hu  and  we  win. 
Hence  given  a point  u £ U we  find  a pair  ( Vu,hu ) as  above.  To  do  this  we  may 
shrink  U and  assume  that  U is  affine.  In  this  case  g : U — X X is  locally  quasi-finite. 
Let  g~1{g{{u}))  = {u,  U2,  ■ ■ ■ ,un}.  Since  there  are  no  specializations  u*  u we 
may  replace  U by  an  affine  neighbourhood  so  that  g-1  (<?({«.}))  = {«}■ 


The  image  g(U)  C X is  open,  hence  f(g(U))  is  locally  closed  in  Y.  Choose  an  open 
V C Y such  that  f(g(U))  = f(X)  fl  V.  It  follows  that  g factors  through  X XyV 
and  that  the  resulting  {U  — X X Xy  V}  is  an  etale  covering.  Since  / has  property 
(B)  , see  Lemma  49.44.4|  we  see  that  there  exists  an  etale  covering  {Vj  —X  V}  such 
that  X Xy  Vj  — > X Xy  V factor  through  U.  This  implies  that  V'  = { \Vj  is  etale 
over  Y and  that  there  is  a morphism  h : X Xy  V'  —X  U whose  image  surjects  onto 
g(U).  Since  u is  the  only  point  in  its  fibre  it  must  be  in  the  image  of  h and  we 
win.  □ 


We  urge  the  reader  to  think  of  the  following  lemma  as  a way  statior[^]on  the  jour- 
ney towards  the  ultimate  truth  regarding  f small,*  f°r  integral  universally  injective 
morphisms. 

04DX  Lemma  49.45.5.  Let  f : X — x Y be  a morphism  of  schemes.  Assume  that  f is 
universally  injective  and  integral  (for  example  a closed  immersion) . Then 

(1)  f small,*  ■ Sh(Xitale)  Sh(Y&taie)  reflects  injections  and  surjections, 

(2)  f small,*  ■ Sh(Xetaie)  — X ShfYgtaie)  commutes  with  pushouts  and  coequaliz- 
ers (and  more  generally  finite  connected  colimits), 

(3)  f small,*  transforms  surjections  into  surjections  (on  sheaves  of  sets  and  on 
abelian  sheaves), 

(4)  the  map  fjmanf small, *X  — X J-  is  surjective  for  any  sheaf  (of  sets  or  of 
abelian  groups)  J-  on  X etale, 

(5)  the  functor  fsrnaii,*  is  faithful  (on  sheaves  of  sets  and  on  abelian  sheaves), 

(6)  f small,*  • Abi^X^taie)  x Ab(Ygtaie ) ^ s exact,  and 

(7)  the  functor  Yetaie  ~X  Xetaie ; V e- X X Xy  V is  almost  cocontinuous. 


Proof.  By  Lemmas  |49.43.3[  |49.44.4|  and  |49.45.4|  we  know  that  the  morphism  / 
has  properties  (A),  (B),  and  (C).  Moreover,  by  Lemma  49.45.3  we  know  that  the 
functor  Yetaie  — X Xetaie  is  almost  cocontinuous.  Now  we  have 


(1)  property  (C)  implies  (1)  by  Lemma  49.45.1 


(2)  almost  continuous  implies  (2)  by  Sites,  Lemma  7.41.6 


3 A way  station  is  a place  where  people  stop  to  eat  and  rest  when  they  are  on  a long  journey. 
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(3)  property  (B)  implies  (3)  by  Lemma  49.44.1 


Properties  (4),  (5),  and  (6)  follow  formally  from  the  first  three,  see  Sites,  Lemma 
7.40.1  and  Modules  on  Sites,  Lemma  18.15.2  Property  (7)  we  saw  above.  □ 


49.46.  Topological  invariance  of  the  small  etale  site 

04DY  In  the  following  theorem  we  show  that  the  small  etale  site  is  a topological  invariant 
in  the  following  sense:  If  / : X — > Y is  a morphism  of  schemes  which  is  a universal 
homeomorphism,  then  X^taie  — Yetaie  as  sites.  This  improves  the  result  of  Etale 
Morphisms,  Theorem  |40 . 1 5 . 2 [ 

04DZ  Theorem  49.46.1.  Let  f : X -A  Y be  a morphism  of  schemes.  Assume  f is 
integral,  universally  injective  and  surjective  (i.e.,  f is  a universal  homeomorphism, 


see  Morphisms,  Lemma  28.44-3).  The  functor 


V 


Vx  = X xY  V 


defines  an  equivalence  of  categories 

{schemes  V etale  over  Y}  o {schemes  U etale  over  X} 

Proof.  We  claim  that  it  suffices  to  prove  that  the  functor  defines  an  equivalence 
04E0  (49.46.1.1)  {affine  schemes  V etale  over  Y}  •<->  {affine  schemes  U etale  over  X} 

when  X and  Y are  affine.  We  omit  the  proof  of  this  claim. 


Assume  X and  Y affine.  Let  us  prove  (49.46.1.1)  is  fully  faithful.  Suppose  that 
V,  V'  are  affine  schemes  etale  over  Y . and  that  ip  : Vx  —t  Vx  is  a morphism  over 
X.  To  prove  that  tp  = ipx  for  some  ip  : V — I ► V'  over  Y we  may  work  locally  on  V . 
The  graph 

rv  C {V  xY  V')x 


of  ip  is  an  open  and  closed  subscheme,  see  Etale  Morphisms,  Proposition  40.6.1 
Since  / is  a universal  homeomorphism  we  see  that  there  exists  an  open  and  closed 
subscheme  r C V x y V'  with  ■ We  see  that  T is  an  affine  scheme  endowed 

with  an  etale,  universally  injective,  and  surjective  morphism  T — » V.  This  implies 
that  r — ► V is  an  isomorphism  (see  Etale  Morphisms,  Theorem  40.14.1 ),  and  hence 
r is  the  graph  of  a morphism  ip  : V -4  V'  over  Y as  desired. 


Let  us  prove  (49.46.1.1)  is  essentially  surjective.  Let  U — > X be  an  affine  scheme 


etale  over  X.  We  have  to  find  V — > Y etale  (and  affine)  such  that  X xY  V is 
isomorphic  to  U over  X.  Note  that  an  etale  morphism  of  affines  has  universally 
bounded  fibres,  see  Morphisms,  Lemmas  |28.36.6|  and  28.51.8  Hence  we  can  do 
induction  on  the  integer  n bounding  the  degree  of  the  fibres  of  U — ► X.  See 
Morphisms,  Lemma  [28. 51. 7|  for  a description  of  this  integer  in  the  case  of  an  etale 
morphism.  If  n = 1,  then  U -4  X is  an  open  immersion  (see  Etale  Morphisms, 


Theorem  40.14.1),  and  the  result  is  clear.  Assume  n > 1. 


By  Lemma  |49.45.4|  there  exists  an  etale  morphism  of  schemes  W — > Y and  a 
surjective  morphism  W\  — > U over  X.  As  U is  quasi-compact  we  may  replace  W 
by  a disjoint  union  of  finitely  many  affine  opens  of  W,  hence  we  may  assume  that 
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05YX 


OBQN 


W is  affine  as  well.  Here  is  a diagram 


U ^ U x y W 

V 

X -*■ Wx 

y 

Y W 


Wx  H R 


The  disjoint  union  decomposition  arises  because  by  construction  the  etale  morphism 
of  affine  schemes  U Xy  W — ► Wx  has  a section.  OK,  and  now  we  see  that  the 
morphism  R —>■  X Xy  W is  an  etale  morphism  of  affine  schemes  whose  fibres  have 
degree  universally  bounded  by  n — 1.  Hence  by  induction  assumption  there  exists 
a scheme  V'  — > W etale  such  that  R = Wx  X-wV'.  Taking  V"  = WU  V'  we  find  a 
scheme  V"  etale  over  W whose  base  change  to  Wx  is  isomorphic  to  U XyW  over 
X Xy  W. 


At  this  point  we  can  use  descent  to  find  V over  Y whose  base  change  to  X is 


isomorphic  to  U over  X.  Namely,  by  the  fully  faithfulness  of  the  functor  (49.46.1.1 ) 
corresponding  to  the  universal  homeomorphism  A'  Xy  {W  Xy  W)  — » (W  Xy  W) 
there  exists  a unique  isomorphism  p : V"  Xy  W — > W Xy  V"  whose  base  change 
to  A Xy'  (W  Xy'  W)  is  the  canonical  descent  datum  for  U Xy  W over  A Xy  W. 
In  particular  <p  satisfies  the  cocycle  condition.  Hence  by  Descent,  Lemma  [34.33. 1| 
we  see  that  p is  effective  (recall  that  all  schemes  above  are  affine).  Thus  we  obtain 
V — > Y and  an  isomorphism  V"  = W Xy  V such  that  the  canonical  descent  datum 
on  W Xy  V/W/Y  agrees  with  p.  Note  that  V — > Y is  etale,  by  Descent,  Lemma 
34.19.27[  Moreover,  there  is  an  isomorphism  Vx  — U which  comes  from  descending 
the  isomorphism 

W 


< A'  Wx  = A 


<yb  Xy  W = (A  X y W)  X \y  (W  X y V)  = Wx  X \y  V”  = U Xy 


which  we  have  by  construction.  Some  details  omitted. 


□ 


Remark  49.46.2.  In  the  situation  of  Theorem  49.46.1  it  is  also  true  that  V i->  Vx 
induces  an  equivalence  between  those  etale  morphisms  V —>■  Y with  V affine  and 
those  etale  morphisms  U -A  A with  U affine.  This  follows  for  example  from  Limits, 
Proposition  |31.10.2[ 


Lemma  49.46.3.  In  the  situation  of  Theorem  49-46.1 

FEty  — > FEtx , V i — > V Xy  X 


it  is  also  true  that 


is  an  equivalence.  Thus  if  X and  Y are  connected,  then  f induces  an  isomorphism 
7Ti(X,  x)  — > 7Ti  (Y,y)  of  fundamental  groups.  See  Fundamental  Groups,  Section  48.5 


Proof.  Namely,  suppose  that  V — > Y is  etale  and  that  V Xy  A — > X is  finite. 
Then  V Xy  A — > A is  proper  hence  universally  closed.  But  as  / is  a universal 
homeomorphism,  it  then  follows  formally  that  V — > Y is  universally  closed.  Hence 
V — > Y is  quasi-compact  and  universally  closed  hence  proper.  Then  V — > Y is 
proper  and  locally  quasi-finite  whence  finite.  Here  we  used  Morphisms,  Lemma 
|28.43.10j  Morphisms,  Definition  |28.41.1[  Morphisms,  Lemma  |28.41,10j  and  More 
on  Morphisms,  Lemma[36.31.4|  □ 
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03SI  Proposition  49.46.4  (Topological  invariance  of  etale  cohomology).  Let  Xg  — X 
X be  a universal  homeomorphism  of  schemes  (for  example  the  closed  immersion 
defined  by  a nilpotent  sheaf  of  ideals).  Then 

(1)  the  etale  sites  Xet.aie  and  ( Xo)etaie  are  isomorphic, 

(2)  the  etale  topoi  Sh(Xetaie)  and  Sh((Xo)^taie)  are  equivalent,  and 

(3)  Hjtale(X,lF)  = Hjtale(X0,T\Xo)  for  all  q and  for  any  abelian  sheaf  T on 

Xet.aie  - 

Proof.  The  equivalence  of  categories  XAtaie  — X (X0)^taie  is  given  by  Theorem 
|49.46.1|  We  omit  the  proof  that  under  this  equivalence  the  etale  coverings  cor- 
respond. Hence  (1)  holds.  Parts  (2)  and  (3)  follow  formally  from  (1).  □ 


49.47.  Closed  immersions  and  pushforward 

04E1  Before  stating  and  proving  Proposition  |49.47.4|  in  its  correct  generality  we  briefly 
state  and  prove  it  for  closed  immersions.  Namely,  some  of  the  preceding  arguments 
are  quite  a bit  easier  to  follow  in  the  case  of  a closed  immersion  and  so  we  repeat 
them  here  in  their  simplified  form. 

In  the  rest  of  this  section  * : Z — x X is  a closed  immersion.  The  functor 


Sch/X — > Sch/Z,  U i — >Uz  = ZxxU 

will  be  denoted  U H X Uz  as  indicated.  Since  being  a closed  immersion  is  preserved 
under  arbitrary  base  change  the  scheme  Uz  is  a closed  subscheme  of  U. 

04FV  Lemma  49.47.1.  Let  i : Z — X X be  a closed  immersion  of  schemes.  Let  U,U'  be 
schemes  etale  over  X . Let  h : Uz  —X  U'z  be  a morphism  over  Z . Then  there  exists 
a diagram 

U ^ — W U' 

such  that  az  '■  Wz  — X Uz  is  an  isomorphism  and  h = bz  ° (a^)-1- 


Proof.  Consider  the  scheme  M = U Xy  {/'.  The  graph  T^  C Mz  of  h is  open. 
This  is  true  for  example  as  Th  is  the  image  of  a section  of  the  etale  morphism 
Pri,z  : Mz 


40.6.1 


Hence  there  exists  an 


Uz,  see  Etale  Morphisms,  Proposition 
open  subscheme  W C M whose  intersection  with  the  closed  subset  Mz  is  T h.  Set 
a = pr-J  w and  b = pr2|w-  □ 


04FW  Lemma  49.47.2.  Let  i : Z —X  X be  a closed  immersion  of  schemes.  Let  V — X 
Z be  an  etale  morphism  of  schemes.  There  exist  etale  morphisms  Ui  — > X and 
morphisms  Uitz  -4  V such  that  {Ui^z  -4  P}  is  a Zariski  covering  ofV. 


Proof.  Since  we  only  have  to  find  a Zariski  covering  of  V consisting  of  schemes  of 
the  form  Uz  with  U etale  over  X,  we  may  Zariski  localize  on  A'  and  V.  Hence  we 
may  assume  X and  V affine.  In  the  affine  case  this  is  Algebra,  Lemma  10.141.11]  □ 


If  x : Spec (k)  — > X is  a geometric  point  of  X,  then  either  x factors  (uniquely) 
through  the  closed  subscheme  Z , or  Z%  = 0.  If  x factors  through  Z we  say  that  x is 
a geometric  point  of  Z (because  it  is)  and  we  use  the  notation  “x  £ Z ” to  indicate 
this. 
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04FX  Lemma  49.47.3.  Let  i : Z — ► X be  a closed  immersion  of  schemes.  Let  Q be  a 
sheaf  of  sets  on  Z^taie.  Let  x be  a geometric  point  of  X . Then 


a 


f * if  x fL  Z 

\Fx  if  x € Z 


where  * denotes  a singleton  set. 


Proof.  Note  that  ismaii,*G\uita.iB  = * is  the  final  object  in  the  category  of  etale 
sheaves  on  U,  i.e.,  the  sheaf  which  associates  a singleton  set  to  each  scheme  etale 
over  U.  This  explains  the  value  of  ( iSmaii,*G)x  if  x ^ Z. 

Next,  suppose  that  x £ Z.  Note  that 

(i small ,*  G)x  = colim^)  G(UZ) 

and  on  the  other  hand 

Gx  = colim(y^)  G(V). 

Let  C\  = {( U , u)}opp  be  the  opposite  of  the  category  of  etale  neighbourhoods  of  a;  in 
X , and  let  Ci  = {(V,  v)}opp  be  the  opposite  of  the  category  of  etale  neighbourhoods 
of  x in  Z.  The  canonical  map 


Qx  ^ {ismall,*Q)  x 


corresponds  to  the  functor  F : C\  — >■  C2,  F(U,u ) = (Uz,x).  Now  Lemmas  49.47.2 


and|49.4~  imply  that  C\  is  cofinal  in  C2,  see  Categories,  Definition  [4T7t  Hence  it 


follows  that  the  displayed  arrow  is  an  isomorphism,  see  Categories,  Lemma  4.17.2 


□ 


04CA  Proposition  49.47.4.  Let  i : Z — » X be  a closed  immersion  of  schemes. 

(1)  The  functor 

ismall ,*  • Shi^Zetale)  t Sh^Xet.ale) 

is  fully  faithful  and  its  essential  image  is  those  sheaves  of  sets  F on  X^taie 
whose  restriction  to  X \ Z is  isomorphic  to  *,  and 

(2)  the  functor 

: Ab^Zgtale)  t Ab^Xgtaif) 

is  fully  faithful  and  its  essential  image  is  those  abelian  sheaves  on  X^taie 
whose  support  is  contained  in  Z. 

In  both  cases  iJmo.il  a ^ eft  inverse  to  the  functor  isrnaii,*- 


Proof.  Let’s  discuss  the  case  of  sheaves  of  sets.  For  any  sheaf  G on  Z the  morphism 
hmaiT small, *G  — > G is  an  isomorphism  by  Lemma  49.47.3  (and  Theorem  49.29.10 1. 
This  implies  formally  that  iSmaii ,*  is  fully  faithful,  see  Sites,  Lemma  7.40.1  It  is 
clear  that  i small, *G\uitan  — * where  U = X \ Z.  Conversely,  suppose  that  F is  a 
sheaf  of  sets  on  X such  that  F\uitaU  = *.  Consider  the  adjunction  mapping 


F 


. . — 1 -p. 

1 small,  ^smalr 


Combining  Lemmas  |49.47.3|  and  |49.36.2|  we  see  that  it  is  an  isomorphism.  This 
finishes  the  proof  of  (1).  The  proof  of  (2)  is  identical.  □ 
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49.48.  Integral  universally  injective  morphisms 

04FY  Here  is  the  general  version  of  Proposition  |49.47.4| 

04FZ  Proposition  49.48.1.  Let  f : X Y be  a morphism  of  schemes  which  is  integral 
and  universally  injective. 

(1)  The  functor 

f small,*  ■ Sh(Xgtale)  t etale) 

is  fully  faithful  and  its  essential  image  is  those  sheaves  of  sets  T on  Y^taie 
whose  restriction  to  Y \ f(X)  is  isomorphic  to  *,  and 

(2)  the  functor 

f small,*  • Ab(X^taie)  — > Ab(Y^taie) 

is  fully  faithful  and  its  essential  image  is  those  abelian  sheaves  on  Y^taie 
whose  support  is  contained  in  f{X). 

In  both  cases  f~man  is  a left  inverse  to  the  functor  f small,*- 

Proof.  We  may  factor  / as 

X — h->  Z — ^ Y 

where  h is  integral,  universally  injective  and  surjective  and  i : Z —¥  Y is  a closed 
immersion.  Apply  Proposition  |49AA4] to  i and  apply  Theorem  |49.46.l|to  h.  □ 


49.49.  Big  sites  and  pushforward 


04E2  In  this  section  we  prove  some  technical  results  on  fug,*  for  certain  types  of  mor- 
phisms of  schemes. 

04C7  Lemma  49.49.1.  Let  r G { Zariski , etale,  smooth , syntomic , fppf}-  Let  f : X — > 
Y be  a monomorphism  of  schemes.  Then  the  canonical  map  fjjjgfbig,*X  — * T is  an 
isomorphism  for  any  sheaf  T on  ( Sch/X)T . 


04C8 


04E3 


Proof.  In  this  case  the  functor  ( Sch/X)T  — ► ( Sch/Y)T  is  continuous,  cocontinuous 
and  fully  faithful.  Hence  the  result  follows  from  Sites,  Lemma  [7. 20. 7|  □ 


it  is  true  that  the  canonical 
fbigfbig'.J~  is  an  isomorphism  for  any  sheaf  of  sets  T on  ( Sch/X)T . The 


49.49.1 


Remark  49.49.2.  In  the  situation  of  Lemma 
map  T ' f_1 

proof  is  the  same.  This  also  holds  for  sheaves  of  abelian  groups.  However,  note 
that  the  functor  ft)ig\  for  sheaves  of  abelian  groups  is  defined  in  Modules  on  Sites, 
Section  18.16  and  is  in  general  different  from  ft,lgi  on  sheaves  of  sets.  The  result 
for  sheaves  of  abelian  groups  follows  from  Modules  on  Sites,  Lemma  [18. 16. 4| 


Lemma  49.49.3.  Let  f : X — > Y be  a closed  immersion  of  schemes.  Let  U X 
be  a syntomic  (resp.  smooth , resp.  etale)  morphism.  Then  there  exist  syntomic 
(resp.  smooth,  resp.  etale)  morphisms  Vi  Y and  morphisms  Vi  Xy  X U such 
that  {V.  Xy  X — > U}  is  a Zariski  covering  of  U . 


Proof.  Let  us  prove  the  lemma  when  r = syntomic.  The  question  is  local  on 
U.  Thus  we  may  assume  that  U is  an  affine  scheme  mapping  into  an  affine  of  Y. 
Hence  we  reduce  to  proving  the  following  case:  Y = Spec(A),  X = Spec(A/J), 
and  U = Spec(H),  where  All  — » B be  a syntomic  ring  map.  By  Algebra,  Lemma 


10.134.18 


we  can  find  elements  gt  G B such  that  Bg  = Ai/IAi  for  certain  syntomic 
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ring  maps  A — > A*.  This  proves  the  lemma  in  the  syntomic  case.  The  proof  of  the 
smooth  case  is  the  same  except  it  uses  Algebra,  Lemma[l0.135.19|  In  the  etale  case 
use  Algebra,  Lemma  [10. 141. ll]  □ 

04E4  Lemma  49.49.4.  Let  f : X -A  Y be  a closed  immersion  of  schemes.  Let  {Ui  — ► 
X}  be  a syntomic  (resp.  smooth,  resp.  etale)  covering.  There  exists  a syntomic 
(resp.  smooth,  resp.  etale)  covering  {Vj  — > Y}  such  that  for  each  j , either  VjXyX  = 
0,  or  the  morphism  Vj  Xy  X — > X factors  through  Ui  for  some  i. 


Proof.  For  each  i we  can  choose  syntomic  (resp.  smooth,  resp.  etale)  morphisms 
(jij  : Vjj  -A  Y and  morphisms  VijXyX  — ► Ui  over  X,  such  that  {Vjj  XyX  — > Ui}  are 


Zariski  coverings,  see  Lemma  49.49.3  This  in  particular  implies  that  U ij9ij(Vij) 
contains  the  closed  subset  /(A).  Hence  the  family  of  syntomic  (resp.  smooth,  resp. 
etale)  maps  gij  together  with  the  open  immersion  T\  f(X)  — > Y forms  the  desired 
syntomic  (resp.  smooth,  resp.  etale)  covering  of  Y . □ 


04C3  Lemma  49.49.5.  Let  f : X — ► Y be  a closed  immersion  of  schemes.  Let 
t £ {syntomic,  smooth,  etale} . The  functor  V K > X Xy  V defines  an  almost  cocon- 
tinuous  functor  (see  Sites,  Definition  7 .fl.cty  ( Sch/Y)r  — ► ( Sch/X)T  between  big  t 
sites. 


Proof.  We  have  to  show  the  following:  given  a morphism  V — > Y and  any  syntomic 
(resp.  smooth,  resp.  etale)  covering  {Ui  -A  X Xy  V},  there  exists  a smooth  (resp. 
smooth,  resp.  etale)  covering  {Vj  — t V}  such  that  for  each  j . either  X Xy  Vj  is 
empty,  or  X Xy  Vj  -A  Z Xy  V factors  through  one  of  the  Ui.  This  follows  on 
applying  Lemma [49. 49. 4| above  to  the  closed  immersion  X Xy  V — > V.  □ 

04C4  Lemma  49.49.6.  Let  f : X — ► Y be  a closed  immersion  of  schemes.  Let  r £ 
{ syntomic,  smooth,  etale} . 

(1)  The  pushforward  fbig,*  '■  Sh((Sch/X)T)  — > Sh((Sch/Y)T)  commutes  with 
coequalizers  and  pushouts. 

(2)  The  pushforward  fbig,*  '■  Ab((Sch/X)T)  — ► Ab((Sch/Y)T)  is  exact. 

Proof.  This  follows  from  Sites,  Lemma [7. 41.6]  Modules  on  Sites,  Lemma  [18.15.3] 
and  Lemmar49.49.5labove.  □ 


04C5  Remark  49.49.7.  In  Lemma  49.49.6  the  case  r = fppf  is  missing.  The  reason 
is  that  given  a ring  A,  an  ideal  7 and  a faithfully  flat,  finitely  presented  ring  map 
A/ 1 — > B , there  is  no  reason  to  think  that  one  can  find  any  flat  finitely  presented 
ring  map  A — >•  B with  B/ IB  0 such  that  A/ 1 — > B / IB  factors  through  B.  Hence 
the  proof  of  Lemma [49.49. 5|  does  not  work  for  the  fppf  topology.  In  fact  it  is  likely 
false  that  fbig,*  '■  Ab((Sch/X) fppf)  — t Ab((Sch/Y) fppf)  is  exact  when  / is  a closed 
immersion.  If  you  know  an  example,  please  email  stacks.project@gmail.com 


49.50.  Exactness  of  big  lower  shriek 

04CB  This  is  just  the  following  technical  result.  Note  that  the  functor  fbig\  has  nothing 
whatsoever  to  do  with  cohomology  with  compact  support  in  general. 

04CC  Lemma  49.50.1.  Let  r £ { Zariski , etale,  smooth,  syntomic,  fppf}.  Let  f : X — ► 
Y be  a morphism  of  schemes.  Let 

fUg  : Sh((Sch/ X)T)  — ► Sh((Sch/Y)T) 


49.50.  EXACTNESS  OF  BIG  LOWER  SHRIEK 


3246 


07AJ 


be  the  corresponding  morphism  of  topoi  as  in  Topoloqies,  Lemma\33.3.1fA  1 33. A. 151 
1 33.5. 1(\  \33.6.10j  or\3.i'l  I 


(1)  The  functor  fbig  : Ab{{Sch/Y)T)  — >■  Ab((Sch/X)T ) has  a left  adjoint 

fug]  : Ab((Sch/X)T)  -A  Ab((Sch/Y) T) 
which  is  exact. 

(2)  The  functor  fbig  : Mod((Sch/Y)T,  O)  — > Mod((Sch/X)T,0)  has  a left 
adjoint 


fbig\  : Mod((Sch/X)T,(D ) -A  Mod((Sch/Y)T,(D) 
which  is  exact. 

Moreover,  the  two  functors  fug\  agree  on  underlying  sheaves  of  abelian  groups. 


Proof.  Recall  that  fbig  is  the  morphism  of  topoi  associated  to  the  continuous  and 
cocontinuous  functor  u : ( Sch/X)T  -A  ( Sch/Y)Tl  U/X  ha  U/Y.  Moreover,  we  have 
fbigO  = O.  Hence  the  existence  of  fug \ follows  from  Modules  on  Sites,  Lemma 
18.16.2|  respectively  Modules  on  Sites,  Lemma|l8.40.1|  Note  that  if  U is  an  object 
of  ( Sch/X)T  then  the  functor  u induces  an  equivalence  of  categories 

u'  : {Sch/X)T/U  —A  ( Sch/Y)T/U 


because  both  sides  of  the  arrow  are  equal  to  ( Sch/U)T . Hence  the  agreement  of 
fbig]  on  underlying  abelian  sheaves  follows  from  the  discussion  in  Modules  on  Sites, 


Remark  18.40.2  The  exactness  of  fbig ! follows  from  Modules  on  Sites,  Lemma 


1 1 8 . 1 6 . 3 1 as  the  functor  u above  which  commutes  with  fibre  products  and  equalizers. 

□ 


Next,  we  prove  a technical  lemma  that  will  be  useful  later  when  comparing  sheaves 
of  modules  on  different  sites  associated  to  algebraic  stacks. 

Lemma  49.50.2.  Let  X be  a scheme.  Let  t £ { Zariski , etale , smooth , syntomic , fppf}  ■ 
Let  Ci  C C2  C ( Sch/X)T  be  full  subcategories  with  the  following  properties: 

(1)  For  an  object  U/X  ofCt, 

(a)  if  {Ui  -A  U}  is  a covering  of  (Sch/X)T,  then  Ui/X  is  an  object  ofCt, 

(b)  U x A1  /X  is  an  object  of  Ct- 

(2)  X/X  is  an  object  of  Ct- 

We  endow  Ct  with  the  structure  of  a site  whose  coverings  are  exactly  those  coverings 
{Ui  -A  U}  of  (Sch/X)T  with  U £ Ob  (Ct).  Then 

(a)  The  functor  Ci  -A  C2  is  fully  faithful,  continuous,  and  cocontinuous. 

Denote  g : Sh(C\ ) -A  Sh(C,2)  the  corresponding  morphism  of  topoi.  Denote  Ot  the 
restriction  of  O toCt.  Denote  g\  the  functor  of  Modules  on  Sites,  Definition\l  8. 1 6~l\ 

(b)  The  canonical  map  g\0\  -A  O2  is  an  isomorphism. 

Proof.  Assertion  (a)  is  immediate  from  the  definitions.  In  this  proof  all  schemes 
are  schemes  over  X and  all  morphisms  of  schemes  are  morphisms  of  schemes  over 
X.  Note  that  g~x  is  given  by  restriction,  so  that  for  an  object  U of  Ci  we  have 
0\(U)  = C>2{U)  = 0(U).  Recall  that  g\Oi  is  the  sheaf  associated  to  the  presheaf 
gv\0\  which  associates  to  V in  C2  the  group 

colini\/_^f7  0(U) 
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where  U runs  over  the  objects  of  C\  and  the  colimit  is  taken  in  the  category  of 
abelian  groups.  Below  we  will  use  frequently  that  if 

V^U-^U' 

are  morphisms  with  U,U'  £ Ob(Ci)  and  if  f £ 0(U')  restricts  to  / £ 0(U), 
then  (V  — > U,  /)  and  (V  -A  U',f)  define  the  same  element  of  the  colimit.  Also, 
g\0\  — > O2  maps  the  element  (V  — > U,  /)  simply  to  the  pullback  of  / to  V. 

Surjectivity.  Let  V be  a scheme  and  let  h £ 0(V).  Then  we  obtain  a morphism 
V — > X x A1  induced  by  h and  the  structure  morphism  V — > X.  Writing  A1  = 
Spec(Z[x])  we  see  the  element  x £ 0(X  x A1)  pulls  back  to  h.  Since  X x A1  is  an 
object  of  C 1 by  assumptions  (1) (b)  and  (2)  we  obtain  the  desired  surjectivity. 

Injectivity.  Let  V be  a scheme.  Let  s = Xa=i  nW  Ui,  fi ) be  an  element  of  the 
colimit  displayed  above.  For  any  i we  can  use  the  morphism  /)  : Ut  —t  X x A1  to  see 
that  (V  — » Ui,  fi)  defines  the  same  element  of  the  colimit  as  (fi  : V — > X x A1,  x). 
Then  we  can  consider 

h X • • ■ X fn  : V ->•  X x A" 
and  we  see  that  s is  equivalent  in  the  colimit  to 

(/lx-  • -x/n  : V ~ t AxA'b  Xi)  = (/lx-  ■ • x fn  ■ V —>  XxAn,xi  + . . .+£„) 

Now,  if  X\  + . . . + xn  restricts  to  zero  on  V,  then  we  see  that  fiX...xfn  factors 
through  X x A”-1  = V(x\  + . . . + xn).  Hence  we  see  that  s is  equivalent  to  zero 
in  the  colimit.  □ 


49.51.  Etale  cohomology 


03Q3 


0A50 


In  the  following  sections  we  prove  some  basic  results  on  etale  cohomology.  Here  is 
an  example  of  something  we  know  for  cohomology  of  topological  spaces  which  also 
holds  for  etale  cohomology. 


Lemma  49.51.1  (Mayer-Vietoris  for  etale  cohomology).  Let  X be  a scheme. 
Suppose  that  X = U U V is  a union  of  two  opens.  For  any  abelian  sheaf  T on 
X etale  there  exists  a long  exact  cohomology  sequence 

0 


■Hlale(X,X) 

HLle(X^) 


H%ale(U,X)> 


^ etale  (U,F)® 

^ etale  (v,r) 


■H%ale{unv,F) 

Hjtale(unv,F)- 


This  long  exact  sequence  is  functorial  in  T . 


Proof.  Observe  that  if  X is  an  injective  abelian  sheaf,  then 

0 -A  1{X)  1(U)  © X( V)  ->I(Pnk)4  0 

is  exact.  This  is  true  in  the  first  and  middle  spots  as  X is  a sheaf.  It  is  true  on 
the  right,  because  L(U)  I(U  D V ) is  surjective  by  Cohomology  on  Sites,  Lemma 
|21.12.6|  Another  way  to  prove  it  would  be  to  show  that  the  cokernel  of  the  map 
T{U)  ®X(V)  —>  X(U  n V)  is  the  first  Cech  cohomology  group  of  X with  respect  to 
the  covering  X = U U V which  vanishes  by  Lemmas  |49.18.7|  and  |49.19.1|  Thus,  if 
T -A  X*  is  an  injective  resolution,  then 

0 -A  X*(X)  -a  X*  (77)  © X*(V)  ->  X*(Cf  n V)  ->•  0 

is  a short  exact  sequence  of  complexes  and  the  associated  long  exact  cohomology 
sequence  is  the  sequence  of  the  statement  of  the  lemma.  □ 
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49.52.  Colimits 


03Q4 


We  recall  that  if  (Jq,  is  a diagram  of  sheaves  on  a site  C its  colimit  (in  the 
category  of  sheaves)  is  the  sheafification  of  the  presheaf  U K > colinq  fFi{U).  See 
Sites,  Lemma  |7.10.13|  If  the  system  is  directed,  U is  a quasi-compact  object  of 
C which  has  a cofinal  system  of  coverings  by  quasi-compact  objects,  then  F(U)  = 
colim  Ti(U),  see  Sites,  Lemma  7.11.2  See  Cohomology  on  Sites,  Lemma  21.16.1 


for  a result  dealing  with  higher  cohomology  groups  of  colimits  of  abelian  sheaves. 


We  first  state  and  prove  a very  general  result  on  colimits  and  cohomology  and  then 
we  explain  what  it  means  in  some  special  cases. 


09YQ  Theorem  49.52.1.  Let  X = lim.jgj  X t be  a limit  of  a directed,  system  of  schemes 
with  affine  transition  morphisms  fin  : X p — > Xi.  We  assume  that  X,  is  quasi- 
compact and  quasi-separated  for  all  i £ I . Assume  given 

(1)  an  abelian  sheaf  Jq  on  (Xi)^taie  for  all  i £ I, 

(2)  for  i'  > i a map  ippi  : fff}Ti  — > Tp  of  abelian  sheaves  on  {Xp)^taie 

such  that  o fp/\,tppi  whenever  i"  > i'  > i.  Denote  ft  : X — > Xi  the 

projection  and  set  T = colim  Then 

COlim  ieIHltale{Xi^i)  = Kale(X^). 

for  all  p > 0. 


Proof.  Let  us  use  the  affine  etale  sites  of  X and  X,  as  introduced  in  Lemma 
149.21.21  We  claim  that 

Xaf  fine, etale  ~ Colim  (Xi)  af  fine, etale 

as  sites  (see  Sites,  Lemma  7.11.61.  If  we  prove  this,  then  the  theorem  follows 
from  Cohomology  on  Sites,  Lemma  |21.16.2|  The  category  of  schemes  of  finite 
presentation  over  X is  the  colimit  of  the  categories  of  schemes  of  finite  presentation 

The  same  holds  for  the  subcategories  of  affine 

Finally,  if  {W 


over  Xi,  see  Limits,  Lemma  31.9.1 


objects  etale  over  X by  Limits,  Lemmas  31.3.10  and  31.7.8  Finally,  if  {UJ  -4  P} 
is  a covering  of  Xaf  f ine^taie  and  if  U(  — > Ui  is  morphism  of  affine  schemes  etale 
over  Xi  whose  base  change  to  X is  — > U,  then  we  see  that  the  base  change 

of  {U-  Ui}  to  some  X is  a covering  for  i'  large  enough,  see  Limits,  Lemma 
131.7.111  □ 


The  following  two  results  are  special  cases  of  the  theorem  above. 

03Q5  Lemma  49.52.2.  Let  X be  a quasi-compact  and  quasi-separated  scheme.  Let 
( ) be  a system  of  abelian  sheaves  on  Xetaie  over  the  partially  ordered  set  I. 
If  I is  directed  then 

colim i£lHp.tale}X,Ti)  = Hv.tale{X,  colimie/  Ji). 

Proof.  This  is  a special  case  of  Theorem  |49.52.1|  We  also  sketch  a direct  proof. 
We  prove  it  for  all  X at  the  same  time,  by  induction  on  p. 

(1)  For  any  quasi-compact  and  quasi-separated  scheme  X and  any  etale  cov- 
ering U of  X,  show  that  there  exists  a refinement  V = {Vj  — > X}j&j 
with  J finite  and  each  Vj  quasi-compact  and  quasi-separated  such  that  all 
Vj0  x.v  ...  x x Vjv  are  also  quasi-compact  and  quasi-separated. 

(2)  Using  the  previous  step  and  the  definition  of  colimits  in  the  category  of 
sheaves,  show  that  the  theorem  holds  for  p = 0 and  all  A'. 
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03Q6 


03Q8 


09Z1 


(3)  Using  the  locality  of  cohomology  (Lemma  49.22.3 ),  the  Cech-to-cohomology 
spectral  sequence  (Theorem  49.19.2)  and  the  fact  that  the  induction  hy- 
pothesis applies  to  all  Vj0  Xx  ■ ■ ■ x x Vjp  in  the  above  situation,  prove  the 
induction  step  p — > p + 1. 

□ 


Lemma  49.52.3.  Let  A be  a ring,  (/,  <)  a directed  poset  and  ( Bi,ipij ) a system 
of  A- algebras.  Set  B = colim i^i  Bi.  Let  X — > Spec(A)  be  a quasi-compact  and 
quasi-separated  morphism  of  schemes.  Let  T an  abelian  sheaf  on  X^taie ■ Denote 
U — X ^Spec(A)  Spec(.Bj)7  L — X Xgpec(^q  Spec (B^j,  Gi  — (4j  y X ) J~  and 
g = (Y  ->•  X)"1  T.  Then 

Hetaie(Y > G)  = colimig/  Hp-tale(Xi,  Qf). 


Proof.  This  is  a special  case  of  Theorem |49. 52. l|  We  also  outline  a direct  proof  as 
follows. 


(1) 

(2) 

(3) 

(4) 


Given  V — > Y etale  with  V quasi-compact  and  quasi-separated,  there  exist 
i £ I and  14  — ► U;  such  that  V = Vt  Xy.  Y . If  all  the  schemes  considered 
were  affine,  this  would  correspond  to  the  following  algebra  statement:  if 
B = colim  Bi  and  B — > C is  etale,  then  there  exist  i £ I and  Bi  — > Ci 


etale  such  that  C = B^b,  Ci.  This  is  proved  in  Algebra,  Lemma  10.141.3 
In  the  situation  of  (1)  show  that  G(V)  = colinv>j  Gi'(K')  where  14'  is  the 
base  change  of  14  to  Yp . 

By  (1),  we  see  that  for  every  etale  covering  V = {Vj  — ► Y}jej  with  J 
finite  and  the  Vj s quasi-compact  and  quasi-separated,  there  exists  i £ I 


and  an  etale  covering  Vj  = {14, 
Show  that  (2)  and  (3)  imply 


Yi}jej  such  that  V = V,;  x y Y. 


H*(V,G)  = colimieI  H* (Vi,  Gi). 


(5)  Cleverly  use  the  Cech-to-cohomology  spectral  sequence  (Theorem  49.19.2 ). 

□ 


Lemma  49.52.4.  Let  f : X Y be  a morphism  of  schemes  and  T £ Ab(Xetaie)  ■ 
Then  Rp /*  X is  the  sheaf  associated  to  the  presheaf 

{V  _>  V)  Hptale(X  xY  V,B\Xxyv). 


Proof.  This  lemma  is  valid  for  topological  spaces,  and  the  proof  in  this  case  is  the 
same.  See  Cohomology  on  Sites,  Lemma  [21.8.4  for  details.  □ 


Lemma  49.52.5.  Let  S be  a scheme.  Let  X = limlg/  X,  be  a limit  of  a directed 
system  of  schemes  over  S with  affine  transition  morphisms  fpi  : Xp  — > Xi . We 
assume  the  structure  morphism  gi  : Xi  S is  quasi-compact  and  quasi-separated 
for  all  i £ I and  we  set  g : X — >•  S . Assume  given 

(1)  an  abelian  sheaf  Ti  on  (Xi)^taie  for  all  i £ I, 

(2)  for  i!  > i a map  ippi  : —• > Fv  °f  abelian  sheaves  on  (Xp)etaie 

such  that  ipi»i  = ipi"i ' o fpipifipi  whenever  i"  > i!  > i.  Denote  fi  : X — >■  Xi  the 
projection  and  set  T = colim /r1^.  Then 


colinijg/  Rp gi^JFi  = RP g*T 


for  all  p > 0. 
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Proof.  Recall  (Lemma  49.52.4 1 that  Rv is  the  sheaf  associated  to  the  presheaf 


U i X H?tale(U XgXi.Ri)  and  similarly  for  RPg^F.  Moreover,  the  colimit  of  a system 
of  sheaves  is  the  sheafification  of  the  colimit  on  the  level  of  presheaves.  Note  that 
every  object  of  S^taie  has  a covering  by  quasi-compact  and  quasi-separated  objects 
(e.g.,  affine  schemes).  Moreover,  if  U is  a quasi-compact  and  quasi-separated  object, 
then  we  have 


colim mtale(U  xs  Xi.-FO  = Hptale(U  xs  X,F) 
by  Theorem  |49 . 52 . 1 [ Thus  the  lemma  follows. 


□ 


49.53.  Stalks  of  higher  direct  images 


03Q7 

03Q9  Theorem  49.53.1.  Let  f : X — » S be  a quasi-compact  and  quasi-separated  mor- 
phism of  schemes,  T an  abelian  sheaf  on  X etale;  and  s a geometric  point  of  S. 
Then 

(Rp f^J7)-  = H?tale(X  xs  Spec (Oss%),V-lX) 
where  p : X xg  Spec((9g5)  — > X is  the  projection. 


Proof.  Let  I be  the  category  of  etale  neighborhoods  of  s on  S.  By  Lemma  49.52.4 
we  have 


(Rp  f*T)s  = colim(V^j)gI<>K>  HP(X  x$  V,T\xxsv)- 
We  may  replace  I by  the  initial  subcategory  consisting  of  affine  etale  neighbour- 
hoods of  s.  Observe  that 


Spec(Oss%)  = lim{VtV)eXV 

by  Lemma |49.33.1|  and  Limits,  Lemma  |31.2.1|  Since  fibre  products  commute  with 
limits  we  also  obtain 


X xs  Spec (Osshs)  = lhjiiVty)eIX  xsV 

We  conclude  by  Lemma [49. 52. 3|  □ 


49.54.  The  Leray  spectral  sequence 


03QA 

03QB  Lemma  49.54.1.  Let  f : X — > Y be  a morphism  and  T an  injective  object  of 
Ab(Xetaie).  Let  V G Ob (Yetale)-  Then 

(1)  for  any  covering  V = {Vj  V}j^j  we  have  HP(V , /*2j  = 0 for  all  p > 0, 

(2)  ffl  is  acyclic  for  the  functor  T(P,  — ),  and 

(3)  if  g : Y — >•  Z,  then  /*I  is  acyclic  for  g * . 


Proof.  Observe  that  C* (V,  ffL)  =C*(Vx y X , X)  which  has  vanishing  higher  coho- 
mology groups  by  Lemma  49.18.7  This  proves  (1).  The  second  statement  follows 
as  a sheaf  which  has  vanishing  higher  Cech  cohomology  groups  for  any  covering  has 
vanishing  higher  cohomology  groups.  This  a wonderful  exercise  in  using  the  Cech- 
to-cohomology  spectral  sequence,  but  see  Cohomology  on  Sites,  Lemma  21.11.9|for 
details  and  a more  precise  and  general  statement.  Part  (3)  is  a consequence  of  (2) 
and  the  description  of  RPg * in  Lemma [49. 52. 4[  □ 


Using  the  formalism  of  Grothendieck  spectral  sequences,  this  gives  the  following. 
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03QC 

03QN 

03QO 


03QP 


Proposition  49.54.2  (Leray  spectral  sequence).  Let  f : X -A  Y be  a morphism 
of  schemes  and  F an  etale  sheaf  on  X . Then  there  is  a spectral  sequence 

EP2q  = H?tale(Y,Rqf*F)  =*  Hp+qe{X,F). 

Proof.  See  Lemma [49 . 54 . 1 1 and  see  Derived  Categories,  Section  [l3.22[  □ 

49.55.  Vanishing  of  finite  higher  direct  images 

The  next  goal  is  to  prove  that  the  higher  direct  images  of  a finite  morphism  of 
schemes  vanish. 

Lemma  49.55.1.  Let  R be  a strictly  henselian  local  ring.  Set  S = Spec (R)  and 
let  s be  its  closed  point.  Then  the  global  sections  functor  T(S,  — ) : Ab(S^taie)  — t Ab 
is  exact.  In  fact  we  have  T(S,F)  = Fa  for  any  sheaf  of  sets  F . In  particular 

Vp>l,  Hptale(S,F)  = 0 

for  all  F e Ab(Setaie)- 

Proof.  If  we  show  that  T(S,F)  = F-g  the  T(SI,  — ) is  exact  as  the  stalk  functor  is 
exact.  Let  ( U , u)  be  an  etale  neighbourhood  of  s.  Pick  an  affine  open  neighborhood 
Spec(A)  of  u in  U . Then  R — > A is  etale  and  k(s)  = k(u).  By  Theorem  49.32.4  we 


see  that  A = R x A'  as  an  f?-algebra  compatible  with  maps  to  k(s)  = k(u).  Hence 
we  get  a section 

Spec(A) U 


S 

ft  follows  that  in  the  system  of  etale  neighbourhoods  of  s the  identity  map  (5,  s)  — >■ 
(S,s)  is  cofinal.  Hence  r(5,  J-)  = The  final  statement  of  the  lemma  follows 
as  the  higher  derived  functors  of  an  exact  functor  are  zero,  see  Derived  Categories, 
Lemma  113.17.91  □ 

Proposition  49.55.2.  Let  f : X — ► Y be  a finite  morphism  of  schemes. 

(1)  For  any  geometric  point  y : Spec(£;)  — > Y we  have 


for  F in  Sh(Xetaie)  and 


zc:Spec(fc)— >X,  f(x)=y 


F x 


(f*E)y  ®s.Spec(fc)_i.A'j 

for  F in  Ab(X^taie)- 
(2)  For  any  q > 1 we  have  Rqf*F  = 0. 

Proof.  Let  XF1  denote  the  fiber  product  X Xy  Spec(Of^).  By  Theorem 
the  stalk  of  Rq  f*F  at  y is  computed  by  Hqtale(X^h , F).  Since  / is  finite,  XF  is 


49.53.1 


finite  over  Spec(Of^),  thus  X^h  = Spec(H)  for  some  ring  A finite  over  Oyy.  Since 
the  latter  is  strictly  henselian,  Lemma  |49.32.5|  implies  that  A is  a finite  product 
of  henselian  local  rings  A = A\  x ...  x Ar.  Since  the  residue  field  of  Oyy  is 
separably  closed  the  same  is  true  for  each  A,:.  Hence  Ai  is  strictly  henselian.  This 

implies  that 


49.55.1 


implies  that  X^h  — Ui=1  Spec(Aj).  The  vanishing  of  Lemma 
(. Rqf*F)y  = 0 for  q > 0 which  implies  (2)  by  Theorem  49.29.10  Part  (1)  follows 
from  the  corresponding  statement  of  Lemma |49.55.1|  □ 
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0959  Lemma  49.55.3.  Consider  a cartesian  square 


X' 

r 

Y 

y 


a' 

a 


X 


f 

Y 

Y 


of  schemes  with  f a finite  morphism.  For  any  sheaf  of  sets  F on  Xetaie  we  have 
fi(gT1x  = g~1f,F. 


Proof.  In  great  generality  there  is  a pullback  map  g~1f*F  — > fiig')-1^-,  see  Sites, 
Section  |7.44[  To  check  this  map  is  an  isomorphism  it  suffices  to  check  on  stalks 
(Theorem  49.29.10).  This  is  clear  from  the  description  of  stalks  in  Proposition 
149.55.21  and  Lemma  149.36. 21  □ 


The  following  lemma  is  a case  of  cohomological  descent  dealing  with  etale  sheaves 
and  finite  surjective  morphisms.  We  will  significantly  generalize  this  result  once  we 
prove  the  proper  base  change  theorem. 

09Z2  Lemma  49.55.4.  Let  f : X —y  Y be  a surjective  finite  morphism  of  schemes.  Set 
fn  : Xn  — y Y equal  to  the  (n+1) -fold  fibre  product  of  X overY . For  F £ AbfY&tale) 
set  Fn  = There  is  an  exact  sequence 

0 — y F — y F0  — y F i — y F } — y . . . 

on  Xetaie  ■ Moreover,  there  is  a spectral  sequence 

E{’q  = H%ale{Xp,f-'F) 

converging  to  Hp+q(Yetaie,  F)  ■ This  spectral  sequence  is  functorial  in  F . 


Proof.  If  we  prove  the  first  statement  of  the  lemma,  then  we  obtain  a spectral 
sequence  with  Ep,q  = F)  convering  to  Ftp+q(Yetaie,J:),  see  Derived  Cat- 

egories, Lemma 


13.21.3 


On  the  other  hand,  since  Rlfp^fp 


_ _ , /-1  F = 0 for  i > 0 

(Proposition  49.55.2p  we  get 

HltaieiXpJr'F)  = Hlale(YJp^f-'F)  = Hjtale(Y,Fp) 
by  Proposition  |49.54.2|  and  we  get  the  spectral  sequence  of  the  lemma. 


To  prove  the  first  statement  of  the  lemma,  observe  that  Xn  forms  a simplicial 
scheme  over  Y , see  Simplicial,  Example  |14. 3. 5[  Observe  moreover,  that  for  each  of 
the  projections  dj  : Xn+i  — >•  Xn  there  is  a map  d~1f~1F  -y  f~^F.  These  maps 
induce  maps 

dj  ■ F a y F rtj-l 


for  j = 0, . . . ,n  + 1.  We  use  the  alternating  sum  of  these  maps  to  define  the 
differentials  Fn  — > Fn+\.  Similarly,  there  is  a canonical  augmentation  F — » Fq, 
namely  this  is  just  the  canonical  map  F — y f*f~lF.  To  check  that  this  sequence 
of  sheaves  is  an  exact  complex  it  suffices  to  check  on  stalks  at  geometric  points 
(Theorem  |49. 29.10).  Thus  we  let  y : Spec (k)  —yY  be  a geometric  point.  Let 
E = {x  : Spec (k)  —>  X \ f(x)  = y}.  Then  El  is  a finite  nonempty  set  and  we  see 
that 
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09Z3 


09AX 


09AY 


03QW 


04JK 


by  Proposition  |49.55.2|  and  Lemma  |49.36.2[  Thus  we  have  to  see  that  given  an 
abelian  group  M the  sequence 


0 


"^®,£I3"-®. 


:£E2 


M 


is  exact.  Here  the  first  map  is  the  diagonal  map  and  the  map  ®ce£„+i  M — ► 
®e£E„+2  M is  the  alternating  sum  of  the  maps  induced  by  the  (n  + 2)  projections 
En+ 2 — » En+1.  This  can  be  shown  directly  or  deduced  by  applying  Simplicial, 
Lemma  14.26.9  to  the  map  E — ► {*}.  □ 


Remark  49.55.5.  In  the  situation  of  Lemma 
Yetale,  then  we  have 


49.55.4 


if  Q is  a sheaf  of  sets  on 


r(Y,  Q)  = Equalizer ( T(X0,  f^G)  T{Xuf^Q)  ) 

This  is  proved  in  exactly  the  same  way,  by  showing  that  the  sheaf  Q is  the  equalizer 
of  the  two  maps  fo,*fo1G  fi,*fi1G- 

Here  is  a fun  generalization  of  Lemma |49. 55. 1| 

Lemma  49.55.6.  Let  S be  a scheme  all  of  whose  local  rings  are  strictly  henselian. 
Then  for  any  abelian  sheaf  X on  Setaie  we  have  H — H fSz  an  E). 


Proof.  Let  e : S^taie  — ► Szar  be  the  morphism  of  sites  given  by  the  inclusion 
functor.  The  Zariski  sheaf  Rpe*X  is  the  sheaf  associated  to  the  presheaf  U H » 
H6taie(ui  F).  Thus  the  stalk  at  x £ X is  colim  H?tale(U,  X)  = H%t  ■ (Spec(Ox.s),  Gx) 
where  Gx  denotes  the  pullback  of  X to  Spec(C?x,x),  see  Lemma  49.52.3 


Thus  the 

higher  direct  images  of  RPe*X  are  zero  by  Lemma [49 . 5 5 . 1 1 and  we  conclude  by  the 
Leray  spectral  sequence.  □ 


Lemma  49.55.7.  Let  S be  an  affine  scheme  such  that  (1)  all  points  are  closed, 
and  (2)  all  residue  fields  are  separably  algebraically  closed.  Then  for  any  abelian 
sheaf  X on  S^.aie  we  have  Hl(S4taie,X)  = 0 for  i > 0. 


Proof.  Condition  (1)  implies  that  the  underlying  topological  space  of  S is  profinite, 
see  Algebra,  Lemma[l0.25.5|  Thus  the  higher  cohomology  groups  of  an  abelian  sheaf 
on  the  topological  space  S (i.e.,  Zariski  cohomology)  is  trivial,  see  Cohomology, 
Lemmar20.23.3[  The  local  rings  are  strictly  henselian  by  Algebra,  Lemma[l0.148.ll 


Thus  etale  cohomology  of  S is  computed  by  Zariski  cohomology  by  Lemma  49.55.6| 
and  the  proof  is  done.  □ 


49.56.  Galois  action  on  stalks 


In  this  section  we  define  an  action  of  the  absolute  Galois  group  of  a residue  field  of 
a point  s of  S on  the  stalk  functor  at  any  geometric  point  lying  over  s. 


Galois  action  on  stalks.  Let  S'  be  a scheme.  Let  s be  a geometric  point  of  S.  Let 
a £ Aut (k(s)/k(s)).  Define  an  action  of  a on  the  stalk  T-g  of  a sheaf  X as  follows 


(49.56.0.1) 


Xg  — t Xg 

( U,u,t ) i — > (U,  u o Spec(<r),f). 


where  we  use  the  description  of  elements  of  the  stalk  in  terms  of  triples  as  in 
the  discussion  following  Definition  |49.29.6|  This  is  a left  action,  since  if  cq  £ 
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Aut(/«(s)/re(s))  then 

(7l  • (cr2  • {U,  U,  t))  = CTl  • (U,  u o Spec(<72),  t) 

= (U,uo  Spec(er2)  o Spec(tJi),  t ) 
= (U,uo  Spec(cr1  o <r2),f) 

= (or  ° cr2)  • (Z7,  u,  t) 


It  is  clear  that  this  action  is  functorial  in  the  sheaf  T . We  note  that  we  could  have 
defined  this  action  by  referring  directly  to  Remark |49. 29. 8| 

03QX  Definition  49.56.1.  Let  S be  a scheme.  Let  s be  a geometric  point  lying  over 
the  point  s of  S.  Let  k(s)  C ft(s)sep  C k(s)  denote  the  separable  algebraic  closure 
of  k(s)  in  the  algebraically  closed  field  k(s). 

(1)  In  this  situation  the  absolute  Galois  group  of  k(s)  is  Gal(«;(s)sep/«;(s)).  It 
is  sometimes  denoted  GalK(s). 

(2)  The  geometric  point  s is  called  algebraic  if  k(s ) C n(s)  is  an  algebraic 
closure  of  k(s). 

03QY  Example  49.56.2.  The  geometric  point  Spec(C)  — >•  Spec(Q)  is  not  algebraic. 

Let  k(s)  C k(s)scp  C k(s ) be  as  in  the  definition.  Note  that  as  k(s)  is  algebraically 
closed  the  map 


Aut(fc(s)/K(s))  — > Gal (k(s)sbp/k(s))  = GalK(s) 


is  surjective.  Suppose  (U,  u)  is  an  etale  neighbourhood  of  s,  and  say  u lies  over  the 
point  u of  U.  Since  U S is  etale,  the  residue  field  extension  k(s)  C k(u)  is  finite 
separable.  This  implies  the  following 

(1)  If  a G Aut(K(s)/K(s)sep)  then  a acts  trivially  on  T-g. 

(2)  More  precisely,  the  action  of  Aut(«(s)/«;(s))  determines  and  is  determined 
by  an  action  of  the  absolute  Galois  group  GalK(s)  on  Tg. 

(3)  Given  ({/,  u,  t ) representing  an  element  £ of  Tj  any  element  of  Gal(«:(s)sep/ K ) 
acts  trivially,  where  k{s)  C K C n(s)sep  is  the  image  of  : k{u)  k(s). 


Altogether  we  see  that  Fs  becomes  a GalK(s 
tion 


-set  (see  Fundamental  Groups,  Defini- 


48.2.1).  Hence  we  may  think  of  the  stalk  functor  as  a functor 


Sh(Setaie)  ^ GalK(s)  Sets , J~  i 


Fs 


and  from  now  on  we  usually  do  think  about  the  stalk  functor  in  this  way. 


03QT  Theorem  49.56.3.  Let  S = Spec (K)  with  K a field.  Let  s be  a geometric  point 
of  S . Let  G = GalK(s)  denote  the  absolute  Galois  group.  Taking  stalks  induces  an 
equivalence  of  categories 


Sh(Sitaie)  — > G-Sets , T \ 


Proof.  Let  us  construct  the  inverse  to  this  functor.  In  Fundamental  Groups, 
Lemma  |48.2.2|  we  have  seen  that  given  a G-set  M there  exists  an  etale  mor- 
phism X — ► Spec (K)  such  that  MorA'(Spec(ATsep),  X)  is  isomorphic  to  M as  a 
G-set.  Consider  the  sheaf  T on  Spec(A'),staze  defined  by  the  rule  U Mor# (E/,  X). 
This  is  a sheaf  as  the  etale  topology  is  subcanonical.  Then  we  see  that  J-g  = 
Mor^-(Spec(A'sep),  X)  = M as  G-sets  (details  omitted).  This  gives  the  inverse  of 
the  functor  and  we  win.  □ 
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04JL 


04JM 


04JN 


Remark  49.56.4.  Another  way  to  state  the  conclusion  of  Theorem  49.56.3  and 


Fundamental  Groups,  Lemma  48.2.2  is  to  say  that  every  sheaf  on  Spec(A)etaze  is 
representable  by  a scheme  X etale  over  Spec(A).  This  does  not  mean  that  every 
sheaf  is  representable  in  the  sense  of  Sites,  Definition  |7.f  3. 3|  The  reason  is  that  in 
our  construction  of  Spec (K)etaie  we  chose  a sufficiently  large  set  of  schemes  etale 
over  Spec(A'),  whereas  sheaves  on  Spec(A')etaie  form  a proper  class. 

Lemma  49.56.5.  Assumptions  and  notations  as  in  Theorem  49-56.3  There  is  a 
functorial  bijection 

T(S,T)  = (Fgf 


Proof.  We  can  prove  this  using  formal  arguments  and  the  result  of  Theorem  49.56.3 
as  follows.  Given  a sheaf  T corresponding  to  the  G-set  M = Fg  we  have 

T(S',J")  = Mot  sh(s  eta.u)  (h-Spec(K) , F) 

= MorG_Sets)({*},M) 

= Mg 


Here  the  first  identification  is  explained  in  Sites,  Sections  7.2  and  7.13  the  second 


results  from  Theorem  49.56.3  and  the  third  is  clear.  We  will  also  give  a direct 
prooQ 

Suppose  that  t £ T(5,  F)  is  a global  section.  Then  the  triple  ( S',  s,  f ) defines  an 
element  of  Fg  which  is  clearly  invariant  under  the  action  of  G.  Conversely,  suppose 
that  ( U , u,  t)  defines  an  element  of  Fg  which  is  invariant.  Then  we  may  shrink  U and 
assume  U = Spec (L)  for  some  finite  separable  field  extension  of  K , see  Proposition 
49.26.2  In  this  case  the  map  F(U)  — » Fs  is  injective,  because  for  any  morphism 
of  etale  neighbourhoods  ( U' ,u ')  — > (U,u)  the  restriction  map  F(U)  — > F(Ur)  is 
injective  since  U'  — > U is  a covering  of  S^taie-  After  enlarging  L a bit  we  may 
assume  K C L is  a finite  Galois  extension.  At  this  point  we  use  that 

Spec(A)  Spec(L)  — IL  ■eGal (L/K)  ®PeCW 

where  the  maps  Spec(L)  -A  Spec(L  L)  come  from  the  ring  maps  a ® b i— > 
aa{b).  Hence  we  see  that  the  condition  that  (U,u,t)  is  invariant  under  all  of  G 
implies  that  t £ Jr(Spec(L))  maps  to  the  same  element  of  Jr(Spec(L)  Xspec(K) 
Spec(L))  via  restriction  by  either  projection  (this  uses  the  injectivity  mentioned 
above;  details  omitted).  Hence  the  sheaf  condition  of  T for  the  etale  covering 
{Spec(L)  — >•  Spec(A')}  kicks  in  and  we  conclude  that  t comes  from  a unique  section 
of  T over  Spec(A).  □ 

Remark  49.56.6.  Let  S’  be  a scheme  and  let  s : Spec(fc)  — > S be  a geometric 
point  of  S.  By  definition  this  means  that  k is  algebraically  closed.  In  particular 
the  absolute  Galois  group  of  k is  trivial.  Hence  by  Theorem  |49.56.3|  the  category 
of  sheaves  on  Spec(fc)^ta;e  is  equivalent  to  the  category  of  sets.  The  equivalence  is 
given  by  taking  sections  over  Spec (k).  This  finally  provides  us  with  an  alternative 
definition  of  the  stalk  functor.  Namely,  the  functor 

Sh(S^taie)  — > Sets , T i — *•  Tg 
is  isomorphic  to  the  functor 

Sh(Setaie)  — » S7i(Spec(fc) etale)  = Sets , F I — > s*F 


4For  the  doubting  Thomases  out  there. 
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To  prove  this  rigorously  one  can  use  Lemma  49.36.2  part  (3)  with  / = s.  Moreover, 
having  said  this  the  general  case  of  Lemma  49.36.2  part  (3)  follows  from  functoriality 
of  pullbacks. 


49.57.  Group  cohomology 

0A2H  Notation.  If  we  write  we  will  mean  that  G is  a topological  group  and 

M a discrete  G-module  with  continuous  G-action.  This  includes  the  case  of  an 
abstract  group  G,  which  simply  means  that  G is  viewed  as  a topological  group  with 
the  discrete  topology.  When  the  module  has  a nondiscrete  topology,  we  will  use 
the  notation  Hlcont(G , M)  to  indicate  the  cohomology  theory  discussed  in  (Tat  76]. 

04JP  Definition  49.57.1.  Let  G be  a topological  group.  A G-module,  sometime  called  a 
discrete  G-module , is  an  abelian  group  M endowed  with  a left  action  a : GxM  — ► M 
by  group  homomorphisms  such  that  a is  continuous  when  M is  given  the  discrete 
topology  and  G x M the  product  topology.  A morphism  of  G-modules  f : M — > N 
is  simply  any  G-equi variant  homomorphism  from  M to  N.  The  category  of  G- 
modules  is  denoted  Mode- 


The  condition  that  a : G x M M is  continuous  is  equivalent  with  the  condition 
that  the  stabilizer  of  any  x S M is  open  in  G.  If  G is  an  abstract  group  then  this 
corresponds  to  the  notion  of  an  abelian  group  endowed  with  a G-action  provided 
we  endow  G with  the  discrete  topology. 


The  category  Mode  has  enough  injectives,  see  Injectives,  Lemma  19.3.1 
the  left  exact  functor 


Consider 


Mode  — t Ab,  M i — >•  M°  = {x  e M \ g ■ x = x Wg  £ G} 

We  sometimes  denote  M°  = H°(G,M)  and  sometimes  we  write  MG  = Tg(M). 
This  functor  has  a total  right  derived  functor  RTq(M)  and  ith  right  derived  functor 
i?TG(M)  = Hl{G,  M)  for  any  i > 0. 

04JR  Definition  49.57.2.  Let  G be  a topological  group.  Let  M be  a G-module. 

(1)  The  right  derived  functors  Hl(G,M ) are  called  the  continuous  group  co- 
homology groups  of  M. 

(2)  If  G is  an  abstract  group  endowed  with  the  discrete  topology  then  the 
Hl(G,M)  are  called  the  group  cohomology  groups  of  M. 

(3)  If  G is  a Galois  group,  then  the  groups  H‘(G,M ) are  called  the  Galois 
cohomology  groups  of  M . 

(4)  If  G is  the  absolute  Galois  group  of  a field  K,  then  the  groups  HX(G,  M ) 
are  sometimes  called  the  Galois  cohomology  groups  of  K with  coefficients 
in  M.  In  this  case  we  sometimes  write  Hl(K,  M)  instead  of  Hl(G,  M). 

We  can  compute  continuous  group  cohomology  by  the  complex  of  inhomogeneous 
cochains.  In  fact,  we  can  define  this  when  M is  an  arbitrary  topological  abelian 
group  endowed  with  a continuous  G-action.  Namely,  we  consider  the  complex 


^contC^)  M)  : M — > Mapscont(G,  M)  — > Mapscont(G  x G,  M)  —>■... 
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where  the  boundary  map  is  defined  for  n > 1 by  the  rule 
d(/)(si,  • • • , 9u+ 1)  = 9i(f(92,  ■■■,  9n+ 1)) 

+ E.  , {-l 2 3 4Y f(9i,---,9j9i+U---,9n+\) 

+ (-l)n+1f(g1,...,gn ) 

and  for  n = 0 sends  m,  G M to  the  map  g H > g(m)  — m.  We  define 
H cont  (G,M)  = H‘(C*ont(G,  M)) 

Since  the  terms  of  the  complex  involve  continuous  maps  from  G and  self  products 
of  G into  the  topological  module  M,  it  is  not  clear  that  this  turns  a short  exact 
sequence  of  topological  modules  into  a long  exact  cohomology  sequence.  (One  dif- 
ficulty is  that  the  category  of  topological  abelian  groups  isn’t  an  abelian  category!) 
However,  this  is  true  when  the  topology  on  the  modules  is  discrete.  In  fact,  if  M 
is  a G- module  as  in  Definition  |49.57Tj  then  there  is  a canonical  isomorphism 

H\G,M)=Hicont{G,M ) 

of  cohomology  groups. 


49.58.  Cohomology  of  a point 

03QQ  As  a consequence  of  the  discussion  in  the  preceding  sections  we  obtain  the  equiva- 
lence of  etale  cohomology  of  the  spectrum  of  a field  with  Galois  cohomology. 

04JQ  Lemma  49.58.1.  Let  S = Spec(Jf)  with  K a field.  Let  s be  a geometric  point  of 
S.  Let  G = Galas')  denote  the  absolute  Galois  group.  The  stalk  functor  induces  an 
equivalence  of  categories 


Ab(Sttale)  — > Mode , T I 


T-k. 


Proof.  In  Theorem  49.56.3|  we  have  seen  the  equivalence  between  sheaves  of  sets 
and  G-sets.  The  current  lemma  follows  formally  from  this  as  an  abelian  sheaf  is 
just  a sheaf  of  sets  endowed  with  a commutative  group  law,  and  a G-module  is  just 
a G-set  endowed  with  a commutative  group  law.  □ 


03QU 


Lemma  49.58.2.  Notation  and  assumptions  as  in  Lemma  49.58.1 
abelian  sheaf  on  Spec(K)etaie  which  corresponds  to  the  G-module  M . 


Let  T be  an 
Then 


(1)  in  D(Ab)  we  have  a canonical  isomorphism  RT(S,  T)  = RTg{M), 

(2)  H%ale(S1T)  = MG,  and 

(3)  Hjtale(S,J-)  = Hq(G1M). 


Proof.  Combine  Lemma  [49.58.11  with  Lemma  [49.56.51 


□ 


03QV  Example  49.58.3.  Sheaves  on  Spec(lf )et.aie-  Let  G = G&\(Ksep / K)  be  the 
absolute  Galois  group  of  K. 

(1)  The  constant  sheaf  Z/nZ  corresponds  to  the  module  Z/?rZ  with  trivial 
G-action, 

(2)  the  sheaf  Gm|spec(is:)^taie  corresponds  to  ( Ksep )*  with  its  G-action, 

(3)  the  sheaf  G0|gpec(^aep)  corresponds  to  ( Ksep,+ ) with  its  G-action,  and 

(4)  the  sheaf  Mn|spec(A'"'i>)  corresponds  to  p.n{Ksep)  with  its  G-action. 
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By  Remark  |49.23.4|  and  Theorem  |49.24.1|  we  have  the  following  identifications  for 
cohomology  groups: 

Hlale(Sttale,Gm)  = T(S,0*s) 

Hjtale(Setale,Gm)  = HZar(S,  Og)  = Pic (S) 

HLi  e(^e£aZe?  Ga)  = HiZar(S,Os) 

Also,  for  any  quasi-coherent  sheaf  J-  on  S^taie  we  have 

Hi{S6tale,F)  = HiZar{S,F), 

see  Theorem  |49.22.4[  In  particular,  this  gives  the  following  sequence  of  equalities 

0 = Pic(Spec(A'))  = Hjtale(Spec(K)itale,Gm)  = H\G , (. K sep)*) 

which  is  none  other  than  Hilbert’s  90  theorem.  Similarly,  for  i > 1, 

0 = W(Spec(K),0)  = Hitale(Spec(K)ttale,Ga)  = H\G,Ksep) 

where  the  Ksep  indicates  Ksep  as  a Galois  module  with  addition  as  group  law.  In 
this  way  we  may  consider  the  work  we  have  done  so  far  as  a complicated  way  of 
computing  Galois  cohomology  groups. 

49.59.  Cohomology  of  curves 

03R0  The  next  task  at  hand  is  to  compute  the  etale  cohomology  of  a smooth  curve  over 
an  algebraically  closed  field  with  torsion  coefficients,  and  in  particular  show  that 
it  vanishes  in  degree  at  least  3.  To  prove  this,  we  will  compute  cohomology  at  the 
generic  point,  which  amounts  to  some  Galois  cohomology. 


49.60.  Brauer  groups 


03R1  Brauer  groups  of  fields  are  defined  using  finite  central  simple  algebras.  In  this  sec- 
tion we  review  the  relevant  facts  about  Brauer  groups,  most  of  which  are  discussed 
in  the  chapter  Brauer  Groups,  Section  11.1  For  other  references,  see  |Ser62l. 
|Ser97|  or  |Wei48] . 


03R2  Theorem  49.60.1.  Let  K be  a field.  For  a unital,  associative  (not  necessarily 
commutative)  K -algebra  A the  following  are  equivalent 

(1)  A is  finite  central  simple  K -algebra, 

(2)  A is  a finite  dimensional  K -vector  space,  K is  the  center  of  A,  and  A has 
no  nontrivial  two-sided  ideal, 

(3)  there  exists  d > 1 such  that  A K = Mat(d  x d,  K), 

(4)  there  exists  d > 1 such  that  A (&k  Ksep  = Mat(d  x d,  Ksep), 

(5)  there  exist  d > 1 and  a finite  Galois  extension  K C K'  such  that  A 
K'  = Mat{d  x d,  K'), 

(6)  there  exist  n > 1 and  a finite  central  skew  field  D over  K such  that 
A = Mat(n  x n , D ) . 


The  integer  d is  called  the  degree  of  A. 

Proof.  This  is  a copy  of  Brauer  Groups,  Lemma[ll.8.6| 


□ 
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03R4 


03R3 


03R5 


03R6 
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Lemma  49.60.2.  Let  A be  a finite  central  simple  algebra  over  A.  Then 

A®kA°pp  — > EndK(A) 

a®  a'  i — > ( x ha  axa') 

is  an  isomorphism  of  algebras  over  A. 


Proof.  See  Brauer  Groups,  Lemma  11.4.10 


□ 


Definition  49.60.3.  Two  finite  central  simple  algebras  A\  and  A2  over  A are 
called  similar , or  equivalent  if  there  exist  m,  n > 1 such  that  Mat(n  x n,Ai)  = 
Mat(m  x m,  A2).  We  write  A\  ~ A2. 


By  Brauer  Groups,  Lemma  11.5.1  this  is  an  equivalence  relation. 


Definition  49.60.4.  Let  A be  a field.  The  Brauer  group  of  K is  the  set  Br(A')  of 
similarity  classes  of  finite  central  simple  algebras  over  A,  endowed  with  the  group 
law  induced  by  tensor  product  (over  A).  The  class  of  A in  Br(A')  is  denoted  by 
[A].  The  neutral  element  is  [A]  = [Mat(d  x d,  A)]  for  any  d > 1. 


The  previous  lemma  implies  that  inverses  exist  and  that  — [A]  = [Aopp] . The  Brauer 
group  of  a field  is  always  torsion.  In  fact,  we  will  see  that  [A]  has  order  deg(A) 
for  any  finite  central  simple  algebra  A (see  Lemma  49.61.2).  In  general  the  Brauer 
group  is  not  finitely  generated,  for  example  the  Brauer  group  of  a non- Archimedean 
local  field  is  Q/Z.  The  Brauer  group  of  C(x,  y)  is  uncountable. 


Lemma  49.60.5.  Let  A be  a field  and  let  Ksep  be  a separable  algebraic  closure. 
Then  the  set  of  isomorphism  classes  of  central  simple  algebras  of  degree  d over  K 
is  in  bijection  with  the  non-abelian  cohomology  H1(Gal(Ksep/K),  PGLd(Ksep)). 


Sketch  of  proof.  The  Skolem-Noether  theorem  (see  Brauer  Groups,  Theorem 


11.6.1 ) implies  that  for  any  field  L the  group  AutL_Aigebras(Matd(A))  equals  PGLd(A). 


By  Theorem |49. 60. 1[  we  see  that  central  simple  algebras  of  degree  d correspond  to 
forms  of  the  A-algebra  Matd(A).  Combined  we  see  that  isomorphism  classes  of  de- 
gree d central  simple  algebras  correspond  to  elements  of  A1(Gal(Asep/A),  PGLd(A'sep)). 
For  more  details  on  twisting,  see  for  example  [sum].  □ 


If  A is  a finite  central  simple  algebra  of  degree  d over  a field  K , we  denote  £4  the 
corresponding  cohomology  class  in  A1(Gal(Asep/A), PGLd(Ksep)).  Consider  the 
short  exact  sequence 

1 -a  (Ksep)*  -a  GLd(Ksep)  -a-  PGLd(Asep)  -a  1, 

which  gives  rise  to  a long  exact  cohomology  sequence  (up  to  degree  2)  with  cobound- 
ary map 

Sd  : A1(Gal(Asej,/A),PGLd(Asep))  —a  A2(Gal(Asep/A),  ( Ksep )*). 

Explicitly,  this  is  given  as  follows:  if  £ is  a cohomology  class  represented  by  the 
1-cocycle  {ga),  then  Sd(f)  is  the  class  of  the  2-cocycle 

(49.60.5.1)  (cr,  r)  1 — A g^g^a^f1)  G (Asep)* 

where  ga  G GLd(I\sep)  is  a lift  of  ga.  Using  this  we  can  make  explicit  the  map 

6 : Br(A)  — ► A2(Gal(Ase7A),  ( Ksep )*),  [A]  — ► <5degA(60 

as  follows.  Assume  A has  degree  d over  K.  Choose  an  isomorphism  <p  : Matd(A'sep)  — ► 
A®k  Ksep.  For  cr  G Gal(A'sep/A')  choose  an  element  ga  G G\d(Ksep)  such  that 
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0A2K 


0A2L 


ip  1 o crip)  is  equal  to  the  map  x K »•  qaxq„  . 
cocycle  d49.60.5.1[). 


The  class  in  H2  is  defined  by  the  two 


Theorem  49.60.6.  Let  K be  a field  with  separable  algebraic  closure  Ksep . The 
map  S : Br{K)  — ► H2  (Gal(Ksep  / K) , ( I\sep )*)  defined  above  is  a group  isomorphism. 


Sketch  of  proof.  In  the  abelian  case  (d  = 1),  one  has  the  identification 

H1  (Gal(Ksep  / K) , GLd(Ksep))  = Hjtale(Spec(K) , GLd(0)) 

the  latter  of  which  is  trivial  by  fpqc  descent.  If  this  were  true  in  the  non-abelian 
case,  this  would  readily  imply  injectivity  of  S.  (See  lDol77:.i  Rather,  to  prove 
this,  one  can  reinterpret  <5([A])  as  the  obstruction  to  the  existence  of  a /f-vector 
space  V with  a left  A-module  structure  and  such  that  dim kV  = deg  A.  In  the 
case  where  V exists,  one  has  A = Endx(P).  For  surjectivity,  pick  a cohomology 
class  £ £ H2(Gal(Ksep /K),(Ksep)*),  then  there  exists  a finite  Galois  extension 
K C K'  C Ksep  such  that  £ is  the  image  of  some  £'  £ if2(Gal(AT'|  A'),  (AT')*).  Then 
write  down  an  explicit  central  simple  algebra  over  I\  using  the  data  K'  . □ 


49.61.  The  Brauer  group  of  a scheme 

Let  S be  a scheme.  An  Og-algebra  A is  called  Azumaya  if  it  is  etale  locally  a 
matrix  algebra,  i.e. , if  there  exists  an  etale  covering  U = {ipt  : [/,;  -A  5}igj  such 
that  tp* A = Matd,  (Oui ) for  some  di  > 1.  Two  such  A and  B are  called  equivalent 
if  there  exist  finite  locally  free  Os-modules  T and  Q which  have  positive  rank  at 
every  s £ S such  that 

A <E>os  TLomos  F)  — B ®os  Homos  (17,  G) 

as  Os-algebras.  The  Brauer  group  of  S is  the  set  Br(5)  of  equivalence  classes  of 
Azumaya  Os-algebras  with  the  operation  induced  by  tensor  product  (over  Os). 

Lemma  49.61.1.  Let  S be  a scheme.  Let  T and  G be  finite  locally  free  sheaves 
of  Os -modules  of  positive  rank.  If  there  exists  an  isomorphism  TLomo s(Jr ’,  T)  = 
TLomosiG  ,G)  of  Os -algebras,  then  there  exists  an  invertible  sheaf  £ on  S such  that 
T ®os  £ — G and  such  that  this  isomorphism  induces  the  given  isomorphism  of 
endomorphism  algebras. 

Proof.  Fix  an  isomorphism  Tlomos  ( J- , JF)  — > TLomos{G ,G).  Consider  the  sheaf 
£ C 'HomfiF ,G)  generated  as  an  Os-module  by  the  local  isomorphisms  ip  : T — > G 
such  that  conjugation  by  <p  is  the  given  isomorphism  of  endomorphism  algebras.  A 
local  calculation  (reducing  to  the  case  that  T and  G are  finite  free  and  S is  affine) 
shows  that  £ is  invertible.  Another  local  calculation  shows  that  the  evaluation  map 

T ®os  £ — t G 

is  an  isomorphism.  □ 

The  argument  given  in  the  proof  of  the  following  lemma  can  be  found  in  [Sa  181. 

Lemma  49.61.2.  Let  S be  a scheme.  Let  A be  an  Azumaya  algebra  which  is 
locally  free  of  rank  d2  over  S.  Then  the  class  of  A in  the  Brauer  group  of  S is 
annihilated  by  d. 


Argument  taken 
from  Sal8  j . 
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Proof.  Choose  an  etale  covering  {Ui  -A  5}  and  choose  isomorphisms  A\ut  — t 
for  some  locally  free  Oui -modules  Tr  of  rank  d.  (We  may  assume  Tj 
is  free.)  Consider  the  composition 

Pi  : ' * ->■  Ad(Tl)  —¥  Tfd 


The  first  arrow  is  the  usual  projection  and  the  second  arrow  is  the  isomorphism  of 
the  top  exterior  power  of  J-)  with  the  submodule  of  sections  of  Jrfd  which  transform 
according  to  the  sign  character  under  the  action  of  the  symmetric  group  on  d 
letters.  Then  pj  = pi  and  the  rank  of  pi  is  1.  Using  the  given  isomorphism 
A\ui  — > TiomlfFi,  J~i)  and  the  canonical  isomorphism 

rHom(Jci,  Fi)®d  = 7iom{Tfd,Tfd) 


we  may  think  of  pt  as  a section  of  A®d  over  Ui . We  claim  that  Pi\uiXSUj  = Pj  \ Ui  x sUj 
as  sections  of  A®d.  Namely,  applying  Lemma  49.61.1  we  obtain  an  invertible  sheaf 
Cj  , and  a canonical  isomorphism 


ilUiXsUj 


1 Ci 


T, 


j\ UiXsUj 


Using  this  isomorphism  we  see  that  pi  maps  to  pj.  Since  A®d  is  a sheaf  on  S^.aie 
(Proposition  49.17.1 1 we  find  a canonical  global  section  p £ r(5,  A®d).  A local 


calculation  shows  that 


n = Im(yf®d  -A  A®d , / i — ^ fp) 

is  a locally  free  module  of  rank  dd  and  that  (left)  multiplication  by  A®d  induces  an 
isomorphism  A®d  —>  'Horn  (71,71).  In  other  words,  A®d  is  the  trivial  element  of  the 
Brauer  group  of  S as  desired.  □ 


In  this  setting,  the  analogue  of  the  isomorphism  6 of  Theorem  |49.60.6|  is  a map 

5S  : Br(S)  -»■  J?|taje(5,  Gm). 

It  is  true  that  6s  is  injective.  If  S is  quasi-compact  or  connected,  then  Br(5')  is 
a torsion  group,  so  in  this  case  the  image  of  5s  is  contained  in  the  cohomological 
Brauer  group  of  S 

Br'(S)  : =H26tale(S , Gm)torsion. 

So  if  S is  quasi-compact  or  connected,  there  is  an  inclusion  Br(S')  C Br'(S').  This 
is  not  always  an  equality:  there  exists  a nonseparated  singular  surface  S for  which 
Br(5)  C Br'(S)  is  a strict  inclusion.  If  S is  quasi-projective,  then  Br(S')  = 6/(5). 
However,  it  is  not  known  whether  this  holds  for  a smooth  proper  variety  over  C, 
say. 


49.62.  Galois  cohomology 

0A2M  In  this  section  we  will  use  the  following  result  from  Galois  cohomology  to  get  van- 
ishing of  higher  etale  cohomology  groups  over  the  spectrum  of  a field. 

ISer971  Chapter  II, 
Section  3, 
Proposition  5] 


Proof.  Omitted.  □ 


03R8  Proposition  49.62.1.  Let  K be  a field  with  separable  algebraic  closure  I\sep. 
Assume  that  for  any  finite  extension  K’  of  I\  we  have  Br(K')  = 0.  Then 

(1)  Hq  ( Gal(Ksep/ K) , ( Ksep)* ) = 0 for  all  q>  l,  and 

(2)  Hq(Gal(Ksep/K),M)  = 0 for  any  torsion  Gal(Ksep / K) -module  M and 
any  q > 2, 
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03R9  Definition  49.62.2.  A field  K is  called  Cr  if  for  every  0 < dr  < n and  every 
f £ K[Ti,  . . . , Tn\  homogeneous  of  degree  d,  there  exist  a = (an, . . . , an),  ai  £ K 
not  all  zero,  such  that  /(a)  = 0.  Such  an  a is  called  a nontrivial  solution  of  /. 

03RA  Example  49.62.3.  An  algebraically  closed  field  is  Cr. 

In  fact,  we  have  the  following  simple  lemma. 

03RB  Lemma  49.62.4.  Let  k be  an  algebraically  closed  field.  Let  /i, . . . , fs  £ k[Ti, . . . , Tn\ 
be  homogeneous  polynomials  of  degree  d\,...,ds  with  di  > 0.  If  s < n,  then 
fi  = . . . = fs  = 0 have  a common  nontrivial  solution. 


Proof.  This  follows  from  dimension  theory,  for  example  in  the  form  of  Varieties, 
Lemma [32. 27. 2|  applied  s — 1 times.  □ 

The  following  result  computes  the  Brauer  group  of  C\  fields. 

03RC  Theorem  49.62.5.  Let  K be  a C\  field.  Then  Br{K ) = 0. 

Proof.  Let  D be  a finite  dimensional  division  algebra  over  I\  with  center  K.  We 
have  seen  that 

D <g )K  Ksep  = Ma,td{Ksep) 

uniquely  up  to  inner  isomorphism.  Hence  the  determinant  det  : Matd(A"sep)  — ► 
Ksep  is  Galois  invariant  and  descends  to  a homogeneous  degree  d map 

det  = Wed  : D — t K 

called  the  reduced  norm.  Since  AT  is  C\,  if  d > 1,  then  there  exists  a nonzero 
x £ D with  Nled(x)  = 0.  This  clearly  implies  that  x is  not  invertible,  which  is  a 
contradiction.  Hence  Br(/\ ) = 0.  □ 

03RE  Definition  49.62.6.  Let  k be  a field.  A variety  is  separated,  integral  scheme  of 
finite  type  over  k.  A curve  is  a variety  of  dimension  1. 

03RD  Theorem  49.62.7  (Tsen’s  theorem).  The  function  field  of  a variety  of  dimension 
r over  an  algebraically  closed  field  k is  Cr. 


Proof.  For  projective  space  one  can  show  directly  that  the  field  k(x i, . . . ,xr)  is 
Cr  (exercise). 


General  case.  Without  loss  of  generality,  we  may  assume  X to  be  projective.  Let 
/ £ K[Ti, . . . , Tn]d  with  0 < dr  < n.  Say  the  coefficients  of  / are  in  T(X,  Ox(H)) 
for  some  ample  H C X.  Let  a = (ai, . . . , an)  with  ai  £ T(X,Ox{eH)).  Then 
/(a)  £ r(X,Ox((de  + 1 )H)).  Consider  the  system  of  equations  f(a)  = 0.  Then 
by  asymptotic  Riemann-Roch  (Varieties,  Proposition  32.34.13)  there  exists  a c > 0 
such  that 


• the  number  of  variables  is  ndinrA'  r(X,  Ox(eH))  ~ nerc , and 

• the  number  of  equations  is  dimA'  T(X,  Ox{{de  + 1 )H))  ~ (de  + 1 )rc. 

Since  n > dr , there  are  more  variables  than  equations.  The  equations  are  homoge- 
neous hence  there  is  a solution  by  Lemma [49. 62. 4[  □ 

03RF  Lemma  49.62.8.  Let  C be  a curve  over  an  algebraically  closed  field  k.  Then  the 
Brauer  group  of  the  function  field  of  C is  zero:  Br(k(C))  = 0. 


Proof.  This  is  clear  from  Tsen’s  theorem,  Theorem  |49.62.7| 


□ 
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03RG  Lemma  49.62.9.  Let  k be  an  algebraically  closed  field  and  k C K a field  extension 
of  transcendence  degree  1.  Then  for  all  q > 1,  Hjtale(S~pec(K) , Gm)  = 0. 

Proof.  Recall  that  Hjtale(Spec(K ),  Gm)  = Hg (G&\(Ksep / 1\  ),  ( Ksep )*)  by  Lemma 

field  extension,  then  Br (AT')  = 0.  Now  observe  that  K'  = colim  K" , where  K" 
runs  over  the  finitely  generated  subextensions  of  k contained  in  K'  of  transcendence 
degree  1.  Note  that  Br (AT7)  = colimBr(A'")  which  reduces  us  to  a finitely  generated 
field  extension  K"  /k  of  transcendence  degree  1.  Such  a field  is  the  function  field  of 
a curve  over  k,  hence  has  trivial  Brauer  group  by  Lemma |49. 62. 8|  □ 


49.58.2  Thus  by  Proposition  |49.62il]  it  suffices  to  show  that  if  K C K'  is  a finite 


49.63.  Higher  vanishing  for  the  multiplicative  group 


03RH  In  this  section,  we  fix  an  algebraically  closed  field  k and  a smooth  curve  X over 
k.  We  denote  ix  : x c— ^ X the  inclusion  of  a closed  point  of  X and  j : 77  X the 
inclusion  of  the  generic  point.  We  also  denote  A'0  the  set  of  closed  points  of  X . 

03RI  Theorem  49.63.1  (The  Fundamental  Exact  Sequence).  There  is  a short  exact 
sequence  of  etale  sheaves  on  X 

0 — ^ Gmtx  — ^ j*G  m.r)  ^ C J ^ 0* 

x£X0 


03RJ 


Proof.  Let  ip  : U — > X be  an  etale  morphism.  Then  by  properties  of  etale  mor- 
phisms  (Proposition  49.26.2),  U = ]J(  Ui  where  each  Ui  is  a smooth  curve  mapping 
to  X.  The  above  sequence  for  A is  a product  of  the  corresponding  sequences  for 
each  Ui,  so  it  suffices  to  treat  the  case  where  U is  connected,  hence  irreducible.  In 
this  case,  there  is  a well  known  exact  sequence 


1 -►  mo*v)  -►  Huy  -»■  0ye[/o  z„. 

This  amounts  to  a sequence 

0 _>  T{U,Oy)  — ^ T(r,  xx  U,Q*XxU)  — > 0,^  T(x  xxU,  Z) 
which,  unfolding  definitions,  is  nothing  but  a sequence 

0 — > Gm(U)  — > j*Gm^{U)  > (0ieYo*x. z)  (; u ). 

This  defines  the  maps  in  the  Fundamental  Exact  Sequence  and  shows  it  is  exact 
except  possibly  at  the  last  step.  To  see  surjectivity,  let  us  recall  that  if  U is  a 
nonsingular  curve  and  D is  a divisor  on  U,  then  there  exists  a Zariski  open  covering 
{Uj  —>  U}  of  U such  that  D\u.  = div(/j)  for  some  fj  € k{U)* . □ 

Lemma  49.63.2.  For  any  q>  1,  Rqj* Gm)?)  = 0. 

Proof.  We  need  to  show  that  {Rqj*  Gm^)s  = 0 for  every  geometric  point  x of  X. 

Assume  that  x lies  over  a closed  point  x of  A'.  Let  Spec(A)  be  an  affine  open 
neighbourhood  of  x in  A,  and  K the  fraction  field  of  A.  Then 

Spec(O^)  x.Y  v = Spec (Osxhs  ®A  I<). 

The  ring  Osxs,  K is  a localization  of  the  discrete  valuation  ring  0Xs,  so  it  is 
either  OsXs  again,  or  its  fraction  field  KfA.  But  since  some  local  uniformizer  gets 
inverted,  it  must  be  the  latter.  Hence 


(RqJ*  Gm,v)(x^  = F|tQie(SpecA'f  ,Gm). 
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03RK 


03RL 


03RM 


0A3J 


Now  recall  that  = colim(C/jffl)_>,$  0{U)  = colimAcB  B where  A — >•  B is  etale, 
to  get  the  vanishing. 

Assume  that  x = fj  lies  over  the  generic  point  77  of  X (in  fact,  this  case  is  superflu- 
ous). Then  Ox, fj  = K(rj)sep  and  thus 

(Rqj* Gm„)n  = Hjtale(Spec(n(riyep)  xx  rj,  Gm) 

= H!tale(Spec(n(Vyep),Gm) 

= 0 for  <7  > 1 

since  the  corresponding  Galois  group  is  trivial.  □ 

Lemma  49.63.3.  For  all  p > 1,  HPtale Gr„ir/ ) = 0. 

Proof.  The  Leray  spectral  sequence  reads 

Ep2q  = mtale{X, =►  H^Mn,  Gm,v), 
which  vanishes  for  p + q > 1 by  Lemma  |49.62.9|  Taking  q = 0,  we  get  the  desired 
vanishing.  □ 

Lemma  49.63.4.  For  all  q > 1,  H?tale(X , @ xeXo  ixsr Z)  = 0. 

Proof.  For  X quasi-conrpact  and  quasi-separated,  cohomology  commutes  with  col- 
imits, so  it  suffices  to  show  the  vanishing  of  H?tale(X,  ix* Z).  But  then  the  inclusion 
ix  of  a closed  point  is  finite  so  RPix*  Z = 0 for  all  p > 1 by  Proposition  |49.55.2| 
Applying  the  Leray  spectral  sequence,  we  see  that  Hjtale(X,  ix*Z)  = Hftale(x,Z). 
Finally,  since  x is  the  spectrum  of  an  algebraically  closed  field,  all  higher  cohomol- 
ogy on  x vanishes.  □ 

Concluding  this  series  of  lemmata,  we  get  the  following  result. 

Theorem  49.63.5.  Let  X be  a smooth  curve  over  an  algebraically  closed  field. 
Then 

H!tale(X’Grn)  = 0 for  all  q > 2. 

Proof.  See  discussion  above.  □ 

We  also  get  the  cohomology  long  exact  sequence 

0 — ► H%ale{X,  Gm)  —)■  H°itale(X,j* Gmn)  —>  H%ale{X.  0 — > H^taie(X,  Gm)  — > 0 

although  this  is  the  familiar 

0 ->  H°Zar(X,  0*x ) ->  k{X)*  — >■  Div(X)  ->  Pic(A)  -s>  0. 

49.64.  The  Artin-Schreier  sequence 

Let  p be  a prime  number.  Let  S'  be  a scheme  in  characteristic  p.  The  Artin-Schreier 
sequence  is  the  short  exact  sequence 

0 — ► Z/pZs  — > Ga,s  GQj5  — ► o 
where  A7,  — 1 is  the  map  x K > xp  — x. 

Lemma  49.64.1.  Let  p be  a prime.  Let  S be  a scheme  of  characteristic  p. 

(1)  If  S is  affine,  then  H^tale{S,  Z/pZ)  = 0 for  all  q>  2. 


hence  Kxh  is  an  algebraic  extension  of  K = k(X),  and  we  may  apply  Lemma 


49.62.9 


0A3K 
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(2)  If  S is  a quasi-compact  and  quasi-separated  scheme  of  dimension  d,  then 
H%ale{S , Z/pZ)  = 0 for  all  q > 2 + d. 


Proof.  Recall  that  the  etale  cohomology  of  the  structure  sheaf  is  equal  to  its  coho- 
mology on  the  underlying  topological  space  (Theorem|49.22.4).  The  first  statement 
follows  from  the  Artin-Schreier  exact  sequence  and  the  vanishing  of  cohomology  of 
the  structure  sheaf  on  an  affine  scheme  (Cohomology  of  Schemes,  Lemma  29.2.2). 
The  second  statement  follows  by  the  same  argument  from  the  vanishing  of  Coho- 
mology, Proposition  20.23.4  and  the  fact  that  S'  is  a spectral  space  (Properties, 
Lemma  27.2.4).  □ 


0A3L  Lemma  49.64.2.  Let  k he  an  algebraically  closed  field  of  characteristic  p > 0. 
Let  V be  a finite  dimensional  k-vector  space.  Let  F : V — > V be  a frobenius  linear 
map,  i.e.,  an  additive  map  such  that  F(Xv)  = X pF(v)  for  all  X £ k and  v £ V. 
Then  F — 1 : V — > V is  surjective  with  kernel  a finite  dimensional  F p-vector  space 
of  dimension  < dimfc(F). 


Proof.  If  F = 0,  then  the  statement  holds.  If  we  have  a filtration  of  V by  F-stable 
subvector  spaces  such  that  the  statement  holds  for  each  graded  piece,  then  it  holds 
for  ( V,  F ).  Combining  these  two  remarks  we  may  assume  the  kernel  of  F is  zero. 

Choose  a basis  vi,...,vnofV  and  write  F(vi)  = ^ a^Vj.  Observe  that  v = A jUj 
is  in  the  kernel  if  and  only  if  Xiaijvj  = 0.  Since  k is  algebraically  closed  this 
implies  the  matrix  (a^)  is  invertible.  Let  (bjj ) be  its  inverse.  Then  to  see  that 
F — 1 is  surjective  we  pick  w = ^ jitVi  £ V and  we  try  to  solve 

(F  - ViY  W)  = Y XPiaHvi  - Y Xivi  = Y 

This  is  equivalent  to 

Y X‘‘ivi  ~ Y WO  = Y hijWi 

in  other  words 

A Pj  ~Y  biiXi  = Y 3 = 1)  • • • , dim(P). 

The  algebra 

A = k[: ei,  . . .,xn]/(a^  - Ybiixi  ~ YMiVi) 

is  standard  smooth  over  k (Algebra,  Definition |10.135T6|)  because  the  matrix  (bij) 
is  invertible  and  the  partial  derivatives  of  xp  are  zero.  A basis  of  A over  k is  the  set 
of  monomials  x f1  . . . x with  e*  < p , hence  dim^  (A)  = pn . Since  k is  algebraically 
closed  we  see  that  Spec(A)  has  exactly  pn  points.  It  follows  that  F — 1 is  surjective 
and  every  fibre  has  pn  points,  i.e.,  the  kernel  of  F—  1 is  a group  with  pn  elements.  □ 


0A3M  Lemma  49.64.3.  Let  X be  a separated  scheme  of  finite  type  over  a field  k.  Let  F 
be  a coherent  sheaf  of  Ox-modules.  Then  dim/;  Hd{X,F)  < oo  where  d = dim(A'). 

Proof.  We  will  prove  this  by  induction  on  d.  The  case  d = 0 holds  because  in  that 


case  X is  the  spectrum  of  a finite  dimensinal  fc-algebra  A (Varieties,  Lemma  32.17.2 ) 
and  every  coherent  sheaf  F corresponds  to  a finite  A-module  M = H°( X,  F)  which 
has  din^  M < oo. 
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Assume  d > 0 and  the  result  has  been  shown  for  separated  shemes  of  finite  type  of 
dimension  < d.  The  scheme  X is  Noetherian.  Consider  the  property  V of  coherent 
sheaves  on  X defined  by  the  rule 

V{JF)  dimfe  Hd(X,T)  < oo 


We  are  going  to  use  the  result  of  Cohomology  of  Schemes,  Lemma  29.12.4  to  prove 
that  V holds  for  every  coherent  sheaf  on  X. 


Let 

be  a short  exact  sequence  of  coherent  sheaves  on  X.  Consider  the  long  exact 
sequence  of  cohomology 

Hd(X,  Hd{X,  T)  Hd{X,T2) 


Thus  if  V holds  for  T\  and  X2.  then  it  hods  for  T . 


Let  Z C X be  an  integral  closed  subscheme.  Let  I be  a coherent  sheaf  of  ideals  on  Z. 
To  finish  the  proof  have  to  show  that  Hd{X,i^I)  = Hd(Z,I)  is  finite  dimensional. 
If  dun(Z)  < d,  then  the  result  holds  because  the  cohomology  group  will  be  zero 
(Cohomology,  Proposition  20.21.6 1.  In  this  way  we  reduce  to  the  situation  discussed 
in  the  following  paragraph. 


Assume  A is  a variety  of  dimension  d and  J-  = X is  a coherent  ideal  sheaf.  In  this 
case  we  have  a short  exact  sequence 


0 — > 1 — > Ox  — ► i*Oz  — > 0 


where  i : Z — >-  X is  the  closed  subscheme  defined  by  X.  By  induction  hypothesis 
we  see  that  Hd~1(Z1  Oz)  = Hd~1(X1  i*Oz)  is  finite  dimensional.  Thus  we  see  that 
it  suffices  to  prove  the  result  for  the  structure  sheaf. 


We  can  apply  Chow’s  lemma  (Cohomology  of  Schemes,  Lemma  29.17.1)  to  the 
morphism  X — > Spec(fc).  Thus  we  get  a diagram 


Spec(fc) 


as  in  the  statement  of  Chow’s  lemma.  Also,  let  U C A'  be  the  dense  open  subscheme 
such  that  7T_1  (£/)—►  U is  an  isomorphism.  We  may  assume  X'  is  a variety  as  well, 

The  morphism  i'  = (i,  it)  : X'  - 


29.17.2 


A' 


see  Cohomology  of  Schemes,  Remark 
is  a closed  immersion  (loc.  cit.).  Hence 

£ = t*OpS(l)s(0*OP„(l) 

is  ^-relatively  ample  (for  example  by  Morphisms,  Lemma|28.39.7).  Hence  by  Coho- 
mology of  Schemes,  Lemma  29.15.2  there  exists  an  n > 0 such  that  i?p7r*£®n  = 0 
for  all  p > 0.  Set  Q = 7r*£®n.  Choose  any  nonzero  global  section  s of  C®n.  Since 
Q = Tr*C®n,  the  section  s corresponds  to  section  of  Q,  i.e.,  a map  Ox  — > Q-  Since 
s | u 7^  0 as  X'  is  a variety  and  C invertible,  we  see  that  Ox\u  — ► Q\u  is  nonzero.  As 
Q\u  = is  invertible  we  conclude  that  we  have  a short  exact  sequence 

0^C>a--a£-aQ-a0 
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where  Q is  coherent  and  supported  on  a proper  closed  subscheme  of  A'.  Ar- 
guing as  before  using  our  induction  hypothesis,  we  see  that  it  suffices  to  prove 
dimHd(X , Q)  < oo. 


By  the  Leray  spectral  sequence  (Cohomology,  Lemma  20.14.6 ) we  see  that  Hd( X,  Q)  - 
Hd{X'  1 £®”).  Let  X C Pjj  be  the  closure  of  X' . Then  X is  a projective  variety 
of  dimension  d over  k and  X'  C X is  a dense  open.  The  invertible  sheaf  £ is  the 
restriction  of  0^'(n)  to  X.  By  Cohomology,  Proposition 


20.23.4 


the  map 


Hd{x\o^'(n))  — > Hd(X\£®n) 


is  surjective.  Since  the  cohomology  group  on  the  left  has  finite  dimension  by  Co- 
homology of  Schemes,  Lemma  [29. 14. 1|  the  proof  is  complete.  □ 

0A3N  Lemma  49.64.4.  Let  X be  separated  of  finite  type  over  an  algebraically  closed 
field  k of  characteristic  p > 0.  Then  Hqtale{X,  Z/pZ)  = 0 for  q > dimfX)  + 1. 


Proof.  Let  d = dim(A).  By  the  vanishing  established  in  Lemma  49.64.1  it  suffices 
to  show  that  Hd+Je(X.  Z/pZ)  = 0.  By  Lemma  49.64.3  we  see  that  Hd(X,Ox) 


is  a finite  dimensional  fc-vector  space.  Hence  the  long  exact  cohomology  sequence 
associated  to  the  Artin-Schreier  sequence  ends  with 

Hd( A,  Ox)  Hd(X , Ox)  -A  Hd+l(X,  Z/pZ)  -A  0 


By  Lemma  49.64.2|  the  map  F — 1 in  this  sequence  is  surjective.  This  proves  the 
lemma.  □ 

0A3P  Lemma  49.64.5.  Let  X be  a proper  scheme  over  an  algebraically  closed  field  k of 
characteristic  p > 0.  Then 

(1)  Hjtale( X,  Z/pZ)  is  a finite  Z / pZ-module  for  all  q,  and 

(2)  Hqtale(X,Z/pZ)  — > Hjtale(Xk' , Z/pZ))  is  an  isomorphism  if  k C k!  is  an 
extension  of  algebraically  closed  fields. 


Proof.  By  Cohomology  of  Schemes,  Lemma  29.18.3 1 and  the  comparison  of  coho- 


mology of  Theorem  49.22.4  the  cohomology  groups  Hjtale(X,  Ga)  = Hq(X,Ox) 
are  finite  dimensional  fc-vector  spaces.  Hence  by  Lemma  |49.64.2  the  long  exact 
cohomology  sequence  associated  to  the  Artin-Schreier  sequence,  splits  into  short 
exact  sequences 


Hjtale(X,Z/pZ) 


Hq{X,Ox)^Hq(X,Ox) 


and  moreover  the  Fp-dimension  of  the  cohomology  groups  H%tale(X,  Z/pZ)  is  equal 
to  the  fc-dimension  of  the  vector  space  Hq(X,Ox)-  This  proves  the  first  state- 
ment. The  second  statement  follows  as  Hq{X,Ox)  ®k  k'  — > Hq ( Xy , Oxk, ) is  an 
isomorphism  by  flat  base  change  (Cohomology  of  Schemes,  Lemma[29.5.2 ).  □ 


49.65.  Picard  groups  of  curves 

03RN  Our  next  step  is  to  use  the  Kummer  sequence  to  deduce  some  information  about 
the  cohomology  group  of  a curve  with  finite  coefficients.  In  order  to  get  vanishing 
in  the  long  exact  sequence,  we  review  some  facts  about  Picard  groups. 
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Let  X be  a smooth  projective  curve  over  an  algebraically  closed  field  k.  Let  g = 
dimfc  Ox)  be  the  genus  of  X.  There  exists  a short  exact  sequence 


03RQ 


0 Pic°(X)  ->•  Pic(X) 


deg 


0. 


The  abelian  group  Pic°(X)  can  be  identified  with  Pic°(X)  = Pic°-/ fc(fc),  i.e.,  the 
k- valued  points  of  an  abelian  variety  Pic  over  k of  dimension  g.  Consequently, 
if  n £ k*  then  Pic°(X)[n]  = (Z/nZ)29  as  abelian  groups.  See  Picard  Schemes 
of  Curves,  Section  |43.6|  and  Groupoids,  Section  38.9  This  key  fact,  namely  the 
description  of  the  torsion  in  the  Picard  group  of  a smooth  projective  curve  over  an 
algebraically  closed  field  does  not  appear  to  have  an  elementary  proof. 


49.65.1.  Let  X be  a smooth  projective  curve  of  genus  g 
closed  field  k and  let  n > 1 be  invertible  in  k.  Then  there 
identifications 


Lemma 

braically 


Tn{k)  ifq  = 0, 

Pic°{X)[n } ifq=  1, 

Z/?rZ  if  q = 2, 

0 if  q > 3. 


over  an  alge- 
are  canonical 


Since  gn  = Z/nZ,  this  gives  (noncanonical)  identifications 


Hjtale{X,Z/nZ) 


{7i/n7i  if  q = 0, 

(Z/nZ)29  ifq=  1, 

Z/nZ  ifq  = 2, 

0 if  q>  3. 


Proof.  The  Kummer  sequence  0 gn,x  — > Gm.y  Gm,x  — > 0 give  the  long 
exact  cohomology  sequence 


HLle(X,  kin)  0 0 . . . 


The  n power  map  k*  —¥  k*  is  surjective  since  k is  algebraically  closed.  So  we  need 
to  compute  the  kernel  and  cokernel  of  the  map  n : Pic(X)  — > Pic(X).  Consider  the 
commutative  diagram  with  exact  rows 


0 


■Pic°(X) 

■r 

Pic°(X) 


■ Pic(X) 


Pic(X) 


deg 


deg 


0 


where  the  left  vertical  map  is  surjective  by  Groupoids,  Proposition  38.  MOl  Apply- 
ing the  snake  lemma  gives  canonical  identifications  as  stated  in  the  lemma. 


To  get  the  noncanonical  identifications  of  the  lemma  we  need  to  compute  the  kernel 
of  n : Pic°(X)  — >•  Pic°(A').  First  we  note  that  the  group  Pic°(X)  is  the  fc-points  of 
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43.6.7 


The  same 


OAMB 


the  group  scheme  Pic^/j.,  see  Picard  Schemes  of  Curves,  Lemma 
lemma  tells  us  that  PiCy/*  is  a //-dimensional  abelian  variety  over  k as  defined  in 
Groupoids,  Definition  38.9.1  Thus  we  obtain  what  we  want  by  applying  Groupoids, 
Proposition  |38.9.10|  □ 

Lemma  49.65.2.  Let  n : X — > Y be  a nonconstant  morphism  of  smooth  projective 
curves  over  an  algebraically  closed  field  k and  let  n > 1 be  invertible  in  k.  The  map 

tt*  : H%ale{Y,pn ) — ► H%ale(X,  pn) 

is  given  by  multiplication  by  the  degree  of  n. 


Proof.  Observe  that  the  statement  makes  sense  as  we  have  identified  both  coho- 
mology groups  Hjtale{Y,  pn)  and  Hjtale{X , pn)  with  Z/nZ  in  Lemma 
fact,  if  £ is  a line  bundle  of  degree  1 on  Y with  class  [£]  G 


49.65.1 


Hiale(Y,Gr 


In 


),  then 

the  coboundary  of  [£]  is  the  generator  of  H?tale(Y,  pn) . Here  the  coboundary  is  the 
coboundary  of  the  long  exact  sequence  of  cohomology  associated  to  the  Kummer 
sequence.  Thus  the  result  of  the  lemma  follows  from  the  fact  that  the  degree  of  the 
line  bundle  n*C  on  X is  deg(7r).  Some  details  omitted.  □ 


03RR  Lemma  49.65.3.  Let  X be  an  affine  smooth  curve  over  an  algebraically  closed 
field  k and  n G k* . Then 

(1)  H%ale{X,pn)  = pn{k);  2 

(2)  Hjtale(X,  pn)  = (Z/nZ)29+r  1 , where  r is  the  number  of  points  in  X — X 
for  some  smooth  projective  compactification  X of  X,  and 

(3)  for  allq>  2,  H9tale(X , pn)  = 0. 

Proof.  Write  X = X — {aq, . . . ,xr}.  Then  Pic(A)  = Pic(X)/f?,  where  R is  the 
subgroup  generated  by  Oyfij),  1 < i < r.  Since  r > 1,  we  see  that  Pic0  (A)  — ► 
Pic(X)  is  surjective,  hence  Pic(X)  is  divisible.  Applying  the  Kummer  sequence,  we 
get  (1)  and  (3).  For  (2),  recall  that 

H]tale{ A>„)  = {(£, a)\C  G Pic {X),a  : -A  Ox}/  - 

= {(£,  D,  a)}/ R 


where  C G Pic0 (A'),  D is  a divisor  on  X supported  on  {x\, . . . ,xr}  and  a : 
C®n  = Ox(D)  is  an  isomorphism.  Note  that  D must  have  degree  0.  Further 
R is  the  subgroup  of  triples  of  the  form  (Ox(D'),  nD' , 1®")  where  D'  is  supported 
on  {aq, . . . , xr}  and  has  degree  0.  Thus,  we  get  an  exact  sequence 

r 

0 — > Hltale(X,  pn)  — > Hjtale( X,  pn)  — > 0 Z/nZ  Z/nZ  — 0 

i=l 


03RS 


where  the  middle  map  sends  the  class  of  a triple  (£,£>,  a)  with  D = Xq=i  ai(xi) 
to  the  r-tuple  (aj)l=1.  It  now  suffices  to  use  Lemma  49.65.1  to  count  ranks.  □ 


Remark  49.65.4.  The  “natural”  way  to  prove  the  previous  corollary  is  to  excise 
X from  X.  This  is  possible,  we  just  haven’t  developed  that  theory. 


0A44  Remark  49.65.5.  Let  k be  an  algebraically  closed  field.  Let  n be  an  integer  prime 
to  the  characteristic  of  k.  Recall  that 


Gm,fc  = Ai\{0}=pi\{0,oc} 
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We  claim  there  is  a canonical  isomorphism 

Hetale(Grri,ki  fJ-n)  = Z / nZ 

What  does  this  mean?  This  means  there  is  an  element  1&  in  H\tale(Gm^k,  h-n)  such 
that  for  every  morphism  Spec  (k')  —>  Spec  (A;)  the  pullback  map  on  etale  cohomology 
for  the  map  Gm^'  Gm.k  maps  1&  to  1 k'-  (In  particular  this  element  is  fixed  under 
all  automorphisms  of  k.)  To  see  this,  consider  the  pn. z-torsor  Gmjz  —>  Gm,z, 
x i — ^ xn.  By  the  indentification  of  torsors  with  first  cohomology,  this  pulls  back 
to  give  our  canonical  elements  l/;.  Twisting  back  we  see  that  there  are  canonical 
identifications 

Hdtale(Gm,k,  Z/nZ)  = Hom(/In(fe),  Z/nZ), 
i.e. , these  isomorphisms  are  compatible  with  respect  to  maps  of  algebraically  closed 
fields,  in  particular  with  respect  to  automorphisms  of  k. 


49.66.  Extension  by  zero 


0352 

0353 


The  general  material  in  Modules  on  Sites,  Section  18.19  allows  us  to  make  the 
following  definition. 


Definition  49.66.1.  Let  j : U — > X be  an  etale  morphism  of  schemes. 

(1)  The  restriction  functor  j~1  : Sh{X^taie)  — > Sh(U^taie)  has  a left  adjoint 
jfh  : Sh(Xetaie)  — ► Sh(JJ &tale) • 

(2)  The  restriction  functor  j”1  : Ab(Xetaie)  — t Ab{U^taie)  has  a left  adjoint 
which  is  denoted  j\  : Ab{Uetaie ) — ► Ab{X^tale)  and  called  extension  by 
zero. 

(3)  Let  A be  a ring.  The  restriction  functor  j-1  : Mod(X^taie,  A)  — > Mod(Uetaie,  A) 
has  a left  adjoint  which  is  denoted  j\  : Mod(Uet.aie,  A)  — ► Mod(X^taie,  A) 
and  called  extension  by  zero. 


03S4 


If  J-  is  an  abelian  sheaf  on  Xetaie,  then  j\T  ^ j\hX  in  general.  On  the  other  hand 
j\  for  sheaves  of  A-modules  agrees  with  j\  on  underlying  abelian  sheaves  (Mod- 
ules on  Sites,  Remark  18.19.5).  The  functor  j\  is  characterized  by  the  functorial 
isomorphism 

HomxOfJ7,  G)  = Horn u{JrJ~1G) 

for  all  T G Ab{U etale)  and  Q G Ab(Xetaie)-  Similarly  for  sheaves  of  A-modules. 

To  describe  it  more  explicitly,  recall  that  j-1  is  just  the  restriction  via  the  functor 
Uetaie  —►  ^ etale-  In  other  words,  j~1Q(U')  = Q{U')  for  U'  etale  over  U. 

T G Ab{JJ etale)  we  consider  the  presheaf 


For 


■PSh  - 


J]  X : Xetale  ^ Ab, 
Then  j\T  is  the  sheafification  of  jFshJ-. 


Ri 


Exercise  49.66.2.  Prove  directly  that  j \ is  left  adjoint  to  j 1 and  that  j*  is  right 
adjoint  to  j-1. 


03S5  Proposition  49.66.3.  Let  j : U — > X be  an  etale  morphism,  of  schemes.  Let  J- 
in  Ab[JJ etale)  - If  % ■ Spec (k)  X is  a geometric  point  of  X,  then 

= _ _Tu. 

u: Spec (k )—>•£/,  f(u)=x 

In  particular,  j\  is  an  exact  functor. 
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03S6 


03S7 


095L 


09Y8 

03RU 


Proof.  Exactness  of  j\  is  very  general,  see  Modules  on  Sites,  Lemma  |18.19.3[  Of 
course  it  does  also  follow  from  the  description  of  stalks.  The  formula  for  the  stalk 
of  j\J-  can  be  deduced  directly  from  the  explicit  description  of  j\  given  above.  On 
the  other  hand,  we  can  deduce  it  from  the  very  general  Modules  on  Sites,  Lemma 


18.37.1  and  the  description  of  points  of  the  small  etale  site  in  terms  of  geometric 
points,  see  Lemma  [49.29. 12[  □ 

Lemma  49.66.4  (Extension  by  zero  commutes  with  base  change).  Let  f :Y  — ► X 
be  a morphism  of  schemes.  Let  j : V — > X be  an  etale  morphism.  Consider  the 
fibre  product 

V'  = Y xx  V— -^Y 


f 


f 


V 


X 


Then  we  have  j[f  1 = / 1j\  on  abelian  sheaves  and  on  sheaves  of  modules. 

Proof.  This  is  true  because  j[f~l  is  left  adjoint  to  /*(/)_1  and  /_1J!  is  left  adjoint 
to  j-1/*.  Further  /*(/)_1  = j-1/*  because  /*  commutes  with  etale  localization  (by 
construction).  In  fact,  the  lemma  holds  very  generally  in  the  setting  of  a morphism 
of  sites,  see  Modules  on  Sites,  Lemma  [18.20. 1|  □ 

Lemma  49.66.5.  Let  j : U — * X be  finite  and  etale.  Then  j\  = j*  on  abelian 
sheaves  and  sheaves  of  A-modules. 

Proof.  We  prove  this  in  the  case  of  abelian  sheaves.  By  Modules  on  Sites,  Remark 
|18.19.7|  there  is  a natural  transformation  j\  — > j * . It  suffices  to  check  this  is  an 
isomorphism  etale  locally  on  X.  Thus  we  may  assume  U — > X is  a finite  disjoint 
union  of  isomorphisms,  see  Etale  Morphisms,  Lemma 
in  this  case. 


40.18.3 


We  omit  the  proof 

□ 


Lemma  49.66.6.  Let  X be  a scheme.  Let  Z C X be  a closed  subscheme  and 
let  U C X be  the  complement.  Denote  i : Z — >■  X and  j : U — ► X the  inclusion 
morphisms.  For  every  abelian  sheaf  on  X^taie  there  is  a canonical  short  exact 
sequence 


0 —¥  j\j  1 T — > T — > i*i  1 T — > 0 


on  X^aie . 


Proof.  We  obtain  the  maps  by  the  adjointness  properties  of  the  functors  involved. 
For  a geometric  point  x in  X we  have  either  x € U in  which  case  the  map  on  the 
left  hand  side  is  an  isomorphism  on  stalks  and  the  stalk  of  i^i~lF  is  zero  or  x £ Z 
in  which  case  the  map  on  the  right  hand  side  is  an  isomorphism  on  stalks  and 
the  stalk  of  j\j~xT  is  zero.  Here  we  have  used  the  description  of  stalks  of  Lemma 
49.47.3  and  Proposition  49.66.3  □ 


49.67.  Locally  constant  sheaves 


This  section  is  the  analogue  of  Modules  on  Sites,  Section  |18.42|  for  the  etale  site. 


Definition  49.67.1.  Let  X be  a scheme.  Let  J7  be  a sheaf  of  sets  on  X^taie- 

(1)  Let  £ be  a set.  We  say  J-  is  the  constant  sheaf  with  value  E if  J-  is  the 
sheafification  of  the  presheaf  U i— »•  E.  Notation:  Ffx  or  Iff. 

(2)  We  say  J7  is  a constant  sheaf  if  it  is  isomorphic  to  a sheaf  as  in  (1). 
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(3)  We  say  F is  locally  constant  if  there  exists  a covering  {Ui  — > X}  such  that 
F\ui  is  a constant  sheaf. 

(4)  We  say  that  F is  finite  locally  constant  if  it  is  locally  constant  and  the 
values  are  finite  sets. 

Let  J7  be  a sheaf  of  abelian  groups  on  X^taie- 

(1)  Let  A be  an  abelian  group.  We  say  F is  the  constant  sheaf  with  value  A 
if  F is  the  sheafification  of  the  presheaf  U i-a  A.  Notation:  Ax  or  A. 

(2)  We  say  J7  is  a constant  sheaf  if  it  is  isomorphic  as  an  abelian  sheaf  to  a 
sheaf  as  in  (1). 

(3)  We  say  F is  locally  constant  if  there  exists  a covering  {Ui  — >■  X}  such  that 
F\Vi  is  a constant  sheaf. 

(4)  We  say  that  F is  finite  locally  constant  if  it  is  locally  constant  and  the 
values  are  finite  abelian  groups. 

Let  A be  a ring.  Let  J7  be  a sheaf  of  A- modules  on  Xgtaie. 

(1)  Let  M be  a A-module.  We  say  F is  the  constant  sheaf  with  value  M if  F 
is  the  sheafification  of  the  presheaf  U K > M.  Notation:  M_x  or  M_. 

(2)  We  say  J7  is  a constant  sheaf  if  it  is  isomorphic  as  a sheaf  of  A-modules 
to  a sheaf  as  in  (1). 

(3)  We  say  F is  locally  constant  if  there  exists  a covering  {Ui  — > X}  such  that 
F\Uz  is  a constant  sheaf. 

095A  Lemma  49.67.2.  Let  f : X -A  Y be  a morphism  of  schemes.  If  Q is  a locally 
constant  sheaf  of  sets,  abelian  groups,  or  A-modules  on  Y^taiej  the  same  is  true  for 
f Q on  Xgfaie . 

Proof.  Holds  for  any  morphism  of  topoi,  see  Modules  on  Sites,  Lemma[l8.42.2|  □ 

095B  Lemma  49.67.3.  Let  f : X -A  Y be  a finite  etale  morphism  of  schemes.  If  F 
is  a (finite)  locally  constant  sheaf  of  sets,  (finite)  locally  constant  sheaf  of  abelian 
groups,  or  (finite  type)  locally  constant  sheaf  of  A-modules  on  Xetaie , the  same  is 
true  for  f*F  on  Yitaie. 


Proof.  The  construction  of  /*  commutes  with  etale  localization.  A finite  etale 
morphism  is  locally  isomorphic  to  a disjoint  union  of  isomorphisms,  see  Etale  Mor- 
phisms,  Lemma  40.18.3  Thus  the  lemma  says  that  if  J7,;,  i = 1, .. . ,n  are  (finite) 
locally  constant  sheaves  of  sets,  then  J([i=1  n ^ is  too.  This  is  clear.  Similarly 
for  sheaves  of  abelian  groups  and  modules.  □ 


03RV  Lemma  49.67.4.  Let  X be  a scheme  and  F a sheaf  of  sets  on  Xetaie-  Then  the 
following  are  equivalent 

(1)  F is  finite  locally  constant,  and 

(2)  F = hjj  for  some  finite  etale  morphism  U — > X . 


Proof.  A finite  etale  morphism  is  locally  isomorphic  to  a disjoint  union  of  isomor- 
phisms, see  Etale  Morphisms,  Lemma 


40.18.3 


Thus  (2)  implies  (1).  Conversely,  if 
F is  finite  locally  constant,  then  there  exists  an  etale  covering  {Xi  -A  A'}  such  that 
F\xi  is  representable  by  Ui  -A  Xi  finite  etale.  Arguing  exactly  as  in  the  proof  of 
Descent,  Lemma  34.35.1  we  obtain  a descent  datum  for  schemes  ( Ui,ipij ) relative 
to  {X i -A  A'}  (details  omitted).  This  descent  datum  is  effective  for  example  by 
Descent,  Lemma  [34.33.1|  and  the  resulting  morphism  of  schemes  U - A A is  finite 
etale  by  Descent,  Lemmas  |34. 19.21]  and  |34. 19. 27|  □ 
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095C 


03RX 


095D 


09BF 


05BE 


Lemma  49.67.5.  Let  X be  a scheme. 

(1)  Let  ip  : T — )•  Q be  a map  of  locally  constant  sheaves  of  sets  on  Xet.aie-  If 
T is  finite  locally  constant,  there  exists  an  etale  covering  {Ui  — » X}  such 
that  ip\ui  is  the  map  of  constant  sheaves  associated  to  a map  of  sets. 

(2)  Let  p : T — >•  Q be  a map  of  locally  constant  sheaves  of  abelian  groups 

on  X^taie.  If  T is  finite  locally  constant,  there  exists  an  etale  covering 

{Ui  -A  A'}  such  that  is  the  map  of  constant  abelian  sheaves  associated 
to  a map  of  abelian  groups. 

(3)  Let  A be  a ring.  Let  tp  : T Q be  a map  of  locally  constant  sheaves 

of  A-modules  on  X^taie-  If  IF  is  of  finite  type,  then  there  exists  an  etale 

covering  {U  — > X}  such  that  ip\ui  is  the  map  of  constant  sheaves  of  A- 
modules  associated  to  a map  of  A-modules. 


Proof.  This  holds  on  any  site,  see  Modules  on  Sites,  Lemma  18.42.3 


□ 


Lemma  49.67.6.  Let  X be  a scheme. 

(1)  The  category  of  finite  locally  constant  sheaves  of  sets  is  closed  under  finite 
limits  and  colimits  inside  Sh{X^taie). 

(2)  The  category  of  finite  locally  constant  abelian  sheaves  is  a weak  Serre 
subcategory  of  Ab{X^taie). 

(3)  Let  A be  a Noetherian  ring.  The  category  of  finite  type,  locally  constant 
sheaves  of  A-modules  onX^taie  is  a weak  Serre  subcategory  of  Mod{Xetaie,  A) . 


Proof.  This  holds  on  any  site,  see  Modules  on  Sites,  Lemma  [18. 42.5|  □ 

Lemma  49.67.7.  Let  X be  a scheme.  Let  A be  a ring.  The  tensor  product  of 
two  locally  constant  sheaves  of  A-modules  on  Xetaie  is  a locally  constant  sheaf  of 
A-modules. 


Proof.  This  holds  on  any  site,  see  Modules  on  Sites,  Lemma  [18.42.6[  □ 

Lemma  49.67.8.  Let  X be  a connected  scheme.  Let  A be  a ring  and  let  T be  a 
locally  constant  sheaf  of  A-modules.  Then  there  exists  a A-module  M and  an  etale 
covering  {Ui  — > X}  such  that  IF\ui  = M\m  ■ 

Proof.  Choose  an  etale  covering  {Ui  —>  X}  such  that  Jr\ui  is  constant,  say  T\ui  — 
Miv  . Observe  that  Ui  Xx  Uj  is  empty  if  Mj  is  not  isomorphic  to  Mj.  For  each 
A-module  M let  Im  = {*  € I \ Mi  = M}.  As  etale  morphisms  are  open  we  see  that 
Um  = Uie/jj  Im(^i  —>■  A")  is  an  open  subset  of  X.  Then  X = JJ  Um  is  a disjoint 
open  covering  of  A'.  As  X is  connected  only  one  Um  is  nonempty  and  the  lemma 
follows.  □ 


49.68.  Constructible  sheaves 

Let  X be  a scheme.  A constructible  locally  closed  subscheme  of  A is  a locally  closed 
subscheme  T C A such  that  the  underlying  topological  space  of  T is  a constructible 
subset  of  A.  If  T,  T'  C X are  locally  closed  subschemes  with  the  same  underlying 
topological  space,  then  T^taie  — Tltale  by  the  topological  invariance  of  the  etale 
site  (Theorem  49.46.1 1.  Thus  in  the  following  definition  we  may  assume  are  locally 
closed  subschemes  are  reduced. 


03RW 


Definition  49.68.1.  Let  A be  a scheme. 
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(1)  A sheaf  of  sets  on  X^taie  is  constructible  if  for  every  affine  open  U C X 
there  exists  a finite  decomposition  of  U into  constructible  locally  closed 
subschemes  U = J ](  Ui  such  that  F\ui  is  finite  locally  constant  for  all  i. 

(2)  A sheaf  of  abelian  groups  on  X^aie  is  constructible  if  for  every  affine  open 
U C X there  exists  a finite  decomposition  of  U into  constructible  locally 
closed  subschemes  U = JJ.(-  Ui  such  that  F\ui  is  finite  locally  constant  for 
all  i. 

(3)  Let  A be  a Noetherian  ring.  A sheaf  of  A-modules  on  X^taie  is  constructible 
if  for  every  affine  open  U C X there  exists  a finite  decomposition  of  U 
into  constructible  locally  closed  subschemes  U = ]j;  Ui  such  that  F\  u,  is 
of  finite  type  and  locally  constant  for  all  i. 


It  seems  that  this  is  the  accepted  definition.  An  alternative,  which  lends  itself  more 
readily  to  generalizations  beyond  the  etale  site  of  a scheme,  would  have  been  to 
define  constructible  sheaves  by  starting  with  hjj,  jc/iZ/nZ,  and  jui A where  U runs 
over  all  quasi-compact  and  quasi-separated  objects  of  X^taiei  and  then  take  the 
smallest  full  subcategory  of  Sh(X^taie),  Ab( X&tale),  and  Mod(X^taie,  A)  containing 
these  and  closed  under  finite  limits  and  colimits.  It  follows  from  Lemma  149.68.61 
and  Lemmas  49.70.5  49.70.7  and  49.70.6  that  this  produces  the  same  category  if 
X is  quasi-compact  and  quasi-separated.  In  general  this  does  not  produce  the  same 
category  however. 
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A disjoint  union  decomposition  U = ]J  Ui  of  a scheme  by  locally  closed  subschemes 
will  be  called  a partition  of  U (compare  with  Topology,  Section  5.27). 


Lemma  49.68.2.  Let  X be  a quasi-compact  and  quasi-separated  scheme.  Let  F 
be  a sheaf  of  sets  on  X^aie-  The  following  are  equivalent 


(1)  F is  constructible, 

(2)  there  exists  an  open  covering  X = [J  Ui  such  that  F\ut  is  constructible, 
and 

(3)  there  exists  a partition  X = (J  Xi  by  constructible  locally  closed  sub- 
schemes such  that  F\xi  is  finite  locally  constant. 


A similar  statement  holds  for  abelian  sheaves  and  sheaves  of  A-modules  if  A is 
Noetherian. 


Proof.  It  is  clear  that  (1)  implies  (2). 


Assume  (2).  For  every  x £ X we  can  find  an  i and  an  affine  open  neighbourhood 
Vx  C Ui  of  x.  Hence  we  can  find  a finite  affine  open  covering  X = (J  Vj  such  that  for 
each  j there  exists  a finite  decomposition  Vj  = ]J  Vj.k  by  locally  closed  constructible 
subsets  such  that  F\y . k is  finite  locally  constant.  By  Topology,  Lemma  5.14.5  each 
I/,-*,  is  constructible  as  a subset  of  X.  By  Topology,  Lemma  5.27.7  we  can  find 


a finite  stratification  X = JjA”;  with  constructible  locally  closed  strata  such  that 
each  Vj  j.  is  a union  of  A;.  Thus  (3)  holds. 

Assume  (3)  holds.  Let  U C X be  an  affine  open.  Then  U D Xi  is  a constructible 
locally  closed  subset  of  U (for  example  by  Properties,  Lemma  27.2.1)  and  U = 
]J  U D Xi  is  a partition  of  U as  in  Definition  49.68.1  Thus  (1)  holds.  □ 


09  YR 


Lemma  49.68.3.  Let  X be  a quasi-compact  and  quasi-separated  scheme.  Let  F be 
a sheaf  of  sets,  abelian  groups,  A-modules  (with  A Noetherian)  on  X^taie.  If  there 


49.68.  CONSTRUCTIBLE  SHEAVES 


3275 


exist  constructible  locally  closed  subschemes  T C X such  that  (a)  X = (J  Tj  and 
(b)  is  constructible,  then  T is  constructible. 


095F 


Proof.  First,  we  can  assume  the  covering  is  finite  as  X is  quasi-compact  in  the 
spectral  topology  (Topology,  Lemma  5.22.2  and  Properties,  Lemma  27.2.4).  Ob- 
serve that  each  T is  a quasi-compact  and  quasi-separated  scheme  in  its  own  right 
(because  it  is  constructible  in  X ; details  omitted).  Thus  we  can  find  a finite  par- 
tition Ti  = ] jTij  into  locally  closed  constructible  parts  of  Ti  such  that  T\ Tid  is 
finite  locally  constant  (Lemma  49.68.2|).  By  Topology,  Lemma  5.14.12  we  see  that 
T j is  a constructible  locally  closed  subscheme  of  X.  Then  we  can  apply  Topology, 
Lemma  5.27.7  to  X = (J  T j to  find  the  desired  partition  of  X.  □ 


Lemma  49.68.4.  Let  X be  a scheme.  Checking  constructibility  of  a sheaf  of  sets, 
abelian  groups,  A-modules  (with  A Noetherian)  can  be  done  Zariski  locally  on  X . 


Proof.  The  statement  means  if  X = (J  Ui  is  an  open  covering  such  that  T\u,  is 
constructible,  then  T is  constructible.  If  U C X is  affine  open,  then  U = (J  U D Ui 
and  T\up[ui  is  constructible  (it  is  trivial  that  the  restriction  of  a constructible 
sheaf  to  an  open  is  constructible).  It  follows  from  Lemma  49.68.2  that  T\jj  is 
constructible,  i.e.,  a suitable  partition  of  U exists.  □ 


095G  Lemma  49.68.5.  Let  f : X — ► Y be  a morphism  of  schemes.  If  T is  a con- 
structible sheaf  of  sets,  abelian  groups,  or  A-modules  (with  A Noetherian)  onY^taie, 
the  same  is  true  for  f~lF  on  X^taie- 


Proof.  By  Lemma [49. 68. 4| this  reduces  to  the  case  where  X and  Y are  affine.  By 
Lemma  |49.68.2|  it  suffices  to  find  a finite  partition  of  X by  constructible  locally 
closed  subschemes  such  that  f~xT  is  finite  locally  constant  on  each  of  them.  To 
find  it  we  just  pull  back  the  partition  of  Y adapted  to  T and  use  Lemma|49.67.2|  □ 

03RZ  Lemma  49.68.6.  Let  X be  a scheme. 

(1)  The  category  of  constructible  sheaves  of  sets  is  closed  under  finite  limits 
and  colimits  inside  Sh(Xetaie)- 

(2)  The  category  of  constructible  abelian  sheaves  is  a weak  Serre  subcategory 
Of  Ab(Xetale)- 

(3)  Let  A be  a Noetherian  ring.  The  category  of  constructible  sheaves  of  A- 
modules  on  X^taie  is  a weak  Serre  subcategory  of  Mod(Xetaie,  A). 


Proof.  We  prove  (3).  We  will  use  the  criterion  of  Homology,  Lemma  12.9.3 
pose  that  <p  : T — > Q is  a map  of  constructible  sheaves  of  A-modules. 


Sup- 


T — ► Q is  a map  of  constructible  sheaves  of  A-modules.  We  have 
to  show  that  K.  = Ker(^)  and  Q = Coker  (ip)  are  constructible.  Similarly,  suppose 
that  0— > T — > £ — > Q — >■  0 is  a short  exact  sequence  of  sheaves  of  A-modules  with 
T,  Q constructible.  We  have  to  show  that  £ is  constructible.  In  both  cases  we  can 
replace  X with  the  members  of  an  affine  open  covering.  Hence  we  may  assume  X 
is  affine.  The  we  may  further  replace  A'  by  the  members  of  a finite  partition  of  A' 
by  constructible  locally  closed  subschemes  on  which  T and  Q are  of  finite  type  and 
locally  constant.  Thus  we  may  apply  Lemma|49.67.6|to  conclude. 

The  proofs  of  (1)  and  (2)  are  very  similar  and  are  omitted.  □ 


0951  Lemma  49.68.7.  Let  X be  a scheme.  Let  A be  a Noetherian  ring.  The  tensor 
product  of  two  constructible  sheaves  of  A-modules  on  X$ taie  is  a constructible  sheaf 
of  A-modules. 
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Proof.  The  question  immediately  reduces  to  the  case  where  X is  affine.  Since 
any  two  partitions  of  X with  constructible  locally  closed  strata  have  a common 
refinement  of  the  same  type  and  since  pullbacks  commute  with  tensor  product  we 
reduce  to  Lemma  149.67. 71  □ 

09YS 

(1)  Let  T -4  Q be  a map  of  constructible  sheaves  of  sets  on  X^taie-  Then  the 
set  of  points  x £ X where  Tx  Tx  is  surjective,  resp.  injective,  resp.  is 
isomorphic  to  a given  map  of  sets,  is  constructible  in  X . 

(2)  Let  T be  a constructible  abelian  sheaf  on  X^taie  ■ The  support  of  T is 
constructible. 

(3)  Let  A be  a Noetherian  ring.  Let  T be  a constructible  sheaf  of  A-modules 
on  Xgtaie  ■ The  support  of  T is  constructible. 


Lemma  49.68.8.  Let  X be  a quasi-compact  and  quasi-separated  scheme. 


Proof.  Proof  of  (1).  Let  X = ]j  Xi  be  a partion  of  X by  locally  closed  constructible 
subschemes  such  that  both  T and  Q are  finite  locally  constant  over  the  parts  (use 
for  both  T and  Q and  choose  a common  refinement).  Then  apply 
to  the  restriction  of  the  map  to  each  part. 


Lemma 

Lemma 


49.68.2 


49.67.5 


The  proof  of  (2)  and  (3)  is  omitted. 


□ 


The  following  lemma  will  turn  out  to  be  very  useful  later  on.  It  roughly  says  that 
the  category  of  constructible  sheaves  has  a kind  of  weak  “Noetherian”  property. 

095P  Lemma  49.68.9.  Let  X be  a quasi-compact  and  quasi-separated  scheme.  Let 
T = colinpg/  Ti  be  a filtered  colimit  of  sheaves  of  sets,  abelian  sheaves,  or  sheaves 
of  modules. 

(1)  If  T and  Ti  are  constructible  sheaves  of  sets,  then  the  ind-object  Ti  is 
essentially  constant  with  value  T. 

(2)  If  T and  Ti  are  constructible  sheaves  of  abelian  groups,  then  the  ind-object 
T is  essentially  constant  with  value  T . 

(3)  Let  A be  a Noetherian  ring.  If  T and  T are  constructible  sheaves  of 
A-modules,  then  the  ind-object  Ti  is  essentially  constant  with  value  T. 


Proof.  Proof  of  (1).  We  will  use  without  further  mention  that  finite  limits  and 
colimits  of  constructible  sheaves  are  constructible  (Lemma  49.67.6).  For  each  i let 
Ti  C X be  the  set  of  points  x £ X where  T^x  — t Tx  is  not  surjective.  Because  Ti 
and  T are  constructible  Ti  is  a constructible  subset  of  X (Lemma  49.68.8).  Since 
the  stalks  of  T are  finite  and  since  T = colimie/  T,  we  see  that  for  all  x £ X we  have 
xjLT  for  i large  enough.  Since  X is  a spectral  space  by  Properties,  Lemma [27. 2. 4| 
the  constructible  topology  on  X is  quasi-compact  by  Topology,  Lemma[5.22.2  Thus 
Ti  = 0 for  i large  enough.  Thus  T T is  surjective  for  i large  enough.  Assume 
now  that  Ti  — > T is  surjective  for  all  i.  Choose  i £ I.  For  i'  > i denote  Sp  C X the 
set  of  points  x such  that  the  number  of  elements  in  Im (Ti  x — t Tf)  is  equal  to  the 
number  of  elements  in  Im (T^  — > Tp  ^).  Because  Ti,  Tp  and  T are  constructible 
Sp  is  a constructible  subset  of  X (details  omitted;  hint:  use  Lemma  49.68.8).  Since 
the  stalks  of  T and  T are  finite  and  since  T = co\ira.p>iTp  we  see  that  for  all 
x £ X we  have  x £ Sp  for  i!  large  enough.  By  the  same  argument  as  above  we  can 
find  a large  if  such  that  Sp  = 0.  Thus  T Tp  factors  through  T as  desired. 


Proof  of  (2).  Observe  that  a constructible  abelian  sheaf  is  a constructible  sheaf  of 
sets.  Thus  case  (2)  follows  from  (1). 
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Proof  of  (3) . We  will  use  without  further  mention  that  the  category  of  constructible 
sheaves  of  A-modules  is  abelian  (Lemma  49.67.6).  For  each  i let  Q,  be  the  cokernel 
of  the  map  T -A  T . The  support  Tt  of  Qi  is  a constructible  subset  of  X as  Qi  is 
constructible  (Lemma|49.68.8 ).  Since  the  stalks  of  T are  finite  A-modules  and  since 
T = colinpg/  J~i  we  see  that  for  all  x € X we  have  x fL  Ti  for  i large  enough.  Since 
X is  a spectral  space  by  Properties,  Lemma|27.2.4|the  constructible  topology  on  X 


is  quasi-compact  by  Topology,  Lemma  5.22.2  Thus  T)  = 0 for  i large  enough.  This 


proves  the  first  assertion.  For  the  second,  assume  now  that  Ti  — > T is  surjective 
for  all  i.  Choose  i £ I.  For  i!  > i denote  JCi>  the  image  of  Ker (Ti  -A  T)  in  T>. 
The  support  SV  of  is  a constructible  subset  of  X as  X,/  is  constructible.  Since 
the  stalks  of  Ker (T  — > T)  are  finite  A-modules  and  since  T = colim2;/>j  T>  we  see 
that  for  all  x £ X we  have  x qL  Si>  for  i'  large  enough.  By  the  same  argument  as 
above  we  can  find  a large  i!  such  that  Sp  =0.  Thus  Ti  — > Ty  factors  through  T 
as  desired.  □ 


49.69.  Auxiliary  lemmas  on  morphisms 


Some  lemmas  that  are  useful  for  proving  functionality  properties  of  constructible 
sheaves. 


Lemma  49.69.1.  Let  U — >■  X be  an  etale  morphism  of  quasi-compact  and  quasi- 
separated  schemes  (for  example  an  etale  morphism  of  Noetherian  schemes).  Then 
there  exists  a partition  X = ]J[  ■ Aj  by  constructible  locally  closed  subschemes  such 
that  Xi  Xx  U -A  Xi  is  finite  etale  for  all  i. 


Proof.  If  U — > X is  separated,  then  this  is  More  on  Morphisms,  Lemma[36]3L9]  In 
general,  we  may  assume  X is  affine.  Choose  a finite  affine  open  covering  U = U Uj  ■ 
Apply  the  previous  case  to  all  the  morphisms  Uj  -A  X and  Uj  D Up  —A  X and 
choose  a common  refinement  A'  = ](J  X,  of  the  resulting  partitions.  After  refining 
the  partition  further  we  may  assume  X,  affine  as  well.  Fix  i and  set  V = U Xx  Xi. 


The  morphisms  Vj  = Uj  x x Xi 


Xt 


and  Vjji 


= ( Uj  fl  Uj’)  Xx  Xi  — > Xi  are  finite 


etale.  Hence  Vj  and  Vjj>  are  affine  schemes  and  VW_C_K  is  closed  as  well  as  open 
(since  VJ7'  -A  Xi  is  proper,  so  Morphisms,  Lemma  28.41.7  applies).  Then  V = (J  Vj 
is  separated  because  0(Vj ) -A  (D(Vjj>)  is  surjective,  see  Schemes,  Lemma  25.21.8| 
Thus  the  previous  case  applies  to  V -A  X,  and  we  can  further  refine  the  partition 
if  needed  (it  actually  isn’t  but  we  don’t  need  this).  □ 


In  the  Noetherian  case  one  can  prove  the  preceding  lemma  by  Noetherian  induction 
and  the  following  amusing  lemma. 

Lemma  49.69.2.  Let  f : X -A  Y be  a morphism  of  schemes  which  is  quasi- 
compact, quasi-separated,  and  locally  of  finite  type.  If  tj  is  a generic  point  of  on 
irreducible  component  of  Y such  that  /_1(??)  is  finite,  then  there  exists  an  open 
V C Y containing  rj  such  that  /-1(K)  -A  V is  finite. 

Proof.  This  is  Morphisms,  Lemma [28.47. 1|  □ 

The  statement  of  the  following  lemma  can  be  strengthened  a bit. 

Lemma  49.69.3.  Let  f :Y  X be  a quasi-finite  and  finitely  presented  morphism 
of  affine  schemes. 

(1)  There  exists  a surjective  morphism  of  affine  schemes  X'  — > X and  a closed 
subscheme  Z'  CY'  = X'  x xY  such  that 
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(a)  Z'  C Y'  is  a thickening , and 

(b)  Z'  -A  X'  is  a finite  etale  morphism. 

(2)  There  exists  a finite  partition  X = JJ  Xi  by  locally  closed,  constructible, 
affine  strata,  and  surjective  finite  locally  free  morphisms  X[  -A  Xi  such 
that  the  reduction  ofYf  = X[  XxY  — > X[  is  isomorphic  to  u;u(xd  red  ^ 
( X'fjred  for  some  ni . 


Proof.  Setting  X'  = JJ  X[  we  see  that  (2)  implies  (1).  Write  X = Spec(A)  and 
Y = Spec(B).  Write  A as  a filtered  colimit  of  finite  type  Z-algebras  A.;.  Since  B 
is  an  A-algebra  of  finite  presentation,  we  see  that  there  exists  0 £ I and  a finite 
type  ring  map  A0  — >■  B0  such  that  B = colim  Bi  with  Bi  = Ai  ®a0  Bo,  see  Algebra, 
For  i sufficiently  large  we  see  that  A.;  — >•  Bi  is  quasi-finite,  see 
Thus  we  reduce  to  the  case  of  finite  type  algebras  over  Z, 


Lemma  10.126.6 
Limits,  Lemma  31.14.2 


in  particular  we  reduce  to  the  Noetherian  case.  (Details  omitted.) 


Assume  X and  Y Noetherian.  In  this  case  any  locally  closed  subset  of  X is  con- 
structible. By  Lemma  |49.69.2|  and  Noetherian  induction  we  see  that  there  is  a 
finite  partition  X = JJ  Xi  of  X by  locally  closed  strata  such  that  Y Xx  Xi  — » Xi 
is  finite.  We  can  refine  this  partition  to  get  affine  strata.  Thus  after  replacing  X 
by  X'  = I]  X%  we  may  assume  Y — > X is  finite. 


Assume  X and  Y Noetherian  and  Y — > X finite.  Suppose  that  we  can  prove  (2) 
after  base  change  by  a surjective,  flat,  quasi-finite  morphism  U — > X.  Thus  we 
have  a partition  U = JJ  E7,  and  finite  locally  free  morphisms  U[  Ui  such  that 
U[  x x Y — > U'i  is  isomorphic  to  Ujii (Ui)red  — > ( U[)red  for  some  n,.  Then,  by  the 
argument  in  the  previous  paragraph,  we  can  find  a partition  X = JJ  Xj  with  locally 


closed  affine  strata  such  that  Xj  Xx  Ui 


Xj  is  finite  for  all  i,j.  By  Morphisms, 


Lemma  28.45.2  each  Xj  Xx  Ui  —>  Xj  is  finite  locally  free.  Hence  Xj  x x U-  — ► Xj 
is  finite  locally  free  (Morphisms,  Lemma  28.45.3).  It  follows  that  X = JJX,  and 
XI  = JJ^  Xj  Xx  UI  is  a solution  for  Y — > X.  Thus  it  suffices  to  prove  the  result  (in 
the  Noetherian  case)  after  a surjective  flat  quasi-finite  base  change. 


Applying  Morphisms,  Lemma  |28.45.6|  we  see  we  may  assume  that  Y is  a closed 
subscheme  of  an  affine  scheme  Z which  is  (set  theoretically)  a finite  union  Z = 
(Jig/  Zi  of  closed  subschemes  mapping  isomorphically  to  X.  In  this  case  we  will 
find  a finite  partition  of  X = ]J  Xj  with  affine  locally  closed  strata  that  works 
(in  other  words  XI  = Xj).  Set  Tj  =7(1  Z{.  This  is  a closed  subscheme  of  X. 
As  X is  Noetherian  we  can  find  a finite  partition  of  X = JJ  Xj  by  affine  locally 
closed  subschemes,  such  that  each  Xj  x x U is  (set  theoretically)  a union  of  strata 
Xj  Xx  Zi.  Replacing  X by  Xj  we  see  that  we  may  assume  I = I\  H Ii  with  Zi  CY 
for  ie/i  and  Zj  fl  Y = 0 for  R/2.  Replacing  Z by  (Ji£j  Zj  we  see  that  we  may 
assume  Y — Z . Finally,  we  can  replace  X again  by  the  members  of  a partition  as 
above  such  that  for  every  i,  i!  C I the  intersection  Zi  D Z ^ is  either  empty  or  (set 
theoretically)  equal  to  Zj  and  Zj/.  This  clearly  means  that  Y is  (set  theoretically) 
equal  to  a disjoint  union  of  the  Zj  which  is  what  we  wanted  to  show.  □ 


49.70.  More  on  constructible  sheaves 

095M  Let  A be  a Noetherian  ring.  Let  X be  a scheme.  We  often  consider  X^taie  as  a 
ringed  site  with  sheaf  of  rings  A.  In  case  of  abelian  sheaves  we  often  take  A = Z/71Z 
for  a suitable  integer  n. 
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03S8  Lemma  49.70.1.  Let  j : U —¥  X be  an  etale  morphism  of  quasi-compact  and 
quasi- separated  schemes. 

(1)  The  sheaf  hu  is  a constructible  sheaf  of  sets. 

(2)  The  sheaf  j\M_  is  a constructible  abelian  sheaf  for  a finite  abelian  group 
M. 

(3)  If  A is  a Noetherian  ring  and  M is  a finite  A-module,  then  j\M  is  a 
constructible  sheaf  of  A-modules  on  Xetaie- 


Proof.  By  Lemma 


49.69.1 


there  is  a partition  ]J-  such  that  7r,  : j 1{Xi)  — >•  Xi 


is  finite  etale.  The  restriction  of  hjj  to  Xi  is  hj- i(A';)  which  is  finite  locally  constant 
by  Lemma  49.67.4  For  cases  (2)  and  (3)  we  note  that 

j\(M)\Xi  = 77,;!  (M)  = 77,*  (M) 

by  Lemmas  49.66.4  and  49.66.5[  Thus  it  suffices  to  show  the  lemma  for  7r  : Y — > X 
finite  etale.  This  is  Lemma  149.67. 31  □ 


03SA  Lemma  49.70.2.  Let  X be  a quasi-compact  and  quasi-separated  scheme. 

(1)  Let  J7  be  a sheaf  of  sets  on  Xetaie-  Then  J7  is  a filtered  colimit  of  con- 
structible sheaves  of  sets. 

(2)  Let  J7  be  a torsion  abelian  sheaf  on  Xetaie-  Then  J7  is  a filtered  colimit  of 
constructible  abelian  sheaves. 

(3)  Let  A be  a Noetherian  ring  and  J7  a sheaf  of  A-modules  on  X&aie-  Then 
F is  a filtered  colimit  of  constructible  sheaves  of  A-modules. 


Proof.  Let  B be  the  collection  of  quasi-compact  and  quasi-separated  objects  of 
X etale-  By  Modules  on  Sites,  Lemma [18. 29. 6|  any  sheaf  of  sets  is  a filtered  colimit 
of  sheaves  of  the  form 

Coequalizer  ( Uj=i,..,m  H ^ H=i,...,n-fa  ) 


with  Vj  and  Ui  quasi-compact  and  quasi-separated  objects  of  Xetaie-  By  Lemmas 


Let  A be  a Noetherian  ring.  By  Modules  on  Sites,  Lemma  [18.29.6|  A-modules  J7  is 
a filtered  colimit  of  modules  of  the  form 


49.70.1  and  49.68.6  these  coequalizers  are  constructible.  This  proves  (1). 


Coker  (®.=li.itnJVjlAVi->0.=i 


with  Vj  and  Ui  quasi-compact  and  quasi-separated  objects  of  Xetaie-  By  Lemmas 


Proof  of  (2).  First  write  J7  = where  F[n]  is  the  n-torsion  subsheaf.  Then 

we  can  view  T[n]  as  a sheaf  of  Z/nZ-modules  and  apply  (3).  □ 


49.70.1  and  49.68.6  these  cokernels  are  constructible.  This  proves  (3). 


095Q  Lemma  49.70.3.  Let  f : X — »•  Y be  a surjective  morphism  of  quasi-compact  and 
quasi- separated  schemes. 

(1)  Let  T be  a sheaf  of  sets  on  Yetaie-  Then  J7  is  constructible  if  and  only  if 
rlF  is  constructible. 

(2)  Let  J7  be  an  abelian  sheaf  on  Y^taie-  Then  J7  is  constructible  if  and  only 
if  f ^-F  is  constructible. 

(3)  Let  A be  a Noetherian  ring.  Let  J7  be  sheaf  of  A-modules  on  Y^taie-  Then 
T is  constructible  if  and  only  if  f^lF  is  constructible. 
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Proof.  One  implication  follows  from  Lemma  |49.68.5[  For  the  converse,  assume 
f~lF  is  constructible.  Write  F = colim.77,;  as  a filtered  colimit  of  constructible 
sheaves  (of  sets,  abelian  groups,  or  modules)  using  Lemma  49.70.2  Since  /-1  is 
a left  adjoint  it  commutes  with  colimits  (Categories,  Lemma  4.24.4)  and  we  see 
that  f~lF  = colim /_1 Ft.  By  Lemma  49.68.9  we  see  that  /_i Ft  — > f~xF  is 
surjective  for  all  i large  enough.  Since  / is  surjective  we  conclude  (by  looking  at 
stalks  using  Lemma  49.36.2  and  Theorem  49.29.10)  that  J7,;  — >•  F is  surjective  for 
all  i large  enough.  Thus  F is  the  quotient  of  a constructible  sheaf  Q.  Applying 
the  argument  once  more  to  Q Xjr  Q or  the  kernel  of  Q — > F we  conclude  using  that 
/-1  is  exact  and  that  the  category  of  constructible  sheaves  (of  sets,  abelian  groups, 
or  modules)  is  preserved  under  finite  (co)limits  or  (co)kernels  inside  ShfY^tale ), 


Sh(Xitale),  Ab(Yitale),  Ab(Xitaie),  Mod(Y6taie,h), 
149.68.61 


and  Mod(X^taie,  A),  see  Lemma 

□ 


095H  Lemma  49.70.4.  Let  f : X — ► Y be  a finite  etale  morphism  of  schemes.  Let  A 
be  a Noetherian  ring.  If  F is  a constructible  sheaf  of  sets,  constructible  sheaf  of 
abelian  groups,  or  constructible  sheaf  of  A-modules  on  X^taie,  the  same  is  true  for 
f*F  on  Yetaie. 


Proof.  By  Lemma  |49.68.4|  it  suffices  to  check  this  Zariski  locally  on  Y and  by 
Lemma  49.70.3|we  may  replace  Y by  an  etale  cover  (the  construction  of  /*  commutes 
with  etale  localization).  A finite  etale  morphism  is  etale  locally  isomorphic  to  a 
disjoint  union  of  isomorphisms,  see  Etale  Morphisms,  Lemma  40.18.3  Thus,  in  the 
case  of  sheaves  of  sets,  the  lemma  says  that  if  J7,;,  i = 1 ,...  ,n  are  constructible 

sheaves  of  sets,  then  1 I n-F‘  is  too.  This  is  clear.  Similarly  for  sheaves  of 

abelian  groups  and  modules.  □ 

09Y9  Lemma  49.70.5.  Let  X be  a quasi-compact  and  quasi-separated  scheme.  The  cat- 
egory of  constructible  sheaves  of  sets  is  the  full  subcategory  of  Sh(X etale)  consisting 
of  sheaves  F which  are  coequalizers 


Ti 


F0 


■F 


such  that  Ti,  i = 0, 1 is  a finite  coproduct  of  sheaves  of  the  form  hu  with  U a 
quasi-compact  and  quasi-separated  object  of  Xetaie- 


Proof.  In  the  proof  of  Lemma  49. 70. 2|  we  have  seen  that  sheaves  of  this  form  are 
constructible.  For  the  converse,  suppose  that  for  every  constructible  sheaf  of  sets 
J7  we  can  find  a surjection  Fq  — > T with  Fq  as  in  the  lemma.  Then  we  find  our 
surjection  F\  — > J0  Xjr  F0  because  the  latter  is  constructible  by  Lemma |49. 68. 6| 

By  Topology,  Lemma  5.27.7  we  may  choose  a finite  stratification  X = I UiXi 


such  that  F is  finite  locaiiy  constant  on  each  stratum.  We  will  prove  the  result  by 
induction  on  the  cardinality  of  I . Let  i £ I be  a minimal  element  in  the  partial 
ordering  of  I.  Then  X.t  C X is  closed.  By  induction,  there  exist  finitely  many 
quasi-compact  and  quasi-separated  objects  Ua  of  ( X \ Xi)^taie  and  a surjective 
map  ]J[  hjja  — » F\x\Xi  ■ These  determine  a map 


LK 


F 


which  is  surjective  after  restricting  to  X \ Xi.  By  Lemma  49.67.4  we  see  that 
F\x.  = hy  for  some  scheme  V finite  etale  over  A,.  Let  v be  a geometric  point 
of  V lying  over  x 6 X,  . We  may  think  of  v as  an  element  of  the  stalk  F%  = Vx. 
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Thus  we  can  find  an  etale  neighbourhood  (U,u)  of  x and  a section  s € X(U)  whose 
stalk  at  x gives  v.  Thinking  of  s as  a map  s : hjj  — > X,  restricting  to  X,;  we  obtain 
a morphism  s \ x,  ■ U Xx  Xi  — ► V over  X,;  which  maps  u to  v.  Since  V is  quasi- 
compact (finite  over  the  closed  subscheme  X.j  of  the  quasi-conrpact  scheme  X)  a 
finite  number  s^, . . . , s*-"1-*  of  these  sections  of  X over  U^l\  . . . , U^m'>  will  determine 
a jointly  surjective  map 

IX  A ! v,  ]\(  J)  XX  Xi  —>V 
Then  we  obtain  the  surjection 

J J hjja  II  hjju)  — > X 

as  desired.  □ 


095N 


Lemma  49.70.6.  Let  X be  a quasi-compact  and  quasi-separated  scheme.  Let  A 
be  a Noetherian  ring.  The  category  of  constructible  sheaves  of  A-modules  is  exactly 
the  category  of  modules  of  the  form 


Coker  (®j=1 


with  Vj  and  Ui  quasi-compact  and  quasi-separated  objects  of  Xetaie-  In  fact,  we  can 
even  assume  Ui  and  Vj  affine. 


Proof.  In  the  proof  of  Lemma [49. 70.2|  we  have  seen  modules  of  this  form  are  con- 
structible. Since  the  category  of  constructible  modules  is  abelian  (Lemma  49.68.6) 
it  suffices  to  prove  that  given  a constructible  module  J-  there  is  a surjection 


jupAu, 


for  some  affine  objects  Ui  in  Xetaie-  By  Modules  on  Sites,  Lemma [18.29. 6| there  is 
a surjection 

^ : Ui  — * ? 

with  Ui  affine  and  the  direct  sum  over  a possibly  infinite  index  set  I.  For  every 
finite  subset  I’  C I set 


Tp  = Supp(Coker(0  jupA, 


A)) 


By  the  very  definition  of  constructible  sheaves,  the  set  Tp  is  a constructible  subset 
of  A'.  We  want  to  show  that  Tp  = 0 for  some  V . Since  every  stalk  Xx  is  a finite 
type  A-module  and  since  4/  is  surjective,  for  every  x £ X there  is  an  /'  such  that 
x Tp.  In  other  words  we  have  0 = fj/'c/  finite^'-  Since  X is  a spectral  space 
by  Properties,  Lemma  27.2. 4| the  constructible  topology  on  X is  quasi-compact  by 


Topology,  Lemma  5.22.2  Thus  Tp  = 0 for  some  I'  C I finite  as  desired. 


□ 


09YT  Lemma  49.70.7.  Let  X be  a quasi-compact  and  quasi-separated  scheme.  The 
category  of  constructible  abelian  sheaves  is  exactly  the  category  of  abelian  sheaves 
of  the  form 


Coker 


3= b~ 


jv yZ/irijZ 

,m  Vj 


© 


jup.Z/riiZ 


with  Vj  and  Ui  quasi-compact  and  quasi-separated  objects  of  Xetaie  o.nd  nij , n* 
positive  integers.  In  fact,  we  can  even  assume  Ui  and  Vj  affine. 


49.70.  MORE  ON  CONSTRUCTIBLE  SHEAVES 


3282 


Proof.  This  follows  from  Lemma  49.70.6  applied  with  A = Z/nZ  and  the  fact 
that,  since  A is  quasi-compact,  every  constructible  abelian  sheaf  is  annihilated  by 
some  positive  integer  n (details  omitted).  □ 


09Z4  Lemma  49.70.8.  Let  X be  a quasi-compact  and  quasi-separated  scheme.  Let  A 
be  a Noetherian  ring.  Let  T be  a constructible  sheaf  of  sets,  abelian  groups,  or  A- 
modules  on  X^taie  ■ Let  G = colim  Gi  be  a filtered  colimit  of  sheaves  of  sets,  abelian 
groups,  or  A-modules.  Then 


Mor(J\  Q)  = colim  Mor(.J,  Gi) 


in  the  category  of  sheaves  of  sets,  abelian  groups,  or  A-modules  on  X^taie- 


Proof.  The  case  of  sheaves  of  sets.  By  Lemma  49.70.5  it  suffices  to  prove  the  lemma 
for  hjj  where  U is  a quasi-compact  and  quasi-separated  object  of  X^taie-  Recall  that 


Mor (hjj,Q)  = Q{U).  Hence  the  result  follows  from  Sites,  Lemma  7.11.2 


In  the  case  of  abelian  sheaves  or  sheaves  of  modules,  the  result  follows  in  the  same 
way  using  Lemmas  |49.70.7|  and  |49.70.6|  For  the  case  of  abelian  sheaves,  we  add 
that  Mor(j[/!Z/nZ,  Q)  is  equal  to  the  n-torsion  elements  of  G(U).  □ 


095R  Lemma  49.70.9.  Let  f : X Y be  a finite  and  finitely  presented  morphism  of 
schemes.  Let  A be  a Noetherian  ring.  If  J-  is  a constructible  sheaf  of  sets,  abelian 
groups,  or  A-modules  on  X^taie,  then  /*  J"  is  too. 


Proof.  It  suffices  to  prove  this  when  X and  Y are  affine  by  Lemma  |49.68.4|  By 
Lemmas  |49.55.3|  and  49.70.3|  we  may  base  change  to  any  affine  scheme  surjective 
over  X.  By  Lemma  |49.69.3  this  reduces  us  to  the  case  of  a finite  etale  morphism 
(because  a thickening  leads  to  an  equivalence  of  etale  topoi  and  even  small  etale 
sites,  see  Theorem  49.46.1 1.  The  finite  etale  case  is  Lemma  49.70.4  □ 


09YU  Lemma  49.70.10.  Let  X = lim,e j X,  be  a limit  of  a directed  system  of  schemes 
with  affine  transition  morphisms.  We  assume  that  JQ  is  quasi-compact  and  quasi- 
separated  for  all  i £ / . 

(1)  The  category  of  constructible  sheaves  of  sets  on  X^taie  is  the  colimit  of  the 
categories  of  constructible  sheaves  of  sets  on  (Xi)^taie- 

(2)  The  category  of  constructible  abelian  sheaves  on  X^taie  is  the  colimit  of 
the  categories  of  constructible  abelian  sheaves  on  (Afi)etaZe- 

(3)  Let  A be  a Noetherian  ring.  The  category  of  constructible  sheaves  of  A- 
modules  on  X^taie  is  the  colimit  of  the  categories  of  constructible  sheaves 
of  A-modules  on  ( Xf)&tale ■ 


Proof.  Proof  of  (1).  Denote  /,;  : A'  — > Xi  the  projection  maps.  There  are  3 parts  to 
the  proof  corresponding  to  “faithful”,  “fully  faithful”,  and  “essentially  surjective”. 


Faithful.  Choose  0 £ I and  let  Jo,  Go  be  constructible  sheaves  on  X0.  Suppose  that 
a,  b : Jq  — > Go  are  maps  such  that  f^a  = fo1b.  Let  E C A'0  be  the  set  of  points 
x £ X0  such  that  c%  = b %.  By  Lemma  [49. 68. 8|  the  subset  E C X0  is  constructible. 
By  assumption  X — >■  Xq  maps  into  E.  By  Limits,  Lemma|31.3.7|  we  find  an  i > 0 
such  that  X,  — ► X0  maps  into  E.  Hence  f^a  = /^fr- 


Fully  faithful.  Choose  0 £ I and  let  Jq,  Go  be  constructible  sheaves  on  A0.  Suppose 


-l 


that  a : f0  Jo  — > f0  Go  is  a map.  We  claim  there  is  an  i and  a map  cq  : fM 


Jo 


fi 


io  Go  which  pulls  back  to  a on  A.  By  Lemma 


49.70.5 


we  can  replace  Jq  by  a finite 
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coproduct  of  sheaves  represented  by  quasi-compact  and  quasi-separated  objects  of 
{Xo)etaie-  Thus  we  have  to  show:  If  Uq  — > Xq  is  such  an  object  of  (X0)£taie,  then 

/o”W)  = colimi>0  fi^QiUi) 

where  U = X Xx0  Uq  and  Ui  = Xj  Xx0  Uq.  This  is  a special  case  of  Theorem 
I49.52.ll 


Essentially  surjective.  We  have  to  show  every  constructible  J on  X is  isomorphic 

and  using  the 


49.70.5 


to  ffLJ~  for  some  constructible  Ti  on  X,L.  Applying  Lemma 
results  of  the  previous  two  paragraphs,  we  see  that  it  suffices  to  prove  this  for  hjj  for 
some  quasi-compact  and  quasi-separated  object  U of  X^taie-  In  this  case  we  have 
to  show  that  U is  the  base  change  of  a quasi-compact  and  quasi-separated  scheme 
etale  over  Xt  for  some  i.  This  follows  from  Limits,  Lemmas  |31. 9. 1|  and  |31.7.8| 

Proof  of  (3) . The  argument  is  very  similar  to  the  argument  for  sheaves  of  sets,  but 
using  Lemma  49.70.6  instead  of  Lemma  49.70.5  Details  omitted.  Part  (2)  follows 


from  part  (3)  because  every  constructible  abelian  sheaf  over  a quasi-compact  scheme 
is  a constructible  sheaf  of  Z/nZ-modules  for  some  n.  □ 


09BG 

(1)  Let  S'  C S be  an  inclusion  of  sets.  If  we  have  S'  C Q C S in  Sh(Xet.aie ) 
and  S'  = Qjf , then  Q = Sf_. 

(2)  Let  A'  C A be  an  inclusion  of  abelian  groups.  If  we  have  A!  C Q C A in 
Ab{Xetaie)  and  A!  = then  Q = Af. 

(3)  Let  M'  C M be  an  inclsuion  of  modules  over  a ring  A.  If  we  have  M'  C 
Q C M_  in  Mod(XetaieiA)  and  M'  = Qjj,  then  Q = M' . 


Lemma  49.70.11.  Let  X be  an  irreducible  scheme  with  generic  point  rj. 


Proof.  This  is  true  because  for  every  etale  morphism  U — > X with  U ^ 0 the  point 
i]  is  in  the  image.  □ 


09Z5  Lemma  49.70.12.  Let  X be  an  integral  normal  scheme  with  function  field  K. 
Let  E be  a set. 

(1)  Let  g : Spec(A')  — ► X be  the  inclusion  of  the  generic  point.  Then  g^Id  = E. 

(2)  Let  j : U — ► X be  the  inclusion  of  a nonempty  open.  Then  j*E  = E. 


Proof.  Proof  of  (1).  Let  x € X be  a point.  Let  Ox, 

O x,x-  By  More  on  Algebra,  Lemma  15.36.6  we  see  that  Ox, 


be  a strict  henselization  of 
is  a normal  domain. 


Hence  Spec(A')  Spec(CWx)  is  irreducible.  It  follows  that  the  stalk 
equal  to  A,  see  Theorem  |49.53.1| 


is 


Proof  of  (2).  Since  g factors  through  j there  is  a map  — ► g*E.  This  map  is 

injective  because  for  every  scheme  V etale  over  X the  set  Spec(A")  x^Lis  dense 
in  U x x V . On  the  other  hand,  we  have  a map  E — > j^E  and  we  conclude.  □ 


49.71.  Constructible  sheaves  on  Noetherian  schemes 

03RY  If  X is  a Noetherian  scheme  then  any  locally  closed  subset  is  a constructible  locally 
closed  subset  (Topology,  Lemma  5.15.1).  Hence  an  abelian  sheaf  T on  Xetaie  is 
constructible  if  and  only  if  there  exists  a finite  partition  X = [JX^  such  that  T\xi  is 
finite  locally  constant.  (By  convention  a partition  of  a topological  space  has  locally 
closed  parts,  see  Topology,  Section  5.27  ) In  other  words,  we  can  omit  the  adjective 
“constructible”  in  Definition|49.68.1  Actually,  the  category  of  constructible  sheaves 
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on  Noetherian  schemes  has  some  additional  properties  which  we  will  catalogue  in 
this  section. 

09BH  Proposition  49.71.1.  Let  X be  a Noetherian  scheme.  Let  A be  a Noetherian 
ring. 

(1)  Any  sub  or  quotient  sheaf  of  a constructible  sheaf  of  sets  is  constructible . 

(2)  The  category  of  constructible  abelian  sheaves  on  Xetaie  is  a (strong)  Serre 
subcategory  of  Ab(Xetaie)  ■ In  particular,  every  sub  and  quotient  sheaf  of 
a constructible  abelian  sheaf  on  Xetaie  is  constructible. 

(3)  The  category  of  constructible  sheaves  of  A-modules  on  Xetaie  is  a (strong) 
Serre  subcategory  of  Mod(X^taie,  A).  In  particular,  every  submodule  and 
quotient  module  of  a constructible  sheaf  of  A-modules  on  Xetaie  is  con- 
structible. 

Proof.  Proof  of  (1).  Let  Q C T with  T a constructible  sheaf  of  sets  on  Xetaie- 
Let  77  £ X be  a generic  point  of  an  irreducible  component  of  X.  By  Noetherian 
induction  it  suffices  to  find  an  open  neighbourhood  17  of  77  such  that  G\u  is  locally 
constant.  To  do  this  we  may  replace  A'  by  an  etale  neighbourhood  of  77.  Hence  we 
may  assume  T is  constant  and  X is  irreducible. 

Say  T = S for  some  finite  set  S.  Then  S'  = Gy  C S say  S'  = {si, . . . , st}.  Pick  an 
etale  neighbourhood  (17,  u)  of  77  and  sections  04 , . . . , 04  £ G{U)  which  map  to  Si  in 
Gy  C S.  Since  04  maps  to  an  element  s*  £ S'  C S = T(A,  T)  we  see  that  the  two 
pullbacks  of  04  to  U Xx  U are  the  same  as  sections  of  Q.  By  the  sheaf  condition 
for  Q we  find  that  04  comes  from  a section  of  G over  the  open  Im(17  — > X)  of  X. 
Shrinking  X we  may  assume  Sf  C G C 5.  Then  we  see  that  Sf_  = G by  Lemma 
HiTTimi 

Let  J ->  Q be  a surjection  with  T a constructible  sheaf  of  sets  on  X Hale-  Then 
set  G = X x q T . By  the  first  part  of  the  proof  we  see  that  G is  constructible  as  a 
subsheaf  of  T x T . This  in  turn  implies  that  Q is  constructible,  see  Lemma [49. 68. 6| 

Proof  of  (3).  we  already  know  that  constructible  sheaves  of  modules  form  a weak 
Serre  subcategory,  see  Lemma  |49.68.6|  Thus  it  suffices  to  show  the  statement  on 
submodules. 

Let  G C T be  a submodule  of  a constructible  sheaf  of  A-modules  on  Xetaie-  Let  77  £ 
A be  a generic  point  of  an  irreducible  component  of  X.  By  Noetherian  induction  it 
suffices  to  find  an  open  neighbourhood  17  of  77  such  that  G\u  is  locally  constant.  To 
do  this  we  may  replace  A by  an  etale  neighbourhood  of  77.  Hence  we  may  assume 
J-  is  constant  and  X is  irreducible. 

Say  T = M_  for  some  finite  A-module  M.  Then  M'  = Gy  C M.  Pick  finitely 
many  elements  si, . . . , s*  generating  M'  as  a A-module.  (This  is  possible  as  A is 
Noetherian  and  M is  finite.)  Pick  an  etale  neighbourhood  (17,  u)  of  fj  and  sections 
04 , ....  04  £ G(U)  which  map  to  st  in  Gy  C M.  Since  04  maps  to  an  element 
Si  £ M'  c M = r(A,  F)  we  see  that  the  two  pullbacks  of  04  to  17  Xjf  U are  the 
same  as  sections  of  Q . By  the  sheaf  condition  for  G we  find  that  04  comes  from 
a section  of  G over  the  open  Im(17  — ► A)  of  A.  Shrinking  X we  may  assume 
M'  C G C M_.  Then  we  see  that  Mf_  = G by  Lemma  |49.70.11 

Proof  of  (2).  This  follows  in  the  usual  manner  from  (3).  Details  omitted.  □ 
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The  following  lemma  tells  us  that  every  object  of  the  abelian  category  of  con- 
structible  sheaves  on  X is  “Noetherian” , i.e.,  satisfies  a.c.c.  for  subobjects. 

09YV  Lemma  49.71.2.  Let  X be  a Noetherian  scheme.  Let  A be  a Noetherian  ring. 
Consider  inclusions 

JiC  J2CJ3C...C  J 

in  the  category  of  sheaves  of  sets,  abelian  groups,  or  A-modules.  If  F is  con- 
structible,  then  for  some  n we  have  Fn  = Fn+ 1 = Fn+ 2 = . . .. 

Proof.  By  Proposition|49.71~I1we  see  that  Fi  and  colim  Fr  are  constructible.  Then 
the  lemma  follows  from  Lemmar49.68.9l  □ 


09Z6 


Lemma  49.71.3.  Let  X be  a Noetherian  scheme. 

(1)  Let  F be  a constructible  sheaf  of  sets  on  X 'etaie- 
map  of  sheaves 


F 


fi,*E± 


There  exist  an  injective 


where  fi  :Yi  — > X is  a finite  morphism  and  Ei  is  a finite  set. 

(2)  Let  F be  a constructible  abelian  sheaf  on  X^taie  ■ There  exist  an  injective 
map  of  abelian  sheaves 


•F— »®.  , fi,*Mi 

where  ft  :Yi  —¥  X is  a finite  morphism  and  Mi  is  a finite  abelian  group. 

(3)  Let  A be  a Noetherian  ring.  Let  F be  a constructible  sheaf  of  A-modules 
on  Xetaie  ■ There  exist  an  injective  map  of  sheaves  of  modules 


■T7— ►©.  , k*Mi 

where  ft  :Yi  X is  a finite  morphism  and  Mi  is  a finite  A-module. 

Moreover,  we  may  assume  each  Yi  is  irreducible,  reduced,  maps  onto  an  irreducible 
and  reduced  closed  subscheme  Zi  C X such  that  Yi  — > Zi  is  finite  etale  over  a 
nonempty  open  of  Zi . 


Proof.  Proof  of  (1).  Because  we  have  the  ascending  chain  condition  for  subsheaves 
of  F (Lemma  49.71.2),  it  suffices  to  show  that  for  every  point  x £ X we  can 
find  a map  p : F -4  /*A  where  f : Y X is  finite  and  E is  a finite  set  such 
that  (fix  : Fx  -4  ( f*S)x  is  injective.  (This  argument  can  be  avoided  by  picking  a 
partition  of  X as  in  Lemma [~49.68.2|  and  constructing  a Y*  — > X for  each  irreducible 
component  of  each  part.)  Let  Z C X be  the  induced  reduced  scheme  structure 
(Schemes,  Definition  25.12.5)  on  {x}.  Since  F is  constructible,  there  is  a finite 
separable  extension  k(x)  C Spec(A')  such  that  .F|spec(if)  is  the  constant  sheaf 
with  value  E for  some  finite  set  E.  Let  Y — > Z be  the  normalization  of  Z in 
Spec(A).  By  Morphisms,  Lemma  |28.48.12|  we  see  that  Y is  a normal  integral 
scheme.  As  k(x)  C K is  finite,  it  is  clear  that  I\  is  the  function  field  of  Y . Denote 
g : Spec(A')  -A  Y the  inclusion.  The  map  A|gpec(/^)  -4  A is  adjoint  to  a map 
F\y  — > g*E  = E (Lemma  49.70.12 ).  This  in  turn  is  adjoint  to  a map  ip  : F — > f*E_- 
Observe  that  the  stalk  of  tp  at  a geometric  point  x is  injective:  we  may  take  a lift 
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y £ Y of  x and  the  commutative  diagram 

F*  (F\ y)v 


V 


■Ey 


proves  the  injectivity.  We  are  not  yet  done,  however,  as  the  morphism  f :Y  —¥  Z 
is  integral  but  in  general  not  finit^J 

To  fix  the  problem  stated  in  the  last  sentence  of  the  previous  paragraph,  we  write 
Y = lirrijg  j Yj  with  Y)  irreducible,  integral,  and  finite  over  Z.  Namely,  apply  Prop- 
erties, Lemma  [27.22.13|  to  /* Oy  viewed  as  a sheaf  of  C^-algebras  and  apply  the 
functor  Spec^.  Then  f*E  = colim  f,^E  by  Lemma 


49.52.5 


By  Lemma 


49.70.8 


the 


map  X -A  f*E_  factors  through  f%t*E_  for  some  i.  Since  Yi  -A-  Z is  a finite  morphism 
of  integral  schemes  and  since  the  function  field  extension  induced  by  this  morphism 
is  finite  separable,  we  see  that  the  morphism  is  finite  etale  over  a nonempty  open  of 
Z (use  Algebra,  Lemma  10.138.9  details  omitted).  This  finishes  the  proof  of  (1). 

The  proofs  of  (2)  and  (3)  are  identical  to  the  proof  of  (1).  □ 

In  the  following  lemma  we  use  a standard  trick  to  reduce  a very  general  statement 
to  the  Noetherian  case. 

09Z7  Lemma  49.71.4.  Let  X be  a quasi-compact  and  quasi-separated  scheme. 

(1)  Let  X be  a constructible  sheaf  of  sets  on  X^taie-  There  exist  an  injective 
map  of  sheaves 

.f— ►TT-  i k*Ei 

where  fi  : Yt  — > X is  a finite  and  finitely  presented  morphism  and  E \ is  a 
finite  set. 

(2)  Let  X be  a constructible  abelian  sheaf  on  X^taie  ■ There  exist  an  injective 
map  of  abelian  sheaves 


T 


0, 


where  fi'.Yi—tX  is  a finite  and  finitely  presented  morphism  and  Mi  is 
a finite  abelian  group. 

(3)  Let  A be  a Noetherian  ring.  Let  X be  a constructible  sheaf  of  A-modules 
on  X^taie . There  exist  an  injective  map  of  sheaves  of  modules 


X 


0; 


fi,*M± 


where  fi  : Yi  -A  X is  a finite  and  finitely  presented  morphism  and  Mi  is 
a finite  A-module. 

Proof.  We  will  reduce  this  lemma  to  the  Noetherian  case  by  absolute  Noetherian 


approximation.  Namely,  by  Limits,  Proposition  31.4.4  we  can  write  X = li Xt 
with  each  Xt  of  finite  type  over  Spec(Z)  and  with  affine  transition  morphisms.  By 
Lemma  49.70.10  the  category  of  constructible  sheaves  (of  sets,  abelian  groups,  or 
A-modules)  on  X^taie  is  the  colimit  of  the  corresponding  categories  for  Xt.  Thus 
our  constructible  sheaf  X is  the  pullback  of  a similar  constructible  sheaf  Xt  over 


®If  X is  a Nagata  scheme,  for  example  of  finite  type  over  a field,  then  Y —¥  Z is  finite. 
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Xt  for  some  t.  Then  we  apply  the  Noetherian  case  (Lemma  49.71.3)  to  find  an 
injection 


Tt 


U, 


fi,*Ei  or  .Ft— 10  fi,.Mi 


over  Xt  for  some  finite  morphisms  /,;  : Xt.  Since  Xt  is  Noetherian  the 

morphisms  /,;  are  of  finite  presentation.  Since  pullback  is  exact  and  since  formation 
of  commutes  with  base  change  (Lemma  49.55.3),  we  conclude.  □ 


09XP 


49.72.  Cohomology  with  support  in  a closed  subscheme 

Let  X be  a scheme  and  let  Z C X be  a closed  subscheme.  Let  T be  an  abelian 
sheaf  on  X^taie ■ We  let 

TZ(X,  X)  = {s£  X(X)  | Supp(s)  C Z} 

be  the  sections  with  support  in  Z (Definition |49. 31  (3).  This  is  a left  exact  functor 
which  is  not  exact  in  general.  Hence  we  obtain  a derived  functor 

RTZ(X,~)  : D(X6tale)  — ► D(Ab) 

and  cohomology  groups  with  support  in  Z defined  by  HZ(X,X)  = RqT  z(X,T). 

Let  I be  an  injective  abelian  sheaf  on  X^taie.  Let  U = X \ Z.  Then  the  restriction 
mapI(X')  — > X(U)  is  surjective  (Cohomology  on  Sites,  Lemma  21.12.6)  with  kernel 
TZ{X,1).  It  immediately  follows  that  for  K £ D(Xet.aie)  there  is  a distinguished 
triangle 

RTZ{X,K)  ->•  RT(X,K)  ->•  RT(U,K ) ->•  RTZ(X,K)[1] 
in  D(Ab).  As  a consequence  we  obtain  a long  exact  cohomology  sequence 
. . . ->  Hlz(X,  K)  H\X , K)  -a  H\U , K)  -a  Hl+\X,  K)  -»■  . . . 

for  any  K in  D(XetaJe). 

For  an  abelian  sheaf  T on  X^taie  we  can  consider  the  subsheaf  of  sections  with 
support,  in  Z , denoted  Rz{X),  defined  by  the  rule 

nz{R)(U)  = {s£  R(U)  I Supp(s)  C U xx  z} 


Here  we  use  the  support  of  a section  from  Definition |49. 31 .3|  Using  the  equivalence 
of  Proposition  49.47.4  we  may  view  Rz(R)  as  an  abelian  sheaf  on  Zetaie-  Thus  we 
obtain  a functor 


Abi^X^tciief  t Ab(Z^taie), 
which  is  left  exact,  but  in  general  not  exact. 


Rz(X) 


09XQ 


Lemma  49.72.1.  Let  i : Z — > X be  a closed  immersion  of  schemes.  Let  X be 
an  injective  abelian  sheaf  on  X^taie.  Then  TLzifE)  is  an  injective  abelian  sheaf  on 
Zetaie- 

Proof.  Observe  that  for  any  abelian  sheaf  Q on  Zetaie  we  have 
Horn  z(G,nz{F))  = Horn  X(RG,R) 


because  after  all  any  section  of  i*Q  has  support  in  Z.  Since  i*  is  exact  (Section  49.47 ) 
and  as  X is  injective  on  X^taie  we  conclude  that  Rz{^)  is  injective  on  Z^taie.  □ 
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Denote 

KHz  '■  D(Xetale)  > D(Zetale ) 

the  derived  functor.  We  set  TLqz(X)  = RdHz(X)  so  that  H°Z(X)  = TLz(X).  By  the 
lemma  above  we  have  a Grothendieck  spectral  sequence 

E™  = Hp(Z,Uqz(X))  =>  Hp+q(X,X) 

09XR  Lemma  49.72.2.  Let  i : Z -A  X be  a closed  immersion  of  schemes.  Let  Q be  an 
injective  abelian  sheaf  on  Z^taie.  Then  Hvz(i^G)  = 0 for  p > 0. 


0A45 


Proof.  This  is  true  because  the  functor  **  is  exact  and  transforms  injective  abelian 
sheaves  into  injective  abelian  sheaves  (Cohomology  on  Sites,  Lemma  21.14.2).  □ 


Lemma  49.72.3.  Let  i : Z — >•  X be  a closed  immersion  of  schemes.  Let  j : U — > X 
be  the  inclusion  of  the  complement  of  Z . Let  X be  an  abelian  sheaf  on  Xetaie-  There 
is  a distinguished  triangle 


uKHz(X)  ->  Ja  Rj*(X\u)  -»•  i*RHz(X)[  1] 
in  D (Xetaie)-  This  produces  an  exact  sequence 

0 — >•  uHz(X)  -)•  X -A  j*(X\u)  -t  uH\(X)  -A  0 
and  isomorphisms  RP  j*(X\u)  = i * UPZ+1(X)  for  p>  1. 


Proof.  To  get  the  distinguished  triangle,  choose  an  injective  resolution  X — > XV 
Then  we  obtain  a short  exact  sequence  of  complexes 

0 -A  i,Uz(T)  -»■  X*  -t  i*(X*|u)  -»■  0 

by  the  discussion  above.  Thus  the  distinguished  triangle  by  Derived  Categories, 
Section  H3T21  ' □ 


Let  X be  a scheme  and  let  Z C X be  a closed  subscheme.  We  denote  Dz(Xetaie)  the 
strictly  full  saturated  triangulated  subcategory  of  D (Xetaie)  consisting  of  complexes 
whose  cohomology  sheaves  are  supported  on  Z.  Note  that  Dz(Xitaie)  only  depends 
on  the  underlying  closed  subset  of  X. 

OAEG  Lemma  49.72.4.  Let  i : Z -A  X be  a closed  immersion  of  schemes.  The  map 
Rlsmall ,*  — 1 small ,*  ■ T)(^etale)  ^ R(Xetale)  induces  an  equivalence  D(Zetale)  ^ 
Dz  (X^.taie)  with  quasi-inverse 

^ small  I Dz{Xitale)  - TLHz\dz( X6tale) 


Proof.  Recall  that  i H and  ismaii,*  is  an  adjoint  pair  of  exact  functors  such 
that  iJmnUi small,*  is  isomorphic  to  the  identify  functor  on  abelian  sheaves.  See 


Proposition  49.47.4  and  Lemma  49.36.2  Thus  i small,*  ■ D(Zitaie)  Dz(Xetaie)  is 


fully  faithfull  and  i~mau  determines  a left  inverse.  On  the  other  hand,  suppose  that 
I\  is  an  object  of  Dz(Xetaie)  and  consider  the  adjunction  map  K — » i smaii, *i~s maii^-  ■ 
Using  exactness  of  ismaii,*  and  i~mau  this  induces  the  adjunction  maps  Hn(K)  -A 
% small,  *\maiiHn{K)  on  cohomology  sheaves.  Since  these  cohomology  sheaves  are 
supported  on  Z we  see  these  adjunction  maps  are  isomorphisms  and  we  conclude 
that  D(Zetaie)  ->  Dz(Xetaie)  is  an  equivalence. 


To  finish  the  proof  we  have  to  show  that  KHz(K)  = Kmaii ^ if  K is  an  object  of 
D z (Xetaie) • To  do  this  we  can  use  that  K = iSmali,*\mallK  as  we’ve  just  proved 
this  is  the  case.  Then  we  can  choose  a K-injective  representative  I*  for  „A'. 
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Since  i small,*  is  the  right  adjoint  to  the  exact  functor  igr^aH 


, the  complex  ismaii,*1 ■* 
is  K-injective  (Derived  Categories,  Lemma  13.29.9 1.  We  see  that  KHz(K)  is  com- 
puted by  TL z{i small, *21*)  = T*  as  desired.  □ 

0A46  Lemma  49.72.5.  Let  X be  a scheme.  Let  Z C X be  a closed  subscheme.  Let  T 
be  a quasi- coherent  Ox -module  and  denote  Ta  the  associated  quasi- coherent  sheaf 


on  the  small  etale  site  of  X (Proposition  49-17.1).  Then 


(1)  Hqz(X,F)  agrees  with  H^(Xetaie,Xa), 

(2)  if  the  complement  of  Z is  retrocompact  in  X,  then  i*'Hqz(Jra)  is  a quasi- 
coherent  sheaf  of  O \ -modules  equal  to  (i*TLq{J-))a . 

Proof.  Let  j :[/—>■  X be  the  inclusion  of  the  complement  of  Z.  The  statement  (1) 
on  cohomology  groups  follows  from  the  long  exact  sequences  for  cohomology  with 
supports  and  the  agreements  Hq(Xetaie,Xa)  = Hq( X,T)  and  Hq(U^taie,Xa)  = 
Hq(U,lF),  see  Theorem  49.22.4  If  j : U — > X is  a quasi-compact  morphism,  i.e. , if 
U C X is  restrocompact,  then  Rqj * transforms  quasi-coherent  sheaves  into  quasi- 


coherent  sheaves  (Cohomology  of  Schemes,  Lemma  29.4.5)  and  commutes  with 
taking  associated  sheaf  on  etale  sites  (Descent,  Lemma  34.7.15).  We  conclude  by 
applying  Lemma [49. 72. 3|  □ 


49.73.  Affine  analog  of  proper  base  change 

09Z8  In  this  section  we  discuss  a result  by  Ofer  Gabber,  see  |Gab94l.  This  was  also 
proved  by  Roland  Huber,  see  [Hub93bl . 

09Z9  Lemma  49.73.1.  Let  X be  an  integral  normal  scheme  with  separably  closed  func- 
tion field. 

(1)  A separated  etale  morphism  U — > X is  a disjoint  union  of  open  immer- 
sions. 

(2)  All  local  rings  of  X are  strictly  henselian. 


Proof.  Let  I?  be  a normal  domain  whose  fraction  field  is  separably  algebraically 
closed.  Let  R —>  A be  an  etale  ring  map.  Then  A c E>r  K is  as  a A'-algebra  a 
finite  product  JXi=1  n ^ c°pies  of  AT.  Let  e*,  i = 1, . . . , n be  the  corresponding 
idempotents  of  A ®r  K.  Since  A is  normal  (Algebra,  Lemma  10.155.7)  the  idem- 
potents  e,  are  in  A (Algebra,  Lemma  10.36.12).  Hence  A = YlAei  and  we  may 
assume  A (g)^  K = K.  Since  A C A Z>r  K = K (by  flatness  of  R — > A and  since 
R C K ) we  conclude  that  A is  a domain.  By  the  same  argument  we  conclude  that 
A®rA  C (A<S>rA)<S)rK  = K.  It  follows  that  the  map  Az>r  A — > A is  injective  as 
well  as  surjective.  Thus  R — >■  A defines  an  open  immersion  by  Morphisms,  Lemma 


28.11.2 


and  Etale  Morphisms,  Theorem 


40.14.1 


Let  /:[/—>•  X be  a separated  etale  morphism.  Let  p £ X be  the  generic  point  and 
let  /_1(M)  = {&}*£/•  The  result  of  the  previous  paragraph  shows  the  following: 
For  any  affine  open  U'  C U whose  image  in  X is  contained  in  an  affine  we  have 
U'  = UieiUl  where  U[  is  the  set  of  point  of  U'  which  are  specializations  of  f,  . 
Moreover,  the  morphism  U[  — > X is  an  open  immersion.  It  follows  that  I/,;  = 
{£i}  is  an  open  and  closed  subscheme  of  U and  that  [/,—)•  X is  locally  on  the 
source  an  isomorphism.  By  Morphisms,  Lemma  |28.9.6|  the  fact  that  Ui  — ► X is 
separated,  implies  that  Ut  — > X is  injective  and  we  conclude  that  [7j  — ► X is  an 
open  immersion,  i.e.,  (1)  holds. 
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Part  (2)  follows  from  part  (1)  and  the  description  of  the  strict  henselization  of  Ox.x 
as  the  local  ring  at  x on  the  etale  site  of  X (Lemma  49.33.1 ).  □ 


09ZA  Lemma  49.73.2.  Let  X be  an  affine  integral  normal  scheme  with  separably  closed 
function  field.  Let  Z C X be  a closed  subscheme.  Let  V — > Z be  an  etale  morphism 
with  V affine.  Then  V is  a finite  disjoint  union  of  open  subschemes  of  Z.  IfV  —>  Z 
is  surjective  and  finite  etale , then  V — > Z has  a section. 


Proof.  By  Algebra,  Lemma  10.141.11  we  can  lift  V to  an  affine  scheme  U etale 
over  X.  Apply  Lemma [49.73.1  to  U — > X to  get  the  first  statement. 


The  final  statement  is  a consequence  of  the  first.  Let  V = U)=1  nVi  be  a finite 
decomposition  into  open  and  closed  subschemes  with  Vi  — t Z an  open  immersion. 
As  V — > Z is  finite  we  see  that  Vi  Z is  also  closed.  Let  [/,  C Z be  the  image. 
Then  we  have  a decomposition  into  open  and  closed  subshemes 


z = TT  Pi  EA  n Pi  Uf 

-L J-(a.b)  I lie  a I lies 

where  the  disjoint  union  is  over  {1, . . . ,n}  = AH  B where  A has  at  least  one 
element.  Each  of  the  strata  is  contained  in  a single  E/,  and  we  find  our  section.  □ 


09ZB  Lemma  49.73.3.  Let  X be  a normal  integral  affine  scheme  with  with  separably 
closed  function  field.  Let  Z C X be  a closed  subscheme.  For  any  finite  abelian 
group  M we  have  Hjtale(Z,Mj)  = 0. 

Proof.  By  Cohomology  on  Sites,  Lemma 
sponds  to  a M- torsor  J-  on  Z^taie-  Such  a torsor  is  clearly  a finite  locally  constant 
sheaf.  Hence  T is  representable  by  a scheme  V finite  etale  over  Z,  Lemma [49. 67. 4[ 
Of  course  V — > Z is  surjective  as  a torsor  is  locally  trivial.  Since  V — > Z has  a 
section  by  Lemma  [49. 73. 2|  we  are  done.  □ 


21.5.3  an  element  of  Hjtale(Z,M)  corre- 


09ZC  Lemma  49.73.4.  Let  X be  a normal  integral  affine  scheme  with  separably  closed 
function  field.  Let  Z C X be  a closed  subscheme.  For  any  finite  abelian  group  M 
we  have  Hjtale(Z,  M)  = 0 for  q > 1. 

Proof.  We  have  seen  that  the  result  is  true  for  FI1  in  Lemma  l49.73.3l  We  will 
prove  the  result  for  q > 2 by  induction  on  q.  Let  £ € H?tale(Z , Mj) . 

Let  X = Spec (R).  Let  I C R be  the  set  of  elements  / G R sch  that  f\znD(f)  = 0. 
All  local  rings  of  Z are  strictly  henselian  by  Lemma  [49. 73. 1|  and  Algebra,  Lemma 
|10. 148.301  Hence  etale  cohomology  on  Z or  open  subschemes  of  Z is  equal  to  Zariski 
cohomology,  see  Lemma[49.55.6|  In  particular  £ is  Zariski  locally  trivial.  It  follows 
that  for  every  prime  p of  R there  exists  an  f £ I with  / ^ p.  Thus  if  we  can  show 
that  I is  an  ideal,  then  1 € I and  we’re  done.  It  is  clear  that  / € 7,  r £ R implies 
rf  £ I.  Thus  we  now  assume  that  f,g  £ I and  we  show  that  f + g £ I.  Note  that 


D(f  + g)nZ  = D(f(f  + g))nZU  D{g{f  + g))  n Z 
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By  Mayer-Vietoris  (Cohomology,  Lemma [20. 9. 2 which  applies  as  etale  cohomology 
on  open  subschemes  of  Z equals  Zariski  cohomology)  we  have  an  exact  sequence 


HVle(D(fg(f 


■ g))  n z,  M) 


H!tale(D(f  + g)nZ,M) 


KaieWif  + 9 ))  n Z,  M)  ® Hltale(D(g(f  + g))  n Z,  M) 


and  the  result  follows  as  the  first  group  is  zero  by  induction.  □ 

09ZD  Lemma  49.73.5.  Let  X be  an  affine  scheme. 

(1)  There  exists  an  integral  surjective  morphism  X'  -A  X such  that  for  every 
closed  subscheme  Z'  C X' , every  finite  abelian  qroup  M , and  every  q > 1 
we  have  Hqtale{Z',M)  = 0. 

(2)  For  any  closed  subscheme  Z C X,  finite  abelian  group  M,  q > 1,  and 
£ £ Hqtgic(Z , M)  there  exists  a finite  surjective  morphism  X'  -A  X of 
finite  presentation  such  that  £ pulls  back  to  zero  in  Hqta[e{X'  Xx  Z . M). 


Proof.  Write  X = Spec(A).  Write  A = Z [xf\/  J for  some  ideal  J.  Let  R be  the 
integral  closure  of  Z[aq]  in  an  algebraic  closure  of  the  fraction  field  of  Z[aq].  Let 
A!  = R/ JR  and  set  X'  = Spec(W).  This  gives  an  example  as  in  (1)  by  Lemma 
149.73.41 

Proof  of  (2).  Let  X'  -A  X be  the  integral  surjective  morphism  we  found  above. 
Certainly,  £ maps  to  zero  in  Hqtale(X'  Xx  Z,  M).  We  may  write  X'  as  a limit 
X'  = lirn  X[  of  schemes  finite  and  of  finite  presentation  over  X;  this  is  easy  to  do  in 
our  current  affine  case,  but  it  is  a special  case  of  the  more  general  Limits,  Lemma 


some  i large  enough.  □ 

09ZE  Lemma  49.73.6.  Let  X be  an  affine  scheme.  Let  J-  be  a torsion  abelian  sheaf  on 
X etale ■ Let  Z C X be  a closed  subscheme.  Let  £ £ Hqtale(Z,F\z)  for  some  q > 0. 
Then  there  exists  an  injective  map  T -A  T'  of  torsion  abelian  sheaves  on  Xetaie 
such  that  the  image  of  f in  zero. 

Proof.  By  Lemmas  |49.70.2|  and  |49.52.2|  we  can  find  a map  Q -A  T with  Q a con- 
structible  abelian  sheaf  and  £ coming  from  an  element  ( of  Hjtale{Z , Q\z)-  Suppose 
we  can  find  an  injective  map  Q -A  Q'  of  torsion  abelian  sheaves  on  Xetaie  such  that 
the  image  of  £ in  H%aie{Z,  Q'\z)  is  zero.  Then  we  can  take  T'  to  be  the  pushout 

t'  = g'ugx 

and  we  conclude  the  result  of  the  lemma  holds.  (Observe  that  restriction  to  Z is 
exact,  so  commutes  with  finite  limits  and  colimits  and  moreover  it  commutes  with 
arbitrary  colimits  as  a left  adjoint  to  pushforward.)  Thus  we  may  assume  F is 
constructive. 


31.6.2 


By  Lemma 


49.52.3 


we  see  that  £ maps  to  zero  in  7/|to(e (X[  Xx  Z,M_)  for 


Assume  J-  is  constructible.  By  Lemma [49.71.4|  it  suffices  to  prove  the  result  when 
T is  of  the  form  /*M  where  M is  a finite  abelian  group  and  / : Y -A  A is  a finite 
morphism  of  finite  presentation  (such  sheaves  are  still  constructible  by  Lemma 
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49.70.9  but  we  won’t  need  this).  Since  formation  of  /*  commutes  with  any  base 


change  (Lemma  49.55.3 1 we  see  that  the  restriction  of  f*M  to  Z is  equal  to  the 
pushforward  of  M via  Y xx  Z — ► Z . By  the  Leray  spectral  sequence  (Proposition 


49.54.2)  and  vanishing  of  higher  direct  images  (Proposition  49.55.2),  we  find 

4tale(YxxZ,M). 


Hltale{ZJ*M\z)  = Hju 


By  Lemma  49.73.5  we  can  find  a finite  surjective  morphism  Y'  — > Y of  finite 
presentation  such  that  £ maps  to  zero  in  Hq(Y'  xx  Z , M).  Denoting  /'  : Y'  — > X 
the  compostion  Y'  — > Y — > X we  claim  the  map 

f*M  — > f’M 


is  injective  which  finishes  the  proof  by  what  was  said  above.  To  see  the  desired 
injectivity  we  can  look  at  stalks.  Namely,  if  x : Spec(k)  — > X is  a geometric  point, 
then 


(/*Mk  = 0/.._.  _M 


by  Proposition  49.55.2  and  similarly  for  the  other  sheaf.  Since  Y'  Y is  surjective 
and  finite  we  see  that  the  induced  map  on  geometric  points  lifting  x is  surjective 
too  and  we  conclude.  □ 


The  lemma  above  will  take  care  of  higher  cohomology  groups  in  Gabber’s  result. 
The  following  lemma  will  be  used  to  deal  with  global  sections. 

09ZF  Lemma  49.73.7.  Let  X be  a quasi-compact  and  quasi-separated  scheme.  Let 
i : Z — » A'  be  a closed  immersion.  Assume  that 

(1)  for  any  sheaf  T on  Xzar  the  map  T(X,iF)  T(Z,i^1T)  is  bijective,  and 

(2)  for  any  finite  morphism  X'  — > X assumption  (1)  holds  for  Z x x X'  — > X' . 
Then  for  any  sheaf  T on  Xet.aie  we  have  T(A,  JF)  = r(Z,  i ~manX). 

Proof.  Let  T be  a sheaf  on  X& tale-  There  is  a canonical  (base  change)  map 

i~1{^'\xZar)  1 ( hmall^lzzo.r- 

of  sheaves  on  Zzar  ■ This  map  is  injective  as  can  be  seen  by  looking  on  stalks.  The 
stalk  on  the  left  hand  side  at  z £ Z is  the  stalk  of  X\xZar  at  z.  The  stalk  on  the  right 
hand  side  is  the  colimit  over  all  elementary  etale  neighbourhoods  ( U,u ) — ► (X,z) 
such  that  U x x Z — ^ Z has  a section  over  a neighbourhood  of  z.  As  etale  morphisms 
are  open,  the  image  of  U — > X is  an  open  neighbourhood  of  z in  X and  injectivity 
follows. 

It  follows  from  this  and  assumption  (1)  that  the  map  T(A,  J7)  —>  T{Z,  ij^aii-^) 
injective.  By  (2)  the  same  thing  is  true  on  all  X'  finite  over  X. 

Let  s £ T(Z,  if^aiiX).  By  construction  of  ifmauX  there  exists  an  etale  covering 
{Vj  — ► Z},  etale  morphisms  Uj  —>  X,  sections  Sj  £ X{Uj)  and  morphisms  Vj  — > Uj 
over  X such  that  s \ y.  is  the  pullback  of  Sj.  Observe  that  every  closed  subscheme 
T C X meets  Z by  assumption  (1)  applied  to  the  sheaf  (T  — > A')*Z  for  example. 


we  can  find  a finite  surjective  morphism  X — > X such  that  X — > X Zariski  locally 
factors  through  ]j  Uj  — ► X.  It  follows  that  s\z>  Zariski  locally  comes  from  a section 
of  T\X' . In  other  words,  s\z'  comes  from  t'  £ T{X' ,X\X')  by  assumption  (2).  By 
injectivity  we  conclude  that  the  two  pullbacks  of  t'  to  X'  xx  X1  are  the  same  (after 


Thus  we  see  that  ]j  Uj  — ► X is  surjective.  By  More  on  Morphisms,  Lemma  36.31.13 
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all  this  is  true  for  the  pullbacks  of  s to  Z'  X/  Z').  Hence  we  conclude  t!  comes  from 
a section  of  T over  X by  Remark |49.55.5|  □ 

09ZG  Lemma  49.73.8.  Let  X be  a topological  space  and  let  Z C X be  a closed  subset. 

Suppose  that  for  every  x £ X the  intersection  Z n {a;}  is  connected  (in  particular 
nonempty).  Then  for  any  sheaf  T on  X we  have  T(A',  IF)  = T(Z,  F\z). 


Proof.  Let’s  view  a global  section  of  F as  an  assignment  x sx  £ Fx  satisfying 


the  continuity  property  (*)  introduced  in  Sheaves,  Section  6.17  If  x z is  a 
specialization  on  X,  then  there  is  a corresponding  map  on  stalks  Fz  -A  Fx . Thus, 
given  a global  section  s = ( sz)zez  of  F\z  we  can  assign  to  every  x € X a value 
sx  by  chooseing  a z £ Zfl{i)  and  taking  the  image  of  sz.  The  fact  that  sx  is 
independent  of  the  choice  of  z comes  from  the  fact  that  we  assumed  Z D {x}  is 
connected  (details  omitted).  It  is  clear  that  this  rule  satisfies  (*)  and  provides  us 
with  a section  s of  F over  X which  restricts  to  s.  □ 


09ZH 


Lemma  49.73.9.  Let  (A,/)  be  a henselian  pair.  Set  X = Spec(A)  and  Z = 
Spec(A/J).  For  any  sheaf  J-  on  X^taie  we  have  T(A,  F)  = T(Z1F\z). 


Proof.  Combine  Lemmas|49.73.7  and  49.73.8|and  More  on  Algebra,  Lemmas  15.8.9 
andll5.8.11l  □ 


Finally,  we  can  state  and  prove  Gabber’s  theorem. 

09ZI  Theorem  49.73.10  (Gabber).  Let  ( A,  I ) be  a henselian  pair.  Set  X = Spec(A) 
and  Z = Spec(A/J).  For  any  torsion  abelian  sheaf  J-  on  X^taie  we  have  Hjta[e(X,  F) 

Hjtale(Z,X\z). 


Proof.  The  result  holds  for  q = 0 by  Lemma  49.73.9  Let  q > 1.  Suppose  the 


result  has  been  shown  in  all  degrees  < q.  Let  J7  be  a torsion  abelian  sheaf.  Let 
F — > F'  be  an  injective  map  of  torsion  abelian  sheaves  (to  be  chosen  later)  with 
cokernel  Q so  that  we  have  the  short  exact  sequence 

04J->J'-aS^0 

of  torsion  abelian  sheaves  on  Xetaie-  This  gives  a map  of  long  exact  cohomology 
sequences  over  X and  Z part  of  which  looks  like 


HLl(z,r\z) 


H!;aUz,Q\z ) 


H%ale(X,T) 


Hjtale{Z^\z) 


Hjtale(X,X') 


Hjtale(z,r\z) 


Using  this  commutative  diagram  of  abelian  groups  with  exact  rows  we  will  finish 
the  proof. 

Injectivity  for  T.  Let  f be  a nonzero  element  of  Hjtale{X,  T).  By  Lemma  49.73.6 
applied  with  Z = X (!)  we  can  find  J-  C T'  such  that  £ maps  to  zero  to  the  right. 
Then  £ is  the  image  of  an  element  of  Hj(~ale(X,  Q ) and  bijectivity  for  q—1  implies 
£ does  not  map  to  zero  in  Hjtale(Z,  T\z). 

Surjectivity  for  J7.  Let  £ be  an  element  of  Hjtale 


S(Z,  IF\z).  By  Lemma 


49.73.6 


applied  with  Z = Z we  can  find  IF  G IF'  such  that  £ maps  to  zero  to  the  right. 
Then  £ is  the  image  of  an  element  of  Hj~a]e(Z,  Q\z ) and  bijectivity  for  q—1  implies 
£ is  in  the  image  of  the  vertical  map.  □ 
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0A51  Lemma  49.73.11.  Let  X be  a scheme  with  affine  diagonal  which  can  be  covered 
by  n + 1 affine  opens.  Let  Z C X be  a closed  subscheme.  Let  A be  a torsion  sheaf 
of  rings  on  Xetaie  and  let  X be  an  injective  sheaf  of  A-modules  on  Xetaie  ■ Then 

Hqetale(Z^I\z)=0  forq>U. 


Proof.  We  will  prove  this  by  induction  on  n.  If  n = 0,  then  X is  affine.  Say 
X = Spec(A)  and  Z = Spec(A/J).  Let  Ah  be  the  filtered  colimit  of  etale  A-algebras 
B such  that  A/ 1 — > B/IB  is  an  isomorphism.  Then  (Ah,  IAh)  is  a henselian  pair 
and  A/I  = Ah / 1 Ah , see  More  on  Algebra,  Lemma  |l5.8.13|  and  its  proof.  Set 
Xh  = Spec(A?i).  By  Theorem  49.73.10  we  see  that 

Hltale(Z,l\z)  = Hjtale(Xh,l\xh) 

By  Theorem  |49.52.l|  we  have 

Httaie(xh>:F\xh)  = colimA^BHq.tale(Spec{B),X\spec{B)) 
where  the  colimit  is  over  the  A-algebras  B as  above.  Since  the  nrorphisms  Spec(l?)  — ► 
Spec(A)  are  etale,  the  restriction  X|gpec(g)  is  an  injective  sheaf  of  A|sPec(s)"mociules 
(Cohomology  on  Sites,  Lemma  21.8.1).  Thus  the  cohomology  groups  on  the  right 
are  zero  and  we  get  the  result  in  this  case. 


Induction  step.  We  can  use  Mayer-Vietoris  to  do  the  induction  step.  Namely, 
suppose  that  X = U U V where  U is  a union  of  n affine  opens  and  V is  affine. 
Then,  using  that  the  diagonal  of  X is  affine,  we  see  that  U D V is  the  union  of  n 
affine  opens.  Mayer-Vietoris  gives  an  exact  sequence 

Hj;±{unvnz,T \z)  -a  Hqtale(z,x\z)  -a  Hqtale(unz,T\z)®Hqtale(vnz,x\z) 

and  by  our  induction  hypothesis  we  obtain  vanishing  for  q > n as  desired.  □ 


49.74.  Cohomology  of  torsion  sheaves  on  curves 


03SB  The  goal  of  this  section  is  to  prove  Theorem  49.74.12[  The  proof  uses  the  “methode 
de  la  trace”  as  explained  in  (ACV711  Expose  IX,  §5], 


Let  / : Y — > X be  an  etale  morphism  of  schemes.  There  are  pairs  of  adjoint 
functors  (/i,/-1)  and  (/-1,/*)  between  Ab(X^taie)  and  Ab(Y^taie).  The  adjunction 
map  id  — > /*/_1  is  called  restriction.  The  adjunction  map  /*/-1  = /t/_1  — > id  is 
often  called  the  trace  map.  If  / is  finite,  then  /*  = f\  and  we  can  view  this  as  a 
map  j*/-1  ->■  id. 

03SE  Definition  49.74.1.  Let  / : Y — > X be  a finite  etale  morphism  of  schemes.  The 
map  /*/-i  — > id  described  above  is  called  the  trace. 


Let  / : Y — > X be  a finite  etale  morphism.  The  trace  map  is  characterized  by  the 
following  two  properties: 

(1)  it  commutes  with  etale  localization  and 

(2)  if  Y = X then  the  trace  map  is  the  sum  map  fiff~1T  = jF®d  — ► T . 
It  follows  that  if  / has  constant  degree  d , then  the  composition 


T 


ur1? 


trace  ^ 

> T 


is  multiplication  by  d.  An  example  of  the  “methode  de  la  trace”  is  the  following 
observation:  if  T is  an  abelian  sheaf  on  X^taie  such  that  multiplication  by  d is  an 
isomorphism  T = T,  and  if  furthermore  Hqtale(Y,  f ~1T)  = 0 then  Hqtale(X,  T)  = 0 
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0A52 


0A53 

0A54 

0A55 

0A56 

0A57 

0A58 

0A59 

0A5A 


0A5B 


0A47 


as  well.  Indeed,  multiplication  by  d induces  an  isomorphism  on  H^tale{X,  F)  which 
factors  through  H?tale(Y,  f~1X)  = 0.  This  will  be  used  in  the  proof  of  Lemma 
149.74.  Ill  below. 

Situation  49.74.2.  Here  k is  an  algebraically  closed  field,  X is  a separated,  finite 
type  scheme  of  dimension  < 1 over  k,  and  T is  a torsion  abelian  sheaf  on  X^taie- 


In  Situation  49. 74. 2|  we  want  to  prove  the  following  statements 


(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 


Hltaie^X,  X)  = 0 for  q > 2, 

H'itaie^-  •7r)  = 0 for  q > 1 if  X is  affine, 

H Itaie (X,  X)  = 0 for  q > 1 if  p = char(fc)  > 0 and  T is  p-power  torsion, 
i7|iaZe(X,  is  finite  if  JF  is  constructible  and  torsion  prime  to  char(/c), 
Hritaie{X-  X)  is  finite  if  X is  proper  and  T constructible, 

Hjtaie(Xk' , is  an  isomorphism  for  any  extension 


etale 

H!tale(X,X) 


k C k!  of  algebraically  closed  fields  if  J-  is  torsion  prime  to  char(/c), 


HjtaieiXk' , X\xk,)  is  an  isomorphism  for  any  extension 


Hlale(X,T) 

k C k!  of  algebraically  closed  fields  if  X is  proper, 
H?taie(X,X)  — > Hjtale(U,  F)  is  surjective  for  all  U C X open. 


Given  any  Situation  |49.74.2  we  will  say  that  “statements  Q - ^ hold”  if  those 
statements  that  apply  to  the  given  situation  are  true.  We  start  the  proof  with  the 
following  consequence  of  our  computation  of  cohomology  with  constant  coefficients. 


Lemma  49.74.3.  In  Situation  49-74-2  assume  X is  smooth  and  J-  = Z/tZ  for 
some  prime  number  I.  Then  statements  (0  (Sp  hold  for  T. 

Proof.  Since  X is  smooth,  we  see  that  X is  a finite  disjoint  union  of  smooth  curves. 
Hence  we  may  assume  X is  a smooth  curve. 


Case  I:  i different  from  the  characteristic  of  k.  This  case  follows  from  Lemmal49.65.ll 
(projective  case)  and  Lemma  49.65.3  (affine  case).  Statement  ([6])  on  cohomology 
and  extension  of  algebraically  closed  ground  field  follows  from  the  fact  that  the 
genus  g and  the  number  of  “punctures”  r do  not  change  when  passing  from  k to 
k! . Statement  Q follows  as  H?tale{U,J-)  is  zero  as  soon  as  U ^ A',  because  then 
U is  affine  (Varieties,  Lemmas  32.32.2  and  32.32.5 1. 


Case  II:  I is  equal  to  the  characteristic  of  k.  Vanishing  by  Lemma  [49. 64.4|  State- 
ments ([5])  and  ([7])  follow  from  Lemma  49.64.5  □ 


Remark  49.74.4  (Invariance  under  extension  of  algebraically  closed  ground  field). 
Let  k be  an  algebraically  closed  field  of  characteristic  p > 0.  In  Section 
have  seen  that  there  is  an  exact  sequence 


49.64 


we 


Hltale(Al,Z/pZ) 


0 


k[x]  k[x] 

where  the  first  arrow  maps  f(x)  to  fp  — f . A set  of  representatives  for  the  cokernel 
is  formed  by  the  polynomials 

y \nXn 

with  An  £ k.  (If  A:  is  not  algebraically  closed  you  have  to  add  some  constants  to 
this  as  well.)  In  particular  when  k!  D k is  an  algebraically  closed  overfield,  then 
the  map 


77 etale  (XlZ/pZ) 

^ ^ etale  (Afe/,  Z/pZ) 
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0A5C 


0A5D 


03SG 


0A3Q 


is  not  an  isomorphism  in  general.  In  particular,  the  map  7Ti(AJ.,)  — > 7Ti(A£)  between 
etale  fundamental  groups  (insert  future  reference  here)  is  not  an  isomorphism  either. 
Thus  the  etale  homotopy  type  of  the  affine  line  depends  on  the  algebraically  closed 


ground  field.  From  Lemma  49.74.3  above  we  see  that  this  is  a phenomenon  which 
only  happens  in  characteristic  p with  p-power  torsion  coefficients. 

Lemma  49.74.5.  Let  k be  an  algebraically  closed  field.  Let  X be  a separated  finite 
type  scheme  over  k of  dimension  < 1 . Let  0 — > T\  -A  T — > Jb  — > 0 be  a short  exact 
sequence  of  torsion  abelian  sheaves  on  X.  If  statements  0 0 hold  for  and 

Ti,  then  they  hold  for  T . 

Proof.  This  is  mostly  immediate  from  the  definitions  and  the  long  exact  sequence 
of  cohomology.  Also  observe  that  T is  constructible  (resp.  of  torsion  prime  to  the 
characteristic  of  k)  if  and  only  if  both  T\  and  Ti  are  constructible  (resp.  of  torsion 
prime  to  the  characteristic  of  k).  See  Proposition  49.71.1|  Some  details  omitted.  □ 


Lemma  49.74.6.  Let  k be  an  algebraically  closed  field.  Let  f : X -A  Y be  a finite 
morphism  of  separated  finite  type  schemes  over  k of  dimension  < 1.  Let  T be  a 
torsion  abelian  sheaf  on  X.  If  statements  0 0 hold  for  T , then  they  hold  for 

UT. 

Proof.  Follows  from  the  vanishing  of  the  higher  direct  images  i?9/*  (Proposition 
49.55.2),  the  Leray  spectral  sequence  (Proposition  49.54. 2[),  and  the  fact  that  for- 
mation of  /*  commutes  with  arbitrary  base  change  (Lemma  49.55. 3[) . □ 


Lemma  49.74.7.  In  Situation 


49.74.2  assume  X is  smooth.  Let  j : U —¥  X an 
open  immersion.  Let  I be  a prime  number.  Let  T = fiZflZ.  Then  statements 
p| ) hold  for  T . 


Proof.  Consider  the  short  exact  sequence 


0 


jiZ/fZ 


Z/fZ 


x 


®xex\ulx* 


(Z/tZ) 


0. 


Statements  dl 
phisms  ix  : x 


8|  hold  for  Z/fZ  by  Lemma  149.74.3 


Since  the  inclusion  mor- 
are  finite  and  since  x is  the  spectrum  of  an  irreducible  curve, 
we  see  that  Hjtale(X,  ixJL/t7i)  is  zero  for  q > 0 and  equal  to  Z/fZ  for  q = 0.  Thus 
we  get  from  the  long  exact  cohomology  sequence 

0- 


H°itale(X,X) 


H°{X,  ZffZx)- 


ex\u 


Z/IZ 


and  H'ltale(X,  4F)  = H?tale(X,  Z/IZ^)  for  q > 2.  Each  of  the  statements  (|l 
follows  by  inspection. 

Lemma  49.74.8.  In  Situation  49-74-2  assume  X reduced.  Let  j : U -A  X an 
open  immersion.  Let  I be  a prime  number  and  J-  = fifL/IZ.  Then  statements  |Ip 
- pi)  hold  for  T . 


Proof.  The  difference  with  Lemma  149.74.71  is  that  here  we  do  not  assume  X is 
smooth.  Let  v : X'  ->  J be  the  normalization  morphism  which  is  finite  as  varieties 
are  Nagata  schemes.  Let  f : U'  — > X'  be  the  inverse  image  of  U.  By  Lemma  49.74.7 
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the  result  holds  for  jj’Z/t'Z.  By  Lemma 


49.74.6 


the  result  holds  for  v*  j(Z/7Z.  In 


general  it  won’t  be  true  that  z/*;/(Z/£Z  is  equal  to  jjZ/fZ,  but  there  will  be  a 
canonical  injective  map 

jiZ/£Z  — ► v*j[Z/£Z 


whose  cokernel  is  of  the  form  ix*Mx  where  Z C I is  a finite  set  of  closed 

points  and  is  a finite  dimensional  F^-vector  space  for  each  x £ Z.  We  obtain  a 
short  exact  sequence 


0 — > — > z^jfZ/fZ  7 ^x*Mx  ^ 0 

and  we  can  argue  exactly  as  in  the  proof  of  Lemma|49.74.7|to  finish  the  argument. 
Some  details  omitted.  □ 


03SF  Exercise  49.74.9.  Let  / : X — ► Y be  a finite  etale  morphism  with  X and 
Y irreducible.  Then  there  exists  a finite  etale  Galois  morphism  X'  — > Y which 
dominates  X over  Y.  If  you  do  not  want  to  do  the  exercise  yourself,  then  you  can 
observe  that  this  follows  by  combining  Fundamental  Groups,  Lemmas  48.4.5  and 
[48X81 


0A3R  Lemma  49.74.10.  Let  S be  an  irreducible  scheme.  Let  £ be  a prime  number. 

Let  T a finite  locally  constant  sheaf  of  F (-vector  spaces  on  S^taie-  There  exists  a 
finite  etale  morphism  f : T — ► S'  of  degree  prime  to  £ such  that  f~xT  has  a finite 
filtration  whose  successive  quotients  are  ’L/t’L  . 


Proof.  Since  T is  finite  locally  constant  and  S irreducible,  we  see  that  T has 
constant  rank  r.  Let  T — > S be  a finite  etale  covering  such  that  f~lT  is  isomorphic 
to  Z/^Z®T . We  may  assume  T is  irreducible  and  T -A  S is  Galois  with  group  G. 
This  means  simply  that  we  have  G C Aut  (T / S)  and  that  G maps  isomorphically 
to  the  Galois  group  of  the  field  extension  in  the  generic  points.  Observe  that  the 
action  of  G on  T lifts  to  an  action  of  G on  f~xT  = Z/£Z®' . Looking  at  the  stalk 
in  the  generic  point  we  obtain  a representation  p : G — > GLr(F^).  Let  H C G be 
an  GSylow  subgroup.  We  claim  that  T/H  — ► S works.  Namely,  since  H is  a finite 
Agroup,  the  irreducible  constituents  of  the  representation  p\n  are  each  trivial  of 
rank  1.  Moreover  the  degree  of  T/H  — > S is  prime  to  £.  Some  details  omitted.  □ 


03SD  Lemma  49.74.11.  In  Situation  assume  X reduced.  Let  j : U — » X an 

open  immersion  with  U irreducible.  Let  £ be  a prime  number.  Let  Q a finite  locally 
constant  sheaf  of  F (-vector  spaces  on  U.  Let  J-  = j\Q.  Then  statements  HP  & 
hold  for  T . 


Proof.  Let  / : V — >■  U be  a finite  etale  morphism  of  degree  prime  to  £ as  in  Lemma 
|49.74.10|  The  trace  map  gives  maps 

Q f*f~xG  ->  G 


whose  composition  is  an  isomorphism.  Hence  it  suffices  to  prove  the  lemma  with 
T = j\f*f~1G ■ By  Zariski’s  Main  theorem  (More  on  Morphisms,  Lemma  36.31.3) 
we  can  choose  a diagram 

V ->•}' 
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X finite  and  j'  an  open  immersion  with  dense  image.  Since  f is  finite 
Hence  j\f*f~1G  = f*j\f~1G  by  Lemma  49.55.3 
By  Lemma  49.74.6  it  suffices  to  prove  the  lemma  for  j[f~1G ■ The  existence  of  the 


with  / : Y 
this  implies  that  V = U Xx  Y. 


filtration  given  by  Lemma  49.74.10  the  fact  that  j[  is  exact,  and  Lemma  49.74.5 


reduces  us  to  the  case  F = j\ Z / £Z  which  is  Lemma 


49.74.8 


□ 


03SC  Theorem  49.74.12.  If  k is  an  algebraically  closed  field,  X is  a separated,  finite 
type  scheme  of  dimension  < 1 over  k,  and  IF  is  a torsion  abelian  sheaf  on  X^taiej 
then 


(1) 

(2) 

(3) 

(4) 

(5) 

(6) 


Hjtale(X,F)  = 0forq>2, 


(7) 

(8) 


Hltaie(x 1?)  = o for  q>  1 if  X is  affine, 

IF)  = 0 for  q > 1 if  p = chaifk)  > 0 and  T is  p-power  torsion, 

, F)  is  finite  if  F is  constructible  and  torsion  prime  to  char(k), 
Hjtaie(X,F)  is  finite  if  X is  proper  and  F constructible, 

Hjtaie(X,F)  — » Hgtale(Xk>,  F\xk, ) is  an  isomorphism  for  any  extension 
k C k'  of  algebraically  closed  fields  if  F is  torsion  prime  to  char{k), 

Hitaie(Xk',F\x.,)  is  an  isomorphism  for  any  extension 


H%ale^F) 

k C k! 

^etale\ 


of  algebraically  closed  fields  if  X is  proper, 

( X,F ) — > H?tale(U,F)  is  surjective  for  all  U C X open. 

Proof.  The  theorem  says  that  in  Situation  49.74.2  statements  0 0 hold.  Our 

first  step  is  to  replace  X by  its  reduction,  which  is  permissible  by  Proposition 
By  Lemma  |49.70.2|  we  can  write  J7  as  a filtered  colimit  of  constructible 


49.46.4 


abelian  sheaves.  Taking  cohomology  commutes  with  colimits,  see  Lemma  [49.52.2 


Moreover,  pullback  via  X^  —>  X commutes  with  colimits  as  a left  adjoint.  Thus  it 
suffices  to  prove  the  statements  for  a constructible  sheaf. 


In  this  paragraph  we  use  Lemma  49.74.5  without  further  mention.  Writing  IF  = 
F\  © . . . © Fr  where  Ft  is  ^-primary  for  some  prime  I\,  we  may  assume  that  In  kills 
J-  for  some  prime  I.  Now  consider  the  exact  sequence 


0 -4  F[l]  A J->  F/F[i\ 


0. 


Thus  we  see  that  it  suffices  to  assume  that  IF  is  f-torsion.  This  means  that  J7  is  a 
constructible  sheaf  of  F ^-vector  spaces  for  some  prime  number  t. 

By  definition  this  means  there  is  a dense  open  U C X such  that  IF\jj  is  finite 
locally  constant  sheaf  of  F^-vector  spaces.  Since  dim(X)  < 1 we  may  assume,  after 
shrinking  U,  that  U = U\  H . . . H Un  is  a disjoint  union  of  irreducible  schemes  (just 
remove  the  closed  points  which  lie  in  the  intersections  of  > 2 components  of  U). 
Consider  the  short  exact  sequence 


0 3\j  lF 


F 


© 


x£Z 


tMx 


0 


where  Z = X \ U and  Mx  is  a finite  dimensional  F^  vector  space,  see  Lemma 
49.66.6|  Since  the  etale  cohomology  of  ix*Mx  vanishes  in  degrees  > 1 and  is  equal 
to  Mx  in  degree  0 it  suffices  to  prove  the  theorem  for  j\j~1F  (argue  exactly  as  in 


the  proof  of  Lemma  49.74.7).  Thus  we  reduce  to  the  case  F = j\G  where  G is  a 


finite  locally  constant  sheaf  of  F^-vector  spaces  on  U. 

Since  we  chose  U = U\  H . . . H Un  with  Ui  irreducible  we  have 

j\G  = jl\{G\ui)  © • • • © jn\{G\un) 
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03SH 

03RT 


0A5E 


0A5F 

0A5G 


where  ji  : Ut  — > X is  the  inclusion  morphism.  The  case  of  ji\(G\ui)  is  handled  in 
Lemma  149.74. Ill  □ 


Remarks  49.74.13.  The  “trace  method”  is  very  general.  For  instance,  it  applies 
in  Galois  cohomology,  and  this  is  essentially  how  Proposition  1 19.624)  is  proved. 

Theorem  49.74.14.  Let  X be  a finite  type,  dimension  1 scheme  over  an  alge- 
braically closed  field  k.  Let  T be  a torsion  sheaf  on  X^taie.  Then 

Httale(X,F)=  0,  V?  > 3. 

If  X affine  then  also  H?tale(X,iF)  = 0. 


Proof.  If  X is  separated,  this  follows  immediately  from  the  more  precise  Theorem 
|49.74.12)  If  X is  nonseparated,  choose  an  affine  open  covering  X = Xi  U . . . U Xn . 
By  induction  on  n we  may  assume  the  vanishing  holds  over  U = X\  U . . . U Xn_i. 
Then  Mayer-Vietoris  (Lemma  49.51.11  gives 

Hlale(Xn,X)  -> 

-H-etale  (unxn,  T) 


Hlale{U,T) 


Hlale(X,X) 


0 


However,  since  U D Xn  is  an  open  of  an  affine  scheme  and  hence  affine  by  our 
dimension  assumption,  the  group  Hjtale(U  C\Xn,  T)  vanishes  by  Theorem  49.74.12 

C 


Lemma  49.74.15.  Let  k C k'  be  an  extension  of  separably  closed  fields.  Let  X be 
a proper  scheme  over  k of  dimension  < 1.  Let  T be  a torsion  abelian  sheaf  on  X. 
Then  the  map  Hjtale(X,T)  —>  Hftale( Xk' , J-\xk,)  is  an  isomorphism  for  q > 0. 


Proof.  We  have  seen  this  for  algebraically  closed  fields  in  Theorem  49.74.12 
k C k ' as  in  the  statement  of  the  lemma  we  can  choose  a diagram 


Given 


where  k C k and  k!  C k are  the  algebraic  closures.  Since  k and  k!  are  separably 
closed  the  field  extensions  k C k and  k'  C k are  algebraic  and  purely  inseparable. 


In  this  case  the  morphisms  AV 


X and  Xy 


Xv  are  universal  homeomorphisms. 


Thus  the  cohomology  of  T may  be  computed  on  Xk  and  the  cohomology  of  X\xk, 

Hence  we  deduce  the  general 

□ 


may  be  computed  on  X,  ’ , see  Proposition  49.46.4 
case  from  the  case  of  algebraically  closed  fields. 


49.75.  First  cohomology  of  proper  schemes 

In  Fundamental  Groups,  Section  |48.6|  we  have  seen,  in  some  sense,  that  taking 
R1  f*G  commutes  with  base  change  if  / : X — > Y is  a proper  morphism  and  G is 
a finite  group  (not  necessarily  commutative).  In  this  section  we  deduce  a useful 
consequence  of  these  results. 

Lemma  49.75.1.  Let  A be  a henselian  local  ring.  Let  X be  a proper  scheme  over 
A with  closed  fibre  Xq.  Let  M be  a finite  abelian  group.  Then  H }taic(X,  A I)  = 
Hiale(X0,M). 
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0A5H 


Proof.  By  Cohomology  on  Sites,  Lemma  21.5.3  an  element  of  H^talc(X,  M)  corre- 


sponds to  a M-torsor  F on  X^.aie-  Such  a torsor  is  clearly  a finite  locally  constant 
sheaf.  Hence  F is  representable  by  a scheme  V finite  etale  over  X , Lemma [49. 67. 4| 
Conversely,  a scheme  V finite  etale  over  X with  an  M-action  which  turns  it  into  an 
M-torsor  over  X gives  rise  to  a cohomology  class.  The  same  translation  between 
cohomology  classes  over  Xq  and  torsors  finite  etale  over  Xo  holds.  Thus  the  lemma 
is  a consequence  of  the  equivalence  of  categories  of  Fundamental  Groups,  Lemma 
148.6.11  □ 

The  following  technical  lemma  is  a key  ingredient  in  the  proof  of  the  proper  base 
change  theorem.  The  argument  works  word  for  word  for  any  proper  scheme  over 
A whose  special  fibre  has  dimension  < 1,  but  in  fact  the  conclusion  will  be  a 
consequence  of  the  proper  base  change  theorem  and  we  only  need  this  particular 
version  in  its  proof. 

Lemma  49.75.2.  Let  A be  a henselian  local  ring.  Let  X = P\.  Let  Xq  C X be  the 
closed  fibre.  Let  i be  a prime  number.  LetX  be  an  injective  sheaf  of  7 / YL-modules 
on  X etale • Then  Hftale(X0,X\xo)  = 0 for  q > 0. 

Proof.  Observe  that  X is  a separated  scheme  which  can  be  covered  by  2 affine 
opens.  Hence  for  q > 1 this  follows  from  Gabber’s  affine  variant  of  the  proper 
base  change  theorem,  see  Lemma  |49.73.lf|  Thus  we  may  assume  q = 1.  Let 


49.70.2 


and 


49.52.2 


we 


£ £ H\tale(X0,I\Xo)-  Goal:  show  that  £ is  0.  By  Lemmas 
can  find  a map  F — > X with  F a constructive  sheaf  of  Z/ £Z-modules  and  £ coming 
from  an  element  £ of  Hjtale(Xo,  F\x0)-  Suppose  we  have  an  injective  map  F — »•  F' 
of  sheaves  of  Z/£Z-modules  on  X^taie-  Since  X is  injective  we  can  extend  the  given 
map  F — ► X to  a map  F'  —¥  X.  In  this  situation  we  may  replace  F by  F'  and  £ by 
the  image  of  £ in  Hjtale(X0,  F'\Xq)-  Also,  if  F = F\  ® F2  is  a direct  sum,  then  we 
may  replace  F by  Fi  and  £ by  the  image  of  £ in  Hjtale(Xo,Fi\x0)- 

By  Lemma  [49. 71. 4|  and  the  remarks  above  we  may  assume  F is  of  the  form  /*M 
where  M is  a finite  Z / fZ-module  and  / : Y — > X is  a finite  morphism  of  finite 


presentation  (such  sheaves  are  still  constructive  by  Lemma  49.70.9  but  we  won’t 
need  this).  Since  formation  of  /*  commutes  with  any  base  change  (Lemma  49.55.3) 
we  see  that  the  restriction  of  /*M  to  X0  is  equal  to  the  pushforward  of  M via 
the  induced  morphism  Yq  —y  Xq  of  special  fibres.  By  the  Leray  spectral  sequence 
(Proposition |49.54.2 1 and  vanishing  of  higher  direct  images  (Proposition |49.55.2), 
we  find 

H}taie(X0J*M\xo)  = H\tale(Y0M). 

Since  Y -4  Spec(A)  is  proper  we  can  use  Lemma  49.75.1  to  see  that  the  Hjtale(Y0,  M) 
is  equal  to  Hjtale(Y,M).  Thus  we  see  that  our  cohomology  class  £ lifts  to  a coho- 
mology class 

C e Hjtale (Y,  M)  = H\tale (X,  UM) 

However,  £ maps  to  zero  in  H\tale{ X,X)  as  X is  injective  and  by  commutativity  of 


Hjtale(x,UM ) 


Hftaie(X0,(UM)\xo) 


Hltale(X,X ) 


■ Hltale(X0,X\x0) 


we  conclude  that  the  image  £ of  £ is  zero  as  well. 


□ 
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095S 

OAOB 


OAOC 

0A3S 


0A3T 


49.76.  The  proper  base  change  theorem 


The  proper  base  change  theorem  is  stated  and  proved  in  this  section.  Our  approach 
follows  roughly  the  proof  in  |AGV711  XII,  Theorem  5.1]  using  Gabber’s  ideas  (from 
the  affine  case)  to  slightly  simplify  the  arguments. 

Lemma  49.76.1.  Let  (A,  I)  be  a henselian  pair.  Let  f : X — > Spec(A)  be  a 
proper  morphism  of  schemes.  Let  Z = X Xspec(A)  Spec(A/J).  For  any  sheaf  T on 
the  topological  space  associated  to  X we  have  r(X,  F)  = r(Z,  F\z). 


Proof.  We  will  use  Lemma  |49.73.8|  to  prove  this.  To  do  this  let  Y C X be  an 
irreducible  closed  subscheme.  We  have  to  show  that  YdZ  = Y xSpec/A ) Spec  (A/I) 
is  connected.  Thus  we  may  assume  that  X is  irreducible  and  we  have  to  show 
that  Z is  connected.  Let  X — ► Spec(S)  — > Spec(A)  be  the  Stein  factorization  of 
/ (More  on  Morphisms,  Theorem  36.38.4).  Then  A — > B is  integral  and  (B,IB) 
is  a henselian  pair  (More  on  Algebra,  Lemma  15.8.9).  Thus  we  may  assume  the 
fibres  of  X -A  Spec(A)  are  geometrically  connected.  On  the  other  hand,  the  image 
T C Spec(A)  of  / is  irreducible  and  closed  as  X is  proper  over  A.  Hence  TnV(I) 
is  connected  by  More  on  Algebra,  Lemma  15.8.11  Now  Y Xgpec(A)  Spec(A/J)  — ► 
T dV(I)  is  a surjective  closed  map  with  connected  fibres.  The  result  now  follows 
from  Topology,  Lemma [5. 6. 4[  □ 


Lemma  49.76.2.  Let  (A,  I)  be  a henselian  pair.  Let  f : X — > Spec(A)  be  a 
proper  morphism  of  schemes.  Let  i : Z — » A'  be  the  closed  immersion  of  X x sPec(A) 
Spec(A/J)  into  X.  For  any  sheaf  F on  Xetaie  we  have  r(X,  F)  = T {Z , i~mallF) . 


Proof.  This  follows  from  Lemma [49 . 73 . 7| and |49 . 7 (iTT| and  the  fact  that  any  scheme 
finite  over  X is  proper  over  Spec(A).  □ 


Lemma  49.76.3.  Let  A be  a henselian  local  ring.  Let  f : X -A  Spec(A)  be  a 
proper  morphism  of  schemes.  Let  Xq  C X be  the  fibre  of  f over  the  closed  point. 
For  any  sheaf  F on  X^taie  we  have  T(X,T)  = r(X0,  .F|xo)- 

Proof.  This  is  a special  case  of  Lemma [49.76. 2|  □ 


Let  / : X — > S be  a morphism  of  schemes.  Let  s : Spec (k)  — >•  S be  a geometric 
point.  The  fibre  of  / at  s is  the  scheme  Xg  = Spec(fc)  x5js  X viewed  as  a scheme 
over  Spec(fc).  If  T is  a sheaf  on  Xetaie,  then  denote  Tj  = the  pullback  of 

T to  (Xg)^taie.  In  the  following  we  will  consider  the  set 

T{Xg,  Tg) 


Let  s € S be  the  image  point  of  s.  Let  n(s)sep  be  the  separable  algebraic  closure  of 
k(s)  in  k as  in  Definition  49.56.1  By  Lemma  49.40.4  pullback  defines  a bijection 


h(A n(s)sep  ■>  Psep'^') 
where  psep  : XK(syeP  = Spec («(s)sep)  xs  X 


X is  the  projection. 


Lemma  49.76.4.  Let  f : X — » S be  a proper  morphism  of  schemes.  Let  s —¥  S 
be  a geometric  point.  For  any  sheaf  F on  X^taie  the  canonical  map 


{f*F)s-^T{Xs,Fs) 


is  bijective. 
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0A29 


0A2A 


0A4A 


Proof.  By  Theorem  49.53.1  (for  sheaves  of  sets)  we  have 

= nx  XS  Spec (Oss%),p^allX) 

where  p : X Xg  Spec (Oss%)  -A  X is  the  projection.  Since  the  residue  field  of  the 
strictly  henselian  local  ring  0\fL-  is  n(s)sep  we  conclude  from  the  discussion  above 
the  lemma  and  Lemma [49.76. 31  □ 

Lemma  49.76.5.  Let  f : X -A  Y be  a proper  morphism  of  schemes.  Let  g :Y'  C Y 
be  a morphism  of  schemes.  Set  X'  = Y'  x y X with  projections  f : X'  — > Y'  and 
g'  : X'  -A  X . Let  X be  any  sheaf  on  X^taie-  Then  g^1  f*X  = fl{g')~1X . 

Proof.  There  is  a canonical  map  g~1f*Tr  -A  fl(g,)~1X.  Namely,  it  is  adjoint  to 
the  map 

f*X  — ► gM)-1?  = fM)~lX 

which  is  /*  applied  to  the  canonical  map  T — > g'^g')-1  X . To  check  this  map  is  an 
isomorphism  we  can  compute  what  happens  on  stalks.  Let  y'  : Spec(fc)  — > Y'  be  a 
geometric  point  with  image  y in  Y . By  Lemma  49.76.4  the  stalks  are  T{X'y,,  Xy') 
and  T{Xy,Xy)  respectively.  Here  the  sheaves  Xv  and  X 
by  the  projections  Xy 


X and  X'y, 


y cjull-ul  j y are  the  pullbacks  of  X 
X.  Thus  we  see  that  the  groups  agree  by 


Lemma  49.40.4  We  omit  the  verification  that  this  isomorphism  is  compatible  with 
our  map.  □ 

At  this  point  we  start  discussing  the  proper  base  change  theorem.  To  do  so  we 
introduce  some  notation,  consider  a commutative  diagram 


(49.76.5.1) 


of  morphisms  of  schemes.  Then  we  obtain  a commutative  diagram  of  sites 

Xetale 


X' 

etale 


fL 


fsrr, 

V 

' * gtale 


y/  _ 

1 etale 

For  any  object  E of  D(Xitaie)  we  obtain  a canonical  base  change  map 

(49.76.5.2)  gsrnanRf small, *E  ► R f small, *(g  small)  E 

in  B{Yltale).  See  Cohomology  on  Sites,  Remark  21.19.2  where  we  use  the  constant 
sheaf  Z as  our  sheaf  of  rings.  We  will  usually  omit  the  subscripts  small  in  this 
formula.  For  example,  if  E = ^[O]  where  X is  an  abelian  sheaf  on  Xetaiei  the  base 
change  map  is  a map 

(49.76.5.3)  g~1Rf*X  — ► Rfl{g')~lX 
in  D(Y!tale). 


The  map  (49.76.5.21  has  no  chance  of  being  an  isomorphism  in  the  generality  given 


above.  The  goal  is  to  show  it  is  an  isomorphism  if  the  diagram  (49.76.5.1 1 is  carte- 
sian, / : X — > Y proper,  and  the  cohomology  sheaves  of  E are  torsion.  To  study 
this  question  we  introduce  the  following  terminology.  Let  us  say  that  cohomology 
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0A4B 


commutes  with  base  change  for  f : X — > Y if  (49.76.5.31  is  an  isomorphism  for 
every  diagram  (49.76.5.1 1 where  X'  = Y'  Xy  X and  every  torsion  abelian  sheaf  T . 


Lemma  49.76.6.  Let  f : X — x Y be  a proper  morphism  of  schemes.  The  following 
are  equivalent 


(1)  cohomology  commutes  with  base  change  for  f (see  above), 

(2)  for  every  prime  number  £ and  every  injective  sheaf  of  Z/£Z-modules  I on 
Xetaie  and  every  diagram  \)9. 76. 5~ ) where  X'  = Y'  x>-  X the  sheaves 
Rq /((g')-1!  are  zero  for  q > 0. 


Proof.  It  is  clear  that  (1)  implies  (2).  Conversely,  assume  (2)  and  let  T be  an 
abelian  sheaf  on  Xetaie-  Let  Y'  — X Y be  a morphism  of  schemes  and  let  X'  = 
Y'  Xy  X with  projections  g'  : X'  —X  X and  /'  : X'  — > Y'  as  in  diagram  (49.76.5.1 ). 
We  want  to  show  the  maps  of  sheaves 


g-lRqf*X 
are  isomorphisms  for  all  q > 0. 


For  every  n > 1,  let  X[n]  be  the  subsheaf  of  sections  of  T annihilated  by  n.  Then 
T = colim  J-[n].  The  functors  g_1  and  ( g ')_1  commute  with  arbitrary  colimits  (as 
left  adjoints).  Taking  higher  direct  images  along  / or  f commutes  with  filtered 
colimits  by  Lemma  |49.52.5[  Hence  we  see  that 

g~1Rqf = cohm  g “ 1 i?9  /*  J7  [71]  and  RqfUg')~1R  = colim  Rqf(  (g')  _1.F[n] 
Thus  it  suffices  to  prove  the  result  in  case  T is  annihilated  by  a positive  integer  n. 
If  n = £n'  for  some  prime  number  £,  then  we  obtain  a short  exact  sequence 


0 -x  R[£\  F/R[£]  -a  0 

Observe  that  F/F[£\  is  annihilated  by  n! . Moreover,  if  the  result  holds  for  both 
£F[£]  and  T /£F[£],  then  the  result  holds  by  the  long  exact  sequence  of  higher  direct 
images  (and  the  5 lemma).  In  this  way  we  reduce  to  the  case  that  T is  annihilated 
by  a prime  number  £. 


0A4C 


Assume  T is  annihilated  by  a prime  number  £.  Choose  an  injective  resolution 
T — > I*  in  D(Xetaie,  Z/fZ).  Applying  assumption  (2)  and  Leray’s  acyclicity  lemma 
(Derived  Categories,  Lemma  13.17.7)  we  see  that 

/:(< /re- 

computes Rf({g')~1R.  We  conclude  by  applying  Lemma  49.76.5 


□ 


Lemma  49.76.7.  Let  f : X —X  Y and  g : Y —X  Z be  proper  morphisms  of  schemes. 
Assume 


(1)  cohomology  commutes  with  base  change  for  f , 

(2)  cohomology  commutes  with  base  change  for  g o f , and 

(3)  / is  surjective. 

Then  cohomology  commutes  with  base  change  for  g. 


Proof.  We  will  use  the  equivalence  of  Lemma  |49.76.6  without  further  mention. 
Let  £ be  a prime  number.  Let  X be  an  injective  sheaf  of  Z/fZ-modules  on  Yetaie- 
Choose  an  injective  map  of  sheaves  /-1I  —X  J where  J is  an  injective  sheaf  of 
Z/fZ-modules  on  Z^taie.  Since  / is  surjective  the  map  X — > fxJ  is  injective  (look 
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at  stalks  in  geometric  points).  Since  X is  injective  we  see  that  I is  a direct  summand 
of  f*J.  Thus  it  suffices  to  prove  the  desired  vanishing  for  . 


Let  Z'  — > Z be  a morphism  of  schemes  and  set  Y'  = Z'  x zY  and  X'  = Z'  x z X = 
Y'xyX.  Denote  a : X'  -A  X , b : Y'  — > Y , and  c : Z'  — » Z the  projections.  Similarly 
for  f':X'—}  Y'  and  g'  : Y'  -A  Z' . By  Lemma  49.76.5  we  have  b~x f„J  = f'Jea~lJ. 
On  the  other  hand,  we  know  that  Rqf'^a~lJ  and  Rq{g'  o f')^a~1J  are  zero  for 


q > 0.  Using  the  spectral  sequence  (Cohomology  on  Sites,  Lemma  21.14.7 1 


Rp g'*Rq f'*a~l  J =►  Rp+q(g'  o 


we  conclude  that  Rpg'*{b  1f*J)  = Rpg'^(fla  1J)  = 0 for  p > 0 as  desired. 


□ 


0A4D  Lemma  49.76.8.  Let  f : X -A  Y and  g : Y -A  Z be  proper  morphisms  of  schemes. 
Assume 

(1)  cohomology  commutes  with  base  change  for  f , and 

(2)  cohomology  commutes  with  base  change  for  g. 

Then  cohomology  commutes  with  base  change  for  fog. 


Proof.  We  will  use  the  equivalence  of  Lemma  |49.76.6|  without  further  mention. 
Let  £ be  a prime  number.  Let  X be  an  injective  sheaf  of  Z/^Z-modules  on  Xetaie- 
Then  /*I  is  an  injective  sheaf  of  Z/fZ-modules  on  Y^taie  (Cohomology  on  Sites, 
Lemma  21.14.2).  The  result  follows  formally  from  this,  but  we  will  also  spell  it  out. 


Let  Z’  — > Z be  a morphism  of  schemes  and  set  Y'  = Z'  XzY  and  X'  = Z'  x z X = 
Y'xyX.  Denote  a : X’  — ► X , b : Y’  — ► Y , and  c : Z’  — ► Z the  projections.  Similarly 

we  have  = /'a_1I. 


49.76.5 


for  /'  : X’  -t  Y’  and  g’  : Y’  ->  Z’ . By  Lemma 

On  the  other  hand,  we  know  that  Rqf^a~1X  and  i?9(g/)*6_1/*X  are  zero  for  q > 0. 


Using  the  spectral  sequence  (Cohomology  on  Sites,  Lemma  21.14.7) 


Rpg'ifRqf:a-1X  =>  Rp+q(g'  o f')*aTlI 


we  conclude  that  Rp(g'  o /')*a  lX  = 0 for  p > 0 as  desired. 


□ 


0A4E  Lemma  49.76.9.  Let  f : X — >■  Y be  a finite  morphism  of  schemes.  Then  coho- 
mology commutes  with  base  change  for  f . 


Proof.  Observe  that  a finite  morphism  is  proper,  see  Morphisms,  Lemma[28.43. 10| 
Moreover,  the  base  change  of  a finite  morphism  is  finite,  see  Morphisms,  Lemma 
Thus  the  result  follows  from  Lemma  |49.76.6|  combined  with  Proposition 

□ 


28.43.6 


49.55.2 


0A4F  Lemma  49.76.10.  To  prove  that  cohomology  commutes  with  base  change  for  every 
proper  morphism  of  schemes  it  suffices  to  prove  it  holds  for  the  morphism  Pjj  — > S 
for  every  scheme  S. 


Proof.  Let  / : X — > Y be  a proper  morphism  of  schemes.  Let  Y = (J  Yi  be  an 
affine  open  covering  and  set  Xj  = /~1(Ui).  If  we  can  prove  cohomology  commutes 
with  base  change  for  Xi  -A  Y),  then  cohomology  commutes  with  base  change  for 
/.  Namely,  the  formation  of  the  higher  direct  images  commutes  with  Zariski  (and 
even  etale)  localization  on  the  base,  see  Lemma  49.52.4  Thus  we  may  assume  Y 
is  affine. 


49.76.  THE  PROPER  BASE  CHANGE  THEOREM 


3305 


Let  Y be  an  affine  scheme  and  let  A'  — > Y be  a proper  morphism.  By  Chow’s 
lemma  there  exists  a commutative  diagram 


Y 


where  X'  — > Py  is  an  immersion,  and  7r  : X'  — > X is  proper  and  surjective,  see 
Limits,  Lemma  31.11.1  Since  X — > Y is  proper,  we  find  that  X'  — > Y is  proper 
(Morphisms,  Lemma  28.41.4).  Hence  X'  — > P"-  is  a closed  immersion  (Morphisms, 
Lemma  28.41.7).  It  follows  that  X'  — > X Xy  P”-  = Py  is  a closed  immersion  (as 
an  immersion  with  closed  image). 

By  Lemma |49.76.7|  it  suffices  to  prove  cohomology  commutes  with  base  change  for 
7T  and  X'  — > Y . These  morphisms  both  factor  as  a closed  immersion  followed  by 
a projection  Pg  — > S (for  some  S).  By  Lemma  49.76.9  the  result  holds  for  closed 
immersions  (as  closed  immersions  are  finite).  By  Lemma  49.76.8  it  suffices  to  prove 
the  result  for  projections  Pg  S. 


For  every  n > 1 there  is  a finite  surjective  morphism 

P^xs...sxP^— j-Pg 

given  on  coordinates  by 

((*i  : 2/i),  (X2  ■ 2/2),  yn))  ' — > (Fq  : 


■Fn) 


where  Fq,  . . . , Fn  in  X\, . . . , yn  are  the  polynomials  with  integer  coefficients  such 
that 

+ yi)  = Fotn  + F\tn  1 + . . . + Fn 

Applying  Lemmas  |49.76.7[  49.76.9  and  49.76.8  one  more  time  we  conclude  that 
the  lemma  is  true.  □ 


095T  Theorem  49.76.11.  Let  f : X — » Y be  a proper  morphism  of  schemes.  Let 
g : Y'  Y be  a morphism  of  schemes.  Set  X'  = Y'  Xy  X and  consider  the 

cartesian  diagram 


X1 

S' 

Y 

V 


/ 

9 

9 


x 


s 

Y 

Y 


Let  F be  an  abelian  torsion  sheaf  on  X^taie . Then  the  base  change  map 


g~1Rf*F  — » Rfl(g')~l F 


is  an  isomorphism. 


Proof.  In  the  terminology  introduced  above,  this  means  that  cohomology  com- 
mutes with  base  change  for  every  proper  morphism  of  schemes.  By  Lemma|49.76.10| 
it  suffices  to  prove  that  cohomology  commutes  with  base  change  for  the  morphism 
Pg  — > S for  every  scheme  S. 
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Let  S be  the  spectrum  of  a strictly  henselian  local  ring  with  closed  point  s.  Set 
X = Pg  and  AT0  = A's  = P*.  Let  T be  a sheaf  of  Z/^Z-modules  on  Xgtaie.  The 
key  to  our  proof  is  that 


Hltale(X,T)  = H!tale(X0,T\Xo). 

Namely,  choose  a resolution  T — > I*  by  injective  sheaves  of  Z/^Z-modules.  Then 
1'\x0  is  a resolution  of  J-\x0  by  right  H®tale(X0:  — )-acyclic  objects,  see  Lemma 
49.75.21  Leray’s  acyclicity  lemma  tells  us  the  right  hand  side  is  computed  by  the 


complex  H®tale(X0,I*\x0)  which  is  equal  to  H®tale(X,Z*)  by  Lemma  49.76.3  This 
complex  computes  the  left  hand  side. 


Assume  S is  general  and  T is  a sheaf  of  Z/£Z-modules  on  X^taie.  Let  s : Spec (k)  — ► 
S be  a geometric  point  of  S lying  over  s £ S.  We  have 


etale K(s)sep 


,^|pi  ) 

1 «(s)seP' 


where  K,(s)sep  is  the  residue  field  of  0\ j5,  i.e. , the  separable  algebraic  closure  of 
k(s)  in  k.  The  first  equality  by  Theorem  49.53.1  and  the  second  equality  by  the 
displayed  formula  in  the  previous  paragraph. 


Finally,  consider  any  morphism  of  schemes  g : T — ► S where  S and  T are  as  above. 
Set  f : Py  — » T the  projection  and  let  g'  : P^  — > P^  the  morphism  induced  by  g. 
Consider  the  base  change  map 

g-'Wf^^WfKg')-1? 


Let  1 be  a geometric  point  of  T with  image  s = g(t).  By  our  discussion  above  the 
map  on  stalks  at  t is  the  map 


(a)sep)  ^ "^etale  (Pft(t)5e!1  > 


Since  n(s)sep  C n(t)sep  this  map  is  an  isomorphism  by  Lemma [49.74.15 


This  proves  cohomology  commutes  with  base  change  for  P^  — ► S and  sheaves  of 
Z/fZ-modules.  In  particular,  for  an  injective  sheaf  of  Z /tZ-modules  the  higher 
direct  images  of  any  base  change  are  zero.  In  other  words,  condition  (2)  of  Lemma 
|49.76.6|  holds  and  the  proof  is  complete.  □ 


49.77.  Applications  of  proper  base  change 

0A5I  As  an  application  of  the  proper  base  change  theorem  we  obtain  the  following. 

095U  Lemma  49.77.1.  Let  f : X Y be  a proper  morphism  of  schemes  all  of  whose 
fibres  have  dimension  < n.  Then  for  any  abelian  torsion  sheaf  T on  X^taie  we  have 
RqU  T = 0 forq>  2 n. 

Proof.  Omitted.  Hints:  By  the  proper  base  change  theorem  it  suffices  to  prove 
that  for  a proper  scheme  X over  an  algebraically  closed  field,  the  etale  cohomology 
of  T vanishes  above  2 dim  A.  By  the  proper  base  change  theorem  and  devissage 
(using  Chow’s  lemma  for  example)  one  can  reduce  to  the  case  where  the  dimension 
of  A is  1.  The  case  of  curves  is  Theorem  149. 74.141  See  also  Remarks  149.74. 13l  □ 

0A3V  Lemma  49.77.2.  Let  f : X —>■  Y be  a morphism  of  finite  type  with  Y quasi- 
compact. Then  the  dimension  of  the  fibres  of  f is  bounded. 
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Proof.  By  Morphisms,  Lemma [28 . 28 . 4|  the  set  Un  C A'  of  points  where  the  dimen- 
sion of  the  fibre  is  < n is  open.  Since  / is  of  finite  type,  every  point  is  contained 
in  some  Un.  Since  Y is  quasi-compact  and  / is  of  finite  type,  we  see  that  X is 
quasi-compact.  Hence  X = Un  for  some  n.  □ 

49.78.  The  trace  formula 

03SJ  A typical  course  in  etale  cohomology  would  normally  state  and  prove  the  proper 
and  smooth  base  change  theorems,  purity  and  Poincare  duality.  All  of  these  can  be 
found  in  IDel771  Areata].  Instead,  we  are  going  to  study  the  trace  formula  for  the 
frobenius,  following  the  account  of  Deligne  in  [Del  771  Rapport],  We  will  only  look 
at  dimension  1,  but  using  proper  base  change  this  is  enough  for  the  general  case. 
Since  all  the  cohomology  groups  considered  will  be  etale,  we  drop  the  subscript 
ztaie-  Let  us  now  describe  the  formula  we  are  after.  Let  X be  a finite  type  scheme 
of  dimension  1 over  a finite  field  k,  £ a prime  number  and  F a constructible,  flat 
Zf£nZ  sheaf.  Then 

03SK  (49.78.0.1)  £ TV(Frob|^)  = £2  (~iyTr(ir*x\Hi(X  k,F)) 

as  elements  of  Z/£nZ.  As  we  will  see,  this  formulation  is  slightly  wrong  as  stated. 
Let  us  nevertheless  describe  the  symbols  that  occur  therein. 

49.79.  Frobenii 

03SL  In  this  section  we  will  prove  a “baffling”  theorem.  A topological  analogue  of  the 
baffling  theorem  is  the  following. 

03SO  Exercise  49.79.1.  Let  A be  a topological  space  and  g : X — ► X a continuous 
map  such  that  g_1(l 7)  = U for  all  opens  U of  X.  Then  g induces  the  identity  on 
cohomology  on  A'  (for  any  coefficients). 

We  now  turn  to  the  statement  for  the  etale  site. 

03SP  Lemma  49.79.2.  Let  X be  a scheme  and  g : X — > X a morphism.  Assume  that 
for  all  ip  : U — ► X etale,  there  is  an  isomorphism 

U U X ip.X,g  X 


X 


functorial  in  U . Then  g induces  the  identity  on  cohomology  (for  any  sheaf). 
Proof.  The  proof  is  formal  and  without  difficulty.  □ 

03SM  Definition  49.79.3.  Let  X be  a scheme  in  characteristic  p.  The  absolute  frobenius 
of  X is  the  morphism  Fx  : X — > X which  is  the  identity  on  the  induced  topological 
space,  and  which  takes  a function  to  its  pth  power.  Thus  Fx  : Ox  — > Ox  is  given 
by  g gp. 

03SN  Theorem  49.79.4  (The  Baffling  Theorem).  Let  X be  a scheme  in  characteris- 
tic p > 0.  Then  the  absolute  frobenius  induces  (by  pullback)  the  trivial  map  on 
cohomology,  i.e.,  for  all  integers  j > 0, 

Fx  : Hj( A,  Z/nZ)  — > Hj(X,Z/nZ) 
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is  the  identity. 


This  theorem  is  purely  formal.  It  is  a good  idea,  however,  to  review  how  to  compute 
the  pullback  of  a cohomology  class.  Let  us  simply  say  that  in  the  case  where 
cohomology  agrees  with  Cech  cohomology,  it  suffices  to  pull  back  (using  the  fiber 
products  on  a site)  the  Cech  cocycles.  The  general  case  is  quite  technical,  see 
Hyper  coverings,  Theorem  24.9. 1|  To  prove  the  theorem,  we  merely  verify  that  the 
assumption  of  Lemma  49.79.2  holds  for  the  frobenius. 


Proof  of  Theorem  149. 79.41  We  need  to  verify  the  existence  of  a functorial  iso- 
morphism as  above.  For  an  etale  morphism  <p  : U —¥  S,  consider  the  diagram 


The  dotted  arrow  is  an  etale  morphism  which  induces  an  isomorphism  on  the  un- 
derlying topological  spaces,  so  it  is  an  isomorphism.  □ 

03SQ  Definition  49.79.5.  Let  k be  a finite  field  with  q = pf  elements.  Let  X be  a 
scheme  over  k.  The  geometric  frobenius  of  X is  the  morphism  nx  : X — ► X over 
Spec(fc)  which  equals  F £. 

Since  nx  is  a morphism  over  k,  we  can  base  change  it  to  any  scheme  over  k.  In 
particular  we  can  base  chage  it  to  the  algebraic  closure  k and  get  a morphism 
7 tx  : Xj.  — ► Xj..  Using  7r x also  for  this  base  change  should  not  be  confusing  as  Xj. 
does  not  have  a geometric  frobenius  of  its  own. 

03SR  Lemma  49.79.6.  Let  T be  a sheaf  on  X^taie-  Then  there  are  canonical  isomor- 
phisms = T and  J-  = ttx*F. 

This  is  false  for  the  fppf  site. 


Proof.  Let  ip  : U — X X be  etale.  Recall  that  ttx*F(U)  = F(U  Xv>x,-kx  ^0-  Since 
7t  x = iy,  ^ follows  from  the  proof  of  Theorem 
isomorphism 


49.79.4 


that  there  is  a functorial 


X 


where  7 u = (tp,Fy).  Now  we  define  an  isomorphism 

F(U)  — > 7 tx*F{U)  = F{U  X) 

by  taking  the  restriction  map  of  T along  7^ 1 . The  other  isomorphism  is  analogous. 

□ 


03SS 


Remark  49.79.7.  It  may  or  may  not  be  the  case  that  F '(j  equals  ttu- 
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We  continue  discussion  cohomology  of  sheaves  on  our  scheme  X over  the  finite  field 
k with  q = pf  elements.  Fix  an  algebraic  clsoure  k of  k and  write  Gk  = Gal (k/k) 
for  the  absolute  Galois  group  of  k.  Let  T be  an  abelian  sheaf  on  X^taie-  We  will 
define  a left  G/c-module  structure  cohomology  group  {Xk  , F\xT  ) as  follows:  if 
<7  £ Gk-,  the  diagram 

Spec(er)xidx 
k ‘ ^ ' k 


X 


commutes.  Thus  we  can  set,  for  £ £ H^{Xk,F\xk) 
ct-£:=  (Spec(cr)  x idx)*£  e HJ(Xk,  (Spec(a)  x idx)_1^'|^fc)  = H°  (Xk,F\X-k), 


where  the  last  equality  follows  from  the  commutativity  of  the  previous  diagram. 
This  endows  the  latter  group  with  the  structure  of  a G^-module. 


03ST  Lemma  49.79.8.  In  the  situation  above  denote  a : X — > Spec(A:)  the  structure 
morphism.  Consider  the  stalk  T)sPec(fc)  endowed  with  its  natural  Galois  ac- 

tion as  in  Section  49.56\  Then  the  identification 

(R>a*T)SpecCk)^H\X-klX\X-k) 


from  Theorem  49.53.1  is  an  isomorphism  of  Gk-modules. 


A similar  result  holds  comparing  (R^a  !-F)spec(fc)  with  H3c(Xk,  F\xk)- 


Proof.  Omitted. 


□ 


03SU  Definition  49.79.9.  The  arithmetic  frobenius  is  the  map  frobfc  : k — > k,  x K > xq 
of  Gfc. 

03SV  Theorem  49.79.10.  Let  T be  an  abelian  sheaf  on  Xgtaie.  Then  for  all  j > 0, 
frobk  acts  on  the  cohomology  group  H3 {Xk,  F\xk ) as  the  inverse  of  the  map  x*x. 

The  map  n*x  is  defined  by  the  composition 

W(X-klT\X-k)  H3(X~k,  (Tr^/Oks)  = H\Xk,X\x-k). 

where  the  last  isomorphism  comes  from  the  canonical  isomorphism  = F of 

Lemma  149.79.61 

Proof.  The  composition  Xk  s.pec(frobG;>  equaj  to  Fx_ , hence  the 

result  follows  from  the  baffling  theorem  suitably  generalized  to  nontrivial  coeffi- 
cients. Note  that  the  previous  composition  commutes  in  the  sense  that  Fx_  = 
7 tx  o Spec(frobfc)  = Spec(frobfe)  o ttx-  □ 

03SW  Definition  49.79.11.  If  a;  € X{k)  is  a rational  point  and  x : Spec(fc)  — > X the 
geometric  point  lying  over  x,  we  let  7rx  : Fs  — > FS:  denote  the  action  by  frob^  1 and 
call  it  the  geometric  frobeniu 


®This  notation  is  not  standard.  This  operator  is  denoted  Fx  in  IDel77l.  We  will  likely  change 
this  notation  in  the  future. 
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03SX 


We  can  now  make  a more  precise  statement  (albeit  a false  one)  of  the  trace  formula 
(49.78.0.1).  Let  X be  a finite  type  scheme  of  dimension  1 over  a finite  field  k,  £ a 
prime  number  and  T a constructible,  flat  Z/£nZ  sheaf.  Then 


(49.79.11.1) 


E , Tr^xl Jx)=E2  (-lTTr(n*x\Hl(X-k,T)) 

z — 'x€X(k)  z — -,/=n 


i=0 


as  elements  of  Z/£nZ.  The  reason  this  equation  is  wrong  is  that  the  trace  in  the 
right-hand  side  does  not  make  sense  for  the  kind  of  sheaves  considered.  Before 
addressing  this  issue,  we  try  to  motivate  the  appearance  of  the  geometric  frobenius 
(apart  from  the  fact  that  it  is  a natural  morphism!). 


Let  us  consider  the  case  where  X = Pj.  and  T = ZflZ.  For  any  point,  the  Galois 
module  Tr£  is  trivial,  hence  for  any  morphism  ip  acting  on  J-g,  the  left-hand  side  is 


Now  Pj.  is  proper,  so  compactly  supported  cohomology  equals  standard  cohomol- 
ogy, and  so  for  a morphism  tt  : P\  — > Pj.,  the  right-hand  side  equals 

Tr (tt*  \H°(P\,  Z/IZ) ) + Tr (tt*  | H2 (P* , Z/IZ) ) . 


The  Galois  module  H°(Pj^,Z/£Z)  = ZjtZ  is  trivial,  since  the  pullback  of  the 
identity  is  the  identity.  Hence  the  first  trace  is  1,  regardless  of  n.  For  the  second 
trace,  we  need  to  compute  the  pullback  n*  : f72(P|,  Z/£Z))  for  a map  tt  : Pi  — >•  P),. 
This  is  a good  exercise  and  the  answer  is  multiplication  by  the  degree  of  tt  (for  a 
proof  see  Lemma  49.65.2).  In  other  words,  this  works  as  in  the  familiar  situation 
of  complex  cohomology.  In  particular,  if  tt  is  the  geometric  frobenius  we  get 

T^*x\H2(P\1Z/£Z))  = q 


and  if  tt  is  the  arithmetic  frobenius  then  we  get 

Tr(frobfc|i72(P[.,  Z/IZ))  = g-1. 

The  latter  option  is  clearly  wrong. 

03SY  Remark  49.79.12.  The  computation  of  the  degrees  can  be  done  by  lifting  (in 
some  obvious  sense)  to  characteristic  0 and  considering  the  situation  with  complex 
coefficients.  This  method  almost  never  works,  since  lifting  is  in  general  impossible 
for  schemes  which  are  not  projective  space. 


The  question  remains  as  to  why  we  have  to  consider  compactly  supported  coho- 
mology. In  fact,  in  view  of  Poincare  duality,  it  is  not  strictly  necessary  for  smooth 
varieties,  but  it  involves  adding  in  certain  powers  of  q.  For  example,  let  us  consider 
the  case  where  X = A*,  and  F = Z/^Z.  The  action  on  stalks  is  again  trivial,  so  we 
only  need  look  at  the  action  on  cohomology.  But  then  tt*x  acts  as  the  identity  on 
H°(A f , Z/f'Z)  and  as  multiplication  by  q on  R2( , Z/tZ). 


49.80.  Traces 

03SZ  We  now  explain  how  to  take  the  trace  of  an  endomorphism  of  a module  over  a 
noncommutative  ring.  Fix  a finite  ring  A with  cardinality  prime  to  p.  Typically, 
A is  the  group  ring  (Z/£nZ)[G\  for  some  finite  group  G.  By  convention,  all  the 
A-modules  considered  will  be  left  A-modules. 


49.81.  WHY  DERIVED  CATEGORIES? 


3311 


We  introduce  the  following  notation:  We  set  to  be  the  quotient  of  A by  its 
additive  subgroup  generated  by  the  commutators  (i.e. , the  elements  of  the  form 
ab  — ba,  a,  b £ A).  Note  that  A^  is  not  a ring. 

For  instance,  the  module  (Z/£”Z)[G]^  is  the  dual  of  the  class  functions,  so 

(z/rz)[G]t  = 0 . z/rz. 

conjugacy  classes  ot  G 

For  a free  A-module,  we  have  EndA(A®m)  = Matn(A).  Note  that  since  the  modules 
are  left  modules,  representation  of  endomorphism  by  matrices  is  a right  action:  if 
a £ End(A®m)  has  matrix  A and  v £ A,  then  a(v ) = vA. 

03T0  Definition  49.80.1.  The  trace  of  the  endomorphism  a is  the  sum  of  the  diagonal 
entries  of  a matrix  representing  it.  This  defines  an  additive  map  Tr  : EndA(A®m)  — > 

AK 

03T1  Exercise  49.80.2.  Given  maps 

^©n  ^ffin  ^ffim 

show  that  Tr(a6)  = Tr(6a). 

We  extend  the  definition  of  the  trace  to  a finite  projective  A-module  P and  an 
endomorphism  ip  of  P as  follows.  Write  P as  the  summand  of  a free  A-module,  i.e., 
consider  maps  P A®n  -©■  P with 

(1)  A®n  = Im(a)  © Ker(6);  and 

(2)  b o a = idp. 

Then  we  set  Tr(<p)  = Tr (a<pb).  It  is  easy  to  check  that  this  is  well-defined,  using 
the  previous  exercise. 


49.81.  Why  derived  categories? 

03T2  With  this  definition  of  the  trace,  let  us  now  discuss  another  issue  with  the  formula  as 
stated.  Let  G be  a smooth  projective  curve  over  k.  Then  there  is  a correspondence 
between  finite  locally  constant  sheaves  T on  Cytale  which  stalks  are  isomorphic 
to  (Z/£”Z)®”1  on  the  one  hand,  and  continuous  representations  p : 7Ti(G,  c)  -4 
GLm(Z/£nZ))  (for  some  fixed  choice  of  c)  on  the  other  hand.  We  denote  Tp  the 
sheaf  corresponding  to  p.  Then  H2(Ck,Pp)  is  the  group  of  coinvariants  for  the 
action  of  p(ni(C,c))  on  (Z/^”Z)0m,  and  there  is  a short  exact  sequence 

0 ■>  7Ti(Gfc,c)  — » 7ri(C,c)  — ■>  Gk  — > 0. 

For  instance,  let  Z = Z a act  on  Z/T2Z  via  a(x)  = (1  + €)x.  The  coinvariants 
are  (Z/£2Z)CT  = Z/fZ,  which  is  not  a flat  Z/TZ-module.  Hence  we  cannot  take 
the  trace  of  some  action  on  H2{Ck,Fp),  at  least  not  in  the  sense  of  the  previous 
section. 

In  fact,  our  goal  is  to  consider  a trace  formula  for  £-adic  coefficients.  But  = 
Zf\l/t]  and  Zg  = limZ/£,lZ,  and  even  for  a flat  Z/T"Z  sheaf,  the  individual  coho- 
mology groups  may  not  be  flat,  so  we  cannot  compute  traces.  One  possible  remedy 
is  consider  the  total  derived  complex  i?r(G^,, Tp)  in  the  derived  category  D( Z/lnZ) 
and  show  that  it  is  a perfect  object,  which  means  that  it  is  quasi-isomorphic  to  a 
finite  complex  of  finite  free  module.  For  such  complexes,  we  can  define  the  trace, 
but  this  will  require  an  account  of  derived  categories. 


49.82.  DERIVED  CATEGORIES 


3312 


49.82.  Derived  categories 

03T3  To  set  up  notation,  let  A be  an  abelian  category.  Let  Comp  (.4)  be  the  abelian 
category  of  complexes  in  A.  Let  K (A)  be  the  category  of  complexes  up  to  ho- 
motopy,  with  objects  equal  to  complexes  in  A and  objects  equal  to  homotopy 
classes  of  morphisms  of  complexes.  This  is  not  an  abelian  category.  Loosely 
speaking,  D(A)  is  defined  to  be  the  category  obtained  by  inverting  all  quasi- 
isomorphisms in  Comp(„4)  or,  equivalently,  in  K(A).  Moreover,  we  can  define 
Comp+  (A) , K+  (A) , D+  (A)  analogously  using  only  bounded  below  complexes.  Sim- 
ilarly, we  can  define  Comp_(M),/\”(M),D_(M)  using  bounded  above  complexes, 
and  we  can  define  Compb  (A) , Kb  (A) , Db  (A)  using  bounded  complexes. 

03T4  Remark  49.82.1.  Notes  on  derived  categories. 

(1)  There  are  some  set-theoretical  problems  when  A is  somewhat  arbitrary, 
which  we  will  happily  disregard. 

(2)  The  categories  K(A)  and  D(A)  may  be  endowed  with  the  structure  of  tri- 
angulated category,  but  we  will  not  need  these  structures  in  the  following 
discussion. 

(3)  The  categories  Comp(^4)  and  K{A)  can  also  be  defined  when  A is  an 
additive  category. 

The  homology  functor  Hl  : Comp(M)  — > A taking  a complex  K * i— >■  extends 

to  functors  Hl  : K(A)  — >■  A and  H1  : D(A)  A. 

03T5  Lemma  49.82.2.  An  object  E of  D(A)  is  contained  in  D+{A)  if  and  only  if 
Hl(E)  = 0 for  all  i -C  0.  Similar  statements  hold  for  D~  and  D+ . 

Proof.  Hint:  use  truncation  functors.  See  Derived  Categories,  Lemmafl3.11.6|  □ 

03T6  Lemma  49.82.3.  Morphisms  between  objects  in  the  derived  category. 

(1)  Let  /*  £ Comp+  (A)  with  In  injective  for  all  n £ Z.  Then 

Horn  D{A)(K\r)  = Horn  k{a){K\I'). 

(2)  Let  P * € Comp~ {A)  with  Pn  is  projective  for  all  n £ Z.  Then 

Horn  D(A){P\IC)  = Horn  K(A){P\IC). 

(3)  If  A has  enough  injectives  and  I C A is  the  additive  subcategory  of  injec- 
tives,  then  D+(A)  = K+(T)  (as  triangulated  categories). 

(4)  If  A has  enough  projectives  and  V C A is  the  additive  subcategory  of 
projectives,  then  D~(A)  = I\~{V). 

Proof.  Omitted.  □ 

03T7  Definition  49.82.4.  Let  F : A — > B be  a left  exact  functor  and  assume  that  A 
has  enough  injectives.  We  define  the  total  right  derived  functor  of  F as  the  functor 
RF  : D+(A)  — >■  D+(B)  fitting  into  the  diagram 

D+(A)  -^*D+(B) 

A A 


K+(l) 


F 


K+{B). 
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This  is  possible  since  the  left  vertical  arrow  is  invertible  by  the  previous  lemma. 
Similarly,  let  G : A — ) B be  a right  exact  functor  and  assume  that  A has  enough 
projectives.  We  define  the  total  right  derived  functor  of  G as  the  functor  LG  : 
D~(A)  — >•  D~(B)  fitting  into  the  diagram 

D~  {A) — ^ D~  (B) 

A 

K~(V)-^K~{B). 

This  is  possible  since  the  left  vertical  arrow  is  invertible  by  the  previous  lemma. 

03T8  Remark  49.82.5.  In  these  cases,  it  is  true  that  RlF(I\*)  = Hl{RF(K *)),  where 
the  left  hand  side  is  defined  to  be  *th  homology  of  the  complex  F(K *). 

49.83.  Filtered  derived  category 

03T9  It  turns  out  we  have  to  do  it  all  again  and  build  the  filtered  derived  category  also. 

03TA  Definition  49.83.1.  Let  A be  an  abelian  category. 

(1)  Let  Fil(A)  be  the  category  of  filtered  objects  (A,F)  of  A,  where  F is  a 
filtration  of  the  form 

Ad  ...  D FnA  D Fn+1A  D ...  D 0. 

This  is  an  additive  category. 

(2)  We  denote  Fil^(A)  the  full  subcategory  of  Fil(A)  whose  objects  (A,F) 
have  finite  filtration.  This  is  also  an  additive  category. 

(3)  An  object  I € Fil-^(A)  is  called  filtered  injective  (respectively  projective) 
provided  that  grp(/)  = gr PF(I)  = FPI/FP+1I  is  injective  (resp.  projective) 
in  A for  all  p. 

(4)  The  category  of  complexes  Comp  (Fir  (.4))  D Comp+(Fil^(_4))  and  its 
homotopy  category  A'(Fil^(A))  D K +(Fil^(A))  are  defined  as  before. 

(5)  A morphism  a : Km  — > L*  of  complexes  in  Comp(Fil^(A))  is  called  a 
filtered  quasi-isomorphism  provided  that 

grP(a)  : gr^A*)  gr ?(Lm) 

is  a quasi-isomorphism  for  all  p £ Z. 

(6)  We  define  DF{A)  (resp.  DF+  (A))  by  inverting  the  filtered  quasi-isomorphisms 
in  A(Fil^(A))  (resp.  A+(Fil^  (A))). 

03TB  Lemma  49.83.2.  If  A has  enough  injectives,  then  DF+(A)  = K+(I),  where 
T is  the  full  additive  subcategory  of  FiV  (A)  consisting  of  filtered  injective  objects. 
Similarly , if  A has  enough  projectives,  then  DF~(A)  = I\+(V),  where  V is  the  full 
additive  subcategory  of  FiV  (A)  consisting  of  filtered  projective  objects. 

Proof.  Omitted.  □ 


49.84.  Filtered  derived  functors 


03TC  And  then  there  are  the  filtered  derived  functors. 
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03TD  Definition  49.84.1.  Let  T : A — > B be  a left  exact  functor  and  assume  that  A 
has  enough  injectives.  Define  RT  : DF+{A)  — > DF+(B ) to  fit  in  the  diagram 

DF+{A)  RT  >■  DF+(B) 


K+{1)  — K+(Fi\f  (B)). 

This  is  well-defined  by  the  previous  lemma.  Let  G : A — > B be  a right  exact  functor 
and  assume  that  A has  enough  projectives.  Define  LG  : DF+{A)  — >•  DF+(B ) to 
fit  in  the  diagram 

DF~ (A) v-  hG  Pr  l)F  (B) 

A 

K~(V)  — ^ {B)). 

Again,  this  is  well-defined  by  the  previous  lemma.  The  functors  RT , resp.  LG1  are 
called  the  filtered  derived  functor  of  T,  resp.  G. 

03TE  Proposition  49.84.2.  In  the  situation  above,  we  have 

gjP  oRT  = RTo  gjP 

where  the  RT  on  the  left  is  the  filtered  derived  functor  while  the  one  on  the  right  is 
the  total  derived  functor.  That  is,  there  is  a commuting  diagram 


DF+(A)^*DF+(B) 


grp 

Y 


D+(A) 


grp 

D+{B). 


Proof.  Omitted.  □ 

Given  K*  £ DF+(B),  we  get  a spectral  sequence 

Ef'q  = Hp+q{grpK *)  =>  Hp+q (forget  filtfA'*)). 


49.85.  Application  of  filtered  complexes 

03TF  Let  A be  an  abelian  category  with  enough  injectives,  and  0->L->M->iV-40a 
short  exact  sequence  in  A.  Consider  M £ Fil^(A)  to  be  M along  with  the  filtration 
defined  by 

P1M  = L,  FnM  = M for  n < 0,  and  FnM  = 0 for  n > 2. 

By  definition,  we  have 

forget  filt(M)  = M,  gr °{M)  = N,  gr  1(M)  = L 

and  grn(M)  = 0 for  all  other  n ^ 0,1.  Let  T : A — > B be  a left  exact  functor. 
Assume  that  A has  enough  injectives.  Then  RT{M)  £ DF+(B)  is  a filtered  complex 
with 

_ r o if  o,i, 

gr P(RT{M))  = I RT(N)  if  p = 0, 

[ RT(L)  if  p=  1. 
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and  forget  filt (RT(M))  =s  RT(M).  The  spectral  sequence  applied  to  RT(M)  gives 
Ep'q  = Rp+qT(grp(M))  =>  Rp+qT(io rget  filt(M)). 

Unwinding  the  spectral  sequence  gives  us  the  long  exact  sequence 
0 ^ T(L) >■  T(M) >-  T(N) 


R1T{L) R1T(M) 


This  will  be  used  as  follows.  Let  X/k  be  a scheme  of  finite  type.  Let  T be  a flat 
constructible  Z/^”Z-module.  Then  we  want  to  show  that  the  trace 

Tr(n*x\RTc(X~k,  J-))  G z/rz 

is  additive  on  short  exact  sequences.  To  see  this,  it  will  not  be  enough  to  work  with 
RTC(X),,  — ) G D+(Z/£nZ),  but  we  will  have  to  use  the  filtered  derived  category. 


49.86.  Perfectness 


03TG  Let  A be  a (possibly  noncommutative)  ring,  ModA  the  category  of  left  A-modules, 
I\( A)  = A'(ModA)  its  homotopy  category,  and  D( A)  = D(ModA)  the  derived 
category. 


03TH 


Definition  49.86.1.  We  denote  by  Kperf(A)  the  category  whose  objects  are 
bounded  complexes  of  finite  projective  A-modules,  and  whose  morphisms  are  mor- 
phisms  of  complexes  up  to  homotopy.  The  functor  Kperf( A)  — ► D( A)  is  fully  faith- 


ful (Derived  Categories,  Lemma  13.19.8).  Denote  Dperf( A)  its  essential  image.  An 
object  of  -D(A)  is  called  perfect  if  it  is  in  Dperf( A). 

03TI  Proposition  49.86.2.  Let  K G Dperf( A)  and  f G Endjj^\){K) . Then  the  trace 
Tr(f)  G Afl  is  well  defined. 


Proof.  We  will  use  Derived  Categories,  Lemma  |13.19.8|  without  further  mention 
in  this  proof.  Let  P*  be  a bounded  complex  of  finite  projective  A-modules  and 
let  a : P*  — > K be  an  isomorphism  in  D( A).  Then  oT1  o f o a corresponds  to  a 
morphism  of  complexes  /*  : P*  — > P*  well  defined  up  to  homotopy.  Set 

Tr (/)  = ^(— TpTrCf  : Pl  Pl)  G A*. 


Given  P*  and  a , this  is  independent  of  the  choice  of  /*.  Namely,  any  other  choice 
is  of  the  form  f'  = f*+dh  + hd  for  some  hl  : Pl  — > Pl_1(i  G Z).  But 


= ^(-l)iTV(Pi  Pl) 

i 

= pi~l) 
i 

_ _ ^ ^ 1Tr(JP*— 1 

i 

= -Tr  (hd) 


Tr  (dh) 
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and  so  ]T\(— l)lTi((dh+hd)\pi)  = 0.  Furthermore,  this  is  independent  of  the  choice 
of  (P*,a):  suppose  (Q',/3)  is  another  choice.  The  compositions 

Qm  A K -2— > P*  and  P*  A K > Q* 

are  representable  by  morphisms  of  complexes  7*  and  7*  respectively,  such  that 
7*  07*  is  homotopic  to  the  identity.  Thus,  the  morphism  of  complexes  7*  0 /*  °7*  : 

<5*  — > Q*  represents  the  morphism  o / o /3  in  D( A).  Now 

Tr(7*  o /*  o7*|Q.)  = Tr(7*  07*  ° /*|p«) 

= Tr(f\P.) 

by  the  fact  that  7*  o 7*  is  homotopic  to  the  identity  and  the  independence  of  the 
choice  of  /*  we  saw  above.  □ 

49.87.  Filtrations  and  perfect  complexes 

03TJ  We  now  present  a filtered  version  of  the  category  of  perfect  complexes.  An  object 
(M,  F)  of  Fil-^(ModA)  is  called  filtered  finite  projective  if  for  all  p , gr p(M)  is  finite 
and  projective.  We  then  consider  the  homotopy  category  KFpel f(A)  of  bounded 
complexes  of  filtered  finite  projective  objects  of  Fil^(ModA).  We  have  a diagram 
of  categories 

KF(A)  D KFpei{(  A) 

4-  4 

DF(  A)  D PPperf(A) 

where  the  vertical  functor  on  the  right  is  fully  faithful  and  the  category  DFpel f(A) 
is  its  essential  image,  as  before. 

03TK  Lemma  49.87.1  (Additivity).  Let  K £ DFperf( A)  and  f £ Endpp(K).  Then 

Hf \K)  = Ep6Z  Trtf\gr*K). 

Proof.  By  Proposition |49.8(x2l  we  may  assume  we  have  a bounded  complex  P*  of 
filtered  finite  projectives  of  FiF  (ModA)  and  a map  /*  : P*  ->  P*  in  Comp(Fil/(ModA)). 
So  the  lemma  follows  from  the  following  result,  which  proof  is  left  to  the  reader.  □ 

03TL  Lemma  49.87.2.  Let  P £ Fitf  (Mod\)  be  filtered  finite  projective,  and  f : P — ► P 
an  endomorphism  in  Fitf  (Modtfi).  Then 

Tr(f\P)  = Ep  Tr(f\grP{P)). 

Proof.  Omitted.  □ 


03TM 

03TN 


03TO 


49.88.  Characterizing  perfect  objects 


For  the  commutative  case  see  More  on  Algebra,  Sections  |15.54[  |15.55 


and|15.6l| 


Definition  49.88.1.  Let  A be  a (possibly  noncommutative)  ring.  An  object 
K £ D( A)  has  finite  Tor-dimension  if  there  exist  a,b  £ Z such  that  for  any  right 
A-module  N,  we  have  H‘l(N  K)  = 0 for  all  i ^ [a,  b\. 


This  in  particular  means  that  K £ Db(A)  as  we  see  by  taking  N = A. 

Lemma  49.88.2.  Let  A be  a left  noetherian  ring  and  I\  £ D( A).  Then  K is 
perfect  if  and  only  if  the  two  following  conditions  hold: 
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(1)  K has  finite  Tor-dimension,  and 

(2)  for  all  i £ Z,  Hl(K)  is  a finite  A-module. 

Proof.  See  More  on  Algebra,  Lemma  |15.61.2|  for  the  proof  in  the  commutative 
case.  □ 

The  reader  is  strongly  urged  to  try  and  prove  this.  The  proof  relies  on  the  fact  that 
a finite  module  on  a finitely  left-presented  ring  is  flat  if  and  only  if  it  is  projective. 

03TP  Remark  49.88.3.  A variant  of  this  lemma  is  to  consider  a Noetherian  scheme  A' 
and  the  category  Dperf(Ox)  of  complexes  which  are  locally  quasi-isomorphic  to  a 
finite  complex  of  finite  locally  free  Ox -modules.  Objects  K of  Dperf(Ox)  can  be 
characterized  by  having  coherent  cohomology  sheaves  and  bounded  tor  dimension. 


49.89.  Complexes  with  constructible  cohomology 

095V  Let  A be  a ring.  Let  X a scheme.  Let  K(X,  A)  the  homotopy  category  of  sheaves 
of  A-modules  on  X Hale-  Denote  D( A,  A)  the  corresponding  derived  category.  We 
denote  by  Db( A,  A)  (respectively  D+ , D~)  the  full  subcategory  of  bounded  (resp. 
above,  below)  complexes  in  D( A,  A). 

095W  Definition  49.89.1.  Let  X be  a scheme.  Let  A be  a Noetherian  ring.  We  denote 
Dc( A,  A)  the  full  subcategory  of  D( A,  A)  of  complexes  whose  cohomology  sheaves 
are  constructible  sheaves  of  A-modules. 


This  definition  makes  sense  by  Lemma  49.68.6  and  Derived  Categories,  Section 


13.13  Thus  we  see  that  Dc( A,  A)  is  a strictly  full,  saturated  triangulated  subcate- 


gory of  Dc{ A,  A). 


095X  Lemma  49.89.2.  Let  A be  a Noetherian  ring.  If  j : U — >•  X is  an  etale  morphism 
of  schemes,  then 

(1)  K\u  £ DC{U,  A)  if  K £ Dc( A,  A),  and 

(2)  j\M  £ Dc{ A,  A)  if  M £ DC(U,  A)  and  the  morphism  j is  quasi-compact 
and  quasi-separated. 


Proof.  The  first  assertion  is  clear.  The  second  follows  from  the  fact  that  j\  is  exact 
and  Lemma  149.70.11  □ 


095Y 


095Z 


Lemma  49.89.3.  Let  A be  a Noetherian  ring.  Let  f : X Y be  a morphism  of 
schemes.  If  K £ DC(Y,A)  then  Lf*K  £ DC(X,  A). 


Proof.  This  follows  as  / 1 = f*  is  exact  and  Lemma  49.68.5 


□ 


Lemma  49.89.4.  Let  X be  a quasi-compact  and  quasi-separated  scheme.  Let  A be 
a Noetherian  ring.  Let  K £ D(X,  A)  and  b £ Z such  that  Hb(K)  is  constructible. 
Then  there  exist  a sheaf  J7  which  is  a finite  direct  sum  of  jjj\  A with  U £ Ob(Afsta;e) 
affine  and  a map  T[— b\  — > I\  in  D( A,  A)  inducing  a surjection  F — ► Hb(K). 


Proof.  Represent  K by  a complex  A*  of  sheaves  of  A-modules. 
surjection 

Ker(Ab  -»■  Xb+1)  — > Hb(K) 


Consider  the 


49.89.  COMPLEXES  WITH  CONSTRUCTIBLE  COHOMOLOGY 


3318 


0960  Lemma  49.89.5.  Let  X be  a quasi-compact  and  quasi-separated  scheme.  Let  A 
be  a Noetherian  ring.  Let  K £ D~(X,  A).  Then  the  following  are  equivalent 

(1)  K is  in  DC(X,A), 

(2)  K can  be  represented  by  a bounded  above  complex  whose  terms  are  finite 
direct  sums  of  ju\A  with  U £ Ob (Xetaie)  affine, 

(3)  K can  be  represented  by  a bounded  above  complex  of  flat  constructible 
sheaves  of  A-modules. 

Proof.  It  is  clear  that  (2)  implies  (3)  and  that  (3)  implies  (1).  Assume  K is 
in  D~(X,  A).  Say  Hl(K)  = 0 for  i > b.  By  induction  on  a we  will  construct 
a complex  Ta  —)•...  — ► Th  such  that  each  is  a finite  direct  sum  of  of  ju\A 
with  U £ Ob (Xetaie)  affine  and  a map  J7*  — ► K which  induces  an  isomorphism 
Hl(T*)  —>■  Hl(K)  for  i > a and  a surjection  Ha(lF*)  — » Ha(K).  For  a = b this  can 
be  done  by  Lemma  |49.89.4|  Given  such  a datum  choose  a distinguished  triangle 

J7*  -»  K ->•  L -»  .F*[l] 

Then  we  see  that  HZ(L)  = 0 for  i > a.  Choose  Jra_1[— a + 1]  — > L as  in  Lemma 
The  composition  Ta~1[— a + 1]  — > L — > T*  corresponds  to  a map  Ta~x  -4 
Fa  such  that  the  composition  with  Ta  Fa+1  is  zero.  By  TR4  we  obtain  a map 

(T70-1  Xb)  — >■  K 

in  D(X,  A).  This  finishes  the  induction  step  and  the  proof  of  the  lemma.  □ 

0961  Lemma  49.89.6.  Let  X be  a scheme.  Let  A be  a Noetherian  ring.  Let  K,L  £ 
D~  ( X , A) . Then  K L is  in  D~  (X,  A) . 

Proof.  This  follows  from  Lemmas  149.89.51  and  149.68.71  □ 

03TQ  Definition  49.89.7.  Let  X be  a scheme.  Let  A be  a Noetherian  ring.  We  denote 
Dctf(X,  A)  the  full  subcategory  of  DC(X,  A)  consisting  of  objects  having  locally 
finite  tor  dimension. 


49.89.4 


This  is  a strictly  full,  saturated  triangulated  subcategory  of  DC(X,  A)  and  D(X,  A). 
By  our  conventions,  see  Cohomology  on  Sites,  Definitional. 36. f|  we  see  that 

Dctf(X,A)  C Db(X,A) 

if  X is  quasi-compact.  A good  way  to  think  about  objects  of  Dctf(X,  A)  is  given 
in  Lemma  f49. 89.91 


03TS  Remark  49.89.8.  The  situation  with  objects  of  Dctf(X,  A)  is  different  from 


DPerf{Ox)  in  Remark  49.88.3  Namely,  it  can  happen  that  a complex  of  Ox- 
modules  is  locally  quasi-isomorphic  to  a finite  complex  of  finite  locally  free  Ox- 
modules,  without  being  globally  quasi-isomorphic  to  a bounded  complex  of  locally 
free  Ox-modules.  The  following  lemma  shows  this  does  not  happen  for  Dctf  on  a 
Noetherian  scheme. 


03TT  Lemma  49.89.9.  Let  A be  a Noetherian  ring.  Let  X be  a quasi-compact  and 
quasi-separated  scheme.  Let  K £ D(X,  A).  The  following  are  equivalent 

(1)  K £ Dctf(X,  A),  and 

(2)  K can  be  represented  by  a finite  complex  of  constructible  flat  sheaves  of 
A-modules. 
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In  fact,  if  K has  tor  amplitude  in  [a,  b } then  we  can  represent  K by  a complex 
Ta  Tb  with  Tv  a constructible  flat  sheaf  of  A-modules. 

Proof.  It  is  clear  that  a finite  complex  of  constructible  flat  sheaves  of  A-modules 
has  finite  tor  dimension.  It  is  also  clear  that  it  is  an  object  of  DC(X,  A).  Thus  we 
see  that  (2)  implies  (1). 

Assume  (1).  Choose  a,b  £ Z such  that  Hl(K  Q)  = 0 if  i £ [a,  6]  for  all  sheaves 
of  A-modules  Q.  We  will  prove  the  final  assertion  holds  by  induction  on  b — a.  If 
a = b,  then  K = Ha(K)[—a]  is  a flat  constructible  sheaf  and  the  result  holds.  Next, 
assume  b > a.  Represent  AT  by  a complex  1C*  of  sheaves  of  A-modules.  Consider 
the  surjection 

Ker(/Cb  K.b+1)  — * Hb(K) 

By  Lemma  |49.70.6|  we  can  find  finitely  many  affine  schemes  Ui  etale  over  X and 
a surjection  0 ju^hu  —>  Hb(K).  After  replacing  If  by  standard  etale  coverings 
{Uij  — » Ui}  we  may  assume  this  surjection  lifts  to  a map  J-  = 0 jup.Aui 
Ker(/C&  — ► K.b+1).  This  map  determines  a distinguished  triangle 

T[-b]  K L F[-b  + 1] 

in  D(X,  A).  Since  Dctf(X,  A)  is  a triangulated  subcategory  we  see  that  L is  in  it 
too.  In  fact  L has  tor  amplitude  in  [a,b  — 1]  as  T surjects  onto  Hb(K)  (details 
omitted).  By  induction  hypothesis  we  can  find  a finite  complex  Fa  Tb~x 

of  flat  constructible  sheaves  of  A-modules  representing  L.  The  map  L — > F[— b + 1] 
corresponds  to  a map  Tb  — > T annihilating  the  image  of  Tb~x  — > J-b . Then  it 
follows  from  axiom  TR3  that  K is  represented  by  the  complex 

Ta  ->•  . . . ->•  Tb~x  ->•  Tb 


which  finishes  the  proof.  □ 

03TR  Remark  49.89.10.  Let  A be  a Noetherian  ring.  Let  X be  a scheme.  For  a 
bounded  complex  K*  of  constructible  flat  A-modules  on  X^taie  each  stalk  ATL  is  a 
finite  projective  A-module.  Hence  the  stalks  of  the  complex  are  perfect  complexes 
of  A-modules. 


03TU 


Remark  49.89.11.  Lemma 


49.89.9 


can  be  used  to  prove  that  if  / : X — >■  Y is  a 
lemes  and  Y is  noetherian,  then  Rf\  induces 


separated,  finite  type  morphism  of  sc. 
a functor  Dctf(X,  A)  — » Dctf(Y,k).  We  only  need  this  fact  in  the  case  where  Y is 
the  spectrum  of  a field  and  A is  a curve. 


0962  Lemma  49.89.12.  Let  A be  a Noetherian  ring.  If  j :U  — » A'  is  an  etale  morphism 
of  schemes,  then 

(1)  K\v  £ Dctf{U,  A)  if  K £ Dctj(X,  A),  and 

(2)  j\M  £ Dctf( A,  A)  if  M £ Dctf(U,  A)  and  the  morphism  j is  quasi-compact 
and  quasi-separated. 


Proof.  Perhaps  the  easiest  way  to  prove  this  lemma  is  to  reduce  to  the  case  where 
A is  affine  and  then  apply  Lemma  49.89.9  to  translate  it  into  a statement  about 
finite  complexes  of  flat  constructible  sheaves  of  A-modules  where  the  result  follows 
from  Lemma  f49. 70.  II  □ 


0963 


Lemma  49.89.13.  Let  A be  a Noetherian  ring.  Let  f : X —>■  Y be  a morphism  of 
schemes.  If  K £ Dctf{Y,  A)  then  Lf*K  £ Dctf(X,  A). 
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Proof.  Apply  Lemma  |49.89.9|  to  reduce  this  to  a question  about  finite  complexes 
of  flat  constructible  sheaves  of  A-modules.  Then  the  statement  follows  as  /-1  = f* 
is  exact  and  Lemma T49. 68. 51  □ 

09BI  Lemma  49.89.14.  Let  X be  a connected  scheme.  Let  A be  a Noetherian  ring. 
Let  K £ Dctf(X,  A)  have  locally  constant  cohomology  sheaves.  Then  there  exists  a 
finite  complex  of  finite  projective  A-modules  M * and  an  etale  covering  {Ui  —¥  X } 
such  that  K\ui  = M ‘ | 77.  in  D(Ui,A). 


Proof.  Choose  an  etale  covering  {Ui  — > X}  such  that  K\ui  is  constant,  say  K\ui  = 
M* ^ for  some  finite  complex  of  finite  A-modules  M*.  See  Cohomology  on  Sites, 
Lemma 


21.41.1 


Observe  that  Ui  x x Uj  is  empty  if  M*  is  not  isomorphic  to  M*  in 
D{ A).  For  each  complex  of  A-modules  M*  let  I M’  = {i  £ I \ M*  = M * in  D{ A)}. 
As  etale  morphisms  are  open  we  see  that  Um • = Ui6jM.  Im(C/j  — ► X)  is  an  open 
subset  of  X.  Then  X = ]j  f/M.  is  a disjoint  open  covering  of  X.  As  X is  connected 
only  one  Um • is  nonempty.  As  K is  in  Dct  f ( X , A)  we  see  that  M*  is  a perfect 
complex  of  A-modules,  see  More  on  Algebra,  Lemma[l5.61.2|  Hence  we  may  assume 
M * is  a finite  complex  of  finite  projective  A-modules.  □ 
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The  following  is  a special  case  of  a more  general  result  about  compactly  supported 
cohomology  of  objects  of  Dctf(X,  A). 

Proposition  49.90.1.  Let  X be  a projective  curve  over  a field  k,  A a finite  ring 
and  K £ Dctf(X,  A).  Then  B.r(X^.,  K)  £ Dperf(A). 


Sketch  of  proof.  The  first  step  is  to  show: 

(1)  The  cohomology  of  RT{Xj.1K)  is  bounded. 

Consider  the  spectral  sequence 

H\X-k,Hi{K))  =►  Hi+j(RT(Xk,K)). 

Since  K is  bounded  and  A is  finite,  the  sheaves  Hf  (K)  are  torsion.  Moreover, 
Xj.  has  finite  cohomological  dimension,  so  the  left-hand  side  is  nonzero  for  finitely 
many  i and  j only.  Therefore,  so  is  the  right-hand  side. 

(2)  The  cohomology  groups  Hl+^ (RT(Xk,K))  are  finite. 

Since  the  sheaves  Hj  (K)  are  constructible,  the  groups  Hl(Xk,  H°  {K))  are  finite 
(Section  49.74)  so  it  follows  by  the  spectral  sequence  again. 

(3)  RT{Xk:K)  has  finite  Tor-dimension. 

Let  IV  be  a right  A-module  (in  fact,  since  A is  finite,  it  suffices  to  assume  that  N 
is  finite).  By  the  projection  formula  (change  of  module), 

N RT{X-k , K)  = RT{Xk,  N K)_ 


Therefore, 

H\N  RT{Xk,  K))  = H\RT(Xk , N K)). 

Now  consider  the  spectral  sequence 

H\X-k,H\N®\  K))  =►  Hi+i(Rr(Xk,N®\  K)). 

Since  K has  finite  Tor-dimension,  Hj  ( N (g>A  K)  vanishes  universally  for  j small 
enough,  and  the  left-hand  side  vanishes  whenever  i < 0.  Therefore  RT(Xk,  K)  has 
finite  Tor-dimension,  as  claimed.  So  it  is  a perfect  complex  by  Lemma [49. 88. 2|  □ 
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49.91.  Lefschetz  numbers 


03TW  The  fact  that  the  total  cohomology  of  a const ruct ible  complex  of  finite  tor  dimension 
is  a perfect  complex  is  the  key  technical  reason  why  cohomology  behaves  well,  and 
allows  us  to  define  rigorously  the  traces  occurring  in  the  trace  formula. 


03TX  Definition  49.91.1.  Let  A be  a finite  ring,  X a projective  curve  over  a finite 
field  k and  K £ Dctf(X,  A)  (for  instance  K = A).  There  is  a canonical  map 
ck  '■  7r)A  A"  — > A',  and  its  base  change  ck\x,.  induces  an  action  denoted  on 
the  perfect  complex  l?r(X^,  K\  y£)-  The  global  Lefschetz  number  of  AT  is  the  trace 
Tr(7rxUr(JcE;  K))  of  that  action.  It  is  an  element  of  AL 


03TY  Definition  49.91.2.  With  A,  X,  k,  K as  in  Definition  49.91.1  Since  AT  £ Dctf(X,  A), 
for  any  geometric  point  x of  X,  the  complex  Ks  is  a perfect  complex  (in  Dperf( A)). 
As  we  have  seen  in  Section  49.79  the  Frobenius  nx  acts  on  Ks.  The  local  Lefschetz 
number  of  K is  the  sum 


xex(k) 


Tr(7T  x\kw) 


which  is  again  an  element  of  hf. 


At  last,  we  can  formulate  precisely  the  trace  formula. 

03TZ  Theorem  49.91.3  (Lefschetz  Trace  Formula).  Let  X be  a projective  curve  over 
a finite  field  k,  A a finite  ring  and  K £ Dctf{X,  A) . Then  the  global  and  local 
Lefschetz  numbers  of  K are  equal,  i.e., 

03U0  (49.91.3.1)  Tr(n*x\Rnx-k,K))  = J2xeX(k)Tr^x^ 

in  A11 . 


Proof.  See  discussion  below. 


□ 


We  will  use,  rather  than  prove,  the  trace  formula.  Nevertheless,  we  will  give  quite 
a few  details  of  the  proof  of  the  theorem  as  given  in  IDel77l  (some  of  the  things 
that  are  not  adequately  explained  are  listed  in  Section  49.98). 


We  only  stated  the  formula  for  curves,  and  in  some  weak  sense  it  is  a consequence 
of  the  following  result. 


03U1  Theorem  49.91.4  (Weil).  Let  C be  a nonsingular  projective  curve  over  an  alge- 
braically closed  field  k,  and  ip  : C — >■  C a k- endomorphism  of  C distinct  from  the 
identity.  Let  V(ip)  = A c • Tv,  where  A c is  the  diagonal,  is  the  graph  of  ip,  and 
the  intersection  number  is  taken  on  C x C . Let  J = Pi<Pc /k  be  the  jacobian  of  C 
and  denote  ip*  : J — >■  J the  action  induced  by  ip  by  taking  pullbacks.  Then 


V{tp)  = 1 - Trj(ip*)  + deg  ip. 


Proof.  The  number  V ( ip ) is  the  number  of  fixed  points  of  ip,  it  is  equal  to 

V(T)  = r\  mFix(^)(c) 

z ' c£:\C\:ip(c)=c 


where  mF;x(^)(c)  is  the  multiplicity  of  c as  a fixed  point  of  ip,  namely  the  order  or 
vanishing  of  the  image  of  a local  uniformizer  under  ip  — idc-  Proofs  of  this  theorem 
can  be  found  in  |Lan02|  and  [Wei48l . □ 
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03U2  Example  49.91.5.  Let  C = E be  an  elliptic  curve  and  ip  = [n]  be  multiplication 
by  n.  Then  ip*  = ip 4 is  multiplication  by  n on  the  jacobian,  so  it  has  trace  2 n and 
degree  n 2 . On  the  other  hand,  the  fixed  points  of  ip  are  the  points  p £ E such  that 
np  = p , which  is  the  (n  — l)-torsion,  which  has  cardinality  (n  — l)2.  So  the  theorem 
reads 

(n  — l)2  = 1 — 2 n + n2. 

Jacobians.  We  now  discuss  without  proofs  the  correspondence  between  a curve 
and  its  jacobian  which  is  used  in  Weil’s  proof.  Let  C be  a nonsingular  projective 
curve  over  an  algebraically  closed  field  k and  choose  a base  point  cq  £ C(k).  Denote 
by  AX(C  x C ) (or  Pic(C  x C),  or  CaCl(C  x C))  the  abelian  group  of  codimension 
1 divisors  of  C x C.  Then 

A\C  x C)  = pr^W^C))  © pr^1(C'))  © R 


where 


R — {Z  6 A'(C  x C)  | Z|cx{Co}  ~rat  0 and  Z |{Co}xC  ~rat  0}- 

In  other  words,  R is  the  subgroup  of  line  bundles  which  pull  back  to  the  trivial  one 
under  either  projection.  Then  there  is  a canonical  isomorphism  of  abelian  groups 
R = End(  J)  which  maps  a divisor  Z in  R to  the  endomorphism 

J -»  J 

[Oc(D)\  ^ (pr1|z)*(pr2|z)*(-D)- 

The  aforementioned  correspondence  is  the  following.  We  denote  by  a the  automor- 
phism of  C x C that  switches  the  factors. 


End(  J) 

R 

composition  of  a,  /3 

Pr13*(Pr12*(a)°Pr23*(/3)) 

idj 

A c - {co}  xC-Cx  {c0} 

r,-CxMco)}-E,(cHo{c}xC 

the  trace  form 
a,  /?  i— >■  Tr (a/3) 

Q>^^/cxCa(T^ 

the  Rosati  involution 
a i— > or 

a h- >•  a*  a 

positivity  of  Rosati 
Tr(aa^)  > 0 

Hodge  index  theorem  onCxC 
- fcxcaa*a  > °- 

In  fact,  in  light  of  the  Kunneth  formula,  the  subgroup  R corresponds  to  the  1, 1 
hodge  classes  in  Hl(C)  © Hl{C). 
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03U3 


Weil’s  proof.  Using  this  correspondence,  we  can  prove  the  trace  formula.  We 
have 


V{<p)  = f 

Jc 


CxC 


r^.A 


— [ IV  (Ac  — {c0}  x C — C x {co})  + f IV  ({co}  xC  + Cx  {co})  • 

JCxC  J CxC 

Now,  on  the  one  hand 

[ IV  ({co}  X C + C X {c0})  = 1 + degv? 

J CxC 

and  on  the  other  hand,  since  R is  the  orthogonal  of  the  ample  divisor  {co}  xC  + 

C x {c0}, 

[ Tv.  (A c ~ {co}  x C — C x {co}) 

J CxC 

= [ I Tv  - (7  x Mc0)}  - V {c}  x (7  ] . (Ac  - {c0}  xC-C  x {c0}) 

JcxC  V *(<0=0  J 


= -TrjO*  ° idj). 
Recapitulating,  we  have 

which  is  the  trace  formula. 


V{<p)  = 1 - Tr  j(tp*)  + deg  ip 


Lemma  49.91.6.  Consider  the  situation  of  Theorem  49.91.4  and  let  £ be  a prime 
number  invertible  in  k.  Then 

yU(-l)WI^(Q,Z/*-z))  = m°d  C71  ■ 


Sketch  of  proof.  Observe  first  that  the  assumption  makes  sense  because  Hl(C , Z/t"Z) 

all  i.  The  trace  of  ip*  on  th( 

3 £nth  root  of  unity  in  k give 

H\c,  z/rz)^H\c,pitr.) 


is  a free  Z/£nZ-module  for  all  i.  The  trace  of  ip*  on  the  Oth  degree  cohomology  is 
1.  The  choice  of  a primitive  U'th  root  of  unity  in  k gives  an  isomorphism 


compatibly  with  the  action  of  the  geometric  Frobenius.  On  the  other  hand,  H 1 (C,  pen ) = 
J[£n}.  Therefore, 

Try*  V(C, z/i»z)))  = Tr j(ip*)  mod  f1 

= Trz/£„z(V  : J[£n]  -»■  J[r}). 

Moreover,  H2(C,  pen)  = Pic(C)/tnPic(C')  = Z/I”Z  where  ip*  is  multiplication  by 
degv?.  Hence 

Tr(Vlff2(C,z/^"Z))  =deg<^. 

Thus  we  have 
2 

^(— 1)*Tr(V|ffi(c,z/^z))  = 1 - Tr  j(ip*)  + deg  ip  mod  tn 


i= 0 


and  the  corollary  follows  from  Theorem  |49. 91. 4| 


□ 
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An  alternative  way  to  prove  this  corollary  is  to  show  that 

X H* (A,  Q,)  = <g>  lim„  H*(X,  Z/rZ) 

defines  a Weil  cohomology  theory  on  smooth  projective  varieties  over  k.  Then  the 
trace  formula 

2 

i= 0 

is  a formal  consequence  of  the  axioms  (it’s  an  exercise  in  linear  algebra,  the  proof 
is  the  same  as  in  the  topological  case). 

49.92.  Preliminaries  and  sorites 

03U4  Notation:  We  fix  the  notation  for  this  section.  We  denote  by  A a commutative 
ring,  A a (possibly  noncommutative)  ring  with  a ring  map  A — > A which  image  lies 
in  the  center  of  A.  We  let  G be  a finite  group,  T a monoid  extension  of  G by  N, 
meaning  that  there  is  an  exact  sequence 

IaGaT-iZaI 

and  T consists  of  those  elements  of  T which  image  is  nonnegative.  Finally,  we  let 
P be  an  A[T]-module  which  is  finite  and  projective  as  an  A[G]-module,  and  M a 
A[r]-module  which  is  finite  and  projective  as  a A-module. 

Our  goal  is  to  compute  the  trace  of  1 € N acting  over  A on  the  coinvariants  of  G 
on  P M,  that  is,  the  number 

TrA(l;(P®AM)G)  e A*. 

The  element  1 £ N will  correspond  to  the  Frobenius. 

03U5  Lemma  49.92.1.  Let  e £ G denote  the  neutral  element.  The  map 

A[G]  — ► Ah 
S Xg  ' 9 1 t Ae 

factors  through  AfG]11.  We  denote  e : A[G]^  — > A^  the  induced  map. 

Proof.  We  have  to  show  the  map  annihilates  commutators.  One  has 

(55A^)  (£  Tgg)  - (51  (55  Xa9  ) = E E XgilJig2  lJigiXg2  ) 9 

g \gig2=g  / 

The  coefficient  of  e is 

55  i^gk'g^1  — ^9A9_1)  = 55  i^gVg-1  ~ tLg~lXg) 

9 9 

which  is  a sum  of  commutators,  hence  it  it  zero  in  A11.  □ 

03U6  Definition  49.92.2.  Let  / : P — >■  P be  an  endomorphism  of  a finite  projective 
A[Gj-module  P.  We  define 

Tr ?(/;P)  :=e(TrA[G](/;P)) 
to  be  the  G-trace  of  f on  P. 

03U7  Lemma  49.92.3.  Let  f : P — * P be  an  endomorphism  of  the  finite  projective 
A[G\-module  P.  Then 


Tr^f,P)  = #G-Trf(f-P). 
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Proof.  By  additivity,  reduce  to  the  case  P = A[G].  In  that  case,  / is  given  by 
right  multiplication  by  some  element  A9  • g of  A[G].  In  the  basis  (g)9£G,  the 
matrix  of  / has  coefficient  in  the  (31,32)  position.  In  particular,  all  diagonal 

coefficients  are  Ae,  and  there  are  #G  such  coefficients.  □ 

03U8  Lemma  49.92.4.  The  map  A — ► A defines  an  A-module  structure  on  Ab 

Proof.  This  is  clear.  □ 


03U9  Lemma  49.92.5.  Let  P be  a finite  projective  A[G\-module  and  M a A [G]-module, 
finite  projective  as  a A-module.  Then  P 0 a M is  a finite  projective  A [G]-module, 
for  the  structure  induced  by  the  diagonal  action  of  G. 


Note  that  P 0 a TV/  is  naturally  a A-module  since  M is.  Explicitly,  together  with 
the  diagonal  action  this  reads 

A93)  (. p0m ) =^2gp0  Xggm. 


03UA 


Proof.  For  any  A[G]-module  TV  one  has 

HomA[G]  (P  ®A  M,  TV)  = HomA[G]  (P,  Horn A(M,  TV)) 

where  the  G-action  on  HomA(TVT,  TV)  is  given  by  (3  • = g(p(g^1m).  Now 

it  suffices  to  observe  that  the  right-hand  side  is  a composition  of  exact  functors, 
because  of  the  projectivity  of  P and  M.  □ 


Lemma  49.92.6.  With  assumptions  as  in  Lemma 
and  v £ PndA[G](M).  Then 


49.92.5  let  u £ EndA[G]{P) 


Tr A (■ u®v;P  0A  M)  = PrA(w;  P)  • Tr\(v;  M). 


Sketch  of  proof.  Reduce  to  the  case  P = A[G\.  In  that  case,  u is  right  multipli- 
cation by  some  element  a = X)  ag9  0 f A[G],  which  we  write  u = Ra-  There  is  an 
isomorphism  of  A[G]-modules 

p : A[G\  0A  M ^ (A[G\  0a  M)' 

g0m  1 — > g0g~1m 


where  (A[G]  (g)A  M)  has  the  module  structure  given  by  the  left  G-action,  together 
with  the  A-linearity  on  M.  This  transport  of  structure  changes  u0v  into  Y^g  agRg0 
g~1v.  In  other  words, 


ipo(u0v)oip  1='^^agRg0g  1v. 


Working  out  explicitly  both  sides  of  the  equation,  we  have  to  show 


TrA  agRg  0 g = ae  ■ TrA(u;  M). 


This  is  done  by  showing  that 


TrA  ( agRg  0 g 1v)  = 


0 


if  3 ^ e 


aeTrA  (u;  M)  if  3 = e 


by  reducing  to  M = A. 


□ 


Notation:  Consider  the  monoid  extension  1— > G — >■  T — > N — >-1  and  let  7 £ T. 
Then  we  write  Z1  = {3  £ GI37  = 73}. 
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03UB  Lemma  49.92.7.  Let  P be  a A[T]-module,  finite  and  projective  as  a A [G\-module, 
and  7 G r.  Then 

Tvk{1,P)  = #Zt  T%  (7,P). 

Proof.  This  follows  readily  from  Lemma [49. 92. 3|  □ 

03UC  Lemma  49.92.8.  Let  P be  an  A[T]-module,  finite  projective  as  A[G]-module.  Let 
M be  a A[T]-module,  finite  projective  as  a A-module.  Then 

Tr) ZC  (7,  P ®A  M)  = TrZA 7 (7,  P)  • TrA(7,  M). 

Proof.  This  follows  directly  from  Lemma [49. 92. 6[  □ 

03UD  Lemma  49.92.9.  Let  P be  a A [T]-module,  finite  projective  as  A[G\-module.  Then 
the  coinvariants  PG  = A <8>a[g]  P form  a finite  projective  A-module,  endowed  with 
an  action  ofT/G  = N.  Moreover,  we  have 

TrA(l;PG)=^^irr^(7,P) 

where  ^7^-1  "leans  taking  the  sum  over  the  G-conjugacy  classes  in  T. 

Sketch  of  proof.  We  first  prove  this  after  multiplying  by  ffG. 

#G  • TrA(l;  PG)  = Tr^^  7,  PG)  = Tr A(^^1  7,  P) 
where  the  second  equality  follows  by  considering  the  commutative  triangle 

PG  P — V pG 

c 


where  a is  the  canonical  inclusion,  b the  canonical  surjection  and  c = j 7. 
Then  we  have 


(137_>i7)lp  = aocob  and  PG=b°aoc 

hence  they  have  the  same  trace.  We  then  have 

#G  • TrA(l;  Pq)  = ^'^TVA(7,P)  = #C]T  Trf7  (7,  P). 

To  finish  the  proof,  reduce  to  case  A torsion- free  by  some  universality  argument. 
See  [Pol  77]  for  details.  □ 


03UE  Remark  49.92.10.  Let  us  try  to  illustrate  the  content  of  the  formula  of  Lemma 
|49.92.8|  Suppose  that  A,  viewed  as  a trivial  T-module,  admits  a finite  resolution 
0 — ► Pr  — > . . . — > Pi  — > Pq  — > A — > 0 by  some  A[T]-modules  Pi  which  are  finite  and 
projective  as  A[G]-modules.  In  that  case 

H*  ((P.)G)  = Tor^Gl  (A,  A)  = H,(G,  A) 


and 

TrA7  (7 ,P.)  = 77AT Tr A (7,  P. ) = -^Tr(7,A)  = 

TT^  7 TT^7 

Therefore,  Lemma[49.92.8| says 

TrA(l,PG)  = Tr(l|ff,(G,A))  = 

701  " 7 


1 
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This  can  be  interpreted  as  a point  count  on  the  stack  BG.  If  A = Fi  with  i prime 
to  ffG,  then  7J*(G,  A)  is  in  degree  0 (and  0 in  other  degrees)  and  the  formula 
reads 


i = £ 


(T-conj  ugacy 


#Z7 


mod  i. 


This  is  in  some  sense  a “trivial” 


lassesO) 

trace  formula  for  G. 


Later  we  will  see  that 


(49.91.3.1)  can  in  some  cases  be  viewed  as  a highly  nontrivial  trace  formula  for 
a certain  type  of  group,  see  Section  |49.107| 


49.93.  Proof  of  the  trace  formula 


03UF 

03UG  Theorem  49.93.1.  Let  k be  a finite  field  and  X a finite  type,  separated  scheme 
of  dimension  at  most  1 over  k.  Let  A.  be  a finite  ring  whose  cardinality  is  prime  to 
that  of  k,  and  K £ Dctf{X,  A).  Then 

03UH  (49.93.1.1)  Tr(n*x \Rrc(X-k,K))  =J2xGX(k)  Tr^\^ 

in  A11 . 


Please  see  Remark  49.93.2  for  some  remarks  on  the  statement.  Notation:  For  short, 
we  write 

for  the  right-hand  side  of  (|49.93.1.ij)  and 

T"(X,K)=Tr(-K*x\Kra{X-k,K)) 

for  the  left-hand  side. 


Proof  of  Theorem  I49.93.ll  The  proof  proceeds  in  a number  of  steps. 

Step  1.  Let  j : U X be  an  open  immersion  with  complement  Y = X — U 
and  i : Y -A  A'.  Then  T"(X,K)  = T”{U,j~lK ) + T”(Y,  i~xK)  and  T'(X,K)  = 
T,{U,j-1K)+T,(Y,i~1K). 

This  is  clear  for  T' . For  T"  use  the  exact  sequence 

0 -A  j\j~1K  -A  K -A  -A  0 

to  get  a filtration  on  K.  This  gives  rise  to  an  object  K £ DF(X,  A)  whose  graded 
pieces  are  j\j~1K  and  iifi~1K , both  of  which  lie  in  Dctf(X,  A).  Then,  by  filtered 
derived  abstract  nonsense  (INSERT  REFERENCE),  RYc{Xj.,K)  £ DFperf( A), 
and  it  comes  equipped  with  7r*  in  DFperf  (A) . By  the  discussion  of  traces  on  filtered 
complexes  (INSERT  REFERENCE)  we  get 

Tr(^A-|-Rrc(A-s,A:))  = Tr(7rA'|Rrc(As,j|j-1if))  + r^{'K*x\RT0(Xloi,i-^K)) 

= T"(U , rxK)  + T"(Y,  i~xK). 

Step  2.  The  theorem  holds  if  dim  A < 0. 

Indeed,  in  that  case 

RTc(X-k,I<)  = RT(X-k,K ) = T(X~k,  I<)  = 0 K,  <-  tt*  * . 
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Since  the  fixed  points  of  irx  : Xj,  — t Xj,  are  exactly  the  points  x £ Xj.  which  lie 
over  a fc-rational  point  x £ X(k)  we  get 

TrfelRr^A-j.A))  = 5Za;6X(fc)Tr(^7r*l  K*)- 

Step  3.  It  suffices  to  prove  the  equality  T'(IA,X)  = T"(U1F)  in  the  case  where 

• U is  a smooth  irreducible  affine  curve  over  k, 

• U(k)  = 0, 

• K = T is  a finite  locally  constant  sheaf  of  A-modules  on  IA  whose  stalk(s) 
are  finite  projective  A-modules,  and 

• A is  killed  by  a power  of  a prime  I and  I £ k* . 

Indeed,  because  of  Step  2,  we  can  throw  out  any  finite  set  of  points.  But  we  have 
only  finitely  many  rational  points,  so  we  may  assume  there  are  nontj^J  We  may 
assume  that  IA  is  smooth  irreducible  and  affine  by  passing  to  irreducible  components 
and  throwing  away  the  bad  points  if  necessary.  The  assumptions  of  T come  from 
unwinding  the  definition  of  Dct / ( X , A)  and  those  on  A from  considering  its  primary 
decomposition. 

For  the  remainder  of  the  proof,  we  consider  the  situation 

V 

f ( / 

U ->  X 

where  U is  as  above,  / is  a finite  etale  Galois  covering,  V is  connected  and  the  hori- 
zontal arrows  are  projective  completions.  Denoting  G = Aut(V|W),  we  also  assume 
(as  we  may)  that  f~lF  = M is  constant,  where  the  module  M = rfF,/-1^)  is  a 
A[G]-module  which  is  finite  and  projective  over  A.  This  corresponds  to  the  trivial 
monoid  extension 

1aGaF  = GxNaN->1. 

In  that  context,  using  the  reductions  above,  we  need  to  show  that  T”(fA,J-')  = 0. 

Step  4.  There  is  a natural  action  of  G on  f*f~xT  and  the  trace  map  f*f~xT  —>  T 
defines  an  isomorphism 

(f*f~ lX)  ®A[G]  A = (fj-'^c  e*  T. 

To  prove  this,  simply  unwind  everything  at  a geometric  point. 

Step  5.  Let  A = Z/£"Z  with  n>0.  Then  f*f~xT  = (f*A)  with  diagonal 

G-action. 

Step  6.  There  is  a canonical  isomorphism  (f*A<S>AM.)  <8>a[G]  A = T . 

In  fact,  this  is  a derived  tensor  product,  because  of  the  projectivity  assumption  on 
T. 

Step  7.  There  is  a canonical  isomorphism 

= (KT  c(lAfr , f * A)  (g)A  M)  ®A[G]  A, 
compatible  with  the  action  of  ry. 

7 At  this  point,  there  should  be  an  evil  laugh  in  the  background. 
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03UI 


This  comes  from  the  universal  coefficient  theorem,  i.e. , the  fact  that  RTC  commutes 
with  (g)L,  and  the  flatness  of  T as  a A-module. 


We  have 

Tr(7rwlflr0(Ms,^))  = y TrAa  {(9^u)\rtaut,j,a)®\ai] 
geG 

= Tta  ((9,nu)\Rrc(u-k,f,A'))  ■ TrA(g|M) 
g&G 

where  T acts  on  RTc(Uj,,  F)  by  G and  (e,  1)  acts  via  So  the  monoidal  extension 
is  given  by  T = G x N -A  N,  7 1— > 1.  The  first  equality  follows  from  Lemma[49.92.9| 
and  the  second  from  Lemma  f49. 92.81 

Step  8.  It  suffices  to  show  that  TrA9  ((g,  ^u)\RT<1(ui,j,A))  £ A maps  to  zero  in  A. 
Recall  that 

' TrA9((s'>7rw)lRrc(Wfc./.A))  = TrA((5)7rw)li?rc(ws,/,A)) 

= TrA((3_17rv)*|Rrc(vE.A))- 

The  first  equality  is  Lemma  |49.92.7[  the  second  is  the  Leray  spectral  sequence, 
using  the  finiteness  of  / and  the  fact  that  we  are  only  taking  traces  over  A.  Now 
since  A = Z/^"Z  with  n>  0 and  = Ia  for  some  (fixed)  a,  it  suffices  to  show 
the  following  result. 

Step  9.  We  have  TrA((g~1 2'Kv)*\Rrc(v.A))  = 0 in  A. 

By  additivity  again,  we  have 

TrA((g_l7rv)*|i?,rc(vsA))  + TrA((g-17ry)*|Rrc(y-v)jr,A)) 

= TrA((g-17ry)*|flr(yE,A)) 

The  latter  trace  is  the  number  of  fixed  points  of  g_1  ny  on  Y,  by  Weil’s  trace 
formula  Theorem  |49.91.4[  Moreover,  by  the  O-dimensional  case  already  proven  in 
step  2, 

TrA((5_17rv)*|i?.rc(i--v)E,A)) 

is  the  number  of  fixed  points  of  g-17Ty  on  ( Y — V)^,.  Therefore, 

TrA((5_l7rv)*Urc(vE.A)) 

is  the  number  of  fixed  points  of  g^1  Try  on  Vj,.  But  there  are  no  such  points:  if 
y £ Y-k  is  fixed  under  g^1 7Ty,  then  f(y)  £ Xj.  is  fixed  under  nx-  But  U has  no 
fc-rational  point,  so  we  must  have  f(y)  £ ( X — U )*.  and  so  y ^ Vg,  a contradiction. 
This  finishes  the  proof.  □ 


Remark  49.93.2. 


Remarks  on  Theorem 


49.93.1 


(1)  This  formula  holds  in  any  dimension.  By  a devissage  lemma  (which  uses 
proper  base  change  etc.)  it  reduces  to  the  current  statement  - in  that 
generality. 

(2)  The  complex  RTC(X^,K)  is  defined  by  choosing  an  open  immersion  j : 
I4I  with  X projective  over  k of  dimension  at  most  1 and  setting 


RTc(X-k,K)  :=  RT(X-k,j,K). 

This  is  independent  of  the  choice  of  X follows  from  (insert  reference  here). 
We  define  //!:(AE.,  K)  to  be  the  ith  cohomology  group  of  RTc(Xj,,  K). 
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03UJ 

03UK 

03UL 

03UM 

03UN 

03UO 

03UP 


Remark  49.93.3.  Even  though  all  we  did  are  reductions  and  mostly  algebra, 
the  trace  formula  Theorem  |49.93.1|  is  much  stronger  than  Weil’s  geometric  trace 
formula  (Theorem  49.91.4)  because  it  applies  to  coefficient  systems  (sheaves),  not 
merely  constant  coefficients. 


49.94.  Applications 

OK,  having  indicated  the  proof  of  the  trace  formula,  let’s  try  to  use  it  for  something. 

49.95.  On  1-adic  sheaves 


Definition  49.95.1.  Let  X be  a noetherian  scheme.  A Z^-sheaf  on  A',  or  simply 
a f-adic  sheaf  is  an  inverse  system  {4trn}n> i where 

(1)  J~ n is  a constructible  Z/f"Z-module  on  X etaie,  and 

(2)  the  transition  maps  Jr„+ 1 -A  Tn  induce  isomorphisms  IFn+\  ®z/^"+J-z 
Z/£nZ  “ Tn. 

We  say  that  J-  is  lisse  if  each  Tn  is  locally  constant.  A morphism  of  such  is  merely 
a morphism  of  inverse  systems. 

Lemma  49.95.2.  Let  {Gn}n> l be  an  inverse  system  of  constructible  Z/f"Z- 
modules.  Suppose  that  for  all  k > 1,  the  maps 

Gn+l/^Gn+1  -t  Gn/^Gn 

are  isomorphisms  for  all  n 3>  0 (where  the  bound  possibly  depends  on  k).  In  other 
words,  assume  that  the  system  {Gn/^kGn}n> l Is  eventually  constant,  and  call  Th 
the  corresponding  sheaf.  Then  the  system  {A~fc}fe>1  forms  a Zi-sheaf  on  X. 

Proof.  The  proof  is  obvious.  □ 


Lemma  49.95.3.  The  category  of  Z^-sheaves  on  X is  abelian. 

Proof.  Let  4>  = {<pn}n>1  ■ {A'„}  — > { Gn } be  a morphism  of  Z^-sheaves.  Set 

Coker ($)  = {Coker  [xn  ^ Gn)  } 

and  Ker(<E>)  is  the  result  of  Lemma [49.95.2  applied  to  the  inverse  system 


P|  Im(Ker(p  m ) -4  Ker(<^n)) 


m>n 


2>  1 


That  this  defines  an  abelian  category  is  left  to  the  reader. 


□ 


Example  49.95.4.  Let  X = Spec(C)  and  $ : Ze  — >■  Zg  be  multiplication  by  I. 
More  precisely, 

$ = {z/rz4z/rzl 

l ) n>  1 

To  compute  the  kernel,  we  consider  the  inverse  system 

...  -^  ZjlZ  4 Z/fZ  A ZjtZ. 

Since  the  images  are  always  zero,  Ker(<L)  is  zero  as  a system. 
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03UQ  Remark  49.95.5.  If  F = {Fn}n> i is  a Z^-sheaf  on  A'  and  x is  a geometric 
point  then  Mn  = {Fn^}  is  an  inverse  system  of  finite  Z/f^Z-modules  such  that 
Mn+ 1 — >•  Mn  is  surjective  and  Mn  = Mn+1/fmAfra+1.  It  follows  that 

M = lim„  Mn  = lim  Fn,x 

is  a finite  Z^-module.  Indeed,  M /£M  = Mi  is  finite  over  F^,  so  by  Nakayama  M is 
finite  over  Zf.  Therefore,  M = Zfr  © ®*=1Z^/£e’ Z^  for  some  r,  t > 0,  e*  > 1.  The 
module  M = Fs  is  called  the  stalk  of  F at  x. 

03UR  Definition  49.95.6.  A Z^-sheaf  F is  torsion  if  £n  : F — > F is  the  zero  map  for 
some  n.  The  abelian  category  of  Q^-sheaves  on  X is  the  quotient  of  the  abelian 
category  of  Z^-sheaves  by  the  Serre  subcategory  of  torsion  sheaves.  In  other  words, 
its  objects  are  Z^-sheaves  on  X,  and  if  F,G  are  two  such,  then 

HomQ{  (F,G)  = Homz,  {F,G)  (g>Z{  Qe- 

We  denote  by  F F ® Qe  the  quotient  functor  (right  adjoint  to  the  inclusion).  If 
F = F'  ® Qf  where  F'  is  a Z^-sheaf  and  x is  a geometric  point,  then  the  stalk  of 
F at  x is  Fg  = X'x  © Q^. 

03US  Remark  49.95.7.  Since  a Z^-sheaf  is  only  defined  on  a noetherian  scheme,  it  is 
torsion  if  and  only  if  its  stalks  are  torsion. 

03UT  Definition  49.95.8.  If  A is  a separated  scheme  of  finite  type  over  an  algebraically 
closed  field  k and  F = {Fn}n>i  is  a Z^-sheaf  on  A,  then  we  define 

Hl{X,F)  ■-limnHl{X,Fn)  and  IPC{X,  F)  :=  limn  Hlc(X,  Fn). 

If  F = F'  © Qf  for  a Z^-sheaf  F'  then  we  set 

Hi(X,F)  :=  H*(X,F')  ©zf  Qe- 
We  call  these  the  l-adic  cohomology  of  X with  coefficients  F. 

49.96.  L-functions 

03UU 

03UV  Definition  49.96.1.  Let  X be  a scheme  of  finite  type  over  a finite  held  k.  Let  A 
be  a finite  ring  of  order  prime  to  the  characteristic  of  k and  F a constructible  flat 
A-module  on  A ftaie-  Then  we  set 

L(X,F)  :=  n cl„,  det(l  - 7r*rdeg*|^,)-1  G A [[T]] 

where  |AT|  is  the  set  of  closed  points  of  X,  degx  = [«(x)  : A:]  and  x is  a geometric 
point  lying  over  x.  This  definition  clearly  generalizes  to  the  case  where  F is  replaced 
by  a K G Dctf(X,  A).  We  call  this  the  L-function  of  F. 

03UW  Remark  49.96.2.  Intuitively,  T should  be  thought  of  as  T = tj  where  pf  = ffk. 
The  definitions  are  then  independent  of  the  size  of  the  ground  held. 

03UX  Definition  49.96.3.  Now  assume  that  J7  is  a Qf-sheaf  on  X.  In  this  case  we 
dehne 

L{X,F)  :=  ilxem  det(l  - £ Q e[[T}}- 

Note  that  this  product  converges  since  there  are  finitely  many  points  of  a given 
degree.  We  call  this  the  L-function  of  F. 
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49.97.  Cohomological  interpretation 

This  is  how  Grothendieck  interpreted  the  L- function. 

Theorem  49.97.1  (Finite  Coefficients).  Let  X be  a scheme  of  finite  type  over  a 
finite  field  k.  Let  A be  a finite  ring  of  order  prime  to  the  characteristic  of  k and  T 
a constructible  flat  A-module  on  X^taie-  Then 

L(X,X)  = det(l  - ttI-  e A [[T% 

Proof.  Omitted.  □ 


Thus  far,  we  don’t  even  know  whether  each  cohomology  group  Hf(Xj,,iF)  is  free. 

Theorem  49.97.2  (Adic  sheaves).  Let  X be  a scheme  of  finite  type  over  a finite 
field  k,  and  T a Qe-sheaf  on  X . Then 

L{X,F)  =nidet(l-7rJT|ffj(x_^))(-1)i+1  g Qf[[T]]. 

Proof.  This  is  sketched  below.  □ 


Remark  49.97.3.  Since  we  have  only  developed  some  theory  of  traces  and  not 
of  determinants,  Theorem  |49.97.1|  is  harder  to  prove  than  Theorem  |49.97.2|  We 
will  only  prove  the  latter,  for  the  former  see  IDel77|.  Observe  also  that  there  is  no 
version  of  this  theorem  more  general  for  coefficients  since  there  is  no  f-torsion. 


We  reduce  the  proof  of  Theorem  49.97.2  to  a trace  formula.  Since  Qf  has  charac- 
teristic 0,  it  suffices  to  prove  the  equality  after  taking  logarithmic  derivatives.  More 
precisely,  we  apply  T log  to  both  sides.  We  have  on  the  one  hand 


r^l0gL(I/)=TAlog  ll  det(l  — 7r*Tdesx|jr_) 


-l 


dT 


x£\X\ 


= E Tfjff  l0g(<iet(l  — 7r*Tdega:|jr_)_1) 

®e|.Y| 


= £ degxJ2MKr\^)Tndes 

x6|.Y|  n>  1 


where  the  last  equality  results  from  the  formula 

log  (det  (1  - /TIm)"1)  = £ Tr(r\M)T 

n>  1 


which  holds  for  any  commutative  ring  A and  any  endomorphism  / of  a finite  pro- 
jective A-module  M . On  the  other  hand,  we  have 


T fjf  l0g  (II,  "I1  - 1)'“  ) 


by  the  same  formula  again.  Now,  comparing  powers  of  T and  using  the  Mobius 
inversion  formula,  we  see  that  Theorem  49.97.2  is  a consequence  of  the  following 
equality 


d\n  *E|V|  i 

deg  x — d 
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Writing  kn  for  the  degree  n extension  of  k,  Xn  = X x Spec fcSpec(fc„)  and  n X = X\ xn , 
this  boils  down  to 


x£Xn(kn)  i 


which  is  a consequence  of  Theorem  49.97.5 


Theorem  49.97.4.  Let  X/k  be  as  above , let  A be  a finite  ring  with  ffA  £ k*  and 
K £ Dct/(X,  A).  Then  RTC(X^,  K)  £ Dperf{ A)  and 


E Tr  I Km ) = Tr  (t Tx  | jjrc  ( x-k  ,k)  ) ■ 

x£X  ( k ) 


Proof.  Note  that  we  have  already  proved  this  (REFERENCE)  when  dimX  < 1. 
The  general  case  follows  easily  from  that  case  together  with  the  proper  base  change 
theorem.  □ 


03V2  Theorem  49.97.5.  Let  X be  a separated  scheme  of  finite  type  over  a finite  field 
k and  X be  a Qe-sheaf  on  X.  Then  dimQf  Hlc{Xj.,X)  is  finite  for  all  i,  and  is 
nonzero  for  0 < i < 2 dim  X only.  Furthermore,  we  have 

E Tr(^i^)  = E^W^iws.-n)  • 

x-eA'(fc)  i 

Proof.  We  explain  how  to  deduce  this  from  Theorem  |49.97.4[  We  first  use  some 
etale  cohomology  arguments  to  reduce  the  proof  to  an  algebraic  statement  which 
we  subsequently  prove. 

Let  X be  as  in  the  theorem.  We  can  write  X as  T'  ® Qf  where  X'  = {Xfi}  is 
a Z^-sheaf  without  torsion,  i.e.,  I : X'  — ► X'  has  trivial  kernel  in  the  category 
of  Z^-sheaves.  Then  each  X'n  is  a flat  constructible  Z/t”Z-module  on  Xitaie,  so 
X'n  £ Dctf(X,  Z/£nZ)  and  X'n+1  z Z/fnZ  = X'n.  Note  that  the  last  equality 

holds  also  for  standard  (non-derived)  tensor  product,  since  X'n  is  flat  (it  is  the  same 
equality).  Therefore, 

(1)  the  complex  Kn  = RTc(X^,X'n)  is  perfect,  and  it  is  endowed  with  an 
endomorphism  7r„  : Kn  — > Kn  in  D{ Z/£nZ), 

(2)  there  are  identifications 

Kn+ 1 ®^„+lz  Z/fZ  = Kn 

in  Dperf(Z/£nZ),  compatible  with  the  endomorphisms  7r„_|_i  and  7rn  (see 
[Del77l  Rapport  4.12]), 

(3)  the  equality  Tr  (ttx\kJ  = J^xeX(k)  Tr  holds’  and 

(4)  for  each  x £ X(k),  the  elements  Tr(7rx|jr > ) £ Z/fnZ  form  an  element  of 
Zf  which  is  equal  to  TA(ttx\X-)  £ Q^. 

It  thus  suffices  to  prove  the  following  algebra  lemma.  □ 

03V4  Lemma  49.97.6.  Suppose  we  have  Kn  £ Dperf(Z/£nZ),  Trn  : I\n  — » Kn  and 
isomorphisms  (pn  : Kn+\  ®z/£n+iz  Z/fnZ  — > I\n  compatible  with  7rn+i  and  irn. 
Then 

(1)  the  elements  tn  = Tr( 7rn|jfn)  £ Z/TnZ  /o?’m  an  element  too  = {f„}  of  Zg, 

(2)  the  Zg-module  H ^ = lim„  Hl{kn)  is  finite  and  is  nonzero  for  finitely  many 
i only,  and 
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(3)  the  operators  Hl(nn)  : Hl(Kn)  -A  Hl(Kn)  are  compatible  and  define  n ^ : 
Hio  Hio  satisfying 

^(-1)*Tr(7r^|Hjo®z^QJ  =too. 

Proof.  Since  Z/fnZ  is  a local  ring  and  Kn  is  perfect,  each  Kn  can  be  represented 
by  a finite  complex  K*  of  finite  free  Z/£™Z-modules  such  that  the  map  K'f  -a  Kffi1 
has  image  contained  in  £K^+1.  It  is  a fact  that  such  a complex  is  unique  up  to 
isomorphism.  Moreover  irn  can  be  represented  by  a morphism  of  complexes  77*  : 
AT*  — > K*  (which  is  unique  up  to  homotopy).  By  the  same  token  the  isomorphism 
ipn  : Kn+i  <S>z/^„+iz  Z/f"Z  -A  Kn  is  represented  by  a map  of  complexes 

: K*+i  ®z/^>+iz  Z/f"Z  -A  if*. 

In  fact,  (/?*  is  an  isomorphism  of  complexes,  thus  we  see  that 

• there  exist  a,  b £ Z independent  of  n such  that  K ln  = 0 for  all  i £ [a,  6], 
and 

• the  rank  of  I\ln  is  independent  of  n. 

Therefore,  the  module  K ^ = lim n{Kln,<pln}  is  a finite  free  Z^-module  and  is 
a finite  complex  of  finite  free  Z^-modules.  By  induction  on  the  number  of  nonzero 
terms,  one  can  prove  that  Hl  (AT^,)  = lim„  Hl  (A'*)  (this  is  not  true  for  unbounded 
complexes).  We  conclude  that  = Hl  (K^)  is  a finite  Z^-module.  This  proves 
it.  To  prove  the  remainder  of  the  lemma,  we  need  to  overcome  the  possible  non- 
commutativity of  the  diagrams 


K+i 


K* 

/vra+l 


K* 


I<* . 


However,  this  diagram  does  commute  in  the  derived  category,  hence  it  commutes  up 
to  homotopy.  We  inductively  replace  77*  for  n > 2 by  homotopic  maps  of  complexes 
making  these  diagrams  commute.  Namely,  if  hl  : K^+1  -A  AT^-1  is  a homotopy,  i.e., 

<°^-<°  <+i  =dh  + hd , 

then  we  choose  hl  : K^+1  -a  lifting  hl.  This  is  possible  because  Kln+l  free 

and  Klrf+1  -a  Kffi1  is  surjective.  Then  replace  77*  by  77*  defined  by 

K+i  = <+i  +dh  + hd. 

With  this  choice  of  {77*},  the  above  diagrams  commute,  and  the  maps  fit  together 
to  define  an  endomorphism  77^,  = limn  77*  of  . Then  part  i is  clear:  the  elements 
tn  = E(- l^TrKl^)  fit  into  an  element  too  of  Z(.  Moreover 

too  = J2(-iyT^oo\KO 

= y^(-l)tTrQ<  (t7^0|kL®z»qJ 
= y^(-l)tTr(7700|gqx^igiQ<:)) 

where  the  last  equality  follows  from  the  fact  that  is  a field,  so  the  complex 
K^o  ® Q<?  is  quasi-isomorphic  to  its  cohomology  Hl(K^a  ® Qe).  The  latter  is  also 
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equal  to  ®z  ® Q^,  which  hnishes  the  proof  of  the  lemma,  and 

also  that  of  Theorem  149.97.51  □ 


49.98.  List  of  things  which  we  should  add  above 

03V5  What  did  we  skip  the  proof  of  in  the  lectures  so  far: 

(1)  curves  and  their  Jacobians, 

(2)  proper  base  change  theorem, 

(3)  inadequate  discussion  of  RTC , 

(4)  more  generally,  given  / : X — > S finite  type,  separated  S quasi-projective, 
discussion  of  Rf\  on  etale  sheaves. 

(5)  discussion  of  ®L 

(6)  discussion  of  why  RTC  commutes  with  ®>L 


49.99.  Examples  of  L-functions 

03 V6  We  use  Theorem  |49.97.2|  for  curves  to  give  examples  of  L-functions 


49.100.  Constant  sheaves 


03V7  Let  k be  a finite  field,  X a smooth,  geometrically  irreducible  curve  over  k and 
T = Qf  the  constant  sheaf.  If  x is  a geometric  point  of  A',  the  Galois  module 
Tx  = is  trivial,  so 

det(i-<r*-b,)-'=  l ^.g,. 

Applying  Theorem  |49.97.2[  we  get 
2 

L(X,T)  = []det(l  - ir*xT\Hi{X-Me))(-Vi+1 
2=0 

det(l  - ir*xT\Hi(x-k,Qe)) 

det(l  - TT*xT\Ho{x-k,Qi))  ' det(l  “ 7rXT\H^(X-k,Qe)) 

To  compute  the  latter,  we  distinguish  two  cases. 


03V8 


Projective  case.  Assume  that  X is  projective,  so  Hl(Xk,  Q^)  = Hl{X k,  Q^),  and 
we  have 


Hi(X-k,Qe)  = 


Qe 

_* 

= 1 

if  i = 

= 0 

Qf 

_* 

nx 

=? 

if  i - 

= 1. 

O’ 

_* 

nx 

= q 

if  i - 

= 2 

The  identification  of  the  action  of  7r^-  on  H2  comes  from  Lemma 


49.65.2 


and  the 


fact  that  the  degree  of  nx  is  q = #(fc).  We  do  not  know  much  about  the  action 
of  TTx  on  the  degree  1 cohomology.  Let  us  call  op, . . . ,a 2g  its  eigenvalues  in  Qf. 
Putting  everything  together,  Theorem |49. 97. 2| yields  the  equality 

1 _ det(l  - 7r^-T|ffi(Xj,Q£))  _ (1  - oqT) ...  (1  - a2gT) 


n, 


ze|x|  1 -pdegx  (1  — T)(l  — qT) 

from  which  we  deduce  the  following  result. 


(l-T)(l-qT) 


Lemma  49.100.1.  Let  X be  a smooth , projective,  geometrically  irreducible  curve 
over  a finite  field  k.  Then 

(1)  the  L-function  L( X,  Q<>)  is  a rational  function, 
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(2)  the  eigenvalues  ai, . . . ,a.2g  of  n*x  on  H1(Xk,  Qg)  are  algebraic  integers 
independent  of  i, 

(3)  the  number  of  rational  points  of  X on  kn,  where  [kn  : k]  = n,  is 

#X(kn)  = l-^"  < + «", 

z — 'l=l 


(4)  for  each  i,  \ai\  < q. 


Proof.  Part  (3)  is  Theorem 
use  the  following  result. 


49.97.5 


applied  to  T 


Qf  on  X ® kn.  For  part  (4), 

□ 


03V9  Exercise  49.100.2.  Let  or, . . . , an  £ C.  Then  for  any  conic  sector  containing  the 
positive  real  axis  of  the  form  Ce  = {z  £ C | | argz|  < e}  with  e > 0,  there  exists 
an  integer  k > 1 such  that  af , . . . , a*  £ Ce. 

Then  prove  that  \cti\  < q for  all  i.  Then,  use  elementary  considerations  on  complex 
numbers  to  prove  (as  in  the  proof  of  the  prime  number  theorem)  that  \at\  < q.  In 
fact,  the  Riemann  hypothesis  says  that  for  all  \cti\  = q for  all  i.  We  will  come 
back  to  this  later. 


Affine  case.  Assume  now  that  X is  affine,  say  X = X — {xi, . . . ,xn}  where 
j : X 4 I is  a projective  nonsingular  completion.  Then  H°(Xk,  Qf)  = 0 and 
H2(Xk,  Qf)  = H2(  Xj.,  Q( ) so  Theorem  49.97.2  reads 


L(X,  Qt)=  J] 


1 _ det(l  - 7TA-rlgei(A-fc,Qf)) 

1 — Tdesx  ~ 1-qT 


On  the  other  hand,  the  previous  case  gives 


L(X,  Qe)  = L(X,Qe)l[(l~Tdezx') 

i= 1 

(l-T)(l-gT) 


Therefore,  we  see  that  dim  Hf{Xk,  Q^)  = 2 g+Y^=i  deg(aJi)  — 1,  and  the  eigenvalues 
ai,...,  a2g  of  7r acting  on  the  degree  1 cohomology  are  roots  of  unity.  More 
precisely,  each  Xi  gives  a complete  set  of  deg(xj)th  roots  of  unity,  and  one  occurrence 
of  1 is  omitted.  To  see  this  directly  using  coherent  sheaves,  consider  the  short  exact 
sequence  on  X 

n 

o —t  j'  Qf  4Q(4  Ql,Xi  0- 

i—l 

The  long  exact  cohomology  sequence  reads 


0 ->  Qt-+  0 Qf ' deg!Bl  Hl(Xh  Qf)  -4  Hl(X-k,  Qe)  -4  0 

i—l 


where  the  action  of  Frobenius  on  ®"=1  Q®  dega:i  is  by  cyclic  permutation  of  each 
term;  and  H2(Xj. , Qe)  = H2(Xk,  Qe). 
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49.101.  The  Legendre  family 

03VA  Let  k be  a finite  field  of  odd  characteristic,  X = Spec(£;[A,  yp^zyy]),  and  consider 
the  family  of  elliptic  curves  / : E — ► X on  P2X  whose  affine  equation  is  y2  = 
x(x  — l)(x  — A).  We  set  T = RflQe  = {R1  f*Z/£nZ}  n>1  tg > Q^.  In  this  situation, 
the  following  is  true 

• for  each  n > 1,  the  sheaf  R1  f*(Z/£nZ)  is  finite  locally  constant  - in  fact, 
it  is  free  of  rank  2 over  Z/£"Z, 

• the  system  {R1f*Z/£nZ}  n> i is  a lisse  A-adic  sheaf,  and 

• for  all  x e \X\,  det(l  - 7rx  Tde*x |^)  = (1  - a,Tdes*)(l  - /3,Tde«") 
where  ax,(3x  are  the  eigenvalues  of  the  geometric  frobenius  of  Ex  acting 
on  U1(£'i,  Qe). 

Note  that  Ex  is  only  defined  over  k{x)  and  not  over  k.  The  proof  of  these  facts  uses 
the  proper  base  change  theorem  and  the  local  acyclicity  of  smooth  morphisms.  For 
details,  see  |Del77).  It  follows  that 

L{E/X)  — L(X,  X)  - II  (i_axrdegx)(i_(ga;2’degx)- 

Applying  Theorem  |49.97.2|  we  get 

2 

L(E/X)  = fldet  (1  - ^xT\Hl{x.k^)(-lY+1  , 

i=0 

and  we  see  in  particular  that  this  is  a rational  function.  Furthermore,  it  is  relatively 
easy  to  show  that  Hd{X^,E)  = H2(X^,E)  = 0,  so  we  merely  have 

L{E/X)  = det(l  — -k*xT\hi^XJ7)). 

To  compute  this  determinant  explicitly,  consider  the  Leray  spectral  sequence  for 
the  proper  morphism  / : E — » X over  Q^,  namely 

Hi(X-k,Wf*Qe)^Hi+\E-k,Qe) 

which  degenerates.  We  have  f*Qe  = Qf  and  I?1/* = T.  The  sheaf  R2f* Qf  = 
Q*(-i)  is  the  Tate  twist  of  Q^,  i.e. , it  is  the  sheaf  Qf  where  the  Galois  action  is 
given  by  multiplication  by  #k(x)  on  the  stalk  at  x.  It  follows  that,  for  all  n > 1, 


#E(kn)  = ^X-iyTr{TT%*\Hi(E-k,Qe)) 

= : 1^+J  Tr  1 I Hi  (X-k,Ri 

= (qn  - 2)  + Tr«.*ki(A-^))  + qn{qn  ~ 2) 
= q2n  - qn  - 2 + Tr(7Tx*|jii(xs,^)) 


where  the  first  equality  follows  from  Theorem|49.97.5  the  second  one  from  the  Leray 
spectral  sequence  and  the  third  one  by  writing  down  the  higher  direct  images  of 
Qt  under  /.  Alternatively,  we  could  write 


#E(kn)=  J2  *Mkn) 
xex(kn) 


and  use  the  trace  formula  for  each  curve.  We  can  also  find  the  number  of  fcn-rational 
points  simply  by  counting.  The  zero  section  contributes  qn  — 2 points  (we  omit  the 
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points  where  A = 0, 1)  hence 

#E(kn)  = qn  - 2 + #{y2  = x(x  - l)(x  - A),  A ^ 0, 1}. 

Now  we  have 

#{y2  = x{x  - l){x  - A),  A ^ 0, 1} 

= #{?/2  = x(x  - l)(x  - A)  in  A3}  - #{y2  = x2(x  - 1)}  - #{y2  = x[x  - l)2} 

= #{ A = ^(x-i)  + 21 7^  0, 1}  + #{y2  = x(a;  - l)(x  - X),x  = 0, 1}  - 2 (qn  - en) 

= qn(qn  — 2)  + 2qn  — 2(qn  — en) 

= q2n  - 2 qn  + 2en 

where  en  = 1 if  — 1 is  a square  in  kn,  0 otherwise,  i.e. , 


Thus  #F(fc„)  = q2n  — qn  — 2 + 2en.  Comparing  with  the  previous  formula,  we  find 
Tl'(7rA'*lffc1(A's,j:'))  = 2e„  = 1 + (-1)  2 , 

which  implies,  by  elementary  algebra  of  complex  numbers,  that  if  —1  is  a square 
in  fc*,  then  dim  if3  (A^,  F)  = 2 and  the  eigenvalues  are  1 and  1.  Therefore,  in  that 
case  we  have 

L{E/X)  = (1  - T)2 . 

49.102.  Exponential  sums 

03VB  A standard  problem  in  number  theory  is  to  evaluate  sums  of  the  form 

SaAP)=  E 

igFp- {0,1} 

In  our  context,  this  can  be  interpreted  as  a cohomological  sum  as  follows.  Consider 
the  base  scheme  S = Spec(Fp[x,  and  the  affine  curve  / : X — s-  P1— {0, 1,  oo} 

over  S given  by  the  equation  j/p_1  = xa(x  — l)b.  This  is  a finite  etale  Galois  cover 
with  group  F*  and  there  is  a splitting 

/*m=  0 tx 

x:F;->q* 

where  y varies  over  the  characters  of  F*  and  Tx  is  a rank  1 lisse  Q^-sheaf  on  which 
F*  acts  via  y on  stalks.  We  get  a corresponding  decomposition 

Hc(XkMe)  = - {0,1,  oo},  Ex) 

x 

and  the  cohomological  interpretation  of  the  exponential  sum  is  given  by  the  trace 
formula  applied  to  Tx  over  P1  — {0,l,oo}for  some  suitable  y.  It  reads 

Sa,b{p)  = — Tr(7r_Y|/Li(pl_{o,1,c»},J:'x))- 
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The  general  yoga  of  Weil  suggests  that  there  should  be  some  cancellation  in  the 
sum.  Applying  (roughly)  the  Riemann-Hurwitz  formula,  we  see  that 

2 gx  - 2»  -2  (p  - 1)  + 3(p  - 2)  « p 

so  gx  ~ p/2,  which  also  suggests  that  the  y-pieces  are  small. 

49.103.  Trace  formula  in  terms  of  fundamental  groups 

03VC  In  the  following  sections  we  reformulate  the  trace  formula  completely  in  terms  of 
the  fundamental  group  of  a curve,  except  if  the  curve  happens  to  be  P1. 

49.104.  Fundamental  groups 

03VD  This  material  is  discussed  in  more  detail  in  the  chapter  on  fundamental  groups.  See 
Fundamental  Groups,  Section  [48. 1|  Let  A be  a connected  scheme  and  let  x — > X 
be  a geometric  point.  Consider  the  functor 

F_  . finite  etale  , finUp  spts 

' schemes  over  X f mine  Serb 

Y/X  ► Fmm  = { g«°“points5  \ =y 

Set 

7Ti(X,x)  = Aut(Fx)  = set  of  automorphisms  of  the  functor  F ^ 

Note  that  for  every  finite  etale  Y X there  is  an  action 

ni(X,x)  x FW(Y)  -a  FW(Y) 

03VE  Definition  49.104.1.  A subgroup  of  the  form  Stab(y  € FX(Y))  C 7r1(X,x)  is 
called  open. 

03VF  Theorem  49.104.2  (Grothendieck).  Let  X be  a connected  scheme. 

(1)  There  is  a topology  on  tti(X,x)  such  that  the  open  subgroups  form  a fun- 
damental system  of  open  nbhds  of  e € tti  (A",  x) . 

(2)  With  topology  of  (1)  the  group  7Ti(A,  x)  is  a profinite  group. 

(3)  The  functor 

schemes  finite  finite  discrete  continuous 

etale  over  X 7ri(X,x)-sets 

Y/X  i-A  Fx(Y)  with  its  natural  action 

is  an  equivalence  of  categories. 

Proof.  See  [Gro71j.  □ 

03VG  Proposition  49.104.3.  Let  X be  an  integral  normal  Noetherian  scheme.  Let 
y — t X be  an  algebraic  geometric  point  lying  over  the  generic  point  g £ X . Then 

7tx(A,tJ)  = Gal(M/  n(rf)) 

(K(v)’  function  field  of  X)  where 

n(rj)  D M D n(rf)  = k{ A) 

is  the  max  sub-extension  such  that  for  every  finite  sub  extension  M D L D n{g)  the 
normalization  of  X in  L is  finite  etale  over  X. 


Proof.  Omitted. 


□ 
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Change  of  base  point.  For  any  x\,x%  geom.  points  of  X there  exists  an  isom. 
of  fibre  functions 

T-  e*  V- 

J X\  — J X2 

(This  is  a path  from  x\  to  x2)  Conjugation  by  this  path  gives  isom 

ni(X,xi)  = Tr1(X,x2) 

well  defined  up  to  inner  actions. 


Functoriality.  For  any  morphism  X\  — > X2  of  connected  schemes  any  x £ X\ 
there  is  a canonical  map 

ni(X1,x)  -A  ir1(X2,x) 

(Why?  because  the  fibre  functor  ...) 

Base  field.  Let  X be  a variety  over  a field  k.  Then  we  get 

tti(X,x)  — > TTi(Spec(k),x)  =piop  Gal(ksep /k) 

This  map  is  surjective  if  and  only  if  X is  geometrically  connected  over  k.  So  in  the 
geometrically  connected  case  we  get  s.e.s.  of  profinite  groups 

1 -A  TTi(X-j:,x)  tti(X,x)  Gal(ksep /k)  -A  1 

(ni(X^,x):  geometric  fundamental  group  of  X , m(X,x):  arithmetic  fundamental 
group  of  X) 

Comparison.  If  X is  a variety  over  C then 

tti(X,x)  = profinite  completion  of  7Ti(A(C)(  usual  topology),  a:) 

(have  x € X(C)) 


Frobenii.  X variety  over  k,  < 00.  For  any  x € X closed  point,  let 
Fx  e tti(x,x)  = Gal(a;(a;)sep/K(a;)) 
be  the  geometric  frobenius.  Let  77  be  an  alg.  geom.  gen.  pt.  Then 


Easy  fact: 


, „ M .functoriality 

Kl{X,T))-(-  7Ti(A,  X)  ' TTi{x,X) 


<r- 


7Ti(X, 77)  -Adeg  7Ti(Spec(A:), 77)*  = Gal(ksep/k) 


^ * ^Spec(fc) 

Fx  1 t deg(x)  • Fspec(fe) 

Recall:  deg(;r)  = [n(x)  : k] 

Fundamental  groups  and  lisse  sheaves.  Let  X be  a connected  scheme,  x geom. 
pt.  There  are  equivalences  of  categories 

(A  finite  ring)  tA 


finite  (discrete)  A-modules 
with  continuous  -k\  (X,^)-action 


finitely  generated  Z^-modules  M with  continuous 
7r  1 (X,^)-action  where  we  use  £-adic  topology  on  M 

In  particular  lisse  Q;-sheaves  correspond  to  continuous  homomorphisms 

tti(X,x)  -a  GLr(Q;),  r>  0 

Notation:  A module  with  action  ( M,p ) corresponds  to  the  sheaf  Tf). 

Trace  formulas.  X variety  over  k,  < 00. 


(£  a prime) 


lisse  ^-adic 
sheaves 
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(1)  A finite  ring  (#A,  #k)  = 1 

p : } GLr(A) 

continuous.  For  every  n > 1 we  have 

Ed(  E Tr(p(^n/d))  I =Tr(«riOTc(^p)) 


d|r 


V 


*e|x|, 

deg  (cc  ) = d 


(2)  l ^ char(k)  prime,  p : 7Ti(X, a;)  —>  GLr(Q;).  For  any  n > 1 

2 dim  X 


£ Tr(p(F^d))  = ^ (-l)*Tr( 

din  \ *€|X|  / i=0 

\ deg(x)  = d ' 


7TX\Hi{X^p)i 


Weil  conjectures.  (Deligne-Weil  I,  1974)  X smooth  proj.  over  k,  ffk  = q , then 
the  eigenvalues  of  ir*x  on  Hl(X-j:,  Qi)  are  algebraic  integers  a with  |a|  = q1/2. 

Deligne’s  conjectures,  (almost  completely  proved  by  Lafforgue  + . . .)  Let  A'  be 
a normal  variety  over  k finite 


p : 7Ti(A,S)  — t GLr(Q;) 

continuous.  Assume:  p irreducible  det(p)  of  finite  order.  Then 

(1)  there  exists  a number  field  E such  that  for  all  x £ |AT|  (closed  points)  the 
char,  poly  of  p{Fx)  has  coefficients  in  E. 

(2)  for  any  x £ \X\  the  eigenvalues  ax^,  i = 1, . . . ,r  of  p{Fx)  have  complex 
absolute  value  1.  (these  are  algebraic  numbers  not  necessary  integers) 

(3)  for  every  finite  place  A(  not  dividing  p ),  of  E (maybe  after  enlarging  E a 
bit)  there  exists 

pX  : ni(X,x)  — > GL r(E\) 
compatible  with  p.  (some  char,  polys  of  TVs) 

03VH  Theorem  49.104.4  (Deligne,  Weil  II).  For  a sheaf  Tp  with  p satisfying  the  conclu- 
sions of  the  conjecture  above  then  the  eigenvalues  ofnx  on  Hlc{X^,Fp)  are  algebraic 
numbers  a with  absolute  values 

M = for  w £ Z,  w < i 


Moreover,  if  X smooth  and  proj.  then  w = i. 


Proof.  See  (Del74al . 


□ 


49.105.  Profinite  groups,  cohomology  and  homology 

03VI  Let  G be  a profinite  group. 

Cohomology.  Consider  the  category  of  discrete  modules  with  continuous  G-action. 
This  category  has  enough  injectives  and  we  can  define 

H\G,M ) = EiH°(G,M)  = R\M  ha  Mg ) 

Also  there  is  a derived  version  RH°(G , — ). 

Homology.  Consider  the  category  of  compact  abelian  groups  with  continuous 
G-action.  This  category  has  enough  projectives  and  we  can  define 

Hi(G,  M ) = LMG,  M)  = Li(M  ^ MG) 
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and  there  is  also  a derived  version. 

Trivial  duality.  The  functor  M K »•  MA  = Homcont(M,  S1)  exchanges  the  cate- 
gories above  and 

LP(G,M)A  = Hi(G,MA) 

Moreover,  this  functor  maps  torsion  discrete  G-modules  to  profinite  continuous 
G-modules  and  vice  versa,  and  if  M is  either  a discrete  or  profinite  continuous 
G-module,  then  MA  = Hom(M,  Q/Z). 

Notes  on  Homology. 

(1)  If  we  look  at  A-modules  for  a finite  ring  A then  we  can  identify 

Hi(G,M)  = Torf[[G]](M,  A) 

where  A[[G]]  is  the  limit  of  the  group  algebras  of  the  finite  quotients  of  G. 

(2)  If  G is  a normal  subgroup  of  F,  and  F is  also  profinite  then 

• H°(G,—):  discrete  T-module— > discrete  T/G- modules 

• Hq(G,—):  compact  F-rnodules  — ► compact  T/G- modules 

and  hence  the  profinite  group  T/G  acts  on  the  cohomology  groups  of  G 
with  values  in  a T-module.  In  other  words,  there  are  derived  functors 

RH°(G,—)  : D+  (discrete  F-modules)  — > D+  (discrete  T/G-modules) 

and  similarly  for  LHq{G , — ). 

49.106.  Cohomology  of  curves,  revisited 

03VJ  Let  k be  a field,  X be  geometrically  connected,  smooth  curve  over  k.  We  have  the 
fundamental  short  exact  sequence 

1 — > ni(X-^,r])  — > — > Gal(/c  /k)  — > 1 

If  A is  a finite  ring  with  //A  e k*  and  M a finite  A-module,  and  we  are  given 

p : 7Ti (X,rj)  Aut \(M) 

continuous,  then  T p denotes  the  associated  sheaf  on  X 'etaie- 
03VK  Lemma  49.106.1.  There  is  a canonical  isomorphism 

H2C(  A'^Jp)  = (M)OTl(^)(-l) 

as  Gal(k  P /k) -modules. 

Here  the  subscript  (xk  /q)  indicates  co-invariants,  and  (—1)  indicates  the  Tate  twist 
i.e. , cr  e Ga\(ks‘P /k)  acts  via 

Xcyd(°0-1-Cr  on  RHS 

where 

Xcyol  : Gal(fcse7fc)  n zr 

A ^-l^char^k) 

is  the  cyclotomic  character. 

Reformulation  (Deligne,  Weil  II,  page  338).  For  any  finite  locally  constant  sheaf  J- 
on  X there  is  a maximal  quotient  T — > T"  with  T" / Xj,  a constant  sheaf,  hence 

I"  = (X  Spec(k))~1F" 
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where  F"  is  a sheaf  Spec(fc),  i.e. , a Gal(fc  P/fc)-module.  Then 
Hl{X^F)  -+  H2( X^F")  -+  F"(- 1) 

is  an  isomorphism. 


Proof  of  Lemma  I49.106.T1  Let  Y — X be  the  finite  etale  Galois  covering  cor- 
responding to  Ker(p)  C 7Ti(X,  rj).  So 

Aut  (Y/X)  = Ind(p) 


is  Galois  group.  Then  ip*Fp  = MY  and 

(fi*iP*Fp  — >■  Fp 


which  gives 

w*  Fp)  ->  H2C(X^,  Fp) 

= Hc(Yk,  V*Fp) 

= H^Y^M)  = ©irred.  comp,  of  M 
Yk 

, . c\  . \ . trivial  1 m (p) 

Im(p)  t H(.  (Yp.  M ) ©irred.  comp,  of  Ad  Tm(p)equivalent  Hr  (X-p.  J~ o)  '/  action 

Yk 

irreducible  curve  C/k , ddf(C,AF)  = M. 


Since 


set  of  irreducible  lro(/9) 

components  of  Yk  Im(p\ni(Xli,rj)) 

We  conclude  that  Hf(X-j:,  Fp)  is  a quotient  of  Mvpx  ,rj)-  On  the  other  hand,  there 
is  a surjection 


TP  ->•  ?"  = 


sheaf  on  X associated  to 
7)  tti (X,rj) 


Hc  Hp)  — i > 


The  twist  in  Galois  action  comes  from  the  fact  that  H2(X-r,  pn)  =can  Z/nZ.  □ 


03VL  Remark  49.106.2.  Thus  we  conclude  that  if  X is  also  projective  then  we  have 
functorially  in  the  representation  p the  identifications 

H°(X^,FP)  = 

and 

H2c(X^,Fp)=M^x^)(- 1) 

Of  course  if  X is  not  projective,  then  He(X^,Fp)  = 0. 

03VM  Proposition  49.106.3.  Let  X/k  as  before  but  X jr  ^ pi.  The  functors  (Ad,  p)  H > 
ddf~l(X-j:,Fp)  are  the  left  derived  functor  of  (Ad,  p)  1-4  H2(X^,FP)  so 

H2-\X^Fp)  = R^pf^MH-l) 

Moreover,  there  is  a derived  version,  namely 

RTC(X^,FP)  = LH0(n1(X1:,rj),M(-l))  = M(- 1)  ^[kl(x^)]]  A 

in  D(A[[Z]]).  Similarly,  the  functors  ( M,p ) H > Hl(X-^,  Fp)  are  the  right  derived 
functor  of  (M,  p)  h > Mni  (xkdi)  so 

Hi(X^Fp)  = Hi(-K1(X^rf),M) 
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Moreover,  in  this  case  there  is  a derived  version  too. 

Proof.  (Idea)  Show  both  sides  are  universal  d-functors.  □ 

03VN  Remark  49.106.4.  By  the  proposition  and  Trivial  duality  then  you  get 

x H\X^(X))  -+  Q/Z 

a perfect  pairing.  If  X is  projective  then  this  is  Poincare  duality. 

49.107.  Abstract  trace  formula 

03VO  Suppose  given  an  extension  of  profinite  groups, 

1 -4  G -4  T Z -4  1 

We  say  T has  an  abstract  trace  formula  if  and  only  if  there  exist 

(1)  an  integer  q > 1,  and 

(2)  for  every  d > 1 a finite  set  Sd  and  for  each  x £ Sd  a conjugacy  class  Fx  £ T 
with  deg(Fx)  = d 

such  that  the  following  hold 

(1)  for  all  £ not  dividing  q have  cd^(G)  < oo,  and 

(2)  for  all  finite  rings  A with  q £ A*,  for  all  finite  projective  A- modules  M 
with  continuous  T-action,  for  all  n > 0 we  have 

d (E„6Sj  = <f  TrT"UtlM|») 

in  AH. 

Here  M <S>a[[G]]  ^ = LH0(G,  M ) denotes  derived  homology,  and  F = 1 in  T/G  = Z. 

03VP  Remark  49.107.1.  Here  are  some  observations  concerning  this  notion. 

(1)  If  modeling  projective  curves  then  we  can  use  cohomology  and  we  don’t 
need  factor  qn. 

(2)  The  only  examples  I know  are  T = TTi(X,rj)  where  X is  smooth,  geometri- 
cally irreducible  and  K(tt,  1)  over  finite  field.  In  this  case  q = (ffk)dlmX . 
Modulo  the  proposition,  we  proved  this  for  curves  in  this  course. 

(3)  Given  the  integer  q then  the  sets  Sd  are  uniquely  determined.  (You  can 
multiple  q by  an  integer  m and  then  replace  Sd  by  rnd  copies  of  Sd  without 
changing  the  formula.) 

03VQ  Example  49.107.2.  Fix  an  integer  q > 1 

1 G = -4  r -A  Z -A  1 

= riii4zi  f ha  i 

with  FxF^1  = ux,  u £ (Z^)*.  Just  using  the  trivial  modules  Z/toZ  we  see 

qn_{qu)n  = Yj  d#Sd 

z J d\n 

in  Z/mZ  for  all  ( m,q ) = 1 (up  to  u — >•  w-1)  this  implies  qu  = a £ Z and  |a|  < q. 
The  special  case  a = 1 does  occur  with 

(g2^l)-(<Z-l) 


r = 7Ti(GmiFp,?7),  #Si=<7-l, 


and  #S2 


2 
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49.108.  Automorphic  forms  and  sheaves 

03 VR  References:  See  especially  the  amazing  papers  |Dri83j.  jDri84|  and  [Dri80l  by 
Drinfeld. 


Unramifled  cusp  forms.  Let  k be  a finite  field  of  characteristic  p.  Let  X geo- 
metrically irreducible  projective  smooth  curve  over  k.  Set  K = k{X)  equal  to  the 
function  field  of  X.  Let  v be  a place  of  K which  is  the  same  thing  as  a closed  point 
x £ X.  Let  Kv  be  the  completion  of  K at  v,  which  is  the  same  thing  as  the  fraction 
field  of  the  completion  of  the  local  ring  of  X at  x.  i.e. , Kv  = f.f.{Ox,x)-  Denote 
Ov  C Kv  the  ring  of  integers.  We  further  set 

/ 

o-n,o.cA-n*. 

v 

and  we  let  A be  any  ring  with  p invertible  in  A. 

03VS  Definition  49.108.1.  An  unramified  cusp  form  on  GL2(A)  with  values  in  A|®] is 
a function 

/ : GL2(A)  -A-  A 

such  that 

(1)  /(ary)  = f(x)  for  all  x £ GL2(A)  and  all  7 £ GL2(A') 

(2)  f (ux)  = f (x)  for  all  x £ GL2(A)  and  all  u £ GL2(0) 

(3)  for  all  x £ GL2(A), 

L ‘i))*  = 0 

see  jdjon  Section  4.1]  for  an  explanation  of  how  to  make  sense  out  of 
this  for  a general  ring  A in  which  p is  invertible. 


Hecke  Operators.  For  v a place  of  K and  / an  unramified  cusp  form  we  set 

Tv(f){x)  = [ f{9~1x)dg, 

J geM„ 

and 

W)(*)  = /((’'”'  /.)*) 

Notations  used:  here  ttv  £ Ov  is  a uniformizer 


Mv  = {h  £ Mat( 2 x 2, 0„)|  det  h = 7 r„0*} 

and  dg  = is  the  Haar  measure  on  GL2  (A„)  with  fGL^^0  ^ dg  = 1.  Explicitly  we 
have 

,-1  \ 


Tv(f)(x)  = f 


TTy  ^ 0 

0 1 


i=  1 


E/((  A 


LA, 


0 


with  Xi  £ Ov  a set  of  representatives  of  Ov/(irv)  = kv,  qv  = #kv. 


Eigenforms.  An  eigenform  f is  an  unramified  cusp  form  such  that  some  value  of  / 
is  a unit  and  Tvf  = tvf  and  Uvf  = uvf  for  some  (uniquely  determined)  tv,  uv  £ A. 


®This  is  likely  nonstandard  notation. 
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03VT 


03VU 


03  VV 


03VW 


03VX 


03  VY 


Theorem  49.108.2.  Given  an  eigenform  / with  values  in  Q ; and  eigenvalues 
uv  £ Z;  then  there  exists 

p : t npQ  -A  GL2{E ) 

continuous,  absolutely  irreducible  where  E is  a finite  extension  of  contained  in 
Q i such  that  tv  = Tr(p(Fv)),  and  uv  = q~x  det  ( p(Fv ))  for  all  places  v. 

Proof.  See  (Dri80).  □ 

Theorem  49.108.3.  Suppose  Q;  C E finite,  and 

p : 7ri (X)  — t GL2{E) 

absolutely  irreducible,  continuous.  Then  there  exists  an  eigenform  f with  values 
in  Q;  whose  eigenvalues  tv,  uv  satisfy  the  equalities  tv  = Tr(p(Fv))  and  uv  = 
q-1  deb{p(Fv)). 

Proof.  See  lDri83i . □ 

Remark  49.108.4.  We  now  have,  thanks  to  Lafforgue  and  many  other  mathe- 
maticians, complete  theorems  like  this  two  above  for  GL„  and  allowing  ramification! 
In  other  words,  the  full  global  Langlands  correspondence  for  GLn  is  known  for  func- 
tion fields  of  curves  over  finite  fields.  At  the  same  time  this  does  not  mean  there 
aren’t  a lot  of  interesting  questions  left  to  answer  about  the  fundamental  groups  of 
curves  over  finite  fields,  as  we  shall  see  below. 


Central  character.  If  / is  an  eigenform  then 


Xf  ■ 


0*\A*/K*  ->  A* 

(1,  . . . , 7T„,  !,...,!)  U -1 


is  called  the  central  character.  If  corresponds  to  the  determinant  of  p via  normal- 
izations as  above.  Set 


C(  A)  = 


unr.  cusp  forms  / with  coefficients  in  A 
such  that  Uvf  = tpT1  /Vi> 


Proposition  49.108.5.  If  A is  Noetherian  then  C( A)  is  a finitely  generated  A- 
module.  Moreover,  if  A is  a field  with  prime  subfield  F C A then 


C( A)  = ((7(F))  ®F  A 


compatibly  with  Tv  acting. 

Proof.  See  jd.TOll  Proposition  4.7].  □ 


This  proposition  trivially  implies  the  following  lemma. 

Lemma  49.108.6.  Algebraicity  of  eigenvalues.  If  A is  afield  then  the  eigenvalues 
tv  for  f £ C(A)  are  algebraic  over  the  prime  subfield  F C A. 

Proof.  Follows  from  Proposition  49.108.5(  □ 

Combining  all  of  the  above  we  can  do  the  following  very  useful  trick. 

Lemma  49.108.7.  Switching  l.  Let  E be  a number  field.  Start  with 

p : tt^X)  ^ SL2(EX) 
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absolutely  irreducible  continuous,  where  X is  a place  of  E not  lying  above  p.  Then 
for  any  second  place  X'  of  E not  lying  above  p there  exists  a finite  extension  E'x, 
and  a absolutely  irreducible  continuous  representation 

p'  : 7Ti(X)  -A  SL2{E'X, ) 

which  is  compatible  with  p in  the  sense  that  the  characteristic  polynomials  of  all 
Frobenii  are  the  same. 


Note  how  this  is  an  instance  of  Deligne’s  conjecture! 


Proof.  To  prove  the  switching  lemma  use  Theorem 


49.108.3 


to  obtain  f £ C(Ql) 

eigenform  ass.  to  p.  Next,  use  Proposition  |49.108.5|  to  see  that  we  may  choose 
f £ C(E')  with  E C E'  finite.  Next  we  may  complete  E'  to  see  that  we  get 
f £ C ( E'x, ) eigenform  with  Ex,  a finite  extension  of  Ey.  And  finally  we  use 
Theorem  49.108.2  to  obtain  p'  : 7Ti(X)  -a  SL2(E'x,)  abs.  irred.  and  continuous 
after  perhaps  enlarging  E'x,  a bit  again.  □ 

Speculation:  If  for  a (topological)  ring  A we  have 

p : 7Ti(A)  — > SL2(A) 


abs  irred 


aa  eigen  forms  in  C( A) 


then  all  eigenvalues  of  p(Fv)  algebraic  (won’t  work  in  an  easy  way  if  A is  a finite 
ring.  Based  on  the  speculation  that  the  Langlands  correspondence  works  more 
generally  than  just  over  fields  one  arrives  at  the  following  conjecture. 

Conjecture.  (See  [d.TOljl  For  any  continuous 

p : TTipf)  -A  GL„(F/[[t]]) 

we  have  #p( 7Ti(A^))  < oo. 


A rephrasing  in  the  language  of  sheaves:  ’’For  any  lisse  sheaf  of  Fj((t))-modules  the 
geom  monodromy  is  finite.” 


03VZ  Theorem  49.108.8. 

Proof.  See  dJ01|. 
03W0  Theorem  49.108.9. 
Proof.  See  |Gai07l . 


The  Conjecture  holds  if  n < 2. 


□ 


Conjecture  holds  if  l > 2n  modulo  some  unproven  things. 


□ 


It  turns  out  the  conjecture  is  useful  for  something.  See  work  of  Drinfeld  on  Kashi- 
wara’s  conjectures.  But  there  is  also  the  much  more  down  to  earth  application  as 
follows. 

03W1  Theorem  49.108.10.  (See  d J 0 1 , Theorem  3.5],)  Suppose 

Po  : n\(X)  -£  GLn(F[) 
is  a continuous , l ^ p.  Assume 

(1)  Conj.  holds  for  X, 

(2)  poUi(A-)  abs.  irred.,  and 

(3)  l does  not  divide  n. 

Then  the  universal  determination  ring  Runiv  of  po  is  finite  flat  over  Z; . 
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Explanation:  There  is  a representation  pun;v  : 7Ti(X)  — » GL„(i?un;v)  (Univ.  Defo 
ring)  i?univ  loc.  complete,  residue  field  F;  and  (i?Univ  — ► F/)  o puniv  — Po-  And 
given  any  R — > F;,  i?  local  complete  and  p : tti(X)  — > GLn(J?)  then  there  exists 
ip  : i?Univ  — ► i?  such  that  ip  o pun ;v  = p.  The  theorem  says  that  the  morphism 

Spec(i?univ)  — t Spec(Zi) 

is  finite  and  flat.  In  particular,  such  a po  lifts  to  a p : 7Ti(X)  — > GL„(Q,). 

Notes: 

(1)  The  theorem  on  deformations  is  easy. 

(2)  Any  result  towards  the  conjecture  seems  hard. 

(3)  It  would  be  interesting  to  have  more  conjectures  on  7Ti(X)! 

49.109.  Counting  points 

03W2  Let  A be  a smooth,  geometrically  irreducible,  projective  curve  over  k and  q = 

The  trace  formula  gives:  there  exists  algebraic  integers  w i , . . . , W2g  such  that 

#X{kn)  =qn~  Y.29*  < + L 

If  a £ Aut(X)  then  for  all  i,  there  exists  j such  that  a (wi)  = Wj. 
Riemann-Hypothesis.  For  all  i we  have  \u)i\  = y/q. 

This  was  formulated  by  Emil  Artin,  in  1924,  for  hyperelliptic  curves.  Proved  by 
Weil  1940.  Weil  gave  two  proofs 

• using  intersection  theory  on  X x X,  using  the  Hodge  index  theorem,  and 

• using  the  Jacobian  of  X. 

There  is  another  proof  whose  initial  idea  is  due  to  Stephanov,  and  which  was  given 
by  Bombieri:  it  uses  the  function  field  k{X)  and  its  Frobenius  operator  (1969).  The 
starting  point  is  that  given  / € k(X)  one  observes  that  fq  — f is  a rational  function 
which  vanishes  in  all  the  Fg-rational  points  of  X , and  that  one  can  try  to  use  this 
idea  to  give  an  upper  bound  for  the  number  of  points. 

49.110.  Precise  form  of  Chebotarev 

03W3  As  a first  application  let  us  prove  a precise  form  of  Chebotarev  for  a finite  etale 
Galois  covering  of  curves.  Let  <p  : Y — > X be  a finite  etale  Galois  covering  with 
group  G.  This  corresponds  to  a homomorphism 

7Ti(X)  — >G  = Aut  (Y/X) 

Assume  Yp  = irreducible.  If  C C G is  a conjugacy  class  then  for  all  n > 0,  we  have 

\4P{x  G X(kn)  \FX€C}-^-  #X(kn)  I < (#C)(2g  - 2)^ 

(Warning:  Please  check  the  coefficient  on  the  right  hand  side  carefuly  before 
using.) 

Sketch.  Write 

^*(Q ;)  = ©, rgg-Frr. 

where  G is  the  set  of  isomorphism  classes  of  irred  representations  of  G over  Q; . For 
7T  G G let  Xk  : G — > Q;  be  the  character  of  7 r.  Then 

H*{Y^  Q;)  = ®^qH*{Y^  Q;)w  ={v  finite  } ®^qH*{X^F„) 
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If  7T  ^ 1 then  we  have 

H°(X^)  = H2(X^,Xn)  = 0,  dim = (2 gx  - 2)d\ 
(can  get  this  from  trace  formula  for  acting  on  ...)  and  we  see  that 

I E X^)\<(2gx-2)dlVr 

x€.X(kn) 

Write  lc  = then  an  = (lc,Xn),  and  aq  = (lCl,\i)  = |§  where 

1 


Thus  we  have  the  relation 


(f,h)  = ta  E f^)Kg) 

^ see 


H = IIMI2  = El 


Final  step: 

#{a -&X{kn)\Fx&C}=  Y M*) 

x£X(kn) 

= ^ 1 ^ ' aTrXir(F'x) 
xex(kn)  k 

#C 

#G 


= Sg#xom+  E-  E x.(^) 

✓ 7T^1  x£X(kn) 


term  for  7r— 1 


error  term  (to  be  bounded  by  E ) 

We  can  bound  the  error  term  by 

\E\  < E K\(2g-2)dlVT 


t£G, 

TT^l 


<Eife-2)^ 

7T#1  ^ 


By  Weil’s  conjecture,  #X(kn ) ~ qn . 


□ 


49.111.  How  many  primes  decompose  completely? 

03W4  This  section  gives  a second  application  of  the  Riemann  Hypothesis  for  curves  over 
a finite  field.  For  number  theorists  it  may  be  nice  to  look  at  the  paper  by  Ihara, 
entitled  “How  many  primes  decompose  completely  in  an  infinite  unramified  Galois 
extension  of  a global  field?” , see  |lha83j.  Consider  the  fundamental  exact  sequence 

1 -A  7 n(%)  -A  7n(X)  ^ z ->  1 

03W5  Proposition  49.111.1.  There  exists  a finite  set  x\, . . . ,xn  of  closed  points  of  X 
such  that  that  set  of  all  frobenius  elements  corresponding  to  these  points  topologi- 
cally generate  7r1(A'). 

Another  way  to  state  this  is:  There  exist  xi, . . . ,xn  £ |Aj  such  that  the  smallest 
normal  closed  subgroup  F of  tti{X)  containing  1 frobenius  element  for  each  Xi  is 
all  of  7T! (A),  i.e.,  T = -rri(X). 
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Proof.  Pick  N 0 and  let 


{xi, . . .,xn} 


set  of  all  closed  points  of 
X of  degree  < N over  k 


Let  F C 7Ti(X)  be  as  in  the  variant  statement  for  these  points.  Assume  T ^ 7Ti(X). 
Then  we  can  pick  a normal  open  subgroup  U of  7Ti(X)  containing  T with  U ^ 7Ti(X). 
By  R.H.  for  A'  our  set  of  points  will  have  some  xix  of  degree  N,  some  xi2  of  degree 
N — 1.  This  shows  deg  : T — > Z is  surjective  and  so  the  same  holds  for  U.  This 
exactly  means  if  Y — >■  X is  the  finite  etale  Galois  covering  corresponding  to  U,  then 
Yk  irreducible.  Set  G = Aut(F/X).  Picture 


By  construction  all  points  of  X of  degree  < TV,  split  completely  in  Y . So,  in 
particular 


W(kN)  > (#G)#X(fcJV) 

Use  R.H.  on  both  sides.  So  you  get 

qN  + 1 + 2 gYqN/2  > #G# X(kN)  > #G{qN  + 1 - 2 gxqN'2) 
Since  2 gy  — 2 = {#G)(2gx  — 2),  this  means 

qN  + 1 + (#G)(2gx  - 1)  + 1 )qN/2  > #G(qN  + 1 - 2 gxqN/2) 


Weird  Question.  Set  Wx  = deg-1(Z)  C 7Ti(A).  Is  it  true  that  for  some  finite 
set  of  closed  points  x\, . . . ,xn  of  X the  set  of  all  frobenii  corresponding  to  these 
points  algebraically  generate  Wjf? 

By  a Baire  category  argument  this  translates  into  the  same  question  for  all  Frobenii. 


03W6  If  the  genus  of  the  curve  is  large  relative  to  q , then  the  main  term  in  the  formula 
#AT  (k)  = q — ^2  uji  + 1 is  not  q but  the  second  term  22  which  can  (a  priori)  have 
size  about  2 gxy/q-  In  the  paper  VD83  the  authors  Drinfeld  and  Vladut  show 
that  this  maximum  is  (as  predicted  by  Ihara  earlier)  actually  at  most  about  g^fq. 

Fix  q and  let  k be  a field  with  k elements.  Set 


where  X runs  over  geometrically  irreducible  smooth  projective  curves  over  k.  With 
this  definition  we  have  the  following  results: 

• RH  =>  A{q)  < 2y/q 

• Ihara  =>  A(q)  < %/2q 

• DV  =>  A(q)  < yjq  — 1 (actually  this  is  sharp  if  q is  a square) 

Proof.  Given  X let  wi, . . . , W2g  and  g = gx  be  as  before.  Set  a,  = ^|,  so  |a,|  = 1. 
If  a;*  occurs  then  at  = a.”1  also  occurs.  Then 


Y^gX,  G = m(X)/U 


Thus  we  see  that  G has  to  be  the  trivial  group  if  N is  large  enough. 


□ 


49.112.  How  many  points  are  there  really? 


9 X 


N = #X  (k)  < X(kr)  =qr  + <)<?r/2 
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Rewriting  we  see  that  for  every  r > 1 


~Eai  - Nq~  ' -q-'~  -q 


— r/2  _ r/2  _ -r/2 


Observe  that 


So 


0 < | a"  + a"  1 + . . . + o.i  + 1|2  = (n  + 1)  + E(n  + 1 - j)(ae{  + ai  j) 

i= 1 


25(n  + 1)  > - E 51  (n  + 1 “ i)(ai  + ai 
* \j=i 


= - E(n + 1 _ j)  E ai  + 51  ai 

3=1  V * 


-J 


Take  half  of  this  to  get 

n 

g(n  + 1)  > - J2(n  + 1 “ j)(55 


a; 


j = l 


> 7V5^(n+ 1 - j)9  j/2-5>  + l-j)(9»/2  + « J/2) 


3=1 


3=1 


This  gives 


N < ( n + 1 ~ 3 7/2  1 I i , 1 V1'  n + 1 - 3 , 


\3=  1 

Fix  tl  let  g — ^ oo 


E 7VJ/2  • i + - E 

^ n + 1 I 1 o 4-"'  n + 1 


,J/2  + q ^ 2 ) 


4=1 


n+1~-?g-372 


l 4=1 


So 


A(q)  < limn_>00(.  • ■)  = ( E q 3/2  I =V9~1 
0=i 


□ 
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50.1.  Introduction 


This  chapter  is  based  on  a lecture  series  given  by  Johan  de  Jong  held  in  2012  at 
Columbia  University.  The  goals  of  this  chapter  are  to  give  a quick  introduction  to 
crystalline  cohomology.  A reference  is  the  book  |Ber74j. 

We  have  moved  the  more  elementary  purely  algebraic  discussion  of  divided  power 
rings  to  a preliminary  chapter  as  it  is  also  useful  in  discussing  Tate  resolutions  in 
commutative  algebra.  Please  see  Divided  Power  Algebra,  Section  [23. 1| 


50.2.  Divided  power  envelope 


The  construction  of  the  following  lemma  will  be  dubbed  the  divided  power  envelope. 
It  will  play  an  important  role  later. 

Lemma  50.2.1.  Let  (A,/, 7)  be  a divided  power  ring.  Let  A — ► B be  a ring  map. 
Let  J C B be  an  ideal  with  IB  C J.  There  exists  a homomorphism  of  divided  power 
rings 

(A,  I,”/)  — * (D,  J,  7) 

such  that 

Horn (a,/,7)((D,  J , 7),  ( C,K,6 ))  = Hom(A/)((.B,  J),  (C,  K)) 

functorially  in  the  divided  power  algebra  (C,K,6)  over  (A,  1, 7).  Here  the  LHS  is 
morphisms  of  divided  power  rings  over  (A,  /,  7)  and  the  RHS  is  morphisms  of  (ring, 
ideal)  pairs  over  {A,  I). 


F{C,K,S)  = < {ip,  if) 


Proof.  Denote  C the  category  of  divided  power  rings  ( C , K,  J).  Consider  the  func- 
tor F : C — > Sets  defined  by 

ip  : ( A , 1 , 7)  — ► (C,  K,  S)  homomorphism  of  divided  power  rings 
if  : (B,  J)  — > ( C , K)  an  A-algebra  homomorphism  with  if(J)  C K 

We  will  show  that  Divided  Power  Algebra,  Lemma  |23.3.3|  applies  to  this  functor 
which  will  prove  the  lemma.  Suppose  that  {ip,  if)  £ F{C,K,S).  Let  C'  C C be  the 
subring  generated  by  ip(A),  if(B),  and  Sn(ip(f))  for  all  / £ J.  Let  K'  C KnC1  be 
the  ideal  of  C'  generated  by  ip(I)  and  Sn(if(f))  for  / £ J.  Then  (C',K',S\k>)  is  a 
divided  power  ring  and  C1  has  cardinality  bounded  by  the  cardinal  re  = |A|  ® 

Moreover,  p factors  as  A — ► C’  — > C and  if  factors  as  B ^ B'  ^ B.  This  proves 
assumption  (1)  of  Divided  Power  Algebra,  Lemma  23.3.3  holds.  Assumption  (2)  is 
clear  as  limits  in  the  category  of  divided  power  rings  commute  with  the  forgetful 
functor  ( C,K,S ) >->■  ( C,K ),  see  Divided  Power  Algebra,  Lemma  23.3.2|  and  its 
proof.  □ 
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07H9  Definition  50.2.2.  Let  (A, 7,7)  be  a divided  power  ring.  Let  A — >■  B be  a ring 
map.  Let  J C B be  an  ideal  with  IB  C J.  The  divided  power  algebra  (D,  J,  7) 
constructed  in  Lemma|50.2.1|is  called  the  divided  power  envelope  of  J in  B relative 
to  ( A,  J,  7 ) and  is  denoted  DB{J ) or  DB^{J). 

Let  (A,  J,  7)  — > (C,  K , (5)  be  a homomorphism  of  divided  power  rings.  The  universal 
property  of  DB^(J)  = is 

ring  maps  B — >•  C divided  power  homomorphisms 

which  map  J into  K (D,  J,  7)  — >■  (C,  A',  6) 

and  the  correspondence  is  given  by  precomposing  with  the  map  B — ► D which 
corresponds  to  idp.  Here  are  some  properties  of  (D,  J,  7)  which  follow  directly 
from  the  universal  property.  There  are  A-algebra  maps 

07HA  (50.2.2.1)  B — > D — > B/J 

The  first  arrow  maps  J into  J and  J is  the  kernel  of  the  second  arrow.  The  elements 
7 n(x)  where  n > 0 and  x is  an  element  in  the  image  of  J — > D generate  J as  an 
ideal  in  D and  generate  D as  a 13-algebra. 

07HB  Lemma  50.2.3.  Let  {A,  1, 7)  be  a divided  power  ring.  Let  ip  : B'  B be  a 
surjection  of  A-algebras  with  kernel  K . Let  IB  C J C B be  an  ideal.  Let  J ' C 
B'  be  the  inverse  image  of  J.  Write  DBin(Jr)  = ( D Then  DB^(J)  = 
(D1  / K' , J' / K' ,7)  where  K'  is  the  ideal  generated  by  the  elements  7 n{k)  for  n > 1 
and  k £ K . 


Proof.  Write  DB^(J)  = (D,  J,  7).  The  universal  property  of  D'  gives  us  a homo- 
morphism D'  — > D of  divided  power  algebras.  As  B'  — > B and  J'  — > J are  surjec- 
tive, we  see  that  D'  — > D is  surjective  (see  remarks  above),  ft  is  clear  that  7 n(k)  is 
in  the  kernel  for  n > 1 and  k £ K,  i.e.,  we  obtain  a homomorphism  D' / K'  — > D. 
Conversely,  there  exists  a divided  power  structure  on  J' / K'  C D'  fK' , see  Divided 
Power  Algebra,  Lemma  |23.4.3[  Hence  the  universal  property  of  D gives  an  inverse 
D — > D' /K'  and  we  win.  □ 


In  the  situation  of  Definition  |50.2.2|  we  can  choose  a surjection  P — > B where  P 
is  a polynomial  algebra  over  A and  let  J'  C P be  the  inverse  image  of  J . The 
previous  lemma  describes  DB}1(J)  in  terms  of  Dptl(J’).  Note  that  7 extends  to  a 
divided  power  structure  7'  on  IP  by  Divided  Power  Algebra,  Lemma  23.4.2  Hence 
Dpj7(J')  = Dp^’^J')  is  an  example  of  a special  case  of  divided  power  envelopes  we 
describe  in  the  following  lemma. 


07HC  Lemma  50.2.4.  Let  (B,1, 7)  be  a divided  power  algebra.  Let  I C J C B be 
an  ideal.  Let  ( D,  J ,7)  be  the  divided  power  envelope  of  J relative  to  7.  Choose 
elements  ft  £ J , t £ T such  that  J = / + (/*).  Then  there  exists  a surjection 


4-  : B(xt) 


D 


of  divided  power  rings  mapping  Xt  to  the  image  of  ft  in  D.  The  kernel  of  4/  is 
generated  by  the  elements  Xt  — ft  and  all 

rtxt  - r0) 

whenever  ^ rtft.  = ro  in  B for  some  rt  £ B,  ro  £ I. 


50.2.  DIVIDED  POWER  ENVELOPE 


3355 


Proof.  In  the  statement  of  the  lemma  we  think  of  B(xt ) as  a divided  power  ring 


with  ideal  ./'  = IB(xt)  + B(xt)+,  see  Divided  Power  Algebra,  Remark  23.5.2  The 


existence  of  T follows  from  the  universal  property  of  divided  power  polynomial 
rings.  Surjectivity  of  \k  follows  from  the  fact  that  its  image  is  a divided  power 
subring  of  D,  hence  equal  to  D by  the  universal  property  of  D.  It  is  clear  that 
Xt  — ft  is  in  the  kernel.  Set 

B = {(r0,rt)  G ^©0tgT^  | Y rtft  = ro  in  B} 

If  (r o,  rt)  G IZ  then  it  is  clear  that  rtXt.  — ro  is  in  the  kernel.  As  \k  is  a homomor- 
phism of  divided  power  rings  and  J2rtxt  = ro  G J'  it  follows  that  Sn(Y/,rtxt  ~ r o) 
is  in  the  kernel  as  well.  Let  K C B(xt)  be  the  ideal  generated  by  Xt  — ft  and  the 
elements  6n(J2rtxt  ~ ro)  for  (ro , rt)  G IZ.  To  show  that  K = Ker('k)  it  suffices  to 
show  that  S extends  to  B(xt)/K.  Namely,  if  so  the  universal  property  of  D gives  a 
map  D — ► B(xt)/K  inverse  to  ik.  Hence  we  have  to  show  that  K D J'  is  preserved 
by  Sn,  see  Divided  Power  Algebra,  Lemma  23.4.3  Let  K'  C B(xt)  be  the  ideal 
generated  by  the  elements 

(1)  Sm(J2rtxt  - ro)  where  m > 0 and  (r0,rt)  G 7 Z, 

(2)  x^f\xt  — ft)  where  m > 0 and  if  ,t  G I. 

We  claim  that  K'  = K n J' . The  claim  proves  that  K ft  J'  is  preserved  by  6n,  n > 0 
by  the  criterion  of  Divided  Power  Algebra,  Lemma  23.4.3|  (2)  (c)  and  a computation 
of  6n  of  the  elements  listed  which  we  leave  to  the  reader.  To  prove  the  claim  note 
that  K'  C K n J' . Conversely,  if  h G K D J'  then,  modulo  K'  we  can  write 


h = Yrt^Xt  ~ f*) 


for  some  rt  G B.  As  h G K n J'  C J'  we  see  that  r0  = Ylrtft  e ^ ■ Hence 
(ro,  r*)  G 1Z  and  we  see  that 

h = Y rtXt  ~ ro 

is  in  K'  as  desired.  □ 


07KE  Lemma  50.2.5.  Let  be  a divided  power  ring.  Let  B be  an  A-algebra  and 

IB  C J C B an  ideal.  Let  Xi  be  a set  of  variables.  Then 

B A (pVi))  — (J)  {xi} 

Proof.  One  possible  proof  is  to  deduce  this  from  Lemma  |50.2.4|  as  any  relation 
between  Xi  in  B[xt]  is  trivial.  On  the  other  hand,  the  lemma  follows  from  the  uni- 
versal property  of  the  divided  power  polynomial  algebra  and  the  universal  property 
of  divided  power  envelopes.  □ 


Conditions  (1)  and  (2)  of  the  following  lemma  hold  if  B — > B'  is  flat  at  all  primes 
of  V(IB’)  C Spec(-B')  and  is  very  closely  related  to  that  condition,  see  Algebra, 
Lemma  [10.98.8[  It  in  particular  says  that  taking  the  divided  power  envelope  com- 
mutes with  localization. 

07HD  Lemma  50.2.6.  Let  (A,/, 7)  be  a divided  power  ring.  Let  B — » B'  be  a homo- 
morphism of  A- algebras.  Assume  that 

(1)  B/IB  — > B' /IB'  is  flat,  and 

(2)  Tor? {B',  B/IB)  = 0. 
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Then  for  any  ideal  IB  C J C B the  canonical  map 

Db(J)®b  B'  — > Db'(JB') 


is  an  isomorphism. 


Proof.  Set  D = Db(J)  and  denote  J C D its  divided  power  ideal  with  divided 
power  structure  7.  The  universal  property  of  D produces  a B-algebra  map  D —► 
Db'(JB'),  whence  a map  as  in  the  lemma.  It  suffices  to  show  that  the  divided 
powers  7 extend  to  D ®b  B'  since  then  the  universal  property  of  Db'{JB')  will 
produce  a map  Db'{JB ')  — >•  D ®b  B'  inverse  to  the  one  in  the  lemma. 


Choose  a surjection  P — » B'  where  P is  a polynomial  algebra  over  B.  In  particular 
B — > P is  flat,  hence  D — ► D ®b  P is  flat  by  Algebra,  Lemma  |10.38.7|  Then  7 
extends  to  D ®b  P by  Divided  Power  Algebra,  Lemma  |23.4.2  we  will  denote  this 
extension  7 also.  Set  a = Ker(P  — > B ')  so  that  we  have  the  short  exact  sequence 

0— — 5>0 


Thus  Torf  (B' , B/IB)  = 0 implies  that  0 D IP  = la.  Now  we  have  the  following 
commutative  diagram 


B / J ®b  Q — B/J  (£)b  P - — B / J ®b  B' 
D <g>B  a >■  D ®b  P D ®b  B' 


J ®b  a >■  J ®b  P .7  (g)  b B' 

This  diagram  is  exact  even  with  0’s  added  at  the  top  and  the  right.  We  have  to 
show  the  divided  powers  on  the  ideal  J ®b  P preserve  the  ideal  Im(a)  D J ®b  P , 
see  Divided  Power  Algebra,  Lemma [23. 4. 3|  Consider  the  exact  sequence 

0 — ► a/Ia  — >■  P/IP  B' /IB'  -»■  0 

(which  uses  that  a D IP  = la  as  seen  above).  As  B' /IB'  is  flat  over  B/IB  this 
sequence  remains  exact  after  applying  B / J®b/ib  ~ , see  Algebra,  Lemma 
Hence 

Ker(7?/J  ®b/ib  a/7o  — ► B/J  ®b/ib  P/IP ) = Ker(a/Ja  — > P/JP) 

is  zero.  Thus  /3  is  injective.  It  follows  that  Im(a)  D J ®b  P is  the  image  of  J ® a. 
Now  if  / € J and  a £ a,  then  7„(/  <E>  a)  = 7 n(/)  (8)  an  hence  the  result  is  clear.  □ 

The  following  lemma  is  a special  case  of  ldJ95l  Proposition  2.1.7]  which  in  turn  is 
a generalization  of  [Ber741  Proposition  2.8.2]. 

07HE  Lemma  50.2.7.  Let  (B,I,j)  — > (7?,,/,,7/)  be  a homomorphism  of  divided  power 
rings.  Let  I C J C B and  I'  C J'  C B'  be  ideals.  Assume 

(1)  B/I  B'/I'  is  flat,  and 

(2)  j'  = jb'  + i'. 

Then  the  canonical  map 

Db,i{J)  B'  — > Db'^'^J1) 

is  an  isomorphism. 


10.38.12 


50.3.  SOME  EXPLICIT  DIVIDED  POWER  THICKENINGS 


3357 


Proof.  Set  D = Db{J)  and  denote  J C D its  divided  power  ideal  with  divided 
power  structure  7.  The  universal  property  of  D produces  a homomorphism  of 
divided  power  rings  D — > Db'(J'),  whence  a map  as  in  the  lemma.  It  suffices  to 
show  that  there  exist  divided  powers  on  the  image  of  D /'  + J ®b  B'  D ®b  B' 
compatible  with  7 and  7'  since  then  the  universal  property  of  Db’{J')  will  produce 
a map  Db'(J')  —>  D B'  inverse  to  the  one  in  the  lemma. 


Choose  elements  ft  £ J which  generate  J/I.  Set  77  = {(r0,rt)  G / © ®tgT  B 
rtft  = tq  in  B}  as  in  the  proof  of  Lemma  50.2.4  This  lemma  shows  that 


D = B{xt)/K 


where  I\  is  generated  by  the  elements  xt  — ft  and  Sn(Y2  TtXt  — r 0)  for  (r 0,  r*)  G 77. 
Thus  we  see  that 


07HF  (50.2.7.1)  D ®B  B’  = B\xt)/K’ 

where  K'  is  generated  by  the  images  in  B'  (27)  of  the  generators  of  K listed  above. 
Let  ft  G B'  be  the  image  of  ft.  By  assumption  (1)  we  see  that  the  elements  ft  G J' 
generate  J' /I'  and  we  see  that  xt  — f't  G K' . Set 


77'  = {(r' , r-0  G /'  0 0tgr  B'  | Y,  rtft  = r'0  in  B'} 

To  finish  the  proof  we  have  to  show  that  S'n(Y2rtxt  ~ ro)  £ K'  f°r  (ro>rt)  £ 
because  then  the  presentation  (50.2.7.1)  of  D<S>b  B'  is  identical  to  the  presentation 
of  Db',y  ( J ')  obtain  in  Lemma  50.2.4  from  the  generators  f[.  Suppose  that  (r'0,  r't ) G 
77' . Then  Yhr'tf[  = 0 in  B'/I'.  As  B/I  -7-  7?'//'  is  flat  by  assumption  (1)  we  can 
apply  the  equational  criterion  of  flatness  (Algebra,  Lemma  10.38.11)  to  see  that 
there  exist  an  m > 0 and  rjt  G B and  Cj  G B' , j = 1, . . . , m such  that 


rjo  = Y e 1 for  j = 1....,  rn,  and  r't  = Y 


cjrjt- 


Note  that  this  also  implies  that  Tq  = Y2  cjrjO-  Then  we  have 

SnCY  rtXt  ~ r'o ) = Sn(52  coCY  ritXt  ~ rto)) 

= YC11  ■■  ■c^^1(YritXt  - ri°)  • ■ ■Snm(Y7'mtXt  - rm°) 

where  the  sum  is  over  rii  + . . . + nm  = n.  This  proves  what  we  want.  □ 


50.3.  Some  explicit  divided  power  thickenings 


07HG  The  constructions  in  this  section  will  help  us  to  define  the  connection  on  a crystal 
in  modules  on  the  crystalline  site. 


07HH  Lemma  50.3.1.  Let  (A1 1,7)  be  a divided  power  ring.  Let  M be  an  A-module.  Let 
B = A 0 M as  an  A-algebra  where  M is  an  ideal  of  square  zero  and  set  J = I@M. 
Set 

Sn(x  + z)  = 7„(x)  + 7„_i  {x)z 


for  x € I and  z G M . Then  S is  a divided  power  structure  and  A — » B is  a 
homomorphism  of  divided  power  rings  from  (A,  /,  7)  to  ( B , J,  5) . 


Proof.  We  have  to  check  conditions  (1)  - (5)  of  Divided  Power  Algebra,  Definition 
|23.2.1|  We  will  prove  this  directly  for  this  case,  but  please  see  the  proof  of  the  next 
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lemma  for  a method  which  avoids  calculations.  Conditions  (1)  and  (3)  are  clear. 
Condition  (2)  follows  from 


Sn(x  + z)5m(x  + z)  = (7 n(x)  + ryn-i(x)z)('ym(x)  + 7m_i  (x)z) 

= 7n{x)ym(x)  + ryn(x)rym-i(x)z  + 7n_i(x)7  m(x)z 


(n  + m)\ 


7 n-\-m  ( X ) 


(n  + m — 1)!  (n  + m — 1)! 


n!(m— 1)!  (n  — l)!m! 


-111ml  n^+m-1 


(n  + to)! 


“'n+ra 


(x  + z) 


nlml 

Condition  (5)  follows  from 

Sn(Sm(x  + z))  = Sn(  ym(x)  +7m_i(x)x) 

= ln{lm(x))  +7„-i(7m(a;))7m_i(a:)z 

(nm)!  , . ((n—  l)m)!  . , . 

(nm)\ 

by  elementary  number  theory.  To  prove  (4)  we  have  to  see  that 


(ynm{x)  + ynm-i(x)z) 

7.1  ( 777.1  ln 


<5„(a;  + 2/  + x + z')  = 7„(x  + x’)  + yn-\{x  + x'){z  + z') 


is  equal  to 

En 

. n(7i(x)  + 7i-i(x)z)(yn-i(x  ) + yn-i-1(x,)z') 

1=0 

This  follows  easily  on  collecting  the  coefficients  of  1,  z.  and  z!  and  using  condition 
(4)  for  7.  □ 


07HI  Lemma  50.3.2.  Let  (A,I,y)  be  a divided  power  ring.  Let  M,  N be  A-modules. 
Let  q : M x M —>  N be  an  A-bilinear  map.  Let  B = A®  M ® N as  an  A-algebra 
with  multiplication 

{x,  z,  w)  ■ (x1 , z\  w')  = (xx' , xzl  + x'z,  xw’  + x'w  + q(z,  z')  + q(z',  z )) 


and  set  J = I ® M ® N.  Set 


Sn(x,z,w)  = ('yn(x),'yn-1(x)z,'yn-1(z)w  + yn-2{x)q(z,  z)) 

for  (a,  m,  n ) € J . Then  S is  a divided  power  structure  and  A — » B is  a homomor- 
phism of  divided  power  rings  from  (A,  /,  7)  to  ( B , J,  S). 


Proof.  Suppose  we  want  to  prove  that  property  (4)  of  Divided  Power  Algebra, 
Definition  23.2.1  is  satisfied.  Pick  (x,z,w)  and  (x',z',w')  in  J.  Pick  a map 

Aq  = Z(s,  s')  — > A , s 1 — > x , s'  1 — > x' 


which  is  possible  by  the  universal  property  of  divided  power  polynomial  rings.  Set 
M0  = A0  ® Aq  and  iVo  = A0  © A0  ® M0  ®a0  Mo-  Let  q0  : M0  x M0  — ► N0  be  the 
obvious  map.  Define  M0  — ► M as  the  A0-linear  map  which  sends  the  basis  vectors 
of  M0  to  2 and  z' . Define  Ay  — > N as  the  A0  linear  map  which  sends  the  first  two 
basis  vectors  of  N0  to  w and  w'  and  uses  Mo  ®a0  M0  — >•  M ®a  M ^ N on  the  last 
summand.  Then  we  see  that  it  suffices  to  prove  the  identity  (4)  for  the  situation 
(A0,  M0,N0 , go)-  Similarly  for  the  other  identities.  This  reduces  us  to  the  case  of  a 
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Z-torsion  free  ring  A and  A-torsion  free  modules.  In  this  case  all  we  have  to  do  is 
show  that 

n!Sn(x,  z,  w)  = (x,  z,  w)n 

in  the  ring  A , see  Divided  Power  Algebra,  Lemma [23.2. 2|  To  see  this  note  that 
(x,  z,  w)2  = (x2,  2 xz,  2 xw  + 2q(z,  z)) 

and  by  induction 

(x,  z , w)n  = (xn,  nxn~1z , nxn~1w  + n(n  — l)xn~2q{z,  z)) 

On  the  other  hand, 

n\Sn(x,z,w)  = (n\'yn(x),n\jn_i(x)z,  n\r)n-\{x)w  + n\~in-i(x)q{z,  z)) 
which  matches.  This  finishes  the  proof.  □ 


50.4.  Compatibility 


07HJ  This  section  isn’t  required  reading;  it  explains  how  our  discussion  fits  with  that  of 
[Ber74].  Consider  the  following  technical  notion. 

07HK  Definition  50.4.1.  Let  (A,  /,  7)  and  (B,  J,  S)  be  divided  power  rings.  Let  A -A  B 
be  a ring  map.  We  say  8 is  compatible  with  7 if  there  exists  a divided  power 
structure  7 on  J + IB  such  that 

(A,  1, 7)  -A  (B,  J + IB,  7)  and  (B,  J,  S)  -4  (B,  J + IB,  7) 
are  homomorphisms  of  divided  power  rings. 


Let  p be  a prime  number.  Let  (A,  /,  7)  be  a divided  power  ring.  Let  A — ► C be 
a ring  map  with  p nilpotent  in  C.  Assume  that  7 extends  to  IC  (see  Divided 
Power  Algebra,  Lemma  23.4.2).  In  this  situation,  the  (big  affine)  crystalline  site 
of  Spec(C)  over  Spec(A)  as  defined  in  |Ber74|  is  the  opposite  of  the  category  of 
systems 

(B,J,S,A^B,C^B/J) 

where 


(1)  ( B , J,  5)  is  a divided  power  ring  with  p nilpotent  in  B, 

(2)  8 is  compatible  with  7,  and 

(3)  the  diagram 

B >-B/J 

A ^ C 

is  commutative. 


The  conditions  “7  extends  to  C and  5 compatible  with  7”  are  used  in  IBer74l  to 
insure  that  the  crystalline  cohomology  of  Spec(C)  is  the  same  as  the  crystalline 
cohomology  of  Sp ec(C/IC).  We  will  avoid  this  issue  by  working  exclusively  with  C 
such  that  IC  = CQ  In  this  case,  for  a system  (B,  J,  <5,  A — >•  B,C  — ► B/  J)  as  above, 
the  commutativity  of  the  displayed  diagram  above  implies  IB  C J and  compatibil- 
ity is  equivalent  to  the  condition  that  (A,  /,  7)  —¥  (B,J,S)  is  a homomorphism  of 
divided  power  rings. 


1Of  course  there  will  be  a price  to  pay. 
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50.5.  Affine  crystalline  site 

07HL  In  this  section  we  discuss  the  algebraic  variant  of  the  crystalline  site.  Our  basic 
situation  in  which  we  discuss  this  material  will  be  as  follows. 

07MD  Situation  50.5.1.  Here  p is  a prime  number,  (A,  1, 7)  is  a divided  power  ring 
such  that  A is  a Z^-algebra,  and  A — >•  C is  a ring  map  such  that  IC  = 0 and  such 
that  p is  nilpotent  in  C. 


Usually  the  prime  number  p will  be  contained  in  the  divided  power  ideal  I. 

07HM 

(1)  A divided  power  thickening  of  C over  (A,  1, 7)  is  a homomorphism  of  di- 
vided power  algebras  (A,  1, 7)  — > (B,J,S)  such  that  p is  nilpotent  in  B 
and  a ring  map  C — >■  B/J  such  that 

B ^ B/J 


C 


A ^A/I 

is  commutative. 

(2)  A homomorphism  of  divided  power  thickenings 

(B, ,/,  S,  C — >•  B/J)  — > (B',  J',  S',  C -A  B’/J’) 

is  a homomorphism  tp  : B — > B'  of  divided  power  A-algebras  such  that 
C ->  B/J  ->  B'/J'  is  the  given  map  C ->  B' / J' . 

(3)  We  denote  CRIS(C/A,  1, 7)  or  simply  CRIS(C'/A)  the  category  of  divided 
power  thickenings  of  C over  (A,I,j). 

(4)  We  denote  Cris(C/A,  1, 7)  or  simply  Cris(C/A)  the  full  subcategory  con- 
sisting of  ( B,  J,S,C  — > B/J)  such  that  C — )■  B/J  is  an  isomorphism.  We 
often  denote  such  an  object  ( B -A  C,S)  with  J = Ker(B  — ► C)  being 
understood. 


Definition  50.5.2.  In  Situation 


50.5.1 


Note  that  for  a divided  power  thickening  ( B , J , 5)  as  above  the  ideal  J is  locally 
nilpotent,  see  Divided  Power  Algebra,  Lemma [23. 2. 6[  There  is  a canonical  functor 

07KF  (50.5.2.1)  CRIS(C/A) — > C-algebras,  (B,J,S)  1 — > B/J 


This  category  does  not  have  equalizers  or  fibre  products  in  general.  It  also  doesn’t 
have  an  initial  object  (=  empty  colimit)  in  general. 


07HN  Lemma  50.5.3.  In  Situation 


50.5.1 


(1)  CRIS{C / A)  has  products, 

(2)  CRISiC / A)  has  all  finite  nonempty  colimits  and  { 50. 5. 2.i)  commutes  with 
these,  and 

(3)  Cris(C / A)  has  all  finite  nonempty  colimits  and  Cris(C/A)  — > CRIS(C / A) 
commutes  with  them. 
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07KH 


Proof.  The  empty  product  is  ((7,0,0).  If  ( Bt,Jt,St ) is  a family  of  objects  of 
CRIS(C/A)  then  we  can  form  the  product  (II  II  II  <^t)  as  in  Divided  Power 
Algebra,  Lemma  23.3. 4|  The  map  C — >Y\^t/Y\Jt  = Y\  Bt/Jt  is  clear. 


Given  two  objects  ( B , J,  7)  and  (B' , J',  7')  of  CRIS(C/A)  we  can  form  a cocartesian 
diagram 

(B,J,8t.^&(B",J",S") 


{A,  1, 7) -( B',J',6 ') 


in  the  category  of  divided  power  rings.  Then  we  see  that  we  have 

B"/J"  = B/J  ®A/I  B’/J’  i — C ®A/i  C 

see  Divided  Power  Algebra,  Remark  |23.3.5|  Denote  J"  C K C B"  the  ideal  such 
that 

B"  / J" *.  B"/I< 


C ®a/i  (7  ‘ ' -.7  C 

is  a pushout,  i.e.,  B" /K  = B/J  ®c  B'/J'.  Let  Db"{K)  = ( D , K , 8)  be  the  divided 
power  envelope  of  K in  B"  relative  to  (B" , J",8").  Then  it  is  easily  verified  that 
(. D,K,8 ) is  a coproduct  of  (R,  J,  8)  and  (B',J',8')  in  CRIS(C/A). 


Next,  we  come  to  coequalizers.  Let  a,/3  : ( B,J,S ) — >•  ( B',J\S ')  be  morphisms  of 
CRIS(CyA).  Consider  B"  = B' /(a(b)  — (3(b)).  Let  J"  C B"  be  the  image  of  J' . 
Let  Db"{J")  = (D,J,8)  be  the  divided  power  envelope  of  J”  in  B"  relative  to 
(B\  J',  S').  Then  it  is  easily  verified  that  ( D , J,  8)  is  the  coequalizer  of  ( B , J,  8)  and 
(Br,  J',  8')  in  CR.IS(C'/A). 


By  Categories,  Lemma  4.18.6  we  have  all  finite  nonempty  colimits  in  CRIS(C/A). 
The  constructions  above  shows  that  (50.5.2.1 ) commutes  with  them.  This  formally 
implies  part  (3)  as  Cris(C/A)  is  the  fibre  category  of  (|50.5.2.1 ) over  C.  □ 


Remark  50.5.4.  In  Situation  50.5.1  we  denote  CrisA(C/A)  the  category  whose 
objects  are  pairs  ( B — » C,  <5)  sucn  that 

(1)  B is  a p-adically  complete  A-algebra, 

(2)  B — » C is  a surjection  of  A-algebras, 

(3)  8 is  a divided  power  structure  on  Ker(R  -A  C), 

(4)  A — > B is  a homomorphism  of  divided  power  rings. 

Morphisms  are  defined  as  in  Definition  50.5.2  Then  Cris(C/A)  C CrisA(C'/A)  is 


the  full  subcategory  consisting  of  those  B such  that  p is  nilpotent  in  B.  Conversely, 
any  object  ( B -a  C,S)  of  CrisA(C'/A)  is  equal  to  the  limit 


(B  -a  C,  8)  = lim e(B/peB  ->  <7, 8) 


where  for  e 0 the  object  ( B/peB  -A  C,8)  lies  in  Cris(C'/A),  see  Divided  Power 
Algebra,  Lemma  23.4.5  In  particular,  we  see  that  CrisA(C/A)  is  a full  subcategory 


of  the  category  of  pro-objects  of  Cris(C/A),  see  Categories,  Remark  4.22.4 
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07KG 


07HP 


07KI 


07HQ 

07HR 


For  every  e > 1 set  Pe  = P/peP 
i7(Je)  = {Dei  Je,7).  Then  for  all  e large 


Lemma  50.5.5.  In  Situation  50.5.1  Let  P -A  C be  a surjection  of  A- algebras  with 
kernel  J.  Write  Dp^{J)  = ( D , J,  7).  Let  ( DA , JA,"/A)  be  the  p-adic  completion  of 
D , see  Divided  Power  Algebra,  Lemma  23-4-5 
and  Je  C Pe  the  image  of  J and  write  Dpc 
enough  we  have 

(1)  peD  C J and  peDA  C JA  are  preserved  by  divided  powers, 

(2)  DA /peD^  = D/peD  = De  as  divided  power  rings, 

(3)  [De,Je,  7)  is  an  object  of  Cris{C/A), 

(4)  (DA,  Ja,7a)  is  equal  to  \\me(De,  Je,  7),  and 

(5)  (DA,  Ja,7a)  is  an  object  of  CrisA(C/A). 


Proof.  Part  (1)  follows  from  Divided  Power  Algebra,  Lemma  23.4.5|  It  is  a general 
property  of  p-adic  completion  that  D/peD  = DA  /peDA . Since  D/peD  is  a divided 
power  ring  and  since  P — > D/peD  factors  through  Pe,  the  universal  property  of  De 
produces  a map  De  — > D/peD.  Conversely,  the  universal  property  of  D produces 
a map  D -A  De  which  factors  through  D/peD.  We  omit  the  verification  that  these 
maps  are  mutually  inverse.  This  proves  (2).  If  e is  large  enough,  then  peC  = 0, 
hence  we  see  (3)  holds.  Part  (4)  follows  from  Divided  Power  Algebra,  Lemma 
Part  (5)  is  clear  from  the  definitions. 


23.4.5 


□ 


50.5.1 


Let  P be  a polynomial  algebra  over  A and  let 


Lemma  50.5.6.  In  Situation 

P -A  C be  a surjection  of  A- algebras  with  kernel  J . With  ( De , Je,  7)  as  in  Lemma 


50.5.5:  for  every  object  ( B , Jp,  6)  of  CRIS(C / A)  there  exists  an  e and  a morphism 
De^  B of  CRIS(C / A) . 


Proof.  We  can  find  an  A-algebra  homomorphism  P — >■  B lifting  the  map  C — > 
B/Jp.  By  our  definition  of  CRIS(C,/A)  we  see  that  peB  = 0 for  some  e hence 
P -A  B factors  as  P — > Pe  — > B.  By  the  universal  property  of  the  divided  power 
envelope  we  conclude  that  Pe  -A  B factors  through  De.  □ 


Lemma  50.5.7.  In  Situation  50.5.1  Let  P be  a polynomial  algebra  over  A and 
let  P —¥  C be  a surjection  of  A- algebras  with  kernel  J.  Let  be  the  p-adic 

completion  of  Dp^(J).  For  every  object  ( B -A  C,6)  of  CrisA(C/A)  there  exists  a 
morphism  D — >•  B of  CrisA{C/A). 


Proof.  We  can  find  an  A-algebra  homomorphism  P — > B compatible  with  maps  to 
C.  By  our  definition  of  Cris(C/A)  we  see  that  P — > B factors  as  P — »•  Dp^(J)  — ► B. 
As  B is  p-adically  complete  we  can  factor  this  map  through  D.  □ 


50.6.  Module  of  differentials 

In  this  section  we  develop  a theory  of  modules  of  differentials  for  divided  power 
rings. 

Definition  50.6.1.  Let  A be  a ring.  Let  (B,J,5)  be  a divided  power  ring.  Let 
A — > B be  a ring  map.  Let  M be  an  R-module.  A divided  power  A-derivation  into 
M is  a map  0 : B — » M which  is  additive,  annihilates  the  elements  of  A,  satisfies 
the  Leibniz  rule  0(bb')  = bO{b')  + b'0{b)  and  satisfies 

0{ln{x))  = Tn-i{x)0{x) 


for  all  n > 1 and  all  a : £ J. 


50.6.  MODULE  OF  DIFFERENTIALS 


3363 


In  the  situation  of  the  definition,  just  as  in  the  case  of  usual  derivations,  there  exists 
a universal  divided  power  A-derivation 

d b/a,5  '■  B — > LlB/A,8 

such  that  any  divided  power  A-derivation  9 : 33  — >■  M is  equal  to  9 = £ o dg /a.s 
for  some  33-linear  map  Id b/a,s  M.  If  (A,  7,  7)  — > (B,J,S)  is  a homomorphism 

of  divided  power  rings,  then  we  can  forget  the  divided  powers  on  A and  consider 
the  divided  power  derivations  of  B over  A.  Here  are  some  basic  properties  of  the 
divided  power  module  of  differentials. 

07HS  Lemma  50.6.2.  Let  A be  a ring.  Let  ( B , 7,  5)  be  a divided  power  ring  and  A -+  B 
a ring  map. 

(1)  Consider  B [x]  with  divided  power  ideal  (733[x],< 5')  where  S'  is  the  extension 
of  S to  33  [x].  Then 

^B[x]/A,6'  = n B/A,8  B[x]  © B[x]dx. 

(2)  Consider  B(x)  with  divided  power  ideal  (JB(x)  + 33(x)  + , S').  Then 

^b(x)/a,< y = b/a,s  ®b  B(x)  © B(x)dx. 

(3)  Let  K C J be  an  ideal  preserved  by  Sn  for  all  n > 0.  Set  B'  = B/K 
and  denote  S'  the  induced  divided  power  on  J/K.  Then  flB' /A, S’  the 
quotient  of  LIb/a,5  ®b  B'  by  the  B' -submodule  generated  by  dk  for  k G K. 

Proof.  These  are  proved  directly  from  the  construction  of  LIb/a,s  as  the  free  13- 
module  on  the  elements  d b modulo  the  relations 

(1)  d(b  + b')  = db  + db\  b,b'  e B, 

(2)  da  = 0,  a € A, 

(3)  d(bb')  = bdb'  + b'db,  b,  b ' e B, 

(4)  dSn(f)  = Sn-i(f)df,  f e J,  n > 1. 

Note  that  the  last  relation  explains  why  we  get  “the  same”  answer  for  the  divided 
power  polynomial  algebra  and  the  usual  polynomial  algebra:  in  the  first  case  x is 
an  element  of  the  divided  power  ideal  and  hence  da"Inl  = x ["-^dx.  □ 

Let  (A,  /,  7)  be  a divided  power  ring.  In  this  setting  the  correct  version  of  the 
powers  of  I is  given  by  the  divided  powers 

/["]  = ideal  generated  by  jei  (xi)  • • ■ 7et  {%t)  with  > n and  Xj  € I. 

Of  course  we  have  In  C 7^.  Note  that  I M = /.  Sometimes  we  also  set  /I°l  = A. 

07HT  Lemma  50.6.3.  Let  (A,  7,7)  — > ( B,J7S ) be  a homomorphism  of  divided  power 
rings.  Let  (73(1),  J(l),  <5(1))  be  the  coproduct  of  (B,J,S)  with  itself  over  (A,  7, 7), 
i.e.,  such  that 

(B,J,S)f$^(B(l),J(l),S(l)) 


(A,  7, 7) -(33,7,5) 

is  cocartesian.  Denote  I\  = Ker(B(l)  — > 33).  Then  A'DJ(l)  C 7(1)  is  preserved 
by  the  divided  power  structure  and 

nB/A,8  = K/  (A2 + (77  0 7(1)) PI) 
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canonically. 

Proof.  The  fact  that  K nJ(l)  C J(l)  is  preserved  by  the  divided  power  structure 
follows  from  the  fact  that  B(  1)  — > B is  a homomorphism  of  divided  power  rings. 

Recall  that  K/K 2 has  a canonical  R-module  structure.  Denote  s0isi  : B — > 13(1) 
the  two  coprojections  and  consider  the  map  d : B — )•  K/K2  + (K  fl  J(1))I21  given 
by  b i — ^ si  (b)  — so(b).  It  is  clear  that  d is  additive,  annihilates  A,  and  satisfies  the 
Leibniz  rule.  We  claim  that  d is  an  H-derivation.  Let  x € J.  Set  y = Si(ai)  and 
^ = So(a:).  Denote  5 the  divided  power  structure  on  J(l).  We  have  to  show  that 
5n(y)  — S n(z)  = 5n-i(y)(y  — z ) modulo  K2  + (K  n J(1))I21  for  n > 1.  We  will  show 
this  by  induction  on  n.  It  is  true  for  n = 1.  Let  n > 1 and  that  it  holds  for  all 
smaller  values.  Note  that 

Sn(z  -y)  = X T n(-l )n-%(z)6n-i(y) 

z — 'i= 0 

is  an  element  of  K2  + ( K fl  J(1))[21.  From  this  and  induction  we  see  that  working 
modulo  K2  + (K  fl  J(l))^  we  have 

sn(y)  - sn(z) 

= 5n{y)  + Y,n~A-i)n-%(z)tn-i(y) 

= sn(y)  + (-i )nsn(y)  + (~1)n~l(si(y)  - si-i{y)(y  - z))sn-i(y) 

Using  that  6i(y)6n-i(y)  = (™)dn(y)  and  that  Si-i(y)Sn-i(y)  = C/^bn-iiy)  the 
reader  easily  verifies  that  this  expression  comes  out  to  give  Sn-i(y)(y—z)  as  desired. 

Let  M be  a R-module.  Let  9 : B — > M be  a divided  power  ^-derivation.  Set 
D = B © M where  M is  an  ideal  of  square  zero.  Define  a divided  power  structure 
on  J © M C D by  setting  S„(x  + m)  = Sn(x)  + 5n-i(x)m  for  n > 1,  see  Lemma 
50.3. 1|  There  are  two  divided  power  algebra  homomorphisms  B — > D:  the  first  is 
given  by  the  inclusion  and  the  second  by  the  map  b i— > b + 9(b).  Hence  we  get  a 
canonical  homomorphism  I?(l)  — >■  D of  divided  power  algebras  over  (A,  1, 7).  This 
induces  a map  K — > M which  annihilates  K2  (as  M is  an  ideal  of  square  zero)  and 
(A'n  J(l))[21  as  M^2 1 = 0.  The  composition  B — > K / K2  + (K C\  J (1))^  — > M equals 
9 by  construction.  It  follows  that  d is  a universal  divided  power  H-derivation  and 
we  win.  □ 


07HU  Remark  50.6.4.  Let  A -A  B be  a ring  map  and  let  ( J,  <5)  be  a divided  power 
structure  on  B.  The  universal  module  Qb/a,s  comes  with  a little  bit  of  extra 
structure,  namely  the  R-submodule  N of  £Ib/a,s  generated  by  dB/A,s(J)-  In  terms 
of  the  isomorphism  given  in  Lemma  50.6.3  this  corresponds  to  the  image  of  KC\J(  1) 
in  Qb/a,8-  Consider  the  A-algebra  D = B © s with  ideal  J = J ® N and 
divided  powers  S as  in  the  proof  of  the  lemma.  Then  (D,  J,  5)  is  a divided  power  ring 
and  the  two  maps  B -A  D given  by  6 1 — >-  6 and  b 1— > b+dB/A,s{b)  are  homomorphisms 
of  divided  power  rings  over  A.  Moreover,  N is  the  smallest  submodule  of  Qb/a,8 
such  that  this  is  true. 


07HV  Lemma  50.6.5.  In  Situation 


50.5.1 


Let  ( B , J,  5)  be  an  object  of  CRIS(C /A).  Let 
(R(l),  J(l),  (5(1))  be  the  coproduct  of  ( B , J,  5)  with  itself  in  CRIS(C / A).  Denote 
K = Ker(B(l)  -A  B).  Then  A'  fl  J(l)  C J(  1)  is  preserved  by  the  divided  power 
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structure  and 

nB/A,5  = K/  (x2  + (/(nJ(i))f2') 

canonically. 

Proof.  Word  for  word  the  same  as  the  proof  of  Lemma  |50.6.3|  The  only  point 
that  has  to  be  checked  is  that  the  divided  power  ring  D = B © M is  an  object  of 
CRIS(C/A)  and  that  the  two  maps  B -A  C are  morphisms  of  CRIS(C/A).  Since 
D/(J  © M)  = B/J  we  can  use  C -A  B/ J to  view  D as  an  object  of  CRIS(C/A) 
and  the  statement  on  morphisms  is  clear  from  the  construction.  □ 


07HW  Lemma  50.6.6.  Let  (A,  1, 7)  be  a divided  power  ring.  Let  A — » B be  a ring  map 
and  let  IB  C J C B be  an  ideal.  Let  Db,^(J)  = (JD,  J,  7)  be  the  divided  power 
envelope.  Then  we  have 

LId/A, j = LlB/A  ®b  D 


Proof.  We  will  prove  this  first  when  B is  flat  over  A.  In  this  case  7 extends  to  a 
divided  power  structure  7'  on  IB,  see  Divided  Power  Algebra,  Lemma[23.4.2|  Hence 
D = Db',y{J)  is  equal  to  a quotient  of  the  divided  power  ring  (D',J',S)  where 
D'  = B(xt ) and  J'  = IB(xt)  + B{xt)+  by  the  elements  xt  — ft  and  <5„(^  rtxt  — ro), 
for  notation  and  explanation.  Write  d : D' 


50.2.4 


see  Lemma 
universal  derivation.  Note  that 


LLd'/a,&  for  the 


^D'/A,S  — LLb/a  D'  © D'dxt, 


see  Lemma  50.6.2  We  conclude  that  LId/a,^  is  the  quotient  of  LIDi /a,5®d'D  by  the 
submodule  generated  by  d applied  to  the  generators  of  the  kernel  of  D'  — > D listed 


above,  see  Lemma  50.6.2  Since  d (27  — ft)  = — d ft  ©day  we  see  that  we  have  da;*  = 
d ft  in  the  quotient.  In  particular  we  see  that  Lip /a  ®b  L>  — > f Id /A ,7  is  surjective 
with  kernel  given  by  the  images  of  d applied  to  the  elements  Sn(YfrtXt.  — ro). 
However,  given  a relation  ^ rt/t  — ro  = 0 in  B with  rt  £ B and  ro  £ IB  we  see 
that 


dSn(^2rtxt  - rQ)  = r*a;*  - r0)d(^rta;t  - r0) 

= Sn-i {^2,rtxt  - r0)  (Y, rtd(xt  - ft)  + y{xt  - /t)drt) 

because  ^ rt  ft  — ro  = 0 in  B.  Hence  this  is  already  zero  in  Hb/a  D and  we  win 
in  the  case  that  B is  flat  over  A. 


In  the  general  case  we  write  B as  a quotient  of  a polynomial  ring  P — » B and  let 
J'  C P be  the  inverse  image  of  J.  Then  D = D' /K'  with  notation  as  in  Lemma 
50.2.31  By  the  case  handled  in  the  first  paragraph  of  the  proof  we  have  fiD/ /A^i  = 


ilP/A<S>pD' . Then  HD /A  ^ is  the  quotient  of  Hp/A®pD  by  the  submodule  generated 
by  d'y'nik)  where  k is  an  element  of  the  kernel  of  P — ► B,  see  Lemma  50.6.2  and 
the  description  of  K'  from  Lemma  50.2.3  Since  dy ’n{k)  = 'y,n_1(k)dk  we  see  again 


that  it  suffices  to  divided  by  the  submodule  generated  by  dfc  with  k £ Ker (P  -a  B) 
and  since  Lip /a  is  the  quotient  of  Lip /a  B by  these  elements  (Algebra,  Lemma 
10.130.9 1 we  win.  □ 
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07HX  Remark  50.6.7.  Let  B be  a ring.  Write  f Ib  = DB/z  for  the  absoluttjj  module 
of  differentials  of  B.  Let  d : B -A  Db  denote  the  universal  derivation.  Set  DlB  = 
A‘b  (Db)  as  in  Algebra,  Section[l0.12|  The  absolute  de  Rham  complex 


o° 

S2b 


Os 


o2 

S‘B 


Here  d : DPB 


n'+‘  is  defined  by  the  rule 

d (bodbi  A ...  A d bp)  = d&o  A d&i  A ...  A d bp 


which  we  will  show  is  well  dehned;  note  that  dod  = 0 so  we  get  a complex. 
Recall  that  Db  is  the  .B-module  generated  by  elements  d&  subject  to  the  relations 
d(a  + 6)  = da  + db  and  d(ab ) = bda  + adb  for  a,b  £ B.  To  prove  that  our  map  is 
well  defined  for  p = 1 we  have  to  show  that  the  elements 


ad(b  + c)  — adb  — adc  and  ad(bc)  — acdb  — abdc,  a,b,c£B 

are  mapped  to  zero  by  our  rule.  This  is  clear  by  direct  computation  (using  the 
Leibniz  rule).  Thus  we  get  a map 

Db  <S>z  • • • ®z  Db  — > f^s+1 

defined  by  the  formula 

wi  (g) . . . ® ojp  i — >•  l)z+1Wi  A ...  A d(wj)  A ...  A cop 

which  matches  our  rule  above  on  elements  of  the  form  bodbi  g)  d&2  <S>  • • ■ ® d bp.  It 
is  clear  that  this  map  is  alternating.  To  finish  we  have  to  show  that 


uji  (8>  • • • ® fuii  <8>  •••<£>  and  wi  ® . . . (g>  fu>j  ® ...  <8>  lop 

are  mapped  to  the  same  element.  By  Z-linearity  and  the  alternating  property,  it  is 
enough  to  show  this  for  p = 2,  * = 1,  j = 2,  u>i  = aid^!  and  ui2  = c^dl^-  Thus  we 
need  to  show  that 


dfa\  A d&i  A e^df^  — faidb±  A da2  A d&2 
= dai  A d&i  A /a2d&2  — aid6i  A dfa2  A d&2 

in  other  words  that 

(a2d/ai  + fa±da2  — /c^dai  — aid/a2)  A d&i  A d&2  = 0. 

This  follows  from  the  Leibniz  rule. 

07HY  Lemma  50.6.8.  Let  B be  a ring.  Let  n : Db  -A  D be  a surjective  B-module  map. 
Denote  d : B -A  D the  composition  of  n with  ds  '■  B -A  DB.  *S 'et  Dl  = A lB(D). 
Assume  that  the  kernel  of  n is  generated,  as  a B-module,  by  elements  to  £ Db  such 
that  dsipj)  € D2b  maps  to  zero  in  D2 . Then  there  is  a de  Rham  complex 

D°  -a  D1  -A  D2  -a  . . . 


whose  differential  is  defined  by  the  rule 

d:Dp^  Dp+1,  dtfodh  A ...  A dfp)  = dfo  A dfi  A ...  A dfp 


2This  actually  makes  sense:  if  is  the  module  of  differentials  where  we  only  assume  the 
Leibniz  rule  and  not  the  vanishing  of  dl,  then  the  Leibniz  rule  gives  dl  = d(l-l)  = ldl  + ldl  = 2dl 
and  hence  dl  = 0 in  fig. 
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Proof.  We  will  show  that  there  exists  a commutative  diagram 


V 

17° 


ds 


Y 

n1 


d b 


• O2 


V 

n2 


the  description  of  the  map  d will  follow  from  the  construction  of  ds  in  Remark 
50.6.7  Since  the  left  most  vertical  arrow  is  an  isomorphism  we  have  the  first 


07HZ 


square.  Because  7r  is  surjective,  to  get  the  second  square  it  suffices  to  show  that 
ds  maps  the  kernel  of  tt  into  the  kernel  of  A27r.  We  are  given  that  any  element  of 
the  kernel  of  tt  is  of  the  form  Y with  n(U}i)  = 0 and  A27r(ds(wi))  = 0.  By  the 
Leibniz  rule  for  ds  we  have  d#(^  biUii ) = Y bidB{xii)  + Y d_e(6i)  A w*.  Hence  this 
maps  to  zero  under  A27 r. 

For  i > 1 we  note  that  AV  is  surjective  with  kernel  the  image  of  Ker(7r)  A 17^" 1 — ► 
ttB.  For  wi  £ Ker(7r)  and  u>2  £ we  have 

dB(wi  A w2)  = ds(wi)  A oj2  — ui\  A ds(a;2) 

which  is  in  the  kernel  of  Ai+17r  by  what  we  just  proved  above.  Hence  we  get  the 
(*  + l)st  square  in  the  diagram  above.  This  concludes  the  proof.  □ 

Remark  50.6.9.  Let  A — > B be  a ring  map  and  let  ( J,  5)  be  a divided  power 
structure  on  B.  Set  QlB/A  s = A^f Ib/a,s  where  £lB/A,6  is  the  target  of  the  universal 
divided  power  A-derivation  d = d b/a  ■ B Qb/a,s-  Note  that  Qb/a,s  is  the 
quotient  of  SdB  by  the  R-submodule  generated  by  the  elements  da  = 0 for  a £ A 


and  d<5„(a;)  — 5„_i(x)da;  for  x £ J.  We  claim  Lemma  50.6.8  applies.  To  see  this 
it  suffices  to  verify  the  elements  da  and  ddn{x)  — <5n_ \{x)dx  of  flB  are  mapped  to 
zero  in  £l2BiA  s-  This  is  clear  for  the  first,  and  for  the  last  we  observe  that 

d(<5„_i(a;))  A dx  = 5n-2(x)dx  A da;  = 0 
in  Q2b  jA  s as  desired.  Hence  we  obtain  a divided  power  de  Rham  complex 


O0 

llB/A,S 


o1 

ilB/A,t 5 


O2 

lLB/A,8 


which  will  play  an  important  role  in  the  sequel. 

0710  Remark  50.6.10.  Let  B be  a ring.  Let  QB  — > $7  be  a quotient  satisfying  the 


assumptions  of  Lemma  50.6.8  Let  M be  a R-module.  A connection  is  an  additive 
map 

V : M — > M 

such  that  V(6m)  = 6V(m)  + to  <S>  db  for  b £ B and  m £ M.  In  this  situation  we 
can  define  maps 

V : M ®B  I7i  — * M ®B  f7i+1 

by  the  rule  V(m  <g)  to)  = V(m)  Aw  + m®  da;.  This  works  because  if  b £ B,  then 
V ( bm  £g>  uj)  — V(m  <8>  bur)  = V (6m)  (g>  oj  + bm  ® dee  — V (m)  ® bur  — m (g)  d(6w) 

= 6 V (m)  (g)w  + m(S)d6Aa;  + bm  (g>  dee 

— 6V  (m)  <8»  a ; — bm  ® d(w)  — m(g>d6Aw  = 0 
As  is  customary  we  say  the  connection  is  integrable  if  and  only  if  the  composition 
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07KJ 


07PY 

07KK 


0711 

0712 


is  zero.  In  this  case  we  obtain  a complex 

M — > M 8b  121  — > M 8b  122  — M 8b  1 t M 8b  12^  — ^ . . . 
which  is  called  the  de  Rham  complex  of  the  connection. 

Remark  50.6.11.  Let  ip  : B B'  be  a ring  map.  Let  12b  — > 12  and  12b'  — > 12' 
be  quotients  satisfying  the  assumptions  of  Lemma  |50.6.8[  Assume  that  the  map 
12b  — > 12 b',  6id62  H > p(bi)dip(b2)  fits  into  a commutative  diagram 


B 


12f 


12 


B’ 


12f 


■12' 


In  this  situation,  given  any  pair  (M,  V)  where  M is  a R-module  and  V : M — >■ 
M 8b  12  is  a connection  we  obtain  a base  change  ( M 8 )b  2?',  V')  where 

V'  : A7  (8b  2?'  — t (A7  8b  B1)  8b'  12'  = M (&B  12' 

is  defined  by  the  rule 

V'(m  (8  b')  = ^ TOj  8 6'dy>(6i)  + m ® dfe' 

if  V(m)  = dfrj.  If  V is  integrable,  then  so  is  V',  and  in  this  case  there  is  a 

canonical  map  of  de  Rham  complexes 

(50.6.11.1)  M 8b  12*  — t (M  8b  5')  8b'  (12')*  = M 8b  (12')* 

which  maps  m 8 ?7  to  m 8 <^(77) . 

Lemma  50.6.12.  Let  A -A  B be  a ring  map  and  let  ( J,5 ) be  a divided  power 
structure  on  B.  Let  p be  a prime  number.  Assume  that  A is  a Z(p\- algebra  and 
that  p is  nilpotent  in  B/J.  Then  we  have 

lime  £lBe/AA  = lime  LlB/A,s/pe^B/A,5  = lime  12Ba /a,<5a /p612ba /a,sa 

see  proof  for  notation  and  explanation. 


Proof.  By  Divided  Power  Algebra,  Lemma  [23.4.5|  we  see  that  6 extends  to  Be  = 
B/peB  for  all  sufficiently  large  e.  Hence  the  first  limit  make  sense.  The  lemma  also 
produces  a divided  power  structure  <5A  on  the  completion  2?A  = lime  Be , hence  the 
last  limit  makes  sense.  By  Lemma  50.6.2  and  the  fact  that  d pe  = 0 (always)  we  see 
that  the  surjection  LIb/a.s  —■ ► 12 bja,s  has  kernel  peLlB/A,s ■ Similarly  for  the  kernel 


of  12 


BA/A,<5A 


12 


Bb/A,5- 


Hence  the  lemma  is  clear. 


□ 


50.7.  Divided  power  schemes 

Some  remarks  on  how  to  globalize  the  previous  notions. 

Definition  50.7.1.  Let  C be  a site.  Let  O be  a sheaf  of  rings  on  C.  Let  I C O be  a 
sheaf  of  ideals.  A divided  power  structure  7 on  X is  a sequence  of  maps  7n  : X — > I, 
n > 1 such  that  for  any  object  U of  C the  triple 

(0(U),X(U),  7) 


is  a divided  power  ring. 
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To  be  sure  this  applies  in  particular  to  sheaves  of  rings  on  topological  spaces.  But 
it’s  good  to  be  a little  bit  more  general  as  the  structure  sheaf  of  the  crystalline 
site  lives  on  a...  site!  A triple  (C,I, 7)  as  in  the  definition  above  is  sometimes 
called  a divided  power  topos  in  this  chapter.  Given  a second  (C ,1' ,7')  and  given 
a morphism  of  ringed  topoi  (/,/•*)  : ( Sh(C),0 ) — > (Sh(C'),0')  we  say  that  (/,/•*) 
induces  a morphism  of  divided  power  topoi  if  /**(/_1X')  C I and  the  diagrams 


f-1? 

f~lryL 

f-1!' 


-> 1 


are  commutative  for  all  n > 1.  If  / comes  from  a morphism  of  sites  induced  by  a 
functor  u : C — ► C then  this  just  means  that 

7')  — > (0(u(U')),l(u(U%  7) 

is  a homomorphism  of  divided  power  rings  for  all  U'  € Ob(C7). 

In  the  case  of  schemes  we  require  the  divided  power  ideal  to  be  quasi-coherent. 
But  apart  from  this  the  definition  is  exactly  the  same  as  in  the  case  of  topoi.  Here 
it  is. 


0713  Definition  50.7.2.  A divided  power  scheme  is  a triple  (S,1, 7)  where  S’  is  a 
scheme,  I is  a quasi-coherent  sheaf  of  ideals,  and  7 is  a divided  power  structure  on 
1.  A morphism  of  divided  power  schemes  (S', 1, 7)  — > (S', I',  7')  is  a morphism  of 
schemes  / : S — > S'  such  that  f~1L'Os  C T and  such  that 

(Os(t/,),X(C/'),7)  — ► 0 Os>(r1U'),Z(f-1U'),'i ) 

is  a homomorphism  of  divided  power  rings  for  all  U'  C S1  open. 


Recall  that  there  is  a 1-to-l  correspondence  between  quasi-coherent  sheaves  of  ideals 
and  closed  immersions,  see  Morphisms,  Section  |28.2|  Thus  given  a divided  power 
scheme  (T,  J,  7)  we  get  a canonical  closed  immersion  U — >•  T defined  by  J.  Con- 
versely, given  a closed  immersion  U — > T and  a divided  power  structure  7 on  the 
sheaf  of  ideals  J associated  to  U — > T we  obtain  a divided  power  scheme  (T,J,  7). 
In  many  situations  we  only  want  to  consider  such  triples  (U,  T,  7)  when  the  mor- 
phism U — >■  T is  a thickening,  see  More  on  Morphisms,  Definition |36. 2. 1| 

0714  Definition  50.7.3.  A triple  (U,T,  7)  as  above  is  called  a divided  power  thickening 
if  U — i T is  a thickening. 

Fibre  products  of  divided  power  schemes  exist  when  one  of  the  three  is  a divided 
power  thickening.  Here  is  a formal  statement. 

07ME  Lemma  50.7.4.  Let  (U',T',5')  — > (Sq,  5",  7')  and  (S0,S,  7)  — ► (S'0,S',,Y)  be 
morphisms  of  divided  power  schemes.  If  (Ur ,T' ,5')  is  a divided  power  thickening , 
then  there  exists  a divided  power  scheme  (Tq,T,S)  and 

T V 


S ^ S’ 

which  is  a cartesian  diagram  in  the  category  of  divided  power  schemes. 
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Proof.  Omitted.  Hints:  If  X exists,  then  To  = So  x $>  U'  (argue  as  in  Divided 
Power  Algebra,  Remark  23.3.51.  Since  T'  is  a divided  power  thickening,  we  see 
that  X (if  it  exists)  will  be  a divided  power  thickening  too.  Hence  we  can  define  X 
as  the  scheme  with  underlying  topological  space  the  underlying  topological  space 
of  To  = Sq  x g'  U'  and  as  structure  sheaf  on  affine  pieces  the  ring  given  by  Lemma 
150.5.31  ° □ 


We  make  the  following  observation.  Suppose  that  ([/,  T,  7)  is  triple  as  above.  As- 
sume that  T is  a scheme  over  Z(p)  and  that  p is  locally  nilpotent  on  U.  Then 


(1)  p locally  nilpotent  on  T <t=>  U — > T is  a thickening  (see  Divided  Power 
Algebra,  Lemma  23.2.6),  and 

(2)  peC>T  is  locally  on  T preserved  by  7 for  e 0 (see  Divided  Power  Algebra, 
Lemma  23.4.5 1. 


This  suggest  that  good  results  on  divided  power  thickenings  will  be  available  under 
the  following  hypotheses. 


07MF  Situation  50.7.5.  Here  p is  a prime  number  and  (S',  X,  7)  is  a divided  power 
scheme  over  Z^py  We  set  So  = V(I)  C S.  Finally,  X — > So  is  a morphism  of 
schemes  such  that  p is  locally  nilpotent  on  X . 


It  is  in  this  situation  that  we  will  define  the  big  and  small  crystalline  sites. 


50.8.  The  big  crystalline  site 


0715  We  first  define  the  big  site.  Given  a divided  power  scheme  (S,X,  7)  we  say  (X,  J,  <5) 
is  a divided  power  scheme  over  (S,  X,  7)  if  T comes  endowed  with  a morphism  T — > S 
of  divided  power  schemes.  Similarly,  we  say  a divided  power  thickening  (U,  X,  S) 
is  a divided  power  thickening  over  (S,  X,  7)  if  X comes  endowed  with  a morphism 
X — > S of  divided  power  schemes. 


0716 


Definition  50.8.1. 


In  Situation 


50.7.5 


(1)  A divided  power  thickening  of  X relative  to  (S,  X,  7)  is  given  by  a divided 
power  thickening  (U,  X,  6)  over  (S,T,  7)  and  an  S'-morphism  U — » X. 

(2)  A morphism  of  divided  power  thickenings  of  X relative  to  (5,  X,  7)  is  de- 
fined in  the  obvious  manner. 


The  category  of  divided  power  thickenings  of  X relative  to  (S,X,  7)  is  denoted 
CRIS(A'/5',X,  7)  or  simply  CRIS (X/S). 


For  any  (U,T,5)  in  CRIS(A/5)  we  have  that  p is  locally  nilpotent  on  X,  see  dis- 
cussion after  Definition  |50.7.3[  A good  way  to  visualize  all  the  data  associated  to 
(U,  X,  6)  is  the  commutative  diagram 


X-« -U 

X 

•S’- S0 
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where  So  = V(l)  C S.  Morphisms  of  CRIS(AyS)  can  be  similarly  visualized  as 
huge  commutative  diagrams.  In  particular,  there  is  a canonical  forgetful  functor 

0717  (50.8.1.1)  CRISpT/S)  — » Sch/X,  (U,T,8)>—>U 

as  well  as  its  one  sided  inverse  (and  left  adjoint) 

0718  (50.8.1.2)  Sch/X  — > CRISpf/S),  U > (17,17,0) 

which  is  sometimes  useful. 


0719  Lemma  50.8.2.  In  Situation 


50.7.5.  The  category  CRIS(X/S)  has  all  finite 


071 A 


nonempty  limits,  in  particular  products  of  pairs  and  fibre  products.  The  functor 
( 50.8.1.1 ) commutes  with  limits. 

Proof.  Omitted.  Hint:  See  Lemma  [50.5.31  for  the  affine  case.  See  also  Divided 
Power  Algebra,  Remark  23.3.5  □ 

Lemma  50.8.3.  In  Situation 


50.7.5  Let 


( U3,T3,63 ) *>(U2,T2,62) 

(b'i- 1\,  6 \) »(U,T,  5) 


be  a fibre  square  in  the  category  of  divided  power  thickenings  of  X relative  to 
(S,1, 7).  IfT2  -A  T is  flat,  then  T3  = Xj  Xt  T2  (as  schemes). 


Proof.  This  is  true  because  a divided  power  structure  extends  uniquely  along  a 
flat  ring  map.  See  Divided  Power  Algebra,  Lemma  [23. 4. 2|  □ 


07IB 


07IC 


The  lemma  above  means  that  the  base  change  of  a flat  morphism  of  divided  power 
thickenings  is  another  flat  morphism,  and  in  fact  is  the  “usual”  base  change  of  the 
morphism.  This  implies  that  the  following  definition  makes  sense. 


Definition  50.8.4. 


In  Situation 


50.7.5 


(1)  A family  of  morphisms  {([/*,  T),  Si)  — > ( U,T,S )}  of  divided  power  thicken- 
ings of  X/S  is  a Zariski,  etale,  smooth,  syntomic,  or  fppf  covering  if  and 
only  if  the  family  of  morphisms  of  schemes  {X)  — »•  T}  is  one. 

(2)  The  big  crystalline  site  of  X over  (S, I,  7),  is  the  category  CRIS(X/S) 
endowed  with  the  Zariski  topology. 

(3)  The  topos  of  sheaves  on  CRIS(X/S)  is  denoted  (X/S) cris  or  sometimes 
(X/S,I,7)crisH 


There  are  some  obvious  functorialities  concerning  these  topoi. 


Remark  50.8.5  (Functoriality) . Let  p be  a prime  number. 
(S',I','f)  be  a morphism  of  divided  power  schemes  over  Z(pt. 
and  S'0  = V(T).  Let 


So ->  S( 


Let  (S,T,  7)  — t 
Set  S0  = V(T) 


;,'This  clashes  with  our  convention  to  denote  the  topos  associated  to  a site  C by  Sh(C). 
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07ID 


07IE 


07MG 


be  a commutative  diagram  of  morphisms  of  schemes  and  assume  p is  locally  nilpo- 
tent  on  X and  Y.  Then  we  get  a continuous  and  cocontinuous  functor 

CRIS(X/S)  CRIS(Y/S') 

by  letting  (U,  T,  S)  correspond  to  ( U , T,  5)  with  U — > X — > Y as  the  S"-morphism 
from  U to  Y.  Hence  we  get  a morphism  of  topoi 

/oris  : (-XyS')cRIS  > (Y/S') GRIS 

see  Sites,  Section  [7. 20| 

Remark  50.8.6  (Comparison  with  Zariski  site).  In  Situation  50.7.5  The  functor 


(50.8.1.11  is  continuous,  cocontinuous,  and  commutes  with  products  and  fibred 


products.  Hence  we  obtain  a morphism  of  topoi 

Ux/S  : (X/S) cris  — ► Sh((Sch/X)Zar) 

from  the  big  crystalline  topos  of  X/S  to  the  big  Zariski  topos  of  X.  See  Sites, 
Section  17.201 


Remark  50.8.7  (Structure  morphism).  In  Situation  50.7.5  Consider  the  closed 
subscheme  Sq  = V (I)  C S.  If  we  assume  that  p is  locally  niipotent  on  Sq  (which  is 


always  the  case  in  practice)  then  we  obtain  a situation  as  in  Definition  50.8.1  with 
So  instead  of  X.  Hence  we  get  a site  CRIS  (So/ S').  If  / : X — > So  is  the  structure 
morphism  of  X over  S,  then  we  get  a commutative  diagram  of  morphisms  of  ringed 
topoi 


(Jf/S)cRis 

Ux/S 

Sh((Sch/X)Zar ) 


/cris 


(So/S) 


hi , 


CRIS 


J So/s 


Sh((Sch/S0)Zar) 


Sh((Sch/S)Zar ) 


by  Remark  50.8.5  We  think  of  the  composition  (X/S) cris  — / Sh((Sch/ S)Zar)  as 
the  structure  morphism  of  the  big  crystalline  site.  Even  if  p is  not  locally  niipotent 
on  So  the  structure  morphism 

(X/S)  cris  — ► Sh((Sch/S)Zar) 

is  defined  as  we  can  take  the  lower  route  through  the  diagram  above.  Thus  it  is 
the  morphism  of  topoi  corresponding  to  the  cocontinuous  functor  CRIS(X/S)  — > 


(Sch/S)Zar  given  by  the  rule  ( U,T,S)/S  < -*T/S,  see  Sites,  Section  7.20 


Remark  50.8.8  (Compatibilities).  The  morphisms  defined  above  satisfy  numer- 
ous compatibilities.  For  example,  in  the  situation  of  Remark  |50.8.5|  we  obtain  a 
commutative  diagram  of  ringed  topoi 


(X/S) 


CRIS 


(Y/S') 


CRIS 


Sh((Sch/S)Zar ) 


Sh((Sch/S')Zar) 


where  the  vertical  arrows  are  the  structure  morphisms. 
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07IF 

07IG 


07IH 

0711 

07IJ 


50.9.  The  crystalline  site 

Since  (|50.8.1.1 ) commutes  with  products  and  fibre  products,  we  see  that  looking  at 
those  ( U , T,  S)  such  that  U — >■  X is  an  open  immersion  defines  a full  subcategory 
preserved  under  fibre  products  (and  more  generally  finite  nonempty  limits).  Hence 
the  following  definition  makes  sense. 


50.7.5 


Definition  50.9.1.  In  Situation 

(1)  The  (small)  crystalline  site  of  X over  {S,I, 7),  denoted  Cris(X/S',1, 7) 
or  simply  Cris(X/S')  is  the  full  subcategory  of  CRIS(X/SI)  consisting  of 
those  ( U,T,6 ) in  CRIS(X/S')  such  that  U — > X is  an  open  immersion.  It 
comes  endowed  with  the  Zariski  topology. 

(2)  The  topos  of  sheaves  on  Cris(X/Sl)  is  denoted  (X/S)CI is  or  sometimes 
(X/S,I,7)cri0 

For  any  ( U , T,  5)  in  Cris(X/S')  the  morphism  U — > X defines  an  object  of  the  small 

Zariski  site  Xzar  of  X.  Hence  a canonical  forgetful  functor 

(50.9.1.1)  Cris(X/S)  — t XZar,  (U,  T,  6)  1 — >U 

and  a left  adjoint 

(50.9.1.2)  XZar  — > Cris(X/S),  U 1 — > ( U , U,  0) 

which  is  sometimes  useful. 


We  can  compare  the  small  and  big  crystalline  sites,  just  like  we  can  compare  the 
small  and  big  Zariski  sites  of  a scheme,  see  Topologies,  Lemma [33.3. 13| 

Lemma  50.9.2.  Assumptions  as  in  Definition  50.8.1 

Cris(X/S)  -A  CRIS(X/S) 


The  inclusion  functor 


commutes  with  finite  nonempty  limits,  is  fully  faithful,  continuous,  and  cocontinu- 
ous.  There  are  morphisms  of  topoi 

(X/S)cris  4 (X/S)cris  4 (. X/S)cris 


whose  composition  is  the  identity  and  of  which  the  first  is  induced  by  the  inclusion 
functor.  Moreover,  7r*  = i_1. 


Proof.  For  the  first  assertion  see  Lemma [50. 8.2[  This  gives  us  a morphism  of  topoi 
i : {X/S) cris  -A  (-XyS)cRis  and  a left  adjoint  i\  such  that  = id,  see 

Sites,  Lemmas  |7.20.5[  [7.20. 6[  and  |7. 20.7)  We  claim  that  i\  is  exact.  If  this  is  true, 
then  we  can  define  7r  by  the  rules  = i\  and  7r*  = D1  and  everything  is  clear. 
To  prove  the  claim,  note  that  we  already  know  that  i\  is  right  exact  and  preserves 
fibre  products  (see  references  given).  Hence  it  suffices  to  show  that  i\*  = * where 
* indicates  the  final  object  in  the  category  of  sheaves  of  sets.  To  see  this  it  suffices 
to  produce  a set  of  objects  ([/*,  T),  Si),  i £ I of  Cris(X/S)  such  that 

]lieIh(UuTi,Si)  * 

is  surjective  in  (X/S)cms  (details  omitted;  hint:  use  that  Cris(X/5l)  has  products 
and  that  the  functor  Cris  {X/S)  -A  CRIS(X/<S')  commutes  with  them).  In  the  affine 
case  this  follows  from  Lemma  [50. 5.6|  We  omit  the  proof  in  general.  □ 


4 


This  clashes  with  our  convention  to  denote  the  topos  associated  to  a site  C by  Sh(C). 
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Remark  50.9.3  (Functoriality) . Let  p be  a prime  number.  Let  (S,  1, 7) 
(S', I',  7')  be  a morphism  of  divided  power  schemes  over  Z(p).  Let 


be  a commutative  diagram  of  morphisms  of  schemes  and  assume  p is  locally  nilpo- 
tent  on  X and  Y . By  analogy  with  Topologies,  Lemma [33.3. 16|  we  define 


/cris  : (X/S)c 


(Y/  S')c 


by  the  formula  /cr is  = ny  o /cris  0 ix  where  ix  and  7 ry  are  as  in  Lemma [50. 9. 2| for 
X and  Y and  where  /cris  is  as  in  Remark  |50.8.5| 


Remark  50.9.4  (Comparison  with  Zariski  site).  In  Situation  50.7.5  The  functor 
(50.9.1.11  is  continuous,  cocontinuous,  and  commutes  with  products  and  fibred 


products.  Hence  we  obtain  a morphism  of  topoi 

nx/S  • (^-/S)cris  ^ Sh(Xzar) 

relating  the  small  crystalline  topos  of  X/S  with  the  small  Zariski  topos  of  X.  See 
Sites,  Section  [7.20| 


Lemma  50.9.5.  In  Situation  50.7.5  Let  X'  C X and  S'  C S be  open  subschemes 
such  that  X'  maps  into  S' . Then  there  is  a fully  faithful  functor  Cris(X' / S')  — > 
Cris(X / S)  which  gives  rise  to  a morphism  of  topoi  fitting  into  the  commutative 
diagram 


(X'/S')c 


(X/S)  c 


u-X'/S' 


1 X/S 


Sh(X’Zar) 


Y 

Sh(XZa 


Moreover,  this  diagram  is  an  example  of  localization  of  morphisms  of  topoi  as  in 
Sites,  Lemma\7.30.1\ 

Proof.  The  fully  faithful  functor  comes  from  thinking  of  objects  of  Cris(X'  / S')  as 
divided  power  thickenings  (U,  T , 8)  of  X where  U — > X factors  through  X'  C X 
(since  then  automatically  T — > S will  factor  through  S').  This  functor  is  clearly  co- 
continuous hence  we  obtain  a morphism  of  topoi  as  indicated.  Let  hZ’  € Sh(Xzar) 
be  the  representable  sheaf  associated  to  X'  viewed  as  an  object  of  Xzar ■ It  is 
clear  that  Sh(X'Zar)  is  the  localization  Sh(Xzar) /hx> . On  the  other  hand,  the  cat- 
egory Cris (X/S)/ufc,shx’  (see  Sites,  Lemma  7.29.3)  is  canonically  identified  with 
Cvis(X'  / S')  by  the  functor  above.  This  finishes  the  proof.  □ 


50.7.5 


Consider  the  closed 


Remark  50.9.6  (Structure  morphism).  In  Situation 
subscheme  Sq  = V (I)  C S.  If  we  assume  that  p is  locally  nilpotent  on  Sq  (which  is 


always  the  case  in  practice)  then  we  obtain  a situation  as  in  Definition  50.8.1  with 
So  instead  of  X.  Hence  we  get  a site  Cris(S0/S).  If  / : X — > Sq  is  the  structure 


50.10.  SHEAVES  ON  THE  CRYSTALLINE  SITE 


3375 


07MH 


07IN 


07IP 


morphism  of  X over  S , then  we  get  a commutative  diagram  of  ringed  topoi 
(X/.S')cris  -A  »-  (SofS)cris 


'-•'X/S 


Us0/S 


Sh(XZar)  Sh(S0,Zar) 


Sh(SZa 


see  Remark  50.9.3  We  think  of  the  composition  (X/S)c 


->  Sh(Szar)  as  the 

structure  morphism  of  the  crystalline  site.  Even  if  p is  not  locally  nilpotent  on  Sq 
the  structure  morphism 

TX/S  : {X/S) cris  > Sh(Szar) 

is  defined  as  we  can  take  the  lower  route  through  the  diagram  above. 

Remark  50.9.7  (Compatibilities).  The  morphisms  defined  above  satisfy  numer- 
ous compatibilities.  For  example,  in  the  situation  of  Remark  50.9.3|  we  obtain  a 
commutative  diagram  of  ringed  topoi 


{X/S)  c 


Sh((Sch/S)zar) 


c y/s% 


■ Sh{{Sch/S')zar) 


where  the  vertical  arrows  are  the  structure  morphisms. 

50.10.  Sheaves  on  the  crystalline  site 


Notation  and  assumptions  as  in  Situation|50.7.5|  In  order  to  discuss  the  small  and 
big  crystalline  sites  of  X/S  simultaneously  in  this  section  we  let 

C = CRIS(A7  S)  or  C = Cris  {X/S). 

A sheaf  T on  C gives  rise  to  a restriction  Tt  for  every  object  ([/,  T,  6)  of  C.  Namely, 
Tt  is  the  Zariski  sheaf  on  the  scheme  T defined  by  the  rule 

FT(W)=F{UnW,W,8\w) 

for  W C T is  open.  Moreover,  if  / : T — ► T'  is  a morphism  between  objects  (U,  T , <5) 
and  (U/T/S')  of  C,  then  there  is  a canonical  comparison  map 

(50.10.0.1)  cf  : /_1Jr'  — * Tt- 

Namely,  if  W'  C T'  is  open  then  / induces  a morphism 

f\f-iw>  ■ (u  n r\W'),  f-'w',  6\f-iw.)  — I (U'  n w',  W',  8\w,) 

of  C,  hence  we  can  use  the  restriction  mapping  (/|/-nv')*  °f  T to  define  a map 
Tt’{W')  -A  These  maps  are  clearly  compatible  with  further  restric- 


tion, hence  define  an  /-map  from  Tt’  to  Tt  (see  Sheaves,  Section  6.21  and  especially 


Sheaves,  Definition  6.21.7).  Thus  a map  c/  as  in  (50.10.0.1).  Note  that  if  / is  an 
open  immersion,  then  Cf  is  an  isomorphism,  because  in  that  case  Tt  is  just  the 
restriction  of  Tt>  to  T. 
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Conversely,  given  Zariski  sheaves  Ft  for  every  object  (U,  T,  5)  of  C and  comparison 
maps  Cf  as  above  which  (a)  are  isomorphisms  for  open  immersions,  and  (b)  satisfy 
a suitable  cocycle  condition,  we  obtain  a sheaf  on  C.  This  is  proved  exactly  as  in 
Topologies,  Lemma  [33. 3. 18 

The  structure  sheaf  on  C is  the  sheaf  Ox/g  defined  by  the  rule 

ox/s-.(u,T,6)^r(T,oT) 


This  is  a sheaf  by  the  definition  of  coverings  in  C.  Suppose  that  F is  a sheaf  of  Ox/g- 
modules.  In  this  case  the  comparison  mappings  (50.10.0.1)  define  a comparison 
map 


(50.10.0.2)  cf  : f* Ft  — * FT> 

of  Or-modules. 


Another  type  of  example  comes  by  starting  with  a sheaf  Q on  ( Sch/ X)zar  or  Xzar 
(depending  on  whether  C = CB1S(X/S)  or  C = Cris (X/S)).  Then  Q_  defined  by  the 
rule 

Q-  (u,T,s)^g(u) 

is  a sheaf  on  C.  In  particular,  if  we  take  Q = Ga  = Ox , then  we  obtain 

Ga:(U,T,6)^T(U,Ou) 

There  is  a surjective  map  of  sheaves  Ox/g  — )•  Ga  defined  by  the  canonical  maps 
T(T,  Ot)  — > T(U,  Ojj)  for  objects  (17,  T,  S).  The  kernel  of  this  map  is  denoted  Jx /g, 
hence  a short  exact  sequence 


0 — t Jx/s  ~ > Ox/g  — > Go  -»  0 

Note  that  Jx/g  comes  equipped  with  a canonical  divided  power  structure.  After 
all,  for  each  object  (17,  T,  5)  the  third  component  8 is  a divided  power  structure  on 
the  kernel  of  Ot  Ojj-  Hence  the  (big)  crystalline  topos  is  a divided  power  topos. 


50.11.  Crystals  in  modules 


It  turns  out  that  a crystal  is  a very  general  gadget.  However,  the  definition  may 
be  a bit  hard  to  parse,  so  we  first  give  the  definition  in  the  case  of  modules  on  the 
crystalline  sites. 


50.7.5 


Definition  50.11.1.  In  Situation 
Let  F be  a sheaf  of  Ox/s-modules  'on  C. 


Let  C = CRIS(A/S')  or  C = Cris(A :/S). 


(1)  We  say  F is  locally  quasi- coherent  if  for  every  object  (U,T,S)  of  C the 
restriction  Ft  is  a quasi-coherent  O-r-module. 

(2)  We  say  F is  quasi-coherent  if  it  is  quasi-coherent  in  the  sense  of  Modules 
on  Sites,  Definition  |18. 23. 1] 


(3)  We  say  F is  a crystal  in  Ox/g-modules  if  all  the  comparison  maps  ( 50.10.0.2 ) 
are  isomorphisms. 


It  turns  out  that  we  can  relate  these  notions  as  follows. 

Lemma  50.11.2.  With  notation  X/ S,I,^,C,F  as  in  Definition 
following  are  equivalent 

(1)  F is  quasi-coherent , and 

(2)  F is  locally  quasi-coherent  and  a crystal  in  Ox/g-modules. 


50.11.1 


The 
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Proof.  Assume  (1).  Let  / : ( U',T',5 ')  —¥  ( U,T,S ) be  an  object  of  C.  We  have 
to  prove  (a)  Tt  is  a quasi-coherent  Oy-module  and  (b)  Cf  : f*  Tt  — > Tt>  is  an 
isomorphism.  The  assumption  means  that  we  can  find  a covering  {(Tj,  Ui,  Si) 

(' T,U,S )}  and  for  each  i the  restriction  of  T to  C/(Ti,Ui,5i ) has  a global  pre- 
sentation. Since  it  suffices  to  prove  (a)  and  (b)  Zariski  locally,  we  may  replace 
/ : (‘ T',U',S ')  — > (T,U,S)  by  the  base  change  to  ( Ti,Ui,Si ) and  assume  that  T 
restricted  to  C/(T,  U,  S)  has  a global  presentation 

®„  0X/s\c/(U,T,5)  > 0,  Ox/s\c/(U,T,6)  > F\c/(U,T,8)  > 0 

IkzI 

It  is  clear  that  this  gives  a presentation 

and  hence  (a)  holds.  Moreover,  the  presentation  restricts  to  T'  to  give  a similar 
presentation  of  Tt1,  whence  (b)  holds. 

Assume  (2).  Let  (C7,  T,  5)  be  an  object  of  C.  We  have  to  find  a covering  of  (U,  T , <5) 
such  that  T has  a global  presentation  when  we  restrict  to  the  localization  of  C at 
the  members  of  the  covering.  Thus  we  may  assume  that  T is  affine.  In  this  case  we 
can  choose  a presentation 


®.  Ot— >®.  Ot  — > Tt  — > 0 

as  Tt  is  assumed  to  be  a quasi-coherent  CV-module.  Then  by  the  crystal  property 
of  T we  see  that  this  pulls  back  to  a presentation  of  Tt>  for  any  morphism  / : 
([/',  T',  S')  —>  ( U , T,  S)  of  C.  Thus  the  desired  presentation  of  T\c/(u,t,s) ■ □ 


07IU  Definition  50.11.3.  If  T satisfies  the  equivalent  conditions  of  Lemma  50.11.2 
then  we  say  that  T is  a crystal  in  quasi-coherent  modules.  We  say  that  T is  a 
crystal  in  finite  locally  free  modules  if,  in  addition,  T is  finite  locally  free. 


07IV 


Of  course,  as  Lemma [50. 11. 2| shows,  this  notation  is  somewhat  heavy  since  a quasi- 
coherent  module  is  always  a crystal.  But  it  is  standard  terminology  in  the  literature. 


Remark  50.11.4.  To  formulate  the  general  notion  of  a crystal  we  use  the  lan- 
guage of  stacks  and  strongly  cartesian  morphisms,  see  Stacks,  Definition  |8.4.1|  and 
Categories,  Definition  4.32.1  In  Situation  50.7.5  let  p : C — >•  Cris(A/5)  be  a stack. 


A crystal  in  objects  of  C on  X relative  to  S is  a cartesian  section  a : Cris(A/Sl)  — > C, 
i.e.,  a functor  cr  such  that  poa  = id  and  such  that  <r(/)  is  strongly  cartesian  for  all 
morphisms  / of  Crispf/S).  Similarly  for  the  big  crystalline  site. 


50.12.  Sheaf  of  differentials 


07IW 

07IX 


In  this  section  we  will  stick  with  the  (small)  crystalline  site  as  it  seems  more  natural. 
We  globalize  Definition  |50.6.1|  as  follows. 


Definition  50.12.1.  In  Situation  50.7.5 
Cris(XyS').  An  S -derivation  D : Ox/s  —■ * T 
object  (U,T,d)  of  Cns(X/S)  the  map 


let  T be  a sheaf  of  C>x/s-m°clules  0n 
is  a map  of  sheaves  such  that  for  every 


D : T(T,Ot)  — y T{T,T) 

is  a divided  power  T(I/,  CV)-derivation  where  V C S is  any  open  such  that  T — > S 
factors  through  V. 
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This  means  that  D is  additive,  satisfies  the  Leibniz  rule,  annihilates  functions  com- 
ing from  S , and  satisfies  D(f^)  = f^n~^D(f)  for  a local  section  / of  the  divided 
power  ideal  Jx/s-  This  is  a special  case  of  a very  general  notion  which  we  now 
describe. 


Please  compare  the  following  discussion  with  Modules  on  Sites,  Section  [18.321  Let 
C be  a site,  let  A — > B be  a map  of  sheaves  of  rings  on  C,  let  J C B be  a sheaf  of 
ideals,  let  <5  be  a divided  power  structure  on  J , and  let  J7  be  a sheaf  of  S-modules. 
Then  there  is  a notion  of  a divided  power  A-derivation  D : B —¥  T . This  means 
that  D is  A-linear,  satisfies  the  Leibniz  rule,  and  satisfies  D(5n(x))  = Sn-i(x)D(x) 
for  local  sections  x of  J . In  this  situation  there  exists  a universal  divided  power 
A-derivation 

&B/A,6  '■  B B/A,S 

Moreover,  d b/a,s  is  the  composition 

B t &.B/A  — > ^ B/A,s 

where  the  first  map  is  the  universal  derivation  constructed  in  the  proof  of  Modules 
on  Sites,  Lemma  |18.32.2|  and  the  second  arrow  is  the  quotient  by  the  submodule 
generated  by  the  local  sections  dg /A{dn{x))  ~ cbi-i(2")dg/_4(ir). 

We  translate  this  into  a relative  notion  as  follows.  Suppose  : ( Sh(C),0 ) -A 

( Sh(C')70 ')  is  a morphism  of  ringed  topoi,  J C O a sheaf  of  ideals,  S a divided 
power  structure  on  J7,  and  J-  a sheaf  of  0-modules.  In  this  situation  we  say 
D : O — > T is  a divided  power  ©'-derivation  if  D is  a divided  power  f~10'~ 
derivation  as  defined  above.  Moreover,  we  write 


^0/0',  s — Qo/f-10',5 

which  is  the  receptacle  of  the  universal  divided  power  ©'-derivation. 
Applying  this  to  the  structure  morphism 


(X/S)  Gris  — ► Sh(Szar) 


(see  Remark  50.9.6 ) we  recover  the  notion  of  Definition  50.12.1  above.  In  particular, 
there  is  a universal  divided  power  derivation 


d.x :/s  '■  Ox/s  —■ y ^ x/s 

Note  that  we  omit  from  the  notation  the  decoration  indicating  the  module  of  dif- 
ferentials is  compatible  with  divided  powers  (it  seems  unlikely  anybody  would  ever 
consider  the  usual  module  of  differentials  of  the  structure  sheaf  on  the  crystalline 
site). 


07IY 


Lemma  50.12.2.  Let  (T,LL,S)  be  a divided  power  scheme.  Let  T -A  S be  a 
morphism  of  schemes.  The  quotient  Qt/s  D t/s,s  described  above  is  a quasi- 
coherent  Ox-module.  For  W C T affine  open  mapping  into  V C S affine  open  we 
have 


T(W,  Llx/s.s)  — ^ r(w,o)/r(v,ov),s 


where  the  right  hand  side  is  as  constructed  in  Section  50.6. 


Proof.  Omitted. 


□ 


07IZ  Lemma  50.12.3.  In  Situation 

(fix /s)t  to  T is  Ltx/s,s  an(t  the  restriction  dx/s It  is  equal  to  dx/s,s- 


50.7.5  For  (U,T,8)  in  Cris(X/S)  the  restriction 
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Proof.  Omitted. 


□ 


50. 1.5  For  any  affine  object  (U,  T,  5)  of  Cris(X/S) 


Lemma  50.12.4.  In  Situation 
mapping  into  an  affine  open  V C S we  have 

r{(U,T,5)inx/s)  = Qt(t,o)/t(v,ov),s 
where  the  right  hand  side  is  as  constructed  in  Section  50.6 
Proof.  Combine  Lemmas  I50.12.2l  and  150.12.31 
In  Situation 


□ 


50.7.5.  Let  ( U,T,S ) be  an  object  of  Cris(X/S). 


Lemma  50.12.5. 

Let 

(U(1),T(1),6(1))  = (U,T,S)  X (U,T,6) 

in  Cris(X/S).  Let  K.  C Oxn)  be  the  quasi- coherent  sheaf  of  ideals  corresponding  to 
the  closed  immersion  A : T — ► T(l).  Then  K C Jt(i)  is  preserved  by  the  divided 
structure  on  Jt(\)  and  we  have 

x/s)t  = IC/K.W 


Proof.  Note  that  U = U(l)  as  U — > X is  an  open  immersion  and  as  (50.9.1.1) 
commutes  with  products.  Hence  we  see  that  K,  C Jt(\)-  Given  this  fact  the  lemma 
follows  by  working  affine  locally  on  T and  using  Lemmas  50.12.4  and  50.6.5  □ 


It  turns  out  that  Llx/s  is  uot  a crystal  in  quasi-coherent  0x/s_modules.  But  it 
does  satisfy  two  closely  related  properties  (compare  with  Lemma  50.11.2). 


50.7.5.  The  sheaf  of  differentials  H.y/s  has  the 


Lemma  50.12.6.  In  Situation 
following  two  properties: 

(1)  Llx/s  is  locally  quasi-coherent,  and 

(2)  for  any  morphism  ( U,T,6 ) — >■  (U',T',S')  of  Cris(X/S)  where  f : T — > T' 
is  a closed  immersion  the  map  Cf  : f*  (LIx/s)t'  — > (^x/s)t  is  surjective. 


Proof.  Part  (1)  follows  from  a combination  of  Lemmas  50.12.2  and  50.12.3  Part 
(2)  follows  from  the  fact  that  (fhf /s)t  = B r/s,<5  is  a quotient  of  Qt/s  and  that 
f*$lT>/s  —i ► LlT/s  is  surjective.  □ 


50.13.  Two  universal  thickenings 


The  constructions  in  this  section  will  help  us  define  a connection  on  a crystal 
in  modules  on  the  crystalline  site.  In  some  sense  the  constructions  here  are  the 
“sheafified,  universal”  versions  of  the  constructions  in  Section [50. 3| 


Remark  50.13.1.  In  Situation 


50.7.5 


Let  ( U,T,6 ) be  an  object  of  Cris (X/S). 


Write  Ht/s,8  = (By /s)t>  see  Lemma  50.12.3  We  explicitly  describe  a first  order 
thickening  T'  of  T.  Namely,  set 


0T’  — Ot  ® LlT/s,s 

with  algebra  structure  such  that  LlT/S  S is  an  ideal  of  square  zero.  Let  J C Ot  be 
the  ideal  sheaf  of  the  closed  immersion  U — >•  T.  Set  J’  = J ® f lT/s,s-  Define  a 
divided  power  structure  on  J'  by  setting 

^n(/»W)  = ($n(f),5n-l  (/)w), 

see  Lemma|50.3.1[  There  are  two  ring  maps 


PoiPi  '■  Ot  — t Ot1 
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The  first  is  given  by  / i-A  (/, 0)  and  the  second  by  / i-A  (/, d-T/s^sf)-  Note  that 
both  are  compatible  with  the  divided  power  structures  on  J and  J'  and  so  is  the 
quotient  map  Ot'  Ot-  Thus  we  get  an  object  ( U,T\S ')  of  Crispf/S)  and  a 
commutative  diagram 


T 


of  Cris(X/5)  such  that  i is  a first  order  thickening  whose  ideal  sheaf  is  identified 
with  f^T/s,<5  and  such  that  p*  — : Ot  — t Ot'  is  identified  with  the  universal 

derivation  d-r/s/  composed  with  the  inclusion  f 1t/s,s  * Qt>  ■ 


Remark  50.13.2.  In  Situation 


50.7.5 


Write  £It/s,s  = {^x/s)t,  see  Lemma 


50.12.3 


Let  ( U,T,S ) be  an  object  of  Cns(X/S). 
5 also  write  j s s for  its  second 
exterior  power.  We  explicitly  describe  a second  order  thickening  T"  of  T.  Namely, 
set 

Ot"  = Ot  © D t/s,s  © ^ t/s,s  © ^ t/s,s 

with  algebra  structure  defined  in  the  following  way 


(/,  wi,  W2,  ry)-(/,J  U)[,UJ2,  rf) 


iff',  fu'i+f'toi,  /77,+/,r;+wiAw2+wjAw2)- 


Let  J C Ot  be  the  ideal  sheaf  of  the  closed  immersion  U — > T.  Let  J"  be 
the  inverse  image  of  J under  the  projection  Ot"  — > Ot-  Define  a divided  power 
structure  on  J"  by  setting 


£"(/,  ui,u)2,r))  = (8n(f),  6n-i{f)ui,  <5n_i(/)w2, 5n-i(f)r)  + 5„_2(/)wi  A w2) 
see  Lemma  50.3.2|  There  are  three  ring  maps  (70,  9u  92  : Ot  — t Ot"  given  by 


9o(/)  = (/,  0,0,0), 

9i  (/)  = (/,  d/,0,0), 
«2(/)  = (/,d/,d/,0) 


where  d = dT/s,s-  Note  that  all  three  are  compatible  with  the  divided  power 
structures  on  J and  J" . There  are  three  ring  maps  <7oij  912,  <7o2  : Ot'  —>  Ot" 
where  Ot>  is  as  in  Remark|50.13.1|  Namely,  set 

901  (/,<*>)  = (/,  ui,  0,  0), 

912  (/,w)  = (/,d/,w,dw), 

902  (/,w)  = (/,w,w,  0) 


These  are  also  compatible  with  the  given  divided  power  structures.  Let’s  do  the 
verifications  for  qi-2".  Note  that  <712  is  a ring  homomorphism  as 

912  (/,w)gi2  (5,77)  = (/,d/,w,dw)(g,d5,77,d?7) 

= if  9,  fdg  + gdf,  frj  + gui,  fdg  + gdu  + df  A 77  + dg  A w) 

= qi2(fg,fv  + gu)  = qi2{{f,u)(g,v)) 


Note  that  g12  is  compatible  with  divided  powers  because 
<*n(9i2  (/,w))  = <5"((/,d/,w,da;)) 

= 8n-i{f)df,  5„-1(/)w,  5„_i(/)da;  + <5n_2(/)d(/)  A w) 

= qi2{{8n{f)18n-i{f)u}))  = q12(8'n(f,w)) 
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07J4 


07J5 


07J6 


The  verifications  for  goi  and  qo2  are  easier.  Note  that  go  = qoi  ° Po,  qi  = goi  °Pi, 
q\  = qi2  °Po , 92  = 912  °Pi,  9o  = 902  °Po , and  q2  = 902  ° Pi-  Thus  (U,T",S")  is  an 
object  of  Cris(X/5')  and  we  get  morphisms 

T" s-  T ^ T 

>■ 

of  Cris(X/S')  satisfying  the  relations  described  above.  In  applications  we  will  use 
qi  : T"  — > T and  g^  : T"  — > T'  to  denote  the  morphisms  associated  to  the  ring 
maps  described  above. 


50.14.  The  de  Rham  complex 

Working  on  the  (small)  crystalline  site,  we  define  7VX,S  = 
^Ov,o  fl x/s  for  * > 0.  The  universal  S'-derivation  Ax/s  gives  rise  to  the  de  Rham 


In  Situation 


50.7.5 


complex 


O 


x/s 


o1 

“ x/s 


o2 

s Lx/s 


on  Cris(AYS'),  see  Lemma  50.12.4  and  Remark  50.6.9 


50.15.  Connections 


In  Situation  50.7.5  Given  an  Ox/s~ module  F on  Cris(A/Sl)  a connection  is  a map 
of  abelian  sheaves 

V : F — > F ®ox/s  H x/s 

such  that  V(/s)  = /V(s)  + s ® df  for  local  sections  s,  f of  T and  Ox/s-  Given  a 
connection  there  are  canonical  maps  V : F ®ox/s  ^ x/s  — * ^ ®Ox/s  ^xjs  defined 
by  the  rule  V(s  ® co)  = V(s)  A w + s (g>  dcu  as  in  Remark  50.6.10  We  say  the 


connection  is  integrable  if  V o V = 0.  If  V is  integrable  we  obtain  the  de  Rham 
complex 

F ^ F ^ F ( 


W/s  ^X/S 


on  Cris(A/Sl).  It  turns  out  that  any  crystal  in  (Dx/s-modules  comes  equipped  with 
a canonical  integrable  connection. 


50.7.5.  Let  T be  a crystal  in  O x / s -modules  on 


Lemma  50.15.1.  In  Situation 

Cris(X/S).  Then  T comes  equipped  with  a canonical  integrable  connection. 

Proof.  Say  ( U,T,5 ) is  an  object  of  Cris(A/Sl).  Let  ( U,T’,5 ')  be  the  infinitesimal 
thickening  of  T by  (LIx/s)t  = H t/s,s  constructed  in  Remark  150.13.1  It  comes 
with  projections  Po,Pi  : T'  T and  a diagonal  i : T —>  T(  1).  By  assumption  we 
get  isomorphisms 

* -r~  CO.  ~r~  ,C\  * -i— 

PqFT  > FT>  < — P\XT 

of  Oj^-modules.  Pulling  c = cj”1  o cq  back  to  T by  i we  obtain  the  identity  map 
of  J~t-  Hence  if  s £ T(T,  Ft)  then  V(s)  = p\s  — c(pgs)  is  a section  of  p\Ft  which 
vanishes  on  pulling  back  by  A.  Hence  V(s)  is  a section  of 

Ft  ®ot  H t/s,s 

because  this  is  the  kernel  of  p\Ft  Ft  as  O-t/s, 6 is  the  kernel  of  Ot1 
construction. 


Ot  by 


The  collection  of  maps 


V : T(T,Ft)  — t T(T,  Tt  ®ot  H t/s,S ) 
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so  obtained  is  functorial  in  T because  the  construction  of  T'  is  functorial  in  T. 
Hence  we  obtain  a connection. 

To  show  that  the  connection  is  integrable  we  consider  the  object  ( U,T",6 ")  con- 
structed in  Remark  T50. 13.21  Because  T is  a sheaf  we  see  that 


is  a commutative  map  of  C>7’"-modules.  For  s £ T(T,  Ft)  we  have  c(pqs)  = p\s  — 
V(s).  Write  V(s)  = J2Pisi  ' where  .s,-  is  a local  section  of  Tt  and  w*  is  a local 
section  of  flT/s,s-  We  think  of  oji  as  a local  section  of  the  structure  sheaf  of  Ot' 
and  hence  we  write  product  instead  of  tensor  product.  On  the  one  hand 

9*2 c ° 9oic(9os)  = 9i2c(9*s  - qiSi  ' 9oi 

= Q2s  - ^2  q2Si  ' 4*2 Wi  - ^ Q2si  • 9oiwi  + 9*2V(Si)  ' 

and  on  the  other  hand 


Qo2 c{Qos)  = <l2S  ~ ^2  t&Si  ' 902^i- 

From  the  formulae  of  Remark  |50.13.2  we  see  that  q^iOi  + q\2Ui  — q^^i 
Hence  the  difference  of  the  two  expressions  above  is 


= d LOi. 


q2Si  ■ d uJi-^2  9*2 v(s0 ' 9oiwi 


Note  that  q\2u  • g^u/  = <J  A w = — w A a/  by  the  definition  of  the  multiplication 
on  GT».  Thus  the  expression  above  is  V2(s)  viewed  as  a section  of  the  subsheaf 
J~t  <8>  ^t/s  s °f  q2  ^ ■ Hence  we  get  the  integrability  condition.  □ 


50.16.  Cosimplicial  algebra 


07KP  This  section  should  be  moved  somewhere  else.  A cosimplicial  ring  is  a cosimplicial 
object  in  the  category  of  rings.  Given  a ring  R , a cosimplicial  R-algebra  is  a cosim- 
plicial  object  in  the  category  of  R-algebras.  A cosimplicial  ideal  in  a cosimplicial 
ring  A*  is  given  by  an  ideal  In  C A„  for  all  n such  that  A(f)(In)  C Im  for  all 
/ : [n]  — ! ► [to]  in  A. 

Let  A*  be  a cosimplicial  ring.  Let  C be  the  category  of  pairs  ( A,M ) where  A is  a 
ring  and  M is  a module  over  A.  A morphism  (A,  M)  -A  ( A',M ')  consists  of  a ring 
map  A -A  A'  and  an  A-module  map  M — > M'  where  M'  is  viewed  as  an  A-module 
via  A — > A'  and  the  A'-module  structure  on  M' . Having  said  this  we  can  define  a 
cosimplicial  module  M*  over  A*  as  a cosimplicial  object  (A*,M*)  of  C whose  first 
entry  is  equal  to  A*.  A homomorphism  p*  : M*  — > N * of  cosimplicial  modules 
over  A*  is  a morphism  (A*,  M*)  -A  (A*,  JV*)  of  cosimplicial  objects  in  C whose  first 
component  is  1^ . 


A homotopy  between  homomorphisms  : M*  — l A*  of  cosimplicial  modules 

over  A*  is  a homotopy  between  the  associated  maps  (A*,M*)  -A  (A*,  TV*)  whose 
first  component  is  the  trivial  homotopy  (dual  to  Simplicial,  Example  14.26.3).  We 
spell  out  what  this  means.  Such  a homotopy  is  a homotopy 

h : M*  — » Hom(A[l],  IV*) 


50.16.  COSIMPLICIAL  ALGEBRA 


3383 


07KQ 

07KR 

07KS 

07KT 

07KU 


between  p*  and  ip*  as  homomorphisms  of  cosimplicial  abelian  groups  such  that  for 
each  n the  map  hn  : Mn  — » IlaeAfi  ^ n is  -An-linear.  The  following  lemma  is  a 
version  of  Simplicial,  Lemma  |14. 28.3  for  cosimplicial  modules. 

Lemma  50.16.1.  Let  A * be  a cosimplicial  ring.  Let  p*,ip*  : K*  -A  M*  be  homo- 
morphisms of  cosimplicial  A * -modules. 

(1)  If  tp*  and  ip*  are  homotopic,  then 

p*  g>  1,  if*  (g>  1 : K*  ®a,  L*  — > M*  L* 

are  homotopic  for  any  cosimplicial  A * -module  L* . 

(2)  If  p*  and  ip*  are  homotopic,  then 

A : A \K*)  — > A \M*) 
are  homotopic. 

(3)  If  p*  and  ip*  are  homotopic,  and  A*  — > B*  is  a homomorphism  of  cosim- 
plicial rings,  then 

p*  <S>  1,  ip*  <g>  1 : K*  B * — >■  M*  ®a,  B * 

are  homotopic  as  homomorphisms  of  cosimplicial  B*-modules. 

(4)  If  I*  C A*  is  a cosimplicial  ideal,  then  the  induced  maps 

P*:1^*  1 K*  — > Mff 

between  completions  are  homotopic. 

(5)  Add  more  here  as  needed,  for  example  symmetric  powers. 


Proof.  Let  h : M*  — Hom(A[l],  N*)  be  the  given  homotopy.  In  degree  n we  have 

hn  = (/in,a)  : Kn  > naeA[1]„  Kn 


see  Simplicial,  Section  14.28  In  order  for  a collection  of  hn>a  to  form  a homotopy, 
it  is  necessary  and  sufficient  if  for  every  / : [n]  — >■  [m]  we  have 


hm,a  ° 4/f*  ( /' ) — 7V*(/)  ° hn^oiof 

see  Simplicial,  Equation 
and  pn  = hnp:[n]— »[i]  • 

In  each  of  the  cases  of  the  lemma  we  can  produce  the  corresponding  maps.  Case 
([I]).  We  can  use  the  homotopy  h (g)  1 defined  in  degree  n by  setting 

( h C)  1 )n,a  — hn,a  & 1 Ln  • IAn  ®An  Bn  ^ AIn  &>An  Bn. 

We  can  use  the  homotopy  A lh  dehned  in  degree  n by  setting 

hf(h)n,a  = A i{hn,a)  : A An{Kn)  — > A iiJMn). 

We  can  use  the  homotopy  h ® 1 defined  in  degree  n by  setting 
( h & 1 )n,a  = ^n,a  ® 1 - Kn  ®An  Bn  ^ Mn  Bn. 

We  can  use  the  homotopy  /iA  defined  in  degree  n by  setting 

(/lA)n,«  = <„  : K — > <• 

This  works  because  each  hn  o is  A„-linear.  □ 


Case  ([2]). 
Case  ([3]). 
Case  Q. 


(14.28.1.1).  We  also  should  have  that  ipn  = /inj0:[n]->.[  1] 
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50.17.  Crystals  in  quasi-coherent  modules 


In  Situation  50.5.1  Set  X = Spec(C)  and  S = Spec(H).  We  are  going  to  classify 
crystals  in  quasi-coherent  modules  on  Cris(X/5).  Before  we  do  so  we  fix  some 
notation. 


Choose  a polynomial  ring  P = A\xj\  over  A and  a surjection  P — > C of  A-algebras 
with  kernel  J = Ker(P  — > C).  Set 

(50.17.0.1)  D = lim  eDP^{J)/peDP,1(J) 

for  the  p-adically  completed  divided  power  envelope.  This  ring  comes  with  a divided 
power  ideal  J and  divided  power  structure  7,  see  Lemma 
and  denote  Je  the  image  of  J in  De.  We  will  use  the  short  hand 


50.5.5  Set  De  = D/peD 


(50.17.0.2)  flD  = lime  CLDe/A^  = lime  LlD/A,y/peftD/A^ 

for  the  p-adic  completion  of  the  module  of  divided  power  differentials,  see  Lemma 
It  is  also  the  p-adic  completion  of  LIdp  (j)/A,i  which  is  free  on  dxi,  see 


50.6.12 


Lemma  50.6.6  Hence  any  element  of  flu  can  be  written  uniquely  as  a sum  Y fi^xi 
with  for  all  e only  finitely  many  /j  not  in  peD.  Moreover,  the  maps  d De/A,iy  '■  De 
^De/A,*/  fit  together  to  define  a divided  power  H-derivation 


(50.17.0.3) 


d : D 


n 


D 


on  p-adic  completions. 


We  will  also  need  the  “products  Spec(D(n))  of  Spec(D)”,  see  Proposition  50.21.1 


and  its  proof  for  an  explanation.  Formally  these  are  defined  as  follows.  For  n > 0 
let  J(n ) = Ker(P  0^  . . . 0^  P — ► C)  where  the  tensor  product  has  n + 1 factors. 
We  set 


(50.17.0.4)  D(n)  = lime  DP®A...®Aptl(  J{n))/peDp®A...®Ap}1(J{n)) 

equal  to  the  p-adic  completion  of  the  divided  power  envelope.  We  denote  J(n) 
its  divided  power  ideal  and  7(71)  its  divided  powers.  We  also  introduce  D(n)e  = 
D(n)/peD{n ) as  well  as  the  p-adically  completed  module  of  differentials 

(50.17.0.5)  D(n ) = lime  H_D(n)e/A,7  = lime  ^D(n)/A,^/P  ^D(n)/A, 7 

and  derivation 


(50.17.0.6)  d : D{n)  — > nD(n) 

Of  course  we  have  D = D( 0).  Note  that  the  rings  D(0),  P(l),  D(2), . . . form  a 
cosimplicial  object  in  the  category  of  divided  power  rings. 


Lemma 

50.17.1.  Let  D and  D(n)  be  as  in  ( 

'50.17.0.1 

) and  ( 

’50.17.04) 

coprojection  P — ^ P 0yi  . . . 0^  P,  / ^>/0l0.  ..0  1 induces  an  isomorphism 
(50.17.1.1)  D{n)  = lime  D(^(j))/peD(^(j)) 

of  algebras  over  D with 

fi(j)  =Ji010...0l-l0...010ij010...0l 

for  j = 1 
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Proof.  We  have 

P®A...®AP  = P[b(j)} 

and  J(n)  is  generated  by  J and  the  elements  (j ) . Hence  the  lemma  follows  from 
Lemma  150.2.51  □ 


07L4  Lemma  50.17.2.  Let  D and  D(n)  be  as  in  (50.17.0.1)  and  (50.17.0.4).  Then 
(D,  J,  7)  and  ( D(n ),  J(n),7(n))  are  objects  of  Crisn ( C /A) , see  Remark  50.5.4  and 


D(n)=  U . _ D 

Lj=0,...,n 


in  CrisA(C/A). 


Proof.  The  first  assertion  is  clear.  For  the  second,  if  ( B — > C , 5)  is  an  object  of 
CrisA(C'/H),  then  we  have 

MorCrisA(c/A)(A-B)  = Hon iA((P,  J),  (P,Ker(P  -A  C))) 

and  similarly  for  D(n ) replacing  (P,  J)  by  (P  (g>A  ■ ■ • ®a  P,  J(n)).  The  property  on 
coproducts  follows  as  P P is  a coproduct.  □ 


07JB 

07JC 

07JD 

07JE 


(2) 

(3) 

(4) 


In  the  lemma  below  we  will  consider  pairs  (M,  V)  satisfying  the  following  conditions 
(1)  M is  a p-adically  complete  £>-module, 

V : M — » M Qd  is  a connection,  i.e.,  V(/m)  = m ® df  + /V(m), 

V is  integrable  (see  Remark  50.6.101,  and 

V is  topologically  quasi-nilpotent : If  we  write  V(m)  = J2^i(m)dxi  for 
some  operators  9t  : M — M,  then  for  any  m G M there  are  only  finitely 
many  pairs  (i,  k ) such  that  0^(m)  £ pM. 

The  operators  Oi  are  sometimes  denoted  in  the  literature.  In  the  following 

lemma  we  construct  a functor  from  crystals  in  quasi-coherent  modules  on  Cris (X/ S) 
to  the  category  of  such  pairs.  We  will  show  this  functor  is  an  equivalence  in  Propo- 
sition 150.17.41 


07JG  Lemma  50.17.3.  In  the  situation  above  there  is  a functor 

crystals  in  quasi-coherent  pairs  (M,  V)  satisfying 
Ox/s~modules  on  Cris(X/S)  0,  (§,  and  01 


Proof.  Let  J be  a crystal  in  quasi-coherent  modules  on  X/S.  Set  Te  = Spec(Pe) 
so  that  [X,  Te . 7)  is  an  object  of  Cris(X/5)  for  e^$>  0.  We  have  morphisms 

{X,  Te,  7)  — > (X,  Te+1, 7)  — ► . . . 


which  are  closed  immersions.  We  set 


M = lime  T((X,  Te,  7),  P)  = limeT(Te,PrJ  = lim  eMe 

Note  that  since  T is  locally  quasi-coherent  we  have  Prt:  = Me.  Since  P is  a crystal 
we  have  Me  = Me+i/peMe+i.  Hence  we  see  that  Me  = M/peM  and  that  M is 
p-adically  complete. 

By  Lemma  |50.15.1|  we  know  that  T comes  endowed  with  a canonical  integrable 
connection  V : T — > P ® fix/ s-  If  we  evaluate  this  connection  on  the  objects  Te 
constructed  above  we  obtain  a canonical  integrable  connection 

V : M — > M flD 

To  see  that  this  is  topologically  nilpotent  we  work  out  what  this  means. 
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Now  we  can  do  the  same  procedure  for  the  rings  D(n).  This  produces  a p-adically 
complete  D(n)-module  M(n).  Again  using  the  crystal  property  of  T we  obtain 
isomorphisms 

M ®^pa  D{  1)  -a  M(  1)  *-  M ®£,pi  D(  1) 

compare  with  the  proof  of  Lemma  |50.15.1|  Denote  c the  composition  from  left  to 
right.  Pick  m G M.  Write  = nq  (g>  1 — 1 (g>  x,.  Using  (50.17.1.11  we  can  write 
uniquely 

\ ' /.  „ TT  tM 


z(r 


l)  = Ux^(m)®II^ 


for  some  6bs-(m)  G M where  the  sum  is  over  multi-indices  K = (hi)  with  fc*  > 0 and 
]T)  fc*  < oo.  Set  9i  = 9k  where  K has  a 1 in  the  *th  spot  and  zeros  elsewhere.  We 
have 

V(m)  = y^i9l(m)dxi. 

as  can  be  seen  by  comparing  with  the  definition  of  V.  Namely,  the  defining  equation 


is  p*m  = V(m)  — c(pqto)  in  Lemma  50.15.1  but  the  sign  works  out  because  in  the 
stacks  project  we  consistently  use  df  = Pi(f)  — Po(f)  modulo  the  ideal  of  the 
diagonal  squared,  and  hence  = Xj  g>  1 — 1 (g>  x,;  maps  to  — dxi  modulo  the  ideal  of 
the  diagonal  squared. 

Denote  qt  : D -A  D( 2)  and  qij  : D(  1)  — ► D( 2)  the  coprojections  corresponding  to 
the  indices  i,j.  As  in  the  last  paragraph  of  the  proof  of  Lemma[50.15.1|we  see  that 


%2C=  Ql2CO%lC- 


This  means  that 

j2K„  ok-h®  ru"[fen = y,k,<k  eK'{eK{m))  ® nc,M  ndfcil 

in  M ®£,  qo  D( 2)  where 

Ci  = rci<g)l(g)l  — l(g)a:i(8)l, 

C»-  = 1 0 Xi  ® 1 — 1 ® 1 ® Xi, 

Cf  = ® 1 ® 1 — 1 0 1 ® Sj. 


In  particular  = Ci  + Ci  and  we  have  that  D(2)  is  the  p-adic  completion  of  the 
divided  power  polynomial  ring  in  over  ^(-D),  see  Lemma  50.17.1  Comparing 
coefficients  in  the  expression  above  it  follows  immediately  that  9i  o 9j  = 9j  o 9i  (this 
provides  an  alternative  proof  of  the  integrability  of  V)  and  that 


9K(m)  = ([[9^)(m). 

In  particular,  as  the  sum  expressing  c(to  ® 1)  above  has  to  converge  p-adically  we 
conclude  that  for  each  i and  each  to  G M only  a finite  number  of  Of  (to)  are  allowed 
to  be  nonzero  modulo  p.  □ 


07JH  Proposition  50.17.4.  The  functor 

crystals  in  quasi- coherent  pairs  (M,  V)  satisfying 
Ox/s~m°d’Ules  on  Cris(X/S)  Up,  Up,  and  (gp 


of  Lemma\50.17.1j\  is  an  equivalence  of  categories. 
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Proof.  Let  (M,  V)  be  given.  We  are  going  to  construct  a crystal  in  quasi-coherent 
modules  T.  Write  V(m)  = Then  04  o 6j  = Oj  o 0*  and  we  can  set 

0at(tr)  = (n^)(m)  f°r  any  multi-index  K = {kf)  with  ki  > 0 and  ^ ki  < oo. 


Let  ( U,T,S ) be  any  object  of  Cris(X/5)  with  T affine.  Say  T = Spec(B)  and  the 
ideal  of  17  — >■  T is  Jg  C B.  By  Lemma  |50.5.6|  there  exists  an  integer  e and  a 
morphism 

/ : (U,T,S)  — > (X,Te,j) 


where  Te  = Spec(De)  as  in  the  proof  of  Lemma  50.17.3|  Choose  such  an  e and  /; 
denote  / : D — > B also  the  corresponding  divided  power  A-algebra  map.  We  will 
set  J~t  equal  to  the  quasi-coherent  sheaf  of  Cg-modules  associated  to  the  B-module 


M tg) dj  B. 


However,  we  have  to  show  that  this  is  independent  of  the  choice  of  /.  Suppose  that 
g : D — ► B is  a second  such  morphism.  Since  / and  g are  morphisms  in  Cris(X/S') 
we  see  that  the  image  of  / — g : D — > B is  contained  in  the  divided  power  ideal  Jg. 
Write  C = f(xi)  — g(xi)  € Jb-  By  analogy  with  the  proof  of  Lemma  50.17.3  we 
define  an  isomorphism 


Cf  g : M ®dj  B — > M <8>D,g  B 

by  the  formula 

m®li — *•  ® Y[  i] 

which  makes  sense  by  our  remarks  above  and  the  fact  that  V is  topologically  quasi- 
nilpotent  (so  the  sum  is  finite!).  A computation  shows  that 


cg,h  ° Cf}9  — cfj 

if  given  a third  morphism  h : ( U,T,S ) — > (X,Te,  7).  It  is  also  true  that  Cf  j = 
1.  Hence  these  maps  are  all  isomorphisms  and  we  see  that  the  module  J~t  is 
independent  of  the  choice  of  /. 

If  a : (U',T',6')  — > ( U,T,S ) is  a morphism  of  affine  objects  of  Cris(A'/5),  then 
choosing  f = foa  it  is  clear  that  there  exists  a canonical  isomorphism  a*J~T  —>  J~t’  ■ 
We  omit  the  verification  that  this  map  is  independent  of  the  choice  of  /.  Using 
these  maps  as  the  restriction  maps  it  is  clear  that  we  obtain  a crystal  in  quasi- 
coherent  modules  on  the  full  subcategory  of  Cris(AyS')  consisting  of  affine  objects. 
We  omit  the  proof  that  this  extends  to  a crystal  on  all  of  Cris(A'/5).  We  also  omit 
the  proof  that  this  procedure  is  a functor  and  that  it  is  quasi-inverse  to  the  functor 
constructed  in  Lemma  T50. 17.31  □ 


Lemma  50.17.5.  In  Situation 


50.5.1 


Let  A — ^ P'  — >•  C be  ring  maps  with  A — > P' 


smooth  and  P'  — > C surjective  with  kernel  J' . Let  D'  he  the  p-adic  completion  of 
Dpi ,y(J') ■ There  are  homomorphisms  of  divided  power  A- algebras 

a : D — > D\  b : D’  — > D 


compatible  with  the  maps  D — » C and  D'  — > C such  that  a o b = idp/ . These  maps 
induce  an  equivalence  of  categories  of  pairs  (M,  V)  satisfying  0),  0),  §).  and  01 
over  D and  pairs  (Mr,  V')  satisfying  0,  0,  0 , and  (4\)  over  D' . In  particular, 
the  equivalence  of  categories  of  Proposition\50.  LTJ\  also  holds  for  the  corresponding 
functor  towards  pairs  over  D' . 
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Proof.  We  can  pick  the  map  P = A[xi]  -A  C such  that  it  factors  through  a 
surjection  of  A-algebras  P — > P'  (we  may  have  to  increase  the  number  of  variables 
in  P to  do  this).  Hence  we  obtain  a surjective  map  a : D — » D'  by  functoriality 
of  divided  power  envelopes  and  completion.  Pick  e large  enough  so  that  De  is 
a divided  power  thickening  of  C over  A.  Then  De  — > C is  a surjection  whose 
kernel  is  locally  nilpotent,  see  Divided  Power  Algebra,  Lemma  |23.2.6[  Setting 
D'e  = D'  /peD'  we  see  that  the  kernel  of  De  -+  D'e  is  locally  nilpotent.  Hence  by 
Algebra,  Lemma  10.136.16  we  can  find  a lift  /3e  : P'  — > De  of  the  map  P'  — > D'e. 
Note  that  De+i+\  -+  De+i  D'e+i+1  is  surjective  with  square  zero  kernel  for  any 
i > 0 because  pe+lD  — ► pe+lD'  is  surjective.  Applying  the  usual  lifting  property 
(Algebra,  Proposition [10T36T3 ) successively  to  the  diagrams 


P' 


' De+i  ^ D'e+i  D& 


e+i+ 1 


A 


D, 


e+i+l 


we  see  that  we  can  find  an  A-algebra  map  /?  : P'  -+  D whose  composition  with  a is 
the  given  map  P'  -+  D' . By  the  universal  property  of  the  divided  power  envelope 
we  obtain  a map  Dpi i7(J')  —¥  D.  As  D is  p-adically  complete  we  obtain  b : D'  -+  D 
such  that  a o b = id^y . 


Consider  the  base  change  functor 

(M,V) 


(M0^  D/V) 


from  pairs  for  D to  pairs  for  D' , see  Remark  50.6. 11[  Similarly,  we  have  the 
base  change  functor  corresponding  to  the  divided  power  homomorphism  D'  -+  D. 
To  finish  the  proof  of  the  lemma  we  have  to  show  that  the  base  change  for  the 
compositions  b o a : D -+  D and  a o b : D'  — > D'  are  isomorphic  to  the  identity 
functor.  This  is  clear  for  the  second  as  a o b = idu'.  To  prove  it  for  the  first,  we 
use  the  functorial  isomorphism 

Cido,boa  • Af  0L>;id£)  D t M 0£),5oa  D 


50.17.4 


holds  if  we  start  with 


of  the  proof  of  Proposition  50.17.4  The  only  thing  to  prove  is  that  these  maps  are 
horizontal,  which  we  omit. 

The  last  statement  of  the  proof  now  follows.  □ 

Remark  50.17.6.  The  equivalence  of  Proposition 
a surjection  P -+  C where  P/A  satisfies  the  strong  lifting  property  of  Algebra, 
Lemma  |10. 136.161  To  prove  this  we  can  argue  as  in  the  proof  of  Lemma  |50.17.5[ 
(Details  will  be  added  here  if  we  ever  need  this.)  Presumably  there  is  also  a direct 
proof  of  this  result,  but  the  advantage  of  using  polynomial  rings  is  that  the  rings 
D(n)  are  p-adic  completions  of  divided  power  polynomial  rings  and  the  algebra  is 
simplified. 


50.18.  General  remarks  on  cohomology 

In  this  section  we  do  a bit  of  work  to  translate  the  cohomology  of  modules  on  the 
cristalline  site  of  an  affine  scheme  into  an  algebraic  question. 


50.18.  GENERAL  REMARKS  ON  COHOMOLOGY 


3389 


07JJ 


07JK 


07JL 


50.7.5  Let  T be  a locally  quasi- coherent  Ox/s~ 


Lemma  50.18.1.  In  Situation 
module  on  Cris(X/S).  Then  we  have 

HP((U,T,6),  T)=0 

for  all  p > 0 and  all  (U,  T , 6)  with  T or  U affine. 

Proof.  As  U — t T is  a thickening  we  see  that  U is  affine  if  and  only  if  T is  affine,  see 
Limits,  Lemma  31.10.1|  Having  said  this,  let  us  apply  Cohomology  on  Sites,  Lemma 
21.11.9  to  the  collection  B of  affine  objects  ( U,T,6 ) and  the  collection  Cov  of  affine 
open  coverings  U = {([/*,  Xj , 8.-, ) -A  (U,  T,  5)}.  The  Cech  complex  C*(U,  J 7)  for  such 
a covering  is  simply  the  Cech  complex  of  the  quasi-colierent  CV-module  Tt  (here 
we  are  using  the  assumption  that  T is  locally  quasi-coherent)  with  respect  to  the 
affine  open  covering  {Xj  — > T}  of  the  affine  scheme  T.  Hence  the  Cech  cohomology 
is  zero  by  Cohomology  of  Schemes,  Lemma[29.2.6|and|29.2.2|  Thus  the  hypothesis 
of  Cohomology  on  Sites,  Lemma  [21. 11. 9|  are  satisfied  and  we  win.  □ 


Lemma  50.18.2.  In  Situation  50.7.5  Assume  moreover  X and  S are  affine 
schemes.  Consider  the  full  subcategory  C C Cris(X/  S)  consisting  of  divided  power 


thickenings  (X,T,6)  endowed  with  the  chaotic  topology  (see  Sites,  Example  7.6.6). 
For  any  locally  quasi-coherent  Ox/ s-module  T we  have 

RT(C,T\c ) = RT(Cris(X/S),X) 

Proof.  We  will  use  without  further  mention  that  C and  Cris(X/S)  have  prod- 
ucts and  fibre  products,  see  Lemma  50.8.2  Note  that  the  inclusion  functor  u : 
C — > Cris  (X/S)  is  fully  faithful,  continuous  and  commutes  with  products  and  fibre 
products.  We  claim  it  defines  a morphism  of  ringed  sites 

/ : (Cris (X/S),Ox/s)  A (Sh(C),Ox/s\c) 

To  see  this  we  will  use  Sites,  Lemma  l T531  Note  that  C has  fibre  products  and 
u commutes  with  them  so  the  categories  Tf/,  T ^ are  disjoint  unions  of  directed 
categories  (by  Sites,  Lemma  7.5.1  and  Categories,  Lemma  4.19.7).  Hence  it  suffices 

and 


Nonempty  follows  from  Lemma 


50.5.6 


to  show  that  T ^ is  connected, 
connectedness  follows  from  the  fact  that  C has  products  and  that  u commutes 


with 


them  (compare  with  the  proof  of  Sites,  Lemma  7.5.2). 

Note  that  f*T  = T\c-  Hence  the  lemma  follows  if  RTf^T  = 0 for  p > 0,  see 
Cohomology  on  Sites,  Lemma  |21.14.6|  By  Cohomology  on  Sites,  Lemma  |21.8.4| 
it  suffices  to  show  that  Hp((X,T,S),iF)  = 0 for  all  ( X,T,S ).  This  follows  from 
Lemma  150.18.11  □ 


Lemma  50.18.3.  In  Situation 


50.5.1 


SetC  = ( Cris(C/A))°Pp  andC A = {CrisA(C/A))°PP 
endowed  with  the  chaotic  topology,  see  Remark\50.5.4\  for  notation.  There  is  a mor- 
phism of  topoi 

g : Sh{C)  — > Sh(CA) 

such  that  if  IF  is  a sheaf  of  abelian  groups  on  C,  then 

( lime  T{Be  — > C,  5)  if  p = 0 

RPg*X(B  ->  (7, 5)  = < i?1  lime  T{Be  -a-  C,  6)  if  p = 1 
[ 0 else 

where  Be  = B /peB  for  e /$>  0. 
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Proof.  Any  functor  between  categories  defines  a morphism  between  chaotic  topoi 
in  the  same  direction,  for  example  because  such  a functor  can  be  considered  as  a 
cocontinuous  functor  between  sites,  see  Sites,  Section[7.20|  Proof  of  the  description 
of  g*X  is  omitted.  Note  that  in  the  statement  we  take  ( Be  — > C , 6)  is  an  object  of 
Cris(C/A)  only  for  e large  enough.  Let  I be  an  injective  abelian  sheaf  on  C.  Then 
the  transition  maps 

B{Be  -A  C,6)  4—  I(Be+ 1 -a  C,  5) 
are  surjective  as  the  morphisms 

( Be  -a  C,8)  — > (Be+ 1 -a  C,  6) 

are  monomorphisms  in  the  category  C.  Hence  for  an  injective  abelian  sheaf  both 
sides  of  the  displayed  formula  of  the  lemma  agree.  Taking  an  injective  resolution 
of  X one  easily  obtains  the  result  (sheaves  are  presheaves,  so  exactness  is  measured 
on  the  level  of  groups  of  sections  over  objects).  □ 

07JM  Lemma  50.18.4.  LetC  be  a category  endowed  with  the  chaotic  topology.  Let  X be 
an  object  of  C such  that  every  object  of  C has  a morphism  towards  X . Assume  that 
C has  products.  Then  for  every  abelian  sheaf  X on  C the  total  cohomology  RT(C1  X) 
is  represented  by  the  complex 

X{X)  -A  X(X  x X)  -a  X(X  x X x X)  -A  . . . 
associated  to  the  cosimplicial  abelian  group  [n]  i-a  J(Xn). 

Proof.  Note  that  Hq(Xp,  X)  = 0 for  all  q > 0 as  sheaves  are  presheaves  on  C.  The 
assumption  on  X is  that  hx  -A  * is  surjective.  Using  that  Hq(X,X)  = Hp(hx , X) 
and  HP(C,  X)  = HP(*,X)  we  see  that  our  statement  is  a special  case  of  Cohomology 
on  Sites,  Lemma[21.13.2|  □ 


50.19.  Cosimplicial  preparations 


07JP  In  this  section  we  compare  crystalline  cohomology  with  de  Rham  cohomology.  We 
follow  iBdJlll. 

07L7  Example  50.19.1.  Suppose  that  A*  is  any  cosimplicial  ring.  Consider  the  cosim- 
plicial module  M*  defined  by  the  rule 

Mn  = Araej 

For  a map  f : [n]  - A [to]  define  M*(/)  : Mn  -a  Mm  to  be  the  unique  A*(/)- linear 
map  which  maps  e*  to  e/q).  We  claim  the  identity  on  M*  is  homotopic  to  0. 
Namely,  a homotopy  is  given  by  a map  of  cosimplicial  modules 


see  Section 
fined  by  a™ 


50.16 


For  j € 

uo  o i < j. 


h : M*  — > Hom(A[l],M*) 

{0, . . . , n + 1}  we  let  af 
Then  A[l]„  = {a#, . . . , 
see  Simplicial 


lj=0,...,n+l  Mn, 


: [n]  -A  [1]  be  the  map  de- 
and  correspondingly 

Sections 


14.26 


and 


14.28 


In- 


Hom(A[l],  M*)n  = nj=( 
stead  of  using  this  product  representation,  we  think  of  an  element  in  Hom(  A[1J , Mf) 
as  a function  A[l]n  -A  Mn.  Using  this  notation,  we  define  h in  degree  n by  the  rule 


f e»  if  i < j 

\ 0 else 


Me*)  (a”) 
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We  first  check  h is  a morphism  of  cosimplicial  modules.  Namely,  for  / : [n] 
we  will  show  that 


(50.19.1.1) 


hm  o M*(/)  = Hom(A[l],  M*)(/)  o hn 


The  left  hand  side  of  (50.19.1.1 1 evaluated  at  e*  and  then  in  turn  evaluated  at  a” 


is 


_ J e/(*) 

0 


if  /(*)  < j 

else 


Note  that  a™  o f = a™,  where  0 < j'  < n+  1 is  the  unique  index  such  that  f(i)  < j 
if  and  only  if  i < j' . Thus  the  right  hand  side  of  (50.19.1.11  evaluated  at  and 
then  in  turn  evaluated  at  a™  is 


M*(/)(/ln(ei)(af  o /)  = M,(/)(/in(ei)(a5‘,))  = 


— J e/0 

0 


if 

else 


i < f 


It  follows  from  our  description  of  j'  that  the  two  answers  are  equal.  Hence  h is 
a map  of  cosimplicial  modules.  Let  0 : A[0]  — » A[l]  and  1 : A[0]  — > A[l]  be 
the  obvious  maps,  and  denote  ei>0,ei;i  : Hom(A[l],M*)  — )•  M*  the  corresponding 
evaluation  maps.  The  reader  verifies  readily  that  the  the  compositions 

evo  o h,  ev\  o h : M*  — > M* 

are  0 and  1 respectively,  whence  h is  the  desired  homotopy  between  0 and  1. 
Lemma  50.19.2.  With  notation  as  in  (50.17.0.5)  the  complex 

f h 


‘£>(0) 


^£>(i)  ~ t nD( 2) 


is  homotopic  to  zero  as  a D(*)~ cosimplicial  module. 

Proof.  We  are  going  to  use  the  principle  of  Simplicial,  Lemma  14.28.3|  and  more 
specifically  Lemma  50.16.1  which  tells  us  that  homotopic  maps  between  (co)simplicial 
objects  are  transformed  by  any  functor  into  homotopic  maps.  The  complex  of  the 
lemma  is  equal  to  the  p-adic  completion  of  the  base  change  of  the  cosimplicial 
module 

M*  = (flp/A  — t Qp®AP/A  Qp®AP®AP/A  — > ■ ■ ■) 

via  the  cosimplicial  ring  map  P . . . (8)^  P — > D(n).  This  follows  from  Lemma 
50.6.6  see  comments  following  (50.17.0.2).  Hence  it  suffices  to  show  that  the  cosim- 


plicial module  M*  is  homotopic  to  zero  (uses  base  change  and  p-adic  completion). 
We  can  even  assume  A = Z and  P = Z[{a as  we  can  use  base  change  with 
Z — > A.  In  this  case  p®n+1  is  the  polynomial  algebra  on  the  elements 

Xi  (e)  = 1 ® ® Xi  0 . . . (g)  1 

with  x.j  in  the  eth  slot.  The  modules  of  the  complex  are  free  on  the  generators 
dxi(e).  Note  that  if  / : [n]  — > [m\  is  a map  then  we  see  that 

M*(f)(dxi(e))  = d Xi{f{e)) 

Hence  we  see  that  M*  is  a direct  sum  over  I of  copies  of  the  module  studied  in 
Example  |50. 19. 1|  and  we  win.  □ 


Lemma  50.19.3.  With  notation  as  in  {50.17.0.4)  and  [50.17.0.5),  given  any 
cosimplicial  module  M,  over  D(*)  and  i > 0 the  cosimplicial  module 


M0  <g>D(0) 


Mi  ®D(1)  ^D(l) 


M2  <8>£)(2)  ^D( 2) 


50.20.  DIVIDED  POWER  POINCARE  LEMMA 


3392 


is  homotopic  to  zero,  where  is  thep-adic  completion  of  the  ith  exterior  power 

of  ^D(n)  ■ 


Proof.  By  Lemma  50.19.2  the  endomorphisms  0 and  1 of  LIdm  are  homotopic.  If 
we  apply  the  functor  A!  we  see  that  the  same  is  true  for  the  cosimplicial  module 

Another  application  of  the  same  lemma  shows  the 


50.16.1 


d{*)>  see  Lemma 

p-adic  completion  is  homotopy  equivalent  to  zero.  Tensoring  with  M*  we 

see  that  M*  <S>d(*)  ^d(*)  homotopic  to  zero,  see  Lemma  50.16.1  again.  A final 
application  of  the  p-adic  completion  functor  finishes  the  proof!  □ 


50.20.  Divided  power  Poincare  lemma 

07LB  Just  the  simplest  possible  version. 

07LC  Lemma  50.20.1.  Let  A be  a ring.  Let  P = A{xf)  be  a divided  power  polynomial 
ring  over  A.  For  any  A-module  Ad  the  complex 

0 — y Ad  — y M 0a  P — y Ad  0a  LI p/a  s — t A/1  0a  LI p/a  8 — t . . . 

is  exact.  Let  D be  the  p-adic  completion  of  P.  Let  dllD  be  the  p-adic  completion 
of  the  ith  exterior  power  of  LlD/Ag.  F°r  anD  p-adically  complete  A-module  A 1 the 
complex 

0 -A  M -A  M 0^  D -a  M < nj,  -»•  M Ll2D  -a  . . . 

is  exact. 


Proof.  It  suffices  to  show  that  the  complex 

E : (0  -A  A -A  P -A  Llp/A  S -A  Ll2pjAS  -t  . - .) 

is  homotopy  equivalent  to  zero  as  a complex  of  A-modules.  For  every  multi-index 
I\  = (hi)  we  can  consider  the  subcomplex  E{K)  which  in  degree  j consists  of 


,ij}CSupp(if) 


IT  xfl  ^da;^  A ...  A da;,. 


Since  E = @E(K)  we  see  that  it  suffices  to  prove  each  of  the  complexes  E(K)  is 
homotopic  to  zero.  If  K = 0,  then  E(K)  : (A  — y A)  is  homotopic  to  zero.  If  K has 
nonempty  (finite)  support  S , then  the  complex  E(K)  is  isomorphic  to  the  complex 


A 


#S 


<®,c0re» 


sGfS  s£S 

which  is  homotopic  to  zero,  for  example  by  More  on  Algebra,  Lemma [15. 22. 5|  □ 


An  alternative  (more  direct)  approach  to  the  following  lemma  is  explained  in  Ex- 
ample |50.25.2[ 

07LD  Lemma  50.20.2.  Let  A be  a ring.  Let  ( B,J,8 ) be  a divided  power  ring.  Let 
P = B(xi ) be  a divided  power  polynomial  ring  over  B with  divided  power  ideal 
J = IP  + B(xi)+  as  usual.  Let  Ad  be  a B -module  endowed  with  an  integrable 
connection  V : Ad  -A  M 0b  LI  lB/A  $ ■ Then  the  map  of  de  Rham  complexes 

Ad  0£  ^_B/A, 8 ^ ^d  <S)p  Llp/Al 5 

is  a quasi-isomorphism.  Let  D,  resp.  D'  be  the  p-adic  completion  of  B , resp.  P 
and  let  fllD,  resp.  illD,  be  the  p-adic  completion  of  LllB^AS,  resp.  LtlP/Ag-  Let  Ad 
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be  a p-adically  complete  D-module  endowed  with  an  integral  connection  V : M — > 
M ®B  £2^,.  Then  the  map  of  de  Rham  complexes 

M ®pfl*D  — > M <g>£  n*D, 

is  a quasi-isomorphism. 


Proof.  Consider  the  decreasing  filtration  F*  on  £1 l*B/A  S 
Fl(TL*B/A  S)  = cr>iVL*B/A  S.  See  Homology,  Section 
filtration  F*  on  Q*P/A  s by  setting 


12.13 


given  by  the  subcomplexes 
This  induces  a decreasing 


F1{^p/a,s)  ~ F1{Q*b/a,s)  a ^*p/a,8- 
We  have  a split  short  exact  sequence 

0 -A  £7b/A,5  ®-B  P ~ * Qp/A,5  ^ p/b,s  0 

and  the  last  module  is  free  on  dxi.  It  follows  from  this  that  Fl( £l*P/A  s)  — ► £7 *P,A  s 
is  a termwise  split  injection  and  that 


grlF(Tl*B/A  S)  — £Ib/a,s  ^*p/B,S 

as  complexes.  Thus  we  can  define  a filtration  F*  on  M ®B  £7 *B/A  s by  setting 
F\M  ®B  £7 *P/AS)  = M ®B  F\VL*p/as) 

and  we  have 

gr p(M  ®b  Q*p/a,8)  = M ®b  ^ b/a,s  ^*P/B,5 
as  complexes.  By  Lemma  |50.20.1|  each  of  these  complexes  is  quasi-isomorphic  to 
M ®b  £7 b/as  placed  in  degree  0.  Hence  we  see  that  the  first  displayed  map  of 
the  lemma  is  a morphism  of  filtered  complexes  which  induces  a quasi-isomorphism 
on  graded  pieces.  This  implies  that  it  is  a quasi-isomorphism,  for  example  by  the 
spectral  sequence  associated  to  a filtered  complex,  see  Homology,  Section  [1 2. 2 1| 


The  proof  of  the  second  quasi-isomorphism  is  exactly  the  same. 


□ 


50.21.  Cohomology  in  the  affine  case 


07LE 


07JN 


We  start  with  (A,  1, 7) 


Let’s  go  back  to  the  situation  studied  in  Section  |50.17 
and  A/ 1 -A  C and  set  X = Spec(C)  and  S = Spec(H).  Then  we  choose  a poly- 
nomial ring  P over  A and  a surjection  P — » C with  kernel  J.  We  obtain  D and 
D{n)  see  (50.17.0.1)  and  (50.17.0.41.  Set  T(n)e  = Spec(D(n)/peD(n))  so  that 
( X , T(n)e,  S(n))  is  an  object  of  Cris(X/Sl).  Let  F be  a sheaf  of  Ox/s-modules  and 
set 

M(n ) = limeT((X,  T(n)e,6(n)),  F) 


for  n = 0, 1,  2,  3, . . ..  This  forms  a cosimplicial  module  over  the  cosimplicial  ring 
17(0),  17(1),  17(2),.... 


50.21.1.  With  notations  as  above  assume  that 
locally  quasi- coherent,  and 
(2)  for  any  morphism  ( U,T,6 ) —¥  (U',T',S')  of  Cris(X/S)  where  f : T -A  T' 
is  a closed  immersion  the  map  Cf  : f*Fp>  — > Ft  is  surjective. 

Then  the  complex 

M{ 0)  -A  M(  1)  -A  M( 2)  -A  . . . 
computes  RT(Cris(X/S),F). 


Proposition 

(1)  F is 
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07LF 


07LG 


Proof.  Using  assumption  (1)  and  Lemma  50.18.2  we  see  that  RT(Cns(X/S),  J7) 
is  isomorphic  to  RT(C,  !F).  Note  that  the  categories  C used  in  Lemmas |50. 18. 2 and 
50.18.3  agree.  Let  / : T — ► T'  be  a closed  immersion  as  in  (2).  Surjectivity  of 
J~t  is  equivalent  to  surjectivity  of  Tt1 


Cf  ■ f*^T' 

(1)  and  (2),  then  we  obtain  a short  exact  sequence 

0 — > K,  — > J~t'  — t f*J~T  ~ 


J*Tt-  Hence,  if  T satisfies 


of  quasi-coherent  Ot> -modules  on  T',  see  Schemes,  Section  25.24  and  in  particular 
Lemma  25.24. 1|  Thus,  if  T'  is  affine,  then  we  conclude  that  the  restriction  map 
T(U',  T' , S')  —>  T(U,  T,  S)  is  surjective  by  the  vanishing  of  iL1(T/,  A),  see  Cohomol- 
ogy of  Schemes,  Lemma [29. 2.2[  Hence  the  transition  maps  of  the  inverse  systems  in 
Lemma  50.18.3  are  surjective.  We  conclude  that  that  Rpg*{F\c)  = 0 for  all  p > 1 


where  g is  as  in  Lemma  50.18.3  The  object  D of  the  category  CA  satisfies  the 
assumption  of  Lemma  50.18.4  by  Lemma |50. 5. 7|  with 


D x . . . x D = D(n) 

in  C because  D(n)  is  the  n + 1-fold  coproduct  of  D in  CrisA(C/H),  see  Lemma 

□ 


150.17.21  Thus  we  win. 

Lemma  50.21.2.  Assumptions  and  notation  as  in  Proposition 
H’’  ( Cris{X/ S) , T ®ox/s  Wx/S)  = 0 
for  all  i > 0 and  all  j > 0. 

it  follows  that  TL  = J- 


50.21.1 


Then 


50.12.6 


Proof.  Using  Lemma 
sumptions  (1)  and  (2)  of  Proposition  50.21.1  WriteM(n)e  = T((A',  T(n)e,  S(n)),  J-) 


x/s  ^ x/s  a^so  satisfies  as" 


so  that  A I(n)  = lime  Al(n)e.  Then 

lime  T((X,  T(n)e,  S(n)),  TL)  = lime  M(n)e  ®D(„)e  ^D(n)/pe^D(n) 

= lime  M(n)e  ®D(n)  H D(n ) 

By  Lemma  |50. 19.3  the  cosimplicial  modules 

M(0)e  ®D(0)  ^£>(0)  — > l)e  ®D(1)  1)  — > M(2)e  2)  2)  ->•••• 

are  homotopic  to  zero.  Because  the  transition  maps  M(n)e+i  —>  M(n)e  are  surjec- 
tive, we  see  that  the  inverse  limit  of  the  associated  complexes  are  acyclic^]  Hence 
the  vanishing  of  cohomology  of  TL  by  Proposition  50.21.1  □ 


Proposition  50.21.3.  Assumptions  as  in  Proposition 


50.21.1 


but  now  assume 


that  T is  a crystal  in  quasi-coherent  modules.  Let  (A I,  V)  be  the  corresponding 
module  with  connection  over  D,  see  Proposition\50.17.4\  Then  the  complex 

m <g>£  n*D 

computes  RT (Cris(X / S) , J-). 


^Actually,  they  are  even  homotopic  to  zero  as  the  homotopies  fit  together,  but  we  don’t  need 
this.  The  reason  for  this  roundabout  argument  is  that  the  limit  lime  M(n)e  <S>£)(n)  ^£>(n)  isn’t 
the  p-adic  completion  of  M(n)  (S>£>(n)  ^i>(n)  as  with  the  assumptions  of  the  lemma  we  don’t  know 
that  M(n)e  = M(n)e_|_i/peM(n)e+i.  If  T is  a crystal  then  this  does  hold. 
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Proof.  We  will  prove  this  using  the  two  spectral  sequences  associated  to  the  double 
complex  K*’*  with  terms 

Ka’b  = M®*naD{b) 

What  do  we  know  so  far?  Well.  Lemmar50.19.3|tells  us  that  each  column  Ka’* , a > 0 
is  acyclic.  Proposition  50.21.1  tells  us  that  the  first  column  K°:*  is  quasi-isomorphic 
to  RT(Cris(X/S),  P).  Hence  the  first  spectral  sequence  associated  to  the  double 
complex  shows  that  there  is  a canonical  quasi-isomorphism  of  i?r(Cris(X/«S'),  P) 
with  Tot(iv*’*). 

Next,  let’s  consider  the  rows  I\*’b.  By  Lemma  50.17.1  each  of  the  6+1  maps 
D — > D(b)  presents  D(b)  as  the  p-adic  completion  of  a divided  power  polynomial 
algebra  over  D.  Hence  Lemma  [50.20.2|  shows  that  the  map 

,A  n*n  — ► m ®b(b)  n*D{b)  = K*’b 


M ®D  nD 


is  a quasi-isomorphism.  Note  that  each  of  these  maps  defines  the  same  map  on 
cohomology  (and  even  the  same  map  in  the  derived  category)  as  the  inverse  is 
given  by  the  co-diagonal  map  D(b)  — > D (corresponding  to  the  multiplication  map 
P ®A  ■ ■ ■ 0 a P P).  Hence  if  we  look  at  the  Ei  page  of  the  second  spectral 
sequence  we  obtain 

*(Af®£ 


Ea,b  = Ra 


$b  ^b) 


with  differentials 


E“’°  Eb1 


-A  P“’2 


71&,  3 


as  each  of  these  is  the  alternation  sum  of  the  given  identifications  Ha(M  ®b  ^b)  = 


Thus  we  see  that  the  E2  page  is  equal  Ha(M  ®b  fl*D)  on  the 


first  row  and  zero  elsewhere.  It  follows  that  the  identification  of  M 
the  first  row  induces  a quasi-isomorphism  of  M 


§b  &b  with  Tot  (if* 


)• 


b f 1*D  with 

□ 


Lemma  50.21.4. 

ring  maps  with  A 


Assumptions  as  in  Proposition  50.21.3  Let  A -A  P'  —A  C be 


P'  smooth  and  P'  — > C surjective  with  kernel  J' . Let  D'  be 


the  p-adic  completion  of  Dpi^(J').  Let  {M' , V') 
to  P , see  Lemma  50.17.5  Then  the  complex 


be  the  pair  over  D'  corresponding 


M'  ®f 


n*T 


*D'  iLD' 

computes  RT(Cris(X/S),P). 

Proof.  Choose  a : D —A  D'  and  6 : D'  -A  D as  in  Lemma  [50. 17.51  Note  that  the 
base  change  M = M'  ®d'  ,b  D with  its  connection  V corresponds  to  T . Hence  we 
know  that  M ®b  HJj  computes  the  crystalline  cohomology  of  P,  see  Proposition 


50.21.3  Hence  it  suffices  to  show  that  the  base  change  maps  (induced  by  a and  6) 


M'  ®b' 


n 


D' 


n*D 


and 


M'  ®b' 


n 


D' 


are  quasi-isomorphisms.  Since  a o 6 = idiy  we  see  that  the  composition  one  way 
around  is  the  identity  on  the  complex  M'  ®b>  ^b’  ■ Hence  it  suffices  to  show  that 
the  map 

m ®b  n*D  —A  M ®b  n*D 

induced  by  b o a : D — > D is  a quasi-isomorphism.  (Note  that  we  have  the  same 
complex  on  both  sides  as  M = M'  ®b<  b D,  hence  M ®b  boa  D = M'  ®b>  boaob 
D = M'  ®b'  b D = M.)  In  fact,  we  claim  that  for  any  divided  power  H-algebra 
homomorphism  p : D —A  D compatible  with  the  augmentation  to  C the  induced 
map  M ®b  H *D  -A  M ®b,p  f TD  is  a quasi-isomorphism. 
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Write  p{xi)  = Xi  + Zi.  The  elements  Zi  are  in  the  divided  power  ideal  of  D because 
p is  compatible  with  the  augmentation  to  C . Hence  we  can  factor  the  map  p as  a 
composition 


D ^ D(^)A  -4  D 


where  the  first  map  is  given  by  Xi  ay  + and  the  second  map  is  the  divided 
power  D-algebra  map  which  maps  to  2*.  (This  uses  the  universal  properties  of 
polynomial  algebra,  divided  power  polynomial  algebras,  divided  power  envelopes, 
and  p-adic  completion.)  Note  that  there  exists  an  automorphism  a of  D(^i)A  with 
a(xi)  = Xi  — and  a(£i)  = C-  Applying  Lemma  50.20.2  toaou  (which  maps 
Xi  to  x{)  and  using  that  a is  an  isomorphism  we  conclude  that  a induces  a quasi- 
isomorphism of  M tl*D  with  M a Q*dix  \a-  On  the  other  hand  the  map  r 
has  as  a left  inverse  the  map  D — >■  D(xi)A , x^  K > a y and  we  conclude  (using  Lemma 
once  more)  that  r induces  a quasi-isomorphism  of  M 


50.20.2 


7V 

D,TOcr  a LD ' 


with 

f 1*D.  Composing  these  two  quasi-isomorphisms  we  obtain  that  p induces 


IT® 

a quasi-isomorphism  M < 


>>A  O* 

JD,a  s LD{xi )' 


M <S>£),P  as  desired. 


□ 


50.22.  Two  counter  examples 

07LI  Before  we  turn  to  some  of  the  successes  of  crystalline  cohomology,  let  us  give  two 
examples  which  explain  why  crystalline  cohomology  does  not  work  very  well  if  the 
schemes  in  question  are  either  not  proper  over  the  base,  or  singular.  The  first 
example  can  be  found  in  |BQ83I. 

07LJ  Example  50.22.1.  Let  A = Zp  with  divided  power  ideal  (p)  endowed  with  its 
unique  divided  powers  7.  Let  C = Fp[x,  y\/(x2,  xy,  y2).  We  choose  the  presentation 

C = P/J  = Zp[x,y\/(x2,xy,y2,p) 

Let  D = Dp^(J)A  with  divided  power  ideal  (J,  7)  as  in  Section 
denote  x,  y also  the  images  of  x and  y in  D.  Consider  the  element 

t = %{x2)%{y2)  - 7 P(xy)2  G D 

We  note  that  pr  = 0 as 

p\%(x2)%(y2)  = x2p%{y2)  = 7 P(x2y2)  = xpyp%{xy)  = p\jp(xy)2 
in  D.  We  also  note  that  dr  = 0 in  as 

d(7 P(x2)%(y2))  = %-1{x2)%{y2)dx2  + >(^2)7P-i(?/2)d?/2 

= 2x%-i{x2)%(y2)dx  + 2y%(x2)%-1{y2)dy 
= 2 /{p  - l)\(x2p~1%{y2)dx  + y2p~1%{x2)dy) 

= 2 /{p  ~ l)\{xp~l^p{xy2)dx  + yp~1%(x2y)dy) 

= 2 /(jp  - l)\(xp-1yp*jp(xy)dx  + xpyp~1%{xy)dy) 

= 2%-i(xy)%{xy)(ydx  + xdy) 

= d(7 P{xy)2) 

Finally,  we  claim  that  r 7^  0 in  D.  To  see  this  it  suffices  to  produce  an  object 
(. B — » Fp[x,y\/(x2,xy,y2),6)  of  Cris(C/5)  such  that  r does  not  map  to  zero  in  B. 
To  do  this  take 

B = F p[x,  y,  u,  v]/ (x3,  x2y,  xy2,  y3,  xu , yu,  xv , yv,  u2,v2) 


50.17 


We  will 


50.22.  TWO  COUNTER  EXAMPLES 


3397 


with  the  obvious  surjection  to  C.  Let  K = Ker(P  — > C)  and  consider  the  map 


Sp  : K — >■  K,  ay 2 + bxy  + cy2  + du  + ev  + fuv  \ — ► apu  + cPv 

One  checks  this  satisfies  the  assumptions  (1),  (2),  (3)  of  Divided  Power  Algebra, 
Lemma [23.5.3|  and  hence  defines  a divided  power  structure.  Moreover,  we  see  that 
r maps  to  uv  which  is  not  zero  in  B.  Set  X = Spec(C)  and  S = Spec(A).  We  draw 
the  following  conclusions 


(1)  H0(Cris(X/S),Ox/s)  hasp-torsion,  and 

(2)  pulling  back  by  frobenius  F*  : H°(Cns(X/S),  Ox/s)  -»•  Lf0(Cris(X/5),  Ox/s) 
is  not  injective. 


Namely,  r defines  a nonzero  torsion  element  of  H°  (Cris(X  / S) , Ox/s)  by  Proposi- 
F*(t)  = <j(t)  where  a : D 


tion 


50.21.3 


Similarly,  F*(t)  = <j(t)  where  a : D — » D is  the  map  induced  by 
any  lift  of  Frobenius  on  P.  If  we  choose  er(a;)  = xp  and  <r(y)  = yp,  then  an  easy 
computation  shows  that  F*{t)  = 0. 


07LK 


The  next  example  shows  that  even  for  affine  n-space  crystalline  cohomology  does 
not  give  the  correct  thing. 


Example  50.22.2.  Let  A = Zp  with  divided  power  ideal  ( p ) endowed  with  its 
unique  divided  powers  7.  Let  C = Fp[a;i, . . . , xr].  We  choose  the  presentation 


C = P/J  = P/pP  with  P = Zp[xi, 


Note  that  pP  has  divided  powers  by  Divided  Power  Algebra,  Lemma  23.4.2  Hence 
setting  D = PA  with  divided  power  ideal  (p)  we  obtain  a situation  as  in  Section 


50.17  We  conclude  that  RT(Cns(X/S),Ox/s)  is  represented  by  the  complex 

D 


n'n 


n2 


n 


D 


see  Proposition |50.2L3[  Assuming  r > 0 we  conclude  the  following 

(1)  The  cristalline  cohomology  of  the  cristalline  structure  sheaf  of  X = Ap 
over  S = Spec(Zp)  is  zero  except  in  degrees  0, . . . , r. 

(2)  We  have  H° (Ctis(X / S) , Ox/8)  = Zp. 

(3)  The  cohomology  group  i7r(Cris (X/S),Ox/s)  is  infinite  and  is  not  a tor- 
sion abelian  group. 

(4)  The  cohomology  group  Hr(Cns(X/S),  Ox/s)  is  not  separated  for  the  p- 
adic  topology. 

While  the  first  two  statements  are  reasonable,  parts  (3)  and  (4)  are  disconcerting! 
The  truth  of  these  statements  follows  immediately  from  working  out  what  the 
complex  displayed  above  looks  like.  Let’s  just  do  this  in  case  r = 1.  Then  we  are 
just  looking  at  the  two  term  complex  of  p-adically  complete  modules 

d'D=  (©..jo^T  -* = (©„>,  V"-1<te)A 


The  map  is  given  by  diag(0, 1,  2,  3, 4, . . .)  except  that  the  first  summand  is  missing 
on  the  right  hand  side.  Now  it  is  clear  that 
cokernel,  hence  the  cokernel  is  infinite.  In  fact 


U! 


= £ 


e>0 


p 


©„>0Zp/  nZp  is  a subgroup  of  the 
the  element 


is  clearly  not  a torsion  element  of  the  cokernel.  But  it  gets  worse.  Namely,  consider 
the  element 

77  = Y pexp  ^dx 
^e>  0 
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For  every  t > 0 the  element  ?y  is  congruent  to  'f^e>tpexv  ~1dx  modulo  the  image  of 
d which  is  divisible  by  pl . But  p is  not  in  the  image  of  d because  it  would  have  to 
be  the  image  of  a + X^e>o  xP  f°r  some  a G Zp  which  is  not  an  element  of  the  left 
hand  side.  In  fact,  pNp  is  similarly  not  in  the  image  of  d for  any  integer  N.  This 
implies  that  p “generates”  a copy  of  Qp  inside  of  App/  Spec(Zp)). 


50.23.  Applications 

In  this  section  we  collect  some  applications  of  the  material  in  the  previous  sections. 


Proposition  50.23.1.  In  Situation  50.7.5.  Let  J-  be  a crystal  in  quasi- coherent 


modules  on  Cris(X/S).  The  truncation  map  of  complexes 
{F  -t  F ®ox/s  ^x/s  ~ 4 F ®ox/s  Flx/s  -*■■■) 


m, 


while  not  a quasi-isomorphism,  becomes  a quasi-isomorphism  after  applying  Rux/s,* 
In  fact,  for  any  i > 0,  we  have 

Fux/s,*(F ®ox/s  ^x/s)  = 0- 


Proof.  By  Lemma [50. 15. 1|  we  get  a de  Rharn  complex  as  indicated  in  the  lemma. 
We  abbreviate  H = T ® Let  C X be  an  affine  open  subscheme  which 

maps  into  an  affine  open  subscheme  S1  C S.  Then 


{RuX/S,*FL)\x'Zar  = RuX'  /S'  ,*(%|cris(X'  /S')), 


see  Lemma 


50.9.5 


Thus  Lemma 


50.21.2 


shows  that  Rux/s,*Fl  is  a complex  of 
sheaves  on  Xzar  whose  cohomology  on  any  affine  open  is  trivial.  As  X has  a 
basis  for  its  topology  consisting  of  affine  opens  this  implies  that  Rux/s, *FL  is  quasi- 
isomorphic to  zero.  □ 


Remark  50.23.2.  The  proof  of  Proposition  50.23.1  shows  that  the  conclusion 


Rux/s,*{F  ®Ox/s  ^ x/s 


)=0 


for  i > 0 is  true  for  any  Ox/s-module  T which  satisfies  conditions  (1)  and  (2)  of 
Proposition 


50.21.1 


This  applies  to  the  following  non-crystals:  Lllx/S  for  all  i,  and 
any  sheaf  of  the  form  T_,  where  J7  is  a quasi-coherent  Ox-module.  In  particular,  it 


applies  to  the  sheaf  Ox  = GQ.  But  note  that  we  need  something  like  Lemma  50.15.1 
to  produce  a de  Rharn  complex  which  requires  J7  to  be  a crystal.  Hence  (currently) 
the  collection  of  sheaves  of  modules  for  which  the  full  statement  of  Proposition 


50.23.1  holds  is  exactly  the  category  of  crystals  in  quasi-coherent  modules. 


In  Situation  50.7.5  Let  J7  be  a crystal  in  quasi-coherent  modules  on  Cris(A'/S’). 


Let  ( U,T,d ) be  an  object  of  Cris(A/S').  Proposition  50.23.1  allows  us  to  construct 
a canonical  map 


(50.23.2.1) 


RT(Cns(X/S),  J7)  — ► RT(T,Ft  <8ot  ^t/s,s) 


Namely,  we  have  RT (Cvis{X / S) , T)  = RT(Cris(X/S),  F (g>  Ll*x/S),  we  can  restrict 
global  cohomology  classes  to  T,  and  flx/s  restricts  to  f tT/s,s  by  Lemma  50.12.3 
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50.24.  Some  further  results 


In  this  section  we  mention  some  results  whose  proof  is  missing.  We  will  formulate 
these  as  a series  of  remarks  and  we  will  convert  them  into  actual  lemmas  and 
propositions  only  when  we  add  detailed  proofs. 

Remark  50.24.1  (Higher  direct  images).  Let  p be  a prime  number.  Let  ( S , I,  7)  — ► 
{S', X',7')  be  a morphism  of  divided  power  schemes  over  Z(pj.  Let 


So *S'0 

be  a commutative  diagram  of  morphisms  of  schemes  and  assume  p is  locally  nilpo- 
tent  on  X and  X' . Let  T be  an  C>x/S"m°clule  on  Cris(X/S).  Then  i?/cris ,*F  can 
be  computed  as  follows. 

Given  an  object  {U',T',8')  of  Cris(X'/S')  set  U = X Xx>  U'  = /— 1 (t/')  (an  open 
subscheme  of  A').  Denote  (T0,T,S)  the  divided  power  scheme  over  S such  that 


T *-  T' 


S >.S" 


is  cartesian  in  the  category  of  divided  power  schemes,  see  Lemma|50.7.4|  There  is 
an  induced  morphism  U — > T$  and  we  obtain  a morphism  (U/T)CI ;s  — > (X/S) 
see  Remark  50.9.3  Let  Xjy  be  the  pullback  of  T . Let  tjj/t  ■ {U/T)CI 


cris^ 

Tzar  be 


the  structure  morphism.  Then  we  have 


(50.24.1.1) 


(7?/cris,*X")T,  — R(T  — ► T ')*  (Rtu/t^u) 


where  the  left  hand  side  is  the  restriction  (see  Section|~50.10[). 

Hints:  First,  show  that  Cris(I//T)  is  the  localization  (in  the  sense  of  Sites,  Lemma 
7.29.3)  of  Cris(XyS)  at  the  sheaf  of  sets  f^rish(u',T',S')-  Next,  reduce  the  statement 
to  the  case  where  J-  is  an  injective  module  and  pushforward  of  modules  using 
that  the  pullback  of  an  injective  Ox/s_module  is  an  injective  Oy/T’-module  on 
Cris(/7/T).  Finally,  check  the  result  holds  for  plain  pushforward. 


50.24.1 


suppose 
// 


Remark  50.24.2  (Mayer- Vietoris).  In  the  situation  of  Remark 
we  have  an  open  covering  X = X'  U X" . Denote  X'"  = X'  fl  A".' Let  /','  f",  and 
f"  be  the  restriction  of  / to  X' , X" , and  X'" . Moreover,  Let  T' , T" , and  J7'"  be 
the  restriction  of  T to  the  crystalline  sites  of  A',  A",  and  X'" . Then  there  exists 
a distinguished  triangle 


i?/cris,*X  — > Rf'cris^'  © ~ > Rf Zs,*?”'  ^[1] 

in  D{0X'/S')- 

Hints:  This  is  a formal  consequence  of  the  fact  that  the  subcategories  Cris(A'/S’), 
Cris(A"/S’),  Cris(A'"/ S)  correspond  to  open  subobjects  of  the  final  sheaf  on  Cris(A/5l) 
and  that  the  last  is  the  intersection  of  the  first  two. 
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07MM  Remark  50.24.3  (Cech  complex).  Let  p be  a prime  number.  Let  (A,  1, 7)  be  a 
divided  power  ring  with  A a Z(p)-algebra.  Set  S = Spec(A)  and  So  = Spec(A/J). 
Let  X be  a separatee^  scheme  over  So  such  that  p is  locally  nilpotent  on  X.  Let  T 
be  a crystal  in  quasi-coherent  0x/s-m°dules. 

Choose  an  affine  open  covering  X = (JveA  ^a  °f  X.  Write  U\  = Spec(CA).  Choose 
a polynomial  algebra  P\  over  A and  a surjection  P\  — ► C\.  Having  fixed  these 
choices  we  can  construct  a Cech  complex  which  computes  ST(Cris(W/S),  P). 

Given  n > 0 and  Ao, . . . , \n  £ A write  U\0... \n  = U\0  fl . . . D U\n . This  is  an  affine 
scheme  by  assumption.  Write  U\0... a„  = Spec(CA0...A„)-  Set 


P\ 0...A„  = P\a  P\„ 


which  comes  with  a canonical  surjection  onto  C\0,,, \n.  Denote  the  kernel  Ja0...a„ 
and  set  D\0... a„  the  p-adically  completed  divided  power  envelope  of  J\0...\n  in 
Px0...xn  relative  to  7.  Let  MAo... \n  be  the  P\0...\n -module  corresponding  to  the 
restriction  of  T to  Cns(U\0...\n/ S)  via  Proposition  50.17.4  By  construction  we 


obtain  a cosimplicial  divided  power  ring  D(*)  having  in  degree  n the  ring 


D(n)  = n 


Aq...A7 


D\0 


(use  that  divided  power  envelopes  are  functorial  and  the  trivial  cosimplicial  struc- 
ture on  the  ring  P(*)  defined  similarly).  Since  \n  is  the  “value”  of  T on  the 

objects  Spec(DA0...A„)  we  see  that  M(*)  defined  by  the  rule 

forms  a cosimplicial  D(*)-module.  Now  we  claim  that  we  have 

i?r(Cris(X/S'),  P)  = s(M(*)) 

Here  s(— ) denotes  the  cochain  complex  associated  to  a cosimplicial  module  (see 


Simplicial,  Section  14.25). 


Hints:  The  proof  of  this  is  similar  to  the  proof  of  Proposition  50.21.1  (in  particular 


the  result  holds  for  any  module  satisfying  the  assumptions  of  that  proposition) . 

07MN  Remark  50.24.4  (Alternating  Cech  complex).  Let  p be  a prime  number.  Let 
(A,  1, 7)  be  a divided  power  ring  with  A a Z(p)-algebra.  Set  S = Spec(A)  and 
So  = Spec(A/J).  Let  X be  a separated  quasi-compact  scheme  over  So  such  that  p 
is  locally  nilpotent  on  X.  Let  J-  be  a crystal  in  quasi-coherent  CLf/s-modules. 

Choose  a finite  affine  open  covering  X = IJagA  ^ an<^  a total  ordering  on  A. 
Write  U\  = Spec(CA).  Choose  a polynomial  algebra  P\  over  A and  a surjection 
Pa  — > C\.  Having  fixed  these  choices  we  can  construct  an  alternating  Cech  complex 
which  computes  i?r(Cris(X/5), P). 

We  are  going  to  use  the  notation  introduced  in  Remark  50.24.3  Denote  the 

p-adically  completed  module  of  differentials  of  D a0...a„  over  A compatible  with  the 
divided  power  structure.  Let  V be  the  integrable  connection  on  Ma0...a„  coming 
from  Proposition  |50.LL4}  Consider  the  double  complex  M*’*  with  terms 


Mn,m  = 


© 


A0<...<A„ 


M, 


Ao-.-A  „ 


®This  assumption  is  not  strictly  necessary,  as  using  hyper  coverings  the  construction  of  the 
remark  can  be  extended  to  the  general  case. 
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For  the  differential  di  (increasing  n)  we  use  the  usual  Cech  differential  and  for  the 
differential  we  use  the  connection,  i.e.,  the  differential  of  the  de  Rham  complex. 
We  claim  that 

RT(Cris{X/S),T)  = Tot  (AT-*) 

Here  Tot(— ) denotes  the  total  complex  associated  to  a double  complex,  see  Homol- 


ogy, Definition  12.22.3 


Hints:  We  have 

RT{Cns(X/S),  F)  = RT(Cvis(X/S),  F ®ox/s  ^x/s) 

by  Proposition (5R23T]  The  right  hand  side  of  the  formula  is  simply  the  alternating 
Cech  complex  for  the  covering  X = (JveA  (which  induces  an  open  covering  of  the 
final  sheaf  of  Cris(X/5))  and  the  complex  F ®ox/s  ^ x/s > see  Proposition  50.21.3 
Now  the  result  follows  from  a general  result  in  cohomology  on  sites,  namely  that  the 
alternating  Cech  complex  computes  the  cohomology  provided  it  gives  the  correct 
answer  on  all  the  pieces  (insert  future  reference  here). 


Remark  50.24.5  (Quasi-coherence), 
that  S — > S'  is  quasi-compact  and  quasi-separated  and  that  X 


In  the  situation  of  Remark  50.24.1  assume 

Sq  is  quasi- 


compact and  quasi-separated.  Then  for  a crystal  in  quasi-coherent  0x/S"modules 
F the  sheaves  RlfCTiS,*F  are  locally  quasi-coherent. 

Hints:  We  have  to  show  that  the  restrictions  to  T'  are  quasi-coherent  d-jv-modules, 
where  (U',  T' . S')  is  any  object  of  Cris(X,/5/).  It  suffices  to  do  this  when  T'  is  affine. 
We  use  the  formula  (50.24.1.1),  the  fact  that  T — > V is  quasi-compact  and  quasi- 
separated  (as  T is  affine  over  the  base  change  of  V by  S — > S' ),  and  Cohomology  of 
Schemes,  Lemma  ! 


29.4.5 


to  see  that  it  suffices  to  show  that  the  sheaves  R1tu/t,*Fu 
are  quasi-coherent.  Note  that  U ^ T0  is  also  quasi-compact  and  quasi-separated, 
see  Schemes,  Lemmas  |25. 21. 15]  and  |25.21.15[ 

This  reduces  us  to  proving  that  RlTx/s,*F  is  quasi-coherent  on  S in  the  case  that 


p locally  nilpotent  on  S.  Here  T\/s  is  the  structure  morphism,  see  Remark  50.9.6 
We  may  work  locally  on  S,  hence  we  may  assume  S affine  (see  Lemma  50.9. fe>[) . Iu 


duction  on  the  number  of  affines  covering  X and  Mayer- Vietoris  (Remark  50.24.2 ) 


reduces  the  question  to  the  case  where  X is  also  affine  (as  in  the  proof  of  Coho- 


mology of  Schemes,  Lemma  29.4.5).  Say  X = Spec(C)  and  S = Spec(A)  so  that 
(A,  1, 7)  and  A — > C are  as  in  Situation  50.5.1|  Choose  a polynomial  algebra  P 


over  A and  a surjection  P — > C as  in  Section  50.17  Let  (M,  V)  be  the  module 


corresponding  to  F,  see  Proposition  |50.17.4|  Applying  Proposition  |50.21.3|  we  see 
that  i?r(Cris(-XyS),  F)  is  represented  by  M (g)£>  Q*D.  Note  that  completion  isn’t 
necessary  as  p is  nilpotent  in  Al  We  have  to  show  that  this  is  compatible  with 
taking  principal  opens  in  S = Spec(A).  Suppose  that  g £ A.  Then  we  conclude 
that  similarly  i?r(Cris(A9/S's), F)  is  computed  by  Mg  ®Dg  Q,*D^  (again  this  uses 
that  p-adic  completion  isn’t  necessary).  Hence  we  conclude  because  localization  is 
an  exact  functor  on  A-modules. 


Remark  50.24.6  (Boundedness).  In  the  situation  of  Remark 
S S'  is  quasi-compact  and  quasi-separated  and  that  X — > 


50.24.1 


assume  that 


Sq  is  of  finite  type 

and  quasi-separated.  Then  there  exists  an  integer  i0  such  that  for  any  crystal  in 
quasi-coherent  Ox/s-modules  F we  have  Rl fCris,*F  = 0 for  all  i > Zq. 
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Hints:  Arguing  as  in  Remark  50.24.5  (using  Cohomology  of  Schemes,  Lemma  29.4.5 ) 
we  reduce  to  proving  that  Hl (Cris(X / S) , F)  = 0 for  i >■  0 in  the  situation  of 
Proposition  |50.2L3|  when  C is  a finite  type  algebra  over  A.  This  is  clear  as  we  can 
choose  a finite  polynomial  algebra  and  we  see  that  f llD  = 0 for  i 0. 


Remark  50.24.7  (Specific  boundedness).  In  Situation  50.7.5  let  F be  a crystal 


in  quasi-coherent  Ox/s-modules.  Assume  that  Sq  has  a unique  point  and  that 
X — >•  So  is  of  finite  presentation. 

(1)  If  dim  X = dandX/So  has  embedding  dimension  e,  then  R*(Cris(X/S),  F) 
0 for  i > d + e. 

(2)  If  X is  separated  and  can  be  covered  by  q affines,  and  X/Sq  has  embedding 
dimension  e,  then  7P(Cris(A'/S),  F)  = 0 for  i > q + e. 

Hints:  In  case  (1)  we  can  use  that 

H1  (Cris(X/ S) , F)  = IP{XZar,  Rux/S,*F) 

and  that  Rux/s ,*-A  is  locally  calculated  by  a de  Rharn  complex  constructed  using  an 
embedding  of  X into  a smooth  scheme  of  dimension  e over  S (see  Lemma  50.21.4). 
These  de  Rham  complexes  are  zero  in  all  degrees 
Cohomology,  Proposition 


> e.  Hence  (1)  follows  from 
In  case  (2)  we  use  the  alternating  Cech  complex 
(see  Remark  50.24.4)  to  reduce  to  the  case  X affine.  In  the  affine  case  we  prove  the 


20.21.6 


result  using  the  de  Rham  complex  associated  to  an  embedding  of  X into  a smooth 
scheme  of  dimension  e over  S (it  takes  some  work  to  construct  such  a thing). 


50.24.1 


assume 


Remark  50.24.8  (Base  change  map).  In  the  situation  of  Remark 
S = Spec(A)  and  S'  = Spec(A')  are  affine.  Let  F'  be  an  CLcys'-modufe.  Let  F be 
the  pullback  of  F' . Then  there  is  a canonical  base  change  map 


L(S'  S)*Rtx,/s,^F' 


Rtx/s,*F 


50.9.6 


On  global 


where  tx/s  and  tX' /s'  are  the  structure  morphisms,  see  Remark 
sections  this  gives  a base  change  map 

(50.24.8.1)  -Rr(Cris(X//*S',)j  F)  A #r(Cris (X/S),F) 

in  D(A). 

Hint:  Compose  the  very  general  base  change  map  of  Cohomology  on  Sites,  Remark 


21.19.2  with  the  canonical  map  Lf*lisF ' — > f*risF ' = F. 


Remark  50.24.9  (Base  change  isomorphism).  The  map  (50.24.8.11  is  an  isomor- 
phism provided  all  of  the  following  conditions  are  satisfied: 

(1)  p is  nilpotent  in  A', 

(2)  F'  is  a crystal  in  quasi-coherent  Ox'/S'-m°dules, 

(3)  X'  — > S'0  is  a quasi-compact,  quasi-separated  morphism, 

(4)  A = A'  xs.  So, 

(5)  F'  is  a flat  O^'/S'-module, 

(6)  X'  — ► Sq  is  a local  complete  intersection  morphism  (see  More  on  Mor- 
phisms, Definition  36.44.2  this  holds  for  example  if  X'  — > S'0  is  syntomic 
or  smooth), 

(7)  X'  and  Sq  are  Tor  independent  over  S'0  (see  More  on  Algebra,  Definition 
15.51.1|  this  holds  for  example  if  either  S0  — t S'0  or  X'  — >•  Sq  is  flat). 
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Hints:  Condition  (1)  means  that  in  the  arguments  below  p-adic  completion  does 
nothing  and  can  be  ignored.  Using  condition  (3)  and  Mayer  Vietoris  (see  Re- 
mark 50.24.2)  this  reduces  to  the  case  where  X'  is  affine.  In  fact  by  condition 
(6),  after  shrinking  further,  we  can  assume  that  X'  = Spe^C7)  and  we  are  given 
a presentation  C'  = A' /I'[x\, . . . , xn]/(f[, . . . , /')  where  is  a Koszul- 

regular  sequence  in  A! //'.  (This  means  that  smooth  locally  forms  a 

regular  sequence,  see  More  on  Algebra,  Lemma  15.23.17  ) We  choose  a lift  of 
f[  to  an  element  /'  £ A'[x\, . . . , xn}.  By  (4)  we  see  that  A'  = Spec(C)  with 
C = A/I[x i, . . . , xn]/(fi,1 . . , /c)_where  /*  £ A[x i, . . . , xn]  is  the  image  of  /'.  By 
property  (7)  we  see  that  /i, . . . , fc  is  a Koszul-regular  sequence  in  A/I[x i, . . . , xn}. 
The  divided  power  envelope  of  I' A' [x\, ... , xn ] + (/(,...,  /')  in  A'[x i, . . . , xn]  rela- 
tive to  7'  is 

Then  you  check  that  — /(, 


see  Lemma  50.2.4 


, — /'  is  a Koszul-regular 

sequence  in  the  ring  A'[x i,  . . . , £„](£!,  • • • , £c)-  Similarly  the  divided  power  envelope 
of  IA[xi,  ...,xn\  + (f1,...,fc)  in  A[xi, . . . , xn]  relative  to  7 is 

D = A[x  1, . . . , zn](£i, . . . , £c}/(&  ^ fi) 

and  ^1— /1, . . . , f„  is  a Koszul-regular  sequence  in  the  ring  A[x  1, . . . , xn ] (Ci,  • • ■ , £c)- 
It  follows  that  D'  A = D.  Condition  (2)  implies  T'  corresponds  to  a pair 
(M',  V)  consisting  of  a H'-module  with  connection,  see  Proposition  50.17.4  Then 
M = M'  ®d'  D corresponds  to  the  pullback  J . By  assumption  (5)  we  see  that  M' 
is  a flat  D'-module,  hence 

M = M'  D = M'  ®D>  D'  A = M'  A 


Since  the  modules  of  differentials  flo'  and  f Id  (as  defined  in  Section  50.17)  are  free 
D'-modules  on  the  same  generators  we  see  that 

m ®D  n*D  = m1  n*D,  d = m'  nmD,  a 

which  proves  what  we  want  by  Proposition  |50.21.3[ 

07MV  Remark  50.24.10  (Rlim).  Let  p be  a prime  number.  Let  (A,  1, 7)  be  a divided 
power  ring  with  A an  algebra  over  Z(p)  with  p nilpotent  in  A/ 1.  Set  S = Spec(A) 
and  So  = Spec  (A/ 1).  Let  X be  a scheme  over  Sq  with  p locally  nilpotent  on  X. 
Let  T be  any  Ox/s-module.  For  e > 0 we  have  ( pe ) C I is  preserved  by  7,  see 
Divided  Power  Algebra,  Lemma  23.4.5  Set  Se  = Spec (A/peA)  for  e>0.  Then 
Cris(A/S'e)  is  a full  subcategory  of  Cris(A/Sl)  and  we  denote  Te  the  restriction  of 
F to  Cris(A/5e).  Then 

RT(Cns(X/S),F)  = RlimeRT(Cns(X/Se),Fe) 


Hints:  Suffices  to  prove  this  for  T injective.  In  this  case  the  sheaves  Te  are  injective 
modules  too,  the  transition  maps  r(Jre+i)  — > r(.Fe)  are  surjective,  and  we  have 
r(Jr)  = limer(Jre)  because  any  object  of  Cris(X/5')  is  locally  an  object  of  one  of 
the  categories  Cris(X/S,e)  by  definition  of  Cris(X/5'). 

07MW  Remark  50.24.11  (Comparison).  Let  p be  a prime  number.  Let  (A,/, 7)  be  a 
divided  power  ring  with  p nilpotent  in  A.  Set  S = Spec(A)  and  So  = Spec(A/J). 
Let  Y be  a smooth  scheme  over  S and  set  A = Y x g So-  Let  J7  be  a crystal  in 
quasi-coherent  0 Y/s~m°dules.  Then 
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(1)  7 extends  to  a divided  power  structure  on  the  ideal  of  X in  Y so  that 
(X,Y,  7)  is  an  object  of  Cris(X/S), 


(2)  the  restriction  Xy  (see  Section  50.101  comes  endowed  with  a canonical 
integrable  connection  V : Xy  — > Xy  ®oY  ^y/S  , and 

(3)  we  have 


Rr(Cris(X/S),X)  = Rr(Y,Xy  ®0y  fly/s) 


D(A). 


Hints:  See  Divided  Power  Algebra,  Lemma  23.4.2  for  (1).  See  Lemma  50.15.1  for 
(2).  For  Part  (3)  note  that  there  is  a map,  see  (50.23.2.1).  This  map  is  an  isomor- 


phism when  X is  affine,  see  Lemma  50.21.4  This  shows  that  Rux/s,*X  and  Xy  <g> 
fty/g  are  quasi-isomorphic  as  complexes  on  Yzar  = A -zar-  Since  RY  {Cv\s(X / S),  X)  = 
RT(Xzar,  Rux/s,*X)  the  result  follows. 

07MX  Remark  50.24.12  (Perfectness).  Let  p be  a prime  number.  Let  (A,  1, 7)  be  a 
divided  power  ring  with  p nilpotent  in  A.  Set  S = Spec(A)  and  So  = Spec(A/J). 
Let  X be  a proper  smooth  scheme  over  Sq.  Let  X be  a crystal  in  finite  locally 
free  quasi-coherent  O y/s-modules.  Then  RT(Cns(X/S),  X)  is  a perfect  object  of 
D{A). 

Hints:  By  Remark  |50.24.9|  we  have 

i?r(Cris(X/S),X)  A/ 1 “ RT(Cvm(X/So),X\Clis{x/s0)) 

By  Remark  |50.24.1l|  we  have 

RT(Cvis(X/So),X\cMx/s0))  = Rr(X,Xx  ® iTx/So) 

Using  the  stupid  filtration  on  the  de  Rham  complex  we  see  that  the  last  displayed 
complex  is  perfect  in  D{A/I)  as  soon  as  the  complexes 

RT{X,Xx®Wx/So) 

This  is 


are  perfect  complexes  in  D(A/I ),  see  More  on  Algebra,  Lemma  15.61.4 


true  by  standard  arguments  in  coherent  cohomology  using  that  Xx  ® x/So  is  a 
finite  locally  free  sheaf  and  X — > Sq  is  proper  and  flat  (insert  future  reference  here). 
Applying  More  on  Algebra,  Lemma  [l 5 . 64 . 4|  we  see  that 

iZrtCrispf/S),  X)  (gft  A/In 

is  a perfect  object  of  D(A/In ) for  all  n.  This  isn’t  quite  enough  unless  A is  Noe- 
therian.  Namely,  even  though  I is  locally  nilpotent  by  our  assumption  that  p is 
nilpotent,  see  Divided  Power  Algebra,  Lemma  23.2.6  we  cannot  conclude  that 


In  = 0 for  some  n.  A counter  example  is  Fp(x).  To  prove  it  in  general  when  X = 
Ox/s  tiie  argument  of  http : //math . Columbia . edu/~de  j ong/ wordpress/?p=2227 
works.  When  the  coefficients  X are  non-trivial  the  argument  of  }Fal99]  seems  to 
be  as  follows.  Reduce  to  the  case  pA  = 0 by  More  on  Algebra,  Lemma  |15.64.4| 
In  this  case  the  Frobenius  map  A — ► A,  a >— > ap  factors  as  A — > A/ 1 A (as 
xp  = 0 for  x £ I).  Set  X^)  = X ®a/i,v  A.  The  absolute  Frobenius  morphism 
of  X factors  through  a morphism  Fx  ■ X — > X ^ (a  kind  of  relative  Frobenius). 
Affine  locally  if  X = Spec(C)  then  = Spec((7  ®a/i,v  A)  and  Fx  corresponds 
to  C ®a/i,<p  A C.  c ® a 1— > cpa.  This  defines  morphisms  of  ringed  topoi 

(X/S)ciis  (XA)/S)ciis  Sh(X%l) 


50.25.  PULLING  BACK  ALONG  PURELY  INSEPARABLE  MAPS 


3405 


whose  composition  is  denoted  Frobx-  One  then  shows  that  -RFrobjc,*  J7  is  repre- 
sentable by  a perfect  complex  of  0 Y(i)-modules(!)  by  a local  calculation. 

07MY  Remark  50.24.13  (Complete  perfectness).  Let  p be  a prime  number.  Let  (A,  1, 7) 
be  a divided  power  ring  with  A a p-adically  complete  ring  and  p nilpotent  in  A/ 1. 
Set  S = Spec(A)  and  So  = Spec(A/J).  Let  X be  a proper  smooth  scheme  over 
So-  Let  T be  a crystal  in  finite  locally  free  quasi-coherent  O x/s-modules.  Then 
RT(Ciis(X/S),T)  is  a perfect  object  of  D(A). 


Hints:  We  know  that  K = RT(Cx\s{X/ S), T)  is  the  derived  limit  K = i?limA'e  of 
the  cohomologies  over  A/peA , see  Remark |50. 24. 10  Each  Ke  is  a perfect  complex 


of  D(A/peA)  by  Remark  50.24.12  Since  A is  p-adically  complete  the  result  follows 


from  More  on  Algebra,  Lemma  |15.75.3| 


07MZ  Remark  50.24.14  (Complete  comparison).  Let  p be  a prime  number.  Let  (A,  1, 7) 
be  a divided  power  ring  with  A a Noetherian  p-adically  complete  ring  and  p nilpo- 
tent in  A/I.  Set  S = Spec(A)  and  So  = Spec(A/I).  Let  Y be  a proper  smooth 
scheme  over  S and  set  X = YxsSo-  Let  T be  a finite  type  crystal  in  quasi-coherent 
Cb\7S-modules.  Then 

(1)  there  exists  a coherent  CV-module  Ty  endowed  with  integrable  connection 


V : Ty  — >•  Ty  ®oy  ^ Y/S 

such  that  J~y  /peTy  is  the  module  with  connection  over  A/peA  found  in 
Remark  |50.24.1l|  and 
(2)  we  have 


RT(Cris(A/S),  X)  = RT(Y,Ty  ®0y  Wy/s) 

in  D(A). 

Hints:  The  existence  of  Ty  is  Grothendieck’s  existence  theorem  (insert  future  ref- 
erence here).  The  isomorphism  of  cohomologies  follows  as  both  sides  are  computed 
as  Slim  of  the  versions  modulo  pe  (see  Remark  50.24.10  for  the  left  hand  side;  use 
the  theorem  on  formal  functions,  see  Cohomology  of  Schemes,  Theorem |29. 19. 5| for 
the  right  hand  side).  Each  of  the  versions  modulo  pe  are  isomorphic  by  Remark 
150.24.111 


50.25.  Pulling  back  along  purely  inseparable  maps 

07PZ  By  an  ap-cover  we  mean  a morphism  of  the  form 

X'  = Spec {C[z\/{zp  - c))  — > Spec(C)  = X 

where  C is  an  Fp-algebra  and  c £ C.  Equivalently,  X'  is  an  ap-torsor  over  X. 
An  iterated  ap-coi;ei^]is  a morphism  of  schemes  in  characteristic  p which  is  locally 
on  the  target  a composition  of  finitely  many  ap-covers.  In  this  section  we  prove 
that  pullback  along  such  a morphism  induces  a quasi-isomorphism  on  crystalline 
cohomology  after  inverting  the  prime  p.  In  fact,  we  prove  a precise  version  of 
this  result.  We  beging  with  a preliminary  lemma  whose  formulation  needs  some 
notation. 


"This  is  nonstandard  notation. 
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07Q0 

07Q1 

07Q2 

07Q3 

07Q4 

07Q5 

07Q6 


07Q7 


Assume  we  have  a ring  map  B -A  B'  and  quotients  Qb  -a  ST  and  ST^'  -A  S' 2*  satisfying 
the  assumptions  of  Remark  50.6.11  Thus  (50.6.11.1)  provides  a canonical  map  of 
complexes 

Cm  : M ®B  ST*  — > M ®B  (ST')* 

for  all  R-modules  M endowed  with  integrable  connection  V : M — > M ($>B  flB. 


Suppose  we  have  a £ B,  z £ B' , and  a map  6 : B'  -A  B'  satisfying  the  following 
assumptions 

(!)  d(a)  = 0, 

(2)  ST'  = B'0Bfl®B'dz;  we  write  d(/)  = d±(f)+dz(f)dz  with  di(/)  £ -B'®ST 
and  dz(f)  £ TV'  for  all  / £ B' , 

(3)  6 : B'  B'  is  R-linear, 

(4)  dzo  9 = a, 

(5)  B — ► B'  is  universally  injective  (and  hence  ST  — >•  ST'  is  injective), 

(6)  af  — 0(dz(f))  G B for  all  / G B', 

(7)  (0®  l)(di(/))  — di(0(/))  G SI  for  all  / G B'  where  0(g)  1 : B1  <g>  SI  -A-  -B'®ST 

These  conditions  are  not  logically  independent.  For  example,  assumption  Q im- 
plies that  dz(af  — 6{dz{f)))  = 0.  Hence  if  the  image  of  B — > B'  is  the  collection  of 
elements  annihilated  by  dz,  then  © follows.  A similar  argument  can  be  made  for 
condition  0- 

Lemma  50.25.1.  In  the  situation  above  there  exists  a map  of  complexes 

e*M  : M <&B  (S T*)*  — > M ®B  SI* 


such  that  c*M  o e*M  and  e*M  o c*M  are  homotopic  to  multiplication  by  a. 

Proof.  In  this  proof  all  tensor  products  are  over  B.  Assumption  (|2j)  implies  that 

M ® (S T')*  = (B1  ® M ® ST*)  ® (B'dz  ® M ® SI*”1) 

for  all  i > 0.  A collection  of  additive  generators  for  M <g>  (SI')*  is  formed  by  elements 
of  the  form  /w  and  elements  of  the  form  fdz  A ??  where  / G B\  w G M®Ol,  and 
i]GM®  ST*”1. 


For  / G B'  we  write 

e(/)  = af  - 6{dz(f))  and  e'(f)  = (0  <g>  l)(di(/))  - di(0(/)) 

so  that  e(/)  G .B  and  e'(/)  G ST  by  assumptions  ^ and  ([T|.  We  define  e*M  by  the 
rules  eM  (/w)  = e(/)w  and  elM(fdz  A ij)  = e'(/)  A 77.  We  will  see  below  that  the 
collection  of  maps  eM  is  a map  of  complexes. 

We  define 

h?  : M ®B  (ST')*  — > M (ST')*”1 

by  the  rules  hl(fuj)  = 0 and  h2(fdz  A 77)  = 6(f)i]  for  elements  as  above.  We  claim 
that 

doh  + hod  = a — c*M  o e*M 

Note  that  multiplication  by  a is  a map  of  complexes  by  ([!]).  Hence,  since  c*M  is  an 
injective  map  of  complexes  by  assumption  ([5]),  we  conclude  that  e*M  is  a map  of 
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complexes.  To  prove  the  claim  we  compute 

(d  o h + h o d)(fu)  = h (d  (/)  Au  + /V(w)) 

= 0(dz(f))u 
= afui  - e(/)w 
= afuj  - clM(elM(fu)) 

The  second  equality  because  dz  does  not  occur  in  V (w)  and  the  third  equality  by 
assumption  (6).  Similarly,  we  have 

(do  h + ho  d)(fdz  A 77)  = d(9(f)r])  + h (d  (/)  A dz  A 77  — fdz  A V(?y)) 

= d(0(/))  A r,  + 0(/)Vfa)  -(9®  1 )(d1(/))  A 77  - 0(/)V(t?) 
= di(0(/))  A 77  + ch(0(/))dz  A 77  - (0®  l)(di (/))  A 77 
= afdz  A 77  — e'(f)  A 77 
= a/dz  Aij-  clM(elM(fdz  A 77)) 

The  second  equality  because  d(/)  A dz  A 77  = — dz  A di(/)  A 77.  The  fourth  equality 
by  assumption  ©■  On  the  other  hand  it  is  immediate  from  the  definitions  that 
eM  (CM  ( w))  = e(l)w  = aui.  This  proves  the  lemma.  □ 


07Q8  Example  50.25.2.  A standard  example  of  the  situation  above  occurs  when  B'  = 
B(z)  is  the  divided  power  polynomial  ring  over  a divided  power  ring  ( B , J,S)  with 
divided  powers  S'  on  J'  = B'+  + JB'  C B' . Namely,  we  take  = f and 

f V = b' ,5'  • In  this  case  we  can  take  a = 1 and 


9(J2  bmZ[m])  = J2b" 


y[m+l  ] 


Note  that 


f-9(dz(f))  = f(  0) 


equals  the  constant  term.  It  follows  that  in  this  case  Lemma  50.25.1  recovers  the 
crystalline  Poincare  lemma  (Lemma  50.20.2). 


07N1 


Lemma  50.25.3.  In  Situation 

50.5.1 

rV  1 

Assume  D and  Qd  are  as  in  ( 

50.17.0.1) 

and  let  fljjf  be  the  p-adic  completion  of  the  module  of  divided  power  differentials 
of  D'  over  A.  For  any  pair  (M,  V)  over  D satisfying  01.  §1,  01,  and  01  the 
canonical  map  of  complexes  (50.6.11 .7 1 

c*M  : M fi.'D  — »•  M tfD, 


has  the  following  property:  There  exists  a map  e*M  in  the  opposite  direction  such 
that  both  c*M  o e*M  and  e*M  o c*M  are  homotopic  to  multiplication  by  p. 

Proof.  We  will  prove  this  using  Lemma  |50.25.1|  with  a = p.  Thus  we  have  to 
find  9 : D'  ->■  D'  and  prove  Q,  0,  0.  Q,  0,  0,  0.  We  first  collect  some 
information  about  the  rings  D and  D'  and  the  modules  flc > and  f Id'- 


Writing 


D[z\(0/(t;  - (z*  - A))  = D{&[z]/(z*  — ^ — A) 
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we  see  that  D'  is  the  p-adic  completion  of  the  free  D-module 


0 0 zi£  ["]£> 

where  fd°l  = 1.  It  follows  that  D -A  D'  has  a continuous  ID-linear  section,  in 
particular  D — > D'  is  universally  injective,  i.e. , |5|  holds.  We  think  of  D'  as  a 
divided  power  algebra  over  A with  divided  power  ideal  J = JD'  + (£).  Then  D'  is 
also  the  p-adic  completion  of  the  divided  power  envelope  of  the  ideal  generated  by 
zp  — A in  ID,  see  Lemma  50.2.4  Hence 


nD>  = nD  <g>£  d'  © D'dz 

by  Lemma  50.6.6  This  proves  ([2]).  Note  that  Q is  obvious. 

At  this  point  we  construct  9.  (We  wrote  a PARI/gp  script  theta. gp  verifying  some 
of  the  formulas  in  this  proof  which  can  be  found  in  the  scripts  subdirectory  of  the 
stacks  project.)  Before  we  do  so  we  compute  the  derivative  of  the  elements  z’l^nh 
We  have  d zl  = izl~1dz.  For  n > 1 we  have 

d(fM  = = -^-^dX  + pZ^^-^dz 


because  £ = zp  — X.  For  0 < i < p and  n > 1 we  have 
d(z?;CW)  = iz^^dz  + ^zC["_1]dC 

= iz^^dz  + z^[n-1]d(zp  - A) 

= -2^[n_1]dA  + {iz*-1^  +pzi+p~1£}-n-^)dz 
= -^["-1]dA  + +P^-1(£  + A)e[n_1])d0 

= -^[”-1]dA  + ((i  + pny-^M  +pA*i-1f[n-1])d.s 


the  last  equality  because  d = Thus  we  see  that 

dz(zi)  = izi~1 
sz(£M)  =pzp-^in-d 

dz(z^[n])  = ( i + pn)zi~1^n]  + pAzi-1£[?l-1] 


Motivated  by  these  formulas  we  define  9 by  the  rules 


9{zj) 

9(zp~1Z  H) 
9{zj^) 


Pj+T 

^[m+l] 

pz-’+1^rn^  — GipXz-^ 
(j+l+pm) 


j = 0,  ...p-1, 
m > 1, 

0<j<p-l,m>l 


where  in  the  last  line  we  use  induction  on  m to  define  our  choice  of  9.  Working  this 
out  we  get  (for  0 < j < p — 1 and  1 < m) 


_ p^+1ilm] p2\z:i+1£lrrl  11 

\ ^ J (j+l+pm)  (j  + l+pm)(j  + l+p(m-l)) 


(-l)mpm+1\rrlzi+1 
(j+l+pm). ..(j  + l) 


although  we  will  not  use  this  expression  below.  It  is  clear  that  9 extends  uniquely 
to  a p-adically  continuous  ID-linear  map  on  D’ . By  construction  we  have  ([3])  and 
Q.  It  remains  to  prove  Q and  ([7]). 

Proof  of  (|6j)  and  ([7|.  As  9 is  ID-linear  and  continuous  it  suffices  to  prove  that 
p — 9odz,  resp.  (0©  1)  o di  — di  o 9 gives  an  element  of  D , resp.  when  evaluated 
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on  the  elements  p£[nj®]  Set  D0  = Z(P)[A]  and  D'0  = Z(p)[z,  A]  (£)/(£  — zp  + A). 
Observe  that  each  of  the  expressions  above  is  an  element  of  D'0  or  ^d’0-  Hence  it 
suffices  to  prove  the  result  in  the  case  of  D0  — ► D'0.  Note  that  D0  and  D'0  are  torsion 
free  rings  and  that  D0  ® Q = Q[A]  and  D'0  ® Q = Q[z,  A].  Hence  D0  C D'0  is  the 
subring  of  elements  annihilated  by  dz  and  (J6|  follows  from  Q,  see  the  discussion 


directly  preceding  Lemma  50.25.1  Similarly,  we  have  di(/)  = d\(f)dX  hence 
((9  ® 1)  o dr  - dr  o 9)  (/)  = (9(dx(f))  - dx(9(f)))  dA 
Applying  dz  to  the  coefficient  we  obtain 


dz  (9(dx(f))  - dx(0{f)))  = pdx(f ) - dz(dx(9(f))) 

=pdx(f)-dx{dMm 

= pdX(f)  - dx(pf)  = 0 


whence  the  coefficient  does  not  depend  on  z as  desired.  This  finishes  the  proof  of 
the  lemma.  □ 


Note  that  an  iterated  ap-cover  X'  -A  X (as  defined  in  the  introduction  to  this 
section)  is  finite  locally  free.  Hence  if  X is  connected  the  degree  of  X'  — > X is 
constant  and  is  a power  of  p. 

07Q9  Lemma  50.25.4.  Let  p be  a prime  number.  Let  ( S , I,  7)  be  a divided  power 
scheme  over  Z(p)  with  p £ 1.  We  set  So  = V(T)  C S.  Let  f : X'  — ► X be  an 
iterated  ap- cover  of  schemes  over  Sq  with  constant  degree  q.  Let  T be  any  crystal 
in  quasi- coherent  sheaves  on  X and  set  T'  = f*risX.  In  the  distinguished  triangle 

Rux/s,*?  — > f*RuX'/s,*F'  — > E — » Rux/s,*R[1] 

the  object  E has  cohomology  sheaves  annihilated  by  q. 

Proof.  Note  that  X'  — > X is  a homeomorphism  hence  we  can  identify  the  under- 
lying topological  spaces  of  X and  X' . The  question  is  clearly  local  on  X , hence  we 
may  assume  X:  Xr , and  S affine  and  X'  — > X given  as  a composition 

X'  = Xn  — > A"„_i  — > Xn_2  A0  = X 


where  each  morphism  A)_ |_i  — > A)  is  an  ap-cover.  Denote  J~,  the  pullback  of  T to 
Xj.  It  suffices  to  prove  that  each  of  the  maps 


RT(Cns(Xi/S),  Ff)  — »■  RT(Cris{Xl+1/S),  J)+1) 


fits  into  a triangle  whose  third  member  has  cohomology  groups  annihilated  by  p. 
(This  uses  axiom  TR4  for  the  triangulated  category  D{X).  Details  omitted.) 


Hence  we  may  assume  that  S = Spec(A),  X = Spec(C),  X'  = Spec(C')  and 
C'  = C[z\/{zp  — c ) for  some  c £ C.  Choose  a polynomial  algebra  P over  A and 
a surjection  P -A  C.  Let  D be  the  p-adically  completed  divided  power  envelop 
of  Ker(P  -A  C)  in  P as  in  (|50.17.0.1[).  Set  P'  = P[z\  with  surjection  P'  -A  C' 
mapping  z to  the  class  of  2 in  C' . Choose  a lift  A £ D of  c £ C.  Then  we  see 
that  the  p-adically  completed  divided  power  envelope  D'  of  Ker(P'  -A  C)  in  P'  is 
isomorphic  to  thep-adic  completion  of  D[z\(t;)/(t;  — (zp  — X)),  see  Lemma|50.25.3  and 
its  proof.  Thus  we  see  that  the  result  follows  from  this  lemma  by  the  computation 
of  cohomology  of  crystals  in  quasi-coherent  modules  in  Proposition  |50.21.3[  □ 


®This  can  be  done  by  direct  computation:  It  turns  out  that  p — 6 o dz  evaluated  on  f 
gives  zero  except  for  1 which  is  mapped  to  p and  £ which  is  mapped  to  —pX.  It  turns  out  that 
(0  <S>  1)  o di  — di  o 6 evaluated  on  gives  zero  except  for  zp~ which  is  mapped  to  —A. 
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The  bound  in  the  following  lemma  is  probably  not  optimal. 


Lemma  50.25.5.  With  notations  and  assumptions  as  in  Lemma  50.25.4  the  map 
f*  : Hi ( Cris(X/ S) , F)  — ► FP(CHs(A' /S),F') 
has  kernel  and  cokernel  annihilated  by  q,+1 . 

Proof.  This  follows  from  the  fact  that  E has  nonzero  cohomology  sheaves  in  de- 
grees — 1 and  up,  so  that  the  spectral  sequence  Ha(Hb(E))  =>  Ha+b(E ) converges. 
This  combined  with  the  long  exact  cohomology  sequence  associated  to  a distin- 
guished triangle  gives  the  bound.  □ 


In  Situation |50.7.5|  assume  that  pgl.  Set 

X(1) 2  = X X So,Fs0  So- 

Denote  Fx/s0  '■  X — > A*1)  the  relative  Frobenius  morphism. 

Lemma  50.25.6.  In  the  situation  above,  assume  that  X -A  So  is  smooth  of 
relative  dimension  d.  Then  Fx/s0  *s  an  iterated  ap-cover  of  degree  pd.  Hence 
Lemmas  50.25.4  and  50.25.5\  apply  to  this  situation.  In  particular,  for  any  crystal 
in  quasi- coherent  modules  Q on  Cris(X^  / S)  the  map 

FX/S0  : H\Cris{xW/S),Q)  — ► H\Cris{X/S),F*x/S0'Crisg) 

has  kernel  and  cokernel  annihilated  by  pd<-l+1\ 

Proof.  It  suffices  to  prove  the  first  statement.  To  see  this  we  may  assume  that  A' 

Denote  <p  : X — > AdSa  this  etale 


28.36.20 


is  etale  over  A|q,  see  Morphisms,  Lemma 
morphism.  In  this  case  the  relative  Frobenius  of  X/Sq  fits  into  a diagram 

A ->,'A(I> 


Ai 

^0 


Ao 

^0 


where  the  lower  horizontal  arrow  is  the  relative  frobenius  morphism  of  A^.  over 
Sq-  This  is  the  morphism  which  raises  all  the  coordinates  to  the  pth  power,  hence 
it  is  an  iterated  ap-cover.  The  proof  is  finished  by  observing  that  the  diagram  is  a 
fibre  square,  see  the  proof  of  Etale  Cohomology,  Theorem  49.79.4  □ 


50.26.  Frobenius  action  on  crystalline  cohomology 


In  this  section  we  prove  that  Frobenius  pullback  induces  a quasi-isomorphism  on 
crystalline  cohomology  after  inverting  the  prime  p.  But  in  order  to  even  formulate 
this  we  need  to  work  in  a special  situation. 


Situation  50.26.1.  In  Situation 


50.7.5 


assume  the  following 


(1)  S = Spec(A)  for  some  divided  power  ring  (A,  J,  7)  with  p G I, 

(2)  there  is  given  a homomorphism  of  divided  power  rings  a : A — > A such 
that  a(x)  = xp  mod  pA  for  all  x £ A. 
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07N3 


07N4 


07N5 


In  Situation  50.26.1  the  morphism  Spec(tr)  : S — > S is  a lift  of  the  absolute  Frobe- 
nius  Fg0  : Sq  — > Sq  and  since  the  diagram 


5-n 


Fsn 


X 


is  commutative  where  Fx  : X — > X is  the  absolute  Frobenius  morphism  of  X.  Thus 
we  obtain  a morphism  of  crystalline  topoi 


(Fx) cris  : (X/S)c 


(X/S)  c 


see  Remark  |50.9.3|  Here  is  the  terminology  concerning  F-crystals  following  the 
notation  of  Saavedra,  see  ISR72I. 


Definition  50.26.2.  In  Situation 


an  F -crystal  on  X/S  (relative  to  a)  is  a 


50.26.1 

pair  (£ . Fg ) given  by  a crystal  in  finite  locally  free  Chf/s-modules  £ together  with 
a map 

Fe  : (Fx)*cris£  — > £ 

An  X-crystal  is  called  nondegenerate  if  there  exists  an  integer  i > 0 a map  V : £ — > 
(Fx)/lis£  such  that  Vo  Fg  = pli d. 


50.26.2 


In  the 


Remark  50.26.3.  Let  (£,F)  be  an  f’-crystal  as  in  Definition 
literature  the  nondegeneracy  condition  is  often  part  of  the  definition  of  an  F -crystal. 
Moreover,  often  it  is  also  assumed  that  F oV  = pn id.  What  is  needed  for  the  result 
below  is  that  there  exists  an  integer  j > 0 such  that  Ker(F)  and  Coker(F)  are  killed 
by  p° . If  the  rank  of  £ is  bounded  (for  example  if  X is  quasi-compact),  then  both 
of  these  conditions  follow  from  the  nondegeneracy  condition  as  formulated  in  the 
definition.  Namely,  suppose  R is  a ring,  r > 1 is  an  integer  and  K,L  € Mat(r  x r,  R ) 
are  matrices  with  KL  = pllrxr-  Then  det(Jf ) det(L)  = prl . Let  L'  be  the  adjugate 
matrix  of  L,  i.e. , L' L = LL'  = det(L).  Set  K'  = prlK  and  j = ri  + i.  Then  we 
have  K'L  = pi  lrXr  as  KL  = pl  and 

LlC  = LK  det(L)  det(M)  = LKLL'  det(M)  = Lp^’  det(M)  = p>  lrxr 


50.26.2 


It  follows  that  if  V is  as  in  Definition 
i ■ rank(£ ) we  get  Vo  F = pN+l  and  F oV’  = pN+i. 


then  setting  V'  = pNV  where  N > 


50.26.1 


Theorem  50.26.4.  In  Situation 
Assume  A is  a p-adically  complete  Noetherian  ring  and  that  X 
smooth.  Then  the  canonical  map 


let  (£,  Fg)  he  a nondegenerate  F-crystal. 

So  is  proper 


Fe  o ( Fx)*cris  : RT(Cris(X/S),£)  A — > RT(Cris(X/S),£) 

becomes  an  isomorphism  after  inverting  p. 

Proof.  We  first  write  the  arrow  as  a composition  of  three  arrows.  Namely,  set 

X(1)  = X X So,Fs0  so 

and  denote  Fx/s0  : X — ► the  relative  Frobenius  morphism.  Denote  £^  the 

base  change  of  £ by  Spec(u),  in  other  words  the  pullback  of  £ to  Cris (X^ /S)  by 
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the  morphism  of  crystalline  topoi  associated  to  the  commutative  diagram 

JfW X 

sPec(gj  s 


07QC 


07N6 

07QD 


Then  we  have  the  base  change  map 

(50.26.4.1)  KT{Cris{X/S),£)  A — ► RT{Cris(X^ /S),£w) 

Note  that  the  composition  of  Fx/s0  '■  X — > A^1)  with  the 


50.24.8 


see  Remark 
projection  X ^ 

Fx/s0£(1)  = ™ 

(50.26.4.2)  ,x/8o 
Finally  we  can  use  Fg  to  get  a map 

(50.26.4.3)  RT(Cvis(X/S),  (Fx)*cris£) 

The  map  of  the  theorem  is  the  composition  of  the  three  maps  (50.26.4.1 1,  (50.26.4.2 ), 
and  (50.26.4.31  above.  The  first  is  a quasi-isomorphism  modulo  all  powers  of  p by 
Remark  |50.24.9[  Hence  it  is  a quasi-isomorphism  since  the  complexes  involved  are 
perfect  in  D{A)  see  Remark  50.24.13  The  third  map  is  a quasi-isomorphism  after 
inverting  p simply  because  Fg  has  an  inverse  up  to  a power  of  p,  see  Remark|50.26.3| 
Finally,  the  second  is  an  isomorphism  after  inverting  p by  Lemma|50.25.6|  □ 


X is  the  absolute  Frobenius  morphism  FX-  Hence  we  see  that 
;ris£.  Thus  pullback  by  Fx/ g0  is  a map 

F*x/Sn  : RT(CnS(xA)/S),£W)  — > RT (CAs(X / S) , ( Fx)*cris£ ) 


RT{Cns{X/S),£) 
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51.1.  Introduction 

0966  The  material  in  this  chapter  and  more  can  be  found  in  the  preprint  |BS13j. 

The  goal  of  this  chapter  is  to  introduce  the  pro-etale  topology  and  show  how  it 
simplifies  the  introduction  of  f-adic  cohomology  in  algebraic  geometry. 

A brief  overview  of  the  history  of  this  material  as  we  have  understood  it.  In  [Gro77t 
Exposes  V and  VI]  Grothendieck  et  al  developed  a theory  for  dealing  with  £-adic 
sheaves  as  inverse  systems  of  sheaves  of  Z/£"Z-modules.  In  his  second  paper  on  the 
Weil  conjectures  HDel74an  Deligne  introduced  a derived  category  of  £-adic  sheaves 
as  a certain  2- limit  of  categories  of  complexes  of  sheaves  of  Z/£"Z-modules  on  the 
etale  site  of  a scheme  A'.  This  approach  is  used  in  the  paper  by  Beilinson,  Bernstein, 
and  Deligne  HBBD82] ) as  the  basis  for  their  beautiful  theory  of  perverse  sheaves. 
In  a paper  entitled  “Continuous  Etale  Cohomology”  ( Jnn88  ) Uwe  Jannsen  dis- 
cusses an  important  variant  of  the  cohomology  of  a £-adic  sheaf  on  a variety  over 
a field.  His  paper  is  followed  up  by  a paper  of  Torsten  Ekedahl  ( |Eke90| ) who 
discusses  the  adic  formalism  needed  to  work  comfortably  with  derived  categories 
defined  as  limits. 

The  goal  of  this  chapter  is  to  show  that,  if  we  work  with  the  pro-etale  site  of  a 
scheme,  then  one  can  avoid  some  of  the  technicalities  these  authors  encountered. 
This  comes  at  the  expense  of  having  to  work  with  non-Noetherian  schemes,  even 
when  one  is  only  interested  in  working  with  £-adic  sheaves  and  cohomology  of  such 
on  varieties  over  an  algebraically  closed  field. 


51.2.  Some  topology 


0967  Some  preliminaries.  We  have  defined  spectral  spaces  and  spectral  maps  of  spectral 
spaces  in  Topology,  Section  5.22  The  spectrum  of  a ring  is  a spectral  space,  see 
Algebra,  Lemma  [l0.25.2[ 


0968  Lemma  51.2.1.  Let  X be  a spectral  space.  Let  X0  C X be  the  set  of  closed  points. 
The  following  are  equivalent 

(1)  Every  open  covering  of  X can  be  refined  by  a finite  disjoint  union  decom- 
position A = ]j [Ui  with  Ui  open  and  closed  in  X . 

(2)  The  composition  Xq  — > X — > 7To(X)  is  bijective. 

Moreover,  if  A0  is  closed  in  X and  every  point  of  X specializes  to  a unique  point 
of  Xq,  then  these  conditions  are  satisfied. 
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Proof.  We  will  use  without  further  mention  that  A0  is  quasi-compact  (Topology, 
Lemma  5.11.9)  and  7To(A)  is  profinite  (Topology,  Lemma  5.22.8).  Picture 


MX) 


If  (2)  holds,  the  continuous  bijective  map  / : A0  — ► tt0(X)  is  a homeomorphism 
by  Topology,  Lemma  5.16.8  Given  an  open  covering  X = (J/7i,  we  get  an  open 


covering  ttq(X)  = (J  /(A0  ft  Ui).  By  Topology,  Lemma  5.21.3  we  can  find  a finite 
open  covering  of  the  form  7To(A)  = ]j  Vj  which  refines  this  covering.  Since  Xg  — ► 
7To(X)  is  bijective  each  connected  component  of  A'  has  a unique  closed  point,  whence 
is  equal  to  the  set  of  points  specializing  to  this  closed  point.  Hence  7r”1(Vj)  is  the 
set  of  points  specializing  to  the  points  of  /-1(Vj)-  Now,  if  /_1(V7)  C A'0  D Ui  C 
Ui , then  it  follows  that  7r_1(V?)  C Ui  (because  the  open  set  Ui  is  closed  under 
generalizations).  In  this  way  we  see  that  the  open  covering  X = ]J  7r — 1 ( T/,- ) refines 
the  covering  we  started  out  with.  In  this  way  we  see  that  (2)  implies  (1). 

Assume  (1).  Let  x,y  £ X be  closed  points.  Then  we  have  the  open  covering 
X = {X  \ {#})  U (A  \ {y}).  It  follows  from  (1)  that  there  exists  a disjoint  union 
decomposition  A = U H V with  U and  V open  (and  closed)  and  x £ U and  y £ V. 
In  particular  we  see  that  every  connected  component  of  A has  at  most  one  closed 
point.  By  Topology,  Lemma  5.11.8  every  connected  component  (being  closed)  also 
does  have  a closed  point.  Thus  A0  — > 7t0(A)  is  bijective.  In  this  way  we  see  that 
(1)  implies  (2). 


Assume  Ao  is  closed  in  A'  and  every  point  specializes  to  a unique  point  of  Ao- 
Then  A0  is  a spectral  space  (Topology,  Lemma  5.22.41  consisting  of  closed  points, 
hence  profinite  (Topology,  Lemma  5.22.7).  Let  x,y  £ X0  be  distinct.  By  Topology, 
Lemma  |5.21.3|  we  can  find  a disjoint  union  decomposition  Xg  = Uo  H Vg  with  Ug 
and  V0  open  and  closed.  Let  {[/*}  be  the  set  of  quasi-compact  open  subsets  of 
A such  that  Ug  = A0  fl  [/,.  Similarly,  let  {Vj}  be  the  set  of  quasi-compact  open 
subsets  of  A such  that  and  Vg  = A0  fl  Vj.  If  Ui  fl  Vj  is  nonempty  for  all  i,j,  then 
there  exists  a point  £ contained  in  all  of  them  (use  the  Ui  fl  Vj  is  constructible, 
hence  closed  in  the  constructible  topology,  and  use  Topology,  Lemmas  |5.22.2|  and 


5.11.6).  However,  since  A is  sober  and  Vg  is  closed  in  A,  the  intersection  f) L}  is 


the  set  of  points  specializing  to  Ug . Similarly,  f)  Vj  is  the  set  of  points  specializing 
to  Vg.  Since  Ug  fl  Vg  is  empty  this  is  a contradiction.  Thus  we  find  disjoint  quasi- 
compact opens  U,V  C A such  that  Ug  = Xgf]U  and  Vg  = A0  fl  V.  Observe  that 
A = UUV  = LHF  as  A0  C U UV  (use  Topology,  Lemma  5.11.8).  This  proves  that 
x,y  are  not  in  the  same  connected  component  of  X.  In  other  words,  A0  — t 7To(A) 
is  injective.  The  map  is  also  surjective  by  Topology,  Lemma  |5.11.8|  and  the  fact 
that  connected  components  are  closed.  In  this  way  we  see  that  the  final  condition 
implies  (1).  □ 


0969  Example  51.2.2.  Let  T be  a profinite  space.  Let  t £ T be  a point  and  assume 
that  T \ {f}  is  not  quasi-compact.  Let  A = T x {0, 1}.  Consider  the  topology  on  A 
with  a subbase  given  by  the  sets  U x {0, 1}  for  U C T open,  A \{(t,  0)},  and  U x {1} 
for  U C T open  with  t £ U.  The  set  of  closed  points  of  X is  A0  = Tx  {0}  and 
(t,  1)  is  in  the  closure  of  A0.  Moreover,  A0  7t0(A)  is  a bijection.  This  example 
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shows  that  conditions  (1)  and  (2)  of  Lemma  51.2.1  do  no  imply  the  set  of  closed 
points  is  closed. 


It  turns  out  it  is  more  convenient  to  work  with  spectral  spaces  which  have  the 
slightly  stronger  property  mentioned  in  the  final  statement  of  Lemma  |51.2.1[  We 
give  this  property  a name. 

096A  Definition  51.2.3.  A spectral  space  A is  w-local  if  the  set  of  closed  points  Ao  is 
closed  and  every  point  of  X specializes  to  a unique  closed  point.  A continuous  map 
/ : X — ► Y of  w-local  spaces  is  w-local  if  it  is  spectral  and  maps  any  closed  point  of 
A to  a closed  point  of  Y. 


096B 


We  have  seen  in  the  proof  of  Lemma  51.2.1  that  in  this  case  Xq  — > 7To(A)  is  a 
homeomorphism  and  that  X0  = n0(X)  is  a profinite  space.  Moreover,  a connected 
component  of  X is  exactly  the  set  of  points  specializing  to  a given  x £ A0. 


Lemma  51.2.4.  Let  X be  a w-local  spectral  space.  IfY  C X is  closed,  then  Y is 
w-local. 


Proof.  The  subset  Y0  C Y of  closed  points  is  closed  because  lb  = Xq  fl  Y.  Since 
X is  w-local,  every  y £ Y specializes  to  a unique  point  of  A'o-  This  specialization 
is  in  Y,  and  hence  also  in  Y0 , because  {y}  C Y.  In  conclusion,  Y is  w-local.  □ 

096C  Lemma  51.2.5.  Let  X be  a spectral  space.  Let 

Y  >-  T 

V 

A >■  tt0(A) 


be  a cartesian  diagram  in  the  category  of  topological  spaces  with  T profinite.  Then 
Y is  spectral  and  T = ttq(Y).  If  moreover  X is  w-local,  then  Y is  w-local,  Y — > X 
is  w-local,  and  the  set  of  closed  points  ofY  is  the  inverse  image  of  the  set  of  closed 
points  of  X. 


Proof.  Note  that  Y is  a closed  subspace  of  A x T as  7To(A)  is  a profinite  space 
hence  Hausdorff  (use  Topology,  Lemmas  5.22.8  and |5. 3.4).  Since  A x T is  spectral 
(Topology,  Lemma  5.22.9)  it  follows  that  Y is  spectral  (Topology,  Lemma  5.22.4). 
Let  Y — > 7 tq(Y)  — » T be  the  canonical  factorization  (Topology,  Lemma  5.6.8).  It 
is  clear  that  7r0(P)  — > T is  surjective.  The  fibres  of  Y — > T are  homeomorphic 
to  the  fibres  of  A — ► 7To(A).  Hence  these  fibres  are  connected.  It  follows  that 
7Tq (Y'j  — ► T is  injective.  We  conclude  that  7Tq  (A)  — t T is  a homeomorphism  by 


Topology,  Lemma  5.16.8 


Next,  assume  that  A is  w-local  and  let  Ao  C A be  the  set  of  closed  points.  The 
inverse  image  lb  C Y of  A0  in  Y maps  bijectively  onto  T as  A0  4 7t0(A)  is  a 
bijection  by  Lemma  [51.2. 1|  Moreover,  lb  is  quasi-compact  as  a closed  subset  of 
the  spectral  space  Y . Hence  lb  — > 7r0(F)  = T is  a homeomorphism  by  Topology, 
Lemma [5.16.8|  It  follows  that  all  points  of  lb  are  closed  in  Y . Conversely,  if  y £ Y 
is  a closed  point,  then  it  is  closed  in  the  fibre  of  Y — > 7To(T)  = T and  hence  its 
image  x in  A is  closed  in  the  (homeomorphic)  fibre  of  A — > 7To(A).  This  implies 
x £ Ao  and  hence  y £ lb-  Thus  I'o  is  the  collection  of  closed  points  of  Y and  for 
each  y £ lb  the  set  of  generalizations  of  y is  the  fibre  of  Y — > 7r0(P).  The  lemma 
follows.  □ 
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51.3.  Local  isomorphisms 

096D  We  start  with  a definition. 

096E  Definition  51.3.1.  Let  p : A — > B be  a ring  map. 

(1)  We  say  A — » B is  a local  isomorphism  if  for  every  prime  q C B there 
exists  a g € B,  g ^ q such  that  A — ► Bg  induces  an  open  immersion 
Spec(f?9)  — > Spec(A). 

(2)  We  say  A — ► B identifies  local  rings  if  for  every  prime  q C B the  canonical 
map  Av- i(q)  — > Bq  is  an  isomorphism. 

We  list  some  elementary  properties. 

096F  Lemma  51.3.2.  Let  A — ► B and  A — » A!  be  ring  maps.  Let  B'  = B <E>a  A!  be  the 
base  change  of  B. 

(1)  If  A — ► B is  a local  isomorphism,  then  A!  — * B'  is  a local  isomorphism. 

(2)  If  A — ► B identifies  local  rings,  then  A'  — > B'  identifies  local  rings. 

Proof.  Omitted.  □ 

096G  Lemma  51.3.3.  Let  A -A  B and  B -A  C be  ring  maps. 

(1)  If  A — > B and  B — ^ C are  local  isomorphisms,  then  A -A  C is  a local 
isomorphism. 

(2)  If  A — ► B and  B — > C identify  local  rings,  then  A — ► C identifies  local 
rings. 

Proof.  Omitted.  □ 

096H  Lemma  51.3.4.  Let  A be  a ring.  Let  B — » C be  an  A-algebra  homomorphism. 

(1)  If  A —>  B and  A — » C are  local  isomorphisms,  then  B — » C is  a local 
isomorphism. 

(2)  If  A B and  A — » C identify  local  rings,  then  B — » C identifies  local 
rings. 

Proof.  Omitted.  □ 

0961  Lemma  51.3.5.  Let  A — ► B be  a local  isomorphism.  Then 

(1)  A — >•  B is  Hale, 

(2)  A B identifies  local  rings, 

(3)  A — »•  B is  quasi-finite. 

Proof.  Omitted.  □ 

096J  Lemma  51.3.6.  Let  A — » B be  a local  isomorphism.  Then  there  exist  n > 0, 
9i~,9n  e B,  fi,...,fn  S A such  that  (gll...,gn)  =B  and  Afi  = Bg.. 

Proof.  Omitted.  □ 

096K  Lemma  51.3.7.  Let  p : (Y,Oy)  -a  (X,Ox)  and  q : ( Z,Oz ) (X,Ox)  be 

morphisms  of  locally  ringed  spaces.  If  Oy  =P~1Ox,  then 

Mor Lrs/(x,Ox)((Zi®z),(Y,Oy))  — Mor Top/x(Z,Y),  (/,/*)  ' — > / 

is  bijective.  Here  LRS/(X,  Ox)  is  the  category  of  locally  ringed  spaces  over  X and 
Top/X  is  the  category  of  topological  spaces  over  X. 
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Proof.  This  is  immediate  from  the  definitions.  □ 

Lemma  51.3.8.  Let  A be  a ring.  Set  X = Spec(A).  The  functor 

B i — > Spec (B) 

from  the  category  of  A-algebras  B such  that  A — >■  B identifies  local  rings  to  the 
category  of  topological  spaces  over  X is  fully  faithful. 

Proof.  This  follows  from  Lemma [51.3.71  and  the  fact  that  if  A — > B identifies  local 
rings,  then  the  pullback  of  the  structure  sheaf  of  Spec(A)  viap  : Spec (B)  — > Spec(A) 
is  equal  to  the  structure  sheaf  of  Spec(B).  □ 


51.4.  Ind-Zariski  algebra 

We  start  with  a definition;  please  see  Remark  |51.6.9|  for  a comparison  with  the 
corresponding  definition  of  the  article  mm 

Definition  51.4.1.  A ring  map  A — > B is  said  to  be  ind-Zariski  if  B can  be 
written  as  a filtered  colimit  B = colim  Bi  with  each  A — > Bi  a local  isomorphism. 

An  example  of  an  Ind-Zariski  map  is  a localization  A — > S^A,  see  Algebra,  Lemma 
|10.9.9|  The  category  of  ind-Zariski  algebras  is  closed  under  several  natural  opera- 
tions. 

Lemma  51.4.2.  Let  A — >■  B and  A — > A'  be  ring  maps.  Let  B'  = B (gu  A'  be  the 
base  change  of  B.  If  A — ► B is  ind-Zariski,  then  A'  — > B'  is  ind-Zariski. 

Proof.  Omitted.  □ 

Lemma  51.4.3.  Let  A — ► B and  B — ► C be  ring  maps.  If  A — >•  B and  B — ► C 
are  ind-Zariski,  then  A — » C is  ind-Zariski. 

Proof.  Omitted.  □ 

Lemma  51.4.4.  Let  A be  a ring.  Let  B — * C be  an  A-algebra  homomorphism.  If 
A — ► B and  A — >■  C are  ind-Zariski,  then  B -A  C is  ind-Zariski. 


Proof.  Omitted. 
Lemma  51.4.5. 
Proof.  Omitted. 
Lemma  51.4.6. 
Proof.  Omitted. 


□ 

A filtered  colimit  of  ind-Zariski  A-algebras  is  ind-Zariski  over  A. 

□ 

Let  A -A  B be  ind-Zariski.  Then  A — » B identifies  local  rings, 

□ 


51.5.  Constructing  w-local  affine  schemes 


An  affine  scheme  X is  called  w-local  if  its  underlying  topological  space  is  w-local 
(Definition  51.2.3).  It  turns  out  given  any  ring  A there  is  a canonical  faithfully 
flat  ind-Zariski  ring  map  A — » Aw  such  that  Spec(Au))  is  w-local.  The  key  to 
constructing  Aw  is  the  following  simple  lemma. 


Lemma  51.5.1.  Let  A be  a ring.  Set  X = Spec(A).  Let  Z G X be  a locally  closed 
subscheme  which  of  the  form  D(f)  0 V(I)  for  some  f £ A and  ideal  I C A.  Then 
(1)  there  exists  a multiplicative  subset  S C A such  that  Spec(5l_1A)  maps  by 
a homeomorphism  to  the  set  of  points  of  X specializing  to  Z, 
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(2)  the  A-algebra  AE  = 5,-1A  depends  only  on  the  underlying  locally  closed 
subset  Z C X , 

(3)  Z is  a closed  subscheme  ofSpec(A^), 

If  A — » A'  is  a ring  map  and  Z'  C X'  = Spec(A')  is  a locally  closed  subscheme  of  the 
same  form  which  maps  into  Z,  then  there  is  a unique  A-algebra  map  A ^ — > ( A ')%'■ 

Proof.  Let  S C A be  the  multiplicative  set  of  elements  which  map  to  invertible 
elements  of  r(Z,  Oz)  = ( A/I)f . If  p is  a prime  of  A which  does  not  specialize  to 
Z,  then  p generates  the  unit  ideal  in  ( A/I)f . Hence  we  can  write  fn=g  + h for 
some  n > 0,  g £ p,  h £ I.  Then  g £ S and  we  see  that  p is  not  in  the  spectrum  of 
iS_1A  Conversely,  if  p does  specialize  to  Z,  say  pCqDl  with  / ^ q,  then  we  see 
that  maps  to  and  hence  p is  in  the  spectrum  of  5_1A.  This  proves  (1). 

The  isomorphism  class  of  the  localization  S~x  A depends  only  on  the  corresponding 
subset  Spec(5,_1H)  C Spec(H),  whence  (2)  holds.  By  construction  S~1A  maps 
surjectively  onto  (A/ 1) f,  hence  (3).  The  final  statement  follows  as  the  multiplicative 
subset  S'  C A!  corresponding  to  Z'  contains  the  image  of  the  multiplicative  subset 
S.  □ 


Let  A be  a ring.  Let  E C A be  a finite  subset.  We  get  a stratification  of  X = 
Spec(H)  into  locally  closed  subschemes  by  looking  at  the  vanishing  behaviour  of  the 
elements  of  E.  More  precisely,  given  a disjoint  union  decomposition  E = E'  H E" 
we  set 
(51.5.1.1) 

Z(E',E")= n/SE,  m n n/£S„  nn = d(  n/£B,  n n V(E/£S„  M ) 

The  points  of  Z(E',E ")  are  exactly  those  x € X such  that  f £ E'  maps  to  a 
nonzero  element  in  k(x)  and  / £ E"  maps  to  zero  in  k(x).  Thus  it  is  clear  that 


(51.5.1.2) 


' = II, 


Z(E',E") 

7."  v ’ ' 


LE=E'UE" 

set  theoretically.  Observe  that  each  stratum  is  constructible. 

Lemma  51.5.2.  Let  X = Spec(H)  as  above.  Given  any  finite  stratification  X = 
Q Tj  by  constructible  subsets,  there  exists  a finite  subset  E C A such  that  the 


stratification  (51.5.1.2)  refines  X = JjjTj. 


Proof.  We  may  write  Tj  = (J . Utj  n Vf  7 as  a finite  union  for  some  Uhj  and  VhJ 
quasi-compact  open  in  X.  Then  we  may  write  Uij  = U D(fi,j,k)  and  Vij  = 
U D(gij!i).  Then  we  set  E = {fi7jtk}  U {gij,i}-  This  does  the  job,  because  the 
stratification  (51.5.1.2)  is  the  one  whose  strata  are  labeled  by  the  vanishing  pattern 
of  the  elements  of  E which  clearly  refines  the  given  stratification.  □ 


We  continue  the  discussion.  Given  a finite  subset  E C A we  set 
(5L5.2.1.)  Ae  = Y[e=e,ue„  Az(e’,e") 

with  notation  as  in  Lemma  51.5.1|  This  makes  sense  because  (51.5.1.1 ) shows  that 
each  Z(E’ , E")  has  the  correct  shape.  We  take  the  spectrum  of  this  ring  and  denote 
it 


(51.5.2.2)  XE  = Spec (AE)  = ]]_E=E>UE„  Xe’’e" 
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with  Xe\e"  = Spec (A^,E,  E"))-  Note  that 

(51.5.2.3)  ZE  = Z(E' , E")  -*  XE 

is  a closed  subscheme.  By  construction  the  closed  subscheme  Ze  contains  all  the 
closed  points  of  the  affine  scheme  Xe  as  every  point  of  Xe\e"  specializes  to  a point 
of  Z(E’,E"). 


Let  1(A)  be  the  partially  ordered  set  of  all  finite  subsets  of  A.  This  is  a directed 
partially  ordered  set.  For  Ex  C E2  there  is  a canonical  transition  map  Ae1  — > Ae2  of 
A-algebras.  Namely,  given  a decomposition  E2  = E'^DE'f  we  set  E(  = Eir\E'2  and 
Then  observe  that  Z(E(,E")  C Z(E!2,  Elf)  hence  a unique  A-algebra 
A'Zrin  by  Lemma  151.5.11  Using  these  maps  collectively  we 


E’l  = ExV\Ef 


map  A-^  ^ ->  by  Lemma 


obtain  the  desired  ring  map  Ae1 
affine  schemes 


Ae2  - Observe  that  the  corresponding  map  of 


0972  (51.5.2.4)  XE2  — A XEl 

maps  Ze2  into  ZEl-  By  uniqueness  we  obtain  a system  of  A- algebras  over  1(A)  and 
we  set 


0973  (51.5.2.5)  Aw  = co\\mE^i(A)  Ae 

This  A-algebra  is  ind-Zariski  and  faithfully  flat  over  A.  Finally,  we  set  Xw  = 
Spec(AUJ)  and  endow  it  with  the  closed  subscheme  Z = lim^g/^)  Ze-  In  a formula 


0974 

0975 


(51.5.2.6) 


X.w  = lim£;g/(J4)  Xe  D Z = lini^g/^  Ze 


Lemma  51.5.3.  Let  X = Spec(A)  be  an  affine  scheme.  With  A 
Spec(A,„),  and  Z C Xw  as  above. 

(1)  A -A  Aw  is  ind-Zariski  and  faithfully  flat, 

(2)  Xw  — > X induces  a bijection  Z — A X, 

(3)  Z is  the  set  of  closed  points  of  Xw, 

(4)  Z is  a reduced  scheme,  and 

(5)  every  point  of  Xw  specializes  to  a unique  point  of  Z. 

In  particular,  Xw  is  w-local  (Definition  51.2.3). 


A A, a , Xw 


Proof.  The  map  A — > Aw  is  ind-Zariski  by  construction.  For  every  E the  morphism 
Ze  — > X is  a bijection,  hence  (2).  As  Z C Xw  we  conclude  Xw  — >•  X is  surjective 
and  A -A  Aw  is  faithfully  flat  by  Algebra,  Lemma  10.38.16  This  proves  (1). 


Suppose  that  y £ Xw,  y fL  Z.  Then  there  exists  an  E such  that  the  image  of  y in 
Xe  is  not  contained  in  ZE-  Then  for  all  E C E'  also  y maps  to  an  element  of  XE> 
not  contained  in  Zpj  ■ Let  TE>  C XE>  be  the  reduced  closed  subscheme  which  is 
the  closure  of  the  image  of  y.  It  is  clear  that  T = limBCB'  Te>  is  the  closure  of  y in 
Xw . For  every  E C E'  the  scheme  TE>  H ZE'  is  nonempty  by  construction  of  XE'  ■ 
Hence  lirnTg'  C\  ZE'  is  nonempty  and  we  conclude  that  T n Z is  nonempty.  Thus 
y is  not  a closed  point.  It  follows  that  every  closed  point  of  Xw  is  in  Z. 


Suppose  that  y £ Xw  specializes  to  z,  z'  £ Z.  We  will  show  that  z = z'  which  will 
finish  the  proof  of  (3)  and  will  imply  (5).  Let  x,x'  £ X be  the  images  of  z and  z' . 
Since  Z — > X is  bijective  it  suffices  to  show  that  x = x' . If  x 7^  x' , then  there  exists 
an  f £ A such  that  x £ D(f)  and  x'  £ V(f)  (or  vice  versa).  Set  E = {/}  so  that 


XE  = Spec(Ay)  H Spec(A^(/)) 
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Then  we  see  that  z and  zl  map  xe  and  x'E  which  are  in  different  parts  of  the 
given  decomposition  of  XE  above.  But  then  it  impossible  for  Xe  and  x'E  to  be 
specializations  of  a common  point.  This  is  the  desired  contradiction. 


Recall  that  given  a finite  subset  E C A we  have  ZE  is  a disjoint  union  of  the  locally 
closed  subschemes  Z(E' , E")  each  isomorphic  to  the  spectrum  of  {A/ 1) f where  I is 
the  ideal  generated  by  E"  and  / the  product  of  the  elements  of  E' . Any  nilpotent 
element  b of  (A/I)f  is  the  class  of  g/ fn  for  some  g £ A.  Then  setting  E'  = EU{g} 
the  reader  verifies  that  b is  pulls  back  to  zero  under  the  transition  map  ZEi  — > ZE 
of  the  system.  This  proves  (4).  □ 


0976  Remark  51.5.4.  Let  A be  a ring.  Let  k be  an  infinite  cardinal  bigger  or  equal 
than  the  cardinality  of  A.  Then  the  cardinality  of  Aw  (Lemma  51.5.3)  is  at  most 
k.  Namely,  each  AE  has  cardinality  at  most  n and  the  set  of  finite  subsets  of  A 
has  cardinality  at  most  n as  well.  Thus  the  result  follows  as  k <g>  k = k,  see  Sets, 
Section  13.61 


0977  Lemma  51.5.5  (Universal  property  of  the  construction).  Let  A be  a ring.  Let 
A — » Aw  be  the  ring  map  constructed  in  Lemma  \ 51.5.%  For  any  ring  map  A -A  B 
such  that  Spec(-B)  is  w-local,  there  is  a unique  factorization  A — ► Aw  — > B such 
that  Spec(-B)  -A  Spec(Aw)  is  w-local. 


Proof.  Denote  Y = Spec {B)  and  Yq  C Y the  set  of  closed  points.  Denote 
/ : Y -A  X the  given  morphism.  Recall  that  Y0  is  profinite,  in  particular  ev- 
ery constructible  subset  of  Y0  is  open  and  closed.  Let  E C A be  a finite  subset. 
Recall  that  Aw  = colirnA#  and  that  the  set  of  closed  points  of  Spec(A,„)  is  the 
limit  of  the  closed  subsets  ZE  C XE  = Specie).  Thus  it  suffices  to  show  there  is 
a unique  factorization  A -A  AE  -A  B such  that  Y — > XE  maps  Yq  into  ZE.  Since 
ZE  — > X = Spec(A)  is  bijective,  and  since  the  strata  Z(E',E")  are  constructible 
we  see  that 

Y0  = ]lr\Z(E>,E"))nY0 

is  a disjoint  union  decomposition  into  open  and  closed  subsets.  As  Yo  = tto(U) 
we  obtain  a corresponding  decomposition  of  Y into  open  and  closed  pieces.  Thus 
it  suffices  to  construct  the  factorization  in  case  /(To)  C Z{E',E")  for  some  de- 
composition E = E'  II  E" . In  this  case  f(Y)  is  contained  in  the  set  of  points  of 
X specializing  to  Z(E',E")  which  is  homeomorphic  to  XE\e"-  Thus  we  obtain  a 
unique  continuous  map  Y -a  X EjtE"  over  X.  By  Lemma  51.3.7|this  corresponds  to 
a unique  morphism  of  schemes  Y — > XE*  En  over  X.  This  finishes  the  proof.  □ 


0978 


Recall  that  the  spectrum  of  a ring  is  profinite  if  and  only  if  every  point  is  closed. 
There  are  in  fact  a whole  slew  of  equivalent  conditions  that  imply  this.  See  Algebra, 
Lemma  10.25.5  or  Topology,  Lemma  5.22.7[ 


Lemma  51.5.6.  Let  A be  a ring  such  that  Spec(A)  is  profinite.  Let  A — » B be  a 
ring  map.  Then  Spec(-B)  is  profinite  in  each  of  the  following  cases: 

(1)  if  q,  q 1 C B lie  over  the  same  prime  of  A,  then  neither  q C q',  nor  q'  C q. 

(2)  A—tB  induces  algebraic  extensions  of  residue  fields, 

(3)  A — » B is  a local  isomorphism, 

(4)  A — » B identifies  local  rings, 

(5)  A — >■  B is  weakly  etale, 

(6)  A — > B is  quasi-finite, 
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(7)  A — >■  B is  unramified, 

(8)  A—tB  is  etale, 

(9)  B is  a filtered  colimit  of  A- algebras  as  in  (1)  - (8), 

(10)  etc. 


Proof.  By  the  references  mentioned  above  (Algebra,  Lemma  10.25.5|or  Topology, 
Lemma  5.22.71  there  are  no  specializations  between  distinct  points  of  Spec(A)  and 


Spec(-B)  is  profinite  if  and  only  if  there  are  no  specializations  between  distinct  points 
of  Spec(U).  These  specializations  can  only  happen  in  the  fibres  of  Spec(U)  — ► 
Spec(A).  In  this  way  we  see  that  (1)  is  true. 

The  assumption  in  (2)  implies  all  primes  of  B are  maximal  by  Algebra,  Lemma 
10.34.9  Thus  (2)  holds.  If  A — > B is  a local  isomorphism  or  identifies  local  rings, 
then  the  residue  field  extensions  are  trivial,  so  (3)  and  (4)  follow  from  (2).  If  A — > B 
is  weakly  etale,  then  More  on  Algebra,  Lemma [15. 78. 16| tells  us  it  induces  separable 
algebraic  residue  field  extensions,  so  (5)  follows  from  (2).  If  A — > B is  quasi- 
finite,  then  the  fibres  are  finite  discrete  topological  spaces.  Hence  (6)  follows  from 
(1).  Hence  (3)  follows  from  (1).  Cases  (7)  and  (8)  follow  from  this  as  unramified 
and  etale  ring  map  are  quasi-hnite  (Algebra,  Lemmas  |10.147.6|  and  |10.141. 6[).  If 
B = colimUi  is  a filtered  colimit  of  A-algebras,  then  Spec(H)  = colim  Spec(Bj), 
hence  if  each  Spec(Hj)  is  profinite,  so  is  Spec(H).  This  proves  (9).  □ 


Lemma  51.5.7.  Let  A be  a ring.  Let  V{I)  C Spec(A)  be  a closed  subset  which 
is  a profinite  topological  space.  Then  there  exists  an  ind-Zariski  ring  map  A -A  B 
such  that  Spec(H)  is  w-local,  the  set  of  closed  points  is  V(IB),  and  A/ 1 = B /IB. 


Proof.  Let  A -A  Aw  and  Z C Y = Spec(Alu)  as  in  Lemma  51.5.3 
be  the  inverse  image  of  V(I).  Then  T 

Let  B = (Aw)f,  see  Lemma  51.5.1 


Lemma  5.16.8 


Let  T C Z 
V (J)  is  a homeomorphism  by  Topology, 
It  is  clear  that  B is  w-local 


with  closed  points  V{IB).  The  ring  map  A/I  — > B/IB  is  ind-Zariski  and  induces  a 
homeomorphism  on  underlying  topological  spaces.  Hence  it  is  an  isomorphism  by 
Lemma  I5L3.81  □ 


Lemma  51.5.8.  Let  A be  a ring  such  that  X = Spec(A)  is  w-local.  Let  I C A be 
the  radical  ideal  cutting  out  the  set  A'o  of  closed  points  in  X . Let  A -A  B be  a ring 
map  inducing  algebraic  extensions  on  residue  fields  at  primes.  Then 

(1)  every  point  of  Z = V(IB)  is  a closed  point  ofSpec(B), 

(2)  there  exists  an  ind-Zariski  ring  map  B -A  C such  that 

(a)  B/IB  -A  C/IC  is  an  isomorphism, 

(b)  the  space  Y = Spec(C)  is  w-local, 

(c)  the  induced  map  p : Y -A  X is  w-local,  and 

(d)  p_1(X o)  is  the  set  of  closed  points  ofY. 


Proof.  By  Lemma  51.5.6  applied  to  A/ 1 -A  B/IB  all  points  of  Z = V(IB)  = 
Spec  (B/IB)  are  closed,  in  fact  Spec  (B/IB)  is  a profinite  space.  To  finish  the  proof 
we  apply  Lemma [5 1. 5. 7| to  IB  C B.  □ 


51.6.  Identifying  local  rings  versus  ind-Zariski 


An  ind-Zariski  ring  map  A — > B identifies  local  rings  (Lemma  51.4.6 1.  The  converse 
does  not  hold  (Examples,  Section  88.37 1.  However,  it  turns  out  that  there  is  a kind 
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of  structure  theorem  for  ring  maps  which  identify  local  rings  in  terms  of  ind-Zariski 
ring  maps,  see  Proposition  |5 1.6. 6} 


Let  A be  a ring.  Let  X = Spec(A).  The  space  of  connected  components  7r0(A)  is 
a profinite  space  by  Topology,  Lemma  5.22.8  (and  Algebra,  Lennna[l0.25.2 ). 


Lemma  51.6.1.  Let  A be  a ring.  Let  X = Spec(A).  Let  T C tt0(X)  be  a 
closed  subset.  There  exists  a surjective  ind-Zariski  ring  map  A -A  B such  that 
Spec (B)  -A  Spec(A)  induces  a homeomorphism  of  Spec(B)  with  the  inverse  image 
ofT  in  X. 


Proof.  Let  Z C X be  the  inverse  image  of  T.  Then  Z is  the  intersection  Z = fj  Za 
of  the  open  and  closed  subsets  of  X containing  Z , see  Topology,  Lemma  [5.11.12 
For  each  a we  have  Za  = Spec(AQ)  where  A — > Aa  is  a local  isomorphism  (a 
localization  at  an  idempotent).  Setting  B = colim  Aa  proves  the  lemma.  □ 

097D  Lemma  51.6.2.  Let  A be  a ring  and  let  X = Spec(A).  Let  T be  a profinite  space 
and  let  T -A  7To(A)  be  a continuous  map.  There  exists  an  ind-Zariski  ring  map 
A -A  B such  that  with  Y = Spec (B)  the  diagram 


Y -7ro(y) 

X ^TTo(X) 


is  cartesian  in  the  category  of  topological  spaces  and  such  that  7t0(T)  = T as  spaces 
over  7To(A). 


Proof.  Namely,  write  T = limTj  as  the  limit  of  an  inverse  system  finite  discrete 
spaces  over  a directed  partially  ordered  set  (see  Topology,  Lemma  5.21.2).  For  each 
i let  Zi  = Im(T  -a  7To(X)  x Tj).  This  is  a closed  subset.  Observe  that  X x Tj  is  the 
spectrum  of  A,;  = A and  that  A -A  A,;  is  a local  isomorphism.  By  Lemma 

51.6.1  we  see  that  C 7r0(XxTj)  = n0(X)xTi  corresponds  to  a surjection  A,;  -a  Bi 


which  is  ind-Zariski  such  that  Spec(B,)  = X x^a(x)  Zi  as  subsets  of  X x Tj.  The 


Z:.t  and  X x 


TropC) 


X x7ro(x)  Zi/ 


transition  maps  Tj  -A  T^  induce  maps  Z% 

Hence  ring  maps  B ^ — > Bi  (Lemmas  51.3.8  and  51.4.6).  Set  B = colim .B,;.  Because 
T = lim Zi  we  have  X xno(x)  T = lim.Y  xnorX)  Zi  and  hence  Y = Spec (B)  = 
limSpec(Bj)  fits  into  the  cartesian  diagram 


Y  s-  T 

Y 

X ^ 7T0(X) 


09BJ 


of  topological  spaces.  By  Lemma  51.2.5  we  conclude  that  T = n0{Y). 


□ 


Example  51.6.3.  Let  k be  a field.  Let  T be  a profinite  topological  space.  There 
exists  an  ind-Zariski  ring  map  k -A  A such  that  Spec(A)  is  homeomorphic  to  T. 
Namely,  just  apply  Lemma  51.6.2  to  T A 7r0(Spec(fc))  = {*}.  In  fact,  in  this  case 
we  have 

A = colim  Map(Ti,  k) 


whenever  we  write  T = limTi  as  a filtered  limit  with  each  Tj  finite. 
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097E  Lemma  51.6.4.  Let  A -A  B be  ring  map  such  that 

(1)  A -A  B identifies  local  rings, 

(2)  the  topological  spaces  Spec (B),  Spec(A)  are  w-local, 

(3)  Spec(f?)  -A  Spec(A)  is  w-local,  and 

(4)  7To(Spec(i3))  -A  7ro(Spec(A))  is  bijective. 

Then  A -A  B is  an  isomorphism 


Proof.  Let  X0  C X = Spec(A)  and  Y0  C Y = Spec(B)  be  the  sets  of  closed  points. 
By  assumption  Yq  maps  into  A'o  and  the  induced  map  Yq  -a  Xo  is  a bijection.  As 
a space  Spec(A)  is  the  disjoint  union  of  the  spectra  of  the  local  rings  of  A at  closed 
points.  Similarly  for  B.  Hence  X — ► Y is  a bijection.  Since  A — >•  B is  flat  we  have 


going  down  (Algebra,  Lemma  10.38.18). 
for  any  prime  q C B lying  over  p C 


Thus  Algebra,  Lemma  10.40.11  shows 

B 


A we  have  73q  = 


Since  Bq  = Ap 


by 

assumption,  we  see  that  Ap  = Bp  for  all  primes  p of  A.  Thus  A = B by  Algebra, 
Lemma  110.23.11  □ 


097F  Lemma  51.6.5.  Let  A -A  B be  ring  map  such  that 

(1)  A -A  B identifies  local  rings, 

(2)  the  topological  spaces  Spec (B),  Spec(A)  are  w-local,  and 

(3)  Spec(f?)  -A  Spec(A)  is  w-local. 

Then  A—^Bis  ind-Zariski. 


Proof.  Set  X = Spec(A)  and  Y = Spec (B).  Let  A'0  C X and  Yq  C Y be  the  set 
of  closed  points.  Let  A -A  A'  be  the  ind-Zariski  morphism  of  affine  schemes  such 
that  with  X'  = Spec(A')  the  diagram 

X' ^tto(A') 


X ^7r0(X) 


is  cartesian  in  the  category  of  topological  spaces  and  such  that  n0(X’)  = 7r0(Y)  as 
spaces  over  7To(A),  see  Lemma  51.6.2  By  Lemma  51.2.5  we  see  that  X'  is  w-local 


and  the  set  of  closed  points  X'0  C X'  is  the  inverse  image  of  A0. 

We  obtain  a continuous  map  Y -A  A7  of  underlying  topological  spaces  over  X 
identifying  7 r0(Y)  with  7To(A').  By  Lemma  51.3. 8|  (and  Lemma  51.4.6)  this  is  cor- 
responds to  a morphism  of  affine  schemes  Y — i X'  over  X.  Since  Y — ► X maps  Yq 
into  Xo  we  see  that  Y X'  maps  Yq  into  X'Q,  i.e.,  Y -A  X'  is  w-local.  By  Lemma 
151.6.41  we  see  that  Y = X'  and  we  win.  □ 


The  following  proposition  is  a warm  up  for  the  type  of  result  we  will  prove  later. 

097G  Proposition  51.6.6.  Let  A — > B be  a ring  map  which  identifies  local  rings.  Then 
there  exists  a faithfully  flat,  ind-Zariski  ring  map  B — » B'  such  that  A -A  B'  is 
ind-Zariski. 


Proof.  Let  A — > Aw,  resp.  B — > Bw  be  the  faithfully  flat,  ind-Zariski  ring  map 
constructed  in  Lemma  51.5.3  for  A , resp.  B.  Since  Spec (Bw)  is  w-local,  there  exists 

Aw  — ► Bw  such  that  Spec (Bw)  -A  Spec(AU))  is  w-local 
Note  that  Aw  -A  Bw  identifies  local  rings,  see  Lemma  |51.3.4| 
this  means  Aw  -A  Bw  is  ind-Zariski.  Since  B — > Bw  is  faithfully 


a unique  factorization  A 
by  Lemma 
By  Lemma 


51.5.5 


51.6.5 
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flat,  ind-Zariski  (Lemma  51.5.3)  and  the  composition  A 
(Lemma  51.4.3)  the  proposition  is  proved. 


/i  -A  B, 


is  ind-Zariski 

□ 


The  proposition  above  allows  us  to  characterize  the  affine,  weakly  contractible  ob- 
jects in  the  pro-Zariski  site  of  an  affine  scheme. 

09AZ  Lemma  51.6.7.  Let  A be  a ring.  The  following  are  equivalent 

(1)  every  faithfully  flat  ring  map  A -A  B identifying  local  rings  has  a section, 

(2)  every  faithfully  flat  ind-Zariski  ring  map  A -A  B has  a section,  and 

(3)  A satisfies 

(a)  Spec(A)  is  w-local,  and 

(b)  7r0(Spec(A))  is  extremally  disconnected. 


Proof.  The  equivalence  of  (1)  and  (2)  follows  immediately  from  Proposition  51.6.6 


Assume  (3)  (a)  and  (3)(b).  Let  A — ► B be  faithfully  flat  and  ind-Zariski.  We  will 
use  without  further  mention  the  fact  that  a flat  map  A — > B is  faithfully  flat  if  and 
only  if  every  closed  point  of  Spec(A)  is  in  the  image  of  Spec (B)  — > Spec(A)  We  will 
show  that  A — > B has  a section. 


Let  I C A be  an  ideal  such  that  V(I)  C Spec(A)  is  the  set  of  closed  points  of 
Spec(A).  We  may  replace  B by  the  ring  C constructed  in  Lemma  51.5.8  for  A — >■  B 
and  IgA.  Thus  we  may  assume  Spec  (B)  is  w-local  such  that  the  set  of  closed 
points  of  Spec(S)  is  V(IB). 

Assume  Spec{B)  is  w-local  and  the  set  of  closed  points  of  Spec(U)  is  V {IB).  Choose 
a continuous  section  to  the  surjective  continuous  map  V(IB)  — » V{I).  This  is  pos- 
sible as  V(I)  = 7To(Spec(A))  is  extremally  disconnected,  see  Topology,  Proposition 
5.25.6  The  image  is  a closed  subspace  T C 7r0(Spec (B))  = V{JB)  mapping  home- 


omorphically  onto  7r0(A).  Replacing  B by  the  ind-Zariski  quotient  ring  constructed 
in  Lemma  51.6.1  we  see  that  we  may  assume  7r0(Spec(13))  -A  7r0(Spec(A))  is  bijec- 
tive.  At  this  point  A — > B is  an  isomorphism  by  Lemma  |51.6.4| 

Assume  (1)  or  equivalently  (2).  Let  A — > Aw  be  the  ring  map  constructed  in 
Lemma  51.5.3  By  (1)  there  is  a section  Aw  — i A.  Thus  Spec(A)  is  homeomorphic 
to  a closed  subset  of  Spec(Au,).  By  Lemma  [51.2.4  we  see  (3) (a)  holds.  Finally, 
let  T — > 7To(A)  be  a surjective  map  with  T an  extremally  disconnected,  quasi- 
compact, Hausdorff  topological  space  (Topology,  Lemma  5.25.9).  Choose  A -a  B 


as  in  Lemma  51.6.2  adapted  to  T 
A. 


7r0(Spec(A)).  By  (1)  there  is  a section  B -A 
Thus  we  see  that  T = 7To(Spec(B ))  — ► 7To(Spec(A))  has  a section.  A formal 


categorical  argument,  using  Topology,  Proposition  5.25.6  implies  that  7To(Spec(A)) 
is  extremally  disconnected.  □ 
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7r0(Spec(A))  realizes  T -A  7r0(Spec(A))  and  such  that 

Spec(B)  ► 7r0(Spec(B)) 


Spec(A) 


-7r0(Spec(A)) 


is  cartesian  in  the  category  of  topological  spaces.  Note  that  Spec(B)  is  w-local, 
that  Spec(B)  -A  Spec(A)  is  w-local,  and  that  the  set  of  closed  points  of  Spec(B)  is 
the  inverse  image  of  the  set  of  closed  points  of  Spec(A),  see  Lemma  51.2. 5|  Thus 
condition  (3)  of  Lemma  51.6.7  holds  for  B.  □ 


Remark  51.6.9.  In  each  of  Lemmas 


51.6.1 

51.6.2 

Proposition 

51.6.6 

and  Lemma 


51.6.8  we  find  an  ind-Zariski  ring  map  with  some  properties.  In  the  paper  IBS!  3] 


the  authors  use  the  notion  of  an  ind-(Zariski  localization)  which  is  a filtered  colimit 
of  finite  products  of  principal  localizations.  It  is  possible  to  replace  ind-Zariski  by 
ind-(Zariski  localization)  in  each  of  the  results  listed  above.  However,  we  do  not 
need  this  and  the  notion  of  an  ind-Zariski  homomorphism  of  rings  as  defined  here 
has  slightly  better  formal  properties.  Moreover,  the  notion  of  an  ind-Zariski  ring 
map  is  the  natural  analogue  of  the  notion  of  an  ind-etale  ring  map  defined  in  the 
next  section. 


51.7.  Ind-etale  algebra 

We  start  with  a definition. 

Definition  51.7.1.  A ring  map  A — > B is  said  to  be  ind-etale  if  B can  be  written 
as  a filtered  colimit  of  etale  A-algebras. 

The  category  of  ind-etale  algebras  is  closed  under  a number  of  natural  operations. 

Lemma  51.7.2.  Let  A -A  B and  A — > A'  be  ring  maps.  Let  B'  = B A'  be  the 
base  change  of  B.  If  A -A  B is  ind-etale,  then  A!  — > B'  is  ind-etale. 

Proof.  Omitted.  □ 

Lemma  51.7.3.  Let  A -A  B and  B -A  C be  ring  maps.  If  A -A  B and  B -A  C 
are  ind-etale,  then  A -A  C is  ind-etale. 

Proof.  Omitted.  □ 

Lemma  51.7.4.  A filtered  colimit  of  ind-etale  A-algebras  is  ind-etale  over  A. 

Proof.  Omitted.  □ 

Lemma  51.7.5.  Let  A be  a ring.  Let  B -A  C be  an  A-algebra  map  of  ind-etale 
A-algebras.  Then  C is  an  ind-etale  B-algebra. 

Proof.  Write  B = colimBi  and  C = colimCj  as  filtered  colimits  of  etale  A- 
algebras.  Then 

C = B C = colim^j)  B ®Bi  Cj 

where  the  colimit  is  over  the  partially  ordered  set  of  pairs  (*,  j)  such  that  Bi  -A 
B — » C factors  through  Cj  -A  C.  Note  that  the  factorization  B,  — > Cj  is  etale  by 
Algebra,  Lemma[l0.141.9|  Some  details  omitted.  □ 
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Lemma  51.7.6.  Let  A -A  B be  ind-etale. 
Algebra,  Definition  15.78.1). 


Then  A B is  weakly  etale  (More  on 


Proof.  This  follows  from  More  on  Algebra,  Lemma[l5.78.13| 


□ 


097P  Lemma  51.7.7.  Let  A be  a ring  and  let  I C A be  an  ideal.  The  base  change 
functor 


ind-etale  A-algebras  — ► ind-etale  A/I-algebras,  C i — > C/IC 

has  a fully  faithful  right  adjoint  v.  In  particular,  given  an  ind-etale  A/ 1 -algebra  C 
there  exists  an  ind-etale  A-algebra  C = v(C)  such  that  C = C/IC. 


Proof.  Let  C be  an  ind-etale  A/ 1- algebra.  Consider  the  category  C of  factoriza- 
tions A -A  B -A  C where  A — > B is  etale.  (We  ignore  some  set  theoretical  issues  in 
this  proof.)  We  will  show  that  this  category  is  directed  and  that  C = colime  B is 
an  ind-etale  A-algebra  such  that  C = C/IC. 


We  first  prove  that  C is  directed  (Categories,  Definition  4.19.1).  The  category  is 
nonempty  as  A — > A — > C is  an  object.  Suppose  that  A -A  B -A  C and  A -A  B'  -A  C 
are  two  objects  of  C.  Then  A -A  B ®a  B'  — > C is  another  (use  Algebra,  Lemma 

B'  are  two  maps  between  objects  A -A  B -A  C 
B' 


10.141.3|) . Suppose  that  f,g:B 

Then  a coequalizer  is  A 


and  A — > B'  — > C of  C.  Then  a coequalizer  is  A — ► B'  B'  — > C.  This  is 

an  object  of  C by  Algebra,  Lemmas  |10.141.3|  and  |10.141.9|  Thus  the  category  C is 
directed. 


Write  C = colimSi  as  a filtered  colimit  with  Bt  etale  over  A/I.  For  every  i there 


10.141.11 


Thus 


exists  A -A  Bi  etale  with  B \ = Bi/IBj,  see  Algebra,  Lemma 
C — > C is  surjective.  Since  C/IC  — > C is  ind-etale  (Lemma  51.7.5)  we  see  that  it 
is  flat.  Hence  C is  a localization  of  C/IC  at  some  multiplicative  subset  S C C/IC 
(Algebra,  Lemma  10.107.2).  Take  an  / £ C mapping  to  an  element  of  S C C/IC. 
Choose  A — ► B — > C in  C and  g £ B mapping  to  / in  the  colimit.  Then  we  see 
that  A — > Bg  — > C is  an  object  of  C as  well.  Thus  / is  an  invertible  element  of  C. 
It  follows  that  C/IC  = C . 


Next,  we  claim  that  for  an  ind-etale  algebra  D over  A we  have 
Mor  a(D,C)  = Mor  A/i{D/ID,C) 

Namely,  let  D/ID  — > C be  an  A/I- algebra  map.  Write  D = colim.;e/  Di  as  a 
filtered  colimit  over  a partially  ordered  set  I with  Di  etale  over  A.  By  choice  of  C 
we  obtain  a transformation  I — > C and  hence  a map  D — » C compatible  with  maps 
to  C.  Whence  the  claim. 


It  follows  that  the  functor  v defined  by  the  rule 

C i — )>  v{C)  = coliin^g^ B 


is  a right  adjoint  to  the  base  change  functor  u as  required  by  the  lemma.  The 
functor  v is  fully  faithful  because  uov  = id  by  construction,  see  Categories,  Lemma 
14.24.31  □ 
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51.8.  Constructing  ind-etale  algebras 


Let  A be  a ring.  Recall  that  any  etale  ring  map  A — > B is  isomorphic  to  a standard 
smooth  ring  map  of  relative  dimension  0.  Such  a ring  map  is  of  the  form 

A > A[x i,  . . . , j (/lj  ■ • • j fn) 

where  the  determinant  of  the  n x n-matrix  with  entries  dfl /dx.j  is  invertible  in  the 
quotient  ring.  See  Algebra,  Lemma  [lO. 141. 2| 

Let  S(A)  be  the  set  of  all  faithfully  fla^\  standard  smooth  A-algebras  of  relative 
dimension  0.  Let  1(A)  be  the  partially  ordered  (by  inclusion)  set  of  finite  subsets 
E of  S(A).  Note  that  1(A)  is  a directed  partially  ordered  set.  For  E = {A  ^ 
B\ , . . . , A — y Bn } set 

Be  = B\  Bn 

Observe  that  Be  is  a faithfully  flat  etale  A-algebra.  For  E C E' , there  is  a canonical 
transition  map  Be  — > Be'  of  etale  A-algebras.  Namely,  say  E = {A  — » Bi1 . . . , A — > 
Bn}  and  E'  = {A  — > Bj_, . . . , A — » B.n+m } then  Be  — > Be'  sends  b\  ® ® bn  to 

the  element  b\  (S>  • ■ • <8>  bn  (S>  1 <S>  ■ • • 1 of  Be'-  This  construction  defines  a system 

of  faithfully  flat  etale  A-algebras  over  1(A)  and  we  set 

T(A)  = colimBg/(J4)  Be 


Observe  that  T(A)  is  a faithfully  flat  ind-etale  A-algebra  (Algebra,  Lemma  10.38.20 ) 


By  construction  given  any  faithfully  flat  etale  A-algebra  B there  is  a (non-unique) 
A-algebra  map  B — > T(A).  Namely,  pick  some  (A  — > Bq)  £ S(A)  and  an  isomor- 
phism B = Bq.  Then  the  canonical  coprojection 

B — y Bq  — y T(A)  — colim^g/^)  Be 

is  the  desired  map. 

Lemma  51.8.1.  Given  a ring  A there  exists  a faithfully  flat  ind-etale  A-algebra 
C such  that  every  faithfully  flat  etale  ring  map  C — > B has  a section. 

Proof.  Set  T\A)  = T(A)  and  Tn+1(A)  = T(Tn(A)).  Let 

C = colimTn(A) 

This  algebra  is  faithfully  flat  over  each  Tn(A)  and  in  particular  over  A,  see  Algebra, 
Lemma  |10.38.20j  Moreover,  C is  ind-etale  over  A by  Lemma  |51.7.4|  If  C — > B 
is  etale,  then  there  exists  an  n and  an  etale  ring  map  Tn(A)  — > B'  such  that 
B = C Ot"(A)  B' , see  Algebra,  Lemma  10.141.3  If  C — > B is  faithfully  flat,  then 
Spec(B)  —y  Spec(C)  — > Spec (Tn(A))  is  surjective,  hence  Spec(R')  — > Spec(T"(A)) 
is  surjective.  In  other  words,  Tn(A)  — » B'  is  faithfully  flat.  By  our  construction, 
there  is  a Tn(A)~ algebra  map  B'  — > Tn+1(A).  This  induces  a C-algebra  map 
B — » C which  finishes  the  proof.  □ 

Remark  51.8.2.  Let  A be  a ring.  Let  n be  an  infinite  cardinal  bigger  or  equal 
than  the  cardinality  of  A.  Then  the  cardinality  of  T(A)  is  at  most  n.  Namely,  each 
Be  has  cardinality  at  most  n and  the  index  set  1(A)  has  cardinality  at  most  k as 
well.  Thus  the  result  follows  as  k ® k = k,  see  Sets,  Section  [3~6}  It  follows  that  the 


ring  constructed  in  the  proof  of  Lemma  51.8.1  has  cardinality  at  most  k as  well. 


iIn  the  presence  of  flatness,  e.g.,  for  smooth  or  etale  ring  maps,  this  just  means  that  the 


induced  map  on  spectra  is  surjective.  See  Algebra,  Lemma  10.38.16 
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Remark  51.8.3.  The  construction  A H > T(A)  is  functorial  in  the  following  sense: 
If  A A!  is  a ring  map,  then  we  can  construct  a commutative  diagram 

A ^T(A) 

T Y 

A! •>  T(A') 


Namely,  given  (A  — > A[x i, . . . , xn)/ (/i, . . . , /„))  in  S(A)  we  can  use  the  ring  map 
ip  : A — > A'  to  obtain  a corresponding  element  ( A ' — ► A'[x\, . . . , xn]/ (/f , . . . , f%)) 
of  S(A')  where  fv  means  the  polynomial  obtained  by  applying  ip  to  the  coefficients 
of  the  polynomial  /.  Moreover,  there  is  a commutative  diagram 


A 


■ A[x i, . . . 


7(/l 


A! 


A'[xx,...,xn\/{ff,...,f%) 


which  is  a in  the  category  of  rings.  For  E C S(A)  finite,  set  E'  = <p{E) 
define  —t  Bp*  in  the  obvious  manner.  Taking  the  colimit  gives  the  desired 
T(A)  — > T(A'),  see  Categories,  Lemma  4.14.7 


and 

map 


Lemma  51.8.4.  Let  A be  a ring  such  that  every  faithfully  flat  etale  ring  map 
A -A  B has  a section.  Then  the  same  is  true  for  every  quotient  ring  A/ 1. 


Proof.  Omitted. 


□ 


Lemma  51.8.5.  Let  A be  a ring  such  that  every  faithfully  flat  etale  ring  map 
A — ► B has  a section.  Then  every  local  ring  of  A at  a maximal  ideal  is  strictly 
henselian. 


Proof.  Let  m be  a maximal  ideal  of  A.  Let  A — > B be  an  etale  ring  map  and  let 
q C B be  a prime  lying  over  m.  By  the  description  of  the  strict  henselization 
in  Algebra,  Lemma  10.148.27  it  suffices  to  show  that  Am  = Bp.  Note  that  there  are 
finitely  many  primes  q = qi,  q2,  ■ • • , q n lying  over  m and  there  are  no  specializations 
between  them  as  an  etale  ring  map  is  quasi-finite,  see  Algebra,  Lemma  |10.141.6| 
Thus  qi  is  a maximal  ideal  and  we  can  find  g G q2  0 . . . O q„,  g £ q (Algebra, 
Lemma  10.14.2 1.  After  replacing  B by  Bg  we  see  that  q is  the  only  prime  of  B 


lying  over  m.  The  image  U C Spec(A)  of  Spec(R)  -A  Spec(A)  is  open  (Algebra, 
Proposition  10.40.8 1 . Thus  the  complement  Spec(A)  \ U is  closed  and  we  can  find 
/ G A,  f tfz.  p such  that  Spec(A)  = U U D(f).  The  ring  map  A -A  B x Af  is 
faithfully  flat  and  etale,  hence  has  a section  a : B x Af  — > A by  assumption  on 
A.  Observe  that  er  is  etale,  hence  flat  as  a map  between  etale  A-algebras  (Algebra, 
Lemma  10.141.9 1 . Since  q is  the  only  prime  of  B x Af  lying  over  A we  find  that 
Ap  — > Bq  has  a section  which  is  also  flat.  Thus  Ap  — > Bp  — > Ap  are  flat  local  ring 
maps  whose  composition  is  the  identity.  Since  a flat  local  homomorphism  of  local 
rings  is  injective  we  conclude  these  maps  are  isomorphisms  as  desired.  □ 


Lemma  51.8.6.  Let  A be  a ring  such  that  every  faithfully  flat  etale  ring  map  A — >■ 
B has  a section.  Let  Z C Spec(A)  be  a closed  subscheme  of  the  form  D(f)  D V(I) 
and  let  A 
ring  map  A ^ 


A z be  as  constructed  in  Lemma  51.5.1 


Then  every  faithfully  flat  etale 


C has  a section. 
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Proof.  There  exists  an  etale  ring  map  A -A  B'  such  that  C = B'  ®a  A%  as  A%- 
algebras.  The  image  U'  C Spec(A)  of  Spec(B')  -A  Spec(A)  is  open  and  contains 
V{I),  hence  we  can  find  / £ I such  that  Spec(A)  = U'UD(f).  Then  A -A  B'  x Ay  is 
etale  and  faithfully  flat.  By  assumption  there  is  a section  B'  x Af  -A  A.  Localizing 
we  obtain  the  desired  section  C — > A%.  □ 

097X  Lemma  51.8.7.  Let  A -A  B be  a ring  map  inducing  algebraic  extensions  on 
residue  fields.  There  exists  a commutative  diagram 

B *- D 


A >C 

with  the  following  properties: 

(1)  A — > C is  faithfully  flat  and  ind-etale, 

(2)  B -A  D is  faithfully  flat  and  ind-etale , 

(3)  Spec(C)  is  w-local, 

(4)  Spec(D)  is  w-local , 

(5)  Spec(D)  -A  Spec(C)  is  w-local, 

(6)  the  set  of  closed  points  ofSpec(D)  is  the  inverse  image  of  the  set  of  closed 
points  o/Spec(C), 

(7)  the  set  of  closed  points  of  Spec(C)  surjects  onto  Spec(A), 

(8)  the  set  of  closed  points  of  Spec(D)  surjects  onto  Spec (B), 

(9)  for  mC  C maximal  the  local  ring  Cm  is  strictly  henselian. 


Proof.  There  is  a faithfully  flat,  ind-Zariski  ring  map  A — > A'  such  that  Spec(A') 
is  w-local  and  such  that  the  set  of  closed  points  of  Spec(A')  maps  onto  Spec(A),  see 


Lemma  51.5.3  Let  I C A'  be  the  ideal  such  that  V(I)  is  the  set  of  closed  points  of 
Spec(A').  Choose  A!  -a  C'  as  in  Lemma  [51.8.1  Note  that  the  local  rings  C'm,  at 
maximal  ideals  m'  C C are  strictly  henselian  by  Lemma [51.8. 5|  We  apply  Lemma 
51.5.8  to  A'  —f  C and  IgA'  to  get  C'  — > C with  C'  jlC'  = C/IC.  Note  that 


since  A!  -a  C'  is  faithfully  flat,  Spec (C'/IC)  surjects  onto  the  set  of  closed  points 
of  A'  and  in  particular  onto  Spec(^4).  Moreover,  as  V(IC)  C Spec(C)  is  the  set  of 
closed  points  of  C and  C'  — > C is  ind-Zariski  (and  identifies  local  rings)  we  obtain 
properties  (1),  (3),  (7),  and  (9). 

Denote  J C C the  ideal  such  that  V(J)  is  the  set  of  closed  points  of  Spec(C').  Set 
D'  = B (&a  C.  The  ring  map  C -A  D'  induces  algebraic  residue  field  extensions. 
Keep  in  mind  that  since  V(J)  -A  Spec(A)  is  surjective  the  map  T = V{JD ) — ► 
Spec(B)  is  surjective  too.  Apply  Lemma  51.5.8  to  C — > D'  and  J C C to  get 
D'  -A  D with  D' / JD'  = D/  JD.  All  of  the  remaining  properties  given  in  the 
lemma  are  immediate  from  the  results  of  Lemma  151.5.81  □ 


51.9.  Weakly  etale  versus  pro-etale 


097Y  Recall  that  a ring  homomorphism  A — > B is  weakly  etale  if  A -A  B is  flat  and 
B B -A  B is  flat.  We  have  proved  some  properties  of  such  ring  maps  in  More 
on  Algebra,  Section  15.78  In  particular,  if  A — > B is  a local  homomorphism,  and 
A is  a strictly  henselian  local  rings,  then  A = B,  see  More  on  Algebra,  Theorem 
|15.78.24]  Using  this  theorem  and  the  work  we’ve  done  above  we  obtain  the  following 
structure  theorem  for  weakly  etale  ring  maps. 
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Proposition  51.9.1.  Let  A — ► B be  a weakly  etale  ring  map.  Then  there  exists  a 
faithfully  flat,  ind-etale  ring  map  B -A  B'  such  that  A — » B'  is  ind-etale. 

Proof.  The  ring  map  A — ► B induces  (separable)  algebraic  extensions  of  residue 
fields,  see  More  on  Algebra,  Lemma  [15.78.16|  Thus  we  may  apply  Lemma  [51.8.7| 
and  choose  a diagram 

B ^ D 


with  the  properties  as  listed  in  the  lemma.  Note  that  C — > D is  weakly  etale  by 


More  on  Algebra,  Lemma  15.78.11  Pick  a maximal  ideal  m C D.  By  construction 
this  lies  over  a maximal  ideal  m'  C C.  By  More  on  Algebra,  Theorem |15.78.24  the 
ring  map  Cm>  — > Dm  is  an  isomorphism.  As  every  point  of  Spec(C)  specializes  to 
a closed  point  we  conclude  that  C — > D identifies  local  rings.  Thus  Proposition 
51.6.6  applies  to  the  ring  map  C —t  D.  Pick  D — »•  D'  faithfully  flat  and  ind-Zariski 
such  that  C — >■  D'  is  ind-Zariski.  Then  B — > D'  is  a solution  to  the  problem  posed 
in  the  proposition.  □ 

51.10.  Constructing  w-contractible  covers 

In  this  section  we  construct  w-contractible  covers  of  affine  schemes. 

Definition  51.10.1.  Let  A be  a ring.  We  say  A is  w-contractible  if  every  faithfully 
fiat  weakly-etale  ring  map  A — >•  B has  a section. 


We  remark  that  by  Proposition  51.9.1  an  equivalent  definition  would  be  to  ask 
that  every  faithfully  flat,  ind-etale  ring  map  A -A  B has  a section.  Here  is  a key 
observation  that  will  allow  us  to  construct  w-contractible  rings. 

Lemma  51.10.2.  Let  A be  a ring.  The  following  are  equivalent 

(1)  A is  w-contractible, 

(2)  every  faithfully  flat,  ind-etale  ring  map  A — ► B has  a section,  and 

(3)  A satisfies 

(a)  Spec(A)  is  w-local, 

(b)  7To(Spec(A))  is  extremally  disconnected , and 

(c)  for  every  maximal  ideal  m C A the  local  ring  Am  is  strictly  henselian. 


Proof.  The  equivalence  of  (1)  and  (2)  follows  immediately  from  Proposition  51.9.1 

Assume  (3) (a),  (3)(b),  and  (3)(c).  Let  A — > B be  faithfully  flat  and  ind-etale.  We 
will  use  without  further  mention  the  fact  that  a flat  map  A — > B is  faithfully  flat 
if  and  only  if  every  closed  point  of  Spec(A)  is  in  the  image  of  Spec(H)  -A  Spec(A) 
We  will  show  that  A — > B has  a section. 

Let  I C A be  an  ideal  such  that  V(I)  C Spec(A)  is  the  set  of  closed  points  of 
Spec(A).  We  may  replace  B by  the  ring  C constructed  in  Lemma  51.5.8  for  A — ► B 
and  IgA.  Thus  we  may  assume  Spec(-B)  is  w-local  such  that  the  set  of  closed 
points  of  Spec(-B)  is  V(IB).  In  this  case  A — »•  B identifies  local  rings  by  condition 
(3)(c)  as  it  suffices  to  check  this  at  maximal  ideals  of  B which  lie  over  maximal 
ideals  of  A.  Thus  A — > B has  a section  by  Lemma  [51. 6. 7[ 


Assume  (1)  or  equivalently  (2).  We  have  (3)(c)  by  Lemma  51.8.5  Properties  (3) (a) 
and  (3)(b)  follow  from  Lemma  51.6.7  □ 
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0983  Proposition  51.10.3.  For  every  ring  A there  exists  a faithfully  flat , ind-etale 
ring  map  A — x D such  that  D is  w-  contractible. 


Proof.  Applying  Lemma  51.8.7  to  idA  : A — > A we  find  a faithfully  flat,  ind-etale 
ring  map  d-)C  such  that  C is  w-local  and  such  that  every  local  ring  at  a maximal 
ideal  of  C is  strictly  henselian.  Choose  an  extremally  disconnected  space  T and  a 
surjective  continuous  map  T 


7r0(Spec(C')),  see  Topology,  Lemma  5.25.9 


that  T is  profinite.  Apply  Lemma  |51.6.2|  to  find  an  ind-Zariski  ring  map  C -A 
such  that  7r0(Spec(.D))  — ► 7r0(Spec(C))  realizes  T — ► 7r0(Spec(C'))  and  such  that 


Note 
-A  D 


Spec(D) 


Spec(C) 


■ 7r0(Spec(L>)) 


■ 7r0(Spec(C)) 


is  cartesian  in  the  category  of  topological  spaces.  Note  that  Spec(-D)  is  w-local, 
that  Spec(D)  — > Spec(C)  is  w-local,  and  that  the  set  of  closed  points  of  Spec(D)  is 
the  inverse  image  of  the  set  of  closed  points  of  Spec(C),  see  Lemma  51.2.5  Thus  it 
is  still  true  that  the  local  rings  of  D at  its  maximal  ideals  are  strictly  henselian  (as 
they  are  isomorphic  to  the  local  rings  at  the  corresponding  maximal  ideals  of  C). 
It  follows  from  Lemma  [51.10. 21  that  D is  w-contractible.  □ 

0984  Remark  51.10.4.  Let  A be  a ring.  Let  k be  an  infinite  cardinal  bigger  or  equal 
than  the  cardinality  of  A.  Then  the  cardinality  of  the  ring  D constructed  in  Propo- 
sition [5TTToT3]  is  at  most 


Namely,  the  ring  map  A — x D is  constructed  as  a composition 

A^AW  = A,->C'^C->D. 

Here  the  first  three  steps  of  the  construction  are  carried  out  in  the  first  paragraph  of 


the  proof  of  Lemma  51.8.7  For  the  first  step  we  have  \AW\  < k by  Remark  51.5.4 


We  have  \C'\  < k by  Remark  51.8.2  Then  |C|  < k because  C is  a localization  of 
(C')w  (it  is  constructed  from  C'  by  an  application  of  Lemma  51.5.7  in  the  proof 


of  Lemma  51.5.8).  Thus  C has  at  most  2K  maximal  ideals.  Finally,  the  ring  map 
C — > D identifies  local  rings  and  the  cardinality  of  the  set  of  maximal  ideals  of  D 

Since  D C IlmcD  we  see  that  ^ 


5.25.10 


is  at  most  22~  by  Topology,  Remark 
has  at  most  the  size  displayed  above. 

0985  Lemma  51.10.5.  Let  A -A  B be  a quasi-finite  and  finitely  presented  ring  map.  If 
the  residue  fields  of  A are  separably  algebraically  closed  and  Spec(A)  is  extremally 
disconnected,  then  Spec(R)  is  extremally  disconnected. 

Proof.  Set  X = Spec(A)  and  Y = Spec(R).  Choose  a finite  partition  X = ]JA,; 
and  X- 


49.69.3 


Because  X is  extremally 


Xi  as  in  Etale  Cohomology,  Lemma 
disconnected,  every  constructible  locally  closed  subset  is  open  and  closed,  hence 
we  see  that  X is  topologically  the  disjoint  union  of  the  strata  X^.  Thus  we  may 
replace  X by  the  Xt  and  assume  there  exists  a surjective  finite  locally  free  morphism 
X'  — > X such  that  (A''  Y)rej_  is  isomorphic  to  a finite  disjoint  union  of  copies 
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of  X'red.  Picture 


n,=i, 


.X' 


X' 


Y 


X 


The  assumption  on  the  residue  fields  of  A implies  that  this  diagram  is  a fibre  product 
diagram  on  underlying  sets  of  points  (details  omitted).  Since  X is  extremally 
disconnected  and  X'  is  Hausdorff  (Lemma  51.5.61,  the  continuous  map  X'  — > X 


has  a continuous  section  cr.  Then  JJj=1  r a(X)  — > 7 is  a bijective  continuous 


map.  By  Topology,  Lemma  5.16.8|  we  see  that  it  is  a homeomorphism  and  the 
proof  is  done.  □ 


0986  Lemma  51.10.6.  Let  A 

w-  contractible,  so  is  B. 


B be  a finite  and  finitely  presented  ring  map.  If  A is 


Proof.  We  will  use  the  criterion  of  Lemma  51.10.2  Set  X = Spec(A)  and  Y = 


Spec(B).  As  Y — > X is  a finite  morphism,  we  see  that  the  set  of  closed  points  Yq  of 
Y is  the  inverse  image  of  the  set  of  closed  points  Xq  of  X.  Moreover,  every  point 
of  Y specializes  to  a unique  point  of  Y0  as  (a)  this  is  true  for  X and  (b)  the  map 
X — y Y is  separated.  For  every  y GY0  with  image  x £ X0  we  see  that  Oy,y  is  strictly 
henselian  by  Algebra,  Lemma  10.148.4  applied  to  Ox,x  B ®a  Ox,x-  It  remains 
to  show  that  Yq  is  extremally  disconnected.  To  do  this  we  look  at  Xq  xjT-)  Xq 
where  Xq  C X is  the  reduced  induced  scheme  structure.  Note  that  the  underlying 
topological  space  of  Xq  Xx  Y agrees  with  Yq.  Now  the  desired  result  follows  from 
Lemma  151.10.51  □ 


0987  Lemma  51.10.7.  Let  A be  a ring.  Let  Z C Spec(A)  be  a closed  subset  of  the  form 
Z =V(f1,...Jr). 

B. 


Set  B = A^,  see  Lemma  51.5.1 


If  A is  w-  contractible,  so  is 


Proof.  Let  A ^ t B be  a weakly  etale  faithfully  flat  ring  map.  Consider  the  ring 
map 

A — > Af1  x . . . x Afr  x B 

this  is  faithful  flat  and  weakly  etale.  If  A is  w-contractible,  then  there  is  a section 
cr.  Consider  the  morphism 

Spec(A^)  —x  Spec(A)  Sp°c^>  1 1 Spec(A/J  II  Spec(13) 

Every  point  of  Z C Spec(A^)  maps  into  the  component  Spec(13).  Since  every  point 
of  Spec(A^)  specializes  to  a point  of  Z we  find  a morphism  Spec(A^)  -»  Spec(l?) 
as  desired.  □ 
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The  (small)  pro-etale  site  of  a scheme  has  some  remarkable  properties.  In  particular, 
it  has  enough  w-contractible  objects  which  implies  a number  of  useful  consequences 
for  the  derived  category  of  abelian  sheaves  and  for  inverse  systems  of  sheaves.  Thus 
it  is  well  adapted  to  deal  with  some  of  the  intricacies  of  working  with  ^-adic  sheaves. 


On  the  other  hand,  the  pro-etale  topology  is  a bit  like  the  fpqc  topology  (see 
Topologies,  Section  33.8)  in  that  the  topos  of  sheaves  on  the  small  pro-etale  site  of 
a scheme  depends  on  the  choice  of  the  underlying  category  of  schemes.  Thus  we 
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cannot  speak  of  the  pro-etale  topos  of  a scheme.  However,  it  will  be  true  that  the 
cohomology  groups  of  a sheaf  are  unchanged  if  we  enlarge  our  underlying  category 
of  schemes. 


Another  curiosity  is  that  we  define  pro-etale  coverings  using  weakly  etale  morphisms 
of  schemes,  see  More  on  Morphisms,  Section  36.46  The  reason  is  that,  on  the  one 
hand,  it  is  somewhat  awkward  to  define  the  notion  of  a pro-etale  morphism  of 
schemes,  and  on  the  other,  Proposition  |51.9.1|  assures  us  that  we  obtain  the  same 
sheaves  with  the  definition  that  follows. 


0989  Definition  51.11.1.  Let  T be  a scheme.  A pro-etale  covering  of  T is  a family  of 
morphisms  {fi  : Ti  — » T}^/  of  schemes  such  that  each  fi  is  weakly-etale  and  such 
that  for  every  affine  open  U C T there  exists  n > 0,  a map  o:{l , . . . ,n}  —t  I and 
affine  opens  Vj  C Ta(i),  j = 1, . . . , n with  (J"=1  fa(j)(Vj ) = U. 

To  be  sure  this  condition  implies  that  T = (J  /j(Tj).  Here  is  a lemma  that  will  allow 
us  to  recognize  pro-etale  coverings.  It  will  also  allow  us  to  reduce  many  lemmas 
about  pro-etale  coverings  to  the  corresponding  results  for  fpqc  coverings. 

098A  Lemma  51.11.2.  Let  T be  a scheme.  Let  {fi  : Ti  — > be  a family  of 

morphisms  of  schemes  with  target  T . The  following  are  equivalent 

(1)  {fi  : Ti  — > T}iS/  is  a pro-etale  covering, 

(2)  each  fi  is  weakly  etale  and  {fi  : Ti  — > T}j6/  is  an  fpqc  covering, 

(3)  each  fi  is  weakly  etale  and  for  every  affine  open  U C T there  exist 
quasi-compact  opens  Ui  C T,  which  are  almost  all  empty,  such  that  U = 

U fi{Ui), 

(4)  each  fi  is  weakly  etale  and  there  exists  an  affine  open  covering  T = 
LLga  Ua  and  for  each  a £ A there  exist  ia,i>  ■ ■ • ,ia,n(a)  £ I and  quasi- 
compact opens  Uaj  C Tia  j such  that  Ua  = Uj=i,...,„(a)  /*a,j  (Pa,j)- 

IfT  is  quasi-separated,  these  are  also  equivalent  to 

(5)  each  fi  is  weakly  etale,  and  for  every  t £ T there  exist  i\ , . . . , in  £ I 
and  quasi-compact  opens  Uj  C T^.  such  that  Uj=i  nfij(Uj)  is  a (not 
necessarily  open)  neighbourhood  oft  in  T. 

Proof.  The  equivalence  of  (1)  and  (2)  is  immediate  from  the  definitions.  Hence 
the  lemma  follows  from  Topologies,  Lemma[33.8.2|  □ 

098B  Lemma  51.11.3.  Any  etale  covering  and  any  Zariski  covering  is  a pro-etale  cov- 
ering. 


Proof.  This  follows  from  the  corresponding  result  for  fpqc  coverings  (Topologies, 


Lemma  33.8.6),  Lemma  51.11.2  and  the  fact  that  an  etale  morphism  is  a weakly 
etale  morphism,  see  More  on  Morphisms,  Lemma  |36.46.9[  □ 


098C  Lemma  51.11.4.  Let  T be  a scheme. 

(1)  If  T'  — y T is  an  isomorphism  then  {T'  — > T}  is  a pro-etale  covering  ofT. 

(2)  If  {Ti  -A  Tf  i^j  is  a pro-etale  covering  and  for  each  i we  have  a pro-etale 
covering  {Tij  — > Ti}j&j.,  then  {T^  -A  T}i€j  jej.  is  a pro-etale  covering. 

(3)  If  {Ti  -A  T}iS/  is  a pro-etale  covering  and  T'  —>  T is  a morphism  of 
schemes  then  {T'  Xt  Ti  — ► T'}jg/  is  a pro-etale  covering. 
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Proof.  This  follows  from  the  fact  that  composition  and  base  changes  of  weakly 
etale  morphisms  are  weakly  etale  (More  on  Morphisms,  Lemmas  36.46.5  and  36.46.6 ), 
Lemma 
Lemma 


51.11.2|  and  the  corresponding  results  for  fpqc  coverings,  see  Topologies, 
33A71  □ 


098D  Lemma  51.11.5.  Let  T be  an  affine  scheme.  Let  {7j  — » be  a pro-etale 

covering  of  T . Then  there  exists  a pro-etale  covering  {Uj  — > T}j=it  _>n  which  is  a 
refinement  of  {Xj  — > T}i&j  such  that  each  Uj  is  an  affine  scheme.  Moreover,  we 
may  choose  each  Uj  to  be  open  affine  in  one  of  the  Ti . 

Proof.  This  follows  directly  from  the  definition.  □ 


Thus  we  define  the  corresponding  standard  coverings  of  affines  as  follows. 

098E  Definition  51.11.6.  Let  T be  an  affine  scheme.  A standard  pro-etale  covering  of 
T is  a family  {fi  : Ti  — > T}i— I,...,,,  with  each  Tj  is  affine,  each  fi  is  weakly  etale, 

and  T = U /zCTi). 


We  interrupt  the  discussion  for  an  explanation  of  the  notion  of  w-contractible  rings 
in  terms  of  pro-etale  coverings. 

098F  Lemma  51.11.7.  LetT  = Spec(A)  be  an  affine  scheme.  The  following  are  equiv- 
alent 


(1)  A is  w-contractible,  and 

(2)  every  pro-etale  covering  of  T can  be  refined  by  a Zariski  covering  of  the 
form  T = U»=si,...,n  Ui- 


Proof.  Assume  A is  w-contractible.  By  Lennna[51.11.5|it  suffices  to  prove  we  can 
refine  every  standard  pro-etale  covering  {fi  : Ti  -A  T}j=i,...,n  by  a Zariski  covering 
of  T.  The  morphism  ]J[  Ti  — > T is  a surjective  weakly  etale  morphism  of  affine 
schemes.  Hence  by  Definition  51.10.1|  there  exists  a morphism  a : T — > ]j  Xt  over 
T.  Then  the  Zariski  covering  T = ]jer_1(Tj)  refines  {fi  : Ti  — > T}. 


Conversely,  assume  (2).  If  A — > B is  faithfully  flat  and  weakly  etale,  then  {Spec(U)  — > 
T}  is  a pro-etale  covering.  Hence  there  exists  a Zariski  covering  T = ]j  Ui  and  mor- 
phisms Ui  —>  Spec(U)  over  T.  Since  T = ]J  Ui  we  obtain  T — > Spec(H),  i.e. , an 
A-algebra  map  B — > A.  This  means  A is  w-contractible.  □ 


We  follow  the  general  outline  given  in  Topologies,  Section  |33.2|  for  constructing 
the  big  pro-etale  site  we  will  be  working  with.  However,  because  we  need  a bit 
larger  rings  to  accommodate  for  the  size  of  certain  constructions  we  modify  the 
constructions  slightly. 

098G  Definition  51.11.8.  A big  pro-etale  site  is  any  site  < Schpro-etaie  as  in  Sites,  Defi- 
nition [710]  constructed  as  follows: 

(1)  Choose  any  set  of  schemes  So,  and  any  set  of  pro-etale  coverings  Cov0 
among  these  schemes. 

(2)  Change  the  function  Bound  of  Sets,  Equation 

Boundffi)  = max{fc2  ,kh°,k+}. 

(3)  As  underlying  category  take  any  category  Scha  constructed  as  in  Sets, 
Lemma |3. 9. 2|  starting  with  the  set  Sq  and  the  function  Bound. 


3. 9. 1.1 ) into 
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(4)  Choose  any  set  of  coverings  as  in  Sets,  Lemma  3.11.1  starting  with  the 
category  Scha  and  the  class  of  pro-etale  coverings,  and  the  set  Cov0  chosen 
above. 


See  the  remarks  following  Topologies,  Definition  33.3.5  for  motivation  and  expla- 
nation regarding  the  definition  of  big  sites. 

Before  we  continue  with  the  introduction  of  the  big  and  small  pro-etale  sites  of  a 
scheme,  let  us  point  out  that  (1)  our  category  contains  many  weakly  contractible 
objects,  and  (2)  the  topology  on  a big  pro-etale  site  Schpro.^taie  is  in  some  sense 
induced  from  the  pro-etale  topology  on  the  category  of  all  schemes. 


098H  Lemma  51.11.9.  Let 

Let  T = Spec(4)  be  an 
is  a weakly  contractible 

be 


S chpr o-etaie  be  a big  pro-etale  site  as  in  Definition  51.11.8 
affine  object  of  Schpro_etaie  ■ if  A is  w- contractible,  then  7 
(Sites,  Definition  7.39.2 ) object  of  Schpro^taie- 

a surjection  of  sheaves  on  Schpro^taie ■ Let  s £ G{T).  We 
in  the  image  of  T(T)  — > Q(T).  We  can  find  a covering 


Proof.  Let  F — ► Q 
have  to  show  that  s is 
{Ti  — > T}  of  Schpro_etaie  such  that  s lifts  to  a section  of  T over  Tj  (Sites,  Definition 
7.12.1).  By  Lemma  51.11.7  we  can  refine  {Ti  — > T}  by  a Zariski  covering  of  the 

Hence  we  get  tj  £ F{Uj)  mapping  to  s|[/..  Since  Zariski 
in  Schpro_etaie  (Lemma  51.11.3)  we  conclude  that  F{T)  = 
t = {ti, 


for 


T=Uj=1,...,mVr 

coverings  are  coverings 
Y\T{Uj).  Thus,  taking 


,tm)  £ J-{T ) is  a section  mapping  to  s. 


□ 


0981  Lemma  51.11.10.  Let  Schpro_^taie  be  a big  pro-etale  site  as  in  Definition 


51.11.8 


For  every  object  T of  Schpro^taie  there  exists  a covering  { T \ -A  T}  in  ScKf,ro^taie 
with  each  Ti  affine  and  the  spectrum  of  a w-  contractible  ring.  In  particular,  Ti  is 
weakly  contractible  in  Schpro.^taie- 

Proof.  For  those  readers  who  do  not  care  about  set-theoretical  issues  this  lemma 
is  a trivial  consequence  of  Lemma  51.11.9  and  Proposition  51.10.3|  Here  are  the 
details.  Choose  an  affine  open  covering  T = |J  Ui.  Write  Ui  = Spec(Hj).  Choose 
faithfully  flat,  ind-etale  ring  maps  Ai  -A  Di  such  that  Di  is  w-contractible  as  in 


Proposition  51.10.3  The  family  of  morphisms  {Spec(Dj)  — > T}  is  a pro-etale  cover- 
ing. If  we  can  show  that  Spec  {Di)  is  isomorphic  to  an  object,  say  Tj,  of  Schpro.£taie , 
then  {Tj  — > T}  will  be  combinatorially  equivalent  to  a covering  of  Schpro^taie  by 


the  construction  of  Schpro^taie  hr  Definition  51.11.8  and  more  precisely  the  appli- 


cation of  Sets,  Lemma  3.11.1  in  the  last  step.  To  prove  Spec(Dj)  is  isomorphic  to 
an  object  of  Schpro^taie,  it  suffices  to  prove  that  |Dj|  < Bound{Size{T ))  by  the 
construction  of  Schpro_etaie  in  Definition 
of  Sets,  Lemma  [3.9.2  in  step  (3).  Since 


3.9.4 


and 


3.9.7 


A. 


51.11.8  and  more  precisely  the  application 
< siz e{Ui)  < size(T)  by  Sets,  Lemmas 


we  get  Dj  | < k2  where  n = size(T)  by  Remark 


our  choice  of  the  function  Bound  in  Definition  151. ll(8l  we  win. 


51.10.4 


Thus  by 

□ 


098J 


51.11.8 


Lemma  51.11.11.  Let  Schpro-£taie  be  a big  pro-etale  site  as  in  Definition 
Let  T £ Ob {Schpro_etaie) ■ Let  {Tj  — > T}jg/  be  an  arbitrary  pro-etale  covering  of 
T.  There  exists  a covering  {Uj  — > T}jgj  of  T in  the  site  Schpro-etaie  which  refines 
{Tj  T}jg/ . 

Proof.  Namely,  we  first  let  {14  — > T}  be  a covering  as  in  Lemma  51.11.10  Then 
the  pro-etale  coverings  {Tj  xT  14  — > 14}  can  be  refined  by  a finite  disjoint  open 

T}  is  a covering 


covering  Vj.  = Vj:1  H . . . H I4jTI(.  , see  Lemma  51.11.7  Then  {14, j 
of  Schpro.etaie  which  refines  {Tj  ->  T}ie/. 


□ 
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098K  Definition  51.11.12.  Let  S be  a scheme.  Let  Schpro-etaie  be  a big  pro-etale  site 
containing  S. 

(1)  The  big  pro-etale  site  of  S,  denoted  (Sch/  S)pro-^taie,  is  the  site  Schpro-£taie/ S 
introduced  in  Sites,  Section  [7. 24| 

(2)  The  small  pro-etale  site  of  S,  which  we  denote  Spro-£taiei  is  the  full  subcat- 
egory of  {Sch/ S)pro-£taie  whose  objects  are  those  U/S  such  that  U -»  S 
is  weakly  etale.  A covering  of  Spro.^taie  is  any  covering  {17,  -A  17}  of 
(Sc-hf  S)pro  -etale  with  U G Ob(5pro-ftoie). 

(3)  The  big  affine  pro-etale  site  of  S,  denoted  ( Ajf/S)pro-&taie > is  the  full  sub- 
category of  {Sch/ S)pro_£taie  whose  objects  are  affine  U/S.  A covering  of 
(Aff/ S) pro-etale  is  any  covering  {17,  -A-  U}  of  ( Sch/ S)pro-etaie  which  is  a 
standard  pro-etale  covering. 


It  is  not  completely  clear  that  the  small  pro-etale  site  and  the  big  affine  pro-etale 
site  are  sites.  We  check  this  now. 

098L  Lemma  51.11.13.  Let  S be  a scheme.  Let  Schpro_etaie  be  a big  pro-etale  site 
containing  S.  Both  Spro^taie  cm d (Aff/ S)pro.£tale  are  sites. 


Proof.  Let  us  show  that  Spro-etaie  is  a site.  It  is  a category  with  a given  set  of 
families  of  morphisms  with  fixed  target.  Thus  we  have  to  show  properties  (1),  (2) 
and  (3)  of  Sites,  Definition  7.6.2  Since  (Sch/ S)pro^taie  is  a site,  it  suffices  to  prove 
that  given  any  covering  {U  ->■  17}  of  (Sch/ S)pro-etaie  with  U G Ob(Spro-4taie)  we 
also  have  17,  G Ob(Spro-£taie)  ■ This  follows  from  the  definitions  as  the  composition 
of  weakly  etale  morphisms  is  weakly  etale. 


098M 


To  show  that  (Aff/ S)pro. etale  is  a site,  reasoning  as  above,  it  suffices  to  show  that 
the  collection  of  standard  pro-etale  coverings  of  affines  satisfies  properties  (1),  (2) 
and  (3)  of  Sites,  Definition  7.6.2  This  follows  from  Lemma  51.11.2  and  the  corre- 
sponding result  for  standard  fpqc  coverings  (Topologies,  Lemma  33.8.  To|.  □ 


Lemma  51.11.14.  Let  S be  a scheme.  Let  Schpro-etaie  be  a big  pro-etale  site 
containing  S . Let  Sch  be  the  category  of  all  schemes. 

(1)  The  categories  Schpro-etaie,  (Sch/ S') pro-etale?  Spro-etalei  and  (Aff/ S') pro-£tale 
have  fibre  products  agreeing  with  fibre  products  in  Sch. 

(2)  The  categories  Schpro-etaie,  (Sch/ S)pro-£taie,  Sprostaie  have  equalizers  agree- 
ing with  equalizers  in  Sch. 

(3)  The  categories  (Sch/ S)pro-etaie,  and  Spro-£taie  both  have  a final  object , 
namely  S/S. 

(4)  The  category  Schpro_etaie  has  a final  object  agreeing  with  the  final  object 
of  Sch,  namely  Spec(Z). 


Proof.  The  category  Schpro-£taie  contains  Spec(Z)  and  is  closed  under  products  and 
fibre  products  by  construction,  see  Sets,  Lemma  [3. 9. 9[  Suppose  we  have  U S, 
V — ^ 17,  W — y U morphisms  of  schemes  with  U,V,W  G Ob(Schpro_^taie).  The  fibre 
product  V Xu  W in  Schpro-£taie  is  a fibre  product  in  Sch  and  is  the  fibre  product 
of  V/S  with  W/S  over  U/S  in  the  category  of  all  schemes  over  S,  and  hence  also 
a fibre  product  in  (Sch/ S)pro-^taie-  This  proves  the  result  for  (Sch/ S)pro.^taie-  If 
17  — ► S,  V — > U and  W U are  weakly  etale  then  so  is  V x u W — > 5 (see  More  on 
Morphisms,  Section  36.46 ) and  hence  we  get  fibre  products  for  Spro.£taie-  If  U,  V,  W 
are  affine,  so  is  V xvW  and  hence  we  get  fibre  products  for  (Aff/S)pro-etaie. 
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Let  a,6  : U — > V be  two  morphisms  in  Schpro.^taie-  In  this  case  the  equalizer  of  a 
and  6 (in  the  category  of  schemes)  is 

V XA  v/Sp.c(z),VxSp<)c(z)V,(a,&)  (U  X Spec(Z)  U) 

which  is  an  object  of  Schpro-etaie  by  what  we  saw  above.  Thus  Schpro^taie  has 
equalizers.  If  a and  6 are  morphisms  over  S,  then  the  equalizer  (in  the  category  of 
schemes)  is  also  given  by 


v XA v/s,VxsV,(a,b)  (U  XsU) 

hence  we  see  that  (Sch/  S)pro.^taie  has  equalizers.  Moreover,  if  U and  V are  weakly- 
etale  over  S,  then  so  is  the  equalizer  above  as  a fibre  product  of  schemes  weakly 
etale  over  S.  Thus  Spro^taie  has  equalizers.  The  statements  on  final  objects  is 
clear.  □ 


Next,  we  check  that  the  big  affine  pro-etale  site  defines  the  same  topos  as  the  big 
pro-etale  site. 

098N  Lemma  51.11.15.  Let  S be  a scheme.  Let  Schpro-etaie  be  a big  pro-etale  site 
containing  S.  The  functor  (Aff/ S)pro_etaie  ~ ► (Sch/ S)pro_etaie  is  a special  cocontin- 
uous  functor.  Hence  it  induces  an  equivalence  of  topoi  from  Sh((Aff/ S)pro_etaie)  bo 
Sh((Sch/ S^pro-etale)  • 


Proof.  The  notion  of  a special  cocontinuous  functor  is  introduced  in  Sites,  Defini- 
tion 7.28.2  Thus  we  have  to  verify  assumptions  (1)  - (5)  of  Sites,  Lemma  7.28.1 
Denote  the  inclusion  functor  u : (Aff/ S)pro-&tale  — > (Sch/ S)pro-etale-  Being  cocon- 
tinuous just  means  that  any  pro-etale  covering  of  T /S,  T affine,  can  be  refined  by 
a standard  pro-etale  covering  of  T.  This  is  the  content  of  Lemma  |51.11.5|  Hence 
(1)  holds.  We  see  u is  continuous  simply  because  a standard  pro-etale  covering  is 
a pro-etale  covering.  Hence  (2)  holds.  Parts  (3)  and  (4)  follow  immediately  from 
the  fact  that  u is  fully  faithful.  And  finally  condition  (5)  follows  from  the  fact  that 
every  scheme  has  an  affine  open  covering.  □ 


098P  Lemma  51.11.16.  Let  Schpro-etaie  be  a big  pro-etale  site.  Let  f : T S be  a 
morphism  in  Schpro.^taie-  The  functor  Tpro_etaie  — ► (Sch/ S)pro-£taie  Is  cocontinuous 
and  induces  a morphism  of  topoi 

if  . Sh(Tpro_etale  ) ^ Sh((Sch/ S^pro-etale) 

For  a sheaf  Q on  (Sch/ S)pro^taie  we  have  the  formula  ( riJ1Q)(U/T ) = Q(U/S). 
The  functor  if1  also  has  a left  adjoint  iff  which  commutes  with  fibre  products  and 
equalizers. 


Proof.  Denote  the  functor  u : Tpro^taie  —■ y (Sch/ S)pro-&taie-  In  other  words,  given 
a weakly  etale  morphism  j : U — ► T corresponding  to  an  object  of  TJjro_f;toie  we 
set  u(U  —>T)  = (foj:U—i-S).  This  functor  commutes  with  fibre  products,  see 
Lemma  51.11.14  Moreover,  Tpro_etaie  has  equalizers  and  u commutes  with  them  by 
Lemma  51.11.14  It  is  clearly  cocontinuous.  It  is  also  continuous  as  u transforms 
coverings  to  coverings  and  commutes  with  fibre  products.  Hence  the  lemma  follows 
from  Sites,  Lemmas  |7.20.5|  and  |7.20.6|  □ 
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098Q  Lemma  51.11.17.  Let  S be  a scheme.  Let  Schpro-etaie  be  a big  pro-etale  site 
containing  S.  The  inclusion  functor  Spro.^tale  — > (Sch/ S)pro.^taie  satisfies  the  hy- 
potheses of  Sites,  Lemma\7.20.8\  and  hence  induces  a morphism  of  sites 

7t s ■ (Sch/S)pro  -etale  ^ & pro-etale 

and  a morphism  of  topoi 

ZS  • Sh(S pro-etale  ) — ► Sh{(Sch/S)pro 

- etale ) 

such  that  ns  o ig  = id.  Moreover,  is  = iids  with  as  in  Lemma  \51.11.lfy  In 
particular  the  functor  if.1  = ns,*  is  described  by  the  rule  if1(G)(U/S)  = Q(U/S). 


Proof.  In  this  case  the  functor  u : Spro^taie  — ► (Sch/ S)pro.&taiei  in  addition  to 
the  properties  seen  in  the  proof  of  Lemma  [51. 11. 16|  above,  also  is  fully  faithful  and 
transforms  the  final  object  into  the  final  object.  The  lemma  follows  from  Sites, 
Lemma  17.20.81  □ 


098R  Definition  51.11.18.  In  the  situation  of  Lemma  51.11.17  the  functor  if,1  = ns,* 
is  often  called  the  restriction  to  the  small  pro-etale  site , and  for  a sheaf  J-  on  the 
big  pro-etale  site  we  denote  ,F|g pro_itaU  this  restriction. 


With  this  notation  in  place  we  have  for  a sheaf  T on  the  big  site  and  a sheaf  Q on 
the  big  site  that 

M°*sh(sPro_ttale)(Jr\spro_Hale,G)  = Mor  sh({Sch/s)pro.tta.le)(F,is,*G) 
Mo*Sh(spro_ttale)(G,  F\spro.tt«iJ  = MoTShasch/s)pro.italB)(^s1S  i 
Moreover,  we  have  (is,*G)\spro.itale  = G and  we  have  (ng  XG)\spro.itale  = G- 

098S  Lemma  51.11.19.  Let  Schpro^taie  be  a big  pro-etale  site.  Let  f : T — ► S be  a 
morphism  in  Schpro_etaie-  The  functor 

U : ( Sch/T)pro_etale  > (Sch/ S)pr0-6tale,  V/T  I > V/S 

is  cocontinuous,  and  has  a continuous  right  adjoint 

V : (Sch/ S)pro-etale  — ► (Sch/T)pro_eta.le,  (U  — »■  S)  I > (U  XjT->  T). 

They  induce  the  same  morphism  of  topoi 


fbig  '•  Sh((Sch/T)pro_£tale)  y Sh((Sch/ S^)pro.^tale) 

We  have  f^(G)(U/T)  = G(U/S).  We  have  fbig,* ( F)(U/S)  = T(UxsT/T).  Also, 
fbig  has  a left  adjoint  fbig\  which  commutes  with  fibre  products  and  equalizers. 

Proof.  The  functor  u is  cocontinuous,  continuous,  and  commutes  with  fibre  prod- 


ucts and  equalizers  (details  omitted;  compare  with  proof  of  Lemma  51.11.16). 
Hence  Sites,  Lemmas  7.20.5  and  7.20.6  apply  and  we  deduce  the  formula  for  fjfig 


and  7.z 

and  the  existence  of  fbig\.  Moreover,  the  functor  v is  a right  adjoint  because  given 
U/T  and  V/S  we  have  Morg(u(f/),  V)  = Mopt(/7,  V Xg  T)  as  desired.  Thus  we 
may  apply  Sites,  Lemmas |7.21.1| and |7.21.2| to  get  the  formula  for  fbig,*-  □ 


098T  Lemma  51.11.20.  Let  Schpro^taie  be  a big  pro-etale  site.  Let  f : T —y  S be  a 
morphism  in  Schpro_etaie- 


(1)  We  have  if  = fbigoiT  with  if  as  in  Lemma  51.11.16  and  It  as  in  Lemma 
\51.11.1j\ 
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(2) 


(3) 


The  fuTldoV  Spro-etale  ^ Tpro-etale j (ff 

uous  and  induces  a morphism  of  topoi 

f small  ■ Sh{Tpro_gtale ) ^ Sh(Spro-etale)  ■ 

We  have  f smaii ,.(F)(U / S)  = F(U  xsT/T). 

We  have  a commutative  diagram  of  morphisms  of  sites 

- ( Sch/T)pro 

-etale 

fbig 


S)  h- > (U  XST^T)  is  contin- 


T, 


pro-etale 


fs , 


^pro-etale 


{Sch/  S'jpro-etale 


so  that  f smaii  o itt  = its  ° fbig  as  morphisms  of  topoi. 

(4)  We  have  f small  = tts  o fbig  oiT  = tts  oif. 

Proof.  The  equality  if  = fbig  ° follows  from  the  equality  if1  = iff  o fjff  which 
is  clear  from  the  descriptions  of  these  functors  above.  Thus  we  see  (1). 

The  functor  u : Spro^taie  -t  Tpro^taie,  u(U  ->  S)  = (U  x s T -)•  T)  transforms 
coverings  into  coverings  and  commutes  with  fibre  products,  see  Lemmas  |51.11.4| 
and  51.11.14  Moreover,  both  Spro^taie,  Tpro^taie  have  final  objects,  namely  S/S 
and  T/T  and  u(S/S)  = T/T.  Hence  by  Sites,  Proposition  7.15.6  the  functor  u 
corresponds  to  a morphism  of  sites  Tpro_etaie  — ► Spro^taie-  This  in  turn  gives  rise  to 
the  morphism  of  topoi,  see  Sites,  Lemma[7T6]2]  The  description  of  the  pushforward 
is  clear  from  these  references. 


Part  (3)  follows  because  tts  and  n it  are  given  by  the  inclusion  functors  and  fsmaii 
and  fbig  by  the  base  change  functors  U i->  U XgT. 

Statement  (4)  follows  from  (3)  by  precomposing  with  D 

In  the  situation  of  the  lemma,  using  the  terminology  of  Defiiiition|51.11.18|we  have: 
for  T a sheaf  on  the  big  pro-etale  site  of  T 

(fbig,*f~')  | Spro-etale  = f Small  ,*  [fF  I Tpro.e-t  aJe  ) ) 

This  equality  is  clear  from  the  commutativity  of  the  diagram  of  sites  of  the  lemma, 
since  restriction  to  the  small  pro-etale  site  of  T,  resp.  S is  given  by  ttt,*,  resp.  ns,*- 
A similar  formula  involving  pullbacks  and  restrictions  is  false. 

098U  Lemma  51.11.21.  Given  schemes  X,  Y,  Y in  Schpro-etaie  bind  morphisms  f : 
X -A  Y,  g :Y  -»  Z we  have  gbig  o fbig  = (go  f)big  and  gsmaii  ° f small  = (go  f) small ■ 


Proof.  This  follows  from  the  simple  description  of  pushforward  and  pullback  for 


the  functors  on  the  big  sites  from  Lemma  51.11.19  For  the  functors  on  the 


small  sites  this  follows  from  the  description  of  the  pushforward  functors  in  Lemma 
151.11.201  □ 


We  can  think  about  a sheaf  on  the  big  pro-etale  site  of  S'  as  a collection  of  sheaves 
on  the  small  pro-etale  site  on  schemes  over  S. 

098V  Lemma  51.11.22.  Let  S be  a scheme  contained  in  a big  pro-etale  site  Schpro.^taie- 
A sheaf  T on  the  big  pro-etale  site  (Sch/ S)pro^taie  is  given  by  the  following  data: 

(1)  for  every  T/S  £ Ob  ((Sch/  S)pro^taie)  a sheaf  FT  on  Tpro_etaie, 

(2)  for  every  f : T'  T in  (Sch/ S)pro_etaie  a map  cf  : ff^aUXT  ->  Tt>  ■ 
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These  data  are  subject  to  the  following  conditions: 

(a)  given  any  f :T'  — ► T and  g : T"  -A  T'  in  (Sch/ S)pro^taie  the  composition 
9 smaiic f ° c9  is  eQual  to  cfog,  and 

(b)  if  f : T'  — > T in  (Sch/  S)pro.^taie  ts  weakly  etale  then  Cf  is  an  isomorphism. 


Proof.  Identical  to  the  proof  of  Topologies,  Lemma [33.4. 18 


□ 


098W  Lemma  51.11.23.  Let  S be  a scheme.  Let  Saf  fine, pro-etaie  denote  the  full  subcat- 
egory of  Spro_etaie  consisting  of  affine  objects.  A covering  of  Saffine,pro^taie  will  be 
a standard  etale  covering,  see  Definition\5 1 . 1 1 ,d[  Then  restriction 

T I > T\ Saffine,dtale 

defines  cm  ecpiivnlence  of  topoi  Sh(S pro -etale)  = f fine, pro -etale)  • 


Proof.  This  you  can  show  directly  from  the  definitions,  and  is  a good  exercise.  But 
it  also  follows  immediately  from  Sites,  Lemma[7.28.1  by  checking  that  the  inclusion 
functor  Saffine^pro-etale  S , 

Definition  7.28.2). 


pro-etaie  is  a special  cocontinuous  functor  (see  Sites, 

□ 


098X  Lemma  51.11.24.  Let  S be  an  affine  scheme.  Let  Sapp  denote  the  full  subcategory 
of  Spro-etaie  consisting  of  affine  objects  U such  that  O(S)  — > 0(11 ) is  ind-etale.  A 
covering  of  Sapp  will  be  a standard  pro- etale  covering,  see  Definition  51.11.6  Then 
restriction 

F ' — » F\ sapp 

defines  an  equivalence  of  topoi  Sh(Spro.^taie)  — Sh(Sapp )■ 


Proof.  By  Lemma  51.11.23  we  may  replace  Spro^tale  by  Saf fine, pro-etaie-  The 


lemma  follows  from  Sites,  Lemma  |7.28.1|  by  checking  that  the  inclusion  functor 
Sapp  —>  SaffinetPro_etaie  is  a special  cocontinuous  functor,  see  Sites,  Definition 


|7.28.2|  The  conditions  of  Sites,  Lemma  |7.28.1|  follow  immediately  from  the  def- 
inition and  the  facts  (a)  any  object  U of  Saf fine, pro-etaie  has  a covering  {V  — >•  U} 
with  V ind-etale  over  X (Proposition  51.9.1)  and  (b)  the  functor  u is  fully  faith- 
ful. ' □ 


Next  we  show  that  cohomology  of  sheaves  is  independent  of  the  choice  of  a partial 
universe.  Namely,  the  functor  g * of  the  lemma  below  is  an  embedding  of  pro-etaie 
topoi  which  does  not  change  cohomology. 


098Y  Lemma  51.11.25.  Let  S be  a scheme.  Let  Spro.^taie  C S'vro&tale  be  two  small  pro- 
etaie  sites  of  S as  constructed  in  Definition  51.11.1 Then  the  inclusion  functor 
satisfies  the  assumptions  of  Sites,  Lemma  |7 .20.8[  Hence  there  exist  morphisms  of 
topoi 

Sh(Spro.6tale I — ^ Sh(S'ale)  Sh(Spro.,tale) 


whose  composition  is  isomorphic  to  the  identity  and  with  f*=g  1 . Moreover, 

(1)  forP  € Ab(S'pro_,tale)  we  have  Hp (S'pro_itale,  P)  = Hp  (Svro.,tale,  g~' P) , 

(2)  for  T e Ab(Spro-etaie)  we  have 

HP(Spro-etalei  T)  = Hp(Spro 

- etale  ’ 9*  T)  = Hp(Spro 

- etale ’ r'n 
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098Z 


Proof.  The  inclusion  functor  is  fully  faithful  and  continuous.  We  have  seen  that 
Spro-etaie  and  S'pro_itale  have  fibre  products  and  final  objects  and  that  our  functor 
commutes  with  these  (Lemma  51.11.14).  It  follows  from  Lemma  51.11.11  that  the 
inclusion  functor  is  cocontinuous.  Hence  the  existence  of  / and  g follows  from  Sites, 
Lemma  7.20.8|  The  equality  in  (1)  is  Cohomology  on  Sites,  Lemma  21.8.2  Part 
(2)  follows  from  (1)  as  T = g~1g*T  = g~1f~1J7.  □ 


Lemma  51.11.26.  Let  S be  a scheme.  The  topology  on  each  of  the  pro-etale  sites 
Spro-etale ; (Sch/ S^pro-£tale;  ^af fine, pro-etale)  and  (Aff j S^)pro-etale  2S  SubcanOnical. 


Proof.  Combine  Lemma [51. 11. 2|  and  Descent,  Lemma [34. 9. 3|  □ 

0990  Lemma  51.11.27.  Let  S be  a scheme.  The  pro-etale  sites  Spro_etaie>  (Sch/ S)pro-etaie! 
Saf fine, pro-etale j and  (Aff/ S^jpro-etaie  and  if  S is  affine  Sapp  have  enough  Quasi - 
compact,  weakly  contractible  objects,  see  Sites,  Definition  | 7. 39. 4 

Proof.  Follows  immediately  from  Lemma  [51. 11. 10|  □ 
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0991  We  first  apply  Deligne’s  criterion  to  show  that  there  are  enough  points. 

0992  Lemma  51.12.1.  Let  S be  a scheme.  The  pro-etale  sites  Spro^taie,  (Sch/ S)pro.^taie> 
Saf fine, pro-etale;  and  (Aff/ S^)pro~etaie  have  enough  points. 


Proof.  The  big  topos  is  equivalent  to  the  topos  defined  by  (Aff/ S)pro^taie,  see 
Lemma  51.11.15  The  topos  of  sheaves  on  Spro^taie  is  equivalent  to  the  topos  associ- 
ated to  Saf fine, pro-etale;  see  Leimnapl. 11.23  The  result  for  the  sites  (Aff/ S)pro^taie 
and  Saf fine, pro-etale  follows  immediately  from  Deligne’s  result  Sites,  Proposition 
17.38.31  □ 


Let  S'  be  a scheme.  Let  s : Spec(fc)  — ► S be  a geometric  point.  We  define  a pro-etale 
neighbourhood  of  s to  be  a commutative  diagram 

Spec(fc)  — U 

U 


s 


with  U — Y S weakly  etale.  In  exactly  the  same  manner  as  in  the  chapter  on 
etale  cohomology  one  shows  that  the  category  of  pro-etale  neighbourhoods  of  s is 
cofiltered.  Moreover,  if  (U,u)  is  a pro-etale  neighbourhood,  and  if  {Ui  — > U}  is  a 
pro-etale  covering,  then  there  exists  an  i and  a lift  of  u to  a geometric  point  u,  of 
Ui.  For  T in  Sh(Spro.&taie)  define  the  stalk  of  T ats  by  the  formula 

JE  = colim(C/jS)  T(U) 

where  the  colimit  is  over  all  pro-etale  neighbourhoods  (U,  u)  of  s with  U £ Ob (Spro-£taie) ■ 
A formal  argument  using  the  facts  above  shows  the  functor  J-  i— > T-g  defines  a point 
of  the  topos  Sh(Spro_ataie) ' it  is  an  exact  functor  which  commutes  with  arbitrary 
colimits.  In  fact,  this  functor  has  another  description. 

0993  Lemma  51.12.2.  In  the  situation  above  the  scheme  Spec(C)|.?i5)  is  an  object  of 
Xpro-etaie  and  there  is  a canonical  isomorphism 

JXSpec  (Oas%))  = T-s 
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functorial  in  T . 


Proof.  The  first  statement  is  clear  from  the  construction  of  the  strict  henselization 
as  a filtered  colimit  of  etale  algebras  over  S,  or  by  the  characterization  of  weakly 
etale  morphisms  of  More  on  Morphisms,  Lemma  |36.46.11  The  second  statement 
follows  as  by  Olivier’s  theorem  (More  on  Algebra,  Theorem  15.78.24)  the  scheme 
Spec (Og^)  is  an  initial  object  of  the  category  of  pro-etale  neighbourhoods  of  s.  □ 


Contrary  to  the  situation  with  the  etale  topos  of  S it  is  not  true  that  every  point 
of  Sh(Spro^taie)  is  of  this  form,  and  it  is  not  true  that  the  collection  of  points 
associated  to  geometric  point  is  conservative.  Namely,  suppose  that  S = Spec (k) 
where  k is  an  algebraically  closed  field.  Let  A be  an  abelian  group.  Consider  the 
sheaf  T on  Spro^taie  defined  by  the  rule 

{functions  U — > A} 

{locally  constant  functions} 

Then  E(U)  = 0 if  U = S = Spec (k)  but  in  general  T is  not  zero.  Namely,  Spro-etale 
contains  objects  with  infinitely  many  points.  For  example,  let  E = lim  En  be  an 
inverse  limit  of  finite  sets  with  surjective  transition  maps,  e.g.,  E = limZ/?iZ.  The 
scheme  Spec(colimMap(£’rl,  k))  is  an  object  of  Spro.4tale  because  colimMap(£’rl,  k) 
is  weakly  etale  (even  ind-Zariski)  over  k.  Thus  T is  a nonzero  abelian  sheaf  whose 
stalk  at  the  unique  geometric  point  of  S is  zero. 


The  solution  is  to  use  the  existence  of  quasi-compact,  weakly  contractible  ob- 
jects. First,  there  are  enough  quasi-compact,  weakly  contractible  objects  by  Lemma 


the  functor 

Sh(Spro-etale  ) — » Sets,  T I — !>  E(W) 

is  an  exact  functor  Sh(Spro-&taie)  Sets  which  commutes  with  all  limits.  The 
functor 


51.11.27 


Second,  if  W € Ob (Spro^taie)  is  quasi-compact,  weakly  contractible,  then 


Ab(S pr  0-etale  ) — > Ab,  — > E{W) 

is  exact  and  commutes  with  direct  sums  (as  W is  quasi-compact,  see  Sites,  Lemma 


7.11.2),  hence  commutes  with  all  limits  and  colimits.  Moreover,  we  can  check  ex- 


actness of  a complex  of  abelian  sheaves  by  evaluation  at  the  quasi-compact,  weakly 


contractible  objects  of  Spro-£taie,  see  Cohomology  on  Sites,  Proposition  21.39.2 


51.13.  Compact  generation 

0994  Let  S'  be  a scheme.  The  site  Spro.^taie  has  enough  quasi-compact,  weakly  con- 
tractible objects  U.  For  any  sheaf  of  rings  A on  Spro.staie  the  corresponding  ob- 
jects ju'.Au  are  compact  objects  of  the  derived  category  D(A),  see  Cohomology 
on  Sites,  Lemma  |21.40.5|  Since  every  complex  of  M-modules  is  quasi-isomorphic 
to  a complex  whose  terms  are  direct  sums  of  the  modules  ju\Ajj  (details  omitted). 
Thus  we  see  that  D(A)  is  generated  by  its  compact  objects. 

The  same  argument  works  for  the  big  pro-etale  site  of  S. 
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51.14.  Generalities  on  derived  completion 


0995  We  urge  the  reader  to  skip  this  section  on  a first  reading. 


The  algebra  version  of  this  material  can  be  found  in  More  on  Algebra,  Section 
I5J21  Let  © be  a sheaf  of  rings  on  a site  C.  Let  / be  a global  section  of  ©.  We 
denote  ©/  the  sheaf  associated  to  the  presheaf  of  localizations  U i-a  0(U)f. 

0996  Lemma  51.14.1.  Let  ( C,0 ) be  a ringed  site.  Let  f be  a global  section  of  O. 

(1)  For  L,N  £ D(Oj)  we  have  R'Homo{L,N)  = R'Homof{L,N).  In  partic- 
ular the  two  O f -structures  on  RRomoiL,  N)  agree. 

(2)  For  K £ D((D)  and  L £ D(Of)  we  have 

RHomoiL,  K)  = RRomof  ( L , RRomoiO / , K )) 

In  particular  RRomoiO / , RRomo(0 / , K ))  = RRomoiO / , K). 

(3)  If  g is  a second  global  section  of  O,  then 

RRomoiO  f , RRomoiO  g,  A'))  = RRomo(Ogf , AT). 


Proof.  Proof  of  (1).  Let  J * be  a K-injective  complex  of  ©/-modules  representing 
N.  By  Cohomology  on  Sites,  Lemma  21.20.3  it  follows  that  J * is  a K-injective 
complex  of  0-modules  as  well.  Let  F*  be  a complex  of  ©/-modules  representing 
L.  Then 


RRomo{L,  N)  = RRomoifF* , J*)  = RRomo f[fF* iJ*) 

by  Modules  on  Sites,  Lemma [1 8 . 1 1 . 4| because  J * is  a K-injective  complex  of  O and 
of  ©/-modules. 


Proof  of  (2).  Let  I*  be  a K-injective  complex  of  ©-modules  representing  K.  Then 
RHomo{Of,K)  is  represented  by  Romo(0 /,X*)  which  is  a K-injective  complex 


of  ©/-modules  and  of  ©-modules  by  Cohomology  on  Sites,  Lemmas  21.20.4  and 


21.20.3  Let  T*  be  a complex  of  ©/-modules  representing  L.  Then 


RHom0{L,K)  = RRom0{F*  X)  = RRom0f{Fm  ,Rom0(Of,r)) 

and  because  Romo (©/,!*)  is  a K-injective 


by  Modules  on  Sites,  Lemma 
complex  of  ©/-modules. 


18.27.5 


Proof  of  (3).  This  follows  from  the  fact  that  RRomo(OgiX*)  is  K-injective  as  a 
complex  of  ©-modules  and  the  fact  that  Romo{0  f,Romo(Og,R))  = Romo{Ogf , R) 
for  all  sheaves  of  ©-modules  R.  □ 


Let  K £ D{0).  We  denote  T{K,f)  a derived  limit  (Derived  Categories,  Definition 


13.32.1 ) of  the  system 


K 


K W K 


in  D(0). 

0997  Lemma  51.14.2.  Let  (C,©)  be  a ringed  site.  Let  f be  a global  section  of  O . Let 
I\  £ D(O).  The  following  are  equivalent 

(1)  RRomoiO f,  K)  = 0, 

(2)  RRom0{L,K ) = 0 for  all  L in  ©(©/), 

(3)  TiK,f)  = 0. 
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Proof.  It  is  clear  that  (2)  implies  (1).  The  implication  (1)  =>  (2)  follows  from 
Lemma  51.14.1  A free  resolution  of  the  0-module  Of  is  given  by 


04®  0^0 


n£N 


0 


where  the  first  map  sends  a local  section  (a;0,  xi,...)  to  (fx  q — X\,  fx  i — X2,  ■ ■ ■)  and 
the  second  map  sends  (xq,  Xi,  . . .)  to  xq+x\/ f+x^/ f2  + - ■ Applying 
where  I*  is  a K-injective  complex  of  0-modules  representing  K we  get  a short  exact 
sequence  of  complexes 


0 -4  HomoiOfX ) — y -4  JJl*  -4  0 


0998 


because  In  is  an  injective  0-module.  The  products  are  products  in  0(0),  see 
Injectives,  Lemma  19.13.4  This  means  that  the  object  T(K,f)  is  a representative 
of  RRomo(Of,K)  in  0(0).  Thus  the  equivalence  of  (1)  and  (3).  □ 


Lemma  51.14.3.  Let  ( C,0 ) be  a ringed  site.  Let  K £ 0(0).  The  rule  which 
associates  to  U the  set  1(0)  of  sections  f £ 0(U)  such  that  T(K\u,f)  = 0 is  a 
sheaf  of  ideals  in  0. 


Proof.  We  will  use  the  results  of  Lemma  51.14.2  without  further  mention.  If  f £ 
0(0),  and  g £ 0(0),  then  Ojj,gf  is  an  Ouj- module  hence  RRomo(Ou.gf , K\u)  = 
0,  hence  gf  £ 0(0).  Suppose  f,g  £ 0(0).  Then  there  is  a short  exact  sequence 


0 -4  0( Jj+g  -4  0[/, /(/+<?)  © °u,g[f+g)  °u,gf(f+g)  ->•  0 

because  /,  g generate  the  unit  ideal  in  0(0) f+g.  This  follows  from  Algebra,  Lemma 
10.22.1|and  the  easy  fact  that  the  last  arrow  is  surjective.  Because  R Romo (— , K\u) 
is  an  exact  functor  of  triangulated  categories  the  vanishing  of  R Romov  (@u,f(f+g)  i K\ 
RRomou  (0l,j(/+j)!  K\u),  and  R'Homou(0U!gf(f+g),  K\u),  implies  the  vanishing 
of  R'HomoXJ{Ou,f+g,K\u).  We  omit  the  verification  of  the  sheaf  condition.  □ 


We  can  make  the  following  definition  for  any  ringed  site. 

0999  Definition  51.14.4.  Let  (C,0)  be  a ringed  site.  Let  I C 0 be  a sheaf  of  ideals. 
Let  I\  £ 0(0).  We  say  that  K is  derived  complete  with  respect  to  I if  for  every 
object  0 of  C and  / £ 0(0)  the  object  T(K\u,  f)  of  0(0f/)  is  zero. 


It  is  clear  that  the  full  subcategory  Dcomp(0)  = Dcomp(0,I)  C 0(0)  consisting 
of  derived  complete  objects  is  a saturated  triangulated  subcategory,  see  Derived 
Categories,  Definitions  |13.3.4|  and  |13.6.1|  This  subcategory  is  preserved  under 
products  and  homotopy  limits  in  0(0).  But  it  is  not  preserved  under  countable 
direct  sums  in  general. 

099A  Lemma  51.14.5.  Let  ( C,0 ) be  a ringed  site.  Let  I C O be  a sheaf  of  ideals.  If 
I\  £ D(0)  and  L £ Dcomp(0),  then  RRomo{K,  L)  £ Dcomp(0). 


Proof.  Let  0 be  an  object  of  C and  let  / £ I(U).  Recall  that 

HomD(Ot7)(0yi/,0'Homo(A", L)\u)  = 'RomD^0u){K\u  (g^  Ou,f,L\u) 

by  Cohomology  on  Sites,  Lemma  [21.26. 2|  The  right  hand  side  is  zero  by  Lemma 
|51.14.2|  and  the  relationship  between  internal  horn  and  actual  horn,  see  Cohomol- 
ogy on  Sites,  Lemma  21.26.1|  The  same  vanishing  holds  for  all  U'/U.  Thus 
the  object  R'homou{Ouj,R'Homo(K,L)\u)  of  0(0y)  has  vanishing  0th  coho- 
mology sheaf  (by  locus  citatus).  Similarly  for  the  other  cohomology  sheaves,  i.e., 
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R'Homou(Ou,f , R'Homo(K,  L)\v)  is  zero  in  D(Ou)- 
elude. 


By  Lemma 


51.14.2 


we  con- 

□ 


099C  Lemma  51.14.6.  Let  C be  a site.  Let  O ^ O'  be  a homomorphism  of  sheaves  of 
rings.  Let  I C O be  a sheaf  of  ideals.  The  inverse  image  of  Dcomp(0 ,1)  under  the 
restriction  functor  D(O')  -r  D(0)  is  Dcomp(0'  ,XO') . 


Proof.  Using  Lemma  51.14.3  we  see  that  K'  £ D(O')  is  in  Dcomp(0' ,XO')  if 
and  only  if  T(K'\jj,  /)  is  zero  for  every  local  section  / £ I(f7).  Observe  that  the 
cohomology  sheaves  of  T(K'\u,  f)  are  computed  in  the  category  of  abelian  sheaves, 
so  it  doesn’t  matter  whether  we  think  of  / as  a section  of  O or  take  the  image  of 
/ as  a section  of  O' . The  lemma  follows  immediately  from  this  and  the  definition 
of  derived  complete  objects.  □ 


099J  Lemma  51.14.7.  Let  f : ( Sh(T>),0 ')  — > ( Sh(C),0 ) be  a morphism  of  ringed  topoi. 
Let  I C O and  I'  C O'  be  sheaves  of  ideals  such  that  sends  /_1I  into  I' . Then 
Rf*  sends  Dcornp(0  . T j into  Dcornp(0  ,Xf 


Proof.  We  may  assume  / is  given  by  a morphism  of  ringed  sites  correspond- 
ing to  a continuous  functor  C — ► T>  (Modules  on  Sites,  Lemma  18.7.2  ).  Let  U 
be  an  object  of  C and  let  g be  a section  of  T over  U.  We  have  to  show  that 
H.om.D(Qu)(Outg,Rf*K\u)  = 0 whenever  K is  derived  complete  with  respect  to 
X' . Namely,  by  Cohomology  on  Sites,  Lemma  21.26. 1|  this,  applied  to  all  objects 
over  U and  all  shifts  of  K , will  imply  that  RTLomou{Ou,gi  Rf*K\u)  is  zero,  which 
implies  that  T{Rf*K\u , g)  is  zero  (Lemma  51.14.2)  which  is  what  we  have  to  show 
(Definition  51.14.4).  Let  V in  V be  the  image  of  U.  Then 

Bom^ortiOu^Rf.Klu)  = HomD(o^)(0y)fl,,  K\v)  = 0 


where  g'  = f^(g)  £ X'  (V).  The  second  equality  because  K is  derived  complete  and 
the  first  equality  because  the  derived  pullback  of  Ou,g  is  0'v  Q,  and  Cohomology  on 
Sites,  Lemma [21.19.11  □ 


The  following  lemma  is  the  simplest  case  where  one  has  derived  completion. 

099B  Lemma  51.14.8.  Let  (C,  O)  be  a ringed  on  a site.  Let  f i, . . . , fr  be  global  sections 
of  O.  Let  X C O be  the  ideal  sheaf  generated  by  fi,...,fr.  Then  the  inclusion 
functor  Dcomp(0)  -A  D{0)  has  a left  adjoint,  i.e.,  given  any  object  K of  D((D) 
there  exists  a map  K — > KA  with  KA  in  Dcomp(0)  such  that  the  map 

Horn D(0)(Ka,E)  — Horn D(0)(K,E) 

is  bijective  whenever  E is  in  Dcomp(0).  In  fact  we  have 

KA  = R Romo (O  -A  I],  Ofio  —¥  [].  Ofiofii  Oh...fr,K) 

functorially  in  K . 

Proof.  Define  K A by  the  last  displayed  formula  of  the  lemma.  There  is  a map  of 
complexes 

>11  ^/o  >11  Ofiofii^...^ofl...fr)-^o 

which  induces  a map  K — > I\A . It  suffices  to  prove  that  KA  is  derived  complete 
and  that  K — >•  KA  is  an  isomorphism  if  K is  derived  complete. 
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Let  / be  a global  section  of  O.  By  Lemma 
equal  to 


51.14.1 


the  object  RHomoiO /,  A'A)  is 


RHom0{(Of  -A  JJ.  Osfi 0 -t  ]X  Off  f -A  . . . -a  K) 

If  / = /,;  for  some  i.  then  generate  the  unit  ideal  in  Of,  hence  the 

extended  alternating  Cecil  complex 


Of 


IT,  > ll 


is  zero  (even  homotopic  to  zero).  In  this  way  we  see  that  KA  is  derived  complete. 


If  K is  derived  complete,  then  RHomoiO /, I\)  is  zero  for  all  / = fi0  ■ ■ ■ fip,  p > 0. 
Thus  K -A  KA  is  an  isomorphism  in  D{0).  □ 


Next  we  explain  why  derived  completion  is  a completion. 

0A0E  Lemma  51.14.9.  Let  ( C , O)  be  a ringed  on  a site.  Let  fi, . . . , fr  be  global  sections 
of  O . Let  X C O be  the  ideal  sheaf  generated  by  f\ .....  fr . Let  K £ D(O).  The 
derived  completion  KA  of  Lemma  51.14-8  is  given  by  the  formula 

I<A  = R.  lim  K 0^  Kn 

where  Kn  = K(0,  /”)  is  the  Koszul  complex  on  /", . . . , over  O. 

Proof.  In  More  on  Algebra,  Lemma  [15. 22. 13|  we  have  seen  that  the  extended  al- 
ternating Cech  complex 


0->IL.°a,->II 


o 


io  <h 


f ■ f. 


■ ■ ■ Ofl-fr 
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is  a colimit  of  the  Koszul  complexes  Kn  = K{0,  /", . . . , /")  sitting  in  degrees 
0, . . . , r.  Note  that  Kn  is  a finite  chain  complex  of  finite  free  0-modules  with  dual 
Homo(Kn,0)  = Kn  where  I\n  is  the  Koszul  cochain  complex  sitting  in  degrees 
— r, ...  ,0  (as  usual).  By  Lemma  51.14.8  the  functor  K ha  Ka  is  gotten  by  taking 
RHom  from  the  extended  alternating  Cech  complex  into  K: 

Ka  = R Horn (colim  I\n , K) 

This  is  equal  to  f?lim(/v  tgfy  Kn)  by  Cohomology  on  Sites,  Lemma  21.37.10  □ 

Lemma  51.14.10.  There  exist  a way  to  construct 

(1)  for  every  pair  ( A , I ) consisting  of  a ring  A and  a finitely  generated  ideal 
I C A a complex  K(A,I)  of  A-modules, 

(2)  a map  K(A,I)  -A  A of  complexes  of  A-modules, 

(3)  for  every  ring  map  A — > B and  finitely  generated  ideal  I C A a map  of 
complexes  K(A,I ) -A  K{B,IB), 

such  that 

(a)  for  A — » B and  I C A finitely  generated  the  diagram 


K(A,I ) s-  A 

K{B , IB) h-  B 


commutes, 

(b)  for  A -A  B -A  C and  I C A finitely  generated  the  composition  of  the  maps 
K(A,  I)  -A  K(B,  IB)  -A  K(C,  IC)  is  the  map  K(A,I)  -a  K(C,IC). 
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(c)  for  A -A  B and  a finitely  generated  ideal  I C A the  induced  map  K(A , J)®^ 
B — > K^B.IB)  is  an  isomorphism  in  D(B),  and 

(d)  if  I = (/i, . . . , fr)  C A then  there  is  a commutative  diagram 

( A n,n  Ah0  ni0<il  -+  ■■■  ->  ^ K{A,  I) 

A 1 >■  A 

in  D(A)  whose  horizontal  arrows  are  isomorphisms. 

Proof.  Let  S be  the  set  of  rings  Aq  of  the  form  Aq  = Z[xi ,xn\/J.  Every 
finite  type  Z-algebra  is  isomorphic  to  an  element  of  S.  Let  Mo  be  the  category 
whose  objects  are  pairs  (Ao,  Jo)  where  Ao  £ S and  Iq  C Aq  is  an  ideal  and  whose 
morphisms  (A0,  J0)  -A  ( B0 , J0)  are  ring  maps  (p  : A0  -A  B0  such  that  Jq  = ip(Io)B0. 

Suppose  we  can  construct  K(Aq,I0)  — » A0  functorially  for  objects  of  Mo  having 
properties  (a),  (b),  (c),  and  (d).  Then  we  take 

K(A,I)  = colim^^j,,)^^,/)  K{Aq,  J0) 

where  the  colimit  is  over  ring  maps  : Aq  — > A such  that  ip(Io)A  = I with  ( Ag , Jo) 
in  Aq.  A morphism  between  (M0,  Jo)  (A,/)  and  {A'0,I'o)  -A  (A,  I)  are  given  by 
maps  (A0,  Jo)  — > (Aq, 1'0)  in  Aq  commuting  with  maps  to  A.  The  category  of  these 
(A0,/o)  — » (A,  I)  is  filtered  (details  omitted).  Moreover,  colim^.^^w^  /)  A0  = 
A so  that  K(A,  I)  is  a complex  of  A-modules.  Finally,  given  ip  : A — » B and  I C A 
for  every  (A0,  Jo)  — t (A,/)  in  the  colimit,  the  composition  (Ao,  Jo)  —t  ( B,IB ) lives 
in  the  colimit  for  ( B,IB ).  In  this  way  we  get  a map  on  colimits.  Properties  (a), 
(b),  (c),  and  (d)  follow  readily  from  this  and  the  corresponding  properties  of  the 
complexes  K(A0lIo)- 

Endow  Co  = AqPP  with  the  chaotic  topology.  We  equip  Co  with  the  sheaf  of  rings 
O : (A,  J)  i-a  A.  The  ideals  I fit  together  to  give  a sheaf  of  ideals  IcO.  Choose 
an  injective  resolution  O — > J* . Consider  the  object 

Let  U = (A,  J)  € Ob(Co).  Since  the  topology  in  Co  is  chaotic,  the  value  J*(U)  is 
a resolution  of  A by  injective  A- modules.  Hence  the  value  T*(U)  is  an  object  of 
D{A)  representing  the  image  of  RTj(A)  in  D(A),  see  Dualizing  Complexes,  Section 
|45.9[  Choose  a complex  of  0-modules  KA  and  a commutative  diagram 

O 


KA  - •>  J-'* 

where  the  horizontal  arrows  are  quasi-isomorphisms.  This  is  possible  by  the  con- 
struction of  the  derived  category  D(0).  Set  K(A,  I)  = KA{U)  where  U = (A,  J). 
Properties  (a)  and  (b)  are  clear  and  properties  (c)  and  (d)  follow  from  Dualizing 
Complexes,  Lemmas  |45.10.2|  and  |45. 10.3[  □ 
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Lemma  51.14.11.  Let  ( 0,0 ) be  a ringed  site.  Let  I C O be  a finite  type  sheaf 
of  ideals.  There  exists  a map  K — ► O in  D(0)  such  that  for  every  U £ Ob(C)  such 
that  l\u  is  generated  by  /i, . . . , fr  £ 1(17)  there  is  an  isomorphism 


(Ou^  n 


u,L, 


n 


io<il 


o 


UJioL i 


o 


u,f  i. 


./J  — ► K\i 


compatible  with  maps  to  Ou- 


Proof.  Let  C C C be  the  full  subcategory  of  objects  U such  that  I\;j  is  generated 
by  finitely  many  sections.  Then  C — > C is  a special  cocontinuous  functor  (Sites, 
Definition  7.28.2).  Hence  it  suffices  to  work  with  C , see  Sites,  Lemma  7.28.1  in 


099F 


other  words  we  may  assume  that  for  every  object  U of  C there  exists  a finitely 
generated  ideal  I C 1(U)  such  that  l\u  = Im(7  <g>  Ou  — > Ou).  We  will  say  that  / 
generates  I\u-  Warning:  We  do  not  know  that  I(U)  is  a finitely  generated  ideal  in 
0(U). 

Let  U be  an  object  and  I C 0{U)  a finitely  generated  ideal  which  generates  I\u- 
On  the  category  C/U  consider  the  complex  of  presheaves 

K{jj  : U'/U  ^ K(0(U')J0(U')) 

with  K{—,  —)  as  in  Lemma  51.14.10|  We  claim  that  the  sheafification  of  this  is 
independent  of  the  choice  of  I.  Indeed,  if  I'  C 0(U ) is  a finitely  generated  ideal 
which  also  generates  I \u,  then  there  exists  a covering  {Uj  — > U}  such  that  IO(Uj)  = 
I'0(Uj).  (Hint:  this  works  because  both  I and  I'  are  finitely  generated  and  generate 
I\u-)  Hence  Kf,  7 and  Kfj  v are  the  same  for  any  object  lying  over  one  of  the  Uj. 
The  statement  on  sheafifications  follows.  Denote  Kf,  the  common  value. 

The  independence  of  choice  of  / also  shows  that  K^\c/u'  = Kjj'  whenever  we  are 
given  a morphism  U'  —>  U and  hence  a localization  morphism  C/U1  — > C/U . Thus 
the  complexes  K/j  glue  to  give  a single  well  defined  complex  K*  of  0-modules. 
The  existence  of  the  map  A'*  — > O and  the  quasi-isomorphism  of  the  lemma  follow 
immediately  from  the  corresponding  properties  of  the  complexes  K{—,  — ) in  Lemma 
151.14.101  □ 

Proposition  51.14.12.  Let  (C,  O)  be  a ringed  site.  Letl  C O be  a finite  type  sheaf 
of  ideals.  There  exists  a left  adjoint  to  the  inclusion  functor  Dcomp(0 ) — > D{0). 


Proof.  Let  K — >■  O in  D{0)  be  as  constructed  in  Lemma  51.14.1l|  Let  E £ D(O). 
Then  EA  = RjlomfiK,  E)  together  with  the  map  E — ► EA  will  do  the  job.  Namely, 


0A0F 


locally  on  the  site  C we  recover  the  adjoint  of  Lemma  51.14.8  This  shows  that  EA 
is  always  derived  complete  and  that  E — >•  EA  is  an  isomorphism  if  E is  derived 
complete.  □ 

Remark  51.14.13  (Localization  and  derived  completion).  Let  (C,  O)  be  a ringed 
site.  Let  I C O be  a finite  type  sheaf  of  ideals.  Let  K > KA  be  the  derived  comple- 
tion functor  of  Proposition  |51. 14.12]  It  follows  from  the  construction  in  the  proof 
of  the  proposition  that  KA\u  is  the  derived  completion  of  K\u  for  any  U £ Ob(C). 
But  we  can  also  prove  this  as  follows.  From  the  definition  of  derived  complete 
objects  it  follows  that  KA\u  is  derived  complete.  Thus  we  obtain  a canonical  map 
a : {K\u)A  -A  KA\V.  On  the  other  hand,  if  A is  a derived  complete  object  of 
D(Ou),  then  Rj*E  is  a derived  complete  object  of  D{0)  by  Lemma  51.14.7  Here 
j is  the  localization  morphism  (Modules  on  Sites,  Section  |18.19 ) . Hence  we  also 
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obtain  a canonical  map  b : KA  — > Rj*((K\u)A).  We  omit  the  (formal)  verification 
that  the  adjoint  of  b is  the  inverse  of  a. 

099G  Remark  51.14.14  (Completed  tensor  product).  Let  ( C,0 ) be  a ringed  site.  Let 
IcO  be  a finite  type  sheaf  of  ideals.  Denote  I\  H > KA  the  adjoint  of  Proposition 
151.14.121  Then  we  set 

K ®A)L  = {K  L)a 

This  completed  tensor  product  defines  a functor  Dcomp(0)  x Dcomp(0)  -A  Dcomp(0 ) 
such  that  we  have 

RomDcomp(0)(K,RVomo(L,M))  = Horn Dcomp(o)(K  ®o  L,M) 

for  K,L,M  £ Dcomp(0).  Note  that  RTlomo{L,M)  £ Dcomp(0)  by  Lemma 
151. 14.51 

099H  Lemma  51.14.15.  Let  C be  a site.  Assume  tp  : O -A  O'  is  a flat  homomorphism 
of  sheaves  of  rings.  Let  fi,...,fr  be  global  sections  of  O such  that  Of(fi, . . . , fr)  = 
O' /(/i, . . . , fr).  Then  the  map  of  extended  alternating  Cech  complexes 

° I!,,,  Ofio  ->•  ni0<il  Ofi0fii  0h-fr 


^ -*-*0  Jx o 

is  a quasi-isomorphism. 


fl-fr 


Proof.  Observe  that  the  second  complex  is  the  tensor  product  of  the  first  complex 
with  O' . We  can  write  the  first  extended  alternating  Cech  complex  as  a colimit 
of  the  Koszul  complexes  Kn  = K(0,  /”),  see  More  on  Algebra,  Lemma 

15.22.13  Hence  it  suffices  to  prove  Kn  — > I\n  (g )q  O'  is  a quasi-isomorphism.  Since 
O — > O'  is  flat  it  suffices  to  show  that  Hl  — >•  Hl  (g>c>  O'  is  an  isomorphism  where 
Hl  is  the  zth  cohomology  sheaf  Hz  = Hl(K.n).  These  sheaves  are  annihilated  by 
see  More  on  Algebra,  Lemma  |l5.22.6  Thus  it  suffices  to  show  that 
0/(fi,  • • • , fr)  — > Or/(fi, . . . , /")  is  an  isomorphism.  Equivalently,  we  will  show 
that  Of(fi,. . . , fr)n  — > O' / (/i, . . . , fr)n  is  an  isomorphism  for  all  n.  This  holds 
for  n = 1 by  assumption.  It  follows  for  all  n by  induction  using  Modules  on  Sites, 
Lemma  18.28.13  applied  to  the  ring  map  0/(f\, . . . , fr)n+1  — > 0/(f±, . . . , fr)n  and 
the  module  0'/(fi, ...,  fr)n+1-  □ 

0991  Lemma  51.14.16.  Let  C be  a site.  Let  O —>  O'  be  a homomorphism  of  sheaves 
of  rings.  Let  I C O be  a finite  type  sheaf  of  ideals.  If  O —¥  O'  is  flat  and 
O /T  = O' /IO' , then  the  restriction  functor  D(0')  — > D((D)  induces  an  equiva- 
lence Dcomp(0' ,TO')  ->  DcornpiO,!). 

Proof.  Lemma|51.14.7|implies  restriction  r : D(O')  — > D{0)  sends  Dcomp (O', TO') 
into  Dcornp(0.  T).  We  will  construct  a quasi- inverse  E E’ . 


Let  K — >•  O be  the  morphism  of  D(O)  constructed  in  Lemma  51.14.11  Set  K'  = 
K 0q  O'  in  D(0').  Then  K'  O'  is  a map  in  D{0')  which  satisfies  the  conclusions 
of  Lemma  |51.14.11  with  respect  to  T = TO' . The  map  K — > r(K')  is  a quasi- 
isomorphism by  Lemma  51.14.15  Now,  for  E £ Dcomp(0,T)  we  set 


E'  = RHom0(r(K'),E) 
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viewed  as  an  object  in  D(O')  using  the  O'-module  structure  on  K' . Since  E is 


derived  complete  we  have  E = RRomo{K,  E),  see  proof  of  Proposition  51.14.12 
On  the  other  hand,  since  I\  — > r(K')  is  an  isomorphism  in  we  see  that  there  is 
an  isomorphism  E — ► r(E')  in  D(O).  To  finish  the  proof  we  have  to  show  that,  if 
E = r(M')  for  an  object  M'  of  Dcomp{0' ,1’),  then  E'  = M' . To  get  a map  we  use 

M’  = R'Homo’iO' ,M')  -A  RUom0{r{0'),r{M'))  -a  RUom0{r{K'),r{M'))  = E' 


where  the  second  arrow  uses  the  map  K'  -A  O' . To  see  that  this  is  an  isomorphism, 
one  shows  that  r applied  to  this  arrow  is  the  same  as  the  isomorphism  E — > r(E') 
above.  Details  omitted.  □ 
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Lemma  51.14.17.  Let  f : (Sh(T>),Or)  -A  ( Sh(C),0 ) be  a morphism  of  ringed 
topoi.  Let  X C O and  X’  C O'  be  finite  type  sheaves  of  ideals  such  that  f^  sends 
f~xI  into  X' . Then  Rf * sends  Dcornp{0' ,X')  into  Dcomp{0 ,X)  and  has  a left 
adjoint  Lf*omp  which  is  Lf*  followed  by  derived  completion. 


Proof.  The  first  statement  we  have  seen  in  Lemma  151.14.71  Note  that  the  sec- 
ond statement  makes  sense  as  we  have  a derived  completion  functor  D(0')  -A 
DcomP(0' ,X')  by  Proposition  51.14.12  OK,  so  now  let  K € Dcomp(0,I)  and 
M e D. 


' comp 


{O' , I').  Then  we  have 


Horn {K,Rf*M)  = Horn (Lf*K,M)  = Rom(Lf"fompK.  M) 
by  the  universal  property  of  derived  completion. 


□ 


OAOG  Lemma  51.14.18.  Let  f : {Sh{V),0')  -A  {Sh{C),G)  be  a morphism  of  ringed 
topoi.  Let  X C O be  a finite  type  sheaf  of  ideals.  Let  X'  C O'  be  the  ideal  gener- 
ated by  f^{f-lI).  Then  Rf * commutes  with  derived  completion,  i.e.,  Rf*{KA)  = 
(Rf*K)A. 


Proof.  By  Proposition |51. 14. 12| the  derived  completion  functors  exist.  By  Lemma 


51.14.7  the  object  i?/*(KA)  is  derived  complete,  and  hence  we  obtain  a canonical 
map  (R f*K)A  — > Rf*{KA)  by  the  universal  property  of  derived  completion.  We 
may  check  this  map  is  an  isomorphism  locally  on  C.  Thus,  since  derived  completion 
commutes  with  localization  (Remark  51.14.13 1 we  may  assume  that  X is  generated 
by  global  sections  /i,...,/r.  Then  X'  is  generated  by  <?,;  = f^{fi).  By  Lemma 
|51.14.9|  we  have  to  prove  that 

R lim  (Rfj<  K(0 , /r, . . . , /;*))  = Rf * (R  lim  K K{0',gf, . . . , <£)) 


Because  i?/*  commutes  with  R lim  (Cohomology  on  Sites,  Lemma  21.21.2 ) it  suffices 
to  prove  that 

Rf*K  K{0,  /?, . . . , ff)  = Rf*  (. K ®£,  K(0'  ,g™,  ...,g?)) 

This  follows  from  the  projection  formula  (Cohomology  on  Sites,  Lemma  [21.38.1 ) 
and  the  fact  that  Lf*I\{0 , . . . , /")  = K{0' , g™, . . . ,gf).  □ 


Generalization  of 
IBST31  Lemma 
6.5.9  (2)].  Compare 
with  IHLP141 
Theorem  6.5]  in  the 
setting  of 
quasi-coherent 
modules  and 
morphisms  of 
(derived)  algebraic 
stacks. 


51.15.  Application  to  theorem  on  formal  functions 

OAOH  We  interrupt  the  flow  of  the  exposition  to  talk  a little  bit  about  derived  completion 
in  the  setting  of  quasi-coherent  modules  on  schemes  and  to  use  this  to  give  a 
somewhat  different  proof  of  the  theorem  on  formal  functions.  We  give  some  pointers 
to  the  literature  in  Remarkl51.15.5l 
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Lemma  |51. 14. 18  is  a (very  formal)  derived  version  of  the  theorem  on  formal  func- 
tions (Cohomology  of  Schemes,  Theorem  29.19.5).  To  make  this  more  explicit, 
suppose  / : X — » S is  a morphism  of  schemes,  X C Os  is  a quasi-coherent  sheaf  of 
ideals  of  finite  type,  and  J-  is  a quasi-coherent  sheaf  on  X.  Then  the  lemma  says 


that 

(51.15.0.1)  i?/*(^A)  = W*-^)A 


where  JrA  is  the  derived  completion  of  T with  respect  to  f~xT  ■ Ox  and  the  right 
hand  side  is  the  derived  completion  of  T with  respect  to  X.  To  see  that  this  gives 
back  the  theorem  on  formal  functions  we  have  to  do  a bit  of  work. 


The  following  lemma  will  be  our  basic  tool. 


OBLX  Lemma  51.15.1.  Let.  A be  a ring  and  let  I C A be  a finitely  generated  ideal.  Let 
C be  a site  and  let  O be  a sheaf  of  A- algebras.  Let  T be  a sheaf  of  O -modules.  Then 
we  have 

RT(C,X)A  = RT{C,  EA) 

in  D(A)  where  EA  is  the  derived  completion  of  T with  respect  to  IO  and  on  the 
left  hand  wide  we  have  the  derived  completion  with  respect  to  I . This  produces  two 
spectral  sequences 

El2’j  = iP(iF(C,  J")A)  and  E%q  = HP(C,  Hq(EA)) 
both  converging  to  H*(RT(C1JC)A)  = H*(C,  TA) 


Proof.  Apply  Lemma  51.14.18  to  the  morphism  of  ringed  topoi  (C,0)  — > ( pt,A ) 
and  take  cohomology  to  get  the  first  statement.  The  second  spectral  sequence  is  just 
the  Leray  spectral  sequence  for  this  morphism,  see  Cohomology  on  Sites,  Lemma 
|21.14.5|  The  first  spectral  sequence  is  the  spectral  sequence  of  More  on  Algebra, 
Example  15.72.19  applied  to  AT(C,  X)A.  □ 


0A0K  Lemma  51.15.2.  Let  X be  a Noetherian  scheme.  LetX  C Ox  be  a quasi-coherent 
sheaf  of  ideals. 

(1)  A coherent  Ox -module  J-  has  derived  completion  J -A  equal  to  lhiaJ-/XnJ-. 

(2)  A pseudo-coherent  object  K of  D(0 x)  has  derived  completion  KA  with 
cohomology  sheaves  Hq(KA)  equal  to  Hq{K)A . 


Proof.  Proof  of  (1).  Since  derived  completion  commutes  with  localization  (Remark 
51.14.13)  we  may  assume  A'  = Spec(A)  and  X = I for  an  ideal  / C A.  Say  I = 


(/i, . . . , fr).  Let  Kn  = K(A , /”, . . . , /")  be  the  Koszul  complex.  By  Lemma  51.14.9 
the  derived  completion  of  T is  given  by  l?lim T Kn-  Let  U = Spec(B)  C X be 

an  affine  open.  Since  RT(U,—)  commutes  with  R lim  (Injectives,  Lemma  19.13.6) 
we  see  that 

7?r(f7,  J"A)  = Rlim  T{U)  <gu  Kn 

This  is  the  derived  completion  of  E(U)  with  respect  to  IB  by  More  on  Algebra, 
Lemma  15.72.16  and  the  fact  that  Kn  B = K(B,  ff, . . . , /").  By  More  on 
Algebra,  Lemma  15.74.3  we  conclude  that  RT(U,EA)  has  vanishing  cohomology 
in  degrees  different  from  0 and  H°(U,EA)  is  the  completion  of  E(U)  in  degree  0. 
Since  the  affine  opens  form  a basis  for  the  topology,  part  (1)  follows. 


Part  (2)  can  either  be  proved  in  exactly  the  same  manner  as  part  (1)  or  it  can  be 
deduced  from  part  (1)  using  the  derived  completion  is  an  exact  functor  between 
triangulated  categories.  Details  omitted.  □ 
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Lemma  51.15.3.  Let  S = Spec(A)  be  an  affine  Noetherian  scheme.  Let  I C A 
be  an  ideal  and  let  I C Og  be  the  corresponding  quasi- coherent  sheaf  of  ideals.  Let 
I\  be  a pseudo-coherent  object  of  D(Og)  with  derived  completion  KA . Then 

HP{S,KA)  = HP{S,K)A  = limHp{S,K)/InHp(S,K) 


Proof.  Follows  from  Lemma  51.15.2  and  the  fact  that  RT(S,—)  commutes  with 
derived  limits.  Alternately  one  could  prove  this  by  applying  Lemma|51.14.18|to  the 
morphism  of  ringed  spaces  (S,Og)  —>  (pt,A)  and  using  More  on  Algebra,  Lemma 
115.74.31  □ 

Lemma  51.15.4.  Let  A be  a Noetherian  ring  and  let  I C A be  an  ideal.  Let  X 
be  a Noetherian  scheme  over  A.  Let  T be  a coherent  Ox -module.  Assume  that 
Hp(X,iF)  is  a finite  A-module  for  all  p.  Then  there  are  short  exact  sequences 

0 ->  R1  \im  HP-1  (X,T/InT)  -A  HP{X,F)A  ->  lim  Hp(X,T/InT)  -►  0 

of  A-modules  where  HP(X,  T)A  is  the  usual  I-adic  completion.  If  f is  proper,  then 
the  R 1 lim  term  is  zero. 


Proof.  Consider  the  two  spectral  sequences  of  Lemma|51.15.1|  The  first  degener- 
ates by  More  on  Algebra,  Lemma  15.74.3|  and  converges  to  Hp( X,T)A  in  degree 
p.  This  is  where  we  use  the  assumption  that  HP(X,X)  is  a finite  A-module.  The 
second  degenerates  because  fFA  = limT/HT  by  Lemma  51.15.2  and  converges  to 
HP(X , lim  T/InT)  in  degree  p.  On  the  other  hand,  Derived  Categories  of  Schemes, 
Lemma  35.3.2  shows  that  lim T/HT  = R\\mF/InF.  Since  RT(X,  — ) commutes 
with  derived  limits  (Injectives,  Lemma  19.13.6 1 we  see  that 


RT  (X, lim  X/InX)  = Rlim.RT(X,T/InT) 

By  More  on  Algebra,  Remark |15.68.16]  we  obtain  exact  sequences 

0 ->  R1  lim  HP-1  (X,  X/InF)  ->  Hp(X,\imT/InT)  ->•  lim  Hp[X,T/InT)  ->  0 

of  A-modules.  Combining  the  above  we  get  the  first  statement  of  the  lemma. 
The  vanishing  of  the  R1  lim  term  follows  from  Cohomology  of  Schemes,  Lemma 
129.19.41  □ 

Remark  51.15.5.  Here  are  some  references  to  discussions  of  related  material  the 
literature.  It  seems  that  a “derived  formal  functions  theorem”  for  proper  maps  goes 
back  to  |Lur041  Theorem  6.3.1],  There  is  the  discussion  in  [Lurllj.  especially 
Chapter  4 which  discusses  the  affine  story,  see  More  on  Algebra,  Section  |15.72| 
In  GR13  Section  2.9]  one  finds  a discussion  of  proper  base  change  and  derived 
completion  using  (ind)  coherent  modules.  An  analogue  of  (51.15.0.1 ) for  complexes 
of  quasi-coherent  modules  can  be  found  as  (HLP141  Theorem  6.5] 

51.16.  Derived  completion  in  the  constant  Noetherian  case 

Let  C be  a site.  Let  A be  a Noetherian  ring  and  let  / C A be  an  ideal.  Recall  from 


Modules  on  Sites,  Lemma  18.41.4  that 

AA  =limA/J" 


is  a flat  A-algebra  and  that  the  map  A -A  AA  identifies  quotients  by  I.  Hence 
Lemma  T51. 14. 161  tells  us  that 

Dcomp{C,  A)  = Dcomp(C,  AA) 
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In  particular  the  cohomology  sheaves  Hl(K)  of  an  object  K of  Dcomp(C,  A)  are 
sheaves  of  A-modules.  For  notational  convenience  we  often  work  with  Dcomp(C , A). 


Lemma  51.16.1.  Let  C be  a site.  Let  A be  a Noetherian  ring  and  let  I C A 
be  an  ideal.  The  left  adjoint  to  the  inclusion  functor  Dcomp(C,  A)  -A  D(C,  A)  of 
Proposition  sends  K to 

KA  = A/In) 


In  particular,  K is  derived  complete  if  and  only  if  K = ATim(/v  A//"). 
Proof.  Choose  generators  fi, . . . , fr  of  /.  By  Lemma [51. 14. 9|  we  have 

Ka  = R\im(K®\Kn) 


where  Kn  = K(  A,  /", . . . , ff).  In  More  on  Algebra,  Lemma  15.74.1  we  have  seen 
that  the  pro-systems  {Kn}  and  {A//"}  of  D( A)  are  isomorphic.  Thus  the  lemma 
follows.  □ 


Lemma  51.16.2.  Let  A be  a Noetherian  ring.  Let  I C A be  an  ideal.  Let 
f : ShlfD)  — > Sh{C)  be  a morphism  of  topoi.  Then 

(1)  Rf * sends  Dcornp(T),N)  into  D compifl , A) 7 

(2)  the  map  Rf * : Dcomp( V,A)  -A  Dcomp(C,  A)  has  a left  adjoint  Lffomp  : 
Dcomp(C,A ) — > Dcomp(V,A)  which  is  Lf*  followed  by  derived  completion, 

(3)  Rf*  commutes  with  derived  completion, 

(4)  for  K in  Dcomp(V,  A)  we  have  Rf*K  = R\imRf*(K  A/In). 

(5)  for  M in  Dcomp{C,  A)  we  have  LffompM  = R\imLf*(M  (g)^  A//"). 


Proof.  We  have  seen  (1)  and  (2)  in  Lemma  51.14.17  Part  (3)  follows  from  Lemma 


51.14.18  For  (4)  let  K be  derived  complete.  Then 


Rf*K  = Rf * (R lim K (g>^  A/In ) = R lim  Rf*(K  A //”) 

the  first  equality  by  Lemma  |51.16.1|  and  the  second  because  Rf * commutes  with 
l?lim  (Cohomology  on  Sites,  Lemma  21.21.2).  This  proves  (4).  To  prove  (5),  by 
Lemma  151.16.  II  we  have 


Lf*CompM  = R\\m{Lf*M  <g>^  A/J") 


Since  Lf*  commutes  with  derived  tensor  product  by  Cohomology  on  Sites,  Lemma 
21. 18. 4| and  since  Lf*A/In  = A/ 171  we  get  (5).  □ 


51.17.  Derived  completion  on  the  pro-etale  site 


Let  C be  a site.  Let  A be  a Noetherian  ring.  Let  I C A be  an  ideal.  Although 
the  general  theory  (see  Sections  51.14  and  51.16)  concerning  Dcomp(C,  A)  is  quite 
satisfactory  it  is  somewhat  useless  as  it  is  hard  to  explicitly  give  examples  of  derived 
complete  complexes.  We  know  that 


(1)  every  object  M of  D(C,A/In)  restricts  to  a derived  complete  object  of 
D(C,  A),  and 

(2)  for  every  K £ D(C,A)  the  derived  completion  KA  = ATim(A'  g)^  A/In) 
is  derived  complete. 
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The  first  type  of  objects  are  trivially  complete  and  perhaps  not  interesting.  The 
problem  with  (2)  is  that  derived  completion  in  general  is  somewhat  mysterious,  even 
in  case  K = A.  Namely,  by  definition  of  homotopy  limits  there  is  a distinguished 
triangle 

R\im(A/In)  TT  A/ In  ->  i?.lim(A/Jra)[l] 


in  D(C,  A)  where  the  products  are  in  D(C,  A).  These  are  computed  by  taking 
products  of  injective  resolutions  (Injectives,  Lemma  19.13.4),  so  we  see  that  the 
sheaf  HP(J\  A/In)  is  the  sheafification  of  the  presheaf 


U^l[Hp(U,A/n. 

As  an  explicit  example,  if  X = Spec(C[f,  f-1]),  C = X^taie,  A = Z,  I = (2),  and 
p = 1,  then  we  get  the  sheafification  of  the  presheaf 


for  U etale  over  A'.  Note  that  H1(X stale,  ’L/mTi)  is  cyclic  of  order  m with  generator 
arn  given  by  the  finite  etale  Z/mZ-covering  given  by  the  equation  t = sm  (see  Etale 
Cohomology,  Section  49.6).  Then  the  section 


« = WeIl  H\x4tale,z/2nz) 


of  the  presheaf  above  does  not  restrict  to  zero  on  any  nonempty  etale  scheme  over 
A,  whence  the  sheaf  associated  to  the  presheaf  is  not  zero. 


However,  on  the  pro-etale  site  this  phenomenon  does  not  occur.  The  reason  is 
that  we  have  enough  (quasi-compact)  weakly  contractible  objects.  In  the  following 
proposition  we  collect  some  results  about  derived  completion  in  the  Noetherian  con- 
stant case  for  sites  having  enough  weakly  contractible  objects  (see  Sites,  Definition 
7(39)2 \. 

099Q  Proposition  51.17.1.  Let  C be  a site.  Assume  C has  enough  weakly  contractible 
objects.  Let  A be  a Noetherian  ring.  Let  I CL  A be  an  ideal. 

(1)  The  category  of  derived  complete  sheaves  A-modules  is  a weak  Serre  sub- 
category of  Mod(C , A) . 

(2)  A sheaf  LF  of  A-modules  satisfies  LF  = lim  LF / InLF  if  and  only  if  LF  is 
derived  complete  and  fj  InLF  = 0. 

(3)  The  sheaf  Af'  is  derived  complete. 

(4)  If ...  —^  LF3  — ► LF2  — >■  T\  is  an  inverse  system  of  derived  complete  sheaves 
of  A-modules,  then  \\m.LFn  is  derived  complete. 

(5)  An  object  K £ D(C , A)  is  derived  complete  if  and  only  if  each  cohomology 
sheaf  HP(K)  is  derived  complete. 

(6)  An  object  K £ Dcomp(C,A)  is  bounded  above  if  and  only  if  K (g)Jj  A/ 1 is 
bounded  above. 

(7)  An  object  K £ Dcomp(C,  A)  is  bounded  if  K A/ 1 has  finite  tor  dimen- 

sion. 


Proof.  Let  B CL  Ob(C)  be  a subset  such  that  every  U £ B is  weakly  contractible 
and  every  object  of  C has  a covering  by  elements  of  B.  We  will  use  the  results 
of  Cohomology  on  Sites,  Lemma  |21.39.1|  and  Proposition  |21.39.2|  without  further 
mention. 
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Recall  that  Rlim  commutes  with  RT(U,  — ),  see  Injectives,  Lemma  19.13.6 
/ € I.  Recall  that  T(K,  /)  is  the  homotopy  limit  of  the  system 


Let 


.K  -4  K -4  K 


in  D(C,  A).  Thus 

RT{U,T{K,  f))  =T{RT(U,K),f). 

Since  we  can  test  isomorphisms  of  maps  between  objects  of  D(C,  A)  by  evaluating 
at  U € B we  conclude  an  object  K of  D(C,  A)  is  derived  complete  if  and  only  if  for 
every  U £ B the  object  RT(U,  K ) is  derived  complete  as  an  object  of  D( A). 


The  remark  above  implies  that  items  (1),  (5)  follow  from  the  corresponding  results 
for  modules  over  rings,  see  More  on  Algebra,  Lemmas  |15.72.1|  and  |15.72.6| 


the  same  way  (2)  can  be  deduced  from  More  on  Algebra,  Proposition  15.72.5 
(InF)(U)  = In  ■ F(U)  for  U S B (by  exactness  of  evaluating  at  U). 


In 

as 


Proof  of  (4).  The  homotopy  limit  R\im.Fn  is  in  Dcomp(X,  A)  (see  discussion  fol- 


lowing Definition  51.14.4 1.  By  part  (5)  just  proved  we  conclude  that  lim Fn  = 


H°(Rlim Fn)  is  derived  complete.  Part  (3)  is  a special  case  of  (4). 


Proof  of  (6)  and  (7).  Follows  from  Lemma  51.16.1  and  Cohomology  on  Sites, 


Lemma  |21. 36. 8|  and  the  computation  of  homotopy  limits  in  Cohomology  on  Sites, 
Proposition  |21.39.2|  □ 
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Let  X be  a scheme.  With  suitable  choices  of  sites  (as  in  Topologies,  Remark  33.9.1 ) 
the  functor  u : X^taie  — 1 X pro-etaie  sending  U/X  to  U/X  defines  a morphism  of 
sites 


6 . Xpro_£tale  ^ Xgtale 


This  follows  from  Sites,  Proposition |7. 15. 6|  A fundamental  fact  about  this  compar- 
ison morphism  is  the  following. 


099S  Lemma  51.18.1.  Let  X be  a scheme.  Let  Y = limYj  be  an  inverse  limit  of  quasi- 
compact and  quasi-separated  schemes  etale  over  X with  affine  transition  morphisms. 
For  any  sheaf  F on  X^taie  we  have  e~lF(Y)  = colim FfYf). 


099T 


Proof.  Let  T = hjj  be  a representable  sheaf  on  Xetaie  with  U an  object  of  X^taie- 
In  this  case  e~1hu  = hum')  where  u(U ) is  U viewed  as  an  object  of  X pro-etaie  (Sites, 
Lemma  7.14.5[) . Then 

hu{u)^')  = MorA'(T,  U)  = colim  Mor a (Yi , U)  = colim  hufYf) 

by  Limits,  Proposition|31.5.H  Hence  the  lemma  holds  for  every  representable  sheaf. 
Since  every  sheaf  is  a coequalizer  of  a map  of  coproducts  of  representable  sheaves 
(Sites,  Lemma  7.13.5)  we  obtain  the  result  in  general.  □ 


Lemma  51.18.2.  Let  X be  a scheme.  For  every  sheaf  F on  X^taie  the  adjunction 
map  T — > e*e^1Jr  is  an  isomorphism. 


Proof.  Suppose  that  U is  a quasi-compact  and  quasi-separated  scheme  etale  over 
X.  Then 

e*e-1  F{U)  = e~lF(U)  = F(U) 
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the  second  equality  by  (a  special  case  of)  Lemma  51.18.1  Since  every  object  of 
Xetaie  has  a covering  by  quasi-compact  and  quasi-separated  objects  we  conclude. 

□ 

099U  Lemma  51.18.3.  Let  X be  an  affine  scheme.  For  injective  abelian  sheaf  I on 
Xetaie  we  have  Hp(Xpro^taie,  e_1I)  = 0 for  p > 0. 


Proof.  We  are  going  to  use  Cohomology  on  Sites,  Lemma  |21.11.9|  to  prove  this. 
The  idea  is  simple:  We  show  that  every  standard  pro-etale  covering  of  X is  a limit 


of  coverings  in  Xetaie ■ If  this  holds  then  Lemma  51.18.1  will  kick  in  to  show  the 
Cech  cohomology  groups  of  e_1X  are  colimits  of  those  of  I which  are  zero  in  positive 
degree. 

Here  are  the  details.  Let  B C 0b(A'pr.o_eta;e)  be  the  set  of  affine  schemes  U over 
X such  that  O(X)  — > 0(U)  is  ind-etale.  Let  Cov  be  the  set  of  pro-etale  coverings 
{Ui  — ► U}i= i,...,n  with  U,  Ui  £ B such  that  0(U)  — ► 0(f7,)  is  ind-etale  for  i = 


1 Properties  (1)  and  (2)  of  Cohomology  on  Sites,  Lemma  21.11.9  hold  for  B 


and  Cov  by  Proposition  51.9.1  (it  also  follows  from  Lemma  51.11.10). 

U}i=i, 


is  an  element  of  Cov.  Then 


U etale  and  C/j>a  affine.  Next  we  write 


To  check  condition  (3)  suppose  that  {Ui 
we  can  write  Ui  = limaeyq  with  C/j>a 
U = limbgp  Ub  with  Ub  affine  and  Ub  — >•  U etale.  By  Limits,  Lemma  31.9.1  for  each 
i and  a £ A.t  we  can  choose  a b(i,  a)  £ B and  for  all  b > b(i,  a)  an  affine  scheme 
Eli, o,6  etale  over  Ub  such  that  U^a  = limb>b(iia)  E/i>a  •fl  Moreover,  any  transition 
map  Ui^  — > Uiy  comes  from  an  essentially  unique  morphism  Uii0,,b  —t  Uit0,>tb  for 
b large  enough  (by  the  same  reference).  Finally,  given  ai  £ A±, . . . , an  £ An  the 
morphism  U\^ai  H . . . H Un_an  — >•  C/  is  surjective,  hence  for  b large  enough  the  map 
Ui,ai,b  H . . . H Un^arl^b  — > Ub  is  surjective  by  Limits,  Lemma  31.7.11  Let  V be  the 
category  of  coverings  {E/,jaijb  Ub}i=it...tn  so  obtained.  This  category  is  cofiltered. 
We  claim  that,  given  i0, . . . , ip  £ {1, . . . , n}  we  have 

Ui0  Xu  E/q  Xf/  . . . Xu  Uip  = limp  Ui0iai0,b  x-ub  Uiltail,b  xub  ■ ■ ■ xub  Uip:aip,b 

This  is  clear  from  the  fact  that  it  holds  for  p = — 1 (i.e.,  U = limp  Ub)  and  for  p = 0 
(i.e.,  Ui  = limp  {7,iai)b)  and  the  fact  that  fibre  products  commute  with  limits.  Then 
finally  it  follows  from  Lemma [51. 18. 1| that 

C*({Ui  U},  e_1X)  = cohmp.„d*({EEil0l,6  Ub},I) 

Since  each  of  the  Cech  complexes  on  the  right  hand  side  is  acyclic  in  positive  degrees 


099V 


(Cohomology  on  Sites,  Lemma  21.11.2)  it  follows  that  the  one  on  the  left  is  too. 
This  prove  condition  (3)  of  Cohomology  on  Sites,  Lemma  21.11.9  Since  X £ B the 
lemma  follows.  □ 

Lemma  51.18.4.  Let  X be  a scheme.  For  an  abelian  sheaf  F on  Xetaie  we  have 
Re*(e~LF)  =T. 

Proof.  Let  X be  an  injective  abelian  sheaf  on  Xetaie ■ Recall  that  i?9e*(e_1I)  is  the 
sheaf  associated  to  17  n Hq(Upro^taie,£~1^),  see  Cohomology  on  Sites,  Lemma 
21.8.4  By  Lemma  51.18. 3|  we  see  that  this  is  zero  for  q > 0 and  U affine  and 
etale  over  X.  Since  every  object  of  Xetaie  has  a covering  by  affine  objects,  it 


follows  that  i?9e*(e  lX)  = 0 for  q > 0.  Combined  with  Lemma  51.18.2  we  conclude 


^To  be  sure,  we  pick  UitCLib  = Ub  X[/b^  ^ although  this  isn’t  necessary  for  what 

follows. 
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that  = T for  every  injective  abelian  sheaf.  Since  every  abelian  sheaf  has 

a resolution  by  injective  sheaves,  the  result  follows.  (Hint:  use  Leray  acyclicity 
theorem  Derived  Categories,  Lemma  13.17.7 


□ 


Lemma  51.18.5.  Let  X be  a scheme.  For  an  abelian  sheaf  T on  X^taie  we  have 


H\X&tale,T)  = H\X -pro-etaleX-1?) 


for  all  i. 


Proof.  Immediate  consequence  of  Lemma [51. 18. 4|  and  the  Leray  spectral  sequence 
(Cohomology  on  Sites,  Lemma  21.14.6).  □ 


Lemma  51.18.6.  Let  X be  a scheme.  Let  G be  a sheaf  of  (possibly  noncommuta- 
tivej  groups  on  X^taie.  We  have 

H\Xitale,g)  = H^Xpr^taleX^G) 

where  H 1 is  defined  as  the  set  of  isomorphism  classes  of  torsors  ( see  Cohomology 
on  Sites,  Section  21.5). 


Proof.  Since  the  functor  e-1  is  fully  faithful  by  Lemma  51.18.2  it  is  clear  that 
the  map  H1(Xetaie^G)  — > H1(Xpro-etaieX~1G)  is  injective.  To  show  surjectivity  it 
suffices  to  show  that  any  e-1C?-torsor  T is  etale  locally  trivial.  To  do  this  we  may 
assume  that  X is  affine.  Thus  we  reduce  to  proving  surjectivity  for  A'  affine. 

Choose  a covering  {U  — > X}  with  (a)  U affine,  (b)  O(X)  — > 0(U)  ind-etale, 
and  (c)  F(U)  nonempty.  We  can  do  this  by  Proposition  51.9.1  and  the  fact  that 


standard  pro-etale  coverings  of  X are  cofinal  among  all  pro-etale  coverings  of  X 


(Lemma  51.11.5).  Write  U = lim  Ui  as  a limit  of  affine  schemes  etale  over  X.  Pick 
s £ X(U).  Let  g £ e~1G(U  Xx  U)  be  the  unique  section  such  that  g • prjs  = pr^s 
in  T(U  Xx  U).  Then  g satisfies  the  cocycle  condition 


Pr12ff  • Pr235  = Pr13 9 


in  e lQ{U  Xx  U Xx  U).  By  Lemma  51.18.1  we  have 


-i 


G{U  xx  U)  = colim  G(Ui  xx  Ui) 


and 

c~1G{U  xx  U xxU)  = colim C?(C/j  x*  Ut  xx  Ui) 

hence  we  can  find  an  i and  an  element  gt  £ G(Ui)  mapping  to  g satisfying  the 
cocycle  condition.  The  cocycle  gi  then  defines  a torsor  for  G on  X etale  whose 
pullback  is  isomorphic  to  J-  by  construction.  Some  details  omitted  (namely,  the 
relationship  between  torsors  and  1-cocycles  which  should  be  added  to  the  chapter 
on  cohomology  on  sites).  □ 


Lemma  51.18.7.  Let  X be  a scheme.  Let  A be  a ring. 

(1)  The  essential  image  of  e_1  : Mod(Xetaiei  A)  —>  Mod(Xpro_etaiei  A)  is  a 
weak  Serre  subcategory  C. 

(2)  The  functor  e_1  defines  an  equivalence  of  categories  of  D+  {X^taiei  A)  with 
U 'c  (Xpro_etaie,  A)  . 


51.18.  COMPARISON  WITH  THE  ETALE  SITE 


3459 


Proof.  To  prove  (1)  we  will  prove  conditions  (1)  - (4)  of  Homology,  Lemma  12.9.3 
Since  e-1  is  fully  faithful  (Lemma  51.18.2 1 and  exact,  everything  is  clear  except  for 
condition  (4).  However,  if 


0 -A-  e J-i  -A  G -A  e J-2  — > 0 

is  a short  exact  sequence  of  sheaves  of  A-modules  on  Xpro.^talei  then  we  get 
0 y e*e  .T ] — y e*G  y e*e  d~2  y R e*e  J~ i 
which  by  Lemma  |51.18.4|  is  the  same  as  a short  exact  sequence 

0 — y J~\  — y e*G  — y J~2  — y 0 

Pulling  pack  we  find  that  G = e~1e*G-  This  proves  (1). 


By  (1)  and  the  discussion  in  Derived  Categories,  Section  13.13  we  obtain  a strictly 


full,  saturated,  triangulated  subcategory  Dc{Xpro_£taiei  A).  It  is  clear  that  e 1 maps 
D(Xetaie,h-)  into  Dc{Xpro^taie,  A).  If  M is  in  D+  (Xetale , A) , then  Lemma [51.18.4 
shows  that  M —y  I?e*e_1M  is  an  isomorphism.  If  K is  in  (Xpro_etaie,  A),  then 
the  spectral  sequence 

Rqe*Hp(K)  =y  Hp+q(Re*K) 


and  the  vanishing  in  Lemma [51.18.4  shows  that  Hp(Re*K)  = Re*Hp(K).  Since 
e is  a flat  morphism  of  ringed  sites  (ringed  by  the  constant  sheaf  A)  we  see  that 
e~1Re*K  has  cohomology  sheaves  e~1Re*Hp(K).  Since  we’ve  assumed  HP(K)  is  in 


C we  conclude  by  Lemma  51.18.4  once  more  that  e lRe*K  — y K is  an  isomorphism. 
In  this  way  we  see  that  e^1  and  Re * are  quasi-inverse  functors  proving  (2).  □ 


099Y 


Let  A be  a ring.  In  Modules  on  Sites,  Section  18.42  we  have  defined  the  notion  of 
a locally  constant  sheaf  of  A-modules  on  a site.  If  M is  a A-module,  then  M is  of 
finite  presentation  as  a sheaf  of  A-modules  if  and  only  if  M is  a finitely  presented 
A-module,  see  Modules  on  Sites,  Lemma|i8.41.5| 

Lemma  51.18.8.  Let  X be  a scheme.  Let  A.  be  a ring.  The  functor  e-1  defines 
an  equivalence  of  categories 


locally  constant  sheaves '] 
of  A-modules  on  Xetale  ) 
of  finite  presentation  I 


locally  constant  sheaves 
of  A-modules  on  Xpro_£taie 
of  finite  presentation 


Proof.  Let  T be  a locally  constant  sheaf  of  A-modules  on  Xpro^taie  of  finite  pre- 
sentation. Choose  a pro-etale  covering  {Ui  —y  X}  such  that  T\ui  is  constant,  say 


J~\  TL  — Mi, 


Observe  that  Ui  Xx  Uj  is  empty  if  M,;  is  not  isomorphic  to  Mj.  For 


each  A-module  M let  Im  = {i  £ / 
coverings  and  by  Descent,  Lemma 


Mi  = M}.  As  pro-etale  coverings  are  fpqc 
we  see  that  Um  = (J ieiM  I m(£A  —y  X)  is 


34.9.2 


an  open  subset  of  X.  Then  X = ]J  Um  is  a disjoint  open  covering  of  X.  We  may 
replace  X by  Um  for  some  M and  assume  that  Mj  = M for  all  i. 

Consider  the  sheaf  I = Isom{M,X).  This  sheaf  is  a torsor  for  G = IsomjM , M). 
By  Modules  on  Sites,  Lemma  18.42.4  we  have  G = G where  G = Isom\(M,  M). 


Since  torsors  for  the  etale  topology  and  the  pro-etale  topology  agree  by  Lemma 
|51.18.6|  it  follows  that  T has  sections  etale  locally  on  X . Thus  T is  etale  locally  a 
constant  sheaf  which  is  what  we  had  to  show.  □ 


51.19.  COHOMOLOGY  OF  A POINT 


3460 


099Z  Lemma  51.18.9.  Let  X be  a scheme.  Let  A be  a Noetherian  ring . Let  Dfic{X^taie,  A), 
resp.  Dfic(Xpro_etaie,  A)  be  the  full  subcategory  of  D(X^taie,  A),  resp.  D(Xpro_etaie,  A) 
consisting  of  those  complexes  whose  cohomology  sheaves  are  locally  constant  sheaves 
of  A-modules  of  finite  type.  Then 

£ ■ D+,JXMa,e;  A)  ^ L) fic(Xpro_gtaiei  A) 

is  on  equivalence  of  categories. 


Proof.  The  categories  Dfic{X^taie,  A)  and  Dfic(Xpro^taie,  A)  are  strictly  full,  sat- 
urated, triangulated  subcategories  of  D{Xetale , A)  and  D(Xpro_gtaie,  A)  by  Modules 
on  Sites,  Lemma  [~18.42.5l  and  Derived  Categories,  Section  [13. 13|  The  statement  of 
the  lemma  follows  by  combining  Lemmas  |51.18.7|  and  |51.18.8|  □ 

09B2  Lemma  51.18.10.  Let  X be  a scheme.  Let  A be  a Noetherian  ring.  Let  K be  an 
object  of  D(Xpro_£taie,  A).  Set  An  = A'  ®J(  A //".  If  I<\  is 

(1)  in  t/ie  essential  image  of  : D(Xetaie,  A/I)  — > D(Xpro.^taie,  A/ 1) , and 

(2)  has  tor  amplitude  in  [a,  oo)  for  some  a £ Z. 

then  (1)  and  (2)  hold  for  Kn  as  an  object  of  D{Xpro_etaie^  A/In). 


Proof.  For  assertion  (2)  this  follows  from  the  more  general  Cohomology  on  Sites, 
Lemma [21.36.8|  The  second  assertion  follows  from  the  fact  that  the  essential  image 
of  e-1  is  a triangulated  subcategory  of  D+(Xpro_6taie,  A//")  (Lemma  51.18.7),  the 
distinguished  triangles 


K In/In+1 
and  the  isomorphism 


Kn+ 1 — ► Kn  — ► k <g>^  r/r+1[  i] 


A /"//"+1  = Ki  ®\fI  r/T 


n+1 


□ 


51.19.  Cohomology  of  a point 

09B3  Let  A be  a Noetherian  ring  complete  with  respect  to  an  ideal  I C A.  Let  A:  be  a 
field.  In  this  section  we  “compute” 

H (Spec(fc)pro_(gto;e,  A ) 

where  AA  = limA/J"  as  before.  Let  ksep  be  a separable  algebraic  closure  of  k. 
Then 

U = {Spec (ksep)  — > Spec(fc)} 

is  a pro-etale  covering  of  Spec(fc).  We  will  use  the  Cech  to  cohomology  spectral 
sequence  with  respect  to  this  covering.  Set  U0  = Spec (ksep)  and 

Un  = Spec (ksep)  xSpec(fe)  Spec {ksep)  xSpec(k)  . . . xSpec(fc)  Spec(fcsep) 

= Spec(fcsep  ksep  ksep) 

(n  + 1 factors).  Note  that  the  underlying  topological  space  |C/0|  of  Uq  is  a singleton 
and  for  n > 1 we  have 

\Un\  = G x ...  X G ( n factors) 

as  profinite  spaces  where  G = Gal(ksep / k) . Namely,  every  point  of  Un  has  residue 
field  ksep  and  we  identify  (ay, . . . , <r„)  with  the  point  corresponding  to  the  surjection 

ksep  ®k  ksep  ®fe  . . . ®fe  ksep  — ■>  ksep,  A0  ® A,  « . . . Xn  > A0(t1(A1)  . . . <r„(An) 
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Then  we  compute 

RT((Un)  pro-etale  ■>  A ) = RlimRT((Un) 

pro-etale^  a in 

= R\imRT((Un)£tale,A/In) 

= lim  H°(Un,  A/ In) 

= MapsCOJlt(G  x ...  x G, A) 


The  first  equality  because  RT  commutes  with  derived  limits  and  as  AA  is  the  de- 
rived limit  of  the  sheaves  A// 

Lemma 


by  Proposition 


51.18.5 


51.17.1 


The  third  equality  by  Etale  Cohomology,  Lemma 


The  second  equality  by 
The 


49.55.7 


fourth  equality  uses  Etale  Cohomology,  Remark  49.23.2  to  identify  sections  of  the 
constant  sheaf  A//".  Then  it  uses  the  fact  that  A is  complete  with  respect  to  I and 
hence  equal  to  lim  A /In  as  a topological  space,  to  see  that  limMapCfmt(G,  A/In)  = 
Mapcont(G,  A)  and  similarly  for  higher  powers  of  G.  At  this  point  Cohomology  on 
Sites,  Lemmas  |2 1 . 1 1 ,3|  and  |2 1 . 1 1 . 7|  tell  us  that 

A — > Mapscont(G,  A)  — > Mapscorat(G  xG,A)-}... 


computes  the  pro-etale  cohomology.  In  other  words,  we  see  that 
Hz(Spec{k)pro^taie,  AA)  = Hlcont(G,  A) 

where  the  right  hand  side  is  continuous  cohomology  as  defined  by  Tate  in  [Tat  76). 
Of  course,  this  is  as  it  should  be. 

09B4  Lemma  51.19.1.  Let  k be  a field.  Let  G = Gal(ksep /k)  be  its  absolute  Galois 
group.  Further, 

(1)  let  M be  a profinite  abelian  group  with  a continuous  G-action,  or 

(2)  let  A be  a Noetherian  ring  and  I C A an  ideal  an  let  M be  an  I-adically 
complete  A-module  with  continuous  G-action. 

Then  there  is  a canonical  sheaf  MA  on  Spec (k)pro^taie  associated  to  M such  that 

IT  (Spec  (k),MA)  = Wcont(G,M) 
as  abelian  groups  or  A-modules. 


Proof.  Proof  in  case  (2).  Set  Mn  = M/InM.  Then  M = limMn  as  M is  assumed 
I-adically  complete.  Since  the  action  of  G is  continuous  we  get  continuous  ac- 
tions of  G on  Mn.  By  Etale  Cohomology,  Theorem  49. f 
to  a (locally  constant)  sheaf  Mn  of  A/In-modules  on  Spec(fc),;ta;e. 
Spec(/c)pro_^taie  by  the  comparison  morphism  e and  take  the  limit 

Ma  = lim  e~1Mr. 


this  action  corresponds 
Pull  back  to 


to  get  the  sheaf  promised  in  the  lemma.  Exactly  the  same  argument  as  given  in 
the  introduction  of  this  section  gives  the  comparison  with  Tate’s  continuous  Galois 
cohomology.  □ 


51.20.  Weakly  contractible  hypercoverings 

09A0  Let  X be  a scheme.  For  every  object  U £ Ob (Xpro_etaie)  there  exists  a cover- 
ing {V  — > U}  of  Xpro_£taie  with  V weakly  contractible.  This  follows  from  Lemma 
|51. 11.10)  and  the  elementary  fact  that  a disjoint  union  of  weakly  contractible  ob- 
jects in  Xpro_gtaie  is  weakly  contractible  (discussion  of  set  theoretic  issues  omitted). 
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This  observation  leads  to  the  existence  of  hypercoverings  made  up  out  weakly  con- 
tractible objects. 

09A1  Lemma  51.20.1.  Let  X be  a scheme. 

(1)  For  every  object  U of  Xpro_^taie  there  exists  a hypercovering  K of  U in 
Xpro-etaie  such  that  each  term  Kn  consists  of  a single  weakly  contractible 
object  of  Xpro_etaie  covering  U. 

(2)  For  every  quasi-compact  and  quasi-separated  object  U of  Xpro_^taie  there 
exists  a hypercovering  K ofU  in  Xpro_^taie  such  that  each  term  I\n  consists 
of  a single  affine  and  weakly  contractible  object  of  Xpro_£taie  covering  U. 


Proof.  Let  B C Ob (Xpro_etaie)  be  the  set  of  weakly  contractible  objects  of  Xpro.gtaie- 
We  have  seen  above  that  every  object  of  Xpro^t.aie  has  a covering  by  an  element  of 
B.  Apply  Hypercoverings,  Lemma  24.11.1  to  get  (1). 


Let  XqcqStPro_etaie  C Xpro_etaie  be  the  full  subcategory  consisting  of  quasi-compact 
and  quasi-separated  objects.  Note  that  Xqcqspro_^taie  is  preserved  under  fibre 
products.  A covering  of  Xqcqspro_^taie  will  be  a finite  pro-etale  covering.  Then 
X qcqs ,pro-etaie  t Xpro_£taie  is  a special  cocontinuous  functor  hence  Xqcqs  pro.^iaie  de- 
fines the  same  topos  as  Xpro.etaie ■ Details  omitted;  see  Sites,  Definition  7.28.2  and 
Lemma  7.28.1  In  particular,  if  K is  a hypercovering  of  an  object  U in  XqcqStPro^taie 
then  K is  a hypercovering  of  Xpro_&taie.  Let  B C Ob (Xqcqs, pro-etale)  be  the  set  of 
affine  and  weakly  contractible  objects.  By  Lemma [51. 11.10|  and  the  fact  that  finite 
unions  of  affines  are  affine,  for  every  object  U of  XqcqStPro_etaie  there  exists  a cover- 
ing {V  -»  U}  of  XqcqStPro_etaie  with  V £ B.  Apply  Hypercoverings,  Lemma 
to  get  (2). 


24.11.1 


□ 


In  the  following  lemma  we  use  the  Cech  complex  F{K)  associated  to  a hypercov- 
ering K in  a site.  See  Hypercoverings,  Section  [24. 4|  If  AT  is  a hypercovering  of  U 
and  Kn  = {Un  — > U},  then  the  Cech  complex  looks  like  this: 

HK)  = (X(U0)  —¥  F{U{)  — t T(U2)  -►...) 

09A2  Lemma  51.20.2.  Let  X be  a scheme.  Let  E £ D+  (Xpro_etaie)  be  represented 
by  a bounded  below  complex  £*  of  abelian  sheaves.  Let  K be  a hypercovering  of 
U £ Ob {Xpro_etaie)  with  Kn  = {Un  — > U}  where  Un  is  a weakly  contractible  object 
of  Xpro-ttaie  • Then 

RT(U,E)  = Tot(£*(K)) 

in  D(Ab). 


Proof.  If  E = £[n]  is  the  object  associated  to  a single  abelian  sheaf  on  Xpro_^taie, 
then  the  spectral  sequence  of  Hypercoverings,  Lemma  |24. 4. 3|  implies  that 

RF  (A pro-etale , £)  = £{K) 

because  the  higher  cohomology  groups  of  any  sheaf  over  Un  vanish,  see  Cohomology 
on  Sites,  Lemma[21.39.1| 

If  £*  is  bounded  below,  then  we  can  choose  an  injective  resolution  £*  — > I*  and 
consider  the  map  of  complexes 

Tot {£m(K))  — > Tot(T*(A')) 

For  every  n the  map  £'(Un)  — > I*(Un)  is  a quasi-isomorphism  because  taking 
sections  over  Un  is  exact.  Hence  the  displayed  map  is  a quasi-isomorphism  by  one 
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09A3 


of  the  spectral  sequences  of  Homology,  Lemma [12. 22. 6|  Using  the  result  of  the  first 
paragraph  we  see  that  for  every  p the  complex  XP(K)  is  acyclic  in  degrees  n > 0 
and  computes  XP{U)  in  degree  0.  Thus  the  other  spectral  sequence  of  Homology, 
Lemma  12.22.6  shows  Tot(I*(.A))  computes  RT(U,E)  = X*(U).  □ 


Lemma  51.20.3.  Let  X be  a quasi-compact  and  quasi-separated  scheme.  The 
functor  RT(X,—)  : D+  (Xpro^taie)  -A  D(Ab)  commutes  with  direct  sums  and  ho- 
motopy  colimits. 


09A4 


Proof.  The  statement  means  the  following:  Suppose  we  have  a family  of  ob- 
jects Ei  of  D+  (Xpro.tta.ie)  such  that  @Ei  is  an  object  of  D+  (Xpro^taie) . Then 
RT(X,Q  Ei)  = ($RT(X,Ei).  To  see  this  choose  a hypercovering  K of  X with 
Kn  = {Un  -A  A-}  where  XJn  is  an  affine  and  weakly  contractible  scheme,  see  Lemma 


51.20.1  Let  N be  an  integer  such  that  HP(E,)  = 0 for  p < N.  Choose  a complex 

ng  Ei  with  £f  = 0 for  p < N.  The  ter: 
in  D(Xpro_etaie),  see  Injectives,  Lemma 


19.13.4 


By 


of  abelian  sheaves  £*  representing  E,  with  £p  = 0 for  p < N . The  termwise  direct 
sum  0 £*  represents  0 E. 

Lemma  151 .20.21  we  have 

AT(X010  = Tot((0£*)(A')) 

and 

RY(X,Ei)  = Tot(£*(A")) 

Since  each  Un  is  quasi-compact  we  see  that 


Tot((0A*)(K))  = 0Tot(£.*(AO) 

by  Modules  on  Sites,  Lemma  |18.29.2|  The  statement  on  homotopy  colimits  is  a 
formal  consequence  of  the  fact  that  RT  is  an  exact  functor  of  triangulated  categories 
and  the  fact  (just  proved)  that  it  commutes  with  direct  sums.  □ 


Remark  51.20.4.  Let  X be  a scheme.  Because  X 'pro-etaie  has  enough  weakly 
contractible  objects  for  all  K in  D{Xpro_etaie ) we  have  K = Alimr>_nA'  by  Coho- 
mology on  Sites,  Proposition |21. 310}  Since  RT  commutes  with  Alim  by  Injectives, 
Lemma Tl9. 13. 61  we  see  that 


RT(X,  K)  = R lira  RT(X,  r>_nAT) 

in  D(Ab).  This  will  allows  us  to  extend  some  results  from  bounded  below  complexes 
to  all  complexes. 


51.21.  Functoriality  of  the  pro-etale  site 
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09A6 


Let  / : X — > Y be  a morphism  of  schemes.  The  functor  Ypro^taie  — ► X 'pro-etaie, 
V AlXyf  induces  a morphism  of  sites  fpro-etaie  ■ Xpro_itaie  Ypro-etale,  see 
Sites,  Proposition  |7.15~6|  In  fact,  we  obtain  a commutative  diagram  of  morphisms 
of  sites 

Xpro-etale  ^ A etale 

f pro-etale  f etale 

ipro-etale  ^ * etale 


where  e is  as  in  Section 


51.18 


In  particular  we  have  e 1 ffHale  = f. 


is  the  corresponding  result  tor  pushforward. 


f_1  e 

’ pro-etale 


Here 


Lemma  51.21.1.  Let  f : X —>■  Y be  a morphism  of  schemes. 
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09A7 

09A8 


09A9 

09BK 


(1)  Let  T be  a sheaf  of  sets  on  X^taie-  Then  we  have  fpro-etaie,*£  lX  = 


f etale, *T"  • 

(2)  Let  T be  an  abelian  sheaf  on  X^taie-  Then  we  have  Rfpro-etaie,*^1  X = 


Rf etale, *X . 

Proof.  Proof  of  (1).  Let  T be  a sheaf  of  sets  on  X^taie- There  is  a canonical 

r~1T,  see  Sites,  Section 


7.44 


To  show  it  is  an 


map  e f etale ,*d~  ^ f pro-etale, *^ 

isomorphism  we  may  work  (Zariski)  locally  on  Y , hence  we  may  assume  Y is  affine. 
In  this  case  every  object  of  Ypro^taie  has  a covering  by  objects  V = lim  Vi  which 
are  limits  of  affine  schemes  V)  etale  over  Y (by  Proposition  51.9.1  for  example). 
Evaluating  the  map  e_1  / etale, f pro-etale,*^-1  X on  V we  obtain  a map 

colimT(A  Xy  V,,F)  — > T{X  xy  V,e*T). 
see  Lemma  51.18. l|for  the  left  hand  side.  By  Lemma [51. 18. 1| we  have 
T(X  xy  V,e*X)  = T(X  xYV,X) 

Hence  the  result  holds  by  Etale  Cohomology,  Lemma 


49.52.3 


Proof  of  (2).  Arguing  in  exactly  the  same  manner  as  above  we  see  that  it  suffices 
to  show  that 


coffin H\tale (X  Xy  Vi,T)  y Hltale(X  xYV,F) 

which  follows  once  more  from  Etale  Cohomology,  Lemma  49.52.3 


□ 


51.22.  Finite  morphisms  and  pro-etale  sites 


It  is  not  clear  that  a finite  morphism  of  schemes  determines  an  exact  pushforward 
on  abelian  pro-etale  sheaves. 

Lemma  51.22.1.  Let  f : Z —y  X be  a finite  morphism  of  schemes  which  is  locally 
of  finite  presentation.  Then  fpro-etaie,*  ■ Ab(Zpro_etaie)  -t  Ab(Xpro_itaie)  is  exact. 


Proof.  The  prove  this  we  may  work  (Zariski)  locally  on  X and  assume  that  A' 
is  affine,  say  X = Spec(A).  Then  Z = Spec (B)  for  some  finite  A-algebra  B of 
finite  presentation.  The  construction  in  the  proof  of  Proposition  51.10.3  produces 
a faithfully  flat,  ind-etale  ring  map  A — »•  D with  D w-contractible.  We  may  check 
exactness  of  a sequence  of  sheaves  by  evaluating  on  U = Spec(U)  be  such  an  object. 
Then  fPro-etaie,*X  evaluated  at  U is  equal  to  T evaluated  at  V = Spec(H  B). 

Since  D (g)^  B is  w-contractible  by  Lemma [51. 10. 6| evaluation  at  V is  exact.  □ 


51.23.  Closed  immersions  and  pro-etale  sites 


It  is  not  clear  (and  likely  false)  that  a closed  immersion  of  schemes  determines  an 
exact  pushforward  on  abelian  pro-etale  sheaves. 


Lemma  51.23.1. 

schemes.  Denote  X 
change  functor 


Let  i : Z -A  X be  a closed  immersion  morphism  of  affine 

The  base 


aPP  and  Zapp  the  sites  introduced  in  Lemma  51.ll.2f 


u . Xapp  y Zapp , U i y u(U'j  — U Xx  Z 
is  continuous  and  has  a fully  faithful  left  adjoint  v.  For  V in  Zapp  the  morphism 
V —y  v(V)  is  a closed  immersion  identifying  V with  u(v(V))  = v(V)  Xx  Z and 
every  point  of  v(V)  specializes  to  a point  ofV.  The  functor  v is  cocontinuous  and 
sends  coverings  to  coverings. 
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Proof.  The  existence  of  the  adjoint  follows  immediately  from  Lemma  [51. 7. 7|  and 
the  definitions.  It  is  clear  that  u is  continuous  from  the  definition  of  coverings  in 
Xapp. 

Write  X = Spec(A)  and  Z = Spec(A/7).  Let  V = Spec(C')  be  an  object  of  Zapp 
and  let  v(V)  = Spec(C).  We  have  seen  in  the  statement  of  Lemma  51.7.7  that 
V equals  v(V)  Xx  Z = Spec (C/IC).  Any  g € C which  maps  to  an  invertible 
element  of  C/IC  = C is  invertible  in  C.  Namely,  we  have  the  A-algebra  maps 
C — > Cg  — > C/IC  and  by  adjointness  we  obtain  an  C-algebra  map  Cg  — > C.  Thus 
every  point  of  v(V)  specializes  to  a point  of  V. 

Suppose  that  {Vj  -A  V } is  a covering  in  Zapp.  Then  (v(V^)  — > u(V')}  is  a finite 
family  of  morphisms  of  Zapp  such  that  every  point  of  V C v(V)  is  in  the  image 
of  one  of  the  maps  v(Vi)  -A  v(V).  As  the  morphisms  v(V ) -A  v(V)  are  flat  (since 
they  are  weakly  etale)  we  conclude  that  {v(Vi)  -A  u(V')}  is  jointly  surjective.  This 
proves  that  v sends  coverings  to  coverings. 

Let  V be  an  object  of  Zapp  and  let  {U,  -A  v(V)}  be  a covering  in  Xapp.  Then  we 
see  that  {ul/Uf)  -A  u(v(V))  = V}  is  a covering  of  Zapp.  By  adjointness  we  obtain 
morphisms  v(u(Ui))  -A  t/j.  Thus  the  family  {v(u(Ui))  -A-  u(P)}  refines  the  given 
covering  and  we  conclude  that  v is  cocontinuous.  □ 

09BL  Lemma  51.23.2.  Let  Z -A  X be  a closed  immersion  morphism  of  affine  schemes. 
The  corresponding  morphism  of  topoi  i = ipro-etaie  is  equal  to  the  morphism  of  topoi 
associated  to  the  fully  faithful  cocontinuous  functor  v : Zapp  -A  Xapp  of  Lemma 
1 51.23. 1\  It  follows  that 

(1)  i~xT  is  the  sheaf  associated  to  the  presheaf  V i-a  Jr(u(P)), 

(2)  for  a weakly  contractible  object  V of  Zapp  we  have  z_1Jr(P)  = T(v(V)), 


-l 


-l 


(3) 

(4)  * 

(5)  id 

(6)  **, 


ASh 


: Sh{Xpro_etaie ) -A  Sh(Zpro_itaie)  has  a left  adjoint  if 
: Ab{Xpro_etaie ) -A  Ab{Zpro_etaie ) has  a left  adjoint  i\, 

> i~1ifh,  id  — » i~1i\,  and  C1i*  id  are  isomorphisms,  and 
'.fh  and  i\  are  fully  faithful. 


Proof.  By  Lemma  51.11.24]  we  may  describe  ipro-etaie  in  terms  of  the  morphism 


of  sites  u : X. 


app 


Jappi 


V ha  V Xx  Z.  The  first  statement  of  the  lemma  follows 


from  Sites,  Lemma  7.21.2  (but  with  the  roles  of  u and  v reversed). 


Proof  of  (1).  By  the  description  of  i as  the  morphism  of  topoi  associated  to  v this 
holds  by  the  construction,  see  Sites,  Lemma  7.20.1| 


we 


Proof  of  (2).  Since  the  functor  v sends  coverings  to  coverings  by  Lemma  51.23.1 
see  that  the  presheaf  Q : V i-a  F{v{V))  is  a separated  presheaf  (Sites,  Definition 
7.10.9).  Hence  the  sheafification  of  Q is  Q+,  see  Sites,  Theorem  7.10.10  Next,  let  V 
be  a weakly  contractible  object  of  Zapp.  Let  V = {V) 


Set  V'  = {U  K 


Vfi—  i,...,n  be  any  covering 
V}.  Since  v commutes  with  finite  disjoint  unions  (as 


a left  adjoint  or  by  the  construction)  and  since  T sends  finite  disjoint  unions  into 
products,  we  see  that 

H°{v,g)  = H0(v',g) 


(notation  as  in  Sites,  Section  7.10  compare  with  Etale  Cohomology,  Lemma  49.22.1 ) 


Thus  we  may  assume  the  covering  is  given  by  a single  morphism,  like  so  {V1  -A  V}. 
Since  V is  weakly  contractible,  this  covering  can  be  refined  by  the  trivial  covering 
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{V  — > V}.  It  therefore  follows  that  the  value  of  Q+  = i 1Jr  on  V is  simply  F{v(V)) 
and  (2)  is  proved. 


Proof  of  (3).  Every  object  of  Zapp  has  a covering  by  weakly  contractible  objects 
(Lemma  51.11.27).  By  the  above  we  see  that  we  would  have  ifhhy  = hvry)  for 
V weakly  contractible  if  ifh  existed.  The  existence  of  ifh  then  follows  from  Sites, 
Lemma  17.23.11 


09AA 


Proof  of  (4).  Existence  of  it  follows  in  the  same  way  by  setting  itZy  = Z v(y^  for  V 
weakly  contractible  in  Zapp , using  similar  for  direct  sums,  and  applying  Homology, 
Lemmari2.25.6l  Details  omitted. 


Proof  of  (5).  Let  V be  a contractible  object  of  Zapp.  Then  i 1ifhhy  = i 1hv(V-)  = 


(!)  i pro-etale  commutes  with  limits, 

(2)  ipro-etale,*  is  fully  faithful,  and 

(3)  i pro-Hal  J'Vro-e.tale,*  = ^Sh(Zpro.itate)  ■ 


Proof.  Assertions  (2)  and  (3)  are  equivalent  by  Sites,  Lemma  7.40.1  Parts  (1) 


and  (3)  are  (Zariski)  local  on  A',  hence  we  may  assume  that  A'  is  affine.  In  this 
case  the  result  follows  from  Lemma  [51.23.21  □ 


09AB  Lemma  51.23.4.  Let  i : Z -A  X be  an  integral  universally  injective  and  surjective 
morphism  of  schemes.  Then  ipro-etale,*  and  ipro.^taie  are  Quasi-inverse  equivalences 
of  categories  of  pro- etale  topoi. 


09AC 


Proof.  There  is  an  immediate  reduction  to  the  case  that  A is  affine.  Then  Z is 
affine  too.  Set  A = 0( X)  and  B = O(Z).  Then  the  categories  of  etale  algebras 
over  A and  B are  equivalent,  see  Etale  Cohomology,  Theorem 


49.46.1 


and  Remark 

|49.46.2|  Thus  the  categories  of  ind-etale  algebras  over  A and  B are  equivalent.  In 
other  words  the  categories  Xapp  and  Zapp  of  Lemma  51.11.24  are  equivalent.  We 
omit  the  verification  that  this  equivalence  sends  coverings  to  coverings  and  vice 
versa.  Thus  the  result  as  Lemma  [51. 11. 24  tells  us  the  pro-etale  topos  is  the  topos 


of  sheaves  on  AT 


□ 


Lemma  51.23.5.  Let  i : Z — » X be  a closed  immersion  of  schemes.  Let  U — > X 
be  an  object  of  Xpro_^taie  such  that 

(1)  U is  affine  and  weakly  contractible,  and 

(2)  every  point  ofU  specializes  to  a point  of  U Xx  Z. 

Then  ifro-etaie-^ x x Z)  = T(U)  for  all  abelian  sheaves  on  Xpro_etaie- 


Proof.  Since  pullback  commutes  with  restriction,  we  may  replace  X by  U.  Thus 
we  may  assume  that  X is  affine  and  weakly  contractible  and  that  every  point  of 
X specializes  to  a point  of  Z.  By  Lemma  51.23.2  part  (1)  it  suffices  to  show  that 
v(Z)  = X in  this  case.  Thus  we  have  to  show:  If  A is  a w-contractible  ring,  I C A 


51.24.  EXTENSION  BY  ZERO 


3467 


an  ideal  contained  in  the  radical  of  A and  A — >■  B — >■  A//  is  a factorization  with 
A — ► B ind-etale,  then  there  is  a unique  section  B — ► A compatible  with  maps 
to  A/I.  Observe  that  B/IB  = A/I  x R as  A/I- algebras.  After  replacing  B by 
a localization  we  may  assume  B/IB  = A/ 1.  Note  that  Spec(B)  — > Spec(A)  is 
surjective  as  the  image  contains  V(I)  and  hence  all  closed  points  and  is  closed 
under  specialization.  Since  A is  w-contractible  there  is  a section  B — ► A.  Since 
B/IB  = A/ 1 this  section  is  compatible  with  the  map  to  A/ 1.  We  omit  the  proof  of 
uniqueness  (hint:  use  that  A and  B have  isomorphic  local  rings  at  maximal  ideals 
of  A).  □ 

09BM  Lemma  51.23.6.  Let  i : Z — ► X be  a closed  immersion  of  schemes.  If  X\i(Z) 
is  a retrocompact  open  of  X,  then  ipro-etaie,*  exact. 

Proof.  The  question  is  local  on  X hence  we  may  assume  X is  affine.  Say  X = 
Spec(A)  and  Z = Spec(A//).  There  exist  /i, . . . , fr  G I such  that  Z = V(fi, . . . , fr) 
set  theoretically,  see  Algebra,  Lemma[l0.28.1|  By  Lemma [51. 23. 4| we  may  assume 
that  Z = Spec (A/(/1; . . . , /r)).  In  this  case  the  functor  ipro-etaie,*  is  exact  by 
Lemma  151.22.11  □ 


51.24.  Extension  by  zero 

09AD  The  general  material  in  Modules  on  Sites,  Section  |18.19|  allows  us  to  make  the 
following  definition. 

09AE  Definition  51.24.1.  Let  j : U — > X be  a weakly  etale  morphism  of  schemes. 

(1)  The  restriction  functor  j^1  : Sh(Xpro^taie)  — t Sh(Upro^taie)  has  a left 
adjoint  j / : Sh(^Xpro-£tale)  t Sh{Upro-etale)- 

(2)  The  restriction  functor  j-1  : Ab{Xpro^taie ) — > Ab(Upro^taie ) has  a left 
adjoint  which  is  denoted  j\  : Ab{Upro.^taie)  — ► Ab(Xpro^taie ) and  called 
extension  by  zero. 

(3)  Let  A be  a ring.  The  functor  j”1  : Mod(Xpro_etaie,  A)  -4  Mod(Upro-etaie,  A) 
has  a left  adjoint  j\  : Mod{Upro^taie^  A)  — > Mod(Xpro^taie,  A)  and  called 
extension  by  zero. 


As  usual  we  compare  this  to  what  happens  in  the  etale  case. 

09AF  Lemma  51.24.2.  Let  j : U — » X be  an  etale  morphism  of  schemes.  Let  Q be  an 
abelian  sheaf  on  U^taie-  Then  as  sheaves  on  Xpro_etaie- 

Proof.  This  is  true  because  both  are  left  adjoints  to  jpro-etaie,*e^A  = 

see  Lemma  T51. 21. 11  □ 

09AG  Lemma  51.24.3.  Let  j : U — » X be  a weakly  etale  morphism  of  schemes.  Let 
i : Z — ^ A'  be  a closed  immersion  such  that  U Xx  Z = 0.  Let  V — > X be  an  affine 
object  of  Xpro_£tale  such  that  every  point  ofV  specializes  to  a point  ofVz  = ZxxV. 
Then  j\J-(V)  = 0 for  all  abelian  sheaves  on  Upro.^taie- 


Proof.  Let  {Vi  — > V}  be  a pro-etale  covering.  The  lemma  follows  if  we  can  refine 
this  covering  to  a covering  where  the  members  have  no  morphisms  into  U over  X 
(see  construction  of  j\  in  Modules  on  Sites,  Section  18.19).  First  refine  the  covering 
to  get  a finite  covering  with  Vi  affine.  For  each  i let  Vi  = Spec(Ai)  and  let  Zi  C Vj 
be  the  inverse  image  of  Z.  Set  Wt  = Spec(A^z.)  with  notation  as  in  Lemma 
Then  JJ  Wi  — > V is  weakly  etale  and  the  image  contains  all  points  of  Vz- 


51.5.1 

Hence 
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the  image  contains  all  points  of  V by  our  assumption  on  specializations.  Thus 
{Wi  — > V}  is  a pro-etale  covering  refining  the  given  one.  But  each  point  in  Wi 
specializes  to  a point  lying  over  Z , hence  there  are  no  morphisms  Wi  — > U over 


X. 


□ 


09BN  Lemma  51.24.4.  Let  j : U — x X be  an  open  immersion  of  schemes.  Then 


id  = j Tj\  and  j lj*  = id  and  the  functors  j \ and  j*  are  fully  faithful. 
Proof.  See  Sites,  Lemma [7.26.4  and  Categories,  Lemma [4. 24. 3| 


□ 


Here  is  the  relationship  between  extension  by  zero  and  restriction  to  the  comple- 
mentary closed  subscheme. 

09AH  Lemma  51.24.5.  Let  X be  a scheme.  Let  Z C X be  a closed  subscheme  and 
let  U C X be  the  complement.  Denote  i : Z — x X and  j : U — x X the  inclusion 
morphisms.  Assume  that  j is  a quasi-compact  morphism.  For  every  abelian  sheaf 
on  Xpro_etaie  there  is  a canonical  short  exact  sequence 

0 -4  j\j~xfF  — x fF  — x i*i~lX  — > 0 

on  Xpro_gtaie  where  all  the  functors  are  for  the  pro-etale  topology. 


Proof.  We  obtain  the  maps  by  the  adjointness  properties  of  the  functors  involved. 


It  suffices  to  show  that  Xpro_itaie  has  enough  objects  (Sites,  Definition  7.39.2)  on 


which  the  sequence  evaluates  to  a short  exact  sequence.  Let  V = Spec(H)  be  an 
affine  object  of  Xpro^taie  such  that  A is  w-contractible  (there  are  enough  objects 
of  this  type).  Then  V x.y  Z is  cut  out  by  an  ideal  I C A.  The  assumption  that  j 
is  quasi-compact  implies  there  exist  fi, ...  ,fr  G I such  that  V (I ) = V{f\1 . . . , fr). 
We  obtain  a faithfully  flat,  ind-Zariski  ring  map 

A — ■>  Afl  x . . . x Afr  x Ay(I) 

Since  Vi  = Spec(H/;)  — »•  X factors  through  U we 


with  Ay^  as  in  Lemma 
have 


51.5.1 


j'.r1J7(Vi)=HVi)  and  ui~1F(Vi)  = 0 
On  the  other  hand,  for  the  scheme  V~  = Spec(Ay(Jj)  we  have 

j'ij_1.F(V~)  = 0 and  F{V~)  = ui^Fiy^) 
the  first  equality  by  Lemma [5 1.24. 3 and  the  second  by  Lemmas|51.23.5  and  51.10.7 


Thus  the  sequence  evaluates  to  an  exact  sequence  on  Spec(A/1  x...xi/rx  ^v(i)) 
and  the  lemma  is  proved.  □ 

09BP  Lemma  51.24.6.  Let  j : U —X  X be  a quasi-compact  open  immersion  morphism 
of  schemes.  The  functor  j\  : Ab(Upro.^taie ) Ab(Xpro.gtaie)  commutes  with  limits. 


Proof.  Since  j\  is  exact  it  suffices  to  show  that  j\  commutes  with  products.  The 
question  is  local  on  X , hence  we  may  assume  X affine.  Let  Q be  an  abelian  sheaf 
on  Upro-etaie.  Note  that  there  always  is  a canonical  map 


j \Q  ->  j*G 


see  Modules  on  Sites,  Remark  |18.19.7[ 
obtained  from  the  fact  that  j~1j*G  = 
Lemma  [51.24.5|  we  get 


In  our  particular  case  this  map  can  be 
G ■ Hence  applying  the  exact  sequence  of 


0 x jiG  x j*G  x i*i  1 j*G  —t  0 
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where  i : Z — ► X is  the  inclusion  of  the  reduced  induced  scheme  structure  on 
the  complement  Z = X \ U.  The  functors  j*  and  i*  commute  with  products  as 
right  adjoints.  The  functor  commutes  with  products  by  Lemma  51.23.3  Hence 


j\  does  because  on  the  pro-etale  site  products  are  exact  (Cohomology  on  Sites, 
Proposition  21.39.2 ).  □ 


51.25.  Constructible  sheaves  on  the  pro-etale  site 

09AI  We  stick  to  constructible  sheaves  of  A-modules  for  a Noetherian  ring.  In  the  future 
we  intend  to  discuss  constructible  sheaves  of  sets,  groups,  etc. 

09AJ  Definition  51.25.1.  Let  X be  a scheme.  Let  A be  a Noetherian  ring.  A sheaf  of 
A-modules  on  Xpro^taie  is  constructible  if  for  every  affine  open  U C X there  exists 
a finite  decomposition  of  U into  constructible  locally  closed  subschemes  U = LI,  Ui 
such  that  X\ui  is  of  finite  type  and  locally  constant  for  all  i. 


Again  this  does  not  give  anything  “new” . 

09AK  Lemma  51.25.2.  Let  X be  a scheme.  Let  A be  a Noetherian  ring.  The  functor 
e-1  defines  an  equivalence  of  categories 


( constructible  sheaves  o/l  J constructible  sheaves  of 

I A-modules  on  Xet.aie  / (A -modules  on  Xpro_etaie 


between  constructible  sheaves  of  A-modules  on  X^taie  and  constructible  sheaves  of 
A-modules  on  Aip^o-Gto.iG’ 


Proof.  By  Lemma  51.18.2  the  functor  e 1 is  fully  faithful  and  commutes  with 


pullback  (restriction)  to  the  strata.  Hence  e-1  of  a constructible  etale  sheaf  is  a 
constructible  pro-etale  sheaf.  To  finish  the  proof  let  J7  be  a constructible  sheaf  of 
A-modules  on  Xpro_^taie  as  in  Definition  51.25.1  There  is  a canonical  map 


e 1e, 


X 


We  will  show  this  map  is  an  isomorphism.  This  will  prove  that  X is  in  the  essential 
image  of  e”1  and  finish  the  proof  (details  omitted). 


To  prove  this  we  may  assume  that  X is  affine.  In  this  case  we  have  a finite  partition 
X = [J(  X,;  by  constructible  locally  closed  strata  such  that  X\xi  is  locally  constant 
of  finite  type.  Let  U C X be  one  of  the  open  strata  in  the  partition  and  let  Z C X 
be  the  reduced  induced  structure  on  the  complement.  By  Lemma  51.24.5  we  have 
a short  exact  sequence 


0 


■ j'.j  1 X -A  X -A 


ifi  1X 


0 


on  Xpro^taie.  Functoriality  gives  a commutative  diagram 


0 >■  e 1e*j\j  xX e 1e*Jr >■  e 1Jr ^0 


0 ^ j'.j  ^ X ^ ifi  xX >■  0 

By  induction  on  the  length  of  the  partition  we  know  that  on  the  one  hand  e~1efi~1X  — ► 
i~xX  and  e_1e*j_1Jr  — > j~xX  are  isomorphisms  and  on  the  other  that  i~xX  = e~xA 
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and  j 1J7  = e XB  for  some  constructible  sheaves  of  A-modules  A on  Zetaie  and  B 
On  Uetale ■ Then 


e lX  = e Le*j\e  LB  = e ie*e  Lj\B  = e ' j\B  = j\e  LB  = j\j  lT 


■-1  • 


-i. 


,-i) 


-l,  -i 


-l , 


,-ij 


■-1 


the  second  equality  by  Lemma  51.24.2  the  third  equality  by  Lemma  51.18.2  and 
the  fourth  equality  by  Lemma  51.24.2  again.  Similarly,  we  have 

'~1'  " '-1  4 ~ '~1'  '~x‘  4 — = i*e~1A  = iN~xX 


e 1 


J-  = e le*i*e  LA  = e ie*e  li*A  = e 


this  time  using  Lemma  |51.21.1|  By  the  five  lemma  we  conclude  the  vertical  map 
in  the  middle  of  the  big  diagram  is  an  isomorphism.  □ 


09B5  Lemma  51.25.3.  Let  X be  a scheme.  Let  A be  a Noetherian  ring.  The  category 
of  constructible  sheaves  of  A-modules  on  Xpro.^taie  is  a weak  Serre  subcategory  of 
Mod(Xpro_etaiej  A) . 


09  AL 


Proof.  This  is  a formal  consequence  of  Lemmas  151. 25. 2|  and |51. 18. 7|  and  the  result 
for  the  etale  site  (Etale  Cohomology,  Lemma  49.68.6).  □ 


Lemma  51.25.4.  Let  X be  a scheme.  Let  A be  a Noetherian  ring.  Let  Dc(Xetaiei  A), 
resp.  Dc(Xpro_etaie,A.)  be  the  full  subcategory  of  D(Xetaie,  A),  resp.  D(Xpro^taie^) 
consisting  of  those  complexes  whose  cohomology  sheaves  are  constructible  sheaves 
of  A-modules.  Then 


e • D+(Xgtaie}  A)  y D^(Xpro.^taie,  A) 


is  an  equivalence  of  categories. 


Proof.  The  categories  Dc(Xetaie,A)  and  Dc(Xpro.etaie,  A)  are  strictly  full,  sat- 
urated, triangulated  subcategories  of  D(Xetaie,  A)  and  D(Xpro_etaie,  A)  by  Etale 
Cohomology,  Lemma [49 . 68 . 6 1 and  Lemma  [51. 25. 3|  and  Derived  Categories,  Section 
The  statement  of  the  lemma  follows  by  combining  Lemmas  |51.18.7|  and 

□ 


13.13 


51.25.21 


09BQ  Lemma  51.25.5.  Let  X be  a scheme.  Let  A be  a Noetherian  ring.  Let  K,  L G 
Dc  (A^pro_e^a/e,  A).  Then  K L is  in  Dc  {Xpro_etaie^  A). 


Proof.  Note  that  H2(K  L)  is  the  same  as  Hl{r>i-\K  r>j_iL).  Thus  we 
may  assume  K and  L are  bounded.  In  this  case  we  can  apply  Lemma  |51.25.4|  to 
reduce  to  the  case  of  the  etale  site,  see  Etale  Cohomology,  Lemma  49.89.6  □ 


09BR  Lemma  51.25.6.  Let  X be  a scheme.  Let  A be  a Noetherian  ring.  Let  K be  an 
object  of  D(Xpro_etaiei  A).  Set  Kn  = K A/In.  If  Kx  is  in  Df  (Xpro_6taie,  A/I), 
then  Nn  is  in  Dc  (Xpro_£taie,  A/ 1 ) for  all  n. 


Proof.  Consider  the  distinguished  triangles 

k i"/j"+1  -a  Kn+1  -a  Kn  -a  k r/r+1[ i] 

and  the  isomorphisms 

k jn//n+1  = r\  r/r+1 

By  Lemma  |51.25.5|  we  see  that  this  tensor  product  has  constructible  cohomology 
sheaves  (and  vanishing  when  K\  has  vanishing  cohomology).  Hence  by  induction 
on  n using  Lemma  |51.25.3|  we  see  that  each  Kn  has  constructible  cohomology 
sheaves.  □ 
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09BS 

09BT 


09BU 


51.26.  Constructible  adic  sheaves 

In  this  section  we  define  the  notion  of  a constructible  A-sheaf  as  well  as  some 
variants. 

Definition  51.26.1.  Let  A be  a Noetherian  ring  and  let  I C A be  an  ideal.  Let 
X be  a scheme.  Let  T be  a sheaf  of  A-modules  on  Xpro_etaie- 

(1)  We  say  T is  a constructible  A-sheaf  if  T = limJ7  / InT  and  each  T /InT 
is  a constructible  sheaf  of  A//"-modules. 

(2)  If  T is  a constructible  A-sheaf,  then  we  say  T is  lisse  if  each  T //"J7  is 
locally  constant. 

(3)  We  say  T is  adic  fos^Jif  there  exists  a J-adically  complete  A-module  M 
with  M/IM  finite  such  that  T is  locally  isomorphic  to 

Ma  = limM/rW. 

(4)  We  say  T is  adic  constructing  if  for  every  affine  open  U C X there  exists 
a decomposition  U = JJ  [7$  into  constructible  locally  closed  subschemes 
such  that  is  adic  lisse. 

The  definition  of  a constructible  A-sheaf  is  equivalent  to  the  one  in  IGro771  Expose 
VI,  Definition  1.1.1]  when  A = Z<?  and  I = (ft).  It  is  clear  that  we  have  the 
implications 


lisse  adic 


adic  constructible 


v 


lisse  constructible  A-sheaf  > constructible  A-sheaf 


The  vertical  arrows  can  be  inverted  in  some  cases  (see  Lemmas  51.26.2  and  51.26.5 ). 


In  general  neither  the  category  of  adic  constructible  sheaves  nor  the  category  of  adic 
constructible  sheaves  is  closed  under  kernels  and  cokernels. 


Namely,  let  X be  an  affine  scheme  whose  underlying  topological  space  |X|  is  home- 
omorphic  to  A = Z^,  see  Example  51.6.3  Denote  / : \X\  -)  Z<  = A a homeomor- 
phism.  We  can  think  of  / as  a section  of  AA  over  X and  multiplication  by  / then 
defines  a two  term  complex 


A 


A aa 


on  Xpro_etaie-  The  sheaf  AA  is  adic  lisse.  However,  the  cokernel  of  the  map  above, 
is  not  adic  constructible,  as  the  isomorphism  type  of  the  stalks  of  this  cokernel 
attains  infinitely  many  values:  Z/£"Z  and  Z^.  The  cokernel  is  a constructible 
Z^-sheaf.  However,  the  kernel  is  not  even  a constructible  Z^-sheaf  as  it  is  zero  a 
non-quasi-compact  open  but  not  zero. 


Lemma  51.26.2.  Let  X be  a Noetherian  scheme.  Let  A be  a Noetherian  ring 
and  let  L C A be  an  ideal.  Let  T be  a constructible  A-sheaf  on  Xpro_etaie-  Then 
there  exists  a finite  partition  X — JJ  A'j  by  locally  closed  subschemes  such  that  the 
restriction  J- \xt  is  lisse. 


'''This  may  be  nonstandard  notation. 
4This  may  be  nonstandard  notation. 
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This  is  a sheaf  of  i?-modules  on 


Proof.  Let  R = ® In/In+1.  Observe  that  R is  a Noetherian  ring.  Since  each  of 
the  sheaves  X /InX  is  a constructible  sheaf  of  A//nA-modules  also  In  X / In+1  X is  a 
constructible  sheaf  of  A//-modules  and  hence  the  pullback  of  a constructible  sheaf 
Qn  on  Xetaie  by  Lemma  |51.25.2|  Set  Q = ® Qn 
Xetale  and  the  map 

Go  ®a/j  Bt  — > Q 

is  surjective  because  the  maps 

x/ix®in/in+1  -a  rx/r+1x 


09BV 


are  surjective.  Hence  Q is  a constructible  sheaf  of  i?-modules  by  Etale  Cohomology, 
Proposition  49.71.1  Choose  a partition  X = JJXi  such  that  G\xi  is  a locally 


constant  sheaf  of  i?-modules  of  finite  type  (Etale  Cohomology,  Lemma  49.68.2). 
We  claim  this  is  a partition  as  in  the  lemma.  Namely,  replacing  X by  X,  we  may 
assume  Q is  locally  constant.  It  follows  that  each  of  the  sheaves  InX/In+1X  is 
locally  constant.  Using  the  short  exact  sequences 

o —a  inx/in+1x  —a  x/in+1x  -a  x/inx  -a  o 


induction  and  Modules  on  Sites,  Lemma  [18.42.5|  the  lemma  follows.  □ 

Lemma  51.26.3.  Let  X be  a weakly  contractible  affine  scheme.  Let  A be  a Noe- 
therian ring  and  I C A be  an  ideal.  Let  X be  a sheaf  of  A-modules  on  Xpro_£taie 
such  that 


(1)  X = lim  X/InX, 

(2)  X/InX  is  a constant  sheaf  of  A/ In -modules, 

(3)  X/IX  is  of  finite  type. 

Then  X = Mf  where  M is  a finite  AA  -module. 


Proof.  Pick  a A//ra-module  Mn  such  that  X/InX  = Mn.  Since  we  have  the 
surjections  X/In+1X  —A  X /InX  we  conclude  that  there  exist  surjections  Mn+ 1 —A 
Mn  inducing  isomorphisms  Mn+\/ InMn+\  —A  Mn.  Fix  a choice  of  such  surjections 
and  set  M = lim  Mn.  Then  M is  an  /-adically  complete  A-module  with  M/InM  = 
Mn . see  Algebra,  Lemma  10.97.1  Since  M\  is  a finite  type  A-module  (Modules  on 
Sites,  Lemma  18.41.5)  we  see  that  M is  a finite  AA-module.  Consider  the  sheaves 

ln  = Isom{Mn,  X / In X) 

on  Xpro_4taie ■ Modding  out  by  In  defines  a transition  map 


By  our  choice  of  Mn  the  sheaf  Ir 


-7-n+l  A Tn 

is  a torsor  under 


Isom(Mn,  Mn)  = IsomA(A In,Mn) 


(Modules  on  Sites,  Lemma  18.42. 4|)  since  X /InX  is  (etale)  locally  isomorphic  to 
Mn.  It  follows  from  More  on  Algebra,  Lemma  15.77.1  that  the  system  of  sheaves 
( Tn ) is  Mittag-Leffler.  For  each  n let  I'n  C In  be  the  image  of  I/v  —A  Xn  for  all 
N n.  Then 


A 


Tn  A T\ 


is  a sequence  of  sheaves  of  sets  on  X .pro-etaie  with  surjective  transition  maps.  Since 
*(X)  is  a singleton  (not  empty)  and  since  evaluating  at  X transforms  surjective 
maps  of  sheaves  of  sets  into  surjections  of  sets,  we  can  pick  s £ limX^X).  The 
sections  define  isomorphisms  MA  —A  lim  X / In X = X and  the  proof  is  done.  □ 
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09BW  Lemma  51.26.4.  Let  X be  a connected  scheme.  Let  A be  a Noetherian  ring  and 
let  I C A be  an  ideal.  If  F is  a lisse  constructible  A-sheaf  on  Xpro_^taie,  then  F is 
adic  lisse. 


for  some  locally  constant 
there  exists  a 


49.67.8 


Proof.  By  Lemma  51.18.8  we  have  F/InF  = e 1C 
sheaf  Qn  of  A//n-modules.  By  Etale  Cohomology,  Lemma 
finite  A//n-module  Mn  such  that  Qn  is  locally  isomorphic  to  Mn.  Choose  a covering 
\Wt  — » X}teT  with  each  Wt  affine  and  weakly  contractible.  Then  F\wt  satisfies  the 

and  hence  F\wt  — 


51.26.3 


assumptions  of  Lemma 
Nt.  Note  that  Nt/InNt^WW[. 


More  on  Algebra,  Lemma  15.77.2 


for  some  finite  AA-module 
for  all  t and  n.  Hence  Nt  = Nt>  for  all  t,  t'  £ T,  see 
This  proves  that  F is  adic  lisse.  □ 


09BX  Lemma  51.26.5.  Let  X be  a Noetherian  scheme.  Let  A be  a Noetherian  ring  and 
let  I C A be  an  ideal.  Let  F be  a constructible  A-sheaf  on  Xpro_etaie ■ Then  F is 
adic  constructible. 


Proof.  This  is  a consequence  of  Lemmas  |51.26.2|  and  51.26.4[  the  fact  that  a 
Noetherian  scheme  is  locally  connected  (Topology,  Lemma  5.8.6),  and  the  defi- 
nitions. □ 


It  will  be  useful  to  identify  the  constructible  A-sheaves  inside  the  category  of  derived 
complete  sheaves  of  A-modules.  It  turns  out  that  the  naive  analogue  of  More  on 
Algebra,  Lemma|l5.74.5|is  wrong  in  this  setting.  However,  here  is  the  analogue  of 
More  on  Algebra,  Lemma  [15.74.4| 

09BY  Lemma  51.26.6.  Let  X be  a scheme.  Let  A be  a ring  and  let  I CL  A be  a finitely 
generated  ideal.  Let  F be  a sheaf  of  A-modules  on  Xpro_etaie ■ If  IF  is  derived 
complete  and  F /IF  = 0,  then  F = 0. 


Proof.  Assume  that  F /IF  is  zero.  Let  I = (/1; . . . , fr).  Let  i < r be  the  largest 
integer  such  that  Q = F/(fi, . . . , f/)F  is  nonzero.  If  i does  not  exist,  then  F = 0 
which  is  what  we  want  to  show.  Then  Q is  derived  complete  as  a cokernel  of  a map 
between  derived  complete  modules,  see  Proposition  51.17.1|  By  our  choice  of  i we 
have  that  fi+ \ : Q — > Q is  surjective.  Hence 


lim(. . . 


A+ 


l+gli±l*Q) 


is  nonzero,  contradicting  the  derived  completeness  of  Q. 


□ 


09BZ  Lemma  51.26.7.  Let  X be  a weakly  contractible  affine  scheme.  Let  A be  a Noe- 
therian ring  and  let  I C A be  an  ideal.  Let  F be  a derived  complete  sheaf  of  A- 
modules  on  Xpro_etaie  with  F/IF  a locally  constant  sheaf  of  A/ 1 -modules  of  finite 
type.  Then  there  exists  an  integer  t and  a surjective  map 

(AA)0t -a  F 

Proof.  Since  X is  weakly  contractible,  there  exists  a finite  disjoint  open  covering 
X = \[Ui  such  that  F/IF\ut  is  isomorphic  to  the  constant  sheaf  associated  to  a 
finite  A/J-modulc  M,;.  Choose  finitely  many  generators  of  Mi.  We  can  find 
sections  stj  £ F(X)  restricting  to  viewed  as  a section  of  F/IF  over  t/j.  Let  t 
be  the  total  number  of  Sij . Then  we  obtain  a map 

a : A®4  — >F 
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which  is  surjective  modulo  I by  construction.  By  Lemma |51. 16. 1| the  derived  com- 
pletion of  Aet  is  the  sheaf  (AA)®L  Since  J-  is  derived  complete  we  see  that  a factors 
through  a map 


(A1 


A\©t 


T 


Then  Q = Coker  (aA)  is  a derived  complete  sheaf  of  A-modules  by  Proposition 
51.17.1  By  construction  Q/IQ  = 0.  It  follows  from  Lemma  51.26.6  that  Q = 0 
which  is  what  we  wanted  to  show.  □ 


51.27.  A suitable  derived  category 


09C0  Let  X be  a scheme.  It  will  turn  out  that  for  many  schemes  X a suitable  derived 
category  of  t-adic  sheaves  can  be  gotten  by  considering  the  derived  complete  objects 
K of  D(Xpro.£taie , A)  with  the  property  that  A^g^F^  is  bounded  with  constructible 
cohomology  sheaves.  Here  is  the  general  definition. 

09C1  Definition  51.27.1.  Let  A be  a Noetherian  ring  and  let  I C A be  an  ideal.  Let 
A be  a scheme.  An  object  K of  D{Xpro^taie,  A)  is  called  constructible  if 

(1)  K is  derived  complete  with  respect  to  /, 

(2)  K g^  A/ 1 has  constructible  cohomology  sheaves  and  locally  has  finite  tor 
dimension. 

We  denote  Dcons(X,  A)  the  full  subcategory  of  constructible  K in  D(Xpro^taie,  A). 


Recall  that  with  our  conventions  a complex  of  finite  tor  dimension  is  bounded 
(Cohomology  on  Sites,  Definition  21.36.1).  In  fact,  let’s  collect  everything  proved 
so  far  in  a lemma. 


09C2  Lemma  51.27.2.  In  the  situation  above  suppose  K is  in  Dcons(X,  A)  and  X is 
quasi- compact.  Set  Kn  = K gjj  A / In . There  exist  a,  b such  that 

(1) 


(2) 

(3) 

(4) 


K = R\imKn  and  H'l(K)  = 0 for  i ^ [a,  b], 

each  Kn  has  tor  amplitude  in  [a,  b] , 

each  Kn  has  constructible  cohomology  sheaves, 

each  Kn  = e~1Ln  for  some  Ln  £ Dctf{X^taie,  A/ In ) (Etale  Cohomology, 


Definition  f 9. 89.1). 


Proof.  By  definition  of  local  having  finite  tor  dimension,  we  can  find  a,  b such  that 
I\\  has  tor  amplitude  in  [a,  b\.  Part  (2)  follows  from  Cohomology  on  Sites,  Lemma 


21.36.8  Then  (1)  follows  as  K is  derived  complete  by  the  description  of  limits  in 

and  the  fact  that  Hb(Kn+i)  — » Hb(Kn) 


21.39.2 


51.25.6 


Part  (4) 


Cohomology  on  Sites,  Proposition 

is  surjective  as  Kn  = Kn+\®\  A/In.  Part  (3)  follows  from  Lemma  i 
follows  from  Lemma  |51.25.4|  and  the  fact  that  Ln  has  finite  tor  dimension  because 
Kn  does  (small  argument  omitted).  □ 


09C3  Lemma  51.27.3.  Let  X be  a weakly  contractible  affine  scheme.  Let  A be  a Noe- 
therian ring  and  let  I C A be  an  ideal.  Let  K be  an  object  of  Dcons(X,  A)  such 
that  the  cohomology  sheaves  of  K g^  A/I  are  locally  constant.  Then  there  exists 
a finite  disjoint  open  covering  X = ]j[  Ui  and  for  each  i a finite  collection  of  finite 
projective  AA -modules  Ma, . . . ,AIb  such  that  K\ut  is  represented  by  a complex 

(M“)A  -A  ...  -A  (Mb)A 

in  D(Ui  pro_£taie,  A)  for  some  maps  of  sheaves  of  A-modules  (M‘l)A  -A  ( Ml+l)A . 
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Proof.  We  freely  use  the  results  of  Lemma  |51.27.2|  Choose  a,  b as  in  that  lemma. 
We  will  prove  the  lemma  by  induction  on  b — a.  Let  F = Hb(K).  Note  that  F is  a 
derived  complete  sheaf  of  A-modules  by  Proposition  51.17.1  Moreover  F /IF  is  a 
locally  constant  sheaf  of  A/J-modules  of  finite  type.  Apply  Lemma  51.26.7|  to  get 
a surjection  p : (Aa)®4  — ► F. 


If  a = 6,  then  K = F[— 6].  In  this  case  we  see  that 

F ®a  A/J  = F/IF 

As  X is  weakly  contractible  and  F / IF  locally  constant,  we  can  find  a finite  disjoint 
union  decomposition  X = JJ  [7*  by  affine  opens  Ui  and  A/J-modules  Mj  such  that 
F /IF  restricts  to  Mi  on  Ui.  After  refining  the  covering  we  may  assume  the  map 

p\i/i  mod  I : A//®*  — » Mi 


is  equal  to  for  some  surjective  module  map  a 
Sites,  Lemma 


18.42.3 


: A//®4  —>■  Mj,  see  Modules  on 
Note  that  each  Mi  is  a finite  A//-module.  Since  F /IF  has 
tor  amplitude  in  [0, 0]  we  conclude  that  Mi  is  a flat  A//-module.  Hence  Mj  is  finite 
projective  (Algebra,  Lemma  10.77.2 ).  Hence  we  can  find  a projector  pl  : (A//)®*  — ► 
(A//)®4  whose  image  maps  isomorphically  to  Mj  under  the  map  ctj . We  can  lift 
Pi  to  a projector  p,  : (AA)®4  — ► (AA)®j^]  Then  Mj  = Im(pj)  is  a finite  J-adically 
complete  AA -module  with  Mi /I Mi  = Mi.  Over  Ui  consider  the  maps 

(AA)®4 


MI 


F\ 


Ui 


By  construction  the  composition  induces  an  isomorphism  modulo  I.  The  source 
and  target  are  derived  complete,  hence  so  are  the  cokernel  Q and  the  kernel  1C.  We 


have  Q/IQ  = 0 by  construction  hence  Q is  zero  by  Lemma  51.26.6  Then 

0 ->  JC/IJC  -5 > My  -)>  F/IF  ->•  0 

is  exact  by  the  vanishing  of  Tori  see  at  the  start  of  this  paragraph;  also  use  that 
Aa//A  by  Modules  on  Sites,  Lemma 


18.41.4 

K. /IK.  = 0 by  construction  and  we  conclude  t’ 
result  in  case  a = b. 


to  see  that  Mi  /I Mi  = Mi.  Hence 
rat  K.  = 0 as  before.  This  proves  the 


If  b > a,  then  we  lift  the  map  p to  a map 


D(X. 


pro-etale 


! A). 


P '■  (A,A)®4  [ — 6]  — > K 

This  is  possible  as  we  can  think  of  I\  as  a complex  of  A- 
modules  by  discussion  in  the  introduction  to  Section  51.16  and  because  Xpro^t.aie 
is  weakly  contractible  hence  there  is  no  obstruction  to  lifting  the  elements  p(es)  £ 
H°(X,F)  to  elements  of  Hb(X,K).  Fitting  p into  a distinguished  triangle 


(Aa)®4[-6]  (Aa)®4[-6  + 1] 

we  see  that  L is  an  object  of  Dcons(X,  A)  such  that  L A/I  has  tor  amplitude 
contained  in  [a,  b — 1]  (details  omitted).  By  induction  we  can  describe  L locally  as 
stated  in  the  lemma,  say  L is  isomorphic  to 

(Ma)A  (Mb~1jA 


Pi,i 


®Proof:  by  Algebra,  Lemma  10.31.6 
: (A /In)®t  — >•  (A /In)®t  and  then  we  set  pi  = lim pi,n  which  works  because  AA  = limA / In 


we  can  lift  p ^ to  a compatible  system  of  projectors 
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The  map  L -A  (Aa)®*[— b + 1]  corresponds  to  a map  ( — > (Aa)®*  which 
allows  us  to  extend  the  complex  by  one.  The  corresponding  complex  is  isomorphic 
to  K in  the  derived  category  by  the  properties  of  triangulated  categories.  This 
finishes  the  proof.  □ 


Motivated  by  what  happens  for  constructible  A-sheaves  we  introduce  the  following 
notion. 

09C4  Definition  51.27.4.  Let  X be  a scheme.  Let  A be  a Noetherian  ring  and  let 
I C A be  an  ideal.  Let  K S D{Xpro^taie,  A). 

(1)  We  say  K is  adic  fos^Jif  there  exists  a finite  complex  of  finite  projective 
AA-modules  M * such  that  K is  locally  isomorphic  to 

aA  , v JtfbA 


M‘ 


(2)  We  say  K is  adic  constructibl^j  if  for  every  affine  open  U C X there  exists 
a decomposition  U = JJ  Ut  into  constructible  locally  closed  subschemes 
such  that  K\ui  is  adic  lisse. 

The  difference  between  the  local  structure  obtained  in  Lemma  151.27.31  and  the 
structure  of  an  adic  lisse  complex  is  that  the  maps  Ml  — > MI+1  in  Lemma 


09C5 


51.27.3  need  not  be  constant,  whereas  in  the  definition  above  they  are  required  to 
be  constant. 

Lemma  51.27.5.  Let  X be  a weakly  contractible  affine  scheme.  Let  A be  a Noe- 
therian ring  and  let  I C A be  an  ideal.  Let  K be  an  object  of  Dcons{X,  A)  such  that 
K (g>^  A//"  is  isomorphic  in  D(Xpro_^taie,  A/ In)  to  a complex  of  constant  sheaves 
of  A/ In  -modules.  Then 

H°{X,K®\  A/In) 
has  the  Mittag-Leffler  condition. 

Proof.  Say  K (g)^  A/In  is  isomorphic  to  En  for  some  object  En  of  D(A/In).  Since 
K (g>^  A/ 1 has  finite  tor  dimension  and  has  finite  type  cohomology  sheaves  we  see 


that  Ei  is  perfect  (see  More  on  Algebra,  Lemma  15.61.2).  The  transition  maps 

K <g>J(  A/Jra+1  -a  K <g>^  A/In 

locally  come  from  (possibly  many  distinct)  maps  of  complexes  En+ \ — > En  in 
D{A/ In+1)  see  Cohomology  on  Sites,  Lemma  21.41.3  For  each  n choose  one  such 

En  in 


map  and  observe  that  it  induces  an  isomorphism  En+ 1 


5a //"+ 


i A//" 


D(A/In).  By  More  on  Algebra,  Lemma  15.75.3  we  can  find  a finite  complex  M * 
of  finite  projective  AA-modules  and  isomorphisms  M* /InM*  — > En  in  D(A/In) 
compatible  with  the  transition  maps. 

Now  observe  that  for  each  finite  collection  of  indices  n > m > k the  triple  of  maps 

H°(X,  I<  (g^  A/In)  — )•  H°(X,  I<  A/Im)  -a  H°{X,  K A/Ik ) 

is  isomorphic  to 

H°(X,  M* / In M*)  -a  H° (X,  M* / ImM* ) ->•  H°(X,  M* /IkM*) 


®This  may  be  nonstandard  notation 
"This  may  be  nonstandard  notation. 
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Namely,  choose  any  isomorphism 

M*/InM * -A  K®\  A/In 


09C6 


induces  similar  isomorphisms  module  Im  and  Ik  and  we  see  that  the  assertion  is 
true.  Thus  to  prove  the  lemma  it  suffices  to  show  that  the  system  H°(X,  M* /InM*) 
has  Mittag-Leffler.  Since  taking  sections  over  X is  exact,  it  suffices  to  prove  that 
the  system  of  A-modules 

H°(M*/InM *) 


has  Mittag-Leffler.  Set  A = AA  and  consider  the  spectral  sequence 
Tor i (Hq(M*),  A/ In A)  =>  Hp+q(Ma /InM*) 


By  More  on  Algebra,  Lemma 


15.21.3 


the  pro-systems  {Tor  \(Hq(M*),  A/ In A)} 


are  zero  for  p > 0.  Thus  the  pro-system  {H°  [M* / In M*)}  is  equal  to  the  pro- 
system {H° (M*) / In H° (M*)}  and  the  lemma  is  proved.  □ 


Lemma  51.27.6.  Let  X be  a connected  scheme.  Let  A be  a Noetherian  ring  and 
let  I C A be  an  ideal.  If  K is  in  Dcons(X,  A)  such  that  K ®a  A//  has  locally 


constant  cohomology  sheaves,  then  K is  adic  lisse  (Definition  51.27.4). 


Proof.  Write  Kn  = K A/In.  We  will  use  the  results  of  Lemma 


51.27.2 


with- 
out further  mention.  By  Cohomology  on  Sites,  Lemma  21.41.5  we'  see  that  Kn 
has  locally  constant  cohomology  sheaves  for  all  n.  We  have  Kn  = e~1Ln  some  Ln 
in  Dctf(Xetaie,  A//")  with  locally  constant  cohomology  sheaves.  By  Etale  Coho- 
mology, Lemma  49.89.14  there  exist  perfect  Mn  £ D(A/In)  such  that  Ln  is  etale 
locally  isomorphic  to  Mn . The  maps  Ln+ 1 — >•  Ln  corresponding  to  Kn+ 1 — > Kn 
induces  isomorphisms  Ln  +i  <8>a//"+1  A //"  — ► Ln.  Looking  locally  on  X we  con- 
clude that  there  exist  maps  Mn+1  -A  Mn  in  D(A/ In+1)  inducing  isomorphisms 
Mn+ 1 (8>a//"+i  A //” 


21.41.3 


Fix  a choice 


Mn,  see  Cohomology  on  Sites,  Lemma 
of  such  maps.  By  More  on  Algebra,  Lemma[l5.75.3|we  can  fina  a finite  complex  M* 
of  finite  projective  AA-modules  and  isomorphisms  M* /InM*  — > Mn  in  D(A/In) 
compatible  with  the  transition  maps.  To  finish  the  proof  we  will  show  that  K is 
locally  isomorphic  to 

M*a  = lim  M*  / In  M*  = i?lim  M* /InM* 


Let  E * be  the  dual  complex  to  M * , see  More  on  Algebra,  Lemma  |15.61.14]  and  its 
proof.  Consider  the  objects 


Hn  = R'HomA/Irl  Kn)  = E*/InE* 


5a//" 


K.„ 


uf  D(Xpro-etaie,  A/Inf.  Modding  out  by  / n defines  a transition  map  H n a l — r Hn. 
Set  H = RlimHn.  Then  H is  an  object  of  Dcons(X,  A)  (details  omitted)  with 
H A/In  = Hn.  Choose  a covering  {Wt  — > X}tGT  with  each  Wt  affine  and 
weakly  contractible.  By  our  choice  of  M*  we  see  that 


Hn\Wt^  RHomA/Ir>{Mm/InM,,Ar/InMm) 

= Tot(E'/InE'  ®a//-  M*/7nM*) 

Thus  we  may  apply  Lemma  |51.27.5|  to  H = R lim  Hn . We  conclude  the  system 
H°(Wt,  Hn)  satisfies  Mittag-Leffler.  Since  for  all  n 1 there  is  an  element  of 
H°(Wt,Hn)  which  maps  to  an  isomorphism  in 

H°(Wt,  Hi)  = Hom(M*//M*,  Tfi) 
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we  find  an  element  {g>t,n)  in  the  inverse  limit  which  produces  an  isomorphism  mod 
I.  Then 


R lim ipt  n : MlY\wt  = Rlim  M*  / In  M*  \Wt  — > R lim Kn \ Wt  = K\Wt 
is  an  isomorphism.  This  finishes  the  proof. 


□ 


09C7  Proposition  51.27.7.  Let  X be  a Noetherian  scheme.  Let  A be  a Noetherian 
ring  and  let  I C A be  an  ideal.  Let  K be  an  object  of  Dcons  ( A',  A) . Then  I\  is  adic 
constructible  (Definition  51.27.j). 

Proof.  This  is  a consequence  of  Lemma  |51.27.6  and  the  fact  that  a Noetherian 
scheme  is  locally  connected  (Topology,  Lemma  5.8.6),  and  the  definitions.  □ 


51.28.  Proper  base  change 


09C8  In  this  section  we  explain  how  to  prove  the  proper  base  change  theorem  for  derived 
complete  objects  on  the  pro-etale  site  using  the  proper  base  change  theorem  for 
etale  cohomology  following  the  general  theme  that  we  use  the  pro-etale  topology 
only  to  deal  with  “limit  issues”  and  we  use  results  proved  for  the  etale  topology  to 
handle  everything  else. 

09C9  Theorem  51.28.1.  Let  f : X -A  Y be  a proper  morphism  of  schemes.  Let 
g : Y'  — >■  Y be  a morphism  of  schemes  giving  rise  to  the  base  change  diagram 


X' 

f 

Y 

Y' 


Let  A be  a Noetherian  ring  and  let  I C A be  an  ideal  such  that  A/ 1 is  torsion.  Let 
K be  an  object  of  D(Xpro_^taie)  such  that 

(1)  K is  derived  complete,  and 

(2)  K®\A/In  is  bounded  below  with  cohomology  sheaves  coming  from  X (tale  > 

(3)  A/In  is  a perfect  A-modul^ 

Then  the  base  change  map 

Lg*compRf*K  — ► Rf(L(g%ompK 

is  an  isomorphism. 


Proof.  We  omit  the  construction  of  the  base  change  map  (this  uses  only  formal 
properties  of  derived  pushforward  and  completed  derived  pullback,  compare  with 
Cohomology  on  Sites,  Remark  21.19.2).  Write  Kn  = K (g^  A/7".  By  Lemma 
|51.16.1  we  have  K = R lim  Kn  because  K is  derived  complete.  By  Lemmas  51.16.2 
and  151.16. II  we  can  unwind  the  left  hand  side 

Lg*compRf*K  = R lim Lg*(RfJ<)  <g^  A/In  = RlimLg*RfJ<n 

the  last  equality  because  A/In  is  a perfect  module  and  the  projection  formula 
(Cohomology  on  Sites,  Lemma  21.38.1).  Using  Lemma  51.16.2  we  can  unwind  the 
right  hand  side 

Rf'MYcompK  = Rfl  R lim  L(g')*  Kn  = R lim  Rf(L{g')*  Kn 


’This  assumption  can  be  removed  if  K is  a constructible  complex,  see  IBS13I. 
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the  last  equality  because  Rfl  commutes  with  R lim  (Cohomology  on  Sites,  Lemma 


21.21.2 1.  Thus  it  suffices  to  show  the  maps 

Lg*Rf*Kn  — > Rf'xL{g')*Kn 

are  isomorphisms.  By  Lemma |51. 18. 7| and  our  second  condition  we  can  write  Kn  = 


51.21.1 


and  the  fact  that 


e 1Ln  for  some  Ln  £ D+  {X^taiej  A//ra).  By  Lemma 
commutes  with  pullbacks  we  obtain 

Lg*  Rf*Kn  = Lg*  Rf*e*  Ln  = Lg*e~1Rf,Ln  = e~1Lg*RULn 

and 

Rf'*L(g')*  Kn  = Rf'M)*e ~xLn  = Rfe-'Ltf)*  Ln  = e~lRf'MyLn 

(this  also  uses  that  Ln  is  bounded  below).  Finally,  by  the  proper  base  change 
theorem  for  etale  cohomology  (Etale  Cohomology,  Theorem  49.76.11)  we  have 

Lg*Rf*Ln  = RflL{g'y  Ln 

(again  using  that  Ln  is  bounded  below)  and  the  theorem  is  proved.  □ 
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Algebraic  Spaces 


52.1.  Introduction 


Algebraic  spaces  were  first  introduced  by  Michael  Artin,  see  [Art69bj.  [Art70|. 
|Art73|.  |Art71b].  |Art71a],  |Art69a] . |Art69c],  and  | Art 74],  Some  of  the 
foundational  material  was  developed  jointly  with  Knutson,  who  produced  the  book 
|Knu71l.  Artin  defined  (see  jArt69cl  Definition  1.3])  an  algebraic  space  as  a sheaf 
for  the  etale  topology  which  is  locally  in  the  etale  topology  representable.  In  most 
of  Artin’s  work  the  categories  of  schemes  considered  are  schemes  locally  of  finite 
type  over  a fixed  excellent  Noetherian  base. 


Our  definition  is  slightly  different.  First  of  all  we  consider  sheaves  for  the  fppf 
topology.  This  is  just  a technical  point  and  scarcely  makes  any  difference.  Second, 
we  include  the  condition  that  the  diagonal  is  representable. 


After  defining  algebraic  spaces  we  make  some  foundational  observations.  The  main 
result  in  this  chapter  is  that  with  our  definitions  an  algebraic  space  is  the  same  thing 
as  an  etale  equivalence  relation,  see  the  discussion  in  Section 
The  analogue  of  this  theorem  in  Artin’s  setting  is 


52.10.5 


52. 9|  and  Theorem 
Art69cl  Theorem 


1.5],  or  |Knu711  Proposition  II. 1.7].  In  other  words,  the  sheaf  defined  by  an  etale 
equivalence  relation  has  a representable  diagonal.  It  follows  that  our  definition 
agrees  with  Artin’s  original  definition  in  a broad  sense.  It  also  means  that  one 
can  give  examples  of  algebraic  spaces  by  simply  writing  down  an  etale  equivalence 
relation. 


In  Section  |52.13|  we  introduce  various  separation  axioms  on  algebraic  spaces  that 
we  have  found  in  the  literature.  Finally  in  Section  |52.14|  we  give  some  weird  and 
not  so  weird  examples  of  algebraic  spaces. 


52.2.  General  remarks 


We  work  in  a suitable  big  fppf  site  Schfppf  as  in  Topologies,  Definition  33.7.6  So 


if  not  explicitly  stated  otherwise  all  schemes  will  be  objects  of  Schfppf.  We  will 
record  elsewhere  what  changes  if  you  change  the  big  fppf  site  (insert  future  reference 
here). 


We  will  always  work  relative  to  a base  S contained  in  Schfppf.  And  we  will  then 
work  with  the  big  fppf  site  (Sch/S) fppf,  see  Topologies,  Definition 
absolute  case  can  be  recovered  by  taking  S = Spec(Z). 


33.7.1 


The 


If  U,  T are  schemes  over  S,  then  we  denote  U(T)  for  the  set  of  T-valued  points  over 
S.  In  a formula:  U(T)  = Morg(T,  U). 
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025U 


02W9 


02WA 


02WB 


Note  that  any  fpqc  covering  is  a universal  effective  epimorphism,  see  Descent, 
Lemma  34.9.3  Hence  the  topology  on  Schfppf  is  weaker  than  the  canonical  topol- 
ogy and  all  representable  presheaves  are  sheaves. 


52.3.  Representable  morphisms  of  presheaves 

Let  S be  a scheme  contained  in  Schfppf.  Let  F,G  : (Sch/ S)°fPpPf  H > 'S'eis.  Let 
a : F — > G be  a representable  transformation  of  functors,  see  Categories,  Definition 

Ob  ((Sch/S)fppf 


4.8.2 


This  means  that  for  every  U € Ob  ((Sch/  S)  fppf)  and  any  £ e G(U)  the 
fiber  product  hjj  X{,G  F is  representable.  Choose  a representing  object  and  an 
isomorphism  hvs  — t hu  xgF.  By  the  Yoneda  lemma,  see  Categories,  Lemma  4.3.5 
the  projection  hy£  — > hu  Xq  F -a  hu  comes  from  a unique  morphism  of  schemes 
d£  : — > U.  Suggestively  we  could  represent  this  by  the  diagram 


Ve 


U ■ 


hu 


F 


G 


where  the  squiggly  arrows  represent  the  Yoneda  embedding.  Here  are  some  lemmas 
about  this  notion  that  work  in  great  generality. 

Lemma  52.3.1.  Let  S , X , Y be  objects  of  Schfppf . Let  f : X — » Y be  a morphism 
of  schemes.  Then 

h f : hx  — t hy 

is  a representable  transformation  of  functors. 

Proof.  This  is  formal  and  relies  only  on  the  fact  that  the  category  (Sch/ S) fppf 
has  fibre  products.  □ 


Lemma  52.3.2.  Let  S be  a scheme  contained  in  Schfppf.  Let  F,G,H  : (Sch/ S)°^ppf  — t 
Sets.  Let  a : F — ► G,  b : G — > F[  be  representable  transformations  of  functors.  Then 

bo  a : F — > Ft 


is  a representable  transformation  of  functors. 

Proof.  This  is  entirely  formal  and  works  in  any  category.  □ 

Lemma  52.3.3.  Let  S be  a scheme  contained  in  Schfppf.  Let  F,G,H  : (Sch/ S)YPPf  — > 
Sets.  Let  a : F —¥  G be  a representable  transformations  of  functors.  Let  b : H — > G 
be  any  transformation  of  functors.  Consider  the  fibre  product  diagram 

H XbG,a  F — F 

0 

a!  a 

Y . 

H >■  G 

Then  the  base  change  a'  is  a representable  transformation  of  functors. 

Proof.  This  is  entirely  formal  and  works  in  any  category.  □ 


52.4.  LISTS  OF  USEFUL  PROPERTIES  OF  MORPHISMS  OF  SCHEMES 


3483 


02WC 


02WD 


05L9 


02WE 

02WF 


Lemma  52.3.4.  Let  S be  a scheme  contained  in  Sch.fppf.  Let  Fi,  Gi  : (Sch/  S)YPPf  — i 
Sets,  i = 1,2.  Let  ai  : Fi  — > Gi,  i = 1,2  be  representable  transformations  of  func- 
tors. Then 

CLi  X 02  • F\  X /' 2 >■  Gi  X G2 

is  a representable  transformation  of  functors. 

Proof.  Write  a\  x 02  as  the  composition  F\  x F2  —>  G\  x F2  — > G\  x G2.  The  first 
arrow  is  the  base  change  of  a\  by  the  map  G\  x F2  — >■  G 1,  and  the  second  arrow  is 
the  base  change  of  02  by  the  map  G 1 x G2  — >■  G 2.  Hence  this  lemma  is  a formal 
consequence  of  Lemmas  |52.3.2|  and |52.3.3|  □ 

Lemma  52.3.5.  Let  S be  a scheme  contained  in  Schfppf.  Let  F,  G : {Sch/ S)YPpf  — t 
Sets.  Let  a : F — ► G be  a representable  transformation  of  functors.  If  G is  a sheaf, 
then  so  is  F. 


Proof.  Let  {</?j  : Ti  — >•  T}  be  a covering  of  the  site  ( Sch/S)fppf . Let  Sj  G F(Tj) 
which  satisfy  the  sheaf  condition.  Then  Oi  = a(si)  G G(7j)  satisfy  the  sheaf 
condition  also.  Hence  there  exists  a unique  o G G(T)  such  that  U{  = o \ p,  ■ By 
assumption  F'  = hx  xa  Q a F is  a representable  presheaf  and  hence  (see  remarks  in 
Section  52.2 1 a sheaf.  Note  that  G FfTf)  satisfy  the  sheaf  condition  also, 

and  hence  come  from  some  unique  (idr,s)  G F'(T).  Clearly  s is  the  section  of  F 
we  are  looking  for.  □ 


Lemma  52.3.6.  Let  S be  a scheme  contained  in  Schfppf.  Let  F,  G : {Sch/ S)YPPf  — > 
Sets.  Let  a : F — ► G be  a representable  transformation  of  functors.  Then  Ap/c  ■ 
F — )•  F Xq  F is  representable. 


Proof.  Let  U G Ob ((Sch/S)fppf).  Let  £ = (£1,^2)  € (F  xg  F)(U).  Set  f = 
a(£i)  = 0(^2)  € G(U).  By  assumption  there  exist  a scheme  V and  a morphism 
V — > U representing  the  fibre  product  hp  x^^F.  Hr  particular,  the  elements  £1,^2 
give  morphisms  /i,/2  : U — > V over  U.  Because  V represents  the  fibre  product 
hu  x£',gF  and  because  f = flo(j  =ao(2  we  see  that  if  g : U'  — > U is  a morphism 
then 

g*f,  1 = 5*6  ^ fi  O g = f2  o g. 

In  other  words,  we  see  that  hp  x^,fXgf  F is  represented  by  V xA,vxV,(f1,f2)  U 
which  is  a scheme.  □ 


52.4.  Lists  of  useful  properties  of  morphisms  of  schemes 


For  ease  of  reference  we  list  in  the  following  remarks  the  properties  of  morphisms 
which  possess  some  of  the  properties  required  of  them  in  later  results. 

Remark  52.4.1.  Here  is  a list  of  properties/types  of  morphisms  which  are  stable 
under  arbitrary  base  change : 


(1)  closed,  open,  and  locally  closed  immersions,  see  Schemes,  Lemma  25.18.2 

(2)  quasi-compact,  see  Schemes,  Lemma  25.19.3 


(3)  universally  closed,  see  Schemes,  Definition  25.20.1 


(4)  (quasi-)separated,  see  Schemes,  Lemma  25.21.13 

(5)  monomorphism,  see  Schemes,  Lemma  25.23.5 


(6)  surjective,  see  Morphisms,  Lemma  28.10.4 


(7)  universally  injective,  see  Morphisms,  Lemma  28.11.2 

(8)  affine,  see  Morphisms,  Lemma  28.12.8 
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(9) 

(10) 

(11) 

(12) 

(13) 

(14) 

(15) 

(16) 

(17) 

(18) 

(19) 

(20) 
(21) 
(22) 

(23) 

(24) 


quasi-affine,  see  Morphisms,  Lemma  28.13.5 


(locally)  of  finite  type,  see  Morphisms,  Lemma  28.15.4 


(locally)  quasi-finite,  see  Morphisms,  Lemma  28.20.13 


(locally)  of  finite  presentation,  see  Morphisms,  Lemma|28.21.4 
locally  of  finite  type  of  relative  dimension  d,  see  Morphisms,  Lemma 
|28.29)2[ 


universally  open,  see  Morphisms,  Definition  28.23.1 
flat,  see  Morphisms,  Lemma  28.25.7 
syntomic,  see  Morphisms,  Lemma  28.31.4 
smooth,  see  Morphisms,  Lemma  28.34.5 


unramified  (resp.  G- unramified),  see  Morphisms,  Lemma  28.35.5 


etale,  see  Morphisms,  Lemma  28.36.4 


proper,  see  Morphisms,  Lemma  28.41.5 
H-projective,  see  Morphisms,  Lemma  28.42.9 
(locally)  projective,  see  Morphisms,  Lemma  28.42.10 
finite  or  integral,  see  Morphisms,  Lemma  28.43.6 


finite  locally  free,  see  Morphisms,  Lemma  28.45.4 


Add  more  as  needed. 

02WG  Remark  52.4.2.  Of  the  properties  of  morphisms  which  are  stable  under  base 


change  (as  listed  in  Remark  52.4.1 1 the  following  are  also  stable  under  compositions : 
(1)  closed,  open  and  locally  closed  immersions,  see  Schemes,  Lemma  25.24.3 


(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 
(9) 

(10) 

(11) 

(12) 

(13) 

(14) 

(15) 

(16) 

(17) 

(18) 

(19) 

(20) 
(21) 
(22) 


quasi-conrpact,  see  Schemes,  Lemma  25.19.4 
universally  closed,  see  Morphisms,  Lemma  28.41.4 


(quasi-)separated,  see  Schemes,  Lemma  25.21.13 


monomorphism,  see  Schemes,  Lemma  25.23.4 
surjective,  see  Morphisms,  Lemma  28.10.2 


universally  injective,  see  Morphisms,  Lemma  28.11.5 


affine,  see  Morphisms,  Lemma  28.12.7 
quasi-affine,  see  Morphisms,  Lemma |28. 13.4 


(locally)  of  finite  type,  see  Morphisms,  Lemma  28.15.3 


(locally)  quasi-finite,  see  Morphisms,  Lemma  28.20.12 


(locally)  of  finite  presentation,  see  Morphisms,  Lemma  28.21.3 


universally  open,  see  Morphisms,  Lemma  28.23.3 
flat,  see  Morphisms,  Lemma  28.25.5 
syntomic,  see  Morphisms,  Lemma  28.31.3 
smooth,  see  Morphisms,  Lemma  28.34.4 


unramified  (resp.  G- unramified),  see  Morphisms,  Lemma  28.35.4 
etale,  see  Morphisms,  Lemma  28.36.3 


proper,  see  Morphisms,  Lemma  28.41.4 


H-projective,  see  Morphisms,  Lemma  28.42.8 
finite  or  integral,  see  Morphisms,  Lemma  28.43.5 


finite  locally  free,  see  Morphisms,  Lemma  28.45.3 


Add  more  as  needed. 

02WH  Remark  52.4.3.  Of  the  properties  mentioned  which  are  stable  under  base  change 


(as  listed  in  Remark  52.4.1)  the  following  are  also  fpqc  local  on  the  base  (and  a 


fortiori  fppf  local  on  the  base): 

(1)  for  immersions  we  have  this  for 


52.5.  PROPERTIES  OF  REPRESENTABLE  MORPHISMS  OF  PRESHEAVES 


3485 


02WI 

025V 


02YN 


closed  immersions,  see  Descent,  Lemma  34.19.17 


(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 
(9) 

(10) 

(11) 

(12) 

(13) 

(14) 

(15) 

(16) 

(17) 

(18) 

(19) 

(20) 
(21) 
(22) 


(a) 

(b) 

(c) 

quasi-compact,  see  Descent,  Lemma  34.19.1 


and 


open  immersions,  see  Descent,  Lemma  34.19.14 
quasi-compact  immersions,  see  Descent,  Lemma  34.19.19 


universally  closed,  see  Descent,  Lemma  34.19.3 


(quasi-)separated,  see  Descent,  Lemmas  34.19.2  and  34.19.5 


monomorphism,  see  Descent,  Lemma  34.19.29 


surjective,  see  Descent,  Lemma  34.19.6 


universally  injective,  see  Descent,  Lemma  34.19.7 
affine,  see  Descent,  Lemma  34.19.16 
quasi-affine,  see  Descent,  Lemma  34.19.18 


(locally)  of  finite  type,  see  Descent,  Lemmas  34.19.8  and  34.19.10 


(locally)  quasi-finite,  see  Descent,  Lemma  34.19.22 


(locally)  of  finite  presentation,  see  Descent,  Lemmas  34.19.9  and 


locally  of  finite  type  of  relative  dimension  d,  see  Descent,  Lemma 


universally  open,  see  Descent,  Lemma  34.19.4 


flat,  see  Descent,  Lemma  34.19.13 


syntomic,  see  Descent,  Lemma  34.19.24 
smooth,  see  Descent,  Lemma  34.19.25 


34.19.11 


34.19.23 


unramified  (resp.  G- unramified),  see  Descent,  Lemma  34.19.26 
etale,  see  Descent,  Lemma  34.19.27 
proper,  see  Descent,  Lemma~[34 .19.12 
finite  or  integral,  see  Descent,  Lemma  34.19.21 


finite  locally  free,  see  Descent,  Lemma  34.19.28 


Note  that  the  property  of  being  an  “immersion”  may  not  be  fpqc  local  on  the  base, 
but  in  Descent,  Lemma [34.20. 1|  we  proved  that  it  is  fppf  local  on  the  base. 

52.5.  Properties  of  representable  morphisms  of  presheaves 

Here  is  the  definition  that  makes  this  work. 


Definition  52.5.1.  With  S , and  a : F - 

property  of  morphisms  of  schemes  which 


G representable  as  above.  Let  V be  a 


(1)  is  preserved  under  any  base  change,  see  Schemes,  Definition  25.18.3  and 


(2)  is  fppf  local  on  the  base,  see  Descent,  Definition  34.18.1 


In  this  case  we  say  that  a has  property  V if  for  every  U £ Ob  ((Sch/S)  fPPf)  and  any 
£ £ G(U)  the  resulting  morphism  of  schemes  — y U has  property  V. 

It  is  important  to  note  that  we  will  only  use  this  definition  for  properties  of  mor- 
phisms that  are  stable  under  base  change,  and  local  in  the  fppf  topology  on  the 
base.  This  is  not  because  the  definition  doesn’t  make  sense  otherwise;  rather  it  is 
because  we  may  want  to  give  a different  definition  which  is  better  suited  to  the 
property  we  have  in  mind. 

Remark  52.5.2.  Consider  the  property  V = “surjective” . In  this  case  there  could 
be  some  ambiguity  if  we  say  “let  F — > G be  a surjective  map”.  Namely,  we  could 


mean  the  notion  defined  in  Definition  52.5.1  above,  or  we  could  mean  a surjective 
map  of  presheaves,  see  Sites,  Definition  7.3.1[  or,  if  both  F and  G are  sheaves,  we 
could  mean  a surjective  map  of  sheaves,  see  Sites,  Definition|7.12.1[  If  not  mentioned 
otherwise  when  discussing  morphisms  of  algebraic  spaces  we  will  always  mean  the 
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02WJ 


02WK 


02WL 


03KD 


first.  See  Lemma |52.5.9|  for  a case  where  surjectivity  implies  surjectivity  as  a map 
of  sheaves. 


Here  is  a sanity  check. 

Lemma  52.5.3.  Let  S,  X , Y be  objects  of  Schfppf . Let  / : X -A  Y be  a morphism 
of  schemes.  Let  V be  as  in  Definition\52.5. l\  Then  hx  — > hy  has  property  V if 
and  only  if  f has  property  V. 

Proof.  Note  that  the  lemma  makes  sense  by  Lemma [52.3. 1|  Proof  omitted.  □ 

Lemma  52.5.4.  Let  S be  a scheme  contained  in  Schfppf.  Let  F,G,H  : (Sch/ — > 
Sets.  Let  V be  a property  as  in  Definition\52.5.l\  which  is  stable  under  composition. 

Let  a:  F^G,b:G^H  be  representable  transformations  of  functors.  If  a and  b 
have  property  V so  does  b o a : F — > H. 


Proof.  Note  that  the  lemma  makes  sense  by  Lemma  52.3.2  Proof  omitted.  □ 


Lemma  52.5.5.  Let  S be  a scheme  contained  in  Schfppf.  Let  F,G,H  : (Sch/ SY^f  — > 
Sets.  Let  V be  a property  as  in  Definition\52.5.l\  Let  a : F -A  G be  a representable 
transformations  of  functors.  Let  b : H — ► G be  any  transformation  of  functors. 
Consider  the  fibre  product  diagram 


H Xb,G,a  F p>-  F 

b 

a c 

V . 

H >G 


If  a has  property  V then  also  the  base  change  a'  has  property  V. 

Proof.  Note  that  the  lemma  makes  sense  by  Lemma [52. 3. 3|  Proof  omitted.  □ 

Lemma  52.5.6.  Let  S be  a scheme  contained  in  Schfppf.  Let  F,G,H  : (Sch/ S)0^^  — ► 
Sets.  Let  V be  a property  as  in  Definition\52.5.T\  Let  a : F — ► G be  a representable 
transformations  of  functors.  Let  b : H — » G be  any  transformation  of  functors. 
Consider  the  fibre  product  diagram 


H Xb,G,a  F — — F 
0 

a'  c 

Y . 

H >-G 


Assume  that  b induces  a surjective  map  of  fppf  sheaves  H * — »•  G&.  In  this  case,  if 
a ' has  property  V,  then  also  a has  property  V. 


Proof.  First  we  remark  that  by  Lemma  52.3.3|  the  transformation  a'  is  repre- 
sentable. Let  U £ Ob ((Sch/S)fppf),  and  let  £ £ G(U).  By  assumption  there  exists 
an  fppf  covering  {Ui  — > U}t&i  and  elements  £ HfUt)  mapping  to  f\u  via  b.  From 
general  category  theory  it  follows  that  for  each  i we  have  a fibre  product  diagram 


Ui  X£itH,a'  (H  X b,G,a  F)  U X£,G,a  F 


Ui >■ u 
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By  assumption  the  left  vertical  arrow  is  a morphism  of  schemes  which  has  property 
V . Since  V is  local  in  the  fppf  topology  this  implies  that  also  the  right  vertical 
arrow  has  property  V as  desired.  □ 

02WM  Lemma  52.5.7.  Let  S be  a scheme  contained  in  Schfppf.  Let  Ft,  Gi  : (Sch/  S)opppf  — > 
Sets,  i = 1,2.  Let  ai  : Fi  —>  Gi,  i = 1,2  be  representable  transformations  of  func- 
tors. Let  V be  a property  as  in  Definition\52.5.1\  which  is  stable  under  composition. 

If  a i and  02  have  property  V so  does  ai  x a2  : Fi  x F2  — > G 1 x G2  ■ 

Proof.  Note  that  the  lemma  makes  sense  by  Lemma [52.3. 4|  Proof  omitted.  □ 

02YO  Lemma  52.5.8.  Let  S be  a scheme  contained  in  Schfppf.  Let  F,  G : (Sch/  S)opppf  — t 
Sets.  Let  a : F — ► G be  a representable  transformation  of  functors.  Let  V,  V 
be  properties  as  in  Definition \52.5.1\  Suppose  that  for  any  morphism  of  schemes 
f : X — >•  Y we  have  V(f)  =>  'P'(f).  If  a has  property  V then  a has  property  V'  . 

Proof.  Formal.  □ 

05VM  Lemma  52.5.9.  Let  S be  a scheme.  Let  F,G  : (Sch/  S)opppf  — > Sets  be  sheaves. 
Let  a : F — ► G be  representable,  flat,  locally  of  finite  presentation,  and  surjective. 
Then  a : F — >•  G is  surjective  as  a map  of  sheaves. 

Proof.  Let  T be  a scheme  over  S and  let  g : T — > G be  a T-valued  point  of  G.  By 
assumption  T'  = F x q T is  (representable  by)  a scheme  and  the  morphism  T'  — > T 
is  a flat,  locally  of  finite  presentation,  and  surjective.  Hence  { T'  — > T}  is  an  fppf 
covering  such  that  g |jv  £ G(T')  comes  from  an  element  of  F(T'),  namely  the  map 
T'  — > F.  This  proves  the  map  is  surjective  as  a map  of  sheaves,  see  Sites,  Definition 
17.12.11  □ 


Here  is  a characterization  of  those  functors  for  which  the  diagonal  is  representable. 

025W  Lemma  52.5.10.  Let  S be  a scheme  contained  in  Schfppf.  Let  F be  a presheaf 
of  sets  on  (Sch/ S)  fppf . The  following  are  equivalent: 

(1)  The  diagonal  F F x F is  representable. 

(2)  For  every  scheme  U over  S,  U/S  £ Ob  ((Sch/  S)  fppf)  and  any  £ £ F(U) 
the  map  f : hjj  -A  F is  representable. 

Proof.  This  is  completely  formal,  see  Categories,  Lemma  [4.8.4[  It  depends  only 
on  the  fact  that  the  category  (Sch/S)  fppf  has  products  of  pairs  of  objects  and  fibre 
products,  see  Topologies,  Lemma [33.7. 10|  □ 


In  the  situation  of  the  lemma,  for  any  morphism  £ : hu  — > F as  in  the  lemma,  it 
makes  sense  to  say  that  £ has  property  V,  for  any  property  as  in  Definition |52. 5. l' 
In  particular  this  holds  for  V = “surjective”  and  V = “etale”,  see  Remark  52.4.3| 
above.  We  will  use  these  in  the  definition  of  algebraic  spaces  below. 


52.6.  Algebraic  spaces 

025X  Here  is  the  definition. 

025Y  Definition  52.6.1.  Let  S be  a scheme  contained  in  Schfppf.  An  algebraic  space 
over  S is  a presheaf 

F : (Sch/ S)°jFppf  — > Sets 

with  the  following  properties 
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(1)  The  presheaf  F is  a sheaf. 

(2)  The  diagonal  morphism  F — >•  F x F is  representable. 

(3)  There  exists  a scheme  U £ Ob((Sch/ S) fppf)  and  a map  hjj  —>  F which  is 
surjective,  and  etale. 

There  are  two  differences  with  the  “usual”  definition,  for  example  the  definition  in 
Knutson’s  book  IKnuTlI. 

The  first  is  that  we  require  F to  be  a sheaf  in  the  fppf  topology.  One  reason 
for  doing  this  is  that  many  natural  examples  of  algebraic  spaces  satisfy  the  sheaf 
condition  for  the  fppf  coverings  (and  even  for  fpqc  coverings).  Also,  one  of  the 
reasons  that  algebraic  spaces  have  been  so  useful  is  via  Michael  Artin’s  results  on 
algebraic  spaces.  Built  into  his  method  is  a condition  which  guarantees  the  result 
is  locally  of  finite  presentation  over  S.  Combined  it  somehow  seems  to  us  that  the 
fppf  topology  is  the  natural  topology  to  work  with.  In  the  end  the  category  of 
algebraic  spaces  ends  up  being  the  same.  See  Bootstrap,  Section  [67. 12[ 

The  second  is  that  we  only  require  the  diagonal  map  for  F to  be  representable, 
whereas  in  IKnn71 1 it  is  required  that  it  also  be  quasi-compact.  If  F = hu  for 
some  scheme  U over  S this  corresponds  to  the  condition  that  U be  quasi-separated. 
Our  point  of  view  is  to  try  to  prove  a certain  number  of  the  results  that  follow 
only  assuming  that  the  diagonal  of  F be  representable,  and  simply  add  an  addition 
hypothesis  wherever  this  is  necessary.  In  any  case  it  has  the  pleasing  consequence 
that  the  following  lemma  is  true. 

025Z  Lemma  52.6.2.  A scheme  is  an  algebraic  space.  More  precisely,  given  a scheme 
T £ Ob ((Sch/ S)  fppf)  the  representable  functor  hr  is  an  algebraic  space. 

Proof.  The  functor  hr  is  a sheaf  by  our  remarks  in  Section  |52.2|  The  diagonal 
hr  — t hr  x hr  = hxxx  is  representable  because  ( Sch/S)fppf  has  fibre  products. 
The  identity  map  hx  — > hr  is  surjective  etale.  □ 

0260  Definition  52.6.3.  Let  F,  F'  be  algebraic  spaces  over  S.  A morphism  f : F — * F' 
of  algebraic  spaces  over  S'  is  a transformation  of  functors  from  F to  F' . 

The  category  of  algebraic  spaces  over  S contains  the  category  (Sch/S)fppf  as  a 
full  subcategory  via  the  Yoneda  embedding  T/S  H > hx-  From  now  on  we  no  longer 
distinguish  between  a scheme  T/S  and  the  algebraic  space  it  represents.  Thus  when 
we  say  “Let  / : T — ► F be  a morphism  from  the  scheme  T to  the  algebraic  space 
F” , we  mean  that  T £ Ob ((Sch/S)fppf),  that  F is  an  algebraic  space  over  S,  and 
that  / : hx  — t F is  a morphism  of  algebraic  spaces  over  S. 

52.7.  Fibre  products  of  algebraic  spaces 

04T8  The  category  of  algebraic  spaces  over  S has  both  products  and  fibre  products. 

02X0  Lemma  52.7.1.  Let  S be  a scheme  contained  in  Schfppf.  Let  F,G  be  algebraic 
spaces  over  S.  Then  F x G is  an  algebraic  space,  and  is  a product  in  the  category 
of  algebraic  spaces  over  S. 

Proof.  It  is  clear  that  H = F x G is  a sheaf.  The  diagonal  of  H is  simply  the  prod- 
uct of  the  diagonals  of  F and  G.  Hence  it  is  representable  by  Lemma[52lh4|  Finally, 
if  U — > F and  V — > G are  surjective  etale  morphisms,  with  U,  V £ Ob  ((Sch/S)  fPPf), 
then  U x V — I F x G is  surjective  etale  by  Lemma [52. 5. 7|  □ 
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02X2 


02WN 

02WO 


02WP 


Lemma  52.7.2.  Let  S be  a scheme  contained  in  Schfppf.  Let  H be  a sheaf  on 
(Sch/ S) fppf  whose  diagonal  is  representable.  Let  F,G  be  algebraic  spaces  over  S. 
Let  F -A  H , G -A  H be  maps  of  sheaves.  Then  F Xh  G is  an  algebraic  space. 


Proof.  We  check  the  3 conditions  of  Definition  |52.6.1  A fibre  product  of  sheaves 
is  a sheaf,  hence  F Xh  G is  a sheaf.  The  diagonal  of  F Xh  G is  the  left  vertical 
arrow  in 

FxhG ^Fx  G 


(F  x F ) x{HxH)  ( GxG ) 


AfxAg 

(F  x F)  x (G  x G) 


which  is  cartesian.  Hence  A is  representable  as  the  base  change  of  the  morphism 
on  the  right  which  is  representable,  see  Lemmas  |52.3.4|  and  |52.3.3|  Finally,  let 
U,  V £ Ob  ((Sch/ S)  fppf)  and  a : U — > F,  b :V  — > G be  surjective  and  etale.  As  A h 
is  representable,  we  see  that  U Xh  V is  a scheme.  The  morphism 


UxHV 


F Xh  G 


is  surjective  and  etale  as  a composition  of  the  base  changes  U Xh  V — > U Xh  G 
and  U Xh  G — > F Xh  G oi  the  etale  surjective  morphisms  U -A  F and  V — > G,  see 
Lemmas |52.3.2| and |52.3.3|  This  proves  the  last  condition  of  Definition |52.6.1| holds 
and  we  conclude  that  F Xh  G is  an  algebraic  space.  □ 

Lemma  52.7.3.  Let  S be  a scheme  contained  in  Schfppf.  Let  F -A  H,  G -A  H 
be  morphisms  of  algebraic  spaces  over  S.  Then  F Xh  G is  an  algebraic  space,  and 
is  a fibre  product  in  the  category  of  algebraic  spaces  over  S. 

Proof.  It  follows  from  the  stronger  Lemma  |52.7.2|  that  F Xh  G is  an  algebraic 
space.  It  is  clear  that  F x h G is  a fibre  product  in  the  category  of  algebraic  spaces 
over  S since  that  is  a full  subcategory  of  the  category  of  (pre)sheaves  of  sets  on 
(Sch/  S)fppf.  □ 


52.8.  Glueing  algebraic  spaces 

In  this  section  we  really  start  abusing  notation  and  not  distinguish  between  schemes 
and  the  spaces  they  represent. 

Lemma  52.8.1.  Let  S £ Ob  (Schfppf).  Let  U £ Ob((Sch/  S)  fPPf)  ■ Given  a set 
I and  sheaves  Fi  on  Ob  ((Sch/ S)  fppf),  if  U = UigJ  Fi  as  sheaves,  then  each  Fi  is 
representable  by  an  open  and  closed  subscheme  Ui  and  U = \\Uj,  as  schemes. 


Proof.  By  assumption  this  means  there  exists  an  fppf  covering  {Uj  -A  U}j^j  such 
that  each  Uj  -A  U factors  through  F^  for  some  i(j)  £ L Denote  Vj  = Im (Uj  — > 
U).  This  is  an  open  of  U by  Morphisms,  Lemma |28.25.9  and  {Uj  -A  Vj}  is  an 
fppf  covering.  Hence  it  follows  that  Vj  ^ U factors  through  since  is  a 
subsheaf.  It  follows  from  Fi  0 F,*  = 0,  * / i!  that  Vj  D Vj>  =0  unless  i(j)  = i(j'). 


Hence  we  can  take  I/j  = |J  ; i(j)=i  Vj  an(^  everything  is  clear. 


□ 


Lemma  52.8.2.  Let  S £ Ob (Schfppf).  Let  F be  an  algebraic  space  over  S.  Given 
a set  I and  sheaves  Fi  on  Ob  ((Sch/S)fppf),  if  F = U(g/ Fj  as  sheaves,  then  each 
Fi  is  an  algebraic  space  over  S . 
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Proof.  It  follows  directly  from  the  representability  of  F — > FxF  that  each  diagonal 
morphism  F,  — >■  _F)  x P,  is  representable.  Choose  a scheme  U in  (Sch/ S) fppf  and 
a surjective  etale  morphism  U —>  ]/[  Fi  (this  exist  by  hypothesis).  By  considering 
the  inverse  image  of  Fi  we  get  a decomposition  of  U (as  a sheaf)  into  a coproduct 
of  sheaves.  By  Lemma  52.8.1  we  get  correspondingly  U = \\Ui.  Then  it  follows 
easily  that  U,  -a  F,  is  surjective  and  etale  (from  the  corresponding  property  of 
U -A  F).  □ 


The  condition  on  the  size  of  I and  the  Fi  in  the  following  lemma  may  be  ignored 
by  those  not  worried  about  set  theoretic  questions. 

02WQ  Lemma  52.8.3.  Let  S £ Ob (Schfppf).  Suppose  given  a set  I and  algebraic  spaces 
Fi,  i £ I.  Then  F = I hei  Fi  is  an  algebraic  space  provided  I,  and  the  Fi  are 
not  too  “ large for  example  if  we  can  choose  surjective  etale  morphisms  Ui  -A  Fi 
such  that  II*/  Ui  is  isomorphic  to  an  object  of  (Sch/ S)  fppf , then  F is  an  algebraic 
space. 

Proof.  By  construction  F is  a sheaf.  We  omit  the  verification  that  the  diagonal 
morphism  of  F is  representable.  Finally,  if  U is  an  object  of  (Sch/ S)  fppf  isomorphic 
to  II*/  Ui  then  it  is  straightforward  to  verify  that  the  resulting  map  U — > II  Pi  is 
surjective  and  etale.  □ 


Here  is  the  analogue  of  Schemes,  Lemma [25. 15.4| 


02WR  Lemma  52.8.4. 

Assume 


LetS  £ Ob  (Schfppf).  Let  F be  a presheaf  of  sets  on  (Sch/ S)  fppf . 


(1)  F is  a sheaf, 

(2)  there  exists  an  index  set  I and  subfunctors  Fi  C F such  that 

(a)  each  Fi  is  an  algebraic  space, 

(b)  each  Fi  -A  F is  a representable, 

(c) 


each  Fi  -A  F is  an  open  immersion  (see  Definition  52.5.1 ), 

(d)  the  map  ]j  Pj  — > F is  surjective  as  a map  of  sheaves,  and 

(e)  IJ  Fi  is  an  algebraic  space  (set  theoretic  condition,  see  Lemma  ~52.8.3 [). 
Then  F is  an  algebraic  space. 

Proof.  Let  T be  an  object  of  (Sch/S) fppf.  Let  T A P be  a morphism.  By 
assumption  (2)(b)  and  (2)(c)  the  fibre  product  Fi  XpT  is  representable  by  an  open 
subscheme  V)  C T.  It  follows  that  (II  Fi)  XpT  is  represented  by  the  scheme  II  ^ 
over  T.  By  assumption  (2)(d)  there  exists  an  fppf  covering  {Tj  -a  P}jeJ  such  that 
Tj  — > T — ► P factors  through  Fi,  i = i(j).  Hence  Tj  -a  T factors  through  the  open 
subscheme  C T.  Since  {Tj  -A  P}  is  jointly  surjective,  it  follows  that  T = (J  Vt 
is  an  open  covering.  In  particular,  the  transformation  of  functors  ]J[  Fi  — > F is 


representable  and  surjective  in  the  sense  of  Definition  52.5.1  (see  Remark  52.5.2  for 
a discussion). 

Next,  let  T'  — > F be  a second  morphism  from  an  object  in  (Sch/ S)fppf.  Write  as 
above  T'  = (JV/  with  V/  = T'  Xp  Fi.  To  show  that  the  diagonal  F -A  P x F 
is  representable  we  have  to  show  that  G = T x p T'  is  representable,  see  Lemma 
52.5.10  Consider  the  subfunctors  Gi  = G Xp  Fi.  Note  that  Gi  = Vi  Xp,  V(, 
and  hence  is  representable  as  P,;  is  an  algebraic  space.  By  the  above  the  Gi  form  a 
Zariski  covering  of  P.  Hence  by  Schemes,  Lemma[25.15.4|we  see  G is  representable. 
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Choose  a scheme  U £ Ob ((Sch/  S)  fppf)  and  a surjective  etale  morphism  U — l 
(this  exist  by  hypothesis).  We  may  write  U = \JUi  with  f7,  the  inverse  image  of 
Fi , see  Lemma  [52. 8. 1|  We  claim  that  U — > F is  surjective  and  etale.  Surjectivity 
follows  as  IJ-Fi  -A  F is  surjective  (see  first  paragraph  of  the  proof)  by  applying 
Lemma [52. 5. 4[  Consider  the  fibre  product  U Xp  T where  T — > F is  as  above.  We 
have  to  show  that  U xp  T — > T is  etale.  Since  U xp  T = \[Ui  xp  T \t  suffices 
to  show  each  Ui  x p T — > T is  etale.  Since  Ui  XpT  = Ui  Xp.  V)  this  follows  from 
the  fact  that  Ui  — > Fi  is  etale  and  V,  — > T is  an  open  immersion  (and  Morphisms, 
Lemmas  28.36.9  and  28.36.3 ).  □ 


52.9.  Presentations  of  algebraic  spaces 

Given  an  algebraic  space  we  can  find  a “presentation”  of  it. 

Lemma  52.9.1.  Let  F be  an  algebraic  space  over  S . Let  f : U — » F be  a surjective 
etale  morphism  from  a scheme  to  F . Set  R = U XpU . Then 

(1)  j : R—¥  U XsU  defines  an  equivalence  relation  on  U over  S (see  Groupoids, 
Definition  38.3.1 ). 


(2)  the  morphisms  s,t  : R -A  U are  etale,  and 

(3)  the  diagram 

R Tu F 

is  a coequalizer  diagram  in  Sh((Sch/ S)fppf). 

Proof.  Let  T/S  be  an  object  of  (Sch/ S ) fppf . Then  R(T ) = { (a,  b)  € U(T)xU(T)  \ 
f o a = fob}  which  is  clearly  defines  an  equivalence  relation  on  U(T).  The 
morphisms  s,  t : R — > U are  etale  because  the  morphism  U — » F is  etale. 

To  prove  (3)  we  first  show  that  U — > F is  a surjection  of  sheaves,  see  Sites,  Definition 


7.12.1  Let  £ £ F(T)  with  T as  above.  Let  V = T 'x^.fj  U.  By  assumption  V 
is  a scheme  and  V — > T is  surjective  etale.  Hence  {V  — > T}  is  a covering  for  the 
fppf  topology.  Since  £|y  factors  through  U by  construction  we  conclude  U — >•  F is 
surjective.  Surjectivity  implies  that  F is  the  coequalizer  of  the  diagram  by  Sites, 
Lemma  17.12.31  □ 

This  lemma  suggests  the  following  definitions. 

Definition  52.9.2.  Let  S'  be  a scheme.  Let  U be  a scheme  over  S.  An  etale 
equivalence  relation  on  U over  S is  an  equivalence  relation  j : R U x$U  such 
that  s,t  : R — >•  U are  etale  morphisms  of  schemes. 

Definition  52.9.3.  Let  F be  an  algebraic  space  over  S.  A presentation  of  F is 
given  by  a scheme  U over  S and  an  etale  equivalence  relation  R on  U over  S,  and 
a surjective  etale  morphism  U — l F such  that  R = U xFU. 

Equivalently  we  could  ask  for  the  existence  of  an  isomorphism 

U/R  = F 


where  the  quotient  U/R  is  as  defined  in  Groupoids,  Section  38.20  To  construct 


algebraic  spaces  we  will  study  the  converse  question,  namely,  for  which  equivalence 
relations  the  quotient  sheaf  U/R  is  an  algebraic  space.  It  will  finally  turn  out  this 
is  always  the  case  if  R is  an  etale  equivalence  relation  on  U over  S,  see  Theorem 
152. 10.51 
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52.10.  Algebraic  spaces  and  equivalence  relations 
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Suppose  given  a scheme  U over  S and  an  etale  equivalence  relation  R on  U over  S. 
We  would  like  to  show  this  defines  an  algebraic  space.  We  will  produce  a series  of 


lemmas  that  prove  the  quotient  sheaf  U/R  (see  Groupoids,  Definition  38.20.1)  has 
all  the  properties  required  of  it  in  Definition |52.6.1 


02WT  Lemma  52.10.1.  Let  S be  a scheme.  Let  U be  a scheme  over  S.  Let  j = ( s,t ) : 
R — )•  U x gU  be  an  etale  equivalence  relation  on  U over  S.  Let  U'  — )•  U be  an  etale 


morphism.  Let  R'  be  the  restriction  of  R to  U' , see  Groupoids,  Definition  38.3.3 
Then  j'  : R'  — > U'  x g U'  is  an  etale  equivalence  relation  also. 


Proof.  It  is  clear  from  the  description  of  s' , t'  in  Groupoids,  Lemma  38.18.1  that 


s'  ,t'  : R'  — » U'  are  etale  as  compositions  of  base  changes  of  etale  morphisms  (see 


Morphisms,  Lemma  28.36.4  and  28.36.3). 


□ 


We  will  often  use  the  following  lemma  to  find  open  subspaces  of  algebraic  spaces. 
A slight  improvement  (with  more  general  hypotheses)  of  this  lemma  is  Bootstrap, 
Lemma  167.7.11 

02WU  Lemma  52.10.2.  Let  S be  a scheme.  Let  U be  a scheme  over  S.  Let  j = (s,  t)  : 
R U x g U be  a pre-relation.  Let  g : U'  — > U be  a morphism.  Assume 

(1)  j is  an  equivalence  relation, 

(2)  s,t  : R — > U are  surjective,  flat  and  locally  of  finite  presentation, 

(3)  g is  flat  and  locally  of  finite  presentation. 

Let  R'  = R\u>  be  the  restriction  of  R to  U.  Then  U' / R'  — > U/R  is  representable, 
and  is  an  open  immersion. 


Proof.  By  Groupoids,  Lemma  38.3.2  the  morphism  f = ( tfs ') 
defines  an  equivalence  relation. 


R'  ->  U'  xc  U' 


Since  g is  flat  and  locally  of  finite  presentation 
we  see  that  g is  universally  open  as  well  (Morphisms,  Lemma  28.25.9).  For  the 
same  reason  s,t  are  universally  open  as  well.  Let  W1  = g(U')  C U , and  let 
W = t(s^1(W1)).  Then  W1  and  W are  open  in  U.  Moreover,  as  j is  an  equivalence 
relation  we  have  f(s-1(!T))  = W (see  Groupoids,  Lemma 


38.19.2 


for  example). 


By  Groupoids,  Lemma  38.20.5  the  map  of  sheaves  F'  = U' / R'  — t F = U/R  is 
injective.  Let  a : T — t F be  a morphism  from  a scheme  into  U/R.  We  have  to  show 
that  T Xp  F'  is  representable  by  an  open  subscheme  of  T. 


The  morphism  a is  given  by  the  following  data:  an  fppf  covering  {ipj  : Tj  — > T}j^j 
of  T and  morphisms  aj  : Tj  — » U such  that  the  maps 

aj  x aj ' : Tj  Xp  Tj/  — ^ U Xg  U 

factor  through  j : R—>  U x$U  via  some  (unique)  maps  : Tj  xT  Tj / — t R.  The 
system  (a,-)  corresponds  to  a in  the  sense  that  the  diagrams 


t — MmF 


commute. 
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Consider  the  open  subsets  Wj  = a,-  1(W)  C Tj.  Since  t(s  1(W))  = W we  see  that 

Wj  xT  Ty  = r~3l,(t-l(W))  - rJy(s~1(W))  = Tj  xT  Wy. 

By  Descent,  Lemma  |34.9.2|  this  means  there  exists  an  open  Wt  C T such  that 
ipJ^Wr)  = Wj  for  all  j £ J.  We  claim  that  Wt  — > T represents  T xF  F'  — » T. 

First,  let  us  show  that  Wt  — > T — >•  F is  an  element  of  F'(Wt).  Since  {Wj  — > 
WrjjeJ  is  an  fppf  covering  of  Wt,  it  is  enough  to  show  that  each  Wj  —>  U -A  F 
is  an  element  of  F'(Wj)  (as  F'  is  a sheaf  for  the  fppf  topology).  Consider  the 
commutative  diagram 


where  W{  = Wj  s_1(W1)  xffi  U'.  Since  t and  g are  surjective,  flat  and 
locally  of  finite  presentation,  so  is  W{  -A  Wj.  Hence  the  restriction  of  the  element 
Wj  — > U — > F to  W'j  is  an  element  of  F'  as  desired. 

Suppose  that  / : T'  — ► T is  a morphism  of  schemes  such  that  a| t>  £ F'{T').  We 
have  to  show  that  / factors  through  the  open  Wt-  Since  {T'  Xt  Tj  — » T}  is 
an  fppf  covering  of  T'  it  is  enough  to  show  each  T'  Xj-  Tj  -A  T factors  through 
Wt-  Hence  we  may  assume  / factors  as  tpj  o fj  : T'  — > Tj  —t  T for  some  j.  In 
this  case  the  condition  a\x>  £ F'[T')  means  that  there  exists  some  fppf  covering 
{ipi  : T[  -A  T'}iei  and  some  morphisms  bi  : T[  — > U'  such  that 

T{ ^ U’ ^ U 

1 bi  9 

* aj  r 

Tj  — ^ U ^ F 

is  commutative.  This  commutativity  means  that  there  exists  a morphism  r[  : T'  — >■ 
R such  that  tor[  = ajO  fjOtpi,  and  sor'  = gobi.  This  implies  that  Im(/3-o^)  C Wj 
and  we  win.  □ 

The  following  lemma  is  not  completely  trivial  although  it  looks  like  it  should  be 
trivial. 

02WV  Lemma  52.10.3.  Let  S be  a scheme.  Let  U be  a scheme  over  S.  Let  j = ( s,t ) : 
R — )•  U Xs  U be  an  etale  equivalence  relation  on  U over  S.  If  the  quotient  U/R  is 
an  algebraic  space , then  U — » U/R  is  etale  and  surjective.  Hence  ( U,R,U  — > U/R ) 
is  a presentation  of  the  algebraic  space  U/R. 

Proof.  Denote  c : U -A  U /R  the  morphism  in  question.  Let  T be  a scheme 
and  let  a : T — >•  U/R  be  a morphism.  We  have  to  show  that  the  morphism 
(of  schemes)  7r  : T xa  U/Rc  U -A  T is  etale  and  surjective.  The  morphism  a 
corresponds  to  an  fppf  covering  : Tj  -A  T}  and  morphisms  a*  : T)  -A  U such 
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that  m x av  : Ti  Xt  T. j 
Hence 


U x$U  factors  through  R,  and  such  that  coa;  = ^oa. 


Ti  XlpiT  T X ajj  / R.c  ^ Ti  X coai.U  / R,c  U Ti  Xaijj  U x c,U  / R.c  U Ti  Xaijjt  R. 

Since  t is  etale  and  surjective  we  conclude  that  the  base  change  of  7r  to  Ti  is  surjective 
and  etale.  Since  the  property  of  being  surjective  and  etale  is  local  on  the  base  in 
the  fpqc  topology  (see  Remark  52.4.3)  we  win.  □ 


0265  Lemma  52.10.4.  Let  S be  a scheme.  Let  U be  a scheme  over  S.  Let  j = ( s,t ) : 
R —A  U Xs  U be  an  etale  equivalence  relation  on  U over  S.  Assume  that  U is 
affine.  Then  the  quotient  F = U/R  is  an  algebraic  space,  and  U —A  F is  etale  and 
surjective. 


Proof.  Since  j : R 
Schemes,  Lemma  25.23.31). 


U Xs  U is  a monomorphism  we  see  that  j is  separated  (see 
Since  U is  affine  we  see  that  U x s U (which  comes 


equipped  with  a monomorphism  into  the  affine  scheme  U x U)  is  separated.  Hence 
we  see  that  R is  separated.  In  particular  the  morphisms  s,t  are  separated  as  well 
as  etale. 

Since  the  composition  i?  — A UxsU  — > U is  locally  of  finite  type  we  conclude  that  j is 


locally  of  finite  type  (see  Morphisms,  Lemma  28.15.8 ).  As  j is  also  a monomorphism 
it  has  finite  fibres  and  we  see  that  j is  locally  quasi-finite  by  Morphisms,  Lemma 
|28.20.7|  Altogether  we  see  that  j is  separated  and  locally  quasi-finite. 

Our  first  step  is  to  show  that  the  quotient  map  c : U — A F is  representable.  Consider 
a scheme  T and  a morphism  a : T — A F.  We  have  to  show  that  the  sheaf  G = 
T x a pc  U is  representable.  As  seen  in  the  proofs  of  Lemmas  52.10.2  and  52.10.3 
there  exists  an  fppf  covering  {pi  : Ti  -A  T}ie/  and  morphisms  a*  : Ti  — A U such 
that  cii  x af  : T^  Xp  T,i  — A U XsU  factors  through  R , and  such  that  com  = ipi  o a. 
As  in  the  proof  of  Lemma |52.10.3|  we  see  that 


T x 


<Pi,T 


G = 


i T X 


Ti 
Ti  x 


,U/R,c  U 
coa.i,U / R,c  U 


Ti  Xai,U  U Xc  U/R  c U 
= Ti  xai>Utt  R 

Since  t is  separated  and  etale,  and  in  particular  separated  and  locally  quasi-finite 
(by  Morphisms,  Lemmas  28.35.10  and  28.36.16)  we  see  that  the  restriction  of  G 
to  each  T,  is  representable  by  a morphism  of  schemes  X j -A  Ti  which  is  separated 
and  locally  quasi-finite.  By  Descent,  Lemma  |34.35.1  we  obtain  a descent  datum 
(Xi,ipu>)  relative  to  the  fppf-covering  {T,;  — > T}.  Since  each  X,  — > Tj  is  separated 
and  locally  quasi-finite  we  see  by  More  on  Morphisms,  Lemma  |36.39.1|  that  this 
descent  datum  is  effective.  Hence  by  Descent,  Lemma  34.35. 1|  (2)  we  conclude  that 
G is  representable  as  desired. 

The  second  step  of  the  proof  is  to  show  that  U — ► F is  surjective  and  etale.  This 
is  clear  from  the  above  since  in  the  first  step  above  we  saw  that  G = T xQijyc  U is 
a scheme  over  T which  base  changes  to  schemes  Xi  —A  Ti  which  are  surjective  and 
etale.  Thus  G — A T is  surjective  and  etale  (see  Remark  52.4.3).  Alternatively  one 
can  reread  the  proof  of  Lemma  |52.10.3|  in  the  current  situation. 
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The  third  and  final  step  is  to  show  that  the  diagonal  map  F 
sentable.  We  first  observe  that  the  diagram 


F x F is  repre- 


R 


F 


U xsU  ■ 


A 

Y 

F x F 


is  a fibre  product  square.  By  Lemma  |52.3.4|  the  morphism  U x g U — > F x F 


is  representable  (note  that  hu  x hjj  = hjjXsu)-  Moreover,  by  Lemma  52.5.7  the 
morphism  U xg  U — > F x F is  surjective  and  etale  (note  also  that  etale  and 


surjective  occur  in  the  lists  of  Remarks  52.4.3  and  52.4.2).  It  follows  either  from 
Lemma  [52.3.3  and  the  diagram  above,  or  by  writing  R — > F as  R — > U F and 
Lemmas  52.3.1|and|52.3.2lthat  R — > F is  representable  as  well.  Let  T be  a scheme 
and  let  a : T — > F x F be  a morphism.  We  have  to  show  that  G = T xatFxFj a F 
is  representable.  By  what  was  said  above  the  morphism  (of  schemes) 

T'  = (U  Xg  17)  xFxF^a  T — » T 

is  surjective  and  etale.  Hence  {T'  — ► T}  is  an  etale  covering  of  T.  Note  also  that 

T'  xT  G = T'  XuXsu,j  R 

as  can  be  seen  contemplating  the  following  cube 


R 


V 


Fx  F 


Hence  we  see  that  the  restriction  of  G to  T'  is  representable  by  a scheme  X , and 
moreover  that  the  morphism  A'  -A  T'  is  a base  change  of  the  morphism  j . Hence 
X — > T'  is  separated  and  locally  quasi- finite  (see  second  paragraph  of  the  proof). 


By  Descent,  Lemma  34.35.1  we  obtain  a descent  datum  (X,ip)  relative  to  the  fppf- 
covering  {T'  — > T}.  Since  X — > T is  separated  and  locally  quasi-finite  we  see  by 
More  on  Morphisms,  Lemma [36. 39.1  that  this  descent  datum  is  effective.  Hence  by 
Descent,  Lemma  34.35.1  (2)  we  conclude  that  G is  representable  as  desired.  □ 


02WW  Theorem  52.10.5.  Let  S be  a scheme.  Let  U be  a scheme  over  S.  Let  j = ( s,t ) : 
R U Xg  U be  an  etale  equivalence  relation  on  U over  S.  Then  the  quotient 
U/R  is  an  algebraic  space,  and  U -A  U / R is  etale  and  surjective,  in  other  words 
{U,R,U  -A  U/R)  is  a presentation  of  U/R. 


Proof.  By  Lemma  52.10.3  it  suffices  to  prove  that  U/R  is  an  algebraic  space.  Let 
U'  — > U be  a surjective,  etale  morphism.  Then  {Ur  — > U}  is  in  particular  an  fppf 


covering.  Let  R'  be  the  restriction  of  R to  U' , see  Groupoids,  Definition  38.3.3 


According  to  Groupoids,  Lemma  38.20.6  we  see  that  U/R  = U'/R'.  By  Lemma 
52.10.1  R'  is  an  etale  equivalence  relation  on  U' . Thus  we  may  replace  U by  U' . 
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We  apply  the  previous  remark  to  U'  = IJ  Ui,  where  U = (J  Ui  is  an  affine  open 
covering  of  S.  Hence  we  may  and  do  assume  that  U = Ui  where  each  Ui  is  an 
affine  scheme. 


Consider  the  restriction  Ri  of  R to  Ui.  By  Lemma  52.10.1|this  is  an  etale  equivalence 
relation.  Set  Fj  = Ui/Ri  and  F = U/R.  It  is  clear  that  JjFj  — > F is  surjective.  By 
Lemma  |52. 10. 2|  each  Fj  -A  F is  representable,  and  an  open  immersion.  By  Lemma 


52.10.4 


52.10.3 


applied  to  ( Ui,Ri ) we  see  that  Fj  is  an  algebraic  space.  Then  by  Lemma 
we  see  that  Ui  — > Fj  is  etale  and  surjective.  From  Lemma [52.8. 3|  it  follows 
that  ]j  Fj  is  an  algebraic  space.  Finally,  we  have  verified  all  hypotheses  of  Lemma 
52.8.4  and  it  follows  that  F = U/R  is  an  algebraic  space.  □ 


52.11.  Algebraic  spaces,  retrofitted 
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We  start  building  our  arsenal  of  lemmas  dealing  with  algebraic  spaces.  The  first 
result  says  that  in  Definition  52.6.1  we  can  weaken  the  condition  on  the  diagonal 
as  follows. 


OBGQ  Lemma  52.11.1.  Let  S be  a scheme  contained  in  Schfppf.  Let  F be  a sheaf  on 
(Sch/ S) fppf  such  that  there  exists  U £ Ob ((Sch/  S)  fppf)  and  a map  U —>  F which 
is  representable,  surjective,  and  etale.  Then  F is  an  algebraic  space. 


Proof.  Set  R = U xF  U.  This  is  a scheme  as  U -A  F is  assumed  representable. 
The  projections  s,t  : R — > U are  etale  as  U — > F is  assumed  etale.  The  map 
j = (t,  s)  : R — » U Xg  U is  a monomorphism  and  an  equivalence  relation  as 
R = U x p U . By  Theorem  52.10.5  the  quotient  sheaf  F'  = U/R  is  an  algebraic 
space  and  U — > F'  is  surjective  and  etale.  Again  since  R = U Xp  U we  obtain  a 
canonical  factorization  U — > F'  — > F and  F'  — > F is  an  injective  map  of  sheaves. 
On  the  other  hand,  U — > F is  surjective  as  a map  of  sheaves  by  Lemma  52.5.9 
Thus  F'  — > F is  also  surjective  and  we  conclude  F'  = F is  an  algebraic  space.  □ 


OBGR  Lemma  52.11.2.  Let  S be  a scheme  contained  in  Schfppf.  Let  G be  an  algebraic 
space  over  S,  let  F be  a sheaf  on  (Sch/ S)  fppf , and  let  G —>  F be  a representable 
transformation  of  functors  which  is  surjective  and  etale.  Then  F is  an  algebraic 
space. 


Proof.  Pick  a scheme  U and  a surjective  etale  morphism  U —t  G.  Since  G is  an 
algebraic  space  U -A  G is  representable.  Hence  the  composition  U — > G — > F is 
representable,  surjective,  and  etale.  See  Lemmas  |52.3.2|  and  |52.5.4|  Thus  F is  an 
algebraic  space  by  Lemma [52. 11. 1|  □ 

02WY  Lemma  52.11.3.  Let  S be  a scheme  contained  in  Schfppf.  Let  F be  an  algebraic 
space  over  S.  Let  G — )•  F be  a representable  transformation  of  functors.  Then  G is 
an  algebraic  space. 


Proof.  By  Lemma  52.3.5  we  see  that  G is  a sheaf.  The  diagram 


GxpG F 

Af 

G x G s-  F x F 


is  cartesian.  Hence  we  see  that  G Xp  G — > G x G is  representable  by  Lemma 
|52.3.3|  By  Lemma  |52.3.6|  we  see  that  G — ► G x F G is  representable.  Hence  AG  : 
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G — > G x G is  representable  as  a composition  of  representable  transformations, 


02WZ  Lemma  52.11.4.  Let  S be  a scheme  contained  in  Schfppf.  Let  F , G be  algebraic 
spaces  over  S.  Let  G — >■  F be  a representable  morphism.  Let  U € Ob((Sch/ S) fPPf), 
and  q : U — ► F surjective  and  etale.  Set  V = G x p U . Finally,  let  V be  a property 
of  morphisms  of  schemes  as  in  Definition  \ 52.5. 1\  Then  G -4  F has  property  V if 
and  only  ifV-+U  has  property  V. 


Proof.  (This  lemma  follows  from  Lemmas  52.5.5  and  52.5.6  but  we  give  a direct 
proof  here  also.)  It  is  clear  from  the  definitions  that  if  G — > F has  property  V,  then 
V — >•  U has  property  V.  Conversely,  assume  V — >•  U has  property  V.  Let  T — y F 
be  a morphism  from  a scheme  to  F.  Let  T'  = T Xp  G which  is  a scheme  since 
G — >•  F is  representable.  We  have  to  show  that  T'  — > T has  property  V.  Consider 
the  commutative  diagram  of  schemes 


F -< T xFV ^T  xF  G = T' 

U * TxFU 3-  T 


where  both  squares  are  fibre  product  squares.  Hence  we  conclude  the  middle  arrow 
has  property  V as  a base  change  of  V —>  U.  Finally,  {T  XpU  T }isa  fppf 
covering  as  it  is  surjective  etale,  and  hence  we  conclude  that  T'  — » T has  property 
V as  it  is  local  on  the  base  in  the  fppf  topology.  □ 


0312  Lemma  52.11.5.  Let  S be  a scheme  contained  in  Schfppf.  Let  G —¥  F be  a 
transformation  of  presheaves  on  (Sch/S)fppf.  LetV  be  a property  of  morphisms  of 
schemes.  Assume 

(1)  V is  preserved  under  any  base  change,  fppf  local  on  the  base,  and  mor- 
phisms of  type  V satisfy  descent  for  fppf  coverings,  see  Descent,  Definition 
\‘M.32.1\ 

(2)  G is  a sheaf, 

(3)  F is  an  algebraic  space, 

(4)  there  exists  aU  £ Ob {(Sch/ S) fppf)  and  a surjective  etale  morphism  U — > 
F such  that  V = G Xp  U is  representable,  and 

(5)  V -t  U has  V. 

Then  G is  an  algebraic  space,  G — t F is  representable  and  has  property  V . 

Proof.  Let  R = U XpU,  and  denote  t,  s : R — > U the  projection  morphisms  as 
usual.  Let  T be  a scheme  and  let  T — > F be  a morphism.  Then  U xp  T — > T is 
surjective  etale,  hence  {U  XpT  -*T}isa  covering  for  the  etale  topology.  Consider 


W = G xF  {U  xfT)  = V xfT  = V xv  (U  xfT). 
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It  is  a scheme  since  F is  an  algebraic  space.  The  morphism  W -A  U x F T has 
property  V since  it  is  a base  change  ofV—>U.  There  is  an  isomorphism 

W xT  (U  xF  T)  = (G  xF  (U  xF  T))  xT  (U  xF  T) 

= (U  x F T)  xt  (G  x F (U  xF  T)) 

= ( U xfT)  xtW 


over  (U  xF  T)  xF  (U  xF  T ).  The  middle  equality  maps  ((g,(ui,t)),(u2,t))  to 
{{ui,t),(g,(v,2,t))).  This  defines  a descent  datum  for  W/U  xFT/T,  see  Descent, 
Definition  |34.30.1[  This  follows  from  Descent,  Lemma [34.35. 1[  Namely  we  have  a 
sheaf  Gx  FT,  whose  base  change  to  U xFT  is  represented  by  W and  the  isomorphism 
above  is  the  one  from  the  proof  of  Descent,  Lemma  34.35.1  By  assumption  on  V 


the  descent  datum  above  is  representable.  Hence  by  the  last  statement  of  Descent, 
Lemma [34. 35. 1| we  see  that  G xFT  is  representable.  This  proves  that  G — > F is  a 
representable  transformation  of  functors. 


As  G 
The  fact  that  G 


□ 


F is  representable,  we  see  that  G is  an  algebraic  space  by  Lemma  52.11.3 
F has  property  V now  follows  from  Lemma  [52. 11.4[ 

02X1  Lemma  52.11.6.  Let  S be  a scheme  contained  in  Schfppf.  Let  F,G  be  algebraic 
spaces  over  S.  Let  a : F -A  G be  a morphism.  Given  any  V £ Oh((Sch/S)  fppf) 
and  a surjective  etale  morphism  q : V -A  G there  exists  a U £ Ob ((Sch/S)  fppf) 
and  a commutative  diaqram 

U—&V 


with  p surjective  and  etale. 


Proof.  First  choose  W £ Ob( (Sch/S) fpp/)  with  surjective  etale  morphism  W — ► 
F.  Next,  put  U = Wx  qV.  Since  G is  an  algebraic  space  we  see  that  U is  isomorphic 
to  an  object  of  (Sch/S)  fppf.  As  q is  surjective  etale,  we  see  that  U — > W is  surjective 
etale  (see  Lemma  52.5.5).  Thus  U -A  F is  surjective  etale  as  a composition  of 
surjective  etale  morphisms  (see  Lemma  52.5.4).  □ 


52.12.  Immersions  and  Zariski  coverings  of  algebraic  spaces 
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At  this  point  an  interesting  phenomenon  occurs.  We  have  already  defined  the  notion 
of  an  open  immersion  of  algebraic  spaces  (through  Definition  52.5.1)  but  we  have 
yet  to  define  the  notion  of  a pomQ  Thus  the  Zariski  topology  of  an  algebraic  space 
has  already  been  defined,  but  there  is  no  space  yet! 


Perhaps  superfluously  we  formally  introduce  immersions  as  follows. 

02YU  Definition  52.12.1.  Let  S £ Ob (Schfppf)  be  a scheme.  Let  F be  an  algebraic 
space  over  S. 

(1)  A morphism  of  algebraic  spaces  over  S is  called  an  open  immersion  if  it 
is  representable,  and  an  open  immersion  in  the  sense  of  Definition  |52. 5. f] 

(2)  An  open  subspace  of  F is  a subfunctor  F'  C F such  that  F'  is  an  algebraic 
space  and  F'  — > F is  an  open  immersion. 


53.4 


^We  will  associate  a topological  space  to  an  algebraic  space  in  Properties  of  Spaces,  Section 
and  its  opens  will  correspond  exactly  to  the  open  subspaces  defined  below. 
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02  YV 


02YW 


02YX 


02YY 


(3)  A morphism  of  algebraic  spaces  over  S is  called  a closed  immersion  if  it 
is  representable,  and  a closed  immersion  in  the  sense  of  Definition  |52. 5. lj 

(4)  A closed  subspace  of  F is  a subfunctor  F'  C F such  that  F'  is  an  algebraic 
space  and  F'  — >■  F is  a closed  immersion. 

(5)  A morphism  of  algebraic  spaces  over  S is  called  an  immersion  if  it  is 
representable,  and  an  immersion  in  the  sense  of  Definition  |52. 5. l| 

(6)  A locally  closed  subspace  of  F is  a subfunctor  F'  C F such  that  F'  is  an 
algebraic  space  and  F'  ^ F is  an  immersion. 


We  note  that  these  definitions  make  sense  since  an  immersion  is  in  particular  a 


monomorphism  (see  Schemes,  Lemma  25.23.7  and  Lemma  52.5.8),  and  hence  the 
image  of  an  immersion  G — > F of  algebraic  spaces  is  a subfunctor  F'  C F which 
is  (canonically)  isomorphic  to  G.  Thus  some  of  the  discussion  of  Schemes,  Section 
|25.10| carries  over  to  the  setting  of  algebraic  spaces. 

Lemma  52.12.2.  Let  S £ Ob (Schfppf)  be  a scheme.  A composition  of  (closed, 
resp.  open)  immersions  of  algebraic  spaces  over  S is  a (closed,  resp.  open)  immer- 
sion of  algebraic  spaces  over  S . 


Proof.  See  Lemma  52.5.4  and  Remarks  52.4.3  (see  very  last  line  of  that  remark) 
and  152. 431  □ 


Lemma  52.12.3.  Let  S £ Ob(Schfppf)  be  a scheme.  A base  change  of  a (closed, 
resp.  open)  immersion  of  algebraic  spaces  over  S is  a (closed,  resp.  open)  immersion 
of  algebraic  spaces  over  S. 


Proof.  See  Lemma  52.5.5|and  Remark|52.4.3  (see  very  last  line  of  that  remark).  □ 


Lemma  52.12.4.  Let  S £ Ob (Schfppf)  be  a scheme.  Let  F be  an  algebraic  space 
over  S.  Let  Fi,  F2  be  locally  closed  subspaces  of  F.  If  Fi  C F-2  as  subfunctors  of  F, 
then  F\  is  a locally  closed  subspace  of  F2.  Similarly  for  closed  and  open  subspaces. 


Proof.  Let  T — > F2  be  a morphism  with  T a scheme.  Since  F2  — >•  F is  a monomor- 
phism, we  see  that  T x p2  F\  = T XpF\.  The  lemma  follows  formally  from  this.  □ 


Let  us  formally  define  the  notion  of  a Zariski  open  covering  of  algebraic  spaces. 
Note  that  in  Lemma  52.8.4|  we  have  already  encountered  such  open  coverings  as  a 
method  for  constructing  algebraic  spaces. 


Definition  52.12.5.  Let  S £ Ob (Schfppf)  be  a scheme.  Let  F be  an  algebraic 
space  over  S.  A Zariski  covering  {Fi  C P}ie/  of  F is  given  by  a set  J,  a collection 
of  open  subspaces  Fi  C F such  that  ]j  Fi  — > F is  a surjective  map  of  sheaves. 


Note  that  if  T is  a schemes,  and  a : T — > F is  a morphism,  then  each  of  the  fibre 
products  T x p Fi  is  identified  with  an  open  subscheme  T)  C T.  The  final  condition 
of  the  definition  signifies  exactly  that  T = (J)e/-  T). 


It  is  clear  that  the  collection  FZar  of  open  subspaces  of  F is  a set  (as  (Sch/S) fppf 
is  a site,  hence  a set).  Moreover,  we  can  turn  FZar  into  a category  by  letting  the 
morphisms  be  inclusions  of  subfunctors  (which  are  automatically  open  immersions 
by  Lemma  52.12.4).  Finally,  Definition  52.12.5  provides  the  notion  of  a Zariski 
covering  [F,  — ► F'}iej  in  the  category  FZar.  Hence,  just  as  in  the  case  of  a 
topological  space  (see  Sites,  Example  7.6.41  by  suitably  choosing  a set  of  coverings 
we  may  obtain  a Zariski  site  of  the  algebraic  space  F. 
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02X3 


02X4 
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Definition  52.12.6.  Let  S £ Ob (Schfppf)  be  a scheme.  Let  F be  an  algebraic 
space  over  S.  A small  Zariski  site  Fzar  of  an  algebraic  space  F is  one  of  the  sites 
described  above. 

Hence  this  gives  a notion  of  what  it  means  for  something  to  be  true  Zariski  locally 
on  an  algebraic  space,  which  is  how  we  will  use  this  notion.  In  general  the  Zariski 
topology  is  not  fine  enough  for  our  purposes.  For  example  we  can  consider  the 
category  of  Zariski  sheaves  on  an  algebraic  space.  It  will  turn  out  that  this  is  not 
the  correct  thing  to  consider,  even  for  quasi-coherent  sheaves.  One  only  gets  the 
desired  result  when  using  the  etale  or  fppf  site  of  F to  define  quasi-coherent  sheaves. 


52.13.  Separation  conditions  on  algebraic  spaces 


A separation  condition  on  an  algebraic  space  F is  a condition  on  the  diagonal 
morphism  F — > FxF.  Let  us  first  list  the  properties  the  diagonal  has  automatically. 
Since  the  diagonal  is  representable  by  definition  the  following  lemma  makes  sense 
(through  Definition  52.5.1). 


Lemma  52.13.1.  Let  S be  a scheme  contained  in  Schfppf.  Let  F be  an  algebraic 
space  over  S.  Let  A : F -A  F x F be  the  diagonal  morphism.  Then 

(1)  A is  locally  of  finite  type, 

(2)  A is  a monomorphism, 

(3)  A is  separated,  and 

(4)  A is  locally  quasi-finite. 


Proof.  Let  F = U/R  be  a presentation  of  F.  As  in  the  proof  of  Lemma  52.10.4 
the  diagram 

r 


U xsU  ■ 


A 

Y 

FxF 


is  cartesian.  Hence  according  to  Lemma  52.11.4  it  suffices  to  show  that  j has  the 
properties  listed  in  the  lemma.  (Note  that  each  of  the  properties  (1)  - (4)  occur 


in  the  lists  of  Remarks  52.4.1  and  52.4.3  ) Since  j is  an  equivalence  relation  it  is 


a monomorphism.  Hence  it  is  separated  by  Schemes,  Lemma  [25. 23. 3|  As  R is  an 
etale  equivalence  relation  we  see  that  s,t  : R -A  U are  etale.  Hence  s,  t are  locally 


of  finite  type.  Then  it  follows  from  Morphisms,  Lemma  28.15.8  that  j is  locally  of 
finite  type.  Finally,  as  it  is  a monomorphism  its  fibres  are  finite.  Thus  we  conclude 
that  it  is  locally  quasi-finite  by  Morphisms,  Lemma  [28.20. 7[  □ 


Here  are  some  common  types  of  separation  conditions,  relative  to  the  base  scheme 
S.  There  is  also  an  absolute  notion  of  these  conditions  which  we  will  discuss  in 
Properties  of  Spaces,  Section  [5373  Moreover,  we  will  discuss  separation  conditions 


for  a morphism  of  algebraic  spaces  in  Morphisms  of  Spaces,  Section  54.4 


Definition  52.13.2.  Let  S'  be  a scheme  contained  in  Schfppf.  Let  F be  an 
algebraic  space  over  S.  Let  A : F -A  F x F be  the  diagonal  morphism. 

(1)  We  say  F is  separated  over  S if  A is  a closed  immersion. 

(2)  We  say  F is  locally  separated  over  €1  if  A is  an  immersion. 

(3)  We  say  F is  quasi-separated  over  S if  A is  quasi-compact. 
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In  the  literature  this  often  refers  to  quasi-separated  and  locally  separated  algebraic  spaces. 
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(4)  We  say  F is  Zariski  locally  quasi- separated  over  50  if  there  exists  a Zariski 
covering  F = |JigJ  F%  such  that  each  Ft  is  quasi-separated. 

Note  that  if  the  diagonal  is  quasi-compact  (when  F is  separated  or  quasi-separated) 
then  the  diagonal  is  actually  quasi-finite  and  separated,  hence  quasi-afline  (by  More 
on  Morphisms,  Lemma  36.31.2). 


52.14.  Examples  of  algebraic  spaces 

In  this  section  we  construct  some  examples  of  algebraic  spaces.  Some  of  these  were 
suggested  by  B.  Conrad.  Since  we  do  not  yet  have  a lot  of  theory  at  our  disposal 
the  discussion  is  a bit  awkward  in  some  places. 

Example  52.14.1.  Let  A:  be  a field  of  characteristic  ^ 2.  Let  U = A)..  Set 

j:H  = AIir — >UxkU 

where  A = {(x,x)  \ x £ A^,}  and  T = {(x,  — x)  \ x € A),,x  ^ 0}.  It  is  clear  that 
s,t  : R — > U are  etale,  and  hence  j is  an  etale  equivalence  relation.  The  quotient 

Since  R is  quasi-compact 


X = U/R  is  an  algebraic  space  by  Theorem  52.10.5 


we  see  that  X is  quasi-separated.  On  the  other  hand,  X is  not  locally  separated 
because  the  morphism  j is  not  an  immersion. 

Example  52.14.2.  Let  A;  be  a field.  Let  k C k'  be  a degree  2 Galois  extension 
with  Gal(A//A;)  = {1,  cr}.  Let  S = Spec(fc[x])  and  U = Spec(fc'[x]).  Note  that 

UxsU  = Spec((A/  k')[x])  = A (17)  II  A\U) 

where  A'  = (l,cr)  : U — >■  U XsU.  Take 

R = A(U)UA'(U\{0u}) 

where  Qjj  £ U denotes  the  AArational  point  whose  x-coordinate  is  zero.  It  is  easy 
to  see  that  R is  an  etale  equivalence  relation  on  U over  S and  hence  X = U/R  is 
an  algebraic  space  by  Theorem  |52.10.5  Here  are  some  properties  of  X (some  of 
which  will  not  make  sense  until  later): 


(1) 

(2) 

(3) 

(4) 


(5) 

(6) 


(7) 


X — > S is  an  isomorphism  over  S \ {Os}, 

the  morphism  X — > S is  etale  (see  Properties  of  Spaces,  Definition  53.15.2 ) 
the  fibre  O.y  of  X — >■  S over  Os  is  isomorphic  to  Spec(A/)  = Oy, 

X is  not  a scheme  because  if  it  where,  then  Ox,ox  would  be  a local 
domain  (C^m,  n)  with  fraction  field  fc(x),  with  x £ m and  residue  field 
k = k'  which  is  impossible, 

X is  not  separated,  but  it  is  locally  separated  and  quasi-separated, 
there  exists  a surjective,  finite,  etale  morphism  S'  S such  that  the  base 
change  X'  = S'  Xs  X is  a scheme  (namely,  if  we  base  change  to  S'  = 
Spec(A:,[x])  then  U splits  into  two  copies  of  S’  and  X'  becomes  isomorphic 
to  the  affine  line  with  0 doubled,  see  Schemes,  Example  25.14.3),  and 


if  we  think  of  A as  a finite  type  algebraic  space  over  Spec(fc),  then  similarly 
the  base  change  Xk<  is  a scheme  but  A'  is  not  a scheme. 

In  particular,  this  gives  an  example  of  a descent  datum  for  schemes  relative  to  the 
covering  {Spec^')  — > Spec(A:)}  which  is  not  effective. 


;,'This  definition  was  suggested  by  B.  Conrad. 
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See  also  Examples,  Lemma  |88.56.1[  which  shows  that  descent  data  need  not  be 
effective  even  for  a projective  morphism  of  schemes.  That  example  gives  a smooth 
separated  algebraic  space  of  dimension  3 over  C which  is  not  a scheme. 

Wc  will  use  the  following  lemma  as  a convenient  way  to  construct  algebraic  spaces 
as  quotients  of  schemes  by  free  group  actions. 

02Z2  Lemma  52.14.3.  Let  U — > S be  a morphism  of  Schfppf . Let  G be  an  abstract 
group.  Let  G — » Auts{U ) be  a group  homomorphism.  Assume 

(*)  if  u £ U is  a point,  and  g{u)  = u for  some  non-identity  element  g £ G, 
then  g induces  a nontrivial  automorphism  of  k{u). 

Then 


J 


* = II 


g&G 


U 


Ux-sU,  (g,x)  i — > (g(x),x) 


is  an  etale  equivalence  relation  and  hence 

F = U/R 

is  an  algebraic  space  by  Theorem  52. 10 .51 

Proof.  In  the  statement  of  the  lemma  the  symbol  Auts([/)  denotes  the  group  of 
automorphisms  of  U over  S.  Assume  (*)  holds.  Let  us  show  that 

3-r  = W_U — >UxsU,  (g,  x)\ — >(g(x),x) 

J-LseG 

is  a monomorphism.  This  signifies  that  if  T is  a nonempty  scheme,  and  h : T — > U is 
a T-valued  point  such  that  goh  = g' oh  then  g = g' . Suppose  T ^ 0,  h : T — > U and 
goh  = g'oh.  Let  t £T.  Consider  the  composition  Spec («;(£))  — > Spec (n{h{t)))  -4  U. 
Then  we  conclude  that  g~l  o g'  fixes  u = h(t ) and  acts  as  the  identity  on  its  residue 
field.  Hence  g = g'  by  (*). 


Thus  if  (*)  holds  we  see  that  j is  a relation  (see  Groupoids,  Definition  38.3.1). 


Moreover,  it  is  an  equivalence  relation  since  on  T-valued  points  for  a connected 
scheme  T we  see  that  R(T)  = G x U(T)  — ► U(T)  x U{T)  (recall  that  we  always 
work  over  S).  Moreover,  the  morphisms  s,t  : R -4  U are  etale  since  I?  is  a disjoint 
product  of  copies  of  U.  This  proves  that  j : R — > U x $ U is  an  etale  equivalence 
relation.  □ 

Given  a scheme  U and  an  action  of  a group  G on  U we  say  the  action  of  G on  U is 


free  if  condition  (*)  of  Lemma  52.14.3  holds.  This  is  equivalent  to  the  notion  of  a free 
action  of  the  constant  group  scheme  Gs  on  U as  defined  in  Groupoids,  Definition 
|38.10.2|  The  lemma  can  be  interpreted  as  saying  that  quotients  of  schemes  by  free 
actions  of  groups  exist  in  the  category  of  algebraic  spaces. 


02Z3  Definition  52.14.4.  Notation  U —>  S,  G,  R as  in  Lemma  52.14.3  If  the  action  of 
G on  U satisfies  (*)  we  say  G acts  freely  on  the  scheme  U.  In  this  case  the  algebraic 
space  U/R  is  denoted  U/G  and  is  called  the  quotient  of  U by  G. 

This  notation  is  consistent  with  the  notation  U/G  introduced  in  Groupoids,  Defini- 


tion 38.20.1  We  will  later  make  sense  of  the  quotient  as  an  algebraic  stack  without 
any  assumptions  on  the  action  whatsoever;  when  we  do  this  we  will  use  the  notation 
[17 /G\ . Before  we  discuss  the  examples  we  prove  some  more  lemmas  to  facilitate 
the  discussion.  Here  is  a lemma  discussing  the  various  separation  conditions  for 
this  quotient  when  G is  finite. 
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02Z4  Lemma  52.14.5. 

finite.  Then 


Notation  and  assumptions  as  in  Lemma  52.14-3  Assume  G is 


(1)  if  U -A  S is  quasi-separated,  then  U/G  is  quasi- separated  over  S,  and 

(2)  if  U — > S is  separated,  then  U /G  is  separated  over  S. 


Proof.  In  the  proof  of  Lemma  |52.13.1|  we  saw  that  it  suffices  to  prove  the  corre- 
sponding properties  for  the  morphism  j : R^t-UxgU.  If  U — > S is  quasi-separated, 
then  for  every  affine  open  V C U which  maps  into  an  affine  of  S the  opens  g{V)  l~l  V 
are  quasi-compact.  It  follows  that  j is  quasi-compact.  If  U — »•  S'  is  separated,  the 
diagonal  Au/S  is  a closed  immersion.  Hence  j : R^r  U x$U  is  a finite  coproduct 
of  closed  immersions  with  disjoint  images.  Hence  j is  a closed  immersion.  □ 


02Z5 


Lemma  52.14.6.  Notation  and  assumptions  as  in  Lemma  52.14-3  If  Spec(k) 
U/G  is  a morphism,  then  there  exist 

(1)  a finite  Galois  extension  k C k' , 

(2)  a finite  subgroup  H C G, 

(3)  an  isomorphism  H — > Gal(k' /k) , and 

(4)  an  H -equivariant  morphism  Spec(fc')  — >•  U . 

Conversely,  such  data  determine  a morphism  Spec(fc)  -4  U/G. 

Proof.  Consider  the  fibre  product  V = Spec (k)  xuiG  U.  Here  is  a diagram 

V 


Spec  (k) 


U/G 


This  is  a nonempty  scheme  etale  over  Spec(fc)  and  hence  is  a disjoint  union  of 
spectra  of  fields  finite  separable  over  k (Morphisms,  Lemma  28.36.7 1.  So  write  V = 
Uier  Spec (ki).  The  action  of  G on  U induces  an  action  of  G on  V = ]J  Spec(ki). 
Pick  an  i,  and  let  H C G be  the  stabilizer  of  i.  Since 

V xSpec(fc)  V = Spec(fc)  xu/G  U xu/G  U = Spec (k)  xu/GU  x G = V x G 

we  see  that  (a)  the  orbit  of  Spec  (ki)  is  V and  (b)  Spec(fci0fcfcj)  = Spec  (ki)x  H.  Thus 
H is  finite  and  is  the  Galois  group  of  fcj/fc.  We  omit  the  converse  construction.  □ 

It  follows  from  this  lemma  for  example  that  if  k'/k  is  a finite  Galois  extension,  then 
Spec(A/)/Gal(fc'/fc)  = Spec (k).  What  happens  if  the  extension  is  infinite?  Here  is 
an  example. 

02Z6  Example  52.14.7.  Let  S = Spec(Q).  Let  U = Spec(Q).  Let  G = Gal(Q/Q) 


with  obvious  action  on  U . Then  by  construction  property  (*)  of  Lemma  52.14.3 
holds  and  we  obtain  an  algebraic  space 

X = SPec(Q)/G  — > S = Spec(Q). 

Of  course  this  is  totally  ridiculous  as  an  approximation  of  S’!  Namely,  by  the  Artin- 
Schreier  theorem,  see  |Jac641  Theorem  17,  page  316],  the  only  finite  subgroups 
of  Gal(Q/Q)  are  {1}  and  the  conjugates  of  the  order  two  group  Gal(Q/Q  fl  R). 
Hence,  if  Spec(fc)  — > X is  a morphism  with  k algebraic  over  Q,  then  it  follows  from 
Lemma  52.14.6 


to  Q n R. 


and  the  theorem  just  mentioned  that  either  k is  Q or  isomorphic 
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What  is  wrong  with  the  example  above  is  that  the  Galois  group  comes  equipped 
with  a topology,  and  this  should  somehow  be  part  of  any  construction  of  a quotient 
of  Spec(Q).  The  following  example  is  much  more  reasonable  in  my  opinion  and 
may  actually  occur  in  “nature” . 

02Z7  Example  52.14.8.  Let  k be  a field  of  characteristic  zero.  Let  U = A],  and  let 
G = Z.  As  action  we  take  n(x)  = x + n1  i.e. , the  action  of  Z on  the  affine  line  by 
translation.  The  only  fixed  point  is  the  generic  point  and  it  is  clearly  the  case  that 
Z injects  into  the  automorphism  group  of  the  field  k(x).  (This  is  where  we  use  the 
characteristic  zero  assumption.)  Consider  the  morphism 

7 : Spec(fc(a;))  — > X = a£/Z 


of  the  generic  point  of  the  affine  line  into  the  quotient.  We  claim  that  this  morphism 
does  not  factor  through  any  monomorphism  Spec(L)  — > X of  the  spectrum  of  a field 
to  X.  (Contrary  to  what  happens  for  schemes,  see  Schemes,  Section  25.13  ) In  fact, 
since  Z does  not  have  any  finite  subgroups  we  see  from  Lemma  52.14.6  that  for  any 
such  factorization  k(x)  = L.  Finally,  7 is  not  a monomorphism  since 

Spec(fc(x))  x7jx,7  Spec(fc(x))  = Spec(fc(a;))  x Z. 


This  example  suggests  that  in  order  to  define  points  of  an  algebraic  space  X we 
should  consider  equivalence  classes  of  morphisms  from  spectra  of  fields  into  X and 
not  the  set  of  monomorphisms  from  spectra  of  fields. 


02Z8 


We  finish  with  a truly  awful  example. 

Example  52.14.9.  Let  k be  a field.  Let  A = J|ragN  ^ be  hffinite  product.  Set 
U = Spec(A)  seen  as  a scheme  over  S = Spec (k).  Note  that  the  projection  maps 
prn  : A -A  k define  open  and  closed  immersions  fn:S^U.  Set 

i?  = [/IlTT  s 

N2, 

with  morphism  j equal  to  A u/g  on  the  component  U and  j = (/„,  fm)  on  the 
component  S corresponding  to  ( n,m ).  It  is  clear  from  the  remark  above  that  s,f 
are  etale.  It  is  also  clear  that  j is  an  equivalence  relation.  Hence  we  obtain  an 
algebraic  space 

X = U/R. 

To  see  what  this  means  we  specialize  to  the  case  where  the  held  k is  finite  with  q 
elements.  Let  us  first  discuss  the  topological  space  \U\  associated  to  the  scheme 
U a little  bit.  All  elements  of  A satisfy  xq  = x.  Hence  every  residue  held  of  A is 
isomorphic  to  k,  and  all  points  of  U are  closed.  But  the  topology  on  U isn’t  the 
discrete  topology.  Let  un  £ \U\  be  the  point  corresponding  to  fn.  As  mentioned 
above  the  points  un  are  the  open  points  (and  hence  isolated).  This  implies  there 
have  to  be  other  points  since  we  know  U is  quasi-compact,  see  Algebra,  Lemma 
10.16.10|  (hence  not  equal  to  an  infinite  discrete  set).  Another  way  to  see  this  is 
because  the  (proper)  ideal 

I = {x  = ( xn ) £ A | all  but  a finite  number  of  xn  are  zero} 


is  contained  in  a maximal  ideal.  Note  also  that  every  element  2;  of  A is  of  the  form 
x = ue  where  u is  a unit  and  e is  an  idempotent.  Hence  a basis  for  the  topology 
of  A consists  of  open  and  closed  subsets  (see  Algebra,  Lemma  10.20.1  ) So  the 
topology  on  \U\  is  totally  disconnected,  but  nontrivial.  Finally,  note  that  {un}  is 
dense  in  \U\. 
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03FO 


03FP 


04W1 


We  will  later  define  a topological  space  |X|  associated  to  X,  see  Properties  of 
Spaces,  Section  53.4  What  can  we  say  about  \X\?  It  turns  out  that  the  map 
|/7|  — > |X|  is  surjective  and  continuous.  All  the  points  un  map  to  the  same  point 
Xq  of  |Xj,  and  none  of  the  other  points  get  identified.  Since  {wn}  is  dense  in  \U\ 
we  conclude  that  the  closure  of  Xq  in  X is  \X\.  In  other  words  |X|  is  irreducible 
and  Xq  is  a generic  point  of  \X\.  This  seems  bizarre  since  also  xq  is  the  image  of  a 
section  S — > X of  the  structure  morphism  X — > S (and  in  the  case  of  schemes  this 
would  imply  it  was  a closed  point,  see  Morphisms,  Lemma  28.20.2). 


Whatever  you  think  is  actually  going  on  in  this  example,  it  certainly  shows  that 
some  care  has  to  be  exercised  when  defining  irreducible  components,  connectedness, 
etc  of  algebraic  spaces. 


52.15.  Change  of  big  site 

In  this  section  we  briefly  discuss  what  happens  when  we  change  big  sites.  The 
upshot  is  that  we  can  always  enlarge  the  big  site  at  will,  hence  we  may  assume  any 
set  of  schemes  we  want  to  consider  is  contained  in  the  big  fppf  site  over  which  we 
consider  our  algebraic  space.  Here  is  a precise  statement  of  the  result. 

Lemma  52.15.1.  Suppose  given  big  sites  Schfppf  and  Sch'fppf.  Assume  that 
S eh fppf  is  contained  in  Sch'fppf,  see  Topologies,  Section 
of  Schfppf.  Let 

g : Sh{{Sch/S)fppf)  — ► Sh((Sch'/S)fppf), 

f : Sh((Scti/S)fppf)  — >•  Sh((Sch/S)fppf) 

be  the  morphisms  of  topoi  of  Topologies,  Lemma  \33.10.£\  Let  F be  a sheaf  of  sets 
on  (Sch/ S) fppf . Then 

(1)  if  F is  representable  by  a scheme  X £ Ob ((Sch/ S)  fppf)  over  S,  then 
f~1F  is  representable  too,  in  fact  it  is  representable  by  the  same  scheme 
X,  now  viewed  as  an  object  of  (Sch' / S)  fppf , and 

(2)  if  F is  an  algebraic  space  over  S,  then  f~xF  is  an  algebraic  space  over  S 
also. 


33.10  Let  S be  an  object 


Proof.  Let  X £ Ob  ((Sch/  S)fppf).  Let  us  write  hx  for  the  representable  sheaf  on 
(Sch/ S) fppf  associated  to  X , and  h'x  for  the  representable  sheaf  on  ( Sch  / S) fppf 
associated  to  X.  By  the  description  of  /-1  in  Topologies,  Section  33.10  we  see  that 
f~1hx  = h'x.  This  proves  (1). 

Next,  suppose  that  F is  an  algebraic  space  over  S.  By  Lemma  [52. 9. 1|  this  means 
that  F = hu/hn  for  some  etale  equivalence  relation  R — > U x s U in  (Sch/ S) fppf. 
Since  /-1  is  an  exact  functor  we  conclude  that  f_1F  = h'jj/h 'R.  Hence  f~1F  is  an 
algebraic  space  over  S by  Theorem  52.10.5  □ 


Note  that  this  lemma  is  purely  set  theoretical  and  has  virtually  no  content.  More- 
over, it  is  not  true  (in  general)  that  the  restriction  of  an  algebraic  space  over  the 
bigger  site  is  an  algebraic  space  over  the  smaller  site  (simply  by  reasons  of  cardi- 
nality). Hence  we  can  only  ever  use  a simple  lemma  of  this  kind  to  enlarge  the  base 
category  and  never  to  shrink  it. 

Lemma  52.15.2.  Suppose  Schfppf  is  contained  in  Sch!fpp j.  Let  S be  an  object 
of  Schfppf.  Denote  Spaces/ S the  category  of  algebraic  spaces  over  S defined  using 
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Schfppf.  Similarly,  denote  Spaces  / S the  category  of  algebraic  spaces  over  S defined 
using  Scttfppf . The  construction  of  Lemma 

Spaces/ S 


52.15.1 


defines  a fully  faithful  functor 


Spaces'  / S 

whose  essential  image  consists  of  those  X'  £ Ob{Spaces  / S)  such  that  there  exist 
U,R  £ Ob {{Sch/S) /pp/^j  and  morphisms 

U — > X'  and  R — >Uxx,U 

in  Sh((Sch’ / S) fppf)  which  are  surjective  as  maps  of  sheaves  (for  example  if  the 
displayed  morphisms  are  surjective  and  etale). 


Proof.  In  Sites,  Lemma  7.20.8  we  have  seen  that  the  functor  /-1  : Sh{{Sch/  S)  fvvf) 
Sh((Sch' /S)fppf)  is  fully  faithful  (see  discussion  in  Topologies,  Section  33.101. 
Hence  we  see  that  the  displayed  functor  of  the  lemma  is  fully  faithful. 

Suppose  that  X'  £ Ob  {Spaces' /S)  such  that  there  exists  U £ Ob{{Sch/  S)  fppf) 
and  a map  U -A  X'  in  Sh{{Sch  /S)fppf)  which  is  surjective  as  a map  of  sheaves. 
Let  U’  — X X'  be  a surjective  etale  morphism  with  U'  £ Ob {{Sch'  / S)  fppf).  Let 
k = size(17),  see  Sets,  Section  3.9|  Then  U has  an  affine  open  covering  U = [ \ir.  T U, 


Then  U has  an  affine  open  covering  U = (Jigj  ' 
with  |/|  < k.  Observe  that  U'  x X’  U — X U is  etale  and  surjective.  For  each  i we  can 
pick  a quasi-compact  open  U[  C U'  such  that  U[  xX'  Vi  — x V is  surjective  (because 
the  scheme  U'  xx>  Ui  is  the  union  of  the  Zariski  opens  W xx / Ui  for  W C U'  affine 
and  because  U'  xy  Ui  —X  Ui  is  etale  hence  open).  Then  U,e/  U(  —X  X is  surjective 
etale  because  of  our  assumption  that  U — X X and  hence  JJ  Ui  — X X is  a surjection 
of  sheaves  (details  omitted).  Because  U[  xx>  U — x U-  is  a surjection  of  sheaves  and 
because  U(  is  quasi-compact,  we  can  find  a quasi-compact  open  Wt  C U[  xx>  U such 
that  Wi  -X  U[  is  surjective  as  a map  of  sheaves  (details  omitted).  Then  Wi  — X U 


is  etale  and  we  conclude  that  size(Wi)  < siz e(t/),  see  Sets,  Lemma  3.9.7  By  Sets, 


Lemma  3.9.11 


we  conclude  that  siz e(t/')  < siz e(U).  Hence  UiGlU(  is  isomorphic 
{Sch/ S)  fppf  by  Sets,  Lemma  3.9.5| 

—X  X'  and  R — X U xx>  U be  as  in  the  statement  of  the  lemma.  In 


to  an  object  o ? 

Now  let  X',  U 

the  previous  paragraph  we  have  seen  that  we  can  find  U'  £ Ob {{Sch/S) fppf)  and  a 
surjective  etale  morphism  U'  —X  X'  in  Sh{{Sch! / S) fPPf).  Then  U'  xx>  U —X  U'  is  a 
surjection  of  sheaves,  i.e. , we  can  find  an  fppf  covering  { U’  — x U’}  such  that  U[  —X  U' 

we  can  find  U — x U'  which 


3.9.12 


factors  through  U'  xx>U  —X  U' . By  Sets,  Lemma 
is  surjective,  flat,  and  locally  of  finite  presentation,  with  size({7)  < siz e{U'),  such 
that  U — X U'  factors  through  U'  xx*  U —X  U' . Then  we  consider 


U’  xx,  U’ 


V xsU' 


U xx,  U *-pxx>  U 


U xsU 


U x c U 


The  squares  are  cartesian.  We  know  the  objects  of  the  bottom  row  are  represented 
by  objects  of  {Sch/S)  fPPf-  By  the  result  of  the  argument  of  the  previous  paragraph, 


^Requiring  the  existence  of  R is  necessary  because  of  our  choice  of  the  function  Bound  in 
Sets,  Equation  l|3.9.1.1ty.  The  size  of  the  fibre  product  U xxi  U can  grow  faster  than  Bound  in 
terms  of  the  size  of  U.  We  can  illustrate  this  by  setting  S = Spec(/1).  U = Spec(.4[.x.,;,  i S /])  an<^ 
R = Sp ec(A[xi,  in]/ (xi  — \iUi)).  In  this  case  the  size  of  R grows  like  nK  where  re  is  the 

size  of  U . 
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the  same  is  true  for  U Xx'U  (as  we  have  the  surjection  of  sheaves  R — » U x x ' U by 
assumption).  Since  (Sch/ S) fppf  is  closed  under  fibre  products  (by  construction), 
we  see  that  U Xx'  U is  represented  by  an  object  of  ( Sch/S)fppf . Finally,  the  map 
U x_y'  U —>U'  x x‘  U'  is  a surjection  of  fppf  sheaves  as  U — >•  U'  is  so.  Thus 
we  can  once  more  apply  the  result  of  the  previous  paragraph  to  conclude  that 
R'  = U'  xx>  U'  is  represented  by  an  object  of  (Sch/S)  fppf.  At  this  point  Lemma 


52.9.1  and  Theorem  52.10.5  imply  that  X = hu'/hn > is  an  object  of  Spaces/S  such 
that  f~lX  = X'  as  desired.  □ 


52.16.  Change  of  base  scheme 


0313  In  this  section  we  briefly  discuss  what  happens  when  we  change  base  schemes.  The 
upshot  is  that  given  a morphism  S — > S'  of  base  schemes,  any  algebraic  space  over  S 
can  be  viewed  as  an  algebraic  space  over  S' . And,  given  an  algebraic  space  F'  over 
S'  there  is  a base  change  F's  which  is  an  algebraic  space  over  S.  We  explain  only 
what  happens  in  case  S — > S'  is  a morphism  of  the  big  fppf  site  under  consideration, 
if  only  S or  S'  is  contained  in  the  big  site,  then  one  first  enlarges  the  big  site  as  in 
Section  I52d5l 


0314 


Lemma  52.16.1.  Suppose  given  a big  site  Schfppf.  Let  g : S S'  be  morphism 
of  Schfppf . Let  j : (Sch/  S)  fppf  — > (Sch/ S') fppf  be  the  corresponding  localization 
functor.  Let  F be  a sheaf  of  sets  on  ( Sch/ S)fppf . Then 

(1)  for  a scheme  T'  over  S'  we  have  j\F(T' /S')  = \lP  T'^s  F(T'  S), 

(2)  if  F is  representable  by  a scheme  X £ Ob  ((Sch/S)  fppf),  then  j\F  is  rep- 
resentable by  j(X)  which  is  X viewed  as  a scheme  over  S' , and 

(3)  if  F is  an  algebraic  space  over  S,  then  j\F  is  an  algebraic  space  over  S' , 
and  if  F = U/R  is  a presentation,  then  j\F  = j(U)/j(R)  is  a presentation. 

Let  F'  be  a sheaf  of  sets  on  (Sch/ S') fppf . Then 

(4)  for  a scheme  T over  S we  have  j~1F'(T/S)  = F'(T/S'), 

(5)  if  F'  is  representable  by  a scheme  X'  £ Ob  ((Sch/S')  fppf),  then  j~1F'  is 
representable,  namely  by  X's  = S x$'  X' , and 

(6)  if  F'  is  an  algebraic  space,  then  j~1F'  is  an  algebraic  space,  and  if  F'  = 
U' / R'  is  a presentation,  then  j~1F'  = U's/R's  is  a presentation. 


Proof.  The  functors  j\,  j * and  j-1  are  defined  in  Sites,  Lemma  7.24.7  where  it  is 
also  shown  that  j = js/S‘  is  the  localization  of  (Sch/ S') fppf  at  the  object  S/S'. 
Hence  all  of  the  material  on  localization  functors  is  available  for  j.  The  formula  in 


we  get 


J'.F  = j(U)/j(R) 


because  j\  being  right  exact  commutes  with  coequalizers,  and  moreover  j(R)  = 
j(U)  Xj,pj(U)  as  j\  commutes  with  fibre  products.  Since  the  morphisms  j(s),j(t)  : 
j(R)  — > j(U)  are  simply  the  morphisms  s,t  : R — » U (but  viewed  as  morphisms  of 
schemes  over  S'),  they  are  still  etale.  Thus  (j(U),  j(R),  s,t)  is  an  etale  equivalence 
relation.  Hence  by  Theorem |52. 10. 5|  we  conclude  that  j\F  is  an  algebraic  space. 
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Proof  of  (4),  (5),  and  (6).  The  description  of  j-1  is  in  Sites,  Section  7.24  The 
restriction  of  the  representable  sheaf  associated  to  X' / S'  is  the  representable  sheaf 
associated  to  X's  = S Y'  by  Sites,  Lemma  7.26.2  The  restriction  functor 
j-1  is  exact,  hence  j~1F'  = U's/R's.  Again  by  exactness  the  sheaf  R's  is  still 
an  equivalence  relation  on  U's.  Finally  the  two  maps  R's  -A  U's  are  etale  as  base 
changes  of  the  etale  morphisms  R'  -A  U' . Hence  j~1F'  = U's/R's  is  an  algebraic 
space  by  Theorem  |52.10.5|  and  we  win.  □ 
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Note  how  the  presentation  j\F  = j ( U)/j (R)  is  just  the  presentation  of  F but  viewed 
as  a presentation  by  schemes  over  S' . Hence  the  following  definition  makes  sense. 

Definition  52.16.2.  Let  Schfppf  be  a big  fppf  site.  Let  S — > S'  be  a morphism 
of  this  site. 


(1)  If  F'  is  an  algebraic  space  over  S' , then  the  base  change  of  F'  to  S is  the 
algebraic  space  j~1F'  described  in  Lemma  52.16.1  We  denote  it  F's. 

(2)  If  F is  an  algebraic  space  over  S,  then  F viewed  as  an  algebraic  space  over 
S'  is  the  algebraic  space  j\F  over  S'  described  in  Lemma  52.16.1  We 
often  simply  denote  this  F]  if  not  then  we  will  write  j\F . 


The  algebraic  space  j\F  comes  equipped  with  a canonical  morphism  j\F  A S of 
algebraic  spaces  over  S'.  This  is  true  simply  because  the  sheaf  j\F  maps  to  hg  (see 
for  example  the  explicit  description  in  Lemma  52.16.1).  In  fact,  in  Sites,  Lemma 


7.24.4 


we  have  seen  that  the  category  of  sheaves  on  (Sch/S)fppf  is  equivalent  to 
the  category  of  pairs  (fF',fF'  -A  hg)  consisting  of  a sheaf  on  (Sch/S')fppf  and 
a map  of  sheaves  T'  -A-  Jig.  The  equivalence  assigns  to  the  sheaf  T the  pair 
(j\F,  j\T  -a  hg).  This,  combined  with  the  above,  leads  to  the  following  result  for 
categories  of  algebraic  spaces. 

04SG  Lemma  52.16.3.  Let  Schfppf  be  a big  fppf  site.  Let  S -A  S'  be  a morphism  of 
this  site.  The  construction  above  give  an  equivalence  of  categories 

f I cateqory  of  pairs  (F'F'  -a  S)  consisting 

\ category  of  algebraic]  1 v 

spaces  over  S J 


aa  < of  an  algebraic  space  F'  over  S'  and  a 
[ morphism  F'  -A  S of  algebraic  spaces  over  S' 


Proof.  Let  F be  an  algebraic  space  over  S.  The  functor  from  left  to  right  assigns 
the  pair  (j\ F.  jiF  — > S)  ot  F which  is  an  object  of  the  right  hand  side  by  Lemma 
52.16.1|  Since  this  defines  an  equivalence  of  categories  of  sheaves  by  Sites,  Lemma 


7.24.4|to  finish  the  proof  it  suffices  to  show:  if  F is  a sheaf  and  j\F  is  an  algebraic 


52.9.1 

7? 


space,  then  F is  an  algebraic  space.  To  do  this,  write  j\F  = U' / R'  as  in  Lemma 
^ with  U',R'  £ Ob {{Sch/ S') fPpf).  Then  the  compositions  V -A  j\F  -A  S and 
j\F  -A  S are  morphisms  of  schemes  over  S'.  Denote  U,  R the  corresponding 
objects  of  (Sch/S)fppf.  The  two  morphisms  R'  -A  U'  are  morphisms  over  S and 
hence  correspond  to  morphisms  R—^U.  Since  these  are  simply  the  same  morphisms 
(but  viewed  over  S)  we  see  that  we  get  an  etale  equivalence  relation  over  S.  As 
jt  defines  an  equivalence  of  categories  of  sheaves  (see  reference  above)  we  see  that 
F = U/R  and  by  Theorem  52.10.5  we  see  that  F is  an  algebraic  space.  □ 


The  following  lemma  is  a slight  rephrasing  of  the  above. 

04SH  Lemma  52.16.4.  Let  Schfppf  be  a big  fppf  site.  Let  S -A  S'  be  a morphism  of 
this  site.  Let  F'  be  a sheaf  on  (Sch/ S') fppf . The  following  are  equivalent: 

(1)  The  restriction  F'\^gch/g')fppf  is  an  algebraic  space  over  S,  and 
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(2)  the  sheaf  hs  x F'  is  an  algebraic  space  over  S' . 

Proof.  The  restriction  and  the  product  match  under  the  equivalence  of  categories 
of  Sites,  Lemma [7.24. 4|  so  that  Lemma [52. 16. 3|  above  gives  the  result.  □ 

We  finish  this  section  with  a lemma  on  a compatibility. 

Lemma  52.16.5.  Let  Schfppf  be  a big  fppf  site.  Let  S -A  S'  be  a morphism  of 
this  site.  Let  F be  an  algebraic  space  over  S.  Let  T be  a scheme  over  S and  let 
f : T — ► F be  a morphism  over  S . Let  f':T'—>  F'  be  the  morphism  over  S'  we  get 


from  f by  applying  the  equivalence  of  categories  described  in  Lemma  52.16.3  For 


any  property  V as  in  Definition  52.5.1  we  have  V(f)  <t=>  V(f). 


Proof.  Suppose  that  U is  a scheme  over  S,  and  U — t F is  a surjective  etale 


morphism.  Denote  U'  the  scheme  U viewed  as  a scheme  over  S' . In  Lemma  52.16.1 
we  have  seen  that  U'  -A  F'  is  surjective  etale.  Since 

j(T  Xf,F  U)  = T'  X/qi?'  U' 

the  morphism  of  schemes  T x fp  U — > U is  identified  with  the  morphism  of  schemes 
T'  x f pf  U'  — )•  U' . It  is  the  same  morphism,  just  viewed  over  different  base  schemes. 
Hence  the  lemma  follows  from  Lemma T52. 11. 41  □ 
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Properties  of  Algebraic  Spaces 
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53.1.  Introduction 

03BP  Please  see  Spaces,  Section  |52.1|  for  a brief  introduction  to  algebraic  spaces,  and 
please  read  some  of  that  chapter  for  our  basic  definitions  and  conventions  con- 
cerning algebraic  spaces.  In  this  chapter  we  start  introducing  some  basic  notions 
and  properties  of  algebraic  spaces.  A fundamental  reference  for  the  case  of  quasi- 
separated  algebraic  spaces  is  IKnu711. 

The  discussion  is  somewhat  awkward  at  times  since  we  made  the  design  decision 
to  first  talk  about  properties  of  algebraic  spaces  by  themselves,  and  only  later 
about  properties  of  morphisms  of  algebraic  spaces.  We  make  an  exception  for  this 
rule  regarding  etale  morphisms  of  algebraic  spaces,  which  we  introduce  in  Section 
|53.15|  But  until  that  section  whenever  we  say  a morphism  has  a certain  property, 
it  automatically  means  the  source  of  the  morphism  is  a scheme  (or  perhaps  the 
morphism  is  representable). 

Some  of  the  material  in  the  chapter  (especially  regarding  points)  will  be  improved 
upon  in  the  chapter  on  decent  algebraic  spaces. 


53.2.  Conventions 


03BQ  The  standing  assumption  is  that  all  schemes  are  contained  in  a big  fppf  site  Schfppf. 
And  all  rings  A considered  have  the  property  that  Spec(A)  is  (isomorphic)  to  an 
object  of  this  big  site. 


Let  S'  be  a scheme  and  let  X be  an  algebraic  space  over  S.  In  this  chapter  and  the 
following  we  will  write  X x g X for  the  product  of  X with  itself  (in  the  category  of 
algebraic  spaces  over  S),  instead  of  X x X.  The  reason  is  that  we  want  to  avoid 


confusion  when  changing  base  schemes,  as  in  Spaces,  Section  52.16 


53.3.  Separation  axioms 


03BR 


03BS 


In  this  section  we  collect  all  the  “absolute”  separation  conditions  of  algebraic  spaces. 
Since  in  our  language  any  algebraic  space  is  an  algebraic  space  over  some  definite 
base  scheme,  any  absolute  property  of  X over  S corresponds  to  a conditions  imposed 
on  X viewed  as  an  algebraic  space  over  Spec(Z).  Here  is  the  precise  formulation. 


Definition  53.3.1.  (Compare  Spaces,  Definition  52.13.2  ) Consider  a big  fppf 
site  Schfppf  = ( Sch / Spec(Z ))fPPf-  Let  X be  an  algebraic  space  over  Spec(Z).  Let 
A : X — > X X X be  the  diagonal  morphism. 

(1)  We  say  X is  separated  if  A is  a closed  immersion. 
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(2)  We  say  X is  locally  separate^  if  A is  an  immersion. 

(3)  We  say  X is  quasi-separated  if  A is  quasi-compact. 

(4)  We  say  X is  Zariski  locally  quasi-separate^\  if  there  exists  a Zariski  cov- 
ering X = Uiei  Xj  (see  Spaces,  Definition  l52.12.5l)  such  that  each  X,  is 
quasi-separated. 

Let  S'  is  a scheme  contained  in  Schfppf,  and  let  X be  an  algebraic  space  over  S. 
Then  we  say  X is  separated , locally  separated , quasi-separated , or  Zariski  locally 
quasi- separated  if  X viewed  as  an  algebraic  space  over  Spec(Z)  (see  Spaces,  Defini- 
tion 52.16.2)  has  the  corresponding  property. 


It  is  true  that  an  algebraic  space  X over  S which  is  separated  (in  the  absolute 
sense  above)  is  separated  over  S (and  similarly  for  the  other  absolute  separation 
properties  above).  This  will  be  discussed  in  great  detail  in  Morphisms  of  Spaces, 
Section  |54.4|  We  will  see  in  Lemma  |53.6.6|  that  being  Zariski  locally  separated  is 
independent  of  the  base  scheme  (hence  equivalent  to  the  absolute  notion). 


Lemma  53.3.2.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . We  have 
the  following  implications  among  the  separation  axioms  of  Definition  \ 53. 3.  /[' 

(1)  separated  implies  all  the  others, 

(2)  quasi-separated  implies  Zariski  locally  quasi-separated. 


Proof.  Omitted. 


□ 


Lemma  53.3.3.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . The 
following  are  equivalent 

(1)  X is  a quasi-separated  algebraic  space, 

(2)  for  U — > X,  V —>  X with  U , V quasi-compact  schemes  the  fibre  product 
U Xx  V is  quasi-compact, 

(3)  for  U — ¥ X,  V — > X with  U,  V affine  the  fibre  product  U Xx  V is  quasi- 
compact. 


Proof.  Using  Spaces,  Lemma  52.16.3  we  see  that  we  may  assume  S = Spec(Z). 
Since  U x x V = X Xxx.x  ( U x V)  and  since  U x V is  quasi-compact  if  U and  V are 
so,  we  see  that  (1)  implies  (2).  It  is  clear  that  (2)  implies  (3).  Assume  (3).  Choose 
a scheme  W and  a surjective  etale  morphism  W —>  X.  Then  W x W — > X x X is 
surjective  etale.  Hence  it  suffices  to  show  that 


j : W xx  W = X x(xxx)  (WxW)^-W  xW 

is  quasi-compact,  see  Spaces,  Lemma  |52.5.6|  If  U C W and  V C W are  affine 
opens,  then  j-1([/  x V)  = U xx  V is  quasi-compact  by  assumption.  Since  the 
affine  opens  U x V form  an  affine  open  covering  of  W x W (Schemes,  Lemma 
25.17.4)  we  conclude  by  Schemes,  Lemma  25.19.2  □ 


Lemma  53.3.4.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . The 
following  are  equivalent 

(1)  X is  a separated  algebraic  space, 


4n  the  literature  this  often  refers  to  quasi-separated  and  locally  separated  algebraic  spaces. 
2 This  notion  was  suggested  by  B.  Conrad. 
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(2)  for  U — > X,  V — ► X with  U,  V affine  the  fibre  product  U Xx  V is  affine 
and 

<D{U)  ®z  0{V)  — ► 0(U  xx  V) 

is  surjective. 


Proof.  Using  Spaces,  Lemma  52.16.3  we  see  that  we  may  assume  S = Spec(Z). 
Since  U Xx  V = X Xxxx  (U  x V)  and  since  U x V is  affine  if  U and  V are  so,  we 
see  that  (1)  implies  (2).  Assume  (2).  Choose  a scheme  W and  a surjective  etale 
morphism  W — > X.  Then  W xW  — > X x X is  surjective  etale.  Hence  it  suffices  to 
show  that 

j :W  xxW  = X x(XxX)  (W  x W)  -A  W x W 
is  a closed  immersion,  see  Spaces,  Lemma  |52.5.6|  If  U C W and  V C W are 
affine  opens,  then  j~l{U  x V)  = U Xx  V is  affine  by  assumption  and  the  map 
U Xx  V — > f/  x L is  a closed  immersion  because  the  corresponding  ring  map  is 
surjective.  Since  the  affine  opens  U x V form  an  affine  open  covering  of  W x W 
(Schemes,  Lemma  25.17.4)  we  conclude  by  Morphisms,  Lemma  28.2.1  □ 


53.4.  Points  of  algebraic  spaces 


As  is  clear  from  Spaces,  Example  |52.14.8|  a point  of  an  algebraic  space  should  not 
be  defined  as  a monomorphism  from  the  spectrum  of  a held.  Instead  we  define 
them  as  equivalence  classes  of  morphisms  of  spectra  of  fields  exactly  as  explained 
in  Schemes,  Section  125. 13 


Let  S'  be  a scheme.  Let  F be  a presheaf  on  ( Sch/S ) fPPf-  Let  K is  a held.  Consider 
a morphism 

Spec  (A')  — > F. 

By  the  Yoneda  Lemma  this  is  given  by  an  element  p £ A(Spec(A')).  We  say  that 
two  such  pairs  (Spec(AT),p)  and  (Spec(A),g)  are  equivalent  if  there  exists  a third 
held  Q and  a commutative  diagram 


Spec(fl) >-  Spec(A) 

9 

Y Y 

Spec(A)  — :-vjF. 


In  other  words,  there  are  held  extensions  K -A  fl  and  L — >•  fl  such  that  p and  q 
map  to  the  same  element  of  A(Spec(f!)).  We  omit  the  verihcation  that  this  dehnes 
an  equivalence  relation. 

Definition  53.4.1.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  A 
point  of  X is  an  equivalence  class  of  morphisms  from  spectra  of  helds  into  X.  The 
set  of  points  of  X is  denoted  |X|. 


Note  that  if  / : X — ► Y is  a morphism  of  algebraic  spaces  over  S,  then  there  is  an 
induced  map  |/|  : |Aj  — >•  |Y|  which  maps  a representative  x : Spec (K)  — > X to  the 
representative  fox  : Spec(A)  — ► Y. 

Lemma  53.4.2.  Let  S be  a scheme.  Let  X be  a scheme  over  S . The  points  of 
X as  a scheme  are  in  canonical  1-1  correspondence  with  the  points  of  X as  an 
algebraic  space. 

Proof.  This  is  Schemes,  Lemma [25. 13. 3[  □ 
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03H4  Lemma  53.4.3.  Let  S be  a scheme.  Let 


Z Xyl  >■  X 

Y 

Z 


be  a cartesian  diagram  of  algebraic  spaces.  Then  the  map  of  sets  of  points 


is  surjective. 


IZxyXj  —>  \Z\  xm  | A' | 


Proof.  Namely,  suppose  given  fields  A,  L and  morphisms  Spec(A)  —X  X,  Spec (L)  — > 
Z,  then  the  assumption  that  they  agree  as  elements  of  |Y|  means  that  there  is  a 
common  extension  K C M and  L C M such  that  Spec(M)  — > Spec(A')  — > X — > Y 
and  Spec(M)  — >•  Spec(A)  — >■  Z — > Y agree.  And  this  is  exactly  the  condition  which 
says  you  get  a morphism  Spec(M)  -i2xyl.  □ 


03H5 


Lemma  53.4.4.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let 
f : T — X X be  a morphism  from  a scheme  to  X . The  following  are  equivalent 

(1)  / : T — X X is  surjective  (according  to  Spaces,  Definition  52.5.1),  and 

(2)  |/|  : |T|  — > | A' | is  surjective. 


Proof.  Assume  (1).  Let  x : Spec(A)  A I be  a morphism  from  the  spectrum 
of  a field  into  X.  By  assumption  the  morphism  of  schemes  Spec(A)  XjT  — > 
Spec(A')  is  surjective.  Hence  there  exists  a field  extension  K C K'  and  a morphism 
Spec  (A')  — » Spec(A)  XjT  such  that  the  left  square  in  the  diagram 


Spec(A') Spec(A)  xxT T 

Y Y _ Y 

Spec(A')  = Spec(A') — >■  A 


is  commutative.  This  shows  that  |/|  : |T|  —X  |A|  is  surjective. 

Assume  (2).  Let  Z — » X be  a morphism  where  Z is  a scheme.  We  have  to  show 
that  the  morphism  of  schemes  Z xx  T — > T is  surjective,  i.e.,  that  | Z xx  T\  —X  |Z| 
is  surjective.  This  follows  from  (2)  and  Lemma  53.4.3  □ 


03BW  Lemma  53.4.5.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let 
X = U/R  be  a presentation  of  X,  see  Spaces,  Definition  52.9.3.  Then  the  image 
of  |A|  — >■  |Z7|  x \U\  is  an  equivalence  relation  and  |A|  is  the  quotient  of  \U\  by  this 
equivalence  relation. 


Proof.  The  assumption  means  that  U is  a scheme,  p : U — X X is  a surjective,  etale 
morphism,  R = U xx  U is  a scheme  and  defines  an  etale  equivalence  relation  on 
U such  that  X = U/R  as  sheaves.  By  Lemma  53.4.4  we  see  that  \U\  —X  |A|  is 
surjective.  By  Lemma  |53.4.3|  the  map 

\R\  — * W\  x,x|  IJ7I 


is  surjective.  Hence  the  image  of  |A|  — > \U\  x \U\  is  exactly  the  set  of  pairs  {u\,  1x2)  € 
\U\  x \U\  such  that  u±  and  U2  have  the  same  image  in  |A'|.  Combining  these  two 
statements  we  get  the  result  of  the  lemma.  □ 
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03BX  Lemma  53.4.6.  Let  S be  a scheme.  There  exists  a unique  topology  on  the  sets  of 
points  of  algebraic  spaces  over  S with  the  following  properties: 

(1)  for  every  morphism  of  algebraic  spaces  X — ► Y over  S the  map  |X|  — ► |Y| 
is  continuous,  and 

(2)  for  every  etale  morphism  U — * X with  U a scheme  the  map  of  topological 
spaces  \U\  -A  |X|  is  continuous  and  open. 

Proof.  Let  X be  an  algebraic  space  over  S.  Let  p : U -A  X be  a surjective  etale 
morphism  where  U is  a scheme  over  S.  We  define  W C |X|  is  open  if  and  only 
if  \p\~1(W)  is  an  open  subset  of  \U\.  This  is  a topology  on  |X|  (it  is  the  quotient 


topology  on  |X|,  see  Topology,  Lemma  5.5.2). 


Let  us  prove  that  the  topology  is  independent  of  the  choice  of  the  presentation. 
To  do  this  it  suffices  to  show  that  if  U'  is  a scheme,  and  U'  — > X is  an  etale 
morphism,  then  the  map  \U'\  -A  |X|  (with  topology  on  |X|  defined  using  U -A  A' 
as  above)  is  open  and  continuous;  which  in  addition  will  prove  that  (2)  holds.  Set 
U"  = U Xx  U',  so  that  we  have  the  commutative  diagram 


U" 


V 

U 


U' 


■X 


As  U -A  X and  U'  -A  X are  etale  we  see  that  both  U"  -A  U and  U"  -A  U'  are 
etale  morphisms  of  schemes.  Moreover,  U"  -A  U'  is  surjective.  Hence  we  get  a 
commutative  diagram  of  maps  of  sets 


| U" 


\U\ 


\U'\ 


\X\ 


The  lower  horizontal  arrow  is  surjective  (see  Lemma  53.4.4  or  Lemma  53.4.5)  and 


continuous  by  definition  of  the  topology  on  |X|.  The  top  horizontal  arrow  is  surjec- 


tive, continuous,  and  open  by  Morphisms,  Lemma  28.36.13  The  left  vertical  arrow 
is  continuous  and  open  (by  Morphisms,  Lemma  28.36.13  again.)  Hence  it  follows 


formally  that  the  right  vertical  arrow  is  continuous  and  open. 

To  finish  the  proof  we  prove  (1).  Let  a : X — > Y be  a morphism  of  algebraic  spaces. 
According  to  Spaces,  Lemma |52.11.6|  we  can  find  a diagram 


U 


X 


V 


Y 


where  U and  V are  schemes,  and  p and  q are  surjective  and  etale.  This  gives  rise 
to  the  diagram 

\u\—^\v\ 


m 


\*\ 
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03BY 


03BZ 


03IE 


06NF 


where  all  but  the  lower  horizontal  arrows  are  known  to  be  continuous  and  the  two 
vertical  arrows  are  surjective  and  open.  It  follows  that  the  lower  horizontal  arrow 
is  continuous  as  desired.  □ 

Definition  53.4.7.  Let  S'  be  a scheme.  Let  A'  be  an  algebraic  space  over  S.  The 
underlying  topological  space  of  X is  the  set  of  points  |A|  endowed  with  the  topology 
constructed  in  Lemma  153.4.61 

It  turns  out  that  this  topological  space  carries  the  same  information  as  the  small 


Zariski  site  Xzar  of  Spaces,  Definition  52.12.6 


Lemma  53.4.8.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . 

(1)  The  rule  X'  ha  \X'\  defines  an  inclusion  preserving  bijection  between  open 


subspaces  X'  (see  Spaces , Definition  52.12.1 ) of  X,  and  opens  of  the  topo- 
logical space  |A|. 

(2)  A family  {Xi  C X }iej  of  open  subspaces  of  X is  a Zariski  covering  (see 


Spaces,  Definition  52.12.5)  if  and  only  if  \X\  = |J  \Xf\. 

In  other  words,  the  small  Zariski  site  Xzar  of  X is  canonically  identified  with  a 


site  associated  to  the  topological  space  |X|  (see  Sites,  Example  7.6.4). 


Proof.  In  order  to  prove  (1)  let  us  construct  the  inverse  of  the  rule.  Namely, 
suppose  that  W C |Aj  is  open.  Choose  a presentation  X = U/R  corresponding  to 
the  surjective  etale  map  p : U -A  X and  etale  maps  s,t  : R -A  U.  By  construction 
we  see  that  \p\~1(W)  is  an  open  of  U . Denote  W'  C U the  corresponding  open 
subscheme.  It  is  clear  that  R'  = s~l{W')  = f-1( W')  is  a Zariski  open  of  R 


which  defines  an  etale  equivalence  relation  on  W' . By  Spaces,  Lemma  52.10.2  the 
morphism  X'  = W' / R!  — > X is  an  open  immersion.  Hence  X'  is  an  algebraic  space 
by  Spaces,  Lemma [52. 11. 3 By  construction  \X'\  = W,  i.e. , X'  is  a subspace  of  X 
corresponding  to  W.  Thus  (1)  is  proved. 

To  prove  (2),  note  that  if  {X i C A'}igj  is  a collection  of  open  subspaces,  then  it  is  a 
Zariski  covering  if  and  only  if  the  U = |J  U x x Xi  is  an  open  covering.  This  follows 
from  the  definition  of  a Zariski  covering  and  the  fact  that  the  morphism  U — > X is 
surjective  as  a map  of  presheaves  on  (Sch/  S)  fppf . On  the  other  hand,  we  see  that 
\X\  = (J  Xj  if  and  only  if  U = (J  U Xx  Xi  by  Lemma  53.4.5  (and  the  fact  that 
the  projections  U Xx  X.,  -a  Xi  are  surjective  and  etale).  Thus  the  equivalence  of 
(2)  follows.  □ 

Lemma  53.4.9.  Let  S be  a scheme.  Let  X , Y be  algebraic  spaces  over  S . Let 
X'  C X be  an  open  subspace.  Let  f : Y -A  X be  a morphism  of  algebraic  spaces 
over  S.  Then  f factors  through  X'  if  and  only  if  |/|  : |Y|  -A  |X|  factors  through 

\x'\  c |x|. 

Proof.  By  Spaces,  Lemma  [52.12.3  we  see  that  Y'  = Y Xx  X'  — ► Y is  an  open 
immersion.  If  |/|(|Y|)  C |X'|,  then  clearly  |Y'|  = |Yj.  Hence  Y’  = Y by  Lemma 
153.4.81  □ 

Lemma  53.4.10.  Let  S be  a scheme.  Let  X be  an  algebraic  spaces  over  S.  Let 
U be  a scheme  and  let  f : U —t  X be  an  etale  morphism.  Let  X'  C X be  the 


open  subspace  corresponding  to  the  open  |/|(|J7|)  C |X|  via  Lemma  53-4-8.  Then  f 
factors  through  a surjective  etale  morphism  f':U—>X'.  Moreover,  if  R = U XxU , 
then  R = U Xx>  U and  X'  has  the  presentation  X'  = U/R. 
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03E1 


03E2 

03E3 

03E4 

040T 

0310 

04NN 


Proof.  The  existence  of  the  factorization  follows  from  Lemma  153.4.91  The  mor- 
phism f is  surjective  according  to  Lemma  53.4.4  To  see  f is  etale,  suppose  that 
T — > X'  is  a morphism  where  T is  a scheme.  Then  T x.y  U = T x x1  U as  A'”  — > X 
is  a monomorphism  of  sheaves.  Thus  the  projection  T Xy  U — > T is  etale  as  we 
assumed  / etale.  We  have  U Xj-  U = U Xx'  U as  A''  -A-  A is  a monomorphism. 
Then  X'  = U/R  follows  from  Spaces,  Lemma  52.9.1  □ 


Lemma  53.4.11.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Consider 
the  map 

{Spec(fc)  — ► X monomorphism}  — > |Aj 
This  map  is  injective. 


Proof.  Suppose  that  ipi  : Spec (ki)  — > X are  monomorphisms  for  i = 1,  2.  If  p\ 
and  if2  define  the  same  point  of  |A|,  then  we  see  that  the  scheme 

Y = Spec(fci)  xVl, x,<p2  Spec (fc2) 


is  nonempty.  Since  the  base  change  of  a monomorphism  is  a monomorphism  this 
means  that  the  projection  morphisms  Y — > Spec(fc,)  are  monomorphisms.  Hence 
Spec(fci)  = Y = Spec (fc2)  as  schemes  over  A',  see  Schemes,  Lemma  25.23.10  We 
conclude  that  ipi  = <^2,  which  proves  the  lemma.  □ 


We  will  see  in  Decent  Spaces,  Lemma [55. 10. 1|  that  this  map  is  a bijection  when  X 
is  decent. 


53.5.  Quasi-compact  spaces 


Definition  53.5.1.  Let  S'  be  a scheme.  Let  X be  an  algebraic  space  over  S.  We 
say  X is  quasi-compact  if  there  exists  a surjective  etale  morphism  U —f  X with  U 
quasi-compact. 

Lemma  53.5.2.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Then 
X is  quasi-compact  if  and  only  if  |A|  is  quasi-compact. 


Proof.  Choose  a scheme  U and  an  etale  surjective  morphism  U -A  X.  We  will 
use  Lemma  53.4.4|  If  U is  quasi-compact,  then  since  \U\  —¥  |AT|  is  surjective  we 
conclude  that  |A|  is  quasi-compact.  If  A is  quasi-compact,  then  since  \U\  — > |A| 
is  open  we  see  that  there  exists  a quasi-compact  open  U'  C U such  that  \U'\  — >•  |A| 
is  surjective  (and  still  etale).  Hence  we  win.  □ 


Lemma  53.5.3.  A finite  disjoint  union  of  quasi-compact  algebraic  spaces  is  a 
quasi-compact  algebraic  space. 


Proof.  This  is  clear  from  Lemma[53.5.2|and  the  corresponding  topological  fact.  □ 

Example  53.5.4.  The  space  Aq/Z  is  a quasi-compact  algebraic  space. 

Lemma  53.5.5.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Every 
point  of  |A|  has  a fundamental  system  of  open  quasi-compact  neighbourhoods.  In 


particular  |A|  is  locally  quasi-compact  in  the  sense  of  Topology , Definition  5.12.1 


Proof.  This  follows  formally  from  the  fact  that  there  exists  a scheme  U and  a 
surjective,  open,  continuous  map  U — > \X\  of  topological  spaces.  To  be  a bit  more 
precise,  if  u £ U maps  to  a;  £ |Aj,  then  the  images  of  the  affine  neighbourhoods  of 
u will  give  a fundamental  system  of  quasi-compact  open  neighbourhoods  of  x.  □ 
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03FW 

03FX 


03FY 


03H6 


03FZ 


53.6.  Special  coverings 

In  this  section  we  collect  some  straightforward  lemmas  on  the  existence  of  etale 
surjective  coverings  of  algebraic  spaces. 

Lemma  53.6.1.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . There 
exists  a surjective  etale  morphism  U X where  U is  a disjoint  union  of  affine 
schemes.  We  may  in  addition  assume  each  of  these  affines  maps  into  an  affine 
open  of  S. 


Proof.  Let  V -A  X be  a surjective  etale  morphism.  Let  V = (Jigj  ^ be  a Zariski 
open  covering  such  that  each  Vj  maps  into  an  affine  open  of  S.  Then  set  U = I UiVi 
with  induced  morphism  U — ► V — ► X.  This  is  etale  and  surjective  as  a composition 
of  etale  and  surjective  representable  transformations  of  functors  (via  the  general 
principle  Spaces,  Lemma  52.5.4  and  Morphisms,  Lemmas  28.10.2  and  28.36.3 1.  □ 


Lemma  53.6.2.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . There 
exists  a Zariski  covering  X = (J  X,  such  that  each  algebraic  space  X*  has  a surjective 
etale  covering  by  an  affine  scheme.  We  may  in  addition  assume  each  X*  maps  into 
an  affine  open  of  S. 


Proof.  By  Lemma  53.6.1  we  can  find  a surjective  etale  morphism  U = U Ui^x, 
with  Ui  affine  and  mapping  into  an  affine  open  of  S.  Let  X;  C X be  the  open 
subspace  of  X such  that  Ui  — > X factors  through  an  etale  surjective  morphism 
Ui  —>  X,j.  see  Lemma  53.4.10  Since  U = (J  Ui  we  see  that  X = (J  X,:.  As  Ui  — >•  X, 
is  surjective  it  follows  that  Xj  — > S maps  into  an  affine  open  of  S.  □ 


Lemma  53.6.3.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Then 
X is  quasi-compact  if  and  only  if  there  exists  an  etale  surjective  morphism  U X 
with  U an  affine  scheme. 


Proof.  If  there  exists  an  etale  surjective  morphism  U — > X with  U affine  then  X 
is  quasi-compact  by  Definition |53. 5.1  Conversely,  if  X is  quasi-compact,  then  \X\ 
is  quasi-compact.  Let  U = U,ej  U%  be  a disjoint  union  of  affine  schemes  with  an 
etale  and  surjective  map  ip  : U — > X (Lemma  53.6.1).  Then  |X|  = |J(^(|f7j|)  and 
by  quasi-compactness  there  is  a finite  subset  ii, . . . , in  such  that  |X|  = (J  ip(\UiA). 


Hence  U^U ...Li  Uin 

X. 


is  an  affine  scheme  with  a finite  surjective  morphism  towards 

□ 


The  following  lemma  will  be  obsoleted  by  the  discussion  of  separated  morphisms  in 
the  chapter  on  morphisms  of  algebraic  spaces. 

Lemma  53.6.4.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let  U be 
a separated  scheme  and  U — > X etale.  Then  U — > X is  separated , and  R = U XxU 
is  a separated  scheme. 


Proof.  Let  X'  C X be  the  open  subscheme  such  that  U — > X factors  through 
an  etale  surjection  U — » X\  see  Lemma  |53.4.10  If  U — > X'  is  separated,  then 
see  Spaces,  Lemma  52.5.4  (as  the  open  immersion  X'  -A  X is 
and  Schemes,  Lemma  25.23.7).  Moreover, 


so  is  U 


X, 


separated  by  Spaces,  Lemma  52.5.8 


since  U xX'  U = U xx  U it  suffices  to  prove  the  result  after  replacing  X by  X', 
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i.e. , we  may  assume  U — > X surjective.  Consider  the  commutative  diagram 


07S4 


R = UxxU 


U 


X 


In  the  proof  of  Spaces,  Lemma  |52.13.1|  we  have  seen  that  j : R — > U Xg  U is 
separated.  The  morphism  of  schemes  U — > S is  separated  as  U is  a separated 
scheme,  see  Schemes,  Lemma  25.21.14|  Hence  U xj  U — > U is  separated  as  a base 
change,  see  Schemes,  Lemma  25.21.13  Hence  the  scheme  U x$  U is  separated  (by 


the  same  lemma).  Since  j is  separated  we  see  in  the  same  way  that  R is  separated. 
Hence  R — > U is  a separated  morphism  (by  Schemes,  Lemma  25.21.14  again). 
Thus  by  Spaces,  Lemma  |52.11.4|  and  the  diagram  above  we  conclude  that  U — > X 
is  separated.  □ 


Lemma  53.6.5.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . If  there 
exists  a quasi-separated  scheme  U and  a surjective  etale  morphism  U — > X such  that 
either  of  the  projections  U xxU  — » U is  quasi-compact,  then  X is  quasi-separated. 


Proof.  We  may  think  of  X as  an  algebraic  space  over  Z.  Consider  the  cartesian 
diagram 

U x \ U ->  X 

i A 

U x U X x X 


03W7 


Since  U is  quasi-separated  the  projection  U x U — > U is  quasi-separated  (as  a base 
change  of  a quasi-separated  morphism  of  schemes,  see  Schemes,  Lemma  25.21.13 1. 
Hence  the  assumption  in  the  lemma  implies  j is  quasi-compact  by  Schemes,  Lemma 
|25.21.15)  By  Spaces,  Lemmap52.11.4|we  see  that  A is  quasi-compact  as  desired.  □ 


Lemma  53.6.6.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . The 
following  are  equivalent 

(1)  X is  Zariski  locally  quasi-separated  over  S, 

(2)  X is  Zariski  locally  quasi-separated, 

(3)  there  exists  a Zariski  open  covering  X = (J  Xi  such  that  for  each  i there 
exists  an  affine  scheme  Ui  and  a quasi-compact  surjective  etale  morphism 
Ui  — »•  Xi,  and 

(4)  there  exists  a Zariski  open  covering  X = (J  Xi  such  that  for  each  i there 
exists  an  affine  scheme  Ui  which  maps  into  an  affine  open  of  S and  a 
quasi-compact  surjective  etale  morphism  Ui  — ► Xi. 


Proof.  Assume  Ui  —I  X,  C X are  as  in  (3).  To  prove  (4)  choose  for  each  i a finite 
affine  open  covering  Ui  = Un  U . . . U Uini  such  that  each  Utj  maps  into  an  affine 

Ui  -A  X,  are  etale  and  quasi-compact  (see 
be  the  open  subspace  corresponding  to  the 
Xij  is  quasi-compact  as 


open  of  S.  The  compositions  L f j — ► 
Spaces,  Lemma  52.5.4).  Let  Xi:j  c X, 
image  of  | Uij 


IX,; I,  see  Lemma  53.4.10  Note  that  U, 


X^  C Xi  is  a monomorphism  and  as  Uij  — > X is  quasi-compact.  Then  X = U*i: 
is  a covering  as  in  (4).  The  implication  (4)  =>  (3)  is  immediate. 


Assume  (4).  To  show  that  X is  Zariski  locally  quasi-separated  over  S it  suffices 
to  show  that  X,  is  quasi-separated  over  S.  Hence  we  may  assume  there  exists  an 
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affine  scheme  U mapping  into  an  affine  open  of  S and  a quasi-compact  surjective 
etale  morphism  U — > X . Consider  the  fibre  product  square 


UxxU 


U xsU 


X 


A 


x/s 


X XaX 


The  right  vertical  arrow  is  surjective  etale  (see  Spaces,  Lemma  52.5.71  and  U XsU 


is  affine  (as  U maps  into  an  affine  open  of  S,  see  Schemes,  Section  25.17),  and 
U Xx  U is  quasi-compact  because  the  projection  U Xx  U 
as  a base  change  of  U — > X.  It  follows  from  Spaces,  Lemma 
quasi-compact  as  desired. 


U is  quasi-compact 
that  A x/s  is 


52.11.4 


Assume  (1).  To  prove  (3)  there  is  an  immediate  reduction  to  the  case  where  X 
is  quasi-separated  over  S.  By  Lemma  |53.6.2|  we  can  find  a Zariski  open  covering 
X = (J  Xj  such  that  each  Xj  maps  into  an  affine  open  of  S,  and  such  that  there 
exist  affine  schemes  Uj  and  surjective  etale  morphisms  Uj  Xj.  Since  Ui  —>  S 
maps  into  an  affine  open  of  S we  see  that  Ui  x g Ui  is  affine,  see  Schemes,  Section 


Ri  = Ui  XXi  Ui  = U xx  Ui  — > Ui  xs  Ui 


25.17  As  X is  quasi-separated  over  S , the  morphisms 


as  base  changes  of  A x/s  are  quasi-compact.  Hence  we  conclude  that  Ri  is  a quasi- 
compact scheme.  This  in  turn  implies  that  each  projection  Ri  — > Ui  is  quasi- 
compact. Hence,  applying  Spaces,  Lemma [52.11.4  to  the  covering  Ui  — > Xj  and  the 
morphism  Ui  — >■  Xj  we  conclude  that  the  morphisms  Ui  — > Xi  are  quasi-compact 
as  desired. 


At  this  point  we  see  that  (1),  (3),  and  (4)  are  equivalent.  Since  (3)  does  not  refer 
to  the  base  scheme  we  conclude  that  these  are  also  equivalent  with  (2).  □ 


The  following  lemma  will  turn  out  to  be  quite  useful. 

03IJ  Lemma  53.6.7.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let 
U be  a scheme.  Let  <p  : U -A  X be  an  etale  morphism  such  that  the  projections 
R = U Xx  U — >■  U are  quasi-compact;  for  example  if  tp  is  quasi-compact.  Then  the 
fibres  of 

\U\  \X\  and  |i?|  ->  \X\ 

are  finite. 


Proof.  Denote  R = U xxU,  and  s,t  : R — > U the  projections.  Let  u € U be 
a point,  and  let  x £ |X|  be  its  image.  The  fibre  of  \U\  —>  |X|  over  x is  equal  to 
s(t-1({w}))  by  Lemma  53.4.3  and  the  fibre  of  \R\  — ► |Aj  over  x is  t”1(s(t_1({u}))). 
Since  t : R — > U is  etale  and  quasi-compact,  it  has  finite  fibres  (as  its  fibres  are  dis- 
joint unions  of  spectra  of  fields  by  Morphisms,  Lemma  28.36.7  and  quasi-compact). 
Hence  we  win.  □ 


53.7.  Properties  of  Spaces  defined  by  properties  of  schemes 

03E5  Any  etale  local  property  of  schemes  gives  rise  to  a corresponding  property  of  alge- 
braic spaces  via  the  following  lemma. 
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03E8  Lemma  53.7.1.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  LetV  be 
a property  of  schemes  which  is  local  in  the  etale  topology,  see  Descent,  Definition 
1 3f.ll. 1\  The  following  are  equivalent 

(1)  for  some  scheme  U and  surjective  etale  morphism  U — > X the  scheme  U 
has  property  V,  and 

(2)  for  every  scheme  U and  every  etale  morphism  U — > X the  scheme  U has 
property  V . 

If  X is  representable  this  is  equivalent  to  V{X). 


Proof.  The  implication  (2)  =£-  (1)  is  immediate.  For  the  converse,  choose  a sur- 
jective etale  morphism  U — > X with  U a scheme  that  has  V and  let  V be  an  etale 
X-scheme.  Then  U Xx  V — > V is  an  etale  surjection  of  schemes,  so  V inherits 
V from  U Xx  V,  which  in  turn  inherits  V from  U (see  discussion  following  De- 
scent, Definition  34.11.1).  The  last  claim  is  clear  from  (1)  and  Descent,  Definition 
134.11.11  □ 


03E6 


03E7 


Definition  53.7.2.  Let  V be  a property  of  schemes  which  is  local  in  the  etale 
topology.  Let  S'  be  a scheme.  Let  X be  an  algebraic  space  over  S.  We  say  X has 
property  V if  any  of  the  equivalent  conditions  of  Lemma|53.7.1|hold. 


Remark  53.7.3.  Here  is  a list  of  properties  which  are  local  for  the  etale  topology 
(keep  in  mind  that  the  fpqc,  fppf,  syntomic,  and  smooth  topologies  are  stronger 
than  the  etale  topology): 


(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 
(9) 


locally  Noetherian,  see  Descent,  Lemma  34.12.1 
Jacobson,  see  Descent,  Lemma  34.12.2 


locally  Noetherian  and  (Sk),  see  Descent,  Lemma  34.13.1 


Cohen-Macaulay,  see  Descent,  Lemma  34.13.2 
reduced 
normal 


see  Descent,  Lemma  34.14.1 
see  Descent,  Lemma  34.14.2 


locally  Noetherian  and  (Rk),  see  Descent,  Lemma  34.14.3 
regular,  see  Descent,  Lemma  34.14.4 
Nagata,  see  Descent,  Lemma  34.14.5 


Any  etale  local  property  of  germs  of  schemes  gives  rise  to  a corresponding  property 
of  algebraic  spaces.  Here  is  the  obligatory  lemma. 


04N2 


Lemma  53.7.4.  LetV  be  a property  of  germs  of  schemes  which  is  etale  local,  see 
Descent,  Definition  3f.l7.1\  Let  S be  a scheme.  Let  X be  an  algebraic  space  over 
S.  Let  x £ |X|  be  a point  of  X.  Consider  etale  morphisms  a : U — ?•  X where  U is 
a scheme.  The  following  are  equivalent 


(1)  for  any  U X as  above  and  u £U  with  a(u)  = x we  have  V(U,u),  and 

(2)  for  some  U — > X as  above  and  u £ U with  a{u)  = x we  have  V(U,u). 

If  X is  representable,  then  this  is  equivalent  to  V ( X , x) . 


Proof.  Omitted. 


□ 


04RC  Definition  53.7.5.  Let  A be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
x £ |A'|.  Let  V be  a property  of  germs  of  schemes  which  is  etale  local.  We  say  X 
has  property  V at  x if  any  of  the  equivalent  conditions  of  Lemma |53.7.4|  hold. 


53.9.  DIMENSION  OF  LOCAL  RINGS 
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04N6 


04N7 

OBAM 


53.7.6.  Let  P be  a property  of  local  rings.  Assume  that  for  any  etale 
A — >■  B and  q is  a prime  of  B lying  over  the  prime  p of  A,  then  P(Ap)  4=> 
P(Bq).  Then  we  obtain  an  etale  local  property  of  germs  (U,  u)  of  schemes  by  setting 
V(U,u)  = P{Ou,u).  In  this  situation  we  will  use  the  terminology  “the  local  ring  of 
X &t  x has  P”  to  mean  X has  property  V at  x.  Here  is  a list  of  such  properties  P: 


Remark 

ring  map 


(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 


Noetherian,  see  More  on  Algebra,  Lemma  15.35.1 


dimension  d,  see  More  on  Algebra,  Lemma  15.35.2 


regular,  see  More  on  Algebra,  Lemma  15.35.3 


discrete  valuation  ring,  follows  from  (2),  (3),  and  Algebra,  Lemma  10.118.7 


reduced,  see  More  on  Algebra,  Lemma  15.36.4 


normal,  see  More  on  Algebra,  Lemma  15.36.6 


Noetherian  and  depth  k,  see  More  on  Algebra,  Lemma  15.36.8 


Noetherian  and  Cohen-Macaulay,  see  More  on  Algebra,  Lemma  15.36.9 


There  are  more  properties  for  which  this  holds,  for  example  G-ring  and  Nagata.  If 
we  every  need  these  we  will  add  them  here  as  well  as  references  to  detailed  proofs 
of  the  corresponding  algebra  facts. 


53.8.  Dimension  at  a point 


We  can  use  Descent,  Lemma [34. 17. 2| to  define  the  dimension  of  an  algebraic  space 
A at  a point  x.  This  will  give  us  a different  notion  than  the  topological  one  (i.e. , 
the  dimension  of  |A|  at  x). 


Definition  53.8.1.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
x £ ] A be  a point  of  A.  We  define  the  dimension  of  X at  x to  be  the  element 
dimx(A)  £ {0, 1,  2, . . . , oo}  such  that  dimx(A)  = dim„([/)  for  any  (equivalently 
some)  pair  (a  : U — > A,  u)  consisting  of  an  etale  morphism  a : U X from  a 
scheme  to  A and  a point  u £ U with  a{u)  = x.  See  Definition  53.7.5  Lemma 
|53.7.4[  and  Descent,  Lemma [34.17. 2[ 


Warning:  It  is  not  the  case  that  dimx(A)  = dimx(|A|)  in  general.  A counter 
example  is  the  algebraic  space  A'  of  Spaces,  Example  |52.14.9|  Namely,  in  this 
example  we  have  dimx(A)  = 0 and  dimx(|A|)  = 1 (this  holds  for  any  x £ |A|). 
In  particular,  it  also  means  that  the  dimension  of  A (as  defined  below)  is  different 
from  the  dimension  of  |A|. 

Definition  53.8.2.  Let  S'  be  a scheme.  Let  A be  an  algebraic  space  over  S.  The 
dimension  dim(A)  of  A is  defined  by  the  rule 


dim  (A)  = supx6|  Y|  dimx(A) 

By  Properties,  Lemma[27.10.2|we  see  that  this  is  the  usual  notion  if  A is  a scheme. 
There  is  another  integer  that  measures  the  dimension  of  a scheme  at  a point,  namely 
the  dimension  of  the  local  ring.  This  invariant  is  compatible  with  etale  morphisms 


also,  see  Section  53.9 


53.9.  Dimension  of  local  rings 

The  dimension  of  the  local  ring  of  an  algebraic  space  is  a well  defined  concept. 

Lemma  53.9.1.  Let  S be  a scheme.  Let  X he  an  algebraic  space  over  S.  Let 
x £ |A|  he  a point.  Let  d £ {0, 1,2,..., oo}.  The  following  are  equivalent 
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(1)  for  some  scheme  U and  etale  morphism  a : U X and  point  u £ U with 
a(u)  = x we  have  dim (CV,u)  = d, 

(2)  for  any  scheme  U , any  etale  morphism  a : U — > X,  and  any  point  u £ U 
with  a(u)  = x we  have  dim(OyiU)  = d. 

If  X is  a scheme,  this  is  equivalent  to  dim(O.Y,a;)  = d. 


Proof.  Combine  Lemma [53. 7.4| and  Descent,  Lemma[34.17.3| 


□ 


Definition  53.9.2.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S. 
Let  x £ |X|  be  a point.  The  dimension  of  the  local  ring  of  X at  x is  the  element 
d £ {0, 1,2,...,  oo}  satisfying  the  equivalent  conditions  of  Lemma  53.9.1  In  this 
case  we  will  also  say  x is  a point  of  codimension  d on  X. 


Besides  the  lemma  below  we  also  point  the  reader  to  Lemmas  |53.21.4|  and  |53.21.5| 

Lemma  53.9.3.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . The 
following  quantities  are  equal: 

(1)  The  dimension  of  X . 

(2)  The  supremum  of  the  dimensions  of  the  local  rings  of  X. 

(3)  The  supremum  of  dimx(A)  for  x £ |A|. 


Proof.  The  numbers  in  (1)  and  (3)  are  equal  by  Definition  53.8.2  Let  U — > X 
be  a surjective  etale  morphism  from  a scheme  U.  The  supremum  of  dimx(A)  for 
x £ \X\  is  the  same  as  the  supremum  of  dim„(/7)  for  points  u of  U by  definition. 
This  is  the  same  as  the  supremu  of  dim(0(7ill)  by  Properties,  Lemma  27.10.2  This 
in  turn  is  the  same  as  (2)  by  definition.  □ 


53.10.  Generic  points 


Let  T be  a topological  space.  According  to  the  second  edition  of  EGA  I,  a maximal 
point  of  T is  a generic  point  of  an  irreducible  component  of  T.  If  T = |A|  is  the 
topological  space  associated  to  an  algebraic  space  X,  there  are  at  least  two  notions 
of  maximal  points:  we  can  look  at  maximal  points  of  T viewed  as  a topological 
space,  or  we  can  look  at  images  of  maximal  points  of  U where  U — ► X is  an  etale 
morphism  and  U is  a scheme.  The  second  notion  corresponds  to  the  set  of  points  of 
codimension  0 (Lemma  53.10.1 1.  The  codimension  0 points  are  easier  to  work  with 
for  general  algebraic  spaces;  the  two  notions  agree  for  quasi-separated  and  more 
generally  decent  algebraic  spaces  (Decent  Spaces,  Lemma  55.18.1). 


Lemma  53.10.1.  Let  S be  a scheme  and  let  X be  an  algebraic  space  over  S.  Let 
x £ |X|.  Consider  etale  morphisms  a : U — > X where  U is  a scheme.  The  following 
are  equivalent 


(1)  x is  a point  of  codimension  0 on  X , 

(2)  for  some  U X as  above  and  u £ U with  a(u ) = x,  the  point  u is  the 
generic  point  of  an  irreducible  component  of  U , and 

(3)  for  any  U — ► X as  above  and  any  u £ U mapping  to  x,  the  point  u is  the 
generic  point  of  an  irreducible  component  of  U . 


If  X is  representable,  this  is  equivalent  to  x being  a generic  point  of  an  irreducible 
component  of  |X|. 


Proof.  Observe  that  a point  u of  a scheme  U is  a generic  point  of  an  irreducible 
component  of  U if  and  only  if  dim(Oj/iU)  = 0 (Properties,  Lemma  27.10.4).  Hence 
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this  follows  from  the  definition  of  the  codimension  of  a point  on  A (Definition 


53.9.2). 


□ 


Lemma  53.10.2.  Let  S be  a scheme  and  let  X be  an  algebraic  space  over  S.  The 
set  of  codimension  0 points  of  X is  dense  in  |A|. 


Proof.  If  U is  a scheme,  then  the  set  of  generic  points  of  irreducible  components 
is  dense  in  U (holds  for  any  quasi-sober  topological  space).  Thus  if  U — t X is  a 
surjective  etale  morphism,  then  the  set  of  codimension  0 points  of  X is  the  image 
of  a dense  subset  of  \U\  (Lemma  53.10.1).  Since  A has  the  quotient  topology  for 
\U\  — ► |A|  we  conclude.  □ 


53.11.  Reduced  spaces 

We  have  already  defined  reduced  algebraic  spaces  in  Section  |53.7|  Here  we  just 
prove  some  simple  lemmas  regarding  reduced  algebraic  spaces. 


Lemma  53.11.1.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  The 
following  are  equivalent 


(1)  X is  reduced, 

(2)  for  every  x £ |A|  the  local  ring  of  X at  x is  reduced  (Remark  53.7.1 


In  this  case  T(A,Oy)  is  a reduced  ring  and  if  f £ T(X,Ox)  has  X = V(f),  then 

/ = o. 


Proof.  The  equivalence  of  (1)  and  (2)  follows  from  Properties,  Lemma  27.3.2  ap- 
plied to  affine  schemes  etale  over  X.  The  final  statements  follow  the  cited  lemma 
and  fact  that  r(A,  Ox)  is  a subring  of  r (17,  (Du)  for  some  reduced  scheme  U etale 
over  A'.  □ 


Lemma  53.11.2.  Let  S be  a scheme.  Let  Z — > X be  an  immersion  of  algebraic 
spaces.  Then  \Z\  — > |A|  is  a homeomorphism  of  \Z\  onto  a locally  closed  subset  of 

I A|  • 


Proof.  Let  U be  a scheme  and  U — ► A a surjective  etale  morphism.  Then  Z Xx 
U U is  an  immersion  of  schemes,  hence  gives  a homeomorphism  of  | Z Xx  U\ 
with  a locally  closed  subset  T'  of  \U\.  By  Lemma  53.4.3  the  subset  T'  is  the 
inverse  image  of  the  image  T of  \Z\  — > |A|.  The  map  \Z\  -A  |A|  is  injective 
because  the  transformation  of  functors  Z — > X is  injective,  see  Spaces,  Section 


52.12  By  Topology,  Lemma [5. 5. 4 we  see  that  T is  locally  closed  in  |A|.  Moreover, 
the  continuous  map  \Z\  — > T is  a homeomorphism  as  the  map  \Z  Xx  U\  — ► T'  is  a 
homeomorphism  and  \Z  Xy  U\  — > \Z\  is  submersive.  □ 


The  following  lemma  will  help  us  construct  (locally)  closed  subspaces. 

Lemma  53.11.3.  Let  S be  a scheme.  Let  j : 1?  -A  U x$U  be  an  etale  equivalence 
relation.  Let  X = U/Rbe  the  associated  algebraic  space  (Spaces,  Theorem  52.10.5). 
There  is  a canonical  bijection 

R-invariant  locally  closed  subschemes  Z'  of  U -fA  locally  closed  subspaces  Z of  X 


Moreover,  if  Z — ► A is  closed  (resp.  open)  if  and  only  if  Z'  — >•  U is  closed  (resp. 
open). 
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Proof.  Denote  ip  : U — >•  X the  canonical  map.  The  bijection  sends  Z — >•  X to 
Z'  = Z Xx  U — ► U.  It  is  immediate  from  the  definition  that  Z'  — > U is  an 
immersion,  resp.  closed  immersion,  resp.  open  immersion  if  Z — » X is  so.  It  is  also 


clear  that  Z'  is  I?-invariant  (see  Groupoids,  Definition  38.19.1). 

Conversely,  assume  that  Z'  — » U is  an  immersion  which  is  A-invariant.  Let  R!  be 


the  restriction  of  R to  Z' : see  Groupoids,  Definition  38.18.2  Since  R'  = Rxsjj  Z'  = 


Z'  x u,tR  in  this  case  we  see  that  R'  is  an  etale  equivalence  relation  on  Z' . By  Spaces, 
Theorem  52.10.5  we  see  Z = Z' / R!  is  an  algebraic  space.  By  construction  we  have 
UxxZ  = Z' , so  U x x Z — ► Z is  an  immersion.  Note  that  the  property  “immersion” 


is  preserved  under  base  change  and  fppf  local  on  the  base  (see  Spaces,  Section  52.4). 
Moreover,  immersions  are  separated  and  locally  quasi-finite  (see  Schemes,  Lemma 
and  Morphisms,  Lemma  28.20.15 1.  Hence  by  More  on  Morphisms,  Lemma 


25.23.7 


36.39.1 


immersions  satisfy  descent  for  fppf  covering.  This  means  all  the  hypotheses 
of  Spaces,  Lemma[52.11.5|are  satisfied  for  Z -A  X,  V = “immersion” , and  the  etale 
surjective  morphism  U — > X.  We  conclude  that  Z — ► X is  representable  and  an 


immersion,  which  is  the  definition  of  a subspace  (see  Spaces,  Definition  52.12.1). 
It  is  clear  that  these  constructions  are  inverse  to  each  other  and  we  win. 


□ 

03IQ  Lemma  53.11.4.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let 
T C | A”  | be  a closed  subset.  There  exists  a unique  closed  subspace  Z C X with  the 
following  properties:  (a)  we  have  \Z\  = T,  and  (b)  Z is  reduced. 


Proof.  Let  U 


A be  a surjective  etale  morphism, 


where  U is  a scheme.  Set 
As  usual  we  denote 


R = U xx  U,  so  that  X = U/R,  see  Spaces,  Lemma  52.9.1 

s,t  : R — » U the  two  projection  morphisms.  By  Lemma  |53.4.5|  we  see  that  T 
corresponds  to  a closed  subset  T'  C \U\  such  that  s_1(T')  = f-1(T').  Let  Z'  C U 
be  the  reduced  induced  scheme  structure  on  T' . In  this  case  the  fibre  products 


Z'  x u,t  R and  Z'Xu,sR  are  closed  subschemes  ofi?  (Schemes,  Lemma  25.18.2)  which 
are  etale  over  Z'  (Morphisms,  Lemma  28.36.4),  and  hence  reduced  (because  being 
reduced  is  local  in  the  etale  topology,  see  Remark[53.7.3).  Since  they  have  the  same 
underlying  topological  space  (see  above)  we  conclude  that  Z'  xu,t  R = Z ' X[/,s  R- 
Thus  we  can  apply  Lemma  |53.11.3|  to  obtain  a closed  subspace  Z C X whose 
pullback  to  U is  Z' . By  construction  \Z\  = T and  Z is  reduced.  This  proves 
existence.  We  omit  the  proof  of  uniqueness.  □ 

03JJ  Lemma  53.11.5.  Let  S be  a scheme.  Let  X , Y be  algebraic  spaces  over  S.  Let 
Z C X be  a closed  subspace.  Assume  Y is  reduced.  A morphism  f : Y — > X factors 
through  Z if  and  only  if  f(\Y\)  C \Z\. 

Proof.  Assume  /(|T|)  C \Z\.  Choose  a diagram 

V 


Y 


Y 

■X 


where  U,  V are  schemes,  and  the  vertical  arrows  are  surjective  and  etale.  The 
scheme  V is  reduced,  see  Lemma  53.7. l|  Hence  h factors  through  a~1(Z)  by 
Schemes,  Lemma [25. 12. 6[  So  ao  ft  factors  through  Z.  As  Z C X is  a subsheaf,  and 
V — > Y is  a surjection  of  sheaves  on  (Sch/S)  fppf  we  conclude  that  X — » Y factors 
through  Z.  □ 
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047X  Definition  53.11.6.  Let  S be  a scheme,  and  let  X be  an  algebraic  space  over  S. 
Let  Z C \X\  be  a closed  subset.  An  algebraic  space  structure  on  Z is  given  by  a 
closed  subspace  Z'  of  X with  \Z'\  equal  to  Z.  The  reduced  induced  algebraic  space 
structure  on  Z is  the  one  constructed  in  Lemma  |53.11.4|  The  reduction  Xre^  of  X 
is  the  reduced  induced  algebraic  space  structure  on  |A'|. 


53.12.  The  schematic  locus 


03 JG  Every  algebraic  space  has  a largest  open  subspace  which  is  a scheme;  this  is  more 
or  less  clear  but  we  also  write  out  the  proof  below.  Of  course  this  subspace  may 
be  empty,  for  example  if  X = Aq/Z  (the  universal  counter  example).  On  the 
other  hand,  if  X is  for  example  quasi-separated,  then  this  largest  open  subscheme 
is  actually  dense  in  XI 

03JH  Lemma  53.12.1.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . There 
exists  a largest  open  subspace  X'  C X which  is  a scheme. 


Proof.  Let  U — > X be  an  etale  surjective  morphism,  where  U is  a scheme.  Let 
R = U Xx  U.  The  open  subspaces  of  X correspond  1 — 1 with  open  subschemes 
of  U which  are  77-invariant.  Hence  there  is  a set  of  them.  Let  X f,  i £ I be  the 
set  of  open  subspaces  of  X which  are  schemes,  i.e.,  are  representable.  Consider  the 
open  subspace  X'  C X whose  underlying  set  of  points  is  the  open  (J  \Xi\  of  |X|. 
By  Lemma  53.4.4  we  see  that 


II* 


X' 


is  a surjective  map  of  sheaves  on  (Sch/S) fppf.  But  since  each  X,  — >•  X'  is  repre- 
sentable by  open  immersions  we  see  that  in  fact  the  map  is  surjective  in  the  Zariski 
topology.  Namely,  if  T — )■  X'  is  a morphism  from  a scheme  into  X' , then  X,  x'xT 
is  an  open  subscheme  of  T.  Hence  we  can  apply  Schemes,  Lemma  |25.15.4|  to  see 
that  X'  is  a scheme.  □ 


In  the  rest  of  this  section  we  say  that  an  open  subspace  X'  of  an  algebraic  space 
X is  dense  if  the  corresponding  open  subset  \X'\  C |A|  is  dense. 

OBAS  Lemma  53.12.2.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . If  there 
exists  a finite,  etale,  surjective  morphism  U — >•  X where  U is  a quasi-separated 
scheme,  then  there  exists  a dense  open  subspace  X'  of  X which  is  a scheme.  More 
precisely,  every  point  x £ |X|  of  codimension  0 in  X is  contained  in  X' . 


Proof.  Let  X'  C X be  the  maximal  open  subspace  which  is  a scheme  (Lemma 
53.12.1).  Let  x £ |X|  be  a point  of  codimension  0 on  X.  By  Lemma  53.10.2 
it  suffices  to  show  x £ X' . Let  U — > X be  as  in  the  statement  of  the  lemma. 
Write  R = U xx  U and  denote  s,t  : R U the  projections  as  usual.  Note 
that  s,t  are  surjective,  finite  and  etale.  By  Lemma  53.6.7  the  fibre  of  \U\  — > |X| 
over  x is  finite,  say  {rji, . . . ,rjn}.  By  Lemma  53.10.1  each  rji  is  the  generic  point 
of  an  irreducible  component  of  U . By  Properties,  Lemma  |27.29.1|  we  can  find 
an  affine  open  W C U containing  {771 , . . . , r)n}  (this  is  where  we  use  that  U is 
quasi-separated).  By  Groupoids,  Lemma  38.24. 1|  we  may  assume  that  W is  77- 
invariant.  Since  W C U is  an  77-invariant  affine  open,  the  restriction  Rw  of  7?  to  W 
equals  Rw  = s-1( W)  = t~l{W)  (see  Groupoids,  Definition  38.19.1  and  discussion 
following  it).  In  particular  the  maps  Rw  — t W are  finite  etale  also.  It  follows  that 
Rw  is  affine.  Thus  we  see  that  W/Rw  is  a scheme,  by  Groupoids,  Proposition 
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38.23.8 

52.10.2 


On  the  other  hand,  W/Rw  is  an  open  subspace  of  X by  Spaces,  Lemma 
and  it  contains  x by  construction.  □ 


06NH 


We  will  improve  the  following  proposition  to  the  case  of  decent  algebraic  spaces  in 
Decent  Spaces,  Theorem |55. 9. 2| 

Proposition  53.12.3.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S. 
If  X is  Zariski  locally  quasi-separated  (for  example  if  X is  quasi-separated) , then 
there  exists  a dense  open  subspace  of  X which  is  a scheme.  More  precisely,  every 
point  x £ |X|  of  codimension  0 on  X is  contained  in  X' . 


Proof.  The  question  is  local  on  X by  Lemma [53. 12. 1[  Thus  by  Lemma [53. 6. 6|  we 
may  assume  that  there  exists  an  affine  scheme  U and  a surjective,  quasi-compact, 
etale  morphism  U — > X.  Moreover  U -A  X is  separated  (Lemma  53.6.4).  Set  R = 
U x.y  U and  denote  s,t  : R -A  U the  projections  as  usual.  Then  s,t  are  surjective, 
quasi-compact,  separated,  and  etale.  Hence  s,t  are  also  quasi-finite  and  have  finite 
fibres  (Morphisms,  Lemmas  28.36.6  28.20.9  and  28.20.10 ).  By  Morphisms,  Lemma 
|28.47.1|for  every  rj  £ U which  is  the  generic  point  of  an  irreducible  component  of  U , 
there  exists  an  open  neighbourhood  V C U of  g such  that  s_1(y)  — > V is  finite.  By 
Descent,  Lemma  34.19.21  being  finite  is  fpqc  (and  in  particular  etale)  local  on  the 
target.  Hence  we  may  apply  More  on  Groupoids,  Lemma  39.5.4|which  says  that  the 
largest  open  W C U over  which  s is  finite  is  i?-invariant.  By  the  above  W contains 
every  generic  point  of  an  irreducible  component  of  U.  The  restriction  Rw  of  R to  W 
equals  Rw  = s_1(W)  = t~1(W)  (see  Groupoids,  Definition  38.19.1  and  discussion 
following  it).  By  construction  sw,tw  '■  Rw  — > W are  finite  etale.  Consider  the 
open  subspace  X'  = W/Rw  C X (see  Spaces,  Lemma  52.10.2).  By  construction 
the  inclusion  map  X'  — » X induces  a bijection  on  points  of  codimension  0.  This 
reduces  us  to  Lemma [53.12. 21  □ 


53.13.  Obtaining  a scheme 


0755 

0756 


We  have  used  in  the  previous  section  that  the  quotient  U/R  of  an  affine  scheme  U 
by  an  equivalence  relation  R is  a scheme  if  the  morphisms  s,t  : R —>  U are  finite 
etale.  This  is  a special  case  of  the  following  result. 

Proposition  53.13.1.  Let  S be  a scheme.  Let  ( U,R,s,t,c ) be  a groupoid  scheme 
over  S.  Assume 

(1)  s,t  : R — > U finite  locally  free, 

(2)  j = (t,  s ) is  an  equivalence,  and 

(3)  for  a dense  set  of  points  u £ U the  R-equivalence  class  f(s-1({ii}))  is 
contained  in  an  affine  open  of  U. 

Then  there  exists  a finite  locally  free  morphism  U -A  M of  schemes  over  S such 
that  R = U x m U and  such  that  M represents  the  quotient  sheaf  U/R  in  the  fppf 
topology. 


Proof.  By  assumption  (3)  and  Groupoids,  Lemma  38.24.1  we  can  find  an  open 
covering  U = [JUi  such  that  each  Ui  is  an  l?-invariant  affine  open  of  U . Set 
Ri  = R\ui-  Consider  the  fppf  sheaves  F = U/R  and  Ft  = Ui/Ri.  By  Spaces, 
Lemma|52.10.2  the  morphisms  T)  — ► F are  representable  and  open  immersions.  By 
Groupoids,  Proposition |38. 23 (8| the  sheaves  Ft  are  representable  by  affine  schemes. 
If  T is  a scheme  and  T — >•  F is  a morphism,  then  Vi  = Fi  x F T is  open  in  T 
and  we  claim  that  T = (J  V).  Namely,  fppf  locally  on  T we  can  lift  T — > F to  a 
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morphism  / : T -A  U and  in  that  case  / 1 (C/i)  C V..  Hence  we  conclude  that  F is 
representable  by  a scheme,  see  Schemes,  Lemma[25.15.4|  □ 


For  example,  if  U is  isomorphic  to  a locally  closed  subscheme  of  an  affine  scheme  or 
isomorphic  to  a locally  closed  subscheme  of  Proj(H)  for  some  graded  ring  A,  then 
the  third  assumption  holds  by  Properties,  Lemma  |27.29.5  In  particular  we  can 
apply  this  to  free  actions  of  finite  groups  and  finite  group  schemes  on  quasi-affine 
or  quasi-projective  schemes.  For  example,  the  quotient  X/G  of  a quasi-projective 
variety  A'  by  a free  action  of  a finite  group  G is  a scheme.  Here  is  a detailed 
statement. 


07S7  Lemma  53.13.2.  Let  S be  a scheme.  Let  G — ► S be  a group  scheme.  Let  X — > S 
be  a morphism  of  schemes.  Let  a : G xg  X — > X be  an  action.  Assume  that 

(1)  G — ► S is  finite  locally  free, 

(2)  the  action  a is  free, 

(3)  X — > S is  affine,  or  quasi-affine,  or  projective,  or  quasi-projective,  or  X 
is  isomorphic  to  an  open  subscheme  of  an  affine  scheme  or  isomorphic  to 
an  open  subscheme  of  Proj(A)  for  some  graded  ring  A. 

Then  the  fppf  quotient  sheaf  X/G  is  a scheme. 


Proof.  Since  the  action  is  free  the  morphism  j = (a,  pr)  : G Xg  X — >•  X xg  X is  a 
monomorphism  and  hence  an  equivalence  relation,  see  Groupoids,  Lemma |38. 10. 3| 
The  maps  s,t  : G xg  X X are  finite  locally  free  as  we’ve  assumed  that  G — ► S 
is  finite  locally  free.  To  conclude  it  now  suffices  to  prove  the  last  assumption  of 
Proposition  53.13.1  holds.  Since  the  action  of  G is  over  S it  suffices  to  prove  that 
any  finite  set  of  points  in  a fibre  of  X — > S is  contained  in  an  affine  open  of  A.  If  X 
is  isomorphic  to  an  open  subscheme  of  an  affine  scheme  or  isomorphic  to  an  open 
subscheme  of  Proj  (A)  for  some  graded  ring  A this  follows  from  Properties,  Lemma 
|27.29.5|  In  the  remaining  cases,  we  may  replace  S by  an  affine  open  and  we  get 
back  to  the  case  we  just  dealt  with.  Some  details  omitted.  □ 


OBBM 


Lemma  53.13.3. 


Notation  and  assumptions  as  in  Proposition 


53.13.1. 


Then 


(1)  if  U is  quasi-separated  over  S,  then  U/R  is  quasi-separated  over  S, 

(2)  if  U is  quasi-separated,  then  U /R  is  quasi-separated, 

(3)  if  U is  separated  over  S,  then  U/R  is  separated  over  S, 

(4)  if  U is  separated,  then  U /R  is  separated,  and 

(5)  add  more  here. 


Similar  results  hold  in  the  setting  of  Lemma  \ 53.1 3.  °2\ 


Proof.  Since  M represents  the  quotient  sheaf  we  have  a cartesian  diagram 


R xsU 

j 

Y Y 

M M x s M 


of  schemes.  Since  U xgU  M Xg  M is  surjective  finite  locally  free,  to  show  that 
M — >•  M xg  M is  quasi-compact,  resp.  a closed  immersion,  it  suffices  to  show  that 
j : R -A  U Xg  U is  quasi-compact,  resp.  a closed  immersion,  see  Descent,  Lemmas 
|34.19.1| and |34.19.17|  Since  j : R — I f/  Xg  {/  is  a morphism  over  U and  since  R is 
finite  over  U,  we  see  that  j is  quasi-conrpact  as  soon  as  the  projection  U xsU  -A  U 
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is  quasi-separated  (Schemes,  Lemma  25.21.15 1.  Since  j is  a monomorphism  and 
locally  of  finite  type,  we  see  that  j is  a closed  immersion  as  soon  as  it  is  proper 
(Etale  Morphisms,  Lemma  40.7.2)  which  will  be  the  case  as  soon  as  the  projection 
U xj  U — > U is  separated  (Morphisms,  Lemma  28.41.7).  This  proves  (1)  and  (3). 
To  prove  (2)  and  (4)  we  replace  S by  Spec(Z),  see  Definition  53.3.1  Since  Lemma 
|53.13.2|is  proved  through  an  application  of  Proposition|53.13.1|the  final  statement 
is  clear  too.  □ 


53.14.  Points  on  quasi-separated  spaces 


06NI 


Points  can  behave  very  badly  on  algebraic  spaces  in  the  generality  introduced  in 
the  stacks  project.  However,  for  quasi-separated  spaces  their  behaviour  is  mostly 
like  the  behaviour  of  points  on  schemes.  We  prove  a few  results  on  this  in  this 
section;  the  chapter  on  decent  spaces  contains  many  more  results  on  this,  see  for 


example  Decent  Spaces,  Section  55.10 


06NJ  Lemma  53.14.1.  Let  S be  a scheme.  Let  X be  a Zariski  locally  quasi-separated 
algebraic  space  over  S . Then  the  topological  space  \X\  is  sober  (see  Topology , Defi- 


nition 5.7.4). 


Proof.  Combining  Topology,  Lemma|5.7.6|and  Lemma|53.6.6|we  see  that  we  may 
assume  that  there  exists  an  affine  scheme  U and  a surjective,  quasi-compact,  etale 
morphism  U — X X.  Set  R = U Xj  U with  projection  maps  s,t  : R —X  U . Applying 
Lemma [53.6.7|  we  see  that  the  fibres  of  s,t  are  finite.  It  follows  all  the  assumptions 
of  Topology,  Lemma  5.18.7  are  met,  and  we  conclude  that  \X\  is  KolmogoroxQ 

It  remains  to  show  that  every  irreducible  closed  subset  T C |A|  has  a generic 


point.  By  Lemma  53.11.4  there  exists  a closed  subspace  Z C X with  \Z\  = |Tj. 
Note  that  U X \ Z — > Z is  a quasi-compact,  surjective,  etale  morphism  from  an 
affine  scheme  to  Z,  hence  Z is  Zariski  locally  quasi-separated  by  Lemma|53.6.6|  By 
Proposition  53.12.3  we  see  that  there  exists  an  open  dense  subspace  Z'  C Z which 
is  a scheme.  This  means  that  \Z'\  C T is  open  dense.  Hence  the  topological  space 
\Z'\  is  irreducible,  which  means  that  Z'  is  an  irreducible  scheme.  By  Schemes, 
Lemma  25.11.1  we  conclude  that  \Z'\  is  the  closure  of  a single  point  r\  £ \Z'\  C T 
and  hence  also  T = {77} , and  we  win.  □ 

0A4G  Lemma  53.14.2.  Let  S be  a scheme.  Let  X be  a quasi-compact  and  quasi- 
separated  algebraic  space  over  S.  The  topological  space  |A'|  is  a spectral  space. 


Proof.  By  Topology,  Definition  5.22.1  we  have  to  check  that  |A'|  is  sober,  quasi- 
compact, has  a basis  of  quasi-compact  opens,  and  the  intersection  of  any  two  quasi- 


compact opens  is  quasi-compact.  By  Lemma  53.14.1  we  see  that  |A|  is  sober.  By 
Lemma  53.5.2  we  see  that  |A|  is  quasi-compact.  By  Lemma  53.6.3  there  exists  an 
affine  scheme  U and  a surjective  etale  morphism  / : U — x X.  Since  |/|  : \U\  — x |Aj  is 
open  and  continuous  and  since  \U\  has  a basis  of  quasi-compact  opens,  we  conclude 
that  | AT | has  a basis  of  quasi-compact  opens.  Finally,  suppose  that  A,  B C \X\ 
are  quasi-compact  open.  Then  A = | AT'  | and  B = | AT"  | for  some  open  subspaces 
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the  image  of  \V  Xx  W\  — X |X|  (Lemma  53.4.3).  Since  V Xx  W is  quasi-compact 
as  X is  quasi-separated  (Lemma  53.3.3)  we  conclude  that  A D B is  quasi-compact 
and  the  proof  is  finished.  □ 


The  following  lemma  can  be  used  to  prove  that  an  algebraic  space  is  isomorphic  to 
the  spectrum  of  a field. 

03DZ  Lemma  53.14.3.  Let  S be  a scheme.  Let  k be  afield.  Let  X be  an  algebraic  space 
over  S and  assume  that  there  exists  a surjective  etale  morphism  Spec(fc)  — x X . If  X 
is  quasi-separated,  then  X = Spec (k')  where  k'  C k is  a finite  separable  extension. 

Proof.  Set  R = Spec (fc)  Spec(fc),  so  that  we  have  a fibre  product  diagram 


R 


Spec (fc) 


Spec(fc) 


■X 


By  Spaces,  Lemma  52.9.1  we  know  X = Spec (k)/R  is  the  quotient  sheaf.  Because 
Spec (k)  — X X is  etale,  the  morphisms  s and  t are  etale.  Hence  R = UJe/  Spec(fci) 
is  a disjoint  union  of  spectra  of  fields,  and  both  s and  t induce  finite  separable  field 
extensions  s,t  : k C fcj,  see  Morphisms,  Lemma  [28. 36. 7[  Because 

R = Spec (k)  x x Spec (k)  = (Spec(fc)  x$  Spec (k))  xXxsx,a  X 

and  since  A is  quasi-compact  by  assumption  we  conclude  that  R —X  Spec(fc)  Xg 
Spec (k)  is  quasi-compact.  Hence  R is  quasi-compact  as  Spec(fc)  xg  Spec(fc)  is 
affine.  We  conclude  that  / is  finite.  This  implies  that  s and  t are  finite  locally  free 


morphisms.  Hence  by  Groupoids,  Proposition  38.23.8  we  conclude  that  Spec [k)/R 
is  represented  by  Spec(fc'),  with  k'  C k finite  locally  free  where 

k'  = {x  £ k | Si(x)  = ti(x)  for  al  1 i € 1} 

It  is  easy  to  see  that  k!  is  a field.  □ 


03E0  Remark  53.14.4.  Lemma 


53.14.3 


holds  for  decent  algebraic  spaces,  see  Decent 
Spaces,  Lemma[55T0T2  In  fact  a decent  algebraic  space  with  one  point  is  a scheme, 
see  Decent  Spaces,  Lemma  [55.12. 2|  This  also  holds  when  X is  locally  separated, 
because  a locally  separated  algebraic  space  is  decent,  see  Decent  Spaces,  Lemma 
155.13.21 


53.15.  Etale  morphisms  of  algebraic  spaces 

03FQ  This  section  really  belongs  in  the  chapter  on  morphisms  of  algebraic  spaces,  but 
we  need  the  notion  of  an  algebraic  space  etale  over  another  in  order  to  define 
the  small  etale  site  of  an  algebraic  space.  Thus  we  need  to  do  some  preliminary 
work  on  etale  morphisms  from  schemes  to  algebraic  spaces,  and  etale  morphisms 
between  algebraic  spaces.  For  more  about  etale  morphisms  of  algebraic  spaces,  see 
Morphisms  of  Spaces,  Section  [54. 38| 

03EC  Lemma  53.15.1.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let  U , 
U'  be  schemes  over  S. 

(1)  If  U ->  [/'  is  an  etale  morphism  of  schemes,  and  if  U'  —X  X is  an  etale 
morphism  from  U'  to  X , then  the  composition  U — > X is  an  etale  mor- 
phism from  U to  X. 
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(2)  If  p : U -A  X and  p'  : U'  —¥  X are  etale  morphisms  towards  X , and  if 
X ■ U — t U'  is  a morphism  of  schemes  such  that  p = p'  o x,  then  x Is  an 
etale  morphism  of  schemes. 


Proof.  Recall  that  our  definition  of  an  etale  morphism  from  a scheme  into  an  al- 


gebraic space  comes  from  Spaces,  Definition  52.5.1  via  the  fact  that  any  morphism 
from  a scheme  into  an  algebraic  space  is  representable.  Part  (1)  of  the  lemma 
follows  from  this,  the  fact  that  etale  morphisms  are  preserved  under  composition 
(Morphisms,  Lemma[28.36.3 ) and  Spaces,  Lemmas  52.5.4  and  52.5.3  (which  are  for- 
mal). To  prove  part  (2)  choose  a scheme  W over  S and  a surjective  etale  morphism 
W —¥  X.  Consider  the  base  change  xw  ’-WxxU  — > WxxU'  of  x-  As  WxxU  and 
W x.y  U'  are  etale  over  W,  we  conclude  that  xw  is  etale,  by  Morphisms,  Lemma 
|28.36.19]  On  the  other  hand,  in  the  commutative  diagram 


WxxU 


U 


Wxx  U' 


V 

U' 


the  two  vertical  arrows  are  etale  and  surjective.  Hence  by  Descent,  Lemma  34.10.4 
we  conclude  that  C7  — >-  L/'  is  etale.  □ 


03FR  Definition  53.15.2.  Let  S'  be  a scheme.  A morphism  / : X — ► Y between 
algebraic  spaces  over  S is  called  etale  if  and  only  if  for  every  etale  morphism  <p  : 
U X where  U is  a scheme,  the  composition  p o / is  etale  also. 


03FS 


If  X and  Y are  schemes,  then  this  agree  with  the  usual  notion  of  an  etale  morphism 
of  schemes.  In  fact,  whenever  X — ► Y is  a representable  morphism  of  algebraic 
spaces,  then  this  agrees  with  the  notion  defined  via  Spaces,  Definition  52.5. 1|  This 


follows  by  combining  Lemma  53.15.3  below  and  Spaces,  Lemma  52.11.4 


Lemma  53.15.3.  Let  S be  a scheme.  Let  f : X — » Y be  a morphism  of  algebraic 
spaces  over  S.  The  following  are  equivalent: 

(1)  f is  etale, 

(2)  there  exists  a surjective  etale  morphism  p : U — > X , where  U is  a scheme, 
such  that  the  composition  fop  is  etale  (as  a morphism  of  algebraic  spaces), 

(3)  there  exists  a surjective  etale  morphism  ip  : V — > Y , where  V is  a scheme, 
such  that  the  base  change  VxxY  — > V is  etale  (as  a morphism  of  algebraic 
spaces), 

(4)  there  exists  a commutative  diagram 


U >■  V 


X 

where  U , V are  schemes,  the  vertical  arrows  are  etale,  and  the  left  vertical 
arrow  is  surjective  such  that  the  horizontal  arrow  is  etale. 


Proof.  Let  us  prove  that  (4)  implies  (1).  Assume  a diagram  as  in  (4)  given.  Let 
W — > X be  an  etale  morphism  with  W a scheme.  Then  we  see  that  W xx  U —>  U 
is  etale.  Hence  W xx  U ->  V is  etale,  and  also  W xx  U — > Y is  etale  by  Lemma 
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53.15.1  (1).  Since  also  the  projection  W Xx  U — X W is  surjective  and  etale,  we 
conclude  from  Lemma  53.15.1  (2)  that  W — X Y is  etale. 

Let  us  prove  that  (1)  implies  (4).  Assume  (1).  Choose  a commutative  diagram 


U >■  V 

X ^ Y 


where  U — > X and  V —>  Y are  surjective  and  etale,  see  Spaces,  Lemma [52. 11. 6|  By 
assumption  the  morphism  U — > Y is  etale,  and  hence  U — > V is  etale  by  Lemma 


53.15.1  (2). 


We  omit  the  proof  that  (2)  and  (3)  are  also  equivalent  to  (1). 


□ 


03FT  Lemma  53.15.4.  The  composition  of  two  etale  morphisms  of  algebraic  spaces  is 
etale. 


Proof.  This  is  immediate  from  the  definition.  □ 

03FU  Lemma  53.15.5.  The  base  change  of  an  etale  morphism  of  algebraic  spaces  by 
any  morphism  of  algebraic  spaces  is  etale. 

Proof.  Let  X — > Y be  an  etale  morphism  of  algebraic  spaces  over  S.  Let  Z — » Y 
be  a morphism  of  algebraic  spaces.  Choose  a scheme  U and  a surjective  etale 
morphism  U — x X.  Choose  a scheme  W and  a surjective  etale  morphism  W — > Z. 
Then  U Y is  etale,  hence  in  the  diagram 

W xYU ^ W 

Z Xy  X 

the  top  horizontal  arrow  is  etale.  Moreover,  the  left  vertical  arrow  is  surjective  and 
etale  (verification  omitted).  Hence  we  conclude  that  the  lower  horizontal  arrow  is 
etale  by  Lemma [53. 15. 3|  □ 

03FV  Lemma  53.15.6.  Let  S be  a scheme.  Let  X,Y,Z  be  algebraic  spaces.  Let  g : 
X —x  Z , h : Y —x  Z be  etale  morphisms  and  let  f : X — x Y be  a morphism  such 
that  ho  f = g.  Then  f is  etale. 


Proof.  Choose  a commutative  diagram 


X 


where  U —x  X and  V — >■  Y are  surjective  and  etale,  see  Spaces,  Lemma  |52.11.6| 
By  assumption  the  morphisms  <p  : U — > X — > Z and  ip  : V — > Y — x Z are  etale. 
Moreover,  ipo\  = ip  by  our  assumption  on  /,  g,  h.  Hence  U — > V is  etale  by  Lemma 


03IR 

spaces  over  S,  then  the  associated  map  \X\  — > |Y|  of  topological  spaces  is  open. 


□ 


Y is  an  etale  morphism  of  algebraic 
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Proof.  This  is  clear  from  the  diagram  in  Lemma  [53. 15.3|  and  Lemma  [53. 4. 6[  □ 


Finally,  here  is  a fun  lemma.  It  is  not  true  that  an  algebraic  space  with  an  etale 
morphism  towards  a scheme  is  a scheme,  see  Spaces,  Example  |52.14.2|  But  it  is 
true  if  the  target  is  the  spectrum  of  a field. 


03KX  Lemma  53.15.8.  Let  S be  a scheme.  Let  X 
S,  where  k is  a field.  Then  X is  a scheme. 


Spec(fc)  be  etale  morphism  over 


Proof.  Let  U be  an  affine  scheme,  and  let  U — ► X be  an  etale  morphism.  By 
Definition  53.15.2|  we  see  that  U — > Spec(fc)  is  an  etale  morphism.  Hence  U = 
Ili— i n Spec(fci)  is  a finite  disjoint  union  of  spectra  of  finite  separable  extensions 
ki  of  k,  see  Morphisms,  Lemma  28.36.7  The  R = U Xx  U -A  U Xg pec(fc)  U is  a 
monomorphism  and  U Xspec(k)  C/ls”aIso  a finite  disjoint  union  of  spectra  of  finite 
separable  extensions  of  k.  Hence  by  Schemes,  Lemma  25.23.10  we  see  that  R is 
similarly  a finite  disjoint  union  of  spectra  of  finite  separable  extensions  of  k.  This 
U and  R are  affine  and  both  projections  R -A  U are  finite  locally  free.  Hence  U/R 
is  a scheme  by  Groupoids,  Proposition |38. 23! 8|  By  Spaces,  Lemma[52.10.2|it  is  also 
an  open  subspace  of  X.  By  Lemma  [53. 12.1  we  conclude  that  X is  a scheme.  □ 


53.16.  Spaces  and  fpqc  coverings 

03W8  Let  S'  be  a scheme.  An  algebraic  space  over  S is  defined  as  a sheaf  in  the  fppf 
topology  with  additional  properties.  Hence  it  is  not  immediately  clear  that  it 


satisfies  the  sheaf  property  for  the  fpqc  topology  (see  Topologies,  Definition  33.8.12 ). 


In  this  section  we  give  Gabber’s  argument  showing  this  is  true.  However,  when  we 
say  that  the  algebraic  space  X satisfies  the  sheaf  property  for  the  fpqc  topology  we 
really  only  consider  fpqc  coverings  {ft  : Ti  — > T}iGi  such  that  T,  T)  are  objects  of 


the  big  site  (Sch/ S) fppf  (as  per  our  conventions,  see  Section  53.2). 


OAPL  Proposition  53.16.1  (Gabber).  Let  S be  a scheme.  Let  X be  an  algebraic  space 
over  S.  Then  X satisfies  the  sheaf  property  for  the  fpqc  topology. 

Proof.  Since  A'  is  a sheaf  for  the  Zariski  topology  it  suffices  to  show  the  following. 
Given  a surjective  flat  morphism  of  affines  / : T'  A T we  have:  X (T)  is  the 
equalizer  of  the  two  maps  X (T')  —>  X(T'  xT  T').  See  Topologies,  Lemma  33.8.13 
(there  is  a little  argument  omitted  here  because  the  lemma  cited  is  formulated  for 
functors  defined  on  the  category  of  all  schemes). 

Let  a,  b : T — > X be  two  morphisms  such  that  a o / = bo  f.  We  have  to  show  a = b. 
Consider  the  fibre  product 

E = X XA x/s,XxsX,(a,b)  T. 


By  Spaces,  Lemma  52.13.1  the  morphism  A x/s  is  a representable  monomorphism. 
Hence  E — > T is  a monomorphism  of  schemes.  Our  assumption  that  a o f = b o / 
implies  that  T'  — > T factors  (uniquely)  through  E.  Consider  the  commutative 
diagram 

V xtE 


T 
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Since  the  projection  T'  x?E  -A  T'  is  a monomorphism  with  a section  we  conclude  it 
is  an  isomorphism.  Hence  we  conclude  that  E — > T is  an  isomorphism  by  Descent, 
Lemma  T34. 19. 151  This  means  a = b as  desired. 


Next,  let  c : T'  — > X be  a morphism  such  that  the  two  compositions  T'  T' 

T'  — > X are  the  same.  We  have  to  find  a morphism  a : T — > X whose  composition 
with  T'  — > T is  c.  Choose  an  affine  scheme  U and  an  etale  morphism  U — >■  X such 
that  the  image  of  \U\  -A  |A'|  contains  the  image  of  |c|  : \T'\  -A  |X|.  This  is  possible 
by  Lemmas  |53.4.6|  and  |53.6.1[  the  fact  that  a finite  union  of  affines  is  affine,  and 
the  fact  that  \T'\  is  quasi-compact  (small  argument  omitted).  Since  U — > X is 
separated  (Lemma  53.6.41,  we  see  that 

V = U xx,cT'  — > T' 


is  a surjective,  etale,  separated  morphism  of  schemes  (to  see  that  it  is  surjective 
use  Lemma  53.4.3  and  our  choice  of  U — > X).  The  fact  that  copr0  = cop^  means 
that  we  obtain  a descent  datum  on  V/T' /T  (Descent,  Definition  34.30.1)  because 


V xt' {T’  xT  T')  = U xA-,copro  (T'  xT  T') 
= {T'  xT  T')  xcopriiA  U 
= (T'  xtT')  x^  V 


The  morphism  V — > T'  is  ind-quasi-affine  by  More  on  Morphisms,  Lemma  36.48.4 


(because  etale  morphisms  are  locally  quasi-finite,  see  Morphisms,  Lemma  28.36.6). 
By  More  on  Groupoids,  Lemma|39.14.3  the  descent  datum  is  effective.  Say  W — > T 
is  a morphism  such  that  there  is  an  isomorphism  a : T'  XtW  — > V compatible  with 
the  given  descent  datum  on  V and  the  canonical  descent  datum  on  T'  Xt  W.  Then 
W T is  surjective  and  etale  (Descent,  Lemmas  34.19.6  and  34.19.27).  Consider 
the  composition 

b'  :T'  xT  W — >V  = U xXcT'  — >U 


The  two  compositions  c!  o (pr0, 1),  d o (prx,  1)  : (T'  Xj  T')  xT  W — > T'  Xt  W — >•  U 
agree  by  our  choice  of  a and  the  corresponding  property  of  c (computation  omitted). 
Hence  b'  descends  to  a morphism  b : W — » U by  Descent,  Lemma  |34.9.3|  The 
diagram 


V xT  W >■  W >-  U 

b 

T' 


is  commutative.  What  this  means  is  that  we  have  proved  the  existence  of  a etale 
locally  on  T,  i.e. , we  have  an  a1  : W — > X.  However,  since  we  have  proved  unique- 
ness in  the  first  paragraph,  we  find  that  this  etale  local  solutions  satisfy  the  glueing 
condition,  i.e.,  we  have  pr^a7  = pr*a7  as  elements  of  X{W  Xt  W).  Since  X is  an 
etale  sheaf  we  find  an  unique  a £ X[T)  restricting  to  a ' on  W.  □ 


53.17.  The  etale  site  of  an  algebraic  space 

03EB  In  this  section  we  define  the  small  etale  site  of  an  algebraic  space.  This  is  the 
analogue  of  the  small  etale  site  S^taie  of  a scheme.  Lemma  |53. 15. 1|  implies  that  in 
the  definition  below  any  morphism  between  objects  of  the  etale  site  of  X is  etale, 
and  that  any  scheme  etale  over  an  object  of  X^taie  is  also  an  object  of  X^taie. 
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03ED  Definition  53.17.1.  Let  S be  a scheme.  Let  Schfppf  be  a big  fppf  site  containing 
S',  and  let  Sch^taie  be  the  corresponding  big  etale  site  (i.e.,  having  the  same  under- 
lying category).  Let  A be  an  algebraic  space  over  S.  The  small  etale  site  Xetaie  of 
X is  defined  as  follows: 

(1)  An  object  of  Xetaie  is  a morphism  ip  : U -A  X where  U € Ob ({Sch/ S)&taie) 
is  a scheme  and  ip  is  an  etale  morphism, 

(2)  a morphism  (</?:[/  -A  X)  -A  (ip'  : U'  -A  X)  is  given  by  a morphism  of 

schemes  such  that  ip  = ip'  o x,  and 

(3)  a family  of  morphisms  {(£/*  -A  X)  -A  (U  — > X)}iGi  of  Xetaie  is  a covering 
if  and  only  if  {[/,  -A  t/}ie/  is  a covering  of  (Sch/ S)^taie- 


03G0 


03G1 


A consequence  of  our  choice  is  that  the  etale  site  of  an  algebraic  space  in  general 
does  not  have  a final  object!  On  the  other  hand,  if  X happens  to  be  a scheme,  then 
the  definition  above  agrees  with  Topologies,  Definition  |33.4.8| 

There  are  several  other  choices  we  could  have  made  here.  For  example  we  could 
have  considered  all  algebraic  spaces  U which  are  etale  over  X , or  we  could  have 
considered  all  affine  schemes  U which  are  etale  over  X.  We  decided  not  to  do  so, 
since  we  like  to  think  of  plain  old  schemes  as  the  fundamental  objects  of  algebraic 
geometry.  On  the  other  hand,  we  do  need  these  notions  also,  since  the  small  etale 
site  of  an  algebraic  space  is  not  sufficiently  flexible,  especially  when  discussing 
functoriality  of  the  small  etale  site,  see  Lemma  [53. 17. 7|  below. 

Definition  53.17.2.  Let  S be  a scheme.  Let  Schfppf  be  a big  fppf  site  containing 
S,  and  let  Sch^aie  be  the  corresponding  big  etale  site  (i.e.,  having  the  same  under- 
lying category).  Let  A'  be  an  algebraic  space  over  S.  The  site  Xspaces, etale  of  X is 
defined  as  follows: 


(1)  An  object  of  Xspaces, etale  is  a morphism  ip  : U -A  X where  U is  an  algebraic 
space  over  S and  ip  is  an  etale  morphism  of  algebraic  spaces  over  S, 

(2)  a morphism  (ip  : U -A  X)  -A  (ip'  : U'  -A  X)  of  A spaces, etale  is  given  by  a 
morphism  of  algebraic  spaces  %:[/—>  U'  such  that  p>  = <p'  o y,  and 

(3)  a family  of  morphisms  {ipt  : (Ui  -A  A)  -A  (U  -A  X)}ieI  of  X spaces, etale  is 
a covering  if  and  only  if  \U\  = (J  ipi(\Ui\). 

(As  usual  we  choose  a set  of  coverings  of  this  type,  including  at  least  the  coverings 
in  Xetaie > as  in  Sets,  Lemma  3.11.1  to  turn  X spaCes, etale  into  a site.) 


Since  the  identity  morphism  of  X is  etale  it  is  clear  that  X spaces, etale  does  have  a 
final  object.  Let  us  show  right  away  that  the  corresponding  topos  equals  the  small 
etale  topos  of  X. 


Lemma  53.17.3. 


The  functor 

Xetaie  ^ X spaces , etale  5 


U/X  1 — v U/X 


is  a special  cocontinuous  functor  (Sites,  Definition  7.28.2)  and  hence  induces  an 
equivalence  of  topoi  Sh(Xetaie)  -t  Sh(X spaces,, etale)- 


Proof.  We  have  to  show  that  the  functor  satisfies  the  assumptions  (1)  - (5)  of 
Sites,  Lemma  17.28.1 


ft  is  clear  that  the  functor  is  continuous  and  cocontinuous, 
which  proves  assumptions  (1)  and  (2).  Assumptions  (3)  and  (4)  hold  simply  because 
the  functor  is  fully  faithful.  Assumption  (5)  holds,  because  an  algebraic  space  by 
definition  has  a covering  by  a scheme.  □ 
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03H7  Remark  53.17.4.  Let  us  explain  the  meaning  of  Lemma  53.17.3  Let  S be  a 
scheme,  and  let  X be  an  algebraic  space  over  S.  Let  T be  a sheaf  on  the  small 
etale  site  Xetaie  of  X.  The  lemma  says  that  there  exists  a unique  sheaf  T'  on 
X spaces, etale  which  restricts  back  to  T on  the  subcategory  X 'etale-  If  U — > X is 
an  etale  morphism  of  algebraic  spaces,  then  how  do  we  compute  Well, 

by  definition  of  an  algebraic  space  there  exists  a scheme  U'  and  a surjective  etale 
morphism  U'  -A  U.  Then  {U'  -A  17}  is  a covering  in  Xspaces^taie  and  hence  we  get 
an  equalizer  diagram 


F(U) 


HU') 


\T(U'  xjj  U'). 


Note  that  U'  Xy  U'  is  a scheme,  and  hence  we  may  write  T and  not  T' . Thus  we 
see  how  to  compute  T'  when  given  the  sheaf  T . 

04JS  Lemma  53.17.5.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
Xaf  fine, etale  denote  the  full  subcategory  of  X^taie  whose  objects  are  those  U/X  £ 
Ob (Xetaie)  with  U affine.  A covering  of  Xaffine^taie  will  be  a standard  etale  cov- 
ering, see  Topologies,  Definition\33.f ,5|  Then  restriction 

■U  1 t HXaffine^tale 

defines  an  equivalence  of  topoi  Sh(S^taie)  — Sh(Saf  fine, etale)- 


Proof.  This  you  can  show  directly  from  the  definitions,  and  is  a good  exercise. 
But  it  also  follows  immediately  from  Sites,  Lemma  |7.28.1|  by  checking  that  the 
inclusion  functor  X .af  fine, etale  * -Y etale  is  a special  cocontinuous  functor  as  in 

Sites,  Definition  |7.28.2|  □ 

04JT  Definition  53.17.6.  Let  S'  be  a scheme.  Let  X be  an  algebraic  space  over  S. 
The  etale  topos  of  X,  or  more  precisely  the  small  etale  topos  of  X is  the  category 
Sh(X etale)  of  sheaves  of  sets  on  Xetaie- 


03G2 


By  Lemma  53.17.3|  we  have  Sh(Xetaie)  = Sh(XspaceSjetaie),  so  we  can  also  think  of 


this  as  the  category  of  sheaves  of  sets  on  Xspaces  ^taie-  Similarly,  by  Lemma  53.17.5 


we  see  that  Sh(Xetaie)  = Sh(Xaf  fine, etale)  ■ It  turns  out  that  the  topos  is  functorial 
with  respect  to  morphisms  of  algebraic  spaces.  Here  is  a precise  statement. 


Lemma  53.17.7.  Let  S be  a scheme.  Let  f : X — ► Y be  a morphism  of  algebraic 
spaces  over  S. 

(1)  The  continuous  functor 


Yk 


spaces, etale 


x 


spaces, etale  i 


induces  a morphism  of  sites 


V 


X x i 


V 


(2) 

(3) 

(4) 


f spaces, etale  • -^-spaces, etale  ^ ^spaces, etale • 

The  rule  f i— > f spaces, etale  ^ compatible  with  compositions,  in  other  words 
= f spaces, etale0 9 spaces, etale  (see  Sites,  Definition  7.15.4)- 


(«/*  O (?)  spaces, etale 

The  morphism  of  topoi  associated  to  f spaces, etale 
53.17.3\  a morphism  of  topoi  f small  ■ Sh(Xetaie)  -t 


induces,  via  Lemma 
Sh(Yetaie)  whose  con- 
struction is  compatible  with  compositions. 

If  f is  a representable  morphism  of  algebraic  spaces,  then  fsmaii  comes 
from  a morphism  of  sites  X^taie  -A  Y^taie,  corresponding  to  the  continuous 
functor  V <— > X Xy  V. 
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Proof.  Let  us  show  that  the  functor  described  in  (1)  satisfies  the  assumptions  of 


Sites,  Proposition  7.15.6  Thus  we  have  to  show  that  Yspaces^taie  has  a final  object 
(namely  Y)  and  that  the  functor  transforms  this  into  a final  object  in  XspaCes, etale 
(namely  X).  This  is  clear  as  X Xy  Y = X in  any  category.  Next,  we  have  to  show 
that  Yspaces^taie  has  fibre  products.  This  is  true  since  the  category  of  algebraic 
spaces  has  fibre  products,  and  since  V Xy  V'  is  etale  over  Y if  V and  V'  are  etale 
over  Y (see  Lemmas  53.15.4  and  53.15.5|  above).  OK,  so  the  proposition  applies 
and  we  see  that  we  get  a morphism  of  sites  as  described  in  (1). 

Part  (2)  you  get  by  unwinding  the  definitions.  Part  (3)  is  clear  by  using  the  equiv- 
alences for  X and  Y from  Lemma  53.17.3  above.  Part  (4)  follows,  because  if  / is 
representable,  then  the  functors  above  fit  into  a commutative  diagram 


Xet.ale 


X 


spaces, etale 


Y* 


etale 


Y 


spaces, etale 


of  categories. 


□ 


We  can  do  a little  bit  better  than  the  lemma  above  in  describing  the  relationship 
between  sheaves  on  X and  sheaves  on  Y.  Namely,  we  can  formulate  this  in  turns 
of  /-maps,  compare  Sheaves,  Definition [672L7J  as  follows. 

03G3  Definition  53.17.8.  Let  S'  be  a scheme.  Let  f : X Y be  a morphism  of 
algebraic  spaces  over  S.  Let  T be  a sheaf  of  sets  on  X^taie  and  let  £ be  a sheaf  of 
sets  on  Yet.aie-  An  f-map  ip  : Q — > T is  a collection  of  maps  <P(u,v,g)  ■ G(V)  — > T(U) 
indexed  by  commutative  diagrams 

U ^X 

9 f 

V 

where  U £ Xetaie,  V £ Y^taie  such  that  whenever  given  an  extended  diagram 

U' >■  U >■  X 

s'  9 f 

III 

V' >■  V Y 

with  V’  — >■  V and  U'  — > U etale  morphisms  of  schemes  the  diagram 


G(V) 


restriction  of  Q 


V(y,v,g) 


-HU) 


restriction  of  T 


G(V)  t(u') 


commutes. 

03G4  Lemma  53.17.9.  Let  S be  a scheme.  Let  f : X Y be  a morphism  of  algebraic 
spaces  over  S.  Let  IF  be  a sheaf  of  sets  on  X^taie  and  let  Q be  a sheaf  of  sets  on 
Yetaie ■ There  are  canonical  bijections  between  the  following  three  sets: 

(1)  The  set  of  maps  Q -5>  f small, H ■ 
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(2)  The  set  of  maps  fs^allG  -»  F. 

(3)  The  set  of  f-maps  p : G — )•  F . 

Proof.  Note  that  (1)  and  (2)  are  the  same  because  the  functors  f small,*  and  f7maii 
are  a pair  of  adjoint  functors.  Suppose  that  a : ff^aiiG  F is  a,  map  of  sheaves 
on  Y^taie.  Let  a diagram 

U—^X 


as  in  Definition  |53.17(8| be  given.  By  the  commutativity  of  the  diagram  we  also  get 


a map  9smau(jv)  1G  —>  ( ju ) 1F  (compare  Sites,  Section |7.24| for  the  description 
of  the  localization  functors).  Hence  we  certainly  get  a map  <P(v,u,g)  '■  Q{v)  = 
{jv)~1G(V)  {juT'HU)  = F(U).  We  omit  the  verification  that  this  rule  is 
compatible  with  further  restrictions  and  defines  an  /-map  from  Q to  F . 

Conversely,  suppose  that  we  are  given  an  /-map  ip  = {p(u,v,g))-  Let  Q'  (resp.  F') 
denote  the  extension  of  Q (resp.  F)  to  Yspaces^taie  (resp.  Xspaces^taie),  see  Lemma 
|53.17.3|  Then  we  have  to  construct  a map  of  sheaves 

G ^ (.f spaces, etale^)*F 

To  do  this,  let  V — > Y be  an  etale  morphism  of  algebraic  spaces.  We  have  to 
construct  a map  of  sets 

G'{V)^F\XxYV) 

Choose  an  etale  surjective  morphism  V'  — > V with  V'  a scheme,  and  after  that 
choose  an  etale  surjective  morphism  U'  — > X Xy  V'  with  U'  a scheme.  We  get  a 
morphism  of  schemes  g'  : U'  — > V'  and  also  a morphism  of  schemes 

g"  : U'  x xxyV  U'  — > V'  Xy  V' 

Consider  the  following  diagram 


F'{X  xYV) 

A 


G'{Xxy  V) 


■ F(U') 


tP(U',V',g') 


F(U'  xXxyVU') 

I 

V(u",v",g ") 


■G{V') 


G(V'  xvV') 


The  compatibility  of  the  maps  ip,,,  with  restriction  shows  that  the  two  right  squares 
commute.  The  definition  of  coverings  in  Xspaces^taie  shows  that  the  horizontal  rows 
are  equalizer  diagrams.  Hence  we  get  the  dotted  arrow.  We  leave  it  to  the  reader 
to  show  that  these  arrows  are  compatible  with  the  restriction  mappings.  □ 


03LP 


If  the  morphism  of  algebraic  spaces  X — ► Y is  etale,  then  the  morphism  of  topoi 
Sh(X^taie)  — > Sh{Y^taie)  is  a localization.  Here  is  a statement. 

Lemma  53.17.10.  Let  S be  a scheme,  and  let  f : X — ► Y be  a morphism  of 
algebraic  spaces  over  S . Assume  f is  etale.  In  this  case  there  is  a functor 

j '■  X £tale  ~ t Ygtaie,  (ip  : U — ► X)  >->  (/  o (/? : 1/  ->  1 ) 


which  is  cocontinuous.  The  morphism  of  topoi  f small  is  the  morphism  of  topoi 
associated  to  j,  see  Sites,  Lemma\7.20.1\  Moreover,  j is  continuous  as  well,  hence 
Sites,  Lemma  7.20.5  applies.  In  particular  fJmauG(U)  = G{jU)  for  all  sheaves  G 

On  1 etale- 
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Proof.  Note  that  by  our  very  definition  of  an  etale  morphism  of  algebraic  spaces 


(Definition  53.15.2 1 it  is  indeed  the  case  that  the  rule  given  defines  a functor  j 


as  indicated.  It  is  clear  that  j is  cocontinuous  and  continuous,  simply  because  a 
covering  {Ui  — > U}  of  j(ip  : U — )•  X)  in  Yetaie  is  the  same  thing  as  a covering  of 
(ip  : U — » X)  in  X -etale-  It  remains  to  show  that  j induces  the  same  morphism  of 
topoi  as  fsmaii-  To  see  this  we  consider  the  diagram 


X-etale  * A, 
3 


spaces, etale 

Jspaces  I I V’.Vl — 


Ygtale 


■Ys 


spaces, etale 

of  categories.  Here  the  functor  jspaces  is  the  obvious  extension  of  j to  the  category 
X spaces, etale-  Thus  the  inner  square  is  commutative.  In  fact  jspaces  can  be  iden- 
tified with  the  localization  functor  jx  : Spaces, etale/ X -)•  Yspaces^tale  discussed  in 
Sites,  Section  7.24  Hence,  by  Sites,  Lemma  7.26.2|the  cocontinuous  functor  jspaces 
and  the  functor  v of  the  diagram  induce  the  same  morphism  of  topoi.  By  Sites, 


Lemma  7.20.2  the  commutativity  of  the  inner  square  (consisting  of  cocontinuous 
functors  between  sites)  gives  a commutative  diagram  of  associated  morphisms  of 
topoi.  Hence,  by  the  construction  of  fsmaii  in  Lemma  [53.17.7 


we  wm. 


□ 


The  lemma  above  says  that  the  pullback  of  Q via  an  etale  morphism  / : X — ► Y of 
algebraic  spaces  is  simply  the  restriction  of  Q to  the  category  X^taie.  We  will  often 
use  the  short  hand 


03LQ  (53.17.10.1)  Q\X(taU  = f-)uMQ 

to  indicate  this.  Note  that  the  functor  j : X^taie  Y^taie  of  the  lemma  in  this 
situation  is  faithful,  but  not  fully  faithful  in  general.  We  will  discuss  this  in  a more 
technical  fashion  in  Section [53.261 

03LR  Lemma  53.17.11.  Let  S be  a scheme.  Let 


X' 


> X 


f 


Y' 


Y 


be  a cartesian  square  of  algebraic  spaces  over  S.  Let  J-  be  a sheaf  on  Xetaie-  If  g 
is  etale,  then 

(!)  fsmaii, ^Ix')  = (f small, *F)W-  in  Sh(Y£talJ^  and 

(2)  if  T is  an  abelian  sheaf,  then  Rlf'srnaU  ,.(F\X')  = (Rlf small, *R)W'- 

Proof.  Consider  the  following  diagram  of  functors 

X spaces, etale 


X' 

^ spaces , etale 


V't->-V'xY,X' 


V^Vxy  X 


Yl 


spaces, etale 


■ Y, 


4A1so 


i 53.17.10.1 1 


(fXLuMv)  = UlLifi) \x> 


spaces, etale 


because  of  commutativity  of  the  diagram  and 
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The  horizontal  arrows  are  localizations  and  the  vertical  arrows  induce  morphisms 
of  sites.  Hence  the  last  statement  of  Sites,  Lemma  7.27.1  gives  (1).  To  see  (2)  apply 
(1)  to  an  injective  resolution  of  J-  and  use  that  restriction  is  exact  and  preserves 
injectives  (see  Cohomology  on  Sites,  Lemma  21.8.1).  □ 


03LS 


The  following  lemma  says  that  you  can  think  of  a sheaf  on  the  small  etale  site  of 
an  algebraic  space  as  a compatible  collection  of  sheaves  on  the  small  etale  sites  of 
schemes  etale  over  the  space.  Please  note  that  all  the  comparison  mappings  Cf  in 
the  lemma  are  isomorphisms,  which  is  compatible  with  Topologies,  Lemma|33.4.18| 
and  the  fact  that  all  morphisms  between  objects  of  Xptaie  are  etale. 

Lemma  53.17.12.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  A 
sheaf  J-  on  Xptaie  is  given  by  the  following  data: 

(1)  for  every  U <E  Ob (X^aZe)  a sheaf  Tu  on  UAtaie, 

(2)  for  every  f : U'  U in  X&taie  an  isomorphism  Cf  : f~^aUTu  -A  Tv . 
These  data  are  subject  to  the  condition  that  given  any  f : U'  -A  U and  g : U"  — > U' 
in  X etale  the  composition  gJmaiicf  ° cg  egual  to  Cfog. 


Proof.  Given  a sheaf  J-  on  Xetaie  and  an  object  ip  : U X of  Xet.aie  we  set 


Tv  = 


Ts 


,F.  If  p'  : U'  -A  A'  is  a second  object  of  Xf!t0;e,  and  / : U' 


U 


is  a morphism  between  them,  then  the  isomorphism  c/  comes  from  the  fact  that 
/smaZZ  ° Vsiaii  = ix'Tsrnaiv  see  Lemma  I53.177I  The  condition  on  the  transitivity 


of  the  isomorphisms  Cf  follows  from  the  functoriality  of  the  small  etale  sites  also; 
verification  omitted. 


Conversely,  suppose  we  are  given  a collection  of  data  (Tu,Cf)  as  in  the  lemma.  In 
this  case  we  simply  define  T by  the  rule  U i— >■  Tu(U).  Details  omitted.  □ 


05YY 


Let  5 be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let  X = U/R  be  a 
presentation  of  X coming  from  any  surjective  etale  morphism  ip  : U — > X,  see 
Spaces,  Definition  52.9.3  In  particular,  we  obtain  a groupoid  (U,  R,  s,  t,  c,  e,  i)  such 
that  j = (f,  s)  : R — ► U XsU,  see  Groupoids,  Lemma  38.13.3 


Lemma  53.17.13.  With  S,  ip  : U — ► X,  and  (U,R,s,t,c,e,i)  as  above.  For  any 
sheaf  J-  on  X ^taie  the  shea^Q  = comes  equipped  with  a canonical  isomor- 

phism 

a : t~lQ  — > s~lG 


such  that  the  diagram 


pr0  1t  1G  c 1t  XQ 


is  a commutative.  The  functor  T ha  (G,a)  defines  an  equivalence  of  categories 
between  sheaves  on  Xitaie  and  pairs  (G,  a)  as  above. 


®In  this  lemma  and  its  proof  we  write  simply  ip  1 instead  of  lPaflaU 
other  pullbacks. 


and  similarly  for  all  the 
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First  proof  of  Lemma  |53. 17. 13[  Let  C = Xspaces^taie-  By  Lemma  53.17.10 
and  its  proof  we  have  Uspaces^taie  = C/U  and  the  pullback  functor  tp~x  is  just  the 
restriction  functor.  Moreover,  {U  — > X}  is  a covering  of  the  site  C and  R = U XxU. 
The  isomorphism  a is  just  the  canonical  identification 

(F\c/u)  \c/UxxU  = (F\c/u)  \c/UxxU 


and  the  commutativity  of  the  diagram  is  the  cocycle  condition  for  glueing  data. 
Hence  this  lemma  is  a special  case  of  glueing  of  sheaves,  see  Sites,  Section [7. 25[  □ 


Second  proof  of  Lemma  |53.17.13j  The  existence  of  a comes  from  the  fact  that 
pot  = tpos  and  that  pullback  is  functorial  in  the  morphism,  see  Lemma|53.17.7|  In 
exactly  the  same  way,  i.e. , by  functoriality  of  pullback,  we  see  that  the  isomorphism 
a fits  into  the  commutative  diagram.  The  construction  T i-a  [tp^T^  a)  is  clearly 
functorial  in  the  sheaf  J- . Hence  we  obtain  the  functor. 


Conversely,  suppose  that  (Q,  a)  is  a pair.  Let  V -A-  X be  an  object  of  X^taie-  In  this 
case  the  morphism  V'  = U Xx  V — F is  a surjective  etale  morphism  of  schemes, 
and  hence  {V'  -A  V}  is  an  etale  covering  of  V.  Set  Q'  = (V  -A  V)~1Q.  Since 
R = U XxU  with  t = pr0  and  s = pr0  we  see  that  V'  Xy  V'  = R Xx  V with 
projection  maps  s' ,t'  : V'  Xy  V'  — > V'  equal  to  the  pullbacks  of  t and  s.  Hence  a 
pulls  back  to  an  isomorphism  a'  : ( t')~1Q'  -a  (s,)~1Q' . Having  said  this  we  simply 
define 

JF{V) Equalizer^H')  T Q{V'  xvV'). 


We  omit  the  verification  that  this  defines  a sheaf.  To  see  that  G(V)  = J~{V)  if 
there  exists  a morphism  !/—)•[/  note  that  in  this  case  the  equalizer  is  H°({V'  — > 

V},G)  = G(V).  □ 


53.18.  Points  of  the  small  etale  site 
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This  section  is  the  analogue  of  Etale  Cohomology,  Section 


49.29 


53.18.1.  Let  S'  be  a scheme.  Let  X be  an  algebraic  space  over  S. 
geometric  point  of  X is  a morphism  x : Spec(fc)  — > X , where  k is  an 
algebraically  closed  field.  We  often  abuse  notation  and  write  x = Spec(fc). 
(2)  For  every  geometric  point  x we  have  the  corresponding  “image”  point 
x £ |X|.  We  say  that  x is  a geometric  point  lying  over  x. 


Definition 

(1)  A 


It  turns  out  that  we  can  take  stalks  of  sheaves  on  X^taie  at  geometric  point  exactly 
in  the  same  way  as  was  done  in  the  case  of  the  small  etale  site  of  a scheme.  In  order 
to  do  this  we  define  the  notion  of  an  etale  neighbourhood  as  follows. 

04JV  Definition  53.18.2.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
x be  a geometric  point  of  X. 

(1)  An  etale  neighborhood  of  x of  X is  a commutative  diagram 


U 


x-^-X 


where  tp  is  an  etale  morphism  of  algebraic  spaces  over  S.  We  will  use  the 
notation  tp  : ( U,u ) -A  (X,x)  to  indicate  this  situation. 
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(2)  A morphism  of  etale  neighborhoods  ( U,u ) — > ( U',u r)  is  an  X-morphism 
h : U — ► U'  such  that  u'  = ho  u. 


Note  that  we  allow  U to  be  an  algebraic  space.  When  we  take  stalks  of  a sheaf 
on  Xgtaie  we  have  to  restrict  to  those  U which  are  in  X Staley  and  so  in  this  case 
we  will  only  consider  the  case  where  U is  a scheme.  Alternately  we  can  work  with 
the  site  Xspace^taie  and  consider  all  etale  neighbourhoods.  And  there  won’t  be  any 
difference  because  of  the  last  assertion  in  the  following  lemma. 

04JW  Lemma  53.18.3.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let  x 
be  a geometric  point  of  X.  The  category  of  etale  neighborhoods  is  co filtered.  More 
precisely: 

(1)  Let  (Ui,Ui)i=  it2  be  two  etale  neighborhoods  ofx  in  X.  Then  there  exists  a 
third  etale  neighborhood  ( U,u ) and  morphisms  ( U,u ) — ► ( Ui,Ui ),  * = 1,2. 

(2)  Let  hi,h2  : ( U,u ) — t (U',u')  be  two  morphisms  between  etale  neighbor- 
hoods ofs.  Then  there  exist  an  etale  neighborhood  (U",u")  and  a mor- 
phism h : ( U" ,u ")  —¥  ( U,u ) which  equalizes  h\  and  /12,  i.e.,  such  that 
hi  o h = /12  0 h. 

Moreover,  given  any  etale  neighbourhood  ( U,u ) — > (X,x)  there  exists  a morphism 
of  etale  neighbourhoods  {U' ,u')  — > ( U,u ) where  If  is  a scheme. 


Proof.  For  part  (1),  consider  the  fibre  product  U = U\  Xj  C/2-  It  is  etale  over 
both  U\  and  I/2  because  etale  morphisms  are  preserved  under  base  change  and 
composition,  see  Lemmas  53.15.5  and  53.15.4  The  map  u — » U defined  by  (u\,U2) 


gives  it  the  structure  of  an  etale  neighborhood  mapping  to  both  U\  and  Ui- 
For  part  (2),  define  U"  as  the  fibre  product 


U" 

(/ll  ,/l2  ) 

U'  —^U'  xx  U’. 


Since  u and  u'  agree  over  X with  x , we  see  that  u"  = (u,u')  is  a geometric  point 
of  U" . In  particular  U"  7^  0.  Moreover,  since  U'  is  etale  over  X,  so  is  the  fibre 
product  U'  x jsc  U'  (as  seen  above  in  the  case  oiU\XxU2).  Hence  the  vertical  arrow 
(/ii,/i2)  is  etale  by  Lemma  53.15.6  Therefore  U " is  etale  over  U'  by  base  change, 


and  hence  also  etale  over  X (because  compositions  of  etale  morphisms  are  etale). 
Thus  ( U",u ")  is  a solution  to  the  problem  posed  by  (2). 

To  see  the  final  assertion,  choose  any  surjective  etale  morphism  If  -A  U where  If 
is  a scheme.  Then  U1  Xjju  is  a scheme  surjective  and  etale  over  u = Spec(fc)  with  k 
algebraically  closed.  It  follows  (see  Morphisms,  Lemma  28.36.7)  that  If  Xrju^-u 
has  a section  which  gives  us  the  desired  u' . 


□ 


05VN  Lemma  53.18.4.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
x : Spec(fc)  -A  X be  a geometric  point  of  X lying  over  x £ |X|.  Let  (p  : U — >•  X be 
an  etale  morphism  of  algebraic  spaces  and  let  u £ \U\  with  ip(u)  = x.  Then  there 
exists  a geometric  point  u : Spec(fc)  — >•  U lying  over  u with  x = / o u. 

Proof.  Choose  an  affine  scheme  If  with  v!  £ U'  and  an  etale  morphism  U'  — t U 
which  maps  v!  to  u.  If  we  can  prove  the  lemma  for  (If , u')  —¥  (X,  x)  then  the  lemma 
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follows.  Hence  we  may  assume  that  U is  a scheme,  in  particular  that  U — ► X is 
representable.  Then  look  at  the  cartesian  diagram 


Spec(fc)  Xx,x,v  U pr^>-  U 


Pri 


v 


Spec(fc) X 


The  projection  piy  is  the  base  change  of  an  etale  morphisms  so  it  is  etale,  see 
Lemma|53.15.5  Therefore,  the  scheme  Spec(fc)  xx,x,^  U is  a disjoint  union  of  finite 
separable  extensions  of  k,  see  Morphisms,  Lemma  [28.36.7|  But  k is  algebraically 
closed,  so  all  these  extensions  are  trivial,  so  Spec(fc)  X-x,x,<p  U is  a disjoint  union 
of  copies  of  Spec(fc)  and  each  of  these  corresponds  to  a geometric  point  u with 
/ o u = x.  By  Lemma |53.4.3|  the  map 

| Spec(fc)  Xx,x,<p  U | — *•  | Spec(fc)|  X|X|  \U\ 
is  surjective,  hence  we  can  pick  u to  lie  over  u.  □ 


04JX  Lemma  53.18.5.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  Letx  be 
a geometric  point  of  X.  Let  ( U,u ) an  etale  neighborhood  ofx.  Let  {pi  : Ui  U}i^i 
be  an  etale  covering  in  X 'spaces, etale-  Then  there  exist  i G I and  ut  : x — >•  Ui  such 
that  pi  : ( Ui,Ui ) — >•  ( U,u ) is  a morphism  of  etale  neighborhoods. 


Proof.  Let  u G \U\  be  the  image  of  u.  As  \U\  = U^/  <Pi(\Uj\)  there  exists  an  i and 
a point  Ui  G Ui  mapping  to  x.  Apply  Lemma  53. 18. 4| to  ( Ui,Ui ) — ► (U,u)  and  u to 


get  the  desired  geometric  point. 


□ 


04JY  Definition  53.18.6.  Let  S'  be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
J-  be  a presheaf  on  X^taie-  Let  x be  a geometric  point  of  X.  The  stalk  of  J-  at  x is 

Fx  = colim(j/i5)  F(U) 

where  (U,u)  runs  over  all  etale  neighborhoods  of  x in  X with  U G Ob (XAtaie). 


04JZ 


By  Lemma[53.18.3  this  colimit  is  over  a hltered  index  category,  namely  the  opposite 
of  the  category  of  etale  neighborhoods  in  X etale-  More  precisely  Lemma  [53.18.3| 
says  the  opposite  of  the  category  of  all  etale  neighbourhoods  is  filtered,  and  the  full 
subcategory  of  those  which  are  in  Xetaie  is  a cofinal  subcategory  hence  also  filtered. 


This  means  an  element  of  Fx  can  be  thought  of  as  a triple  (U,  u , a)  where  U G 
Ob  (Xetaie)  and  a G F(U).  Two  triples  (U,u,  a),  ( U'  ,u' , o')  define  the  same  element 
of  the  stalk  if  there  exists  a third  etale  neighbourhood  (C/" , H//) , U"  G Ob (X^taie) 
and  morphisms  of  etale  neighbourhoods  h : (U" ,u")  — > ( U,u ),  h'  : (U",u")  — > 
( U',u ')  such  that  h*o  = (h,)*c^,  in  F(U").  See  Categories,  Section [4. 19 

This  also  implies  that  if  T'  is  the  sheaf  on  Xspaces^taie  corresponding  to  T on 
X etale  i then 

(53.18.6.1)  JW  = colim([/)B)  F\U) 

where  now  the  colimit  is  over  all  the  etale  neighbourhoods  of  x.  We  will  often  jump 
between  the  point  of  view  of  using  Xetaie  and  XspaceStetaie  without  further  mention. 

In  particular  this  means  that  if  J7  is  a presheaf  of  abelian  groups,  rings,  etc  then 
Tx  is  an  abelian  group,  ring,  etc  simply  by  the  usual  way  of  defining  the  group 
structure  on  a directed  colimit  of  abelian  groups,  rings,  etc. 
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04K0  Lemma  53.18.7.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let  x 
be  a geometric  point  of  X.  Consider  the  functor 


u . Xgtaie  y Sets,  U 


I E/* 


Then  u defines  a point  p of  the  site  X etale  (Sites,  Definition  7.31.2)  and  its  as- 
sociated stalk  functor  F i— x Fp  (Sites,  Equation  7.31.1.1)  is  the  functor  F i— x Fx 
defined  above. 


Proof.  In  the  proof  of  Lemma  53.18.5  we  have  seen  that  the  scheme  Ux  is  a disjoint 
union  of  schemes  isomorphic  to  x.  Thus  we  can  also  think  of  \Ux\  as  the  set  of 
geometric  points  of  U lying  over  x,  i.e. , as  the  collection  of  morphisms  u : x — > U 
fitting  into  the  diagram  of  Definition  53.18.1  From  this  it  follows  that  u(X ) is  a 


singleton,  and  that  u{U  Xy  W)  = u(U ) xu(v)  u(W)  whenever  [/->k  and  W —>  V 
are  morphisms  in  X^taie-  And,  given  a covering  {Ui  — » t/}iSj  in  X^taie  we  see  that 
[J  u{Ui)  — > u(U)  is  surjective  by  Lemma  53.18.5  Hence  Sites,  Proposition  7.32.2 


04K1 


applies,  so  p is  a point  of  the  site  Xetaie ■ Finally,  the  our  functor  F H X F-§  is  given  by 
exactly  the  same  colimit  as  the  functor  J-  H y Fv  associated  to  p in  Sites,  Equation 
|7.31.1. 1|  which  proves  the  final  assertion.  □ 

Lemma  53.18.8.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let  x 
be  a geometric  point  of  X . 

(1)  The  stalk  functor  PAb(Xetaie)  ~ > Ab,  F i-X  Fx  is  exact. 

(2)  We  have  (F#)x  = Fx  for  any  presheaf  of  sets  F on  X^taie. 

(3)  The  functor  Ab(Xetaie)  Ab,  F i— > Fx  is  exact. 

(4)  Similarly  the  functors  PSh(XPtaie)  — t Sets  and  Sh(Xetaie ) Sets  given 

by  the  stalk  functor  F i— > Fx  are  exact  (see  Categories,  Definition  4-23.1) 
and  commute  with  arbitrary  colimits. 

Proof.  This  result  follows  from  the  general  material  in  Modules  on  Sites,  Section 
|18.35|  This  is  true  because  F i— >•  Fx  comes  from  a point  of  the  small  etale  site  of 

for  a 


X,  see  Lemma 


53.18.7 


49.29.9 


See  the  proof  of  Etale  Cohomology,  Lemma 
direct  proof  of  some  of  these  statements  in  the  setting  of  the  small  etale  site  of  a 
scheme.  □ 


We  will  see  below  that  the  stalk  functor  F i— > Fx  is  really  the  pullback  along  the 
morphism  x.  In  that  sense  the  following  lemma  is  a generalization  of  the  lemma 
above. 

04K2  Lemma  53.18.9.  Let  S be  a scheme.  Let  f : X —X  Y be  a morphism  of  algebraic 
spaces  over  S. 

(1)  The  functor  f-^  • Ab{\ y A bi^Xgiaie')  is  exact. 

(2)  The  functor  f~^aU  : Sh(Y&taie ) Sh(Xetaie)  is  exact,  i.e.,  it  commutes 
with  finite  limits  and  colimits,  see  Categories,  Definition\4.23.1\ 

(3)  For  any  etale  morphism  V —X  Y of  algebraic  spaces  we  have  f(fmauhv  = 
h.XxYV- 

(4)  Let  be  a geometric  point.  Let  Q be  a sheaf  on  Y^taie  ■ Then  there 

is  a canonical  identification 

(fsma.llG)x  = Gy. 

where  y = f ox. 
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Proof.  Recall  that  fsmaii  is  defined  via  f spaces, small  in  Lemma  53.17.7  Parts  (1), 


(2)  and  (3)  are  general  consequences  of  the  fact  that  f, 
y spaces ,etaie  is  a morphism  of  sites,  see  Sites,  Definition  1 7 . 1 5 . 1 1 for  (2),  Modules  on 


spaces, etale  ■ spaces, etale 


Sites,  Lemma  18.30.2  for  (1),  and  Sites,  Lemma  7.14.5  for  (3). 


Proof  of  (4).  This  statement  is  a special  case  of  Sites,  Lemma 


7.33.1  via  Lemma 


|53.18.7|  We  also  provide  a direct  proof.  Note  that  by  Lemma|53.18.8|  taking  stalks 
commutes  with  sheahfication.  Let  Q'  be  the  sheaf  on  Yspaces,etaie  whose  restriction 


c—  1 


' spaces, etale 


to  Yetaie  is  Q ■ Recall  that  /, 

U — > colimf/^jfxyy  G'{V), 
see  Sites,  Sections  [7.14  and|7.5[  Thus  we  have 


Q'  is  the  sheaf  associated  to  the  presheaf 


(/ 


-1 

spaces 


etale ^ Colim^j/^)  f spaces, etaleG  (^0 

= colim(£/jS)  co\\rn.a:U^.XxYv  G'(V) 

= colim(v^)  G'(V) 

= 

in  the  third  equality  the  pair  ( U,u ) and  the  map  a : U -A  X Xy  V corresponds  to 
the  pair  (V,a  o u).  Since  the  stalk  of  Q’  (resp.  f^paceS}e.taieG')  agrees  with  the  stalk 
of  Q (resp.  f^maiiG),  see  Equation  (53.18.6.1)  the  result  follows.  □ 


04K3  Remark  53.18.10.  This  remark  is  the  analogue  of  Etale  Cohomology,  Remark 


49.56.6  Let  S'  be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let  x : Spec(fc)  — ► 
X be  a geometric  point  of  X.  By  Etale  Cohomology,  Theorem  49.56.3  the  category 


of  sheaves  on  Spec(fc)^ta;e  is  equivalent  to  the  category  of  sets  (by  taking  a sheaf  to 


its  global  sections).  Hence  it  follows  from  Lemma  53.18.9  part  (4)  applied  to  the 
morphism  x that  the  functor 

Sh(Xttale)  — » Sets,  T i — > 


is  isomorphic  to  the  functor 

Sh(Xetale)  ^ S/l(Spec(fc)e£a/e)  — Sets , J~  I ^ X X 

Hence  we  may  view  the  stalk  functors  as  pullback  functors  along  geometric  mor- 
phisms  (and  not  just  some  abstract  morphisms  of  topoi  as  in  the  result  of  Lemma 
53.18.7D- 

04K4  Remark  53.18.11.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
x £ \X\.  We  claim  that  for  any  pair  of  geometric  points  x and  x'  lying  over  x the 
stalk  functors  are  isomorphic.  By  definition  of  \X\  we  can  find  a third  geometric 
point  x"  so  that  there  exists  a commutative  diagram 


Y 

x 


Since  the  stalk  functor  J-  ha  is  given  by  pullback  along  the  morphism  x (and 
similarly  for  the  others)  we  conclude  by  functoriality  of  pullbacks. 


The  following  theorem  says  that  the  small  etale  site  of  an  algebraic  space  has  enough 
points. 
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04K5  Theorem  53.18.12.  Let  S be  a scheme.  Let  X he  an  algebraic  space  over  S . A 
map  a : F -A  Q of  sheaves  of  sets  is  injective  (resp.  surjective)  if  and  only  if  the 
map  on  stalks  a x '■  Fx  — > Qx  is  injective  (resp.  surjective)  for  all  geometric  points 
of  X.  A sequence  of  abelian  sheaves  on  X^aie  is  exact  if  and  only  if  it  is  exact  on 
all  stalks  at  geometric  points  of  S. 


Proof.  We  know  the  theorem  is  true  if  X is  a scheme,  see  Etale  Cohomology, 
Theorem  49.29.10[  Choose  a surjective  etale  morphism  / : U -A  X where  U is  a 
scheme.  Since  {U  -A  X}  is  a covering  (in  Xspaces^taie ) we  can  check  whether  a map 
of  sheaves  is  injective,  or  surjective  by  restricting  to  U.  Now  if  u : Spec(fc)  — ► U is 
a geometric  point  of  U,  then  (-7-j  jj)u  = Fx  where  x = f ou.  (This  is  clear  from  the 
colimits  defining  the  stalks  at  u and  x,  but  it  also  follows  from  Lemma  |53.18.9  ) 
Hence  the  result  for  U implies  the  result  for  X and  we  win.  □ 


The  following  lemma  should  be  skipped  on  a first  reading. 

04K6  Lemma  53.18.13.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
p : Sh{pt)  — > Sh(Xetaie)  he  a point  of  the  small  etale  topos  of  X.  Then  there  exists 
a geometric  point  x of  X such  that  the  stalk  functor  F ha  Fp  is  isomorphic  to  the 
stalk  functor  F ha  Fx- 


Proof.  By  Sites,  Lemma  7.31.7  there  is  a one  to  one  correspondence  between  points 
of  the  site  and  points  of  the  associated  topos.  Hence  we  may  assume  that  p is 
given  by  a functor  u : X^taie  -A  Sets  which  defines  a point  of  the  site  X^taie.  Let 
U £ Ob(Xetaie)  be  an  object  whose  structure  morphism  j : U -A  X is  surjective. 
Note  that  hu  is  a sheaf  which  surjects  onto  the  final  sheaf.  Since  taking  stalks 
is  exact  we  see  that  (hu)P  = u(U ) is  not  empty  (use  Sites,  Lemma  7.31.3).  Pick 
x £ u(U).  By  Sites,  Lemma  7.34. l|we  obtain  a point  q : Sh(pt)  -A  Sh(Ugtaie)  such 
that  p = jSmaii°q,  so  that  Tv  = (F\u)q  functorially.  By  Etale  Cohomology,  Lemma 
49.29.12|  there  is  a geometric  point  u of  U and  a functorial  isomorphism  Qq  = Qu 
for  Q £ Sh(U^taie)-  Set  x = j ou.  Then  we  see  that  Fx  — (. F\u)u  functorially  in  F 
on  X etale  by  Lemma  53.18.9  and  we  win.  □ 


53.19.  Supports  of  abelian  sheaves 

04K7  First  we  talk  about  supports  of  local  sections. 

04K8  Lemma  53.19.1.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let  F 


be  a subsheaf  of  the  final  object  of  the  etale  topos  of  X (see  Sites,  Example  1 .10.2). 
Then  there  exists  a unique  open  W C X such  that  F = hw  ■ 

Proof.  The  condition  means  that  F(U)  is  a singleton  or  empty  for  all  ip  : U — ► 
X in  Ob(v*i 1 spaces, etale)-  In  particular  local  sections  always  glue.  If  F(U)  ^ 0, 
then  F{ip{U))  ^ 0 because  ip(U)  C X is  an  open  subspace  (Lemma  53.15.7)  and 
W : U -A  <p{U)}  is  a covering  in  Xspaces^taie.  Take  W = T(U)  to 

conclude.  □ 


04K9  Lemma  53.19.2.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let  F 
be  an  abelian  sheaf  on  X spaCes, etale-  Let  a £ F(U)  be  a local  section.  There  exists 
an  open  subspace  W C U such  that 

(1)  W CU  is  the  largest  open  subspace  of  U such  that  ojw  = 0, 
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04KA 


04KB 


04KC 


(2)  for  every  ip  : V —>  U in  Xetaie  we  have 

a\v  = 0 <p(V)  C W, 

(3)  for  every  geometric  point  u of  U we  have 

(U,  u,  a)  = 0 in  J-f  Ou  £ W 
where  s = (U  — > S)  o u. 


Proof.  Since  T is  a sheaf  in  the  etale  topology  the  restriction  of  T to  Uzar  is  a 
sheaf  on  U in  the  Zariski  topology.  Hence  there  exists  a Zariski  open  W having 

Let  ip 


property  (1),  see  Modules,  Lemma  17.5.2 


V 


U be  an  arrow  of  X^taie. 

<P(Y)} 


Note  that  <p(V)  C U is  an  open  subspace  (Lemma  53.15.7)  and  that  {V 
is  an  etale  covering.  Hence  if  a\y  = 0,  then  by  the  sheaf  condition  for  T we  see 
that  cr|v(v)  = 0.  This  proves  (2).  To  prove  (3)  we  have  to  show  that  if  ( U,u,a ) 
defines  the  zero  element  of  J-j,  then  u £ W.  This  is  true  because  the  assumption 
means  there  exists  a morphism  of  etale  neighbourhoods  (V.  v)  — ► ( U,u ) such  that 
ajv  = 0.  Hence  by  (2)  we  see  that  V — > U maps  into  W,  and  hence  u £ W.  □ 


Let  S'  be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let  x £ \X\.  Let  T be 
a sheaf  on  X etale-  By  Remark  |53.18.1l1  the  isomorphism  class  of  the  stalk  of  the 
sheaf  JF  at  a geometric  points  lying  over  x is  well  defined. 


Definition  53.19.3.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
J-  be  an  abelian  sheaf  on  X etale- 


(1)  The  support  of  J-  is  the  set  of  points  x £ \X\  such  that  for  any 

(some)  geometric  point  x lying  over  x. 

(2)  Let  a £ T(U)  be  a section.  The  support  of  a is  the  closed  subset  U \ W, 
where  W C U is  the  largest  open  subset  of  U on  which  a restricts  to  zero 
(see  Lemma  53.19.2). 


Lemma  53.19.4.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let  J- 
be  an  abelian  sheaf  on  Xetaie-  Let  U £ Ob (Xetaie)  and  o £ X{U). 

(1)  The  support,  of  cr  is  closed  in  |„Y|. 

(2)  The  support  of  a + o'  is  contained  in  the  union  of  the  supports  of  a,  a'  £ 

Hx)- 

(3)  If  tp  : T —¥  Q is  a map  of  abelian  sheaves  on  X^taie>  then  the  support  of 
<p(tj)  is  contained  in  the  support  of  a £ X(U). 

(4)  The  support  of  T is  the  union  of  the  images  of  the  supports  of  all  local 
sections  of  T . 

(5)  If  J-  — > Q is  surjective  then  the  support  of  Q is  a subset  of  the  support  of 

T. 

(6)  If  T Q is  injective  then  the  support  of  J-  is  a subset  of  the  support  of 

g. 


Proof.  Part  (1)  holds  by  definition.  Parts  (2)  and  (3)  hold  because  they  holds  for 
the  restriction  of  T and  Q to  Uzar,  see  Modules,  Lemma  17.5.2|  Part  (4)  is  a direct 
consequence  of  Lemma  53.19.2  part  (3).  Parts  (5)  and  (6)  follow  from  the  other 
parts.  □ 


Lemma  53.19.5.  The  support  of  a sheaf  of  rings  on  the  small  etale  site  of  an 
algebraic  space  is  closed. 
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Proof.  This  is  true  because  (according  to  our  conventions)  a ring  is  0 if  and  only 
if  1 = 0,  and  hence  the  support  of  a sheaf  of  rings  is  the  support  of  the  unit 
section.  □ 


53.20.  The  structure  sheaf  of  an  algebraic  space 

04KD  The  structure  sheaf  of  an  algebraic  space  is  the  sheaf  of  rings  of  the  following  lemma. 

03G6  Lemma  53.20.1.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  The 
rule  U t-A  T(U,  Ojj)  defines  a sheaf  of  rings  on  X^taie- 


Proof.  Immediate  from  the  definition  of  a covering  and  Descent,  Lemma  34.7.1 


□ 


03G7  Definition  53.20.2.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  The 
structure  sheaf  of  X is  the  sheaf  of  rings  Ox  on  the  small  etale  site  A<sta;e  described 
in  Lemma  [53.20. II 


According  to  Lemma[53.17.12|the  sheaf  Ox  corresponds  to  a system  of  etale  sheaves 
(Ox)u  for  U ranging  through  the  objects  of  X 'etale-  It  is  clear  from  the  proof  of 
that  lemma  and  our  definition  that  we  have  simply  ( Ox)u  = Ou  where  Ou  is  the 
structure  sheaf  of  U^taie  as  introduced  in  Descent,  Definition  I34.7.2)  In  particular, 
if  A is  a scheme  we  recover  the  sheaf  Ox  on  the  small  etale  site  of  A'. 


Via  the  equivalence  Sh(X^taie)  = Sh(Xspaces  istoie)  of  Lemma  53.17.3  we  may  also 
think  of  Ox  as  a sheaf  of  rings  on  X 'spaces, etale-  It  is  explained  in  Remark  53.17.4 
how  to  compute  Ox(Y),  and  in  particular  Ox(X),  when  Y — > X is  an  object  of 

X spaces , etale  • 


03G8  Lemma  53.20.3.  Let  S be  a scheme.  Let  f : X 


Y be  a morphism  of  algebraic 

-l 


spaces  over  S.  Then  there  is  a canonical  map  ft  : far^auOy  — > Ox  such  that 

(f small,  ft)  ’■  ( X stale,  Ox ) > ( Yetale,Oy ) 


is  a morphism  of  ringed  topoi.  Furthermore, 

(1)  The  construction  f ha  (/ small,  ft)  Is  compatible  with  compositions. 

(2)  If  f is  a morphism  of  schemes,  then  ft  is  the  map  described  in  Descent, 
Remark  34-7-41 


Proof.  By  Lemma  53.17.9  it  suffices  to  give  an  /-map  from  Oy  to  Ox-  In  other 
words,  for  every  commutative  diagram 


U A 

9 f 

v — H-y 


where  U G A etale,  V G Yitaie  we  have  to  give  a map  of  rings  {ft)(u,v,g)  ■ r(V,  Ov)  -A 
T(C/,  Ou)-  Of  course  we  just  take  (ft)(u,v,g)  = g^-  It  is  clear  that  this  is  compatible 
with  restriction  mappings  and  hence  indeed  gives  an  /-map.  We  omit  checking 
compatibility  with  compositions  and  agreement  with  the  construction  in  Descent, 
Remark  134.7.41  □ 
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53.21.  Stalks  of  the  structure  sheaf 


04KE 

04KF 


This  section  is  the  analogue  of  Etale  Cohomology,  Section 


49.33 


Lemma  53.21.1.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let  x 
be  a geometric  point  of  X.  Let  ( U,u ) be  an  etale  neighbourhood  ofx  where  U is  a 
scheme.  Then  we  have 

Ox,,.  = OlLu  = 0%u 

where  the  left  hand  side  is  the  stalk  of  the  structure  sheaf  of  X,  and  the  right  hand 
side  is  the  strict  henselization  of  the  local  ring  of  U at  the  point  u at  which  u is 
centered. 


Proof.  We  know  that  the  structure  sheaf  Ojj  on  U^taie  is  the  restriction  of  the 
structure  sheaf  of  X.  Hence  the  first  equality  follows  from  Lemma  53.18.9  part  (4). 
The  second  equality  is  explained  in  Etale  Cohomology,  Lemma  49.33.1  □ 


04KG  Definition  53.21.2.  Let  S'  be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
x be  a geometric  point  of  X lying  over  the  point  x £ |A|. 

(1)  The  etale  local  ring  of  X at  x is  the  stalk  of  the  structure  sheaf  Ox  on 
Xetaie  at  x.  Notation:  0\,w- 

(2)  The  strict  henselization  of  X atx  is  the  scheme  Spec(Ox,s)- 


04KH 


The  isomorphism  type  of  the  strict  henselization  of  X at  x (as  a scheme  over  X) 
depends  only  on  the  point  x £ |X|  and  not  on  the  choice  of  the  geometric  point 
lying  over  x,  see  Remark  53.18.1l[ 


Lemma  53.21.3.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  The 
small  etale  site  Xetaie  endowed  with  its  structure  sheaf  Ox  is  a locally  ringed  site, 
see  Modules  on  Sites,  Definition\18.39J\ 


Proof.  This  follows  because  the  stalks  Ox,,  are  local,  and  because  S^taie  has 
enough  points,  see  Lemmas  |53.21.1|  and  Theorem  |53. 18. 12]  See  Modules  on  Sites, 
Lemma  |18.39.2|  and  |18.39.3|  for  the  fact  that  this  implies  the  small  etale  site  is 
locally  ringed.  □ 


04N9 


Lemma  53.21.4.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
x £ |X|  be  a point.  Let  d £ {0, 1,2,...,  oo}.  The  following  are  equivalent 


(1)  the  dimension  of  the  local  ring  of  X at  x (Definition  53.9.2 ) is  d, 

(2)  A\vct(Ox,x)  = d for  some  geometric  point  x lying  over  x,  and 

(3)  A\vci(Ox,x)  = d for  any  geometric  point  x lying  over  x. 


Proof.  The  equivalence  of  (2)  and  (3)  follows  from  the  fact  that  the  isomorphism 


type  of  Ox,,  only  depends  on  x £ |X|,  see  Remark  53.18.11  Using  Lemma  53.21.1 


the  equivalence  of  (1)  and  (2)+(3)  comes  down  to  the  following  statement:  Given 
any  local  ring  R we  have  dirn(R)  = dim(f?sft-).  This  is  More  on  Algebra,  Lemma 
115.36.71  □ 


0A4H  Lemma  53.21.5.  Let  S be  a scheme.  Let  f : X Y be  an  etale  morphism  of 
algebraic  spaces  over  S.  Let  x £ X.  Then  (1)  dimx(AT)  = dim^^Y-)  and  (2)  the 
dimension  of  the  local  ring  of  X at  x equals  the  dimension  of  the  local  ring  of  Y at 
f{x).  If  f is  surjective,  then  (3)  dim(X)  = dirn(y). 
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Proof.  Choose  a scheme  U and  a point  u £ U and  an  etale  morphism  U — > X 
which  maps  u to  x.  Then  the  composition  U — > Y is  also  etale  and  maps  u to  f{x). 
Thus  the  statements  (1)  and  (2)  follow  as  the  relevant  integers  are  defined  in  terms 
of  the  behaviour  of  the  scheme  U at  u.  See  Definition  53.8.1  for  (1).  Part  (3)  is  an 
immediate  consequence  of  (1),  see  Definition  53.8.2  □ 


53.22.  Local  irreducibility 

06DJ  A point  on  an  algebraic  space  has  a well  defined  etale  local  ring,  which  corresponds 
to  the  strict  henselization  of  the  local  ring  in  the  case  of  a scheme.  In  general  we 
cannot  see  how  many  irreducible  components  of  the  algebraic  space  pass  through 
the  given  point  from  the  etale  local  ring.  Here  is  something  we  can  do. 

06DK  Lemma  53.22.1.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
x £ |A|  be  a point.  The  following  are  equivalent 

(1)  for  any  scheme  U and  etale  morphism  a : U -A  X and  u £ U with  a(u)  = x 
the  local  ring  Ou,u  has  a unique  minimal  prime, 

(2)  for  any  scheme  U and  etale  morphism  a : U -A  X and  u £ U with  a(u)  = x 
there  is  a unique  irreducible  component  of  U through  u,  and 

(3)  Ox,w  has  a unique  minimal  prime  for  any  geometric  point  x lying  over  x. 

Proof.  The  equivalence  of  (1)  and  (2)  follows  from  the  fact  that  irreducible  com- 
ponents of  U passing  through  u are  in  1 — 1 correspondence  with  minimal  primes 
of  the  local  ring  of  U at  u.  Let  a : U — >•  X and  u £ U be  as  in  (1).  Then 
Ou,u  —t  Ox,x  is  flat  in  particular  injective.  Hence  if  /,  g £ Ou,u  are  non-nilpotent 
elements  such  that  fg  = 0,  then  the  same  is  true  in  Ox,x-  Conversely,  suppose  that 
f,g£  Ox,x  are  non-nilpotent  such  that  fg  = 0.  Since  Ox,x  is  the  filtered  colimit 
of  the  rings  Ou,u  we  see  that  /,  g are  the  images  of  elements  of  Ojj  u for  some  choice 
of  a : U — > X.  Hence  we  see  that  Ojj  u doesn’t  have  a unique  minimal  prime.  In 
this  way  we  see  the  equivalence  of  (1)  and  (3).  □ 


06DL  Definition  53.22.2.  Let  S'  be  a scheme.  Let  X be  an  algebraic  space  over  S. 
Let  x £ |A|.  We  say  that  X is  geometrically  unibranch  at  x if  the  equivalent 
conditions  of  Lemma |53. 22. 1|  hold.  We  say  that  X is  geometrically  unibranch  if  X 
is  geometrically  unibranch  at  every  x £ |Aj. 


This  is  consistent  with  the  definition  for  schemes  (Properties,  Definition  27.15.1) 


by  More  on  Algebra,  Lemma  15.79.3 


53.23.  Noetherian  spaces 

03E9  We  have  already  defined  locally  Noetherian  algebraic  spaces  in  Section  [53 .7[ 

03EA  Definition  53.23.1.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  We 
say  X is  Noetherian  if  X is  quasi-compact,  quasi-separated  and  locally  Noetherian. 


Note  that  a Noetherian  algebraic  space  X is  not  just  quasi-compact  and  locally 
Noetherian,  but  also  quasi-separated.  This  does  not  conflict  with  the  definition 
of  a Noetherian  scheme,  as  a locally  Noetherian  scheme  is  quasi-separated,  see 
Properties,  Lemma  [2 7. 5. 4[  This  does  not  hold  for  algebraic  spaces.  Namely,  X = 


AJ./Z,  see  Spaces,  Example 


52.14.8 


is  locally  Noetherian  and  quasi-compact  but 


not  quasi-separated  (hence  not  Noetherian  according  to  our  definitions). 


53.24.  REGULAR  ALGEBRAIC  SPACES 


3551 


04ZF 


04ZG 
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A consequence  of  the  choice  made  above  is  that  an  algebraic  space  of  finite  type  over 
a Noetherian  algebraic  space  is  not  automatically  Noetherian,  i.e. , the  analogue 
of  Morphisms,  Lemma  |28.15.6|  does  not  hold.  The  correct  statement  is  that  an 
algebraic  space  of  finite  presentation  over  a Noetherian  algebraic  space  is  Noetherian 
(see  Morphisms  of  Spaces,  Lemma  54.28.6). 


A Noetherian  algebraic  space  X is  very  close  to  being  a scheme.  In  the  rest  of  this 
section  we  collect  some  lemmas  to  illustrate  this. 


Lemma  53.23.2.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . 

(1)  If  X is  locally  Noetherian  then  \X\  is  a locally  Noetherian  topological  space. 

(2)  If  X is  quasi-compact  and  locally  Noetherian,  then  |X|  is  a Noetherian 
topological  space. 


Proof.  Assume  X is  locally  Noetherian.  Choose  a scheme  U and  a surjective  etale 
morphism  U -A  X.  As  X is  locally  Noetherian  we  see  that  U is  locally  Noetherian. 
By  Properties,  Lemma  27.5.5  this  means  that  \U\  is  a locally  Noetherian  topological 
space.  Since  \U\  -A  |Aj  is  open  and  surjective  we  conclude  that  |X|  is  locally 
Noetherian  by  Topology,  Lemma  5.8.3  This  proves  (1).  If  X is  quasi-compact  and 
locally  Noetherian,  then  \X\  is  quasi-compact  and  locally  Noetherian.  Hence  \X\ 
is  Noetherian  by  Topology,  Lemma  [5.11.14|  □ 


Lemma  53.23.3.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  If  X 
is  Noetherian,  then  |X|  is  a sober  Noetherian  topological  space. 


Proof.  A quasi-separated  algebraic  space  has  an  underlying  sober  topological  space, 
see  Lemma  53.14.1|  It  is  Noetherian  by  Lemma  [53. 23. 2|  □ 


Lemma  53.23.4.  Let  S be  a scheme.  Let  X be  a Noetherian  algebraic  space  over 
S.  Let  x be  a geometric  point  of  X.  Then  Ox,x  is  a Noetherian  local  ring. 


Proof.  Choose  an  etale  neighbourhood  ( U , u ) of  x where  U is  a scheme.  Then 
Ox,x  is  the  strict  henselization  of  the  local  ring  of  U at  u,  see  Lemma  53.21.1  By 


our  definition  of  Noetherian  spaces  the  scheme  U is  Noetherian.  Hence  we  conclude 
by  More  on  Algebra,  Lemma  15.36.3  □ 


53.24.  Regular  algebraic  spaces 

We  have  already  defined  regular  algebraic  spaces  in  Section  [5377 

Lemma  53.24.1.  Let  S be  a scheme.  Let  X be  a locally  Noetherian  algebraic 
space  over  S.  The  following  are  equivalent 

(1)  X is  regular,  and 

(2)  every  etale  local  ring  Ox,x  is  regular. 


Proof.  Let  U be  a scheme  and  let  U A I be  a surjective  etale  morphism.  By 
assumption  U is  locally  Noetherian.  Moreover,  every  etale  local  ring  Ox,x  is  the 
strict  henselization  of  a local  ring  on  U and  conversely,  see  Lemma  53.21.1  Thus  by 


More  on  Algebra,  Lemma  15.36.10  we  see  that  (2)  is  equivalent  to  every  local  ring 
of  U being  regular,  i.e.,  U being  a regular  scheme  (see  Properties,  Lemma  27.9.2). 
This  equivalent  to  (1)  by  Definition  53.7.2  □ 


We  can  use  Descent,  Lemma [34. 17. 4| to  define  what  it  means  for  an  algebraic  space 
X to  be  regular  at  a point  x. 
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Definition  53.24.2.  Let  S'  be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
x £ |X|  be  a point.  We  say  A'  is  regular  at  x if  Ojj,u  is  a regular  local  ring  for  any 
(equivalently  some)  pair  (a  : U — > X,  u)  consisting  of  an  etale  morphism  a : U — ► X 
from  a scheme  to  X and  a point  u £ U with  a(u ) = x. 


See  Definition  53.7.5  Lemma  53.7.4 


and  Descent,  Lemma [34. 17. 4 


Lemma  53.24.3.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let 
x £ |X|  be  a point.  The  following  are  equivalent 

(1)  X is  regular  at  x,  and 

(2)  the  etale  local  ring  Ox,x  is  regular  for  any  (equivalently  some)  geometric 
point  x lying  over  x. 


Proof.  Let  U be  a scheme,  u £ U a point,  and  let  a : U — t X be  an  etale  morphism 
mapping  u to  x.  For  any  geometric  point  x of  X lying  over  x , the  etale  local  ring 
Ox 


is  the  strict  henselization  of  a local  ring  on  U at  it,  see  Lemma  53.21.1 


we  conclude  by  More  on  Algebra,  Lemma  15.36.10 
Lemma  53.24.4.  A regular  algebraic  space  is  normal. 


Thus 

□ 


Proof.  This  follows  from  the  definitions  and  the  case  of  schemes  See  Properties, 
Lemma  127.9.41  □ 


53.25.  Sheaves  of  modules  on  algebraic  spaces 


If  X is  an  algebraic  space,  then  a sheaf  of  modules  on  A is  a sheaf  of  Ox-modules 
on  the  small  etale  site  of  X where  Ox  is  the  structure  sheaf  of  X.  The  category  of 
sheaves  of  modules  is  denoted  Mod(Ox)- 

Given  a morphism  / : X — > Y of  algebraic  spaces,  by  Lemma  [53 
morphism  of  ringed  topoi  and  hence  by  Modules  on  Sites,  Definition 
well  defined  pullback  and  direct  image  functors 

(53.25.0.1)  f*  : Mod(0Y ) — > Mod(Ox),  f*  : Mod(Ox)  — > Mod(Ov) 

which  are  adjoint  in  the  usual  way.  If  g : Y — > Z is  another  morphism  of  algebraic 
spaces  over  S,  then  we  have  ( g o /)*  = f*  o g*  and  (g  o /)*  = g*o  /*  simply  because 
the  morphisms  of  ringed  topoi  compose  in  the  corresponding  way  (by  the  lemma). 

Lemma  53.25.1.  Let  S be  a scheme.  Let  f : X Y be  an  etale  morphism  of 
algebraic  spaces  over  S.  Then  f~lOY  = Ox,  and  f*Q  = fJmauG  for  any  sheaf  of 
Oy -modules  Q . In  particular,  f*  : Mod(Ox)  — > Mod(Oy ) is  exact. 

Proof.  By  the  description  of  inverse  image  in  Lemma  [53. 17. 10|  and  the  definition 
of  the  structure  sheaves  it  is  clear  that  /s),lo;;C)v  = Ox-  Since  the  pullback 

f & = f small & y 

by  definition  we  conclude  that  f*Q  = f~^aUG-  The  exactness  is  clear  because  ff^n 
is  exact,  as  fsmaii  is  a morphism  of  topoi.  □ 


.20.3 


we  get  a 


18.13.1  we  get 


We  continue  our  abuse  of  notation  introduced  in  Equation  (53.17.10.1 ) by  writing 
(53.25.1.1)  G\xttale  = f*Q  = f~^allG 


in  the  situation  of  the  lemma  above.  We  will  discuss  this  in  a more  technical  fashion 
in  Section  153.261 
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Lemma  53.25.2.  Let  S be  a scheme.  Let 

X ' X 


f 


V 

Y' 


/ 


V 

Y 


be  a cartesian  square  of  algebraic  spaces  over  S.  Let  T £ Mod(Ox )■  If  g is  etale, 
then  fUF\x')  = (f*F)\YQand  Rl  f'AF\X')  = f*F)\Y>  in  Mod(0Y>). 

□ 


Proof.  This  is  a reformulation  of  Lemma  f53. 17. Ill  in  the  case  of  modules. 

Lemma  53.25.3.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . A sheaf 
T of  Ox -modules  is  given  by  the  following  data: 

(1)  for  every  U £ Ob(X<s taie)  a sheaf  Fu  of  Ojj -modules  on  U^taie, 

(2)  for  every  f : U'  — ► U in  Xgtaie  an  isomorphism  Cf  : fsmall^u  ->  ?U'  ■ 
These  data  are  subject  to  the  condition  that  given  any  f : U'  U and  g : U"  — > U' 
in  X etale  the  composition  gf^aiYf  ° cs  eQual  to  Cfog. 

Proof.  Combine  Lemmas  53.25.1  and  53.17.12[  and  use  the  fact  that  any  morphism 
between  objects  of  Xetaie  is  an  etale  morphism  of  schemes.  □ 


53.26.  Etale  localization 

Reading  this  section  should  be  avoided  at  all  cost. 

Let  X — ^ Y be  an  etale  morphism  of  algebraic  spaces.  Then  X is  an  object  of 
Yspaces, etale  and  it  is  immediate  from  the  definitions,  see  also  the  proof  of  Lemma 
|53.1 7.101  that 

(53.26.0.1)  XSpaceSietale  — Yspaees , etale  / H 

where  the  right  hand  side  is  the  localization  of  the  site  YspaceStetaie  at  the  object 
X , see  Sites,  Definition|7.24.1|  Moreover,  this  identification  is  compatible  with  the 
structure  sheaves  by  Lemma  53.25.1  Hence  the  ringed  site  (Xspaces  ^taie,  Ox)  is 
identified  with  the  localization  of  the  ringed  site  (YspaCes, etale ,Oy)  at  the  object 
X: 

(53.26.0.2)  (XspQces 

,e£aZe?^x)  (-^ spaces , etale / X,  Oy  \ YspaCe,,£taU  /x) 

The  localization  of  a ringed  site  used  on  the  right  hand  side  is  defined  in  Modules 
on  Sites,  Definition  1 1 8 . 1 9 . 1] 

Assume  now  A'  -A  Y is  an  etale  morphism  of  algebraic  spaces  and  X is  a scheme. 
Then  X is  an  object  of  Y^taie  and  it  follows  that 

(53.26.0.3)  Xetaie  = Y etale /X 

and 

(53.26.0.4)  ( Xetaie , Ox)  = (■ YetaleIX , 0Y\Ytt<a./x) 

as  above. 

Finally,  if  X —>  Y is  an  etale  morphism  of  algebraic  spaces  and  X is  an  affine 
scheme,  then  X is  an  object  of  Ya//me,etaie  and 

(53.26.0.5)  Xaf fine^etale  ~ Yaf  fine, etale/  X 


^Also  (f')*(G\Y')  — (f*G)\x'  by  commutativity  of  the  diagram  and  (53.25.1.1 1 


04M3 


04M4 


04M5 


04KI 
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and 

(53.26.0.6)  (Xaffinejetale,Ox)  = ( Yaffine,etale/X,Oy\YaffinBitaU/X ) 

as  above. 

Next,  we  show  that  these  localizations  are  compatible  with  morphisms. 
Lemma  53.26.1.  Let  S be  a scheme.  Let 


be  a commutative  diagram  of  algebraic  spaces  over  S with  p and  q etale.  Via  the 
identifications  (53.26.0.2)  for  U — > X and  V — > Y the  morphism  of  ringed  topoi 


),9  spaces, etale,  9^)  • )Sh(U spaces,  etale)  ,Ojj)  ^ (,Sh(VSpaces^tale)  , ) 

is  2-isomorphic  to  the  morphism  {f spaces, etale, c,  fc)  constructed  in  Modules  on  Sites, 
Lemma  18.20.2  starting  with  the  morphism  of  ringed  sites  {f spaces, etale,  f^)  and  the 


map  c : U — > V Xyl  corresponding  to  g. 

Proof.  The  morphism  (/ spaces, etale, c,  fc)  is  defined  as  a composition  /'  o j of  a 
localization  and  a base  change  map.  Similarly  g is  a composition  U — X V XyX  —X  V. 
Hence  it  suffices  to  prove  the  lemma  in  the  following  two  cases:  (1)  / = id,  and  (2) 
U = X Xy  V.  In  case  (1)  the  morphism  g : U 
Hence  )gspaces 


V is  etale,  see  Lemma  53.15.6 
s , etale,  9^)  is  a localization  morphism  by  the  discussion  surrounding 


Equations  (53.26.0.1)  and  (53.26.0.2)  which  is  exactly  the  content  of  the  lemma 


in  this  case.  In  case  (2)  the  morphism  gSpaces, etale  comes  from  the  morphism  of 
ringed  sites  given  by  the  functor  Vspaces, etale  Uspaces^taie,  V' /V  i-X  V'  xy  U/U 


which  is  also  what  the  morphism  f is  defined  by,  see  Sites,  Lemma  7.27.1|  We 
omit  the  verification  that  (/')**  = g **  in  this  case  (both  are  the  restriction  of  /**  to 

U spaces, etale)  • E- 1 


53.26.1 


except 


Lemma  53.26.2.  Same  notation  and  assumptions  as  in  Lemma 
that  we  also  assume  U and  V are  schemes.  Via  the  identifications  \53.26. (L\)  for 
(7-lX  and  V — > Y the  morphism  of  ringed  topoi 

(. g small,  9 **)  : ( Sh(U^tale),Ou ) » (. Sh(Vitale),  @V ) 


is  2-isomorphic  to  the  morphism  (/s. 
Lemma 


ai i,s,  ft)  constructed  in  Modules  on  Sites, 


18.22.3  starting  with  (/ small,  ft)  and  the  map  s : hjj 


fsmaiihv  corre- 


sponding to  g. 

Proof.  Note  that  (g small,  9^)  is  2-isomorphic  as  a morphism  of  ringed  topoi  to  the 
morphism  of  ringed  topoi  associated  to  the  morphism  of  ringed  sites  (g spaces, etale,  9^)- 
Hence  we  conclude  by  Lemma [53. 26. 1|  and  Modules  on  Sites,  Lemma [18. 22. 4[  □ 

53.27.  Recovering  morphisms 

In  this  section  we  prove  that  the  rule  which  associates  to  an  algebraic  space  its 
locally  ringed  small  etale  topos  is  fully  faithful  in  a suitable  sense,  see  Theorem 

153.27.41 


53.27.  RECOVERING  MORPHISMS 


3555 


04KJ  Lemma  53.27.1.  Let  S be  a scheme.  Let  f : X — » Y be  a morphism  of  alge- 
braic spaces  over  S.  The  morphism  of  ringed  topoi  (f small,  P)  associated  to  f is  a 
morphism  of  locally  ringed  topoi,  see  Modules  on  Sites,  Defjnition\18.397i\ 


Proof.  Note  that  the  assertion  makes  sense  since  we  have  seen  that  {X^tai 
and  (Yetaie , £V«,ta ,e)  are  locally  ringed  sites,  see  Lemi 
that  X stale  has  enough  points,  see  Theorem|53.18.12 


,o. 


53.21.3 


xitaU) 

Moreover,  we  know 
Hence  it  suffices  to  prove  that 
To  see  this 


18.39.8 


(f small,  f^)  satisfies  condition  (3)  of  Modules  on  Sites,  Lemma 

take  a point  p of  X stale-  By  Lemma  [53. 18.1 3|  p corresponds  to  a geometric  point 
x of  X.  By  Lemma  [53.18.9|  the  point  q = f small  °P  corresponds  to  the  geometric 
point  y = fox  of  Y . Hence  the  assertion  we  have  to  prove  is  that  the  induced  map 
of  etale  local  rings 


Oy,y  — > Ox.x 

is  a local  ring  map.  You  can  prove  this  directly,  but  instead  we  deduce  it  from  the 
corresponding  result  for  schemes.  To  do  this  choose  a commutative  diagram 


where  U and  V are  schemes,  and  the  vertical  arrows  are  surjective  etale  (see  Spaces, 
Lemma  52.11.6).  Choose  a lift  u : x — >•  U (possible  by  Lemma  53.18.5).  Set 
v = tp  ou.  We  obtain  a commutative  diagram  of  etale  local  rings 


Out 


Oy,v 


Oh- 


0Y,y- 


By  Etale  Cohomology,  Lemma  49.41.1  the  top  horizontal  arrow  is  a local  ring  map. 
Finally  by  Lemma|53.21.1|the  vertical  arrows  are  isomorphisms.  Hence  we  win.  □ 

04KK  Lemma  53.27.2.  Let  S be  a scheme.  Let  X , Y be  algebraic  spaces  over  S . Let 
f : X — ► Y be  a morphism  of  algebraic  spaces  over  S . Let  t be  a 2-morphism  from 
( f small,  P)  to  itself,  see  Modules  on  Sites,  Definition  I 


18.8.1 


Then  t = id. 


Proof.  Let  X',  resp.  Y'  be  X viewed  as  an  algebraic  space  over  Spec(Z),  see 
Spaces,  Definition  52.16.2  It  is  clear  from  the  construction  that  (Xsrnau,  O)  is 
equal  to  ( X'srnall,0 ) and  similarly  for  Y.  Hence  we  may  work  with  X'  and  Y' . In 
other  words  we  may  assume  that  S = Spec(Z). 

Assume  S = Spec(Z),  / : X — > Y and  t are  as  in  the  lemma.  This  means  that 
t : f~  M f small  a transformation  of  functors  such  that  the  diagram 


fsmall°Y 


is  commutative.  Suppose  V — > Y is  etale  with  V affine.  Write  V = Spec (B). 
Choose  generators  bj  G B,  j £ J for  B as  a Z-algebra.  Set  T = Spec(Z[{a,'j}7e,/]). 
In  the  following  we  will  use  that  Mor  sch{U,  T)  = Y\^jT{U,Ou)  for  any  scheme  U 
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without  further  mention.  The  surjective  ring  map  Z[xj\  —>  Xj  K > bj  corresponds 
to  a closed  immersion  V — > T.  We  obtain  a monomorphism 

i:V  — >Ty  =T  xY 


of  algebraic  spaces  over  Y.  In  terms  of  sheaves  on  Y^taie  the  morphism  i induces  an 
injection  hi  : hy  — > \\,^j  @y  of  sheaves.  The  base  change  i!  : X XyV  ->  Tx  of  i to 
X is  a monomorphism  too  (Spaces,  Lemma  52.5.5).  Hence  i'  : X Xy  V — ► Tx  is  a 
monomorphism,  which  in  turn  means  that  hy  : hxxvV  — ► fljej  is  an  injection 
of  sheaves.  Via  the  identification  f~malihv  = hxxYv  of  Lemma  53.18.9  the  map 
hy  is  equal  to 


nr 


fsmallhV  life  J fsmall°Y 

(verification  omitted).  This  means  that  the  map  t : /,_1 
the  commutative  diagram 


jeJ 

small^V 


hv  fslaiihv  fits  into 


fsmallhV  — 


n,eJ  ft 


-l 


■i£J  J small 


Oy 


n/“ 


njeJox 


f small^Y 


t 

n* 

' f-'hi 

Li  « n/“ 

id 


ri  /eJ  f small^Y 


r ijej0 


The  commutativity  of  the  right  square  holds  by  our  assumption  on  t explained 
above.  Since  the  composition  of  the  horizontal  arrows  is  injective  by  the  discussion 
above  we  conclude  that  the  left  vertical  arrow  is  the  identity  map  as  well.  Any 
sheaf  of  sets  on  Y&ale  admits  a surjection  from  a (huge)  coproduct  of  sheaves  of  the 
form  hy  with  V affine  (combine  Lemma  53.17.5  with  Sites,  Lemma  7.13.5).  Thus 
we  conclude  that  t : ffmaii  f7maii  is  the  identity  transformation  as  desired.  □ 


04M6  Lemma  53.27.3.  Let  S be  a scheme.  Let  X , Y be  algebraic  spaces  over  S . Any 
two  morphisms  a,  b : X — > Y of  algebraic  spaces  over  S for  which  there  exists  a 
2-isomorphism  (a8ma,u,cfl)  = (bsmau,lfl)  in  the  2-category  of  ringed  topoi  are  equal. 


Proof.  Let  t : a„ 


b small  he  the  2-isomorphism.  We  may  equivalently  think 


of  t as  a transformation  t : 


spaces,  etale 


b 


-l 

spaces, etale 


since  there  is  not  difference 


between  sheaves  on  X^taie  and  sheaves  on  Xspaces, etale-  Choose  a commutative 
diagram 

U V 


where  U and  V are  schemes,  and  p and  q are  surjective  etale.  Consider  the  diagram 

bu  a ^ ^ spaces ^etaleb'V 


bu  ^ bspaces  6taiehy 
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Since  the  sheaf  bsf)aces  £ ta[ehv  is  isomorphic  to  hyXYbx  we  see  that  the  dotted  arrow 
comes  from  a morphism  of  schemes  ft  : U — > V fitting  into  a commutative  diagram 


U 


V 


X 


V 


We  claim  that  there  exists  a sequence  of  2-isomorphisms 

[cX-small,  oO)  = spaces, etale,  0$) 

= (.d  spaces, etale, c,  ^c) 

= ( b spaces, etale, d. , b\) 

= (/^ spaces,  etalei  0*) 

= {P small,  ft) 

The  first  and  the  last  2-isomorphisms  come  from  the  identifications  between  sheaves 
on  U spaces, etaie  and  sheaves  on  U^taie  and  similarly  for  V.  The  second  and  fourth 
2-isomorphisms  are  those  of  Lemma  53.26.1  with  c : U — >•  X xay  V induced  by  a 


and  d : U —>  X x^y  V induced  by  p.  The  middle  2-isomorphism  comes  from  the 


transformation  t.  Namely,  the  functor  a 


-l 

spaces, etale, c 


corresponds  to  the  functor 


(TL  — > hy ) 


ft  spaces  ,etalft~^  ^ " 1 


hv,a 


hjj  —¥  hjj) 


and  similarly  for  bj  ital  d,  see  Sites,  Lemma 


7.27.3 


This  uses  the  identification 


of  sheaves  on  Y spaces, etale /Y asarrows  (TL  hy)  in  Sh(Yspaces,i.taie)  and  similarly 


for  U/X,  see  Sites,  Lemma  7.24.4  Via  this  identification  the  structure  sheaf  Oy 
corresponds  to  the  pair  (Oy  xhy  —>■  hy)  and  similarly  for  Ojj,  see  Modules  on  Sites, 
Lemma|l8.21.3[  Since  t switches  a and  p we  see  that  t induces  an  isomorphism 


t : a 


-l 

spaces,  etale 


nx„-x 


hv,a 


h-1 
spaces, etale 


H x.-i 


,hy,h 


over  hy/  functorially  in  (Tl  — > hy).  Also,  t is  compatible  with  a\  and  bd  as  t is 
compatible  with  a ^ and  b ® by  our  description  of  the  structure  sheaves  Ojj  and 
Oy  above.  Hence,  the  morphisms  of  ringed  topoi  (aSmaii,  ft)  and  (psmaii,  0)  are 
2-isomorphic.  By  Etale  Cohomology,  Lemma  |49.41.3  we  conclude  a = p\  Since 
p : U — > X is  a surjection  of  sheaves  it  follows  that  a = b.  □ 


04KL 


Here  is  the  main  result  of  this  section. 

Theorem  53.27.4.  Let  X , Y be  algebraic  spaces  over  Spec(Z).  Let 

W)  : (Sh(Xetale),Ox)  ~ > (Sh(Yitale) , Oy) 

be  a morphism  of  locally  ringed  topoi.  Then  there  exists  a unique  morphism  of 
algebraic  spaces  f : X —>Y  such  that  (g,g^)  is  isomorphic  to  (/ small,  ft)-  In  other 
words,  the  construction 

Spaces/  Spec(Z)  — > Locally  ringed  topoi , X — > (X^taie,  Ox) 
is  fully  faithful  (morphisms  up  to  2 -isomorphisms  on  the  right  hand  side). 
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Proof.  The  uniqueness  we  have  seen  in  Lemma  [53.27.3[  Thus  it  suffices  to  prove 
existence.  In  this  proof  we  will  freely  use  the  identifications  of  Equation  (53.26.0.4) 
as  well  as  the  result  of  Lemma  153.26.21 

Let  U £ Ob(Xetaie),  let  V £ ObiYetaie)  and  let  s £ g~1hy(U)  be  a section.  We 
may  think  of  s as  a map  of  sheaves  s : hu  — > g~1hy . By  Modules  on  Sites,  Lemma 
|18.22.3|  we  obtain  a commutative  diagram  of  morphisms  of  ringed  topoi 

(Sh(X,tale/U),  Ou) — {Sh(Xitale),Ox) 


(j,f) 


(9s, gl) 


( Sh(Vitale) , Ov ) 


(9,9") 


(Sh(Yetale) , Oy) . 


By  Etale  Cohomology,  Theorem  49.41.5  we  obtain  a unique  morphism  of  schemes 
fs  : U — >•  V such  that  (gs,gt)  is  2-isomorphic  to  (/ Sj small,  /!)•  The  construction 
( U , V,  s ) -w  fs  just  explained  satisfies  the  following  functoriality  property:  Suppose 
given  morphisms  a : U'  — > U in  X^taie  and  b : V'  — > V in  Yetaie  and  a map 
s'  : hjji  — > g~1hv>  such  that  the  diagram 

hjji g~1hy 

S 

9_1b 


g 1 hv 


commutes.  Then  the  diagram 


U’  u(V’) 


j,(b) 


U—^u(V) 

of  schemes  commutes.  The  reason  this  is  true  is  that  the  same  condition  holds  for 
the  morphisms  (gs,gl)  constructed  in  Modules  on  Sites,  Lemma 
uniqueness  in  Etale  Cohomology,  Theorem 


49.41.5 


18.22.3 


and  the 


The  problem  is  to  glue  the  morphisms  fs  to  a morphism  of  algebraic  spaces.  To 
do  this  first  choose  a scheme  V and  a surjective  etale  morphism  V Y.  This 
means  that  hy  — > * is  surjective  and  hence  g~1hy  — > * is  surjective  too.  This 
means  there  exists  a scheme  U and  a surjective  etale  morphism  U — > X and  a 
morphism  s : hu  — > g~1hy.  Next,  set  R = V Xy  V and  R'  = U Xx  U.  Then 
we  get  g^1hn  = g~1hy  x g~1hy  as  g~1  is  exact.  Thus  s induces  a morphism 
s x s : h,Ri  — » g~lh r.  Applying  the  constructions  above  we  see  that  we  get  a 
commutative  diagram  of  morphisms  of  schemes 


R! 


U - 


R 


Y 

> V 


Since  we  have  X = U/R ’ and  Y = V/R  (see  Spaces,  Lemma  52.9.1)  we  conclude 
that  this  diagram  defines  a morphism  of  algebraic  spaces  / : X — ► Y fitting  into 
an  obvious  commutative  diagram.  Now  we  still  have  to  show  that  ( f small > /*)  is 
2-isomorphic  to  {g,g^).  Let  tv  : f~]maU  ->•  gj1  and  tR  : f; 


sxs, small 


9 sxs  be  the 
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05YZ 


03G5 


03G9 


03GA 


2-isomorphisms  which  are  given  to  us  by  the  construction  above.  Let  Q be  a sheaf 
on  Y£taie.  Then  we  see  that  ty  defines  an  isomorphism 

fsmallG\Uetale  = fs,lmallG  \v6taU  ^ gJ1G\  VUalB  = g~XG  \u6tale  ■ 

Moreover,  this  isomorphism  pulled  back  to  R'  via  either  projection  R'  — > U is  the 
isomorphism 

f small  G I R'etale  = fsXS,smallG  l^tale  ^ 9sXSG\R6tale  = ^GIr'^- 

Since  {U  — > X}  is  a covering  in  the  site  X 'spaces, etaie  this  means  the  first  displayed 
isomorphism  descends  to  an  isomorphism  t : fffmau  G —>  g~xG  of  sheaves  (small 
detail  omitted).  The  isomorphism  is  functorial  in  Q since  ty  and  t r are  transfor- 
mations of  functors.  Finally,  t is  compatible  with  and  g $ as  ty  and  tR  are  (some 
details  omitted).  This  finishes  the  proof  of  the  theorem.  □ 


Lemma  53.27.5.  Let  X,  Y be  algebraic  spaces  over  Z.  If 

(s,ff“)  : (Sh(Xitale),Ox)  — > (Sh(Y,tale),0Y) 


is  an  isomorphism  of  ringed  topoi,  then  there  exists  a unique  morphism,  f : X Y 
of  algebraic  spaces  such  that  (g,g^)  is  isomorphic  to  (/ small,  ft)  and  moreover  f is 
an  isomorphism  of  algebraic  spaces. 


Proof.  By  Theorem  53.27.4  it  suffices  to  show  that  (g,  g^)  is  a morphism  of  locally 
ringed  topoi.  By  Modules  on  Sites,  Lemma  18.39.8  (and  since  the  site  X^taie  has 
enough  points)  it  suffices  to  check  that  the  map  Oy — » Ox,P  induced  by  g $ is  a 
local  ring  map  where  q = fop  and  p is  any  point  of  X^taie.  As  it  is  an  isomorphism 
this  is  clear.  □ 


53.28.  Quasi-coherent  sheaves  on  algebraic  spaces 


In  Descent,  Section  34.7  we  have  seen  that  for  a scheme  U,  there  is  no  difference 
between  a quasi-coherent  dy-module  on  U,  or  a quasi-coherent  0-module  on  the 
small  etaie  site  of  U . Hence  the  following  definition  is  compatible  with  our  original 


notion  of  a quasi-coherent  sheaf  on  a scheme  (Schemes,  Section  25.24),  when  applied 
to  a representable  algebraic  space. 

Definition  53.28.1.  Let  5 be  a scheme.  Let  X be  an  algebraic  space  over 
S.  A quasi-coherent  0x~niodule  is  a quasi-coherent  module  on  the  ringed  site 


{X etaie?  Ox)  in  the  sense  of  Modules  on  Sites,  Definition  18.23.1  The  category  of 
quasi-coherent  sheaves  on  X is  denoted  QCoh{Ox )■ 


Note  that  as  being  quasi-coherent  is  an  intrinsic  notion  (see  Modules  on  Sites, 
Lemma  18.23.2)  this  is  equivalent  to  saying  that  the  corresponding  0x-nrodule  on 
X spaces , etaie  is  quasi-coherent. 


As  usual,  quasi-coherent  sheaves  behave  well  with  respect  to  pullback. 

Lemma  53.28.2.  Let  S be  a scheme.  Let  f : X — >•  Y be  a morphism  of  algebraic 
spaces  over  S.  The  pullback  functor  f*  : Mod(Oy)  — > Mod(Ox ) preserves  quasi- 
coherent  sheaves. 


Proof.  This  is  a general  fact,  see  Modules  on  Sites,  Lemma [18. 23. 4|  □ 
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Note  that  this  pullback  functor  agrees  with  the  usual  pullback  functor  between 
quasi-coherent  sheaves  of  modules  if  X and  Y happen  to  be  schemes,  see  De- 
scent, Proposition  |34.7.14|  Here  is  the  obligatory  lemma  comparing  this  with 
quasi-coherent  sheaves  on  the  objects  of  the  small  etale  site  of  X. 

03LZ  Lemma  53.28.3.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  A 
quasi-coherent  Ox-module  F is  given  by  the  following  data: 

(1)  for  every  U G Ob(X<s taie)  a quasi-coherent  Ojj-module  Fj  on  U^taie, 

(2)  for  every  f : U'  — ► U in  Xgtaie  an  isomorphism  cj  : fsmall^u  -t  ?U'  ■ 
These  data  are  subject  to  the  condition  that  given  any  f : U'  — ► U and  g : U"  —>  U' 
in  X £taie  the  composition  g^maucf  ° cg  is  equal  to  Cfog. 

Proof.  Combine  Lemmas  153. 28.21  and  153.25.31  □ 


05VP  Lemma  53.28.4.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let 
F be  a quasi-coherent  Ox-module.  Let  x G |X|  be  a point  and  let  x be  a geometric 
point  lying  over  x.  Finally,  let  ip  : ( U,u ) — ► (X,x)  be  an  etale  neighbourhood  where 
U is  a scheme.  Then 

(p*F)u  ®X,x  = 
where  u G U is  the  image  ofu. 


Proof. 


Note  that  Ox.x  = 0'u,u  by  Lemma 


53.21.1 


sense.  Moreover,  from  De£nition|53.18.6|it  is  clear 


hence  the  tensor  product  makes 
that 


Fu  = colim(y>*  F)u 


where  the  colimit  is  over  ip  : (U,  u ) — > ( X , x)  as  in  the  lemma.  Hence  there  is  a 
canonical  map  from  left  to  right  in  the  statement  of  the  lemma.  We  have  a similar 
colimit  description  for  Ox,x  and  by  Lemma  53.28.3  we  have 

{{p')*F)u' = {p*F)u®oUuOu,y 


whenever  ( 'U' ,u' ) — ► (U,u)  is  a morphism  of  etale  neighbourhoods.  To  complete 
the  proof  we  use  that  ® commutes  with  colimits.  □ 


05VQ  Lemma  53.28.5.  Let  S be  a scheme.  Let  f : X -A  Y be  a morphism  of  algebraic 
spaces  over  S.  Let  Q be  a quasi-coherent  Oy  -module.  Let  x be  a geometric  point  of 
X and  lety  = fox  be  the  image  in  Y . Then  there  is  a canonical  isomorphism 

( f*Q)x  = Gy®OY,y  Ox,x 

of  the  stalk  of  the  pullback  with  the  tensor  product  of  the  stalk  with  the  local  ring  of 
X at  x. 


Proof.  Since  f*Q  = fsmauG  0 Ox  this  follows  from  the  description  of 

stalks  of  pullbacks  in  Lemma  53.18.9  and  the  fact  that  taking  stalks  commutes  with 
tensor  products.  A more  direct  way  to  see  this  is  as  follows.  Choose  a commutative 
diagram 
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where  U and  V are  schemes,  and  p and  q are  surjective  etale.  By  Lemma  [53. 18.4| 
we  can  choose  a geometric  point  u of  U such  that  x = p o u.  Set  v = a o u.  Then 
we  see  that 


(f*Gh  = (. V*f*G)u  ®Ou,u  Ox,x 

= (a*q*G)u  ®0u,M  Ox,m 
= ( q*G)v  ®Ov,v  Ou,u  ®Ou,u  @X,x 

= ( q*G)v  ®ov,v  Ox,x 

= ( q*G)v  00k,,  Oy,y  ®0Y,y  ®X,x 
= Gy  ®0Y)V  Ox,x 

(twice)  and  the  corresponding  result  for  pullbacks 
of  quasi-coherent  sheaves  on  schemes,  see  Sheaves,  Lemma  [6. 26. 4|  □ 

03M0  Lemma  53.28.6.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let  T 
be  a sheaf  of  Ox-modules.  The  following  are  equivalent 

(1)  T is  a quasi-coherent  Ox-module, 

(2)  there  exists  an  etale  morphism  f :Y  -A  X of  algebraic  spaces  over  S with 
|/|  : |y|  -A  |.Xj  surjective  such  that  f*T  is  quasi-coherent  on  Y, 

(3)  there  exists  a scheme  U and  a surjective  etale  morphism  tp  : U -A  A'  such 
that  <p*J-  is  a quasi-coherent  Ou -module,  and 

(4)  for  every  affine  scheme  U and  etale  morphism  ip  : U -A  X the  restriction 
ip*J-  is  a quasi-coherent  Ou-module. 


Here  we  have  used  Lemma  53.28.4 


Proof.  It  is  clear  that  (1)  implies  (2)  by  considering  id.v-  Assume  / : Y — > X is 
as  in  (2),  and  let  V — > Y be  a surjective  etale  morphism  from  a scheme  towards  Y . 
Then  the  composition  V -A  X is  surjective  etale  as  well  and  by  Lemma [53. 28. 2| the 
pullback  of  T to  V is  quasi-coherent  as  well.  Hence  we  see  that  (2)  implies  (3). 


Let  U -A  T be  as  in  (3).  Let  us  use  the  abuse  of  notation  introduced  in  Equation 
(53.25.1.1).  As  J-\u6talc  is  quasi-coherent  there  exists  an  etale  covering  {Ui  —>  U} 
such  that  X\iJi  ita.u  ^as  a global  presentation,  see  Modules  on  Sites,  Definition 
|18.17.1|  and  Lemma  [18.23.3|  Let  V — > X be  an  object  of  X^taie-  Since  U -A  X 
is  surjective  and  etale,  the  family  of  maps  {Ui  xx  V — >•  V}  is  an  etale  covering 
of  V.  Via  the  morphisms  Ui  Xx  V -A-  Ui  we  can  restrict  the  global  presentations 
of  T\ Ui^tau  1°  get  a global  presentation  of  F\ (c/ixxv)<ta!e  Hence  the  sheaf  T on 
X etale  satisfies  the  condition  of  Modules  on  Sites,  Definition  18.23.1  and  hence  is 
quasi-coherent. 


03M1 


The  equivalence  of  (3)  and  (4)  comes  from  the  fact  that  any  scheme  has  an  affine 
open  covering.  □ 

Lemma  53.28.7.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  The 
category  QCoh(Ox ) of  quasi-coherent  sheaves  on  X has  the  following  properties: 

(1)  Any  direct  sum  of  quasi-coherent  sheaves  is  quasi-coherent. 

(2)  Any  colimit  of  quasi-coherent  sheaves  is  quasi-coherent. 

(3)  The  kernel  and  cokernel  of  a morphism  of  quasi-coherent  sheaves  is  quasi- 
coherent. 

(4)  Given  a short  exact  sequence  of  O x -modules  0 A Ji  A J2  A Jj  A 0 t/ 
two  out  of  three  are  quasi-coherent  so  is  the  third. 

(5)  Given  two  quasi-coherent  Ox -modules  the  tensor  product  is  quasi-coherent. 
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(6)  Given  two  quasi- coherent  Ox -modules  T , Q such  that  T is  of  finite  presen- 
tation (see  Section  53.29),  then  the  internal  horn  'Hjomox{fF ,G)  is  quasi- 
coherent. 


Proof.  Note  that  we  have  the  corresponding  result  for  quasi-coherent  modules  on 
schemes,  see  Schemes,  Section  |25.24|  We  will  reduce  the  lemma  to  this  case  by 
etale  localization.  Choose  a scheme  U and  a surjective  etale  morphism  ip  : U — ► X. 
In  order  to  formulate  this  proof  correctly,  we  temporarily  go  back  to  making  the 
(pedantic)  distinction  between  a quasi-coherent  sheaf  Q on  the  scheme  U and  the 
associated  quasi-coherent  sheaf  Qa  (see  Descent,  Definition  34.7.2)  on  Unale  We 
have  a commutative  diagram 


QCoh{Ox ) QCoh{Ou) 

V 

Mod{Ox) ^ Mod(Ou) 


The  bottom  horizontal  arrow  is  the  restriction  functor  (53.25.1.1)  Q K »•  G\u6tau- 
This  functor  has  both  a left  adjoint  and  a right  adjoint,  see  Modules  on  Sites, 
Section  |18.19[  hence  commutes  with  all  limits  and  colimits.  Moreover,  we  know 
that  an  object  of  Mod(Ox ) is  in  QCoh(Ox)  if  and  only  if  its  restriction  to  U 
is  in  QCoh(Ojj),  see  Lemma  53.28.6  Let  T,  be  a family  of  quasi-coherent  Ox- 
modules.  Then  is  an  Ox-module  whose  restriction  to  U is  the  direct  sum 

of  the  restrictions.  Let  Gi  be  a quasi-coherent  sheaf  on  U with  Fi\uitaie  = G?- 
Combining  the  above  with  Descent,  Lemma  34.7.13|  we  see  that 

© Fi)  I UetaU  = © Fi\  Vitale  = © Gi  = ( © Oi 


hence  ® J)  is  quasi-coherent  and  (1)  follows.  The  other  statements  are  proved  just 
so  (using  the  same  references).  □ 


It  is  in  general  not  the  case  that  the  pushforward  of  a quasi-coherent  sheaf  along 
a morphism  of  algebraic  spaces  is  quasi-coherent.  We  will  return  to  this  issue  in 
Morphisms  of  Spaces,  Section  [54. 11| 


53.29.  Properties  of  modules 

05VR  In  Modules  on  Sites,  Sections  |18.17[  [18.23[  and  Definition  |18.28. 1]  we  have  defined 
a number  of  intrinsic  properties  of  modules  of  0-module  on  any  ringed  topos.  If  A' 
is  an  algebraic  space,  we  will  apply  these  notions  freely  to  modules  on  the  ringed 
site  ( X&taie,Ox ),  or  equivalently  on  the  ringed  site  (X spaces, etale,  Ox)- 

Global  properties  V: 

(a)  free, 

(b)  finite  free, 

(c)  generated  by  global  sections , 

(d)  generated  by  finitely  many  global  sections, 

(e)  having  a global  presentation,  and 

(f)  having  a global  finite  presentation. 

Local  properties  V: 

(g)  locally  free , 

(f)  finite  locally  free , 
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GO 

(0 

(j) 

(k) 

(l) 
(m) 


locally  generated  by  sections , 
locally  generated  by  r sections , 
finite  type, 


quasi- coherent  (see  Section  53.28), 
of  finite  presentation, 
coherent,  and 


(n)  flat. 

Here  are  some  results  which  follow  immediately  from  the  definitions: 

(1)  In  each  case,  except  for  V = “coherent”,  the  property  is  preserved  under 
pullback,  see  Modules  on  Sites,  Lemmas  |18.17.2[  |18.23.4[  and  |18.38.3| 

(2)  Each  of  the  properties  above  (including  coherent)  are  preserved  under 
pullbacks  by  etale  morphisms  of  algebraic  spaces  (because  in  this  case 
pullback  is  given  by  restriction,  see  Lemma  53.17.10). 

(3)  Assume  / : Y — > X is  a surjective  etale  morphism  of  algebraic  spaces.  For 
each  of  the  local  properties  (g)  - (m),  the  fact  that  f*T  has  V implies 
that  T has  V.  This  follows  as  {Y  — ► A"}  is  a covering  in  X spaces, etale  and 
Modules  on  Sites,  Lemma  18.23.3| 

(4)  If  X is  a scheme,  J7  is  a quasi-coherent  module  on  X etale,  and  V any 
property  except  “coherent”  or  “locally  free”,  then  V for  T on  Xet.aie  is 
equivalent  to  the  corresponding  property  for  T\xZar,  he.,  it  corresponds 
to  V for  J-  when  we  think  of  it  as  a quasi-coherent  sheaf  on  the  scheme 
X.  See  Descent,  Lemma[34.7.12| 

(5)  If  A is  a locally  Noetherian  scheme,  J7  is  a quasi-coherent  module  on 
Xet.aie,  then  T is  coherent  on  X^taie  if  and  only  if  T\xZar  is  coherent,  i.e., 
it  corresponds  to  the  usual  notion  of  a coherent  sheaf  on  the  scheme  X 
being  coherent.  See  Descent,  Lemma[34.7.12| 


53.30.  Locally  projective  modules 

060P  Recall  that  in  Properties,  Section|27.21|we  defined  the  notion  of  a locally  projective 
quasi-coherent  module. 

060Q  Lemma  53.30.1.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let  J- 
be  a quasi-coherent  Ox -module.  The  following  are  equivalent 

(1)  for  some  scheme  U and  surjective  etale  morphism  U — > X the  restriction 
F\u  is  locally  projective  on  U,  and 

(2)  for  any  scheme  U and  any  etale  morphism  U — ► X the  restriction  F\u  is 
locally  projective  on  U . 


Proof.  Let  U — ► X be  as  in  (1)  and  let  V — > X be  etale  where  V is  a scheme.  Then 
{U  Xx  V — >■  P}  is  an  fppf  covering  of  schemes.  Hence  if  T\u  is  locally  projective, 
then  J-\uxxv  is  locally  projective  (see  Properties,  Lemma  27.21.3)  and  hence  F\v 
is  locally  projective,  see  Descent,  Lemma [34.6. 7|  □ 


060R  Definition  53.30.2.  Let  S'  be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
J7  be  a quasi-coherent  Ox-module.  We  say  J7  is  locally  projective  if  the  equivalent 
conditions  of  Lemma (53.30. II  are  satisfied. 


060S  Lemma  53.30.3.  Let  S be  a scheme.  Let  f : X — » Y be  a morphism  of  algebraic 
spaces  over  S.  Let  Q be  a quasi-coherent  Oy  -module.  If  Q is  locally  projective  on 
Y , then  f*Q  is  locally  projective  on  X . 
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Proof.  Choose  a surjective  etale  morphism  V — > Y with  V a scheme.  Choose  a 
surjective  etale  morphism  U — > V Xy  X with  U a scheme.  Denote  if  : U — ► V the 
induced  morphism.  Then 

rg\u  = r(G\v) 

Hence  the  lemma  follows  from  the  definition  and  the  result  in  the  case  of  schemes, 
see  Properties,  Lemma  [27. 21. 3|  □ 


53.31.  Quasi-coherent  sheaves  and  presentations 


Let  5 be  a scheme.  Let  A'  be  an  algebraic  space  over  S.  Let  X = U/R  be  a 
presentation  of  X coming  from  any  surjective  etale  morphism  p : U — > X,  see 

In  particular,  we  obtain  a groupoid  (U,R,s,t,c),  such 

In  Groupoids, 


Spaces,  Definition  |52.9.3 
that  j = (t,  s) 


: R 


U Xg  U,  see  Groupoids,  Lemma  38.13.3 


Definition  |38.14.1|  we  have  the  defined  the  notion  of  a quasi-coherent  sheaf  on  an 
arbitrary  groupoid.  With  these  notions  in  place  we  have  the  following  observation. 

Proposition  53.31.1.  With  S , p : U -A  X , and  (U,R,s,t,c)  as  above.  For 
any  quasi-coherent  Ox -module  F the  sheaf  p*F  comes  equipped  with  a canonical 
isomorphism 

a : t*p*F — >s*p*F 

which  satisfies  the  conditions  of  Groupoids,  Definition\38. 14-7\  and  therefore  defines 
a quasi-coherent  sheaf  on  (U,R,s,t,c).  The  functor  F ha  ( p*F,a ) defines  an 
equivalence  of  categories 

Quasi-coherent  Quasi-coherent  modules 
Ox -modules  on  (U,  R,  s,t,c) 

Proof.  In  the  statement  of  the  proposition,  and  in  this  proof  we  think  of  a quasi- 
coherent  sheaf  on  a scheme  as  a quasi-coherent  sheaf  on  the  small  etale  site  of  that 
scheme.  This  is  permissible  by  the  results  of  Descent,  Section  [34. 7[ 

The  existence  of  a comes  from  the  fact  that  pot  = p o s and  that  pullback 


is  functorial  in  the  morphism,  see  discussion  surrounding  Equation  (53.25.0.1).  In 


exactly  the  same  way,  i.e. , by  functoriality  of  pullback,  we  see  that  the  isomorphism 
a satisfies  condition  (1)  of  Groupoids,  Definition  38.14.1  To  see  condition  (2)  of  the 
definition  it  suffices  to  see  that  a is  an  isomorphism  which  is  clear.  The  construction 
F ha  ( p*F , a)  is  clearly  functorial  in  the  quasi-coherent  sheaf  F.  Hence  we  obtain 
the  functor  from  left  to  right  in  the  displayed  formula  of  the  lemma. 

Conversely,  suppose  that  ( F,a ) is  a quasi-coherent  sheaf  on  ( U,R,s,t,c ).  Let 
F A X be  an  object  of  X etale-  In  this  case  the  morphism  V'  = U xx  V — > V is  a 
surjective  etale  morphism  of  schemes,  and  hence  {V'  — >•  V}  is  an  etale  covering  of 
V.  Moreover,  the  quasi-coherent  sheaf  F pulls  back  to  a quasi-coherent  sheaf  F'  on 
V' . Since  R = U Xx  U with  t = pr0  and  s = pr0  we  see  that  V'  x y V'  = R Xx  V 
with  projection  maps  V'  Xy  V'  -A  V'  equal  to  the  pullbacks  of  t and  s.  Hence 
a pulls  back  to  an  isomorphism  a'  : W^F'  -A  pr j F' , and  the  pair  ( F',a ')  is  a 
descend  datum  for  quasi-coherent  sheaves  with  respect  to  {V'  — > V}.  By  Descent, 


Proposition  34.5.2  this  descent  datum  is  effective,  and  we  obtain  a quasi-coherent 


Oy-module  Fy  on  V^aie-  To  see  that  this  gives  a quasi-coherent  sheaf  on  X et.aie 
we  have  to  show  (by  Lemma  53.28.3 ) that  for  any  morphism  / : V±  — ► Vi  in  X etaie 
there  is  a canonical  isomorphism  Cf  : Fy1  — > Fy2  compatible  with  compositions 
of  morphisms.  We  omit  the  verification.  We  also  omit  the  verification  that  this 
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defines  a functor  from  the  category  on  the  right  to  the  category  on  the  left  which 
is  inverse  to  the  functor  described  above.  □ 


077V  Proposition  53.31.2.  Let  S be  a scheme  Let  X be  an  algebraic  space  over  S . 

(1)  The  category  QCoh(Ox ) is  a Grothendieck  abelian  category.  Consequently, 
QCoh{Ox)  has  enough  injectives  and  all  limits. 

(2)  The  inclusion  functor  QCoh(Ox)  — > Mod(Ox)  has  a right  adjoin^] 

Q : Mod{Ox)  — > QCoh(Ox) 

such  that  for  every  quasi- coherent  sheaf  J-  the  adjunction  mapping  Q(J~)  — > 
J-  is  an  isomorphism. 


Proof.  This  proof  is  a repeat  of  the  proof  in  the  case  of  schemes,  see  Properties, 
Proposition |27,2.'I~f|  We  advise  the  reader  to  read  that  proof  first. 

Part  (1)  means  QCoh(Ox)  (a)  has  all  colimits,  (b)  filtered  colimits  are  exact,  and 


(c)  has  a generator,  see  Injectives,  Section  19.10  By  Lemma  53.28.7  colimits  in 


QCoh(Ox)  exist  and  agree  with  colimits  in  Mod(Ox )•  By  Modules  on  Sites,  Lemma 


18.14.2  filtered  colimits  are  exact.  Hence  (a)  and  (b)  hold. 


To  construct  a generator,  choose  a presentation  X = U/R  so  that  (U,  R,  s , t,  c ) is  an 
etale  groupoid  scheme  and  in  particular  s and  t are  flat  morphisms  of  schemes.  Pick 
a cardinal  re  as  in  Groupoids,  Lemma  38.15.6  Pick  a collection  ( £t,  center  of  re- 


generated quasi-coherent  modules  on  (U,  R,  s,  t,  c ) as  in  Groupoids,  Lemma  38.15.5 


Let  fFt  be  the  quasi-coherent  module  on  X which  corresponds  to  the  quasi-coherent 
module  (£t,at)  via  the  equivalence  of  categories  of  Proposition  53.31.1  Then  we 


see  that  every  quasi-coherent  module  TL  is  the  directed  colimit  of  its  quasi-coherent 
submodules  which  are  isomorphic  to  one  of  the  Tt-  Thus  JFt  is  a generator  of 
QCoh(Ox ) and  we  conclude  that  (c)  holds.  The  assertions  on  limits  and  injectives 
hold  in  any  Grothendieck  abelian  category,  see  Injectives,  Theorem  19.11.6  and 
Lemma  I19T3.2I 


Proof  of  (2).  To  construct  Q we  use  the  following  general  procedure.  Given  an 
object  T of  Mod(Ox)  we  consider  the  functor 

QCoh(Ox)°pp  — > Sets,  G— ►Horn X(G,F) 


This  functor  transforms  colimits  into  limits,  hence  is  representable,  see  Injectives, 
Lemma  19.13.1|  Thus  there  exists  a quasi-coherent  sheaf  Q{T)  and  a functorial 
isomorphism  Homx(17 ,R)  = Homx(£,  QP'7))  for  Q in  QCoh(Ox )■  By  the  Yoneda 
lemma  (Categories,  Lemma  |4.3.5 ) the  construction  T Q[fF)  is  functorial  in 
T . By  construction  Q is  a right  adjoint  to  the  inclusion  functor.  The  fact  that 
Q{fF)  — >■  X is  an  isomorphism  when  T is  quasi-coherent  is  a formal  consequence  of 
the  fact  that  the  inclusion  functor  QCoh(Ox)  — t Mod(Ox)  is  fully  faithful.  □ 


53.32.  Morphisms  towards  schemes 

05Z0  Here  is  the  analogue  of  Schemes,  Lemma [25. 6. 4| 

05Z1  Lemma  53.32.1.  Let  X be  an  algebraic  space  over  Z.  Let  T be  an  affine  scheme. 
The  map 

Mor(X,  T)  > Horn (T(T,  Ot),  T(X,  Ox)) 
which  maps  f to  /**  (on  global  sections)  is  bijective. 

7This  functor  is  sometimes  called  the  coherator. 
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Proof.  We  construct  the  inverse  of  the  map.  Let  ip  : T(T,Ot ) — > T(X,Ox)  be 
a ring  map.  Choose  a presentation  X = U / R.  see  Spaces,  Definition  |52.9.3  By 
Schemes,  Lemma|25.6.4|the  composition 

T(T,  Ot)  T(X,  Ox)  -»■  r (U,  Ou) 


corresponds  to  a unique  morphism  of  schemes  g : U — ► T.  By  the  same  lemma  the 
two  compositions  R U — » T are  equal.  Hence  we  obtain  a morphism  f : X = 
U/R—^T  such  that  U — > X — > T equals  g.  By  construction  the  diagram 


r (u,ov) 


T(X,Ox) 


commutes.  Hence  equals  ip  because  U — > X is  an  etale  covering  and  Ox  is  a 
sheaf  on  X^taie-  The  uniqueness  of  / follows  from  the  uniqueness  of  g.  □ 


53.33.  Quotients  by  free  actions 


071R  Let  S'  be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let  G be  an  abstract 
group.  Let  a : G — > Aut(X)  be  a homomorphism,  i.e.,  a is  an  action  of  G on  X. 
We  will  say  the  action  is  free  if  for  every  scheme  T over  S the  map 


071S 


G x X{T) 


X(T) 


is  free.  (We  cannot  use  a criterion  as  in  Spaces,  Lemma  52.14.3  because  points 
may  not  have  well  defined  residue  fields.)  In  case  the  action  is  free  we’re  going  to 
construct  the  quotient  X/G  as  an  algebraic  space.  This  is  a special  case  of  the 
general  Bootstrap,  Lemma  [67. 11. 7|  that  we  will  prove  later. 


Lemma  53.33.1.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let  G 
be  an  abstract  group  with  a free  action  on  X.  Then  the  quotient  sheaf  X/G  is  an 
algebraic  space. 


Proof.  The  statement  means  that  the  sheaf  F associated  to  the  presheaf 

T i — > X(T)/G 

is  an  algebraic  space.  To  see  this  we  will  construct  a presentation.  Namely,  choose 
a scheme  U and  a surjective  etale  morphism  ip  : U — > X.  Set  V = ]JggG  U and  set 
if  : V — > X equal  to  a(g)  o ip  on  the  component  corresponding  to  g £ G.  Let  G act 
on  V by  permuting  the  components,  i.e.,  go  £ G maps  the  component  corresponding 
to  g to  the  component  corresponding  to  gog  via  the  identity  morphism  of  U.  Then 
ip  is  a G-equivariant  morphism,  i.e.,  we  reduce  to  the  case  dealt  with  in  the  next 
paragraph. 

Assume  that  there  exists  a G-action  on  U and  that  U — ► X is  surjective,  etale 
and  G-equivariant.  In  this  case  there  is  an  induced  action  of  G on  R = U Xx  U 
compatible  with  the  projection  mappings  t,s  : R U.  Now  we  claim  that 

V/G  = C'/Hs6GR 

where  the  map 

j:  TT  R — > U xs  U 

J-lgeG 
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is  given  by  (r,  g)  K > (t(r),  g(s(r))).  Note  that  j is  a monomorphism:  If  (f(r),  g(s{r)))  = 
(t(r'),g'(s(r'))),  then  t(r)  = t(r '),  hence  r and  r'  have  the  same  image  in  X under 
both  s and  t,  hence  g = g'  (as  G acts  freely  on  X),  hence  s(r)  = s(r'),  hence  r = r’ 
(as  R is  an  equivalence  relation  on  U).  Moreover  j is  an  equivalence  relation  (de- 
tails omitted).  Both  projections  Jj R — ► U are  etale,  as  s and  t are  etale.  Thus 
j is  an  etale  equivalence  relation  and  U / UogCj  R is  an  algebraic  space  by  Spaces, 
Theorem |52. 10. 5[  There  is  a map 

wL U*-*/G 

induced  by  the  map  U — > X.  We  omit  the  proof  that  it  is  an  isomorphism  of 
sheaves.  □ 
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Morphisms  of  Algebraic  Spaces 
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54.1.  Introduction 

03H9  In  this  chapter  we  introduce  some  types  of  morphisms  of  algebraic  spaces.  A refer- 
ence is  |Knu71l. 

The  goal  is  to  extend  the  definition  of  each  of  the  types  of  morphisms  of  schemes 
defined  in  the  chapters  on  schemes,  and  on  morphisms  of  schemes  to  the  category 
of  algebraic  spaces.  Each  case  is  slightly  different  and  it  seems  best  to  treat  them 
all  separately. 


54.2.  Conventions 

040V  The  standing  assumption  is  that  all  schemes  are  contained  in  a big  fppf  site  Schfppf. 
And  all  rings  A considered  have  the  property  that  Spec(A)  is  (isomorphic)  to  an 
object  of  this  big  site. 

Let  S be  a scheme  and  let  A be  an  algebraic  space  over  S.  In  this  chapter  and  the 
following  we  will  write  X x s X for  the  product  of  X with  itself  (in  the  category  of 
algebraic  spaces  over  5),  instead  of  A x A'. 


54.3.  Properties  of  representable  morphisms 


03HA 


Let  S'  be  a scheme.  Let  / : A — >•  Y be  a representable  morphism  of  algebraic 
spaces.  In  Spaces,  Section  [5275]  we  defined  what  it  means  for  / to  have  property  V 
in  case  V is  a property  of  morphisms  of  schemes  which 


(1)  is  preserved  under  any  base  change,  see  Schemes,  Definition  25.18.3  and 


(2)  is  fppf  local  on  the  base,  see  Descent,  Definition  34.18.1 


Namely,  in  this  case  we  say  / has  property  V if  and  only  if  for  every  scheme  U and 
any  morphism  U — > Y the  morphism  of  schemes  A xy  U — > U has  property  V. 


According  to  the  lists  in  Spaces,  Section  |52.4|  this  applies  to  the  following  prop- 
erties: (l)(a)  closed  immersions,  (l)(b)  open  immersions,  (l)(c)  quasi-compact 
immersions,  (2)  quasi-compact,  (3)  universally-closed,  (4)  (quasi-)separated,  (5) 
monomorphism,  (6)  surjective,  (7)  universally  injective,  (8)  affine,  (9)  quasi-affine, 
(10)  (locally)  of  finite  type,  (11)  (locally)  quasi-finite,  (12)  (locally)  of  finite  presen- 
tation, (13)  locally  of  finite  type  of  relative  dimension  d,  (14)  universally  open,  (15) 
flat,  (16)  syntomic,  (17)  smooth,  (18)  unramified  (resp.  G-unramified) , (19)  etale, 
(20)  proper,  (21)  finite  or  integral,  (22)  finite  locally  free,  and  (23)  immersion. 
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In  this  chapter  we  will  redefine  these  notions  for  not  necessarily  representable  mor- 
phisms  of  algebraic  spaces.  Whenever  we  do  this  we  will  make  sure  that  the  new 
definition  agrees  with  the  old  one,  in  order  to  avoid  ambiguity. 

Note  that  the  definition  above  applies  whenever  A'  is  a scheme,  since  a morphism 
from  a scheme  to  an  algebraic  space  is  representable.  And  in  particular  it  applies 
when  both  X and  Y are  schemes.  In  Spaces,  Lemma  [52 . 5 . 3|  we  have  seen  that  in 
this  case  the  definitions  match,  and  no  ambiguity  arise. 

Furthermore,  in  Spaces,  Lemma  |52.5.5|  we  have  seen  that  the  property  of  repre- 
sentable morphisms  of  algebraic  spaces  so  defined  is  stable  under  arbitrary  base 
change  by  a morphism  of  algebraic  spaces.  And  finally,  in  Spaces,  Lemmas  |52.5.4| 
and  [523]7]  we  have  seen  that  if  V is  stable  under  compositions,  which  holds  for  the 
properties  (l)(a),  (l)(b),  (l)(c),  (2)  - (23),  except  (13)  above,  then  taking  products 
of  representable  morphisms  preserves  property  V and  compositions  of  representable 
morphisms  preserves  property  V . 

We  will  use  these  facts  below,  and  whenever  we  do  we  will  simply  refer  to  this 
section  as  a reference. 


54.4.  Separation  axioms 


03HJ  It  makes  sense  to  list  some  a priori  properties  of  the  diagonal  of  a morphism  of 
algebraic  spaces. 

03HK  Lemma  54.4.1.  Let  S be  a scheme  contained  in  Schfppf.  Let  f : X — ► Y be  a 
morphism  of  algebraic  spaces  over  S.  Let  A x/y  '■  X — ► X Xy  X be  the  diagonal 
morphism.  Then 

(1)  A x/y  Is  representable, 

(2)  A x/y  is  locally  of  finite  type, 

(3)  A x/y  is  a monomorphism, 

(4)  A x/y  is  separated,  and 

(5)  A x/y  is  locally  quasi-finite. 

Proof.  We  are  going  to  use  the  fact  that  A x/s  is  representable  (by  definition  of 
an  algebraic  space)  and  that  it  satisfies  properties  (2)  - (5),  see  Spaces,  Lemma 
152301  Note  that  we  have  a factorization 


X 


X Xy  X 


X X a X 


of  the  diagonal  A x/s  '■  X — > X x sX.  Since  X XyX  — ► X xg  X is  a monomorphism, 
and  since  A x/s  is  representable,  it  follows  formally  that  A x/y  is  representable.  In 


particular,  the  rest  of  the  statements  now  make  sense,  see  Section  [54.3 

Choose  a surjective  etale  morphism  U 
diagram 

R = UxxU *-U  xYU xsU 


X,  with  U a scheme.  Consider  the 


A 


■X  Xy  X 


■X  xcX 


Both  squares  are  cartesian,  hence  so  is  the  outer  rectangle.  The  top  row  consists  of 
schemes,  and  the  vertical  arrows  are  surjective  etale  morphisms.  By  Spaces,  Lemma 
52.11.4  the  properties  (2)  - (5)  for  Ax/y  are  equivalent  to  those  of  R -4  U xYU . In 
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03HL 


03KK 


03KL 


03KN 


the  proof  of  Spaces,  Lemma|52.13.1|we  have  seen  that  R -A  U xg  U has  properties 

(2)  - (5).  The  morphism  U XyU  — > U XgU  is  a,  monomorphism  of  schemes.  These 
facts  imply  that  R—tU  Xy  U have  properties  (2)  - (5). 

Namely:  For  (3),  note  that  R — X U Xy  U is  a monomorphism  as  the  composition 
R— > U xgU  is  a monomorphism.  For  (2),  note  that  R — X U Xy  U is  locally  of  finite 
type,  as  the  composition  R — > U xg  U is  locally  of  finite  type  (Morphisms,  Lemma 


(1)  We  say  / is  separated,  if  A x/y  is  a closed  immersion. 

(2)  We  say  / is  locally  separated1  if  Ax/y  is  an  immersion. 

(3)  We  say  / is  quasi- separated  if  Aj/y  is  quasi-compact. 

This  definition  makes  sense  since  A x/y  is  representable,  and  hence  we  know  what 
it  means  for  it  to  have  one  of  the  properties  described  in  the  definition.  We  will  see 


below  (Lemma  54.4.131  that  this  definition  matches  the  ones  we  already  have  for 
morphisms  of  schemes  and  representable  morphisms. 

Lemma  54.4.3.  Let  S be  a scheme.  Let  f : X — x Y be  a morphism  of  algebraic 
spaces  over  S.  If  f is  separated , then  f is  locally  separated  and  f is  quasi-separated. 

Proof.  This  is  true,  via  the  general  principle  Spaces,  Lemma  |52.5.8[  because  a 
closed  immersion  of  schemes  is  an  immersion  and  is  quasi-compact.  □ 


Lemma  54.4.4.  All  of  the  separation  axioms  listed  in  Definition  54-4 are  stable 
under  base  change. 

Proof.  Let  / : X — > Y and  Y'  — X Y be  morphisms  of  algebraic  spaces.  Let 
/'  : X'  — x Y'  be  the  base  change  of  / by  Y'  — > Y.  Then  A.X' /Y'  is  the  base  change 
of  A x/y  by  the  morphism  X'  xy  X'  — x X Xy  X.  By  the  results  of  Section 


54.3 


each  of  the  properties  of  the  diagonal  used  in  Definition |54. 4. 2 is  stable  under  base 
change.  Hence  the  lemma  is  true.  □ 

Lemma  54.4.5.  Let  S be  a scheme.  Let  f : X — x Z , g : Y — x Z and  Z — x T be 
morphisms  of  algebraic  spaces  over  S . Consider  the  induced  morphism  i : XxxY  — X 
X XyY.  Then 

(1)  i is  representable,  locally  of  finite  type,  locally  quasi-finite,  separated  and 
a monomorphism, 

(2)  if  Z —x  T is  locally  separated,  then  i is  an  immersion, 

(3)  if  Z —x  T is  separated,  then  i is  a closed  immersion,  and 

(4)  if  Z —x  T is  quasi-separated,  then  i is  quasi- compact. 

Proof.  By  general  category  theory  the  following  diagram 

A'  xzY — X xtY 


±Z/T 


Z Xt  Z 


4n  the  literature  this  term  often  refers  to  quasi-separated  and  locally  separated  morphisms. 
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is  a fibre  product  diagram.  Hence  i is  the  base  change  of  the  diagonal  morphism 
A z/t ■ Thus  the  lemma  follows  from  Lemma  54.4.1 

MM 


and  the  material  in  Section 

□ 


03KO  Lemma  54.4.6.  Let  S be  a scheme.  Let  T be  an  algebraic  space  over  S.  Let 
g : X — x Y be  a morphism  of  algebraic  spaces  over  T . Consider  the  graph  i : X — > 
X XtY  of  g.  Then 

(1)  i is  representable,  locally  of  finite  type,  locally  quasi-finite,  separated  and 
a monomorphism, 

(2)  ifY—^T  is  locally  separated,  then  i is  an  immersion, 

(3)  ifY-y-T  is  separated,  then  i is  a closed  immersion,  and 

(4)  ifY  — X T is  quasi-separated,  then  i is  quasi- compact. 

Proof.  This  is  a special  case  of  Lemma  |54.4.5|  applied  to  the  morphism  X = 
X XyY  ->  X xtY.  □ 


03KP  Lemma  54.4.7.  Let  S be  a scheme.  Let  f : X — x T be  a morphism  of  algebraic 
spaces  over  S . Let  s : T — x X be  a section  of  f (in  a formula  f o s = idr  )■  Then 

(1)  s is  representable,  locally  of  finite  type,  locally  quasi-finite,  separated  and 
a monomorphism, 

(2)  if  f is  locally  separated,  then  s is  an  immersion, 

(3)  if  f is  separated,  then  s is  a closed  immersion,  and 

(4)  if  f is  quasi-separated,  then  s is  quasi-compact. 

Proof.  This  is  a special  case  of  Lemma  [54.4.6|  applied  to  g = s so  the  morphism 
* = s : T — x T Xf  X.  □ 


03KQ  Lemma  54.4.8.  All  of  the  separation  axioms  listed  in  Definitionwf.f.&are  stable 
under  composition  of  morphisms. 


Proof.  Let  / : X — x Y and  g : Y — X Z be  morphisms  of  algebraic  spaces  to  which 
the  axiom  in  question  applies.  The  diagonal  A x/z  is  the  composition 

X — x X xY  X — x X xz  X. 


Our  separation  axiom  is  defined  by  requiring  the  diagonal  to  have  some  property 
V.  By  Lemma  54.4.5  above  we  see  that  the  second  arrow  also  has  this  property. 
Hence  the  lemma  follows  since  the  composition  of  (representable)  morphisms  with 
property  V also  is  a morphism  with  property  V,  see  Section  [54. 3|  □ 


04ZH  Lemma  54.4.9.  Let  S be  a scheme.  Let  f : X —y  Y be  a morphism  of  algebraic 
spaces  over  S. 

(1)  IfY  is  separated  and  f is  separated,  then  X is  separated. 

(2)  IfY  is  quasi-separated  and  f is  quasi-separated,  then  X is  quasi-separated. 

(3)  IfY  is  locally  separated  and  f is  locally  separated,  then  X is  locally  sepa- 
rated. 

(4)  If  Y is  separated  over  S and  f is  separated,  then  X is  separated  over  S . 

(5)  If  Y is  quasi-separated  over  S and  f is  quasi-separated,  then  X is  quasi- 
separated  over  S . 

(6)  IfY  is  locally  separated  over  S and  f is  locally  separated,  then  X is  locally 
separated  over  S. 
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03KR 


04ZI 


03KM 


Proof.  Parts  (4),  (5),  and  (6)  follow  immediately  from  Lemma [54.4.8  and  Spaces, 


Definition  |52.13.2[  Parts  (1),  (2),  and  (3)  reduce  to  parts  (4),  (5),  and  (6)  by 
thinking  of  X and  Y as  algebraic  spaces  over  Spec(Z),  see  Properties  of  Spaces, 
Definition  153.3.11  □ 


Lemma  54.4.10.  Let  S be  a scheme.  Let  f : X — ► Y and  g : Y — > Z be  morphisms 
of  algebraic  spaces  over  S. 

(1)  If  g o f is  separated  then  so  is  f. 

(2)  If  g o f is  locally  separated  then  so  is  f . 

(3)  If  g o f is  quasi-separated  then  so  is  f. 

Proof.  Consider  the  factorization 

X^-XxyX^-XxzX 

of  the  diagonal  morphism  of  gof.  In  any  case  the  last  morphism  is  a monomorphism. 
Hence  for  any  scheme  T and  morphism  T X Xy  X we  have  the  equality 

X x(A'Xv-X)  T = X X(xxzX)  T. 

Hence  the  result  is  clear.  □ 


Lemma  54.4.11.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S. 

(1)  If  X is  separated  then  X is  separated  over  S. 

(2)  If  X is  locally  separated  then  X is  locally  separated  over  S. 

(3)  If  X is  quasi-separated  then  X is  quasi-separated  over  S. 

Let  f : X — » Y be  a morphism  of  algebraic  spaces  over  S. 

(4)  If  X is  separated  over  S then  f is  separated. 

(5)  If  X is  locally  separated  over  S then  f is  locally  separated. 

(6)  If  X is  quasi-separated  over  S then  f is  quasi-separated. 


Proof.  Parts  (4),  (5),  and  (6)  follow  immediately  from  Lemma  54.4.10  and  Spaces, 


Definition  52.13.2 


Parts  (1),  (2),  and  (3)  follow  from  parts  (4),  (5),  and  (6)  by 
thinking  of  X and  Y as  algebraic  spaces  over  Spec(Z),  see  Properties  of  Spaces, 
Definition  153.3.11  □ 


Lemma  54.4.12.  Let  S be  a scheme.  Let  f : X -A  Y be  a morphism  of  algebraic 
spaces  over  S.  Let  V be  any  of  the  separation  axioms  of  Definition  \54-4-fy  The 
following  are  equivalent 


(1)  f is  V, 

(2)  for  every  scheme  Z and  morphism  Z 
of  f is  V, 

(3)  for  every  affine  scheme  Z and  every  morphism  Z 
ZxyX^rZ  of  f isV, 

(4)  for  every  affine  scheme  Z and  every  morphism  Z — 


Y the  base  change  Z Xy  X — * Z 
->■  Y the  base  change 
Y the  algebraic  space 


Z Xy  X is  V (see  Properties  of  Spaces,  Definition  53.3.1), 

(5)  there  exists  a scheme  V and  a surjective  etale  morphism  V — > Y such  that 
the  base  change  V Xy  X — ► V has  V,  and 

(6)  there  exists  a Zariski  covering  Y = (J  Yi  such  that  each  of  the  morphisms 

t Yi  has  V. 
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Proof.  We  will  repeatedly  use  Lemma  [54.4. 4|  without  further  mention.  In  partic- 
ular, it  is  clear  that  (1)  implies  (2)  and  (2)  implies  (3). 


Let  us  prove  that  (3)  and  (4)  are  equivalent.  Note  that  if  Z is  an  affine  scheme, 
then  the  morphism  Z — > Spec(Z)  is  a separated  morphism  as  a morphism  of  al- 
gebraic spaces  over  Spec(Z).  If  Z Xy  A — > Z is  V,  then  Z xY  X -a  Spec(Z)  is 
V as  a composition  (see  Lemma  54.4.8).  Hence  the  algebraic  space  Z xY  X is  V . 
Conversely,  if  the  algebraic  space  Z xY  X is  V,  then  ZxylA  Spec(Z)  is  V,  and 
hence  by  Lemma  [54.4. 10|  we  see  that  Z xY  X -A  Z is  V. 


Let  us  prove  that  (3)  implies  (5).  Assume  (3).  Let  V be  a scheme  and  let  V — > Y 
be  etale  surjective.  We  have  to  show  that  V Xyl  a f has  property  V.  In  other 
words,  we  have  to  show  that  the  morphism 


V Xy  X ^ (V  Xy  A)  Xy  (V  Xy  A)  = L Xy  A Xy  A 

has  the  corresponding  property  (i.e.,  is  a closed  immersion,  immersion,  or  quasi- 
compact). Let  V = (J  Vj  be  an  affine  open  covering  of  V.  By  assumption  we  know 
that  each  of  the  morphisms 


Vj  Xy  A X Vj  Xy  A Xy  A 

does  have  the  corresponding  property.  Since  being  a closed  immersion,  immersion, 
quasi-compact  immersion,  or  quasi-compact  is  Zariski  local  on  the  target,  and  since 
the  Vj  cover  V we  get  the  desired  conclusion. 

Let  us  prove  that  (5)  implies  (1).  Let  V — >•  Y be  as  in  (5).  Then  we  have  the  fibre 
product  diagram 

V XyA  5-  A 

Y 

V Xy  A Xy  A ^ A Xy  A 

By  assumption  the  left  vertical  arrow  is  a closed  immersion,  immersion,  quasi- 
compact immersion,  or  quasi-compact.  It  follows  from  Spaces,  Lemma |52. 5. 6|  that 
also  the  right  vertical  arrow  is  a closed  immersion,  immersion,  quasi-compact  im- 
mersion, or  quasi-compact. 

It  is  clear  that  (1)  implies  (6)  by  taking  the  covering  Y = Y.  Assume  Y = (J  Yt  is 
as  in  (6).  Choose  schemes  V.  and  surjective  etale  morphisms  V)  -A-  Yi.  Note  that 
the  morphisms  V)  Xy  A A lj  have  V as  they  are  base  changes  of  the  morphisms 
f~1(Yi)  -A  Yt.  Set  V = IJ  Vj.  Then  V -A  A is  a morphism  as  in  (5)  (details 
omitted).  Hence  (6)  implies  (5)  and  we  are  done.  □ 


03KY  Lemma  54.4.13.  Let  S be  a scheme.  Let  f : X -A  Y be  a representable  morphism 
of  algebraic  spaces  over  S. 

(1)  The  morphism  f is  locally  separated. 

(2)  The  morphism  f is  (quasi-)separated  in  the  sense  of  Definition  54-4-3 
above  if  and  only  if  f is  ( quasi- fseparated  in  the  sense  of  Section  54-3. 

In  particular , if  f : X -a  Y is  a morphism  of  schemes  over  S,  then  f is  ( quasi- 
Jseparated  in  the  sense  of  Definition  54-4-3  if  and  only  if  f is  (quasi-) separated  as 
a morphism  of  schemes. 
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Proof.  This  is  the  equivalence  of  (1)  and  (2)  of  Lemma  54.4.12  combined  with 
the  fact  that  any  morphism  of  schemes  is  locally  separated,  see  Schemes,  Lemma 
125.21.21  □ 


54.5.  Surjective  morphisms 

03MC  We  have  already  defined  in  Section[54.3|what  it  means  for  a representable  morphism 
of  algebraic  spaces  to  be  surjective. 

03MD  Lemma  54.5.1.  Let  S be  a scheme.  Let  f : X -4  Y be  a representable  morphism 
of  algebraic  spaces  over  S.  Then  f is  surjective  if  and  only  if  \f  \ : |X|  -4  |Y|  is 
surjective. 


Proof.  Namely,  if  / : X — ► Y is  representable,  then  it  is  surjective  if  and  only  if  for 
every  scheme  T and  every  morphism  T — > Y the  base  change  /r  : TxyX  ->  Tof  / 
is  a surjective  morphism  of  schemes,  in  other  words,  if  and  only  if  \fr  \ is  surjective. 
By  Properties  of  Spaces,  Lemma  53.4.3  the  map  \T  Xy  X\  — ► |Tj  x^i  |X|  is  always 
surjective.  Hence  \/t\  '■  \T  Xy  A'|  -4  \T\  is  surjective  if  |/|  : |Aj  -4  |Y|  is  surjective. 

Y as  above,  then  by  taking  T to  be 
-4  |Y|  is  surjective.  □ 


| TxyX\ 

Conversely,  if  \fy\  is  surjective  for  every  T — 
the  spectrum  of  a field  we  conclude  that  \X\ 


This  clears  the  way  for  the  following  definition. 

03ME  Definition  54.5.2.  Let  S be  a scheme.  Let  / : X — > Y be  a morphism  of 
algebraic  spaces  over  S.  We  say  / is  surjective  if  the  map  |/|  : |X|  -4  \Y\  of 
associated  topological  spaces  is  surjective. 

03MF  Lemma  54.5.3.  Let  S be  a scheme.  Let  f : X -4  Y be  a morphism  of  algebraic 
spaces  over  S . The  following  are  equivalent: 

(1)  / is  surjective, 

(2)  for  every  scheme  Z and  any  morphism  Z Y the  morphism  Z XyX  -4  Z 
is  surjective, 

(3)  for  every  affine  scheme  Z and  any  morphism  Z —>Y  the  morphism  Z Xy 
X — y Z is  surjective, 

(4)  there  exists  a scheme  V and  a surjective  etale  morphism  V — > Y such  that 
V Xy  X — > V is  a surjective  morphism, 

(5)  there  exists  a scheme  U and  a surjective  etale  morphism  Lp  : U -4  X such 
that  the  composition  f o ip  is  surjective, 

(6)  there  exists  a commutative  diagram 

U z»V 


X >-  Y 

where  U , V are  schemes  and  the  vertical  arrows  are  surjective  etale  such 
that  the  top  horizontal  arrow  is  surjective,  and 

(7)  there  exists  a Zariski  covering  Y = [J  Y^  such  that  each  of  the  morphisms 
f~1(Yi)  -4  Yi  is  surjective. 

Proof.  Omitted.  □ 

03MG  Lemma  54.5.4.  The  composition  of  surjective  morphisms  is  surjective. 
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03MH 

03Z0 

03Z1 


03Z2 

03Z3 

03Z4 


Proof.  This  is  immediate  from  the  definition.  □ 

Lemma  54.5.5.  The  base  change  of  a surjective  morphism  is  surjective. 

Proof.  Follows  immediately  from  Properties  of  Spaces,  Lemma  [53. 4.3|  □ 


54.6.  Open  morphisms 


For  a representable  morphism  of  algebraic  spaces  we  have  already  defined  (in  Section 
54.3 ) what  it  means  to  be  universally  open.  Hence  before  we  give  the  natural 


definition  we  check  that  it  agrees  with  this  in  the  representable  case. 


Lemma  54.6.1.  Let  S be  a scheme.  Let  f : X — X Y be  a representable  morphism 
of  algebraic  spaces  over  S.  The  following  are  equivalent 

(1)  f is  universally  open,  and 

(2)  for  every  morphism  of  algebraic  spaces  Z — X Y the  morphism  of  topological 
spaces  | Z Xy  A'|  — x \Z\  is  open. 


Proof.  Assume  (1),  and  let  Z — X Y be  as  in  (2).  Choose  a scheme  V and  a surjec- 
tive etale  morphism  V —X  Y . By  assumption  the  morphism  of  schemes  V XyX  — x V 
is  universally  open.  By  Properties  of  Spaces,  Section  [53. 4|  in  the  commutative  dia- 
gram 

\V  xY  x\ ^ \Z  xY  X\ 


\V\ *\Z  | 

the  horizontal  arrows  are  open  and  surjective,  and  moreover 

\VxY  X\  — ► \V\  x jZj  \ZxYX\ 

is  surjective.  Hence  as  the  left  vertical  arrow  is  open  it  follows  that  the  right  vertical 
arrow  is  open.  This  proves  (2).  The  implication  (2)  =>  (1)  is  immediate  from  the 
definitions.  □ 


Thus  we  may  use  the  following  natural  definition. 

54.6.2.  Let  S'  be  a scheme.  Let  / : X — x Y be  a morphism  of  algebraic 
S. 

(1)  We  say  / is  open  if  the  map  of  topological  spaces  |/|  : \X\  — x \Y\  is  open. 

(2)  We  say  / is  universally  open  if  for  every  morphism  of  algebraic  spaces 
Z — X Y the  morphism  of  topological  spaces 

| Z xYX\  -x  \Z\ 

is  open,  i.e. , the  base  change  Z xY  X — x Z is  open. 


Definition 

spaces  over 


Note  that  an  etale  morphism  of  algebraic  spaces  is  universally  open,  see  Properties 
of  Spaces,  Definition  53.15.2  and  Lemmas  |53.15.7|  and  |53.15.5| 


Lemma  54.6.3.  The  base  change  of  a universally  open  morphism  of  algebraic 
spaces  by  any  morphism  of  algebraic  spaces  is  universally  open. 


Proof.  This  is  immediate  from  the  definition. 


□ 


Lemma  54.6.4.  The  composition  of  a pair  of  (universally)  open  morphisms  of 
algebraic  spaces  is  (universally)  open. 
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Proof.  Omitted.  □ 

03Z5  Lemma  54.6.5.  Let  S be  a scheme.  Let  f : X Y be  a morphism  of  algebraic 
spaces  over  S.  The  following  are  equivalent 

(1)  f is  universally  open, 

(2)  for  every  scheme  Z and  every  morphism  Z -*  Y the  projection  \ZxyX\  — > 
\Z\  is  open, 

(3)  for  every  affine  scheme  Z and  every  morphism  Z — ► Y the  projection 
| Z xy  X\  — > \Z\  is  open,  and 

(4)  there  exists  a scheme  V and  a surjective  etale  morphism  V Y such  that 
V Xy  X — > V is  a universally  open  morphism  of  algebraic  spaces,  and 

(5)  there  exists  a Zariski  covering  Y = (J  Yi  such  that  each  of  the  morphisms 
f~1(Yi)  — > Yi  is  universally  open. 

Proof.  We  omit  the  proof  that  (1)  implies  (2),  and  that  (2)  implies  (3). 

Assume  (3).  Choose  a surjective  etale  morphism  V — > Y . We  are  going  to  show 
that  V x y X — ^ V is  a universally  open  morphism  of  algebraic  spaces.  Let  Z — > V 
be  a morphism  from  an  algebraic  space  to  V.  Let  W — > Z be  a surjective  etale 
morphism  where  W = U Wi  is  a disjoint  union  of  affine  schemes,  see  Properties  of 
Spaces,  Lemma|53.6.1|  Then  we  have  the  following  commutative  diagram 

U,  | Wi  Xy  X\  \W  Xy  X\  ^ \Z  Xy  X\  = \Z  XV  (V  Xy  A)| 

LI  |Wi|  \w\ *£z\ 


We  have  to  show  the  south-east  arrow  is  open.  The  middle  horizontal  arrows  are 
surjective  and  open  (Properties  of  Spaces,  Lemma  53.15.7 1.  By  assumption  (3), 
and  the  fact  that  W%  is  affine  we  see  that  the  left  vertical  arrows  are  open.  Hence 
it  follows  that  the  right  vertical  arrow  is  open. 


Assume  V — > Y is  as  in  (4).  We  will  show  that  / is  universally  open.  Let  Z — > Y 
be  a morphism  of  algebraic  spaces.  Consider  the  diagram 


| (V  Xy  Z)  Xy  {V  Xy  If)  \ V Xy  X\  f ~ ^ | Z Xy  X\ 


\V  XY  ZU~  zTf&\Z\ 


The  south-west  arrow  is  open  by  assumption.  The  horizontal  arrows  are  surjective 
and  open  because  the  corresponding  morphisms  of  algebraic  spaces  are  etale  (see 
Properties  of  Spaces,  Lemma  53.15.7 1.  It  follows  that  the  right  vertical  arrow  is 
open. 


Of  course  (1)  implies  (5)  by  taking  the  covering  Y = Y.  Assume  Y = (J  Yj  is  as  in 
(5).  Then  for  any  Z Y we  get  a corresponding  Zariski  covering  Z = (J  Zt  such 
that  the  base  change  of  / to  Zi  is  open.  By  a simple  topological  argument  this 
implies  that  Z Xy  X — » Z is  open.  Hence  (1)  holds.  □ 


06DN 


Lemma  54.6.6.  Let  S be  a scheme.  Let  p : X — > Spec(fc)  be  a morphism  of 
algebraic  spaces  over  S where  k is  a field.  Then  p : X — ► Spec(/c)  is  universally 
open. 
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0411 

0412 

03HC 

03HD 


Proof.  Choose  a scheme  U and  a surjective  etale  morphism  U — > X.  The  com- 
position U — > Spec (k)  is  universally  open  (as  a morphism  of  schemes)  by  Mor- 
phisms,  Lemma  28.23.4  Let  Z — > Spec (k)  be  a morphism  of  schemes.  Then 

U Spec(fc)  Z 

maps 


X x Spec(k)  Z is  surjective,  see  Lemma  54.5.5  Hence  the  first  of  the 
\U  Xgpec(£)  Z | )■  \X  x gp ec(k)  Z\  t \Z\ 


is  surjective.  Since  the  composition  is  open  by  the  above  we  conclude  that  the 
second  map  is  open  as  well.  Whence  p is  universally  open  by  Lemma  |54.6.5|  □ 


54.7.  Submersive  morphisms 


Definition  54.7.1.  Let  S'  be  a scheme.  Let  / : X — > Y be  a morphism  of  algebraic 
spaces  over  S. 

(1)  We  say  / is  submersiv ^ if  the  continuous  map  |X|  — > |Y|  is  submersive, 
see  Topology,  Definition  5.5.3 

(2)  We  say  / is  universally  submersive  if  for  every  morphism  of  algebraic 
spaces  Y'  — > Y the  base  change  f'  Xy  1 ->  Y'  is  submersive. 

We  note  that  a submersive  morphism  is  in  particular  surjective. 


54.8.  Quasi-compact  morphisms 

By  Section  [54. 3|  we  know  what  it  means  for  a representable  morphism  of  algebraic 
spaces  to  be  quasi-compact.  In  order  to  formulate  the  definition  for  a general 
morphism  of  algebraic  spaces  we  make  the  following  observation. 

Lemma  54.8.1.  Let  S be  a scheme.  Let  f : X — > Y be  a representable  morphism 
of  algebraic  spaces  over  S.  The  following  are  equivalent: 

(1)  f is  quasi-compact,  and 

(2)  for  every  quasi-compact  algebraic  space  Z and  any  morphism  Z -A  Y the 
algebraic  space  Z Xy  X is  quasi- compact. 


Proof.  Assume  (1),  and  let  Z — ► Y be  a morphism  of  algebraic  spaces  with  Z quasi- 
compact. By  Properties  of  Spaces,  Definition  |53.5.1|  there  exists  a quasi-compact 
scheme  U and  a surjective  etale  morphism  U — > Z.  Since  / is  representable  and 
quasi-compact  we  see  by  definition  that  U Xy  X is  a scheme,  and  that  U Xy  X — ► 
U is  quasi-compact.  Hence  U Xy  X is  a quasi-compact  scheme.  The  morphism 
U Xy  X — > Z Xy  X is  etale  and  surjective  (as  the  base  change  of  the  representable 
etale  and  surjective  morphism  U —>  Z,  see  Section  54.31.  Hence  by  definition 
Z Xy  X is  quasi-conrpact. 

Assume  (2).  Let  Z — ► Y be  a morphism,  where  Z is  a scheme.  We  have  to 
show  that  p : Z Xy  X — > Z is  quasi-compact.  Let  U C Z be  affine  open.  Then 
p-1(C/)  = U Xy  Z and  the  scheme  U Xy  Z is  quasi-compact  by  assumption  (2). 

□ 


Hence  p is  quasi-compact,  see  Schemes,  Section  25.19 


This  motivates  the  following  definition. 


2This  is  very  different  from  the  notion  of  a submersion  of  differential  manifolds. 
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03HE  Definition  54.8.2.  Let  S'  be  a scheme.  Let  f : X Y be  a morphism  of  algebraic 
spaces  over  S.  We  say  / is  quasi-compact  if  for  every  quasi-compact  algebraic  space 
Z and  morphism  Z — x Y the  fibre  product  Z Xyl  is  quasi-compact. 


03HF 


By  Lemma  54.8. 1|  above  this  agrees  with  the  already  existing  notion  for  repre- 
sentable morphisms  of  algebraic  spaces. 


Lemma  54.8.3.  The  base  change  of  a quasi-compact  morphism  of  algebraic  spaces 
by  any  morphism  of  algebraic  spaces  is  quasi- compact. 


Proof.  Omitted.  Hint:  Transitivity  of  fibre  products.  □ 

03HG  Lemma  54.8.4.  The  composition  of  a pair  of  quasi-compact  morphisms  of  alge- 
braic spaces  is  quasi- compact. 


Proof.  Omitted.  Hint:  Transitivity  of  fibre  products.  □ 

040W  Lemma  54.8.5.  Let  S be  a scheme. 

(1)  If  X —x  Y is  a surjective  morphism  of  algebraic  spaces  over  S,  and  X is 
quasi-compact  then  Y is  quasi-compact. 

(2)  If 


Z 


is  a commutative  diagram  of  morphisms  of  algebraic  spaces  over  S and  f 
is  surjective  and  p is  quasi-compact,  then  q is  quasi- compact. 


Proof.  Assume  X is  quasi-compact  and  X — > Y is  surjective.  By  Definition |54.5.2| 
the  map  |Aj  — x \Y\  is  surjective,  hence  we  see  Y is  quasi-compact  by  Properties  of 
Spaces,  Lemma  |53.5.2|  and  the  topological  fact  that  the  image  of  a quasi-compact 
space  under  a continuous  map  is  quasi-compact,  see  Topology,  Lemma  5.11.7  Let 
f,p,q  be  as  in  (2).  Let  T — x Z be  a morphism  whose  source  is  a quasi-compact 
algebraic  space.  By  assumption  T Xz  X is  quasi-compact.  By  Lemma |54.5.5|  the 
morphism  T Xy  X — x T x z Y is  surjective.  Hence  by  part  (1)  we  see  T Xz  Y is 
quasi-compact  too.  Thus  q is  quasi-compact.  □ 


04ZJ  Lemma  54.8.6.  Let  S be  a scheme.  Let  f : X — x Y be  a morphism  of  algebraic 
spaces  over  S.  Let  g : Y'  — X Y be  a universally  open  and  surjective  morphism  of 
algebraic  spaces  such  that  the  base  change  f : X'  — x Y'  is  quasi- compact.  Then  f 
is  quasi-compact. 


03KG 


Proof.  Let  Z — x Y be  a morphism  of  algebraic  spaces  with  Z quasi-compact. 
As  g is  universally  open  and  surjective,  we  see  that  Y'  xy  Z —>  Z is  open  and 
surjective.  As  every  point  of  | Y'  Xy  Z\  has  a fundamental  system  of  quasi-compact 
open  neighbourhoods  (see  Properties  of  Spaces,  Lemma  53.5.5 1 we  can  find  a quasi- 
compact open  W C \Y’  Xy  Z\  which  surjects  onto  Z.  Denote  f":W  Xy  X — x W 
the  base  change  of  /'  by  W -X  Y' . By  assumption  W Xy  X is  quasi-compact.  As 
W — X Z is  surjective  we  see  that  W Xy  X —X  Z Xy  X is  surjective.  Hence  Z Xy  X 
is  quasi-compact  by  Lemma|54.8.5|  Thus  / is  quasi-compact.  □ 


Lemma  54.8.7.  Let  S be  a scheme.  Let  f : X — x Y be  a morphism  of  algebraic 
spaces  over  S.  The  following  are  equivalent: 
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(1)  / is  quasi-compact, 

(2)  for  every  scheme  Z and  any  morphism  Z -^-Y  the  morphism  of  algebraic 
spaces  Z xY  X — » Z is  quasi- compact, 

(3)  for  every  affine  scheme  Z and  any  morphism  Z — > Y the  algebraic  space 
Z Xy  X is  quasi- compact, 

(4)  there  exists  a scheme  V and  a surjective  etale  morphism  V — > Y such  that 
V xY  X — > V is  a quasi-compact  morphism  of  algebraic  spaces,  and 

(5)  there  exists  a surjective  etale  morphism  Y'  — > Y of  algebraic  spaces  such 
that  Y'  Xy  X — > Y'  is  a quasi-compact  morphism  of  algebraic  spaces,  and 

(6)  there  exists  a Zariski  covering  Y = [JYi  such  that  each  of  the  morphisms 
f~1(Yi)  — > Yi  is  quasi-compact. 


Proof.  We  will  use  Lemma  54.8. 3|  without  further  mention.  It  is  clear  that  (1) 
implies  (2)  and  that  (2)  implies  (3).  Assume  (3).  Let  Z be  a quasi-compact  algebraic 
space  over  S,  and  let  Z — > Y be  a morphism.  By  Properties  of  Spaces,  Lemma 


53.6.3  there  exists  an  affine  scheme  U and  a surjective  etale  morphism  U —>  Z. 
Then  U Xy  X — > Z Xy  Ar  is  a surjective  morphism  of  algebraic  spaces,  see  Lemma 


54.5.5  By  assumption  \U  Xy  X | is  quasi-compact.  It  surjects  onto  | Z Xy  X |,  hence 
we  conclude  that  | Z Xy  X\  is  quasi-compact,  see  Topology,  Lemma  5.11.7  This 
proves  that  (3)  implies  (1). 


The  implications  (1)  =>  (4),  (4)  =>  (5)  are  clear.  The  implication  (5)  =>  (1)  follows 
from  Lemma  |54.8.6|  and  the  fact  that  an  etale  morphism  of  algebraic  spaces  is 
universally  open  (see  discussion  following  Definition  54.6.21. 


Of  course  (1)  implies  (6)  by  taking  the  covering  Y = Y.  Assume  Y = (J  Y)  is  as 
in  (6).  Let  Z be  affine  and  let  Z — > Y be  a morphism.  Then  there  exists  a finite 
standard  affine  covering  Z = Zi  U . . . U Zn  such  that  each  Zj  -A  Y factors  through 
Yi  for  some  ir  Hence  the  algebraic  space 


Zj  Xy  X = Zj  XYi.  f-^Y.) 


is  quasi-compact.  Since  Z xY  X = n Zj  Xy  X is  a Zariski  covering  we  see 

that  | Z xy  X\  = (J  .=1  n | Zj  xY  X | (see  Properties  of  Spaces,  Lemma  53.4.8)  is 
a finite  union  of  quasi-compact  spaces,  hence  quasi-compact.  Thus  we  see  that  (6) 
implies  (3).  □ 


The  following  (and  the  next)  lemma  guarantees  in  particular  that  a morphism 
X — > Spec(A)  is  quasi-compact  as  soon  as  X is  a quasi-compact  algebraic  space 

03KS  Lemma  54.8.8.  Let  S be  a scheme.  Let  f : X — » Y and  g : Y -A  Z be  morphisms 
of  algebraic  spaces  over  S . If  g o f is  quasi-compact  and  g is  quasi-separated  then 
f is  quasi- compact. 


Proof.  This  is  true  because  / equals  the  composition  (1,  /)  : X — > X Xz  Y — > Y. 
The  first  map  is  quasi-compact  by  Lemma|54.4.7|because  it  is  a section  of  the  quasi- 
separated  morphism  X Xz  Y — > X (a  base  change  of  g,  see  Lemma  54.4.4).  The 
second  map  is  quasi-compact  as  it  is  the  base  change  of  /,  see  Lemma  54.8.3  And 


compositions  of  quasi-compact  morphisms  are  quasi-compact,  see  Lemma  54.8.4| 


□ 


073B 


Lemma  54.8.9.  Let  f : X — >•  Y be  a morphism  of  algebraic  spaces  over  a scheme 
S. 
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(1)  If  X is  quasi-compact  andY  is  quasi-separated,  then  f is  quasi- compact. 

(2)  If  X is  quasi-compact  and  quasi-separated  and  Y is  quasi-separated,  then 
f is  quasi-compact  and  quasi-separated. 

(3)  A fibre  product  of  quasi-compact  and  quasi- separated  algebraic  spaces  is 
quasi-compact  and  quasi-separated. 


Proof.  Part  (1)  follows  from  Lemma  54.8.8  with  Z = S = Spec(Z).  Part  (2) 
follows  from  (1)  and  Lemma  54.4.10  For  (3)  let  X -A  Y and  Z — > Y be  morphisms 
of  quasi-conrpact  and  quasi-separated  algebraic  spaces.  Then  X Xy  Z — > Z is 
quasi-compact  and  quasi-separated  as  a base  change  of  X — > Y using  (2)  and 
Lemmas  |54.8.3  and  54.4.4  Hence  X x y Z is  quasi-compact  and  quasi-separated  as 
an  algebraic  space  quasi-compact  and  quasi-separated  over  Z , see  Lemmas  |54.4.9| 
and!54.8.4l  □ 


54.9.  Universally  closed  morphisms 


03HH 


For  a representable  morphism  of  algebraic  spaces  we  have  already  defined  (in  Section 
54.3)  what  it  means  to  be  universally  closed.  Hence  before  we  give  the  natural 


definition  we  check  that  it  agrees  with  this  in  the  representable  case. 


03XD  Lemma  54.9.1.  Let  S be  a scheme.  Let  f : X — ► Y be  a representable  morphism 
of  algebraic  spaces  over  S.  The  following  are  equivalent 

(1)  / is  universally  closed,  and 

(2)  for  every  morphism  of  algebraic  spaces  Z — »•  Y the  morphism  of  topological 
spaces  \Z  Xy  A'|  — > \Z\  is  closed. 


Proof.  Assume  (1),  and  let  Z — > Y be  as  in  (2).  Choose  a scheme  V and  a surjec- 
tive etale  morphism  V — » Y . By  assumption  the  morphism  of  schemes  V XyX  — > V 
is  universally  closed.  By  Properties  of  Spaces,  Section  [53.4|  in  the  commutative  di- 
agram 

\V  xY  x\ \Z  xY  x\ 


\V\ H^l 

the  horizontal  arrows  are  open  and  surjective,  and  moreover 

\V  Xy  X\  > \V\  X|Z|  jZXyXj 

is  surjective.  Hence  as  the  left  vertical  arrow  is  closed  it  follows  that  the  right 
vertical  arrow  is  closed.  This  proves  (2).  The  implication  (2)  =>  (1)  is  immediate 
from  the  definitions.  □ 


Thus  we  may  use  the  following  natural  definition. 

03HI  Definition  54.9.2.  Let  S'  be  a scheme.  Let  / : X — > Y be  a morphism  of  algebraic 
spaces  over  S. 

(1)  We  say  / is  closed  if  the  map  of  topological  spaces  \X\  -a  \Y\  is  closed. 

(2)  We  say  / is  universally  closed  if  for  every  morphism  of  algebraic  spaces 
Z — '/  Y the  morphism  of  topological  spaces 

\Z  XyX\  -*  \Z\ 

is  closed,  i.e. , the  base  change  Z xy  X — >•  Z is  closed. 
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03IS  Lemma  54.9.3.  The  base  change  of  a universally  closed  morphism  of  algebraic 
spaces  by  any  morphism  of  algebraic  spaces  is  universally  closed. 

Proof.  This  is  immediate  from  the  definition.  □ 


03IU  Lemma  54.9.4.  The  composition  of  a pair  of  (universally)  closed  morphisms  of 
algebraic  spaces  is  (universally)  closed. 

Proof.  Omitted.  □ 


03IT  Lemma  54.9.5.  Let  S be  a scheme.  Let  f : X -A  Y be  a morphism  of  algebraic 
spaces  over  S.  The  following  are  equivalent 

(1)  f is  universally  closed, 

(2)  for  every  scheme  Z and  every  morphism  Z — ► Y the  projection  \ZxyX\  — » 
\Z\  is  closed, 

(3)  for  every  affine  scheme  Z and  every  morphism  Z -A  Y the  projection 
| Z Xy  X\  -4  \Z\  is  closed, 

(4)  there  exists  a scheme  V and  a surjective  etale  morphism  V — >•  Y such  that 
V Xy  X — ► V is  a universally  closed  morphism  of  algebraic  spaces,  and 

(5)  there  exists  a Zariski  covering  Y = (J  Yj  such  that  each  of  the  morphisms 
f~1(Yi)  — > Yi  is  universally  closed. 

Proof.  We  omit  the  proof  that  (1)  implies  (2),  and  that  (2)  implies  (3). 

Assume  (3).  Choose  a surjective  etale  morphism  V — > Y.  We  are  going  to  show 
that  V Xy  X — > V is  a universally  closed  morphism  of  algebraic  spaces.  Let  Z — > V 
be  a morphism  from  an  algebraic  space  to  V.  Let  W — »■  Z be  a surjective  etale 
morphism  where  W = H IT,;  is  a disjoint  union  of  affine  schemes,  see  Properties  of 
Spaces,  Lenmia|53.6.1|  Then  we  have  the  following  commutative  diagram 

]li \Wi  Xy  x\  — \W  Xy  X\ *.  \Z  Xy  X\  = I Zxv(V  Xy  X)\ 

II  \Wt\  \w\ \z\ 


We  have  to  show  the  south-east  arrow  is  closed.  The  middle  horizontal  arrows  are 
surjective  and  open  (Properties  of  Spaces,  Lemma  53.15.7 1.  By  assumption  (3), 
and  the  fact  that  W,  is  affine  we  see  that  the  left  vertical  arrows  are  closed.  Hence 
it  follows  that  the  right  vertical  arrow  is  closed. 


Assume  (4).  We  will  show  that  / is  universally  closed.  Let  Z — > Y be  a morphism 
of  algebraic  spaces.  Consider  the  diagram 


|(P  Xy  Z)  Xy  (V  Xy  A")|  \V  Xy  X\  5-  | Z Xy  X\ 


\V  Xy  Z\  *\Z\ 


The  south-west  arrow  is  closed  by  assumption.  The  horizontal  arrows  are  surjective 
and  open  because  the  corresponding  morphisms  of  algebraic  spaces  are  etale  (see 
Properties  of  Spaces,  Lemma  53.15.7 1.  It  follows  that  the  right  vertical  arrow  is 
closed. 
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Of  course  (1)  implies  (5)  by  taking  the  covering  Y = Y.  Assume  Y = (J  Y is  as  in 
(5).  Then  for  any  Z Y we  get  a corresponding  Zariski  covering  Z = [J  Zj  such 
that  the  base  change  of  / to  Zj  is  closed.  By  a simple  topological  argument  this 
implies  that  Z Xy  X — >■  Z is  closed.  Hence  (1)  holds.  □ 


03IV  Example  54.9.6.  Strange  example  of  a universally  closed  morphism.  Let  Q C k 


be  a field  of  characteristic  zero.  Let  X = Aj^/Z  as  in  Spaces,  Example  52.14.8  We 
claim  the  structure  morphism  p : X — > Spec (k)  is  universally  closed.  Namely,  if 
Z/k  is  a scheme,  and  T C \X  x*,  Z\  is  closed,  then  T corresponds  to  a Z-invariant 
closed  subset  of  T'  C jA1  x Z\.  It  is  easy  to  see  that  this  implies  that  T'  is  the 


inverse  image  of  a subset  T"  of  Z.  By  Morphisms,  Lemma  28.25.10  we  have  that 
T"  C Z is  closed.  Of  course  T"  is  the  image  of  T.  Hence  p is  universally  closed  by 
Lemma  154.9.51 

04XW  Lemma  54.9.7.  Let  S be  a scheme.  A universally  closed  morphism  of  algebraic 
spaces  over  S is  quasi- compact. 


Proof.  This  proof  is  a repeat  of  the  proof  in  the  case  of  schemes,  see  Morphisms, 
Lemmar28.41.10  Let  / : X — > Y be  a morphism  of  algebraic  spaces  over  S.  Assume 
that  / is  not  quasi-compact.  Our  goal  is  to  show  that  / is  not  universally  closed. 
By  Lemma  |54.8.7|  there  exists  an  affine  scheme  Z and  a morphism  Z — > Y such 
that  Z Xy  X — > Z is  not  quasi-compact.  To  achieve  our  goal  it  suffices  to  show  that 
Z Xy  X — > Z is  not  universally  closed,  hence  we  may  assume  that  Y = Spec(U) 
for  some  ring  B. 


Write  X = Uiej  A'i  where  the  Xt  are  quasi-compact  open  subspaces  of  X.  For 
example,  choose  a surjective  etale  morphism  U X where  U is  a scheme,  choose 
an  affine  open  covering  U = (J  Uj  and  let  Xj  C X be  the  image  of  Uj.  We  will 
use  later  that  the  morphisms  Xj  — ► Y are  quasi-compact,  see  Lemma  [54. 8. 8|  Let 
T = Spec(H[ai;i  e /]).  Let  Tj  = D(ai)  C T.  Let  Z c T xy  X be  the  reduced 
closed  subspace  whose  underlying  closed  set  of  points  is  | T Xy  Z\  \U,e/  l^i  xy  A,;|, 
see  Properties  of  Spaces,  Lemma  53.11.4  (Note  that  Tt  xy  X.L  is  an  open  subspace 
of  T Xy  X as  Ti  — > T and  Xj  — > X are  open  immersions,  see  Spaces,  Lemmas 


52.12.3  and  52.12.2  ) Here  is  a diagram 


Z ^TXy  X 

'NN\x^  St 
T — 


9 


V 


X 

f 

Y 


It  suffices  to  prove  that  the  image  fc{\Z\)  is  not  closed  in  |Tj. 

We  claim  there  exists  a point  y &Y  such  that  there  is  no  affine  open  neighborhood 
V of  y in  Y such  that  Xy  is  quasi-compact.  If  not  then  we  can  cover  Y with 
finitely  many  such  V and  for  each  V the  morphism  Yy  — » V is  quasi-compact  by 
Lemma  |54.8.8|  and  then  Lemma  |54.8.7|  implies  / quasi-compact,  a contradiction. 
Fix  a y € Y as  in  the  claim. 

Let  t € T be  the  point  lying  over  y with  n(t)  = n(y)  such  that  cq  = 1 in  n(t)  for  all 
i.  Suppose  z € \Z\  with  fr{z)  = t.  Then  q(t)  £ Xj  for  some  i.  Hence  /t(-)  ^ Tj 
by  construction  of  Z,  which  contradicts  the  fact  that  t £ Tj  by  construction.  Hence 
we  see  that  t £ |T|  \ fT{\Z\). 
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Assume  fr(\Z\)  is  closed  in  |T|.  Then  there  exists  an  element  g £ B[ap,i  £ I]  with 
/t(|-Z1)  C V(g)  but  t fL  V(g).  Hence  the  image  of  g in  k (t)  is  nonzero.  In  particular 
some  coefficient  of  g has  nonzero  image  in  n(y).  Hence  this  coefficient  is  invertible 
on  some  affine  open  neighborhood  V of  y.  Let  J be  the  finite  set  of  j £ I such 
that  the  variable  aj  appears  in  g.  Since  Xy  is  not  quasi-compact  and  each  X^y 
is  quasi-compact,  we  may  choose  a point  x £ \Xy  \ \ Ujgj  \Xjy\-  In  other  words, 
x £ \X\  \ |J jGj  \Xj\  and  x lies  above  some  v £ V.  Since  g has  a coefficient  that  is 
invertible  on  V,  we  can  find  a point  t'  £ T lying  above  v such  that  t'  (jL  V (g)  and 
t'  £ V(a,i)  foralH  ^ J.  This  is  true  because  V(ai\i  £ I\J)  = Spec  (B[a,j\j  £ J])  and 
the  set  of  points  of  this  scheme  lying  over  v is  bijective  with  Spec(«(v)[aj;  j £ J]) 
and  g restricts  to  a nonzero  element  of  this  polynomial  ring  by  construction.  In 
other  words  t'  £ Ti  for  each  i £ J.  By  Properties  of  Spaces,  Lemma  [53.4.3  we  can 
find  a point  z oi  X XyT  mapping  to  a;  £ A'  and  to  t!  £ T.  Since  x fL  \Xj\  for  j £ J 
and  t!  ft  T)  for  i £ I \ J we  see  that  z £ \Z\.  On  the  other  hand  /t(~)  = t'  fL  V(g) 
which  contradicts  fr(Z)  C V(g).  Thus  the  assumption  u/t(\Z\)  closed”  is  wrong 
and  we  conclude  indeed  that  fr  is  not  closed  as  desired.  □ 


The  target  of  a separated  algebraic  space  under  a surjective  universally  closed 
morphism  is  separated. 

05Z2  Lemma  54.9.8.  Let  S be  a scheme.  Let  B be  an  algebraic  space  over  S.  Let 
f : X — » Y be  a surjective  universally  closed  morphism  of  algebraic  spaces  over  B. 

(1)  If  X is  quasi-separated,  thenY  is  quasi-separated. 

(2)  If  X is  separated,  then  Y is  separated. 

(3)  If  X is  quasi- separated  over  B,  then  Y is  quasi-separated  over  B. 

(4)  If  X is  separated  over  B,  then  Y is  separated  over  B. 


Proof.  Parts  (1)  and  (2)  are  a consequence  of  (3)  and  (4)  for  S = B = Spec(Z) 
(see  Properties  of  Spaces,  Definition  53.3.11.  Consider  the  commutative  diagram 


X 


Y 


■ X xfl  A 


±X/B 


A 


Y/B 


Y 

YxbY 


The  left  vertical  arrow  is  surjective  (i.e.,  universally  surjective).  The  right  vertical 
arrow  is  universally  closed  as  a composition  of  the  universally  closed  morphisms 
X x b X — y X x bY  — >Y  xbY.  Hence  it  is  also  quasi-compact,  see  Lemma  [54. 9. 7 

Assume  X is  quasi-separated  over  B , i.e.,  A\-/b  is  quasi-compact.  Then  if  Z is 
quasi-compact  and  Z — ► Y x B Y is  a morphism,  then  Z XyXj!y  X -A  Z XyXBy  Y 
is  surjective  and  Z Xyxby  AT  is  quasi-compact  by  our  remarks  above.  We  conclude 
that  A y/B  is  quasi-compact,  i.e.,  Y is  quasi-separated  over  B. 


Assume  X is  separated  over  B , i.e.,  A«j  is  a closed  immersion.  Then  if  Z is  affine, 
and  Z — > Y xB  Y is  a morphism,  then  Z XyXfly  X -A  A XyXBy  Y is  surjective  and 
Z Xyxby  X —X  Z is  universally  closed  by  our  remarks  above.  We  conclude  that 
A y/b  is  universally  closed.  It  follows  that  AY/B  is  representable,  locally  of  finite 


type,  a monomorphism  (see  Lemma  54.4.11  and  universally  closed,  hence  a closed 
immersion,  see  Etale  Morphisms,  Lemma  40.7.2  (and  also  the  abstract  principle 


Spaces,  Lemma  52.5.81.  Thus  Y is  separated  over  B. 


□ 
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54.10.  Monomorphisms 


042K  A representable  morphism  X — > Y of  algebraic  spaces  is  a monomorphism  according 
to  Section |54.3|  if  for  every  scheme  Z and  morphism  Z — ^ Y the  morphism  Z Xy 
X — > Z is  representable  by  a monomorphism  of  schemes.  This  means  exactly 
that  Z Xy  X — ► Z is  an  injective  map  of  sheaves  on  (Sch/  S)  fppf . Since  this  is 
supposed  to  hold  for  all  Z and  all  maps  Z — > Y this  is  in  turn  equivalent  to  the 
map  X — Y being  an  injective  map  of  sheaves  on  (Sch/ S)  fppf-  Thus  we  may  define 
a monomorphism  of  a (possibly  nonrepresentablcQ  morphism  of  algebraic  spaces 
as  follows. 

042L  Definition  54.10.1.  Let  S'  be  a scheme.  A morphism  of  algebraic  spaces  over  S 
is  called  a monomorphism  if  it  is  an  injective  map  of  sheaves,  i.e. , a monomorphism 
in  the  category  of  sheaves  on  ( Sch/S)fppf . 


The  following  lemma  shows  that  this  also  means  that  it  is  a monomorphism  in  the 
category  of  algebraic  spaces  over  S. 


042M 


X — >•  Y be  a morphism  of  algebraic 


Lemma  54.10.2.  Let  S be  a scheme.  Let  j 
spaces  over  S.  The  following  are  equivalent: 

(1)  j is  a monomorphism  (as  in  Definition  5/.  10.1), 

(2)  j is  a monomorphism  in  the  category  of  algebraic  spaces  over  S , and 

(3)  the  diagonal  morphism  A x/y  : X — » X Xy  X is  an  isomorphism. 

Proof.  Note  that  X Xy  X is  both  the  fibre  product  in  the  category  of  sheaves  on 
(Sch/ S) fppf  and  the  fibre  product  in  the  category  of  algebraic  spaces  over  S,  see 
The  equivalence  of  (1)  and  (3)  is  a general  characteriza- 


Spaces,  Lemma  52.7.3 


tion  of  injective  maps  of  sheaves  on  any  site.  The  equivalence  of  (2)  and  (3)  is  a 
characterization  of  monomorphisms  in  any  category  with  fibre  products.  □ 

042N  Lemma  54.10.3.  A monomorphism  of  algebraic  spaces  is  separated. 

Proof.  This  is  true  because  an  isomorphism  is  a closed  immersion,  and  Lemma 
154.10.21  above.  □ 


0420  Lemma  54.10.4.  A composition  of  monomorphisms  is  a monomorphism. 

Proof.  True  because  a composition  of  injective  sheaf  maps  is  injective.  □ 

042P  Lemma  54.10.5.  The  base  change  of  a monomorphism  is  a monomorphism. 

Proof.  This  is  a general  fact  about  fibre  products  in  a category  of  sheaves.  □ 

042Q  Lemma  54.10.6.  Let  S be  a scheme.  Let  f : X — » Y be  a morphism  of  algebraic 
spaces  over  S.  The  following  are  equivalent 

(1)  f is  a monomorphism , 

(2)  for  every  scheme  Z and  morphism  Z — * Y the  base  change  Z Xy  X — ► Z 
of  f is  a monomorphism, 

(3)  for  every  affine  scheme  Z and  every  morphism  Z — ► Y the  base  change 
Z Xy  X — ^ Z of  f is  a monomorphism, 

(4)  there  exists  a scheme  V and  a surjective  etale  morphism  V — > Y such  that 
the  base  change  V Xy  X — > V is  a monomorphism,  and 


6 We  do  not  know  whether  any  monomorphism  of  algebraic  spaces  is  representable.  For  a 


discussion  see  More  on  Morphisms  of  Spaces,  Section 


63.4 
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042R 

06MG 

06RV 

03M7 

03M8 


(5)  there  exists  a Zariski  covering  Y = (J  Yj  such  that  each  of  the  morphisms 
f~1(Yi)  Yt  is  a monomorphism. 


Proof.  We  will  use  without  further  mention  that  a base  change  of  a monomorphism 

In  particular  it  is  clear  that  (1) 


is  a monomorphism,  see  Lemma  54.10.5 

=>  (3) 


(2) 


(4)  (by  taking  V to  be  a disjoint  union  of  affine  schemes  etale  over  Y, 
see  Properties  of  Spaces,  Lemma  53.6.1).  Let  V be  a scheme,  and  let  V — >■  Y be 
a surjective  etale  morphism.  If  V Xy  X ->  V is  a monomorphism,  then  it  follows 
that  A'  — x Y is  a monomorphism.  Namely,  given  any  cartesian  diagram  of  sheaves 


7 

b 

n 


7 = Hxxg 


if  c is  a surjection  of  sheaves,  and  a is  injective,  then  also  d is  injective.  Thus  (4) 
implies  (1).  Proof  of  the  equivalence  of  (5)  and  (1)  is  omitted.  □ 

Lemma  54.10.7.  An  immersion  of  algebraic  spaces  is  a monomorphism.  In 
particular,  any  immersion  is  separated. 


Proof.  Let  / : X — > Y be  an  immersion  of  algebraic  spaces.  For  any  morphism 
Z — > Y with  Z representable  the  base  change  Z Xy  X — x Z is  an  immersion 
of  schemes,  hence  a monomorphism,  see  Schemes,  Lemma  |25.23.7|  Hence  / is 
representable,  and  a monomorphism.  □ 


We  will  improve  on  the  following  lemma  in  Decent  Spaces,  Lemma  |55. 17. 1[ 

Lemma  54.10.8.  Let  S be  a scheme.  Let  k be  a field  and  let  Z — > Spec (k)  be  a 
monomorphism  of  algebraic  spaces  over  S.  Then  either  Z = 0 or  Z = Spec(fc). 


Proof.  By  Lemmas|54.10.3|and|54.4.T)|we  see  that  Z is  a separated  algebraic  space. 
Hence  there  exists  an  open  dense  subspace  Z'  C Z which  is  a scheme,  see  Properties 
of  Spaces,  Proposition  |53.12.3|  By  Schemes,  Lemma  25.23.10  we  see  that  either 
Z'  = 0 or  Z'  = Spec(fc).  In  the  first  case  we  conclude  that  Z — 0 and  in  the  second 
case  we  conclude  that  Z'  = Z = Spec(fc)  as  Z — > Spec(fc)  is  a monomorphism  which 
is  an  isomorphism  over  Z' . □ 


Lemma  54.10.9.  Let  S be  a scheme.  If  X —>Y  is  a monomorphism  of  algebraic 
spaces  over  S,  then  |A|  — >■  |Y|  is  injective. 


Proof.  Immediate  from  the  definitions. 


□ 


54.11.  Pushforward  of  quasi-coherent  sheaves 

We  first  prove  a simple  lemma  that  relates  pushforward  of  sheaves  of  modules  for  a 
morphism  of  algebraic  spaces  to  pushforward  of  sheaves  of  modules  for  a morphism 
of  schemes. 

Lemma  54.11.1.  Let  S be  a scheme.  Let  f : X — ► Y be  a morphism  of  algebraic 
spaces  over  S.  Let  U -A  X be  a surjective  etale  morphism  from  a scheme  to  X.  Set 
R = U x x U and  denote  t,  s : R — > U the  projection  morphisms  as  usual.  Denote 
a : U Y and  b : R — » Y the  induced  morphisms.  For  any  object  7 of  ModiOx) 
there  exists  an  exact  sequence 

0 — > f*7  —>  a*(Jr|y)  —> 
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where  the  second  arrow  is  the  difference  t*  — s* . 

Proof.  We  denote  T also  its  extension  to  a sheaf  of  modules  on  Xspaces^taie > see 
Properties  of  Spaces,  Remark  [53.17.4[  Let  V — X Y be  an  object  of  Y^taie-  Then 
V xYX  is  an  object  of  Xspaces^taie,  and  by  definition  f*F(V)  = X(V  Xyl).  Since 
U — X X is  surjective  etale,  we  see  that  {V  xy  U — x V xy  A'}  is  a covering.  Also, 
we  have  (V  XyU)  Xj  (V  XyU)  = V Xy  R.  Hence,  by  the  sheaf  condition  of  T on 
X spaces, etale  we  have  a short  exact  sequence 

0 -X  F(V  Xy  X)  -X  TfV  Xy  U)  -X  T{V  XyR) 

where  the  second  arrow  is  the  difference  of  restricting  via  t or  s.  This  exact  sequence 
is  functorial  in  V and  hence  we  obtain  the  lemma.  □ 


Let  S'  be  a scheme.  Let  / : X — x Y be  a quasi-compact  and  quasi-separated  mor- 
phism of  representable  algebraic  spaces  X and  Y over  S.  By  Descent,  Proposition 
34.7.14  the  functor  /*  : QCoh(Ox ) — X QCoh(Oy)  agrees  with  the  usual  functor  if 


we  think  of  A'  and  Y as  schemes. 


More  generally,  suppose  / : X — X Y is  a representable,  quasi-compact,  and  quasi- 
separated  morphism  of  algebraic  spaces  over  S.  Let  V be  a scheme  and  let  V — X Y 
be  an  etale  surjective  morphism.  Let  U = V Xy  X and  let  /'  : U — X V be  the  base 
change  of  /.  Then  for  any  quasi-coherent  Ox-module  J-  we  have 

04CF  (54.11.1.1)  fUF\u)  = (f.F) \v, 

see  Properties  of  Spaces,  Lemma  |53.25.2|  And  because  f \ U — X V is  a quasi- 
compact and  quasi-separated  morphism  of  schemes,  by  the  remark  of  the  preceding 
paragraph  we  may  compute  fi(X\u)  by  thinking  of  J-\ u as  a quasi-coherent  sheaf 
on  the  scheme  U,  and  f as  a morphism  of  schemes.  We  will  frequently  use  this 
without  further  mention. 


The  next  level  of  generality  is  to  consider  an  arbitrary  quasi-compact  and  quasi- 
separated  morphism  of  algebraic  spaces. 

03M9  Lemma  54.11.2.  Let  S be  a scheme.  Let  f : X — x Y be  a morphism  of  algebraic 
spaces  over  S.  If  f is  quasi-compact  and  quasi-separated,  then  /*  transforms  quasi- 
coherent  Ox -modules  into  quasi-coherent  Oy  -modules. 


Proof.  Let  J7  be  a quasi-coherent  sheaf  on  X.  We  have  to  show  that  f*T  is  a 
quasi-coherent  sheaf  on  Y . For  this  it  suffices  to  show  that  for  any  affine  scheme 
V and  etale  morphism  V — X Y the  restriction  of  f+T  to  V is  quasi-coherent,  see 

Let  /' 


Properties  of  Spaces,  Lemma |53.28.6 
fbyV 


V Xy  X — x V be  the  base  change  of 


Y.  Note  that  f is  also  quasi-compact  and  quasi-separated,  see  Lemmas 
54.8.3  and  54.4.4  By  (54.11.1.1)  we  know  that  the  restriction  of  f*JF  to  V is  /'  of 


the  restriction  of  T to  V Xy  X.  Hence  we  may  replace  / by  /',  and  assume  that 
Y is  an  affine  scheme. 


Assume  Y is  an  affine  scheme.  Since  / is  quasi-compact  we  see  that  X is  quasi- 
compact. Thus  we  may  choose  an  affine  scheme  U and  a surjective  etale  morphism 
U —X  X,  see  Properties  of  Spaces,  Lemma  f53.6.3|  By  Lemma  [54.11. 1|  we  get  an 
exact  sequence 

0 —x  f^J-  —x  a*(Jr|c/)  —x  b*(J-\ff). 

where  R = U xxU.  As  X — x Y is  quasi-separated  we  see  that  R — X U Xy  U is  a 
quasi-conrpact  monomorphism.  This  implies  that  R is  a quasi-compact  separated 
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scheme  (as  U and  Y are  affine  at  this  point).  Hence  a : U — > Y and  b : R Y 
are  quasi-compact  and  quasi-separated  morphisms  of  schemes.  Thus  by  Descent, 
Proposition  34.7.14  the  sheaves  a*{F\u)  and  6*(J:'|r)  are  quasi-coherent  (see  also 
the  discussion  preceding  this  lemma).  This  implies  that  f*J-  is  a kernel  of  quasi- 
coherent  modules,  and  hence  itself  quasi-coherent,  see  Properties  of  Spaces,  Lemma 
153.28.71  □ 

Higher  direct  images  are  discussed  in  Cohomology  of  Spaces,  Section  [56. 3| 


54.12.  Immersions 


03HB 


03M4 


Open,  closed  and  locally  closed  immersions  of  algebraic  spaces  were  defined  in 
Spaces,  Section  52.12|  Namely,  a morphism  of  algebraic  spaces  is  a closed  immer- 
sion (resp.  open  immersion , resp.  immersion ) if  it  is  representable  and  a closed 


immersion  (resp.  open  immersion,  resp.  immersion)  in  the  sense  of  Section  54.3 


In  particular  these  types  of  morphisms  are  stable  under  base  change  and  composi- 
tions of  morphisms  in  the  category  of  algebraic  spaces  over  S,  see  Spaces,  Lemmas 
152. 12. 2landl52. 12.31 

Lemma  54.12.1.  Let  S be  a scheme.  Let  f : X — » Y be  a morphism  of  algebraic 
spaces  over  S.  The  following  are  equivalent: 

(1)  f is  a closed  immersion  (resp.  open  immersion,  resp.  immersion), 

(2)  for  every  scheme  Z and  any  morphism  Z Y the  morphism  Zxy  X — > Z 
is  a closed  immersion  (resp.  open  immersion,  resp.  immersion), 

(3)  for  every  affine  scheme  Z and  any  morphism  Z —>Y  the  morphism  Z Xy 
X — y Z is  a closed  immersion  (resp.  open  immersion,  resp.  immersion), 

(4)  there  exists  a scheme  V and  a surjective  etale  morphism  V — > Y such 
that  V Xy  X — > V is  a closed  immersion  (resp.  open  immersion,  resp. 
immersion),  and 

(5)  there  exists  a Zariski  covering  Y = [J  Y)  such  that  each  of  the  morphisms 
/_1(Yj)  Yi  is  a closed  immersion  (resp.  open  immersion,  7'esp.  immer- 
sion). 


OAGC 


Proof.  Using  that  a base  change  of  a closed  immersion  (resp.  open  immersion,  resp. 
immersion)  is  another  one  it  is  clear  that  (1)  implies  (2)  and  (2)  implies  (3).  Also 
(3)  implies  (4)  since  we  can  take  V to  be  a disjoint  union  of  affines,  see  Properties 
of  Spaces,  Lemma  53.6. 1| 

Assume  V — > Y is  as  in  (4).  Let  V be  the  property  closed  immersion  (resp.  open 
immersion,  resp.  immersion)  of  morphisms  of  schemes.  Note  that  property  V is 
preserved  under  any  base  change  and  fppf  local  on  the  base  (see  Section  [54.3). 
Moreover,  morphisms  of  type  V are  separated  and  locally  quasi-finite  (in  each  of 
the  three  cases,  see  Schemes,  Lemma  25.23.7  and  Morphisms,  Lemma  28.20.15). 
Hence  by  More  on  Morphisms,  Lemma  36.39.1|  the  morphisms  of  type  V satisfy 
descent  for  fppf  covering.  Thus  Spaces,  Lemma  |52.11.5|  applies  and  we  see  that 
X — ► Y is  representable  and  has  property  V , in  other  words  (1)  holds. 


The  equivalence  of  (1)  and  (5)  follows  from  the  fact  that  V is  Zariski  local  on  the 
target  (since  we  saw  above  that  V is  in  fact  fppf  local  on  the  target).  □ 


Lemma  54.12.2.  Let  S be  a scheme.  Let  Z — >•  Y —¥  X be  morphisms  of  algebraic 
spaces  over  S. 
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(1)  If  Z —>  X is  representable,  locally  of  finite  type,  locally  quasi-finite,  sepa- 
rated, and  a monomorphism,  then  Z — > Y is  representable,  locally  of  finite 
type,  locally  quasi-finite,  separated,  and  a monomorphism. 

(2)  If  Z — > X is  an  immersion  and  Y — > X is  locally  separated,  then  Z — > Y 
is  an  immersion. 

(3)  If  Z — » X is  a closed  immersion  and  Y — ► X is  separated,  then  Z Y is 
a closed  immersion. 

Proof.  In  each  case  the  proof  is  to  contemplate  the  commutative  diagram 

Z ^Yxx  Z 

h ir 

Y s-X 


where  the  composition  of  the  top  horizontal  arrows  is  the  identity.  Let  us  prove  (1). 
The  first  horizontal  arrow  is  a section  of  Y Xx  Z — »•  Z,  whence  representable,  lo- 
cally of  finite  type,  locally  quasi-finite,  separated,  and  a monomorphism  by  Lemma 
|54.4.7[  The  arrow  Y Xx  Z — > 7 is  a base  change  of  Z — > X hence  is  repre- 
sentable, locally  of  finite  type,  locally  quasi-finite,  separated,  and  a monomorphism 
(as  each  of  these  properties  of  morphisms  of  schemes  is  stable  uynder  base  change, 
see  Spaces,  Remark  52.4.1 1.  Hence  the  same  is  true  for  the  composition  (as  each  of 
these  properties  of  morphisms  of  schemes  is  stable  under  composition,  see  Spaces, 
Remark  52.4.2).  This  proves  (1).  The  other  results  are  proved  in  exactly  the  same 
manner.  □ 


04CD  Lemma  54.12.3.  Let  S be  a scheme.  Let  i : Z — > X be  an  immersion  of  algebraic 
spaces  over  S.  Then  |i|  : \Z\  — » |X|  is  a homeomorphism  onto  a locally  closed 
subset,  and  i is  a closed  immersion  if  and  only  if  the  image  |i|(|Z|)  C \X\  is  a 
closed  subset. 


Proof.  The  first  statement  is  Properties  of  Spaces,  Lemma  53.11.2  Let  U be  a 
scheme  and  let  U — » A'  be  a surjective  etale  morphism.  By  assumption  T = U Xx  Z 
is  a scheme  and  the  morphism  j : T — » U is  an  immersion  of  schemes.  By  Lemma 
|54.12.1|the  morphism  i is  a closed  immersion  if  and  only  if  j is  a closed  immersion. 
By  Schemes,  Lemma  25.10.4  this  is  true  if  and  only  if  j(T)  is  closed  in  U.  However, 
the  subset  j{T)  C U is  the  inverse  image  of  |z|(|Z|)  C |X|,  see  Properties  of  Spaces, 
Lemma  53.4.3|  This  finishes  the  proof.  □ 


04CE  Remark  54.12.4.  Let  S'  be  a scheme.  Let  i : Z — > X be  an  immersion  of  algebraic 
spaces  over  S.  Since  i is  a monomorphism  we  may  think  of  \Z\  as  a subset  of  |A'|;  in 
the  rest  of  this  remark  we  do  so.  Let  d\Z\  be  the  boundary  of  \Z\  in  the  topological 
space  |Aj.  In  a formula 

d\z\  = \z\\\z\. 


Let  dZ  be  the  reduced  closed  subspace  of  X with  \dZ\  = d\Z\  obtained  by  taking 
the  reduced  induced  closed  subspace  structure,  see  Properties  of  Spaces,  Definition 


53.11.6  By  construction  we  see  that  \Z\  is  closed  in  |A'|  \ \dZ\  = \X\dZ\.  Hence  it 


is  true  that  any  immersion  of  algebraic  spaces  can  be  factored  as  a closed  immersion 
followed  by  an  open  immersion  (but  not  the  other  way  in  general,  see  Morphisms, 
Example  28.3.41. 
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06EC 


081U 


03MA 


03MB 


Remark  54.12.5.  Let  S'  be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
T C | A" | be  a locally  closed  subset.  Let  dT  be  the  boundary  of  T in  the  topological 
space  |AT|.  In  a formula 

dT  = T\T. 

Let  U C X be  the  open  subspace  of  X with  \U\  = |A|  \ dT,  see  Properties  of 
Spaces,  Lemma  53.4.8  Let  Z be  the  reduced  closed  subspace  of  U with  \Z\  = T 


obtained  by  taking  the  reduced  induced  closed  subspace  structure,  see  Properties 
of  Spaces,  Definition  |53.11.6[  By  construction  Z — > U is  a closed  immersion  of 
algebraic  spaces  and  U — » X is  an  open  immersion,  hence  Z — >•  X is  an  immersion 
of  algebraic  spaces  over  S (see  Spaces,  Lemma  52.12.2).  Note  that  Z is  a reduced 
algebraic  space  and  that  \Z\  = T as  subsets  of  |X|.  We  sometimes  say  Z is  the 
reduced  induced  subspace  structure  on  T. 

Lemma  54.12.6.  Let  S be  a scheme.  Let  Z — > X be  an  immersion  of  algebraic 
spaces  over  S . Assume  Z — >•  X is  quasi-compact.  There  exists  a factorization  Z — ► 
Z — > X where  Z — >•  Z is  an  open  immersion  and  Z — > X is  a closed  immersion. 


X be  surjective  etale.  As  usual  denote 
> U.  Set  T = Z xv  X.  Let  T C U be 


Proof.  Let  U be  a scheme  and  let  U - 
R = U Xx  U with  projections  s,t  : R 
the  scheme  theoretic  image  of  T — >■  U.  Note  that  s-1T  = f-1T  as  taking  scheme 
theoretic  images  of  quasi-compact  morphisms  commute  with  flat  base  change,  see 
Morphisms,  Lemma  28.25.14  Hence  we  obtain  a closed  subspace  Z C X whose 


pullback  to  U is  T,  see  Properties  of  Spaces 
Lemma 


Lemma 


28.7.7 


53.11.3 


the  morphism  T 


By  Morphisms, 
T is  an  open  immersion.  It  follows  that  Z — > Z 

□ 


is  an  open  immersion  and  we  win. 


54.13.  Closed  immersions 

In  this  section  we  elucidate  some  of  the  results  obtained  previously  on  immersions 


of  algebraic  spaces.  See  Spaces,  Section  52.12  and  Section  54.12  in  this  chapter. 
This  section  is  the  analogue  of  Morphisms,  Section  [28.2|  for  algebraic  spaces. 

Lemma  54.13.1.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  For 
every  closed  immersion  i : Z — >•  X the  sheaf  i^Oz  is  a quasi- coherent  Ox-module, 
the  map  : Ox  — i ► i*Oz  is  surjective  and  its  kernel  is  a quasi- coherent  sheaf  of 
ideals.  The  rule  Z i— > Ker{Ox  — > i*Oz)  defines  an  inclusion  reversing  bijection 


closed  subspaces 
Z c A 


quasi- coherent  sheaves 
of  ideals  I C Ox 

Moreover,  given  a closed  subscheme  Z corresponding  to  the  quasi- coherent  sheaf  of 
ideals  T C Ox  a morphism  of  algebraic  spaces  h : Y X factors  through  Z if  and 
only  if  the  map  h*I  — » h*0  \ = Oy  is  zero. 

Proof.  Let  U — > X be  a surjective  etale  morphism  whose  source  is  a scheme. 
Consider  the  diagram 

U xx  Z ^ Z 


U 


X 


By  Lemma  54.12.1  we  see  that  i is  a closed  immersion  if  and  only  if  i!  is  a closed 
immersion.  By  Properties  of  Spaces,  Lemma  53.25.2  we  see  that  i'tOuxxz  is  the 
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restriction  of  i*Oz  to  U.  Hence  the  assertions  on  Ox  —>  i*Oz  are  equivalent  to  the 
corresponding  assertions  on  Ou  — » **©[/Xxz-  And  since  il  is  a closed  immersion  of 
schemes,  these  results  follow  from  Morphisms,  Lemma [28.2. 1| 

Let  us  prove  that  given  a quasi-coherent  sheaf  of  ideals  X C Ox  the  formula 

Z(T)  = {h  : T ->  X | h*X  — > Ot  is  zero} 


defines  a closed  subspace  of  X.  It  is  clearly  a subfunctor  of  X.  To  show  that  Z — ► X 
is  representable  by  closed  immersions,  let  p : U — > X be  a morphism  from  a scheme 
towards  X.  Then  Z xx  U is  represented  by  the  analogous  subfunctor  of  U corre- 
sponding to  the  sheaf  of  ideals  Im (<p*I  —t  Ojj)-  By  Properties  of  Spaces,  Lemma 


53.28.2  the  ©[/-module  tp*I  is  quasi-coherent  on  on  U,  and  hence  \m(ip*X  — > Ou)  is 


a quasi-coherent  sheaf  of  ideals  on  U . By  Schemes,  Lemma [25. 4. 6| we  conclude  that 
Z Xx  U is  represented  by  the  closed  subscheme  of  U associated  to  Im(<p*Z  — >•  Ou)- 
Thus  Z is  a closed  subspace  of  X. 


In  the  formula  for  Z above  the  inputs  T are  schemes  since  algebraic  spaces  are 
sheaves  on  (Sch/S)fppf.  We  omit  the  verification  that  the  same  formula  remains 
true  if  T is  an  algebraic  space.  □ 


083Q  Definition  54.13.2.  Let  5 be  a scheme.  Let  / : Y — > X be  a morphism  of 
algebraic  spaces  over  S.  Let  Z C X be  a closed  subspace.  The  inverse  image 
f_1{Z)  of  the  closed  subspace  Z is  the  closed  subspace  Z Xx  Y of  Y . 


This  definition  makes  sense  by  Lemma  54.12.1  If  X C Ox  is  the  quasi-coherent 
sheaf  of  ideals  corresponding  to  Z via  Lemma  |54.13.1  then  f~1XOy  = Im(/*Z  — ► 


Oy)  is  the  sheaf  of  ideals  corresponding  to  / L(Z). 


04CG  Lemma  54.13.3.  A closed  immersion  of  algebraic  spaces  is  quasi-compact. 

Proof.  This  follows  from  Schemes,  Lemma|25 . 1 9 . 5 Iby  general  principles,  see  Spaces, 
Lemma  EMS  □ 


04CH  Lemma  54.13.4.  A closed  immersion  of  algebraic  spaces  is  separated. 

Proof.  This  follows  from  Schemes,  Lemma|25.23.7|by  general  principles,  see  Spaces, 
Lemma  [52X3  □ 


04E5  Lemma  54.13.5.  Let  S be  a scheme.  Let  i : Z — » X be  a closed  immersion  of 
algebraic  spaces  over  S. 

(1)  The  functor 

Ismail ,*  : Sh^Zgtale)  t Sh(Xgtaie) 

is  fully  faithful  and  its  essential  image  is  those  sheaves  of  sets  T on  X^taie 
whose  restriction  to  X \ Z is  isomorphic  to  *,  and 

(2)  the  functor 

i small ,*  : Ab(Zet.ale)  t Ab(Xetale) 

is  fully  faithful  and  its  essential  image  is  those  abelian  sheaves  on  Xetaie 
whose  support  is  contained  in  Z . 

In  both  cases  iJmo.il  a ^ eft  inverse  to  the  functor  isrnaii,*- 
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Proof.  Let  U be  a scheme  and  let  U — ► X be  surjective  etale.  Set  V = Z xx  U. 
Then  V is  a scheme  and  i'  : V — > U is  a closed  immersion  of  schemes.  By  Properties 
of  Spaces,  Lemma [53. 17. 11| for  any  sheaf  Q on  Z we  have 

i\malT  small, *Q) \v  = (*  ) smalT  small, *{G\v) 


By  Etale  Cohomology,  Proposition |49.47.4| the  map  {i')  small1' small, *{G\v)  Q\v  is 

an  isomorphism.  Since  V — »•  Z is  surjective  and  etale  this  implies  that  small, *Q 

Q is  an  isomorphism.  This  clearly  implies  that  i small,*  is  fully  faithful,  see  Sites, 
Lemma  [7.40.1 1 To  prove  the  statement  on  the  essential  image,  consider  a sheaf  of 
sets  T on  X^aie  whose  restriction  to  A'  \ Z is  isomorphic  to  *.  As  in  the  proof  of 
Etale  Cohomology,  Proposition 


49.47.4 


we  consider  the  adjunction  mapping 


T 


i small,  gmall-F ■ 


As  in  the  first  part  we  see  that  the  restriction  of  this  map  to  U is  an  isomorphism 
by  the  corresponding  result  for  the  case  of  schemes.  Since  U is  an  etale  covering  of 
X we  conclude  it  is  an  isomorphism.  □ 


The  following  lemma  holds  more  generally  in  the  setting  of  a closed  immersion  of 
topoi  (insert  future  reference  here). 

04G0  Lemma  54.13.6.  Let  S be  a scheme.  Let  i : Z — * A'  be  a closed  immersion  of 
algebraic  spaces  over  S.  Let  A be  a sheaf  of  rings  on  X^taie ■ Let  B be  a sheaf  of 
rings  on  Z etale-  Let  ip  : A — t iSmaii,*B  (or  what  is  the  same  thing  ip  : ismall -A 
be  a homomorphism  of  sheaves  of  rings.  Then  for  any  sheaf  of  A-modules  T the 
adjunction  mapping  T — ► i small, *\maii-^  Educes  an  isomorphism 

ismall, *B  y i small, *(ismall-Lr  — 1 Bj . 

Proof.  During  this  proof  we  drop  the  subscript  small  from  the  notation.  There 
is  a map  i~lF  — > i~xT  B to  which  we  can  apply  «*  and  compose  with  the 

adjunction  map: 


T — > i*(i  1Jr) — > i*(i  1 X B). 

The  composition  is  A-linear  where  A acts  on  the  target  via  ip.  Note  that  this  target 
<84-1.4  B)  has  a canonical  **B-module  structure.  Hence  by  the  universal 
property  of  tensor  product  we  obtain  a map  as  in  the  lemma. 


Let  Cl  be  a sheaf  of  ?'*S-modules  on  X^taie.  Since  the  support  of  the  sheaf  of  rings 
i*B  is  contained  in  Z we  see  that  the  support  of  Q is  contained  in  Z.  Hence  by 
Lemma  54.13. 5|  we  conclude  that  there  exists  a unique  sheaf  of  H-modules  ji  and 
an  isomorphism  iAH.  = Q as  i*£>-modules.  To  show  that  the  map  of  the  lemma  is  an 
isomorphism  we  show  that  the  right  hand  side  of  the  arrow  satisfies  the  universal 
property  enjoyed  by  the  tensor  product  on  the  left  (i.e. , we  will  use  Yoneda’s  lemma, 
see  Categories,  Lemma  4.3.5).  To  see  this  we  have  to  show  that  maps  into  Q agree. 
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This  can  be  seen  using  the  following  sequence  of  canonical  isomorphisms 
Hom,,B(T  <g>.A  i*B,G)  = Hom^(J',  Q) 

= RomA(F,u{H)) 

= Honij-i^  (i~1F,TL) 

= Horn B(i-1  (g)j-i_4  B , XL) 

= HomiiB(i*(j_1Jr  ®i-iA  B),iZH) 

= Horn 

The  fifth  equality  holds  because  of  the  equivalence  of  categories  in  Lemma|54.13.5| 

□ 


54.14.  Closed  immersions  and  quasi-coherent  sheaves 

04CI  This  section  is  the  analogue  of  Morphisms,  Section  [28.41 

04CJ  Lemma  54.14.1.  Let  S be  a scheme.  Let  i : Z — ► X be  a closed  immersion  of 
algebraic  spaces  over  S . Let  X C Ox  be  the  quasi-coherent  sheaf  of  ideals  cutting 
out  Z . 

(1)  For  any  Ox -module  F the  adjunction  map  F — > i*i*F  induces  an  iso- 
morphism F /XF  = i*i*F. 

(2)  The  functor  i*  is  a left  inverse  to  i *,  i.e.,  for  any  Oz -module  Q the  ad- 
junction map  i*i*Q  — » Q is  an  isomorphism. 

(3)  The  functor 

i*  : QCoh(Oz)  — t QCohlOx ) 

is  exact , fully  faithful,  with  essential  image  those  quasi-coherent  Ox- 
modules  F such  that  XF  = 0. 


Proof.  During  this  proof  we  work  exclusively  with  sheaves  on  the  small  etale  sites, 
and  we  use  to  denote  pusliforward  and  pullback  of  sheaves  of  abelian 

groups  instead  of  i small, *,  if ^aU- 


Let  F be  an  Ox-module.  By  Lemma |54. 13. 6|  we  see  that  i*i* F = F ®ox  Oz-  By 
Lemma  [54.13.1|  we  see  that  we  have  a short  exact  sequence 


0 — y X — ^ Ox  — ^ i*Oz  — y 0 


It  follows  from  properties  of  the  tensor  product  that  F ®ox  i*^z  = F /XF . This 
proves  (1)  (except  that  we  omit  the  verification  that  the  map  is  induced  by  the 
adjunction  mapping). 


Let  Q be  any  O^-module.  By  Lemma  54.13.5  we  see  that  i~1i*Q  = Q.  Hence 
to  prove  (2)  we  have  to  show  that  the  canonical  map  Q ®i~iox  — > G is  an 

isomorphism.  This  follows  from  general  properties  of  tensor  products  if  we  can 
show  that  i_1Ox  Oz  is  surjective.  By  Lemma  54.13.5  it  suffices  to  prove  that 
i*i~xOx  — > i*Oz  is  surjective.  Since  the  surjective  map  Ox  — > i*Oz  factors 
through  this  map  we  see  that  (2)  holds. 


Finally  we  prove  the  most  interesting  part  of  the  lemma,  namely  part  (3).  A closed 
immersion  is  quasi-compact  and  separated,  see  Lemmas|54.13.3|and|54.13.4|  Hence 
Lemma  54.11.2  applies  and  the  pushforward  of  a quasi-coherent  sheaf  on  Z is  indeed 
a quasi-coherent  sheaf  on  X.  Thus  we  obtain  our  functor  i^Coh  : QCoh(Oz)  — > 
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QCoh(Ox)-  It  is  clear  from  part  (2)  that  i9Coh  is  fully  faithful  since  it  has  a left 
inverse,  namely  i* . 


Now  we  turn  to  the  description  of  the  essential  image  of  the  functor  **.  It  is  clear 
that  I(i*G)  = 0 for  any  O^-module,  since  X is  the  kernel  of  the  map  Ox  — t i*Oz 
which  is  the  map  we  use  to  put  an  Ox-module  structure  on  i*Q.  Next,  suppose  that 
T is  any  quasi-coherent  Ox-module  such  that  XT  = 0.  Then  we  see  that  T is  an 
i+O^-module  because  i*Oz  = O. \/X.  Hence  in  particular  its  support  is  contained 
in  Z.  We  apply  Lemma  54. 13. 5|  to  see  that  T = i*G  for  some  O^-module  Q.  The 
only  small  detail  left  over  is  to  see  why  Q is  quasi-coherent.  This  is  true  because 
Q = i*T  by  part  (2)  and  Properties  of  Spaces,  Lemma  53.28.2  □ 


Let  i : Z — > X be  a closed  immersion  of  algebraic  spaces.  Because  of  the  lemma 
above  we  often,  by  abuse  of  notation,  denote  T the  sheaf  on  X. 

04CK  Lemma  54.14.2.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
T be  a quasi-coherent  Ox -module.  Let  G C T be  a Ox -submodule.  There  exists  a 
unique  quasi-coherent  Ox -submodule  G'  C G with  the  following  property:  For  every 
quasi-coherent  Ox -module  XL  the  map 

Hom0x  (XL,  Q')  — s>  Hom0x  (XL,  G) 

is  bijective.  In  particular  Q'  is  the  largest  quasi-coherent  Ox -submodule  of  T con- 
tained in  Q . 


Proof.  Let  Qa,  a € A be  the  set  of  quasi-coherent  Ox-submodules  contained  in  Q. 
Then  the  image  Q'  of 


T 


is  quasi-coherent  as  the  image  of  a map  of  quasi-coherent  sheaves  on  X is  quasi- 
coherent  and  since  a direct  sum  of  quasi-coherent  sheaves  is  quasi-coherent,  see 
Properties  of  Spaces,  Lemma  53.28.7  The  module  Q'  is  contained  in  Q.  Hence  this 


is  the  largest  quasi-coherent  Ox-module  contained  in  Q. 


To  prove  the  formula,  let  H be  a quasi-coherent  Ox-module  and  let  a : H -»  Q be 
an  Ox-module  map.  The  image  of  the  composition  XL  — > Q — » T is  quasi-coherent 
as  the  image  of  a map  of  quasi-coherent  sheaves.  Hence  it  is  contained  in  Q' . Hence 
a factors  through  Q'  as  desired.  □ 


04CL 


Lemma  54.14.3.  Let  S be  a scheme.  Let  i : Z — > X be  a closed  immersion  of 
algebraic  spaces  over  S.  There  is  a functo^f  : QCoh(Ox ) — t QCoh(Oz)  which  is 
a right  adjoint  to  i *.  (Compare  Modules , Lemma  17.6.3.) 


Proof.  Given  quasi-coherent  Ox-module  Q we  consider  the  subsheaf  XLz(G)  of  Q 
of  local  sections  annihilated  by  X.  By  Lemma  |54.14.2|  there  is  a canonical  largest 
quasi-coherent  Ox-submodule  XLzifG)' ■ By  construction  we  have 


Hom0x  (i*  J7,  XLZ{G)')  = Hom0x  (i*  J7,  Q) 

for  any  quasi-coherent  Oz~ module  T . Hence  we  can  set  i'G  = i*(XLz{G)')-  Details 
omitted.  □ 


'This  is  likely  nonstandard  notation. 
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54.15.  Supports  of  modules 


07TX 


In  this  section  we  collect  some  elementary  results  on  supports  of  quasi-coherent 
modules  on  algebraic  spaces.  Let  X be  an  algebraic  space.  The  support  of  an 


abelian  sheaf  on  Xetaie  has  been  defined  in  Properties  of  Spaces,  Section[53.19|  We 
use  the  same  definition  for  supports  of  modules.  The  following  lemma  tells  us  this 
agrees  with  the  notion  as  defined  for  quasi-coherent  modules  on  schemes. 

07TY  Lemma  54.15.1.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let  T 
be  a quasi-coherent  Ox -module.  Let  U be  a scheme  and  let  tp  : U — ► X be  an  etale 
morphism.  Then 

Supp(ip*  JF)  = \ip\~1  (Supp(F)) 

where  the  left  hand  side  is  the  support  of  qYJ-  as  a quasi-coherent  module  on  the 
scheme  U . 

Proof.  Let  u G U be  a (usual)  point  and  let  x be  a geometric  point  lying  over  u. 
By  Properties  of  Spaces,  Lemma  53.28.4  we  have  (ip*F)u  Ox,w  = Fx-  Since 

OU'U  — > Ox,x  is  the  strict  henselization  by  Properties  of  Spaces,  Lemma 


see  that  it  is  faithfully  flat  (see  More  on  Algebra,  Lemma  15.36.1).  T 
that  {ip*F)u  = 0 if  and  only  if  Tx  = 0.  This  proves  the  lemma. 


53.21.1 


we 

hus  we  see 
□ 


07TZ 


For  finite  type  quasi-coherent  modules  the  support  is  closed,  can  be  checked  on 
fibres,  and  commutes  with  base  change. 

Lemma  54.15.2.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let  T 
be  a finite  type  quasi-coherent  Ox -module.  Then 

(1)  The  support  of  T is  closed. 

(2)  For  a geometric  point  x lying  over  x G |Xj  we  have 

X G Supp(T)  Tx  7^  0 4=>  Tx  ®Ox,m  K(X)  7 ^ 0- 

(3)  For  any  morphism  of  algebraic  spaces  f : Y — » X the  pullback  f*F  is  of 
finite  type  as  well  and  we  have  Supp(f* X)  = f~1(Supp(T)). 

Proof.  Choose  a scheme  U and  a surjective  etale  morphism  ip  : U — 7 X.  By 
Lemma |54. 15.1  the  inverse  image  of  the  support  of  T is  the  support  of  ip*F  which 
is  closed  by  Morphisms,  Lemma  28.5.3  Thus  (1)  follows  from  the  definition  of  the 
topology  on  X|. 

The  first  equivalence  in  (2)  is  the  definition  of  support.  The  second  equivalence 
follows  from  Nakayama’s  lemma,  see  Algebra,  Lemma[l0.19.1| 

Let  f :Y  — > X be  as  in  (3) . Note  that  f*JF  is  of  finite  type  by  Properties  of  Spaces, 
For  the  final  assertion,  let  y be  a geometric  point  of  Y mapping  to 


Section  53.29 


the  geometric  point  ionI.  Recall  that 

(f*T)y=T, 

see  Properties  of  Spaces,  Lemma  53.28.5 
only  if  Tx  ® k(x)  is  nonzero.  By  (2)  this  implies  x 


^Ox,x  °Y,y, 
Hence  ( f*X)y 
G 


y G Supp(/*Jr),  which  is  the  content  of  assertion  (3). 


g>  n(y)  is  nonzero  if  and 
Supp(Jr)  if  and  only  if 
' □ 


Our  next  task  is  to  show  that  the  scheme  theoretic  support  of  a finite  type  quasi- 


coherent  module  (see  Morphisms,  Definition  28.5.5)  also  makes  sense  for  finite  type 
quasi-coherent  modules  on  algebraic  spaces. 
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07U0  Lemma  54.15.3.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let  T 
be  a finite  type  quasi- coherent  Ox -module.  There  exists  a smallest  closed  subspace 
i : Z — »•  X such  that  there  exists  a quasi- coherent  Oz -module  Q with  i*Q  = T . 
Moreover: 

(1)  If  U is  a scheme  and  ip  : U — > X is  an  etale  morphism  then  Z Xx  U is 
the  scheme  theoretic  support  ofip*X. 

(2)  The  quasi- coherent  sheaf  Q is  unique  up  to  unique  isomorphism. 

(3)  The  quasi- coherent  sheaf  Q is  of  finite  type. 

(4)  The  support  of  Q and  of  T is  Z . 


Proof.  Choose  a scheme  U and  a surjective  etale  morphism  <p  : U -A  X.  Let 
R = U X \U  with  projections  s,t  : R — ► U.  Let  if  : Z'  — > U be  the  scheme  theoretic 
support  of  Lp*J-  and  let  Q'  be  the  (unique  up  to  unique  isomorphism)  finite  type 


quasi-coherent  C^'-module  with  ifjg'  = see  Morphisms,  Lemma  28.5.4  As 
s*tp*J-  = t*ip*J-  we  see  that  R 1 = s~1Z'  = t^Z'  as  closed  subschemes  of  R by 


Morphisms,  Lemma  28.25.12  Thus  we  may  apply  Properties  of  Spaces,  Lemma 
53.11.3  to  find  a closed  subspace  i : Z — ► X whose  pullback  to  U is  Z' . Writing 
s' ,t ' : R'  — > Z'  the  projections  and  j'  : R'  -4  R the  given  closed  immersion,  we  see 
that 

J*{S  ) g = s i^Q  = SipF  = t(pT  = tiifg  =j*{t)y 


(the  first  and  the  last  equality  by  Cohomology  of  Schemes,  Lemma  29.5.2).  Hence 


the  uniqueness  of  Morphisms,  Lemma  28.25.12  applied  to  R'  — > R gives  an  isomor- 
phism a : ( t')*g ' — ► ( s')*g ' compatible  with  the  canonical  isomorphism  = 

s *p*J:  via  j' . Clearly  a satisfies  the  cocycle  condition,  hence  we  may  apply  Prop- 
erties of  Spaces,  Proposition  |53.31.1|  to  obtain  a quasi-coherent  module  g on  Z 
whose  restriction  to  Z'  is  Q'  compatible  with  a.  Again  using  the  equivalence  of  the 
proposition  mentioned  above  (this  time  for  A')  we  conclude  that  i*g  = T . 

This  proves  existence.  The  other  properties  of  the  lemma  follow  by  comparing  with 
the  result  for  schemes  using  Lemma  54.15.1  Detailed  proofs  omitted.  □ 


07U1  Definition  54.15.4.  Let  S'  be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
J7  be  a finite  type  quasi-coherent  OA'-module.  The  scheme  theoretic  support  of  T 
is  the  closed  subspace  Z C X constructed  in  Lemma|54.15.3| 

In  this  situation  we  often  think  of  J7  as  a quasi-coherent  sheaf  of  finite  type  on  Z 


(via  the  equivalence  of  categories  of  Lemma  54.14.1). 


54.16.  Scheme  theoretic  image 

082W  Caution:  Some  of  the  material  in  this  section  is  ultra-general  and  behaves  differently 
from  what  you  might  expect. 

082X  Lemma  54.16.1.  Let  S be  a scheme.  Let  f : X Y be  a morphism  of  algebraic 
spaces  over  S . There  exists  a closed  subspace  Z CY  such  that  f factors  through  Z 
and  such  that  for  any  other  closed  subspace  Z'  C Y such  that  f factors  through  Z' 
we  have  Z C Z' . 

Proof.  Let  T = Ker(CV  — ► f*Ox)-  If  Z is  quasi-coherent  then  we  just  take  Z 
to  be  the  closed  subscheme  determined  by  X,  see  Lemma  |54.13.1|  In  general  the 
lemma  requires  us  to  show  that  there  exists  a largest  quasi-coherent  sheaf  of  ideals 
T'  contained  in  T.  This  follows  from  Lemma  154. 14.21  □ 
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082Y 


082Z 


0830 


089B 


Suppose  that  in  the  situation  of  Lemma [54. 16. 1|  above  X and  Y are  representable. 
Then  the  closed  subspace  Z C Y found  in  the  lemma  agrees  with  the  closed  sub- 
scheme Z C Y found  in  Morpliisms,  Lemma  |28.6.1|  The  reason  is  that  closed 
subspaces  (or  subschemes)  are  in  a inclusion  reversing  correspondence  with  quasi- 
coherent  ideal  sheaves  on  X etale  and  X.  As  the  category  of  quasi-coherent  modules 
on  Xetaie  and  X are  the  same  (Properties  of  Spaces,  Section  53.28)  we  conclude. 
Thus  the  following  definition  agrees  with  the  earlier  definition  for  morphisms  of 
schemes. 


Definition  54.16.2.  Let  5 be  a scheme.  Let  / : X — > Y be  a morphism  of 
algebraic  spaces  over  S.  The  scheme  theoretic  image  of  / is  the  smallest  closed 
subspace  Z CY  through  which  / factors,  see  Lemma  54. 16. 1|  above. 


We  often  just  denote  / : X — ► Z the  factorization  of  /.  If  the  morphism  / is  not 
quasi-compact,  then  (in  general)  the  construction  of  the  scheme  theoretic  image 
does  not  commute  with  restriction  to  open  subspaces  of  Y. 

Lemma  54.16.3.  Let  S be  a scheme.  Let  f : X — > Y be  a morphism  of  algebraic 
spaces  over  S.  Let  Z C Y be  the  scheme  theoretic  image  of  f.  If  f is  quasi-compact 
then 

(1)  the  sheaf  of  ideals  I = Ker(Oy  — > f*Ox ) is  quasi-coherent, 

(2)  the  scheme  theoretic  image  Z is  the  closed  subspace  corresponding  to  X, 

(3)  for  any  etale  morphism  V — > Y the  scheme  theoretic  image  ofXxyV  —t  V 
is  equal  to  Z Xy  V , and 

(4)  the  image  |/|(|X|)  C \Z\  is  a dense  subset  of\Z\. 


Proof.  To  prove  (3)  it  suffices  to  prove  (1)  since  the  formation  of  X commutes  with 
etale  localization.  If  (1)  holds  then  in  the  proof  of  Lemma  54.16.1  we  showed  (2). 
Let  us  prove  that  X is  quasi-coherent.  Since  the  property  of  being  quasi-coherent 
is  etale  local  we  may  assume  Y is  an  affine  scheme.  As  / is  quasi-compact,  we 
can  find  an  affine  scheme  U and  a surjective  etale  morphism  U — > X.  Denote  /' 
the  composition  U -4  X -A  Y.  Then  f*Ox  is  a subsheaf  of  f+Ojj,  and  hence 
X = Ker(CV  ~ ^ Ox1)-  By  Lemma  54.11.2  the  sheaf  f^Ojj  is  quasi-coherent  on  Y . 
Hence  I is  quasi-coherent  as  a kernel  of  a map  between  coherent  modules.  Finally, 
part  (4)  follows  from  parts  (1),  (2),  and  (3)  as  the  ideal  X will  be  the  unit  ideal  in 
any  point  of  |Y|  which  is  not  contained  in  the  closure  of  |/|(|AT|).  □ 


Lemma  54.16.4.  Let  S be  a scheme.  Let  f : X — ► Y be  a morphism  of  algebraic 
spaces  over  S . Assume  X is  reduced.  Then 

(1)  the  scheme  theoretic  image  Z of  f is  the  reduced  induced  algebraic  space 
structure  on  |/|(|X|),  and 

(2)  for  any  etale  morphism  V — > Y the  scheme  theoretic  image  ofXxyV  —t  V 
is  equal  to  Z Xy  V . 


Proof.  Part  (1)  is  true  because  the  reduced  induced  algebraic  space  structure  on 
|/|(|X|)  is  the  smallest  closed  subspace  of  Y through  which  / factors,  see  Properties 
of  Spaces,  Lemma  53.11.5  Part  (2)  follows  from  (1),  the  fact  that  \V\  — ► \Y\  is 
open,  and  the  fact  that  being  reduced  is  preserved  under  etale  localization.  □ 


Lemma  54.16.5.  Let  S be  a scheme.  Let  f : X — ► Y be  a quasi-compact  morphism 
of  algebraic  spaces  over  S.  Let  Z be  the  scheme  theoretic  image  of  f.  Let  z £ \Z\. 
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There  exists  a valuation  ring  A with  fraction  field  K and  a commutative  diagram 


Spec  (K) 9-  X 

v l/^  v 

Spec(A) Z 9-  Y 


such  that  the  closed  point  o/Spec(A)  maps  to  z. 

Proof.  Choose  a scheme  V and  a surjective  etale  morphism  V —>  Y.  Let  Z'  C V 
be  the  scheme  theoretic  image  of  X Xy  V — > V.  By  Lemma  54.16.3  Z'  = Z Xy  V . 


Thus  we  can  choose  a point  z'  £ Z'  mapping  to  z.  By  Morphisms,  Lemma  28.6.5 
we  can  choose  a diagram 


Spec(Jf) 9-  X xYV 


Spec  (A) >■  Z' 9-  V 


such  that  the  closed  point  of  Spec(A)  maps  to  z' . Composing  with  the  projections 
Z*  — ^ Z and  X Xy  V -4l  we  obtain  a solution.  □ 


54.17.  Scheme  theoretic  closure  and  density 


0831 

0832 


This  section  is  the  analogue  of  Morphisms,  Section [28.7| 

Lemma  54.17.1.  Let  S be  a scheme.  Let  W C S be  a scheme  theoretically  dense 
open  subscheme  (Morphisms,  Definition  28.7.1).  Let  f : A'  — »•  S be  a morphism  of 
schemes  which  is  flat,  locally  of  finite  presentation,  and  locally  quasi- finite.  Then 
f~1(W)  is  scheme  theoretically  dense  in  X. 

Proof.  We  will  use  the  characterization  of  Morphisms,  Lemma  28.7.5  Assume 
V C X is  an  open  and  g £ T(P,  Oy)  is  a function  which  restricts  to  zero  on 
f~1{W)  n V.  We  have  to  show  that  g = 0.  Assume  g ^ 0 to  get  a contradiction. 
By  More  on  Morphisms,  Lemma  |36.31.1l]  we  may  shrink  V,  find  an  open  U C S 
fitting  into  a commutative  diagram 


V 9-  X 


7V 

Y 


u 


i 

Y 


S, 


a quasi-colierent  subsheaf  T C Ou , an  integer  r > 0,  and  an  injective  ©[/-module 
map  T®r  -A  7r*CV  whose  image  contains  g\y.  Say  (gi, . . . , gr)  £ r([/,Xer)  maps 
to  g.  Then  we  see  that  gi\wnu  — 0 because  g\f-iwrv  = 0-  Hence  gt  = 0 because 
T C Ojj  and  W is  scheme  theoretically  dense  in  S.  This  implies  g = 0 which  is  the 
desired  contradiction.  □ 

0833  Lemma  54.17.2.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
U C X be  an  open  subspace.  The  following  are  equivalent 

(1)  for  every  etale  morphism  tp  : V -A  X (of  algebraic  spaces)  the  scheme 
theoretic  closure  o/v?_1(/7)  in  V is  equal  to  V , 

(2)  there  exists  a scheme  V and  a surjective  etale  morphism  <p  : V — > X such 
that  the  scheme  theoretic  closure  of  y>_1([7)  in  V is  equal  to  V, 
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Proof.  Observe  that  if  V — > V'  is  a morphism  of  algebraic  spaces  etale  over  X , 
and  Z CV,  resp.  Z'  C V'  is  the  scheme  theoretic  closure  of  U xx  V,  resp.  U xxV' 
in  V,  resp.  V7,  then  Z maps  into  Z' . Thus  if  V — > V'  is  surjective  and  etale  then 
Z = V implies  Z'  = V' . Next,  note  that  an  etale  morphism  is  flat,  locally  of  finite 


presentation,  and  locally  quasi-fmite  (see  Morphisms,  Section  28.36).  Thus  Lemma 


54.17.1  implies  that  if  V and  V'  are  schemes,  then  Z'  = V'  implies  Z = V.  A formal 
argument  using  that  every  algebraic  space  has  an  etale  covering  by  a scheme  shows 
that  (1)  and  (2)  are  equivalent.  □ 


It  follows  from  Lemma  54.17.2  that  the  following  definition  is  compatible  with  the 
definition  in  the  case  of  schemes. 


0834  Definition  54.17.3.  Let  S'  be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
U C X be  an  open  subspace. 

(1)  The  scheme  theoretic  image  of  the  morphism  U — > X is  called  the  scheme 
theoretic  closure  of  U in  X. 

(2)  We  say  U is  scheme  theoretically  dense  in  X if  the  equivalent  conditions 
of  Lemma  f54. 17. 21  are  satisfied. 


With  this  definition  it  is  not  the  case  that  U is  scheme  theoretically  dense  in  A' 
if  and  only  if  the  scheme  theoretic  closure  of  U is  X.  This  is  somewhat  inelegant. 
But  with  suitable  finiteness  conditions  we  will  see  that  it  does  hold. 


0835  Lemma  54.17.4.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
U C X be  an  open  subspace.  If  U — )•  X is  quasi-compact,  then  U is  scheme 
theoretically  dense  in  X if  and  only  if  the  scheme  theoretic  closure  ofU  in  X is  X. 


Proof.  Follows  from  Lemma  54.16.3  part  (3). 


□ 


0836  Lemma  54.17.5.  Let  S be  a scheme.  Let  j : U -A  X be  an  open  immersion  of 
algebraic  spaces  over  S.  Then  U is  scheme  theoretically  dense  in  X if  and  only  if 
Ox  —>  j*Ojj  is  injective. 


Proof.  If  Ox  — > j*Ojj  is  injective,  then  the  same  is  true  when  restricted  to  any 
algebraic  space  V etale  over  X.  Hence  the  scheme  theoretic  closure  of  U x x V in  V 
is  equal  to  V,  see  proof  of  Lemma [54.1 6. 1|  Conversely,  assume  the  scheme  theoretic 
closure  of  U xx  V is  equal  to  V for  all  V etale  over  X.  Suppose  that  Ox  —>  j*Ou 
is  not  injective.  Then  we  can  find  an  affine,  say  V = Spec(A),  etale  over  X and 
a nonzero  element  / £ A such  that  / maps  to  zero  in  r(P  xx  U,0).  In  this  case 
the  scheme  theoretic  closure  of  V xx  U in  V is  clearly  contained  in  Spec(H/(/))  a 
contradiction.  □ 


0837  Lemma  54.17.6.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  IfU, 
V are  scheme  theoretically  dense  open  subspaces  of  X,  then  so  is  U D V. 


Proof.  Let  W —>  X be  any  etale  morphism.  Consider  the  map  0(W)  — > 0(W  Xx 
V)  — » 0(W  x x (V  D U)).  By  Lemma  54.17.5  both  maps  are  injective.  Hence  the 
composite  is  injective.  Hence  by  Lemma  54.17. b\U C\V  is  scheme  theoretically  dense 
in  X.  □ 


088G  Lemma  54.17.7.  Let  S be  a scheme.  Let  h : Z — > X be  an  immersion  of 
algebraic  spaces  over  S.  Assume  either  Z — ► X is  quasi-compact  or  Z is  reduced. 
Let  Z C X be  the  scheme  theoretic  image  of  h.  Then  the  morphism  Z -A  Z is  an 
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open  immersion  which  identifies  Z with  a scheme  theoretically  dense  open  subspace 
of  Z.  Moreover,  Z is  topologically  dense  in  Z. 


084N 


Proof.  In  both  cases  the  formation  of  Z commutes  with  etale  localization,  see 
Lemmas  |54.16.3|  and  |54.16.4  Hence  this  lemma  follows  from  the  case  of  schemes, 
see  Morphisms,  Lemma  28.7.7|  □ 


Lemma  54.17.8.  Let  S be  a scheme.  Let  B be  an  algebraic  space  over  S.  Let 
f,g  : X — ► Y be  morphisms  of  algebraic  spaces  over  B.  Let  U C X be  an  open 
subspace  such  that  f\u  = g\u . If  the  scheme  theoretic  closure  of  U in  X is  X and 
Y — ► B is  separated,  then  f = g. 


Proof.  As  7 B is  separated  the  fibre  product  Y x A,YxBY,(f,g)  X is  a closed 

subspace  Z c X.  As  f\u  = g\u  we  see  that  U C Z.  Hence  Z = X as  U is  assumed 
scheme  theoretically  dense  in  X.  □ 


54.18.  Dominant  morphisms 

OABK  We  copy  the  definition  of  a dominant  morphism  of  schemes  to  get  the  notion  of  a 
dominant  morphism  of  algebraic  spaces.  We  caution  the  reader  that  this  definition 
is  not  well  behaved  unless  the  morphism  is  quasi-compact  and  the  algebraic  spaces 
satisfy  some  separation  axioms. 

OABL  Definition  54.18.1.  Let  S be  a scheme.  A morphism  / : X — ► Y of  algebraic 
spaces  over  S is  called  dominant  if  the  image  of  |/|  : |Aj  — > |Yj  is  dense  in  |F|. 


54.19.  Universally  injective  morphisms 


03MT  We  have  already  defined  in  Section  54.3  what  it  means  for  a representable  morphism 
of  algebraic  spaces  to  be  universally  injective.  For  a field  K over  S (recall  this  means 
that  we  are  given  a structure  morphism  Spec(A)  — > S)  and  an  algebraic  space  A' 
over  S we  write  X (A)  = Morg(Spec(A ),  A).  We  first  translate  the  condition  for 
representable  morphisms  into  a condition  on  the  functor  of  points. 


03MU  Lemma  54.19.1.  Let  S be  a scheme.  Let  f : X — ► Y be  a representable  morphism 
of  algebraic  spaces  over  S.  Then  f is  universally  injective  if  and  only  if  for  all  fields 
I\  the  map  X(K)  -A  Y(K)  is  injective. 


Proof.  We  are  going  to  use  Morphisms,  Lemma  [28. 11. 2|  without  further  mention. 
Suppose  that  / is  universally  injective.  Then  for  any  field  K and  any  morphism 
Spec(A')  — ► Y the  morphism  of  schemes  Spec(A')  Xy  X — > Spec(A')  is  universally 
injective.  Hence  there  exists  at  most  one  section  of  the  morphism  Spec(A)  xyl  — ► 
Spec(A').  Hence  the  map  X{I\)  — ► Y(K)  is  injective.  Conversely,  suppose  that  for 
every  field  A the  map  X(K)  — >■  Y[K)  is  injective.  Let  T — ► Y be  a morphism  from 
a scheme  into  Y,  and  consider  the  base  change  /y:TxyI->r.  For  any  field  K 
we  have 

(T  xr  A) (A)  = T(K)  Xy(K)  A(A) 

by  definition  of  the  fibre  product,  and  hence  the  injectivity  of  X(K)  — > Y (K)  guar- 
antees the  injectivity  of  (T  Xy  X)(K)  -A  T{K)  which  means  that  fr  is  universally 
injective  as  desired.  □ 


Next,  we  translate  the  property  that  the  transformation  between  field  valued  points 
is  injective  into  something  more  geometric. 
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040X  Lemma  54.19.2.  Let  S be  a scheme.  Let  f : X — ► Y be  a morphism  of  algebraic 
spaces  over  S.  The  following  are  equivalent: 

(1)  the  map  X(K)  — > Y(K)  is  injective  for  every  field  K over  S 

(2)  for  every  morphism  Y'  -A  Y of  algebraic  spaces  over  S the  induced  map 
| Y'  Xy  X\  —X  \Y'\  is  injective,  and 

(3)  the  diagonal  morphism  X — x X x Y X is  surjective. 

Proof.  Assume  (1).  Let  g : Y'  — > Y be  a morphism  of  algebraic  spaces,  and 
denote  f : f'  Xy  I -)  Y'  the  base  change  of  /.  Let  Ki,  i = 1,  2 be  Helds  and  let 
(fi  : Spec  (Ki)  —X  Y'  Xy  X be  morphisms  such  that  /'  o ipl  and  f o ip2  define  the 
same  element  of  \Y'\.  By  definition  this  means  there  exists  a field  f l and  embeddings 
a.-,  : Ki  C LI  such  that  the  two  morphisms  /'o^o  a,;  : Spec(fl)  —X  Y'  are  equal. 
Here  is  the  corresponding  commutative  diagram 

Spec(H)  — — >■  Spec (I<2) 

xYX  — ‘A  X 
f f 

y' — - — >-  y. 


In  particular  the  compositions  g o /'  o ip.,  o cn  are  equal.  By  assumption  (1)  this 
implies  that  the  morphism  g'  o tpi  o on  are  equal,  where  g'  : Y'  xY  X — x X is  the 
projection.  By  the  universal  property  of  the  fibre  product  we  conclude  that  the 
morphisms  ipiocti  : Spec(fl)  — > Y'  xY X are  equal.  In  other  words  and  ip2  define 
the  same  point  of  Y'  Xy  X.  We  conclude  that  (2)  holds. 

Assume  (2).  Let  K be  a field  over  S , and  let  a,  b : Spec (K)  —X  X be  two  morphisms 
such  that  foa  = fob.  Denote  c : Spec(A')  — x Y the  common  value.  By  assumption 
| Spec(AT)  x c Y X\  —x  | Spec(A')|  is  injective.  This  means  there  exists  a field  Q and 
embeddings  a*  : K -A  Q such  that 


Spec(H) — — Spec(A') 


Ot-2 


Y 

Spec(A') 


a 

, V 

— >■  Spec(AT)  x c Y X 


is  commutative.  Composing  with  the  projection  to  Spec(AT)  we  see  that  a±  = a.2- 
Denote  the  common  value  a.  Then  we  see  that  {a  : Spec(fl)  — x Spec(AT)}  is  a 
fpqc  covering  of  Spec(A')  such  that  the  two  morphisms  a,  b become  equal  on  the 
members  of  the  covering.  By  Properties  of  Spaces,  Proposition |53. 1(0]  we  conclude 
that  a = b.  We  conclude  that  (1)  holds. 


Assume  (3).  Let  x,x'  £ |X|  be  a pair  of  points  such  that  f(x)  = f(x')  in  |F|.  By 
Properties  of  Spaces,  Lemma  53.4.3  we  see  there  exists  a x"  £ |A”  x Y X\  whose 


projections  are  x and  x' . By  assumption  and  Properties  of  Spaces,  Lemma  53.4.4 
there  exists  a x'"  £ |X|  with  Ax/Y(x"')  = x" . Thus  x = x' . In  other  words  / is 
injective.  Since  condition  (3)  is  stable  under  base  change  we  see  that  / satisfies  (2). 
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Assume  (2).  Then  in  particular  \X  Xy  X\  — X |X|  is  injective  which  implies  imme- 
diately that  |Ax/y|  : \X\  — x \X  Xy  X\  is  surjective,  which  implies  that  Ax/y  is 
surjective  by  Properties  of  Spaces,  Lemma [53. 4. 4|  □ 


By  the  two  lemmas  above  the  following  definition  does  not  conflict  with  the  already 
defined  notion  of  a universally  injective  representable  morphism  of  algebraic  spaces. 

Definition  54.19.3.  Let  S'  be  a scheme.  Let  / : X — x F be  a morphism  of 
algebraic  spaces  over  S.  We  say  / is  universally  injective  if  for  every  morphism 
Y'  — x Y the  induced  map  | Y'  Xy  X\  — x \Y'\  is  injective. 


To  be  sure  this  means  that  any  or  all  of  the  equivalent  conditions  of  Lemma|54.19.2 
hold. 


Remark  54.19.4.  A universally  injective  morphism  of  schemes  is  separated,  see 
Morphisms,  Lemma [28. 11. 3[  This  is  not  the  case  for  morphisms  of  algebraic  spaces. 
Namely,  the  algebraic  space  X = X\/{x  ~ —x  \ x ^ 0}  constructed  in  Spaces, 
Example  52.14.1  comes  equipped  with  a morphism  X — x Aj.  which  maps  the  point 
with  coordinate  x to  the  point  with  coordinate  x2.  This  is  an  isomorphism  away 
from  0,  and  there  is  a unique  point  of  X lying  above  0.  As  X isn’t  separated  this 
is  a universally  injective  morphism  of  algebraic  spaces  which  is  not  separated. 


Lemma  54.19.5.  The  base  change  of  a universally  injective  morphism  is  univer- 
sally injective. 


Proof.  Omitted.  Hint:  This  is  formal. 


□ 


Lemma  54.19.6.  Let  S be  a scheme.  Let  f : X — X Y be  a morphism  of  algebraic 
spaces  over  S.  The  following  are  equivalent: 

(1)  f is  universally  injective, 

(2)  for  every  scheme  Z and  any  morphism  Z — x Y the  morphism  Z xy.Y  — x Z 
is  universally  injective, 

(3)  for  every  affine  scheme  Z and  any  morphism  Z — X F the  morphism  Z Xy 
X — X Z is  universally  injective, 

(4)  there  exists  a scheme  Z and  a surjective  morphism  Z — X Y such  that 
Z Xy  X — x Z is  universally  injective,  and 

(5)  there  exists  a Zariski  covering  Y = [J  Yj  such  that  each  of  the  morphisms 
f~1(Yi)  — x Yi  is  universally  injective. 


Proof.  We  will  use  that  being  universally  injective  is  preserved  under  base  change 
(Lemma  54.19.5)  without  further  mention  in  this  proof.  It  is  clear  that  (1)  =>  (2) 

=*  (3)  =*  (4). 

Assume  g : Z Y as  in  (4).  Let  y : Spec(A')  — X Y be  a morphism  from  the 
spectrum  of  a field  into  Y . By  assumption  we  can  find  an  extension  field  a : K C K' 
and  a morphism  z : Specif7)  — x Z such  that  y o a = g o z (with  obvious  abuse 
of  notation).  By  assumption  the  morphism  Z Xy  X — X Z is  universally  injective, 
hence  there  is  at  most  one  lift  of  go z : Spec(K')  — x F to  a morphism  into  X.  Since 
{a  : Spec(A.'7)  —X  Spec(A')}  is  a fpqc  covering  this  implies  there  is  at  most  one  lift 
of  y : Spec(A')  — x F to  a morphism  into  X,  see  Properties  of  Spaces,  Proposition 


53.16.1  Thus  we  see  that  (1)  holds. 

We  omit  the  verification  that  (5)  is  equivalent  to  (1). 


□ 
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Lemma  54.19.7.  A composition  of  universally  injective  morphisms  is  universally 
injective. 

Proof.  Omitted.  □ 


54.20.  Affine  morphisms 

We  have  already  defined  in  Section[54.3|what  it  means  for  a representable  morphism 
of  algebraic  spaces  to  be  affine. 

Lemma  54.20.1.  Let  S be  a scheme.  Let  f : X -A  Y be  a representable  morphism 
of  algebraic  spaces  over  S.  Then  f is  affine  if  and  only  if  for  all  affine  schemes  Z 
and  morphisms  Z Y the  scheme  X Xy  Z is  affine. 


Proof.  This  follows  directly  from  the  definition  of  an  affine  morphism  of  schemes 
(Morphisms,  Definition  28.12.1 1.  □ 


This  clears  the  way  for  the  following  definition. 

Definition  54.20.2.  Let  S'  be  a scheme.  Let  f : X Y be  a morphism  of 
algebraic  spaces  over  S.  We  say  / is  affine  if  for  every  affine  scheme  Z and  morphism 
Z — >•  Y the  algebraic  space  X Xy  Z is  representable  by  an  affine  scheme. 

Lemma  54.20.3.  Let  S be  a scheme.  Let  f : X — ► Y be  a morphism  of  algebraic 
spaces  over  S.  The  following  are  equivalent: 

(1)  f is  representable  and  affine, 

(2)  f is  affine, 

(3)  for  every  affine  scheme  V and  etale  morphism  V — ► Y the  scheme  XxyV 
is  affine, 

(4)  there  exists  a scheme  V and  a surjective  etale  morphism  V — > Y such  that 
V x y X — > V is  affine,  and 

(5)  there  exists  a Zariski  covering  Y = (J  Yj  such  that  each  of  the  morphisms 
/_1(Fi)  ->■  Yi  is  affine. 


Proof,  ft  is  clear  that  (1)  implies  (2),  that  (2)  implies  (3),  and  that  (3)  implies  (4) 
by  taking  V to  be  a disjoint  union  of  affines  etale  over  Y . see  Properties  of  Spaces, 
Lemma  53.6.1  Assume  V — > Y is  as  in  (4).  Then  for  every  affine  open  W of  V 
we  see  that  W Xy  X is  an  affine  open  of  V Xy  X.  Hence  by  Properties  of  Spaces, 
Lemma  53.12.1  we  conclude  that  V Xy  X is  a scheme.  Moreover  the  morphism 
V Xy  X — > V is  affine.  This  means  we  can  apply  Spaces,  Lemma [52. 11. 5| because 
the  class  of  affine  morphisms  satisfies  all  the  required  properties  (see  Morphisms, 
Lemmas  28.12.8  and  Descent,  Lemmas  34.19.16  and  34.33.1).  The  conclusion  of 
applying  this  lemma  is  that  / is  representable  and  affine,  i.e. , (1)  holds. 


The  equivalence  of  (1)  and  (5)  follows  from  the  fact  that  being  affine  is  Zariski  local 
on  the  target  (the  reference  above  shows  that  being  affine  is  in  fact  fpqc  local  on 
the  target).  □ 

Lemma  54.20.4.  The  composition  of  affine  morphisms  is  affine. 

Proof.  Omitted.  Hint:  Transitivity  of  fibre  products.  □ 


Lemma  54.20.5.  The  base  change  of  an  affine  morphism  is  affine. 

Proof.  Omitted.  Hint:  Transitivity  of  fibre  products.  □ 
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Lemma  54.20.6.  A closed  immersion  is  affine. 

Proof.  Follows  immediately  from  the  corresponding  statement  for  morphisms  of 
schemes,  see  Morphisms,  Lemma [28. 12. 9|  □ 

Lemma  54.20.7.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . There 
is  an  anti- equivalence  of  categories 

algebraic  space  quasi- coherent  sheaves 

affine  over  X of  Ox -algebras 

which  associates  to  f : Y — ► X the  sheaf  f*Oy.  Moreover , this  equivalence  is 
compatible  with  arbitrary  base  change. 


Proof.  This  lemma  is  the  analogue  of  Morphisms,  Lemma  28.12.5  Let  A be 


a quasi-coherent  sheaf  of  Ox-algebras.  We  will  construct  an  affine  morphism  of 
algebraic  spaces  tt  : Y = Spec Y (A)  — >•  X with  7 t*CV  = A.  To  do  this,  choose  a 
scheme  U and  a surjective  etale  morphism  p : U — >•  X.  As  usual  denote  R = UxxU 
with  projections  s,t  : R U.  Denote  ip  : R — > X the  composition  ip  = p o s = 
ip  o t.  By  the  aforementioned  lemma  there  exists  an  affine  morphisms  of  schemes 
7Tq  : V — ^ U and  7Ti  : W — » R with  7To,*CV  — p*  A and  ni^Ow  — ip* A.  Since  the 
construction  is  compatible  with  base  change  there  exist  morphisms  s' , t'  : W — > V 
such  that  the  diagrams 


W >■ V W >■ V 

s'  t' 

and 

s t V 

R—^U  R — -^U 


are  cartesian.  It  follows  that  s',  t!  are  etale.  It  is  a formal  consequence  of  the  above 
that  : W — > b Xj  b is  a monomorphism.  We  omit  the  verification  that 

W — ► V Xs  V is  an  equivalence  relation  (hint:  think  about  the  pullback  of  A to 
U xxU xxU  = R x Siu,t R) ■ The  quotient  sheaf  Y = V/W  is  an  algebraic  space,  see 
Spaces,  Theorem|52.10.5|  By  Groupoids,  Lemma  [38. 20. 7|  we  see  that  Y XxU  — V. 
Hence  Y — > X is  affine  by  Lemma  [54.20.3  Finally,  the  isomorphism  of 

( Y Xx  U — ► U)*Oyxxu  = ttq ,*Oy  — P* A 


is  compatible  with  glueing  isomorphisms,  whence  (Y  — > X)*Oy  — A by  Properties 
of  Spaces,  Proposition  1 5 3.301  We  omit  the  verification  that  this  construction  is 
compatible  with  base  change.  □ 


Definition  54.20.8.  Let  S’  be  a scheme.  Let  X be  an  algebraic  space  over  S. 
Let  A be  a quasi-coherent  sheaf  of  Ox-algebras.  The  relative  spectrum  of  A over 
X , or  simply  the  spectrum  of  A over  X is  the  affine  morphism  Spec(A)  — ► A' 
corresponding  to  A under  the  equivalence  of  categories  of  Lemma  |54.20.7| 


Forming  the  relative  spectrum  commutes  with  arbitrary  base  change. 

Remark  54.20.9.  Let  S'  be  a scheme.  Let  / : Y — > X be  a quasi-compact 
and  quasi-separated  morphism  of  algebraic  spaces  over  S.  Then  / has  a canonical 
factorization 

Y — >Specv(/,Oy)  — +X 

This  makes  sense  because  f*Oy  is  quasi-coherent  by  Lemma|54.11.2|  The  morphism 
Y -»  SpecY(/*(IV)  comes  from  the  canonical  Oy-algebra  map  f* f*Oy  — l Oy 
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which  corresponds  to  a canonical  morphism  Y — > Y Xx  Spec  (f*Oy)  over  Y (see 
Lemma  54.20.7)  whence  a factorization  of  / as  above. 


Lemma  54.20.10.  Let  S be  a scheme.  Let  f : Y — x X be  an  affine  morphism 
of  algebraic  spaces  over  S.  Let  A = f*Oy.  The  functor  T fa  f*T  induces  an 
equivalence  of  categories 


category  of  quasi- coherent) 
Oy -modules  J 


category  of  quasi- coherent 
A-modules 


Moreover,  an  A-module  is  quasi- coherent  as  an  Ox -module  if  and  only  if  it  is 
quasi- coherent  as  an  A-module. 


Proof.  Omitted. 


□ 


Lemma  54.20.11.  Let  S be  a scheme.  Let  B be  an  algebraic  space  over  S. 
Suppose  g : X — >•  Y is  a morphism  of  algebraic  spaces  over  B. 

(1)  If  X is  affine  over  B and  A : Y — x Y Y is  affine,  then  g is  affine. 

(2)  If  X is  affine  over  B and  Y is  separated  over  B,  then  g is  affine. 

(3)  A morphism  from  an  affine  scheme  to  an  algebraic  space  with  affine  diag- 
onal is  affine. 

(4)  A morphism  from  an  affine  scheme  to  a separated  algebraic  space  is  affine. 


is  a closed  immersion.  Parts  (3)  and  (4)  are  special  cases  of  (1)  and  (2).  □ 


Lemma  54.20.12.  Let  S be  a scheme.  Let  X be  a quasi-separated  algebraic  space 
over  S . Let  A be  an  Artinian  ring.  Any  morphism  Spec(A)  — x X is  affine. 


Proof.  Let  U — > X be  an  etale  morphism  with  U affine.  To  prove  the  lemma  we 


have  to  show  that  Spec(A)  Xx  U is  affine,  see  Lemma  54.20.3  Since  X is  quasi- 


separated  the  scheme  Spec(A)  Xx  U is  quasi-compact.  Moreover,  the  projection 
morphism  Spec(A)  Xx  U — X Spec(H)  is  etale.  Hence  this  morphism  has  finite 
discrete  fibers  and  moreover  the  topology  on  Spec(A)  is  discrete.  Thus  Spec(A)  xx 
U is  a scheme  whose  underlying  topological  space  is  a finite  discrete  set.  We  are 
done  by  Schemes,  Lemma  [25.11. 7|  □ 


54.21.  Quasi-affine  morphisms 

We  have  already  defined  in  Section[54.3|what  it  means  for  a representable  morphism 
of  algebraic  spaces  to  be  quasi-affine. 

Lemma  54.21.1.  Let  S be  a scheme.  Let  f : X — x Y be  a representable  morphism 
of  algebraic  spaces  over  S.  Then  f is  quasi-affine  if  and  only  if  for  all  affine  schemes 
Z and  morphisms  Z — x Y the  scheme  X Xy  Z is  quasi-affine. 


Proof.  This  follows  directly  from  the  definition  of  a quasi-affine  morphism  of 
schemes  (Morphisms,  Definition  28.13.1).  □ 


This  clears  the  way  for  the  following  definition. 
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Definition  54.21.2.  Let  S'  be  a scheme.  Let  / : X — > Y be  a morphism  of 
algebraic  spaces  over  S.  We  say  / is  quasi-affine  if  for  every  affine  scheme  Z and 
morphism  Z -A  Y the  algebraic  space  X Xy  Z is  representable  by  a quasi-affine 
scheme. 

Lemma  54.21.3.  Let  S be  a scheme.  Let  f : X — ► Y be  a morphism  of  algebraic 
spaces  over  S.  The  following  are  equivalent: 

(1)  f is  representable  and  quasi-affine, 
f is  quasi-affine, 

there  exists  a scheme  V and  a surjective  etale  morphism  V — > Y such  that 
V Xy  X — > V is  quasi-affine,  and 

there  exists  a Zariski  covering  Y = [J  Yj  such  that  each  of  the  morphisms 
f~1(Yi)  — ► Yt  is  quasi-affine. 

Proof.  It  is  clear  that  (1)  implies  (2)  and  that  (2)  implies  (3)  by  taking  V to 
be  a disjoint  union  of  affines  etale  over  Y,  see  Properties  of  Spaces,  Lemma [53.6.1 


(2) 

(3) 

(4) 


Assume  V — > Y is  as  in  (3).  Then  for  every  affine  open  W of  V we  see  that  W Xy  X 
is  a quasi-affine  open  of  L Xy  X . Hence  by  Properties  of  Spaces,  Lemma [53. 12. 1| 
we  conclude  that  V Xy  X is  a scheme.  Moreover  the  morphism  V Xy  X — ► V is 
quasi-affine.  This  means  we  can  apply  Spaces,  Lemma |52.11.5| because  the  class  of 
quasi-affine  morphisms  satisfies  all  the  required  properties  (see  Morphisms,  Lemmas 

The  conclusion  of  applying 


28.13.5 

and  Descent,  Lemmas 

34.19.18 

and 

34.34.1 

this  lemma  is  that  / is  representable  and  quasi-affine,  i.e.,  (1)  holds. 

The  equivalence  of  (1)  and  (4)  follows  from  the  fact  that  being  quasi-affine  is  Zariski 
local  on  the  target  (the  reference  above  shows  that  being  quasi-affine  is  in  fact  fpqc 
local  on  the  target).  □ 

03WN  Lemma  54.21.4.  The  composition  of  quasi-affine  morphisms  is  quasi-affine. 

Proof.  Omitted.  □ 

03WO  Lemma  54.21.5.  The  base  change  of  a quasi-affine  morphism  is  quasi-affine. 

Proof.  Omitted.  □ 

086S  Lemma  54.21.6.  Let  S be  a scheme.  A quasi-compact  and  quasi-separated  mor- 
phism of  algebraic  spaces  f : Y -A  X is  quasi-affine  if  and  only  if  the  canonical 
factorization  Y — ► Spec  (ffiOy)  (Remark  54-20.9)  is  an  open  immersion. 


Proof.  Let  U — i X be  a surjective  morphism  where  U is  a scheme.  Since  we 
may  check  whether  / is  quasi-affine  after  base  change  to  U (Lemma |54. 21.3 ),  since 
f*Oy\v  is  equal  to  (Y  xxU  —¥  U)*OyXxu  (Properties  of  Spaces,  Lemma|53.25.2), 
and  since  formation  of  relative  spectrum  commutes  with  base  change  (Lemma 


54.20.7 1,  we  see  that  the  assertion  reduces  to  the  case  that  X is  a scheme.  If  X is 
a scheme  and  either  / is  quasi-affine  or  Y — ► Spec Y(f*Oy)  is  an  open  immersion, 
then  Y is  a scheme  as  well.  Thus  we  reduce  to  Morphisms,  Lemma  28.13.3  □ 


54.22.  Types  of  morphisms  etale  local  on  source-and-target 

03MI  Given  a property  of  morphisms  of  schemes  which  is  etale  local  on  the  source-and- 
target,  see  Descent,  Definition [3472873] we  may  use  it  to  define  a corresponding  prop- 
erty of  morphisms  of  algebraic  spaces,  namely  by  imposing  either  of  the  equivalent 
conditions  of  the  lemma  below. 
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03MJ  Lemma  54.22.1.  Let  V be  a property  of  morphisms  of  schemes  which  is  etale 
local  on  the  source-and-target.  Let  S be  a scheme.  Let  f : X Y be  a morphism 
of  algebraic  spaces  over  S.  Consider  commutative  diagrams 

U 5-  V 

h 

a b 


where  U and  V are  schemes  and  the  vertical  arrows  are  etale.  The  following  are 
equivalent 

(1)  for  any  diagram  as  above  the  morphism  h has  property  V , and 

(2)  for  some  diagram  as  above  with  a : U — ► X surjective  the  morphism  h has 
property  V. 

If  X and  Y are  representable,  then  this  is  also  equivalent  to  f (as  a morphism  of 
schemes)  having  property  V . If  V is  also  preserved  under  any  base  change,  and 
fppf  local  on  the  base,  then  for  representable  morphisms  f this  is  also  equivalent  to 
f having  property  V in  the  sense  of  Section\5f.3[ 


Proof.  Let  us  prove  the  equivalence  of  (1)  and  (2).  The  implication  (1)  =>  (2)  is 
immediate  (taking  into  account  Spaces,  Lemma  52.11.6).  Assume 


are  two  diagrams  as  in  the  lemma.  Assume  U — > X is  surjective  and  h has  property 
V . To  show  that  (2)  implies  (1)  we  have  to  prove  that  hi  has  V . To  do  this  consider 
the  diagram 


J ^ U x 

XU'-^U 

( h,h ') 

V 

V 

V m V x Y V' m V' 


By  Descent,  Lemma  34.28.5  we  see  that  h has  V implies  (h,  h')  has 
U Xjf  U'  — > U'  is  surjective  this  implies  (by  the  same  lemma)  that  hi 


V and  since 
has  V. 


If  X and  Y are  representable,  then  Descent,  Lemma  |34.28.5|  applies  which  shows 
that  (1)  and  (2)  are  equivalent  to  / having  V. 


Finally,  suppose  / is  representable,  and  U,  V,  a , b,  h are  as  in  part  (2)  of  the  lemma, 
and  that  V is  preserved  under  arbitrary  base  change.  We  have  to  show  that  for 
any  scheme  Z and  morphism  Z — > X the  base  change  Z Xy  X — » Z has  property 
V . Consider  the  diagram 


Z Xy  U 5»-  Z X y V 


V 

Z xY  x 


V 

z 


Note  that  the  top  horizontal  arrow  is  a base  change  of  h and  hence  has  property  V. 
The  left  vertical  arrow  is  etale  and  surjective  and  the  right  vertical  arrow  is  etale. 
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Thus  Descent,  Lemma  [34.28.5|  once  again  kicks  in  and  shows  that  Z Xy  X — > Z 
has  property  V.  □ 

04RD  Definition  54.22.2.  Let  S be  a scheme.  Let  V be  a property  of  morphisms  of 
schemes  which  is  etale  local  on  the  source-and-target.  We  say  a morphism  / : X — > 
Y of  algebraic  spaces  over  S has  property  V if  the  equivalent  conditions  of  Lemma 
[54~22d1hold. 


Here  are  a couple  of  obvious  remarks. 

OAML  Remark  54.22.3.  Let  S’  be  a scheme.  Let  V be  a property  of  morphisms  of 
schemes  which  is  etale  local  on  the  source-and-target.  Suppose  that  moreover  V is 
stable  under  compositions.  Then  the  class  of  morphisms  of  algebraic  spaces  having 
property  V is  stable  under  composition. 

OAMM  Remark  54.22.4.  Let  S be  a scheme.  Let  V be  a property  of  morphisms  of 
schemes  which  is  etale  local  on  the  source-and-target.  Suppose  that  moreover  V is 
stable  under  base  change.  Then  the  class  of  morphisms  of  algebraic  spaces  having 
property  V is  stable  under  base  change. 

Given  a property  of  morphisms  of  germs  of  schemes  which  is  etale  local  on  the 
source-and-target , see  Descent,  Definition  |34. 29. 1]  we  may  use  it  to  define  a corre- 
sponding property  of  morphisms  of  algebraic  spaces  at  a point,  namely  by  imposing 
either  of  the  equivalent  conditions  of  the  lemma  below. 

04NC  Lemma  54.22.5.  Let  Q be  a property  of  morphisms  of  germs  which  is  etale  local 
on  the  source-and-target.  Let  S be  a scheme.  Let  f : X — » Y be  a morphism  of 
algebraic  spaces  over  S.  Let  x £ |X|  be  a point  of  X.  Consider  the  diagrams 


04RE 


where  U and  V are  schemes,  a,b  are  etale,  and  u,v,x,y  are  points  of  the  corre- 
sponding spaces.  The  following  are  equivalent 

(1)  for  any  diagram  as  above  we  have  Q((U,u ) — > (V,  v)),  and 

(2)  for  some  diagram  as  above  we  have  Q((U,u ) — > (V,v)). 

If  X and  Y are  representable,  then  this  is  also  equivalent  to  Q((X,x)  — > ( Y,y )). 


Proof.  Omitted.  Hint:  Very  similar  to  the  proof  of  Lemma [54.22. 1|  □ 

Definition  54.22.6.  Let  Q be  a property  of  morphisms  of  germs  of  schemes  which 
is  etale  local  on  the  source-and-target.  Let  S be  a scheme.  Given  a morphism 
/ : A'  — ► Y of  algebraic  spaces  over  S and  a point  x £ V we  say  that  / has 
property  Q at  x if  the  equivalent  conditions  of  Lemma  54. 22. 5|  hold. 


The  following  lemma  should  not  be  used  blindly  to  go  from  a property  of  morphisms 
to  a property  of  morphisms  at  a point.  For  example  if  V is  the  property  of  being 
flat,  then  the  property  Q in  the  following  lemma  means  “/  is  flat  in  an  open 
neighbourhood  of  x”  which  is  not  the  same  as  “/  is  flat  at  x ” . 

04RF  Lemma  54.22.7.  Let  V be  a property  of  morphisms  of  schemes  which  is  etale 
local  on  the  source-and-target.  Consider  the  property  Q of  morphisms  of  germs 
associated  to  V in  Descent,  Lemma\34.29.°2\  Then 
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04RG 


03XE 


03XF 


03XG 


03XH 


040Y 


(1)  Q is  etale  local  on  the  source-and-target. 

(2)  given  a morphism  of  algebraic  spaces  f : X — >•  Y and  x £ |X|  the  following 
are  equivalent 

(a)  f has  Q at  x,  and 

(b)  there  is  an  open  neighbourhood  X'  C X of  x such  that  X'  — > Y has 
V. 

(3)  given  a morphism  of  algebraic  spaces  f : X — ► Y the  following  are  equiv- 
alent: 

(a)  f has  V, 

(b)  for  every  x £ |X|  the  morphism  f has  Q at  x. 


Proof.  See  Descent,  Lemma  34.29.2  for  (1).  The  implication  (l)(a)  =>  (2)(b)  fol- 
lows on  letting  X'  = a(U ) C X given  a diagram  as  in  Lemma|54.22.5  The  implica- 
tion (2)(b)  =>  (l)(a)  is  clear.  The  equivalence  of  (3) (a)  and  (3)(b)  follows  from  the 
corresponding  result  for  morphisms  of  schemes,  see  Descent,  Lemma [34. 29. 3|  □ 

Remark  54.22.8.  We  will  apply  Lemma 


54.22.7 


above  to  all  cases  listed  in  De- 


scent, Remark  34.28.7| except  “flat”.  In  each  case  we  will  do  this  by  defining  / to 


have  property  V at  x if  / has  V in  a neighbourhood  of  x. 

54.23.  Morphisms  of  finite  type 

The  property  “locally  of  finite  type”  of  morphisms  of  schemes  is  etale  local  on 
the  source-and-target,  see  Descent,  Remark  |34.28.7|  It  is  also  stable  under  base 
change  and  fpqc  local  on  the  target,  see  Morphisms,  Lemma  28.15.4  and  Descent, 
Lemmas  |34.19.8  Hence,  by  Lemma  54.22.1  above,  we  may  define  what  it  means 
for  a morphism  of  algebraic  spaces  to  be  locally  of  finite  type  as  follows  and  it 
agrees  with  the  already  existing  notion  defined  in  Section  |54.3|  when  the  morphism 
is  representable. 

Definition  54.23.1.  Let  5 be  a scheme.  Let  / : X — > Y be  a morphism  of 
algebraic  spaces  over  S. 

(1)  We  say  / locally  of  finite  type  if  the  equivalent  conditions  of  Lemma  54.22.1 
hold  with  V = locally  of  finite  type. 

(2)  Let  x £ |X|.  We  say  / is  of  finite  type  at  x if  there  exists  an  open 
neighbourhood  X'  C X of  x such  that  / \x>  : X'  — > Y is  locally  of  finite 
type. 

(3)  We  say  / is  of  finite  type  if  it  is  locally  of  finite  type  and  quasi-compact. 
Consider  the  algebraic  space  AJ./Z  of  Spaces,  Example  52.14.8 


AJ./Z  — ► Spec(fc)  is  of  finite  type. 


The  morphism 


Lemma  54.23.2.  The  composition  of  finite  type  morphisms  is  of  finite  type.  The 
same  holds  for  locally  of  finite  type. 

a 


Proof.  See  Remark  54.22.3  and  Morphisms,  Lemma  28.15.3 


Lemma  54.23.3.  A base  change  of  a finite  type  morphism  is  finite  type, 
same  holds  for  locally  of  finite  type. 


The 


□ 


Proof.  See  Remark  54.22.4  and  Morphisms,  Lemma  28.15.4 

Lemma  54.23.4.  Let  S be  a scheme.  Let  f : X — » Y be  a morphism  of  algebraic 
spaces  over  S.  The  following  are  equivalent: 
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(1)  f is  locally  of  finite  type , 

(2)  for  every  x £ \X\  the  morphism  f is  of  finite  type  at  x, 

(3)  for  every  scheme  Z and  any  morphism  Z — ?•  Y the  morphism  ZxYX  — > Z 
is  locally  of  finite  type, 

(4)  for  every  affine  scheme  Z and  any  morphism  Z — > Y the  moi'phism  Z xY 
X — y Z is  locally  of  finite  type, 

(5)  there  exists  a scheme  V and  a surjective  etale  morphism  V —>■  Y such  that 
V X — > V is  locally  of  finite  type, 

(6)  there  exists  a scheme  U and  a surjective  etale  morphism  tp  : U —>  X such 
that  the  composition  f o tp  is  locally  of  finite  type, 

(7)  for  every  commutative  diagram 

U 


X >-  Y 

where  U , V are  schemes  and  the  vertical  arrows  are  etale  the  top  horizontal 
arrow  is  locally  of  finite  type, 

(8)  there  exists  a commutative  diagram 

U 9-  V 


X 9-  Y 

where  U , V are  schemes,  the  vertical  arrows  are  etale,  U — * X is  surjec- 
tive, and  the  top  horizontal  arrow  is  locally  of  finite  type,  and 

(9)  there  exist  Zariski  coverings  Y = (Jigj  Yiy  and  f~1(Yf)  = (J  Xij  such  that 
each  morphism  Xij  — > Yi  is  locally  of  finite  type. 


04ZK 


Proof.  Each  of  the  conditions  (2),  (3),  (4),  (5),  (6),  (7),  and  (9)  imply  condition 
(8)  in  a straightforward  manner.  For  example,  if  (5)  holds,  then  we  can  choose  a 
scheme  V which  is  a disjoint  union  of  afhnes  and  a surjective  morphism  V — > Y 
(see  Properties  of  Spaces,  Lemma  53.6.1).  Then  V xY  X — » V is  locally  of  finite 
type  by  (5).  Choose  a scheme  U and  a surjective  etale  morphism  U — ¥ V xY  X. 
Then  U —t  V is  locally  of  finite  type  by  Lemma  54.23.2  Hence  (8)  is  true. 

The  conditions  (1),  (7),  and  (8)  are  equivalent  by  definition. 


To  finish  the  proof,  we  show  that  (1)  implies  all  of  the  conditions  (2),  (3),  (4),  (5), 
(6),  and  (9).  For  (2)  this  is  immediate.  For  (3),  (4),  (5),  and  (9)  this  follows  from 
the  fact  that  being  locally  of  finite  type  is  preserved  under  base  change,  see  Lemma 
54.23.3  For  (6)  we  can  take  U = X and  we’re  done.  □ 


Lemma  54.23.5.  Let  S be  a scheme.  Let  f : X — » Y be  a morphism  of  algebraic 
spaces  over  S.  If  f is  locally  of  finite  type  and  Y is  locally  Noetherian,  then  X is 
locally  Noetherian. 


Proof.  Let 

U 9-P 
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0462 


06ED 


0485 


0487 


be  a commutative  diagram  where  U,  V are  schemes  and  the  vertical  arrows  are 
surjective  etale.  If  / is  locally  of  finite  type,  then  U — > V is  locally  of  finite 
type.  If  Y is  locally  Noetherian,  then  V is  locally  Noetherian.  By  Morphisms, 
Lemma  28.15.6  we  see  that  U is  locally  Noetherian,  which  means  that  X is  locally 
Noetherian.  □ 


Lemma  54.23.6.  Let  S be  a scheme.  Let  f : X Y , g : Y — ► Z be  morphisms  of 
algebraic  spaces  over  S.  If  g o f : X — » Z is  locally  of  finite  type,  then  f : X — ► Y 
is  locally  of  finite  type. 


Proof.  We  can  find  a diagram 


U > V W 


where  U,  V,  W are  schemes,  the  vertical  arrows  are  etale  and  surjective,  see  Spaces, 
Lemma [52.11.6[  At  this  point  we  can  use  Lemma [54. 23. 4|  and  Morphisms,  Lemma 
128. 15. 81  to  conclude.  □ 

Lemma  54.23.7.  An  immersion  is  locally  of  finite  type. 

Proof.  Follows  from  the  general  principle  Spaces,  Lemma  [52.5.8|  and  Morphisms, 
Lemmas  128.15.51  □ 


54.24.  Points  and  geometric  points 


In  this  section  we  make  some  remarks  on  points  and  geometric  points  (see  Properties 
of  Spaces,  Definition  53.18.1 1.  One  way  to  think  about  a geometric  point  of  X is 
to  consider  a geometric  point  s : Spec(fc)  — >•  S of  S and  a lift  of  s to  a morphism  x 
into  X.  Here  is  a diagram 


Spec(fc) 


X 

s. 


We  often  say  “let  k be  an  algebraically  closed  field  over  S”  to  indicate  that  Spec (k) 
comes  equipped  with  a morphism  Spec(fc)  — > S.  In  this  situation  we  write 


X(k)  = Mor5(Spec(fc),  X)  = {x  £ X lying  over  s} 


for  the  set  of  fc-valued  points  of  A'.  In  this  case  the  map  X(k ) |X|  maps  into 

the  subset  |AS|  C \X\.  Here  Xs  = Spec(«(s))  xg  A,  where  s G S'  is  the  point 
corresponding  to  s.  As  Spec(ft(s))  — > S is  a monomorphism,  also  the  base  change 
Xs  — > X is  a monomorphism,  and  \XS  is  indeed  a subset  of  |A'|. 

Lemma  54.24.1.  Let  S be  a scheme.  Let  f : X — » Y be  a morphism  of  algebraic 
spaces  over  S.  Assume  f is  locally  of  finite  type.  The  following  are  equivalent: 

(1)  f is  surjective,  and 

(2)  for  every  algebraically  closed  field  k over  S the  induced  map  X (k)  — >•  Y(k) 
is  surjective. 
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Proof.  Choose  a diagram 

U mf 

X >■  Y 


with  U,  V schemes  over  S and  vertical  arrows  surjective  and  etale,  see  Spaces, 
Lemma  52.11.6  Since  / is  locally  of  finite  type  we  see  that  U — > V is  locally  of 
finite  type. 


Assume  (1)  and  let  y £ Y(k).  Then  U — > Y is  surjective  and  locally  of  finite  type 
by  Lemmas  54.5.4  and |54.23.2  Let  Z = U Xy,y  Spec (k).  This  is  a scheme.  The 
projection  Z — > Spec(fc)  is  surjective  and  locally  of  finite  type  by  Lemmas  54.5.5 
and|54.23.3|  It  follows  from  Varieties,  Lemma [32.1 2. 1| that  Z has  a k valued  point 
z.  The  image  x £ X(k)  of  5 maps  to  y as  desired. 


Assume  (2).  By  Properties  of  Spaces,  Lemma  53.4.4  it  suffices  to  show  that  |Aj  — > 
\Y\  is  surjective.  Let  y £ |Y|.  Choose  a u £ U mapping  to  y.  Let  k D n(u)  be 
an  algebraic  closure.  Denote  u £ U(k ) the  corresponding  point  and  y £ Y(k)  its 
image.  By  assumption  there  exists  a x £ X(k)  mapping  to  y.  Then  it  is  clear  that 
the  image  x £ |X|  of  x maps  to  y.  □ 


In  order  to  state  the  next  lemma  we  introduce  the  following  notation.  Given  a 
scheme  T we  denote 

A(T)  = sup{H0,  \K(t)\-t  £ T}. 

In  words  A (T)  is  the  smallest  infinite  cardinal  bounding  all  the  cardinalities  of 
residue  fields  ot  T.  Note  that  if  I?  is  a ring  then  the  cardinality  of  any  residue 
field  «;(p)  of  R is  bounded  by  the  cardinality  of  R (details  omitted).  This  implies 
that  A (T)  < size(T)  where  size(T)  is  the  size  of  the  scheme  T as  introduced  in 
Sets,  Section  3.9  If  K C L is  a finitely  generated  field  extension  then  \K\  < \L\  < 
max{Ho,  |A'|}.  It  follows  that  if  T'  — > T is  a morphism  of  schemes  which  is  locally 
of  finite  type  then  A(T')  < A (T),  and  if  T'  — > T is  also  surjective  then  equality 
holds.  Next,  suppose  that  S’  is  a scheme  and  that  X is  an  algebraic  space  over  S. 
In  this  case  we  define 

A(X)  :=  A (U) 


where  U is  any  scheme  over  S which  has  a surjective  etale  morphism  towards  X. 
The  reason  that  this  is  independent  of  the  choice  of  U is  that  given  a pair  of  such 
schemes  U and  U'  the  fibre  product  U Xx  U'  is  a scheme  which  admits  a surjective 
etale  morphism  to  both  U and  U' , whence  X(U)  = X(U  Xx  U')  = X(U')  by  the 
discussion  above. 


0488  Lemma  54.24.2.  Let  S be  a scheme.  Let  X , Y be  algebraic  spaces  over  S . 

(1)  As  k ranges  over  all  algebraically  closed  fields  over  S the  collection  of 
geometric  points  y £ Y{k)  cover  all  of  |Yj. 

(2)  As  k ranges  over  all  algebraically  closed  fields  over  S with  |fe|  > A (Y)  and 
\k\  > X(X)  the  geometric  points  y £ Y(k ) cover  all  of  \Y\. 

(3)  For  any  geometric  point  s : Spec(fc)  S where  k has  cardinality  > A(X) 
the  map 

X(k)  — ► \Xe\ 


is  surjective. 
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(4)  Let  X — ^ Y be  a morphism  of  algebraic  spaces  over  S . For  any  geometric 
point  s : Spec(fc)  — > S where  k has  cardinality  > A(X)  the  map 

X{k)  — ► \X\  X|y,  Y(k) 

is  surjective. 

(5)  Let  X — > Y be  a morphism  of  algebraic  spaces  over  S.  The  following  are 
equivalent: 

(a)  the  map  X — ► Y is  surjective, 

(b)  for  all  algebraically  closed  fields  k over  S with  \k\  > A(A"),  and  |fc|  > 
A(F)  the  map  X{k)  — > Y{k)  is  surjective. 


Proof.  To  prove  part  (1)  choose  a surjective  etale  morphism  V — > Y where  V is 
a scheme.  For  each  v £ V choose  an  algebraic  closure  k(v)  C kv.  Consider  the 
morphisms  x : Spec (kv)  — > V — > Y.  By  construction  of  F these  cover  |F|. 


To  prove  part  (2)  we  will  use  the  following  two  facts  whose  proofs  we  omit:  (i)  If  K is 
a field  and  K is  algebraic  closure  then  | K\  < max{Ko,  \K |}.  (ii)  For  any  algebraically 
closed  field  k and  any  cardinal  M,  K > \k\  there  exists  an  extension  of  algebraically 
closed  fields  k C k'  with  \k'\  = K.  Now  we  set  H = max{A(A),  A(F)}+.  Here  A+  > A 
indicates  the  next  bigger  cardinal,  see  Sets,  Section  3.6  Now  (i)  implies  that  the 
fields  ku  constructed  in  the  first  paragraph  of  the  proof  all  have  cardinality  bounded 
by  A(X).  Hence  by  (ii)  we  can  find  extensions  ku  C k'u  such  that  \k'u\  = K.  The 
morphisms  x!  : Spec (k'u)  — ► X cover  |X|  as  desired.  To  really  finish  the  proof  of  (2) 
we  need  to  show  that  the  schemes  Spec (k'u)  are  (isomorphic  to)  objects  of  Schfppf 
because  our  conventions  are  that  all  schemes  are  objects  of  Schfppf,  the  rest  of 
this  paragraph  should  be  skipped  by  anyone  who  is  not  interested  in  set  theoretical 
considerations.  By  construction  there  exists  an  object  T of  Schfppf  such  that  X(X) 
and  A(y)  are  bounded  by  size(T).  By  our  construction  of  the  category  Schfppf 
in  Topologies,  Definitions  |33.7.6|  as  the  category  Scha  constructed  in  Sets,  Lemma 
3.9.2  we  see  that  any  scheme  whose  size  is  < size(T)+  is  isomorphic  to  an  object 


of  Schfppf.  See  the  expression  for  the  function  Bound  in  Sets,  Equation  (3. 9. 1.1). 
Since  K < size(T)+  we  conclude. 


The  notation  Xs  in  part  (3)  means  the  fibre  product  Spec(K;(s))  x $X,  where  s £ S is 
the  point  corresponding  to  s.  Hence  part  (2)  follows  from  (4)  with  Y = Spec(re(s)). 


Let  us  prove  (4).  Let  X — ► Y be  a morphism  of  algebraic  spaces  over  S.  Let  k be  an 
algebraically  closed  field  over  S of  cardinality  > A(X).  Let  y £ Y{k)  and  x £ \X\ 
which  map  to  the  same  element  y of  |Yj.  We  have  to  find  x £ X(k)  mapping  to  x 
and  y.  Choose  a commutative  diagram 


U 

X =<-  Y 


with  U , V schemes  over  S and  vertical  arrows  surjective  and  etale,  see  Spaces, 
Lemma  52.11.6  Choose  a u £ \U\  which  maps  to  x,  and  denote  v £ \V\  the 
image.  We  will  think  of  u = Spec(/«(u))  and  v = Spec(/c(u))  as  schemes.  Note  that 
V Xy  Spec(fc)  is  a scheme  etale  over  k.  Hence  it  is  a disjoint  union  of  spectra  of 
finite  separable  extensions  of  k,  see  Morphisms,  Lemma  [28.36.7|  As  v maps  to  y 
we  see  that  v xY  Spec(fc)  is  a nonempty  scheme.  As  v — > V is  a monomorphism,  we 


54.25.  POINTS  OF  FINITE  TYPE 


3614 


see  that  v Xy  Spec(fc)  -iVxy  Spec(fc)  is  a monomorphism.  Hence  DXy  Spec(fc)  is 
a disjoint  union  of  spectra  of  finite  separable  extensions  of  k,  by  Schemes,  Lemma 
25.23.10  We  conclude  that  the  morphism  v Xy  Spec(fc)  — > Spec(fc)  has  a section, 
i.e.,  we  can  find  a morphism  v : Spec (k)  —X  V lying  over  v and  over  y.  Finally  we 
consider  the  scheme 

u Xv,v  Spec (k)  = Spec(xc(it)  ®K(V)  k) 

where  k(v)  —X  k is  the  field  map  defining  the  morphism  v.  Since  the  cardinality  of  k 
is  larger  than  the  cardinality  of  k(u)  by  assumption  we  may  apply  Algebra,  Lemma 
10.34.12  to  see  that  any  maximal  ideal  m C k(u)  0k(v)  k has  a residue  field  which 
is  algebraic  over  k and  hence  equal  to  k.  Such  a maximal  ideal  will  hence  produce 
a morphism  u : Spec (k)  —X  U lying  over  u and  mapping  to  v.  The  composition 
Spec (k)  — X U —X  X will  be  the  desired  geometric  point  x G X(k).  This  concludes 
the  proof  of  part  (4). 

Part  (5)  is  a formal  consequence  of  parts  (2)  and  (4)  and  Properties  of  Spaces, 
Lemma  153.4.41  □ 


54.25.  Points  of  finite  type 


06EE  Let  5 be  a scheme.  Let  X be  an  algebraic  space  over  S.  A finite  type  point 
x G |X|  is  a point  which  can  be  represented  by  a morphism  Spec(fc)  —X  X which  is 
locally  of  finite  type.  Finite  type  points  are  a suitable  replacement  of  closed  points 
for  algebraic  spaces  and  algebraic  stacks.  There  are  always  “enough  of  them”  for 
example. 

06EF  Lemma  54.25.1.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
x G |X|.  The  following  are  equivalent: 

(1)  There  exists  a morphism  Spec(fc)  —X  X which  is  locally  of  finite  type  and 
represents  x. 

(2)  There  exists  a scheme  U,  a closed  point  u G U , and  an  etale  morphism 
ip  : U —X  X such  that  tp(u)  = x. 

Proof.  Let  u G U and  U — X X be  as  in  (2).  Then  Spec(ft(u))  — X U is  of  finite  type, 
and  U —X  X is  representable  and  locally  of  finite  type  (by  the  general  principle 
Spaces,  Lemma  52.5.8  and  Morphisms,  Lemmas  28.36.1l|  and  28.21.8).  Hence  we 
see  (1)  holds  by  Lemma  54.23.2 


Conversely,  assume  Spec(fc)  -X  X is  locally  of  finite  type  and  represents  x.  Let 
U —X  X be  a surjective  etale  morphism  where  XJ  is  a scheme.  By  assumption 
[/xxSpec(fc)  — X U is  locally  of  finite  type.  Pick  a finite  type  point  voiU  x^Spec (k) 
(there  exists  at  least  one,  see  Morphisms,  Lemma  28.16.4).  By  Morphisms,  Lemma 
|28.16.5|  the  image  u G U of  v is  a finite  type  point  of  U . Hence  by  Morphisms, 
Lemma  28.16.4  after  shrinking  U we  may  assume  that  u is  a closed  point  of  U,  i.e., 
(2)  holds.  □ 

06EG  Definition  54.25.2.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  We 
say  a point  x G |X|  is  a finite  type  poinQ  if  the  equivalent  conditions  of  Lemma 


54.25.1  are  satisfied.  We  denote  Xft_pts  the  set  of  finite  type  points  of  X. 


^This  is  a slight  abuse  of  language  as  it  would  perhaps  be  more  correct  to  say  “locally  finite 


type  point”. 
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We  can  describe  the  set  of  finite  type  points  as  follows. 

06EH  Lemma  54.25.3.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . We 
have 

Xft-Pts  = \Jv:U^x  £tale  MW 

where  Uq  is  the  set  of  closed  points  of  U . Here  we  may  let  U range  over  all  schemes 
etale  over  X or  over  all  affine  schemes  etale  over  X . 

Proof.  Immediate  from  Lemma f54. 25. II  □ 

06EI  Lemma  54.25.4.  Let  S be  a scheme.  Let  f : X — » Y be  a morphism  of  algebraic 
spaces  over  S.  If  f is  locally  of  finite  type,  then  f {Xft-pts ) C Yft.pts- 


06EJ 


-pts- 


Represent  i by  a locally  finite  type  morphism  x : 

Hence 


Proof.  Take  x £ Xft 
Spec(k)  — > X.  Then  / o x is  locally  of  finite  type  by  Lemma  54.23.2 

f {x)  £ Eft-pts- 


□ 


Lemma  54.25.5.  Let  S be  a scheme.  Let  f : X — x Y be  a morphism  of  algebraic 
spaces  over  S.  If  f is  locally  of  finite  type  and  surjective,  then  f{Xft.pts ) = Yft.pts. 


Proof.  We  have  f{X ft-pts)  C Eft-Pts  by  Lemma  54.25.4  Let  y £ \Y\  be  a finite  type 
point.  Represent  y by  a morphism  Spec(fc)  — > Y which  is  locally  of  finite  type.  As 
/ is  surjective  the  algebraic  space  Xk  = Spec (fc)  Xy  X is  nonempty,  therefore  has 
a finite  type  point  x £ \Xk\  by  Lemma  54.25.3  Now  Xk  — X X is  a morphism  which 
is  locally  of  finite  type  as  a base  change  of  Spec(fc)  —X  Y (Lemma  54.23.3).  Hence 
the  image  of  x in  X is  a finite  type  point  by  Lemma  |54.25.4|  which  maps  to  y by 
construction.  □ 


06EK  Lemma  54.25.6.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . For 
any  locally  closed  subset  T C |X|  we  have 

T ^ 0 =>  T n Xft-pts  ± 0. 

In  particular,  for  any  closed  subset  T <z\X\  we  see  that  T D Xft.pts  is  dense  in  T. 


Proof.  Let  i : Z 

54.12.5|  Any  immersion  is  locally  of  finite  type,  see  Lemma  |54.23.7 


X be  the  reduced  induce  subspace  structure  on  T,  see  Remark 

Hence  by 


Lemma  54.25.4  we  see  ^ft_pts  C A'ft_ptsnT.  Finally,  any  nonempty  affine  scheme  U 
with  an  etale  morphism  towards  Z has  at  least  one  closed  point.  Hence  Z has  at 
least  one  finite  type  point  by  Lemma|54.25.3|  The  lemma  follows.  □ 


Here  is  another,  more  technical,  characterization  of  a finite  type  point  on  an  alge- 
braic space. 

06EL  Lemma  54.25.7.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
x £ |AT|.  The  following  are  equivalent: 

(1)  x is  a finite  type  point, 

(2)  there  exists  an  algebraic  space  Z whose  underlying  topological  space  \Z\  is 
a singleton,  and  a morphism  f : Z — x X which  is  locally  of  finite  type  such 
that  {a;}  = |/|(|Z|),  and 

(3)  there  exists  an  algebraic  space  Z and  a morphism  f : Z — x X with  the 
following  properties: 

(a)  there  is  a surjective  etale  morphism  z : Spec(fc)  —X  Z where  k is  a 
field, 
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OBAT 

OBAU 


OBAV 


(b)  / is  locally  of  finite  type, 

(c)  f is  a monomorphism,  and 

(d)  x = f{z). 

Proof.  Assume  a;  is  a finite  type  point.  Choose  an  affine  scheme  U,  a closed  point 
u £ U,  and  an  etale  morphism  tp  : U —>  X with  tp(u)  = x,  see  Lemma  54.25.3 
Set  u = Spec {k(u))  as  usual.  The  projection  morphisms  u Xx  u — X u are  the 
compositions 

U Xx  u U Xx  U -)  M X.Y  I = U 

where  the  first  arrow  is  a closed  immersion  (a  base  change  of  u U)  and  the  second 
arrow  is  etale  (a  base  change  of  the  etale  morphism  U — > X).  Hence  u Xx  U is  a 
disjoint  union  of  spectra  of  finite  separable  extensions  of  k (see  Morphisms,  Lemma 


28.36.7 1 and  therefore  the  closed  subscheme  uxx  u is  a disjoint  union  of  finite 
separable  extension  of  k,  i.e. , u xx  u — X u is  etale.  By  Spaces,  Theorem |52. 10. 5| we 
see  that  Z = u/u  Xj  u is  an  algebraic  space.  By  construction  the  diagram 


X 

Hence  Z 


is  commutative  with  etale  vertical  arrows.  Hence  Z — X X is  locally  of  finite  type 
(see  Lemma  54.23.4 1 . By  construction  the  morphism  Z — > X is  a monomorphism 


and  the  image  of  z is  x.  Thus  (3)  holds. 

It  is  clear  that  (3)  implies  (2).  If  (2)  holds  then  x is  a finite  type  point  of  X by 
Lemma  54.25.4  (and  Lemma  54. 25. 6| to  see  that  Zft_pts  is  nonempty,  i. 
point  of  Z is  a finite  type  point  of  Z). 


e.,  the  unique 
□ 


54.26.  Nagata  spaces 

See  Properties  of  Spaces,  Section[53.7|for  the  definition  of  a Nagata  algebraic  space. 

Lemma  54.26.1.  Let  S be  a scheme.  Let  f : X — » Y be  a morphism  of  algebraic 
spaces  over  S.  IfY  is  Nagata  and  f locally  of  finite  type  then  X is  Nagata. 

Proof.  Let  V be  a scheme  and  let  V — X Y be  a surjective  etale  morphism.  Let  U 
be  a scheme  and  let  U — »•  X Xy  V be  a surjective  etale  morphism.  If  Y is  Nagata, 
then  V is  a Nagata  scheme.  If  X — X Y is  locally  of  finite  type,  then  U — X V is 
locally  of  finite  type.  Hence  V is  a Nagata  scheme  by  Morphisms,  Lemma [28. 18. 1| 
Then  X is  Nagata  by  definition.  □ 

Lemma  54.26.2.  The  following  types  of  algebraic  spaces  are  Nagata. 

(1)  Any  algebraic  space  locally  of  finite  type  over  a Nagata  scheme. 

(2)  Any  algebraic  space  locally  of  finite  type  over  a field. 

(3)  Any  algebraic  space  locally  of  finite  type  over  a Noetherian  complete  local 

ring. 

(4)  Any  algebraic  space  locally  of  finite  type  over  Z. 

(5)  Any  algebraic  space  locally  of  finite  type  over  a Dedekind  ring  of  charac- 

teristic zero. 

(6)  And  so  on. 

Proof.  The  first  property  holds  by  Lemma  [54.26. 1|  Thus  the  others  hold  as  well, 
see  Morphisms,  Lemma[28.18.2|  □ 
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03X1 


03XJ 


OABM 


03XK 


54.27.  Quasi-flnite  morphisms 


The  property  “locally  quasi-finite”  of  morphisms  of  schemes  is  etale  local  on  the 
source-and-target,  see  Descent,  Remark[34.28.7[  It  is  also  stable  under  base  change 
and  fpqc  local  on  the  target,  see  Morphisms,  Lemma  28.20.13  and  Descent,  Lemma 
34.19.22[  Hence,  by  Lemma  54.22.1  above,  we  may  define  what  it  means  for  a 


morphism  of  algebraic  spaces  to  be  locally  quasi-finite  as  follows  and  it  agrees 
with  the  already  existing  notion  defined  in  Section  |54.3|  when  the  morphism  is 
representable. 


Definition  54.27.1.  Let  5 be  a scheme.  Let  / : X — > Y be  a morphism  of 
algebraic  spaces  over  S. 

(1)  We  say  / is  locally  quasi-finite  if  the  equivalent  conditions  of  Lemma 
|54.22.1|hold  with  V = locally  quasi-finite. 

(2)  Let  x £ \X\.  We  say  / is  quasi-finite  at  x if  there  exists  an  open  neigh- 
bourhood X'  C X of  x such  that  f\x'  : X'  — >•  Y is  locally  quasi-finite. 

(3)  A morphism  of  algebraic  spaces  f : X —>  Y is  quasi-finite  if  it  is  locally 
quasi-finite  and  quasi-compact. 


The  last  part  is  compatible  with  the  notion  of  quasi-finiteness  for  morphisms  of 


schemes  by  Morphisms,  Lemma  28.20.9 


Lemma  54.27.2.  Let  S be  a scheme.  Let  f : X — »•  Y and  g : Y'  — )•  Y be 
morphisms  of  algebraic  spaces  over  S . Denote  f : X'  Y'  the  base  change  of  f 
by  g.  Denote  g'  : X'  — ► X the  projection.  Assume  f is  locally  of  finite  type.  Let 
W C |Xj,  resp.  W'  C \X'\  be  the  set  of  points  where  f,  resp.  f is  quasi-finite. 

(1)  W C |X|  and  W'  C \X'\  are  open, 

(2)  W'  = (p7)- 1(W),  i.e.,  formation  of  the  locus  where  f is  quasi-finite  com- 
mutes with  base  change, 

(3)  the  base  change  of  a locally  quasi-finite  morphism  is  locally  quasi-finite, 
and 

(4)  the  base  change  of  a quasi-finite  morphism  is  quasi-finite. 


Proof.  Choose  a scheme  V and  a surjective  etale  morphism  V — > Y.  Choose  a 
scheme  U and  a surjective  etale  morphism  U —>  V Xy  X . Choose  a scheme  V'  and 
a surjective  etale  morphism  V'  — > Y'  xY  V.  Set  IT  = V'  xv  U so  that  U'  —¥  X'  is 
a surjective  etale  morphism  as  well.  Picture 


U' U X1 >-  X 


V 

V' 


lying  over 

V Y' 


Y 


Choose  u £ \U\  with  image  x £ X|.  The  property  of  being  ’’locally  quasi-finite”  is 
etale  local  on  the  source-and-target,  see  Descent,  Remark |34. 28. 7|  Hence  Lemmas 
54.22.5  and  54.22.7|  apply  and  we  see  that  / : X — ► Y is  quasi-finite  at  x if  and 
only  if  U — > V is  quasi-finite  at  u.  Similarly  for  /'  : X'  — \ Y'  and  the  morphism 


U'  —>  V' . Hence  parts  (1),  (2),  and  (3)  reduce  to  Morphisms,  Lemmas  28.20.13 


and  28.50.2  Part  (4)  follows  from  (3)  and  Lemma  54.8.3 


□ 


Lemma  54.27.3.  The  composition  of  quasi-finite  morphisms  is  quasi-finite.  The 
same  holds  for  locally  quasi-finite. 
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Proof.  See  Remark  |54.22.3|  and  Morphisms,  Lemma [28. 20. 12|  □ 

03XL  Lemma  54.27.4.  A base  change  of  a quasi-finite  morphism  is  quasi-finite.  The 
same  holds  for  locally  quasi-finite. 

Proof.  Immediate  consequence  of  Lemma  |54. 27. 2]  □ 

The  following  lemma  characterizes  locally  quasi-finite  morphisms  as  those  mor- 
phisms which  are  locally  of  finite  type  and  have  “discrete  fibres”.  However,  this  is 
not  the  same  thing  as  asking  |X|  — »•  |Y|  to  have  discrete  fibres  as  the  discussion  in 
Examples,  Section  [8 8 . 1 2 1 shows. 

06RW  Lemma  54.27.5.  Let  S be  a scheme.  Let  f : X Y be  a morphism  of  algebraic 
spaces.  Assume  f is  locally  of  finite  type.  The  following  are  equivalent 

(1)  f is  locally  quasi-finite, 

(2)  for  every  morphism  Spec(fc)  -A  Y where  k is  a field  the  space  \Xk\  is 
discrete.  Here  Xk  = Spec(fc)  Xy  X. 


Proof.  Assume  / is  locally  quasi-finite.  Let  Spec(fc)  -A  Y be  as  in  (2).  Choose  a 
surjective  etale  morphism  U — > X where  U is  a scheme.  Then  Uk  = Spec(fc)  XyU  — > 
Xk  is  an  etale  morphism  of  algebraic  spaces  by  Properties  of  Spaces,  Lemma[53T53 
By  Lemma  54.27.4  we  see  that  Xk  — > Spec (k)  is  locally  quasi-finite.  By  definition 
this  means  that  Uk  — ► Spec (k)  is  locally  quasi-finite.  Hence  \Uk\  is  discrete  by 
Morphisms,  Lemma  28.20.8|  Since  \Uk\  — > \Xk\  is  surjective  and  open  we  conclude 
that  \Xk\  is  discrete. 


Conversely,  assume  (2).  Choose  a surjective  etale  morphism  V — > Y where  V is  a 
scheme.  Choose  a surjective  etale  morphism  U — >•  V Xy  X where  U is  a scheme. 
Note  that  U — ► V is  locally  of  finite  type  as  / is  locally  of  finite  type.  Picture 


U Xy  V >■ V 


X a-  Y 


040Z 


If  / is  not  locally  quasi-finite  then  U — > V is  not  locally  quasi-finite.  Hence  there 
exists  a specialization  u u'  for  some  u,ur  £ U lying  over  the  same  point  v £ V , 
see  Morphisms,  Lemma  28.20.6  We  claim  that  u,  v!  do  not  have  the  same  image  in 
Xv  = Spec(n(v))  Xyl  which  will  contradict  the  assumption  that  \XV\  is  discrete  as 
desired.  Let  d = trdegK|-^^(At(u))  and  d'  = trdegK^)(K(u')).  Then  we  see  that  d>  d! 
by  Morphisms,  Lemma  28.28.6  Note  that  Uv  (the  fibre  of  U — > V over  v)  is  the  fibre 
product  of  U and  Xv  over  X Xy  V,  hence  Uv  -A  Xv  is  etale  (as  a base  change  of  the 
etale  morphism  P-ilXyk).  If  u,  v!  £ Uv  map  to  the  same  element  of  \XV\  then 
there  exists  a point  r £ Rv  = Uv  x_y„  Uv  with  t{r)  = u and  s(r)  = v! , see  Properties 
of  Spaces,  Lemma [53. 4. 3|  Note  that  s,t  : Rv  — >■  Uv  are  etale  morphisms  of  schemes 
over  k(v),  hence  k(u)  C n(r)  D n{u')  are  finite  separable  extensions  of  fields  over 
k(v)  (see  Morphisms,  Lemma[28.36.7).  We  conclude  that  the  transcendence  degrees 
are  equal.  This  contradiction  finishes  the  proof.  □ 


Lemma  54.27.6.  Let  S be  a scheme.  Let  f : X — » Y be  a morphism  of  algebraic 
spaces  over  S.  The  following  are  equivalent: 

(1)  f is  locally  quasi-finite, 

(2)  for  every  x £ |Xj  the  morphism  f is  quasi-finite  at  x, 
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(3)  for  every  scheme  Z and  any  morphism  Z Y the  morphism  Zxy  X — > Z 
is  locally  quasi-finite, 

(4)  for  every  affine  scheme  Z and  any  morphism  Z — >■  Y the  morphism  Z Xy 
X — >■  Z is  locally  quasi-finite, 

(5)  there  exists  a scheme  V and  a surjective  etale  morphism  V —>  Y such  that 
V Xy  X — > V is  locally  quasi-finite, 

(6)  there  exists  a scheme  U and  a surjective  etale  morphism  tp  : U -A  A'  such 
that  the  composition  f o tp  is  locally  quasi-finite, 

(7)  for  every  commutative  diagram 

U ^ V 


X s-  Y 

where  U , V are  schemes  and  the  vertical  arrows  are  etale  the  top  horizontal 
arrow  is  locally  quasi-finite, 

(8)  there  exists  a commutative  diagram 

U V 


X a-  Y 

where  U , V are  schemes,  the  vertical  arrows  are  etale,  and  U — > X is 
surjective  such  that  the  top  horizontal  arrow  is  locally  quasi-finite,  and 
(9)  there  exist  Zariski  coverings  Y = (J ieIYit  and  f^1(Yi)  = (J  A'y  such  that 
each  morphism  Xij  -A  Yi  is  locally  quasi-finite. 

03XM 


03XN 


OABN 


□ 


□ 


Proof.  Omitted. 

Lemma  54.27.7.  An  immersion  is  locally  quasi-finite. 

Proof.  Omitted. 

Lemma  54.27.8.  Let  S be  a scheme.  Let  X — ► Y — >•  Z be  morphisms  of  algebraic 
spaces  over  S . If  X — » Z is  locally  quasi-finite,  then  X Y is  locally  quasi-finite. 

Proof.  Choose  a commutative  diagram 

U a-  V a-  w 


with  vertical  arrows  etale  and  surjective.  (See  Spaces,  Lemma  52.11.6  ) Apply 
Morphisms,  Lemma  28.20.16  to  the  top  row.  □ 


Lemma  54.27.9.  Let  S be  a scheme.  Let  f : X — > Y be  a finite  type  morphism 
of  algebraic  spaces  over  S.  Let  y G \Y\.  There  are  at  most  finitely  many  points  of 
|Xj  lying  over  y at  which  f is  quasi-finite. 

Proof.  Choose  a field  k and  a morphism  Spec(/c)  — > Y in  the  equivalence  class 
determined  by  y.  The  fibre  X^  = Spec(fc)  Xy  X is  an  algebraic  space  of  finite  type 
over  a field,  in  particular  quasi-compact.  The  map  \Xk\  |X|  surjects  onto  the 
fibre  of  LYI  — ► |Y|  over  y (Properties  of  Spaces,  Lemma  53.4.3).  Moreover,  the 
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set  of  points  where  Xk  — i Spec(£;)  is  quasi-finite  maps  onto  the  set  of  points  lying 
over  y where  / is  quasi-finite  by  Lemma  |54. 27. 2|  Choose  an  affine  scheme  U and 
a surjective  etale  morphism  U — > Xk  (Properties  of  Spaces,  Lemma  53.6.3).  Then 
U -A  Spec(fc)  is  a morphism  of  finite  type  and  there  are  at  most  a finite  number  of 
points  where  this  morphism  is  quasi-finite,  see  Morphisms,  Lemma  28.20.14  Since 
Xk  — > Spec(fc)  is  quasi-finite  at  a point  x'  if  and  only  if  it  is  the  image  of  a point 
of  U where  U -4  Spec(fc)  is  quasi-finite,  we  conclude.  □ 


0463  Lemma  54.27.10.  Let  S be  a scheme.  Let  f : X Y be  a morphism  of  algebraic 
spaces  over  S.  If  f is  locally  of  finite  type  and  a monomorphism,  then  f is  separated 
and  locally  quasi-finite. 


Proof.  A monomorphisnr  is  separated,  see  Lemma  [54. 10. 3|  By  Lemma  54.27.6  it 
suffices  to  prove  the  lemma  after  performing  a base  change  by  Z — » Y with  Z affine. 
Hence  we  may  assume  that  Y is  an  affine  scheme.  Choose  an  affine  scheme  U and 
an  etale  morphism  U -A  X.  Since  A'  — > Y is  locally  of  finite  type  the  morphism 
of  affine  schemes  U — > Y is  of  finite  type.  Since  X — > Y is  a monomorphism  we 
have  U Xx  U = U Xy  U.  In  particular  the  maps  U Xy  U -A  U are  etale.  Let 
y £ Y.  Then  either  Uy  is  empty,  or  Spec(«(u))  Xgpec(K(y))  Uy  is  isomorphic  to  the 
fibre  of  U Xy  U — > U over  u for  some  u £ U lying  over  y.  This  implies  that  the 
fibres  of  U — > Y are  finite  discrete  sets  (as  U Xy  U — > U is  an  etale  morphism  of 
affine  schemes,  see  Morphisms,  Lemma  28.36.7).  Hence  U — > Y is  quasi-finite,  see 
Morphisms,  Lemma  [28. 20. 6[  As  U — ► X was  an  arbitrary  etale  morphism  with  U 
affine  this  implies  that  X — > Y is  locally  quasi-finite.  □ 
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03X0 


The  property  “locally  of  finite  presentation”  of  morphisms  of  schemes  is  etale  local 
on  the  source-and-target,  see  Descent,  Remark [34. 28. 7|  It  is  also  stable  under  base 
change  and  fpqc  local  on  the  target,  see  Morphisms,  Lemma |28.21.4[  and  Descent, 
Lemma[34.19.9|  Hence,  by  Lemma |54. 22. 1| above,  we  may  define  what  it  means  for 
a morphism  of  algebraic  spaces  to  be  locally  of  finite  presentation  as  follows  and  it 
agrees  with  the  already  existing  notion  defined  in  Section  54.3  when  the  morphism 
is  representable. 


03XP  Definition  54.28.1.  Let  S be  a scheme.  Let  X — ► Y be  a morphism  of  algebraic 
spaces  over  S. 

(1)  We  say  / is  locally  of  finite  presentation  if  the  equivalent  conditions  of 
Lemma  |54.22.1|  hold  with  V = “locally  of  finite  presentation” . 

(2)  Let  x £ |X|.  We  say  / is  of  finite  presentation  at  x if  there  exists  an  open 
neighbourhood  X'  C X of  x such  that  f\x>  : X'  — > Y is  locally  of  finite 
presentatiorj^] 

(3)  A morphism  of  algebraic  spaces  / : X — > Y is  of  finite  presentation  if  it  is 
locally  of  finite  presentation,  quasi-compact  and  quasi-separated. 


Note  that  a morphism  of  finite  presentation  is  not  just  a quasi-compact  morphism 
which  is  locally  of  finite  presentation. 


®It  seems  awkward  to  use  “locally  of  finite  presentation  at  x" , but  the  current  terminology 
may  be  misleading  in  the  sense  that  “of  finite  presentation  at  x ” does  not  mean  that  there  is  an 
open  neighbourhood  X'  C X such  that  / 1 _Y ' is  of  finite  presentation. 
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03XQ  Lemma  54.28.2.  The  composition  of  morphisms  of  finite  presentation  is  of  finite 
presentation.  The  same  holds  for  locally  of  finite  presentation. 


03XR 


Proof.  See  Remark[54.22.3|and  Morphisms,  Lemmar28.21.3[  Also  use  the  result  for 
quasi-compact  and  for  quasi-separated  morphisms  (Lemmas|54.8.4  and  54.4.81.  □ 


Lemma  54.28.3.  A base  change  of  a morphism  of  finite  presentation  is  of  finite 
presentation  The  same  holds  for  locally  of  finite  presentation. 


0410 


Proof.  See  Remark  54.22.4  and  Morphisms,  Lemmar28.21.4[  Also  use  the  result  for 
quasi-compact  and  for  quasi-separated  morphisms  (Lemmas|54.8.3  and  54.4.41.  □ 


Lemma  54.28.4.  Let  S be  a scheme.  Let  f : X -A  Y be  a morphism  of  algebraic 
spaces  over  S.  The  following  are  equivalent: 

(1)  f is  locally  of  finite  presentation, 

(2)  for  every  x £ \X\  the  morphism  f is  of  finite  presentation  at  x, 

(3)  for  every  scheme  Z and  any  morphism  Z — ► Y the  morphism  ZxyX  — > Z 
is  locally  of  finite  presentation, 

(4)  for  every  affine  scheme  Z and  any  morphism  Z Y the  morphism  Z Xy 
X — )■  Z is  locally  of  finite  presentation, 

(5)  there  exists  a scheme  V and  a surjective  etale  morphism  V — > Y such  that 
V Xy  X — > V is  locally  of  finite  presentation, 

(6)  there  exists  a scheme  U and  a surjective  etale  morphism  ip  :U  — > X such 
that  the  composition  f o ip  is  locally  of  finite  presentation, 

(7)  for  every  commutative  diagram 


U V 

Y Y 

X Y 

where  U , V are  schemes  and  the  vertical  arrows  are  etale  the  top  horizontal 
arrow  is  locally  of  finite  presentation, 

(8)  there  exists  a commutative  diagram 


X »Y 


where  U , V are  schemes,  the  vertical  arrows  are  etale,  and  U — ► X is  sur- 
jective such  that  the  top  horizontal  arrow  is  locally  of  finite  presentation, 
and 

(9)  there  exist  Zariski  coverings  Y = (J  ieIYi,  and  /^1(Ki)  = [jXij  such  that 
each  morphism  Xij  — > Yi  is  locally  of  finite  presentation. 


Proof.  Omitted. 


□ 


0464  Lemma  54.28.5.  A morphism  which  is  locally  of  finite  presentation  is  locally  of 
finite  type.  A morphism  of  finite  presentation  is  of  finite  type. 


Proof.  Let  / : X — ► Y be  a morphism  of  algebraic  spaces  which  is  locally  of 
finite  presentation.  This  means  there  exists  a diagram  as  in  Lemma  |54.22.1|  with 
h locally  of  finite  presentation  and  surjective  vertical  arrow  a.  By  Morphisms, 
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Lemma  [28. 21. 8|  ft  is  locally  of  finite  type.  Hence  X — ► Y is  locally  of  finite  type  by 
definition.  If  / is  of  finite  presentation  then  it  is  quasi-compact  and  it  follows  that 
/ is  of  finite  type.  □ 

04ZL  Lemma  54.28.6.  Let  S be  a scheme.  Let  f : X — * Y be  a morphism  of  alge- 
braic spaces  over  S.  If  f is  of  finite  presentation  and  Y is  Noetherian,  then  X is 
Noetherian. 


Proof.  Assume  / is  of  finite  presentation  and  Y Noetherian.  By  Lemmas  |54.28.5| 
and  |54.23.5|  we  see  that  X is  locally  Noetherian.  As  / is  quasi-compact  and  Y 
is  quasi-compact  we  see  that  X is  quasi-compact.  As  / is  of  finite  presentation 
it  is  quasi-separated  (see  Definition  54.28.1)  and  as  Y is  Noetherian  it  is  quasi- 
separated  (see  Properties  of  Spaces,  Definition  53.23.1 ).  Hence  X is  quasi-separated 
by  Lemma  |54.4.9|  Hence  we  have  checked  all  three  conditions  of  Properties  of 
Spaces,  Definition |53. 23 H]  and  we  win.  □ 


06G4  Lemma  54.28.7.  Let  S be  a scheme.  Let  f : X — ► Y be  a morphism  of  algebraic 
spaces  over  S. 

(1)  IfY  is  locally  Noetherian  and  f locally  of  finite  type  then  f is  locally  of 
finite  presentation. 

(2)  IfY  is  locally  Noetherian  and  f of  finite  type  and  quasi-separated  then  f 
is  of  finite  presentation. 


Proof.  Assume  / : X — > Y locally  of  finite  type  and  Y locally  Noetherian.  This 
means  there  exists  a diagram  as  in  Lemma [54.22. 1|  with  ft  locally  of  finite  type  and 
surjective  vertical  arrow  a.  By  Morphisms,  Lemma  28.21.9|  ft  is  locally  of  finite 
presentation.  Hence  X — ► Y is  locally  of  finite  presentation  by  definition.  This 
proves  (1).  If  / is  of  finite  type  and  quasi-separated  then  it  is  also  quasi-compact 
and  quasi-separated  and  (2)  follows  immediately.  □ 


06G5  Lemma  54.28.8.  Let  S be  a scheme.  Let  Y be  an  algebraic  space  over  S which 
is  quasi-compact  and  quasi-separated.  If  X is  of  finite  presentation  overY,  then  X 
is  quasi-compact  and  quasi-separated. 


Proof.  Omitted. 


□ 


05WT  Lemma  54.28.9.  Let  S be  a scheme.  Let  f : X Y and  Y Z be  morphisms 
of  algebraic  spaces  over  S.  If  X is  locally  of  finite  presentation  over  Z,  and  Y is 
locally  of  finite  type  over  Z , then  f is  locally  of  finite  presentation. 

Proof.  Choose  a scheme  W and  a surjective  etale  morphism  W — > Z.  Then  choose 
a scheme  V and  a surjective  etale  morphism  V — > WXzY.  Finally  choose  a scheme 
U and  a surjective  etale  morphism  U — i V Xy  X.  By  definition  U is  locally  of  finite 
presentation  over  W and  V is  locally  of  finite  type  over  W.  By  Morphisms,  Lemma 
the  morphism  U — > V is  locally  of  finite  presentation.  Hence  / is  locally 
of  finite  presentation.  □ 

084P  Lemma  54.28.10.  Let  S be  a scheme.  Let  f : X — ► Y be  a morphism  of  algebraic 
spaces  over  S with  diagonal  A : X — t X Xy  X.  If  f is  locally  of  finite  type  then 
A is  locally  of  finite  presentation.  If  f is  quasi-separated  and  locally  of  finite  type, 
then  A is  of  finite  presentation. 


28.21.11 
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06CN 


084Q 


03MK 


03ML 


08EW 


Proof.  Note  that  A is  a morphism  over  X (via  the  second  projection  X Xy  I 
X).  Assume  / is  locally  of  finite  type.  Note  that  X is  of  finite  presentation 


over  X and  X Xy  A'  is  of  finite  type  over  X (by  Lemma  54.23.3).  Thus  the  first 


statement  holds  by  Lemma  54.28.9|  The  second  statement  follows  from  the  first,  the 
definitions,  and  the  fact  that  a diagonal  morphism  is  separated  (Lemma  54.4.1 ).  □ 


Lemma  54.28.11.  An  open  immersion  of  algebraic  spaces  is  locally  of  finite  pre- 
sentation. 

Proof.  An  open  immersion  is  by  definition  representable,  hence  we  can  use  the 
general  principle  Spaces,  Lemma [52.5. 8|  and  Morphisms,  Lemma [28. 21. 5|  □ 

Lemma  54.28.12.  A closed  immersion  i : Z — x X is  of  finite  presentation  if  and 
only  if  the  associated  quasi- coherent  sheaf  of  ideals  T = Ker(Ox  — t i*Oz)  is  of 
finite  type  (as  an  Ox -module). 


Proof.  Let  U be  a scheme  and  let  U — 
Lemma  l54.28.4l  we  see  that  i'  : Z Xv  U 


X be  a surjective  etale  morphism.  By 
U is  of  finite  presentation  if  and  only 


if  i is.  By  Properties  of  Spaces,  Section  [53. 29|  we  see  that  T is  of  finite  type  if  and 
only  if  I\u  = Ker (On  —X  i'*Ozxxu ) is.  Hence  the  result  follows  from  the  case  of 
schemes,  see  Morphisms,  Lemma  [28. 21. 7|  □ 

54.29.  Flat  morphisms 

The  property  “flat”  of  morphisms  of  schemes  is  etale  local  on  the  source-and-target, 
see  Descent,  Remark  [34.28. 7[  It  is  also  stable  under  base  change  and  fpqc  local  on 
the  target,  see  Morphisms,  Lemma  [28 . 25 . 7|  and  Descent,  Lemma  [34. 19. 13[  Hence, 
by  Lemma |54. 22. 1| above,  we  may  define  the  notion  of  a flat  morphism  of  algebraic 
spaces  as  follows  and  it  agrees  with  the  already  existing  notion  defined  in  Section 


54.3  when  the  morphism  is  representable. 


Definition  54.29.1.  Let  5 be  a scheme, 
algebraic  spaces  over  S. 


Let  / : X — X Y be  a morphism  of 


(1)  We  say  / is  flat  if  the  equivalent  conditions  of  Lemma  54.22.1  with  V =“flat” 


(2)  Let  x £ | AT  | . We  say  / is  flat  at  x if  the  equivalent  conditions  of  Lemma 
|54.22.5|  holds  with  Q = “induced  map  local  rings  is  flat” . 

Note  that  the  second  part  makes  sense  by  Descent,  Lemma [34. 29. 4| 

We  do  a quick  sanity  check. 

Lemma  54.29.2.  Let  S be  a scheme.  Let  f : X —X  Y be  a morphism  of  algebraic 
spaces  over  S.  Then  f is  flat  if  and  only  if  f is  flat  at  all  points  of  |A'|. 

Proof.  Choose  a commutative  diagram 


where  U and  V are  schemes,  the  vertical  arrows  are  etale,  and  a is  surjective.  By 


definition  / is  flat  if  and  only  h is  flat  (Definition  54.22.2).  By  definition  / is  flat 
at  x £ | A | if  and  only  if  h is  flat  at  some  (equivalently  any)  u £ U which  maps 
to  x (Definition  54.22.6).  Thus  the  lemma  follows  from  the  fact  that  a morphism 
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03MN 

03MO 

03MM 


of  schemes  is  flat  if  and  only  if  it  is  flat  at  all  points  of  the  source  (Morphisms, 
Definition  28.25.1 ).  □ 


Lemma  54.29.3.  The  composition  of  flat  morphisms  is  flat. 
Proof.  See  Remark  54. 22. 3|  and  Morphisms,  Lemma  28.25.5| 
Lemma  54.29.4.  The  base  change  of  a flat  morphism  is  flat. 
Proof.  See  Remark  |54.22.4|  and  Morphisms,  Lemma [28. 25. 7| 


□ 


□ 


Lemma  54.29.5.  Let  S be  a scheme.  Let  f : X — ► Y be  a morphism  of  algebraic 
spaces  over  S.  The  following  are  equivalent: 

(1)  f is  flat, 

(2)  for  every  x £ \X\  the  morphism  f is  flat  at  x, 

(3)  for  every  scheme  Z and  any  morphism  Z -A  Y the  morphism  Z xy.Y  — > Z 
is  flat, 

(4)  for  every  affine  scheme  Z and  any  morphism  Z — >■  Y the  morphism  Zxy 
X — y Z is  flat, 

(5)  there  exists  a scheme  V and  a surjective  etale  morphism  V — >•  Y such  that 
V x y X — » V is  flat, 

(6)  there  exists  a scheme  U and  a surjective  etale  morphism  tp  : U -A  A'  such 
that  the  composition  f o ip  is  flat, 

(7)  for  every  commutative  diagram 


u — ► y 

X >-  Y 


where  U , V are  schemes  and  the  vertical  arrows  are  etale  the  top  horizontal 
arrow  is  flat, 

(8)  there  exists  a commutative  diagram 


u — >-  y 

X Y 


where  U , V are  schemes,  the  vertical  arrows  are  etale,  and  U —¥  X is 
surjective  such  that  the  top  horizontal  arrow  is  flat,  and 

(9)  there  exists  a Zariski  coverings  Y = [JY,  and  f~1(Yi)  = (J  Xij  such  that 
each  morphism  X^  — > Yt  is  flat. 


Proof.  Omitted. 


□ 


042S  Lemma  54.29.6.  A flat  morphism  locally  of  finite  presentation  is  universally 
open. 


Proof.  Let  / : X — )■  Y be  a flat  morphism  locally  of  finite  presentation  of  algebraic 
spaces  over  S.  Choose  a diagram 


U — — hs*  y 

at 

x — 
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where  U and  V are  schemes  and  the  vertical  arrows  are  surjective  and  etale,  see 
Spaces,  Lemma  |52.11.6|  By  Lemmas  |54.29.5|  and  |54.28.4|  the  morphism  a is  flat 
and  locally  of  finite  presentation.  Hence  by  Morphisms,  Lemma  |28.25.9|  we  see 
that  a is  universally  open.  Hence  X — x Y is  universally  open  according  to  Lemma 
I54.fi.51  □ 


0413  Lemma  54.29.7.  Let  S be  a scheme.  Let  f : X — x Y be  a flat,  quasi- compact, 
surjective  morphism  of  algebraic  spaces  over  S.  A subset  T C |Y|  is  open  (resp. 
closed)  if  and  only  /_1(|T|)  is  open  (resp.  closed)  in  \X\.  In  other  words  f is 
submersive,  and  in  fact  universally  submersive. 


Proof.  Choose  affine  schemes  V)  and  etale  morphisms  V, 


QVj  — x Y is  surjective,  see  Properties  of  Spaces,  Lemma  53.6.1 


Y such  that  V = 
For  each  i the 


algebraic  space  Vi  Xyl  is  quasi-compact.  Hence  we  can  find  an  affine  scheme  XJi 
and  a surjective  etale  morphism  Ui  — X V,  Xy  X,  see  Properties  of  Spaces,  Lemma 
|53.6.3|  Then  the  composition  Ui  — X V.  x y X — x V.  is  a surjective,  flat  morphism  of 
affines.  Of  course  then  U = JJ  U — x X is  surjective  and  etale  and  U = V Xy  X. 
Moreover,  the  morphism  U —X  V is  the  disjoint  union  of  the  morphisms  Ui  —X  V,. 
Hence  U — X V is  surjective,  quasi-compact  and  flat.  Consider  the  diagram 


U 


V Y 

By  definition  of  the  topology  on  \Y\  the  set  T is  closed  (resp.  open)  if  and  only 
if  g~l{T)  C |Vj  is  closed  (resp.  open).  The  same  holds  for  /_1(T)  and  its  in- 
verse image  in  \U\.  Since  U —X  V is  quasi-compact,  surjective,  and  flat  we  win  by 
Morphisms,  Lemma  [28.25. 10|  □ 

04NG  Lemma  54.29.8.  Let  S be  a scheme.  Let  f : X — x Y be  a morphism  of  algebraic 
spaces  over  S.  Let  x be  a geometric  point  of  X lying  over  the  point  x £ |X|.  Let 
y = f ox.  The  following  are  equivalent 

(1)  f is  flat  at  x,  and 

(2)  the  map  on  etale  local  rings  Oy,y  — x Ox,x  is  flat. 

Proof.  Choose  a commutative  diagram 

U—^V 

h 

a b 

I / f 

41 


where  U and  V are  schemes,  a,  b are  etale,  and  u £ U mapping  to  x.  We  can  find 
a geometric  point  u : Spec (fc)  —X  U lying  over  u with  x = a o u,  see  Properties  of 
Spaces,  Lemma  53.18.4|  Set  v = h o u with  image  v £ V.  We  know  that 
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073C 


089C 


089D 


089E 


see  Properties  of  Spaces,  Lemma  [53.21.1[  We  obtain  a commutative  diagram 


Ou,u ^ Ox,x 

A 

Oy  v >■  Oy.y 


of  local  rings  with  flat  horizontal  arrows.  We  have  to  show  that  the  left  vertical 
arrow  is  flat  if  and  only  if  the  right  vertical  arrow  is.  Algebra,  Lemma [10.38.9|  tells 
us  Gu,u  is  flat  over  Ov,v  if  and  only  if  Ox,x  is  Hat  over  Oy,v  Hence  the  result 
follows  from  More  on  Flatness,  Lemma  [3 7. 2. 5 1 □ 

Lemma  54.29.9.  Let  S be  a scheme.  Let  f : X — X Y be  a morphism  of  algebraic 
spaces  over  S.  Then  f is  flat  if  and  only  if  the  morphism  of  sites  (f small,  ft)  ■ 
(■ Xetaie,Ox ) -X  (Xetaie^y)  associated  to  f is  flat. 


Proof.  Flatness  of  ( fsmaii , ft)  is  defined  in  terms  of  flatness  of  Ox  as  a f^aii^Y- 
module.  This  can  be  checked  at  stalks,  see  Modules  on  Sites,  Lemma [18. 38. 2|  and 
Properties  of  Spaces,  Theorem  |53. 18. 12  But  we’ve  already  seen  that  flatness  of  / 
can  be  checked  on  stalks,  see  Lemma  54.29.8|  □ 


Lemma  54.29.10.  Let  S be  a scheme.  Let  f : Y — x X be  a morphism  of  alge- 
braic spaces  over  S . Let  T be  a finite  type  quasi- coherent  Ox -module  with  scheme 
theoretic  support  Z C X.  If  f is  flat,  then  f_1(Z)  is  the  scheme  theoretic  support 
off *F. 


Proof.  Using  the  characterization  of  the  scheme  theoretic  support  as  given  in 
Lemma  54.15.3  and  using  the  characterization  of  flat  morphisms  in  terms  of  etale 
coverings  in  Lemma  |54. 29. 5|  we  reduce  to  the  case  of  schemes  which  is  Morphisms, 
Lemma  128.25. 121  □ 


Lemma  54.29.11.  Let  S be  a scheme.  Let  f : X — x Y be  a flat  morphism  of 
algebraic  spaces  over  S.  Let  V -A  Y be  a quasi-compact  open  immersion.  If  V is 
scheme  theoretically  dense  in  Y,  then  f~xV  is  scheme  theoretically  dense  in  X . 


Proof.  Using  the  characterization  of  scheme  theoretically  dense  opens  in  Lemma 
|54.17.2|and  using  the  characterization  of  flat  morphisms  in  terms  of  etale  coverings 
in  Lemma  |54.29.5|  we  reduce  to  the  case  of  schemes  which  is  Morphisms,  Lemma 
128.25.131  □ 


Lemma  54.29.12.  Let  S be  a scheme.  Let  f : X — X Y be  a flat  morphism  of 
algebraic  spaces  over  S.  Let  g : V — X Y be  a quasi-compact  morphism  of  algebraic 
spaces.  Let  Z C Y be  the  scheme  theoretic  image  of  g and  let  Z'  C X be  the  scheme 
theoretic  image  of  the  base  change  V Xy  X — x X . Then  Z'  = f~xZ . 


Proof.  Let  Y'  — > Y be  a surjective  etale  morphism  such  that  Y'  is  a disjoint  union 
of  affine  schemes  (Properties  of  Spaces,  Lemma  53.6.1).  Let  X'  — x X Xy  Y'  be  a 
surjective  etale  morphism  such  that  X'  is  a disjoint  union  of  affine  schemes.  By 
Lemma  54.29.5  the  morphism  X'  — ► Y'  is  flat.  Set  V'  = V Xy  Y' . By  Lemma 
54.16.3  the  inverse  image  of  Z in  Y'  is  the  scheme  theoretic  image  of  V'  —X  Y'  and 
the  inverse  image  of  Z'  in  X'  is  the  scheme  theoretic  image  of  V'  Xy/  X'  — x X'. 
Since  X'  —X  X is  surjective  etale,  it  suffices  to  prove  the  result  in  the  case  of  the 
morphisms  X'  —X  Y'  and  V'  —X  Y' . Thus  we  may  assume  X and  Y are  affine 
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schemes.  In  this  case  V is  a quasi-compact  algebraic  space.  Choose  an  affine 
scheme  W and  a surjective  etale  morphism  W — > V (Properties  of  Spaces,  Lemma 
53.6.3 ).  It  is  clear  that  the  scheme  theoretic  image  of  V — > Y agrees  with  the  scheme 
theoretic  image  of  W — ► Y and  similarly  for  V xY  X — »•  Y and  W xY  X — ► X. 


Thus  we  reduce  to  the  case  of  schemes  which  is  Morphisms,  Lemma  28.25.14  □ 


54.30.  Flat  modules 

05 VT  In  this  section  we  define  what  it  means  for  a module  to  be  flat  at  a point.  To  do 
this  we  will  use  the  notion  of  the  stalk  of  a sheaf  on  the  small  etale  site  Xgtaie  of 
an  algebraic  space,  see  Properties  of  Spaces,  Definition  |53. 18. 6| 

05VU  Lemma  54.30.1.  Let  S be  a scheme.  Let  f : X — >•  Y be  a morphism  of  algebraic 
spaces  over  S.  Let  T be  a quasi- coherent  sheaf  on  X.  Let  x £ \X\.  The  following 
are  equivalent 

(1)  for  some  commutative  diagram 


U ~^V 

h 

a b 


where  U and  V are  schemes,  a,  b are  etale,  and  u £ U mapping  to  x the 
module  a*J-  is  flat  at  u over  V, 

(2)  the  stalk  Tx  is  flat  over  the  etale  local  ring  0Y}y  where  x is  any  geometric 
point  lying  over  x and  y = f ox. 

Proof.  During  this  proof  we  fix  a geometric  proof  x : Spec(fc)  — > X over  x and  we 
denote  y = f ox  its  image  in  Y . Given  a diagram  as  in  (1)  we  can  find  a geometric 
point  u : Spec(fc)  — > U lying  over  u with  x = aou,  see  Properties  of  Spaces,  Lemma 
|53.18.4|  Set  v = h o u with  image  v £ V.  We  know  that 

Ox,,-.  = 0^u  and  0Ytli  = 0%v 

see  Properties  of  Spaces,  Lemma  [53.21.1|  We  obtain  a commutative  diagram 

Ou, u ^ Ox,w 

A 

Oy  v S-  CV,y 

of  local  rings.  Finally,  we  have 

Fx  = {V*X)u  ®Ou,v.  Ox,x 

by  Properties  of  Spaces,  Lemma  [53.28.41  Thus  Algebra,  Lemma 
(y;*Jr)u  is  flat  over  Oy,v  if  and  only  if  Ty  is  flat  over  Oy,v-  Hence  the  result  follows 
from  More  on  Flatness,  Lemma  [37. 2. 5|  □ 

05VV  Definition  54.30.2.  Let  5 be  a scheme.  Let  / : X — > Y be  a morphism  of 
algebraic  spaces  over  S.  Let  T be  a quasi-coherent  sheaf  on  X. 

(1)  Let  x £ |.Xj.  We  say  F is  flat  at  x over  Y if  the  equivalent  conditions  of 
Lemma  154.30.11  hold. 

(2)  We  say  T is  flat  over  Y if  T is  flat  over  Y at  all  x £ |A|. 


10.38.9  tells  us 
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Having  defined  this  we  have  the  obligatory  base  change  lemma.  This  lemma  implies 
that  formation  of  the  flat  locus  of  a quasi-coherent  sheaf  commutes  with  flat  base 
change. 

05VW  Lemma  54.30.3.  Let  S be  a scheme.  Let 


X' 

f 

Y 

Y' 


/ 

9 

9 


> x 

/ 

Y 

^ Y 


be  a cartesian  diagram  of  algebraic  spaces  over  S.  Let  x'  £ \X'\  with  image  x £ |X|. 
Let  F be  a quasi-coherent  sheaf  on  X and  denote  F'  = ( g')*J ~ ■ 

(1)  If  F is  flat  at  x over  Y then  F'  is  flat  at  x'  over  Y' . 

(2)  If  g is  flat  at  fix')  and  T'  is  flat  at  x'  over  Y' , then  F is  flat  at  x over 
Y. 

In  particular,  if  F is  flat  over  Y,  then  F'  is  flat  over  Y' . 


Proof.  Choose  a scheme  V and  a surjective  etale  morphism  V — > Y.  Choose  a 
scheme  U and  a surjective  etale  morphism  U — > V Xy  X.  Choose  a scheme  V' 
and  a surjective  etale  morphism  V'  — X V Xy  Y' . Then  U'  = V'  Xy  U is  a scheme 
endowed  with  a surjective  etale  morphism  U'  = V'  Xy  U —X  Y'  Xy  X = X' . Pick 
v!  £ U'  mapping  to  x'  £ \X'\.  Then  we  can  check  flatness  of  F'  at  x'  over  Y'  in 
terms  of  flatness  of  F'\jji  at  u'  over  V' . Hence  the  lemma  follows  from  More  on 
Morphisms,  Lemma  [36.12. 2|  □ 

The  following  lemma  discusses  “composition”  of  flat  morphisms  in  terms  of  mod- 
ules. It  also  shows  that  flatness  satisfies  a kind  of  top  down  descent. 

05VX  Lemma  54.30.4.  Let  S be  a scheme.  Let  X — x Y —X  Z be  morphisms  of  algebraic 
spaces  over  S.  Let  F be  a quasi-coherent  sheaf  on  X.  Let  x £ |X|  with  image 
V G 1*1- 

(1)  If  F is  flat  at  x over  Y and  Y is  flat  at  y over  Z , then  F is  flat  at  x over 

Z. 

(2)  Let  x : Spec(A")  — x X be  a representative  of  x.  If 

(a)  F is  flat  at  x over  Y , 

(b)  x*F  0,  and 

(c)  F is  flat  at  x over  Z, 
then  Y is  flat  at  y over  Z . 

(3)  Let  x be  a geometric  point  of  X lying  over  x with  image  y in  Y . If  Fx  is 
a faithfully  flat  Oy.y-module  and  F is  flat  at  x over  Z,  then  Y is  flat  at 
y over  Z. 


Proof.  Pick  x and  y as  in  part  (3)  and  denote  2 the  induced  geometric  point  of 
Z.  Via  the  characterization  of  flatness  in  Lemmas  154.30.11  and  154.29.81  the  lemma 
reduces  to  a purely  algebraic  question  on  the  local  ring  map  Oz,z  ®Y,y  and 
the  module  Fx.  Part  (1)  follows  from  Algebra,  Lemma  10.38.4  We  remark  that 


condition  (2)  (b)  guarantees  that  Fx/vXyFx  is  nonzero.  Hence  (2)  (a)  + (2)  (b)  imply 
that  Fx  is  a faithfully  flat  CV^-module,  see  Algebra,  Lemma [l 0.38. 15  Thus  (2)  is 
a special  case  of  (3).  Finally,  (3)  follows  from  Algebra,  Lemma  10.38. 10|  □ 


Sometimes  the  base  change  happens  “up  on  top”.  Here  is  a precise  statement. 
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05VY  Lemma  54.30.5.  Let  S be  a scheme.  Let  f : X Y , g : Y —>  Z be  morphisms 
of  algebraic  spaces  over  S . Let  Q be  a quasi- coherent  sheaf  on  Y.  Let  x £ |V|  with 
image  y £ |Yj.  If  f is  flat  at  x,  then 

G flat  over  Z at  y <t=>  /* G flat  over  Z at  x. 

In  particular:  If  f is  surjective  and  flat , then  G is  flat  over  Z,  if  and  only  if  f*Q  is 
flat  over  Z . 


Proof.  Pick  a geometric  point  x of  X and  denote  y the  image  in  Y and  z the 
image  in  Z.  Via  the  characterization  of  flatness  in  Lemmas |54.30.1|and|54.29T8  and 
the  description  of  the  stalk  of  f*Q  at  x of  Properties  of  Spaces,  Lemma  53.28. 5| 
the  lemma  reduces  to  a purely  algebraic  question  on  the  local  ring  maps  Oz,z  — ► 
Oy.y  — > Ox,x  and  the  module  Gy.  This  algebraic  statement  is  Algebra,  Lemma 
110.38.91  ’ □ 


54.31.  Generic  flatness 


06QR  This  section  is  the  analogue  of  Morphisms,  Section  [28.27[ 

06QS  Proposition  54.31.1.  Let  S be  a scheme.  Let  f : X — > Y be  a morphism  of 
algebraic  spaces  over  S.  Let  F be  a quasi- coherent  sheaf  of  Ox -modules.  Assume 

(1)  Y is  reduced, 

(2)  / is  of  finite  type,  and 

(3)  F is  a finite  type  Ox-module. 

Then  there  exists  an  open  dense  subspace  W C Y such  that  the  base  change  Xy  — t 
W of  f is  flat,  locally  of  finite  presentation,  and  quasi-compact  and  such  that  F\xw 
is  flat  over  W and  of  finite  presentation  over  Oxw- 


Proof.  Let  V be  a scheme  and  let  V — > Y be  a surjective  etale  morphism.  Let 
Xy  = V x y X and  let  Fy  be  the  restriction  of  F to  Xy . Suppose  that  the  result 
holds  for  the  morphism  Xy  -A  V and  the  sheaf  Fy.  Then  there  exists  an  open 
subscheme  V'  C V such  that  Xy  -A  V'  is  flat  and  of  finite  presentation  and  Fy 
is  an  Oxv,  -module  of  finite  presentation  flat  over  V' . Let  W C Y be  the  image 
of  the  etale  morphism  V'  — > Y,  see  Properties  of  Spaces,  Lemma  |53.4.10[  Then 
V' 


Y,  see  Properties  of  Spaces,  Lemma  53.4.10 
IT  is  a surjective  etale  morphism,  hence  we  see  that  Xy 


W is  flat,  locally 

of  finite  presentation,  and  quasi-compact  by  Lemmas  54.28.4[  |54.29.5[  and  |54.8.7| 
By  the  discussion  in  Properties  of  Spaces,  Section  |53.29  we  see  that  Fy  is  of  finite 
presentation  as  a Oxw -module  and  by  Lemma  54.30.3  we  see  that  Fy  is  flat  over 
W . This  argument  reduces  the  proposition  to  the  case  where  Y is  a scheme. 


Suppose  we  can  prove  the  proposition  when  Y is  an  affine  scheme.  Let  / : X — > Y 
be  a finite  type  morphism  of  algebraic  spaces  over  S with  Y a scheme,  and  let 
F be  a finite  type,  quasi-coherent  Ox-module.  Choose  an  affine  open  covering 
Y = U Vj.  By  assumption  we  can  find  dense  open  Wj  C Vj  such  that  Xw.  — ► Wj 
is  flat,  locally  of  finite  presentation,  and  quasi-compact  and  such  that  F \xw.  is  flat 
over  Wj  and  of  finite  presentation  as  an  Oxw  -module.  In  this  situation  we  simply 
take  W = (J  Wj  and  we  win.  Hence  we  reduce  the  proposition  to  the  case  where  Y 
is  an  affine  scheme. 


Let  Y be  an  affine  scheme  over  S,  let  / : X — »•  Y be  a finite  type  morphism  of 
algebraic  spaces  over  S,  and  let  J7  be  a finite  type,  quasi-coherent  Ox-module. 
Since  / is  of  finite  type  it  is  quasi-compact,  hence  X is  quasi-compact.  Thus  we 
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06QT 


04NH 

04NM 


can  find  an  affine  scheme  U and  a surjective  etale  morphism  U —¥  X , see  Properties 
of  Spaces,  Lemma  53.6.3  Note  that  U — >■  Y is  of  finite  type  (this  is  what  it  means 
for  / to  be  of  finite  type  in  this  case).  Hence  we  can  apply  Morphisms,  Proposition 
28.27.2  to  see  that  there  exists  a dense  open  W C Y such  that  Uw  — > W is  flat  and 


of  finite  presentation  and  such  that  J~\uw  is  flat  over  W and  of  finite  presentation 
as  an  Ojjw -module.  According  to  our  definitions  this  means  that  the  base  change 
Xw  — >•  W of  / is  flat,  locally  of  finite  presentation,  and  quasi-compact  and  T\xw 
is  flat  over  W and  of  finite  presentation  over  Oxw  ■ □ 


We  cannot  improve  the  result  of  the  lemma  above  to  requiring  Xw  — > W to  be  of 
finite  presentation  as  Aq/Z  — ► Spec(Q)  gives  a counter  example.  The  problem  is 
that  the  diagonal  morphism  A x/y  may  not  be  quasi-compact,  i.e. , / may  not  be 
quasi-separated.  Clearly,  this  is  also  the  only  problem. 

Proposition  54.31.2.  Let  S be  a scheme.  Let  f : X -A  Y be  a morphism  of 
algebraic  spaces  over  S.  Let  T be  a quasi- coherent  sheaf  of  Ox -modules.  Assume 

(1)  Y is  reduced, 

(2)  f is  quasi-separated, 

(3)  f is  of  finite  type,  and 

(4)  T is  a finite  type  Ox -module. 

Then  there  exists  an  open  dense  subspace  W C Y such  that  the  base  change  Xw 
W of  f is  fiat  and  of  finite  presentation  and  such  that  T\xw  is  flat  over  W and  of 
finite  presentation  over  O. \w . 


Proof.  This  follows  immediately  from  Proposition  54.31.1  and  the  fact  that  “of 
finite  presentation”  = “locally  of  finite  presentation”  + “quasi-compact”  + “quasi- 
separated”  . □ 


54.32.  Relative  dimension 


In  this  section  we  define  the  relative  dimension  of  a morphism  of  algebraic  spaces 
at  a point,  and  some  closely  related  properties. 

Definition  54.32.1.  Let  5 be  a scheme.  Let  / : X — > Y be  a morphism  of 
algebraic  spaces  over  S.  Let  x £ |X|.  Let  d,  r £ {0, 1, 2, , oo}. 

(1)  We  say  the  dimension  of  the  local  ring  of  the  fibre  of  f at  x is  d if  the 


equivalent  conditions  of  Lemma  54.22.5  hold  for  the  property  Vd  described 
in  Descent,  Lemma [34. 29. 6| 

(2)  We  say  the  transcendence  degree  ofx/f(x)  is  r if  the  equivalent  conditions 
of  Lemma |54. 22 . 5|  hold  for  the  property  Vr  described  in  Descent,  Lemma 
134.29.71 

(3)  We  say  the  / has  relative  dimension  d at  x if  the  equivalent  conditions 
of  Lemma [5472275] hold  for  the  property  Vd  described  in  Descent,  Lemma 
l34~2T8l 

Let  us  spell  out  what  this  means.  Namely,  choose  some  diagrams 
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as  in  Lemma  T54.22. 51  Then  we  have 

relative  dimension  of  / at  x = dimu([/„) 

dimension  of  local  ring  of  the  fibre  of  / at  x = 6mi(Ouv,u) 

transcendence  degree  of  x/f  (x)  = trdeg^^fi^u)) 

Note  that  if  Y = Spec(fc)  is  the  spectrum  of  a field,  then  the  relative  dimension 
of  X/Y  at  a;  is  the  same  as  dimx(X),  the  transcendence  degree  of  x/ f(x)  is  the 
transcendence  degree  over  k,  and  the  dimension  of  the  local  ring  of  the  fibre  of  / 
at  x is  just  the  dimension  of  the  local  ring  at  x , i.e.,  the  relative  notions  become 
absolute  notions  in  that  case. 


06LR  Definition  54.32.2.  Let  S'  be  a scheme.  Let  f : X Y be  a morphism  of 
algebraic  spaces  over  S.  Let  d £ {0, 1, 2, . . .}. 

(1)  We  say  / has  relative  dimension  < d if  / has  relative  dimension  < d at 
all  x £ |.Xj. 

(2)  We  say  / has  relative  dimension  d if  / has  relative  dimension  d at  all 
x £ \X\. 

Having  relative  dimension  equal  to  d means  roughly  speaking  that  all  nonempty 
fibres  are  equidimensional  of  dimension  d. 

06RX  Lemma  54.32.3.  Let  S be  a scheme.  Let  X — » Y -A  Z be  morphisms  of  algebraic 
spaces  over  S.  Let  x £ |X|  and  let  y £ |Y|,  z £ \Z\  be  the  images.  Assume  X — > Y 
is  locally  quasi-finite  and  Y Z locally  of  finite  type.  Then  the  transcendence 
degree  ofx/z  is  equal  to  the  transcendence  degree  ofy/z. 

Proof.  We  can  choose  commutative  diagrams 


where  U,  V , W are  schemes  and  the  vertical  arrows  are  etale.  By  definition  the 
morphism  U -t  V is  locally  quasi-finite  which  implies  that  k(v)  C k(u)  is  finite,  see 
Morphisms,  Lemma  [28.20.5|  Hence  the  result  is  clear.  □ 

OAFH  Lemma  54.32.4.  Let  S be  a scheme.  Let  f : X Y be  a morphism  of  locally 
Noetherian  algebraic  spaces  over  S which  is  flat,  locally  of  finite  type  and  of  relative 
dimension  d.  For  every  point  x in  |Xj  with  image  y in  |Y|  we  have  dimx(X)  = 
dimy(Y)  + d. 


Proof.  By  definition  of  the  dimension  of  an  algebraic  space  at  a point  (Properties 
of  Spaces,  Definition  53.8.1)  and  by  definition  of  having  relative  dimension  d , this 
reduces  to  the  corresponding  statement  for  schemes  (Morphisms,  Lemma|28.29.6 ). 

□ 


54.33.  Morphisms  and  dimensions  of  fibres 

04NP  This  section  is  the  analogue  of  Morphisms,  Section  |28.28[  The  formulations  in  this 
section  are  a bit  awkward  since  we  do  not  have  local  rings  of  algebraic  spaces  at 
points. 
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04NQ 


04NR 


04NS 


Lemma  54.33.1.  Let  S be  a scheme.  Let  f : X — ► Y be  a morphism  of  algebraic 
spaces  over  S.  Let  x £ |X|.  Assume  f is  locally  of  finite  type.  Then  we  have 

relative  dimension  of  f at  x 

dimension  of  local  ring  of  the  fibre  of  f at  x 

+ 

transcendence  degree  of  x/ f(x) 
where  the  notation  is  as  in  Definition  \ 54  ■ 32fl\ 

Proof.  This  follows  immediately  from  Morphisms,  Lemma  |28.28.1|  applied  to  h : 
U — > V and  u £ U as  in  Lemma [54.22.51  □ 

Lemma  54.33.2.  Let  S be  a scheme.  Let  f : X -A  Y and  g : Y — >•  Z be  morphisms 
of  algebraic  spaces  over  S.  Let  x £ |X|  and  set  y = /( x).  Assume  f and  g locally 
of  finite  type.  Then 

relative  dimension  of  g o f at  x 

< 

relative  dimension  of  f at  x 

+ 

relative  dimension  of  g at  y 

Moreover,  equality  holds  if  for  some  morphism  Spec(/c)  — > Z from  the  spectrum  of 
a field  in  the  class  of  g(f(x))  = g(y)  the  morphism  X — >•  \\  is  flat  at  x.  This 
holds  for  example  if  f is  flat  at  x. 

Proof.  Choose  a diagram 


U 


V 


■W 


X 


V 

Y 


with  U,  V,  W schemes  and  vertical  arrows  etale  and  surjective.  (See  Spaces,  Lemma 


52.11.6  ) Choose  u £ U mapping  to  x.  Set  v,w  equal  to  the  images  of  u in  V,W. 


Apply  Morphisms,  Lemma  [28.28.2|  to  the  top  row  and  the  points  u,v,w.  Details 
omitted.  □ 


Lemma  54.33.3.  Let  S be  a scheme.  Let 


X' 


X 


f 


Y 


Y' 

be  a fibre  product  diagram  of  algebraic  spaces  over  S.  Let  x'  £ \X'\.  Set  x = g'{x'). 
Assume  f locally  of  finite  type.  Then  we  have 


relative  dimension  of  f at  x 


relative  dimension  of  f at  x' 
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04NT 


Proof.  Choose  a surjective  etale  morphism  V — ► Y with  V a scheme.  By  Spaces, 
Lemma  52.11.6  we  may  choose  morphisms  of  schemes  V'  — > V lifting  the  morphism 
g and  U — > V lifting  the  morphism  / such  that  V'  — > Y'  and  U — > X are  also 
surjective  and  etale.  Set  U'  = V'  Xy  U.  Then  the  induced  morphism  U'  -A  X' 
is  also  surjective  and  etale  (argument  omitted).  Hence  we  can  choose  a u'  € U' 
mapping  to  x' . At  this  point  the  result  follows  by  applying  Morphisms,  Lemma 
28.28.3  to  the  diagram  of  schemes  involving  U' , U,  V' , V and  the  point  u' . □ 


Lemma  54.33.4.  Let  S be  a scheme.  Let  f : X — » Y be  a morphism  of  algebraic 
spaces  over  S.  Let  n > 0.  Assume  f is  locally  of  finite  type.  The  set 


Wn  = {x  £ |A'|  such  that  the  relative  dimension  of  f at  x < n} 
is  open  in  |X|. 


04NU 


04NV 


Proof.  Choose  a diagram 

U >-  C 

h 

a 

X ^ Y 

where  U and  V are  schemes  and  the  vertical  arrows  are  surjective  and  etale,  see 
Spaces,  Lemma [52.11.6[  By  Morphisms,  Lemma[28.28.4|the  set  Un  of  points  where 
h has  relative  dimension  < n is  open  in  U . By  our  definition  of  relative  dimension 
for  morphisms  of  algebraic  spaces  at  points  we  see  that  Un  = a~1(Wn).  The  lemma 
follows  by  definition  of  the  topology  on  |X|.  □ 

Lemma  54.33.5.  Let  S be  a scheme.  Let  f : X -A  Y be  a morphism  of  algebraic 
spaces  over  S Let  n > 0.  Assume  f is  locally  of  finite  presentation.  The  open 


Wn  = {x  £ |A'|  such  that  the  relative  dimension  of  f at  x < n} 


of  Lemma  54-33.4  is  retrocompact  in  |Aj.  (See  Topology,  Definition  5.11.1  ) 


Proof.  Choose  a diagram 


U > V’ 

h 

i 

X > V 


where  U and  V are  schemes  and  the  vertical  arrows  are  surjective  and  etale, 
see  Spaces,  Lemma  |52.11.6|  In  the  proof  of  Lemma  |54.33.4|  we  have  seen  that 
a~1(Wn)  = Un  is  the  corresponding  set  for  the  morphism  h.  By  Morphisms,  Lemma 


28.28.5|  we  see  that  Un  is  retrocompact  in  U.  The  lemma  follows  by  definition  of 


the  topology  on  |A|,  compare  with  Properties  of  Spaces,  Lemma  53.5.5  and  its 
proof.  □ 


Lemma  54.33.6.  Let  S be  a scheme.  Let  f : X — > Y be  a morphism  of  algebraic 
spaces  over  S.  Assume  f is  locally  of  finite  type.  Then  f is  locally  quasi-finite  if 
and  only  if  f has  relative  dimension  0 at  each  x £ |Aj. 


Proof.  Choose  a diagram 


U—^V 

h 

i 

X Y 
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04NW 


06LS 


OBAW 


OBAX 


where  U and  V are  schemes  and  the  vertical  arrows  are  surjective  and  etale,  see 
Spaces,  Lemma  |52.11.6[  The  definitions  imply  that  h is  locally  quasi-finite  if  and 
only  if  / is  locally  quasi-finite,  and  that  / has  relative  dimension  0 at  all  a;  £ |X|  if 
and  only  if  h has  relative  dimension  0 at  all  u £ U . Hence  the  result  follows  from 
the  result  for  h which  is  Morphisms,  Lemma  [28.29.5  □ 


Lemma  54.33.7.  Let  S be  a scheme.  Let  f : X — > Y be  a morphism  of  algebraic 
spaces  over  S.  Assume  f is  locally  of  finite  type.  Then  there  exists  a canonical 
open  subspace  X'  C X such  that  f\x>  ■ X'  -A  Y is  locally  quasi-finite,  and  such 
that  the  relative  dimension  of  f at  any  x £ |X|,  x fL  \X'\  is  > 1.  Formation  of  X' 
commutes  with  arbitrary  base  change. 


Proof.  Combine  Lemmas  |54.33.4[  |54.33.6|  and|54.33.3| 

Lemma  54.33.8.  Let  S be  a scheme.  Consider  a cartesian  diagram 


Y -s Spec(fc) 


□ 


where  X — x Y is 
type  and  where  k 
after  replacing  X 


a morphism  of  algebraic  spaces  over  S which  is  locally  of  finite 
is  a field  over  S.  Let  z £ |F|  be  such  that  dimz(F)  = 0.  Then , 
by  an  open  subspace  containing  p{z) , the  morphism 


X 


Y 


is  locally  quasi-finite. 

Proof.  Let  X'  C X be  the  open  subspace  over  which  / is  locally  quasi-finite  found 
in  Lemma  54.33.7  Since  the  formation  of  X'  commutes  with  arbitrary  base  change 
we  see  that  z £ X'  Xy  Spec(fc).  Hence  the  lemma  is  clear.  □ 


54.34.  The  dimension  formula 


The  analog  of  the  dimension  formula  (Morphisms,  Lemma  28.30.1 1 is  a bit  tricky 
to  formulate,  because  we  would  have  to  define  integral  algebraic  spaces  (we  do 
this  later)  as  well  as  universally  catenary  algebraic  spaces.  However,  the  following 
version  is  straightforward. 


Lemma  54.34.1.  Let  S be  a scheme.  Let  f : X — X Y be  a morphism  of  algebraic 
spaces  over  S.  Assume  Y is  locally  Noetherian  and  f locally  of  finite  type.  Let 
x £ |X|  with  image  y £ |T|.  Then  we  have 


the  dimension  of  the  local  ring  of  X at  x < 
the  dimension  of  the  local  ring  of  Y at  y + E — 
the  transcendence  degree  ofx/y 


Here  E is  the  maximum  of  the  transcendence  degrees  of  £/ /(£)  where  £ £ |Xj  runs 
over  the  points  specializing  to  x at  which  the  local  ring  of  X has  dimension  0. 


Proof.  Choose  an  affine  scheme  V,  an  etale  morphism  V — > Y,  and  a point  v £ V 
mapping  to  y.  Choose  an  affine  scheme  U , an  etale  morphism  U — > X Xy  V and 
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a point  u £ U mapping  to  v in  V and  x in  X.  Unwinding  Definition  |54.32.1|  and 
Properties  of  Spaces,  Definition |53. 9. 2|  we  have  to  show  that 

dim(Ou,u)  < dim {Ov,v)  + E - trdeg k(v)(k(u)) 

Let  £fj  £ U be  a generic  point  of  an  irreducible  component  of  U which  contains  u. 
Then  £u  maps  to  a point  £ £ |X|  which  is  in  the  list  used  to  define  the  quantity 
E and  in  fact  every  £ used  in  the  definition  of  E occurs  in  this  manner  (small 
detail  omitted).  In  particular,  there  are  only  a finite  number  of  these  £ and  we 
can  take  the  maximum  (i.e. , it  really  is  a maximum  and  not  a supremum).  The 
transcendence  degree  of  £ over  /(£)  is  trdegre(-£v\(K(£f/))  where  £ V is  the  image 
of  £[/■  Thus  the  lemma  follows  from  Morphisms,  Lemma  [28.30.2|  □ 

OBAY  Lemma  54.34.2.  Let  S be  a scheme.  Let  f : X Y be  a morphism  of  algebraic 
spaces  over  S.  Assume  Y is  locally  Noetherian  and  f is  locally  of  finite  type.  Then 

dim(A')  < dim(Y)  + E 

where  E is  the  supremum  of  the  transcendence  degrees  of  £//(£)  where  £ runs 
through  the  points  at  which  the  local  ring  of  X has  dimension  0. 

Proof.  Immediate  consequence  of  Lemma|54.34.1|and  Properties  of  Spaces,  Lemma 
153.9.31  □ 


54.35.  Syntomic  morphisms 


03Z6 


03Z7 


03Z8 

03Z9 

03ZA 


The  property  “syntomic”  of  morphisms  of  schemes  is  etale  local  on  the  source-and- 
target,  see  Descent,  Remark  |34. 28. 7|  It  is  also  stable  under  base  change  and  fpqc 


local  on  the  target,  see  Morphisms,  Lemma  28.31.4  and  Descent,  Lemma  34.19.24 


Hence,  by  Lemma  54.22.1  above,  we  may  define  the  notion  of  a syntomic  morphism 
of  algebraic  spaces  as  follows  and  it  agrees  with  the  already  existing  notion  defined 
in  Section  [54. 3|  when  the  morphism  is  representable. 


Definition  54.35.1.  Let  5 be  a scheme, 
algebraic  spaces  over  S. 


Let  / : X — > Y be  a morphism  of 


(1)  We  say  / is  syntomic  if  the  equivalent  conditions  of  Lemma  54.22.1  hold 
with  V = “syntomic” . 

(2)  Let  x € |A'|.  We  say  / is  syntomic  at  x if  there  exists  an  open  neighbour- 
hood X'  C X of  x such  that  f\xr  : X'  — ► Y is  syntomic. 


Lemma  54.35.2.  The  composition  of  syntomic  morphisms  is  syntomic. 

Proof.  See  Remark  |54.22.3|  and  Morphisms,  Lemma [28. 31. 3|  □ 

Lemma  54.35.3.  The  base  change  of  a syntomic  morphism  is  syntomic. 

Proof.  See  Remark  |54.22.4|  and  Morphisms,  Lemma [28. 31. 4|  □ 

Lemma  54.35.4.  Let  S be  a scheme.  Let  f : X — » Y be  a morphism  of  algebraic 
spaces  over  S.  The  following  are  equivalent: 

(1)  / is  syntomic, 

(2)  for  every  x £ \X\  the  morphism  f is  syntomic  at  x, 

(3)  for  every  scheme  Z and  any  morphism  Z — ► Y the  morphism  ZxyX  — > Z 
is  syntomic, 

(4)  for  every  affine  scheme  Z and  any  morphism  Z —*Y  the  morphism  Z Xy 
X — y Z is  syntomic, 
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(5)  there  exists  a scheme  V and  a surjective  etale  morphism  V — >•  Y such  that 
Vxyl->y  is  a syntomic  morphism, 

(6)  there  exists  a scheme  U and  a surjective  etale  morphism  ip  : U X such 
that  the  composition  f o tp  is  syntomic, 

(7)  for  every  commutative  diagram 

U V 


X s »Y 

where  U , V are  schemes  and  the  vertical  arrows  are  etale  the  top  horizontal 
arrow  is  syntomic, 

(8)  there  exists  a commutative  diagram 

U ► V 


X >-  Y 

where  U , V are  schemes,  the  vertical  arrows  are  etale,  and  U — > X is 
surjective  such  that  the  top  horizontal  arrow  is  syntomic,  and 
(9)  there  exist  Zariski  coverings  Y = (J ieIYi,  and  f^1(Yi)  = (J Xij  such  that 
each  morphism  X^  — > Yi  is  syntomic. 

Proof.  Omitted.  □ 


54.36.  Smooth  morphisms 


03ZB 


03ZC 


03ZD 

03ZE 

03ZF 


The  property  “smooth”  of  morphisms  of  schemes  is  etale  local  on  the  source-and- 
target,  see  Descent,  Remark  [34. 28. 7[  It  is  also  stable  under  base  change  and  fpqc 
local  on  the  target,  see  Morphisms,  Lemma [28. 34. 5|  and  Descent,  Lemma [34. 19. 25| 
Hence,  by  Lemma  54.22.1  above,  we  may  define  the  notion  of  a smooth  morphism 
of  algebraic  spaces  as  follows  and  it  agrees  with  the  already  existing  notion  defined 
in  Section  [54. 3|  when  the  morphism  is  representable. 

Definition  54.36.1.  Let  S'  be  a scheme.  Let  / : X — ► Y be  a morphism  of 
algebraic  spaces  over  S. 


(1)  We  say  / is  smooth  if  the  equivalent  conditions  of  Lemma  54.22.1  hold 
with  V = “smooth” . 

(2)  Let  x £ |X|.  We  say  / is  smooth  at  x if  there  exists  an  open  neighbourhood 
X'  C X of  x such  that  f\x'  : X'  — > Y is  smooth. 


Lemma  54.36.2.  The  composition  of  smooth  morphisms  is  smooth. 

Proof.  See  Remark  |54.22.3|  and  Morphisms,  Lemma [28. 34. 4|  □ 


Lemma  54.36.3.  The  base  change  of  a smooth  morphism  is  smooth. 


Proof.  See  Remark  54. 22. 4|  and  Morphisms,  Lemma  28.34.5 


□ 


Lemma  54.36.4.  Let  S be  a scheme.  Let  f : X Y be  a morphism  of  algebraic 
spaces  over  S.  The  following  are  equivalent: 

(1)  f is  smooth, 

(2)  for  every  x £ |X|  the  morphism  f is  smooth  at  x, 
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(3)  for  every  scheme  Z and  any  morphism  Z — ► Y the  morphism  Zxy  X — > Z 
is  smooth, 

(4)  for  every  affine  scheme  Z and  any  morphism  Z -^Y  the  morphism  Z Xy 
X — y Z is  smooth, 

(5)  there  exists  a scheme  V and  a surjective  etale  morphism  V — > Y such  that 
V Xy  X — > V is  a smooth  morphism, 

(6)  there  exists  a scheme  U and  a surjective  etale  morphism  tp  : U — ► A'  such 
that  the  composition  f o ip  is  smooth, 

(7)  for  every  commutative  diagram 

U V 


X Y 

where  U , V are  schemes  and  the  vertical  arrows  are  etale  the  top  horizontal 
arrow  is  smooth, 

(8)  there  exists  a commutative  diagram 

U V 


X s-  Y 

where  U , V are  schemes,  the  vertical  arrows  are  etale,  and  U — » X is 
surjective  such  that  the  top  horizontal  arrow  is  smooth,  and 

(9)  there  exist  Zariski  coverings  Y = and  f~1(Yi)  = [JX^  such  that 

each  morphism  Xij  — > Yi  is  smooth. 

Proof.  Omitted.  □ 

04AJ  Lemma  54.36.5.  A smooth  morphism  of  algebraic  spaces  is  locally  of  finite  pre- 
sentation. 


Proof.  Let  X ->  F be  a smooth  morphism  of  algebraic  spaces.  By  definition  this 
means  there  exists  a diagram  as  in  Lemma  54.22.1|  with  h smooth  and  surjective 
vertical  arrow  a.  By  Morphisms,  Lemma  28.34.8  h is  locally  of  finite  presentation. 
Hence  X — > Y is  locally  of  finite  presentation  by  definition.  □ 

06MH  Lemma  54.36.6.  A smooth  morphism  of  algebraic  spaces  is  locally  of  finite  type. 

Proof.  Combine  Lemmas  154. 36.51  and  154.28.51  □ 

04TA  Lemma  54.36.7.  A smooth  morphism  of  algebraic  spaces  is  flat. 

Proof.  Let  X — > Y be  a smooth  morphism  of  algebraic  spaces.  By  definition  this 


means  there  exists  a diagram  as  in  Lemma  54.22. 1|  with  h smooth  and  surjective 
vertical  arrow  a.  By  Morphisms,  Lemma [28.34.8  h is  flat.  Hence  X — > Y is  flat  by 
definition.  □ 

06CP  Lemma  54.36.8.  A smooth  morphism  of  algebraic  spaces  is  syntomic. 

Proof.  Let  X ->  F be  a smooth  morphism  of  algebraic  spaces.  By  definition  this 
means  there  exists  a diagram  as  in  Lemma  54.22.1|  with  h smooth  and  surjective 
vertical  arrow  a.  By  Morphisms,  Lemma  [28.34.7  h is  syntomic.  Hence  X — > Y is 
syntomic  by  definition.  □ 


54.37.  UNRAMIFIED  MORPHISMS 


3638 


OAFI 


Lemma  54.36.9.  Let  X and  Y be  locally  Noetherian  algebraic  spaces  over  a 
scheme  S , and  let  / : X — » Y be  a smooth  morphism.  For  every  point  x £ |X|  with 
image  y £ \Y\, 


dinxspf)  = dim2/(F)  + &xmx(Xy) 


where  dimx(Xy)  is  the  relative  dimension  of  f at  x as  in  Definition  5 f. 32.1 


Proof.  By  definition  of  the  dimension  of  an  algebraic  space  at  a point  (Properties  of 
Spaces,  Definition  53.8.1 ),  this  reduces  to  the  corresponding  statement  for  schemes 
(Morphisms,  Lemma  28.34.21 ).  □ 


54.37.  Unramified  morphisms 


03ZG 


The  property  “unramified”  (resp.  “G-unramified” ) of  morphisms  of  schemes  is  etale 
local  on  the  source-and-target,  see  Descent,  Remark|34.28.7|  It  is  also  stable  under 
base  change  and  fpqc  local  on  the  target,  see  Morphisms,  Lemma  [28. 35. 5|  and  De- 
scent, Lemma [34. 19. 26  Hence,  by  Lemma  54.22. l|above,  we  may  define  the  notion 
of  an  unramified  morphism  (resp.  G-unramified  morphism)  of  algebraic  spaces  as 
follows  and  it  agrees  with  the  already  existing  notion  defined  in  Section  [54.3|  when 
the  morphism  is  representable. 


03ZH 


Definition  54.37.1.  Let  S'  be  a scheme, 
algebraic  spaces  over  S. 


Let  / : X — )■  Y be  a morphism  of 


(1)  We  say  / is  unramified  if  the  equivalent  conditions  of  Lemma  54.22.1  hold 
with  V = unramified. 

Let  x £ |X|.  We  say  / is  unramified  at  x if  there  exists  an  open  neigh- 
bourhood X'  C X of  x such  that  f\x>  : X'  — > Y is  unramified. 


(2) 

(3) 

(4) 


We  say  / is  G-unramified  if  the  equivalent  conditions  of  Lemma  54.22.1 
hold  with  V = G-unramified. 

Let  x £ |A|.  We  say  / is  G-unramified  at  x if  there  exists  an  open 
neighbourhood  X'  C X of  x such  that  f\x>  : X'  — > Y is  G-unramified. 


Because  of  the  following  lemma,  from  here  on  we  will  only  develop  theory  for 
unramified  morphisms,  and  whenever  we  want  to  use  a G-unramified  morphism  we 
will  simply  say  “an  unramified  morphism  locally  of  finite  presentation” . 

04G1  Lemma  54.37.2.  Let  S be  a scheme.  Let  f : X — ► Y be  a morphism  of  algebraic 
spaces  over  S.  Then  f is  G-unramified  if  and  only  if  f is  unramified  and  locally  of 
finite  presentation. 


Proof.  Consider  any  diagram  as  in  Lemma[54.22.1|  Then  all  we  are  saying  is  that 
the  morphism  h is  G-unramified  if  and  only  if  it  is  unramified  and  locally  of  finite 
presentation.  This  is  clear  from  Morphisms,  Definition |28. 35. f[  □ 

03ZI  Lemma  54.37.3.  The  composition  of  unramified  morphisms  is  unramified. 

Proof.  See  Remark  |54.22.3|  and  Morphisms,  Lemma [28. 35. 4|  □ 

03ZJ  Lemma  54.37.4.  The  base  change  of  an  unramified  morphism  is  unramified. 

Proof.  See  Remark |54. 22. 4|  and  Morphisms,  Lemma [28. 35. 5|  □ 

03ZK  Lemma  54.37.5.  Let  S be  a scheme.  Let  f : X — >•  Y be  a morphism  of  algebraic 
spaces  over  S.  The  following  are  equivalent: 

(1)  f is  unramified , 
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(2)  for  every  x £ |X|  the  morphism  f is  unramified  at  x, 

(3)  for  every  scheme  Z and  any  morphism  Z -A  Y the  morphism  ZxyX  — > Z 
is  unramified , 

(4)  for  every  affine  scheme  Z and  any  morphism  Z -$Y  the  morphism  Z Xy 
X — )■  Z is  unramified , 

(5)  there  exists  a scheme  V and  a surjective  etale  morphism  V — ► Y such  that 
V Xy  X — > V is  an  unramified  morphism, 

(6)  there  exists  a scheme  U and  a surjective  etale  morphism  ip  : U X such 
that  the  composition  f o ip  is  unramified, 

(7)  for  every  commutative  diagram 

U s- V 


X Y 

where  U , V are  schemes  and  the  vertical  arrows  are  etale  the  top  horizontal 
arrow  is  unramified, 

(8)  there  exists  a commutative  diagram 

U ^ V 


X Y 

where  U , V are  schemes,  the  vertical  arrows  are  etale,  and  U X is 
surjective  such  that  the  top  horizontal  arrow  is  unramified,  and 
(9)  there  exist  Zariski  coverings  Y = (J ieIYi,  and  /_1(Ki)  = [ JXjj  such  that 
each  morphism  Xij  — > Yi  is  unramified. 

05VZ 


05W0 


06CQ 


05W1 

(1)  If  f is  unramified,  then  the  diagonal  morphism  Ax/y  : X — > X Xy  X is 
an  open  immersion. 


Proof.  Omitted. 


□ 


Lemma  54.37.6.  ^4n  unramified  morphism  of  algebraic  spaces  is  locally  of  finite 

type. 


Proof.  Via  a diagram  as  in  Lemma  54.22.1  this  translates  into  Morphisms,  Lemma 
128.35.91  □ 

Lemma  54.37.7.  If  f is  unramified  at  x then  f is  quasi-finite  at  x.  In  particular, 
an  unramified  morphism  is  locally  quasi-finite. 

Proof.  Via  a diagram  as  in  Lemma|54.22.1|this  translates  into  Morphisms,  Lemma 

128.35.101  □ 

Lemma  54.37.8.  An  immersion  of  algebraic  spaces  is  unramified. 

Proof.  Let  i : X — ► Y be  an  immersion  of  algebraic  spaces.  Choose  a scheme  V 
and  a surjective  etale  morphism  V -A  Y.  Then  V Xy  X — > V is  an  immersion  of 
schemes,  hence  unramified  (see  Morphisms,  Lemmas  28.35.7  and  28.35.8 1.  Thus  by 
definition  i is  unramified.  □ 


Lemma  54.37.9.  Let  S be  a scheme.  Let  f : X 
spaces  over  S. 


Y be  a morphism  of  algebraic 
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(2)  If  f is  locally  of  finite  type  and  A x/y  is  an  open  immersion,  then  f is 
unramified. 

Proof.  We  know  in  any  case  that  Ax/y  is  a representable  monomorphism,  see 
Lemma  |54.4.1|  Choose  a scheme  V and  a surjective  etale  morphism  V — > Y. 
Choose  a scheme  U and  a surjective  etale  morphism  U — >•  X Xy  V . Consider  the 
commutative  diagram 


U 


A 


V 

X 


u/v 


*X/Y 


UxvU 


■V 


A 


V/Y 


VxY  V 


X xY  X — 

with  cartesian  right  square.  The  left  vertical  arrow  is  surjective  etale.  The  right 
vertical  arrow  is  etale  as  a morphism  between  schemes  etale  over  Y,  see  Properties 
of  Spaces,  Lemma|53.15.6  Hence  the  middle  vertical  arrow  is  etale  too  (but  it  need 
not  be  surjective). 

Assume  / is  unramified.  Then  U — > V is  unramified,  hence  A u/v  is  an  open 
immersion  by  Morphisms,  Lemma  [28.35. 13|  Looking  at  the  left  square  of  the  dia- 
gram above  we  conclude  that  A x/y  is  an  etale  morphism,  see  Properties  of  Spaces, 
Lemma  53.15.3  Hence  A x/y  is  a representable  etale  monomorphism,  which  im- 
plies that  it  is  an  open  immersion  by  Etale  Morphisms,  Theorem  40.14.1  (See  also 


Spaces,  Lemma  52.5.8  for  the  translation  from  schemes  language  into  the  language 
of  functors.) 

Assume  that  / is  locally  of  finite  type  and  that  Ax/y  is  an  open  immersion.  This 
implies  that  U — > V is  locally  of  finite  type  too  (by  definition  of  a morphism  of 
algebraic  spaces  which  is  locally  of  finite  type).  Looking  at  the  displayed  diagram 
above  we  conclude  that  A u/y  is  etale  as  a morphism  between  schemes  etale  over 
X Xy  X , see  Properties  of  Spaces,  Lemma  53.15.6  But  since  A u/v  is  the  diagonal 
of  a morphism  between  schemes  we  see  that  it  is  in  any  case  an  immersion,  see 
Schemes,  Lemma  |25.21.2|  Hence  it  is  an  open  immersion,  and  we  conclude  that 
U — > V is  unramified  by  Morphisms,  Lemma  28.35.13  This  in  turn  means  that  / 
is  unramified  by  definition.  □ 

05W2  Lemma  54.37.10.  Let  S be  a scheme.  Consider  a commutative  diagram 


of  algebraic  spaces  over  S.  Assume  that  X -A  Z is  locally  of  finite  type.  Then 
there  exists  an  open  subspace  U(f)  C X such  that  |J7(/)|  C |A'|  is  the  set  of  points 
where  f is  unramified.  Moreover,  for  any  morphism  of  algebraic  spaces  Z'  — ► Z , if 
f : X'  — ► Y'  is  the  base  change  of  f by  Z'  — > Z,  then  U(f')  is  the  inverse  image 
°fU(f)  under  the  projection  X'  -A  X. 


Proof.  This  lemma  is  the  analogue  of  Morphisms,  Lemma  |28. 35.15]  and  in  fact 
we  will  deduce  the  lemma  from  it.  By  Definition  54.37.1  the  set  {x  £ |Aj  : 
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/ is  unramified  at  x}  is  open  in  X.  Hence  we  only  need  to  prove  the  final  state- 
ment. By  Lemma|54.23.6|the  morphism  X — > Y is  locally  of  finite  type.  By  Lemma 
54.23.3  the  morphism  X'  -A  Y'  is  locally  of  finite  type. 


Choose  a scheme  W and  a surjective  etale  morphism  W — > Z.  Choose  a scheme  V 
and  a surjective  etale  morphism  V — > W XzY.  Choose  a scheme  U and  a surjective 
etale  morphism  U — > V Xy  X.  Finally,  choose  a scheme  W'  and  a surjective  etale 
morphism  W'  -A  WxzZ' . Set  V'  = W'  XwV  and  U'  — W'xwU,  so  that  we  obtain 
surjective  etale  morpliisms  V'  — > Y'  and  U'  — > X' . We  will  use  without  further 
mention  an  etale  morphism  of  algebraic  spaces  induces  an  open  map  of  associated 


topological  spaces  (see  Properties  of  Spaces,  Lemma  53.15.7l.  This  combined  with 


Lemma  54.37.5  implies  that  U(f)  is  the  image  in  |X|  of  the  set  T of  points  in  U 

V is  unramified.  Similarly,  U(f')  is  the  image  in  \X'\ 

V'  is  unramified.  Now,  by 


where  the  morphism  U 
of  the  set  T'  of  points  in  U'  where  the  morphism  U' 
construction  the  diagram 

U' 


V’ 


V 


is  cartesian  (in  the  category  of  schemes).  Hence  the  aforementioned  Morphisms, 
Lemma  28.35.15  applies  to  show  that  T'  is  the  inverse  image  of  T.  Since  \U'\  — > \X'\ 
is  surjective  this  implies  the  lemma.  □ 

06G6  Lemma  54.37.11.  Let  S be  a scheme.  Let  X -A  Y —>  Z be  morphisms  of  algebraic 
spaces  over  S . If  X -A  Z is  unramified,  then  X -A  Y is  unramified. 


Proof.  Choose  a commutative  diagram 

U 3*  V • 


X 


V 

> y 


■w 


> z 


with  vertical  arrows  etale  and  surjective.  (See  Spaces,  Lemma  52.11.6  ) Apply 
Morphisms,  Lemma  [28.35. 16|  to  the  top  row.  □ 


54.38.  Etale  morphisms 


03XS  The  notion  of  an  etale  morphism  of  algebraic  spaces  was  defined  in  Properties  of 
Spaces,  Definition  53.15.2  Here  is  what  it  means  for  a morphism  to  be  etale  at  a 
point. 


04RH  Definition  54.38.1.  Let  5 be  a scheme.  Let  / : X — > Y be  a morphism  of 
algebraic  spaces  over  S.  Let  x £ X|.  We  say  / is  etale  at  x if  there  exists  an  open 
neighbourhood  X'  C X of  x such  that  / \x>  ■ X'  — > Y is  etale 

03XT  Lemma  54.38.2.  Let  S be  a scheme.  Let  f : X Y be  a morphism  of  algebraic 
spaces  over  S.  The  following  are  equivalent: 

(1)  f is  etale, 

(2)  for  every  x £ \X\  the  morphism  f is  etale  at  x, 

(3)  for  every  scheme  Z and  any  morphism  Z Y the  morphism  Zxy X — > Z 
is  etale, 
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(4)  for  every  affine  scheme  Z and  any  morphism  Z —>Y  the  morphism  Z Xy 
X — >■  Z is  etale, 

(5)  there  exists  a scheme  V and  a surjective  etale  morphism  V — > Y such  that 
V Xy  X — > V is  an  etale  morphism, 

(6)  there  exists  a scheme  U and  a surjective  etale  morphism  p : U — > X such 
that  the  composition  f o tp  is  etale, 

(7)  for  every  commutative  diagram 

V — 


X 

where  U , V are  schemes  and  the  vertical  arrows  are  etale  the  top  horizontal 
arrow  is  etale, 

(8)  there  exists  a commutative  diagram 

U 


X >- Y 


where  U,  V are  schemes,  the  vertical  arrows  are  etale,  and  U — ► X sur- 
jective such  that  the  top  horizontal  arrow  is  etale,  and 

(9)  there  exist  Zariski  coverings  Y = [JYi  and  f^1(Yi)  = (J Xij  such  that 
each  morphism  X^  — > Yi  is  etale. 


Proof.  Combine  Properties  of  Spaces,  Lemmas  53.15.3  53.15.5  and  53.15.4  Some 
details  omitted.  □ 


0465  Lemma  54.38.3.  The  composition  of  two  etale  morphisms  of  algebraic  spaces  is 
etale. 


Proof.  This  is  a copy  of  Properties  of  Spaces,  Lemma [53. 15. 4|  □ 

0466  Lemma  54.38.4.  The  base  change  of  an  etale  morphism  of  algebraic  spaces  by 
any  morphism  of  algebraic  spaces  is  etale. 


Proof.  This  is  a copy  of  Properties  of  Spaces,  Lemma [53. 15. 5|  □ 

03XU  Lemma  54.38.5.  An  etale  morphism  of  algebraic  spaces  is  locally  quasi-finite. 

Proof.  Let  X — > Y be  an  etale  morphism  of  algebraic  spaces,  see  Properties  of 
Spaces,  Definition  |53.15.2|  By  Properties  of  Spaces,  Lemma  |53.15.3|  we  see  this 
means  there  exists  a diagram  as  in  Lemma  54.22. 1|  with  h etale  and  surjective 
vertical  arrow  a.  By  Morphisms,  Lemma  |28.36.6  h is  locally  quasi-finite.  Hence 
X — ► Y is  locally  quasi-finite  by  definition.  □ 


04XX  Lemma  54.38.6.  An  etale  morphism  of  algebraic  spaces  is  smooth. 

Proof.  The  proof  is  identical  to  the  proof  of  Lemma  [54. 38. 5[  It  uses  the  fact  that 
an  etale  morphism  of  schemes  is  smooth  (by  definition  of  an  etale  morphism  of 
schemes) . □ 

0467  Lemma  54.38.7.  An  etale  morphism  of  algebraic  spaces  is  flat. 
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Proof.  The  proof  is  identical  to  the  proof  of  Lemma  [54. 38. 5[  It  uses  Morphisms, 
Lemma  128.36. 121  □ 

0468  Lemma  54.38.8.  An  etale  morphism  of  algebraic  spaces  is  locally  of  finite  pre- 
sentation. 


Proof.  The  proof 
Lemma  128.36. Ill 


is  identical  to  the  proof  of  Lemma  54.38.5 


It  uses  Morphisms, 

□ 


06LT  Lemma  54.38.9.  An  etale  morphism  of  algebraic  spaces  is  locally  of  finite  type. 

Proof.  An  etale  morphism  is  locally  of  finite  presentation  and  a morphism  locally 
of  finite  presentation  is  locally  of  finite  type,  see  Lemmas  |54.38.8|  and  |54.28.5[  □ 

06CR  Lemma  54.38.10.  An  etale  morphism  of  algebraic  spaces  is  unramified. 

Proof.  The  proof  is  identical  to  the  proof  of  Lemma [54.38.5  It  uses  Morphisms, 
Lemma  128.36.51  □ 


05W3  Lemma  54.38.11.  Let  S be  a scheme.  Let  X,Y  be  algebraic  spaces  etale  over  an 
algebraic  space  Z . Any  morphism  X — > Y over  Z is  etale. 

Proof.  This  is  a copy  of  Properties  of  Spaces,  Lemma [53. 15. 6|  □ 

06LU  Lemma  54.38.12.  A locally  finitely  presented,  flat,  unramified  morphism  of  al- 
gebraic spaces  is  etale. 


Proof.  Let  X — > Y be  a locally  finitely  presented,  flat,  unramified  morphism 
of  algebraic  spaces.  By  Properties  of  Spaces,  Lemma  |53.15.3|  we  see  this  means 
there  exists  a diagram  as  in  Lemma  [54.22. 1|  with  h locally  finitely  presented,  flat, 
unramified  and  surjective  vertical  arrow  a.  By  Morphisms,  Lemma  |28.36.16|  h is 
etale.  Hence  X — ► Y is  etale  by  definition.  □ 


54.39.  Proper  morphisms 

03ZL  The  notion  of  a proper  morphism  plays  an  important  role  in  algebraic  geometry. 
Here  is  the  definition  of  a proper  morphism  of  algebraic  spaces. 

03ZM  Definition  54.39.1.  Let  5 be  a scheme.  Let  / : X — >•  Y be  a morphism  of 
algebraic  spaces  over  S.  We  say  / is  proper  if  / is  separated,  finite  type,  and 
universally  closed. 

083R  Lemma  54.39.2.  Let  S be  a scheme.  Let  f : X — >•  Y be  a morphism  of  algebraic 
spaces  over  S . The  following  are  equivalent 

(1)  / is  proper, 

(2)  for  every  scheme  Z and  every  morphism  Z Y the  projection  Z Xy  X — ► 
Z is  proper, 

(3)  for  every  affine  scheme  Z and  every  morphism  Z — ► Y the  projection 
Z xy  X — > Z is  proper, 

(4)  there  exists  a scheme  V and  a surjective  etale  morphism  V — > Y such  that 
V Xy  X — > V is  proper,  and 

(5)  there  exists  a Zariski  covering  Y = |J  Y*  such  that  each  of  the  morphisms 
/-1(Yj)  -4  Yi  is  proper. 


Proof.  Combine  Lemmas  |54.4.12[  |54.23.4[  |54.8.7[  and  [547975} 


□ 
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04WP 

04XY 

04XZ 

04NX 


08AJ 

OAGD 


Lemma  54.39.3.  A base  change  of  a proper  morphism  is  proper. 
Proof.  See  Lemmas  54.4.4[  [54.23.3[  and  54.9.3 


Lemma  54.39.4.  A composition  of  proper  morphisms  is  proper. 
Proof.  See  Lemmas  54.4.8  54.23.2[  and  54.9.4 


□ 


□ 


Lemma  54.39.5.  A closed  immersion  of  algebraic  spaces  is  a proper  morphism 
of  algebraic  spaces. 


Proof.  As  a closed  immersion  is  by  definition  representable  this  follows  from 
Spaces,  Lemma  |52.5.8|  and  the  corresponding  result  for  morphisms  of  schemes, 
see  Morphisms,  Lemma  [28. 41. 6|  □ 

Lemma  54.39.6.  Let  S be  a scheme.  Consider  a commutative  diagram  of  alge- 
braic spaces 

X Y 


B 


over  S. 

(1)  If  X —¥  B is  universally  closed  and  Y — ► B is  separated,  then  the  mor- 
phism X Y is  universally  closed.  In  particular,  the  image  of  |X|  in  |Yj 
is  closed. 

(2)  If  X —>  B is  proper  and  Y — ► B is  separated,  then  the  morphism  X — > Y 
is  proper. 


Proof.  Assume  X — > B is  universally  closed  and  Y — > B is  separated.  We  factor 
the  morphism  asJ->  IXflh  — >•  Y . The  first  morphism  is  a closed  immersion,  see 
Lemma [54.4.6| hence  universally  closed.  The  projection  X Xg  Y — ► Y is  the  base 
change  of  a universally  closed  morphism  and  hence  universally  closed,  see  Lemma 
Thus  X — > Y is  universally  closed  as  the  composition  of  universally  closed 
This  proves  (1).  To  deduce  (2)  combine  (1)  with 

□ 


54.9.3 


morphisms,  see  Lemma  54.9.4 


Lemmas  |54.4.10[  |54.8.8[  and|54.23.6| 


Lemma  54.39.7.  Let  S be  a scheme.  Let  B be  an  algebraic  space  over  S . Let 
f : X Y be  a morphism  of  algebraic  spaces  over  B.  If  X is  universally  closed 
over  B and  f is  surjective  then  Y is  universally  closed  over  B.  In  particular,  if 
also  Y is  separated  and  of  finite  type  over  B,  then  Y is  proper  over  B. 


Proof.  Assume  X is  universally  closed  and  / surjective.  Denote  p : X — ► B, 
q : Y — ► B the  structure  morphisms.  Let  B'  — ► B be  a morphism  of  algebraic 
spaces  over  S.  The  base  change  f : Xb>  Yb>  is  surjective  (Lemma  54.5.5),  and 
the  base  change p'  : Xb>  — > B'  is  closed.  If  T C Yb>  is  closed,  then  (/,)^i(T)  C Xb> 
is  closed,  hence  p,((/')_1(T))  = q'(T)  is  closed.  So  q'  is  closed.  □ 

Lemma  54.39.8.  Let  S be  a scheme.  Let 


Y 


be  a commutative  diagram  of  morphism  of  algebraic  spaces  over  S.  Assume 
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(1)  X — y B is  a proper  morphism, 

(2)  Y — ► B is  separated  and  locally  of  finite  type, 

Then  the  scheme  theoretic  image  Z C Y of  h is  proper  over  B and  X -A  Z is 
surjective. 


Proof.  The  scheme  theoretic  image  of  h is  constructed  in  Section  [54. 16|  Observe 
that  h is  quasi-compact  (Lemma  |54.8.9 ) hence  |/i|(|X|)  C \Z\  is  dense  (Lemma 
54.16.3).  On  the  other  hand  |/i|(|X|)  is  closed  in  |Y|  (Lemma|54.39.6 ) hence  X — ► Z 
is  surjective.  Thus  Z — > B is  a proper  (Lemma |54. 39.7 1.  □ 


04Y0  Lemma  54.39.9.  Let  S be  a scheme.  Let  f : X — > Y be  a morphism  of  algebraic 
spaces  over  S.  The  following  are  equivalent: 

(1)  f is  separated, 

(2)  A x/y  '■  X — ► X Xy  X is  universally  closed,  and 

(3)  A x/y  : X — ► X Xy  X is  proper. 


Proof.  The  implication  (1)  =>  (3)  follows  from  Lemma  54.39.5  We  will  use  Spaces, 


Lemma  52.5.8  without  further  mention  in  the  rest  of  the  proof.  Recall  that  A_ya- 


is  a representable  monomorphism  which  is  locally  of  finite  type,  see  Lemma  54.4.1 
Since  proper  =>  universally  closed  for  morphisms  of  schemes  we  conclude  that  (3) 
implies  (2).  If  A x/y  is  universally  closed  then  Etale  Morphisms,  Lemma 
implies  that  it  is  a closed  immersion.  Thus  (2)  =>  (1)  and  we  win. 


40.7.2 

— □ 


54.40.  Valuative  criteria 

03IW  We  first  formally  state  the  definition  and  then  we  discuss  how  this  differs  from  the 
case  of  morphisms  of  schemes. 

03IX  Definition  54.40.1.  Let  S'  be  a scheme.  Let  / : X — ► Y be  a morphism  of 
algebraic  spaces  over  S.  We  say  / satisfies  the  uniqueness  part  of  the  valuative 
criterion  if  given  any  commutative  solid  diagram 


Spec(A')  — 

— s-  X 

/ 

\ 

/ 

/ 

V 

Spec(A) — 

=>  y 

where  A is  a valuation  ring  with  field  of  fractions  K , there  exists  at  most  one  dotted 
arrow  (without  requiring  existence).  We  say  f satisfies  the  existence  part  of  the 
valuative  criterion  if  given  any  solid  diagram  as  above  there  exists  an  extension  K C 
K'  of  fields,  a valuation  ring  A'  C K'  dominating  A and  a morphism  Spec(A')  — > X 
such  that  the  following  diagram  commutes 

Spec(K') a-  Spec(A')  — — p X 


Spec(/1') ->  Spec(A) Y 

We  say  / satisfies  the  valuative  criterion  if  / satisfies  both  the  existence  and  unique- 
ness part. 
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The  formulation  of  the  existence  part  of  the  valuative  criterion  is  slightly  different 
for  morphisms  of  algebraic  spaces,  since  it  may  be  necessary  to  extend  the  fraction 
field  of  the  valuation  ring.  In  practice  this  difference  almost  never  plays  a role. 

(1)  Checking  the  uniqueness  part  of  the  valuative  criterion  never  involves  any 
fraction  field  extensions,  hence  this  is  exactly  the  same  as  in  the  case  of 
schemes. 

(2)  It  is  necessary  to  allow  for  field  extensions  in  general,  see  Example  54.40.6 

(3)  For  morphisms  of  algebraic  spaces  it  always  sufffices  to  take  a finite  sep- 
arable extensions  K C K'  in  the  existence  part  of  the  valuative  criterion, 
see  Lemma  f54. 40.31 

(4)  If  / : X — > Y is  a separated  morphism  of  algebraic  spaces,  then  we  can 
always  take  K = K'  when  we  check  the  existence  part  of  the  valuative 
criterion,  see  Lemma  [54. 40. 5[ 

(5)  In  particular,  for  a quasi-compact  and  quasi-separated  morphism  / : X — » 
Y,  we  get  an  equivalence  between  “/  is  separated  and  universally  closed” 
and  “/  satisfies  the  usual  valuative  criterion” , see  Decent  Spaces,  Lemma 
|55.14.4|  In  particular,  the  valuative  criterion  for  properness  is  the  usual 
one,  see  Decent  Spaces,  Lemma [55. 14.5| 

The  results  of  (5)  come  later  because  their  proof  uses  an  argument  concerning 
specializations  of  points  on  algebraic  spaces,  which  is  a topic  we  address  in  great 
detail  in  the  chapter  on  decent  spaces. 

As  a first  step  in  the  theory,  we  show  that  the  criterion  is  identical  to  the  criterion 
as  formulated  for  morphisms  of  schemes  in  case  the  morphism  of  algebraic  spaces 
is  representable. 

03K8  Lemma  54.40.2.  Let  S be  a scheme.  Let  f : X -A  Y be  a morphism  of  algebraic 
spaces  over  S.  Assume  f is  representable.  The  following  are  equivalent 


(1)  f satisfies  the  existence  part  of  the  valuation  criterion  as  in  Definition 


(2)  given  any  commutative  solid  diagram 


WFWi \ 


Spec(A') X 


Spec(A) s-  Y 


Y 


where  A is  a valuation  ring  with  field  of  fractions  K,  there  exists  a dotted 
arrow,  i.e.,  f satisfies  the  existence  part  of  the  valuative  criterion  as  in 


Schemes,  Definition\25.20 .ff[ 


Proof.  It  suffices  to  show  that  given  a commutative  diagram  of  the  form 


Spec(K') a-  So  e.c.l  K) X 


Spec(A') ^ Spec(A) Y 


as  in  Definition  54.40. 1[  then  we  can  find  a morphism  Spec(A)  -A  X fitting  into  the 
diagram  too.  Set  Xa  = Spec(A)  xyY.  As  / is  representable  we  see  that  Xa  is  a 
scheme.  The  morphism  p gives  a morphism  <pf  : Spec(A')  — > Xa ■ Let  x £ Xa  be 
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the  image  of  the  closed  point  of  ip'  : Spec(H')  — > Xa ■ Then  we  have  the  following 
commutative  diagram  of  rings 


K'  ■* K 


03KH 


Since  A is  a valuation  ring,  and  since  A'  dominates  A,  we  see  that  K D A'  = A. 
Hence  the  ring  map  OxA:X  — t K has  image  contained  in  A.  Whence  a morphism 
Spec(H)  -a  Xa  (see  Schemes,  Section  25.13)  as  desired.  □ 


Lemma  54.40.3.  Let  S be  a scheme.  Let  f : X -A  Y be  a morphism  of  algebraic 
spaces  over  S.  The  following  are  equivalent 

(1)  / satisfies  the  existence  part  of  the  valuation  criterion  as  in  Definition 


\5TWi 1 

(2)  / satisfies  the  existence  part  of  the  valuation  criterion  as  in  Definition 
1 54-40-1  modified  by  requiring  the  extension  I\  C K'  to  be  finite  separable. 


Proof.  We  have  to  show  that  (1)  implies  (2).  Suppose  given  a diagram 


Spec(A"')  — — ^^Sp ec(K^—^^  X 
Spec(H')  Spec(H)^ 


as  in  Definition  54. 40. 1| with  K C K'  arbitrary.  Choose  a scheme  U and  a surjective 
etale  morphism  U — > X.  Then 

Spec(A')  xx  U — » Spec(H') 


is  surjective  etale.  Let  p be  a point  of  Spec(H')  x_\'  U mapping  to  the  closed  point 
of  Spec(H').  Let  p'  p be  a generalization  of  p mapping  to  the  generic  point 
of  Spec(H').  Such  a generalization  exists  because  generalizations  lift  along  flat 
morphisms  of  schemes,  see  Morphisms,  Lemma  28.25. 8|  Then  p'  corresponds  to  a 
point  of  the  scheme  Spec(A'')  x.Y  U.  Note  that 


Spec(A")  xxU  = Spec(A'')  xSpec(if)  (Spec(AT)  xA-  U) 

Hence  p'  maps  to  a point  q'  £ Spec(A')  xxU  whose  residue  field  is  a finite  separable 
extension  of  K . Finally,  p'  p maps  to  a specialization  v!  ~-+  u on  the  scheme  U . 
With  all  this  notation  we  get  the  following  diagram  of  rings 


At(p')  ^W)  k(u') 


K’  -< A!  -e A 


This  means  that  the  ring  B C generated  by  the  images  of  A and  Ojju  maps 
to  a subring  of  n(p')  contained  in  the  image  B'  of  Ospec(A')xxu,p  K(p')-  Note 
that  B'  is  a local  ring.  Let  m C B be  the  maximal  ideal.  By  construction  dDm, 
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(resp.  Ojj, u rim,  resp.  A!  Dm)  is  the  maximal  ideal  of  A (resp.  Ou,u , resp.  A1).  Set 
q = B fl  m.  This  is  a prime  ideal  such  that  A n q is  the  maximal  ideal  of  A.  Hence 
.Bq  C K(q')  is  a local  ring  dominating  A.  By  Algebra,  Lemma  10.49.2  we  can  find  a 
valuation  ring  Ai  C n(cf)  with  field  of  fractions  k (q1)  dominating  Bq.  The  (local) 
ring  map  Ojj,u  —>  A\  gives  a morphism  Spec(Ai)  — > U — > X such  that  the  diagram 


Spec  (/c(g')) ^^^-Spec X 
Spec(Ai) s-  Spec(A) Y 


is  commutative.  Since  f.f.(Ai)  = n{q')  D K is  finite  separable  by  construction  the 
lemma  is  proved.  □ 

OARH  Lemma  54.40.4.  Let  S be  a scheme.  Let  f : X -A  Y be  a separated  morphism  of 
algebraic  spaces  over  S.  Suppose  given  a diagram 


Spec (AT7) s-  Spec(A') ->  X 

Spec(A') s-  Spec(A) Y 


as  in  Definition  54-40- 1 1 with  K C K'  arbitrary, 
making  the  diagram  commute. 


Then  the  dotted  arrow  exists 


Proof.  We  have  to  show  that  we  can  find  a morphism  Spec(A)  — > X fitting  into 
the  diagram. 


Consider  the  base  change  Xa  = Spec(A)  Xy  X of  X.  Then  Xa  — > Spec(A)  is 
a separated  morphism  of  algebraic  spaces  (Lemma |54.4.4).  Base  changing  all  the 
morphisms  of  the  diagram  above  we  obtain 


Spec(A'7) a*  Spec(A') s-  Xa 

Spec(A')  a*  Spec(A)  Spec(A) 


Thus  we  may  replace  X by  Xa,  assume  that  Y = Spec(A)  and  that  we  have  a 
diagram  as  above.  We  may  and  do  replace  X by  a quasi-compact  open  subspace 
containing  the  image  of  | Spec(A')|  -A  |X|. 


The  morphism  Spec(A')  — > X is  quasi-compact  by  Lemma  |54.8.8  Let  Z C X 
be  the  scheme  theoretic  image  of  Spec(A')  — > X.  Then  Z is  a reduced  (Lemma 


54.16.4),  quasi-compact  (as  a closed  subspace  of  A'),  separated  (as  a closed  subspace 


of  A)  algebraic  space  over  A.  Consider  the  base  change 


Spec(AT')  = Spec(A')  xSpec(A)  Spec(AT)  -a  A xSpec(A)  Spec(A')  = XK 

of  the  morphism  Spec(A')  — > X by  the  flat  morphism  of  schemes  Spec(A')  -A 
Spec(A).  By  Lemma  54.29.12  we  see  that  the  scheme  theoretic  image  of  this  mor- 
phism is  the  base  change  Zk  of  Z.  On  the  other  hand,  by  assumption  (i.e. , the  com- 
mutative diagram  above)  this  morphism  factors  through  a morphism  Spec(A')  — ► 
Zk  which  is  a section  to  the  structure  morphism  Zk  — > Spec(A').  As  Zk  is 


54.40.  VALUATIVE  CRITERIA 


3649 


separated,  this  section  is  a closed  immersion  (Lemma  54.4.7).  We  conclude  that 
ZK  = Spec(A). 

Let  V -A  Z be  a surjective  etale  morphism  with  V an  affine  scheme  (Properties 


of  Spaces,  Lemma  53.6.3).  Say  V = Spec (B).  Then  V xz  Spec(A')  = Spec(C)  is 
affine  as  Z is  separated.  Note  that  B — > C is  injective  as  V is  the  scheme  theoretic 
image  of  V xz  Spec(A')  — > V by  Lemma  54.16.3  On  the  other  hand,  A'  — » C 
is  etale  as  corresponds  to  the  base  change  of  V —¥  Z.  Since  A1  is  a torsion  free 
A-module,  the  flatness  of  A'  — > C implies  C is  a torsion  free  A-module,  hence  B is 
a torsion  freee  A-module.  Note  that  being  torsion  free  as  an  A-module  is  equivalent 
to  being  flat  (More  on  Algebra,  Lemma  15.16.10[).  Next,  we  write 

VxzV  = Spec  {B') 

Note  that  the  two  ring  maps  B — ► B'  are  etale  as  V — > Z is  etale.  The  canonical 
surjective  map  B B — ► B'  becomes  an  isomorphism  after  tensoring  with  I\ 
over  A because  Zk  = Spec  (if).  Howeover,  B B is  torsion  free  as  an  A-module 
by  our  remarks  above.  Thus  B'  = B B.  It  follows  that  the  base  change  of 
the  ring  map  A — > B by  the  faithfully  flat  ring  map  A — > B is  etale  (note  that 
Spec(B)  — > Spec(A)  is  surjective  as  X — > Spec(A)  is  surjective).  Hence  A -a  B is 
etale  (Descent,  Lemma  34.19.27),  in  other  words,  V -A  X is  etale.  Since  we  have 
V xz  V = V Xg peC(A)  V conclude  that  Z = Spec(A)  as  algebraic  spaces  (for 
example  by  Spaces,  Lemma  52.9.1)  and  the  proof  is  complete.  □ 


0A3W  Lemma  54.40.5.  Let  S be  a scheme.  Let  f : X Y be  a separated  morphism  of 
algebraic  spaces  over  S . The  following  are  equivalent 

(1)  / satisfies  the  existence  part  of  the  valuation  criterion  as  in  Definition 

WWi \ 

(2)  given  any  commutative  solid  diagram 


Spec(A') s-  X 

A 

/ 

/ 

/ 

/ Y 

Spec(A) Y 

where  A is  a valuation  ring  with  field  of  fractions  K , there  exists  a dotted 
arrow,  i.e.,  f satisfies  the  existence  part  of  the  valuative  criterion  as  in 
Schemes,  Definition\25 . 20 

Proof.  We  have  to  show  that  (1)  implies  (2).  Suppose  given  a commutative  dia- 
gram 

Spec(A') ^ X 

Y 

Spec(A) Y 

as  in  part  (2).  By  (1)  there  exists  a commutative  diagram 


Spec(A')  X 

Spec(A') ^ Spec(A) Y 
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as  in  Definition  |54.40.1  with  K C K'  arbitrary.  By  Lemma  54.40.4  we  can  find  a 
morphism  Spec(A)  — ► X fitting  into  the  diagram,  i.e. , (2)  holds.  □ 


03KI  Example  54.40.6.  Consider  the  algebraic  space  X constructed  in  Spaces,  Exam- 
ple [52TT4T2]  Recall  that  it  is  the  affine  line  with  zero  doubled  in  a Galois  twisted 
relative  to  a degree  two  Galois  extension  k C k' . As  such  it  comes  with  a morphism 

tt:X—>S  = AI 

which  is  quasi-compact.  We  claim  that  7 r is  universally  closed.  Namely,  after  base 
change  by  Spec^')  — > Spec (fc)  the  morphism  7r  is  identified  with  the  morphism 

affine  line  with  zero  doubled  — > affine  line 


which  is  universally  closed  (some  details  omitted).  Since  the  morphism  Spec(fc/)  -A 
Spec (k)  is  universally  closed  and  surjective,  a diagram  chase  shows  that  n is  uni- 
versally closed.  On  the  other  hand,  consider  the  diagram 

Spec  (k((x))) A*  X 

7T 

Spee(M>D ->•  K 

Since  the  unique  point  of  X above  0 £ Aj,  corresponds  to  a monomorphism 
Spec (k')  -A  A it  is  clear  there  cannot  exist  a dotted  arrow!  This  shows  that  a 
finite  separable  field  extension  is  needed  in  general. 

03IY  Lemma  54.40.7.  The  base  change  of  a morphism  of  algebraic  spaces  which  sat- 
isfies the  existence  part  of  (resp.  uniqueness  part  of)  the  valuative  criterion  by  any 
morphism  of  algebraic  spaces  satisfies  the  existence  part  of  (resp.  uniqueness  part 
of)  the  valuative  criterion. 

Proof.  Let  / : X — >■  Y be  a morphism  of  algebraic  spaces  over  the  scheme  S.  Let 
Z — > Y be  any  morphism  of  algebraic  spaces  over  S.  Consider  a solid  commutative 
diagram  of  the  following  shape 

Spec (K) ^ Z Xy  X ^ X 

I ^'"1"  I 

Spec(A) Z Y 

Then  the  set  of  north-west  dotted  arrows  making  the  diagram  commute  is  in  1-1 
correspondence  with  the  set  of  west-north- west  dotted  arrows  making  the  diagram 
commute.  This  proves  the  lemma  in  the  case  of  “uniqueness”.  For  the  existence 
part,  assume  / satisfies  the  existence  part  of  the  valuative  criterion.  If  we  are 
given  a solid  commutative  diagram  as  above,  then  by  assumption  there  exists  an 
extension  K C K'  of  fields  and  a valuation  ring  A!  C K'  dominating  A and  a 
morphism  Spec(A')  — > X fitting  into  the  following  commutative  diagram 


Spec(lC)  — ^Spec(A|— X 
Spec(A') ^ Spec(A) *-  Z ^ Y 
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And  by  the  remarks  above  the  skew  arrow  corresponds  to  an  arrow  Spec(A/)  — ► 
Z Xy  X as  desired.  □ 


03IZ  Lemma  54.40.8.  The  composition  of  two  morphisms  of  algebraic  spaces  which 
satisfy  the  (existence  part  of,  resp.  uniqueness  part  of)  the  valuative  criterion  sat- 
isfies the  (existence  part  of,  resp.  uniqueness  part  of)  the  valuative  criterion. 

Proof.  Let  / : X -A  Y,  g : Y — > Z he  morphisms  of  algebraic  spaces  over  the 
scheme  S.  Consider  a solid  commutative  diagram  of  the  following  shape 


Spec(A") 


X 


/ 

I //  ' 
Spec(A) 


Y 


Z 


If  we  have  the  uniqueness  part  for  g , then  there  exists  at  most  one  north-west 
dotted  arrow  making  the  diagram  commute.  If  we  also  have  the  uniqueness  part 
for  /,  then  we  have  at  most  one  north-north- west  dotted  arrow  making  the  diagram 
commute.  The  proof  in  the  existence  case  comes  from  contemplating  the  following 
diagram 


X 


Y 


Namely,  the  existence  part  for  g gives  us  the  extension  K' , the  valuation  ring  A! 
and  the  arrow  Spec(A')  — > Y,  whereupon  the  existence  part  for  / gives  us  the 
extension  K" , the  valuation  ring  A"  and  the  arrow  Spec(A")  — > X.  □ 
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03K9 


03KA 


The  existence  part  of  the  valuative  criterion  implies  universal  closedness  for  quasi- 
compact morphisms,  see  Lemma  |54. 41. 1|  In  the  case  of  schemes,  this  is  an  “if  and 
only  if”  statement,  but  for  morphisms  of  algebraic  spaces  this  is  wrong.  Example 
54.9.6  shows  that  AJ./Z  -t  Spec(fc)  is  universally  closed,  but  it  is  easy  to  see  that 


the  existence  part  of  the  valuative  criterion  fails.  We  revisit  this  topic  in  Decent 
Spaces,  Section [55. 14| and  show  the  converse  holds  if  the  source  of  the  morphism  is 
a decent  space  (see  also  Decent  Spaces,  Lemma  55.15.11  for  a relative  version). 


Lemma  54.41.1.  Let  S be  a scheme.  Let  f : X — »•  Y be  a morphism  of  algebraic 
spaces  over  S.  Assume 


(1)  f is  quasi-compact,  and 

(2)  / satisfies  the  existence  part  of  the  valuative  criterion. 


Then  f is  universally  closed. 
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Proof.  By  Lemmas  54.8.3  and  54.40.7  properties  (1)  and  (2)  are  preserved  under 
any  base  change.  By  Lemma  |54.9.5  we  only  have  to  show  that  T Xy  X — > T is 
universally  closed,  whenever  T is  an  affine  scheme  over  S mapping  into  Y.  Hence  it 
suffices  to  prove:  If  Y is  an  affine  scheme,  f : X Y is  quasi-compact  and  satisfies 
the  existence  part  of  the  valuative  criterion,  then  / : |A'|  — ► |Y|  is  closed.  In  this 
situation  X is  a quasi-compact  algebraic  space.  By  Properties  of  Spaces,  Lemma 
|53.6.3|there  exists  an  affine  scheme  U and  a surjective  etale  morphism  ip  : U -A  X. 
Let  T C |X|  closed.  The  inverse  image  <^-1(T)  C U is  closed,  and  hence  is  the  set 


of  points  of  an  affine  closed  subscheme  Z C U.  Thus,  by  Algebra,  Lemma  10.40.5 


we  see  that  f(T)  = f(ip(\Z\))  C |Y|  is  closed  if  it  is  closed  under  specialization. 


Let  y'  y be  a specialization  in  Y with  y'  £ f(T).  Choose  a point  x'  £ T C |Aj 
mapping  to  y'  under  /.  We  may  represent  x'  by  a morphism  Spec(AT)  — > X for 
some  field  K.  Thus  we  have  the  following  diagram 


Spec(/v) 


X 


Spec(CV,s 


y. 


see  Schemes,  Section  |25.13|  for  the  existence  of  the  left  vertical  map.  Choose  a 
valuation  ring  A C K dominating  the  image  of  the  ring  map  Oy,y  — t K (this  is 
possible  since  the  image  is  a local  ring  and  not  a field  as  y'  ^ y , see  Algebra, 
Lemma  10.49.2).  By  assumption  there  exists  a field  extension  K C K'  and  a 
valuation  ring  A'  C I\'  dominating  A,  and  a morphism  Spec(A')  -A  X fitting  into 
the  commutative  diagram.  Since  A'  dominates  A,  and  A dominates  Oyy  we  see 
that  the  closed  point  of  Spec(A')  maps  to  a point  x £ X with  f(x)  = y which  is  a 
specialization  of  x' . Hence  x £ T as  T is  closed,  and  hence  y € f(T)  as  desired.  □ 


089F  Lemma  54.41.2.  Let  S be  a scheme.  Let  f : X — » Y be  a flat  morphism  of 
algebraic  spaces  over  S.  Let  Spec(A)  -A  Y be  a morphism  where  A is  a valuation 
ring.  If  the  closed  point  o/Spec(A)  maps  to  a point  of\Y\  in  the  image  o/|A|  -A  \Y\, 
then  there  exists  a commutative  diagram 


Spec(A') ^ X 

V V 

Spec(A) s-  Y 


where  A — > A'  is  a local  ring  map  of  valuation  rings. 

Proof.  The  base  change  Xa  -a  Spec(A)  is  flat  (Lemma  54.29.4|)  and  the  closed 
point  of  Spec(A)  is  in  the  image  of  \Xa\  -a  | Spec(A)|  (Properties  of  Spaces,  Lemma 
53.4.3).  Thus  we  may  assume  Y = Spec(A).  Let  U — > X be  a surjective  etale 
morphism  where  U is  a scheme.  Let  u £ U map  to  the  closed  point  of  Spec(A). 
Consider  the  flat  local  ring  map  A -A  B = Ojj,u ■ By  Algebra,  Lemmas  110.38.16 
there  exists  a prime  ideal  q C B such  that  q lies  over  (0)  C A.  By  Algebra,  Lemma 


10.49.2  we  can  find  a valuation  ring  A'  C f.f.{B/ q)  dominating  B / q.  The  induced 
morphism  Spec(A')  — > U A X is  a solution  to  the  problem  posed  by  the  lemma.  □ 


089G  Lemma  54.41.3.  Let  S be  a scheme.  Let  f : X -A  Y and  h : U -A  Y be  morphisms 
of  algebraic  spaces  over  S.  If 
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(1)  / and  h are  quasi-compact, 

(2)  |/i|(|[/|)  is  dense  in  \X\,  and 
given  any  commutative  solid  diagram 

Spec  (K)/ U * X 

Spec(A) 9-  Y 

where  A is  a valuation  ring  with  field  of  fractions  K 

(3)  there  exists  at  most  one  dotted  arrow  making  the  diagram  commute,  and 

(4)  there  exists  an  extension  K C K'  of  fields , a valuation  ring  A'  C K' 
dominating  A and  a morphism  Spec(A')  -A  X such  that  the  following 
diagram  commutes 

Spec  (K1) 

V 

Spec(A') 


then  f is  universally  closed.  If  moreover 

(5)  / is  quasi-separated 
then  f is  separated  and  universally  closed. 


Proof.  Assume  (1),  (2),  (3),  and  (4).  We  will  verify  the  existence  part  of  the 


valuative  criterion  for  / which  will  imply  / is  universally  closed  by  Lemma  54.41.1 
To  do  this,  consider  a commutative  diagram 


089H  (54.41.3.1) 


Spec(A') X 

Y V 

Spec(A) >-  Y 


where  A is  a valuation  ring  and  K is  the  fraction  field  of  A.  Note  that  since  valuation 
rings  and  fields  are  reduced,  we  may  replace  U,  X , and  S by  their  respective 
reductions  by  Properties  of  Spaces,  Lemma  |53.11.5|  In  this  case  the  assumption 
that  h(U ) is  dense  means  that  the  scheme  theoretic  image  of  h : U — > X is  X , see 
Lemma  154.16.41 

Reduction  to  the  case  Y affine.  Choose  an  etale  morphism  Spec(i?)  —>  Y such 
that  the  closed  point  of  Spec(A)  maps  to  an  element  of  Im(|  Spec(f?)|  — > |Y|).  By 
Lemma  |54.41.2|  we  can  find  a local  ring  map  A — > A!  of  valuation  rings  and  a 
morphism  Spec(A')  — > Spec(i?)  fitting  into  a commutative  diagram 


Spec(A') 9-  Spec(R) 

V 

Spec(A) 9-  Y 


Since  in  Definition |54.40. 1]  we  allow  for  extensions  of  valuation  rings  it  is  clear  that 
we  may  replace  A by  A',  Y by  Spec (R),  X by  A"xy  Spec (R)  and  U by  U Xy-Spec (R). 
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From  now  on  we  assume  that  Y = Spec(A)  is  an  affine  scheme.  Let  Spec(B)  -A  X 
be  an  etale  morphism  from  an  affine  scheme  such  that  the  morphism  Spec (AT)  — > X 
is  in  the  image  of  |Spec(i3)|  — ► |X|.  Since  we  may  replace  I\  by  an  extension 
I\'  D K and  A by  a valuation  ring  A!  C K'  dominating  A (which  exists  by  Algebra, 
Lemma  10.49.2 1,  we  may  assume  the  morphism  Spec(A')  — ► X factors  through 
Spec(i3)  (by  definition  of  |X|).  In  other  words,  we  may  think  of  I\  as  a 13-algebra. 
Choose  a polynomial  algebra  P over  B and  a U-algebra  surjection  P — »•  K.  Then 
Spec(P)  -A-  X is  flat  as  a composition  Spec(P)  -A  Spec(B)  — > X.  Hence  the  scheme 
theoretic  image  of  the  morphism  U Xx  Spec (P)  -A  Spec (P)  is  Spec (P)  by  Lemma 
54.29.12  By  Lemma  54. 16. 5|  we  can  find  a commutative  diagram 


Spec(AT') *►[/  Xx  Spec (P) 

v I 

Spec(A')  s-  Spec (P) 


where  A'  is  a valuation  ring  and  K'  is  the  fraction  field  of  A!  such  that  the  closed 
point  of  Spec(A')  maps  to  Spec(A')  C Spec(P).  In  other  words,  there  is  a B-algebra 
map  ip  : K — > A' /vcia’-  Choose  a valuation  ring  A"  C A! /mA'  dominating  <p(A) 
with  field  of  fractions  K"  = A' /m a1  (Algebra,  Lemma  10.49.2).  We  set 

C = {A  £ A'  | A mod  t n^'  £ A"}. 


which  is  a valuation  ring  by  Algebra,  Lemma  [l 0.49. 9 1 As  C is  an  A-algebra  with 
fraction  field  K' , we  obtain  a solid  commutative  diagram 


Spec(A'() s-  Spec(AT/) >-  U — — ^ X 

Y „ - " "v  v 

Spec(Ci)  > Spec(C') *■  Y 


as  in  the  statement  of  the  lemma.  Thus  assumption  (4)  produces  C —¥  C\  and  the 
dotted  arrows  making  the  diagram  commute.  Let  A\  = (Ci)p  be  the  localization 
of  Ci  at  a prime  p C C\  lying  over  m^'  C C.  Since  C — )■  C±  is  flat  by  More  on 
Algebra,  Lemma |15. 16. 10|  such  a prime  p exists  by  Algebra,  Lemmas  |10.38.17|  and 
10.38.161  Note  that  A'  is  the  localization  of  C at  and  that  is  a valuation 
ring  (Algebra,  Lemma  10.49.8).  In  other  words,  A ! —A  A!x  is  a local  ring  map  of 
valuation  rings.  Assumption  (3)  implies 


Spec  (AO ^ Spec(Ci) ^ X 

Spec(A') s-  Spec (P) Spec(l?) 


commutes.  Hence  the  restriction  of  the  morphism  Spec(Ci)  -A  A to  Spec(Ci/p) 
restricts  to  the  composition 

Spec(«(p))  -A  Spec(A,/triA')  = Spec(AT")  -a  Spec(A')  -A  X 


on  the  generic  point  of  Spec(Ci/p).  Moreover,  Ci/p  is  a valuation  ring  (Alge- 
bra, Lemma  |l0.49.8 ) dominating  A"  which  dominates  A.  Thus  the  morphism 
Spec(Ci/p)  — ► X witnesses  the  existence  part  of  the  valuative  criterion  for  the 
diagram  (54.41.3.1)  as  desired. 
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Next,  suppose  that  (5)  is  satisfied  as  well,  i.e. , the  morphism  A : X — > X x$  X 
is  quasi-compact.  In  this  case  assumptions  (1)  - (4)  hold  for  h and  A.  Hence  the 
first  part  of  the  proof  shows  that  A is  universally  closed.  By  Lemma  [54.39.9|  we 
conclude  that  / is  separated.  □ 


54.42.  Valuative  criterion  of  separatedness 

03KT 

03KU  Lemma  54.42.1.  Let  S be  a scheme.  Let  f : X -A  Y be  a morphism  of  algebraic 
spaces  over  S.  If  f is  separated,  then  f satisfies  the  uniqueness  part  of  the  valuative 
criterion. 


Proof.  Let  a diagram  as  in  Definition  |54.40.1|  be  given.  Suppose  there  are  two 
distinct  morphisms  a,  b : Spec(A)  -A  X fitting  into  the  diagram.  Let  Z C Spec(A) 
be  the  equalizer  of  a and  b.  Then  Z = Spec(A)  X(a,b) ,xxyx,a  A'.  If  / is  separated, 
then  A is  a closed  immersion,  and  this  is  a closed  subscheme  of  Spec(A).  By 
assumption  it  contains  the  generic  point  of  Spec(A).  Since  A is  a domain  this 
implies  Z = Spec(A).  Hence  a = b as  desired.  □ 

03KV  Lemma  54.42.2  (Valuative  criterion  separatedness).  Let  S be  a scheme.  Let 
f : X — >■  V be  a morphism  of  algebraic  spaces  over  S.  Assume 

(1)  the  morphism  f is  quasi-separated,  and 

(2)  the  morphism  f satisfies  the  uniqueness  part,  of  the  valuative  criterion. 
Then  f is  separated. 

Proof.  Assumption  (1)  means  Awy  is  quasi-compact.  We  claim  the  morphism 
A x/y  '■  X — t X Xy  X satisfies  the  existence  part  of  the  valuative  criterion.  Let  a 
solid  commutative  diagram 

Spec  (if) ^ X 

T 

s' 

s 

/ 

Y / " V 

Spec(A) >■  X Xy  X 


be  given.  The  lower  right  arrow  corresponds  to  a pair  of  morphisms  a,  b : Spec(A)  — » 
X over  Y.  By  assumption  (2)  we  see  that  a = b.  Hence  using  a as  the  dotted  arrow 
works.  Hence  Lemma 


54.41.1 


applies,  and  we  see  that  A_Y /y  is  universally  closed. 
Since  always  Ax/y  is  locally  of  finite  type  and  separated,  we  conclude  from  More  on 
Morphisms,  Lemma  36.31.4  that  A x/y  is  a finite  morphism  (also,  use  the  general 


principle  of  Spaces,  Lemma  52.5.8).  At  this  point  Xx/Y  is  a representable,  finite 
monomorphism,  hence  a closed  immersion  by  Morphisms,  Lemma  28.43.13  □ 


54.43.  Integral  and  finite  morphisms 

03ZN  We  have  already  defined  in  Section[54.3|what  it  means  for  a representable  morphism 
of  algebraic  spaces  to  be  integral  (resp.  finite). 

03ZO  Lemma  54.43.1.  Let  S be  a scheme.  Let  f : A'  — > Y be  a representable  morphism 
of  algebraic  spaces  over  S.  Then  f is  integral  (resp.  finite)  if  and  only  if  for  all 
affine  schemes  Z and  morphisms  Z — ^ Y the  scheme  X xY  Z is  affine  and  integral 
(resp.  finite)  over  Z . 
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Proof.  This  follows  directly  from  the  definition  of  an  integral  (resp.  finite)  mor- 
phism of  schemes  (Morphisms,  Definition  28.43.1).  □ 


This  clears  the  way  for  the  following  definition. 

Definition  54.43.2.  Let  S'  be  a scheme.  Let  / : X — x Y be  a morphism  of 
algebraic  spaces  over  S. 

(1)  We  say  that  / is  integral  if  for  every  affine  scheme  Z and  morphisms 
Z — > Y the  algebraic  space  X Xy  Z is  representable  by  an  affine  scheme 
integral  over  Z . 

(2)  We  say  that  / is  finite  if  for  every  affine  scheme  Z and  morphisms  Z — x Y 
the  algebraic  space  X x y Z is  representable  by  an  affine  scheme  finite  over 

Z. 


Lemma  54.43.3.  Let  S be  a scheme.  Let  f : X — X Y be  a morphism  of  algebraic 
spaces  over  S.  The  following  are  equivalent: 

(1)  f is  representable  and  integral  (resp.  finite), 

(2)  f is  integral  (resp.  finite), 

(3)  there  exists  a scheme  V and  a surjective  etale  morphism  V — X Y such  that 

V X — x V is  integral  (resp.  finite),  and 

(4)  there  exists  a Zariski  covering  Y = (J  Yj  such  that  each  of  the  morphisms 
f~1(Yi)  — x Yi  is  integral  (resp.  finite). 


Proof.  It  is  clear  that  (1)  implies  (2)  and  that  (2)  implies  (3)  by  taking  V to 
be  a disjoint  union  of  affines  etale  over  Y , see  Properties  of  Spaces,  Lemma|53.6.1 
Assume  V — X Y is  as  in  (3) . Then  for  every  affine  open  W of  V we  see  that  W x y X 
is  an  affine  open  of  V Xy  X.  Hence  by  Properties  of  Spaces,  Lemma [53.12.1|  we 
conclude  that  V Xy  X is  a scheme.  Moreover  the  morphism  V Xy  X — X V is  affine. 
This  means  we  can  apply  Spaces,  Lemma  52.11.5  because  the  class  of  integral  (resp. 
finite)  morphisms  satisfies  all  the  required  properties  (see  Morphisms,  Lemmas 

and  134.33. It) . The  conclusion  of 


28.43.6  and  Descent,  Lemmas  34.19.20  34.19.21 


applying  this  lemma  is  that  / is  representable  and  integral  (resp.  finite), 
holds. 


i.e.. 


(1) 


The  equivalence  of  (1)  and  (4)  follows  from  the  fact  that  being  integral  (resp.  finite) 
is  Zariski  local  on  the  target  (the  reference  above  shows  that  being  integral  or  finite 
is  in  fact  fpqc  local  on  the  target).  □ 

Lemma  54.43.4.  The  composition  of  integral  (resp.  finite)  morphisms  is  integral 
(resp.  finite). 

Proof.  Omitted.  □ 


Lemma  54.43.5.  The  base  change  of  an  integral  (resp.  finite)  morphism  is  integral 
(resp.  finite). 

Proof.  Omitted.  □ 


Lemma  54.43.6.  A finite  morphism  of  algebraic  spaces  is  integral.  An  integral 
morphism  of  algebraic  spaces  which  is  locally  of  finite  type  is  finite. 

Proof.  In  both  cases  the  morphism  is  representable,  and  you  can  check  the  condi- 
tion after  a base  change  by  an  affine  scheme  mapping  into  Y . see  Lemmas  1 51.1 3. 3] 
Hence  this  lemma  follows  from  the  same  lemma  for  the  case  of  schemes,  see  Mor- 
phisms, Lemma  [28. 43.4|  □ 
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Lemma  54.43.7.  Let  S be  a scheme.  Let  f : X — ► Y be  a morphism  of  algebraic 
spaces  over  S.  The  following  are  equivalent 

(1)  f is  integral , and 

(2)  f is  affine  and  universally  closed. 


Proof.  In  both  cases  the  morphism  is  representable,  and  you  can  check  the  condi- 


tion after  a base  change  by  an  affine  scheme  mapping  into  Y,  see  Lemmas  54.43.3 


54.20.3  and  54.9.5[  Hence  the  result  follows  from  Morphisms,  Lemma|28.43.7  □ 


Lemma  54.43.8.  A finite  morphism  of  algebraic  spaces  is  quasi-finite. 


Proof.  Let  f : X — > Y be  a morphism  of  algebraic  spaces.  By  Definition  |54.43.2| 
and  Lemmas  |54.8.7  and  54.27.6  both  properties  may  be  checked  after  base  change 
to  an  affine  over  Y,  i.e.,  we  may  assume  Y affine.  If  / is  finite  then  X is  a scheme. 
Hence  the  result  follows  from  the  corresponding  result  for  schemes,  see  Morphisms, 
Lemma  128.43.91  □ 


Lemma  54.43.9.  Let  S be  a scheme.  Let  f : X — ► Y be  a morphism  of  algebraic 
spaces  over  S.  The  following  are  equivalent 

(1)  f is  finite , and 

(2)  f is  affine  and  proper. 


Proof.  In  both  cases  the  morphism  is  representable,  and  you  can  check  the  con- 


dition after  base  change  to  an  affine  scheme  mapping  into  Y,  see  Lemmas  54.43.3 


|54.20.3|  and  |54.39.2|  Hence  the  result  follows  from  Morphisms,  Lemma  |28.43.10 


□ 


Lemma  54.43.10.  A closed  immersion  is  finite  (and  a fortiori  integral). 

Proof.  Omitted. 


□ 


Lemma  54.43.11.  Let  S be  a scheme.  Let  f : X — ► Y and  g : Y — >■  Z be 
morphisms  of  algebraic  spaces  over  S. 

(1)  If  g o f is  finite  and  g separated  then  f is  finite. 

(2)  If  g o f is  integral  and  g separated  then  f is  integral. 


Proof.  Assume  g o f is  finite  (resp.  integral)  and  g separated.  The  base  change 


X Xz  Y — > Y is  finite  (resp.  integral)  by  Lemma  54.43.5  The  morphism  X 


X Xz  Y is  a closed  immersion  as  Y — > Z is  separated,  see  Lemma  54.4.7  A closed 


immersion  is  finite  (resp.  integral),  see  Lemma  54.43.10  The  composition  of  finite 
(resp.  integral)  morphisms  is  finite  (resp.  integral),  see  Lemma  54.43.4  Thus  we 
win.  □ 


54.44.  Finite  locally  free  morphisms 


We  have  already  defined  in  Section  54.3  what  it  means  for  a representable  morphism 
of  algebraic  spaces  to  be  finite  locally  free. 


Lemma  54.44.1.  Let  S be  a scheme.  Let  f : X -A  Y be  a representable  morphism 
of  algebraic  spaces  over  S.  Then  f is  finite  locally  free  if  and  only  if  f is  affine  and 
the  sheaf  f^Ox  is  a finite  locally  free  Oy-module. 
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Proof.  Assume  / is  finite  locally  free  (as  defined  in  Section  54.3).  This  means 
that  for  every  morphism  V — > Y whose  source  is  a scheme  the  base  change  f : 
V Xy  X — > V is  a finite  locally  free  morphism  of  schemes.  This  in  turn  means  (by 
the  definition  of  a finite  locally  free  morphism  of  schemes)  that  /( Oy  y Y x is  a finite 
locally  free  Oy-module.  We  may  choose  V — > Y to  be  surjective  and  etale.  By 
Properties  of  Spaces,  Lemma [53.25.2|  we  conclude  the  restriction  of  f*Ox  to  V is 
finite  locally  free.  Hence  by  Modules  on  Sites,  Lemma [18. 23. 3| applied  to  the  sheaf 
f*Ox  on  Yspaces  £taie  we  conclude  that  f*Ox  is  finite  locally  free. 

Conversely,  assume  / is  affine  and  that  f*Ox  is  a finite  locally  free  CV-module. 
Let  V be  a scheme,  and  let  V — ► Y be  a surjective  etale  morphism.  Again  by 
Properties  of  Spaces,  Lemma  53.25.2  we  see  that  fiOyxYx  is  finite  locally  free. 
Hence  /'  : V Xy  A — ► V is  finite  locally  free  (as  it  is  also  affine).  By  Spaces, 
Lemma  52.11.5  we  conclude  that  / is  finite  locally  free  (use  Morphisms,  Lemma 

28.45.4  Descent,  Lemmas  34.19.28  and  34.33.1).  Thus  we  win.  □ 


This  clears  the  way  for  the  following  definition. 

Definition  54.44.2.  Let  S'  be  a scheme.  Let  f : X Y be  a morphism  of 
algebraic  spaces  over  S.  We  say  that  / is  finite  locally  free  if  / is  affine  and  f*Ox 
is  a finite  locally  free  CV-module.  In  this  case  we  say  / is  has  rank  or  degree  d if 
the  sheaf  f*Ox  is  finite  locally  free  of  rank  d. 

Lemma  54.44.3.  Let  S be  a scheme.  Let  f : X — ► Y be  a morphism  of  algebraic 
spaces  over  S.  The  following  are  equivalent: 

(1)  f is  representable  and  finite  locally  free, 

(2)  f is  finite  locally  free, 

(3)  there  exists  a scheme  V and  a surjective  etale  morphism  V — > Y such  that 
V Xy  X — > V is  finite  locally  free,  and 

(4)  there  exists  a Zariski  covering  Y = (J  Y)  such  that  each  morphism  f~* 1 2 3 4(Yjf)  — > 
Yi  is  finite  locally  free. 


Proof.  It  is  clear  that  (1)  implies  (2)  and  that  (2)  implies  (3)  by  taking  V to 
be  a disjoint  union  of  affines  etale  over  Y,  see  Properties  of  Spaces,  Lemma |53.6.1[ 
Assume  V — > Y is  as  in  (3) . Then  for  every  affine  open  W of  V we  see  that  W xYX 
is  an  affine  open  of  V x Y X.  Hence  by  Properties  of  Spaces,  Lemma  [53.12.1|  we 
conclude  that  V Xyl  is  a scheme.  Moreover  the  morphism  V Xy  X — >■  V is  affine. 
This  means  we  can  apply  Spaces,  Lemma  52.11. 5| because  the  class  of  finite  locally 


free  morphisms  satisfies  all  the  required  properties  (see  Morphisms,  Lemma  28.45.4 


Descent,  Lemmas  34.19.28  and  34.33.1).  The  conclusion  of  applying  this  lemma  is 
that  / is  representable  and  finite  locally  free,  i.e.,  (1)  holds. 


The  equivalence  of  (1)  and  (4)  follows  from  the  fact  that  being  finite  locally  free  is 
Zariski  local  on  the  target  (the  reference  above  shows  that  being  finite  locally  free 
is  in  fact  fpqc  local  on  the  target).  □ 


Lemma  54.44.4.  The  composition  of  finite  locally  free  morphisms  is  finite  locally 
free. 


Proof.  Omitted.  □ 

Lemma  54.44.5.  The  base  change  of  a finite  locally  free  morphism  is  finite  locally 
free. 
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Proof.  Omitted. 


□ 


Lemma  54.44.6.  Let  S be  a scheme.  Let  f : X -A  Y be  a morphism  of  algebraic 
spaces  over  S.  The  following  are  equivalent: 

(1)  f is  finite  locally  free, 

(2)  f is  finite,  flat,  and  locally  of  finite  presentation. 

If  Y is  locally  Noetherian  these  are  also  equivalent  to 

(3)  f is  finite  and  flat. 


Proof.  In  each  of  the  three  cases  the  morphism  is  representable  and  you  can  check 
the  property  after  base  change  by  a surjective  etale  morphism  V —>  Y,  see  Lemmas 
54.43.3  54.44.3  54.29.5[  and  |54.28A  If  Y is  locally  Noetherian,  then  V is  locally 


Noetherian.  Hence  the  result  follows  from  the  corresponding  result  in  the  schemes 
case,  see  Morphisms,  Lemma [28. 45. 2|  □ 


54.45.  Relative  normalization  of  algebraic  spaces 


This  section  is  the  analogue  of  Morphisms,  Section  28.48 


Lemma  54.45.1.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let  A be 
a quasi- coherent  sheaf  of  Ox -algebras.  There  exists  a quasi- coherent  sheaf  of  Ox  - 
algebras  A'  C A such  that  for  any  affine  object  U of  X etale  the  ring  A'(U ) C A{U) 
is  the  integral  closure  of  Ox  (U)  in  A(U). 


Proof.  By  Properties  of  Spaces,  Lemma  [53.17.5  it  suffices  to  prove  that  the  rule 
given  above  defines  a quasi-coherent  module  on  Xaf fine, etale-  To  see  this  it  suffices 
to  show  the  following:  Let  U\  — > U2  be  a morphism  of  affine  objects  of  X^taie. 
Say  Ui  = Spec(-Rj).  Say  A\m1\itale  is  the  quasi-coherent  sheaf  associated  to  the 
l?2-algebra  A.  Let  A!  C A be  the  integral  closure  of  f?2  in  A.  Then  A!  Ri  is 
the  integral  closure  of  R\  in  A®r2  Ri.  This  is  Algebra,  Lemma  10.143.2  □ 


Definition  54.45.2.  Let  S'  be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
A be  a quasi-coherent  sheaf  of  Ox-algebras.  The  integral  closure  of  Ox  in  A is  the 


quasi-coherent  Ox-subalgebra  A!  C A constructed  in  Lemma  54.45.1  above. 


We  will  apply  this  in  particular  when  A = f*Oy  for  a quasi-compact  and  quasi- 
separated  morphism  of  algebraic  spaces  / : Y — > X (see  Lemma  54.11.2).  We  can 


then  take  the  relative  spectrum  of  the  quasi-coherent  Ox-algebra  (Lemma  54.20.7) 
to  obtain  the  normalization  of  X in  Y . 

Definition  54.45.3.  Let  S be  a scheme.  Let  / : Y — ► X be  a quasi-compact  and 
quasi-separated  morphism  of  algebraic  spaces  over  S.  Let  O'  be  the  integral  closure 
of  Ox  in  f*Oy.  The  normalization  of  X in  Y is  the  morphism  of  algebraic  spaces 

v : X'  = Spec  y (O')  -A  A' 

over  S.  It  comes  equipped  with  a natural  factorization 


Y 


x'  -A  x 


of  the  initial  morphism  /. 


To  get  the  factorization,  use  Remark 
tion. 


54.20.9 


and  functoriality  of  the  Spec  construe- 
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OABP  Lemma  54.45.4.  Let  S be  a scheme.  Let  f : Y — ► X be  a quasi-compact  and 
quasi-separated  morphism  of  algebraic  spaces  over  S.  Let  Y — > X'  — > X be  the 
normalization  of  X in  Y. 

(1)  IfW  — ► X is  an  etale  morphism  of  algebraic  spaces  over  S,  then  W Xx  X' 
is  the  normalization  ofW  inW  XxY. 

(2)  If  Y and  X are  representable,  then  Y'  is  representable  and  is  canonically 
isomorphic  to  the  normalization  of  the  scheme  X in  the  scheme  Y as 
constructed  in  Morphisms,  Section[28.f9\ 

Proof.  It  is  immediate  from  the  construction  that  the  formation  of  the  normaliza- 
tion of  X in  Y commutes  with  etale  base  change,  i.e. , part  (1)  holds.  On  the  other 
hand,  if  X and  Y are  schemes,  then  for  U C X affine  open,  /*Oy(/7)  = Oy(/_1([/)) 
and  hence  v~x{U)  is  the  spectrum  of  exactly  the  same  ring  as  we  get  in  the  corre- 
sponding construction  for  schemes.  □ 


Here  is  a characterization  of  this  construction. 

0823  Lemma  54.45.5.  Let  S be  a scheme.  Let  f : Y X be  a quasi-compact  and 
quasi-separated  morphism  of  algebraic  spaces  over  S . The  factorization  f = v o f , 
where  v : X'  — ► X is  the  normalization  of  X in  Y is  characterized  by  the  following 
two  properties: 

(1)  the  morphism  v is  integral,  and 

(2)  for  any  factorization  f = tt  o g,  with  n : Z — > X integral,  there  exists  a 
commutative  diagram 


for  a unique  morphism  h : X'  — ► Z . 

Moreover,  in  (2)  the  morphism  h : X'  Z is  the  normalization  of  Z in  Y . 

Proof.  Let  O'  C f*Oy  be  the  integral  closure  of  Ox  as  in  Definition  54.45.3 
The  morphism  v is  integral  by  construction,  which  proves  (1).  Assume  given  a 
factorization  / = tt  o g with  n : Z — > X integral  as  in  (2).  By  Definition  54.43.2 


7 r is  affine,  and  hence  Z is  the  relative  spectrum  of  a quasi-coherent  sheaf  of  Ox- 
algebras  B.  The  morphism  g : X — >•  Z corresponds  to  a map  of  Ox-algebras 
X : B — > /*Oy.  Since  B(U)  is  integral  over  Ox(U)  for  every  affine  U etale  over 
X (by  Definition  54.43.2)  we  see  from  Lemma  54.45.1  that  x(B)  C O'.  By  the 
functoriality  of  the  relative  spectrum  Lemma|54.20.7  this  provides  us  with  a unique 
morphism  h : X'  — > Z.  We  omit  the  verification  that  the  diagram  commutes. 

It  is  clear  that  (1)  and  (2)  characterize  the  factorization  / = v o f since  it  char- 
acterizes it  as  an  initial  object  in  a category.  The  morphism  h in  (2)  is  integral  by 
Lemma  54.43.11  Given  a factorization  g = tt1  og'  with  id  : Z'  — ► Z integral,  we  get 
a factorization  / = (i:  o 7r')  o g'  and  we  get  a morphism  h!  : X'  — \ Z' . Uniqueness 
implies  that  n' oh'  = h.  Hence  the  characterization  (1),  (2)  applies  to  the  morphism 
h : X'  — > Z which  gives  the  last  statement  of  the  lemma.  □ 


OAYF  Lemma  54.45.6.  Let  S be  a scheme.  Let  f : Y — > X be  a quasi-compact  and  quasi- 
separated  morphism  of  algebraic  spaces  over  S . Let  X'  — > X be  the  normalization 
of  X in  Y . IfY  is  reduced,  so  is  X' . 
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Proof.  This  follows  from  the  fact  that  a subring  of  a reduced  ring  is  reduced.  Some 
details  omitted.  □ 

Lemma  54.45.7.  Let  S be  a scheme.  Let  f : Y — ► X be  a quasi-compact  and 
quasi-separated  morphism  of  schemes.  Let  X'  — > X be  the  normalization  of  X inY . 


If  x'  £ \X'\  is  a point  of  codimension  0 (Properties  of  Spaces,  Definition  53.9.2), 
then  x'  is  the  image  of  some  y £ \Y \ of  codimension  0. 


Proof.  By  Lemma  54.45.4  and  the  definitions,  we  may  assume  that  X = Spec(A) 
is  affine.  Then  X'  = Spec(A')  where  A'  is  the  integral  closure  of  A in  T(Y,Oy) 
and  x'  corresponds  to  a minimal  prime  of  A! . Choose  a surjective  etale  morphism 
V — > Y where  V = Spec (B)  is  affine.  Then  A'  — > B is  injective,  hence  every 
minimal  prime  of  A'  is  the  image  of  a minimal  prime  of  B , see  Algebra,  Lemma 
110.29.51  The  lemma  follows.  □ 

Lemma  54.45.8.  Let  S be  a scheme.  Let  f : Y — ► X be  a quasi-compact  and 
quasi- separated  morphism  of  algebraic  spaces  over  S.  Suppose  that  Y = Y±  II Y2  is  a 
disjoint  union  of  two  algebraic  spaces.  Write  fc  = f\y. . Let  X(  be  the  normalization 
of  X in  Yi.  Then  X[  II  X'2  is  the  normalization  of  X in  Y. 


Proof.  Omitted. 


□ 


Lemma  54.45.9.  Let  S be  a scheme.  Let  f : X — ► Y be  a quasi- compact,  quasi- 
separated  and  universally  closed  morphisms  of  algebraic  spaces  over  S . Then  f*Ox 
is  integral  over  Oy  ■ In  other  words,  the  normalization  of  Y in  X is  equal  to  the 
factorization 

X — ► Spec  v(/,Oy)  — ► Y 

of  Remark\54.20.£\ 

Proof.  The  question  is  etale  local  on  Y , hence  we  may  reduce  to  the  case  where 
Y = Spec (R)  is  affine.  Let  h £ T(X,Ox).  We  have  to  show  that  h satisfies  a 
monic  equation  over  R.  Think  of  h as  a morphism  as  in  the  following  commutative 
diagram 


Let  Z C Aj,  be  the  scheme  theoretic  image  of  h,  see  Definition  54.16.2  The 
morphism  h is  quasi-compact  as  / is  quasi-compact  and  Ay-  — ¥ Y is  separated, 
see  Lemma  |54.8.8|  By  Lemma  54.16.3  the  morphism  X — ► Z has  dense  image 
on  underlying  topological  spaces.  By  Lemma  54.39.6  the  morphism  X — > Z is 

to 

conclude  that  Z 


closed.  Hence  h(X)  = Z (set  theoretically).  Thus  we  can  use  Lemma  54.39.7 

Y is  universally  closed  (and  even  proper).  Since  Z C A(,,  we 


see  that  Z — > Y is  affine  and  proper,  hence  integral  by  Lemma  [54.43.7|  Writing 
Ay  = Spec(A[T])  we  conclude  that  the  ideal  I C R[T\  of  Z contains  a monic 
polynomial  P(T)  £ R[T].  Hence  P(h)  = 0 and  we  win.  □ 

Lemma  54.45.10.  Let  S be  a scheme.  Let  f : Y —¥  X be  an  integral  morphism 
of  algebraic  spaces  over  S.  Then  the  integral  closure  of  X inY  is  equal  to  Y . 

Proof.  By  Lemma [54 . 43 . 7|  this  is  a special  case  of  Lemma [54. 45. 9|  □ 
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OBBO  Lemma  54.45.11.  Let  S be  a scheme.  Let  f : X — ► Y be  a morphism  of  algebraic 
spaces  over  S.  Assume  that 

(1)  Y is  Nagata, 

(2)  / is  quasi-separated  of  finite  type, 

(3)  X is  reduced. 

Then  the  normalization  v : X'  — >•  X of  X in  Y is  finite. 


Proof.  The  question  is  etale  local  on  Y , see  Lemma  |54.45.4[  Thus  we  may  as- 
sume Y = Spec (f?)  is  affine.  Then  R is  a Noetherian  Nagata  ring  and  we  have 
to  show  that  the  integral  closure  of  R in  T(X,Ox)  is  finite  over  R.  Since  / is 
quasi-compact  we  see  that  X is  quasi-compact.  Choose  an  affine  scheme  U and 
a surjective  etale  morphism  U — > X (Properties  of  Spaces,  Lemma  53.6.31.  Then 
T(X,  Ox)  C T(U,Ox).  Since  R is  Noetherian  it  suffices  to  show  that  the  integral 
closure  of  R in  T(U,Ou)  is  finite  over  R.  As  U — i Y is  of  finite  type  this  follows 
from  Morphisms,  Lemma [28.48. 14|  □ 


54.46.  Normalization 


07U3  This  section  is  the  analogue  of  Morphisms,  Section  [28.49| 

0BB1  Lemma  54.46.1.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  The 
following  are  equivalent 

(1)  there  is  a surjective  etale  morphism  U — > X where  U is  as  scheme  such 
that  every  quasi-compact  open  of  U has  finitely  many  irreducible  compo- 
nents, 

(2)  for  every  scheme  U and  every  etale  morphism  U -A  X every  quasi-compact 
open  of  U has  finitely  many  irreducible  components,  and 

(3)  for  every  quasi-compact  algebraic  space  Y etale  over  X the  space  |Yj  has 
finitely  many  irreducible  components. 

If  X is  representable  this  means  that  every  quasi-compact  open  of  X has  finitely 
many  irreducible  components. 


Proof.  The  equivalence  of  (1)  and  (2)  and  the  final  statement  follow  from  Descent, 
Lemma  34.12.3  and  Properties  of  Spaces,  Lemma  53.7.1  It  is  clear  that  (3)  implies 
(1)  and  (2).  Conversely,  assume  (2)  and  let  Y X be  an  etale  morphism  of 
algebraic  spaces  with  Y quasi-compact.  Then  we  can  choose  an  affine  scheme  V 
and  a surjective  etale  morphism  V -A  Y (Properties  of  Spaces,  Lemma  53.6.3). 
Since  V has  finitely  many  irreducible  components  by  (2)  and  since  \V\  — > |Y| 
is  surjective  and  continuous,  we  conclude  that  |P|  has  finitely  many  irreducible 
components.  □ 

07U4  Lemma  54.46.2.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S satisfying 
the  equivalent  conditions  of  Lemma\5f.j6.1  Then  there  exists  an  integral  morphism 
of  algebraic  spaces 

X"  — > X 

such  that  for  every  scheme  U and  etale  morphism  U — >■  X the  fibre  product  Xv  x x U 
is  the  normalization  of  U . 


Proof.  Let  U — ► X be  a surjective  etale  morphism  where  U is  a scheme.  Set 
R = U xx  U with  projections  s,t  : R — ► U and  j = ( t,s ) : R — ► U XgU  so 
that  X = U/R,  see  Spaces,  Lemma  52.9.1  The  assumption  on  X means  that  the 
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normalization  Uv  of  U is  defined,  see  Morphisms,  Definition  |28.49.I|  By  More  on 
Morphisms,  Lemma  |36.14.3|  taking  normalization  commutes  with  etale  morphisms 
of  schemes.  Thus  we  see  that  the  normalization  Rv  of  R is  isomorphic  to  both 
R xSj[/  Uv  and  U v Xjjj  R-  Thus  we  obtain  two  etale  morphisms  sv  : Ru  Uv 
and  tv  : Rv  — > Uv  of  schemes.  The  induced  morphism  jv  : Rv  — » Uv  xg  U1'  is 
a monomorphism  as  Rv  is  a subscheme  of  the  restriction  of  R to  U1'.  A formal 
computation  with  fibre  products  shows  that  Rv  xav  jjv  Ru  is  the  normalization 
of  R x Stu,t  R-  Hence  the  (etale)  morphism  c : R xs,u,t  R R extends  to  ch 
as  well.  Combined  we  see  that  we  obtain  an  etale  equivalence  relation.  Setting 
Xv  = Uv I Rv  (Spaces,  Theorem  52.10.5)  we  see  that  we  have  Uv  = Xv  Xx  U by 
Groupoids,  Lemma [38. 20. 7[  We  omit  the  verification  that  this  property  then  holds 
for  every  etale  morphism  from  a scheme  to  A'.  □ 


This  leads  us  to  the  following  definition. 

0BB2  Definition  54.46.3.  Let  S'  be  a scheme.  Let  X be  an  algebraic  space  over  S 
satisfying  the  equivalent  conditions  of  Lemma|54.46.1|  We  define  the  normalization 
of  X as  the  morphism 

v : Xv  — > X 

constructed  in  Lemma T54.46.2I 


Any  locally  Noetherian  scheme  has  a locally  finite  set  of  irreducible  components. 
Hence  the  definition  applies  to  locally  Noetherian  algebraic  spaces.  Usually  the 
normalization  is  defined  only  for  reduced  algebraic  spaces.  With  the  definition 
above  the  normalization  of  X is  the  same  as  the  normalization  of  the  reduction 
Xred  of  X. 


0BB3 


Lemma  54.46.4.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S satisfying 
the  equivalent  conditions  of  Lemma\5f.f6.1  The  normalization  morphism  v factors 
through  the  reduction  Xred  and  Xv  — > Xred  is  the  normalization  of  Xred. 


Proof.  We  may  check  this  etale  locally  on  X and  hence  reduce  to  the  case  of 
schemes  which  is  Morphisms,  Lemma  [28. 49.2|  Some  details  omitted.  □ 

0BB4  Lemma  54.46.5.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S satisfying 


the  equivalent  conditions  of  Lemma  54-46.1 
(1)  The  normalization  Xv  is  normal. 

The  morphism  v : X"  — >■  X is  integral  and  surjective. 

The  map  \v\  : \XV\  — > |A'|  induces  a bijection  between  the  sets  of  points  of 


(2) 

(3) 

codimension  0 (Properties  of  Spaces,  Definition  53.9.2). 

(4)  Let  Z — ^ A be  a morphism.  Assume  Z is  a normal  algebraic  space  and  that 
for  z £ \Z\  we  have:  z has  codimension  0 in  Z =>  f(z)  has  codimension  0 
in  X . Then  there  exists  a unique  factorization  Z — ► Xu  — > X . 

Proof.  Properties  (1),  (2),  and  (3)  follow  from  the  corresponding  results  for  schemes 
(Morphisms,  Lemma  28.49.4 ) combined  with  the  fact  that  a point  of  a scheme  is  a 
generic  point  of  an  irreducible  component  if  and  only  if  the  dimension  of  the  local 


ring  is  zero  (Properties,  Lemma  27.10.4). 


Let  Z — > X be  a morphism  as  in  (4).  Let  U be  a scheme  and  let  U — > X be  a 
surjective  etale  morphism.  Choose  a scheme  V and  a surjective  etale  morphism  V — ► 
U XX  Z.  The  condition  on  geometric  points  assures  us  that  V — > U maps  generic 
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points  of  irreducible  components  of  V to  generic  points  of  irreducible  components 
of  U.  Thus  we  obtain  a unique  factorization  V — > Uv  — > U by  Morphisms,  Lemma 
|28.49.4|  The  uniqueness  guarantees  us  that  the  two  maps 

V ~XuxxzV  V — > Uv 


agree  because  these  maps  are  the  unique  factorization  of  the  map  V Xuxxz  V -A 
V — > U.  Since  the  algebraic  space  U Xx  Z is  equal  to  the  quotient  V/V  XuXxz  V 
(see  Spaces,  Section  52.9)  we  find  a canonical  morphism  U xx  Z -A  Uv . Picture 


U xx  Z Uv U 

y I 

X > A'1  — *=  .V 


To  obtain  the  dotted  arrow  we  note  that  the  construction  of  the  arrow  U xx  Z is 
functorial  in  the  etale  morphism  U — > X (precise  formulation  and  proof  omitted). 
Hence  if  we  set  R = U x x U with  projections  s,t  : R — > U,  then  we  obtain  a 
morphism  Rxx  Z -A  Rv  commuting  with  s,t  : R — > U and  sv ,tv  : Rv  — > Uu . 
Recall  that  Xv  = Uv /Rv , see  proof  of  Lemma  54.46. 2|  Since  X = U/R  a simple 
sheaf  theoretic  argument  shows  that  Z = ( U Xx Z)/(Rxx  Z).  Thus  the  morphisms 
U Xx  Z — > Uv  and  R xx  Z Rv  define  a morphism  Z -A  Xv  as  desired.  □ 


0BB5  Lemma  54.46.6.  Let  S be  a scheme.  Let  X be  a Nagata  algebraic  space  over  S . 
The  normalization  v : Xv  -A  X is  a finite  morphism. 


Proof.  Since  X being  Nagata  is  locally  Noetherian,  Definition |54. 46. 3|  applies.  By 
construction  of  Xv  in  Lemma  54.46.2|we  immediately  reduce  to  the  case  of  schemes 


which  is  Morphisms,  Lemma  28.49.7 


□ 


54.47.  Separated,  locally  quasi-finite  morphisms 

0417  In  this  section  we  prove  that  an  algebraic  space  which  is  locally  quasi-finite  and 
separated  over  a scheme,  is  representable.  This  implies  that  a separated  and  locally 
quasi-finite  morphism  is  representable  (see  Lemma  54.48.1).  But  first...  a lemma 
(which  will  be  obsoleted  by  Proposition  54.47.2). 

03XW  Lemma  54.47.1.  Let  S be  a scheme.  Consider  a commutative  diagram 


V’ 


V xT  X 


V 


X 

T 


of  algebraic  spaces  over  S.  Assume 

(1)  T'  — > T is  an  etale  morphism  of  affine  schemes, 

(2)  X — y T is  a separated,  locally  quasi-finite  morphism, 

(3)  V ' is  an  open  subspace  of  T'  Xt  X,  and 

(4)  V'  -A  T'  is  quasi-affine. 

In  this  situation  the  image  U of  V'  in  X is  a quasi-compact  open  subspace  of  X 
which  is  representable. 
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Proof.  We  first  make  some  trivial  observations.  Note  that  V'  is  representable  by 


Lemma  54.21.3  It  is  also  quasi-compact  (as  a quasi-affine  scheme  over  an  affine 
scheme,  see  Morphisms,  Lemma  28.13.2 ) . Since  T'  Xt  X — > X is  etale  (Properties 
of  Spaces,  Lemma  53.15.5)  the  map  | T'  Xt  X\  —>  \X\  is  open,  see  Properties  of 
Spaces,  Lemma  53.15.7  Let  U C X be  the  open  subspace  corresponding  to  the 
image  of  \V'\,  see  Properties  of  Spaces,  Lemma  53.4.8  As  \V'\  is  quasi-compact 


we  see  that  \U\  is  quasi-compact,  hence  U is  a quasi-compact  algebraic  space,  by 
Properties  of  Spaces,  Lemma [53.5. 2| 

By  Morphisms,  Lemma  28.51.8  the  morphism  T'  — > T is  universally  bounded. 
Hence  we  can  do  induction  on  the  integer  n bounding  the  degree  of  the  fibres  of 
T'  — » T,  see  Morphisms,  Lemma  28.51.7  for  a description  of  this  integer  in  the  case 
of  an  etale  morphism.  If  = 1,  then  T'  — > T is  an  open  immersion  (see  Etale 


Morphisms,  Theorem  40.14.1),  and  the  result  is  clear.  Assume  n > 1. 


Consider  the  affine  scheme  T"  = T'  Xj-  T' . As  T'  — > T is  etale  we  have  a de- 
composition (into  open  and  closed  affine  subschemes)  T"  = A (T')  H T* . Namely 

and  closed  because  T' 


28.35.13 


T 


A = Ay/ /t  is  open  by  Morphisms,  Lemma 
is  separated  as  a morphism  of  affines.  As  a base  change  the  degrees  of  the  fibres 
of  the  second  projection  prx  : T'  T'  ->  T'  are  bounded  by  n,  see  Morphisms, 
Lemma  28.51.4  On  the  other  hand,  pr1|A(r')  : A(T')  — ► T'  is  an  isomorphism  and 

~|we 

T 


every  fibre  has  exactly  one  point.  Thus,  on  applying  Morphisms,  Lemma  28.51.7 
conclude  the  degrees  of  the  fibres  of  the  restriction  pr-Jy 
by  n — 1.  Hence  the  induction  hypothesis  applied  to  the  diagram 


T'  are  bounded 


Po(V)nx 


gives  that  Pi(Pq  (V)  D X*)  is  a quasi-compact  scheme.  Here  we  set  X"  = T"  Xt 
X,  X*  = T*  Xt  X,  and  X'  = T'  Xt  X,  and  po,Pi  '■  X"  — > X'  are  the  base 
changes  of  pr0,  prx.  Most  of  the  hypotheses  of  the  lemma  imply  by  base  change  the 
corresponding  hypothesis  for  the  diagram  above.  For  example  p^iV')  = T"  xp  V' 
is  a scheme  quasi-affine  over  T"  as  a base  change.  Some  verifications  omitted. 

By  Properties  of  Spaces,  Lemma [53. 12. 1|  we  conclude  that 

PiCPo_1(n)  = v'up^iv^nx*) 

is  a quasi-compact  scheme.  Moreover,  it  is  clear  that  pi{pQl(V'))  is  the  inverse 
image  of  the  quasi-conrpact  open  subspace  U C X discussed  in  the  first  paragraph 
of  the  proof.  In  other  words,  T'  Xj-  U is  a scheme!  Note  that  T'  Xt  U is  quasi- 
compact and  separated  and  locally  quasi- finite  over  T' , as  T'  xT  X — >■  T'  is  locally 
quasi-finite  and  separated  being  a base  change  of  the  original  morphism  X — > T 
(see  Lemmas  54.4.4  and  54.27.4).  This  implies  by  More  on  Morphisms,  Lemma 


36.31.2  that  T'  x t U — > T'  is  quasi-affine. 

By  Descent,  Lemma  34.35. 1|  this  gives  a descent  datum  on  T'  Xt  U/T'  relative  to 
the  etale  covering  |T'  —tW},  where  W C T is  the  image  of  the  morphism  T'  — > T. 
Because  U'  is  quasi-affine  over  T'  we  see  from  Descent,  Lemma  [34.34.1  that  this 
datum  is  effective,  and  by  the  last  part  of  Descent,  Lemma [34. 35. 1| this  implies  that 
U is  a scheme  as  desired.  Some  minor  details  omitted.  □ 


54.47.  SEPARATED,  LOCALLY  QUASI-FINITE  MORPHISMS 


3666 


03XX  Proposition  54.47.2.  Let  S be  a scheme.  Let  f : X -A  T be  a morphism  of 
algebraic  spaces  over  S . Assume 

(1)  T is  representable, 

(2)  / is  locally  quasi-finite,  and 

(3)  f is  separated. 

Then  X is  representable. 


Proof.  Let  T = (J  Tj  be  an  affine  open  covering  of  the  scheme  T.  If  we  can  show 
that  the  open  subspaces  X,;  = f~1{Ti)  are  representable,  then  X is  representable, 
see  Properties  of  Spaces,  Lemma [53. 12. 1[  Note  that  Xj  = T,;  Xt  X and  that  locally 
quasi-finite  and  separated  are  both  stable  under  base  change,  see  Lemmas  |54.4.4| 
and|54.27.4|  Hence  we  may  assume  T is  an  affine  scheme. 


By  Properties  of  Spaces,  Lemma  53.6.2  there  exists  a Zariski  covering  X = |JX,; 
such  that  each  X,:  has  a surjective  etale  covering  by  an  affine  scheme.  By  Prop- 
erties of  Spaces,  Lemma  |53. 1 2. 1|  again  it  suffices  to  prove  the  proposition  for  each 
Xj.  Hence  we  may  assume  there  exists  an  affine  scheme  U and  a surjective  etale 
morphism  U -A  X.  This  reduces  us  to  the  situation  in  the  next  paragraph. 


Assume  we  have 


U 


X 


T 


where  U and  T are  affine  schemes,  U — > X is  etale  surjective,  and  X — > T is 
separated  and  locally  quasi-finite.  By  Lemmas  |54.38.5|  and  |54.27.3|  the  morphism 
U — > T is  locally  quasi-finite.  Since  U and  T are  affine  it  is  quasi-finite.  Set 
R = U xx  U.  Then  X = U/R , see  Spaces,  Lemma  52.9.1  As  X — >•  T is  separated 
the  morphism  R 


U Xt  U is  a closed  immersion,  see  Lemma  54.4.5 


In  particular 

R is  an  affine  scheme  also.  As  U — > X is  etale  the  projection  morphisms  f,  s : R —¥  U 
are  etale  as  well.  In  particular  s and  t are  quasi-finite,  flat  and  of  finite  presentation 


(see  Morphisms,  Lemmas  28.36.6  28.36.12  and  28.36.11). 


Let  (U,  R,  s , t,  c ) be  the  groupoid  associated  to  the  etale  equivalence  relation  R on 
U.  Let  u £ U be  a point,  and  denote  p £ T its  image.  We  are  going  to  use 
More  on  Groupoids,  Lemma [39. 12.2  for  the  groupoid  (U,  R,  s,  t,  c ) over  the  scheme 
T with  points  p and  u as  above.  By  the  discussion  in  the  previous  paragraph 
all  the  assumptions  (1)  - (7)  of  that  lemma  are  satisfied.  Hence  we  get  an  etale 
neighbourhood  ( T',p ')  — ► (T,  p)  and  disjoint  union  decompositions 

UT>  =U’UW , Rt>  = R!  11  W' 

and  u'  £ U'  satisfying  conclusions  (a),  (b),  (c),  (d),  (e),  (f),  (g),  and  (h)  of  the 
aforementioned  More  on  Groupoids,  Lemma [39. 12. 2|  We  may  and  do  assume  that 
T'  is  affine  (after  possibly  shrinking  T').  Conclusion  (h)  implies  that  R'  = U'  XxT, 
U'  with  projection  mappings  identified  with  the  restrictions  of  s'  and  tJ . Thus 
([/',  R’ , c'lfl/x  , , ,ri)  of  conclusion  (g)  is  an  etale  equivalence  relation. 


By  Spaces,  Lemma  52.10.2  we  conclude  that  U' / R'  is  an  open  subspace  of  XV'-  By 


conclusion  (d)  the  schemes  U' , R'  are  affine  and  the  morphisms  s'  \r*  are  finite 
etale.  Hence  Groupoids,  Proposition  38.23.8  kicks  in  and  we  see  that  U' / R'  is  an 
affine  scheme. 


We  conclude  that  for  every  pair  of  points  (u,p)  as  above  we  can  find  an  etale 
neighbourhood  (: T',p ')  — >•  (T,p)  with  k (p)  = n{p')  and  a point  v!  £ Ut'  mapping 
to  u such  that  the  image  x'  of  u'  in  |XT/|  has  an  open  neighbourhood  V'  in  XT' 
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which  is  an  affine  scheme.  We  apply  Lemma  |54.47.1|  to  obtain  an  open  subspace 
W C X which  is  a scheme,  and  which  contains  x (the  image  of  u in  |X|).  Since 
this  works  for  every  x we  see  that  X is  a scheme  by  Properties  of  Spaces,  Lemma 
53.12.1  This  ends  the  proof.  □ 


54.48.  Applications 

05W4  An  alternative  proof  of  the  following  lemma  is  to  see  it  as  a consequence  of  Zariski’s 
main  theorem  for  (nonrepresentable)  morphisms  of  algebraic  spaces  as  discussed 
in  More  on  Morphisms  of  Spaces,  Section  |63.25|  Namely,  More  on  Morphisms 
of  Spaces,  Lemma  |63.25.2|  implies  that  a quasi-finite  and  separated  morphism  of 
algebraic  spaces  is  quasi-affine  and  therefore  representable. 

0418  Lemma  54.48.1.  Let  S be  a scheme.  Let  f : X — x Y be  a morphism  of  algebraic 
spaces  over  S.  If  f is  locally  quasi-finite  and  separated,  then  f is  representable. 

Proof.  This  is  immediate  from  Proposition  |54.47T2|  and  the  fact  that  being  locally 
quasi-finite  and  separated  is  preserved  under  any  base  change,  see  Lemmas  |54.27.4] 
and  1 54. 4 Tl  □ 

05W5  Lemma  54.48.2.  Let  S be  a scheme.  Let  f : X — ► Y be  an  Stale  and  universally 
injective  morphism  of  algebraic  spaces  over  S . Then  f is  an  open  immersion. 


Proof.  Let  T — >■  Y be  a morphism  from  a scheme  into  Y.  If  we  can  show  that 
X xy  T — > T is  an  open  immersion,  then  we  are  done.  Since  being  etale  and 
being  universally  injective  are  properties  of  morphisms  stable  under  base  change 
(see  Lemmas  54.38.4  and  54.19.5 1 we  may  assume  that  Y is  a scheme.  Note  that 
the  diagonal  A x/y  : H -t  I Xyl  is  etale,  a monomorphism,  and  surjective  by 
Lemma  54.19.2  Hence  we  see  that  A x/y  is  an  isomorphism  (see  Spaces,  Lemma 
52.5.9),  in  particular  we  see  that  X is  separated  over  Y . It  follows  that  A is  a 


scheme  too,  by  Proposition  |54.47.2|  Finally,  X — » Y is  an  open  immersion  by 
the  fundamental  theorem  for  etale  morphisms  of  schemes,  see  Etale  Morphisms, 
Theorem  140.14.11  □ 


54.49.  Zariski’s  Main  Theorem  (representable  case) 

OABQ  This  is  the  version  you  can  prove  using  that  normalization  commutes  with  etale 
localization.  Before  we  can  prove  more  powerful  versions  (for  non-representable 
morphisms)  we  need  to  develop  more  tools.  See  More  on  Morphisms  of  Spaces, 
Section  163.251 

OABR  Lemma  54.49.1.  Let  S be  a scheme.  Let  f : X — ► Y be  a morphism  of  algebraic 
spaces  over  S which  is  representable,  of  finite  type,  and  separated.  Let  Y'  be  the 
normalization  of  Y inX.  Picture: 

X ^ Y' 

/' 

Y 


Then  there  exists  an  open  subspace  U'  C Y'  such  that 

(1)  (/,)-1(^,)  — ► U'  is  an  isomorphism,  and 

(2)  (/,)-1(£^)  C A'  is  the  set  of  points  at  which  f is  quasi-finite. 
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Proof.  Let  W — > Y be  a surjective  etale  morphism  where  TP  is  a scheme.  Then 
W Xy  X is  a scheme  as  well.  By  Lemma  54.45.4  the  algebraic  space  W Xy  Y'  is 
representable  and  is  the  normalization  of  the  scheme  W in  the  scheme  W Xy  X. 
Picture 


W xY 


Y' 


By  More  on  Morphisms,  Lemma [36. 31. 1|  the  result  of  the  lemma  holds  over  W . Let 
V'  C W Xy  Y'  be  the  open  subscheme  such  that 


(1)  (1,/')  1{V')  — » V'  is  an  isomorphism,  and 

(2)  (1,  /,)”1(P')  cTLxyXis  the  set  of  points  at  which  (1,  /)  is  quasi-finite. 


By  Lemma [54.33.7|  there  is  a maximal  open  set  of  points  U C X where  / is  quasi- 
finite  and  W XyU  = (1,  /,)_1(U,)•  The  morphism  f'\u  :U  —¥  Y'  is  an  open  immer- 
sion by  Lemma 


54.12.1 


as  its  base  change  to  W is  the  isomorphism  (1,  f')-(V')  — > 
V'  followed  by  the  open  immersion  V'  — > W Xy  Y' . Setting  IT  = Im(C7  -A  Y') 
finishes  the  proof  (omitted:  the  verification  that  (/,)-1(L7)  = U).  □ 


In  the  following  lemma  we  can  drop  the  assumption  of  being  representable  as  we’ve 
shown  that  a locally  quasi-finite  separated  morphism  is  representable. 

OABS  Lemma  54.49.2.  Let  S be  a scheme.  Let  f : X — » Y be  a morphism  of  algebraic 
spaces  over  S.  Assume  f is  quasi-finite  and  separated.  Let  Y'  be  the  normalization 
ofY  in  X . Picture: 

X ^Y' 

/' 

Y 

Then  f is  a quasi-compact  open  immersion  and  v is  integral.  In  particular  f is 
quasi-affine. 


Proof.  By  Lemma  |54.48. 1|  the  morphism  / is  representable.  Hence  we  may  apply 
Lemma  54.49.1  Thus  there  exists  an  open  subspace  U'  C Y'  such  that  (/^^(C/')  = 
X (!)  and  X — > U'  is  an  isomorphism!  In  other  words,  f is  an  open  immersion. 
Note  that  f is  quasi-compact  as  / is  quasi-compact  and  v : Y'  — \ Y is  separated 
(Lemma  54.8.8).  Hence  for  every  affine  scheme  Z and  morphism  Z — > Y the  fibre 
product  Z Xy  X is  a quasi-compact  open  subscheme  of  the  affine  scheme  Z XyY' . 
Hence  / is  quasi-affine  by  definition.  □ 


54.50.  Universal  homeomorphisms 

05Z3  In  Morphisms,  Section[28.44|we  have  shown  that  a morphism  of  schemes  is  a univer- 
sal homeomorphism  if  and  only  if  it  is  integral,  universally  injective,  and  surjective. 
In  particular  the  class  of  universal  homeomorphisms  of  schemes  is  closed  under 
composition  and  arbitrary  base  change  and  is  fppf  local  on  the  base  (as  this  is  true 
for  integral,  universally  injective,  and  surjective  morphisms).  Thus,  if  we  apply  the 
discussion  in  Section  154.31  to  this  notion  we  see  that  we  know  what  it  means  for  a 
representable  morphism  of  algebraic  spaces  to  be  a universal  homeomorphism. 
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05Z4 


05Z5 


05Z6 


08  AK 


OAEH 


Lemma  54.50.1.  Let  S be  a scheme.  Let  f : X Y be  a representable  morphism 
of  algebraic  spaces  over  S.  Then  f is  a universal  homeomorphism  (as  discussed 
above)  if  and  only  if  for  every  morphism  of  algebraic  spaces  Z Y the  base  change 
map  Z x y A — >■  Z induces  a homeomorphism  \Z  Xy  X\  — > \Z\. 


Proof.  If  for  every  morphism  of  algebraic  spaces  Z — ?•  Y the  base  change  map  Zxy 
X — > Z induces  a homeomorphism  | Z Xy  A'|  —7  \Z\,  then  the  same  is  true  whenever 
Z is  a scheme,  which  formally  implies  that  / is  a universal  homeomorphism  in  the 
sense  of  Section[54.3|  Conversely,  if  / is  a universal  homeomorphism  in  the  sense  of 
Section  54.3  then  X — > Y is  integral,  universally  injective  and  surjective  (by  Spaces, 
Lemma  52.5.8  and  Morphisms,  Lemma  28.44.3 1.  Hence  / is  universally  closed,  see 
Lemma  54.43.7  and  universally  injective  and  (universally)  surjective,  i.e. , / is  a 
universal  homeomorphism.  □ 


Definition  54.50.2.  Let  S'  be  a scheme.  A morphisms  / : X — ► Y of  algebraic 
spaces  over  S is  called  a universal  homeomorphism  if  and  only  if  for  every  morphism 
of  algebraic  spaces  Z —>Y  the  base  change  ZxyX  — >■  Z induces  a homeomorphism 
\Z  Xy  X | -A  \Z\. 


This  definition  does  not  clash  with  the  pre-existing  definition  for  representable 
morphisms  of  algebraic  spaces  by  our  Lemma  54.50.1  For  morphisms  of  algebraic 


spaces  it  is  not  the  case  that  universal  homeomorphisms  are  always  integral. 


Example  54.50.3.  This  is  a continuation  of  Remark 


braic  space  A"  = A^/{a 


54.19.4 


—x  | x 0}.  There  are  morphisms 
A 


Consider  the  alge- 


A l 


K 


such  that  the  first  arrow  is  etale  surjective,  the  second  arrow  is  universally  injective, 
and  the  composition  is  the  map  x K > x2 . Hence  the  composition  is  universally 
closed.  Thus  it  follows  that  the  map  X — > A.\  is  a universal  homeomorphism,  but 
X -7  A*,  is  not  separated. 


Let  S'  be  a scheme.  Let  / : X — 7 Y be  a universal  homeomorphism  of  alge- 
braic spaces  over  S.  Then  / is  universally  closed,  hence  is  quasi-compact,  see 
Lemma  54.9.7  But  / need  not  be  separated  (see  example  above),  and  not  even 
quasi-separated:  an  example  is  to  take  infinite  dimensional  affine  space  A°°  = 
Spec(fc[aii,  X2,  ■ ■ •])  modulo  the  equivalence  relation  given  by  flipping  finitely  many 
signs  of  nonzero  coordinates  (details  omitted). 

Lemma  54.50.4.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S. 
The  canonical  closed  immersion  X red  — > A'  (see  Properties  of  Spaces,  Definition 


53.11.6)  is  a universal  homeomorphism. 


Proof.  Omitted. 


□ 


We  put  the  following  result  here  as  we  do  not  currently  have  a better  place  to  put 
it. 

Lemma  54.50.5.  Let  S be  a scheme.  Let  f : Y X be  a universally  injective, 
integral  morphism  of  algebraic  spaces  over  S. 

(1)  The  functor 

f small,*  • ShfY^tale)  t Sh^Xgfaie) 
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is  fully  faithful  and  its  essential  image  is  those  sheaves  of  sets  T on  X^taie 
whose  restriction  to  |X|  \/(|Y|)  is  isomorphic  to  *,  and 
(2)  the  functor 

f small,*  • Ab(Y£taie)  — >■  Ab(X^taie) 


is  fully  faithful  and  its  essential  image  is  those  abelian  sheaves  on  Y^taie 
whose  support  is  contained  in  f(\Y\). 

In  both  cases  f~man  is  a left  inverse  to  the  functor  f small,*- 


Proof.  Since  / is  integral  it  is  universally  closed  (Lemma  54.43.7 1 . In  particular, 
f(\Y\)  is  a closed  subset  of  |V|  and  the  statements  make  sense.  The  rest  of  the  proof 
is  identical  to  the  proof  of  Lemma 


Proposition 


49.48.1 


54.13.5 


instead  of  Etale  Cohomology,  Proposition 


except  that  we  use  Etale  Cohomology, 
49.47.4l  □ 
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Decent  Algebraic  Spaces 


55.1.  Introduction 

In  this  chapter  we  study  “local”  properties  of  general  algebraic  spaces,  i.e.,  those 
algebraic  spaces  which  aren’t  quasi-separated.  Quasi-separated  algebraic  spaces 
are  studied  in  IKnu71l.  It  turns  out  that  essentially  new  phenomena  happen, 
especially  regarding  points  and  specializations  of  points,  on  more  general  algebraic 
spaces.  On  the  other  hand,  for  most  basic  results  on  algebraic  spaces,  one  needn’t 
worry  about  these  phenomena,  which  is  why  we  have  decided  to  have  this  material 
in  a separate  chapter  following  the  standard  development  of  the  theory. 


55.2.  Conventions 

The  standing  assumption  is  that  all  schemes  are  contained  in  a big  fppf  site  Schfppf. 
And  all  rings  A considered  have  the  property  that  Spec(A)  is  (isomorphic)  to  an 
object  of  this  big  site. 

Let  S be  a scheme  and  let  X be  an  algebraic  space  over  S.  In  this  chapter  and  the 
following  we  will  write  X x s X for  the  product  of  X with  itself  (in  the  category  of 
algebraic  spaces  over  S),  instead  of  A x X. 


55.3.  Universally  bounded  fibres 


We  briefly  discuss  what  it  means  for  a morphism  from  a scheme  to  an  algebraic 
space  to  have  universally  bounded  fibres.  Please  refer  to  Morphisms,  Section  [2831] 
for  similar  definitions  and  results  on  morphisms  of  schemes. 

Definition  55.3.1.  Let  S'  be  a scheme.  Let  X be  an  algebraic  space  over  S,  and 
let  U be  a scheme  over  S.  Let  / : U — > X be  a morphism  over  S.  We  say  the  fibres 
of  f are  universally  bounded  if  there  exists  an  integer  n such  that  for  all  fields  k 
and  all  morphisms  Spec(fc)  — ► X the  fibre  product  Spec(fc)  Xx  U is  a finite  scheme 
over  k whose  degree  over  k is  < n. 


This  definition  makes  sense  because  the  fibre  product  Spec(fc)  Xy  X is  a scheme. 
Moreover,  if  Y is  a scheme  we  recover  the  notion  of  Morphisms,  Definition  |28.51. 1] 


by  virtue  of  Morphisms,  Lemma  28.51.2 


Lemma  55.3.2.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let 
V — ^ U be  a morphism  of  schemes  over  S , and  let  U — ► X be  a morphism  from  U 
to  X . If  the  fibres  of  V — * U and  U — > X are  universally  bounded,  then  so  are  the 
fibres  ofV  —tX. 


'This  is  probably  nonstandard  notation. 
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Proof.  Let  n be  an  integer  which  works  for  V 
works  for  U 


X in  Definition  55.3.1 


U,  and  let  m be  an  integer  which 
Let  Spec(fc)  — > X be  a morphism,  where  k 


is  a field.  Consider  the  morphisms 


Spec (k)  x x V — t Spec (k)  xx  U — > Spec (fc). 

By  assumption  the  scheme  Spec(fc)  xx  U is  finite  of  degree  at  most  m over  k,  and 
n is  an  integer  which  bounds  the  degree  of  the  fibres  of  the  first  morphism.  Hence 


by  Morphisms,  Lemma  28.51.3  we  conclude  that  Spec (k)  xx  V is  finite  over  k of 
degree  at  most  nm.  □ 


03JN  Lemma  55.3.3.  Let  S be  a scheme.  Let  Y — ► X be  a representable  morphism 
of  algebraic  spaces  over  S.  Let  U — )•  X be  a morphism  from  a scheme  to  X . If 
the  fibres  of  U -A  X are  universally  bounded,  then  the  fibres  of  U Xyb  — > Y are 
universally  bounded. 


Proof.  This  is  clear  from  the  definition,  and  properties  of  fibre  products.  (Note 
that  U x x Y is  a scheme  as  we  assumed  Y -a  X representable,  so  the  definition 
applies.)  □ 

03JO  Lemma  55.3.4.  Let  S be  a scheme.  Let  g : Y X be  a representable  morphism 
of  algebraic  spaces  over  S . Let  f : U — >•  X be  a morphism  from  a scheme  towards 
X.  Let  f : U xx  Y — »■  Y be  the  base  change  of  f.  If 

Im( | / 1 : \U\  -A  |*|)  C Im(\g\  : \Y\  — t |*|) 
and  f has  universally  bounded  fibres,  then  f has  universally  bounded  fibres. 


Proof.  Let  n > 0 be  an  integer  bounding  the  degrees  of  the  fibre  products  Spec(fc)  x y 
( U x x Y ) as  in  Definition  55.3.1  for  the  morphism  /'.  We  claim  that  n works  for 
/ also.  Namely,  suppose  that  x : Spec(fc)  — > X is  a morphism  from  the  spectrum 
of  a field.  Then  either  Spec(fc)  xxU  is  empty  (and  there  is  nothing  to  prove),  or  x 
is  in  the  image  of  |/|.  By  Properties  of  Spaces,  Lemma  53.4.3  and  the  assumption 
of  the  lemma  we  see  that  this  means  there  exists  a field  extension  k C k'  and  a 
commutative  diagram 


Spec(fc')  Y 

S' 

Spec(fc)  * 


Hence  we  see  that 


Spec(fc')  x y (U  xxY)  = Spec {k')  xSpec(fe)  (Spec(fc)  xA-  U) 

Since  the  scheme  Spec(fc')  xY  (U  Xx  Y)  is  assumed  finite  of  degree  < n over  k' 
it  follows  that  also  Spec(fc)  XXU  is  finite  of  degree  < n over  k as  desired.  (Some 
details  omitted.)  □ 

03JP  Lemma  55.3.5.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Consider 
a commutative  diagram 


U 


X 
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03JQ 


03JR 

0311 


03JS 


where  U and  V are  schemes.  If  g has  universally  bounded  fibres,  and  f is  surjective 
and  flat,  then  also  h has  universally  bounded  fibres. 


Proof.  Assume  g has  universally  bounded  fibres,  and  / is  surjective  and  flat.  Say 
n > 0 is  an  integer  which  bounds  the  degrees  of  the  schemes  Spec(fc)  Xj  U as  in 
Definition  55.3.1  We  claim  n also  works  for  h.  Let  Spec(fc)  — X X be  a morphism 
from  the  spectrum  of  a field  to  X.  Consider  the  morphism  of  schemes 

Spec(fc)  xx  V — x Spec(fc)  xx  U 

It  is  flat  and  surjective.  By  assumption  the  scheme  on  the  left  is  finite  of  degree 


< n over  Spec(fc).  It  follows  from  Morphisms,  Lemma  28.51.9  that  the  degree  of 
the  scheme  on  the  right  is  also  bounded  by  n as  desired.  □ 


Lemma  55.3.6.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S , and  let 
U be  a scheme  over  S.  Let  tp  : U —X  X be  a morphism  over  S . If  the  fibres  of  ip  are 
universally  bounded,  then  there  exists  an  integer  n such  that  each  fibre  of\U\  —X  |X| 
has  at  most  n elements. 


Proof.  The  integer  n of  Definition  55.3.1  works.  Namely,  pick  x £ |A'|.  Represent 
a;  by  a morphism  x : Spec(fc)  —X  X.  Then  we  get  a commutative  diagram 


Spec(fc)  xx  U a-  U 


Spec (k)  — >■  X 

that  the  inverse  image  of 
x in  \U\  is  the  image  of  the  top  horizontal  arrow.  Since  Spec(fc)  Xx  U is  finite  of 
degree  < n over  k it  has  at  most  n points.  □ 


which  shows  (via  Properties  of  Spaces,  Lemma  53.4.3 


55.4.  Finiteness  conditions  and  points 


In  this  section  we  elaborate  on  the  question  of  when  points  can  be  represented  by 
monomorphisms  from  spectra  of  fields  into  the  space. 


Remark  55.4.1.  Before  we  give  the  proof  of  the  next  lemma  let  us  recall  some 
facts  about  etale  morphisms  of  schemes: 


(1)  An  etale  morphism  is  flat  and  hence  generalizations  lift  along  an  etale 
morphism  (Morphisms,  Lemmas  28.36.12  and  28.25.8). 

(2)  An  etale  morphism  is  unramified,  an  unramified  morphism  is  locally  quasi- 
finite,  hence  fibres  are  discrete  (Morphisms,  Lemmas  28.36.16  28.35.10 
and  28.20.6). 

(3)  A quasi-compact  etale  morphism  is  quasi-finite  and  in  particular  has  finite 
fibres  (Morphisms,  Lemmas  28.20.9  and |28.20.10). 

(4)  An  etale  scheme  over  a field  A;  is  a disjoint  union  of  spectra  of  finite 
separable  field  extension  of  k (Morphisms,  Lemma  28.36.7). 

For  a general  discussion  of  etale  morphisms,  please  see  Etale  Morphisms,  Section 


M 

Lemma  55.4.2.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
x £ |X|.  The  following  are  equivalent: 
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(1)  there  exists  a family  of  schemes  Ui  and  etale  morphisms  tfi  : Ui  -A  X such 
that  II  Vi  ■ II  Ui  -A  X is  surjective,  and  such  that  for  each  i the  fibre  of 
\Ui\  — > \X\  over  x is  finite,  and 

(2)  for  every  affine  scheme  U and  etale  morphism  <p  : U —t  X the  fibre  of 
\U\  — > \X | over  x is  finite. 

Proof.  The  implication  (2)  =>  (1)  is  trivial.  Let  p.t  : Ui  — > X be  a family  of  etale 
morphisms  as  in  (1).  Let  <p  : U -A  X be  an  etale  morphism  from  an  affine  scheme 
towards  A'.  Consider  the  fibre  product  diagrams 


UxxUi 


U 


■Ui 


II  UxxUi 


O Pi 


I \Ui 


Vi 


n <?. 


Uvi 


X 


V 

u - 


X 


Since  Qi  is  etale  it  is  open  (see  Remark  55.4.1).  Moreover,  the  morphism  II  qz  is 
surjective.  Hence  there  exist  finitely  many  indices  and  a quasi-compact 

opens  \\7i  C U xx  Uij  which  surject  onto  U.  The  morphism  pt  is  etale,  hence 
locally  quasi-finite  (see  remark  on  etale  morphisms  above).  Thus  we  may  apply 
Morphisms,  Lemma  28.51.8  to  see  the  fibres  of  pij  \ w,  '■  Rq.  -A  U,  are  finite.  Hence 


by  Properties  of  Spaces,  Lemma  53.4.3  and  the  assumption  on  ipi  we  conclude  that 
the  fibre  of  p over  x is  finite.  In  other  words  (2)  holds.  □ 


03JU  Lemma  55.4.3.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let 
x € |A|.  The  following  are  equivalent: 

(1)  there  exists  a scheme  U,  an  etale  morphism  p : U —>X,  and  points 
u,u'  £ U mapping  to  x such  that  setting  R = U xxU  the  fibre  of 

\R\^\U\xlx{\U\ 

over  [u,  u')  is  finite, 

(2)  for  every  scheme  U , etale  morphism  <p  : U -A  A'  and  any  points  u,u'  £ U 
mapping  to  x setting  R = U xxU  the  fibre  of 

\R\^\U\x]x]\U\ 

over  (u,  u')  is  finite, 

(3)  there  exists  a morphism  Spec(fc)  — > X with  k a field  in  the  equivalence 
class  of  x such  that  the  projections  Spec (k)  xx  Spec(fc)  — > Spec (k)  are 
etale  and  quasi-compact,  and 

(4)  there  exists  a monomorphism  Spec(fc)  X with  k a field  in  the  equiva- 
lence class  of  x. 


Proof.  Assume  (1),  i.e.,  let  p : U — ► A be  an  etale  morphism  from  a scheme 
towards  X,  and  let  u,u'  be  points  of  U lying  over  x such  that  the  fibre  of  \R\  — > 
|U|  X|x|  |i/|  over  [u,u')  is  a finite  set.  In  this  proof  we  think  of  a point  u = 
Spec(ft(u))  as  a scheme.  Note  that  u — » U,  v!  — ► U are  monomorphisms  (see 
Schemes,  Lemma  25.23.6),  hence  uxxu'^R  = U xxU  is  a monomorphism. 
In  this  language  the  assumption  really  means  that  u xx  u'  is  a scheme  whose 
underlying  topological  space  has  finitely  many  points.  Let  ^ : W — > X be  an  etale 
morphism  from  a scheme  towards  X.  Let  w,w'  £ W be  points  of  W mapping  to 
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x.  We  have  to  show  that  w Xx  w'  is  a scheme  whose  underlying  topological  space 
has  finitely  many  points.  Consider  the  fibre  product  diagram 

WxxU 

p 

q ip 


As  x is  the  image  of  u and  v!  we  may  pick  points  w,w'  in  W X\U  with  q(u>)  = w, 
q(w')  = w' , u = p(w)  and  v!  = p(w'),  see  Properties  of  Spaces,  Lemma [53.4.3  As 
p,  q are  etale  the  field  extensions  k(w)  C k(w)  D k(u)  and  k(w')  C k(w')  D k(u') 
are  finite  separable,  see  Remark  55.4. 1|  Then  we  get  a commutative  diagram 


w Xx  w'  w x x w' >■  u x x u' 

Y Y Y 

W Xx  w'  VJ  Xg  U)'  3-  U Xg  u' 


where  the  squares  are  fibre  product  squares.  The  lower  horizontal  morphisms  are 
etale  and  quasi-compact,  as  any  scheme  of  the  form  Spec(k)  x g Spec (fc7)  is  affine, 
and  by  our  observations  about  the  field  extensions  above.  Thus  we  see  that  the 
top  horizontal  arrows  are  etale  and  quasi-compact  and  hence  have  finite  fibres.  We 
have  seen  above  that  |u  x.y  u'\  is  finite,  so  we  conclude  that  |ic  xx  w'  | is  finite.  In 
other  words,  (2)  holds. 

Assume  (2).  Let  U — X X be  an  etale  morphism  from  a scheme  U such  that  x is  in 
the  image  of  \U\  —X  |A'|.  Let  u G U be  a point  mapping  to  x.  Then  we  have  seen 
in  the  previous  paragraph  that  u = Spec(ft(ri))  —X  X has  the  property  that  uxx  u 
has  a finite  underlying  topological  space.  On  the  other  hand,  the  projection  maps 
u x x u —X  u are  the  composition 


u x x u — > u Xx  U — > u x x X = 


i.e.,  the  composition  of  a monomorphism  (the  base  change  of  the  monomorphism 
u — )■  £/)  by  an  etale  morphism  (the  base  change  of  the  etale  morphism  U —¥  X). 
Hence  u Xx  U is  a disjoint  union  of  spectra  of  fields  finite  separable  over  k(u)  (see 
Remark |55. 4.1 1.  Since  u Xx  u is  finite  the  image  of  it  in  u Xx  U is  a finite  disjoint 
union  of  spectra  of  fields  finite  separable  over  k(u).  By  Schemes,  Lemma [25. 23. 10 
we  conclude  that  u Xx  u is  a finite  disjoint  union  of  spectra  of  fields  finite  separable 
over  k(u).  In  other  words,  we  see  that  u Xx  u — > u is  quasi-compact  and  etale. 
This  means  that  (3)  holds. 

Let  us  prove  that  (3)  implies  (4).  Let  Spec(fc)  — > X be  a morphism  from  the 
spectrum  of  a field  into  X,  in  the  equivalence  class  of  x such  that  the  two  projections 
t,s  : R = Spec(fc)  Xjf  Spec(fc)  —X  Spec(fc)  are  quasi-conrpact  and  etale.  This  means 
in  particular  that  R is  an  etale  equivalence  relation  on  Spec(fc).  By  Spaces,  Theorem 
52.10.5  we  know  that  the  quotient  sheaf  X'  = Spec (k)/R  is  an  algebraic  space.  By 
Groupoids,  Lemma  38.20.6  the  map  X'  — x X is  a monomorphism.  Since  s,t  are 
quasi-compact,  we  see  that  R is  quasi-compact  and  hence  Properties  of  Spaces, 


Lemma  53.14.3  applies  to  X',  and  we  see  that  X'  = Spec(fc')  for  some  field  k! . 


Hence  we  get  a factorization 


Spec(fc)  — x Spec(fc') 


X 
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which  shows  that  Spec [k')  — > X is  a monomorphism  mapping  to  x € |X|.  In  other 
words  (4)  holds. 


Finally,  we  prove  that  (4)  implies  (1).  Let  Spec(fc)  — > A'  be  a monomorphism  with  k 
a field  in  the  equivalence  class  of  x.  Let  U — >■  X be  a surjective  etale  morphism  from 
a scheme  U to  X.  Let  u £ U be  a point  over  x.  Since  Spec (k)  xx  u is  nonempty, 
and  since  Spec(fc)  x x u — > u is  a monomorphism  we  conclude  that  Spec  (k)  Xju  = a 
(see  Schemes,  Lemma  25.23.10).  Hence  u — X U —X  X factors  through  Spec(fc)  —X  X, 
here  is  a picture 

u 


Spec(fc) s-  X 

Since  the  right  vertical  arrow  is  etale  this  implies  that  k C k(u)  is  a finite  separable 
extension.  Hence  we  conclude  that 


UXXU  = U X Spec(fc)  u 

is  a finite  scheme,  and  we  win  by  the  discussion  of  the  meaning  of  property  (1)  in 
the  first  paragraph  of  this  proof.  □ 

040U  Lemma  55.4.4.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let 
x € |A'|.  Let  U be  a scheme  and  let  tp  : U — X X be  an  etale  morphism.  The 
following  are  equivalent: 

(1)  x is  in  the  image  of  \U\  — » |Xj,  and  setting  R = U Xx  U the  fibres  of  both 

\U\  — A \X\  and  |i?|  — > \X\ 
over  x are  finite, 

(2)  there  exists  a monomorphism  Spec(fc)  —X  X with  k a field  in  the  equiva- 
lence class  of  x,  and  the  fibre  product  Spec(fc)  x \ U is  a finite  nonempty 
scheme  over  k. 


Proof.  Assume  (1).  This  clearly  implies  the  first  condition  of  Lemma  55.4.3  and 
hence  we  obtain  a monomorphism  Spec(A;)  — > X in  the  class  of  x.  Taking  the  fibre 
product  we  see  that  Spec (k)  xx  U — > Spec (fc)  is  a scheme  etale  over  Spec (k)  with 
finitely  many  points,  hence  a finite  nonempty  scheme  over  k , i.e. , (2)  holds. 

Assume  (2).  By  assumption  x is  in  the  image  of  \U\  — ► |A'|.  The  finiteness  of  the 
fibre  of  \U\  — » |X|  over  x is  clear  since  this  fibre  is  equal  to  | Spec(fc)  Xx  U\  by 
Properties  of  Spaces,  Lemma  53.4.3  The  finiteness  of  the  fibre  of  \R\  —X  \X\  above 


x is  also  clear  since  it  is  equal  to  the  set  underlying  the  scheme 
(Spec(fc)  xxU)  xSpec(fe)  (Spec(fc)  xxU) 
which  is  finite  over  k.  Thus  (1)  holds. 


□ 


03JV  Lemma  55.4.5.  Let  S be  a scheme, 
x € |A|.  The  following  are  equivalent: 

(1)  for  every  affine  scheme  U,  any  etale  morphism  tp  : U 
U xx  U the  fibres  of  both 

\U\  — A |A|  and  |f?|  — ► \X\ 


Let  X be  an  algebraic  space  over  S.  Let 

X setting  R = 


over  x are  finite, 
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(2)  there  exist  schemes  U and  etale  morphisms  Ui  — > X such  that  JJ  Ui  — > X 
is  surjective  and  for  each  i,  setting  Ri  = Ui  X j Ui  the  fibres  of  both 

\Ui\  — ► \X\  and  \Rt\  — * \X\ 
over  x are  finite, 

(3)  there  exists  a monomorphism  Spec(fc)  X with  k a field  in  the  equiva- 
lence class  of  x,  and  for  any  affine  scheme  U and  etale  morphism  U — > X 
the  fibre  product  Spec  (k)  Xj  U is  a finite  scheme  over  k,  and 

(4)  there  exists  a quasi-compact  monomorphism  Spec(fc)  — » X with  k a field 
in  the  equivalence  class  of  x. 


55.4.2  that  for  any  affine 
— ► |AT|  over  x is  finite. 
(1)  applies  to  U -A  A' 


Proof.  The  equivalence  of  (1)  and  (3)  follows  on  applying  Lemma [55.4.4  to  every 
etale  morphism  U —X  X with  U affine.  It  is  clear  that  (3)  implies  (2).  Assume 
Ui  —>  X and  R,  are  as  in  (2).  We  conclude  from  Lemma 
scheme  U and  etale  morphism  U —X  X the  fibre  of  \U 
Say  this  fibre  is  {u\, . . . ,un}.  Then,  as  Lemma  55.4.3 
for  some  i such  that  x is  in  the  image  of  \U\  — > |A|,  we  see  that  the  fibre  of 
\R  = U Xx  U | —>  \U\  X|A-|  \U\  is  finite  over  (ua,Ub),  a,b  £ {1,  ...,n}.  Hence  the 
fibre  of  |i?|  — > |A|  over  x is  finite.  In  this  way  we  see  that  (1)  holds.  At  this  point 
we  know  that  (1),  (2),  and  (3)  are  equivalent. 

If  (4)  holds,  then  for  any  affine  scheme  U and  etale  morphism  U — ► X the  scheme 
Spec (k)  Xx  U is  on  the  one  hand  etale  over  k (hence  a disjoint  union  of  spectra 
of  finite  separable  extensions  of  k by  Remark  55.4.1)  and  on  the  other  hand  quasi- 
compact over  U (hence  quasi-compact).  Thus  we  see  that  (3)  holds.  Conversely,  if 
Ui  — > X is  as  in  (2)  and  Spec (k)  — ► X is  a monomorphism  as  in  (3),  then 


JJ  Spec(fc)  xx  U — > ]J  U 


is  quasi-compact  (because  over  each  U.j  we  see  that  Spec(fc)  x x U is  a finite  disjoint 
union  spectra  of  fields).  Thus  Spec(fc)  -A  AT  is  quasi-compact  by  Morphisms  of 
Spaces,  Lemma  [54.8.7|  □ 

Lemma  55.4.6.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . The 
following  are  equivalent: 

(1)  there  exist  schemes  Ui  and  etale  morphisms  Ui  — >■  X such  that  ]j  Ui  — > X 
is  surjective  and  each  U — t X has  universally  bounded  fibres,  and 

(2)  for  every  affine  scheme  U and  etale  morphism  ip  : U ^ X the  fibres  of 
U — > X are  universally  bounded. 


Proof.  The  implication  (2)  =>  (1)  is  trivial.  Assume  (1).  Let  (ipi  : U — > A)ig/ 
be  a collection  of  etale  morphisms  from  schemes  towards  A,  covering  X,  such  that 
each  ifi  has  universally  bounded  fibres.  Let  if  : U — > X be  an  etale  morphism  from 
an  affine  scheme  towards  X.  For  each  i consider  the  fibre  product  diagram 


UxxUi 


^U, 


V 

U 


> A 


Since  qt  is  etale  it  is  open  (see  Remark  55.4.1).  Moreover,  we  have  U = IJIm(gj), 
since  the  family  (tpi )igj  is  surjective.  Since  U is  affine,  hence  quasi-compact  we 
can  finite  finitely  many  ii,...,in  £ I and  quasi-conrpact  opens  Wj  C U xx  Uij 
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03IH 


03JW 


03JX 


28.51.8  to  see  the  fibres  of  Pi  \w  '■  Wj 


such  that  U = (J  ft  (W}).  The  morphism  p,  is  etale,  hence  locally  quasi-finite 
(see  remark  on  etale  morphisms  above).  Thus  we  may  apply  Morphisms,  Lemma 

Uij  are  universally  bounded.  Hence  by 
X are  universally  bounded.  Thus 

also  ]J  -_i  n Wj  -A  X has  universally  bounded  fibres.  Since  II,-i - X 

factors  through  the  surjective  etale  map  ]J[  qjj  w,  ■ U7=i  n Wj  — i > U we  see  that 
the  fibres  of  U — A X are  universally  bounded  by  Lemma  55.3.5  In  other  words  (2) 
holds.  □ 


Lemma  55.3.2  we  see  that  the  fibres  of  Wj 

v, 


Lemma  55.4.7.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . The 
following  are  equivalent: 

(1)  there  exists  a Zariski  covering  X = [JXj  and  for  each  i a scheme  Uj  and 
a quasi-compact  surjective  etale  morphism  Uj  — A Xj,  and 

(2)  there  exist  schemes  Uj  and  etale  morphisms  Uj  — A X such  that  the  projec- 
tions Uj  xx  Uj  — A Uj  are  quasi-compact  and  ]j  Uj  — A X is  surjective. 


Proof.  If  (1)  holds  then  the  morphisms  Uj  -A  Xj  — A X are  etale  (combine  Mor- 
phisms, Lemma  28.36.3  and  Spaces,  Lemmas  52.5.4  and  52.5.3  ).  Moreover,  as 
Uj  xx  Uj  = Uj  XXi  Uj,  both  projections  Uj  Xx  Uj  — > Uj  are  quasi-compact. 


If  (2)  holds  then  let  Xj  C X be  the  open  subspace  corresponding  to  the  image  of  the 
open  map  \Uj\  — >•  |A'|,  see  Properties  of  Spaces,  Lemma  53.4.10  The  morphisms 
Uj  -A  Xj  are  surjective.  Hence  Uj  —¥  Xj  is  surjective  etale,  and  the  projections 
Uj  Xj.  Uj  -A  Uj  are  quasi-compact,  because  UiXXiUi  = Uj  xx  Uj.  Thus  by  Spaces, 
Lemma |52.11.4|  the  morphisms  Uj  —A  Xj  are  quasi-compact.  □ 


55.5.  Conditions  on  algebraic  spaces 

In  this  section  we  discuss  the  relationship  between  various  natural  conditions  on 
algebraic  spaces  we  have  seen  above.  Please  read  Section  [55. 6|  to  get  a feeling  for 
the  meaning  of  these  conditions. 


Lemma  55.5.1.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Consider 
the  following  conditions  on  X : 


(a) 

W) 

(7) 

(8) 
W 
(0 
(v) 
(0) 

(0 


For  every  x G \X\,  the  equivalent  conditions  of  Lemma 
For  every  x € \X\,  the  equivalent  conditions  of  Lemma 
For  every  x £ \X\,  the  equivalent  conditions  of  Lemma 
The  equivalent  conditions  of  Lemma 
The  equivalent  conditions  of  Lemma 


55.4.6  hold. 


55.4.7  hold. 


The  space  X is  Zariski  locally  quasi-separated. 

The  space  X is  quasi-separated 

The  space  X is  representable,  i.e.,  X is  a scheme. 

The  space  X is  a quasi-separated  scheme. 


55.4.2 


hold. 


55.4.3  hold. 


55-4-5  hold. 
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We  have 


(0) 


M (0  =>  (e)  =>  (<*)  =^>  (7)  (a)  + (/?) 


(v) 


Proof.  The  implication  (7)  <t=>  (a)  + (/3)  is  immediate.  The  implications  in  the 
diamond  on  the  left  are  clear  from  the  definitions. 


Assume  (£),  i.e.,  that  X is  Zariski  locally  quasi-separated.  Then  (e)  holds  by 
Properties  of  Spaces,  Lemma [53.6. 6| 

Assume  (e).  By  Lemma  55.4.7  there  exists  a Zariski  open  covering  X = [J  X,; 
such  that  for  each  i there  exists  a scheme  Ui  and  a quasi-compact  surjective  etale 
morphism  Ui  — > Xj.  Choose  an  i and  an  affine  open  subscheme  W C Ui.  It  suffices 
to  show  that  W — > X has  universally  bounded  fibres,  since  then  the  family  of  all 
these  morphisms  W — > X covers  X.  To  do  this  we  consider  the  diagram 

W xx 


V 

w ■ 


X 


Since  W — > X factors  through  Xj  we  see  that  W Xx  U = W Xx,  Ui.  and  hence  q 
is  quasi-conrpact.  Since  W is  affine  this  implies  that  the  scheme  W Xx  Ui  is  quasi- 
compact. Thus  we  may  apply  Morphisms,  Lemma  28. 51. 8|  and  we  conclude  that  p 
has  universally  bounded  fibres.  From  Lemma [55.3.4  we  conclude  that  W — >•  X has 
universally  bounded  fibres  as  well. 

Assume  (5).  Let  U be  an  affine  scheme,  and  let  U — > X be  an  etale  morphism. 
By  assumption  the  fibres  of  the  morphism  U — > X are  universally  bounded.  Thus 
also  the  fibres  of  both  projections  R = U Xx  U -A  U are  universally  bounded,  see 
Lemma  55.3.3  And  by  Lemma  55.3.2  also  the  fibres  of  R — ► X are  universally 
bounded.  Hence  for  any  x £ X the  fibres  of  \U\  |A'|  and  \R\  — > |A|  over  x 

are  finite,  see  Lemma|55.3.6[  In  other  words,  the  equivalent  conditions  of  Lemma 
55.4.5  hold.  This  proves  that  (S)  =>  (7).  □ 


03KE  Lemma  55.5.2.  Let  S he  a scheme.  LetV  be  one  of  the  properties  (a),  (/3),  (7), 
{6),  (e),  (C),  or  (0)  of  algebraic  spaces  listed  in  Lemma  55.5.1  Then  if  X is  an 


algebraic  space  over  S , and  X = (J  Xi  is  a Zariski  open  covering  such  that  each  Xi 
has  V , then  X has  V. 


Proof.  Let  X be  an  algebraic  space  over  S , and  let  X = [J  Xi  is  a Zariski  open 
covering  such  that  each  Xi  has  V . 

The  case  V = (a).  The  condition  (a)  for  Xi  means  that  for  every  x £ \Xi\  and 
every  affine  scheme  U,  and  etale  morphism  ip  : U — » Xi  the  fibre  of  ip  : \U\  — ► \Xi\ 
over  x is  finite.  Consider  x £ X,  an  affine  scheme  U and  an  etale  morphism  U — ► X. 
Since  A'  = [J  X f is  a Zariski  open  covering  there  exits  a finite  affine  open  covering 
U = Ui  U . . . U Un  such  that  each  Uj  -»  X factors  through  some  X j . By  assumption 
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the  fibres  of  \Uj\  — > \ Xij  | over  x are  finite  for  j = 1, . . . , n.  Clearly  this  means  that 
the  fibre  of  \U\  — > |X|  over  x is  finite.  This  proves  the  result  for  (a). 


The  case  V = (/3).  The  condition  (/3)  for  Xj  means  that  every  x £ X,,  is  represented 
by  a monomorphism  from  the  spectrum  of  a field  towards  Xj.  Hence  the  same 
follows  for  X as  X,;  — > X is  a monomorphism  and  X = 1J  Xi . 


The  case  V = (7).  Note  that  (7)  = (a)  + (/ 3 ) by  Lemma  55.5.1  hence  the  lemma 
for  (7)  follows  from  the  cases  treated  above. 


The  case  V = (5).  The  condition  (5)  for  X,  means  there  exist  schemes  Ul3  and 
etale  morphisms  Uij  — > Xj  with  universally  bounded  fibres  which  cover  A'j.  These 
schemes  also  give  an  etale  surjective  morphism  ]J[  Uij  — X and  Uij  — ► X still  has 
universally  bounded  fibres. 


03KF 


The  case  V = (e).  The  condition  (e)  for  Xi  means  we  can  find  a set  J;  and 
morphisms  (fij  : Uij  — > Xi  such  that  each  tpij  is  etale,  both  projections  UtJ  X\ t 
U^  — > U^  are  quasi-compact,  and  Uj6j.  Ui3  — > Xi  is  surjective.  In  this  case  the 
compositions  Uij  — ^ Xj  — >■  X are  etale  (combine  Morphisms,  Lemmas  28.36.3  and 
28.36.9  and  Spaces,  Lemmas  52.5.4  and  52.5.3  ).  Since  Xj  c X is  a subspace  we 
x Xi  Uij  = U.^  x x U^ , and  hence  the  condition  on  fibre  products  is 


see  that  Ui; 

preserved.  And  clearly  JJ,.  Uij  — >■  X is  surjective.  Hence  X satisfies  (e). 


The  case  V = (£).  The  condition  (£)  for  Xj  means  that  Xj  is  Zariski  locally 
quasi-separated.  It  is  immediately  clear  that  this  means  X is  Zariski  locally  quasi- 
separated. 


For  (0),  see  Properties  of  Spaces,  Lemma  53.12.1 


□ 


Lemma  55.5.3.  Let  S be  a scheme.  Let  V be  one  of  the  properties  (/3),  (7),  (5), 

Let  X,  Y be  algebraic  spaces 


(e),  or  ( 9 ) of  algebraic  spaces  listed  in  Lemma  55.5.1 
over  S.  Let  X Y be  a representable  morphism.  IfY  has  property  V , so  does  X. 


Proof.  Assume  / : X — > Y is  a representable  morphism  of  algebraic  spaces,  and 
assume  that  Y has  V.  Let  x £ |X|,  and  set  y = f(x)  £ |F|. 

The  case  V = (/3).  Condition  ( (3 ) for  Y means  there  exists  a monomorphism 
Spec (k)  — > Y representing  y.  The  fibre  product  Xy  = Spec(fc)  XyX  is  a scheme, 
and  x corresponds  to  a point  of  Xy , i.e.,  to  a monomorphism  Spec(fc')  — > Xy.  As 
Xy  — > X is  a monomorphism  also  we  see  that  x is  represented  by  the  monomorphism 
Spec (k1)  — > Xy  — > X.  In  other  words  (/?)  holds  for  X. 

The  case  V = (7).  Since  (7)  =>  (/3)  we  have  seen  in  the  preceding  paragraph  that 
y and  x can  be  represented  by  monomorphisms  as  in  the  following  diagram 


Sped//).-  x > .V 

V v 

Spec(fc)  — Y 


Also,  by  definition  of  property  (7)  via  Lemma  55.4.5  (2)  there  exist  schemes  Vi  and 
etale  morphisms  V.  — > Y such  that  ]J[  Vi  — > Y is  surjective  and  for  each  *,  setting 
Ri  = Vi  x y Vi  the  fibres  of  both 
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over  y are  finite.  This  means  that  the  schemes  (Vi)y  and  ( Ri)v  are  finite  schemes 
over  y = Spec(fc).  As  X — ► Y is  representable,  the  fibre  products  Ui  = VlxY  X are 
schemes.  The  morphisms  Ui  -A  X are  etale,  and  ]jj  Ui  — > X is  surjective.  Finally, 
for  each  i we  have 


( Ui)x  — (Vi  Xy  X)x  — (Vi)y  ^ Spec(fc)  Spec(/c  ) 


and 


(Ui  X x U -I ) x — ((Vj  Xy  A)  X x (Vi  X-Y  A))^  — ^ Spec(fc)  Spec(/c  j 

hence  these  are  finite  over  k'  as  base  changes  of  the  finite  schemes  (Vi)y  and  ( Rj)v . 
This  implies  that  (7)  holds  for  A',  again  via  the  second  condition  of  Lemma|55.4.5 


The  case  V = (<5).  Let  V — ► Y be  an  etale  morphism  with  V an  affine  scheme. 
Since  Y has  property  (d)  this  morphism  has  universally  bounded  fibres.  By  Lemma 
|55.3.3|  the  base  change  V Xy  X — > X also  has  universally  bounded  fibres.  Hence 
the  first  part  of  Lemma  55.4.6  applies  and  we  see  that  Y also  has  property  (<5). 


The  case  V = (e).  We  will  repeatedly  use  Spaces,  Lemma  52.5. 5|  Let  Vi  -A  Y be 
as  in  Lemma  55.4.7  (2).  Set  Ui  = X Xy  V,t.  The  morphisms  Ui  X are  etale, 
and  ]J  Ui  -a  X is  surjective.  Because  U Xx  U = X xY  (Vj  xY  Vi)  we  see  that  the 
projections  U xY  Ut  — > U are  base  changes  of  the  projections  Vi  xY  Vi  -A  Vj,  and 


so  quasi-compact  as  well.  Hence  X satisfies  Lemma  55.4.7  (2). 


The  case  V = (9).  In  this  case  the  result  is  Categories,  Lemma  4.8.3 


□ 


55.6.  Reasonable  and  decent  algebraic  spaces 


0317  In  Lemma  55.5.1  we  have  seen  a number  of  conditions  on  algebraic  spaces  related 
to  the  behaviour  of  etale  morphisms  from  affine  schemes  into  X and  related  to 
the  existence  of  special  etale  coverings  of  X by  schemes.  We  tabulate  the  different 
types  of  conditions  here: 


(a)  fibres  of  etale  morphisms  from  affines  are  finite 

(/?)  points  come  from  monomorphisms  of  spectra  of  fields 

(7)  points  come  from  quasi-compact  monomorphisms  of  spectra  of  fields 

(5)  fibres  of  etale  morphisms  from  affines  are  universally  bounded 

(e)  cover  by  etale  morphisms  from  schemes  quasi-compact  onto  their  image 


The  conditions  in  the  following  definition  are  not  exactly  conditions  on  the  diagonal 
of  A,  but  they  are  in  some  sense  separation  conditions  on  A. 

0318  Definition  55.6.1.  Let  S'  be  a scheme.  Let  X be  an  algebraic  space  over  S. 

We  say  X is  decent  if  for  every  point  x £ X the  equivalent  conditions  of 


Lemma  55.4.5  hold,  in  other  words  property  (7)  of  Lemma  55.5.1  holds. 


in  other  words  property  (S)  of  Lemma  55.5.1  holds. 


(1) 

(2)  We  say  A is  reasonable  if  the  equivalent  conditions  of  Lemma  55.4.6  hold, 

(3) 


We  say  A is  very  reasonable  if  the  equivalent  conditions  of  Lemma  55.4.7 
hold,  i.e. , property  (e)  of  Lemma  55.5.1  holds. 
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03ID 


03JY 


03K0 


We  have  the  following  implications  among  these  conditions  on  algebraic  spaces: 
representable 


very  reasonable  > reasonable  - 


■ decent 


quasi-separated 


The  notion  of  a very  reasonable  algebraic  space  is  obsolete.  It  was  introduced 
because  the  assumption  was  needed  to  prove  some  results  which  are  now  proven  for 
the  class  of  decent  spaces.  The  class  of  decent  spaces  is  the  largest  class  of  spaces 
X where  one  has  a good  relationship  between  the  topology  of  \X\  and  properties 
of  X itself. 

Example  55.6.2.  The  algebraic  space  Aq/Z  constructed  in  Spaces,  Example 
|52.14.8|  is  not  decent  as  its  “generic  point”  cannot  be  represented  by  a monomor- 
phism from  the  spectrum  of  a field. 

Remark  55.6.3.  Reasonable  algebraic  spaces  are  technically  easier  to  work  with 
than  very  reasonable  algebraic  spaces.  For  example,  if  X — > Y is  a quasi-compact 
etale  surjective  morphism  of  algebraic  spaces  and  X is  reasonable,  then  so  is  Y,  see 
Lemma  55.15. 8|but  we  don’t  know  if  this  is  true  for  the  property  “very  reasonable” . 
Below  we  give  another  technical  property  enjoyed  by  reasonable  algebraic  spaces. 


Lemma  55.6.4.  Let  S be  a scheme.  Let  X be  a quasi-compact  reasonable  algebraic 
space.  Then  there  exists  a directed  system  of  quasi-compact  and  quasi- separated 
algebraic  spaces  JQ  such  that  X = colinq  Xt  (colimit  in  the  category  of  sheaves). 


Proof.  We  sketch  the  proof.  By  Properties  of  Spaces,  Lemma  |53.6.3|  we  have 
X = U/R  with  U affine.  In  this  case,  reasonable  means  U — > X is  universally 
bounded.  Hence  there  exists  an  integer  N such  that  the  “fibres”  of  U — > X have 
degree  at  most  N , see  Definition  55.3.1  Denote  s,  t : R — >■  U and  c : Rx Siuit R — ► R 
the  groupoid  structural  maps. 

Claim:  for  every  quasi-conrpact  open  A C R there  exists  an  open  R'  C R such  that 

(1)  A C Rf, 

(2)  R'  is  quasi-compact,  and 

(3)  {U,R',s\R>,t\R>,c\R'Xs  UtR')  is  a groupoid  scheme. 

Note  that  e : U — > R is  open  as  it  is  a section  of  the  etale  morphism  s : R — ► U,  see 
Etale  Morphisms,  Proposition 


40.6.1 


Moreover  U is  affine  hence  quasi-compact. 
Hence  we  may  replace  A by  A\Je(U)  C R , and  assume  that  A contains  e(U).  Next, 
we  define  inductively  A1  = A,  and 

An  = c(An~ 1 xs>u>t  A)cR 

for  n > 2.  Arguing  inductively,  we  see  that  An  is  quasi-compact  for  all  n > 2,  as 
the  image  of  the  quasi-compact  fibre  product  A”-1  xsjjt  A.  If  k is  an  algebraically 
closed  field  over  S,  and  we  consider  fc-points  then 

A"(*o  = ( («,«')  e u{k) : th®re  exis\u  =^U2\: -ru:  e u{k)  Tithl 

[ (Ui,  Ui+i)  G A for  all  i = 1, . . . , n — 1.  J 
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OABT 


OABU 


03K1 


03IM 


But  as  the  fibres  of  U(k)  — > X(k)  have  size  at  most  N we  see  that  if  n > 
N then  we  get  a repeat  in  the  sequence  above,  and  we  can  shorten  it  proving 
AN  = An  for  all  n > N.  This  implies  that  R'  = AN  gives  a groupoid  scheme 
{U,  R' , s\R> ,t\R> ,c\R>Xs  U tR>),  proving  the  claim  above. 

Consider  the  map  of  sheaves  on  (Sch/ S) fppf 

colim^/Cfl  U/R!  — > U/R 


where  R'  C R runs  over  the  quasi-compact  open  subschemes  of  R which  give  etale 
equivalence  relations  as  above.  Each  of  the  quotients  U / R'  is  an  algebraic  space  (see 
Spaces,  Theorem  52.10.5).  Since  R'  is  quasi-compact,  and  U affine  the  morphism 
R'  -A  U Xspec(Z)  U is  quasi-compact,  and  hence  U/R'  is  quasi-separated.  Finally, 
if  T is  a quasi-compact  scheme,  then 


colim r,cRU(T)/R'(T)  — > U{T)/R(T) 


is  a bijection,  since  every  morphism  from  T into  R ends  up  in  one  of  the  open 
subrelations  R!  by  the  claim  above.  This  clearly  implies  that  the  colimit  of  the 
sheaves  U/R'  is  U/R.  In  other  words  the  algebraic  space  X = U /R  is  the  colimit 
of  the  quasi-separated  algebraic  spaces  U/R' . □ 


Lemma  55.6.5.  Let  S be  a scheme.  Let  X , Y be  algebraic  spaces  over  S.  Let 
X -A  Y be  a representable  morphism.  IfY  is  decent  (resp.  reasonable),  then  so  is 


X. 


Proof.  Translation  of  Lemma  155.5.31  □ 

Lemma  55.6.6.  Let  S be  a scheme.  Let  X -A  Y be  an  etale  morphism  of  algebraic 
spaces  over  S.  IfY  is  decent,  resp.  reasonable,  then  so  is  X. 

Proof.  Let  U be  an  affine  scheme  and  U — > X an  etale  morphism.  Set  R = U XxU 
and  R'  = U xy  U . Note  that  R — > R'  is  a monomorphism. 

Let  x £ |X|.  To  show  that  X is  decent,  we  have  to  show  that  the  fibres  of  \U\  -A  |X| 
and  |f?|  -A  |X|  over  x are  finite.  But  if  Y is  decent,  then  the  fibres  of  \U\  — > |F| 
and  |f?'|  -A  \Y\  are  finite.  Hence  the  result  for  “decent”. 

To  show  that  X is  reasonable,  we  have  to  show  that  the  fibres  of  U — i X are 
universally  bounded.  However,  if  Y is  reasonable,  then  the  fibres  of  U — t Y are 
universally  bounded,  which  immediately  implies  the  same  thing  for  the  fibres  of 
U — > X.  Hence  the  result  for  “reasonable”.  □ 


55.7.  Points  and  specializations 


There  exists  an  etale  morphism  of  algebraic  spaces  / : X -A  Y and  a nontrivial 
specializations  between  points  in  a fibre  of  |/|  : |X|  — ► |Y|,  see  Examples,  Lemma 
88.42.1  If  the  source  of  the  morphism  is  a scheme  we  can  avoid  this  by  imposing 


condition  (a)  on  Y . 

Lemma  55.7.1.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
U — ^ X be  an  etale  morphism  from  a scheme  to  X.  Assume  u,u'  £ \U\  map  to 
the  same  point  x of  |X|  , and  u'  u.  If  the  pair  (X,  x)  satisfies  the  equivalent 


conditions  of  Lemma  \ 55.4-2  then  u = u' . 
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Proof.  Assume  the  pair  (A,  x)  satisfies  the  equivalent  conditions  for  Lemma  55.4.2 
Let  U be  a scheme,  U — >•  X etale,  and  let  u,  v!  £ \U\  map  to  x of  |Aj,  and  v!  u. 
We  may  and  do  replace  U by  an  affine  neighbourhood  of  u.  Let  t,s  : R = UxxU  — > 
U be  the  etale  projection  maps. 

Pick  a point  r £ R with  t{r ) = u and  s(r)  = v! . This  is  possible  by  Properties 
of  Spaces,  Lemma  [53.4.5|  Because  generalizations  lift  along  the  etale  morphism  t 
(Remark|55.4.1 ) we  can  find  a specialization  r'  r with  f(r')  = v! . Set  u"  = s(r'). 
Then  u"  u' . Thus  we  may  repeat  and  find  r"  r'  with  t(r”)  = u" . Set 
v!"  = s(r"),  and  so  on.  Here  is  a picture: 


In  Remark  |55.4.1|  we  have  seen  that  there  are  no  specializations  among  points  in 
the  fibres  of  the  etale  morphism  s.  Hence  if  u^n+A  = u ^ for  some  n,  then  also 
r(n)  _ r(n- 1)  ancj  jjguQg  aiso  taking  t ) u ^ This  then  forces  the 

whole  tower  to  collapse,  in  particular  u = u' . Thus  we  see  that  if  u ^ u1 , then 
all  the  specializations  are  strict  and  {u,u',u", . . .}  is  an  infinite  set  of  points  in  U 
which  map  to  the  point  x in  |Aj.  As  we  chose  U affine  this  contradicts  the  second 
part  of  Lemma  |55.4.2|  as  desired.  □ 

03K2  Lemma  55.7.2.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
x,  x’  £ |A|  and  assume  x'  x,  i.e.,  x is  a specialization  of  x' . Assume  the  pair 
(X,x')  satisfies  the  equivalent  conditions  of  Lemma  55.  f.  5 Then  for  every  etale 
morphism  ip  : U -A  X from  a scheme  U and  any  u £ U with  ip(u)  = x,  exists  a 
point  v!  £ U,  v!  u with  p(u')  = x' . 

Proof.  We  may  replace  U by  an  affine  open  neighbourhood  of  u.  Hence  we  may 
assume  that  U is  affine.  As  x is  in  the  image  of  the  open  map  \U\  — ► |Aj,  so  is  x' . 
Thus  we  may  replace  X by  the  Zariski  open  subspace  corresponding  to  the  image 
of  \U\  — > |X|,  see  Properties  of  Spaces,  Lemma  53.4.10  In  other  words  we  may 
assume  that  17  — ► X is  surjective  and  etale.  Let  s,t  : R = U Xx  U — ► 17  be  the 
projections.  By  our  assumption  that  (X,x')  satisfies  the  equivalent  conditions  of 
Lemma  55.4.5  we  see  that  the  fibres  of  \U\  -A  |X|  and  \R\  — > |A'|  over  x'  are  finite. 
Say  {u\, ...  ,u'n}  C U and  {r[, ...  ,r'm}  C R form  the  complete  inverse  image  of 
{a/}.  Consider  the  closed  sets 


T = {u[}  U...U  {<}  C \U\,  r = {r[}  U...U  {r'm } C \R\. 

Trivially  we  have  s(T')  C T.  Because  R is  an  equivalence  relation  we  also  have 
t{Tr)  = s(T')  as  the  set  {r'}  is  invariant  under  the  inverse  of  R by  construction. 
Let  w £ T be  any  point.  Then  it'  w for  some  i.  Choose  r £ R with  s(r)  = w. 
Since  generalizations  lift  along  s : R — » U,  see  Remark  55.4.1  we  can  find  r'  r 
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with  s(r')  = u'j.  Then  r'  = r'  for  some  j and  we  conclude  that  w £ sflT1).  Hence 
T = s(T')  = t{T')  is  an  |i?| -invariant  closed  set  in  \U\.  This  means  T is  the  inverse 
image  of  a closed  (!)  subset  T"  = tp{T)  of  |Aj,  see  Properties  of  Spaces,  Lemmas 
and 


53.4.5 


53.4.6 


Hence  T"  = |x'}.  Thus  T contains  some  point  U\  mapping  to  x 
as  x £ T" . I.e.,  we  see  that  for  some  i there  exists  a specialization  u[  ui  which 
maps  to  the  given  specialization  x'  x. 

To  finish  the  proof,  choose  a point  r £ R such  that  s(r)  = u and  t(r)  = u±  (using 
Properties  of  Spaces,  Lemma  53.4.31.  As  generalizations  lift  along  t,  and  u[  u\ 

Then 

□ 


we  can  find  a specialization  r r such  that  t(r')  = Set  u'  = s(r'). 
u!  u and  <p(u')  = x'  as  desired. 


0B7W  Lemma  55.7.3.  Let  S be  a scheme.  Let  f :Y  — x X be  a flat  morphism  of  algebraic 
spaces  over  S.  Let  x,x'  £ |X|  and  assume  x’  x,  i.e.,  x is  a specialization  of  x' . 
Assume  the  pair  ( X , x')  satisfies  the  equivalent  conditions  of  Lemma  \ 55. f. 5 (for 
example  if  X is  decent,  X is  quasi-separated,  or  X is  representable) . Then  for 
every  y £ |H|  with  f(y)  = x,  there  exists  a point  y'  £ \Y\,  y'  y with  f(y')  = x' . 

Proof.  (The  parenthetical  statement  holds  by  the  definition  of  decent  spaces  and 
the  implications  between  the  different  separation  conditions  mentioned  in  Section 


55.6  ) Choose  a scheme  V and  a surjective  etale  morphism  V — » Y.  Choose  v £ V 


mapping  to  y.  Then  we  see  that  it  suffices  to  prove  the  lemma  for  V -A  X.  Thus 
we  may  assume  Y is  a scheme.  Choose  a scheme  U and  a surjective  etale  morphism 
U — > X.  Choose  u £ U mapping  to  x.  By  Lemma  55.7.2  we  may  choose  u'  u 
mapping  to  x' . By  Properties  of  Spaces,  Lemma  53.4.3  we  may  choose  z £ U x.yF 
mapping  to  y and  u.  Thus  we  reduce  to  the  case  of  the  flat  morphism  of  schemes 
U Xjf  Y — )•  U which  is  Morphisms,  Lemma |28.25.8[  □ 


55.8.  Stratifying  algebraic  spaces  by  schemes 

0A4I  In  this  section  we  prove  that  a quasi-compact  and  quasi-separated  algebraic  space 
has  a finite  stratification  by  locally  closed  subspaces  each  of  which  is  a scheme  and 
such  that  the  glueing  of  the  parts  is  by  elementary  distinguihsed  squares.  We  first 
prove  a slightly  weaker  result  for  reasonable  algebraic  spaces. 

07S8  Lemma  55.8.1.  Let  S be  a scheme.  Let  W — > X be  a morphism  of  a scheme  W 
to  an  algebraic  space  X which  is  flat,  locally  of  finite  presentation,  separated,  locally 
quasi-finite  with  universally  bounded  fibres.  There  exist  reduced  closed  subspaces 

0 = Z_i  C Z0  C Z1  c Z2  C ...  C Zn  = X 

such  that  with  Xr  = Zr\  Zr_i  the  stratification  X = ]J,r_0  n Xr  is  characterized 
by  the  following  universal  property:  Given  g : T -A  X the  projection  W Xj  T — > T 
is  finite  locally  free  of  degree  r if  and  only  if  g(\T\)  C \Xr\. 

Proof.  Let  n be  an  integer  bounding  the  degrees  of  the  fibres  of  W — > X.  Choose 
a scheme  U and  a surjective  etale  morphism  U — > X.  Apply  More  on  Morphisms, 
Lemma [36.31.8| to  W xxU  — ► U.  We  obtain  closed  subsets 

0 = y_i  CY0CY1CY2C  ...cYn  = U 

characterized  by  the  property  stated  in  the  lemma  for  the  morphism  W xxU  — > U. 
Clearly,  the  formation  of  these  closed  subsets  commutes  with  base  change.  Setting 


55.8.  STRATIFYING  ALGEBRAIC  SPACES  BY  SCHEMES 


3687 


R = U xx  U with  projection  maps  s,  t : R — X U we  conclude  that 

s-1(Yr)=t~1(Yr) 

as  closed  subsets  of  R.  In  other  words  the  closed  subsets  Yr  C U are  A-invariant. 
This  means  that  \Yr\  is  the  inverse  image  of  a closed  subset  Zr  C |Aj.  Denote 
Zr  C X also  the  reduced  induced  algebraic  space  structure,  see  Properties  of  Spaces, 
Definition  153.11.61 


Let  g : T — > X be  a morphism  of  algebraic  spaces.  Choose  a scheme  V and  a 
surjective  etale  morphism  V — > T.  To  prove  the  final  assertion  of  the  lemma  it 
suffices  to  prove  the  assertion  for  the  composition  V —X  X (by  our  definition  of 
finite  locally  free  morphisms,  see  Morphisms  of  Spaces,  Section  54.441.  Similarly, 
the  morphism  of  schemes  W X x V — > V is  finite  locally  free  of  degree  r if  and  only 
if  the  morphism  of  schemes 


W xx  ( U xxV)  — >U  xxV 


is  finite  locally  free  of  degree  r (see  Descent,  Lemma  34.19.28).  By  construction 
this  happens  if  and  only  if  \U  x v-  V\  —X  \U I maps  into  IK. I,  which  is  true  if  and  only 
if  |Vj  —¥  |.Xj  maps  into  |Zr|.  □ 


086T  Lemma  55.8.2.  Let  S be  a scheme.  Let  W — X X be  a morphism  of  a scheme  W 
to  an  algebraic  space  X which  is  flat,  locally  of  finite  presentation,  separated,  and 
locally  quasi-finite.  Then  there  exist  open  subspaces 


X = X0  D Xi  D X2  D ■ ■ - 


such  that  a morphism  Spec(fc)  — > X factors  through  Xd  if  and  only  ifW  XxSpec(k) 
has  degree  > d over  k. 


Proof.  Choose  a scheme  U and  a surjective  etale  morphism  U —X  X.  Apply  More 
on  Morphisms,  Lemma  [36.31. 10|  to  W x x U — > [7.  We  obtain  open  subschemes 

U = U0  D Ui  D U2  D . . . 


characterized  by  the  property  stated  in  the  lemma  for  the  morphism  W XxU  —tU. 
Clearly,  the  formation  of  these  closed  subsets  commutes  with  base  change.  Setting 
R = U XxU  with  projection  maps  s,t  : R ^ U we  conclude  that 

s-\ud)  = r1{ud) 


as  open  subschemes  of  R.  In  other  words  the  open  subschemes  Ud  C U are  R- 
invariant.  This  means  that  Ud  is  the  inverse  image  of  an  open  subspace  Xd  C X 
(Properties  of  Spaces,  Lemma  53.11.3).  □ 


OBBN  Lemma  55.8.3.  Let  S be  a scheme.  Let  X be  a quasi-compact  algebraic  space 
over  S.  There  exist  open  subspaces 


. . . C Ui  C U3  c U2  C Ui  = X 


with  the  following  properties: 

(1)  setting  Tp  = Up\  f7p+i  (with  reduced  induced  subspace  structure)  there 
exists  a separated  scheme  Vp  and  a surjective  etale  morphism  fp'.Vp^>-Uv 
such  that  /p_1(Tp)  — > Tp  is  an  isomorphism, 

(2)  if  x £ \X\  can  be  represented  by  a quasi-compact  morphism  Spec(fc)  —X  X 
from  a field,  then  x £ Tp  for  some  p. 


55.8.  STRATIFYING  ALGEBRAIC  SPACES  BY  SCHEMES 


3688 


Proof.  By  Properties  of  Spaces,  Lemma  [53.6.3|  we  can  choose  an  affine  scheme  U 
and  a surjective  etale  morphism  U — > A.  For  p > 0 set 

Wp  = U x x . . . x x U \ all  diagonals 

where  the  fibre  product  has  p factors.  Since  U is  separated,  the  morphism  U — > X 
is  separated  and  all  fibre  products  U xx  ■ x,Y  U are  separated  schemes.  Since 
U — > A is  separated  the  diagonal  U — > U xxU  \s  & closed  immersion.  Since  U — > X 
is  etale  the  diagonal  U — > U x x U is  an  open  immersion,  see  Morphisms  of  Spaces, 
Lemmas  |54. 38.10]  and  |54.37.9|  Similarly,  all  the  diagonal  morphisms  are  open  and 
closed  immersions  and  Wp  is  an  open  and  closed  subscheme  of  U x x ■ ■ • xY  U. 
Moreover,  the  morphism 


U xx  ■ ■ ■ x.y  U — > U xSpec(Z)  . . . xSpec(Z)  U 


is  locally  quasi-finite  and  separated  (Morphisms  of  Spaces,  Lemma  54.4.5)  and  its 


target  is  an  affine  scheme.  Hence  every  finite  set  of  points  of  U X\  ■ ■ • x x U is 


contained  in  an  affine  open,  see  More  on  Morphisms,  Lemma  36.31.12  Therefore, 
the  same  is  true  for  Wp.  There  is  a free  action  of  the  symmetric  group  Sp  on  Wp 
over  A (because  we  threw  out  the  fix  point  locus  from  U Xx  ■ ■ ■ Xx  U).  By  the 
above  and  Properties  of  Spaces,  Proposition  53.13.1  the  quotient  Vp  = Wp/Sp  is  a 


scheme.  Since  the  action  of  Sp  on  Wp  was  over  X,  there  is  a morphism  Vp  -A  X. 
Since  Wp  -A  X is  etale  and  since  Wp  — > Vp  is  surjective  etale,  it  follows  that  also 


X is  etale,  see  Properties  of  Spaces,  Lemma  53.15.3 


separated  scheme  by  Properties  of  Spaces,  Lemma  [53. 13.3 


Observe  that  Ip  is  a 


We  let  Up  C A'  be  the  open  subspace  which  is  the  image  of  Vp  — > X.  By  construction 
a morphism  Spec (k)  -A  X with  k algebraically  closed,  factors  through  Up  if  and 
only  if  C/  x x Spec(fc)  has  > p points;  as  usual  observe  that  U Xx  Spec (k)  is  scheme 
theoretically  a disjoint  union  of  (possibly  infinitely  many)  copies  of  Spec(fc),  see 


Remark  55.4.1  It  follows  that  the  Up  give  a filtration  of  X as  stated  in  the  lemma. 


Moreover,  our  morphism  Spec(fc)  —>•  X factors  through  Tp  if  and  only  if  U Xx 
Spec(fc)  has  exactly  p points.  In  this  case  we  see  that  Vp  Xx  Spec (k)  has  exactly 
one  point.  Set  Zp  = /J71(Tp)  C Vp.  This  is  a closed  subscheme  of  Vp.  Then  Zp  -A-  Tp 
is  an  etale  morphism  between  algebraic  spaces  which  induces  a bijection  on  fc-valued 
points  for  any  algebraically  closed  field  k.  To  be  sure  this  implies  that  Zp  — > Tp  is 
universally  injective,  whence  an  open  immersion  by  Morphisms  of  Spaces,  Lemma 


54.48.2  hence  an  isomorphism  and  (1)  has  been  proved. 

Let  x : Spec(fc)  -A  A be  a quasi-compact  morphism  where  k is  a field.  Then 
the  composition  Spec(fc)  -A  Spec(fc)  -A  X is  quasi-compact  as  well  (Morphisms  of 


Spaces,  Lemma  54.8.4).  In  this  case  the  scheme  U Xx  Spec(fc)  is  quasi-conrpact. 


In  view  of  the  fact  (seen  above)  that  it  is  a disjoint  union  of  copies  of  Spec(fc)  we 
find  that  it  has  finitely  many  points.  If  the  number  of  points  is  p,  then  we  see  that 
indeed  x £ Tp  and  the  proof  is  finished.  □ 

07S9  Lemma  55.8.4.  Let  S be  a scheme.  Let  X be  a quasi- compact,  reasonable  alge- 
braic space  over  S.  There  exist  an  integer  n and  open  subspaces 

0 = Un+ 1 C Un  C Un—  i C . . . C C/i  = A 


with  the  following  property:  setting  Tp  = Up\  I/p+i  (with  reduced  induced  subspace 
structure)  there  exists  a separated  scheme  Vp  and  a surjective  etale  morphism  fp  : 
Vp  — ^ Up  such  that  /~1(Tp)  -A  Tp  is  an  isomorphism. 
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07SA 


07ST 


06NN 

03JI 


Proof.  The  proof  of  this  lemma  is  identical  to  the  proof  of  Lemma  |55.8.3|  Let 
n be  an  integer  bounding  the  degrees  of  the  fibres  of  U X which  exists  as  X 
is  reasonable,  see  Definition  55.6.1  Then  we  see  that  Un+  ± = 0 and  the  proof  is 
complete.  □ 


Lemma  55.8.5.  Let  S be  a scheme.  Let  X be  a quasi-compact , reasonable  alge- 
braic space  over  S.  There  exist  an  integer  n and  open  subspaces 

0 = Un+ 1 C Un  C Un— i C...Cf/i=I 

such  that  each  Tp  = UP\UP+ 1 (with  reduced  induced  subspace  structure)  is  a scheme. 


Proof.  Immediate  consequence  of  Lemma  55.8.4 


□ 


The  following  result  is  almost  identical  to  IGR71I  Proposition  5.7.8]. 

Lemma  55.8.6.  Let  X be  a quasi-compact  and  quasi-separated  algebraic  space 
over  Spec(Z).  There  exist  an  integer  n and  open  subspaces 


0 = Un+ 1 cUn  C Un- 1 C ...  C Ui  = X 


with  the  following  property:  setting  Tp  = Up\  Up+±  (with  reduced  induced  subspace 
structure)  there  exists  a quasi-compact  separated  scheme  Vp  and  a surjective  etale 
morphism  fp:Vp-+Up  such  that  fp{Tp)  — > Tp  is  an  isomorphism. 


Proof.  The  proof  of  this  lemma  is  identical  to  the  proof  of  Lemma [55.8. 3|  Observe 
that  a quasi-separated  space  is  reasonable,  see  Lemma|55.5.1|and  Definition  |55. 6.  lj 
Hence  we  find  that  Un+i  = 0 as  in  Lemma  55.8.4  At  the  end  of  the  argument  we 
add  that  since  X is  quasi-separated  the  schemes  Uxx-  ■ ■ XxU  are  all  quasi-compact. 
Hence  the  schemes  Wp  are  quasi-compact.  Hence  the  schemes  Vp  = Wp/Sp  are 
quasi-compact.  □ 


This  result  is  almost 
identical  to  jGR7U 
Proposition  5.7.8]. 


55.9.  Schematic  locus 


In  this  section  we  prove  that  a decent  algebraic  space  has  a dense  open  subspace 
which  is  a scheme.  We  first  prove  this  for  reasonable  algebraic  spaces. 

Proposition  55.9.1.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . If 
X is  reasonable,  then  there  exists  a dense  open  subspace  of  X which  is  a scheme. 


Proof.  By  Properties  of  Spaces,  Lemma  53.12.1  the  question  is  local  on  X.  Hence 
we  may  assume  there  exists  an  affine  scheme  U and  a surjective  etale  morphism 
U — > X (Properties  of  Spaces,  Lemma  53.6.1).  Let  n be  an  integer  bounding  the 
degrees  of  the  fibres  of  U — > X which  exists  as  X is  reasonable,  see  Definition 
|55.6.1|  We  will  argue  by  induction  on  n that  whenever 


(1)  U — > X is  a surjective  etale  morphism  whose  fibres  have  degree  < n,  and 

(2)  U is  isomorphic  to  a locally  closed  subscheme  of  an  affine  scheme 


then  the  schematic  locus  is  dense  in  X. 


Let  Xn  C X be  the  open  subspace  which  is  the  complement  of  the  closed  subspace 
Zn- 1 C X constructed  in  Lemma  55.8.1  using  the  morphism  U — > X.  Let  Un  C U 
be  the  inverse  image  of  Xn.  Then  Un  — > Xn  is  finite  locally  free  of  degree  n.  Hence 
Xn  is  a scheme  by  Properties  of  Spaces,  Proposition  53.13.1  (and  the  fact  that  any 
finite  set  of  points  of  Un  is  contained  in  an  affine  open  of  Un,  see  Properties,  Lemma 
27.29.5). 
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Let  X'  C X be  the  open  subspace  such  that  \X'\  is  the  interior  of  |Zn_i|  in  |A| 
(see  Topology,  Definition  5.20.1 ).  Let  U'  C U be  the  inverse  image.  Then  U'  X' 
is  surjective  etale  and  has  degrees  of  fibres  bounded  by  n — 1.  By  induction  we  see 
that  the  schematic  locus  of  X'  is  an  open  dense  X"  C X' . By  elementary  topology 
we  see  that  X"  U Xn  C X is  open  and  dense  and  we  win.  □ 


086U  Theorem  55.9.2  (David  Rydh).  Let  S be  a scheme.  Let  X be  an  algebraic  space 
over  S . If  X is  decent,  then  there  exists  a dense  open  subspace  of  X which  is  a 
scheme. 


Proof.  Assume  X is  a decent  algebraic  space  for  which  the  theorem  is  false.  By 
Properties  of  Spaces,  Lemma  53.12.1  there  exists  a largest  open  subspace  X'  c X 
which  is  a scheme.  Since  X'  is  not  dense  in  X , there  exists  an  open  subspace 
X"  C X such  that  \X"\  D \X'\  = 0.  Replacing  X by  X"  we  get  a nonempty  decent 
algebraic  space  X which  does  not  contain  any  open  subspace  which  is  a scheme. 


Choose  a nonempty  affine  scheme  U and  an  etale  morphism  U — > X.  We  may  and 
do  replace  X by  the  open  subscheme  corresponding  to  the  image  of  \U\  -A  A|. 
Consider  the  sequence  of  open  subspaces 


X = X0  D X1  D X2  ■ ■ ■ 

constructed  in  Lemma  [55.8.2|  for  the  morphism  U — > X.  Note  that  Xq  = X\  as 
U — > X is  surjective.  Let  U = Uq  = U\  D U2  . . . be  the  induced  sequence  of  open 
subschemes  of  U . 


Choose  a nonempty  open  affine  Vi  C U±  (for  example  Vj  = Ui).  By  induction  we 
will  construct  a sequence  of  nonempty  affine  opens  V\  D V2  D . . . with  Vn  C Un. 
Namely,  having  constructed  Vi, . . . , Vn-\  we  can  always  choose  Vn  unless  Vn-i  fl 
Un  = 0.  But  if  Vn_i  fl  Un  = 0,  then  the  open  subspace  X'  C X with  \X'\  = 
Im(|Vra_1|  — > |A|)  is  contained  in  |A|\|X„|.  Hence  Vn-i  -A  X'  is  an  etale  morphism 
whose  fibres  have  degree  bounded  by  n — 1.  In  other  words,  X'  is  reasonable  (by 


definition),  hence  X'  contains  a nonempty  open  subscheme  by  Proposition  55.9.1 
This  is  a contradiction  which  shows  that  we  can  pick  Vn. 


By  Limits,  Lemma  |31.3.4|  the  limit  I^o  = lim  Vn  is  a nonempty  scheme.  Pick  a 
morphism  Spec(fc)  -A  Vx.  The  composition  Spec (k)  — >■  — ► U — > X has  image 

contained  in  all  Xd  by  construction.  In  other  words,  the  fibred  U x x Spec(/c)  has 
infinite  degree  which  contradicts  the  definition  of  a decent  space.  This  contradiction 
finishes  the  proof  of  the  theorem.  □ 


OBAl  Lemma  55.9.3.  Let  S be  a scheme.  Let  X — > Y be  a surjective  finite  locally  free 
morphism  of  algebraic  spaces  over  S . For  y £ |T|  the  following  are  equivalent 

(1)  y is  in  the  schematic  locus  ofY,  and 

(2)  there  exists  an  affine  open  U C X containing  the  preimage  of  y. 


Proof.  If  y £ Y is  in  the  schematic  locus,  then  it  has  an  affine  open  neighbourhood 
V C Y and  the  inverse  image  U of  V in  X is  an  open  finite  over  V , hence  affine. 
Thus  (1)  implies  (2). 

Conversely,  assume  that  U C X as  in  (2)  is  given.  Set  R = X Xy  X and  denote  the 
projections  s,t  : R — )•  X . Consider  Z = I?\s_1(/7)nt_1(17).  This  is  a closed  subset 
of  R.  The  image  t{Z)  is  a closed  subset  of  X which  can  loosely  be  described  as  the 
set  of  points  of  X which  are  .^-equivalent  to  a point  of  X \ U . Hence  U'  = X\t{Z) 
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is  an  i?-invariant,  open  subspace  of  X contained  in  U which  contains  the  fibre  of 
X — >■  Y over  y.  Since  X — ► Y is  open  (Morphisms  of  Spaces,  Lemma  54.29.6)  the 


image  of  U'  is  an  open  subspace  V'  C Y.  Since  U'  is  17-invariant  and  R = X Xy  X , 


we  see  that  U'  is  the  inverse  image  of  V'  (use  Properties  of  Spaces,  Lemma  53.4.3 ). 


After  replacing  Y by  V'  and  A'  by  U'  we  see  that  we  may  assume  X is  a scheme 
isomorphic  to  an  open  subscheme  of  an  affine  scheme. 

Assume  X is  a scheme  isomorphic  to  an  open  subscheme  of  an  affine  scheme.  In  this 
case  the  fppf  quotient  sheaf  X/R  is  a scheme,  see  Properties  of  Spaces,  Proposition 
53.13.1  Since  Y is  a sheaf  in  the  fppf  topology,  obtain  a canonical  map  X/R  — ► Y 
factoring  X -A  Y.  Since  X — > Y is  surjective  finite  locally  free,  it  is  surjective  as  a 
map  of  sheaves  (Spaces,  Lemma  52.5.9).  We  conclude  that  X/R  — > Y is  surjective 


as  a map  of  sheaves.  On  the  other  hand,  since  R = X Xy  X as  sheaves  we  conclude 
that  X/R  — > Y is  injective  as  a map  of  sheaves.  Hence  X/R  — > Y is  an  isomorphism 
and  we  see  that  Y is  representable.  □ 


At  this  point  we  have  several  different  ways  for  proving  the  following  lemma. 

06NG  Lemma  55.9.4.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . If  there 
exists  a finite,  etale,  surjective  morphism  U —t  X where  U is  a scheme,  then  there 
exists  a dense  open  subspace  of  X which  is  a scheme. 


First  proof.  The  morphism  U — ► X is  finite  locally  free.  Hence  there  is  a decom- 
position of  X into  open  and  closed  subspaces  Xj  C X such  that  U x x A^  — t A is 
finite  locally  free  of  degree  d.  Thus  we  may  assume  U — > X is  finite  locally  free  of 
degree  d.  In  this  case,  let  Ui  C U,  i £ I be  the  set  of  affine  opens.  For  each  i the 
morphism  Ui  — » X is  etale  and  has  universally  bounded  fibres  (namely,  bounded 
by  d).  In  other  words,  X is  reasonable  and  the  result  follows  from  Proposition 
[55701  □ 


Second  proof.  The  question  is  local  on  X (Properties  of  Spaces,  Lemma  53.12.1 ), 
hence  may  assume  A'  is  quasi-compact.  Then  U is  quasi-compact.  Then  there  exists 
a dense  open  subscheme  W C U which  is  separated  (Properties,  Lemma [27.29.3 1. 
Set  Z = U\  W.  Let  R = U Xx  U and  s,t  : R — » U the  projections.  Then  t~L(Z) 
is  nowhere  dense  in  R (Topology,  Lemma  5.20.6)  and  hence  A = s(t~1(Z))  is  an 
A-invariant  closed  nowhere  dense  subset  of  U (Morphisms,  Lemma  28.45.7).  Let 
u £ U \ A be  a generic  point  of  an  irreducible  component.  Since  these  points  are 
dense  in  U \ A and  since  A is  nowhere  dense,  it  suffices  to  show  that  the  image 
x £ X of  u is  in  the  schematic  locus  of  A'.  Observe  that  f(s-1  ({«}))  C W is  a finite 
set  of  generic  points  of  irreducible  components  of  W (compare  with  Properties  of 
Spaces,  Lemma  53.10.1).  By  Properties,  Lemma  27.29.1  we  can  find  an  affine  open 
V C W such  that  t(s_i({u}))  C V.  Since  f(s-1({u}))  is  the  fibre  of  \U\  — »■  |A|  over 
x,  we  conclude  by  Lemma|55.9.3  □ 


Third  proof.  (This  proof  is  essentially  the  same  as  the  second  proof,  but  uses 
fewer  references.)  Assume  X is  an  algebraic  space,  U a scheme,  and  U — > X is 
a finite  etale  surjective  morphism.  Write  R = U xx  U and  denote  s,t  : R —>  U 
the  projections  as  usual.  Note  that  s,t  are  surjective,  finite  and  etale.  Claim:  The 
union  of  the  i?-invariant  affine  opens  of  U is  topologically  dense  in  U. 

Proof  of  the  claim.  Let  W C U be  an  affine  open.  Set  W'  = t(s~1(lF))  C U.  Since 
s~1{W)  is  affine  (hence  quasi-compact)  we  see  that  W'  C U is  a quasi-compact 
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open.  By  Properties,  Lemma  27.29.3  there  exists  a dense  open  W"  C W'  which 
is  a separated  scheme.  Set  A'  = W'  \ W" . This  is  a nowhere  dense  closed  subset 
of  W" . Since  t\a~nw)  : s~1{W)  — » W'  is  open  (because  it  is  etale)  we  see  that 
the  inverse  image  (f|s-i(W/))~1(A')  C s_1(fU)  is  a nowhere  dense  closed  subset  (see 


Topology,  Lemma  5.20.6).  Hence,  by  Morphisms,  Lemma  28.45.7  we  see  that 

A = s ((t|s-i(viv))— 1 (A')) 

is  a nowhere  dense  closed  subset  of  W.  Pick  any  point  rj  £ W,  r/  ^ A which  is  a 
generic  point  of  an  irreducible  component  of  W (and  hence  of  U).  By  our  choices 
above  the  finite  set  i(s_1({^}))  = {rj i, . . . , r]n}  is  contained  in  the  separated  scheme 
W" . Note  that  the  fibres  of  s is  are  finite  discrete  spaces,  and  that  generalizations 
lift  along  the  etale  morphism  t,  see  Morphisms,  Lemmas  28.36. 12|  and  |28.25.8|  In 
this  way  we  see  that  each  77^  is  a generic  point  of  an  irreducible  component  of  W" . 
Thus,  by  Properties,  Lemma  27.29.1  we  can  find  an  affine  open  V C W"  such  that 
{771 , . . . ,rjn}  C V.  By  Groupoids,  Lemma  38.24.1  this  implies  that  ij  is  contained 


in  an  i?-invariant  affine  open  subscheme  of  U.  The  claim  follows  as  W was  chosen 
as  an  arbitrary  affine  open  of  U and  because  the  set  of  generic  points  of  irreducible 
components  of  W \ A is  dense  in  W. 

Using  the  claim  we  can  finish  the  proof.  Namely,  if  W C U is  an  i?-invariant  affine 
open,  then  the  restriction  Rw  of  R to  W equals  Rw  = s~1{W)  = t~1(W)  (see 


Groupoids,  Definition  38.19.1  and  discussion  following  it).  In  particular  the  maps 
Rw  — ► W are  finite  etale  also.  It  follows  in  particular  that  Rw  is  affine.  Thus 
we  see  that  W/Rw  is  a scheme,  by  Groupoids,  Proposition  38.23.8  On  the  other 


hand,  W/Rw  is  an  open  subspace  of  X by  Spaces,  Lemma  52.10.2  Hence  having  a 
dense  collection  of  points  contained  in  i?-invariant  affine  open  of  U certainly  implies 


that  the  schematic  locus  of  X (see  Properties  of  Spaces,  Lemma  53.12.1)  is  open 
dense  in  A.  □ 
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In  this  section  we  prove  some  properties  of  points  on  decent  algebraic  spaces. 

Lemma  55.10.1.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Consider 
the  map 

{Spec(fc)  — ► X monomorphism } — ► |X| 

This  map  is  always  injective.  If  X is  decent  then  this  map  is  a bijection. 


Proof.  We  have  seen  in  Properties  of  Spaces,  Lemma  53.4. 11|  that  the  map  is  an 
injection  in  general.  By  Lemma  55.5.1  it  is  surjective  when  X is  decent  (actually 
one  can  say  this  is  part  of  the  definition  of  being  decent).  □ 


The  following  lemma  tells  us  that  the  henselian  local  ring  of  a point  on  a decent 
algebraic  space  is  defined. 

OBBP  Lemma  55.10.2.  Let  S be  a scheme.  Let  X be  a decent  algebraic  space  over  S . 
For  every  point  x £ \X\  there  exists  an  etale  morphism 

(U,u)  — > (X,  x) 

where  U is  an  affine  scheme,  u is  the  only  point  of  U lying  over  x,  and  the  induced 
morphism  Spec(fc(u))  — t X is  a monomorphism. 
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Proof.  We  may  assume  that  X is  quasi-compact  by  replacing  X with  a quasi- 
compact open  containing  x.  Recall  that  x can  be  represented  by  a quasi-compact 
(mono)morphism  from  the  spectrum  a field  (by  definition  of  decent  spaces).  Thus 
the  lemma  follows  from  Lemmal55.8.3l  □ 

Definition  55.10.3.  Let  S'  be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
i € X be  a point.  An  elementary  etale  neighbourhood  is  an  etale  morphism  (17,  u)  — > 
( X , x)  where  U is  a scheme,  u £ U is  a point  mapping  to  x,  and  Spec(«:(w))  — » X is  a 
monomorphism.  A morphism  of  elementary  etale  neighbourhoods  ( U,u ) — >■  ( [U',u ') 
is  defined  as  a morphism  U — > U’  over  X mapping  u to  u'. 


If  X is  not  decent  then  the  category  of  elementary  etale  neighbourhoods  may  be 
empty. 


Lemma  55.10.4.  Let  S be  a scheme.  Let  X be  a decent  algebraic  space  over  S . 
Let  x be  a point  of  X.  The  category  of  elementary  etale  neighborhoods  of  (X,x)  is 
cofiltered  (see  Categories,  Definition  4-20.1). 


Proof.  The  category  is  nonempty  by  Lemma  [55.10.2  Suppose  that  we  have  two 
elementary  etale  neighbourhoods  ( Ui,Ui ) — > (X,x).  Then  consider  U = U\  Y-x  U2- 
Since  Spec (n(ui))  X,  i = 1,2  are  both  monomorphisms  in  the  class  of  x,  we  see 

that 

u = Spec(/c(ui))  x y Spec(K(rt2)) 


is  the  spectrum  of  a field  k(u)  such  that  the  induced  maps  n(ui)  — » k(u)  are 
isomorphisms.  Then  u — > U is  a point  of  U and  we  see  that  ( U , u ) — > ( X , x)  is  an 
elementary  etale  neighbourhood  dominating  ( Ui,Ui ).  If  a,  b : (Ui,ui)  — >•  (1/2,112) 
are  two  morphisms  between  our  elementary  etale  neighbourhoods,  then  we  consider 
the  scheme 


U = U\  Y(a,b),(U2xxU2), a U2 

Using  Properties  of  Spaces,  Lemma [53. 15.6|  we  see  that  17  -A  X is  etale.  Moreover, 
in  exactly  the  same  manner  as  before  we  see  that  U has  a point  u such  that  (17,  u ) — ► 
(X,  x)  is  an  elementary  etale  neighbourhood.  Finally,  C7  — >•  17i  equalizes  a and  b 
and  the  proof  is  finished.  □ 


Definition  55.10.5.  Let  S'  be  a scheme.  Let  A'  be  a decent  algebraic  space  over 
S.  Let  x £ |A|.  The  henselian  local  ring  of  X at  x , is 

OxtX  = colimr(17,  Ojj) 

where  the  colimit  is  over  the  elementary  etale  neighbourhoods  (17,  u)  — > (X,x). 


To  be  sure,  the  henselian  local  ring  of  A'  at  x is  equal  to  the  henselization  Ojju  of 
the  local  ring  Ojj,u  of  any  elementary  etale  neighbourhood.  This  follows  from  the 
definition,  Lemma  55.10.4|  and  More  on  Morphisms,  Lemma  36.27.5 


The  following  lemma  shows  that  specialization  of  points  behaves  well  on  decent 
algebraic  spaces.  Spaces,  Example  52. 14. 9| shows  that  this  is  not  true  in  general. 


Lemma  55.10.6.  Let  S be  a scheme.  Let  X be  a decent  algebraic  space  over  S . 
Let  U — > X be  an  etale  morphism  from  a scheme  to  X.  If  u,v!  £ \U\  map  to  the 
same  point  of  \X\,  and  v!  u,  then  u = u! . 


Proof.  Combine  Lemmas  155.5.11  and  155. 7.11 


□ 
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Lemma  55.10.7.  Let  S be  a scheme.  Let  X be  a decent  algebraic  space  over  S . 
Let  x,x'  £ |A|  and  assume  x'  x,  i.e.,  x is  a specialization  of  x' . Then  for  every 
etale  morphism  tp  : U — ► X from  a scheme  U and  any  u £ U with  p(u)  = x,  exists 
a point  u'  £ U , v!  u with  = x' . 

Proof.  Combine  Lemmas  155.5.11  and  155.7.21  □ 


Lemma  55.10.8.  Let  S be  a scheme.  Let  X be  a decent  algebraic  space  over  S . 


Then  |A'|  is  Kolmogorov  (see  Topology,  Definition  5.7.4). 


Proof.  Let  x±,  X2  £ | A|  with  X\  X2  and  X2 
Pick  a scheme  U and  an  etale  morphism  U — 


X\.  We  have  to  show  that  x\  = X2- 
X such  that  X\,X2  are  both  in  the 
image  of  | L/|  — > |A|.  By  Lemma  55.10.7  we  can  find  a specialization  u±  U2  in  U 
mapping  to  Xi  X2-  By  Lemma  55.10.7  we  can  find  u'2  U\  mapping  to  X2  X\. 


This  means  that  u'2  1x2  is  a specialization  between  points  of  U mapping  to  the 

same  point  of  X , namely  X2-  This  is  not  possible,  unless  u'2  = 112 , see  Lemma 
|55.10.6|  Hence  also  u\  = 112  as  desired.  □ 

Proposition  55.10.9.  Let  S be  a scheme.  Let  X be  a decent  algebraic  space  over 


S.  Then  the  topological  space  |A|  is  sober  (see  Topology,  Definition  5.7.4). 


Proof.  We  have  seen  in  Lemma [55. 10. 8 that  |A|  is  Kolmogorov.  Hence  it  remains 
to  show  that  every  irreducible  closed  subset  T C A has  a generic  point.  By 
Properties  of  Spaces,  Lemma  53.11.4  there  exists  a closed  subspace  Z C X with 
\Z\  = |T|.  By  definition  this  means  that  Z — >•  X is  a representable  morphism 
of  algebraic  spaces.  Hence  Z is  a decent  algebraic  space  by  Lemma  |55.5.3|  By 


Theorem  55.9.2  we  see  that  there  exists  an  open  dense  subspace  Z'  C Z which  is  a 


scheme.  This  means  that  \Z'\  C T is  open  dense.  Hence  the  topological  space  \Z'\ 
is  irreducible,  which  means  that  Z'  is  an  irreducible  scheme.  By  Schemes,  Lemma 


25.11.1  we  conclude  that  \Z'\  is  the  closure  of  a single  point  p £ T and  hence  also 
T = {77},  and  we  win.  □ 


For  decent  algebraic  spaces  dimension  works  as  expected. 

Lemma  55.10.10.  Let  S be  a scheme.  Dimension  as  defined  in  Properties  of 
Spaces,  Section  \53.  <S|  behaves  well  on  decent  algebraic  spaces  X over  S. 

(1)  If  x £ |A'|,  then  dimx(|A’|)  = dirn^AT),  and 

(2)  dim(|A|)  = dim(A). 


Proof.  Proof  of  (1).  Choose  a scheme  U with  a point  u £ U and  an  etale  morphism 
h : U X mapping  u to  x.  By  definition  the  dimension  of  X at  x is  dimu(|f/|). 
Thus  we  may  pick  U such  that  dinx^A)  = dim(|/7|).  Let  d be  an  integer.  If 
dim(f7)  > d,  then  there  exists  a sequence  of  nontrivial  specializations  uj  rto 

in  U.  Taking  the  image  we  find  a corresponding  sequence  h(ud)  h(uo) 

each  of  which  is  nontrivial  by  Lemma  55.10.6  Hence  we  see  that  the  image  of  \U\  in 
| A | has  dimension  at  least  d.  Conversely,  suppose  that  Xd  Xq  is  a sequence 

of  specializations  in  |A|  with  Xq  in  the  image  of  \U\  — > |A'|.  Then  we  can  lift  this 
to  a sequence  of  specializations  in  U by  Lemma [55. 10. 7[ 


Part  (2)  is  an  immediate  consequence  of  part  (1),  Topology,  Lemma  5.9.2 
Properties  of  Spaces,  Section  [53. 8[ 


and 

□ 
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Lemma  55.10.11.  Let  S be  a scheme.  Let  X — >•  Y be  a locally  quasi-finite 
morphism  of  algebraic  spaces  over  S.  Let  x £ |X|  with  image  y £ |Y|.  Then  the 
dimension  of  the  local  ring  of  Y at  y is  > to  the  dimension  of  the  local  ring  of  X 
at  x. 


Proof.  The  definition  of  the  dimension  of  the  local  ring  of  a point  on  an  algebraic 
space  is  given  in  Properties  of  Spaces,  Definition  53.9.2  Choose  an  etale  morphism 
(V,  v)  -A  (Y,  y)  where  V is  a scheme.  Choose  an  etale  morphism  U — > V Xy  X and 
a point  u £ U mapping  to  £ £ |A|  and  v £ V.  Then  U — > V is  locally  quasi-finite 
and  we  have  to  prove  that 

dim(0v>)  > dim (Ou,u) 

This  is  Algebra,  Lemma  10.124.4|  □ 


The  following  lemma  is  a tiny  bit  stronger  than  Properties  of  Spaces,  Lemma 
|53.14.3|  We  will  improve  this  lemma  in  Lemma [55. 12. 2| 

Lemma  55.10.12.  Let  S be  a scheme.  Let  k be  a field.  Let  X be  an  algebraic  space 
over  S and  assume  that  there  exists  a surjective  etale  morphism  Spec (k)  — > X . If 
X is  decent , then  X = Spec [k')  where  k'  C k is  a finite  separable  extension. 


Proof.  The  assumption  implies  that  |X|  = {re}  is  a singleton.  Since  X is  decent 
we  can  find  a quasi-compact  monomorphism  Spec(fc/)  — ► X whose  image  is  x.  Then 
the  projection  U = Spec(fc')  x_y  Spec(fc)  — > Spec(fc)  is  a monomorphism,  whence 
U = Spec  (A;),  see  Schemes,  Lemma  25.23.10  Hence  the  projection  Spec(fc)  = U — > 
Spec {k')  is  etale  and  we  win.  □ 


55.11.  Reduced  singleton  spaces 

A singleton  space  is  an  algebraic  space  X such  that  \X\  is  a singleton.  It  turns 
out  that  these  can  be  more  interesting  than  just  being  the  spectrum  of  a field,  see 
Spaces,  Example  |52.14.7  We  develop  a tiny  bit  of  machinery  to  be  able  to  talk 
about  these. 


Lemma  55.11.1.  Let  S be  a scheme.  Let  Z be  an  algebraic  space  over  S . Let  k be  a 
field  and  let  Spec(fc)  — ► Z be  surjective  and  flat.  Then  any  morphism  Spec(fc')  — > Z 
where  k'  is  a field  is  surjective  and  flat. 

Proof.  Consider  the  fibre  square 

T 3-  Spec(fc) 


Spec(fc') s-  Z 


Note  that  T — » Spec(fc')  is  flat  and  surjective  hence  T is  not  empty.  On  the  other 
hand  T — > Spec (k)  is  flat  as  k is  a field.  Hence  T — > Z is  flat  and  surjective.  It 
follows  from  Morphisms  of  Spaces,  Lemma  54.30.5  that  Spec(A/)  — ► Z is  flat.  It  is 
surjective  as  by  assumption  \Z\  is  a singleton.  □ 


Lemma  55.11.2.  Let  S be  a scheme.  Let  Z be  an  algebraic  space  over  S.  The 
following  are  equivalent 

(1)  Z is  reduced  and  \Z\  is  a singleton, 
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(2)  there  exists  a surjective  flat  morphism  Spec(fc)  —¥  Z where  k is  a field, 
and 

(3)  there  exists  a locally  of  finite  type,  surjective,  flat  morphism  Spec (fc)  — > Z 
where  k is  a field. 


Proof.  Assume  (1).  Let  W be  a scheme  and  let  W — > Z be  a surjective  etale 
morphism.  Then  IT  is  a reduced  scheme.  Let  r)  £ W be  a generic  point  of  an  irre- 
ducible component  of  W.  Since  IT  is  reduced  we  have  Ow^  = «(??)■  It  follows  that 
the  canonical  morphism  r]  = Spec [k(t]))  -A  IT  is  flat.  We  see  that  the  composition 
r)  — > Z is  flat  (see  Morphisms  of  Spaces,  Lemma  54.29.3).  It  is  also  surjective  as 
\Z\  is  a singleton.  In  other  words  (2)  holds. 

Assume  (2).  Let  IT  be  a scheme  and  let  IT  -A  Z be  a surjective  etale  morphism. 
Choose  a field  k and  a surjective  flat  morphism  Spec(fc)  — > Z.  Then  W Xz  Spec (k) 
is  a scheme  etale  over  k.  Hence  IT  Xz  Spec(fc)  is  a disjoint  union  of  spectra  of  fields 
(see  Remark  55.4.1 ),  in  particular  reduced.  Since  W xz  Spec (k)  — > W is  surjective 


and  flat  we  conclude  that  IT  is  reduced  (Descent,  Lemma  34.15.1 ).  In  other  words 
(1)  holds. 

It  is  clear  that  (3)  implies  (2).  Finally,  assume  (2).  Pick  a nonempty  affine  scheme 
IT  and  an  etale  morphism  W —>  Z.  Pick  a closed  point  w £ W and  set  k = k(w). 
The  composition 

Spec(fc)  -14  IT  — » Z 


is  locally  of  finite  type  by  Morphisms  of  Spaces,  Lemmas  54.23.2  and  54.38.9  It  is 
also  flat  and  surjective  by  Lemma  55.11.1  Hence  (3)  holds.  □ 


The  following  lemma  singles  out  a slightly  better  class  of  singleton  algebraic  spaces 
than  the  preceding  lemma. 

06QX  Lemma  55.11.3.  Let  S be  a scheme.  Let  Z be  an  algebraic  space  over  S.  The 
following  are  equivalent 

(1)  Z is  reduced,  locally  Noetherian,  and  \Z\  is  a singleton,  and 

(2)  there  exists  a locally  finitely  presented,  surjective,  flat  morphism  Spec(fc)  — * 
Z where  k is  a field. 


Proof.  Assume  (2)  holds.  By  Lemma  55.11.2  we  see  that  Z is  reduced  and  \Z\  is 
a singleton.  Let  IT  be  a scheme  and  let  IT  — >•  Z be  a surjective  etale  morphism. 
Choose  a field  k and  a locally  finitely  presented,  surjective,  flat  morphism  Spec (k)  — ► 
Z.  Then  IT  x^Spec(fc)  is  a scheme  etale  over  k,  hence  a disjoint  union  of  spectra  of 
fields  (see  Remark  55.4.1),  hence  locally  Noetherian.  Since  IT  X/  Spec(fc)  -A  IT  is 
flat,  surjective,  and  locally  of  finite  presentation,  we  see  that  {IT  x^Spec(fc)  — > IT} 
is  an  fppf  covering  and  we  conclude  that  IT  is  locally  Noetherian  (Descent,  Lemma 


34.12.1).  In  other  words  (1)  holds. 


Assume  (1).  Pick  a nonempty  affine  scheme  IT  and  an  etale  morphism  W —¥  Z. 
Pick  a closed  point  w £ IT  and  set  k = n(w).  Because  IT  is  locally  Noetherian 
the  morphism  w : Spec (k)  -A  IT  is  of  finite  presentation,  see  Morphisms,  Lemma 


28.21.7  Hence  the  composition 


IT 


Z 


Spec (fc) 

is  locally  of  finite  presentation  by  Morphisms  of  Spaces,  Lemmas  |54.28.2|  and 
54.38.8  It  is  also  flat  and  surjective  by  Lemma  55.11.1  Hence  (2)  holds.  □ 
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06QY  Lemma  55.11.4.  Let  S be  a scheme.  Let  Z'  — » Z be  a monomorphism  of  alge- 
braic spaces  over  S.  Assume  there  exists  a field  k and  a locally  finitely  presented, 
surjective,  flat  morphism  Spec(fc)  -A  Z . Then  either  Z'  is  empty  or  Z'  = Z . 


Proof.  We  may  assume  that  Z'  is  nonempty. 

T = Z'  Xz  Spec (k)  is  nonempty,  see  Properties  of  Spaces,  Lemma  53.4.3 
T is  an  algebraic  space  and  the  projection  T 


In  this  case  the  fibre  product 

Now 


Spec (k)  is  a monomorphism. 
Hence  T = Spec (fc),  see  Morphisms  of  Spaces,  Lemma  [54.10.8  We  conclude  that 
Spec(fc)  -A  Z factors  through  Z' . But  as  Spec(fc)  — > Z is  surjective,  flat  and  locally 
of  finite  presentation,  we  see  that  Spec(fc)  — >•  Z is  surjective  as  a map  of  sheaves  on 
(Sch/ S) fppf  (see  Spaces,  Remark  52.5.2)  and  we  conclude  that  Z'  = Z.  □ 


The  following  lemma  says  that  to  each  point  of  an  algebraic  space  we  can  associate 
a canonical  reduced,  locally  Noetherian  singleton  algebraic  space. 

06QZ  Lemma  55.11.5.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let 
x € \X\.  Then  there  exists  a unique  monomorphism  Z — ► X of  algebraic  spaces 
over  S such  that  Z is  an  algebraic  space  which  satisfies  the  equivalent  conditions  of 
Lemma  55.11.S\  and  such  that  the  image  of  \Z\  -A  |A|  is  {.t}. 


Proof.  Choose  a scheme  U and  a surjective  etale  morphism  U -A  X.  Set  R = 


U xx  U so  that  A'  = U/R  is  a presentation  (see  Spaces,  Section  52.9).  Set 


u'= n 

J — L71 


Spec(«(it)). 


*-u(zU  lying  over  x 

The  canonical  morphism  U'  — > U is  a monomorphism.  Let 

Rf  = U'  xx  U'  = R x(UxsU)  ([/'  xs  U'). 

Because  U'  — > U is  a monomorphism  we  see  that  the  projections  s' ,t'  : R'  U' 
factor  as  a monomorphism  followed  by  an  etale  morphism.  Hence,  as  U'  is  a disjoint 
union  of  spectra  of  fields,  using  Remark[55.4.1[  and  using  Schemes,  Lemma|25.23.10| 
we  conclude  that  R'  is  a disjoint  union  of  spectra  of  fields  and  that  the  morphisms 
s' , t'  : R'  — > U'  are  etale.  Hence  Z = U' /R'  is  an  algebraic  space  by  Spaces, 
Theorem  52.10.5  As  R'  is  the  restriction  of  R by  U'  — > U we  see  Z — ► X is  a 
monomorphism  by  Groupoids,  Lemma |38. 20. 6|  Since  Z — > X is  a monomorphism 
we  see  that  \Z\  — > |A'|  is  injective,  see  Morphisms  of  Spaces,  Lemma  54.10.9  By 
Properties  of  Spaces,  Lemma  [53.4. 3|  we  see  that 

\U'\  = \ZxxU'\^\Z\xw\U'\ 

is  surjective  which  implies  (by  our  choice  of  U')  that  \Z\  — ► |A|  has  image  {t}.  We 
conclude  that  \Z\  is  a singleton.  Finally,  by  construction  U'  is  locally  Noetherian 
and  reduced,  i.e. , we  see  that  Z satisfies  the  equivalent  conditions  of  Lemma|55.11.~3| 

Let  us  prove  uniqueness  of  Z — > X.  Suppose  that  Z'  A is  a second  such 
monomorphism  of  algebraic  spaces.  Then  the  projections 

Z'  < — Z’  xxZ  — > Z 

are  monomorphisms.  The  algebraic  space  in  the  middle  is  nonempty  by  Properties 
of  Spaces,  Lemma|53.4.3|  Hence  the  two  projections  are  isomorphisms  by  Lemma 
155.11.41  and  we  win.  □ 


We  introduce  the  following  terminology  which  foreshadows  the  residual  gerbes  we 
will  introduce  later,  see  Properties  of  Stacks,  Definition  |82.1 1.8) 
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Definition  55.11.6.  Let  S'  be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
x £ |A|.  The  residual  space  of  X at  ap|is  the  monomorphism  Zx  — > X constructed 
in  Lemma  155. 11.51 


In  particular  we  know  that  Zx  is  a locally  Noetherian,  reduced,  singleton  algebraic 
space  and  that  there  exists  a field  and  a surjective,  flat,  locally  finitely  presented 
morphism 

Spec(fc)  — > Zx. 

It  turns  out  that  Zx  is  a regular  algebraic  space  as  follows  from  the  following  lemma. 

Lemma  55.11.7.  A reduced,  locally  Noetherian  singleton  algebraic  space  Z is 
regular. 


Proof.  Let  Z be  a reduced,  locally  Noetherian  singleton  algebraic  space  over  a 
scheme  S.  Let  W — > Z be  a surjective  etale  morphism  where  IT  is  a scheme.  Let  k 
be  a field  and  let  Spec (k)  — > Z be  surjective,  flat,  and  locally  of  finite  presentation 
(see  Lemma  55.11.3).  The  scheme  T = W x z Spec (k)  is  etale  over  k in  particular 

Since  T — > W is  locally  of  finite  presentation,  flat,  and 

By  definition 

□ 


regular,  see  Remark  55.4.1 


surjective  it  follows  that  W is  regular,  see  Descent,  Lemma  34.15.2 
this  means  that  Z is  regular. 


55.12.  Decent  spaces 

In  this  section  we  collect  some  useful  facts  on  decent  spaces. 

Lemma  55.12.1.  Any  localy  Noetherian  decent  algebraic  space  is  quasi-separated. 

Proof.  Namely,  let  X be  an  algebraic  space  (over  some  base  scheme,  for  example 
over  Z)  which  is  decent  and  locally  Noetherian.  Let  U -A  X and  V — > X be  etale 
morphisms  with  U and  V affine  schemes.  We  have  to  show  that  W = U Xj  V is 


quasi-compact  (Properties  of  Spaces,  Lemma  53.3.3 ).  Since  A'  is  locally  Noetherian, 
the  schemes  U,  V are  Noetherian  and  W is  locally  Noetherian.  Since  X is  decent, 
the  fibres  of  the  morphism  W — > U are  finite.  Namely,  we  can  represent  any 
x £ \X\  by  a quasi-compact  monomorphisnr  Spec (k)  — > X.  Then  Uk  and  Vk  are 


finite  disjoint  unions  of  spectra  of  finite  separable  extensions  of  k (Remark  55.4.1) 


and  we  see  that  Wk  = Uk  Xgpec(fc)  Vk  is  finite.  Let  n be  the  maximum  degree  of  a 
fibre  of  W — ^ U at  a generic  point  of  an  irreducible  component  of  U.  Consider  the 
stratification 

U = U0  D Ui  D U2  D . . . 

associated  to  W — > U in  More  on  Morphisms,  Lemma  36.31.10|  By  our  choice  of 
n above  we  conclude  that  Un+-\  is  empty.  Hence  we  see  that  the  fibres  of  W — > U 
are  universally  bounded.  Then  we  can  apply  More  on  Morphisms,  Lemma  |36.31.8| 
to  find  a stratification 

0 = Z_!  C Z0  C Z±  C Z2  C . . . C Zn  = U 

by  closed  subsets  such  that  with  Sr  = Zr\  Zr_  i the  morphism  W x u Sr  — > Sr  is 
finite  locally  free.  Since  U is  Noetherian,  the  schemes  Sr  are  Noetherian,  whence 
the  schemes  W Xj/  Sr  are  Noetherian,  whence  W = ]JW  Xjj  Sr  is  quasi-compact 
as  desired.  □ 

Lemma  55.12.2.  Let  S be  a scheme.  Let  X be  a decent  algebraic  space  over  S. 


2This  is  nonstandard  notation. 


55.12.  DECENT  SPACES 


3699 


049D 

07U5 


08AL 


(1)  If  \X\  is  a singleton  then  X is  a scheme. 

(2)  If  |A|  is  a singleton  and  X is  reduced,  then  X = Spec(fc)  for  some  field 
k. 


Proof.  Assume  |A|  is  a singleton.  It  follows  immediately  from  Theorem  55.9.2 


that  A is  a scheme,  but  we  can  also  argue  directly  as  follows.  Choose  an  affine 
scheme  U and  a surjective  etale  morphism  U — > X.  Set  R = U Xx  U.  Then  U 


and  R have  finitely  many  points  by  Lemma  55.4.5  (and  the  definition  of  a decent 


space).  All  of  these  points  are  closed  in  U and  R by  Lemma  55.10.6  It  follows  that 


U and  R are  affine  schemes.  We  may  shrink  U to  a singleton  space.  Then  U is  the 
spectrum  of  a henselian  local  ring,  see  Algebra,  Lemma [10. 148.11)  The  projections 
R U are  etale,  hence  finite  etale  because  U is  the  spectrum  of  a 0-dimensional 


henselian  local  ring,  see  Algebra,  Lemma  10.148.3  It  follows  that  X is  a scheme 
by  Groupoids,  Proposition  |38.23)8| 

Part  (2)  follows  from  (1)  and  the  fact  that  a reduced  singleton  scheme  is  the  spec- 
trum of  a field.  □ 


57.15.3 


that  an  alge- 


Remark  55.12.3.  We  will  see  in  Limits  of  Spaces,  Lemma 
braic  space  whose  reduction  is  a scheme  is  a scheme. 

Lemma  55.12.4.  Let  S be  a scheme.  Let  X be  a decent  algebraic  space  over  S . 
Consider  a commutative  diagram 


Spec  (k) 


Assume  that  the  image  point  s £ S of  Spec(fc)  — ► S is  a closed  point  and  that 
k(s)  C k is  algebraic.  Then  the  image  x o/Spec(fc)  — ► X is  a closed  point  of  |A|. 

Proof.  Suppose  that  x x'  for  some  x'  £ |A|.  Choose  an  etale  morphism  U — > X 
where  U is  a scheme  and  a point  v!  £ U'  mapping  to  x' . Choose  a specialization 


u u'  in  U with  u mapping  to  x in  X,  see  Lemma  55.10.7  Then  u is  the  image 
of  a point  w of  the  scheme  W = Spec (k)  XxU.  Since  the  projection  W — » Spec (k) 
is  etale  we  see  that  k(w)  D k is  finite.  Hence  k(w)  D k(s)  is  algebraic.  Hence 
k(u)  D k(s)  is  algebraic.  Thus  u is  a closed  point  of  U by  Morphisms,  Lemma 
|28.20.2|  Thus  u = u' , whence  x = x' . □ 

Lemma  55.12.5.  Let  S be  a scheme.  Let  X be  a decent  algebraic  space  over  S . 
Consider  a commutative  diagram 


Spec(fc) 


Assume  that  the  image  point  s £ S of  Spec(fc)  — ► S is  a closed  point  and  that 
k(s)  C k is  finite.  Then  Spec(fc)  — > X is  finite  morphism.  If  n(s)  = k then 
Spec (k)  -A  X is  closed  immersion. 


Proof.  By  Lemma  55.12.4  the  image  point  x £ |X|  is  closed.  Let  Z C A be  the 
reduced  closed  subspace  with  \Z\  = {x}  (Properties  of  Spaces,  Lemma  53.11.4). 
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Note  that  Z is  a decent  algebraic  space  by  Lemma  [55. 6. 5|  By  Lemma  [55. 12. 2 1 we 
see  that  Z = Spec(fc')  for  some  field  k! . Of  course  k D k'  D k(s).  Then  Spec(fc)  — > Z 
is  a finite  morphism  of  schemes  and  Z — > X is  a finite  morphism  as  it  is  a closed 
immersion.  Hence  Spec(fc)  — ► X is  finite  (Morphisms  of  Spaces,  Lemma  [54.43.4). 
If  k = k(s),  then  Spec(fc)  = Z and  Spec (k)  — > X is  a closed  immersion.  □ 

OAHB  Lemma  55.12.6.  Let  S be  a scheme.  Suppose  X is  a decent  algebraic  space  over 
S.  Let  x £ \X\  be  a closed  point.  Then  x can  be  represented  by  a closed  immersion 
i : Spec (k)  —>  X from  the  spectrum  of  a field. 


Proof.  We  know  that  x can  be  represented  by  a quasi-compact  monomorphism 
i : Spec (k)  X where  k is  a field  (Definition  |55.6.1 1.  Let  U — > X be  an  etale 
morphism  where  U is  an  affine  scheme.  As  x is  closed  and  X decent,  the  fibre  F 
of  \U\  — > |X|  over  x consists  of  closed  points  (Lemma  55.10.6).  As  i is  a monomor- 
phism, so  is  Uk  = U x x Spec(fc)  — > U.  In  particular,  the  map  \Uk  \ — > F is  injective. 
Since  Uk  is  quasi-compact  and  etale  over  a field,  we  see  that  Uk  is  a finite  disjoint 
union  of  spectra  of  fields  (Remark  55.4.1 ).  Say  Uk  = Spec(fci)  H . . . H Spec(fcr). 
Since  Spec (fc*)  — > U is  a monomorphism,  we  see  that  its  image  Ui  has  residue  field 
n(ui)  = ki . Since  iq  £ F is  a closed  point  we  conclude  the  morphism  Spec (kf)  — > U 
is  a closed  immersion.  As  the  Ui  are  pairwise  distinct,  Uk  — > U is  a closed  immer- 
sion. Hence  * is  a closed  immersion  (Morphisms  of  Spaces,  Lemma  54.12.1).  This 
finishes  the  proof.  □ 


55.13.  Locally  separated  spaces 

088H  It  turns  out  that  a locally  separated  algebraic  space  is  decent. 

0881  Lemma  55.13.1.  Let  A be  a ring.  Let  k be  a field.  Let  pn , n > 1 be  a sequence  of 
pairwise  distinct  primes  of  A.  Moreover , for  each  n let  k — t n{pn)  be  an  embedding. 
Then  the  closure  of  the  image  of 

U Spec(re(p„)  ®k  K(pm))  — » Spec(A  ® A) 

riytm 

meets  the  diagonal. 

Proof.  Set  kn  = «(pn).  We  may  assume  that  A = Denote  xn  = Spec (kn) 

the  open  and  closed  point  corresponding  to  A — ► kn.  Then  Spec(A)  = Z II  {xn} 
where  Z is  a nonempty  closed  subset.  Namely,  Z = V(en;n  > 1)  where  en  is  the 
idempotent  of  A corresponding  to  the  factor  kn  and  Z is  nonempty  as  the  ideal 
generated  by  the  en  is  not  equal  to  A.  We  will  show  that  the  closure  of  the  image 
contains  A (Z).  The  kernel  of  the  map 

(II  krf)  (||  km ) y | | kn  km 

J--a-  J--a- 

is  the  ideal  generated  by  en  (g)  en,  n > 1.  Hence  the  closure  of  the  image  of  the  map 
on  spectra  is  V(en<E>en;n  > 1)  whose  intersection  with  A(Spec(A))  is  A (Z).  Thus 
it  suffices  to  show  that 

U Spec(fc„  <g )fc  km)  — > Spec(TT  kn  ®k  km) 

n^m  A 

has  dense  image.  This  follows  as  the  family  of  ring  maps  kn®kk  m ^ kn  ®kk  m 

is  jointly  injective.  □ 

088J  Lemma  55.13.2  (David  Rydh).  A locally  separated  algebraic  space  is  decent. 


55.14.  VALUATIVE  CRITERION 


3701 


Proof.  Let  S'  be  a scheme  and  let  X be  a locally  separated  algebraic  space  over 
S.  We  may  assume  S = Spec(Z),  see  Properties  of  Spaces,  Definition  53.3.1 
Unadorned  fibre  products  will  be  over  Z.  Let  x £ |A|.  Choose  a scheme  U,  an 
etale  morphism  U — » X,  and  a point  u £ U mapping  to  x in  |X|.  As  usual  we 
identify  u = Spec(/c(u)).  As  X is  locally  separated  the  morphism 

Zi  x_y  u ->  u x u 

is  an  immersion  (Morphisms  of  Spaces,  Lemma  54.4. 5|).  Hence  More  on  Groupoids, 
Lemma  39.10.5  tells  us  that  it  is  a closed  immersion  (use  Schemes,  Lemma|25.10.4). 
As  uxxu  — > uXxU  is  a monomorphism  (base  change  of  u — > U)  and  a,s  ux  \U  — > u 
is  etale  we  conclude  that  u Xx  u is  a disjoint  union  of  spectra  of  fields  (see  Remark 


55.4.1  and  Schemes,  Lemma  25.23.10).  Since  it  is  also  closed  in  the  affine  scheme 


u x u we  conclude  u x \ u is  a finite  disjoint  union  of  spectra  of  fields.  Thus  x can 
be  represented  by  a monomorphism  Spec(fc)  — ► X where  k is  a field,  see  Lennna 
155X31 

Next,  let  U = Spec(A)  be  an  affine  scheme  and  let  U — > X be  an  etale  morphism. 
To  finish  the  proof  it  suffices  to  show  that  F = U Xx  Spec (fc)  is  finite.  Write 
F = II  i6i  Spec(fcj)  as  the  disjoint  union  of  finite  separable  extensions  of  k.  We 
have  to  show  that  I is  finite.  Set  R = U Xx  U . As  A is  locally  separated,  the 
morphism  j : R — >•  U x U is  an  immersion.  Let  U'  C U x U be  an  open  such  that 
j factors  through  a closed  immersion  f : R — ► U' . Let  e : U — > R be  the  diagonal 
map.  Using  that  e is  a morphism  between  schemes  etale  over  U such  that  A = j o e 
is  a closed  immersion,  we  conclude  that  R = e{U)  H W for  some  open  and  closed 
subscheme  W C R.  Since  j'  is  a closed  immersion  we  conclude  that  f(W)  C U'  is 
closed  and  disjoint  from  f(e(U)).  Therefore  j{W)C\A(U)  = 0 in  U X U.  Note  that 


W contains  Spec (ki  (8 >*  fc,/)  for  all  i ^ i' , i.  i'  £ I.  By  Lemma  55.13.1  we  conclude 
that  I is  finite  as  desired.  □ 


55.14.  Valuative  criterion 


06NP  For  a quasi-compact  morphism  from  a decent  space  the  valuative  criterion  is  nec- 
essary in  order  for  the  morphism  to  be  universally  closed. 

03KJ  Proposition  55.14.1.  Let  S be  a scheme.  Let  f : X — ► Y be  a morphism  of 
algebraic  spaces  over  S . Assume  f is  quasi-compact,  and  X is  decent.  Then  f is 
universally  closed  if  and  only  if  the  existence  part  of  the  valuative  criterion  holds. 

Proof.  In  Morphisms  of  Spaces,  Lemma  [54. 41. 1|  we  have  seen  one  of  the  implica- 
tions. To  prove  the  other,  assume  that  / is  universally  closed.  Let 


Spec(A') X 

Y V 

Spec(A) >-  Y 


be  a diagram  as  in  Morphisms  of  Spaces,  Definition  54.40.1 
X , so  that  we  have 


Let  Xa  = Spec(A)  xy 


Spec(A') s-  Xa 


Spec(A) 
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By  Morphisms  of  Spaces,  Lemma  54.8.3  we  see  that  Xa  — > Spec(A)  is  quasi- 
compact. Since  Xa  — > X is  representable,  we  see  that  Xa  is  decent  also,  see 
Lemma  55.5.3  Moreover,  as  / is  universally  closed,  we  see  that  Xa  — > Spec(A)  is 
universally  closed.  Hence  we  may  and  do  replace  X by  Xa  and  Y by  Spec(A). 

Let  x'  £ |A|  be  the  equivalence  class  of  Spec(A')  — > X.  Let  y £ |F|  = | Spec(A)| 
be  the  closed  point.  Set  y'  = f(x')\  it  is  the  generic  point  of  Spec(A).  Since  / 
is  universally  closed  we  see  that  /({x7})  contains  {?/},  and  hence  contains  y.  Let 
x £ {x'}  be  a point  such  that  f(x)  = y.  Let  U be  a scheme,  and  ip  : U X an 


etale  morphism  such  that  there  exists  a u £ U with  p(u)  = x.  By  Lemma  55.7.2 
and  our  assumption  that  X is  decent  there  exists  a specialization  u'  u on  U with 
ip(u')  = x' . This  means  that  there  exists  a common  field  extension  I\  C K'  D n(u') 
such  that 

Spec(A") ^ U 


Y 

A’ 


Spec(AT) 


Spec(A) 

is  commutative.  This  gives  the  following  commutative  diagram  of  rings 


K'  ^ Ou.u 

A 

K 


A 


0A3X 


By  Algebra,  Lemma  10.49.2  we  can  find  a valuation  ring  A!  C K'  dominating  the 
image  of  Ojj,u  hi  A'7.  Since  by  construction  dominates  A we  see  that  A! 
dominates  A also.  Hence  we  obtain  a diagram  resembling  the  second  diagram  of 
Morphisms  of  Spaces,  Definition  |54.40 . 1]  and  the  proposition  is  proved.  □ 


The  following  lemma  is  a special  case  of  the  more  general  Lemma  [55.15.11| 

Lemma  55.14.2.  Let  S be  a scheme.  Let  f : X Y be  a morphism  of  alge- 
braic spaces  over  S.  Assume  f is  quasi-compact  and  quasi-separated.  Then  f is 
universally  closed  if  and  only  if  the  existence  part  of  the  valuative  criterion  holds 
(Morphisms  of  Spaces,  Definition  54-40.1). 


Proof.  This  is  a combination  of  Morphisms  of  Spaces,  Lemma [54 . 4 1 . 1 1 and  Propo- 
sition |55.14.1|  Namely,  the  implication  in  one  direction  is  given  by  Morphisms 
of  Spaces,  Lemma  [54.41. 1|  For  the  converse,  assume  / is  quasi-separated,  quasi- 
compact, and  universally  closed  and  assume  given  a diagram 


Spec(A') s-  X 

Y 

Spec(A) ^ Y 
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as  in  Morphisms  of  Spaces,  Definition  |54.40.T)  A formal  argument  shows  that  the 
existence  of  the  desired  diagram 


Spec(A' 


Spec(A') 


Spec(A) 


can  be  reduced  to  the  case  of  the  morphism  Xa  Spec(A).  In  this  case  the  alge- 


braic space  Xa  is  quasi-separated,  hence  decent  (property  (7)  of  Lemma  55.5.11. 
Hence  the  existence  of  A C A'  and  the  arrow  Spec(A')  — ► Xa  follows  from  Propo- 
sition 155.14.11  □ 

0A3Y  Lemma  55.14.3.  Let  S be  a scheme.  Let  f : X — » Y be  a morphism  of  algebraic 
spaces  over  S.  Assume  f is  quasi-compact  and  separated.  Then  the  following  are 
equivalent 

(1)  / is  universally  closed, 

the  existence  part  of  the  valuative  criterion  holds  as  in  Morphisms  of 
Spaces,  Definition\54.fOA\  and 
given  any  commutative  solid  diagram 


(2) 

(3) 


Spec(A') 


Spec(A) 


X 


V 

Y 


where  A is  a valuation  ring  with  field  of  fractions  K , there  exists  a dotted 
arrow,  i.e.,  f satisfies  the  existence  part  of  the  valuative  criterion  as  in 
Schemes,  Definition  \ 25. 20. H [ 

Proof.  Since  / is  separated  parts  (2)  and  (3)  are  equivalent  by  Morphisms  of 


Spaces,  Lemma  54.40.5  The  equivalence  of  (3)  and  (1)  follows  from  Lemma  55.14.2 


□ 

0A3Z  Lemma  55.14.4.  Let  S be  a scheme.  Let  f : X —>  Y be  a morphism  of  algebraic 
spaces  over  S.  Assume  f is  quasi-compact  and  quasi-separated.  Then  the  following 
are  equivalent 

(1)  / is  separated  and  universally  closed, 


(2)  the  valuative  criterion  holds  as  in  Morphisms  of  Spaces,  Definition  54-40.1 

(3)  given  any  commutative  solid  diagram 


Spec(A') 


Spec(A) 


■X 


V 

Y 


where  A is  a valuation  ring  with  field  of  fractions  K,  there  exists  a unique 
dotted  arrow,  i.e.,  f satisfies  the  valuative  criterion  as  in  Schemes,  Defi- 
nitionV25.20.3[ 

Proof.  Since  / is  quasi-separated,  the  uniqueness  part  of  the  valutative  criterion 


implies  / is  separated  (Morphisms  of  Spaces,  Lemma  54.42.2).  Conversely,  if  / is 
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separated,  then  it  satisfies  the  uniqueness  part  of  the  valuative  criterion  (Morphisms 
of  Spaces,  Lemma  54.42.1 ).  Having  said  this,  we  see  that  in  each  of  the  three  cases 
the  morphism  / is  separated  and  satisfies  the  uniqueness  part  of  the  valuative 
criterion.  In  this  case  the  lemma  is  a formal  consequence  of  Lemma  55.14.3  □ 


0A40  Lemma  55.14.5  (Valuative  criterion  for  properness).  Let  S be  a scheme.  Let 
f : X — » Y be  a morphism  of  algebraic  spaces  over  S.  Assume  f is  of  finite  type 
and  quasi- separated.  Then  the  following  are  equivalent 


(1)  f is  proper, 

(2)  the  valuative  criterion  holds  as  in  Morphisms  of  Spaces,  Definition  54-40.1 

(3)  given  any  commutative  solid  diagram 


Spec(A') 


Spec(H) 


V 

Y 


where  A is  a valuation  ring  with  field  of  fractions  K,  there  exists  a unique 
dotted  arrow,  i.e.,  f satisfies  the  valuative  criterion  as  in  Schemes , Defi- 
nitionUi5.20.3l 


Proof.  Formal  consequence  of  Lemma  55.14.4  and  the  definitions. 


□ 


55.15.  Relative  conditions 

03KW  This  is  a (yet  another)  technical  section  dealing  with  conditions  on  algebraic  spaces 
having  to  do  with  points.  It  is  probably  a good  idea  to  skip  this  section. 


03KZ 


Definition  55.15.1.  Let  S'  be  a scheme.  We  say  an  algebraic  space  X over  S has 
property  (/3)  if  X has  the  corresponding  property  of  Lemma  55.5.1  Let  / : X — ► Y 
be  a morphism  of  algebraic  spaces  over  S. 


(1)  We  say  f has  property  (/ 3 ) if  for  any  scheme  T and  morphism  T — x Y the 
fibre  product  T Xy  X has  property  (/3). 

(2)  We  say  / is  decent  if  for  any  scheme  T and  morphism  T —t  Y the  fibre 
product  T X Y X is  a decent  algebraic  space. 

(3)  We  say  / is  reasonable  if  for  any  scheme  T and  morphism  T — > Y the  fibre 
product  T xy  X is  a reasonable  algebraic  space. 

(4)  We  say  / is  very  reasonable  if  for  any  scheme  T and  morphism  T — > Y 
the  fibre  product  Txyl  is  a very  reasonable  algebraic  space. 


We  refer  to  Remark  155. 15.101  for  an  informal  discussion.  It  will  turn  out  that  the 
class  of  very  reasonable  morphisms  is  not  so  useful,  but  that  the  classes  of  decent 
and  reasonable  morphisms  are  useful. 


03M5 


OABX 


03L0 


OABY 
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Lemma  55.15.2.  Let  S be  a scheme.  Let  f : X — ► Y be  a morphism  of  algebraic 
spaces  over  S.  We  have  the  following  implications  among  the  conditions  on  f: 

representable 


very  reasonable  > reasonable  > decent  > (/3) 


quasi- separated 

Proof.  This  is  clear  from  the  definitions,  Lemma[55.5.1|and  Morphisms  of  Spaces, 
Lemma  154.4.121  □ 


Here  is  another  sanity  check. 


Lemma  55.15.3.  Let  S be  a scheme.  Let  f : X Y be  a morphism  of  algebraic 
spaces  over  S . If  X is  decent  (resp.  is  reasonable,  resp.  has  property  (/?)  of  Lemma 


55.5.1),  then  f is  decent  (resp.  reasonable,  resp.  has  property  {(3)). 


Proof.  Let  T be  a scheme  and  let  T — > Y be  a morphism.  Then  T — > Y is 
representable,  hence  the  base  change  T Xy  X — > X is  representable.  Hence  if  A' 

Similarly,  for 


is  decent  (or  reasonable),  then  so  is  T Xy  X,  see  Lemma  55.6.5 


property  (/?),  see  Lemma  55.5.3 


□ 


Lemma  55.15.4.  Having  property  (/?),  being  decent,  or  being  reasonable  is  pre- 
served under  arbitrary  base  change. 


Proof.  This  is  immediate  from  the  definition. 


□ 


Lemma  55.15.5.  Let  S be  a scheme.  Let  f : X — » Y be  a morphism  of  algebraic 
spaces  over  S.  Let  to  £ {/?,  decent,  reasonable} . Suppose  that  Y has  property  {ui) 
and  f : X —>■  Y has  {ui).  Then  X has  (w). 

Proof.  Let  us  prove  the  lemma  in  case  ui  = /3.  In  this  case  we  have  to  show  that 
any  x £ \X\  is  represented  by  a monomorphism  from  the  spectrum  of  a field  into 
X.  Let  y = f{x)  £ |Y|.  By  assumption  there  exists  a field  k and  a monomorphism 
Spec (k)  — > Y representing  y.  Then  x corresponds  to  a point  x'  of  Spec(fc)  x Y X. 
By  assumption  x'  is  represented  by  a monomorphism  Spec(£/)  — » Spec(fc)  xY  X. 
Clearly  the  composition  Spec(fc/)  — > X is  a monomorphism  representing  x. 

Let  us  prove  the  lemma  in  case  u>  = decent.  Let  x £ |A|  and  y = f(x)  £ |P|.  By 
the  result  of  the  preceding  paragraph  we  can  choose  a diagram 


Spec  (A/)  — — X 


Y 

Spec (k) 


f 

> Y 


whose  horizontal  arrows  monomorphisms.  As  Y is  decent  the  morphism  y is  quasi- 
compact. As  / is  decent  the  algebraic  space  Spec(fc)  xY  X is  decent.  Hence  the 
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monomorphism  Spec^A/)  -A  Spec(fc)  Xy  X is  quasi-compact.  Then  the  monomor- 
phism x : Spec(fc')  — » X is  quasi-compact  as  a composition  of  quasi-compact  mor- 


phisms  (use  Morphisms  of  Spaces,  Lemmas  54.8.3  and  54.8.4).  As  the  point  x was 
arbitrary  this  implies  X is  decent. 

Let  us  prove  the  lemma  in  case  u>  = reasonable.  Choose  L ->  7 etale  with 

V an  affine  scheme.  Choose  U — ► V Xy  X etale  with  U an  affine  scheme.  By 
assumption  V — ► Y has  universally  bounded  fibres.  By  Lemma  55.3.3|the  morphism 

V Xy  X — > X has  universally  bounded  fibres.  By  assumption  on  / we  see  that 

U V Xy  X has  universally  bounded  fibres.  By  Lemma |55.3.2|  the  composition 
U — ► X has  universally  bounded  fibres.  Hence  there  exists  sufficiently  many  etale 
morphisms  U — > X from  schemes  with  universally  bounded  fibres,  and  we  conclude 
that  A'  is  reasonable.  □ 

03L1  Lemma  55.15.6.  Having  property  ( /? ),  being  decent,  or  being  reasonable  is  pre- 
served under  compositions. 

Proof.  Let  ui  £ {/3,  decent,  reasonable}.  Let  / : X — ► Y and  g : Y — > Z be 
morphisms  of  algebraic  spaces  over  the  scheme  S.  Assume  / and  g both  have 
property  (w).  Then  we  have  to  show  that  for  any  scheme  T and  morphism  T -A  Z 
the  space  Txz X has  (w).  By  Lemma  55.15.4  this  reduces  us  to  the  following  claim: 
Suppose  that  Y is  an  algebraic  space  having  property  (w),  and  that  / : X — > Y is 
a morphism  with  (w).  Then  X has  (w).  This  is  the  content  of  Lemma  55.15.5  □ 


OABZ  Lemma  55.15.7.  Let  S be  a scheme.  Let  f : X — » Y , g : Z — » Y be  morphisms 
of  algebraic  spaces  over  S.  If  X and  Z are  decent  (resp.  reasonable,  resp.  have 


property  (f3)  of  Lemma  55.5.1),  then  so  does  X Xy  Z. 


Proof.  Namely,  by  Lemma [55. 15. 3|  the  morphism  X — > Y has  the  property.  Then 
the  base  change  X Xy  Z — » Z has  the  property  by  Lemma  55.15.4  And  finally  this 
implies  X Xy  Z has  the  property  by  Lemma |55. 15.5 


□ 


03L2  Lemma  55.15.8.  Let  S be  a scheme.  Let  f : X — > Y be  a morphism  of  algebraic 
spaces  overS.  Let  V £ {(/?),  decent,  reasonable}.  Assume 

(1)  / is  quasi- compact, 

(2)  / is  etale, 

(3)  |/|  : |A|  — > |y|  is  surjective,  and 

(4)  the  algebraic  space  X has  property  V. 

Then  Y has  property  V . 

Proof.  Let  us  prove  this  in  case  V = (/?).  Let  y £ |F|  be  a point.  We  have  to 
show  that  y can  be  represented  by  a monomorphism  from  a field.  Choose  a point 
x £ |AT|  with  /( x)  = y.  By  assumption  we  may  represent  a;  by  a monomorphism 
Spec (k)  — ► A,  with  k a field.  By  Lemma  55.4.3  it  suffices  to  show  that  the  projec- 
tions Spec(fc)  Xy-  Spec(fc)  — > Spec (k)  are  etale  and  quasi-compact.  We  can  factor 
the  first  projection  as 

Spec(fc)  xy  Spec(/c)  — > Spec (fc)  xy  X — > Spec(fc) 

The  first  morphism  is  a monomorphism,  and  the  second  is  etale  and  quasi-compact. 


By  Properties  of  Spaces,  Lemma  53.15.8  we  see  that  Spec(fc)  Xy  X is  a scheme. 


Hence  it  is  a finite  disjoint  union  of  spectra  of  finite  separable  field  extensions  of 


k.  By  Schemes,  Lemma  25.23.10  we  see  that  the  first  arrow  identifies  Spec(fc)  Xy 
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Spec (k)  with  a finite  disjoint  union  of  spectra  of  finite  separable  field  extensions  of 
k.  Hence  the  projection  morphism  is  etale  and  quasi-compact. 


Let  us  prove  this  in  case  V = decent.  We  have  already  seen  in  the  first  para- 
graph of  the  proof  that  this  implies  that  every  y £ |Y|  can  be  represented  by  a 
monomorphism  y : Spec(fc)  — > Y . Pick  such  a y.  Pick  an  affine  scheme  U and  an 
etale  morphism  U — > X such  that  the  image  of  \U\  — X |Y|  contains  y.  By  Lemma 
55.4.51  it  suffices  to  show  that  Uv  is  a finite  scheme  over  k.  The  fibre  product 


Xy  = Spec(fc)  xY  X is  a quasi-compact  etale  algebraic  space  over  k.  Hence  by 


Properties  of  Spaces,  Lemma |53. 15.8  it  is  a scheme.  So  it  is  a finite  disjoint  union 
of  spectra  of  finite  separable  extensions  of  k.  Say  Xy  = {xi, . . . , xn}  so  Xi  is  given 
by  Xi  : Spec (ki)  — X X with  [hi  : k]  < oo.  By  assumption  X is  decent,  so  the 
schemes  UXi  = Spec(fcj)  Xjf  U are  finite  over  ki.  Finally,  we  note  that  Uy  = ]J  UXi 
as  a scheme  and  we  conclude  that  Uy  is  finite  over  k as  desired. 

Let  us  prove  this  in  case  V = reasonable.  Pick  an  affine  scheme  V and  an  etale 
morphism  V — X Y.  We  have  the  show  the  fibres  of  V — X Y are  universally  bounded. 
The  algebraic  space  V Xyl  is  quasi-compact.  Thus  we  can  find  an  affine  scheme 
W and  a surjective  etale  morphism  W — X VxYX,  see  Properties  of  Spaces,  Lemma 


53.6.3  Here  is  a picture  (solid  diagram) 


W -■*>  V xYX 


V 


> X < ■ Spec  (k) 


f 

V 

- Y 


The  morphism  W — X X is  universally  bounded  by  our  assumption  that  the  space 
X is  reasonable.  Let  n be  an  integer  bounding  the  degrees  of  the  fibres  of  W — X X. 
We  claim  that  the  same  integer  works  for  bounding  the  fibres  of  V — > Y.  Namely, 
suppose  y £ \Y\  is  a point.  Then  there  exists  a x £ |X|  with  f(x)  = y (see  above). 
This  means  we  can  find  a field  k and  morphisms  x,  y given  as  dotted  arrows  in  the 
diagram  above.  In  particular  we  get  a surjective  etale  morphism 

Spec (k)  x X x W —x  Spec(fc)  xXtx  (V  xY  X)  = Spec (fc)  x9iy  V 

which  shows  that  the  degree  of  Spec(fc)  xy>y  V over  k is  less  than  or  equal  to  the 
degree  of  Spec(fc)  xXtx  W over  k,  i.e.,  < n,  and  we  win.  (This  last  part  of  the 
argument  is  the  same  as  the  argument  in  the  proof  of  Lemma  |55.3.4|  Unfortu- 
nately that  lemma  is  not  general  enough  because  it  only  applies  to  representable 
morphisms.)  □ 

03L3  Lemma  55.15.9.  Let  S be  a scheme.  Let  f : X Y be  a morphism  of  algebraic 
spaces  over  S.  Let  V £ {(/3),  decent,  reasonable,  very  reasonable}.  The  following 
are  equivalent 

(1)  / is  V, 

(2)  for  every  affine  scheme  Z and  every  morphism  Z — x Y the  base  change 
Z xY  X -x  Z of  f isV, 

(3)  for  every  affine  scheme  Z and  every  morphism  Z — x Y the  algebraic  space 
Z Xy  X is  V,  and 

(4)  there  exists  a Zariski  covering  Y = [J  Y)  such  that  each  morphism  /_1(fq)  — X 
Yi  has  V. 

IfV  £ {(/3),  decent,  reasonable},  then  this  is  also  equivalent  to 
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(5)  there  exists  a scheme  V and  a surjective  etale  morphism  V 
the  base  change  V Xy  X — x V has  V . 


Y such  that 


Proof.  The  implications  (1)  =>•  (2)  =>•  (3)  =>•  (4)  are  trivial.  The  implication  (3) 
=>  (1)  can  be  seen  as  follows.  Let  Z — X Y be  a morphism  whose  source  is  a scheme 
over  S.  Consider  the  algebraic  space  Z Xyl.  If  we  assume  (3),  then  for  any  affine 
open  W C Z,  the  open  subspace  W Xy  X oi  Z xY  X has  property  V.  Hence  by 


Lemma  55.5.2  the  space  Z XyX  has  property  V,  i.e.,  (1)  holds.  A similar  argument 
(omitted)  shows  that  (4)  implies  (1). 

The  implication  (1)  =>  (5)  is  trivial.  Let  V — X Y be  an  etale  morphism  from  a 
scheme  as  in  (5).  Let  Z be  an  affine  scheme,  and  let  Z — X Y be  a morphism. 
Consider  the  diagram 

Z XyV—^V 

1 n 


y 


Z — 

Since  p is  etale,  and  hence  open,  we  can  choose  finitely  many  affine  open  subschemes 
Wi  G Z xY  V such  that  Z = (J p(Wi).  Consider  the  commutative  diagram 


V x 


'y  X -< — 

— (UWi) 

Xy  X 

— >■  Zj  Xy 

v ^ — 

IT 

m 



X 


We  know  V xY  X has  property  V.  By  Lemma  55.5.3  we  see  that  (]JWj)  xY  X 
has  property  V . Note  that  the  morphism  (]j  IT,;)  xY  X — x Z xY  X is  etale  and 
quasi-compact  as  the  base  change  of  I lWi 
conclude  that  Z Xy  X has  property  V. 


Z.  Hence  by  Lemma  55.15.8 


we 

□ 


03L4  Remark  55.15.10.  An  informal  description  of  the  properties  (/?),  decent,  rea- 
sonable, very  reasonable  was  given  in  Section  |55.6|  A morphism  has  one  of  these 
properties  if  (very)  loosely  speaking  the  fibres  of  the  morphism  have  the  corre- 
sponding properties.  Being  decent  is  useful  to  prove  things  about  specializations 
of  points  on  |A'|.  Being  reasonable  is  a bit  stronger  and  technically  quite  easy  to 
work  with. 

Here  is  a lemma  we  promised  earlier  which  uses  decent  morpliisms. 

03M6  Lemma  55.15.11.  Let  S be  a scheme.  Let  f : X —>Y  be  a morphism  of  algebraic 
spaces  over  S.  Assume  f is  quasi-compact  and  decent.  (For  example  if  f is  repre- 


sentable, or  quasi-separated,  see  Lemma  55.15.2.)  Then  f is  universally  closed  if 
and  only  if  the  existence  part  of  the  valuative  criterion  holds. 


Proof.  In  Morphisms  of  Spaces,  Lemmap54.41.1|we  proved  that  any  quasi-compact 
morphism  which  satisfies  the  existence  part  of  the  valuative  criterion  is  universally 
closed.  To  prove  the  other,  assume  that  / is  universally  closed.  In  the  proof  of 
Proposition  55.14.1  we  have  seen  that  it  suffices  to  show,  for  any  valuation  ring 
A , and  any  morphism  Spec(A)  — x Y,  that  the  base  change  /a  : Xa  —>  Spec(A) 
satisfies  the  existence  part  of  the  valuative  criterion.  By  definition  the  algebraic 


space  Xa  has  property  (7)  and  hence  Proposition  55.14.1  applies  to  the  morphism 
/a  and  we  win.  □ 
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OACO 

0AC1 

0AC2 

0AC3 

0AC4 


0AC5 

0AC6 

0AC7 


55.16.  Points  of  fibres 

Let  S'  be  a scheme.  Consider  a cartesian  diagram 
(55.16.0.1) 


X 


f 


Y 

of  algebraic  spaces  over  S.  Let  x £ |A'|  and  2 £ \Z\  be  points  mapping  to  the  same 
point  y £ |y|.  We  may  ask:  When  is  the  set 


(55.16.0.2) 

finite? 


Fx<z  = {w  £ \W\  such  that  p(w)  = x and  q(w)  = z} 


Example  55.16.1.  If  A,  Y.  Z are  schemes,  then  the  set  Fx  z is  equal  to  the  spec- 
trum of  k{x)  ®K(y)  «(~)  (Schemes,  Lemma  25.17.5).  Thus  we  obtain  a finite  set  if 
either  n(y)  C k(x)  is  finite  or  if  k(jj)  C k(z)  is  finite.  In  particular,  this  is  always 
the  case  if  g is  quasi-finite  at  2 (Morphisms,  Lemma  28.20.5). 


Example  55.16.2.  Let  K be  a characteristic  0 field  endowed  with  an  automor- 
phism a of  infinite  order.  Set  Y = Spec(A)/Z  and  X = A^/Z  where  Z acts  on  K 
via  a and  on  = Spec(A[t])  via  t t + 1.  Let  Z = Spec(A’).  Then  W = A^ . 
Picture 

„ >■  Spec(A) 


A1 


A)JZ- 


f 


Spec(A')/Z 


Take  x corresponding  to  t = 0 and  z the  unique  point  of  Spec(A').  Then  we  see 
that  Fx  z = 7i  as  a set. 


Lemma  55.16.3.  In  the  situation  of  f 55.16.0.1 ) if  Z'  — > Z is  a morphism  and 
z'  £ \Z'\  maps  to  z,  then  the  induced  map  Fx<zi  —f  FXjZ  is  surjective. 

Proof.  Set  W'  = X xY  Z'  = W xz  Z' . Then  \W'\  — > \W\  X\z\  \Z'\  is  surjective  by 
Properties  of  Spaces,  Lemma  53.4.3  Hence  the  surjectivity  of  FXjZi  — > Fx  z.  □ 


Lemma 

55.16.4.  In  diagram  ( 

'55.16.0.1 

) the  set  ( 55.16.0.2 

finite  type  and  f is  quasi-finite  at  x. 

Proof.  The  morphism  q is  quasi-finite  at  every  w £ Fx>z,  see  Morphisms  of  Spaces, 
Hence  the  lemma  follows  from  Morphisms  of  Spaces,  Lemma 

□ 


Lemma  54.27.2 
154.27.91 


Lemma  55.16.5.  In  diagram  ( 55.16.0.1 ) the  set  (55.16.0.2)  is  finite  if  y can  be 
represented  by  a monomorphism  Spec(fc)  — > Y where  k is  a field  and  g is  quasi-finite 
at  z.  (Special  case:  Y is  decent  and  g is  etale.) 


Proof.  By  Lemma  55.16.3  applied  twice  we  may  replace  Z by  Z k = Spec(fc)  Xy  Z 
and  X by  X^  = Spec (k)  Xy  X.  We  may  and  do  replace  Y by  Spec(fc)  as  well.  Note 
that  Zk  —X  Spec (k)  is  quasi-finite  at  2 by  Morphisms  of  Spaces,  Lemma  54.27.2 
Choose  a scheme  V,  a point  v £ V,  and  an  etale  morphism  V — X Zk  mapping  v to 
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z.  Choose  a scheme  U,  a point  u £ U,  and  an  etale  morphism  U —>  Xk  mapping  u 
to  x.  Again  by  Lemma  55.16.3  it  suffices  to  show  Fu  v is  finite  for  the  diagram 


U X Spec(fc)  A”  V 

Y 

U 3-  Spec (k) 


The  morphism  V Spec(fc)  is  quasi-finite  at  v (follows  from  the  general  discussion 
in  Morphisms  of  Spaces,  Section  |54.22|  and  the  definition  of  being  quasi-finite  at  a 
point).  At  this  point  the  finiteness  follows  from  Example  55.16.1  The  parenthetical 


remark  of  the  statement  of  the  lemma  follows  from  the  fact  that  on  decent  spaces 
points  are  represented  by  monomorphisms  from  fields  and  from  the  fact  that  an 
etale  morphism  of  algebraic  spaces  is  locally  quasi-finite.  □ 


0AC8  Lemma  55.16.6.  Let  S be  a scheme.  Let  f : X — »•  Y be  a morphism  of  al- 
gebraic spaces  over  S.  Let  y £ |A|  and  assume  that  y is  represented  by  a quasi- 
compact monomorphism  Spec (fc)  — > Y.  Then  \Xk\  — ► |A|  is  a homeomorphism 
onto  f~1({y})  C \X\  with  induced  topology. 


Proof.  We  will  use  Properties  of  Spaces,  Lemma  53.15.7  and  Morphisms  of  Spaces, 
Lemma  54.10.9  without  further  mention.  Let  V — > Y be  an  etale  morphism  with 
V affine  such  that  there  exists  a v £ V mapping  to  y.  Since  Spec(fc)  — > Y is  quasi- 
compact there  are  a finite  number  of  points  of  V mapping  to  y (Lemma  55.4.5). 
After  shrinking  V we  may  assume  v is  the  only  one.  Choose  a scheme  U and  a 
surjective  etale  morphism  U — > X . Consider  the  commutative  diagram 


U -< Uv  ■< uv 

v v V 

X ^ Xv 

Y 

Y V V 


Since  Uv  Uy  identifies  Uv  with  a subset  of  Uy  with  the  induced  topology 
(Schemes,  Lemma  25.18.5),  and  since  \Uy\  -»  \Xy\  and  \UV\  — > \XV\  are  surjec- 
tive and  open,  we  see  that  | Xv  — > \Xy\  is  a homeomorphism  onto  its  image  (with 
induced  topology).  On  the  other  hand,  the  inverse  image  of  /^1({y})  under  the 
open  map  \Xy\  — ► |A|  is  equal  to  \XV\.  We  conclude  that  |X„|  — )•  f~1({y})  is  open. 
The  morphism  Xv  — > X factors  through  Xp.  and  IX^I  — > |A|  is  injective  with  image 
/-1({y})  by  Properties  of  Spaces,  Lemma 


53.4.3 


Using  \XV\  ->■  \Xk\ 


the  lemma  follows  because  Xv  —¥  Xk  is  surjective. 


f-Hiv}) 

□ 


0AC9  Lemma  55.16.7.  Let  X be  an  algebraic  space  locally  of  finite  type  over  a field  k. 
Let  x £ |X|.  Consider  the  conditions 

(1)  dimx(|A|)  = 0, 

(2)  x is  closed  in  |A'|  and  if  x'  x in  |A'|  then  x'  = x, 

(3)  x is  an  isolated  point  of  I A' I, 

(4)  dimx(A)  = 0, 

(5)  A — >•  Spec(fc)  is  quasi-finite  at  x. 
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Then  (2),  (3),  (4),  and  (5)  are  equivalent.  If  X is  decent,  then  (1)  is  equivalent  to 
the  others. 


Proof.  Parts  (4)  and  (5)  are  equivalent  for  example  by  Morphisms  of  Spaces,  Lem- 
mas 154.33.71  and  154.33.81 


Let  U — > X be  an  etale  morphism  where  U is  an  affine  scheme  and  let  u £ U be  a 
point  mapping  to  x.  Moreover,  if  x is  a closed  point,  e.g.,  in  case  (2)  or  (3),  then 
we  may  and  do  assume  that  u is  a closed  point.  Observe  that  dimu(C7)  = dimx(X) 
by  definition  and  that  this  is  equal  to  dim if  u is  a closed  point,  see  Algebra, 
Lemma  IIP. 113.61 


If  dimx(X)  > 0 and  u is  closed,  by  the  arguments  above  we  can  choose  a nontrivial 
specialization  u'  u in  U . Then  the  transcendence  degree  of  n(u')  over  k exceeds 
the  transcendence  degree  of  k(u)  over  k.  It  follows  that  the  images  x and  x'  in  X 
are  distinct,  because  the  transcendence  degree  of  x/k  and  x'/k  are  well  defined,  see 
Morphisms  of  Spaces,  Definition  54.32.1  This  applies  in  particular  in  cases  (2)  and 

(3)  and  we  conclude  that  (2)  and  (3)  imply  (4). 


Conversely,  if  X — ► Spec (k)  is  locally  quasi-finite  at  x,  then  U Spec (k)  is  locally 
quasi-finite  at  it,  hence  u is  an  isolated  point  of  U (Morphisms,  Lemma [28.20.6 ). 
It  follows  that  (5)  implies  (2)  and  (3)  as  \U\  — > |X|  is  continuous  and  open. 


Assume  X is  decent  and  (1)  holds.  Then  dimx(X)  = dimx(|X|)  by  Lemma  55.10.10 
and  the  proof  is  complete.  □ 


OACA  Lemma  55.16.8.  Let  X be  an  algebraic  space  locally  of  finite  type  over  a field  k. 
Consider  the  conditions 

(1)  |X|  is  a finite  set , 

(2)  \X\  is  a discrete  space, 

(3)  dim(|X|)  = 0, 

(4)  dirn(X)  = 0, 

(5)  X — > Spec(fc)  is  locally  quasi-finite, 

Then  (2),  (3),  (4),  and  (5)  are  equivalent.  If  X is  decent,  then  (1)  implies  the 
others. 


Proof.  Parts  (4)  and  (5)  are  equivalent  for  example  by  Morphisms  of  Spaces, 
Lemma  [54A371 


Let  U — ► X be  a surjective  etale  morphism  where  U is  a scheme. 


If  dim([7)  > 0,  then  choose  a nontrivial  specialization  u it'  in  U and  the  tran- 
scendence degree  of  k(u)  over  k exceeds  the  transcendence  degree  of  k(u’)  over  k. 
It  follows  that  the  images  x and  x'  in  A'  are  distinct,  because  the  transcendence 


degree  of  x/k  and  x'/k  is  well  defined,  see  Morphisms  of  Spaces,  Definition  54.32.1 
We  conclude  that  (2)  and  (3)  imply  (4). 

Conversely,  if  X — ► Spec(fc)  is  locally  quasi-finite,  then  U is  locally  Noetherian 
(Morphisms,  Lemma  28.15.6)  of  dimension  0 (Morphisms,  Lemma  |28.29.5 1 and 
hence  is  a disjoint  union  of  spectra  of  Artinian  local  rings  (Properties,  Lemma 
27.10.5).  Hence  U is  a discrete  topological  space,  and  since  \U\  — ► |X|  is  continuous 


and  open,  the  same  is  true  for  |X|.  In  other  words,  (4)  implies  (2)  and  (3). 


Assume  X is  decent  and  (1)  holds.  Then  we  may  choose  U above  to  be  affine. 
The  fibres  of  \U\  — >•  |X|  are  finite  (this  is  a part  of  the  defining  property  of  decent 
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OACB 


OACC 

OACD 

OACE 

OACF 

OACG 

OACH 

OACI 

OACJ 


OACK 


OACL 

OACM 

OACN 

OACP 

OACQ 

OACR 

OACS 

OACT 


spaces) . Hence  U is  a finite  type  scheme  over  k with  finitely  many  points.  Hence  U 
is  quasi-finite  over  k (Morphisms,  Lemma  28.20.7)  which  by  definition  means  that 
X — > Spec(fc)  is  locally  quasi-finite.  □ 


Lemma  55.16.9.  Let  S be  a scheme.  Let  f : X — x Y be  a morphism  of  algebraic 
spaces  over  S which  is  locally  of  finite  type.  Let  x £ |X|  with  image  y £ \Y\.  Let 
F = f~l({y})  with  induced  topology  from  \X\.  Let  k be  a field  and  let  Spec (k)  — > Y 
be  in  the  equivalence  class  defining  y.  Set  Xj,  = Spec(fc)  Xy  X.  Let  x £ \Xk\  map 
to  x £ |A'|.  Consider  the  following  conditions 

(1)  dima.(F)  = 0, 

(2)  x is  isolated  in  F, 

(3)  x is  closed  in  F and  if  x'  x in  F,  then  x = x' , 

(4)  dimsflXfel)  = 0, 

(5)  x is  isolated  in  \X^\, 

(6)  x is  closed  in  |Xfc|  and  if  x'  x in  |Xfc|,  then  x = x' , 

(7)  dimj(Afc)  = 0, 

(8)  f is  quasi-finite  at  x. 

Then  we  have 

0/sS,@  <=*  0 ^ 0 ^ 0 

If  Y is  decent , then  conditions  & and  0 are  equivalent  to  each  other  and  to 
conditions  HP-  HP-  0-  and  0-  If  Y and  X are  decent,  then  all  conditions  are 
equivalent. 


Proof.  By  Lemma  55.16.7  conditions  (§.  0 , and  0 are  equivalent  to  each  other 
and  to  the  condition  that  Xf,  — y Spec(fc)  is  quasi-finite  at  x.  Thus  by  Morphisms 
of  Spaces,  Lemma  54.27.2  they  are  also  equivalent  to  0.  If  / is  decent,  then  X& 
is  a decent  algebraic  space  and  Lemma[55.16.7  shows  that  0 implies  0. 


If  Y is  decent,  then  we  can  pick  a quasi-compact  monomorphism  Spec(fc7) 


y 

F 

is  a homeomorphism.  Combined  with  the  arguments  given  above  this  implies  the 
remaining  statements  of  the  lemma;  details  omitted.  □ 


in  the  equivalence  class  of  y.  In  this  case  Lemma  55.16.6  tells  us  that  |Xfc. 


Lemma  55.16.10.  Let  S be  a scheme.  Let  f : X — x Y be  a morphism  of  algebraic 
spaces  over  S which  is  locally  of  finite  type.  Let  y £ |y|.  Let  k be  a field  and 
let  Spec (k)  — > Y be  in  the  equivalence  class  defining  y.  Set  X ).  = Spec(fc)  Xy  A' 
and  let  F = f~1{{y})  with  the  induced  topology  from  \X\.  Consider  the  following 
conditions 

(1)  F is  finite, 

(2)  F is  a discrete  topological  space, 

(3)  dim (F)  = 0, 

(4)  |A'fc|  is  a finite  set, 

(5)  |Xfc|  is  a discrete  space, 

(6)  dim(|Xfc|)  = 0, 

(7)  dim(Xfc)  = 0, 

(8)  / is  quasi-finite  at  all  points  of  |X|  lying  over  y. 
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06RY 

06RZ 


Then  we  have 


0 <=  0/^0  «=>  0 <=>  0 <=>  0 


If  Y is  decent,  then  conditions  0 and  0 are  equivalent  to  each  other  and  to 
conditions  0,  0,  0,  and  0.  If  Y and  X are  decent,  then  0 implies  all  the 
other  conditions. 


Proof.  By  Lemma  55.16.8  conditions  0.  0 , and  0 are  equivalent  to  each  other 
and  to  the  condition  that  Xk  —>  Spec (k)  is  locally  quasi-finite.  Thus  by  Morphisms 

If  / is  decent,  then  Xk 


of  Spaces,  Lemma  54.27.2  they  are  also  equivalent  to 
is  a decent  algebraic  space  and  Lemma |55.16.8  shows  that  0 implies  0. 


F is  surjective  by  Properties  of  Spaces,  Lemma  53.4. 3|  and  we  see 


The  map  \Xk\ 

0=^0- 

If  Y is  decent,  then  we  can  pick  a quasi-compact  monomorphism  Spec(fc7) 


Y 
F 

is  a homeomorphism.  Combined  with  the  arguments  given  above  this  implies  the 
remaining  statements  of  the  lemma;  details  omitted.  □ 


in  the  equivalence  class  of  y.  In  this  case  Lemma  55.16.6  tells  us  that  \Xk- 


55.17.  Monomorphisms 

Here  is  another  case  where  monomorphisms  are  representable.  Please  see  More  on 


Morphisms  of  Spaces,  Section  63.4  for  more  information. 


Lemma  55.17.1.  Let  S be  a scheme.  Let  Y be  a disjoint  union  of  spectra  of  zero 
dimensional  local  rings  over  S . Let  f : X Y be  a monomorphism  of  algebraic 
spaces  over  S.  Then  f is  representable,  i.e.,  X is  a scheme. 

Proof.  This  immediately  reduces  to  the  case  Y = Spec(A)  where  A is  a zero 
dimensional  local  ring,  i.e.,  Spec(A)  = {m.4}  is  a singleton.  If  X = 0,  then  there 
is  nothing  to  prove.  If  not,  choose  a nonempty  affine  scheme  U = Spec(R)  and  an 
etale  morphism  U — > X.  As  |A|  is  a singleton  (as  a subset  of  |Y|,  see  Morphisms 
of  Spaces,  Lemma  54.10.9)  we  see  that  U — > X is  surjective.  Note  that  U Xx  U = 
U Xy  U = Spec (B  ® a B).  Thus  we  see  that  the  ring  maps  B — >•  B (g> a B are  etale. 
Since 

(B  B)/mA{B  <g>A  B)  = ( B/mAB ) ®A/mj  {B/mAB) 

we  see  that  B/mAB  — >•  (B  ®A  B)/mA(B  ®A  B)  is  flat  and  in  fact  free  of  rank 
equal  to  the  dimension  of  B/mAB  as  a A/m,4-vector  space.  Since  B — ► B B is 
etale,  this  can  only  happen  if  this  dimension  is  finite  (see  for  example  Morphisms, 
Lemmas  28.51.7  and  28.51.8|).  Every  prime  of  B lies  over  111,4  (the  unique  prime 
of  A).  Hence  Spec(R)  = Spec(H/myi)  as  a topological  space,  and  this  space  is 


a finite  discrete  set  as  B/mAB  is  an  Artinian  ring,  see  Algebra,  Lemmas  10.52.2 


and  10.52.6 


Hence  all  prime  ideals  of  B are  maximal  and  B = B 1 x ...  x Bn 
is  a product  of  finitely  many  local  rings  of  dimension  zero,  see  Algebra,  Lemma 
|10.52.5|  Thus  B — > B ®A  B is  finite  etale  as  all  the  local  rings  Bi  are  henselian  by 
Algebra,  Lemma |10. 148. 11|  Thus  X is  an  affine  scheme  by  Groupoids,  Proposition 
138.23.81  □ 
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55.18.  Generic  points 

0BB7  This  section  is  a continuation  of  Properties  of  Spaces,  Section  [53. 10[ 

OABV  Lemma  55.18.1.  Let  S be  a scheme.  Let  X be  a decent  algebraic  space  over  S . 
Let  x £ \X\.  The  following  are  equivalent 

(1)  x is  a generic  point  of  an  irreducible  component  of  \X\, 

(2)  for  any  etale  morphism  ( Y , y ) — y (X,  x)  of  pointed  algebraic  spaces , y is  a 
generic  point  of  an  irreducible  component  of  \Y\, 

(3)  for  some  etale  morphism  ( Y , y ) —y  (X,  x)  of  pointed  algebraic  spaces , y is 
a generic  point  of  an  irreducible  component  of  |Y|, 

(4)  the  dimension  of  the  local  ring  of  X at  x is  zero,  and 

(5)  x is  a point  of  codimension  0 on  X 


Proof.  Conditions  (4)  and  (5)  are  equivalent  for  any  algebraic  space  by  definition, 
see  Properties  of  Spaces,  Definition  53.9.2  Observe  that  any  Y as  in  (2)  and  (3)  is 
decent  by  Lemma  55.6.6|  Thus  it  suffices  to  prove  the  equivalence  of  (1)  and  (4)  as 
then  the  equivalence  with  (2)  and  (3)  follows  since  the  dimension  of  the  local  ring 
of  Y at  y is  equal  to  the  dimension  of  the  local  ring  of  X at  x.  Let  f : U —y  X be 
an  etale  morphism  from  an  affine  scheme  and  let  u £ U be  a point  mapping  to  x. 


0BB8 


Assume  (1).  Let  u'  u be  a specialization  in  U.  Then  f{u')  = f(u ) = x.  By 
Lemma  |55.10.6  we  see  that  v!  = u.  Hence  u is  a generic  point  of  an  irreducible 
component  of  U . Thus  dim(C>(/jU)  = 0 and  we  see  that  (4)  holds. 


Assume  (4).  The  point  x is  contained  in  an  irreducible  component  T C |X|.  Since 
|X|  is  sober  (Proposition  55.10.9)  we  T has  a generic  point  x' . Of  course  x' 
x.  Then  we  can  lift  this  specialization  to  v!  u in  U (Lemma  55.10.7).  This 


contradicts  the  assumption  that  dim (OjjtU)  = 0 unless  u!  = u , i.e., 


□ 


Lemma  55.18.2.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  Assume 

(1)  every  quasi-compact  scheme  etale  over  X has  finitely  many  irreducible 
components,  and 

(2)  every  x £ \X\  of  codimension  0 on  X can  be  represented  by  a monomor- 
phism Spec(/c)  —y  X. 

Then  X is  a reasonable  algebraic  space. 


Proof.  Let  U be  an  affine  scheme  and  let  a : U —y  X be  an  etale  morphism.  We 
have  to  show  that  the  fibres  of  a are  universally  bounded.  By  assumption  (1)  the 
scheme  U has  finitely  many  irreducible  components.  Let  U\, . . . ,un  £ U be  the 
generic  points  of  these  irreducible  components.  Let  {xi, . . . , xm}  C |X|  be  the 
image  of  {iq, . . . , un}.  Each  Xj  is  a point  of  codimension  0.  By  assumption  (2)  we 
may  choose  a monomorphism  Spec (kj)  — > X representing  Xj.  Then 


U x x Spec  (kj)  = 


,( Ui)=X 


Spec(«;(u,;)) 


is  finite  over  Spec  (kj)  of  degree  dj  = Y^a(u  )=x  iK(ui)  '■  %]•  n = 

Observe  that  a is  separated  (Properties  of  Spaces,  Lemma  53.6.4). 
stratification 


max  dj . 
Consider  the 


X = X0D  Xj_D  X2D  ... 

associated  to  U —y  X in  Lemma[55.8.2|  By  our  choice  of  n above  we  conclude  that 
Xn+i  is  empty.  Namely,  if  not,  then  a-1(Xn+1)  is  a nonempty  open  of  U and  hence 


55.19.  GENERICALLY  FINITE  MORPHISMS 


3715 


would  contain  one  of  the  Xi-  This  would  mean  that  Xn+i  contains  Xj  = afuf)  which 
is  impossible.  Hence  we  see  that  the  fibres  of  U — » X are  universally  bounded  (in 
fact  by  the  integer  n).  □ 

0BB9  Lemma  55.18.3.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  The 
following  are  equivalent 

(1)  X is  decent  and  |A'|  has  finitely  many  irreducible  components, 

(2)  every  quasi-compact  scheme  etale  over  X has  finitely  many  irreducible 
components,  there  are  finitely  many  x £ |A'|  of  codimension  0 on  X , and 
each  of  these  can  be  represented  by  a monomorphism  Spec(fc)  —>  X , 

(3)  there  exists  a dense  open  X'  C X which  is  a scheme,  X'  has  finitely 

many  irreducible  components  with  generic  points  {x[, . . . and  the 

morphism  xl  — ► X is  quasi-compact  for  j = 1, . . . , m. 

Moreover,  if  these  conditions  hold,  then  X is  reasonable  and  the  points  xl  £ |A| 
are  the  generic  points  of  the  irreducible  components  of  \X\. 


Proof.  In  the  proof  we  use  Properties  of  Spaces,  Lemma  |53.10.1|  without  further 
mention.  Assume  (1).  Then  A has  a dense  open  subscheme  X'  by  Theorem|55.9.2 
Since  the  closure  of  an  irreducible  component  of  \X'\  is  an  irreducible  component 
of  |A|,  we  see  that  \X'\  has  finitely  many  irreducible  components.  Thus  (3)  holds. 


Assume  X'  C X is  as  in  (3).  Let  {x[, . . . , x'm}  be  the  generic  points  of  the  ir- 
reducible components  of  X' . Let  a : U A X be  an  etale  morphism  with  U a 
quasi-compact  scheme.  It  suffices  to  show  that  U has  finitely  many  irreducible 
components  whose  generic  points  lie  over  {x[, . . . ,x'm}.  It  suffices  to  prove  this 
for  the  members  of  a finite  affine  open  cover  of  U,  hence  we  may  and  do  assume 
U is  affine.  Note  that  U'  = a-1  (A')  c 17  is  a dense  open.  The  generic  points 
of  irreducible  components  of  U'  are  the  points  lying  over  {x\, . . . ,*(„}  and  since 
x’:  — > X is  quasi-compact  there  are  finitely  many  points  of  U lying  over  x'a  (Lemma 


55.4.5).  Hence  U'  has  finitely  many  irreducible  components,  which  implies  that  the 


closures  of  these  irreducible  components  are  the  irreducible  components  of  U . Thus 
(2)  holds. 

Assume  (2).  This  implies  (1)  and  the  final  statement  by  Lemma  55.18.2|  (We  also 
use  that  a reasonable  algebraic  space  is  decent,  see  discussion  following  Definition 
55lUl)  □ 


55.19.  Generically  finite  morphisms 


OBBA 

OACZ 


This  section  discusses  for  morphisms  of  algebraic  spaces  the  material  discussed  in 
Morphisms,  Section  28.47  and  Varieties,  Section [32. 15  for  morphisms  of  schemes. 


Lemma  55.19.1.  Let  S be  a scheme.  Let  f : X — » Y be  a morphism  of  algebraic 
spaces  over  S.  Assume  that  f is  quasi- separated  of  finite  type.  Let  y £ |V|  be  a 
point  of  codimension  0 on  Y . The  following  are  equivalent: 

(1)  the  space  \X^\  is  finite  where  Spec (k)  -A  Y represents  y, 

(2)  X — y Y is  quasi-finite  at  all  points  of  |A|  over  y, 

(3)  there  exists  an  open  subspace  Y'  C Y with  y £ \Y'\  such  that  Y'xyX  — > Y' 
is  finite. 

IfY  is  decent  these  are  also  equivalent  to 

(4)  the  set  f~1({y})  is  finite. 
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Proof.  The  equivalence  of  (1)  and  (2)  follows  from  Lemma  55.16.10  (and  the  fact 
that  a quasi-separated  morphism  is  decent  by  Lemma  55.15.2). 


Assume  the  equivalent  conditions  of  (1)  and  (2).  Choose  an  affine  scheme  V and 
an  etale  morphism  V — > Y mapping  a point  v £ V to  y.  Then  v is  a generic  point 
of  an  irreducible  component  of  V by  Properties  of  Spaces,  Lemma  53.10.1  Choose 
an  affine  scheme  U and  a surjective  etale  morphism  U — X V XyX  Then  U — > V 
is  of  finite  type.  The  morphism  U — > V is  quasi-finite  at  every  point  lying  over 
v by  (2).  It  follows  that  the  fibre  of  U V over  v is  finite  (Morphisms,  Lemma 


28.20.14|).  By  Morphisms,  Lemma  |28.47.1|  after  shrinking  V we  may  assume  that 
U — » V is  finite.  Let 

R=U XyXrx  U 

Since  / is  quasi-separated,  we  see  that  V Xyl  is  quasi-separated  and  hence  R is 
a quasi-compact  scheme.  Moreover  the  morphisms  R — > V is  quasi-finite  as  the 
composition  of  an  etale  morphism  R — » U and  a finite  morphism  U — > V.  Hence 
we  may  apply  Morphisms,  Lemma  |28.47.1|  once  more  and  after  shrinking  V we 
may  assume  that  R — X V is  finite  as  well.  This  of  course  implies  that  the  two 
projections  R — X V are  finite  etale.  It  follows  that  V/R  = V Xy  X is  an  affine 
scheme,  see  Groupoids,  Proposition  |38.23.8[  By  Morphisms,  Lemma  28.41.8 
conclude  that  V Xy  X — ► V is  proper  and  by  Morphisms,  Lemma  |28.43.10 
conclude  that  V Xy  X — » V is  finite.  Finally,  we  let  Y'  C Y be  the  open  subspace 
of  Y corresponding  to  the  image  of  |Vj  — >•  |Y|.  By  Morphisms  of  Spaces,  Lemma 


we 

we 


54.43.3  we  conclude  that  Y'  Xy  X — > Y'  is  finite  as  the  base  change  to  V is  finite 
and  as  V — > Y'  is  a surjective  etale  morphism. 


If  Y is  decent  and  / is  quasi-separated,  then  we  see  that  X is  decent  too;  use 

Hence  Lemma  55.16.10  applies  to  show  that  (4) 


Lemmas  55.15.2  and  55.15.5 


implies  (1)  and  (2).  On  the  other  hand,  we  see  that  (2)  implies  (4)  by  Morphisms 
of  Spaces,  Lemma  [54.27.9  □ 


0AD0  Lemma  55.19.2.  Let  S be  a scheme.  Let  f : X —x  Y be  a morphism  of  algebraic 
spaces  over  S.  Assume  that  f is  quasi-separated  and  locally  of  finite  type  and  Y 
quasi-separated.  Let  y £ |Yj  be  a point  of  codimension  0 on  Y . The  following  are 
equivalent: 

(1)  the  set  f~1({y})  is  finite, 

(2)  the  space  |Aj.|  is  finite  where  Spec(fc)  —X  Y represents  y, 

(3)  there  exist  open  subspaces  X'  C X and  Y'  C Y with  f(X')  C Y' , y £ \Y'\, 
and  /-1({y})  C |A'|  such  that  f \x>  : X'  — > Y'  is  finite. 


Proof.  Since  quasi-separated  algebraic  spaces  are  decent,  the  equivalence  of  (1) 


and  (2)  follows  from  Lemma  55.16.10  To  prove  that  (1)  and  (2)  imply  (3)  we  may 
and  do  replace  Y by  a quasi-compact  open  containing  y.  Since  f~1{{y})  is  finite, 
we  can  find  a quasi-compact  open  subspace  of  X'  C X containing  the  fibre.  The 
restriction  f\X’  i X'  — > Y is  quasi-compact  and  quasi-separated  by  Morphisms  of 
Spaces,  Lemma  54.8.9|  (this  is  where  we  use  that  Y is  quasi-separated) . Applying 
Lemma  55.19.1  to  f\x'  : X'  — > Y we  see  that  (3)  holds.  We  omit  the  proof  that 
(3)  implies  (2).  □ 


OBBB 


Lemma  55.19.3.  Let  S be  a scheme.  Let  f : X — x Y be  a morphism  of  algebraic 
spaces  over  S.  Assume  f is  locally  of  finite  type.  Let  X°  C |X|,  resp.  Y°  C |Y| 
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denote  the  set  of  codimension  0 points  of  X,  resp.  Y.  Let  y £ Y° . The  following 
are  equivalent 

(1)  c x°, 

(2)  / is  quasi-finite  at  all  points  lying  over  y, 

(3)  / is  quasi-finite  at  all  x £ X°  lying  over  y. 


OBBC 


Proof.  Let  V be  a scheme  and  let  V — > Y be  a surjective  etale  morphism.  Let 
U be  a scheme  and  let  U — > V Xy  X be  a surjective  etale  morphism.  Then  / is 
quasi-finite  at  the  image  a;  of  a point  u £ U if  and  only  if  U — > V is  quasi-finite  at  u. 
Moreover,  x £ X°  if  and  only  if  u is  the  generic  point  of  an  irreducible  component 
of  U (Properties  of  Spaces,  Lemma  53.10.1 1.  Thus  the  lemma  reduces  to  the  case 
of  the  morphism  U — > V,  i.e.,  to  Morphisms,  Lemma [28. 47. 4|  □ 


Lemma  55.19.4.  Let  S be  a scheme.  Let  f : X — > Y be  a morphism  of  algebraic 
spaces  over  S.  Assume  f is  locally  of  finite  type.  Let  X°  C \X\,  resp.  Y°  C |F| 
denote  the  set  of  codimension  0 points  of  X,  resp.  Y.  Assume 

(1)  Y is  decent, 

(2)  X°  and  Y°  are  finite  and  f~1(Y°)  = X°, 

(3)  either  f is  quasi-compact  or  f is  separated. 

Then  there  exists  a dense  open  V C Y such  that  /_1(H)  — i V is  finite. 


Proof.  By  Lemmas|55.18.3|and|55.18.1|we  may  assume  Y is  a scheme  with  finitely 
many  irreducible  components.  Shrinking  further  we  may  assume  Y is  an  irreducible 
affine  scheme  with  generic  point  y.  Then  the  fibre  of  / over  y is  finite. 


Assume  / is  quasi-compact  and  Y affine  irreducible.  Then  X is  quasi-compact  and 
we  may  choose  an  affine  scheme  U and  a surjective  etale  morphism  U — » X.  Then 
U Y is  of  finite  type  and  the  fibre  ofU—tY  over  y is  the  set  U°  of  generic  points 
of  irreducible  components  of  U (Properties  of  Spaces,  Lemma  53.10.1).  Hence  U° 
is  finite  (Morphisms,  Lemma  28.20.14[  and  after  shrinking  Y we  may  assume  that 
U — > Y is  finite  (Morphisms,  Lemma  28.47.1).  Next,  consider  R = U Xx  U.  Since 


the  projection  s : R — > U is  etale  we  see  that  R°  = s_1(t/°)  lies  over  y.  Since 
R — > U Xy  U is  a monomorphism,  we  conclude  that  R°  is  finite  as  U Xy  U -£  Y 
is  finite.  And  R is  separated  (Properties  of  Spaces,  Lemma  [53.6.4).  Thus  we  may 
shrink  Y once  more  to  reach  the  situation  where  R is  finite  over  Y (Morphisms, 


Lemma  28.47.5).  In  this  case  it  follows  that  X = U/R  is  finite  over  Y by  exactly 


the  same  arguments  as  given  in  the  proof  of  Lemma  55.19.1  (or  we  can  simply  apply 


that  lemma  because  it  follows  immediately  that  X is  quasi-separated  as  well). 

Assume  / is  separated  and  Y affine  irreducible.  Choose  V C Y and  U C X as 
in  Lemma  55.19.2  Since  f\u  ■ U — > V is  finite,  we  see  that  U C /-1(H)  is 


closed  as  well  as  open  (Morphisms  of  Spaces,  Lemmas  54.39.6  and  54.43.9).  Thus 
/-1(V)  = U H W for  some  open  subspace  W of  X.  However,  since  U contains 
all  the  codimension  0 points  of  X we  conclude  that  W = 0 (Properties  of  Spaces, 
Lemma  53.10.2)  as  desired.  □ 


55.20.  Birational  morphisms 

0ACU  The  following  definition  of  a birational  morphism  of  algebraic  spaces  seems  to  be  the 
closest  to  our  definition  (Morphisms,  Definition  28.46.1)  of  a birational  morphism 
of  schemes. 
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OACV 


OACW 


OBBD 


OBBE 


Definition  55.20.1.  Let  S be  a scheme.  Let  A and  Y algebraic  spaces  over  S. 
Assume  X and  Y are  decent  and  that  \X\  and  |Y|  have  finitely  many  irreducible 
components.  We  say  a morphism  / : X — ► Y is  birational  if 

(1)  |/|  induces  a bijection  between  the  set  of  generic  points  of  irreducible  com- 
ponents of  \X\  and  the  set  of  generic  points  of  the  irreducible  components 
of  |Y|,  and 

(2)  for  every  generic  point  x £ A of  an  irreducible  component  the  local  ring 
map  Oyj(x)  — t Ox,x  is  an  isomorphism  (see  clarification  below). 


Clarification:  Since  X and  Y are  decent  the  topological  spaces  |A|  and  |Y|  are 
sober  (Proposition  55.10.9).  Hence  condition  (1)  makes  sense.  Moreover,  because 
we  have  assumed  that  |A|  and  |Y|  have  finitely  many  irreducible  components,  we 
see  that  the  generic  points  x\, ...  ,xn  £ |A|,  resp.  y±, . . . ,yn  £ |Y|  are  contained  in 
any  dense  open  of  |A|,  resp.  |Y|.  In  particular,  they  are  contained  in  the  schematic 
locus  of  A,  resp.  Y by  Theorem  55.9.2  Thus  we  can  define  Ox,Xi>  resp.  Oy,Vi  to 


be  the  local  ring  of  this  scheme  at  £j,  resp.  j/i. 


We  conclude  that  if  the  morphism  / : A — > Y is  birational,  then  there  exist  dense 
open  subspaces  X'  C A and  Y'  CY  such  that 

(1)  /(A')  c Y', 

(2)  A'  and  Y'  are  representable,  and 

(3)  / \x'  : X'  — > Y'  is  birational  in  the  sense  of  Morphisms,  Definition|28.46.1 


However,  we  do  insist  that  A and  Y are  decent  with  finitely  many  irreducible  com- 
ponents. Other  ways  to  characterize  decent  algebraic  spaces  with  finitely  many 
irreducible  components  are  given  in  Lemma  |55.18.3[  In  most  cases  birational  mor- 
phisms are  isomorphisms  over  dense  opens. 


Lemma  55.20.2.  Let  S be  a scheme.  Let  f : X — >■  Y be  a morphism  of  algebraic 
spaces  over  S which  are  decent  and  have  finitely  many  irreducible  components.  If 
f is  birational  then  f is  dominant. 


Proof.  Follows  immediately  from  the  definitions.  See  Morphisms  of  Spaces,  Defi- 
nition ehsu  □ 


Lemma  55.20.3.  Let  S be  a scheme.  Let  f : X — > Y be  a birational  morphism 
of  algebraic  spaces  over  S which  are  decent  and  have  finitely  many  irreducible  com- 
ponents. If  y £ Y is  the  generic  point  of  an  irreducible  component , then  the  base 
change  X Xy  Spec(CV,y)  -A  Spec(CV,y)  is  an  isomorphism. 


Proof.  Let  A'  C A and  Y'  C Y be  the  maximal  open  subspaces  which  are  rep- 
resentable, see  Lemma  55.18.3  By  Lemma  55.19.3  the  fibre  of  / over  y is  con- 
sists of  of  points  of  codimension  0 of  A and  is  therefore  contained  in  A'.  Hence 
A Xy  Spec(CV.y)  = X'  x y'  Spec(CV',i/)  and  the  result  follows  from  Morphisms, 
Lemma  128.46.31  □ 


Lemma  55.20.4.  Let  S be  a scheme.  Let  f : A Y be  a birational  morphism  of 
algebraic  spaces  over  S which  are  decent  and  have  finitely  many  irreducible  compo- 
nents. Assume  one  of  the  following  conditions  is  satisfied 

(1)  / is  locally  of  finite  type  and  Y reduced  (i.e.,  integral), 

(2)  / is  locally  of  finite  presentation. 

Then  there  exist  dense  opens  U C A and  V C Y such  that  f(U ) C V and  f\jj  : 
U — > V is  an  isomorphism. 
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Proof.  By  Lemma [55. 18. 3| we  may  assume  that  X and  Y are  schemes.  In  this  case 
the  result  is  Morphisms,  Lemma  [28. 46.5|  □ 

OBBF  Lemma  55.20.5.  Let  S be  a scheme.  Let  f : X -A  Y be  a birational  morphism  of 
algebraic  spaces  over  S which  are  decent  and  have  finitely  many  irreducible  compo- 
nents. Assume 

(1)  either  f is  quasi-compact  or  f is  separated,  and 

(2)  either  f is  locally  of  finite  type  and  Y is  reduced  or  f is  locally  of  finite 
presentation. 

Then  there  exists  a dense  open  V C Y such  that  /-1(P)  — > V is  an  isomorphism. 


0B4D 


Proof.  By  Lemma  [55. 18. 3|  we  may  assume  Y is  a scheme.  By  Lemma  [55. 19. 4|  we 
may  assume  that  / is  finite.  Then  A'  is  a scheme  too  and  the  result  follows  from 
Morphisms,  Lemma  28.47.6  □ 


Lemma  55.20.6.  Let  S be  a scheme.  Let  f : X —A  Y be  a morphism  of  algebraic 
spaces  over  S which  are  decent  and  have  finitely  many  irreducible  components.  If 
f is  birational  and  V — > Y is  an  etale  morphism  with  V affine,  then  X Xy  V is 
decent  with  finitely  many  irreducible  components  and  X x y V — > V is  birational. 


Proof.  The  algebraic  space  U = X Xy  V is  decent  (Lemma  55.6.6).  The  generic 
points  of  V and  U are  the  elements  of  |P|  and  \U\  which  lie  over  generic  points  of 
|P|  and  |A|  (Lemma  55.18.1 ).  Since  Y is  decent  we  conclude  there  are  finitely  many 
generic  points  on  V.  Let  £ € |A|  be  a generic  point  of  an  irreducible  component. 
By  the  discussion  following  Definition  |55.20.1  we  have  a cartesian  square 


Spec (0Xi{) X 

Spec(e>y,/(£)) Y 


whose  horizontal  morphisms  are  monomorphisms  identifying  local  rings  and  where 
the  left  vertical  arrow  is  an  isomorphism.  It  follows  that  in  the  diagram 


Spec (Ox,z)  xXU 

Spec(CV,/(£))  Xy  V V 


the  vertical  arrow  on  the  left  is  an  isomorphism.  The  horizonal  arrows  have  image 
contained  in  the  schematic  locus  of  U and  V and  identify  local  rings  (some  details 
omitted).  Since  the  image  of  the  horizontal  arrows  are  the  points  of  \U\,  resp.  \V\ 
lying  over  £,  resp.  /(£)  we  conclude.  □ 

OBBG  Lemma  55.20.7.  Let  S be  a scheme.  Let  f : X — > Y be  a birational  morphism 
between  algebraic  spaces  over  S which  are  decent  and  have  finitely  many  irreducible 
components.  Then  the  normalizations  Xv  -A  X and  Yu  -A  Y exist  and  there  is  a 
commutative  diagram 

X* **  Y " 

y 

X 


Y 

^ Y 
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of  algebraic  spaces  over  S . The  morphism  Xv  — > Y v is  birational. 


Proof.  By  Lemma  [55. 18. 3|  we  see  that  X and  Y satisfy  the  equivalent  conditions 
of  Morphisms  of  Spaces,  Lemma  54.46. 1|  and  the  normalizations  are  defined.  By 
Morphisms  of  Spaces,  Lemma  [54.46.5  the  algebraic  space  Xv  is  normal  and  maps 
codimension  0 points  to  codimension  0 points.  Since  / maps  codimension  0 points  to 
codimension  0 points  (this  is  the  same  as  generic  points  on  decent  spaces  by  Lemma 


55.18.1 ) we  obtain  from  Morphisms  of  Spaces,  Lemma  54.46.5  a factorization  of  the 
composition  Xv  — ► X — \ Y through  Yv . 


Observe  that  Xv  and  Yu  are  decent  for  example  by  Lemma  |55.6.5|  Moreover 
the  maps  Xu  — > X and  Yv  — >•  Y induce  bijections  on  irreducible  components 
(see  references  above)  hence  Xv  and  Yv  both  have  a finite  number  of  irreducible 
components  and  the  map  Xv  — > Yv  induces  a bijection  between  their  generic  points. 
To  prove  that  Xv  — ► Yu  is  birational,  it  therefore  suffices  to  show  it  induces  an 
isomorphism  on  local  rings  at  these  points.  To  do  this  we  may  replace  X and  Y by 
open  neighbourhoods  of  their  generic  points,  hence  we  may  assume  X and  Y are 
affine  irreducible  schemes  with  generic  points  x and  y.  Since  / is  birational  the  map 
Ox,x  — > Oy,y  is  an  isomorphism.  Let  xv  £ Xv  and  yv  £ Yy  be  the  points  lying 
over  x and  y.  By  construction  of  the  normalization  we  see  that  Oxu,xu  = Oyj/Wi 
and  similarly  on  Y . Thus  the  map  Oxv  ,xv  Oy«tVv  is  an  isomorphism  as  well.  □ 


0B4E  Lemma  55.20.8.  Let  S be  a scheme.  Let  f : X -A  Y be  a morphism  of  algebraic 
spaces  over  S.  Assume 

(1)  X and  Y are  decent  and  have  finitely  many  irreducible  components, 

(2)  / is  integral  and  birational, 

(3)  Y is  normal,  and 

(4)  X is  reduced. 

Then  f is  an  isomorphism. 


Proof.  Let  V — ► Y be  an  etale  morphism  with  V affine.  It  suffices  to  show  that 
U = X Xy  V — )•  P is  an  isomorphism.  By  Lemma  |55.20.6|  and  its  proof  we  see 
that  U and  V are  decent  and  have  finitely  many  irreducible  components  and  that 
U — >■  V is  birational.  By  Properties,  Lemma  [27. 7. 5|  V is  a finite  disjoint  union  of 
integral  schemes.  Thus  we  may  assume  V is  integral.  As  / is  birational,  we  see  that 
U is  irreducible  and  reduced,  i.e.,  integral  (note  that  U is  a scheme  as  / is  integral, 
hence  representable).  Thus  we  may  assume  that  X and  Y are  integral  schemes  and 
the  result  follows  from  the  case  of  schemes,  see  Morphisms,  Lemma |28.49.5|  □ 

OBBH  Lemma  55.20.9.  Let  S be  a scheme.  Let  f : X — ► Y be  an  integral  birational 
morphism  of  decent  algebraic  spaces  over  S which  have  finitely  many  irreducible 
components.  Then  there  exists  a factorization  Yu  — > X — t Y and  Yu  ->  X is  the 
normalization  of  X. 


Proof.  Consider  the  map  Xv 
Morphisms  of  Spaces,  Lemma  54.43.11 
155.20.81 


Yv  of  Lemma  55.20.7 


This  map  is  integral  by 
Hence  it  is  an  isomorphism  by  Lemma 

□ 


0BA2 
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We  have  defined  the  Jacobson  property  for  algebraic  spaces  in  Properties  of  Spaces, 
Remark |53. 7. 3|  For  representable  algebraic  spaces  it  agrees  with  the  property  dis- 
cussed in  Properties,  Section[27.6|  The  relationship  between  the  Jacobson  property 
and  the  behaviour  of  the  topological  space  |A|  is  not  evident  for  general  algebraic 
spaces  |X|.  However,  a decent  (for  example  quasi-separated  or  locally  separated) 
algebraic  space  X is  Jacobson  if  and  only  if  \X\  is  Jacobson  (see  Lemma[55.21.4). 

0BA3  Lemma  55.21.1.  Let  S be  a scheme.  Let  X be  a Jacobson  algebraic  space  over 
S.  Any  algebraic  space  locally  of  finite  type  over  X is  Jacobson. 


Proof.  Let  U — > X be  a surjective  etale  morphism  where  U is  a scheme.  Then  U 
is  Jacobson  (by  definition)  and  for  a morphism  of  schemes  V -A  U which  is  locally 
of  finite  type  we  see  that  V is  Jacobson  by  the  corresponding  result  for  schemes 
(Morphisms,  Lemma  28.16.9).  Thus  if  Y — > X is  a morphism  of  algebraic  spaces 


which  is  locally  of  finite  type,  then  setting  V = U XxY  we  see  that  Y is  Jacobson 
by  definition.  □ 

0BA4  Lemma  55.21.2.  Let  S be  a scheme.  Let  X be  a Jacobson  algebraic  space  over 
S.  For  x £ Xft_pts  and  g : W —>  X locally  of  finite  type  with  W a scheme,  if 
x £ Im(\g\),  then  there  exists  a closed  point  ofW  mapping  to  x. 

Proof.  Let  U — > X be  an  etale  morphism  with  U a scheme  and  with  u £ U closed 
mapping  to  x,  see  Morphisms  of  Spaces,  Lemma|54.25.3  Observe  that  W,  WxxU, 
and  U are  Jacobson  schemes  by  Lemma  [55. 21.1]  Hence  finite  type  points  on  these 
schemes  are  the  same  thing  as  closed  points  by  Morphisms,  Lemma  [28. 16. 8|  The 
inverse  image  T C W xx  U of  u is  a nonempty  (as  x in  the  image  of  W — >•  X) 
closed  subset.  By  Morphisms,  Lemma [28. 16. 7|  there  is  a closed  point  t of  W Xx  U 
which  maps  to  u.  As  W x \ U — > W is  locally  of  finite  type  the  image  of  t in  W is 
closed  by  Morphisms,  Lemma [28. 16. 8|  □ 

0BA5  Lemma  55.21.3.  Let  S be  a scheme.  Let  X be  a decent  Jacobson  algebraic  space 
over  S.  Then  Xft_pts  C |X|  is  the  set  of  closed  points. 

Proof.  If  x £ |A|  is  closed,  then  we  can  represent  a;  by  a closed  immersion 
Spec(fc)  —¥  X,  see  Lemma  55.12.6  Hence  x is  certainly  a finite  type  point. 


Conversely,  let  x £ \ X | be  a finite  type  point.  We  know  that  x can  be  represented 
by  a quasi-compact  monomorphism  Spec(fc)  — > X where  k is  a field  (Definition 
55.6.1).  On  the  other  hand,  by  definition,  there  exists  a morphism  Spec(Zc')  — > X 
which  is  locally  of  finite  type  and  represents  x (Morphisms,  Definition  |28.16.3|. 
We  obtain  a factorization  Spec(fc')  -A  Spec(fc)  —>  X.  Let  U — >•  X be  any  etale 
morphism  with  U affine  and  consider  the  morphisms 

Spec(fc')  xx  U — > Spec(fc)  Xx  U — >■  U 

The  quasi-conrpact  scheme  Spec (k)  Xx  U is  etale  over  Spec(fc)  hence  is  a finite 
disjoint  union  of  spectra  of  fields  (Remark  55.4. 1[).  Moreover,  the  first  morphism  is 
surjective  and  locally  of  finite  type  (Morphisms,  Lemma  28.15.8)  hence  surjective 


on  finite  type  points  (Morphisms,  Lemma  28.16.6)  and  the  composition  (which  is 


locally  of  finite  type)  sends  finite  type  points  to  closed  points  as  U is  Jacobson 
(Morphisms,  Lemma [28.16.8 1.  Thus  the  image  of  Spec(fc)  xx  U — > U is  a finite 
set  of  closed  points  hence  closed.  Since  this  is  true  for  every  affine  U and  etale 
morphism  U — > X,  we  conclude  that  x £ \X\  is  closed.  □ 
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0BA6  Lemma  55.21.4.  Let  S be  a scheme.  Let  X be  a decent  algebraic  space  over  S. 
Then  X is  Jacobson  if  and  only  if  |A'|  is  Jacobson. 

Proof.  Assume  X is  Jacobson  and  that  T C |A|  is  a closed  subset.  By  Morphisms 


of  Spaces,  Lemma  54.25.6  we  see  that  T D Aft_pts  is  dense  in  T.  By  Lemma  55.21.3 
we  see  that  Xft_pts  are  the  closed  points  of  |A|.  Thus  |A|  is  indeed  Jacobson. 

Assume  |A|  is  Jacobson.  Let  /:[/—»  X be  an  etale  morphism  with  U an  affine 
scheme.  We  have  to  show  that  U is  Jacobson.  If  x £ |A|  is  closed,  then  the  fibre 
F = f~1({x})  is  a finite  (by  definition  of  decent)  closed  (by  construction  of  the 
topology  on  |A|)  subset  of  U.  Since  there  are  no  specializations  between  points 


of  F (Lemma  55.10.6)  we  conclude  that  every  point  of  F is  closed  in  U.  If  U is 
not  Jacobson,  then  there  exists  a non-closed  point  u £ U such  that  {u}  is  locally 
closed  (Topology,  Lemma  5.17.3).  We  will  show  that  f(u)  £ |A|  is  closed;  by  the 
above  u is  closed  in  U which  is  a contradiction  and  finishes  the  proof.  To  prove 
this  we  may  replace  U by  an  affine  open  neighbourhood  of  u.  Thus  we  may  assume 
that  {u}  is  closed  in  U.  Let  R = U Xx  U with  projections  s,t  : R — ► U.  Then 
S-1(M)  = {ri, . . . ,rm}  is  finite  (by  definition  of  decent  spaces).  After  replacing 
U by  a smaller  affine  open  neighbourhood  of  u we  may  assume  that  t{r.j)  = u for 
j = 1, . . . , m.  It  follows  that  {u}  is  an  i?-invariant  closed  subset  of  U.  Hence  {/(it)} 
is  a locally  closed  subset  of  A as  it  is  closed  in  the  open  |/|(|t/|)  of  |A|.  Since  \X\ 
is  Jacobson  we  conclude  that  f(u)  is  closed  in  |X|  as  desired.  □ 
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Cohomology  of  Algebraic  Spaces 


56.1.  Introduction 


In  this  chapter  we  write  about  cohomology  of  algebraic  spaces.  Although  we  prove 
some  results  on  cohomology  of  abelian  sheaves,  we  focus  mainly  on  cohomology 
of  quasi-coherent  sheaves,  i.e.,  we  prove  analogues  of  the  results  in  the  chapter 
“Cohomology  of  Schemes”.  Some  of  the  results  in  this  chapter  can  be  found  in 

|Knn71|. 

An  important  missing  ingredient  in  this  chapter  is  the  induction  principle , i.e.,  the 
analogue  for  quasi-compact  and  quasi-separated  algebraic  spaces  of  Cohomology 
of  Schemes,  Lemma  |29.4.1[  This  is  formulated  precisely  and  proved  in  detail  in 
Derived  Categories  of  Spaces,  Section  |62.8|  Instead  of  the  induction  principle,  in 


this  chapter  we  use  the  alternating  Cech  complex,  see  Section  56.5  It  is  designed 


to  prove  vanishing  statements  such  as  Proposition  |56.6.2[  but  in  some  cases  the 
induction  principle  is  a more  powerful  and  perhaps  more  “standard”  tool.  We 
encourage  the  reader  to  take  a look  at  the  induction  principle  after  reading  some 
of  the  material  in  this  section. 


56.2.  Conventions 

The  standing  assumption  is  that  all  schemes  are  contained  in  a big  fppf  site  Schfppf. 
And  all  rings  A considered  have  the  property  that  Spec(A)  is  (isomorphic)  to  an 
object  of  this  big  site. 

Let  S be  a scheme  and  let  X be  an  algebraic  space  over  S.  In  this  chapter  and  the 
following  we  will  write  X x s X for  the  product  of  X with  itself  (in  the  category  of 
algebraic  spaces  over  S ),  instead  of  A x X. 


56.3.  Higher  direct  images 


Before  discussing  what  happens  with  higher  direct  images  of  quasi-coherent  sheaves 
we  formulate  and  prove  a result  which  holds  for  all  abelian  sheaves  (in  particular 
also  quasi-coherent  modules). 

Lemma  56.3.1.  Let  S be  a scheme.  Let  f : X — > Y be  an  integral  (for  example 
finite ) morphism  of  algebraic  spaces.  Then  /*  : Ab(Xgtaie)  — t Ab{Y^taie)  is  an  exact 
functor  and  RP /*  = 0 for  p > 0. 


Proof.  By  Properties  of  Spaces,  Lemma[53T7TT]we  may  compute  the  higher  direct 
images  on  an  etale  cover  of  Y . Hence  we  may  assume  Y is  a scheme.  This  implies 
that  X is  a scheme  (Morphisms  of  Spaces,  Lemma  54.43.3).  In  this  case  we  may 
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apply  Etale  Cohomology,  Lemma 


49.44.5 


to  consult  the  less  technical  Etale  Cohomology,  Proposition 


For  the  finite  case  the  reader  may  wish 
49.55.2l  □ 


Let  S be  a scheme.  Let  X be  a representable  algebraic  space  over  S. 
be  a quasi-coherent  module  on  X (see  Properties  of  Spaces 
Descent,  Proposition 


34.7.10 


Let  JF 
Section  53.28 1 . By 


the  cohomology  groups  Hl{X,F)  agree  with  the  usual 
cohomology  group  computed  in  the  Zariski  topology  of  the  corresponding  quasi- 
coherent  module  on  the  scheme  representing  X. 


More  generally,  let  / : X — ► Y be  a quasi-compact  and  quasi-separated  morphism 
of  representable  algebraic  spaces  X and  Y.  Let  T be  a quasi-coherent  module 
on  X.  By  Descent,  Lemma  [34.7.15  the  sheaf  Rdf^T  agrees  with  the  usual  higher 
direct  image  computed  for  the  Zariski  topology  of  the  quasi-coherent  module  on 
the  scheme  representing  X mapping  to  the  scheme  representing  Y . 


More  generally  still,  suppose  / : X — ► Y is  a representable,  quasi-compact,  and 
quasi-separated  morphism  of  algebraic  spaces  over  S.  Let  V be  a scheme  and  let 
V Y be  an  etale  surjective  morphism.  Let  U = V Xy  X and  let  /'  : U — > V be 
the  base  change  of  /.  Then  for  any  quasi-coherent  Ox -module  T we  have 

071Z  (56.3.1.1)  Rlfi(X\u)  = (Rlf*X)\v, 

see  Properties  of  Spaces,  Lemma  |53.25.2|  And  because  f : U — ¥ V is  a quasi- 
compact and  quasi-separated  morphism  of  schemes,  by  the  remark  of  the  preceding 
paragraph  we  may  compute  Rl  fl(R\u)  by  thinking  of  F\u  as  a quasi-coherent  sheaf 
on  the  scheme  U , and  f as  a morphism  of  schemes.  We  will  frequently  use  this 
without  further  mention. 


0720 


Next,  we  prove  that  higher  direct  images  of  quasi-coherent  sheaves  are  quasi- 
coherent  for  any  quasi-compact  and  quasi-separated  morphism  of  algebraic  spaces. 
In  the  proof  we  use  a trick;  a “better”  proof  would  use  a relative  Cech  complex,  as 
discussed  in  Sheaves  on  Stacks,  Sections  [78.17  and  78.18  ff. 


Lemma  56.3.2.  Let  S be  a scheme.  Let  f : X Y be  a morphism  of  algebraic 
spaces  over  S.  If  f is  quasi-compact  and  quasi-separated,  then  Rl /*  transforms 
quasi-coherent  Ox -modules  into  quasi-coherent  Oy -modules. 


Proof.  Let  V — > Y be  an  etale  morphism  where  V is  an  affine  scheme.  Set 
U = V Xy  X and  denote  /'  : U —>  V the  induced  morphism.  Let  J7  be  a 
quasi-coherent  Ox-module.  By  Properties  of  Spaces,  Lemma  |53.25.2|  we  have 
&ft(r\u)  = {&f.7)\v-  Since  the  property  of  being  a quasi-coherent  module 
is  local  in  the  etale  topology  on  Y (see  Properties  of  Spaces,  Lemma  53.28.6)  we 
may  replace  Y by  V,  i.e.,  we  may  assume  Y is  an  affine  scheme. 


Assume  Y is  affine.  Since  / is  quasi-compact  we  see  that  X is  quasi-compact.  Thus 
we  may  choose  an  affine  scheme  U and  a surjective  etale  morphism  g : U — > X,  see 
Properties  of  Spaces,  Lemma  53.6.3  Picture 


Y 
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The  morphism  g : U — ► X is  representable,  separated  and  quasi-compact  because 
X is  quasi-separated.  Hence  the  lemma  holds  for  g (by  the  discussion  above  the 
lemma).  It  also  holds  for  / o g :[/—>■  Y (as  this  is  a morphism  of  affine  schemes). 


In  the  situation  described  in  the  previous  paragraph  we  will  show  by  induction  on 
n that  IHn : for  any  quasi-coherent  sheaf  T on  X the  sheaves  RlfX  are  quasi- 
coherent  for  i < n.  The  case  n = 0 follows  from  Morphisms  of  Spaces,  Lemma 
Assume  IHn.  In  the  rest  of  the  proof  we  show  that  IHn+ 1 holds. 


54.11.2 


Let  H be  a quasi-coherent  CV-module.  Consider  the  Leray  spectral  sequence 
Ep'q  = Rp  f*RqgYH  =>  Rp+q(f  o g\U 

Cohomology  on  Sites,  Lemma  [21. 14. 7[  As  Rqg*H  is  quasi-coherent  by  IHn  all  the 
sheaves  RP f*Rqg*'H  are  quasi-coherent  for  p < n.  The  sheaves  Rp+q(f  o g)YH  are 
all  quasi-coherent  (in  fact  zero  for  p + q > 0 but  we  do  not  need  this).  Looking 
in  degrees  < n + 1 the  only  module  which  we  do  not  yet  know  is  quasi-coherent  is 
E2+1’°  = Rn+1ftgtH.  Moreover,  the  differentials  d?+1’°  : £”+1’°  ->  ^n+i+r,i-r 
are  zero  as  the  target  is  zero.  Using  that  QCoh(Ox)  is  a weak  Serre  subcategory 
of  Mod(Ox)  (Properties  of  Spaces,  Lemma  53.28.7 1 it  follows  that  Rn+1  f*gXH  is 
quasi-coherent  (details  omitted). 


Let  T be  a quasi-coherent  Ox-module.  Set  7~L  = g*X '.  The  adjunction  mapping 
X — > g*g*X  = gXH.  is  injective  as  U — > X is  surjective  etale.  Consider  the  exact 
sequence 

0 — > X — y g*R  — ^ Q — t 0 

where  Q is  the  cokernel  of  the  first  map  and  in  particular  quasi-coherent.  Applying 
the  long  exact  cohomology  sequence  we  obtain 

RnUg*U  Rnf*G  Rn+1UX  -a  Rn+1f*g*H  Rn+1f*G 


The  cokernel  of  the  first  arrow  is  quasi-coherent  and  we  have  seen  above  that 
Rn+1  f*g*'H  is  quasi-coherent.  Thus  Rn+1f*X  has  a 2-step  filtration  where  the  first 
step  is  quasi-coherent  and  the  second  a submodule  of  a quasi-coherent  sheaf.  Since 
T is  an  arbitrary  quasi-coherent  Ox-module,  this  result  also  holds  for  Q . Thus  we 
can  choose  an  exact  sequence  0 — > A — > Rn+1f*Q  — > B with  A,  B quasi-coherent 
Ox-modules.  Then  the  kernel  1C  of  Rn+1  f^g^T-L  — > Rn+1  /*<?  — > B is  quasi-coherent, 
whereupon  we  obtain  a map  K,  — > A whose  kernel  1C ’ is  quasi-coherent  too.  Hence 
Rn+1f*X  sits  in  an  exact  sequence 

Rnf*g*'H  -a  Rnf*g  Rn+1f*X  K!  -►  0 

with  all  modules  quasi-coherent  except  for  possibly  Rn+1  f*X.  We  conclude  that 
Rn+1f*X  is  quasi-coherent,  i.e.,  IHn+ 1 holds  as  desired.  □ 

08EX  Lemma  56.3.3.  Let  S be  a scheme.  Let  f : X — » Y be  a quasi- separated  and 
quasi-compact  morphism  of  algebraic  spaces  over  S.  For  any  quasi-coherent  Ox- 
module  X and  any  affine  object  V of  Y^taie  we  have 

Hq(V  xy  X,T)  = H°(V,  Rqf*X) 

for  all  q £ Z. 


Proof.  Since  formation  of  Rf * commutes  with  etale  localization  (Properties  of 
Spaces,  Lemma  53.25.2 ) we  may  replace  Y by  V and  assume  Y = V is  affine.  Con- 
sider the  Leray  spectral  sequence  Ep’q  = HP(Y,  Rqf^F)  converging  to  Hp+q(X,T), 
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see  Cohomology  on  Sites,  Lemma [2TTT43J  By  Lemma[56A2]we  see  that  the  sheaves 
Rqf*F  are  quasi-coherent.  By  Cohomology  of  Schemes,  Lemma [29. 2.2|  we  see  that 
Ep’q  = 0 when  p > 0.  Hence  the  spectral  sequence  degenerates  at  E2  and  we 
win.  □ 


56.4.  Colimits  and  cohomology 


The  following  lemma  in  particular  applies  to  diagrams  of  quasi-coherent  sheaves. 

Lemma  56.4.1.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  If  X is 
quasi-compact  and  quasi-separated,  then 

colim,  HP(X , Ff)  — > HP(X , colim;  Ff) 

is  an  isomorphism  for  every  filtered  diagram  of  abelian  sheaves  on  X^ta ie . 


Proof.  This  follows  from  Cohomology  on  Sites,  Lemma  [21. 16. 1[  Namely,  let  B C 
Ob (XspaceSi£taie)  be  the  set  of  quasi-compact  and  quasi-separated  spaces  etale  over 
X.  Note  that  if  U € B then,  because  U is  quasi-compact,  the  collection  of  finite 
coverings  {Ui  — > U}  with  Ui  £ B is  cofinal  in  the  set  of  coverings  of  U in  X^taie- 
By  Morphisms  of  Spaces,  Lemma  54.8.9  the  set  B satisfies  all  the  assumptions  of 
Cohomology  on  Sites,  Lemma  |21. 16.1  Since  X G B we  win.  □ 


Lemma  56.4.2.  Let  S be  a scheme.  Let  f : X Y be  a quasi-compact  and 
quasi-separated  morphism  of  algebraic  spaces  over  S.  Let  F = colim  Fi  be  a filtei'ed 
colimit  of  abelian  sheaves  on  X^taie-  Then  for  any  p > 0 we  have 


Rpf *F  = colim  Rp.UFi. 


Proof.  Recall  that  Rp f*F  is  the  sheaf  on  Yspaces^taie  associated  tob^  HP(V  xy 
X,F),  see  Cohomology  on  Sites,  Lemma  21.8.4  and  Properties  of  Spaces,  Lemma 
53.17.71  Recall  that  the  colimit  is  the  sheaf  associated  to  the  presheaf  colimit. 


Hence  we  can  apply  Lemma  56.4.1  to  HP(V  Xy  X,  — ) where  V is  affine  to  conclude 
(because  when  V is  affine,  then  V Xy  X is  quasi-compact  and  quasi-separated). 
Strictly  speaking  this  also  uses  Properties  of  Spaces,  Lemma  |53.17.5|  to  see  that 
there  exist  enough  affine  objects.  □ 


The  following  lemma  tells  us  that  finitely  presented  modules  behave  as  expected  in 
quasi-compact  and  quasi-separated  algebraic  spaces. 

Lemma  56.4.3.  Let  S be  a scheme.  Let  X be  a quasi-compact  and  quasi-separated 
algebraic  space  over  S.  Let  I be  a partially  ordered  set  and  let  (Fi,  ipu’)  be  a system 
over  I of  quasi-coherent  Ox -modules.  LetQ  be  an  Ox -module  of  finite  presentation. 
Then  we  have 

colim j Homxff/,  Ff)  = Bonixiff,  colim,  Fi). 


Proof.  Choose  an  affine  scheme  U and  a surjective  etale  morphism  U — > X.  Set 
R = U xx  U.  Note  that  R is  a quasi-compact  (as  X is  quasi-separated  and  U 
quasi-compact)  and  separated  (as  U is  separated)  scheme.  Hence  we  have 


colim,;  Home/ (Q\u,Fi\u)  = Homy  (Q\u,  colim,  Fi\u). 


by  Modules,  Lemma  17.11.6  (and  the  material  on  restriction  to  schemes  etale  over 
X,  see  Properties  of  Spaces,  Sections  53.28  and  53.291.  Similarly  for  R.  Since 
QCoh(Ox)  = QCoh(U , R,  s,  t,  c)  (see  Properties  of  Spaces,  Proposition  53.31.1 1 the 
result  follows  formally.  □ 
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56.5.  The  alternating  Cech  complex 

0721  Let  S'  be  a scheme.  Let  f : U —>  X be  an  etale  morphism  of  algebraic  spaces  over 
S.  The  functor 


j • bJ spaces , etale 


X 


spaces,  etale  ■> 


V/U  I — > v/x 


induces  an  equivalence  of  bJspaceSi etale  with  the  localization  X spaces, etale  / bJ , see 
Properties  of  Spaces,  Section  [53. 26|  Hence  there  exist  functors 

f\  : AbifJetaie ) — > Ab(Xetaie),  fi  : Mod{Ov ) — ► Mod(Ox ), 

which  are  left  adjoint  to 

f-1  : Ab{Xetaie)  — ► Ab{Uitale),  f*  : Mod(Ox)  — > Mod(Ou) 

see  Modules  on  Sites,  Section  [l8.19|  Warning:  This  functor,  a priori,  has  nothing 
to  do  with  cohomology  with  compact  supports!  We  dubbed  this  functor  “extension 
by  zero”  in  the  reference  above.  Note  that  the  two  versions  of  ft  agree  as  f*  = /-1 
for  sheaves  of  Ox-modules. 


As  we  are  going  to  use  this  construction  below  let  us  recall  some  of  its  properties. 
Given  an  abelian  sheaf  Q on  U^taie  the  sheaf  f\  is  the  sheafification  of  the  presheaf 

jm  = ®^,CTsiv 

see  Modules  on  Sites,  Lemma  [18. 19. 2|  Moreover,  if  Q is  an  Oy-module,  then  f\Q 
is  the  sheafification  of  the  exact  same  presheaf  of  abelian  groups  which  is  endowed 
with  an  Ox-module  structure  in  an  obvious  way  (see  loc.  cit.).  Let  x : Spec(fc)  — ► A' 
be  a geometric  point.  Then  there  is  a canonical  identification 


(/!S)x  = 0_fe 


where  the  sum  is  over  all  u : Spec (fc)  — l U such  that  / o u = x,  see  Modules  on 
Sites,  Lemma  [18.37. 1|  and  Properties  of  Spaces,  Lemma  [53. 18. 13  In  the  following 
we  are  going  to  study  the  sheaf  f\Z.  Here  Z denotes  the  constant  sheaf  on  X etale 

07  bJ etale- 


0722  Lemma  56.5.1.  Let  S be  a scheme.  Let  fi  : Ui  -A  X be  etale  morphisms  of 
algebraic  spaces  over  S . Then  there  are  isomorphisms 


fi<Z  <g>z  /2,|Z  — > /l2,|Z 

where  f\2  '■  U\  Xx  U2  — t X is  the  structure  morphism  and 

(/1 II  /2)iZ  — > A.'Z  ® /2,'Z 


Proof.  Once  we  have  defined  the  map  it  will  be  an  isomorphism  by  our  description 
of  stalks  above.  To  define  the  map  it  suffices  to  work  on  the  level  of  presheaves. 
Thus  we  have  to  define  a map 


(^iGMorx(V,f/i) 


<P2  € Mor x V, U2 ) 


0 z 


We  map  the  element  lVl  (g)  1V2  to  the  element  l(piXip2  with  obvious  notation.  We 
omit  the  proof  of  the  second  equality.  □ 
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Another  important  feature  is  the  trace  map 

TV,  : /.Z  — > Z 

The  trace  map  is  adjoint  to  the  map  Z -A  f~~lZ  (which  is  an  isomorphism).  If  x is 
above,  then  Tr,  on  stalks  at  x is  the  map 

(Tr,)*:(/!Z)*  = 0_Z— ; »Z  = Z* 

which  sums  the  given  integers.  This  is  true  because  it  is  adjoint  to  the  map  1 : Z — A 
/-1Z.  In  particular,  if  / is  surjective  as  well  as  etale  then  Tr,  is  surjective. 

Assume  that  / : U — > X is  a surjective  etale  morphism  of  algebraic  spaces.  Consider 
the  Koszul  complex  associated  to  the  trace  map  we  discussed  above 

. . . ->  A3/,Z  -t  A2/|Z  ->/,Z->Z-aO 


Here  the  exterior  powers  are  over  the  sheaf  of  rings  Z.  The  maps  are  defined  by 
the  rule 

ei  A . . . A en  i — > V'  (-l)l+1Tr,(ej)ei  A . . . A ej  A . . . A en 

z — Ji=l 

where  e±, . . . ,en  are  local  sections  of  /tZ.  Let  x be  a geometric  point  of  X and  set 
Mx  — (f\Z)x  = ©u-Z.  Then  the  stalk  of  the  complex  above  at  x is  the  complex 

...  -A  A 3Mx  -a  A 2Mx  -a  Mx  ->  Z ->  0 

which  is  exact  because  Mx  — > Z is  surjective,  see  More  on  Algebra,  Lemma[l5.22.5| 
Hence  if  we  let  K*  = K*(f)  be  the  complex  with  Kl  = A*+1/iZ,  then  we  obtain  a 
quasi-isomorphism 

(56.5.1.1)  Km — >Z[0] 


We  use  the  complex  K*  to  define  what  we  call  the  alternating  Cech  complex  asso- 
ciated to  / : U — > X. 

Definition  56.5.2.  Let  S'  be  a scheme.  Let  / : U — > X be  a surjective  etale 
morphism  of  algebraic  spaces  over  S.  Let  T be  an  object  of  Ab{X^taie).  The 
alternating  Cech  complete* lt(f , X)  associated  to  T and  / is  the  complex 

Hom(/\°,  JF)  -a  Hom(A'1, F)  — > Hom(A'2, X)  —>■... 


with  Horn  groups  computed  in  Ab(Xetaie)- 

The  reader  may  verify  that  if  U = ]J  Ui  and  f\ut  ■ Ui  — > X is  the  open  immersion 
of  a subspace,  then  C*lt(f,JF)  agrees  with  the  complex  introduced  in  Cohomology, 
Section  20.24  for  the  Zariski  covering  A = (J IJ,  and  the  restriction  of  T to  the 
Zariski  site  of  X.  What  is  more  important  however,  is  to  relate  the  cohomology  of 
the  alternating  Cech  complex  to  the  cohomology. 

Lemma  56.5.3.  Let  S be  a scheme.  Let  f : U —A  X be  a surjective  etale  mor- 
phism of  algebraic  spaces  over  S.  Let  T be  an  object  of  Ab(Xetaie)  ■ There  exists  a 
canonical  map 

ralt{f^)-^Rnx,x) 

in  D(Ab).  Moreover,  there  is  a spectral  sequence  with  E^-page 

EiQ  = E^Ab{X6taie)(K^E) 
converging  to  HpJrq(X,  J7)  where  Kp  = Ap+1/iZ. 


lrThis  may  be  nonstandard  notation 
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Proof.  Recall  that  we  have  the  quasi-isomorphism  K * —A  Z[0],  see  (56.5.1.1). 
Choose  an  injective  resolution  T — A X*  in  Ab(X^taie).  Consider  the  double  complex 
A*'*  with  terms 

A™  = Hom(A'p,I9) 

where  the  differential  dp’9  : Ap’q  — A Ap+1,g  is  the  one  coming  from  the  differential 
Kp+1  — A Kp  and  the  differential  dlfq  : Ap,q  —A  Hp,9+1  is  the  one  coming  from  the 
differential  Iq  -A  Iq+1.  Denote  sH*  the  total  complex  associated  to  the  double 
complex  A*'*.  We  will  use  the  two  spectral  sequences  (' Er,'dr ) and  ("Er,"dr) 
associated  to  this  double  complex,  see  Homology,  Section  12.22[ 

Because  K*  is  a resolution  of  Z we  see  that  the  complexes 

Am'q  : Hom(A'°,Z9)  -A  Hom(A'1, lq)  -A  Hom(A'2, T9)  -A  . . . 

are  acyclic  in  positive  degrees  and  have  H°  equal  to  T(X,Iq).  Hence  by  Homology, 
Lemma  12.22.7  and  its  proof  the  spectral  sequence  (" Er,"dr ) degenerates,  and  the 
natural  map 

1*(X)  — A sA’ 

is  a quasi-isonrorphism  of  complexes  of  abelian  groups.  In  particular  we  conclude 
that  Hn(sA*)  = Hn(X,F). 

The  map  C*[t(f,T)  RT(X,T)  of  the  lemma  is  the  composition  of  C*lt{f,F)  -A 
SA*  with  the  inverse  of  the  displayed  quasi-isomorphism. 

Finally,  consider  the  spectral  sequence  (' Er,'dr ).  We  have 

E p’q  = gth  cohomology  of  Hom(A'p,Z°)  —A  Hom(ATp,I1)  —A  Hom(A'p,X2)  — A . . . 

This  proves  the  lemma.  □ 


It  follows  from  the  lemma  that  it  is  important  to  understand  the  ext  groups 
Ext Ab(xitaU){Kp,R),  be.,  the  right  derived  functors  of  T e-A  Hom(A'p, T). 

0726  Lemma  56.5.4.  Let  S be  a scheme.  Let  f : U —A  X be  a surjective,  etale,  and 
separated  morphism  of  algebraic  spaces  over  S.  For  p > 0 set 

Wp  = U Xx  ...  xx  U \ all  diagonals 

where  the  fibre  product  has  p+  1 factors.  There  is  a free  action  of  Sp+\  on  Wp  over 
X and 

Hom(ATp,  F)  = Sp+\-anti-invariant  elements  of  F(WP) 
functorially  in  T where  Kp  = AP+1/|Z. 


Proof.  Because  U —A  X is  separated  the  diagonal  U — > U Xx  U is  & closed  im- 
mersion. Since  U — > X is  etale  the  diagonal  U — > U Xx  U is  an  open  immersion, 
see  Morphisms  of  Spaces,  Lemmas  54.38.10  and  54.37.9  Hence  Wp  is  an  open  and 
closed  subspace  of  Up+1  = U Xx  ■ ■ ■ Xx  U.  The  action  of  Sp+i  on  Wp  is  free  as 
we’ve  thrown  out  the  fixed  points  of  the  action.  By  Lemma  |56 . 5 . 1 1 we  see  that 


(M 


,®p+i  _ fp+ 1 


= /,p+iZ  = (Wp  —A  X),Z  © Rest 


where  fp+1  : Up+1  —A  X is  the  structure  morphism.  Looking  at  stalks  over  a 
geometric  point  x of  X we  see  that 

®p+i 


- Z 


(Wp  -A  X),Z3 
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is  the  quotient  whose  kernel  is  generated  by  all  tensors  lj70  ® . . . <g>  W where  Ui  = Uj 
for  some  i ^ j.  Thus  the  quotient  map 

(/, Z)0P+1  — > AP+1/.Z 
factors  through  (Wp  -A  X)\Z,  i.e. , we  get 

(/|Z)0P+1  — ► (Wp  -A  X)iZ  — ► AP+1/|Z 
This  already  proves  that  Hom(Ap,  J7)  is  (functorially)  a subgroup  of 


Horn  ((Wp  ->•  X),Z,  J-)  = A(Wp) 

To  identify  it  with  the  -anti-invariants  we  have  to  prove  that  the  surjection 
(Wp  — > X)\Z  — > AP+1/|Z  is  the  maximal  S^+i-anti-invariant  quotient.  In  other 
words,  we  have  to  show  that  Ap+1/iZ  is  the  quotient  of  (Wp  — > X)tZ  by  the 
subsheaf  generated  by  the  local  sections  s — sign(a)cr(s)  where  s is  a local  section 
of  (Wp  X)\Z.  This  can  be  checked  on  the  stacks,  where  it  is  clear.  □ 


0727  Lemma  56.5.5.  Let  S be  a scheme.  Let  W be  an  algebraic  space  over  S.  Let 
G be  a finite  group  acting  freely  on  W.  Let  U = W/G,  see  Properties  of  Spaces, 
Lemma  53.33.1  Let  \ '■  G — > {+1,-1}  be  a character.  Then  there  exists  a rank  1 
locally  free  sheaf  of  Z-modules  Z(y)  on  U^taie  such  that  for  every  abelian  sheaf  T 
on  U^taie  we  have 

H°(W , T\WY-  = H°(U,  T <g>z  Z(X)) 


Proof.  The  quotient  morphism  q : W — > U is  a G-torsor,  i.e.,  there  exists  a 
surjective  etale  morphism  U'  -A  U such  that  W xv  U'  = UgeG  V as  spaces  with 
G-action  over  U' . (Namely,  U'  = W works.)  Hence  q*  Z is  a finite  locally  free 
Z-module  with  an  action  of  G.  For  any  geometric  point  u of  U,  then  we  get  G- 
equivariant  isomorphisms 

(g*z)*  = ®_  z = 0 z = z[G] 

w\-*u  g£G 

where  the  second  = uses  a geometric  point  wq  lying  over  u and  maps  the  summand 
corresponding  to  g £ G to  the  summand  corresponding  to  g(uto).  We  have 

H°(W,  T\w)  = H°(U,  T q* Z) 

because  q*T\w  = X ®z  q*Z  as  one  can  check  by  restricting  to  U'.  Let 

Z(x)  - (q*Zl)X  c q* Z 

be  the  subsheaf  of  sections  that  transform  according  to  x-  For  any  geometric  point 
u of  U we  have 

Z(xk  = Z X]  x(g)9  C Z[G]  = (q*Z)u 

It  follows  that  Z(x)  is  locally  free  of  rank  1 (more  precisely,  this  should  be  checked 
after  restricting  to  U').  Note  that  for  any  Z-module  M the  x-semi-invariants  of 
M[G]  are  the  elements  of  the  form  m ■ x(d)g ■ Thus  we  see  that  for  any  abelian 
sheaf  F on  U we  have 

(F  ®z  q* Z)x  = F <S>z  Z(x) 

because  we  have  equality  at  all  stalks.  The  result  of  the  lemma  follows  by  taking 
global  sections.  □ 


Now  we  can  put  everything  together  and  obtain  the  following  pleasing  result. 
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Lemma  56.5.6.  Let  S be  a scheme.  Let  f : U -A  X be  a surjective,  etale,  and 
separated  morphism  of  algebraic  spaces  over  S.  For  p > 0 set 

Wp  = U x.y  ...  Xx  U \ all  diagonals 


(with  p + 1 factors)  as  in  Lemma  56. 5.  f Let  \p  '■  Sp+i  —■ ► {+1,  —1}  be  the  sign 
character.  Let  Up  = Wp/Sp+\  and  Z(xP)  be  as  in  Lemma  56.5.5  Then  the  spectral 
sequence  of  Lemma  \ 56. 5.3 \ has  Ei  -page 


E™=H\Up,I \Up 
and  converges  to  Hp+q(X,T). 


UxP)) 


Proof.  Note  that  since  the  action  of  Sp+ 1 on  Wp  is  over  A'  we  do  obtain  a morphism 
C/p  -A  X.  Since  Wp  -A  X is  etale  and  since  Wp  -A  Up  is  surjective  etale,  it  follows 


that  also  Up  -A  X is  etale,  see  Morphisms  of  Spaces,  Lemma  |54.38.2|  Therefore 


an  injective  object  of  Ab(Xetaie)  restricts  to  an  injective  object  of  Ab{Up^taie),  see 
Cohomology  on  Sites,  Lemma  21.8.1  Moreover,  the  functor  Q i-a  Q ®z  Zl(Xp))  is 
an  auto-equivalence  of  Ab{Up),  whence  transforms  injective  objects  into  injective 
objects  and  is  exact  (because  Z(xP)  is  an  invertible  Z-module).  Thus  given  an 
injective  resolution  JaI'  in  Ab(X^taie)  the  complex 

T(Upil°\Up  ®z  Z(xp))  -A  T{UP,1%V  ®z  Z(Xp))  -A  T(Upil2\Up  Z(Xp))  ^ . . . 


computes  H*(Upi  F\up  ®z  Z(xP)).  On  the  other  hand,  by  Lemma  56.5.5  it  is  equal 
to  the  complex  of  Sp+  j - ant  i- invariant  s in 

T(Wp,I°)  -A  T(Wp,X1)  -A  T(Wp,  J2)  -»■  . . . 

which  by  Lemma|56.5.4|is  equal  to  the  complex 

Hom(A'p,X°)  -A  Hom(A'p,X1)  -A  Hom(Ap,X2)  -A  . . . 

which  computes  Ext^f ,(XdtaU)(Kp,J-).  Putting  everything  together  we  win.  □ 


56.6.  Higher  vanishing  for  quasi-coherent  sheaves 

In  this  section  we  show  that  given  a quasi-compact  and  quasi-separated  algebraic 
space  X there  exists  an  integer  n = n( X)  such  that  the  cohomology  of  any  quasi- 
coherent  sheaf  on  X vanishes  beyond  degree  n. 


Lemma  56.6.1.  With  S,  W,  G,  U,  x as  in  Lemma  56.5.5  If  F is  a quasi-coherent 
Ou -module,  then  so  is  T Cg>z  Z(x)- 

Proof.  The  ©[/-module  structure  is  clear.  To  check  that  X"  ®z  Z(x)  is  quasi- 
coherent  it  suffices  to  check  etale  locally.  Hence  the  lemma  follows  as  Z(x)  is  finite 
locally  free  as  a Z-module.  □ 

The  following  proposition  is  interesting  even  if  A is  a scheme.  It  is  the  natural 


generalization  of  Cohomology  of  Schemes,  Lemma  29.4.2  Before  we  state  it,  observe 
that  given  an  etale  morphism  / : U — > X from  an  affine  scheme  towards  a quasi- 
separated  algebraic  space  X the  fibres  of  / are  universally  bounded,  in  particular 
there  exists  an  integer  d such  that  the  fibres  of  \U\  —>•  |AT|  all  have  size  at  most  d; 
this  is  the  implication  (??)  =>  (<5)  of  Decent  Spaces,  Lemma  55.5.1 
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Proposition  56.6.2.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S. 
Assume  X is  quasi-compact  and  separated.  Let  U be  an  affine  scheme,  and  let 
f : U — ► X be  a surjective  etale  morphism.  Let  d be  an  upper  bound  for  the  size 
of  the  fibres  of  |E/|  — ► \X\.  Then  for  any  quasi- coherent  Ox-module  T we  have 
Hq(X,T)=0  forq>d. 


Proof.  We  will  use  the  spectral  sequence  of  Lemma  |56.5.6|  The  lemma  applies 
since  / is  separated  as  U is  separated,  see  Morphisms  of  Spaces,  Lemma  1 54.4.10 


Since  X is  separated  the  scheme  U Xx  ■ ■ ■ XxU  is  a closed  subscheme  of  U x spec(z) 
• • • xSpec(z)  U hence  is  affine.  Thus  Wp  is  affine.  Hence  Up  = Wp/Sp+\  is  an  affine 
scheme  by  Groupoids,  Proposition  |38.23.8|  The  discussion  in  Section  |56.3|  shows 
that  cohomology  of  quasi-coherent  sheaves  on  Wp  (as  an  algebraic  space)  agrees  with 
the  cohomology  of  the  corresponding  quasi-coherent  sheaf  on  the  underlying  affine 
scheme,  hence  vanishes  in  positive  degrees  by  Cohomology  of  Schemes,  Lemma 


29.2.2 


By  Lemma  56.6.1  the  sheaves  J-\  up  Gz  Z (Xp)  are  quasi-coherent.  Hence 


Hq(  Wp,  T\up  <8>z  Z(xp))  is  zero  when  q > 0.  By  our  definition  of  the  integer  d we 
see  that  Wp  = 0 for  p > d.  Hence  also  H°(WP,  X\ u ®z  Zl(Xp))  is  zer0  when  p>  d. 


This  proves  the  proposition. 


□ 


In  the  following  lemma  we  establish  that  a quasi-compact  and  quasi-separated  al- 
gebraic space  has  finite  cohomologic al  dimension  for  quasi-coherent  modules.  We 
are  explicit  about  the  bound  only  because  we  will  use  it  later  to  prove  a similar 
result  for  higher  direct  images. 

072C  Lemma  56.6.3.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Assume 
X is  quasi-compact  and  quasi-separated.  Then  we  can  choose 

(1)  an  affine  scheme  U , 

(2)  a surjective  etale  morphism  f :U  — ► X, 

(3)  an  integer  d bounding  the  degrees  of  the  fibres  of  U —¥  X , 

(4)  for  every  p = 0,1,..., d a surjective  etale  morphism  Vp  — >•  Up  from  an 


affine  scheme  Vp  where  Up  is  as  in  Lemma  56.5.6,  and 


Up. 


(5)  an  integer  dp  bounding  the  degree  of  the  fibres  of  Vp 
Moreover,  whenever  we  have  (1)  - (5),  then  for  any  quasi-coherent  Ox-module  T 
we  have  Hq{X,T)  = 0 for  q > rna x(dp  +p). 

Proof.  Since  X is  quasi-compact  we  can  find  a surjective  etale  morphism  U — > X 
with  U affine,  see  Properties  of  Spaces,  Lemma  [53. 6.3|  By  Decent  Spaces,  Lemma 
|55.5.1|  the  fibres  of  / are  universally  bounded,  hence  we  can  find  d.  We  have 
Up  = Wp/Sp+ 1 and  Wp  C U x x ■ ■ ■ xx  U is  open  and  closed.  Since  X is  quasi- 
separated  the  schemes  Wp  are  quasi-compact,  hence  Up  is  quasi-compact.  Since  U 
is  separated,  the  schemes  Wp  are  separated,  hence  Up  is  separated  by  (the  absolute 
version  of)  Spaces,  Lemma  52.14.5  By  Properties  of  Spaces,  Lemma  53.6.3  we  can 
find  the  morphisms  Vp  — > Wp.  By  Decent  Spaces,  Lemma  55.5.1  we  can  find  the 
integers  dp. 

At  this  point  the  proof  uses  the  spectral  sequence 

E f9  = Hq{Up,F\Up  Z(Xp))  =►  HP+q{X,F) 


see  Lemma  56.5.6  By  definition  of  the  integer  d we  see  that  Up  = 0 for  p > d.  By 
Proposition  56.6.2  and  Lemma  56.6.1  we  see  that  Hq{Up,  X\up  <8>z  Zl(Xp))  is  zer0 
for  q>  dp  for  p = 0, . . . , d.  Whence  the  lemma. 


□ 
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56.7.  Vanishing  for  higher  direct  images 


We  apply  the  results  of  Section  |56.6|  to  obtain  vanishing  of  higher  direct  images  of 
quasi-coherent  sheaves  for  quasi-compact  and  quasi-separated  morphisms.  This  is 
useful  because  it  allows  one  to  argue  by  descending  induction  on  the  cohomological 
degree  in  certain  situations. 

Lemma  56.7.1.  Let  S be  a scheme.  Let  f : X — x Y be  a morphism  of  algebraic 
spaces  over  S.  Assume  that 

(1)  / is  quasi-compact  and  quasi-separated,  and 

(2)  Y is  quasi-compact. 

Then  there  exists  an  integer  n(X  — X Y ) such  that  for  any  algebraic  space  Y' , any 
morphism  Y'  — x Y and  any  quasi-coherent  sheaf  T'  on  X'  = Y'  Xy  X the  higher 
direct  images  Rl  f'^F  are  zero  for  i > n(X  — x Y). 


Proof.  Let  V — x Y be  a surjective  etale  morphism  where  V is  an  affine  scheme, 
see  Properties  of  Spaces,  Lemma  [53. 6. 3[  Suppose  we  prove  the  result  for  the  base 
change  fv  ■ V x y X — x V.  Then  the  result  holds  for  / with  n(X  — x Y)  = n(Xy  — X 
V).  Namely,  if  Y'  -X  Y and  T'  are  as  in  the  lemma,  then  Rl fiJ-'\vxYY'  is  equal 
to  Rl fy^J-'\x’v  where  f'v  : X'v  = V XyY'xyX  — x V xyY'  = Yy,  see  Properties 
of  Spaces,  Lemma [53. 25. 2|  Thus  we  may  assume  that  Y is  an  affine  scheme. 


Moreover,  to  prove  the  vanishing  for  all  Y'  — x Y and  T'  it  suffices  to  do  so  when  Y' 
is  an  affine  scheme.  In  this  case,  Rl  f'^T'  is  quasi-coherent  by  Lemma  1 


56.3.2 


Hence 


it  suffices  to  prove  that  Hl(X'  ,T')  = 0,  because  Ht(X',Tl)  = H°(Y' ,Rlf*J:l)  by 
Cohomology  on  Sites,  Lemma  |21.14.6|  and  the  vanishing  of  higher  cohomology  of 
quasi-coherent  sheaves  on  affine  algebraic  spaces  (Proposition  56.6.2[). 

For  any  affine  scheme  Y' 


Choose  U — X X,  d. 


Vp  — X Up  and  dp  as  in  Lemma 


56.6.3 


and  morphism  Y'  — X Y denote  X'  = Y'  Xy  X,  U'  = Y'  Xy  U,  VL  = Y'  XyVp.  Then 


U'  -A  X',  d'  = d,  V'p 


U'p  and  dp  = d is  a collection  of  choices  as  in  Lemma 


56.6.3 


for  the  algebraic  space  X'  (details  omitted).  Hence  we  see  that  Hl(X',iF')  = 0 for 
i > max(p  + dp)  and  we  win.  □ 


Lemma  56.7.2.  Let  S be  a scheme.  Let  f : X — x Y be  an  affine  morphism 
of  algebraic  spaces  over  S.  Then  R1  f*J-  = 0 for  i > 0 and  any  quasi-coherent 
Ox -'module  T . 


Proof.  Recall  that  an  affine  morphism  of  algebraic  spaces  is  representable.  Hence 
this  follows  from  (56.3.1.1)  and  Cohomology  of  Schemes,  Lemma  29.2.3  □ 


56.8.  Cohomology  with  support  in  a closed  subspace 

and  Etale  Cohomology, 


20.22 


This  section  is  the  analogue  of  Cohomology,  Section 
Section  [49. 72|  for  abelian  sheaves  on  algebraic  spaces. 

Let  S'  be  a scheme.  Let  X be  an  algebraic  space  over  S and  let  Z C X be  a closed 
subspace.  Let  T be  an  abelian  sheaf  on  X ftaie.  We  let 

TZ{X,R)  = {s  e F{X)  | Supp(s)  C Z} 


be  the  sections  with  support  in  Z (Properties  of  Spaces,  Definition  53.19.3).  This 
is  a left  exact  functor  which  is  not  exact  in  general.  Hence  we  obtain  a derived 
functor 

RTZ(X,~)  : D{X6tale)  > D{Ab) 
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and  cohomology  groups  with  support  in  Z defined  by  HZ(X,X)  = RqTz(X,  X). 


Let  X be  an  injective  abelian  sheaf  on  X^taie-  Let  U C X be  the  open  subspace 
which  is  the  complement  of  Z.  Then  the  restriction  map  X(X)  —A  1(17)  is  surjec- 
tive (Cohomology  on  Sites,  Lemma  21.12.6)  with  kernel  rz(X,T).  It  immediately 
follows  that  for  I\  £ D(X^taie)  there  is  a distinguished  triangle 


RTZ(X,  K ) ->  RT(X,K)  -A  RT(U,K)  -A  RTZ{X,K)[1] 
in  D(Ab).  As  a consequence  we  obtain  a long  exact  cohomology  sequence 
...  -A  Hlz(X,  K)  -a  H\X,  K)  -a  H’fU,  K)  -a  77^+1(A,  K)^  ... 
for  any  K in  D(Xetaie)- 


For  an  abelian  sheaf  X on  X^taie  we  can  consider  the  subsheaf  of  sections  with 
support  in  Z , denoted  Rz{X),  defined  by  the  rule 


Hz{X){U)  = {s£  X(U)  | Supp(s)  cUxxZ} 

Here  we  use  the  support  of  a section  from  Properties  of  Spaces,  Definition|53.19.3| 
Using  the  equivalence  of  Morphisms  of  Spaces,  Lemma  54.13.5  we  may  view  TLz{X) 
as  an  abelian  sheaf  on  Z^taie-  Thus  we  obtain  a functor 


Ab(Xgtaie)  — > Ab(Z£taie),  X i — A 'HZ{X) 

which  is  left  exact,  but  in  general  not  exact. 

Lemma  56.8.1.  Let  S be  a scheme.  Let  i : Z —A  X be  a closed  immersion  of 
algebraic  spaces  over  S.  Let.X  be  an  injective  abelian  sheaf  on  X ftaie-  Then  7 7z(I) 
is  an  injective  abelian  sheaf  on  Z^taie- 


Proof.  Observe  that  for  any  abelian  sheaf  Q on  Z^taie  we  have 
Horn  z(5,nz{X))  = Horn  x(uG,X) 

because  after  all  any  section  of  i*Q  has  support  in  Z.  Since  **  is  exact  (Lemma 


56.3.1)  and  as  I is  injective  on  X^taie  we  conclude  that  77^(1)  is  injective  on 
Zetale-  ^ 


Denote 

RXLz  '■  D(Xetale ) > D(Zetale) 

the  derived  functor.  We  set  Rqz{X)  = RqRz(X)  so  that  R°Z(X)  = RZ(X).  By  the 
lemma  above  we  have  a Grothendieck  spectral  sequence 

E™  = HP(Z,Hqz(X))  =►  Hp+q(X,  X) 

Lemma  56.8.2.  Let  S be  a scheme.  Let  i : Z —A  X be  a closed  immersion 
of  algebraic  spaces  over  S.  Let  Q be  an  injective  abelian  sheaf  on  Z^taie-  Then 
TLpz{i*Q)  = 0 for  p > 0. 


Proof.  This  is  true  because  the  functor  i*  is  exact  (Lemma  56.3.1)  and  trans- 
forms injective  abelian  sheaves  into  injective  abelian  sheaves  (Cohomology  on  Sites, 
Lemma  21.14.2 ).  □ 


Lemma  56.8.3.  Let  S be  a scheme.  Let  f : X —A  Y be  an  etale  morphism  of 
algebraic  spaces  over  S . Let  Z C Y be  a closed  subspace  such  that  f~x(Z)  —A  Z is 
an  isomorphism  of  algebraic  spaces.  Let  X be  an  abelian  sheaf  on  X . Then 

nqz{x)  = ny1(Z)(r1x) 
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OAEI 


0A4Q 


0A4R 


as  abelian  sheaves  on  Z = f X(Z)  and  we  have  HZ(Y,F)  = f lF). 

Proof.  Because  / is  etale  an  injective  resolution  of  T pulls  back  to  an  injective 
resolution  of  f~lT . Hence  it  suffices  to  check  the  equality  for  TLz{—)  which  follows 
from  the  definitions.  The  proof  for  cohomology  with  supports  is  the  same.  Some 
details  omitted.  □ 


Let  S'  be  a scheme  and  let  X be  an  algebraic  space  over  S.  Let  T C |X|  be  a closed 
subset.  We  denote  DT(X^taie)  the  strictly  full  saturated  triangulated  subcategory 
of  D(Xet.aie)  consisting  of  objects  whose  cohomology  sheaves  are  supported  on  T. 

Lemma  56.8.4.  Let  S be  a scheme.  Let  i : Z — ► X be  a closed  immersion  of 
algebraic  spaces  over  S.  The  map  Ri * = i*  : D(Z<staie)  — ► D(X^taie)  induces  an 
equivalence  D{Z^taie)  — > D\z\{X^taie)  with  quasi-inverse 

* \DZ(X^tale)  RR-Z  l-D|Z|  (X^tale) 


Proof.  Recall  that  i 1 and  i*  is  an  adjoint  pair  of  exact  functors  such  that  i U* 
is  isomorphic  to  the  identify  functor  on  abelian  sheaves.  See  Properties  of  Spaces, 

Thus  i*  : D(Z^taie)  -> 

determines  a left  inverse.  On  the  other  hand, 


Lemma  53.18.9  and  Morphisms  of  Spaces,  Lemma  54.13.5 
Dz{X^taie)  is  fully  faithfull  and  i~x 
suppose  that  K is  an  object  of  Dz{Xetaie)  and  consider  the  adjunction  map  I\  — ► 
iifi~1K.  Using  exactness  of  i*  and  i~x  this  induces  the  adjunction  maps  Hn(K ) -A 
i*i~l Hn{I\)  on  cohomology  sheaves.  Since  these  cohomology  sheaves  are  sup- 
ported on  Z we  see  these  adjunction  maps  are  isomorphisms  and  we  conclude  that 
D(Z etale)  DZ(X etale ) is  an  equivalence. 

To  finish  the  proof  we  have  to  show  that  Rl~Lz{K)  = i~xK  if  K is  an  object  of 
D z [X ^aie) • To  do  this  we  can  use  that  K = i*i~lK  as  we’ve  just  proved  this  is 
the  case.  Then  we  can  choose  a K- injective  representative  I*  for  i~xK.  Since  7*  is 
the  right  adjoint  to  the  exact  functor  i~x,  the  complex  ifl*  is  K-injective  (Derived 


Categories,  Lemma  13.29.9 1.  We  see  that  RTLz{K)  is  computed  by  'Hz(i*Z-*)  = T* 
as  desired.  □ 


56.9.  Vanishing  above  the  dimension 


Let  S'  be  a scheme.  Let  X be  a quasi-compact  and  quasi-separated  algebraic  space 


over  S.  In  this  case  |Aj  is  a spectral  space,  see  Properties  of  Spaces,  Lemma  53.14.2 


Moreover,  the  dimension  of  X (as  defined  in  Properties  of  Spaces,  Definition  53.8.2 ) 


is  equal  to  the  Krull  dimension  of  |X|,  see  Decent  Spaces,  Lemma  55.10.10  We 


will  show  that  for  quasi-coherent  sheaves  on  X we  have  vanishing  of  cohomology 
above  the  dimension.  This  result  is  already  interesting  for  quasi-separated  algebraic 
spaces  of  finite  type  over  a field. 


Lemma  56.9.1.  Let  S be  a scheme.  Let  X be  a quasi-compact  and  quasi- separated 
algebraic  space  over  S.  Assume  dim(X)  < d for  some  integer  d.  Let  T be  a quasi- 
coherent  sheaf  J-  on  X. 

(1)  m(X,X)  =0  for  q>d, 

(2)  Hd(X7iF)  — > Hd(U1J-)  is  surjective  for  any  quasi-compact  open  U C X, 

(3)  Hz(X7  F)  = 0 for  q > d for  any  closed  subspace  Z C X whose  complement 
is  quasi-compact. 
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Proof.  By  Properties  of  Spaces,  Lemma [53.21.5| every  algebraic  space  Y etale  over 
X has  dimension  < d.  If  Y is  quasi-separated,  the  dimension  of  Y is  equal  to  the 


Krull  dimension  of  |Y|  by  Decent  Spaces,  Lemma  55.10.10  Also,  if  Y is  a scheme, 


then  etale  cohomology  of  F over  Y,  resp.  etale  cohomology  of  F with  support  in 
a closed  subscheme,  agrees  with  usual  cohomology  of  F,  resp.  usual  cohomology 


with  support  in  the  closed  subscheme.  See  Descent,  Proposition 


34.7.10 


and  Etale 


Cohomology,  Lemma [49. 72. 5|  We  will  use  these  facts  without  further  mention. 


By  Decent  Spaces,  Lemma[55.8.6|there  exist  an  integer  n and  open  subspaces 
0 = Un+ 1 cUn  C Un- 1 C . . . C lh  = X 


with  the  following  property:  setting  Tp  = Up\Up+i  (with  reduced  induced  subspace 
structure)  there  exists  a quasi-compact  separated  scheme  Vp  and  a surjective  etale 
morphism  fp  : Vp  — >•  Up  such  that  fp(Tp)  — > Tp  is  an  isomorphism. 

As  Un  = Vn  is  a scheme,  our  initial  remarks  imply  the  cohomology  of  F over  Un 
vanishes  in  degrees  > d by  Cohomology,  Proposition  |20.23.4[  Suppose  we  have 
shown,  by  induction,  that  Hq(Up+i1F\up+1)  = 0 for  q > d.  It  suffices  to  show 
Hj,  (UP,F)  for  q > d is  zero  in  order  to  conclude  the  vanishing  of  cohomology  of  F 
over  Up  in  degrees  > d.  However,  we  have 


by  Lemma  56.8.3  and  as  Vp  is  a scheme  we  obtain  the  desired  vanishing  from 


Cohomology,  Proposition  20.23.4  In  this  way  we  conclude  that  (1)  is  true. 


To  prove  (2)  let  U C X be  a quasi-compact  open  subspace.  Consider  the  open 
subspace  U'  = UUUn.  Let  Z = U'\U.  Then  g :Un  — ► U'  is  an  etale  morphism  such 
that  g~1(Z)  — > Z is  an  isomorphism.  Hence  by  Lemma  56.8.3  we  have  HZ(U' , F)  = 


Hz(Un,  F)  which  vanishes  in  degree  > d because  Un  is  a scheme  and  we  can  apply 
Cohomology,  Proposition  20.23.4  We  conclude  that  Hd(U',F ) -A  Hd(U,F)  is 


surjective.  Assume,  by  induction,  that  we  have  reduced  our  problem  to  the  case 
where  U contains  Up+\.  Then  we  set  U'  = U U Up,  set  Z = U'  \U,  and  we 
argue  using  the  morphism  fp  : Vp  — > U'  which  is  etale  and  has  the  property  that 
f ~X(Z)  — >■  Z is  an  isomorphism.  In  other  words,  we  again  see  that 


Hqz(U',F)  = Hq_1{z)(Vp,F) 


and  we  again  see  this  vanishes  in  degrees  > d.  We  conclude  that  Hd(U',F)  — ► 
Hd(U,F ) is  surjective.  Eventually  we  reach  the  stage  where  U\  = X C U which 
finishes  the  proof. 


A formal  argument  shows  that  (2)  implies  (3). 


□ 


56.10.  Cohomology  and  base  change,  I 

0731  Let  A be  a scheme.  Let  / : X — > Y be  a morphism  of  algebraic  spaces  over  S.  Let 
F be  a quasi-coherent  sheaf  on  X.  Suppose  further  that  g : Y'  — > Y is  a morphism 
of  algebraic  spaces  over  S.  Denote  X'  = XY>  =Y’xyX  the  base  change  of  X and 
denote  /'  : X'  — > Y'  the  base  change  of  /.  Also  write  g'  : X'  — ► X the  projection, 
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and  set  T'  = {g')*F.  Here  is  a diagram  representing  the  situation: 


073J  (56.10.0.1) 


r = (« i)*T 


RflP 


X' 

f 

Y 

Y' 


T 

Rf*R 


Here  is  the  basic  result  for  a flat  base  change. 

073K  Lemma  56.10.1.  In  the  situation  above,  assume  that  g is  flat  and  that  f is 
quasi-compact  and  quasi-separated.  Then  we  have 


RpflR'  = g*Rpf*R 

for  all  p > 0 with  notation  as  in  ( 56.10.0~1\). 


Proof.  The  morphism  g'  is  flat  by  Morphisms  of  Spaces,  Lemma  54.29.4  Note  that 


flatness  of  g and  g'  is  equivalent  to  flatness  of  the  morphisms  of  small  etale  ringed 
sites,  see  Morphisms  of  Spaces,  Lemma [54. 29. 9|  Hence  we  can  apply  Cohomology 
on  Sites,  Lemma  21.15.1| to  obtain  a base  change  map 


g*Rpf*R  — ► Rpfl  F 


To  prove  this  map  is  an  isomorphism  we  can  work  locally  in  the  etale  topology  on 
Y' . Thus  we  may  assume  that  Y and  Y'  are  affine  schemes.  Say  Y = Spec(A)  and 
Y'  = Spec(l?).  In  this  case  we  are  really  trying  to  show  that  the  map 

HP(X,  J7)  B — > HP(Xb,Tb) 

is  an  isomorphism  where  XB  = Spec(H)  Xgpec(^  X and  TB  is  the  pullback  of  T 
to  XB. 


Fix  A — > B a flat  ring  map  and  let  X be  a quasi-compact  and  quasi-separated 
algebraic  space  over  A.  Note  that  g'  : XB  — > X is  affine  as  a base  change  of 
Spec(S)  — > Spec(H).  Hence  the  higher  direct  images  R‘(g')*JrB  are  zero  by  Lemma 


g'^B  = T ®aB_ 

where  A,  13  denotes  the  constant  sheaf  of  rings  with  value  A,  B.  Namely,  it  is  clear 
that  there  is  a map  from  right  to  left.  For  any  affine  scheme  U etale  over  X we 
have 


56.7.2 


Thus  Hp(XBl. Fb)  = HP(X,  see  Cohomology  on  Sites,  Lemma 


21.14.6|  Moreover,  we  have 


g'*^B{U)  = Js(Spec (B)  xSpec(A)  U) 

= r(Spec(H)  x Spec(Aj  U,(Spec(B)  xSpec(A)  U -5>  U)*F\u) 
= B®a  JF{U) 


hence  the  map  is  an  isomorphism.  Write  B = colimM,  as  a filtered  colimit  of 
finite  free  T-modules  Mj  using  Lazard’s  theorem,  see  Algebra,  Theorem  |10.80.4| 
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We  deduce  that 


Hp(X,g(FB)  = HP{X,F®AB) 

= Hp(X,co\imiF®AMi) 
= colim,  HP(X , F (gi^  Mf) 
= colim,;  HP(X , F)  0 a Mi 
= HP(X,  F)  0 a colim,;  M, 
= HP{X,F)  0 a B 


The  first  equality  because  g(FB  = X ®aB_  as  seen  above.  The  second  because  0 
commutes  with  colimits.  The  third  equality  because  cohomology  on  X commutes 


with  colimits  (see  Lemma  56.4.1).  The  fourth  equality  because  is  finite  free 
(i.e. , because  cohomology  commutes  with  finite  direct  sums).  The  fifth  because  0 
commutes  with  colimits.  The  sixth  by  choice  of  our  system.  □ 

07U8  Lemma  56.10.2.  Let  S be  a scheme.  Let  f : X -A  Y be  an  affine  morphism 
of  algebraic  spaces  over  S.  Let  F be  a quasi- coherent  Ox-module.  In  this  case 


f*F  = Rf*F  is  a quasi- coherent  sheaf,  and  for  every  diagram  (56.10.0.1)  we  have 
g*f*F  = K{g')*F. 


Proof.  By  the  discussion  surrounding  (56.3.1.1)  this  reduces  to  the  case  of  an 


affine  morphism  of  schemes  which  is  treated  in  Cohomology  of  Schemes,  Lemma 
129.5.11  □ 


56.11.  Coherent  modules  on  locally  Noetherian  algebraic  spaces 

07U9  This  section  is  the  analogue  of  Cohomology  of  Schemes,  Section[29.9|  In  Modules  on 
Sites,  Definition|18.23.l|we  have  defined  coherent  modules  on  any  ringed  topos.  We 
use  this  notion  to  define  coherent  modules  on  locally  Noetherian  algebraic  spaces. 
Although  it  is  possible  to  work  with  coherent  modules  more  generally  we  resist  the 
urge  to  do  so. 

07UA  Definition  56.11.1.  Let  S'  be  a scheme.  Let  A'  be  a locally  Noetherian  algebraic 
space  over  S.  A quasi-coherent  module  F on  X is  called  coherent  if  T is  a coherent 
Ox-module  on  the  site  X^taie  m the  sense  of  Modules  on  Sites,  Definition  |18. 23. l| 

Of  course  this  definition  is  a bit  hard  to  work  with.  We  usually  use  the  characteri- 
zation given  in  the  lemma  below. 

07UB  Lemma  56.11.2.  Let  S be  a scheme.  Let  X be  a locally  Noetherian  algebraic 
space  over  S.  Let  T be  an  Ox -module.  The  following  are  equivalent 

(1)  F is  coherent, 

(2)  F is  a quasi-coherent,  finite  type  Ox -module, 

(3)  F is  a finitely  presented  Ox -module, 

(4)  for  any  etale  morphism  ip  : U — >•  X where  U is  a scheme  the  pullback  tp*F 
is  a coherent  module  on  U , and 

(5)  there  exists  a surjective  etale  morphism  ip  : U — > X where  U is  a scheme 
such  that  the  pullback  tp*F  is  a coherent  module  on  U . 

In  particular  Ox  is  coherent,  any  invertible  Ox -module  is  coherent,  and  more  gen- 
erally any  finite  locally  free  Ox -module  is  coherent. 
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07UC 


07UD 


07UE 


07UF 


Proof.  To  be  sure,  if  X is  a locally  Noetherian  algebraic  space  and  U — > X is 
an  etale  morphism,  then  U is  locally  Noetherian,  see  Properties  of  Spaces,  Section 
53.7  The  lemma  then  follows  from  the  points  (1)  - (5)  made  in  Properties  of 


Spaces,  Section  |53.29|  and  the  corresponding  result  for  coherent  modules  on  locally 
Noetherian  schemes,  see  Cohomology  of  Schemes,  Lemma [29.9.1  □ 


Lemma  56.11.3.  Let  S be  a scheme.  Let  X be  a locally  Noetherian  algebraic 
space  over  S.  The  category  of  coherent  Ox-modules  is  abelian.  More  precisely,  the 
kernel  and  cokernel  of  a map  of  coherent  Ox  -modules  are  coherent.  Any  extension 
of  coherent  sheaves  is  coherent. 


Proof.  Choose  a scheme  U and  a surjective  etale  morphism  f : U —tX.  Pullback 
f*  is  an  exact  functor  as  it  equals  a restriction  functor,  see  Properties  of  Spaces, 
Equation  (53.25.1.1).  By  Lemma  56.11.2  we  can  check  whether  an  (Dx-nrodule  F 
is  coherent  by  checking  whether  f*F  is  coherent.  Hence  the  lemma  follows  from 
the  case  of  schemes  which  is  Cohomology  of  Schemes,  Lemma [29. 9.2[  □ 


Coherent  modules  form  a Serre  subcategory  of  the  category  of  quasi-coherent  Ox- 
modules.  This  does  not  hold  for  modules  on  a general  ringed  topos. 

Lemma  56.11.4.  Let  S be  a scheme.  Let  X be  a locally  Noetherian  algebraic 
space  over  S.  Let  F be  a coherent  Ox -module.  Any  quasi-coherent  submodule  of 
F is  coherent.  Any  quasi-coherent  quotient  module  of  F is  coherent. 


Proof.  Choose  a scheme  U and  a surjective  etale  morphism  f : U —}X.  Pullback 
/*  is  an  exact  functor  as  it  equals  a restriction  functor,  see  Properties  of  Spaces, 
Equation  (53.25.1.1).  By  Lemma  56.11.2  we  can  check  whether  an  Cby-module  Q 
is  coherent  by  checking  whether  f*TL  is  coherent.  Hence  the  lemma  follows  from 
the  case  of  schemes  which  is  Cohomology  of  Schemes,  Lemma  [29.9.3  □ 


Lemma  56.11.5.  Let  S be  a scheme.  Let  X be  a locally  Noetherian  algebraic 
space  over  S,.  Let  F,  Q be  coherent  Ox -modules.  The  Ox -modules  F ®ox  S and 
TLomox(F,Q)  are  coherent. 


Proof.  Via  Lennna[56.11.2|this  follows  from  the  result  for  schemes,  see  Cohomology 
of  Schemes,  Lemma  129.9.41  □ 


Lemma  56.11.6.  Let  S be  a scheme.  Let  X be  a locally  Noetherian  algebraic  space 
over  S . Let  F,  Q be  coherent  Ox -modules.  Let  ip  : Q — t F be  a homomorphism  of 
Ox-modules.  Let  x be  a geometric  point  of  X lying  over  x £ |A'|. 

(1)  If  Fx  = 0 then  there  exists  an  open  neighbourhood  X'  C X of  x such  that 
F\x>  = 0. 

(2)  If  ipx  : Qx  — > Fx  is  injective,  then  there  exists  an  open  neighbourhood 
X'  C X of  x such  that  ip\x'  is  injective. 

(3)  If  ipx  '■  Qx  — > Fx  is  surjective,  then  there  exists  an  open  neighbourhood 
X'  C X of  x such  that  <p\x'  is  surjective. 

(4)  If  ifx  : Qx  — > Fx  is  bijective,  then  there  exists  an  open  neighbourhood 
X'  C X of  x such  that  <p\x'  is  an  isomorphism. 


Proof.  Let  ip  : U — > X be  an  etale  morphism  where  U is  a scheme  and  let  u £ U 
be  a point  mapping  to  x.  By  Properties  of  Spaces,  Lemmas  |53.28.4|  and |53.21T]  as 
well  as  More  on  Algebra,  Lemma [15.36. 1|  we  see  that  <Px  is  injective,  surjective,  or 
bijective  if  and  only  if  pu  : <p*Fu  — t p*Qu  has  the  corresponding  property.  Thus  we 
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07UG 


can  apply  the  schemes  version  of  this  lemma  to  see  that  (after  possibly  shrinking 
U)  the  map  qfJ7  — > ip*Q  is  injective,  surjective,  or  an  isomorphism.  Let  X'  C X 
be  the  open  subspace  corresponding  to  |<^|(|C/|)  C |A|,  see  Properties  of  Spaces, 
Lemma  [53.4.8  Since  {U  — > X1}  is  a covering  for  the  etale  topology,  we  conclude 
that  <f\x>  is  injective,  surjective,  or  an  isomorphism  as  desired.  Finally,  observe 
that  (1)  follows  from  (2)  by  looking  at  the  map  T — » 0.  □ 

Lemma  56.11.7.  Let  S be  a scheme.  Let  X be  a locally  Noetherian  algebraic 
space  over  S.  Let  J-  be  a coherent  Ox-module.  Let  i : Z X be  the  scheme 
theoretic  support  of  J-  and  Q the  quasi- coherent  Oz-module  such  that  i*Q  = J- , see 
Morphisms  of  Spaces,  Definition \ 54-1 5~  Then  Q is  a coherent  Oz-module. 


Proof.  The  statement  of  the  lemma  makes  sense  as  a coherent  module  is  in  partic- 
ular of  finite  type.  Moreover,  as  Z — > X is  a closed  immersion  it  is  locally  of  finite 
type  and  hence  Z is  locally  Noetherian,  see  Morphisms  of  Spaces,  Lemmas |54.23.7| 
and  54.23.5[  Finally,  as  Q is  of  finite  type  it  is  a coherent  O^-module  by  Lemma 
156.11.21  □ 


08AM  Lemma  56.11.8.  Let  S be  a scheme.  Let  i : Z -A  X be  a closed  immersion  of 
locally  Noetherian  algebraic  spaces  over  S.  Let  I C Ox  be  the  quasi- coherent  sheaf 
of  ideals  cutting  out  Z.  The  functor  i*  induces  an  equivalence  between  the  category 
of  coherent  Ox-modules  annihilated  byT  and  the  category  of  coherent  O z~modules. 


Proof.  The  functor  is  fully  faithful  by  Morphisms  of  Spaces,  Lemma  [54. 14.1[  Let 
J7  be  a coherent  Ox-module  annihilated  by  T.  By  Morphisms  of  Spaces,  Lemma 
|54.14.1|we  can  write  T = for  some  quasi-coherent  sheaf  Q on  Z.  To  check  that  Q 
is  coherent  we  can  work  etale  locally  (Lemma  56.11.2 1 . Choosing  an  etale  covering 
by  a scheme  we  conclude  that  Q is  coherent  by  the  case  of  schemes  (Cohomology 
of  Schemes,  Lemma  29.9.8).  Hence  the  functor  is  fully  faithful  and  the  proof  is 
done.  □ 


07UH  Lemma  56.11.9.  Let  S be  a scheme.  Let  f : X -A  Y be  a finite  morphism  of 
algebraic  spaces  over  S with  Y locally  Noetherian.  Let  J7  be  a coherent  Ox -module. 
Assume  f is  finite  and  Y locally  Noetherian.  Then  Rp  ftT  = 0 for  p > 0 and  f^T 
is  coherent. 


Proof.  Choose  a scheme  V and  a surjective  etale  morphism  V — > Y . Then  Vxy 
X — ► V is  a finite  morphism  of  locally  Noetherian  schemes.  By  (56.3.1.1 1 we  reduce 
to  the  case  of  schemes  which  is  Cohomology  of  Schemes,  Lemma  29.9.9  □ 


56.12.  Coherent  sheaves  on  Noetherian  spaces 

07UI  In  this  section  we  mention  some  properties  of  coherent  sheaves  on  Noetherian  al- 
gebraic spaces. 

07UJ  Lemma  56.12.1.  Let  S be  a scheme.  Let  X be  a Noetherian  algebraic  space 
over  S.  Let  J-  be  a coherent  Ox -module.  The  ascending  chain  condition  holds  for 
quasi-coherent  submodules  of  T . In  other  words,  given  any  sequence 

J1CJ2C...CJ 

of  quasi-coherent  submodules,  then  Tn  = Tn+ 1 = . . . for  some  n > 0. 
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07UK 


07UL 


07UM 


07UN 

07UP 


Proof.  Choose  an  affine  scheme  U and  a surjective  etale  morphism  U -4  X (see 


Properties  of  Spaces,  Lemma  53.6.3).  Then  U is  a Noetherian  scheme  (by  Mor- 


phisms  of  Spaces,  Lemma  54.23.5).  If  Xn\u  = ^n+i\u  = • • ■ then  Xn  = Xn+ i = . . .. 


Hence  the  result  follows  from  the  case  of  schemes,  see  Cohomology  of  Schemes, 
Lemma  129.10.11  □ 

Lemma  56.12.2.  Let  S be  a scheme.  Let  X be  a Noetherian  algebraic  space  over 
S.  Let  X be  a coherent  sheaf  on  X . Let  L C Ox  be  a quasi- coherent  sheaf  of  ideals 
corresponding  to  a closed  subspace  Z C X.  Then  there  is  some  n > 0 such  that 
InX  = 0 if  and  only  if  Supp(X)  C Z (set  theoretically) . 

Proof.  Choose  an  affine  scheme  U and  a surjective  etale  morphism  U -4  X (see 


Properties  of  Spaces,  Lemma  53.6.3).  Then  U is  a Noetherian  scheme  (by  Mor- 
phisms  of  Spaces,  Lemma  54.23.5 1.  Note  that  XnX\u  = 0 if  and  only  if  XnX  = 0 
and  similarly  for  the  condition  on  the  support.  Hence  the  result  follows  from  the 
case  of  schemes,  see  Cohomology  of  Schemes,  Lemma [29. 10. 2[  □ 

Lemma  56.12.3  (Artin-Rees).  Let  S be  a scheme.  Let  X be  a Noetherian  algebraic 
space  over  S.  Let  X be  a coherent  sheaf  on  X.  Let  Q C X be  a quasi- coherent 
subsheaf.  Let  X C Ox  be  a quasi- coherent  sheaf  of  ideals.  Then  there  exists  a c > 0 
such  that  for  all  n > c we  have 

Xn-c(IcTn  g)=XnX 

Proof.  Choose  an  affine  scheme  U and  a surjective  etale  morphism  U -4  X (see 


Properties  of  Spaces,  Lemma  53.6.3).  Then  U is  a Noetherian  scheme  (by  Mor- 


phisms  of  Spaces,  Lemma  54.23.5).  The  equality  of  the  lemma  holds  if  and  only  if 


it  holds  after  restricting  to  U.  Hence  the  result  follows  from  the  case  of  schemes, 
see  Cohomology  of  Schemes,  Lemma  29.10.3  □ 


Lemma  56.12.4.  Let  S be  a scheme.  Let  X be  a Noetherian  algebraic  space  over 
S.  Let  X be  a quasi- coherent  Ox -module.  Let  Q be  a coherent  Ox -module.  Let 
X C Ox  be  a quasi- coherent  sheaf  of  ideals.  Denote  Z C X the  corresponding  closed 
subspace  and  set  U = X \ Z . There  is  a canonical  isomorphism 

colim„  Hom0  v (X nQ,F)  — * Hom0[/  (Q \v,  X\ v). 

In  particular  we  have  an  isomorphism 

colim„  Honi0A.  ( Xn , X)  — > T(C7,  X). 

Proof.  Let  W be  an  affine  scheme  and  let  W — ► X be  a surjective  etale  morphism 


(see  Properties  of  Spaces,  Lemma  53.6.3).  Set  R = W Xx  W.  Then  W and  R are 
Noetherian  schemes,  see  Morphisms  of  Spaces,  Lemma  |54.23.5|  Hence  the  result 
hold  for  the  restrictions  of  X,  Q , and  X,  U 1 Z to  W and  R by  Cohomology  of 
Schemes,  Lemma[29.10.4|  It  follows  formally  that  the  result  holds  over  X.  □ 


56.13.  Devissage  of  coherent  sheaves 

This  section  is  the  analogue  of  Cohomology  of  Schemes,  Section |29.12| 

Lemma  56.13.1.  Let  S be  a scheme.  Let  X be  a Noetherian  algebraic  space  over 
S.  Let  X be  a coherent  sheaf  on  X . Suppose  that  Supp(X)  = Z U Z'  with  Z , Z' 
closed.  Then  there  exists  a short,  exact  sequence  of  coherent  sheaves 

o-^g'^x^-g^-o 


56.13.  DEVISSAGE  OF  COHERENT  SHEAVES 


3743 


with  Supp(G ')  C Z’  and  Supp(Q)  C Z . 


Proof.  Let  X C Ox  be  the  sheaf  of  ideals  defining  the  reduced  induced  closed 
subspace  structure  on  Z , see  Properties  of  Spaces,  Lemma  53.11.4  Consider  the 


subsheaves  G'n  = XnF  and  the  quotients  Qn  = F IXnF . For  each  n we  have  a short 
exact  sequence 

0 — > G'n  — > F Gn  — t 0 

For  every  geometric  point  x oi  Z'\Z  we  have  X x = Ox,w  and  hence  Gn,x  = 0.  Thus 
we  see  that  Supp(C/„)  C Z.  Note  that  X\Z'  is  a Noetherian  algebraic  space.  Hence 
there  exists  an  n such  that  G'n\x\z'  = XnF\ x\z'  = 0.  For  such 


56.12.2 


by  Lemma 

an  n we  see  that  Supp(^)  C Z' . Thus  setting  Q'  = Q'n  and  G = Gn  works. 


□ 


In  the  following  we  will  freely  use  the  scheme  theoretic  support  of  finite  type  mod- 


ules as  defined  in  Morphisms  of  Spaces,  Definition  54.15.4 


07UQ  Lemma  56.13.2.  Let  S be  a scheme.  Let  X be  a Noetherian  algebraic  space  over 
S.  Let  F be  a coherent  sheaf  on  X.  Assume  that  the  scheme  theoretic  support  of 
IF  is  a reduced  Z C X with  \Z\  irreducible.  Then  there  exist  an  integer  r > 0,  a 
nonzero  sheaf  of  ideals  X C Oz,  and  an  injective  map  of  coherent  sheaves 

u (Z®r)  -A  F 

whose  cokernel  is  supported  on  a proper  closed  subspace  of  Z . 

Proof.  By  assumption  there  exists  a coherent  O^-module  G with  support  Z and 
F = i*G,  see  Lemma  [56.11.7[  Hence  it  suffices  to  prove  the  lemma  for  the  case 
Z = X and  i = id. 


By  Properties  of  Spaces,  Proposition  |53.12.3|  there  exists  a dense  open  subspace 
U C X which  is  a scheme.  Note  that  U is  a Noetherian  integral  scheme.  After 
shrinking  U we  may  assume  that  F\u  = Of,r  (for  example  by  Cohomology  of 
Schemes,  Lemma  29.12.2  or  by  a direct  algebra  argument).  Let  X C Ox  be  a quasi- 
coherent  sheaf  of  ideals  whose  associated  closed  subspace  is  the  complement  of  U in 
X (see  for  example  Properties  of  Spaces,  Section  53.11|).  By  Lemma  56.12.4  there 
exists  an  n > 0 and  a morphism  Zrt(0®r)  — > F which  recovers  our  isomorphism 
over  U.  Since  Z"(C>®r)  = (Xn)©r  we  get  a map  as  in  the  lemma.  It  is  injective: 
namely,  if  a is  a nonzero  section  of  Z®r  over  a scheme  W etale  over  X , then  because 
X hence  W is  reduced  the  support  of  a contains  a nonempty  open  of  W . But  the 
kernel  of  (Zra)®r  — >•  F is  zero  over  a dense  open,  hence  a cannot  be  a section  of  the 
kernel.  □ 


07UR  Lemma  56.13.3.  Let  S be  a scheme.  Let  X be  a Noetherian  algebraic  space  over 
S.  Let  F be  a coherent  sheaf  on  X . There  exists  a filtration 

0 = Fq  C F\  C . . . C Fm  = F 

by  coherent  subsheaves  such  that  for  each  j = 1, . . . , m there  exists  a reduced  closed 
subspace  Zj  C X with  \Zj\  irreducible  and  a sheaf  of  ideals  Xj  C Ozd  such  that 

Fj/Fj—i  = {Zj  — X)fiLj 

Proof.  Consider  the  collection 

j.  _ (T  C |X|  closed  such  that  there  exists  a coherent  sheaf  J7) 

| with  Supp(J')  = T for  which  the  lemma  is  wrong  J 
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We  are  trying  to  show  that  T is  empty.  If  not,  then  because  |X|  is  Noetherian 
(Properties  of  Spaces,  Lemma  53.23.2)  we  can  choose  a minimal  element  T G T. 
This  means  that  there  exists  a coherent  sheaf  Jon  1 whose  support  is  T and  for 
which  the  lemma  does  not  hold.  Clearly  T ^ 0 since  the  only  sheaf  whose  support 
is  empty  is  the  zero  sheaf  for  which  the  lemma  does  hold  (with  m = 0). 


If  T is  not  irreducible,  then  we  can  write  T = Z1UZ2  with  Z\,  Z2  closed  and  strictly 
smaller  than  T.  Then  we  can  apply  Lemma  56.13.1  to  get  a short  exact  sequence 
of  coherent  sheaves 

0— > Qi  — > J-  — > G2  >0 


with  Supp(t/i)  C Zi.  By  minimality  of  T each  of  has  a filtration  as  in  the 
statement  of  the  lemma.  By  considering  the  induced  filtration  on  F we  arrive  at  a 
contradiction.  Hence  we  conclude  that  T is  irreducible. 


Suppose  T is  irreducible.  Let  J be  the  sheaf  of  ideals  defining  the  reduced  induced 
closed  subspace  structure  on  T,  see  Properties  of  Spaces,  Lemma  |53.11.4|  By 


Lemma  [56. 12. 2|  we  see  there  exists  an  n > 0 such  that  JnF  = 0.  Hence  we  obtain 
a filtration 

0 = lnF  C I””1  F C ...CIJCJ 


each  of  whose  successive  subquotients  is  annihilated  by  J . Hence  if  each  of  these 
subquotients  has  a filtration  as  in  the  statement  of  the  lemma  then  also  F does.  In 
other  words  we  may  assume  that  J does  annihilate  F . 


Assume  T is  irreducible  and  JF  = 0 where  J is  as  above.  Then  the  scheme 
theoretic  support  of  F is  T,  see  Morphisms  of  Spaces,  Lemma  |54.14.1|  Hence  we 
can  apply  Lemma  [56. 13.2|  This  gives  a short  exact  sequence 

0->  i*(X®r)-*  F ^ Q— X) 


where  the  support  of  Q is  a proper  closed  subset  of  T.  Hence  we  see  that  Q has 
a filtration  of  the  desired  type  by  minimality  of  T.  But  then  clearly  J-  does  too, 
which  is  our  final  contradiction.  □ 


07US  Lemma  56.13.4.  Let  S be  a scheme.  Let  X be  a Noetherian  algebraic  space  over 
S.  Let  V be  a property  of  coherent  sheaves  on  X . Assume 

(1)  For  any  short  exact  sequence  of  coherent  sheaves 

0 — ^ F\  — ^ F — y F2  — ^ 0 

if  Ti,  i = 1,2  have  property  V then  so  does  T . 

(2)  For  every  reduced  closed  subspace  Z C X with  \Z\  irreducible  and  every 
quasi- coherent  sheaf  of  ideals  T C Oz  we  have  V for  i*L. 

Then  property  V holds  for  every  coherent  sheaf  on  X. 

Proof.  First  note  that  if  .F  is  a coherent  sheaf  with  a filtration 


0 = Jo  C Ji  C . . . C Fm  = T 

by  coherent  subsheaves  such  that  each  of  Jq/Jq-i  has  property  "P,  then  so  does  T . 


This  follows  from  the  property  (1)  for  V.  On  the  other  hand,  by  Lemma  56.13.3 


can  filter  any  F with  successive  subquotients  as  in  (2).  Hence  the  lemma  follows. 


we 

□ 


Here  is  a more  useful  variant  of  the  lemma  above. 


07UT 


Lemma  56.13.5.  Let  S be  a scheme.  Let  X be  a Noetherian  algebraic  space  over 
S.  Let  V be  a property  of  coherent  sheaves  on  X . Assume 
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(1)  For  any  short  exact  sequence  of  coherent  sheaves 

if  Fi,  i = 1,2  have  property  V then  so  does  F . 

(2)  If  V holds  for  a direct  sum  of  coherent  sheaves  then  it  holds  for  both. 

(3)  For  every  reduced  closed  subspace  i : Z -A  X with  \Z\  irreducible  there 
exists  a coherent  sheaf  Q on  Z such  that 

(a)  Supp(Q)  = Z, 

(b)  for  every  nonzero  quasi- coherent  sheaf  of  ideals  X C Oz  there  exists 
a quasi- coherent  subsheaf  Q'  C XQ  such  that  Supp(Q /Q')  is  proper 
closed  in  Z and  such  that  V holds  for  i*Q' . 

Then  property  V holds  for  every  coherent  sheaf  on  X . 


Proof.  Consider  the  collection 

f T C \X\  closed  such  that  there  exists  a coherent  sheaf  T 


T = 


with  Supp(Jr)  = T for  which  the  lemma  is  wrong 


We  are  trying  to  show  that  T is  empty.  If  not,  then  because  \X\  is  Noetherian 
(Properties  of  Spaces,  Lemma  53.23.2)  we  can  choose  a minimal  element  T € T. 


This  means  that  there  exists  a coherent  sheaf  F on  X whose  support  is  T and  for 
which  the  lemma  does  not  hold.  Clearly  T ^ 0 because  the  only  sheaf  with  support 
in  0 for  which  V does  hold  (by  property  (2)). 


If  T is  not  irreducible,  then  we  can  write  T = Z1UZ2  with  Z-\ , Z2  closed  and  strictly 
smaller  than  T.  Then  we  can  apply  Lemma|56.13.1|to  get  a short  exact  sequence 
of  coherent  sheaves 

0— > Q\— > F — > S2  — 1 0 

with  Supp(t/i)  C Zi . By  minimality  of  T each  of  Qi  has  V.  Hence  F has  property 
V by  (1),  a contradiction. 


Suppose  T is  irreducible.  Let  J be  the  sheaf  of  ideals  defining  the  reduced  induced 
closed  subspace  structure  on  T,  see  Properties  of  Spaces,  Lemma  |53.11.4|  By 
Lemma [56.12.21  we  see  there  exists  an  n > 0 such  that  JnF  = 0.  Hence  we  obtain 
a filtration 

0 = XnF  C Xn~1F  c . . . C XF  C F 

each  of  whose  successive  subquotients  is  annihilated  by  J . Hence  if  each  of  these 
subquotients  has  a filtration  as  in  the  statement  of  the  lemma  then  also  F does.  In 
other  words  we  may  assume  that  J does  annihilate  F . 


Assume  T is  irreducible  and  JF  = 0 where  J is  as  above.  Denote  i : Z -A  X the 
closed  subspace  corresponding  to  J . Then  F = i fK  for  some  coherent  ©^-module 
H , see  Morphisms  of  Spaces,  Lemma  [54.14.1|  and  Lemma  [56.11.7|  Let  Q be  the 
coherent  sheaf  on  Z satisfying  (3)(a)  and  (3) (b) . We  apply  Lemma  56.13.2  to  get 
injective  maps 

->H  and  J®r2  -A  G 


-7-©rl 
X1 


where  the  support  of  the  cokernels  are  proper  closed  in  Z.  Hence  we  find  an 
nonempty  open  V C Z such  that 


q_fBr2  g(Sr  1 
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Let  X C Oz  be  a quasi-coherent  ideal  sheaf  cutting  out  Z \ V we  obtain  (Lemma 


56.12.4)  a map 


XnQ 


n 


®r2 


which  is  an  isomorphism  over  V . The  kernel  is  supported  on  Z\V  hence  annihilated 
by  some  power  of  X,  see  Lemma|56.12.2  Thus  after  increasing  n we  may  assume  the 
displayed  map  is  injective,  see  Lemma  56.12.3  Applying  (3)(b)  we  find  Q'  C X nQ 
such  that 

(i*0')0ri 


uU®T2  = X"®r2 


is  injective  with  cokernel  supported  in  a proper  closed  subset  of  Z and  such  that 
property  V holds  for  i„Q' . By  (1)  property  V holds  for  By  (1)  and 

minimality  of  T = \Z\  property  V holds  for  ,F®r2.  And  finally  by  (2)  property  V 
holds  for  T which  is  the  desired  contradiction.  □ 


08AN  Lemma  56.13.6.  Let  S be  a scheme.  Let  X be  a Noetherian  algebraic  space  over 
S.  Let  V be  a property  of  coherent  sheaves  on  X . Assume 

(1)  For  any  short  exact  sequence  of  coherent  sheaves  on  X if  two  out  of  three 
have  property  V so  does  the  third. 

(2)  If  V holds  for  a direct  sum  of  coherent  sheaves  then  it  holds  for  both. 

(3)  For  every  reduced  closed  subspace  i : Z -A  X with  \Z\  irreducible  there 
exists  a coherent  sheaf  Q on  X whose  scheme  theoretic  support  is  Z such 
that  V holds  for  Q . 

Then  property  V holds  for  every  coherent  sheaf  on  X . 


Proof.  We  will  show  that  conditions  (1)  and  (2)  of  Lemma  56.13.4  hold.  This  is 
clear  for  condition  (1).  To  show  that  (2)  holds,  let 


_ ( i : Z — » X reduced  closed  subspace  with  \Z\  irreducible  suchl 
( that  ifX  does  not  have  V for  some  quasi-coherent  X C Oz  J 

If  T is  nonempty,  then  since  X is  Noetherian,  we  can  find  an  i : Z — > X which  is 
minimal  in  T.  We  will  show  that  this  leads  to  a contradiction. 


Let  Q be  the  sheaf  whose  scheme  theoretic  support  is  Z whose  existence  is  assumed 
in  assumption  (3).  Let  Lp  : ifX®r  — >•  Q be  as  in  Lemma  56.13.2  Let 


0 = J"o  C T\  C . . . C Fm  = Cokcr(v?) 


be  a filtration  as  in  Lemma  56.13.3  By  minimality  of  Z and  assumption  (1)  we  see 
that  Coker(yj)  has  property  V . As  <p  is  injective  we  conclude  using  assumption  (1) 
once  more  that  ifX®r  has  property  V.  Using  assumption  (2)  we  conclude  that  i*X 
has  property  V . 


Finally,  if  J C Oz  is  a second  quasi-coherent  sheaf  of  ideals,  set  K.  = X n J and 
consider  the  short  exact  sequences 

0 — >•  K ->  X ->  X/K.  ->•  0 and  0 ^ JC J J/K.  0 

Arguing  as  above,  using  the  minimality  of  Z,  we  see  that  i^X/K.  and  i^J/K.  satisfy 
V.  Hence  by  assumption  (1)  we  conclude  that  i^K,  and  then  i,  J satisfy  V . In  other 
words,  Z is  not  an  element  of  T which  is  the  desired  contradiction.  □ 
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56.14.  Limits  of  coherent  modules 


07UU 


A colimit  of  coherent  modules  (on  a locally  Noetherian  algebraic  space)  is  typically 
not  coherent.  But  it  is  quasi-coherent  as  any  colimit  of  quasi-coherent  modules 


on  an  algebraic  space  is  quasi-coherent,  see  Properties  of  Spaces,  Lemma  53.28.7 


Conversely,  if  the  algebraic  space  is  Noetherian,  then  every  quasi-coherent  module 
is  a filtered  colimit  of  coherent  modules. 


07UV  Lemma  56.14.1.  Let  S be  a scheme.  Let  X be  a Noetherian  algebraic  space  over 
S.  Every  quasi-coherent  Ox -module  is  the  filtered  colimit  of  its  coherent  submod- 
ules. 


Proof.  Let  T be  a quasi-coherent  Ox-module.  If  G,H  C T are  coherent  Ox- 
submodules  then  the  image  of  Q ® H — > T is  another  coherent  Ox-submodule 


which  contains  both  of  them  (see  Lemmas  56.11.3  and  56.11.4).  In  this  way  we  see 
that  the  system  is  directed.  Hence  it  now  suffices  to  show  that  J-  can  be  written 
as  a filtered  colimit  of  coherent  modules,  as  then  we  can  take  the  images  of  these 
modules  in  T to  conclude  there  are  enough  of  them. 

Let  U be  an  affine  scheme  and  U —¥  X a surjective  etale  morphism.  Set  R = 


U x_y  U so  that  A'  = U/R  as  usual.  By  Properties  of  Spaces,  Proposition  53.31.1 
we  see  that  QCoh(Ox)  = QCoh(U,R,s,t,c).  Hence  we  reduce  to  showing  the 
corresponding  thing  for  QCoh(U,  R,s,t,c).  Thus  the  result  follows  from  the  more 
general  Groupoids,  Lemma [38. 15. 3[  □ 


07UW  Lemma  56.14.2.  Let  S be  a scheme.  Let  f : X — » Y be  an  affine  morphism  of 
algebraic  spaces  over  S with  Y Noetherian.  Then  every  quasi-coherent  Ox -module 
is  a filtered  colimit  of  finitely  presented  Ox -modules. 

Proof.  Let  J7  be  a quasi-coherent  Ox -module.  Write  f*lF  = colim77i  with  Hi 
a coherent  Oy-module,  see  Lemma  |56.14.1|  By  Lemma  |56.11.2|  the  modules  Hi 
are  Oy-modules  of  finite  presentation.  Hence  f*Hi  is  an  Ox-module  of  finite 
presentation,  see  Properties  of  Spaces,  Section  |53.29|  We  claim  the  map 

coffin  f*Hi  = f* UT  T 

is  surjective  as  / is  assumed  affine,  Namely,  choose  a scheme  V and  a surjective 
etale  morphism  V — X Y.  Set  U = X Xy  V . Then  U is  a scheme,  f':U—^V 
is  affine,  and  U — ► X is  surjective  etale.  By  Properties  of  Spaces,  Lemma  [53.25.2| 
we  see  that  f'*(F\u)  = f*F\v  and  similarly  for  pullbacks.  Thus  the  restriction  of 
f*f*X  — » T to  U is  the  map 

ru?\u  = wnunw)  = (mm)  n-u 

which  is  surjective  as  /'  is  an  affine  morphism  of  schemes.  Hence  the  claim  holds. 

We  conclude  that  every  quasi-coherent  module  on  A is  a quotient  of  a filtered 
colimit  of  finitely  presented  modules.  In  particular,  we  see  that  J7  is  a cokernel  of 
a map 


coffin,  e j Gj 


coffin  Hi 
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with  Qj  and  Hi  finitely  presented.  Note  that  for  every  j £ I there  exist  i £ I and 
a morphism  a : Qj  — ► Hi  such  that 


Hi 


colim 


jeJ  yj 


colinpg/  Hi 


commutes,  see  Lemma  56.4.3  In  this  situation  Coker(a)  is  a finitely  presented 
Ox-module  which  comes  endowed  with  a map  Coker(a)  — ► T . Consider  the  set  I\ 
of  triples  ( i,j,a ) as  above.  We  say  that  (■ i,j,a ) < if  and  only  if  i < i' , 

j < j',  and  the  diagram 


G, 


-)y 


■Hi 


■Hi 


commutes.  It  follows  from  the  above  that  K is  a directed  partially  ordered  set, 

T = colim (ij>a)£K  Coker(a), 

and  we  win.  □ 


56.15.  Vanishing  cohomology 

07UX  In  this  section  we  show  that  a quasi-compact  and  quasi-separated  algebraic  space 
is  affine  if  it  has  vanishing  higher  cohomology  for  all  quasi-coherent  sheaves.  We 
do  this  in  a sequence  of  lemmas  all  of  which  will  become  obsolete  once  we  prove 
Proposition  |56.15.9| 

07UY  Situation  56.15.1.  Here  S'  is  a scheme  and  X is  a quasi-compact  and  quasi- 
separated  algebraic  space  over  S with  the  following  property:  For  every  quasi- 
coherent  Ox-module  F we  have  H1(X,F)  = 0.  We  set  A = T(X,Ox)- 


We  would  like  to  show  that  the  canonical  morphism 

p : X — > Spec(H) 


(see  Properties  of  Spaces,  Lemma  53.32.1 1 is  an  isomorphism.  If  M is  an  H-module 
we  denote  M Ox  the  quasi-coherent  module  p*M. 


07UZ  Lemma  56.15.2.  In  Situation 


56.15.1 


for  an  A-module  M we  have  p*(M  (gu 


Ox)  = M and  T(X,  M Ox)  = M. 


Proof.  The  equality  p*  (M  Ox)  = M follows  from  the  equality  T(X,M 
Ox)  = M as  pt  (M  g^  Ox)  is  a quasi-coherent  module  on  Spec(H)  by  Morphisms 

Observe  that  r(X,  ©igJOx)  = 0ieJ  A by  Lemma 
lolds  for  free  modules.  Choose  a short  exact  sequence 


54.11.2 


emma 


of  Spaces,  Lemma 
|56.4.1|  Hence  the 

F\  — »•  Fq  — > M where  Fq,  F-[  are  free  A-modules.  Since  H1(X,  — ) is  zero  the  global 
sections  functor  is  right  exact.  Moreover  the  pullback  p*  is  right  exact  as  well. 
Hence  we  see  that 


T(X,  F1  g A Ox)  T{X,  F0  gA  Ox)  -»•  T(X,  M gA  Ox)  -A  0 


is  exact.  The  result  follows. 


□ 
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07V0 


07V1 


07V2 


07V3 


The  following  lemma  shows  that  Situation  |56.15.l]  is  preserved  by  base  change  of 
X — > Spec(H)  by  Spec(H')  — > Spec(H). 


Lemma  56.15.3.  In  Situation 


56.15.1 


(1)  Given  an  affine  morphism  X'  — > X of  algebraic  spaces,  we  have  H 1 (X1 , X') 
0 for  every  quasi- coherent  Ox1  -'module  T' . 

(2)  Given  an  A-algebra  A'  setting  X'  = X Xg^^)  Spec(H')  the  morphism 
X'  — > X is  affine  and  Y(X' ,Ox')  = A! . 


Proof.  Part  (1)  follows  from  Lemma  56.7.2  and  the  Leray  spectral  sequence  (Co- 
homology on  Sites,  Lemma  21.14.5).  Let  A — > A!  be  as  in  (2).  Then  X'  — > X 
is  affine  because  affine  morphisms  are  preserved  under  base  change  (Morphisms  of 
Spaces,  Lemma  [54.20.5)  and  the  fact  that  a morphism  of  affine  schemes  is  affine. 
The  equality  T(X'  ,Oxr)  = A1  follows  as  (A''  -A  X )*Oxr  = A'  Ox  by  Lemma 
I56.10.2land  thus 

T(X',Ox>)  = r(A,  (A'  -a  X).Ox>)  = r(A,  Al  ®a  Ox)  = A' 
by  Lemma[56.15.2|  □ 

Let  Zq,  Z\  C |AT|  be  disjoint  closed  subsets. 


56.15.1 


Lemma  56.15.4.  In  Situation 

Then  there  exists  an  a £ A such  that  ZQ  C V(a ) and  Z±  C V(a  — 1). 

Proof.  We  may  and  do  endow  Zq,  Z\  with  the  reduced  induced  subspace  structure 
(Properties  of  Spaces,  Definition  53.11.6)  and  we  denote  io  : Zq  — i > X and  i\  : Z\  — > 


X the  corresponding  closed  immersions.  Since  ZqH Z\  = 0 we  see  that  the  canonical 
map  of  quasi-coherent  CbY-m°dides 

Ox  — > io,*G>z0  © A,*Ozi 

is  surjective  (look  at  stalks  at  geometric  points).  Since  H1(X,  — ) is  zero  on  the 
kernel  of  this  map  the  induced  map  of  global  sections  is  surjective.  Thus  we  can 
find  a £ A which  maps  to  the  global  section  (0, 1)  of  the  right  hand  side.  □ 

Spec(A)  is  surjec- 


In  Situation 


56.15.1 


the  morphism  p : X 


Lemma  56.15.5. 

tive. 

Proof.  Let  A -A 

show  that  A*.  = Spec(fc)  Xgpgj,^)  X is  nonempty.  By  Lemma  56.15.3  we  have 
T(Afe,0)  = k.  Hence  A*,  is  nonempty.  □ 


k be  a ring  homomorphism  where  k is  a field.  It  suffices  to 


In  Situation 


56.15.1 


the  morphism  p : X — Spec(A)  is  univer- 


Lemma  56.15.6. 

sally  closed. 

Proof.  Let  Z C \X\  be  a closed  subset.  We  may  and  do  endow  Z with  the  reduced 


induced  subspace  structure  (Properties  of  Spaces,  Definition  53.11.6 1 and  we  denote 
i : Z X the  corresponding  closed  immersions.  Then  i is  affine  (Morphisms  of 
Spaces,  Lemma  54.20.6).  Hence  Z is  another  algebraic  space  as  in  Situation  56.15.1 


by  Lemma  56.15.3  Set  B = Y(Z,  Oz)-  Since  Ox  — t i*Oz  is  surjective,  we  see  that 
A — > B is  surjective  by  the  vanishing  of  H1  of  the  kernel.  Consider  the  commutative 
diagram 

Z s-  X 


Spec  (B) 


Spec(H) 


56.15.  VANISHING  COHOMOLOGY 


3750 


07V4 


07V5 


By  Lemma  56.15.5  the  map  Z — > Spec(A)  is  surjective  and  by  the  above  Spec(B) 
Spec(A)  is  a closed  immersion.  Thus  p is  closed. 


By  Lemma  56.15.3  we  see  that  the  base  change  of  p by  Spec(A') 

A 


closed  for  every  ring  map  A 
Spaces,  Lemma [54.9.5| 


Spec(A)  is 

Hence  p is  universally  closed  by  Morphisms  of 

□ 


Lemma  56.15.7. 

sally  injective. 


In  Situation 


56.15.1 


the  morphism  p : X — ► Spec(A)  is  univer- 


Proof.  Let  A — > k be  a ring  homomorphism  where  k is  a field.  It  suffices  to  show 
that  Spec(fc)  Xgpec(A)  X has  at  most  one  point  (see  Morphisms  of  Spaces,  Lemma 


54.19.6 1.  Using  Lemma  56.15.3  we  may  assume  that  A is  a field  and  we  have  to 


show  that  |.Xj  has  at  most  one  point. 


Let’s  think  of  X as  an  algebraic  space  over  Spec(fc)  and  let’s  use  the  notation 
X(K ) to  denote  A'-valued  points  of  X for  any  extension  k C AT,  see  Morphisms  of 
Spaces,  Section  |54.24|  If  k C K is  an  algebraically  closed  field  extension  of  large 
transcendence  degree,  then  we  see  that  X(K)  — ► |Aj  is  surjective,  see  Morphisms 
of  Spaces,  Lemma  [54. 24. 2|  Hence,  after  replacing  k by  AT,  we  see  that  it  suffices  to 
prove  that  X(k)  is  a singleton  (in  the  case  A = k). 


Let  x,  x'  £ X{k).  By  Decent  Spaces,  Lemma  55.12.4  we  see  that  x and  x 1 are  closed 
points  of  |A'|.  Hence  x and  x'  map  to  distinct  points  of  Spec(fc)  if  x ^ x'  by  Lemma 
I56.15.4l  We  conclude  that  x = x'  as  desired.  □ 


Lemma  56.15.8. 

rated. 


In  Situation 


56.15.1 


the  morphism  p : X — > Spec(A)  is  sepa- 


Proof.  We  will  use  the  results  of  Lemmas  |56.15.2[  |56.15.3|[56.15.5[  |56.15.6[  and 
|56.15.7|  without  further  mention.  We  will  use  the  valuative  criterion  of  separated- 
ness,  see  Morphisms  of  Spaces,  Lemma  54.42.2  Let  A be  a valuation  ring  over  A 
with  fraction  field  K.  Let  Spec(A')  — ► X be  a morphism  over  Spec(A).  We  have 
to  show  that  we  can  extend  this  to  a morphism  Spec(A)  — > X in  at  most  one  way. 
We  may  replace  A by  R and  X by  Spec(A)  xSpec(^)  X.  Hence  we  may  assume  that 
A = R is  a valuation  ring  with  field  of  fractions  K and  that  we  have  a AT-point  x 
in  X. 


Let  X'  C X be  the  scheme  theoretic  image  of  x : Spec(K)  —>■  X.  Then  T(X',  Ox1) 
is  a subring  of  K containing  A.  If  not  equal  to  A , then  there  is  no  extension  of  x 
at  all  and  the  result  is  true.  If  not,  then  we  may  replace  X by  X'  by  one  of  the 
lemmas  mentioned  at  the  start  of  the  proof. 

Let  U = Spec(A)  be  an  affine  scheme  and  let  U X be  a surjective  etale  morphism. 
Then  U Xx,x  Spec (K)  is  a quasi-compact  scheme  etale  over  K.  Hence  U x x,x 
Spec  (A)  = Spec(C)  is  affine  and 


C = K i x 


X H n 


with  each  Ki  a finite  separable  extension  of  K (Morphisms,  Lemma  28.36.7).  The 
scheme  theoretic  image  of  U Xjfja;Spec(A')  — » U is  U (Morphisms  of  Spaces,  Lemma 


54.16.3).  which  implies  that  B C C (Morphisms,  Example  28.6.4).  Thus  B is  a 


reduced  flat  H-algebra  (use  More  on  Algebra,  Lemma  15.16.10).  Choose  a finite 
Galois  extension  K C K'  such  that  each  K,  embeds  into  K'  over  K and  choose 
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a valuation  ring  A!  C K'  dominating  A (see  Algebra,  Lemma  10.49.2).  After 
replacing  A by  A',  X by  Spec(A')  Xgpec(A)  X,  x by  the  morphism 


x'  : Spec(A")  — » Spec(A')  xSpec(A)  Spec(A)  Spec(A')  xSpec(A)  X, 

and  U by  Spec(A')  Xgpec(A)  U we  may  assume  that  Ki  = K for  all  i (small  detail 
omitted;  note  in  particular  that  it  still  suffices  to  show  that  x'  has  at  most  one 
extension) . 


If  X is  normal  then  B is  a finite  product  B = B i x . . . x Bn  of  normal  domains  (see 
Algebra,  Lemma  10.36.15).  Each  of  these  has  fraction  field  K by  the  above.  One 
of  these  rings  Bi,  say  Bi  has  a prime  ideal  lying  over  mA  because  X — ► Spec(A)  is 
surjective.  Then  A = B\  as  A is  a valuation  ring.  Thus  we  see  that  there  exists 
an  etale  morphism  Spec(A)  — > X!  Of  course  this  implies  that  X = Spec(A)  (for 
example  by  Morphisms  of  Spaces,  Lemma  54.48.2  and  the  fact  that  Spec(A)  — »•  A' 
is  surjective  as  \X\  = \ Spec(A)|)  and  we  win  in  the  case  that  X is  normal. 


In  the  general  (possibly  nonnormal)  case  we  see  that  U = Spec (B)  has  finitely  many 
irreducible  components  (as  all  minimal  primes  of  B lie  over  (0)  C A by  flatness  of 
A—*B).  Thus  we  may  consider  the  normalization  X"  — ► X of  X,  see  Morphisms  of 
Spaces,  Lemma [54.46. 2|  Note  that  X"  — > X is  integral  hence  affine  and  universally 
closed  (see  Morphisms  of  Spaces,  Lemma  54.43.7).  Note  that  Xv  xx  U = U'',  in 
particular  Xv  — ► Spec(A)  is  flat  (as  the  integral  closure  of  B in  its  total  quotient 
ring  is  torsion  free  over  A hence  flat).  Set  A v = T(X1/, Ox*)  and  consider  the 
diagram 

X1' ^ X 


Spec)^) 


Spec(A) 


By  the  lemmas  mentioned  at  the  beginning  of  the  proof,  the  left  vertical  arrow 
is  (universally)  surjective  and  the  right  vertical  arrow  is  universally  closed.  Since 
the  top  horizontal  arrow  is  universally  closed  by  construction  we  conclude  that 
Spec(A^)  — » Spec(A)  is  universally  closed.  Hence  A C Av  is  integral,  see  Mor- 
phisms, Lemma [28.43.7[  Finally,  Av  is  a torsion  free  A-algebra  with  Av  (g>A  K = I\ 
(as  Spec(A')  maps  onto  XK  = X^).  Hence  A = A".  Observe  that  x : Spec(A')  — > X 
lifts  to  xv  : Spec(A')  -A  X1'  and  that 


Uv  Xx-.x-  Spec(A)  = X xU}X  Spec(X)  = || 


Spec(A') 


as  normalization  does  not  chance  the  scheme  U over  its  generic  points.  Finally,  as 
Xv  — > X is  universally  closed  any  morphism  Spec(A)  — ► X extending  x lifts  to  a 
morphism  into  Xv  extending  xv  (see  Decent  Spaces,  Proposition  55.14.1).  Thus 
it  suffices  there  is  at  most  one  morphism  Spec(A)  — > Xv  extending  xv . This  was 
proved  above.  □ 


07V6  Proposition  56.15.9.  A quasi-compact  and  quasi-separated  algebraic  space  is 
affine  if  and  only  if  all  higher  cohomology  groups  of  quasi- coherent  sheaves  vanish. 
More  precisely , any  algebraic  space  as  in  Situation \56.15.1\  is  an  affine  scheme. 


Proof.  Choose  an  affine  scheme  U = Spec(H)  and  a surjective  etale  morphism 
ip  : U — > X.  Set  R = U xx  U.  As  p is  separated  (Lemma  56.15.8)  we  see  that  R is 
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a closed  subscheme  of  U Xgpec(x)  U = Spec(H  B).  Hence  R = Spec(C)  is  affine 
too  and  the  ring  map 

B®aB  — >C 

is  surjective.  Let  us  denote  the  two  maps  s,  t : B — > C as  usual.  Pick  gi,. . ■ ,gm  G B 
such  that  s(<7i), . . . , s{gm)  generate  C over  t : B C (which  is  possible  as  t : B C 
is  of  finite  presentation  and  the  displayed  map  is  surjective).  Then  gi,...,gm  give 
global  sections  of  ip^Ou  and  the  map 


Ox\Zli  • • * j Zn]  ^ ^P*Ou i Zj  1 ^ gj 

is  surjective:  you  can  check  this  by  restricting  to  U.  Namely, 


ip*ip*Ou  = UOR 


(by  Lemma  56.10.1 1 hence  you  get  exactly  the  condition  that  s(gi)  generate  C over 
t : B — » C.  By  the  vanishing  of  H1  of  the  kernel  we  see  that 


r{X,Ox[xi,...)xn])  = A[x1,...,xn]—>T{X,<p.Ou)=r{U,Ou)=B 
is  surjective.  Thus  we  conclude  that  B is  a finite  type  H-algebra.  Hence  X 


Spec(H)  is  of  finite  type  and  separated. 

Spaces,  Lemma  54.27.5  it  is  also  locally  quasi-finite.  Hence  X 


By  Lemma  56.15.7  and  Morphisms  of 
Spec(H)  is  rep- 


resentable by  Morphisms  of  Spaces,  Lemma  |54.48.1|  and  X is  a scheme.  Finally 
X is  affine,  hence  equal  to  Spec(H),  by  an  application  of  Cohomology  of  Schemes, 
Lemma  129.3.11  □ 


56.16.  Finite  morphisms  and  affines 

07VN  This  section  is  the  analogue  of  Cohomology  of  Schemes,  Section |29.13| 

07VP  Lemma  56.16.1.  Let  S be  a scheme.  Let  f : Y — > X be  a morphism  of  algebraic 
spaces  over  S.  Assume 

(1)  / finite, 

(2)  / surjective, 

(3)  Y affine,  and 

(4)  X Noetherian. 

Then  X is  affine. 


Proof.  We  will  prove  that  under  the  assumptions  of  the  lemma  for  any  coherent 
Ox-module  T we  have  H1(X,T)  = 0.  This  implies  that  7L1(X,  F)  = 0 for  every 
quasi-coherent  Ox-module  T by  Lemmas  |56.14.1|  and  |56.4TT|  Then  it  follows  that 
X is  affine  from  Proposition  |56.15ffi) 

Let  V be  the  property  of  coherent  sheaves  T on  X defined  by  the  rule 

V{T)  ^ H1(X,T)  = 0. 

We  are  going  to  apply  Lemma  56.13.5|  Thus  we  have  to  verify  (1),  (2)  and  (3)  of 
that  lemma  for  V.  Property  (1)  follows  from  the  long  exact  cohomology  sequence 
associated  to  a short  exact  sequence  of  sheaves.  Property  (2)  follows  since  H1(X , — ) 
is  an  additive  functor.  To  see  (3)  let  i : Z — >■  X be  a reduced  closed  subspace  with 
\Z\  irreducible.  Let  W = Z x.y  Y and  denote  i'  : W — > Y the  corresponding 
closed  immersion.  Denote  f'.W—^Z  the  other  projection  which  is  a finite 
morphism  of  algebraic  spaces.  Since  W is  a closed  subscheme  of  Y,  it  is  affine.  We 
claim  that  Q = fffO\y  = i*fi@w  satisfies  properties  (3)  (a)  and  (3)  (b)  of  Lemma 
56.13.5  which  will  finish  the  proof.  Property  (3)(a)  is  clear  as  W — ► Z is  surjective 
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(because  / is  surjective).  To  see  (3)(b)  let  I be  a nonzero  quasi-coherent  sheaf  of 
ideals  on  Z.  We  simply  take  Q'  = XQ.  Namely,  we  have 

iG=m') 


where  X'  = Im((/')*X  — » Off).  This  is  true  because  /'  is  a (representable)  affine 
morphism  of  algebraic  spaces  and  hence  the  result  can  be  checked  on  an  etale 
covering  of  Z by  a scheme  in  which  case  the  result  is  Cohomology  of  Schemes, 
Lemma  29.13.2  Finally,  f is  affine,  hence  I?1/'!'  = 0 by  Lemma  56.7.2  As 
W is  affine  we  have  H1(W,X')  = 0 hence  the  Leray  spectral  sequence  (in  the 
form  Cohomology  on  Sites,  Lemma  21.14.6 1 implies  that  H1(Z,  /'X')  = 0.  Since 
i : Z — x X is  affine  we  conclude  that  R'i'ffX'  = 0 hence  H1(X,i*fiXl)  = 0 by 
Leray  again  and  we  win.  □ 


56.17.  A weak  version  of  Chow’s  lemma 


0891  In  this  section  we  quickly  prove  the  following  lemma  in  order  to  help  us  prove  the 
basic  results  on  cohomology  of  coherent  modules  on  proper  algebraic  spaces. 

089J  Lemma  56.17.1.  Let  A be  a ring.  Let  X be  an  algebraic  space  over  Spec(A) 
whose  structure  morphism  X — X Spec(A)  is  separated  of  finite  type.  Then  there 
exists  a proper  surjective  morphism  X'  — x A'  where  X'  is  a scheme  which  is  H- 
quasi-projective  over  Spec(A). 


Proof.  Let  W be  an  affine  scheme  and  let  / : W — X X be  a surjective  etale 
morphism.  There  exists  an  integer  d such  that  all  geometric  fibres  of  f have  < d 
points  (because  A'  is  a separated  algebraic  hence  reasonable,  see  Decent  Spaces, 
Lemma  |55.5.1 1.  Picking  d minimal  we  get  a nonempty  open  U C X such  that 
/-1(/7)  — >•  C7  is  finite  etale  of  degree  d,  see  Decent  Spaces,  Lemma  55.8.1  Let 

V C W xx  W xx  ■ ■ . xx  W 

(d  factors  in  the  fibre  product)  be  the  complement  of  all  the  diagonals.  Because 
W — X X is  separated  the  diagonal  W W Xx  W is  a closed  immersion.  Since 
W — X X is  etale  the  diagonal  W — X W x x W is  an  open  immersion,  see  Morphisms 
of  Spaces,  Lemmas  |54.38.10|  and  |54.37.9|  Hence  the  diagonals  are  open  and  closed 
subschemes  of  the  quasi-compact  scheme  W x . . . x x W.  In  particular  we  conclude 
V is  a quasi-compact  scheme.  Choose  an  open  immersion  W C Y with  Y H- 
projective  over  A (this  is  possible  as  W is  affine  and  of  finite  type  over  A ; for 
example  we  can  use  Morphisms,  Lemmas  28.39.2  and  28.42.12 1.  Let 


Z cY  xaY  xA  ...  xaY 


be  the  scheme  theoretic  image  of  the  composition  V — > W ...  xx  W — x Y x A 
...  xaY.  Observe  that  this  morphism  is  quasi-compact  since  V is  quasi-compact 
and  Y xA  ...  xA  Y is  separated.  Note  that  V — X Z is  an  open  immersion  as 
V — X Y x,4 . . . xAY  is  an  immersion,  see  Morphisms,  Lemma  28.7.7  The  projection 
morphisms  give  d morphisms  gi  : Z — x Y . These  morphisms  gt  are  projective  as  Y 
is  projective  over  A,  see  material  in  Morphisms,  Section  [28. 42|  We  set 

X'={Jg~1(W)cZ 


There  is  a morphism  A'  —X  X whose  restriction  to  gt  l(W)  is  the  composition 
g~1{W)  —X  W —X  A.  Namely,  these  morphisms  agree  over  V hence  agree  over 
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9i  (W)  (Igj  (W)  by  Morphisms  of  Spaces,  Lemma 


X'  -A-  X is  proper. 


54.17.8 


Claim:  the  morphism 


If  the  claim  holds,  then  the  lemma  follows  by  induction  on  d.  Namely,  by  construc- 
tion X'  is  H-quasi-projective  over  Spec(A).  The  image  of  X'  -A  X contains  the 
open  U as  V surjects  onto  U.  Denote  T the  reduced  induced  algebraic  space  struc- 
ture on  X \ U.  Then  T Xx  W is  a closed  subscheme  of  W,  hence  affine.  Moreover, 
the  morphism  T Xx  W — » T is  etale  and  every  geometric  fibre  has  < d points.  By 
induction  hypothesis  there  exists  a proper  surjective  morphism  T'-tT  where  T'  is 
a scheme  H-quasi-projective  over  Spec(A).  Since  T is  a closed  subspace  of  X we  see 
that  T'  — > X is  a proper  morphism.  Thus  the  lemma  follows  by  taking  the  proper 
surjective  morphism  X'  JIT'  — > X. 


Proof  of  the  claim.  By  construction  the  morphism  X'  — > X is  separated  and  of 
finite  type.  We  will  check  conditions  (1)  - (4)  of  Morphisms  of  Spaces,  Lemma 
54.41.3  for  the  morphisms  V —A  X'  and  X'  -A  X.  Conditions  (1)  and  (2)  we  have 
seen  above.  Condition  (3)  holds  as  X'  -A  X is  separated  (as  a morphism  whose 
source  is  a separated  algebraic  space) . Thus  it  suffices  to  check  liftability  to  X'  for 
diagrams 


Spec(if) s-  V 

V \ 

Spec (R) s-  X 


where  R is  a valuation  ring  with  fraction  field  K . Note  that  the  top  horizontal  map 
is  given  by  d pairwise  distinct  if- valued  points  w±, . . . , Wd  of  W.  In  fact,  this  is  a 
complete  set  of  inverse  images  of  the  point  x € X(K)  coming  from  the  diagram. 
Since  W — A X is  surjective,  we  can,  after  possibly  replacing  R by  an  extension  of 
valuation  rings,  lift  the  morphism  Spec(i?)  — ► X to  a morphism  w : Spec(i?)  — > W, 
see  Morphisms  of  Spaces,  Lemma[54.41.2[  Since  w\, . . . , Wd  is  a complete  collection 
of  inverse  images  of  x we  see  that  ry|spec(ic)  is  equal  to  one  of  them,  say  Wi.  Thus 
we  see  that  we  get  a commutative  diagram 


Spec( K )x~~  z-p  Z 


9i 

Y 

Spec(-R)  Y 


By  the  valuative  criterion  of  properness  for  the  projective  morphism  g j we  can  lift 
w to  z : Spec (R)  -A  Z,  see  Morphisms,  Lemma  28.42.5  and  Schemes,  Proposition 
The  image  of  z is  in  g~x{W)  C X'  and  the  proof  is  complete. 


25.20.6 


□ 


56.18.  Noetherian  valuative  criterion 


OARI  We  prove  a version  of  the  valuative  criterion  for  properness  using  discrete  valuation 
rings.  A lot  more  can  be  added  here.  In  particular,  we  should  formulate  and  prove 
the  analogues  to  Limits,  Lemmas  |31. 12. 1[  |31.12.2[  |31.12.3|  |31.13.2[  and  |31.13.3[ 

OARJ  Lemma  56.18.1.  Let  S be  a scheme.  Let  f : X — >•  Y be  a morphism  of  algebraic 
spaces.  Assume 

(1)  Y is  locally  Noetherian, 

(2)  / is  locally  of  finite  type  and  quasi-separated, 
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(3)  for  every  commutative  diagram 


Spec(A') 9-  X 

i . ^ t 

Spec(A) s-  Y 


where  A is  a discrete  valuation  ring  and  K its  fraction  field,  there  is  at 
most  one  dotted  arrow  making  the  diagram  commute. 

Then  f is  separated. 


Proof.  To  prove  / is  separated,  we  may  work  etale  locally  on  Y (Morphisms  of 
Spaces,  Lemma  54.4.12).  Choose  an  affine  scheme  U and  an  etale  morphism  U — ► 
X x y X.  Set  V = X x a,xx v-Y  U which  is  quasi-compact  because  / is  quasi- 
separated.  Consider  a commutative  diagram 


Spec(A') 

Spec(A) 


V 

Y 

u 


We  can  interpret  the  composition  Spec(A)  — > U ->XxyIasa  pair  of  morphisms 
a,  b : Spec(A)  -A  X agreeing  as  morphisms  into  Y and  equal  when  restricted  to 
Spec(A').  Hence  our  assumption  (3)  guarantees  a = b and  we  find  the  dotted  arrow 
in  the  diagram.  By  Limits,  Lemma|31.12.3  we  conclude  that  V — > U is  proper.  In 
other  words,  A is  proper.  Since  A is  a monomorphism,  we  find  that  A is  a closed 
immersion  (Etale  Morphisms,  Lemma  40.7.2)  as  desired.  □ 


OARK  Lemma  56.18.2.  Let  S be  a scheme.  Let  f : X — ► Y be  a morphism  of  algebraic 
spaces.  Assume 

(1)  Y is  locally  Noetherian, 

(2)  f is  of  finite  type  and  quasi- separated , 

(3)  for  every  commutative  diagram 


Spec(A') >■  X 

\y  I 

Spec(A) ^ Y 

where  A is  a discrete  valuation  ring  and  K its  fraction  field,  there  is  a 
unique  dotted  arrow  making  the  diagram  commute. 

Then  f is  proper. 


Proof.  It  suffices  to  prove  / is  universally  closed  because  / is  separated  by  Lemma 


56.18.1  To  do  this  we  may  work  etale  locally  on  Y (Morphisms  of  Spaces,  Lemma 
54.9.5).  Hence  we  may  assume  Y is  a Noetherian  affine  scheme.  Choose  X'  — > X as 
in  the  weak  form  of  Chow’s  lemma  (Lemma|56.17.1 ).  We  claim  that  X'  — )•  Spec(A) 
is  universally  closed.  The  claim  implies  the  lemma  by  Morphisms  of  Spaces,  Lemma 
|54.39.7|  To  prove  this,  according  to  Limits,  Lemma [31 . 13. 3| it  suffices  to  prove  that 
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OARL 


in  every  solid  commutative  diagram 

Spec(AT) 9.  X' 5;  X 

a ' 

Spec(A) Y 


where  A is  a dvr  with  fraction  field  K we  can  find  the  dotted  arrow  a.  By  assumption 
we  can  find  the  dotted  arrow  b.  Then  the  morphism  X'  Xx,b  Spec(A)  — ► Spec(A) 
is  a proper  morphism  of  schemes  and  by  the  valuative  criterion  for  morphisms  of 
schemes  we  can  lift  b to  the  desired  morphism  a.  □ 


Remark  56.18.3  (Variant  for  complete  discrete 


56.18.1  and  56. 18. 2|  it  suffices  to  consider  complete 


precise  in  Lemma  56.18.1  we  can  replace  condition 
Given  any  commutative  diagram 


valuation  rings).  In  Lemmas 
discrete  valuation  rings.  To  be 
(3)  by  the  following  condition: 


Spec(lL) 9-  X 

■f 


Spec(A) 


Y 


where  A is  a complete  discrete  valuation  ring  with  fraction  field  K there  exists  at 
most  one  dotted  arrow  making  the  diagram  commute.  Namely,  given  any  diagram 
as  in  Lemma  56.18.1  (3)  the  completion  AA  is  a discrete  valuation  ring  (More  on 
Algebra,  Lemma  15.34.5)  and  the  uniqueness  of  the  arrow  Spec(AA)  — > X implies 
the  uniqueness  of  the  arrow  Spec(A)  — >•  X for  example  by  Properties  of  Spaces, 


Proposition  53.16.1  Similarly  in  Lemma  56.18.2  we  can  replace  condition  (3)  by 


the  following  condition:  Given  any  commutative  diagram 


Spec(lL) 9-  X 

«'  \ 

Spec(A) 9-  Y 


where  A is  a complete  discrete  valuation  ring  with  fraction  field  K there  exists 
an  extension  A C A!  of  complete  discrete  valuation  rings  inducing  a fraction  field 
extension  K C K'  such  that  there  exists  a unique  arrow  Spec(A')  — ► A'  making  the 
diagram 

Spec(Ji')  Spec (K)  — >;  X 


Spec(A') 9-  Spec(A) 9-  Y 


commute.  Namely,  given  any  diagram  as  in  Lemma  56.18.2  part  (3)  the  existence 
of  any  commutative  diagram 


Spec(L) 9-  Spec(JL ) X 

Spec(13) >-  Spec(A) 9-  Y 
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for  any  extension  A C B of  discrete  valuation  rings  will  imply  there  exists  an  arrow 
Spec(A)  — > X fitting  into  the  diagram.  This  was  shown  in  Morphisms  of  Spaces, 
Lemma [54.40.4|  In  fact,  it  follows  from  these  considerations  that  it  suffices  to  look 
for  dotted  arrows  in  diagrams  for  any  class  of  discrete  valuation  rings  such  that, 
given  any  discrete  valuation  ring,  there  is  an  extension  of  it  that  is  in  the  class.  For 
example,  we  could  take  complete  discrete  valuation  rings  with  algebraically  closed 
residue  field. 


56.19.  Higher  direct  images  of  coherent  sheaves 

08AP  In  this  section  we  prove  the  fundamental  fact  that  the  higher  direct  images  of  a 
coherent  sheaf  under  a proper  morphism  are  coherent.  First  we  prove  a helper 
lemma. 

08AQ  Lemma  56.19.1.  Let  S be  a scheme.  Consider  a commutative  diagram 


of  algebraic  spaces  over  S . Assume  i is  a closed  immersion  and  Y Noetherian.  Set 
C = i*0 pn  (1).  Let  T be  a coherent  module  on  X.  Then  there  exists  an  integer  do 
such  that  for  all  d > do  we  have  RP  f*{F  ®ox  £®d)  = 0 for  all  p > 0. 


Proof.  Checking  whether  Rp f*{F  ® C®d)  is  zero  can  be  done  etale  locally  on  Y . 
see  Equation  (56.3.1.11.  Hence  we  may  assume  Y is  the  spectrum  of  a Noetherian 
ring.  In  this  case  A'  is  a scheme  and  the  result  follows  from  Cohomology  of  Schemes, 
Lemma  129.15.21  □ 


08AR  Lemma  56.19.2.  Let  S be  a scheme.  Let  f : X -A  Y be  a proper  morphism  of 
algebraic  spaces  over  S with  Y locally  Noetherian.  Let  T be  a coherent  O x -module. 
Then  Rl  f*T  is  a coherent  Oy -module  for  all  i > 0. 


Proof.  We  first  remark  that  A is  a locally  Noetherian  algebraic  space  by  Mor- 
phisms of  Spaces,  Lemma|54.23.5  Hence  the  statement  of  the  lemma  makes  sense. 
Moreover,  computing  Rlf*J-  commutes  with  etale  localization  on  Y (Properties  of 
Spaces,  Lemma  53.25.2)  and  checking  whether  Rl  f^J7  coherent  can  be  done  etale 
locally  on  Y (Lemma  56.11.2).  Hence  we  may  assume  that  Y = Spec(A)  is  a 
Noetherian  affine  scheme. 


Assume  Y = Spec(A)  is  an  affine  scheme.  Note  that  / is  locally  of  finite  presentation 
(Morphisms  of  Spaces,  Lemma  54.28.7).  Thus  it  is  of  finite  presentation,  hence  A' 
is  Noetherian  (Morphisms  of  Spaces,  Lemma  54.28.6).  Thus  Lemma  56.13.6  applies 
to  the  category  of  coherent  modules  of  X.  For  a coherent  sheaf  T on  X we  say 
V holds  if  and  only  if  Rlf*T  is  a coherent  module  on  Spec(A).  We  will  show 
that  conditions  (1),  (2),  and  (3)  of  Lemma  56.13.6  hold  for  this  property  thereby 
finishing  the  proof  of  the  lemma. 

Verification  of  condition  (1).  Let 


0 ->  Ji  A J2  ->  ^3  ->  0 
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be  a short  exact  sequence  of  coherent  sheaves  on  X.  Consider  the  long  exact 
sequence  of  higher  direct  images 

RP-'UF. 3 ->  Rpf*F i ->  Rpf*^2  ->  Rpf* X3  i?p+1/*-^i 


Then  it  is  clear  that  if  2-out-of-3  of  the  sheaves  Ti  have  property  V,  then  the 
higher  direct  images  of  the  third  are  sandwiched  in  this  exact  complex  between  two 
coherent  sheaves.  Hence  these  higher  direct  images  are  also  coherent  by  Lemmas 
|56.11.3|and|56.11~4l  Hence  property  V holds  for  the  third  as  well. 

Verification  of  condition  (2).  This  follows  immediately  from  the  fact  that  i?*/*(-^ri© 
T2)  = Rl  f*Ri  ®Rl  and  that  a summand  of  a coherent  module  is  coherent  (see 
lemmas  cited  above). 


Verification  of  condition  (3).  Let  i : Z — > X be  a closed  immersion  with  Z reduced 
and  \Z\  irreducible.  Set  g = / o i : Z — > Spec(A).  Let  G be  a coherent  module  on 
Z whose  scheme  theoretic  support  is  equal  to  Z such  that  Rpg*G  is  coherent  for 
all  p.  Then  J-  = i*G  is  a coherent  module  on  X whose  support  scheme  theoretic 
support  is  Z such  that  Rp  = Rpg*G ■ To  see  this  use  the  Leray  spectral  sequence 


equal  to  Z such  that  Rpg*G  is  coherent  for  all  p. 


We  apply  Lemma  56.17.1  to  the  morphism  Z — > Spec(A).  Thus  we  get  a diagram 


Spec(A) 


with  7r  : Z'  — > Z proper  surjective  and  i an  immersion.  Since  Z — > Spec(A) 
is  proper  we  conclude  that  g'  is  proper  (Morphisms  of  Spaces,  Lemma 
Hence  i is  a closed  immersion  (Morphisms  of  Spaces,  Lemmas  54.39.6  and 


54.39.41. 


54.12.31. 


It  follows  that  the  morphism  i!  = (?',  7r)  : xgpec(^)  Z'  = is  a closed  immersion 

(Morphisms  of  Spaces,  Lemma  54.4.6).  Set 

£ = rewi)  = (0*cwi) 


We  may  apply  Lemma  56.19.1  to  C and  7r  as  well  as  C and  g' . Hence  for  all  d 0 we 
have  Rpw*£®d  = 0 for  all  p > 0 and  Rp(g')*C®d  = 0 for  all  p > 0.  Set  G = ir*C®d. 
By  the  Leray  spectral  sequence  (Cohomology  on  Sites,  Lemma  21.14.7)  we  have 

E%’q  = RpgitRHitC®d  =>  Rp+q(g%£.®d 


and  by  choice  of  d the  only  nonzero  terms  in  Ep,q  are  those  with  q = 0 and  the 
only  nonzero  terms  of  Rp+q(g')*C®d  are  those  with  p = q = 0.  This  implies  that 
Rpg*G  = 0 for  p > 0 and  that  g*G  = {g')*C®n.  Applying  Cohomology  of  Schemes, 
Lemma  29.15.3  we  see  that  g*G  = (g')*C®d  is  coherent. 


We  still  have  to  check  that  the  support  of  G is  Z.  This  follows  from  the  fact  that  C®d 
has  lots  of  global  sections.  We  spell  it  out  here.  Note  that  C®d  is  globally  generated 
for  all  d > 0 because  the  same  is  true  for  Op»  (d) . Pick  a point  z £ Z'  mapping  to  the 
generic  point  £ of  Z which  we  can  do  as  7r  is  surjective.  (Observe  that  Z does  indeed 
have  a generic  point  as  \Z\  is  irreducible  and  Z is  Noetherian,  hence  quasi-separated, 
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hence  \Z\  is  a sober  topological  space  by  Properties  of  Spaces,  Lemma|53.14.1|)  Pick 
s e T(Z',C®d)  which  does  not  vanish  at  2:.  Since  T(Z,Q)  = T(Zl,C0d)  we  may 
think  of  s as  a global  section  of  Q.  Choose  a geometric  point  z of  Z'  lying  over  z 
and  denote  £ = g'  oz  the  corresponding  geometric  point  of  Z.  The  adjunction  map 

WYG  = (g')*g'*£®d  — * c®d 

Cz,  see  Properties  of  Spaces,  Lemma 


53.28.5 


More- 


induces  a map  of  stalks  Qj 
over  the  adjunction  map  sends  the  pullback  of  s (viewed  as  a section  of  Q)  to  s 
(viewed  as  a section  of  £®d).  Thus  the  image  of  s in  the  vector  space  which  is  the 
source  of  the  arrow 

Qj  0 k©  — » Cf d 0 k(z) 

isn’t  zero  since  by  choice  of  s the  image  in  the  target  of  the  arrow  is  nonzero. 


Hence  £ is  in  the  support  of  Q (Morphisms  of  Spaces,  Lemma  54.15.2).  Since  \Z\  is 


irreducible  and  Z is  reduced  we  conclude  that  the  scheme  theoretic  support  of  Q is 
all  of  Z as  desired.  □ 

08GC  Remark  56.19.3.  Let  S'  be  a scheme.  Let  / : X — )■  Y be  a morphism  of  algebraic 
spaces  over  S.  Assume  / is  locally  of  finite  type  and  Y locally  Noetherian.  Then  X 


is  locally  Noetherian  (Morphisms  of  Spaces,  Lemma  54.23.5).  Let  F be  a coherent 
Ox-module.  Assume  the  scheme  theoretic  support  Z of  X is  proper  over  Y . we 
claim  Rp  f*F  is  a coherent  CV-module  for  all  p > 0.  Namely,  Let  i : Z -A  X be  the 
closed  immersion  and  write  F = i*Q  for  some  coherent  module  Q on  Z (Lemma 
56.11.7).  Denoting  g : Z — ► S the  composition  / o i we  see  that  Rpg*G  is  coherent 
on  S by  Lemma  56.19.2  On  the  other  hand,  RqiitQ  = 0 for  q > 0 (Lemma|56.11.9 ). 


By  Cohomology  on  Sites,  Lemma  21.14.7  we  get  Rpf^Jr  = Rpg*G  and  the  claim. 


08AS  Lemma  56.19.4.  Let  A be  a Noetherian  ring.  Let  f : X — > Spec(A)  be  a proper 
morphism  of  algebraic  spaces.  Let  T be  a coherent  Ox -module.  Then  Hr(X,Jr)  is 
finite  A-module  for  all  i > 0. 

Proof.  This  is  just  the  affine  case  of  Lemma  |56.19.2|  Namely,  by  Lemma  |56.3.2| 
we  know  that  Rlf*Jr  is  a quasi-coherent  sheaf.  Hence  it  is  the  quasi-colrerent  sheaf 
associated  to  the  A-module  T(Spec(A),  Rl /*  J7)  = ff'(X,  F).  The  equality  holds  by 
Cohomology  on  Sites,  Lemma|21.14.6|and  vanishing  of  higher  cohomology  groups  of 
quasi-coherent  modules  on  affine  schemes  (Cohomology  of  Schemes,  Lemma  29.2.2 ). 
By  Lemma 


56.11.2 


we  see  Rl  f*T  is  a coherent  sheaf  if  and  only  if  HZ(X,F)  is  an 
A-module  of  finite  type.  Hence  Lemma [56. 19. 2| gives  us  the  conclusion.  □ 

08AT  Lemma  56.19.5.  Let  A be  a Noetherian  ring.  Let  B be  a finitely  generated  graded 
A-algebra.  Let  f : X — > Spec(A)  be  a proper  morphism  of  algebraic  spaces.  Set 
B = f*B.  Let  T be  a quasi-coherent  graded  B-module  of  finite  type.  For  every 
p > 0 the  graded  B-module  HP(X,F)  is  a finite  B-module. 

Proof.  To  prove  this  we  consider  the  fibre  product  diagram 


X'  = Spec(-B)  x spec(A)  A 


X 


S' 


Spec(B) 


Spec(A) 


Note  that  f is  a proper  morphism,  see  Morphisms  of  Spaces,  Lemma  |54.39.3 


Also,  B is  a finitely  generated  A-algebra,  and  hence  Noetherian  (Algebra,  Lemma 
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08AU 

08AV 

08AW 

08AX 


10.30.1 1.  This  implies  that  X'  is  a Noetherian  algebraic  space  (Morphisms  of 


Spaces,  Lemma  54.28.6 1.  Note  that  X'  is  the  relative  spectrum  of  the  quasi-colierent 


C>A-algebra  8 by  Morphisms  of  Spaces,  Lemma[54.20.7|  Since  X is  a quasi-coherent 
8-module  we  see  that  there  is  a unique  quasi-coherent  Ox'-module  X'  such  that 
7 t*X'  = X,  see  Morphisms  of  Spaces,  Lemma  54.20.10  Since  X is  finite  type  as  a 
,8-module  we  conclude  that  X'  is  a finite  type  Ox< -module  (details  omitted).  In 


other  words,  X'  is  a coherent  O.Y'-module  (Lemma  56.11.2).  Since  the  morphism 
7r  : X'  — ► X is  affine  we  have 


HP(X,X)  = HP(X',X') 


by  Lemma  56.7.2  and  Cohomology  on  Sites,  Lemma  21.14.6 
follows  from  Lemma  f56. 19.41 


Thus  the  lemma 
□ 


56.20.  The  theorem  on  formal  functions 

This  section  is  the  analogue  of  Cohomology  of  Schemes,  Section [29T9J  We  encour- 
age the  reader  to  read  that  section  first. 

Situation  56.20.1.  Here  A is  a Noetherian  ring  and  I C A is  an  ideal.  Also, 
/ : X — > Spec(A)  is  a proper  morphism  of  algebraic  spaces  and  X is  a coherent 
sheaf  on  X. 


In  this  situation  we  denote  InX  the  quasi-coherent  submodule  of  X generated  as  an 
0_y -module  by  products  of  local  sections  of  X and  elements  of  In.  In  other  words, 
it  is  the  image  of  the  map  f*I  C E>ox  X X. 


Lemma  56.20.2.  In  Situation 


56.20.1 


Set  B = ©n>0  In  ■ Then  for  every  p>  0 


the  graded  B-module  ®n>0  HP(X.  InX)  is  a finite  B-module. 


Proof.  Let  B = = f*B.  Then  0 InX  is  a finite  type  graded  8-module. 

Hence  the  result  follows  from  Lemma [56.19. 51  □ 


Lemma  56.20.3. 

c > 0 such  that 


In  Situation 


56.20.1 


For  every  p > 0 there  exists  an  integer 


(1)  the  multiplication  map  In~c  HP(X,  ICX)  — > HP(X,  InX)  is  surjective 
for  all  n > c,  and 

(2)  the  image  of  HP(X1  jn+mX)  — » HP(X , InX)  is  contained  in  the  submodule 
Im~cHp(X,InX)  for  all  n > 0,  m > c. 


Proof.  By  Lemma  56.20.2  we  can  find  d\,...,dt 
such  that  ®„>0  HP(X , InX)  is  generated  by  X\,.. . 
c = max{di}.  It  is  clear  that  (1)  holds.  For  (2)  let  b 
commutative  diagram  of  A-moclules 


> 0,  and  Xi  e Hp(X,  Id‘  X) 
, xt  over  B = ®„>0/".  Take 
= max(0,  n — c).  Consider  the 


jn+m—c—b  g,  Jb  (g,  Hp(X,  ICX)  ^ jn+m-c  g HP{X,  ICX)  ^ HP(X,  In+m X) 

V \ 

/n+m_c_f,  0 Hp^  ^ hp(x,  rx) 


By  part  (1)  of  the  lemma  the  composition  of  the  horizontal  arrows  is  surjective  if 
n + m > c.  On  the  other  hand,  it  is  clear  that  n + m — c — b > m — c.  Hence  part 
(2).  □ 


56.20.  THE  THEOREM  ON  FORMAL  FUNCTIONS 


3761 
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Lemma  56.20.4.  In  Situation 


56.20.1 


Fix  p > 0. 


(1)  There  exists  a Ci  > 0 such  that  for  all  n > c\  we  have 

Ker(Hp(X,F)  ->  Hp(X,F/InF))  c In~ClHp{X,  F). 

(2)  The  inverse  system 

{Hp{X,F/InF))n^ 

satisfies  the  Mittag-Leffler  condition  (see  Homology,  Definition  12.27.2). 

(3)  In  fact  for  any  p and  n there  exists  a C2(n ) > n such  that 

Im(Hp(X,F/IkF ) ->  Hp{X,F/InF))  = Im(Hp(X,  F)  -a  Hp(X,F/InF)) 
for  all  k > C2(n). 


Proof.  Let  ci  = max{cp,  cp+i},  where  cp,cp+ 1 are  the  integers  found  in  Lemma 


56.20.3  for  Hp  and  Hp+1.  We  will  use  this  constant  in  the  proofs  of  (1),  (2)  and 


(3). 

Let  us  prove  part  (1).  Consider  the  short  exact  sequence 

0 -►  InF  -»■  F -►  F/In  F ->  0 


From  the  long  exact  cohomology  sequence  we  see  that 

Ker (HP(X,F)  — >•  Hp(X,F/InF))  = Im (Hp(X,InF)  HP(X,F)) 

Hence  by  our  choice  of  Ci  we  see  that  this  is  contained  in  In~clHp(X,  F)  for  n > C\. 

Note  that  part  (3)  implies  part  (2)  by  definition  of  the  Mittag-Leffler  condition. 

Let  us  prove  part  (3).  Fix  an  n throughout  the  rest  of  the  proof.  Consider  the 
commutative  diagram 


0 >-  InF >-  F >-  F/InF >-  0 

A A 

0 =►  jn+mjr ^ -p  ^ F/In+mF >-  0 


This  gives  rise  to  the  following  commutative  diagram 
Hp  (X,  InF) >■  Hp(X,  F) ^ Hp(X,  F/InF) 

A A 

1 


Hp+1(X,InF) 

a 


Hp(X,  in+mF) 


■ HP(X,F) 


■ Hp(X,  F/In+mF) ^ Hp+1  (X,  In+m F) 


If  m > Ci  we  see  that  the  image  of  a is  contained  in  Im~Cl  HP+1(X,  InF ).  By  the 
Artin-Rees  lemma  (see  Algebra,  Lemma  10.50.3 1 there  exists  an  integer  c^(n)  such 
that 


INHp+1(X,InF)  nlm(<5)  c 5 flN-°3  (")  Hp  (X,  F /InF)^ 

for  all  N > Cz(n).  As  Hp(X,F/InF)  is  annihilated  by  7",  we  see  that  if  to  > 
03(71)  + ci  + n,  then 

lm{Hp{X,F/In+rnF)  -A  HP(X,  F/InF))  = Im{Hp(X,  F)  Hp(X,F/InF)) 

In  other  words,  part  (3)  holds  with  02(71)  = 03(71)  + Ci  + n.  □ 
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Theorem  56.20.5  (Theorem  on  formal  functions). 
p > 0.  The  system  of  maps 


In  Situation 


56.20.1 


Fix 


Hp{X,F)/InHp(X,F)  — > Hp{X,F/InF) 


define  an  isomorphism  of  limits 


HP(X,  J")A  — ► lim„  HP(X , F/InF) 


where  the  left,  hand  side  is  the  completion  of  the  A-module  HP{X,F)  with  respect  to 
the  ideal  I,  see  Algebra,  Section[l0.95\  Moreover,  this  is  in  fact  a homeomorphism 
for  the  limit  topologies. 


Proof.  In  fact,  this  follows  immediately  from  Lemma  |56.20.4|  We  spell  out  the 
details.  Set  M = HP(X,F)  and  Mn  = Hp{X,F/InF).  Denote  Nn  = Im(M 
Mn ) . By  the  description  of  the  limit  in  Homology,  Section [l2. 27  we  have 

lim nMn  = {(xn)  £ \\_Mn  | <pi{xn ) = xn_i,  n = 2,  3, . . .} 


Pick  an  element  x = (xn)  £ lim„  Mn.  By  Lemma  56.20.4  part  (3)  we  have  xn  £ Nn 
for  all  n since  by  definition  xn  is  the  image  of  some  xn+m  £ Mn+m  for  all  m.  By 
Lemma  56.20.4  part  (1)  we  see  that  there  exists  a factorization 

M -a  Nn-+  M/In~ClM 


of  the  reduction  map.  Denote  yn  £ A I/In~ClM  the  image  of  xn  for  n>  c\.  Since 
for  n'  > n the  composition  A/  — » M„/  — > Mn  is  the  given  map  M — > Mn  we  see 
that  yni  maps  to  yn  under  the  canonical  map  M/In  ~ClM  -A  M / In~Cl  M . Hence 
y = ( yn+Cl ) defines  an  element  of  lim„  M/InM . We  omit  the  verification  that  y 
maps  to  a;  under  the  map 


ALa  = lim„  M/InM  — » lim„  Mn 


of  the  lemma.  We  also  omit  the  verihcation  on  topologies. 


□ 


Lemma  56.20.6.  Let  A be  a ring.  Let  I C A be  an  ideal.  Assume  A is  Noetherian 
and  complete  with  respect  to  I . Let  f : X — ► Spec(A)  be  a proper  morphism  of 
algebraic  spaces.  Let  T be  a coherent  sheaf  on  X . Then 

Hp{X , F)  = lim„  Hp(X,  F/InF) 


for  all  p > 0. 


Proof.  This  is  a reformulation  of  the  theorem  on  formal  functions  (Theorem  56.20.5 1 
in  the  case  of  a complete  Noetherian  base  ring.  Namely,  in  this  case  the  A-module 
HP(X,F)  is  finite  (Lemma  56.19.4)  hence  /-adically  complete  (Algebra,  Lemma 
10.96.1 ) and  we  see  that  completion  on  the  left  hand  side  is  not  necessary.  □ 


Lemma  56.20.7.  Let  S be  a scheme.  Let  f : X — » Y be  a morphism  of  algebraic 
spaces  over  S and  let  F be  a quasi- coherent  sheaf  on  Y . Assume 

(1)  Y locally  Noetherian, 

(2)  / proper,  and 

(3)  F coherent. 
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Let  y be  a geometric  point  ofY.  Consider  the  “infinitesimal  neighbourhoods’’ 
Xn  = Spec((IV,i7/m£)  Xy  X — + X 

fn  f 

j c V 

Spec(C>Fjy/m^) 


of  the  fibre  X\  = Xy  and  set  Tn  = i*nT . Then  we  have 

(Rpf,R)^\imnHp(Xn,Rn) 

as  Oy-y-modules. 

Proof.  This  is  just  a reformulation  of  a special  case  of  the  theorem  on  formal 
functions,  Theorem  56.20.5  Let  us  spell  it  out.  Note  that  Oy,y  is  a Noetlrerian  local 
ring,  see  Properties  of  Spaces,  Lemma  53.23.4  Consider  the  canonical  morphism 
c : Spec (C>Y,y)  — X Y.  This  is  a flat  morphism  as  it  identifies  local  rings.  Denote  /'  : 
X'  —x  Spec(Oi-jy)  the  base  change  of  / to  this  local  ring.  We  see  that  c*Rp f*T  = 
Rp by  Lemma  56.10.1  Moreover,  we  have  canonical  identifications  Xn  = X'n 
for  all  n > 1. 


Hence  we  may  assume  that  Y = Spec(A)  is  the  spectrum  of  a strictly  henselian  Noe- 
therian  local  ring  A with  maximal  ideal  m and  that  y — > Y is  equal  to  Spec(A/m)  — » 
Y . It  follows  that 


{Rpf*F)y  = r (Y,R?f.X)  = HP(X,X) 

because  (Y,  y)  is  an  initial  object  in  the  category  of  etale  neighbourhoods  of  y.  The 
morphisms  cn  are  each  closed  immersions.  Hence  their  base  changes  in  are  closed 
immersions  as  well.  Note  that  in,*Xn  = in, fin = X /vcCT.  By  the  Leray  spectral 
sequence  for  in , and  Lemma [56. 11.9|  we  see  that 

Hp{Xn,  Xn)  = HP(Xfin^T)  = HP{ X^/nCT) 

Hence  we  may  indeed  apply  the  theorem  on  formal  functions  to  compute  the  limit 
in  the  statement  of  the  lemma  and  we  win.  □ 


Here  is  a lemma  which  we  will  generalize  later  to  fibres  of  dimension  > 0,  namely 
the  next  lemma. 


0A4S 


Lemma  56.20.8.  Let  S be  a scheme.  Let  f : X — x Y be  a morphism  of  algebraic 
spaces  over  S.  Let  y be  a geometric  point  ofY.  Assume 

(1)  Y locally  Noetherian, 

(2)  / is  proper,  and 

(3)  Xy  has  discrete  underlying  topological  space. 

Then  for  any  coherent  sheaf  T on  X we  have  (Rp f*X)y  = 0 for  all  p > 0. 


Proof.  Let  n{y)  be  the  residue  field  of  the  local  ring  of  Oy,y-  As  in  Lemma 


56.20.7 


we  set  Xy  = Xx  = Spec(re(j7))  Xy  X.  By  Morphisms  of  Spaces,  Lemma  54.33.8  the 
morphism  / : X — x Y is  quasi-finite  at  each  of  the  points  of  the  fibre  of  X — > Y over 
y.  It  follows  that  Xy  — x y is  separated  and  quasi-finite.  Hence  Xy  is  a scheme  by 


Morphisms  of  Spaces,  Proposition  54.47.2  Since  it  is  quasi-compact  its  underlying 


topological  space  is  a finite  discrete  space.  Then  it  is  an  affine  scheme  by  Schemes, 
Lemma  |25.11.7|  By  Lemma  |56.16.1|  it  follows  that  the  algebraic  spaces  Xn  are 
affine  schemes  as  well.  Moreover,  the  underlying  topological  of  each  Xn  is  the  same 
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as  that  of  X\.  Hence  it  follows  that  Hp(Xn,  Fn)  = 0 for  all  p > 0.  Hence  we  see 

Note  that  Rp ftJr  is  coherent  by  Lemma 


that  (Rpf*F)L  = 0 by  Lemma 


56.20.7 


0A4T 


56.19.2  and  hence  Rp f*Fy  is  a finite  CV'^-module.  By  Algebra,  Lemma  10.96.1  this 
implies  that  (RPf*F)y  = 0.  □ 

Lemma  56.20.9.  Let  S be  a scheme.  Let  f : X Y be  a morphism  of  algebraic 
spaces  over  S.  Let  y be  a geometric  point  ofY.  Assume 

(1)  Y locally  Noetherian, 

(2)  / is  proper,  and 

(3)  dim(Xy)  = d. 

Then  for  any  coherent  sheaf  T on  X we  have  (Rp  f*F)y  = 0 for  all  p > d. 


56.21.  Applications  of  the  theorem  on  formal  functions 

0A4U  We  will  add  more  here  as  needed. 

0A4V  Lemma  56.21.1.  (For  a more  general  version  see  More  on  Morphisms  of  Spaces, 

Let  S be  a scheme.  Let  f : X Y be  a morphism  of  algebraic 


Lemma  63.25.5). 

spaces  over  S . Assume  Y is  locally  Noetherian.  The  following  are  equivalent 

(1)  f is  finite,  and 

(2)  / is  proper  and  \Xk\  is  a discrete  space  for  every  morphism  Spec (k) 
where  k is  a field. 


Y 


Proof.  A finite  morphism  is  proper  according  to  Morphisms  of  Spaces,  Lemma 
A finite  morphism  is  quasi-finite  according  to  Morphisms  of  Spaces,  Lemma 
A quasi-finite  morphism  has  discrete  fibres  AA,  see  Morphisms  of  Spaces, 


54.43.9 


54.43.8 


Lemma  |54. 27. 5[  Hence  a finite  morphism  is  proper  and  has  discrete  fibres  X *.. 

Assume  / is  proper  with  discrete  fibres  Xk-  We  want  to  show  / is  finite.  In  fact  it 
suffices  to  prove  / is  affine.  Namely,  if  / is  affine,  then  it  follows  that  / is  integral 
by  Morphisms  of  Spaces,  Lemma [54.43. 7|  whereupon  it  follows  from  Morphisms  of 
Spaces,  Lemma  54.43.6| that  / is  finite. 

To  show  that  / is  affine  we  may  assume  that  Y is  affine,  and  our  goal  is  to  show  that 
X is  affine  too.  Since  / is  proper  we  see  that  X is  separated  and  quasi-compact. 
We  will  show  that  for  any  coherent  Ox-module  T we  have  H1( X,JF)  = 0.  This 
implies  that  H1(X,F)  = 0 for  every  quasi-coherent  Ox-module  T by  Lemmas 
|56.14.1|  and  |56.4.1|  Then  it  follows  that  X is  affine  from  Proposition  |56.15.9|  By 
Lemma  56.20.8  we  conclude  that  the  stalks  of  R1fifF  are  zero  for  all  geometric 
points  of  Y . In  other  words,  R1  f*T  = 0.  Hence  we  see  from  the  Leray  Spectral 
Sequence  for  / that  H1(X,T)  = LT1(I/ , f*F).  Since  Y is  affine,  and  f„F  is  quasi- 
coherent  (Morphisms  of  Spaces,  Lemma  54.11.2 1 we  conclude  H1(Y,f^T)  = 0 from 
Cohomology  of  Schemes,  Lemma 


29.2.2 


Hence  H1(X,F)  = 0 as  desired. 


□ 


As  a consequence  we  have  the  following  useful  result. 
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0A4W  Lemma  56.21.2.  (For  a more  general  version  see  More  on  Morphisms  of  Spaces, 


Lemma  63.25.6 ).  Let  S be  a scheme.  Let  f : X —>  Y be  a morphism  of  algebraic 


spaces  over  S.  Let  y be  a geometric  point  ofY.  Assume 

(1)  Y is  locally  Noetherian, 

(2)  / is  proper,  and 

(3)  \Xy\  is  finite. 

Then  there  exists  an  open  neighbourhood  V C Y ofy  such  that  f |/— i(v^)  : /-1(^0  ► 

V is  finite. 

Proof.  The  morphism  / is  quasi-finite  at  all  the  geometric  points  of  X lying  over 
y by  Morphisms  of  Spaces,  Lemma  |54.33.8|  By  Morphisms  of  Spaces,  Lemma 
|54.33.7|the  set  of  points  at  which  / is  quasi-finite  is  an  open  subspace  U C X.  Let 
Z = X \ U.  Then  y £ f{Z).  Since  / is  proper  the  set  f(Z)  C Y is  closed.  Choose 
any  open  neighbourhood  V C Y of  y with  Z n V = 0.  Then  /_1(V)  — > V is  locally 
quasi-finite  and  proper.  Hence  /-1(H)  —>  V has  discrete  fibres  A'*,  (Morphisms  of 
54.27.5 1 which  are  quasi-compact  hence  finite.  Thus  /_1(V)  -A  V 

□ 


Spaces,  Lemma 
is  finite  by  Lemma  56.21. 1| 
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Limits  of  Algebraic  Spaces 


07SB 

57.1.  Introduction 

07SC  In  this  chapter  we  put  material  related  to  limits  of  algebraic  spaces.  A first  topic  is 
the  characterization  of  algebraic  spaces  F locally  of  finite  presentation  over  the  base 
S as  limit  preserving  functors.  We  continue  with  a study  of  limits  of  inverse  systems 
over  directed  partially  ordered  sets  with  affine  transition  maps.  We  discuss  absolute 
Noetherian  approximation  for  quasi-compact  and  quasi-separated  algebraic  spaces 
following  ICLQ12I.  Another  approach  is  due  to  David  Rydh  (see  |RydQ8|)  whose 
results  also  cover  absolute  Noetherian  approximation  for  certain  algebraic  stacks. 

57.2.  Conventions 

07SD  The  standing  assumption  is  that  all  schemes  are  contained  in  a big  fppf  site  Schfppf. 
And  all  rings  A considered  have  the  property  that  Spec(A)  is  (isomorphic)  to  an 
object  of  this  big  site. 

Let  S be  a scheme  and  let  X be  an  algebraic  space  over  S.  In  this  chapter  and  the 
following  we  will  write  X x s X for  the  product  of  X with  itself  (in  the  category  of 
algebraic  spaces  over  S),  instead  of  A x X. 

57.3.  Morphisms  of  finite  presentation 

0491  In  this  section  we  generalize  Limits,  Proposition  |31.5.T]  to  morphisms  of  algebraic 
spaces.  The  motivation  for  the  following  definition  comes  from  the  proposition  just 
cited. 

049J  Definition  57.3.1.  Let  S'  be  a scheme. 

(1)  A functor  F : (Sch/ S)°fppppf  Sets  is  said  to  be  locally  of  finite  presentation 
or  limit  preserving  if  for  every  affine  scheme  T over  S which  is  a limit 
T = lirnTj  of  a directed  inverse  system  of  affine  schemes  T)  over  S,  we 
have 

F(T)  = colim  F(Ti). 

We  sometimes  say  that  F is  locally  of  finite  presentation  over  S. 

(2)  Let  F,G  : (Sch/  S)YPpf  — t Sets.  A transformation  of  functors  a : F — » G 
is  locally  of  finite  presentation  if  for  every  scheme  T over  S and  every 
y e G(T)  the  functor 

Fy  : (Sch/T)YPpf  — > Sets,  T' /T  —►  {z  £ F(T')  \ a(x)  = y\T,} 
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is  locally  of  finite  presentation  over  70  We  sometimes  say  that  F is 
relatively  limit  preserving  over  G. 


The  functor  Fy  is  in  some  sense  the  fiber  of  a : F — > G over  y,  except  that  it  is  a 
presheaf  on  the  big  fppf  site  of  T . A formula  for  this  functor  is: 


(57.3.1.1) 


Fy  = F\(Sch/T)fppf><G\ 


( Sch/T ) fppf 


Here  * is  the  final  object  in  the  category  of  (pre)sheaves  on  (Sch/T) fppf  (see  Sites, 
Example  7.10.21  and  the  map  * -A  G\(sch/T)Jppf  is  given  by  y.  Note  that  if  j : 
(Sch/T) fppf  — ► (Sch/ S) fppf  is  the  localization  functor,  then  the  formula  above 
becomes  Fy  = j_1F  Xj- ig  * and  j\Fy  is  just  the  fiber  product  F xG,y  T.  (See  Sites, 
Section  |7.24|  for  information  on  localization,  and  especially  Sites,  Remark  |7.24.9| 
for  information  on  j\  for  presheaves.) 


At  this  point  we  temporarily  have  two  definitions  of  what  it  means  for  a morphism 
X — > Y of  algebraic  spaces  over  S to  be  locally  of  finite  presentation.  Namely, 
one  by  Morphisms  of  Spaces,  Definition  |54.28.1  and  one  using  that  X — > Y is 
a transformation  of  functors  so  that  Definition  57.3.1|  applies.  We  will  show  in 
Proposition |57.3.9~] that  these  two  definitions  agree. 


Lemma  57.3.2.  Let  S be  a scheme.  Let  a : F — ► G be  a transformation  of 
functors  (Sch/S)0^^  — ► Sets.  The  following  are  equivalent 

(1)  F is  relatively  limit  preserving  over  G,  and 

(2)  for  every  every  affine  scheme  T over  S which  is  a limit  T = lim  Xj  of  a 
directed  inverse  system  of  affine  schemes  T;  over  S the  diagram  of  sets 


colim,  F(Ti) >■  F(T) 


a 

colim;  G(Ti) 


a 

Y 


G(T) 


is  a fibre  product  diagram. 


Proof.  Assume  (1).  Consider  T = lim ;ejT;  as  in  (2).  Let  (y,xx)  be  an  element  of 
the  fibre  product  colim;  G(T;)  xG/T ) F(T).  Then  y comes  from  ?/;  £ G(T))  for  some 
i.  Consider  the  functor  Fy.  on  (Sch/T/) fppf  as  in  Definition  |57.3.1  We  see  that 
Xt  £ Fy.(T).  Moreover  T = limi/>jTi/  is  a directed  system  of  affine  schemes  over 
Ti.  Hence  (1)  implies  that  Xt  the  image  of  a unique  element  x of  colinp/^  Fyi(Ti>). 
Thus  x is  the  unique  element  of  colim  F(Ti)  which  maps  to  the  pair  (y^xr).  This 
proves  that  (2)  holds. 


Assume  (2).  Let  T be  a scheme  and  yx  £ G(T).  We  have  to  show  that  FVt  is  limit 
preserving.  Let  T'  = lim.jgj  T[  be  an  affine  scheme  over  T which  is  the  directed 
limit  of  affine  scheme  T[  over  T.  Let  xt'  £ FyT . Pick  * £ I which  is  possible  as  I is 
a directed  partially  ordered  set.  Denote  j/i  £ F(T[)  the  image  of  yr1  ■ Then  we  see 
that  (yi,xx')  is  an  element  of  the  fibre  product  colim;  G(T[)  Xq^x1)  F(T').  Hence 
by  (2)  we  get  a unique  element  x of  colim,;  F(Tf)  mapping  to  (y.j: , Xx> ) ■ It  is  clear 
that  x defines  an  element  of  colim;  Fy(Tf)  mapping  to  Xx:  and  we  win.  □ 


1 The  characterization  (2)  in  Lemma  57.3.2  may  be  easier  to  parse. 
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049L  Lemma  57.3.3.  Let  S be  a scheme  contained  in  Schfppf.  Let  F,G,H  : (Sch/ S)YpPpf 
Sets.  Let  a : F — > G,  b : G — > H be  transformations  of  functors.  If  a and  b are 
locally  of  finite  presentation,  then 


bo  a : F 


H 


is  locally  of  finite  presentation. 


Proof.  Let  T = linqg/  Ti  as  in  characterization  (2)  of  Lemma  57.3.2  Consider  the 
diagram 

colim*  F(Ti) *-  F(T) 


colim*  G{Ti)  — 

b 

Y 

colinij  H(Ti)  — 

By  assumption  the  two  squares  are  fibre  product  squares.  Hence  the  outer  rectangle 
is  a fibre  product  diagram  too  which  proves  the  lemma.  □ 


-G(T) 

b 

H(T) 


049M  Lemma  57.3.4.  Let  S be  a scheme  contained  in  Schfppf . Let  F,G,H  : (Sch/ S)°fPppf 
Sets.  Let  a : F — ► G,  b : H -A  G be  transformations  of  functors.  Consider  the  fibre 
product  diagram 

H Xb  G a F — r pSP-iP 
b 

a'  a 

Y . 

If  a is  locally  of  finite  presentation,  then  the  base  change  a'  is  locally  of  finite 
presentation. 


Proof.  Omitted.  Hint:  This  is  formal.  □ 

049N  Lemma  57.3.5.  Let  T be  an  affine  scheme  which  is  written  as  a limit  T = 

lim,;e/  Tj  of  a directed  inverse  system  of  affine  schemes. 

(1)  Let  V = {Vj  -A  T}j— be  a standard  fppf  covering  ofT,  see  Topolo- 

gies, Definition\33. 7.  Then  there  exists  an  index  i and  a standard  fppf 
covering  Vi  = {Vij  — > whose  base  change  T Vi  to  T is 

isomorphic  to  V. 

(2)  Let  Vi,  V[  be  a pair  of  standard  fppf  coverings  of  Ti.  If  f : T x^V  — >■ 

T Xt,  V[  is  a morphism  of  coverings  of  T , then  there  exists  an  index  i!  > i 
and  a morphism  fi>  : x t,  V — > Ty  V[  whose  base  change  to  T is  f. 

(3)  If  f,g  :V  V[  are  morphisms  of  standard  fppf  coverings  ofTi  whose  base 

changes  fr^QT  to  T are  equal  then  there  exists  an  index  i!  > i such  that 

frP  = gTP  ■ 

In  other  words,  the  category  of  standard  fppf  coverings  of  T is  the  colimit  over  I of 
the  categories  of  standard  fppf  coverings  of  Ti 

Proof.  By  Limits,  Lemma  |31.9.1|  the  category  of  schemes  of  finite  presentation 
over  T is  the  colimit  over  I of  the  categories  of  finite  presentation  over  Ti.  By 
Limits,  Lemmas  |31.7.2|  and  |31.7.6|  the  same  is  true  for  category  of  schemes  which 
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are  affine,  flat  and  of  finite  presentation  over  T . To  finish  the  proof  of  the  lemma  it 
suffices  to  show  that  if  {Vj  i — > Tj}j=lj  m is  a finite  family  of  flat  finitely  presented 
morphisms  with  Vjj  affine,  and  the  base  change  ]j  ■ Tx^  Vjj  — > T is  surjective,  then 
for  some  i!  > i the  morphism  JJ Tv  Xt,  Vj,i  —>  Tv  is  surjective.  Denote  W,/  C Tv, 
resp.  W C T the  image.  Of  course  W = T by  assumption.  Since  the  morphisms 
are  flat  and  of  finite  presentation  we  see  that  IT,;  is  a quasi-compact  open  of  X), 
see  Morphisms,  Lemma  28.25.9  Moreover,  W = T x^.  Wf  (formation  of  image 


commutes  with  base  change).  Hence  by  Limits,  Lemma  31.3.8  we  conclude  that 
Wv  = Tv  for  some  large  enough  i'  and  we  win.  □ 


0490  Lemma  57.3.6.  Let  S be  a scheme  contained  in  Schfppf.  Let  F : (Sch/  S)YPPf  — t 
Sets  be  a functor.  If  F is  locally  of  finite  presentation  over  S then  its  sheafification 
F*  is  locally  of  finite  presentation  over  S . 


Proof.  Assume  F is  locally  of  finite  presentation.  It  suffices  to  show  that  F+  is 
locally  of  finite  presentation,  since  F # = (X+)+,  see  Sites,  Theorem  7.10.10  Let  T 


be  an  affine  scheme  over  S,  and  let  T = lim  T)  be  written  as  the  directed  limit  of  an 
inverse  system  of  affine  S schemes.  Recall  that  F+(T ) is  the  colim.it  of  H°(V,F) 
where  the  limit  is  over  all  coverings  of  T in  (Sch/S)  fppf-  Any  fppf  covering  of  an 
affine  scheme  can  be  refined  by  a standard  fppf  covering,  see  Topologies,  Lemma 
133.7.41  Hence  we  can  write 

F (T)  — COlimy  standard  covering  T H°  (V,  F). 

By  Lemma  |57.3.5|  we  may  rewrite  this  as 

colim.jg/  COlimy.  standard  covering  T,  H {T  X 7-  V,; , X). 


(The  order  of  the  colimits  is  irrelevant  by  Categories,  Lemma  4.14.9  ) Given  a 
standard  fppf  covering  Vi  = {Vj  — > Xi}j=i,...,m  of  T)  we  see  that 


T XTi  Vj  = lim v>iTv  xt  Vj 
by  Limits,  Lemma  |31.2.3|  and  similarly 

T X71.  (Vj  Xj,  Vj')  = limy^jTy  Xj-  (Vj  x^.  Vj'). 

As  the  presheaf  F is  locally  of  finite  presentation  this  means  that 
H\T  xTi  Vi,  F)  = colim.;/>i  H°(Tv  xTi  VUF). 

Hence  the  colimit  expression  for  F+(T)  above  collapses  to 

colinijgj  COlimy  standard  covering  T.,  H (V , F).  — (‘Olil  1 l/c  / F+  (Tj). 

In  other  words  F+(T)  = colimi  F+(Ti)  and  hence  the  lemma  holds.  □ 


049P  Lemma  57.3.7.  Let  S be  a scheme.  Let  F : (Sch/ S)YPPf  — > Sets  be  a functor. 
Assume  that 

(1)  F is  a sheaf,  and 

(2)  there  exists  an  fppf  covering  {Uj  — > S}j^j  such  that  F \(sch/u  )s  vf 
locally  of  finite  presentation. 

Then  F is  locally  of  finite  presentation. 


57.3.  MORPHISMS  OF  FINITE  PRESENTATION 


3771 


Proof.  Let  T be  an  affine  scheme  over  S.  Let  I be  a directed  partially  ordered  set, 
and  let  T)  be  an  inverse  system  of  affine  schemes  over  S such  that  T = limTj.  We 
have  to  show  that  the  canonical  map  colimT(Ti)  — ► F(T)  is  bijective. 

Choose  some  0 £ I and  choose  a standard  fppf  covering  {Vb,fc  — >•  To}fc=i,...,m  which 
refines  the  pullback  { Uj  xgT0  -A  To}  of  the  given  fppf  covering  of  S.  For  each  % > 0 
we  set  Vi,k  = Ti  xTo  Vo,k,  and  we  set  Vk=T  xTo  V0tk-  Note  that  Vk  = fimj>0  Vitk, 
see  Limits,  Lemma [31. 2. 3| 

Suppose  that  x,x'  £ colimT(Xi)  map  to  the  same  element  of  F(T).  Say  x,x'  are 
given  by  elements  Xi,x[  £ F{Ti)  for  some  i £ I (we  may  choose  the  same  i for 
both  as  I is  directed).  By  assumption  (2)  and  the  fact  that  Xi,x\  map  to  the  same 
element  of  F(T)  this  implies  that 

= xi\vi>ih 

for  some  suitably  large  i1  £ I.  We  can  choose  the  same  i1  for  each  k as  k £ 
{1, . . . ,m}  ranges  over  a finite  set.  Since  {Vi^k  — > TV}  is  an  fppf  covering  and  F 
is  a sheaf  this  implies  that  Xi\ t.,  = x[\ t,  as  desired.  This  proves  that  the  map 
colimT(Tj)  — > F(T ) is  injective. 

To  show  surjectivity  we  argue  in  a similar  fashion.  Let  x £ F(T).  By  assumption 
(2)  for  each  k we  can  choose  a i such  that  x\yk  comes  from  an  element  Xiik  £ F(Vi  k). 
As  before  we  may  choose  a single  i which  works  for  all  k.  By  the  injectivity  proved 
above  we  see  that 

xi,k\vi,:kxT.,Vi,l  = xi,l\vi,tkXT.lVi,l 

for  some  large  enough  i! . Hence  by  the  sheaf  condition  of  F the  elements  x^k  |y.,  k 
glue  to  an  element  xy  £ F(Ti>)  as  desired.  □ 

049Q  Lemma  57.3.8.  Let  S be  a scheme  contained  in  Schfppf.  Let  F,  G : {Sch/ S)YPpj  — > 
Sets  be  functors.  If  a : F — » G is  a transformation  which  is  locally  of  finite  presenta- 
tion, then  the  induced  transformation  of  sheaves  F # — ► G # is  of  finite  presentation. 


Proof.  Suppose  that  T is  a scheme  and  y £ G&(T).  We  have  to  show  the  functor 
Ff  : ( Sch/T)°jPppf  — > Sets  constructed  from  F#  — > G#  and  y as  in  Definition 


57.3.1 

sheaf. 


is  locally  of  finite  presentation.  By  Equation  (57.3.1.1)  we  see  that  F is  a 
Choose  an  fppf  covering  {Vj  — > T}jGj  such  that  y |y,.  comes  from  an  element 
yj  £ F(Vj).  Note  that  the  restriction  of  T#  to  (Sch/Vj) fppf  is  just  F#.  If  we 

guarantees 


57.3.7 


can  show  that  F#  is  locally  of  finite  presentation  then  Lemma 
that  F#  is  locally  of  finite  presentation  and  we  win.  This  reduces  us  to  the  case 

y g g(t). 

Let  y £ G(T).  In  this  case  we  claim  that  F#  = ( Fy )#.  This  follows  from  Equation 
(57.3.1.l[.  Thus  this  case  follows  from  Lemma  57.3.6  □ 


04AK  Proposition  57.3.9.  Let  S be  a scheme.  Let  f : X — ► Y be  a morphism  of 
algebraic  spaces  over  S.  The  following  are  equivalent: 

(1)  The  morphism  f is  a morphism  of  algebraic  spaces  which  is  locally  of  finite 
presentation,  see  Morphisms  of  Spaces,  Definition \ 54-28. 1\ 

(2)  The  morphism  f : X — >■  Y is  locally  of  finite  presentation  as  a transfor- 
mation of  functors,  see  Definition\57.3.l\ 
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Proof.  Assume  (1).  Let  T be  a scheme  and  let  y £ Y(T).  We  have  to  show  that 
Tx\Y  is  locally  of  finite  presentation  over  T in  the  sense  of  Definition  [57T3TTJ  Hence 
we  are  reduced  to  proving  that  if  X is  an  algebraic  space  which  is  locally  of  finite 
presentation  over  S as  an  algebraic  space,  then  it  is  locally  of  finite  presentation  as 
a functor  X : {Sch/  S)°fpyvf  — > Sets.  To  see  this  choose  a presentation  X = U / R,  see 
Spaces,  Definition  |52.9.3  It  follows  from  Morphisms  of  Spaces,  Definition  |54.28.1 
that  both  U and  R are  schemes  which  are  locally  of  finite  presentation  over  S. 
Hence  by  Limits,  Proposition  |31.5.T]  we  have 

U{T)  = colirn  U{Ti),  R[T)  = colim  R(Ti ) 
whenever  T = lim j T)  in  {Sch/ S)  fppf . It  follows  that  the  presheaf 
{Sch/S)opppf  — A Sets , W ► U(W)/R(W) 


is  locally  of  finite  presentation.  Hence  by  Lemma  57.3.6  its  shcafification  X = U/R 
is  locally  of  finite  presentation  too. 

Assume  (2).  Choose  a scheme  V and  a surjective  etale  morphism  V — »•  Y . Next, 
choose  a scheme  U and  a surjective  etale  morphism  U -A  V Xy  X.  By  Lemma 
57.3.4|  the  transformation  of  functors  V x y X — ► V is  locally  of  finite  presentation. 


By  Morphisms  of  Spaces,  Lemma  |54.38.8|  the  morphism  of  algebraic  spaces  U 
V Xy  X is  locally  of  finite  presentation,  hence  locally  of  finite  presentation  as  a 
transformation  of  functors  by  the  first  part  of  the  proof.  By  Lemma  |57.3.3|  the 
composition  U V Xy  X V is  locally  of  finite  presentation  as  a transformation 
of  functors.  Hence  the  morphism  of  schemes  U -A  V is  locally  of  finite  presentation 
by  Limits,  Proposition  31.5. 1|  (modulo  a set  theoretic  remark,  see  last  paragraph  of 
the  proof).  This  means,  by  definition,  that  (1)  holds. 

Set  theoretic  remark.  Let  U — > V be  a morphism  of  {Sch/S)  fPPf-  In  the  statement 
of  Limits,  Proposition  31.5.1  we  characterize  U — > V as  being  locally  of  finite 
presentation  if  for  all  directed  inverse  systems  {Ti,fa>)  of  affine  schemes  over  V 
we  have  U(T)  = colim  V{T/),  but  in  the  current  setting  we  may  only  consider 
affine  schemes  T)  over  V which  are  (isomorphic  to)  an  object  of  ( Sch/ S) fppf . So 
we  have  to  make  sure  that  there  are  enough  affines  in  {Sch/ S) fppf  to  make  the 
proof  work.  Inspecting  the  proof  of  (2)  =>  (1)  of  Limits,  Proposition  31.5.1 


we  see 


that  the  question  reduces  to  the  case  that  U and  V are  affine.  Say  U = Spec  (A) 
and  V = Spec {B).  By  construction  of  {Sch/ S) fppf  the  spectrum  of  any  ring  of 
cardinality  < \B\  is  isomorphic  to  an  object  of  {Sch/S) fppf.  Hence  it  suffices  to 
observe  that  in  the  ” only  if’  part  of  the  proof  of  Algebra,  Lemma  |10. 126.21  only 
A-algebras  of  cardinality  < \B\  are  used.  □ 


57.3.9 


Let 

finite 


Remark  57.3.10.  Here  is  an  important  special  case  of  Proposition 
S be  a scheme.  Let  X be  an  algebraic  space  over  S.  Then  X is  locally  of 
presentation  over  S if  and  only  if  X,  as  a functor  {Sch/ S)opp  -A  Sets,  is  limit 
preserving.  Compare  with  Limits,  Remark  |31.5.2| 


57.4.  Limits  of  algebraic  spaces 

The  following  lemma  explains  how  we  think  of  limits  of  algebraic  spaces  in  this 
chapter.  We  will  use  (without  further  mention)  that  the  base  change  of  an  affine 
morphism  of  algebraic  spaces  is  affine  (see  Morphisms  of  Spaces,  Lemma  54.20.5). 
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07SF  Lemma  57.4.1.  Let  S be  a scheme.  Let  I be  a directed  partially  ordered  set.  Let 
(Xj,  faf)  be  an  inverse  system  over  I in  the  category  of  algebraic  spaces  over  S.  If 
the  morphisms  fa*  : X f — > X are  affine,  then  the  limit  X = limj  Xi  ( as  an  fppf 
sheaf)  is  an  algebraic  space.  Moreover, 

(1)  each  of  the  morphisms  fi  : X ^ Xi  is  affine, 

(2)  for  any  i £ I and  any  morphism  of  algebraic  spaces  T — > Xi  we  have 

X XXiT  = linv>;  Xj/  Xxt  T. 

as  algebraic  spaces  over  S. 


Proof.  Part  (2)  is  a formal  consequence  of  the  existence  of  the  limit  X = lim  Xi  as 
an  algebraic  space  over  S.  Choose  an  element  0 £ / (this  is  possible  as  a directed 
partially  ordered  set  is  nonempty).  Choose  a scheme  Uq  and  a surjective  etale 
morphism  Uq  — ► X0.  Set  R0  = Uq  Xx0  Uq  so  that  X0  = Uq/Rq.  For  i > 0 set 
U,  = Xi  x Xq  Uq  and  Ri  = Xi  Xx0  Ro  = U,  xXi  Ui.  By  Limits,  Lemma  31.2.2 
we  see  that  U = linij>o  Ui  and  R = linij>o  Ri  are  schemes.  Moreover,  the  two 
morphisms  s,t  : R -A  U are  the  base  change  of  the  two  projections  R0  — > U0  by 
the  morphism  U -A  Uq,  in  particular  etale.  The  morphism  R.  — > U x$  U defines 
an  equivalence  relation  as  directed  a limit  of  equivalence  relations  is  an  equivalence 
relation.  Hence  the  morphism  R -A  U xg  U is  an  etale  equivalence  relation.  We 
claim  that  the  natural  map 


07SG  (57.4.1.1) 


U/R 


lim  Xi 


is  an  isomorphism  of  fppf  sheaves  on  the  category  of  schemes  over  S.  The  claim 
implies  X = limXj  is  an  algebraic  space  by  Spaces,  Theorem |52. 10.5 


Let  Z be  a scheme  and  let  a : Z — > lim  Xi  be  a morphism.  Then  a = (aij)  where 
at  : Z — > Xi.  Set  Wq  = Z xao,x0  Uq.  Note  that  Wq  = Z xaiix,  Ui  for  all  * > 0 by 
our  choice  of  Ui  — > Xi  above.  Hence  we  obtain  a morphism  Wq  — > lim,>o  Ui  = U. 
Since  W0  — > Z is  surjective  and  etale,  we  conclude  that  (57.4.1.1)  is  a surjective 
map  of  sheaves.  Finally,  suppose  that  Z is  a scheme  and  that  a,  b : Z — >•  U/R  are 


two  morphisms  which  are  equalized  by  (57.4.1.1).  We  have  to  show  that  a = b. 


After  replacing  Z by  the  members  of  an  fppf  covering  we  may  assume  there  exist 
morphisms  a' ,b'  : Z U which  give  rise  to  a and  b.  The  condition  that  a,  b are 
equalized  by  (57.4.1.1 ) means  that  for  each  i > 0 the  compositions  a',  : Z — > U — > 

Ui  are  equal  as  morphisms  into  Ui/Ri  = Xj.  Hence  (a',  b'f)  : Z — » L/j  x g Ui  factors 
through  Ri,  say  by  some  morphism  c,  : Z — > i?j.  Since  R = limj>o  Ri  we  see  that 
c = limCj  : Z — > R is  a morphism  which  shows  that  a,  b are  equal  as  morphisms  of 
Z into  U/R. 

Part  (1)  follows  as  we  have  seen  above  that  Ui  X = U and  U —>  Ui  is  affine  by 
construction.  □ 


07SH  Lemma  57.4.2.  Let  S be  a scheme.  Let  I be  a directed  partially  ordered  set. 
Let  ( Xi,  fa /)  be  an  inverse  system  over  I of  algebraic  spaces  over  S with  affine 
transition  maps.  Let  X = Imp  Xj.  Let  0 £ I.  Suppose  that  T — > Xq  is  a morphism 
of  algebraic  spaces.  Then 

T xx o X = limj>0  T Xx0  Xi 


as  algebraic  spaces  over  S. 
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Proof.  The  limit  X is  an  algebraic  space  by  Lemma|57.4.1|  The  equality  is  formal, 
see  Categories,  Lemma  [4. 14. 9|  □ 


57.5.  Descending  properties 

This  section  is  the  analogue  of  Limits,  Section [3L3J 

Situation  57.5.1.  Let  S'  be  a scheme.  Let  X = lim,e/  X.;  be  a limit  of  a directed 


system  of  algebraic  spaces  over  S with  affine  transition  morphisms  (Lemma  57.4.1 ). 
We  assume  that  X,:  is  quasi-compact  and  quasi-separated  for  all  i £ I.  We  also 
choose  an  element  0 £ I . 

The  following  lemma  holds  a little  bit  more  generally  (namely  when  we  just  assume 
each  X,  is  a decent  algebraic  space). 


Lemma  57.5.2.  In  Situation  57.5.1  we  have  |X|  = lirn  \X,\. 


Proof.  There  is  a canonical  map  |X|  — >•  lim  |X,;|.  Choose  an  affine  scheme  Uq  and 
a surjective  etale  morphism  Uq  — >•  X0.  Set  [/,  = Xi  Xx0  Uq  and  U = X Xx0  Uq. 
Set  Ri  = Ui  x Xi  Ui  and  R = U xx  U.  Recall  that  U = limt/j  and  R = lim  , see 
proof  of  Lemma  57.4.1  Recall  that  |X|  = |t/|/|i?|  and  |W|  = |C7i|/| . By  Limits, 
Lemma  31.3.2  we  have  \U\  = lim  \Ui\  and  |i?|  = lim  |i?j|. 


Surjectivity  of  |X|  — > lim|Xj|.  Let  {xi)  £ lim|Xj|.  Denote  Si  C |t/,;|  the  inverse 
image  of  a This  is  a finite  nonempty  set  by  Properties  of  Spaces,  Lemma [53. 6. 7| 
Hence  lim  Sj  is  nonempty,  see  Categories,  Lemma  4.21.5  Let  {ui)  £ lim  Si  C 
lim|{7j|.  By  the  above  this  determines  a point  u £ \U\  which  maps  to  an  x £ |X| 
mapping  to  the  given  element  {xi)  of  lim  \X,). 

Injectivity  of  \X\  — > lim|Xj|.  Suppose  that  x,x'  £ |X|  map  to  the  same  point  of 
lim|V,|.  Choose  lifts  u,u'  £ \U\  and  denote  Ui,u[  £ \Ui\  the  images.  For  each  i let 
Ti  C |i?i|  be  the  set  of  points  mapping  to  {ui,u'i)  £ \Ui\  x \Ui\.  This  is  a finite  set 
by  Properties  of  Spaces,  Lemma|53.6.7|  which  is  nonempty  as  we’ve  assumed  that 
x and  x'  map  to  the  same  point  of  X,  . Hence  lim  7)  is  nonempty,  see  Categories, 
Lemma  4.21.5  As  before  let  r £ |i?|  = lim|i?j|  be  a point  corresponding  to  an 
element  of  limTi.  Then  r maps  to  {u,u')  in  \U\  x \U\  by  construction  and  we  see 
that  x = x'  in  |X|  as  desired.  □ 


Lemma  57.5.3.  In  Situation 


57.5.1 


if  each  Xi  is  nonempty,  then  |Xj  is  nonempty. 


Proof.  Choose  an  affine  scheme  Uq  and  a surjective  etale  morphism  Uq  — > X$.  Set 
Ui  = Xi  x x0  Uq  and  U = X Xj0  Uq.  Then  each  Ui  is  a nonempty  affine  scheme. 


Hence  U = lim  Ui  is  nonempty  (Limits,  Lemma  31.3.4)  and  thus  X is  nonempty.  □ 


Lemma  57.5.4.  Notation  and  assumptions  as  in  Situation  57.5.1  Suppose  that 
Fq  is  a quasi- coherent  sheaf  on  Xq.  Set  Fi  = f^Fo  for  i > 0 and  set  F = f^Fo- 
Then 

T{X,F)  = colimi>0r(Xi,  Fi) 

Proof.  Choose  a surjective  etale  morphism  Uq  — > Xq  where  Uq  is  an  affine  scheme 


(Properties  of  Spaces,  Lemma  53.6.3).  Set  Ui  = X,  Xx0  Uq.  Set  Rq  = Uq  xx0  Uq 
and  Ri  = R0  x Xo  X.j.  In  the  proof  of  Lemma  57.4.1  we  have  seen  that  there 


exists  a presentation  X = U/R  with  U = lim  Uj  and  R = lim  Rt . Note  that  Ui 
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and  U are  affine  and  that  Ri  and  R are  quasi-compact  and  separated  (as  A,;  is 
quasi-separated).  Hence  Limits,  Lemma  31.3.3  implies  that 


R(U)  = colim  Ti(Ui)  and  R(R)  = colim  lFi(Ri). 

The  lemma  follows  as  T(A,  A)  = Ker(.F(f7)  — X F(R))  and  similarly  F(A'i,  T%)  = 
Ker (Fi{Ui) Fi(Ri))  □ 


57.5.1 


For  any  quasi- 


Lemma  57.5.5.  Notation  and  assumptions  as  in  Situation 
compact  open  subspace  U C X there  exists  an  i and  a quasi-compact  open  XJi  C A, 
whose  inverse  image  in  X is  U. 


Proof.  Follows  formally  from  the  construction  of  limits  in  Lemma  [57.4. 1|  and  the 
corresponding  result  for  schemes:  Limits,  Lemma  [31. 3. 8|  □ 

The  following  lemma  will  be  superseded  by  the  stronger  Lemma|57.6.9| 


Lemma  57.5.6.  Notation  and  assumptions  as  in  Situation  57.5.1 
Zq  be  a morphism  of  algebraic  spaces  over  Xq.  Assume  (a)  To 


Let  f0  : F0 


Ao  and  Zq  — X Xq 

are  representable,  (b)  Yq , Zq  quasi-compact  and  quasi-separated,  (c)  fo  locally  of 
finite  presentation,  and  (d)  Yq  xXa  A ’ — X Zq  xXa  A an  isomorphism.  Then  there 
exists  an  i > 0 such  that  Yq  Xj0  X \ — x Zq  Xj0  Xi  is  an  isomorphism. 

Proof.  Choose  an  affine  scheme  Uq  and  a surjective  etale  morphism  Uq  — x Ao- 
Set  Ui  = Uq  Xx0  Xi  and  U = Uq  xXo  X.  Apply  Limits,  Lemma  31.7. 9|  to  see 
that  Yq  Xx0Ui~¥  Z0  Xx0  Ui  is  an  isomorphism  of  schemes  for  some  i > 0 (details 
omitted).  As  Ui  — x Xi  is  surjective  etale,  it  follows  that  Fo  xx0  Xi  — x Zq  xXo  A,;  is 
an  isomorphism  (details  omitted).  □ 


Lemma  57.5.7.  Notation  and  assumptions  as  in  Situation  57.5.1  If  X is  sepa- 
rated, then  Xi  is  separated  for  some  i £ / . 

Proof.  Choose  an  affine  scheme  Uq  and  a surjective  etale  morphism  Uq  —X  Ao- 
For  i > 0 set  Ui  = Uq  xXa  Xi  and  set  U = Uq  xXo  X . Note  that  Ui  and  U are 
affine  schemes  which  come  equipped  with  surjective  etale  morphisms  Ui  —X  A ; and 
U — X A.  Set  Ri  = Ui  Xx,  Ui  and  R=U  xxU  with  projections  Sj,tj  : Ri  —X  Ui 
and  s,  t : R — X U . Note  that  Ri  and  R are  quasi-compact  separated  schemes  (as 
the  algebraic  spaces  Aj  and  A are  quasi-separated).  The  maps  Si  : Ri  —X  Ui 
and  s : R — X U are  of  finite  type.  By  definition  A , is  separated  if  and  only 
if  (ti,Si)  : Ri  — X Ui  x Ui  is  a closed  immersion,  and  since  A is  separated  by 
assumption,  the  morphism  (f , s)  : R — X U x U is  a closed  immersion.  Since  R — X U 
is  of  finite  type,  there  exists  an  i such  that  the  morphism  R — x Ui  x U is  a closed 
immersion  (Limits,  Lemma  |31.3.13 ).  Fix  such  an  i £ I.  Apply  Limits,  Lemma 
31.7.4  to  the  system  of  morphisms  Rr  — x Ui  x Ui>  for  i'  > i (this  is  permissible  as 
indeed  R^  = Ri  x rj.  x ur  Ui  x Ur ) to  see  that  Rr  — x Ui  x Ur  is  a closed  immersion 

Ur  x Ur  is  a closed 

□ 


for  i'  sufficiently  large.  This  implies  immediately  that  Rr  - 
immersion  finishing  the  proof  of  the  lemma. 

Lemma  57.5.8.  Notation  and  assumptions  as  in  Situation 
then  there  exists  an  i such  that  Xi  is  affine. 


57.5.1 


If  X is  affine, 


Proof.  Choose  0 £ I.  Choose  an  affine  scheme  Uq  and  a surjective  etale  morphism 
U0  —X  X0.  Set  U = Uq  xXo  X and  Ui  = U0  xXo  Xi  for  * > 0.  Since  the  transition 
morphisms  are  affine,  the  algebraic  spaces  Ui  and  U are  affine.  Thus  U — X A is  an 
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etale  morphism  of  affine  schemes.  Hence  we  can  write  X = Spec(A),  U = Spec(R) 
and 


B = A[  aq, . . .,xn]/(g1,.  ..,gn) 

such  that  A = de^dgx/dx^)  is  invertible  in  B,  see  Algebra,  Lemma 
Ai  = Ox,  (Xi).  We  have  A = colim  Aj  by  Lemma  57.5.4  After  increasing  0 we 
may  assume  we  have  g^  i, . . . , gn>i  £ Ai[x i,  • • • , xn\  mapping  to  g\, ... , gn.  Set 


10.141.2 


Set 


Bi  — A{  \x\ , . . . , Xn\  / \gi,  i,  * • * , gn,i  ) 


for  all  i > 0.  Increasing  0 if  necessary  we  may  assume  that  Aj  = det(dg\ti/dxfJj)  is 
invertible  in  Bi  for  all  i > 0.  Thus  Aj  — >■  Bi  is  an  etale  ring  map.  After  increasing 
0 we  may  assume  also  that  Spec(Hj)  — > Spec(Aj)  is  surjective,  see  Limits,  Lemma 
31.7.11  Increasing  0 yet  again  we  may  choose  elements  /ii,j,  • . . ,hn,i  £ Ou^Ui) 
which  map  to  the  classes  of  aq, . . . , xn  in  B = Ou{U)  and  such  that  g\,i{hUti)  = 0 
in  Ojji  {Uf).  Thus  we  obtain  a commutative  diagram 


A> fi 

084U  (57.5.8.1) 

V \> 

Spec(Aj)  -< Spec(Hj) 


By  construction  Bt  = B0  0ao  Aj  and  B = B0  <E>a0  A.  Consider  the  morphism 


fo  '■  U0  — > X0  x spec(Tio)  Spec(i?o) 

This  is  a morphism  of  quasi-compact  and  quasi-separated  algebraic  spaces  rep- 
resentable, separated  and  etale  over  A'0.  The  base  change  of  fo  to  X is  an  iso- 


morphism by  our  choices.  Hence  Lemma  57.5.6  guarantees  that  there  exists  an  i 
such  that  the  base  change  of  fo  to  Xj  is  an  isomorphism,  in  other  words  the  di- 
agram (|57.5.8.1 ) is  cartesian.  Thus  Descent,  Lemma  34.35. 1|  applied  to  the  fppf 
covering  {Spec(Hj)  — ► Spec(Aj)}  combined  with  Descent,  Lemma  34.33.1  give  that 
Xj  — >•  Spec(Aj)  is  representable  by  a scheme  affine  over  Spec(Aj)  as  desired.  (Of 
course  it  then  also  follows  that  Xj  = Spec(Aj)  but  we  don’t  need  this.)  □ 


07SR  Lemma  57.5.9.  Notation  and  assumptions  as  in  Situation 
scheme,  then  there  exists  an  i such  that  Xi  is  a scheme. 


57.5.1. 


If  X is  a 


Proof.  Choose  a finite  affine  open  covering  X = (J  W:) . By  Lemma  57.5.5  we  can 
find  aniel  and  open  subspaces  W pi  C Xj  whose  base  change  to  X is  Wj  — > X. 
By  Lemma  57.5.8  we  may  assume  that  each  Wjj  is  an  affine  scheme.  This  means 
that  Xj  is  a scheme  (see  for  example  Properties  of  Spaces,  Section  53.12).  □ 


0828  Lemma  57.5.10.  Let  S be  a scheme.  Let  B be  an  algebraic  space  over  S.  Let 
X = limXj  be  a directed  limit  of  algebraic  spaces  over  B with  affine  transition 
morphisms.  Let  Y — ► X be  a morphism  of  algebraic  spaces  over  B . 

(1)  If  Y — ► X is  a closed  immersion,  Xi  quasi- compact,  and  Y — »•  B locally 
of  finite  type,  then  Y — > Xi  is  a closed  immersion  for  i large  enough. 

(2)  If  Y — » X is  an  immersion,  Xi  quasi-separated,  Y — > B locally  of  finite 
type,  and  Y quasi- compact,  then  Y — » Xj  is  an  immersion  for  i large 
enough. 
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(3)  IfY  — x X is  an  isomorphism,  Xi  quasi-compact,  Xi  — x B locally  of  finite 
type,  the  transition  morphisms  Xp  — x Xi  are  closed  immersions,  and 
Y — x B is  locally  of  finite  presentation,  then  Y — x Xi  is  an  isomorphism 
for  i large  enough. 

(4)  If  Y — x X is  a monomorphism,  Xi  quasi-separated,  Y — x B locally  of 
finite  type,  and  Y quasi- compact,  then  Y — x Xi  is  a monomorphism  for  i 
large  enough. 


Proof.  Proof  of  (1).  Choose  0 £ I.  As  X0  is  quasi-compact,  we  can  choose  an 
affine  scheme  W and  an  etale  morphism  W — X B such  that  the  image  of  |Xo|  — X \B\ 
is  contained  in  \W\  — X \B\.  Choose  an  affine  scheme  Uo  and  an  etale  morphism 
Uo  — X X0  x b W such  that  Uq  — X X0  is  surjective.  (This  is  possible  by  our  choice 
of  W and  the  fact  that  X0  is  quasi-compact;  details  omitted.)  Let  V — X Y,  resp. 
U -X  X,  resp.  Ut  — X Xi  be  the  base  change  of  U0  — X X0  (for  * > 0).  It  suffices  to 
prove  that  V — X Ui  is  a closed  immersion  for  i sufficiently  large.  Thus  we  reduce 
to  proving  the  result  for  V — X U = lim  Ui  over  W.  This  follows  from  the  case  of 


schemes,  which  is  Limits,  Lemma  31.3.13 


Proof  of  (2).  Choose  0 £ I.  Choose  a quasi-compact  open  subspace  X'0  C X0  such 
that  Y — x X0  factors  through  Xq.  After  replacing  Xi  by  the  inverse  image  of  X'0 
for  i > 0 we  may  assume  all  X[  are  quasi-compact  and  quasi-separated.  Let  U C X 
be  a quasi-compact  open  such  that  Y — x X factors  through  a closed  immersion 
Y — > U ( U exists  as  Y is  quasi-compact).  By  Lemma [57.5.5  we  may  assume  that 
U = lim  Ui  with  Ui  C Xi  quasi-compact  open.  By  part  (1)  we  see  that  Y — > Ui  is 
a closed  immersion  for  some  i.  Thus  (2)  holds. 

Proof  of  (3).  Choose  0 £ I.  Choose  an  affine  scheme  Uq  and  a surjective  etale 
morphism  Uq  — ► X0.  Set  Ui  = Xi  x_Yo  Uq,  U = X xYo  IJq  = Y x x0  Uq.  Then 
U = lim  Ui  is  a limit  of  affine  schemes,  the  transition  maps  of  the  system  are  closed 
immersions,  and  U — > Uq  is  of  finite  presentation  (because  U — > B is  locally  of 
finite  presentation  and  Uq  — > B is  locally  of  finite  type  and  Morphisms  of  Spaces, 


Lemma  54.28.9).  Thus  we’ve  reduced  to  the  following  algebra  fact:  If  A = limA^ 


is  a directed  colimit  of  .R-algebras  with  surjective  transition  maps  and  A of  finite 
presentation  over  A0,  then  A = Ai  for  some  i.  Namely,  write  A = A0/(fi, . . . , /„). 
Pick  i such  that  /-],...,  fn  map  to  zero  under  the  surjective  map  Aq  — x A,  . 

Proof  of  (4).  Set  Z*  = Y xYi  Y.  As  the  transition  morphisms  Xp  — x Xj  are 
affine  hence  separated,  the  transition  morphisms  Zp  — x Zj  are  closed  immersions, 
see  Morphisms  of  Spaces,  Lemma  |54.4.5|  We  have  limZ;  = Y xY  Y = Y as 
y-xlisa  monomorphism.  Choose  0 £ I.  Since  Y —X  Xq  is  locally  of  finite  type 
(Morphisms  of  Spaces,  Lemma  54.23.6)  the  morphism  Y — X Zq  is  locally  of  finite 
presentation  (Morphisms  of  Spaces,  Lemma  54.28.10).  The  morphisms  Z,  — x Zq 
are  locally  of  finite  type  (they  are  closed  immersions).  Finally,  Zt  = Y x x,Y  is 
quasi-compact  as  Xi  is  quasi-separated  and  Y is  quasi-compact.  Thus  part  (3) 
applies  to  Y = limj>o  Zi  over  Zq  and  we  conclude  Y = Zi  for  some  i.  This  proves 
(4)  and  the  lemma.  □ 


086X  Lemma  57.5.11.  Let  S be  a scheme.  Let  Y be  an  algebraic  space  over  S.  Let 
X = limA'j  be  a directed  limit  of  algebraic  spaces  over  Y with  affine  transition 
morphisms.  Assume 

(1)  Y is  quasi-separated, 
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(2)  Xi  is  quasi-compact  and  quasi-separated, 

(3)  the  morphism  X — ► Y is  separated. 

Then  Xi  — ► Y is  separated  for  all  i large  enough. 

Proof.  Let  0 G I.  Choose  an  afhne  scheme  W and  an  etale  morphism  W — > Y such 
that  the  image  of  \W\  —>  |F|  contains  the  image  of  |Xo|  — t |X|.  This  is  possible 
as  X0  is  quasi-compact.  It  suffices  to  check  that  W Xy  Xi  — > W is  separated 
for  some  * > 0 because  the  diagonal  of  W Xy  Xi  over  W is  the  base  change  of 
Xi  — > Xi  Xy  Xi  by  the  surjective  etale  morphism  (X,  Xy  Xi)  XyW  — > Xi  Xy  Xi. 
Since  Y is  quasi-separated  the  algebraic  spaces  W xY  Xj  are  quasi-compact  (as 
well  as  quasi-separated).  Thus  we  may  base  change  to  W and  assume  Y is  an 
affine  scheme.  When  Y is  an  affine  scheme,  we  have  to  show  that  X,  is  a separated 
algebraic  space  for  i large  enough  and  we  are  given  that  X is  a separated  algebraic 
space.  Thus  this  case  follows  from  Lemma [57.5. 7|  □ 

OAOR  Lemma  57.5.12.  Let  S be  a scheme.  Let  Y be  an  algebraic  space  over  S.  Let 
X = limXj  be  a directed  limit  of  algebraic  spaces  over  Y with  affine  transition 
morphisms.  Assume 

(1)  Y quasi-compact  and  quasi-separated, 

(2)  Xi  quasi-compact  and  quasi-separated, 

(3)  X — ► Y affine. 

Then  Xi  — > Y is  affine  for  i large  enough. 


OAOS 


Proof.  Choose  an  affine  scheme  W and  a surjective  etale  morphism  W — > Y. 
Then  X Xy  W is  affine  and  it  suffices  to  check  that  Xi  xYW  is  affine  for  some  i 
(Morphisms  of  Spaces,  Lemma  54.20.3).  This  follows  from  Lemma  57.5.8  □ 


Lemma  57.5.13.  Let  S be  a scheme.  Let  Y be  an  algebraic  space  over  S.  Let 
X = limA'j  be  a directed  limit  of  algebraic  spaces  over  Y with  affine  transition 
morphisms.  Assume 

(1)  Y quasi-compact  and  quasi-separated, 

(2)  Xi  quasi-compact  and  quasi-separated, 

(3)  the  transition  morphisms  X y — » X,;  are  finite, 

(4)  Xi  — » Y locally  of  finite  type 

(5)  X — y Y integral. 

Then  Xi  — > Y is  finite  for  i large  enough. 


Proof.  Choose  an  affine  scheme  W and  a surjective  etale  morphism  W — ► Y.  Then 
X Xy  W is  finite  over  W and  it  suffices  to  check  that  Xj  Xy  W is  finite  over  W 
for  some  i (Morphisms  of  Spaces,  Lemma  54.43.3).  By  Lemma  57.5.9  this  reduces 
us  to  the  case  of  schemes.  In  the  case  of  schemes  it  follows  from  Limits,  Lemma 
131 .3.1  fil  □ 


0A0T  Lemma  57.5.14.  Let  S be  a scheme.  Let  Y be  an  algebraic  space  over  S.  Let 
X = limXj  be  a directed  limit  of  algebraic  spaces  over  Y with  affine  transition 
morphisms.  Assume 

(1)  Y quasi-compact  and  quasi-separated, 

(2)  Xi  quasi-compact  and  quasi-separated, 

(3)  the  transition  morphisms  Xy  — > Xi  are  closed  immersions, 

(4)  Xj  — >•  Y locally  of  finite  type 
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(5)  X — y Y is  a closed  immersion. 

Then  Xi  — > Y is  a closed  immersion  for  i large  enough. 

Proof.  Choose  an  affine  scheme  W and  a surjective  etale  morphism  W — >•  Y.  Then 
X x y W is  a closed  subspace  of  W and  it  suffices  to  check  that  X.t  x y W is  a closed 


this  reduces  us  to  the  case  of  schemes.  In  the  case  of  schemes  it  follows  from  Limits, 
Lemma  131.3.171  □ 


subspace  W for  some  i (Morphisms  of  Spaces,  Lemma  54.12.1 1.  By  Lemma  57.5.9 


57.6.  Descending  properties  of  morphisms 


This  section  is  the  analogue  of  Section  |57.5|  for  properties  of  morphisms.  We  will 
work  in  the  following  situation. 

Situation  57.6.1.  Let  S'  be  a scheme.  Let  B = lim/L  be  a limit  of  a directed 


system  of  algebraic  spaces  over  S with  affine  transition  morphisms  (Lemma  57.4.1 ). 


Let  Os/  and  let  f0  : X0  — ► Y0  be  a morphism  of  algebraic  spaces  over  B0.  Assume 
Bo,  Xq,  Yq  are  quasi-compact  and  quasi-separated.  Let  fi  : Xi  — > Yi  be  the  base 
change  of  f0  to  Bt  and  let  / : X — ► Y be  the  base  change  of  fo  to  B. 


57.6.1 


If 


Lemma  57.6.2.  With  notation  and  assumptions  as  in  Situation 

(1)  f is  etale, 

(2)  /o  is  locally  of  finite  presentation, 
then  fi  is  etale  for  some  i > 0. 

Proof.  Choose  an  affine  scheme  Vq  and  a surjective  etale  morphism  Vo  — * Vo- 


Choose  an  affine  scheme  Uo  and  a surjective  etale  morphism  Uq 
Diagram 

Uq ^P0 


Vo  xr0  *o- 


An 


■Yo 


The  vertical  arrows  are  surjective  and  etale  by  construction.  We  can  base  change 
this  diagram  to  Bi  or  B to  get 


and 


Note  that  t/,; , p , U,  V are  affine  schemes,  the  vertical  morphisms  are  surjective  etale, 
and  the  limit  of  the  morphisms  Ui  — > Vi  is  U — > V.  Recall  that  Xi  — > V is  etale 
if  and  only  if  Ui  — > Vj  is  etale  and  similarly  X — ► Y is  etale  if  and  only  if  U — > V 


is  etale  (Morphisms  of  Spaces,  Definition  54.38.1 1.  Since  fo  is  locally  of  finite 
presentation,  so  is  the  morphism  Uq  — » Vo-  Hence  the  lemma  follows  from  Limits, 
Lemma  131.7.81  □ 


Lemma  57.6.3.  With  notation  and  assumptions  as  in  Situation 

(1)  f is  surjective, 

(2)  fo  is  locally  of  finite  presentation, 
then  fi  is  surjective  for  some  i > 0. 


57.6.1 


If 
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084X 


084Y 


084Z 


Proof.  Choose  an  affine  scheme  Vo  and  a surjective  etale  morphism  Vo  — > 
Choose  an  affine  scheme  Uq  and  a surjective  etale  morphism  Uq  — > Vo  Xy0 
Diagram 

Uq ^Vo 


Y0. 

X0. 


Yo 


Yn 


The  vertical  arrows  are  surjective  and  etale  by  construction.  We  can  base  change 
this  diagram  to  Bi  or  B to  get 


Ui 


V 

X, 


■Vi 


and 


F, 


Note  that  Ui,V,,U,V  are  affine  schemes,  the  vertical  morphisms  are  surjective  etale, 
the  limit  of  the  morphisms  Ut  — > V,  is  U — V,  and  the  morphisms  Ui  — > Xi  Xy,  V 
and  U ->lxyb  are  surjective  (as  base  changes  of  Uq  —t  X0  Xy0  Vo).  In  particular, 
we  see  that  X,  — x Y,  is  surjective  if  and  only  if  Ui  — > V is  surjective  and  similarly 
X —x  Y is  surjective  if  and  only  if  U — X V is  surjective.  Since  fo  is  locally  of  finite 
presentation,  so  is  the  morphism  Uo  — > Vq.  Hence  the  lemma  follows  from  the  case 
of  schemes  (Limits,  Lemma  31.7.11).  □ 


57.6.1 


If 


Lemma  57.6.4.  Notation  and  assumptions  as  in  Situation 

(1)  / is  universally  injective, 

(2)  fo  is  locally  of  finite  type, 

then  fi  is  universally  injective  for  some  i > 0. 

Proof.  Recall  that  a morphism  X — ► Y is  universally  injective  if  and  only  if  the 
diagonal  X — >•  X xy  X is  surjective  (Morphisms  of  Spaces,  Definition  54.19.3  and 


Lemma  54.19.2).  Observe  that  X0  — > A'0  Xy0  X0  is  of  locally  of  finite  presentation 


(Morphisms  of  Spaces,  Lemma  54.28.10).  Hence  the  lemma  follows  from  Lemma 
|57.6.3|  by  considering  the  morphism  X0  —X  X0  X Vo  Xo-  □ 


Lemma  57.6.5.  Notation  and  assumptions  as  in  Situation 
then  fi  is  affine  for  some  i > 0. 


57.6.1 


If  f is  affine, 


Proof.  Choose  an  affine  scheme  Vo  and  a surjective  etale  morphism  Vo  — ► Fo-  Set 
Vi  = Vo x Yo Yi  and  V = V0x y0 Y.  Since  / is  affine  we  see  that  VxYX  = lim  Vj  x y. Xt 
is  affine.  By  Lemma  57.5. 8| we  see  that  V,  Xy.  X,  is  affine  for  some  i > 0.  For  this 
i the  morphism  /t  is  affine  (Morphisms  of  Spaces,  Lemma  54.20.3).  □ 


Lemma  57.6.6.  Notation  and  assumptions  as  in  Situation  57.6.1  If 

(1)  f is  finite, 

(2)  fo  is  locally  of  finite  type, 
then  ft  is  finite  for  some  i > 0. 

Proof.  Choose  an  affine  scheme  Vo  and  a surjective  etale  morphism  Vo  — » Fo-  Set 
V.  = Vq  x y0  Yi  and  V = Vb  x y0 F.  Since  / is  finite  we  see  that  V XyX  = lim  Vj  x Yi Xt 


is  a scheme  finite  over  V.  By  Lemma  57.5.8  we  see  that  V Xy.  X,  is  affine  for  some 
0.  Increasing  i if  necessary  we  find  that  V.  xY.  Xi  — x Vi  is  finite  by  Limits, 


i > 
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0851 


0852 
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Lemma  31.7.3  For  this  i the  morphism  is  finite  (Morphisms  of  Spaces,  Lemma 
54.43.31).  □ 


Lemma  57.6.7.  Notation  and  assumptions  as  in  Situation  57.6.1.  If 

(1)  f is  a closed  immersion, 

(2)  /„  is  locally  of  finite  type, 

then  fi  is  a closed  immersion  for  some  i > 0. 

Proof.  Choose  an  affine  scheme  Vo  and  a surjective  etale  morphism  Vo  — > Yq.  Set 
Vi  = VJj  x yu  Y.t  and  V = V0  xYo  Y . Since  / is  a closed  immersion  we  see  that 
V xY  X = lim  Vi  xYi  Xi  is  a closed  subscheme  of  the  affine  scheme  V.  By  Lemma 


57.5.8  we  see  that  Vi  xY.  Xi  is  affine  for  some  * > 0.  Increasing  i if  necessary  we 


find  that  Vj;  Xy.  Xi  — > Vi  is  a closed  immersion  by  Limits,  Lemma  31.7.4  For  this  i 
the  morphism  fi  is  a closed  immersion  (Morphisms  of  Spaces,  Lemma  54.43.3).  □ 


Lemma  57.6.8.  Notation  and  assumptions  as  in  Situation  57.6.1.  If  f is  sepa- 
rated, then  fi  is  separated  for  some  i > 0. 


Proof.  Apply  Lemma  57.6.7  to  the  diagonal  morphism  /S.Xo/Yo  : X0  — > X0  xYo  X0. 
(Diagonal  morphisms  are  locally  of  finite  type  and  the  fibre  product  Ao  Xy0  Xq  is 
quasi-compact  and  quasi-separated.  Some  details  omitted.)  □ 


57.6.1 


If 


Lemma  57.6.9.  Notation  and  assumptions  as  in  Situation 

(1)  f is  a isomorphism, 

(2)  /o  is  locally  of  finite  presentation, 
then  fi  is  a isomorphism  for  some  i > 0. 

Proof.  Being  an  isomorphism  is  equivalent  to  being  etale,  universally  injective, 
and  surjective,  see  Morphisms  of  Spaces,  Lemma [54. 48. 2|  Thus  the  lemma  follows 
from  Lemmas  |57.6.2[  |57.6.3|  and  |57.6.4|  □ 


Lemma  57.6.10.  Notation  and  assumptions  as  in  Situation 

(1)  f is  a monomorphism, 

(2)  fo  is  locally  of  finite  type, 

then  fi  is  a monomorphism  for  some  i > 0. 


57.6.1 


If 


Proof.  Recall  that  a morphism  is  a monomorphism  if  and  only  if  the  diagonal  is 
an  isomorphism.  The  morphism  A'o  — > Xq  xYo  Xq  is  locally  of  finite  presentation 
by  Morphisms  of  Spaces,  Lemma  54.28.10  Since  A0  xYo  A0  is  quasi-compact  and 


quasi-separated  we  conclude  from  Lemma  57.6.9  that  A,;  : Aj  — > Xi  xYi  Xi  is  an 
isomorphism  for  some  i > 0.  For  this  i the  morphism  /,  is  a monomorphism.  □ 


Lemma  57.6.11. 

quasi- coherent  O\0- 
X.  If 


Notation  and  assumptions  as  in  Situation 


57.6.1 


Let  Jr)  be 


module  and  denote  Jq  the  pullback  to  Xi  and  ~T  the  pullback  to 


(1)  A is  flat  over  Y , 

(2)  Fq  is  of  finite  presentation,  and 

(3)  fo  is  locally  of  finite  presentation, 


then  Fi  is  flat  over  Y)  for  some  i > 0.  In  particular,  if  f0  is  locally  of  finite 
presentation  and  f is  flat,  then  fi  is  flat  for  some  i > 0. 
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Proof.  Choose  an  affine  scheme  Vo  and  a surjective  etale  morphism  Vo  — > 
Choose  an  affine  scheme  Uq  and  a surjective  etale  morphism  Uq  — > Vo  Xy0 
Diagram 

U0 ^V0 


Y0. 

X0. 


Xn 


Yn 


The  vertical  arrows  are  surjective  and  etale  by  construction.  We  can  base  change 
this  diagram  to  Bi  or  B to  get 


Note  that  Ui,Vi,U,V  are  affine  schemes,  the  vertical  morphisms  are  surjective  etale, 
and  the  limit  of  the  morphisms  Ui  — > Vj  is  U — >■  V.  Recall  that  Jr  is  flat  over  Yj  if 
and  only  if  Ti\ui  is  flat  over  Vi  and  similarly  T is  flat  over  Y if  and  only  if  J-\u  is 


flat  over  V (Morphisms  of  Spaces,  Definition  54.29.1).  Since  fo  is  locally  of  finite 
presentation,  so  is  the  morphism  Uq  — » Vo-  Hence  the  lemma  follows  from  Limits, 
Lemma  131.9.41  □ 


Lemma  57.6.12.  Assumptions  and  notation  as  in  Situation  57.6.1  If 

(1)  f is  proper,  and 

(2)  fo  is  locally  of  finite  type, 

then  there  exists  an  i such  that  fi  is  proper. 

Proof.  Choose  an  affine  scheme  Vo  and  a surjective  etale  morphism  Vo  — » Fo-  Set 
Vi  = Yi  Xy0  Vo  and  V = Y Xy0  Vo-  It  suffices  to  prove  that  the  base  change  of  fi  to 
Vi  is  proper,  see  Morphisms  of  Spaces,  Lemma [54. 39. 2|  Thus  we  may  assume  Y0  is 
affine. 


By  Lemma  |57.6.8|  we  see  that  ft  is  separated  for  some  i > 0.  Replacing  0 by  * 
we  may  assume  that  fo  is  separated.  Observe  that  fo  is  quasi-compact.  Thus  fo 


is  separated  and  of  finite  type.  By  Cohomology  of  Spaces,  Lemma  56.17.1 
choose  a diagram 


we  can 


where  A'g 


-»■  P 


Vo 


is  an  immersion 


Xo  is  proper  and  surjective. 
Introduce  X'  = X'0  Xy0  Y and  X[  = X'0  xy0  Yi.  By  Morphisms  of  Spaces,  Lemmas 
54.39.4  and  54.39.3  we  see  that  X'  — >■  Y is  proper.  Hence  X'  — > Py  is  a closed  im- 


54.39.7  it  suffices  to  prove  that  X[ 
we  find  that  X' 


mersion  (Morphisms  of  Spaces,  Lemma  54.39.6).  By  Morphisms  of  Spaces,  Lemma 


proper  and  we  win. 


Yi  is  proper  for  some  i.  By  Lemma  57.6.7 
P(,  is  a closed  immersion  for  i large  enough.  Then  X[  — ► Yt  is 

□ 
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57.7.  Descending  relative  objects 

07SJ  The  following  lemma  is  typical  of  the  type  of  results  in  this  section. 

07SK  Lemma  57.7.1.  Let  S be  a scheme.  Let  I be  a directed  partially  ordered  set.  Let 
(Xi,  fa')  be  an  inverse  system  over  I of  algebraic  spaces  over  S . Assume 

(1)  the  morphisms  fu>  : Xi  — ► X ,/  are  affine, 

(2)  the  spaces  Xi  are  quasi-compact  and  quasi-separated. 

Let  X = lini;  X f . Then  the  category  of  algebraic  spaces  of  finite  presentation  over 
X is  the  colimit  over  I of  the  categories  of  algebraic  spaces  of  finite  presentation 
over  Xi . 


Proof.  Pick  0 £ I.  Choose  a surjective  etale  morphism  Uq  Xq  where  Uq  is 


an  affine  scheme  (Properties  of  Spaces,  Lemma  53.6.3).  Set  Ui  = Xi  xXo  Uq.  Set 
Rq  = Uq  xx0  Uq  and  Ri  = Ro  xXo  Xi.  Denote  Si,ti  : Ri  — » Ui  and  s,t  : R — ► U 
the  two  projections.  In  the  proof  of  Lemma  |57.4.1|  we  have  seen  that  there  exists 
a presentation  X = U / R with  U = lim Ui  and  R = limits.  Note  that  Ui  and 
U are  affine  and  that  Ri  and  R are  quasi-compact  and  separated  (as  Xi  is  quasi- 
separated).  Let  Y be  an  algebraic  space  over  S and  let  Y — > X be  a morphism  of 
finite  presentation.  Set  V = UxxY . This  is  an  algebraic  space  of  finite  presentation 
over  U.  Choose  an  affine  scheme  IP  and  a surjective  etale  morphism  W — > V.  Then 
W — > Y is  surjective  etale  as  well.  Set  R'  = W xyW  so  that  Y = W/R'  (see  Spaces, 
Section  52.9 ).  Note  that  IP  is  a scheme  of  finite  presentation  over  U and  that  R'  is  a 
scheme  of  finite  presentation  over  R (details  omitted).  By  Limits,  Lemma  31.9.1  we 
can  find  an  index  i and  a morphism  of  schemes  IP,;  — ► Ui  of  finite  presentation  whose 
base  change  to  U gives  IP  — » 17.  Similarly  we  can  find,  after  possibly  increasing 
i,  a scheme  R[  of  finite  presentation  over  Ri  whose  base  change  to  R is  R' . The 
projection  morphisms  s' ,t!  : R!  IP  are  morphisms  over  the  projection  morphisms 
s,t  : R U.  Hence  we  can  view  s',  resp.  t!  as  a morphism  between  schemes  of 
finite  presentation  over  U (with  structure  morphism  R!  — ► U given  by  R!  — > R 
followed  by  s,  resp.  t ).  Hence  we  can  apply  Limits,  Lemma  31.9.1  again  to  see 
that,  after  possibly  increasing  i,  there  exist  morphisms  s' , t\  : R't  — > IP,;,  whose  base 
change  to  U is  S',t'.  By  Limits,  Lemmas  31.7.8  and  31.7.10  we  may  assume  that 
s',  if  are  etale  and  that  j[  : R[  — >•  IP,  XXi  IP;  is  a monomorphism  (here  we  view  j' 
as  a morphism  of  schemes  of  finite  presentation  over  Ui  via  one  of  the  projections 


it  doesn’t  matter  which  one).  Setting  Y%  = IP,: / 7?'  (see  Spaces,  Theorem  52.10.5) 


we  obtain  an  algebraic  space  of  finite  presentation  over  Xi  whose  base  change  to  X 
is  isomorphic  to  Y . 


This  shows  that  every  algebraic  space  of  finite  presentation  over  X comes  from  an 
algebraic  space  of  finite  presentation  over  some  Xj,  i.e.,  it  shows  that  the  functor 
of  the  lemma  is  essentially  surjective.  To  show  that  it  is  fully  faithful,  consider 
an  index  0 € I and  two  algebraic  spaces  Y0,Z0  of  finite  presentation  over  A'0. 
Set  Yi  = Xi  xXq  Y0,  Y = X xXo  Y0,  Zi  = Xi  xXq  Z0,  and  Z = X xXo  Z0. 
Let  a : Y — > Z be  a morphism  of  algebraic  spaces  over  X.  Choose  a surjective 
etale  morphism  Vq  — ► Id  where  Vo  is  an  affine  scheme.  Set  V = Vo  Xy0  Yi  and 
V = Vq  Xy0  Y which  are  affine  schemes  endowed  with  surjective  etale  morphisms  to 
Yi  and  Y.  The  composition  V — > Y — > Z — ► Z0  comes  from  a (essentially  unique) 
morphism  V — >•  Z0  for  some  i > 0 by  Proposition  57.3.9| (applied  to  Z0  —>  X0  which 
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is  of  finite  presentation  by  assumption).  After  increasing  i the  two  compositions 

Vi  xYi  V.  — ► V.  — > Zq 

are  equal  as  this  is  true  in  the  limit.  Hence  we  obtain  a (essentially  unique)  mor- 
phism Yi  — > Zq.  Since  this  is  a morphism  over  Xq  it  induces  a morphism  into 
Zi  = Z0  x y0  Xi  as  desired.  □ 


07V7  Lemma  57.7.2.  With  notation  and  assumptions  as  in  Lemma  57.7.1.  The  cat- 
egory of  Ox  -modules  of  finite  presentation  is  the  colimit  over  I of  the  categories 
Oxi  -modules  of  finite  presentation. 

Proof.  Choose  0 £ I.  Choose  an  affine  scheme  Uo  and  a surjective  etale  morphism 
Uq  —¥  X0.  Set  Ui  = Xi  x y0  Uq.  Set  R0  = Uo  Xx0  Uo  and  Ri  = Ro  Xx0  Xi.  Denote 
Si,ti  : Ri  Ui  and  s,t  : R U the  two  projections.  In  the  proof  of  Lemma 


57.4.1  we  have  seen  that  there  exists  a presentation  X = U/R  with  U = lim  Ui  and 
R = lim  R,t . Note  that  Ui  and  U are  affine  and  that  Ri  and  R are  quasi-compact 
and  separated  (as  X,  is  quasi-separated).  Moreover,  it  is  also  true  that  R xs^u,t 
R = colimi?;  x Si,Ui ,ti  Ri-  Thus  we  know  that  QCohfOu ) = colirn  QCoHOu.;)., 
QCoh(0R)  = colim  QCoh(QRi ),  and  QCoh(0RXaUtR ) = colirn  QCoh(0RiXsiU.t.Ri) 
by  Limits,  Lemma  31. 9.2|  We  have  QCoh(Ox)  = QCoh(U,R,s,t,c)  and  QCoh(dxi) 

Thus  the  re- 

□ 


QCoh(Ui,  Ri,  Si,U,  Ci),  see  Properties  of  Spaces,  Proposition  |53.3 1.1 
suit  follows  formally. 


57.8.  Absolute  Noetherian  approximation 


07SS  The  following  result  is  1CL0121  Theorem  1.2.2].  A key  ingredient  in  the  proof  is 
Decent  Spaces,  Lemma [55.8. 6| 

07SU  Proposition  57.8.1.  LetX  be  a quasi-compact  and  quasi-separated  algebraic  space 
over  Spec(Z).  There  exist  a directed  partially  ordered  set  I and  an  inverse  system 
of  algebraic  spaces  (Xi,  fa>)  over  I such  that 

(1)  the  transition  morphisms  fa / are  affine 

(2)  each  Xi  is  quasi- separated  and  of  finite  type  over  7a,  and 

(3)  X = lim  Xi . 


Proof.  We  apply  Decent  Spaces,  Lemma  55.8.6  to  get  open  subspaces  Up  C X, 
schemes  Vp , and  morphisms  fp  : Vp  — ► Up  with  properties  as  stated.  Note  that 


fn  : Vn  — > Un  is  an  etale  morphism  of  algebraic  spaces  whose  restriction  to  the 
inverse  image  of  Tn  = (Vn)red  is  an  isomorphism.  Hence  fn  is  an  isomorphism, 
for  example  by  Morphisms  of  Spaces,  Lemma|54.48.2  In  particular  Un  is  a quasi- 
compact and  separated  scheme.  Thus  we  can  write  Un  = lim  UUti  as  a directed 
limit  of  schemes  of  finite  type  over  Z with  affine  transition  morphisms,  see  Limits, 
Proposition |31.4.4|  Thus,  applying  descending  induction  on  p,  we  see  that  we  have 
reduced  to  the  problem  posed  in  the  following  paragraph. 


Here  we  have  U C X,  U = lim  Ui,  Z C X,  and  / : V — t X with  the  following 
properties 

(1)  A is  a quasi-compact  and  quasi-separated  algebraic  space, 

(2)  V is  a quasi-compact  and  separated  scheme, 

(3)  U C X is  a quasi-compact  open  subspace, 

(4)  ( Ui,gu> ) is  a directed  system  of  quasi-separated  algebraic  spaces  of  finite 
type  over  Z with  affine  transition  morphisms  whose  limit  is  U, 


Our  proof  follows 
closely  the  proof 
given  in  [CLQ121 
Theorem  1.2.2]. 
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(5)  Z c X is  a closed  subspace  such  that  |A'|  = \U\  II  \Z\, 

(6)  / : V — > X is  a surjective  etale  morphism  such  that  f~1(Z)  —}Z  is  an 
isomorphism. 

Problem:  Show  that  the  conclusion  of  the  proposition  holds  for  X. 

Note  that  W = /_1(( 7)  C V is  a quasi-compact  open  subscheme  etale  over  U. 
Hence  we  may  apply  Lemmas|57.7.1|and|57.6.2lto  find  an  index  0 £ I and  an  etale 
morphism  Wq  — > Uq  of  finite  presentation  whose  base  change  to  U produces  W. 
Setting  Wi  = Wo  Xj/0  Ui  we  see  that  W = limj>0  W,; . After  increasing  0 we  may 
assume  the  W-,  are  schemes,  see  Lemma|57.5.9[  Moreover,  IT)  is  of  finite  type  over 
Z. 


Apply  Limits,  Lemma  31.4.3  to  W = limt>0  Wi  and  the  inclusion  W C V.  Replace 
I by  the  directed  partially  ordered  set  J found  in  that  lemma.  This  allows  us  to 
write  V as  a directed  limit  V = limV)  of  finite  type  schemes  over  Z with  affine 
transition  maps  such  that  each  V)  contains  Wi  as  an  open  subscheme  (compatible 
with  transition  morphisms).  For  each  i we  can  form  the  push  out 


Wi 

A 

Y Y 

Wi  x Ut  Wt ft, 


in  the  category  of  schemes.  Namely,  the  left  vertical  and  upper  horizontal  arrows  are 
open  immersions  of  schemes.  In  other  words,  we  can  construct  Ri  as  the  glueing 
of  Vi  and  Wi  x Ul  Wi  along  the  common  open  W,;  (see  Schemes,  Section  25.14). 
Note  that  the  etale  projection  maps  Wi  Xjj.  Wi  — > Wi  extend  to  etale  morphisms 
Si,ti  : Ri  — > Vi . It  is  clear  that  the  morphism  ji  = ( U,Si ) : Ri  Vi  x Vi  is 
an  etale  equivalence  relation  on  V,.  Note  that  Wi  x ur  Wi  is  quasi-compact  (as 
Ui  is  quasi-separated  and  Wi  quasi-compact)  and  V;  is  quasi-compact,  hence  Ri  is 
quasi-compact.  For  i > i!  the  diagram 


Ri >■  R^ 

07SV  (57.8.1.1) 

Y 

Vi *-  Vv 


is  cartesian  because 


(Wi'  Xm,  wv)  Xn,  Ui  = Wv  x u , Ui  xUz  Ui  Xn,  Wi'  = w,  xu%  Wi. 


Consider  the  algebraic  space  X,  = V/Ri  (see  Spaces,  Theorem  52.10.5).  As  V is 
of  finite  type  over  Z and  Ri  is  quasi-compact  we  see  that  X,  is  quasi-separated  and 
of  finite  type  over  Z (see  Properties  of  Spaces,  Lemma  53.6.5  and  Morphisms  of 
Spaces,  Lemmas  54.8.5  and  54.23.4).  As  the  construction  of  Ri  above  is  compatible 
with  transition  morphisms,  we  obtain  morphisms  of  algebraic  spaces  X,  — > Xii  for 
i > i' . The  commutative  diagrams 


Vi *-  V' 

Y Y 

Xi xv 
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07V8 

07V9 


0829 


086Y 


are  cartesian  as  (57.8.1.1)  is  cartesian,  see  Groupoids,  Lemma  38.20.7 
Vj/  is  affine,  this  implies  that  X 


Since  V; 


X, 


54.20.3  Thus  we  can  form  the  limit  X'  = limXi  by  Lemma  57.4.1 


is  affine,  see  Morplrisms  of  Spaces,  Lemma 

We  claim  that 


X = X'  which  hnishes  the  proof  of  the  proposition. 

Proof  of  the  claim.  Set  R = lim  R, . By  construction  the  algebraic  space  X'  comes 
equipped  with  a surjective  etale  morphism  V -A  X'  such  that 

Vxx>V^  R 


(use  Lemma  57.4.1).  By  construction  lim  IT,;  Xjj,  W'j  = W Xjj  W and  V = lirnVj 
so  that  R is  the  union  of  W xvW  and  V glued  along  W.  Property  (6)  implies  the 
projections  V Xx  V — > V are  isomorphisms  over  f~1(Z)  C V.  Hence  the  scheme 
V xx  V is  the  union  of  the  opens  \v/x{V)  and  W Xu  W which  intersect  along 
A w/x(W)-  We  conclude  that  there  exists  a unique  isomorphism  R = V xx  V 
compatible  with  the  projections  to  V.  Since  V — > X and  V — > X'  are  surjective 
etale  we  see  that 

X = V/V  xx  V = V/R  = V/V  xx,  V = X' 
by  Spaces,  Lemma |52.9.1|  and  we  win.  □ 


57.9.  Applications 


The  following  lemma  can  also  be  deduced  directly  from  Decent  Spaces,  Lemma 
|55. 8. 6|  without  passing  through  absolute  Noetherian  approximation. 

Lemma  57.9.1.  Let  S be  a scheme.  Let  X be  a quasi-compact  and  quasi- separated 
algebraic  space  over  S.  Every  quasi- coherent  Ox  -module  is  a filtered  colimit  of 
finitely  presented  Ox  -modules. 


Proof.  We  may  view  as  an  algebraic  space  over  Spec(Z),  see  Spaces,  Definition 
52.16.2|and  Properties  of  Spaces,  Dehnition|53.3.1[  Thus  we  may  apply  Proposition 
57.8.1  and  write  X = lim  Xj  with  X%  of  finite  presentation  over  Z.  Thus  Xj 
is  a Noetherian  algebraic  space,  see  Morphisms  of  Spaces,  Lemma  |54.28.6|  The 
morphism  X — > Xj  is  affine,  see  Lemma  |57.4.1 
Spaces,  Lemma [56.14.2| 


Conclusion  by  Cohomology  of 

□ 


The  rest  of  this  section  consists  of  straightforward  applications  of  Lemma  |57.9.1| 

Lemma  57.9.2.  Let  S be  a scheme.  Let  X be  a quasi-compact  and  quasi-separated 
algebraic  space  over  S.  Let  T be  a quasi- coherent  Ox -module.  Then  T is  the 
directed  colimit  of  its  finite  type  quasi- coherent  submodules. 


Proof.  If  Q,  R C T are  finite  type  quasi-coherent  ©A'-submodules  then  the  image 
of  Q © TL  — > T is  another  finite  type  quasi-coherent  Ox-submodule  which  contains 
both  of  them.  In  this  way  we  see  that  the  system  is  directed.  To  show  that  T is  the 
colimit  of  this  system,  write  T = colim,;  T%  as  a directed  colimit  of  finitely  presented 

Then  the  images  Qi  = Im(Jri 


quasi-coherent  sheaves  as  in  Lemma  57.9.1 


are  finite  type  quasi-coherent  subsheaves  of  T . Since  T is  the  colimit  of  these  the 
result  follows.  □ 


Lemma  57.9.3.  Let  S be  a scheme.  Let  X be  a quasi-compact  and  quasi- separated 
algebraic  space  over  S.  Let  T be  a finite  type  quasi-coherent  Ox -module.  Then  we 
can  write  T = lim  J-j  where  each  is  an  Ox -module  of  finite  presentation  and  all 
transition  maps  J-j  — >•  Ty  surjective. 
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Proof.  Write  T = colim  Q,  as  a filtered  colimit  of  finitely  presented  O.v-modules 
(Lemma  57.9.1 1.  We  claim  that  Qi  -A  T is  surjective  for  some  i.  Namely,  choose  an 
etale  surjection  U — > X where  U is  an  affine  scheme.  Choose  finitely  many  sections 
Sk  € T(U)  generating  T\u-  Since  U is  affine  we  see  that  Sk  is  in  the  image  of 
Qi  -A  T for  i large  enough.  Hence  Qi  — > T is  surjective  for  i large  enough.  Choose 
such  an  i and  let  K,  C Qi  be  the  kernel  of  the  map  Qi  -A  T.  Write  K,  = colim  JCa 
as  the  filtered  colimit  of  its  finite  type  quasi-coherent  submodules  (Lemma  57.9.2). 
Then  T = colim  Qi  /K,a  is  a solution  to  the  problem  posed  by  the  lemma.  □ 


Let  X be  an  algebraic  space.  In  the  following  lemma  we  use  the  notion  of  a finitely 
presented  quasi-coherent  Ox -algebra  A.  This  means  that  for  every  affine  U = 
Spec(-R)  etale  over  X we  have  A\u  = A where  A is  a (commutative)  i?-algebra 
which  is  of  finite  presentation  as  an  i?-algebra. 

082A  Lemma  57.9.4.  Let  S be  a scheme.  Let  X be  a quasi-compact  and  quasi-separated 
algebraic  space  over  S.  Let  A be  a quasi-coherent  Ox -algebra.  Then  A is  a directed 
colimit  of  finitely  presented  quasi-coherent  Ox -algebras. 


Proof.  First  we  write  A = colim*  Ti  as  a directed  colimit  of  finitely  presented 


quasi-coherent  sheaves  as  in  Lemma  57.9.1  For  each  i let  B*  = Sym(Jri)  be  the 
symmetric  algebra  on  Ti  over  Ox-  Write  T = Ker(Bi  — ► A).  Write  T = colim,,  Tj 
where  Tj  is  a finite  type  quasi-coherent  submodule  of  li , see  Lemma  57.9.2|  Set 
Tij  C Ti  equal  to  the  Hj-ideal  generated  by  T j.  Set  Aij  = Bj/I-j  j.  Then  Aij  is 
a quasi-coherent  finitely  presented  Ox-algebra.  Define  (i,  j)  < ( i',j' ) if  i < i!  and 
the  map  Bi  —¥  maps  the  ideal  Ti  :j  into  the  ideal  T^  y . Then  it  is  clear  that 
A = colim*  j Aij.  □ 


Let  X be  an  algebraic  space.  In  the  following  lemma  we  use  the  notion  of  a quasi- 
coherent  Ox-algebra  A of  finite  type.  This  means  that  for  every  affine  U = Spec(I?) 
etale  over  X we  have  A\jj  = A where  A is  a (commutative)  I?- algebra  which  is  of 
finite  type  as  an  I?-algebra. 

082B  Lemma  57.9.5.  Let  S be  a scheme.  Let  X be  a quasi-compact  and  quasi-separated 
algebraic  space  over  S.  Let  A be  a quasi-coherent  Ox -algebra.  Then  A is  the 
directed  colimit  of  its  finite  type  quasi-coherent  Ox -subalgebras. 


Proof.  Omitted.  Hint:  Compare  with  the  proof  of  Lemma [57.9.2 


□ 


Let  X be  an  algebraic  space.  In  the  following  lemma  we  use  the  notion  of  a finite 
(resp.  integral)  quasi-coherent  0\~algebra  A.  This  means  that  for  every  affine 
U = Spec (R)  etale  over  X we  have  A\u  = A where  A is  a (commutative)  P.-algebra 
which  is  finite  (resp.  integral)  as  an  I?-algebra. 

086Z  Lemma  57.9.6.  Let  S be  a scheme.  Let  X be  a quasi-compact  and  quasi-separated 
algebraic  space  over  S.  Let  A be  a finite  quasi-coherent  Ox-algebra.  Then  A = 
colim  Ai  is  a directed  colimit  of  finite  and  finitely  presented  quasi-coherent  Ox- 
algebras  with  surjective  transition  maps. 

Proof.  By  Lemma  |57.9.3|  there  exists  a finitely  presented  Ox-module  T and  a 
surjection  T — > A.  Using  the  algebra  structure  we  obtain  a surjection 
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Denote  J the  kernel.  Write  J = colim  £)  as  a filtered  colimit  of  finite  type  Ox- 
submodules  Ei  (Lemma  57.9.2).  Set 

Ai  = $ym*0x{T)/{£i) 


where  (Ei)  indicates  the  ideal  sheaf  generated  by  the  image  of  Ei  -A  Symg^J7). 
Then  each  At  is  a finitely  presented  Ox-algebra,  the  transition  maps  are  surjective, 
and  A = colirn  At . To  finish  the  proof  we  still  have  to  show  that  Ai  is  a finite  Ox- 
algebra  for  i sufficiently  large.  To  do  this  we  choose  an  etale  surjective  map  U — > X 
where  U is  an  affine  scheme.  Take  generators  /i,...,/m  £ T(U,Jr).  As  A(U) 
is  a finite  Ox(U)~ algebra  we  see  that  for  each  j there  exists  a rnonic  polynomial 
Pj  £ 0(U)[T]  such  that  Pj(fj)  is  zero  in  A(U).  Since  A = colim  Ai  by  construction, 
we  have  Pj(fj)  = 0 in  AfiU)  for  all  sufficiently  large  i.  For  such  i the  algebras  Ai 
are  finite.  □ 


082C  Lemma  57.9.7.  Let  S be  a scheme.  Let  X be  a quasi-compact  and  quasi- separated 
algebraic  space  over  S.  Let  A be  an  integral  quasi- coherent  Ox -algebra.  Then 

(1)  A is  the  directed  colimit  of  its  finite  quasi- coherent  O x -subalgebras,  and 

(2)  A is  a directed  colimit  of  finite  and  finitely  presented  Ox -algebras. 


Proof.  By  Lemma  [57.9.5|  we  have  A = colim  Ai  where  Ai  C A runs  through  the 
quasi-coherent  Ox-sub  algebras  of  finite  type.  Any  finite  type  quasi-coherent  Ox- 
subalgebra  of  A is  finite  (use  Algebra,  Lemma  10.35.5  on  affine  schemes  etale  over 
A).  This  proves  (1). 


To  prove  (2),  write  A = colim  Tj  as  a colimit  of  finitely  presented  Ox-modules 
using  Lemma  |57.9.1|  For  each  i1  let  Ji  be  the  kernel  of  the  map 

Sym^x(Jj)^A 

For  i!  > i there  is  an  induced  map  Ji  -A  Jr  and  we  have  A = colim  Sym^,  x(Pi)/ Ji- 
Moreover,  the  quasi-coherent  Ox-algebras  SymQx  (Pi)/Ji  are  finite  (see  above). 
Write  Ji  = colim  fjfc  as  a colimit  of  finitely  presented  Ox-modules.  Given  i'  > i 
and  k there  exists  a k'  such  that  we  have  a map  -A  £r y making 


Ji 

I 


Ji' 


E 


ik 


F'i'k' 


commute.  This  follows  from  Cohomology  of  Spaces,  Lemma|56.4.3[  This  induces  a 
map 

Aik  = Sym ox(Fi)/(£ik)  — * Sym*0x(Pi')/(£i’k')  = Ark > 
where  (Eik)  denotes  the  ideal  generated  by  Eik-  The  quasi-coherent  Ox-algebras 
Aki  are  of  finite  presentation  and  finite  for  k large  enough  (see  proof  of  Lemma 


57.9.6).  Finally,  we  have 


colim  Aik  = colim  Ai  = A 


Namely,  the  first  equality  was  shown  in  the  proof  of  Lemma|57.9.6|and  the  second 
equality  because  A is  the  colimit  of  the  modules  P,  . □ 


0853 


Lemma  57.9.8.  Let  S be  a scheme.  Let  X be  a quasi-compact  and  quasi- separated 
algebraic  space  over  S.  Let  U C X be  a quasi- compact  open.  Let  T be  a quasi- 
coherent  Ox -module.  Let  Q C P\u  be  a quasi-coherent  Ojj -submodule  which  is  of 


57.10.  RELATIVE  APPROXIMATION 


3789 


finite  type.  Then  there  exists  a quasi- coherent  submodule  Q'  C T which  is  of  finite 
type  such  that  Q’\u  = Q . 


Proof.  Denote  j : U ^ X the  inclusion  morphism.  As  X is  quasi-separated 
and  U quasi-compact,  the  morphism  j is  quasi-compact.  Hence  j*Q  C j*F\u 
are  quasi-colierent  modules  on  X (Morphisms  of  Spaces,  Lemma  |54.11.2 1.  Let 
H = Ker (j*Q  © T — A j*F\u).  Then  H\u  = Q-  By  Lemma'  ’ 
finite  type  quasi-coherent  submodule  H'  C H such  that  TC 
Q'  = Im [fH'  — A F)  to  conclude. 


57.9.2  we  can  find  a 
Set 
□ 


= TL\u  = Q- 


57.10.  Relative  approximation 


09NR  The  title  of  this  section  refers  to  the  following  result. 

09NS  Lemma  57.10.1.  Let  S be  a scheme.  Let  f : X —A  Y be  a morphism  of  algebraic 
spaces  over  S.  Assume  that 

(1)  X is  quasi-compact  and  quasi-separated,  and 

(2)  Y is  quasi-separated. 

Then  X = limJQ  is  a limit  of  a directed  system  of  algebraic  spaces  Xj  of  finite 
presentation  overY  with  affine  transition  morphisms  overY. 

Proof.  Since  |/|(|X|)  is  quasi-compact  we  may  replace  Y by  a quasi-compact  open 
subspace  whose  set  of  points  contains  |/|(|X|).  Hence  we  may  assume  Y is  quasi- 
compact as  well.  Write  X = lim  Xa  and  Y = lim  Yb  as  in  Proposition  |57.8.1[ 
i.e. , with  Xa  and  Yb  of  finite  type  over  Z and  with  affine  transition  morphisms. 
By  Proposition  |57.3.9|  we  find  that  for  each  b there  exists  an  a and  a morphism 
fa,b  ■ Xa  — A Yh  making  the  diagram 

X Y 

Y Y 

xa Yb 


commute.  Moreover  the  same  proposition  implies  that,  given  a second  triple 
(a',  b',  fa',b')i  there  exists  an  a"  > a'  such  that  the  compositions  Xa/>  — > Xa  — > Xb 
and  Xau  — > Xai  — > Xb>  -A  Xb  are  equal.  Consider  the  set  of  triples  (a,  b,  fa^) 
endowed  with  the  partial  ordering 

(a,  b,  fa,b)  > ( a',b',fa'y ) a > a',  b'  > b , and  fa^v  o hay  = gb>ib  o fa,b 

where  ha^a'  '■  Xa  — > Xa'  and  gb\b  '■  Yb>  — > Yb  are  the  transition  morphisms.  The 
remarks  above  show  that  this  system  is  directed.  It  follows  formally  from  the 
equalities  X = lim  Xa  and  Y = lim  Yb  that 


X = lim(a, b, fa,b)  Xa  Xfa  bXb  Y. 

where  the  limit  is  over  our  directed  system  above.  The  transition  morphisms  Xa  Xyb 
Y -a  Xaf  Xy,  Y are  affine  as  the  composition 


Xa  xYb  Y -a  Xa  x yb,  Y —x  Xa>  x Yb,  Y 

where  the  first  morphism  is  a closed  immersion  (by  Morphisms  of  Spaces,  Lemma 


54.4.5 ) and  the  second  is  a base  change  of  an  affine  morphism  (Morphisms  of  Spaces, 


Lemma  54.20.5)  and  the  composition  of  affine  morphisms  is  affine  (Morphisms  of 
Spaces,  Lemma  54.20.4).  The  morphisms  fa,b  are  of  finite  presentation  (Morphisms 
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of  Spaces,  Lemmas 


54.28.7 


and  54.28.9 ) and  hence  the  base  changes  Xa  x fa  btsb  S 


S are  of  finite  presentation  (Morphisms  of  Spaces,  Lemma  54.28.3 1. 


□ 


57.11.  Finite  type  closed  in  finite  presentation 

07SP  This  section  is  the  analogue  of  Limits,  Section [3L8J 

0870  Lemma  57.11.1.  Let  S be  a scheme.  Let  f : X Y be  an  affine  morphism 
of  algebraic  spaces  over  S.  If  Y quasi-compact  and  quasi-separated,  then  X is  a 
directed  limit  X = limXj  with  each  Xj  affine  and  of  finite  presentation  over  Y . 


Proof.  Consider  the  quasi-coherent  (Dy-module  A = f*Ox-  By  Lemma [57. 9.4| we 
can  write  A = colim  _4j  as  a directed  colimit  of  finitely  presented  CV-algebras  At. 
Set  Xj  = SpecY(Ai) : see  Morphisms  of  Spaces,  Definition 
X,- 


54.20.8 


Y is  affine  and  of  finite  presentation  and  X = limAj. 


By  construction 

□ 


09YA  Lemma  57.11.2.  Let  S be  a scheme.  Let  f : X Y be  an  integral  morphism 
of  algebraic  spaces  over  S.  Assume  Y quasi-compact  and  quasi-separated.  Then 
X can  be  written  as  a directed  limit  X = lim  Xj  where  X \ are  finite  and  of  finite 
presentation  over  Y . 


Proof.  Consider  the  finite  quasi-coherent  Oy-module  A = f*Ox-  By  Lemma 
|57.9.7|we  can  write  A = colim  Ai  as  a directed  colimit  of  finite  and  finitely  presented 
Oy-algebras  Ai.  Set  X,  = Spec  (.Ai),  see  Morphisms  of  Spaces,  Definition 
By  construction  Xj  -A  Y is  finite  and  of  finite  presentation  and  X = lim  Xf. 


54.20.8 
□ 


07VR  Lemma  57.11.3.  Let  S be  a scheme.  Let  f : X — ► Y be  a finite  morphism  of 
algebraic  spaces  over  S.  Assume  Y quasi-compact,  and  quasi-separated.  Then  X 
can  be  written  as  a directed  limit  X = lim  Xj  where  the  transition  maps  are  closed 
immersions  and  the  objects  Xj  are  finite  and  of  finite  presentation  over  Y . 


Proof.  Consider  the  finite  quasi-coherent  (Dy-module  A.  = f*Ox ■ By  Lemma 
|57.9.6|  we  can  write  A = colim  A.;,  as  a directed  colimit  of  finite  and  finitely  pre- 
sented CV-algebras  Ai  with  surjective  transition  maps.  Set  Xj  = Specv(Mj),  see 
Morphisms  of  Spaces,  Definition  |54.20.8|  By  construction  Xj  — ► Y is  finite  and  of 
finite  presentation,  the  transition  maps  are  closed  immersions,  and  X = limXj.  □ 

0A0U  Lemma  57.11.4.  Let  S be  a scheme.  Let  f : X — » Y be  a closed  immersion 
of  algebraic  spaces  over  S.  Assume  Y quasi-compact  and  quasi-separated.  Then 
X can  be  written  as  a directed  limit  X = limXj  where  the  transition  maps  are 
closed  immersions  and  the  morphisms  Xj  — ► Y are  closed  immersions  of  finite 
presentation. 


Proof.  Let  1 C Oy  be  the  quasi-coherent  sheaf  of  ideals  defining  X as  a closed 
subspace  of  Y . By  Lemma  57.9.2  we  can  write  T = colimlj  as  the  filtered  colimit 
of  its  finite  type  quasi-coherent  submodules.  Let  Xj  be  the  closed  subspace  of  X 
cut  out  by  Xj.  Then  Xj  — » Y is  a closed  immersion  of  finite  presentation,  and 
X = limXj.  Some  details  omitted.  □ 


0871  Lemma  57.11.5.  Let  S be  a scheme.  Let  f : X — >■  Y be  a morphism  of  algebraic 
spaces  over  S.  Assume 

(1)  / is  locally  of  finite  type  and  quasi-affine,  and 

(2)  Y is  quasi-compact  and  quasi-separated. 
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Then  there  exists  a morphism  of  finite  presentation  f : X'  — >•  Y and  a closed 
immersion  X — > X'  over  Y . 


Proof.  By  Morphisms  of  Spaces,  Lemma [54. 21. 6|  we  can  find  a factorization  X — > 
Z — > Y where  X — > Z is  a quasi-compact  open  immersion  and  Z — > Y is  affine. 
Write  Z = lim  Zi  with  Zi  affine  and  of  finite  presentation  over  Y (Lemma |57. 11.1 ). 
For  some  0 £ I we  can  find  a quasi-compact  open  Uq  C Zq  such  that  X is  isomorphic 
to  the  inverse  image  of  Uq  in  Z (Lemma|57.5.5 ).  Let  Ui  be  the  inverse  image  of  Uq 
in  Z^  so  U = lim[/j.  By  Lemma[57.5.10|we  see  that  X — > Ui  is  a closed  immersion 
for  some  i large  enough.  Setting  X'  = Ui  finishes  the  proof.  □ 


0872  Lemma  57.11.6.  Let  S be  a scheme.  Let  f : X — ► Y be  a morphism  of  algebraic 
spaces  over  S.  Assume: 

(1)  f is  of  locally  of  finite  type. 

(2)  X is  quasi-compact  and  quasi- separated , and 

(3)  Y is  quasi-compact  and  quasi-separated. 

Then  there  exists  a morphism  of  finite  presentation  f : X'  — > Y and  a closed 
immersion  X — > X'  of  algebraic  spaces  over  Y . 

Proof.  By  Proposition  |57.8.1|  we  can  write  X = lim^  Xi  with  Xi  quasi-separated 
of  finite  type  over  Z and  with  transition  morphisms  fa'  : Xi  — > Xp  affine.  Consider 
the  commutative  diagram 


X 


— >Xi 
v 

Spec(Z) 
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Note  that  Xi  is  of  finite  presentation  over  Spec(Z),  see  Morphisms  of  Spaces,  Lemma 
54.28.7  Hence  the  base  change  X,y  — > Y is  of  finite  presentation  by  Morphisms 
of  Spaces,  Lemma  54.28.3  Observe  that  lim  Xty  = X xY  and  that  X — ► X x Y is 

Xi  y is  a monomorphism 
Xi,  y is  locally  of  finite  type 


a monomorphism.  By  Lemma  57.5.10  we  see  that  X 
for  i large  enough.  Fix  such  an  i.  Note  that  X 


(Morphisms  of  Spaces,  Lemma  54.23.6)  and  a monomorphism,  hence  separated  and 
locally  quasi-finite  (Morphisms  of  Spaces,  Lemma  54.27.10).  Hence  X — > Xiy  is 
representable.  Hence  X — > Xiy  is  quasi-affine  because  we  can  use  the  principle 
Spaces,  Lemma|52.5.8|and  the  result  for  morphisms  of  schemes  More  on  Morphisms, 
Lemma  36.31.2  Thus  Lemma  57.11.5  gives  a factorization  X — ► X'  — ► Xl  Y with 
X — >•  X'  a closed  immersion  and  X'  — ► Xjy  of  finite  presentation.  Finally,  X'  — ► 
Y is  of  finite  presentation  as  a composition  of  morphisms  of  finite  presentation 
(Morphisms  of  Spaces,  Lemma  54.28.2).  □ 


Proposition  57.11.7.  Let  S be  a scheme,  f : X Y be  a morphism  of  algebraic 
spaces  over  S.  Assume 

(1)  / is  of  finite  type  and  separated,  and 

(2)  Y is  quasi-compact  and  quasi-separated. 

Then  there  exists  a separated  morphism  of  finite  presentation  fi  : X'  -A  Y and  a 
closed  immersion  X — > X'  over  Y . 


Proof.  By  Lemma  57.11.6  there  is  a closed  immersion  X — > Z with  Z/Y  of  finite 
presentation.  Let  1 C Oz  be  the  quasi-coherent  sheaf  of  ideals  defining  X as  a 
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closed  subscheme  of  Y.  By  Lemma  |57.9.2|  we  can  write  X as  a directed  colimit 
X = colimQgj4la  of  its  quasi-coherent  sheaves  of  ideals  of  finite  type.  Let  Xa  C Z 
be  the  closed  subspace  defined  by  Xa.  These  form  an  inverse  system  indexed  by  A. 
The  transition  morphisms  Xa  — > Xai  are  affine  because  they  are  closed  immersions. 
Each  Xa  is  quasi-compact  and  quasi-separated  since  it  is  a closed  subspace  of  Z and 
Z is  quasi-compact  and  quasi-separated  by  our  assumptions.  We  have  X = lima  Xa 
as  follows  directly  from  the  fact  that  X = colimag^Xa.  Each  of  the  morphisms 
Xa  — > Z is  of  finite  presentation,  see  Morphisms,  Lemma  |28.21.7|  Hence  the 
morphisms  Xa  — >•  Y are  of  finite  presentation.  Thus  it  suffices  to  show  that  Xa  — > Y 
is  separated  for  some  a £ A.  This  follows  from  Lemma  57.5.11  as  we  have  assumed 
that  X — > Y is  separated.  □ 


57.12.  Approximating  proper  morphisms 


OAOV 

OAOW 


Lemma  57.12.1.  Let  S be  a scheme.  Let  f : X -A  Y be  a proper  morphism 
of  algebraic  spaces  over  S with  Y quasi-compact  and  quasi-separated.  Then  X = 
limAj  with  X f — > Y proper  and  of  finite  presentation. 


Proof.  By  Proposition  57.11.7  we  can  find  a closed  immersion  A'  — > X'  with 


X'  separated  and  of  finite  presentation  over  Y.  By  Lemma  57.11.4  we  can  write 
X = lim  X,  with  Xi  — > X'  a closed  immersion  of  finite  presentation.  We  claim  that 
for  all  i large  enough  the  morphism  Xi  — > Y is  proper  which  finishes  the  proof. 


To  prove  this  we  may  assume  that  Y is  an  affine  scheme,  see  Morphisms  of  Spaces, 
Lemma [54. 39. 2|  Next,  we  use  the  weak  version  of  Chow’s  lemma,  see  Cohomology 
of  Spaces,  Lemma  [56. 17. 1[  to  find  a diagram 


Y 


where  X"  — ► P f is  an  immersion,  and  7r  : X"  — > X'  is  proper  and  surjective. 
Denote  X[  C A",  resp.  7t_1(A)  the  scheme  theoretic  inverse  image  of  X i C A', 
resp.  X C A'.  Then  limA(  = 7r_1(A).  Since  7t_1(A')  —>  Y is  proper  (Morphisms 
of  Spaces,  Lemmas  54.39.4),  we  see  that  7t_1(A)  — ► Py  is  a closed  immersion 
(Morphisms  of  Spaces,  Lemmas  54.39.6  and  54.12.3).  Hence  for  i large  enough  we 
find  that  A'  — ► P".  is  a closed  immersion  by  Lemma  57.5.14  Thus  A'  is  proper 
over  Y.  For  such  i the  morphism  A * — > Y is  proper  by  Morphisms  of  Spaces, 
Lemma  154.39.71  □ 


OAOX  Lemma  57.12.2.  Let  f : X -A  Y be  a proper  morphism  of  algebraic  spaces  over 
Z with  Y quasi-compact  and  quasi-separated.  Then  (A'  — > Y)  = lim(Aj  -A  with 
Yi  of  finite  presentation  over  Z and  Xi  — ► Yj  proper  and  of  finite  presentation. 


Proof.  By  Lemma[57.12.1|we  can  write  X = limfegA'  A/,  with  A&  —A  Y proper  and 
of  finite  presentation.  Next,  by  absolute  Noetherian  approximation  (Proposition 
57.8.1)  we  can  write  Y = lining jYj  with  Yj  of  finite  presentation  over  Z.  For 
each  k there  exists  a j and  a morphism  X^j  — > Yj  of  finite  presentation  with 
A j.  = Y x yj  Xk  ] as  algebraic  spaces  over  Y,  see  Lemma 
j we  may  assume  A k j — ► Yj 


is  proper,  see  Lemma  57.6.12 


57.7.1  After  increasing 
The  set  I will  be 
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08K2 


088K 

088L 


088M 


088N 


y-r 


For 

'Yi 


consist  of  these  pairs  (k,j)  and  the  corresponding  morphism  is  Xkj 
every  k'  > k we  can  find  a f > j and  a morphism  Xy^/  -A  Xj^  over  Yj 
whose  base  change  to  Y gives  the  morphism  X -A  X & (follows  again  from  Lemma 
These  morphisms  form  the  transition  morphisms  of  the  system.  Some 

□ 


57.7.1). 


details  omitted. 


Recall  the  scheme  theoretic  support  of  a finite  type  quasi-coherent  module,  see 
Morphisms  of  Spaces,  Definition |54. 15. 4| 


Lemma  57.12.3.  Assumptions  and  notation  as  in  Situation  57.6.1  Let  Fq  be  a 
quasi-coherent  Ox0-module.  Denote  J-  and  Ft  the  pullbacks  of  J-q  to  X and  X^. 
Assume 


(1)  /o  is  locally  of  finite  type, 

(2)  Fq  is  of  finite  type, 

(3)  the  scheme  theoretic  support  of  J-  is  proper  over  Y . 

Then  the  scheme  theoretic  support  of  Ft  is  proper  over  Yi  for  some  i. 


Proof.  We  may  replace  Xo  by  the  scheme  theoretic  support  of  Fq.  By  Morphisms 
of  Spaces,  Lemma  54.15.2|  this  guarantees  that  X,  is  the  support  of  Fi  and  X is 
the  support  of  F . Then,  if  Z C X denotes  the  scheme  theoretic  support  of  F, 
we  see  that  Z — > X is  a universal  homeomorphism.  We  conclude  that  X — > Y is 
proper  as  this  is  true  for  Z — > Y by  assumption,  see  Morphisms,  Lemma  [28.41.8| 
By  Lemma [57. 6. 12|  we  see  that  X,;  -A  Y is  proper  for  some  i.  Then  it  follows  that 
the  scheme  theoretic  support  Zi  of  F,  is  proper  over  Y by  Morphisms  of  Spaces, 
Lemmas  154. 39.51  and  154.39.41  □ 


57.13.  Embedding  into  affine  space 

Some  technical  lemmas  to  be  used  in  the  proof  of  Chow’s  lemma  later. 

Lemma  57.13.1.  Let  S be  a scheme.  Let  f : U -A  X be  a morphism  of  algebraic 
spaces  over  S.  Assume  U is  an  affine  scheme,  f is  locally  of  finite  type,  and  X 
quasi-separated  and  locally  separated.  Then  there  exists  an  immersion  U — > AJ 
over  X. 


Proof.  Say  U = Spec(A).  Write  A = colimAi  as  a filtered  colimit  of  finite  type 
Z-subalgebras.  For  each  i the  morphism  U —>  Ui  = Spec(Ai)  induces  a morphism 

U — >X  xUi 


over  X.  In  the  limit  the  morphism  U 


separated,  see  Morphisms  of  Spaces,  Lemma  |54.4.6 
that  U 


X x U is  an  immersion  as  X is  locally 
By  Lemma  57.5.10|  we  see 


X x Ui  is  an  immersion  for  some  i.  Since  Ui  is  isomorphic  to  a closed 


subscheme  of  AS  the  lemma  follows. 


□ 


Remark 

57.13.2.  We  have  seen  in  Examples,  Section 

88.22 

that  Lemma 

57.13.1 

does  not  hold  if  we  drop  the  assumption  that  X be  locally  separated.  This  raises 


the  question:  Does  Lemma  |57.13.1|  hold  if  we  drop  the  assumption  that  X be 
quasi-separated?  If  you  know  the  answer,  please  email  stacks.project@gmail.com. 

Lemma  57.13.3.  Let  S be  a scheme.  Let  f : Y -A  X be  a morphism  of  algebraic 
spaces  over  S.  Assume  X Noetherian  and  f of  finite  presentation.  Then  there 
exists  a dense  open  V C Y and  an  immersion  V -A-  A^.. 
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Proof.  The  assumptions  imply  that  Y is  Noetherian  (Morphisms  of  Spaces,  Lemma 


54.28.6 1.  Then  Y is  quasi-separated,  hence  has  a dense  open  subscheme  (Properties 
of  Spaces,  Proposition  53.12.3).  Thus  we  may  assume  that  Y is  a Noetherian 


scheme.  By  removing  intersections  of  irreducible  components  of  Y (use  Topology, 


Lemma  5.8.2  and  Properties,  Lemma  27.5.51  we  may  assume  that  Y is  a disjoint 


union  of  irreducible  Noetherian  schemes.  Since  there  is  an  immersion 


Ax  II  A£ 


max(n,m)  + l 


(details  omitted)  we  see  that  it  suffices  to  prove  the  result  in  case  Y is  irreducible. 

Assume  Y is  an  irreducible  scheme.  Let  T C |A'|  be  the  closure  of  the  image  of 
/ : Y —A  X.  Note  that  since  \Y\  and  X are  sober  topological  spaces  (Properties 
of  Spaces,  Lemma  53.14.1)  T is  irreducible  with  a unique  generic  point  £ which  is 
the  image  of  the  generic  point  r)  of  Y . Let  I C X be  a quasi-coherent  sheaf  of 
ideals  cutting  out  the  reduced  induced  space  structure  on  T (Properties  of  Spaces, 
Definition  53.11.6).  Since  Oy ,?j  is  an  Artinian  local  ring  we  see  that  for  some  n > 0 
we  have  'lnOytr]  = 0.  As  f~1TOy  is  a finite  type  quasi-coherent  ideal  we 
conclude  that  f~1InOv  = 0 for  some  nonempty  open  V C Y.  Let  Z C X be  the 
closed  subspace  cut  out  by  In.  By  construction  V — > Y — > X factors  through  Z. 
Because  A^  -A  A ^ is  an  immersion,  we  may  replace  X by  Z and  Y by  V . Hence 


we  reach  the  situation  where  Y and  X are  irreducible  and  Y 
point  of  Y onto  the  generic  point  of  X. 


X maps  the  generic 


Assume  Y and  X are  irreducible,  Y is  a scheme,  and  Y — > X maps  the  generic 
point  of  Y onto  the  generic  point  of  X.  By  Properties  of  Spaces,  Proposition|53.12.3| 
X has  a dense  open  subscheme  U C X.  Choose  a nonempty  affine  open  V C Y 
whose  image  in  X is  contained  in  U . By  Morphisms,  Lemma|28.39.2|we  may  factor 
V — > U as  V — A A 0 — A U.  Composing  with  A))  -A  A^-  we  obtain  the  desired 
immersion.  □ 


57.14.  Sections  with  support  in  a closed  subset 


0854 

0855 


This  section  is  the  analogue  of  Properties,  Section  [27.24 


Lemma  57.14.1.  Let  S be  a scheme.  Let  X be  a quasi-compact  and  quasi- 
separated  algebraic  space.  Let  U C X be  an  open  subspace.  The  following  are 
equivalent: 

(1)  U — A X is  quasi-compact , 

(2)  U is  quasi-compact,  and 

(3)  there  exists  a finite  type  quasi-coherent  sheaf  of  ideals  I C Oy  such  that 
|X|\|E7|  = |V(I)|. 


Proof.  Let  W be  an  affine  scheme  and  let  ip  : W -A  I be  a surjective  etale 
morphism,  see  Properties  of  Spaces,  Lemma  53.6.3  If  (1)  holds,  then  c /3_1(C/)  —A  W 
is  quasi-conrpact,  hence  <p-1(Z7)  is  quasi-compact,  hence  U is  quasi-compact  (as 
\p~l{U)\  —A  \U\  is  surjective).  If  (2)  holds,  then  ip~l(U)  is  quasi-compact  because  ip 
is  quasi-compact  since  X is  quasi-separated  (Morphisms  of  Spaces,  Lemma  54.8.9). 
Hence  <^_1(t/)  —A  VP  is  a quasi-compact  morphism  of  schemes  by  Properties,  Lemma 
27.24.1|  It  follows  that  U — > X is  quasi-conrpact  by  Morphisms  of  Spaces,  Lemma 
54.8.7  Thus  (1)  and  (2)  are  equivalent. 
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0856 


0857 


0858 


0859 


Assume  (1)  and  (2).  By  Properties  of  Spaces,  Lemma  53.11.4  there  exists  a unique 
quasi-coherent  sheaf  of  ideals  J cutting  out  the  reduced  induced  closed  subspace 
structure  on  |X|  \ \U\.  Note  that  J\u  = Ojj  which  is  an  Oy-modules  of  finite 
type.  As  U is  quasi-compact  it  follows  from  Lemma  57.9.2  that  there  exists  a 


quasi-coherent  subsheaf  I C J which  is  of  finite  type  and  has  the  property  that 
I\u  = J\u-  Then  \X\ \ \U\  = |V(J)|  and  we  obtain  (3).  Conversely,  if  I is  as  in  (3), 
then  C W is  a quasi-compact  open  by  the  lemma  for  schemes  (Properties, 

Lemma  27.24.1)  applied  to  ip~  1I  on  W.  Thus  (2)  holds.  □ 


Lemma  57.14.2.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
I C Ox  be  a quasi-coherent  sheaf  of  ideals.  Let  J7  be  a quasi-coherent  Ox -module. 
Consider  the  sheaf  of  O x -modules  J-'  which  associates  to  every  object  U of  X^.aie 
the  module 

F'{U)  = {s  € JF{U)  | Is  = 0} 


Assume  I is  of  finite  type.  Then 

(1)  T'  is  a quasi-coherent  sheaf  of  Ox -'modules, 

(2)  for  affine  U in  X^taie  we  have  X'{U)  = {s£  J~(U)  \ I(U)s  = 0},  and 

(3)  Px  = {s&  Tx\  Ixs  = 0}. 


Proof.  It  is  clear  that  the  rule  defining  J7'  gives  a subsheaf  of  J7.  Hence  we  may 
work  etale  locally  on  X to  verify  the  other  statements.  Thus  the  lemma  reduces  to 
the  case  of  schemes  which  is  Properties,  Lemma [2 7. 24. 2 1 □ 


Definition  57.14.3.  Let  S'  be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
I C Ox  be  a quasi-coherent  sheaf  of  ideals  of  finite  type.  Let  J7  be  a quasi-coherent 
Ox-module.  The  subsheaf  J7'  C J7  defined  in  Lemma  57.14.2  above  is  called  the 
subsheaf  of  sections  annihilated  by  I. 


Lemma  57.14.4.  Let  S be  a scheme.  Let  f : X Y be  a quasi-compact  and 
quasi- separated  morphism  of  algebraic  spaces  over  S.  Let  I C Oy  be  a quasi- 
coherent  sheaf  of  ideals  of  finite  type.  Let  J7  be  a quasi-coherent  Ox-module.  Let 
I'  C J7  be  the  subsheaf  of  sections  annihilated  by  f 1IOx-  Then  f^J7'  C f*J-  is 
the  subsheaf  of  sections  annihilated  by  I. 


Proof.  Omitted.  Hint:  The  assumption  that  / is  quasi-compact  and  quasi-separated 
implies  that  f*J-  is  quasi-coherent  (Morphisms  of  Spaces,  Lemma  54.11.2)  so  that 
Lemma  57.14.2  applies  to  I and  /*  J7 . □ 


Next  we  come  to  the  sheaf  of  sections  supported  in  a closed  subset.  Again  this  isn’t 
always  a quasi-coherent  sheaf,  but  if  the  complement  of  the  closed  is  “retrocompact” 
in  the  given  algebraic  space,  then  it  is. 

Lemma  57.14.5.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
T C \X\  be  a closed  subset  and  let  U C X be  the  open  subspace  such  that  TH  \ U\  = 
|X|.  Let  J7  be  a quasi-coherent  O x -module.  Consider  the  sheaf  of  O x -modules  J7' 
which  associates  to  every  object  ip  : W — > X of  X^taie  the  module 

F'{W)  = {s  £ I(W)  | the  support  of  s is  contained  in  |</?|~1(T)} 
IfU—>Xis  quasi- compact,  then 

(1)  for  W affine  there  exist  a finitely  generated  ideal  I C 0\(W)  such  that 
M ~1{T)  = V{I), 

(2)  forW  andl  as  in  (1)  we  have  J7'  (W)  = {x  € I{W)  \ Inx  = 0 for  some  n}, 
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085A 


085B 


07VQ 

07VS 


(3)  F'  is  a quasi- coherent  sheaf  of  Ox -'modules. 


Proof.  It  is  clear  that  the  rule  defining  F'  gives  a subsheaf  of  F.  Hence  we  may 
work  etale  locally  on  X to  verify  the  other  statements.  Thus  the  lemma  reduces  to 
the  case  of  schemes  which  is  Properties,  Lemma [27. 24. 5|  □ 


Definition  57.14.6.  Let  S'  be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
T C \X\  be  a closed  subset  whose  complement  corresponds  to  an  open  subspace 
U C X with  quasi-compact  inclusion  morphism  1/a1.  Let  F be  a quasi-coherent 
Ox-module.  The  quasi-coherent  subsheaf  F'  C F defined  in  Lemma  57.14.5  above 
is  called  the  subsheaf  of  sections  supported  on  T. 


Lemma  57.14.7.  Let  S be  a scheme.  Let  f : X — >■  Y be  a quasi-compact  and 
quasi-separated  morphism  of  algebraic  spaces  over  S.  Let  T C |Y|  be  a closed 
subset.  Assume  |Y|\T  corresponds  to  an  open  subspace  V C Y such  that  V -A  Y is 
quasi- compact.  Let  F be  a quasi-coherent  Ox-module.  Let  F'  C F be  the  subsheaf 
of  sections  supported  on  |/|”1T.  Then  f*F'  C f*F  is  the  subsheaf  of  sections 
supported  on  T. 


Proof.  Omitted.  Hints:  |X|  \ \f\~1T  is  the  support  of  the  open  subspace  U = 
f~xV  C X.  Since  V — > Y is  quasi-compact,  so  is  U -A  X (by  base  change). 
The  assumption  that  / is  quasi-compact  and  quasi-separated  implies  that  f*F  is 
quasi-coherent.  Hence  Lemma  57.14.5  applies  to  T and  f*F  as  well  as  to  \f\~1T 
and  F . The  equality  of  the  given  quasi-coherent  modules  is  immediate  from  the 
definitions.  □ 


57.15.  Characterizing  affine  spaces 

This  section  is  the  analogue  of  Limits,  Section  [31. 10[ 

Lemma  57.15.1.  Let  S be  a scheme.  Let  f : X Y be  a morphism  of  algebraic 
spaces  over  S.  Assume  that  f is  surjective  and  finite,  and  assume  that  X is  affine. 
Then  Y is  affine. 


Proof.  We  may  and  do  view  / : X — > Y as  a morphism  of  algebraic  space  over 
Spec(Z)  (see  Spaces,  Definition  52.16.2).  Note  that  a finite  morphism  is  affine 
and  universally  closed,  see  Morphisms  of  Spaces,  Lemma  [54.43.7  By  Morphisms 
of  Spaces,  Lemma  |54.9.8|  we  see  that  Y is  a separated  algebraic  space.  As  / is 
surjective  and  X is  quasi-compact  we  see  that  Y is  quasi-compact. 

By  Lemma  57.11. 3|  we  can  write  X = lim  Xa  with  each  Xa  — > Y finite  and  of 
finite  presentation.  By  Lemma  [57.5.8|  we  see  that  Xa  is  affine  for  a large  enough. 
Hence  we  may  and  do  assume  that  / : X — > Y is  finite,  surjective,  and  of  finite 
presentation. 

By  Proposition  |57.8.1|  we  may  write  Y = lim  Y as  a directed  limit  of  algebraic 
spaces  of  finite  presentation  over  Z.  By  Lemma  |57.7.1|  we  can  find  0 £ I and  a 
morphism  Xq  — > Yq  of  finite  presentation  such  that  X,  = Xq  Xy0  Yj  for  * > 0 and 
such  that  X = lim,;  Xi.  By  Lemma  57.6.6  we  see  that  X,  — > 1)  is  finite  for  i large 
enough.  By  Lemma  57.6.3  we  see  that  A,;  — ► Yi  is  surjective  for  i large  enough.  By 
Lemma [57.5.8|  we  see  that  X,  is  affine  for  i large  enough.  Hence  for  i large  enough 
we  can  apply  Cohomology  of  Spaces,  Lemma  [56. 16. 1|  to  conclude  that  Y%  is  affine. 
This  implies  that  Y is  affine  and  we  conclude.  □ 
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07VT  Proposition  57.15.2.  Let  S be  a scheme.  Let  f : X -A  Y be  a morphism  of 
algebraic  spaces  over  S.  Assume  that  f is  surjective  and  integral,  and  assume  that 
X is  affine.  Then  Y is  affine. 


Proof.  We  may  and  do  view  / : X — > Y as  a morphism  of  algebraic  space  over 
Spec(Z)  (see  Spaces,  Definition  52.16.2 1.  Note  that  integral  morphisms  are  affine 
and  universally  closed,  see  Morphisms  of  Spaces,  Lemma  [54.43.7  By  Morphisms 
of  Spaces,  Lemma  54.9.8  we  see  that  Y is  a separated  algebraic  space.  As  / is 
surjective  and  X is  quasi-compact  we  see  that  Y is  quasi-compact. 


Consider  the  sheaf  A = f*Ox ■ This  is  a quasi-coherent  sheaf  of  CV-algebras,  see 
Morphisms  of  Spaces,  Lemma|54.11.2|  By  Lemma[57.9.1|we  can  write  A = colinq  Tj 
as  a filtered  colimit  of  finite  type  CV-rriodules.  Let  A,  C A be  the  Oy-subalgebra 
generated  by  T,..  Since  the  map  of  algebras  Oy  — > A is  integral,  we  see  that  each 
Ai  is  a finite  quasi-coherent  CV-algebra.  Hence 


Xi  = Specy(A)  — t Y 

is  a finite  morphism  of  algebraic  spaces.  (Insert  future  reference  to  Spec  construc- 


tion for  algebraic  spaces  here.)  It  is  clear  that  X = lim,:  Xt.  Hence  by  Lemma  57.5.8 


we  see  that  for  i sufficiently  large  the  scheme  Xi  is  affine.  Moreover,  since  X — y Y 
factors  through  each  X,  we  see  that  Xi  — > Y is  surjective.  Hence  we  conclude  that 
Y is  affine  by  Lemma  [57. 15.1  □ 


The  following  corollary  of  the  result  above  can  be  found  in  ICLOI  2j. 

07VU  Lemma  57.15.3.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  If  Xred  ICLOI  21  3.1.12] 
is  a scheme,  then  X is  a scheme. 


Proof.  Let  U'  C Xred  be  an  open  affine  subscheme.  Let  U C X be  the  open 
subspace  corresponding  to  the  open  \U'\  C |Xre(j|  = |X|.  Then  U'  — > U is  surjective 
and  integral.  Hence  U is  affine  by  Proposition|57.15~2l  Thus  every  point  is  contained 
in  an  open  subscheme  of  X , i.e. , X is  a scheme.  □ 


07VV  Lemma  57.15.4.  Let  S be  a scheme.  Let  f : X -A  Y be  a morphism  of  algebraic 
spaces  over  S.  Assume  f is  integral  and  induces  a bijection  |A'|  — > |Y|.  Then  X is 
a scheme  if  and  only  ifY  is  a scheme. 

Proof.  An  integral  morphism  is  representable  by  definition,  hence  if  Y is  a scheme, 
so  is  X.  Conversely,  assume  that  X is  a scheme.  Let  U C X be  an  affine  open.  An 
integral  morphism  is  closed  and  |/|  is  bijective,  hence  |/|(|t/|)  C |Y|  is  open  as  the 
complement  of  |/|(|A|  \ |Z7|).  Let  V CY  be  the  open  subspace  with  |P|  = |/|(|C/|), 
see  Properties  of  Spaces,  Lemma  [53.4.8[  Then  U — > V is  integral  and  surjective, 
hence  V is  an  affine  scheme  by  Proposition  |57.15?2|  This  concludes  the  proof.  □ 

08B2  Lemma  57.15.5.  Let  S be  a scheme.  Let  f : X — »•  B and  B'  — ► B be  morphisms 
of  algebraic  spaces  over  S.  Assume 

(1)  B'  — » B is  a closed  immersion, 

(2)  \B'\  — > \B\  is  bijective, 

(3)  X x jd  Br  — ^ B'  is  a closed  immersion,  and 

(4)  X — > B is  of  finite  type  or  B'  — * B is  of  finite  presentation. 

Then  f : X — ► B is  a closed  immersion. 
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Proof.  Assumptions  (1)  and  (2)  imply  that  Bred  = B'red.  Set  X'  = X x bB' . Then 
X'  — > X is  closed  immersion  and  X'red  = Xred.  Let  U -A  B be  an  etale  morphism 
with  U affine.  Then  X'  Xb  U — > X XbU  is  a,  closed  immersion  of  algebraic  spaces 
inducing  an  isomorphism  on  underlying  reduced  spaces.  Since  X'  x b U is  a scheme 
(as  B'  — » B and  X'  -A  B'  are  representable)  so  is  X Xb  U by  Lemma  57.15.3 
Hence  X — ► B is  representable  too.  Thus  we  reduce  to  the  case  of  schemes,  see 
Morphisms,  Lemma  [28.44. 5|  □ 


57.16.  Finite  cover  by  a scheme 


OACX  As  an  application  of  Zariski’s  main  theorem  and  the  limit  results  of  this  chapter,  we 
prove  that  given  any  quasi-compact  and  quasi-separated  algebraic  space  X , there 
is  a scheme  Y and  a surjective,  finite  morphism  Y — > X.  The  following  lemma  will 
be  obsoleted  by  the  full  result  later  on. 

09YB  Lemma  57.16.1.  Let  S be  a scheme.  Let  X be  a quasi-compact  and  quasi- 
separated  algebraic  space  over  S. 

(1)  There  exists  a surjective  integral  morphism  Y — ► X where  Y is  a scheme, 

(2)  given  a surjective  etale  morphism  U -A  X we  may  choose  Y — ► X such 
that  for  every  y £ Y there  is  an  open  neighbourhood  V C Y such  that 
V — > X factors  through  U . 


Proof.  Part  (1)  is  the  special  case  of  part  (2)  where  U = X.  Choose  a surjective 
etale  morphism  U'  U where  U'  is  a scheme.  It  is  clear  that  we  may  replace  U 
by  U1  and  hence  we  may  assume  U is  a scheme.  Since  X is  quasi-compact,  there 
exist  finitely  many  affine  opens  Uj  C U such  that  U'  = ]Q  [7*  — > X is  surjective. 
After  replacing  U by  U'  again,  we  see  that  we  may  assume  U is  affine.  Since  X 
is  quasi-separated,  hence  reasonable,  there  exists  an  integer  d bounding  the  degree 
of  the  geometric  fibres  of  U — > X (see  Decent  Spaces,  Lemma  55.5.1).  We  will 
prove  the  lemma  by  induction  on  d for  all  quasi-compact  and  separated  schemes  U 
mapping  surjective  and  etale  onto  X.  If  d = 1,  then  U = X and  the  result  holds 
with  Y = U . Assume  d > 1. 


We  apply  Morphisms  of  Spaces,  Lemma  [54.49.2|  and  we  obtain  a factorization 


U : 


X 


with  7r  integral  and  j a quasi-compact  open  immersion.  We  may  and  do  assume 
that  j(U)  is  scheme  theoretically  dense  in  Y . Note  that 

U xx  Y = UUW 

where  the  first  summand  is  the  image  of  U — > UxxY  (which  is  closed  by  Morphisms 
of  Spaces,  Lemma  |54.4.6|  and  open  because  it  is  etale  as  a morphism  between 
algebraic  spaces  etale  over  Y)  and  the  second  summand  is  the  (open  and  closed) 
complement.  The  image  V C Y of  IT  is  an  open  subspace  containing  Y\U. 

The  etale  morphism  W — ► Y has  geometric  fibres  of  cardinality  < d.  Namely,  this 
is  clear  for  geometric  points  of  U C Y by  inspection.  Since  \U\  C |Vj  is  dense,  it 
holds  for  all  geometric  points  of  Y for  example  by  Decent  Spaces,  Lemma  |55.8.1| 
(the  degree  of  the  fibres  of  a quasi-compact  etale  morphism  does  not  go  up  under 
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specialization) . Thus  we  may  apply  the  induction  hypothesis  to  W — t V and  find  a 
surjective  integral  morphism  Z —>  V with  Z a scheme,  which  Zariski  locally  factors 
through  W.  Choose  a factorization  Z — ► Z'  —tY  with  Z'  — >■  Y integral  and  Z — > Z' 
open  immersion  (Morphisms  of  Spaces,  Lemma  54.49.2).  After  replacing  Z'  by  the 
scheme  theoretic  closure  of  Z in  Z'  we  may  assume  that  Z is  scheme  theoretically 
dense  in  Z’ . After  doing  this  we  have  Z’  Xy  V = Z.  Finally,  let  T C Y be  the 
induced  closed  subspace  structure  on  Y\V.  Consider  the  morphism 

Z'UT  — >X 


This  is  a surjective  integral  morphism  by  construction.  Since  T C U it  is  clear  that 
the  morphism  T — ► X factors  through  U.  On  the  other  hand,  let  z £ Z'  be  a point. 
\i  z qL  Z,  then  z maps  to  a point  of  Y \ V C U and  we  find  a neighbourhood  of  z on 
which  the  morphism  factors  through  U . li  z € Z,  then  we  have  a neighbourhood 
V C Z which  factors  through  W C U Xx  Y and  hence  through  U . □ 

09YC  Proposition  57.16.2.  Let  S be  a scheme.  Let  X be  a quasi-compact  and  quasi- 
separated  algebraic  space  over  S. 

(1)  There  exists  a surjective  finite  morphism  Y — > X of  finite  presentation 
where  Y is  a scheme, 

(2)  given  a surjective  etale  morphism  U — > X we  may  choose  Y — > X such 
that  for  every  y £ Y there  is  an  open  neighbourhood  V C Y such  that 
V — > X factors  through  U . 


Proof.  Part  (1)  is  the  special  case  of  (2)  with  U = X.  Let  Y — > X be  as  in  Lemma 
Choose  a finite  affine  open  covering  Y = [J  Vj  such  that  Vj  — t X factors 


57.16.1 


through  U.  We  can  write  Y = lim  Y,  with  1)  — » X finite  and  of  finite  presentation, 
see  Lemma  57.11.2|  For  large  enough  i the  algebraic  space  Yj  is  a scheme,  see 
Lemma  57.5.9  For  large  enough  i we  can  find  affine  opens  Vh3  C Yt  whose  inverse 
image  in  Y recovers  Vj,  see  Lemma  57.5.5  For  even  larger  i the  morphisms  Vj 
over  X come  from  morphisms  Vjj 
the  proof. 


U over  X,  see  Proposition  57.3.9 


U 

This  finishes 

□ 


57.17.  Obtaining  schemes 

0B7X  A few  more  techniques  to  show  an  algebraic  space  is  a scheme.  The  first  is  that  we 
can  show  there  is  a minimal  closed  subspace  which  is  not  a scheme. 

0B7Y  Lemma  57.17.1.  Let  S be  a scheme.  Let  X be  a quasi-compact  and  quasi- 
separated  algebraic  space  over  S.  If  X is  not  a scheme,  then  there  exists  a closed 
subspace  Z C X such  that  Z is  not  a scheme,  but  every  proper  closed  subspace 
Z'  C Z is  a scheme. 


Proof.  We  prove  this  by  Zorn’s  lemma.  Let  Z be  the  set  of  closed  subspaces  Z 
which  are  not  schemes  ordered  by  inclusion.  By  assumption  Z contains  X , hence  is 
nonempty.  If  Za  is  a totally  ordered  subset  of  Z , then  Z = f)  Za  is  in  Z.  Namely, 


Z = lim  Za 

and  the  transition  morphisms  are  affine.  Thus  we  may  apply  Lemma  57.5.9  to  see 
that  if  Z were  a scheme,  then  so  would  one  of  the  Za.  (This  works  even  if  Z = 0, 
but  note  that  by  Lemma  57.5.3  this  cannot  happen.)  Thus  Z has  minimal  elements 
by  Zorn’s  lemma.  □ 
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0B80 


Now  we  can  prove  a little  bit  about  these  minimal  non-schemes. 

Lemma  57.17.2.  Let  S be  a scheme.  Let  X be  a quasi-compact  and  quasi- 
separated  algebraic  space  over  S.  Assume  that  every  proper  closed  subspace  Z C X 
is  a scheme,  but  X is  not  a scheme.  Then  X is  reduced  and  irreducible. 


Proof.  We  see  that  X is  reduced  by  Lemma  [57. 15. 3[  Choose  closed  subsets  Ti  C 
| A|  and  T2  C |Aj  such  that  \X\  = T\  U T2.  If  Ti  and  T2  are  proper  closed  subsets, 
then  the  corresponding  reduced  induced  closed  subspaces  Zi,Z2  C X (Properties 
of  Spaces,  Definition  53.11.6)  are  schemes  and  so  is  Z = Z\  Z2  = Zi  D Z2  as  a 
closed  subscheme  of  either  Z\  or  Z2.  Observe  that  the  coproduct  Z\  Uz  Z2  exists 
in  the  category  of  schemes,  see  More  on  Morphisms,  Lemma  [36.11.2  One  way  to 
proceed,  is  to  show  that  Z\  Hz  Z2  is  isomorphic  to  X,  but  we  cannot  use  this  here 
as  the  material  on  pushouts  of  algebraic  spaces  comes  later  in  the  theory.  Instead 
we  will  use  Lemma|57.15.1|to  find  an  affine  neighbourhood  of  every  point.  Namely, 
let  x £ |A|.  If  x fL  Z\,  then  x has  a neighbourhood  which  is  a scheme,  namely, 
X \ Z\.  Similarly  if  x fL  Z2.  If  x £ Z = Z\  0 Z2,  then  we  choose  an  affine  open 
U C Zi  Hz  Z2  containing  z.  Then  U\  = Z\  D U and  U2  = Z2  0 U are  affine  opens 
whose  intersections  with  Z agree.  Since  \Z-t  = Tj  and  \Z2\  =T2  are  closed  subsets 
of  | A | which  intersect  in  \Z\,  we  find  an  open  W C |A|  with  W fl  Ti  = \U\\  and 
WC\T2  = \U2\.  Let  W denote  the  corresponding  open  subspace  of  A.  Then  x £ \W\ 
and  the  morphism  U\  H U2  — > W is  a surjective  finite  morphism  whose  source  is  an 
affine  scheme.  Thus  W is  an  affine  scheme  by  Lemma [57. 15.1  □ 


A key  point  in  the  following  lemma  is  that  we  only  need  to  check  the  condition  in 
the  images  of  points  of  A. 

Lemma  57.17.3.  Let  f : X —X  S be  a quasi-compact  and  quasi-separated  mor- 
phism from  an  algebraic  space  to  a scheme  S.  If  for  every  x £ |A|  with  image 
s = /( x)  £ S the  algebraic  space  X Xj Spec(0s,s)  is  a scheme,  then  X is  a scheme. 


Proof.  Let  x € |A|.  It  suffices  to  find  an  open  neighbourhood  U of  s = f(x) 
such  that  A xg  U is  a scheme.  As  A Xg  Spec(OsjS)  is  a scheme,  then,  since 
Os,s  = coffin  Os(U)  where  the  colimit  is  over  affine  open  neighbourhoods  of  s in  S 
we  see  that 

A'  xg  Spec(0gjS)  = limA  Xg  U 

By  Lemma  |57.5.9|  we  see  that  A x g 17  is  a scheme  for  some  U.  □ 

Instead  of  restricting  to  local  rings  as  in  Lemma  |57.17.3[  we  can  restrict  to  closed 
subschemes  of  the  base. 


0B81  Lemma  57.17.4.  Let  p : A — x Spec(A)  be  a quasi-compact  and  quasi-separated 
morphism  from  an  algebraic  space  to  an  affine  scheme.  If  X is  not  a scheme,  then 
there  exists  an  ideal  I C A such  that  the  base  change  X^/i  is  not  a scheme,  but  for 
every  I C I' , I ^ I'  the  base  change  X j\/i>  is  a scheme. 


Proof.  We  prove  this  by  Zorn’s  lemma.  Let  I be  the  set  of  ideals  I such  that  XAjj 
is  not  a scheme.  By  assumption  I contains  (0).  If  Ia  is  a chain  of  ideals  in  X,  then 
I = (J  Ia  is  in  X.  Namely,  A/I  = coffin  A/Ia,  hence 


57.5.9 


Xa/i  — li  mXA/ia 

to  see  that  if  A A/i  were  a scheme,  then  so  would 

□ 


Thus  we  may  apply  Lemma 
be  one  of  the  A A/ia-  Thus  X has  maximal  elements  by  Zorn’s  lemma. 
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57.18.  Application  to  modifications 

OBGX  Using  limits  we  can  describe  the  category  of  modifications  of  a decent  algebraic 
space  over  a closed  point  in  terms  of  the  henselian  local  ring. 

OBGY  Lemma  57.18.1.  Let  S be  a scheme.  Consider  a separated  etale  morphism  f : 

V — X W of  algebraic  spaces  over  S.  Assume  there  exists  a closed  subspace  T C W 
such  that  f_1T  — x T is  an  isomorphism.  Then,  with  W°  = W\T  and  V°  = f~1W° 
the  base  change  functor 

( g : X — x W morphism  of  algebraic  spaces'!  J h :Y  — X V morphism  of  algebraic  spaces 

1 g~l{W°)  — x W°  is  an  isomorphism  J 1 h^ifV0)  — X V°  is  an  isomorphism 

is  an  equivalence  of  categories. 

Proof.  Since  V — X W is  separated  we  see  that  V V = A(U)  II  U for  some 
open  and  closed  subspace  U of  V By  the  assumption  that  /_1T  — x T is  an 

isomorphism  we  see  that  U X-w  T = 0,  i.e.,  the  two  projections  U — X V maps  into 
V°. 


Given  h : Y — x V in  the  right  hand  category,  consider  the  contravariant  functor  X 
on  (Sch/S)fppf  defined  by  the  rule 

X(T)  = {(u>,  y)  | w : T — > W,  y :T  xw,w  V — > Y morphism  over  V} 

Denote  g : X —>■  W the  map  sending  (w,y)  G X(T)  to  w € W(T).  Since  /i-1U°  — x 
V°  is  an  isomorphism,  we  see  that  if  w : T — X W maps  into  W°,  then  there  is  a 
unique  choice  for  h.  In  other  words  X xg^w  W°  = W°.  On  the  other  hand,  consider 
a T- valued  point  (w,  y,  v)  of  X xSivy/  V.  Then  w = / o v and 

y : T Xfov^w  V — X V 

is  a morphism  over  V . Consider  the  morphism 

T x foVtW  V ^’■dv\  V xwV  = VUU 

The  inverse  image  of  V is  T embedded  via  (idr,u)  : T — x T Xfov,w  V.  The 
composition  y'  = y o (idy,!;)  : T — X Y is  a morphism  with  v = hoy'  which 
determines  y because  the  restriction  of  y to  the  other  part  is  uniquely  determined 
as  U maps  into  V°  by  the  second  projection.  It  follows  that  X xg>wj  V — X Y, 
(■ w,y,v ) i— x y'  is  an  isomorphism. 


Thus  if  we  can  show  that  X is  an  algebraic  space,  then  we  are  done.  Since  V — X W 


is  separated  and  etale  it  is  representable  by  Morphisms  of  Spaces,  Lemma  54.48.1 


(and  Morphisms  of  Spaces,  Lemma  54.38.5 1.  Of  course  W°  — X W is  representable 
and  etale  as  it  is  an  open  immersion.  Thus 

W°  II Y = X x9tW  W°UX  xgtWj  V = X x g W (W°  II  V)  — x X 

is  representable,  surjective,  and  etale  by  Spaces,  Lemmas  |52.3.3|  and  |52.5.5|  Thus 
X is  an  algebraic  space  by  Spaces,  Lemma  [52. 11. 2|  □ 


57.18.1 


Let  g : X 


OBGZ  Lemma  57.18.2.  Notation  and  assumptions  as  in  Lemma 

W correspond  to  h : Y — x V via  the  equivalence.  Then  g is  quasi-compact,  quasi- 
separated,  separated,  locally  of  finite  presentation,  of  finite  presentation,  locally  of 
finite  type,  of  finite  type,  proper,  integral,  finite,  and  add  more  here  if  and  only  if 
h is  so. 
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Proof.  If  g is  quasi-compact,  quasi-separated,  separated,  locally  of  finite  presen- 
tation, of  finite  presentation,  locally  of  finite  type,  of  finite  type,  proper,  finite,  so 
is  h as  a base  change  of  g by  Morphisms  of  Spaces,  Lemmas |54.8.3[  |54.4.4[  |54.28.3[ 
54.23.3  54. 39. 3[  [54.43. 5|  Conversely,  let  P be  a property  of  morphisms  of  algebraic 


spaces  which  is  etale  local  on  the  base  and  which  holds  for  the  identity  morphism 
of  any  algebraic  space.  Since  {IP0  — > W,  V — > IP}  is  an  etale  covering,  to  prove 
that  g has  P it  suffices  to  show  that  h has  P.  Thus  we  conclude  using  Morphisms 
of  Spaces,  Lemmas  |54.8.7[  |54.4.12[  |54.28.4[  |54.23.4[  |54.39.2[  |54.43.3|  □ 

OBHO  Lemma  57.18.3.  Let  S be  a scheme.  Let  X be  a decent  algebraic  space  over  S . 
Let  x £ \X\  be  a closed  point  such  that  U = X \ {i}  — > X is  quasi- compact.  With 
V = Spec(0_Y  x)  \ {m£}  & ase  change  functor 

f : Y — ► X of  finite  presentation\  k f g :Y  — > Spec(0^-  x)  of  finite  presentation 


f 1{U)  —tU  is  an  isomorphism J 
is  an  equivalence  of  categories. 


g 1(P)  — ► V is  an  isomorphism 


Proof.  Let  a : (IP,  w)  — > ( X , x)  be  an  elementary  etale  neighbourhood  of  x with 
IP  affine  as  in  Decent  Spaces,  Lemma  [55. 10.2[  Since  a;  is  a closed  point  of  X and 
w is  the  unique  point  of  IP  lying  over  x,  we  see  that  w is  a closed  point  of  IP. 
Since  a is  etale  and  identifies  residue  fields  at  x and  w,  it  follows  that  a induces 
an  isomorphism  a~xx  — > x (as  closed  subspaces  of  X and  IP).  Thus  we  may  apply 
Lemma  57.18.1  and  57.18.2|to  reduce  the  problem  to  the  case  where  X is  an  affine 
scheme. 

Assume  X is  an  affine  scheme.  Recall  that  0\  is  the  colimit  of  T(U,  Ojj)  over 
affine  elementary  etale  neighbourhoods  (U,u)  —>■  (X,x).  Recall  that  the  category 
of  these  neighbourhoods  is  cofiltered,  see  Decent  Spaces,  Lemma  |55.10.4|  or  More 
on  Morphisms,  Lemma 


36.27.4 


Then  Spec(C,YX)  = lim  U and  V = lim  U\  {u} 
(Lemma  57.4.1 ) where  the  limits  are  taken  over  the  same  category.  Thus  by  Lemma 


57.7.1  The  category  on  the  right  is  the  colimit  of  the  categories  for  the  pairs  (U,  u ). 


And  by  the  material  in  the  first  paragraph,  each  of  these  categories  is  equivalent  to 
the  category  for  the  pair  (X,x).  This  finishes  the  proof.  □ 
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Divisors  on  Algebraic  Spaces 


58.1.  Introduction 

In  this  chapter  we  study  divisors  on  algebraic  spaces  and  related  topics.  A basic 
reference  for  algebraic  spaces  is  [Knn71j. 


58.2.  Effective  Cartier  divisors 


For  some  reason  it  seem  convenient  to  define  the  notion  of  an  effective  Cartier 


divisor  before  anything  else.  Note  that  in  Morphisms  of  Spaces,  Section  54.13 


we 


discussed  the  correspondence  between  closed  subspaces  and  quasi-coherent  sheaves 
of  ideals.  Moreover,  in  Properties  of  Spaces,  Section [53. 29[  we  discussed  properties 
of  quasi-coherent  modules,  in  particular  “locally  generated  by  1 element”.  These 
references  show  that  the  following  definition  is  compatible  with  the  definition  for 
schemes. 


58.2.1.  Let  S'  be  a scheme.  Let  X be  an  algebraic  space  over  S. 
locally  principal  closed  subspace  of  X is  a closed  subspace  whose  sheaf 
ideals  is  locally  generated  by  1 element. 

(2)  An  effective  Cartier  divisor  on  X is  a closed  subspace  D C X such  that 
the  ideal  sheaf  Id  C Ox  is  an  invertible  C^-module. 


Definition 

(1)  A 
of 


Thus  an  effective  Cartier  divisor  is  a locally  principal  closed  subspace,  but  the 
converse  is  not  always  true.  Effective  Cartier  divisors  are  closed  subspaces  of  pure 
codimension  1 in  the  strongest  possible  sense.  Namely  they  are  locally  cut  out  by 
a single  element  which  is  not  a zerodivisor.  In  particular  they  are  nowhere  dense. 

Lemma  58.2.2.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let 
D C X be  a closed  subspace.  The  following  are  equivalent: 

(1)  The  subspace  D is  an  effective  Cartier  divisor  on  X . 

(2)  For  some  scheme  U and  surjective  Stale  morphism  U — > X the  inverse 
image  D Xx  U is  an  effective  Cartier  divisor  on  U. 

(3)  For  every  scheme  U and  every  Stale  morphism  U — > X the  inverse  image 
D Xx  U is  an  effective  Cartier  divisor  on  U. 

(4)  For  every  x £ |D|  there  exists  an  Stale  morphism  (U,u)  — » {X,x)  of 
pointed  algebraic  spaces  such  that  U = Spec(A)  and  Dx xU  = Spec(A/ (/)) 
with  f £ A not  a zerodivisor. 


Proof.  The  equivalence  of  (1)  - (3)  follows  from  Definition  58.2.1|and  the  references 
preceding  it.  Assume  (1)  and  let  x £ \D\.  Choose  a scheme  W and  a surjective 
etale  morphism  W — > X.  Choose  w £ D xxW  mapping  to  £.  By  (3)  D xx  W is  an 
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083D 


083S 


083T 


083U 


083V 


083W 


effective  Cartier  divisor  on  W.  Hence  we  can  find  affine  etale  neighbourhood  U by 
choosing  an  affine  open  neighbourhood  of  w in  W as  in  Divisors,  Lemma  |30.11.2| 


Assume  (4).  Then  we  see  that  Id\u  is  invertible  by  Divisors,  Lemma  30.11.2  Since 
we  can  find  an  etale  covering  of  A'  by  the  collection  of  all  such  U and  X \ D,  we 
conclude  that  Id  is  an  invertible  Ox-module.  □ 


Lemma  58.2.3.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let 
Z C X be  a locally  principal  closed  subspace.  Let  U = X \ Z.  Then  U — ► X is  an 
affine  morphism. 


Proof.  The  question  is  etale  local  on  A,  see  Morphisms  of  Spaces,  Lemmas|54.20.3| 
and  Lemma  58.2.2|  Thus  this  follows  from  the  case  of  schemes  which  is  Divisors, 
Lemma  130.11.31  □ 


Lemma  58.2.4.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let 
D C X be  an  effective  Cartier  divisor.  Let  U = X \ D.  Then  U -A  X is  an  affine 
morphism  and  U is  scheme  theoretically  dense  in  A. 


Proof.  Affineness  is  Lemma  |58.2.3  The  density  question  is  etale  local  on  X by 
Morphisms  of  Spaces,  Definition  54.17.3  Thus  this  follows  from  the  case  of  schemes 
which  is  Divisors,  Lemma  30.11.4  □ 


Lemma  58.2.5.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let 
D C X be  an  effective  Cartier  divisor.  Let  x £ |D|.  If  dim2,(A')  < oo,  then 
dimx(.D)  < dimx(A’). 


Proof.  Both  the  definition  of  an  effective  Cartier  divisor  and  of  the  dimension  of 
an  an  algebraic  space  at  a point  (Properties  of  Spaces,  Definition  53.8.1)  are  etale 
local.  Hence  this  lemma  follows  from  the  case  of  schemes  which  is  Divisors,  Lemma 
130.11.51  □ 


Definition  58.2.6.  Let  S'  be  a scheme.  Let  A'  be  an  algebraic  space  over  S.  Given 
effective  Cartier  divisors  D\ , Z?2  on  X we  set  D = D\  + D2  equal  to  the  closed 
subspace  of  A corresponding  to  the  quasi-coherent  sheaf  of  ideals  Id^Id?  C Os- 
We  call  this  the  sum  of  the  effective  Cartier  divisors  D\  and  D2. 


It  is  clear  that  we  may  define  the  sum  ni  Dt  given  finitely  many  effective  Cartier 
divisors  Di  on  X and  nonnegative  integers  n*. 

Lemma  58.2.7.  The  sum  of  two  effective  Cartier  divisors  is  an  effective  Cartier 
divisor. 


Proof.  Omitted.  Etale  locally  this  reduces  to  the  following  simple  algebra  fact:  if 
/1J2  € 4 are  nonzerodivisors  of  a ring  A,  then  /1/2  £ A is  a nonzerodi visor.  □ 

Lemma  58.2.8.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let 
Z , Y be  two  closed  subspaces  of  X with  ideal  sheaves  I and  J . If  IJ  defines  an 
effective  Cartier  divisor  D C A,  then  Z and  Y are  effective  Cartier  divisors  and 
D = Z + Y. 


Proof.  By  Lemma  58.2.2  this  reduces  to  the  case  of  schemes  which  is  Divisors, 
Lemma  130.11.91  □ 


Recall  that  we  have  defined  the  inverse  image  of  a closed  subspace  under  any  mor- 
phism of  algebraic  spaces  in  Morphisms  of  Spaces,  Definition |54. 13. 2| 
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083X  Lemma  58.2.9.  Let  S be  a scheme.  Let  f : X'  -A  X be  a morphism  of  algebraic 
spaces  over  S.  Let  2cl  be  a locally  principal  closed  subspace.  Then  the  inverse 
image  f~x{Z)  is  a locally  principal  closed  subspace  of  X' . 

Proof.  Omitted.  □ 

083Y  Definition  58.2.10.  Let  S be  a scheme.  Let  / : X'  — ► X be  a morphism  of 
algebraic  spaces  over  S.  Let  D C X be  an  effective  Cartier  divisor.  We  say  the 
pullback  of  D by  f is  defined  if  the  closed  subspace  f~1(D)  C X'  is  an  effective 
Cartier  divisor.  In  this  case  we  denote  it  either  f*D  or  f~1(D)  and  we  call  it  the 
pullback  of  the  effective  Cartier  divisor. 

The  condition  that  /_1(D)  is  an  effective  Cartier  divisor  is  often  satisfied  in  prac- 
tice. 

083Z  Lemma  58.2.11.  Let  S be  a scheme.  Let  f : X -A  Y be  a morphism  of  algebraic 
spaces  over  S . Let  D C Y be  an  effective  Cartier  divisor.  The  pullback  of  D by  f 
is  defined  in  each  of  the  following  cases: 

(1)  f is  flat,  and 

(2)  add  more  here  as  needed. 

Proof.  Omitted.  □ 

0840  Lemma  58.2.12.  Let  S be  a scheme.  Let  f : X'  — ► X be  a morphism  of  algebraic 
spaces  over  S.  Let  D\,  D2  be  effective  Cartier  divisors  on  X . If  the  pullbacks  of 
D\  and  D2  are  defined  then  the  pullback  of  D = D\  + D 2 is  defined  and  f*  D = 
f*D1  + f*D2. 

Proof.  Omitted.  □ 

0841  Definition  58.2.13.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S and 
let  D C X be  an  effective  Cartier  divisor.  The  invertible  sheaf  Ox  {D)  associated 
to  D is  given  by 

Ox(D)  :=  'Hom0x(lD,Ox)=l®-1. 

The  canonical  section,  usually  denoted  1 or  1^,  is  the  global  section  of  Ox{D) 
corresponding  to  the  inclusion  mapping  Id  — > Ox- 

0B4F  Lemma  58.2.14.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
D C X be  an  effective  Cartier  divisor.  Then  for  the  conormal  sheaf  we  have 
Cd/x=1d\D  = Ox{D)®~1\d. 

Proof.  Omitted.  □ 

0842  Lemma  58.2.15.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let  D\, 
D'2  be  effective  Cartier  divisors  on  X.  Let  D = D\  + D2.  Then  there  is  a unique 
isomorphism 

Ox(Di)  ®ox  ®x{D2)  — > Ox{D) 

which  maps  Itr  <8>  1d2  to  Id- 

Proof.  Omitted.  □ 

0843  Definition  58.2.16.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S. 
Let  £ be  an  invertible  sheaf  on  X.  A global  section  s £ T(X,  £)  is  called  a regular 
section  if  the  map  Ox  C,  f fs  is  injective. 
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Lemma  58.2.17.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
f £ T(X,  Ox).  The  following  are  equivalent: 

(1)  f is  a regular  section,  and 

(2)  for  any  x £ X the  image  f £ Ox,x  Is  not  a zerodivisor. 

(3)  for  any  affine  U = Spec(A)  etale  over  X the  restriction  f\u  is  a nonze- 
rodivisor  of  A,  and 

(4)  there  exists  a scheme  U and  a surjective  etale  morphism  U — > X such  that 
f\u  is  a regular  section  of  Ojj . 

Proof.  Omitted.  □ 


Note  that  a global  section  s of  an  invertible  Ox-module  C may  be  seen  as  an  Ox- 
module  map  s : Ox  — t £.  Its  dual  is  therefore  a map  s : £®_1  -A  Ox-  (See 
Modules  on  Sites,  Lemma  18.31.4  for  the  dual  invertible  sheaf.) 


Definition  58.2.18.  Let  S'  be  a scheme.  Let  X be  an  algebraic  space  over  S. 
Let  C be  an  invertible  sheaf.  Let  s £ T(X,  £).  The  zero  scheme  of  s is  the  closed 
subspace  Z(s)  C X defined  by  the  quasi-coherent  sheaf  of  ideals  T C Ox  which  is 
the  image  of  the  map  s : £®_1  -A  Ox- 


Lemma  58.2.19.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let  £ 
be  an  invertible  Ox -module.  Let  s £ T(A',  C). 

(1)  Consider  closed  immersions  i : Z -A  X such  that  i*s  £ T(Z,i*C))  is  zero 
ordered  by  inclusion.  The  zero  scheme  Z(s)  is  the  maximal  element  of 
this  ordered  set. 

(2)  For  any  morphism  of  algebraic  spaces  f : Y -A  X over  S we  have  f*  s = 0 
in  T(Y,  f* C)  if  and  only  if  f factors  through  Z(s). 

(3)  The  zero  scheme  Z(s)  is  a locally  principal  closed  subspace  of  X . 

(4)  The  zero  scheme  Z(s)  is  an  effective  Cartier  divisor  on  X if  and  only  if 
s is  a regular  section  of  C. 


Proof.  Omitted. 


□ 


Lemma  58.2.20.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . 

(1)  If  D C X is  an  effective  Cartier  divisor,  then  the  canonical  section  1 d of 
Ox{D)  is  regular. 

(2)  Conversely,  if  s is  a regular  section  of  the  invertible  sheaf  C,  then  there 
exists  a unique  effective  Cartier  divisor  D = Z(s)  C X and  a unique 
isomorphism  Ox(D)  — > T which  maps  lp  to  s. 

The  constructions  D i-a  (Ox(D)  , Id)  and  (£,  s ) i-a  Z(s)  give  mutually  inverse  maps 


{ effective  Cartier  divisors  on  X } aa 


J pairs  (£,  s)  consisting  of  an  invertible 
1 Ox -module  and  a regular  global  section 


Proof.  Omitted. 


□ 


Lemma  58.2.21.  Let  S be  a scheme  and  let  X be  a locally  Noetherian  algebraic 
space  over  S.  Let  D C X be  an  effective  Cartier  divisor.  If  X is  (Sk),  then  D is 

(Sk- r). 


Proof.  By  our  definition  of  the  property  (Sk)  for  algebraic  spaces  (Properties  of 
Spaces,  Section  53.7)  and  Lemma  58.2.2  this  follows  from  the  case  of  schemes 
(Divisors,  Lemma  30.12.5).  □ 
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Lemma  58.2.22.  Let  S be  a scheme  and  let  X be  a locally  Noetherian  normal 
algebraic  space  over  S.  Let  D C X be  an  effective  Cartier  divisor.  Then  D is  (Si). 


Proof.  By  our  definition  of  normality  for  algebraic  spaces  (Properties  of  Spaces, 
Section 
Lemma 


53.71  and  Lemma  58.2.2  this  follows  from  the  case  of  schemes  (Divisors, 
30.12.6b.  □ 


58.3.  Relative  Proj 


This  section  revisits  the  construction  of  the  relative  proj  in  the  setting  of  algebraic 
spaces.  The  material  in  this  section  corresponds  to  the  material  in  Constructions, 
Section  26.16  and  Divisors,  Section  30.24  in  the  case  of  schemes. 


Situation  58.3.1.  Here  S'  is  a scheme,  X is  an  algebraic  space  over  S,  and  A is 
a quasi-coherent  graded  Ox-algebra. 


In  Situation  58.3.1  we  are  going  to  define  a functor  F : {Sch/  S)opp^  — ► Sets  which 
will  turn  out  to  be  an  algebraic  space.  We  will  follow  (mutatis  mutandis)  the 
procedure  of  Constructions,  Section  |26.16|  First,  given  a scheme  T over  S we 
define  a quadruple  over  T to  be  a system  (d,  / : T — > S,  £,  if) 


(1)  d > 1 is  an  integer, 

(2)  f :T  —>  X is  a morphism  over  S, 

(3)  £ is  an  invertible  0T-module,  and 

(4)  if:  f*  -+©n>0£®"  is  a homomorphism  of  graded  Ox-algebras  such 
that  f*Ad  — X C is  surjective. 

We  say  two  quadruples  (d,f,£,if)  and  (d' , f , £' ,if')  are  equivalent  if  and  only 
if  we  have  f = f and  for  some  positive  integer  in  = ad  = a' d!  there  exists  an 
isomorphism  f3  : £®a  — > (£')®a  with  the  property  that  /3  o if\f,A(m)  and  if'\f*A(m) 
agree  as  graded  ring  maps  f*A('m'>  -a  0n>o(£')®mn.  Given  a quadruple  (d,  f,  £,  if) 
and  a morphism  h : T'  T we  have  the  pullback  (d,  f o h,h*£,h*if).  Pullback 
preserves  the  equivalence  relation.  Finally,  for  a quasi-compact  scheme  T over  S we 
set 


F(T)  = the  set  of  equivalence  classes  of  quadruples  over  T 


and  for  an  arbitrary  scheme  T over  S we  set 


F(T)  — limV/C7-  quasi-compact  open  h ' ( V ) . 

In  other  words,  an  element  £ of  F(T)  corresponds  to  a compatible  system  of  choices 
of  elements  fv  € F{V)  where  V ranges  over  the  quasi-conrpact  opens  of  T.  Thus 
we  have  defined  our  functor 


(58.3.1.1)  F : Schopp  — > Sets 

There  is  a morphism  F — > X of  functors  sending  the  quadruple  ( d,f,£,if ) to  /. 


Lemma  58.3.2.  In  Situation 


58.3.1 


The  functor  F above  is  an  algebraic  space. 


For  any  morphism  g : Z — » X where  Z is  a scheme  there  is  a canonical  isomorphism 
Proj z{g* A)  — Z X jF  compatible  with  further  base  change. 


iThis  definition  is  motivated  by  Constructions,  Lemma 
this  one  is  that  it  clearly  defines  an  equivalence  relation. 


26.16.4 


The  advantage  of  choosing 
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Proof.  It  suffices  to  prove  the  second  assertion,  see  Spaces,  Lemma  [52.11.3|  Let 
g : Z — » X be  a morphism  where  Z is  a scheme.  Let  F'  be  the  functor  of  quadruples 
associated  to  the  graded  quasi-coherent  O^-algebra  g*A.  Then  there  is  a canonical 
isomorphism  F'  = Z xx  F,  sending  a quadruple  (d,  / : T -+•  Z,C,ip)  for  F'  to 
(d,go  f,C,ip)  (details  omitted,  see  proof  of  Constructions,  Lemma  26.16.1 1.  By 


Constructions,  Lemmas |26.16.4[|26.16.5|  and|26.16.6|and  Definition |26. 16. 7 we  see 
that  F'  is  representable  by  Proj  (g*A).  □ 


The  lemma  above  tells  us  the  following  definition  makes  sense. 

084C  Definition  58.3.3.  Let  S be  a scheme.  Let  A'  be  an  algebraic  space  over  S. 
Let  A be  a quasi-coherent  sheaf  of  graded  Ojf-algebras.  The  relative  homogeneous 
spectrum  of  A over  X , or  the  homogeneous  spectrum  of  A over  X,  or  the  relative 
Proj  of  A over  X is  the  algebraic  space  F over  X of  Lemma  |58.3.2|  We  denote  it 
7T  : Proj  Y (A)  ->  X. 

In  particular  the  structure  morphism  of  the  relative  Proj  is  representable  by  con- 
struction. We  can  also  think  about  the  relative  Proj  via  glueing.  Let  p : U — > X be 
a surjective  etale  morphism,  where  U is  a scheme.  Set  R = U xxU  with  projection 
morphisms  s,t  : R —>  U.  By  Lemma |58.3.2| there  exists  a canonical  isomorphism 

7 : Proj v{ip*A)  — » Proj X{A)  xx  U 

over  U.  Let  a : t*ip*A  —>  s*ip*A  be  the  canonical  isomorphism  of  Properties  of 
Spaces,  Proposition  |53.31T|  Then  the  diagram 

Projc/(y*-4)  xU:S  R = Proj R (a* y* .4) 


xUjt  R = Proj R{t*p*A) 


is  commutative  (the  equal  signs  come  from  Constructions,  Lemma  26.16.10).  Thus, 
if  we  denote  Au,  Ar  the  pullback  of  A to  U,  R , then  P = Proj  (A)  has  an 
etale  covering  by  the  scheme  Pu  = Proj  (.At/)  and  Pr  Xp  Pu  is  equal  to  Pr  = 
Projfl,(A/?).  Using  these  remarks  we  can  argue  in  the  usual  fashion  using  etale 
localization  to  transfer  results  on  the  relative  proj  from  the  case  of  schemes  to  the 
case  of  algebraic  spaces. 


58.3.1 


084D  Lemma  58.3.4.  In  Situation 

quasi-coherent  sheaf  of  Z -graded  algebras  ©neZ 
momorphism  of  graded  algebras 


The  relative  Proj  comes  equipped  with  a 
Oproj  ( A)(n ) and  a canonical  ho- 


^ : ^A  — ► 


whose  base  change  to  any  scheme  over  X agrees  with  Constructions,  Lemma  26.15.5 


Proof.  As  in  the  discussion  following  Definition  |58.3.3|  choose  a scheme  U and  a 
surjective  etale  morphism  U — ► A',  set  R = U xxU  with  projections  s,t  : R — >•  U , 
Au  = A\u , Ar  = A\r,  and  tt  : P = Proj v (A)  ->■  X,  ttjj  : Pv  = Proj ir(Au) 
and  7 tr  : Pr  = Proj  (Ar).  By  the  Constructions,  Lemma  26.15.5  we  have  a 
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quasi-coherent  sheaf  of  Z-graded  Op^-algebras  ©„eZ  Opu{n)  and  a canonical  map 
4>u  : n^jAy  -A  ®„>0  Opv(n ) and  similarly  for  Pr-  By  Constructions,  Lemma 


26.16.10  the  pullback  of  Opu(n ) and  ipu  by  either  projection  Pr  — )•  Pp  is  equal 


to  OpR{n)  and  tpp.  By  Properties  of  Spaces,  Proposition  53.31.1  we  obtain  Op{n) 
and  ip.  We  omit  the  verification  of  compatibility  with  pullback  to  arbitrary  schemes 
over  A'.  □ 

Having  constructed  the  relative  Proj  we  turn  to  some  basic  properties. 

Lemma  58.3.5.  Let  S be  a scheme.  Let  g : X'  — > X be  a morphism  of  algebraic 
spaces  over  S and  let  A be  a quasi-coherent  sheaf  of  graded  Ox -algebras.  Then 
there  is  a canonical  isomorphism 

r : Projx,{g*A ) — > X'  xx  Proj x (A) 

as  well  as  a corresponding  isomorphism 

9 : r*pr*2  (0rfez  Oprojr(A)(d))  — > ®,ieZ  °Projx,(.g*A)(d) 

of  Z-graded  Oproj  ;(g* ^-algebras. 


Proof.  Let  F be  the  functor  (58.3.1.1)  and  let  F'  be  the  corresponding  functor 
defined  using  g*A  on  X' . We  claim  there  is  a canonical  isomorphism  r : F'  — ► 
X'  x x F of  functors  (and  of  course  r is  the  isomorphism  of  the  lemma),  ft  suffices 
to  construct  the  bijection  r : F'(T ) — > X ' (T)x  x(t)F{T)  for  quasi-compact  schemes 
T over  S.  First,  if  f = {d' , /',  £ , ip')  is  a quadruple  over  T for  F',  then  we  can  set 
r(£)  = {f,{d',g°f,C',ip'))-  This  makes  sense  as  {go  f')*A{d)  = {f')*  {g*  A)^d) . 
The  inverse  map  sends  the  pair  (/',  (d,f,£,if>))  to  the  quadruple  (d,  f' We 
omit  the  proof  of  the  final  assertion  (hint:  reduce  to  the  case  of  schemes  by  etale 
localization  and  apply  Constructions,  Lemma  26.16.10).  □ 


Lemma  58.3.6.  In  Situation 


58.3.1 


the  morphism  tt  : Proj  {A)  — t X is  separated. 


Proof.  By  Morphisms  of  Spaces,  Lemma  [54.4. 12  and  the  construction  of  the  rel- 
ative Proj  this  follows  from  the  case  of  schemes  which  is  Constructions,  Lemma 
126.16.91  □ 


Lemma  58.3.7.  In  Situation  58.3.1  If  one  of  the  following  holds 


(1)  A is  of  finite  type  as  a sheaf  of  Aq- algebras, 

(2)  A is  generated  by  A\  as  an  A^-algebra  and  A\  is  a finite  type  Ao~module , 

(3)  there  exists  a finite  type  quasi-coherent  Ao-submodule  T C A+  such  that 
A+/FA  is  a locally  nilpotent  sheaf  of  ideals  of  A/FA, 

then  7i  : Projx{A)  X is  quasi- compact. 


Proof.  By  Morphisms  of  Spaces,  Lemma[54.8.7|and  the  construction  of  the  relative 
Proj  this  follows  from  the  case  of  schemes  which  is  Divisors,  Lemma  [30. 24. 1|  □ 


Lemma  58.3.8.  In  Situation 


58.3.1 


If  A is  of  finite  type  as  a sheaf  of  Ox  - 


algebras,  then  n : Projx(A)  — > X is  of  finite  type. 


Proof.  By  Morphisms  of  Spaces,  Lemma[54.23.4|and  the  construction  of  the  rela- 
tive Proj  this  follows  from  the  case  of  schemes  which  is  Divisors,  Lemma[~30.24.2|  □ 
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If  Ox  — > Ao  is  an  integral  algebra  mar  and 
A is  of  finite  type  as  an  Ao-algebra,  then  n : Proj  (A)  — ► A'  is  universally  closed. 


Lemma  58.3.9.  In  Situation 


58.3.1 


Proof.  By  Morphisms  of  Spaces,  Lemma  54.9.5  and  the  construction  of  the  relative 
Proj  this  follows  from  the  case  of  schemes  which  is  Divisors,  Lemma  [30. 24. 3|  □ 


Lemma  58.3.10.  In  Situation 


58.3.1 


The  following  conditions  are  equivalent 

(1)  Ao  is  a finite  type  Ox-module  and  A is  of  finite  type  as  an  Ao-algebra, 

(2)  Ao  is  a finite  type  Ox -module  and  A is  of  finite  type  as  an  Ox-algebra. 
If  these  conditions  hold , then  x : Projx  (.4)  — i X is  proper. 


Proof.  By  Morphisms  of  Spaces,  Lemma[54.39.2| and  the  construction  of  the  rela- 


tive Proj  this  follows  from  the  case  of  schemes  which  is  Divisors,  Lemma  30.24.3  □ 


Lemma  58.3.11.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let  A 
be  a quasi- coherent  sheaf  of  graded  Ox-modules  generated  as  an  Ao-algebra  by  A\. 
With  P = Proj  (A)  we  have 


(1)  P represents  the  functor  F\  which  associates  to  T over  S the  set  of  iso- 
morphism classes  of  triples  (f,C,if),  where  f : T — ► X is  a morphism 
over  S,  C is  an  invertible  Op-module,  and  if  : f* A -4  @n>0£®n  is  a 
map  of  graded  Op-algebras  inducing  a surjection  f* A\  — » C, 

(2)  the  canonical  map  tt*Ai  -4  Op{  1)  is  surjective,  and 

(3)  each  Op(n)  is  invertible  and  the  multiplication  maps  induce  isomorphisms 
Op(n)  <8>oP  Op(m)  = Op(n  + to). 


Proof.  Omitted.  See  Constructions,  Lemma  |26. 16.  ill  for  the  case  of  schemes.  □ 


58.4.  Functoriality  of  relative  proj 

This  section  is  the  analogue  of  Constructions,  Section  [26. 18[ 

Lemma  58.4.1.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
if  : A — > B be  a map  of  quasi- coherent  graded  Ox -algebras.  Set  P = Projx(A)  —>  X 
and  Q = Projx(B ) -A  X.  There  is  a canonical  open  subspace  U(ip)  C Q and  a 
canonical  morphism  of  algebraic  spaces 

r^:U{if)  — > P 

over  X and  a map  of  Z- graded  Opr ^-algebras 

* = V-  r;  (0dez  Op(d))  ->  0dez  OuW(d). 

The  triple  (U{if),  r$,  0)  is  characterized  by  the  property  that  for  any  scheme  W etale 
over  X the  triple 

(U(if)xxW,  r^\u^)XxW  ■ U(if)  x.v  W — ► P xx  W,  0\u^XxW) 

is  equal  to  the  triple  associated  to  if  : A\w  — t B\w  of  Constructions,  Lemma 
I PA  18. 11 


Proof.  This  lemma  follows  from  etale  localization  and  the  case  of  schemes, 


discussion  following  Definition  58.3.3  Details  omitted. 


see 

□ 


54.45.2 


2In  other  words,  the  integral  closure  of  Ox  in  Ao, 
equals  Aq. 


see  Morphisms  of  Spaces,  Definition 
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Lemma  58.4.2.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let  A , 
B,  andC  be  quasi- coherent  graded  Ox -algebras.  Set  P = Projx(A),  Q = Projx(B) 
and  R = Projx(C).  Let  <p  : A —>  B,  ip  : B -4  C be  graded  Ox -algebra  maps.  Then 
we  have 

U (ip  o p)  = r~x (U (ip))  and  r^ov  = rv  o r^\u^oip). 

In  addition  we  have 


with  obvious  notation. 


Proof.  Omitted. 


□ 


Lemma  58.4.3.  With  hypotheses  and  notation  as  in  Lemma  58.4-1  above.  Assume 
Ad  —>  Bd  is  surjective  for  d 0.  Then 

(1)  U(if)  = Q, 

(2)  r^  : Q -4  R is  a closed  immersion,  and 

(3)  the  maps  9 : r^Op(n ) — > Oq(u)  are  surjective  but  not  isomorphisms  in 
general  (even  if  A -4  B is  surjective) . 


Proof.  Follows  from  the  case  of  schemes  (Constructions,  Lemma  26.18.3)  by  etale 
localization.  □ 


Lemma  58.4.4.  With  hypotheses  and  notation  as  in  Lemma  58.4-1  above.  Assume 
Ad  — > Bd  is  an  isomorphism  for  all  d 0.  Then 

(1)  U(if)  = Q, 

(2)  r^-.Q^tP  is  an  isomorphism,  and 

(3)  the  maps  9 : r^,Op(n)  — > Oq(u)  are  isomorphisms. 


Proof.  Follows  from  the  case  of  schemes  (Constructions,  Lemma  26.18.4)  by  etale 
localization.  □ 


above.  Assume 


Lemma  58.4.5.  With  hypotheses  and  notation  as  in  Lemma  58.4-1 
Ad  —>  Bd  is  surjective  for  d 0 and  that  A is  generated  by  A\  over  Aq  . Then 

(1)  U(if)  = Q, 

(2)  r^f,  : Q -A  P is  a closed  immersion,  and 

(3)  the  maps  9 : r^,Op(n)  — >•  Oq(h ) are  isomorphisms. 


Proof.  Follows  from  the  case  of  schemes  (Constructions,  Lemma  26.18.5)  by  etale 
localization.  □ 


58.5.  Closed  subspaces  of  relative  proj 


Some  auxiliary  lemmas  about  closed  subspaces  of  relative  proj.  This  section  is  the 


analogue  of  Divisors,  Section  30.25 


Lemma  58.5.1.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let  A 
be  a quasi- coherent  graded  Ox-algebra.  Let  i : : P = Projx(A)  — t X be  the  relative 
Proj  of  A.  Let  i : Z — ► P be  a closed  subspace.  Denote  X C A the  kernel  of  the 
canonical  map 

A — * 7r* 

If  tt  is  quasi-compact,  then  there  is  an  isomorphism.  Z = Projx(A/X). 
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Proof.  The  morphism  7r  is  separated  by  Lemma  [58.3. 6|  As  7r  is  quasi-compact, 
7T*  transforms  quasi-coherent  modules  into  quasi-coherent  modules,  see  Morphisms 
of  Spaces,  Lemma  [54. 11. 2|  Hence  I is  a quasi-coherent  Ox-module.  In  particular, 
B = A/X  is  a quasi-coherent  graded  Ox-algebra.  The  functoriality  morphism 
Z'  = Proj X(B)  — > Proj  Y (A)  is  everywhere  defined  and  a closed  immersion,  see 
Lemma  [58. 4.3[  Hence  it  suffices  to  prove  Z = Z'  as  closed  subspaces  of  P. 


Having  said  this,  the  question  is  etale  local  on  the  base  and  we  reduce  to  the  case 
of  schemes  (Divisors,  Lemma  30.25.1 1 by  etale  localization.  □ 


085M 


In  case  the  closed  subspace  is  locally  cut  out  by  finitely  many  equations  we  can 
define  it  by  a finite  type  ideal  sheaf  of  A. 

Lemma  58.5.2.  Let  S be  a scheme.  Let  X be  a quasi-compact  and  quasi- separated 
algebraic  space  over  S . Let  A be  a quasi-coherent  graded  Ox-algebra.  Let  n : P = 
Projx(A ) — > X be  the  relative  Proj  of  A.  Let  i : Z — ► P be  a closed  subscheme. 
If  tv  is  quasi-compact  and  i of  finite  presentation,  then  there  exists  a d > 0 and  a 
quasi-coherent  finite  type  Ox-submodule  F C Ad  such  that  Z = Projx(A/FA). 


Proof.  The  reader  can  redo  the  arguments  used  in  the  case  of  schemes.  However, 
we  will  show  the  lemma  follows  from  the  case  of  schemes  by  a trick.  Let  I C A 
be  the  quasi-coherent  graded  ideal  cutting  out  Z of  Lemma  |58.5.1  Choose  an 
affine  scheme  U and  a surjective  etale  morphism  U — > X , see  Properties  of  Spaces, 


Lemma  53.6.3  By  the  case  of  schemes  (Divisors,  Lemma  30.25.2)  there  exists  a 
d > 0 and  a quasi-coherent  finite  type  CV-submodule  F'  C Id\u  C Ad\u  such  that 
Z Xx  U is  equal  to  Proj 


57.9.2 


we 


^{A^ / P' A\u).  By  Limits  of  Spaces,  Lemma 
can  find  a finite  type  quasi-coherent  submodule  F C Xd  such  that  F'  C J|  jj-  Let 
Z'  = 


Proj , 


Jx(A/FA).  Then  Z'  — > P is  a closed  immersion  (Lemma  58.4.5)  and 
Z C Z'  as  FA  C X.  On  the  other  hand,  Z'xxUcZxxU  by  our  choice  of  F. 
Thus  Z = Z’  as  desired.  □ 


085N 


Lemma  58.5.3.  Let  S be  a scheme.  Let  X be  a quasi-compact  and  quasi-separated 
algebraic  space  over  S.  Let  A be  a quasi-coherent  graded  Ox-algebra.  Let  x : P = 
Projx(A)  — > X be  the  relative  Proj  of  A.  Let  i : Z -A  X be  a closed  subspace.  Let 
U C X be  an  open.  Assume  that 

(1)  7 t is  quasi-compact, 

(2)  i of  finite  presentation, 

(3)  \U\  D |7ij(|i|(|Z|))  = 0, 

(4)  U is  quasi-compact, 

(5)  An  is  a finite  type  Ox -module  for  all  n. 

Then  there  exists  a d > 0 and  a quasi-coherent  finite  type  Ox -submodule  F C Ad 
with  (a)  Z = Proj  {A /FA)  and  (b)  the  support  of  Ad/ F is  disjoint  from  U. 


Proof.  We  use  the  same  trick  as  in  the  proof  of  Lemma[58.5.2|to  reduce  to  the  case 
of  schemes.  Let  X C A be  the  quasi-coherent  graded  ideal  cutting  out  Z of  Lemma 


we  can  find  a finite  type  quasi-coherent  submodule  F G Id  such  that  F'  C F\w- 


support  of  Ad\w/F'  is  disjoint  from  U xx  W.  By  Limits  of  Spaces,  Lemma  57.9.2 


58.6.  BLOWING  UP 


3814 


Let  Z'  = ProjA_ {A/ FA).  Then  Z'  — > P is  a closed  immersion  (Lemma  58.4.5)  and 
Z C Z'  as  TA  C T.  On  the  other  hand,  Z'  xx  W C Z xxW  by  our  choice  of 
T . Thus  Z = Z' . Finally,  we  see  that  Ad/X  is  supported  on  X \ U as  Ad\w /X\w 
is  a quotient  of  Ad\ w/X'  which  is  supported  on  W\U  xxW.  Thus  the  lemma 
follows.  □ 


surjections  £ — > C where  1 
’ C is  an  invertible  Ox  -module  f 


0B4I  Lemma  58.5.4.  Let  S be  a scheme  and  let  X be  an  algebraic  space  over  S.  Let 
£ be  a quasi- coherent  Ox -module.  There  is  a bijection 

( sections  a of  the 
1 morphism  P(£)  — > X j 

In  this  case  a is  a closed  immersion  and  there  is  a canonical  isomorphism 

Ker(£  — > C)  ®ox  £G~1  — * C<t(jo/p(£) 

Both  the  bijection  and  isomorphism  are  compatible  with  base  change. 

Proof.  Because  the  constructions  are  compatible  with  base  change,  it  suffices  to 
check  the  statement  etale  locally  on  X.  Thus  we  may  assume  X is  a scheme  and 
the  result  is  Divisors,  Lemma[30.25.4|  □ 


58.6.  Blowing  up 
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Blowing  up  is  an  important  tool  in  algebraic  geometry. 


Definition  58.6.1.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
I C Ox  be  a quasi-coherent  sheaf  of  ideals,  and  let  Z C X be  the  closed  subscheme 


corresponding  to  T (Morphisms  of  Spaces,  Lemma  54.13.1).  The  blowing  up  of  X 
along  Z , or  the  blowing  up  of  X in  the  ideal  sheaf  T is  the  morphism 


The  exceptional  divisor  of  the  blow  up  is  the  inverse  image  b 1(Z).  Sometimes  Z 
is  called  the  center  of  the  blowup. 


We  will  see  later  that  the  exceptional  divisor  is  an  effective  Cartier  divisor.  More- 
over, the  blowing  up  is  characterized  as  the  “smallest”  algebraic  space  over  X such 
that  the  inverse  image  of  Z is  an  effective  Cartier  divisor. 

If  b : X'  — ► X is  the  blow  up  of  X in  Z,  then  we  often  denote  0X'  (n)  the  twists  of 
the  structure  sheaf.  Note  that  these  are  invertible  0X' -modules  and  that  Ox>(n)  = 
(DX'(l)®n  because  X'  is  the  relative  Proj  of  a quasi-coherent  graded  Ox-algebra 
which  is  generated  in  degree  1,  see  Lemma[58.3.11| 

085R  Lemma  58.6.2.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let 
I C Ox  be  a quasi-coherent  sheaf  of  ideals.  Let  U = Spec(^4)  be  an  affine  scheme 
etale  over  X and  let  I C A be  the  ideal  corresponding  to  T\ jj.  If  X'  — > X is  the 
blow  up  of  X in  T,  then  there  is  a canonical  isomorphism 

UxxX'  = Proj(^d^Id) 

of  schemes  over  U , where  the  right  hand  side  is  the  homogeneous  spectrum  of  the 
Rees  algebra  of  I in  A.  Moreover,  U x x X'  has  an  affine  open  covering  by  spectra 
of  the  affine  blowup  algebras  A[^\. 
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Proof.  Note  that  the  restriction  I\u  is  equal  to  the  pullback  of  I via  the  morphism 
U —>  X , see  Properties  of  Spaces,  Section  |53.25|  Thus  the  lemma  follows  on 
combining  Lemma [58.3. 2|  with  Divisors,  Lemma  30.26.2|  □ 


085S  Lemma  58.6.3.  Let  S be  a scheme.  Let  X\  — > X2  be  a flat  morphism  of  algebraic 
spaces  over  S.  Let  Z2  C X2  be  a closed  subspace.  Let  Zi  be  the  inverse  image  of 
Z2  in  Xi . Let  X[  be  the  blow  up  of  Zi  in  Xi . Then  there  exists  a cartesian  diagram 


X[ 


X\ 


-X'l 


■x. 


of  algebraic  spaces  over  S. 


Proof.  Let  I2  be  the  ideal  sheaf  of  Z2  in  X2.  Denote  g : Xi 
morphism.  Then  the  ideal  sheaf  I\  of  Z\  is  the  image  of  g* I2  - 


4 X2  the  given 
Ox!  (see  Mor- 

phisms  of  Spaces,  Definition  54.13.2  and  discussion  following  the  definition).  By 
we  see  that  X\  Xjf2  X2  is  the  relative  Proj  of  @n>0g*I 2.  Be- 


58.3.5 


Lemma 
cause  q is  flat  the  map  q*If 
Xi  xX2  X!2=X[. 


Ox i is  injective  with  image  I”.  Thus  we  see  that 

□ 


085T  Lemma  58.6.4.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let 
Z G X be  a closed  subspace.  The  blowing  up  b : X'  X of  Z in  X has  the 
following  properties: 

(1)  &|i-i(x\z)  : b~x(X  \ Z)  — > X \ Z is  an  isomorphism, 

(2)  the  exceptional  divisor  E = b~l(Z)  is  an  effective  Cartier  divisor  on  X' , 

(3)  there  is  a canonical  isomorphism  Oxr(— 1)  = Ox'(E) 

Proof.  Let  U be  a scheme  and  let  U — ► X be  a surjective  etale  morphism.  As 
blowing  up  commutes  with  flat  base  change  (Lemma|58.6.3 ) we  can  prove  each  of 
these  statements  after  base  change  to  U . This  reduces  us  to  the  case  of  schemes. 
In  this  case  the  result  is  Divisors,  Lemma  [30.26. 4|  □ 

085U  Lemma  58.6.5  (Universal  property  blowing  up).  Let  S be  a scheme.  Let  X be 
an  algebraic  space  over  S.  Let  Z G X be  a closed  subspace.  Let  C be  the  full 
subcategory  of  (Spaces/ X)  consisting  of  Y — ► X such  that  the  inverse  image  of  Z 
is  an  effective  Cartier  divisor  on  Y.  Then  the  blowing  up  b : X'  — > X of  Z in  X is 
a final  object  of  C. 


Proof.  We  see  that  b : X'  — > X is  an  object  of  C according  to  Lemma  58.6.4  Let 
f : Y — ► X be  an  object  of  C.  We  have  to  show  there  exists  a unique  morphism 
Y — » X'  over  X.  Let  D = f~1(Z).  Let  T c Ox  be  the  ideal  sheaf  of  Z and  let  Id 
be  the  ideal  sheaf  of  D.  Then  f*I  — >•  Id  is  a surjection  to  an  invertible  Oy-module. 
This  extends  to  a map  tp  : ® f*Id  — >•  ®l|,  of  graded  Py-algebras.  (We  observe 
that  l/j  = lf)d  as  D is  an  effective  Cartier  divisor.)  By  Lemma  58.3.11  the  triple 
(/  : Y — >■  X,Id,iI>)  defines  a morphism  Y — » X'  over  X.  The  restriction 

Y\D — > X'  \b~\Z)  =X\Z 

is  unique.  The  open  Y\D  is  scheme  theoretically  dense  in  Y according  to  Lemma 


58.2.4  Thus  the  morphism  Y — ► X'  is  unique  by  Morphisms  of  Spaces,  Lemma 
54.17.8  (also  b is  separated  by  Lemma  58.3.61.  □ 
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085V 


085W 


0BH1 


085X 


085Y 


085Z 


Lemma  58.6.6.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let 
Z C X be  an  effective  Cartier  divisor.  The  blowup  of  X in  Z is  the  identity 
morphism  of  X . 


Proof.  Immediate  from  the  universal  property  of  blowups  (Lemma  58.6.51.  □ 


Lemma  58.6.7.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let 
I C Ox  be  a quasi- coherent  sheaf  of  ideals.  If  X is  reduced,  then  the  blow  up  X' 
of  X in  T is  reduced. 


Proof.  Let  U be  a scheme  and  let  U — > X be  a surjective  etale  morphism.  As 
blowing  up  commutes  with  flat  base  change  (Lemma|58.6.3 1 we  can  prove  each  of 
these  statements  after  base  change  to  U . This  reduces  us  to  the  case  of  schemes. 
In  this  case  the  result  is  Divisors,  Lemma  130.26.81  □ 


Lemma  58.6.8.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let 
b : X'  — > X be  the  blowup  of  X is  a closed  subspace.  If  X satisfies  the  equivalent 


conditions  of  Morphisms  of  Spaces,  Lemma  54-46.1  then  so  does  X' . 


Proof.  Follows  immediately  from  the  lemma  cited  in  the  statement,  the  etale  local 
description  of  blowing  ups  in  Lemma  [58. 6. 2[  and  Divisors,  Lemma  [30.26. 10|  □ 


Lemma  58.6.9.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let 
b : X'  — > X be  a blow  up  of  X in  a closed  subspace.  For  any  effective  Cartier 
divisor  D on  X the  pullback  b~1D  is  defined  (see  Definition  58.2.10). 


Proof.  By  Lemmas  |58.6.2|  and  |58.2.2|  this  reduces  to  the  following  algebra  fact: 
Let  A be  a ring,  I C A an  ideal,  a £ I,  and  a;  £ A a nonzerodivisor.  Then  the 
image  of  x in  A[-]  is  a nonzerodivisor.  Namely,  suppose  that  x(y/an)  = 0 in  A[-]. 
Then  amxy  = 0 in  A for  some  m.  Hence  amy  = 0 as  x is  a nonzerodivisor.  Whence 
y/an  is  zero  in  A[|]  as  desired.  □ 


Lemma  58.6.10.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
T C Ox  and  J be  quasi- coherent  sheaves  of  ideals.  Let  b : X'  — > X be  the  blowing 
up  of  X in  T.  Let  b'  : X"  — » X'  be  the  blowing  up  of  X1  in  b~1JOxl-  Then 
X"  — » X is  canonically  isomorphic  to  the  blowing  up  of  X in  TJ . 


Proof.  Let  E C X'  be  the  exceptional  divisor  of  b which  is  an  effective  Cartier 
divisor  by  Lemma 


58.6.4 


Then  ( b')~lE  is  an  effective  Cartier  divisor  on  X"  by 
Lemma  58.6.9  Let  E'  C X"  be  the  exceptional  divisor  of  b'  (also  an  effective  Cartier 
divisor).  Consider  the  effective  Cartier  divisor  E"  = E1  + ( b')~1E . By  construction 
the  ideal  of  E"  is  ( b o b')~xT(b  o b')~x  JOx" ■ Hence  according  to  Lemma  58.6.5 
there  is  a canonical  morphism  from  X"  to  the  blowup  c : Y — > X of  X in  TJ . 
Conversely,  as  TJ  pulls  back  to  an  invertible  ideal  we  see  that  c~1TOy  defines  an 
effective  Cartier  divisor,  see  Lemma  58.2.8  Thus  a morphism  F : Y — > X'  over  X 
by  Lemma  58.6.5  Then  (c')_16_1  JOy  = c~xJOy  which  also  defines  an  effective 
Cartier  divisor.  Thus  a morphism  c"  : Y — > X"  over  X' . We  omit  the  verification 
that  this  morphism  is  inverse  to  the  morphism  X"  — > Y constructed  earlier.  □ 


Lemma  58.6.11.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
T C Ox  be  a quasi- coherent  sheaf  of  ideals.  Let  b : X'  — > X be  the  blowing  up  of  X 
in  the  ideal  sheaf  T.  If  T is  of  finite  type,  then  b : X'  — > X is  a proper  morphism. 
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Proof.  Let  U be  a scheme  and  let  U — > X be  a surjective  etale  morphism.  As 
blowing  up  commutes  with  flat  base  change  (Lemma|58.6.3 1 we  can  prove  each  of 
these  statements  after  base  change  to  U (see  Morphisms  of  Spaces,  Lemma  54.39.2 ). 
This  reduces  us  to  the  case  of  schemes.  In  this  case  the  morphism  b is  projective 
by  Divisors,  Lemma  30.26.13  hence  proper  by  Morphisms,  Lemma  28.42.5  □ 


0860  Lemma  58.6.12.  Let  S be  a scheme  and  let  X be  an  algebraic  space  over  S. 
Assume  X is  quasi-compact  and  quasi-separated.  Let  Z C X be  a closed  subspace 
of  finite  presentation.  Let  b : X'  — > X be  the  blowing  up  with  center  Z . Let  Z'  C X' 
be  a closed  subspace  of  finite  presentation.  Let  X"  — >•  X'  be  the  blowing  up  with 
center  Z' . There  exists  a closed  subspace  Y C X of  finite  presentation,  such  that 

(1)  \Y\  = \Z\U\b\(\Z'\),  and 

(2)  the  composition  X"  — > X is  isomorphic  to  the  blowing  up  of  X in  Y. 


Proof.  The  condition  that  Z — ► X is  of  finite  presentation  means  that  Z is  cut  out 
by  a finite  type  quasi-coherent  sheaf  of  ideals  T C Ox , see  Morphisms  of  Spaces, 
Write  A = ®„>0Z"  so  that  X'  = Proj  (A).  Note  that  X\Z  is 


54.28.12 


Lemma 

a quasi-compact  open  subspace  of  X by  Limits  of  Spaces,  Lemma  [57.14.1|  Since 
b~l  {X  \ Z)  — > X \ Z is  an  isomorphism  (Lemma  58.6.4 1 the  same  result  shows  that 
b~x(X  \Z)\Z'  is  quasi-compact  open  subspace  in  X'.  Hence  U = X \ (Z  U b(Z')) 
is  quasi-compact  open  subspace  in  X.  By  Lemma |58.5.3| there  exist  a d > 0 and  a 
finite  type  Ox-submodule  T C Id  such  that  Z’  = Proj  {A/TA)  and  such  that  the 
support  of  Id jT  is  contained  in  X \ U . 


Since  T C Id  is  an  Ox-submodule  we  may  think  of  T C Id  C Ox  as  a finite 
type  quasi-coherent  sheaf  of  ideals  on  A'.  Let’s  denote  this  J C Ox  to  prevent 
confusion.  Since  Id / J and  O /Td  are  supported  on  |A|  \ \U\  we  see  that  \V(J)\ 
is  contained  in  |Aj  \ \U\.  Conversely,  as  J C Id  we  see  that  \Z\  C \V{J)\.  Over 
X \Z  = X'\b~1(Z)  the  sheaf  of  ideals  J cuts  out  Z ' (see  displayed  formula  below). 
Hence  \V(J)\  equals  \Z\  U |6|(|Z,|).  It  follows  that  also  \V(IJ)\  = \Z\  U |5|(|Z,|). 
Moreover,  TJ  is  an  ideal  of  finite  type  as  a product  of  two  such.  We  claim  that 
X"  — > X is  isomorphic  to  the  blowing  up  of  X in  TJ  which  finishes  the  proof  of 
the  lemma  by  setting  Y = V(TJ). 


First,  recall  that  the  blow  up  of  X in  TJ  is  the  same  as  the  blow  up  of  X'  in 
b~lJOx’i  see  Lemma  58.6.10  Hence  it  suffices  to  show  that  the  blow  up  of  X'  in 
b~x  JO x'  agrees  with  the  blow  up  of  X'  in  Z' . We  will  show  that 


b-1  JOx,  = TdETz, 


as  ideal  sheaves  on  X" . This  will  prove  what  we  want  as  TE  cuts  out  the  effective 
Cartier  divisor  dE  and  we  can  use  Lemmas  158. 6. 61  and  158. 6. lOl 


To  see  the  displayed  equality  of  the  ideals  we  may  work  locally.  With  notation  A, 
I,  a £ I as  in  Lemma  58.6.2  we  see  that  T corresponds  to  an  I?-submodule  M C Id 
mapping  isomorphically  to  an  ideal  J C R.  The  condition  Z'  = Proj  (A/ FA) 


means  that  Z'  nSpec(A[^])  is  cut  out  by  the  ideal  generated  by  the  elements  m/ad , 
m £ M.  Say  the  element  m £ M corresponds  to  the  function  f £ J.  Then  in  the 
affine  blowup  algebra  A'  = A[^\  we  see  that  / = ( adm)/ad  = ad(m/ad).  Thus  the 
equality  holds.  □ 
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58.7.  Strict  transform 


0861 


This  section  is  the  analogue  of  Divisors,  Section  |30.27[  Let  S'  be  a scheme,  let  B 
be  an  algebraic  space  over  S,  and  let  Z C B be  a closed  subspace.  Let  b : B'  -A  B 
be  the  blowing  up  of  B in  Z and  denote  E C B'  the  exceptional  divisor  E = b~1Z. 
In  the  following  we  will  often  consider  an  algebraic  space  X over  B and  form  the 
cartesian  diagram 


prB}E 
E — 


xB  B' 

P rB' 

^ B'  — 


Prx 


> X 


/ 

Y 


B 


Since  E is  an  effective  Cartier  divisor  (Lemma  58.6.4)  we  see  that  prf^E  C X XbB1 
is  locally  principal  (Lemma  58.2.9).  Thus  the  inclusion  morphism  of  the  comple- 
ment of  pr g}E  in  X x jjB'  is  affine  and  in  particular  quasi-compact  (Lemma  58.2.3 1 . 
Consequently,  for  a quasi-coherent  Ox  xbb' -module  Q the  subsheaf  of  sections  sup- 
ported on  |pr ffE\  is  a quasi-coherent  submodule,  see  Limits  of  Spaces,  Lemma 
If  Q is  a quasi-coherent  sheaf  of  algebras,  e.g.,  Q = 0\xbb >,  then  this 


57.14.5 


subsheaf  is  an  ideal  of  Q. 


0862  Definition  58.7.1.  With  Z C B and  / : X — t B as  above. 

(1)  Given  a quasi-coherent  ©A'-module  X the  strict  transform  of  X with  re- 
spect to  the  blowup  of  B in  Z is  the  quotient  X'  of  pr^-^  by  the  submodule 
of  sections  supported  on  |pr^,1£l|. 

(2)  The  strict  transform  of  X is  the  closed  subscheme  X'  C X x b B'  cut  out 
by  the  quasi-coherent  ideal  of  sections  of  Oxxbb'  supported  on  \pvf}}E\. 


Note  that  taking  the  strict  transform  along  a blowup  depends  on  the  closed  subspace 
used  for  the  blowup  (and  not  just  on  the  morphism  B'  — t B). 

0863  Lemma  58.7.2  (Etale  localization  and  strict  transform).  In  the  situation  of  Def- 
inition\58. 7 .1\  Let 

U 


V >■ B 

be  a commutative  diagram  of  morphisms  with  U and  V schemes  and  etale  horizontal 
arrows.  Let  V'  — > V be  the  blowup  of  V in  Z x b V . Then 

(1)  V'  = V X-b  B'  and  the  maps  V'  — > B'  and  U Xy  V'  — t X Xb  B'  are  etale, 

(2)  the  strict  transform  U'  of  U relative  toV'—tV  is  equal  to  X ' x x U where 
X'  is  the  strict  transform  of  X relative  to  B'  — ► B,  and 

(3)  for  a quasi-coherent  Ox -module  X the  restriction  of  the  strict  transfoi'm 
X'  to  U XyV'  is  the  strict  transform  of  X\u  relative  to  V'  — > V. 


0864 


Proof.  Part  (1)  follows  from  the  fact  that  blowup  commutes  with  flat  base  change 
(Lemma  58.6.3),  the  fact  that  etale  morphisms  are  flat,  and  that  the  base  change  of 
an  etale  morphism  is  etale.  Part  (3)  then  follows  from  the  fact  that  taking  the  sheaf 
of  sections  supported  on  a closed  commutes  with  pullback  by  etale  morphisms,  see 
Limits  of  Spaces,  Lemma  57.14.5  Part  (2)  follows  from  (3)  applied  to  X = Ox-  LI 

Lemma  58.7.3.  In  the  situation  of  Definition  58.7.1 
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(1)  The  strict  transform  X'  of  X is  the  blowup  of  X in  the  closed  subspace 
f 'Z  of  X. 

(2)  For  a quasi- coherent  Ox -module  F the  strict  transform  F'  is  canonically 
isomorphic  to  the  pushforward  along  X'  — > X x b B'  of  the  strict  transform 
of  F relative  to  the  blowing  up  X'  -A  X. 


Proof.  Let  X 11 


X be  the  blowup  of  X in  / lZ.  By  the  universal  property  of 


blowing  up  (Lemma  58.6.5)  there  exists  a commutative  diagram 


X" X 

y 

B'  ■ *- B 


whence  a morphism  i : X"  — >•  X Xb  B' . The  first  assertion  of  the  lemma  is  that 
* is  a closed  immersion  with  image  X' . The  second  assertion  of  the  lemma  is  that 
F'  = i„F"  where  F"  is  the  strict  transform  of  F with  respect  to  the  blowing  up 
X"  — > X.  We  can  check  these  assertions  etale  locally  on  X,  hence  we  reduce  to  the 
case  of  schemes  (Divisors,  Lemma  30.27.2).  Some  details  omitted.  □ 


0865 

(1)  If  X is  flat  over  B at  all  points  lying  over  Z,  then  the  strict  transform  of 
X is  equal  to  the  base  change  X Xb  B' . 

(2)  Let  F be  a quasi- coherent  Ox -module.  If  F is  flat  over  B at  all  points 
lying  over  Z,  then  the  strict  transform  F'  of  F is  equal  to  the  pullback 
pr*xF. 


Lemma  58.7.4.  In  the  situation  of  Definition 


58.7.1. 


Proof.  Omitted.  Hint:  Follows  from  the  case  of  schemes  (Divisors,  Lemma  30.27.3 ) 
by  etale  localization  (Lemma  58.7.2).  □ 


0866  Lemma  58.7.5.  Let  S be  a scheme.  Let  B be  an  algebraic  space  over  S.  Let 
Z C B be  a closed  subspace.  Let  b : B'  — ► B be  the  blowing  up  of  Z in  B.  Let 
g : X — >•  Y be  an  affine  morphism  of  spaces  over  B.  Let  F be  a quasi- coherent 
sheaf  on  X.  Let  g'  : X Xb  B'  -a  Y Xb  B'  be  the  base  change  of  g.  Let  F'  be  the 
strict  transform  of  F relative  to  b.  Then  g'^F'  is  the  strict  transform  of  g*F. 


Proof.  Omitted.  Hint:  Follows  from  the  case  of  schemes  (Divisors,  Lemma  30.27.4) 
by  etale  localization  (Lemma  58.7.2).  □ 


0867  Lemma  58.7.6.  Let  S be  a scheme.  Let  B be  an  algebraic  space  over  S.  Let 
Z C B be  a closed  subspace.  Let  D C B be  an  effective  Cartier  divisor.  Let  Z'  C B 
be  the  closed  subspace  cut  out  by  the  product  of  the  ideal  sheaves  of  Z and  D.  Let 
B'  — >•  B be  the  blowup  of  B in  Z. 

(1)  The  blowup  of  B in  Z'  is  isomorphic  to  B'  — > B. 

(2)  Let  f : X — ► B be  a morphism  of  algebraic  spaces  and  let  F be  a quasi- 
coherent  Ox -module.  If  the  subsheaf  of  F of  sections  supported  on  \f~1D\ 
is  zero,  then  the  strict  transform  of  F relative  to  the  blowing  up  in  Z agrees 
with  the  strict  transform  of  F relative  to  the  blowing  up  of  B in  Z' . 


Proof.  Omitted.  Hint:  Follows  from  the  case  of  schemes  (Divisors,  Lemma  30.27.5 ) 
by  etale  localization  (Lemma  58.7.2).  □ 
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086A 
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Lemma  58.7.7.  Let  S be  a scheme.  Let  B be  an  algebraic  space  over  S.  Let 
Z C B be  a closed  subspace.  Let  b : B'  -A  B be  the  blowing  up  with  center  Z . Let 
Z'  C B'  be  a closed  subspace.  Let  B"  — > B'  be  the  blowing  up  with  center  Z' . Let 
Y C B be  a closed  subscheme  such  that  \Y\  = \Z\  U |6|(|Z,|)  and  the  composition 
B"  -A  B is  isomorphic  to  the  blowing  up  of  B in  Y . In  this  situation,  given  any 
scheme  X over  B and  F € QCoh(Ox)  we  have 

(1)  the  strict  transform  of  F with  respect  to  the  blowing  up  of  B in  Y is  equal 
to  the  strict  transform  with  respect  to  the  blowup  B"  — > B'  in  Z'  of  the 
strict  transform  of  F with  respect  to  the  blowup  B'  — ► B of  B in  Z , and 

(2)  the  strict  transform  of  X with  respect  to  the  blowing  up  of  B in  Y is  equal 
to  the  strict  transform  with  respect  to  the  blowup  B"  — > B'  in  Z'  of  the 
strict  transform  of  X with  respect  to  the  blowup  B'  — ► B of  B in  Z . 


Proof.  Omitted.  Hint:  Follows  from  the  case  of  schemes  (Divisors,  Lemma  30.27.6 ) 

Suppose  that 


by  etale  localization  (Lemma  58.7.2). 

Lemma  58.7.8.  In  the  situation  of  Definition 

0 — t F\  — y F 2 — t F$ 


□ 


58.7.1 


0 


is  an  exact  sequence  of  quasi- coherent  sheaves  on  X which  remains  exact  after 
any  base  change  T — >•  B.  Then  the  strict  transforms  of  F-  relative  to  any  blowup 
B'  -A  B form  a short  exact  sequence  0 — >•  F[  — > F'2  — > F's  — > 0 too. 


Proof.  Omitted.  Hint:  Follows  from  the  case  of  schemes  (Divisors,  Lemma  30.27.7) 
by  etale  localization  (Lemma  58.7.2).  □ 


58.8.  Admissible  blowups 

To  have  a bit  more  control  over  our  blowups  we  introduce  the  following  standard 
terminology. 

Definition  58.8.1.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
U C X be  an  open  subspace.  A morphism  X'  — > X is  called  a U -admissible  blowup 
if  there  exists  a closed  immersion  Z — > X of  finite  presentation  with  Z disjoint  from 
U such  that  X'  is  isomorphic  to  the  blow  up  of  A in  Z. 


We  recall  that  Z -A  X is  of  finite  presentation  if  and  only  if  the  ideal  sheaf  Iz  C Ox 
is  of  finite  type,  see  Morphisms  of  Spaces,  Lemma  [54.28.12  In  particular,  a U- 
admissible  blowup  is  a proper  morphism,  see  Lemma  58.6.11  Note  that  there  can 


be  multiple  centers  which  give  rise  to  the  same  morphism.  Hence  the  requirement 
is  just  the  existence  of  some  center  disjoint  from  U which  produces  X' . Finally,  as 
the  morphism  b : X'  — * X is  an  isomorphism  over  U (see  Lemma  58.6.4)  we  will 
often  abuse  notation  and  think  of  U as  an  open  subspace  of  X'  as  well. 


Lemma  58.8.2.  Let  S be  a scheme.  Let  X be  a quasi-compact  and  quasi-separated 
algebraic  space  over  S.  Let  U C X be  a quasi-compact  open  subspace.  Let  b : X'  — > 
X be  a U -admissible  blowup.  Let  X"  — >•  X'  be  a U -admissible  blowup.  Then  the 
composition  X"  — > X is  a U -admissible  blowup. 


Proof.  Immediate  from  the  more  precise  Lemma  58.6.12 


□ 


Lemma  58.8.3.  Let  S be  a scheme.  Let  X be  a quasi-compact  and  quasi-separated 
algebraic  space.  Let  U,V  C X be  quasi-compact  open  subspaces.  Let  b : V'  — > V 
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be  a U n V -admissible  blowup.  Then  there  exists  a U -admissible  blowup  X'  — > X 
whose  restriction  to  V is  V' . 


Proof.  Let  I C Oy  be  the  finite  type  quasi-coherent  sheaf  of  ideals  such  that  V (I) 
is  disjoint  from  U fl  V and  such  that  V'  is  isomorphic  to  the  blow  up  of  V in  X. 
Let  X'  C Ojjuv  be  the  quasi-coherent  sheaf  of  ideals  whose  restriction  to  U is  Gu 
and  whose  restriction  to  V is  X.  By  Limits  of  Spaces,  Lemma  [57. 9. 8|  there  exists  a 
finite  type  quasi-coherent  sheaf  of  ideals  J C Ox  whose  restriction  to  U U V is  X’ . 
The  lemma  follows.  □ 

086E  Lemma  58.8.4.  Let  S be  a scheme.  Let  X be  a quasi-compact  and  quasi-separated 
algebraic  space  over  S.  Let  U C X be  a quasi-compact  open  subspace.  Let  hi  : 
Xi  -A  X , i = 1, . . . ,n  be  U -admissible  blowups.  There  exists  a U -admissible  blowup 
b : X'  X such  that  (a)  b factors  as  X'  — > Xi  — » X for  i = 1, . . . ,n  and  (b)  each 
of  the  morphisms  X'  — ► Xi  is  a U -admissible  blowup. 


Proof.  Let  X \ C Ox  be  the  finite  type  quasi-coherent  sheaf  of  ideals  such  that 
V(Xi)  is  disjoint  from  U and  such  that  Xi  is  isomorphic  to  the  blow  up  of  X in  Xi. 
Set  X = X\  ■ . . . ■ Xn  and  let  X'  be  the  blowup  of  X in  X.  Then  X'  — >■  X factors 
through  bt  by  Lemma[58.6.10|  □ 

086F  Lemma  58.8.5.  Let  S be  a scheme.  Let  X be  a quasi-compact  and  quasi-separated 
algebraic  space  over  S.  Let  U,V  be  quasi-compact  disjoint  open  subspaces  of  X. 
Then  there  exist  a U U V -admissible  blowup  b : X'  — > X such  that  X'  is  a disjoint 
union  of  open  subspaces  X'  = X[  II  X2  with  b~1(U)  C X[  and  &_1(P)  C X2. 


Proof.  Choose  a finite  type  quasi-coherent  sheaf  of  ideals  I, 

X \ U = V{X),  resp.  X \ V = V{J),  see  Limits  of  Spaces,  Lemma  57.14.1 


resp.  J such  that 
Then 


\V(XJ)\  = |X|.  Hence  XJ  is  a locally  nilpotent  sheaf  of  ideals.  Since  X and  J are 
of  finite  type  and  X is  quasi-compact  there  exists  an  n > 0 such  that  InJn  = 0. 
We  may  and  do  replace  X by  Xn  and  J by  Jn . Whence  XJ  = 0.  Let  b : X'  — > X 
be  the  blowing  up  in  X+J.  This  is  U UP-admissible  as  \V{X+J)\  = |X|  \ \U\ U \V\. 
We  will  show  that  X'  is  a disjoint  union  of  open  subspaces  X'  = X[  HXj  as  in  the 
statement  of  the  lemma. 


Since  \V(X+  J)\  is  the  complement  of  |?7  U V\  we  conclude  that  V U U is  scheme 
theoretically  dense  in  X' , see  Lemmas  |58.6.4|  and  58.2.4  Thus  if  such  a decompo- 
sition X'  = X[  H X'2  into  open  and  closed  subspaces  exists,  then  X\  is  the  scheme 
theoretic  closure  of  U in  X'  and  similarly  X2  is  the  scheme  theoretic  closure  of 
V in  X' . Since  U — > X'  and  V — > X'  are  quasi-conrpact  taking  scheme  theoretic 
closures  commutes  with  etale  localization  (Morphisms  of  Spaces,  Lemma  54.16.3). 
Hence  to  verify  the  existence  of  X\  and  X2  we  may  work  etale  locally  on  X.  This 
reduces  us  to  the  case  of  schemes  which  is  treated  in  the  proof  of  Divisors,  Lemma 
130.28.51  □ 
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CHAPTER  59 


Algebraic  Spaces  over  Fields 


06DR 


59.1.  Introduction 

06DS  This  chapter  is  the  analogue  of  the  chapter  on  varieties  in  the  setting  of  algebraic 
spaces.  A reference  for  algebraic  spaces  is  [Knu7l|. 

59.2.  Conventions 

06LX  The  standing  assumption  is  that  all  schemes  are  contained  in  a big  fppf  site  Schfppf. 
And  all  rings  A considered  have  the  property  that  Spec(A)  is  (isomorphic)  to  an 
object  of  this  big  site. 

Let  S be  a scheme  and  let  A be  an  algebraic  space  over  S.  In  this  chapter  and  the 
following  we  will  write  X x g X for  the  product  of  A'  with  itself  (in  the  category  of 
algebraic  spaces  over  S),  instead  of  A x A. 


59.3.  Generically  finite  morphisms 


OACY 

0AD1 


This  section  continues  the  discussion  in  Decent  Spaces,  Section  59.3  and  the  ana- 


logue for  morphisms  of  algebraic  spaces  of  Varieties,  Section [32. 15 


Lemma  59.3.1.  Let  S be  a scheme.  Let  / : A — >■  Y be  a morphism  of  algebraic 
spaces  over  S.  Assume  f is  locally  of  finite  type  and  Y is  locally  Noetherian.  Let 
y £ |Y|  be  a point  of  codimension  < 1 onY.  Let  X°  C |A|  be  the  set  of  points  of 
codimension  0 on  A.  Assume  in  addition  one  of  the  following  conditions  is  satisfied 

(1)  for  every  x £ A'0  the  transcendence  degree  of  x/ f(x)  is  0, 

(2)  for  every  x £ A'0  with  f(x)  y the  transcendence  degree  of  x/  f(x)  is  0, 

(3)  f is  quasi-finite  at  every  x £ A'0, 

(4)  f is  quasi-finite  at  a dense  set  of  points  of  \X\, 

(5)  add  more  here. 


Then  f is  quasi-finite  at  every  point  of  X lying  over  y. 


Proof.  We  want  to  reduce  the  proof  to  the  case  of  schemes.  To  do  this  we  choose 
a commutative  diagram 

U >■  A 

9 f 

Y 

V s-  Y 


where  U , V are  schemes  and  where  the  horizontal  arrows  are  etale  and  surjec- 
tive. Pick  v £ V mapping  to  y.  Observe  that  V is  locally  Noetherian  and  that 
dim(Oy„)  < 1 (see  Properties  of  Spaces,  Definitions  53.9.2  and  Remark  53.7.3). 
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The  fibre  Uv  of  U — > V over  v surjects  onto  /_1({y})  C |A|.  The  inverse  image  of 
A0  in  U is  exactly  the  set  of  generic  points  of  irreducible  components  of  U (Prop- 
erties of  Spaces,  Lemma  53.10.1 1.  If  ij  £ U is  such  a point  with  image  x £ X°,  then 


the  transcendence  degree  of  x/f( x)  is  the  transcendence  degree  of  k{t])  over  n{g{rj)) 
(Morphisms  of  Spaces,  Definition  54.32.1).  Observe  that  U — > V is  quasi-finite  at 


u £ U if  and  only  if  / is  quasi-finite  at  the  image  of  u in  X. 


Case  (1).  Here  case  (1)  of  Varieties,  Lemma  32.15.1  applies  and  we  conclude  that 
U — > V is  quasi-finite  at  all  points  of  Uv.  Hence  / is  quasi-finite  at  every  point 
lying  over  y. 

Case  (2).  Let  u £ U be  a generic  point  of  an  irreducible  component  whose  image 
in  V specializes  to  v.  Then  the  image  x £ X°  of  u has  the  property  that  fix)  y. 


Hence  we  see  that  case  (2)  of  Varieties,  Lemma  32.15.1  applies  and  we  conclude  as 
before. 


Case  (3)  follows  from  case  (3)  of  Varieties,  Lemma  32.15.1 

In  case  (4),  since  \U\  — > |A|  is  open,  we  see  that  the  set  of  points  where  U — > V is 


quasi-finite  is  dense  as  well.  Hence  case  (4)  of  Varieties,  Lemma  32.15.1  applies.  □ 


0AD2 


Lemma  59.3.2.  Let  S be  a scheme.  Let  f : X Y be  a morphism  of  algebraic 
spaces  over  S . Assume  f is  proper  and  Y is  locally  Noetherian.  Let  y £ Y be  a 
point  of  codimension  < 1 in  Y . Let  X°  C |X|  be  the  set  of  points  of  codimension  0 
on  X . Assume  in  addition  one  of  the  following  conditions  is  satisfied 

(1)  for  every  x £ A'0  the  transcendence  degree  of  x/f(x)  is  0, 

(2)  for  every  x £ A'0  with  f{x)  y the  transcendence  degree  of  x/f(x)  is  0, 

(3)  / is  quasi-finite  at  every  x £ A'0, 

(4)  / is  quasi-finite  at  a dense  set  of  points  of  \X\, 

(5)  add  more  here. 

Then  there  exists  an  open  subspace  Y'  C Y containing  y such  that  Y'  Xy  X — >■  Y' 
is  finite. 

Proof.  By  Lemma|59.3.1|the  morphism  / is  quasi-finite  at  every  point  lying  over 
y.  Let  y : Spec(fc)  — »•  Y be  a geometric  point  lying  over  y.  Then  \Xy\  is  a discrete 


space  (Decent  Spaces,  Lemma  55.16.10).  Since  Xy  is  quasi-compact  as  / is  proper 


we  conclude  that  \Xy\  is  finite.  Thus  we  can  apply  Cohomology  of  Spaces,  Lemma 


l56.21.2lto  conclude. 


□ 


OBBQ 


Lemma  59.3.3.  Let  S be  a scheme.  Let  X be  a Noetherian  algebraic  space  over 
S.  Let  f : Y X be  a birational  proper  morphism  of  algebraic  spaces  with  Y 
reduced.  Let  U C X be  the  maximal  open  over  which  f is  an  isomorphism.  Then 
U contains 

(1)  every  point  of  codimension  0 in  X , 

every  x £ |A|  of  codimension  1 on  X such  that  the  local  ring  of  X at  x is 


(2) 

(3) 


normal  (Properties  of  Spaces,  Remark  53.7.6 ),  and 
every  x £ |AT|  such  that  the  fibre  of  \Y\ 
that  the  local  ring  of  X at  x is  normal. 


| AT  | over  x is  finite  and  such 


Proof.  Part  (1)  follows  from  Decent  Spaces,  Lemma  55.20.5  (and  the  fact  that  the 


Noetherian  algebraic  spaces  X and  Y are  quasi-separated  and  hence  decent).  Part 
(2)  follows  from  part  (3)  and  Lemma  ~59.3.2|(and  the  fact  that  finite  morphisms  have 
finite  fibres).  Let  x £ |A|  be  as  in  (3).  By  Cohomology  of  Spaces,  Lemma  56.21.2 
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0AD3 


0AD4 


0BH2 


0AD5 


(which  applies  by  Decent  Spaces,  Lemma  55.16.10)  we  may  assume  / is  finite. 
Choose  an  affine  scheme  X'  and  an  etale  morphism  X'  — > X and  a point  x'  £ X 
mapping  to  a;.  It  suffices  to  show  there  exists  an  open  neighbourhood  U'  of  x'  £ X' 
such  that  Y Xx  X'  — > X'  is  an  isomorphism  over  U'  (namely,  then  U contains  the 
image  of  U'  in  X , see  Spaces,  Lemma  52.5.6).  Then  Y Xx  X'  — > X is  a finite 
birational  (Decent  Spaces,  Lemma  55.20.6)  morphism.  Since  a finite  morphism  is 
affine  we  reduce  to  the  case  of  a finite  birational  morphism  of  Noetherian  affine 
schemes  Y — > X and  x £ X such  that  Ox,x  is  a normal  domain.  This  is  treated  in 
Varieties,  Lemma |32.15.3|  □ 


59.4.  Integral  algebraic  spaces 


We  have  not  yet  defined  the  notion  of  an  integral  algebraic  space.  The  problem 
is  that  being  integral  is  not  an  etale  local  property  of  schemes.  We  could  use  the 
property,  that  X is  reduced  and  |A|  is  irreducible,  given  in  Properties,  Lemma 


27.3.4  to  define  integral  algebraic  spaces.  In  this  case  the  algebraic  space  described 


in  Spaces,  Example |52. 14. 9| would  be  integral  which  does  not  seem  right.  To  avoid 
this  type  of  patholopgy  we  will  in  addition  assume  that  X is  a decent  algebraic 
space,  although  perhaps  a weaker  alternative  exists. 


Definition  59.4.1.  Let  S'  be  a scheme.  We  say  an  algebraic  space  X over  S is 
integral  if  it  is  reduced,  decent,  and  \X\  is  irreducible. 


In  this  case  the  irreducible  topological  space  \X\  is  sober  (Decent  Spaces,  Propo- 
sition 55.10.9).  Hence  it  has  a unique  generic  point  x.  Then  x is  contained  in  the 


schematic  locus  of  X (Decent  Spaces,  Theorem  55.9.2 ) and  we  can  look  at  its  residue 
field  as  a substitute  for  the  function  field  of  X (not  yet  defined;  insert  future  ref- 
erence here).  In  Decent  Spaces,  Lemma  55.18.3  we  characterized  decent  algebraic 
spaces  with  finitely  many  irreducible  components.  Applying  that  lemma  we  see 
that  an  algebraic  space  X is  integral  if  it  is  reduced,  has  an  irreducible  dense  open 
subscheme  X'  with  generic  point  x'  and  the  morphism  x'  — > A'  is  quasi-compact. 


Lemma  59.4.2.  Let  S be  a scheme.  Let  X be  an  integral  algebraic  space  over  S . 
Then  r(A,  Ox)  is  a domain. 


Proof.  Set  R = T(X,Ox)-  If  f,g  £ R are  nonzero  and  fg  = 0 then  X = V(f)  U 
V(g)  where  V(f)  denotes  the  closed  subspace  of  X cut  out  by  /.  Since  X is 
irreducible,  we  see  that  either  V(f)  = A or  V(g)  = X.  Then  either  / = 0 or  g = 0 
by  Properties  of  Spaces,  Lemma [53.11. 1[  □ 


The  following  lemma  characterizes  dominant  morphisms  of  finite  degree  between 
integral  algebraic  spaces. 


Lemma  59.4.3.  Let  S be  a scheme.  Let  X , Y be  integral  algebraic  spaces  over 
S Let  x £ |A|  and  y £ \Y\  be  the  generic  points.  Let  f : X -A  Y be  locally  of 
finite  type.  Assume  f is  dominant  (Morphisms  of  Spaces,  Definition  54.18.1).  The 
following  are  equivalent: 


(1)  the  transcendence  degree  of  x/y  is  0, 

(2)  the  extension  n(x)  D n(y)  (see  proof)  is  finite, 

(3)  there  exist  nonempty  affine  opens  U C X and  V C Y such  that  f(U)  C V 
and  f\u'.U—>Vis  finite, 

(4)  / is  quasi-finite  at  x,  and 
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(5)  x is  the  only  point  of  |A'|  mapping  to  y. 

If  f is  separated  or  if  f is  quasi- compact,  then  these  are  also  equivalent  to 

(6)  there  exists  a nonempty  affine  open  V C Y such  that  /_1(P)  — > V is 
finite. 

Proof.  By  elementary  topology,  we  see  that  f(x)  = y as  / is  dominant.  Let 
Y'  C Y be  the  schematic  locus  of  Y and  let  X'  C f~1(Y')  be  the  schematic  locus 
of  f~1(Y').  By  the  discussion  above,  using  Decent  Spaces,  Proposition  55.10.9  and 
Theorem  55.9.2  we  see  that  x £ \X'\  and  y £ \Y'\.  Then  f\x>  : X'  — > Y'  is  a 


morphism  of  integral  schemes  which  is  locally  of  finite  type.  Thus  we  see  that  (1), 


(2),  (3)  are  equivalent  by  Morphisms,  Lemma  28.47.7 


Condition  (4)  implies  condition  (1)  by  Morphisms  of  Spaces,  Lemma  54.32.3  applied 
to  X — ► Y — ► Y.  On  the  other  hand,  condition  (3)  implies  condition  (4)  as  a finite 
morphism  is  quasi-finite  and  as  x £ U because  x is  the  generic  point.  Thus  (1)  - 

(4)  are  equivalent. 

Assume  the  equivalent  conditions  (1)  - (4).  Suppose  that  x'  K > y.  Then  x x'  is 
a specialization  in  the  fibre  of  |X|  — > |Y|  over  y.  If  x'  x , then  / is  not  quasi-finite 
at  x by  Decent  Spaces,  Lemma  55.16.9|  Hence  x = x'  and  (5)  holds.  Conversely,  if 

(5)  holds,  then  (5)  holds  for  the  morphism  of  schemes  X'  — > Y'  (see  above)  and  we 
can  use  Morphisms,  Lemma  28.47.7  to  see  that  (1)  holds. 


Observe  that  (6)  implies  the  equivalent  conditions  (1)  - (5)  without  any  further 
assumptions  on  /.  To  finish  the  proof  we  have  to  show  the  equi valent  conditions 
(1)  - (5)  imply  (6).  This  follows  from  Decent  Spaces,  Lemma  55.19.4  □ 


0AD6  Definition  59.4.4.  Let  S'  be  a scheme.  Let  X and  Y be  integral  algebraic  spaces 
over  S.  Let  / : X — > Y be  locally  of  finite  type  and  dominant.  Assume  any  of  the 


equivalent  conditions  (1)  - (5)  of  Lemma  59.4.3  Let  x G \X\  and  y G |Y|  be  the 
generic  points.  Then  the  positive  integer 

deg {X/Y)  = [k(x)  : n{y)] 

is  called  the  degree  of  X over  Y. 

Here  is  a lemma  about  normal  integral  algebraic  spaces. 

OAYH  Lemma  59.4.5.  Let  S be  a scheme.  Let  X be  a normal  integral  algebraic  space 
over  S.  For  every  x £ \X\  there  exists  a normal  integral  affine  scheme  U and  an 
etale  morphism  U — > X such  that  x is  in  the  image. 

Proof.  Choose  an  affine  scheme  U and  an  etale  morphism  U — > X such  that  x is 
in  the  image.  Let  iq,  i £ I be  the  generic  points  of  irreducible  components  of  U. 


Then  each  iq  maps  to  the  generic  point  of  X (Decent  Spaces,  Lemma  55.18.1).  By 
our  definition  of  a decent  space  (Decent  Spaces,  Definition  55.6.1),  we  see  that  I is 
finite.  Hence  U = Spec(A)  where  A is  a normal  ring  with  finitely  many  minimal 
primes.  Thus  ^ — Hie/  Ai  is  a product  of  normal  domains  by  Algebra,  Lemma 


10.36.15  Then  U = JJ  Ui  with  Ui  = Spec(Aj)  and  x is  in  the  image  of  Ui 


some  i.  This  proves  the  lemma. 


X for 
□ 


0BH3  Lemma  59.4.6.  Let  S be  a scheme.  Let  X be  a normal  integral  algebraic  space 
over  S.  Then  T(X,Ox)  is  a normal  domain. 
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0AD7 

0AD8 

0AD9 


OADA 

OADB 

06LY 


Proof.  Set  R = F(7f,  Ox)-  Then  R is  a domain  by  Lemma  59.4.2  Let  / = a/b  be 
an  element  of  the  fraction  field  of  R which  is  integral  over  R.  For  any  U — > X etale 
with  U a scheme  there  is  at  most  one  fu  £ T(C/,  Ojj)  with  b\ufu  — a\u-  Namely,  U 
is  reduced  and  the  generic  points  of  U map  to  the  generic  point  of  X which  implies 
that  b\u  is  a nonzerodivisor.  For  every  x £ |X|  we  choose  U — >•  X as  in  Lemma 
59.4.51  Then  there  is  a unique  fu  £ T(U,Ou)  with  b\ufu  = o\u  because  T(U,Ou) 


is  a normal  domain  by  Properties,  Lemma  |27.7.9|  By  the  uniqueness  mentioned 
above  these  fu  glue  and  define  a global  section  / of  the  structure  sheaf,  i.e.,  of 
R.  □ 


59.5.  Modifications  and  alterations 


Using  our  notion  of  an  integral  algebraic  space  we  can  define  a modification  as 
follows. 


Definition  59.5.1.  Let  S be  a scheme.  Let  X be  an  integral  algebraic  space  over 
S.  A modification  of  X is  a birational  proper  morphism  / : X'  — > X of  algebraic 
spaces  over  S with  X'  integral. 


For  birational  morphisms  of  algebraic  spaces,  see  Decent  Spaces,  Definition  55.20.1 

Lemma  59.5.2.  Let  f : X'  — > X be  a modification  as  in  Definition  59.5.1 
exists  a nonempty  open  U C X such  that  f~1{U)  -A  U is  an  isomorphism. 

Proof.  By  Lemma  59.4.3  there  exists  a nonempty  U C X such  that  /_1([7) 


There 


U 


is  finite.  By  generic  flatness  (Morphisms  of  Spaces,  Proposition  |54.3LT ) we  may 
assume  /_1([7)  -A  17  is  flat  and  of  finite  presentation.  So  /_1(1 7)  — >•  C7  is  finite 
locally  free  (Morphisms  of  Spaces,  Lemma  54.44.6 ).  Since  / is  birational,  the  degree 
of  X'  over  X is  1.  Hence  /_1(t/)  — > U is  finite  locally  free  of  degree  1,  in  other 
words  it  is  an  isomorphism.  □ 


Definition  59.5.3.  Let  S be  a scheme.  Let  X be  an  integral  algebraic  space  over 
S.  An  alteration  of  X is  a proper  dominant  morphism  / : Y — >■  X of  algebraic 
spaces  over  S with  Y integral  such  that  /_1(t/)  — >•  Z7  is  finite  for  some  nonempty 
open  U C X. 


If  / : Y — > X is  a dominant  and  proper  morphism  between  integral  algebraic  spaces, 
then  it  is  an  alteration  as  soon  as  the  induced  extension  of  residue  fields  in  generic 
points  is  finite.  Here  is  the  precise  statement. 


Lemma  59.5.4.  Let  S be  a scheme.  Let  f : X — ► Y be  a proper  dominant 
morphism  of  integral  algebraic  spaces  over  S . Then  f is  an  alteration  if  and  only 
if  any  of  the  equivalent  conditions  (1)  - (6)  of  Lemma  59-4-3  hold. 


Proof.  Immediate  consequence  of  the  lemma  referenced  in  the  statement. 


□ 


59.6.  Schematic  locus 


We  have  already  proven  a number  of  results  on  the  schematic  locus  of  an  algebraic 
space.  Here  is  a list  of  references: 


(1)  Properties  of  Spaces,  Sections  53.12  and  53.13 


(2)  Decent  Spaces,  Section  55.9 


(3)  Properties  of  Spaces,  Lemma  53.14.3  4=  Decent  Spaces,  Lemma  55.10.12 


Decent  Spaces,  Lemma |55. 12.2 
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(4)  Limits  of  Spaces,  Section 

(5)  Limits  of  Spaces,  Section 


57.15 


57.17 


and 


There  are  some  cases  where  certain  types  of  morphisms  of  algebraic  spaces  are 
automatically  representable,  for  example  separated,  locally  quasi-finite  morphisms 


(Morphisms  of  Spaces,  Lemma  54.48.1),  and  flat  monomorphisms  (More  on  Mor- 
phisms of  Spaces,  Lemma  63.4.1 ) In  Section  59.7  we  will  study  what  happens  with 


the  schematic  locus  under  extension  of  base  field. 

06LZ  Lemma  59.6.1.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . In  each 
of  the  following  cases  X is  a scheme: 

(1)  X is  quasi-compact  and  quasi- separated  and  dim(Af)  = 0, 

(2)  X is  locally  of  finite  type  over  a field  k and  dim(V)  = 0, 

(3)  X is  Noetherian  and  dim(V)  = 0,  and 

(4)  add  more  here. 

Proof.  Cases  (2)  and  (3)  follow  immediately  from  case  (1)  but  we  will  give  a 
separate  proofs  of  (2)  and  (3)  as  these  proofs  use  significantly  less  theory. 


Proof  of  (3).  Let  U be  an  affine  scheme  and  let  U 
R = U XxU.  The  two  projection  morphisms  s,t 


A X be  an  etale  morphism.  Set 
R — > U are  etale  morphisms  of 


schemes.  By  Properties  of  Spaces,  Definition  53.8.2  we  see  that  dim([/)  = 0 and 


dim(i?)  = 0.  Since  R is  a locally  Noetherian  scheme  of  dimension  0,  we  see  that  R 
is  a disjoint  union  of  spectra  of  Artinian  local  rings  (Properties,  Lemma [27.10.5). 
Since  we  assumed  that  X is  Noetherian  (so  quasi-separated)  we  conclude  that  R 
is  quasi-compact.  Hence  R is  an  affine  scheme  (use  Schemes,  Lemma  25.6.8).  The 
etale  morphisms  s,t  : R U induce  finite  residue  field  extensions.  Hence  s and 


t are  finite  by  Algebra,  Lemma  10.53.4  (small  detail  omitted).  Thus  Groupoids, 
Proposition  38.23.8  shows  that  X = U/R  is  an  affine  scheme. 


Proof  of  (2)  - almost  identical  to  the  proof  of  (4).  Let  U be  an  affine  scheme  and 
let  U — > X be  an  etale  morphism.  Set  R = U XxU.  The  two  projection  morphisms 
s,t  : R —>  U are  etale  morphisms  of  schemes.  By  Properties  of  Spaces,  Definition 
53.8.2  we  see  that  dim(E7)  = 0 and  similarly  dim(i?)  = 0.  On  the  other  hand, 
the  morphism  U — > Spec  (k)  is  locally  of  finite  type  as  the  composition  of  the  etale 
morphism  U — > X and  X — > Spec (k),  see  Morphisms  of  Spaces,  Lemmas  54.23.2 
and  54.38.9  Similarly,  R — > Spec(fc)  is  locally  of  finite  type.  Hence  by  Varieties, 


Lemma  32.17.2|we  see  that  U and  R are  disjoint  unions  of  spectra  of  local  Artinian 
fc-algebras  finite  over  k.  The  same  thing  is  therefore  true  of  U Xgpec(j.)  U.  As 


R = U xxU 


U x 


Spec  (fc) 


u 


is  a monomorphism,  we  see  that  R is  a finite(!)  union  of  spectra  of  finite  fc-algebras. 
It  follows  that  R is  affine,  see  Schemes,  Lemma|25.6.8|  Applying  Varieties,  Lemma 
|32.17.2|once  more  we  see  that  R is  finite  over  k.  Hence  s,  t are  finite,  see  Morphisms, 


Lemma  [28.43. 12|  Thus  Groupoids,  Proposition  |38.2378|  shows  that  the  open  sub- 
space U/R  of  X is  an  affine  scheme.  Since  the  schematic  locus  of  X is  an  open 
subspace  (see  Properties  of  Spaces,  Lemma  53.12.1),  and  since  U — > X was  an 
arbitrary  etale  morphism  from  an  affine  scheme  we  conclude  that  X is  a scheme. 


Proof  of  (1).  By  Cohomology  of  Spaces,  Lemma  56.9.1  we  have  vanishing  of  higher 


cohomology  groups  for  all  quasi-coherent  sheaves  T on  X.  Hence  X is  affine  (in 
particular  a scheme)  by  Cohomology  of  Spaces,  Proposition  56.15.9  □ 
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The  following  lemma  tells  us  that  a quasi-separated  algebraic  space  is  a scheme 
away  from  codimension  1. 

OADC  Lemma  59.6.2.  Let  S be  a scheme.  Let  X be  a quasi-separated,  algebraic  space 
over  S.  Let  x £ |X|.  The  following  are  equivalent 

(1)  x is  a point  of  codimension  0 on  X , 

(2)  the  local  ring  of  X at  x has  dimension  0,  and 

(3)  x is  a generic  point  of  an  irreducible  component  of  |X|. 

If  true,  then  there  exists  an  open  subspace  of  X containing  x which  is  a scheme. 


Proof.  The  equivalence  of  (1),  (2),  and  (3)  follows  from  Decent  Spaces,  Lemma 
55.18.1  and  the  fact  that  a quasi-separated  algebraic  space  is  decent  (Decent  Spaces, 
Section  55.6).  However  in  the  next  paragraph  we  will  give  a more  elementary  proof 


of  the  equivalence. 

Note  that  (1)  and  (2)  are  equivalent  by  definition  (Properties  of  Spaces,  Definition 


53.9.2 ).  To  prove  the  equivalence  of  (1)  and  (3)  we  may  assume  X is  quasi-compact. 


Choose 


= Un+ 1 CUnC  Un-x  C . . . C Ui  = X 


and  fi  : Vi  — ► Ui  as  in  Decent  Spaces,  Lemma  55.8.6  Say  x £ Ui,  x fL  Ui+  Then 


x = fi{y)  for  a unique  y £ Vi.  If  (1)  holds,  then  y is  a generic  point  of  an  irreducible 
component  of  Vi  (Properties  of  Spaces,  Lemma  53.10.1 ).  Since  f~  (Ui+i)  is  a quasi- 


compact open  of  Vi  not  containing  y,  there  is  an  open  neighbourhood  W C V,  of 

or  more  simply  Algebra, 


27.2.2 


y disjoint  from  fi  (Vi)  (see  Properties,  Lemma 
Lemma  10.25.4).  Then  /,; | w : W — > X is  an  isomorphism  onto  its  image  and  hence 


x = fi(y)  is  a generic  point  of  |Af|.  Conversely,  assume  (3)  holds.  Then  fi  maps 
{y}  onto  the  irreducible  component  {a;}  of  |Z7j|.  Since  |/j|  is  bijective  over  {x},  it 
follows  that  {y}  is  an  irreducible  component  of  Ui.  Thus  x is  a point  of  codimension 
0. 


The  final  statement  of  the  lemma  is  Properties  of  Spaces,  Proposition  |53. 1 23  □ 


The  following  lemma  says  that  a separated  locally  Noetherian  algebraic  space  is  a 
scheme  in  codimension  1,  i.e. , away  from  codimension  2. 

0ADD  Lemma  59.6.3.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let 
x £ | AC  | . If  X is  separated,  locally  Noetherian,  and  the  dimension  of  the  local  ring 
of  X at  x is  < 1 (Properties  of  Spaces,  Definition  53.9.2),  then  there  exists  an  open 
subspace  of  X containing  x which  is  a scheme. 


Proof.  (Please  see  the  remark  below  for  a different  approach  avoiding  the  material 
on  finite  groupoids.)  We  can  replace  X by  an  quasi-compact  neighbourhood  of 
x,  hence  we  may  assume  X is  quasi-compact,  separated,  and  Noetherian.  There 
exists  a scheme  U and  a finite  surjective  morphism  U — > X , see  Limits  of  Spaces, 
Proposition  |57.16.2|  Let  R = U Xx  U.  Then  j : R — > U x 5 U is  an  equivalence 
relation  and  we  obtain  a groupoid  scheme  ( U,R,s,t,c ) over  S with  s,t  finite  and 
U Noetherian  and  separated.  Let  {u\, . . . ,un}  C U be  the  set  of  points  mapping 


to  x.  Then  dim (Ojj,Ui)  < 1 by  Decent  Spaces,  Lemma  55.10.11 


By  More  on  Groupoids,  Lemma  |39. 13.101  there  exists  an  A-invariant  affine  open 
W C U containing  the  orbit  {u\, . . . ,un}.  Since  U — > X is  finite  surjective  the 
continuous  map  \U\  -A  |X|  is  closed  surjective,  hence  submersive  by  Topology, 
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Lemma  5.5.5  Thus  f(W ) is  open  and  there  is  an  open  subspace  X'  C X with  / : 
W — > X'  a surjective  finite  morphism.  Then  X'  is  an  affine  scheme  by  Cohomology 
of  Spaces,  Lemma [56. 16. 1|  and  the  proof  is  finished.  □ 


OADE  Remark  59.6.4.  Here  is  a sketch  of  a proof  of  Lemma  59.6.3  which  avoids  using 


More  on  Groupoids,  Lemma  39.13.10 


Step  1.  We  may  assume  X is  a reduced  Noetherian  separated  algebraic  space  (for 
example  by  Cohomology  of  Spaces,  Lemma|56.16.1|or  by  Limits  of  Spaces,  Lemma 
57.15.3 1 and  we  may  choose  a finite  surjective  morphism  Y — > X where  Y is  a 


Noetherian  scheme  (by  Limits  of  Spaces,  Proposition  57.16.2 1. 


Step  2.  After  replacing  X by  an  open  neighbourhood  of  x,  there  exists  a birational 
finite  morphism  X'  — > X and  a closed  subscheme  Y'  C X'  x x Y such  that  Y'  — > X' 
is  surjective  finite  locally  free.  Namely,  because  X is  reduced  there  is  a dense  open 


subspace  U C X over  which  Y is  flat  (Morphisms  of  Spaces,  Proposition  54.31.1). 
Then  we  can  choose  a [/-admissible  blow  up  b : X -A  X such  that  the  strict 
transform  Y of  Y is  flat  over  X,  see  More  on  Morphisms  of  Spaces,  Lemma 


63.29.1 


(An  alternative  is  to  use  Hilbert  schemes  if  one  wants  to  avoid  using  the  result  on 
blow  ups).  Then  we  let  X'  C X be  the  scheme  theoretic  closure  of  5_1(t/)  and 
Y'  = X'  Xj-  Y.  Since  x is  a codimension  1 point,  we  see  that  X'  — > X is  finite  over 


a neighbourhood  of  x (Lemma  59.3.2). 


Step  3.  After  shrinking  X to  a smaller  neighbourhood  of  x we  get  that  X'  is  a 
scheme.  This  holds  because  Y'  is  a scheme  and  Y'  -A  X'  being  finite  locally  free 
and  because  every  finite  set  of  codimension  1 points  of  Y'  is  contained  in  an  affine 
open.  Use  Properties  of  Spaces,  Proposition  |53. 13. 1|  and  Varieties,  Proposition 
132.31.71 

Step  4.  There  exists  an  affine  open  W'  C X'  containing  all  points  lying  over  x 
which  is  the  inverse  image  of  an  open  subspace  of  A.  To  prove  this  let  Z C A be 
the  closure  of  the  set  of  points  where  A'  -A  A is  not  an  isomorphism.  We  may 
assume  x £ Z otherwise  we  are  already  done.  Then  £ is  a generic  point  of  an 
irreducible  component  of  Z and  after  shrinking  A we  may  assume  Z is  an  affine 


scheme  (Lemma  59.6.2 ).  Then  the  inverse  image  Z'  C X'  is  an  affine  scheme  as  well. 


Say  Xi, . . . ,xn  £ Z'  are  the  points  mapping  to  x.  Then  we  can  find  an  affine  open 
W'  in  X'  whose  intersection  with  Z'  is  the  inverse  image  of  a principal  open  of  Z 
containing  x.  Namely,  we  first  pick  an  affine  open  W'  C X'  containing  x\, . . . ,xn 
using  Varieties,  Proposition  32.31.7  Then  we  pick  a principal  open  D(/)  C Z 


containing  x whose  inverse  image  D(f\z')  is  contained  in  W'  D Z' . Then  we  pick 
/'  £ T{W' ,Ow')  restricting  to  f\z>  and  we  replace  W'  by  £>(/')  C W' . Since 
A'  -A  A is  an  isomorphism  away  from  Z'  -A  Z the  choice  of  W'  guarantees  that 
the  image  W C X of  W'  is  open  with  inverse  image  W'  in  X' . 

Step  5.  Then  W'  -A  IP  is  a finite  surjective  morphism  and  W is  a scheme  by 


Cohomology  of  Spaces,  Lemma  56.16.1  and  the  proof  is  complete. 


59.7.  Schematic  locus  and  field  extension 

0B82  It  can  happen  that  a nonrepresentable  algebraic  space  over  a field  k becomes  rep- 
resentable (i.e. , a scheme)  after  base  change  to  an  extension  of  k.  See  Spaces, 
Example  |52. 14. 2[  In  this  section  we  address  this  issue. 
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0B83  Lemma  59.7.1.  Let  k be  a field.  Let  X be  an  algebraic  space  over  k.  If  there 
exists  a purely  inseparable  field  extension  k C k'  such  that  X fi  is  a scheme,  then 
X is  a scheme. 


Proof.  The  morphism  X^  — > X is  integral,  surjective,  and  universally  injective. 
Hence  this  lemma  follows  from  Limits  of  Spaces,  Lemma  57.15.4|  □ 


0B84  Lemma  59.7.2.  Let  k be  a field  with  algebraic  closure  k.  Let  X be  a quasi- 
separated  algebraic  space  over  k. 

(1)  If  there  exists  a field  extension  k C K such  that  Xx  is  a scheme,  then  X -r 
is  a scheme. 

(2)  If  X is  quasi-compact  and  there  exists  a field  extension  k C K such  that 
Xk  is  a scheme,  then  X ^ is  a scheme  for  some  finite  separable  extension 
k'  ofk. 


Proof.  Since  every  algebraic  space  is  the  union  of  its  quasi-compact  open  sub- 
spaces, we  see  that  the  first  part  of  the  lemma  follows  from  the  second  part  (some 
details  omitted).  Thus  we  assume  X is  quasi-conrpact  and  we  assume  given  an 
extension  k C K with  Kx  representable.  Write  K = |J  A as  the  colimit  of  finitely 
generated  fc-subalgebras  A.  By  Limits  of  Spaces,  Lemma[57.5.9  we  see  that  Xa  is  a 
scheme  for  some  A.  Choose  a maximal  ideal  m C A.  By  the  Hilbert  Nullstellensatz 


(Algebra,  Theorem  10.33.11  the  residue  field  k'  = A/m  is  a finite  extension  of  k. 
Thus  we  see  that  X x is  a scheme.  If  k'  D k is  not  separable,  let  k'  D k"  D k be 
the  subextension  found  in  Fields,  Lemma  9.13.6  Since  k'  jk"  is  purely  inseparable, 


0B86 


by  Lemma  59.7.1  the  algebraic  space  X^u  is  a scheme.  Since  k"\k  is  separable  the 
proof  is  complete.  □ 

Lemma  59.7.3.  Let  k C k'  be  a finite  Galois  extension  with  Galois  group  G.  Let 
X be  an  algebraic  space  over  k.  Then  G acts  freely  on  the  algebraic  space  AV  and 


X = Xk'/G  in  the  sense  of  Properties  of  Spaces,  Lemma  53.33.1 


0B87 


Proof.  Omitted.  Hints:  First  show  that  Spec(fc)  = Spec(fc')/G.  Then  use  compa- 
tinility  of  taking  quotients  with  base  change.  □ 

Lemma  59.7.4.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S and  let 
G be  a finite  group  acting  freely  on  X.  Set  Y = X/G  as  in  Properties  of  Spaces, 
For  y £ \Y\  the  following  are  equivalent 


Lemma  53.33.1 


(1)  y is  in  the  schematic  locus  ofY,  and 

(2)  there  exists  an  affine  open  U C X containing  the  preimage  of  y. 


Proof.  It  follows  from  the  construction  of  Y = X/G  in  Properties  of  Spaces, 
Lemma  [53.33. 1|  that  the  morphism  X — >■  Y is  surjective  and  etale.  Of  course  we 
have  X Xy  X = X x G hence  the  morphism  X — > Y is  even  finite  etale.  It  is  also 
surjective.  Thus  the  lemma  follows  from  Decent  Spaces,  Lemma [55.9. 3|  □ 

0B85  Lemma  59.7.5.  Let  k be  a field.  Let  X be  a quasi- separated  algebraic  space  over 
k.  If  there  exists  a purely  transcendental  field  extension  k C K such  that  Xx  is  a 
scheme,  then  X is  a scheme. 


Proof.  Since  every  algebraic  space  is  the  union  of  its  quasi-conrpact  open  sub- 
spaces, we  may  assume  X is  quasi-compact  (some  details  omitted).  Recall  (Fields, 
Definition  9.25.1 ) that  the  assumption  on  the  extension  K/k  signifies  that  K is  the 
fraction  field  of  a polynomial  ring  (in  possibly  infinitely  many  variables)  over  k. 
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Thus  K = U A is  the  union  of  subalgebras  each  of  which  is  a localization  of  a finite 
polynomial  algebra  over  k.  By  Limits  of  Spaces,  Lemma  [57. 5. 9|  we  see  that  Xa  is 
a scheme  for  some  A.  Write 

A = k[x i, . . .,xn\[l/f] 
for  some  nonzero  / £ k[x i, . . . , xn]. 

If  k is  infinite  then  we  can  finish  the  proof  as  follows:  choose  a^, ...  ,an  £ k with 
f{a±, . . . , an)  ^ 0.  Then  (ai, . . . , an ) define  an  fc-algebra  map  A — > k mapping  Xi 
to  ai  and  1 //  to  l//(ai, . . . ,an).  Thus  the  base  change  Xa  Xgpec(^)  Spec(/c)  = X 
is  a scheme  as  desired. 


In  this  paragraph  we  finish  the  proof  in  case  k is  finite.  In  this  case  we  write 
X = lim  Xj  with  Xi  of  finite  presentation  over  k and  with  affine  transition  mor- 


phisms  (Limits  of  Spaces,  Lemma  57.10.1).  Using  Limits  of  Spaces,  Lemma  57.5.9 


we  see  that  is  a scheme  for  some  i.  Thus  we  may  assume  X — > Spec (k)  is  of  fi- 
nite presentation.  Let  x £ |X|  be  a closed  point.  We  may  represent  x by  a closed  im- 
mersion Spec(fv)  —>  X (Decent  Spaces,  Lemma  55.12.6|).  Then  Spec(re)  — > Spec (k) 
is  of  finite  type,  hence  k is  a finite  extension  of  k (by  the  Hilbert  Nullstellensatz, 
see  Algebra,  Theorem  10.33. 1|  some  details  omitted).  Say  [k  : k]  = d.  Choose  an 
integer  n>0  prime  to  d and  let  k C k'  be  the  extension  of  degree  n.  Then  k' /k 
is  Galois  with  G = Aut  {k'/k)  cyclic  of  order  n.  If  n is  large  enough  there  will 
be  fc-algebra  homomorphism  A — > k!  by  the  same  reason  as  above.  Then  Xk>  is  a 
scheme  and  X = Xk'/G  (Lemma  59.7.3).  On  the  other  hand,  since  n and  d are 
relatively  prime  we  see  that 


Spec(«)  xx  Xk>  = Spec(«)  xSpec{k)  Spec (k')  = Spec(K<g>fc  k') 

is  the  spectrum  of  a field.  In  other  words,  the  fibre  of  Xk'  — > X over  x consists  of 
a single  point.  Thus  by  Lemma [59. 7. 4| we  see  that  x is  in  the  schematic  locus  of  X 
as  desired.  □ 


0BA7  Remark  59.7.6.  Let  k be  finite  field.  Let  I\  D k be  a geometrically  irreducible 
held  extension.  Then  K is  the  limit  of  geometrically  irreducible  finite  type  k- 
algebras  A.  Given  A the  estimates  of  Lang  and  Weil  [LW54] . show  that  for  n 0 
there  exists  an  £:-algebra  homomorphism  A — ► k'  with  k'/k  of  degree  n.  Analyzing 
the  argument  given  in  the  proof  of  Lemma  |59.7.5|  we  see  that  if  X is  a quasi- 
separated  algebraic  space  over  k and  Xk  is  a scheme,  then  X is  a scheme.  If  we 
ever  need  this  result  we  will  precisely  formulate  it  and  prove  it  here. 

0B88  Lemma  59.7.7.  Let  k be  a field  with  algebraic  closure  k.  Let  X be  an  algebraic 
space  over  k such  that 

(1)  X is  decent  and  locally  of  finite  type  over  k, 

(2)  Xj - is  a scheme,  and 

(3)  any  finite  set  of  k-rational  points  of  X^  are  contained  in  an  affine. 

Then  X is  a scheme. 


Proof.  If  k C K is  an  extension,  then  the  base  change  Xk  is  decent  (Decent 
Spaces,  Lemma  55.6.5)  and  locally  of  finite  type  over  K (Morphisms  of  Spaces, 
Lemma  54.23.3).  By  Lemma  59.7.1  it  suffices  to  prove  that  X becomes  a scheme 
after  base  change  to  the  perfection  of  k , hence  we  may  assume  k is  a perfect  held 
(this  step  isn’t  strictly  necessary,  but  makes  the  other  arguments  easier  to  think 
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about).  By  covering  A by  quasi-compact  opens  we  see  that  it  suffices  to  prove 
the  lemma  in  case  X is  quasi-compact  (small  detail  omitted).  In  this  case  \X\  is  a 


sober  topological  space  (Decent  Spaces,  Proposition  55.10.9).  Hence  it  suffices  to 


show  that  every  closed  point  in  \X\  is  contained  in  the  schematic  locus  of  X (use 


Properties  of  Spaces,  Lemma  53.12.1  and  Topology,  Lemma  5.11.8). 

Let  x £ |A'|  be  a closed  point.  By  Decent  Spaces,  Lemma  55.12.6  we  can  find 


a closed  immersion  Spec(Z)  — > X representing  x.  Then  Spec(/)  —>  Spec (k)  is  of 


finite  type  (Morphisms  of  Spaces,  Lemma  54.23.2 ) and  we  conclude  that  l is  a finite 
extension  of  k by  the  Hilbert  Nullstellensatz  (Algebra,  Theorem  10.33.1).  It  is 
separable  because  k is  perfect.  Thus  the  scheme 

Spec(Z)  x x Xj  = Spec (l)  xSpec(fc)  Spec(F)  = Spec(Z  <g>fc  k) 

is  the  disjoint  union  of  a finite  number  of  fc-rational  points.  By  assumption  (3)  we 
can  find  an  affine  open  W C X-r  containing  these  points. 


By  Lemma  59.7.2  we  see  that  Xf./  is  a scheme  for  some  finite  extension  k! /k.  After 


enlarging  k'  we  may  assume  that  there  exists  an  affine  open  U'  C X *,/  whose  base 
change  to  k recovers  W (use  that  X ^ is  the  limit  of  the  schemes  X k"  for  k!  C k"  C k 
finite  and  use  Limits,  Lemmas  |31.3.8  and  31.3.10).  We  may  assume  that  k'/k  is 
a Galois  extension  (take  the  normal  closure  Fields,  Lemma  9.15.3  and  use  that  k 
is  perfect).  Set  G = Gal  (k'/k).  By  construction  the  G-  invariant  closed  subscheme 
Spec(Z)  x x Xk > is  contained  in  U' . Thus  x is  in  the  schematic  locus  by  Lemmas 
159.7.31  and  159.7.41  □ 


The  following  two  lemmas  should  go  somewhere  else.  Please  compare  the  next 
lemma  to  Decent  Spaces,  Lemma [55. 16. 8[ 

06S0  Lemma  59.7.8.  Let  k be  a field.  Let  X be  an  algebraic  space  over  k.  The  following 
are  equivalent 

(1)  X is  locally  quasi-finite  over  k, 

(2)  X is  locally  of  finite  type  over  k and  has  dimension  0, 

(3)  X is  a scheme  and  is  locally  quasi-finite  over  k, 

(4)  X is  a scheme  and  is  locally  of  finite  type  over  k and  has  dimension  0, 
and 

(5)  X is  a disjoint  union  of  spectra  of  Artinian  local  k-algebras  A over  k with 
dimfe(A)  < oo. 


Proof.  Because  we  are  over  a field  relative  dimension  of  X/k  is  the  same  as  the 
dimension  of  X.  Hence  by  Morphisms  of  Spaces,  Lemma  54.33.6  we  see  that  (1)  and 


(2)  are  equivalent.  Hence  it  follows  from  Lemma  59.6.1  (and  trivial  implications) 


that  (1)  - (4)  are  equivalent.  Finally,  Varieties,  Lemma  32.17.2  shows  that  (1) 
(4)  are  equivalent  with  (5).  □ 

06S1  Lemma  59.7.9.  Let  k be  a field.  Let  f : X -A  Y be  a monomorphism  of  algebraic 
spaces  over  k.  IfY  is  locally  quasi-finite  over  k so  is  X. 


Proof.  Assume  Y is  locally  quasi-finite  over  k.  By  Lemma  59.7.8  we  see  that 
Y = TT  Spec(Aj)  where  each  Ai  is  an  Artinian  local  ring  finite  over  k.  By  Decent 
Spaces,  Lemma  55.17.1  we  see  that  A is  a scheme.  Consider  A \ = /_1(Spec(Ai)). 


Then  A,;  has  either  one  or  zero  points.  If  Xt  has  zero  points  there  is  nothing  to 
prove.  If  Aj  has  one  point,  then  Aj  = Spec(-Bj)  with  Bi  a zero  dimensional  local 
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ring  and  A,  — > Bi  is  an  epimorphism  of  rings.  In  particular  Aj/rriA;  = 

and  we  see  that  A,;  — > B i is  surjective  by  Nakayama’s  lemma,  Algebra,  Lemma 


10.19.1  (because  is  a nilpotent  ideal!).  Thus  Bi  is  a finite  local  fc-algebra,  and 
we  conclude  by  Lemma  59.7.8  that  X — »•  Spec(fc)  is  locally  quasi-finite.  □ 


59.8.  Geometrically  connected  algebraic  spaces 

If  A is  a connected  algebraic  space  over  a field,  then  it  can  happen  that  X be- 
comes disconnected  after  extending  the  ground  field.  This  does  not  happen  for 
geometrically  connected  schemes. 

Definition  59.8.1.  Let  X be  an  algebraic  space  over  the  field  k.  We  say  X is 
geometrically  connected  over  k if  the  base  change  Xk'  is  connected  for  every  field 
extension  k!  of  k. 

By  convention  a connected  topological  space  is  nonempty;  hence  a fortiori  geomet- 
rically connected  algebraic  spaces  are  nonempty. 

Lemma  59.8.2.  Let  X be  an  algebraic  space  over  the  field  k.  Let  k C k'  be  a 
field  extension.  Then  X is  geometrically  connected  over  k if  and  only  if  Xk'  is 
geometrically  connected  over  k' . 

Proof.  If  X is  geometrically  connected  over  k.  then  it  is  clear  that  Xk'  is  geo- 
metrically connected  over  k' . For  the  converse,  note  that  for  any  field  extension 
k C k"  there  exists  a common  field  extension  k!  C k!"  and  k"  C k!" . As  the  mor- 
phism Xyjn  -a  Xk"  is  surjective  (as  a base  change  of  a surjective  morphism  between 
spectra  of  fields)  we  see  that  the  connectedness  of  Xk'"  implies  the  connectedness 
of  Xk".  Thus  if  Xk>  is  geometrically  connected  over  k ' then  X is  geometrically 
connected  over  k.  □ 


Lemma  59.8.3.  Let  k be  a field.  Let  X , Y be  algebraic  spaces  over  k.  Assume 
X is  geometrically  connected  over  k.  Then  the  projection  morphism 

p ■ X xkY  — > Y 

induces  a bijection  between  connected  components. 


Proof.  Let  y £ |Y|  be  represented  by  a morphism  Spec(A')  — > Y be  a morphism 
where  K is  a held.  The  fibre  of  | X xk  Y\  — > \Y\  over  y is  the  image  of  \Yk\  — » 

Thus  these  fibres  are  connected 


|X  xfeV|  by  Properties  of  Spaces,  Lemma  53.4.3 


by  our  assumption  that  Y is  geometrically  connected. 


By  Morphisms  of  Spaces, 
to 


Lemma  54.6.6  the  map  \p\  is  open.  Thus  we  may  apply  Topology,  Lemma  5.6.5 
conclude. 


□ 


Lemma  59.8.4.  Let  k C k'  be  an  extension  of  fields.  Let  X be  an  algebraic  space 
over  k.  Assume  k separably  algebraically  closed.  Then  the  morphism  Xk'  —¥  X 
induces  a bijection  of  connected  components.  In  particular,  X is  geometrically 
connected  over  k if  and  only  if  X is  connected. 


Proof.  Since  k is  separably  algebraically  closed  we  see  that  k!  is  geometrically 

Hence  Z = Spec(fc')  is  geometrically 
Since  Xk>  = Z x k X the  result  is  a 

□ 


connected  over  k,  see  Algebra,  Lemma  10.47.4 


connected  over  k by  Varieties,  Lemma  32.5.5 
special  case  of  Lemma |59.8.3| 


59.8.  GEOMETRICALLY  CONNECTED  ALGEBRAIC  SPACES 


3836 


0A13 


0A14 

0A15 


0A16 


0A17 


Lemma  59.8.5.  Let  k be  a field.  Let  X be  an  algebraic  space  over  k.  Let  k be  a 
separable  algebraic  closure  of  k.  Then  X is  geometrically  connected  if  and  only  if 
the  base  change  X j,  is  connected. 


Proof.  Assume  X ^ is  connected.  Let  k C k'  be  a field  extension.  There  exists  a 
field  extension  k C k such  that  k'  embeds  into  k as  an  extension  of  k.  By  Lemma 

Xk>  is  surjective  we  conclude 

□ 


59.8.4  we  see  that  X-r>  is  connected.  Since  X, 


that  Xk'  is  connected  as  desired. 


Let  k be  a field.  Let  k C k be  a (possibly  infinite)  Galois  extension.  For  example 
k could  be  the  separable  algebraic  closure  of  k.  For  any  a £ Gal(k/k)  we  get  a 
corresponding  automorphism  Spec(a)  : Spec(fc)  — > Spec (k).  Note  that  Spec(er)  o 
Spec(r)  = Spec(r  o a).  Hence  we  get  an  action 

Gal(k/k)opp  x Spec(fc)  — Spec(fc) 

of  the  opposite  group  on  the  scheme  Spec(fc).  Let  X be  an  algebraic  space  over  k. 
Since  X ^ = Spec(/c)  Xgpec(fc)  X by  definition  we  see  that  the  action  above  induces 
a canonical  action 

(59.8.5.1)  Gal (k/k)opp  x%->  %. 

Lemma  59.8.6.  Let  k be  a field.  Let  X be  an  algebraic  space  over  k.  Let  k be 
a (possibly  infinite)  Galois  extension  of  k.  Let  V C be  a quasi-compact  open. 
Then 

(1)  there  exists  a finite  subextension  k C k'  C k and  a quasi-compact  open 
V'  C Xk f such  that  V = ( V 

(2)  there  exists  an  open  subgroup  H C Gal(k/k)  such  that  cr(V)  = V for  all 
<7  £ H . 


Proof.  Choose  a scheme  U and  a surjective  etale  morphism  U — >•  A'.  Choose  a 
quasi-compact  open  W C £%  whose  image  in  X ^ is  V.  This  is  possible  because 
\U-jf\  \X^.\  is  continuous  and  because  \U^\  has  a basis  of  quasi-compact  opens.  We 
can  apply  Varieties,  Lemma  32.5.9  to  W C to  obtain  the  lemma.  □ 


Lemma  59.8.7.  Let  k be  a field.  Let  k C k be  a ( possibly  infinite)  Galois  ex- 
tension. Let  X be  an  algebraic  space  over  k.  Let  T C |A^|  have  the  following 
properties 

(1)  T is  a closed  subset  o/|A^|, 

(2)  for  every  a £ Gal{k/k ) we  have  <r(T)  = T. 

Then  there  exists  a closed  subset  T C \X\  whose  inverse  image  in  \Xk)  is  T. 


Proof.  Let  T C |A|  be  the  image 
statement  means  that  T is  closed  and 
U and  a surjective  etale  morphism  U 


Lemma  32.5.10)  there  exists  a closed 


is  the  inverse  image  of  T.  Since  \U^\ 
inverse  image  of  T via  \U\  — ► |Aj.  By 
means  that  T is  closed.  In  the  same 
of  T. 


of  T.  Since  |A^|  — >•  |A'|  is  surjective,  the 
that  its  inverse  image  is  T.  Choose  a scheme 
X.  By  the  case  of  schemes  (see  Varieties, 
subset  T'  C | U | whose  inverse  image  in  \U^\ 
— > \X-jf\  is  surjective,  we  see  that  T'  is  the 
our  construction  of  the  topology  on  |A|  this 
manner  one  sees  that  T is  the  inverse  image 

□ 


Lemma  59.8.8.  Let  k be  a field.  Let  X be  an  algebraic  space  over  k.  The  following 
are  equivalent 
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(1)  A is  geometrically  connected, 

(2)  for  every  finite  separable  field  extension  k C k!  the  scheme  Xk>  is  con- 
nected. 


Proof.  This  proof  is  identical  to  the  proof  of  Varieties,  Lemma  32.5.11  except  that 
we  replace  Varieties,  Lemma [32.5. 7| by  Lemma [59. 8. 5[  we  replace  Varieties,  Lemma 
|32.5.9|by  Lemma[59.8.6[  and  we  replace  Varieties,  Lemma[~32.5.10|by  Lemma|59.8.7| 
We  urge  the  reader  to  read  that  proof  in  stead  of  this  one. 


It  follows  immediately  from  the  definition  that  (1)  implies  (2).  Assume  that  X is 
not  geometrically  connected.  Let  k C k be  a separable  algebraic  closure  of  k.  By 
Lemma 


59.8.5 


it  follows  that  X k is  disconnected.  Say  X k = U II  V with  U and  V 


open,  closed,  and  nonempty  algebraic  subspaces  of  A 


k- 


Then  Wk  fl  U and 


Suppose  that  W C X is  any  quasi-compact  open  subspace. 

Wk  fl  V are  open  and  closed  subspaces  of  Wk.  In  particular  Wk  fl  U and  Wk  fl  V 
are  quasi-compact,  and  by  Lemma  59.8.6  both  WkC\U  and  Wk  fl  V are  defined  over 
a finite  subextension  and  invariant  under  an  open  subgroup  of  Gal {k/k).  We  will 
use  this  without  further  mention  in  the  following. 


Pick  Wo  C X quasi-compact  open  subspace  such  that  both  W0  knU  and  W0 
are  nonempty.  Choose  a finite  subextension  k C k'  C k and  a decomposition 
Wo,fc'  = XJq  II  Vq  into  open  and  closed  subsets  such  that  WQk  fl  U = {U'0)k  and 
Wok  fl  V = (Vo)fc-  Let  H = Gal  (k/k')  C Gal(fc/fc).  In  particular  a (Wok  D U)  = 
W0  k fl  U and  similarly  for  V. 

Having  chosen  Wo,  k'  as  above,  for  every  quasi-compact  open  subspace  W C A we 
set 

Uw=r\aeH^WknU),  vw=Urj£Ha(wknv). 

Now,  since  Wk  fl  U and  W^fl  V are  fixed  by  an  open  subgroup  of  Gal(fc/fc)  we  see 
that  the  union  and  intersection  above  are  finite.  Hence  Uw  and  Vw  are  both  open 
and  closed  subspaces.  Also,  by  construction  Wk  = Uw  LI  Vw- 


We  claim  that  if  W C W'  C A are  quasi-compact  open  subspaces,  then  WkUUw'  = 
Uw  and  Wk  fl  Vw'  = Vw-  Verification  omitted.  Hence  we  see  that  upon  defining 
U = UivcA'  Uw  and  V = Uivc x we  obtain  Afc  = U UV  is  a disjoint  union  of 
open  and  closed  subsets.  It  is  clear  that  V is  nonempty  as  it  is  constructed  by  taking 
unions  (locally).  On  the  other  hand,  U is  nonempty  since  it  contains  Wo  H U by 
construction.  Finally,  U,V  C Xk  are  closed  and  iJ-invariant  by  construction.  Hence 
by  Lemma|59.8.7  we  have  U = (U')k,  and  V = {V')k  for  some  closed  U' ,V'  C Xy . 
Clearly  Xk>  = U'  U V and  we  see  that  Xk<  is  disconnected  as  desired.  □ 


59.9.  Spaces  smooth  over  fields 

06M0 

06M1  Lemma  59.9.1.  Let  k be  a field.  Let  X be  an  algebraic  space  smooth  over  k. 
Then  X is  a regular  algebraic  space. 


Proof.  Choose  a scheme  U and  a surjective  etale  morphism  U — > A.  The  mor- 
phism U — > Spec(fc)  is  smooth  as  a composition  of  an  etale  (hence  smooth)  mor- 
phism and  a smooth  morphism  (see  Morphisms  of  Spaces,  Lemmas  54.38.6  and 
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54.36.2 ).  Hence  U is  regular  by  Varieties,  Lemma  32.20.3  By  Properties  of  Spaces, 
Definition  |53.7.2|  this  means  that  X is  regular.  □ 

Lemma  59.9.2.  Let  k be  afield.  Let  X be  an  algebraic  space  smooth  overSpec(k). 
The  set  of  x £ |X|  which  are  image  of  morphisms  Spec(k')  —>  X with  k!  D k finite 
separable  is  dense  in  |A|. 

Proof.  Choose  a scheme  U and  a surjective  etale  morphism  U — ► X.  The  mor- 
phism U — > Spec(fc)  is  smooth  as  a composition  of  an  etale  (hence  smooth)  mor- 


phism and  a smooth  morphism  (see  Morphisms  of  Spaces,  Lemmas  54.38.6  and 
54.36.2 1.  Hence  we  can  apply  Varieties,  Lemma  32.20.6  to  see  that  the  closed 


points  of  U whose  residue  fields  are  finite  separable  over  k are  dense.  This  implies 
the  lemma  by  our  definition  of  the  topology  on  \X\.  □ 
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Topologies  on  Algebraic  Spaces 


60.1.  Introduction 


In  this  chapter  we  introduce  some  topologies  on  the  category  of  algebraic  spaces. 
Compare  with  the  material  in  |Gro71|.  |BLR90|.  |LMB00|  and  IKnu71l.  Before 
doing  so  we  would  like  to  point  out  that  there  are  many  different  choices  of  sites 


(as  defined  in  Sites,  Definition  7.6.2 ) which  give  rise  to  the  same  notion  of  sheaf  on 
the  underlying  category.  Hence  our  choices  may  be  slightly  different  from  those  in 
the  references  but  ultimately  lead  to  the  same  cohomology  groups,  etc. 

60.2.  The  general  procedure 

In  this  section  we  explain  a general  procedure  for  producing  the  sites  we  will  be 
working  with.  This  discussion  will  make  little  or  no  sense  unless  the  reader  has 
read  Topologies,  Section  [33. 2| 

Let  S'  be  a base  scheme.  Take  any  category  Scha  constructed  as  in  Sets,  Lemma 


3.9.2  starting  with  S and  any  set  of  schemes  over  S you  want  to  be  included.  Choose 


any  set  of  coverings  Co VfPPf  on  Scha  as  in  Sets,  Lemma  3.11.1  starting  with  the 
category  Scha  and  the  class  of  fppf  coverings.  Let  Schfppf  denote  the  big  fppf  site 
so  obtained,  and  let  ( Sch/S)fppf  denote  the  corresponding  big  fppf  site  of  S.  (The 
above  is  entirely  as  prescribed  in  Topologies,  Section  33.7  ) 


Given  choices  as  above  the  category  of  algebraic  spaces  over  S has  a set  of  iso- 
morphism classes.  One  way  to  see  this  is  to  use  the  fact  that  any  algebraic  space 
over  S is  of  the  form  U/R  for  some  etale  equivalence  relation  j : R — ► U x 5 U 


with  U,R£  Ob ((Sch/S)fppf),  see  Spaces,  Lemma  52.9.1  Hence  we  can  find  a full 
subcategory  Spaces/ S of  the  category  of  algebraic  spaces  over  S which  has  a set  of 
objects  such  that  each  algebraic  space  is  isomorphic  to  an  object  of  Spaces/ S.  We 
fix  a choice  of  such  a category. 

In  the  sections  below,  given  a topology  r,  the  big  site  (Spaces/ S)T  (resp.  the  big 
site  (Spaces/ X)T  of  an  algebraic  space  X over  S)  has  as  underlying  category  the 
category  Spaces/ S (resp.  the  subcategory  Spaces/ X of  Spaces/ S,  see  Categories, 
Example  4.2. 13|) . The  procedure  for  turning  this  into  a site  is  as  usual  by  defining 
a class  of  r-coverings  and  using  Sets,  Lemma  |3.11.1|  to  choose  a sufficiently  large 
set  of  coverings  which  defines  the  topology. 

We  point  out  that  the  small  etale  site  X^taie  of  an  algebraic  space  X has  already 
been  defined  in  Properties  of  Spaces,  Definition  |53.17.1|  Its  objects  are  schemes 
etale  over  X,  of  which  there  are  plenty  by  definition  of  an  algebraic  spaces.  However, 
a more  natural  site,  from  the  perspective  of  this  chapter  (compare  Topologies, 
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Definition  33.4.8 ) is  the  site  Xspaces^taie  of  Properties  of  Spaces,  Definition 
These  two  sites  define  the  same  topos,  see  Properties  of  Spaces,  Lemma 
We  will  not  redefine  these  in  this  chapter;  instead  we  will  simply  use  them. 


53.17.2 


53.17.3 


Finally,  we  intend  not  to  define  the  Zariski  sites,  since  these  do  not  seem  particularly 
useful  (although  the  Zariski  topology  is  occasionally  useful). 


60.3.  Fpqc  topology 

03MP  We  briefly  discuss  the  notion  of  an  fpqc  covering  of  algebraic  spaces.  Please  compare 
with  Topologies,  Section  |33.8|  We  will  show  in  Descent  on  Spaces,  Proposition 
61.4. 1|  that  quasi-coherent  sheaves  descent  along  these. 

03MQ  Definition  60.3.1.  Let  S'  be  a scheme,  and  let  X be  an  algebraic  space  over  S.  An 
fpqc  covering  of  X is  a family  of  morphisms  {fi  : Xj  — x X}jgj  of  algebraic  spaces 
such  that  each  /,;  is  flat  and  such  that  for  every  affine  scheme  Z and  morphism 
h : Z — x X there  exists  a standard  fpqc  covering  {(j:j  : Zj  — x Z}j—i  which 
refines  the  family  {Xj  Xx  Z — x Z}.;ej. 


In  other  words,  there  exists  indices  ii,...,in  £ / and  morphisms  hj  : Uj  — x Xj. 
such  that  fi.  o hj  = ho  gj.  Note  that  if  X and  all  Xj  are  representable,  this  is  the 
same  as  a fpqc  covering  of  schemes  by  Topologies,  Lemma|33.8.11| 

03MR  Lemma  60.3.2.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . 

(1)  If  A''  — x X is  an  isomorphism  then  {X1  — x X}  is  an  fpqc  covering  of  X. 

(2)  If  {Xi  — x X}ifzi  is  an  fpqc  covering  and  for  eachi  we  have  an  fpqc  covering 

{Xij  — x Xi} j (zji , then  {Xj.,-  — X X}j e/qeJi  an  fPQc  covering. 

(3)  If  {Xj  — x X},;6j  is  an  fpqc  covering  and  X'  —x  X is  a morphism  of 
algebraic  spaces  then  {A''  Xj  — x X'j-jg/  is  an  fpqc  covering. 


Proof.  Part  (1)  is  clear.  Consider  g : X'  — x X and  {Xj  — x X}jg/  an  fpqc  covering 
as  in  (3).  By  Morphisms  of  Spaces,  Lemma  54.29.4  the  morphisms  X'  Xx  Xi  — x X' 
are  flat.  If  hi  : Z — > X'  is  a morphism  from  an  affine  scheme  towards  X',  then 
set  h = g o h'  : Z — > X.  The  assumption  on  {Xj  — x X}j ej  means  there  exists 
a standard  fpqc  covering  {Zj  — > Z}j—i  n and  morphisms  Zj  — x X^  covering 
h.  for  certain  i(j)  £ I.  By  the  universal  property  of  the  fibre  product  we  obtain 
morphisms  Zj  — x X'  Xx  Xj q-)  over  h!  also.  Hence  {A''  Xx  Xi  — x A''}jg/  is  an  fpqc 
covering.  This  proves  (3). 


Let  {Xj  —x  X}jgj  and  {Xj^  — x Xj}_,-6j.  be  as  in  (2).  Let  h : Z — x X be  a 
morphism  from  an  affine  scheme  towards  X.  By  assumption  there  exists  a standard 
fpqc  covering  {Zj  — x Z}j= y...^  and  morphisms  hj  : Zj  — x Xj^)  covering  h for 
some  indices  i(j)  £ I.  By  assumption  there  exist  standard  fpqc  coverings  {Zhi  — x 
Zj}i-\r  'inu}  and  morphisms  Zj  i — x Xi (j)jii)  covering  hj  for  some  indices  j(l)  £ 
Ji(j).  By  Topologies,  Lemma  33.8.10  the  family  {Zjj  — x Z}  is  a standard  fpqc 
covering.  Hence  we  conclude  that  {X^  — x X}j is  an  fpqc  covering.  □ 


03MS  Lemma  60.3.3.  Let  S be  a scheme,  and  let  X be  an  algebraic  space  over  S. 

Suppose  that  {fi  : Xi  — x X}j6j  is  a family  of  morphisms  of  algebraic  spaces  with 
target  X.  Let  U —X  X be  a surjective  etale  morphism  from  a scheme  towards  X . 
Then  {fi  : Xi  — x X}jgj  is  an  fpqc  covering  of  X if  and  only  if  {U  Xx  Xi  —X  f7}jg/ 
is  an  fpqc  covering  ofU. 
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Proof.  If  {Xi  — x A}iej  is  an  fpqc  covering,  then  so  is  {U  Xx  A*  — x by 

Lemma  60.3.2  Assume  that  {U  — x U}iej  is  an  fpqc  covering.  Let  h : Z — x X 

be  a morphism  from  an  affine  scheme  towards  X.  Then  we  see  that  U Xx  Z — x Z 
is  a surjective  etale  morphism  of  schemes,  in  particular  open.  Hence  we  can  find 
finitely  many  affine  opens  W\, . . . , Wt  oiU  Xx  Z whose  images  cover  Z.  For  each 
j we  may  apply  the  condition  that  {U  Xx  Xi  — x U}i^j  is  an  fpqc  covering  to  the 
morphism  Wj  —X  U,  and  obtain  a standard  fpqc  covering  {Wji  —X  Wj}  which  refines 
{ Wj  Xx  Xi  —x  Wj}iei.  Hence  { Wji  4 Z}  is  a standard  fpqc  covering  of  Z (see 
Topologies,  Lemma  33.8.10)  which  refines  {Z  Xx  Xi  —X  X}  and  we  win.  □ 


Lemma  60.3.4.  Let  S be  a scheme,  and  let  X be  an  algebraic  space  over  S. 
Suppose  that  U = {/$  : Xi  —X  A is  an  fpqc  covering  of  X.  Then  there  exists  a 
refinement  V = {gi  : Ti  — X X}  ofU  which  is  an  fpqc  covering  such  that  each  Ti  is 
a scheme. 


Proof.  Omitted.  Hint:  For  each  i choose  a scheme  Ti  and  a surjective  etale  mor- 
phism Ti  —x  X.j.  Then  check  that  {T,  — x X}  is  an  fpqc  covering.  □ 

To  be  continued... 


60.4.  Fppf  topology 


In  this  section  we  discuss  the  notion  of  an  fppf  covering  of  algebraic  spaces,  and 
we  define  the  big  fppf  site  of  an  algebraic  space.  Please  compare  with  Topologies, 
Section  133.71 

Definition  60.4.1.  Let  S'  be  a scheme,  and  let  X be  an  algebraic  space  over  S. 
An  fppf  covering  of  X is  a family  of  morphisms  {ft  : Xi  — x A}jS/  of  algebraic 
spaces  over  S such  that  each  /,;  is  flat  and  locally  of  finite  presentation  and  such 
that 

|Y|=Ue/l/iKI^D> 

i.e.,  the  morphisms  are  jointly  surjective. 


This  is  exactly  the  same  as  Topologies,  Definition  33.7.1  In  particular,  if  X and  all 
the  Xi  are  schemes,  then  we  recover  the  usual  notion  of  an  fppf  covering  of  schemes. 


Lemma  60.4.2.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . 

(1)  If  A'7  — x A'  is  an  isomorphism  then  {X1  — x A}  is  an  fppf  covering  of  X. 

(2)  If  {Xi  —x  A },e/  is  an  fppf  covering  and  for  each  i we  have  an  fppf  covering 
{ Xi:j  -x  A i}jeJi,  then  {X -x  A}ie/jeJ.  is  an  fppf  covering. 

(3)  If  {X i —x  X}nzi  is  an  fppf  covering  and  X'  — x A is  a morphism  of 
algebraic  spaces  then  {A''  x^  A j — x A'jjgj  is  an  fppf  covering. 


Proof.  Omitted. 


□ 


Lemma  60.4.3.  Let  S be  a scheme,  and  let  X be  an  algebraic  space  over  S. 
Suppose  that  U = {/*  : A j — x A }j6/  is  an  fppf  covering  of  X.  Then  there  exists  a 
refinement  V = {<?,;  : Ij  -X  A}  ofU  which  is  an  fppf  covering  such  that  each  Ti  is 
a scheme. 


Proof.  Omitted.  Hint:  For  each  i choose  a scheme  Ti  and  a surjective  etale  mor- 
phism Ti  —x  A,;.  Then  check  that  {Ti  — x A'}  is  an  fppf  covering.  □ 


60.6.  SMOOTH  TOPOLOGY 
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0469  Lemma  60.4.4.  Let  S be  a scheme.  Let  {/,;  : Xj  — > A}ig/  be  an  fppf  covering  of 
algebraic  spaces  over  S . Then  the  map  of  sheaves 

WXi—^X 

is  surjective. 

Proof.  This  follows  from  Spaces,  Lemma  [52.5. 9|  See  also  Spaces,  Remark  |52.5.2| 
in  case  you  are  confused  about  the  meaning  of  this  lemma.  □ 

To  be  continued... 


60.5.  Syntomic  topology 


03 YA  In  this  section  we  discuss  the  notion  of  a syntomic  covering  of  algebraic  spaces, 
and  we  define  the  big  syntomic  site  of  an  algebraic  space.  Please  compare  with 
Topologies,  Section  [33. 6| 

041A  Definition  60.5.1.  Let  S'  be  a scheme,  and  let  X be  an  algebraic  space  over  S. 
A syntomic  covering  of  X is  a family  of  morphisms  {/;  : Xi  — > Y}ig/  of  algebraic 
spaces  over  S such  that  each  fi  is  syntomic  and  such  that 

\x\  = \Jiel\fi\(\xi\), 

i.e.,  the  morphisms  are  jointly  surjective. 


This  is  exactly  the  same  as  Topologies,  Definition  33.6.1  In  particular,  if  X and 


all  the  Xi  are  schemes,  then  we  recover  the  usual  notion  of  a syntomic  covering  of 
schemes. 


041B  Lemma  60.5.2.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . 

(1)  If  X1  — > X is  an  isomorphism  then  {X'  — > X}  is  a syntomic  covering  of 
X. 

(2)  If  {Xi  — > X}i£j  is  a syntomic  covering  and  for  each  i we  have  a syntomic 
covering  {Xij  — > Ai}Jgj. , then  {Xij  — > X}iejjej.  is  a syntomic  covering. 

(3)  If  {Xi  — > X}i£j  is  a syntomic  covering  and  X'  — ► X is  a morphism  of 
algebraic  spaces  then  {A''  Xjf  Xi  — > X '{i^i  is  a syntomic  covering. 


Proof.  Omitted. 


□ 


To  be  continued... 


60.6.  Smooth  topology 

03YB  In  this  section  we  discuss  the  notion  of  a smooth  covering  of  algebraic  spaces,  and  we 
define  the  big  smooth  site  of  an  algebraic  space.  Please  compare  with  Topologies, 
Section  133.51 

041C  Definition  60.6.1.  Let  S'  be  a scheme,  and  let  X be  an  algebraic  space  over  S. 
A smooth  covering  of  X is  a family  of  morphisms  {fi  : Xi  — > X },g/  of  algebraic 
spaces  over  S such  that  each  fi  is  smooth  and  such  that 

\x\  = \j  \mxi\), 

i.e.,  the  morphisms  are  jointly  surjective. 


60.8.  ZARISKI  TOPOLOGY 
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This  is  exactly  the  same  as  Topologies,  Definition  |33.5.l|  In  particular,  if  X and 
all  the  Xi  are  schemes,  then  we  recover  the  usual  notion  of  a smooth  covering  of 
schemes. 

041D  Lemma  60.6.2.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . 

(1)  If  X'  X is  an  isomorphism  then  {Xr  — X X}  is  a smooth  covering  of  X. 

(2)  If  {Xi  — x X}j6/  is  a smooth  covering  and  for  each  i we  have  a smooth 
covering  {Xij  — x Xi}jejit  then  {Xij  — X X}iejjeji  is  a smooth  covering. 

(3)  If  {Xi  — x X r}j6j  is  a smooth  covering  and  X'  — X X is  a morphism  of 
algebraic  spaces  then  {X'  I;  ^ X'}jei  is  a smooth  covering. 

Proof.  Omitted.  □ 

To  be  continued... 

60.7.  Etale  topology 

03YC  In  this  section  we  discuss  the  notion  of  a etale  covering  of  algebraic  spaces,  and 
we  define  the  big  etale  site  of  an  algebraic  space.  Please  compare  with  Topologies, 
Section  133.41 

041E  Definition  60.7.1.  Let  S'  be  a scheme,  and  let  X be  an  algebraic  space  over  S.  A 
etale  covering  of  X is  a family  of  morphisms  {fi  : Xi  — x A'}j6/  of  algebraic  spaces 
over  S such  that  each  fi  is  etale  and  such  that 

\X\  = \J  \Mi\Xi\), 

l£l 

i.e.,  the  morphisms  are  jointly  surjective. 

This  is  exactly  the  same  as  Topologies,  Definition |33AT]  In  particular,  if  X and  all 
the  Xi  are  schemes,  then  we  recover  the  usual  notion  of  a etale  covering  of  schemes. 

041F  Lemma  60.7.2.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . 

(1)  If  X'  —x  X is  an  isomorphism  then  {X'  — x X}  is  a etale  covering  of  X. 

(2)  If  {Xi  —X  X}iGj  is  a etale  covering  and  for  each  i we  have  a etale  covering 
{Xij  —x  Xi}jGj.,  then  { X ij  —X  -X’jieijeJi  *s  a etale  covering. 

(3)  If  {Xi  —x  X}iGi  is  a etale  covering  and  X'  — X X is  a morphism  of  algebraic 
spaces  then  {X'  x^Ij-X  X'}j e/  is  a etale  covering. 

Proof.  Omitted.  □ 

To  be  continued... 

60.8.  Zariski  topology 

03YD  In  Spaces,  Section  |52.12|  we  introduced  the  notion  of  a Zariski  covering  of  an  al- 
gebraic space  by  open  subspaces.  Here  is  the  corresponding  notion  with  open 
subspaces  replaces  by  open  immersions. 

041G  Definition  60.8.1.  Let  S'  be  a scheme,  and  let  X be  an  algebraic  space  over  S. 
A Zariski  covering  of  X is  a family  of  morphisms  {fi  : Xi  — x X}ig/  of  algebraic 
spaces  over  S such  that  each  fi  is  an  open  immersion  and  such  that 

|X|=1J  |/i|(|Xi|), 

i.e.,  the  morphisms  are  jointly  surjective. 


60.9.  OTHER  CHAPTERS 
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Although  Zariski  coverings  are  occasionally  useful  the  corresponding  topology  on 
the  category  of  algebraic  spaces  is  really  too  coarse,  and  not  particularly  useful. 
Still,  it  does  define  a site. 

041H  Lemma  60.8.2.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . 

(1)  If  X'  — x X is  an  isomorphism  then  {X1  — x A'}  is  a Zariski  covering  of  X. 

(2)  If  {Xi  — x A'}ig/  is  a Zariski  covering  and  for  each  i we  have  a Zariski 
covering  {A fj  -A  X i}jeJn  then  {X ij  — x A }iGjjeji  is  a Zariski  covering. 

(3)  If  {A i — x X }ig/  is  a Zariski  covering  and  X'  -A  A is  a morphism  of 
algebraic  spaces  then  {A'  Xx  Aj  A A'}^/  is  a Zariski  covering. 

Proof.  Omitted.  □ 
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Descent  and  Algebraic  Spaces 


03  YE 


61.1.  Introduction 


03YF  In  the  chapter  on  topologies  on  algebraic  spaces  (see  Topologies  on  Spaces,  Section 


60.1)  we  introduced  etale,  fppf,  smooth,  syntomic  and  fpqc  coverings  of  algebraic 
spaces.  In  this  chapter  we  discuss  what  kind  of  structures  over  algebraic  spaces 
can  be  descended  through  such  coverings.  See  for  example  IGro95aj.  |Gro95b] . 
|Gro95ej.  |Gro95f],  |Gro95cj.  and  |Gro95d], 


61.2.  Conventions 

0411  The  standing  assumption  is  that  all  schemes  are  contained  in  a big  fppf  site  Schfppf. 
And  all  rings  A considered  have  the  property  that  Spec(A)  is  (isomorphic)  to  an 
object  of  this  big  site. 

Let  S'  be  a scheme  and  let  A be  an  algebraic  space  over  S.  In  this  chapter  and  the 
following  we  will  write  X Xg  X for  the  product  of  X with  itself  (in  the  category  of 
algebraic  spaces  over  S),  instead  of  A x X. 


61.3.  Descent  data  for  quasi-coherent  sheaves 

04W2  This  section  is  the  analogue  of  Descent,  Section  [34. 2|  for  algebraic  spaces.  It  makes 
sense  to  read  that  section  first. 

04W3  Definition  61.3.1.  Let  S be  a scheme.  Let  {/*  : A,;  — » A }i£/  be  a family  of 
morphisms  of  algebraic  spaces  over  S with  fixed  target  A. 

(1)  A descent  datum  (Ti for  quasi-coherent  sheaves  with  respect  to  the 
given  family  is  given  by  a quasi-coherent  sheaf  J7;  on  A,  for  each  i £ I, 
an  isomorphism  of  quasi-coherent  OxtxxXj -modules  ipij  : pi'g A;  — > pr \Tj 
for  each  pair  ( i,j ) £ I2  such  that  for  every  triple  of  indices  (i,j,k)  £ I3 
the  diagram 


Pr 


of  OxiX  xXj  xxA'fc-modules  commutes.  This  is  called  the  cocycle  condition. 
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(2)  A morphism  ip  : (Jr,  ipjj)  — > {F[,  (pU)  of  descent  data  is  given  by  a family 
ip  = (ipi)iei  of  morphisms  of  Oxi -modules  ipi  : J*  — ► T[  such  that  all  the 
diagrams 


Pio-Tr 

P^o^i 

Pro^i 


1 Pa 


Pr  l^j 
Pr 

Wl?' 


commute. 


04W4 


Lemma  61.3.2.  Let  S he  a scheme.  LetU  = {Ui  — > £/},;g/  andV  = {Vj  -A  V}jej 
be  families  of  morphisms  of  algebraic  spaces  over  S with  fixed  targets.  Let  ( g , a : 
I J,  ( gt ))  :U  — ► V be  a morphism  of  families  of  maps  with  fixed  target,  see  Sites, 
Definition  7.8.1  Let  {Fj,<Pjj')  be  a descent  datum  for  quasi- coherent  sheaves  with 
respect  to  the  family  {Vj  — >•  V}j<zj.  Then 

(1)  The  system 

(,9i  ^a(i)  ) (.9i  X gi'{ 


is  a descent  datum  with  respect  to  the  family  {Ui  — > f7}jg/. 

(2)  This  construction  is  functorial  in  the  descent  datum  (, lFj,<Pjj ')• 

(3)  Given  a second  morphism  ( g',a ' : I — > J,(g[))  of  families  of  maps  with 
fixed  target  with  g = g'  there  exists  a functorial  isomorphism  of  descent 
data 


{hi  ( 9i  X gp{  T idi  ^ T a'  (z)a'  (z')) ' 

Proof.  Omitted.  Hint:  The  maps  g{iFa(i)  (g'i)*JCa'(i)  which  give  the  isomor- 
phism of  descent  data  in  part  (3)  are  the  pullbacks  of  the  maps  <Pa(i)a'(i)  by  the 
morphisms  {gz,g'i)  : Ui  -A  Va{i)  xv  □ 


Let  g : U — ► V be  a morphism  of  algebraic  spaces.  The  lemma  above  tells  us 
that  there  is  a well  defined  pullback  functor  between  the  categories  of  descent  data 
relative  to  families  of  maps  with  target  V and  U provided  there  is  a morphism 
between  those  families  of  maps  which  “lives  over  g” . 


04W5 


04W6 


Definition  61.3.3.  Let  S be  a scheme.  Let  {Ui  — >•  U}iGj  be  a family  of  morphisms 
of  algebraic  spaces  over  S with  fixed  target. 

(1)  Let  T be  a quasi-coherent  ©[/-module.  We  call  the  unique  descent  on  T 
datum  with  respect  to  the  covering  {U  — > U}  the  trivial  descent  datum. 

(2)  The  pullback  of  the  trivial  descent  datum  to  {Ui  — > U}  is  called  the 
canonical  descent  datum.  Notation:  ( J-\ui,can ). 

(3)  A descent  datum  (J~i,  <pif)  for  quasi-coherent  sheaves  with  respect  to  the 
given  family  is  said  to  be  effective  if  there  exists  a quasi-coherent  sheaf  T 
on  U such  that  {Jci,(pij)  is  isomorphic  to  (J7\ui,can). 


Lemma  61.3.4.  Let  S be  a scheme.  Let  U be  an  algebraic  space  over  S.  Let 
{Ui  — > U}  be  a Zariski  covering  of  U , see  Topologies  on  Spaces,  Definition  60.8.1 
Any  descent  datum  on  quasi-coherent  sheaves  for  the  family  U = {Ui  —>  U}  is 
effective.  Moreover,  the  functor  from  the  category  of  quasi-coherent  Ou -modules  to 
the  category  of  descent  data  with  respect  to  {Ui  — » 17}  is  fully  faithful. 


Proof.  Omitted. 


□ 
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61.4.  Fpqc  descent  of  quasi-coherent  sheaves 


04W7  The  main  application  of  flat  descent  for  modules  is  the  corresponding  descent  state- 
ment for  quasi-coherent  sheaves  with  respect  to  fpqc-coverings. 

04W8  Proposition  61.4.1.  Let  S be  a scheme.  Let  {Xi  — > X}  be  an  fpqc  covering  of 
algebraic  spaces  over  S,  see  Topologies  on  Spaces,  Definition\6 0.3.1 j Any  descent 
datum  on  quasi-coherent  sheaves  for  {Xi  — > X}  is  effective.  Moreover,  the  functor 
from  the  category  of  quasi-coherent  Ox-modules  to  the  category  of  descent  data  with 
respect  to  {A f — > X}  is  fully  faithful. 


Proof.  This  is  more  or  less  a formal  consequence  of  the  corresponding  result  for 
schemes,  see  Descent,  Proposition |34.5.2  Here  is  a strategy  for  a proof: 

(1)  The  fact  that  {Xi  — » X}  is  a refinement  of  the  trivial  covering  {X  — >•  X} 
gives,  via  Lemma  |61.3.2|  a functor  QCoh(Ox)  — > DD{{Xi  — > X})  from 
the  category  of  quasi-coherent  Ox-modules  to  the  category  of  descent 
data  for  the  given  family. 

In  order  to  prove  the  proposition  we  will  construct  a quasi-inverse  functor 
back  : DD{{Xi  -)■  X})  ->■  QCoh(Ox). 


(2) 

(3) 


Applying  again  Lemma  61.3.2  we  see  that  there  is  a functor  DD({Xi 

X}) 


(4) 


DD({Tj  — > X})  if  {Tj  — > X}  is  a refinement  of  the  given  family. 
Hence  in  order  to  construct  the  functor  back  we  may  assume  that  each  Xi 
is  a scheme,  see  Topologies  on  Spaces,  Lemma [60. 3. 4|  This  reduces  us  to 
the  case  where  all  the  X,  are  schemes. 

A quasi-coherent  sheaf  on  X is  by  definition  a quasi-coherent  Ox-module 
on  Xetale ■ Now  for  any  U £ Ob(XetQ;e)  we  get  an  fppf  covering  {[/,;  Xx 
Xi  — y Uf  by  schemes  and  a morphism  g : {Ui  Xx  Xi  — > U}  — > {Xi  — > X} 
of  coverings  lying  over  U — > X.  Given  a descent  datum  £ = ( Xi,<fiij ) we 
obtain  a quasi-coherent  Oy-module  X^^u  corresponding  to  the  pullback 
g*f  of  Lemma  [61.3.2|  to  the  covering  of  U and  using  effectivity  for  fppf 
covering  of  schemes,  see  Descent,  Proposition  34.5. 2| 

Check  that  £ is  functorial  in  £.  Omitted. 

Check  that  £ i— >■  is  compatible  with  morphisms  U — > U'  of  the  site 

Xetaiei  s0  that  the  system  of  sheaves  X^tu  corresponds  to  a quasi-coherent 
X, £ on  X'etoie,  see  Properties  of  Spaces,  Lemma  53.28.3 
Check  that  back 
(1).  Omitted. 

This  finishes  the  proof.  □ 


(5) 

(6) 


(7) 


Details  omitted. 
£ i— > X^  is  quasi-inverse  to  the  functor  constructed  in 


61.5.  Descent  of  finiteness  properties  of  modules 

060T  This  section  is  the  analogue  for  the  case  of  algebraic  spaces  of  Descent,  Section 
|34.6|  The  goal  is  to  show  that  one  can  check  a quasi-coherent  module  has  a certain 
finiteness  conditions  by  checking  on  the  members  of  a covering.  We  will  repeatedly 
use  the  following  proof  scheme.  Suppose  that  X is  an  algebraic  space,  and  that 
{Xi  — >•  X}  is  a fppf  (resp.  fpqc)  covering.  Let  U — > X be  a surjective  etale  morphism 
such  that  U is  a scheme.  Then  there  exists  an  fppf  (resp.  fpqc)  covering  { Y)  — » X} 
such  that 

(1)  {Yj  — > X}  is  a refinement  of  {Xi  — > X}, 

(2)  each  Yj  is  a scheme,  and 
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(3)  each  morphism  Yj  — > A'  factors  though  U,  and 

(4)  {Yj  — » U}  is  an  fppf  (resp.  fpqc)  covering  of  U. 

Namely,  first  refine  {A,  — > A}  by  an  fppf  (resp.  fpqc)  covering  such  that  each 
X i is  a scheme,  see  Topologies  on  Spaces,  Lemma  |60.4.3[  resp.  Lemma  |60.3.4| 
Then  set  Yi  = U Xx  A*.  A quasi-coherent  Ox-module  F is  of  finite  type,  of 
finite  presentation,  etc  if  and  only  if  the  quasi-coherent  Ojj- module  F\u  is  of  finite 
type,  of  finite  presentation,  etc.  Hence  we  can  use  the  existence  of  the  refinement 
{Yj  — > A'}  to  reduce  the  proof  of  the  following  lemmas  to  the  case  of  schemes.  We 
will  indicate  this  by  saying  that  “ the  result  follows  from  the  case  of  schemes  by  etale 
localization ” . 

060U  Lemma  61.5.1.  Let  X be  an  algebraic  space  over  a scheme  S . Let  F be  a quasi- 
coherent  Ox-module.  Let  {fl  : Aj  — > X }i£/  be  an  fpqc  covering  such  that  each  f*F 
is  a finite  type  Oxt  -module.  Then  F is  a finite  type  Ox -module. 

Proof.  This  follows  from  the  case  of  schemes,  see  Descent,  Lemma [34. 6. 1[  by  etale 
localization.  □ 

060V  Lemma  61.5.2.  Let  X be  an  algebraic  space  over  a scheme  S . Let  F be  a quasi- 
coherent  Ox -module.  Let  {/j  : A \ — > X }iS/  be  an  fpqc  covering  such  that  each 
f*  X is  an  Oxt  -module  of  finite  presentation.  Then  F is  an  Ox -module  of  finite 
presentation. 

Proof.  This  follows  from  the  case  of  schemes,  see  Descent,  Lemma [34. 6. 3[  by  etale 
localization.  □ 

060W  Lemma  61.5.3.  Let  X be  an  algebraic  space  over  a scheme  S . Let  J-  be  a quasi- 
coherent  Ox-module.  Let  {fl  : A*  — > X };e/  be  an  fpqc  covering  such  that  each  f*F 
is  a flat  Oxt-module.  Then  F is  a flat  Ox-module. 

Proof.  This  follows  from  the  case  of  schemes,  see  Descent,  Lennna|34.6.5[  by  etale 
localization.  □ 

060X  Lemma  61.5.4.  Let  X be  an  algebraic  space  over  a scheme  S . Let  F be  a quasi- 
coherent  Ox-module.  Let  {/*  : Aj  — » A }i£j  be  an  fpqc  covering  such  that  each  f*F 
is  a finite  locally  free  Oxt-module.  Then  T is  a finite  locally  free  Ox -module. 

Proof.  This  follows  from  the  case  of  schemes,  see  Descent,  Lemma|34.6.6|  by  etale 
localization.  □ 


The  definition  of  a locally  projective  quasi-coherent  sheaf  can  be  found  in  Properties 
of  Spaces,  Section [53. 30|  It  is  also  proved  there  that  this  notion  is  preserved  under 
pullback. 


060Y  Lemma  61.5.5.  Let  X be  an  algebraic  space  over  a scheme  S.  Let  F be  a quasi- 
coherent  Ox-module.  Let  {fl  : X i X }iGj  be  an  fpqc  covering  such  that  each  ffF 

is  a locally  projective  Oxi~module.  Then  F is  a locally  projective  Ox -module. 


Proof.  This  follows  from  the  case  of  schemes,  see  Descent,  Lemma  34.6.7[  by  etale 
localization.  □ 


We  also  add  here  two  results  which  are  related  to  the  results  above,  but  are  of  a 
slightly  different  nature. 


61.6.  FPQC  COVERINGS 
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060Z  Lemma  61.5.6.  Let  S be  a scheme.  Let  f : X — x Y be  a morphism  of  algebraic 
spaces  over  S.  Let  J-  be  a quasi- coherent  Ox -module.  Assume  f is  a finite  mor- 
phism. Then  J-  is  an  Ox-module  of  finite  type  if  and  only  if  f*J-  is  an  Oy -module 
of  finite  type. 


0610 


Proof.  As  / is  finite  it  is  representable.  Choose  a scheme  V and  a surjective 
etale  morphism  V — > Y.  Then  U = b Xy  X is  a scheme  with  a surjective  etale 
morphism  towards  X and  a finite  morphism  if  : U — > V (the  base  change  of  /). 
Since  ip*(J-\u)  = f*J~\v  the  result  of  the  lemma  follows  immediately  from  the 
schemes  version  which  is  Descent,  Lemma|34.6.9  □ 


Lemma  61.5.7.  Let  S be  a scheme.  Let  f : X — x Y be  a morphism  of  algebraic 
spaces  over  S.  Let  J-  be  a quasi- coherent  Ox -module.  Assume  f is  finite  and  of 
finite  presentation.  Then  T is  an  Ox -module  of  finite  presentation  if  and  only  if 
f*J-  is  an  Oy -module  of  finite  presentation. 


Proof.  As  / is  finite  it  is  representable.  Choose  a scheme  V and  a surjective 
etale  morphism  V — X Y.  Then  U = V Xy  X is  & scheme  with  a surjective  etale 
morphism  towards  X and  a finite  morphism  ip  : U — > V (the  base  change  of  /). 
Since  u)  = f*X \v  the  result  of  the  lemma  follows  immediately  from  the 

schemes  version  which  is  Descent,  Lemma  34.6.10  □ 


61.6.  Fpqc  coverings 


04P0  This  section  is  the  analogue  of  Descent,  Section  [34. 9 1 At  the  moment  we  do  not 
know  if  all  of  the  material  for  fpqc  coverings  of  schemes  holds  also  for  algebraic 
spaces. 

04P1  Lemma  61.6.1.  Let  S be  a scheme.  Let  { f,  : Ti  —X  T}jgj  be  an  fpqc  covering  of 
algebraic  spaces  over  S.  Suppose  that  for  each  i we  have  an  open  subspace  Wj  C Ti 
such  that  for  all  i,j  £ I we  have  pr(j"1(Wi)  = prf  (Wj)  as  open  subspaces  of 
Ti  XyTj.  Then  there  exists  a unique  open  subspace  W C T such  that  Wj  = ffi1(W) 
for  each  i. 


04P2 


Proof.  By  Topologies  on  Spaces,  Lemma|60.3.4  we  may  assume  each  Tj  is  a scheme. 
Choose  a scheme  U and  a surjective  etale  morphism  U — > T.  Then  {Tj  XyU  — > U} 
is  an  fpqc  covering  of  U and  Tj  Xy  U is  a scheme  for  each  i.  Hence  we  see  that 
the  collection  of  opens  W.t  xTU  comes  from  a unique  open  subscheme  W'  C U 
by  Descent,  Lemma  [34.9.2|  As  U —X  X is  open  we  can  define  W C X the  Zariski 
open  which  is  the  image  of  W' , see  Properties  of  Spaces,  Section  53.4  We  omit  the 
verification  that  this  works,  i.e.,  that  Wj  is  the  inverse  image  of  W for  each  i.  □ 


Lemma  61.6.2.  Let  S be  a scheme.  Let  {Tj  — X T}  be  an  fpqc  covering  of  algebraic 
spaces  over  S,  see  Topologies  on  Spaces,  Definition\60.3.l\  Then  given  an  algebraic 
space  B over  S the  sequence 


Mor S(T,  B) > IIj  Mors(Tj,  B) ^ {Lj  Mors(Tj  xT  Tj,  B) 


is  an  equalizer  diagram.  In  other  words,  every  representable  functor  on  the  category 
of  algebraic  spaces  over  S satisfies  the  sheaf  condition  for  fpqc  coverings. 


Proof.  We  know  this  is  true  if  {Tj  — x T}  is  an  fpqc  covering  of  schemes,  see 
Properties  of  Spaces,  Proposition  |53.16.1|  This  is  the  key  fact  and  we  encourage 
the  reader  to  skip  the  rest  of  the  proof  which  is  formal.  Choose  a scheme  U and  a 
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surjective  etale  morphism  JJ  — X T.  Let  Ui  be  a scheme  and  let  Ui  — X Ti  Xj-  U be  a 
surjective  etale  morphism.  Then  {Ui  — x U}  is  an  fpqc  covering.  This  follows  from 
Topologies  on  Spaces,  Lemmas  |60.3.2|  and |60.3.3|  By  the  above  we  have  the  result 
for  {Ui  U}. 

What  this  means  is  the  following:  Suppose  that  bi  : Ti  — x B is  a family  of  morphisms 
with  bi  o pr0  = bj  o pr:  as  morphisms  Ti  Xy  Tj  — x B.  Then  we  let  at  : Ui  — x B 
be  the  composition  of  Ui  — X Ti  with  bi.  By  what  was  said  above  we  find  a unique 
morphism  a : U — x X such  that  a*  is  the  composition  of  a with  Ui  — x U.  The 
uniqueness  guarantees  that  a o pr0  = a o pr1  as  morphisms  U Xj-  U —X  B.  Then 
since  T = U/{U  X?  U)  as  a sheaf,  we  find  that  a comes  from  a unique  morphism 
b : T — x B.  Chasing  diagrams  we  find  that  b is  the  morphism  we  are  looking  for.  □ 


61.7.  Descent  of  finiteness  properties  of  morphisms 


06NQ  The  following  type  of  lemma  is  occasionally  useful. 

06NR  Lemma  61.7.1.  Let  S be  a scheme.  Let  X —X  Y —X  Z be  morphism  of  algebraic 
spaces.  Let  P be  one  of  the  following  properties  of  morphisms  of  algebraic  spaces 
over  S : flat,  locally  finite  type,  locally  finite  presentation.  Assume  that  X —X  Z has 
P and  that  X — x Y is  a surjection  of  sheaves  on  ( Sch/S)fppf . Then  Y — x Z is  P. 


Proof.  Choose  a scheme  W and  a surjective  etale  morphism  W — X Z.  Choose  a 
scheme  V and  a surjective  etale  morphism  V — X W XzY.  Choose  a scheme  U and  a 
surjective  etale  morphism  U — X V XyX.  By  assumption  we  can  find  an  fppf  covering 
{Vi  —X  V}  and  lifts  Vi  — X X of  the  morphism  Vi  —X  Y . Since  U —X  X is  surjective 
etale  we  see  that  over  the  members  of  the  fppf  covering  {Vi  Xx  U —X  V}  we  have 
lifts  into  U.  Hence  U —X  V induces  a surjection  of  sheaves  on  ( Sch/S)fppf . By  our 
definition  of  what  it  means  to  have  property  P for  a morphism  of  algebraic  spaces 
(see  Morphisms  of  Spaces,  Definition  54.29.1  Definition  54.23. 1[  and  Definition 
54.28. It)  we  see  that  U — x W has  P and  we  have  to  show  V — x W has  P.  Thus 


we  reduce  the  question  to  the  case  of  morphisms  of  schemes  which  is  treated  in 
Descent,  Lemma [34. 10. 8|  □ 


OAHC 


A more  standard  case  of  the  above  lemma  is  the  following.  (The  version  with  “flat” 


follows  from  Morphisms  of  Spaces,  Lemma  54.30.5 


Lemma  61.7.2.  Let  S be  a scheme.  Let 


Y 


be  a commutative  diagram  of  morphisms  of  algebraic  spaces  over  S . Assume  that  f 
is  surjective,  flat,  and  locally  of  finite  presentation  and  assume  that  p is  locally  of  fi- 
nite presentation  (resp.  locally  of  finite  type).  Then  q is  locally  of  finite  presentation 
(resp.  locally  of  finite  type). 


Proof.  Since  {X  — x Y } is  an  fppf  covering,  it  induces  a surjection  of  fppf  sheaves 
(Topologies  on  Spaces,  Lemma  60.4.4)  and  the  lemma  is  a special  case  of  Lemma 
|61.7.1[  On  the  other  hand,  an  easier  argument  is  to  deduce  it  from  the  analogue 
for  schemes.  Namely,  the  problem  is  etale  local  on  B and  Y (Morphisms  of  Spaces, 
Lemmas  54.23.4  and  54.28.4).  Hence  we  may  assume  that  B and  Y are  affine 
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OAHD 


OAHE 


OAHF 


schemes.  Since  |X|  — >•  |Y|  is  open  (Morphisms  of  Spaces,  Lemma  54.29.6),  we 
can  choose  an  affine  scheme  U and  an  etale  morphism  U — > X such  that  the 
composition  U — t Y is  surjective.  In  this  case  the  result  follows  from  Descent, 
Lemma  134.10.31  □ 


Lemma  61.7.3.  Let  S be  a scheme.  Let 


be  a commutative  diagram  of  morphisms  of  algebraic  spaces  over  S.  Assume  that 

(1)  / is  surjective,  and  syntomic  (resp.  smooth,  resp.  etale), 

(2)  p is  syntomic  (resp.  smooth,  resp.  etale). 

Then  q is  syntomic  (resp.  smooth,  resp.  etale). 


Proof.  We  deduce  this  from  the  analogue  for  schemes.  Namely,  the  problem  is  etale 
local  on  B and  Y (Morphisms  of  Spaces,  Lemmas  54.35.4  54.36.4  and  |54.38.2 ). 
Hence  we  may  assume  that  B and  Y are  affine  schemes.  Since  |X|  — >•  \Y\  is  open 
(Morphisms  of  Spaces,  Lemma  54.29.6),  we  can  choose  an  affine  scheme  U and  an 
etale  morphism  U — > X such  that  the  composition  U — > Y is  surjective.  In  this 
case  the  result  follows  from  Descent,  Lemma  34.10.4  □ 


Actually  we  can  strengthen  this  result  as  follows. 
Lemma  61.7.4.  Let  S be  a scheme.  Let 


B 


be  a commutative  diagram  of  morphisms  of  algebraic  spaces  over  S.  Assume  that 

(1)  / is  surjective,  flat,  and  locally  of  finite  presentation, 

(2)  p is  smooth  (resp.  etale). 

Then  q is  smooth  (resp.  etale). 


Proof.  We  deduce  this  from  the  analogue  for  schemes.  Namely,  the  problem  is  etale 
local  on  B and  Y (Morphisms  of  Spaces,  Lemmas  54.36.4  and |54.38.2).  Hence  we 
may  assume  that  B and  Y are  affine  schemes.  Since  |X|  — ► |Y|  is  open  (Morphisms 
of  Spaces,  Lemma[54.29.6 ),  we  can  choose  an  affine  scheme  U and  an  etale  morphism 
U — ^ X such  that  the  composition  U — > Y is  surjective.  In  this  case  the  result 
follows  from  Descent,  Lemma  134. 10.51  □ 


Lemma  61.7.5.  Let  S be  a scheme.  Let 


Y 


be  a commutative  diagram  of  morphisms  of  algebraic  spaces  over  S.  Assume  that 
(1)  / is  surjective,  flat,  and  locally  of  finite  presentation, 
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06DP 

06DQ 


06MI 


06MJ 


06MK 


(2)  p is  syntomic. 

Then  both  q and  f are  syntomic. 

Proof.  We  deduce  this  from  the  analogue  for  schemes.  Namely,  the  problem  is 


etale  local  on  B and  Y (Morphisms  of  Spaces,  Lemma  54.35.4).  Hence  we  may 
assume  that  B and  Y are  affine  schemes.  Since  |X|  — > |Y|  is  open  (Morphisms  of 
Spaces,  Lemma  54.29.6),  we  can  choose  an  affine  scheme  U and  an  etale  morphism 
U — ^ X such  that  the  composition  U — > Y is  surjective.  In  this  case  the  result 
follows  from  Descent,  Lemma [34.10. 7[  □ 

61.8.  Descending  properties  of  spaces 

In  this  section  we  put  some  results  of  the  following  kind. 

Lemma  61.8.1.  Let  S be  a scheme.  Let  f : X Y be  a morphism  of  algebraic 
spaces  over  S.  Let  x £ \X\.  If  f is  flat  at  x and  X is  geometrically  unibranch  at 
x,  then  Y is  geometrically  unibranch  at  f(x). 

Proof.  Consider  the  map  of  etale  local  rings  Oyj(x)  — i ► Ox,x-  By  Morphisms  of 
Spaces,  Lemma  54.29.8  this  is  flat.  Hence  if  Ox,w  has  a unique  minimal  prime,  so 
does  0Yj(x)  (by  going  down,  see  Algebra,  Lemma  10.38.18).  □ 


Lemma  61.8.2.  Let  S be  a scheme.  Let  f : X -A  Y be  a morphism  of  algebraic 
spaces  over  S.  If  f is  flat  and  surjective  and  X is  reduced,  then  Y is  reduced. 

Proof.  Choose  a scheme  V and  a surjective  etale  morphism  V — > Y . Choose  a 
scheme  U and  a surjective  etale  morphism  U — > X xy  V.  As  / is  surjective  and 
flat,  the  morphism  of  schemes  U — > V is  surjective  and  flat.  In  this  way  we  reduce 
the  problem  to  the  case  of  schemes  (as  reducedness  of  X and  Y is  defined  in  terms 
of  reducedness  of  U and  V,  see  Properties  of  Spaces,  Section  |53.7). 
schemes  is  Descent,  Lemma  134. 15.1 


The  case  of 
□ 


Lemma  61.8.3.  Let  f : X — ► Y be  a morphism  of  algebraic  spaces.  If  f is  locally 
of  finite  presentation,  flat,  and  surjective  and  X is  locally  Noetherian,  then  Y is 
locally  Noetherian. 

Proof.  Choose  a scheme  V and  a surjective  etale  morphism  V — > Y.  Choose  a 
scheme  U and  a surjective  etale  morphism  U — > X Xy  V.  As  / is  surjective,  flat, 
and  locally  of  finite  presentation  the  morphism  of  schemes  U — > V is  surjective, 
flat,  and  locally  of  finite  presentation.  In  this  way  we  reduce  the  problem  to  the 
case  of  schemes  (as  being  locally  Noetherian  for  X and  Y is  defined  in  terms  of 


being  locally  Noetherian  of  U and  V,  see  Properties  of  Spaces,  Section  53.7).  In 
the  case  of  schemes  the  result  follows  from  Descent,  Lemma [34.12. 1|  □ 

Lemma  61.8.4.  Let  f : X —>■  Y be  a morphism  of  algebraic  spaces.  If  f is  locally 
of  finite  presentation,  flat,  and  surjective  and  X is  regular,  then  Y is  regular. 

Proof.  By  Lemma  [61. 8. 3|  we  know  that  Y is  locally  Noetherian.  Choose  a scheme 
V and  a surjective  etale  morphism  V — > Y.  It  suffices  to  prove  that  the  local  rings 
of  V are  all  regular  local  rings,  see  Properties,  Lemma  |27.9.2  Choose  a scheme 
U and  a surjective  etale  morphism  U — > X Xy  V.  As  / is  surjective  and  flat  the 
morphism  of  schemes  U — »•  V is  surjective  and  flat.  By  assumption  U is  a regular 
scheme  in  particular  all  of  its  local  rings  are  regular  (by  the  lemma  above).  Hence 
the  lemma  follows  from  Algebra,  Lemma [10. 109. 9|  □ 
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61.9.  Descending  properties  of  morphisms 


03Y G In  this  section  we  introduce  the  notion  of  when  a property  of  morphisms  of  algebraic 
spaces  is  local  on  the  target  in  a topology.  Please  compare  with  Descent,  Section 

rcrrai 

03YH  Definition  61.9.1.  Let  5 be  a scheme.  Let  V be  a property  of  morphisms  of 
algebraic  spaces  over  S.  Let  r £ {/ pqc,  fppf,  syntomic,  smooth,  etale} . We  say  V 
is  r local  on  the  base,  or  r local  on  the  target,  or  local  on  the  base  for  the  t -topology  if 
for  any  r-covering  (Y)  — > Y}igj  of  algebraic  spaces  and  any  morphism  of  algebraic 
spaces  / : X — > Y we  have 

/ has  V <t=>  each  Yj  Xy  X — >•  Yr  has  V . 

To  be  sure,  since  isomorphisms  are  always  coverings  we  see  (or  require)  that  prop- 
erty V holds  for  X — > Y if  and  only  if  it  holds  for  any  arrow  X'  — > Y'  isomorphic  to 
X — > Y.  If  a property  is  r-local  on  the  target  then  it  is  preserved  by  base  changes 
by  morphisms  which  occur  in  r-coverings.  Here  is  a formal  statement. 

06EM  Lemma  61.9.2.  Let  S be  a scheme.  Let  t £ { fpqc , fppf,  syntomic,  smooth,  etale}. 
Let  V be  a property  of  morphisms  of  algebraic  spaces  over  S which  is  t local  on 
the  target.  Let  f : X — ► Y have  property  V . For  any  morphism  Y'  — > Y which  is 
flat,  resp.  flat  and  locally  of  finite  presentation,  resp.  syntomic,  resp.  etale,  the  base 
change  f : Y'  x y X — >■  Y'  of  f has  property  V . 

Proof.  This  is  true  because  we  can  fit  Y'  — > Y into  a family  of  morphisms  which 
forms  a r-covering.  □ 

A simple  often  used  consequence  of  the  above  is  that  if  / : X — > Y has  property  V 
which  is  r-local  on  the  target  and  f(X)  C V for  some  open  subspace  V C Y,  then 
also  the  induced  morphism  X — > V has  V.  Proof:  The  base  change  / by  V — > Y 
gives  X — > V. 

06R2  Lemma  61.9.3.  Let  S be  a scheme.  Let  r £ {fppf,  syntomic,  smooth,  etale} . 
Let  V be  a property  of  morphisms  of  algebraic  spaces  over  S which  is  t local  on 
the  target.  For  any  morphism  of  algebraic  spaces  f : X — » Y over  S there  exists  a 
largest  open  subspace  W(f)  C Y such  that  the  restriction  Xw ^ — > W(f)  has  V. 
Moreover, 

(1)  if  g : Y'  — » Y is  a morphism  of  algebraic  spaces  which  is  flat  and  locally 
of  finite  presentation,  syntomic,  smooth,  or  etale  and  the  base  change 
f : Xy'  — > Y'  has  V,  then  g factors  through  W(f), 

(2)  if  q : Y'  — » Y is  flat  and  locally  of  finite  presentation,  syntomic,  smooth, 
or  etale,  then  W{f)  = g~l{W(f)),  and 

(3)  if  {gt  : Yi  — > Y}  is  a r-covering,  then  gfl  (W(f))  = W(fi),  where  fi  is 
the  base  change  of  f by  Yi  — > Y. 


Proof.  Consider  the  union  Wset  C |Y|  of  the  images  gdY'Q  C |Y|  of  morphisms 
g : Y1  — >•  Y with  the  properties: 

(1)  g is  flat  and  locally  of  finite  presentation,  syntomic,  smooth,  or  etale,  and 

(2)  the  base  change  Y'  xsy  X — >•  Y'  has  property  V . 

Since  such  a morphism  g is  open  (see  Morphisms  of  Spaces,  Lemma  54.29.6)  we 
see  that  Wset  is  an  open  subset  of  |Y|.  Denote  W C Y the  open  subspace  whose 
underlying  set  of  points  is  Wset,  see  Properties  of  Spaces,  Lemma  [53. 4. 8[  Since  V 
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is  local  in  the  r topology  the  restriction  Xw  — > W has  property  V because  we  are 
given  a covering  {Y'  — > W}  of  W such  that  the  pullbacks  have  V . This  proves 
the  existence  and  proves  that  W(f)  has  property  (1).  To  see  property  (2)  note 
that  W{f)  D g~1(W(f))  because  V is  stable  under  base  change  by  flat  and  locally 
of  finite  presentation,  syntomic,  smooth,  or  etale  morphisms,  see  Lemma  |61.9.2[ 
On  the  other  hand,  if  Y"  C Y'  is  an  open  such  that  Xy  — > Y"  has  property  V1 
then  Y"  — X Y factors  through  W by  construction,  i.e. , Y"  C g~1{W{f)).  This 
proves  (2).  Assertion  (3)  follows  from  (2)  because  each  morphism  Y.t  — x Y is  flat 
and  locally  of  finite  presentation,  syntomic,  smooth,  or  etale  by  our  definition  of  a 
r-covering.  □ 

041J  Lemma  61.9.4.  Let  S be  a scheme.  Let  V be  a property  of  morphisms  of  algebraic 
spaces  over  S.  Assume 

(1)  if  Xi  — > Yi,  i = 1,2  have  property  V so  does  X-\  II  X2  — > Yi  II  Y2, 

(2)  a morphism  of  algebraic  spaces  f : X — x Y has  property  V if  and  only  if  for 
every  affine  scheme  Z and  morphism  Z Y the  base  change  ZxyX  — > Z 
of  f has  property  V , and 

(3)  for  any  surjective  flat  morphism  of  affine  schemes  Z'  —r  Z over  S and  a 
morphism  f : X — x Z from  an  algebraic  space  to  Z we  have 

f : Z'  xz  X -x  Z'  hasV  =>  f has  V. 

Then  V is  fpqc  local  on  the  base. 

Proof.  If  V has  property  (2),  then  it  is  automatically  stable  under  any  base  change. 
Hence  the  direct  implication  in  Definition  |61.9.1| 

Let  {Yi  — x Y}ieI  be  an  fpqc  covering  of  algebraic  spaces  over  S.  Let  / : X — y Y be 
a morphism  of  algebraic  spaces  over  S.  Assume  each  base  change  /t  : Yt  x y X —rYi 
has  property  V.  Our  goal  is  to  show  that  / has  V.  Let  Z be  an  affine  scheme,  and 
let  Z — )■  Y be  a morphism.  By  (2)  it  suffices  to  show  that  the  morphism  of  algebraic 
spaces  Z Xy  X — > Z has  V.  Since  {Yi  — x Y}iei  is  an  fpqc  covering  we  know  there 
exists  a standard  fpqc  covering  {Zj  — x and  morphisms  Zj  — x Yt  . over  Y 

for  suitable  indices  ij  G I.  Since  fij  has  V we  see  that 

Zj  Xy  X = Zj  X y.  {Yij  Xy  L)  X Zj 

has  V as  a base  change  of  ftj  (see  first  remark  of  the  proof).  Set  Z'  = Uj=i  n 
so  that  Z'  — > Z is  a flat  and  surjective  morphism  of  affine  schemes  over  S.  By  (1) 
we  conclude  that  Z'  XyX  — x Z'  has  property  V . Since  this  is  the  base  change  of  the 
morphism  Z Xy  X — > Z by  the  morphism  Z'  — > Z we  conclude  that  Z Xy  X — > Z 
has  property  V as  desired.  □ 


61.10.  Descending  properties  of  morphisms  in  the  fpqc  topology 

041K  In  this  section  we  find  a large  number  of  properties  of  morphisms  of  algebraic  spaces 
which  are  local  on  the  base  in  the  fpqc  topology.  Please  compare  with  Descent, 
Section  |34.19|  for  the  case  of  morphisms  of  schemes. 

041L  Lemma  61.10.1.  Let  S be  a scheme.  The  property  V(f)  = “f  is  quasi- compact” 
is  fpqc  local  on  the  base  on  algebraic  spaces  over  S. 
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Proof.  We  will  use  Lemma  61.9.4  to  prove  this.  Assumptions  (1)  and  (2)  of  that 


lemma  follow  from  Morphisms  of  Spaces,  Lemma  54.8.7  Let  Z'  — > Z be  a surjective 


flat  morphism  of  affine  schemes  over  S.  Let  / : X — > Z be  a morphism  of  algebraic 
spaces,  and  assume  that  the  base  change  /'  : Z'  X/  X — > Z'  is  quasi-compact.  We 
have  to  show  that  / is  quasi-compact.  To  see  this,  using  Morphisms  of  Spaces, 
Lemma  |54.8.7|  again,  it  is  enough  to  show  that  for  every  affine  scheme  Y and 
morphism  Y — > Z the  fibre  product  Y xz  X is  quasi-compact.  Here  is  a picture: 


Y xz  Z'  xzX ^Z'  xz  X 


The  assumption  that  /'  is  quasi-compact  combined  with  the  fact  that  Y xz  Z'  is 
affine  implies  that  Y xz  Z'  xz  X is  quasi-compact.  Since 

Y xzZ'  xzX — >YxzX 

is  surjective  as  a base  change  of  Z'  — > Z we  conclude  that  Y xzX  is  quasi-compact, 
see  Morphisms  of  Spaces,  Lemma  [54. 8. 5[  This  finishes  the  proof.  □ 

041N  Lemma  61.10.2.  Let  S be  a scheme.  The  property  V{f)  = uf  is  quasi-separated,” 
is  fpqc  local  on  the  base  on  algebraic  spaces  over  S. 


Proof.  A base  change  of  a quasi-separated  morphism  is  quasi-separated,  see  Mor- 
phisms of  Spaces,  Lemma [54. 4. 4|  Hence  the  direct  implication  in  Definition [600] 

Let  {Yi  — ► Y}iej  be  an  fpqc  covering  of  algebraic  spaces  over  S.  Let  / : X — > Y be  a 
morphism  of  algebraic  spaces  over  S.  Assume  each  base  change  Xi  :=YiXyX  — ► Yj 
is  quasi-separated.  This  means  that  each  of  the  morphisms 


A,;  : Xi  — > Xi  Xy.  Xi  = Yi  X Y (X  x y X) 

is  quasi-compact.  The  base  change  of  a fpqc  covering  is  an  fpqc  covering,  see 
Topologies  on  Spaces,  Lemma  60.3.2  hence  {Yi  Xy  (X  Xy  X)  — ► X Xy  X}  is  an 
fpqc  covering  of  algebraic  spaces.  Moreover,  each  A,;  is  the  base  change  of  the 
morphism  A : X — ► X Xy  X.  Hence  it  follows  from  Lemma  |61.10.1|  that  A is 
quasi-compact,  i.e. , / is  quasi-separated.  □ 


0410  Lemma  61.10.3.  Let  S be  a scheme.  The  property  V(f)  = “f  is  universally 
closed”  is  fpqc  local  on  the  base  on  algebraic  spaces  over  S . 


Proof.  We  will  use  Lemma  61.9.4  to  prove  this.  Assumptions  (1)  and  (2)  of  that 
lemma  follow  from  Morphisms  of  Spaces,  Lemma  54.9.5  Let  Z'  — > Z be  a surjective 
flat  morphism  of  affine  schemes  over  S.  Let  / : X — > Z be  a morphism  of  algebraic 
spaces,  and  assume  that  the  base  change  f':Z'xzX^Z'  is  universally  closed. 
We  have  to  show  that  / is  universally  closed.  To  see  this,  using  Morphisms  of 
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041P 

041Q 

041R 


041S 


Spaces,  Lemmar54.9.5|again,  it  is  enough  to  show  that  for  every  affine  scheme  Y and 
morphism  Y —>  Z the  map  \Y  XzX\  — > |y|  is  closed.  Consider  the  cube  (61.10.1.1 ). 
The  assumption  that  f is  universally  closed  implies  that  | Y x zZ'  x zX\  — > \YxzZ'\ 
is  closed.  As  Y x z Z'  Y is  surjective  and  flat  as  a base  change  of  Z'  — ► Z we  see 
the  map  | Y Xz Z'\  — > |F|  is  submersive,  see  Morphisms,  Lemma  28.25.10  Moreover 
the  map 

\Y  xzZ ' xzX\  — ► \Y  xzZ'\  x | \Y  xzX\ 
is  surjective,  see  Properties  of  Spaces,  Lemma  |53.4.3|  It  follows  by  elementary 
topology  that  | Y Xz  X\  — > |U|  is  closed.  □ 

Lemma  61.10.4.  Let  S be  a scheme.  The  property  V(f)  = “/  is  universally  open” 
is  fpqc  local  on  the  base  on  algebraic  spaces  over  S. 

Proof.  The  proof  is  the  same  as  the  proof  of  Lemma  [61 .10.3|  □ 

Lemma  61.10.5.  The  property  V(f)  = “f  is  surjective”  is  fpqc  local  on  the  base. 

Proof.  Omitted.  (Hint:  Use  Properties  of  Spaces,  Lemma  53.4.3  ) □ 

Lemma  61.10.6.  The  property  V(f)  = “f  is  universally  injective”  is  fpqc  local  on 
the  base. 


Proof.  We  will  use  Lemma  61.9.4  to  prove  this.  Assumptions  (1)  and  (2)  of  that 
lemma  follow  from  Morphisms  of  Spaces,  Lemma  54.9.5  Let  Z'  — ► Z be  a flat 


surjective  morphism  of  affine  schemes  over  S and  let  / : X — > Z be  a morphism  from 
an  algebraic  space  to  Z.  Assume  that  the  base  change  /'  : X'  — > Z'  is  universally 
injective.  Let  K be  a field,  and  let  a,  b : Spec(A')  — »•  X be  two  morphisms  such  that 
/ o a = f o b.  As  Z'  — > Z is  surjective  there  exists  a held  extension  K C K'  and  a 
morphism  Spec(A'7)  — > Z'  such  that  the  following  solid  diagram  commutes 


Spec(A7) 


Y . Y 

Spec(A)  ^ X ^ Z 


As  the  square  is  cartesian  we  get  the  two  dotted  arrows  a7,  b'  making  the  diagram 
commute.  Since  X'  — > Z'  is  universally  injective  we  get  a'  = b' . This  forces  a = b as 
{Spec(A'7)  — »•  Spec(A)}  is  an  fpqc  covering,  see  Properties  of  Spaces,  Proposition 
|53.16.1|  Hence  / is  universally  injective  as  desired.  □ 

Lemma  61.10.7.  The  property  V(f)  = “f  is  locally  of  finite  type”  is  fpqc  local  on 
the  base. 


lemma  follow  from  Morphisms  of  Spaces,  Lemma  54.23.4 


Proof.  We  will  use  Lemma  61.9.4  to  prove  this.  Assumptions  (1)  and  (2)  of  that 

Let  Zr  — ^ Z be  a sur- 
X — > Z be  a morphism  of 
Z'  x z X — > Z'  is  locally  of 
Let  U be  a scheme 


jective  hat  morphism  of  affine  schemes  over  S.  Let  / 
algebraic  spaces,  and  assume  that  the  base  change  f : 
hnite  type.  We  have  to  show  that  / is  locally  of  hnite  type, 
and  let  U — ► X be  surjective  and  etale.  By  Morphisms  of  Spaces,  Lemma  [54.23. 4| 
again,  it  is  enough  to  show  that  U — >•  Z is  locally  of  hnite  type.  Since  /'  is  locally 
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041T 


041U 


041V 


041W 


041X 


of  finite  type,  and  since  Z'  XzU  is  a scheme  etale  over  Z'  Xz  X we  conclude  (by 
the  same  lemma  again)  that  Z'  Xz  U — > Z'  is  locally  of  finite  type.  As  {Z'  — > Z} 
is  an  fpqc  covering  we  conclude  that  U — » Z is  locally  of  finite  type  by  Descent, 
Lemma  T34. 19. 81  as  desired.  □ 

Lemma  61.10.8.  The  property  V(f)  = “f  is  locally  of  finite  presentation”  is  fpqc 
local  on  the  base. 


Proof.  We  will  use  Lemma  61.9.4  to  prove  this.  Assumptions  (1)  and  (2)  of  that 


lemma  follow  from  Morphisms  of  Spaces,  Lemma  54.28.4 


Let  Z'  — > Z be  a sur- 
X — y Z be  a morphism  of 
Z'  Xz  X — > Z'  is  locally  of 
Let 


jective  flat  morphism  of  affine  schemes  over  S.  Let  / 
algebraic  spaces,  and  assume  that  the  base  change  f 

finite  presentation.  We  have  to  show  that  / is  locally  of  finite  presentation. 

U be  a scheme  and  let  U — > X be  surjective  and  etale.  By  Morphisms  of  Spaces, 
Lemma [54. 28. 4| again,  it  is  enough  to  show  that  U — > Z is  locally  of  finite  presenta- 
tion. Since  f is  locally  of  finite  presentation,  and  since  Z'  Xz  U is  a scheme  etale 
over  Z'  x z X we  conclude  (by  the  same  lemma  again)  that  Z'  x z U ^ Z'  is  locally 
of  finite  presentation.  As  {Z'  — > Z}  is  an  fpqc  covering  we  conclude  that  U — > Z is 
locally  of  finite  presentation  by  Descent,  Lemma [34. 19. 9|  as  desired.  □ 


Lemma  61.10.9.  The  property  V{f)  = “f  is  of  finite  type”  is  fpqc  local  on  the 
base. 


Proof.  Combine  Lemmas  I61.10.fi  and  161. 10. 71  □ 

Lemma  61.10.10.  The  property  V(f)  = “f  is  of  finite  presentation”  is  fpqc  local 
on  the  base. 


Proof.  Combine  Lemmas  61.10.f[|61.10.2|and  61.10.8  □ 

Lemma  61.10.11.  The  property  V{f)  = “f  is  flat”  is  fpqc  local  on  the  base. 


Proof.  We  will  use  Lemma  61.9.4  to  prove  this.  Assumptions  (1)  and  (2)  of  that 


lemma  follow  from  Morphisms  of  Spaces,  Lemma  54.29.5 


Let  Z'  — > Z be  a sur- 
jective flat  morphism  of  affine  schemes  over  S.  Let  / : X — > Z be  a morphism  of 
algebraic  spaces,  and  assume  that  the  base  change  f':Z'xzX-+Z'  is  flat.  We 
have  to  show  that  / is  flat.  Let  U be  a scheme  and  let  U — > X be  surjective  and 
etale.  By  Morphisms  of  Spaces,  Lemma  54.29.5  again,  it  is  enough  to  show  that 
U — > Z is  flat.  Since  f is  flat,  and  since  Z'  Xz  U is  a scheme  etale  over  Z'  Xz  X 
we  conclude  (by  the  same  lemma  again)  that  Z'  x z U Z'  is  flat.  As  {Z'  — > Z} 
is  an  fpqc  covering  we  conclude  that  U — > Z is  flat  by  Descent,  Lemma [34. 19. 13|  as 
desired.  □ 


Lemma  61.10.12.  The  property  V(f)  = “f  is  an  open  immersion”  is  fpqc  local 
on  the  base. 


Proof.  We  will  use  Lemma  61.9.4  to  prove  this.  Assumptions  (1)  and  (2)  of  that 
lemma  follow  from  Morphisms  of  Spaces,  Lemma  |54.12.1|  Consider  a cartesian 
diagram 

X' 


Z' 
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of  algebraic  spaces  over  S where  Z'  — > Z is  a surjective  flat  morphism  of  affine 
schemes,  and  X'  — > Z'  is  an  open  immersion.  We  have  to  show  that  X — > Z is  an 
open  immersion.  Note  that  |X'|  C \Z'\  corresponds  to  an  open  subscheme  U'  C Z' 
(isomorphic  to  X')  with  the  property  that  prp  {U')  = pr^t/')  as  open  subschemes 
of  Z'  Xz  Z' . Hence  there  exists  an  open  subscheme  U C Z such  that  X'  = (Z' 
Z)_1(l 7),  see  Descent,  Lemma 


34.9.2 


53.16.1 


By  Properties  of  Spaces,  Proposition 
we  see  that  X satisfies  the  sheaf  condition  for  the  fpqc  topology.  Now  we  have  the 
fpqc  covering  U = {[/'  — > U}  and  the  element  U'  — > X’  — > X £ ff°(ld,X).  By  the 
sheaf  condition  we  obtain  a morphism  U —>  X such  that 


U' >-  U 


Z’ 


is  commutative.  On  the  other  hand,  we  know  that  for  any  scheme  T pver  S and 
T-valued  point  T — > X the  composition  T — > X — > Z is  a morphism  such  that 
Z'  Xz  T -+Z'  factors  through  U' . Clearly  this  means  that  T — > Z factors  through 
U.  In  other  words  the  map  of  sheaves  U — »•  A'  is  bijective  and  we  win.  □ 

041Y  Lemma  61.10.13.  The  property  V{f)  = ‘‘f  is  an  isomorphism”  is  fpqc  local  on 
the  base. 


Proof.  Combine  Lemmas  161. 10.51  and  161. 10. 121 
041Z  Lemma  61.10.14.  The  propeHy  V(f)  = “f  is  affine”  is  fpqc  local  on  the  base. 


□ 


Proof.  We  will  use  Lemma  61.9.4  to  prove  this.  Assumptions  (1)  and  (2)  of  that 
lemma  follow  from  Morphisms  of  Spaces,  Lemma  54.20.3  Let  Z'  — > Z be  a sur- 


jective flat  morphism  of  affine  schemes  over  S.  Let  / : X — > Z be  a morphism  of 
algebraic  spaces,  and  assume  that  the  base  change  f ■.  Z'  x.z  X Z'  is  affine.  Let 
X'  be  a scheme  representing  Z'  Xz  X.  We  obtain  a canonical  isomorphism 

y.X'xzZ'  — > Z'  xz  X' 

since  both  schemes  represent  the  algebraic  space  Z'  Xz  Z'  Xz  X.  This  is  a descent 
datum  for  X' /Z' /Z,  see  Descent,  Definition  34.30. 1|  (verification  omitted,  compare 
with  Descent,  Lemma  34.35.11.  Since  X'  — > Z'  is  affine  this  descent  datum  is 
effective,  see  Descent,  Lemma  [34.33. 1|  Thus  there  exists  a scheme  Y — > Z over 
Z and  an  isomorphism  ip  : Z'  x z Y X'  compatible  with  descent  data.  Of 
course  Y — ► Z is  affine  (by  construction  or  by  Descent,  Lemma  34.19.16 1.  Note 
that  y = {Z'  x z Y — y Y}  is  a fpqc  covering,  and  interpreting  if  as  an  element  of 
X[Z'  x zY)  we  see  that  ip  £ H°(y,  X).  By  the  sheaf  condition  for  X with  respect  to 
this  covering  (see  Properties  of  Spaces,  Proposition  53.16.1 1 we  obtain  a morphism 
Y — ► X.  By  construction  the  base  change  of  this  to  Z'  is  an  isomorphism,  hence  an 
isomorphism  by  Lemma [61. 10. 13|  This  proves  that  X is  representable  by  an  affine 
scheme  and  we  win.  □ 


0420  Lemma  61.10.15.  The  property  V(f)  = “f  is  a closed  immersion”  is  fpqc  local 
on  the  base. 
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Proof.  We  will  use  Lemma  61.9.4  to  prove  this.  Assumptions  (1)  and  (2)  of  that 
lemma  follow  from  Morphisms  of  Spaces,  Lemma  |54.12.1|  Consider  a cartesian 
diagram 

X' >■  X 


Z' 


z 


of  algebraic  spaces  over  S where  Z'  — > Z is  a surjective  flat  morphism  of  affine 
schemes,  and  X'  — > Z'  is  a closed  immersion.  We  have  to  show  that  X — > Z is 


0421 


a closed  immersion.  The  morphism  X'  — > Z'  is  affine.  Hence  by  Lemma  61.10.14 
we  see  that  X is  a scheme  and  X — > Z is  affine.  It  follows  from  Descent,  Lemma 
III4.1 9.1 71  that  X — > Z is  a closed  immersion  as  desired.  □ 

Lemma  61.10.16.  The  property  V(f)  = “f  is  separated”  is  fpqc  local  on  the  base. 

Proof.  A base  change  of  a separated  morphism  is  separated,  see  Morphisms  of 
Spaces,  Lemma [54. 4. 4|  Hence  the  direct  implication  in  Dchnition|61.9.1| 

Let  {Yi  — >•  Y}iGi  be  an  fpqc  covering  of  algebraic  spaces  over  S.  Let  / : X — ► Y be  a 
morphism  of  algebraic  spaces  over  S.  Assume  each  base  change  Xj  :=  Fj  xyX  — ► Yi 
is  separated.  This  means  that  each  of  the  morphisms 

Aj  : Xi  — ► Xt  xYi  X,  = Yi  xY  (X  xy  X) 

is  a closed  immersion.  The  base  change  of  a fpqc  covering  is  an  fpqc  covering, 
see  Topologies  on  Spaces,  Lemma  60.3.2  hence  {Y,  xy  (X  Xy  X)  — > X Xy  X}  is 


0422 


0423 


an  fpqc  covering  of  algebraic  spaces.  Moreover,  each  A * is  the  base  change  of  the 
morphism  A : X ->  X XyX.  Hence  it  follows  from  Lemma  61.10.15|  that  A is  a 
closed  immersion,  i.e. , / is  separated.  □ 

Lemma  61.10.17.  The  property  V(f)  = “f  is  proper”  is  fpqc  local  on  the  base. 

Proof.  The  lemma  follows  by  combining  Lemmas|61.10.3[  |61.10.16land|61.10.9|  □ 

Lemma  61.10.18.  The  property  V(f)  = “f  is  quasi-affine”  is  fpqc  local  on  the 
base. 


Proof.  We  will  use  Lemma  61.9.4  to  prove  this.  Assumptions  (1)  and  (2)  of  that 

Let  Z' 


lemma  follow  from  Morphisms  of  Spaces,  Lemma  54.21.3 


Z be  a sur- 
Z be  a morphism  of 
— > Z'  is  quasi-affine. 


jective  flat  morphism  of  affine  schemes  over  S.  Let  / : X — > 
algebraic  spaces,  and  assume  that  the  base  change  f : Z'  XzX 
Let  X'  be  a scheme  representing  Z'  Xz  X.  We  obtain  a canonical  isomorphism 

ip-.X'xzZ'  — > Z'  xz  X' 

since  both  schemes  represent  the  algebraic  space  Z'  Xz  Z'  Xz  X.  This  is  a descent 
datum  for  X' /Z' /Z,  see  Descent,  Definition  34.30. 1|  (verification  omitted,  compare 
with  Descent,  Lemma  34.35.1).  Since  X'  — > Z'  is  quasi-affine  this  descent  datum 
is  effective 


Thus  there  exists  a scheme  Y — >■  Z over 
X'  compatible  with  descent  data.  Of  course 

Note 


see  Descent,  Lemma  34.34.1 
Z and  an  isomorphism  if)  : Z'  x zY 

Y — ► Z is  quasi-affine  (by  construction  or  by  Descent,  Lemma  34.19.18). 
that  y = {Z'  x z Y — y Y}  is  a fpqc  covering,  and  interpreting  if  as  an  element  of 
X[Z'  x zY)  we  see  that  if  £ H°{yi  X).  By  the  sheaf  condition  for  X (see  Properties 
of  Spaces,  Proposition  53.16.1[)  we  obtain  a morphism  Y X.  By  construction 
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0424 


0425 


0426 


0427 


the  base  change  of  this  to  Z'  is  an  isomorphism,  hence  an  isomorphism  by  Lemma 
161.10.13)  This  proves  that  X is  representable  by  a quasi-afhne  scheme  and  we 
win.  □ 


Lemma  61.10.19.  The  property  V(f)  = “f  is  a quasi-compact  immersion’  is  fpqc 
local  on  the  base. 


Proof.  We  will  use  Lemma  61.9.4  to  prove  this.  Assumptions  (1)  and  (2)  of  that 
lemma  follow  from  Morphisms  of  Spaces,  Lemmas  |54.12.1|  and  |54.8.7|  Consider  a 
cartesian  diagram 

X' >■  X 


z 


Z' 

of  algebraic  spaces  over  S where  Z'  — > Z is  a surjective  flat  morphism  of  affine 
schemes,  and  X'  — > Z'  is  a quasi-compact  immersion.  We  have  to  show  that 
X — > Z is  a closed  immersion.  The  morphism  X'  — > Z'  is  quasi-affine.  Hence 
by  Lemma  61.10.18  we  see  that  X is  a scheme  and  X — ► Z is  quasi-affine.  It 
follows  from  Descent,  Lemma  [34.19. 19|  that  X — > Z is  a quasi-compact  immersion 
as  desired.  □ 


Lemma  61.10.20.  The  propeHy  V(f)  = “f  is  integral ” is  fpqc  local  on  the  base. 

Proof.  An  integral  morphism  is  the  same  thing  as  an  affine,  universally  closed 
morphism.  See  Morphisms  of  Spaces,  Lemma[54.43.7  Hence  the  lemma  follows  on 
combining  Lemmas  |61.10.3|  and  |61.10.14)  □ 

Lemma  61.10.21.  The  propeHy  V(f)  = “f  is  finite”  is  fpqc  local  on  the  base. 

Proof.  An  finite  morphism  is  the  same  thing  as  an  integral,  morphism  which  is 
locally  of  finite  type.  See  Morphisms  of  Spaces,  Lemma [54.43.6  Hence  the  lemma 
follows  on  combining  Lemmas  61.10.7|  and  |61.10.20)  □ 


Lemma  61.10.22.  The  propeHies  V(f)  = “f  is  locally  quasi-finite”  and  V(f)  = “f 
is  quasi-finite”  are  fpqc  local  on  the  base. 

Proof.  We  have  already  seen  that  “quasi-compact”  is  fpqc  local  on  the  base,  see 
Hence  it  is  enough  to  prove  the  lemma  for  “locally  quasi-finite”. 


Lemma  61.10.1 


We  will  use  Lemma  61.9.4  to  prove  this.  Assumptions  (1)  and  (2)  of  that  lemma 
follow  from  Morphisms  of  Spaces,  Lemma  54.27.6  Let  Z'  — >•  Z be  a surjective  flat 
morphism  of  affine  schemes  over  S.  Let  / : X — > Z be  a morphism  of  algebraic 

Z'  is  locally  quasi-finite. 

X be 


Let  f : X 

spaces,  and  assume  that  the  base  change  /'  : Z'  X/  X 
We  have  to  show  that  / is  locally  quasi-finite.  Let  U be  a scheme  and  let  U 
surjective  and  etale.  By  Morphisms  of  Spaces,  Lemma  [54.27.6  again,  it  is  enough 
to  show  that  U — > Z is  locally  quasi-finite.  Since  f is  locally  quasi-finite,  and  since 
Z'  xzU  is  a scheme  etale  over  Z'  x^T  we  conclude  (by  the  same  lemma  again)  that 
Z'  xzU  — > Z'  is  locally  quasi-finite.  As  {Z'  — > Z}  is  an  fpqc  covering  we  conclude 
that  U — > Z is  locally  quasi-finite  by  Descent,  Lemma [34. 19. 22|  as  desired.  □ 


0428 


Lemma  61.10.23.  The  property  V(f)  = “f  is  syntomic”  is  fpqc  local  on  the  base. 
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Proof.  We  will  use  Lemma  61.9.4  to  prove  this.  Assumptions  (1)  and  (2)  of  that 

Let  Z' 


lemma  follow  from  Morphisms  of  Spaces,  Lemma  54.35.4 


Z be  a sur- 
Z be  a morphism  of 
Z'  is  syntomic. 
X be  sur- 


jective flat  morphism  of  affine  schemes  over  S.  Let  / : X 
algebraic  spaces,  and  assume  that  the  base  change  f : Z'  Xz  X 
We  have  to  show  that  / is  syntomic.  Let  U be  a scheme  and  let  U 
jective  and  etale.  By  Morphisms  of  Spaces,  Lemma  |54.35.4|  again,  it  is  enough  to 
show  that  U — > Z is  syntomic.  Since  /'  is  syntomic,  and  since  Z'  XzU  is  a scheme 
etale  over  Z'  x z X we  conclude  (by  the  same  lemma  again)  that  Z'  x z U — t Z'  is 
syntomic.  As  {Z'  — > Z}  is  an  fpqc  covering  we  conclude  that  U — > Z is  syntomic 
by  Descent,  Lemma [34. 19. 24  as  desired.  □ 


0429  Lemma  61.10.24.  The  property  V(f)  = “f  is  smooth”  is  fpqc  local  on  the  base. 


Proof.  We  will  use  Lemma  61.9.4  to  prove  this.  Assumptions  (1)  and  (2)  of  that 

Let  Z' 


lemma  follow  from  Morphisms  of  Spaces,  Lemma  54.36.4 


Z be  a sur- 
Z be  a morphism  of 
Z'  is  smooth. 
X be  surjective 


jective  flat  morphism  of  affine  schemes  over  S.  Let  / : X 
algebraic  spaces,  and  assume  that  the  base  change  f : Z'  Xz  X 
We  have  to  show  that  / is  smooth.  Let  U be  a scheme  and  let  U - 
and  etale.  By  Morphisms  of  Spaces,  Lemma  |54.36.4|  again,  it  is  enough  to  show 
that  U — > Z is  smooth.  Since  f is  smooth,  and  since  Z'  XzU  is  a scheme  etale  over 
Z'  Xz  X we  conclude  (by  the  same  lemma  again)  that  Z'  Xz  U — > Z'  is  smooth. 
As  {Z'  — > Z}  is  an  fpqc  covering  we  conclude  that  U — ► Z is  smooth  by  Descent, 
Lemma  f34. 19. 251  as  desired.  □ 


042A  Lemma  61.10.25. 

base. 


The  property  V(f)  =“f  is  unramified”  is  fpqc  local  on  the 


Proof.  We  will  use  Lemma  61.9.4  to  prove  this.  Assumptions  (1)  and  (2)  of  that 
lemma  follow  from  Morphisms  of  Spaces,  Lemma  54.37.5  Let  Z'  — > Z be  a sur- 


jective flat  morphism  of  affine  schemes  over  S.  Let  / : X — > Z be  a morphism  of 
algebraic  spaces,  and  assume  that  the  base  change  f':Z'xzX—>Z'  is  unramified. 
We  have  to  show  that  / is  unramified.  Let  U be  a scheme  and  let  U — ► X be  surjec- 
tive and  etale.  By  Morphisms  of  Spaces,  Lemma[54.37.5| again,  it  is  enough  to  show 
that  U — > Z is  unramified.  Since  f is  unramified,  and  since  Z'  Xz  U is  a scheme 
etale  over  Z'  x z X we  conclude  (by  the  same  lemma  again)  that  Z'  x z U — >■  Z'  is 
unramified.  As  {Z'  — > Z}  is  an  fpqc  covering  we  conclude  that  U — > Z is  unramified 
by  Descent,  Lemma [34. 19. 26  as  desired.  □ 


042B  Lemma  61.10.26.  The  property  V(f)  = “f  is  etale”  is  fpqc  local  on  the  base. 


Proof.  We  will  use  Lemma  61.9.4  to  prove  this.  Assumptions  (1)  and  (2)  of  that 
lemma  follow  from  Morphisms  of  Spaces,  Lemma  54.38.2  Let  Z'  — > Z be  a sur- 
jective flat  morphism  of  affine  schemes  over  S.  Let  / 
algebraic  spaces,  and  assume  that  the  base  change  f : 


: X — \ Z be  a morphism  of 
Z'  xz  X — > Z'  is  etale.  We 
have  to  show  that  / is  etale.  Let  U be  a scheme  and  let  U — > X be  surjective  and 
etale.  By  Morphisms  of  Spaces,  Lemma  |54.38.2|  again,  it  is  enough  to  show  that 
U — > Z is  etale.  Since  f is  etale,  and  since  Z'  x z U is  a scheme  etale  over  Z'  Xz  X 
we  conclude  (by  the  same  lemma  again)  that  Z'  Xz  U — > Z'  is  etale.  As  {Z'  — > Z} 
is  an  fpqc  covering  we  conclude  that  U — > Z is  etale  by  Descent,  Lemma  [34. 19. 2 7| 
as  desired.  □ 
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042C 


042D 


042E 


042U 


Lemma  61.10.27.  The  property  V(f)  = “f  is  finite  locally  free”  is  fpqc  local  on 
the  base. 


Proof.  Being  finite  locally  free  is  equivalent  to  being  finite,  flat  and  locally  of 
finite  presentation  (Morphisms  of  Spaces,  Lemma  54.44.6 1.  Hence  this  follows  from 
Lemmas |61.10.2l|  |61.10Tlj  and |61.10.8|  □ 


Lemma  61.10.28.  The  property  V(f)  = “f  is  a monomorphism”  is  fpqc  local  on 
the  base. 


Proof.  Let  / : X — ► Y be  a morphism  of  algebraic  spaces.  Let  {!)  — > Y}  be 
an  fpqc  covering,  and  assume  each  of  the  base  changes  /)  : A,:  — ► Yt  of  / is  a 
monomorphism.  We  have  to  show  that  / is  a monomorphism. 


First  proof.  Note  that  / is  a monomorphism  if  and  only  if  A : X — > X x Y A'  is  an 
isomorphism.  By  applying  this  to  /,;  we  see  that  each  of  the  morphisms 

Aj  : Xi  — ► Xi  x Yi  Xi  =Yxy  ( X xY  X) 


is  an  isomorphism.  The  base  change  of  an  fpqc  covering  is  an  fpqc  covering,  see 
Topologies  on  Spaces,  Lemma  60.3.2  hence  {Yi  xY  ( X xY  X ) — » X xY  A'}  is  an 
fpqc  covering  of  algebraic  spaces.  Moreover,  each  A,;  is  the  base  change  of  the 
morphism  A : X — > X xY  X.  Hence  it  follows  from  Lemma  [61. 10. 13|  that  A is  an 
isomorphism,  i.e. , / is  a monomorphism. 


Second  proof.  Let  V be  a scheme,  and  let  V — » Y be  a surjective  etale  morphism. 
If  we  can  show  that  V xY  X — > V is  a monomorphism,  then  it  follows  that  X — ► Y 
is  a monomorphism.  Namely,  given  any  cartesian  diagram  of  sheaves 


T 


Q 


b c 

T . V 
TL^^T 


T = UxxQ 


if  c is  a surjection  of  sheaves,  and  a is  injective,  then  also  d is  injective.  This  reduces 
the  problem  to  the  case  where  Y is  a scheme.  Moreover,  in  this  case  we  may  assume 
that  the  algebraic  spaces  Y.t  are  schemes  also,  since  we  can  always  refine  the  covering 


to  place  ourselves  in  this  situation,  see  Topologies  on  Spaces,  Lemma  60.3.4 


Assume  {Yi  — >•  Y}  is  an  fpqc  covering  of  schemes.  Let  a,  b : T — > X be  two 
morphisms  such  that  / o a = f o b.  We  have  to  show  that  a = b.  Since  fi  is  a 
monomorphism  we  see  that  cii  = bi , where  a,: , bi  : Yi  xY  T — > Xi  are  the  base 
changes.  In  particular  the  compositions  Yi  xY  T — > T — > X are  equal.  Since 
xyT  — > T}  is  an  fpqc  covering  we  deduce  that  a = b from  Properties  of  Spaces, 
Proposition  |53.16.1|  □ 


61.11.  Descending  properties  of  morphisms  in  the  fppf  topology 

In  this  section  we  find  some  properties  of  morphisms  of  algebraic  spaces  for  which 
we  could  not  (yet)  show  they  are  local  on  the  base  in  the  fpqc  topology  which, 
however,  are  local  on  the  base  in  the  fppf  topology. 

Lemma  61.11.1.  The  property  V(f)  = “f  is  an  immersion ” is  fppf  local  on  the 
base. 
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Proof.  Let  / : A — > Y be  a morphism  of  algebraic  spaces.  Let  {Yi  — > Y},e/  be  an 
fppf  covering  of  Y.  Let  /)  : X,  — ► Y)  be  the  base  change  of  /. 

If  / is  an  immersion,  then  each  /j  is  an  immersion  by  Spaces,  Lemma|52.12.3[  This 
proves  the  direct  implication  in  Definition  |61.9.1~) 


Conversely,  assume  each  /,  is  an  immersion.  By  Morphisms  of  Spaces,  Lemma 
|54.10.7|this  implies  each  ft  is  separated.  By  Morphisms  of  Spaces,  Lemma  [54.27. 7| 
this  implies  each  /j  is  locally  quasi-finite.  Hence  we  see  that  / is  locally  quasi- 
finite  and  separated,  by  applying  Lemmas |61. 10. 16| and |61. 10. 22|  By  Morphisms  of 
Spaces,  Lemma  54.48. 1| this  implies  that  / is  representable! 

By  Morphisms  of  Spaces,  Lemma  [54. 12. 1|  it  suffices  to  show  that  for  every  scheme 
Z and  morphism  Z -A  Y the  base  change  Z xY  X — > Z is  an  immersion.  By 
Topologies  on  Spaces,  Lemma  60.4.3  we  can  find  an  fppf  covering  {Zi  -A  Z}  by 
schemes  which  refines  the  pullback  of  the  covering  {Yi  — > Y}  to  Z.  Hence  we  see 
that  Z xY  X — ► Z (which  is  a morphism  of  schemes  according  to  the  result  of  the 
preceding  paragraph)  becomes  an  immersion  after  pulling  back  to  the  members  of 
an  fppf  (by  schemes)  of  Z.  Hence  Z xY  X — > Z is  an  immersion  by  the  result  for 
schemes,  see  Descent,  Lemma  34.20.1|  □ 


Lemma  61.11.2.  The  property  V(f)  = “f  is  locally  separated”  is  fppf  local  on  the 
base. 


Proof.  A base  change  of  a locally  separated  morphism  is  locally  separated, 
Morphisms  of  Spaces,  Lemma  |54.4.4 


see 


Hence  the  direct  implication  in  Definition 


Let  {Yi  — ► Y}iei  be  an  fppf  covering  of  algebraic  spaces  over  S.  Let  / : X — > Y be  a 
morphism  of  algebraic  spaces  over  S.  Assume  each  base  change  Xi  :=YiXYX  — ► Yj 
is  locally  separated.  This  means  that  each  of  the  morphisms 

Aj  : Xi  — » Xi  x Yi  Xi  = Yi  Xy  (X  xY  X) 


is  an  immersion.  The  base  change  of  a fppf  covering  is  an  fppf  covering,  see  Topolo- 
gies on  Spaces,  Lemma  60.4.2  hence  {Yj  xY  ( X Xy  X)  — > X xY  X}  is  an  fppf 
covering  of  algebraic  spaces.  Moreover,  each  Aj  is  the  base  change  of  the  morphism 
A : X — ► X xY  X.  Hence  it  follows  from  Lemma  [6 1 . 1 1 . 1 1 that  A is  a immersion, 
i.e. , / is  locally  separated.  □ 


61.12.  Properties  of  morphisms  local  on  the  source 


06EN 

06EP 


In  this  section  we  define  what  it  means  for  a property  of  morphisms  of  algebraic 


spaces  to  be  local  on  the  source.  Please  compare  with  Descent,  Section  34.22 


Definition  61.12.1.  Let  S'  be  a scheme.  Let  V be  a property  of  morphisms  of 
algebraic  spaces  over  S.  Let  r £ {fpqc,  fppf , syntomic,  smooth,  etale} . We  say  V 
is  r local  on  the  source , or  local  on  the  source  for  the  r-topology  if  for  any  morphism 
/ : X — > Y of  algebraic  spaces  over  S,  and  any  r-covering  {Aj  — > A}jej  of  algebraic 
spaces  we  have 


/ has  V each  Aj  -a  Y has  V. 


To  be  sure,  since  isomorphisms  are  always  coverings  we  see  (or  require)  that  prop- 
erty V holds  for  A — ► Y if  and  only  if  it  holds  for  any  arrow  A'  — > Y'  isomorphic  to 
A — > Y . If  a property  is  r-local  on  the  source  then  it  is  preserved  by  precomposing 
with  morphisms  which  occur  in  r-coverings.  Here  is  a formal  statement. 


61.14.  PROPERTIES  OF  MORPHISMS  LOCAL  IN  THE  FPPF  TOPOLOGY  ON  THE  SOURJ3H6 


06EQ  Lemma  61.12.2.  Let  S be  a scheme.  Let  r £ {fpqc,  fppf , syntomic,  smooth, 
etale}.  Let  V be  a property  of  morphisms  of  algebraic  spaces  over  S which  is  r 
local  on  the  source.  Let  f : X — >•  Y have  property  V . For  any  morphism  a : X'  — > 
X which  is  flat,  resp.  flat  and  locally  of  finite  presentation,  resp.  syntomic,  resp. 
smooth,  resp.  etale,  the  composition  f o a : X'  — ► Y has  property  V. 

Proof.  This  is  true  because  we  can  fit  X'  — »•  X into  a family  of  morphisms  which 
forms  a r- covering.  □ 

06ER  Lemma  61.12.3.  Let  S be  a scheme.  Let  t £ {f pqc,  fppf , syntomic,  smooth, 
etale}.  Suppose  that  V is  a propeHy  of  morphisms  of  schemes  over  S which  is 
etale  local  on  the  source-and-target.  Denote  Vspaces  the  corresponding  property  of 
morphisms  of  algebraic  spaces  over  S,  see  Morphisms  of  Spaces,  Definition\5^.22.\ ?[ 
IfV  is  local  on  the  source  for  the  r -topology,  then  Vspaces  is  local  on  the  source  for 
the  r-topology. 

Proof.  Let  f : X Y be  a morphism  of  of  algebraic  spaces  over  S.  Let  {Xj  — > 
X}iei  be  a T-covering  of  algebraic  spaces.  Choose  a scheme  V and  a surjective 
etale  morphism  V — >•  Y.  Choose  a scheme  U and  a surjective  etale  morphism 
U — t X Xv  V.  For  each  i choose  a scheme  [/,-  and  a surjective  etale  morphism 
Ui^XiXxU. 

Note  that  {XiXxU  —t  t/}J6j  is  a T-covering.  Note  that  each  {Ui  —t  X,  x x U}  is  an 
etale  covering,  hence  a T-covering.  Hence  { C/^  — >-  U}i^j  is  a T-covering  of  algebraic 
spaces  over  S.  But  since  U and  each  Ui  is  a scheme  we  see  that  {[/*  — > t/}iej  is  a 
T-covering  of  schemes  over  S. 

Now  we  have 

/ has  Vspaces  U -4  V has  V 

<t=>  each  Ui^tV  has  V 
t-T  each  Xj  ? 1 has  V spaces  ■ 

the  first  and  last  equivalence  by  the  definition  of  VspaCes  the  middle  equivalence 
because  we  assumed  V is  local  on  the  source  in  the  T-topology.  □ 

61.13.  Properties  of  morphisms  local  in  the  fpqc  topology  on  the  source 

06ES  Here  are  some  properties  of  morphisms  that  are  fpqc  local  on  the  source. 

06ET  Lemma  61.13.1.  The  property  V(f)  = “f  is  flat ” is  fpqc  local  on  the  source. 


and  Descent,  Lemma [34.23. 1|  □ 

61.14.  Properties  of  morphisms  local  in  the  fppf  topology  on  the  source 

06EU  Here  are  some  properties  of  morphisms  that  are  fppf  local  on  the  source. 

06EV  Lemma  61.14.1.  The  property  V{f)  = “f  is  locally  of  finite  presentation”  is  fppf 
local  on  the  source. 

Proof.  Follows  from  Lemma[61.12.3|using  Morphisms  of  Spaces,  Definition|54.28.f1 
and  Descent,  Lemma  [34. 24. 1|  □ 


Proof.  Follows  from  Lemma  61.12.3|using  Morphisms  of  Spaces,  Definition  54.29.1 


61.17.  PROPERTIES  OF  MORPHISMS  LOCAL  IN  THE  ETALE  TOPOLOGY  ON  THE  SOURS® 


06EW 


06EX 


06EY 


06EZ 

06F0 


06F1 

06F2 


06F3 

06F4 


06F5 


06F6 


Lemma  61.14.2.  The  property  V(f)  = “f  is  locally  of  finite  type”  is  fppf  local  on 
the  source. 


Proof.  Follows  from  Lemma|61.12.3|using  Morphisms  of  Spaces,  Definition|54.23.f1 
and  Descent,  Lemma  34.24.2  □ 


Lemma  61.14.3.  The  property  V(f)  = “f  is  open ” is  fppf  local  on  the  source. 

Proof.  Follows  from  Lemma [61. 12. 3| using  Morphisms  of  Spaces,  Definition |54.6.2| 
and  Descent,  Lemma [34. 24. 3|  □ 

Lemma  61.14.4.  The  property  V(f)  = “f  is  universally  open”  is  fppf  local  on  the 
source. 


Proof.  Follows  from  Lemma  [61. 12. 3|  using  Morphisms  of  Spaces,  Definition  |54. 6. 2| 
and  Descent,  Lemma  [34. 24. 4|  □ 


61.15.  Properties  of  morphisms  local  in  the  syntomic  topology  on  the 

source 


Here  are  some  properties  of  morphisms  that  are  syntomic  local  on  the  source. 

Lemma  61.15.1.  The  property  V(f)  = “f  is  syntomic”  is  syntomic  local  on  the 
source. 


Proof.  Follows  from  Lemma  61.12.3  using  Morphisms  of  Spaces,  Definition  54.35.1 
and  Descent,  Lemma  34.25.1| 


□ 


61.16.  Properties  of  morphisms  local  in  the  smooth  topology  on  the 

source 


Here  are  some  properties  of  morphisms  that  are  smooth  local  on  the  source. 

Lemma  61.16.1.  The  property  V(f)  = “f  is  smooth”  is  smooth  local  on  the  source. 

Proof.  Follows  from  Lemma[61.12.3|using  Morphisms  of  Spaces,  Definition|54.36.l1 
and  Descent,  Lemma [34. 26. 1|  □ 

61.17.  Properties  of  morphisms  local  in  the  etale  topology  on  the 

source 


Here  are  some  properties  of  morphisms  that  are  etale  local  on  the  source. 

Lemma  61.17.1.  The  property  V(f)  = “f  is  etale”  is  etale  local  on  the  source. 

Proof.  Follows  from  Lemma|61.12.3|using  Morphisms  of  Spaces,  Definition|54.38.f1 
and  Descent,  Lemma  34.27.1  □ 


Lemma  61.17.2.  The  property  V(f)  = “f  is  locally  quasi-finite”  is  etale  local  on 
the  source. 

Proof.  Follows  from  Lemma[61.12.3|using  Morphisms  of  Spaces,  Definition|54.27.f1 
and  Descent,  Lemma  [34. 27. 2|  □ 

Lemma  61.17.3.  The  property  V(f)  =“f  is  unramified”  is  etale  local  on  the 


source. 

Proof.  Follows  from  Lemma[61.12.3|using  Morphisms  of  Spaces,  Definition [5L37H] 
and  Descent,  Lemma  [34. 27. 3|  □ 


61.18.  PROPERTIES  OF  MORPHISMS  SMOOTH  LOCAL  ON  SOURCE- AND-TARGET  3868 


61.18.  Properties  of  morphisms  smooth  local  on  source-and-target 


06F7  Let  V be  a property  of  morphisms  of  algebraic  spaces.  There  is  an  intuitive  meaning 
to  the  phrase  “P  is  smooth  local  on  the  source  and  target” . However,  it  turns  out 
that  this  notion  is  not  the  same  as  asking  V to  be  both  smooth  local  on  the  source 
and  smooth  local  on  the  target.  We  have  discussed  a similar  phenomenon  (for  the 
etale  topology  and  the  category  of  schemes)  in  great  detail  in  Descent,  Section|34.28 


(for  a quick  overview  take  a look  at  Descent,  Remark  34.28.8 1.  However,  there  is 
an  important  difference  between  the  case  of  the  smooth  and  the  etale  topology.  To 
see  this  difference  we  encourage  the  reader  to  ponder  the  difference  between  De- 
scent, Lemma  34.28.4  and  Lemma  61.18. 2|as  well  as  the  difference  between  Descent, 
Lemma [34.28.5  and  Lemma [61. 18. 3 Namely,  in  the  etale  setting  the  choice  of  the 
etale  “covering”  of  the  target  is  immaterial,  whereas  in  the  smooth  setting  it  is  not. 


06F8  Definition  61.18.1.  Let  S'  be  a scheme.  Let  V be  a property  of  morphisms  of 
algebraic  spaces  over  S.  We  say  V is  smooth  local  on  source-and-target  if 

(1)  (stable  under  precomposing  with  smooth  maps)  if  / : X — Y is  smooth 
and  g :Y  -A  Z has  V,  then  go  f has  V, 

(2)  (stable  under  smooth  base  change)  if  / : X — > Y has  V and  Y'  — > Y is 
smooth,  then  the  base  change  /'  : Y'  x y X — > Y'  has  V,  and 

(3)  (locality)  given  a morphism  / : X -A  Y the  following  are  equivalent 

(a)  / has  V, 

(b)  for  every  x £ |X|  there  exists  a commutative  diagram 


U >•  V 

h 


a 

Y 


/ 


b 

v 


Y 


with  smooth  vertical  arrows  and  u € \U\  with  a(u)  = x such  that  h 
has  V. 


The  above  serves  as  our  definition.  In  the  lemmas  below  we  will  show  that  this 
is  equivalent  to  V being  local  on  the  target,  local  on  the  source,  and  stable  under 
post-composing  by  smooth  morphisms. 

06F9  Lemma  61.18.2.  Let  S be  a scheme.  Let  V be  a property  of  morphisms  of 
algebraic  spaces  over  S which  is  smooth  local  on  source-and-target.  Then 

(1)  V is  smooth  local  on  the  source, 

(2)  V is  smooth  local  on  the  target, 

(3)  V is  stable  under  postcomposing  with  smooth  morphisms:  if  f : X —¥  Y 
has  V and  g : Y -A  Z is  smooth,  then  g o / has  V , and 


Proof.  We  write  everything  out  completely. 

Proof  of  (1).  Let  f : X Y be  a morphism  of  algebraic  spaces  over  S.  Let 
{X,  — >•  X}j6/  be  a smooth  covering  of  X.  If  each  composition  hi  : Xt  — >•  Y has 
V , then  for  each  |rr  | € X we  can  find  an  i £ I and  a point  Xi  £ Xj  mapping  to 
x.  Then  {Xi,xf)  — > (X,x)  is  a smooth  morphism  of  pairs,  and  idy  : Y — >•  Y is  a 
smooth  morphism,  and  hi  is  as  in  part  (3)  of  Definition  61.18.ll  Thus  we  see  that 


/ has  V.  Conversely,  if  / has  V then  each  X f — y Y has  V by  Definition  |61.18.I1 
part  (1). 
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Proof  of  (2).  Let  / : X — X Y be  a morphism  of  algebraic  spaces  over  S.  Let 
{Yi  Y}ieI  be  a smooth  covering  of  Y.  Write  Xj  = Y,  Xy  X and  hi  : X,  — x Yi 
for  the  base  change  of  /.  If  each  hi  : Xj  —X  Yi  has  V , then  for  each  x £ |X|  we  pick 
an  i £ I and  a point  Xi  £ |Xj|  mapping  to  x.  Then  (Xi,Xi)  — X (X,x)  is  a smooth 
morphism  of  pairs,  Yi  — x Y is  smooth,  and  hi  is  as  in  part  (3)  of  Definition  61.18.1 
Thus  we  see  that  / has  V . Conversely,  if  / has  V , then  each  Xj  -a  Y.l  has  V by 


Definition  61.18.1  part  (2). 


Proof  of  (3).  Assume  / : X - 
x £ |X|  we  can  think  of  (X,  x) 


Y has  V and  g : Y — x Z is  smooth.  For  every 
(X,  x)  as  a smooth  morphism  of  pairs,  Y — X Z is 

Thus  we  see 


a smooth  morphism,  and  h = f is  as  in  part  (3)  of  Definition  61.18.1 
that  g o f has  V . 


□ 


The  following  lemma  is  the  analogue  of  Morphisms,  Lemma  [28. 14.4| 

06FA  Lemma  61.18.3.  Let  S be  a scheme.  Let  V be  a property  of  morphisms  of 
algebraic  spaces  over  S which  is  smooth  local  on  source-and-target.  Let  f : X — x Y 
be  a morphism  of  algebraic  spaces  over  S . The  following  are  equivalent: 

(a)  / has  property  V , 

(b)  for  every  x £ |X|  there  exists  a smooth  morphism  of  pairs  a : ( U,u ) — ► 
(X,  a;),  a smooth  morphism  b : V ~^Y , and  a morphism  h :U  V such 
that  f o a = b o h and  h has  V , 

(c)  for  some  commutative  diagram 

U ^ V 

h 

a b 


with  a,  b smooth  and  a surjective  the  morphism  h has  V , 

(d)  for  any  commutative  diagram 


U V 

h 


Y 

x 


/ 


b 

v 


Y 


with  b smooth  and  U — » X Xy  V smooth  the  morphism  h has  V, 

(e)  there  exists  a smooth  covering  {Yi  — > Y}iej  such  that  each  base  change 
Yi  Xy  X A Yi  has  V , 

(f)  there  exists  a smooth  covering  {Xj  -A  X}jgj  such  that  each  composition 
Xi  — X Y has  V, 

(g)  there  exists  a smooth  covering  {Yi  — > T}jg/  and  for  each  i £ I a smooth 
covering  {Xij  -A  Yi  Xy  X}jeji  such  that  each  morphism  Xij  — x Yi  has  V. 


Proof.  The  equivalence  of  (a)  and  (b)  is  part  of  Definition  61.18.1  The  equivalence 


of  (a)  and  (e)  is  Lemma  61.18.2  part  (2).  The  equivalence  of  (a)  and  (f)  is  Lemma 


61.18.2  part  (1).  As  (a)  is  now  equivalent  to  (e)  and  (f)  it  follows  that  (a)  equivalent 
to  (g). 


It  is  clear  that  (c)  implies  (b).  If  (b)  holds,  then  for  any  x £ |A'|  we  can  choose  a 
smooth  morphism  of  pairs  ax  : ( Ux , ux)  —X  (X,  x),  a smooth  morphism  bx  : Vx  — X Y, 
and  a morphism  hx  : Ux  — X Vx  such  that  / o ax  = bx  o hx  and  hx  has  V . Then 
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h = Uhx  -UU^U  Vx  with  a = ]J  ax  and  b = JJ  bx  is  a diagram  as  in  (c).  (Note 
that  h has  property  V as  {Vx  — > ]J  Vx}  is  a smooth  covering  and  V is  smooth  local 
on  the  target.)  Thus  (b)  is  equivalent  to  (c). 

Now  we  know  that  (a),  (b),  (c),  (e),  (f),  and  (g)  are  equivalent.  Suppose  (a)  holds. 
Let  U , V,  a,  6,  h be  as  in  (d).  Then  X XyV  -+  V has  V as  V is  stable  under  smooth 
base  change,  whence  U — > V has  V as  V is  stable  under  precomposing  with  smooth 
morphisms.  Conversely,  if  (d)  holds,  then  setting  U = X and  V = Y we  see  that  / 
has  V.  □ 


06FB  Lemma  61.18.4.  Let  S be  a scheme.  Let  V be  a property  of  morphisms  of 
algebraic  spaces  over  S.  Assume 

(1)  V is  smooth  local  on  the  source, 

(2)  V is  smooth  local  on  the  target,  and 

(3)  V is  stable  under  postcomposing  with  smooth  morphisms:  if  f : X Y 
has  V and  Y C Z is  a smooth  morphism  then  X — » Z has  V . 

Then  V is  smooth  local  on  the  source- and-target. 


Proof.  Let  V be  a property  of  morphisms  of  algebraic  spaces  which  satisfies  con- 


ditions (1),  (2)  and  (3)  of  the  lemma.  By  Lemma  61.12.2  we  see  that  V is  stable 


under  precomposing  with  smooth  morphisms.  By  Lemma  61.9. 2|  we  see  that  V is 
stable  under  smooth  base  change.  Hence  it  suffices  to  prove  part  (3)  of  Definition 
l61.18.1lholds. 

More  precisely,  suppose  that  / : X — > Y is  a morphism  of  algebraic  spaces  over  S 


which  satisfies  Definition  61.18.1  part  (3)(b).  In  other  words,  for  every  x £ X there 
exists  a smooth  morphism  ax  : Ux  — > X,  a point  ux  £ \UX\  mapping  to  x,  a smooth 
morphism  bx  : Vx  — > Y , and  a morphism  hx  : Ux  —¥  Vx  such  that  / o ax  = bx  o hx 
and  hx  has  V.  The  proof  of  the  lemma  is  complete  once  we  show  that  / has  V. 
Set  U = ]JUX,  a = II Hz,  V = \[VX,  b = \[bx,  and  h = ]f[hx.  We  obtain  a 
commutative  diagram 

u — 


V 

X 


f 


Y 


with  a,  b smooth,  a surjective.  Note  that  h has  V as  each  hx  does  and  V is  smooth 
local  on  the  target.  Because  a is  surjective  and  V is  smooth  local  on  the  source, 
it  suffices  to  prove  that  boh  has  V.  This  follows  as  we  assumed  that  V is  stable 
under  postcomposing  with  a smooth  morphism  and  as  b is  smooth.  □ 


06FC  Remark  61.18.5.  Using  Lemma 


61.18.4 


and  the  work  done  in  the  earlier  sections 


of  this  chapter  it  is  easy  to  make  a list  of  types  of  morphisms  which  are  smooth 
local  on  the  source-and-target.  In  each  case  we  list  the  lemma  which  implies  the 
property  is  smooth  local  on  the  source  and  the  lemma  which  implies  the  property 


is  smooth  local  on  the  target.  In  each  case  the  third  assumption  of  Lemma  61.18.4 
is  trivial  to  check,  and  we  omit  it.  Here  is  the  list: 


(1)  flat,  see  Lemmas  61.13.1  and  61.10.11 


(2)  locally  of  finite  presentation,  see  Lemmas  61.14.1  and  61.10.8 


(4)  universally  open,  see  Lemmas  61.14.4  and  61.10.4 


(3)  locally  finite  type,  see  Lemmas  61.14.2  and  61.10.7 
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(5) 

(6) 
(7) 


syntomic,  see  Lemmas  61.15.1  and  61.10.23 
smooth,  see  Lemmas  61.16.1  and  61.10.24 
add  more  here  as  needed. 


61.19.  Descent  data  for  spaces  over  spaces 

OADF  This  section  is  the  analogue  of  Descent,  Section  [34. 30| for  algebraic  spaces.  Most  of 
the  arguments  in  this  section  are  formal  relying  only  on  the  definition  of  a descent 
datum. 


OADG  Definition  61.19.1.  Let  S'  be  a scheme.  Let  / : Y — A X be  a morphism  of 
algebraic  spaces  over  S. 

(1)  Let  V — A Y be  a morphism  of  algebraic  spaces.  A descent  datum  for 
V/Y/X  is  an  isomorphism  p : V XxY  ->  F Xxb  of  algebraic  spaces  over 
Y Xx  Y satisfying  the  cocycle  condition  that  the  diagram 

V x x Y xx  Y — Y XxY  xxV 

YxxYxxY 

commutes  (with  obvious  notation). 

We  also  say  that  the  pair  (V/Y,  ip)  is  a descent  datum  relative  to  Y -A  X . 
A morphism  f : (V/Y,  p)  — A (V' /Y,  p')  of  descent  data  relative  to  Y — A X 
is  a morphism  / : V —A  V’  of  algebraic  spaces  over  Y such  that  the  diagram 


(2) 

(3) 


V xx  Y 

/xidy 

i 

V'  XxY 


YxxV 


id y x/ 
Y 

■YxxV 


commutes. 


OADH  Remark  61.19.2.  Let  S'  be  a scheme.  Let  Y — A X be  a morphism  of  algebraic 
spaces  over  S.  Let  (V/Y,  p)  be  a descent  datum  relative  to  Y —a  X.  We  may  think 
of  the  isomorphism  p as  an  isomorphism 

(Y  xx  Y)  xproiv  V —A  (Y  xx  Y)  xpil,Y  1/ 

of  algebraic  spaces  over  Y Xx  Y.  So  loosely  speaking  one  may  think  of  p as  a map 
p : pi'qF  —a  pr^vQ  The  cocycle  condition  then  says  that  pr(j 2p  = pr*2y>  o pr^  p.  In 
this  way  it  is  very  similar  to  the  case  of  a descent  datum  on  quasi-coherent  sheaves. 


Here  is  the  definition  in  case  you  have  a family  of  morphisms  with  fixed  target. 

OADI  Definition  61.19.3.  Let  S'  be  a scheme.  Let  {Xi  —A  X}j6j  be  a family  of  mor- 
phisms of  algebraic  spaces  over  S with  fixed  target  X. 

(1)  A descent  datum  (Vi,  Pij)  relative  to  the  family  {Xi  —A  A}  is  given  by  an 
algebraic  space  V)  over  Xj  for  each  i £ I,  an  isomorphism  p^  : V)  XxXj  —A 


^Unfortunately,  we  have  chosen  the  “wrong”  direction  for  our  arrow  here.  In  Definitions 
|61.19.1|and|61.19.3|we  should  have  the  opposite  direction  to  what  was  done  in  Definition  |61. 3.11 
by  the  general  principle  that  “functions”  and  “spaces”  are  dual. 
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Xi  x x Vj  of  algebraic  spaces  over  Xj  xx  Xj  for  each  pair  (i,j)  £ I2  such 
that  for  every  triple  of  indices  ( i,j , k ) £ 1 3 the  diagram 

Vi  Xx  Xj  xx  Xk s-  Xi  x x Xj  xxVk 

pr02Vifc 

Xi  x x Vj  x x Xk 


of  algebraic  spaces  over  Xj  xx  Xj  xx  Xk  commutes  (with  obvious  nota- 
tion). 

(2)  A morphism  if  : (Vi,  ( pij ) — > (Vf,  p\ ■ ) of  descent  data  is  given  by  a family 
if  = {4>i)iei  °f  morphisms  ifi  : Vi  — >■  V(  of  algebraic  spaces  over  Xj  such 
that  all  the  diagrams 


V x x X, 


<Pij 


■Xi  xxVj 


'ipiX  id 


id  X 'ijj  j 


VI  xxXj 


■Xj  XXV’ 


commute. 


OADJ  Remark  61.19.4.  Let  S'  be  a scheme.  Let  {Xj  — > X}iGj  be  a family  of  morphisms 
of  algebraic  spaces  over  S with  fixed  target  X.  Let  (Vi,tpij)  be  a descent  datum 
relative  to  {Xj  — > X}.  We  may  think  of  the  isomorphisms  tpij  as  isomorphisms 

(X,  X X Xj)  Xpr0X»  Vi  > (Xj  Xx  Xj)  X prl7Xj  Vj 

of  algebraic  spaces  over  Xj  x x Xj . So  loosely  speaking  one  may  think  of  ipij  as  an 
isomorphism  pr \Vj  over  Xj  x.y  Xj.  The  cocycle  condition  then  says  that 

Pro2  Vik  = pi ' 12^ jk  ° prpi  tp^.  In  this  way  it  is  very  similar  to  the  case  of  a descent 
datum  on  quasi-coherent  sheaves. 


The  reason  we  will  usually  work  with  the  version  of  a family  consisting  of  a single 
morphism  is  the  following  lemma. 

OADK  Lemma  61.19.5.  Let  S be  a scheme.  Let  {Xj  — > X}j£/  be  a family  of  morphisms 
of  algebraic  spaces  over  S with  fixed  target  X.  Set  Y = IIi6/  Xj.  There  is  a 
canonical  equivalence  of  categories 

category  of  descent  data  category  of  descent  data 

relative  to  the  family  {Xj  — > X}jgj  relative  to  Y/X 

which  maps  (Vi,  to  (V,  ip)  with  V = Ujg/  V*  and  ip  = II  Pij- 

Proof.  Observe  that  Y xxY  — JJ  - ■ Xj  Xx  Xj  and  similarly  for  higher  fibre  prod- 
ucts. Giving  a morphism  V — > Y is  exactly  the  same  as  giving  a family  Vi  — > Xi. 
And  giving  a descent  datum  p is  exactly  the  same  as  giving  a family  p^.  □ 

OADL  Lemma  61.19.6.  Pullback  of  descent  data.  Let  S be  a scheme. 

(1)  Let 

Y' ^ Y 

f 

a'  a 

V , I 
X'  X 
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fee  a commutative  diagram  of  algebraic  spaces  over  S.  The  construction 
(V  -A  Y,  ip)  Y,  ^ = ( V ' -A  Y',  ip') 

where  V'  = Y'  xY  V and  where  p'  is  defined  as  the  composition 
V x X!  Y'  _ (F'  x Y V)  x X'  Y'  = (Y1  xx,  Y')  XyXxy  (1/  xx  Y) 

idxtp 

Y 

Y'  X.Y'  V>  — Y'  X.Y'  (F'  Xy  V)  = (F'  X y F')  Xyxxy  (F  XX  V) 


defines  a functor  from  the  category  of  descent  data  relative  to  Y -A  X to 
the  category  of  descent  data  relative  to  Y'  — » X' . 

(2)  Given  two  morphisms  fi  \ Y'  — » Y , i = 0, 1 making  the  diagram  commute 
the  functors  /g  and  f(  are  canonically  isomorphic. 


Proof.  We  omit  the  proof  of  (1),  but  we  remark  that  the  morphism  p'  is  the 
morphism  (/  x f)*p  in  the  notation  introduced  in  Remark  61.19.2  For  (2)  we 
indicate  which  morphism  ffiV  — > f*V  gives  the  functorial  isomorphism.  Namely, 
since  /o  and  f±  both  fit  into  the  commutative  diagram  we  see  there  is  a unique 
morphism  r : Y'  — » F x x Y with  fi  = pr^  o r.  Then  we  take 


foV  = Y'x 


fox 


V 


— F Xproor,V  F 

= Y'  X r Y x xy  (F  XX  Y)  Xpr0?y  V 
A Y'  x r,y x xy  (F  Xj  F)  xpriiy  V 
= F Xpri0r?y  V 
= Y'xfuYV 
= fiV 

We  omit  the  verification  that  this  works. 


□ 


OADM  Definition  61.19.7. 

tor 


With  S , X,  X' , F,  F',  /,  a,a'  ,h  as  in  Lemma 


61.19.6 


the  func- 


M?) —►/*(*» 

constructed  in  that  lemma  is  called  the  pullback  functor  on  descent  data. 


OADN  Lemma  61.19.8.  Let  S be  a scheme.  Let  U'  = {X[  -A  X'}jg//  and  U = {Xj  — >• 
fee  families  of  morphisms  with  fixed  target.  Let  a : I’  —>  I , g : X’  X 
and  gi  : X[  — > Xa(^  be  a morphism  of  families  of  maps  with  fixed  target,  see  Sites, 
Definition  \ 7. 8. 1\ 

(1)  Let  ( Vi,pij ) be  a descent  datum  relative  to  the  family  U.  The  system 


(di  ( 9i  ^ 9j)  Toi(i)oi(j)) 


(2) 

(3) 


(with  notation  as  in  Remark  61.19.4 ) is  a descent  datum  relative  to  U’ . 
This  construction  defines  a functor  between  the  category  of  descent  data 
relative  to  IA  and  the  category  of  descent  data  relative  to  U' . 

Given  a second  f3  : I'  —>  I , h : X'  — »•  X and  h)  : X\  — > Xp^  morphism  of 
families  of  maps  with  fixed  target,  then  if  g = h the  two  resulting  functors 
between  descent  data  are  canonically  isomorphic. 
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OADP 


OADQ 


OADR 


OADS 


(4)  These  functors  agree,  via  Lemma  61.19.5  with  the  pullback  functors  con- 
structed in  Lemma[61.19.6l 


Proof.  This  follows  from  Lemma  61.19.6  via  the  correspondence  of  Lemma  61.19.5 


□ 


Definition  61.19.9.  With  U'  = {X[  X'}ier,  U = {Xt  -a  X}iGl,  a \ V -t  1, 


g : X'  — > X , and  gi  : X[  -A  Xan\  as  in  Lemma  61.19.8  the  functor 


(Vi,cpij)  I > (g*Va{i),{gi  X gj)*ipa(i)a(j)) 

constructed  in  that  lemma  is  called  the  pullback  functor  on  descent  data. 


If  U and  U'  have  the  same  target  X,  and  if  U'  refines  U (see  Sites,  Definition  7.8.1 ) 


but  no  explicit  pair  (a,  gf)  is  given,  then  we  can  still  talk  about  the  pullback  functor 
since  we  have  seen  in  Lemma  |61.19.8  that  the  choice  of  the  pair  does  not  matter 
(up  to  a canonical  isomorphism). 

Definition  61.19.10.  Let  S'  be  a scheme.  Let  f : Y A I be  a morphism  of 
algebraic  spaces  over  S. 

(1)  Given  an  algebraic  space  U over  X we  have  the  trivial  descent  datum  of 
U relative  to  id  : X -A  A',  namely  the  identity  morphism  on  U . 


(2)  By  Lemma  61.19.6  we  get  a canonical  descent  datum  on  Y X j U relative 
to  7 -A  A by  pulling  back  the  trivial  descent  datum  via  /.  We  often 
denote  (Y  xx  U,can)  this  descent  datum. 

(3)  A descent  datum  (V,ip)  relative  to  Y/X  is  is  called  effective  if  (V,<p) 
is  isomorphic  to  the  canonical  descent  datum  (Y  x _y  U,  can)  for  some 
algebraic  space  U over  X. 


Thus  being  effective  means  there  exists  an  algebraic  space  U over  X and  an  iso- 
morphism i/iiV—tYxxU  over  Y such  that  ip  is  equal  to  the  composition 

T T tpxidY  Tr  „ rr  id  YXlp-1  --  T r 

V xx  b > Y xx  U xg  1 =7x^1  xx  U > Y xx  V 


There  is  a slight  problem  here  which  is  that  this  definition  (in  spirit)  conflicts  with 
the  definition  given  in  Descent,  Definition  34.30.10  in  case  Y and  X are  schemes. 
However,  it  will  always  be  clear  from  context  which  version  we  mean. 


Definition  61.19.11.  Let  S'  be  a scheme.  Let  {W  — » X}  be  a family  of  morphisms 
of  algebraic  spaces  over  S with  fixed  target  X. 

(1)  Given  an  algebraic  space  U over  X we  have  a canonical  descent  datum  on 
the  family  of  algebraic  spaces  Xi  x x U by  pulling  back  the  trivial  descent 
datum  for  U relative  to  {id  : S —>  S}.  We  denote  this  descent  datum 
(Xi  x x U,  can ) . 

(2)  A descent  datum  (Vi,ipij)  relative  to  {Xi  — ► S}  is  called  effective  if  there 
exists  an  algebraic  space  U over  X such  that  (V)  , 'Pij)  is  isomorphic  to 
(Xi  x x U,  can ) . 


61.20.  Descent  data  in  terms  of  sheaves 

This  section  is  the  analogue  of  Descent,  Section  |34.35|  It  is  slightly  different  as 
algebraic  spaces  are  already  sheaves. 
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OADT 


Lemma  61.20.1.  Let  S be  a scheme.  Let  {Xj  — x A'}iS/  be  an  fpppf  covering 
of  algebraic  spaces  over  S (Topologies  on  Spaces,  Definition  60. 4.1).  There  is  an 
equivalence  of  categories 

(descent  Onto  (V  wd'l  [ sheaves  F on  ( Sch/S)fppf  endowed ] 

J aescent  aata  (A*,  ptJ_)  [ ^ J w-±h  n mnn  F ^ x such  that  each  l _ 


< , , . , r Sf  Vj;  > x-x  < with  a map  F 

relative  to  I X,  — x X M ] „ . , . . 

k J y Xi  x y T is  an  algebraic  space 


Moreover, 

(1)  the  algebraic  space  Xi  X \ F on  the  right  hand  side  corresponds  to  Vi  on 
the  left  hand  side,  and 

(2)  the  sheaf  F is  an  algebraic  spac^]  if  and  only  if  the  corresponding  descent 
datum  ( Xi,ifij ) is  effective. 


Proof.  Let  us  construct  the  functor  from  right  to  left.  Let  F — > X be  a map  of 
sheaves  on  ( Sch/S)fppf  such  that  each  Vi  = X,  x x F is  an  algebraic  space.  We 
have  the  projection  Vi  — > Xi.  Then  both  Vi  Xx  Xj  and  Xi  x x Vj  represent  the 
sheaf  Xi  Xjfxx  Xj  and  hence  we  obtain  an  isomorphism 


Tw  '■  Vi  XX  Xj  — > Xi  Xx  Vj 


It  is  straightforward  to  see  that  the  maps  are  morphisms  over  Xi  Xx  Xj  and 
satisfy  the  cocycle  condition.  The  functor  from  right  to  left  is  given  by  this  con- 
struction F i— >■  (Vi,  (pij ). 


Let  us  construct  a functor  from  left  to  right.  The  isomorphisms  pij  give  isomor- 
phisms 

Pij  'ViXX  Xj  — X Xi  xx  Vj 

over  Xi  x Xj.  Set  F equal  to  the  coequalizer  in  the  following  diagram 


1 1,.,'  Vi  xx  X j 


Pro 


:i hVi 


PT  oiflij 


F 


The  cocycle  condition  guarantees  that  F comes  with  a map  and  that  X f x x 

F is  isomorphic  to  Vj.  The  functor  from  left  to  right  is  given  by  this  construction 

(V,  Pij)  <— x F . 

We  omit  the  verification  that  these  constructions  are  mutually  quasi-inverse  func- 
tors. The  final  statements  (1)  and  (2)  follow  from  the  constructions.  □ 
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CHAPTER  62 


Derived  Categories  of  Spaces 


08EY 


62.1.  Introduction 

08EZ  In  this  chapter  we  discuss  derived  categories  of  modules  on  algebraic  spaces.  There 
do  not  seem  to  be  good  introductory  references  addressing  this  topic;  it  is  covered 
in  the  literature  by  referring  to  papers  dealing  with  derived  categories  of  modules 
on  algebraic  stacks,  for  example  see  lOlsOTbl. 

62.2.  Conventions 

08F0  If  A is  an  abelian  category  and  M is  an  object  of  A then  we  also  denote  M the 
object  of  K(A)  and/or  D(A)  corresponding  to  the  complex  which  has  M in  degree 
0 and  is  zero  in  all  other  degrees. 

If  we  have  a ring  A,  then  K(A)  denotes  the  homotopy  category  of  complexes  of 
A- modules  and  D(A)  the  associated  derived  category.  Similarly,  if  we  have  a ringed 
space  (X,  Ox)  the  symbol  K(Ox)  denotes  the  homotopy  category  of  complexes  of 
Ox-modules  and  D(Ox ) the  associated  derived  category. 


62.3.  Generalities 


08GD  In  this  section  we  put  some  general  results  on  cohomology  of  unbounded  complexes 
of  modules  on  algebraic  spaces. 

08GE  Lemma  62.3.1.  Let  S be  a scheme.  Let  f : X — > Y be  a morphism  of  algebraic 
spaces  over  S.  Given  an  etale  morphism  V — > Y , set  U = V Xy  X and  denote 
g : U — ► V the  projection  morphism.  Then  (Rf*E)\v  = Rgt(E\u)  for  E in  D(Ox)- 


08GF 


Proof.  Represent  E by  a K-injective  complex  X*  of  Cbv -modules.  Then  Rf^(E)  = 

Hence 

□ 


ffL*  and  Rg*(E\u)  = g*(lm\u)  by  Cohomology  on  Sites,  Lemma  21.20.1 
the  result  follows  from  Properties  of  Spaces,  Lemma [53. 25. 2| 


Definition  62.3.2.  Let  S'  be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
E be  an  object  of  D{Ox)-  Let  T C |X|  be  a closed  subset.  We  say  E is  supported 
on  T if  the  cohomology  sheaves  Hl(E ) are  supported  on  T. 


62.4.  Derived  category  of  quasi-coherent  modules  on  the  small  etale 

site 

071P  Let  X be  a scheme.  In  this  section  we  show  that  EqcqAPx ) can  be  defined  in 
terms  of  the  small  etale  site  X ftaie  of  X.  Denote  O^aie  the  structure  sheaf  on 
X etale-  Consider  the  morphism  of  ringed  sites 

08H7  (62.4.0.1)  e : (Xitale,  0£tale)  — > ( XZar , Ox). 


3877 
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08H8 


071Q 


denoted  id small, etale, Zar  in  Descent,  Lemma  34.7.5 


Lemma  62.4.1.  The  morphism  e of  (62. f. 0.1)  is  a flat  morphism  of  ringed  sites. 
In  particular  the  functor  e*  : Mod(Ox) 
e*F  = 0,  then  F = 0. 


Mod(0  etale)  is  exact.  Moreover,  if 


18.30.2 


Proof.  The  second  assertion  follows  from  the  first  by  Modules  on  Sites,  Lemma 
To  prove  the  first  assertion  we  have  to  show  that  O etale  is  a flat  e~xOx- 
To  do  this  it  suffices  to  check  Ox.x  — » Oetaie.w  is  flat  for  any  geometric 

Sites,  Lemma 


module. 

point  x of  A , see  Modules  on  Sites.  Lemma 
Cohomology,  Remarks 
O etale  x is  the  strict  henselization  of  0\ 


18.38.2 


By  Etale  Cohomology,  Lemma  49.33.1 
Thus  Ox.x  ^ O etale. x 


7.33.1 


and  Etale 
we  see  that 


is  faithfully  flat 

by  More  on  Algebra,  Lemma [15.36. 1|  The  final  statement  follows  also:  if  e*F  = 0, 
then 

0 — e IF x — F x ®£)y  O etale 


(Modules  on  Sites,  Lemma  18.35.4 1 for  all  geometric  points  x.  By  faithful  flatness 
of  Ox  x — s ► O ttaie  x we  conclude  Fx  = 0 for  all  a;  £ A'.  □ 


Let  A be  a scheme.  Notation  as  in  (62.4.0.1).  Recall  that  e*  : QCohifOx)  —5 
QCoh(0 etale)  is  an  equivalence  by  Descent,  Proposition|34.7.lT  and  Remark [34. 7. 6 
Moreover,  QCoh(Oetaie)  forms  a Serre  subcategory  of  Mod(Oetaie)  by  Descent, 
Lemma 


34.7.13 


Hence  we  can  let  DQCohfOetaie)  be  the  triangulated  subcategory  of 
D(G etale)  whose  objects  are  the  complexes  with  quasi-coherent  cohomology  sheaves, 
see  Derived  Categories,  Section  13.13  The  functor  e*  is  exact  (Lemma|62.4.1 ) hence 
induces  e*  : D(Ox)  — > D(Oetaie)  and  since  pullbacks  of  quasi-coherent  modules  are 
quasi-coherent  also  e*  : DQcoh{Ox ) ->  D QCoh(P etale)- 


Lemma  62.4.2.  Let  X be  a scheme.  The  functor  e 
defined  above  is  an  equivalence. 


'■  DQCoh(Ox)  -A  D QCoh(0 etale) 


Proof.  We  will  prove  this  by  showing  the  functor  Re*  : D(Oetale)  — > D(Ox) 
induces  a quasi- inverse.  We  will  use  freely  that  e*  is  given  by  restriction  to  X zar  C 
X etale  and  the  description  of  e*  = id* 


.etale, Zar  in  Descent,  Lemma 


34.7.5 


For  a quasi-coherent  Ox-module  F the  adjunction  map  F 


— y c*6 


F is  an  iso- 


morphism by  the  fact  that  Fa  (Descent,  Definition  34.7.2)  is  a sheaf  as  proved  in 
Descent,  Lemma[34.7.1|  Conversely,  every  quasi-coherent  Oeta;e-module  H is  of  the 
form  e*F  for  some  quasi-coherent  Ox-module  F , see  Descent,  Proposition  |34.7.TT| 
Then  F = e*R  by  what  we  just  said  and  we  conclude  that  the  adjunction  map 
e*e*77  — > 77  is  an  isomorphism  for  all  quasi-coherent  Oaa;e-modules  TL. 

Let  E be  an  object  of  DQCoh(Oetaie ) and  denote  TLq  = Hq(E)  its  gth  cohomology 
sheaf.  Let  B be  the  set  of  affine  objects  of  A etale-  Then  Hp(U,Tlq)  = 0 for  all 
p > 0,  all  q £ Z,  and  all  U £ B,  see  Descent,  Proposition  |34. 7. 10|  and  Cohomology 
of  Schemes,  Lemma  29.2. 2|  By  Cohomology  on  Sites,  Lemma  [21.21.6|  this  means 
that 

Hq(U,E ) = H°(U,nq) 

for  all  U £ B.  In  particular,  we  find  that  this  holds  for  affine  opens  U C X.  It 
follows  that  the  qth  cohomology  of  Re*E  over  U is  the  value  of  the  sheaf  e*R9  over 
U.  Applying  sheafiffcation  we  obtain 

Hq(Re*E)  = e*R9 
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08F2 


08F3 


which  in  particular  shows  that  Re*  induces  a functor  EQCoh(O^taie)  — t T>QCoh(Ox)- 
Since  e*  is  exact  we  then  obtain  Hq(e* Re*E)  = e*e*'Hq  = TLq  (by  discussion  above). 
Thus  the  adjunction  map  e*Re*E  — > E is  an  isomorphism. 

Conversely,  for  F £ DqcoUOx)  the  adjunction  map  F — > Re*e*F  is  an  isomor- 
phism for  the  same  reason,  i.e.,  because  the  cohomology  sheaves  of  Re*e*F  are 
isomorphic  to  e*Hm(e*F)  = e*e*Hm(F)  = Hm(F).  □ 


62.5.  Derived  category  of  quasi-coherent  modules 


Let  5 be  a scheme.  Lemma  62.4.2  shows  that  the  category  Dqco/i(0s)  can  be 
defined  in  terms  of  complexes  of  Os-modules  on  the  scheme  S or  by  complexes  of 
0-modules  on  the  small  etale  site  of  S.  Hence  the  following  definition  is  compatible 
with  the  definition  in  the  case  of  schemes. 


Definition  62.5.1.  Let  S'  be  a scheme.  Let  X be  an  algebraic  space  over  S.  The 
derived  category  of  Ox -modules  with  quasi-coherent  cohomology  sheaves  is  denoted 
F QCohiO  x ) ■ 

This  makes  sense  by  Properties  of  Spaces,  Lemma  [53. 28. 7|  and  Derived  Categories, 
Section  [13. 131  Thus  we  obtain  a canonical  functor 


(62.5.1.1) 


D(QCoh(Ox ))  — ► DQCoh(Ox ) 


see  Derived  Categories,  Equation  (13.13.1.11. 


Observe  that  a flat  morphism  / : Y — > X of  algebraic  spaces  induces  an  exact 
functor  /*  : Mod(Ox)  —>  Mod(Oy),  see  Morphisms  of  Spaces,  Lemma  54.29.9 
and  Modules  on  Sites,  Lemma  1 18. 30. 2 In  particular  Lf*  : D(Ox)  — > D(Oy) 
is  computed  on  any  representative  complex  (Derived  Categories,  Lemma|l3.17.9 ). 
We  will  write  Lf*  = f*  when  / is  flat  and  we  have  Hl(f*  E)  = f*Hl[E ) for  E in 
D(Ox ) in  this  case.  We  will  use  this  often  when  / is  etale.  Of  course  in  the  etale 
case  the  pullback  functor  is  just  the  restriction  to  Y^taie , see  Properties  of  Spaces, 
Equation  (53.25.1.11. 


Lemma  62.5.2.  Let  S be  a scheme.  Let  X he  an  algebraic  space  over  S . Let  E 
he  an  object  of  D(Ox)-  The  following  are  equivalent 

(1)  E is  in  D QCohifO x) y 

(2)  for  every  etale  morphism  tp  : U — > X where  U is  an  affine  scheme  ip*E  is 
an  object  of  DQCoh{Ou), 

(3)  for  every  etale  morphism  ip  : U -A  X where  U is  a scheme  ip*E  is  an 
object  of  DQcoh(Pu), 

(4)  there  exists  a surjective  etale  morphism  p : U X where  U is  a scheme 
such  that  ip*E  is  an  object  of  DQCoh(Ou),  and 

(5)  there  exists  a surjective  etale  morphism  of  algebraic  spaces  f : Y X 
such  that  Lf*E  is  an  object  of  D QCoh(Oy) . 


Proof.  This  follows  immediately  from  the  discussion  preceding  the  lemma  and 
Properties  of  Spaces,  Lemma  [53.28.6  □ 


Lemma  62.5.3.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Then 
DQCoh  (Ox)  has  direct  sums. 


62.5.  DERIVED  CATEGORY  OF  QUASI-COHERENT  MODULES 


3880 


08F4 


08F5 


08F6 


08F7 


Proof.  By  Injectives,  Lemma  19.13.4  the  derived  category  D(Ox)  has  direct  sums 
and  they  are  computed  by  taking  termwise  direct  sums  of  any  representatives. 
Thus  it  is  clear  that  the  cohomology  sheaf  of  a direct  sum  is  the  direct  sum  of  the 
cohomology  sheaves  as  taking  direct  sums  is  an  exact  functor  (in  any  Grothendieck 
abelian  category).  The  lemma  follows  as  the  direct  sum  of  quasi-coherent  sheaves 
is  quasi-coherent,  see  Properties  of  Spaces,  Lemma [53.28. 7|  □ 

Lemma  62.5.4.  Let  S be  a scheme.  Let  f : Y -A  X be  a morphism  of  algebraic 
spaces  over  S.  The  functor  Lf*  sends  DQCohiPx ) into  DQCohiOy). 

Proof.  Choose  a diagram 


where  U and  V are  schemes,  the  vertical  arrows  are  etale,  and  a is  surjective.  Since 
a*  o Lf*  = Lh*  o b*  the  result  follows  from  Lemma  62.5.2|  and  the  case  of  schemes 
which  is  Derived  Categories  of  Schemes,  Lemma [35. 3. 7 □ 


Lemma  62.5.5.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . For 
objects  K,L  of  DQCoh(Ox)  the  derived  tensor  product  I\  L is  in  DQCoh{Ox)- 


Proof.  Let  ip  : U — ► X be  a surjective  etale  morphism  from  a scheme  U.  Since 
tp*(K  L)  = ip*K  8^  ip*L  we  see  from  Lemma 


62.5.2 


that  this  follows  from 


the  case  of  schemes  which  is  Derived  Categories  of  Schemes,  Lemma  35.3.8|  □ 


The  following  lemma  will  help  us  to  “compute”  a right  derived  functor  on  an  object 
of  DQCoh(Ox). 

Lemma  62.5.6.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let 
of  DQCoh(Ox).  Then  the  canonical  map  E — ► R\mxT>-nE  is  an 


E be  an  object 
isomorphisn Q 


Proof.  Denote  TLl  = Hl(E)  the  ith  cohomology  sheaf  of  E.  Let  B be  the  set  of 
affine  objects  of  X^aie-  Then  HP(U , TV)  = 0 for  all  p > 0,  all  i G Z,  and  all  U € B 
as  U is  an  affine  scheme.  See  discussion  in  Cohomology  of  Spaces,  Section [50]  and 

Thus  the  lemma  follows  from  Cohomology 

□ 


Cohomology  of  Schemes,  Lemma  29.2.2 
on  Sites,  Lemma [21 .21 ,5| 


Lemma  62.5.7.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let 
F : Mod(Ox)  — > Ab  be  a functor  and  N > 0 an  integer.  Assume  that 

(1)  F is  left  exact, 

(2)  F commutes  with  countable  direct  products, 

(3)  RPF(T)  = 0 for  all  p>  N and  T quasi-coherent. 

Then  for  E £ D QCohiPx)  the  maps  RPF(E ) — ► RPF(t>p-n+\E)  are  isomor- 
phisms. 


Proof.  By  shifting  the  complex  we  see  it  suffices  to  prove  the  assertion  for  p = 0. 
Write  En  = r>-nE.  We  have  E = R lim  En , see  for  p = 0.  Write  En  = r>-nE. 


4n  particular,  E has  a K-injective  representative  as  in  Cohomology  on  Sites,  Lemma 


21.22.1 
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We  have  E = RlimEn,  see  Lemma  62.5.6  Thus  RF(E)  = R\imRF(En)  in  D(Ab) 
by  Injectives,  Lemma[l9.13.6|  Thus  we  have  a short  exact  sequence 

0 -A  R1  lim  R~1  F(En)  -A  R°F(E ) -A  lim  R°F(En)  -A  0 

see  More  on  Algebra,  Remark  |15.68.16)  To  finish  the  proof  we  will  show  that  the 
term  on  the  left  is  zero  and  that  the  term  on  the  right  equals  R?F(En-i). 

We  have  a distinguished  triangle 

H n(E)[n } -A  En  — > En- 1 — > F[  n(Ej[n  + 1] 

(Derived  Categories,  Remark |l3. 12.4)  in  D(Ox)-  Since  H~n(E)  is  quasi-coherent 
we  have 

RpF(H~n(E)[n ])  = Rp+nF(H~n(E ))  = 0 

for  p + n > N and 

RpF(H~n(E)[n  + 1])  = Rp+n+1F{H~n(E))  = 0 
for  p + n + 1 > N.  We  conclude  that 

RpF(En)  -a  RpF(En_ i) 

is  an  isomorphism  for  all  n p and  an  isomorphism  for  n > N for  p = 0.  Thus  the 
systems  RpF(En)  all  satisfy  the  ML  condition  and  R1  lim  gives  zero  (see  discussion 
in  More  on  Algebra,  Section  15.68).  Moreover,  the  system  R° F{r>-nE)  is  constant 
starting  with  n = N — 1 as  desired.  □ 


62.6.  Total  direct  image 

08F9  The  following  lemma  is  the  analogue  of  Cohomology  of  Spaces,  Lemma  [56. 7. 1| 

08FA  Lemma  62.6.1.  Let  S be  a scheme.  Let  f : X — > Y be  a quasi-separated  and 
quasi-compact  morphism  of  algebraic  spaces  over  S. 

(1)  The  functor  Rf*  sends  DQCoh(Ox)  into  DQCoh{0Y)- 

(2)  IfY  is  quasi-compact,  there  exists  an  integer  N = N(X,Y,f)  such  that 
for  an  object  E of  DQCohiPx ) with  Fbm(E)  = 0 for  m > 0 we  have 
Hm{RfirE)  = 0 for  m>  N. 

(3)  In  fact,  if  Y is  quasi-compact  we  can  find  N = N(X,  Y,  f)  such  that  for 
every  morphism  of  algebraic  spaces  Y'  -A  Y the  same  conclusion  holds  for 
the  functor  R(f  ')*  where  f : X'  — » Y'  is  the  base  change  of  f. 


Proof.  Let  E be  an  object  of  DQCoh(Ox)-  To  prove  (1)  we  have  to  show  that 
Rf*E  has  quasi-coherent  cohomology  sheaves.  This  question  is  local  on  Y , hence 
we  may  assume  Y is  quasi-compact.  Pick  N = N(X,  Y,  f)  as  in  Cohomology  of 
Spaces,  Lemma [56. 7. 1[  Thus  Rpf*F  = 0 for  all  quasi-coherent  Ox-modules  F and 
all  p > N.  Moreover  Rp f*F  is  quasi-coherent  for  all  p by  Cohomology  of  Spaces, 
Lemma [56. 3. 2|  These  statements  remain  true  after  base  change. 

First,  assume  E is  bounded  below.  We  will  show  (1)  and  (2)  and  (3)  hold  for  such 
E with  our  choice  of  N.  In  this  case  we  can  for  example  use  the  spectral  sequence 


Rp f*Hq(E)  =>  Rp+qf*E 

(Derived  Categories,  Lemma  13.21.3|),  the  quasi-coherence  of  Rp f*Hq(E),  and  the 
vanishing  of  Rp f*Hq(E)  for  p > N to  see  that  (1),  (2),  and  (3)  hold  in  this  case. 
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Next  we  prove  (2)  and  (3).  Say  Hm(E)  = 0 for  m > 0.  Let  V be  an  affine  object  of 
Yetaie-  We  have  HP{V  xY  A,  T)  =0  for  p>  N,  see  Cohomology  of  Spaces,  Lemma 


56.3.3  Hence  we  may  apply  Lemma  62.5.7  to  the  functor  T(V  Xy  A',  — ) to  see  that 


RT(V,  Rf*E)  = RT{V  xY  X,E) 

has  vanishing  cohomology  in  degrees  > N.  Since  this  holds  for  all  V affine  in  Y^taie 
we  conclude  that  Hm(Rf*E)  = 0 for  m>  N. 

Next,  we  prove  (1)  in  the  general  case.  Recall  that  there  is  a distinguished  triangle 
T<-n-lE  — > E — > r>-nE  —x  (t<_„_iE)  [1] 
in  D(Ox),  see  Derived  Categories,  Remark 


13.12.4 


By  (2)  we  see  that  Rf*T<-n-\E 
has  vanishing  cohomology  sheaves  in  degrees  > —n+N.  Thus,  given  an  integer  q we 
see  that  Rqf*E  is  equal  to  Rq  f*r>-nE  for  some  n and  the  result  above  applies.  □ 

08FB  Lemma  62.6.2.  Let  S be  a scheme.  Let  f : X —X  Y be  a quasi-separated  and 
quasi-compact  morphism  of  algebraic  spaces  over  S.  Then  Rf * : DQCohiPx ) — t 
D QCoh(0 s)  commutes  with  direct  sums. 

Proof.  Let  Ei  be  a family  of  objects  of  DQCoh(P. x)  and  set  E = ©-E*.  We  want 
to  show  that  the  map 

0 Rf*Ei  — ► Rf,E 

is  an  isomorphism.  We  will  show  it  induces  an  isomorphism  on  cohomology  sheaves 
in  degree  0 which  will  imply  the  lemma.  Choose  an  integer  N as  in  Lemma|62.6.1| 
Then  i?°/*E  = i?°/*r>_ArE  and  R°f*Ei  = R° f^r>-xEi  by  the  lemma  cited. 
Observe  that  t>-nE  = ©r>_jvEi.  Thus  we  may  assume  all  of  the  Ei  have 
vanishing  cohomology  sheaves  in  degrees  < —N.  Next  we  use  the  spectral  sequences 

Rpf*Hq(E)  =>  Rp+qUE  and  i?p/*LT?(Ei)  =>  Rp+qf*E t 


(Derived  Categories,  Lemma  13.21.3)  to  reduce  to  the  case  of  a direct  sum  of 


quasi-coherent  sheaves.  This  case  is  handled  by  Cohomology  of  Spaces,  Lemma 
156.4.21  " ' □ 

08GH  Remark  62.6.3.  Let  S'  be  a scheme.  Let  / : X — > Y be  a quasi-compact  and 
quasi-separated  morphism  of  representable  algebraic  spaces  X and  Y over  S.  Let 
fo  ■ Xq  —x  Yq  be  a morphism  of  schemes  representing  / (awkward  but  temporary 
notation).  Then  we  claim  the  diagrams 


DQCoh{Ox0 ) 
Rfo,. 

DQCoh(0Yo) 


Lemma  162.4.21 


Lemma  j62.4.2j 


DQCoh{Ox ) 


Rf, 


: DqCo>i(0Y) 


(Lemma  62.6.1  and  Derived  Categories  of  Schemes,  Lemma  35.4. 1[)  and 

DQCoh(OX0)  Lemmal62.4.2l  ~ DQCoh{0X ) 

i/o*  Lf 

DQCoh(OY0 ) Lemma  Egg  D QCoh{0Y) 


(Lemma  62.5.4  and  Derived  Categories  of  Schemes,  Lemma  35.3.7)  are  commu- 
tative. The  result  for  Lf*  and  Lf g follows  as  the  equivalences  DQCoh(@x0)  — ► 


62.7.  DERIVED  CATEGORY  OF  COHERENT  MODULES 


3883 


DQCohiPx ) and  Dqcoh{Oyo)  ► DQCoh(Oy)  of  Lemma 
back  by  the  (flat)  morphisms  of  ringed  sites  e : X^taie  — 
Yo,Zar  and  the  diagram  of  ringed  sites 


62.4.2 


come  from  pulling 


Xo^zar  and  e : Y^aie 


XO'Zar  X^tdle 

fa  f 

Yq :Zar  ^ " L'etaie 


is  commutative  (details  omitted).  In  fact  the  commutativity  of  the  first  diagram 
also  follows  as  the  proof  of  Lemma  |62.4.2|  shows  that  the  functor  gives  the 
equivalences  Dqcoh{Ox ) — * DQCoh{Ox0)  and  D QCoh(Oy)  — > DQCoh(Oy0). 

0811  Lemma  62.6.4.  Let  S be  a scheme.  Let  f : X Y be  an  affine  morphism  of 
algebraic  spaces  over  S.  Then  Rf * : DQCoh{Ox ) — ► D QCoh(Oy)  reflects  isomor- 
phisms. 


Proof.  The  statement  means  that  a morphism  a : E — > F of  T) Qc0h{0 x)  is 
an  isomorphism  if  Rfla  is  an  isomorphism.  We  may  check  this  on  cohomology 
sheaves.  In  particular,  the  question  is  etale  local  on  Y . Hence  we  may  assume  Y 
and  therefore  A'  is  affine.  In  this  case  the  problem  reduces  to  the  case  of  schemes 
(Derived  Categories  of  Schemes,  Lemma  35.5.1)  via  Lemma  62.4.2  and  Remark 
162.6.31  □ 


08I.I  Lemma  62.6.5.  Let  S be  a scheme.  Let  f : X Y be  an  affine  morphism  of 
algebraic  spaces  over  S.  For  E in  DQCoh(Oy)  we  have  Rf*Lf*E  = E <S>£>V  f*Ox- 

Proof.  Since  / is  affine  the  map  f*Ox  — > Rf*Ox  is  an  isomorphism  (Cohomology 
of  Spaces,  Lemma  56.7.2).  There  is  a canonical  map  I?(g)L/*C,x  = -E®L Rf*Ox  — t 


RflLf*E  adjoint  to  the  map 

Lf*(E  ®L  RflOx)  = Lf*E  ( 


LfRflOx  — ► Lf*E  ®L  = Lf*E 


coming  from  1 : Lf*E  — > Lf*E  and  the  canonical  map  Lf* Rf*Ox  — t Ox-  To 
check  the  map  so  constructed  is  an  isomorphism  we  may  work  locally  on  Y . Hence 
we  may  assume  Y and  therefore  X is  affine.  In  this  case  the  problem  reduces  to  the 


case  of  schemes  (Derived  Categories  of  Schemes,  Lemma  35.5.2)  via  Lemma  62.4.2 
and  Remark  162.6.31  □ 


62.7.  Derived  category  of  coherent  modules 


08GI  Let  5 be  a scheme.  Let  X be  a locally  Noetherian  algebraic  space  over  S.  In 
this  case  the  category  Coh{Ox)  C Mod(Ox)  of  coherent  Ox-modules  is  a weak 
Serre  subcategory,  see  Homology,  Section  [12.9|  and  Cohomology  of  Spaces,  Lemma 
156.11.31  Denote 

DCoh(Ox)  C D(Ox ) 


the  subcategory  of  complexes  whose  cohomology  sheaves  are  coherent,  see  Derived 
Categories,  Section  fl3. 13[  Thus  we  obtain  a canonical  functor 


08GJ  (62.7.0.1) 


D(Coh(Ox))  — ► Dcoh(Ox) 


see  Derived  Categories,  Equation  (13.13.1.1). 
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08GK 


Lemma  62.7.1.  Let  S be  a scheme.  Let  / : X — » Y be  a morphism  of  algebraic 
spaces  over  S.  Assume  f is  locally  of  finite  type  and  Y is  Noetherian.  Let  E be  an 
object  of  DbCoh(Ox)  such  that  the  scheme  theoretic  support  of  LP(E)  is  proper  over 
Y for  all  i.  Then  Rf*E  is  an  object  of  DbCoh(OY). 


Proof.  Consider  the  spectral  sequence 

RP  f*Hq(E)  =►  Rp+q  f*E 

see  Derived  Categories,  Lemma|l3.21.3|  By  assumption  and  Cohomology  of  Spaces, 
Remark  56.19.3  the  sheaves  Rp f*Hq(E)  are  coherent.  Hence  Rp+q f*E  is  coherent, 
i.e.,  E £ Dcoh(Os).  Boundedness  from  below  is  trivial.  Boundedness  from  above 
follows  from  Cohomology  of  Spaces,  Lemma [56.7. 1|  or  from  Lemma [62. 6. 1[  □ 


62.8.  Induction  principle 

08GL  In  this  section  we  discuss  an  induction  principle  for  algebraic  spaces  analogues 
to  what  is  Cohomology  of  Schemes,  Lemma  |29.4.1|  for  schemes.  To  formulate  it 
we  introduce  the  notion  of  an  elementary  distinguished  square;  this  terminology 
is  borrowed  from  IMV99I . The  principle  as  formulated  here  is  implicit  in  the 
paper  IGR71I  by  Raynaud  and  Gruson.  A related  principle  for  algebraic  stacks  is 
iRydioj  Theorem  D]  by  David  Rydh. 

08GM  Definition  62.8.1.  Let  5 be  a scheme.  A commutative  diagram 

U xwV^0V 
f 

I 

U >■  w 

of  algebraic  spaces  over  S is  called  an  elementary  distinguished  square  if 

(1)  U is  an  open  subspace  of  W and  j is  the  inclusion  morphism, 

(2)  / is  etale,  and 

(3)  setting  T = W \U  (with  reduced  induced  subspace  structure)  the  mor- 
phism /~1(T)  — » T is  an  isomorphism. 

We  will  indicate  this  by  saying:  “Let  (U  C W,  f : V — >•  W)  be  an  elementary 
distinguished  square.” 

Note  that  if  (U  C W,  / : V — > W)  is  an  elementary  distinguished  square,  then  we 
have  W = U U f(V).  Thus  {U  — > W,  V — >•  W}  is  an  etale  covering  of  W.  It  turns 
out  that  these  etale  coverings  have  nice  properties  and  that  in  some  sense  there  are 
“enough”  of  them. 

08GN  Lemma  62.8.2.  Let  S be  a scheme.  Let  (U  C W,  f : V — > W)  be  an  elementary 
distinguished  square  of  algebraic  spaces  over  S . 

(1)  IfV'cV  and  U C U'  C W are  open  subspaces  and  W'  = U'Uf(V')  then 
(U'cW'J  \v.  : V'  — > W')  is  an  elementary  distinguished  square. 

(2)  If  p : W'  —>  W is  a morphism  of  algebraic  spaces,  then  (p_1(D)  C 
W' ,V  Xw  W'  — > W')  is  an  elementary  distinguished  square. 

Proof.  Omitted.  □ 

08GP  Lemma  62.8.3.  Let  S be  a scheme.  Let  X be  a quasi-compact  and  quasi-separated 
algebraic  space  over  S.  Let  P be  a property  of  the  quasi-compact  and  quasi- separated 
objects  of  Xspaces^taie.  Assume  that 
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(1)  P holds  for  every  affine  object  of  Xspaces^taie, 

(2)  for  every  elementary  distinguished  square  (U  C W,  f : V — >■  W)  such  that 

(a)  W is  a quasi-compact  and  quasi-separated  object  of  Xspaces^taie, 

(b)  U is  quasi- compact, 

(c)  V is  affine,  and 

(d)  P holds  for  U,  V,  and  U X\yV , 
then  P holds  for  W. 

Then  P holds  for  every  quasi-compact  and  quasi-separated  object  of  Xspaces^taie 
and  in  particular  for  X. 


Proof.  We  first  claim  that  P holds  for  every  representable  quasi-compact  and 
quasi-separated  object  of  Xspaces^taie-  Namely,  suppose  that  U — > X is  etale  and 
U is  a quasi-compact  and  quasi-separated  scheme.  By  assumption  (1)  property  P 
holds  for  every  affine  open  of  U.  Moreover,  if  W,  V C U are  quasi-compact  open 
with  V affine  and  P holds  for  W,  V,  and  WtlV,  then  P holds  for  W U V by  (2)  (as 
the  pair  (W  C W U V,  V — i W U V)  is  an  elementary  distinguished  square).  Thus 
P holds  for  U by  the  induction  principle  for  schemes,  see  Cohomology  of  Schemes, 
Lemma  129.4.11 


To  finish  the  proof  it  suffices  to  prove  P holds  for  X (because  we  can  simply  replace 
X by  any  quasi-compact  and  quasi-separated  object  of  Xspaces^taie  we  want  to 
prove  the  result  for).  We  will  use  the  filtration 


0 = Un+ 1 C Un  C Un- 1 C ...CU!=X 

and  the  morphisms  fp:Vp—tUpoi  Decent  Spaces,  Lemma  55.8.6  We  will  prove 
that  P holds  for  Up  by  descending  induction  on  p.  Note  that  P holds  for  Un+  \ 
by  (1)  as  an  empty  algebraic  space  is  affine.  Assume  P holds  for  Up+ Note  that 
(t/p+i  C Up,  fp:Vp — ► Up)  is  an  elementary  distinguished  square,  but  (2)  may  not 
apply  as  Vp  may  not  be  affine.  However,  as  Vp  is  a quasi-compact  scheme  we  may 
choose  a finite  affine  open  covering  Vp  = Vp,i  U . . . U VPjm.  Set  Wpp  = Up+ 1 and 

Wp,t  = Up. |_i  U fp(Vpti  U . . . U VP}i) 


for  i = 1, ...  ,m.  These  are  quasi-compact  open  subspaces  of  X.  Then  we  have 


and  the  pairs 


Up-\- 1 — ITp.o  ^ Wp,i  C . . . C Wp>m  — Up 


08GQ 


(WPt o C WPtUfp\Vptl),(Wp>1  C W’Pi2)/p|Vl>f2),...,(WPiro_1  C Wp,mifp\Vp'J 

are  elementary  distinguished  squares  by  Lemma[62.8.2|  Note  that  P holds  for  each 
Vp^i  (as  affine  schemes)  and  for  Wpp  Xwp ii+1  Vp,i+ 1 as  this  is  a quasi-compact  open  of 
VP'i+i  and  hence  P holds  for  it  by  the  first  paragraph  of  this  proof.  Thus  (2)  applies 
to  each  of  these  and  we  inductively  conclude  P holds  for  Wp 4, . . . , Wppn  = UP.  □ 


Lemma  62.8.4.  Let  S be  a scheme.  Let  X be  a quasi-compact  and  quasi-separated 
algebraic  space  over  S.  Let  B C Ob {XspaceSietaie) ■ Let  P be  a property  of  the 
elements  ofB.  Assume  that 

(1)  every  W G B is  quasi-compact  and  quasi-separated, 

(2)  ifW&B  and  U C W is  quasi-compact  open,  then  U € B, 

(3)  ifVG  Ob {X spaces ^taie)  Is  affine,  then  (a)  V £ B and  (b)  P holds  for  V, 

(4)  for  every  elementary  distinguished  square  (U  C W,  f : V — > W)  such  that 

(a)  W £ B, 
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(b)  U is  quasi- compact, 

(c)  V is  affine,  and 

(d)  P holds  for  U,  V,  and  U Xw  V, 
then  P holds  for  W. 

Then  P holds  for  every  W £ B. 


Proof.  This  is  proved  in  exactly  the  same  manner  as  the  proof  of  Lemma  62.8.3 
(We  remark  that  (4)  (d)  makes  sense  as  U x w V is  a quasi-compact  open  of  V hence 
an  element  of  B by  conditions  (2)  and  (3).)  □ 


62.8.4  ? Here  are  some 


08GR  Remark  62.8.5.  How  to  choose  the  collection  B in  Lemma 
examples: 

(1)  If  X is  quasi-compact  and  separated,  then  we  can  choose  B to  be  the 
set  of  quasi-compact  and  separated  objects  of  Xspaces^taie-  Then  X £ B 
and  B satisfies  (1),  (2),  and  (3)(a).  With  this  choice  of  B Lemma  62.8.4 
reproduces  Lemma [62. 8. 3| 

(2)  If  X is  quasi-compact  with  affine  diagonal,  then  we  can  choose  B to  be 
the  set  of  objects  of  Xspaces^taie  which  are  quasi-compact  and  have  affine 
diagonal.  Again  X £ B and  B satisfies  (1),  (2),  and  (3) (a). 

(3)  If  X is  quasi-conrpact  and  quasi-separated,  then  the  smallest  subset  B 
which  contains  X and  satisfies  (1),  (2),  and  (3)  (a)  is  given  by  the  rule 
W £ B if  and  only  if  either  W is  a quasi-compact  open  subspace  of  X , or 
W is  a quasi-compact  open  of  an  affine  object  of  Xspaces^taie- 


Here  is  a variant  where  we  extend  the  truth  from  an  open  to  larger  opens. 

09IT  Lemma  62.8.6.  Let  S be  a scheme.  Let  X be  a quasi-compact  and  quasi-separated 
algebraic  space  over  S.  Let  W C X be  a quasi-compact  open  subspace.  Let  P be  a 
property  of  quasi- compact  open  subspaces  of  X . Assume  that 

(1)  P holds  for  W , and 

(2)  for  every  elementary  distinguished  square  (Wi  C W2,  f : V — >•  W2)  where 
such  that 

(a)  W\,  W2  are  quasi-compact  open  subspaces  of  X, 

(b)  W C Wu 

(c)  V is  affine,  and 

(d)  P holds  for  W\, 
then  P holds  for  W2 . 

Then  P holds  for  X . 


Proof.  We  can  deduce  this  from  Lemma  62.8.4  but  instead  we  will  give  a direct 


argument  by  eplicitly  redoing  the  proof  of  Lemma  62.8.3  We  will  use  the  filtration 
0 = Un+ 1 C Un  C Un- 1 C . . . C lh  = X 


and  the  morphisms  fp:Vp—*Upof  Decent  Spaces,  Lemma  55.8.6  We  will  prove 
that  P holds  for  Wp  = W U Up  by  descending  induction  on  p.  This  will  finish  the 
proof  as  W\  = X.  Note  that  P holds  for  W„+i  = W nUn+i  = W by  (1).  Assume  P 
holds  for  Wp+i.  Observe  that  WP\WP+ 1 (with  reduced  induced  subspace  structure) 
is  a closed  subspace  of  Up  \ Up+\.  Since  {Up+\  C Up,  fp:Vp—>  Up)  is  an  elementary 
distinguished  square,  the  same  is  true  for  (Wp+ 1 C Wpi  fp:Vp—¥  Wp).  However  (2) 
may  not  apply  as  Vp  may  not  be  affine.  However,  as  14,  is  a quasi-conrpact  scheme 
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we  may  choose  a finite  affine  open  covering  Vp  = Vp,\ U . . . U VPtTn.  Set  WPi o = Wp+\ 
and 

wPii  = wp+ 1 u fp(vpA  u . . . u vP:i) 

for  i = 1 These  are  quasi-compact  open  subspaces  of  X containing  W. 

Then  we  have 

Wp+ 1 = WPio  C Wp,i  C . . . C Wp,m  = Wp 

and  the  pairs 


(Wp,  0 C WnufrW^MWp,!  C Wp,2,fP\vp,2),...,(WPtm-l  c Wp,m,  /p|yp,m) 


are  elementary  distinguished  squares  by  Lemma  62.8.2  Now  (2)  applies  to  each  of 
these  and  we  inductively  conclude  P holds  for  WPt\, . . . , Wp,m  = Wp.  □ 


62.9.  Mayer-Vietoris 


08GS 


In  this  section  we  prove  that  an  elementary  distinguished  triangle  gives  rise  to 
various  Mayer-Vietoris  sequences. 

Let  S'  be  a scheme.  Let  U — > A'  be  an  etale  morphism  of  algebraic  spaces  over  S.  In 


Properties  of  Spaces,  Section  |5T26|  it  was  shown  that  UspaCes, etale  = Xspaces^taie/U 
compatible  with  structure  sheaves.  Hence  in  this  situation  we  often  think  of  the 
morphism  jjj  : U — > X as  a localization  morphism  (see  Modules  on  Sites,  Definition 


18.19.1 1.  In  particular  we  think  of  pullback  jfj  as  restriction  to  U and  we  often 


denote  it  by  | u\  this  is  compatible  with  Properties  of  Spaces,  Equation  (53.25.1.11. 
In  particular  we  see  that 


08GT  (62.9.0.1) 


(F\u)u  = Fx 


if  u is  a geometric  point  of  U and  x the  image  of  u in  X.  Moreover,  restriction 
has  an  exact  left  adjoint  jui,  see  Modules  on  Sites,  Lemmas  |18.19.2|  and  |18.19~3| 
Finally,  recall  that  if  Q is  an  Ox-module,  then 


08GU  (62.9.0.2) 


(ju\Q)x  = 

U 


for  any  geometric  point  x : Spec (k)  — > X where  the  direct  sum  is  over  those 
morphism  u : Spec(fc)  -A  U such  that  ju  °u  = x,  see  Modules  on  Sites,  Lemma 


08GV  Lemma  62.9.1.  Let  S be  a scheme.  Let  (U  C X,  V — > X)  be  an  elementary 
distinguished  square  of  algebraic  spaces  over  S. 

(1)  For  a sheaf  of  Ox-modules  T we  have  a short  exact  sequence 


18.37.1|and  Properties  of  Spaces,  Lemma|53.18.13| 


0 -t  juxxv\X\uxxv  -t  ju\F\u  © jv\F\v  -t  ? 0 

(2)  For  an  object  E of  D{Ox)  u>e  have  a distinguished  triangle 
juxxV<E\uxxv  ju\E\u  © jv\E\v  -t  E -s>  juxxV'.E\uxxv[ 1] 

in  D(Ox )■ 


Proof.  To  show  the  sequence  of  (1)  is  exact  we  may  check  on  stalks  at  geometric 
points  by  Properties  of  Spaces,  Theorem|53.18.12|  Let  x be  a geometric  point  of  X. 
By  Equations  (62.9.0.1[)  and  (62.9.0.2[)  taking  stalks  at  x we  obtain  the  sequence 

0 -»•  Tx  -t  © ®_Jsr  ->•  J=x  ->  0 

( u,v ) U V 
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This  sequence  is  exact  because  for  every  x there  either  is  exactly  one  u mapping  to 
x,  or  there  is  no  u and  exactly  one  v mapping  to  x. 


Proof  of  (2).  We  have  seen  in  Cohomology  on  Sites,  Section  21.20  that  the  restric- 
tion functors  and  the  extension  by  zero  functors  on  derived  categories  are  computed 
by  just  applying  the  functor  to  any  complex.  Let  £*  be  a complex  of  O ^-modules 
representing  E.  The  distinguished  triangle  of  the  lemma  is  the  distinguished  trian- 
gle associated  (by  Derived  Categories,  Section  13.12  and  especially  Lemma  13.12.1) 
to  the  short  exact  sequence  of  complexes  of  Ox-modules 


0 -t  juxxV'.£'\uxxv  -t  ju'.£*\u  ®jv\£*\v  -t  £ * -t  0 
which  is  short  exact  by  (1). 


□ 


08GW  Lemma  62.9.2.  Let  S be  a scheme.  Let  ( U C X,  V — » X)  be  an  elementary 
distinguished  square  of  algebraic  spaces  over  S . 

(1)  For  every  sheaf  of  Ox -modules  T we  have  a short  exact  sequence 

0 F ->•  ju,*F\u  ®jv,*F\v  -t  juxxv,*F\uxxv  -t  0 

(2)  For  any  object  E of  D(Ox)  we  have  a distinguished  triangle 

E ->  Rju,*E\u  © Rjv,*E\v  — > RjUxxv,*E\uxxV  — ► E[\\ 
in  D(Ox)- 


Proof.  Let  W be  an  object  of  X^taie ■ We  claim  the  sequence 

0 ->•  F{W)  ->•  F{W  x x U)  © TfW  x x V ) ->•  F{W  xx  U xx  V ) 

is  exact  and  that  an  element  of  the  last  group  can  locally  on  W be  lifted  to  the 
middle  one.  By  Lemma  62.8.2  the  pair  {W  xx  U C W,  V xx  W -A  W)  is  an 
elementary  distinguished  square.  Thus  we  may  assume  W = X and  it  suffices  to 
prove  the  same  thing  for 

0 F(X)  ->  F(U)  © F(V)  ->  F(U  xx  V ) 

We  have  seen  that 


0 -»  jl/XxV'.OuxxV  ~ > ju\Ou  © jv\Ov  — t Ox  — > 0 


is  a exact  sequence  of  Ox-modules  in  Lemma  62.9.1  and  applying  the  right  ex- 
act functor  Homq^j-,/)  gives  the  sequence  above.  This  also  means  that  the 
obstruction  to  lifting  s € T(U  xx  V)  to  an  element  of  F{U)  © F{V)  lies  in 
Ext^(Ox,^)  = H1(X,F).  By  locality  of  cohomology  (Cohomology  on  Sites, 
Lemma  21.8. 3|)  this  obstruction  vanishes  etale  locally  on  X and  the  proof  of  (1)  is 
complete. 

Proof  of  (2).  Choose  a K- injective  complex  X*  representing  E whose  terms  Xn 
are  injective  objects  of  Mod(Ox),  see  Injectives,  Theorem  19.12.6  Then  X*\U  is 


a K-injective  complex  (Cohomology  on  Sites,  Lemma  21.20.1).  Hence  Rju,*E\u  is 


represented  by  ju,*Z*\u-  Similarly  for  V and  U xx  V.  Hence  the  distinguished 
triangle  of  the  lemma  is  the  distinguished  triangle  associated  (by  Derived  Cate- 


gories, Section  13.12  and  especially  Lemma  13.12.1)  to  the  short  exact  sequence  of 
complexes 


0 — i ► ©*  — ) ► ju,*Z*\u  ©iy,*©* \v  JuxxV^luxxV  — > 0- 

This  sequence  is  exact  by  (1). 


□ 
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Lemma  62.9.3.  Let  S be  a scheme.  Let  / : X — » Y be  a morphism  of  algebraic 
spaces  over  S.  Let  (UcI,F  ->  X)  be  an  elementary  distinguished  square.  Denote 
a = f\u  : U —¥  Y,  b = f\v  ■ V Y,  and  c = f\uxxv  ■ U xx  V ->  Y the 
restrictions.  For  every  object  E of  D(Ox)  there  exists  a distinguished  triangle 

Rf*E  — > Ra*(E\u)  © Rb*(E\y)  — ■>  Rc*(E\uXxy)  — ■>  Rf^E[  1] 
in  D(Oy).  This  triangle  is  functorial  in  E. 


Proof.  Choose  a K-injective  complex  I*  representing  E. 
an  injective  object  of  Mod(Ox ) for  all  n,  see  Injectives,  Theorem  19.12.6 


We  may  assume  I”  is 
Then 


Rf*E  is  computed  by  ffX* . Similarly  for  U,  V , and  U nP  by  Cohomology  on  Sites, 
Lemma [2 1.20.1 1 Hence  the  distinguished  triangle  of  the  lemma  is  the  distinguished 
triangle  associated  (by  Derived  Categories,  Section  13.12  and  especially  Lemma 


13.12.1 ) to  the  short  exact  sequence  of  complexes 

0 — >■  ffX*  — > a*I* | u © bfZ*\y  — > ca'luxxv 


0. 


To  see  this  is  a short  exact  sequence  of  complexes  we  argue  as  follows.  Pick  an 
injective  object  X of  Mod[Ox)-  Apply  /*  to  the  short  exact  sequence 

0 -t  X -s>  ju,*X\u  © jv,*R\v  -t  juxxv,*R\uxxV  -t  0 
and  use  that  F&ffX  = 0 to  get  a short  exact  sequence 
0 — > fYX  ->  f*ju,*R\u  © f*jv,*X \v  — > f*juxxv,*R\uxxv  —t  0 
The  proof  is  finished  by  observing  that  a*  = f*ju,*  and  similarly  for  6*  and  c*.  □ 

Lemma  62.9.4.  Let  S be  a scheme.  Let  (U  C X,  V -A  X)  be  an  elementary 
distinguished  square  of  algebraic  spaces  over  S.  For  objects  E,  F of  D(Ox ) we 
have  a Mayer-  Vietoris  sequence 


of  Lemma  62.9.2 


Ext  1{EUxxV,FUxxV) 


Rom(E,  F ) 


Hom(£[/,  Fu)  © Hom(£V,  Fv) 


YLom(EUXxV,  FUxxV) 


where  the  subscripts  denote  restrictions  to  the  relevant  opens  and  the  Hom  s are 
taken  in  the  relevant  derived  categories. 


Proof.  Use  the  distinguished  triangle  of  Lemma  62.9.1  to  obtain  a long  exact  se- 
quence of  Horn’s  (from  Derived  Categories,  Lemma]l3.4.2 ) and  use  that  Yiom.{ju\E\u , F ) 


Hom(i£|,7,  F\u)  by  Cohomology  on  Sites,  Lemma  21.20.2 


□ 


62.9.5.  Let  S be  a scheme.  Let  j : U -A  X be  a etale  morphism  of 
spaces  over  S.  Given  an  etale  morphism  V — ► Y,  set  W = V Xx  U and 
denote  jw  :W—>V  the  projection  morphism.  Then  {j\E)\y  = jw'(F\w)  for  E in 
D(Pu). 


Lemma 

algebraic 


Proof.  This  is  true  because  {j\T)\y  = jw\{X\w)  for  an  Ox- module  F as  follows 
immediately  from  the  construction  of  the  functors  j\  and  jw\  ■ see  Modules  on  Sites, 
Lemma  118.19.21  □ 


Lemma  62.9.6.  Let  S be  a scheme.  Let  ( U C X,j  : V -A  X)  be  an  elementary 
distinguished  square  of  algebraic  spaces  over  S.  Set  T = |A'|  \ \U\. 
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(1)  If  E is  an  object  of  D(0\)  supported  on  T,  then  (a)  E — > Rj*(E\y)  and 
(b)ji(E\v)  — » E are  isomorphisms. 

(2)  If  F is  an  object  of  D(Oy)  supported  on  j~1T,  then  (a)  F — > {j\F)\y,  (b) 
( Rj*F)\v  —t  F,  and  (c)  j\F  — > Rj*F  are  isomorphisms. 


Proof.  Let  E be  an  object  of  D(Ox ) whose  cohomology  sheaves  are  supported  on 
T.  Then  we  see  that  E\jj  = 0 and  E\UxxV  = 0 as  T doesn’t  meet  U and  j-1T 
doesn’t  meet  U Xx  V.  Thus  (l)(a)  follows  from  Lemma  62.9.2  In  exactly  the  same 


way  (l)(b)  follows  from  Lemma  62.9.1 


Let  F be  an  object  of  D(Oy)  whose  cohomology  sheaves  are  supported  on  j~1T. 
By  Lemma  62.3. 1| we  have  (Rj* F) \ u = Rjw,*(F\w)  = 0 because  F\w  = 0 by  our 
assumption.  Similarly  (j\F)\u  = jw\(F\w ) = 0 by  Lemma  62.9. 5|  Thus  j\F  and 
Rj*F  are  supported  on  T and  (j\F) |y  and  {Rj*F)\y  are  supported  on  j_1(T). 
To  check  that  the  maps  (2) (a),  (b),  (c)  are  isomorphisms  in  the  derived  category, 
it  suffices  to  check  that  these  map  induce  isomorphisms  on  stalks  of  cohomology 
sheaves  at  geometric  points  of  T and  j~1(T)  by  Properties  of  Spaces,  Theorem 
53.18.12|  This  we  may  do  after  replacing  X by  V.  U by  U Xx  V,  V by  V Xx  V 
and  F by  F\yXxv  (restriction  via  first  projection),  see  Lemmas  62.3.1  62.9.5  and 
62.8.2  Since  V xxV  V has  a section  this  reduces  (2)  to  the  case  that  j : V — ► X 


has  a section. 


Assume  j has  a section  a : X — ► V.  Set  V'  = cr(X).  This  is  an  open  subspace  of 
V.  Set  U'  = j-1(t/).  This  is  another  open  subspace  of  V.  Then  ([/'  C V,  V'  — > V) 
is  an  elementary  distinguished  square.  Observe  that  F\u>  = 0 and  F\ynu'  = 0 
because  F is  supported  on  j-1(T).  Denote  j'  : V'  — > V the  open  immersion  and 
jyi  : V'  — > X the  composition  V'  — > V — > X which  is  the  inverse  of  <j.  Set 
F'  = a*F.  The  distinguished  triangles  of  Lemmas  62.9.1|  and  |62.9.2  show  that 
F = j[{F\v>)  and  F = Rji{F \v,).  It  follows  that  j\F  = j\j[{F\y)  = jy\F  = F' 
because  jy  : V'  — > X is  an  isomorphism  and  the  inverse  of  a.  Similarly,  Rj*F  = 
Rj*Rj'*F  = Rjy^F  = F' . This  proves  (2)(c).  To  prove  (2)(a)  and  (2) (b)  it  suffices 
to  show  that  F = F'\y.  This  is  clear  because  both  F and  F'\y  restrict  to  zero  on 
U'  and  U'  D V'  and  the  same  object  on  V' . □ 


We  can  glue  complexes! 

08HB  Lemma  62.9.7.  Let  S be  a scheme.  Let  ( U C X,  V -A  X ) be  an  elementary 
distinguished  square  of  algebraic  spaces  over  S . Suppose  given 

(1)  an  object  E of  D(Ox), 

(2)  a morphism  a : A — » E\jj  of  D{Ou), 

(3)  a morphism  b : B — >•  E\y  of  D(Oy), 

(4)  an  isomorphism  c : A\uxxv  ~ t B\jjxxv 
such  that 

a\uxxv  = b\uxxv  ° c. 

Then  there  exists  a morphism  F — ► E in  D(Ox ) whose  restriction  to  U is  isomor- 
phic to  a and  whose  restriction  to  V is  isomorphic  to  b. 

Proof.  Denote  jjj,  jy,  juxxv  the  corresponding  morphisms  towards  A'.  Choose 
a distinguished  triangle 

F — > Rju,*A  ® RjvifB  — > Rjuxxv,*(B\Uxxy)  — > P[l] 
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Here  the  map  Rjv,*B  -A  Rjuxxv,*(B\jjXxy)  is  the  obvious  one.  The  map  Rju,*A  — > 
RjuxxV,*{B\uxxv)  is  the  composition  of  RjUt*A  ->•  Rjuxxv,*(A\Uxxv)  with 
Rjuxxv,*C-  Restricting  to  U we  obtain 

F\u  -A  A®  (Rjv,*B)\u  -t  {Rjuxxv,*(B\uxxv))\u  -t  -FV[1] 


Denote  j : U Xx  V -A  U.  Compatibility  of  restriction  and  total  direct  im- 
age (Lemma  62.3.11  shows  that  both  ( Rjv,*B)\u  and  ( Rjuxxv,*(B\uXxv))\u  are 
canonically  isomorphic  to  Rj*(B\jjXxv)-  Hence  the  second  arrow  of  the  last  dis- 
played equation  has  a section,  and  we  conclude  that  the  morphism  F\u  — > A is  an 
isomorphism. 


To  see  that  the  morphism  F\y  — > B is  an  isomorphism  we  will  use  a trick.  Namely, 
choose  a distinguished  triangle 

F\v  ^B^B'  ->F[l]|vr 

in  D(Oy).  Since  F\jj  — » A is  an  isomorphism,  and  since  we  have  the  isomorphism 
c : A\uXxy  — > B\ux  xv  the  restriction  of  F\y  — > B is  an  isomorphism  over  U XxV. 
Thus  B'  is  supported  on  jy  (T)  where  T = |A'|  \ |[/|.  On  the  other  hand,  there  is 
a morphism  of  distinguished  triangles 


F ^ Rju,*F\u  ® Rjv^F\y 

V Y 

F 5-  Rju^A  ® Rjy*B  — 


■ Bjuxxv,*F\uxxv 


F 


1] 


RjuxxV,*(B\uxxv)  ^ -P[l] 


The  all  of  the  vertical  maps  in  this  diagram  are  isomorphisms,  except  for  the 
map  Rjy^F \y  — > Rjy^B,  hence  that  is  an  isomorphism  too  (Derived  Categories, 


Lemma  13.4.3).  This  implies  that  Rjy^B'  = 0.  Hence  B'  = 0 by  Lemma  62.9.6 


The  existence  of  the  morphism  F — >•  E follows  from  the  Mayer-Vietoris  sequence 
for  Horn,  see  Lemma [62.9. 4[  □ 


62.10.  The  coherator 


08GX  Let  S'  be  a scheme.  Let  X be  an  algebraic  space  over  S.  The  coherator  is  a functor 

Qx  ■■  Mod{Ox ) — ► QCoh(Ox) 

which  is  right  adjoint  to  the  inclusion  functor  QCoh(Ox ) — > Mod(Ox )■  It  exists 
for  any  algebraic  space  X and  moreover  the  adjunction  mapping  Qx{X)  — > F 
is  an  isomorphism  for  every  quasi-coherent  module  F,  see  Properties  of  Spaces, 


Proposition  53.31.2  Since  Qx  is  left  exact  (as  a right  adjoint)  we  can  consider  its 
right  derived  extension 


RQx  : D(Ox)  D(QCoh(Ox )). 


As  this  functor  is  constructed  by  applying  Qx  to  a K-injective  replacement  we  see 
that  RQx  is  a right  adjoint  to  the  canonical  functor  D{QCoh(Ox ))  — > D(Ox)- 

08GY  Lemma  62.10.1.  Let  S be  a scheme.  Let  f : X -A  Y be  an  affine  morphism  of 
algebraic  spaces  over  S.  Then  /*  defines  a derived  functor  /*  : D(QCoh{Ox))  — t 
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D^QCohfOy))  ■ This  functor  has  the  property  that 

D(QCoh(Ox)) T>QCoh(Ox ) 


/. 


D(QCoh(0Y )) 


Rf . 


' DQGohiPy  ) 


commutes. 


Proof.  The  functor  /*  : QCoh(Ox)  — t QCoh^Oy)  is  exact,  see  Cohomology  of 


Spaces,  Lemma  56.7.2  Hence  /*  defines  a derived  functor  /*  : D(QCoh(Ox ))  — ► 
D(QCoh(OY))  by  simply  applying  /*  to  any  representative  complex,  see  Derived 
Categories,  Lemma[l3riD9j  For  any  complex  of  Ox-modules  J7*  there  is  a canonical 
map  /♦J7*  — > . To  finish  the  proof  we  show  this  is  a quasi-isomorphism  when 

J7*  is  a complex  with  each  Tn  quasi-coherent.  The  statement  is  etale  local  on  Y 
hence  we  may  assume  Y affine.  As  an  affine  morphism  is  representable  we  reduce 
to  the  case  of  schemes  by  the  compatibility  of  Remark  62.6. 3|  The  case  of  schemes 
is  Derived  Categories  of  Schemes,  Lemma [35. 7.1[  □ 

08GZ  Lemma  62.10.2.  Let  S be  a scheme.  Let  f : X — >■  Y be  a morphism  of  algebraic 
spaces  over  S.  Assume  that 

(1)  / is  quasi-compact,  quasi-separated,  and  flat,  and 

(2)  denoting 

<f> : D(QCoh{Ox))  ^ D(QCoh{0Y)) 

the  right  derived  functor  of  /*  : QCohiOx ) —f  QCoh(0Y ) the  diagram 

D(QCoh(Ox )) *»-D  Qcoh(Ox) 


Rf . 

Y 

D(QCoh(C>Y)) >■  DQCohiPY ) 

commutes. 

Then  RQy  o Rf * = <F  o RQx  ■ 

Proof.  Since  / is  quasi-compact  and  quasi-separated,  we  see  that  /*  preserve 


quasi-coherence,  see  Morphisms  of  Spaces,  Lemma  54.11.2  Recall  that  QCoh(Ox ) 
is  a Grothendieck  abelian  category  (Properties  of  Spaces,  Proposition  |53.31.2 ). 
Hence  any  K in  D(QCoh(Ox ))  can  be  represented  by  a K-injective  complex  I*  of 
QCoh(Ox),  see  Injectives,  Theorem  19.12.6  Then  we  can  define  <f>(AT)  = /*I*. 

Since  / is  flat,  the  functor  f*  is  exact.  Hence  f*  defines  f*  : D(Oy)  —f  D{Ox) 
and  also  /*  : D(QCoh(C>Y))  — ► D(QCoh(Ox ))■  The  functor  f*  = Lf*  : D(Oy)  — > 
D(Ox ) is  left  adjoint  to  i?/*  : D(Ox)  —>  D{Oy),  see  Cohomology  on  Sites,  Lemma 
21.19.1  Similarly,  the  functor  f*  : D(QCoh(OY ))  —f-  D(QCoh(Ox ))  is  left  adjoint 


to  $ : D(QCoh(Ox ))  — > D(QCoh(OY ))  by  Derived  Categories,  Lemma  13.28.4 


Let  A be  an  object  of  D(QCoh(C>Y))  and  E an  object  of  D(Ox)-  Then 
KomD(QCoh(oY)){A,  RQy(Rf*E))  = HomD(0 Y)(A,Rf*E) 

= Hom  D(0x)(f*A,E) 

= Horn D(QCoh(ox)){f* A,  RQx{E)) 
= Hom£)(QCo/j(e)l,))(A,  $(RQx(E))) 
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This  implies  what  we  want. 


□ 


08H0  Lemma  62.10.3.  Let  S be  a scheme.  Let  X be  an  affine  algebraic  space  over  S . 
Set  A = T(X,Ox).  Then 

(1)  Qx  '■  Mod(Ox ) —t  QCoh(Ox)  is  the  functor  which  sends  T to  the  quasi- 
coherent  Ox-module  associated  to  the  A-module  T(A1,  X), 

RQx  '■  D{Ox ) — * D(QCoh{Ox ))  is  the  functor  which  sends  E to  the 
complex  of  quasi- coherent  0\-modules  associated  to  the  object  RT(X,E) 
of  D(A), 


(2) 


(3)  restricted  to  D QCoh(0 x)  the  functor  RQ x defines  a quasi-inverse  to  ( 62.5.1.1 ) 

Proof.  Let  X0  = Spec(A)  be  the  affine  scheme  representing  X.  Recall  that  there 
is  a morphism  of  ringed  sites  e : X^taie  — > Xotzar  which  induces  equivalences 


QCoh{Ox) 


QCoh(OX0 ), 


see  Lemma  62.4.2[  Hence  we  see  that  Qx  = e*  ° Qx0  ° e*  by  uniqueness  of  adjoint 
functors.  Hence  (1)  follows  from  the  description  of  Qx0  in  Derived  Categories 
of  Schemes,  Lemma  35.7.3  and  the  fact  that  T(Xo,e*Jr)  = T(X, F).  Part  (2) 


follows  from  (1)  and  the  fact  that  the  functor  from  A- modules  to  quasi-coherent 
Ox-modules  is  exact.  The  third  assertion  now  follows  from  the  result  for  schemes 
(Derived  Categories  of  Schemes,  Lemma  35.7.31  and  Lemma  62.4.2  □ 


08H1  Proposition  62.10.4.  Let  S be  a scheme.  Let  X be  a quasi-compact  algebraic 
space  over  S with  affine  diagonal.  Then  the  functor  (62.5. l.i ) 

D(QCoh(Ox))  — * D QCoh{0 x ) 
is  an  equivalence  with  quasi-inverse  given  by  RQx- 

Proof.  We  first  use  the  induction  principle  to  prove  ix  is  fully  faithful.  Let  B C 
Ob (Xspaces  ^taie)  be  the  set  of  objects  which  are  quasi-compact  and  have  affine 
diagonal.  For  U £ B let  P(U)  = “the  functor  ijj  : D(QCoh(Ou))  — > T>QCoh{Ou ) is 
fully  faithful”.  By  Remark  62.8.5  conditions  (1),  (2),  and  (3) (a)  of  Lemma  62.8.4 
hold  and  we  are  left  with  proving  (3)  (b)  and  (4).  Condition  (3)  (b)  holds  by  Lemma 
I6TTTT31 

Let  (U  C W,  V —f  W)  be  an  elementary  distinguished  square  with  V affine.  Assume 
that  P holds  for  U,  V , and  U Xw  V-  We  have  to  show  that  P holds  for  W.  We 
may  replace  X by  W . i.e.,  we  may  assume  W = X (we  do  this  just  to  simplify  the 
notation). 

Suppose  that  A , B are  objects  of  D(QCoh(Ox ))•  We  want  to  show  that 
Hom_D(QC'o/1(0x))(A, B)  — > Hom.D(0x)(ix(A),ix(B)) 
is  bijective.  Let  T = |X|  \ \U\. 

Assume  first  ix(B)  is  supported  on  T.  In  this  case  the  map 

ix(B)  ->■  Rjv,*{ix{B)\v)  = Rjv,*(iv{B\v )) 
is  a quasi-isomorphism  (Lemma  62.9.6).  The  morphism  V — >■  X is  affine  as  V is 


affine  and  X has  affine  diagonal  (Morplrisms  of  Spaces,  Lemma  54.20.11).  Thus 


we  have  an  object  jv,*(B\v)  in  QCoh(Ox)  and  an  isomorphism  ix{jv,*(B\v)) 
Rjv,*(iv(B\v ))  in  D{Ox)  (Lemma  62.10.1).  Moreover,  jy*  and  — \v  are  adjoint 
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functors  on  the  derived  categories  of  quasi-coherent  modules,  see  proof  Lemma 
62.10.2  The  adjunction  map  B — > jv,*{B\v)  becomes  an  isomorphism  after  apply- 
ing ix-,  whence  is  an  isomorphism  in  D{QCoh(Ox))-  Hence 


Mor D(QCoh(0 X)){A,  B)  = MoiD(QCoh(Ox)){A,jv,*(B\v)) 

= Mor D(QCoh(Ov))(A\v,  B\v) 

= M.ovD(0v){iv(A\v),  iv(B\v)) 

= MoYD(0x)(ix(A),Rjv^(iv{B\v))) 
= Mor  D(0x){ix{A),ix{B)) 

as  desired. 


In  general,  choose  any  complex  Bm  of  quasi-coherent  Ox-modules  representing  B. 
Next,  choose  any  quasi-isomorphism  s : B*\u  — > C*  of  complexes  of  quasi-coherent 
modules  on  U.  As  ju  ■ U — > X is  quasi-compact  and  quasi-separated  the  functor 
ju,*  transforms  quasi-coherent  modules  into  quasi-coherent  modules  (Morphisms  of 
Spaces,  Lemma  54.11.2).  Thus  there  is  a canonical  map  B * — > ju,*{B*\u ) — ► ju,*C * 


of  complexes  of  quasi-coherent  modules  on  X.  Set  B"  = ju,*C * in  D{QCoh{Ox)) 
and  choose  a distinguished  triangle 


B -A  B"  -A  B'  -»  B'[  1] 

in  D(QCoh{Ox ))•  Since  the  first  arrow  of  the  triangle  restricts  to  an  isomorphism 
over  U we  see  that  B'  is  supported  on  T.  Hence  in  the  diagram 


Horn D(QCoh(Ox))(A,  B'[- 1]) ^ 'Rovn.D(0x){ix{A),ix{B')[—  1]) 

Y Y 

Horn D(Qcoh(ox)){A,B) 3-  Horn D(ox){iX(A),ix(B)) 

w Y 

Horn D(QCoh(ox))(A,  B") Horn D^0x^(ix{A),ix{B")) 


Y 

Horn D(QCoh(Ox))(A,  B') 3-  Horn D(0x^{ix{A),ix(B')) 


we  have  exact  columns  and  the  top  and  bottom  horizontal  arrows  are  bijective. 
Finally,  choose  a complex  A * of  quasi-coherent  modules  representing  A. 

Let  a : ix(A)  — ► ix(B)  be  a morphism  between  in  D(Ox)-  The  restriction  a\ u 
comes  from  a morphism  in  D(QCoh(Ou))  by  assumption.  Hence  there  exists  a 
choice  of  s : Bm\u  — > C*  as  above  such  that  a\u  is  represented  by  an  actual  map  of 
complexes  A'\u  — > C*.  This  corresponds  to  a map  of  complexes  A —>  ju,*C’ ■ In 
other  words,  the  image  of  a in  BovLiD^Qx^(ix{A)Ax{B"))  comes  from  an  element 
of  Horn D{QCoh(ox))(A,  B").  A diagram  chase  then  shows  that  a comes  from  a 
morphism  A — > B in  D(QCoh(Ox ))■  Finally,  suppose  that  a : A — > B is  a morphism 
of  D(QCoh(Ox ))  which  becomes  zero  in  D(Ox )■  After  choosing  £>*  suitably,  we 
may  assume  a is  represented  by  a morphism  of  complexes  a*  : A * — > B* . Since 
P holds  for  U the  restriction  a*| jj  is  zero  in  D{QCoh(Ojj))-  Thus  we  can  choose 
s such  that  s o a*\u  : A’\u  C * is  homotopic  to  zero.  Applying  the  functor 
ju,*  we  conclude  that  A ’ —>  ju,*C * is  homotopic  to  zero.  Thus  a maps  to  zero  in 
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Horn D(QCoh(ox))  (A,  B").  Thus  we  may  assume  that  a is  the  image  of  an  element  of 
b £ BoinD(QCoh(Ox))(A,  £?'[— 1]).  The  image  of  b in  Hom£>(0x)(*x(A),  ix(B')[-V\) 
comes  from  a 7 £ Honi£)(e>Y)(A,  f?"[—  1])  (as  a maps  to  zero  in  the  group  on  the 
right).  Since  we’ve  seen  above  the  horizontal  arrows  are  surjective,  we  see  that  7 
comes  from  a c in  Hom£)(Qc0/i(e>x))(A,  B"[—  1])  which  implies  a = 0 as  desired. 


Since  ix  is  fully  faithful  with  right  adjoint  RQx  we  see  that  RQx  0 ix  = id  (Cate- 
gories, Lemma  4.24.3).  To  finish  the  proof  we  show  that  for  any  E in  DQCoh{Ox) 
the  map  ix(RQx(E))  — » E is  an  isomorphism.  Choose  a distinguished  triangle 


ix(RQx(E))  ->  E ->  E'  -a  ix(RQx(E))[l] 


in  DQCoh(Ox)-  A formal  argument  using  the  above  shows  that  ix{RQx(E'))  = 0. 
Thus  it  suffices  to  prove  that  for  E £ E>QCoh{Ox)  the  condition  ix(RQx(E))  = 0 
implies  that  E = 0.  Consider  an  etale  morphism  j : V — > X with  V affine.  By 
Lemmas  |62.10.3[  |62.10.1[  and  |62.10.2| we  have 

Rj*{E\v)  = Rj*{iv(RQv{E\v)))  = ix(j*(RQv(E\v )))  = ix{RQx(Rj*(E\v))) 


Choose  a distinguished  triangle 

E->Rj.(E\v)  E'  ->  £[1] 

Apply  RQx  to  get  a distinguished  triangle 

0 -a  RQx{Rj*{E\v ))  -»•  RQx(E')  -a  0[1] 

in  other  words  the  map  in  the  middle  is  an  isomorphism.  Combined  with  the 
string  of  equalities  above  we  find  that  our  first  distinghuished  triangle  becomes  a 
distinguished  triangle 

E -A  ix{RQx{E'))  -»•  E’  -»■  E[  1] 


where  the  middle  morphism  is  the  adjunction  map.  However,  the  composition  E — ► 
E'  is  zero,  hence  E — > ix{RQx{E'))  is  zero  by  adjunction!  Since  this  morphism  is 
isomorphic  to  the  morphism  E — ► Rj*(E\y)  adjoint  to  id  : E\y  — > E\v  we  conclude 
that  E\y  is  zero.  Since  this  holds  for  all  affine  V etale  over  X we  conlude  E is  zero 
as  desired.  □ 


Remark  62.10.5.  Analyzing  the  proof  of  Proposition 


62.10.4 


we  see  that  we 


have  shown  the  following.  Let  X be  a quasi-compact  and  quasi-separated  scheme. 


Suppose  that  for  every  etale  morphism  j : 
functor 

$ : D{QCoh(Ou ))  - 
of  the  left  exact  functor  j*  : QCoh(Oy) 
diagram 

D(QCoh(Ov))  — 


V — > X with  V affine  the  right  derived 

A D(QCoh(Ox )) 

— > QCoh(Ox)  fits  into  a commutative 
DQCoh{Ov ) 


D{QCoh{Ox )) 


Then  the  functor  (62.5.1.1) 


Rj, 


■ E>QCoh(Ox) 


D(QCoh(Ox))  — ► DqcoUOx ) 


is  an  equivalence  with  quasi-inverse  given  by  RQx- 
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09TH 

09TI 


09TJ 


09TK 

09TL 


62.11.  The  coherator  for  Noetherian  spaces 


We  need  a little  bit  more  about  injective  modules  to  treat  the  case  of  a Noetherian 
algebraic  space. 

Lemma  62.11.1.  Let  S be  a Noetherian  affine  scheme.  Every  injective  object  of 
QCoh(Os)  is  a filtered  colimit  colinq  of  quasi- coherent  sheaves  of  the  form 

J~i  = (Zi  — ► S)*Gi 

where  Zi  is  the  spectrum  of  an  Artinian  ring  and  Qt  is  a coherent  module  on  Zi . 


Proof.  Let  S = Spec(A).  Let  J be  an  injective  object  of  QCoh{Os)-  Since 
QCoh(Os)  is  equivalent  to  the  category  of  .4-modules  we  see  that  J is  equal  to 
J for  some  injective  A-module  J.  By  Dualizing  Complexes,  Proposition  45.5.9  we 
can  write  J = (J)  Ea  with  Ea  indecomposable  and  therefore  isomorphic  to  the 
injective  hull  of  a reside  field  at  a point.  Thus  (because  finite  disjoint  unions  of 
Artinian  schemes  are  Artinian)  we  may  assume  that  J is  the  injective  hull  of  «(p) 
for  some  prime  p of  A.  Then  J = [J  J[pn]  where  J|p"1  is  the  injective  hull  of  «(p) 

Thus  J is  the  colimit  of 
and  ©„  the  coherent  sheaf 


45.7.3 


over  A/p"Ap,  see  Dualizing  Complexes,  Lemma 
the  sheaves  {Zn  — » X)*Qn  where  Zn  = Spec(Ap/p"  Ap) 
associated  to  the  finite  A/p" Ap-module  J[p"].  Finiteness  follows  from  Dualizing 
Complexes,  Lemma |45.6.1|  □ 


Lemma  62.11.2.  Let  S be  an  affine  scheme.  Let  X be  a Noetherian  algebraic 
space  over  S.  Every  injective  object  of  QCoh(Ox)  is  a direct  summand  of  a filtered 
colimit  colinq  J-)  of  quasi- coherent  sheaves  of  the  form 


— ( Zi  — > X)tQi 


where  Zi  is  the  spectrum  of  an  Artinian  ring  and  Qi  is  a coherent  module  on  Zi. 


Proof.  Choose  an  affine  scheme  U and  a surjective  etale  morphism  j : U -A  A' 
(Properties  of  Spaces,  Lemma  53.6.3).  Then  U is  a Noetherian  affine  scheme. 
Choose  an  injective  object  J'  of  QCoh{Ou ) such  that  there  exists  an  injection 
\J\u  — J' ■ Then 

J — t j*fJ' 

is  an  injective  morphism  in  QCoh(Ox),  hence  identifies  J as  a direct  summand 
of  j*J'  ■ Thus  the  result  follows  from  the  corresponding  result  for  J'  proved  in 
Lemma  162.11.11  □ 


Lemma  62.11.3.  Let  S be  a scheme.  Let  f : X Y be  a flat,  quasi- compact, 
and  quasi- separated  morphism  of  algebraic  spaces  over  S.  If  J is  an  injective  object 
of  QCoh(Ox),  then  f*J  is  an  injective  object  of  QCoh(Oy) ■ 


Proof.  Since  / is  quasi-compact  and  quasi-separated,  the  functor  /*  transforms 
quasi-coherent  sheaves  into  quasi-coherent  sheaves  (Morphisms  of  Spaces,  Lemma 
54.11.2).  The  functor  /*  is  a left  adjoint  to  /*  which  transforms  injections  into 
injections.  Hence  the  result  follows  from  Homology,  Lemma  [12.25. 1|  □ 


Lemma  62.11.4.  Let  S be  a scheme.  Let  X be  a Noetherian  algebraic  space  over 
S.  If  J is  an  injective  object  of  QCoh(Ox),  then 

(1)  HP{U , J\u ) = 0 forp  > 0 and  for  every  quasi-compact  and  quasi-separated 
algebraic  space  U etale  over  X, 
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(2)  for  any  morphism  f : X — »•  Y of  algebraic  spaces  over  S with  Y quasi- 
separated  we  have  RP  f*J  = 0 for  p > 0. 


Proof.  Proof  of  (1).  Write  J as  a direct  summand  of  colim T%  with  T%  = {Z%  — ► 
X)*Gi  as  in  Lemma [62.11.2  It  is  clear  that  it  suffices  to  prove  the  vanishing  for 
colim  J7!.  Since  pullback  commutes  with  colimits  and  since  U is  quasi-compact  and 
quasi-separated,  it  suffices  to  prove  HP{U,  Hu)  = 0 for  p > 0,  see  Cohomology  of 
Spaces,  Lemma [56. 4.1  Observe  that  Zi  — > X is  an  affine  morphism,  see  Morphisms 
of  Spaces,  Lemma  54.20.12|  Thus 

Hu  = {Zi  x x U y U).S'i  = R{Zi  xx  U U\Q[ 


where  Q[  is  the  pullback  of  G%  to  Zi  xx  U,  see  Cohomology  of  Spaces,  Lemma 
i.10.2  Since  Zi  Xx  U is  affine  we  conlude  that  G[  has  no  higher  cohomology  on 
Z,;  x x U.  By  the  Leray  spectral  sequence  we  conclude  the  same  thing  is  true  for 
Hu  (Cohomology  on  Sites,  Lemma  21.14.6). 


Proof  of  (2).  Let  f : X —>  Y be  a morphism  of  algebraic  spaces  over  S.  Let  V — > Y 
be  an  etale  morphism  with  V affine.  Then  V Xy  X — > X is  an  etale  morphism 
and  V x y X is  a quasi-compact  and  quasi-separated  algebraic  space  etale  over  X 
(details  omitted).  Hence  HP(V  Xy  X,J)  is  zero  by  part  (1).  Since  RP  f*J  is  the 
sheaf  associated  to  the  presheaf  V i-A  HP(V  xY  X,  J)  the  result  is  proved.  □ 


09TM  Lemma  62.11.5.  Let  S be  a scheme.  Let  f : X Y be  a morphism  of  Noetherian 
algebraic  spaces  over  S.  Then  /*  on  quasi- coherent  sheaves  has  a right  derived 
extension  <f>  : D(QCoh(Ox))  — > D(QCoh(Oy))  such  that  the  diagram 


commutes. 


D(QCoh(Ox ))  DQCohiPx) 


$ 

Y 


D(QCoh(Oy)) 


Rf . 


Y 

DQCoh{Oy ) 


Proof.  Since  X and  Y are  Noetherian  the  morphism  is  quasi-compact  and  quasi- 
separated  (see  Morphisms  of  Spaces,  Lemma  54.8.9).  Thus  /*  preserve  quasi- 
coherence, see  Morphisms  of  Spaces,  Lemma |54.1 1.2  Next,  Let  K be  an  object  of 
D{QCoh(Ox ))■  Since  QCohfOx)  is  a Grothendieck  abelian  category  (Properties  of 
Spaces,  Proposition  53.31.2),  we  can  represent  K by  a K-injective  complex  I*  such 
that  each  In  is  an  injective  object  of  QCoh(Ox),  see  Injectives,  Theorem  19.12.6 
Thus  we  see  that  the  functor  $ is  defined  by  setting 


$(/t)  = /*!• 

where  the  right  hand  side  is  viewed  as  an  object  of  D{QCoh{Oy)).  To  finish  the 
proof  of  the  lemma  it  suffices  to  show  that  the  canonical  map 


/*!*  — > RfYT 


is  an  isomorphism  in  D{Oy).  To  see  this  it  suffices  to  prove  the  map  induces  an 
isomorphism  on  cohomology  sheaves.  Pick  any  m £ Z.  Let  N = N(X,Y,f)  be  as 
in  Lemma  62.6. 1|  Consider  the  short  exact  sequence 

0 — > a>m-ix-iZ*  — > I*  — > <7<m_AT_ 2I*  — > 0 


of  complexes  of  quasi-coherent  sheaves  on  X.  By  Lemma  [62.6.1|  we  see  that  the 
cohomology  sheaves  of  Rf *0 -fX*  are  zero  in  degrees  > m — 1.  Thus  we  see 
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09TN 


08HC 


08HD 


08HE 


that  is  isomorphic  to  In  other  words,  we  may  assume 

that  I*  is  a bounded  below  complex  of  injective  objects  of  QCoh(Ox )■  This  case 
follows  from  Leray’s  acyclicity  lemma  (Derived  Categories,  Lemma  |13.17.7 1 with 
required  vanishing  because  of  Lemma |62.11.4|  □ 

Proposition  62.11.6.  Let  S be  a scheme.  Let  X be  a Noetherian  algebraic  space 
over  S.  Then  the  functor  \62.5.1.i ) 

D(QCoh(Ox))  — » DQCoh(Ox) 

is  an  equivalence  with  quasi-inverse  given  by  RQX. 


Proof.  This  follows  using  the  exact  same  argument  as  in  the  proof  of  Proposition 
|62. 10. 4|  using  Lemma [62. 11. 5[  See  discussion  in  Remark |62. 10. 5[  □ 


62.12.  Pseudo-coherent  and  perfect  complexes 


In  this  section  we  study  the  general  notions  defined  in  Cohomology  on  Sites,  Sec- 
tions |21.34[  |21.35[  |21.36[  and  |21.37|  for  the  etale  site  of  an  algebraic  space.  In 
particular  we  match  this  with  what  happens  for  schemes. 

First  we  compare  the  notion  of  a pseudo-coherent  complex  on  a scheme  and  on  its 
associated  small  etale  site. 


Lemma  62.12.1.  Let  X be  a scheme.  Let  X be  an  Ox-module.  The  following 
are  equivalent 

(1)  T is  of  finite  type  as  an  Ox -module,  and 

(2)  e* T is  of  finite  type  as  an  O ^ale-module  on  the  small  etale  site  of  X. 
Here  e is  as  in  (62.  f. 0.1). 

Proof.  The  implication  (1)  =>  (2)  is  a general  fact,  see  Modules  on  Sites,  Lemma 
18.23.4  Assume  (2).  By  assumption  there  exists  an  etale  covering  {/,  : X,  — > A} 
such  that  t*J:\(Xi)HaU  is  generated  by  finitely  many  sections.  Let  x £ X.  We  will 
show  that  T is  generated  by  finitely  many  sections  in  a neighbourhood  of  x.  Say  x is 
in  the  image  of  X,  — ► X and  denote  X'  = A.(.  Let  si, . . . , sn  £ T(A/,  e*T\x>  ; ) be 
generating  sections.  As  e*T  = e~lJ-  0e-i ox  ®etaie  we  can  find  an  etale  morphism 
X"  -A  X'  such  that  x is  in  the  image  of  A'  -A  A and  such  that  Si\X"  = J2  sij  ® aij 
for  some  sections  £ e~1E(X")  and  atj  £ Ostaiei A")-  Denote  U C A the  image 


of  X" 


X. 


This  is  an  open  subscheme  as  f"  : 
Lemma  28.36.13).  After  possibly  shrinking  A" 


A"  — > X is  etale  (Morphisms, 
more  we  may  assume  s^  come  from 


elements  t,;?-  £ F(U)  as  follows  from  the  construction  of  the  inverse  image  functor 
e”1.  Now  we  claim  that  generate  J-\jj  which  finishes  the  proof  of  the  lemma. 
Namely,  the  corresponding  map  0®N  —*J-\u  has  the  property  that  its  pullback 
by  f"  to  A"  is  surjective.  Since  f"  : A"  — > U is  a surjective  flat  morphism  of 
schemes,  this  implies  that  0®N  — > R\u  is  surjective  by  looking  at  stalks  and  using 
that  f"(z)  —■ y 0X",z  is  faithfully  flat  for  all  z £ A".  □ 


In  the  situation  above  the  morphism  of  sites  e is  flat  hence  defines  a pullback  on 
complexes  of  modules. 

Lemma  62.12.2.  Let  X be  a scheme.  Let  E be  an  object  of  D(Ox).  The  following 
are  equivalent 

(1)  E is  m-pseudo-coherent,  and 

(2)  e*E  is  m-pseudo-coherent  on  the  small  etale  site  of  X. 
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Here  e is  as  in  ( 62.4-Q-l] ). 

Proof.  The  implication  (1)  =>  (2)  is  a general  fact,  see  Cohomology  on  Sites, 
Lemma  21.35.3  Assume  e*E  is  m-pseudo-coherent.  We  will  use  without  further 
mention  that  e*  is  an  exact  functor  and  that  therefore 

e*Hi(E)  = Hi(e*E). 

To  show  that  E is  m-pseudo-coherent  we  may  work  locally  on  X,  hence  we  may 
assume  that  X is  quasi-compact  (for  example  affine).  Since  X is  quasi-compact 
every  etale  covering  {Ui  — > A}  has  a finite  refinement.  Thus  we  see  that  e*E  is 
an  object  of  D~  (Ostaie),  see  comments  following  Cohomology  on  Sites,  Definition 

it  follows  that  E is  an  object  of  D~(Ox)- 


21.35.1 


By  Lemma 


62.4.1 


Let  n £ Z be  the  largest  integer  such  that  Hn(E)  is  nonzero;  then  n is  also  the 
largest  integer  such  that  Hn(e*  E)  is  nonzero.  We  will  prove  the  lemma  by  induction 
on  n — m.  If  n < m,  then  the  lemma  is  clearly  true.  If  n > m,  then  Hn(e*E ) is 


a finite  O^taie- module,  see  Cohomology  on  Sites,  Lemma  21.35.7  Hence  Hn(E)  is 


08HF 


a finite  Ox-module,  see  Lemma  [62.12. 1[  After  replacing  X by  the  members  of  an 
open  covering,  we  may  assume  there  exists  a surjection  O®4  — ► Hn(E).  We  may 
locally  on  X lift  this  to  a map  of  complexes  a : 0®4[— n]  — ► E (details  omitted). 
Choose  a distinguished  triangle 

Of[-n\  -»•  E ->  C -+  Of[-n  + 1] 

Then  C has  vanishing  cohomology  in  degrees  > n.  On  the  other  hand,  the  complex 
e*C  is  ?n-pseudo-coherent,  see  Cohomology  on  Sites,  Lemma  |21.35.4|  Hence  by 
induction  we  see  that  C is  m-pseudo-coherent.  Applying  Cohomology  on  Sites, 
Lemma  121. 35. 41  once  more  we  conclude.  □ 

Lemma  62.12.3.  Let  X be  a scheme.  Let  E be  an  object  of  D(Ox)-  Then 

(1)  E has  tor  amplitude  in  [a,  b]  if  and  only  ife*E  has  tor  amplitude  in  [a,  b\. 

(2)  E has  finite  tor  dimension  if  and  only  if  e*E  has  finite  tor  dimension. 


Here  e is  as  in  (62.4.0.1). 


Proof.  The  easy  implication  follows  from  the  general  result  contained  in  Cohomol- 


ogy on  Sites,  Lemma  21.36.4  (and  the  fact  that  the  small  etale  site  of  X has  enough 
points,  see  Etale  Cohomology,  Remarks  49.29.11).  For  the  converse,  assume  that 
e*E  has  tor  amplitude  in  [a,  b]  Let  T be  an  Ox-module.  As  e is  a flat  morphism  of 
ringed  sites  (Lemma  62.4.1)  we  have 


e*T 


e*(E  ®ZxX)  = e*E®Lc 

Thus  the  (assumed)  vanishing  of  cohomology  sheaves  on  the  right  hand  side  implies 
the  desired  vanishing  of  the  cohomology  sheaves  of  E J-  via  Lemma 


62.4.1 


□ 


08HG 


Lemma  62.12.4.  Let  X be  a scheme.  Let  E be  an  object  of  D(Ox).  Then  E is 
a perfect  object  of  D (Ox)  if  and  only  if  e*E  is  a perfect  object  of  D(0 stale)-  Here 
e is  as  in  (62.4-0-fy- 

Proof.  The  easy  implication  follows  from  the  general  result  contained  in  Cohomol- 


ogy on  Sites,  Lemma  21.37.5  (and  the  fact  that  the  small  etale  site  of  X has  enough 


points,  see  Etale  Cohomology,  Remarks  49.29.11 ).  For  the  converse,  we  can  use  the 


equivalence  of  Cohomology  on  Sites,  Lemma  21.37.4|  and  the  corresponding  results 
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for  pseudo-coherent  and  complexes  of  finite  tor  dimension,  namely  Lemmas |62.12.2| 
and  162.12.31  Some  details  omitted.  □ 

08JL  Lemma  62.12.5.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  If  E is 
an  m-pseudo-coherent  object  of  D(Ox),  then  Hl(E)  is  a quasi- coherent  Ox-module 
for  i > m.  If  E is  pseudo-coherent,  then  E is  an  object  of  DQCoh(Ox). 

Proof.  Locally  Hl(E)  is  isomorphic  to  Hl(E *)  with  £*  strictly  perfect.  The  sheaves 
are  direct  summands  of  finite  free  modules,  hence  quasi-colierent.  The  lemma 
follows.  □ 

08IK  Lemma  62.12.6.  Let  S be  a scheme.  Let  X be  a Noetherian  algebraic  space  over 
S.  Let  E be  an  object  of  D QCoh(0 x) ■ For  m G Z the  following  are  equivalent 

(1)  HZ(E)  is  coherent  for  i > m and  zero  for  i > 0,  and 

(2)  E is  m-pseudo-coherent. 

In  particular,  E is  pseudo- coherent  if  and  only  if  E is  an  object  of  Df,oh(Ox). 
Proof.  As  X is  quasi-compact  we  can  find  an  affine  scheme  U and  a surjective 


etale  morphism  U — > X (Properties  of  Spaces,  Lemma  53.6.31.  Observe  that  U 
is  Noetherian.  Note  that  E is  m-pseudo-coherent  if  and  only  if  E\u  is  m-pseudo- 
coherent  (follows  from  the  definition  or  from  Cohomology  on  Sites,  Lemma  21.35.2 ). 
Similarly,  Hl(E)  is  coherent  if  and  only  if  Hl(E)\u  = Hl(E\u)  is  coherent  (see  Co- 
homology of  Spaces,  Lemma  56.11.2 ).  Thus  we  may  assume  that  X is  representable. 


If  X is  representable  by  a scheme  Xo  then  (Lemma  62.4.2)  we  can  write  E = e*Eo 
where  E0  is  an  object  of  DQCoh(Ox0)  and  e : X^taie  -t  ( X0)zar  is  as  in  (|62. 4.0.1). 


In  this  case  E is  m-pseudo-coherent  if  and  only  if  Eq  is  by  Lemma[62.12.2[  Similarly, 


H1(Eq)  is  of  finite  type  (i.e.,  coherent)  if  and  only  if  Hl(E ) is  by  Lemma  62.12.1 
Finally,  Hl(E0)  = 0 if  and  only  if  Hl(E)  = 0 by  Lemma 


62.4.1 


Thus  we  reduce  to 

the  case  of  schemes  which  is  Derived  Categories  of  Schemes,  Lemma [35. 10. 4|  □ 

08IL  Lemma  62.12.7.  Let  S be  a scheme.  Let  X be  a quasi-separated  algebraic  space 
over  S.  Let  E be  an  object  of  DQCoh(Ox)-  Let  a < b.  The  following  are  equivalent 

(1)  E has  tor  amplitude  in  [a,  b\,  and 

(2)  for  all  F in  QCoh{<Dx ) we  have  Hl(E  0^  ^ F)  = 0 for  i [a,  b]. 

Proof.  It  is  clear  that  (1)  implies  (2).  Assume  (2).  Let  j : U -A  A be  an  etale 
morphism  with  U affine.  As  A is  quasi-separated  j : U — > X is  quasi-compact 
and  separated,  hence  j*  transforms  quasi-coherent  modules  into  quasi-colrerent 


modules  (Morpliisms  of  Spaces,  Lemma  54.11.2).  Thus  the  functor  QCoh(Ox) 


QCoh(Ou)  is  essentially  surjective.  It  follows  that  condition  (2)  implies  the  van- 
ishing of  Hx(E\u  0 Q)  for  i £ [a,b\  for  all  quasi-coherent  ©[/-modules  Q.  Since 
it  suffices  to  prove  that  E\u  has  tor  amplitude  in  [a,  b]  we  reduce  to  the  case  where 
A is  representable. 


If  A is  representable  by  a scheme  Ao  then  (Lemma  62.4.2)  we  can  write  E = e*Eo 
where  E0  is  an  object  of  DQCoh{Ox0)  and  e : A etale  -t  (A  0)Zar  is  as  in  (|62. 4.0.11. 


For  every  quasi-coherent  module  Ao  on  Ao  the  module  e* Fq  is  quasi-coherent  on 
A and 

H\E  0^Y  e*  A0)  = e*H\E0  0^  F0) 

as  e is  flat  (Lemma  62.4.1).  Moreover,  the  vanishing  of  these  sheaves  for  i qL 


[a,  b]  implies  the  same  thing  for  Hl(Eo  0£>A.  Ao)  by  the  same  lemma.  Thus  we’ve 
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reduced  the  problem  to  the  case  of  schemes  which  is  treated  in  Derived  Categories 
of  Schemes,  Lemma [35. 10. 6|  □ 

08JP  Lemma  62.12.8.  Let  X be  a scheme.  Let  E,F  be  objects  of  D(Ox)-  Assume 
either 

(1)  E is  pseudo-coherent  and  F lies  in  D+(Ox),  or 

(2)  E is  perfect  and  F arbitrary, 

then  there  is  a canonical  isomorphism 


e*RHom(E,F)  — >•  RHom(e*  E,  e*F) 


Here  e is  as  in  (62.4.0.1). 


Proof.  Recall  that  e is  flat  (Lemma  62.4.1)  and  hence  e*  = Le* . There  is  a 


canonical  map  from  left  to  right  by  Cohomology  on  Sites,  Remark  |21. 26.10]  To 
see  this  is  an  isomorphism  we  can  work  locally,  i.e.,  we  may  assume  X is  an  affine 
scheme. 


In  case  (1)  we  can  represent  E by  a bounded  above  complex  £*  of  finite  free  Ox - 
modules,  see  Derived  Categories  of  Schemes,  Lemma[35.12.2|  We  may  also  represent 
F by  a bounded  below  complex  F*  of  Ox-modules.  Applying  Cohomology,  Lemma 


20.38.10  we  see  that  RHom(E,F)  is  represented  by  the  complex  with  terms 


0 Homox  (£p,Fq) 

^ n=-p-\-q 


Applying  Cohomology  on  Sites,  Lemma  21.34.10  we  see  that  R'Hom(e*E,e*F ) is 
represented  by  the  complex  with  terms 


0 Homo6talM£PX*Fq) 

n=—p+q 

Thus  the  statement  of  the  lemma  boils  down  to  the  true  fact  that  the  canonical 
map 

e*  Hom0x  (S,  F)  — > Rom0,tCbU  (e*£ , e*F) 
is  an  isomorphism  for  any  Ox-module  F and  finite  free  Ox-module  £ . 


In  case  (2)  we  can  represent  A1  by  a strictly  perfect  complex  £*  of  Ox-modules, 
use  Derived  Categories  of  Schemes,  Lemmas  35.3.5|  and  35.10.7  and  the  fact  that 
a perfect  complex  of  modules  is  represented  by  a finite  complex  of  finite  projective 
modules.  Thus  we  can  do  the  exact  same  proof  as  above,  replacing  the  reference  to 
Cohomology,  Lemma [20. 38. 10| by  a reference  to  Cohomology,  Lemma [20. 38.9|  □ 


0A8A  Lemma  62.12.9.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
L,K  be  objects  of  D (Ox)-  If  either 

(1)  L in  DQCoh(Ox)  and  K is  pseudo-coherent, 

(2)  L in  D QCoh(Ox)  and  K is  perfect, 
then  RHom(K,L)  is  in  DQCoh(Ox). 


Proof.  This  follows  from  the  analogue  for  schemes  (Derived  Categories  of  Schemes, 
Lemma  35.10.8 ) via  the  criterion  of  Lemma  62.5. 2[  the  criterion  of  Lemmas  62.12.2 
and  |62.12.4[  ~and  the  result  of  Lemma |62.12dj  □ 
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08HH 

08HI 


08HJ 

08HK 

08HL 


08HM 


62.13.  Approximation  by  perfect  complexes 


In  this  section  we  continue  the  discussion  started  in  Derived  Categories  of  Schemes, 
Section  135.131 

Definition  62.13.1.  Let  S'  be  a scheme.  Let  X be  an  algebraic  space  over  S. 
Consider  triples  (T,  E , to ) where 

(1)  T C | AC | is  a closed  subset, 

(2)  E is  an  object  of  DQCoh(Ox),  and 

(3)  m £ Z. 

We  say  approximation  holds  for  the  triple  (T,  E,  m)  if  there  exists  a perfect  object 
P of  D(Ox ) supported  on  T and  a map  a : P — > E which  induces  isomorphisms 
Hl(P)  — > Hl(E)  for  i > m and  a surjection  Hm(P)  -A  Hm(E). 


Approximation  cannot  hold  for  every  triple.  Please  read  the  remarks  following 


Derived  Categories  of  Schemes,  Definition  35.13.1  to  see  why. 


Definition  62.13.2.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  We 
say  approximation  hy  perfect  complexes  holds  on  X if  for  any  closed  subset  T C |A| 
such  that  the  morphism  X\T  — ► X is  quasi-compact  there  exists  an  integer  r such 


that  for  every  triple  ( T,E,m ) as  in  Definition  62.13.1  with 

(1)  E is  (to  — r)-pseudo-coherent,  and 

(2)  Hl(E)  is  supported  on  T for  i > m — r 
approximation  holds. 


Lemma  62.13.3.  Let  S be  a scheme.  Let  (U  C X,  j : V — > X)  be  an  elementary 
distinguished  square  of  algebraic  space  over  S.  Let  E be  a perfect  object  of  D(Oy) 
supported  on  j~l{T)  whereT  = |.Y|\|t/|.  Then  Rj^E  is  a perfect  object  of  D (Ox)- 


Proof.  Being  perfect  is  local  on  Xetale-  Thus  it  suffices  to  check  that  Rj^E  is 
perfect  when  restricted  to  U and  V.  We  have  Rj*E \y  = E by  Lemma|62.9.6| which 
is  perfect.  We  have  Rj*E\u  = 0 because  ,E|vw-i(t)  = 0 (use  Lemma  62.3.1). 


□ 


Lemma  62.13.4.  Let  S be  a scheme.  Let  (U  C X,  j : V — > X)  be  an  elementary 
distinguished  square  of  algebraic  spaces  over  S.  Let  T be  a closed  subset  of  |X|  \ \U\ 
and  let  ( T,E,m ) be  a triple  as  in  Definition  62.13.1  If 

(1)  approximation  holds  for  E\y,m),  and 

(2)  the  sheaves  Hl  ( E ) for  i>m  are  supported  on  T , 
then  approximation  holds  for  (T,  E,  to)  . 

Proof.  Let  P -a  E\y  be  an  approximation  of  the  triple  (j~1T,  E\y , to)  over  V. 
Then  Rj*P  is  a perfect  object  of  D(Ox ) by  Lemma  62.13.3|  On  the  other  hand, 
Rj*P  = j\P  by  Lemma [62.9.6|  We  see  that  j\P  is  supported  on  T for  example  by 
(62.9.0.2).  Hence  we  obtain  an  approximation  Rj*P  = j\P  -A-  j\(E |y)  Afi.  □ 


Lemma  62.13.5.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S which 
is  representable  by  an  affine  scheme.  Then  approximation  holds  for  every  triple 


( T,E,m ) as  in  Definition  62.13.1  such  that  there  exists  an  integer  r > 0 with 

(1)  E is  m-pseudo-coherent, 

(2)  Hl(E)  is  supported  on  T for  i > m — r + 1, 

(3)  X \ T is  the  union  of  r affine  opens. 

In  particular,  approximation  by  perfect  complexes  holds  for  affine  schemes. 
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Proof.  Let  Xq  be  an  affine  scheme  representing  X.  Let  To  C -Yo  by  the  closed 


a perfect  object  of  D(Ox).  Pulling  back  we  obtain  an  approximation  P = e*Po 
e*E0  = E as  desired. 


□ 


08HN  Lemma  62.13.6.  Let  S be  a scheme.  Let  (U  C X,  j : V — > X)  he  an  elementary 
distinguished  square  of  algebraic  spaces  over  S . Assume  U quasi- compact,  V affine, 
and  UxxV  quasi-compact.  If  approximation  by  perfect  complexes  holds  on  U , then 
approximation  by  perfect  complexes  holds  on  X . 

Proof.  Let  T C |X|  be  a closed  subset  with  X\T  — >•  X quasi-compact.  Let  rjj  be 
the  integer  of  Definition  62.13.2  adapted  to  the  pair  (U,  T n |C/|).  Set  T'  = T\  \U\. 
Endow  T'  with  the  induced  reduced  subspace  structure.  Since  \T'\  is  contained  in 
|X|  \ \U\  we  see  that  j_1(T/)  — > T'  is  an  isomorphism.  Moreover,  V \j~1(T')  is 
quasi-compact  as  it  is  the  fibre  product  of  U xx  V with  X \ T over  X and  we’ve 
assumed  U xx  V quasi-compact  and  X \ T -A  X quasi-compact.  Let  r'  be  the 
number  of  affines  needed  to  cover  V \j~1(T').  We  claim  that  r = ma x(ru,r') 
works  for  the  pair  (X,T). 

To  see  this  choose  a triple  (T,  E,  m)  such  that  E is  (m  — r)-pseudo-coherent  and 
HZ(E)  is  supported  on  T for  i > m — r.  Let  t be  the  largest  integer  such  that 
fP(P) | [/  is  nonzero.  (Such  an  integer  exists  as  U is  quasi-compact  and  E\u  is 
(to  — r)-pseudo-coherent.)  We  will  prove  that  E can  be  approximated  by  induction 
on  t. 

Base  case:  t < m — r' . This  means  that  Hl(E)  is  supported  on  T'  for  i > m — r' . 
Hence  Lemma  62.13.5  guarantees  the  existence  of  an  approximation  P — > E\y 
of  (T',E\v,m)  on  V.  Applying  Lemma  62.13.4  we  see  that  ( T',E,m ) can  be 
approximated.  Such  an  approximation  is  also  an  approximation  of  ( T,E,m ). 

Induction  step.  Choose  an  approximation  P — » E\jj  of  (T  D \U\,  E\jj,m).  This  in 
particular  gives  a surjection  fP(P)  — ► JJ‘(P |[/).  In  the  rest  of  the  proof  we  will 
use  the  equivalence  of  Lemma  62.4.2  (and  the  compatibilities  of  Remark  62.6.3 ) for 
the  representable  algebraic  spaces  V and  U Xx  V.  We  will  also  use  the  fact  that 
(to  — r)-pseudo-coherence,  resp.  perfectness  on  the  Zariski  site  and  etale  site  agree, 
see  Lemmas |62.12.2  and  62.12.4[  Thus  we  can  use  the  results  of  Derived  Categories 


of  Schemes,  Section  35.12  for  the  open  immersion  U XxV  C V.  In  this  way  Derived 
Categories  of  Schemes,  Lemma  |35.12.8|  implies  there  exists  a perfect  object  Q in 
D(Oy)  supported  on  j^1(T)  and  an  isomorphism  Q\uxxv  — ► (P  © P[l])\uxxV- 
By  Derived  Categories  of  Schemes,  Lemma  35.12.5  we  can  replace  Q by  Q®L/  and 
assume  that  the  map 

Q\uxxV  > {P  © ) | UxxV  » P\uxxV  > E\uxxV 

lifts  to  Q — > E\y.  By  Lemma  62.9.7|  we  find  an  morphism  a : R 1 E of  D(Ox ) 
such  that  a\u  is  isomorphic  to  P © P[l]  — >•  E\u  and  a\y  isomorphic  to  Q — > E\v. 
Thus  R is  perfect  and  supported  on  T and  the  map  fP(P)  — >•  fP(P)  is  surjective 
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on  restriction  to  U.  Choose  a distinguised  triangle 

R-f  E -f  E'  ^ i?[l] 


Then  E'  is  (to— r) -pseudo-coherent  (Cohomology  on  Sites,  Lemma  21.35.4),  Hl(E')\u 
0 for  i > t,  and  Hl(E')  is  supported  on  T for  i > m — r.  By  induction  we  find  an 
approximation  R'  — > E'  of  (T,E',m).  Fit  the  composition  R'  — ► E'  i?[l]  into  a 
distringuished  triangle  R — > R"  — > R'  — > i?[l]  and  extend  the  morphisms  R'  — > E' 
and  i?[l]  — > 1?[1]  into  a morphism  of  distinguished  triangles 


R >-  R 

" 

V 

R E >■  E' 


R 


1] 


*[1] 


using  TR3.  Then  R"  is  a perfect  complex  (Cohomology  on  Sites,  Lemma  21.37.6) 
supported  on  T.  An  easy  diagram  chase  shows  that  R' 
imation. 


E is  the  desired  approx- 
□ 


08HP  Theorem  62.13.7.  Let  S be  a scheme.  Let  X be  a quasi-compact  and  quasi- 
separated  algebraic  space  over  S.  Then  approximation  by  perfect  complexes  holds 
on  X . 


Proof.  This  follows  from  the  induction  principle  of  Lemma  |62.8.3|  and  Lemmas 
162.13.61  and  r62.13.51  □ 


62.14.  Generating  derived  categories 

09IU  This  section  is  the  analogue  of  Derived  Categories  of  Schemes,  Section|35.14|  How- 
ever, we  first  prove  the  following  lemma  which  is  the  analogue  of  Derived  Categories 
of  Schemes,  Lemma [35. 12. 9[ 

09IV  Lemma  62.14.1.  Let  S be  a scheme.  Let  X be  a quasi-compact  and  quasi- 
separated  algebraic  space  over  S.  Let  W C X be  a quasi-compact  open.  Let  T C \X\ 
be  a closed  subset  such  that  X \T  — » X is  a quasi-compact  morphism.  Let  E be 
an  object  of  DQCoh(Ox)-  Let  a : P — l E\w  be  a map  where  P is  a perfect  object 
of  D(Ow)  supported  on  T D W.  Then  there  exists  a map  (3  : R — > E where  R is  a 
perfect  object  of  D(Ox)  supported  on  T such  that  P is  a direct  summand  of  R\w 
in  D(Ow)  compatible  a and  (3\w- 


Proof.  We  will  use  the  induction  principle  of  Lemma[62.8.6|to  prove  this.  Thus  we 
immediately  reduce  to  the  case  where  we  have  an  elementary  distinguished  square 
(W  C X,f  : V — > X)  with  V affine  and  P —>■  E\w  as  in  the  statement  of  the 


lemma.  In  the  rest  of  the  proof  we  will  use  Lemma  62.4.2  (and  the  compatibilities 
of  Remark  62.6.3)  for  the  representable  algebraic  spaces  V and  W Xx  V.  We  will 


also  use  the  fact  that  perfectness  on  the  Zariski  site  and  etale  site  agree,  see  Lemma 
162.12.41 

By  Derived  Categories  of  Schemes,  Lemma|35.12.8|we  can  choose  a perfect  object  Q 
in  DljDv)  supported  on  /_1T  and  an  isomorphism  Q \wxry  — 1 (P  ® P[l))\wxxv- 
By  Derived  Categories  of  Schemes,  Lemma  35.12.5  we  can  replace  Q by  Q (g>L  I 
(still  supported  on  /_1T)  and  assume  that  the  map 

Q\wxxV  {P  © P[l])|wxV  > P\wxxV  > E\ 


WxxV 
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lifts  to  Q — > E\y.  By  Lemma  62.9.7|  we  find  an  morphism  a : R — > E of  D(Ox) 
such  that  a\w  is  isomorphic  to  P © P[l]  — ► E\w  and  a\y  isomorphic  to  Q — > E\v. 
Thus  R is  perfect  and  supported  on  T as  desired.  □ 


09IW 


09IX 


Remark  62.14.2.  The  proof  of  Lemma 


62.14.1 


shows  that 


R\w  = P © P®"1  [1]  © . . . © P®"»*  [m] 


for  some  m > 0 and  rij  > 0.  Thus  the  highest  degree  cohomology  sheaf  of  R\w 
equals  that  of  P.  By  repeating  the  construction  for  the  map  P®"1  [1]  ® . . . ® 
P®nm[m]  — > R\w , taking  cones,  and  using  induction  we  can  achieve  equality  of 
cohomology  sheaves  of  R\w  and  P above  any  given  degree. 

Lemma  62.14.3.  Let  S be  a scheme.  Let  X be  a quasi-compact  and  quasi- 
separated  algebraic  space  over  S.  Let  W be  a quasi-compact  open  subspace  of  X. 
Let  P be  a perfect  object  of  D(Ow)-  Then  P is  a direct  summand  of  the  7'estriction 
of  a perfect  object  of  D(Ox )■ 


Proof.  Special  case  of  Lemma [62. 14. 1[  □ 

09IY  Theorem  62.14.4.  Let  S be  a scheme.  Let  X be  a quasi-compact  and  quasi- 
separated  algebraic  space  over  S.  The  category  E QCohiP  x ) can  be  generated  by  a 
single  perfect  object.  More  precisely,  there  exists  a perfect  object  P of  D (Ox)  such 
that  for  E £ D QCoh(0 x)  the  following  are  equivalent 

(1)  E = 0,  and 

(2)  Hom£)(ox)(P[?r])  E)  = 0 for  all  n £ Z. 


Proof.  We  will  prove  this  using  the  induction  principle  of  Lemma [62.8. 3| 


If  X is  affine,  then  Ox  is  a perfect  generator.  This  follows  from  Lemma  62.4.2  and 
Derived  Categories  of  Schemes,  Lemma  35.3.5| 

Assume  that  {U  C X,  f : V — X)  is  an  elementary  distinguished  square  with 
U quasi-compact  such  that  the  theorem  holds  for  U and  V is  an  affine  scheme. 
Let  P be  a perfect  object  of  E(Ou ) which  is  a generator  for  Eqc0}i{Ou ).  Using 
Lemma  62.14.3  we  may  choose  a perfect  object  Q of  D{Ox)  whose  restriction  to 
U is  a direct  sum  one  of  whose  summands  is  P.  Say  V = Spec(A).  Let  Z C V 
be  the  reduced  closed  subscheme  which  is  the  inverse  image  of  X \ U and  maps 
isomorphically  to  it  (see  Definition  62.8.1).  This  is  a retrocompact  closed  subset 
of  V.  Choose  fi,...,fr  £ A such  that  Z = V(fi, . . . , fr).  Let  K £ D(Oy ) be 
the  perfect  object  corresponding  to  the  Koszul  complex  on  f1, . . . , fr  over  A.  Note 
that  since  K is  supported  on  Z,  the  pushforward  K'  = Rf*K  is  a perfect  object 
of  D{Ox)  whose  restriction  to  V is  K (see  Lemmas  62.13.3  and  62.9.6).  We  claim 
that  Q ffi  K'  is  a generator  for  DQCohiPx )■ 

Let  E be  an  object  of  DQCohiOx)  such  that  there  are  no  nontrivial  maps  from  any 
shift  of  Q ® K'  into  E.  By  Lemma [62.9.6  we  have  K'  = f\K  and  hence 

HomI)(0x)(Aw[n],P)  = Homfl(0y)(lf[n],  E\v) 

Thus  by  Derived  Categories  of  Schemes,  Lemma  35.14.2  (using  also  Lemma  62.4.2) 
the  vanishing  of  these  groups  implies  that  E\y  is  isomorphic  to  R(U  Xx  V 
y)*E\uxxv-  This  implies  that  E = R(U  —¥  X)*E\u  (small  detail  omitted).  If  this 
is  the  case  then 


Horn D(0x)(Q[n],E)  = HomD(0t/)(Q|c/[n],  E\v) 
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which  contains  Hom^e^)  (P[n],  E\u)  as  a direct  summand.  Thus  by  our  choice  of 
P the  vanishing  of  these  groups  implies  that  E\jj  is  zero.  Whence  E is  zero.  □ 


The  following  result  is  an  strengthening  of  Theorem|62.14.4|proved  using  exactly  the 
same  methods.  Let  T C |A|  be  a closed  subset  where  X is  an  algebraic  space.  Let’s 
denote  Dt(Ox)  the  strictly  full,  saturated,  triangulated  subcategory  consisting  of 
complexes  whose  cohomology  sheaves  are  supported  on  T. 

OAEC  Lemma  62.14.5.  Let  S be  a scheme.  Let  X be  a quasi-compact  and  quasi- 
separated  algebraic  space  over  S.  Let  T C |X|  be  a closed  subset  such  that  \X\  \ T 
is  quasi-compact.  With  notation  as  above , the  category  DQCoh,T{Ox ) is  generated 
by  a single  perfect  object. 


Proof.  We  will  prove  this  using  the  induction  principle  of  Lemma  |62.8.3[  The 
property  is  true  for  representable  quasi-compact  and  quasi-separated  objects  of  the 


site  XSpaceS  etaie  by  Derived  Categories  of  Schemes,  Lemma  35.14.4 


Assume  that  (U  C X,  f : V — > X)  is  an  elementary  distinguished  square  such  that 
the  lemma  holds  for  U and  V is  affine.  To  finish  the  proof  we  have  to  show  that 
the  result  holds  for  X.  Let  P be  a perfect  object  of  D(Ou ) supported  on  T n U 


which  is  a generator  for  P> QCoh,Tc\u(Pu)-  Using  Lemma  62.14.1  we  may  choose 


a perfect  object  Q of  D(Ox)  supported  on  T whose  restriction  to  U is  a direct 
sum  one  of  whose  summands  is  P.  Write  V = Spec (B).  Let  Z = X \ U.  Then 
f~lZ  is  a closed  subset  of  V such  that  V \ f~xZ  is  quasi-compact.  As  X is  quasi- 
separated,  it  follows  that  f~xZ  D /_1T  = f~1(Z  n T)  is  a closed  subset  of  V such 
that  W = V \ f~1(Z  n T)  is  quasi-conrpact.  Thus  we  can  choose  g\,...,gs  £ B 
such  that  f~1(Z  n T)  = V(gi, . . . ,gr).  Let  K £ D(Oy)  be  the  perfect  object 
corresponding  to  the  Koszul  complex  on  . . . , gs  over  B.  Note  that  since  K is 
supported  on  f~x(Z  n T)  C V closed,  the  pushforward  K'  = R(V  — > X)*K  is 
a perfect  object  of  D(Ox)  whose  restriction  to  V is  K (see  Lemmas  62.13.3  and 
62.9.6).  We  claim  that  Q © K'  is  a generator  for  DQCoh,T{Ox )■ 


Let  E be  an  object  of  DQCoh,T(Ox ) such  that  there  are  no  nontrivial  maps  from 
any  shift  of  Q © K'  into  E.  By  Lemma  62.9.6  we  have  K'  = R(V  — ► X)\K  and 
hence 

Horn  D{px){K'[n\,E)  = BomD{0v){K{n\,E\v) 


Thus  by  Derived  Categories  of  Schemes,  Lemma  35.14.2  we  have  E |y  = Rj*E\w 
where  j : W — > V is  the  inclusion.  Picture 


w : — >■  v -< — z n t 


Since  E is  supported  on  T we  see  that  E\w  is  supported  on  / 1TDW  = / 1T(~l 
(V  \ f~1Z)  which  is  closed  in  W.  We  conclude  that 


E\v  = Rj*(E\w)  = Rj*{Rj'*(E\unv))  = Rj"(E\unv) 

Here  the  second  equality  is  part  (1)  of  Cohomology,  Lemma [20.30.9  which  applies 
because  V is  a scheme  and  E has  quasi-coherent  cohomology  sheaves  hence  push- 
forward  along  the  quasi-compact  open  immersion  j'  agrees  with  pushforward  on 
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the  underlying  schemes,  see  Remark  62.6.3  This  implies  that  E = R(U  X)*E\u 
(small  detail  omitted).  If  this  is  the  case  then 


Horn  D{0x)(Q[n],E)  = HomD(0t/)(Q|c/[n],£,|c/) 

which  contains  Homxj(oir)(P[n],£?|t/)  as  a direct  summand.  Thus  by  our  choice  of 
P the  vanishing  of  these  groups  implies  that  E\jj  is  zero.  Whence  E is  zero.  □ 


62.15.  Compact  and  perfect  objects 

09M7  This  section  is  the  analogue  of  Derived  Categories  of  Schemes,  Section  [35. 16[ 

09M8  Proposition  62.15.1.  Let  S be  a scheme.  Let  X be  a quasi-compact  and  quasi- 
separated  algebraic  space  over  S.  An  object  of  DQCohiPx)  is  compact  if  and  only 
if  it  is  perfect. 


Proof.  By  Cohomology  on  Sites,  Lemma  |21.40.1|  the  perfect  objects  even  define 
compact  objects  of  D(Ox)-  Conversely,  let  K be  a compact  object  of  DQCoh(O.x)- 
To  show  that  K is  perfect,  it  suffices  to  show  that  K\jj  is  perfect  for  every  affine 
scheme  U etale  over  X,  see  Cohomology  on  Sites,  Lemma  |21.37.2[  Observe  that 
j : U —*■  X is  a quasi-compact  and  separated  morphism.  Hence  Rj * : D QCoh(Ou)  H ► 
D QCoh{@ x)  commutes  with  direct  sums,  see  Lemma  62.6.2  Thus  the  adjointness 
of  restriction  to  U and  Rj * implies  that  K\u  is  a perfect  object  of  DQCoh(Pu). 
Hence  we  reduce  to  the  case  that  X is  affine,  in  particular  a quasi-compact  and 
quasi-separated  scheme.  Via  Lemma  |62.4.2|  and  |62.12.4|  we  reduce  to  the  case  of 
schemes,  i.e. , to  Derived  Categories  of  Schemes,  Proposition  |35.16dj  □ 


The  following  result  is  a strengthening  of  Proposition  62.15. 1|  Let  T C |X|  be 
a closed  subset  where  X is  an  algebraic  space.  As  before  DT{Ox)  denotes  the 
the  strictly  full,  saturated,  triangulated  subcategory  consisting  of  complexes  whose 
cohomology  sheaves  are  supported  on  T.  Since  taking  direct  sums  commutes  with 
taking  cohomology  sheaves,  it  follows  that  Dt(Ox)  has  direct  sums  and  that  they 
are  equal  to  direct  sums  in  D(Ox)- 


OAED  Lemma  62.15.2.  Let  S be  a scheme.  Let  X be  a quasi-compact  and  quasi- 
separated  algebraic  space  over  S.  Let  T C |A|  be  a closed  subset  such  that  |X|  \ T 
is  quasi- compact.  An  object  of  DQc0h,T(Ox)  is  compact  if  and  only  if  it  is  perfect 
as  an  object  of  D[Ox)- 


Proof.  We  observe  that  DQCoh,T(Ox ) is  a triangulated  category  with  direct  sums 
by  the  remark  preceding  the  lemma.  By  Cohomology  on  Sites,  Lemma  [21. 40. 1|  the 
perfect  objects  define  compact  objects  of  D{Ox)  hence  a fortiori  of  any  subcategory 
preserved  under  taking  direct  sums.  For  the  converse  we  will  use  there  exists 
a generator  E £ D QCoh,T{®  x)  which  is  a perfect  complex  of  Ox-modules,  see 
Lemma [62.14.5|  Hence  by  the  above,  E is  compact.  Then  it  follows  from  Derived 
Categories,  Proposition|13.34.6|that  E is  a classical  generator  of  the  full  subcategory 
of  compact  objects  of  DQCoh,T(Ox)-  Thus  any  compact  object  can  be  constructed 
out  of  E by  a finite  sequence  of  operations  consisting  of  (a)  taking  shifts,  (b)  taking 
finite  direct  sums,  (c)  taking  cones,  and  (d)  taking  direct  summands.  Each  of  these 
operations  preserves  the  property  of  being  perfect  and  the  result  follows.  □ 


The  following  lemma  is  an  application  of  the  ideas  that  go  into  the  proof  of  the 
preceding  lemma. 
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OAEE  Lemma  62.15.3.  Let  S be  a scheme.  Let  X be  a quasi-compact  and  quasi- 
separated  algebraic  space  over  S.  Let  T C |Aj  be  a closed  subset  such  that  the 
complement  U C X is  quasi-compact.  Let  a : P -A  E be  a morphism  of  DQCohiPx) 
with  either 

(1)  P is  perfect  and  E supported  on  T,  or 

(2)  P pseudo-coherent,  E supported  on  T,  and  E bounded  below. 

Then  there  exists  a perfect  complex  of  Ox -modules  I and  a map  I -A  Ox  [0]  such 
that  I ®L  P — ► E is  zero  and  such  that  I\u  — > Ojj[ 0]  is  an  isomorphism. 


Proof.  Set  V = DQc0h,T{Ox)-  In  both  cases  the  complex  K = R'Hom(P,E) 
is  an  object  of  V.  See  Lemma  |62.12.9  for  quasi-coherence.  It  is  clear  that  K is 
supported  on  T as  formation  of  RTLom  commutes  with  restriction  to  opens.  The 
map  a defines  an  element  of  H°(K)  = Hom£)(ox)(C,.Y[0],  K).  Then  it  suffices  to 
prove  the  result  for  the  map  a : Ox  [0]  — > K. 


Let  E GV  be  a perfect  generator,  see  Lemma  62.14.5  Write 


K = hocolimAA 


as  in  Derived  Categories,  Lemma  13.34.3  using  the  generator  E.  Since  the  functor 
V — > D{Ox)  commutes  with  direct  sums,  we  see  that  I\  = hocolimAA  also  in 
D{Ox)-  Since  Ox  is  a compact  object  of  D(Ox)  we  find  an  n and  a morphism 
an  : Ox  —>  Kn  which  gives  rise  to  a.  By  Derived  Categories,  Lemma  |13.34.4| 
applied  to  the  morphism  Ox [0]  -A  Kn  in  the  ambient  category  D{Ox)  we  see  that 
an  factors  as  Ox  [0]  — > Q — > Kn  where  Q is  an  object  of  (E).  We  conclude  that  Q 
is  a perfect  complex  supported  on  T. 


Choose  a distinguished  triangle 

I — > CLf[0]  — > Q — > /[l] 

By  construction  I is  perfect,  the  map  I -A  Ox  [0]  restricts  to  an  isomorphism  over 
U,  and  the  composition  / — ► K is  zero  as  a factors  through  Q.  This  proves  the 
lemma.  □ 
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09MA 


The  section  is  the  analogue  of  Derived  Categories  of  Schemes,  Section  |35.17 


Lemma  62.16.1.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
K * be  a complex  of  Ox -modules  whose  cohomology  sheaves  are  quasi- coherent.  Let 
( E,d ) = HomCompdS(e,x)(A'*,  A'*)  be  the  endomorphism  differential  graded  algebra. 
Then  the  functor 

- I\*  : D(E,  d)  — ► D(Ox) 


of  Differential  Graded  Algebra,  Lemma\22.25.3  has  image  contained  in  DQCoh(Ox)- 


Proof.  Let  P be  a differential  graded  E-module  with  property  P.  Let  F,  be  a 
filtration  on  P as  in  Differential  Graded  Algebra,  Section  |22.13|  Then  we  have 

P AT * = hocolim  FiP  ® e K * 


Each  of  the  F^P  has  a finite  filtration  whose  graded  pieces  are  direct  sums  of  E[k\. 
The  result  follows  easily.  □ 


The  following  lemma  can  be  strengthened  (there  is  a uniformity  in  the  vanishing 
over  all  L with  nonzero  cohomology  sheaves  only  in  a fixed  range). 
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09MB  Lemma  62.16.2.  Let  S be  a scheme.  Let  X be  a quasi-compact  and  quasi- 
separated  algebraic  space  over  S.  Let  K,  L be  objects  of  D(Ox ) with  K perfect 
and  L in  DbQCoh(Ox) ■ Then  Exff,^0x^{K,  L)  is  nonzero  for  only  a finite  number 
of  ii- 


Proof.  Since  K is  perfect  we  have 

Ext  1d(0y)(A',L)  = H\X,K v L) 


where  A'v  is  the  “dual”  perfect  complex  to  K,  see  Cohomology  on  Sites,  Lemma 


21.37.9 

Note  that  P = Ky  L is  in  Dqcoh{X)  by  Lemmas 

62.5.5 

and 

62.12.5 

(to  see  that  a perfect  complex  has  quasi-coherent  cohomology  sheaves) . On  the 
other  hand,  the  spectral  sequence 


Ep’q  = Hp(Ky  Hq(L))  =>  Hp+q(Kv  ®%x  L)  = Hp+q(P), 


the  boundedness  of  L , and  the  finite  tor  amplitude  of  Ky  show  that  P has  only 
finitely  many  nonzero  cohomology  sheaves.  It  follows  that  Hn(X,  P)  = 0 for  n <C  0. 
But  also  Hn(X,P)  = 0 for  n 0 by  Cohomology  of  Spaces,  Lemma  [56.6.3  and 
the  spectral  sequence  expressing  Hn(X,  P*)  in  terms  of  HP(X,  Hq(P*))  using  that 
the  cohomology  sheaves  of  P are  quasi-coherent.  □ 


The  following  is  the  analogue  of  Derived  Categories  of  Schemes,  Theorem |35. 17. 3| 

09MC  Theorem  62.16.3.  Let  S be  a scheme.  Let  X be  a quasi-compact  and  quasi- 
separated  algebraic  space  over  S.  Then  there  exist  a differential  graded  algebra 
( E , d)  with  only  a finite  number  of  nonzero  cohomology  groups  Hl(E ) such  that 
D QGoh(P x)  is  equivalent  to  D(E,  d). 


Proof.  Let  K*  be  a K-injective  complex  of  0-modules  which  is  perfect  and  gen- 


erates DQCoh(Ox)-  Such  a thing  exists  by  Theorem  62.14.4  and  the  existence  of 


K-injective  resolutions.  We  will  show  the  theorem  holds  with 
{E,  d)  = HomComp dg^0x^{K* ,K*) 

where  Comp  9 (Ox)  is  the  differential  graded  category  of  complexes  of  0-moclules. 

Since  K*  is  K-injective  we 


Please  see  Differential  Graded  Algebra,  Section  22.25 
have 


09MD 


(62.16.3.1)  Hn{E)  = Ext  nD{0x)(K*  ,K‘) 

for  all  n G Z.  Only  a finite  number  of  these  Exts  are  nonzero  by  Lemma  [62.16.2| 
Consider  the  functor 

-D(E,d)  ^D(Ox) 

of  Differential  Graded  Algebra,  Lemma  |22.25.3|  Since  K*  is  perfect,  it  defines  a 


compact  object  of  D(Ox),  see  Proposition  62.15.1  Combined  with  (62.16.3.1)  the 


functor  above  is  fully  faithful  as  follows  from  Differential  Graded  Algebra,  Lemmas 
|22.25.5|  It  has  a right  adjoint 

R Hom(/\  *,  — ) : D{Ox)  — > D{E,  d) 


by  Differential  Graded  Algebra,  Lemmas|22.25.4| which  is  a left  quasi-inverse  functor 
by  generalities  on  adjoint  functors.  On  the  other  hand,  it  follows  from  Lemma 
162. 16.  II  that  we  obtain 
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08IM 

08IN 


08IP 


08IQ 


and  by  our  choice  of  A'*  as  a generator  of  DQCohfOx ) the  kernel  of  the  adjoint 
restricted  to  DQCohkQx ) is  zero.  A formal  argument  shows  that  we  obtain  the 
desired  equivalence,  see  Derived  Categories,  Lemma [1 3. 7. 2 1 □ 


62.17.  Cohomology  and  base  change,  IV 

This  section  is  the  analogue  of  Derived  Categories  of  Schemes,  Section [35. 18[ 

Lemma  62.17.1.  Let  S be  a scheme.  Let  f : X — » Y be  a quasi-compact  and 
quasi- separated  morphism  of  algebraic  spaces  over  S.  For  E in  D QCoh{0 x)  and  K 
in  DQCoh{0Y)  we  have 

RUE)  K = Rf^E  0^x  Lf*K) 

Proof.  Without  any  assumptions  there  is  a map  Rf*(E)  (d@Y  K — > Rf*(E 
Lf*K).  Namely,  it  is  the  adjoint  to  the  canonical  map 

Lf*(RUE)  0&y  K)  = Lf*(RUE))  0^x  Lf*K  — > E 0^x  Lf*K 

coming  from  the  map  Lf*Rf*E  — > E.  See  Cohomology  on  Sites,  Lemmas  |21.18.4| 
and|21.19.1|  To  check  it  is  an  isomorphism  we  may  work  etale  locally  on  Y . Hence 
we  reduce  to  the  case  that  Y is  an  affine  scheme. 


Suppose  that  K = © A'^  is  a direct  sum  of  some  complexes  K,  £ DqcoIiUy )■  If 
the  statement  holds  for  each  Aj,  then  it  holds  for  AT.  Namely,  the  functors  Lf*  and 
0L  preserve  direct  sums  by  construction  and  Rf * commutes  with  direct  sums  (for 
complexes  with  quasi-coherent  cohomology  sheaves)  by  Lemma  62.6.2  Moreover, 
suppose  that  AT  — »•  L — > M — ► A'[l]  is  a distinguished  triangle  in  DQCohfX )■  Then 
if  the  statement  of  the  lemma  holds  for  two  of  A',  A,  M,  then  it  holds  for  the  third 
(as  the  functors  involved  are  exact  functors  of  triangulated  categories). 

Assume  Y affine,  say  Y = Spec(A).  The  functor  ~ : D{A)  — >•  DQCohiOy)  is  an 
equivalence  by  Lemma  |62.4.2|  and  Derived  Categories  of  Schemes,  Lemma  |35.3.5| 
Let  T be  the  property  for  I\  £ D(A)  that  the  statement  of  the  lemma  holds  for  K. 
The  discussion  above  and  More  on  Algebra,  Remark  15.49.11  shows  that  it  suffices 
to  prove  T holds  for  A[k\.  This  finishes  the  proof,  as  the  statement  of  the  lemma 
is  clear  for  shifts  of  the  structure  sheaf.  □ 


Definition  62.17.2.  Let  S'  be  a scheme.  Let  B be  an  algebraic  space  over  S.  Let 
X,  Y be  algebraic  spaces  over  B.  We  say  X and  Y are  Tor  independent  over  B if 
and  only  if  for  every  commutative  diagram 

Spec(fc)  — X 

v 

Y s-  B 


of  geometric  points  the  rings  Ox,x  and  Oy,y  are  Tor  independent  over  Ob  5 (see 
More  on  Algebra,  Definition  15.51.1). 


The  following  lemma  shows  in  particular  that  this  definition  agrees  with  our  defi- 
nition in  the  case  of  representable  algebraic  spaces. 

Lemma  62.17.3.  Let  S be  a scheme.  Let  B be  an  algebraic  space  over  S.  Let  X , 
Y be  algebraic  spaces  over  B.  The  following  are  equivalent 
(1)  X and  Y are  Tor  independent  over  B, 
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(2)  for  every  commutative  diagram 

U ^ V 


X >■  B -< Y 

with  etale  vertical  arrows  U and  V are  Tor  independent  over  W , 

(3)  for  some  commutative  diagram  as  in  (2)  with  (a)  W — > B etale  surjective, 
(b)  U Alxjff  etale  surjective,  (c)  V — X U Xjff  etale  surjective,  the 
spaces  U and  V are  Tor  independent  over  W,  and 

(4)  for  some  commutative  diagram  as  in  (3)  with  U,  V,  W schemes,  the 
schemes  U and  V are  Tor  independent  over  W in  the  sense  of  Derived 
Categories  of  Schemes,  Definition\35.18.'2 

Proof.  For  an  etale  morphism  ip  : U — > X of  algebraic  spaces  and  geometric  point 
u the  map  of  local  rings  Ox,v(u)  — > Ou,u  is  an  isomorphism.  Hence  the  equivalence 
of  (1)  and  (2)  follows.  So  does  the  implication  (1)  =>  (3).  Assume  (3)  and  pick  a 
diagram  of  geometric  points  as  in  Definition  |62.17(2)  The  assumptions  imply  that 
we  can  first  lift  b to  a geometric  point  w of  W,  then  lift  the  geometric  point  (x,  b)  to 
a geometric  point  u of  U,  and  finally  lift  the  geometric  point  (y,  b)  to  a geometric 
point  v of  V.  Use  Properties  of  Spaces,  Lemma  |53.18.4|  to  find  the  lifts.  Using 
the  remark  on  local  rings  above  we  conclude  that  the  condition  of  the  definition  is 
satisfied  for  the  given  diagram. 


Having  made  these  initial  points,  it  is  clear  that  (4)  comes  down  to  the  state- 
ment that  Definition |62.17.2] agrees  with  Derived  Categories  of  Schemes,  Definition 
|35.18.2|  when  X,  Y,  and  B are  schemes. 

Let  x,  b , y be  as  in  Definition  62.17.2  lying  over  the  points  x,  y,  b.  Recall  that 
Ox,x  = C>xx  (Properties  of  Spaces,  Lemma 


two.  By  Algebra,  Lemma  |10. 148.28  we  see  t 
Ox,x  ®Ob  b h ■ In  particular,  the  ring  map 

Ox,x  ®0B,b  ®B,b  ~ 


53.21.1 1 and  similarly  for  the  other 
rat  Ox\x  is  a strict  henselization  of 


O 


X,x 


is  flat  (More  on  Algebra,  Lemma  15.36.1 1.  By  More  on  Algebra,  Lemma  15.51.3 
we  see  that 


Tor-  B b(Ox,x,£>Y,y)  ®Ox,*®oB  bOY,y  (®X,x 


yB,b 


Oy,v)  = Tor,  B’b(0XtX,0Y>y) 


Hence  it  follows  that  if  X and  Y are  Tor  independent  over  B as  schemes,  then  X 
and  Y are  Tor  independent  as  algebraic  spaces  over  B. 


For  the  converse,  we  may  assume  A',  Y,  and  B are  affine.  Observe  that  the  ring 
map 

Ox,x  ®0B,b  ®Y,y  > Ox,x  O Y,y 

is  flat  by  the  observations  given  above.  Moreover,  the  image  of  the  map  on  spectra 
includes  all  primes  s C Ox,x  ®0B<b  @y,v  lying  over  mK  and  my . Hence  from  this  and 
the  displayed  formula  of  Tor’s  above  we  see  that  if  X and  Y are  Tor  independent 
over  B as  algebraic  spaces,  then 

TorfB’b(Ox,x,OY,y)s  = 0 
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for  all  i > 0 and  all  s as  above.  By  More  on  Algebra,  Lemma  |15.51.4|  applied  to 
the  ring  maps  T(B,  Ob)  — 7 T(A,  Ox)  and  T(B,Ob)  —7  T(X,  Ox)  this  implies  that 
X and  Y are  Tor  independent  over  B.  □ 

08IR  Lemma  62.17.4.  Let  S be  a scheme.  Let  g :Y'  —7  Y be  a morphism  of  algebraic 
spaces  over  S.  Let  f : X —7  Y be  a quasi-compact  and  quasi-separated  morphism 
of  algebraic  spaces  over  S . Consider  the  base  change  diagram 


X' 

h 


f 

Y 

Y' 


a 


f 

I 

Y 


If  X and  Y'  are  Tor  independent  over  Y,  then  for  all  E £ D QCohiOx)  we  have 
Rf'*Lh*  E = Lg*RflE. 

Proof.  For  any  object  E of  D(Ox)  we  can  use  Cohomology  on  Sites,  Remark 


this  is  an  isomorphism  we  may  work  etale  locally  on  Y' . Hence  we  may  assume 
g : Y'  — 7 Y is  a morphism  of  affine  schemes.  In  particular,  g is  affine  and  it  suffices 
to  show  that 


21.19.2  to  get  a canonical  base  change  map  Lg*Rf*E  —7  Rf(Lh*E.  To  check 


Rg*Lg*Rf*E  -a  Rg*Rf(Lh*  E = Rf*(Rh*Lh* E) 
is  an  isomorphism,  see  Lemma  62.6.4  (and  use  Lemmas  62.5. 4|  62.5.5  and  62.6.1 


to  see  that  the  objects  Rf(Lh*E  and  Lg*Rf*E  have  quasi-coherent  cohomology 
sheaves).  Note  that  h is  affine  as  well  (Morphisms  of  Spaces,  Lemma  54.20.5).  By 
Lemma|62.6.5|the  map  becomes  a map 

Rf*E  <8>0y  g *Oy  — 7 1?/* (E  h*Ox') 

Observe  that  h*Ox'  = f*g*Oy>.  Thus  by  Lemma [62.17.1  it  suffices  to  prove  that 
Lf*gtOy'  = f*g*Oy>.  This  follows  from  our  assumption  that  X and  Y'  are  Tor 
independent  over  Y . Namely,  to  check  it  we  may  work  etale  locally  on  A',  hence  we 
may  also  assume  X is  affine.  Say  X = Spec(A),  Y = Spec (R)  and  Y'  = Spec(f?'). 
Our  assumption  implies  that  A and  R'  are  Tor  independent  over  R (see  Lemma 
62.17.3  and  More  on  Algebra,  Lemma  15.51.4),  i.e. , Torf(A, R')  = 0 for  i > 0.  In 
other  words  = A®rR'  which  exactly  means  that  Lf*g*Oy  = f* g*Oy.  □ 


The  following  two  lemmas  remain  true  if  we  replace  Q with  a bounded  complex  of 
quasi-coherent  Ox-modules  each  flat  over  S. 

0A1K  Lemma  62.17.5.  Let  S be  a scheme.  Let  f : X — » Y be  a quasi-compact  and 
quasi-separated  morphism  of  algebraic  spaces  over  S.  Let  E £ DQCoh(Ox).  Let  Q 
be  a quasi-coherent  Ox -module  flat  over  Y . Then  formation  of 

Rf*(E®%x  Q) 

commutes  with  arbitrary  base  change  (see  proof  for  precise  statement). 

Proof.  The  statement  means  the  following.  Let  g : Y'  —7  Y be  a morphism  of 
algebraic  spaces  and  consider  the  base  change  diagram 


X' X 

h 


r 

Y 

Y' 
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in  other  words  X'  = Y'  Xy  X.  Set  E'  = Lh*  E and  Q'  = h*Q  (here  we  do  not  use 
the  derived  pullback).  The  lennna  asserts  that  we  have 

Lg*Rf*(E  ®%x  Q)  = Rfl {E'  0^,  Q') 

To  prove  this,  note  that  in  Cohomology  on  Sites,  Remark  |21.19.2|  we  have  con- 
structed an  arrow 

Lg*Rf*{E  ®px  g)  — > R(f')*  (Lh*  (E  ®ox  G))  = R(f)*(E'  ®%x,  lh*g )) 
which  we  can  compose  with  the  map  Lh*g  — > h*g  to  get  a canonical  map 
Lg*RU(E®L0x  g)  — ► Rfi(E'  ®%x,  g') 

To  check  this  map  is  an  isomorphism  we  may  work  etale  locally  on  Y' . Hence  we 
may  assume  g : Y'  — > Y is  a morphism  of  affine  schemes.  In  this  case,  we  will 
use  the  induction  principle  to  prove  this  map  is  always  an  isomorphism  for  any 


quasi-compact  and  quasi-separated  algebraic  space  X over  Y (Lemma  62.8.3). 


If  X is  a scheme  (for  example  affine),  then  the  result  holds.  Namekly,  E comes 
from  an  object  of  the  derived  category  of  the  underlying  scheme  by  Lemma|62.4.2 
Furthermore,  the  constructions  R/*  (derived  pushforward)  and  Lg*  (derived  pull- 
back) are  (in  the  current  situation)  compatible  with  pulling  back  from  the  Zariski 


site  (Remark  62.6.3).  Thus  in  this  case  the  result  follows  from  the  case  of  schemes 


which  is  Derived  Categories  of  Schemes,  Lemma [35. 18. 4| 

The  induction  step.  Let  ( U Cl,/T->  A')  be  an  elementary  distinguished  square 
with  U,  V,  U xx  V quasi-compact  such  that  the  result  holds  for  the  restriction  of 
E and  g to  U,  V,  and  U xx  V.  Denote  a = f\u,  b = f\v  and  c = f\uxxv-  Let 


a'  : U1  — > Y',  b'  : V’  — >■  Y'  and  c!  : U'  xx<  V’  — > Y’  be  the  base  changes  of  a,  b,  and 
c.  Note  that  formation  of  R/Hom  commutes  with  restriction  (Cohomology  on  Sites, 
Lemma|21.26.3).  Set  H = E®^x  g and  H'  = E'  ®qx,  g' ■ Using  the  distinguished 


triangles  from  relative  Mayer-Vietoris  (Lemma  62.9.3)  we  obtain  a commutative 
diagram 

Lg*Rf*H ^ RflH' 


Lg* Ra*H\u  © Lg* Rb*H\y 


RKH'\u‘  ® Rb',H'\v> 


Lg*  Rc*H \uxxv 


Lg*Rf*H[l\ 


■ Rc'*H'\u'xx,v 


■RflH'[  1] 


Since  the  2nd  and  3rd  horizontal  arrows  are  isomorphisms  so  is  the  first  (Derived 
Categories,  Lemma  13.4.3)  and  the  proof  of  the  lemma  is  finished.  □ 


08JQ  Lemma  62.17.6.  Let  S be  a scheme.  Let  f : X — ► Y be  a quasi-compact  and 
quasi- separated  morphism  of  algebraic  spaces  over  S.  Let  E £ D(Ox)  be  perfect. 
Let  g be  a quasi- coherent  Ox-module  flat  over  Y . Then  formation  of 

Rf*Rnom(E,g) 

commutes  with  arbitrary  base  change  (see  proof  for  precise  statement). 
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Proof.  The  statement  means  the  following.  Let  g : Y'  — ► Y be  a morphism  of 
algebraic  spaces  and  consider  the  base  change  diagram 


X' >-  X 

h 


f 

Y 

y 


in  other  words  X'  = Y'  Xy  X.  Set  E'  = Lh*E  and  Q'  = h*Q  (here  we  do  not  use 
the  derived  pullback).  The  lemma  asserts  that  we  have 

Lg*RfmRnom(E,g)  = Rf'ifR'Hom(E' , Q') 

To  prove  this,  note  that  in  Cohomology  on  Sites,  Remark  |21.26.1l]  we  have  con- 
structed an  arrow 


Lg*Rf*REjom(E,g)  — > R(f)*R'Hom(Lh* E,  Lh*Q) 

which  we  can  compose  with  the  map  Lh*Q  — > h*Q  to  get  a canonical  map 

Lg*Rf*RHom(E,g ) -£  RflRHom(E' ,£') 

With  these  preliminaries  out  of  the  way,  we  deduce  the  result  from  Lemma [62. 17. 5[ 
Namely,  since  E is  a perfect  complex  there  exists  a dual  perfect  complex  E^uai,  see 
Cohomology  on  Sites,  Lemma  21.37.9  such  that  RTLom{E,g ) = Eduai  We 

base  change  map  of  Lemma |62.17.5|  for  Eduai  agrees 

□ 


omit  the  verification  that  the 
with  the  base  change  map  for  E constructed  above. 


62.18.  Producing  perfect  complexes 


0A1L 

08IS 


The  following  lemma  is  our  main  technical  tool  for  producing  perfect  complexes. 
Later  versions  of  this  result  will  reduce  to  this  by  Noetherian  approximation. 


Lemma  62.18.1.  Let  S be  a scheme.  Let  Y be  a Noetherian  algebraic  space  over 
S.  Let  f : X — » Y be  a morphism  of  algebraic  spaces  which  is  locally  of  finite  type 
and  quasi-separated.  Let  E £ D(Ox)  such  that 

(1)  E £ DbCoh(Ox), 

(2)  the  scheme  theoretic  support  of  Hl{E)  is  proper  over  Y for  all  i, 

(3)  E has  finite  tor  dimension  as  an  object  of  D{f~1Oy). 

Then  Rf*E  is  a perfect  object  of  D(Oy). 


Proof.  By  Lemma 


62.7.1 


we  see  that  Rf*E  is  an  object  of  DbCoh(Oy).  Hence 


Rf*E  is  pseudo-coherent  (Lemma  62.12.6 1.  Hence  it  suffices  to  show  that  Rf*E 
has  finite  tor  dimension,  see  Cohomology  on  Sites,  Lemma  |21.37.4|  By  Lemma 


62.12.7 


it  suffices  to  check  that  Rfit(E)i S)qy  J-  has  universally  bounded  cohomology 
for  all  quasi-coherent  sheaves  X on  Y.  Bounded  from  above  is  clear  as  Rf*(E)  is 
bounded  from  above.  Let  T C X be  the  union  of  the  supports  of  Hl(E)  for  all 
i.  Then  T is  proper  over  Y by  assumptions  (1)  and  (2).  In  particular  there  exists 
a quasi-compact  open  subspace  X'  C X containing  T.  Setting  f = f \x>  we  have 
Rf*(E)  = Rfi(E\x>)  because  E restricts  to  zero  on  X \ T.  Thus  we  may  replace 
X by  X'  and  assume  / is  quasi-compact.  We  have  assumed  / is  quasi-separated. 
Thus 

RME)  ®br  ? = Rf*  ( E ®bx  Lf*E)  = Rf*  (e  ®)-,oy  rlR) 
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^-‘Ov 


By  assumption  (3) 


by  Lemma |62.17.l|  and  Cohomology  on  Sites,  Lemma  21.18.5 

f~xF  has  cohomology  sheaves  in  a given  finite  range,  say 

□ 


the  complex  E < 

[a,  b\.  Then  1?/*  of  it  has  cohomology  in  the  range  [a,  oo)  and  we  win. 


62.19.  Computing  Ext  groups  and  base  change 

08JM  The  results  in  this  section  will  be  used  to  verify  one  of  Artin’s  criteria  for  Quot 
functors,  Hilbert  schemes,  and  other  moduli  problems. 

0A1M  Lemma  62.19.1.  Let  S be  a scheme.  Let  B be  a Noetherian  algebraic  space  over 
S.  Let  f : X — ► B be  a morphism  of  algebraic  spaces  which  is  locally  of  finite  type 
and  quasi-separated.  Let  E £ D[Ox)  be  perfect.  Let  Q be  a coherent  Ox -module 
flat  over  B with  scheme  theoretic  support  proper  over  B.  Then  K = Rf^,(E ®qx  G) 
is  a perfect  object  of  D (Ob)  and  there  are  functorial  isomorphisms 

H\B,  K F)  — > H\X,  E ( g ®0x  f*F)) 

for  F quasi- coherent  on  B compatible  with  boundary  maps  (see  proof). 


Proof.  We  have 

G ®%x  Lf*F  = G ob  rxT  = G ®/-ioB  rljr  = S ®ox  f*F 

the  first  equality  by  Cohomology  on  Sites,  Lemma  21.18.5|  the  second  as  G is  a flat 
f~1OB~m odule,  and  the  third  by  definition  of  pullbacks.  Hence  we  obtain 

LP  (X,  E ®%x  ( G ®ox  .fU)  = H\X,  E ®%x  Q ®ox  Lf*F) 

= H\B,RU(E$fex  G ®%x  Lf*F)) 

= Hi(B,Rf*(E®%xG)®%B  F) 

= H\B,K®Lob  F) 

The  first  equality  by  the  above,  the  second  by  Leray  (Cohomology  on  Sites,  Remark 
21.14.4),  and  the  third  equality  by  Lemma  62.17.1  The  object  K is  perfect  by 


Lemma  [62. 18. 1|  We  check  the  lemma  applies.  Locally  E is  isomorphic  to  a finite 
complex  of  finite  free  Ox-modules.  Hence  locally  E ® @ G is  isomorphic  to  a finite 
complex  whose  terms  are  finite  direct  sums  of  copies  of  G ■ This  immediately  implies 
the  hypotheses  on  the  cohomology  sheaves  Hl(E  ®ox  G).  The  hypothesis  on  finite 
tor  dimension  follows  as  G is  flat  over  f~1Os. 


The  statement  on  boundary  maps  means  the  following:  Given  a short  exact  se- 
quence 0 — » F\  — > F2  — t F3  — s > 0 then  the  isomorphisms  fit  into  commutative 
diagrams 


Hl(B,  K ®qb  Fz) 
6 


H\X,E®^x  (G  ®ox  /*-F3)) 
s 


W+\B,  K ®fc  X,) ».  fP+1(X,  E ®fc  (G  ®ox  FT 1)) 


where  the  boundary  maps  come  from  the  distinguished  triangle 

K ®oB  F 1 — > K ®oB  F‘i  — > K ®@B  F3  — > K ®@B  J"i[l] 
and  the  distinguished  triangle  in  D(Ox)  associated  to  the  short  exact  sequence 

0 -*g®ox  r?i  ->  g ®0x  r?2  g ®0x  rr3  ->■  o 
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This  sequence  is  exact  because  Q is  flat  over  B.  We  omit  the  verification  of  the 
commutativity  of  the  displayed  diagram.  □ 

08JN  Lemma  62.19.2.  Let  S be  a scheme.  Let  B be  a Noetherian  algebraic  space  over 
S . Let  f : X B be  a morphism  of  algebraic  spaces  which  is  locally  of  finite  type 
and  quasi-separated.  Let  E £ D(Ox)  be  perfect.  Let  Q be  a coherent  Ox -module 
flat  over  B with  scheme  theoretic  support  proper  over  B . Then 

K = Rf*RHom(E,g) 

is  a perfect  object  of  D(Ob)  and  there  are  functorial  isomorphisms 
HflB,  K X)  — ► Ext0x  (E,  G ®ox  f'T) 
for  X quasi- coherent  on  B compatible  with  boundary  maps  (see  proof). 


Proof.  Since  E is  a perfect  complex  there  exists  a dual  perfect  complex  Eduai,  see 
Cohomology  on  Sites,  Lemma  21.37.9  Observe  that  RRom{Eig)  = Eduai  . g 
and  that 


Ext i0x{E,g®ox  f'T)  = H\x,Edual  (g  (g>ox  f*X)) 

by  construction  of  Eduai.  Thus  the  perfectness  of  K and  the  isomorphisms  follow 
from  the  corresponding  results  of  Lemma  [62. 19. 1| applied  to  Eduai  and  g. 

The  statement  on  boundary  maps  means  the  following:  Given  a short  exact  se- 
quence 0 — > X\  — > Xi  -A  ^3  -A  0 then  the  isomorphisms  fit  into  commutative 
diagrams 

H\B,K®^B  x3) -Ext bx(E,g®ox  f'T3) 

s s 

Y V 

Ht+1(B,  K ®kB  Xflj  brti*  Ext ^(E,  g ®0x  }*T 1) 

where  the  boundary  maps  come  from  the  distinguished  triangle 

K X 1 — > K ®(jB  X‘i  — > K (B)qb  X3  — > K ^i[l] 

and  the  distinguished  triangle  in  D(Ox)  associated  to  the  short  exact  sequence 

0 g ®ox  r? 1 -A  Q ®ox  f'T- 2 -»■  Q ®ox  f*T3  -A  0 

This  sequence  is  exact  because  g is  flat  over  B.  We  omit  the  verification  of  the 
commutativity  of  the  displayed  diagram.  □ 


08 JR  Lemma  62.19.3.  Let  S be  a scheme.  Let  B be  a Noetherian  algebraic  space  over 
S.  Let  f : X B be  a morphism  of  algebraic  spaces  which  is  locally  of  finite  type 
and  quasi- separated.  Let  E £ D(Ox ) and  g an  Ox-module.  Assume 
(!)  E e Dcoh(Ox),  and 

(2)  g is  a coherent  Ox -module  flat  over  B with  scheme  theoretic  support 
proper  over  B . 

Then  for  every  m £ Z there  exists  a perfect  object  K of  D(Ob)  and  functorial  maps 

cdx  : Ext0x  (E,  g ®0x  f'T)  — ► Hi(B,  K <^B  X) 

for  X quasi- coherent  on  B compatible  with  boundary  maps  (see  proof)  such  that  ajr 
is  an  isomorphism  for  i <m. 
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09RG 

09RH 

09RI 


09RJ 


Proof.  We  may  replace  X by  a quasi-compact  open  neighbourhood  of  the  support 
of  Q,  hence  we  may  assume  X is  Noetherian.  In  this  case  X and  / are  quasi-compact 
and  quasi-separated.  Choose  an  approximation  P — > E by  a perfect  complex  P of 


(X,E,  — m — 1)  (possible  by  Theorem  62.13.7l.  Then  the  induced  map 


Extox  (E,  g ®ox  f*x)  — ► Extgx  (p,  g ®Qx  f*T) 

is  an  isomorphism  for  i < m.  Namely,  the  kernel,  resp.  cokernel  of  this  map  is  a 
quotient,  resp.  submodule  of 

Exti0x  (C,  g ®Gx  ff)  resp.  Ext^1  (C,  g ®0x  f*  ?) 

where  C is  the  cone  of  P — > E.  Since  C has  vanishing  cohomology  sheaves  in 
degrees  > — m — 1 these  Ext-groups  are  zero  for  i < m + 1 by  Derived  Categories, 
Lemma 


13.27.3 


62.19.2 


This  reduces  us  to  the  case  that  E is  a perfect  complex  which  is 


Lemma 

The  statement  on  boundaries  is  explained  in  the  proof  of  Lemma |62.19.2|  □ 

62.20.  Limits  and  derived  categories 

In  this  section  we  collect  some  results  about  the  derived  category  of  an  algebraic 
space  which  is  the  limit  of  an  inverse  system  of  algebraic  spaces.  More  precisely, 
we  will  work  in  the  following  setting. 

Situation  62.20.1.  Let  S'  be  a scheme.  Let  X = linqe/  Xi  be  a limit  of  a directed 
system  of  algebraic  spaces  over  S with  affine  transition  morphisms  /V,  : X -A  X,  . 
We  denote  : X — > X,:  the  projection.  We  assume  that  X f is  quasi-compact  and 
quasi-separated  for  all  i £ I.  We  also  choose  an  element  0 £ I. 


Lemma  62.20.2.  In  Situation 


62.20.1 


Let  Eq  and  Kq  be  objects  of  D(Ox0)-  Set 
Ei  = Lf*0Eo  and  Ki  = Lf*0Ko  for  i > 0 and  set  E = LfjjEo  and  K = Lf^Ko. 
Then  the  map 

colinp>o  Hom.D(0x.){Ei,  Kf)  — > HomD(OT)(B,  K) 
is  an  isomorphism  if  either 

(1)  E0  is  perfect  and  I<0  £ DQCoh{Ox0),  or 

(2)  Eq  is  pseudo-coherent  and  Kq  £ D QCoh{0 ,y0)  has  finite  tor  dimension. 

Proof.  For  every  quasi-compact  and  quasi-separated  object  Uq  of  ( X0)spaces  ^taie 
consider  the  condition  P that  the  canonical  map 

co\im.i>0'Rova.D(pu^{Ei\ij.,Ki\u.)  — > Hom^^^^Ply,  K |[/) 

is  an  isomorphism,  where  U = X Xx0  Uq  and  Ui  = Xi  Xx0  Uq-  We  will  prove  P 


holds  for  each  Uq  by  the  induction  principle  of  Lemma  62.8.3  Condition  (2)  of  this 
lemma  follows  immediately  from  Mayer-Vietoris  for  horn  in  the  derived  category, 
see  Lemma |62.9.4|  Thus  it  suffices  to  prove  the  lemma  when  Xq  is  affine. 

If  Xq  is  affine,  then  the  result  follows  from  the  case  of  schemes,  see  Derived  Cate- 
gories of  Schemes,  Lemma[35.21.2[  To  see  this  use  the  equivalence  of  Lemma  62.4.2| 
and  use  the  translation  of  properties  explained  in  Lemmas  |62.12.2|  |62.12.3[  and 
162.12.41  □ 


62.20.1 


Lemma  62.20.3.  In  Situation 
is  the  colimit  of  the  categories  of  perfect  objects  of  D{Ox^)- 


the  category  of  perfect  objects  of  D (Ox) 
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Proof.  For  every  quasi-compact  and  quasi-separated  object  Uq  of  (Xq ) spaces, etaie 
consider  the  condition  P that  the  functor 


Colini2>o  Dperf(Ojji')  t 

is  an  equivalence  where  perf  indicates  the  full  subcategory  of  perfect  objects  and 
where  U = X xXo  U0  and  Ul  = Xt  xXo  U0.  We  will  prove  P holds  for  every  U0  by 
the  induction  principle  of  Lemma  |62.8.3  First,  we  observe  that  we  already  know 
the  functor  is  fully  faithful  by  Lemma  62.20.2  Thus  it  suffices  to  prove  essential 
surjectivity. 


We  first  check  condition  (2)  of  the  induction  principle.  Thus  suppose  that  we  have 
an  elementary  distinguished  square  (Uq  C Xq,  Vo  — i ► Xq)  and  that  P holds  for  C/0, 
Vo,  and  U0  xXo  V0.  Let  if  be  a perfect  object  of  D(Ox).  We  can  find  i > 0 and 
perfect  on  t/j  and  EVi  perfect  on  Vi  whose  pullback  to  U and  V are  isomorphic  to 
E\jj  and  E |y.  Denote 


a '■  Ejj^i  -A  (R(X  — > Xi)tE)\jj.  and  b : Ey,i  — > {R{X  — >•  Xf)*E)\yi 


the  maps  adjoint  to  the  isomorphisms  L{U  — > Ui)*Eu,i  — > E\u  and  L(V  — > 
Vi)*Ev,i  — > E\y . By  fully  faithfulness,  after  increasing  i,  we  can  find  an  isomor- 
phism c : Eu,i\iJiXx  Vi  — > Ey  i | u,  x x v,  which  pulls  back  to  the  identifications 


L(U  — t Ui)*EUti \Uxxv  ~ > E\ uxxv  ~ > L(V  — > Vty EVti\UxxV. 

Apply  Lemma [62. 9. 7 to  get  an  object  Et  on  X,  and  a map  d : Ei  — > R( X —>  Xt)*E 
which  restricts  to  the  maps  a and  b over  Ui  and  Vj.  Then  it  is  clear  that  Ei  is 
perfect  and  that  d is  adjoint  to  an  isomorphism  L(X  -a  Xi)*Ei  -A  E. 


Finally,  we  check  condition  (1)  of  the  induction  principle,  in  other  words,  we  check 
the  lemma  holds  when  Xq  is  affine.  This  follows  from  the  case  of  schemes,  see 

To  see  this  use  the  equivalence  of 


Derived  Categories  of  Schemes,  Lemma  35.21.3 


Lemma  162.4.21  and  use  the  translation  of  Lemma  162.12.41 


□ 


62.21.  Cohomology  and  base  change,  V 

0A1N  A final  section  on  cohomology  and  base  change  continueing  the  discussion  of  Sec- 
tions |62.17|  and  |62.18|  An  easy  to  grok  special  case  is  given  in  Remark |62.21.2| 

0A1P  Lemma  62.21.1.  Let  S be  a scheme.  Let  f : X — ► Y be  a morphism  of  finite 
presentation  between  algebraic  spaces  over  S.  Let  E £ D(Ox)  be  a perfect  object. 
Let  Q be  a finitely  presented  Ox-module,  flat  over  Y,  with  support  proper  over  Y . 
Then 

K = Rf*(E  Q) 

is  aperfect  object  of  D(Oy)  and  its  formation  commutes  with  arbitrary  base  change. 

Proof.  The  statement  on  base  change  is  Lemma  [62.17. 5|  Thus  it  suffices  to  show 
that  I\  is  a perfect  object.  If  Y is  Noetherian,  then  this  follows  from  Lemma 
|62.19.1|  We  will  reduce  to  this  case  by  Noetherian  approximation.  We  encourage 
the  reader  to  skip  the  rest  of  this  proof. 

The  question  is  local  on  Y . hence  we  may  assume  Y is  affine.  Say  Y = Spec(i?).  We 
write  R = colim  Ri  as  a filtered  colimit  of  Noetherian  rings  Ri.  By  Limits  of  Spaces, 
Lemma|57.7.1|there  exists  an  i and  an  algebraic  space  Xi  of  finite  presentation  over 
Ri  whose  base  change  to  R is  X.  By  Limits  of  Spaces,  Lemma  |57.7.2|  we  may 
assume  after  increasing  i,  that  there  exists  a finitely  presented  Cxi-m°dule 
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whose  pullback  to  A is  Q . After  increasing  i we  may  assume  Qi  is  flat  over  Ri , see 
Limits  of  Spaces,  Lemma|57.6.11|  After  increasing  i we  may  assume  the  support 
of  Qi  is  proper  over  Ri,  see  Limits  of  Spaces,  Lemma|57.f2.3|  Finally,  by  Lemma 


OAfQ 


62.12.4  we  may,  after  increasing  i,  assume  there  exists  a perfect  object  Ei  of  D(Ox,  ) 
whose  pullback  to  A is  E.  Applying  Lemma  62.19.1  to  Xi  — > Spec (Ri),  Ei,  Qi  and 
using  the  base  change  property  already  shown  we  obtain  the  result.  □ 

Remark  62.21.2.  Let  R be  a ring.  Let  X be  an  algebraic  space  of  finite  presen- 
tation over  R.  Let  Q be  a finitely  presented  Ox-module  flat  over  R with  scheme 


theoretic  support  proper  over  R.  By  Lemma  62.21.1  there  exists  a finite  complex 
of  finite  projective  i?-modules  M*  such  that  we  have 

RT(Xr,,Qr,)  = M‘  ®rR' 
functorially  in  the  f?-algebra  R' . 

0A1R  Lemma  62.21.3.  Let  S be  a scheme.  Let  f : X — >•  Y be  a morphism  of  finite 
presentation  between  algebraic  spaces  over  S.  Let  E £ D(Ox)  be  a perfect  object. 
Let  Q be  a finitely  presented  Ox-module,  flat  over  Y,  with  support  proper  over  Y. 
Then 

K = RflRHom(E,Q) 

is  a perfect  object  of  D(Oy)  and  its  formation  commutes  with  arbitrary  base  change. 


Proof.  The  statement  on  base  change  is  Lemma  62.17.6  Thus  it  suffices  to  show 
that  K is  a perfect  object.  If  Y is  Noetherian,  then  this  follows  from  Lemma 
|62.19.2[  We  will  reduce  to  this  case  by  Noetherian  approximation.  We  encourage 
the  reader  to  skip  the  rest  of  this  proof. 

The  question  is  local  on  Y.  hence  we  may  assume  Y is  affine.  Say  Y = Spec(-R).  We 
write  R = colim  Ri  as  a filtered  colimit  of  Noetherian  rings  Ri.  By  Limits  of  Spaces, 
Lemma|57.7.1|there  exists  an  i and  an  algebraic  space  Xi  of  finite  presentation  over 
Ri  whose  base  change  to  R is  X.  By  Limits  of  Spaces,  Lemma  57.7.2  we  may 
assume  after  increasing  i , that  there  exists  a finitely  presented  Oxi -module  Qi 
whose  pullback  to  A is  Q . After  increasing  i we  may  assume  Qi  is  flat  over  Ri,  see 
Limits  of  Spaces,  Lemma|57.6.11|  After  increasing  i we  may  assume  the  support 
of  Qi  is  proper  over  Ri:  see  Limits  of  Spaces,  Lemma |57.12.3|  Finally,  by  Lemma 


62.12.4  we  may,  after  increasing  i,  assume  there  exists  a perfect  object  Ei  of  D(Ox{) 
whose  pullback  to  A'  is  E.  Applying  Lemma  62.19.2  to  X,  -a  Spec(i?i),  Ei,  Qi  and 
using  the  base  change  property  already  shown  we  obtain  the  result.  □ 
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More  on  Morphisms  of  Spaces 


63.1.  Introduction 

In  this  chapter  we  continue  our  study  of  properties  of  morphisms  of  algebraic  spaces. 
A fundamental  reference  is  IKnn71l. 

63.2.  Conventions 

The  standing  assumption  is  that  all  schemes  are  contained  in  a big  fppf  site  Schfppf. 
And  all  rings  A considered  have  the  property  that  Spec(A)  is  (isomorphic)  to  an 
object  of  this  big  site. 

Let  S be  a scheme  and  let  X be  an  algebraic  space  over  S.  In  this  chapter  and  the 
following  we  will  write  X x s X for  the  product  of  X with  itself  (in  the  category  of 
algebraic  spaces  over  S ),  instead  of  A x X. 


63.3.  Radicial  morphisms 


It  turns  out  that  a radicial  morphism  is  not  the  same  thing  as  a universally  injective 
morphism,  contrary  to  what  happens  with  morphisms  of  schemes.  In  fact  it  is  a bit 
stronger. 

Definition  63.3.1.  Let  S'  be  a scheme.  Let  / : X — > Y be  a morphism  of  algebraic 
spaces  over  S.  We  say  / is  radicial  if  for  any  morphism  Spec(A')  — > Y where  I\ 
is  a field  the  reduction  (Spec (I\)  Xy  X)red  is  either  empty  or  representable  by  the 
spectrum  of  a purely  inseparable  field  extension  of  K . 


Lemma  63.3.2.  A radicial  morphism  of  algebraic  spaces  is  universally  injective. 

Proof.  Let  S be  a scheme.  Let  / : X — t Y be  a radicial  morphism  of  algebraic 
spaces  over  S.  It  is  clear  from  the  definition  that  given  a morphism  Spec(AT)  — > Y 
there  is  at  most  one  lift  of  this  morphism  to  a morphism  into  X.  Hence  we  conclude 
that  / is  universally  injective  by  Morphisms  of  Spaces,  Lemma  54.19.2|  □ 


Example  63.3.3.  It  is  no  longer  true  that  universally  injective  is  equivalent  to 
radicial.  For  example  the  morphism 


X = [Spec(Q)/Gal(Q/Q)]  — ► S = Spec(Q) 
of  Spaces,  Example  52.14.7|  is  universally  injective,  but  is  not  radicial  in  the  sense 


above. 


Nonetheless  it  is  often  the  case  that  the  reverse  implication  holds. 

Lemma  63.3.4.  Let  S be  a scheme.  Let  f : X Y be  a universally  injective 
morphism  of  algebraic  spaces  over  S . 
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(1)  If  f is  decent  then  f is  radicial. 

(2)  If  f is  quasi-separated  then  f is  radicial. 

(3)  If  f is  locally  separated  then  f is  radicial. 


Proof.  Let  V be  a property  of  morphisms  of  algebraic  spaces  which  is  stable  under 
base  change  and  composition  and  holds  for  closed  immersions.  Assume  / : X — x Y 
has  V and  is  universally  injective.  Then,  in  the  situation  of  Definition  |63.3.1|  the 
morphism  (Spec(A')  Xy  X)red  — x Spec(A')  is  universally  injective  and  has  V.  This 
reduces  the  problem  of  proving 

V + universally  injective  =>  radicial 


to  the  problem  of  proving  that  any  nonempty  reduced  algebraic  space  X over  field 
whose  structure  morphism  X — x Spec(A)  is  universally  injective  and  V is  repre- 
sentable by  the  spectrum  of  a field.  Namely,  then  X — x Spec(A')  will  be  a morphism 
of  schemes  and  we  conclude  by  the  equivalence  of  radicial  and  universally  injective 
for  morphisms  of  schemes,  see  Morphisms,  Lemma [28. 11. 2| 


Let  us  prove  (1).  Assume  / is  decent  and  universally  injective.  By  Decent  Spaces, 
Lemmas  55.15.4|  |55.15.6  and  55.15.2  (to  see  that  an  immersion  is  decent)  we  see 
that  the  discussion  in  the  first  paragraph  applies.  Let  X be  a nonempty  decent 
reduced  algebraic  space  universally  injective  over  a field  K . In  particular  we  see  that 
|X|  is  a singleton.  By  Decent  Spaces,  Lemma  55.12.2  we  conclude  that  X = Spec(A) 
for  some  extension  K C L as  desired. 


A quasi-separated  morphism  is  decent,  see  Decent  Spaces,  Lemma  [55. 15. 2|  Hence 

(1)  implies  (2). 


Let  us  prove  (3).  Recall  that  the  separation  axioms  are  stable  under  base  change  and 
composition  and  that  closed  immersions  are  separated,  see  Morphisms  of  Spaces, 
Lemmas  54.4.4  54.4.8  and  54.10.7  Thus  the  discussion  in  the  first  paragraph  of 


the  proof  applies.  Let  A be  a reduced  algebraic  space  universally  injective  and 
locally  separated  over  a field  K.  In  particular  |A|  is  a singleton  hence  X is  quasi- 
compact, see  Properties  of  Spaces,  Lemma  |53.5.2|  We  can  find  a surjective  etale 
morphism  U —X  X with  U affine,  see  Properties  of  Spaces,  Lemma[53.6.3|  Consider 
the  morphism  of  schemes 


j • U x x U x U U 

As  X —x  Spec(A')  is  universally  injective  j is  surjective,  and  as  X — » Spec (A)  is 
locally  separated  j is  an  immersion.  A surjective  immersion  is  a closed  immersion, 
see  Schemes,  Lemma  [25.10.4|  Hence  R = U Xx  U is  affine  as  a closed  subscheme 
of  an  affine  scheme.  In  particular  R is  quasi-compact.  It  follows  that  X = U/R  is 
quasi-separated,  and  the  result  follows  from  (2).  □ 

049E  Remark  63.3.5.  Let  X — x Y be  a morphism  of  algebraic  spaces.  For  some  appli- 
cations (of  radicial  morphisms)  it  is  enough  to  require  that  for  every  Spec(A)  — x Y 
where  I\  is  a field 

(1)  the  space  | Spec(A')  x y X\  is  a singleton, 

(2)  there  exists  a monomorphism  Spec(A)  —X  Spec(A')  Xyl,  and 

(3)  K C L is  purely  inseparable. 

If  needed  later  we  will  may  call  such  a morphism  weakly  radicial.  For  example  if 
X —x  Y is  a surjective  weakly  radicial  morphism  then  X(k)  —X  Y(k)  is  surjective 
for  every  algebraically  closed  field  k.  Note  that  the  base  change  Xq  — x Spec(Q)  of 
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the  morphism  in  Example  |63.3.3| is  weakly  radicial,  but  not  radicial.  The  analogue 
of  Lemma  63.3.4  is  that  if  X — > Y has  property  (/3)  and  is  universally  injective, 


then  it  is  weakly  radicial  (proof  omitted). 

OAGE  Lemma  63.3.6.  Let  S be  a scheme.  Let  f : X Y be  a morphism  of  algebraic 
spaces  over  S.  Assume 

(1)  f is  locally  of  finite  type , 

(2)  for  every  etale  morphism  V — > Y the  map  \X  Xy  V\  — > \V\  is  injective. 
Then  f is  universally  injective. 


Proof.  The  question  is  etale  local  on  Y by  Morphisms  of  Spaces,  Lemma  54.19.6| 
Hence  we  may  assume  that  Y is  a scheme.  Then  Y is  in  particular  decent  and  by 
Decent  Spaces,  Lemma [55. 16. 9|  we  see  that  / is  locally  quasi-finite.  Let  y &Y  be  a 
point  and  let  Xy  be  the  scheme  theoretic  fibre.  Assume  Xy  is  not  empty.  By  Spaces 


over  Fields,  Lemma  59.7.8  we  see  that  Xy  is  a scheme  which  is  locally  quasi-finite 


over  K,(y).  Since  \Xy\  C \X\  is  the  fibre  of  |Aj  — ► |Yj  over  y we  see  that  Xy  has  a 
unique  point  x.  The  same  is  true  for  Xy  Xgp ecfnly))  Spec (fc)  for  any  finite  separable 
extension  nfy)  C k because  we  can  realize  k as  the  residue  field  at  a point  lying  over 
y in  an  etale  scheme  over  Y . see  see  More  on  Morphisms,  Lemma  [36.27.2[  Thus 
Xy  is  geometrically  connected,  see  Varieties,  Lemma  32.5.11  This  implies  that  the 
finite  extension  n(y)  C n(x)  is  purely  inseparable. 

We  conclude  (in  the  case  that  Y is  a scheme)  that  for  every  y £ Y either  the 
fibre  Xy  is  empty,  or  ( Xy)red  = Spec(«(a;))  with  n(y)  C k(x)  purely  inseparable. 
Hence  / is  radicial  (some  details  omitted),  whence  universally  injective  by  Lemma 
163.3.21  □ 
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This  section  is  the  continuation  of  Morphisms  of  Spaces,  Section  |54.10  We  would 
like  to  know  whether  or  not  every  monomorphism  of  algebraic  spaces  is  repre- 
sentable. If  you  can  prove  this  is  true  or  have  a counterexample,  please  email 
stacks.project@gmail.com.  For  the  moment  this  is  known  in  the  following  cases 

(1)  for  monomorphisms  which  are  locally  of  finite  type  (more  generally  any 
separated,  locally  quasi-finite  morphism  is  representable  by  Morphisms 
of  Spaces,  Lemma  |54.48. 1|  and  a monomorphism  which  is  locally  of  finite 
type  is  locally  quasi-finite  by  Morphisms  of  Spaces,  Lemma  54.27.10 1, 


(2)  if  the  target  is  a disjoint  union  of  spectra  of  zero  dimensional  local  rings 


(Decent  Spaces,  Lemma  55.17.1),  and 

(3)  for  flat  monomorphisms  (see  below). 


0B8A  Lemma  63.4.1  (David  Rydh). 
resentable  by  schemes. 


A flat  monomorphism  of  algebraic  spaces  is  rep- 


Proof.  Let  / : X — > Y be  a flat  morphism  of  algebraic  spaces.  To  prove  / is 
representable,  we  have  to  show  X Xy  V is  a scheme  for  every  scheme  V mapping 


to  Y.  Since  being  a scheme  is  local  (Properties  of  Spaces,  Lemma  53.12.1 ),  we  may 


assume  V is  affine.  Thus  we  may  assume  Y = Spec (B)  is  an  affine  scheme.  Next, 
we  can  assume  that  X is  quasi-compact  by  replacing  X by  a quasi-compact  open. 
The  space  X is  separated  as  X — ► X Xgpec(-B)  X is  an  isomorphism.  Applying  Limits 


of  Spaces,  Lemma  57.17.3  we  reduce  to  the  case  where  B is  local,  X — ► Spec(H) 
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is  a flat  monomorphism,  and  there  exists  a point  x £ X mapping  to  the  closed 
point  of  Spec(f?).  Then  X — > Spec(f?)  is  surjective  as  generalizations  lift  along  flat 
morphisms  of  separated  algebraic  spaces,  see  Decent  Spaces,  Lemma [55. 7.3[  Hence 
we  see  that  {X  — > Spec(f?)}  is  an  fpqc  cover.  Then  X — > Spec (B)  is  a morphism 
which  becomes  an  isomorphism  after  base  change  by  X — > Spec(H).  Hence  it  is  an 
isomorphism  by  fpqc  descent,  see  Descent  on  Spaces,  Lemma [61.10.13[  □ 


The  following  is  (in  some  sense)  a variant  of  the  lemma  above. 

0B8B  Lemma  63.4.2.  Let  S be  a scheme.  Let  f : X — ► Y be  a quasi-compact  monomor- 
phism of  algebraic  spaces  f : X Y such  that  for  every  T — > X the  map 

Ot  — > fr,*OxxYT 

is  injective.  Then  f is  an  isomorphism  (and  hence  representable  by  schemes). 


Proof.  The  question  is  etale  local  on  Y , hence  we  may  assume  Y = Spec(H)  is 
affine.  Then  X is  quasi-compact  and  we  may  choose  an  affine  scheme  U = Spec (B) 
and  a surjective  etale  morphism  U — > X (Properties  of  Spaces,  Lemma  53.6.3 ).  Note 
that  U Xx  U = Spec (B  B ).  Hence  the  category  of  quasi-coherent  Ox-modules 
is  equivalent  to  the  category  DDb/a  of  descent  data  on  modules  for  A — > B.  See 
Properties  of  Spaces,  Proposition |53.31T|  Descent,  Definition  |34.3.1[  and  Descent, 
Subsection  |34 . 4 . 1 4|  On  the  other  hand, 

B 


is  a universally  injective  ring  map.  Namely,  given  an  H-moclule  M we  see  that 
A ® M — ► B (giA  (A  ® M)  is  injective  by  the  assumption  of  the  lemma.  Hence 
DDb/a  is  equivalent  to  the  category  of  A-modules  by  Descent,  Theorem  34.4.22 
Thus  pullback  along  / : X — > Spec(H)  determines  an  equivalence  of  categories 
of  quasi-coherent  modules.  In  particular  f*  is  exact  on  quasi-coherent  modules 
and  we  see  that  / is  flat  (small  detail  omitted).  Moreover,  it  is  clear  that  / is 
surjective  (for  example  because  Spec(H)  — ► Spec(H)  is  surjective).  Hence  we  see 
that  {X  — >•  Spec(H)}  is  an  fpqc  cover.  Then  X — > Spec(H)  is  a morphism  which 
becomes  an  isomorphism  after  base  change  by  X — ► Spec(H).  Hence  it  is  an 
isomorphism  by  fpqc  descent,  see  Descent  on  Spaces,  Lemma  [61. 10. 13|  □ 

0B8C  Lemma  63.4.3.  A quasi- compact  flat  surjective  monomorphism  of  algebraic  spaces 
is  an  isomorphism. 


Proof.  Such  a morphism  satisfies  the  assumptions  of  Lemma  63.4.2 


□ 


63.5.  Conormal  sheaf  of  an  immersion 

04CM  Let  S be  a scheme.  Let  i : Z -A  X be  a closed  immersion  of  algebraic  spaces  over 
S.  Let  I C Ox  be  the  corresponding  quasi-coherent  sheaf  of  ideals,  see  Morphisms 
of  Spaces,  Lemma  [54. 13. 1|  Consider  the  short  exact  sequence 

0 I2  1 — >•  I /l2  ->  0 

of  quasi-coherent  sheaves  on  X.  Since  the  sheaf  I/I2  is  annihilated  by  I it  cor- 
responds to  a sheaf  on  Z by  Morphisms  of  Spaces,  Lemma  |54.14.1[  This  quasi- 
coherent  Ox-module  is  the  conormal  sheaf  of  Z in  X and  is  often  denoted  I/I2  by 
the  abuse  of  notation  mentioned  in  Morphisms  of  Spaces,  Section  [54. 14[ 
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In  case  * : Z — ► X is  a (locally  closed)  immersion  we  define  the  conormal  sheaf  of  i 
as  the  conornral  sheaf  of  the  closed  immersion  i : Z X \ dZ,  see  Morphisms  of 
Spaces,  Remark  54.12.4  It  is  often  denoted  I/I 2 where  I is  the  ideal  sheaf  of  the 
closed  immersion  i : Z -A  X \ dZ. 


04CN  Definition  63.5.1.  Let  i : Z — > X be  an  immersion.  The  conormal  sheaf  Cz/x  of 
Z in  X or  the  conormal  sheaf  of  i is  the  quasi-coherent  O^-module  I/I2  described 
above. 


In  |DG67l  IV  Definition  16.1.2]  this  sheaf  is  denoted  Mz/x-  We  will  not  follow  this 
convention  since  we  would  like  to  reserve  the  notation  Mz/x  for  the  normal  sheaf 
of  the  immersion.  It  is  defined  as 

Mz/x  — HomoziCz/xiOz)  = 'Homoz{Z/Z2,Oz) 

provided  the  conormal  sheaf  is  of  finite  presentation  (otherwise  the  normal  sheaf 
may  not  even  be  quasi-coherent).  We  will  come  back  to  the  normal  sheaf  later 
(insert  future  reference  here). 

04CO  Lemma  63.5.2.  Let  S be  a scheme.  Let  i : Z -A  X be  an  immersion.  Let 
ip  : U -A  A'  he  an  etale  morphism  where  U is  a scheme.  Set  Z\j  = U Xx  Z which 
is  a locally  closed  subscheme  of  U.  Then 

Cz/x\zv  =CZu/U 

canonically  and  functorially  in  U . 

Proof.  Let  T C X be  a closed  subspace  such  that  i defines  a closed  immersion 
into  X \T.  Let  I be  the  quasi-coherent  sheaf  of  ideals  on  X \ T defining  Z. 
Then  the  lemma  just  states  that  I|m^-i(T)  is  the  sheaf  of  ideals  of  the  immersion 
Zjj  -A  U\ip~x{T).  This  is  clear  from  the  construction  of  I in  Morphisms  of  Spaces, 
Lemma  154.13.11  □ 

04CP  Lemma  63.5.3.  Let  S be  a scheme.  Let 

Z >■  V 

i 

f 9 

, I 

Z1  —^X' 


be  a commutative  diagram  of  algebraic  spaces  over  S . Assume  i,  i'  immersions. 
There  is  a canonical  map  of  Oz -modules 

f*Cz'/x’  — * Cz/x 

Proof.  First  find  open  subspaces  U'  C X'  and  U C X such  that  g{U)  C U'  and 
such  that  i(Z)  C U and  i(Z’)  C U'  are  closed  (proof  existence  omitted).  Replacing 
X by  U and  X'  by  U'  we  may  assume  that  i and  i'  are  closed  immersions.  Let 
I C Ox>  and  I C Ox  be  the  quasi-coherent  sheaves  of  ideals  associated  to  i!  and 
i,  see  Morphisms  of  Spaces,  Lemma  54.13.1 


Consider  the  composition 


9 


XI  -A  g~xOx'  Ox/T  = i*Oz 


Since  g(i(Z))  c Z'  we  conclude  this  composition  is  zero  (see  statement  on  factor- 
izations in  Morphisms  of  Spaces,  Lemma  54.13.1).  Thus  we  obtain  a commutative 
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diagram 

0 ^ I >Ox ^UOz >-0 

t t 

0 g-1!' 9~xOx g-KOz 0 

The  lower  row  is  exact  since  g~x  is  an  exact  functor.  By  exactness  we  also  see  that 
(. g ~1I')2  = g_1(( X')2).  Hence  the  diagram  induces  a map  g~1{I' /{ I')2)  — > I/I2. 
Pulling  back  (using  i-1  for  example)  to  Z we  obtain  i~1g~1(I' /(I1)2)  — ► Cz/x- 
Since  i~xg~ 1 = /_1(*,)_1  this  gives  a map  f~1Cz'/x/  — > Cz/x , which  induces  the 
desired  map.  □ 


04G2  Lemma  63.5.4.  Let  S be  a scheme.  The  conormal  sheaf  of  Definition  63.5.1  and 
its  functoriality  of  Lemma  63.5.3\  satisfy  the  following  properties: 

(1)  If  Z —>  X is  an  immersion  of  schemes  over  S , then  the  conormal  sheaf 
agrees  with  the  one  from  Morphisms,  Definition \28.32.1\ 

(2)  If  in  Lemma  63.5.3  all  the  spaces  are  schemes,  then  the  map  f*Cz>/x ’ —• y 
Cz/x  Is  the  same  as  the  one  constructed  in  Morphisms,  Lemma  28.32.3 

(3)  Given  a commutative  diagram 


Z — -+x 

f ^ 9 

Z’  >■  X' 
f ' a' 

Z"  X" 


04CQ 


then  the  map  (/'  o f)*Cz"/xn  Cz/x  Is  the  same  as  the  composition  of 
f*CZ'/x>  -t  Cz/x  with  the  pullback  by  f of  {f)*Cz»/ x"  Cz>/x> 


Proof.  Omitted.  Note  that  Part  (1)  is  a special  case  of  Lemma  63.5.2 


Lemma  63.5.5.  Let  S be  a scheme.  Let 


□ 


Z — -i*X 

f 9 

, I 

Z'  —C^X' 


be  a fibre  product  diagram  of  algebraic  spaces  over  S.  Assume  i,  i'  immersions. 
Then  the  canonical  map  f*Cz'/x'  Cz/x  of  Lemma  63.5.3  is  surjective.  If  g is 
flat,  then  it  is  an  isomorphism. 


Proof.  Choose  a commutative  diagram 

U ^X 

Y 

U' »-  X' 

where  U,  U'  are  schemes  and  the  horizontal  arrows  are  surjective  and  etale,  see 
Spaces,  Lemma  |52.11.6|  Then  using  Lemmas  |63.5.2|  and  |63.5.4|  we  see  that  the 
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06BD 


09RM 


09RN 

09RP 

09RQ 

09RR 


question  reduces  to  the  case  of  a morphism  of  schemes.  In  the  schemes  case  this  is 
Morphisms,  Lemma  [28.32.4|  □ 

Lemma  63.5.6.  Let  S be  a scheme.  Let  Z — ► Y X be  immersions  of  algebraic 
spaces.  Then  there  is  a canonical  exact  sequence 

i*Cy/. x ~ > Cz/x  ~ > Cz/y  — > 0 

where  the  maps  come  from  Lemma  \ 63. 5.  S\  and  i : Z — ► Y is  the  first  morphism. 

Proof.  Let  U be  a scheme  and  let  U — > X be  a surjective  etale  morphism.  Via 
Lemmas  |63.5.2|  and  |63.5.4|  the  exactness  of  the  sequence  translates  immediately 
into  the  exactness  of  the  corresponding  sequence  for  the  immersions  of  schemes 
Z Xx  U — )•  Y x.y  U — )•  U.  Hence  the  lemma  follows  from  Morphisms,  Lemma 
128.32.51  □ 


63.6.  The  normal  cone  of  an  immersion 


Let  S'  be  a scheme.  Let  i : Z -»  A'  be  a closed  immersion  of  algebraic  spaces  over  S. 
Let  I C Ox  be  the  corresponding  quasi-coherent  sheaf  of  ideals,  see  Morphisms  of 
Spaces,  Lemma  54.13.1[  Consider  the  quasi-coherent  sheaf  of  graded  Ox-algebras 
0n>oXn/X”+1.  Since  the  sheaves  In /In+1  are  each  annihilated  by  X this  graded 
algebra  corresponds  to  a quasi-coherent  sheaf  of  graded  O^-algebras  by  Morphisms 
of  Spaces,  Lemma  |54.14.1|  This  quasi-coherent  graded  O^-algebra  is  called  the 
conormal  algebra  of  Z in  X and  is  often  simply  denoted  Q)n>Qln /In+1  by  the 
abuse  of  notation  mentioned  in  Morphisms  of  Spaces,  Section  54.14| 


In  case  * : Z — ► X is  a (locally  closed)  immersion  we  define  the  conormal  algebra  of 
i as  the  conormal  algebra  of  the  closed  immersion  i : Z — > X \ dZ , see  Morphisms 
of  Spaces,  Remark  54.12.4  It  is  often  denoted  0,)l>oIra/In+1  where  I is  the  ideal 
sheaf  of  the  closed  immersion  i : Z — > X \ dZ. 


Definition  63.6.1.  Let  * : Z — > X be  an  immersion.  The  conormal  algebra 
Cz/x,*  of  Z in  X or  the  conormal  algebra  of  i is  the  quasi-coherent  sheaf  of  graded 
O^-algebras  ©n>0Xn/X"+1  described  above. 


Thus  Cz/x,  l = Cz/x  is  the  conormal  sheaf  of  the  immersion.  Also  Cz/x, o = Oz 
and  C z / x,n  is  a quasi-coherent  Oz-module  characterized  by  the  property 

(63.6.1.1)  i*Cz/A,„=X"/X"+1 

where  i : Z — >•  X \ dZ  and  X is  the  ideal  sheaf  of  i as  above.  Finally,  note  that 
there  is  a canonical  surjective  map 


(63.6.1.2)  Sym*  (Cz/x) — >CZ/  a> 

of  quasi-coherent  graded  O^-algebras  which  is  an  isomorphism  in  degrees  0 and  1. 

Lemma  63.6.2.  Let  S be  a scheme.  Let  i : Z — » X be  an  immersion  of  algebraic 
spaces  over  S . Let  tp  : U — >■  X be  an  etale  morphism  where  U is  a scheme.  Set 
Z\j  = U Xx  Z which  is  a locally  closed  subscheme  of  U . Then 


Cz/x,*\zv  —Czv/u,* 

canonically  and  functorially  in  U . 
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Proof.  Let  T C X be  a closed  subspace  such  that  i defines  a closed  immersion  into 
X \ T.  Let  I be  the  quasi-coherent  sheaf  of  ideals  on  X \ T defining  Z.  Then  the 
lemma  follows  from  the  fact  that  I |mv-i(T)  is  the  sheaf  of  ideals  of  the  immersion 
Z\j  -A  U\ip~1{T).  This  is  clear  from  the  construction  of  I in  Morphisms  of  Spaces, 
Lemma  154.13.11  □ 

09RS  Lemma  63.6.3.  Let  S be  a scheme.  Let 

Z ^X 

i 

f a 

, I 

Z'  - ■ •>•  X' 


be  a commutative  diagram  of  algebraic  spaces  over  S . Assume  i,  i'  immersions. 
There  is  a canonical  map  of  graded  Oz~algebras 

f*Czr/x\*  — >Cz/x,* 


09RT 


Proof.  First  find  open  subspaces  U'  C X'  and  U C X such  that  g(U)  C U'  and 
such  that  i(Z)  C U and  i{Z')  C U'  are  closed  (proof  existence  omitted).  Replacing 
X by  U and  X'  by  U'  we  may  assume  that  i and  i'  are  closed  immersions.  Let 
T'  C Ox>  and  I C Ox  be  the  quasi-coherent  sheaves  of  ideals  associated  to  i!  and 
i,  see  Morphisms  of  Spaces,  Lemma  [54. 13. 1|  Consider  the  composition 

9 -1?  -»•  g-'Ox>  Ox /l  = i^O z 


Since  g(i(Z))  C Z'  we  conclude  this  composition  is  zero  (see  statement  on  factor- 


izations in  Morphisms  of  Spaces,  Lemma  54.13.1).  Thus  we  obtain  a commutative 
diagram 


0 


■T 

A 


O.Y 

A 


■ 


0 


,-1t' 


g-lOx> 


9 i*Oz> 


The  lower  row  is  exact  since  g-1  is  an  exact  functor.  By  exactness  we  also  see 
that  (g~lT')n  = g~1((X')n)  for  all  n > 1.  Hence  the  diagram  induces  a map 
g~1((I')n / (T')n+1)  -A  X"/X"+1.  Pulling  back  (using  i~x  for  example)  to  Z we 
obtain  i~1g~1((l')n /(l')n+1)  -A  Cz/x.n-  Since  i~1g~ 1 = /_1(j/)_1  this  gives  maps 
f~1Cz'/x,,n  -A  Cz/x,m  which  induce  the  desired  map.  □ 


Lemma  63.6.4.  Let  S be  a scheme.  Let 


Z 
f ( 
Z' 


i 


x 


X’ 


be  a cartesion  square  of  algebraic  spaces  over  S with  i,  i'  immersions.  Then  the 
canonical  map  f*Cz'/x',*  -A  Cz/x ,*  of  Lemma  63.6.3  is  surjective.  If  g is  flat,  then 
it  is  an  isomorphism. 


Proof.  We  may  check  the  statement  after  etale  localizing  X' . In  this  case  we  may 
assume  X'  -A  X is  a morphism  of  schemes,  hence  Z and  Z'  are  schemes  and  the 
result  follows  from  the  case  of  schemes,  see  Divisors,  Lemma [30. 16. 4|  □ 
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09RU 


09RV 


04CR 


04CS 


We  use  the  same  conventions  for  cones  and  vector  bundles  over  algebraic  spaces 
as  we  do  for  schemes  (where  we  use  the  conventions  of  EGA),  see  Constructions, 


Sections  26.7  and  26.6  In  particular,  a vector  bundle  is  a very  general  gadget  (and 


not  locally  isomorphic  to  an  affine  space  bundle). 

Definition  63.6.5.  Let  S be  a scheme.  Let  i : Z — >•  X be  an  immersion  of 
algebraic  spaces  over  S.  The  normal  cone  CZX  of  Z in  X is 

CzX  = Spec  7(Cz/x,*) 

see  Morphisms  of  Spaces,  Definition  54.20.8|  The  normal  bundle  of  Z in  X is  the 
vector  bundle 

NZX  = Specz(Sym(Cz/.Y)) 

Thus  CZX  — > Z is  a cone  over  Z and  NZX  — ► Z is  a vector  bundle  over  Z. 
Moreover,  the  canonical  surjection  (63.6.1.2)  of  graded  algebras  defines  a canonical 
closed  immersion 


(63.6.5.1) 
of  cones  over  Z. 


CZX 


NZX 


63.7.  Sheaf  of  differentials  of  a morphism 


We  suggest  the  reader  take  a look  at  the  corresponding  section  in  the  chapter  on 
commutative  algebra  (Algebra,  Section  10.130),  the  corresponding  section  in  the 
chapter  on  morphism  of  schemes  (Morphisms,  Section  28.33)  as  well  as  Modules 
on  Sites,  Section  18.32  We  first  show  that  the  notion  of  sheaf  of  differentials  for 
a morphism  of  schemes  agrees  with  the  corresponding  morphism  of  small  etale 
(ringed)  sites. 


To  clearly  state  the  following  lemma  we  temporarily  go  back  to  denoting  J-a 
the  sheaf  of  Ox6taU -modules  associated  to  a quasi-coherent  Ox-module  T on  the 
scheme  X , see  Descent,  Definition  |34.7.2| 

Lemma  63.7.1.  Let  f : X — » Y be  a morphism  of  schemes.  Let  f small  '■  X^taie  — > 
Yetaie  be  the  associated  morphism  of  small  etale  sites,  see  Descent,  Remark\3f.7.4\ 
Then  there  is  a canonical  isomorphism 


(CIx/yT  — SlXitate/Yitals 

compatible  with  universal  derivations.  Here  the  first  module  is  the  sheaf  on  X^tai 
associated  to  the  quasi-coherent  O x -module  f Ix/y>  see  Morphisms,  Definition 
and  the  second  module  is  the  one  from  Modules  on  Sites,  Definition  \ 1 8. 


28.33.1 


Proof.  Let  h : U 


X be  an  etale  morphism. 


In  this  case  the  natural  map 
“ This 


h*Llx/Y  *■  ^u/Y  is  arL  isomorphism,  see  More  on  Morphisms,  Lemma 
means  that  there  is  a natural  Oy.  , -derivation 


36.7.7 


d“  : Ox£taU  — » (flx/y)° 

since  we  have  just  seen  that  the  value  of  (llx/y)”  on  any  object  U of  X^taie  is  canon- 
ically identified  with  T(U,  £Ijj/y)-  By  the  universal  property  of  d x/y  '■  C>xitale  — > 
nx6tale/YetaU  there  is  a unique  OxitaU- linear  map  c : ^xdtaljY,talB  y /yT  such 

that  d“  = co  d x/y- 

Conversely,  suppose  that  T is  an  0A-e.t(ile-module  and  D : Oxlta u — >•  T is  a Oy4taU- 
derivation.  Then  we  can  simply  restrict  D to  the  small  Zariski  site  XZar  of  X. 
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Since  sheaves  on  XZar  agree  with  sheaves  on  A',  see  Descent,  Remark  [34. 7.3 [ we 
see  that  D \xZar  '■  Ox  — t F\xZa.r  just  a “usual”  T-derivation.  Hence  we  obtain 
a map  ip  : f lx/Y  — ► F\ xZar  such  that  D \xZar  = ip  o d.  In  particular,  if  we  apply 
this  with  T = C.xitaU/Y±taU  we  obtain  a map 

d : flx/Y  — > tixitale/Yitale\xZa r 

Consider  the  morphism  of  ringed  sites  id smaii,etaie,Zar  ■ X&taie  ->  XZar  discussed 
in  Descent,  Remark  |34.7.4|  and  Lemma  |34.7.5|  Since  the  restriction  functor  T K >• 
d ~\xZar  equal  to  id  smal!,etale,Zar,*j  since  idsmallitaleZar  is  left  adjoint  to  id  small, etale.Zar,* 
and  since  (Ojf/y)“  = idL*smaU£taieZarLlx/Y  we  see  that  d is  adjoint  to  a map 

C"  : (VLx/yY  * ^Xitaie/YiMe- 

We  claim  that  c"  and  d are  mutually  inverse.  This  claim  finishes  the  proof  of  the 
lemma.  To  see  this  it  is  enough  to  show  that  c"(d(/))  = d x/y(J)  and  c(d^;/y(/))  = 
d(/)  if  / is  a local  section  of  Ox  over  an  open  of  X.  We  omit  the  verification.  □ 


This  clears  the  way  for  the  following  definition.  For  an  alternative,  see  Remark 

1537731 

04CT  Definition  63.7.2.  Let  S'  be  a scheme.  Let  / : X — ► Y be  a morphism  of  algebraic 
spaces  over  S.  The  sheaf  of  differentials  Qx/y  of  X over  Y is  sheaf  of  differentials 
(Modules  on  Sites,  Definition  18.32.10)  for  the  morphism  of  ringed  topoi 

{f small,  P)  ■ ( Xetale,Ox ) — > {Y&ale,  Oy) 

of  Properties  of  Spaces,  Lemma[53]20]3j  The  universal  Y -derivation  will  be  denoted 
d x/y  '■  Ox  -t  -IxjY • 


By  Lemma  63.7.1  this  does  not  conflict  with  the  already  existing  notion  in  case  X 
and  Y are  representable.  From  now  on,  if  X and  Y are  representable,  we  no  longer 
distinguish  between  the  sheaf  of  differentials  defined  above  and  the  one  defined  in 
Morphisms,  Definition  |28.33.1|  We  want  to  relate  this  to  the  usual  modules  of 
differentials  for  morphisms  of  schemes.  Here  is  the  key  lemma. 

04CU  Lemma  63.7.3.  Let  S be  a scheme.  Let  f : X Y be  a morphism  of  algebraic 
spaces  over  S . Consider  any  commutative  diagram 

U — — s-  V 


V 

X 


Y 

Y 


where  the  vertical  arrows  are  etale  morphisms  of  algebraic  spaces.  Then 

^X/Y\uitale  = ft u/v 

In  particular,  if  U , V are  schemes,  then  this  is  equal  to  the  usual  sheaf  of  differen- 
tials of  the  morphism  of  schemes  U V. 


Proof.  By  Properties  of  Spaces,  Lemma  53.17.10  and  Equation  (53.17.10.1)  we 


may  think  of  the  restriction  of  a sheaf  on  X^taie  to  U^taie  as  the  pullback  by  asmau. 


Similarly  for  b.  By  Modules  on  Sites,  Lemma  18.32.6  we  have 


^x/y\i 


= n 


Ou ..  , /a 

'-'etale'  sm 

Since  Osrnaiif srnaiiOYeta.le  YsmalYsmallOYetaU 

lemma  holds. 


= t 


O 

Small'-'Vetale 


we  see  that  the 

□ 
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04CV 


04CW 


04CX 


05Z7 


Lemma  63.7.4.  Let  S be  a scheme.  Let  / : X — » Y be  a morphism  of  algebraic 
spaces  over  S.  Then  f tx/Y  a quasi- coherent  Ox-module. 


Proof.  Choose  a diagram  as  in  Lemma [63. 7. 3| with  a and  b surjective  and  U and  V 
schemes.  Then  we  see  that  fLy/vIt/  = ^ u/v  which  is  quasi-coherent  (for  example 
by  Morphisms,  Lemma  28.33.7 1.  Hence  we  conclude  that  LIx/y  is  quasi-coherent 
by  Properties  of  Spaces,  Lemma [53. 28. 6[  □ 


Remark  63.7.5.  Now  that  we  know  that  LIx/y  is  quasi-coherent  we  can  attempt 
to  construct  it  in  another  manner.  For  example  we  can  use  the  result  of  Properties 
of  Spaces,  Section  |53.31|  to  construct  the  sheaf  of  differentials  by  glueing.  For 
example  if  Y is  a scheme  and  if  U -A  X is  a surjective  etale  morphism  from  a 
scheme  towards  A',  then  we  see  that  LIu/y  is  a quasi-coherent  Gy- module,  and 
since  s,t  : R — »•  U are  etale  we  get  an  isomorphism 


a : s 


■n, 


U/Y 


n 


R/Y 


t*n 


U/Y 


by  using  Morphisms,  Lemma  28.34.16  You  check  that  this  satisfies  the  cocycle 
condition  and  you’re  done.  If  Y is  not  a scheme,  then  you  define  f 1u/y  as  the 
cokernel  of  the  map  (U  —>  Y)*LIy/s  — ► &u/Si  and  proceed  as  before.  This  two  step 
process  is  a little  bit  ugly.  Another  possibility  is  to  glue  the  sheaves  Q u/v  for  any 
diagram  as  in  Lemma  |63.7.3|  but  this  is  not  very  elegant  either.  Both  approaches 
will  work  however,  and  will  give  a slightly  more  elementary  construction  of  the 
sheaf  of  differentials. 


Lemma  63.7.6.  Let  S be  a scheme.  Let 


X' 


Y' >■ Y 


be  a commutative  diagram  of  algebraic  spaces.  The  map  p : Ox  —>  f*Ox'  composed 
with  the  map  f*dx'/Y'  '■  f*Ox>  — i ► f*Llx'/Y'  is  a Y -derivation.  Hence  we  obtain  a 
canonical  map  of  Ox -modules  f 1x/y  fS^x'/Y' , and  by  adjointness  of  f*  and  f* 

a canonical  Ox1  -module  homomorphism 

Of  : f*&X/Y  * ^X'/Y'- 

It  is  uniquely  characterized  by  the  property  that  f*  dx/Yif)  mapsto  dx'/Y'(f*t ) for 
any  local  section  t of  Ox  ■ 


Proof.  This  is  a special  case  of  Modules  on  Sites, 


Lemma  18.32.11 


Lemma  63.7.7.  Let  S be  a scheme.  Let 


r" — ^ 
9 

— > a 
/ 

' 

' \ 

Y" >■  Y' ^ Y 


□ 


be  a commutative  diagram  of  algebraic  spaces  over  S . Then  we  have 

cf°g  = cg  ° 9 cf 

as  maps  (f  o g)*flx/Y  — > Tlx"/Y"- 
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05Z8 


05Z9 


05ZA 


05ZB 


05ZC 


Proof.  Omitted.  Hint:  Use  the  characterization  of  c/,  cg,  c/og  in  terms  of  the  effect 
these  maps  have  on  local  sections.  □ 

Lemma  63.7.8.  Let  S be  a scheme.  Let  f : X -A  Y , g : Y -A  B be  morphisms  of 
algebraic  spaces  over  S.  Then  there  is  a canonical  exact  sequence 

f*ity/B  ~ > &X/B  — > ^X/Y  — t 0 


where  the  maps  come  from  applications  of  Lemma  63. 7. 6 


Proof.  Follows  from  the  schemes  version,  see  Morphisms,  Lemma [28. 33. 9[  of  this 
result  via  etale  localization,  see  Lemma|63.7.3 


□ 


Lemma  63.7.9.  Let  S be  a scheme.  If  X — > Y is  an  immersion  of  algebraic 
spaces  over  S then  Llx/s  zero. 

Proof.  Follows  from  the  schemes  version,  see  Morphisms,  Lemma [28. 33. 14[  of  this 
result  via  etale  localization,  see  Lemma [63. 7. 3|  □ 

Lemma  63.7.10.  Let  S be  a scheme.  Let  B be  an  algebraic  space  over  S.  Let 
i : Z -A  X be  an  immersion  of  algebraic  spaces  over  B . There  is  a canonical  exact 
sequence 


C 


z/x 


i*^X/B  ^ Z/B 


0 


where  the  first  arrow  is  induced  by  d\/B  <znd  the  second  arrow  comes  from  Lemma 

7g[ 

Proof.  This  is  the  algebraic  spaces  version  of  Morphisms,  Lemma  |28.33.15  and 
will  be  a consequence  of  that  lemma  by  etale  localization,  see  Lemmas  63.7.3|  and 
|63.5.2|  However,  we  should  make  sure  we  can  define  the  first  arrow  globally.  Hence 
we  explain  the  meaning  of  “induced  by  d y/b”  here.  Namely,  we  may  assume  that 
* is  a closed  immersion  after  replacing  A'  by  an  open  subspace.  Let  1 C Ox  be  the 
quasi-coherent  sheaf  of  ideals  corresponding  to  Z C X.  Then  djc/s  : X — > Llx/s 
maps  the  subsheaf  X2  C T tolLlx/s-  Hence  it  induces  a map X/X2  — > flx/S/TLlx/S 
which  is  Ox/I- linear.  By  Morphisms  of  Spaces,  Lemma  54.14.1  this  corresponds 
to  a map  Cz/X  — t i*flx/s  as  desired.  □ 

Lemma  63.7.11.  Let  S be  a scheme.  Let  B be  an  algebraic  space  over  S.  Let 
i : Z -A  A'  be  an  immersion  of  algebraic  spaces  over  B,  and  assume  i (etale  locally) 
has  a left  inverse.  Then  the  canonical  sequence 

0 -A  Cz/x  ~ > l*^x/B  — > U z/b  —>  0 


of  Lemma  63.7.10  is  (etale  locally)  split  exact. 

Proof.  Clarification:  we  claim  that  if  g : X — » Z is  a left  inverse  of  i over  B1 
then  i*cg  is  a right  inverse  of  the  map  i*TLx/B  — > LIz/b-  Having  said  this,  the 
result  follows  from  the  corresponding  result  for  morphisms  of  schemes  by  etale 
localization,  see  Lemmas  63.  7731  and  [637572]  □ 

Lemma  63.7.12.  Let  S be  a scheme.  Let  X -A  Y be  a morphism  of  algebraic 
spaces  over  S.  Let  g : Y'  -A  Y be  a morphism  of  algebraic  spaces  over  S.  Let 
X'  = A y>  be  the  base  change  of  X.  Denote  g'  : X'  -a  X the  projection.  Then  the 
map 


(g  T^x/y 

of  Lemma  \ 63. 7.d|  is  an  isomorphism. 


n 


X'/Y' 
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Proof.  Follows  from  the  schemes  version,  see  Morphisms,  Lemma  |28. 33.101  and 
etale  localization,  see  Lemma  [63. 7. 3[  □ 


05ZD 


Lemma  63.7.13.  Let  S be  a scheme.  Let  f : X B and  g : Y — ► B be 
morphisms  of  algebraic  spaces  over  S with  the  same  target.  Let  p : X x b Y — ► X 
and  q : X XgF  — ► Y be  the  projection  morphisms.  The  maps  from  Lemma  63.7.6 

P*^X/B  © q*&Y/B  > XxbY/B 

give  an  isomorphism. 


05ZE 


Proof.  Follows  from  the  schemes  version,  see  Morphisms,  Lemma  |28.33.1l|  and 
etale  localization,  see  Lemma  163. 7.31  □ 


Lemma  63.7.14.  Let  S be  a scheme.  Let  f : X — » Y be  a morphism  of  algebraic 
spaces  over  S.  If  f is  locally  of  finite  type,  then  CIx/y  a finite  type  Ox-module. 


Proof.  Follows  from  the  schemes  version,  see  Morphisms,  Lemma  |28. 33.121  and 
etale  localization,  see  Lemma  [63. 7. 3[  □ 

05ZF  Lemma  63.7.15.  Let  S be  a scheme.  Let  f : X — >7  be  a morphism  of  algebraic 
spaces  over  S.  If  f is  locally  of  finite  type,  then  LIx/y  an  Ox -module  of  finite 
presentation. 


Proof.  Follows  from  the  schemes  version,  see  Morphisms,  Lemma  |28. 33.131  and 
etale  localization,  see  Lemma  [63. 7. 3[  □ 


63.8.  Topological  invariance  of  the  etale  site 

05ZG  We  show  that  the  site  XspaceSletaie  is  a “topological  invariant” . It  then  follows  that 
Xetaie:  which  consists  of  the  representable  objects  in  Xspaces^taie,  is  a topological 
invariant  too,  see  Lemma |63.8.2| 

05ZH  Theorem  63.8.1.  Let  S be  a scheme.  Let  f : X — > T be  a morphism  of  algebraic 
spaces  over  S.  Assume  f is  integral,  universally  injective  and  surjective.  The 
functor 

Vi — >Vx  = XxYV 

defines  an  equivalence  of  categories  ^spaces, etale  ^ Xspaces  ^aie. 

Proof.  The  morphism  / is  representable  and  a universal  homeomorphism,  see  Mor- 
phisms of  Spaces,  Section  [54. 50| 

We  first  prove  that  the  functor  is  faithful.  Suppose  that  V',  V are  objects  of 
Yspaces, etale  and  that  a,  b : V'  — > V are  distinct  morphisms  over  V.  Since  V',V 
are  etale  over  Y the  equalizer 

E = V'  X-(a,b),Vy.YVAV/Y  V 

of  a,  b is  etale  over  Y also.  Hence  E —>  V'  is  an  etale  monomorphism  (i.e.,  an  open 
immersion)  which  is  an  isomorphism  if  and  only  if  it  is  surjective.  Since  X — > Y is 
a universal  homeomorphism  we  see  that  this  is  the  case  if  and  only  if  Ex  = V’x , 
i.e.,  if  and  only  if  ax  =bx- 

Next,  we  prove  that  the  functor  is  fully  faithful.  Suppose  that  V' , V are  objects  of 
Yspaces, etale  and  that  c : V’x  — > Vx  is  a morphism  over  X.  We  want  to  construct  a 
morphism  a : V'  — >•  V over  Y such  that  ax  = c.  Let  a'  : V"  — >•  V'  be  a surjective 
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etale  morphism  such  that  V"  is  a separated  algebraic  space.  If  we  can  construct  a 
morphism  a"  : V"  — > V such  that  a "x  = co  a'x,  then  the  two  compositions 

V"  x v V " ^ V"  ^ V 

will  be  equal  by  the  faithfulness  of  the  functor  proved  in  the  first  paragraph.  Hence 
a"  will  factor  through  a unique  morphism  a : V'  — > V as  V'  is  (as  a sheaf)  the 
quotient  of  V"  by  the  equivalence  relation  V"  Xy  V" . Hence  we  may  assume  that 
V'  is  separated.  In  this  case  the  graph 

rc  C (V  xY  V)x 

is  open  and  closed  (details  omitted).  Since  X — > Y is  a universal  homeomorphism, 
there  exists  an  open  and  closed  subspace  r C V'  Xy  V such  that  Tx  = Tc.  The 
projection  T — > V'  is  an  etale  morphism  whose  base  change  to  X is  an  isomorphism. 
Hence  T — > V'  is  etale,  universally  injective,  and  surjective,  so  an  isomorphism 
by  Morphisms  of  Spaces,  Lemma  |54.48.2|  Thus  T is  the  graph  of  a morphism 
a : V'  — >•  V as  desired. 


Finally,  we  prove  that  the  functor  is  essentially  surjective.  Suppose  that  U is 
an  object  of  Xspaces.fHale.  We  have  to  find  an  object  V of  Yspaces^tale  such  that 
Vx  — U.  Let  U'  — > U be  a surjective  etale  morphism  such  that  U'  = V'x  and 
U'  Xu  U'  = for  some  objects  V" , V'  of  Yspaces^taie.  Then  by  fully  faithfulness 
of  the  functor  we  obtain  morphisms  s,  t : V"  — > V'  with  tx  = pr0  and  sx  = pi'i  as 
morphisms  U1  XuU'  — > U' . Using  that  (pr0,  pi^ ) : U'  x u Ur  — > U'  x s U'  is  an  etale 
equivalence  relation,  and  that  U'  — » V and  W XjjU'  — > V"  are  universally  injective 
and  surjective  we  deduce  that  (f,  s)  : V"  — > V'  XsV'  is  an  etale  equivalence  relation. 


Then  the  quotient  V = V' /V"  (see  Spaces,  Theorem  52.10.5 1 is  an  algebraic  space 
V over  Y.  There  is  a morphism  V'  — > V such  that  V"  =V'xy  V' . Thus  we  obtain 
a morphism  V — t Y (see  Descent  on  Spaces,  Lemma  61.6.2).  On  base  change 
to  X we  see  that  we  have  a morphism  U'  —¥  Vx  and  a compatible  isomorphism 
U1  Xyx  U’  = U'  Xu  U',  which  implies  that  Vx  — U (by  the  lemma  just  cited  once 
more) . 

Pick  a scheme  W and  a surjective  etale  morphism  W — > Y.  Pick  a scheme  U' 
and  a surjective  etale  morphism  U'  — > U Xx  Wx-  Note  that  U'  and  U'  Xy  U'  are 
schemes  etale  over  X whose  structure  morphism  to  X factors  through  the  scheme 

there  exist  schemes  V',  V"  etale 


49.46.1 


Wx  ■ Hence  by  Etale  Cohomology,  Theorem [- 
over  W whose  base  change  to  Wx  is  isomorphic  to  respectively  U'  and  U'  xv  U'. 
This  finishes  the  proof.  □ 


07VW  Lemma  63.8.2.  With  assumption  and  notation  as  in  Theorem  63.8.1  the  equiv- 


alence of  categories  YSpaces^taie 
gories  Y^aie  ^ X^aie. 


X spaces, etale  restricts  to  an  equivalence  of  cate- 


Proof.  This  is  just  the  statement  that  given  an  object  V £ Yspaces^taie  we  have 
V is  a scheme  if  and  only  if  V Xy  A'  is  a scheme.  Since  V Xy  X — > V is  integral, 
universally  injective,  and  surjective  (as  a base  change  of  X — ► Y)  this  follows  from 
Limits  of  Spaces,  Lemma [57.1 5. 4[  □ 

05ZI  Remark  63.8.3.  A universal  homeomorphism  of  algebraic  spaces  need  not  be 
representable,  see  Morphisms  of  Spaces,  Example  |54.50.3|  The  argument  in  the 
proof  of  Theorem  |63.8.1|  above  cannot  be  used  in  this  case.  In  fact  we  do  not 
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know  whether  given  a universal  homeomorphism  of  algebraic  spaces  / : X —¥  Y 
the  categories  XspaceS)fHale  and  Yspaces^tale  are  equivalent.  If  you  do,  please  email 
st  acks  . pro j ect  @ grnail . com . 


63.9.  Thickenings 

05ZJ  The  following  terminology  may  not  be  completely  standard,  but  it  is  convenient. 

05ZK  Definition  63.9.1.  Thickenings.  Let  S'  be  a scheme. 

(1)  We  say  an  algebraic  space  X'  is  a thickening  of  an  algebraic  space  X if  X 
is  a closed  subspace  of  X'  and  the  associated  topological  spaces  are  equal. 

(2)  We  say  X'  is  a first  order  thickening  of  X if  X is  a closed  subspace  of 
X'  and  the  quasi-coherent  sheaf  of  ideals  I C Ox'  defining  X has  square 
zero. 

(3)  Given  two  thickenings  X C X'  and  Y C Y'  a morphism  of  thickenings 
is  a morphism  /'  : X'  — > Y'  such  that  f(X)  C Y,  i.e.,  such  that  f'\x 
factors  through  the  closed  subspace  Y.  In  this  situation  we  set  / = f'\x  ■ 
X — » Y and  we  say  that  (/,  f)  : (A'  C X')  — > (Y  C Y1)  is  a morphism  of 
thickenings. 

(4)  Let  B be  an  algebraic  space.  We  similarly  define  thickenings  over  B1  and 
morphisms  of  thickenings  over  B.  This  means  that  the  spaces  A,  X' . Y.  Y' 
above  are  algebraic  spaces  endowed  with  a structure  morphism  to  B , and 
that  the  morphisms  X X Y Y'  and  f : A7  — ?•  Y'  are  morphisms 
over  B. 


The  fundamental  equivalence.  Note  that  if  A C X'  is  a thickening,  then  A — >•  X' 
is  integral  and  universally  bijective.  This  implies  that 


05ZL 


(63.9.1.1) 


A 


spaces,  etale 


._  v' 

spaces, etale 


via  the  pullback  functor,  see  Theorem  |63.8.1|  Hence  we  may  think  of  Ox1  as  a 
sheaf  on  A -spaces, etale-  Thus  a canonical  equivalence  of  locally  ringed  topoi 


05ZM  (63.9.1.2)  (Sh(X'spaces4tale),  Ox>)  — (Sh{X spaces, etale) i Ox1) 

Below  we  will  frequently  combine  this  with  the  fully  faithfulness  result  of  Properties 


of  Spaces,  Theorem  53.27.4  For  example  the  closed  immersion  ix  : A — » X' 


corresponds  to  the  surjective  map  i*x  : Ox1  — > Ox- 


Let  S'  be  a scheme,  and  let  B be  an  algebraic  space  over  S.  Let  (/,/')  : (A'  C 
A')  — > (y  C Y')  be  a morphism  of  thickenings  over  B.  Note  that  the  diagram  of 
continuous  functors 

X spaces, etale  ^ ^spaces, etale 


v>  yv 

spaces, etale  1 spaces, etale 

is  commutative  and  the  vertical  arrows  are  equivalences.  Hence  f spaces, etale,  f small, 
f spaces  etale > an<^  f small  define  the  same  morphism  of  topoi.  Thus  we  may  think 

of 

(/')#  ; f7p1aces,etale°Y'  » 0X> 
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as  a map  of  sheaves  of  Os-algebras  fitting  into  the  commutative  diagram 

e- 1 


f spaces ,etale^^  > O X 


f snares  .etnle^'Y 1 


Ox1 


Here  i x ■ X 


• spaces, etale'" 

X'  and  iy  : Y — >■  Y'  are  the  names  of  the  given  closed  immersions. 


05ZN 


Lemma  63.9.2.  Let  S be  a scheme.  Let  B be  an  algebraic  space  over  S.  Let 
X C X'  and  Y C Y'  be  thickenings  of  algebraic  spaces  over  B . Let  f : X — * Y be 
a morphism  of  algebraic  spaces  over  B.  Given  any  map  of  Os-algebras 


a : /. 


-l 

spaces,  etale 


Oy, 


such  that 


-1 

spaces, etale 


Oy 


f* 


Ox> 

Ox 


/; 


o 


X' 


' spaces , etale'' 

commutes,  there  exists  a unique  morphism  of(f,f)  of  thickenings  over  B such  that 

a = (/')". 


Proof.  To  find  f,  by  Properties  of  Spaces,  Theorem  53.27.4  all  we  have  to  do  is 
show  that  the  morphism  of  ringed  topoi 

(/ spaces, etale > O/f  . (Sh(X spaces, etale  ),Ox>)  — t ( Sh(Yspaces  , etale) j Oy) 

is  a morphism  of  locally  ringed  topoi.  This  follows  directly  from  the  definition  of 
morphisms  of  locally  ringed  topoi  (Modules  on  Sites,  Definition |18.39.9 1,  the  fact 
that  (/,/•*)  is  a morphism  of  locally  ringed  topoi  (Properties  of  Spaces,  Lemma 


53.27.1),  that  a fits  into  the  given  commutative  diagram,  and  the  fact  that  the 
kernels  of  iy  and  i\-  are  locally  nilpotent.  Finally,  the  fact  that  /'  oix  = iy  ° f fol- 
lows from  the  commutativity  of  the  diagram  and  another  application  of  Properties 


of  Spaces,  Theorem  53.27.4  We  omit  the  verification  that  f is  a morphism  over 
B.  ' □ 

05ZP  Lemma  63.9.3.  Let  S be  a scheme.  Let  X C X'  be  a thickening  of  algebraic 
spaces  over  S.  For  any  open  subspace  U C X there  exists  a unique  open  subspace 
U'  C X'  such  that  U = X xX'  U' . 


Proof.  Let  U'  X'  be  the  object  of  X'spaces  .tale  corresponding  to  the  object  U — > 
X of  XspaceS:etaie  via  (63.9.1.1).  The  morphism  U'  — ► X'  is  etale  and  universally 
injective,  hence  an  open  immersion,  see  Morphisms  of  Spaces,  Lemma  [54. 48. 2[  □ 


Finite  order  thickenings.  Let  ix  '■  X — ► X'  be  a thickening  of  algebraic  spaces.  Any 
local  section  of  the  kernel  L = Ker(zy)  C Ox1  is  locally  nilpotent.  Let  us  say  that 
X C X'  is  a finite  order  thickening  if  the  ideal  sheaf  X is  “globally’’  nilpotent,  i.e. , 
if  there  exists  an  n > 0 such  that  In+1  = 0.  Technically  the  class  of  finite  order 
thickenings  X C X'  is  much  easier  to  handle  than  the  general  case.  Namely,  in  this 
case  we  have  a filtration 


0 C X"  C X”"1  c . . . C X c 0X' 
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and  we  see  that  X'  is  filtered  by  closed  subspaces 

I = I0Cl1C...C  Vt  C Xn+1  = X' 


such  that  each  pair  X,  C Xi+\  is  a first  order  thickening  over  B.  Using  simple  in- 
duction arguments  many  results  proved  for  first  order  thickenings  can  be  rephrased 
as  results  on  finite  order  thickenings. 

05ZQ  Lemma  63.9.4.  Let  S be  a scheme.  Let  X C X1  be  a thickening  of  algebraic 
spaces  over  S.  Let  U be  an  affine  object  of  Xspaces  ^taie.  Then 


r(u,oxl)^r(u,ox) 


is  surjective  where  we  think  of  Ox>  as  a sheaf  on  Xspaces  ,e tale  via  f63.9.1.ty. 


Proof.  Let  U1  — > X'  be  the  etale  morphism  of  algebraic  spaces  such  that  U = 
X xXi  U' , see  Theorem  63.8.1|  By  Limits  of  Spaces,  Lemma  [57.15.1  we  see  that 
U'  is  an  affine  scheme.  Hence  r(t/,  Ox>)  = T(U',Ou ')  — > P(I7,  Cfo)  is  surjective  as 
U — » U'  is  a closed  immersion  of  affine  schemes.  Below  we  give  a direct  proof  for 
finite  order  thickenings  which  is  the  case  most  used  in  practice.  □ 


Proof  for  finite  order  thickenings.  We  may  assume  that  X C X'  is  a first  order 
thickening  by  the  principle  explained  above.  Denote  I the  kernel  of  the  surjection 
Ox<  — > Ox . As  X is  a quasi-coherent  0X'-n lodule  and  since  I2  = 0 by  the  definition 
of  a first  order  thickening  we  may  apply  Morphisms  of  Spaces,  Lemma  54.14. 1|  to 
see  that  I is  a quasi-coherent  dUf-module.  Hence  the  lemma  follows  from  the  long 
exact  cohomology  sequence  associated  to  the  short  exact  sequence 


0 X ->■  Ox,  -tO.y-iO 

and  the  fact  that  H\tale{U,T)  = 0 as  X is  quasi-coherent,  see  Descent,  Proposition 
|34.7.10|and  Cohomology  of  Schemes,  Lemma [29. 2. 2|  □ 

05ZR  Lemma  63.9.5.  Let  S be  a scheme.  Let  X C X'  be  a thickening  of  algebraic 
spaces  over  S.  If  X is  (representable  by)  a scheme,  then  so  is  X' . 

Proof.  Note  that  X'red  = Xred-  Hence  if  X is  a scheme,  then  X'red  is  a scheme. 
Thus  the  result  follows  from  Limits  of  Spaces,  Lemma  |57.15.3[  Below  we  give 
a direct  proof  for  finite  order  thickenings  which  is  the  case  most  often  used  in 
practice.  □ 


Proof  for  finite  order  thickenings.  It  suffices  to  prove  this  when  X'  is  a first 
order  thickening  of  X.  By  Properties  of  Spaces,  Lemma  [53. 12.1|  there  is  a largest 
open  subspace  of  X'  which  is  a scheme.  Thus  we  have  to  show  that  every  point  x of 
\X'\  = |X|  is  contained  in  an  open  subspace  of  X'  which  is  a scheme.  Using  Lemma 
|63.9.3|  we  may  replace  X C X'  by  U C U'  with  x £ U and  U an  affine  scheme. 
Hence  we  may  assume  that  X is  affine.  Thus  we  reduce  to  the  case  discussed  in 
the  next  paragraph. 


Assume  X C X'  is  a first  order  thickening  where  X is  an  affine  scheme.  Set 
A = T(X,Ox)  and  A1  = T(X' ,0X').  By  Lemma  63.9.4  the  map  A — > A'  is 
surjective.  The  kernel  / is  an  ideal  of  square  zero.  By  Properties  of  Spaces,  Lemma 
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53.32.1  we  obtain  a canonical  morphism  / : X'  — ► Spec(A')  which  fits  into  the 


following  commutative  diagram 


X >■  X' 

f 

Spec(A) >-  Spec(A') 


Because  the  horizontal  arrows  are  thickenings  it  is  clear  that  / is  universally  injec- 
tive and  surjective.  Hence  it  suffices  to  show  that  / is  etale,  since  then  Morphisms 
of  Spaces,  Lemma  [54. 48. 2|  will  imply  that  / is  an  isomorphism. 


To  prove  that  / is  etale  choose  an  affine  scheme  U'  and  an  etale  morphism  IT 


X' . It  suffices  to  show  that 
Spaces,  Definition  53.15.2 


U'  — > X'  — > Spec(A')  is  etale,  see  Properties  of 


Write  IT  = Spec (Br).  Set  U = X xy  U'.  Since  U 
it  is  a closed  subscheme,  hence  U = Spec(B)  with 
B)  and  note  that  J = T(U,I)  where 

The 


is  a closed  subspace  of  If 
B'  — >•  B surjective.  Denote  J = Ker(H' 

I = Ker (Ox1  — > Ox)  on  Xspaces  ^taie  as  in  the  proof  of  Lemma  63.9.4 
morphism  U' 


X'  — ► Spec(A')  induces  a commutative  diagram 


0 J >■  B' > B >■  0 

AAA 

0 • * I A' s-  A ^ 0 


Now,  since  I is  a quasi- coherent  Ox-module  we  have  X = (/)“,  see  Descent,  Def- 
inition [34W2]  for  notation  and  Descent,  Proposition  |34.7.11|  for  why  this  is  true. 
Hence  we  see  that  J = I B.  Finally,  note  that  A — > B is  etale  as  U — ► X is  etale 
as  the  base  change  of  the  etale  morphism  U'  — > X' . We  conclude  that  A'  — > B'  is 
etale  by  Algebra,  Lemma  [10. 141.12]  □ 

05ZS  Lemma  63.9.6.  Let  S be  a scheme.  Let  X C X'  be  a thickening  of  algebraic 
spaces  over  S.  The  functor 

V'  i — > V = X x Xf  V' 
defines  an  equivalence  of  categories  X'.tale  — >■  Xetaie  ■ 


Proof.  The  functor  V'  \ —>■  V defines  an  equivalence  of  categories  X'spaces  6tale 
X spaces, etale i see  Theorem  63.8.1 


only  if  V’  is  a scheme.  This  is  the  content  of  Lemma  63.9.5 


Thus  it  suffices  to  show  that  V is  a scheme  if  and 

□ 


First  order  thickening  are  described  as  follows. 

05ZT  Lemma  63.9.7.  Let  S be  a scheme.  Let  f : X B be  a morphism  of  algebraic 
spaces  over  S.  Consider  a short  exact  sequence 

0 ->•  X ->•  A ->•  Ox  ->  0 

of  sheaves  on  Xetaie  where  A is  a sheaf  of  /-1  Os-algebras,  A — > Ox  is  a surjection 
of  sheaves  of  f~x Os-algebras,  and  I is  its  kernel.  If 

(1)  X is  an  ideal  of  square  zero  in  A,  and 

(2)  X is  quasi- coherent  as  an  Ox -module 

then  there  exists  a first  order  thickening  X C X'  over  B and  an  isomorphism 
Ox1  —t  A of  f^1  Os-algebras  compatible  with  the  surjections  to  Ox- 
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Proof.  In  this  proof  we  redo  some  of  the  arguments  used  in  the  proofs  of  Lemmas 
63.9.4  and  63.9.5  We  first  handle  the  case  B = S = Spec(Z).  Let  U be  an  affine 
scheme,  and  let  U — > X be  etale.  Then 

0 ->•  1(U)  ->•  A(U)  ->•  Ox{U)  -»  0 


is  exact  as  7L1(C/(staje,T)  = 0 asT  is  quasi-coherent,  see  Descent,  Proposition  34.7.10 
and  Cohomology  of  Schemes,  Lemma  29.2.2  If  V — >■  U is  a morphism  of  affine 
objects  of  X spaces , etale  then 

T(V)=1(U)  ®0x(u)  Ox(V) 

since  I is  a quasi-coherent  Dy-module,  see  Descent,  Proposition  |34.7.11|  Hence 
A(U) 
that 


A(V)  is  an  etale  ring  map,  see  Algebra,  Lemma  10.141.12 


Hence  we  see 


U i — >U'  = Spec (A(U)) 

is  a functor  from  X af  fine, etale  to  the  category  of  affine  schemes  and  etale  morphisms. 
In  fact,  we  claim  that  this  functor  can  be  extended  to  a functor  U K > U'  on  all  of 
X etale • To  see  this,  if  U is  an  object  of  Xgtaie,  note  that 


0 ->■  T-\uZar  ^luzar-  °x\uZar 


0 


and  I\uZa.T  is  a quasi-coherent  sheaf  on  U,  see  Descent,  Proposition  34.7.14  Hence 
by  More  on  Morphisms,  Lemma  36.2.2|  we  obtain  a first  order  thickening  U C U' 
of  schemes  such  that  Oit  is  isomorphic  to  A\uZar-  It  is  clear  that  this  construction 
is  compatible  with  the  construction  for  affines  above. 


Choose  a presentation  X = U/R,  see  Spaces,  Definition  52.9.3  so  that  s,t  : R —*■  U 
define  an  etale  equivalence  relation.  Applying  the  functor  above  we  obtain  an  etale 
equivalence  relation  s'  ,t'  : R!  — » U’  in  schemes.  Consider  the  algebraic  space  X ' = 


U' /R!  (see  Spaces,  Theorem  52.10.5 1.  The  morphism  X = U/R  U' /R’  = X'  is  a 

first  order  thickening.  Consider  Ox1  viewed  as  a sheaf  on  X^taie ■ By  construction 
we  have  an  isomorphism 


7 : O 


X'\  UtoaU 


A\ 


U etale 


such  that  s agrees  with  t on  Rotate-  Hence  by  Properties  of  Spaces,  Lemma 
|53.17.13|this  implies  that  7 comes  from  a unique  isomorphism  Ox1  — > A as  desired. 

To  handle  the  case  of  a general  base  algebraic  space  B , we  first  construct  X'  as  an 
algebraic  space  over  Z as  above.  Then  we  use  the  isomorphism  Ox'  — > A to  define 
— > Ox' ■ According  to  Lemma  63.9.2  this  defines  a morphism  X'  —f  B 
compatible  with  the  given  morphism  X — > B and  we  are  done.  □ 

09ZX  Lemma  63.9.8.  Let  S be  a scheme.  Let  Y C Y'  be  a thickening  of  algebraic 
spaces  over  S.  Let  X'  — > Y'  be  a morphism  and  set  X = Y Xyi  X' . Then  (X  C 
X1)  — > (Y  C Y')  is  a morphism  of  thickenings.  If  Y C Y'  is  a first  (resp.  finite 
order)  thickening,  then  X C X'  is  a first  (resp.  finite  order)  thickening. 


Proof.  Omitted. 


□ 


OBPH  Lemma  63.9.9.  Let  S be  a scheme.  If  X C X'  and  X'  C X"  are  thickenings  of 
algebraic  spaces  over  S,  then  so  is  X C X" . 

Proof.  Omitted.  □ 
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OBPI 


09ZY 


09ZZ 


Lemma  63.9.10.  The  property  of  being  a thickening  is  fpqc  local.  Similarly  for 
first  order  thickenings. 


Proof.  The  statement  means  the  following:  Let  S'  be  a scheme  and  let  X — > X'  be 
a morphism  of  algebraic  spaces  over  S.  Let  {gi  : X[  — >■  X’}  be  an  fpqc  covering  of 
algebraic  spaces  such  that  the  base  change  X.;  — ► X'  is  a thickening  for  all  i.  Then 
X — » X'  is  a thickening.  Since  the  morphisms  gi  are  jointly  surjective  we  conclude 
that  X — >•  X'  is  surjective.  By  Descent  on  Spaces,  Lemma  61.10.15  we  conclude 
that  X — X Xr  is  a closed  immersion.  Thus  X — > X'  is  a thickening.  We  omit  the 
proof  in  the  case  of  first  order  thickenings.  □ 


Lemma  63.9.11.  Let  S be  a scheme.  Let  (/,/')  : ( X C X')  — > (Y  C Y')  be  a 
morphism  of  thickenings  of  algebraic  spaces  over  S . Then 

(1)  f is  an  affine  morphism  if  and  only  if  f is  an  affine  morphism, 

(2)  f is  a surjective  morphism  if  and  only  if  f is  a surjective  morphism, 

(3)  f is  quasi-compact  if  and  only  if  f quasi-compact, 

(4)  f is  universally  closed  if  and  only  if  f is  univei'sally  closed, 

(5)  f is  integral  if  and  only  if  f is  integral, 

(6)  f is  ( quasi-) separated  if  and  only  if  f is  ( quasi-) separated, 

(7)  f is  universally  injective  if  and  only  if  f is  universally  injective, 

(8)  f is  universally  open  if  and  only  if  f is  universally  open, 

(9)  f is  representable  if  and  only  if  f is  representable,  and 

(10)  add  more  here. 


Proof.  Observe  that  Y — >•  Y'  and  X — >•  X'  are  integral  and  universal  homeomor- 
plrisms.  This  immediately  implies  parts  (2),  (3),  (4),  (7),  and  (8).  Part  (1)  follows 
from  Limits  of  Spaces,  Proposition  |57.15.2|  which  tells  us  that  there  is  a 1-to-l 
correspondence  between  affine  schemes  etale  over  X and  X'  and  between  affine 
schemes  etale  over  Y and  Y' . Part  (5)  follows  from  (1)  and  (4)  by  Morphisms  of 
Spaces,  Lemma  54.43.7|  Finally,  note  that 

IxrI  = I x y'  x -f  X xr  X'  ->  X'  Xr  X' 


is  a thickening  (the  two  arrows  are  thickenings  by  Lemma  63.9.81.  Hence  applying 

(3)  and  (4)  to  the  morphism  (X  C X')  — ► (I  Xy  I — ► X'  Xy/  X')  we  obtain 
(6).  Finally,  part  (9)  follows  from  the  fact  that  an  algebraic  space  thickening  of  a 
scheme  is  again  a scheme,  see  Lemma  63.9.5|  □ 


Lemma  63.9.12.  Let  S be  a scheme.  Let  (/,/')  : {X  C X')  — ► (Y  C Y')  be  a 
morphism  of  thickenings  of  algebraic  spaces  over  S such  that  X = Y Xy/  X'.  If 
X C X'  is  a finite  order  thickening,  then 

(1)  f is  a closed  immersion  if  and  only  if  f is  a closed  immersion, 

(2)  / is  locally  of  finite  type  if  and  only  if  f is  locally  of  finite  type, 

(3)  / is  locally  quasi-finite  if  and  only  if  f is  locally  quasi-finite, 

(4)  / is  locally  of  finite  type  of  relative  dimension  d if  and  only  if  f is  locally 
of  finite  type  of  relative  dimension  d, 

(5)  LIx/y  = 0 if  and  only  if  fix' /y  = 0, 

(6)  / is  unramified  if  and  only  if  f is  unramified, 

(7)  / is  proper  if  and  only  if  f is  proper, 

(8)  / is  a finite  morphism  if  and  only  if  f is  an  finite  morphism, 

(9)  f is  a monomorphism  if  and  only  if  f is  a monomorphism, 
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(10)  / is  an  immersion  if  and  only  if  f is  an  immersion,  and 

(11)  add  more  here. 

Proof.  Choose  a scheme  V'  and  a surjective  etale  morphism  V'  — ► Y' . Choose  a 
scheme  U'  and  a surjective  etale  morphism  U'  — > X'  Xy>  V' . Set  V = Y Xy  V' 
and  U = X Xx'  U' . Then  for  etale  local  properties  of  morphisms  we  can  reduce  to 
the  morphism  of  thickenings  of  schemes  (U  C U')  — > (V  C V')  and  apply  More  on 
Morphisms,  Lemma  36.2.8  This  proves  (2),  (3),  (4),  (5),  and  (6). 

The  properties  of  morphisms  in  (1),  (7),  (8),  (9),  (10)  are  stable  under  base  change, 
hence  if  /'  has  property  V,  then  so  does  /.  See  Spaces,  Lemma  52.12.3  and 
Morphisms  of  Spaces,  Lemmas  |54.39.3[  |54.43.5[  and  |54.10.5[ 

The  interesting  direction  in  (1),  (7),  (8),  (9),  (10)  is  to  assume  that  / has  the 
property  and  deduce  that  f has  it  too.  By  induction  on  the  order  of  the  thickening 
we  may  assume  that  Y C Y'  is  a first  order  thickening,  see  discussion  on  finite 
order  thickenings  above. 

Proof  of  (1).  Choose  a scheme  V'  and  a surjective  etale  morphism  V'  Y' . Set 
V = Y x yf  V',  U'  = X'  xYr  V'  and  U = X Xy  V.  Then  U V is  a closed 
immersion,  which  implies  that  U is  a scheme,  which  in  turn  implies  that  U'  is  a 
scheme  (Lemma  63.9.5).  Thus  we  can  apply  the  lemma  in  the  case  of  schemes 
(More  on  Morphisms,  Lemma  36.2.8)  to  (U  C U')  — > (V  C V ')  to  conclude. 


Proof  of  (7).  Follows  by  combining  (2)  with  results  of  Lemma  63.9.11  and  the  fact 
that  proper  equals  quasi-compact  + separated  + locally  of  finite  type  + universally 
closed. 


Proof  of  (8).  Follows  by  combining  (2)  with  results  of  Lemma  63.9.11  and  using  the 


fact  that  finite  equals  integral  + locally  of  finite  type  (Morphisms,  Lemma  28.43.4). 

Proof  of  (9).  As  / is  a monomorphism  we  have  X = X Xy  X.  We  may  apply 
the  results  proved  so  far  to  the  morphism  of  thickenings  (X  C X')  — > (X  Xy 
X C X'  Xy  X').  We  conclude  X'  — > X'  Xy / X'  is  a closed  immersion  by  (1). 
In  fact,  it  is  a first  order  thickening  as  the  ideal  defining  the  closed  immersion 
X'  — > X'  Xy  X'  is  contained  in  the  pullback  of  the  ideal  X C Oy  cutting  out  Y in 
Y' . Indeed,  X = X Xy  X = (X1  Xy  X')  Xy  Y is  contained  in  X' . The  conormal 
sheaf  of  the  closed  immersion  A : X'  — ► X'  Xy  X'  is  equal  to  f lX' /y  (this  is 
the  analogue  of  Morphisms,  Lemma [28. 33. 7 for  algebraic  spaces  and  follows  either 
by  etale  localization  or  by  combining  Lemmas  |63.7.11|  and  63.7.13  some  details 
omitted).  Thus  it  suffices  to  show  that  fix' /y  = 0 which  follows  from  (5)  and  the 
corresponding  statement  for  X/Y . 

Proof  of  (10).  If  / : X — > Y is  an  immersion,  then  it  factors  as  X — ► V — > Y where 
V — >•  Y is  an  open  subspace  and  X — > V is  a closed  immersion,  see  Morphisms 
of  Spaces,  Remark  [54.12.4  Let  V'  C Y'  be  the  open  subspace  whose  underlying 
topological  space  \V'\  is  the  same  as  |P|  C |Y|  = \Y'\.  Then  X'  — > Y'  factors 
through  V'  and  we  conclude  that  X'  — > V'  is  a closed  immersion  by  part  (1).  This 
finishes  the  proof.  □ 


The  following  lemma  is  a variant  on  the  preceding  one.  Rather  than  assume  that 
the  thickenings  involved  are  finite  order  (which  allows  us  to  transfer  the  property 
of  being  locally  of  finite  type  from  / to  /'),  we  instead  take  as  given  that  each  of  / 
and  f is  locally  of  finite  type. 
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OBPJ  Lemma  63.9.13.  Let  S be  a scheme.  Let  (/,/')  : {X  C X ')  — > (Y  — > Y')  be  a 
morphism  of  thickenings  of  algebraic  spaces  over  S . Assume  f and  f are  locally  of 
finite  type  and  X = Y xY>  X' . Then 

(1)  / is  locally  quasi-finite  if  and  only  if  f is  locally  quasi-finite, 

(2)  / is  finite  if  and  only  if  f is  finite, 

(3)  f is  a closed  immersion  if  and  only  if  f is  a closed  immersion, 

(4)  LIx/y  = 0 if  and  only  if  /Y'  = 0; 

(5)  / is  unramified  if  and  only  if  f is  unramified, 

(6)  f is  a monomorphism  if  and  only  if  f is  a monomorphism, 

(7)  / is  an  immersion  if  and  only  if  f is  an  immersion, 

(8)  / is  proper  if  and  only  if  f is  proper,  and 

(9)  add  more  here. 


Proof.  Choose  a scheme  V'  and  a surjective  etale  morphism  V'  — ► Y' . Choose  a 
scheme  U'  and  a surjective  etale  morphism  U'  — » X'  Xy  V' . Set  V = Y Xy  V' 
and  U = X xx>  U' . Then  for  etale  local  properties  of  morphisms  we  can  reduce  to 
the  morphism  of  thickenings  of  schemes  (U  C U')  — > (V  C V7)  and  apply  More  on 
Morphisms,  Lemma  36.2.9  This  proves  (1),  (4),  and  (5). 


The  properties  in  (2),  (3),  (6),  (7),  and  (8)  are  stable  under  base  change,  hence  if 


/'  has  property  V,  then  so  does  /.  See  Spaces,  Lemma [52. 12. 3[  and  Morphisms  of 
Spaces,  Lemmas  |54.39.3[  |54.43.5[  and  |54.10.5|  Hence  in  each  case  we  need  only  to 
prove  that  if  / has  the  desired  property,  so  does  /'. 

A morphism  of  algebraic  spaces  is  locally  quasi-finite  if  and  only  if  it  is  locally 
of  finite  type  and  the  scheme  theoretic  fibres  have  underlying  discrete  topological 
spaces,  see  Morphisms  of  Spaces,  Lemma [54.27.5[  Since  the  underlying  topological 
space  is  unchanged  by  passing  to  a thickening,  we  see  that  /'  is  locally  quasi-finite 
if  (and  only  if)  / is.  This  proves  (1). 


Case  (2)  follows  from  case  (5)  of  Lemma  63.9.11  and  the  fact  that  the  finite  mor- 
phisms are  precisely  the  integral  morphisms  that  are  locally  of  finite  type  (Mor- 
phisms of  Spaces,  Lemma|54.43.6|. 


Case  (3).  This  follows  immediately  from  Limits  of  Spaces,  Lemma  57.15.5 


Proof  of  (6).  As  / is  a monomorphism  we  have  X = I Xy  I.  We  may  apply 
the  results  proved  so  far  to  the  morphism  of  thickenings  (X  C X')  — > (X  Xylc 
X'  Xy1  X').  We  conclude  A X'/Y'  : A'  — > X'  Xy  X’  is  a closed  immersion  by  (3).  In 
fact  A x'/Y’  induces  a bijection  |X'|  — ► \X'  Xy  X'\,  hence  A X>/Y'  is  a thickening. 
On  the  other  hand  Ax>  jY,  is  locally  of  finite  presentation  by  Morphisms  of  Spaces, 
Lemma  54.28.10  In  other  words,  A x'/Y'{X')  is  cut  out  by  a quasi-coherent  sheaf 
of  ideals  J C Ox'xY,x'  of  finite  type.  Since  f lX' /Y1  — 0 by  (5)  we  see  that  the 
conormal  sheaf  of  X'  — > X'  xY>  X'  is  zero.  (The  conormal  sheaf  of  the  closed 
immersion  Ax'/y1  is  equal  to  LlX’ /y’\  this  is  the  analogue  of  Morphisms,  Lemma 
|28.33.7|for  algebraic  spaces  and  follows  either  by  etale  localization  or  by  combining 


Lemmas 


63.7.11 


and 


63.7.13 


some  details  omitted.)  In  other  words,  J / J2  =0. 


10.20.5 


This  implies  Ax> /y'  is  an  isomorphism,  for  example  by  Algebra,  Lemma 

Proof  of  (7).  If  / : X — > Y is  an  immersion,  then  it  factors  as  X — > V — > Y where 
V — t Y is  an  open  subspace  and  X — ► V is  a closed  immersion,  see  Morphisms 
of  Spaces,  Remark  54.12.4  Let  V'  C Y'  be  the  open  subspace  whose  underlying 
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05ZU 


05ZV 


05ZW 


05ZX 


topological  space  \V'\  is  the  same  as  |F|  C |F|  = \Y'\.  Then  X'  — > Y'  factors 
through  V'  and  we  conclude  that  X'  — > V'  is  a closed  immersion  by  part  (3). 


Case  (8)  follows  from  Lemma  63.9.11  and  the  definition  of  proper  morphisms  as 
being  the  quasi-compact,  universally  closed,  and  separated  morphisms  that  are 
locally  of  finite  type.  □ 


63.10.  First  order  infinitesimal  neighbourhood 


A natural  construction  of  first  order  thickenings  is  the  following.  Suppose  that 
i : Z — > X be  an  immersion  of  algebraic  spaces.  Choose  an  open  subspace  U C X 
such  that  i identifies  Z with  a closed  subspace  Z C U (see  Morphisms  of  Spaces, 
Remark  54.12.4).  Let  I C Ojj  be  the  quasi-coherent  sheaf  of  ideals  defining  Z 
in  U , see  Morphisms  of  Spaces,  Lemma  |54.13.1|  Then  we  can  consider  the  closed 
subspace  Z'  C U defined  by  the  quasi-coherent  sheaf  of  ideals  X 2 . 


Definition  63.10.1.  Let  i : Z — > X be  an  immersion  of  algebraic  spaces.  The  first 
order  infinitesimal  neighbourhood  of  Z in  X is  the  first  order  thickening  Z C Z' 
over  A'  described  above. 


This  thickening  has  the  following  universal  property  (which  will  assuage  any  fears 
that  the  construction  above  depends  on  the  choice  of  the  open  U). 

Lemma  63.10.2.  Let  i : Z X be  an  immersion  of  algebraic  spaces.  The  first 
order  infinitesimal  neighbourhood  Z'  of  Z in  X has  the  following  universal  property: 
Given  any  commutative  diagram 

T 

a 

i 

Y . 

X — T' 


where  T C T'  is  a first  order  thickening  over  X,  there  exists  a unique  morphism 
(a',  a)  : ( T C T')  q(Zc  Z')  of  thickenings  over  X. 


Proof.  Let  U C X be  the  open  subspace  used  in  the  construction  of  Z' , i.e. , an 
open  such  that  Z is  identified  with  a closed  subspace  of  U cut  out  by  the  quasi- 
coherent  sheaf  of  ideals  X.  Since  |T|  = \T'\  we  see  that  |f>|(|T',|)  c |f/|.  Hence 
we  can  think  of  b as  a morphism  into  U,  see  Properties  of  Spaces,  Lemma  [53.4.9 
Let  J C Ot‘  be  the  square  zero  quasi-coherent  sheaf  of  ideals  cutting  out  T. 
By  the  commutativity  of  the  diagram  we  have  b\x  = i o a where  i : Z — ► U is 
the  closed  immersion.  We  conclude  that  &*(6_1X)  C J by  Morphisms  of  Spaces, 
As  T'  is  a first  order  thickening  of  T we  see  that  J2  = 0 hence 
0.  By  Morphisms  of  Spaces,  Lemma  54.1 
factors  through  Z' . Letting  a!  : T'  — > Z'  be  this  factorization  we  win. 


Lemma  54.13.1 

6#(6-1(Xs)j  = 


this  implies  that  b 
□ 


Lemma  63.10.3.  Let  i : Z X be  an  immersion  of  algebraic  spaces.  Let  Z C Z' 
be  the  first  order  infinitesimal  neighbourhood  of  Z in  X.  Then  the  diagram 


Z 

Z 


Z' 


> X 
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induces  a map  of  conormal  sheaves  Cz/x  — > Cz/z'  by  Lemma  63.5.3.  This  map  is 
an  isomorphism. 


Proof.  This  is  clear  from  the  construction  of  Z'  above. 


□ 


63.11.  Formally  smooth,  etale,  unramified  transformations 


04G3  Recall  that  a ring  map  R — > A is  called  formally  smooth , resp.  formally  etale , resp. 
formally  unramified  (see  Algebra,  Definition  10.136.1  resp.  Definition  10.146.1 


resp.  Definition  10.144.1)  if  for  every  commutative  solid  diagram 


A B/I 


where  / C B is  an  ideal  of  square  zero,  there  exists  a,  resp.  exists  a unique,  resp. 
exists  at  most  one  dotted  arrow  which  makes  the  diagram  commute.  This  moti- 
vates the  following  analogue  for  morphisms  of  algebraic  spaces,  and  more  generally 
functors. 

049S  Definition  63.11.1.  Let  S'  be  a scheme.  Let  a : F — > G be  a transformation  of 
functors  F,G  : (Sch/  S)opppf  — > Sets.  Consider  commutative  solid  diagrams  of  the 
form 

F -«■ T 

> 

\ 

CL  \ i 

w \ V 

G-> S T 

where  T and  T'  are  affine  schemes  and  i is  a closed  immersion  defined  by  an  ideal 
of  square  zero. 

(1)  We  say  a is  formally  smooth  if  given  any  solid  diagram  as  above  there 
exists  a dotted  arrow  making  the  diagram  commuted 

(2)  We  say  a is  formally  etale  if  given  any  solid  diagram  as  above  there  exists 
exactly  one  dotted  arrow  making  the  diagram  commute. 

(3)  We  say  a is  formally  unramified  if  given  any  solid  diagram  as  above  there 
exists  at  most  one  dotted  arrow  making  the  diagram  commute. 

04G4  Lemma  63.11.2.  Let  S be  a scheme.  Let  a : F — ► G be  a transformation  of 
functors  F,G  : {Sch/ S)opppf  — t Sets.  Then  a is  formally  etale  if  and  only  if  a is 
both  formally  smooth  and  formally  unramified. 


Proof.  Formal  from  the  definition.  □ 

049T  Lemma  63.11.3.  Composition. 

(1)  A composition  of  formally  smooth  transformations  of  functors  is  formally 
smooth. 

(2)  A composition  of  formally  etale  transformations  of  functors  is  formally 
etale. 


'This  is  just  one  possible  definition  that  one  can  make  here.  Another  slightly  weaker  condition 
would  be  to  require  that  the  dotted  arrow  exists  fppf  locally  on  T1 . This  weaker  notion  has  in 
some  sense  better  formal  properties. 
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(3)  A composition  of  formally  unramified  transformations  of  functors  is  for- 
mally unramified. 

Proof.  This  is  formal.  □ 


049U  Lemma  63.11.4.  Let  S be  a scheme  contained  in  Schfppf . LetF,G,H  : [Sch/ 8)°^^ 
Sets.  Let  a : F G,  b : H — ► G be  transformations  of  functors.  Consider  the  fibre 
product  diagram 

H Xb,G,aP — 77^"  F 
b 

a1  a 

V 

H >■  G 

(1)  If  a is  formally  smooth,  then  the  base  change  a'  is  formally  smooth. 

(2)  If  a is  formally  etale,  then  the  base  change  a'  is  formally  etale. 

(3)  If  a is  formally  unramified,  then  the  base  change  a'  is  formally  unramified. 

Proof.  This  is  formal.  □ 


04AL  Lemma  63.11.5.  Let  S be  a scheme.  Let  F,  G : (Sch/ S)°fPpPf  —• > Sets.  Let  a : F —> 
G be  a representable  transformation  of  functors. 

(1)  If  a is  smooth  then  a is  formally  smooth. 

(2)  If  a is  etale,  then  a is  formally  etale. 

(3)  If  a is  unramified,  then  a is  formally  unramified. 

Proof.  Consider  a solid  commutative  diagram 


F ^ 


a 


T 

i 


G^ T' 


as  in  Definition  63.11.1  Then  F Xg  T'  is  a scheme  smooth  (resp.  etale,  resp. 


unramified)  over  T' . Hence  by  More  on  Morphisms,  Lemma  36.9.7|  (resp.  Lemma 


36.6.9  resp.  Lemma  36.4.8)  we  can  fill  in  (resp.  uniquely  fill  in,  resp.  fill  in  in  at 


most  one  way)  the  dotted  arrow  in  the  diagram 


FxGT'  ^ 
v 


T 

i 


v 


Y 

v 


an  hence  we  also  obtain  the  corresponding  assertion  in  the  first  diagram.  □ 


04CY  Lemma  63.11.6.  Let  S be  a scheme  contained  in  Schfppf . LetF,G,H  : (Sch/ S)°fPpPf 
Sets.  Let  a : F — > G,  b : G — > H be  transformations  of  functors.  Assume  that  a is 
representable,  surjective,  and  etale. 

(1)  If  b is  formally  smooth,  then  bo  a is  formally  smooth. 

(2)  If  b is  formally  etale,  then  bo  a is  formally  etale. 

(3)  If  b is  formally  unramified,  then  b o a is  formally  unramified. 
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Conversely,  consider  a solid  commutative  diagram 

G -«■ T 

v 

b \ i 
w \ Y 

H ^ V 


with  T'  an  affine  scheme  over  S and  i : T — ► T'  a closed  immersion  defined  by  an 
ideal  of  square  zero. 

(4)  If  b o a is  formally  smooth,  then  for  every  t £ T there  exists  an  etale 
morphism  of  affines  U'  — > T'  and  a morphism  U'  G such  that 


commutes  and  t is  in  the  image  of  U'  — » T' . 

(5)  If  bo  a is  formally  unramified,  then  there  exists  at  most  one  dotted  arrow 
in  the  diagram  above,  i.e.,  b is  formally  unramified. 

(6)  If  bo  a is  formally  etale,  then  there  exists  exactly  one  dotted  arrow  in  the 
diagram  above,  i.e.,  b is  formally  etale. 


Proof.  Assume  b is  formally  smooth  (resp.  formally  etale,  resp.  formally  unram- 
ified).  Since  an  etale  morphism  is  both  smooth  and  unramified  we  see  that  a is 
representable  and  smooth  (resp.  etale,  resp.  unramified).  Hence  parts  (1),  (2)  and 


(3)  follow  from  a combination  of  Lemma  63.11.5  and  Lemma  63.11.3 


Assume  that  b o a is  formally  smooth.  Consider  a diagram  as  in  the  statement  of 
the  lemma.  Let  W = F XqT . By  assumption  IP  is  a scheme  surjective  etale  over 


T.  By  Etale  Morphisms,  Theorem 


40.15.2 


there  exists  a scheme  W'  etale  over  T' 


such  that  W = T Xt1  W' . Choose  an  affine  open  subscheme  U'  C W'  such  that  t 
is  in  the  image  of  U'  — » T' . Because  b o a is  formally  smooth  we  see  that  the  exist 
morphisms  [/'—>■  F such  that 


commutes.  Taking  the  composition  U'  — > F — ► G gives  a map  as  in  part  (5)  of  the 
lemma. 


Assume  that  f,g:T'—>G  are  two  dotted  arrows  fitting  into  the  diagram  of  the 
lemma.  Let  W = F XqT . By  assumption  W is  a scheme  surjective  etale  over  T. 


By  Etale  Morphisms,  Theorem 


40.15.2 


there  exists  a scheme  W'  etale  over  T'  such 


that  W = T Xt>  W' . Since  a is  formally  etale  the  compositions 
W ->  T’  4 G and  W'  T'  4 G 


lift  to  morphisms  f',g'  : W'  — > F (lift  on  affine  opens  and  glue  by  uniqueness). 
Now  if  b o a : F — > H is  formally  unramified,  then  f = g'  and  hence  f = g as 
W'  T'  is  an  etale  covering.  This  proves  part  (6)  of  the  lemma. 
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04CZ 

04G5 


04G6 

04G7 

04G8 


Assume  that  b o a is  formally  etale.  Then  by  part  (4)  we  can  etale  locally  on  T' 
find  a dotted  arrow  fitting  into  the  diagram  and  by  part  (5)  this  dotted  arrow  is 
unique.  Hence  we  may  glue  the  local  solutions  to  get  assertion  (6).  Some  details 
omitted.  □ 


Remark  63.11.7.  It  is  tempting  to  think  that  in  the  situation  of  Lemma 


we  have  “6  formally  smooth’ 
not  true  in  general. 


63.11.6 


4=>  “b  o a formally  smooth” . However,  this  is  likely 


Lemma  63.11.8.  Let  S be  a scheme.  Let  F,G,H  : (Sch/ <5)/pp/  Sets.  Let 
a : F — ► G,  b : G H be  transformations  of  functors.  Assume  b is  formally 
unramified. 

(1)  If  bo  a is  formally  unramified  then  a is  formally  unramified. 

(2)  If  bo  a is  formally  etale  then  a is  formally  etale. 

(3)  If  bo  a is  formally  smooth  then  a is  formally  smooth. 


Proof.  Let  T C T'  be  a closed  immersion  of  affine  schemes  defined  by  an  ideal 
of  square  zero.  Let  g'  : T'  — ► G and  / : T — > F be  given  such  that  g'\x  = a o f. 
Because  b is  formally  unramified,  there  is  a one  to  one  correspondence  between 

{/':T,-aF|/  = /'|t  andoo/'  = g'} 

and 

{/' :T'^F|  / = /'jT  and  bo  a o f'  = bog1}. 

From  this  the  lemma  follows  formally.  □ 


63.12.  Formally  unramified  morphisms 

In  this  section  we  work  out  what  it  means  that  a morphism  of  algebraic  spaces  is 
formally  unramified. 

63.12.1.  Let  S'  be  a scheme.  A morphism  / : X — ► Y of  algebraic 
S is  said  to  be  formally  unramified  if  it  is  formally  unramified  as  a 
transformation  of  functors  as  in  Definition  163.11.11 


Definition 

spaces  over 


We  will  not  restate  the  results  proved  in  the  more  general  setting  of  formally  unram- 
ified transformations  of  functors  in  Section  163.111  It  turns  out  we  can  characterize 
this  property  in  terms  of  vanishing  of  the  module  of  relative  differentials,  see  Lemma 
163.12.61 


Lemma  63.12.2.  Let  S be  a scheme.  Let  f : X — ► Y be  a morphism  of  algebraic 
spaces  over  S.  The  following  are  equivalent: 

(1)  f is  formally  unramified, 

(2)  for  every  diagram 


where  U and  V are  schemes  and  the  vertical  arrows  are  etale  the  morphism 
of  schemes  if)  is  formally  unramified  (as  in  More  on  Morphisms,  Definition 


36.f.l ),  and 


(3)  for  one  such  diagram  with  surjective  vertical  arrows  the  morphism  ij)  is 
formally  unramified. 
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05ZY 


05ZZ 


0600 


04G9 


04GA 


Proof.  Assume  / is  formally  unramified.  By  Lemma  [63.11.5  the  morphisms  U — ► 
X and  V — ► Y are  formally  unramified.  Thus  by  Lemma  63.11.3|the  composition 
U — ► Y is  formally  unramified.  Then  it  follows  from  Lemma  [63. 11. 8|  that  U — > V 
is  formally  unramified.  Thus  (1)  implies  (2).  And  (2)  implies  (3)  trivially 


Assume  given  a diagram  as  in  (3).  By  Lemma  63.11.5  the  morphism  V — ► Y is 
formally  unramified.  Thus  by  Lemma  63.11.3  the  composition  U — > Y is  formally 
unramified.  Then  it  follows  from  Lemma  63.11.6  that  X — >■  Y is  formally  unrami- 
fied, i.e.,  (1)  holds.  □ 


Lemma  63.12.3.  Let  S be  a scheme.  If  f : X —¥  Y is  a formally  unramified 
morphism  of  algebraic  spaces  over  S , then  given  any  solid  commutative  diagram 


X^ T 

> 

fl  \r 

S* T' 


where  T C T'  is  a first  order  thickening  of  algebraic  spaces  over  S there  exists  at 
most  one  dotted  arrow  making  the  diagram  commute.  In  other  words,  in  Definition 
\63. 12. 1\  the  condition  that  T be  an  affine  scheme  may  be  dropped. 


Proof.  This  is  true  because  there  exists  a surjective  etale  morphism  U'  -A  T'  where 
U'  is  a disjoint  union  of  affine  schemes  (see  Properties  of  Spaces,  Lemma  53.6.1) 
and  a morphism  T'  — ► X is  determined  by  its  restriction  to  U' . □ 


Lemma  63.12.4.  A composition  of  formally  unramified  morphisms  is  formally 
unramified. 


Proof.  This  is  formal. 


□ 


Lemma  63.12.5.  A base  change  of  a formally  unramified  morphism  is  formally 
unramified. 


Proof.  This  is  formal. 


□ 


Lemma  63.12.6.  Let  S be  a scheme.  Let  f : X — ► Y be  a morphism  of  algebraic 
spaces  over  S.  The  following  are  equivalent: 

(1)  / is  formally  unramified,  and 

(2)  LIx/y  = 0. 


Proof.  This  is  a combination  of  Lemma  |63.12.2[  More  on  Morphisms,  Lemma 
36.4.71  and  Lemma  163. 7.31  □ 


Lemma  63.12.7.  Let  S be  a scheme.  Let  f : X — ^ Y be  a morphism  of  algebraic 
spaces  over  S.  The  following  are  equivalent: 

(1)  The  morphism  f is  unramified, 

(2)  the  morphism  f is  locally  of  finite  type  and  Llx/y  = 0) 

(3)  the  morphism  f is  locally  of  finite  type  and  formally  unramified. 


Proof.  Choose  a diagram 


U — V 


X — y 
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where  U and  V are  schemes  and  the  vertical  arrows  are  etale  and  surjective.  Then 
we  see 


/ unramified  4=>  ip  unramified 

4=>  ip  locally  finite  type  and  Qu/v  = 0 
4=>  / locally  finite  type  and  Llx/y  = 0 
4=>  / locally  finite  type  and  formally  unramified 

Here  we  have  used  Morphisms,  Lemma [28. 35. 2| and  Lemma[63.12.6|  □ 


05W6  Lemma  63.12.8.  Let  S be  a scheme.  Let  f : X — > Y be  a morphism  of  algebraic 
spaces  over  S.  The  following  are  equivalent: 

(1)  / is  unramified  and  a monomorphism, 

(2)  / is  unramified  and  universally  injective, 

(3)  / is  locally  of  finite  type  and  a monomorphism, 

(4)  / is  universally  injective,  locally  of  finite  type,  and  formally  unramified. 
Moreover,  in  this  case  f is  also  representable,  separated,  and  locally  quasi-finite. 


Proof.  We  have  seen  in  Lemma  63.12.7  that  being  formally  unramified  and  locally 
of  finite  type  is  the  same  thing  as  being  unramified.  Hence  (4)  is  equivalent  to  (2). 
A monomorphism  is  certainly  formally  unramified  hence  (3)  implies  (4).  It  is  clear 
that  (1)  implies  (3).  Finally,  if  (2)  holds,  then  A : X — >XxyAr  is  both  an  open 
immersion  (Morphisms  of  Spaces,  Lemma  54.37.9 ) and  surjective  (Morphisms  of 
Spaces,  Lemma|54.19.2 1 hence  an  isomorphism,  i.e. , / is  a monomorphism.  In  this 
way  we  see  that  (2)  implies  (1).  Finally,  we  see  that  / is  representable,  separated, 
and  locally  quasi-finite  by  Morphisms  of  Spaces,  Lemmas  54.27.10  and  54.48.1  □ 


05W8  Lemma  63.12.9.  Let  S be  a scheme.  Let  f : X — >•  Y be  a morphism  of  algebraic 
spaces  over  S.  The  following  are  equivalent: 

(1)  / is  a closed  immersion, 

(2)  / is  universally  closed,  unramified,  and  a monomorphism, 

(3)  / is  universally  closed,  unramified,  and  universally  injective, 

(4)  f is  universally  closed,  locally  of  finite  type,  and  a monomorphism, 

(5)  / is  universally  closed,  universally  injective,  locally  of  finite  type,  and 
formally  unramified. 


Proof.  The  equivalence  of  (2)  - (5)  follows  immediately  from  Lemma  63.12.8 
Moreover,  if  (2)  - (5)  are  satisfied  then  / is  representable.  Similarly,  if  (1)  is 
satisfied  then  / is  representable.  Hence  the  result  follows  from  the  case  of  schemes, 


see  Etale  Morphisms,  Lemma 


40.7.2 


□ 


63.13.  Universal  first  order  thickenings 

0601  Let  S'  be  a scheme.  Let  h : Z — > X be  a morphism  of  algebraic  spaces  over  S.  A 
universal  first  order  thickening  of  Z over  X is  a first  order  thickening  Z C Z'  over  X 
such  that  given  any  first  order  thickening  T C T'  over  X and  a solid  commutative 
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diagram 


0602  (63.13.0.1) 


T' 


there  exists  a unique  dotted  arrow  making  the  diagram  commute.  Note  that  in 
this  situation  (a,  a')  : (T  C T')  — > (Z  C Z')  is  a morphism  of  thickenings  over 
X.  Thus  if  a universal  first  order  thickening  exists,  then  it  is  unique  up  to  unique 
isomorphism.  In  general  a universal  first  order  thickening  does  not  exist,  but  if  h is 
formally  unramified  then  it  does.  Before  we  prove  this,  let  us  show  that  a universal 
first  order  thickening  in  the  category  of  schemes  is  a universal  first  order  thickening 
in  the  category  of  algebraic  spaces. 


0603 


Lemma  63.13.1.  Let  S be  a scheme.  Let  h : Z -A  X be  a morphism  of  algebraic 
spaces  over  S . Let  Z C Z'  be  a first  order  thickening  over  X . The  following  are 
equivalent 


(1)  Z C Z'  is  a universal  first  order  thickening , 

(2)  for  any  diagram  ( 63.13.0.1 ) with  T'  a scheme  a unique  dotted  arrow  exists 
making  the  diagram  commute,  and 

(3)  for  any  diagram  (63.13.0.1)  with  T'  an  affine  scheme  a unique  dotted 
arrow  exists  making  the  diagram  commute. 


Proof.  The  implications  (1)  =>  (2)  =>  (3)  are  formal.  Assume  (3)  a assume  given 
an  arbitrary  diagram  (63.13.0.11.  Choose  a presentation  T'  = U'/R ',  see  Spaces, 
Definition  52.9.3  We  may  assume  that  U'  = JJ  U[  is  a disjoint  union  of  affines, 
so  R'  = U'  Xt<  U'  = JJ ijU-  x'T  Uj.  For  each  pair  (i.j)  choose  an  affine  open 
covering  U[  x'T  U(  = (J;.  R'i]k.  Denote  Ui,Rijk  the  fibre  products  with  T over 
T' . Then  each  U,  C U[  and  R^k  C RUk  is  a first  order  thickening  of  affine 
schemes.  Denote  : Ui  Z , resp.  a^-fe  : Rijk  —>  Z the  composition  of  a : T -A  Z 
with  the  morphism  Ui  — > T,  resp.  R^k  T.  By  (3)  applied  to  a*  : Ui  — ► Z 
we  obtain  unique  morphisms  a!i  : U[  —>  Z' . By  (3)  applied  to  a^k  we  see  that 
the  two  compositions  R'rjk  — > R(  — > Z'  and  R'ijk  -A  /?'  -A  Z'  are  equal.  Hence 
a'  = ]Ja(  : U'  = JJ  U[  — > Z’  descends  to  the  quotient  sheaf  V = U'/R'  and  we 
win.  □ 


0604  Lemma  63.13.2.  Let  S be  a scheme.  Let  Z Y X be  morphisms  of  algebraic 
spaces  over  S . If  Z C Z'  is  a universal  first  order  thickening  of  Z over  Y and 
Y — t X is  formally  etale,  then  Z CL  Z'  is  a universal  first  order  thickening  of  Z 
over  X. 


Proof.  This  is  formal.  Namely,  by  Lemma  63.13.1  it  suffices  to  consider  solid 


commutative  diagrams  (63.13.0.1)  with  T'  an  affine  scheme.  The  composition  T — ► 
Z — > Y lifts  uniquely  to  T'  — > Y as  Y — > X is  assumed  formally  etale.  Hence  the 
fact  that  Z C Z'  is  a universal  first  order  thickening  over  Y produces  the  desired 
morphism  a!  -.T'-^Z'.  □ 
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0605  Lemma  63.13.3.  Let  S be  a scheme.  Let  Z — ► Y — >•  X be  morphisms  of  algebraic 
spaces  over  S . Assume  Z — >•  Y is  etale. 

(1)  If  Y C Y'  is  a universal  first  order  thickening  of  Y over  X , then  the 
unique  etale  morphism  Z'  — > Y'  such  that  Z = Y xy>  Z'  (see  Theorem 


(2) 


63.8.1 ) is  a universal  first  order  thickening  of  Z over  X . 

If  Z — » Y is  surjective  and  (Z  C Z')  — ► (Y  C Y')  is  an  etale  morphism  of 
first  order  thickenings  over  X and  Z1  is  a universal  first  order  thickening 
of  Z over  X,  then  Y'  is  a universal  first  order  thickening  ofY  over  X. 


Proof.  Proof  of  (1).  By  Lemma  63.13.1  it  suffices  to  consider  solid  commutative 
diagrams  (63.13.0.1)  with  T'  an  affine  scheme.  The  composition  T — >•  Z -A  Y lifts 


uniquely  to  T’  — > Y’  as  Y’  is  the  universal  first  order  thickening.  Then  the  fact 
that  Z'  — > Y'  is  etale  implies  (see  Lemma  63.11.5)  that  T'  — ► Y'  lifts  to  the  desired 
morphism  a!  -.T'—fZ'. 

Proof  of  (2).  Let  T C T'  be  a first  order  thickening  over  X and  let  a : T — > Y be  a 
morphism.  Set  W = T Xy  Z and  denote  c : W — > Z the  projection  Let  W'  — > T' 
be  the  unique  etale  morphism  such  that  W = T Xt>  W , see  Theorem  63.8.1  Note 
that  W'  — > T'  is  surjective  as  Z — > Y is  surjective.  By  assumption  we  obtain  a 
unique  morphism  d : W'  — > Z'  over  X restricting  to  c on  W.  By  uniqueness  the 
two  restrictions  of  d to  W'  W'  are  equal  (as  the  two  restrictions  of  c to  W XtW 
are  equal).  Hence  d descends  to  a unique  morphism  a1  : T'  — > Y'  and  we  win.  □ 

0606  Lemma  63.13.4.  Let  S be  a scheme.  Let  h : Z — ► X be  a formally  unramified 
morphism  of  algebraic  spaces  over  S . There  exists  a universal  first  order  thickening 
Z C Z'  of  Z over  X . 

Proof.  Choose  any  commutative  diagram 

V >■  U 


Z 


X 


where  V and  U are  schemes  and  the  vertical  arrows  are  etale.  Note  that  V — > U is  a 
formally  unramified  morphism  of  schemes,  see  Lemma  63.12.2[  Combining  Lemma 
|63.13.1|and  More  on  Morphisms,  Lemma [36.5. 1| we  see  that  a universal  first  order 
thickening  V C V'  of  V over  U exists.  By  Lemma  63.13.2  part  (1)  V'  is  a universal 
first  order  thickening  of  V over  X. 

Fix  a scheme  U and  a surjective  etale  morphism  U — > X.  The  argument  above 
shows  that  for  any  V — > Z etale  with  V a scheme  such  that  V — > Z — ► X factors 
through  U a universal  first  order  thickening  V C V'  of  V over  X exists  (but  does  not 
depend  on  the  chosen  factorization  of  V — > X through  U).  Now  we  may  choose  V 
such  that  V — > Z is  surjective  etale  (see  Spaces,  Lemma  52.11.6).  Then  R = V xzV 
a scheme  etale  over  Z such  that  R — > X factors  through  U also.  Hence  we  obtain 
universal  first  order  thickenings  V C V'  and  R C R'  over  X.  As  V C V'  is  a 
universal  first  order  thickening,  the  two  projections  s,t  : R — » V lift  to  morphisms 
s',t'  : R'  -A  V' . By  Lemma  63.13.3  as  R'  is  the  universal  first  order  thickening  of 
R over  X these  morphisms  are  etale.  Then  (If,  s')  : R'  — > V'  is  an  etale  equivalence 
relation  and  we  can  set  Z'  = V' /R' . Since  V'  — » Z'  is  surjective  etale  and  v'  is  the 
universal  first  order  thickening  of  V over  X we  conclude  from  Lemma |63. 13. 2| part 
(2)  that  Z'  is  a universal  first  order  thickening  of  Z over  X.  □ 
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0607  Definition  63.13.5.  Let  S be  a scheme.  Let  h : Z — >•  X be  a formally  unramified 
morphism  of  algebraic  spaces  over  S. 

(1)  The  universal  first  order  thickening  of  Z over  X is  the  thickening  Z C Z' 
constructed  in  Lemmar63.13.4l 

(2)  The  conormal  sheaf  of  Z over  X is  the  conormal  sheaf  of  Z in  its  universal 
first  order  thickening  Z'  over  X. 

We  often  denote  the  conormal  sheaf  Cz/x  in  this  situation. 

Thus  we  see  that  there  is  a short  exact  sequence  of  sheaves 


0 — > Cz/x  ~ i ► Oz'  H ► Oz  — t 0 

on  Z^taie  and  Cz/x  is  a quasi- coherent  O^-module.  The  following  lemma  proves 
that  there  is  no  conflict  between  this  definition  and  the  definition  in  case  Z — > X 
is  an  immersion. 


0608 


Lemma  63.13.6.  Let  S be  a scheme.  Let  i : Z —¥  X be  an  immersion  of  algebraic 
spaces  over  S.  Then 


(1) 

(2) 


i is  formally  unramified, 

the  universal  first  order  thickening  of  Z over  X is  the  first  order  infini- 
tesimal neighbourhood  of  Z in  X of  Definition \63.10.1 


(3)  the  conormal  sheaf  of  i in  the  sense  of  Definition  63. 5. 1 agrees  with  the 
conormal  sheaf  of  i in  the  sense  of  Definition\63.13.5. 


Proof.  An  immersion  of  algebraic  spaces  is  by  definition  a representable  morphism. 
Hence  by  Morphisms,  Lemmas  28.35.7  and  28.35.8  an  immersion  is  unramified  (via 
the  abstract  principle  of  Spaces,  Lemma  52.5.81.  Hence  it  is  formally  unramified 
by  Lemma  63.12.7  The  other  assertions  follow  by  combining  Lemmas  |63.10.2  and 
163.10.31  and  the  definitions.  □ 


0609  Lemma  63.13.7.  Let  S be  a scheme.  Let  Z — ► X be  a formally  unramified 
morphism  of  algebraic  spaces  over  S . Then  the  universal  first  order  thickening  Z' 
is  formally  unramified  over  X . 

Proof.  Let  T C T'  be  a first  order  thickening  of  affine  schemes  over  X.  Let 


T 


V 


be  a commutative  diagram.  Set  T0  = c~x(Z)  C T and  T'a  = a~1(Z)  (scheme 
theoretically).  Since  Z'  is  a first  order  thickening  of  Z,  we  see  that  T'  is  a first 
order  thickening  of  T'a.  Moreover,  since  c = a\ t we  see  that  T0  = T fi  T'a  (scheme 
theoretically).  As  T'  is  a first  order  thickening  of  T it  follows  that  T'a  is  a first  order 
thickening  of  To.  Now  o\t/  and  b \t>  are  morphisms  of  T'a  into  Z'  over  X which  agree 
on  To  as  morphisms  into  Z . Hence  by  the  universal  property  of  Z'  we  conclude 
that  a \t'  = 6|t'  ■ Thus  a and  b are  morphism  from  the  first  order  thickening  T'  of 
T'a  whose  restrictions  to  T'a  agree  as  morphisms  into  Z . Thus  using  the  universal 
property  of  Z'  once  more  we  conclude  that  a = b.  In  other  words,  the  defining 
property  of  a formally  unramified  morphism  holds  for  Z'  -A  X as  desired.  □ 
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060A 


Lemma  63.13.8.  Let  S be  a scheme  Consider  a commutative  diagram  of  algebraic 
spaces  over  S 

Z 


W — ^ Y 


with  h and  h!  formally  unramified.  Let  Z C Z'  be  the  universal  first  order  thickening 
of  Z over  X . Let  W C W'  be  the  universal  first  order  thickening  of  W over  Y. 
There  exists  a canonical  morphism  (/,  /')  : (Z,  Z')  — > (W,  W')  of  thickenings  over 
Y which  fits  into  the  following  commutative  diagram 


In  particular  the  morphism  (/,  f)  of  thickenings  induces  a morphism  of  conormal 
sheaves  f*C\y/y  — > Cz/x- 


Proof.  The  first  assertion  is  clear  from  the  universal  property  of  W' . The  induced 
map  on  conormal  sheaves  is  the  map  of  Lemma  63.5.3  applied  to  ( Z C Z')  — X {W  C 
W').  □ 


060B  Lemma  63.13.9.  Let  S be  a scheme.  Let 

Z ^X 

h 

f 9 

W-^-^Y 


be  a fibre  product  diagram  of  algebraic  spaces  over  S with  h!  formally  unramified. 
Then  h is  formally  unramified  and  ifWc  W'  is  the  universal  first  order  thickening 
ofW  over  Y , then  Z = X Xy  W Clxy  W'  is  the  universal  first  order  thickening 


is  surjective. 


of  Z over  X.  In  particular  the  canonical  map  f*C\y/y  — > Cz/x  of  Lemma  63.13.8 


Proof.  The  morphism  h is  formally  unramified  by  Lemma|63.12.5|  It  is  clear  that 
X Xy  W'  is  a first  order  thickening.  It  is  straightforward  to  check  that  it  has  the 
universal  property  because  W'  has  the  universal  property  (by  mapping  properties 
of  fibre  products).  See  Lemma  63.5.5  for  why  this  implies  that  the  map  of  conormal 
sheaves  is  surjective.  □ 


060C  Lemma  63.13.10.  Let  S be  a scheme.  Let 


Z s-X 

h 

f 9 

ff^Y 


W 
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be  a fibre  product  diagram  of  algebraic  spaces  over  S with  h!  formally  unramified 
and  g flat.  In  this  case  the  corresponding  map  Z'  — > W'  of  universal  first  order 
thickenings  is  flat,  and  f*C\y/y  Cz/x  an  isomorphism. 


Proof.  Flatness  is  preserved  under  base  change,  see  Morphisms  of  Spaces,  Lemma 
Hence  the  first  statement  follows  from  the  description  of  W'  in  Lemma 
It  is  clear  that  X Xy  W'  is  a first  order  thickening.  It  is  straightforward 


54.29.4 


63.13.9 


to  check  that  it  has  the  universal  property  because  W'  has  the  universal  property 
(by  mapping  properties  of  fibre  products).  See  Lemma  63.5.5  for  why  this  implies 
that  the  map  of  conormal  sheaves  is  an  isomorphism.  □ 


060D  Lemma  63.13.11.  Taking  the  universal  first  order  thickenings  commutes  with 
etale  localization.  More  precisely,  let  h : Z — ► X be  a formally  unramified  morphism 
of  algebraic  spaces  over  a base  scheme  S.  Let 


V 


Z >X 


be  a commutative  diagram  with  etale  vertical  arrows.  Let  Z'  be  the  universal  first 
order  thickening  of  Z over  X . Then  V -A  U is  formally  unramified  and  the  universal 
first  order  thickening  V'  ofV  overU  is  etale  over  Z' . In  particular,  Cz/x\v  =Cv/u- 


060E 


Proof.  The  first  statement  is  Lemma  63.12.2  The  compatibility  of  universal  first 
order  thickenings  is  a consequence  of  Lemmas  63.13.2|  and  |63.13.3|  □ 


Lemma  63.13.12.  Let  S be  a scheme.  Let  B be  an  algebraic  space  over  S . Let 
h : Z -A  A'  be  a formally  unramified  morphism  of  algebraic  spaces  over  B.  Let 
Z C Z'  be  the  universal  first  order  thickening  of  Z over  X with  structure  morphism 
h'  : Z'  — > X . The  canonical  map 


dh'  : {h')*nx/B  — t Hz' /b 

induces  an  isomorphism  h*Hx/B  ► Hz' /b  ® Oz- 


Proof.  The  map  Ch'  is  the  map  defined  in  Lemma  63.7.6  Ifi:Z—tZ'  is  the  given 


closed  immersion,  then  i*Ch'  is  a map  h*Hx/g  — > Hz'/s  <8>  Oz-  Checking  that  it 
is  an  isomorphism  reduces  to  the  case  of  schemes  by  etale  localization,  see  Lemma 
63.13.11|and  Lemma|63.7.3|  In  this  case  the  result  is  More  on  Morphisms,  Lemma 
36lh9l  □ 


060F  Lemma  63.13.13.  Let  S be  a scheme.  Let  B be  an  algebraic  space  over  S . Let 
h : Z — »•  X be  a formally  unramified  morphism  of  algebraic  spaces  over  B . There 
is  a canonical  exact  sequence 


^z/x  —• *■  h*Hx/B  — > Hz/b  —*■  o. 

The  first  arrow  is  induced  by  dz' /b  where  Z'  is  the  universal  first  order  neighbour- 
hood of  Z over  X . 


Proof.  We  know  that  there  is  a canonical  exact  sequence 
Cz/z'  HZ'/s  <8>  Oz  — > Hz/s  0. 

see  Lemma  [63.7.101  Hence  the  result  follows  on  applying  Lemma  [63. 13. 12|  □ 
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06BE  Lemma  63.13.14.  Let  S be  a scheme.  Let 


Z 


Y 


be  a commutative  diagram  of  algebraic  spaces  over  S where  i and  j are  formally 
unramified.  Then  there  is  a canonical  exact  sequence 


C 


Z/Y 


—>  Cz/x  — > i*Q 


X/Y 


0 


where  the  first  arrow  comes  from  Lemma  63.13.8  and  the  second  from  Lemma 

1 63.  i3.  m 


Proof.  Since  the  maps  have  been  defined,  checking  the  sequence  is  exact  reduces 
to  the  case  of  schemes  by  etale  localization,  see  Lemma  63.13.1l|and  Lemma|63.7.3| 


In  this  case  the  result  is  More  on  Morphisms,  Lemma  [36.5.11 


□ 


06BF  Lemma  63.13.15.  Let  S be  a scheme.  Let  Z -A  Y — > A'  be  formally  unramified 
morphisms  of  algebraic  spaces  over  S. 

(1)  If  Z C Z'  is  the  universal  first  order  thickening  of  Z over  X andY  C Y'  is 
the  universal  first  order  thickening  ofY  over  X , then  there  is  a morphism 
Z'  — > Y'  and  Y Xy  Z'  is  the  universal  first  order  thickening  of  Z over  Y. 
There  is  a canonical  exact  sequence 


(2) 


i*C 


Y/X 


c 


z/x 


C 


Z/Y 


0 


where  the  maps  come  from  Lemma  63.13.8  and  i 
morphism. 


Y is  the  first 


Proof.  The  map  h : Z'  — ► Y'  in  (1)  comes  from  Lemma  63.13.8  The  assertion 


that  Y Xy/  Z'  is  the  universal  first  order  thickening  of  Z over  Y is  clear  from  the 


universal  properties  of  Z'  and  Y' . By  Lemma  63.5.6  we  have  an  exact  sequence 
{i')*CYxY,z' /z1  Cz/z1  —• y Cz/yxy,z'  0 

where  i'  : Z Y Xy>  Z'  is  the  given  morphism.  By  Lemma  63.5.5  there  exists 
a surjection  h*Cy/yi  — > Cyx  ,z'/z'  ■ Combined  with  the  equalities  Cy/yi  = Cy/x , 
Cz/z'  = Cz/ Xi  and  Cz/yxyiZ'  = Cz/y  this  proves  the  lemma. 


□ 


63.14.  Formally  etale  morphisms 

04GB  In  this  section  we  work  out  what  it  means  that  a morphism  of  algebraic  spaces  is 
formally  etale. 

04GC  Definition  63.14.1.  Let  S'  be  a scheme.  A morphism  / : X — > Y of  algebraic 
spaces  over  S is  said  to  be  formally  etale  if  it  is  formally  etale  as  a transformation 
of  functors  as  in  Definition  163.11.11 

We  will  not  restate  the  results  proved  in  the  more  general  setting  of  formally  etale 
transformations  of  functors  in  Section  163.111 

04GD  Lemma  63.14.2.  Let  S be  a scheme.  Let  f : X — >•  Y be  a morphism  of  algebraic 
spaces  over  S.  The  following  are  equivalent: 

(1)  / is  formally  etale, 
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(2)  for  every  diagram 


where  U and  V are  schemes  and  the  vertical  arrows  are  etale  the  morphism 
of  schemes  if  is  formally  etale  (as  in  More  on  Morphisms,  Definition 


36.6.1 ),  and 


(3)  for  one  such  diagram  with  surjective  vertical  arrows  the  morphism  %j)  is 
formally  etale. 


Proof.  Assume  / is  formally  etale.  By  Lemma  63.11.5|  the  morphisms  U —¥  X 
and  V — > Y are  formally  etale.  Thus  by  Lemma  63.11.3  the  composition  U — > Y is 
formally  etale.  Then  it  follows  from  Lemma  63.11.8  that  U — ► V is  formally  etale. 
Thus  (1)  implies  (2).  And  (2)  implies  (3)  trivially 

Assume  given  a diagram  as  in  (3).  By  Lemma  63.11.5  the  morphism  V — > Y 
is  formally  etale.  Thus  by  Lemma  |63.11.3  the  composition  U — > Y is  formally 
etale.  Then  it  follows  from  Lemma |63.1 1.6  that  X — ¥ Y is  formally  etale,  i.e. , (1) 
holds.  □ 


0611  Lemma  63.14.3.  Let  S be  a scheme.  Let  f : X Y be  a formally  etale  morphism 
of  algebraic  spaces  over  S.  Then  given  any  solid  commutative  diagram 

x _^_T 
v 

/v  \ v< 

Y -e V 


where  T C T'  is  a first  order  thickening  of  algebraic  spaces  over  Y there  exists  ex- 
actly one  dotted  arrow  making  the  diagram  commute.  In  other  words,  in  Definition 
\63.14-1\  the  condition  that  T be  affine  may  be  dropped. 


0612 


Proof.  Let  U'  — > T'  be  a surjective  etale  morphism  where  U'  = \ J U(  is  a disjoint 
union  of  affine  schemes.  Let  Ui  = T Xt>  U(.  Then  we  get  morphisms  a[  : U(  — > X 
such  that  a'jfui  equals  the  composition  Uj  — ^ T — > X.  By  uniqueness  (see  Lemma 


63.12.3)  we  see  that  a'  and  a'  agree  on  the  fibre  product  U[  xT>  [/'.  Hence  JJa'  : 


U'  — > X descends  to  give  a unique  morphism  a'  : T'  — > X. 


□ 


Lemma  63.14.4.  A composition  of  formally  etale  morphisms  is  formally  etale. 
Proof.  This  is  formal.  □ 


0613 


Lemma  63.14.5.  A base  change  of  a formally  etale  morphism  is  formally  etale. 
Proof.  This  is  formal.  □ 


0614  Lemma  63.14.6.  Let  S be  a scheme.  Let  f : X — ► Y be  a morphism  of  algebraic 
spaces  over  S The  following  are  equivalent: 

(1)  / is  formally  etale, 

(2)  / is  formally  unramified  and  the  universal  first  order  thickening  of  X over 
Y is  equal  to  X , 

(3)  / is  formally  unramified  and  Cx/y  = 0,  and 

(4)  LIx/y  — 0 and  CxjY  ~ 0- 
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Proof.  Actually,  the  last  assertion  only  make  sense  because  LIx/y  = 0 implies  that 
Cx/y  is  defined  via  Lemma  63.12.6  and  Definition  63.13.5 
that  (3)  and  (4)  are  equivalent. 


This  also  makes  it  clear 


0615 


Either  of  the  assumptions  (1),  (2),  and  (3)  imply  that  / is  formally  unramified. 
Hence  we  may  assume  / is  formally  unramified.  The  equivalence  of  (1),  (2),  and 
(3)  follow  from  the  universal  property  of  the  universal  first  order  thickening  X' 
of  X over  S and  the  fact  that  X = X'  <t=>  Cx/y  = 0 since  after  all  by  definition 
Cx/y  = Cx/x'  is  the  ideal  sheaf  of  X in  X' . □ 

Lemma  63.14.7.  An  unramified  flat  morphism  is  formally  etale. 


Proof.  Follows  from  the  case  of  schemes,  see  More  on  Morphisms,  Lemma  [36. 6. 7| 
and  etale  localization,  see  Lemmas  63.12.2  and  63.14.2|  and  Morphisms  of  Spaces, 
Lemma  154.29.51  □ 


0616  Lemma  63.14.8.  Let  S be  a scheme.  Let  f : X — ► Y be  a morphism  of  algebraic 
spaces  over  S.  The  following  are  equivalent: 

(1)  The  morphism  f is  etale,  and 

(2)  the  morphism  f is  locally  of  finite  presentation  and  formally  etale. 


Proof.  Follows  from  the  case  of  schemes,  see  More  on  Morphisms,  Lemma  [36. 6. 9| 
and  etale  localization,  see  Lemma  |63.14.2|  and  Morphisms  of  Spaces,  Lemmas 
154.28.41  and  r54.38.21  □ 


63.15.  Infinitesimal  deformations  of  maps 


0617  In  this  section  we  explain  how  a derivation  can  be  used  to  infinitesimally  move  a 
map.  Throughout  this  section  we  use  that  a sheaf  on  a thickening  X'  of  X can  be 
seen  as  a sheaf  on  X,  see  Equations  (63.9.1.1)  and  (63.9.1.2). 

0618  Lemma  63.15.1.  Let  S be  a scheme.  Let  B be  an  algebraic  space  over  S.  Let 
X C X'  and  Y C Y'  be  two  first  order  thickenings  of  algebraic  spaces  over  B . Let 
{a,a'),{b,b')  : ( X C X')  — > (Y  C Y1)  be  two  morphisms  of  thickenings  over  B. 
Assume  that 

(1)  a = b,  and 

(2)  the  two  maps  a*Cy/y  ~ ► Cx/x1  (Lemma  63.5.3)  are  equal. 

Then  the  map  (a7)^  — (67)^  factors  as 


Oy  -A  Oy 

where  D is  an  Ob -derivation. 


D 


a*Cx/x’  — > a*Ox' 


Proof.  Instead  of  working  on  Y we  work  on  X.  The  advantage  is  that  the  pullback 
functor  a-1  is  exact.  Using  (1)  and  (2)  we  obtain  a commutive  diagram  with  exact 
rows 


0 >-  fx/x1 ^ Ox> ^ Ox ^ 0 


A 

A 

(a')“ 

(b')“ 

0 a 1 Cy/y ' " a ^Oy  - a ^Oy  0 


Now  it  is  a general  fact  that  in  such  a situation  the  difference  of  the  Os-algebra 
maps  (a7)*  and  ( b'Y  is  an  Os-derivation  from  a~1Oy  to  Cx/x'  ■ By  adjointness  of 
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0619 


04D0 


061A 


061B 


061C 


the  functors  a 1 and  a*  this  is  the  same  thing  as  an  Os-derivation  from  Oy  into 
a*Cx/x'-  Some  details  omitted.  □ 

Note  that  in  the  situation  of  the  lemma  above  we  may  write  D as 


D — d y/b  ° 6 


(63.15.1.1) 

where  9 is  an  CV-linear  map  9 : CtY/B  — ► a*Cx/x'-  Of  course,  then  by  adjunction 
again  we  may  view  9 as  an  Ox-linear  map  9 : a*fly/B  — > Cx/x >■ 

Lemma  63.15.2.  Let  S be  a scheme.  Let  B be  an  algebraic  space  over  S.  Let 
(a,  a')  : ( X C X')  — > (Y  C Y')  be  a morphism  of  first  order  thickenings  over  B. 
Let 

9 : a*fly/B  -A  Cx/x ’ 

be  an  Ox -linear  map.  Then  there  exists  a unique  morphism  of  pairs  (6,  b')  : ( X C 
X1)  -A  (Y  C Y1)  such  that  (1)  and  (2)  of  Lemma  63.15.1  hold  and  the  derivation 
D and  9 are  related  by  Equation  (63.15.1~1). 

Proof.  Consider  the  map 

a = (a')8  + D : a^Oy,  -A  Ox> 


where  D is  as  in  Equation  (63.15.1.1).  As  D is  an  Os-derivation  it  follows  that  a 
is  a map  of  sheaves  of  Os-algebras.  By  construction  we  have  fix°ot  = a}  ofiY  where 


ix  ■ X — ► X’  and  iy  : Y -A  Y'  are  the  given  closed  immersions.  By  Lemma  63.9.2 
we  obtain  a unique  morphism  (a,  b')  : (X  C X')  -t(hc  Y')  of  thickenings  over  B 
such  that  a = (b')K  Setting  b = a we  win.  □ 

Lemma  63.15.3.  Let  S be  a scheme.  Let  B be  an  algebraic  space  over  S.  Let 
X C X'  and  Y C Y'  be  first  order  thickenings  over  B . Assume  given  a morphism 
a : X — )•  Y and  a map  A : a*Cy/yi  — » Cx/x>  of  Ox -modules.  For  an  object  U'  of 
(X')spaces^taie  with  U = X Xx>  U'  consider  morphisms  a1  : U'  Y'  such  that 

(1)  a'  is  a morphism  over  B, 

(2)  a'\u  = a\u,  and 

(3)  the  induced  map  a* Cy/yf\u 
Then  the  rule 


Cx/X’\u  is  the  restriction  of  A to  U. 


(63.15.3.1)  U'  i — >■  {a  :U'  —t-Y'  such  that  (1),  (2),  (3)  hold.} 

defines  a sheaf  of  sets  on  ( X')spaces^taie ■ 

Proof.  Denote  T the  rule  of  the  lemma.  The  restriction  mapping  F{U')  -A  XfV') 
for  V'  C U'  C X'  of  T is  really  the  restriction  map  a'  i-a  a'\v-  With  this  definition 
in  place  it  is  clear  that  F is  a sheaf  since  morphisms  of  algebraic  spaces  satisfy  etale 
descent,  see  Descent  on  Spaces,  Lemma [61. 6. 2[  □ 


63.15.3.  We 


Lemma  63.15.4.  Same  notation  and  assumptions  as  in  Lemma 
identify  sheaves  on  X and  X'  via  (63. 9.1.1).  There  is  an  action  of  the  sheaf 

l-Lomox  [a*  TLy/b  , Cx/x' ) 

on  the  sheaf  (63.15.3.1).  Moreover,  the  action  is  simply  transitive  for  any  object 
U'  of  (X1) spaces t6taie  over  which  the  sheaf  (63.15.3.1)  has  a section. 

Proof.  This  is  a combination  of  Lemmas  |63. 15. 1[  |63.15.2[  and|63.15.3|  □ 
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Remark 

63.15.5.  A special  case  of  Lemmas 

V V/  T -Ll  • „ A • 

63.15.1 

63.15.2 

63.15.3 

and 

r 

63.15.4 

r 

is  where  Y = Y' . In  this  case  the  map  A is  always  zero.  The  sheaf  of  Lemma 


|63.15.3|is  just  given  by  the  rule 

U'  !->■  {o'  : U'  — > Y over  S with  a'\u  = a\u} 


and  we  act  on  this  by  the  sheaf  7-Lomox  (cl*VLy/bi  Cx/x')-  The  action  of  a local 
section  6 on  a'  is  sometimes  indicated  by  6 ■ a' . Note  that  this  means  nothing  else 
than  the  fact  that  (a')**  and  ( 9 ■ a'Y  differ  by  a derivation  D which  is  related  to  6 
by  Equation  (63.15.1.fj). 


63.16.  Infinitesimal  deformations  of  algebraic  spaces 

The  following  simple  lemma  is  often  a convenient  tool  to  check  whether  an  infini- 
tesimal deformation  of  a map  is  flat. 

Lemma  63.16.1.  Let  S be  a scheme.  Let  (/,/')  : ( X C X')  (Y  C Y ')  be  a 
morphism  of  first  order  thickenings  of  algebraic  spaces  over  S.  Assume  that  f is 
flat.  Then  the  following  are  equivalent 

(1)  f is  flat  and  X = Y xY>  X' , and 

(2)  the  canonical  map  f*CY/Yi  — > Cx/X'  an  isomorphism. 

Proof.  Choose  a scheme  V'  and  a surjective  etale  morphism  V'  — ► Y' . Choose  a 
scheme  U'  and  a surjective  etale  morphism  U'  X'  Xy>  V' . Set  U = X Xx>  U' 
and  V — Y Xy  V' . According  to  our  definition  of  a flat  morphism  of  algebraic 
spaces  we  see  that  the  induced  map  g :[/—)•  V is  a flat  morphism  of  schemes  and 
that  f is  flat  if  and  only  if  the  corresponding  morphism  g'  : U'  — > V'  is  flat.  Also, 
X = Y Xy>  X'  if  and  only  if  U = V Xy1  V' . Finally,  the  map  f*CY/Y'  — > Cx/x' 
is  an  isomorphism  if  and  only  if  g*Cy/y  — > Cjj/ij / is  an  isomorphism.  Hence  the 
lemma  follows  from  its  analogue  for  morphisms  of  schemes,  see  More  on  Morphisms, 
Lemma  136.8.11  □ 


63.17.  Formally  smooth  morphisms 


In  this  section  we  introduce  the  notion  of  a formally  smooth  morphism  X — > Y of 
algebraic  spaces.  Such  a morphism  is  characterized  by  the  property  that  T-valued 
points  of  X lift  to  infinitesimal  thickenings  of  T provided  T is  affine.  The  main 
result  is  that  a morphism  which  is  formally  smooth  and  locally  of  finite  presentation 
is  smooth,  see  Lemma  63.17.6  It  turns  out  that  this  criterion  is  often  easier  to  use 


than  the  Jacobian  criterion. 


63.17.1.  Let  S be  a scheme.  A morphism  / : X — ► Y of  algebraic 
S is  said  to  be  formally  smooth  if  it  is  formally  smooth  as  a transfor- 
mation of  functors  as  in  Definition  163.11.11 


Definition 

spaces  over 


In  the  cases  of  formally  unramified  and  formally  etale  morphisms  the  condition  that 
T'  be  affine  could  be  dropped,  see  Lemmas  63.12.3  and  63.14.3  This  is  no  longer 


true  in  the  case  of  formally  smooth  morphisms.  In  fact,  a slightly  more  natural 
condition  would  be  that  we  should  be  able  to  fill  in  the  dotted  arrow  etale  locally 
on  T' . In  fact,  analyzing  the  proof  of  Lemma  63.17.6  shows  that  this  would  be 
equivalent  to  the  definition  as  it  currently  stands.  It  is  also  true  that  requiring 
the  existence  of  the  dotted  arrow  fppf  locally  on  T'  would  be  sufficient,  but  that  is 
slightly  more  difficult  to  prove. 
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04AM 


We  will  not  restate  the  results  proved  in  the  more  general  setting  of  formally  smooth 
transformations  of  functors  in  Section  163.111 

Lemma  63.17.2.  A composition  of  formally  smooth  morphisms  is  formally  smooth. 
Proof.  Omitted.  □ 


Lemma  63.17.3.  A base  change  of  a formally  smooth  morphism  is  formally 
smooth. 


Proof.  Omitted,  but  see  Algebra,  Lemma  10.136.2  for  the  algebraic  version.  □ 


Lemma  63.17.4.  Let  f : X -A  S be  a morphism  of  schemes.  Then  f is  formally 
etale  if  and  only  if  f is  formally  smooth  and  formally  unramified. 


Proof.  Omitted. 


□ 


Here  is  a helper  lemma  which  will  be  superseded  by  Lemma  63.17.9 
Lemma  63.17.5.  Let  S be  a scheme.  Let 


be  a commutative  diagram  of  morphisms  of  algebraic  spaces  over  S . If  the  vertical 
arrows  are  etale  and  f is  formally  smooth,  then  if  is  formally  smooth. 


Proof.  By  Lemma  63.11.5|the  morphisms  U — > X and  V — >•  Y are  formally  etale. 
By  Lemma  63.11.3|the  composition  U — > Y is  formally  smooth.  By  Lemma [63.11.8 
we  see  ip  : U — s > V is  formally  smooth.  □ 


The  following  lemma  is  the  main  result  of  this  section.  It  implies,  combined  with 
Limits  of  Spaces,  Proposition  |57.3.9[  that  we  can  recognize  whether  a morphism 
of  algebraic  spaces  / : X — > Y is  smooth  in  terms  of  “simple”  properties  of  the 
transformation  of  functors  X — > Y. 

Lemma  63.17.6  (Infinitesimal  lifting  criterion).  Let  S be  a scheme.  Let  f : X — » 
Y be  a morphism  of  algebraic  spaces  over  S . The  following  are  equivalent: 

(1)  The  morphism  f is  smooth. 

(2)  The  morphism  f is  locally  of  finite  presentation,  and  formally  smooth. 

Proof.  Assume  / : A'  — > S is  locally  of  finite  presentation  and  formally  smooth. 
Consider  a commutative  diagram 


/ 

X — — ^ Y 

where  U and  V are  schemes  and  the  vertical  arrows  are  etale  and  surjective.  By 
Lemma  |63.17.5|  we  see  ip  : U — > V is  formally  smooth.  By  Morphisms  of  Spaces, 
Lemma [54.28.4|  the  morphism  ip  is  locally  of  finite  presentation.  Hence  by  the  case 
of  schemes  the  morphism  ip  is  smooth,  see  More  on  Morphisms,  Lemma  |36.9.7| 
Hence  / is  smooth,  see  Morphisms  of  Spaces,  Lemma[54.36.4| 
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Conversely,  assume  that  / : X — > Y is  smooth.  Consider  a solid  commutative 
diagram 

T 


as  in  Definition  63.17.1  We  will  show  the  dotted  arrow  exists  thereby  proving 
that  / is  formally  smooth.  Let  T be  the  sheaf  of  sets  on  {T')spaces^taie  of  Lemma 
|63.15.3[  see  also  Remark[63.15.5|  Let 

T~L  = 'H.omoT  (a*  Ll  x/  y ■>  Ct/t1  ) 

be  the  sheaf  of  Or-modules  on  T^taie  introduced  in  Lemma  |63.15.4[  The  action 
Tj  x T — > T turns  T into  a pseudo  H-torsor,  see  Cohomology  on  Sites,  Definition 


21.5.1  Our  goal  is  to  show  that  T is  a trivial  "H-torsor.  There  are  two  steps:  (I) 


To  show  that  F is  a torsor  we  have  to  show  that  T has  etale  locally  a section.  (II) 
To  show  that  T is  the  trivial  torsor  it  suffices  to  show  that  H1(Tetaie,'H)  = 0,  see 


Cohomology  on  Sites,  Lemma  21.5.3 


First  we  prove  (I).  To  see  this  choose  a commutative  diagram 


63.11.5 


where  U and  V are  schemes  and  the  vertical  arrows  are  etale  and  surjective.  As  / 
is  assumed  smooth  we  see  that  if  is  smooth  and  hence  formally  smooth  by  Lemma 
By  the  same  lemma  the  morphism  V — > Y is  formally  etale.  Thus  by 
the  composition  U -A  Y is  formally  smooth.  Then  (I)  follows  from 
part  (4). 

we  see  that  Qx/s  is  °f  finite  presentation. 


Lemma 

Lemma 


63.11.3 


63.11.6 


63.7.15 


Finally  we  prove  (II).  By  Lemma 
Hence  a*ilx/s  is  of  finite  presentation  (see  Properties  of  Spaces,  Section  153.29 ) . 
Hence  the  sheaf  H = Hrmo,,.  (a* /y^t/t’)  is  quasi-coherent  by  Properties  of 
Spaces,  Lemma [5T28/7I  Thus  by  Descent,  Proposition |34. 7. f0| and  Cohomology  of 
Schemes,  Lemma[29.2.2  we  have 

H\TspacesAale,H)  = H\Tetaie,n)  = H1  (T , H)  = 0 
as  desired.  □ 


We  do  a bit  more  work  to  show  that  being  formally  smooth  is  etale  local  on  the 
source.  To  begin  we  show  that  a formally  smooth  morphism  has  a nice  sheaf  of 
differentials.  The  notion  of  a locally  projective  quasi-coherent  module  is  defined  in 
Properties  of  Spaces,  Section  [53. 30| 

0611  Lemma  63.17.7.  Let  S be  a scheme.  Let  f : X -A  Y be  a formally  smooth 
morphism  of  algebraic  spaces  over  S . Then  LIx/y  locally  projective  on  X . 

Proof.  Choose  a diagram 

U — -&t 
X f >-  Y 
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where  U and  V are  affine(!)  schemes  and  the  vertical  arrows  are  etale.  By  Lemma 
63.17.5  we  see  ip  : U ^ V is  formally  smooth.  Hence  T(P,  Oy)  — > Y(U,Ojj) 
is  a formally  smooth  ring  map,  see  More  on  Morphisms,  Lemma  |36.9.6[  Hence 
by  Algebra,  Lemma  [lO. 136. 7 the  r(t/,  0£/)-module  Hr([/,eirf)/r(v,ov)  is  projective. 


Hence  Ytv/v  is  locally  projective,  see  Properties,  Section  27.21  Since  Qx/y\u  = 
Ytu/v  we  see  that  Ylx/y  is  locally  projective  too.  (Because  we  can  find  an  etale 
covering  of  X by  the  affine  U’s  fitting  into  diagrams  as  above  - details  omitted.)  □ 

061J  Lemma  63.17.8.  Let  T be  an  affine  scheme.  Let  J7,  Q be  quasi- coherent  Ot~ 
modules  on  T^taie-  Consider  the  internal  hom  sheaf  TL  = 'HDmoT{fF  ,G)  on  T^taie- 
If  J7  is  locally  projective,  then  H1(Tetaie,'H)  = 0. 

Proof.  By  the  definition  of  a locally  projective  sheaf  on  an  algebraic  space  (see 
Properties  of  Spaces,  Definition  53.30.2)  we  see  that  Tzar  = X\rZaT  is  a locally 
projective  sheaf  on  the  scheme  T.  Thus  Tzar  is  a direct  summand  of  a free 
0TzaT,-module.  Whereupon  we  conclude  (as  J7  = ( Tzar)a , see  Descent,  Propo- 
sition 34.7.11)  that  J-  is  a direct  summand  of  a free  0T-module  on  T^taie-  Hence 
we  may  assume  that  J7  = ©ig/  Ot  is  a free  module.  In  this  case  H = n %GiP 


is  a product  of  quasi-coherent  modules.  By  Cohomology  on  Sites,  Lemma  [21.12.5 
we  conclude  that  H1  = 0 because  the  cohomology  of  a quasi-coherent  sheaf  on  an 
affine  scheme  is  zero,  see  Descent,  Proposition [3477T0] and  Cohomology  of  Schemes, 
Lemma  129.2.21  □ 


061K  Lemma  63.17.9.  Let  S be  a scheme.  Let  f : X 
spaces  over  S.  The  following  are  equivalent: 

(1)  / is  formally  smooth, 

(2)  for  every  diagram 


Y be  a morphism  of  algebraic 


U 


X 


f 


Y 


where  U and  V are  schemes  and  the  vertical  arrows  are  etale  the  morphism 
of  schemes  ip  is  formally  smooth  (as  in  More  on  Morphisms,  Definition 


36. j.  1 ),  and 


(3)  for  one  such  diagram  with  surjective  vertical  arrows  the  morphism  ip  is 
formally  smooth. 


Proof.  We  have  seen  that  (1)  implies  (2)  and  (3)  in  Lemma  63.17.5  Assume  (3). 
The  proof  that  / is  formally  smooth  is  entirely  similar  to  the  proof  of  (1)  =>  (2)  of 
Lemma  163.17.61 

Consider  a solid  commutative  diagram 


X < 
> 


T 


T’ 


as  in  Definition  |63.17.1|  We  will  show  the  dotted  arrow  exists  thereby  proving 
that  / is  formally  smooth.  Let  J-  be  the  sheaf  of  sets  on  ( T')spaces^taie  of  Lemma 
63.15.3|  see  also  Remark  63.15.5|  Let 

TL  = 'HomoT(a*Llx/Y^T/Ti) 
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be  the  sheaf  of  0T-niodules  on  T^taie  introduced  in  Lemma  |63.15.4[  The  action 
TL  x T — > T turns  T into  a pseudo  'H-torsor,  see  Cohomology  on  Sites,  Definition 
21.5.1  Our  goal  is  to  show  that  T is  a trivial  "H-torsor.  There  are  two  steps:  (I) 


To  show  that  J-  is  a torsor  we  have  to  show  that  T has  etale  locally  a section.  (II) 
To  show  that  T is  the  trivial  torsor  it  suffices  to  show  that  H1{Tetaie,'H)  = 0,  see 
Cohomology  on  Sites,  Lemma [21. 5. 3| 

First  we  prove  (I).  To  see  this  consider  a diagram  (which  exists  because  we  are 
assuming  (3)) 

U 

ip 


X 


Y 


where  U and  V are  schemes,  the  vertical  arrows  are  etale  and  surjective,  and  ip  is 
formally  smooth.  By  Lemma [63. 11. 5 1 the  morphism  V — > Y is  formally  etale.  Thus 
by  Lemma  63.11.3  the  composition  U — > Y is  formally  smooth.  Then  (I)  follows 


from  Lemma  63.11.6  part  (4). 


Finally  we  prove  (II).  By  Lemma  63.17.7  we  see  that  fljj/v  locally  projective.  Hence 
fix :/y  is  locally  projective,  see  Descent  on  Spaces,  Lemma  61.5.5  Hence  a*flx/y 
is  locally  projective,  see  Properties  of  Spaces,  Lemma [53. 30. 3|  Hence 


H1  {Tetaie,H)  = H1  (T^taie,  'UomoT  (a*flx/Y  i Ct/t1)  = 0 
by  Lemma|63.17.8|as  desired. 


□ 


06CS 


Lemma  63.17.10.  The  property  'P(f)  = “f  is  formally  smooth'’  is  fpqc  local  on 
the  base. 

Proof.  Let  / : X — > Y be  a morphism  of  algebraic  spaces  over  a scheme  S.  Choose 
an  index  set  / and  diagrams 

Ui— +Vi 

i>i 


X 


v 

Y 


with  etale  vertical  arrows  and  Ui,  Vi  affine  schemes.  Moreover,  assume  that  UUi 
X and  ]J  Vi  — > Y are  surjective,  see  Properties  of  Spaces,  Lemma  53.6.1  By  Lemma 


|63.17.9|  we  see  that  / is  formally  smooth  if  and  only  if  each  of  the  morphisms 
ipi  are  formally  smooth.  Hence  we  reduce  to  the  case  of  a morphism  of  affine 
schemes.  In  this  case  the  result  follows  from  Algebra,  Lemma  |10.136.15[  Some 
details  omitted.  □ 

06BI  Lemma  63.17.11.  Let  S be  a scheme.  Let  f : X — >•  Y,  g : Y — » Z be  morphisms 
of  algebraic  spaces  over  S . Assume  f is  formally  smooth.  Then 


0 — > f*fly/z 

Lemma  \ 63. 7.ff[  is  short  exact. 


n 


x/z 


-A  fl 


X/Z 


0 


Proof.  Follows  from  the  case  of  schemes,  see  More  on  Morphisms,  Lemma[36.9.9[ 
by  etale  localization,  see  Lemmas  |63. 17. 9|  and  |63.7.3|  □ 
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06BJ  Lemma  63.17.12.  Let  S be  a scheme.  Let  B be  an  algebraic  space  over  S . Let 
h : Z -A  X be  a formally  unramified  morphism  of  algebraic  spaces  over  B.  Assume 
that  Z is  formally  smooth  over  B . Then  the  canonical  exact  sequence 

0 — > Cz/x  ~ t ^ z/b  0 

of  Lemma \63.13.1 5|  is  short  exact. 

Proof.  Let  Z — > Z'  be  the  universal  first  order  thickening  of  Z over  X.  From  the 
proof  of  Lemma |63.13.13|  we  see  that  our  sequence  is  identified  with  the  sequence 

Cz/z ' ~ t ^z'/s  8 Oz  — >■  Clz/B  ~ t 0. 

Since  Z — > S is  formally  smooth  we  can  etale  locally  on  Z'  find  a left  inverse  Z’  — ► Z 
over  B to  the  inclusion  map  Z — > Z' . Thus  the  sequence  is  etale  locally  split,  see 
Lemma  163.7.111  □ 

06BK  Lemma  63.17.13.  Let  S be  a scheme.  Let 

Z — -+X 

/ 

Y 

Y 


be  a commutative  diagram  of  algebraic  spaces  over  S where  i and  j are  formally 
unramified  and  f is  formally  smooth.  Then  the  canonical  exact  sequence 


0 — > Cz/y  — > Czix  —• * i*^x/Y  *■  0 
of  Lemma\63.13.1f\  is  exact  and  locally  split. 

Proof.  Denote  Z — »•  Z'  the  universal  first  order  thickening  of  Z over  X.  Denote 
Z -A  Z"  the  universal  first  order  thickening  of  Z over  Y . By  Lemma  63.13.13  here 
is  a canonical  morphism  Z'  —A  Z"  so  that  we  have  a commutative  diagram 


Z 


The  sequence  above  is  identified  with  the  sequence 

Cz/z"  —• y Cz/z'  0 

via  our  definitions  concerning  conormal  sheaves  of  formally  unramified  morphisms. 
Let  U"  — > Z"  be  an  etale  morphism  with  U"  affine.  Denote  U Z and  U'  — > Z' 
the  corresponding  affine  schemes  etale  over  Z and  Z' . As  / is  formally  smooth 
there  exists  a morphism  h : U"  X which  agrees  with  i on  U and  such  that  / o h 
equals  Since  Z'  is  the  universal  first  order  thickening  we  obtain  a unique 

morphism  g : U"  — » Z'  such  that  g = a o h.  The  universal  property  of  Z"  implies 
that  k o g is  the  inclusion  map  U"  — > Z" . Hence  g is  a left  inverse  to  k.  Picture 

U >Z' 

k 

U" >-  Z" 

Thus  g induces  a map  Cz/z'\u  Cz/Z"\u  which  is  a left  inverse  to  the  map 
Cz/z"  ~ t Cz/z1  over  U . □ 
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63.18.  Smoothness  over  a Noetherian  base 


This  section  is  the  analogue  of  More  on  Morphisms,  Section  [36.101 

Lemma  63.18.1.  Let  S be  a scheme.  Let  f : X Y be  a morphism  of  algebraic 
spaces  over  S.  Let  x € \X\.  Assume  that  Y is  locally  Noetherian  and  f locally  of 
finite  type.  The  following  are  equivalent: 

(1)  f is  smooth  at  x, 

(2)  for  every  solid  commutative  diagram 

X ^ — Spec(H) 

V 

/ i 

Y \ Y 

Y Spec(H') 


(3) 


where  B'  -A  B is  a surjection  of  local  rings  with  Ker{B ' —^B)of  square 
zero,  and  a mapping  the  closed  point  ofSpec(B)  to  x there  exists  a dotted 
arrow  making  the  diagram  commute,  and 

same  as  in  (2)  but  with  B'  -A  B ranging  over  small  extensions  (see  Alge- 


bra, Definition  10.139.1). 


Proof.  Condition  (1)  means  there  is  an  open  subspace  X'  C X such  that  X'  — > Y 


is  smooth.  Hence  (1)  implies  conditions  (2)  and  (3)  by  Lemma  63.17.6  Condition 


(2)  implies  condition  (3)  trivially.  Assume  (3).  Choose  a commutative  diagram 


U 


Y -e V 

with  U and  V affine,  horizontal  arrows  etale  and  such  that  there  is  a point  u G U 
mapping  to  x.  Next,  consider  a diagram 

X U Spec (B) 

i 

Y -< V — Spec(B') 


as  in  (3)  but  for  u £ U V.  Let  7 : Spec(H')  — > X be  the  arrow  we  get  from  our 
assumption  that  (3)  holds  for  X.  Because  Li  — ► X is  etale  and  hence  formally  etale 
(Lemma  63.14. 8|)  the  morphism  7 has  a unique  lift  to  U compatible  with  a.  Then 
because  V — > Y is  etale  hence  formally  etale  this  lift  is  compatible  with  (3.  Hence 

(3)  holds  for  u £ U — >•  V and  we  conclude  that  U — > V is  smooth  at  u by  More 

This  proves  that  X — > Y is  smooth  at  x,  thereby 

□ 


on  Morphisms,  Lemma  36.10.1 
finishing  the  proof. 


Sometimes  it  is  useful  to  know  that  one  only  needs  to  check  the  lifting  criterion 
for  small  extensions  “centered”  at  points  of  finite  type  (see  Morphisms  of  Spaces, 
Section  154.251) . 


Lemma  63.18.2.  Let  S be  a scheme.  Let  f : X Y be  a morphism  of  algebraic 
spaces  over  S.  Assume  Y is  locally  Noetherian  and  f locally  of  finite  type.  The 
following  are  equivalent: 
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(1)  f is  smooth , 

(2)  for  every  solid  commutative  diagram 


X Spec (B) 

/ i 

v p " * 

Y Spec(B') 


where  B'  — X B is  a small  extension  of  Artinian  local  rings  and  f)  of  finite 
type  (!)  there  exists  a dotted  arrow  making  the  diagram  commute. 


Proof.  If  / is  smooth,  then  the  infinitesimal  lifting  criterion  (Lemma  63.17.6)  says 
/ is  formally  smooth  and  (2)  holds. 


Assume  / is  not  smooth.  The  set  of  points  x £ X where  / is  not  smooth  forms 
a closed  subset  T of  \X\.  By  Morphisms  of  Spaces,  Lemma  54.25.6  there  exists  a 
point  x £ T C X with  x € Xft_pts  • Choose  a commutative  diagram 


X 

u 

U 

y ^ — v 


with  U and  V affine,  horizontal  arrows  etale  and  such  that  there  is  a point  u £ U 
mapping  to  x.  Then  it  is  a finite  type  point  of  U.  Since  U — x V is  not  smooth  at 
the  point  u,  by  More  on  Morphisms,  Lemma  [36 . 1 0 . 1 1 there  is  a diagram 

X ^ U Spec (B) 

V 

\ 

x i 

\ 

y * * V -+£—Sp ec{B') 


with  B'  B a small  extension  of  (Artinian)  local  rings  such  that  the  residue  field 
of  B is  equal  to  n(v)  and  such  that  the  dotted  arrow  does  not  exist.  Since  U — X V 
is  of  finite  type,  we  see  that  v is  a finite  type  point  of  V.  By  Morphisms,  Lemma 


28.16.2  the  morphism  /?  is  of  finite  type,  hence  the  composition  Spec(13)  — x Y is 


of  finite  type  also.  Arguing  exactly  as  in  the  proof  of  Lemma  63.18.1  (using  that 
U — X X and  V — X Y are  etale  hence  formally  etale)  we  see  that  there  cannot  be  an 
arrow  Spec(-B)  — » X fitting  into  the  outer  rectangle  of  the  last  displayed  diagram. 
In  other  words,  (2)  doesn’t  hold  and  the  proof  is  complete.  □ 


Here  is  a useful  application. 

OAPQ  Lemma  63.18.3.  Let  S be  a scheme.  Let  f : X — » Y be  a morphism  of  algebraic 
spaces  over  S.  Assume  f is  locally  of  finite  type  and  Y locally  Noetherian.  Let 
Z C y be  a closed  subspace  with  nth  infinitesimal  neighbourhood  Zn  C Y . Set 
Xn  = Zn  Xy  A . 

(1)  If  Xn  —>  Zn  is  smooth  for  all  n,  then  f is  smooth  at  every  point  of  f~1(Z). 

(2)  If  Xn  —x  Zn  is  etale  for  all  n,  then  f is  etale  at  every  point  of  f^1(Z). 


Proof.  Assume  Xn  — x Zn  is  smooth  for  all  n.  Let  i £ I be  a point  lying  over 
a point  of  Z.  Given  a small  extension  B'  — x B and  morphisms  a,  (3  as  in  Lemma 


63.18.1  part  (3)  the  maximal  ideal  of  B'  is  nilpotent  (as  B'  is  Artinian)  and  hence 
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05WU 


05WV 


05  WW 


the  morphism  fl  factors  through  Zn  and  a factors  through  Xn  for  a suitable  n. 
Thus  the  lifting  property  for  Xn  — > Zn  kicks  in  to  get  the  desired  dotted  arrow 
in  the  diagram.  This  proves  (1).  Part  (2)  follows  from  (1)  and  the  fact  that  a 
morphism  is  etale  if  and  only  if  it  is  smooth  of  relative  dimension  0.  □ 


63.19.  Openness  of  the  flat  locus 


This  section  is  analogue  of  More  on  Morphisms,  Section  36.12|  Note  that  we  have 
defined  the  notion  of  flatness  for  quasi-coherent  modules  on  algebraic  spaces  in 
Morphisms  of  Spaces,  Section  |54.30| 

Theorem  63.19.1.  Let  S be  a scheme.  Let  f : X — >•  Y be  a morphism  of  algebraic 
spaces  over  S.  Let  T be  a quasi-coherent  sheaf  on  X.  Assume  f is  locally  of  finite 
presentation  and  that  T is  an  Ox -module  which  is  locally  of  finite  presentation. 
Then 


{x  £ |X|  : T is  flat  over  Y at  x} 


is  open  in  |X|. 


Proof.  Choose  a commutative  diagram 


with  U,  V schemes  and  p , q surjective  and  etale  as  in  Spaces,  Lemma |52. 11. 6|  By 
More  on  Morphisms,  Theorem  36.12.1  the  set  U'  = {u  £ \U\  : p*T  is  flat  over  V at  it} 
is  open  in  U.  By  Morphisms  of  Spaces,  Definition  54.30.2  the  image  of  U'  in  |X|  is 
the  set  of  the  theorem.  Hence  we  are  done  because  the  map  \U\  -A  |X|  is  open,  see 
Properties  of  Spaces,  Lemma  53.4.6  □ 


Lemma  63.19.2.  Let  S be  a scheme.  Let 


be  a cartesian  diagram  of  algebraic  spaces  over  S.  Let  T be  a quasi-coherent  Ox- 
module.  Assume  g is  flat,  f is  locally  of  finite  presentation,  and  J-  is  locally  of 
finite  presentation.  Then 

{x'  £ \X'\  : {g')*F  is  flat  over  Y'  at  x'} 


is  the  inverse  image  of  the  open  subset  of  Theorem  63.19.1\  under  the  continuous 
map  \g'\  : \X'\  ->  |X|. 


Proof.  This  follows  from  Morphisms  of  Spaces,  Lemma  [54. 30. 3| 


□ 
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63.20.  Critere  de  platitude  par  fibres 

05WX  Let  S'  be  a scheme.  Consider  a commutative  diagram  of  algebraic  spaces  over  S 


Z 


and  a quasi-coherent  Cbv-module  T . Given  a point  x £ |X|  we  consider  the  question 
as  to  whether  T is  flat  over  Y at  x.  If  T is  flat  over  Z at  x,  then  the  theorem  below 
states  this  question  is  intimately  related  to  the  question  of  whether  the  restriction 
of  T to  the  fibre  of  X — > Z over  g(x)  is  flat  over  the  fibre  of  Y — ► Z over  g{x).  To 
make  sense  out  of  this  we  offer  the  following  preliminary  lemma. 


05WY 


Lemma  63.20.1.  In  the  situation  above  the  following  are  equivalent 

(1)  Pick  a geometric  point  x of  X lying  over  x.  Set  y = f ox  and  z = g ox. 
Then  the  module  Tx/n \yTx  is  flat  over  Oyty/myOy,y. 

(2)  Pick  a morphism  x : Spec(A")  — > X in  the  equivalence  class  of  x.  Set 
z = g o x,  Xz  = Spec(A')  xZi2  X,  Yz  = Spec(AT)  xz>z  Y,  and  Tz  the 
pullback  of  J-  to  Xz . Then  Tz  is  flat  at  x over  Yz  ( as  defined  in  Morphisms 
of  Spaces,  Definition  5f.30.2). 


(3)  Pick  a commutative  diagram 


where  U , V,  W are  schemes,  and  a,  b,  c are  etale,  and  a point  u £ U map- 
ping to  x.  Let  w £ W be  the  image  of  u.  Let  Tw  be  the  pullback  of  J-  to 
the  fibre  Uw  of  U — > W at  w.  Then  Tw  is  flat  over  Vw  at  u. 


Proof.  Note  that  in  (2)  the  morphism  x : Spec(K)  — ► X defines  a A"-rational 
point  of  Xz,  hence  the  statement  makes  sense.  Moreover,  the  condition  in  (2)  is 
independent  of  the  choice  of  Spec(AT)  — ► X in  the  equivalence  class  of  x (details 
omitted;  this  will  also  follow  from  the  arguments  below  because  the  other  conditions 
do  not  depend  on  this  choice).  Also  note  that  we  can  always  choose  a diagram  as 
in  (3)  by:  first  choosing  a scheme  W and  a surjective  etale  morphism  W — > Z,  then 
choosing  a scheme  V and  a surjective  etale  morphism  V — > W Xz  Y,  and  finally 
choosing  a scheme  U and  a surjective  etale  morphism  U — > V Xy  X.  Having  made 
these  choices  we  set  U -£  W equal  to  the  composition  U — ► V —t  W and  we  can 
pick  a point  u £ U mapping  to  x because  the  morphism  U — ► X is  surjective. 


Suppose  given  both  a diagram  as  in  (3)  and  a geometric  point  x : Spec (k)  — ► X as 
in  (1).  By  Properties  of  Spaces,  Lemma  53.18.4  we  can  choose  a geometric  point 
u : Spec(fc)  — i U lying  over  u such  that  x = a o u.  Denote  v : Spec(fc)  V 
and  w : Spec (fc)  — > W the  induced  geometric  points  of  V and  W.  In  this  setting 
we  know  that  Ox,w  = anc^  similarly  for  Y and  Z,  see  Properties  of  Spaces, 
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Lemma  153.21. 11  In  the  same  vein  we  have 

F x = (a*T)u  ®OU:U  0%u 

see  Properties  of  Spaces,  Lemma  |53.28.4|  Note  that  the  stalk  of  Tw  at  u is  given 
by 

{Fw)u  = {a*  F)u/mw(a*  F)u 
and  the  local  ring  of  Vw  at  v is  given  by 

Oyw  ,v  = @v,v /wiwOv,v  • 

Since  = t nwOz,z  = uiwOww  we  see  that 

x/^T, X — (&  *^*)w  j)U  O X ,X  / X ,X 


= {Fw)u  ®oVw,n 

— (*^* w)u  ( 

— (*^* w )n 


/r\sh 

?uw,u  Uuw,u 


the  penultimate  equality  by  Algebra,  Lemma  10.148.30  and  the  last  equality  by 
Properties  of  Spaces,  Lemmaf53.28.4l  The  same  arguments  applied  to  the  structure 
sheaves  of  V and  Y show  that 

Ovtv  = Osvhv/mwOsy%  = Oy,y/m^OY,y. 


OK,  and  now  we  can  use  Morphisms  of  Spaces,  Lemma  54.30.1  to  see  that  (1)  is 
equivalent  to  (3). 

Finally  we  prove  the  equivalence  of  (2)  and  (3).  To  do  this  we  pick  a field  extension 
K of  K and  and  a morphism  x : Spec (A)  U which  lies  over  u (this  is  possible 
because  u x x.x  Spec(A')  is  a nonempty  scheme).  Set  z : Spec(A)  — » U — > W be 
the  composition.  We  obtain  a commutative  diagram 


Uv>  x, 


K,  x ? 


where  z = Spec(A')  and  w = Spec (k(w)).  Now  it  is  clear  that  Tw  and  Tz  pull  back 
to  the  same  module  on  Uw  xw  z.  This  leads  to  a commutative  diagram 

N ; U,, i x ...  z ^ Ulr 


y 

y. 


Vln  X .. 


y 

V,„ 


both  of  whose  squares  are  cartesian  and  whose  bottom  horizontal  arrows  are  flat: 
the  lower  left  horizontal  arrow  is  the  composition  of  the  morphism  Y x z z — » 
Yxzz  = YZ  (base  change  of  a flat  morphism),  the  etale  morphism  Vxzz  — >YxzZ, 
and  the  etale  morphism  V x z — > V Xz  z.  Thus  it  follows  from  Morphisms  of 
Spaces,  Lemma [54.30.31  that 

Tz  flat  at  x over  Yz  <t=>  Jr\uwxwz  flat  at  x over  Vw  xw  z <t=>  Tw  flat  at  u over  Vw 
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and  we  win.  □ 

05WZ  Definition  63.20.2.  Let  S be  a scheme.  Let  X — > Y — » Z be  morphisms  of 
algebraic  spaces  over  S.  Let  F be  a quasi-coherent  Ox-module.  Let  x £ |X|  be  a 
point  and  denote  z £ \Z\  its  image. 

(1)  We  say  the  restriction  of  F to  its  fibre  over  z is  flat  at  x over  the  fibre  of 
Y over  z if  the  equivalent  conditions  of  Lemma  |63.20.1|  are  satisfied. 

(2)  We  say  the  fibre  of  X over  z is  flat  at  x over  the  fibre  of  Y over  z if  the 
equivalent  conditions  of  Lemma  |63.20.1|  hold  with  F = Ox  ■ 

(3)  We  say  the  fibre  of  X over  z is  flat  over  the  fibre  of  Y over  z if  for  all 
x £ \X\  lying  over  z the  fibre  of  X over  2 is  flat  at  x over  the  fibre  of  Y 
over  z 


With  this  definition  in  hand  we  can  state  a version  of  the  criterion  as  follows.  The 
Noetherian  version  can  be  found  in  Section  f63. 211 


05X0 


05X1 


Theorem  63.20.3.  Let  S be  a scheme.  Let  f : X Y and  Y -A  Z be  a morphisms 
of  algebraic  spaces  over  S.  Let  F be  a quasi-coherent  Ox-module.  Assume 

(1)  X is  locally  of  finite  presentation  over  Z , 

(2)  F an  Ox -module  of  finite  presentation,  and 

(3)  Y is  locally  of  finite  type  over  Z . 

Let  x £ |X|  and  let  y £ |F|  and  z £ \Z\  be  the  images  of  x.  If  Fx  7^  0,  then  the 
following  are  equivalent: 

(1)  F is  flat  over  Z at  x and  the  restriction  of  F to  its  fibre  over  z is  flat  at 
x over  the  fibre  of  Y over  z,  and 

(2)  Y is  flat  over  Z at  y and  F is  flat  over  Y at  x. 

Moreover,  the  set  of  points  x where  (1)  and  (2)  hold  is  open  in  Supp(F). 


Proof.  Choose  a diagram  as  in  Lemma  63.20. l|part  (3).  It  follows  from  the  defini- 
tions that  this  reduces  to  the  corresponding  theorem  for  the  morphisms  of  schemes 
U — > V — >•  W,  the  quasi-coherent  sheaf  a* IF,  and  the  point  u £ U.  Thus  the  theo- 
rem follows  from  the  corresponding  result  for  schemes  which  is  More  on  Morphisms, 
Theorem  136.13.21  □ 


Lemma  63.20.4.  Let  S be  a scheme.  Let  f : X — ► Y and  Y — ► Z be  a morphism 
of  algebraic  spaces  over  S.  Assume 

(1)  X is  locally  of  finite  presentation  over  Z , 

(2)  X is  flat  over  Z, 

(3)  for  every  z £ \Z\  the  fibre  of  X over  z is  flat  over  the  fibre  ofY  over  z, 
and 

(4)  Y is  locally  of  finite  type  over  Z. 

Then  f is  flat.  If  f is  also  surjective,  then  Y is  flat  over  Z. 


Proof.  This  is  a special  case  of  Theorem  63.20.3| 


□ 


05X2  Lemma  63.20.5.  Let  S be  a scheme.  Let  f : X —7  Y and  Y —7  Z be  morphisms 
of  algebraic  spaces  over  S.  Let  IF  be  a quasi-coherent  Ox -module.  Assume 

(1)  X is  locally  of  finite  presentation  over  Z , 

(2)  F an  Ox -module  of  finite  presentation, 

(3)  F is  flat  over  Z,  and 

(4)  Y is  locally  of  finite  type  over  Z. 
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Then  the  set 

A = {x  € |X|  : F flat  at  x over  Y}. 

is  open  in  |X|  and  its  formation  commutes  with  arbitrary  base  change:  If  Z'  —¥  Z 
is  a morphism  of  algebraic  spaces,  and  A'  is  the  set  of  points  of  X'  = X x z Z' 
where  F'  = F Xz  Z'  is  flat  over  Y'  = Y x z Z' , then  A'  is  the  inverse  image  of  A 
under  the  continuous  map  \X'\  -A  |X|. 


Proof.  One  way  to  prove  this  is  to  translate  the  proof  as  given  in  More  on  Mor- 
phisms,  Lemma|36.13.4  into  the  category  of  algebraic  spaces.  Instead  we  will  prove 
this  by  reducing  to  the  case  of  schemes.  Namely,  choose  a diagram  as  in  Lemma 
63.20.1  part  (3)  such  that  a,  b , and  c are  surjective.  It  follows  from  the  defini- 


tions that  this  reduces  to  the  corresponding  theorem  for  the  morphisms  of  schemes 
U — > V — >•  W,  the  quasi-coherent  sheaf  a*F,  and  the  point  u £ U.  The  only 
minor  point  to  make  is  that  given  a morphism  of  algebraic  spaces  Z'  — ► Z we 
choose  a scheme  W'  and  a surjective  etale  morphism  W'  — > W Xz  Z' . Then  we 
set  U'  = W'  x w U and  V'  = W'  x w V.  We  write  o',  b' , d for  the  morphisms  from 
U'  ,V , W'  to  X' , Y' , Z' . In  this  case  A , resp.  A'  are  images  of  the  open  subsets  of 
U,  resp.  U'  associated  to  a*T , resp.  {a')*  J-' . This  indeed  does  reduce  the  lemma 
to  More  on  Morphisms,  Lemma  36.13.4|  □ 


Lemma  63.20.6.  Let  S be  a scheme.  Let  f : X — » Y and  Y — * Z be  a morphism 
of  algebraic  spaces  over  S.  Assume 

(1)  X is  locally  of  finite  presentation  over  Z , 

(2)  X is  flat  over  Z,  and 

(3)  Y is  locally  of  finite  type  over  Z . 

Then  the  set 

{x  £ |.Xj  : X flat  at  x over  Y}. 

is  open  in  |X|  and  its  formation  commutes  with  arbitrary  base  change  Z'  —¥  Z . 


Proof.  This  is  a special  case  of  Lemma  [63.20. 5| 


□ 


63.21.  Flatness  over  a Noetherian  base 


Here  is  the  “Critere  de  platitude  par  fibres”  in  the  Noetherian  case. 


Theorem  63.21.1.  Let  S be  a scheme.  Let  f : X Y and  Y — ► Z be  a morphisms 
of  algebraic  spaces  over  S.  Let  T be  a quasi-coherent  Ox -module.  Assume 

(1)  X , Y,  Z locally  Noetherian,  and 

(2)  T a coherent  Ox -module. 

Let  x £ |X|  and  let  y £ |F|  and  z £ \Z\  be  the  images  of  x.  If  Fx  7^  0,  then  the 
following  are  equivalent: 

(1)  T is  flat  over  Z at  x and  the  restriction  of  T to  its  fibre  over  z is  flat  at 
x over  the  fibre  of  Y over  z,  and 

(2)  Y is  flat  over  Z at  y and  T is  flat  over  Y at  x. 


Proof.  Choose  a diagram  as  in  Lemma  63.20.1  part  (3).  It  follows  from  the  defini- 
tions that  this  reduces  to  the  corresponding  theorem  for  the  morphisms  of  schemes 
U -A  V — > W , the  quasi-coherent  sheaf  a*  F,  and  the  point  u £ U.  Thus  the  theo- 
rem follows  from  the  corresponding  result  for  schemes  which  is  More  on  Morphisms, 
Theorem  136. 13.  ll  □ 
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OAPS  Lemma  63.21.2.  Let  S be  a scheme.  Let  f : A — X Y and  Y — x Z be  a morphism 
of  algebraic  spaces  over  S.  Assume 

(1)  A , Y , Z locally  Noetherian, 

(2)  X is  flat  over  Z, 

(3)  for  every  z £ \Z\  the  fibre  of  X over  z is  flat  over  the  fibre  ofY  over  z. 
Then  f is  flat.  If  f is  also  surjective,  then  Y is  flat  over  Z. 

Proof.  This  is  a special  case  of  Theorem |63. 21. l[  □ 


08  VP 


Just  like  for  checking  smoothness,  if  the  base  is  Noetherian  it  suffices  to  check 
flatness  over  Artinian  rings.  Here  is  a sample  statement. 

Lemma  63.21.3.  Let  A be  a Noetherian  ring.  Let  I C A be  an  ideal.  Let  X be 
an  algebraic  space  locally  of  finite  presentation  over  S = Spec(A).  For  n > 1 set 
Sn  = Spec  (A/In)  and  Xn  = Sn  x^X.  Let  T be  coherent  Ox-module.  If  for  every 
n > 1 the  pullback  Tn  of  T to  X is  flat  over  Sn,  then  the  (open)  locus  where  T is 
flat  over  X contains  the  inverse  image  ofV(I)  under  X ->  S'. 


Proof.  The  locus  where  J-  is  flat  over  S is  open  in  \X\  by  Theorem  63.19.1  The 
statement  is  insensitive  to  replacing  X by  the  members  of  an  etale  covering,  hence 
we  may  assume  X is  an  affine  scheme.  In  this  case  the  result  follows  immediately 
from  Algebra,  Lemma  [l0.98.11[  Some  details  omitted.  □ 


63.22.  Normalization  revisited 


082D  Normalization  commutes  with  smooth  base  change. 

082E  Lemma  63.22.1.  Let  S be  a scheme.  Let  f : Y —X  A'  be  a smooth  morphism 
of  algebraic  spaces  over  S.  Let  A be  a quasi- coherent  sheaf  of  Ox -algebras.  The 
integral  closure  of  Oy  in  f*A  is  equal  to  f*A'  where  A'  C A is  the  integral  closure 
of  Ox  in  A . 


Proof.  By  our  construction  of  the  integral  closure,  see  Morphisms  of  Spaces,  Def- 
inition [54T45T2J  this  reduces  immediately  to  the  case  where  X and  Y are  affine.  In 
this  case  the  result  is  Algebra,  Lemma [10. 143. 4|  □ 

082F  Lemma  63.22.2  (Normalization  commutes  with  smooth  base  change).  Let  S be 
a scheme.  Let 

Y2 Y1 

f 

* v 

X2  — ^ Ad 

be  a fibre  square  of  algebraic  spaces  over  S.  Assume  f is  quasi-compact  and  quasi- 
separated  and  ip  is  smooth.  Let  Yi  — x A'  —X  A \ be  the  normalization  of  X \ in  Yi . 
Then  X2  = X2  xXl  A(. 


Proof.  The  base  change  of  the  factorization  Yi  — x A(  — > Xi  to  X2  is  a factorization 
Y2  —x  A2  x x,  X[  — » Ai  and  A2  AJ  — x X\  is  integral  (Morphisms  of  Spaces, 
Lemma  54.43.5).  Hence  we  get  a morphism  h : X'2  —X  A2  x^  A(  by  the  universal 
property  of  Morphisms  of  Spaces,  Lemma  54.45.5  Observe  that  X'2  is  the  relative 
spectrum  of  the  integral  closure  of  Ox2  in  fi,*Oy2.  If  A'  C fit*Oy1  denotes  the 
integral  closure  of  Ox2,  then  A2  x x,  X[  is  the  relative  spectrum  of  p*A'  as  the 
construction  of  the  relative  spectrum  commutes  with  arbitrary  base  change.  By 
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06LV 


06LW 


Cohomology  of  Spaces,  Lemma  56.10.1  we  know  that  f^,*Oy2 
the  result  follows  from  Lemma  163. 22. II 


<P*fi,*Oy1.  Hence 
□ 


63.23.  Slicing  Cohen- Macaulay  morphisms 

Let  S'  be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let  /i, . . . , fr  £ T(X,  Ox)- 
In  this  case  we  denote  V(fi, . . . , fr)  the  closed  subspace  of  X cut  out  by  fi, . . . , fr. 
More  precisely,  we  can  define  V(f±, . . . , fr)  as  the  closed  subspace  of  X correspond- 
ing to  the  quasi-coherent  sheaf  of  ideals  generated  by  f\, , fr , see  Morphisms  of 


Spaces,  Lemma  54.13.1  Alternatively,  we  can  choose  a presentation  X = U/R  and 
consider  the  closed  subscheme  Z C U cut  out  by  fi\U, . . . , fr\u-  It  is  clear  that  Z 
is  an  I?- invariant  (see  Groupoids,  Definition  38.19.1)  closed  subscheme  and  we  may 
set  V(f1,...Jr)  = Z/Rz. 

Lemma  63.23.1.  Let  S be  a scheme.  Consider  a cartesian  diagram 


X 


F 


Y 


■ Spec  (fc) 


where  X Y is  a morphism  of  algebraic  spaces  over  S which  is  flat  and  locally  of 
finite  presentation,  and  where  k is  a field  over  S . Let  /i, . . . , fr  £ r(Af,  Ox)  and 
z £ |.F|  such  that  fi,...,fr  map  to  a regular  sequence  in  the  local  ring  Of.z-  Then, 
after  replacing  X by  an  open  subspace  containing  p(z),  the  morphism 

V(fi,  ■ ■ ■ , fr)  — > Y 
is  flat  and  locally  of  finite  presentation. 


Proof.  Set  Z = V(f\, . . . , fr).  It  is  clear  that  Z — > X is  locally  of  finite  presenta- 
tion, hence  the  composition  Z -A  Y is  locally  of  finite  presentation,  see  Morphisms 
of  Spaces,  Lemma [54. 28. 2|  Hence  it  suffices  to  show  that  Z — >■  Y is  flat  in  a neigh- 
bourhood of  p(z).  Let  k C k'  be  an  extension  field.  Then  F'  = F xSpec(fe)  Spec(fc') 
is  surjective  and  flat  over  F,  hence  we  can  find  a point  z'  £ |J7’,|  mapping  to  z 
and  the  local  ring  map  Of,z  — ► Op1,-1  is  HaL  see  Morphisms  of  Spaces,  Lemma 
Hence  the  image  of  /i, . . . , fr  in  Op'.z’  is  a regular  sequence  too,  see  Alge- 
Thus,  during  the  proof  we  may  replace  k by  an  extension  field. 
In  particular,  we  may  assume  that  z £ |.Fj  comes  from  a section  z : Spec(fc)  —¥  F 
of  the  structure  morphism  F -A  Spec (k). 


54.29.8 


bra,  Lemma  10.67.5 


Choose  a scheme  V and  a surjective  etale  morphism  V Y.  Choose  a scheme  U 
and  a surjective  etale  morphism  U X Xy  V.  After  possibly  enlarging  k once 
more  we  may  assume  that  Spec(fc)  — ► F — » X factors  through  U (as  U -A  X is 
surjective).  Let  u : Spec(fc)  — >•  U be  such  a factorization  and  denote  v £ V the 
image  of  u.  Note  that  the  morphisms 

Uv  xSpec(re(„))  Spec(fc)  = U Xy  Spec (k)  -A  U Xy  Spec(fc)  -A  F 

are  etale  (the  first  as  the  base  change  of  V -A  V Xy  V and  the  second  as  the  base 
change  of  U -A  X).  Moreover,  by  construction  the  point  u : Spec(fc)  -A  U gives 
a point  of  the  left  most  space  which  maps  to  z on  the  right.  Hence  the  elements 
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f\, ... , fr  map  to  a regular  sequence  in  the  local  ring  on  the  right  of  the  following 
map 

Ov^u  — ► Or 


/UV  XSpec(K(v)Spec  {k),U  Ou  X vSpec  {k),U' 


But  since  the  displayed  arrow  is  flat  (combine  More  on  Flatness,  Lemma  37.2.5  and 
Morphisms  of  Spaces,  Lemma  54.29.8|)  we  see  from  Algebra,  Lemma  10.67.5  that 
f\, ... , fr  maps  to  a regular  sequence  in  OuvtU.  By  More  on  Morphisms,  Lemma 
|36.18.2|  we  conclude  that  the  morphism  of  schemes 

V(fU.  ..Jr)  Xx  u = V{h \u,  ...,  fr\u)  -A  V 
is  flat  in  an  open  neighbourhood  U'  of  u.  Let  X'  C X be  the  open  subspace 


corresponding  to  the  image  of  \U’\  —A  |X|  (see  Properties  of  Spaces,  Lemmas  53.4.6 
and  53.4.8).  We  conclude  that  V(fi, . . . , fr)  n X'  — a Y is  flat  (see  Morphisms  of 
Spaces,  Definition  54.29. 1|)  as  we  have  the  commutative  diagram 


V(fl,...Jr)  XX  U’ 


V 


V(fu...,fr)  nr *y 

with  a,  b etale  and  a surjective. 


□ 


63.24.  Etale  localization  of  morphisms 

082G  The  section  is  the  analogue  of  More  on  Morphisms,  Section  [36.301 

082H  Lemma  63.24.1.  Let  S be  a scheme.  Let  f : X —A  Y be  a morphism  of  algebraic 
spaces  over  S.  Let  y £ |Yj.  Let  x\, ...  ,xn  € |.Y|  mapping  to  y.  Assume  that 

(1)  f is  locally  of  finite  type, 

(2)  / is  separated, 

(3)  / is  quasi-finite  at  x i, . . . , xn,  and 

(4)  / is  quasi-compact  or  Y is  decent. 

Then  there  exists  an  etale  morphism  ( U,u ) —A  (Y,y)  of  pointed  algebraic  spaces  and 
a decomposition 

u xY x = wnv 

into  open  and  closed  subspaces  such  that  the  morphism  V —¥  U is  finite,  every  point 
of  the  fibre  of  \V\  -A  \U\  over  u maps  to  an  Xi,  and  the  fibre  of  \W\  -A  \U\  over  u 
contains  no  point  mapping  to  an  Xi . 

Proof.  Let  (U,  u ) — > (Y,  y ) be  an  etale  morphism  of  algebraic  spaces  and  consider 
the  set  of  w £ \ U xY  X \ mapping  to  u £ \U\  and  one  of  the  x,  £ |A|.  By  Decent 


Spaces,  Lemma  55.16.4  (if  / is  of  finite  type)  or  Decent  Spaces,  Lemma  55.16.5  (if 


Y is  decent)  this  set  is  finite.  It  follows  that  we  may  replace  / by  the  base  change 
U Xy  X — ► U and  X\, . . . , xn  by  the  set  of  these  w.  In  particular  we  may  and  do 
assume  that  Y is  an  affine  scheme,  whence  X is  a separated  algebraic  space. 

Choose  an  affine  scheme  Z and  an  etale  morphism  Z — > X such  that  x±, ...  ,xn 
are  in  the  image  of  \Z\  — > |X|.  The  fibres  of  \Z\  -A  |Aj  are  finite,  see  Properties 
of  Spaces,  Lemma  53.6.7|  (or  the  more  general  discussion  in  Decent  Spaces,  Section 
55.6).  Let  (zi, . . . ,zm } C \Z\  be  the  preimage  of  {xlt . . . ,xn}.  By  More  on  Mor- 
phisms, Lemma  36.30.4  there  exists  an  etale  morphism  ( U,u ) -A  (Y,  y)  such  that 
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U Xy  Z = Z\  II  Zi  with  Z\  — x U finite  and  (Z i)y  = { z\ , . . . , zm }.  We  may  assume 
that  U is  affine  and  hence  Z i is  affine  too. 


OADU 


Since  / is  separated,  the  image  V of  Z\  — > X is  both  open  and  closed  (Morphisms 
of  Spaces,  Lemma  54.39.6 1.  Set  W = X\V  to  get  a decomposition  as  in  the  lemma. 
To  finish  the  proof  we  have  to  show  that  V — X U is  finite.  As  Z\  — x V is  surjective 
and  etale,  V is  the  quotient  of  Z\  by  the  etale  equivalence  relation  R = Z\  x y Z\ , 
see  Spaces,  Lemma[52.9.1[  Since  / is  separated,  V — x U is  separated  and  R is  closed 
in  Zi  Xjj  Zi.  Since  Z\  — x U is  finite,  the  projections  s,t  : R — X Z\  are  finite.  Thus 
V is  an  affine  scheme  by  Groupoids,  Proposition  |38.2T8[  By  Morphisms,  Lemma 

we 

□ 


28.41.8  we  conclude  that  V —X  U is  proper  and  by  Morphisms,  Lemma  28.43.10 


conclude  that  V — X U is  finite,  thereby  finishing  the  proof. 


Lemma  63.24.2.  Let  S be  a scheme.  Let  f : X — x Y be  a morphism  of  algebraic 
spaces  over  S.  Let  x £ \X\  with  image  y £ |F|.  Assume  that 

(1)  / is  locally  of  finite  type , 

(2)  / is  separated,  and 

(3)  / is  quasi-finite  at  x. 

Then  there  exists  an  etale  morphism  ( U,u ) —X  ( Y,y ) of  pointed  algebraic  spaces  and 
a decomposition 

U xY  X = W UV 

into  open  and  closed  subspaces  such  that  the  morphism  V —X  U is  finite  and  there 
exists  a point  v £ \ V\  which  maps  to  x in  \X\  and  u in  \U\. 


Proof.  Pick  a scheme  U,  a point  u € U,  and  an  etale  morphism  U — X Y mapping 
u to  y.  There  exists  a point  x'  £ | U Xy  X\  mapping  to  x in  |A|  and  u in  \U\ 


(Properties  of  Spaces,  Lemma  |53.4.3 1 . 
morphism  U Xy  X 


To  finish,  apply  Lemma  63.24.1  to  the 


U and  the  point  x' . It  applies  because  U is  a scheme  and 
hence  u comes  from  the  monomorphism  Spec(xc(it))  — x U . □ 


63.25.  Zariski’s  Main  Theorem 


05W7 


0821 


In  this  section  we  apply  the  results  of  the  previous  section  to  prove  Zariski’s  main 
theorem  for  morphisms  of  algebraic  spaces.  This  section  is  the  analogue  of  More 
on  Morphisms,  Section  [36. 31| 

Lemma  63.25.1.  Let  S be  a scheme.  Let  f : X — X Y be  a morphism  of  algebraic 
spaces  over  S which  is  of  finite  type  and  separated.  Let  Y'  be  the  normalization  of 
Y in  X . Picture: 

X Y' 

/' 

Y 

Then  there  exists  an  open  subspace  U'  C Y'  such  that 

(1)  —x  U'  is  an  isomorphism,  and 

(2)  (/,)^1(^7)  C X is  the  set  of  points  at  which  f is  quasi-finite. 


Proof.  By  Morphisms  of  Spaces,  Lemma [54. 33.7  there  is  an  open  subspace  U C X 
corresponding  to  the  points  of  |X|  where  / is  quasi-finite.  We  have  to  prove 

(a)  the  image  of  |C/|  — X |W'|  is  |C/'|  for  some  open  subspace  U'  of  Y', 

(b)  U = /-1(t/'),and 


63.25.  ZARISKI’S  MAIN  THEOREM 


3976 


(c)  t/  — >-  C/'  is  an  isomorphism. 

Since  formation  of  U commutes  with  arbitrary  base  change  (Morphisms  of  Spaces, 
Lemma  54.33.7),  since  formation  of  the  normalization  Y'  commutes  with  smooth 
base  change  (Lemma  63.22.2),  since  etale  morphisms  are  open,  and  since  “being 
an  isomorphism”  is  fpqc  local  on  the  base  (Descent  on  Spaces,  Lemma  61.10.13), 
it  suffices  to  prove  (a),  (b),  (c)  etale  locally  on  Y (some  details  omitted).  Thus  we 
may  assume  Y is  an  affine  scheme.  This  implies  that  Y'  is  an  (affine)  scheme  as 
well. 


Let  x £ \U\.  Claim:  there  exists  an  open  neighbourhood  f(x)  £ V C Y'  such 
that  (f’)-'V  — > V is  an  isomorphism.  We  first  prove  the  claim  implies  the  lemma. 
Namely,  then  ( f')~1V  = V is  a scheme  (as  an  open  of  Y'),  locally  of  finite  type 
over  Y (as  an  open  subspace  of  X),  and  for  v £ V the  residue  field  extension 
k(v)  D k(is(v))  is  algebraic  (as  V C Y'  and  Y'  is  integral  over  Y).  Hence  the  fibres 
of  V — ^ Y are  discrete  (Morphisms,  Lemma  28.20.2)  and  — > Y is  locally 

quasi-finite  (Morphisms,  Lemma  28.20.8).  This  implies  (/,)_1Y  C U and  V C U'. 
Since  x was  arbitrary  we  see  that  (a),  (b),  and  (c)  are  true. 


Let  y = f(x)  £ |Y|.  Let  (T,t)  -A  (Y,  y)  be  an  etale  morphism  of  pointed  schemes. 
Denote  by  a subscript  t the  base  change  to  T.  Let  z £ X t be  a point  in  the  fibre 
Xt  lying  over  x.  Note  that  Ut  C Xt  is  the  set  of  points  where  fr  is  quasi-finite, 
see  Morphisms  of  Spaces,  Lemma  54.33.7  Note  that 

XT  Yt  — ^ T 


is  the  normalization  of  T in  Xt,  see  Lemma [63. 22. 2|  Suppose  that  the  claim  holds 
for  z £ Ut  C Xt  — > Y^  — ► T,  i.e. , suppose  that  we  can  find  an  open  neighbourhood 
f t(z ) £ V'  C Yy  such  that  (/y)_1Y'  — > V is  an  isomorphism.  The  morphism 
Yf  -A  Y'  is  etale  hence  the  image  V C Y'  of  V'  is  open.  Observe  that  f'(x)  £ V 
as  fT{z)  £ V' . Observe  that 


i v 

V' >-  V 

is  a fibre  square  (as  Y ^ Xy'X  = Xt)-  Since  the  left  vertical  arrow  is  an  isomorphism 
and  {V'  — > V}  is  a etale  covering,  we  conclude  that  the  right  vertical  arrow  is  an 
isomorphism  by  Descent  on  Spaces,  Lemma  |61 . 10. 13|  In  other  words,  the  claim 
holds  for  x £ U C X -»■  Y'  -t  Y. 

By  the  result  of  the  previous  paragraph  to  prove  the  claim  for  x £ \U\,  we  may 
replace  Y by  an  etale  neighbourhood  T of  y = f{x)  and  x by  any  point  lying  over 
x in  T Xy  X.  Thus  we  may  assume  there  is  a decomposition 

X = V H W 

into  open  and  closed  subspaces  where  V — > Y is  finite  and  x £ V,  see  Lemma 
|63.24.1|  Since  X is  a disjoint  union  of  V and  W over  Y and  since  V — > Y is  finite 
we  see  that  the  normalization  of  Y in  X is  the  morphism 

X = VUW  — >VU  W'  — > S 
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where  W'  is  the  normalization  of  Y in  W,  see  Morphisms  of  Spaces,  Lemmas 
|54.45.8[  |54.43.6[  and|54.45.10|  The  claim  follows  and  we  win.  □ 

The  following  lemma  is  a duplicate  of  Morphisms  of  Spaces,  Lemma  [54. 49. 2|  The 
reason  for  having  two  copies  of  the  same  lemma  is  that  the  proofs  are  somewhat 
different.  The  proof  given  below  rests  on  Zariski’s  Main  Theorem  for  nonrepre- 
sentable  morphisms  of  algebraic  spaces  as  presented  above,  whereas  the  proof  of 
Morphisms  of  Spaces,  Lemma  |54.49.2|  rests  on  Morphisms  of  Spaces,  Proposition 


082J  Lemma  63.25.2.  Let  S be  a scheme.  Let  f : X — x Y be  a morphism  of  algebraic 
spaces  over  S.  Assume  f is  quasi-finite  and  separated.  Let  Y'  be  the  normalization 
ofY  in  X . Picture: 

X >■  Y' 

/' 

Y 

Then  f is  a quasi-compact  open  immersion  and  v is  integral.  In  particular  f is 
quasi-affine. 


|54.47.2|to  reduce  to  the  case  of  morphisms  of  schemes. 


082K 


Proof.  This  follows  from  Lemma  63.25. 1[  Namely,  by  that  lemma  there  exists 
an  open  subspace  U'  C Y'  such  that  = X (!)  and  X — x U'  is  an 

isomorphism!  In  other  words,  f is  an  open  immersion.  Note  that  f is  quasi- 
compact as  / is  quasi-compact  and  v : Y'  — X Y is  separated  (Morphisms  of  Spaces, 
Lemma  54.8.8).  Hence  for  every  affine  scheme  Z and  morphism  Z — x Y the  fibre 
product  Z Xy  X is  a quasi-compact  open  subscheme  of  the  affine  scheme  Z Xy  Y'. 
Hence  / is  quasi-affine  by  definition.  □ 


Lemma  63.25.3.  Let  S be  a scheme.  Let  f : X —X  Y be  a morphism  of  algebraic 
spaces  over  S.  Assume  f is  quasi-finite  and  separated  and  assume  that  Y is  quasi- 
compact and  quasi-separated.  Then  there  exists  a factorization 


where  j is  a quasi-compact  open  immersion  and  7r  is  finite. 


Proof.  Let  X — x Y'  — x Y be  as  in  the  conclusion  of  Lemma  63.25.2  By  Limits 


of  Spaces,  Lemma  [57.9.7|  we  can  write  v^Oy  = colimie j A,  as  a directed  colimit 
of  finite  quasi-coherent  Ox-algebras  Ai  C v*Oy.  Then  tt,  : T*  = Spec  (./U)  — » Y 
is  a finite  morphism  for  each  i.  Note  that  the  transition  morphisms  Tp  — x Ti  are 
affine  and  that  Y'  = lim  T . 


By  Limits  of  Spaces,  Lemma  |57.5.5|  there  exists  an  i and  a quasi-compact  open 
Ui  C Ti  whose  inverse  image  in  Y'  equals  f'{X).  For  i'  > i let  Up  be  the  inverse 
image  of  Ui  in  Tp.  Then  X = f(X)  = lim,/>,  Up,  see  Limits  of  Spaces,  Lemma 


immersion  for  some  i!  > i.  (In  fact  X = Up  for  sufficiently  large  i'  but  we  don’t 
need  this.)  Hence  X — x Tp  is  an  immersion.  By  Morphisms  of  Spaces,  Lemma 
|54.12.6|  we  can  factor  this  as  X —X  T —X  Tp  where  the  first  arrow  is  an  open 
immersion  and  the  second  a closed  immersion.  Thus  we  win.  □ 


57.4.1  By  Limits  of  Spaces,  Lemma  |57.5.10  we  see  that  X — x Up  is  a closed 
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0874  Lemma  63.25.4.  With  notation  and  hypotheses  as  in  Lemma  63.25.3.  Assume 
moreover  that  f is  locally  of  finite  presentation.  Then  we  can  choose  the  factoriza- 
tion  such  that  T is  finite  and  of  finite  presentation  over  Y . 


0A4X 


Proof.  By  Limits  of  Spaces,  Lemma  [57. 11.3|  we  can  write  T = limT*  where  all 
are  finite  and  of  finite  presentation  over  Y and  the  transition  morphisms  TV  -A  T, 
are  closed  immersions.  By  Limits  of  Spaces,  Lemma  57.5.5  there  exists  an  i and 
an  open  subscheme  Ui  C Ti  whose  inverse  image  in  T is  X.  By  Limits  of  Spaces, 
Lemma [57.5.10|  we  see  that  X = Ui  for  large  enough  i.  Replacing  T by  Tt  finishes 
the  proof.  □ 


Lemma  63.25.5.  Let  S be  a scheme.  Let  f : X -A  Y be  a morphism  of  algebraic 
spaces  over  S.  The  following  are  equivalent: 

(1)  f is  finite, 

(2)  f is  proper  and  locally  quasi-finite, 

(3)  f is  proper  and  |Xfc|  is  a discrete  space  for  every  morphism  Spec (k)  -A  Y 
where  k is  a field, 

(4)  f is  universally  closed,  separated,  locally  of  finite  type  and  \X^\  is  a dis- 
crete space  for  every  morphism  Spec (k)  — > Y where  k is  a field. 


Proof.  We  have  (1)  =>  (2)  by  Morphisms  of  Spaces,  Lemmas  54.43.9  54.43.8  We 
have  (2)  =>  (3)  by  Morphisms  of  Spaces,  Lemma  54.27.5  By  definition  (3)  implies 
(4). 

Assume  (4).  Since  / is  universally  closed  it  is  quasi-compact  (Morphisms  of  Spaces, 
Lemma  54.9.7|).  Pick  a point  y of  \Y\.  We  represent  y by  a morphism  Spec(fc)  — ► 
Y . Note  that  X*.  is  finite  discrete  as  a quasi-compact  discrete  space.  The  map 
|Xfc|  -A  |X|  surjects  onto  the  fibre  of  |X|  — ► \Y\  over  y (Properties  of  Spaces, 
Lemma  53.4.3).  By  Morphisms  of  Spaces,  Lemma  54.33.8  we  see  that  A'  — > Y is 
quasi-finite  at  all  the  points  of  the  fibre  of  |A|  -A  |Y|  over  y.  Choose  an  elementary 
etale  neighbourhood  (U,u)  — t (Y,y)  and  decomposition  Xv  = VUW  as  in  Lemma 


63.24.1  adapted  to  all  the  points  of  |A'|  lying  over  y.  Note  that  Wu  = 0 because  we 
used  all  the  points  in  the  fibre  of  |X|  -A  |Y|  over  y.  Since  / is  universally  closed  we 
see  that  the  image  of  \W\  in  |C7|  is  a closed  set  not  containing  u.  After  shrinking 
U we  may  assume  that  W = 0.  In  other  words  we  see  that  Xjj  = V is  finite  over 
U.  Since  y £ |Y|  was  arbitrary  this  means  there  exists  a family  {Ui  — > Y}  of  etale 
morphisms  whose  images  cover  Y such  that  the  base  changes  X jj.  — ► Ui  are  finite. 
We  conclude  that  / is  finite  by  Morphisms  of  Spaces,  Lemma  [54.43.3  □ 


As  a consequence  we  have  the  following  useful  result. 

0A4Y  Lemma  63.25.6.  Let  S be  a scheme.  Let  f : X — >•  Y be  a morphism  of  algebraic 
spaces  over  S.  Let  y £ |Y|.  Assume 

(1)  / is  proper,  and 

(2)  / is  quasi-finite  at  all  x £ |X|  lying  over  y (Decent  Spaces,  Lemma 
55.16.lty. 

Then  there  exists  an  open  neighbourhood  V CY  ofy  such  that  /|/-qy)  : f~1(V)  — ► 
V is  finite. 


Proof.  By  Morphisms  of  Spaces,  Lemma  |54.33.7|  the  set  of  points  at  which  / is 
quasi-finite  is  an  open  U C X.  Let  Z = X \ U.  Then  y ^ f(Z).  Since  / is 
proper  the  set  f(Z)  C Y is  closed.  Choose  any  open  neighbourhood  V C Y of 
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y with  Z (~l  V = 0.  Then  

f~\V)  — ► V is  finite  by  Lemma  63.25.5 


V_  is  locally  quasi-finite  and  proper.  Hence 

□ 


OAEJ  Lemma  63.25.7.  Let  S be  a scheme.  Let 


be  a commutative  diagram  of  morphism  of  algebraic  spaces  over  S . Let  b £ B and 
let  Spec(fc)  -A  B be  a morphism  in  the  equivalence  class  of  b.  Assume 

(1)  X -A  B is  a proper  morphism , 

(2)  Y — > B is  separated  and  locally  of  finite  type, 

(3)  one  of  the  following  is  true 

(a)  the  image  of  |X^|  -A  \Yjf\  is  finite, 

(b)  the  image  o/|/|_1({6})  in  |Y|  is  finite  and  B is  decent. 

Then  there  is  an  open  subspace  B'  C B containing  b such  that  Xb1  -A  Yb1  factors 
through  a closed  subspace  Z C Yg>  finite  over  B' . 

Proof.  Let  2c  b be  the  scheme  theoretic  image  of  h,  see  Morphisms  of  Spaces, 
Section  [54.161  By  Morphisms  of  Spaces,  Lemma  [54.39. 8|  the  morphism  X — > Z is 
surjective  and  Z — > B is  proper.  Thus 


{x  € |X|  lying  over  b}  — > {z  € \Z\  lying  over  b} 


and  |Xfc|  -a  \Zk\  are  surjective.  We  see  that  either  (3)(a)  or  (3)(b)  imply  that  Z 


B is  quasi-finite  all  all  points  of  \Z\  lying  over  b by  Decent  Spaces,  Lemma  55.16.10 
Hence  Z — > B is  finite  in  an  open  neighbourhood  of  b by  Lemma  [63. 25. 6| 


□ 


63.26.  Stein  factorization 

0A18  Stein  factorization  is  the  statement  that  a proper  morphism  / : X — » S with 
f*Ox  = Os  has  connected  fibres. 

0A19  Lemma  63.26.1.  Let  S be  a scheme.  Let  f : X -A  Y be  a universally  closed, 
quasi-compact  and  quasi-separated  morphism  of  algebraic  spaces  over  S.  There 
exists  a factorization 

X Y' 

/' 

Y 

with  the  following  properties: 

(1)  the  morphism  f is  universally  closed,  quasi- compact,  quasi-separated  and 
surjective, 

(2)  the  morphism  n : Y'  — > Y is  integral, 

(3)  we  have  f'tOx  = Oy, 

(4)  we  have  Y'  = Specy  (f*Ox),  and 

(5)  Y'  is  the  normalization  of  Y in  X as  defined  in  Morphisms  of  Spaces, 
Definition  \ 5j.j5.3\ 
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Proof.  We  just  define  Y'  as  the  normalization  of  Y in  X , so  (5)  and  (2)  hold 
automatically.  By  Morphisms  of  Spaces,  Lemma  54.45.9  we  see  that  (4)  holds. 
The  morphism  f is  universally  closed  by  Morphisms  of  Spaces,  Lemma|54.39.6  It 
is  quasi-compact  by  Morphisms  of  Spaces,  Lemma  54.8.8  and  quasi-separated  by 
Morphisms  of  Spaces,  Lemma [54.4. 10 


To  show  the  remaining  statements  we  may  assume  the  base  Y is  affine  (as  taking 
normalization  commutes  with  etale  localization).  Say  Y = Spec(i?).  Then  Y'  = 
Spec(A)  with  A = Y{X,Ox)  an  integral  f?-algebra.  Thus  it  is  clear  that  f'tOx 
is  Oy'  (because  f'^Ox  is  quasi-coherent,  by  Morphisms  of  Spaces,  Lemma  54.11.2 
and  hence  equal  to  A).  This  proves  (3). 


Let  us  show  that  /'  is  surjective.  As  /'  is  universally  closed  (see  above)  the  image 
of  f is  a closed  subset  V{I)  C S'  = Spec(A).  Pick  h £ I.  Then  h\x  = f^{h)  is  a 
global  section  of  the  structure  sheaf  of  X which  vanishes  at  every  point.  As  X is 
quasi-compact  this  means  that  h\x  is  a nilpotent  section,  i.e.,  hn\X  = 0 for  some 
n > 0.  But  A = T(A,  0,v)i  hence  hn  = 0.  In  other  words  I is  contained  in  the 
radical  ideal  of  A and  we  conclude  that  V (I)  = S'  as  desired.  □ 


Let  / : X — > Y be  a morphism  of  algebraic  spaces  and  let  y : Spec(fc)  — » Y 
be  a geometric  point.  Then  the  fibre  of  f over  y is  the  algebraic  space  Xy  = 
X x Yy  Spec (k)  over  k.  If  Y is  a scheme  and  y £ Y is  a point,  then  we  denote 
Xy  = X Xy  Spec (n(y))  the  fibre  as  usual. 

0A1A  Lemma  63.26.2.  Let  S be  a scheme.  Let  f : X -A  Y be  a morphism  of  algebraic 
spaces  over  S.  Let  y be  a geometric  point  ofY.  Then  Xy  is  connected,  if  and  only  if 
for  every  etale  neighbourhood  ( V. , v)  —r  (Y,  y)  where  V is  a scheme  the  base  change 
Xy  — » V has  connected  fibre  Xv . 


Proof.  Since  the  category  of  etale  neighbourhoods  of  y is  cofiltered  and  contains  a 
cofinal  collection  of  schemes  (Properties  of  Spaces,  Lemma  53.18.3)  we  may  replace 
Y by  one  of  these  neighbourhoods  and  assume  that  Y is  a scheme.  Let  y £ Y 
be  the  point  corresponding  to  y.  Then  Xy  is  geometrically  connected  over  n(y)  if 
and  only  if  Xy  is  connected  and  if  and  only  if  ( Xy )*./  is  connected  for  every  finite 
separable  extension  k'  of  n{y).  See  Spaces  over  Fields,  Section  59.8  and  especially 
Lemma[59.8.8|  By  More  on  Morphisms,  Lemma  36. 27. 2| there  exists  an  affine  etale 
neighbourhood  (V,v)  —>  ( Y,y ) such  that  k(s)  C k(u)  is  identified  with  «(s)  C k' 
any  given  finite  separable  extension.  The  lemma  follows.  □ 


0A1B  Theorem  63.26.3  (Stein  factorization;  Noetherian  case).  Let  S be  a scheme. 
Let  f : X Y be  a proper  morphism  of  algebraic  spaces  over  S with  Y locally 
Noetherian.  There  exists  a factorization 


> Y' 


with  the  following  properties: 

(1)  the  morphism  f is  proper  with  connected  geometric  fibres, 

(2)  the  morphism  tt  : Y'  — > Y is  finite, 

(3)  we  have  fiOx  = Oy>, 

(4)  we  have  Y'  = Specy  (f*0\),  and 
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(5)  Y'  is  the  normalization  ofY  in  X,  see  Morphisms,  Definition  28-48.3 
Proof.  Let  / = 7r  o /'  be  the  factorization  of  Lemma  63.26.1 


Note  that  besides 


the  conclusions  of  Lemma  63.26.1  we  also  have  that  f is  separated  (Morphisms  of 
Spaces,  Lemma  54.4.10)  and  finite  type  (Morphisms  of  Spaces,  Lemma  |54.23.6 ). 
Hence  f is  proper.  By  Cohomology  of  Spaces,  Lemma  [56.19. 2|  we  see  that  f*Ox 
is  a coherent  CV-module.  Hence  we  see  that  7r  is  finite,  i.e. , (2)  holds. 


This  proves  all  but  the  most  interesting  assertion,  namely  that  the  geometric  fibres 
of  f are  connected.  It  is  clear  from  the  discussion  above  that  we  may  replace  Y by 
Y' . Then  Y is  locally  Noetherian,  f : X Y is  proper,  and  /*0y  = Oy.  Let  y be 
a geometric  point  of  Y . At  this  point  we  apply  the  theorem  on  formal  functions, 
more  precisely  Cohomology  of  Spaces,  Lemma  [56. 20. 7[  It  tells  us  that 

O^v  = limnH0(Xn,OXn) 

where  Xn  = Spec(CV,y/tn())  Xy  X.  Note  that  X\  = Xy  — ► Xn  is  a (finite  order) 
thickening  and  hence  the  underlying  topological  space  of  Xn  is  equal  to  that  of  Xy. 
Thus,  if  Xy  = T1UT2  is  a disjoint  union  of  nonempty  open  and  closed  subspaces, 
then  similarly  Xn  = Tjjn  H T2,n  for  all  n.  And  this  in  turn  means  H°(Xn,  Oxn) 
contains  a nontrivial  idempotent  e\^n,  namely  the  function  which  is  identically  1 
on  Titn  and  identically  0 on  T2jn.  It  is  clear  that  eijn+i  restricts  to  eiin  on  Xn. 
Hence  e\  = limeij7l  is  a nontrivial  idempotent  of  the  limit.  This  contradicts  the 
fact  that  Oyy  is  a local  ring.  Thus  the  assumption  was  wrong,  i.e.,  Xy  is  connected 
as  desired.  □ 


0A1C 


Theorem  63.26.4  (Stein  factorization;  general  case).  Let  S be  a scheme.  Let 
f : X — ► Y be  a proper  morphism  of  algebraic  spaces  over  S.  There  exists  a 
factorization 

X >■  Y' 

f 

Y 


with  the  following  properties: 

(1)  the  morphism  f is  proper  with  connected  geometric  fibres, 

(2)  the  morphism  7 t : Y'  Y is  integral, 

(3)  we  have  ftOx  = Oy , 

(4)  we  have  Y’  = Specy (f*Ox),  and 

(5)  Y'  is  the  normalization  of  Y in  X (Morphisms  of  Spaces,  Definition 


54.45.3 ). 


Proof.  We  may  apply  Lemma  63.26.1  to  get  the  morphism  /'  : X — ► Y'.  Note  that 
besides  the  conclusions  of  Lemma  63.26.1  we  also  have  that  /'  is  separated  (Mor- 
phisms of  Spaces,  Lemma  54.4.10)  and  finite  type  (Morphisms  of  Spaces,  Lemma 
54.23.6).  Hence  /'  is  proper.  At  this  point  we  have  proved  all  of  the  statements 


except  for  the  statement  that  /'  has  connected  geometric  fibres. 


It  is  clear  from  the  discussion  that  we  may  replace  Y by  Y' . Then  / : X — > Y is 
proper  and  fiOx  = Oy.  Note  that  these  conditions  are  preserved  under  flat  base 
change  (Morphisms  of  Spaces,  Lemma  54.39.3  and  Cohomology  of  Spaces,  Lemma 


56.10.1 ).  Let  y be  a geometric  point  of  Y . By  Lemma  63.26.2  and  the  remark  just 
made  we  reduce  to  the  case  where  Y is  a scheme,  y € Y is  a point,  / : X — > Y is  a 
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proper  algebraic  space  over  Y with  /*  Ox  = Oy,  and  we  have  to  show  the  fibre  Xy 
is  connected.  Replacing  Y by  an  affine  neighbourhood  of  y we  may  assume  that 
Y = Spec (R)  is  affine.  Then  f*Ox  = Oy  signifies  that  the  ring  map  R -A  F(A',  Ox) 
is  bijective. 


By  Limits  of  Spaces,  Lemma  57.12.2  we  can  write  (X  — ► Y)  = lim(A,;  — ► Yj) 
with  Xi  -A  Yi  proper  and  of  finite  presentation  and  Yi  Noetherian.  For  i large 
enough  Yi  is  affine  (Limits  of  Spaces,  Lemma  57.5. 8|).  Say  Yi  = Spec(i?i).  Let 
R'i  = T(Xi,Oxi)-  Observe  that  we  have  ring  maps  Ri  -A  R[  — > R.  Namely,  we 
have  the  first  because  Xi  is  an  algebraic  space  over  Ri  and  the  second  because  we 
have  X — > Xt  and  R = T(X,Ox).  Note  that  R = colimi?.'  by  Limits  of  Spaces, 
Lemma  T57. 5.41  Then 

X Xi 


y 

Y 


Y! 


Yi 


is  commutative  with  Y/  = Spec(-R').  Let  y[  G Y-  be  the  image  of  y.  We  have 
Xy  = limAj  j,'  because  X = limA^,  Y = limY/,  and  n(y)  = colim K{y[).  Now  let 
Xy  = U UV  with  U and  V open  and  closed.  Then  U,  V are  the  inverse  images  of 


opens  Ui,  Vi  in  Xi  y:  (Limits  of  Spaces,  Lemma  57.5.5).  By  Theorem 


63.26.3 


the 

fibres  of  Xi  — > Y(  are  connected,  hence  either  U or  V is  empty.  This  finishes  the 
proof.  □ 


Here  is  an  application. 

OAYI  Lemma  63.26.5.  Let  S be  a scheme.  Let  f : X 
spaces  over  S.  Assume 
(1)  / is  proper, 


Y be  a morphism  of  algebraic 


(2)  Y is  integral  (Spaces  over  Fields,  Definition  59. f.  1)  with  generic  point 

(3)  Y is  normal, 

(4)  X is  reduced, 

(5)  every  generic  point  of  an  irreducible  component  of  |X|  maps  to  (, 

(6)  we  have  H0(X^,O)  = k(£). 

Then  f*Ox  = Oy  and  f has  geometrically  connected  fibres. 


Proof.  Apply  Theorem  63.26.4  to  get  a factorization  X — >•  Y'  — ► Y . It  is  enough 
to  show  that  Y'  = Y.  It  suffices  to  show  that  Y'  Xy  V — ► V is  an  isomorphism, 
where  V -A  Y is  an  etale  morphism  and  V an  affine  integral  scheme,  see  Spaces 


over  Fields,  Lemma  59.4.5  The  formation  of  Y'  commutes  with  etale  base  change, 
see  Morphisms  of  Spaces,  Lemma [54.45.4|  The  generic  points  of  X Xy  V lie  over 
the  generic  points  of  X (Decent  Spaces,  Lemma  55.18.1)  hence  map  to  the  generic 
point  of  V by  assumption  (5).  Moreover,  condition  (6)  is  preserved  under  the  base 
change  by  V -A  Y,  for  example  by  fiat  base  change  (Cohomology  of  Spaces,  Lemma 


56.10.1).  Thus  it  suffices  to  prove  the  lemma  in  case  Y is  a normal  integral  affine 


scheme. 

Assume  Y is  a normal  integral  affine  scheme.  We  will  show  Y'  — ► Y is  an  iso- 


morphism by  an  application  of  Morphisms,  Lemma  28.49.5  Namely,  Y'  is  reduced 
because  X is  reduced  (Morphisms  of  Spaces,  Lemma  54.45.6).  The  morphism 
Y'  —>•  Y is  integral  by  the  theorem  cited  above.  Since  Y is  decent  and  X — ► Y 


63.27.  EXTENDING  PROPERTIES  FROM  AN  OPEN 


3983 


is  separated,  we  see  that  X is  decent  too;  to  see  this  use  Decent  Spaces,  Lemmas 


Decent  Spaces,  Lemma  |55.18.1|  we  see  that  every  generic  point  of  an  irreducible 
component  of  \Y'\  maps  to  f.  On  the  other  hand,  since  Y'  is  the  relative  spectrum 
of  f*Ox  we  see  that  the  scheme  theoretic  fibre  Y^  is  the  spectrum  of  H0{X^,O) 
which  is  equal  to  k(£)  by  assumption.  Hence  Y'  is  an  integral  scheme  with  function 
field  equal  to  the  function  field  of  Y . This  finishes  the  proof.  □ 


55.15.2  and  55.15.5  By  assumption  (5),  Morphisms  of  Spaces,  Lemma  54.45.7  and 


63.27.  Extending  properties  from  an  open 

0875  In  this  section  we  collect  a number  of  results  of  the  form:  If  / : X — > Y is  a flat 
morphism  of  algebraic  spaces  and  / satisfies  some  property  over  a dense  open  of 
y,  then  / satisfies  the  same  property  over  all  of  Y. 

0876  Lemma  63.27.1.  Let  S be  a scheme.  Let  f : X — » Y be  a morphism  of  algebraic 
spaces  over  S.  Let  J-  be  a quasi- coherent  Ox-module.  Let  V C Y be  an  open 
subspace.  Assume 

(1)  f is  locally  of  finite  presentation, 

(2)  T is  of  finite  type  and  flat  over  Y, 

(3)  V — > Y is  quasi-compact  and  scheme  theoretically  dense, 

(4)  ?\ f-  i v is  of  finite  presentation. 

Then  T is  of  finite  presentation. 


0877 


Proof.  It  suffices  to  prove  the  pullback  of  J7  to  a scheme  surjective  and  etale  over 
X is  of  finite  presentation.  Hence  we  may  assume  X is  a scheme.  Similarly,  we 
can  replace  Y by  a scheme  surjective  and  etale  and  over  Y (the  inverse  image  of 
V in  this  scheme  is  scheme  theoretically  dense,  see  Morphisms  of  Spaces,  Section 


54.171.  Thus  we  reduce  to  the  case  of  schemes  which  is  More  on  Flatness,  Lemma 
37.11  II  □ 


Lemma  63.27.2.  Let  S be  a scheme.  Let  f : X — ► Y be  a morphism  of  algebraic 
spaces  over  S.  Let  V CY  be  an  open  subspace.  Assume 


(1)  / is  locally  of  finite  type  and  flat, 

(2)  V — > Y is  quasi-compact  and  scheme  theoretically  dense, 

(3)  flf^v  : f 1V  — > V is  locally  of  finite  presentation. 

Then  f is  of  locally  of  finite  presentation. 


0878 


Proof.  The  proof  is  identical  to  the  proof  of  Lemma  63.27.1  except  one  uses  More 
on  Flatness,  Lemma  137. 11. 21  □ 


Lemma  63.27.3.  Let  S be  a scheme.  Let  f : X — ► Y be  a morphism  of  algebraic 
spaces  over  S which  is  flat  and  locally  of  finite  type.  Let  V C Y be  an  open  subspace 
such  that  \ V\  C |P|  is  dense  and  such  that  Xy  — > V has  relative  dimension  < d.  If 
also  either 


(1)  f is  locally  of  finite  presentation,  or 

(2)  V — ► y is  quasi- compact, 

then  f : X — > Y has  relative  dimension  < d. 


Proof.  We  may  replace  Y by  its  reduction,  hence  we  may  assume  Y is  reduced. 
Then  V is  scheme  theoretically  dense  in  Y,  see  Morphisms  of  Spaces,  Lemma 
|54.17.7|  By  definition  the  property  of  having  relative  dimension  < d can  be  checked 
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0879 


087A 


087B 


on  an  etale  covering,  see  Morphisms  of  Spaces,  Sections  |54.32|  Thus  it  suffices  to 
prove  / has  relative  dimension  < d after  replacing  X by  a scheme  surjective  and 
etale  over  X.  Similarly,  we  can  replace  Y by  a scheme  surjective  and  etale  and 
over  Y.  The  inverse  image  of  V in  this  scheme  is  scheme  theoretically  dense,  see 


Morphisms  of  Spaces,  Section  54.17  Since  a scheme  theoretically  dense  open  of  a 
scheme  is  in  particular  dense,  we  reduce  to  the  case  of  schemes  which  is  More  on 
Flatness,  Lemma  [37. 11. 3|  □ 

Lemma  63.27.4.  Let  S be  a scheme.  Let  f : X — ► Y be  a morphism  of  algebraic 
spaces  over  S which  is  flat  and  proper.  Let  V -4  Y be  an  open  subspace  with 
|Vj  C |yj  dense  such  that  Xy  -A  V is  finite.  If  also  either  f is  locally  of  finite 
presentation  or  V — » Y is  quasi- compact,  then  f is  finite. 


Proof.  By  Lemma  63.27.3|  the  fibres  of  / have  dimension  zero.  By  Morphisms  of 
Spaces,  Lemma 
Spaces,  Lemma 


54.33.6 


54.48.1 


this  implies  that  / is  locally  quasi-finite.  By  Morphisms  of 
this  implies  that  / is  representable.  We  can  check  whether 
/ is  finite  etale  locally  on  Y,  hence  we  may  assume  Y is  a scheme.  Since  / is 
representable,  we  reduce  to  the  case  of  schemes  which  is  More  on  Flatness,  Lemma 
137.11.41  □ 

Lemma  63.27.5.  Let  S be  a scheme.  Let  f : X — > Y be  a morphism  of  algebraic 
spaces  over  S.  Let  V CY  be  an  open  subspace.  If 

(1)  / is  separated,  locally  of  finite  type,  and  flat, 

(2)  /_1(P)  — ► V is  an  isomorphism,  and 

(3)  V — ► Y is  quasi-compact  and  scheme  theoretically  dense, 
then  f is  an  open  immersion. 


Proof.  Applying  Lemma  |63.27.2|  we  see  that  / is  locally  of  finite  presentation. 
Applying  Lemma [63.27.3  we  see  that  / has  relative  dimension  < 0.  By  Morphisms 
of  Spaces,  Lemma  54.33.6  this  implies  that  / is  locally  quasi-finite.  By  Morphisms 
of  Spaces,  Lemma~|54.48.1|  this  implies  that  / is  representable.  By  Descent  on 
Spaces,  Lemma  |61.10.12  we  can  check  whether  / is  an  open  immersion  etale  locally 
on  Y . Hence  we  may  assume  that  Y is  a scheme.  Since  / is  representable,  we 
reduce  to  the  case  of  schemes  which  is  More  on  Flatness,  Lemma  137.11.51  □ 


63.28.  Blowing  up  and  flatness 

Instead  of  redoing  the  work  in  More  on  Flatness,  Section[37.28|we  prove  an  analogue 
of  More  on  Flatness,  Lemma  37.28.5  which  tells  us  that  the  problem  of  finding  a 
suitable  blowup  is  often  etale  local  on  the  base. 

Lemma  63.28.1.  Let  S be  a scheme.  Let  X be  a quasi-compact  and  quasi- 
separated  algebraic  space  over  S.  Let  ip  : W -4  X be  a quasi-compact  separated 
etale  morphism.  Let  U C X be  a quasi-compact  open  subspace.  Let  2 C Ojj  be  a 
finite  type  quasi- coherent  sheaf  of  ideals  such  that  V{T)  D v?-1(Z 7)  = 0.  Then  there 
exists  a finite  type  quasi- coherent  sheaf  of  ideals  J C Ox  such  that 

(1)  V(J)  DU  = $,  and 

(2)  ip~1(J)Ow  = 227  for  some  finite  type  quasi- coherent  ideal  I'  C Ow  ■ 

Proof.  Choose  a factorization  W — ► Y — ► X where  j : W — t Y is  a quasi-compact 
open  immersion  and  7r  : Y — > X is  a finite  morphism  of  finite  presentation  (Lemma 
63  25.4[).  Let  V = j(W)  U ^(U)  C Y.  Note  that  2 on  W ^ j(W)  and  On-i(u) 
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glue  to  a finite  type  quasi-coherent  sheaf  of  ideals  X\  C Oy.  By  Limits  of  Spaces, 
Lemma [57.9.8|  there  exists  a finite  type  quasi-coherent  sheaf  of  ideals  I2  C Oy  such 
that  Xi\y  =X\.  In  other  words,  I2  C Oy  is  a finite  type  quasi-coherent  sheaf  of 
ideals  such  that  VfXf)  is  disjoint  from  7r—  1 (L/)  and  j~lX 2 = X.  Denote  i : Z — ► Y 
the  corresponding  closed  immersion  which  is  of  finite  presentation  (Morphisms  of 
Spaces,  Lemma [54.28.12 ).  In  particular  the  composition  t = noi  : Z — )•  X is  finite 


and  of  finite  presentation  (Morphisms  of  Spaces,  Lemmas  54.28.2  and  54.43.4). 


Let  T = TifOz  which  we  think  of  as  a quasi-coherent  C?x-module.  By  Descent  on 
Spaces,  Lemma  [61.5.7|  we  see  that  T is  a finitely  presented  Ox-module.  Let  J = 
Fito(^r).  (Insert  reference  to  fitting  modules  on  ringed  topoi  here.)  This  is  a finite 
type  quasi-coherent  sheaf  of  ideals  on  X (as  T is  of  finite  presentation,  see  More  on 
Algebra,  Lemma  15.6.4).  Part  (1)  of  the  lemma  holds  because  |r|(|Z|)  D \U\  = 0 by 
our  choice  of  I2  and  because  the  Oth  fitting  ideal  of  the  trivial  module  equals  the 
structure  sheaf.  To  prove  (2)  note  that  tp~1(J)Ow  = Fito^*.?7)  because  taking 
fitting  ideals  commutes  with  base  change.  On  the  other  hand,  as  ip  : W -A  X 
is  separated  and  etale  we  see  that  (1  ,j)  : W -A  W Xx  Y is  an  open  and  closed 
immersion.  Hence  W x y Z = V ( I ) H Z'  for  some  finite  and  finitely  presented 
morphism  of  algebraic  spaces  r'  : Z'  — ► W.  Thus  we  see  that 


Fit0(^ X)  = Fit0((W  x y Z -a  W)*0WxyZ ) 
= Fito(0w/Z)  • Fit0(^OZ/) 

= J-Fito(r'C>^) 


the  second  equality  by  More  on  Algebra,  Lemma  15.6.4  translated  in  sheaves  on 
ringed  topoi.  Setting  X'  = Fit o(t*Oz')  finishes  the  proof  of  the  lemma.  □ 


087C  Theorem  63.28.2.  Let  S be  a scheme.  Let  B be  a quasi-compact  and  quasi- 
separated  algebraic  space  over  S . Let  X be  an  algebraic  space  over  B.  Let  T be  a 
quasi-coherent  module  on  X . Let  U C B be  a quasi-compact  open  subspace.  Assume 

(1)  X is  quasi-compact, 

(2)  X is  locally  of  finite  presentation  over  B, 

(3)  T is  a module  of  finite  type, 

(4)  Tjj  is  of  finite  presentation,  and 

(5)  Tu  is  flat  over  U. 

Then  there  exists  a U -admissible  blowup  B'  -A  B such  that  the  strict  transform  T' 
of  T is  an  Oxxbb'  -module  of  finite  presentation  and  flat  over  B' . 


Proof.  Choose  an  affine  scheme  V and  a surjective  etale  morphism  V — > X.  Be- 
cause strict  transform  commutes  with  etale  localization  (Divisors  on  Spaces,  Lemma 
58.7.2)  it  suffices  to  prove  the  result  with  X replaced  by  V.  Hence  we  may  assume 
that  X — ► B is  representable  (in  addition  to  the  hypotheses  of  the  lemma). 


B is  representable.  Choose  an  affine  scheme  W and  a surjective 
W -A  B.  Note  that  X x b W is  a scheme.  By  the  case  of  schemes 


Assume  that  X — > 
etale  morphism  ip 

(More  on  Flatness,  Theorem  37.28.7)  we  can  find  a finite  type  quasi-coherent  sheaf 
of  ideals  X C Ow  such  that  (a)  |P(X)|  fl  \ip~1(U)\  = 0 and  (b)  the  strict  transform 
of  X| xxBw  with  respect  to  the  blowing  up  W'  — > W in  X becomes  flat  over  W'  and 
is  a module  of  finite  presentation.  Choose  a finite  type  sheaf  of  ideals  J C Ob  as 
in  Lemma  63.28.1  Let  B'  — > B be  the  blowing  up  of  J . We  claim  that  this  blow 


up  works.  Namely,  it  is  clear  that  B'  -A  B is  [/-admissible  by  our  choice  of  ideal 
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J . Moreover,  the  base  change  B'  x b W — > W is  the  blowup  of  W in  (p  1J  = XT' 
(compatibility  of  blowup  with  flat  base  change,  see  Divisors  on  Spaces,  Lemma 


58.6.3).  Hence  there  is  a factorization 

W xB  B' 


W'  -A  W 


where  the  first  morphism  is  a blowup  as  well,  see  Divisors  on  Spaces,  Lemma 


58.6.10).  The  restriction  of  X'  (which  lives  on  B'  Xg  X)  to  W Xg  B'  Xg  X is  the 
strict  transform  of  X\ xxBw  (Divisors  on  Spaces,  Lemma  58.7.2)  and  hence  is  the 
twice  repeated  strict  transform  of  X\ xxBw  by  the  two  blowups  displayed  above 
(Divisors  on  Spaces,  Lemma  58.7.7).  After  the  first  blow  up  our  sheaf  is  already 
flat  over  the  base  and  of  finite  presentation  (by  construction).  Whence  this  holds 
after  the  second  strict  transform  as  well  (since  this  is  a pullback  by  Divisors  on 


Spaces,  Lemma  58.7.4).  Thus  we  see  that  the  restriction  of  X'  to  an  etale  cover  of 
B'  Xfl  X has  the  desired  properties  and  the  theorem  is  proved.  □ 


63.29.  Applications 

087D  In  this  section  we  apply  the  result  on  flattening  by  blowing  up. 

087E  Lemma  63.29.1.  Let  S be  a scheme.  Let  B be  a quasi-compact  and  quasi- 
separated  algebraic  space  over  S.  Let  X be  an  algebraic  space  over  B.  Let  U C B 
be  a quasi-compact  open  subspace.  Assume 

(1)  X — X B is  of  finite  type  and  quasi-separated,  and 

(2)  Xjj  — X U is  flat  and  locally  of  finite  presentation. 

Then  there  exists  a U -admissible  blowup  B'  —X  B such  that  the  strict  transform  of 
X is  flat  and  of  finite  presentation  over  B' . 

Proof.  Let  B'  — > B be  a [/-admissible  blowup.  Note  that  the  strict  transform  of 
X is  quasi-compact  and  quasi-separated  over  B'  as  X is  quasi-compact  and  quasi- 
separated  over  B.  Hence  we  only  need  to  worry  about  finding  a [/-admissible  blowup 
such  that  the  strict  transform  becomes  flat  and  locally  of  finite  presentation.  We 
cannot  directly  apply  Theorem|63.28.2|because  X is  not  locally  of  finite  presentation 
over  B. 


Choose  an  affine  scheme  V and  a surjective  etale  morphism  V — > X.  (This  is 
possible  as  X is  quasi-compact  as  a finite  type  space  over  the  quasi-compact  space 
B.)  Then  it  suffices  to  show  the  result  for  the  morphism  V — > B (as  strict  transform 


commutes  with  etale  localization,  see  Divisors  on  Spaces,  Lemma  58.7.2).  Hence  we 


may  assume  that  X — > B is  separated  as  well  as  finite  type.  In  this  case  we  can  find 
a closed  immersion  i : X — X Y with  Y —X  B separated  and  of  finite  presentation, 
see  Limits  of  Spaces,  Proposition  57.11.7| 


Apply  Theorem  63.28.2  to  X = i*Ox  on  Y/B.  We  find  a [/-admissible  blowup  B'  — > 
B such  that  that  strict  transform  of  X is  flat  over  B'  and  of  finite  presentation.  Let 
X'  be  the  strict  transform  of  X under  the  blowup  B'  — ► B.  Let  : X'  — x Y XbB'  be 
the  induced  morphism.  Since  taking  strict  transform  commutes  with  pushforward 
along  affine  morphisms  (Divisors  on  Spaces,  Lemma  58.7.5) 
is  flat  over  B'  and  of  finite  presentation  as  a CVxBB'_m°dule. 
is  flat  and  locally  of  finite  presentation.  This  implies  the  lemma  by  our  earlier 
remarks.  □ 


we  see  that  i'^Ox' 
Thus  X'  -x  B' 
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0B4K  Lemma  63.29.2.  Let  S be  a scheme.  Let  B be  a quasi-compact  and  quasi- 
separated  algebraic  space  over  B.  Let  X be  an  algebraic  space  over  S.  Let  U C B 
be  a quasi-compact  open  subspace.  Assume 

(1)  X — >•  B is  proper,  and 

(2)  Xjj  -A  U is  finite  locally  free. 

Then  there  exists  a U -admissible  blowup  B'  — » B such  that  the  strict  transform  of 
X is  finite  locally  free  over  B' . 


Proof.  By  Lemma [63. 29. 1| we  may  assume  that  X — > B is  flat  and  of  finite  presen- 
tation. After  replacing  B by  a [/-admissible  blow  up  if  necessary,  we  may  assume 
that  U C B is  scheme  theoretically  dense.  Then  / is  finite  by  Lemma  63.27.4 
Hence  / is  finite  locally  free  by  Morphisms  of  Spaces,  Lemma  [54.44.6[  □ 


087F  Lemma  63.29.3.  Let  S be  a scheme.  Let  ip  : X — » B be  a morphism  of  algebraic 
spaces  over  S . Assume  ip  is  of  finite  type  with  B quasi-compact  and  quasi-separated. 
Let  U C B be  a quasi-compact  open  subspace  such  that  ip^U  —tU  is  an  isomor- 
phism. Then  there  exists  a U -admissible  blowup  B'  -A  B such  that  U is  scheme 
theoretically  dense  in  B'  and  such  that  the  strict  transform  X'  of  X is  isomorphic 
to  an  open  subspace  of  B' . 


Proof.  As  the  composition  of  [/-admissible  blowups  is  [/-admissible  (Divisors  on 
Spaces,  Lemma  58.8.2 1 we  can  proceed  in  stages.  Pick  a finite  type  quasi-coherent 
sheaf  of  ideals  I C Ob  with  \B\  \ \ U\  = \V(T)\.  Replace  B by  the  blowup  of  B in  T 
and  X by  the  strict  transform  of  Ah  After  this  replacement  B\U  is  the  support  of 
an  effective  Cartier  divisor  D (Divisors  on  Spaces,  Lemma  58.6.41.  In  particular  U 
is  scheme  theoretically  dense  in  B (Divisors  on  Spaces,  Lemma  58.2.4).  Next,  we 
do  another  [/-admissible  blowup  to  get  to  the  situation  where  X — > B is  flat  and 
of  finite  presentation,  see  Lemma[63.29.1|  Note  that  U is  still  scheme  theoretically 
dense  in  B.  Hence  X -A  B is  an  open  immersion  by  Lemma [63. 27. 5|  □ 


The  following  lemma  says  that  a modification  can  be  dominated  by  a blowup. 

087G  Lemma  63.29.4.  Let  S be  a scheme.  Let  ip  : X -A  B be  a proper  morphism  of 
algebraic  spaces  over  S.  Assume  B quasi-compact  and  quasi-separated.  Let  U C B 
be  a quasi-compact  open  subspace  such  that  ip~1U  -A  U is  an  isomorphism.  Then 
there  exists  a U -admissible  blowup  B'  -A  B which  dominates  X , i.e.,  such  that  there 
exists  a factorization  B'  — »•  A'  B of  the  blowup  morphism. 


Proof.  By  Lemma  63.29.3  we  may  find  a [/-admissible  blowup  B'  — )•  B such  that 
the  strict  transform  X'  is  an  open  subspace  of  B'  and  U is  scheme  theoretically 
dense  in  B' . Since  X'  — > B'  is  proper  we  see  that  A'  is  closed  in  \B'\.  As  U C B' 
is  dense  X'  = B' . □ 


63.30.  Chow’s  lemma 

088P  In  this  section  we  prove  some  variants  of  Chow’s  lemma.  Since  we  have  yet  to  define 
projective  morphisms  of  algebraic  spaces,  the  statements  will  involve  representable 
proper  morphisms,  rather  than  projective  ones. 

088Q  Lemma  63.30.1.  Let  S be  a scheme.  Let  Y be  a quasi-compact  and  quasi- 
separated  algebraic  space  over  S.  Let  U — > Xi  and  U -A  X2  be  open  immersions  of 
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algebraic  spaces  overY  and  assume  U,  Ay,  X2  of  finite  type  and  separated  overY. 
Then  there  exists  a commutative  diagram 


X[ 


X1 


X 


u 


X'2 


■ Xn 


X is 


of  algebraic  spaces  over  Y where  X[  Xi  is  a U -admissible  blowup , X[ 
an  open  immersion , and  X is  separated  and  finite  type  over  Y . 

Proof.  Throughout  the  proof  all  the  algebraic  spaces  will  be  separated  of  finite  type 
over  Y.  This  in  particular  implies  these  algebraic  spaces  and  the  morphisms  between 
them  will  be  quasi-compact  and  quasi-separated.  We  will  use  that  if  U — X W is 
an  immersion  of  such  spaces  over  Y,  then  the  scheme  theoretic  image  Z of  U in 
W is  a closed  subspace  of  W and  U — X Z is  an  open  immersion,  U C Z is  scheme 
theoretically  dense,  and  \U\  C \Z\  is  dense.  See  Morphisms  of  Spaces,  Lemma 
I5d.l7.7l 

Let  X\2  C Xi  Xy  A'2  be  the  scheme  theoretic  image  of  U 4 ly  Xy  X^.  We 
claim  the  projections  pi  : A'12  —X  X,  induce  isomorphisms  p~l{U)  — x U.  Namely, 
Pi  : X12  —X  X,  is  separated  and  U —X  X\2  is  a section  of  pt . Hence  U —X  p“1(t/) 


is  a closed  immersion  (Morphisms  of  Spaces,  Lemma  54.4.6)  as  well  as  scheme 


theoretically  dense  whence  an  isomorphism.  Choose  a [/-admissible  blowup  X \ —X 
Xi  such  that  the  strict  transform  X\2  of  A12  is  isomorphic  to  an  open  subspace 
of  X-,  see  Lemma  63.29.3  Let  T,  C Ox,  be  the  corresponding  finite  type  quasi- 
coherent  sheaf  of  ideals.  Recall  that  X\2  — x A12  is  the  blowup  in  p~1XiOx12-  Let 
X'l2  be  the  blowup  of  A’12  in  pf1Iip2l20x12-  We  obtain  a commutative  diagram 


xu 


xh 


Y 2 
' A12 


■ Xi 


where  all  the  morphisms  are  [/-admissible  blowing  ups.  Choose  a finite  type  quasi- 
coherent  sheaf  of  ideals  Jj  on  X\  extending  the  pull  back  of  Ti_,;  to  Af2  (see  Limits 
of  Spaces,  Lemma  57.9.8).  Let  X\  — x X]  be  the  blowing  up  in  Ji.  By  construction 
A(2  C X[  is  an  open  subspace  and  the  diagram 


X\ 


12 


■A' 


A: 


12 


■Xi 


is  commutative  with  vertical  arrows  blowing  ups  and  horizontal  arrows  open  immer- 
sions. Note  that  X'12  — x X[  Xy X2  is  an  immersion  and  proper  (use  that  A(2  — x A12 
is  proper  and  Ai2  — X Ay  Xy  X2  is  closed  and  X[  XyI(->IiXy  A2  is  separated 
and  apply  Morphisms  of  Spaces,  Lemma  54.39.6 ).  Thus  X'12  — x X[  x yX2  is  a closed 


immersion.  It  follows  that  if  we  define  X by  glueing  X[  and  A2  along  the  common 
open  subspace  A(2,  then  X — x Y is  of  finite  type  and  separated  (details  omitted). 
As  compositions  of  [/-admissible  blowups  are  [/-admissible  blowups  (Divisors  on 
Spaces,  Lemma  58.8.2)  the  lemma  is  proved.  □ 
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088R  Lemma  63.30.2.  Let  S be  a scheme.  Let  f : X — ► Y be  a morphism  of  algebraic 
spaces  over  S . Let  U C X be  an  open  subscheme.  Assume 

(1)  U is  quasi-compact, 

(2)  Y is  quasi-compact  and  quasi-separated, 

(3)  there  exists  an  immersion  U — > P y over  Y, 

(4)  / is  of  finite  type  and  separated. 

Then  there  exists  a commutative  diagram 

X' >-  x' 


x >■  y 


where  X'  -A  X is  a U -admissible  blowup,  X'  — > X is  an  open  immersion, 

X Y is  a proper  and  representable  morphism  of  algebraic  spaces. 

Proof.  Let  Z C Py  be  the  scheme  theoretic  image  of  the  immersion  U — > 

Since  U —t  Py  is  quasi-compact  we  see  that  U C Z is  a (scheme  theoretically)  dense 

to 


and 


y- 


open  subspace  (Morphisms  of  Spaces,  Lemma  54.17.7).  Apply  Lemma  63.30.1 
find  a diagram 


Y is 


with  properties  as  listed  in  the  statement  of  that  lemma.  Since  Z' 
proper  we  see  that  Z'  C X is  closed  (see  Morphisms  of  Spaces,  Lemma  54.39.6). 
After  replacing  X by  a further  [/-admissible  blowup  we  may  assume  that  U is 
scheme  theoretically  dense  in  X (details  omitted;  use  Divisors  on  Spaces,  Lemmas 
and 


58.6.4 


58.2.4).  It  follows  that  Z'  = X and  the  lemma  is  proved. 


□ 


088S  Lemma  63.30.3.  Let  S be  a scheme.  Let  f : X -A  Y be  a morphism  of  algebraic 
spaces  over  S.  Assume  f separated,  of  finite  type,  and  Y Noetherian.  Then  there 
exists  a commutative  diagram 

X' Jt 


X ^ Y 

where  X'  -a  X is  a U -admissible  blowup  for  some  dense  open  U C X,  the  mor- 
phism X'  — > X is  an  open  immersion , and  X —tYisa  proper  and  representable 
morphism  of  algebraic  spaces. 


Proof.  By  Limits  of  Spaces,  Lemma  |57.13.3|  there  exists  a dense  open  subspace 


U C X and  an  immersion  U — > A 


y over  Y . Composing  with  the  open  immersion 

□ 


Py  we  obtain  a situation  as  in  Lemma  63.30.2  and  the  result  follows. 


088T  Remark  63.30.4.  In  Lemma 


63.30.2 


the  morphism  X — > Y is  a composition 


X 


->  Z ->  P£  ->  Y 
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where  b : X — ► Z is  a {/-admissible  blowing  up  (in  particular  b\jj  : U — > b(U)  is  an 
isomorphism  onto  an  open  subspace  of  Z)  and  where  Z — > Py  is  a closed  immersion. 
This  is  immediate  from  the  proof.  It  follows  that  the  morphism  X — >■  Y obtained 
in  the  statement  of  Lemma [63. 30. 3|  has  a factorization  of  this  type  as  well. 


The  following  result  is  lKnu7ll  IV  Theorem  3.1].  Note  that  the  immersion  X'  — > 
P"-  is  quasi-compact,  hence  can  be  factored  as  X'  — > X — >■  Py  where  the  first 
morphism  is  an  open  immersion  and  the  second  morphism  a closed  immersion 
(Morphisms  of  Spaces,  Lemma  54.17.7l. 


088U  Lemma  63.30.5  (Chow’s  lemma).  Let  S be  a scheme.  Let  f : X — ► Y be  a 
morphism  of  algebraic  spaces  over  S.  Assume  f separated  of  finite  type,  and  Y 
separated  and  Noetherian.  Then  there  exists  a commutative  diagram 


X' ^ P” 

V Y 


where  X'  — » X is  a U -admissible  blowup  for  some  dense  open  U C X and  the 
morphism  X'  — » 


is  an  immersion. 


Proof.  In  this  first  paragraph  of  the  proof  we  reduce  the  lemma  to  the  case  where 
Y is  of  finite  type  over  Spec(Z).  We  may  and  do  replace  the  base  scheme  S by 
Spec(Z).  We  can  write  Y = limY)  as  a directed  limit  of  separated  algebraic  spaces 


of  finite  type  over  Spec(Z),  see  Limits  of  Spaces,  Proposition  57.8.1  and  Lemma 


|57.5.7|  For  all  i sufficiently  large  we  can  find  a separated  finite  type  morphism 
X,  — ► Yj  such  that  X = Y x y.  Xt , see  Limits  of  Spaces,  Lemmas  57.7.1| and |57.6.8| 
Let  ?7i,...,?7ra  be  the  generic  points  of  the  irreducible  components  of  |A|  (X  is 
Noetherian  as  a finite  type  separated  algebraic  space  over  the  Noetherian  algebraic 
space  Y and  therefore  |X|  is  a Noetherian  topological  space).  By  Limits  of  Spaces, 
Lemma  57.5.2  we  find  that  the  images  of  rji, . . . , gn  in  \Xf\  are  distinct  for  i large 
enough.  We  may  replace  X,  by  the  scheme  theoretic  image  of  the  (quasi-compact, 
in  fact  affine)  morphism  X — > X,.  After  this  replacement  we  see  that  the  images 
of  i)\, . . . ,rjn  in  \Xi\  are  the  generic  points  of  the  irreducible  components  of  V,; | , 


see  Morphisms  of  Spaces,  Lemma  54.16.3  Having  said  this,  suppose  we  can  find  a 
diagram 

X' >-  Pb 


Y 


where  X[  ->  is  a Lb-admissible  blowup  for  some  dense  open  Lb  C Xt  and  the 
morphism  X[  — > P is  an  immersion.  Then  the  strict  transform  X'  — > X of  X 
relative  to  X'  — >•  Xi  is  a U -admissible  blowing  up  where  U C X is  the  inverse  image 
of  Lb  in  A.  Because  of  our  carefuly  chosen  index  i it  follows  that  rp  , , r]n  £ \U\ 
and  U C X is  dense.  Moreover,  X'  — > Py  is  an  immersion  as  X'  is  closed  in 
X[  x x,  X = X-  Xy.  y which  comes  with  an  immersion  into  Py.  Thus  we  have 
reduced  to  the  situation  of  the  following  paragraph. 
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Assume  that  Y is  separated  of  finite  type  over  Spec(Z).  Then  A -A  Spec(Z)  is 
separated  of  finite  type  as  well.  We  apply  Lemma [63. 30. 3|  to  find  a diagram 

X' >■  a' 


X 


Spec(Z) 


where  X'  — > X is  a [/-admissible  blowup  for  some  dense  open  U C X and  X'  — > X 
is  an  open  immersion  and  X -A  Spec(Z)  is  representable  and  proper.  In  fact,  by 
Remark  63.30.4  we  see  that  X -a  Spec(Z)  can  be  factored  as 

X'  -a  -Z  -a  -a  Spec(Z). 

where  the  first  morphism  is  a [/-admissible  blowing  up,  the  second  morphism  is  a 
closed  immersion,  and  the  third  morphism  is  the  structure  morphism.  Note  that  Z 
has  an  ample  invertible  sheaf,  namely  Opn(l)\z-  Hence  A'  Z is  a H-projective 


morphism  by  Morphisms,  Lemma 
projective  by  Morphisms,  Lemma 


28.42.15 


28.42.8 


It  follows  that  X -a  Spec(Z)  is  H- 
Thus  there  exists  a closed  immersion 


X -a  Pgpec(Z).  It  follows  that  the  diagonal  map  A'  -A  Y x Pgpec(Z) 
immersion  and  we  win. 


= Py  is  an 
□ 


63.31.  Variants  of  Chow’s  Lemma 

089K  In  this  section  we  prove  a number  of  variants  of  Chow’s  lemma  dealing  with  mor- 
phisms between  non-Noetherian  algebraic  spaces.  The  Noetherian  versions  are 
Lemma [63.30. 31  and  Lemma [63.30. 51 

089L  Lemma  63.31.1.  Let  S be  a scheme.  Let  Y be  a quasi-compact  and  quasi- 
separated  algebraic  space  over  S.  Let  f : X -A  Y be  a separated  morphism  of 
finite  type.  Then  there  exists  a commutative  diagram 

X' *Jt 


x . > V 


where  X'  -a  X is  proper  surjective,  X' 
is  proper  and  representable  morphism  of  algebraic  spaces. 


X is  an  open  immersion,  and  X 


Y 


Proof.  By  Limits  of  Spaces,  Proposition  |57.11.7  we  can  find  a closed  immersion 
X — > X\  where  Xi  is  separated  and  of  finite  presentation  over  Y . Clearly,  if  we 
prove  the  assertion  for  Xi  -a  Y , then  the  result  follows  for  X.  Hence  we  may 
assume  that  X is  of  finite  presentation  over  Y. 

We  may  and  do  replace  the  base  scheme  S by  Spec(Z).  Write  Y = lim.(  Y,  as  a 
directed  limit  of  quasi-separated  algebraic  spaces  of  finite  type  over  Spec(Z),  see 
Limits  of  Spaces,  Proposition  57.8.1  By  Limits  of  Spaces,  Lemma  57.7.1|we  can  find 
an  index  i £ I and  a scheme  X , -a  V;  of  finite  presentation  so  that  X = Y x>;  A,. 
By  Limits  of  Spaces,  Lemma  |57.6.8|  we  may  assume  that  A f -A  Yj  is  separated. 
Clearly,  if  we  prove  the  assertion  for  A,  over  Yt,  then  the  assertion  holds  for  A. 
The  case  A,;  -A  Y;  is  treated  by  Lemma  [63. 30.3[  □ 
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089M  Lemma  63.31.2.  Let  S be  a scheme.  Let  f : X — >•  Y be  a morphism  of  algebraic 
spaces  over  S.  Assume  f separated  of  finite  type,  and  Y separated  and  quasi- 
compact. Then  there  exists  a commutative  diagram 

X1 ^ 


X >■  Y 

where  X'  — > X is  proper  surjective  morphism  and  the  morphism  X'  — > P”-  is  an 
immersion. 


Proof.  By  Limits  of  Spaces,  Proposition  57.11.7  we  can  find  a closed  immersion 
X — > X\  where  X\  is  separated  and  of  finite  presentation  over  Y . Clearly,  if  we 
prove  the  assertion  for  X\  — > Y,  then  the  result  follows  for  X.  Hence  we  may 
assume  that  X is  of  finite  presentation  over  Y . 

We  may  and  do  replace  the  base  scheme  S by  Spec(Z).  Write  Y = limt;  Yt  as  a 
directed  limit  of  quasi-separated  algebraic  spaces  of  finite  type  over  Spec(Z),  see 
Limits  of  Spaces,  Proposition  57.8. 1|  By  Limits  of  Spaces,  Lemma  |57.5.7|  we  may 
assume  that  Yt  is  separated  for  all  i.  By  Limits  of  Spaces,  Lemma[57.7.1|we  can  find 
an  index  i £ I and  a scheme  Xt  — > Yi  of  finite  presentation  so  that  X = Y Xy.  X,. 
By  Limits  of  Spaces,  Lemma  |57.6.8|  we  may  assume  that  X,  — ► Y,  is  separated. 
Clearly,  if  we  prove  the  assertion  for  Xj  over  Y.,.  then  the  assertion  holds  for  X. 
The  case  X,;  — > Yi  is  treated  by  Lemma  63.30.5  □ 


63.32.  Grothendieck’s  existence  theorem 

089N  In  this  section  we  discuss  Grothendieck’s  existence  theorem  for  algebraic  spaces. 
Instead  of  developing  a theory  of  “formal  algebraic  spaces”  we  temporarily  develop 
a bit  of  language  that  replaces  the  notion  of  a “coherent  module  on  a Noetherian 
adic  formal  space” . 

Let  S'  be  a scheme.  Let  X be  a Noetherian  algebraic  space  over  S.  Let  I C Ox 
be  a quasi-coherent  sheaf  of  ideals.  Below  we  will  consider  inverse  systems  (X„)  of 
coherent  Ox-modules  such  that 

(1)  Tn  is  annihilated  by  X",  and 

(2)  the  transition  maps  induce  isomorphisms  X'„+i/X”X'„+i  — > Tn. 

A morphism  a : {Xn)  — > (Qn)  of  such  inverse  systems  is  simply  a compatible  system 
of  morphisms  an  : Fn  — > Qn.  Let  us  denote  the  category  of  these  inverse  systems 
with  Coh{ X,I).  We  will  develop  some  theory  regarding  these  systems  that  will 
parallel  to  the  corresponding  results  in  the  case  of  schemes,  see  Cohomology  of 
Schemes,  Sections  |29.22[  [29.231  and|29.24 

Functoriality.  Let  / : X — > Y be  a morphism  of  Noetherian  algebraic  spaces  over  a 
scheme  S , and  let  J C Oy  be  a quasi-coherent  sheaf  of  ideals.  Set  X = f~1JOx- 
In  this  situation  there  is  a functor 

f*  : Coh(Y,J)  — » Coh(X,X) 

which  sends  ( Qn ) to  ( f*Gn )•  Compare  with  Cohomology  of  Schemes,  Lemma 
|29.23.1|  If  / is  etale,  then  we  may  think  of  this  as  simply  the  restriction  of  the 
system  to  X,  see  Properties  of  Spaces,  Equation  |53. 25.1.1] 
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Etale  descent.  Let  S'  be  a scheme.  Let  % -I  X be  a surjective  etale  morphism  of 
Noetherian  algebraic  spaces.  Set  U\  = U0  xx  U0  and  U2  = U0  xx  U0  xx  U0.  Let 
I C Ox  be  a quasi-coherent  sheaf  of  ideals.  Set  Xi  = X\jj..  In  this  situation  we 
obtain  a diagram  of  categories 

Coh{X,l) >■  Coh(U0,X0 ) r Coh(Ui, Xi)  > Coh{U2lX2) 


an  the  first  arrow  presents  Coh(X,  I)  as  the  homotopy  limit  of  the  right  part  of 
the  diagram.  More  precisely,  given  a descent  datum , i.e. , a pair  {(Gn),<p)  where 
(Gn)  is  an  object  of  Coh(Uo,Io)  and  tp  : pi'o((7n)  — > pr i(Gn)  is  an  isomorphism 
in  Coh(Ui, Xi)  satisfying  the  cocycle  condition  in  Coh(U2,X2),  then  there  exists 
a unique  object  {J~n)  of  Coh(X,X)  whose  associated  canonical  descent  datum  is 
isomorphic  to  ((<?„),  y>).  Compare  with  Descent  on  Spaces,  Definition  61.3.3  The 


proof  of  this  statement  follows  immediately  by  applying  Descent  on  Spaces,  Propo- 
sition 61.4.1  to  the  descent  data  (Gn,  '-Pn)  for  varying  n. 


089P  Lemma  63.32.1.  Let  S be  a scheme.  Let  X be  a Noetherian  algebraic  space  over 
S and  let  X C Ox  be  a quasi-coherent  sheaf  of  ideals. 

(1)  The  category  Coh(X,I)  is  abelian. 

(2)  Exactness  in  Co^X^X)  can  be  checked  etale  locally. 

(3)  For  any  flat  morphism  f : X'  — ► X of  Noetherian  algebraic  spaces  the 
functor  f*  : Coh(X,I)  — > Coh(X' , f~1XOx>)  is  exact. 


Proof.  Proof  of  (1).  Choose  an  affine  scheme  Uo  and  a surjective  etale  mor- 
phism Uq  — ► X.  Set  U\  = Uq  xx  Uq  and  U2  = Uq  xx  Uq  xx  Uq  as  in  our 
discussion  of  etale  descent  above.  The  categories  Coh(Ui,Xi)  are  abelian  (Coho- 
mology of  Schemes,  Lemma  29.22. 2[)  and  the  pullback  functors  are  exact  func- 
tors Coh(U0,X0)  — t Coh{Ui,Xi)  and  Coh(Ui,Xi)  — > Coh(U2lI2 ) (Cohomology  of 
Schemes,  Lemma  29.23.1).  The  lemma  then  follows  formally  from  the  description 
of  Coh(X,  X)  as  a category  of  descent  data.  Some  details  omitted;  compare  with 


the  proof  of  Groupoids,  Lemma  38.14.6 


Part  (2)  follows  immediately  from  the  discussion  in  the  previous  paragraph.  In  the 
situation  of  (3)  choose  a commutative  diagram 


U' »■ U 

X' 


where  U'  and  U are  affine  schemes  and  the  vertical  morphisms  are  surjective  etale. 
Then  U'  —¥  U is  a flat  morphism  of  Noetherian  schemes  (Morphisms  of  Spaces, 
Lemma  54.29.5)  whence  the  pullback  functor  Coh(U,XOjj)  — t CohfU' ,XOjj>)  is 
exact  by  Cohomology  of  Schemes,  Lemma[29.23.1[  Since  we  can  check  exactness  in 
Coh{X,  Ox)  on  U and  similarly  for  X' ,U'  the  assertion  follows.  □ 


08B3  Lemma  63.32.2.  Let  S be  a scheme.  Let  X be  a Noetherian  algebraic  space  over 
S and  let  X C Ox  be  a quasi-coherent  sheaf  of  ideals.  A map  (J-n)  — > (Gn) 
surjective  in  Coh(X,I)  if  and  only  if  T\  Gi  is  surjective. 


Proof.  We  can  check  on  an  affine  etale  cover  of  A'  by  Lemma  [63.32.1  Thus  we 
reduce  to  the  case  of  schemes  which  is  Cohomology  of  Schemes,  Lemma  29.22.3|  □ 
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Let  S be  a scheme.  Let  X be  a Noetherian  algebraic  space  over  S and  let  X C Ox 
be  a quasi-coherent  sheaf  of  ideals.  There  is  a functor 

08B4  (63.32.2.1)  Coh(Ox ) — > Coh{X,l),  F> — > Tr 


08B5 


08B6 


which  associates  to  the  coherent  Ox-module  F the  object  X"A  = [F/InF)  of 
Coh(X,l). 


Lemma  63.32.3.  The  functor  ( 63.32.2.1 ) is  exact. 


Proof.  It  suffices  to  check  this  etale  locally  on  X,  see  Lemma  63.32.1 


Thus  we 

reduce  to  the  case  of  schemes  which  is  Cohomology  of  Schemes,  Lemma  29.22.5[  □ 


Lemma  63.32.4.  Let  S be  a scheme.  Let  X be  a Noetherian  algebraic  space 
over  S and  let  I C Ox  be  a quasi-coherent  sheaf  of  ideals.  Let  F,  Q be  coherent 
Ox-modules.  SetTL  =Tlomox(F,G).  Then 


lim  H°(X,H/lnH)  = MorCoMx,i)(^A,0A). 


Proof.  Since  TL  is  a sheaf  on  X^taie  and  since  we  have  etale  descent  for  objects 
of  Coh(X,I ) it  suffices  to  prove  this  etale  locally.  Thus  we  reduce  to  the  case  of 
schemes  which  is  Cohomology  of  Schemes,  Lemma [29. 22. 6|  □ 


We  introduce  the  setting  that  we  will  focus  on  throughout  the  rest  of  this  section. 

08B7  Situation  63.32.5.  Here  A is  a Noetherian  ring  complete  with  respect  to  an  ideal 
I.  Also  / : X — y Spec(A)  is  a finite  type  separated  morphism  of  algebraic  spaces 
and  X = IOx . 


In  this  situation  we  denote 

Co/iSUpport  proper  over  A (Ox) 

be  the  full  subcategory  of  Coh(Ox)  consisting  of  those  coherent  Ox-modules  whose 
scheme  theoretic  support  is  proper  over  Spec(A).  Similarly,  we  let 

Co/lgupport  proper  over  A (X,l) 

be  the  full  subcategory  of  Coh{X,T)  consisting  of  those  objects  (Fn)  such  that 
the  scheme  theoretic  support  of  F\  is  proper  over  Spec(A).  Since  the  support 
of  a quotient  module  is  contained  in  the  support  of  the  module,  it  follows  that 
(63.32.2.1)  induces  a functor 

Co/lSupport  proper  over  A (Ox  ) 


08B8  (63.32.5.1) 


Co/lSUpport  proper  over  A (F*  • X) 


Our  first  result  is  that  this  functor  is  fully  faithful. 


08B9  Lemma  63.32.6.  In  Situation 


63.32.5 


Let  F , Q be  coherent  Ox -modules.  As- 


sume that  the  intersection  of  the  scheme  theoretic  supports  of  F and  Q is  proper 
over  Spec(A).  Then  the  map 

Mor Coh(Ox)(F ,G)  — > Mor Co/l(x,i) (XA , £A) 
coming  from  ( 63.32.2.1 ) is  a bijection.  In  particular,  (63.32. 5 A ) is  fully  faithful. 

Proof.  Let  TL  = TLomox(G,F).  This  is  a coherent  Ox-module  because  its  restric- 
tion of  schemes  etale  over  X is  coherent  by  Modules,  Lemma  [17. 19. 4|  By  Lemma 
|63.32.4|the  map 

lim nH°(X,H/lnH)  MorCo/l(x,x)(SA,X-A) 


63.32.  GROTHENDIECK’S  EXISTENCE  THEOREM 


3995 


08BA 


08BB 


is  bijective.  Let  i : Z — > X be  the  scheme  theoretic  support  of  TL.  It  is  clear  that  Z 
is  a closed  subspace  contained  in  the  intersection  of  the  scheme  theoretic  supports 
of  T and  Q.  Hence  Z — > Spec(H)  is  proper  by  assumption.  Write  TL  = i*TL'  for 
some  coherent  0z-module  TL' . We  have  i* {TL' /InTL')  = TL/InTL.  Hence  we  obtain 

lim„  H°{X,H/lnH)  = limn  H°{Z,TL' /XnH') 

= H°(Z,  TL') 

= H°(X,TL) 

= G) 


the  second  equality  by  the  theorem  on  formal  functions  functions  (Cohomology  of 
Spaces,  Lemma  56.20.6 1.  This  proves  the  lemma.  □ 


Remark  63.32.7.  Let  S'  be  a scheme.  Let  X be  a Noetherian  algebraic  space 
over  S and  let  I,  X C Ox  be  quasi-coherent  sheaves  of  ideals.  Let  a : (LFn)  — > ( Gn ) 
be  a morphism  of  Coh{X,X).  Given  an  affine  scheme  U = Spec(H)  and  a surjective 
etale  morphism  U — > X denote  I,  K C A the  ideals  corresponding  to  the  restrictions 
I\u,lC\u-  Denote  % : M — > N of  finite  HA-modules  which  corresponds  to  a\ u via 
Cohomology  of  Schemes,  Lemma [29. 22. 1|  We  claim  the  following  are  equivalent 

(1)  there  exists  an  integer  t > 1 such  that  Ker(an)  and  Coker(a„)  are  anni- 
hilated by  K}  for  all  n > 1, 

(2)  for  any  (or  some)  affine  open  Spec(H)  = U C X as  above  the  modules 
Ker(ajj)  and  Coker^y)  are  annihilated  by  for  some  integer  t > 1. 


If  these  equivalent  conditions  hold  we  will  say  that  a is  a map  whose  kernel  and 
cokernel  are  annihilated  by  a power  of  1C.  To  see  the  equivalence  we  refer  to  Coho- 
mology of  Schemes,  Remark  |29.23.2 


Lemma  63.32.8.  Let  S be  a scheme.  Let  X be  a Noetherian  algebraic  space  over 
S and  let  X C Ox  be  a quasi-coherent  sheaf  of  ideals.  Let  Q be  a coherent  Ox- 
module,  ( J-n ) an  object  of  Coh(X,T),  and  a : (Tn)  — » GA  a map  whose  kernel  and 
cokernel  are  annihilated  by  a power  ofl.  Then  there  exists  a unique  (up  to  unique 
isomorphism)  triple  (X,a,/3)  where 

(1)  T is  a coherent  Ox -module, 

(2)  a : CF  G is  an  Ox -module  map  whose  kernel  and  cokernel  are  annihi- 
lated by  a power  of  X, 

(3)  /3  : (JFn)  — > is  an  isomorphism,  and 

(4)  a = aA  o/3. 


Proof.  The  uniqueness  and  etale  descent  for  objects  of  Coh{X,X)  and  CohfOx ) 
implies  it  suffices  to  construct  (T,a,P)  etale  locally  on  X.  Thus  we  reduce  to  the 
case  of  schemes  which  is  Cohomology  of  Schemes,  Lemma  29.23.3  □ 


63.32.5.  Let  K.  C Ox  be  a quasi-coherent  sheaf  of 
subspace  cut  out  by  K.e . Letle  = XOxc-  Let  (iFn) 


08BC  Lemma  63.32.9.  In  Situation 
ideals.  Let  Xe  C X be  the  closed 
be  an  object  of  CohSUpp0rt  proper  over  a(N,X).  Assume 

(1)  the  functor  CohSUppQrt  proper  over  .4  ( O X , ) ^ CohSUpp0rt  proper  over  A ( X , X,.  j 

is  an  equivalence  for  all  e > 1,  and 

(2)  there  exists  an  object  TL  of  CohSUpport  proper  over  a{Ox)  and  a map  a : 
(LFn)  — > TLA  whose  kernel  and  cokernel  are  annihilated  by  a power  of  X. 


Then  (LFn)  is  in  the  essential  image  of  ( 63.32.5.1 ). 
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Proof.  During  this  proof  we  will  use  without  further  mention  that  for  a closed 
immersion  i : Z X the  functor  gives  an  equivalence  between  the  category  of 
coherent  modules  on  Z and  coherent  modules  on  X annihilated  by  the  ideal  sheaf 
of  Z , see  Cohomology  of  Spaces,  Lemma [56. 11. 8|  In  particular  we  think  of 

C^o/lgupport  proper  over  A (OXe)  ^ ^^support  proper  over  A {Ox) 

as  the  full  subcategory  of  consisting  of  modules  annihilated  by  JCe  and 

Cb/isUpport  proper  over  A{Xe,le)  C Coh  support  proper  over  A (X,l) 

as  the  full  subcategory  of  of  objects  annihilated  by  ZCe.  Moreover  (1)  tells  us  these 
two  categories  are  equivalent  under  the  completion  functor  ( 63.32.5. T]). 


Applying  this  equivalence  we  get  a coherent  Ox-module  Qe  annihilated  by  ZCe  cor- 
responding to  the  system  (Fn/K,eFn)  of  Cohs^^t  proper  over  a{ A, I).  The  maps 
Fn/JCe+1Fn  — >•  Fn/K,eFn  correspond  to  canonical  maps  Ge+i  —>  Qe  which  in- 
duce isomorphisms  Ge+i/K-eGe+i  — > Qe-  We  obtain  an  object  (Qe)  of  the  category 
Co/igupport  proper  over  a (A",  ZC).  The  map  a induces  a system  of  maps 

j-„/zcej-„  —4  n/(in  + tCe)H 

whence  maps  Qe  — > TL/K.eTL  (by  the  equivalence  of  categories  again).  Let  t > 1 
be  an  integer,  which  exists  by  assumption  (2),  such  that  ZCf  annihilates  the  kernel 
and  cokernel  of  all  the  maps  Fn  Then  ZC2t  annihilates  the  kernel  and 

cokernel  of  the  maps  Fn  /K.eFn  — >•  TL/(In  -\-K.e)TL  (details  omitted;  see  Cohomology 
of  Schemes,  Remark  29.23.2 1 . Whereupon  we  conclude  that  ZC4*  annihilates  the 


kernel  and  the  cokernel  of  the  maps 


U/K,eU, 


(details  omitted;  see  Cohomology  of  Schemes,  Remark  29.23.2).  We  apply  Lemma 


|63.32.8|  to  obtain  a coherent  Ox-module  F,  a map  a : F — > TL  and  an  isomor- 
phism (3  : {Qe)  — > {F/lCeF)  in  Coh(X,IC).  Working  backwards,  for  a given  n the 
triple  {F/InF,a  mod In,/3  modi")  is  a triple  as  in  the  lemma  for  the  morphism 
an  mod  ZCe  : {Fn/K,eFn)  — > {H/{In  + ZCe)'ZZ)  of  Coh(X,K.).  Thus  the  uniqueness 


in  Lemma  63.32.8  gives  a canonical  isomorphism  T /InF  — > Tn  compatible  with 
all  the  morphisms  in  sight. 


To  finish  the  proof  of  the  lemma  we  still  have  to  show  that  the  scheme  theoretic 
support  of  F is  proper  over  A.  By  construction  the  kernel  of  a : F — > H is 
annihilated  by  a power  of  ZC.  Hence  the  support  of  this  kernel  is  contained  in  the 
support  of  Q\.  Since  Q\  is  an  object  of  Co/igupport  proper  over  a{Ox J we  see  this  is 
proper  over  A.  Combined  with  the  fact  that  the  support  of  TL  is  proper  over  A we 
conclude  that  the  support  of  F is  proper  over  A (some  details  omitted).  □ 

08BD  Lemma  63.32.10.  Let  S be  a scheme.  Let  f : X — >•  Y be  a representable  proper 
morphism  of  Noetherian  algebraic  spaces  over  S.  Let  J , ZC  C Oy  be  quasi- coherent 
sheaves  of  ideals.  Assume  f is  an  isomorphism  over  V = Y \ V{Kf).  Set  I = 
/_1  JOx-  Let  ( Qn ) be  an  object  of  Coh(Y. , J),  let  F be  a coherent  Ox-module,  and 
let  (3  : ( f*Qn ) — > F A be  an  isomorphism  in  Coh{X,I).  Then  there  exists  a map 

a : (Qn)  — ► (/*.F)A 

in  Coh{Y,J)  whose  kernel  and  cokernel  are  annihilated  by  a power  of  ZC. 
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Proof.  Since  / is  a proper  morphism  we  see  that  f^CF  is  a coherent  CV-module 


(Cohomology  of  Spaces,  Lemma  56.19.2).  Thus  the  statement  of  the  lemma  makes 
sense.  Consider  the  compositions 

In  ■ Gn  f*f*Gn  MP/PP). 

Here  the  first  map  is  the  adjunction  map  and  the  second  is  /*/3„.  We  claim  that 
there  exists  a unique  a as  in  the  lemma  such  that  the  compositions 

Gn  ^ f*P/Jnf*P  -t  U{P/TnP) 

equal  for  all  n.  Because  of  the  uniqueness  and  etale  descent  for  Coh(Y,J)  it 
suffices  to  prove  this  etale  locally  on  Y.  Thus  we  may  assume  Y is  the  spectrum  of 
a Noetherian  ring.  As  / is  representable  we  see  that  X is  a scheme  as  well.  Thus 
we  reduce  to  the  case  of  schemes,  see  proof  of  Cohomology  of  Schemes,  Lemma 
129.23.51  □ 


08BE  Theorem  63.32.11  (Grothendieck’s  existence  theorem).  In  Situation  6 3.32. 5|  the 
functor  \63.32.5A ) is  an  equivalence. 


Proof.  We  will  use  the  equivalence  of  categories  of  Cohomology  of  Spaces,  Lemma 
|56.11.8| without  further  mention  in  the  proof  of  the  theorem.  By  Lemmar63.32.6|the 
functor  is  fully  faithful.  Thus  we  need  to  prove  the  functor  is  essentially  surjective. 

Consider  the  collection  S of  quasi-coherent  sheaves  of  ideals  K.  C Ox  such  that  the 
statement  holds  for  every  object  (Pn)  of  CohsUpport  proper  over  a(X,1)  annihilated 
by  1C.  We  want  to  show  (0)  is  in  5.  If  not,  then  since  X is  Noetherian  there  exists 
a maximal  quasi-coherent  sheaf  of  ideals  K,  not  in  S,  see  Cohomology  of  Spaces, 
Lemma  56.12.1  After  replacing  X by  the  closed  subscheme  of  X corresponding 
to  K,  we  may  assume  that  every  nonzero  K,  is  in  5.  Let  (Xn)  be  an  object  of 
Co/igupport  proper  over  a(X,1).  We  will  show  that  this  object  is  in  the  essential  image, 
thereby  completing  the  proof  of  the  theorem. 


Apply  Chow’s  lemma  (Lemma  63.30.5)  to  find  a proper  surjective  morphism  / : 
Y — > X which  is  an  isomorphism  over  a dense  open  U C X such  that  Y is  H-quasi- 
projective  over  A.  Note  that  Y is  a scheme  and  / representable.  Choose  an  open 
immersion  j : Y — >■  Y'  with  Y'  projective  over  A,  see  Morphisms,  Lemma  28.42.12 
Let  Tn  be  the  scheme  theoretic  support  of  CFn.  Note  that  \Tn\  = |Ti|,  hence  Tr 


is  proper  over  A for  all  n (Morphisms  of  Spaces,  Lemma  54.39.7).  Then  f*Tn  is 
supported  on  the  closed  subscheme  /_1T, 
of  Spaces 

/_1T„  — \ Y — >■  Y'  is  closed  (Morphisms,  Lemma  28.41.7).  Let  T'n  C Y'  be  the  cor 


which  is  proper  over  A (by  Morphisms 
Lemma  54.39.4  and  properness  of  /).  In  particular,  the  composition 


responding  closed  subscheme;  it  is  contained  in  the  open  subscheme  Y and  equal 
to  /-1Tra  as  a closed  subscheme  of  Y . Let  T'n  be  the  coherent  CV/-module  cor- 
responding to  f*CFn  viewed  as  a coherent  module  on  Y'  via  the  closed  immersion 
/-1Tra  = T'n  C Y' . Then  {F'n)  is  an  object  of  CohiY' , IGy).  By  the  projec- 
tive case  of  Grothendieck’s  existence  theorem  (Cohomology  of  Schemes,  Lemma 


29.22.9)  there  exists  a coherent  CV'-module  T'  and  an  isomorphism  (Jr,)A  = (X'n) 
in  Coh(Y' , IOy')-  Let  Z'  C Y'  be  the  scheme  theoretic  support  of  T' . Since 
P /ICF'  = T\  we  see  that  Z'  D V(IOy)  = T[  set-theoretically.  The  structure  mor- 
phism p'  :Y'  -A  Spec(A)  is  proper,  hence  p'{Z'  D (Y’  \ Y))  is  closed  in  Spec(A).  If 
nonempty,  then  it  would  contain  a point  of  V (/)  as  I is  contained  in  the  radical  of 
A (Algebra,  Lemma  10.95.6).  But  we’ve  seen  above  that  Z'  D (p')~lV(I)  =T{  CY 
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hence  we  conclude  that  Z'  C Y . Thus  X'\y  is  supported  on  a closed  subscheme  of 
Y proper  over  A. 


Let  K,  be  the  quasi-coherent  sheaf  of  ideals  cutting  out  the  reduced  complement 
X \ U.  By  Cohomology  of  Spaces,  Lemma  56.19.2  the  Ox-module  H = f*X'  is 
coherent  and  by  Lemma  63.32.10  there  exists  a morphism  a : (J~n)  — t in  the 

category  Cohs upport  proper  over  a(X,Z)  whose  kernel  and  cokernel  are  annihilated  by 
a power  of  K..  Let  Z0  C X be  the  scheme  theoretic  support  of  T~L.  It  is  clear  that 
\Z0\  C f(\Z'\).  Hence  Z0  -A  Spec(H)  is  proper  (Morphisms  of  Spaces,  Lemma 
54.39.7l.  Thus  H is  an  object  of  Cohsupport  proper  over  a (Ox)-  Since  each  of  the 
is  an  element  of  S we  see  that  the  assumptions  of  Lemma 

□ 


sheaves  of  ideals  K. 

163.32.91  are  satisfied  and  we  conclude. 


Remark  63.32.12  (Unwinding  Grothendieck’s  existence  theorem).  Let  A be  a 
Noetherian  ring  complete  with  respect  to  an  ideal  I.  Write  S = Spec(A)  and 
Sn  = Spec (A/In).  Let  A'  ->  5 be  a morphism  of  algebraic  spaces  that  is  separated 
and  of  finite  type.  For  n > 1 we  set  Xn  = X xj  Sn.  Picture: 


Xi 


Si 


■X2 


Xn 


X 


i l 

^2 

f > 

Sn 


Sn 


S 


In  this  situation  we  consider  systems  (Xn,ipn)  where 

(1)  Tn  is  a coherent  Oxn -module, 

(2)  ipn  : inX „_|_i  -A  Xn  is  an  isomorphism,  and 

(3)  Supp(Jri)  is  proper  over  5i. 

Theorem |63. 32.111  says  that  the  completion  functor 

coherent  Ox-modules  T systems  (Xn) 

with  support  proper  over  A as  above 

is  an  equivalence  of  categories.  In  the  special  case  that  X is  proper  over  A we  can 
omit  the  conditions  on  the  supports. 


63.33.  Grothendieck’s  algebraization  theorem 


This  section  is  the  analogue  of  Cohomology  of  Schemes,  Section  29.24  However, 


this  section  is  missing  the  result  on  algebraization  of  deformations  of  proper  alge- 
braic spaces  endowed  with  ample  invertible  sheaves,  as  a proper  algebraic  space 
which  comes  with  an  ample  invertible  sheaf  is  a scheme.  Our  first  result  is  a trans- 
lation of  Grothendieck’s  existence  theorem  in  terms  of  closed  subschemes  and  finite 
morphisms. 


Lemma  63.33.1.  Let  A be  a Noetherian  ring  complete  with  respect  to  an  ideal  I . 
Write  S = Spec(A)  and  Sn  = Spec (A/In).  Let  X — >•  S be  a morphism  of  algebraic 
spaces  that  is  separated  and  of  finite  type.  For  n > 1 we  set  Xn  = X x g Sn.  Suppose 
given  a commutative  diagram 


Z i 


Xi*3t&x2  x3 


63.33.  GROTHENDIECK’S  ALGEBRAIZATION  THEOREM 


3999 


of  algebraic  spaces  with  cartesian  squares.  Assume  that 

(1)  Z\  — ► Xi  is  a closed  immersion,  and 

(2)  Z\  — > S i is  proper. 

Then  there  exists  a closed  immersion  of  algebraic  spaces  Z — ► X such  that  Zn  = 
Z Xs  Sn  for  all  n > 1.  Moreover,  Z is  proper  over  S. 


Proof.  Let’s  write  jn  : Zn  — ► Xn  for  the  vertical  morphisms.  As  the  squares  in  the 
statement  are  cartesian  we  see  that  the  base  change  of  jn  to  Xi  is  j\ . Thus  Limits  of 
Spaces,  Lemma  57.15.5  shows  that  jn  is  a closed  immersion.  Set  Tn  = jn,*Ozn,  so 
that  j!  is  a surjection  Oxn  — > Fn.  Again  using  that  the  squares  are  cartesian  we  see 
that  the  pullback  of  Xn+i  to  Xn  is  Tn.  Hence  Grothendieck’s  existence  theorem,  as 
reformulated  in  Remark  |63. 32.12]  tells  us  there  exists  a map  Ox  — > T of  coherent 
Ox-modules  whose  restriction  to  Xn  recovers  Ox„  —>  Fn.  Moreover,  the  support 
of  T is  proper  over  S.  As  the  completion  functor  is  exact  (Lemma  63.32.3)  we  see 
that  Ox  — t X is  surjective.  Thus  T = Ox/J  for  some  quasi-coherent  sheaf  of 
ideals  J.  Setting  Z = V {J)  finishes  the  proof.  □ 


0A01  Lemma  63.33.2.  Let  A be  a Noetherian  ring  complete  with  respect  to  an  ideal  I . 
Write  S = Spec(A)  and  Sn  = Spec (A/In).  Let  X — >■  S'  be  a morphism  of  algebraic 
spaces  that  is  separated  and  of  finite  type.  Forn  > 1 we  set  Xn  = XxgSn.  Suppose 
given  a commutative  diagram 


of  algebraic  spaces  with  cartesian  squares.  Assume  that 

(1)  Y\  — > Xi  is  a finite  morphism,  and 

(2)  Yi  — > Si  is  proper. 

Then  there  exists  a finite  morphism  of  algebraic  spaces  Y — > X such  that  Yn  = 
Y Xg  Sn  for  all  n > 1.  Moreover,  Y is  proper  over  S. 


Proof.  Let’s  write  fn  : Yn  — > Xn  for  the  vertical  morphisms.  As  the  squares 
in  the  statement  are  cartesian  we  see  that  the  base  change  of  fn  to  X\  is  f\. 
Thus  Lemma  63.9.12  shows  that  fn  is  a finite  morphism.  Set  Tn  = fn,*OYn- 
Using  that  the  squares  are  cartesian  we  see  that  the  pullback  of  JSn+ 1 to  Xn  is 
Tn.  Hence  Grothendieck’s  existence  theorem,  as  reformulated  in  Remark  63.32.12 


tells  us  there  exists  a coherent  Ox-module  T whose  restriction  to  Xn  recovers 
Tn.  Moreover,  the  support  of  T is  proper  over  S.  As  the  completion  functor  is  fuly 
faithful  (Theorem  63.32.11 ) we  see  that  the  multiplication  maps  Tn  (g>o r T,r  — >•  Tn 


fit  together  to  give  an  algebra  structure  on  T . Setting  Y = SpecY(Jr)  finishes  the 
proof.  □ 


0A4Z  Lemma  63.33.3.  Let  A be  a Noetherian  ring  complete  with  respect  to  an  ideal  I . 
Write  S = Spec(A)  and  Sn  = Spec(A//n).  Let  X,  Y be  algebraic  spaces  over  S. 
For  n > 1 we  set  Xn  = X Xg  Sn  and  Yn  ==  Y Xg  Sn.  Suppose  given  a compatible 
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system  of  commutative  diagrams 


Assume  that 

(1)  X — >■  S is  proper,  and 

(2)  Y — > S is  separated  of  finite  type. 

Then  there  exists  a unique  morphism  of  algebraic  spaces  g : X — > Y over  S such 
that  gn  is  the  base  change  of  g to  Sn. 


Proof.  The  morphisms  (1  ,gn)  : Xn  — > Xn  Xg  7, 

Yn  —x  Sn  is  separated  (Morphisms  of  Spaces,  Lemma  54.4.7). 


are  closed  immersions  because 
Thus  by  Lemma 

63.33.1  there  exists  a closed  subspace  Z C X x s Y proper  over  S whose  base  change 
to  Sn  recovers  Xn  C Xn  x$Yn.  The  first  projection  p : Z — > X is  a proper  morphism 
(as  Z is  proper  over  S,  see  Morphisms  of  Spaces,  Lemma  54.39.6 1 whose  base  change 
to  Sn  is  an  isomorphism  for  all  n.  In  particular,  p : Z — X X is  quasi-finite  on  an 
open  subspace  of  Z containing  every  point  of  Zq  for  example  by  Morphisms  of 
Spaces,  Lemma  54.33.7  As  Z is  proper  over  S this  open  neighbourhood  is  all  of 
Z.  We  conclude  that  p : Z — > X is  finite  by  Zariski’s  main  theorem  (for  example 
apply  Lemma  |63.25.3|  and  use  properness  of  Z over  X to  see  that  the  immersion 
is  a closed  immersion) . Applying  the  equivalence  of  Theorem  63.32.ll]  we  see  that 
p*Oz  = Ox  as  this  is  true  modulo  In  for  all  n.  Hence  p is  an  isomorphism  and 
we  obtain  the  morphism  g as  the  composition  X = Z — » Y . We  omit  the  proof  of 
uniqueness.  □ 


63.34.  Regular  immersions 

06BL  This  section  is  the  analogue  of  Divisors,  Section  |30.18|  for  morphisms  of  algebraic 
spaces.  The  reader  is  encouraged  to  read  up  on  regular  immersions  of  schemes  in 
that  section  first. 

In  Divisors,  Sectioned.  18|we  defined  four  types  of  regular  immersions  for  morphisms 
of  schemes.  Of  these  only  three  are  (as  far  as  we  know)  local  on  the  target  for  the 
etale  topology;  as  usual  plain  old  regular  immersions  aren’t.  This  is  why  for  mor- 
phisms of  algebraic  spaces  we  cannot  actually  define  regular  immersions.  (These 
kinds  of  annoyances  prompted  Grothendieck  and  his  school  to  replace  original  no- 
tion of  a regular  immersion  by  a Koszul-regular  immersions,  see  1BGI711  Exposee 
VII,  Definition  1.4].)  But  we  can  define  Koszul-regular,  H\ -regular,  and  quasi- 
regular immersions.  Another  remark  is  that  since  Koszul-regular  immersions  are 
not  preserved  by  arbitrary  base  change,  we  cannot  use  the  strategy  of  Morphisms 
of  Spaces,  Section  [54. 3|  to  define  them.  Similarly,  as  Koszul-regular  immersions  are 
not  etale  local  on  the  source,  we  cannot  use  Morphisms  of  Spaces,  Lemma  [54.22. 1| 
to  define  them  either.  We  replace  this  lemma  instead  by  the  following. 
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06BM  Lemma  63.34.1.  Let  V be  a property  of  morphisms  of  schemes  which  is  etale 
local  on  the  target.  Let  S be  a scheme.  Let  f : X Y be  a representable  morphism 
of  algebraic  spaces  over  S.  Consider  commutative  diagrams 

X Xy  V V 

" f 

X — 

where  V is  a scheme  and  V -A  Y is  etale.  The  following  are  equivalent 

(1)  for  any  diagram  as  above  the  projection  X Xy  V — ► V has  property  V,  and 

(2)  for  some  diagram  as  above  with  V — > Y surjective  the  projection  XxYV  — ► 
V has  property  V . 

If  X and  Y are  representable,  then  this  is  also  equivalent  to  f (as  a morphism  of 
schemes ) having  property  V . 

Proof.  Let  us  prove  the  equivalence  of  (1)  and  (2).  The  implication  (1)  =>  (2)  is 
immediate.  Assume 

X Xy  V >■ V XxYV' ^ V 

" f V / V 

X Y X >•  Y 

are  two  diagrams  as  in  the  lemma.  Assume  V — » Y is  surjective  and  X x y V — > V 
has  property  V.  To  show  that  (2)  implies  (1)  we  have  to  prove  that  X Xy  V'  — > V' 
has  V . To  do  this  consider  the  diagram 

X Xy  V -4 (X  Xy  V)  XX  (X  Xy  V')  3*  X Xy  V' 

Y V 

V -< V Xy  V'  s-  V' 

By  our  assumption  that  V is  etale  local  on  the  source,  we  see  that  V is  preserved 
under  etale  base  change,  see  Descent,  Lemma  |34.18.2|  Hence  if  the  left  vertical 
arrow  has  V the  so  does  the  middle  vertical  arrow.  Since  U xxU'  — ► U'  is  surjective 
and  etale  (hence  defines  an  etale  covering  of  U')  this  implies  (as  V is  assumed  local 
for  the  etale  topology  on  the  target)  that  the  left  vertical  arrow  has  V . 

If  X and  Y are  representable,  then  we  can  take  idy  : Y — > Y as  our  etale  covering 
to  see  the  final  statement  of  the  lemma  is  true.  □ 


Note  that  “being  a Koszul-regular  (resp.  -regular,  resp.  quasi-regular)  immer- 
sion” is  a property  of  morphisms  of  schemes  which  is  fpqc  local  on  the  target,  see 
Descent,  Lemma  34.19.30[  Hence  the  following  definition  now  makes  sense. 

06BN  Definition  63.34.2.  Let  S be  a scheme.  Let  i : X Y be  a morphism  of 
algebraic  spaces  over  S. 

(1)  We  say  i is  a Koszul-regular  immersion  if  i is  representable  and  the  equiv- 
alent conditions  of  Lemma  63.34.1  hold  with  V{f)  =“/  is  a Koszul-regular 
immersion” . 

(2)  We  say  i is  an  Hi-regular  immersion  if  i is  representable  and  the  equiv- 
alent conditions  of  Lemma  63.34.1  hold  with  V{f)  =“/  is  an  H)  -regular 
immersion” . 
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(3)  We  say  * is  a quasi-regular  immersion  if  i is  representable  and  the  equiv- 
alent conditions  of  Lemma  63.34.1  hold  with  V(f)  =“/  is  a quasi-regular 
immersion” . 

Lemma  63.34.3.  Let  S be  a scheme.  Let  i : Z — >•  X be  an  immersion  of  algebraic 
spaces  over  S . We  have  the  following  implications:  i is  Koszul-regular  =>  i is 
H i -regular  =>  i is  quasi-regular. 

Proof.  Via  the  definition  this  lemma  immediately  reduces  to  Divisors,  Lemma 
130.18.21  □ 

Lemma  63.34.4.  Let  S be  a scheme.  Let  i : Z — > X be  an  immersion  of  algebraic 
spaces  over  S . Assume  X is  locally  Noetherian.  Then  i is  Koszul-regular  4=>  * is 
H i -regular  4=>  * is  quasi-regular. 


Proof.  Via  Definition  63.34.2  (and  the  definition  of  a locally  Noetherian  algebraic 
space  in  Properties  of  Spaces,  Section  53.71  this  immediately  translates  to  the  case 
of  schemes  which  is  Divisors,  Lemma  [30. 18. 3[  □ 

Lemma  63.34.5.  Let  S be  a scheme.  Let  i : Z — ► X be  a Koszul-regular,  H\- 
regular,  or  quasi-regular  immersion  of  algebraic  spaces  over  S.  Let  X'  — > X be  a 
flat  morphism  of  algebraic  spaces  over  S . Then  the  base  change  i'  : Z x x X'  — > X' 
is  a Koszul-regular,  Hi  -regular,  or  quasi-regular  immersion. 


Proof.  Via  Definition  63.34.2  (and  the  definition  of  a flat  morphism  of  algebraic 


spaces  in  Morphisms  of  Spaces,  Section  54.29)  this  lemma  reduces  to  the  case  of 
schemes,  see  Divisors,  Lemma [30. 18. 4|  □ 

Lemma  63.34.6.  Let  S be  a scheme.  Let  i : Z -A  X be  an  immersion  of  algebraic 
spaces  over  S . Then  i is  a quasi-regular  immersion  if  and  only  if  the  following 
conditions  are  satisfied 

(1)  i is  locally  of  finite  presentation, 

(2)  the  conormal  sheaf  Cz/x  is  finite  locally  free,  and 

(3)  the  map  ( 63. 6.1 .1?])  is  an  isomorphism. 


Proof.  Follows  from  the  case  of  schemes  (Divisors,  Lemma  30.18.5)  via  etale  lo- 
calization (use  Definition  63.34.2  and  Lemma  63.6.2).  □ 


Lemma  63.34.7.  Let  S be  a scheme.  Let  Z -A  Y -A  X be  immersions  of  algebraic 
spaces  over  S.  Assume  that  Z Y is  Hi-regular.  Then  the  canonical  sequence  of 
Lemma  1 63. 5. 61 


0 — > i*CY/x 

is  exact  and  (etale)  locally  split. 


C 


z/x 


C-Z/Y  ► 0 


63.34.6 


and  Lemma 


63.34.3)  it 


Proof.  Since  Cz/y  is  finite  locally  free  (see  Lemma 
suffices  to  prove  that  the  sequence  is  exact.  It  suffices  to  show  that  the  first  map  is 
injective  as  the  sequence  is  already  right  exact  in  general.  After  etale  localization 
on  X this  reduces  to  the  case  of  schemes,  see  Divisors,  Lemma  [30. 18.6[  □ 

A composition  of  quasi-regular  immersions  may  not  be  quasi-regular,  see  Algebra, 


Remark  10.68.8  The  other  types  of  regular  immersions  are  preserved  under  com- 
position. 

Lemma  63.34.8.  Let  S be  a scheme.  Let  i : Z Y and  j : Y X be  immersions 
of  algebraic  spaces  over  S. 
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09S1 


09S2 


06BQ 


06BR 


(1)  If  i and  j are  Koszul-regular  immersions,  so  is  j o i. 

(2)  If  i and  j are  Hi-regular  immersions,  so  is  j o i. 

(3)  If  i is  an  H\-regular  immersion  and  j is  a quasi-regular  immersion,  then 
j o i is  a quasi-regular  immersion. 


Proof.  Immediate  from  the  case  of  schemes,  see  Divisors,  Lemma  [30.1 8. 7[  □ 

Lemma  63.34.9.  Let  S be  a scheme.  Leti  : Z — > Y and  j : Y — ► X be  immersions 
of  algebraic  spaces  over  S . Assume  that  the  sequence 

0 — > i*Cy/x  — > Cz/x  — t Cz/y  — > 0 

of  Lemma\63.5.E\  is  exact  and  locally  split. 

(1)  If  j o i is  a quasi-regular  immersion,  so  is  i. 

(2)  If  j o i is  a Hi-regular  immersion,  so  is  i. 

(3)  If  both  j and  j o i are  Koszul-regular  immersions,  so  is  i. 


Proof.  Immediate  from  the  case  of  schemes,  see  Divisors,  Lemma  30.18.8 


□ 


Lemma  63.34.10.  Let  S be  a scheme.  Let  i : Z — ► Y and  j : Y —t  X be 
immersions  of  algebraic  spaces  over  S.  Assume  X is  locally  Noetherian.  The 
following  are  equivalent 

(1)  i and  j are  Koszul  regular  immersions, 

(2)  i and  j o i are  Koszul  regular  immersions, 

(3)  j o i is  a Koszul  regular  immersion  and  the  conormal  sequence 


0 — ► i*CY/x  ~ t Cz/x  ~ > Cz/y  — t 0 
is  exact  and  locally  split. 


Proof.  Immediate  from  the  case  of  schemes,  see  Divisors,  Lemma  [30. 18. 9[  □ 


63.35.  Pseudo-coherent  morphisms 

This  section  is  the  analogue  of  More  on  Morphisms,  Section  |36.42|  for  morphisms 
of  schemes.  The  reader  is  encouraged  to  read  up  on  pseudo-coherent  morphisms  of 
schemes  in  that  section  first. 


The  property  “pseudo-coherent”  of  morphisms  of  schemes  is  etale  local  on  the 
source-and-target.  To  see  this  use  More  on  Morphisms,  Lemmas  36.42.10  and 


36.42.13  and  Descent,  Lemma  34.28.6  By  Morphisms  of  Spaces,  Lemma  54.22.1 


we  may  define  the  notion  of  a pseudo-coherent  morphism  of  algebraic  spaces  as 
follows  and  it  agrees  with  the  already  existing  notion  defined  in  More  on  Morphisms, 
Section  [36.1 2|  when  the  algebraic  spaces  in  question  are  representable. 


Definition  63.35.1.  Let  5 be  a scheme.  Let  / : X — ► Y be  a morphism  of 
algebraic  spaces  over  S. 

(1)  We  say  / is  pseudo- coherent  if  the  equivalent  conditions  of  Morphisms  of 
Spaces,  Lemma |54.22.1|  hold  with  V = “pseudo-coherent” . 

(2)  Let  x £ |X|.  We  say  / is  pseudo-coherent  at  x if  there  exists  an  open 
neighbourhood  X'  C X of  x such  that  / \x>  '■  X'  — > Y is  pseudo-coherent. 


Beware  that  a base  change  of  a pseudo-coherent  morphism  is  not  pseudo-coherent 
in  general. 
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06BT 

06BU 

06BV 

06BW 

06BX 

06BY 

06BZ 


Lemma  63.35.2.  A flat  base  change  of  a pseudo-coherent  morphism  is  pseudo- 
coherent. 

Proof.  Omitted.  Hint:  Use  the  schemes  version  of  this  lemma,  see  More  on  Mor- 
phisms,  Lemma  36.42.3  □ 


Lemma  63.35.3.  A composition  of  pseudo-coherent  morphisms  is  pseudo-coherent. 

Proof.  Omitted.  Hint:  Use  the  schemes  version  of  this  lemma,  see  More  on  Mor- 
phisms, Lemma  36.42.4  □ 


Lemma  63.35.4.  A pseudo-coherent  morphism  is  locally  of  finite  presentation. 

Proof.  Immediate  from  the  definitions.  □ 

Lemma  63.35.5.  A flat  morphism  which  is  locally  of  finite  presentation  is  pseudo- 
coherent. 


Proof.  Omitted.  Hint:  Use  the  schemes  version  of  this  lemma,  see  More  on  Mor- 
phisms, Lemma  36.42.6  □ 


Lemma  63.35.6.  Let  f : X — ► Y be  a morphism  of  algebraic  spaces  pseudo- 
coherent  over  a base  algebraic  space  B . Then  f is  pseudo-coherent. 


Proof.  Omitted.  Hint:  Use  the  schemes  version  of  this  lemma,  see  More  on  Mor- 
phisms, Lemma  36.42.7  □ 


Lemma  63.35.7.  Let  S be  a scheme.  Let  f : X — ► Y be  a morphism  of  algebraic 
spaces  over  S.  IfY  is  locally  Noetherian,  then  f is  pseudo-coherent  if  and  only  if 
f is  locally  of  finite  type. 


Proof.  Omitted.  Hint:  Use  the  schemes  version  of  this  lemma,  see  More  on  Mor- 
phisms, Lemma  [36.42.9[  □ 


63.36.  Perfect  morphisms 

This  section  is  the  analogue  of  More  on  Morphisms,  Section  |36.43|  for  morphisms 
of  schemes.  The  reader  is  encouraged  to  read  up  on  perfect  morphisms  of  schemes 
in  that  section  first. 


The  property  “perfect”  of  morphisms  of  schemes  is  etale  local  on  the  source-and- 
target.  To  see  this  use  More  on  Morphisms,  Lemmas  36.43.10  and  36.43.13  and 
Descent,  Lemma [34.28.6  By  Morphisms  of  Spaces,  Lemma  54.22.1  we  may  define 
the  notion  of  a perfect  morphism  of  algebraic  spaces  as  follows  and  it  agrees  with 
the  already  existing  notion  defined  in  More  on  Morphisms,  Section  |36.43|  when  the 
algebraic  spaces  in  question  are  representable. 


Definition  63.36.1.  Let  5 be  a scheme.  Let  f : X Y be  a morphism  of 
algebraic  spaces  over  S. 

(1)  We  say  / is  perfect  if  the  equivalent  conditions  of  Morphisms  of  Spaces, 
Lemma |54.22.1|  hold  with  V = “perfect” . 

(2)  Let  x G \X\.  We  say  / is  perfect  at  x if  there  exists  an  open  neighbourhood 
X'  C A'  of  x such  that  f\x'  : X'  — ► Y is  perfect. 


Note  that  a perfect  morphism  is  pseudo-coherent,  hence  locally  of  finite  presenta- 
tion. Beware  that  a base  change  of  a perfect  morphism  is  not  perfect  in  general. 
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06C1 


06C2 
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Lemma  63.36.2.  A flat  base  change  of  a perfect  morphism  is  perfect. 

Proof.  Omitted.  Hint:  Use  the  schemes  version  of  this  lemma,  see  More  on  Mor- 

phisms,  Lemma  [36.43.3[  □ 

Lemma  63.36.3.  A composition  of  perfect  morphisms  is  perfect. 

Proof.  Omitted.  Hint:  Use  the  schemes  version  of  this  lemma,  see  More  on  Mor- 
phisms, Lemma  [36. 43.4[  □ 

Lemma  63.36.4.  Let  S be  a scheme.  Let  f : X — >•  Y be  a morphism  of  algebraic 
spaces  over  S.  The  following  are  equivalent 

(1)  f is  flat  and  perfect,  and 

(2)  f is  flat  and  locally  of  finite  presentation. 

Proof.  Omitted.  Hint:  Use  the  schemes  version  of  this  lemma,  see  More  on  Mor- 
phisms, Lemma  [36. 43.5[  □ 


63.37.  Local  complete  intersection  morphisms 


This  section  is  the  analogue  of  More  on  Morphisms,  Section  36.44|  for  morphisms 
of  schemes.  The  reader  is  encouraged  to  read  up  on  local  complete  intersection 
morphisms  of  schemes  in  that  section  first. 

The  property  “being  a local  complete  intersection  morphism”  of  morphisms  of 
schemes  is  etale  local  on  the  source- and-target.  To  see  this  use  More  on  Mor- 
phisms, Lemmas  |36.44.12]  and  36.44.13|  and  Descent,  Lemma  |34.28.6|  By  Mor- 
phisms of  Spaces,  Lemma  |54.22.1  we  may  define  the  notion  of  a local  complete 
intersection  morphism  of  algebraic  spaces  as  follows  and  it  agrees  with  the  already 


existing  notion  defined  in  More  on  Morphisms,  Section  36.44  when  the  algebraic 
spaces  in  question  are  representable. 

Definition  63.37.1.  Let  5 be  a scheme.  Let  / : X — > Y be  a morphism  of 
algebraic  spaces  over  S. 

(1)  We  say  / is  a Koszul  morphism , or  that  / is  a local  complete  intersection 
morphism  if  the  equivalent  conditions  of  Morphisms  of  Spaces,  Lemma 


54.22.1  hold  with  V(f)  =“/  is  a local  complete  intersection  morphism”. 


(2)  Let  x £ X|.  We  say  / is  Koszul  at  x if  there  exists  an  open  neighbourhood 
X'  C X of  x such  that  f\x>  ■ X'  — > Y is  a local  complete  intersection 
morphism. 


In  some  sense  the  defining  property  of  a local  complete  intersection  morphism  is 
the  result  of  the  following  lemma. 

Lemma  63.37.2.  Let  S be  a scheme.  Let  f : X -A  Y be  a local  complete  inter- 
section morphism  of  algebraic  spaces  over  S . Let  P be  an  algebraic  space  smooth 
over  Y . Let  U -4  X be  an  etale  morphism  of  algebraic  spaces  and  let  i : U -4  P an 
immersion  of  algebraic  spaces  over  Y . Picture: 

X ^ U — P 

XX\  v 

y 

Then  i is  a Koszul-regular  immersion  of  algebraic  spaces. 
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Proof.  Choose  a scheme  V and  a surjective  etale  morphism  V — > Y.  Choose  a 
scheme  W and  a surjective  etale  morphism  W — > P Xy  V . Set  U'  = U Xp  W, 
which  is  a scheme  etale  over  U.  We  have  to  show  that  U'  — > W is  a Koszul- 
regular  immersion  of  schemes,  see  Definition  63.34.2  By  Definition  63.37.1|  above 
the  morphism  of  schemes  U'  — > V is  a local  complete  intersection  morphism.  Hence 
the  result  follows  from  More  on  Morphisms,  Lemma  [36. 44. 3[  □ 


It  seems  like  a good  idea  to  collect  here  some  properties  in  common  with  all  Koszul 
morphisms. 

06C6  Lemma  63.37.3.  Let  S be  a scheme.  Let  f : X — > Y be  a local  complete  inter- 
section morphism  of  algebraic  spaces  over  S . Then 

(1)  / is  locally  of  finite  presentation, 

(2)  / is  pseudo-coherent,  and 

(3)  f is  perfect. 


Proof.  Omitted.  Hint:  Use  the  schemes  version  of  this  lemma,  see  More  on  Mor- 
phisms, Lemma  [36.44.4[  □ 


Beware  that  a base  change  of  a Koszul  morphism  is  not  Koszul  in  general. 

06C7  Lemma  63.37.4.  A flat  base  change  of  a local  complete  intersection  morphism  is 
a local  complete  intersection  morphism. 


Proof.  Omitted.  Hint:  Use  the  schemes  version  of  this  lemma,  see  More  on  Mor- 
phisms, Lemma  [36.44.6[  □ 

06C8  Lemma  63.37.5.  A composition  of  local  complete  intersection  morphisms  is  a 
local  complete  intersection  morphism. 


Proof.  Omitted.  Hint:  Use  the  schemes  version  of  this  lemma,  see  More  on  Mor- 
phisms, Lemma  [36. 44.7[  □ 

06C9  Lemma  63.37.6.  Let  S be  a scheme.  Let  f : X Y be  a morphism  of  algebraic 
spaces  over  S.  The  following  are  equivalent 

(1)  f is  flat  and  a local  complete  intersection  morphism,  and 

(2)  / is  syntomic. 


Proof.  Omitted.  Hint:  Use  the  schemes  version  of  this  lemma,  see  More  on  Mor- 
phisms, Lemma  36.44.8  □ 


06CA  Lemma  63.37.7.  Let  S be  a scheme.  Consider  a commutative  diagram 


of  algebraic  spaces  over  S.  Assume  that  both  p and  q are  flat  and  locally  of  finite 
presentation.  Then  there  exists  an  open  subspace  U(f)  C X such  that  \U(f)\  C |X| 
is  the  set  of  points  where  f is  Koszul.  Moreover,  for  any  morphism  of  algebraic 
spaces  Z'  — ► Z,  if  f : X'  — > Y'  is  the  base  change  of  f by  Z'  — ► Z,  then  U(f')  is 
the  inverse  image  of  U(f)  under  the  projection  X'  — > X . 
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Proof.  This  lemma  is  the  analogue  of  More  on  Morphisms,  Lemma  [36.44. 14|  and 
in  fact  we  will  deduce  the  lemma  from  it.  By  Definition  63.37.1  the  set  {:r  € |X|  : 
/ is  Koszul  at  x}  is  open  in  \X\  hence  by  Properties  of  Spaces,  Lemma  53.4.8|  it 
corresponds  to  an  open  subspace  U(f)  of  X.  Hence  we  only  need  to  prove  the  final 
statement. 


Choose  a scheme  W and  a surjective  etale  morphism  W — X Z.  Choose  a scheme 
V and  a surjective  etale  morphism  V -A  W xz  Y.  Choose  a scheme  U and  a 
surjective  etale  morphism  U -A  V Xy  X.  Finally,  choose  a scheme  W'  and  a 
surjective  etale  morphism  W'  W x z Z' . Set  V'  = W’  xwV  and  U'  = W’  x w U. 
so  that  we  obtain  surjective  etale  morphisms  V —X  Y'  and  U'  —X  X' . We  will  use 
without  further  mention  an  etale  morphism  of  algebraic  spaces  induces  an  open 
map  of  associated  topological  spaces  (see  Properties  of  Spaces,  Lemma  53.15.7l. 
Note  that  by  definition  [/(/)  is  the  image  in  |A'|  of  the  set  T of  points  in  U where 
the  morphism  of  schemes  U —X  V is  Koszul.  Similarly,  U(f')  is  the  image  in  |A'| 
of  the  set  T'  of  points  in  U'  where  the  morphism  of  schemes  U'  —X  V'  is  Koszul. 
Now,  by  construction  the  diagram 


U' **  U 

V' >-  V 


is  cartesian  (in  the  category  of  schemes).  Hence  the  aforementioned  More  on  Mor- 
phisms, Lemma  36.44.14  applies  to  show  that  T'  is  the  inverse  image  of  T . Since 
\U'\  —X  \X'\  is  surjective  this  implies  the  lemma.  □ 


06CB  Lemma  63.37.8.  Let  S be  a scheme.  Let  f : X —X  Y be  a local  complete  inter- 
section morphism  of  algebraic  spaces  over  S . Then  f is  unramified  if  and  only  if 
f is  formally  unramified  and  in  this  case  the  conormal  sheaf  Cx/y  is  finite  locally 
free  on  X . 


Proof.  This  follows  from  the  corresponding  result  for  morphisms  of  schemes,  see 
More  on  Morphisms,  Lemma  [36.44. 15[  by  etale  localization,  see  Lemma  [63.13.11| 
(Note  that  in  the  situation  of  this  lemma  the  morphism  V — X U is  unramified  and 
a local  complete  intersection  morphism  by  definition.)  □ 


06CC  Lemma  63.37.9.  Let  S be  a scheme.  Let  Z — x Y —X  X be  formally  unramified 
morphisms  of  algebraic  spaces  over  S.  Assume  that  Z — x Y is  a local  complete 
intersection  morphism.  The  exact  sequence 

0 —x  i*Cy/x  ^z/x  C z/Y  0 
of  Lemma\63.5.6\  is  short,  exact. 


Proof.  Choose  a scheme  U and  a surjective  etale  morphism  U —X  X.  Choose  a 
scheme  V and  a surjective  etale  morphism  V — X U Xx  Y.  Choose  a scheme  W and 
a surjective  etale  morphism  W — X V Xy  Z.  By  Lemma  63.13.11  the  morphisms 
W -A  V and  V — X U are  formally  unramified.  Moreover  the  sequence  i*Cy/x  — ► 
Cz/ x —t  Cz/y  0 restricts  to  the  corresponding  sequence  i*Cv/u  Cw/u 


C 


w/v 


0 for  W -xf  — X C7.  Hence  the  result  follows  from  the  result  for  schemes 
(More  on  Morphisms,  Lemma  36.44.16)  as  by  definition  the  morphism  W —X  V is 
a local  complete  intersection  morphism.  □ 
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63.38.  When  is  a morphism  an  isomorphism? 

05X7  More  generally  we  can  ask:  “When  does  a morphism  have  property  V?”  A more 
precise  question  is  the  following.  Suppose  given  a commutative  diagram 


X >■  Y 


Z 


of  algebraic  spaces.  Does  there  exist  a monomorphism  of  algebraic  spaces  W — > Z 
with  the  following  two  properties: 

(1)  the  base  change  fw  '■  X\y  -A  Yw  has  property  V , and 

(2)  any  morphism  Z'  — > Z of  algebraic  spaces  factors  through  W if  and  only 
if  the  base  change  fz'  '■  XZ'  — > YZ’  has  property  V . 

In  many  cases,  if  W — > Z exists,  then  it  is  an  immersion,  open  immersion,  or  closed 
immersion. 


The  answer  to  this  question  may  depend  on  auxiliary  properties  of  the  morphisms 
/,  p , and  q.  An  example  is  V(f)  =“/  is  flat”  which  we  have  discussed  for  morphisms 
of  schemes  in  the  case  Y = S in  great  detail  in  the  chapter  “More  on  Flatness”, 
starting  with  More  on  Flatness,  Section  [37.201 

05X8  Lemma  63.38.1.  Consider  a commutative  diagram 


Z 


of  algebraic  spaces.  Assume  that  p is  locally  of  finite  type  and  closed.  Then  there 
exists  an  open  subspace  W C Z such  that  a morphism  Z'  — » Z factors  through  W 
if  and  only  if  the  base  change  fZ'  '■  XZ'  — > YZi  is  unramified. 


Proof.  By  Morphisms  of  Spaces,  Lemma  [54.37.10  there  exists  an  open  subspace 
U(f)  C X which  is  the  set  of  points  where  / is  unramified.  Moreover,  formation  of 
U{f)  commutes  with  arbitrary  base  change.  Let  W C Z be  the  open  subspace  (see 
Properties  of  Spaces,  Lemma  53.4. 8|)  with  underlying  set  of  points 

\W\  = \Z\\\p\(\X\\\U(f)\) 

i.e. , z € \Z\  is  a point  of  W if  and  only  if  / is  unramified  at  every  point  of  X above 
Note  that  this  is  open  because  we  assumed  that  p is  closed.  Since  the  formation 
of  U (/)  commutes  with  arbitrary  base  change  we  immediately  see  (using  Properties 
of  Spaces,  Lemma  53.4.9 ) that  W has  the  desired  universal  property.  □ 


05X9  Lemma  63.38.2.  Consider  a commutative  diagram 


of  algebraic  spaces.  Assume  that 
(1)  p is  locally  of  finite  type, 
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(2)  p is  closed,  and 

(3)  P2  '■  X Xy  X > Z is  closed. 

Then  there  exists  an  open  subspace  W C Z such  that  a morphism  Z'  — » Z factors 
through  W if  and  only  if  the  base  change  fz'  : Xz>  —>  Yz1  is  unramified  and 
universally  injective. 


Proof.  After  replacing  Z by  the  open  subspace  found  in  Lemma  [63.38.1|  we  may 
assume  that  / is  already  unramified;  note  that  this  does  not  destroy  assumption  (2) 
or  (3).  By  Morphisms  of  Spaces,  Lemma|54.37.9  we  see  that  A x/y  '■  X — » A'XyA  is 
an  open  immersion.  This  remains  true  after  any  base  change.  Hence  by  Morphisms 
of  Spaces,  Lemma  [54. 19. 2|  we  see  that  fz>  is  universally  injective  if  and  only  if  the 
base  change  of  the  diagonal  Xz>  —t  (X  Xy  X)z'  is  an  isomorphism.  Let  W C Z be 
the  open  subspace  (see  Properties  of  Spaces,  Lemma [53. 4. 8[)  with  underlying  set  of 
points 

\w\  = \Z\  \ \p2\  (\X  Xy  X\  \ Im(|Ax/y|)) 


i.e. , z £ \Z\  is  a point  of  W if  and  only  if  the  fibre  of  |A'  Xy  X\  — > |Z|  over  z is  in 
the  image  of  |AT|  — ► \X  Xy  AT|.  Then  it  is  clear  from  the  discussion  above  that  the 
restriction  p~1(W)  q~l(W)  of  / is  unranrified  and  universally  injective. 


Conversely,  suppose  that  fz>  is  unramified  and  universally  injective.  In  order  to 
show  that  Z'  — > Z factors  through  W it  suffices  to  show  that  |Z'|  — > \Z\  has  image 
contained  in  |W|,  see  Properties  of  Spaces,  Lemma  53.4. 9|  Hence  it  suffices  to 
prove  the  result  when  Z'  is  the  spectrum  of  a field.  Denote  z £ \Z\  the  image  of 
|Z'|  — ► |Zj.  The  discussion  above  shows  that 

\Xz'\  — > [(A-  Xy  X)z>  | 

is  surjective.  By  Properties  of  Spaces,  Lemma  |53.4.3|  in  the  commutative  diagram 


\Xz'\ |(A  Xy  X)z> | 

Y 

bl-HW) -I  P2\-\{z}) 


the  vertical  arrows  are  surjective.  It  follows  that  z £ \W\  as  desired.  □ 

05XA  Lemma  63.38.3.  Consider  a commutative  diagram 


X Y 


Z 


of  algebraic  spaces.  Assume  that 

(1)  p is  locally  of  finite  type, 

(2)  p is  universally  closed,  and 

(3)  q : Y — ► Z is  separated. 

Then  there  exists  an  open  subspace  W C Z such  that  a morphism  Z'  -A  Z factors 
through  W if  and  only  if  the  base  change  fz'  ■ X z>  —t  Yz>  is  a closed  immersion. 


Proof.  We  will  use  the  characterization  of  closed  immersions  as  universally  closed, 
unramified,  and  universally  injective  morphisms,  see  Lemma  |63.12.9|  First,  note 
that  since  p is  universally  closed  and  q is  separated,  we  see  that  / is  universally 
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closed,  see  Morphisms  of  Spaces,  Lemma[54.39.6[  It  follows  that  any  base  change  of 
/ is  universally  closed,  see  Morphisms  of  Spaces,  Lemma[54.9.3|  Thus  to  finish  the 
proof  of  the  lemma  it  suffices  to  prove  that  the  assumptions  of  Lemma  |63.38.2|  are 
satisfied.  The  projection  pr0  : X Xy  X — > X is  universally  closed  as  a base  change 
of  /,  see  Morphisms  of  Spaces,  Lemma [54.9.3  Hence  X Xy  X Z is  universally 
closed  as  a composition  of  universally  closed  morphisms  (see  Morphisms  of  Spaces, 
Lemma  54.9.4).  This  finishes  the  proof  of  the  lemma.  □ 

05XB  Lemma  63.38.4.  Consider  a commutative  diagram 


of  algebraic  spaces.  Assume  that 

(1)  p is  locally  of  finite  presentation, 

(2)  p is  flat, 

(3)  p is  closed,  and 

(4)  q is  locally  of  finite  type. 

Then  there  exists  an  open  subspace  W C Z such  that  a morphism  Z'  -A  Z factors 
through  W if  and  only  if  the  base  change  fz'  '■  Xz>  — » Yz>  is  flat. 

Proof.  By  Lemma  [63. 20. 6|  the  set 

4 = {i  € | A' | : X flat  at  x over  Y}. 


is  open  in  |X|  and  its  formation  commutes  with  arbitrary  base  change.  Let  W C Z 
be  the  open  subspace  (see  Properties  of  Spaces,  Lemma  53.4.8 1 with  underlying  set 
of  points 

|IT|  = |A|\|p|(|A|\A) 


i.e. , z £ \Z\  is  a point  of  W if  and  only  if  the  whole  fibre  of  |X|  —>  \Z\  over  z 
is  contained  in  A.  This  is  open  because  p is  closed.  Since  the  formation  of  A 
commutes  with  arbitrary  base  change  it  follows  that  W works.  □ 


05XC  Lemma  63.38.5.  Consider  a commutative  diagram 


X >■  Y 


Z 


of  algebraic  spaces.  Assume  that 

(1)  p is  locally  of  finite  presentation, 

(2)  p is  flat, 

(3)  p is  closed, 

(4)  q is  locally  of  finite  type,  and 

(5)  q is  closed. 

Then  there  exists  an  open  subspace  W C Z such  that  a morphism  Z'  -A  Z factors 
through  W if  and  only  if  the  base  change  fz>  ■ X z<  -A  Yz>  is  surjective  and  flat. 


63.38.  WHEN  IS  A MORPHISM  AN  ISOMORPHISM? 


4011 


Proof.  By  Lemma  [63.38.4|  we  may  assume  that  / is  flat.  Note  that  / is  locally 
of  finite  presentation  by  Morphisms  of  Spaces,  Lemma  [54.28.9|  Hence  / is  open, 
see  Morphisms  of  Spaces,  Lemma  54.29.6  Let  W C Z be  the  open  subspace  (see 
Properties  of  Spaces,  Lemma  53.4. 8|)  with  underlying  set  of  points 


\W\  = \Z\\\q\(\Y\\\f\(\X\)). 

in  other  words  for  z £ \Z\  we  have  z £ \W\  if  and  only  if  the  whole  fibre  of 
|F|  — > \Z\  over  2 is  in  the  image  of  |X|  — > |F|.  Since  q is  closed  this  set  is  open 
in  \Z\.  The  morphism  X\y  — ► Y\,y  is  surjective  by  construction.  Finally,  suppose 
that  Xz'  — » Yz’  is  surjective.  In  order  to  show  that  Z'  — > Z factors  through  W 
it  suffices  to  show  that  | Z'\  — > \Z\  has  image  contained  in  \W\,  see  Properties  of 
Spaces,  Lemma  53.4. 9|  Hence  it  suffices  to  prove  the  result  when  Z'  is  the  spectrum 
of  a field.  Denote  z £ \Z\  the  image  of  \Z'\  — > \Z\.  By  Properties  of  Spaces,  Lemma 
|53.4.3|in  the  commutative  diagram 


\XZ% *\YZ.\ 

\p\-\u}) — nr1^}) 


the  vertical  arrows  are  surjective.  It  follows  that  2 £ \W\  as  desired.  □ 

05XD  Lemma  63.38.6.  Consider  a commutative  diagram 


Z 


of  algebraic  spaces.  Assume  that 

(1)  p is  locally  of  finite  presentation, 

(2)  p is  flat, 

(3)  p is  universally  closed, 

(4)  q is  locally  of  finite  type, 

(5)  q is  closed,  and 

(6)  q is  separated. 

Then  there  exists  an  open  subspace  W C Z such  that  a morphism  Z'  -A  Z factors 
through  W if  and  only  if  the  base  change  fz'  '■  Xz>  —t  Yz>  is  an  isomorphism. 


Proof.  By  Lemma [63.38. 5| there  exists  an  open  subspace  W\  C Z such  that  fz>  is 
surjective  and  flat  if  and  only  if  Z'  — > Z factors  through  W\.  By  Lemma  63.38.3 
there  exists  an  open  subspace  W2  C Z such  that  fz>  is  a closed  immersion  if 
and  only  if  Z'  — > Z factors  through  W2 . We  claim  that  W = ILj  fl  W2  works. 
Certainly,  if  fz>  is  an  isomorphism,  then  Z'  — » Z factors  through  W.  Hence  it 
suffices  to  show  that  f\y  is  an  isomorphism.  By  construction  f\y  is  a surjective  flat 
closed  immersion.  In  particular  f\y  is  representable.  Since  a surjective  flat  closed 
immersion  of  schemes  is  an  isomorphism  (see  Morphisms,  Lemma  28.26.1)  we  win. 
(Note  that  actually  fw  is  locally  of  finite  presentation,  whence  open,  so  you  can 
avoid  the  use  of  this  lemma  if  you  like.)  □ 
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Z 


of  algebraic  spaces.  Assume  that 

(1)  p is  flat  and  locally  of  finite  presentation, 

(2)  p is  closed,  and 

(3)  q is  flat  and  locally  of  finite  presentation, 

Then  there  exists  an  open  subspace  W C Z such  that  a morphism  Z'  -A  Z factors 
through  W if  and  only  if  the  base  change  fz’  : Xz>  — > Yz‘  is  a local  complete 
intersection  morphism. 


Proof.  By  Lemma  63.37.7  there  exists  an  open  subspace  U(f)  C X which  is  the  set 


of  points  where  / is  Koszul.  Moreover,  formation  of  U(f)  commutes  with  arbitrary 
base  change.  Let  W C Z be  the  open  subspace  (see  Properties  of  Spaces,  Lemma 


53.4.8)  with  underlying  set  of  points 


\W\  = \Z\\\P\(\X\\\U(f)\) 

i.e. , z £ \Z\  is  a point  of  W if  and  only  if  / is  Koszul  at  every  point  of  X above  2. 
Note  that  this  is  open  because  we  assumed  that  p is  closed.  Since  the  formation  of 
£/(/)  commutes  with  arbitrary  base  change  we  immediately  see  (using  Properties 
of  Spaces,  Lemma  53.4.9 ) that  W has  the  desired  universal  property.  □ 
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06CD  In  this  section  we  collect  some  results  on  exact  sequences  of  conormal  sheaves  and 
sheaves  of  differentials.  In  some  sense  these  are  all  realizations  of  the  triangle  of 
cotangent  complexes  associated  to  composable  morphisms  of  algebraic  spaces. 


In  the  sequences  below  each  of  the  maps  are  as  constructed  in  either  Lemma |63.7.6| 
or  Lemmar63.13.8  Let  S'  be  a scheme.  Let  g : Z — » Y and  / : Y — ► X be  morphisms 
of  algebraic  spaces  over  S. 

(1)  There  is  a canonical  exact  sequence 


g*CtY/x  —• > ^ lz/x  —■ y &z/y  0, 

see  Lemma[63.7.8|  If  g : Z -A  Y is  formally  smooth,  then  this  sequence  is 
a short  exact  sequence,  see  Lemma  [63. 17. 11[ 

(2)  If  g is  formally  unramified,  then  there  is  a canonical  exact  sequence 


Cz/y  — > 9*^y/x  ~ > ^z/x  — > 0, 

see  Lemma  |63. 13.13]  If  / o g : Z — >•  A'  is  formally  smooth,  then  this 
sequence  is  a short  exact  sequence,  see  Lemma [63. 17. 12[ 

(3)  if  g and  fog  are  formally  unramified,  then  there  is  a canonical  exact 
sequence 

C-z/x  * Cz/y  9*^y/x  0) 

see  Lemma [63.13.14|  If  / : Y — ► X is  formally  smooth,  then  this  sequence 
is  a short  exact  sequence,  see  Lemma  [63. 17. 13| 
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(4)  if  g and  / are  formally  unramified,  then  there  is  a canonical  exact  sequence 
g*Cy/X  ~ * Cz/X  — * Cz/Y  — > 0. 

see  Lemma  63.13.15  If  g : Z — > Y is  a local  complete  intersection  mor- 


phism, then  this  sequence  is  a short  exact  sequence,  see  Lemma  63.37.9 
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Pushouts  of  Algebraic  Spaces 


64.1.  Introduction 


The  goal  of  this  chapter  is  to  discuss  pushouts  in  the  category  of  algebraic  spaces. 
This  can  be  done  with  varying  assumptions.  A fairly  general  pushout  construction  is 
given  in  [TT13]:  one  of  the  morphisms  is  affine  and  the  other  is  a closed  immersion. 
We  discuss  a particular  case  of  this  in  Section  |64.2  where  we  assume  one  of  the 
morphisms  is  affine  and  the  other  is  a thickening,  a situation  that  often  comes  up 
in  deformation  theory. 


In  Sections  64.3  and  |64.4  we  discuss  diagrams 

f~HX\Z) >-  Y 


Y 

x\z 


V 

X 


where  / is  a quasi-compact  and  quasi-separated  morphism  of  algebraic  spaces, 
Z — > X is  a closed  immersion  of  finite  presentation,  the  map  — > Z is  an 

isomorphism,  and  / is  flat  along  In  this  situation  we  glue  quasi-colierent 


modules  on  X \ Z and  Y (in  Section  64.3 1 to  quasi-coherent  modules  on  X and  we 


glue  algebraic  spaces  over  X \ Z and  Y (in  Section  64.4 I to  algebraic  spaces  over 

X. 


In  Sect  ion  [643]  we  discuss  how  proper  birational  morphisms  of  Noetherian  algebraic 
spaces  give  rise  to  coequalizer  diagrams  in  algebraic  spaces  in  some  sense. 


64.2.  Pushouts  in  the  category  of  algebraic  spaces 


This  section  is  analogue  of  More  on  Morphisms,  Section  36.11  We  first  prove  a 
general  result  on  colimits  and  algebraic  spaces.  To  do  this  we  discuss  a bit  of 
notation.  Let  S'  be  a scheme.  Let  X — > (Sch/ S) fppf,  i K > W be  a diagram  (see 
Categories,  Section  4.14).  For  each  i we  may  consider  the  small  etale  site  Xi^taie- 
For  each  morphism  i — > j of  X we  have  the  morphism  Xi  — > Xj  and  hence  a pullback 
functor  Xj^taie  — t Xi  etale-  Hence  we  obtain  a pseudo  functor  from  Xopp  into  the 
2-category  of  categories.  Denote 

limj  Xi^tale 

the  2-limit  (see  insert  future  reference  here).  What  does  this  mean  concretely?  An 
object  of  this  limit  is  a system  of  etale  morphisms  Ui  — > X 4 over  I such  that  for 
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each  i —>  j in  I the  diagram 

Ui Uj 

I 

X, *x5 

is  cartesian.  Morphisms  between  objects  are  defined  in  the  obvious  manner.  Sup- 
pose that  fi  : Xi  -A  T is  a family  of  morphisms  such  that  for  each  i -A  j the  com- 
position Xt  -A  Xj  -A  T is  equal  to  /;.  Then  we  get  a functor  T^taie  — i > lim X^tale- 
With  this  notation  in  hand  we  can  formulate  our  lemma. 

07SX  Lemma  64.2.1.  Let  S be  a scheme.  LetX  -A  (Sch/ S)  fppf , i A X;  be  a diagram 
as  above.  Assume  that 

(1)  X = colimXj  exists  in  the  category  of  schemes, 

(2)  II  Xi  -a  X is  surjective, 

(3)  if  U X is  etale  and  Ui  = Xi  Xx  U,  then  U = colim[/i  in  the  category 
of  schemes,  and 

(4)  the  functor  X^taie  -a  lim  W,etoie  is  an  equivalence. 

Then  X = colim  Xi  in  the  category  of  algebraic  spaces  over  S also. 

Proof.  Let  Z be  an  algebraic  space  over  S.  Suppose  that  fi  : Xi  — > Z is  a family 
of  morphisms  such  that  for  each  i A j the  composition  X \ -A  Xj  -A  Z is  equal  to 
fi . We  have  to  construct  a morphism  of  algebraic  spaces  / : X -a  Z such  that  we 
can  recover  fi  as  the  composition  Xi  A I A Z.  Let  W -A  Z be  a surjective  etale 
morphism  of  a scheme  to  Z.  For  each  i set  Ui  = W x zj,  Xi  and  denote  hi  : Ui  — >■  W 
the  projection.  Then  Ui  — > Xi  forms  an  object  of  lim  Xj^taie-  By  assumption  (4)  we 
can  find  an  etale  morphism  U X and  (functorial)  isomorphisms  Ui  = Xi  x x U. 
By  assumption  (3)  there  exists  a morphism  h : U -A  W such  that  the  compositions 
Ui  -A  U -A  W are  hi.  Let  g : U A Z be  the  composition  of  h with  the  map  W — > Z. 
To  finish  the  proof  we  have  to  show  that  g : U -A  Z descends  to  a morphism  X — > Z. 
To  do  this,  consider  the  morphism  (h,h)  : U Xx  U —>  W Xz  W.  Composing  with 
Ui  Xx,  Ui  -A  U x x U we  obtain  {hi, hi)  which  factors  through  W Xz  W.  Since 
U Xx  U is  the  colimit  of  the  schemes  Ui  Uj  by  (3)  we  see  that  (h,h)  factors 
through  W Xz  W.  Hence  the  two  compositions  U Xx  U A U A If  A Z are 
equal.  Because  each  Ui  -A  Xj  is  surjective  and  assumption  (2)  we  see  that  U — > X 
is  surjective.  As  Z is  a sheaf  for  the  etale  topology,  we  conclude  that  g : U -A  Z 
descends  to  / : X A Z as  desired.  □ 


07SY  Lemma  64.2.2.  Let  S be  a scheme.  Let  X -a  X'  be  a thickening  of  schemes  over 
S and  let  X -A  Y be  an  affine  morphism  of  schemes  over  S . Let  Y'  = Y Hx  X'  be 


the  pushout  in  the  category  of  schemes  (see  More  on  Morphisms,  Lemma  36.11.3). 
Then  Y'  is  also  a pushout  in  the  category  of  algebraic  spaces  over  S . 


Proof.  This  is  an  immediate  consequence  of  Lemma  |64.2.1|  and  More  on  Mor- 
phisms, Lemmas  36.11.3  36.11.4  and  36.11.6  □ 


07VX 


Lemma  64.2.3.  Let  S be  a scheme.  Let  X -A  X'  be  a thickening  of  algebraic 
spaces  over  S and  let  X -A  Y be  an  affine  morphism  of  algebraic  spaces  over  S. 
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Then  there  exists  a pushout 


X >■  X' 


f 

v 

Y 


S' 

Y 

> Y Ux  X' 


in  the  category  of  algebraic  spaces  over  S.  Moreover  Y'  = Y II x X'  is  a thickening 
ofY  and 

0Y>  = Oy  Xf,Ox  f*Ox' 
as  sheaves  on  Yaaie  = (Y')itaie. 


Proof.  Choose  a scheme  V and  a surjective  etale  morphism  V — >•  Y.  Set  U = 
V Xy  X.  This  is  a scheme  affine  over  V with  a surjective  etale  morphism  U — > X. 
By  More  on  Morphisms  of  Spaces,  Lemma  63.9.6  there  exists  a U'  — > X'  surjective 
etale  with  U = \J'  x x'  X.  In  particular  the  morphism  of  schemes  U — > U'  is  a 
thickening  too.  Apply  More  on  Morphisms,  Lemma  36.11.3  to  obtain  a pushout 
V'  = V II u U'  in  the  category  of  schemes. 

We  repeat  this  procedure  to  construct  a pushout 


U x x U >U'  xx>  U' 

V 

V Xy  V 


in  the  category  of  schemes.  Consider  the  morphisms 

UxxU->U->V',  U'  xx>  U'  -A  U'  ->  V\  VxYV  ->V  ->V' 


where  we  use  the  first  projection  in  each  case.  Clearly  these  glue  to  give  a morphism 
t'  : R'  — > V'  which  is  etale  by  More  on  Morphisms,  Lemma  36.11.6  Similarly, 
we  obtain  s'  : Ft'  — > V'  etale.  The  morphism  f = ( t',s ')  : R ' — ► V'  XgV' 
is  unramified  (as  t'  is  etale)  and  a monomorphism  when  restricted  to  the  closed 
subscheme  V Xy  V C R' . As  V xY  V C R'  is  a thickening  it  follows  that  j' 
is  a monomorphism  too.  Finally,  j'  is  an  equivalence  relation  as  we  can  use  the 
functoriality  of  pushouts  of  schemes  to  construct  a morphism  d : R'  X s>  y $ R'  — > R' 


(details  omitted).  At  this  point  we  set  Y'  = U' /R',  see  Spaces,  Theorem  52.10.5 


We  have  morphisms  X'  = U’/U'  xx<  U'  V/R'  = Y'  and  Y = V/V  xY  V -5> 
V'/R'  = Y' . By  construction  these  fit  into  the  commutative  diagram 


X >■  X' 

f S' 

I I 

Y- s-Y' 


Since  Y — ► Y'  is  a thickening  we  have  Yetaie  = (Y') etale,  see  More  on  Morphisms  of 
Spaces,  Lemma|63.9.6|  The  commutativity  of  the  diagram  gives  a map  of  sheaves 

Oy  » Oy  XftOx  f'*Ox> 

on  this  set.  By  More  on  Morphisms,  Lemma  |36.11.3|  this  map  is  an  isomorphism 
when  we  restrict  to  the  scheme  V' , hence  it  is  an  isomorphism. 
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To  finish  the  proof  we  show  that  the  diagram  above  is  a pushout  in  the  category  of 
algebraic  spaces.  To  see  this,  let  Z be  an  algebraic  space  and  let  a!  : X'  — > Z and 
b : Y — ► Z be  morphisms  of  algebraic  spaces.  By  Lemma[64.2.2|we  obtain  a unique 
morphism  h : V'  -A  Z fitting  into  the  commutative  diagrams 


U' 

h and 

, V 
X'  — *—^z 


V  >V’ 

h 

Y — Z 


The  uniqueness  shows  that  hot'  = hos' . Hence  h factors  uniquely  as  V —¥  Y1  Z 
and  we  win.  □ 


07VY 


In  the  following  lemma  we  use  the  fibre  product  of  categories  as  defined  in  Cate- 
gories, Example  |4. 30. 3[ 


Lemma  64.2.4.  Let  S be  a base  scheme.  Let  X -A  X'  be  a thickening  of  algebraic 
spaces  over  S and  let  X -A  Y be  an  affine  morphism  of  algebraic  spaces  over  S . Let 
Y'  = Y llx  X'  be  the  pushout  (see  Lemma  64-2.3).  Base  change  gives  a functor 

F : ( Spaces/Y ')  — > ( Spaces/Y ) X(Spaces/Yf)  [Spaces/ X’) 


given  byV'  i — > [V'xyY,  V'xY'X',  1)  which  sends  [Sch/Y')  into  [Sch/Y)x  (Sch/Y') 
( Sch/X ').  The  functor  F has  a left  adjoint 


G : [ Spaces/Y ) X(sPaces/Y')  [Spaces/ X')  — > [Spaces/Y') 

which  sends  the  triple  [V,U',ip)  to  the  pushout  fH(yXyq  U1  in  the  category  of 
algebraic  spaces  over  S.  The  functor  G sends  [Sch/Y)  X(Sch/Y')  [Sch/X')  into 
[Sch/Y’). 


Proof.  The  proof  is  completely  formal.  Since  the  morphisms  X — ► X1  and  X — ► Y 
are  representable  it  is  clear  that  F sends  [Sch/Y')  into  [Sch/Y)  x (Sch/Y1)  [Sch/X'). 

Let  us  construct  G.  Let  [V,  U' , ip)  be  an  object  of  the  fibre  product  category.  Set 
U = U'  x x'  X.  Note  that  U -A  U'  is  a thickening.  Since  ip  : V x y X —tU'  x x>  X = 
U is  an  isomorphism  we  have  a morphism  U -A  V over  X — ► Y which  identifies 
U with  the  fibre  product  X Xy  V.  In  particular  U —¥  V is  affine,  see  Morphisms 
of  Spaces,  Lemma  |54.20.5|  Hence  we  can  apply  Lemma  |64.2.3|  to  get  a pushout 
V'  = V Hfj  U' . Denote  V'  — > Y'  the  morphism  we  obtain  in  virtue  of  the  fact  that 
V'  is  a pushout  and  because  we  are  given  morphisms  V — > Y and  U'  X'  agreeing 
on  U as  morphisms  into  Y' . Setting  G[V , U' , ip)  = V'  gives  the  functor  G. 

If  [V,U',ip)  is  an  object  of  [Sch/Y)  X(Sch/Y’)  [Sch/X')  then  U = U'  xX'  X is  a 
scheme  too  and  we  can  form  the  pushout  V'  = V H jj  U'  in  the  category  of  schemes 
by  More  on  Morphisms,  Lemma [36. 11.3|  By  Lemma[64.2.2|this  is  also  a pushout  in 
the  category  of  schemes,  hence  G sends  [Sch/Y)  X(Sch/Y')  [Sch/X')  into  [Sch/Y'). 

Let  us  prove  that  G is  a left  adjoint  to  F.  Let  Z be  an  algebraic  space  over  Y' . We 
have  to  show  that 

Mor(W,  Z)  = Mor((P,  U\  ip),  F[Z)) 

where  the  morphism  sets  are  taking  in  their  respective  categories.  Let  g'  : V'  —X  Z 
be  a morphism.  Denote  g,  resp.  f the  composition  of  g'  with  the  morphism  V — > V' , 
resp.  U'  — > V . Base  change  g , resp.  f by  Y -A  Y' , resp.  X'  —X  Y'  to  get  a morphism 
g : V —X  Z Xy1  Y , resp.  f':U'—>Z  Xy  X' . Then  (g,  f)  is  an  element  of  the 
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right  hand  side  of  the  equation  above  (details  omitted).  Conversely,  suppose  that 
(g,  f)  '■  (V,  U' , ip)  — X F(Z)  is  an  element  of  the  right  hand  side.  We  may  consider 
the  composition  g : V — X Z,  resp.  /'  : U'  — X Z of  g , resp.  f by  Z Xy<  X'  — x Z, 
resp.  Z Xy/  Y — x Z.  Then  g and  /'  agree  as  morphism  from  U to  Z.  By  the 
universal  property  of  pushout,  we  obtain  a morphism  g'  : V'  — X Z , i.e.,  an  element 
of  the  left  hand  side.  We  omit  the  verification  that  these  constructions  are  mutually 
inverse.  □ 


07VZ  Lemma  64.2.5.  Let  S be  a scheme.  Let 

A >■ C >■ E 


B D 

be  a commutative  diagram  of  algebraic  spaces  over  S.  Assume  that  A,B,C,D 
and  A,  B , E,  F form  cartesian  squares  and  that  B —X  D is  surjective  etale.  Then 
C,  D,  E,  F is  a cartesian  square. 

Proof.  This  is  formal.  □ 


07W0  Lemma  64.2.6.  In  the  situation  of  Lemma  64-2-4  the  functor  F o G is  isomorphic 
to  the  identity  functor. 

Proof.  We  will  prove  that  F o G is  isomorphic  to  the  identity  by  reducing  this  to 
the  corresponding  statement  of  More  on  Morphisms,  Lemma [36. 11. 4| 

Choose  a scheme  Yi  and  a surjective  etale  morphism  Y\  — >■  Y . Set  X\  = hj  Xy  X. 
This  is  a scheme  affine  over  Yi  with  a surjective  etale  morphism  Xi  — x X.  By 
More  on  Morphisms  of  Spaces,  Lemma  63.9.6  there  exists  a X[  — > X'  surjective 
etale  with  Xi  = X[  Xx1  X.  In  particular  the  morphism  of  schemes  X\  — x X[  is 
a thickening  too.  Apply  More  on  Morphisms,  Lemma  [36. 11. 3|  to  obtain  a pushout 
Y[  = Y\  II Ay  X\  in  the  category  of  schemes.  In  the  proof  of  Lemma  64.2.3 


we 


constructed  Y'  as  a quotient  of  an  etale  equivalence  relation  on  Y[  such  that  we 
get  a commutative  diagram 


07W1  (64.2.6.1) 


X >X' 


where  all  squares  except  the  front  and  back  squares  are  cartesian  (the  front  and 
back  squares  are  pushouts)  and  the  northeast  arrows  are  surjective  etale.  Denote 
F\,  G\  the  functors  constructed  in  More  on  Morphisms,  Lemma  |36.11.4|  for  the 
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front  square.  Then  the  diagram  of  categories 

(Sch/YI)  " Gl  ? {Sch/YJ  x(Sch/Y{)  { Sch/X[ ) 

El 

i _ g 

{Spaces/ Y')  ~ ( Spaces/Y ) X(Spaces/Y')  {Spaces/ X') 

F 


is  commutative  by  simple  considerations  regarding  base  change  functors  and  the 
agreement  of  pushouts  in  schemes  with  pushouts  in  spaces  of  Lemma |64.2.2| 

Let  {V,U',ip)  be  an  object  of  {Spaces/Y)  x^Spaces/Y')  {Spaces/ X').  Denote  U = 
U'  x x'  X so  that  G(V,U',ip ) = V II u U'.  Choose  a scheme  Vj  and  a surjective 
etale  morphism  V\—*Y\XyV.  Set  U\  = V xY  X.  Then 


U1  = V yXYX  — s>  (V,  xYV)xYX  = X±  xY  V = X-!  x x X xY  V = Xi  xx  U 


is  surjective  etale  too.  By  More  on  Morphisms  of  Spaces,  Lemma  63.9.6  there  exists 
a thickening  U\  — > U[  and  a surjective  etale  morphism  U[  — > X{  x x>  U'  whose 
base  change  to  A'i  Xx  U is  the  displayed  morphism.  At  this  point  (Vj , U[ . Lp\ ) 
is  an  object  of  ( Sch/Yy ) X(sch/Y{)  {Sch/X[).  In  the  proof  of  Lemma 


64.2.3 


we 


constructed  G(Vj  U',ip ) = VII u U'  as  a quotient  of  an  etale  equivalence  relation  on 
Gi(Vj,  17(,  (fi)  = Vl  II u1  U[  such  that  we  get  a commutative  diagram 


07W2  (64.2.6.2) 


where  all  squares  except  the  front  and  back  squares  are  cartesian  (the  front  and  back 
squares  are  pushouts)  and  the  northeast  arrows  are  surjective  etale.  In  particular 

^ g^u1  ,?) 

is  surjective  etale. 


Finally,  we  come  to  the  proof  of  the  lemma.  We  have  to  show  that  the  adjunction 
mapping  {V,U',ip)  -A  F{G{V,U' ,ip))  is  an  isomorphism.  We  know  (Vi,  U[,  ipi)  — » 
Fi(Gi(Vl,  U[,  <pi))  is  an  isomorphism  by  More  on  Morphisms,  Lemma  36.11.4[  Re- 


call that  F and  Fi  are  given  by  base  change.  Using  the  properties  of  (64.2. 6. 2[)  and 
Lemma  64.2. 5|we  see  that  V —>  G{V,  U1 , ip)  xY>  Y and  U'  -A-  G(V,  U' , ip)  xYi  X'  are 
isomorphisms,  i.e.,  (V,  U' , <p)  -A  F{G(V,  U' , <p))  is  an  isomorphism.  □ 

08KV  Lemma  64.2.7.  Let  S be  a base  scheme.  Let  X -A  X'  be  a thickening  of  algebraic 
spaces  over  S and  let  X -A  Y be  an  affine  morphism  of  algebraic  spaces  over  S.  Let 
Y'  = Yllx  X'  be  the  pushout  (see  Lemma  64-2.3).  Let  V’  -A  Y’  be  a morphism  of 
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algebraic  spaces  over  S.  Set  V = Y Xp  V' , U'  = X'  Xy<  V' , and  U = X Xy<  V' . 
There  is  an  equivalence  of  categories  between 

(1)  quasi- coherent  Oy -modules  flat  over  Y' , and 

(2)  the  category  of  triples  (Q,F',p)  where 

(a)  Q is  a quasi- coherent  Oy  -module  flat  over  Y , 

(b)  J-'  is  a quasi- coherent  Oy -module  flat  over  X,  and 

(c)  ip  : (U  — X V)*G  — > (U  — > U')*F'  is  an  isomorphism  of  Ou -modules. 
The  equivalence  maps  Q'  to  ((17  — » V')*G'  ,{U'  —X  V')*G',  can).  Suppose  Q'  corre- 
sponds to  the  triple  (Q,F',p).  Then 

(a)  Q'  is  a finite  type  Oy  -module  if  and  only  if  Q and  F'  are  finite  type  Oy 
and  Ow  -modules. 

(b)  if  V'  — > Y'  is  locally  of  finite  presentation,  then  Q’  is  an  Oy  -module  of 
finite  presentation  if  and  only  if  Q and  F'  are  Oy  and  Ou1 -modules  of 
finite  presentation. 


Proof.  A quasi-inverse  functor  assigns  to  the  triple  (G,F',ip)  the  fibre  product 

(v  -a  v%g  x(u^vl),r  (u'  -a  v%r 

where  J-  = (U  -A  U')*  J7' . This  works,  because  on  affines  etale  over  V'  and  Y'  we 
recover  the  equivalence  of  More  on  Algebra,  Lemma[l5.5.13|  Details  omitted. 

Parts  (a)  and  (b)  reduce  by  etale  localization  (Properties  of  Spaces,  Section  53.29) 
to  the  case  where  V'  and  Y'  are  affine  in  which  case  the  result  follows  from  More 
on  Algebra,  Lemmas  15.5.12  and|15.5.14 


□ 


Lemma  64.2.8.  In  the  situation  of  Lemma  64-2.6  IfV'  = G(V,U' ,ip)  for  some 
triple  ( V,U',tp ),  then 

(1)  V'  -A  Y'  is  locally  of  finite  type  if  and  only  if  V —X  Y and  U'  —X  X'  are 
locally  of  finite  type, 

(2)  V'  —X  Y'  is  flat  if  and  only  ifV  -A-  Y and  U'  —X  X'  are  flat, 

(3)  V'  —X  Y'  is  flat  and  locally  of  finite  presentation  if  and  only  if  V -A  Y 
and  U'  -A  X'  are  flat  and  locally  of  finite  presentation, 

(4)  V'  —X  Y'  is  smooth  if  and  only  ifV—>Y  and  U'  —X  X'  are  smooth, 

(5)  V'  —X  Y'  is  etale  if  and  only  if  V Af  and  U'  -A-  X'  are  etale,  and 

(6)  add  more  here  as  needed. 

IfW'  is  flat  over  Y' , then  the  adjunction  mapping  G{F(W'))  —X  W'  is  an  isomor- 
phism. Hence  F and  G define  mutually  quasi-inverse  functors  between  the  category 
of  spaces  flat  overY'  and  the  category  of  triples  (V,  U' , ip)  with  V — > Y and  U'  —X  X' 
flat. 


Proof.  Choose  a diagram  (64.2.6.1)  as  in  the  proof  of  Lemma  64.2.6 


Proof  of(l)-(5).  Let  (V,  U' , p)  be  an  object  of  ( Spaces/Y ) x (Spaces/Y^jSpaces/X'). 
Construct  a diagram  (64.2.6.2)  as  in  the  proof  of  Lemma  64.2.6  Then  the  base 
change  of  G(V,U',(p)  -A  Y'  to  Y[  is  G\(V\,U[,ip\)  -A  Y[.  Hence  (1)  - (5)  follow 
immediately  from  the  corresponding  statements  of  More  on  Morphisms,  Lemma 
I36.11.6lfor  schemes. 


Suppose  that  W'  — > Y'  is  flat.  Choose  a scheme  W[  and  a surjective  etale  morphism 
W[  -A  Y\  xY>  W' . Observe  that  W{  -A  W'  is  surjective  etale  as  a composition  of 
surjective  etale  morphisms.  We  know  that  Gi(Fi{W[))  —X  W{  is  an  isomorphism 
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by  More  on  Morphisms,  Lemma  36.11.6  applied  to  W{  over  Y[  and  the  front  of 
the  diagram  (with  functors  G i and  F\  as  in  the  proof  of  Lemma  64.2.6).  Then 
the  construction  of  G(F(W'))  (as  a pushout,  i.e.,  as  constructed  in  Lemma  64.2.3) 
shows  that  G\{Fi{W[))  — > G(F(W))  is  surjective  etale.  Whereupon  we  conclude 
that  G(F(W))  -A  IF  is  etale,  see  for  example  Properties  of  Spaces,  Lemma  53.15.3 
But  G(F(W))  — ► W is  an  isomorphism  on  underlying  reduced  algebraic  spaces  (by 
construction),  hence  it  is  an  isomorphism.  □ 


64.3.  Formal  glueing  of  quasi-coherent  modules 

OAEP  This  section  is  the  analogue  of  More  on  Algebra,  Section  |15.70|  In  the  case  of 
morphisms  of  schemes,  the  result  can  be  found  in  the  paper  by  Joyet  Joy96  ; 
this  is  a good  place  to  start  reading.  For  a discussion  of  applications  to  descent 
problems  for  stacks,  see  the  paper  by  Moret-Bailly  [MB961.  In  the  case  of  an 
affine  morphism  of  schemes  there  is  a statement  in  the  appendix  of  the  paper 
|FR70I  but  one  needs  to  add  the  hypothesis  that  the  closed  subscheme  is  cut  out 
by  a finitely  generated  ideal  (as  in  the  paper  by  Joyet)  since  otherwise  the  result 
does  not  hold.  A generalization  of  this  material  to  (higher)  derived  categories  with 
potential  applications  to  nonflat  situations  can  be  found  in  [Bh  a IS  Section  5]. 

We  start  with  a lemma  on  abelian  sheaves  supported  on  closed  subsets. 

OAEQ  Lemma  64.3.1.  Let  S be  a scheme.  Let  f : Y -A  X be  a morphism  of  algebraic 
spaces  over  S.  Let  Z C X closed  subspace  such  that  f~xZ  -A  Z is  integral  and 
universally  injective.  Let  y be  a geometric  point  ofY  and  x = f(y).  We  have 

(Rf*Q)x  = Qy 

in  D(Ab)  for  any  object  Q of  D(Y^taie)  supported  on  \ f~xZ\. 


Proof.  Consider  the  commutative  diagram  of  algebraic  spaces 


}~lZ  — ; — >-  Y 

l 

/'  / 

Y 

Z %-^X 


By  Cohomology  of  Spaces,  Lemma  56.8.4  we  can  write  Q = Ri'^K'  for  some  object 
K'  of  D(f~1  Zetaie)-  By  Morphisms  of  Spaces,  Lemma  54.50.5  we  have  K'  = 
( f')~lK  with  K = RflK'.  Then  we  have  Rf*Q  = Rf^Ri'^K'  = Ri^Rf'^K'  = 
Ri*K.  Let  z be  the  geometric  point  of  Z corresponding  to  x and  let  z'  be  the 
geometric  point  of  f~l Z corresponding  to  y.  We  obtain  the  result  of  the  lemma  as 
follows 


Qy  = (R^K')y  = KL,  = (Z')-1  AV  = Kz  = RiJ<x  = Rf*Q * 


OAER 


The  middle  equality  holds  because  of  the  description  of  the  stalk  of  a pullback  given 
in  Properties  of  Spaces,  Lemma  53.18.9  □ 


Lemma  64.3.2.  Let  S be  a scheme.  Let  f : Y -A  X be  a morphism  of  algebraic 
spaces  over  S.  Let  Z C X closed  subspace  such  that  f~xZ  -A  Z is  integral  and 
universally  injective.  Let  y be  a geometric  point  of  Y and  x = f(y).  Let  Q be  an 
abelian  sheaf  on  Y . Then  the  map  of  two  term  complexes 
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induces  an  isomorphism  on  kernels  and  an  injection  on  cokernels.  Here  V = Y \ 
f~l  Z and  j'  : V — > Y is  the  inclusion. 


Proof.  Choose  a distinguished  triangle 

G Rj'* G | v — > Q — ► G[l] 

n D{Y^taie).  The  cohomology  sheaves  of  Q are  supported  on  \f~1Z\.  We  apply  f?/* 
and  we  obtain 

Rf*G  ->  Rf*RjlG\v  Rf*Q  -»•  Rf*G[ l] 

Taking  stalks  at  x we  obtain  an  exact  sequence 

0 —>  (R  1 f*Q)x  — > f*Qx  (/  ° j')*(G\v)x  — t (R°f*Q)x 


We  can  compare  this  with  the  exact  sequence 


OAES 


0 — ■>  H 1 (Q)y  — > Gy  — t ji{G\v)y  H° (Q)y 


Thus  we  see  that  the  lemma  follows  because  Qy 


Rf*Qx  by  Lemma  64.3.1 


□ 


Lemma  64.3.3.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let 
f : Y -A  X be  a quasi- compact  and  quasi-separated  morphism.  Let  x be  a geometric 
point  of  X and  let  Spec(Ojc,5;)  — > X be  the  canonical  morphism.  For  a quasi- 
coherent  module  G on  Y we  have 


f*Gx  = r (Y  x.y  Spec (Ox,x),P*X) 
where  p :Y  Xx  Spec(Ox,s)  — > Y is  the  projection. 


OAET 


Proof.  Observe  that  /* Qx  = r(Spec(Ox,x))  h*f*G)  where  h : Spec(C>.Y,x)  — > X. 
Hence  the  result  is  true  because  h is  flat  so  that  Cohomology  of  Spaces,  Lemma 
|56. 10. 1|  applies.  □ 

Lemma  64.3.4.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let 
i : Z — )•  X be  a closed  immersion  of  finite  presentation.  Let  Q £ L>QCoh(Ox)  be 
supported  on  \Z\.  Let  x be  a geometric  point  of  X and  let  lx  C Ox,x  be  the  stalk  of 
the  ideal  sheaf  of  Z.  Then  the  cohomology  modules  Hn(Qx)  are  lx  -power  torsion 


(see  More  on  Algebra,  Definition  15.69.1). 


Proof.  Choose  an  affine  scheme  U and  an  etale  morphism  U — >•  X such  that  x lifts 
to  a geometric  point  u of  U.  Then  we  can  replace  X by  U,  Z by  U Xj  Z,  Q by 
the  restriction  Q\u-  and  x by  u.  Thus  we  may  assume  that  X = Spec(A)  is  affine. 
Let  I C A be  the  ideal  defining  Z.  Since  i : Z — > X is  of  finite  presentation,  the 
ideal  / = (/i,...,/r)  is  finitely  generated.  The  object  Q comes  from  a complex 
of  A-modules  M*,  see  Derived  Categories  of  Spaces,  Lemma  |62.4.2|  and  Derived 
Categories  of  Schemes,  Lemma  |35.3.5|  Since  the  cohomology  sheaves  of  Q are 
supported  on  Z we  see  that  the  localization  M*  is  acyclic  for  each  / £ I.  Take 
x £ HP(M*).  By  the  above  we  can  find  nt  such  that  ff"‘ x = 0 in  HP(AH)  for  each  i. 
Then  with  n = ^ rq  we  see  that  In  annihilates  x.  Thus  HP(AI *)  is  I- power  torsion. 
Since  the  ring  map  A — ► Ox,x  is  flat  and  since  lx  = IOx,x  we  conclude.  □ 


OAEU  Lemma  64.3.5.  Let  S be  a scheme.  Let  f : Y — > X be  a morphism  of  algebraic 
spaces  over  S.  Let  Z C X be  a closed  subspace.  Assume  f~1Z  — > Z is  an  iso- 
morphism and  that  f is  flat  in  every  point  of  f~lZ . For  any  Q in  D QCoh(Oy) 
supported  on  \f~xZ\  we  have  Lf* Rf*Q  = Q. 
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OAEV 


OAEW 


OAEX 


OAEY 


Proof.  We  show  the  canonical  map  Lf* Rf*Q  — > Q is  an  isomorphism  by  checking 
on  stalks  at  y.  If  y is  not  in  f~x  Z,  then  both  sides  are  zero  and  the  result  is  true. 


Assume  the  image  x of  y is  in  Z . By  Lemma  64.3.1  we  have  RftQx  = Qy  and  since 
/ is  flat  at  y we  see  that 

( Lf*Rf„Q)y  = (Rf*Q)x®Ox,is  ®Y,y  = Qy®Ox,x  ®Y,y 
Thus  we  have  to  check  that  the  canonical  map 


Qy®Ox,  Oy, % 


Qy 


is  an  isomorphism  in  the  derived  category.  Let  I % C Ox,x  be  the  stalk  of  the 
ideal  sheaf  defining  Z.  Since  Z — ► X is  locally  of  finite  presentation  this  ideal  is 
finitely  generated  and  the  cohomology  groups  of  Qy  are  Iy  = /zCV.jrPOwer  torsion 
by  Lemma  [64. 3. 4|  applied  to  Q on  Y . It  follows  that  they  are  also  1%- power  torsion. 
The  ring  map  Ox,x  — > Oy.y  is  flat  and  induces  an  isomorphism  after  dividing  by  lx 
and  Iy  because  we  assumed  that  f~xZ  — > Z is  an  isomorphism.  Hence  we  see  that 
the  cohomology  modules  of  Qy  <8>ox  ^ Oy,y  are  equal  to  the  cohomology  modules  of 
Qy  by  More  on  Algebra,  Lemma  15.70.2  which  finishes  the  proof.  □ 


Situation  64.3.6.  Here  S'  is  a base  scheme,  / : Y — > X is  a quasi-compact 
and  quasi-separated  morphism  of  algebraic  spaces  over  S,  and  Z — >•  X is  a closed 
immersion  of  finite  presentation.  We  assume  that  f~l{Z)  Z is  an  isomorphism 
and  that  / is  flat  in  every  point  x £ \ f~1Z\.  We  set  U = X\Z  and  V = Y\f~1(Z). 
Picture 


V 


^ Y 


fh 


U 


>-  A 


In  Situation  64.3.6  we  define  QCoh(Y  X , Z)  as  the  category  of  triples  (H,  G,  ip) 

where  H is  a quasi-coherent  sheaf  of  0;y-modules,  Q is  a quasi-coherent  sheaf  of 
OY-modules,  and  <p  : f*H  — > Q\y  is  an  isomorphism  of  Oy-modules.  There  is  a 
canonical  functor 


(64.3.6.1) 


QCoh(Ox)  — ► QCoh(Y  -a  X,  Z) 


which  maps  T to  the  system  (T\u , f* T , can) . By  analogy  with  the  proof  given 
in  the  affine  case,  we  construct  a functor  in  the  opposite  direction.  To  an  object 
{H,G,  f)  we  assign  the  Ox-module 

(64.3.6.2)  Ker (j*H  © UQ  -a  (/  o j%Q\v) 


Observe  that  j and  j'  are  quasi-compact  morphisms  as  Z — » X is  of  finite  pre- 
sentation. Hence  /*,  j*,  and  (/  o j')*  transform  quasi-coherent  modules  into 
quasi-coherent  modules  (Morphisms  of  Spaces,  Lemma  54.11.2).  Thus  the  mod- 


ule (64.3.6.2)  is  quasi-coherent. 


Lemma  64.3.7.  In  Situation 

64.3.6 

The  functor  ( 

64.3.6.2 

the  functor  (64-3.6.1). 


Proof.  This  follows  easily  from  the  adjointness  of  f*  to  /*  and  j*  to  j*.  Details 
omitted.  □ 
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OAEZ 


OAFO 


Lemma  64.3.8.  In  Situation  64-3.6  Let  X'  — » X be  a flat  morphism  of  algebraic 
spaces.  Set  Z'  = X'  Xx  Z and  Y'  = X'  xx  Y.  The  pullbacks  QCohfOx)  — > 
QCoh(Ox')  and  QCoh(Y  — * X,  Z)  — > QCoh(Y'  — >■  X',Z')  are  compatible  with  the 
functors  \64-3. 6.2)  and  64-3.6.1 ). 


Proof.  This  is  true  because  pullback  commutes  with  pullback  and  because  flat  pull- 
back commutes  with  pushforward  along  quasi-compact  and  quasi-separated  mor- 
phisms,  see  Cohomology  of  Spaces,  Lemma  56.10.1  □ 


Proposition  64.3.9.  In  Situation 

64.3.6 

the  functor  ( 

’ 64.3.6.1 

with  quasi-inverse  given  by  ( 64-3.6. 


Proof.  We  first  treat  the  special  case  where  X and  Y are  affine  schemes  and 
where  the  morphism  / is  flat.  Say  X = Spec (R)  and  Y = Spec(S').  Then  / 
corresponds  to  a flat  ring  map  R -A  S.  Moreover,  Z C X is  cut  out  by  a finitely 
generated  ideal  I C R.  Choose  generators  fi,...,ft  G I.  By  the  description  of 


quasi-coherent  modules  in  terms  of  modules  (Schemes,  Section  25.71,  we  see  that 
the  category  QCoh(Y  — ► X , Z)  is  canonically  equivalent  to  the  category  Glu e(R  — > 
S,  f i . . ...  ft ) of  More  on  Algebra,  Remark  15.70.10  such  that  the  functors  (|64.3.6.1 ) 
and  (64.3.6.21  correspond  to  the  functors  Can  and  H°.  Hence  the  result  follows 


from  More  on  Algebra,  Proposition  15.70.15  in  this  case. 


We  return  to  the  general  case.  Let  T be  a quasi-coherent  module  on  X.  We  will 
show  that 


a : T — ► Ker  (j*R\u  © f*f*X 


is  an  isomorphism.  Let  (TL,Q,(p)  be  an  object  of  QCohfY 
that 


(foj%f*X\v) 

X,  Z).  We  will  show 


and 


/?  : /*Ker  {jZH  0 f*G  -t  (f  ° j')*G\v) 


7 : j*Ker  (j+’H  (3  f*G  -4  {f  ° j')*G\v)  — tU 


are  isomorphisms.  To  see  these  statements  are  true  it  suffices  to  look  at  stalks.  Let 
y be  a geometric  point  of  Y mapping  to  the  geometric  point  x of  X. 


Fix  an  object  of  QCohiY 

chase  (omitted)  the  canonical  map 


Ker (j*"H  © f*Q 
is  an  isomorphism. 


X,Z).  By  Lemma  64.3.2  and  a diagram 
(f°f)*G\v)x  — t Ker(  j*  Ux  0 Gy  -t  J*  Gy) 


In  particular,  if  y is  a geometric  point  of  V,  then  we  see  that  jiGy  = Gy  and 
hence  that  this  kernel  is  equal  to  Hx-  This  easily  implies  that  a%,  and  (3y  are 
isomorphisms  in  this  case. 

Next,  assume  that  y is  a point  of  f~xZ.  Let  lx  C Ox,w,  resp.  Iy  C Oy.y  be 
the  stalk  of  the  ideal  cutting  out  Z,  resp.  f~xZ.  Then  1%  is  a finitely  generated 
ideal,  Iy  = IxOy>v-  and  O x.x  — > Oy,y  is  a flat  local  homomorphism  inducing  an 
isomorphism  OxtX/ I-x  = £>Y,y/Iy-  At  this  point  we  can  bootstrap  using  the  diagram 
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OAFJ 


0AF1 


of  categories 


QCoh(Ox) 


||64.3.6.1|l 


QCoh(Y  -a  X,  Z ) 


Y 

Motion 


Can 


Glue(CF>f,s  — t Oyty,  fi,  ■ ■ ■ , ft) 


Namely,  as  in  the  first  paragraph  of  the  proof  we  identify 

G\ue(Ox,x  ->  0Y,y,  /i,  ■ ■ • , ft)  = QCoh(Spec(Or,y)  -t  Spec(Ox,x),  V(Im)) 

The  right  vertical  functor  is  given  by  pullback,  and  it  is  clear  that  the  inner  square 
is  commutative.  Our  computation  of  the  stalk  of  the  kernel  in  the  third  paragraph 


of  the  proof  combined  with  Lemma  64.3.3  implies  that  the  outer  square  (using  the 


curved  arrows)  commutes.  Thus  we  conclude  using  the  case  of  a flat  morphism  of 
affine  schemes  which  we  handled  in  the  first  paragraph  of  the  proof.  □ 


Lemma  64.3.10.  In  Situation  64-3.6  the  functor  Rf * induces  an  equivalence 


between  D QCoh,\f-1z\(@y)  and  D QCoh,\z\{@ x)  with  quasi-inverse  given  by  Lf*. 

Proof.  Since  / is  quasi-compact  and  quasi-separated  we  see  that  1?/*  defines 
a functor  from  DQCoh,\f~1z\{G>y)  to  DQc0h,\z\  (@x),  see  Derived  Categories  of 
Spaces,  Lemma  |62.6.1|  By  Derived  Categories  of  Spaces,  Lemma  62.5.4|  we  see 

we  have 


64.3.5 


that  Lf*  maps  DQCoh>\z\(Ox)  into  D QCoh\f-iz\{Oy).  In  Lemma 
seen  that  Lf*Rf*Q  = Q for  Q in  D QCoh,\f-1z\(Py).  By  the  dual  of  Derived  Cate- 
gories, Lemma[l3.7.2|to  finish  the  proof  it  suffices  to  show  that  Lf*K  = 0 implies 
K = 0 for  I\  in  DQcoh\z\{Ox)-  This  follows  from  the  fact  that  / is  flat  at  all 
points  of  f~xZ  and  the  fact  that  f_1Z  — > Z is  surjective.  □ 


Lemma  64.3.11. 

refining  the  family  {U 


In  Situation  64-3.6  there  exists  an  fpqc  covering  {A f 

X,  Y 4 A}. 


6/ 


Proof.  For  the  definition  and  general  properties  of  fpqc  coverings  we  refer  to 
Topologies,  Section  |33.8|  In  particular,  we  can  first  choose  an  etale  covering 
{Xi  — >•  X}  with  Xj  affine  and  by  base  changing  Y,  Z , and  U to  each  Xj  we  reduce 
to  the  case  where  X is  affine.  In  this  case  U is  quasi-compact  and  hence  a finite 
union  U = U\  U . . . U Un  of  affine  opens.  Then  Z is  quasi-compact  hence  also  f~xZ 
is  quasi-compact.  Thus  we  can  choose  an  affine  scheme  W and  an  etale  morphism 
h : W —¥  Y such  that  hr1f~1Z  -A-  f~xZ  is  surjective.  Say  W = Spec(H)  and 
h~1f~1Z  = V(J)  where  J C B is  an  ideal  of  finite  type.  By  Pro-etale  Cohomol- 
ogy, Lemma  51.5.1  there  exists  a localization  B — ► B'  such  that  points  of  Spe^lT) 


correspond  exactly  to  points  of  W = Spec(13)  specializing  to  h~1f~1Z  = V{J). 
It  follows  that  the  composition  Spec(U')  — > Spec(I3)  = W — ► Y — > X is  flat  as 
by  assumption  / : Y — > X is  flat  at  all  the  points  of  f~1Z.  Then  {Spec(B')  —A 
X,  Ui  -A  X,  -A  X}  is  an  fpqc  covering  by  Topologies,  Lemma  33.8.2  □ 


0AF2 


64.4.  Formal  glueing  of  algebraic  spaces 
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0AF3 

0AF4 
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0AF6 


In  Situation  64.3.6  we  consider  the  category  Spaces{X 
diagrams  of  algebraic  spaces  over  S of  the  form 


Y,  Z)  of  commutative 


U' 


V 

U ■ 


V' 


'■ 

V- 


->•  Y' 


V 

Y 


where  both  squares  are  cartesian.  There  is  a canonical  functor 

(64.4.0.1)  Spaces/ X — > SpacesfY  — > X,Z) 

which  maps  X'  — > X to  the  morphisms  U Xx  X'  x—  V Xx  X'  — > Y Xx  X' . 


Lemma  64.4.1.  In  Situation  6/. 3. 6 the  functor  [6/.4.O.I)  restricts  to  an  equiva- 
lence 

(1)  from  the  category  of  algebraic  spaces  affine  over  X to  the  full  subcategory  of 

Spaces{Y  — ► X,  Z)  consisting  of  ( U'  4—  V'  — » Y')  with  U'  V, 

and  Y'  — » Y affine, 

(2)  from  the  category  of  closed  immersions  X'  — > X to  the  full  subcategory  of 
Spaces(Y  — ► X , Z)  consisting  of  (U1  <—  V'  — > Y')  with  U'  — > U,  V'  -A  V, 
and  Y'  — t Y closed  immersions,  and 

(3)  same  statement  as  in  (2)  for  finite  morphisms. 

Proof.  The  category  of  algebraic  spaces  affine  over  X is  equivalent  to  the  category 
of  quasi-coherent  sheaves  A of  Ox-algebras.  The  full  subcategory  of  SpacesfY  — > 
X,  Z)  consisting  of  (U1  •<—  V'  — » Y')  with  U'  — » U , V'  — > V,  and  Y'  — > Y affine  is 
equivalent  to  the  category  of  algebra  objects  of  QCoh(Y  — » X,Z).  In  both  cases 
this  follows  from  Morphisms  of  Spaces,  Lemma  |54. 20. 7|  with  quasi-inverse  given  by 
the  relative  spectrum  construction  (Morphisms  of  Spaces,  Definition  54.20.8)  which 
commutes  with  arbitrary  base  change.  Thus  part  (1)  of  the  lemma  follows  from 
Proposition  |64.3.9| 

Fully  faithfulness  in  part  (2)  follows  from  part  (1).  For  essential  surjectivity,  we 
reduce  by  part  (1)  to  proving  that  X'  — > X is  a closed  immersion  if  and  only  if 


both  U Xx  X'  — > U and  Y x_y  X'  — > Y are  closed  immersions.  By  Lemma  64.3.11 
{U  —X  X,  Y —X  X}  can  be  refined  by  an  fpqc  covering.  Hence  the  result  follows 
from  Descent  on  Spaces,  Lemma |61.10.15| 


For  (3)  use  the  argument  proving  (2)  and  Descent  on  Spaces,  Lemma  61.10.21  □ 


Lemma  64.4.2.  In  Situation  64.3.6  the  functor  ( 64-4-0.1 ) reflects  isomorphisms. 


Proof.  By  a formal  argument  with  base  change,  this  reduces  to  the  following  ques- 
tion: A morphism  a : X'  —X  X of  algebraic  spaces  such  that  U Xx  X'  —X  U and 
Y Xx  X'  — > Y are  isomorphisms,  is  an  isomorphism.  The  family  {U  —X  X,  Y —X  A} 
can  be  refined  by  an  fpqc  covering  by  Lemma  64.3.11[  Hence  the  result  follows 
from  Descent  on  Spaces,  Lemma |61.10.13|  □ 


Lemma 

64.4.3.  In  Situation 

64.3.6 

the  functor  ( 

'64.4.0. 1) 

Morx(X(,X')  — » MoTspaces(Y^X,Z)(F(X[),F(X'2)) 
whenever  X'2  — X X is  separated. 
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Proof.  Since  X2  — > X is  separated,  the  graph  i : X[  — ► X[  Xx  X'2  of  a morphism 
X[  -A  X2  over  X is  a closed  immersion,  see  Morphisms  of  Spaces,  Lemma  54.4.6 
Moreover  a closed  immersion  i : T — > X[  Xx  X2  is  the  graph  of  a morphism  if  and 
only  if  p^  o * is  an  isomorphism.  The  same  is  true  for 

(1)  the  graph  of  a morphism  U Xx  X[  — > U Xx  X2  over  U , 

(2)  the  graph  of  a morphism  V x. x X\  -A  V Xx  X2  over  V,  and 

(3)  the  graph  of  a morphism  Y Xx  X[  — » Y Xx  X2  over  Y. 

Moreover,  if  morphisms  as  in  (1),  (2),  (3)  fit  together  to  form  a morphism  in 

the  category  Spaces(Y  -A  X,Z),  then  these  graphs  fit  together  to  give  an  object 
of  Spaces{Y  Xx  {X[  Xx  X2)  -A  X[  xx  X'2,Z  xx  (A(  Xx  X2))  whose  triple  of 
morphisms  are  closed  immersions.  The  proof  is  finished  by  applying  Lemmas |64. 4. 1| 
and  164.4221  □ 


64.5.  Coequalizers  and  glueing 

OAGF  Let  A'  be  a Noetherian  algebraic  space  and  Z — > X a closed  subscheme.  Let 
X'  -A  X be  the  blowing  up  in  Z.  In  this  section  we  show  that  A'  can  be  recovered 
from  A'7,  Zn  and  glueing  data  where  Zn  is  the  nth  infinitesimal  neighbourhood  of 
Z in  X. 

OAGG  Lemma  64.5.1.  Let  S be  a scheme.  Let 


B 

be  a commutative  diagram  of  algebraic  spaces  over  S . Assume  B Noetherian,  g 
proper  and  surjective,  and  X -A  B separated  of  finite  type.  Let  R = Y Xx  Y with 
projection  morphisms  t,  s : R -A  Y . There  exists  a coequalizer  X'  of  s,t  : R —>  Y 
in  the  category  of  algebraic  spaces  separated  over  B . The  morphism  X'  -A  A is  a 
finite  universal  homeomorphism. 


Proof.  Denote  h : R 


X the  given  morphism.  The  sheaves 
g*Oy  and  h^On 


are  coherent  O _Y-algebras  (Cohomology  of  Spaces,  Lemma  56.19.2 ).  The  A-morphisms 
s,  t induce  Ox-agebra  maps  s\fi  from  the  first  to  the  second.  Set 

A = Equalizer  (s^,t^  : g*Oy  — > h^Opf) 

Then  A is  a coherent  Ox-algebra  and  we  can  define 

X'  = Spec  y (.4) 

as  in  Morphisms  of  Spaces,  Definition  54.20.8|  By  Morphisms  of  Spaces,  Remark 
54.20.91  and  functoriality  of  the  Spec  construction  there  is  a factorization 


Y 


X' 


X 


and  the  morphism  g'  : Y -A  X'  equalizes  s and  t.  Since  A is  a coherent  Ox-module 
it  is  clear  that  X'  — > X is  a finite  morphism  of  algebraic  spaces.  Since  the  surjective 
morphism  g :Y  X factors  through  X'  we  see  that  X'  -a  A is  surjective. 

To  check  that  X'  -A  A is  a universal  homeomorphism,  it  suffices  to  check  that  it 
is  universally  injective  (as  we’ve  already  seen  that  it  is  universally  surjective  and 
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universally  closed).  To  check  this  it  suffices  to  check  that  \X'  Xx  U\  — > \U\  is 
injective,  for  all  U — > X etale,  see  More  on  Morphisms  of  Spaces,  Lemma [63.3. 6|  It 
suffices  to  check  this  in  all  cases  where  U is  an  affine  scheme  (minor  detail  omitted). 
Since  the  construction  of  X'  commutes  with  etale  localization,  we  may  replace  U 
by  X.  Hence  it  suffices  to  check  that  \X'\  — > |A|  is  injective  when  X is  moreover 
an  affine  scheme.  First  observe  that  |T|  — > \X'\  is  surjective,  because  g'  :Y  -A  X' 
is  proper  by  Morphisms  of  Spaces,  Lemma  54.39.6|  (hence  the  image  is  closed)  and 
Ox'  C g't.Oy  by  construction.  Thus  if  xi,  X2  £ \X'\  map  to  the  same  point  in  |Aj, 
then  we  can  lift  X\,X2  to  points  yi,y2  £ |Fj  mapping  to  the  same  point  of  |Aj. 
Then  we  can  find  an  r £ |i?|  with  s(r)  = y\  and  t(r ) = y2,  see  Properties  of  Spaces, 
Lemma  53.4.3).  Since  g'  coequalizes  s and  t we  conclude  that  x\  = X2  as  desired. 


To  prove  that  X'  is  the  coequalizer,  let  W —>  B be  a separated  morphism  of 
algebraic  spaces  over  S and  let  a : Y — > W be  a morphism  over  B which  equalizes 
s and  t.  We  will  show  that  a factors  in  a unique  manner  through  the  morphism 
g'  : Y —f  X' . We  will  first  reduce  this  to  the  case  where  W — >■  B is  separated 
of  finite  type  by  a limit  argument  (we  recommend  the  reader  skip  this  argument). 
Since  Y is  quasi-compact  we  can  find  a quasi-compact  open  subspace  W'  C W 
such  that  a factors  through  W' . After  replacing  W by  W'  we  may  assume  W is 
quasi-compact.  By  Limits  of  Spaces,  Lemma |57. 10. 1|  we  can  write  W = lining/  W) 
as  a cofiltered  limit  with  affine  transition  morphisms  with  Wi  of  finite  type  over 
B.  After  shrinking  I we  may  assume  Wi  — > B is  separated  as  well,  see  Limits  of 
Spaces,  Lemma  |57.6.8[  Since  W = lim  Wi  we  have  a = lim  eu  for  some  morphisms 
a,  :Y  — > Wj.  If  we  can  prove  Ui  factors  through  g'  for  all  i,  then  the  same  thing  is 
true  for  a.  This  proves  the  reduction  to  the  case  of  a finite  type  W. 


Assume  we  have  a : Y — > W equalizing  s and  t with  W — > B separated  and  of  finite 
type.  Consider 

T CX  xBW 


the  scheme  theoretic  image  of  (g,  a)  : Y -A  X x B W.  Since  g is  proper  we  conclude 
Y — ► T is  surjective  and  the  projection  p : T -A  X is  proper,  see  Morphisms  of 
Spaces,  Lemma  54.39.8  Since  both  g and  a equalize  s and  t.  the  morphism  LaT 


also  equalizes  s and  t. 


We  claim  that  p : T — > X is  a universal  homeomorphism.  As  in  the  proof  of  the 
corresponding  fact  for  X'  -a  X,  it  suffices  to  show  that  p is  universally  injective.  By 
More  on  Morphisms  of  Spaces,  Lemma  63.3.6  it  suffices  to  check  |T  U\  -A  \U\ 
is  injective  for  every  U -A  X etale.  It  suffices  to  check  this  for  U affine  (minor 
details  omitted).  Taking  scheme  theoretic  image  commutes  with  etale  localization 
(Morphisms  of  Spaces,  Lemma  54.16.3).  Hence  we  may  replace  X by  V and  we 
conclude  it  suffices  to  show  that  |T|  -A  |Aj  is  injective.  If  71,72  £ |T|  map  to  the 
same  point  in  |X|,  then  we  can  lift  71,72  to  points  y 1,2/2  £ |b"|  mapping  to  the 
same  point  of  |A”|  (by  surjectivity  of  Y — > T we’ve  seen  above).  Then  we  can  find 
an  r £ \R\  with  s(r)  = y\  and  t(r)  = 1/2,  see  Properties  of  Spaces,  Lemma  53.4.3). 
Since  Y — ► T coequalizes  s and  t we  conclude  that  71  = 72  as  desired. 

As  a proper  universal  homeomorphism  the  morphism  p is  finite  (see  for  example 
More  on  Morphisms  of  Spaces,  Lemma [63. 25. 5 ).  We  conclude  that 


T = Spec(p*0r)- 
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Since  Y — x T equalizes  s and  t the  map  p*Or  — X g*Oy  factors  through  A and 
we  obtain  a morphism  X'  — x T by  functoriality  of  the  Spec  construction.  We  can 
compose  this  morphism  with  the  projection  q : T -A  W to  get  the  desired  morphism 
X'  — x W.  We  omit  the  proof  of  uniqueness  of  the  factorization.  □ 


We  will  work  in  the  following  situation. 


Situation  64.5.2.  Let  S'  be  a scheme.  Let  X — x B be  a separated  finite  type 
morphism  of  algebraic  spaces  over  S with  B Noetherian.  Let  Z — x X be  a closed 
immersion  and  let  U C X be  the  complementary  open  subspace.  Finally,  let  / : 
X'  — x X be  a proper  morphism  of  algebraic  spaces  such  that  /-1([/)  — x U is  an 
isomorphism. 


Lemma  64.5.3.  In  Situation  64-5.2  let  Y = X'  II  Z and  R = Y Xj-  Y with 
projections  t,  s : R —X  Y . There  exists  a coequalizer  X\  of  s,t  : R —X  Y in  the 
category  of  algebraic  spaces  separated  over  B . The  morphism  A'i  — X X is  a finite 
universal  homeomorphism,  an  isomorphism  over  U and  Z — x X lifts  to  X\ . 


Proof.  Existence  of  X-t  and  the  fact  that  Ax 
phism  is  a special  case  of  Lemma [64. 5.1 


localization  on  X (see  proof  of  Lemma 


X is  a finite  universal  homeomor- 
The  formation  of  Ai  commutes  with  etale 
64.5.1).  Thus  the  morphisms  Xn  —X  X are 
isomorphisms  over  U . It  is  immediate  from  the  construction  that  Z —X  X lifts  to 
Xi-  □ 


In  Situation  |64.5.2|  for  n > 1 let  Zn  C X be  the  nth  order  infinitesimal  neighbour- 
hood of  Z in  X , i.e.,  the  closed  subscheme  defined  by  the  nth  power  of  the  sheaf 
of  ideals  cutting  out  Z.  Consider  Yn  = X'  II  Zn  and  Rn  = Yn  Xx  Yn  and  the 
coequalizer 

Rn^^Yn a-  X 


as  in  Lemma  64.5.3 


The  maps  Yn  — x Yn+\  and  R„  —X  Rn+ i induce  morphisms 


(64.5.3.1) 


X i — x X2  — x A3  — x . . . — x A 


Each  of  these  morphisms  is  a universal  homeomorphism  as  the  morphisms  Xn  — x X 
are  universal  homeomorphisms. 


Lemma  64.5.4.  In  ( 64-5.3.1 ) for  all  n large  enough,  there  exists  an  m such  that 
Xn  —X  Xn+m  factors  through  a closed  immersion  X — x Xn+m. 


Proof.  Let’s  look  a bit  more  closely  at  the  construction  of  Xn  and  how  it  changes 
as  we  increase  n.  We  have  Xn  = Spec(A„)  where  An  is  the  equalizer  of  and 
t\  going  from  gn^Oyn  to  hn^Onn.  Here  gn  : Yn . ~ X'  H Zn  -x  A and  hn  : Rn  = 
Yn  Xx  Yn  —x  A are  the  given  morphisms.  Let  I C Ox  be  the  coherent  sheaf  of 
ideals  corresponding  to  Z.  Then 

gn,*0Yn  = UOx'  X Ox/In 
Similarly,  we  have  a decomposition 

Rn  = X'  xx  x'  H A”  xxZnM  Zn  xx  Zn 
Denote  fn  : X'  x x Zn  — x A the  restriction  of  / and  denote 


A = Equalizer ( f*Ox>  ? (/  x f)*0X'xxx>  ) 
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Then  we  see  that 

An  = Equalizer ( A x Ox/Xn  ? fn,*0X'xxzn  ) 


We  have  canonical  maps 

Ox  — t • ■ • — t A3  — > A2  — t A\ 

of  coherent  Ox-algebras . The  statement  of  the  lemma  means  that  for  n large 
enough  there  exists  an  to  > 0 such  that  the  image  of  An+m  — > An  is  isomorphic  to 
Ox- 


Since  Xn  — > X is  an  isomorphism  over  U we  see  that  the  kernel  of  Ox  — > An  is 
supported  on  \Z\.  Since  X is  Noetherian,  the  sequence  of  kernels  Jn  = Ker {Ox  — >■ 
An)  stabilizes  (Cohomology  of  Spaces,  Lemma  56.12.1).  Say  Jno  = Jn0+ 1 = . . . = 
J . By  Cohomology  of  Spaces,  Lemma  56.12.2  we  find  that  XlJ  = 0 for  some  t > 0. 
On  the  other  hand,  there  is  an  Ox-algebra  map  An  -A  Ox  jXn  and  hence  J C X” 
for  all  n.  By  Artin-Rees  (Cohomology  of  Spaces,  Lemma  56.12.3)  we  find  that 
J nLn  C Xn~cJ  for  some  c > 0 and  all  n 0.  We  conclude  that  J = 0. 


Pick  n > no  as  in  the  previous  paragraph.  Then  Ox  — >•  An  is  injective.  Hence 
it  now  suffices  to  find  to  > 0 such  that  the  image  of  An+m  — > An  is  equal  to  the 
image  of  Ox.  Observe  that  An  sits  in  a short  exact  sequence 

0 Ker(_4  — > fn,*0X'xxzn)  ~ ► An  -A  Ox/Xn  — > 0 

and  similarly  for  An+m-  Hence  it  suffices  to  show 

Ker(A  ->■  f„+m,*Ox'xxzn+rn)  C Im(I"  ->■  A) 

for  some  to  > 0.  To  do  this  we  may  work  etale  locally  on  X and  since  A'  is 
Noetherian  we  may  assume  that  A is  a Noetherian  affine  scheme.  Say  X = Spec(-R) 
and  X corresponds  to  the  ideal  I C R.  Let  A = A for  a finite  i?-algebra  A.  Let 
f*Ox>  = B for  a finite  i?-algebra  B.  Then  R — > A C B and  these  maps  become 
isomorphisms  on  inverting  any  element  of  I. 


Note  that  fn,*0X'Xxzn  is  equal  to  f*(Ox> /InOX')  in  the  notation  used  in  Coho- 


mology of  Spaces,  Section  56.20|  By  Cohomology  of  Spaces,  Lemma  56.20.4 
that  there  exists  a c > 0 such  that 


we  see 


0AGL 


Ker(R  -a  T(A,  U{Ox, / In+m+cOX’)) 

is  contained  in  In+mB.  On  the  other  hand,  as  R — > B is  finite  and  an  isomorphism 
after  inverting  any  element  of  I we  see  that  In+mB  C Im(/n  — >•  B ) for  m large 
enough  (can  be  chosen  independent  of  n).  This  finishes  the  proof  as  A C B.  □ 


Remark  64.5.5.  The  meaning  of  Lemma 


A, 


64.5.4 


is  the  the  system  Ad  — ► X2 


...  is  essentially  constant  with  value  X.  See  Categories,  Definition  |4.22.1[ 
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65.1.  Introduction 

0438  This  chapter  is  devoted  to  generalities  concerning  groupoids  in  algebraic  spaces. 
We  recommend  reading  the  beautiful  paper  IKM97I  by  Keel  and  Mori. 

A lot  of  what  we  say  here  is  a repeat  of  what  we  said  in  the  chapter  on  groupoid 
schemes,  see  Groupoids,  Section[38.1|  The  discussion  of  quotient  stacks  is  new  here. 

65.2.  Conventions 

0439  The  standing  assumption  is  that  all  schemes  are  contained  in  a big  fppf  site  Schfppf. 
And  all  rings  A considered  have  the  property  that  Spec(A)  is  (isomorphic)  to  an 
object  of  this  big  site. 

Let  S be  a scheme  and  let  A be  an  algebraic  space  over  S.  In  this  chapter  and  the 
following  we  will  write  X x g X for  the  product  of  X with  itself  (in  the  category  of 
algebraic  spaces  over  S ),  instead  of  A x X. 

We  continue  our  convention  to  label  projection  maps  starting  with  index  0,  so  we 
have  pr0  : X x 5 Y — > X and  piq  : X x 5 Y — > Y . 

65.3.  Notation 

043A  Let  S'  be  a scheme;  this  will  be  our  base  scheme  and  all  algebraic  spaces  will  be 
over  S.  Let  B be  an  algebraic  space  over  S;  this  will  be  our  base  algebraic  space, 
and  often  other  algebraic  spaces,  and  schemes  will  be  over  B.  If  we  say  that  X is 
an  algebraic  space  over  B1  then  we  mean  that  X is  an  algebraic  space  over  S which 
comes  equipped  with  structure  morphism  X — > B.  Moreover,  we  try  to  reserve  the 
letter  T to  denote  a “test”  scheme  over  B.  In  other  words  T is  a scheme  which 
comes  equipped  with  a structure  morphism  T — » B.  In  this  situation  we  denote 
A(T)  for  the  set  of  T-valued  points  of  X over  B.  In  a formula: 

A(T)=MorB(T,A). 

Similarly,  given  a second  algebraic  space  Y over  B we  set 

X(Y)  = More  (Y,  A). 

Suppose  we  are  given  algebraic  spaces  A',  Y over  B as  above  and  a morphism 
/ : A — ► Y over  B.  For  any  scheme  T over  B we  get  an  induced  map  of  sets 

/ : A (T)  — > Y{T) 

which  is  functorial  in  the  scheme  T over  B.  As  / is  a map  of  sheaves  on  ( Sch / S)  fppf 
over  the  sheaf  B it  is  clear  that  / determines  and  is  determined  by  this  rule.  More 
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generally,  we  use  the  same  notation  for  maps  between  fibre  products.  For  example, 
if  A',  Y,  Z are  algebraic  spaces  over  B , and  ii  m : X x gY  — > Z Xg  Z is  & morphism 
of  algebraic  spaces  over  B,  then  we  think  of  m as  corresponding  to  a collection  of 
maps  between  T-valued  points 

X(T)  x Y(T)  — > Z(T)  x Z(T). 

And  so  on  and  so  forth. 

Finally,  given  two  maps  f,g:X^Y  of  algebraic  spaces  over  B,  if  the  induced 
maps  /,  (7  : X (T)  — > Y(T ) are  equal  for  every  scheme  T over  B,  then  f = g,  and 
hence  also  f,g  : X (Z)  — > Y(Z)  are  equal  for  every  third  algebraic  space  Z over  B. 
Hence,  for  example,  to  check  the  axioms  for  an  group  algebraic  space  G over  B , it 
suffices  to  check  commutativity  of  diagram  on  T-valued  points  where  T is  a scheme 
over  B as  we  do  in  Definition  165.5. II below. 


65.4.  Equivalence  relations 
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Please  refer  to  Groupoids,  Section  [38.3|  for  notation. 


Definition  65.4.1. 

over  B. 


Let  B — > S as  in  Section 


65.3 


Let  U be  an  algebraic  space 


(1)  A pre-relation  on  U over  B is  any  morphism  j : R ^ U XbU  of  algebraic 
spaces  over  B.  In  this  case  we  set  t = pr0  o j and  s = prx  o j , so  that 
3 = 

(2)  A relation  on  U over  B is  a monomorphism  j : R — ► U Xb  U of  algebraic 
spaces  over  B. 

(3)  A pre- equivalence  relation  is  a pre-relation  j : R — ► U Xb  U such  that 
the  image  of  j : R(T ) — ► U (T)  x U (T)  is  an  equivalence  relation  for  all 
schemes  T over  B. 

(4)  We  say  a morphism  R -A  U x bU  of  algebraic  spaces  over  B is  an  equiva- 
lence relation  on  U over  B if  and  only  if  for  every  T over  B the  T-valued 
points  of  R define  an  equivalence  relation  on  the  set  of  T-valued  points  of 
U. 


In  other  words,  an  equivalence  relation  is  a pre-equivalence  relation  such  that  j is 
a relation. 


043D 


Lemma  65.4.2.  Let  B — * S as  in  Section 


65.3 


Let  U be  an  algebraic  space  over 


B.  Let  j : R ^ U Xb  U be  a pre-relation.  Let  g : U'  -A  U be  a morphism  of 
algebraic  spaces  over  B.  Finally,  set 

R'  = (U'  xb  U')  xuxbU  R^U'  xb  U' 


Then  j'  is  a pre-relation  on  U'  over  B.  If  j is  a relation,  then  f is  a relation. 
If  j is  a pre-equivalence  relation,  then  j ' is  a pre-equivalence  relation.  If  j is  an 
equivalence  relation,  then  j'  is  an  equivalence  relation. 


Proof.  Omitted. 


□ 


043E  Definition  65.4.3. 

over  B.  Let  j : R - 


65.3 


Let  U be  an  algebraic  space 


Let  B -A  S as  in  Section 

U Xb  U be  a pre-relation.  Let  g : U'  — > U be  a morphism 
of  algebraic  spaces  over  B . The  pre-relation  j'  : R'  — ► U'  Xg  U'  is  called  the 
restriction , or  pullback  of  the  pre-relation  j to  U' . In  this  situation  we  sometimes 
write  R!  = R\u>- 
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65.3  Let  j : R — x U x«  XJ  be 


Lemma  65.4.4.  Let  B — > S as  in  Section 
pre-relation  of  algebraic  spaces  over  B.  Consider  the  relation  on  \U\  defined  by  the 
rule 

x ~ y 4=>  3 r £ |i?|  : t(r)  = x,  s(r)  = y. 

If  j is  a pre- equivalence  relation  then  this  is  an  equivalence  relation. 


Proof.  Suppose  that  x ~ y and  y ~ z.  Pick  r £ \R\  with  t{r)  = x,  s(r)  = y and 
pick  r'  £ |i?|  with  t(r')  = y,  s(r')  = z.  We  may  pick  a field  K such  that  r and  r' 
can  be  represented  by  morphisms  r,r'  : Spec(AT)  — > R with  s or  = tor' . Denote 
x = tor,  y = sor  = tor' , and  z = sor',  so  x,  y,  z : Spec(A')  — > U.  By  construction 
(a;,  y)  £ j(R(K))  and  (y,  z ) £ j(R(K)).  Since  j is  a pre-equivalence  relation  we  see 
that  also  (x,z)  £ j{R{K)).  This  clearly  implies  that  x ~ z. 

The  proof  that  ~ is  reflexive  and  symmetric  is  omitted.  □ 


65.5.  Group  algebraic  spaces 


Please  refer  to  Groupoids,  Section  [38.4|  for  notation. 


Definition  65.5.1. 


Let  B — > S as  in  Section 


65.3 


(1)  A group  algebraic  space  over  B is  a pair  (G,  to),  where  G is  an  algebraic 
space  over  B and  m : G Xg  G ->  G is  a morphism  of  algebraic  spaces 
over  B with  the  following  property:  For  every  scheme  T over  B the  pair 
(G(T),to)  is  a group. 

(2)  A morphism  ip  : ( G,  to ) —X  (G,,to/)  of  group  algebraic  spaces  over  B is  a 
morphism  ip  : G — > G'  of  algebraic  spaces  over  B such  that  for  every  T / B 
the  induced  map  ip  : G(T)  —X  G'{T ) is  a homomorphism  of  groups. 


Let  (G,m)  be  a group  algebraic  space  over  the  algebraic  space  B.  By  the  discus- 
sion in  Groupoids,  Section  |38.4|  we  obtain  morphisms  of  algebraic  spaces  over  B 
(identity)  e : B — ► G and  (inverse)  i:G-)G  such  that  for  every  T the  quadruple 
(G(T),  to,  e,  i)  satisfies  the  axioms  of  a group. 


Let  (G,  to),  (G',to')  be  group  algebraic  spaces  over  B.  Let  / : G — > G'  be  a 
morphism  of  algebraic  spaces  over  B.  It  follows  from  the  definition  that  / is  a 
morphism  of  group  algebraic  spaces  over  B if  and  only  if  the  following  diagram  is 
commutative: 


GxbG—^G'  xbG' 

/X/ 

m m 

v f ' 

G >-  G' 


Lemma  65.5.2.  Let  B — x S as  in  Section  65.3  Let  ( G,to ) be  a group  alge- 
braic space  over  B . Let  B'  -A  B be  a morphism  of  algebraic  spaces.  The  pullback 
(GB' ,mB')  is  a group  algebraic  space  over  B' . 


Proof.  Omitted. 


□ 


65.6.  Properties  of  group  algebraic  spaces 

In  this  section  we  collect  some  simple  properties  of  group  algebraic  spaces  which 
hold  over  any  base. 


65.7.  EXAMPLES  OF  GROUP  ALGEBRAIC  SPACES 


4036 


06P6  Lemma  65.6.1.  Let  S be  a scheme.  Let  B be  an  algebraic  space  over  S.  Let  G be 
a group  algebraic  space  over  B.  Then  G — >•  B is  separated  (resp.  quasi-separated, 
resp.  locally  separated)  if  and  only  if  the  identity  morphism  e : B -A  G is  a closed 
immersion  (resp.  quasi-compact,  resp.  an  immersion). 


Proof.  We  recall  that  by  Morphisms  of  Spaces,  Lemma  54.4.7|  we  have  that  e is 
a closed  immersion  (resp.  quasi-compact,  resp.  an  immersion)  if  G — > B is  sepa- 
rated (resp.  quasi-separated,  resp.  locally  separated).  For  the  converse,  consider 
the  diagram 


G 


±G/B 


GxbG 


(g,g')'-nrn(i(g),g') 


B 


G 


It  is  an  exercise  in  the  functorial  point  of  view  in  algebraic  geometry  to  show  that 
this  diagram  is  cartesian.  In  other  words,  we  see  that  A q/b  is  a base  change  of 
e.  Hence  if  e is  a closed  immersion  (resp.  quasi-compact,  resp.  an  immersion)  so 
A 


is 


W//3 


resp.  Spaces,  Lemma  52.12.3). 


see  Spaces,  Lemma  52.12.3  (resp.  Morphisms  of  Spaces,  Lemma  54.8.3 

— □ 


65.7.  Examples  of  group  algebraic  spaces 


06P7  If  G — > S is  a group  scheme  over  the  base  scheme  S,  then  the  base  change  Gb  to 
any  algebraic  space  B over  S is  an  group  algebraic  space  over  B by  Lemma [65. 5. 2 1 
We  will  frequently  use  this  in  the  examples  below. 

043J  Example  65.7.1  (Multiplicative  group  algebraic  space).  Let  B — > S as  in  Section 
|65.3|  Consider  the  functor  which  associates  to  any  scheme  T over  B the  group 
r(T,  Oj)  of  units  in  the  global  sections  of  the  structure  sheaf.  This  is  representable 
by  the  group  algebraic  space 


B X s GmB 


over  B.  Here  GTOig  is  the  multiplicative  group  scheme  over  S,  see  Groupoids, 
Example  38.5.1| 


043K  Example  65.7.2  (Roots  of  unity  as  a group  algebraic  space).  Let  B — > S as  in  Sec- 
tion [653J  Let  n £ N.  Consider  the  functor  which  associates  to  any  scheme  T over 
B the  subgroup  of  consisting  of  nth  roots  of  unity.  This  is  representable 

by  the  group  algebraic  space 


Hn,B  = B Xs  Pn,S 

over  B.  Here  pn^s  is  the  group  scheme  of  nth  roots  of  unity  over  S,  see  Groupoids, 
Example  |38.5.2| 


043L  Example  65.7.3  (Additive  group  algebraic  space).  Let  B — > S as  in  Section  65.3 
Consider  the  functor  which  associates  to  any  scheme  T over  B the  group  T(T,  Ot 
of  global  sections  of  the  structure  sheaf.  This  is  representable  by  the  group  algebraic 
space 


G 


a,B 


= B Xq  G 


a,S 


over  B.  Here  Ga  5 is  the  additive  group  scheme  over  S,  see  Groupoids,  Example 


65.8.  ACTIONS  OF  GROUP  ALGEBRAIC  SPACES 
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Example  65.7.4  (General  linear  group  algebraic  space).  Let  B -A  S as  in  Section 
|65.3|  Let  n > 1.  Consider  the  functor  which  associates  to  any  scheme  T over  B 
the  group 

GL„(r(T,  Ot)) 

of  invertible  n x n matrices  over  the  global  sections  of  the  structure  sheaf.  This  is 
representable  by  the  group  algebraic  space 


GL n>B  = B xs  GLnjs 


over  B.  Here  G, 


Example  38.5.4 


s is  the  general  linear  group  scheme  over  S,  see  Groupoids, 


Example  65.7.5.  Let  B — > S as  in  Section 
defines  a morphisms  of  group  algebraic  spaces 


65.3 


Let  n > 1. 


The  determinant 


det  : GL„ 


G?: 


over  B.  It  is  the  base  change  of  the  determinant  morphism  over  S from  Groupoids, 
Example  |38.5.5| 


Example  65.7.6  (Constant  group  algebraic  space).  Let  B — > S as  in  Section 
65.3  Let  G be  an  abstract  group.  Consider  the  functor  which  associates  to  any 
scheme  T over  B the  group  of  locally  constant  maps  T -A  G (where  T has  the 
Zariski  topology  and  G the  discrete  topology).  This  is  representable  by  the  group 
algebraic  space 

Gb  = B xs  Gs 


over  B.  Here  Gs  is  the  constant  group  scheme  introduced  in  Groupoids,  Example 


65.8.  Actions  of  group  algebraic  spaces 


Please  refer  to  Groupoids,  Section  [38. 10|  for  notation. 


Definition  65.8.1.  Let  B -A  S as  in  Section  65.3 


space  over  B.  Let  X be  an  algebraic  space  over  t . 


Let  (G,  to)  be  a group  algebraic 


(1)  An  action  of  G on  the  algebraic  space  X/B  is  a morphism  a : GxbX  X 
over  B such  that  for  every  scheme  T over  B the  map  a : G(T)  x X(T)  — ► 
X(T)  defines  the  structure  of  a G(T)-set  on  X(T). 

(2)  Suppose  that  X,  Y are  algebraic  spaces  over  B each  endowed  with  an 
action  of  G.  An  equivariant  or  more  precisely  a G-equivariant  morphism 
if  : X — >■  Y is  a morphism  of  algebraic  spaces  over  B such  that  for  every 
T over  B the  map  if)  : X(T)  -A  Y (T)  is  a morphism  of  G(T)-sets. 


In  situation  (1)  this  means  that  the  diagrams 


(65.8.1.1) 


G X B G X B X 
rax  lx 


GxbX 


G xj 


1 G Xa 

JJ  “ ~ ' ' J 

A 

a ex  lx 

X 


X 


X 


GxbX 
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04TV 

04TW 


04TX 


04TY 


are  commutative.  In  situation  (2)  this  just  means  that  the  diagram 


G x B X 


id  x/ 


G XdY 


X 


Y 


commutes. 

Definition  65.8.2. 

a : G xB  X 


65.8.1 


Let 


Let  B — » S,  G — > B,  and  X — ► B as  in  Definition 
X be  an  action  of  G on  X/B.  We  say  the  action  is  free  if  for  every 
scheme  T over  B the  action  a : G{T)  x X(T)  — > X(T)  is  a free  action  of  the  group 
G(T)  on  the  set  X(T). 

Lemma  65.8.3.  Situation  as  in  Definition 


GxBX  - >XxBX, 
is  a monomorphism  of  algebraic  spaces. 
Proof.  Immediate  from  the  definitions. 


65.8.2 


The  action  a is  free  if  and  only 


{g,x)  (a(g,x),x) 


□ 


65.9.  Principal  homogeneous  spaces 


This  section  is  the  analogue  of  Groupoids,  Section  38.11 
section  first. 


We  suggest  reading  that 


Definition  65.9.1.  Let  S'  be  a scheme.  Let  B be  an  algebraic  space  over  S.  Let 
(G,  to)  be  a group  algebraic  space  over  B.  Let  X be  an  algebraic  space  over  B}  and 
let  a : G x B X -A  X be  an  action  of  G on  X. 

(1)  We  say  X is  a pseudo  G-torsor  or  that  X is  formally  principally  homo- 
geneous under  G if  the  induced  morphism  G XB  X — > X xB  X,  (g,  x)  K »• 
(a(g,x),x)  is  an  isomorphism. 

(2)  A pseudo  G-torsor  X is  called  trivial  if  there  exists  an  G-equivariant  iso- 
morphism G — > X over  B where  G acts  on  G by  left  multiplication. 


It  is  clear  that  if  B'  — > B is  a morphism  of  algebraic  spaces  then  the  pullback  XB> 
of  a pseudo  G-torsor  over  B is  a pseudo  G,g/ -torsor  over  B' . 


Lemma  65.9.2.  In  the  situation  of  Definition  65.9.1 

(1)  The  algebraic  space  X is  a pseudo  G-torsor  if  and  only  if  for  every  scheme 
T over  B the  set  X(T)  is  either  empty  or  the  action  of  the  group  G{T) 
on  X (T)  is  simply  transitive. 

(2)  A pseudo  G-torsor  X is  trivial  if  and  only  if  the  morphism  X — > B has  a 
section. 


Proof.  Omitted. 


□ 


Definition  65.9.3.  Let  S'  be  a scheme.  Let  B be  an  algebraic  space  over  S.  Let 
(G,  to)  be  a group  algebraic  space  over  B.  Let  X be  a pseudo  G-torsor  over  B. 

(1)  We  say  A is  a principal  homogeneous  space , or  more  precisely  a principal 
homogeneous  G-space  over  B if  there  exists  a fpqc  covering  {Bi  — > B}i^i 
such  that  each  XB.  -A  Bi  has  a section  (i.e.,  is  a trivial  pseudo  G^ -torsor). 


iThe  default  type  of  torsor  in  Groupoids,  Definition  [38^4^3  is  a pseudo  torsor  which  is  trivial 


on  an  fpqc  covering.  Since  G,  as  an  algebraic  space,  can  be  seen  a sheaf  of  groups  there  already  is  a 
notion  of  a G-torsor  which  corresponds  to  fppf-torsor,  see  Lemma|65.9.4|  Hence  we  use  “principal 


04TZ 


043S 

043T 
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(2)  Let  t £ {Zariski,  etale,  smooth,  syntomic,  fppf}.  We  say  X is  a G-torsor 
in  the  r topology,  or  a r G-torsor , or  simply  a r torsor  if  there  exists  a r 
covering  {Bi  — > B}i&j  such  that  each  Xg.  — » Bi  has  a section. 

(3)  If  X is  a G-torsor,  then  we  say  that  it  is  quasi-isotrivial  if  it  is  a torsor 
for  the  etale  topology. 

(4)  If  X is  a G-torsor,  then  we  say  that  it  is  locally  trivial  if  it  is  a torsor  for 
the  Zariski  topology. 

We  sometimes  say  “let  X be  a G-principal  homogeneous  space  over  Bv  to  indicate 
that  X is  an  algebraic  space  over  B equipped  with  an  action  of  G which  turns  it 
into  a principal  homogeneous  space  over  B.  Next  we  show  that  this  agrees  with 
the  notation  introduced  earlier  when  both  apply. 

Lemma  65.9.4.  Let  S be  a scheme.  Let  (G,m)  be  a group  algebraic  space  over 
S.  Let  X be  an  algebraic  space  over  S,  and  let  a : G x 5 X — ► X be  an  action  of  G 
on  X.  Then  X is  a G-torsor  in  the  fppf -topology  in  the  sense  of  Definition \ 65. 9. 3| 
if  and  only  if  X is  a G-torsor  on  (Sch/ S) fppf  in  the  sense  of  Cohomology  on  Sites, 
Definition \21.5.1\ 

Proof.  Omitted.  □ 


65.10.  Equivariant  quasi-coherent  sheaves 


Please  compare  with  Groupoids,  Section  38.12 


Definition  65.10.1.  Let  B — > S as  in  Section  65.3  Let  (G,  m)  be  a group  alge- 
braic space  over  B,  and  let  a : G x g X -A  X be  an  action  of  G on  the  algebraic 
space  X over  B.  An  G-equivariant  quasi-coherent  Ox -module,  or  simply  a equi- 
variant quasi-coherent  Ox -module,  is  a pair  (J7, a),  where  T is  a quasi-coherent 
Ox-module,  and  a is  a 0GxBA:-module  map 

a : a*  T — > prj  T 

where  p^  : G Xg  X — > X is  the  projection  such  that 
(1)  the  diagram 

(1G  x a)*pr*2F T >■  w*2F 


(1  cXa)*a 


pr12a 


(mx  lx)*Q! 


(1G  x a)*a*X  : 


(to  x lx)* a* IF 


is  a commutative  in  the  category  of  0GXBGXBA"-modules,  and 
(2)  the  pullback 

(e  x lx)*ot  :F  — 

is  the  identity  map. 

For  explanation  compare  with  the  relevant  diagrams  of  Equation  ( 65.8.1.1]). 


Note  that  the  commutativity  of  the  first  diagram  guarantees  that  (e  x lx)*ct  is  an 
idempotent  operator  on  T , and  hence  condition  (2)  is  just  the  condition  that  it  is 
an  isomorphism. 


homogeneous  space”  for  a pseudo  torsor  which  is  fpqc  locally  trivial,  and  we  try  to  avoid  using 
the  word  torsor  in  this  situation. 
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4040 
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Lemma  65.10.2. 

over  B.  Let  f : X - 


Let  B -A  S as  in  Section 


65.3  Let  G be  a group  algebraic  space 


Y be  a G-equivariant  morphism  between  algebraic  spaces  over 


B endowed  with  G-actions.  Then  pullback  f*  given  by  (HF,a)  ha  (f*HF,  (1g  x f)*cx) 
defines  a functor  from  the  category  of  G-equivariant  sheaves  on  X to  the  category 
of  quasi- coherent  G-equivariant  sheaves  on  Y . 


Proof.  Omitted. 


□ 


65.11.  Groupoids  in  algebraic  spaces 


Please  refer  to  Groupoids,  Section  [38. 13|  for  notation. 


Definition  65.11.1. 


Let  B — > S as  in  Section 


65.3 


(1)  A groupoid  in  algebraic  spaces  over  B is  a quintuple  (U,  R , s,  t,  c)  where  U 
and  R are  algebraic  spaces  over  B,  and  s,t  : R -A  U and  c : RxSju,tR  — > R 
are  morphisms  of  algebraic  spaces  over  B with  the  following  property:  For 
any  scheme  T over  B the  quintuple 


0 U(T),R(T),s,t,c ) 


is  a groupoid  category. 

(2)  A morphism  f : (U,  R,  s,t,c)  -A  (JJ' , R' , s' ,t' , c')  of  groupoids  in  algebraic 
spaces  over  B is  given  by  morphisms  of  algebraic  spaces  / : U — t U'  and  / : 
R -A  R!  over  B with  the  following  property:  For  any  scheme  T over  B the 
maps  / define  a functor  from  the  groupoid  category  ( U(T),R(T),s,t,c ) 
to  the  groupoid  category  (JJ' (T),  R'(T),  s' ,t' ,d). 


Let  (U,R,s,t,c)  be  a groupoid  in  algebraic  spaces  over  B.  Note  that  there  are 
unique  morphisms  of  algebraic  spaces  e : U -A  R and  i : R -A  R over  B such  that 
for  every  scheme  T over  B the  induced  map  e : U ( T ) -a  R(T)  is  the  identity,  and  i : 
R(T)  -A  R(T)  is  the  inverse  of  the  groupoid  category.  The  septuple  (JJ,  R,  s,  t,  c,  e,  i) 
satisfies  commutative  diagrams  corresponding  to  each  of  the  axioms  (1),  (2)(a), 
(2)(b),  (3)(a)  and  (3)(b)  of  Groupoids,  Section  38.13  Conversely  given  a septuple 
with  this  property  the  quintuple  (U,  R , s,  t,  c)  is  a groupoid  in  algebraic  spaces  over 
B.  Note  that  i is  an  isomorphism,  and  e is  a section  of  both  s and  t.  Moreover, 
given  a groupoid  in  algebraic  spaces  over  B we  denote 


j = (t,  s ) : R — > U Xg  U 

which  is  compatible  with  our  conventions  in  Section  |65.4|  above.  We  sometimes 
say  “let  ( U,R,s,t,c,e,i ) be  a groupoid  in  algebraic  spaces  over  B ” to  stress  the 
existence  of  identity  and  inverse. 


Lemma  65.11.2.  Let  B -A  S as  in  Section 
spaces  (U,R,s,t,c)  over  B the  morphism  j : 
relation. 


65.HA 
77 


Given  a groupoid  in  algebraic 
U Xb  U is  a pre- equivalence 


Proof.  Omitted.  This  is  a nice  exercise  in  the  definitions. 


□ 


65J\  Given  an  equivalence  relation 


Lemma  65.11.3.  Let  B -A  S as  in  Section 
j : R -A  U XbU  over  B there  is  a unique  way  to  extend  it  to  a groupoid  in  algebraic 
spaces  ( U , R , s,  t,  c)  over  B. 


Proof.  Omitted.  This  is  a nice  exercise  in  the  definitions. 


□ 
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Lemma  65.11.4.  Let  B — > S as  in  Section  65.3 
in  algebraic  spaces  over  B.  In  the  commutative  diag 


Let  (U,  R , s,  t,  c) 
ram 


be  a groupoid 


U 


the  two  lower  squares  are  fibre  product  squares.  Moreover,  the  triangle  on  top  ( which 
is  really  a square)  is  also  cartesian. 

Proof.  Omitted.  Exercise  in  the  definitions  and  the  functorial  point  of  view  in 
algebraic  geometry.  □ 


Lemma  65.11.5.  Let  B ->  S be  as  in  Section 
groupoid  in  algebraic  spaces  over  B.  The  diagram 


65.3. 


Let  {U,  R,  s,t,c,e,i)  be  a 


(65.11.5.1) 


R xt,u,t  R 


pr-L 


Pro 


pr0xco(i,l ) 


R —>■  U 

idR 


c V 


idu 


R xs,u,t  R ^ R — U 


Pr 0 


pr-L 


R 


U 


is  commutative.  The  two  top  rows  are  isomorphic  via  the  vertical  maps  given.  The 
two  lower  left  squares  are  cartesian. 

Proof.  The  commutativity  of  the  diagram  follows  from  the  axioms  of  a groupoid. 
Note  that,  in  terms  of  groupoids,  the  top  left  vertical  arrow  assigns  to  a pair  of 
morphisms  (a,  B)  with  the  same  target,  the  pair  of  morphisms  (a,  a-1  o B).  In  any 
groupoid  this  defines  a bijection  between  Arrows  xt  ob,t  Arrows  and  Arrows  xSjob,t 
Arrows.  Hence  the  second  assertion  of  the  lemma.  The  last  assertion  follows  from 
Lemma  165.11.41  □ 


65.12.  Quasi-coherent  sheaves  on  groupoids 


Please  compare  with  Groupoids,  Section  38.14 


Definition  65.12.1.  Let  B — > S as  in  Section 


65.3 


Let  ({/,  R , s,  t,  c ) be  a groupoid 


in  algebraic  spaces  over  B.  A quasi-coherent  module  on  ( U , R , s,  f , c)  is  a pair  (J7,  a), 
where  T is  a quasi-coherent  ©[/-module,  and  a is  a ©//-module  map 

a:t*T  — > s*T 


such  that 
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4042 


(1)  the  diagram 


pr  *0t*T  = c*t*B 


is  a commutative  in  the  category  of  Oi{xSit/tR-modules,  and 
(2)  the  pullback 


e*a  : T 


is  the  identity  map. 

Compare  with  the  commutative  diagrams  of  Lemma |65.11.4| 

The  commutativity  of  the  first  diagram  forces  the  operator  e*a  to  be  idempotent. 
Hence  the  second  condition  can  be  reformulated  as  saying  that  e*a  is  an  isomor- 
phism. In  fact,  the  condition  implies  that  a is  an  isomorphism. 

077W  Lemma  65.12.2.  Let  S be  a scheme,  let  (U,  R,  s,t,c)  be  a groupoid  scheme  over 
S.  If  is  a quasi- coherent  module  on  ( U,R,s,t,c ) then  a is  an  isomorphism. 


Proof.  Pull  back  the  commutative  diagram  of  Definition |65.12T] by  the  morphism 
(i,  1)  : R — > R x s,u,t  R-  Then  we  see  that  i*a  o a = s*e*a.  Pulling  back  by  the 
morphism  (1,  *)  we  obtain  the  relation  a o i*a  = t*e*a.  By  the  second  assumption 
these  morphisms  are  the  identity.  Hence  i*a  is  an  inverse  of  a.  □ 


0442 


Lemma  65.12.3.  Let  B — ► S'  as  in  Section  65.3  Consider  a morphism  f : 
{U,  R,  s,  t,  c)  — > (U1 , R' , s',  t' , c ')  of  groupoid  in  algebraic  spaces  over  B.  Then  pull- 
back f*  given  by 


defines  a functor  from  the  category  of  quasi- coherent  sheaves  on  (Lf , R! , s' ,t' ,c')  to 
the  category  of  quasi- coherent  sheaves  on  (U,R,s,t,c). 


Proof.  Omitted. 


□ 


077X 


Lemma  65.12.4.  Let  B -A  S be  as  in  Section  65.3  Let  ( U , R,  s , t , c)  be  a groupoid 
in  algebraic  spaces  over  B.  The  category  of  quasi- coherent  modules  on  ( U , R,  s,  t,  c) 
has  colimits. 


Proof.  Let  i i— > (Ri,ai)  be  a diagram  over  the  index  category  I.  We  can  form 
the  colimit  T = colirri  IF,  which  is  a quasi-coherent  sheaf  on  U,  see  Properties 
of  Spaces,  Lemma  53.28.7  Since  colimits  commute  with  pullback  we  see  that 


s*B  = colims*^  and  similarly  t* T = colim t* J~t.  Hence  we  can  set  a = colimaj. 
We  omit  the  proof  that  (J7,  a)  is  the  colimit  of  the  diagram  in  the  category  of 
quasi-coherent  modules  on  ( U,R,s,t,c ).  □ 


06VZ  Lemma  65.12.5.  Let  B — > S as  in  Section  65.3  Let  ( U , R,  s,  t , c)  be  a groupoid  in 
algebraic  spaces  over  B.  If  s,  t are  flat,  then  the  category  of  quasi-coherent  modules 
on  ( U , R , s,  t,  c ) is  abelian. 
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Proof.  Let  ip  : (JF,  a)  — > ( Q , (3)  be  a homomorphism  of  quasi-coherent  modules  on 
(U,  R,  s,  t,  c).  Since  s is  flat  we  see  that 

0 s* Ker(ip)  —>  s*T  — ► s*G  s*Coker(<^)  — > 0 

is  exact  and  similarly  for  pullback  by  t.  Hence  a and  /3  induce  isomorphisms  k : 
f*Ker(<p)  — > s*Ker(y>)  and  A : f*Coker(</?)  — > s*Coker(<p)  which  satisfy  the  cocycle 
condition.  Then  it  is  straightforward  to  verify  that  (Ker(^),«;)  and  (Coker(^),  A) 
are  a kernel  and  cokernel  in  the  category  of  quasi-coherent  modules  on  (U,  R,  s , t,  c ). 
Moreover,  the  condition  Coim(</?)  = Im(y>)  follows  because  it  holds  over  U.  □ 


65.13.  Crystals  in  quasi-coherent  sheaves 


077Y 


077Z 


Let  (J,  <f>,  j)  be  a pair  consisting  of  a set  / and  a pre-relation  j : $ — ► I x I.  Assume 
given  for  every  i £ I a scheme  Xi  and  for  every  <f>  £ <f>  a morphisms  of  schemes 
U ■ X^  -A  Xi  where  = (• i , i').  Set  X = ({Xi}ieI,  Define  a crystal  in 

quasi-coherent  modules  on  X as  a rule  which  associates  to  every  i £ Ob(I)  a quasi- 
coherent  sheaf  Ti  on  Xt  and  for  every  <f>  £ $ with  j{<p)  = ( i,i ')  an  isomorphism 


^ ■ flTi 


Tv 


of  quasi-coherent  sheaves  on  A,/ . These  crystals  in  quasi-coherent  modules  form 
an  additive  category  CQC(X^  This  category  has  colimits  (proof  is  the  same  as 
the  proof  of  Lemma  |65.12.4|) . If  all  the  morphisms  are  flat,  then  CQC(X)  is 
abelian  (proof  is  the  same  as  the  proof  of  Lemma  65.12.5).  Let  k be  a cardinal. 
We  say  that  a crystal  in  quasi-coherent  modules  T on  X is  n-generated  if  each  J~i 
is  ^-generated  (see  Properties,  Definition  27.23.1). 


Lemma  65.13.1.  In  the  situation  above,  if  all  the  morphisms  fy  are  flat,  then 
there  exists  a cardinal  k such  that  every  object  ({-Tylie/,  {ot^}^®)  of  CQC(X)  is 
the  directed  colimit  of  its  n-generated  submodules. 


Proof.  In  the  lemma  and  in  this  proof  a submodule  of  ({-7-}}^/,  means 

the  data  of  a quasi-coherent  submodule  Gi  C T,  for  all  i such  that  a^if^Gi)  = Gr 
as  subsheaves  of  Tv  for  all  <f>  £ >1).  This  makes  sense  because  since  f^  is  flat  the 
pullback  /|  is  exact,  i.e. , preserves  subsheaves.  The  proof  will  be  a variant  to  the 
proof  of  Properties,  Lemma  27.23.3  We  urge  the  reader  to  read  that  proof  first. 


We  claim  that  it  suffices  to  prove  the  lemma  in  case  all  the  schemes  Xt  are  affine. 
To  see  this  let 

J = TT  {U  C Xi  affine  open} 

J— i Me/ 

and  let 


T = ^0  I U c Xi,V  C Xv  affine  open  with  f^fU)  C V} 

H TT  {(U,  U')  \U,U'C  Xi  affine  open  with  U C U'\ 

endowed  with  the  obvious  map  ^ — > J x J . Then  our  (J7,  a)  induces  a crystal  in 
quasi-coherent  sheaves  onF=  (J,  \l/)  by  setting  = Fi\u 


2We  could  single  out  a set  of  triples  (j),<t>' ,(f>"  E 3>  with  j((f> ) = (i,  i'),  j(4>')  = and 

= (i, i")  such  that  and  require  that  a ^ of*, a $ = ol^h  for  these  triples.  This 

would  define  an  additive  subcategory.  For  example  the  data  (/,  <£)  could  be  the  set  of  objects  and 
arrows  of  an  index  category  and  X could  be  a diagram  of  schemes  over  this  index  category.  The 
result  of  Lemma  65.13.1  immediately  gives  the  corresponding  result  in  the  subcategory. 
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for  (i,  U)  £ J and  setting  for  if  £ equal  to  the  restriction  of  a $ to  U if 
if  = {(f,U,V)  and  equal  to  id  : (Ti\u')\u  — ► Fi\u  when  if  = (i,  [/,[/').  More- 
over, submodules  of  ({"Hjljgj,  {/?,/, }i/,g4.)  correspond  1-to-l  with  submodules  of 
({J-i}i£i,{a<j> We  omit  the  proof  (hint:  use  Sheaves,  Section  6.30).  More- 
over, it  is  clear  that  if  k works  for  Y , then  the  same  n works  for  X (by  the  definition 
of  K-generated  modules) . Hence  it  suffices  to  proof  the  lemma  for  crystals  in  quasi- 
coherent  sheaves  on  Y. 


Assume  that  all  the  schemes  X,  are  affine.  Let  n be  an  infinite  cardinal  larger  than 
the  cardinality  of  I or  <f>.  Let  ({Jqjig/,  be  an  object  of  CQC(X).  For 

each  i write  X,  = Spec(Ai)  and  Mi  = F(A,;,  J7,).  For  every  cf  £ $ with  j(<f)  = (i,  i') 
the  map  a $ translates  into  an  Ay -module  isomorphism 

u<t,  : Mi  ®A.  Ay  — > My 
Using  the  axiom  of  choice  choose  a rule 

i&m)  i — > S(cf,m') 

where  the  source  is  the  collection  of  pairs  (<f,  m')  such  that  </>  £ < E>  with  j(<f)  = (i,  i') 
and  m!  £ My  and  where  the  output  is  a finite  subset  S(<f,m')  C Mi  so  that 

m!  = ola,  ( > m ® a'  ) 

for  some  a'm  £ Ay. 


Having  made  these  choices  we  claim  that  any  section  of  any  J~,  over  any  Xi  is 
in  a K-generated  submodule.  To  see  this  suppose  that  we  are  given  a collection 
S = {<S)}ig/  of  subsets  S,  C Mi  each  with  cardinality  at  most  k.  Then  we  define  a 
new  collection  S'  = {S'}ier  with 


Si  = Si  u U 


(4>,m'),  j(<fr)=(i,i'),  m'CSi 


S{<t>,m') 


Note  that  each  S'  still  has  cardinality  at  most  k.  Set  = S , S^l  = S'  and  by 
induction  = (£("))' . Then  set  S'!00)  = U„>0  S'l")  and  S(oo)  = {Sf00}^/. 

By  construction,  for  every  (f  £ $ with  j(<f>)  = and  every  m!  £ Sj,00)  we  can 

write  ml  as  a finite  linear  combination  of  images  o^(m  ® 1)  with  m £ s!°°).  Thus 
we  see  that  setting  W equal  to  the  Ai-submodule  of  M.t  generated  by  s\°° ) the 
corresponding  quasi-coherent  submodules  C J7;  form  a ^-generated  submodule. 
This  finishes  the  proof.  □ 


Lemma  65.13.2.  Let  B — ► S as  in  Section  65.3  Let  (U,  R,  s,t,c)  be  a groupoid 
in  algebraic  spaces  over  B . If  s,  t are  flat,  then  there  exists  a set  T and  a family  of 
objects  (. Tt,ctt)teT  of  QCoh(U,R,s,t,c)  such  that  every  object  (J7,  a)  is  the  directed 
colimit  of  its  submodules  isomorphic  to  one  of  the  objects  {jFt,at)- 


Proof.  This  lemma  is  a generalization  of  Groupoids,  Lemma  [38. 15. 6|  which  deals 
with  the  case  of  a groupoid  in  schemes.  We  can’t  quite  use  the  same  argument,  so 
we  use  the  material  on  “crystals  of  quasi-coherent  sheaves”  we  developed  above. 


Choose  a scheme  W and  a surjective  etale  morphism  W — )•  U . Choose  a scheme 
V and  a surjective  etale  morphism  V — > W Xjjs  R.  Choose  a scheme  V'  and  a 
surjective  etale  morphism  V’  — > R xttu  W.  Consider  the  collection  of  schemes 

I = {W,  W xv  W,  V,  V,  V xR  V'} 
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and  the  set  of  morphisms  of  schemes 

$ = {pri  : W Xu  W -A  W,  V -A  W,  V'  -A  W,  V xR  V'  ->  V,  V xR  V'  -A  V'} 

Set  X = (/,<&).  Recall  that  we  have  defined  a category  CQC(X)  of  crystals  of 
quasi-coherent  sheaves  on  X.  There  is  a functor 

QCoh{U , R,  s,  t,  c)  — » CQC(X) 

which  assigns  to  (J7,  a)  the  sheaf  T\w  on  W,  the  sheaf  T\ wxvw  on  W xR  W, 
the  pullback  of  T via  V — > W Xjj,s  R ~ > W — > U on  V,  the  pullback  of  T via 
V1  — > R xtju  W — > W — > U on  b',  and  finally  the  pullback  of  T via  V XR  V'  — > 
V -A  W X(7jS  R — ?•  W — > U on  V xR  V' . As  comparison  maps  we 

use  the  obvious  ones  (coming  from  associativity  of  pullbacks)  except  for  the  map 
</>  = pry,  : V xR  V'  — > V'  we  use  the  pullback  of  a : t*T  — ► s*R  toVxR  V’ . This 
makes  sense  because  of  the  following  commutative  diagram 


The  functor  displayed  above  isn’t  an  equivalence  of  categories.  However,  since  W — ► 
U is  surjective  etale  it  is  faithfuj^j  Since  all  the  morphisms  in  the  diagram  above 
are  flat  we  see  that  it  is  an  exact  functor  of  abelian  categories.  Moreover,  we  claim 
that  given  (J7,  a)  with  image  ({-Ti}iG/,  there  is  a 1-to-l  correspondence 

between  quasi-coherent  submodules  of  (J7,  a)  and  ({Jqjjgj,  {a^}0ga>).  Namely, 
given  a submodule  of  compatibility  of  the  submodule  over  W 

with  the  projection  maps  W Xjj  W — > W will  guarantee  the  submodule  comes  from 


a quasi-coherent  submodule  of  T (by  Properties  of  Spaces,  Proposition  53.31.1) 
and  compatibility  with  apr  , will  insure  this  subsheaf  is  compatible  with  a (details 
omitted). 


Choose  a cardinal  k as  in  Lemma  65.13.1  for  the  system  X = (/,  $).  It  is  clear  from 


Properties,  Lemma  [27. 23. 2| that  there  is  a set  of  isomorphism  classes  of  K-generated 
crystals  in  quasi-coherent  sheaves  on  X.  Hence  the  result  is  clear.  □ 


65.14.  Groupoids  and  group  spaces 

0443  Please  compare  with  Groupoids,  Section  [38. 16| 


’bn  fact  the  functor  is  fully  faithful,  but  we  won’t  need  this. 
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Lemma  65.14.1.  Let  B — ► S as  in  Section  65.3  Let  ( G,m ) be  a group  algebraic 
space  over  B with  identity  ec  and  inverse  1q.  Let  X be  an  algebraic  space  over  B 
and  let  a : G x b X X be  an  action  of  G on  X over  B . Then  we  get  a groupoid 

in  algebraic  spaces  (U,  R , s , t,  c,  e,  i)  over  B in  the  following  manner: 


(1)  We  set  U = X,  andR  = GxB  X. 

(2)  We  set  s : R — >•  U equal  to  ( g , x)  K > x. 

(3)  We  set  t : R U equal  to  ( g , x)  H > a(g , x). 

(4)  We  set  c : R R R equal  to  ( g',x '))  H > (m(g,gr),  x'). 

(5)  We  set  e:U  — )•  R equal  to  x ^ (ea(x),x). 

(6)  We  set  i : R R equal  to  (g,  x)  H > (ic(g),  a(g,  x)). 


Proof.  Omitted.  Hint:  It  is  enough  to  show  that  this  works  on  the  set  level. 
For  this  use  the  description  above  the  lemma  describing  g as  an  arrow  from  v to 
a(g,v).  □ 


0445  Lemma  65.14.2.  Let  B — ► S as  in  Section  65.3  Let  ( G,m ) be  a group  algebraic 
space  over  B.  Let  X be  an  algebraic  space  over  B and  let  a : G xB  X — ► X be 
an  action  of  G on  X over  B.  Let  (U,  R,  s,t,c)  be  the  groupoid  in  algebraic  spaces 


constructed  in  Lemma  65.14.1  The  rule  (J7,  a)  K > (lF,a)  defines  an  equivalence 
of  categories  between  G-equivariant  Ox -modules  and  the  category  of  quasi- coherent 
modules  on  (U,  R,  s,t,  c) . 


Proof.  The  assertion  makes  sense  because  t = a and  s = pi^  as  morphisms  R = 
G xB  X — ► X,  see  Definitions |65.10Tl and [65. 12. 1|  Using  the  translation  in  Lemma 
|65.14.1|the  commutativity  requirements  of  the  two  definitions  match  up  exactly.  □ 


65.15.  The  stabilizer  group  algebraic  space 
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Please  compare  with  Groupoids,  Section  38.17  Given  a groupoid  in  algebraic  spaces 
we  get  a group  algebraic  space  as  follows. 


Lemma  65.15.1.  Let  B S as  in  Section  65.3  Let  (U,  R,  s,t,  c)  be  a groupoid 
in  algebraic  spaces  over  B.  The  algebraic  space  G defined  by  the  cartesian  square 


G 

J=(M) 

U — ^-4**  U xB  U 


is  a group  algebraic  space  over  U with  composition  law  m induced  by  the  composition 
law  c. 


Proof.  This  is  true  because  in  a groupoid  category  the  set  of  self  maps  of  any 
object  forms  a group.  □ 

Since  A is  a monomorphism  we  see  that  G = j~1{ XB/B)  is  a subsheaf  of  R. 
Thinking  of  it  in  this  way,  the  structure  morphism  G = j~1{ IS-u/b)  — > U is  induced 
by  either  s or  t (it  is  the  same),  and  to  is  induced  by  c. 

0448 

in  algebraic  spaces  over  B.  The  group  algebraic  space  j~1(Au/B)  — > U is  called 
the  stabilizer  of  the  groupoid  in  algebraic  spaces  (U,  R,  s,t,c). 


Definition  65.15.2.  Let  B — > S as  in  Section 


65.3 


Let  ({/,  R,  s,  t,  c)  be  a groupoid 
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In  the  literature  the  stabilizer  group  algebraic  space  is  often  denoted  S (because 
the  word  stabilizer  starts  with  an  “s”  presumably) ; we  cannot  do  this  since  we  have 
already  used  S for  the  base  scheme. 


Lemma  65.15.3.  Let  B — ► S as  in  Section  65.3  Let  (U,  R,  s,t,  c)  be  a groupoid 
in  algebraic  spaces  over  B,  and  let  G/U  be  its  stabilizer.  Denote  Rt/U  the  algebraic 
space  R seen  as  an  algebraic  space  over  U via  the  morphism  t : R —>  U.  There  is  a 
canonical  left  action 

a : G Xu  Rt  — > Rt 

induced  by  the  composition  law  c. 


Proof.  In  terms  of  points  over  T/B  we  define  a{g,r)  = c{g,r). 


□ 


65.16.  Restricting  groupoids 

Please  refer  to  Groupoids,  Section  [38. 18|  for  notation. 


Lemma  65.16.1.  Let  B — ► S as  in  Section 
in  algebraic  spaces  over  B.  Let  g : U' 
Consider  the  following  diagram 


65.3  Let  {U,  R,  s,t,c)  be  a groupoid 


U be  a morphism  of  algebraic  spaces. 


R' 


R xs,u  U' 


R- 


U 


u 


where  all  the  squares  are  fibre  product  squares.  Then  there  is  a canonical  com- 
position law  c'  : R'  xs^u',t'  R'  —• ► R'  such  that  {If , R' , s' ,t! ,d)  is  a groupoid  in 
algebraic  spaces  over  B and  such  that  U'  — > U , R'  — » R defines  a morphism 
{U',R',s',t',d)  — ► (U,  R,  s,t,c)  of  groupoids  in  algebraic  spaces  over  B.  Moreover, 
for  any  scheme  T over  B the  functor  of  groupoids 

{U'{T),  R'(T),  s',  £ , c')  -i  ( U(T),R(T),s,t,c ) 


U(T). 

Proof.  Omitted. 


is  the  restriction  (see  Groupoids,  Section  38.18 ) of  (U(T),R(T),s,t,c)  via  the  map 
U'(T) 


65.3 


□ 


Let  (U,  R,  s , t,  c)  be  a groupoid 


Definition  65.16.2.  Let  B — > S as  in  Section  I 
in  algebraic  spaces  over  B.  Let  g : XJ'  — > U be  a morphism  of  algebraic  spaces  over 
B.  The  morphism  of  groupoids  in  algebraic  spaces  {U' , R' , s',  t',  d)  —I  {U,  R,  s,  t,  c) 
constructed  in  Lemma  65.16.1  is  called  the  restriction  of  (U,  R,  s,t,c)  to  U1 . We 
sometime  use  the  notation  R'  = R\u>  in  this  case. 

Lemma  65.16.3.  The  notions  of  restricting  groupoids  and  (pre-) equivalence  rela- 
tions defined  in  Definitions\65.16J^  and\65.4-3\  agree  via  the  constructions  of  Lem- 
mas \65.11.2\  and \65.11.3l 
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Proof.  What  we  are  saying  here  is  that  R'  of  Lemma  65.16.1  is  also  equal  to 
R'  = {U'  xB  U')  xUxbU  R — >U'  xB  U' 

In  fact  this  might  have  been  a clearer  way  to  state  that  lemma.  □ 


65.17.  Invariant  subspaces 


044E 

044F 


In  this  section  we  discuss  briefly  the  notion  of  an  invariant  subspace. 


Definition  65.17.1.  Let  B — > S as  in  Section 
in  algebraic  spaces  over  the  base  B. 


65.3 


Let  ([/,  R,  s , t,  c)  be  a groupoid 


(1)  We  say  an  open  subspace  W C U is  R-invariant  if  t(s_1(W/))  C W. 

(2)  A locally  closed  subspace  Z C U is  called  R-invariant  if  t~1(Z)  = s~1(Z) 
as  locally  closed  subspaces  of  R. 

(3)  A monomorphism  of  algebraic  spaces  T U is  R-invariant  if  T Xu,t  R = 
RxS}uT  as  algebraic  spaces  over  R. 


044G 


For  an  open  subspace  W C U the  R-invariance  is  also  equivalent  to  requiring  that 
S-\W)  = t~1(W).  If  W C U is  .R-invariant  then  the  restriction  of  R to  W is 
just  R\v  = s_1( W)  = t~l{W).  Similarly,  if  Z C U is  an  R-invariant  locally  closed 
subspace,  then  the  restriction  of  R to  Z is  just  Rz  = s~1(Z)  = t~1(Z). 


Lemma  65.17.2.  Let  B - 

in  algebraic  spaces  over  B. 


S as  in  Section 


65.3. 


Let  (U,R,s,t,c)  be  a groupoid 


(1)  If  s and  t are  open,  then  for  every  open  W C U the  open  s(t_1(lF))  is 
R-invariant. 

(2)  If  s and  t are  open  and  quasi- compact,  then  U has  an  open  covering  con- 
sisting of  R-invariant  quasi-compact  open  subspaces. 


Proof.  Assume  s and  t open  and  W C U open.  Since  s is  open  we  see  that 
W'  = s(t_1(lF))  is  an  open  subspace  of  U.  Now  it  is  quite  easy  to  using  the 
functorial  point  of  view  that  this  is  an  R-invariant  open  subset  of  U,  but  we  are 
going  to  argue  this  directly  by  some  diagrams,  since  we  think  it  is  instructive.  Note 
that  t~l{W')  is  the  image  of  the  morphism 

A:=t~1(W)xslt_Hw),UttR^R 

and  that  s~1{W')  is  the  image  of  the  morphism 


Pr0, 


R. 


B-=R  xs,u,s t (W) 

The  algebraic  spaces  A,  B on  the  left  of  the  arrows  above  are  open  subspaces  of 
R *s,u,t  R and  R xs,u,s  R respectively.  By  Lemma  65.11.4  the  diagram 


R x 


s,U,s 


R 


is  commutative,  and  the  horizontal  arrow  is  an  isomorphism.  Moreover,  it  is  clear 
that  (pr1,c)(A)  = B.  Hence  we  conclude  s~1(W')  = t~1(W'),  and  W'  is  R- 
invariant.  This  proves  (1). 

Assume  now  that  s,  t are  both  open  and  quasi-compact.  Then,  if  W C U is  a quasi- 
compact open,  then  also  W'  = s(t_1(VF))  is  a quasi-compact  open,  and  invariant 
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by  the  discussion  above.  Letting  W range  over  images  of  affines  etale  over  U we 
see  (2).  □ 


65.18.  Quotient  sheaves 


Let  S be  a scheme,  and  let  B be  an  algebraic  space  over  S.  Let  j : R — ► U Xb  U 
be  a pre-relation  over  B.  For  each  scheme  S ' over  S we  can  take  the  equivalence 
relation  generated  by  the  image  of  j(S')  : R(S ')  —¥  U(S')  x U(S').  Hence  we 
get  a presheaf 

4 Sets, 


(65.18.0.1) 


U(S')/ 


Note  that  since  j is  a morphism  of  algebraic  spaces  over  B and  into  U Xb  U there 


is  a canonical  transformation  of  presheaves  from  the  presheaf  (65.18.0.1)  to  B. 


Definition  65.18.1.  Let  B -A  S and  the  pre-relation  j : R — >•  U Xb  U be  as 
above.  In  this  setting  the  quotient  sheaf  U / R associated  to  j is  the  sheafification  of 
the  presheaf  (65.18.0.1 ) on  ( Sch/S ) fppf.  If  j : R — > U xBU  comes  from  the  action 


of  a group  algebraic  space  G over  B on  U as  in  Lemma  65.14.1  then  we  denote  the 
quotient  sheaf  U/G. 

This  means  exactly  that  the  diagram 

R Tu- 


> U/R 

is  a coequalizer  diagram  in  the  category  of  sheaves  of  sets  on  (Sch/S) fPPf-  Again 
there  is  a canonical  map  of  sheaves  U / R — » B as  j is  a morphism  of  algebraic  spaces 
over  B into  U XbU  . 

Remark  65.18.2.  A variant  of  the  construction  above  would  have  been  to  sheafify 
the  functor 

(Spaces/ B)opppf  — > Sets, 

X ► U(X)/  ~x 

where  now  ~.yC  U(X)  x U(X)  is  the  equivalence  relation  generated  by  the  image 
of  j : R(X)  — » U(X)  x U(X).  Here  of  course  U(X)  = Moxb(X,U)  and  R(X)  = 
Mors  (A',  R).  In  fact,  the  result  would  have  been  the  same,  via  the  identifications 
of  (insert  future  reference  in  Topologies  of  Spaces  here). 


Definition  65.18.3.  In  the  situation  of  Definition  65.18.1  We  say  that  the  pre- 
relation j has  a quotient  representable  by  an  algebraic  space  if  the  sheaf  U/R  is 
an  algebraic  space.  We  say  that  the  pre-relation  j has  a representable  quotient  if 
the  sheaf  U/R  is  representable  by  a scheme.  We  will  say  a groupoid  in  algebraic 
spaces  (U,  R,  s,  t,  c)  over  B has  a representable  quotient  (resp.  quotient  representable 
by  an  algebraic  space  if  the  quotient  U/R  with  j = (t,s)  is  representable  (resp.  an 
algebraic  space). 

If  the  quotient  U /R  is  representable  by  M (either  a scheme  or  an  algebraic  space 
over  S),  then  it  comes  equipped  with  a canonical  structure  morphism  M — > B as 
we’ve  seen  above. 

The  following  lemma  characterizes  M representing  the  quotient.  It  applies  for 
example  if  U — > M is  flat,  of  finite  presentation  and  surjective,  and  R = U Xm  U. 

Lemma  65.18.4.  In  the  situation  of  Definition  65.18.1  Assi 
algebraic  space  M over  S , and  a morphism  U -A  M such  that 


there 
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(1)  the  morphism  U —¥  M equalizes  s,t, 

(2)  the  map  U — )•  M is  a surjection  of  sheaves,  and 

(3)  the  induced  map  (t,  s)  : R — )•  U x m U is  a surjection  of  sheaves. 

In  this  case  M represents  the  quotient  sheaf  U /R. 

Proof.  Condition  (1)  says  that  U — t M factors  through  U/R.  Condition  (2)  says 
that  U/R  — ► M is  surjective  as  a map  of  sheaves.  Condition  (3)  says  that  U/R  — ► M 
is  injective  as  a map  of  sheaves.  Hence  the  lemma  follows.  □ 


The  following  lemma  is  wrong  if  we  do  not  require  j to  be  a pre-equivalence  relation 
(but  just  a pre-relation  say). 

0460  Lemma  65.18.5.  Let  S be  a scheme.  Let  B be  an  algebraic  space  over  S.  Let 
j : R — ► U XgU  be  a pre- equivalence  relation  over  B.  For  a scheme  S ' over  S and 
a,b  £ U(S')  the  following  are  equivalent: 

(1)  a and  b map  to  the  same  element  of  (U/R)(S');  and 

(2)  there  exists  an  fppf  covering  {/j  : Si  — > S'}  of  S'  and  morphisms  Ti  : Si  — ► 
R such  that  a o ft  = s o ri  and  bo  = t oq. 

In  other  words,  in  this  case  the  map  of  sheaves 


R 


U Xu/R  U 


is  surjective. 


Proof.  Omitted.  Hint:  The  reason  this  works  is  that  the  presheaf  (65. 18.0.1])  in 
this  case  is  really  given  by  T h>  U(T)/j(R(T))  as  j(R(T))  C U(T)  x U(T)  is  an 
equivalence  relation,  see  Definition  |65.4.1[  □ 


046P 


Lemma  65.18.6.  Let  S be  a scheme.  Let  B be  an  algebraic  space  over  S.  Let 
j : R — » U Xb  U be  a pre-relation  over  B and  g : U'  -A  U a morphism  of  algebraic 
spaces  over  B.  Let  j'  : R'  — > U'  Xg  U'  be  the  restriction  of  j to  U' . The  map  of 
quotient  sheaves 

U'/R'  — > U/R 


is  injective.  IfU'—tU  is  surjective  as  a map  of  sheaves,  for  example  if{g  : U'  — > U} 
is  an  fppf  covering  (see  Topologies  on  Spaces,  Definition  60. 4.1 ),  then  U'/R!  — > U/R 
is  an  isomorphism  of  sheaves. 


Proof.  Suppose  € (U' / R!)(S')  are  sections  which  map  to  the  same  section  of 

U/R.  Then  we  can  find  an  fppf  covering  S = {Si  — ► S'}  of  S'  such  that  f \ s, , f \ s, 
are  given  by  at , a'  £ U'(Si).  By  Lemma  65.18.5  and  the  axioms  of  a site  we  may 
after  refining  T assume  there  exist  morphisms  Tj  : Si  — > R such  that  joo,:  = s o r^, 
g o a! i — ton.  Since  by  construction  R'  = R.  Xuxsu  {U'  xj  U')  we  see  that 
(r,,(ai,a'))  £ R'(Si)  and  this  shows  that  a*  and  o!i  define  the  same  section  of 
U'/R'  over  Si.  By  the  sheaf  condition  this  implies  ( = !!/. 


If  U'  — > U is  a surjective  map  of  sheaves,  then  U'/R'  — > U/R  is  surjective  also. 
Finally,  if  {g  : U'  — > U}  is  a fppf  covering,  then  the  map  of  sheaves  U'  — > U is 
surjective,  see  Topologies  on  Spaces,  Lemma  [60.4. 4|  □ 

044N  Lemma  65.18.7.  Let  S be  a scheme.  Let  B be  an  algebraic  space  over  S.  Let 
(U,  R , s,  t,  c)  be  a groupoid  in  algebraic  spaces  over  B.  Let  g : U'  — >•  U a morphism 
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of  algebraic  spaces  over  B.  Let  (U' , R ' , s' , t' , d)  be  the  restriction  of  (U,  R,  s,  t,  c)  to 
U' . The  map  of  quotient  sheaves 


U’/R'  — ► U/R 


is  injective.  If  the  composition 


U'  x 


g,u,t 


pn 


is  a surjection  of  fppf  sheaves  then  the  map  is  bijective.  This  holds  for  example  if 
{h  : U'  Xgtu,tR  — t U}  is  an  fppf -covering,  or  ifU'—^U  is  a surjection  of  sheaves, 
or  if  {g  : U'  U}  is  a covering  in  the  fppf  topology. 


Proof.  Injectivity  follows  on  combining  Lemmas  |65.11.2|  and  |65.18.6[  To  see  sur- 
jectivity (see  Sites,  Section  7.12  for  a characterization  of  surjective  maps  of  sheaves) 


we  argue  as  follows.  Suppose  that  T is  a scheme  and  a £ U/R(T).  There  exists  a 
covering  {X  -A  T}  such  that  a \ r,  is  the  image  of  some  element  /,  £ U{Tf).  Hence 
we  may  assume  that  cr  if  the  image  of  / £ U(T).  By  the  assumption  that  h is  a 
surjection  of  sheaves,  we  can  find  an  fppf  covering  {pi  : Ti  -A  T}  and  morphisms 
fi  : Ti  — > U'  xg,u,tR  such  that  foipi  = h o f) . Denote  f[  = pr  0°/i  : X;  — > U'.  Then 
we  see  that  f[  £ U'(Ti)  maps  to  go  f-  £ X(X)  and  that  go  /'  ~T.  ho  fi  = foipi  no- 
tation as  in  (65. 18.0.1]).  Namely,  the  element  of  R{Tf)  giving  the  relation  is  piq  o /). 
This  means  that  the  restriction  of  a to  X is  in  the  image  of  U' /R'(Ti)  — > U/R(Tf) 
as  desired. 

If  {h}  is  an  fppf  covering,  then  it  induces  a surjection  of  sheaves,  see  Topologies  on 
Spaces,  Lemma  60.4.4  If  U'  — > U is  surjective,  then  also  h is  surjective  as  s has  a 
section  (namely  the  neutral  element  e of  the  groupoid  scheme).  □ 

65.19.  Quotient  stacks 

In  this  section  and  the  next  few  sections  we  describe  a kind  of  generalization  of 
Section  |65.18|  above  and  Groupoids,  Section  |38.20|  It  is  different  in  the  following 
way:  We  are  going  to  take  quotient  stacks  instead  of  quotient  sheaves. 

Let  us  assume  we  have  a scheme  S,  and  algebraic  space  B over  S and  a groupoid 
in  algebraic  spaces  ( U , R,  s , t,  c ) over  B.  Given  these  data  we  consider  the  functor 

(, Sch/S)YpPf  — > Groupoids 

s'  > (U(S'),  R(S'),  s,  t,  c) 

By  Categories,  Example  |4 . 36 . 1 1 this  “presheaf  in  groupoids”  corresponds  to  a cate- 
gory fibred  in  groupoids  over  (Sch/S)  fPPf-  In  this  chapter  we  will  denote  this 

[U/pR]  — * ( Sch/S)fppf 

where  the  subscript  p is  there  to  distinguish  from  the  quotient  stack. 

Definition  65.19.1.  Quotient  stacks.  Let  B — > S be  as  above. 

(1)  Let  ([/,  R,  s,t,c)  be  a groupoid  in  algebraic  spaces  over  B.  The  quotient 
stack 

p : [U/R]  — ¥ (Sch/ S)fppf 


(65.19.0.1) 


of  (X,  R,  s,  t,  c ) is  the  stackification  (see  Stacks,  Lemma  8.9.1 1 of  the  cate- 
gory fibred  in  groupoids  [U/PR\  over  (Sch/S) fppf  associated  to  (65.19.0.1 ). 
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(2)  Let  (G, to)  be  a group  algebraic  space  over  B.  Let  a : G Xg  X — > X be 
an  action  of  G on  an  algebraic  space  over  B.  The  quotient  stack 


P ■■  [X/G\  — > {Sch/ S)fppf 


is  the  quotient  stack  associated  to  the  groupoid  in  algebraic  spaces  ( X , Gxb 


X , s,t,  c)  over  B of  Lemma  65.14.1 


Thus  [U/R]  and  [X/G\  are  stacks  in  groupoids  over  (Sch/S) fppf.  These  stacks 
will  be  very  important  later  on  and  hence  it  makes  sense  to  give  a detailed  de- 
scription. Recall  that  given  an  algebraic  space  X over  S we  use  the  notation 
Sx  — > ( Sch/S)fppf  to  denote  the  stack  in  sets  associated  to  the  sheaf  X , see  Cate- 
gories, Lemma [4.37.6|  and  Stacks,  Lemma [8.6.2 


Lemma  65.19.2.  Assume  B — » S and  (U,  R,  s,t,c)  as  in  Definition  65.19.1  (1). 
There  are  canonical  l-morphisms  ir  : Sjj  — » [U/R],  and  [U/R]  — > Sb  of  stacks 
in  groupoids  over  [Sch/ S) fppf . The  composition  Su  — )•  Sb  is  the  1-morphism 
associated  to  the  structure  morphism  U — » B. 


Proof.  During  this  proof  let  us  denote  [U/PR]  the  category  fibred  in  groupoids 
associated  to  the  presheaf  in  groupoids  (65.19.0.1).  By  construction  of  the  stacki- 


fication  there  is  a 1-morphism  [U/PR]  -A  [U/R].  The  1-morphism  Su  — > [U/R]  is 
simply  the  composition  Su  — > [U/PR]  — > [U/R],  where  the  first  arrow  associates  to 
the  scheme  S' / S and  morphism  x : S'  U over  S the  object  x £ U(S')  of  the  fibre 
category  of  [U/PR]  over  S'. 

To  construct  the  1-morphism  [ U/R]  — > Sb  it  is  enough  to  construct  the  1-morphism 
[U/PR] 


Sb,  see  Stacks,  Lemma  8.9.2 


U(S') 


On  objects  over  S'/S  we  just  use  the  map 
B(S') 


coming  from  the  structure  morphism  U -A  B.  And  clearly,  if  a £ R(S')  is  an 
“arrow”  with  source  s(a)  £ U(S')  and  target  t(a)  £ U(S'),  then  since  s and  t are 
morphisms  over  B these  both  map  to  the  same  element  a of  B(S').  Hence  we  can 
map  an  arrow  a £ R(S')  to  the  identity  morphism  of  a.  (This  is  good  because  the 
fibre  category  (Sb)s'  only  contains  identities.)  We  omit  the  verification  that  this 
rule  is  compatible  with  pullback  on  these  split  fibred  categories,  and  hence  defines 
a 1-morphism  [U/PR]  — » Sb  as  desired. 


We  omit  the  verification  of  the  last  statement. 


□ 


Lemma  65.19.3.  Assumptions  and  notation  as  in  Lemma 
a canonical  2-morphism  a : tt  o s — > tt  o t making  the  diagram 


65.19.2.  There  exists 


Sb. 

t 

Y 

Su 


■ Su 


[U/R] 


2-commutative. 


Proof.  Let  S'  be  a scheme  over  S.  Let  r : S'  — > R be  a morphism  over  S.  Then 
r £ R(S')  is  an  isomorphism  between  the  objects  s o r,  t o r £ U(S’).  Moreover, 
this  construction  is  compatible  with  pullbacks.  This  gives  a canonical  2-morphism 
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ap  : 7Tp  o s — > TTp  o t where  irp 
Thus  even  the  diagram 


Su  -A  [U/pR]  is  as  in  the  proof  of  Lemma 


65.19.2 


Sr  — 5 — Su 

t nP 

\' 

Su  [U/pR] 


is  2-commutative.  Thus  a fortiori  the  diagram  of  the  lemma  is  2-commutative.  □ 


04M7  Remark  65.19.4.  In  future  chapters  we  will  use  the  ambiguous  notation  where 
instead  of  writing  Sx  for  the  stack  in  sets  associated  to  X we  simply  write  X. 
Using  this  notation  the  diagram  of  Lemma [65. 19. 3|  becomes  the  familiar  diagram 


R 


>-  U 


U 


[U/R] 


In  the  following  sections  we  will  show  that  this  diagram  has  many  good  properties. 
In  particular  we  will  show  that  it  is  a 2-fibre  product  (Section  65.21 ) and  that  it  is 
close  to  being  a 2-coequalizer  of  s and  t (Section  65.22). 


65.20.  Functoriality  of  quotient  stacks 

04Y3  A morphism  of  groupoids  in  algebraic  spaces  gives  an  associated  morphism  of  quo- 
tient stacks. 


046Q  Lemma  65.20.1.  Let  S be  a scheme.  Let  B be  an  algebraic  space  over  S.  Let 
f : (U,  R,  s,t,c)  -A  {U',R!,s',t',c')  be  a morphism  of  groupoids  in  algebraic  spaces 
over  B.  Then  f induces  a canonical  1-morphism  of  quotient  stacks 

[/]  : [U/R]  — ► [U'/R']. 


Proof.  Denote  [U /pR]  and  [U' /PR']  the  categories  fibred  in  groupoids  over  the  base 
site  (Sch/S) fppf  associated  to  the  functors  (65.19.0.1).  It  is  clear  that  / defines 
a 1-morphism  [U/PR]  — > \U'  /PR']  which  we  can  compose  with  the  stackyfication 
functor  for  [U'/R']  to  get  [U /PR\  —A  [U'/R'].  Then,  by  the  universal  property 
of  the  stackyfication  functor  [U/PR] 

[U/R]  -a  [U'/R']. 


[U/R],  see  Stacks, 


Lemma  8.9.2  we  get 
□ 


Let  B -A  S and  / : (I/,  R , s,  t , c)  -A  (U' , R' , s',  t',  c')  be  as  in  Lemma  65.20.1  In  this 
situation,  we  define  a third  groupoid  in  algebraic  spaces  over  B as  follows,  using 
the  language  of  T-valued  points  where  T is  a (varying)  scheme  over  B: 


(1)  U"  = U Xfu ' t'  R'  so  that  a T-valued  point  is  a pair  [u,r')  with  f(u)  = 
f'(r'), 

(2)  R"  = Rx  fos,U',t'R'  so  that  a T-valued  point  is  a pair  (r,  r')  with  /(s(r))  = 
f'(r'), 

(3)  s"  : R"  -A  U"  is  given  by  s"{r,r')  = (s(r),r'), 

(4)  t"  : R"  -A  U"  is  given  by  t"(r,r')  = (t{r),c'{f{r),r')), 

(5)  c"  : R"  xs//  j/",t"  R"  -A  R"  is  given  by  c"((ri,  r[),  ( r2,r'2 ))  = (c(r1,r2),r'2). 
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The  formula  for  c"  makes  sense  as  s"(ri,r()  = t"(r2,r2).  It  is  clear  that  c"  is 
associative.  The  identity  e!'  is  given  by  e"(u,r)  = (e(u),r).  The  inverse  of  (r,  r')  is 
given  by  (i{r),d{f{r),r')).  Thus  we  do  indeed  get  a groupoid  in  algebraic  spaces 
over  B. 


Clearly  the  maps  U"  — > U and  R"  — ► R define  a morphism  g : (U",  R" , s" , t",  c")  — ► 
(U,  R , s,  t,  c)  of  groupoids  in  algebraic  spaces  over  B.  Moreover,  the  maps  U"  -A  U', 
( u,r ')  ha  s'(r')  and  R"  -A  U',  (r,d)  ha  s'(r')  show  that  in  fact  (U",  R",  s",  t" , c") 
is  a groupoid  in  algebraic  spaces  over  U'. 


Lemma  65.20.2.  Notation  and  assumption  as  in  Lemma  65.20.1  Let  (U" , R" , s" , t" . 
be  the  groupoid  in  algebraic  spaces  over  B constructed  above.  There  is  a 2-commutative 
square 


\U"  / R"}  [U/R] 

[s] 

[/] 

v y 

Sr>- ^p'/R!} 


which  identifies  \U" / R!'}  with  the  2-fibre  product. 


Proof.  The  maps  [/]  and  [g]  come  from  an  application  of  Lemma  65.20.1  and  the 

) 


X 


other  two  maps  come  from  Lemma  65.19.  2]  (and  the  fact  that  (U”,R 
lives  over  U').  To  show  the  2-fibre  product  property,  it  suffices  to  prove  the  lemma 
for  the  diagram 


[U"/PR"\^^[U/PR] 

U] 

y Y 

Sv [U'/PR'] 


of  categories  fibred  in  groupoids,  see  Stacks,  Lemma  8.9.3|  In  other  words,  it  suffices 
to  show  that  an  object  of  the  2-fibre  product  Sjj  x [u1  /pr>]  [U /pR]  over  T corresponds 
to  a T-valued  point  of  U"  and  similarly  for  morphisms.  And  of  course  this  is  exactly 
how  we  constructed  U"  and  R"  in  the  first  place. 


In  detail,  an  object  of  Su  xr u' / r'\  \U /pR\  over  T is  a triple  (u',u,r')  where  v!  is  a 
T-valued  point  of  U' , u is  a T-valued  point  of  U,  and  r'  is  a morphism  from  v!  to 
f(u)  in  [U'/R']t,  i.e.,  r'  is  a T-valued  point  of  R with  s'(r')  = v!  and  t'(r')  = f(u). 
Clearly  we  can  forget  about  u 1 without  losing  information  and  we  see  that  these 
objects  are  in  one-to-one  correspondence  with  T-valued  points  of  R" . 

Similarly  for  morphisms:  Let  [u\,u\Xi)  and  be  two  objects  of  the  fibre 

product  over  T.  Then  a morphism  from  ('«(,,  u2,  r'2)  to  (u\ , U\ , r( ) is  given  by  (l,r) 
where  1 : u[  — ^ u'2  means  simply  u[  = u'2  (this  is  so  because  Su  is  fibred  in  sets),  and 
r is  a T-valued  point  of  R with  s(r)  = U2,  t(r)  = u\  and  moreover  d if(r),r2)  = r[. 
Hence  the  arrow 

(l,r)  : (u'2,u2,r2)  -A  (u'^u^rj) 

is  completely  determined  by  knowing  the  pair  (r,  r2).  Thus  the  functor  of  arrows  is 
represented  by  R" , and  moreover  the  morphisms  s" , t" , and  c"  clearly  correspond 
to  source,  target  and  composition  in  the  2-fibre  product  Su  X[U'/PR']  [U/pR]-  D 
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65.21.  The  2-cartesian  square  of  a quotient  stack 

In  this  section  we  compute  the  Isom- sheaves  for  a quotient  stack  and  we  deduce 
that  the  defining  diagram  of  a quotient  stack  is  a 2-fibre  product. 

Lemma  65.21.1.  Assume  B — ► S,  (U,  R,  s,t,  c)  and  n : Su  — > [ U/R ] are  as  in 


Lemma  65.19.2  Let  S'  be  a scheme  over  S.  Let  x,y  € Ob([t//f?]s')  be  objects 
of  the  quotient  stack  over  S' . If  x = ir(x')  and  y = ir(y')  for  some  morphisms 
x',  y'  : S'  — ► U,  then 


Isom(x,y)  = S’  x (v'tXi)>UxsU  R 


as  sheaves  over  S' . 


Proof.  Let  [U/PR]  be  the  category  fibred  in  groupoids  associated  to  the  presheaf  in 
groupoids  (|65. 19.0.1)  as  in  the  proof  of  Lemma  65.19.2  By  construction  the  sheaf 
Isom{x,y)  is  the  sheaf  associated  to  the  presheaf  Isom(x' ,y').  On  the  other  hand, 
by  definition  of  morphisms  in  [17 /pR\  we  have 


Isom(x',y')  = S'  x (vux'),Uxsu  R 


and  the  right  hand  side  is  an  algebraic  space,  therefore  a sheaf. 


□ 


Lemma  65.21.2.  Assume  B — ► S,  (U,  R,  s,t,c),  and  7 r : Su 
Lemma\65.19.2\  The  2-commutative  square 


[U/R]  are  as  in 


Sr 


V 

Su 


■ Su 


[U/R] 


of  Lemma  65.19.3  is  a 2-fibre  product  of  stacks  in  groupoids  of  (Sch/ S)  fppf . 


Proof.  According  to  Stacks,  Lemma|8.5.6|the  lemma  makes  sense.  It  also  tells  us 
that  we  have  to  show  that  the  functor 


Sr  — > Su  x [u/r]  Su 

R to  (T,  t(r),  s(r),a(r))  is  an  equivalence,  where  the  right  hand 

This  is,  after 
(Alternative 


which  maps  r:T 

side  is  the  2-fibre  product  as  described  in  Categories,  Lemma  [4.31.3 


spelling  out  the  definitions,  exactly  the  content  of  Lemma  65.21.1 


proof:  Work  out  the  meaning  of  Lemma  |65.20.2|  in  this  situation  will  give  you  the 
result  also.)  □ 


Lemma  65.21.3.  Assume  B — » S and  ( U,R,s,t,c ) are  as  in  Definition  65.19.1 
(1).  For  any  scheme  T overS  and  objects  x,y  of  [U/R]  overT  the  sheaf  Isom{x,y) 
on  (Sch/T)  fppf  has  the  following  property:  There  exists  a fppf  covering  {T)  —>  T}iGj 
such  that  Isom(x,y)\[Sch/Ti)fppf  is  representable  by  an  algebraic  space. 


Proof.  Follows  immediately  from  Lemma[65.21.1|  and  the  fact  that  both  x and  y 
locally  in  the  fppf  topology  come  from  objects  of  Su  by  construction  of  the  quotient 
stack.  □ 
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65.22.  The  2-coequalizer  property  of  a quotient  stack 


On  a groupoid  we  have  the  composition,  which  leads  to  a cocycle  condition  for  the 
canonical  2-morphism  of  the  lemma  above.  To  give  the  precise  formulation  we  will 


The  vertical  composition  of 


Srx  s.u.tR 


TTOSOpr-y  =7TOSOC 


irotopr  1 =irosoprQ 


Tvotopr0=notoc 


[U/R] 


is  the  2-morphism  a*  idc.  In  a formula  a*  idc  = (a  * idprQ)  o (a  * idpri). 

Proof.  We  make  two  remarks: 

(1)  The  formula  a * idc  = (a  * idpl-0)  o (a  * idpri)  only  makes  sense  if  you 
realize  the  equalities  tt  o s o p^  = tt  o s o c,  tt  o t o piq  = 7r  o s o pr0, 
and  7r  o t o pr0  = tt  o t o c.  Namely,  the  second  one  implies  the  vertical 
composition  o makes  sense,  and  the  other  two  guarantee  the  two  sides  of 
the  formula  are  2-morphisms  with  the  same  source  and  target. 

(2)  The  reason  the  lemma  holds  is  that  composition  in  the  category  fibred 
in  groupoids  [U/PR]  associated  to  the  presheaf  in  groupoids  (65.19.0.1) 
comes  from  the  composition  law  c : R xs,u,t  R—+R- 

We  omit  the  proof  of  the  lemma.  □ 


(65.19.0. 


Note  that,  in  the  situation  of  the  lemma,  we  actually  have  the  equalities  sop^  = soc, 
t o prx  = s o pr0,  and  t o pr0  = t o c before  composing  with  tt.  Hence  the  formula 
in  the  lemma  below  makes  sense  in  exactly  the  same  way  that  the  formula  in  the 
lemma  above  makes  sense. 


Lemma  65.22.2.  Assumptions  and  notation  as  in  Lemmas  65.19.2  and  65.19.3 
The  2-commutative  diagram  of  Lemma  65.19.3  is  a 2-coequalizer  in  the  following 
sense:  Given 


(1)  a stack  in  groupoids  X over  (Sch/ S) fppf , 

(2)  a 1-morphism  f : Su  — > X , and 

(3)  a 2-arrow  /3:fos—>fot 
such  that 

/3  * idc  = (/3  * idPr0  )°(P*  idpri ) 

then  there  exists  a 1-morphism  [U/R]  — ► X which  makes  the  diagram 


Sr  — H ->  Su 


2-commute. 
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Proof.  Suppose  given  X , / and  /3  as  in  the  lemma.  By  Stacks,  Lemma  |8.9.2| 
it  suffices  to  construct  a 1-morphism  g : [U /pR]  — > X.  First  we  note  that  the 
1-morphism  S\j  — » [U/PR]  is  bijective  on  objects.  Hence  on  objects  we  can  set 
g(x)  = f(x ) for  x £ Ob(<S(y)  = Ob([U/pR\).  A morphism  tp  : x — > y of  [ U/PR ] arises 
from  a commutative  diagram 


S2 


h 


u 

i 

R 


t 


Y 

5i 


v 


U. 


Thus  we  can  set  g(tp)  equal  to  the  composition 


f(y°h) 


f{y)- 


The  vertical  arrow  is  the  result  of  applying  the  functor  / to  the  canonical  morphism 
y o h -A  y in  Su  (namely,  the  strongly  cartesian  morphism  lifting  h with  target  y). 
Let  us  verify  that  / so  defined  is  compatible  with  composition,  at  least  on  fibre 
categories.  So  let  S'  be  a scheme  over  S,  and  let  a : S'  — > R x SiU)t  R be  a morphism. 
In  this  situation  we  set  x = s o p^  o a = s o co  a,  y = to  piq  o a = s o pr0  o a,  and 
z = to  pr0  o a = t o pr0  o c to  get  a commutative  diagram 


x z 


in  the  fibre  category  [U/pR]s'.  Moreover,  any  commutative  triangle  in  this  fibre 
category  has  this  form.  Then  we  see  by  our  definitions  above  that  / maps  this  to 
a commutative  diagram  if  and  only  if  the  diagram 


f f o s)(co  a) ^ ( f o t)(c  o a) 


(/  ° i)(pi'i  ° a)  = (/  o s)(pr0  o a) 

is  commutative  which  is  exactly  the  condition  expressed  by  the  formula  in  the 
lemma.  We  omit  the  verification  that  / maps  identities  to  identities  and  is  com- 
patible with  composition  for  arbitrary  morphisms.  □ 


65.23.  Explicit  description  of  quotient  stacks 

In  order  to  formulate  the  result  we  need  to  introduce  some  notation.  Assume  B S 
and  (U,R,s,t,c)  are  as  in  Definition  65.19. 1|  (1).  Let  T be  a scheme  over  S.  Let 
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T = {Tj  — > T}iSj  be  an  fppf  covering.  A [U / R]-  descent  datum  relative  to  T is 
given  by  a system  ( Ui,i\j ) where 

(1)  for  each  i a morphism  ut  :Ti  —¥  U,  and 

(2)  for  each  i,j  a morphism  : Tj  Xy  Tj  R 

such  that 


(a)  as  morphisms  Tj  Xj-  Tj  — » U we  have 

s o nj  = Ui  o pr0  and  t o = Uj  o pr-j , 

(b)  as  morphisms  Tj  Xy  Tj  U we  have 

c o (rjk  o pr12,  r-jj  o pr01)  = rifc  o pr02. 

A morphism  ( itj,rjj ) -A  (u{,rL)  between  two  [U / i?]- descent  data  over  the  same 
covering  T is  a collection  (r*  : Tj  — >•  i?)  such  that 
(a)  as  morphisms  Tj  — >•  (7  we  have 

rij  = s o r j and  u[  = t o n 
(/?)  as  morphisms  Tj  Xj-  Tj  — » i?  we  have 

c ° (r-jj,  rj  o pr0)  = c o (r^  o prlt rjj). 

There  is  a natural  composition  law  on  morphisms  of  descent  data  relative  to  a fixed 
covering  and  we  obtain  a category  of  descent  data.  This  category  is  a groupoid. 
Finally,  if  T'  = {Tj  — > T}7gj  is  a second  fppf  covering  which  refines  T then  there  is 
a notion  of  pullback  of  descent  data.  This  is  particularly  easy  to  describe  explicitly 
in  this  case.  Namely,  if  a : J — > I and  ipj  : Tj  — ► Ta^  is  the  morphism  of  coverings, 
then  the  pullback  of  the  descent  datum  (uj,rjj/)  is  simply 


iua(i)  ° V5.?  i rct(j)ct(j')  ° Ai  * A/')- 


Pullback  defined  in  this  manner  defines  a functor  from  the  category  of  descent  data 
over  T to  the  category  of  descend  data  over  T’  ■ 


Lemma  65.23.1.  Assume  B -A  S and  (U,  R,s,t,c)  are  as  in  Definition  65.19.1 
(1).  Let  7T  : Su  — > [U/R]  be  as  in  Lemma\65.19.2.  Let  T be  a scheme  overs. 

(1)  for  every  object  x of  the  fibre  category  [U/R]t  there  exists  an  fppf  covering 
{/j  : Ti  T}jg/  such  that  f*x  = 7r(zij)  for  some  Ui  £ UiTf), 

(2)  the  composition  of  the  isomorphisms 


ti -{ui  o pr0)  = pr*0-K{ui)  = pr*0f*x  = pr\f*x  = prln(uj)  = tt (uj  o prj 


are  of  the  form  7r(rjj)  for  certain  morphisms  rij  : Ti  x-r  Tj  —>  R, 

(3)  the  system  ( Uj,rjj ) forms  a [U / R]- descent  datum  as  defined  above, 

(4)  any  [U / R\-descent  datum  (■ Uj,rjj ) arises  in  this  manner, 

(5)  if  x corresponds  to  ( Ui,rij ) as  above,  and  y £ Ob ([U/R]t)  corresponds  to 
( MjjTjj ) then  there  is  a canonical  bijection 


Mor 


[U/R\ 


.(A  2/) 


J morphisms  ( Uj,rjj ) (u(, 

( of  [U / R]- descent  data 


r1-  ■) 

ii  j 


(6)  this  correspondence  is  compatible  with  refinements  of  fppf  coverings. 


Proof.  Statement  (1)  is  part  of  the  construction  of  the  stackyfication.  Part  (2)  fol- 
lows from  Lemma  65.21.1  We  omit  the  verification  of  (3).  Part  (4)  is  a translation 
of  the  fact  that  in  a stack  all  descent  data  are  effective.  We  omit  the  verifications 
of  (5)  and  (6).  □ 
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65.24.  Restriction  and  quotient  stacks 


In  this  section  we  study  what  happens  to  the  quotient  stack  when  taking  a restric- 
tion. 


Lemma  65.24.1.  Notation  and  assumption  as  in  Lemma  65.20.1.  The  morphism 
of  quotient  stacks 

if]  : [U/R]  — ► [U'/R'} 

is  fully  faithful  if  and  only  if  R is  the  restriction  of  R via  the  morphism  f : U — > U' . 

Proof.  Let  x,y  be  objects  of  [U/R]  over  a scheme  T/S.  Let  x',y'  be  the  images 
of  x,y  in  the  category  [U'/'R]t-  The  functor  [/]  is  fully  faithful  if  and  only  if  the 
map  of  sheaves 

Isom(x,y)  — > Isom(x' ,y') 

is  an  isomorphism  for  every  T,x,y.  We  may  test  this  locally  on  T (in  the  fppf 
topology).  Hence,  by  Lemma  65.23.1  we  may  assume  that  x,y  come  from  a,b  £ 


U(T).  In  that  case  we  see  that  x,  y'  correspond  to  / o a,  f o b.  By  Lemma  65.21.1 
the  displayed  map  of  sheaves  in  this  case  becomes 

T X(a,b),UxBU  R > T Xf0aJ0b,U’xBU'  R' ■ 

This  is  an  isomorphism  if  R is  the  restriction,  because  in  that  case  R = (U  Xb 
U)  x u1  xBu‘  R'y  see  Lemma  65.16.3  and  its  proof.  Conversely,  if  the  last  displayed 
map  is  an  isomorphism  for  all  T,  a,  b,  then  it  follows  that  R = ( UxbU ) Xu’xBU'  R\ 
i.e. , R is  the  restriction  of  R' . □ 


Lemma  65.24.2. 

of  quotient  stacks 

if]  : [U/R] 

is  an  equivalence  if  and  only  if 


Notation  and  assumption  as  in  Lemma  65.20.1.  The  morphism 

■ [U'/R'} 


(1)  (■ U,R,s,t,c ) is  the  restriction  of  (U1 , R' , s' ,t' ,d)  via  f : U —>  U' , and 

(2)  the  map 

h 


U x 


f.U'.t 


> R' 


pri 


R' 


U' 


is  a surjection  of  sheaves. 

Part  (2)  holds  for  example  if  {h  : U x R'  ~ 
f : U — )•  IT  is  a surjection  of  sheaves,  or  if  {/  : U 


U'}  is  an  fppf  covering,  or  if 
» U1}  is  an  fppf  covering. 


Proof.  We  already  know  that  part  (1)  is  equivalent  to  fully  faithfulness  by  Lemma 
65.24.1  Hence  we  may  assume  that  (1)  holds  and  that  [/]  is  fully  faithful.  Our 


goal  is  to  show,  under  these  assumptions,  that  [/]  is  an  equivalence  if  and  only  if 
(2)  holds.  We  may  use  Stacks,  Lemma[8.4.8  which  characterizes  equivalences. 

Assume  (2).  We  will  use  Stacks,  Lemma  8.4.8  to  prove  [/]  is  an  equivalence. 
Suppose  that  T is  a scheme  and  x'  £ Ob {\U' /R']t).  There  exists  a covering 
{<?,;  : Tj  — > T}  such  that  g*x'  is  the  image  of  some  element  a'  £ U'{Ti ),  see 
Lemma  65.23.1  Hence  we  may  assume  that  x'  is  the  image  of  a!  £ U'(T).  By 
the  assumption  that  h is  a surjection  of  sheaves,  we  can  find  an  fppf  covering 
{ipi  : Tj  -A  T}  and  morphisms  6;  : T)  — > U xg,u',t'  R'  such  that  a'  o <pi  = h obi. 
Denote  a,-  = pr0  06^  : X)  — > U.  Then  we  see  that  a*  £ U (Tj  ) maps  to  /ocq  £ U'{Tt  ) 
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and  that  / o a,  =t{  hobi  = a'  o tpt , where  =jv  denotes  isomorphism  in  the  fibre  cat- 
egory [U'/R']^  ■ Namely,  the  element  of  R'(Tf)  giving  the  isomorphism  is  prx  o bi. 
This  means  that  the  restriction  of  x to  Ti  is  in  the  essential  image  of  the  functor 
[U/R]Ti  — ► [U'/R’]Ti  as  desired. 


Assume  [/]  is  an  equivalence.  Let  € [U'/R']u’  denote  the  object  corresponding 
to  the  identity  morphism  of  U' . Applying  Stacks,  Lemma  8.4.8|  we  see  there  exists 
an  fppf  covering  U'  = { g \ : U[  —>  U’}  such  that  {g[)*C  — [/](&)  for  some  in 
[U/R]u'.-  After  refining  the  covering  U ' (using  Lemma  65.23.1)  we  may  assume  £* 
comes  from  a morphism  a,i  : U[  — > U.  The  fact  that  [/](£»)  — means  that, 

after  possibly  refining  the  covering  IA'  once  more,  there  exist  morphisms  r\  : U[  — > R' 
with  t'  o r'  = / o a,  and  s'  o r\  = idy^  o g[ . Picture 


/ 

U'  — R' 


Thus  (ai,r')  : U[  — )■  U xg  jji  ti  R'  are  morphisms  such  that  ho  ( a* ,r')  = g[  and  we 
conclude  that  {h  : U 'Xgjj',t'  R'  U'}  can  be  refined  by  the  fppf  covering  U'  which 
means  that  h induces  a surjection  of  sheaves,  see  Topologies  on  Spaces,  Lemma 

If  {h}  is  an  fppf  covering,  then  it  induces  a surjection  of  sheaves,  see  Topologies  on 
Spaces,  Lemma  [60.4.4  If  U'  U is  surjective,  then  also  h is  surjective  as  s has  a 
section  (namely  the  neutral  element  e of  the  groupoid  in  algebraic  spaces).  □ 


Lemma  65.24.3. 


Notation  and  assumption  as  in  Lemma 


65.20.1 


Assume  that 


R R ' 

f 

« s’ 

u —U~u' 


is  cartesian.  Then 

Su [U/R] 

If) 

SLr [U'/R') 


is  a 2-fibre  product  square. 

Proof.  Applying  the  inverse  isomorphisms  i : R — ► R and  i'  : R!  — » R!  to  the 
(first)  cartesian  diagram  of  the  statement  of  the  lemma  we  see  that 

R >R! 

1 


t 


t' 
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is  cartesian  as  well.  By  Lemma [65. 20. 2|  we  have  a 2-fibre  square 

[U"/R"] [U/R] 


Sv | y-r—J^U'/R!) 

where  U"  = U Xf,ur,t'  R'  and  R"  = R Xfoa,u',t'  R' ■ By  the  above  we  see  that 
(t,  f):R—t  U"  is  an  isomorphism,  and  that 

R"  = R XfoS,u',t'  R'  = R x s.u  U R'  = R xSju,t  xR. 

Explicitly  the  isomorphism  R XStu,t  R — > R"  is  given  by  the  rule  (ro,ri)  i-A 
(r0,/(ri)).  Moreover,  s",t",c”  translate  into  the  maps 

RxStUttR-^R,  s"(r0,ri)  = n,  t"(r0,ri)  = c(r0,ri) 

and 

c . [R  xs  jji  R ) x s'i  R ' ( R xs  fji  R)  y R.  xs  u ^ 

((^o,  ^i),  (^2,  r3))  i — > (c(r0,r2),r3). 

Precomposing  with  the  isomorphism 

R x s7u7s  R — > R xs^t  R,  (r0,ri)  i — > (c(r-0,z(ri)),ri) 

we  see  that  t"  and  s"  turn  into  pr0  and  pr:  and  that  c"  turns  into  pr02  : R xsjjs 
R xs,u,s  R — t R x s,jj,s  R-  Hence  we  see  that  there  is  an  isomorphism  \U" /R"]  = 
[R/R  x s,u,s  where  as  a groupoid  in  algebraic  spaces  (i?,  R xSijj,s  R,s'',t",c") 
is  the  restriction  of  the  trivial  groupoid  ( U , U , id,  id,  id)  via  s : R — ► U . Since 
s : R — > U is  a surjection  of  fppf  sheaves  (as  it  has  a right  inverse)  the  morphism 

\U"/R"]  s*  [R/R  xSi[/,s  R]  — > [U/U]  = Su 
is  an  ec^uivalence  by  Lemma |65.24.2[  This  proves  the  lemma.  □ 


65.25.  Inertia  and  quotient  stacks 

The  (relative)  inertia  stack  of  a stack  in  groupoids  is  defined  in  Stacks,  Section 
8.7[  The  actual  construction,  in  the  setting  of  fibred  categories,  and  some  of  its 
properties  is  in  Categories,  Section  [4. 33[ 


Lemma  65.25.1.  Assume  B — » 5”  and  (U,  R,  s,t,c)  as  in  Definition 


65.19.1 


(!)■ 


Let  G/U  be  the  stabilizer  group  algebraic  space  of  the  groupoid  (U,  R , s,  t,  c,  e,  ij,  see 
Definition  65.15.2  Set  R'  = R xSju  G and  set 

(1)  s'  : R'  — > G,  ( r,g ) i— > g, 

(2)  t'  : R -t  G,  ( r,g ) c{r,c(g,i(r))), 

(3)  d : R xsljG,t<  R'  -t  R',  ((n,gi),(r2,92)  (c(ri,r2),gi). 

Then  (G,  R' , s' ,tf  ,c')  is  a groupoid  in  algebraic  spaces  over  B and 

1[U/R]  = [ G/R }. 

i.e.,  the  associated  quotient  stack  is  the  inertia  stack  of  [U/R]. 


Proof.  By  Stacks,  Lemma 
be  a scheme  over  S.  Recall 


8.8.5 


it  suffices  to  prove  that  Igj/pR\  = \G/VR'].  Let  T 
that  an  object  of  the  inertia  fibred  category  of  [U /PR] 
over  T is  given  by  a pair  (x,g)  where  x is  an  object  of  [U/PR]  over  T and  g is  an 
automorphism  of  x in  its  fibre  category  over  T.  In  other  words,  x : T — ► U and 
g : T — ► R such  that  x = sog  = tog.  This  means  exactly  that  g : T -A  G. 
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06PC 


06PD 
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A morphism  in  the  inertia  fibred  category  from  (x,g)  —¥  (y,h)  over  T is  given  by 
r : T — > R such  that  s(r)  = x,  t[r)  = y and  c(r,  5)  = c(h,r ),  see  the  commutative 
diagram  in  Categories,  Lemma  [4.33. 1[  In  a formula 

h = c(r,c(g,i(r)))  = c(c{r,g),i{r)). 

The  notation  s(r),  etc  is  a short  hand  for  so  r,  etc.  The  composition  of  7*1  : 
(2:2,52)  ->  (2:1,51)  and  r2  : (2:1,51)  (2:2,52)  is  c(ri,r2)  : (2:1,51)  ->  (x3,g3). 


Note  that  in  the  above  we  could  have  written  g in  stead  of  (a:,  5)  for  an  object 
of  X[jj/  #]  over  T as  x is  the  image  of  5 under  the  structure  morphism  G -A  U. 
Then  the  morphisms  g h in  I[u/  R]  over  T correspond  exactly  to  morphisms 
r'  : T -A  R!  with  s'(r')  = 5 and  t'(r')  = h.  Moreover,  the  composition  corresponds 
to  the  rule  explained  in  (3).  Thus  the  lemma  is  proved.  □ 


Lemma  65.25.2.  Assume  B -A  S and  (U,  R,  s,t,c)  as  in  Definition  65.19.1 
Let  G/U  be  the  stabilizer  group  algebraic  space  of  the  groupoid  (U,  R , s,  t,  c,  e,  i ) 
Definition\65.15/2.  There  is  a canonical  2-cartesian  diagram 


(!)■ 


SG *►  Sv 


u/r] [U/R] 


of  stacks  in  groupoids  of  (Sch/ S)  fppf . 

Proof.  By  Lemma  65.24.3|  it  suffices  to  prove  that  the  morphism  s'  : R'  — > G 
of  Lemma  |65.25.1|  isomorphic  to  the  base  change  of  s by  the  structure  morphism 
G — > U.  This  base  change  property  is  clear  from  the  construction  of  s'.  □ 


65.26.  Gerbes  and  quotient  stacks 


In  this  section  we  relate  quotient  stacks  to  the  discussion  Stacks,  Section  [8. 11|  and 
especially  gerbes  as  defined  in  Stacks,  Definition  |8.11.4|  The  stacks  in  groupoids 
occurring  in  this  section  are  generally  speaking  not  algebraic  stacks! 


Notation  and  assumption  as  in  Lemma  65.20.1.  The  morphism 


Lemma  65.26.1. 

of  quotient  stacks 

[/]  : [U/R]  — > [U'/R'\ 

turns  [U/R]  into  a gerbe  over  [ U'/R ']  if  f : U —>  U'  and  R — >•  R'\  u are  surjective 
maps  of  fppf  sheaves.  Here  R'\u  is  the  restriction  of  R'  to  U via  f : U — ► U' . 


Proof.  We  will  verify  that  Stacks,  Lemma  [8.11.3  properties  (2)  (a)  and  (2)  (b) 
hold.  Property  (2)  (a)  holds  because  U — > U'  is  a surjective  map  of  sheaves  (use 
Lemma  65.23. l|to  see  that  objects  in  [U'/R']  locally  come  from  U ').  To  prove  (2) (b) 
let  x,y  be  objects  of  [U/R]  over  a scheme  T/S.  Let  x',y'  be  the  images  of  x.  y in 
the  category  [U'/'R]t-  Condition  (2)  (b)  requires  us  to  check  the  map  of  sheaves 

Isom{x,y)  — > Isom(x' ,y') 

on  ( Sch/T ) fppf  is  surjective.  To  see  this  we  may  work  fppf  locally  on  T and  assume 
that  come  from  a,b  G U(T).  In  that  case  we  see  that  x' , y'  correspond  to  / o a,  f o b. 


By  Lemma  65.21.1  the  displayed  map  of  sheaves  in  this  case  becomes 


T X(a,b),UxBU  R 


T x 


foa,fob,U'xBU ' 


R'  = Tx 


C a,b),UxBU  R\u 
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Hence  the  assumption  that  R -A  R'\u  is  a surjective  map  of  fppf  sheaves  on 
(Sch/ S) fppf  implies  the  desired  surjectivity.  □ 


Lemma  65.26.2.  Let  S be  a scheme.  Let  B be  an  algebraic  space  over  S . Let 
G be  a group  algebraic  space  over  B.  Endow  B with  the  trivial  action  of  G.  The 
morphism 


[B/G\ 


SB 


(Lemma  65.19.2 ) turns  [B/G]  into  a gerbe  over  B. 


Proof.  Immediate  from  Lemma[65[26d]as  the  morphisms  B -a  B and  BxbG  -a  B 
are  surjective  as  morphisms  of  sheaves.  □ 


65.27.  Quotient  stacks  and  change  of  big  site 

We  suggest  skipping  this  section  on  a first  reading.  Pullbacks  of  stacks  are  defined 
in  Stacks,  Section [8T2} 

Lemma  65.27.1.  Suppose  given  big  sites  Sch.fppf  and  Sch’fppj.  Assume  that 
Schfppf  is  contained  in  Sch!jppf,  see  Topologies,  Section  33.10  Let  S £ Ob(Schfppf). 
Let  B , U,  R £ Sh((Sch/  S)  fPPf)  be  algebraic  spaces,  and  let  [U,  R,  s,  t,  c ) be  a groupoid 
in  algebraic  spaces  over  B.  Let  f : (Sch! / S) fppf  — > (Sch/ S)  fppf  the  morphism  of 


Sch ! 


fppf ' 


Then  we  have 


sites  corresponding  to  the  inclusion  functor  u : Schfppf 
a canonical  equivalence 

[f~1U/ f~1R]  — > f~1[U/R\ 
of  stacks  in  groupoids  over  (Sch! / S)  fppf . 

Proof.  Note  that  f~1B1  f~1U,  /_1f?  G Sh((Sch!  / S)  fPPf)  are  algebraic  spaces  by 
and  hence  (f~1U,  f~~xR,  /_1s,  f~1t,  /-1c)  is  a groupoid  in 
f~1B.  Thus  the  statement  makes  sense. 


52.15.1 


Spaces,  Lemma 
algebraic  spaces  over  f~ 

The  category  up[U/pR)  is  the  localization  of  the  category  upp[U /PR]  at  right  multi- 
plicative system  I of  morphisms.  An  object  of  upp[U /pR\  is  a triple 

(T\  4>  : T'  -A  T,x) 

where  T'  £ Ob((Sch’  / S)  fPPf),  T £ Ob  ((Sch/ S)  fppf),  4>  is  a morphism  of  schemes 
over  S,  and  x : T — » U is  a morphism  of  sheaves  on  (Sch/ S) fppf . Note  that  the 
morphism  of  schemes  </>  : T'  — > T is  the  same  thing  as  a morphism  <f>  : T'  — » u(T ), 
and  since  u(T)  represents  f~xT  it  is  the  same  thing  as  a morphism  T'  — > f~xT. 
Moreover,  as  /-1  on  algebraic  spaces  is  fully  faithful,  see  Spaces,  Lemma  52.15.2[ 
we  may  think  of  a;  as  a morphism  x : f~1T  — ► 1 C/  as  well.  From  now  on  we  will 

make  such  identifications  without  further  mention.  A morphism 

(a,  a',  a)  : : T[  -A  Ti,ari)  — A (T^fa  ■ T’2  -A  T2,  x2) 

of  upp[U/pR]  is  a commutative  diagram 


U 
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and  such  a morphism  is  an  element  of  I if  and  only  if  T[  = T'2  and  a ' = id.  We 
define  a functor 


App 


[U/pR]  — ► [ f-'U/pf-'R] 


(T',  <j>:T'  ->T,x)  i — >(xo  /_1C7) 


by  the  rules 
on  objects  and 

(a,  a',  a)  i — > (a  o <f>1  : T[  — ► f~1R) 

on  morphisms  as  above.  It  is  clear  that  elements  of  / are  transformed  into  isomor- 
phisms as  (f~1U,  f~1R,  /_1s,  f~1t,  f~1c)  is  a groupoid  in  algebraic  spaces  over 
f~1B.  Hence  this  functor  factors  in  a canonical  way  through  a functor 

up[U/pR]  — > [f~1U/pf~1R] 

Applying  stackification  we  obtain  a functor  of  stacks 

f-^U/R]  — >[ f^U/f-'R] 

over  (Sell  /S)fppf,  as  by  Stacks,  Lemma  8.12.11  the  stack  f~1[U/R]  is  the  stacki- 
fication of  up  [U/PR}. 


At  this  point  we  have  a morphism  of  stacks,  and  to  verify  that  it  is  an  equivalence  it 
suffices  to  show  that  it  is  fully  faithful  and  that  objects  are  locally  in  the  essential 
image,  see  Stacks,  Lemmas  |8.4.7|  and  |8.4.8|  The  statement  on  objects  holds  as 
f~xR  admits  a surjective  etale  morphism  f~xW  — t f~1R  for  some  object  W of 
( Sch/S)fppf . To  show  that  the  functor  is  “full”,  it  suffices  to  show  that  morphisms 
are  locally  in  the  image  of  the  functor  which  holds  as  /_1f7  admits  a surjective 
etale  morphism  f~xW  -A  f~1U  for  some  object  W of  (Sch/S)fppf.  We  omit  the 
proof  that  the  functor  is  faithful.  □ 


65.28.  Separation  conditions 


This  really  means  conditions  on  the  morphism  j : R — > U Xj  U when  given  a 
groupoid  in  algebraic  spaces  (U,  R,  s,t,c)  over  B.  As  in  the  previous  section  we 
first  formulate  the  corresponding  diagram. 


Lemma  65.28.1.  Let  B — ► S be  as  in  Section  65.3,  Let  ( U , R , s,  t,  c)  be  a groupoid 


in  algebraic  spaces  over  B . Let  G 
commutative  diagram 


U be  the  stabilizer  group  algebraic  space.  The 


R 

,uU- 

U 

Ar/UxbU 

Y 

R x(uxBu)  R 


R x s jj  G 


G 


the  two  left  horizontal  arrows  are  isomorphisms  and  the  right  square  is  a fibre 
product  square. 


Proof.  Omitted.  Exercise  in  the  definitions  and  the  functorial  point  of  view  in 
algebraic  geometry.  □ 


65.3  Let  (U,  R , s,  t,  c)  be  a groupoid 


Lemma  65.28.2.  Let  B — > S be  as  in  Section 
in  algebraic  spaces  over  B . Let  G — » U be  the  stabilizer  group  algebraic  space. 
(1)  The  following  are  equivalent 

(a)  j : R — >•  U Xb  U is  separated , 
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(b)  G — >•  U is  separated,  and 

(c)  e : U -A  G is  a closed  immersion. 

(2)  The  following  are  equivalent 

(a)  j : R — > U Xb  U is  locally  separated, 

(b)  G — X U is  locally  separated,  and 

(c)  e : U — >■  G is  an  immersion. 

(3)  The  following  are  equivalent 

(a)  j : R — >•  U Xj  U is  quasi-separated, 

(b)  G — X U is  quasi-separated,  and 

(c)  e : U —>  G is  quasi- compact. 


Proof.  The  group  algebraic  space  G — > U is  the  base  change  of  R — > U x b U by 
the  diagonal  morphism  U U [/,  see  Lemma [65. 15. 1|  Hence  if  j is  separated 
(resp.  locally  separated,  resp.  quasi-separated),  then  G —X  U is  separated  (resp. 
locally  separated,  resp.  quasi-separated).  See  Morphisms  of  Spaces,  Lemma [54.4.4 
Thus  (a)  =>  (b)  in  (1),  (2),  and  (3). 


Conversely,  if  G — > U is  separated  (resp.  locally  separated,  resp.  quasi-separated), 
then  the  morphism  e : U — > G,  as  a section  of  the  structure  morphism  G U is 
a closed  immersion  (resp.  an  immersion,  resp.  quasi-compact),  see  Morphisms  of 
Spaces,  Lemma  54.4.7  Thus  (b)  =>  (c)  in  (1),  (2),  and  (3). 

If  e is  a closed  immersion  (resp.  an  immersion,  resp.  quasi-compact)  then  by  the 
result  of  Lemma  65.28.1  (and  Spaces,  Lemma  [52.12.3|  and  Morphisms  of  Spaces, 
Lemma  54.8.3)  we  see  that  A r/jjxbu  is  a closed  immersion  (resp.  an  immersion, 
resp.  quasi-compact).  Thus  (c)  =>•  (a)  in  (1),  (2),  and  (3).  □ 
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More  on  Groupoids  in  Spaces 


04P4 


66.1.  Introduction 

04P5  This  chapter  is  devoted  to  advanced  topics  on  groupoids  in  algebraic  spaces.  Even 
though  the  results  are  stated  in  terms  of  groupoids  in  algebraic  spaces,  the  reader 
should  keep  in  mind  the  2-cartesian  diagram 


R - U 

04P6  (66.1.0.1) 

V 

U [17/!?] 


where  [U/R]  is  the  quotient  stack,  see  Groupoids  in  Spaces,  Remark  65.19.4  Many 


of  the  results  are  motivated  by  thinking  about  this  diagram.  See  for  example  the 
beautiful  paper  IKM97I  by  Keel  and  Mori. 


66.2.  Notation 

04P7  We  continue  to  abide  by  the  conventions  and  notation  introduced  in  Groupoids  in 
Spaces,  Section |65.3| 


66.3.  Useful  diagrams 

04P8  We  briefly  restate  the  results  of  Groupoids  in  Spaces,  Lemmas  |65.11.4|  and|65.1l3| 
for  easy  reference  in  this  chapter.  Let  S'  be  a scheme.  Let  B be  an  algebraic 
space  over  S.  Let  ( U,R,s,t,c ) be  a groupoid  in  algebraic  spaces  over  B.  In  the 
commutative  diagram 


04P9  (66.3.0.2) 


U 


the  two  lower  squares  are  fibre  product  squares.  Moreover,  the  triangle  on  top 
(which  is  really  a square)  is  also  cartesian. 


4067 


66.4.  PROPERTIES  OF  GROUPOIDS 


4068 


0451 


044Y 
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06R4 


The  diagram 


(66.3.0.3) 


prV  ,,  t 

R xt,u,t  R - R — 


pr0  xco(i,l) 


Pro 


ids 


idn 


R xs,u,t  R R — — ^ U 


pri 


Pr0 


R 


U 


is  commutative.  The  two  top  rows  are  isomorphic  via  the  vertical  maps  given.  The 
two  lower  left  squares  are  cartesian. 


66.4.  Properties  of  groupoids 

This  section  is  the  analogue  of  More  on  Groupoids,  Section  |39.5|  The  reader  is 
strongly  encouraged  to  read  that  section  first. 


The  following  lemma  is  the  analogue  of  More  on  Groupoids,  Lemma [39. 5. 4| 


Lemma  66.4.1.  Let  B — ► S be  as  in  Section 


66.2 


Let  {U,  R , s,  t,  c)  be  a groupoid 
in  algebraic  spaces  over  B.  Let  r £ {fppf,  etale,  smooth,  syntomic} . Let  V be  a 
property  of  morphisms  of  algebraic  spaces  which  is  r-local  on  the  target  (Descent  on 
Spaces,  Definition  61.9.1).  Assume  {s  : R — > U}  and  {t : R — ► U}  are  coverings  for 
the  t -topology.  Let  W C U be  the  maximal  open  subspace  such  that  s~1(VL)  —>  W 


has  property  V . Then  W is  R-invariant  (Groupoids  in  Spaces,  Definition  65.17.1). 


Proof.  The  existence  and  properties  of  the  open  W C U are  described  in  Descent 
on  Spaces,  Lemma  61.9.3  In  Diagram  (66.3.0.21  let  W\  C 

R xs,u,t  R 


R be  the  maximal 
R has  property 


open  subscheme  over  which  the  morphism  pr: 

V . It  follows  from  the  aforementioned  Descent  on  Spaces,  Lemma  [61.9.3|  and  the 
assumption  that  {s  : R U}  and  {t  : R — > U}  are  coverings  for  the  r-topology 
that  t~l{W ) = Wi  = s_1(lT)  as  desired.  □ 


Lemma  66.4.2.  Let  B S be  as  in  Section  66.2  Let  (U,  R,  s,t,  c)  be  a groupoid 
in  algebraic  spaces  over  B.  Let  G —¥  U be  its  stabilizer  group  algebraic  space.  Let 
t € { fppf , etale,  smooth,  syntomic} . LetV  be  a property  of  morphisms  of  algebraic 
spaces  which  is  r-local  on  the  target.  Assume  {s  : R — > U}  and  {t  : R — » 17}  are 
coverings  for  the  r-topology.  Let  W C U be  the  maximal  open  subspace  such  that 
Gw  — > W has  property  V.  Then  W is  R-invariant  (see  Groupoids  in  Spaces, 
Definition  65.17.1). 


Proof.  The  existence  and  properties  of  the  open  W C U are  described  in  Descent 
on  Spaces,  Lemma|61.9.3|  The  morphism 

Gxu^R — > RXs’U  G,  ( g,r)\ — > (r,  r_1  o g o r) 


is  an  isomorphism  of  algebraic  spaces  over  R (where  o denotes  composition  in 
the  groupoid).  Hence  s~1(W)  = t~1(W)  by  the  properties  of  W proved  in  the 
aforementioned  Descent  on  Spaces,  Lemma  [61. 9. 3[  □ 
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66.5.  Comparing  fibres 


This  section  is  the  analogue  of  More  on  Groupoids,  Section  |39.6|  The  reader  is 
strongly  encouraged  to  read  that  section  first. 


Lemma  66.5.1.  Let  B — ► S be  as  in  Section  66.2  Let  (U,  A,  s,t,c)  be  a groupoid 
in  algebraic  spaces  over  B.  Let  K be  a field  and  let  r,r'  : Spec(A')  — * R be  mor- 
phisms  such  that  t o r = t o r'  : Spec(AT)  — > U . Set  u = s o r,  u'  = s o r'  and 
denote  Fu  = Spec(A")  R and  Fui  = Spec(AT)  xu^u,s  R the  fibre  products. 

Then  Fu  = Fu>  as  algebraic  spaces  over  AT. 


Proof.  We  use  the  properties  and  the  existence  of  Diagram  (66.3.0.21.  There 
exists  a morphism  £ : Spec(A')  — > R XStu,t  A.  with  pr0  o f = r and  c o £ = r' . 
Let  f = prF  o £ : Spec(A')  — > R.  Then  looking  at  the  bottom  two  squares  of 
Diagram  (66.3.0.2)  we  see  that  both  Fu  and 
:,pri  (A  xs,u,t  A). 


space  Spec(A')  Xf,R,F 


are  identified  with  the  algebraic 

□ 


Actually,  in  the  situation  of  the  lemma  the  morphisms  of  pairs  s : (A,  r)  — ► (U,  u ) 
and  s : (R,  r')  — > ( U , u')  are  locally  isomorphic  in  the  r-topology,  provided  {s  : R — > 
U}  is  a r-covering.  We  will  insert  a precise  statement  here  if  needed. 


66.6.  Restricting  groupoids 

In  this  section  we  collect  a bunch  of  lemmas  on  properties  of  groupoids  which  are 
inherited  by  restrictions.  Most  of  these  lemmas  can  be  proved  by  contemplating 
the  defining  diagram 


(66.6.0.1) 


t' 


U' 

g 

U 


of  a restriction.  See  Groupoids  in  Spaces,  Lemma [65. 16. 1[ 

Lemma  66.6.1.  Let  S be  a scheme.  Let  B be  an  algebraic  space  over  S.  Let 
(U,  R,  s,  t,  c)  be  a groupoid  in  algebraic  spaces  over  B.  Let  g : U'  U be  a morphism 
of  algebraic  spaces  over  B.  Let  (U' , R' , s' ,f , c')  be  the  restriction  of  (U,  R,  s,t,  c) 
via  g. 

(1)  If  s,t  are  locally  of  finite  type  and  g is  locally  of  finite  type,  then  s',t'  are 
locally  of  finite  type. 

(2)  If  s,  t are  locally  of  finite  presentation  and  g is  locally  of  finite  presentation, 
then  s'  ,t'  are  locally  of  finite  presentation. 

(3)  If  s,t  are  flat  and  g is  flat,  then  s' ,t'  are  flat. 

(4)  Add  more  here. 


Proof.  The  property  of  being  locally  of  finite  type  is  stable  under  composition 
and  arbitrary  base  change,  see  Morphisms  of  Spaces,  Lemmas  |54.23.2|  and  |54.23.3| 
Hence  (1)  is  clear  from  Diagram  (66.6.0.1).  For  the  other  cases,  see  Morphisms  of 
Spaces,  Lemmas  |54.28.2[  |54.28.3[  |54.29.3[  and  |54.29.4|  □ 
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06DW 

06DX 

06DY 

06DZ 

06E0 


08BH 


06E1 


66.7.  Properties  of  groups  over  fields  and  groupoids  on  fields 

The  reader  is  advised  to  first  look  at  the  corresponding  sections  for  groupoid 
schemes,  see  Groupoids,  Section  [38. 7|  and  More  on  Groupoids,  Section |39.9| 

Situation  66.7.1.  Here  S'  is  a scheme,  k is  a field  over  S,  and  ( G,m ) is  a group 
algebraic  spaces  over  Spec(fc). 

Situation  66.7.2.  Here  S is  a scheme,  B is  an  algebraic  space,  and  (U,  R,  s,t,c) 
is  a groupoid  in  algebraic  spaces  over  B with  U = Spec(fc)  for  some  field  k. 


Note  that  in  Situation  |66. 7. 1|  we  obtain  a groupoid  in  algebraic  spaces 


(66.7.2.1) 


(Spec  (k),G,p,p,m) 


where  p : G — > Spec(fc)  is  the  structure  morphism  of  G,  see  Groupoids  in  Spaces, 
Lemma f65. 14. 11  This  is  a situation  as  in  Situation  166.7.21  We  will  use  this  without 
further  mention  in  the  rest  of  this  section. 


Lemma  66.7.3.  In  Situation  66.7.2  the  composition  morphism  c : RxS:jjtR  — ^ R 
is  flat  and  universally  open.  In  Situation\66.7G\  the  group  law  m : G X&  G -A  G is 
flat  and  universally  open. 


Proof.  The  composition  is  isomorphic  to  the  projection  map  prj^  : R Xt>u,t  R R 
by  Diagram  (66.3.0.3).  The  projection  is  flat  as  a base  change  of  the  flat  morphism 

The  second  assertion  follows 

□ 


t and  open  by  Morphisms  of  Spaces,  Lemma  [54.6.6 


immediately  from  the  first  because  m matches  c in  (66.7.2.1 ). 


Note  that  the  following  lemma  applies  in  particular  when  working  with  either  quasi- 


separated  or  locally  separated  algebraic  spaces  (Decent  Spaces,  Lemma  55.13.2). 


Lemma  66.7.4.  In  Situation  66.7.2  assume  R is  a decent  space.  Then  R is  a 
separated  algebraic  space.  In  Situation  \66. 7. 1\  assume  that  G is  a decent  algebraic 
space.  Then  G is  separated  algebraic  space. 


Proof.  We  first  prove  the  second  assertion.  By  Groupoids  in  Spaces,  Lemma[65.6.1| 
we  have  to  show  that  e : S — > G is  a closed  immersion.  This  follows  from  Decent 
Spaces,  Lemma [55.12.51 


Next,  we  prove  the  second  assertion.  To  do  this  we  may  replace  B by  S.  By  the 
paragraph  above  the  stabilizer  group  scheme  G — >•  U is  separated.  By  Groupoids 
in  Spaces,  Lemma  65.28.2  the  morphism  j = (f,  s)  : R — > U x s U is  separated.  As 
U is  the  spectrum  of  a field  the  scheme  U x$  U is  affine  (by  the  construction  of 
fibre  products  in  Schemes,  Section  25.17).  Hence  R is  separated,  see  Morphisms  of 
Spaces,  Lemma  |54.4.9|  □ 


Lemma  66.7.5.  In  Situation  66.7.2  Let  k C k'  be  a field  extension,  U'  = 
Spec(fc')  and  let  (IT , R' , s',  t' , d)  be  the  restriction  of  ( U , R,  s , t,  c ) via  U'  — > U . In 
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the  defining  diagram 


all  the  morphisms  are  surjective,  flat,  and  universally  open.  The  dotted  arrow 
R!  — > R is  in  addition  affine. 


06E2 


Proof.  The  morphism  XJ'  — >•  U equals  Spec(fc')  — > Spec (fe),  hence  is  affine,  sur- 
jective and  flat.  The  morphisms  s,t  : R U and  the  morphism  Ur  — > U are 
universally  open  by  Morphisms,  Lemma  |28.23.4|  Since  R is  not  empty  and  U is 
the  spectrum  of  a field  the  morphisms  s,t  : R — ► U are  surjective  and  flat.  Then 
you  conclude  by  using  Morphisms  of  Spaces,  Lemmas |54.5.5|  [5~4.5.4[  |54.6.4|  |54.20.5 
154.20.41 154.29.4[  and  |54.29.3[ 


□ 


Lemma  66.7.6.  In  Situation 


66.7.2  For  any  point  r G |f?|  there  exist 


(1)  a field  extension  k C k'  with  k!  algebraically  closed, 

(2)  a point  r'  : Spec^')  —>  R'  where  (U' , R' , s' ,t' ,d)  is  the  restriction  of 
(U,  R,  s,  t,  c)  via  Spec [k')  — ► Spec(fc) 


such  that 


(1)  the  point  r'  maps  to  r under  the  morphism  R'  —¥  R,  and 

(2)  the  maps  s'  o r' ,t!  o r'  : Spec(fc')  — >■  Spec(fc')  are  automorphisms. 


Proof.  Let’s  represent  r by  a morphism  r : Spec(A')  — ► R for  some  field  K.  To 
prove  the  lemma  we  have  to  find  an  algebraically  closed  field  k'  and  a commutative 
diagram 

k'  ^ k! 


06E3 


where  s,t  : k — > K are  the  field  maps  coming  from  s o r and  t or.  In  the  proof  of 
More  on  Groupoids,  Lemma  39.9.5  it  is  shown  how  to  construct  such  a diagram.  □ 

Lemma  66.7.7.  In  Situation 


66.7.2  If  r : Spec(fc)  — >•  R is  a morphism  such  that 


sorflor  are  automorphisms  of  Spec(fc),  then  the  map 

R — > R , x i — > c{r,  x) 


is  an  automorphism  R — > R which  maps  e to  r. 

Proof.  Proof  is  identical  to  the  proof  of  More  on  Groupoids,  Lemma [39. 9. 6|  □ 
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06E4 


06FD 


Lemma  66.7.8.  In  Situation  66.7.2  the  algebraic  space  R is  geometrically  uni- 
branch. In  Situation\66. 7.1\  the  algebraic  space  G is  geometrically  unibranch. 

Proof.  Let  r G \R\.  We  have  to  show  that  R is  geometrically  unibranch  at  r. 
Combining  Lemma  |66.7.5  with  Descent  on  Spaces,  Lemma  |61.8.1|  we  see  that  it 
suffices  to  prove  this  in  case  k is  algebraically  closed  and  r comes  from  a morphism 
r : Spec(fc)  — > R such  that  sor  and  tor  are  automorphisms  of  Spec(fc).  By  Lemma 
|66.7.7|  we  reduce  to  the  case  that  r = e is  the  identity  of  R and  k is  algebraically 
closed. 

Assume  r = e and  k is  algebraically  closed.  Let  A = 0Re  be  the  etale  local  ring 
of  R at  e and  let  C = 0RXb  utRt(e,e)  be  the  etale  local  ring  of  R y.s,u,t  R at  (e,  e). 
By  More  on  Algebra,  Lemma  15.79.4  the  minimal  prime  ideals  q of  C correspond 
1-to-l  to  pairs  of  minimal  primes  p.p'  C A.  On  the  other  hand,  the  composition 
law  induces  a flat  ring  map 

A ► C q 


A A p 0 A -{-  A 0 p^ 

Note  that  (c**)_1(q)  contains  both  p and  p'  as  the  diagrams 

A >■ C A >■ C 


A< 


k c** 

^ c*  / 

a e11®1  . 

sV.k  ' 


A 


,k,tv 


A 


k 0fc,t#  A ■ 


-A< 


,k,t$ 


A 


commute  by  (66.3.0.2).  Since  c ^ is  flat  (as  c is  a flat  morphism  by  Lemma  66.7.3), 
we  see  that  (cII)_i(q)  is  a minimal  prime  of  A.  Hence  p = (c**)_1(q)  = p'. 


□ 


In  the  following  lemma  we  use  dimension  of  algebraic  spaces  (at  a point)  as  defined 
in  Properties  of  Spaces,  Section  [53. 8|  We  also  use  the  dimension  of  the  local  ring 
defined  in  Properties  of  Spaces,  Section  |53.9|  and  transcendence  degree  of  points, 
see  Morphisms  of  Spaces,  Section  |54.32| 


66.7.2  assume  s,t  are  locally  of  finite  type.  For  all 


Lemma  66.7.9.  In  Situation 
r G \R\ 

(1)  dim(i?)  = dim r(R), 

(2)  the  transcendence  degree  of  r over  Spec (k)  via  s equals  the  transcendence 
degree  of  r over  Spec  (k)  via  t,  and 

(3)  if  the  transcendence  degree  mentioned  in  (2)  is  0,  then  dim(f?)  = dim(C,fli?). 

Proof.  Let  7'  G \R\.  Denote  trdeg(r/5fc)  the  transcendence  degree  of  r over  Spec (k) 
via  s.  Choose  an  etale  morphism  ip  : V — » R where  V is  a scheme  and  v € V 
mapping  to  r.  Using  the  definitions  mentioned  above  the  lemma  we  see  that 

dimr  (R)  = dim„(U)  = dim  (Oy,v)  + trdegs(fc)(K(u))  = dim  {Or^)  + trdeg(r^fc) 


and  similarly  for  t,  (the  second  equality  by  Morphisms,  Lemma  28.28.1).  Hence  we 
see  that  trdeg (r/sk)  = trdeg (rfk),  i.e.,  (2)  holds. 

Let  k C k'  be  a field  extension.  Note  that  the  restriction  R!  of  R to  Spec(fc')  (see 
Lemma  66.7.5)  is  obtained  from  R by  two  base  changes  by  morphisms  of  fields. 
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06FE 


06FF 


0B8D 


Thus  Morphisms  of  Spaces,  Lemma  |54.33.3|  shows  the  dimension  of  R at  a point 
is  unchanged  by  this  operation.  Hence  in  order  to  prove  (1)  we  may  assume,  by 
Lemma  66.7.6  that  r is  represented  by  a morphism  r : Spec(fc)  — > R such  that 
both  s o r and  tor  are  automorphisms  of  Spec(fc).  In  this  case  there  exists  an 
automorphism  R — > R which  maps  r to  e (Lemma  |66.7.7).  Hence  we  see  that 
dimr(i?)  = dime(i?)  for  any  r.  By  definition  this  means  that  dimr(i?)  = dim(i?). 

Part  (3)  is  a formal  consequence  of  the  results  obtained  in  the  discussion  above.  □ 


Lemma  66.7.10.  In  Situation 

ge]G\ 

(1)  dim(G)  = dimg(G), 


66.7.1 


assume  G locally  of  finite  type.  For  all 


(2)  if  the  transcendence  degree  of  g over  k is  0,  then  dim(G)  = dim(0G,g)- 


Proof.  Immediate  from  Lemma  66.7.9  via  (66.7.2.1). 


□ 


Lemma  66.7.11.  In  Situation  66.7.2  assume  s,t  are  locally  of  finite  type.  Let 
G = Spec (k)  x A,Spec(k)xBSpec(k).txs  hi  be  the  stabilizer  group  algebraic  space.  Then 
we  have  dim(i?)  = dim(G). 


Proof.  Since  G and  R are  equidimensional  (see  Lemmas  66.7.9  and  66.7.10)  it 
suffices  to  prove  that  dime(i?)  = dime(G).  Let  V be  an  affine  scheme,  v £ V,  and 
let  ip  : V — > R be  an  etale  morphism  of  schemes  such  that  <p{v)  = e.  Note  that  V is 
a Noetherian  scheme  as  s o ip  is  locally  of  finite  type  as  a composition  of  morphisms 
locally  of  finite  type  and  as  V is  quasi-compact  (use  Morphisms  of  Spaces,  Lemmas 


54.23.2  54.38.8  and  54.28.5  and  Morphisms,  Lemma  28.15.6).  Hence  V is  locally 


connected  (see  Properties,  Lemma  27.5.5  and  Topology,  Lemma  5.8.6).  Thus  we 


may  replace  V by  the  connected  component  containing  v (it  is  still  affine  as  it 
is  an  open  and  closed  subscheme  of  V).  Set  T = Vred  equal  to  the  reduction  of 
V.  Consider  the  two  morphisms  a,b  : T — > Spec(fc)  given  by  a = s o ip \r  and 
b = to  <p\ t-  Note  that  a,  b induce  the  same  field  map  k — » k(v)  because  <p(v)  = el 
Let  ka  C T(T,Ot)  be  the  integral  closure  of  af{k)  C T(T,Ot )■  Similarly,  let 
kb  C r(T,  Ot)  be  the  integral  closure  of  ${k)  C T(T,  Ot)-  By  Varieties,  Proposition 
|32.25.1|  we  see  that  ka  = kb-  Thus  we  obtain  the  following  commutative  diagram 


k(v) 


As  discussed  above  the  long  arrows  are  equal.  Since  ka  = kb  -A  k(v)  is  injective  we 
conclude  that  the  two  morphisms  a and  b agree.  Hence  T -A  R factors  through  G. 
It  follows  that  Rred  = Gred  in  an  open  neighbourhood  of  e which  certainly  implies 
that  dime(i?)  = dime(G).  □ 

66.8.  Group  algebraic  spaces  over  fields 

There  exists  a nonseparated  group  algebraic  space  over  a field,  namely  Ga/Z  over 
a field  of  characteristic  zero,  see  Examples,  Section[88.41|  In  fact  any  group  scheme 
over  a field  is  separated  (Lemma  66.7.4)  hence  every  nonseparated  group  algebraic 
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space  over  a field  is  nonrepresentable.  On  the  other  hand,  a group  algebraic  space 
over  a field  is  separated  as  soon  as  it  is  decent,  see  Lemma  [66. 7. 4|  In  this  section 
we  will  show  that  a separated  group  algebraic  space  over  a field  is  representable, 
i.e.,  a scheme. 

0B8E  Lemma  66.8.1.  Let  k be  a field,  with  algebraic  closure  k.  Let  G be  a group  algebraic 
space  over  k which  is  separafec0  Then  Gj:  is  a scheme. 


Proof.  By  Spaces  over  Fields,  Lemma[~59.7.2|it  suffices  to  show  that  Gk  is  a scheme 
for  some  field  extension  K/k.  Denote  G'K  C Gk  the  schematic  locus  of  Gk  as  in 
Properties  of  Spaces,  Lemma [53. 12.1  By  Properties  of  Spaces,  Proposition  53.12.3 
we  see  that  G'K  C Gk  is  dense  open,  in  particular  not  empty.  Choose  a scheme 
U and  a surjective  etale  morphism  U — t G.  By  Varieties,  Lemma  |32.12.2|  if  K 
is  an  algebraically  closed  field  of  large  enough  transcendence  degree,  then  XJk  is 
a Jacobson  scheme  and  every  closed  point  of  Uk  is  A'-rational.  Hence  G'K  has  a 
AT-rational  point  and  it  suffices  to  show  that  every  A'-rational  point  of  Gk  is  in 
G'k.  If  g £ Gk(K)  is  a AT-rational  point  and  g'  £ G'k(K)  a AT-rational  point  in  the 
schematic  locus,  then  we  see  that  g is  in  the  image  of  G'K  under  the  automorphism 

Gk  — > Gk,  g{cf)~lh 

of  Gk-  Since  automorphisms  of  Gk  as  an  algebraic  space  preserve  G'K,  we  conclude 
that  g £ G'K  as  desired.  □ 

0B8F  Lemma  66.8.2.  Let  k be  a field.  Let  G be  a group  algebraic  space  over  k.  If  G is 
separated  and  locally  of  finite  type  over  k,  then  G is  a scheme. 


Proof.  This  follows  from  Lemma  |66.8.1[  Groupoids,  Lemma  |38.8.6[  and  Spaces 
over  Fields,  Lemma  [59. 7. 7|  □ 

0B8G  Proposition  66.8.3.  Let  k be  a field.  Let  G be  a group  algebraic  space  over  k.  If 
G is  separated,  then  G is  a scheme. 


Proof.  This  lemma  generalizes  Lemma  66.8.2  (which  covers  all  cases  one  cares 


about  in  practice).  The  proof  is  very  similar  to  the  proof  of  Spaces  over  Fields, 
Lemma  |59.7.7|  used  in  the  proof  of  Lemma  |66.8.2|  and  we  encourage  the  reader  to 
read  that  proof  first. 


By  Lemma  66.8.1  the  base  change  Gp  is  a scheme.  Let  K/k  be  a purely  transcen- 


dental extension  of  very  large  transcendence  degree.  By  Spaces  over  Fields,  Lemma 
59.7.5  it  suffices  to  show  that  Gk  is  a scheme.  Let  Kper*  be  the  perfect  closure 
of  K.  By  Spaces  over  Fields,  Lemma  |59.7.1|  it  suffices  to  show  that  GKp^f  is  a 
scheme.  Let  K C Kperf  C AT  be  the  algebraic  closure  of  AT.  We  may  choose  an 
embedding  k -A-  K over  k,  so  that  Gj?  is  the  base  change  of  the  scheme  G-^  by 
k — > K.  By  Varieties,  Lemma 


32.12.2 


we  see  that  G is  a Jacobson  scheme  all  of 


whose  closed  points  have  residue  field  AT. 

Since  G — » GKp^s  is  surjective,  it  suffices  to  show  that  the  image  g £ \GKp^f  | of 
an  arbitrary  closed  point  of  G is  in  the  schematic  locus  of  Gk-  In  particular,  we 


iIt  is  enough  to  assume  G is  decent,  e.g.,  locally  separated  or  quasi-separated  by  Lemma 


66.7.4 
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OAEK 

OAEL 


OAEM 


may  represent  g by  a morphism  g : Spec (L)  — y GKPBPf  where  L/Kperp  is  separable 
algebraic  (for  example  we  can  take  L = AT).  Thus  the  scheme 

T = Spec(A)  XGKPeTf  Gk 

= Spec  (A)  xSpec(Xper/)  Spec  (A") 

= Spec(L  ®KPBrf  K) 


is  the  spectrum  of  a A'-algebra  which  is  a filtered  colimit  of  algebras  which  are  finite 

we  can  find  an  affine 


38.7.13 


products  of  copies  of  K.  Thus  by  Groupoids,  Lemma 
open  W C G containing  the  image  of  g : T — ► G-^. 

Choose  a quasi-compact  open  V C GKPBPf  containing  the  image  of  W.  By  Spaces 
over  Fields,  Lemma  |59.7.2|  we  see  that  Vk'  is  a scheme  for  some  finite  extension 
K'/Kperf.  After  enlarging  K’  we  may  assume  that  there  exists  an  affine  open 
U'  C Vk1  C Gk’  whose  base  change  to  K recovers  W (use  that  V W is  the  limit  of  the 


schemes  Vk"  for  K'  C K"  C K finite  and  use  Limits,  Lemmas  31.3.8  and|31.3T0). 
We  may  assume  that  K' /Kperf  is  a Galois  extension  (take  the  normal  closure 
Fields,  Lemma  9.15.3  and  use  that  Kperf  is  perfect).  Set  H = Gal(A'' /Kperf).  By 
construction  the  U-invariant  closed  subscheme  Spec(A)  XGI  PCrf  Gk1  is  contained 
in  U'.  By  Spaces  over  Fields,  Lemmas  59.7.3  and|59.7A|we  conclude.  □ 


66.9.  No  rational  curves  on  groups 

In  this  section  we  prove  that  there  are  no  nonconstant  morphisms  from  P1  to  a 
group  algebraic  space  locally  of  finite  type  over  a field. 

Lemma  66.9.1.  Let  S be  a scheme.  Let  B be  an  algebraic  space  over  S.  Let 
f : X -j-  Y and  g : X — » Z be  morphisms  of  algebraic  spaces  over  B . Assume 

(1)  Y — )•  B is  separated , 

(2)  g is  surjective,  flat,  and  locally  of  finite  presentation, 

(3)  there  is  a scheme  theoretically  dense  open  V C Z such  that  f\g-i(v)  '■ 
g~x{V)  —y  Y factors  through  V . 

Then  f factors  through  g. 


Proof.  Set  R = X xzX.  By  (2)  we  see  that  Z = X/R  as  sheaves.  Also  (2)  implies 
that  the  inverse  image  of  V in  R is  scheme  theoretically  dense  in  R (Morphisms  of 
Spaces,  Lemma  54.29.11 ).  The  we  see  that  the  two  compositions  R —>  X — > Y are 
equal  by  Morphisms  of  Spaces,  Lemma  [54. 17. 8|  The  lemma  follows.  □ 


Lemma  66.9.2.  Let  k be  afield.  Letn  > 1 and  let  (Pj[.)n  be  the  n-fold  self  product 
over  Spec (k).  Let  f : (P l)n  —yZbea  morphism  of  algebraic  spaces  over  k.  If  Z is 
separated  of  finite  type  over  k,  then  f factors  as 


( P i, ) n pr°iection)  (p1)"1  finite)  i 


Proof.  We  may  assume  k is  algebraically  closed  (details  omitted);  we  only  do  this 
so  we  may  argue  using  rational  points,  but  the  reader  can  work  around  this  if  she/he 
so  desires.  In  the  proof  products  are  over  k.  The  automorphism  group  algebraic 
space  of  (P l)n  contains  G = (GL2jfc)n.  If  C C (P l)n  is  a closed  subvariety  (in 
particular  irreducible  over  k)  which  is  mapped  to  a point,  then  we  can  apply  More 
on  Morphisms  of  Spaces,  Lemma  63.25.7|  to  the  morphism 


G x C —y  G x Z,  (g,c)  {g,f(g  ■ c)) 
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OAEN 


04PB 

04PC 

04PD 

04PE 


over  G.  Hence  g(C)  is  mapped  to  a point  for  g £ G(k)  lying  in  a Zariski  open 
U C G.  Suppose  x = (xi, . . . ,xn),  y = (yi, . . . ,yn)  are  ^-valued  points  of  (P})ra. 
Let  I C {1, . . . , n}  be  the  set  of  indices  i such  that  Xi  = yi.  Then 


{g(x)  I g{y)  = y,  a e U(k)} 


is  Zariski  dense  in  the  fibre  of  the  projection  717  : (P})n  — > ILp/ Pfc  (exercise). 
Hence  if  x,  y € C(k)  are  distinct,  we  conclude  that  / maps  the  whole  fibre  of  nj 
containing  x,y  to  a single  point.  Moreover,  the  C/(/c)-orbit  of  C meets  a Zariski 
open  set  of  fibres  of  ttj.  By  Lemma  66.9.1  the  morphism  / factors  through  ttj. 
After  repeating  this  process  finitely  many  times  we  reach  the  stage  where  all  fibres 
of  / over  k points  are  finite.  In  this  case  / is  finite  by  More  on  Morphisms  of 
Spaces,  Lemma  63.25.6  and  the  fact  that  k points  are  dense  in  Z (Spaces  over 
Fields,  Lemma  59.9.21.  □ 


Lemma  66.9.3.  Let  k be  a field.  Let  G be  a separated  group  algebraic  space  locally 
of  finite  type  over  k.  There  does  not  exist  a nonconstant  morphism  f : G 

over  Spec (k). 


Proof.  Assume  / is  nonconstant.  Consider  the  morphisms 

P k ^Spec(fe)  • ■ • xSpec(fc)  Pi — >G,  (fi,...,f„)i — > f(gi)  ...f(gn) 

where  on  the  right  hand  side  we  use  multiplication  in  the  group.  By  Lemma|66.9.2| 
and  the  assumption  that  / is  nonconstant  this  morphism  is  finite  onto  its  image. 
Hence  dim(G)  > n for  all  n,  which  is  impossible  by  Lemma  66.7.10  and  the  fact 
that  G is  locally  of  finite  type  over  k.  □ 


66.10.  The  finite  part  of  a morphism 


Let  S'  be  a scheme.  Let  / : X — x Y be  a morphism  of  algebraic  spaces  over  S.  For 
an  algebraic  space  or  a scheme  T over  S consider  pairs  (a,  Z)  where 


a : T — > Y is  a morphism  over  S, 
(66.10.0.1)  Z CT  Xy  X is  an  open  subspace 

such  that  Wo\z  '■  Z — >•  T is  finite. 


Suppose  h : T'  — > T is  a morphism  of  algebraic  spaces  over  S and  (a,  Z)  is  a pair 
over  T.  Set  a1  = a o h and  Z'  = {h  x iAx)^1  {Z)  = T'  Xy  Z.  Then  the  pair  (a1,  Z') 
satisfies  (1),  (2)  over  T' . This  follows  as  finite  morphisms  are  preserved  under  base 
change,  see  Morphisms  of  Spaces,  Lemma  |54. 43. 5|  Thus  we  obtain  a functor 


(66.10.0.2) 


{X/Y)fin 


( Sch/S)°PP 
T 


Sets 

{(a,  Z)  as  above} 


For  applications  we  are  mainly  interested  in  this  functor  (X/Y)  f.m  when  / is  sep- 
arated and  locally  of  finite  type.  To  get  an  idea  of  what  this  is  all  about,  take  a 
look  at  Remark  166.10. 61 


Lemma  66.10.1.  Let  S be  a scheme.  Let  f : X —X  Y be  a morphism  of  algebraic 
spaces  over  S.  Then  we  have 

(1)  The  presheaf  (X/Y) fin  satisfies  the  sheaf  condition  for  the  fppf  topology. 

(2)  If  T is  an  algebraic  space  over  S,  then  there  is  a canonical  bijection 


Mor shUSch/s)fppf){T,(x/Y)fin)  = {( a,Z ) satisfying [66.10.0.1^ 
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Proof.  Let  T be  an  algebraic  space  over  S.  Let  {T,  — >•  T}  be  an  fppf  covering  (by 
algebraic  spaces).  Let  s,  = (a,i,Zi)  be  pairs  over  T)  satisfying  66.10.0.1  such  that 
we  have  sAt.xtT 


= SjlTiX, 


r . First,  this  implies  in  particular  that  a*  and  dj  define 


the  same  morphism  Xj  XtTj  — > Y.  By  Descent  on  Spaces,  Lemma  61.6.2  we  deduce 
that  there  exists  a unique  morphism  a : T Y such  that  cq  equals  the  composition 
Ti  — > T — > Y.  Second,  this  implies  that  Zi  C Ti  Xy  X are  open  subspaces  whose 
inverse  images  in  (T)  XyTj)  Xy  X are  equal.  Since  {T)  Xy  X — > T Xy  X}  is  an  fppf 
covering  we  deduce  that  there  exists  a unique  open  subspace  Z C T x y X which 
restricts  back  to  Zi  over  Ti,  see  Descent  on  Spaces,  Lemma [61.6.1  We  claim  that 
the  projection  Z — >•  T is  finite.  This  follows  as  being  finite  is  local  for  the  fpqc 
topology,  see  Descent  on  Spaces,  Lemma  [61.10.21[ 

Note  that  the  result  of  the  preceding  paragraph  in  particular  implies  (1). 


Let  T be  an  algebraic  space  over  S.  In  order  to  prove  (2)  we  will  construct  mutually 
inverse  maps  between  the  displayed  sets.  In  the  following  when  we  say  “pair”  we 
mean  a pair  satisfying  conditions  |66. 10.0.1] 

Let  v : T — » ( X/Y)fin  be  a natural  transformation.  Choose  a scheme  U and  a 
surjective  etale  morphism  p : U -A-  T.  Then  v(p)  € (. X/Y)fin(U ) corresponds  to  a 
pair  ( au,Zjj ) over  U.  Let  R = U Xy  U with  projections  t,s  : R — )•  U . As  v is  a 
transformation  of  functors  we  see  that  the  pullbacks  of  (au  i Zjj)  by  s and  t agree. 
Hence,  since  {U  — > T}  is  an  fppf  covering,  we  may  apply  the  result  of  the  first 
paragraph  that  deduce  that  there  exists  a unique  pair  (a,  Z)  over  T. 


Conversely,  let  (a,  Z)  be  a pair  over  T.  Let  U — ► T , R = U xyU , and  t,  s : R — ► U 
be  as  above.  Then  the  restriction  (a,  Z)\jj  gives  rise  to  a transformation  of  functors 
v : hjj  — ^ ( X/Y)fin  by  the  Yoneda  lemma  (Categories,  Lemma  4.3.5).  As  the 
two  pullbacks  s*{a,Z)\u  and  t*{a,Z)\u  are  equal,  we  see  that  v coequalizes  the 
two  maps  ht,  hs  : h,R  — >■  hu-  Since  T = U/R  is  the  fppf  quotient  sheaf  by  Spaces, 
Lemma  52.9.1|and  since  {X/Y)  fin  is  an  fppf  sheaf  by  (1)  we  conclude  that  v factors 
through  a map  T — ► (. X/Y)fin . 

We  omit  the  verification  that  the  two  constructions  above  are  mutually  inverse.  □ 


04PF  Lemma  66.10.2.  Let  S be  a scheme.  Consider  a commutative  diagram 


X' 


Y 


of  algebraic  spaces  over  S.  If  j is  an  open  immersion,  then  there  is  a canonical 
injective  map  of  sheaves  j : ( X'/Y)fin  — ► ( X/Y)fin . 

Proof.  If  ( a,Z ) is  a pair  over  T for  X'/Y,  then  ( a,j(Z ))  is  a pair  over  T for 
X/Y.  □ 

04PG  Lemma  66.10.3.  Let  S be  a scheme.  Let  f : X —>■  Y be  a morphism  of  algebraic 
spaces  over  S which  is  locally  of  finite  type.  Let  X'  C X be  the  maximal  open  sub- 
space over  which  f is  locally  quasi-finite,  see  Morphisms  of  Spaces,  Lemmal5j.33.'/\ 
Then  (X/Y) fin  = (X'/Y)fin. 
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04PH 


04PI 


04PJ 


04PK 


Proof.  Lemma  66.10.2  gives  us  an  injective  map  ( X'/Y)fin  — > ( X/Y)fin . Mor- 
phisms  of  Spaces,  Lemma  54.33.7  assures  us  that  formation  of  X'  commutes  with 
base  change.  Hence  everything  comes  down  to  proving  that  if  Z C X is  a open 
subspace  such  that  f\z  '■  Z — >■  Y is  finite,  then  Z C X' . This  is  true  because  a finite 
morphism  is  locally  quasi-finite,  see  Morphisms  of  Spaces,  Lemma  54.43. 8[  □ 


Lemma  66.10.4.  Let  S be  a scheme.  Let  f : X -A  Y be  a morphism  of  algebraic 
spaces  over  S.  Let  T be  an  algebraic  space  over  S,  and  let  (a,  Z ) be  a pair  as  in 
\66.10. 0.1\  Iff  is  separated,  then  Z is  closed  in  T Xy  X . 


Proof.  A finite  morphism  of  algebraic  spaces  is  universally  closed  by  Morphisms 
of  Spaces,  Lemma [54. 43.9[  Since  / is  separated  so  is  the  morphism  TxyI->T, 
see  Morphisms  of  Spaces,  Lemma  54.4.4|  Thus  the  closedness  of  Z follows  from 
Morphisms  of  Spaces,  Lemma  54.39.6  □ 


Remark  66.10.5.  Let  / : X — X Y be  a separated  morphism  of  algebraic  spaces. 
The  sheaf  (. X/Y)fin  comes  with  a natural  map  ( X/Y)fin  — > Y by  mapping  the 


to  define  operations 


pair  (a,Z)  £ ( X/Y)  fin(T ) to  the  element  a £ Y(T).  We  can  use  Lemma  66.10.4 


by  the  rules 


*i  ■ {X/Y)fin  x y (X/Y)fin  —>  ( X/Y)fin 


* 1 

((a,Z1),(a,Z2))  1- 

-A  (a,  Z\  U Z2) 

*2 

((a,Z1),(a,Z2))  1- 

-A  (a,  Z\  n Z2) 

*3 

((a,  Z\),  (a,  Z2))  1- 

-A  (a,  Z\  \ Z2) 

*4 

((a,Zi),(a,Z2))  1 

-A  (a,  Z2  \ Zi) 

The  reason  this  works  is  that  Z\  n Z2  is  both  open  and  closed  inside  Z\  and  Z 2 
(which  also  implies  that  Z\  U Z2  is  the  disjoint  union  of  the  other  three  pieces). 
Thus  we  can  think  of  ( X/Y)fin  as  an  F2-algebras  (without  unit)  over  Y with 
multiplication  given  by  ss'  = *2 (s,  s'),  and  addition  given  by 

sTs'  = *i(*3(s,s'),*4(s,s')) 


which  boils  down  to  taking  the  symmetric  difference.  Note  that  in  this  sheaf  of 
algebras  0 = (ly , 0)  and  that  indeed  s + s = 0 for  any  local  section  s.  If  / : X — > Y 
is  finite,  then  this  algebra  has  a unit  namely  1 = (ly , X)  and  *3(s,  s')  = s(l  + s'), 
and  *4(s,  s')  = (1  + s)s'. 


Remark  66.10.6.  Let  f : X —>  Y be  a separated,  locally  quasi-finite  morphism  of 
schemes.  In  this  case  the  sheaf  ( X/Y ) /,;n  is  closely  related  to  the  sheaf  /|F2  (insert 
future  reference  here)  on  Yetaie ■ Namely,  if  V is  etale,  and  s £ T(P,  /iF2),  then 
s £ T(P  Xy  X,  F2)  is  a section  with  proper  support  Z = Supp(s)  over  V.  Since  / 
is  also  locally  quasi-finite  we  see  that  the  projection  Z — > V is  actually  finite.  Since 
the  support  of  a section  of  a constant  abelian  sheaf  is  open  we  see  that  the  pair 
(V  — > Y,  Supp(s))  satisfies  66.10.0.1  In  fact,  /iF2  = {X/Y) fin\y.taU  in  this  case 


which  also  explains  the  F2-algebra  structure  introduced  in  Remark  |66.10.5[ 


Lemma  66.10.7.  Let  S be  a scheme.  Let  f : X — x Y be  a morphism  of  algebraic 
spaces  over  S.  The  diagonal  of  (X/Y) fin  — ► Y 


(X/Y) fin  —x  (X/Y)fin  xy  (X/Y)fin 
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is  representable  (by  schemes)  and  an  open  immersion  and  the  “absolute”  diagonal 
(■ X/Y)fin  — ► (X/Y)fin  x ( X/Y)fin 
is  representable  (by  schemes). 

Proof.  The  second  statement  follows  from  the  first  as  the  absolute  diagonal  is 
the  composition  of  the  relative  diagonal  and  a base  change  of  the  diagonal  of  Y 


(which  is  representable  by  schemes),  see  Spaces,  Section  52.3  To  prove  the  first 
assertion  we  have  to  show  the  following:  Given  a scheme  T and  two  pairs  (a,  Z\) 


and  (a,  Z2)  over  T with  identical  first  component  satisfying  66.10.0.1  there  is  an 


open  subscheme  V C T with  the  following  property:  For  any  morphism  of  schemes 
h : V — > T we  have 


h(T')  (t'  xt  Zx  = T'  xT  Z2  as  subspaces  of  T'  xy  x'j 

Let  us  construct  V.  Note  that  Z\C\Z2  is  open  in  Z\  and  in  Z2 . Since  pr0 1 ^ : Zi  - 
is  finite,  hence  proper  (see  Morphisms  of  Spaces,  Lemma  54.43.9)  we  see  that 


E = pr0\Zl  (Zi  \ Zx  n Z2))  U pr0|z2  {Z2  \ Zx  n Z2)) 
is  closed  in  T.  Now  it  is  clear  that  V = T\E  works. 


T 


□ 


04QE  Lemma  66.10.8.  Let  S be  a scheme.  Let  f : X -A 
spaces  over  S.  Suppose  that  U is  a scheme,  U -A 
Z C U Xy  X is  an  open  subspace  finite  over  U. 
U — ► ( X/Y)fin  is  etale. 


Y be  a morphism  of  algebraic 

Y is  an  etale  morphism  and 
Then  the  induced  morphism 


Proof.  This  is  formal  from  the  description  of  the  diagonal  in  Lemma  66.10.7  but 
we  write  it  out  since  it  is  an  important  step  in  the  development  of  the  theory.  We 
have  to  check  that  for  any  scheme  T over  S and  a morphism  T — > ( X/Y)fin  the 
projection  map 

T X{x/Y)fin  U — » T 

is  etale.  Note  that 


T X(X/Y)fin  U = (. X/Y)fin  X((X/Y)finXy(X/Y)fi 

Applying  the  result  of  Lemma 


(T  x y U) 


66.10.7 


04QF 


we  see  that  T X(X/Y)fi„  U is  represented 
by  an  open  subscheme  of  T Xy  U . A"s  the  projection  T Xy  U T is  etale  by 
Morphisms  of  Spaces,  Lemma [54. 38. 4|  we  conclude.  □ 

Lemma  66.10.9.  Let  S be  a scheme.  Let 


X' 


X 


Y' 


Y 


be  a fibre  product  square  of  algebraic  spaces  over  S.  Then 

{X'/Y')fin (X/Y)fin 


Y' 


Y 


is  a fibre  product  square  of  sheaves  on  (Sch/ S)  fppf . 
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Proof.  It  follows  immediately  from  the  definitions  that  the  sheaf  (X' /Y')fin  is 
equal  to  the  sheaf  Y'  xr  (■ X/Y)fin . □ 


04QG  Lemma  66.10.10.  Let  S be  a scheme.  Let  f : X — x K be  a morphism  of  algebraic 
spaces  over  S.  If  f is  separated  and  locally  quasi-finite,  then  there  exists  a scheme 
U etale  overY  and  a surjective  etale  morphism  U — X ( X/Y)fin  overY. 


Proof.  Note  that  the  assertion  makes  sense  by  the  result  of  Lemma  66.10.7  on 
the  diagonal  of  ( X/Y)fin , see  Spaces,  Lemma  52.5.10  Let  V be  a scheme  and 
let  V — X Y be  a surjective  etale  morphism.  By  Lemma  |66.10.9|  the  morphism 
(V  xY  X/V)fi„  -X  (X/Y)fin  is  a base  change  of  the  map  V — X Y and  hence  is 
surjective  and  etale,  see  Spaces,  Lemma[52.5.5|  Hence  it  suffices  to  prove  the  lemma 
for  (V  Xy  X/V) fin.  (Here  we  implicitly  use  that  the  composition  of  representable, 
surjective,  and  etale  transformations  of  functors  is  again  representable,  surjective, 
and  etale,  see  Spaces,  Lemmas |52.3.2|  and |52.5.4|  and  Morphisms,  Lemmas |28.10.2| 
and  28.36.3  ) Note  that  the  properties  of  being  separated  and  locally  quasi-finite 
are  preserved  under  base  change,  see  Morphisms  of  Spaces,  Lemmas  |54.4.4|  and 
|54.27.4|  Hence  V xY  X — x V is  separated  and  locally  quasi-finite  as  well,  and 
by  Morphisms  of  Spaces,  Proposition  154.40  we  see  that  V Xy  X is  a scheme  as 
well.  Thus  we  may  assume  that  / : X — x Y is  a separated  and  locally  quasi-finite 
morphism  of  schemes. 


Pick  a point  y £ Y.  Pick  xi,...,xn  £ X points  lying  over  y.  Pick  an  etale 
neighbourhood  a : (U,  u ) —X  (Y,  y)  and  a decomposition 


uxsx  = wu  TT  TT 

as  in  More  on  Morphisms,  Lemma  [36.30.5  Pick  any  subset 
/ C {(a,  j)  | 1 < i < n,  1 <j<  mi}. 


VL 


Given  these  choices  we  obtain  a pair  (a,  Z)  with  Z = U(i  j)£i  Vj  which  satisfies 


conditions  66.10.0.1  In  other  words  we  obtain  a morphism  U —X  ( X/Y)fin . The 
construction  of  this  morphism  depends  on  all  the  things  we  picked  above,  so  we 
should  really  write 


U(y,n,x i,  ■ • • ,xn,a,I)  — X (. X/Y)fin 
This  morphism  is  etale  by  Lemma  [66. 10. 8[ 

Claim:  The  disjoint  union  of  all  of  these  is  surjective  onto  (X/Y)fin.  It  is  clear 
that  if  the  claim  holds,  then  the  lemma  is  true. 


To  show  surjectivity  we  have  to  show  the  following  (see  Spaces,  Remark  52.5.2): 
Given  a scheme  T over  S,  a point  t £ T,  and  a map  T —X  ( X/Y ) fin  we  can  find  a 
datum  (y,n,Xi, . . . ,xn,  a,  I)  as  above  such  that  t is  in  the  image  of  the  projection 
map 

U(y,n,x1,...,xn,a,I)  X(X/Y)fin  T — x T. 


To  prove  this  we  may  clearly  replace  T by  Spec («(£))  and  T — x (. X/Y)fin  by  the 
composition  Spec (n(t))  — X T — X (X/Y)fin.  In  other  words,  we  may  assume  that  T 
is  the  spectrum  of  an  algebraically  closed  field. 
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Let  T = Spec (k)  be  the  spectrum  of  an  algebraically  closed  field  k.  The  morphism 
T — ► ( X/Y)fin  is  given  by  a pair  ( T — > Y,Z)  satisfying  conditions 
is  a picture: 

Z 


Spec(fc)  T >■  Y 

Let  y £ Y be  the  image  point  of  T — x Y.  Since  Z is  finite  over  k it  has  finitely 
many  points.  Thus  there  exist  finitely  many  points  X\, ...  ,xn  (E  X such  that  the 
image  of  Z in  X is  contained  in  {x\, . . . ,xn}.  Choose  a : ( U,u ) — X ( Y,y ) adapted 
to  y and  x\,...,xn  as  above,  which  gives  the  diagram 

"'I'  II,-, „ I I - i -X 


U *Y. 

Since  k is  algebraically  closed  and  n(y)  C k(u)  is  finite  separable  we  may  fac- 
tor the  morphism  T = Spec (k)  — > Y through  the  morphism  u = Spec(K(u))  — ► 
Spec (k(j/))  = y C Y . With  this  choice  we  obtain  the  commutative  diagram: 


66.10.0.1  Here 


ii,  , „ n,=i 


Vi. 


X 


Spec(fc) 


U 


Y 


We  know  that  the  image  of  the  left  upper  arrow  ends  up  in  ]J  Vij.  Recall  also  that 
Z is  an  open  subscheme  of  Spec(fc)  Xy  X by  definition  of  ( X/Y)fi„  and  that  the 
right  hand  square  is  a fibre  product  square.  Thus  we  see  that 


^n, 


II 


j=i,- 


Spec(fc)  xv  Vij 


is  an  open  subscheme.  By  construction  (see  More  on  Morphisms,  Lemma  36.30.5) 
each  Vij  has  a unique  point  Vij  lying  over  u with  purely  inseparable  residue  field 
extension  k(u)  C Hence  each  scheme  Spec (k)  XuVij  has  exactly  one  point. 

Thus  we  see  that 


* = II 


Spec (k)  Xu  Vij 


for  a unique  subset  I C | 1 < z < n,  1 < j < mj}.  Unwinding  the  definitions 

this  shows  that 


U(y,n,xi,...,xn,a,I)  X{x/Y)fin  T 
with  / as  found  above  is  nonempty  as  desired. 


□ 


04QH  Proposition  66.10.11.  Let  S be  a scheme.  Let  f : X —X  Y be  a morphism  of 
algebraic  spaces  over  S which  is  separated  and  locally  of  finite  type.  Then  ( X/Y ) fin 
is  an  algebraic  space.  Moreover,  the  morphism  ( X/Y)fin  — x Y is  etale. 


Proof.  By  Lemma  66.10.3  we  may  replace  X by  the  open  subscheme  which  is  lo- 
cally quasi-fmite  over  Y . Hence  we  may  assume  that  / is  separated  and  locally 
quasi-finite.  We  will  check  the  three  conditions  of  Spaces,  Definition  |52.6.1  Con- 


dition (1)  follows  from  Lemma  66.10.1  Condition  (2)  follows  from  Lemma 


66.10.7 
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04QI 


04QJ 


04RI 


Finally,  condition  (3)  follows  from  Lemma  66.10.10  Thus  (X/Y)  fin  is  an  algebraic 
space.  Moreover,  that  lemma  shows  that  there  exists  a commutative  diagram 


with  horizontal  arrow  surjective  and  etale  and  south-east  arrow  etale.  By  Properties 
of  Spaces,  Lemma  53.15.3  this  implies  that  the  south-west  arrow  is  etale  as  well.  □ 


Remark  66.10.12.  The  condition  that  / be  separated  cannot  be  dropped  from 
Proposition|66.10.11[  An  example  is  to  take  X the  affine  line  with  zero  doubled,  see 


Schemes,  Example 
Recall  that  over  0 


25.14.3 


Y = A\  the  affine  line, 


and  X — > Y the  obvious  map. 
Y there  are  two  points  Oi  and  O2  in  X.  Thus  ( X/Y)fin  has 
four  points  over  0,  namely  0,  {Oi } , {O2},  {0i,  O2}.  Of  these  four  points  only  three 
can  be  lifted  to  an  open  subscheme  of  U Xy  X finite  over  U for  U — > Y etale, 
namely  0,  {Oi},  {O2}-  This  shows  that  ( X/Y)fin  if  representable  by  an  algebraic 
space  is  not  etale  over  Y.  Similar  arguments  show  that  ( X/Y)fin  is  really  not  an 
algebraic  space.  Details  omitted. 

Remark  66.10.13.  Let  Y = be  the  affine  line  over  the  real  numbers,  and  let 
X = Spec(C)  mapping  to  the  R-rational  point  0 in  Y . In  this  case  the  morphism 
/ : X — > Y is  finite,  but  it  is  not  the  case  that  ( X/Y)fin  is  a scheme.  Namely, 
one  can  show  that  in  this  case  the  algebraic  space  (X/Y)fin  is  isomorphic  to  the 
algebraic  space  of  Spaces,  Example  |52.14.2|  associated  to  the  extension  R C C. 
Thus  it  is  really  necessary  to  leave  the  category  of  schemes  in  order  to  represent 
the  sheaf  ( X/Y)fin , even  when  / is  a finite  morphism. 

Lemma  66.10.14.  Let  S be  a scheme.  Let  f : X — x Y be  a morphism  of  algebraic 
spaces  over  S which  is  separated,  flat,  and  locally  of  finite  presentation.  In  this  case 

(1)  (X/Y) fin  — > Y is  separated,  representable,  and  etale,  and 

(2)  ifY  is  a scheme,  then  (X/Y)fin  is  (representable  by)  a scheme. 

Proof.  Since  / is  in  particular  separated  and  locally  of  finite  type  (see  Morphisms 
of  Spaces,  Lemma  54.28.5)  we  see  that  ( X/Y)fin  is  an  algebraic  space  by  Propo- 
sition 66.10.11  To  prove  that  ( X/Y)fin  — x Y is  separated  we  have  to  show  the 
following:  Given  a scheme  T and  two  pairs  (a,  Zf)  and  (a,  Z2)  over  T with  identical 


first  component  satisfying  66.10.0.1  there  is  a closed  subscheme  V C T with  the 
following  property:  For  any  morphism  of  schemes  h : T'  ^ T we  have 

h factors  through  V (t'  Xy  Z\  = T'  Xy  Z2  as  subspaces  of  T'  xy  xj 


In  the  proof  of  Lemma  66.10.7  we  have  seen  that  V = T'  \ E is  an  open  subscheme 
of  T'  with  closed  complement 

E = pr0| Zi  (Z\  \2ifl  Z2))  U Wo\z2  (Z2  \Z±n  Z2)) . 


Thus  everything  comes  down  to  showing  that  E is  also  open.  By  Lemma  66.10.4 
we  see  that  Z\  and  Z2  are  closed  in  T'  Xy  X.  Hence  Z\  \ Z\  D Z2  is  open  in 
Z\.  As  / is  flat  and  locally  of  finite  presentation,  so  is  prgl^.  This  is  true  as 
Z\  is  an  open  subspace  of  the  base  change  V xY  X,  and  Morphisms  of  Spaces, 
Lemmas  54.28.3  and  Lemmas  54.29.4  Hence  pr0 1 z,  is  open,  see  Morphisms  of 
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Spaces,  Lemma  54.29.6  Thus  prgl^  (Z\  \ Z\  n Z2))  is  open  and  it  follows  that  E 
is  open  as  desired. 


We  have  already  seen  that  ( X/Y)fin  — »•  Y is  etale,  see  Proposition  66.10.11  Hence 


now  we  know  it  is  locally  quasi-finite  (see  Morphisms  of  Spaces,  Lemma  54.38.5 ) 
and  separated,  hence  representable  by  Morphisms  of  Spaces,  Lemma  54.48. 1|  The 
final  assertion  is  clear  (if  you  like  you  can  use  Morphisms  of  Spaces,  Proposition 
54.47.21).  □ 


Variant:  Let  S'  be  a scheme.  Let  / : X — > Y be  a morphism  of  algebraic  spaces 
over  S.  Let  cr  : Y — ► X be  a section  of  /.  For  an  algebraic  space  or  a scheme  T 
over  S consider  pairs  (a,  Z)  where 


04RQ  (66.10.14.1) 


a : T — > Y is  a morphism  over  S, 

Z C T Xy  X is  an  open  subspace 
such  that  pr0|.z  : Z ^ T is  finite  and 
(It,  ct  o a)  :T  ^ T x>-  X factors  through  Z. 


We  will  denote  (X/Y,a)ftn  the  subfunctor  of  (X/Y)fin  parametrizing  these  pairs. 

04RR  Lemma  66.10.15.  Let  S be  a scheme.  Let  f : X — ► Y be  a morphism  of  algebraic 
spaces  over  S.  Let  a : Y -A  A'  be  a section  of  f.  Consider  the  transformation  of 
functors 

t : {X/Y,  u)fin  — ► {X/Y)fin. 

defined  above.  Then 

(1)  t is  representable  by  open  immersions, 

(2)  if  f is  separated,  then  t is  representable  by  open  and  closed  immersions, 

(3)  if  (X/Y) fin  is  an  algebraic  space , then  (X/Y,  a) fin  is  an  algebraic  space 
and  an  open  subspace  of  (X/Y) fin,  and 

(4)  if  (X/Y) fin  is  a scheme,  then  (X/Y,  a) fin  is  an  open  subscheme  of  it. 


Proof.  Omitted.  Hint:  Given  a pair  (a,  Z)  over  T as  in  (66.10.0.1) 
image  of  Z by  (It,  cro  a)  : T — )•  T Xy  X is  the  open  subscheme  of  T we 
for. 


the  inverse 
are  looking 
□ 
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Let  C be  a groupoid,  see  Categories,  Definition  |4. 2. 5|  As  discussed  in 
Section  38.13  this  corresponds  to  a septuple  (Ob,  Arrows,  s,  t,  c,  e,  i). 


Groupoids, 


Using  this  data  we  can  make  another  groupoid  Cfin  as  follows: 

(1)  An  object  of  Cfin  consists  of  a finite  subset  Z C Arrows  with  the  following 
properties: 

(a)  s(Z)  = {u}  is  a singleton,  and 

(b)  e(u)  £ Z. 

(2)  A morphism  of  Cfin  consists  of  a pair  (Z,  z),  where  Z is  an  object  of  Cfin 
and  z £ Z. 

(3)  The  source  of  (Z,z)  is  Z. 

(4)  The  target  of  (Z,  z)  is  t(Z,  z)  = {zr  o z~x\z'  £ Z}. 

(5)  Given  (Z1,zi),  (Z2,z2)  such  that  s(Zi,Zi)  = t(Z2,z2)  the  composition 
(Zi,  Zi)  o (Z2,z2)  is  (Z2,  Zi  o z2). 
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04RT 


We  omit  the  verification  that  this  defines  a groupoid.  Pictorially  an  object  of  C fm 
can  be  viewed  as  a diagram 


To  make  a morphism  of  C/m  you  pick  one  of  the  arrows  and  you  precompose  the 
other  arrows  by  its  inverse.  For  example  if  we  pick  the  middle  horizontal  arrow 
then  the  target  is  the  picture 


Note  that  the  cardinalities  of  s(Z,z)  and  t(Z,z)  are  equal.  So  C/i„  is  really  a 
countable  disjoint  union  of  groupoids. 


66.12.  The  finite  part  of  a groupoid 


In  this  section  we  are  going  to  use  the  idea  explained  in  Section  66.11  to  take  the 
finite  part  of  a groupoid  in  algebraic  spaces. 

Let  5 be  a scheme.  Let  B be  an  algebraic  space  over  S.  Let  (U,R,s,t,c,e,i) 
be  a groupoid  in  algebraic  spaces  over  B.  Assumption:  The  morphisms  s,t  are 
separated  and  locally  of  finite  type.  This  notation  and  assumption  will  we  be  fixed 
throughout  this  section. 

Denote  Rs  the  algebraic  space  R seen  as  an  algebraic  space  over  U via  s.  Let 
U'  = ( Rs/U,e)  fin . Since  s is  separated  and  locally  of  finite  type,  by  Proposition 
66.10.1l|and  Lemma  66.10.15  we  see  that  U'  is  an  algebraic  space  endowed  with  an 
etale  morphism  g : U'  -A  U . Moreover,  by  Lemma  66.10.1  there  exists  a universal 
open  subspace  Zuniv  C Rxs,u,g  U'  which  is  finite  over  U'  and  such  that  (1  u>,  eo g)  : 
U'  — ^ R x s,u,g  U'  factors  through  Zuniv.  Moreover,  by  Lemma 
subspace  Zuniv  is  also  closed  in  R xs,U',g  U.  Picture  so  far: 


66.10.4 


the  open 


R x 


s,U,g 


R 


V 

u 


Let  T be  a scheme  over  B.  We  see  that  a T-valued  point  of  Zuniv  may  be  viewed 
as  a triple  (it,  Z,  z)  where 

(1)  u : T — >•  U is  a T-valued  point  of  U, 
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(2)  Z C R xs,u,u  T is  an  open  and  closed  subspace  finite  over  T such  that 
(e  o it,  \T)  factors  through  it,  and 

(3)  z : T — > R is  a T-valued  point  of  R with  so  z = u and  such  that  (z,  It) 
factors  through  Z. 


Having  said  this,  it  is  morally  clear  from  the  discussion  in  Section  |66.11|  that  we 
can  turn  (Zun iv,  U')  into  a groupoid  in  algebraic  spaces  over  B.  To  make  sure  will 
define  the  morphisms  s'7 t' 7 c' 7 e',  i'  one  by  one  using  the  functorial  point  of  view. 
(Please  don’t  read  this  before  reading  and  understanding  the  simple  construction 
in  Section  66.11  ) 


The  morphism  s'  : ZuniV  — > U'  corresponds  to  the  rule 


s'  : (u,  Z , z)  i ^ ( u , Z). 


The  morphism  t'  : ZuniV  — > U'  is  given  by  the  rule 

t'  : ( u , Z,  z)  i-A  {t  o z,  c{Z , i o z)). 

The  entry  c(Z7  i o z)  makes  sense  as  the  map  c(— , io  z)  : R xs,u,u  T —>  R xs  jj  toz  T 
is  an  isomorphism  with  inverse  c(—,z).  The  morphism  e'  : U'  — > ZuniV  is  given  by 
the  rule 

e'  : ( u , Z)  i->  (it,  Z,  (e  o it,  It))- 

Note  that  this  makes  sense  by  the  requirement  that  (e  o it,  It)  factors  through  Z. 
The  morphism  i'  : Zuniv  — > Zuniv  is  given  by  the  rule 

i'  : (it,  Z,  z)  i — y (t  o z,  c(Z7  io  z),io  z). 


Finally,  composition  is  defined  by  the  rule 

c'  : ((ill,  Zlt  Z\ ) , (lt2j  Z2,  Z2))  e-t  («2,  Z2,  Zi  o z2). 


We  omit  the  verification  that  the  axioms  of  a groupoid  in  algebraic  spaces  hold  for 
(TJ>  Z s'  t'  r'  e'  i'\ 

A final  piece  of  information  is  that  there  is  a canonical  morphism  of  groupoids 

(U  , Zuniv , s , f , c , c , i ) y (£1,  R7  s7t,c,  e,  i) 

Namely,  the  morphism  U'  -A  U is  the  morphism  g : U'  -A  U which  is  defined  by 
the  rule  (it,  Z)  1— > it.  The  morphism  Zuniv  -A  R is  defined  by  the  rule  (it,  Z , z ) i-A  2. 
This  finishes  the  construction.  Let  us  summarize  our  findings  as  follows. 

04RU  Lemma  66.12.1.  Let  S be  a scheme.  Let  B be  an  algebraic  space  over  S.  Let 
[U,  R,  s,t,c,e,i)  be  a groupoid  in  algebraic  spaces  over  B.  Assume  the  morphisms 
s,t  are  separated  and  locally  of  finite  type.  There  exists  a canonical  morphism 

(U  , Zuniv , s , £ , c , c , i ) y (££,  R7  s7t7c7  e,  i) 

of  groupoids  in  algebraic  spaces  over  B where 

(1)  g :£/'—)•  U is  identified  with  (Rs/U,e)  fin  — > U,  and 

(2)  ZuniV  C RxStUtgU'  is  the  universal  open  (and  closed)  sub  space  finite  over 
U'  which  contains  the  base  change  of  the  unit  e. 


Proof.  See  discussion  above. 


□ 
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04RJ 


04RK 


04RL 


04RV 


66.13.  Etale  localization  of  groupoid  schemes 


In  this  section  we  prove  results  similar  to  1KM971  Proposition  4.2].  We  try  to  be 
a bit  more  general,  and  we  try  to  avoid  using  Hilbert  schemes  by  using  the  finite 
part  of  a morphism  instead.  The  goal  is  to  ’’split”  a groupoid  in  algebraic  spaces 
over  a point  after  etale  localization.  Here  is  the  definition  (very  similar  to  [KM371 
Definition  4.1]). 

Definition  66.13.1.  Let  S'  be  a scheme.  Let  B be  an  algebraic  space  over  S Let 
(U,  R , s,  t,  c)  be  a groupoid  in  algebraic  spaces  over  B.  Let  u £ \U\  be  a point. 

(1)  We  say  R is  split  over  u if  there  exists  an  open  subspace  P C R such  that 

(a)  (U,P,s\p,t\p,c\pXs  v p)  is  a groupoid  in  algebraic  spaces  over  B , 

(b)  s|p,  t|p  are  finite,  and 

(c)  {r  £ |i?|  : s(r)  = u,t(r ) = u}  C P. 

The  choice  of  such  a P will  be  called  a splitting  of  R over  u. 

(2)  We  say  R is  quasi-split  over  u if  there  exists  an  open  subspace  P C R 
such  that 

(a)  (U,  P,  s\p,t\p,c\pXs  ut p)  is  a groupoid  in  algebraic  spaces  over  R, 

(b)  s|p,  t\p  are  finite,  and 

(c)  e(u)  £ |P0 

The  choice  of  such  a P will  be  called  a quasi- splitting  of  R over  u. 


Note  the  similarity  of  the  conditions  on  P to  the  conditions  on  pairs  in  (66.10.0.1 ). 
In  particular,  if  s,t  are  separated,  then  P is  also  closed  in  R (see  Lemma  66.10.4). 


Suppose  we  start  with  a groupoid  in  algebraic  spaces  (U,  R,  s,t,c)  over  B and  a 
point  u £ |I7|.  Since  the  goal  is  to  split  the  groupoid  after  etale  localization  we 
may  as  well  replace  U by  an  affine  scheme  (what  we  mean  is  that  this  is  harmless 
for  any  possible  application).  Moreover,  the  additional  hypotheses  we  are  going 
to  have  to  impose  will  force  I?  to  be  a scheme  at  least  in  a neighbourhood  of 
{r  £ |i?|  : s{r)  = u , t(r)  = it}  or  e(u).  This  is  why  we  start  with  a groupoid  scheme 
as  described  below.  However,  our  technique  of  proof  leads  us  outside  of  the  category 
of  schemes,  which  is  why  we  have  formulated  a splitting  for  the  case  of  groupoids 
in  algebraic  spaces  above.  On  the  other  hand,  we  know  of  no  applications  but  the 
case  where  the  morphisms  s,  t are  also  flat  and  of  finite  presentation,  in  which  case 
we  end  up  back  in  the  category  of  schemes. 


Situation  66.13.2.  (Assumptions  for  splitting.)  Let  S'  be  a scheme.  Let  (U,  R , s,  t,  c) 
be  a groupoid  scheme  over  S.  Let  u £ U be  a point.  Assume  that 

(1)  s,t  : R — > U are  separated, 

(2)  s,  t are  locally  of  finite  type, 

(3)  the  set  {r  £ R : s(r)  = u,  t(r)  = u}  is  finite,  and 

(4)  s is  quasi- finite  at  each  point  of  the  set  in  (3). 

Note  that  assumptions  (3)  and  (4)  are  implied  by  the  assumption  that  the  fibre 
s^du})  is  finite,  see  Morphisms,  Lemma 

Situation  66.13.3.  (Assumptions  for  quasi-splitting.)  Let  S be  a scheme.  Let 
(U,  R , s,  t,  c)  be  a groupoid  scheme  over  S.  Let  u £U  be  a point.  Assume  that 

(1)  s,t  : R — > U are  separated, 

(2)  s,  t are  locally  of  finite  type,  and 


28.20.7 


2This  condition  is  implied  by  (a). 
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(3)  s is  quasi- finite  at  e(u). 


It  turns  out  that  for  applications  to  the  existence  theorems  for  algebraic  spaces  the 
case  of  quasi-splittings  is  sufficient.  In  fact,  it  is  for  us  somehow  a more  natural  case 
to  consider,  as  in  the  stacks  project  there  are  no  finiteness  conditions  on  the  diagonal 
of  an  algebraic  space,  hence  the  assumption  that  {r  £ R : s(r)  = u,  t(r)  = u}  is 
finite  need  not  hold  even  for  a presentation  X = U/R  of  an  algebraic  space  X. 


03FM 


Lemma  66.13.4.  Assumptions  and  notation  as  in  Situation  66.13.2  Then  there 
exists  an  algebraic  space  U' , an  etale  morphism  U'  — > U,  and  a point  v!  : Spec(fc(zt))  - 
U'  lying  over  u : Spec(K(u))  -A  U such  that  the  restriction  R!  = R\u'  of  R to  U' 
splits  over  u' . 


Proof.  Let  / : (U\  Zuniv,  s' ,t' , d)  -»  (U,R,s,t,c)  be  as  constructed  in  Lemma 


66.12.1  Recall  that  R'  = Rx  (uXsu)  (Ur  XsU').  Thus  we  get  a morphism  (f,t?,s')  : 
Zuniv  — > R'  of  groupoids  in  algebraic  spaces 

(U1,  Zuniv,  s',  t\  c')  ->  (U',R',  s',  t',  d) 


(by  abuse  of  notation  we  indicate  the  morphisms  in  the  two  groupoids  by  the  same 
symbols).  Now,  as  Z C R xSjt/jS  U'  is  open  and  R'  — ► R xs^u,g  U'  is  etale  (as  a base 
change  of  U'  -4  U)  we  see  that  ZuniV  -a  R'  is  an  open  immersion.  By  construction 
the  morphisms  s',t'  : Zuniv  — > U'  are  hnite.  It  remains  to  find  the  point  u'  of  U' . 


We  think  of  u as  a morphism  Spec (k(u))  — > U as  in  the  statement  of  the  lemma. 
Set  Fu  = R x s jj  Spec (k(u)).  The  set  {r  £ R : s(r)  = u,t(r)  = u}  is  finite  by 
assumption  and  Fu  —y  Spec(re(zt))  is  quasi-fmite  at  each  of  its  elements.  Hence  we 
can  find  a decomposition  into  open  and  closed  subschemes 


Fu  = Zu  H Rest 


for  some  scheme  Zu  finite  over  n{u)  whose  support  is  {r  £ R : s(r)  = u,t(r)  = it}. 
Note  that  e(u)  £ Zu.  Hence  by  the  construction  of  U'  in  Section  66.12  (u,Zu) 
defines  a Spec(K(u))-valued  point  v!  of  U’. 


We  still  have  to  show  that  the  set  {r'  £ |I?'|  : s'(r')  = u' , t'{r')  = u’}  is  contained  in 
Zunlv  | . Pick  any  point  r'  in  this  set  and  represent  it  by  a morphism  r'  : Spec(fc)  — ► 
R! . Denote  z : Spec(fc)  — > R the  composition  of  r'  with  the  map  R'  — > R.  Since 
k(u ) = k(u'),  and  since  s'(r')  = u' , t(r')  = u!  no  information  is  lost  by  considering 
the  point  2 rather  than  the  point  r' , i.e.,  we  can  recover  r'  from  the  point  z.  For 
example  z is  an  element  of  the  set  {r  £ R : s( 7')  = zt,t(r)  = u}  by  our  assumption 
on  r' . The  composition  s o z : Spec (k)  — > U factors  through  u,  so  we  may  think  of 
s o z as  a morphism  Spec(fc)  — > Spec(/v(it)).  Hence  we  can  consider  the  triple 


(s  O Z,  Zu  X Spec(K;(u)),s0z  Spec(/c),  z) 

where  Zu  is  as  above.  This  defines  a Spec(fc)-valued  point  of  ZuniV  above  whose 
image  under  the  map  Zunlv  — >•  R'  is  the  point  r'  by  the  relationship  between  z and 
r'  mentioned  above.  This  finishes  the  proof.  □ 


04RW 

exists  an  algebraic  space  U' , an  etale  morphism  U'  — > U , and  a point  v!  : Spec (k(u))  — > 
U'  lying  over  u : Spec(«:(u))  — > U such  that  the  restriction  R'  = R\w  of  R to  U'  is 
quasi-split  over  v! . 


Lemma  66.13.5.  Assumptions  and  notation  as  in  Situation 


66.13.3.  Then  there 
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Proof.  The  proof  is  almost  exactly  the  same  as  the  proof  of  Lemma  66.13.4|  Let 
/ : (U',  Zuniv,  s',  t' , c')  -A  ( U , R , s,  t,  c)  be  as  constructed  in  Lemma  66.12.1  Recall 
that  R'  = R X(uxsu)  (V  XS  U').  Thus  we  get  a morphism  ( f,t',s ')  : Zuniv  -4  R' 
of  groupoids  in  algebraic  spaces 

(U1,  Zuniv,  s',  t' , d)  -A  (U1,  R! , s',  t' , c) 

(by  abuse  of  notation  we  indicate  the  morphisms  in  the  two  groupoids  by  the  same 
symbols).  Now,  as  Z c R *s,u,g  U'  is  open  and  R'  -A  R xs,u,g  U'  is  etale  (as  a base 
change  of  U'  -A  U ) we  see  that  ZuniV  -A  R'  is  an  open  immersion.  By  construction 
the  morphisms  s'  ,t'  : Zun.iv  — * U'  are  finite.  It  remains  to  find  the  point  u'  of  U' . 

We  think  of  u as  a morphism  Spec(ft(u))  -At/  as  in  the  statement  of  the  lemma.  Set 
Fu  = R x s u Spec(«;(u)).  The  morphism  Fu  -a  Spec(«;(u))  is  quasi-finite  at  e(u)  by 
assumption.  Hence  we  can  find  a decomposition  into  open  and  closed  subschemes 

Fu  = Zu  H Rest 

for  some  scheme  Zu  finite  over  k(u ) whose  support  is  e(u).  Hence  by  the  construc- 
tion of  U'  in  Section  66.12  (u,  Zu)  defines  a Spec(K(u))-valued  point  v!  of  U' . To 
finish  the  proof  we  have  to  show  that  e'(u')  £ Zun.iv  which  is  clear.  □ 

Finally,  when  we  add  additional  assumptions  we  obtain  schemes. 


Lemma  66.13.6.  Assumptions  and,  notation  as  in  Situation  66.13.2.  Assume 
in  addition  that  s,t  are  flat  and  locally  of  finite  presentation.  Then  there  exists  a 
scheme  U' , a separated  etale  morphism  U'  -A  U , and  a point  v!  £ U'  lying  over  u 
with  k(u)  = k(u')  such  that  the  restriction  R'  = R\u>  of  R to  U'  splits  over  u' . 


Proof.  This  follows  from  the  construction  of  U'  in  the  proof  of  Lemma  66.13.4 
because  in  this  case  U'  = ( Rs/U,e) fin  is  a scheme  separated  over  U by  Lemmas 

166.1  (1.1 41  and  166.1  D.1  51  □ 


Lemma  66.13.7.  Assumptions  and  notation  as  in  Situation  66.13.3  Assume 
in  addition  that  s,t  are  flat  and  locally  of  finite  presentation.  Then  there  exists  a 
scheme  U' , a separated  etale  morphism  U'  -A-  U , and  a point  v!  £ U'  lying  over  u 
with  k(u)  = k(u')  such  that  the  restriction  R'  = R\u‘  of  R to  U ' is  quasi-split  over 


Proof.  This  follows  from  the  construction  of  U'  in  the  proof  of  Lemma  66.13.5 
because  in  this  case  U'  = (. Rs/U,e)fin  is  a scheme  separated  over  U by  Lemmas 
166.10.141  and  166. 10. 151  □ 

In  fact  we  can  obtain  affine  schemes  by  applying  an  earlier  result  on  finite  locally 
free  groupoids. 


Lemma  66.13.8.  Assumptions  and  notation  as  in  Situation  66.13.2  Assume 
in  addition  that  s,t  are  flat  and  locally  of  finite  presentation  and  that  U is  affine. 
Then  there  exists  an  affine  scheme  U' , an  etale  morphism  U'  -A  U,  and  a point 
v!  £ U'  lying  over  u with  n(u)  = n(u')  such  that  the  restriction  R'  = R\v  of  R to 
U'  splits  over  u' . 

Proof.  Let  U'  -A  U and  u'  £ IF  be  the  etale  morphism  of  schemes  we  found 
in  Lemma  66.13.6  Let  P C R'  be  the  splitting  of  R'  over  u' . By  More  on 
Groupoids,  Lemma  39.8.1  the  morphisms  s' ,t’  : R'  A-  U1  are  flat  and  locally  of 


finite  presentation.  They  are  finite  by  assumption.  Hence  s' ,t ' are  finite  locally 
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free,  see  Morphisms,  Lemma  28.45.2  In  particular  t(s  1{u1))  is  a finite  set  of 


points  (it),  u'2, ... . u'n}  of  U'.  Choose  a quasi-compact  open  W C U'  containing 
each  u[.  As  U is  affine  the  morphism  W — > U is  quasi-compact  (see  Schemes, 
Lemma  25.19.2).  The  morphism  W — ► U is  also  locally  quasi-finite  (see  Mor- 


phisms, Lemma  28.36.6)  and  separated.  Hence  by  More  on  Morphisms,  Lemma 


36.31.2  (a  version  of  Zariski’s  Main  Theorem)  we  conclude  that  W is  quasi-affine. 
By  Properties,  Lemma  27.29.5  we  see  that  {u^, . . . ,u'n}  are  contained  in  an  affine 


open  of  U'.  Thus  we  may  apply  Groupoids,  Lemma [38.24.1  to  conclude  that  there 
exists  an  affine  P-invariant  open  U"  C U'  which  contains  id. 

To  finish  the  proof  denote  R"  = R\u"  the  restriction  of  R to  U" . This  is  the  same 
as  the  restriction  of  R'  to  U".  As  P C R'  is  an  open  and  closed  subscheme,  so  is 
P\un  C R" . By  construction  the  open  subscheme  U"  C U'  is  P-invariant  which 
means  that  P\u"  = (s,|p)_1(t/")  = {t’\p)~l{U")  (see  discussion  in  Groupoids, 
Section  [38.19 ) so  the  restrictions  of  s"  and  t"  to  P\jj"  are  still  finite.  The  sub 


groupoid  scheme  P\u"  is  still  a splitting  of  R"  over  u" ; above  we  verified  (a), 


(b)  and  (c)  holds  as  {r'  £ R'  : t'(r')  = u',s'(r')  = w 
it',  s"(r")  = u'}  trivially.  The  lemma  is  proved. 


'}  = {r"  £ R" 


t"(r ")  = 

□ 


Lemma  66.13.9.  Assumptions  and  notation  as  in  Situation  66.13.3  Assume 
in  addition  that  s,t  are  flat  and  locally  of  finite  presentation  and  that  U is  affine. 
Then  there  exists  an  affine  scheme  U' , an  etale  morphism  U'  — > U,  and  a point 
v!  £ U ' lying  over  u with  n(u)  = n(u')  such  that  the  restriction  R'  = R\u 1 of  R to 
U'  is  quasi-split  over  u ' . 


Proof.  The  proof  of  this  lemma  is  literally  the  same  as  the  proof  of  Lemma[~66.13.8| 
except  that  “splitting”  needs  to  be  replaced  by  “quasi-splitting”  (2  times)  and  that 
the  reference  to  Lemma  [66. 13.6|  needs  to  be  replaced  by  a reference  to  Lemma 
166.13.71  □ 
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67.1.  Introduction 

046B  In  this  chapter  we  use  the  material  from  the  preceding  sections  to  give  criteria  under 
which  a presheaf  of  sets  on  the  category  of  schemes  is  an  algebraic  space.  Some 
of  this  material  comes  from  the  work  of  Artin,  see  |Art69bj.  | Art 70 j.  |Art73j. 
|Art71b].  |Art71a].  |Art69a].  |Art69cj.  and  |Art74|.  However,  our  method  will 
be  to  use  as  much  as  possible  arguments  similar  to  those  of  the  paper  by  Keel  and 
Mori,  see  IKM97I. 

67.2.  Conventions 

046C  The  standing  assumption  is  that  all  schemes  are  contained  in  a big  fppf  site  Schfppf. 
And  all  rings  A considered  have  the  property  that  Spec(A)  is  (isomorphic)  to  an 
object  of  this  big  site. 

Let  S be  a scheme  and  let  X be  an  algebraic  space  over  S.  In  this  chapter  and  the 
following  we  will  write  X x s X for  the  product  of  A'  with  itself  (in  the  category  of 
algebraic  spaces  over  S ),  instead  of  A x A'. 

67.3.  Morphisms  representable  by  algebraic  spaces 

02YP  Here  we  define  the  notion  of  one  presheaf  being  relatively  representable  by  algebraic 
spaces  over  another,  and  we  prove  some  properties  of  this  notion. 

02YQ  Definition  67.3.1.  Let  S be  a scheme  contained  in  Schfppf.  Let  F , G be 
presheaves  on  Schfppf  / S . We  say  a morphism  a : F — > G is  representable  by 
algebraic  spaces  if  for  every  U £ Ob {{Sch/ S)fppf)  and  any  £ : U — ► G the  fiber 
product  U F is  an  algebraic  space. 

Here  is  a sanity  check. 

03BN  Lemma  67.3.2.  Let  S be  a scheme.  Let  f : X Y be  a morphism  of  algebraic 
spaces  over  S.  Then  f is  representable  by  algebraic  spaces. 

Proof.  This  is  formal.  It  relies  on  the  fact  that  the  category  of  algebraic  spaces 
over  S has  fibre  products,  see  Spaces,  Lemma [52. 7. 3|  □ 

03Y0  Lemma  67.3.3.  Let  S be  a scheme.  Let 

G'  xgF s-  F 

a'  a 

Y 

9-  G 


Y 

G 
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be  a fibre  square  of  presheaves  on  (Sch/ S)  fppf . If  a is  representable  by  algebraic 
spaces  so  is  a! . 


Proof.  Omitted.  Hint:  This  is  formal.  □ 

02YR  Lemma  67.3.4.  Let  S be  a scheme  contained  in  Schfppf.  Let  F,  G : (Sch/  S)°^pf  — t 
Sets.  Let  a : F -A  G be  representable  by  algebraic  spaces.  If  G is  a sheaf,  then  so 
is  F. 


05LA 


Proof.  (Same  as  the  proof  of  Spaces,  Lemma  52.3.5  ) Let  {y>j  : T*  — ► T}  be  a 
covering  of  the  site  ( Sch/S)fppf . Let  Sj  £ F(Ti)  which  satisfy  the  sheaf  condition. 
Then  a = a(si)  £ G(Ti)  satisfy  the  sheaf  condition  also.  Hence  there  exists  a 
unique  a £ G(T ) such  that  cr*  = oj^.  By  assumption  F'  = hr  Xa,G,a  F is  a sheaf. 
Note  that  (ifii,Si)  £ F'  (Tj)  satisfy  the  sheaf  condition  also,  and  hence  come  from 
some  unique  (idy,  s)  £ F'(T).  Clearly  s is  the  section  of  F we  are  looking  for.  □ 

Lemma  67.3.5.  Let  S be  a scheme  contained  in  Schfppf.  Let  F,  G : (Sch/ S)YPPf  — > 
Sets.  Let  a : F -A  G be  representable  by  algebraic  spaces.  Then  A fig  : F — ► FxqF 
is  representable  by  algebraic  spaces. 


Let  U be  a scheme.  Let 
G(U).  By  assumption  there 


Proof.  (Same  as  the  proof  of  Spaces,  Lemma  52.3.6 
Z = (a, 6)  e (F  xG  F)(U).  Set  £'  = afo)  = a(&)  £ 
exist  an  algebraic  space  V and  a morphism  V — > U representing  the  fibre  product 
U x j/jG  P.  In  particular,  the  elements  , f-2  give  morphisms  /i,  fi  : U — > V over  U. 
Because  V represents  the  fibre  product  U X£>}g  F and  because  /'  = a o = ao(2 
we  see  that  if  g : U'  — > U is  a morphism  then 

ff*£i  = 5* a tt/iog  = /2oj. 


In  other  words,  we  see  that  U X£,fxgf F is  represented  by  V x A,vxv,(f1,f2)  U which 
is  an  algebraic  space.  □ 


The  proof  of  Lemma  |67.3.6|  below  is  actually  slightly  tricky.  Namely,  we  cannot 
use  the  argument  of  the  proof  of  Spaces,  Lemma  |52.11.3|  because  we  do  not  yet 
know  that  a composition  of  transformations  representable  by  algebraic  spaces  is 
representable  by  algebraic  spaces.  In  fact,  we  will  use  this  lemma  to  prove  that 
statement. 


02YS  Lemma  67.3.6.  Let  S be  a scheme  contained  in  Schfppf.  Let  F,  G : (Sch/ S)YPpf  — > 
Sets.  Let  a : F — »•  G be  representable  by  algebraic  spaces.  If  G is  an  algebraic  space, 
then  so  is  F. 


Proof.  We  have  seen  in  Lemma T6 7. 3. 41  that  F is  a sheaf. 

Let  U be  a scheme  and  let  U — > G be  a surjective  etale  morphism.  In  this  case 
U xq  F is  an  algebraic  space.  Let  IT  be  a scheme  and  let  IT  — ► U xq  F be  a 
surjective  etale  morphism. 

First  we  claim  that  IT  -A  F is  representable.  To  see  this  let  X be  a scheme  and  let 
X — ► F be  a morphism.  Then 

IT  X F X = IT  XjjXgf  U Xq  F X f x = IT  X(jXgf  (U  xgA) 

Since  both  U xq  F and  G are  algebraic  spaces  we  see  that  this  is  a scheme. 

Next,  we  claim  that  IT  — > F is  surjective  and  etale  (this  makes  sense  now  that  we 
know  it  is  representable).  This  follows  from  the  formula  above  since  both  IT  — >• 
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U xqF  and  U — ► G are  etale  and  surjective,  hence  W XjjXgf  (U  xq  X)  U Xq  X 
and  U Xq  X — ► X are  surjective  and  etale,  and  the  composition  of  surjective  etale 
morphisms  is  surjective  and  etale. 


Set  R=Wxf  W . By  the  above  R is  a scheme  and  the  projections  t,s  : R — ► W 
are  etale.  It  is  clear  that  R is  an  equivalence  relation,  and  W — >•  F is  a surjection 
of  sheaves.  Hence  R is  an  etale  equivalence  relation  and  F = W/R.  Hence  F is  an 
algebraic  space  by  Spaces,  Theorem |52. 10. 5 □ 


Lemma  67.3.7.  Let  S be  a scheme.  Let  a : F — ► G be  a map  of  presheaves  on 
(Sch/ S) fppf . Suppose  a : F — ► G is  representable  by  algebraic  spaces.  If  X is  an 
algebraic  space  over  S,  and  X -A  G is  a map  of  presheaves  then  X Xq  F is  an 
algebraic  space. 


Proof.  By  Lemma  [67.3.3|  the  transformation  X xg  F 
algebraic  spaces.  Hence  it  is  an  algebraic  space  by  Lemma  [67.3.6 


X is  representable  by 
□ 


Lemma  67.3.8.  Let  S be  a scheme.  Let 


F 


G 


H 


be  maps  of  presheaves  on  (Sch/ S)  fppf.  If  a and  b are  representable  by  algebraic 
spaces,  so  is  b o a. 


Proof.  Let  T be  a scheme  over  S,  and  let  T — > H be  a morphism.  By  assumption 
T x h G is  an  algebraic  space.  Hence  by  Lemma  |67.3.7|  we  see  that  T x h F = 
(T  Xh  G)  xg  F is  an  algebraic  space  as  well.  □ 

Lemma  67.3.9.  Let  S be  a scheme.  Let  Fi,Gi  : (Sch/ S)°fPppf  — t Sets,  i = 1,2. 
Let  ai  : Fi  — > Gi,  i = 1,2  be  representable  by  algebraic  spaces.  Then 

a1xa2:  7j  x F2  — ^ G\  x G2 

is  a representable  by  algebraic  spaces. 


Proof.  Write  a\  x a2  as  the  composition  Fi  x F2  — > G\  x F2  — > G\  x G2.  The  first 
arrow  is  the  base  change  of  a\  by  the  map  G\  x F2  G\,  and  the  second  arrow  is 
the  base  change  of  a2  by  the  map  G i x G2  — > G2.  Hence  this  lemma  is  a formal 
consequence  of  Lemmas  |67.3.8|  and  |67.3.3|  □ 

Lemma  67.3.10.  Let  S be  a scheme.  Let  a : F — ► G and  b : G — » H be 
transformations  of  functors  (Sch/ S)^PpPf  — > Sets.  Assume 

(1)  A \ G ^ G x h G is  representable  by  algebraic  spaces,  and 

(2)  b o a : F — ► H is  representable  by  algebraic  spaces. 

Then  a is  representable  by  algebraic  spaces. 

Proof.  Let  U be  a scheme  over  S and  let  £ £ G(U).  Then 

u X£,G,a  F = (U  Xb^tH  boa  F)  X(£,a),(GXirG),A  G 
Hence  the  result  using  Lemma [67. 3.7[  □ 

Lemma  67.3.11.  Let  S £ Ob  (Schfppf).  Let  F be  a presheaf  of  sets  on  (Sch/  S)  fppf . 
Assume 

(1)  F is  a sheaf  for  the  Zariski  topology  on  (Sch/S)  fppf, 

(2)  there  exists  an  index  set  I and  subfunctors  Fi  C F such  that 
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(a)  each  Fi  is  an  fppf  sheaf, 

(b)  each  Fi  -A  F is  representable  by  algebraic  spaces, 

(c)  U Ft  —■ ► F becomes  surjective  after  fppf  sheafification. 

Then  F is  an  fppf  sheaf. 


Proof.  Let  T £ Ob ((Sch/  S)  fppf)  and  let  s £ F(T).  By  (2)(c)  there  exists  an  fppf 
covering  {Tj  — T}  such  that  sl^  is  a section  of  for  some  a(j)  £ I.  Let 

Wj  C T be  the  image  of  Tj  -A  T which  is  an  open  subscheme  Morphisms,  Lemma 


28.25.9 


By  (2)(b)  we  see  Fa{j)  xFjJ 


Wj 


spaces  through  which  Tj  factors.  Since  {Tj 


- Wj  is  a monomorphism  of  algebraic 
Wj}  is  an  fppf  covering,  we  conclude 


that  -Fa(j)  xp>|w.  Wj  = Wj,  in  other  words  s\wj  £ Fa^(Wj).  Hence  we  conclude 
that  U Fi  — > F is  surjective  for  the  Zariski  topology. 


Let  {Tj  — )•  T}  be  an  fppf  covering  in  ( Sch/S ) fppf.  Let  s,  s'  £ F{T)  with  = s'|tj 
for  all  j.  We  want  to  show  that  s,  s'  are  equal.  As  F is  a Zariski  sheaf  by  (1)  we 
may  work  Zariski  locally  on  T.  By  the  result  of  the  previous  paragraph  we  may 
assume  there  exist  i such  that  s £ Fi(T).  Then  we  see  that  s'l^  is  a section  of  Fi. 
By  (2)(b)  we  see  Fi  x p,s'  T — ► T is  a monomorphism  of  algebraic  spaces  through 
which  all  of  the  Tj  factor.  Hence  we  conclude  that  s'  £ Fi(T).  Since  Fi  is  a sheaf 
for  the  fppf  topology  we  conclude  that  s = s' . 


Let  {Tj  — > T}  be  an  fppf  covering  in  (Sch/S) fppf  and  let  Sj  £ F(Tj)  such  that 
\tjXtT-i  ■ By  assumption  (2)(b)  we  may  refine  the  covering  and 


= Sj/ 


assume  that  Sj  £ Fa^(Tj)  for  some  a(j)  £ I.  Let  Wj  C T be  the  image  of  Tj  — ► T 


which  is  an  open  subscheme  Morphisms,  Lemma  28.25.9  Then  {Tj  — > Wj}  is  an 


fppf  covering.  Since  Fa^  is  a sub  presheaf  of  F we  see  that  the  two  restrictions  of 
Sj  to  Tj  x Wj  Tj  agree  as  elements  of  Fa^(Tj  xjy.  Tj).  Hence,  the  sheaf  condition 
for  Fa(j}  implies  there  exists  a s'  £ Fa(j)(Wj)  whose  restriction  to  Tj  is  Sj.  For 
a pair  of  indices  j and  j'  the  sections  s'j\w:Jrw  , and  s' , \w:inw-i  of  F agree  by  the 
result  of  the  previous  paragraph.  This  finishes  the  proof  by  the  fact  that  A is  a 
Zariski  sheaf.  □ 
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spaces 
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Here  is  the  definition  that  makes  this  work. 


Definition  67.4.1.  Let  S’  be  a scheme.  Let  a : F — > G be  a map  of  presheaves 
on  (Sch/S) fppf  which  is  representable  by  algebraic  spaces.  Let  V be  a property  of 
morphisms  of  algebraic  spaces  which 


(1)  is  preserved  under  any  base  change,  and 

(2)  is  fppf  local  on  the  base,  see  Descent  on  Spaces,  Definition  61.9.1 


In  this  case  we  say  that  a has  property  V if  for  every  scheme  U and  £ : U — > G the 
resulting  morphism  of  algebraic  spaces  U xq  F -a  U has  property  V. 


It  is  important  to  note  that  we  will  only  use  this  definition  for  properties  of  mor- 
phisms that  are  stable  under  base  change,  and  local  in  the  fppf  topology  on  the 
base.  This  is  not  because  the  definition  doesn’t  make  sense  otherwise;  rather  it  is 
because  we  may  want  to  give  a different  definition  which  is  better  suited  to  the 
property  we  have  in  mind. 
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The  definition  above  applies^]  for  example  to  the  properties  of  being  “surjective” , 
“quasi-compact”,  “etale”,  “flat”,  “separated”,  “(locally)  of  finite  type”,  “(locally) 
quasi-finite” , “(locally)  of  finite  presentation” , “proper”,  and  “a  closed  immersion” . 
In  other  words,  a is  surjective  (resp.  quasi- compact,  etale,  flat,  separated,  (locally) 
of  finite  type,  (locally)  quasi-finite,  (locally)  of  finite  presentation,  proper,  a closed 
immersion ) if  for  every  scheme  T and  map  £ : T — » G the  morphism  of  algebraic 
spaces  T x^iG  F — > T is  surjective  (resp.  quasi-compact,  etale,  flat,  separated, 
(locally)  of  finite  type,  (locally)  quasi-finite,  (locally)  of  finite  presentation,  proper, 
a closed  immersion). 


Next,  we  check  consistency  with  the  already  existing  notions.  By  Lemma  [67.3.2| 
any  morphism  between  algebraic  spaces  over  S is  representable  by  algebraic  spaces. 
And  by  Morphisms  of  Spaces,  Lemma|54.5.3  (resp.  54.8. 7|  54.38.2,  54.29.5  54.4.12| 
54.23.4  54.27.6  54.28.4  54.39.2|  54.12.1)  the  definition  of  surjective  (resp.  quasi- 


compact, etale,  flat,  separated,  (locally)  of  finite  type,  (locally)  quasi-finite,  (locally) 
of  finite  presentation,  proper,  closed  immersion)  above  agrees  with  the  already 
existing  definition  of  morphisms  of  algebraic  spaces. 


Some  formal  lemmas  follow. 


046F  Lemma  67.4.2. 

Let 


Let  S be  a scheme.  Let  V be  a property  as  in  Definition  67-4.1 


G'  xGF a-  F 

a'  c 

Y 

G' G 


be  a fibre  square  of  presheaves  on  ( Sch/ S)fppf . If  a is  representable  by  algebraic 
spaces  and  has  V so  does  a' . 


Proof.  Omitted.  Hint:  This  is  formal. 


□ 


046G  Lemma  67.4.3.  Let  S be  a scheme.  Let  V be  a property  as  in  Definition  67.4-1 
and  assume  V is  stable  under  composition.  Let 


F 


G 


H 


be  maps  of  presheaves  on  (Sch/ S)  fppf . If  a,  b are  representable  by  algebraic  spaces 
and  has  V so  does  boa. 


046H 


Proof.  Omitted.  Hint:  See  Lemma[67.3.8|and  use  stability  under  composition.  □ 

Lemma  67.4.4.  Let  S be  a scheme.  Let  Fi,Gi  : (Sch/ S)°jPpPf  ~ > Sets,  i = 1,2.  Let 
ai  : b\  — ^ Gi,  i = 1,2  be  representable  by  algebraic  spaces.  Let  V be  a property  as 
in  Definition  67-4-1  which  is  stable  under  composition.  If  a\  and  02  have  property 
V so  does  ai  x a2  ■ Fi  x F2  — > Gi  x G2. 

Proof.  Note  that  the  lemma  makes  sense  by  Lemma [67. 3. 9|  Proof  omitted.  □ 


Being  preserved  under  base  change  holds  by  Morphisms  of  Spaces,  Lemmas 


54.5.5 


1 54.38.4|  1 54.29.4|  |54.4.4|  |54.23.3|  |54.27.4|  |54.28.3|  |54.39.3|  and  Spaces,  Lemma  |52.12.3|  Being 
fppf  local  on  the  base  holds  by  Descent  on  Spaces,  Lemmas  |61.10.5|  |61.10.l|  |61.10.26|  |61.10.11| 


54.8.3 


61.10.16 

61.10.9 

61.10.22 

61.10.8 

61.10.17 

and 


61.10.15 
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0AM1  Lemma  67.4.5.  Let  S be  a scheme.  Let  F,G  : (Sch/ ^)°fPppf  -A  Sets.  Leta:F^G 
be  a transformation  of  functors  representable  by  algebraic  spaces.  Let  V , V'  be 
properties  as  in  Definition\67.f.f\  Suppose  that  for  any  morphism  f : X —>■  Y of 
algebraic  spaces  over  S we  have  V(f)  =>  V(f).  If  a has  property  V,  then  a has 
property  V'  . 

Proof.  Formal.  □ 

04S1  Lemma  67.4.6.  Let  S be  a scheme.  LetF,G  : (Sch/ S)°^pf  — > Sets  be  sheaves.  Let 
a : F — ► G be  representable  by  algebraic  spaces,  flat,  locally  of  finite  presentation, 
and  surjective.  Then  a : F — )•  G is  surjective  as  a map  of  sheaves. 


Proof.  Let  T be  a scheme  over  S and  let  g : T — ► G be  a T-valued  point  of  G. 
By  assumption  T'  = F x a T is  an  algebraic  space  and  the  morphism  T'  — >■  T is  a 
flat,  locally  of  finite  presentation,  and  surjective  morphism  of  algebraic  spaces.  Let 
U — » T'  be  a surjective  etale  morphism,  where  U is  a scheme.  Then  by  the  definition 
of  flat  morphisms  of  algebraic  spaces  the  morphism  of  schemes  U — > T is  flat. 
Similarly  for  “locally  of  finite  presentation”.  The  morphism  U — > T is  surjective 
also,  see  Morphisms  of  Spaces,  Lemma  54.5.3  Hence  we  see  that  {U  — > T}  is  an 
fppf  covering  such  that  g\u  € G(U)  comes  from  an  element  of  F(U),  namely  the 
map  U — ► T'  — > F.  This  proves  the  map  is  surjective  as  a map  of  sheaves,  see  Sites, 
Definition  17.12.11  □ 
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03Y2  Lemma  67.5.1.  Let  S be  a scheme.  If  F is  a presheaf  on  (Sch/ S) fppf . The 
following  are  equivalent: 

(1)  Ap  : F — > F x F is  representable  by  algebraic  spaces, 

(2)  for  every  scheme  T any  map  T — ► F is  representable  by  algebraic  spaces, 
and 

(3)  for  every  algebraic  space  X any  map  X -A  F is  representable  by  algebraic 
spaces. 


Proof.  Assume  (1).  Let  X — > F be  as  in  (3).  Let  T be  a scheme,  and  let  T — > F 
be  a morphism.  Then  we  have 


T xF  X = (T  xs  X)  xfxf,a  F 

which  is  an  algebraic  space  by  Lemma  67.3.7  and  (1).  Hence  X — ► F is  repre- 
sentable, i.e.,  (3)  holds.  The  implication  (3)  =>  (2)  is  trivial.  Assume  (2).  Let  T 
be  a scheme,  and  let  (a,  b)  : T — > F x F be  a morphism.  Then 


F Xa f,fxf  T = T xa,F,b  T 

which  is  an  algebraic  space  by  assumption.  Hence  Ap  is  representable  by  algebraic 
spaces,  i.e.,  (1)  holds.  □ 


In  particular  if  F is  a presheaf  satisfying  the  equivalent  conditions  of  the  lemma, 
then  for  any  morphism  X — > F where  X is  an  algebraic  space  it  makes  sense  to  say 
that  X F is  surjective  (resp.  etale,  flat,  locally  of  finite  presentation)  by  using 
Definition  167.4.11 

Before  we  actually  do  the  bootstrap  we  prove  a fun  lemma. 
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046J  Lemma  67.5.2.  Let  S be  a scheme.  Let 

E >■  F 

a 

f 9 

H — G 

be  a cartesian  diagram  of  sheaves  on  (Sch/ S)  fppf , so  E = H Xq  F . If 

(1)  g is  representable  by  algebraic  spaces , surjective,  flat , and  locally  of  finite 
presentation,  and 

(2)  a is  representable  by  algebraic  spaces,  separated,  and  locally  quasi-finite 
then  b is  representable  (by  schemes)  as  well  as  separated  and  locally  quasi-finite. 


Proof.  Let  T be  a scheme,  and  let  T — > G be  a morphism.  We  have  to  show  that 
TxqH  is  an  algebraic  space,  and  that  the  morphism  T x q H — > T is  separated  and 
locally  quasi-finite.  Thus  we  may  base  change  the  whole  diagram  to  T and  assume 
that  G is  a scheme.  In  this  case  F is  an  algebraic  space.  Let  U be  a scheme, 
and  let  U — > F be  a surjective  etale  morphism.  Then  U — > F is  representable, 
surjective,  flat  and  locally  of  finite  presentation  by  Morphisms  of  Spaces,  Lemmas 
|54.38.7|  and  |54.38.8|  By  Lemma  |67.3.8|  U — > G is  surjective,  flat  and  locally  of 
finite  presentation  also.  Note  that  the  base  change  E xF  U — > U of  a is  still 
separated  and  locally  quasi-finite  (by  Lemma  67.4.2).  Hence  we  may  replace  the 
upper  part  of  the  diagram  of  the  lemma  by  E x F U — > U.  In  other  words,  we  may 
assume  that  F — > G is  a surjective,  flat  morphism  of  schemes  which  is  locally  of 
finite  presentation.  In  particular,  {F  — » G}  is  an  fppf  covering  of  schemes.  By 
Morphisms  of  Spaces,  Proposition |54.4P|  we  conclude  that  E is  a scheme  also.  By 
Descent,  Lemma |34.35.1|  the  fact  that  E = H Xq  F means  that  we  get  a descent 
datum  on  E relative  to  the  fppf  covering  {F  -A  G}.  By  More  on  Morphisms, 
Lemma  36.39.1  this  descent  datum  is  effective.  By  Descent,  Lemma  34.35.1  again 

it  now 

□ 


this  implies  that  H is  a scheme.  By  Descent,  Lemmas  34.19.5  and  34.19.22 
follows  that  b is  separated  and  locally  quasi-finite. 


Here  is  the  result  that  the  section  title  refers  to. 

046K  Lemma  67.5.3.  Let  S be  a scheme.  Let  F : (Sch/ S)°fPpPpf  Sets  be  a functor. 

Assume  that 

(1)  the  presheaf  F is  a sheaf, 

(2)  there  exists  an  algebraic  space  X and  a map  X — > F which  is  representable 
by  algebraic  spaces,  surjective,  flat  and  locally  of  finite  presentation. 

Then  Ap  is  representable  (by  schemes). 


Proof.  Let  U -A  X be  a surjective  etale  morphism  from  a scheme  towards  X. 
Then  U — »■  X is  representable,  surjective,  flat  and  locally  of  finite  presentation  by 
Morphisms  of  Spaces,  Lemmas |54.38.7| and |54. 38. 8|  By  Lemma [67. 4. 3| the  composi- 
tion U — > F is  representable  by  algebraic  spaces,  surjective,  flat  and  locally  of  finite 
presentation  also.  Thus  we  see  that  R = U x p U is  an  algebraic  space,  see  Lemma 
67.3.7  The  morphism  of  algebraic  spaces  R—^UxsU  is  a monomorphism,  hence 
separated  (as  the  diagonal  of  a monomorphism  is  an  isomorphism,  see  Morphisms 

Since  U — > F is  locally  of  finite  presentation,  both 
U are  locally  of  finite  presentation,  see  Lemma  |67.4.2|  Hence 


of  Spaces,  Lemma  |54.10.2|). 
morphisms  R 

R U xs  U is  locally  of  finite  type  (use  Morphisms  of  Spaces,  Lemmas  54.28.5 
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and  54.23.6).  Altogether  this  means  that  R U x s U is  a monomorphism  which 
is  locally  of  finite  type,  hence  a separated  and  locally  quasi-finite  morphism,  see 
Morphisms  of  Spaces,  Lemma [54. 27. 10| 

Now  we  are  ready  to  prove  that  AF  is  representable.  Let  T be  a scheme,  and  let 
(a,i):T->FxFbea  morphism.  Set 

T'  = (UxsU)  xFxF  T. 

Note  that  U XgU  — > F x F is  representable  by  algebraic  spaces,  surjective,  flat  and 


locally  of  finite  presentation  by  Lemma  67.4.4  Hence  T'  is  an  algebraic  space,  and 
the  projection  morphism  T'  — > T is  surjective,  flat,  and  locally  of  finite  presentation. 
Consider  Z = T x FxF  F (this  is  a sheaf)  and 

Z'  = T'  xUxsU  R = T'  xT  Z. 

We  see  that  Z'  is  an  algebraic  space,  and  Z'  — x V is  separated  and  locally  quasi- 
finite  by  the  discussion  in  the  first  paragraph  of  the  proof  which  showed  that  R 
is  an  algebraic  space  and  that  the  morphism  R — > U xg  U has  those  properties. 


Hence  we  may  apply  Lemma 


and  we  conclude. 


□ 


Here  is  a variant  of  the  result  above. 

OAHV  Lemma  67.5.4.  Let  S be  a scheme.  Let  F : (Sch/ S)°jLpPpf  — > Sets  be  a functor. 

Let  X be  a scheme  and  let  X — x F be  representable  by  algebraic  spaces  and  locally 
quasi-finite.  Then  X — x F is  representable  (by  schemes). 


Proof.  Let  T be  a scheme  and  let  T —X  F be  a morphism.  We  have  to  show  that 
the  algebraic  space  X xF  T is  representable  by  a scheme.  Consider  the  morphism 


X xFT  — x X x Spec(z)  Spec(A) 

Since  A'  x F T — > T is  locally  quasi-finite,  so  is  the  displayed  arrow  (Morphisms  of 
Spaces,  Lemma  54.27.8).  On  the  other  hand,  the  displayed  arrow  is  a monomor- 
phism and  hence  separated  (Morphisms  of  Spaces,  Lemma  54.10.3).  Thus  X xF  T 
is  a scheme  by  Morphisms  of  Spaces,  Proposition  |54.47.2|  □ 
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We  warn  the  reader  right  away  that  the  result  of  this  section  will  be  superseded  by 
the  stronger  Theorem  |67.10.1  On  the  other  hand,  the  theorem  in  this  section  is 
quite  a bit  easier  to  prove  and  still  provides  quite  a bit  of  insight  into  how  things 
work,  especially  for  those  readers  mainly  interested  in  Deligne-Mumford  stacks. 


In  Spaces,  Section  [52. 6|  we  defined  an  algebraic  space  as  a sheaf  in  the  fppf  topol- 
ogy whose  diagonal  is  representable,  and  such  that  there  exist  a surjective  etale 
morphism  from  a scheme  towards  it.  In  this  section  we  show  that  a sheaf  in  the 
fppf  topology  whose  diagonal  is  representable  by  algebraic  spaces  and  which  has 
an  etale  surjective  covering  by  an  algebraic  space  is  also  an  algebraic  space.  In 
other  words,  the  category  of  algebraic  spaces  is  an  enlargement  of  the  category  of 
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schemes  by  those  fppf  sheaves  F which  have  a representable  diagonal  and  an  etale 
covering  by  a scheme.  The  result  of  this  section  says  that  doing  the  same  process 
again  starting  with  the  category  of  algebraic  spaces,  does  not  lead  to  yet  another 
category. 


Another  motivation  for  the  material  in  this  section  is  that  it  will  guarantee  later 
that  a Deligne-Mumford  stack  whose  inertia  stack  is  trivial  is  equivalent  to  an 
algebraic  space,  see  Algebraic  Stacks,  Lemma [76. 13. 2| 


Here  is  the  main  result  of  this  section  (as  we  mentioned  above  this  will  be  superseded 
by  the  stronger  Theorem  67.10.1). 


Theorem  67.6.1.  Let  S be  a scheme.  Let  F : {Sch/ S)0^^  — > Sets  be  a functor. 
Assume  that 


(1)  the  presheaf  F is  a sheaf, 

(2)  the  diagonal  morphism  F — ► F x F is  representable  by  algebraic  spaces, 
and 

(3)  there  exists  an  algebraic  space  X and  a map  X — > F which  is  surjective, 
and  etale. 


Then  F is  an  algebraic  space. 


Proof.  We  will  use  the  remarks  directly  below  Definition  67.4.1  without  further 
mention.  In  the  situation  of  the  theorem,  let  U ->Tbea  surjective  etale  morphism 
from  a scheme  towards  X.  By  Lemma  |67.3.8|  U — >■  F is  surjective  and  etale  also. 
Hence  the  theorem  boils  down  to  proving  that  is  representable.  This  follows 
immediately  from  Lemma|67.5.3|  On  the  other  hand  we  can  circumvent  this  lemma 
and  show  directly  F is  an  algebraic  space  as  in  the  next  paragraph. 


Let  U be  a scheme,  and  let  U — > F be  surjective  and  etale.  Set  R = U XpU , which 
is  an  algebraic  space  (see  Lemma  67.5.1).  The  morphism  of  algebraic  spaces  R — » 
U x s U is  a monomorphism,  hence  separated  (as  the  diagonal  of  a monomorphism 
is  an  isomorphism).  Moreover,  since  U — > F is  etale,  we  see  that  R — > U is  etale, 
by  Lemma  |67.4.2|  In  particular,  we  see  that  R — > U is  locally  quasi-finite,  see 
Morphisms  of  Spaces,  Lemma  54.38.5  We  conclude  that  also  R — > U xj  U is 
locally  quasi-finite  by  Morphisms  of  Spaces,  Lemma  |54.27.8[  Hence  Morphisms 
of  Spaces,  Proposition  54.47.2  applies  and  R is  a scheme.  Hence  F = U/R  is  an 
algebraic  space  according  to  Spaces,  Theorem |52. 10. 5|  □ 


67.7.  Finding  opens 


First  we  prove  a lemma  which  is  a slight  improvement  and  generalization  of  Spaces, 
Lemma [52.10.21  to  quotient  sheaves  associated  to  groupoids. 


Lemma  67.7.1.  Let  S be  a scheme.  Let  (U,  R,  s,t,  c)  be  a groupoid  scheme  over 
S.  Let  g : U'  — ► U be  a morphism.  Assume 


(1)  the  composition 


h 


U'  x 


g,u,t 


has  an  open  image  W C U,  and 
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(2)  the  resulting  map  h : U'  xg,u,t  R — > W defines  a surjection  of  sheaves  in 
the  fppf  topology. 

Let  R!  = R\v  be  the  restriction  of  R to  U . Then  the  map  of  quotient  sheaves 

U'/R'  U/R 

in  the  fppf  topology  is  representable,  and  is  an  open  immersion. 

Proof.  Note  that  W is  an  f?-invariant  open  subscheme  of  U.  This  is  true  because 
the  set  of  points  of  W is  the  set  of  points  of  U which  are  equivalent  in  the  sense 


of  Groupoids,  Lemma  38.3.4  to  a point  of  g(U')  C U (the  lemma  applies  as  j : 
R — >•  U Xs  U is  a pre-equivalence  relation  by  Groupoids,  Lemma  38.13.2 1.  Also 
g : U'  — ► XJ  factors  through  W.  Let  R\w  be  the  restriction  of  R to  W.  Then  it 
follows  that  R'  is  also  the  restriction  of  R\w  to  U' . Hence  we  can  factor  the  map 
of  sheaves  of  the  lemma  as 

U'/R'  — » W/R\w  — > U/R 

By  Groupoids,  Lemma  38.20.6|  we  see  that  the  first  arrow  is  an  isomorphism  of 
sheaves.  Hence  it  suffices  to  show  the  lemma  in  case  g is  the  immersion  of  an 
i?-invariant  open  into  U . 

Assume  U'  C U is  an  f?-invariant  open  and  g is  the  inclusion  morphism.  Set 


F = U/R  and  F'  = U'/R'.  By  Groupoids,  Lemma  38.20.5  or  38.20.6  the  map 
F'  — > F is  injective.  Let  f £ F(T).  We  have  to  show  that  Tx^^pF'  is  representable 
by  an  open  subscheme  of  T.  There  exists  an  fppf  covering  {/j  : Tj  — » T}  such  that 
£| Ti  is  the  image  via  U — ¥ U/R  of  a morphism  ai  : Tj  — > U.  Set  Vj  = s//l(U').  We 
claim  that  Vi  XpTj  =Ti  Xp  Vj  as  open  subschemes  of  Tj  Xp  Tj . 

As  ai  o pr0  and  aj  o prx  are  morphisms  Tj  xTTj  — > U which  both  map  to  the  section 
Cl TiXrTj  £ F(Ti  xT  Tj ) we  can  find  an  fppf  covering  {fijk  : Tijk  ->  Ti  xT  Tj)  and 
morphisms  rl3k  : Tijk  — i R such  that 


cq  o pr0  o fijk  — so  r ijk 
see  Groupoids,  Lemma 


o pi'  | o fijk  — t o r,j k , 


38.20.4 


Since  U'  is  i?-invariant  we  have  s 1{U')  = t 1(U') 
and  hence  f/f/{Vi  xT  Tj)  = f~jl{Ti  xT  Vj).  As  {fijk}  is  surjective  this  implies 
the  claim  above.  Hence  by  Descent,  Lemma |34.9.2| there  exists  an  open  subscheme 
V C T such  that  /,rl(H)  = Vj.  We  claim  that  V represents  T F' . 

As  a first  step,  we  will  show  that  £|y  lies  in  F'(V)  C F(V).  Namely,  the  family  of 
morphisms  {V  — > V}  is  an  fppf  covering,  and  by  construction  we  have  £|y  e F’{Vi). 
Hence  by  the  sheaf  property  of  F'  we  get  C|y  G F'(V).  Finally,  let  T'  — > T be  a 
morphism  of  schemes  and  that  £|t'  £ F'(T').  To  finish  the  proof  we  have  to  show 
that  T'  T factors  through  V.  We  can  find  a fppf  covering  {T-  — > T'}Jgj  and 
morphisms  bj  : T)  — > U'  such  that  £|t'  is  the  image  via  U'  — > U/R  of  bj.  Clearly, 
it  is  enough  to  show  that  the  compositions  Tj  — >•  T factor  through  V.  Hence  we 
may  assume  that  £|t'  is  the  image  of  a morphism  b : T’  — » U1.  Now,  it  is  enough 
to  show  that  T'  xp  Ti  — » Ti  factors  through  Vj.  Over  the  scheme  T’  Xp  Ti  the 
restriction  of  ^ is  the  image  of  two  elements  of  ( U/R)(T ’ XpTf),  namely  ai  o pr1; 
and  b o pr0,  the  second  of  which  factors  through  the  R- invariant  open  U' . Hence 
by  Groupoids,  Lemma  38.20.4  there  exists  a covering  {hk  : Zk  — ► T'  Xp  T,}  and 


morphisms  rk  : Zk  — >•  R such  that  eq  o prx  o hk  = s o rk  and  b o pr0  o hk  = t o rk-  As 
U'  is  an  i?-invariant  open  the  fact  that  b has  image  in  U'  then  implies  that  each 
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ai  o pr-L  o hk  has  image  in  U' . It  follows  from  this  that  T'  Xt  R — > Ti  has  image  in 
Vi  by  definition  of  Vi  which  concludes  the  proof.  □ 

67.8.  Slicing  equivalence  relations 

046L  In  this  section  we  explain  how  to  “improve”  a given  equivalence  relation  by  slicing. 
This  is  not  a kind  of  “etale  slicing”  that  you  may  be  used  to  but  a much  coarser 
kind  of  slicing. 

0489  Lemma  67.8.1.  Let  S be  a scheme.  Let  j : R — > U x gU  he  an  equivalence  relation 
on  schemes  over  S.  Assume  s,t  : R — ► U are  flat  and  locally  of  finite  presentation. 
Then  there  exists  an  equivalence  relation  j'  : R!  — ► U'  U'  on  schemes  over  S , 
and  an  isomorphism 

U'/R'  — ► U/R 

induced  by  a morphism  U'  —¥  U which  maps  R'  into  R such  that  s'  ,t'  : R — » U are 
flat,  locally  of  finite  presentation  and  locally  quasi- finite. 

Proof.  We  will  prove  this  lemma  in  several  steps.  We  will  use  without  further 
mention  that  an  equivalence  relation  gives  rise  to  a groupoid  scheme  and  that 
the  restriction  of  an  equivalence  relation  is  an  equivalence  relation,  see  Groupoids, 
Lemmas  |38. 3. 2[  [38.13.3[  and  |38.18.3| 

Step  1:  We  may  assume  that  s,t  : R U are  locally  of  finite  presentation  and 
Cohen-Macaulay  morphisms.  Namely,  as  in  More  on  Groupoids,  Lemma  [39. 7. 1|  let 
g : U'  — > U be  the  open  subscheme  such  that  t_1(t/')  C R is  the  maximal  open 
over  which  s : R—>  U is  Cohen-Macaulay,  and  denote  R'  the  restriction  of  I?  to  U'. 
By  the  lemma  cited  above  we  see  that 


t~\U') 


h 


is  surjective.  Since  h is  flat  and  locally  of  finite  presentation,  we  see  that  {h}  is  a 
fppf  covering.  Hence  by  Groupoids,  Lemma  38.20.6  we  see  that  U'/R'  — > U/R  is 
an  isomorphism.  By  the  construction  of  V we  see  that  s' , if  are  Cohen-Macaulay 
and  locally  of  finite  presentation. 


Step  2.  Assume  s,t  are  Cohen-Macaulay  and  locally  of  finite  presentation.  Let 
u G U be  a point  of  finite  type.  By  More  on  Groupoids,  Lemma [39. 11. 4| there  exists 
an  affine  scheme  U'  and  a morphism  g : U'  -A  U such  that 

(1)  q is  an  immersion, 

(2)  u € U', 

(3)  g is  locally  of  finite  presentation, 

(4)  h is  flat,  locally  of  finite  presentation  and  locally  quasi-finite,  and 

(5)  the  morphisms  s' ,t'  : R'  — » U'  are  flat,  locally  of  finite  presentation  and 
locally  quasi-finite. 

Here  we  have  used  the  notation  introduced  in  More  on  Groupoids,  Situation|39.11.l| 

Step  3.  For  each  point  u £ U which  is  of  finite  type  choose  a gu  : U'u  — > U as  in  Step 
2 and  denote  R'u  the  restriction  of  R to  U'u.  Denote  hu  = sopr1  : U'u  xgu,u ,tR  — ► U. 
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Set  U'  = IJugu  and  g = LI  9u-  Let  R'  be  the  restriction  of  R to  U as  above. 
We  claim  that  the  pair  ( U',g ) worktj^j  Note  that 


R'  =11  Ki  Xg  UtR)  Xr(R  *s,U,g^ 

1 LUi,li2£c/  11 

= ]lUuU2eU(Uui  X9u.1,U,t  R)  Xhul,U,gU2  U’U2 


K) 


Hence  the  projection  s'  : R'  U'  = ]}  U'U2  is  flat,  locally  of  finite  presentation 
and  locally  quasi-finite  as  a base  change  of  \\hUl.  Finally,  by  construction  the 
morphism  h : U'  xg,u,t  R — > U is  equal  to  JJ  hence  its  image  contains  all  points 
of  finite  type  of  U . Since  each  hu  is  flat  and  locally  of  finite  presentation  we 
conclude  that  h is  flat  and  locally  of  finite  presentation.  In  particular,  the  image 
of  h is  open  (see  Morphisms,  Lemma  28.25.9)  and  since  the  set  of  points  of  finite 
type  is  dense  (see  Morphisms,  Lemma  28.16.7)  we  conclude  that  the  image  of  h 
is  U.  This  implies  that  {h}  is  an  fppf  covering.  By  Groupoids,  Lemma  38.20.6 
this  means  that  U' / R'  — > U/R  is  an  isomorphism.  This  finishes  the  proof  of  the 
lemma.  □ 


67.9.  Quotient  by  a subgroupoid 

04S3  We  need  one  more  lemma  before  we  can  do  our  final  bootstrap.  Let  us  discuss  what 
is  going  on  in  terms  of  “plain”  groupoids  before  embarking  on  the  scheme  theoretic 
version. 


Let  C be  a groupoid,  see  Categories,  Definition  |4.2.5|  As  discussed  in  Groupoids, 
Section  38.13  this  corresponds  to  a quintuple  (Ob,  Arrows,  s,  t,  c).  Suppose  we  are 
given  a subset  P C Arrows  such  that  (Ob,  P,  s\p,  t\p,  c\p)  is  also  a groupoid  and 
such  that  there  are  no  nontrivial  automorphisms  in  P.  Then  we  can  construct  the 
quotient  groupoid  (Ob,  Arrows,  s,  t , c)  as  follows: 


(1)  Ob  = Ob/P  is  the  set  of  P-isomorphism  classes, 

(2)  Arrows  = P\ Arrows/P  is  the  set  of  arrows  in  C up  to  pre-composing  and 
post-composing  by  arrows  of  P, 

(3)  the  source  and  target  maps  s,t  : P\ Arrows/P  — ► Ob/P  are  induced  by 

s,t,  _ 

(4)  composition  is  defined  by  the  rule  c(a,  b ) = c(a,  b ) which  is  well  defined. 


In  fact,  it  turns  out  that  the  original  groupoid  (Ob,  Arrows,  s,  t,  c)  is  canonically 
isomorphic  to  the  restriction  (see  discussion  in  Groupoids,  Section  38.18)  of  the 
groupoid  (Ob,  Arrows,  s,  t,  c)  via  the  quotient  map  g : Ob  — ► Ob.  Recall  that  this 
means  that 


Arrows  = Ob  Arrows  x_  ^ Ob 

which  holds  as  P has  no  nontrivial  automorphisms.  We  omit  the  details. 


The  following  lemma  holds  in  much  greater  generality,  but  this  is  the  version  we 
use  in  the  proof  of  the  final  bootstrap  (after  which  we  can  more  easily  prove  the 
more  general  versions  of  this  lemma). 


2Here  we  should  check  that  U'  is  not  too  large,  i.e.,  that  it  is  isomorphic  to  an  object  of  the 
category  Schfppf , see  Section  |67.2|  This  is  a purely  set  theoretical  matter;  let  us  use  the  notion 
of  size  of  a scheme  introduced  in  Sets,  Section |3.9|  Note  that  each  U'u  has  size  at  most  the  size  of 
U and  that  the  cardinality  of  the  index  set  is  at  most  the  cardinality  of  \U\  which  is  bounded  by 
the  size  of  U . Hence  U'  is  isomorphic  to  an  object  of  Schfppf  by  Sets,  Lemma  3.9.9  part  (6). 


67.9.  QUOTIENT  BY  A SUBGROUPOID 


4103 


04S4  Lemma  67.9.1.  Let  S be  a scheme.  Let  (U,  R,  s,t,  c)  be  a groupoid  scheme  over 
S . Let  P — ► R be  monomorphism  of  schemes.  Assume  that 

(1)  (U,  P,s\p,t\p,c\pxB  utp)  is  a groupoid  scheme, 

(2)  s|p,  t\p  : P -A  U are  finite  locally  free, 

(3)  j\p  : P — > U XsU  is  a monomorphism. 

(4)  U is  affine,  and 

(5)  j : i?  — » U Xg  U is  separated  and  locally  quasi-finite, 

Then  U / P is  representable  by  an  affine  scheme  U , the  quotient  morphism  U — » U 
is  finite  locally  free,  and  P = U XjjU . Moreover,  R is  the  restriction  of  a groupoid 
scheme  (U , R,s,t,c)  on  U via  the  quotient  morphism  U — > U . 


Proof.  Conditions  (1),  (2),  (3),  and  (4)  and  Groupoids,  Proposition  38.23.8  imply 
the  affine  scheme  U representing  U/P  exists,  the  morphism  L7  — >■  C/  is  finite  locally 
free,  and  P = U Xjj  U . The  identification  P = U Xjy  U is  such  that  t\p  = pr0  and 
s\p  = prl5  and  such  that  composition  is  equal  to  pr02  : U Xjj  U Xjj  U — )•  U Xjj  U . 
A product  of  finite  locally  free  morphisms  is  finite  locally  free  (see  Spaces,  Lemma 


52.5.7 


and  Morphisms,  Lemmas 


28.45.4 


and 


28.45.3 1.  To  get  R we  are  going  to 
descend  the  scheme  R via  the  finite  locally  free  morphism  UxgU^-UxgU. 
Namely,  note  that 


{U  XgU)  X{Vxs-U)  ( UxSU)  = PxgP 


by  the  above.  Thus  giving  a descent  datum  (see  Descent,  Definition  34.30.1)  for 
R/U  XgU/U  XgU  consists  of  an  isomorphism 


if  : R X(UxsU)jxt  ( P Xg  P)  *•  (P  Xg  P)  Xsxs^UxsU)  R 

over  P xg  P satisfying  a cocycle  condition.  We  define  (p  on  T-valued  points  by  the 
rule 

P-  {r,(p,p'))  ' — t ((p,i/)>P-1  or  op') 

where  the  composition  is  taken  in  the  groupoid  category  (U ( T ),  R(T),s,  t,  c).  This 
makes  sense  because  for  (r,(p,p'))  to  be  a T-valued  point  of  the  source  of  tp  it 
needs  to  be  the  case  that  t(r)  = t(p)  and  s(r)  = t(p').  Note  that  this  map  is  an 
isomorphism  with  inverse  given  by  ((p,p'),r')  i— > (p  or'o  (?/)  > (PiP'))-  To  check 

the  cocycle  condition  we  have  to  verify  that  <£>02  = T12  0 P01  as  maps  over 


(U  xs  U)  X (jjXgu^  {U  XgU)  X(UxgUj  (U  Xg  U)  — (P  X g P)  X sx  S:(UxsU),tx  t {P  x S P) 

By  explicit  calculation  we  see  that 

T02  (r,  (pi,p'1),(P2,p'2))  l~t  ((Pi,Pi),(P2,P2),(Pi°P2)~1°ro(p,1op'2)) 

T01  (r,(pi,p'1),(p2,p'2))  i-t  ((pi,p'i),Pr1°rop'1,(p2:p'2)) 

P12  ((Pi,Pi),r,(p2,p'2))  >->■  ((pi,P,i),(P2,P2),Pf1  °rop'2) 


(with  obvious  notation)  which  implies  what  we  want.  As  j is  separated  and  locally 
quasi-finite  by  (5)  we  may  apply  More  on  Morphisms,  Lemma  36.39.1  to  get  a 
scheme  R — > U Xg  U and  an  isomorphism 


R ~ * R X(UxsU)  Xg  U) 


which  identifies  the  descent  datum  <p  with  the  canonical  descent  datum  on  Rx^UxsU^ 


(U  XgU),  see  Descent,  Definition  34.30.10 


Since  U Xg  U — ► U XgU  is  finite  locally  free  we  conclude  that  R — > R is  finite 
locally  free  as  a base  change.  Hence  R — > R is  surjective  as  a map  of  sheaves  on 
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( Sch/S)fppf . Our  choice  of  <p  implies  that  given  T-valued  points  r,r'  € i?(T)  these 
have  the  same  image  in  R if  and  only  if  p^1  o r op'  for  some  p,p'  £ P{T).  Thus  R 
represents  the  sheaf 


T i — > R{T)  = P(T)\R(T) /P(T) 


with  notation  as  in  the  discussion  preceding  the  lemma.  Hence  we  can  define  the 
groupoid  structure  on  ( U = U/P,R  = P\R/P ) exactly  as  in  the  discussion  of  the 
“plain”  groupoid  case.  It  follows  from  this  that  ( U , R , s,  t,  c)  is  the  pullback  of  this 
groupoid  structure  via  the  morphism  U — > U.  This  concludes  the  proof.  □ 


67.10.  Final  bootstrap 


0455  The  following  result  goes  quite  a bit  beyond  the  earlier  results. 

0456  Theorem  67.10.1.  Let  S be  a scheme.  Let  F : ( Sch/S )f^f  — > Sets  be  a functor. 

Any  one  of  the  following  conditions  implies  that  F is  an  algebraic  space: 

(1)  F = U/R  where  (17,  R,  s,  t,  c)  is  a groupoid  in  algebraic  spaces  over  S such 
that  s,t  are  flat  and  locally  of  finite  presentation,  and  j = (t,  s)  : R -A 
U x 5 U is  an  equivalence  relation, 

(2)  F = U/R  where  (U,  R,  s,t,  c)  is  a groupoid  scheme  over  S such  that  s,t 
are  flat  and  locally  of  finite  presentation,  and  j = (t,  s)  : R — )•  U x s U is 
an  equivalence  relation, 

(3)  F is  a sheaf  and  there  exists  an  algebraic  space  U and  a morphism  U — > F 
which  is  which  is  representable  by  algebraic  spaces,  surjective,  flat  and 
locally  of  finite  presentation, 

(4)  F is  a sheaf  and  there  exists  a scheme  U and  a morphism  U —¥  F which 
is  which  is  representable  (by  algebraic  spaces  or  schemes),  surjective,  flat 
and  locally  of  finite  presentation, 

(5)  F is  a sheaf,  A p is  representable  by  algebraic  spaces,  and  there  exists  an 
algebraic  space  U and  a morphism  U — ► F which  is  surjective,  flat,  and 
locally  of  finite  presentation,  or 

(6)  F is  a sheaf,  Ap  is  representable,  and  there  exists  a scheme  U and  a mor- 
phism U — ^ F which  is  surjective,  flat,  and  locally  of  finite  presentation. 


Proof.  Trivial  observations:  (6)  is  a special  case  of  (5)  and  (4)  is  a special  case 
of  (3).  We  first  prove  that  cases  (5)  and  (3)  reduce  to  case  (1).  Namely,  by 
bootstrapping  the  diagonal  Lemma  67.5.3  we  see  that  (3)  implies  (5).  In  case  (5) 
we  set  R = U Xp  U which  is  an  algebraic  space  by  assumption.  Moreover,  by 
assumption  both  projections  s,t  : R —¥  U are  surjective,  flat  and  locally  of  finite 
presentation.  The  map  j : R — > U Xs  U is  clearly  an  equivalence  relation.  By 
Lemma  67.4.6  the  map  U — ► F is  a surjection  of  sheaves.  Thus  F = U/R  which 


reduces  us  to  case  (1). 

Next,  we  show  that  (1)  reduces  to  (2).  Namely,  let  (U,R,s,t,c)  be  a groupoid 
in  algebraic  spaces  over  S such  that  s,t  are  flat  and  locally  of  finite  presentation, 
and  j = (t,  s)  : R —t  U x s U is  an  equivalence  relation.  Choose  a scheme  U' 
and  a surjective  etale  morphism  U'  — > U.  Let  R'  = R\w  be  the  restriction  of  R 


to  U' . By  Groupoids  in  Spaces,  Lemma  65.18.6  we  see  that  U/R  = U1  /R' . Since 
s',  tf  : R'  — > U'  are  also  flat  and  locally  of  finite  presentation  (see  More  on  Groupoids 


in  Spaces,  Lemma  66.6.1)  this  reduces  us  to  the  case  where  U is  a scheme.  As  j is 
an  equivalence  relation  we  see  that  j is  a monomorphism.  As  s : R -A  U is  locally 
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of  finite  presentation  we  see  that  j : R — > U Xg  U is  locally  of  finite  type,  see 
Morphisms  of  Spaces,  Lemma  [54. 23. 6|  By  Morphisms  of  Spaces,  Lemma  [54. 27. 10| 
we  see  that  j is  locally  quasi-finite  and  separated.  Hence  if  U is  a scheme,  then  R is 
a scheme  by  Morphisms  of  Spaces,  Proposition  54.47.2  Thus  we  reduce  to  proving 
the  theorem  in  case  (2). 

Assume  F = U/R  where  (17,  R,  s , t,  c)  is  a groupoid  scheme  over  S such  that  s,  t are 
flat  and  locally  of  finite  presentation,  and  j = (i,  s)  : R — > U x 5 U is  an  equivalence 
relation.  By  Lemma  [67.8.1|  we  reduce  to  that  case  where  s,t  are  flat,  locally  of 
finite  presentation,  and  locally  quasi-finite.  Let  U = Ui  6/  Ui  be  an  affine  open 
covering  (with  index  set  I of  cardinality  < than  the  size  of  U to  avoid  set  theoretic 
problems  later  - most  readers  can  safely  ignore  this  remark).  Let  ( I/,, -Rj,  Sj,  U,  Cj ) 
be  the  restriction  of  R to  Ui.  It  is  clear  that  Sj,ij  are  still  flat,  locally  of  finite 
presentation,  and  locally  quasi-finite  as  R,,  is  the  open  subscheme  s-1(I/j)  nf_1(I7i) 
of  R and  s»,tj  are  the  restrictions  of  s,t  to  this  open.  By  Lemma  67.7.1  (or  the 
simpler  Spaces,  Lemma  52.10.2)  the  map  Ui/Ri  -A  U/R  is  representable  by  open 
immersions.  Hence  if  we  can  show  that  Ft  = Ui/Ri  is  an  algebraic  space,  then 
LUz  Fi  is  an  algebraic  space  by  Spaces,  Lemma  |52 .8.3  As  U = [jUi  is  an  open 
covering  it  is  clear  that  JJ  Fi  — >•  F is  surjective.  Thus  it  follows  that  U/R  is  an 
algebraic  space,  by  Spaces,  Lemma [52. 8.4[  In  this  way  we  reduce  to  the  case  where 
U is  affine  and  s,  t are  flat,  locally  of  finite  presentation,  and  locally  quasi-finite  and 
j is  an  equivalence. 

Assume  (U,R,s,t,c)  is  a groupoid  scheme  over  S,  with  U affine,  such  that  s,t  are 
flat,  locally  of  finite  presentation,  and  locally  quasi-finite,  and  j is  an  equivalence 
relation.  Choose  u £ U.  We  apply  More  on  Groupoids  in  Spaces,  Lemma  [66.13. 9| 
to  u £ U,  R,  s , t,  c.  We  obtain  an  affine  scheme  U',  an  etale  morphism  g :[/'—)•  U, 
a point  v!  £ U'  with  k(u)  = k(u')  such  that  the  restriction  R'  = R\u>  is  quasi- 
split over  v! . Note  that  the  image  g(U')  is  open  as  g is  etale  and  contains  u'. 
Hence,  repeatedly  applying  the  lemma,  we  can  find  finitely  many  points  iq  £ U, 
i = 1, . ..  ,n,  affine  schemes  U[,  etale  morphisms  gi  : U[  — > {7,  points  u'  £ U[  with 
<?(«')  = Ui  such  that  (a)  each  restriction  7?'  is  quasi-split  over  some  point  in  U[ 
and  (b)  U = Ui=i  N°w  we  rerun  the  last  part  of  the  argument  in  the 


preceding  paragraph:  Using  Lemma  67.7.1  (or  the  simpler  Spaces,  Lemma  52.10.2) 
the  map  U[ / R/  — ► U/R  is  representable  by  open  immersions.  If  we  can  show  that 
Ft  = U[/R!i  is  an  algebraic  space,  then  ] JieI  Fi  is  an  algebraic  space  by  Spaces, 
Lemma  |52.8.3  As  {gi  : U{  — > U}  is  an  etale  covering  it  is  clear  that  ]j  Fi  — > F 
is  surjective.  Thus  it  follows  that  U / R is  an  algebraic  space,  by  Spaces,  Lemma 


52.8.4  In  this  way  we  reduce  to  the  case  where  U is  affine  and  s,  t are  flat,  locally  of 
finite  presentation,  and  locally  quasi-finite,  j is  an  equivalence,  and  R is  quasi-split 
over  u for  some  u £ 17. 

Assume  (U,  R,  s,  t,  c)  is  a groupoid  scheme  over  S,  with  U affine,  u £ U such  that 
s,t  are  flat,  locally  of  finite  presentation,  and  locally  quasi-finite  and  j = (t,  s)  : 
R — ► U Xg  U is  an  equivalence  relation  and  R is  quasi-split  over  u.  Let  P C R 


be  a quasi-splitting  of  R over  u.  By  Lemma  67.9.1  we  see  that  (U,R,s,t,c)  is  the 
restriction  of  a groupoid  ({7,  R,  s.  t,  c)  by  a surjective  finite  locally  free  morphism 
U U such  that  P = U x jjU . Note  that  s,  t are  the  base  changes  of  the  morphisms 
s,  t by  U — > U.  As  {U  — > 17}  is  an  fppf  covering  we  conclude  s,  t are  flat,  locally  of 
finite  presentation,  and  locally  quasi-finite,  see  Descent,  Lemmas |34. 19. 13]  |34.19.9] 


67.11.  APPLICATIONS 


4106 


and|34.19.22[  Consider  the  commutative  diagram 


It  is  a general  fact  about  restrictions  that  the  outer  four  corners  form  a cartesian 
diagram.  By  the  equality  we  see  the  inner  square  is  cartesian.  Since  P is  open 
in  R (by  definition  of  a quasi-splitting)  we  conclude  that  e is  an  open  immersion 
by  Descent,  Lemma  [34.19.14[  An  application  of  Groupoids,  Lemma [38. 20. 5|  shows 
that  U/R  = U/R.  Hence  we  have  reduced  to  the  case  where  (U,R,s,t,c)  is  a 
groupoid  scheme  over  S,  with  U affine,  u £ U such  that  s,  t are  flat,  locally  of  finite 
presentation,  and  locally  quasi-finite  and  j = (t,  s)  : R — »•  U x g U is  an  equivalence 
relation  and  e : U — > R is  an  open  immersion! 


But  of  course,  if  e is  an  open  immersion  and  s,  t are  flat  and  locally  of  finite 
presentation  then  the  morphisms  t , s are  etale.  For  example  you  can  see  this  by 
applying  More  on  Groupoids,  Lemma  39.4.1  which  shows  that  Qr/u  = 0 which  in 
turn  implies  that  s,t  : R — > U is  G-unramified  (see  Morphisms,  Lemma  28.35.2), 
which  in  turn  implies  that  s,t  are  etale  (see  Morphisms,  Lemma  28.36.16).  And  if 
s,  t are  etale  then  finally  U/R  is  an  algebraic  space  by  Spaces,  Theorem  52.10.5  □ 


67.11.  Applications 


04SJ  As  a first  application  we  obtain  the  following  fundamental  fact: 


A sheaf  which  is  fppf  locally  an  algebraic  space  is  an  algebraic  space. 


This  is  the  content  of  the  following  lemma.  Note  that  assumption  (2)  is  equivalent  to 
the  condition  that  F\(sch/S,)fvpf  is  an  algebraic  space,  see  Spaces,  Lemma  52.16.4 
Assumption  (3)  is  a set  theoretic  condition  which  may  be  ignored  by  those  not 
worried  about  set  theoretic  questions. 


04SK 


Lemma  67.11.1.  Let  S be  a scheme.  Let  F : {Sell/ S)°^ppf  — ► Sets  be  a functor. 
Let  {Si  — > S'jie/  be  a covering  of  (Sch/ S) fppf . Assume  that 


(1)  F is  a sheaf, 

(2)  each  Fi  = hsi  x F is  an  algebraic  space,  and 


Then  F is  an  algebraic  space. 


(3)  Ui67  Fi  is  an  algebraic  space  (see  Spaces,  Lemma\52. 8.3 1 


Proof.  Consider  the  morphism  ]j  F,  — > F . This  is  the  base  change  of  JJ  Si  — > S via 
F — >•  S.  Hence  it  is  representable,  locally  of  finite  presentation,  flat  and  surjective 
by  our  definition  of  an  fppf  covering  and  Lemma  |67.4.2|  Thus  Theorem  |67.10.1| 
applies  to  show  that  F is  an  algebraic  space.  □ 


As  a second  application  we  obtain 


Any  fppf  descent  datum  for  algebraic  spaces  is  effective. 


This  is  the  content  of  the  following  lemma. 
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OADV  Lemma  67.11.2.  Let  S be  a scheme.  Let  {Xi  -A  be  an  fppf  covering 

of  algebraic  spaces  over  S.  Assume  I is  countabl^ | Then  any  descent  datum  for 
algebraic  spaces  relative  to  {Xi  — » X}  is  effective. 


Proof.  By  Descent  on  Spaces,  Lemma  |61.20.1|  this  translates  into  the  statement 
that  an  fppf  sheaf  F endowed  with  a map  F — A X is  an  algebraic  space  provided 
that  each  Fxj  X,  is  an  algebraic  space.  The  restriction  on  the  cardinality  of  / 
implies  that  coproducts  of  algebraic  spaces  indexed  by  I are  algebraic  spaces,  see 
Spaces,  Lemma [52.8.3| and  Sets,  Lemma[3.9.9|  The  morphism 

Y[FxxXt^F 


is  representable  by  algebraic  spaces  (as  the  base  change  of  {J  X,  -a  A',  see  Lemma 


67.3.3),  and  surjective,  flat,  and  locally  of  finite  presentation  (as  the  base  change  of 
Y[Xi  — A X,  see  Lemma  67.4.2).  Hence  the  lemma  follows  from  Theorem  67.10.1 

□ 


Here  is  a different  type  of  application. 

OAMP  Lemma  67.11.3.  Let  S be  a scheme.  Let  a : F —A  G and  b : G —A  H be 
transformations  of  functors  {Sch/  S)opppf  — A Sets.  Assume 

(1)  F,  G,  H are  sheaves, 

(2)  a : F —a  G is  representable  by  algebraic  spaces,  flat,  locally  of  finite  pre- 
sentation, and  surjective,  and 

(3)  b o a : F —A  H is  representable  by  algebraic  spaces. 

Then  b is  representable  by  algebraic  spaces. 


Proof.  Let  U be  a scheme  over  S and  let  £ £ H(U).  We  have  to  show  that  U x^hG 
is  an  algebraic  space.  On  the  other  hand,  we  know  that  U X£,h  F is  an  algebraic 
space  and  that  U x^,h  F —a  U X£,h  G is  representable  by  algebraic  spaces,  flat, 
locally  of  finite  presentation,  and  surjective  as  a base  change  of  the  morphism  a 
(see  Lemma  67.4.2).  Thus  the  result  follows  from  Theorem  67.10.1  □ 


Here  is  a special  case  of  Lemma  |67.11.1|  where  we  do  not  need  to  worry  about  set 
theoretical  issues. 


04U0  Lemma  67.11.4.  Let  S be  a scheme.  Let  F : {Sch/ S)opppf  — A Sets  be  a functor. 
Let  {Sj  —A  S}ig/  be  a covering  of  (Sch/ S)  fppf . Assume  that 

(1)  F is  a sheaf, 

(2)  each  Fi  = hsi  x F is  an  algebraic  space,  and 

(3)  the  morphisms  Fi  —A  Si  are  of  finite  type. 

Then  F is  an  algebraic  space. 

Proof.  We  will  use  Lemma  167.11.11  above.  To  do  this  we  will  show  that  the  as- 
sumption that  Fj  is  of  finite  type  over  Si  to  prove  that  the  set  theoretic  condition 
in  the  lemma  is  satisfied  (after  perhaps  refining  the  given  covering  of  S a bit).  We 
suggest  the  reader  skip  the  rest  of  the  proof. 

If  SI  -A-  Si  is  a morphism  of  schemes  then 

h s'  x F = hs'  x hs.  hsi  x F = hs'.  x hs,  Fi 


3We  can  allow  larger  index  sets  here  if  we  can  bound  the  size  of  the  algebraic  spaces  which 
we  are  descending.  If  we  ever  need  this  we  will  add  a more  precise  statement  here. 
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is  an  algebraic  space  of  finite  type  over  S'it  see  Spaces,  Lemma  52.7.3  and  Morphisms 


of  Spaces,  Lemma|54.23.3|  Thus  we  may  refine  the  given  covering.  After  doing  this 
we  may  assume:  (a)  each  Si  is  affine,  and  (b)  the  cardinality  of  I is  at  most  the 
cardinality  of  the  set  of  points  of  S.  (Since  to  cover  all  of  S it  is  enough  that  each 
point  is  in  the  image  of  Si  — > S for  some  i.) 

Since  each  S%  is  affine  and  each  Fi  of  finite  type  over  Si  we  conclude  that  Ft  is 
quasi-compact.  Hence  by  Properties  of  Spaces,  Lemma |53.6.3|  we  can  find  an  affine 
Ui  G Ob ((Sch/S) fppf)  and  a surjective  etale  morphism  Ui  — » F \.  The  fact  that 
Fi  -A  Si  is  locally  of  finite  type  then  implies  that  Ui  — > Si  is  locally  of  finite 
type,  and  in  particular  Ui  — ► S is  locally  of  finite  type.  By  Sets,  Lemma  |3.9.7| 
we  conclude  that  siz e(C/*)  < size  (S).  Since  also  |1|  < siz e(S)  we  conclude  that 
LU/  Ui  is  isomorphic  to  an  object  of  {Sch/ S) fppf  by  Sets,  Lemma  13.9.51  and  the 
construction  of  Sch.  This  implies  that  ]/[  Fi  is  an  algebraic  space  by  Spaces,  Lemma 
152.8.31  and  we  win.  □ 

04TB  Lemma  67.11.5.  Assume  B -A  S and  (17,  R , s,  t,  c)  are  as  in  Groupoids  in  Spaces, 


Definition  65.19.1  (1).  For  any  scheme  T over  S and  objects  x,y  of  [17/1?]  over  T 
the  sheaf  Isom(x,y)  on  (Sch/T)  fppf  is  an  algebraic  space. 


Proof.  By  Groupoids  in  Spaces,  Lemma  65.21.3  there  exists  an  fppf  covering  {T*  — ► 
T}iei  such  that  Isom(x,y)\(Sch/Ti)fppf  is  an  algebraic  space  for  each  i.  By  Spaces, 
Lemma  52.16.4|  this  means  that  each  Fi  = hg.  x Isomix,  y)  is  an  algebraic  space. 
Thus  to  prove  the  lemma  we  only  have  to  verify  the  set  theoretic  condition  that 


£J?7  is  an  algebraic  space  of  Lemma  67.11.1  above  to  conclude.  To  do  this  we 
use  Spaces,  Lemma  [52.8.3  which  requires  showing  that  I and  the  Fi  are  not  “too 
large” . We  suggest  the  reader  skip  the  rest  of  the  proof. 

Choose  U'  G Ob{Sch/ S) fppf  and  a surjective  etale  morphism  U'  — > U.  Let  R'  be 
the  restriction  of  R to  U' . Since  [17/1?]  = [17'/??']  we  may,  after  replacing  U by  17', 
assume  that  17  is  a scheme.  (This  step  is  here  so  that  the  fibre  products  below  are 
over  a scheme.) 

Note  that  if  we  refine  the  covering  {Tj  — ► T}  then  it  remains  true  that  each  Fj  is  an 
algebraic  space.  Hence  we  may  assume  that  each  Tj  is  affine.  Since  Tj  — ► T is  locally 
of  finite  presentation,  this  then  implies  that  size(Tj)  < size(T),  see  Sets,  Lemma 
|3.9.7[  We  may  also  assume  that  the  cardinality  of  the  index  set  1 is  at  most  the 
cardinality  of  the  set  of  points  of  T since  to  get  a covering  it  suffices  to  check  that 
each  point  of  T is  in  the  image.  Hence  |J|  < size(T).  Choose  W G Ob  {{Sch/  S)  fppf) 
and  a surjective  etale  morphism  W — t R.  Note  that  in  the  proof  of  Groupoids  in 
Spaces,  Lemma  I 


65.21.3 


we  showed  that  Fi  is  representable  by  T)  X(yilXi),uxBu R f°r 
some  Xi,yi  : Ti  -A  17.  Hence  now  we  see  that  Vi  = Ti  X(yitxi),UxBu  W is  & scheme 
which  comes  with  an  etale  surjection  V)  — > A,;.  By  Sets,  Lemma[3.9.6|  we  see  that 

siz e(Vi)  < max{size(Tj),  size(W)}  < max{size(T),  size(W)} 

Hence,  by  Sets,  Lemma  |3.9.5|  we  conclude  that 

size(TT  V)  < max{|/|, size(T), size(W)}. 

J— Mg/ 

Hence  we  conclude  by  our  construction  of  Sch  that  LU  Vi  is  isomorphic  to  an 


object  V of  [Sch/ S)  fppf.  This  verifies  the  hypothesis  of  Spaces,  Lemma  52.8.3  and 


we  wm. 


□ 
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06PG  Lemma  67.11.6.  Let  S be  a scheme.  Consider  an  algebraic  space  F of  the 
form  F = U/R  where  ( [U,R,s,t,c ) is  a groupoid  in  algebraic  spaces  over  S such 
that  s,t  are  flat  and  locally  of  finite  presentation,  and  j = (t,s)  : R — X U xj  U 
is  an  equivalence  relation.  Then  U — X F is  surjective,  flat,  and  locally  of  finite 
presentation. 


Proof.  This  is  almost  but  not  quite  a triviality.  Namely,  by  Groupoids  in  Spaces, 
Lemma [65.18. 5| and  the  fact  that  j is  a monomorphism  we  see  that  R = U XpU . 
Choose  a scheme  W and  a surjective  etale  morphism  W — X F.  As  U — X F is  a 
surjection  of  sheaves  we  can  find  an  fppf  covering  {Wi  —X  W}  and  maps  W»  — X U 
lifting  the  morphisms  W'j;  — x F.  Then  we  see  that 


Wi  xF  U = Wi  xv  U xF  U = Wi  xu<t  R 


06PH 


and  the  projection  Wi  xF  U — X Wi  is  the  base  change  of  t : R — X U hence  flat 
and  locally  of  finite  presentation,  see  Morphisms  of  Spaces,  Lemmas  |54.29.4|  and 
|54.28.3|  Hence  by  Descent  on  Spaces,  Lemmas  |61.10.11|  and  |61.10.8|  we  see  that 
U — X F is  flat  and  locally  of  finite  presentation.  It  is  surjective  by  Spaces,  Remark 
152.5.21  □ 

Lemma  67.11.7.  Let  S be  a scheme.  Let  X — x B be  a morphism  of  algebraic 
spaces  over  S.  Let  G be  a group  algebraic  space  over  B and  let  a : G Xp  X -A  A' 
be  an  action  of  G on  X over  B.  If 


(1)  a is  a free  action,  and 

(2)  G — x B is  flat  and  locally  of  finite  presentation, 

then  X/G  (see  Groupoids  in  Spaces,  Definition  65.18.1)  is  an  algebraic  space  and 
X — x X/G  is  surjective,  flat,  and  locally  of  finite  presentation. 


Proof.  The  fact  that  X/G  is  an  algebraic  space  is  immediate  from  Theorem  67.10.1 


and  the  definitions.  Namely,  X/G  = X/R  where  R = G Xg  X.  The  morphisms 
s,t  : G x b X — X X are  flat  and  locally  of  finite  presentation  (clear  for  s as  a base 
change  of  G — X B and  by  symmetry  using  the  inverse  it  follows  for  t ) and  the 
morphism  j : G Xp  X — > X Xg  I is  a monomorphism  by  Groupoids  in  Spaces, 
Lemma  65.8.3  as  the  action  is  free.  The  assertions  about  the  morphism  X — x X/G 
follow  from  Lemma  [67.1 1.61  □ 


04U1 


Lemma  67.11.8.  Let  {Si  — X S'jigj  be  a covering  of  {Sch/ S)  fppf . Let  G be  a group 
algebraic  space  over  S,  and  denote  Gi  = Gs,  the  base  changes.  Suppose  given 

(1)  for  each  i £ I an  fppf  Gi-torsor  X j over  Si,  and 

(2)  for  each  i,j  £ I a GsiXsSj-equivariant  isomorphism  tfiij  : Xi  Xg  Sj  — X 
Si  x 5 Xj  satisfying  the  cocycle  condition  over  every  Si  xg  Sj  xg  Sj . 

Then  there  exists  an  fppf  G-torsor  X over  S whose  base  change  to  Si  is  isomorphic 
to  Xi  such  that  we  recover  the  descent  datum  tpij . 


Proof.  We  may  think  of  X,  as  a sheaf  on  (Sch/ Si)  fppf,  see  Spaces,  Section  52.16 
By  Sites,  Section  7.25  the  descent  datum  (Xl:  ip ;,,■/)  is  effective  in  the  sense  that 
there  exists  a unique  sheaf  X on  (Sch/ S) fppf  which  recovers  the  algebraic  spaces 
Xi  after  restricting  back  to  (Sch/ Sf) fppf.  Hence  we  see  that  Xj  = hs,  x X.  By 
Lemma  67.11.1  we  see  that  X is  an  algebraic  space,  modulo  verifying  that  {JW 
is  an  algebraic  space  which  we  do  at  the  end  of  the  proof.  By  the  equivalence  of 
categories  in  Sites,  Lemma  7.25.3  the  action  maps  G,:  x<j„.  X, 
a map  a : G Xs  A'  —X  A. 


XSi  -W  Xi  glue  to  give 

Now  we  have  to  show  that  a is  an  action  and  that 
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X is  a pseudo-torsor,  and  fppf  locally  trivial  (see  Groupoids  in  Spaces,  Definition 
65.9.3 ) . These  may  be  checked  fppf  locally,  and  hence  follow  from  the  corresponding 
properties  of  the  actions  Gi  Xg.  X,  — ► Xj.  Hence  the  lemma  is  true. 

We  suggest  the  reader  skip  the  rest  of  the  proof,  which  is  purely  set  theoretical. 
Pick  coverings  {Sij  — > Sj}j<zji  of  {Sch/ S) fppf  which  trivialize  the  Gi  torsors  Xi 
(possible  by  assumption,  and  Topologies,  Lemma  33.7.7  part  (1)).  Then  {Sij  — » 


S} iei,jeJi  is  a covering  of  {Sch/  S)  fppf  and  hence  we  may  assume  that  each  Xi 
is  the  trivial  torsor!  Of  course  we  may  also  refine  the  covering  further,  hence  we 
may  assume  that  each  Si  is  affine  and  that  the  index  set  I has  cardinality  bounded 
by  the  cardinality  of  the  set  of  points  of  S.  Choose  U £ Ob ((Sch/S)fppf)  and  a 
surjective  etale  morphism  U — > G.  Then  we  see  that  Ui  = 17  x g Si  comes  with  an 
etale  surjective  morphism  to  Xi  = Gi.  By  Sets,  Lemma  3.9. 6|  we  see  siz e(Ui)  < 
max{size([/),  size(S'i)}.  By  Sets,  Lemma  3.9.7  we  have  size(S,1)  < size(S').  Hence 
we  see  that  siz e{U/)  < max{size(C/),  size(S’)}  for  all  i £ I.  Together  with  the  bound 


on  |/|  we  found  above  we  conclude  from  Sets,  Lemma  3.9.5  that  size(])Jt/i)  < 
ma,x{size(f/),  size  (S')}.  Hence  Spaces,  Lemma  [52.8.3  applies  to  show  that  ]j  X.t  is 
an  algebraic  space  which  is  what  we  had  to  prove.  □ 


67.12.  Algebraic  spaces  in  the  etale  topology 


Let  S'  be  a scheme.  Instead  of  working  with  sheaves  over  the  big  fppf  site  {Sch/ S)  fppf 
we  could  work  with  sheaves  over  the  big  etale  site  {Sch/ S)^aie-  All  of  the  material  in 
Algebraic  Spaces,  Sections [52.3  and  52.5  makes  sense  for  sheaves  over  {Sch/ S)^taie- 
Thus  we  get  a second  notion  of  algebraic  spaces  by  working  in  the  etale  topology. 
This  notion  is  (a  priori)  weaker  then  the  notion  introduced  in  Algebraic  Spaces, 
Definition  |52.6.1|  since  a sheaf  in  the  fppf  topology  is  certainly  a sheaf  in  the  etale 
topology.  However,  the  notions  are  equivalent  as  is  shown  by  the  following  lemma. 

Lemma  67.12.1.  Denote  the  common  underlying  category  of  Schfppf  and  Sch^taie 
by  Scha  (see  Topologies,  Remark  33.9.1\.  Let  S be  an  object  of  Scha.  Let 

F : {Scha/ S)opp  — > Sets 


be  a presheaf  with  the  following  properties: 

(1)  F is  a sheaf  for  the  etale  topology, 

(2)  the  diagonal  A : F — > F x F is  representable,  and 

(3)  there  exists  U £ Ob {Scha/S)  and  U — )•  F which  is  surjective  and  etale. 
Then  F is  an  algebraic  space  in  the  sense  of  Algebraic  Spaces,  Definition\52. 6.1\ 


Proof.  Note  that  properties  (2)  and  (3)  of  the  lemma  and  the  corresponding  prop- 
erties (2)  and  (3)  of  Algebraic  Spaces,  Definition  52.6.1  are  independent  of  the 
topology.  This  is  true  because  these  properties  involve  only  the  notion  of  a fibre 
product  of  presheaves,  maps  of  presheaves,  the  notion  of  a representable  transfor- 
mation of  functors,  and  what  it  means  for  such  a transformation  to  be  surjective 
and  etale.  Thus  all  we  have  to  prove  is  that  an  etale  sheaf  F with  properties  (2) 
and  (3)  is  also  an  fppf  sheaf. 


To  do  this,  let  R = U x p U . By  (2)  the  presheaf  R is  representable  by  a scheme 
and  by  (3)  the  projections  R — ► U are  etale.  Thus  j : R — > U xg  U is  an  etale 
equivalence  relation.  Moreover  U -A  F identifies  F as  the  quotient  of  U by  R 
for  the  etale  topology:  (a)  if  T — > F is  a morphism,  then  {T  Xp  U — > T}  is  an 
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etale  covering,  hence  U — > F is  a surjection  of  sheaves  for  the  etale  topology,  (b) 
if  a,  b : T —tU  map  to  the  same  section  of  F,  then  (a,  b)  : T — > R hence  a and  b 
have  the  same  image  in  the  quotient  of  U by  R for  the  etale  topology.  Next,  let 
U/R  denote  the  quotient  sheaf  in  the  fppf  topology  which  is  an  algebraic  space  by 

Thus  we  have  morphisms  (transformations  of  functors) 

U/R. 


Spaces,  Theorem  52.10.5 


By  the  aforementioned  Spaces,  Theorem  |52. 10.5]  the  composition  is  representable, 
surjective,  and  etale.  Hence  for  any  scheme  T and  morphism  T — y U / R the  fibre 
product  V = T Xu/R  U is  a scheme  surjective  and  etale  over  T.  In  other  words, 
{V  — > U}  is  an  etale  covering.  This  proves  that  U -A  U/R  is  surjective  as  a map 
of  sheaves  in  the  etale  topology.  It  follows  that  F — > U/R  is  surjective  as  a map  of 
sheaves  in  the  etale  topology.  On  the  other  hand,  the  map  F — > U/R  is  injective 
(as  a map  of  presheaves)  since  R=U  xv/RU  again  by  Spaces,  Theorem 


52.10.5 


It 


follows  that  F — > U/R  is  an  isomorphism  of  etale  sheaves,  see  Sites,  Lemma  7.12.2 
which  concludes  the  proof.  □ 

There  is  also  an  analogue  of  Spaces,  Lemma  [52. 11. 1| 

Lemma  67.12.2.  Denote  the  common  underlying  category  of  Schfppf  and  Sch^taie 
by  Scha  (see  Topologies,  Remark  33.9.1\).  Let  S be  an  object  of  Scha.  Let 

F : ( Scha/S)opp  — A Sets 
be  a presheaf  with  the  following  properties: 

(1)  F is  a sheaf  for  the  etale  topology, 

(2)  there  exists  an  algebraic  space  U over  S and  a map  U — )•  F which  is 
representable  by  algebraic  spaces,  surjective,  and  etale. 

Then  F is  an  algebraic  space  in  the  sense  of  Algebraic  Spaces,  Definition\52. 6.1 


Proof.  Set  R = U x p U.  This  is  an  algebraic  space  as  U — > F is  assumed  repre- 
sentable by  algebraic  spaces.  The  projections  s,t  : R U are  etale  morphisms  of 
algebraic  spaces  as  U — > F is  assumed  etale.  The  map  j = (t,  s)  : R — > U Xg  U is  a 
monomorphism  and  an  equivalence  relation  as  R = U Xp  U.  By  Theorem |67.10.1| 
the  fppf  quotient  sheaf  F'  = U / R is  an  algebraic  space.  The  morphism  U — >•  F' 
is  surjective,  flat,  and  locally  of  finite  presentation  by  Lemma  |67.11.6|  The  map 
R -A  U x p>  U is  surjective  as  a map  of  fppf  sheaves  by  Groupoids  in  Spaces,  Lemma 


65.18.5  and  since  j is  a monomorphism  it  is  an  isomorphism.  Hence  the  base  change 
of  U — y Fr  by  U — ^ Fr  is  etale,  and  we  conclude  that  U — > F'  is  etale  by  Descent  on 
Spaces,  Lemma  61.10.26  Thus  U -A  F'  is  surjective  as  a map  of  etale  sheaves.  This 
means  that  F'  is  equal  to  the  quotient  sheaf  U/R  in  the  etale  topology  (small  check 
omitted).  Hence  we  obtain  a canonical  factorization  U -A  F'  — )•  F and  F'  -A  F is 
an  injective  map  of  sheaves.  On  the  other  hand,  U — > F is  surjective  as  a map  of 
etale  sheaves  and  hence  so  is  F'  -A  F.  This  means  that  F'  = F and  the  proof  is 
complete.  □ 

In  fact,  it  suffices  to  have  a smooth  cover  by  a scheme  and  it  suffices  to  assume  the 
diagonal  is  representable  by  algebraic  spaces. 

Lemma  67.12.3.  Denote  the  common  underlying  category  of  Schfppf  and  Sch^taie 
by  Scha  (see  Topologies,  Remark  33.9. 1\.  Let  S be  an  object  of  Scha. 

— > Sets 


F : ( Scha/S)opp 
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be  a presheaf  with  the  following  properties: 

(1)  F is  a sheaf  for  the  etale  topology, 

(2)  the  diagonal  A : F — > F x F is  representable  by  algebraic  spaces,  and 

(3)  there  exists  U £ Ob (Scha/S)  and  U — >•  F which  is  surjective  and  smooth. 
Then  F is  an  algebraic  space  in  the  sense  of  Algebraic  Spaces,  Definition\52. 6.1\ 


Proof.  The  proof  mirrors  the  proof  of  Lemma  67.12.1  Let  R = U x p U.  By  (2)  the 
presheaf  R is  an  algebraic  space  and  by  (3)  the  projections  R U are  smooth  and 
surjective.  Denote  (U,  R,  s,  t,  c)  the  groupoid  associated  to  the  equivalence  relation 
j : R -A  U Xg  U (see  Groupoids  in  Spaces,  Lemma  65.11.3).  By  Theorem  67.10.1 


we  see  that  X = U/R  (quotient  in  the  fppf-topology)  is  an  algebraic  space.  Using 
that  the  smooth  topology  and  the  etale  topology  have  the  same  sheaves  (by  More 
on  Morphisms,  Lemma  36.28.7)  we  see  the  map  U — >•  F identifies  F as  the  quotient 
of  U by  R for  the  smooth  topology  (details  omitted).  Thus  we  have  morphisms 
(transformations  of  functors) 

U^F^X. 


By  Lemma  67.11.6  we  see  that  U — > X is  surjective,  flat  and  locally  of  finite 
presentation.  By  Groupoids  in  Spaces,  Lemma  65.18.5  (and  the  fact  that  j is  a 


monomorphism)  we  have  R = U U.  By  Descent  on  Spaces,  Lemma  61.10.24 
we  conclude  that  U — > X is  smooth  and  surjective  (as  the  projections  R — » U are 
smooth  and  surjective  and  {U  -A  A'}  is  an  fppf  covering).  Hence  for  any  scheme  T 
and  morphism  T -A  X the  fibre  product  T XxU  is  an  algebraic  space  surjective  and 
smooth  over  T.  Choose  a scheme  V and  a surjective  etale  morphism  V — )•  T Xx  U. 
Then  {V  — ► T}  is  a smooth  covering  such  that  V — > T — > X lifts  to  a morphism 
V — > U . This  proves  that  U — > X is  surjective  as  a map  of  sheaves  in  the  smooth 
topology.  It  follows  that  F — ► X is  surjective  as  a map  of  sheaves  in  the  smooth 
topology.  On  the  other  hand,  the  map  F — » X is  injective  (as  a map  of  presheaves) 
since  R = U Xx  U.  It  follows  that  F — > X is  an  isomorphism  of  smooth  (=  etale) 
sheaves,  see  Sites,  Lemma  [7 . 1 2 . 2 1 which  concludes  the  proof.  □ 
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Quotients  of  Groupoids 


68.1.  Introduction 

This  chapter  is  devoted  to  generalities  concerning  groupoids  and  their  quotients 
(as  far  as  they  exist).  There  is  a lot  of  literature  on  this  subject,  see  for  example 

MFK94] . ISes72l.  |Kol97|.  |KM97|.  IKol08|  and  many  more. 


68.2.  Conventions  and  notation 


In  this  chapter  the  conventions  and  notation  are  those  introduced  in  Groupoids  in 


Spaces,  Sections  65.2  and  65.3 


68.3.  Invariant  morphisms 


Definition  68.3.1.  Let  S'  be  a scheme,  and  let  B be  an  algebraic  space  over  S. 
Let  j = (t,s)  : R — ► U x B U be  a pre-relation  of  algebraic  spaces  over  B.  We  say  a 
morphism  <f> : U — > X of  algebraic  spaces  over  B is  R-invariant  if  the  diagram 

R 

S 

t <f> 


is  commutative.  If  j : R — ► U Xg  U comes  from  the  action  of  a group  algebraic 
space  G on  U over  B as  in  Groupoids  in  Spaces,  Lemma  [65. 14. 1|  then  we  say  that 
<f>  is  G-invariant. 

In  other  words,  a morphism  U — > X is  R-invariant  if  it  equalizes  s and  t.  We  can 
reformulate  this  in  terms  of  associated  quotient  sheaves  as  follows. 

Lemma  68.3.2.  Let  S be  a scheme,  and  let  B be  an  algebraic  space  over  S. 
Let  j = ( t,s ) : R — >•  U Xg  U be  a pre-relation  of  algebraic  spaces  over  B.  A 
morphism  of  algebraic  spaces  </>  : U — ► X is  R-invariant  if  and  only  if  it  factors  as 
U^U/R-^X. 

Proof.  This  is  clear  from  the  definition  of  the  quotient  sheaf  in  Groupoids  in 
Spaces,  Section [65T8j  □ 

Lemma  68.3.3.  Let  S be  a scheme,  and  let  B be  an  algebraic  space  over  S . Let 
j = (t,  s)  : R — » U x b U be  a pre-relation  of  algebraic  spaces  over  B . Let  U — > X be 
an  R-invariant  morphism  of  algebraic  spaces  over  B . Let  X'  — > X be  any  m.orphism 
of  algebraic  spaces. 
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(1)  Setting  U'  = X'  U , R!  = X'  Xx  R we  obtain  a pre-relation  j'  : R ' — > 

U'  x B U'. 

(2)  The  pre-relation  j'  : R'  — > U'  x b U'  is  the  restriction  of  j : R — x U Xb  U 
via  U'  — > U,  see  Groupoids  in  Spaces , Definition  65-4-3. 

(3)  If  j is  a relation,  then  j'  is  a relation. 

(4)  If  j is  a pre-equivalence  relation,  then  j'  is  a pre- equivalence  relation. 

(5)  If  j is  an  equivalence  relation,  then  j'  is  an  equivalence  relation. 

(6)  If  j comes  from  a groupoid  in  algebraic  spaces  (U,  R,  s,  t,  c)  over  B,  then  j ' 
comes  from  the  restriction  of  this  groupoid  to  U' , see  Groupoids  in  Spaces, 
Definition  65.16.2\ 

(7)  If  j comes  from  the  action  of  a group  algebraic  space  G/B  on  U as  in 
Groupoids  in  Spaces,  Lemma  65.14-1  then  f comes  from  the  induced  ac- 
tion of  G on  U1 . 

Proof.  Omitted.  Hint:  Functorial  point  of  view  combined  with  the  picture: 


R'  = X'  x 


X'  xx  U = IT 


U'  = X'  x 


□ 


Definition  68.3.4.  In  the  situation  of  Lemma 


68.3.3 


we  call  j'  : R'  —x  U'  Xb  U' 
the  pullback  of  the  pre-relation  j to  X' . We  say  it  is  a flat  pullback  if  X'  — X X is  a 
flat  morphism  of  algebraic  spaces. 


68.4.  Categorical  quotients 

This  is  the  most  basic  kind  of  quotient  one  can  consider. 

Definition  68.4.1.  Let  S'  be  a scheme,  and  let  B be  an  algebraic  space  over  S. 

Let  j = (t,  s)  : R —X  U x b U be  pre-relation  in  algebraic  spaces  over  B. 

(1)  We  say  a morphism  <j> : U — > X of  algebraic  spaces  over  B is  a categorical 
quotient  if  it  is  R- invariant,  and  for  every  R- invariant  morphism  if  : U — > 
Y of  algebraic  spaces  over  B there  exists  a unique  morphism  \ : X — X Y 
such  that  ip  = (fo  x- 

(2)  Let  C be  a full  subcategory  of  the  category  of  algebraic  spaces  over  B. 
Assume  U,  R are  objects  of  C.  In  this  situation  we  say  a morphism 
<p  : U — > X of  algebraic  spaces  over  B is  a categorical  quotient  in  C if 
X € Ob(C),  and  <p  is  i?-invariant,  and  for  every  i?-invariant  morphism 
ip  : U —X  Y with  Y £ Ob(C)  there  exists  a unique  morphism  \ '■  X — > Y 
such  that  ip  = <p  o X- 

(3)  If  B = S and  C is  the  category  of  schemes  over  S,  then  we  say  U — t X is 
a categorical  quotient  in  the  category  of  schemes , or  simply  a categorical 
quotient  in  schemes. 
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We  often  single  out  a category  C of  algebraic  spaces  over  B by  some  separation 
axiom,  see  Example  |68.4.3|  for  some  standard  cases.  Note  that  if  </>:[/—►  X is 
a categorical  quotient  if  and  only  if  U — > X is  a coequalizer  for  the  morphisms 
t,  s : R — > U in  the  category.  Hence  we  immediately  deduce  the  following  lemma. 

048K  Lemma  68.4.2.  Let  S be  a scheme , and  let  B be  an  algebraic  space  over  S . Let 
j : R U Xb  U be  a pre-relation  in  algebraic  spaces  over  B.  If  a categorical 
quotient  in  the  category  of  algebraic  spaces  over  B exists,  then  it  is  unique  up 
to  unique  isomorphism.  Similarly  for  categorical  quotients  in  full  subcategories  of 
Spaces/ B . 


049V 


Proof.  See  Categories,  Section  |4~TT 


□ 


Example  68.4.3.  Let  S'  be  a scheme,  and  let  B be  an  algebraic  space  over  S.  Here 
are  some  standard  examples  of  categories  C that  we  often  come  up  when  applying 
Definition  168.4.11 

(1)  C is  the  category  of  all  algebraic  spaces  over  B, 

(2)  B is  separated  and  C is  the  category  of  all  separated  algebraic  spaces  over 

B, 

(3)  B is  quasi-separated  and  C is  the  category  of  all  quasi-separated  algebraic 
spaces  over  B, 

(4)  B is  locally  separated  and  C is  the  category  of  all  locally  separated  alge- 
braic spaces  over  B , 

(5)  B is  decent  and  C is  the  category  of  all  decent  algebraic  spaces  over  B , 
and 

(6)  S = B and  C is  the  category  of  schemes  over  S. 

In  this  case,  if  cfi  : U — > X is  a categorical  quotient  then  we  say  U — > X is  (1) 
a categorical  quotient , (2)  a categorical  quotient  in  separated  algebraic  spaces , (3) 
a categorical  quotient  in  quasi-separated  algebraic  spaces , (4)  a categorical  quotient 
in  locally  separated  algebraic  spaces,  (5)  a categorical  quotient  in  decent  algebraic 
spaces,  (6)  a categorical  quotient  in  schemes. 
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Definition  68.4.4.  Let  S'  be  a scheme,  and  let  B be  an  algebraic  space  over  S. 
Let  C be  a full  subcategory  of  the  category  of  algebraic  spaces  over  B closed  under 
fibre  products.  Let  j = (t,  s)  : R — ► U x b U be  pre- relation  in  C,  and  let  U -A  X 
be  an  .R-invariant  morphism  with  X £ Ob(C). 

(1)  We  say  U — A'  is  a universal  categorical  quotient  in  C if  for  every  mor- 
phism X'  — > X in  C the  morphism  U'  = X'  x x U — >■  X'  is  the  categorical 
quotient  in  C of  the  pullback  j'  : R'  — » U'  of  j. 

(2)  We  say  U — > X is  a uniform  categorical  quotient  in  C if  for  every  flat 
morphism  X'  -A  X in  C the  morphism  U'  = X'  Xx  U — > X'  is  the 
categorical  quotient  in  C of  the  pullback  j'  : R'  — > U'  of  j. 


Lemma  68.4.5.  In  the  situation  of  Definition  68. f.  1 If  (f> : U — > X is  a categor- 


ical quotient  and  U is  reduced,  then  X is  reduceJ.  The  same  holds  for  categorical 
quotients  in  a category  of  spaces  C listed  in  Example \68./.8\ 


Proof.  Let  Xred  be  the  reduction  of  the  algebraic  space  X.  Since  U is  reduced  the 
morphism  <j>  : U — » X factors  through  i : Xred  — > X (insert  future  reference  here). 
Denote  this  morphism  by  4>red  ■ U —¥  Xred-  Since  </>  o s = <p  o t ~we  see  that  also 
(fred  o s = 4>red  ° t (as  i : Xred  — > X is  a monomorphism).  Hence  by  the  universal 
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property  of  <j>  there  exists  a morphism  x '■  A'  Xred  such  that  <pred  = 4>  o y.  By 
uniqueness  we  see  that  i o \ = idx  and  x ° * = 1(ixTf.d  ■ Hence  i is  an  isomorphism 
and  X is  reduced. 

To  show  that  this  argument  works  in  a category  C one  just  needs  to  show  that  the 
reduction  of  an  object  of  C is  an  object  of  C.  We  omit  the  verification  that  this 
holds  for  each  of  the  standard  examples.  □ 


68.5.  Quotients  as  orbit  spaces 


Let  j = (t,  s)  : R — ► U Xb  U be  a pre-relation.  If  j is  a pre-equivalence  relation, 
then  loosely  speaking  the  “orbits”  of  R on  U are  the  subsets  i(s-1({u}))  of  U. 
However,  if  j is  just  a pre-relation,  then  we  need  to  take  the  equivalence  relation 
generated  by  R. 


Definition  68.5.1.  Let  S'  be  a scheme,  and  let  B be  an  algebraic  space  over  S. 
Let  j : R — > U x b U be  a,  pre-relation  over  B . If  u G \U\,  then  the  orbit , or  more 
precisely  the  R-orbit  of  u is 


Ou  — < u'  G \U\ 


3n  > 1,  3uo, . . . , un  G \U\  such  that 
for  all  i G {0, . . . , n — 1}  either 

Ui  = ui+ 1 or  > 

3 r G \R\,  s(r ) = uut{r)  = ui+1  or 
3r  £ \R\,  t(r)  = Ui,  s(r)  = ui+i 


It  is  clear  that  these  are  the  equivalence  classes  of  an  equivalence  relation,  i.e. , we 
have  u'  G Ou  if  and  only  if  u G Oui.  The  following  lemma  is  a reformulation  of 


Groupoids  in  Spaces,  Lemma  65.4.4 


Lemma  68.5.2.  Let  B 


S as  in  Section 


68.2  Let  j : R — ► U Xb  U be 


pre-equivalence  relation  of  algebraic  spaces  over  B.  Then 

Ou  = { u ' G \U\  such  that  3 r G |1?|,  s(r ) = u,  t(r)  = u'}. 


Proof.  By  the  aforementioned  Groupoids  in  Spaces,  Lemma[65.4.4|we  see  that  the 
orbits  Ou  as  defined  in  the  lemma  give  a disjoint  union  decomposition  of  \U\.  Thus 
we  see  they  are  equal  to  the  orbits  as  defined  in  Definition  68.5.1  □ 


Lemma  68.5.3.  In  the  situation  of  Definition 
R-invariant  morphism,  of  algebraic  spaces  over  B. 
on  the  orbits. 


68.5.1 

Then 


Let  (j) 

I : \U\  - 


U — > X be  an 
|X|  is  constant 


Proof.  To  see  this  we  just  have  to  show  that  = 4>{u')  for  all  u,u'  G \U\  such 
that  there  exists  an  r G \R\  such  that  s(r)  = u and  t{r)  = v! . And  this  is  clear 
since  <fi  equalizes  s and  t.  □ 

There  are  several  problems  with  considering  the  orbits  Ou  C \U\  as  a tool  for 
singling  out  properties  of  quotient  maps.  One  issue  is  the  following.  Suppose  that 
Spec (k)  — > B is  a geometric  point  of  B.  Consider  the  canonical  map 

U{k)  — > \U\. 

Then  it  is  usually  not  the  case  that  the  equivalence  classes  of  the  equivalence  relation 
generated  by  j(R(k))  C U(k)  x U(k)  are  the  inverse  images  of  the  orbits  Ou  C \U\. 
A silly  example  is  to  take  S = B = Spec(Z),  U = R = Spec(fc)  with  s = t = id*,. 
Then  \U\  = |i?|  is  a single  point  but  U(k)/R(k ) is  enormous.  A more  interesting 
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example  is  to  take  S = B = Spec(Q),  choose  some  of  number  fields  I\  C L , and 
set  U = Spec (L)  and  R = Spec {L  L)  with  obvious  maps  s,t  : R —>  U.  In  this 
case  ]Z7|  still  has  just  one  point,  but  the  quotient 

U{k)/R{k ) = Horn  (K,k) 

consists  of  more  than  one  element.  We  conclude  from  both  examples  that  if  U — > X 
is  an  R-invariant  map  and  if  we  want  it  to  “separate  orbits”  we  get  a much  stronger 
and  interesting  notion  by  considering  the  induced  maps  U{k)  — » X(k)  and  ask  that 
those  maps  separate  orbits. 

There  is  an  issue  with  this  too.  Namely,  suppose  that  S = B = Spec(R),  U = 
Spec(C),  and  R = Spec(C)  HSpec(A')  for  some  field  extension  a : C — > K.  Let  the 
maps  s,  t be  given  by  the  identity  on  the  component  Spec(C),  but  by  a,  <tot  on  the 
second  component  where  r is  complex  conjugation.  If  K is  a nontrivial  extension 
of  C,  then  the  two  points  1 ,t  £ U{ C)  are  not  equivalent  under  j(R( C)).  But  after 
choosing  an  extension  C C 11  of  sufficiently  large  cardinality  (for  example  larger 
than  the  cardinality  of  I\)  then  the  images  of  l,r  £ U{ C)  in  U( f2)  do  become 
equivalent!  It  seems  intuitively  clear  that  this  happens  either  because  s,  t : R — > U 
are  not  locally  of  finite  type  or  because  the  cardinality  of  the  field  k is  not  large 
enough. 

Keeping  this  in  mind  we  make  the  following  definition. 

048Q  Definition  68.5.4.  Let  S be  a scheme,  and  let  B be  an  algebraic  space  over  S. 
Let  j : R — ► U Xb  U be  a pre-relation  over  B.  Let  Spec(fc)  — ► B be  a geometric 
point  of  B. 

(1)  We  say  u,  u'  £ U(k ) are  weakly  R-equivalent  if  they  are  in  the  same 
equivalence  class  for  the  equivalence  relation  generated  by  the  relation 
j(R{k))  c U(k)  x U(k). 

(2)  We  say  u,  v!  £ U(k)  are  R-equivalent  if  for  some  overfield  k C S!  the 
images  in  U(Q)  are  weakly  I?-equi valent. 

(3)  The  weak  orbit , or  more  precisely  the  weak  R-orbit  of  u £ U (fc)  is  set  of 
all  elements  of  U ( k ) which  are  weakly  .R-equivalent  to  u. 

(4)  The  orbit , or  more  precisely  the  R-orbit  of  u £ U (k)  is  set  of  all  elements 
of  U (k)  which  are  R-equivalent  to  u. 

It  turns  out  that  in  good  cases  orbits  and  weak  orbits  agree,  see  Lemma|68.5.7|  The 
following  lemma  illustrates  the  difference  in  the  special  case  of  a pre-equivalence 
relation. 

048R  Lemma  68.5.5.  Let  S be  a scheme,  and  let  B be  an  algebraic  space  over  S . Let 
Spec(fc)  —J > B be  a geometric  point  of  B.  Let  j : R —>  U Xg  U be  a pre- equivalence 
relation  over  B.  In  this  case  the  weak  orbit  ofu£  U(k ) is  simply 

{u  £ U(k ) such  that  3 r £ R(k),  s(f)  = u,  t(f)  = u] 

and  the  orbit  ofu£  U(k ) is 

{u!  £ U(k ) : 3 field  extension  k C K,  3 r £ R{I\),  s(r ) = u,  t(r)  = u'} 

Proof.  This  is  true  because  by  definition  of  a pre-equivalence  relation  the  image 
j(R(k))  C U[k)  x U{k)  is  an  equivalence  relation.  □ 
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Let  us  describe  the  recipe  for  turning  any  pre-relation  into  a pre-equivalence  rela- 
tion. We  will  use  the  morphisms 

->  (u,u) 

-t  ( s(r),t(r )) 
(t(r),s{r')) 


j H jdiag  II  jfup  : RUU II R — > U x BU 


Jdiag 

U 

— ► U xBU,  u 

048S  (68.5.5.1)  jfHp  : 

R 

— > U x B U,  r 

Jcomp 

R xs,u,t  R 

— » UxBU,  (r,  r') 

We  define  j\  = (ti,si) 

R\  y U x B 

U to  be  the  morphism 

with  notation  as  in  Equation  (68.5.5.1).  For  n > 1 we  set 

jn  — Sn)  • -^n  — -^1  ^ si,U,tn  — i ^n—1  ^ U X B U 

where  tn  conies  from  t\  precomposed  with  projection  onto  R±  and  sn  comes  from 
sn—  i precomposed  with  projection  onto  Rn-i-  Finally,  we  denote 


Jo 


— (^005  Soc ) • Roc  — y y 


n>  1 


Rn 


U XBU. 


048T 


Lemma  68.5.6.  Let  S be  a scheme,  and  let  B be  an  algebraic  space  over  S. 
Let  j:R-+UxBU  be  a pre-relation  over  B.  Then  joo  : Roo  -A  U xB  U is  a 
pre- equivalence  relation  over  B.  Moreover 

(1)  (f>  : U — >■  X is  R-invariant  if  and  only  if  it  is  Roc-invariant , 

(2)  the  canonical  map  of  quotient  sheaves  U/R  —>  U /Roo  (see  Groupoids  in 
Spaces,  Section  65.18)  is  an  isomorphism, 


(3)  weak  R-orbits  agree  with  weak  Roo-orbits, 

(4)  R-orbits  agree  with  Roo-orbits, 

(5)  if  s,t  are  locally  of  finite  type,  then  Soo,  t0 

(6)  add  more  here  as  needed. 


are  locally  of  finite  type, 


Proof.  Omitted.  Hint  for  (5):  Any  property  of  s,  t which  is  stable  under  composi- 
tion and  stable  under  base  change,  and  Zariski  local  on  the  source  will  be  inherited 
by  Soo  ? loo  • 


□ 


048U  Lemma  68.5.7.  Let  S be  a scheme,  and  let  B be  an  algebraic  space  over  S . Let 
j : R —>  U xBU  be  a pre-relation  over  B.  Let  Spec(fc)  — ► B be  a geometric  point 
of  B. 

(1)  If  s,t  : R — ► U are  locally  of  finite  type  then  weak  R-equivalence  on  U(k ) 
agrees  with  R-equivalence,  and  weak  R-orbits  agree  with  R-orbits  on  U(k). 

(2)  If  k has  sufficiently  large  cardinality  then  weak  R-equivalence  on  U(k) 
agrees  with  R-equivalence,  and  weak  R-orbits  agree  with  R-orbits  on  U{k). 

Proof.  We  first  prove  (1).  Assume  s,t  locally  of  finite  type.  By  Lemma  68.5. 6|  we 
may  assume  that  R is  a pre-equivalence  relation.  Let  k be  an  algebraically  closed 
field  over  B.  Suppose  u,  v!  £ U(k ) are  R- equivalent.  Then  for  some  extension  field 
k C there  exists  a point  r £ R(Ll)  mapping  to  (u,u')  £ {U  xB  U)(Ll),  see  Lemma 
168.5.51  Hence 

^ ^ ^ j,ux bU,(u,u')  Spec(fc) 

is  nonempty.  As  s is  locally  of  finite  type  we  see  that  also  j is  locally  of  finite  type, 
see  Morphisms  of  Spaces,  Lemma |54.23.6[  This  implies  Z is  a nonempty  algebraic 
space  locally  of  finite  type  over  the  algebraically  closed  field  k (use  Morphisms  of 
Spaces,  Lemma  54.23.3).  Thus  Z has  a fc-valued  point,  see  Morphisms  of  Spaces, 
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Lemma  54.24.1  Hence  we  conclude  there  exists  are  R(k)  with  j(r)  = ( u , u'),  and 
we  conclude  that  u,  v!  are  R-equivalent  as  desired. 


The  proof  of  part  (2)  is  the  same,  except  that  it  uses  Morphisms  of  Spaces,  Lemma 
|54.24.2|  instead  of  Morphisms  of  Spaces,  Lemma  |54.24.1|  This  shows  that  the 
assertion  holds  as  soon  as  |fc|  > A (R)  with  A (R)  as  introduced  just  above  Morphisms 
of  Spaces,  Lemma  [54. 24. 1|  □ 


In  the  following  definition  we  use  the  terminology  “ k is  a field  over  B"  to  mean 
that  Spec(fc)  comes  equipped  with  a morphism  Spec(fc)  — > B. 

Definition  68.5.8.  Let  S'  be  a scheme,  and  let  B be  an  algebraic  space  over  S. 
Let  j : R — ► U Xb  U be  a pre-relation  over  B. 

(1)  We  say  <f>  : U — > X is  set-theoretically  R-invariant  if  and  only  if  the 
map  U(k)  — > X (k)  equalizes  the  two  maps  s,t  : R(k)  — ► U{k)  for  every 
algebraically  closed  field  k over  B. 

(2)  We  say  4>  : U — > X separates  orbits,  or  separates  R-orbits  if  it  is  set- 
theoretically  .R-invariant  and  <f(u)  = 4>(u')  in  X(k)  implies  that  u,v!  G 
U(k)  are  in  the  same  orbit  for  every  algebraically  closed  field  k over  B. 


In  Example  |68.5.12|  we  show  that  being  set-theoretically  invariant  is  “too  weak”  a 
notion  in  the  category  of  algebraic  spaces.  A more  geometric  reformulation  of  what 
it  means  to  be  set-theoretically  invariant  or  to  separate  orbits  is  in  Lemma|68.5.17| 


Lemma  68.5.9.  In  the  situation  of  Definition  68.5.8  A morphism  <j> : U X is 
set-theoretically  R-invariant  if  and  only  if  for  any  algebraically  closed  field  k over 
B the  map  U(k)  — > X(k)  is  constant  on  orbits. 


Proof.  This  is  true  because  the  condition  is  supposed  to  hold  for  all  algebraically 
closed  fields  over  B.  □ 


Lemma  68.5.10.  In  the  situation  of  Definition 
is  set-theoretically  invariant. 


68.5.8 


An  invariant  morphism 


Proof.  This  is  immediate  from  the  definitions. 


□ 


Let  (j)  : U -A  X be 


Lemma  68.5.11.  In  the  situation  of  Definition  68.5.8 
morphism  of  algebraic  spaces  over  B.  Assume 

(1)  (j>  is  set-theoretically  R-invariant, 

(2)  R is  reduced,  and 

(3)  X is  locally  separated  over  B. 

Then  <p  is  R-invariant. 

Proof.  Consider  the  equalizer 

Z = R X(0i<Wo pXxsXAx/B  X 

algebraic  space.  Then  Z — > R is  an  immersion  by  assumption  (3).  By  assumption 
(1)  \Z\  — > |R|  is  surjective.  This  implies  that  Z — > R is  a bijective  closed  immersion 
(use  Schemes,  Lemma  25.10.4)  and  by  assumption  (2)  we  conclude  that  Z = R.  □ 


Example  68.5.12.  There  exist  reduced  quasi-separated  algebraic  spaces  X,  Y 
and  a pair  of  morphisms  a,b  : Y — >•  X which  agree  on  all  fc-valued  points  but  are 
not  equal.  To  get  an  example  take  Y = Spec(fe[[x]])  and 


X = Al/(AU{(x,-x)  \x^0}) 
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the  algebraic  space  of  Spaces,  Example |52.14.1[  The  two  morphisms  a,b  : Y X 
come  from  the  two  maps  HAD  and  x ha  —x  from  Y to  Ajl  = Spec(fc[a:]).  On  the 
generic  point  the  two  maps  are  the  same  because  on  the  open  part  x ^ 0 of  the  space 
X the  functions  x and  —x  are  equal.  On  the  closed  point  the  maps  are  obviously 
the  same.  It  is  also  true  that  a b.  This  implies  that  Lemma  68.5.11  does  not 
hold  with  assumption  (3)  replaced  by  the  assumption  that  X be  quasi-separated. 
Namely,  consider  the  diagram 


Y ^Y 

i 

— 1 a 

Y—^X 

then  the  composition  ao(-l)  = b.  Hence  we  can  set  R = Y,  U = Y,  s = 1,  t = — 1, 
(f>  = a to  get  an  example  of  a set-theoretically  invariant  morphism  which  is  not 
invariant. 


The  example  above  is  instructive  because  the  map  Y - A A even  separates  orbits. 
It  shows  that  in  the  category  of  algebraic  spaces  there  are  simply  too  many  set- 
theoretically  invariant  morphisms  lying  around.  Next,  let  us  define  what  it  means 
for  I?  to  be  a set-theoretic  equivalence  relation,  while  remembering  that  we  need  to 
allow  for  field  extensions  to  make  this  work  correctly. 


0490  Definition  68.5.13.  Let  S'  be  a scheme,  and  let  B be  an  algebraic  space  over  S. 
Let  j : R -a  U x b [/  be  a pre-relation  over  B. 

(1)  We  say  j is  a set-theoretic  pre- equivalence  relation  if 


u 


u'  4=> 


3 field  extension  k C K,  3 r £ R(K ), 
s(r)  = u,  t(r ) = u' 


defines  an  equivalence  relation  on  U(k)  for  all  algebraically  closed  fields  k 
over  B. 

(2)  We  say  j is  a set-theoretic  equivalence  relation  if  j is  universally  injective 
and  a set-theoretic  pre-equivalence  relation. 


Let  us  reformulate  this  in  more  geometric  terms. 


0491 


Lemma  68.5.14. 

alent: 


In  the  situation  of  Definition 


68.5.13. 


The  following  are  equiv- 


(1)  The  morphism  j is  a set-theoretic  pre-equivalence  relation. 

(2)  The  subset  j(\R\)  C \U  x®  U\  contains  the  image  of  \j'\  for  any  of  the 
morphisms  j'  as  in  Equation  f 68.5 . 5.1). 

(3)  For  every  algebraically  closed  field  k over  B of  sufficiently  large  cardinality 
the  subset  j(R(k))  C U(k)  x U(k)  is  an  equivalence  relation. 

If  s,t  are  locally  of  finite  type  these  are  also  equivalent  to 

(4)  For  every  algebraically  closed  field  k over  B the  subset  j(R(k))  C U(k)  x 
U(k)  is  an  equivalence  relation. 


Proof.  Assume  (2).  Let  k be  an  algebraically  closed  field  over  B.  We  are  going  to 
show  that  is  an  equivalence  relation.  Suppose  that  Itj  : Spec(fc)  A [/,  t = 1,2 
are  k- valued  points  of  U.  Suppose  that  (ui,U2)  is  the  image  of  a A- valued  point 
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r £ R(K).  Consider  the  solid  commutative  diagram 

Spec(A'')  > Spec(fc)  Spec(A') 

V ''  " 

n 0 tt  tt  3flip  n 

R >■  U Xg  U •/  R 

We  also  denote  r £ \R\  the  image  of  r.  By  assumption  the  image  of  \jfup\  is 
contained  in  the  image  of  \j\,  in  other  words  there  exists  a r'  £ |A.|  such  that 
\j | (r1)  = \jfup\(r).  But  note  that  (u2,u\)  is  in  the  equivalence  class  that  defines 
\j | (r')  (by  the  commutativity  of  the  solid  part  of  the  diagram).  This  means  there 
exists  a field  extension  k C K ' and  a morphism  r'  : Spec(A')  -A  R (abusively 
denoted  r'  as  well)  with  ) or'  = (u2,u±)  o i where  i : Spec(A'')  -a  Spec(.A)  is 
the  obvious  map.  In  other  words  the  dotted  part  of  the  diagram  commutes.  This 
proves  that  is  a symmetric  relation  on  U{k).  In  the  similar  way,  using  that  the 
image  of  \jdiag\  is  contained  in  the  image  of  \j\  we  see  that  is  reflexive  (details 
omitted). 

To  show  that  is  transitive  assume  given  rq  : Spec(fc)  -At/,  i = 1,  2,  3 and  field 
extensions  k C Ki  and  points  rt  : Spec(A'i)  — ► R,  i = 1,  2 such  that  j(r±)  = (ui,U2) 
and  j(r i)  = (u2,%)-  Then  we  may  choose  a commutative  diagram  of  fields 

K ^ K2 


l\\  ■< k 

and  we  may  think  of  r i,r2  £ R{K).  We  consider  the  commutative  solid  diagram 


Spec(AT')  s-  Spec(fc) 


(ui,u3) 

V 

> 

3 T T 

' . \ 
TT  3 comp  j 

Spec(AT) 

(ri,r2) 


U Xa  U 


' s,U,t 


R 


By  exactly  the  same  reasoning  as  in  the  first  part  of  the  proof,  but  this  time  using 
that  \jcomp |((ci; ^2))  is  in  the  image  of  \j\,  we  conclude  that  a field  K’  and  dotted 
arrows  exist  making  the  diagram  commute.  This  proves  that  is  transitive  and 
concludes  the  proof  that  (2)  implies  (1). 


Assume  (1)  and  let  k be  an  algebraically  closed  field  over  B whose  cardinality  is 
larger  than  A (A),  see  Morphisms  of  Spaces,  Lemma  54.24.2|  Suppose  that  u 
with  u,  u’  £ U(k).  By  assumption  there  exists  a point  in  |A|  mapping  to 
\U  XbU\.  Hence  by  Morphisms  of  Spaces,  Lemma  54.24.2  we  conclude  there  exists 
an  r £ R(k)  with  j(f)  = In  this  way  we  see  that  (1)  implies  (3). 


r u' 
u,u')  £ 


Assume  (3).  Let  us  show  that  Im(|jcomp|)  C Im(|j|).  Pick  any  point  c £ \RxSju,t R\- 
We  may  represent  this  by  a morphism  c : Spec(fc)  -A  Rxs  jj  tR,  with  k over  B having 
sufficiently  large  cardinality.  By  assumption  we  see  that  jComp(c)  £ U(k)  xU(k)  = 
(U  Xb  U)(k ) is  also  the  image  j(f)  for  some  r £ R(k).  Hence  jCOmp(c ) = j{r)  in 
I U xB  U\  as  desired  (with  r £ \R\  the  equivalence  class  of  r).  The  same  argument 
shows  also  that  Im(|j*os|)  C Im(|j|)  and  C Im(|j|)  (details  omitted).  In 

this  way  we  see  that  (3)  implies  (2).  At  this  point  we  have  shown  that  (1),  (2)  and 
(3)  are  all  equivalent. 
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It  is  clear  that  (4)  implies  (3)  (without  any  assumptions  on  s,  t).  To  finish  the 
proof  of  the  lemma  we  show  that  (1)  implies  (4)  if  s,t  are  locally  of  finite  type. 
Namely,  let  k be  an  algebraically  closed  field  over  B.  Suppose  that  u u'  with 
u,u'  £ U(k).  By  assumption  the  algebraic  space  Z = R XjtuxBu,(u,u')  Spec (fc)  is 
nonempty.  On  the  other  hand,  since  j = (t,  s)  is  locally  of  finite  type  the  morphism 
Z — ► Spec(fc)  is  locally  of  finite  type  as  well  (use  Morphisms  of  Spaces,  Lemmas 


of  the  lemma.  □ 


54.23.6 


54.24.1 


and  54.23.3 1 . Hence  Z has  a k point  by  Morphisms  of  Spaces,  Lemma 
and  we  conclude  that  (u,ur)  £ j(R(k))  as  desired.  This  finishes  the  proof 
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Lemma  68.5.15. 

alent: 


In  the  situation  of  Definition 


68.5.13. 


The  following  are  equiv- 


(1)  The  morphism  j is  a set-theoretic  equivalence  relation. 

(2)  The  morphism  j is  universally  injective  and  j(\R\)  C \U  x«  U\  contains 
the  image  of  \j'\  for  any  of  the  morphisms  j'  as  in  Equation  (68. 5. 5.1). 

(3)  For  every  algebraically  closed  field  k over  B of  sufficiently  large  cardinality 
the  map  j : R{k)  -A  U(k)xU(k)  is  injective  and  its  image  is  an  equivalence 
relation. 


If  j is  decent , or  locally  separated,  or  quasi-separated  these  are  also  equivalent  to 

(4)  For  every  algebraically  closed  field  k over  B the  map  j : R(k)  -A  U ( k ) x 
U(k)  is  injective  and  its  image  is  an  equivalence  relation. 


Proof.  The  implications  (1)  =>  (2)  and  (2)  =>  (3)  follow  from  Lemma  68.5.14 
and  the  definitions.  The  same  lemma  shows  that  (3)  implies  j is  a set-theoretic 
pre-equivalence  relation.  But  of  course  condition  (3)  also  implies  that  j is  uni- 
versally injective,  see  Morphisms  of  Spaces,  Lemma  [54. 19. 2 [ so  that  j is  indeed  a 
set-theoretic  equivalence  relation.  At  this  point  we  know  that  (1),  (2),  (3)  are  all 
equivalent. 


Condition  (4)  implies  (3)  without  any  further  hypotheses  on  j.  Assume  j is  decent, 
or  locally  separated,  or  quasi-separated  and  the  equivalent  conditions  (1),  (2),  (3) 
hold.  By  More  on  Morphisms  of  Spaces,  Lemma  63.3.4|  we  see  that  j is  radicial. 
Let  k be  any  algebraically  closed  field  over  B.  Let  u,vl  £ U{k)  with  u ~_r  u' . We 
see  that  R ><uxBu,(u,u')  Spec (k)  is  nonempty.  Hence,  as  j is  radicial,  its  reduction 
is  the  spectrum  of  a field  purely  inseparable  over  k.  As  k = k we  see  that  it  is  the 
spectrum  of  k.  Whence  a point  f £ R(k)  with  t(f)  = u and  s(r)  = v!  as  desired.  □ 


0492  Lemma  68.5.16.  Let  S be  a scheme,  and  let  B be  an  algebraic  space  over  S . Let 
j : R -A  U XbU  be  a pre-relation  over  B. 

(1)  If  j is  a pre- equivalence  relation,  then  j is  a set-theoretic  pre- equivalence 
relation.  This  holds  in  particular  when  j comes  from  a groupoid  in  alge- 
braic spaces,  or  from  an  action  of  a group  algebraic  space  on  U. 

(2)  If  j is  an  equivalence  relation,  then  j is  a set-theoretic  equivalence  relation. 

Proof.  Omitted.  □ 
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Lemma  68.5.17.  Let  B -A  S be  as  in  Section  68.2  Let  j : R -A  U XbU  be  a 
pre-relation.  Let  <f>  : U — > X be  a morphism  of  algebraic  spaces  over  B . Consider 
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the  diagram 

(U  X x u)  X (jj xbU)  R p, ^ -ft 

9 j 

U x x u >■  UxBU 

Then  we  have: 

(1)  The  morphism  cf>  is  set-theoretically  invariant  if  and  only  if  p is  surjective. 

(2)  If  j is  a set-theoretic  pre- equivalence  relation  then  <f>  separates  orbits  if 
and  only  if  p and  q are  surjective. 

(3)  If  p and  q are  surjective,  then  j is  a set-theoretic  pre-equivalence  relation 
(and  <f>  separates  orbits). 

(4)  If  (j)  is  R-invariant  and  j is  a set-theoretic  pre-equivalence  relation,  then 
(j)  separates  orbits  if  and  only  if  the  induced  morphism  R — >•  U Xx  U is 
surjective. 

Proof.  Assume  <j>  is  set-theoretically  invariant.  This  means  that  for  any  alge- 
braically closed  field  k over  B and  any  F G R(k)  we  have  <j>(s(r ))  = <f>(t(r)).  Hence 
({<f{t(r)),<l>(s(r))),r)  defines  a point  in  the  fibre  product  mapping  to  F via  p.  This 
shows  that  p is  surjective.  Conversely,  assume  p is  surjective.  Pick  F G R(k).  As  p 
is  surjective,  we  can  find  a field  extension  k C K and  a A'-valued  point  f of  the  fibre 
product  with  p(r)  = F.  Then  q(r)  G U Xx  U maps  to  (t(r),  s(f))  in  U x b U and  we 
conclude  that  <j>(s(r))  = cf>(t(r)).  This  proves  that  (j)  is  set-theoretically  invariant. 

The  proofs  of  (2),  (3),  and  (4)  are  omitted.  Hint:  Assume  k is  an  algebraically 
closed  field  over  B of  large  cardinality.  Consider  the  associated  diagram  of  sets 

{U(k)  xX(k)  U(k))  x c/(jfc)x £/(*)  ft(fc) p — ft(k) 

i i 

y y 

U(k)  xX(k)  U(k ) U(k)  X U(k) 

By  the  lemmas  above  the  equivalences  posed  in  (2),  (3),  and  (4)  become  set- 
theoretic  questions  related  to  the  diagram  we  just  displayed,  using  that  surjectivity 
translates  into  surjectivity  on  /c-valued  points  by  Morphisms  of  Spaces,  Lemma 
154.24.21  □ 
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Because  we  have  seen  above  that  the  notion  of  a set-theoretically  invariant  mor- 
phism is  a rather  weak  one  in  the  category  of  algebraic  spaces,  we  define  an  orbit 
space  for  a pre-relation  as  follows. 


Definition  68.5.18.  Let  B -A  S as  in  Section  68.2 


Let  j : R — > U xBU  be  a. 


pre-relation.  We  say  <f>  : U — > X is  an  orbit  space  for  ft  if 

(1)  (f>  is  f?-invariant, 

(2)  (j>  separates  i?-orbits,  and 

(3)  (j)  is  surjective. 


The  definition  of  separating  f?-orbits  involves  a discussion  of  points  with  values  in 
algebraically  closed  fields.  But  as  we’ve  seen  in  many  cases  this  just  corresponds 
to  the  surjectivity  of  certain  canonically  associated  morphisms  of  algebraic  spaces. 
We  summarize  some  of  the  discussion  above  in  the  following  characterization  of 
orbit  spaces. 
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Lemma  68.5.19.  Let  B — ► S as  in  Section  68.2 
set-theoretic  pre-equivalence  relation.  A morphism  <fi  : U 
R if  and  only  if 


Let  j : R U Xb  U be  a 
X is  an  orbit  space  for 


(1)  4>  o s = <j>  o t,  i.e.,  <j)  is  invariant, 

(2)  the  induced  morphism  (t,  s)  : R U XxU  is  surjective,  and 

(3)  the  morphism  (f>  : U — > X is  surjective. 


This  characterization  applies  for  example  if  j is  a pre- equivalence  relation,  or  comes 
from  a groupoid  in  algebraic  spaces  over  B,  or  comes  from  the  action  of  a group 
algebraic  space  over  B on  U . 


Proof.  Follows  immediately  from  Lemma  68.5.17  part  (4). 


□ 


In  the  following  lemma  it  is  (probably)  not  good  enough  to  assume  just  that  the 
morphisms  s,  t are  locally  of  finite  type.  The  reason  is  that  it  may  happen  that 
some  map  <f>  : U — > X is  an  orbit  space,  yet  is  not  locally  of  finite  type.  In  that  case 
U(k)  — > X(k)  may  not  be  surjective  for  all  algebraically  closed  fields  k over  B. 
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Lemma  68.5.20.  Let  B -A  S as  in  Section  68.2  Let  j = (t,  s)  : R — ► U Xb  U be 
a pre-relation.  Assume  R,  U are  locally  of  finite  type  over  B . Let  <f>  : U -A  X be  an 
R-invariant  morphism  of  algebraic  spaces  over  B.  Then  <p  is  an  orbit  space  for  R 
if  and  only  if  the  natural  map 


U [k)  / [equivalence  relation  generated  by  j[R[k)))  — >■  X(k) 


is  bijective  for  all  algebraically  closed  fields  k over  B. 


Proof.  Note  that  since  U,  R are  locally  of  finite  type  over  B all  of  the  morphisms 
s,  t,j,  (j)  are  locally  of  finite  type,  see  Morphisms  of  Spaces,  Lemma  54.23.6[  We  will 


also  use  without  further  mention  Morphisms  of  Spaces,  Lemma  |54.24.1  Assume 
</>  is  an  orbit  space.  Let  k be  any  algebraically  closed  held  over  B.  Let  x £ X[k). 
Consider  U x ^yx.x  Spec(fc).  This  is  a nonempty  algebraic  space  which  is  locally  of 
finite  type  over  k.  Hence  it  has  a k- valued  point.  This  shows  the  displayed  map 
of  the  lemma  is  surjective.  Suppose  that  u,  u'  £ U(k)  map  to  the  same  element 
of  X[k).  By  Definition  68.5.8  this  means  that  u,u'  are  in  the  same  R-orbit.  By 
Lemma  |68.5.7|  this  means  that  they  are  equivalent  under  the  equivalence  relation 
generated  by  j[R[k)).  Thus  the  displayed  morphism  is  injective. 


Conversely,  assume  the  displayed  map  is  bijective  for  all  algebraically  closed  Helds 
k over  B.  This  condition  clearly  implies  that  </>  is  surjective.  We  have  already 
assumed  that  (f>  is  .R-invariant.  Finally,  the  injectivity  of  all  the  displayed  maps 
implies  that  4>  separates  orbits.  Hence  <p  is  an  orbit  space.  □ 


68.6.  Coarse  quotients 

04A1  We  only  add  this  here  so  that  we  can  later  say  that  coarse  quotients  correspond  to 
coarse  moduli  spaces  (or  moduli  schemes). 

04A2  Definition  68.6.1.  Let  S be  a scheme  and  B an  algebraic  space  over  S.  Let 
j : R —>  U x bU  be  a pre-relation.  A morphism  (j)  : U — * X of  algebraic  spaces  over 
B is  called  a coarse  quotient  if 

(1)  (j)  is  a categorical  quotient,  and 

(2)  (j)  is  an  orbit  space. 
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If  S = B,  U,  R are  all  schemes,  then  we  say  a morphism  of  schemes  4> : U — >•  X is 
a coarse  quotient  in  schemes  if 

(1)  <fi  is  a categorical  quotient  in  schemes,  and 

(2)  cj)  is  an  orbit  space. 


In  many  situations  the  algebraic  spaces  R and  U are  locally  of  finite  type  over  B 
and  the  orbit  space  condition  simply  means  that 


U {k)/ (equivalence  relation  generated  by  j(R(k)))  = X(k) 

for  all  algebraically  closed  fields  k.  See  Lemma  68.5.20|  If  j is  also  a (set-theoretic) 
pre-equivalence  relation,  then  the  condition  is  simply  equivalent  to  U ( k ) / j ( R{k ))  — > 
X(k)  being  bijective  for  all  algebraically  closed  fields  k. 


68.7.  Topological  properties 
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04A4 

04A5 

04A6 

04  A 7 
04A8 


Let  S'  be  a scheme  and  B an  algebraic  space  over  S.  Let  j : R — ► U Xb  U be  a 
pre-relation.  We  say  a subset  T C \U\  is  R-invariant  if  s-1(T)  = t~l{T)  as  subsets 
of  \R\.  Note  that  if  T is  closed,  then  it  may  not  be  the  case  that  the  corresponding 
reduced  closed  subspace  of  U is  I?-invariant  (as  in  Groupoids  in  Spaces,  Definition 
65.17.1 1 because  the  pullbacks  s-1(T),  f-1(T)  may  not  be  reduced.  Here  are  some 
conditions  that  we  can  consider  for  an  invariant  morphism  <j> : U -A  X. 


Definition  68.7.1.  Let  S be  a scheme  and  B an  algebraic  space  over  S.  Let 
j : R -A  U Xb  U be  a pre-relation.  Let  </>  : U ->  X be  an  i?-invariant  morphism  of 
algebraic  spaces  over  B. 

(1)  The  morphism  <j>  is  submersive. 

(2)  For  any  i?-invariant  closed  subset  Z C \U\  the  image  </>(Z)  is  closed  in 

\X\-  ' _ 

(3)  Condition  0 holds  and  for  any  pair  of  17-invariant  closed  subsets  Z\,Z2  C 
1 17 1 we  have 

4>{Zi  n z2)  = 4>(Zi)  n 4>{z2) 

(4)  The  morphism  (t,  s)  : R U Xx  U is  universally  submersive. 


For  each  of  these  properties  we  can  also  require  them  to  hold  after  any  flat  pullback, 
or  after  any  pullback,  see  Definition  68.3.4  In  this  case  we  say  condition  0.  §• 
0,  or  @ holds  uniformly  or  universally. 


68.8.  Invariant  functions 

04A9  In  some  cases  it  is  convenient  to  pin  down  the  structure  sheaf  of  a quotient  by 
requiring  any  invariant  function  to  be  a local  section  of  the  structure  sheaf  of  the 
quotient. 

04AA  Definition  68.8.1.  Let  S be  a scheme  and  B an  algebraic  space  over  S.  Let 
j : R -A  U Xb  U be  a pre-relation.  Let  <j>  : U -A  X be  an  I?- invariant  morphism. 
Denote  <j>'  = <j)os  = (j)ot\  R— > X. 

(1)  We  denote  (<; h*Ojj)R  the  Ox-sub-algebra  of  which  is  the  equalizer 

of  the  two  maps 


4>*s^ 

<t>*Ou  r 0'toR 
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on  X 'etaie-  We  sometimes  call  this  the  sheaf  of  R-invariant  functions  on 
X. 

(2)  We  say  the  functions  on  X are  the  R-invariant  functions  on  U if  the 
natural  map  Ox  — > {4>*Ou)R  is  an  isomorphism. 

Of  course  we  can  require  this  property  holds  after  any  (flat  or  any)  pullback,  leading 
to  a (uniform  or)  universal  notion.  This  condition  is  often  thrown  in  with  other 
conditions  in  order  to  obtain  a (more)  unique  quotient.  And  of  course  a good 
deal  of  motivation  for  the  whole  subject  comes  from  the  following  special  case: 
U = Spec(A)  is  an  affine  scheme  over  a field  S = B = Spec(fc)  and  where  R = GxU , 
with  G an  affine  group  scheme  over  k.  In  this  case  you  have  the  option  of  taking 
for  the  quotient: 

X = Spec(AG) 

so  that  at  least  the  condition  of  the  definition  above  is  satisfied.  Even  though  this  is 
a nice  thing  you  can  do  it  is  often  not  the  right  quotient;  for  example  if  U = GL^fc 
and  G is  the  group  of  upper  triangular  matrices,  then  the  above  gives  X = Spec(fc), 
whereas  a much  better  quotient  (namely  the  flag  variety)  exists. 

68.9.  Good  quotients 

04AB  Especially  when  taking  quotients  by  group  actions  the  following  definition  is  useful. 

04AC  Definition  68.9.1.  Let  S be  a scheme  and  B an  algebraic  space  over  S.  Let 
j : R U XgU  be  a pre-relation.  A morphism  <f>  : U — > X of  algebraic  spaces  over 
B is  called  a good  quotient  if 

(1)  is  invariant, 

(2)  <j)  is  affine, 

(3)  (j)  is  surjective, 

(4)  condition  ([3|  holds  universally,  and 

(5)  the  functions  on  X are  the  .R-invariant  functions  on  U . 

In  [S  es  72]  Seshadri  gives  almost  the  same  definition,  except  that  instead  of  (4)  he 
simply  requires  the  condition  © to  hold  he  does  not  require  it  to  hold  universally. 

68.10.  Geometric  quotients 

04AD  This  is  Mumford’s  definition  of  a geometric  quotient  (at  least  the  definition  from 
the  first  edition  of  GIT;  as  far  as  we  can  tell  later  editions  changed  “universally 
submersive”  to  “submersive” ) . 

04AE  Definition  68.10.1.  Let  S be  a scheme  and  B an  algebraic  space  over  S.  Let 
j : R —r  U XbU  be  a pre-relation.  A morphism  <f>  : U — > X of  algebraic  spaces  over 
B is  called  a geometric  quotient  if 

(1)  (j)  is  an  orbit  space, 

(2)  condition  (|T])  holds  universally,  i.e. , <j>  is  universally  submersive,  and 

(3)  the  functions  on  X are  the  R-invariant  functions  on  U . 
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69.1.  Introduction 

09VJ  This  chapter  develops  some  theory  concerning  simplicial  topological  spaces,  simpli- 
cial ringed  spaces,  simplicial  schemes,  and  simplicial  algebraic  spaces.  The  theory 
of  simplicial  spaces  sometimes  allows  one  to  prove  local  to  global  principles  which 
appear  difficult  to  prove  in  other  ways.  Some  example  applications  can  be  found 
in  the  papers  IFal03|.  |Kie72l.  and  IDel74b|. 

We  assume  throughout  that  the  reader  is  familiar  with  the  basic  concepts  and  results 
of  the  chapter  Simplical  Methods,  see  Simplicial,  Section  |ld.l|  In  particular,  we 
continue  to  write  A and  not  X . for  a simplicial  object. 


69.2.  Simplicial  topological  spaces 


09VK 


09  VL 


A simplicial  space  is  a simplicial  object  in  the  category  of  topological  spaces  where 
morphisms  are  continuous  maps  of  topological  spaces.  (We  will  use  “simplicial 
algebraic  space”  to  refer  to  simplicial  objects  in  the  category  of  algebraic  spaces.) 
We  may  picture  a simplicial  space  X as  follows 

A2  Xx  A0 
>■ 

Here  there  are  two  morphisms  dj,  d\  : X\  — > Ao  and  a single  morphism  Sq  : Ao  — > 
A-, , etc.  It  is  important  to  keep  in  mind  that  d"  : Xn  — ► Xn_i  should  be  thought  of 
as  a “projection  forgetting  the  ith  coordinate”  and  s"  : Xn  — ► An+i  as  the  diagonal 
map  repeating  the  jth  coordinate. 


Let  A be  a simplicial  space.  We  associate  a site  A'za,[j]to  A as  follows. 

(1)  An  object  of  A zar  is  an  open  U of  Xn  for  some  n, 

(2)  a morphism  U — > V of  A zar  is  given  by  a tp  : \m\  — > [n]  where  n,  m are 
such  that  U C Xn,  V C Am  and  <p  is  such  that  X(ip)(U)  C V,  and 

(3)  a covering  {t/j  — ► U}  in  A zar  means  that  U,  Ui  C Xn  are  open,  the  maps 
Ui  — Y U are  given  by  id  : [n]  — > [n],  and  U = [JUi. 

Note  that  in  particular,  if  U — > V is  a morphism  of  A zar  give  by  tp,  then  A (tp)  : 
Xn  — >•  Xm  does  in  fact  induce  a continuous  map  U — > V of  topological  spaces. 

It  is  clear  that  the  above  is  a special  case  of  a construction  that  associates  to  any 
diagram  of  topological  spaces  a site.  We  formulate  the  obligatory  lemma. 


Lemma 

site. 

1 

This 

33.3.7 

This  notation  is  similar  to  the  notation  in  Sites,  Example  7.6.4  and  Topologies,  Definition 


4130 
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Proof.  Omitted. 


□ 


Let  X be  a simplicial  space.  Let  F be  a sheaf  on  Xzar  • It  is  clear  from  the  definition 
of  coverings,  that  the  restriction  of  F to  the  opens  of  Xn  defines  a sheaf  Fn  on  the 
topological  space  Xn . For  every  ip  : [to]  — > [n]  the  restriction  maps  of  F for  pairs 
U C Xn,  V C Xm  with  X{ip){U)  C V,  define  an  X(<^)-map  F{<p)  : Fm  — > Fn,  see 
Sheaves,  Definition  6.21.7  Moreover,  given  ip  : [to]  -A  [n]  and  ip  : [1]  — S ► [to]  we  have 

F{ip)oF{f)  =F{ipoip) 

(LHS  uses  composition  of  /-maps,  see  Sheaves,  Definition  |6.21.9[).  Clearly,  the 
converse  is  true  as  well:  if  we  have  a system  ({.F„}„>o,  {-^(yOl^eArrowsfA))  as  above, 
satisfying  the  displayed  equalities,  then  we  obtain  a sheaf  on  XZar- 

09VM  Lemma  69.2.2.  Let  X be  a simplicial  space.  There  is  an  equivalence  of  categories 
between 

(1)  Sh(Xzar),  and 

(2)  category  of  systems  (Fni  F(ip))  described  above. 

Proof.  See  discussion  above.  □ 

09VN  Lemma  69.2.3.  Let  f : Y -A  X be  a morphism  of  simplicial  spaces.  Then 
the  functor  u : Xzar  —t  Y Zar  which  associates  to  the  open  U C Xn  the  open 
fnl(U)  C Yn  defines  a morphism  of  sites  fZar  ■ YZar  -A  XZar- 

Proof.  It  is  clear  that  it  is  a continuous  functor.  Hence  we  obtain  functors  fZa 

p — l 


and  / 


Zar 


see  Sites,  Section 


7.15 


To  see  that  we  obtain  a morphism  of 


sites  we  have  to  show  that  us  is  exact.  We  will  use  Sites,  Lemma  7.15.5|to  see  this. 


Let  V C Yn  be  an  open  subset.  The  category  Ty  (see  Sites,  Section  7.5)  consists  of 
pairs  {U,ip)  where  ip  : [to]  -a  [n]  and  U C Xm  open  such  that  Y(ip)(V)  C /~1(17). 
Moreover,  a morphism  ( U,ip ) -A  ( U',<p ')  is  given  by  a ip  : [in']  -A  [to]  such  that 
X(ip)(U)  C U'  and  p o ip  = ip' . It  is  our  task  to  show  that  ly  is  cofiltered. 


We  verify  the  conditions  of  Categories,  Definition  4.20.1  Condition  (1)  holds  be- 


cause (Xn,id[„i)  is  an  object.  Let  (U,ip)  be  an  object.  The  condition  Y(ip)(V)  C 
/~1(I/)  is  equivalent  to  V C f~1{X{ip)~1{U)).  Hence  we  obtain  a morphism 
(X(<p)-1(17), id[„j)  -A  (U,<p)  given  by  setting  ip  = <p.  Moreover,  given  a pair  of 
objects  of  the  form  (U,  id[„j)  and  (I/', id[„j)  we  see  there  exists  an  object,  namely 
(U  n U',  idr„]),  which  maps  to  both  of  them.  Thus  condition  (2)  holds.  To  verify 
condition  (3)  suppose  given  two  morphisms  a,  a'  : (U,  ip)  -A  {Lf , ip')  given  by  ip,  ip’  : 
[to']  -a  [to].  Then  precomposing  with  the  morphism  (X(</?)-1([/), id[ni)  -A  (U,ip) 
given  by  ip  equalizes  a,  a'  because  ipoip  = ip'  = ipoip'.  This  finishes  the  proof.  □ 

09VP  Lemma  69.2.4.  Let  f : Y — > X be  a morphism  of  simplicial  spaces.  In  terms  of 
the  description  of  sheaves  in  Lemma  \69.2.S\  the  morphism  fzar  of  Lemma  \69.2.3\ 
can  be  described  as  follows. 

(1)  If  Q is  a sheaf  on  Y,  then  ( fzar,*Q)n  = fn,*Qn- 

(2)  If  F is  a sheaf  on  X,  then  {fzar^)n  = f^^n- 

Proof.  The  first  part  is  immediate  from  the  definitions.  For  the  second  part,  note 


that  in  the  proof  of  Lemma  69.2.3  we  have  shown  that  for  a F C Yn  open  the 
category  ( Xy)opp  contains  as  a cofinal  subcategory  the  category  of  opens  U C Xn 
with  /,/1(17)  D V and  morphisms  given  by  inclusions.  Hence  we  see  that  the  re- 
striction of  upF  to  opens  of  Yn  is  the  presheaf  fn,PFn  as  defined  in  Sheaves,  Lemma 
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09W2 
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6.21.3  Since  f^ar F = usF  is  the  sheafification  of  upT  and  since  sheafification  uses 
only  coverings  and  since  coverings  in  Yzar  use  only  inclusions  between  opens  on 
the  same  Yn,  the  result  follows  from  the  fact  that  ffj^Tn  is  (correspondingly)  the 
sheafification  of  fn,PJ-n,  see  Sheaves,  Section  16.211  □ 


Let  X be  a topological  space.  In  Sites,  Example  |7.6.4|  we  denoted  Xzar  the  site 
consisting  of  opens  of  X with  inclusions  as  morphisms  and  coverings  given  by  open 
coverings.  We  identify  the  topos  Sh(Xzar)  with  the  category  of  sheaves  on  X. 


Lemma  69.2.5.  Let  X be  a simplicial  space.  The  functor  Xn  zar  — t Xzan  U^U 
is  continuous  and  cocontinuous.  The  associated  morphism  of  topoi  g : Sh(Xn)  -A 
Sh(Xzar)  satisfies 

(1)  g -1  associates  to  the  sheaf  T on  X the  sheaf  JFn  on  Xn, 

(2)  g~l  has  a left  adjoint  gfh  which  commutes  with  finite  connected  limits, 

(3)  g~x  : Ab(Xzar)  — > Ab(Xn)  has  a left  adjoint  g\  : Ab(Xn)  -A  Ab(Xzar) 
which  is  exact. 


Proof.  Besides  the  properties  of  our  functor  mentioned  in  the  statement,  the  cate- 
gory Xn  zar  has  fibre  products  and  equalizers  and  the  functor  commutes  with  them 
(beware  that  Xzar  does  not  have  all  fibre  products).  Hence  the  lemma  follows  from 


X Zar ) then  In  is  an  injective  abelian  sheaf  on  Xn. 

Proof.  This  follows  from  Homology,  Lemma |12.25(T1  and  Lemma|69.2.5|  □ 

Lemma  69.2.7.  Let  f :Y  -A  X be  a morphism  of  simplicial  spaces.  Then 

Sh(Yn)  ^ >-  Sh(Xn) 

V f 

Sh(YZar)  Sh(Xzar) 

is  a commutative  diagram  of  topoi. 


Proof.  Direct  from  the  description  of  pullback  functors  in  Lemmas  |69.2.4|  and 
169.2.51  □ 


Let  X be  a topological  space.  Denote  X.  the  constant  simplicial  topological  space 
with  value  X.  By  Lemma  69.2.2  a sheaf  on  X,  zar  is  the  same  thing  as  a cosimplicial 
object  in  the  category  of  sheaves  on  X. 


Lemma  69.2.8.  Let  X be  a topological  space.  Let  X . be  the  constant  simplical 
topological  space  with  value  X . The  functor 


X9iZar  t Xzari  U I ^ U 

is  continuous  and  cocontinuous  and  defines  a morphism  of  topoi  g : Sh(X,tzar)  ~ ^ 
Sh(X)  as  well  as  a left  adjoint  g\  to  g~x . We  have 

(1)  g-1  associates  to  a sheaf  on  X the  constant  cosimplicial  sheaf  on  X , 

(2)  g\  associates  to  a sheaf  T on  Xt  zar  the  sheaf  Tq,  and 
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(3)  g*  associates  to  a sheaf  T on  X . Zar  the  equalizer  of  the  two  maps  To  — ► 

Proof.  The  statements  about  the  functor  are  straightforward  to  verify.  The  exis- 
tence of  g and  g\  follow  from  Sites,  Lemmas  |7.20.1|  and  17.20.5]  The  description  of 
g -1  is  immediate  from  Sites,  Lemma  7.20.5  The  description  of  g*  and  g\  follows 
as  the  functors  given  are  right  and  left  adjoint  to  g _1.  □ 

Lemma  69.2.9.  Let  Y be  a simplicial  space  and  X a topological  space.  Let  a : 
Y — > X he  an  augmentation  (Simplicial,  Definition  If. 20.1).  There  is  a canonical 
morphism  of  topoi 

a : Sh{YZar)  -A  Sh{X) 

which  comes  from  composing  the  morphism  aZar  '■  Sh(YZar ) -A  Sh(X,  Zar ) of 
69.2.3  with  the  morphism  g : Sh(X,iZar)  -A  Sh(X)  of  Lemma 


Lemma 


69.2.8 


Proof.  This  lemma  proves  itself. 


□ 


Lemma  69.2.10.  Let  X he  a simplicial  topological  space.  The  complex  of  abelian 
presheaves  on  XZar 

. . . — > Zjf2  -A  ZXl  -a  ZXo 

with  boundary  ^(— l)4d"  is  a resolution  of  the  constant  presheaf  Z. 

Proof.  Let  U C Xm  be  an  object  of  XZar.  Then  the  value  of  the  complex  above 
on  U is  the  complex  of  abelian  groups 

...  -A  Z[MorA([2],  [to])]  -a  Z[MorA([l],  [to])]  -A  Z[MorA([0],  [to])] 

In  other  words,  this  is  the  complex  associated  to  the  free  abelian  group  on  the  simpli- 
cial set  A [to],  see  Simplicial,  Example  14.11.2  Since  A [to]  is  homotopy  equivalent 
to  A[0],  see  Simplicial,  Example  14.26.7  and  since  “taking  free  abelian  groups”  is  a 
functor,  we  see  that  the  complex  above  is  homotopy  equivalent  to  the  free  abelian 
group  on  A[0]  (Simplicial,  Remark  14.26.4  and  Lemma  14.27.2).  This  complex  is 
acyclic  in  positive  degrees  and  equal  to  Z in  degree  0.  □ 

Lemma  69.2.11.  Let  X he  a simplicial  topological  space.  Let  J-  be  an  abelian 
sheaf  on  X.  There  is  a spectral  sequence  (Er,dr)r> o with 

E™  = Hq(Xp,Tp) 

converging  to  Hp+q(XZar,X).  This  spectral  sequence  is  functorial  in  T . 

Proof.  Let  T — > T%  be  an  injective  resolution.  Consider  the  double  complex  with 
terms 

Ap’q  = lq(Xp) 

and  first  differential  given  by  the  alternating  sum  along  the  maps  d?+1-maps  Tq  — » 
see  Lemma 


T9 
-lp+  i 


69.2.2 


Note  that 


A™  = T(Xpilq)  = Mor  PSh(hXp,lq)  = MovPAb(ZXp,lq) 

Hence  it  follows  from  Lemma  |69.2.10|  and  Cohomology  on  Sites,  Lemma  |21.11.1| 
that  the  rows  of  the  double  complex  are  exact  in  positive  degrees  and  evaluate  to 
T(XZar,Iq)  in  degree  0.  On  the  other  hand,  since  restriction  is  exact  (Lemma 


69.2.5 ) the  map 


T 

J T7 


• X* 
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is  a resolution.  The  sheaves  Tq  are  injective  abelian  sheaves  on  Xp  (Lemma  69.2.6). 
Hence  the  cohomology  of  the  columns  computes  the  groups  Hq(Xp,Fp).  We  con- 
clude  by  applying  Homology,  Lemmas  |12.22.6|  and  |12.22?7l  □ 


69.3.  Simplicial  sites  and  topoi 


09  WB 


It  seems  natural  to  define  a simplicial  site  as  a simplicial  object  in  the  (big)  category 
whose  objects  are  sites  and  whose  morphisms  are  morphisms  of  sites.  See  Sites, 
Definitions  |7.6.2|  and  |7.15.1|  with  composition  of  morphisms  as  in  Sites,  Lemma 
7.15.3  But  here  are  some  variants  one  might  want  to  consider:  (a)  we  could  work 


with  cocontinuous  functors  (see  Sites,  Sections  7.19  and  7.20)  between  sites  instead, 
(b)  we  could  work  in  a suitable  2-category  of  sites  where  one  introduces  the  notion 
of  a 2-morphism  between  morphisms  of  sites,  (c)  we  could  work  in  a 2-category 
constructed  out  of  cocontinuous  functors.  Instead  of  picking  one  of  these  variants 
as  a definition  we  will  simply  develop  theory  as  needed. 


Certainly  a simplicial  topos  should  probably  be  defined  as  a pseudo-functor  from 
A°pp  into  the  2-category  of  topoi.  See  Categories,  Definition  |4.28.5|  and  Sites, 
Section  [7T6]  and  [L35j  We  will  try  to  avoid  working  with  such  a beast  if  possible. 

Let  C be  a simplicial  object  in  the  category  whose  objects  are  sites  and  whose 
morphisms  are  morphisms  of  sites.  This  means  that  for  every  morphism  <p  : [m]  — ► 
[n]  of  A we  have  a morphism  of  sites  fv  : Cn  — > Cm.  This  morphism  is  given  by  a 
continuous  functor  in  the  oppsite  direction  which  we  will  denote  uv  : Cm  — > Cn. 

09WC  Lemma  69.3.1.  Let  C be  a simplicial  object  in  the  category  of  sites.  With  notation 
as  above  we  construct  a site  Csne  as  follows. 

(1)  An  object  of  CSite  is  an  object  U of  Cn  for  some  n, 

(2)  a morphism  (ip,  f)  : U — > V of  Csue  is  given  by  a map  ip  : \m]  -A  [ n ] with 
U € Ob(C„),  V £ Ob(Cm)  and  a morphism  f :U  — ► uv(V)  of  Cn,  and 

(3)  a covering  {(id,  ff)  : Ui  —>  U}  in  CSite  is  given  by  an  n and  a covering 
{fi  -Vi^U}  of Cn. 

Proof.  Composition  of  (<p,  f)  : U — > V with  (tp,g)  : V — »■  W is  given  by  (ip  o 
ip,  uv(g)  o /).  This  uses  that  uvo  u^,  = uv 0^,. 

Let  {(id,  fi)  : —>■[/}  be  a covering  as  in  (3)  and  let  (<^,<7)  : W — > U be  a 

morphism  with  W £ Ob(Cm).  We  claim  that 

w X (ip,g):U, (id, fi)  Ui  = W y g,uv(U),uv(fi)  uip{Ui) 

in  the  category  CSjte.  This  makes  sense  as  by  our  definition  of  morphisms  of  sites, 
the  required  fibre  products  in  Cm  exist  since  uv  transforms  coverings  into  coverings. 
The  same  reasoning  implies  the  claim  (details  omitted).  Thus  we  see  that  the 
collection  of  coverings  is  stable  under  base  change.  The  other  axioms  of  a site  are 
immediate.  □ 


09WD 


Let  C be  a simplicial  object  in  the  category  whose  objects  are  sites  and  whose 
morphisms  are  cocontinuous  functors.  This  means  that  for  every  morphism  p : 
[m]  — > [n]  of  A we  have  a cocontinuous  functor  denoted  : Cn  -A-  Cm. 


Lemma  69.3.2.  LetC  be  a simplicial  object  in  the  category  whose  objects  are  sites 
and  whose  morphisms  are  cocontinuous  functors.  With  notation  as  above,  assume 
the  functors  uv  : Cn  —y  Cm  have  property  P of  Sites,  Remark  7.19.5  Then  we  can 
construct  a site  CSite  as  follows. 
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(1)  An  object  of  CSite  is  an  object  U of  Cn  for  some  n, 

(2)  a morphism  {p,  f)  : U — > V of  Csue  is  given  by  a map  p : [m]  — > [n]  with 
U £ Ob (Cn),  V £ Ob(Cm)  and  a morphism  f : uv{U)  — > V of  Cm,  and 

(3)  a covering  {{id,  fi)  : Ui  — > U}  in  CSite  is  given  by  an  n and  a covering 
{fi  :Ui^U}  of  Cn. 

Proof.  Composition  of  {p,  f):U—>V  with  {ip,  g)  : V — t W is  given  by  {p  o ip,  g o 
ui>{f))-  This  uses  that  o uv  = u^o^. 

Let  {(id,  fi)  : Li  ->  [/}  be  a covering  as  in  (3)  and  let  {p,g)  : W — > U be  a 
morphism  with  W £ Ob (Cm).  We  claim  that 

w Ui  = W Xg,UJi  Ui 

in  the  category  Csite  where  the  right  hand  side  is  the  object  of  Cm  defined  in  Sites, 
Remark  |7.19.5|  which  exists  by  property  P . Compatibility  of  this  type  of  fibre 
product  with  compositions  of  functors  implies  the  claim  (details  omitted).  Since 
the  family  {W  xg,uji  Ui  — > W}  is  a covering  of  Cm  by  property  P we  see  that  the 
collection  of  coverings  is  stable  under  base  change.  The  other  axioms  of  a site  are 
immediate.  □ 


09WE 


69.3.3.  Here  we  have  one  of  the  following  two  cases 

is  a simplicial  object  in  the  category  whose  objects  are  sites  and  whose 
morphisms  are  morphisms  of  sites.  For  every  morphism  p : [m]  -A  [n] 
of  A we  have  a morphism  of  sites  fv  : Cn  — >•  Cm  given  by  a continuous 
functor  uv  : Cm  — > Cn . 

(B)  C is  a simplicial  object  in  the  category  whose  objects  are  sites  and  whose 
morphisms  are  cocontinuous  functors  having  property  P of  Sites,  Remark 


functor  uv  : Cn  — > Cm  which  induces  a morphism  of  topoi  fv  : Sh{Cn)  — ► 
Sh{Cm). 


7.19.5  For  every  morphism  p : [m]  —¥  [n]  of  A we  have  a cocontinuous 


Situation 

(A)  C 


As  usual  we  will  denote  / 1 2 


and  f,p  * the  pullback  and  pushforward.  We  let  CSite 


denote  the  site  defined  in  Lemma  69.3.1  (case  A)  or  Lemma  69.3.2  (case  B). 


Let  C be  as  in  Situation  |69.3.3|  Let  T be  a sheaf  on  CSite . It  is  clear  from  the 
definition  of  coverings,  that  the  restriction  of  T to  the  objects  of  Cn  defines  a sheaf 
Tn  on  the  site  Cn.  For  every  p : [m]  -A  [n]  the  restriction  maps  of  J-  along  the 
morphisms  {p,  f)  : U — > V with  U £ Ob(Cn)  and  V £ Ob  (Cm)  define  an  element 

F(<P)  °f 

^0r5/i(Cm)(^: i mi  n)  = Mor Sh(Cn)(f ip  mi  n ) 

Moreover,  given  p : [m]  -A  [n]  and  ip  : [l\  -A  [m]  we  have 

° = Hv  ° 


Clearly,  the  converse  is  true  as  well:  if  we  have  a system  ({^Ailn^O;  {-A(<p)}^eArrows(A)) 
as  above,  satisfying  the  displayed  equalities,  then  we  obtain  a sheaf  on  Csue- 


09WF 


Lemma  69.3.4.  In  Situation 


69.3.3  there  is  an  equivalence  of  categories  between 


(1)  Sh{Csite),  and 

(2)  category  of  systems  {Fn,  F{p))  described  above. 


In  particular,  the  topos  Sh{Csue ) only  depends  on  the  topoi  Sh{Cn ) and  the  mor- 
phisms of  topoi  fg,  . 
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09WG 
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Proof.  See  discussion  above. 


□ 


Lemma  69.3.5.  In  Situation  69.3.3  the  functor  Cn  — A Csne,  U i— A U is  continuous 
and  cocontinuous.  The  associated  morphism  oftopoi  g : Sh(Cn)  -A  Sh(CSite ) satisfies 
g -1  associates  to  the  sheaf  J-  onCsue  the  sheaf  Tn  onCn, 
g~l  has  a left  adjoint  gfh  which  commutes  with  finite  connected  limits, 
and 

g -1  : Ab(CSite ) —A  A b(Cn)  has  a left  adjoint  g\  : Ab(Cn)  —A  Ab(CSite)  which 
is  exact. 


(1) 

(2) 

(3) 


7.20.1 


and 


Proof.  It  is  clear  that  functor  Cn  —A  Csue  is  continuous  and  cocontinuous.  Hence 
part  (1)  and  the  existence  of  gfh  and  g\  follows  from  Sites,  Lemmas 
|7.20.5|and  Modules  on  Sites,  Lemmas  |18.16.2|  and  |18. 1674} 

Next,  we  come  to  the  exactness  properties  of  gfh  and  g\.  Perhaps  the  most  straight- 
forward way  to  prove  this  is  to  give  a formula  for  these  functors.  If  Q is  a sheaf  on 
Cni  then  we  claim  H = gfhG  is  the  sheaf  on  CSite  whose  degree  m part  is  the  sheaf 


Hr 


IT 


Given  a map  if  : [m]  — 
by  the  identifications 


»-[ra]  ¥ 

[to7]  the  map  H(if)  : ff^H 


Hm1  is  given  on  components 


c- 1 


ftp  1f<P  -t  f^ Q{pt 


Observe  that  given  a map  a : H — > T of  sheaves  on  Csn.e  we  obtain  a map  Q —A  Tn 
corresponding  to  the  restriction  of  an  to  the  component  Q in  Hn.  Conversely,  given 
Hn  we  can  define  a : H — A T by  letting  am  be  the  map  which  on  components 

f~XG  Fm 

uses  the  maps  adjoint  to  F(p)  o f~l b.  We  omit  the  arguments  showing  these  two 
constructions  give  mutually  inverse  maps 

MorSMCii)(£,  Fn)  = MorSh{CgUe)(H,F) 

thus  verifying  the  claim  above.  If  Q is  an  abelian  sheaf  on  Cn,  then  g\G  is  the  abelian 
sheaf  on  CSite  whose  degree  m part  is  the  sheaf 


0M: 


tp:[n]—>[m 


with  transition  maps  defined  exactly  as  above.  By  definition  of  the  site  Csue  we  see 
that  these  functors  have  the  desired  exactness  properties  and  we  conclude.  □ 


Lemma  69.3.6.  In  Situation 
then  In  is  an  injective  abelian  sheaf  on  C 


69.3.3.  If  T is  an  injective  abelian  sheaf  on  CSit.e, 


Proof.  This  follows  from  Homology,  Lemma  12.25.1|and  Lemma  69.3.5 


□ 


Let  C be  as  in  Situation  |69.3.3|  In  statement  of  the  following  lemmas  we  will  let 
gn  : Cn  —A  Csite  be  the  functor  of  Lemma  69.3.5  If  ip  : [to]  —a  [n]  is  a morphism  of 
A,  then  the  diagram  of  topoi 


Sh(Csite) 
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09WI 


09WJ 


is  not  commutative,  but  there  is  a 2-morphism  gn  — > gm  o fv  coming  from  the  maps 
F(tp)  : f~1Fm  Fn . See  Sites,  Section  [7~35 


Lemma  69.3.7.  In  Situation 


69.3.3  and  with  notation  as  above  there  is  a complex 


■ ■ ■ —■ > — > g±\Z  — > g0\Z 


of  abelian  sheaves  on  CSite  which  forms  a resolution  of  the  constant  sheaf  with  value 
Z on  Csne. 

Proof.  We  will  use  the  description  of  the  functors  gn\  in  the  proof  of  Lemma 
without  further  mention.  As  maps  of  the  complex  we  take  l)ldf  where 
gn\Z  ->  gn-i\Z  is  the  adjoint  to  the  map  Z ->  Z = g^gn- i'Z 

corresponding  to  the  factor  labeled  with  6]1  : [n  — 1]  — >■  [n].  Then  g”1  applied  to 
the  complex  gives  the  complex 


69.3.5 


d? 


© 


aGMorA([2],[m])] 


0 


a6Mor4([l],[m])] 


© 


a G Mor  A ( [0] , [m] ) ] 


on  Cm.  In  other  words,  this  is  the  complex  associated  to  the  free  abelian  sheaf  on 


the  simplicial  set  A[m],  see  Simplicial,  Example  14.11.2  Since  A [to]  is  homotopy 
equivalent  to  A[0],  see  Simplicial,  Example  14.26.7  and  since  “taking  free  abelian 
sheaf  on”  is  a functor,  we  see  that  the  complex  above  is  homotopy  equivalent  to  the 


free  abelian  sheaf  on  A[0]  (Simplicial,  Remark  14.26.4  and  Lemma  14.27.2 1.  This 
complex  is  acyclic  in  positive  degrees  and  equal  to  Z in  degree  0.  □ 


69.3.3.  Let  T be  an  abelian  sheaf  on  Csue  ■ There  is 


Lemma  69.3.8.  In  Situation 
a spectral  sequence  (Er,  dr)r> o with 

E™  = Hi(Cp,fp) 

converging  to  Hp+q(CSite,IF).  This  spectral  sequence  is  functorial  in  T . 

Proof.  Let  IF  — > T%  be  an  injective  resolution.  Consider  the  double  complex  with 
terms 

Ap’q  = T(Cp,lq) 

and  first  differential  given  by  the  alternating  sum  along  the  maps  df+1-maps  Tq 


Xp+1,  see  Lemma 


69.3.4 


Note  that 


A™  = T{CpiIq)  = MorAb{Csite)(gP<Z,lq) 


Hence  it  follows  from  Lemma [69. 3. 7|  that  the  rows  of  the  double  complex  are  exact 
in  positive  degrees  and  evaluate  to  T(CSite,Tq)  in  degree  0.  On  the  other  hand, 
since  restriction  is  exact  (Lemma  69.3.5)  the  map 


F n 


• 1 * 


is  a resolution.  The  sheaves  Tq  are  injective  abelian  sheaves  on  Cv  (Lemma  69.3.6). 
Hence  the  cohomology  of  the  columns  computes  the  groups  Hq{CpiFp).  We  con- 
clude  by  applying  Homology,  Lemmas  |12.22.6|  and  |12.22Tl  □ 
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69.4.  Simplicial  semi-representable  objects 


09  WK 


Let  C be  a site.  Recall  that  SR(C)  denotes  the  category  of  semi-representable 
objects  of  C.  See  Hypercoverings,  Definition  24.2.1  For  an  object  K = of 

SR(C)  we  will  use  the  notation 


c/K=um 

and  we  will  call  it  the  localization  of  C at  K.  There  is  a natural  structure  of  a site 
on  this  category,  with  coverings  inherited  from  the  localizations  C/Ui  (and  whence 
from  C).  If  / : K — y L is  a morphism  of  SR(C),  then  we  obtain  a cocontinuous 
functor 

/ : C/K  — ► C/L 

by  applying  the  construction  of  Sites,  Lemma  |7.24.7|  to  the  components.  More 
precisely,  if  / = (a,  ft)  where  K = {Ui}ieI,  L = {Vj}jeJ,  a : I -A  J,  and  /;  : 
Ui  Va(i)  then  / maps  the  component  C/Ui  into  the  component  C/Vaco  via  the 
construction  of  the  aforementioned  lemma. 


Let  K be  a simplicial  object  of  SR(C).  By  the  construction  above  we  obtain  a 
simplicial  object  n i-A  C/Kn  in  the  category  whose  objects  are  sites  and  whose 
morphisms  are  cocontinuous  functors  of  sites.  Since  these  localization  functors 
satisfy  the  assumption  of  Lemma  69.3.2|  by  Sites,  Remark  7.24.10  we  obtain  a site 
0 C/K)site . 


We  can  describe  this  site  explicitly  as  follows.  Say  Kn  = {Uni}iejn  and  that  for 
ip  : [to]  —y  [n]  the  morphism  K(tp)  : Kn  —y  Km  is  given  by  a(ip)  : In  —y  Im  and 
fv,i  ■ Un>i  -y  for  i G /„.  Then  we  have 

(1)  an  object  of  C/K  corresponds  to  an  object  (U/Un,i)  of  C/Unj  for  some  n 
and  some  * G 

(2)  a morphism  between  U and  V is  a pair  (<p,  f)  where  ip  : [to]  — y [n]  with 

U/Unj  and  and  f : U —y  V is  a morphism  of  C such  that 


U ■ 


Un 


f 

fip,i 


V 


U, 


09WL 


is  commutative,  and 

(3)  a covering  {(id,  /j)  : Uj  — y U}  is  given  by  an  n and  i G In  and  objects 
U /Un,i,  Uj/Unii  such  that  {fj  : Uj  — y U}  is  a covering  of  C. 

Lemma  69.4.1.  Let  C be  a site.  Let  K be  a simplicial  object  of  SR(C).  If 
C has  fibre  products,  then  C/K  can  also  be  viewed  as  a simplicial  object  in  the 
category  whose  objects  are  sites  and  whose  morphisms  are  morphisms  of  sites.  The 


construction  of  Lemma  69.3.1  then  produces  the  same  site  as  the  construction  above. 


Proof.  Given  a morphism  of  objects  U — y V of  C the  localization  morphism  j : 
C jU  — y C /U  is  a left  adjoint  to  the  base  change  functor  C/V  —y  C/U.  The  base 
change  functor  is  continuous  and  induces  the  same  morphism  of  topoi  as  j.  See 
Sites,  Lemma  [7. 26. 3[  Argueing  as  above  we  can  use  this  to  define  a morphism  of 
sites  C/A  —y  C/B  given  any  morphism  A — y B of  SR(C).  Applying  this  to  the 
morphisms  of  the  simplicial  object  K we  obtain  simplicial  object  (C/K)'  in  the 
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category  of  sites  with  morphisms  of  sites.  Let  ( C/K)'site  be  the  site  constructed 
in  Lemma  |69.3.1[  Since  the  base  change  functors  are  adjoint  to  the  localization 
functors,  we  find  that  (C/K)'site  is  the  same  as  the  category  (C/K)site.  Equality  of 
the  sets  of  coverings  is  immediate  from  the  definitions.  □ 


Let  C be  a site.  Let  L = {Vi}  be  an  object  of  SR(C).  There  is  a continuous 
and  cocontinuous  localization  functor  j : C/K  -A  C which  is  the  product  of  the 
localization  functors  C/Vi  — > C.  We  obtain  functors  j-1,  j*,  jfh , and  j\  exactly 
as  in  Sites,  Section  |7.24|  and  Modules  on  Sites,  Section  18.19  Given  a simplicial 
object  K of  SR(C)  we  obtain  a family  of  localization  functors  jn  : C / Kn  — > C. 


09WM  Lemma  69.4.2.  Let  C be  a site.  Let  K be  a simplicial  object  of  SR(C) . The  forget- 
ful functor  (C/K) Site  -A  C is  continuous  and  cocontinuous  and  induces  a morphism 
of  topoi 

g : Sh((C/K)site)  — A Sh(C) 

as  well  as  functors  gfh  and  g<  left  adjoint  to  g _1  on  sheaves  of  sets  and  abelian 
groups  with  the  following  properties: 

(1)  the  functor  g-1  associates  to  a sheaf  J-  on  C the  sheaf  on  (C/K)Site  wich 
in  degree  n is  equal  to  jfjlT , 

(2)  the  functor  g * associates  to  a sheaf  G on  ( C/K)site  the  equalizer  of  the 
two  maps  jo,*Go 


Proof.  The  functor  is  continuous  and  cocontinuous  by  our  choice  of  coverings  and 
our  description  of  (certain)  fibre  products  in  ( C/K)Site  in  the  proof  of  Lemma 
69.3.2  Details  omitted.  Thus  we  obtain  a morphism  of  topoi  and  functors  gfh  and 


g\ , see  Sites,  Section  [7. 20|  and  Modules  on  Sites,  Section  [l8.16|  The  description  of 
g -1  is  immediate  from  the  definition  as  the  compostion  C/I\n  -A  C/K  — > C is  the 
localization  morphism  jn. 

Proof  of  (2).  Let  J7  be  a sheaf  on  C and  let  Q be  a sheaf  on  (C/K)site.  A map 
a : g~xT  -A  G corresponds  to  a system  of  maps  an  : j~xT  -A  Gn  on  C/Kn  by 
Lemma 


69.3.4 


Taking  n = 0 we  get  a map  j/f1^  -A  Go  which  is  adjoint  to  a map 
ao  : T — > jo^Go-  Since  ao  is  compatible  with  ai  via  the  two  maps  jo,*Go  — t ji,*Gi 
we  see  that  ao  maps  into  the  equalizer.  Conversely,  given  a map  ao  : T — > jo,*Go 
into  the  equalizer  we  can  pick,  for  any  n,  one  of  the  maps  jo,*Go  -A  jn,*Gn  and 
compose  to  get  a well  defined  map  an  : T — > jn^Gn-  These  fit  together  to  define  a 
map  of  sheaves  g~1J-^G-  □ 


09X6  Lemma  69.4.3.  Let  C be  a site  with  equalizers  and  fibre  products.  Let  G be  a 
presheaf  of  sets  onC.  Let  K be  a hypercovering  ofG,  see  Hypercoverings,  Definition 
Then  we  have  a canonical  isomorphism 

RT(G,E)  = RT((C / K)Site,  g~1E) 

for  E £ D+(C).  If  K is  a hypercovering,  then  RT(E)  = KT((C / K)Site,  g~1E). 


Proof.  First,  let  1 be  an  injective  abelian  sheaf  on  C.  Then  the  spectral  sequence 
of  Lemma  [69.3.8  for  the  sheaf  g~1T  degenerates  as  (g~1T)p  is  the  restriction  of  I 
to  C/Kp  which  is  injective  by  Cohomology  on  Sites,  Lemma  21.8.1  (extended  in  the 
obvious  manner  to  localization  at  semi-representable  objects  of  C).  Thus  we  see 
that  the  complex 


1(K0)  -A  Z(KX)  -a  1(K2)  -a  . . . 
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computes  RT((C  / K)site,  g 1Z).  This  is  exactly  the  Cech  complex  of  Z with  respect 


to  the  simplicial  object  K of  SR(C)  as  defined  in  Hypercoverings,  Section  24.4 
Thus  Hypercoverings,  Lemma  [24.5.3  shows  that  this  complex  computes  RF(Q,Z) 


(which  has  zero  higher  cohomology  groups  as  I is  injective).  In  other  words,  we 
have  = H°((C/K)site,l)  and  H*(Q,  1)  = H? {{C / K) site,l)  = 0 for  all 

p > 0. 

The  lemma  now  follows  formally.  Namely,  let  A € D+(C)  be  arbitrary.  We  can  rep- 
resent A by  a bounded  below  complex  I*  of  injective  abelian  sheaves.  By  Leray’s 
acyclicity  lemma  (Derived  Categories,  Lemma  13.17.7)  RT((C / K)site,  A)  is  com- 
puted by  the  complex  T((C/K)site,  g~1Zm)  and  i?T(C/,  A)  is  computed  by  T{Q,Z*). 
Since  these  complexes  are  the  same  we  obtain  the  conclusion. 


The  final  statement  refers  to  the  special  case  where  Q = * is  the  final  object  in  the 
category  of  presheaves  on  C.  □ 

09X7  Lemma  69.4.4.  Let  C be  a site  with  fibre  products.  Let  X be  an  object  ofC.  Let 
K be  a hypercovering  of  X,  see  Hypercoverings,  Definition\24.2.d\  Then  we  have  a 
canonical  isomorphism 

RT(X,E)  = RT((C/K)site,  g~1E) 

for  EG  D+{C). 


Proof.  If  C also  has  equalizers,  then  this  is  a special  case  of  Lemma  69.4.3  because 
a hypercovering  of  X is  a hypercovering  of  hx  by  Hypercoverings,  Lemma|24.2.10| 
This  also  uses  that  Hq(hx,R)  = Hq(h^,R)  = Hq(X,T),  see  discussion  in  Hyper- 
coverings, Section  24.5  and  Cohomology  on  Sites,  Section  21.13  In  general  (when 


C does  not  have  equalizers)  one  proves  this  using  exactly  the  same  argument  as 
in  the  proof  of  Lemma  |69.4.3|  but  substituting  Hypercoverings,  Lemma  |24.4.2|  for 
Hypercoverings,  Lemma [24. 5. 3|  □ 


69.5.  Hypercovering  in  a site 

09X8  In  the  previous  section  we  worked  out,  in  great  generality,  how  hypercoverings  give 
rise  to  simplicial  sites  and  how  cohomology  of  (say)  constant  sheaves  on  this  site 
computes  the  cohomology  of  the  object  the  hypercovering  is  augmented  towards. 
In  this  section  we  explain  what  this  means  in  a special  case. 

Let  C be  a site  with  fibre  products.  Let  X be  an  object  of  C and  let  X%  be  a 
simplicial  object  of  C.  Assume  we  have  an  augmentation 

a : Xt  X 

The  discussion  above  turns  this  into  a morphism  of  topoi 

g : (C/X.)site  > C/X 

Here  an  object  of  the  site  ( C/X,)Site  is  given  by  a U/Xn  and  a morphism  (p,  f)  : 
U/Xn  — > V / Xm  is  given  by  a morphism  p : [m]  — » [n]  in  A and  a morphism 
/ : U — > V such  that  the  diagram 
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is  commutative.  The  morphism  of  topoi  g is  given  by  the  cocontinuous  functor 
U/Xn  ^ U/X.  That’s  all  folks! 


Thus  we  may  translate  some  of  the  results  above  to  this  setting.  For  example,  let 
us  say  that  the  augmentation  is  a hypercovering  if  the  following  hold 

(1)  {Xo  — > X}  is  a covering  of  C , 

(2)  {X-[  — »•  X0  x x X0}  is  a covering  of  C, 

(3)  — >•  (cosk„sknA".)n+i}  is  a covering  of  C for  n > 1. 

The  category  C/X  has  all  finite  limits,  hence  the  coskeleta  used  in  the  formulation 
above  exist. 


09X9  Lemma  69.5.1.  In  the  situation  above  assume  that  X . is  a hypercovering  of  X. 
Then  we  have  a canonical  isomorphism 


RT{X,E)  = RT((C/ X,)Site,  g~1E) 


for  E £ D+(C/X). 


Proof.  This  is  a special  case  of  Lemma  69.4.4 


□ 


69.6.  Proper  hypercoverings  in  topology 

09XA  Let’s  work  in  the  category  LC  of  Hausdorff  and  locally  quasi-compact  topological 
spaces  and  continuous  maps,  see  Cohomology  on  Sites,  Section  21.23[  Let  X be 
an  object  of  LC  and  let  X,  be  a simplicial  object  of  LC.  Assume  we  have  an 
augmentation 

a : X.  — > X 


We  say  that  X,  is  a proper  hypercovering  of  X if 

(1)  X0  — » X is  a proper  surjective  map, 

(2)  Xi  — ► Xo  Xx  Xq  is  a proper  surjective  map, 

(3)  X„_|_i  — ► (cosk„sk„X#)n+i  is  a proper  surjective  map  for  n > 1. 

The  category  LC  has  all  finite  limits,  hence  the  coskeleta  used  in  the  formulation 
above  exist. 


Principle:  Proper  hypercoverings  can  be  used  to  compute  cohomology. 


A key  idea  behind  the  proof  of  the  principle  is  to  find  a topology  on  LC  which  is 
stronger  than  the  usual  one  such  that  (A)  a surjective  proper  map  defines  a covering, 
and  (B)  cohomology  of  usual  sheaves  with  respect  to  this  stronger  topology  agrees 
with  the  usual  cohomology.  Properties  (A)  and  (B)  hold  for  the  qc  topology,  see 
Cohomology  on  Sites,  Section  21.23  Once  we  have  (A)  and  (B)  we  deduce  the 
principle  via  a combination  of  the  spectral  sequences  of  Hypercoverings,  Lemma 
|24.4.3|and  Lemma [69.2. 11|  The  following  lemma  is  just  a first  step. 


09XB  Lemma  69.6.1.  In  the  situation  above , let  T be  an  abelian  sheaf  on  X . Let  Tn 
be  the  pullback  to  Xn.  If  X,  is  a proper  hypercovering  of  X,  then  there  exists  a 
canonical  spectral  sequence 

E™  = Hq{Xp,Xp) 

converging  to  Hp+q{X,T). 
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Proof.  By  Cohomology  on  Sites,  Lemma  [21.23.6|  we  have 

H*(X,F)  = H*(LCqc/X,e-1iT-1F). 

Since  a proper  surjective  map  defines  a qc  covering  (Cohomology  on  Sites,  Lemma 
21.23.7 1 we  see  that  X . — >•  X is  a hypercovering  in  the  site  LCqc  as  in  Section 


Thus  we  have 


69.5 


RT{X,F)  = RT(LCqc/X 


lv~lF)  = RT((LC/X,)site,  g~1e~1TT~1F) 


by  Lemma [69. 5.1 1 By  Lemma [69. 3.8|  there  is  a spectral  sequence  with 

E™  = Hq(LCqc/Xp , (5-1e-17r-1JP)p) 

converging  to  the  cohomology  of  g~1e~1n~1F.  Finally,  the  restriction  (g~1e~17r~1  F) 
is  just  the  restriction  to  LCqc/Xp  of  e~1n~1F  which  by  Cohomology  on  Sites, 
Lemma  21.23.5  is  the  pullback  of  Fp  to  LCqc/Xp.  By  Cohomology  on  Sites,  Lemma 


|21.23.6|  again  we  conclude  that 

Hq(LCqc/Xpi  (g-h-^F)^  = Hq(Xp,Fp) 

and  the  proof  is  finished. 


□ 


09XC  Lemma  69.6.2.  In  the  situation  above,  let  F be  an  abelian  sheaf  on  X . Let  Fm 
be  the  pullback  of  F via  a : X . — > X.  If  X . is  a proper  hypercovering  of  X,  then 

H*(X,F)  = H*((X.)Zar,F.) 

Proof.  Consider  the  continuous  functor 

( X,)zar  ^ {LCqC/ X»)  sitei  u i 

We  obtain  a commutative  diagram  of  topoi 

Sh{{LCqc/X,)site) Sh((X.)Za r) 


U 


Sh(LCqc/X ) 


Sh(XZa 


Thus  our  sheaf  F gives  rise  to  a compatible  collection  of  abelian  sheaves  in  each 


topos.  In  the  proof  of  Lemma  69.6.1  we  have  seen  that  the  sheaf  F has  the  same 


cohomology  as  the  sheaf  e i7r  lF  and  g ie  i7r  lF . On  the  other  hand,  the  terms 


of  the  spectral  sequence  of  Lemma  69.2.11|  for  F . are  the  same  as  those  in  the 
statement  and  proof  of  Lemma  |69.6.1  A simple  argument  with  spectral  sequences 
then  shows  that  the  map 


RT((X.)Zar,F.)  — ► KT((LCqc/Xm)'ite,g-1e-1n-1F) 


is  an  isomorphism.  Some  details  omitted. 

09XS  Lemma  69.6.3.  In  the  situation  above,  assume  a : X , 
hypercovering  of  X.  Then  for  all  K £ D+(X ) 

K ->  Ra^{a~x K) 


□ 


X gives  a proper 


is  an  isomorphism  where  a : Sh((Xm)Zar)  — > Sh{X)  is  as  in  Lemma  69.2. 
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Proof.  Observe  that  for  any  abelian  sheaf  T on  X the  sheaf  i?9a*(a  1T)  is  the 
sheaf  associated  to  the  presheaf 


U ^ = ^{U,  F) 


where  U,  = a-1(f7).  The  last  equality  holds  by  Lemma  69.6.2  Thus  i?9a*(a_1Jr) 
is  zero  for  q > 0 and  equal  to  T for  q = 0.  This  proves  the  result  in  case  K 
consists  of  a single  abelian  sheaf  in  a single  degree.  The  general  case  follows  from 
this  immediately.  □ 


69.7.  Simplicial  schemes 

09XT  A simplicial  scheme  is  a simplicial  object  in  the  category  of  schemes,  see  Simplicial, 
Definition  |14.3.1[  Recall  that  a simplicial  scheme  looks  like 

X%  ^ Ao 

Here  there  are  two  morphisms  c?J,  d\  : X\  — > Xq  and  a single  morphism  s[ j : Xq  —> 
Xi,  etc.  It  is  important  to  keep  in  mind  that  d"  : Xn  — > X„_i  should  be  thought  of 
as  a “projection  forgetting  the  itli  coordinate”  and  s"  : Xn  — ► Xn+1  as  the  diagonal 
map  repeating  the  jth  coordinate. 


69.8.  Descent  in  terms  of  simplicial  schemes 

0248  Cartesian  morphisms  are  defined  as  follows. 

0249  Definition  69.8.1.  Let  a : Y — > X be  a morphism  of  simplicial  schemes.  We  say 
a is  cartesian , or  that  Y is  cartesian  over  X , if  for  every  morphism  ip  : [n]  — > [to] 
of  A the  corresponding  diagram 


Yr 

Y(<p) 

Yr 


■ x„ 


X(<p) 


>X.„ 


is  a hbre  square  in  the  category  of  schemes. 

Cartesian  morphisms  are  related  to  descent  data.  First  we  prove  a general  lemma 
describing  the  category  of  cartesian  simplicial  schemes  over  a fixed  simplicial  scheme. 
In  this  lemma  we  denote  /*  : Sch/X  — >•  Sch/Y  the  base  change  functor  associated 
to  a morphism  of  schemes  Y — > X. 

07TC  Lemma  69.8.2.  Let  X be  a simplicial  scheme.  The  category  of  simplicial  schemes 
cartesian  over  X is  equivalent  to  the  category  of  pairs  (V,  ip)  where  V is  a scheme 
over  X0  and 

T '■  V x x0,d\  Xi  — s>  X1  xdi)A-0  V 
is  an  isomorphism  over  X\  such  that  = idy  and  such  that 

(d?)V  = (^)>o(dl)V 


as  morphisms  of  schemes  over  X 2 . 
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Proof.  The  statement  of  the  displayed  equality  makes  sense  because  d\  o d\  = 
d|  o dj,  d\  o dp  = dj  o d|,  and  dj  o dp  = dj  o d^  as  morphisms  -Y2  — > X0,  see 
Simplicial,  Remark  |14.3.3|  hence  we  can  picture  these  maps  as  follows 


A"2  *d\odl,x0V  xdiod2tXo  V 


X2  Xdlod2  Xo  V 


X2  Xdlod2  Xo  V 


(di  Yv 


X2  xdiod2  Xo  V X2  xdiod2  Xo  V 


and  the  condition  signifies  the  diagram  is  commutative.  It  is  clear  that  given  a 
simplicial  scheme  Y cartesian  over  X we  can  set  V = Yg  and  ip  equal  to  the 
composition 

y xx0,d\  Xl  = ^0  xx0,d\  Xi  = Y = X\  xXo  di  Y0  = X1  xXo  di  V 

of  identifications  given  by  the  cartesian  structure.  To  prove  this  functor  is  an 
equivalence  we  construct  a quasi-inverse.  The  construction  of  the  quasi-inverse  is 
analogous  to  the  construction  discussed  in  Descent,  Section  |34.3|  from  which  we 
borrow  the  notation  r”  : [0]  — > [n],  0 1 — >•  * and  tp  : [1]  — » [n],  0 A i,  1 A j. 
Namely,  given  a pair  (V,(p)  as  in  the  lemma  we  set  Yn  = Xn  Xj(T»)^0  V.  Then 
given  fj  : [n]  — > [m]  we  define  V(/3)  : Ym  — > Yn  as  the  pullback  by  X (n^n\m)  of  the 
map  ip  postcomposed  by  the  projection  X.m  x.xrp))Xn  Yn  — > Yn.  This  makes  sense 
because 

Xm  XX(r™n)m),X1  X-i  Xdi  Xo  V = Xm  XX(t™),.y0  V = Ym 

and 

Xm  XX(r™(n)m),. Yi  X1  xdl,X0  V = Xm  XX(T™M),X0  V = Xm  XX(p),Xrl  Yn. 

We  omit  the  verification  that  the  commutativity  of  the  displayed  diagram  above 
implies  the  maps  compose  correctly.  We  also  omit  the  verification  that  the  two 
functors  are  quasi-inverse  to  each  other.  □ 

024A  Definition  69.8.3.  Let  / : X — ► S be  a morphism  of  schemes.  The  simplicial 
scheme  associated  to  /,  denoted  ( X/S ).,  is  the  functor  Aopp  — >•  Sch,  [n]  1— > X xj 
...  Xg  X described  in  Simplicial,  Example |14.3.5| 

Thus  (. X/S)n  is  the  (n  + l)-fold  fibre  product  of  X over  S.  The  morphism  dj  : 
X xg X — X X is  the  map  ( Xq , x\)  1— > x\  and  the  morphism  d\  is  the  other  projection. 
The  morphism  s[ j is  the  diagonal  morphism  X — > A'  xg  X. 

024B  Lemma  69.8.4.  Let  f : X — » S be  a morphism  of  schemes.  Let  tt  : Y — x (X/S), 
be  a cartesian  morphism  of  simplicial  schemes.  Set  V = Yg  considered  as  a scheme 
over  X.  The  morphisms  dj,dj  : Y\  — > Yq  and  the  morphism  7Ti  : Y\  — > X Xg  X 
induce  isomorphisms 

T r v (duP^oi n)  (pr0  oTTijdJ) 

V Xg  X -< Yi  A X g V. 

Denote  ip  : V Xg  X — >•  X Xg  V the  resulting  isomorphism.  Then  the  pair  ( V, , ip)  is 
a descent  datum  relative  to  X — >■  S. 
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024C 


07TE 

07TF 

07TG 


Proof.  This  is  a special  case  of  (part  of)  Lemma  69.8.2  as  the  displayed  equation  of 
that  lemma  is  equivalent  to  the  cocycle  condition  of  Descent,  Definition|34.30.f|  □ 

Lemma  69.8.5.  Let  f : X — ► S be  a morphism  of  schemes.  The  construction 

category  of  cartesian  category  of  descent  data 

schemes  over  { X/S ).  relative  to  X/S 

of  Lemma \69.8.4\  is  an  equivalence  of  categories. 


Proof.  The  functor  from  left  to  right  is  given  in  Lemma  |69.8.4|  Hence  this  is  a 
special  case  of  Lemma |69.8.2|  □ 


We  may  reinterpret  the  pullback  of  Descent,  Lemma  [34.30.6|  as  follows.  Suppose 
given  a morphism  of  simplicial  schemes  / : X'  — ► X and  a cartesian  morphism  of 
simplicial  schemes  Y — > X.  Then  the  fibre  product  (viewed  as  a “pullback”) 

f*Y  = Y xxX' 

of  simplicial  schemes  is  a simplicial  scheme  cartesian  over  X' . Suppose  given  a 
commutative  diagram  of  morphisms  of  schemes 


X' 


X 


S' 


s. 


This  gives  rise  to  a morphism  of  simplicial  schemes 

/.  : {X' /S').  — ► {X/S).. 

We  claim  that  the  “pullback”  f*  along  the  morphism  f.  : {X' /S').  ->  {X/S). 
corresponds  via  Lemma  69.8.5  with  the  pullback  defined  in  terms  of  descent  data 
in  the  aforementioned  Descent,  Lemma  34.30.6| 


69.9.  Quasi-coherent  modules  on  simplicial  schemes 

In  the  following  definition  we  make  use  of  the  description  of  sheaves  on  a simplicial 
space  given  in  Lemma  [69. 2. 2| 

Definition  69.9.1.  Let  S'  be  a scheme.  Let  U be  a simplicial  scheme  over  S. 

(1)  A quasi-coherent  sheaf  on  U is  given  by  a sheaf  of  CV-modules  T such 
that  J-n  is  quasi-coherent  for  all  n > 0. 

(2)  A quasi-coherent  sheaf  T on  U is  cartesian  if  and  only  if  all  the  maps 

^{ip)  '■  Tn  induce  isomorphisms  U{tp)*Tn  —»•  Tm. 


The  property  on  pullbacks  needs  only  be  checked  for  the  degeneracies. 

Lemma  69.9.2.  Let  S be  a scheme.  Let  U be  a simplicial  scheme  over  S . Let  T 
be  a quasi-coherent  module  on  U . Then  T is  cartesian  if  and  only  if  the  induced 
maps  {dj)*lFn_i  — ► Tn  are  isomorphisms. 


Proof.  The  category  A is  generated  by  the  morphisms  the  morphisms  S 
see  Simplicial,  Lemma 
Tn  and  {sfyj7, 


and 

Hence  we  only  need  to  check  the  maps  {df)*Xn- 1 


"j  ! “ n+ 1 

tion.  But  df+1 


14.2.2 

/Fn  are  isomorphisms,  see  Simplicial,  Lemma 


os“  = idrr  so  it  the  result  for  df+1 


14.3.2 


implies  the  result  for  s". 


for  nota- 

□ 
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07TH  Lemma  69.9.3.  Let  S be  a scheme.  Let  U be  a simplicial  scheme  over  S . The 
category  of  cartesian  quasi- coherent  modules  over  U is  equivalent  to  the  category  of 
pairs  (J-,  a ) where  T is  a quasi- coherent  module  over  Uq  and 

a:  (d\)*F  — A (d£)*.F 

is  an  isomorphism  such  that  (sg)*a  = idjr  and  such  that 

(' d\)*a  = (dg)*a  o ( d\)*a 

on  Xi. 


Proof.  The  statement  of  the  displayed  equality  makes  sense  because  d\  o d|  = 


d\,  d\ 


dl  = 


db  ° d$, 


and  dj 


° dl  = 


dp  o d{  as  morphisms  Xi 


Simplicial,  Remark  14. 3.3|  hence  we  can  picture  these  maps  as  follows 


{dindiYT 


{diy{d\yx 


(diYidbyx 


{diy{d\yx^{diy{d\yx 


x< 


0,  see 


(di)*(dj)*dr 


and  the  condition  signifies  the  diagram  is  commutative.  It  is  clear  that  given  a 
cartesian  quasi-coherent  sheaf  F we  can  set  T = J-g  and  a equal  to  the  composition 

(d?)*  To  =Tx  = (d°0yx o 

of  identifications  given  by  the  cartesian  structure.  To  prove  this  functor  is  an 
equivalence  we  construct  a quasi-inverse.  The  construction  of  the  quasi-inverse  is 
analogous  to  the  construction  discussed  in  Descent,  Section  |34.3|  from  which  we 
borrow  the  notation  r"  : [0]  4 [n],  0 4 i and  r,”  : [1]  -A  [n],  0 A i,  1 4 j. 
Namely,  given  a pair  (F,a)  as  in  the  lemma  we  set  Tn  = X(r^')*Jr.  Then  given 
ft  : [n]  — >■  [m]  we  define  J-(ft)  : Tn  -A  Tm  as  the  pullback  by  ^(r^nym)  of  the 
map  a precomposed  with  the  canonical  X(/3)-map  Tn  —>  X{ftYXn.  We  omit  the 
verification  that  the  commutativity  of  the  displayed  diagram  above  implies  the 
maps  compose  correctly.  We  also  omit  the  verification  that  the  two  functors  are 
quasi-inverse  to  each  other.  □ 

07TI  Lemma  69.9.4.  Let  f : V -A  U be  a morphism  of  simplicial  schemes.  Given 
a cartesian  quasi-coherent  module  T on  U the  pullback  f*T  is  a cartesian  quasi- 
coherent  module  on  V . 


Proof.  This  is  immediate  from  the  definitions. 


□ 


07TJ  Lemma  69.9.5.  Let  f : V —¥  U be  a cartesian  morphism  of  simplicial  schemes. 
Assume  the  morphisms  d”  : Un  C/n_ i are  flat  and  the  morphisms  Vn  — > Un  are 

quasi-compact  and  quasi-separated.  For  a cartesian  quasi-coherent  module  Q on  V 
the  pushforward  f*Q  is  a cartesian  quasi-coherent  module  on  U . 


Proof.  If  F = f.g,  then  Fn  = fn,*Gn  and  the  maps  F(tp)  are  defined  using  the  base 
change  maps,  see  Cohomology,  Section  [20. 18|  The  sheaves  Tn  are  quasi-coherent 
by  Schemes,  Lemma  25.24.1  The  base  change  maps  along  the  degeneracies  d"  are 
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07TK 


07TL 


isomorphisms  by  Cohomology  of  Schemes,  Lemma  [29.5. 2|  Hence  we  are  done  by 
Lemma  169.9.21  □ 


Lemma  69.9.6.  Let  f : V -A  U be  a cartesian  morphism  of  simplicial  schemes. 
Assume  the  morphisms  df  : Un  -A  f7ra_i  are  flat  and  the  morphisms  Vn  -A  Un 
are  quasi-compact  and  quasi-separated.  Then  f*  and  /*  form  an  adjoint  pair  of 
functors  between  the  categories  of  cartesian  quasi- coherent  modules  on  U and  V. 

Proof.  We  have  seen  in  Lemmas  169. 9. 41  and!69.9.5l that  the  statement  makes  sense. 
The  adjointness  property  follows  immediately  from  the  fact  that  each  f*  is  adjoint 

to  fn:*‘  n 


Lemma  69.9.7.  Let  f : X -A  S be  a morphism  of  schemes  which  has  a sectior^ 
Let  ( X/S ),  be  the  simplicial  scheme  associated  to  X -A  S,  see  Definition  69.8.3 
Then  pullback  defines  an  equivalence  between  the  category  of  quasi- coherent  Os~ 
modules  and  the  category  of  cartesian  quasi- coherent  modules  on  (X/S),. 

Proof.  Let  a : S — > X be  a section  of  /.  Let  (F,  a)  be  a pair  as  in  Lemma  69.9.3 
Set  Q = a*T . Consider  the  diagram 


X 


0°/,i) 


IxsX 


Pri 


X 


/ 

s 


Pro 

Y 


Note  that  pr0  = d\  and  piq  = dj.  Hence  we  see  that  (cr  o /,  l)*a  defines  an 
isomorphism 

f*g  = (aof,  1)  V5X  —MW,  l)*pr^  = T 

We  omit  the  verification  that  this  isomorphism  is  compatible  with  a and  the  canon- 
ical isomorphism  pi-Q f*Q  -A  pr *f*Q.  □ 


69.10.  Groupoids  and  simplicial  schemes 

07TM  Given  a groupoicl  in  schemes  we  can  build  a simplicial  scheme.  It  will  turn  out  that 
the  category  of  quasi-coherent  sheaves  on  a groupoid  is  equivalent  to  the  category 
of  cartesian  quasi-coherent  sheaves  on  the  associated  simplicial  scheme. 

07TN  Lemma  69.10.1.  Let  (U,R,s,t,c,e,i)  be  a groupoid  scheme  over  S.  There  exists 
a simplicial  scheme  X over  S with  the  following  properties 

(1)  Xo  = U,  Xi  = R , X2  = R xs,u,t  R, 

(2)  s[]  = e : X0  — > Xi , 

(3)  4 = s : Xi  -A  X0,  d\  = t : Xl  -A  X0, 

(4)  so  = (e  0 1)  ■ -^"1  ~ t X2,  s}  = (1,  e o t)  : Xi  — > X2, 

(5)  4 = Pri  '■  X2  Xi,  d\  = c : X2  -A  Xi,  d|  = Vr oj  and 

(6)  X = cosfesfeX. 

For  all  n we  have  Xn  = R xStu,t  ■ ■ ■ Xs,u,t  R with  n factors.  The  map  df  : Xn  -A 
X„_i  is  given  on  functors  of  points  by 

(ri,.--,rn)  1 — > (r1,...,c(rj,rj+1),...,rn) 

for  1 < j < n - 1 whereas  d%(r  1, . . . , rn)  = (r2, . . . , r„)  and  d”(ri, . . . , rn)  = 
(ri,...,r„_i). 


2In  fact,  it  would  be  enough  to  assume  that  / has  fpqc  locally  on  S a section,  since  we  have 


descent  of  quasi-coherent  modules  by  Descent,  Section 


34.5 
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Proof.  We  only  have  to  verify  that  the  rules  prescribed  in  (1),  (2),  (3),  (4),  (5) 
define  a 2-truncated  simplicial  scheme  U'  over  S,  since  then  (6)  allows  us  to  set 
X = cosk^f/',  see  Simplicial,  Lemma [14.19.2  Using  the  functor  of  points  approach, 
all  we  have  to  verify  is  that  if  (Ob,  Arrows,  s,  f,  c,  e,  i)  is  a groupoid,  then 


Arrows  xSiob,t  Arrows 


pd 


l,e 

c 

e,l 

Arrows 


S 

Y 


Ob 


t 

Y 


is  a 2-truncated  simplicial  set.  We  omit  the  details. 

Finally,  the  description  of  Xn  for  n > 2 follows  by  induction  from  the  description  of 
Xo,  Xi,  X2,  and  Simplicial,  Remark |14. 19. 9| and  Lemma[l4.19.6|  Alternately,  one 
shows  that  cosk2  applied  to  the  2-truncated  simplicial  set  displayed  above  gives  a 
simplicial  set  whose  nth  term  equals  Arrows  xSjob,t  ■ ■ • xSjob,t  Arrows  with  n factors 
and  degeneracy  maps  as  given  in  the  lemma.  Some  details  omitted.  □ 


07TP  Lemma  69.10.2.  Let  S be  a scheme.  Let  (U,R,s,t,c)  be  a groupoid  scheme  over 
S . Let  X be  the  simplicial  scheme  over  S constructed  in  Lemma\69.10.1\  Then  the 
category  of  quasi- coherent  modules  on  (U,  R,  s,t,c)  is  equivalent  to  the  category  of 
cartesian  quasi- coherent  modules  on  X . 


Proof.  This  is  clear  from  Lemma  69.9.3  and  Groupoids,  Definition  |38. 14. f □ 


In  the  following  lemma  we  will  use  the  concept  of  a cartesian  morphism  V — > U of 
simplicial  schemes  as  defined  in  Definition|69.8.1[ 

07TQ  Lemma  69.10.3.  Let  (U,  R , s,  t,  c)  be  a groupoid  scheme  over  a scheme  S.  Let 


X be  the  simplicial  scheme  over  S constructed  in  Lemma  69.10.1  Let  ( R/U ), 
be  the  simplicial  scheme  associated  to  s : R -A  U , see  Definition  69.8.3\  There 
exists  a cartesian  morphism  t,  : (R/U),  — » X of  simplicial  schemes  with  low  degree 
morphisms  given  by 


R x 


s,U,s 


R x 


s,U,s 


R 


{r0,r1,r2)^(r0or1  1 ,r1or2  x) 


Prl  2 
Pr 02 


■ R X 


s,U,s 


R 


Pr 01 


(r0  Xl)'-X‘r0or  1 


R x 


s,U,t 


R 


pr  i 


Pri 

Pro' 


R 


■ V 

R 


V 

u 


Pr0 


Proof.  For  arbitrary  n we  define  (R/U),  -A  Xn 
(r0,...,rn)  — > (roar/1,.. 


by  the  rule 

• ,rn-i  o r”1) 


Compatibility  with  degeneracy  maps  is  clear  from  the  description  of  the  degen- 
eracies in  Lemma  |69.10.1|  We  omit  the  verification  that  the  maps  respect  the 
morphisms  ,s".  Groupoids,  Lemma  38.13.5  (with  the  roles  of  s and  t reversed) 
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shows  that  the  two  right  squares  are  cartesian.  In  exactly  the  same  manner  one 
shows  all  the  other  squares  are  cartesian  too.  Hence  the  morphism  is  cartesian.  □ 


69.11.  Descent  data  give  equivalence  relations 

024D  In  Section  169.81  we  saw  how  descent  data  relative  to  X — > S can  be  formulated  in 
terms  of  cartesian  simplicial  schemes  over  ( X/S ),.  Here  we  link  this  to  equivalence 
relations  as  follows. 

024E  Lemma  69.11.1.  Let  / : X — x S be  a morphism  of  schemes.  Let  tt  : Y — > (X/S), 
be  a cartesian  morphism  of  simplicial  schemes,  see  Definitions \69.8.1\  and \ 69. 8. S\ 
Then  the  morphism 

j = (d{,dl)  : Yi  — x Y0  Xs  Y0 

defines  an  equivalence  relation  on  Yq  over  S,  see  Groupoids,  Definition  \ 38. 3.1\ 

Proof.  Note  that  j is  a monomorphism.  Namely  the  composition  Yi  — > Yo  xgYo  —I 
Yq  x 5 X is  an  isomorphism  as  7r  is  cartesian. 


Consider  the  morphism 


(d%,dl)  : Y2  -A-  Yi  xdiYodi  Yi. 

This  works  because  do  o d2  = d±  o do,  see  Simplicial,  Remark  |14.3.3|  Also,  it  is  a 
morphism  over  (X/S)2.  It  is  an  isomorphism  because  Y — > (X/S),  is  cartesian. 
Note  for  example  that  the  right  hand  side  is  isomorphic  to  Yo  xWOi,Y,pri  (X  Xg  X x$ 
X)  = X xsF0  Xs  X because  n is  cartesian.  Details  omitted. 


As  in  Groupoids,  Definition  38.3.1  we  denote  t = pr0  o j = d\  and  s = piq  o j = df. 
The  isomorphism  above,  combined  with  the  morphism  d\  : Y2  — > Y\  give  us  a 
composition  morphism 

c • Yi  xS  Y(,,t  Yi  i 1 1 


over  Y'q  Xj  Yj.  This  immediately  implies  that  for  any  scheme  T/S  the  relation 
Yi(T)  C Yq(T)  x Y0(T)  is  transitive. 


Reflexivity  follows  from  the  fact  that  the  restriction  of  the  morphism  j to  the 
diagonal  A : X —X  X x 5 X is  an  isomorphism  (again  use  the  cartesian  property  of 

TT). 

To  see  symmetry  we  consider  the  morphism 

(d\,d\)  : Y2  —x  Fi  xdi  Yotd\  Y\. 

This  works  because  d\  o d2  = d\  o d\,  see  Simplicial,  Remark  |14.3.3|  It  is  an 
isomorphism  because  Y — x (X/S),  is  cartesian.  Note  for  example  that  the  right 
hand  side  is  isomorphic  to  Yo  xWOi_Y,Pr0  (X  xj  X Xs  X)  = Y0  XS  X xg  X because 
7 r is  cartesian.  Details  omitted. 


Let  T/S  be  a scheme.  Let  a ~ b for  a,  b £ Y0(T)  be  synonymous  with  (a,  b)  £ Y\(T). 
The  isomorphism  (d\,d\)  above  implies  that  if  a ~ b and  a ~ c,  then  b ~ c. 
Combined  with  reflexivity  this  shows  that  ~ is  an  equivalence  relation.  □ 
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69.12.  An  example  case 

In  this  section  we  show  that  disjoint  unions  of  spectra  of  Artinian  rings  can  be 
descended  along  a quasi-compact  surjective  flat  morphism  of  schemes. 

Lemma  69.12.1.  Let  X — ► S be  a morphism  of  schemes.  Suppose  Y — ► ( X/S ), 
is  a cartesian  morphism  of  simplicial  schemes.  For  y £Yq  a point  define 

Tv  = W e Y0  | 3 yi  £ Y\  : d\(yf)  = y,  dl(yx)  = y'} 
as  a subset  of  Yq  . Then  y £ Ty  and  Ty  D Ty/  ^ 0 =>  Ty  = Ty> . 

Proof.  Combine  Lemma  69.11.1  and  Groupoids,  Lemma [38.3.4 


□ 


Lemma  69.12.2.  Let  X — )•  S be  a morphism  of  schemes.  Suppose  Y — > (X/S), 
is  a cartesian  morphism  of  simplicial  schemes.  Let  y £Y0  be  a point.  If  X — »•  S is 
quasi-compact,  then 

Tv  = iv'  e Y0  | 3 y1  £ Yj  : d\(y i)  = y,  d\(y i)  = y'} 
is  a quasi-compact  subset  ofYo. 

Proof.  Let  Fy  be  the  scheme  theoretic  fibre  of  d\  : Yx  — > Y0  at  y.  Then  we  see 
that  Ty  is  the  image  of  the  morphism 


F„ 


■Y, 


Yn 


Yn 


y — 

Note  that  Fy  is  quasi-compact.  This  proves  the  lemma. 


□ 


Lemma  69.12.3.  Let  X -A  S be  a quasi-compact  flat  surjective  morphism.  Let 
(V,  (p)  be  a descent  datum  relative  to  X — >•  S.  IfV  is  a disjoint  union  of  spectra  of 
Artinian  rings,  then  ( V. , ip)  is  effective. 

Proof.  Let  Y — > (X/S),  be  the  cartesian  morphism  of  simplicial  schemes  corre- 
sponding to  (V,  <p)  by  Lemma  69.8.5  Observe  that  Y0  = V.  Write  V = U,e/  Spec(Ai) 

Moreover,  let  Vi  £ V be  the  unique  closed  point  of 
~ j if  and  only  if  Vi  £ Tv„  with  notation  as  in  Lemma 


with  each  Ai  local  Artinian. 

Spec(A,:)  for  all  i e I.  Write  i 
|69.12.1|  above.  By  Lemmas  69.12.1| and |69.12.2  this  is  an  equivalence  relation  with 
finite  equivalence  classes.  Let  I = 1/  ~.  Then  we  can  write  V = II jejVj  with 
Vj  = IJ,i6i  Spec(Ai).  By  construction  we  see  that  ip  \V  Xg  X — > X xg  V maps  the 
open  and  closed  subspaces  Vj  x g X into  the  open  and  closed  subspaces  X x g Vj.  In 
other  words,  we  get  descent  data  (Vj,  pf),  and  (P,  ip)  is  the  coproduct  of  them  in  the 
category  of  descent  data.  Since  each  of  the  IA  is  a finite  union  of  spectra  of  Artinian 
local  rings  the  morphism  Vj  — > X is  affine,  see  Morphisms,  Lemma  28.12.13  Since 
{X  — » S}  is  an  fpqc  covering  we  see  that  all  the  descent  data  (Vj,  ipj)  are  effective 
by  Descent,  Lemma [34.33. 1|  □ 

To  be  sure,  the  lemma  above  has  very  limited  applicability! 
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Formal  Algebraic  Spaces 


OAHW 


70.1.  Introduction 

OAHX  Formal  schemes  were  introduced  in  IDG67I.  A more  general  version  of  formal 
schemes  was  introduced  in  |McQ02|  and  another  in  [Yas09j . Formal  algebraic 
spaces  were  introduced  in  IKnu71|.  Related  material  and  much  besides  can  be 
found  in  | Abb  10]  and  EE].  This  chapter  introduces  the  notion  of  formal  algebraic 
spaces  we  will  work  with.  Our  definition  is  general  enough  to  allow  most  classes  of 
formal  schemes/spaces  in  the  literature  as  full  subcategories. 

Although  we  do  discuss  the  comparison  of  some  of  these  alternative  theories  with 
ours,  we  do  not  always  give  full  details  when  it  is  not  necessary  for  the  logical 
development  of  the  theory. 

Besides  introducing  formal  algebraic  spaces,  we  also  prove  a few  very  basic  proper- 
ties and  we  discuss  a few  types  of  morphisms. 


70.2.  Formal  schemes  a la  EGA 


OAHY  In  this  section  we  review  the  construction  of  formal  schemes  in  IDG67j.  This 
notion,  although  very  useful  in  algebraic  geometry,  may  not  always  be  the  correct 
one  to  consider.  Perhaps  it  is  better  to  say  that  in  the  setup  of  the  theory  a 
number  of  choices  are  made,  where  for  different  purposes  others  might  work  better. 
And  indeed  in  the  literature  one  can  find  many  different  closely  related  theories 
adapted  to  the  problem  the  authors  may  want  to  consider.  Still,  one  of  the  major 
advantages  of  the  theory  as  sketched  here  is  that  one  gets  to  work  with  definite 
geometric  objects. 


Before  we  start  we  should  point  out  an  issue  with  the  sheaf  condition  for  sheaves  of 
topological  rings  or  more  generally  sheaves  of  topological  spaces.  Namely,  the  big 
categories 

(1)  category  of  topological  spaces, 

(2)  category  of  topological  groups, 

(3)  category  of  topological  rings, 

(4)  category  of  topological  modules  over  a given  topological  ring, 


endowed  with  their  natural  forgetful  functors  to  Sets  are  not  examples  of  types  of 
algebraic  structures  as  defined  in  Sheaves,  Section  6.15  Thus  we  cannot  blithely 


apply  to  them  the  machinery  developed  in  that  chapter.  On  the  other  hand,  each 
of  the  categories  listed  above  has  limits  and  equalizers  and  the  forgetful  functor  to 


sets,  groups,  rings,  modules  commutes  with  them  (see  Topology,  Lemmas  5.13.1 


5.29.3  5.29.8  and  5.29.11 ).  Thus  we  can  define  the  notion  of  a sheaf  as  in  Sheaves, 
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Definition  |6.9.1|  and  the  underlying  presheaf  of  sets,  groups,  rings,  or  modules  is  a 
sheaf.  The  key  difference  is  that  for  an  open  covering  U = IJ -g7  £/  the  diagram 

HU)  — - YlieiHUi)  HZ  Yldo^eixiHUiv  n uh) 


has  to  be  an  equalizer  diagram  in  the  category  of  topological  spaces,  topological 
groups,  topological  rings,  topological  modules,  i.e. , that  the  first  map  identifies 
T(U)  with  a subspace  of  Y[iei  T(Ui)  which  is  endowed  with  the  product  topology. 


The  stalk  Tx  of  a sheaf  T of  topological  spaces,  topological  groups,  topological 
rings,  or  topological  modules  at  a point  x £ X is  defined  as  the  colimit  over  open 
neighbourhoods 

Tx  = colimxe!7  T(U) 


in  the  corresponding  category.  This  is  the  same  as  taking  the  colimit  on  the  level 
of  sets,  groups,  rings,  or  modules  (see  Topology,  Lemmas  5.28.1  5.29.6  5.29.9 


and  5.29.12)  but  comes  equipped  with  a topology.  Warning:  the  topology  one  gets 
depends  on  which  category  one  is  working  with,  see  Examples,  Section  [88. 65|  One 
can  sheafify  presheaves  of  topological  spaces,  topological  groups,  topological  rings, 
or  topological  modules  and  taking  stalks  commutes  with  this  operation,  see  Remark 
17(1.2.41 


Let  / : X — >•  Y be  a continuous  map  of  topological  spaces.  There  is  a functor  /* 
from  the  category  of  sheaves  of  topological  spaces,  topological  groups,  topological 
rings,  topological  modules,  to  the  corresponding  category  of  sheaves  on  Y which  is 
defined  by  setting  f*T(V)  = T(f~1V)  as  usual.  (We  delay  discussing  the  pullback 
in  this  setting  till  later.)  We  define  the  notion  of  an  /-map  £ : Q -A  T between 
a sheaf  of  topological  spaces  Q on  Y and  a sheaf  of  topological  spaces  T on  X 
in  exactly  the  same  manner  as  in  Sheaves,  Definition  |6.21.7|  with  the  additional 
constraint  that  fy  '■  S(V)  -A  T(f~1V)  be  continuous  for  every  open  V C Y.  We 
have 

{/-maps  from  Q to  T}  = Mor sh(y,ToP)(G , f*T) 

as  in  Sheaves,  Lemma[6.21.8|  Similarly  for  sheaves  of  topological  groups,  topological 
rings,  topological  modules.  Finally,  let  £ : Q — > T be  an  /-map  as  above.  Then 
given  x £ X with  image  y = /( x)  there  is  a continuous  map 

fx  • ^ Tx 

of  stalks  defined  in  exactly  the  same  manner  as  in  the  discussion  following  Sheaves, 
Definition  16.21.91 


Using  the  discussion  above,  we  can  define  a category  LTRS  of  “locally  topologically 
ringed  spaces”.  An  object  is  a pair  (X,Ox)  consisting  of  a topological  space  X 
and  a sheaf  of  topological  rings  Ox  whose  stalks  Ox,x  are  local  rings  (if  one  forgets 
about  the  topology).  A morphism  (X,Ox)  — t (Y,Oy)  of  LTRS  is  a pair  (/,/#) 
where  / : X — ► Y is  a continuous  map  of  topological  spaces  and  /•*  : Oy  — > Ox  is 
an  /-map  such  that  for  every  x £ X the  induced  map 

ft  : Oyj{x)  — t Oy, 

is  a local  homomorphism  of  local  rings  (forgetting  about  the  topologies).  The 
composition  works  in  exactly  the  same  manner  as  composition  of  morphisms  of 
locally  ringed  spaces. 
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Assume  now  that  the  topological  space  X has  a basis  consisting  of  quasi-compact 
opens.  Given  a sheaf  T of  sets,  groups,  rings,  modules  over  a ring,  one  can  endow  T 
with  the  structure  of  a sheaf  of  topological  spaces,  topological  groups,  topological 
rings,  topological  modules.  Namely,  if  U C X is  quasi-compact  open,  we  endow 
X{U)  with  the  discrete  topology.  If  U C X is  arbitrary,  then  we  choose  an  open 
covering  U = Uie/  Ui  by  quasi-compact  opens  and  we  endow  J-(U)  with  the  induced 
topology  from  llie/  J-(Ui)  (as  we  should  do  according  to  our  discussion  above).  The 
reader  may  verify  (omitted)  that  we  obtain  a sheaf  of  topological  spaces,  topological 
groups,  topological  rings,  topological  modules  in  this  fashion.  Let  us  say  that  a sheaf 
of  topological  spaces,  topological  groups,  topological  rings,  topological  modules  is 
pseudo- discrete  if  the  topology  on  F(U)  is  discrete  for  every  quasi-compact  open 
U C X.  Then  the  construction  given  above  is  an  adjoint  to  the  forgetful  functor  and 
induces  an  equivalence  between  the  category  of  sheaves  of  sets  and  the  category  of 
pseudo-discrete  sheaves  of  topological  spaces  (similarly  for  groups,  rings,  modules). 


Grothendieck  and  Dieudonne  first  define  formal  affine  schemes.  These  correspond 
to  admissible  topological  rings  A,  see  More  on  Algebra,  Definition  15.28.1  Namely, 


given  A one  considers  a fundamental  system  I\  of  ideals  of  definition  for  the  ring 
A.  (In  any  admissible  topological  ring  the  family  of  all  ideals  of  definition  forms 
a fundamental  system.)  For  each  A we  can  consider  the  scheme  Spec (A/I\).  For 
I\  C Ifj,  the  induced  morphism 

Spec(A/Ip)  ->  Spec (A/Ix) 


is  a thickening  because  I " C I\  for  some  n.  Another  way  to  see  this,  is  to  notice 
that  the  image  of  each  of  the  maps 


Spec(A//A)  — > Spec(A) 

is  a homeomorphism  onto  the  set  of  open  prime  ideals  of  A.  This  motivates  the 
definition 

Spf(A)  = {open  prime  ideals  p C A} 

endowed  with  the  topology  coming  from  Spec(A).  For  each  A we  can  consider  the 
structure  sheaf  C,Spec(A//x)  as  a sheaf  on  Spf(A).  Let  O \ be  the  corresponding 
pseudo-discrete  sheaf  of  topological  rings,  see  above.  Then  we  set 


C’spf(A)  — 1™  0\ 

where  the  limit  is  taken  in  the  category  of  sheaves  of  topological  rings.  The  pair 
(Spf(A),  Ospf(A))  is  called  the  formal  spectrum  of  A. 

At  this  point  one  should  check  several  things.  The  first  is  that  the  stalks  O sPf(A),z 
are  local  rings  (forgetting  about  the  topology).  The  second  is  that  given  / € A,  for 
the  corresponding  open  D(f)  n Spf(A)  we  have 

r (D(f)  n Spf(A),  0Spf(A))  = A{f}  = li m(A/Ix)f 

as  topological  rings  where  I\  is  a fundamental  system  of  ideals  of  definition  as  above. 
Moreover,  the  ring  A{f}  is  admissible  too  and  (Spf(A/),  Ogpf(^{/}))  is  isomorphic  to 
(D(/)  n Spf(A),  C>spf(A)  b(/)nSPf(A))-  Finally,  given  a pair  of  admissible  topological 
rings  A , B we  have 

(70.2.0.1)  MorLTflS((Spf (B),  0Sp f(B)),  (Spf(A),  0Spf(A)))  = Homcont(A,  B) 

where  LTRS  is  the  category  of  “locally  topologically  ringed  spaces”  as  defined 
above. 
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Having  said  this,  in  [DGB7I  a formal  scheme  is  defined  as  a pair  (X,  Ox)  where  X 
is  a topological  space  and  Ox  is  a sheaf  of  topological  rings  such  that  every  point 
has  an  open  neighbourhood  isomorphic  (in  LTRS ) to  an  affine  formal  scheme.  A 
morphism  of  formal  schemes  f : (X,  Ox)  — > (2),  Oy)  is  a morphism  in  the  category 
LTRS. 


Let  A be  a ring  endowed  with  the  discrete  topology.  Then  A is  admissible  and 
the  formal  scheme  Spf(A)  is  equal  to  Spec(A).  The  structure  sheaf  Ospf(A)  is  the 
pseudo-discrete  sheaf  of  topological  rings  associated  to  C2spec(A)>  in  other  words,  its 
underlying  sheaf  of  rings  is  equal  to  £>spec(A)  and  the  ring  £>Spf(A)  (U)  = 0Spec(A)  (U) 
over  a quasi-compact  open  U has  the  discrete  topology,  but  not  in  general.  Thus 
we  can  associate  to  every  affine  scheme  a formal  affine  scheme.  In  exactly  the  same 
manner  we  can  start  with  a general  scheme  (X,  Ox)  and  associate  to  it  (X,  0'x) 
where  0'x  is  the  pseudo-discrete  sheaf  of  topological  rings  whose  underlying  sheaf  of 
rings  is  Ox  ■ This  construction  is  compatible  with  morphisms  and  defines  a functor 


(70.2.0.2) 


Schemes  - 


Formal  Schemes 


It  follows  in  a straightforward  manner  from  (70.2.0.11  that  this  functor  is  fully 
faithful. 


Let  X be  a formal  scheme.  Let  us  define  the  size  of  the  formal  scheme  by  the 
formula  size(X)  = max(Ho,  fti,  K2)  where  is  the  cardinality  of  the  formal  affine 
opens  of  X and  K2  is  the  supremum  of  the  cardinalities  of  (^(il)  where  il  C X is 
such  a formal  affine  open. 


Lemma  70.2.1.  Choose  a category  of  schemes  Scha 
Given  a formal  scheme  X let 


as  in  Sets,  Lemma 


3.9.2 


hx  ■ ( Scha)opp  — > Sets,  hx(S)  = Mor Formai  Schemes{S,  X) 


be  its  functor  of  points.  Then  we  have 


Mor  Formal  SchernesiXi  2)  ) — Mor  PSh{Sch.a)(hx,h<X)) 

provided  the  size  of  X is  not  too  large. 


Proof.  First  we  observe  that  hx  satisfies  the  sheaf  property  for  the  Zariski  topol- 
ogy for  any  formal  scheme  X (see  Schemes,  Definition  25.15.3 1.  This  follows  from 
the  local  nature  of  morphisms  in  the  category  of  formal  schemes.  Also,  for  an  open 
immersion  2J  — > 2U  of  formal  schemes,  the  corresponding  transformation  of  functors 
h%3  — > h<$3  is  injective  and  representable  by  open  immersions  (see  Schemes,  Defi- 
nition 25.15.3).  Choose  an  open  covering  X = IJil;  of  a formal  scheme  by  affine 


formal  schemes  it;.  Then  the  collection  of  functors  h y.  covers  hx  (see  Schemes, 
Definition  25.15.3).  Finally,  note  that 


hUi  Xhx  hu,  = hu, 


nil; 


Hence  in  order  to  give  a map  hx  — > h<g  is  equivalent  to  giving  a family  of  maps 
/in,  -A  h<y  which  agree  on  overlaps.  Thus  we  can  reduce  the  bijectivity  (resp. 
injectivity)  of  the  map  of  the  lemma  to  bijectivity  (resp.  injectivity)  for  the  pairs 
(it;, 21)  and  injectivity  (resp.  nothing)  for  (it;  nitj,2)).  In  this  way  we  reduce  to 
the  case  where  X is  an  affine  formal  scheme.  Say  X = Spf(A)  for  some  admissible 
topological  ring  A.  Also,  choose  a fundamental  system  of  ideals  of  definition  I\  C A. 
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We  can  also  localize  on  2).  Namely,  suppose  that  2J  C 21  is  an  open  formal  sub- 
scheme and  p : h%  — » h<g.  Then 

ft<n  x htg  ,<p  hx  —>■  hx 

is  representable  by  open  immersions.  Pulling  back  to  Spec(j4/Jx)  for  all  A we 
find  an  open  subscheme  U\  C Spec(A/Jx).  However,  for  I\  C I ^ the  morphism 
Spec(A//,\)  — > Spec(A//^)  pulls  back  [7^  to  U\.  Thus  these  glue  to  give  an  open 
formal  subscheme  it  C X.  A straightforward  argument  (omitted)  shows  that 

ft-it  = ft®  Xhw  hx 

In  this  way  we  see  that  given  an  open  covering  2)  = (J  and  a transformation 
of  functors  ip  : hx  -A  ft<g  we  obtain  a corresponding  open  covering  of  X.  Since  X 
is  affine,  we  can  refine  this  covering  by  a finite  open  covering  X = ill  U . . . U il„ 
by  affine  formal  subschemes.  In  other  words,  for  each  i there  is  a j and  a map 
Pi  : ft.it;  — ► h<y}j  such  that 

ftu,  h<0j 

v v 

ip 

hx  — — ftaj 

commutes.  With  a few  additional  arguments  (which  we  omit)  this  implies  that  it 
suffices  to  prove  the  bijectivity  of  the  lemma  in  case  both  X and  2)  are  affine  formal 
schemes. 


Assume  X and  2)  are  affine  formal  schemes.  Say  X = Spf(A)  and  2}  = Spf(B).  Let 
i p : hx  — > ftoi  be  a transformation  of  functors.  Let  I\  C A be  a fundamental  system 
of  ideals  of  definition.  The  canonical  inclusion  morphism  i\  : Spec (A/I\)  — > X 
maps  to  a morphism  p{i\)  : Spec (A/I\)  — » %).  By  (|70.2.0.1 ) this  corresponds  to  a 
continuous  map  x\  '■  B — > A/I\.  Since  ip  is  a transformation  of  functors  it  follows 
that  for  I\  C Ip  the  composition  B — > A/ 1\  — ► A/ 1 ^ is  equal  to  Xu  ■ Lr  other  words 
we  obtain  a ring  map 

X = limyA  : B — > lirnA//^  = A 

This  is  a continuous  homomorphism  because  the  inverse  image  of  I\  is  open  for 
all  A (as  A/I\  has  the  discrete  topology  and  x\  is  continuous).  Thus  we  obtain 
a morphism  Spf(y)  : X -A  2)  by  (70.2.0.1).  We  omit  the  verification  that  this 


construction  is  the  inverse  to  the  map  of  the  lemma  in  this  case. 


Set  theoretic  remarks.  To  make  this  work  on  the  given  category  of  schemes  Scha 
we  just  have  to  make  sure  all  the  schemes  used  in  the  proof  above  are  isomorphic 
to  objects  of  Scha.  In  fact,  a careful  analysis  shows  that  it  suffices  if  the  schemes 
Spec(A/J^)  occurring  above  are  isomorphic  to  objects  of  Scha.  For  this  it  certainly 
suffices  to  assume  the  size  of  X is  at  most  the  size  of  a scheme  contained  in  Scha.  □ 


OAK 


Proof.  Topologies,  Lemma|33.8.13|reduces  us  to  the  case  of  a Zariski  covering  and 
a covering  {Spec)^)  -A  Spec(-R)}  with  R -X  S faithfully  flat.  We  observed  in  the 
proof  of  Lemma [70.2. 1|  that  hx  satisfies  the  sheaf  condition  for  Zariski  coverings. 


Lemma  70.2.2.  Let  X be  a formal  scheme.  The  functor  of  points  hx  (see  Lemma 


70.2.1)  satisfies  the  sheaf  condition  for  fpqc  coverings. 
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Suppose  that  R — > S is  a faithfully  flat  ring  map.  Denote  7r  : Spec(S')  -A  Spec(-R) 
the  corresponding  morphism  of  schemes.  It  is  surjective  and  flat.  Let  / : Spec (S)  — ► 
X be  a morphism  such  that  / opr1  = / opr2  as  maps  Spec (S<SirS)  -a  X.  By  Descent, 
Lemma [34 . 9 . 1 1 we  see  that  as  a map  on  the  underlying  sets  / is  of  the  form  f = gon 
for  some  (set  theoretic)  map  g : Spec (R)  — > X.  By  Morphisms,  Lemma  28.25.10 
and  the  fact  that  / is  continuous  we  see  that  g is  continuous. 

Pick  y £ Spec(i?).  Choose  il  C X an  affine  formal  open  subscheme  containing  g(y). 
Say  il  = Spf(A)  for  some  admissible  topological  ring  A.  By  the  above  we  may 
choose  an  r £ R.  such  that  x £ D{r)  C g_1(il).  The  restriction  of  / to  7r_1(D(r)) 
into  it  corresponds  to  a continuous  ring  map  A — > Sr  by  (70.2.0.1 ).  The  two  induced 
ring  maps  A — >•  Sr  <S)Rr  Sr  = (S  S)r  are  equal  by  assumption  on  /.  Note  that 
Rr  -A  Sr  is  faithfully  flat.  By  Descent,  Lemma  |34.3.6  the  equalizer  of  the  two 
arrows  Sr  — > Sr  <S)Rr  Sr  is  Rr.  We  conclude  that  A — ► Sr  factors  uniquely  through 
a map  A -a  Rr  which  is  also  continuous  as  it  has  the  same  (open)  kernel  as  the 
map  A — » Sr.  This  map  in  turn  gives  a morphism  D(r)  — > 11  by  (70.2.0.1). 
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What  have  we  proved  so  far?  We  have  shown  that  for  any  y £ Spec(i?)  there  exists 
a standard  affine  open  y £ D{r)  C Spec(-R)  such  that  the  morphism  f\n-i(D(r))  '■ 
7 r_1(D(r))  — » X factors  uniquely  though  some  morphism  D(r ) — > X.  We  omit  the 
verification  that  these  morphisms  glue  to  the  desired  morphism  Spec(i?)  — > X.  □ 

Remark  70.2.3  (McQuillan’s  variant).  There  is  a variant  of  the  construction  of 
formal  schemes  due  to  McQuillan,  see  [McQ02|.  He  suggests  a slight  weakening  of 
the  condition  of  admissibility.  Namely,  recall  that  an  admissible  topological  ring  is 
a complete  (and  separated  by  our  conventions)  topological  ring  A which  is  linearly 
topologized  such  that  there  exists  an  ideal  of  definition:  an  open  ideal  I such  that 
any  neighbourhood  of  0 contains  In . McQuillan  works  with  what  we  will  call  weakly 
admissible  topological  rings.  A weakly  admissible  topological  ring  A is  a complete 
(and  separated  by  our  conventions)  topological  ring  which  is  linearly  topologized 
such  that  there  exists  an  weak  ideal  of  definition:  an  open  ideal  I such  that  for 
all  f £ I we  have  fn  — > 0 for  n — > oo.  Similarly  to  the  admissible  case,  if  I is  a 
weak  ideal  of  definition  and  J C A is  an  open  ideal,  then  I D J is  a weak  ideal  of 
definition.  Thus  the  weak  ideals  of  definition  form  a fundamental  system  of  open 
neighbourhoods  of  0 and  one  can  proceed  along  much  the  same  route  as  above  to 
define  a larger  category  of  formal  schemes  based  on  this  notion.  The  analogues  of 


Lemmas  70.2.1  and  70.2.2  still  hold  in  this  setting  (with  the  same  proof). 
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Remark  70.2.4  (Sheafification  of  presheaves  of  topological  spaces).  In  this  remark 
we  briefly  discuss  sheafification  of  presheaves  of  topological  spaces.  The  exact  same 
arguments  work  for  presheaves  of  topological  abelian  groups,  topological  rings,  and 
topological  modules  (over  a given  topological  ring) . In  order  to  do  this  in  the  correct 
generality  let  us  work  over  a site  C.  The  reader  who  is  interested  in  the  case  of 
(pre)sheaves  over  a topological  space  X should  think  of  objects  of  C as  the  opens  of 
X , of  morphisms  of  C as  inclusions  of  opens,  and  of  coverings  in  C as  coverings  in  X, 
see  Sites,  Example  7.6.4  Denote  Sh(C,  Top ) the  category  of  sheaves  of  topological 


|Gra65| 


spaces  on  C and  denote  PSh(C,  Top)  the  category  of  presheaves  of  topological  spaces 
on  C.  Let  J7  be  a presheaf  of  topological  spaces  on  C.  The  sheafification  J7#  should 
satisfy  the  formula 

Mor  psh{c,To  P)(X,Q)  — MoTSh(c,ToP){^* j Q) 
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functorially  in  Q from  Sh(C , Top).  In  other  words,  we  are  trying  to  construct  the 
left  adjoint  to  the  inclusion  functor  Sh(C,  Top ) — > PSh(C7  Top).  We  first  claim  that 
Sh(C,  Top)  has  limits  and  that  the  inclusion  functor  commutes  with  them.  Namely, 
given  a category  1 and  a functor  * i— > Qi  into  Sh(C.  Top)  we  simply  define 

(lim  Qi){U)  = lim  Qi{U) 


where  we  take  the  limit  in  the  category  of  topological  spaces  (Topology,  Lemma 
5.13.1).  This  defines  a sheaf  because  limits  commute  with  limits  (Categories, 


Lemma  4.14.9)  and  in  particular  products  and  equalizers  (which  are  the  opera- 
tions used  in  the  sheaf  axiom).  Finally,  a morphism  of  presheaves  from  J-  -A  limC^ 
is  clearly  the  same  thing  as  a compatible  system  of  morphisms  J-  — ► Qi.  In  other 
words,  the  object  lim  Qi  is  the  limit  in  the  category  of  presheaves  of  topological 
spaces  and  a fortiori  in  the  category  of  sheaves  of  topological  spaces.  Our  second 
claim  is  that  any  morphism  of  presheaves  T — > Q with  Q an  object  of  Sh{C1  Top) 
factors  through  a subsheaf  Q'  C Q whose  size  is  bounded.  Here  we  define  the  size 
\TL\  of  a sheaf  of  topological  spaces  TL  to  be  the  cardinal  sup^go,-,^  \H(U)\.  To 
prove  our  claim  we  let 


£'(!/)  = { seg(U) 


there  exists  a covering  {£/*  -A  U }jej 
such  that  s\ui  £ Im(^r(L7i)  — > Q(Ui)) 


We  endow  Q'{U)  with  the  induced  topology.  Then  Q'  is  a sheaf  of  topological  spaces 
(details  omitted)  and  Q'  -A  Q is  a morphism  through  which  the  given  map  T Q 
factors.  Moreover,  the  size  of  Q'  is  bounded  by  some  cardinal  k depending  only  on 
C and  the  presheaf  J7  (hint:  use  that  coverings  in  C form  a set  by  our  conventions). 
Putting  everything  together  we  see  that  the  assumptions  of  Categories,  Theorem 
|4.25.3|  are  satisfied  and  we  obtain  sheafification  as  the  left  adjoint  of  the  inclusion 
functor  from  sheaves  to  presheaves.  Finally,  let  p be  a point  of  the  site  C given  by 
a functor  u : C — > Sets , see  Sites,  Definition  |7.31.2  For  a topological  space  M the 
presheaf  defined  by  the  rule 


U HA  Map(u(17),  M ) = 


x£u(U) 


M 


endowed  with  the  product  topology  is  a sheaf  of  topological  spaces.  Hence  the  exact 
same  argument  as  given  in  the  proof  of  Sites,  Lemma  7.31.5  shows  that  Tv  = , 


in  other  words,  sheafification  commutes  with  taking  stalks  at  a point. 


70.3.  Conventions  and  notation 
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The  conventions  from  now  on  will  be  similar  to  the  conventions  in  Properties  of 
Spaces,  Section  53. 2|  Thus  from  now  on  the  standing  assumption  is  that  all  schemes 
are  contained  in  a big  fppf  site  Schfppf.  And  all  rings  A considered  have  the 
property  that  Spec(A)  is  (isomorphic)  to  an  object  of  this  big  site.  For  topological 
rings  A we  assume  only  that  all  discrete  quotients  have  this  property  (but  usually 
we  assume  more,  compare  with  Remark  70.7.6). 


Let  £ be  a scheme  and  let  X be  a “space”  over  S,  i.e.,  a sheaf  on  ( Sch/S)fppf . In 
this  chapter  we  will  write  X x s X for  the  product  of  X with  itself  in  the  category 
of  sheaves  on  (Sch/ S) fppf  instead  of  X x X.  Moreover,  if  X and  Y are  “spaces” 
then  we  say  ’’let  f : X Y be  a morphism”  to  indicate  that  / is  a natural 
transformation  of  functors,  i.e.,  a map  of  sheaves  on  (Sch/S)fppf.  Similarly,  if  U 
is  a scheme  over  S and  X is  a “space”  over  S,  then  we  say  ’’let  / : U -A  X be  a 
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morphism”  or  ’’let  g : X — > U be  a morphism”  to  indicate  that  / or  g is  a map  of 
sheaves  hy  — > X or  X — >■  hu  where  hjj  is  as  in  Categories,  Example  |4.3.4| 


70.4.  Topological  rings  and  modules 

OAMQ  This  section  is  a continuation  of  More  on  Algebra,  Section  |15.28|  Let  R be  a 
topological  ring  and  let  M be  a linearly  topologized  .R-module.  When  we  say  “ let 
M\  be  a fundamental  system  of  open  submodules ” we  will  mean  that  each  M\  is  an 
open  submodule  and  that  any  neighbourhood  of  0 contains  one  of  the  M\ . In  other 
words,  this  means  that  M\  is  a fundamental  system  of  neighbourhoods  of  0 in  M 
consisting  of  submodules.  Similarly,  if  I?  is  a linearly  topologized  ring,  then  we  say 
“ let  I\  be  a fundamental  system  of  open  ideals’’’  to  mean  that  I\  is  a fundamental 
system  of  neighbourhoods  of  0 in  I?  consisting  of  ideals. 

OAMR  Example  70.4.1.  Let  I?  be  a linearly  topologized  ring  and  let  M be  a linearly 
topologized  A-module.  Let  I\  be  a fundamental  system  of  open  ideals  in  R and 
let  M ^ be  a fundamental  system  of  open  submodules  of  M.  The  continuity  of 
+ : M x M — > M is  automatic  and  the  continuity  of  R x M — > M signifies 


V/,  x,  g 3A,  u,  (/  + I\)(x  + Mv)  c fx  + M f. 

Since  fMv  + I\MV  C M M if  Mv  C we  see  that  the  condition  is  equivalent  to 

Vx,  g 3X  I\x  C 


However,  it  need  not  be  the  case  that  given  g there  is  a A such  that  I\M  C 
For  example,  consider  R = fc[[f]]  with  the  f-adic  topology  and  M = ©„eN  R with 
fundamental  system  of  open  submodules  given  by 


OAMS 


Mm  = 0 tnmR 


'ne  N 


Since  every  x £ M has  finitely  many  nonzero  coordinates  we  see  that,  given  m and 
x there  exists  a k such  that  tkx  £ Mm.  Thus  M is  a linearly  topologized  I?-module, 
but  it  isn’t  true  that  given  m there  is  a k such  that  tkM  C Mm.  On  the  other  hand, 
if  R — > S is  a continuous  map  of  linearly  topologized  rings,  then  the  corresponding 
statement  does  hold,  i.e. , for  every  open  ideal  J C S there  exists  an  open  ideal 
I C R such  that  IS  C J (as  the  reader  can  easily  deduce  from  continuity  of  the 
map  R — > S) . 


Lemma  70.4.2.  Let  R be  a topological  ring.  Let  M be  a linearly  topologized 
R-module  and  let  M\,  X £ A be  a fundamental  system  of  open  submodules.  Let 
N C M be  a submodule.  The  closure  of  N is  HagA^  + M\). 


Proof.  Since  each  N + M\  is  open,  it  is  also  closed.  Hence  the  intersection  is 
closed.  If  x £ M is  not  in  the  closure  of  N,  then  ( x + M\)  n N = 0 for  some  A. 
Hence  x N + M\.  This  proves  the  lemma.  □ 


Unless  otherwise  mentioned  we  endow  submodules  and  quotient  modules  with  the 
induced  topology.  Let  M be  a linearly  topologized  module  over  a topological  ring 
R , and  letO— > N — > M — > Q — >-0isa  short  exact  sequence  of  i?-modules.  If  AI\ 
is  a fundamental  system  of  open  submodules  of  M,  then  N D M\  is  a fundamental 
system  of  open  submodules  of  N . If  7r  : M — > Q is  the  quotient  map,  then  n(AI\) 
is  a fundamental  system  of  open  submodules  of  Q.  In  particular  these  induced 
topologies  are  linear  topologies. 
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OARZ  Lemma  70.4.3.  Let  R be  a topological  ring.  Let  M be  a linearly  topologized 
R-module.  Let  N C M be  a submodule.  Then 

(1)  0 — > NA  -A-  MA  -A  ( M/N)A  is  exact,  and 

(2)  NA  is  the  closure  of  the  image  of  N -A  MA . 

Proof.  Let  Mx,  A £ A be  a fundamental  system  of  open  submodules.  Then  Nf)Mx 
is  a fundamental  system  of  open  submodules  of  N and  Mx  + N/N  is  a fundamental 
system  of  open  submodules  of  M/N . Thus  we  see  that  (1)  follows  from  the  exactness 
of  the  sequences 

0 -a  N/N  n Mx  -A  M/Mx  -A  M/(MX  + N)  0 

and  the  fact  that  taking  limits  commutes  with  limits.  The  second  statement  follows 
from  this  and  the  fact  that  N — > NA  has  dense  image  and  that  the  kernel  of 
MA  — a ( M/N)A  is  closed.  □ 


OAMT  Lemma  70.4.4.  Let  R be  a topological  ring.  Let  M be  a complete,  linearly  topolo- 
gized R-module.  Let  N C M be  a closed  submodule.  If  M has  a countable  fundamen- 
tal system  of  neighbourhoods  ofO,  then  M/N  is  complete  and  the  map  M — > M/N 
is  open. 


Proof.  Let  Mn,  n £ N be  a fundamental  system  of  open  submodules  of  M.  We 
may  assume  Mn+\  C Mn  for  all  n.  The  (. Mn  + N)/N  is  a fundamental  system  in 
M/N.  Hence  we  have  to  show  that  M/N  = lim M/(Mn  + N).  Consider  the  short 
exact  sequences 


0 -4  N/N  n Mn  -A  M/Mn  -A  M/(Mn  + TV)  -A  0 

Since  the  transition  maps  of  the  system  {N/N  fl  Mn } are  surjective  we  see  that 
M = lim  M/Mn  (by  completeness  of  M)  surjects  onto  lim  M/(Mn  + N)  by  Algebra, 
Lemma  [l 0.85. 4 As  N is  closed  we  see  that  the  kernel  of  M -A  lim  M/(Mn  + N) 
is  N (see  Lemma  70.4.21.  Finally,  M -A  M/N  is  open  by  definition  of  the  quotient 
topology.  □ 


OASO  Lemma  70.4.5.  Let  R be  a topological  ring.  Let  M be  a linearly  topologized  R-  |Mat861  Theorem 
module.  Let  N C M be  a submodule.  Assume  M has  a countable  fundamental  8.1] 
system  of  neighbourhoods  of  0.  Then 

(1)  0 -)•  iVA  -a  MA  -»  ( M/N)A  -a  0 is  exact, 

(2)  NA  is  the  closure  of  the  image  of  N — » MA , 

(3)  MA  -A  ( M/N)A  is  open. 


Proof.  We  have  0 — >•  NA  -a  Ma  -a  ( M/N)A  is  exact  and  statement  (2)  by  Lemma 
This  produces  a canonical  map  c : MA/NA  — > ( M/N)A . The  module 
A is  complete  and  MA 


70.4.3 

MA/N 


MA /NA  is  open  by  Lemma  70.4.4 
property  of  completion  we  obtain  a canonical  map  b : ( M/N)A  - 
b and  c are  mutually  inverse  as  they  are  on  a dense  subset. 


By  the  universal 
• MA/NA.  Then 
□ 


OAMU  Definition  70.4.6.  Let  R be  a topological  ring.  Let  M and  N be  linearly  topol- 
ogized /?-modules.  The  tensor  product  of  M and  N is  the  (usual)  tensor  product 
M ® p>  N endowed  with  the  linear  topology  defined  by  declaring 


Im(MM  ®rN  + M ®r  Nv  — > M <g>fl  N) 
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to  be  a fundamental  system  of  open  submodules,  where  MfJ  C M and  Nv  C N 
run  through  fundamental  systems  of  open  submodules  in  M and  N.  The  completed 
tensor  product 

M§)RN  = lim  M ®R  N/(M M ®RN  + M <g>fl  Nv)  = lim  M/M^  ®R  N/Nv 
is  the  completion  of  the  tensor  product. 


Observe  that  the  topology  on  R is  immaterial  for  the  construction  of  the  tensor 
product  or  the  completed  tensor  product.  If  R — » A and  R — » B are  continu- 
ous maps  of  linearly  topologized  rings,  then  the  construction  above  gives  a tensor 
product  A®r  B and  a completed  tensor  product  A®RB. 

We  record  here  the  notions  introduced  in  Remark  170.2.31 

OAMV  Definition  70.4.7.  Let  A be  a linearly  topologized  ring. 

(1)  An  element  f £ A is  called  topologically  nilpotent  if  fn  — > 0 as  n -A  oo. 

(2)  A weak  ideal  of  definition  for  A is  an  open  ideal  / C A consisting  entirely 
of  topologically  nilpotent  elements. 

(3)  We  say  A is  weakly  pre- admissible  if  A has  a weak  ideal  of  definition. 

(4)  We  say  A is  weakly  admissible  if  A is  weakly  pre-admissible  and  complete^ 

Given  a weak  ideal  of  definition  I in  a linearly  topologized  ring  A and  an  open  ideal 
J the  intersection  Jn  J is  a weak  ideal  of  definition.  Hence  if  there  is  one  weak  ideal 
of  definition,  then  there  is  a fundamental  system  of  open  ideals  consisting  of  weak 
ideals  of  definition.  In  particular,  given  a weakly  admissible  topological  ring  A then 
A = lim  A/I\  where  {I\}  is  a fundamental  system  of  weak  ideals  of  definition. 

OAMW  Lemma  70.4.8.  Let  p : A — ► B be  a continuous  map  of  linearly  topologized  rings. 

(1)  If  f £ A is  topologically  nilpotent,  then  < p(f ) is  topologically  nilpotent. 

(2)  If  I C A consists  of  topologically  nilpotent  elements,  then  the  closure  of 
p{I)B  consists  of  topologically  nilpotent  elements. 


OAMX 


Proof.  Part  (1)  is  clear.  Let  g be  an  element  of  the  closure  of  p(I)B.  Let  J C B 
be  an  open  ideal.  We  have  to  show  ge  £ J for  some  e.  We  have  g £ p(I)B  + J by 
Hence  g = ]T\=1 


Lemma 
Pick  e. 


70.4.2 


fibi  + h for  some  fi  £ I,  bi  £ B and  h £ J. 


such  that  p(ff*)  G J.  Then  ge  1+- 


■+e„+l 


<£  J. 


□ 


Definition  70.4.9.  Let  p : A — > B be  a continuous  map  of  linearly  topologized 
rings.  We  say  <p  is  fawQif  for  every  open  ideal  I £ A the  closure  of  the  ideal  p(I)B 
is  open  and  these  closures  form  a fundamental  system  of  open  ideals. 


If  ip  : A — > B is  a continuous  map  of  linearly  topologized  rings  and  I\  a fundamental 
system  of  open  ideals  of  A,  then  p is  taut  if  and  only  if  the  closures  of  I\B  are 
open  and  form  a fundamental  system  of  open  ideals  in  A. 

OAMY  Lemma  70.4.10.  Let  p : A — » B be  a continuous  map  of  weakly  admissible 
topological  rings.  The  following  are  equivalent 
(1)  p is  taut, 


1 By  our  conventions  this  includes  separated. 

2This  is  nonstandard  notation.  The  definition  generalizes  to  modules,  by  saying  a linearly 
topologized  A-module  M is  /1-laut  if  for  every  open  ideal  I C A the  closure  of  IM  in  M is  open 
and  these  closures  form  a fundamental  system  of  neighbourhoods  of  0 in  M. 
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(2)  for  every  weak  ideal  of  definition  I C A the  closure  of  p(I)B  is  a weak 
ideal  of  definition  of  B and  these  form  a fundamental  system  of  weak  ideals 
of  definition  of  B . 

Proof.  It  is  clear  that  (2)  implies  (1).  The  other  implication  follows  from  Lemma 
170.4.81  □ 

OAMZ  Lemma  70.4.11.  Let  A -A  B be  a continuous  map  of  linearly  topologized  rings. 
Let  I C A be  an  ideal.  The  closure  of  IB  is  the  kernel  of  B — ► B®aA/I. 


Proof.  Let  be  a fundamental  system  of  open  ideals  of  B.  The  closure  of  IB  is 

Let  I ^ be  a fundamental  system  of  open  ideals  in 


P| {IB  + J\)  by  Lemma  70.4.2 
A.  Then 

B§>aA/I  = lim (B/Jx  <8>a  A/{I» 
Since  A — > B is  continuous 


/))  = limf?/ (J\ 


fjB 


IB) 


discussion  in  Example  70.4.1 
and  the  result  is  clear. 


for  every  A there  is  a p such  that  I^B  C J\,  see 
Hence  the  limit  can  be  written  as  lim.B/(J,\  + IB) 

□ 


OAPT  Lemma  70.4.12.  Let  p : A — ► B be  a continuous  homomorphism  of  linearly 
topologized  rings.  If 

(1)  tp  is  taut , 

(2)  tp  has  dense  image, 

(3)  A is  complete, 

(4)  B is  separated,  and 

(5)  A has  a countable  fundamental  system  of  neighbourhoods  of  0. 

Then  ip  is  surjective  and  open,  B is  complete,  and  B = A/ K for  some  closed  ideal 
K c A. 


Proof.  We  may  choose  a sequence  of  open  ideals  A D I\  D I2  A I3  A . . . which 
form  a fundamental  system  of  neighbourhoods  of  0.  For  each  i let  J*  C B be  the 
closure  of  p(Ii)B.  As  ip  is  taut  we  see  that  these  form  a fundamental  system  of 
open  ideals  of  B.  Set  Iq  = A and  Jo  = B.  Let  n > 0 and  let  yn  £ Jn.  Since  Jn+ 1 
is  the  closure  of  p{In)B  we  can  write 

Vn  = tp(ft)bt  + y'n+1 

for  some  ft  £ In,  bt  £ B,  and  y'n+i  £ Jn+ 1-  Since  <p  has  dense  image  we  can  choose 
at  £ A with  p(at)  = bt  mod  J„+i.  Thus 

Vn  = tp(fn)  + yn+ 1 

with  fn  = J2  ftat  € In  and  yn+ 1 = y’n+1  + J2  ft(bt  - <p{at))  £ Jn+ 1-  Thus,  starting 
with  any  y = yo  £ B,  we  can  find  by  induction  a sequence  fm  £ Im,  m > 0 such 
that 

y = yo  = <p(fo  + h + ■ ■ ■ + fn)  + yn+i 
with  yn+ 1 £ Jn+ 1.  Since  A is  complete  we  see  that 

x = x0  = f0  + fi  + f2  + ■ ■ ■ 

exists.  Since  the  partial  sums  approximate  x in  A,  since  <p  is  continuous,  and  since 
B is  separated  we  find  that  <p(x)  = y because  above  we’ve  shown  that  the  images 
of  the  partial  sums  approximate  y in  B.  Thus  <p  is  surjective.  In  exactly  the  same 
manner  we  find  that  <p(In)  = Jn  for  all  n > 1.  This  proves  the  lemma.  □ 
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The  next  lemma  says  utp  is  taut”  if  and  only  if  “tp  is  adic”  for  continuous  maps 
tp  : A -A  B between  adic  rings  if  A has  a finitely  generated  ideal  of  definition.  In 
some  sense  the  previously  introduced  notion  of  tautness  for  continuous  ring  maps 
supersedes  the  notion  of  an  adic  map  between  adic  rings.  See  also  Section  [70.171 

OAPU  Lemma  70.4.13.  Let  ip  : A — ► B be  a continuous  map  of  linearly  topologized 
rings.  Let  I C A be  an  ideal.  Assume 

(1)  I is  finitely  generated, 

(2)  A has  the  I-adic  topology, 

(3)  B is  complete,  and 

(4)  ip  is  taut. 

Then  the  topology  on  B is  the  I-adic  topology. 


Proof.  Let  Jn  be  the  closure  of  ip(In)B  in  B.  Since  B is  complete  we  have  B = 
lim  B/Jn.  Let  B'  = lim B/InB  be  the  /-adic  completion  of  B.  By  Algebra,  Lemma 
10.95.5|  the  /-adic  topology  on  B'  is  complete  and  B' /InB'  = B/InB.  Thus  the 
ring  map  B'  B is  continuous  and  has  dense  image  as  B'  — > B/InB  -A  B/  Jn 
is  surjective  for  all  n.  Finally,  the  map  B'  B is  taut  because  ( InB')B  = InB 
and  A — > B is  taut.  By  Lemma  70.4.12  we  see  that  B'  B is  open  and  surjective 
which  implies  the  lemma.  □ 


70.5.  Affine  formal  algebraic  spaces 

0AI6  In  this  section  we  introduce  affine  formal  algebraic  spaces.  These  will  in  fact  be  the 
same  as  what  are  called  affine  formal  schemes  in  BD  . However,  we  will  call  them 
affine  formal  algebraic  spaces,  in  order  to  prevent  confusion  with  the  notion  of  an 
affine  formal  scheme  as  defined  in  IDG67I. 


0AI7 


Recall  that  a thickening  of  schemes  is  a closed  immersion  which  induces  a surjection 
on  underlying  topological  spaces,  see  More  on  Morphisms,  Definition  |36. 2. 1| 

Definition  70.5.1.  Let  S'  be  a scheme.  We  say  a sheaf  X on  (Sch/  S)  fppf  is  an 
affine  formal  algebraic  space  if  there  exist 

(1)  a directed  partially  ordered  set  A, 

(2)  a system  (Xx,  fxfj.)  over  A in  (Sch/ S) fppf  where 

(a)  each  X\  is  affine, 

(b)  each  f\p  : X\  — > Xp  is  a thickening, 

such  that 


X = colimAeA  Xx 


as  fppf  sheaves  and  X satisfies  a set  theoretic  condition  (see  Remark  70.7.6).  A 
morphism  of  affine  formal  algebraic  spaces  over  S is  a map  of  sheaves. 


Observe  that  the  system  (. Xx,fx is  not  part  of  the  data.  Suppose  that  U is  a 
quasi-compact  scheme  over  S.  Since  the  transition  maps  are  monomorphisms,  we 
see  that 

X(U)  = colim  Xx(U) 

by  Sites,  Lemma[7.11.2|  Thus  the  fppf  sheafification  inherent  in  the  colimit  of  the 
definition  is  a Zariski  sheafification  which  does  not  do  anything  for  quasi-compact 
schemes. 
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0AI8 


0AI9 


0AIA 


OAIB 


Lemma  70.5.2.  Let  S be  a scheme.  If  X is  an  affine  formal  algebraic  space  over 
S,  then  the  diagonal  morphism  A : X — x X Xg  X is  representable  and  a closed 
immersion. 


Proof.  Suppose  given  U — X X and  V —>  X where  U,  V are  schemes  over  S.  Let  us 
show  that  U Xj  V is  representable.  Write  X = colirn  X \ as  in  Definition  |70.5.1| 
The  discussion  above  shows  that  Zariski  locally  on  U and  V the  morphisms  factors 
through  some  X\.  In  this  case  U Xj-f  = U xXx  V which  is  a scheme.  Thus  the 
diagonal  is  representable,  see  Spaces,  Lemma  52.5.10  Given  (a,  b)  : W — X X xg  X 
where  W is  a scheme  over  S consider  the  map  X xA  Xxsx.(a,b)  W —X  W.  As  before 
locally  on  W the  morphisms  a and  b map  into  the  affine  scheme  X\  for  some  A and 
then  we  get  the  morphism  X\  xAxtXxxsxx,(a,b)  IP  —X  W.  This  is  the  base  change 
of  Aa  : X\  —x  X\  xg  X\  which  is  a closed  immersion  as  X\  — x S is  separated 
(because  AA  is  affine) . Thus  X — x A"  x g X is  a closed  immersion.  □ 

A morphism  of  schemes  X — x X'  is  a thickening  if  it  is  a closed  immersion  and 
induces  a surjection  on  underlying  sets  of  points,  see  (More  on  Morphisms,  Defini- 
tion |36.2.1 1 . Hence  the  property  of  being  a thickening  is  preserved  under  arbitrary 


base  change  and  fpqc  local  on  the  target,  see  Spaces,  Section  [52. 4[  Thus  Spaces, 
Definition  |52.5.1|  applies  to  “thickening”  and  we  know  what  it  means  for  a repre- 
sentable transformation  F — X G of  presheaves  on  (Sch/S)fppf  to  be  a thickening. 
We  observe  that  this  does  not  clash  with  our  definition  (More  on  Morphisms  of 
Spaces,  Definition  63.9.1)  of  thickenings  in  case  F and  G are  algebraic  spaces. 


Lemma  70.5.3.  Let  X\,\  £ A and  X = colimAA  be  as  in  Definition  70.5.1 
Then  X\  — x X is  representable  and  a thickening. 


Proof.  The  statement  makes  sense  by  the  discussion  in  Spaces,  Section  52.3  and 

X are  representable.  Given  U — X X 


52.5 


By  Lemma  70.5.2  the  morphisms  AA 
where  U is  a scheme,  then  the  discussion  following  Definition  |70.5.1|  shows  that 
Zariski  locally  on  U the  morphism  factors  through  some  A„  with  A < p.  In  this 
case  U x x X\  = U x x X\  so  that  Uxx  AA  — X t/  is  a base  change  of  the  thickening 
X\  —X  Xu.  □ 


7 0.5.1 


If 


Lemma  70.5.4.  Let  X\1  A £ A and  X = colim  Aa  be  as  in  Definition 
Y is  a quasi-compact  algebraic  space  over  S,  then  any  morphism  Y — x A factors 
through  an  X\. 


Proof.  Choose  an  affine  scheme  V and  a surjective  etale  morphism  V — x Y.  The 
composition  V — X Y — x A factors  through  AA  for  some  A by  the  discussion  following 
Definition  |70. 5. 1[  Since  V — X Y is  a surjection  of  sheaves,  we  conclude.  □ 


Lemma  70.5.5.  Let  S be  a scheme.  Let  X be  a sheaf  on  (Sch/  S)  fppf . Then  X 
is  an  affine  formal  algebraic  space  if  and  only  if  the  following  hold 

(1)  any  morphism  U —X  A where  U is  an  affine  scheme  over  S factors  through 
a morphism  T — x A which  is  representable  and  a thickening  with  T an 
affine  scheme  over  S,  and 

(2)  a set  theoretic  condition  as  in  Remark  70.7.6 


Proof.  It  follows  from  Lemmas  |70.5.3|  and  |70.5.4|  that  an  affine  formal  algebraic 
space  satisfies  (1)  and  (2).  In  order  to  prove  the  converse  we  may  assume  A is 
not  empty.  Let  A be  the  category  of  representable  morphisms  T — X A which  are 
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thickenings  where  T is  an  affine  scheme  over  S . This  category  is  directed.  Since  A' 
is  not  empty,  A contains  at  least  one  object.  If  T — x A and  T'  — x X are  in  A,  then 
we  can  factor  T II  T'  — x X through  T"  — x X in  A.  Between  any  two  objects  of  A 
there  is  a unique  arrow  or  none.  Thus  A is  a directed  partially  ordered  set  and  by 
assumption  X = coliniT-j-A  in  A T.  □ 

For  a general  affine  formal  algebraic  space  X there  is  no  guarantee  that  X has 


enough  functions  to  separate  points  (for  example).  See  Examples,  Section  88.62 
To  characterize  those  that  do  we  offer  the  following  lemma. 

0AIC  Lemma  70.5.6.  Let  S be  a scheme.  Let  X be  an  fppf  sheaf  on  (Sch/ S)  fppf  which 
satisfies  the  set  theoretic  condition  of  Remark\70. 7. The  following  are  equivalent: 

(1)  there  exists  a weakly  admissible  topological  ring  A over  S (see  Remark 


‘ 70.2.3  ) SUch  that  X COlini/^^4  weak  ideal  of  definition  Spec(  A / 7) , 


(2)  X is  an  affine  formal  algebraic  space  and  there  exists  an  S-algebra  A and 
a map  X — x Spec(A)  such  that  for  a closed  immersion  T — * X with  T an 
affine  scheme  the  composition  T — x Spec(A)  is  a closed  immersion, 

(3)  X is  an  affine  formal  algebraic  space  and  there  exists  an  S-algebra  A and 
a map  X — x Spec(A)  such  that  for  a closed  immersion  T — x X with  T a 
scheme  the  composition  T — x Spec(A)  is  a closed  immersion, 

(4)  X is  an  affine  formal  algebraic  space  and  for  some  choice  of  X = colim  X\ 
as  in  Definition  70.5.1  the  projections  limT(A^,  Oxx)  r(AA,  (Dxx)  are 
surjective, 

(5)  X is  an  affine  formal  algebraic  space  and  for  any  choice  of  X = colim  X\ 

the  projections  limT(A^,  0Xx 


7 0.5.1 


r(A \,0Xx)  are 


as  in  Definition 
surjective. 

Moreover,  the  weakly  admissible  topological  ring  is  A = limr(A>, Oxx)  endowed 
with  its  limit  topology  and  the  weak  ideals  of  definition  classify  exactly  the  mor- 
phisms  TaI  which  are  representable  and  thickenings. 

Proof.  It  is  clear  that  (5)  implies  (4). 

Assume  (4)  for  A'  = colim X\  as  in  Definition  70.5.1  Set  A = limT(AA,  Oxx )■  Let 


T — x X be  a closed  immersion  with  T a scheme  (note  that  T — x X is  representable 
by  Lemma  70.5.21.  Since  X\  — x X is  a thickening,  so  is  X\  xx  T — x T.  On  the 


other  hand,  X\  x^T  A X\  is  a closed  immersion,  hence  Xx  x x T is  affine.  Hence 
T is  affine  by  Limits,  Proposition  31.10.2|  Then  T A I factors  through  Xx  for 
some  A by  Lemma  70.5.4  Thus  A —X  T(X\,0)  —X  T(T, O)  is  surjective.  In  this 


way  we  see  that  (3)  holds. 

It  is  clear  that  (3)  implies  (2). 

Assume  (2)  for  A and  A — x Spec(A).  Write  A'  = colim X\  as  in  Definition  70.5.1 


Then  Ax  = F(Aa,  O)  is  a quotient  of  A by  assumption  (2).  Hence  AA  = lim  A\  is 
a complete  topological  ring,  see  discussion  in  More  on  Algebra,  Section  |15.28|  The 
maps  AA  —x  Ax  are  surjective  as  A — x Ax  is.  We  claim  that  for  any  A the  kernel 
I\  C AA  of  AA  —x  Ax  is  a weak  ideal  of  definition.  Namely,  it  is  open  by  definition 
of  the  limit  topology.  If  / € I\,  then  for  any  /i  £ A the  image  of  / in  is  zero 
in  all  the  residue  fields  of  the  points  of  AM.  Hence  it  is  a nilpotent  element  of  A^. 
Hence  some  power  fn  £ I Thus  fn  — X 0 as  n — X 0.  Thus  AA  is  weakly  admissible. 
Finally,  suppose  that  I C AA  is  a weak  ideal  of  definition.  Then  I C AA  is  open 
and  hence  there  exists  some  A such  that  I D I\.  Thus  we  obtain  a morphism 
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Spec(AA/J)  -A-  Spec(Ax)  — > X.  Then  it  follows  that  X = colim  Spec(AA/J)  where 
now  the  colimit  is  over  all  weak  ideals  of  definition.  Thus  (1)  holds. 


Assume  (1).  In  this  case  it  is  clear  that  X is  an  affine  formal  algebraic  space.  Let 
X = coliin  X\  be  any  presentation  as  in  Definition  [703t]  For  each  A we  can  find  a 
weak  ideal  of  definition  / C A such  that  X\  — > X factors  through  Spec(A//)  — > X, 
see  Lemma  70.5.4  Then  X\  = Spec(A/lA)  with  I C I\.  Conversely,  for  any  weak 
ideal  of  definition  I C A the  morphism  Spec(A/J)  — >•  X factors  through  X\  for  some 
A,  i.e. , I\  C I.  It  follows  that  each  I\  is  a weak  ideal  of  definition  and  that  they 
form  a cofinal  subset  of  the  set  of  weak  ideals  of  definition.  Hence  A = lim  A/ 1 = 
limA/Tx  and  we  see  that  (5)  is  true  and  moreover  that  A = limr(A^, Oxx)-  □ 


With  this  lemma  in  hand  we  can  make  the  following  definition. 

0AID  Definition  70.5.7.  Let  S'  be  a scheme.  Let  X be  an  affine  formal  algebraic  space 
over  S.  We  say  X is  McQuillan  if  X satisfies  the  equivalent  conditions  of  Lemma 
|70.5.6|  Let  A be  the  weakly  admissible  topological  ring  associated  to  X.  We  say 

(1)  X is  classical  if  X is  McQuillan  and  A is  admissible, 

(2)  X is  adic  if  X is  McQuillan  and  A is  adic, 

(3)  X is  adic*  if  X is  McQuillan,  A is  adic,  and  A has  a finitely  generated 
ideal  of  definition,  and 

(4)  X is  Noetherian  if  X is  McQuillan  and  A is  both  Noetherian  and  adic. 

In  UK]  they  use  the  terminology  “of  finite  ideal  type”  for  the  property  that  an 
adic  topological  ring  A contains  a finitely  generated  ideal  of  definition. 


OAIE 


Remark  70.5.8.  The  classical  affine  formal  algebraic  spaces  correspond  to  the 
affine  formal  schemes  considered  in  EGA  ( DG67  ) . To  explain  this  we  assume  our 
base  scheme  is  Spec(Z).  Let  X = Spf(A)  be  an  affine  formal  scheme.  Let  hx  be 
its  functor  of  points  as  in  Lemma  70.2.1  Then  hx  = colim  /ispec(A//)  where  the 


colimit  is  over  the  collection  of  ideals  of  definition  of  the  admissible  topological  ring 
A.  This  follows  from  (70.2.0.1 1 when  evaluating  on  affine  schemes  and  it  suffices  to 
check  on  affine  schemes  as  both  sides  are  fppf  sheaves,  see  Lemma  70.2.2|  Thus  hx 
is  an  affine  formal  algebraic  space.  In  fact,  it  is  a classical  affine  formal  algebraic 
space  by  Definition|70.5.7|  Thus  Lemma [70.2.11  tells  us  the  category  of  affine  formal 
schemes  is  equivalent  to  the  category  of  classical  affine  formal  algebraic  spaces. 


0AIF 


Having  made  the  connection  with  affine  formal  schemes  above,  it  seems  natural  to 
make  the  following  definition. 


Definition  70.5.9.  Let  S'  be  a scheme.  Let  A be  a weakly  admissible  topological 
ring  over  S,  see  Definition  70.4.1  The  formal  spectrum  of  A is  the  affine  formal 
algebraic  space 


Spf(A)  = colim  Spec  (A/ 1) 

where  the  colimit  is  over  the  set  of  weak  ideals  of  definition  of  A and  taken  in  the 
category  Sh(  ( Sch/ S)  fppf ) . 


Such  a formal  spectrum  is  McQuillan  by  construction  and  conversely  every  McQuil- 
lan affine  formal  algebraic  space  is  isomorphic  to  a formal  spectrum.  To  be  sure, 
in  our  theory  there  exist  affine  formal  algebraic  spaces  which  are  not  the  formal 


'-'See  More  on  Algebra,  Definition 
discussion  of  differences. 


15.28.1 


for  the  classical  case  and  see  Remark 


70.2.3 


for  a 
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spectrum  of  any  weakly  admissible  topological  ring.  Following  Yas09!  we  could 
introduce  S'-pro-rings  to  be  pro-objects  in  the  category  of  A-algebras,  see  Cate- 
gories, Remark  |4.22.4|  Then  every  affine  formal  algebraic  space  over  S would  be 
the  formal  spectrum  of  such  an  S-pro-ring.  We  will  not  do  this  and  instead  we  will 
work  directly  with  the  corresponding  affine  formal  algebraic  spaces. 

The  construction  of  the  formal  spectrum  is  functorial.  To  explain  this  let  tp  : B — > A 
be  a continuous  map  of  weakly  admissible  topological  rings  over  S.  Then 

Spf(<p)  : Spf(B)  -A  Spf(A) 

is  the  unique  morphism  of  affine  formal  algebraic  spaces  such  that  the  diagrams 

Spec(R/J) *-  Spec  (A/ 1) 

Spf (B) >■  Spf(A) 


commute  for  all  weak  ideals  of  definition  I C A and  J C B with  <p{I)  C J.  Since 
continuity  of  ip  implies  that  for  every  weak  ideal  of  definition  J C B there  is  a 
weak  ideal  of  definition  / C A with  the  required  property,  we  see  that  the  required 
commutativities  uniquely  determine  and  define  Spf(y>). 

0AN0  Lemma  70.5.10.  Let  S be  a scheme.  Let  A,  B be  weakly  admissible  topological 
rings  over  S.  Any  morphism  f : Spf(B)  -A  Spf(A)  of  affine  formal  algebraic  spaces 
over  S is  equal  to  Spf(p)  for  a unique  continuous  S-algebra  map  f$:A—>B. 


Proof.  Let  / : Spf(R)  —>  Spf(A)  be  as  in  the  lemma.  Let  J C B be  a weak  ideal  of 
definition.  By  Lemma  [70. 5. 4|  there  exists  a weak  ideal  of  definition  I C A such  that 
Spec(.B/J)  —A  Spf(R)  — > Spf(A)  factors  through  Spec(A//).  By  Schemes,  Lemma 


25.6.4  we  obtain  an  S'-algebra  map  A/ 1 -A  B/J.  These  maps  are  compatible  for 
varying  J and  define  the  map  /**  : A -A-  B.  This  map  is  continuous  because  for 
every  weak  ideal  of  definition  J C B there  is  a weak  ideal  of  definition  / C A such 
that  /•*(/)  C J.  The  equality  / = Sp f(/**)  holds  by  our  choice  of  the  ring  maps 
A/ 1 -A  B/J  which  make  up  ff  □ 


0AIG  Lemma  70.5.11.  Let  S be  a scheme.  Let  f : X — ► Y be  a map  of  presheaves 
on  (Sch/S)fppf.  If  X is  an  affine  formal  algebraic  space  and  f is  representable  by 
algebraic  spaces  and  locally  quasi-finite,  then  f is  representable  (by  schemes). 

Proof.  Let  T be  a scheme  over  S and  T — > Y a map.  We  have  to  show  that 
the  algebraic  space  X x>-  T is  a scheme.  Write  X = colimAA  as  in  Definition 
[70X11  Let  W C.YxyTbea  quasi-compact  open  subspace.  The  restriction  of  the 
projection  X Xy  T — > X to  W factors  through  X\  for  some  A.  Then 

W -A-  Xx  xsT 


is  a monomorphism  (hence  separated)  and  locally  quasi-finite  (because  W -Alxy 
T — > T is  locally  quasi-finite  by  our  assumption  on  X -A  Y . see  Morphisms  of 
Spaces,  Lemma  54.27.8 ).  Hence  W is  a scheme  by  Morphisms  of  Spaces,  Proposition 
|54.47.2|  Thus  X Xy  T is  a scheme  by  Properties  of  Spaces,  Lemma [53. 12. 1[  □ 
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70.6.  Countably  indexed  affine  formal  algebraic  spaces 


OAIH 

OAII 


These  are  the  affine  formal  algebraic  spaces  as  in  the  following  lemma. 

Lemma  70.6.1.  Let  S be  a scheme.  Let  X be  an  affine  formal  algebraic  space 
over  S.  The  following  are  equivalent 

(1)  there  exists  a system  Xi  -A  X2  —A  A3  -a  ...  of  thickenings  of  affine 
schemes  over  S such  that  X = coffin  X„ , 


(2)  there  exists  a choice  X = coffin  as  in  Definition  70.5.1  such  that  A is 
countable. 


Proof.  This  follows  from  the  observation  that  a countable  directed  partially  or- 
dered set  has  a cofinal  subset  isomorphic  to  (N,  >).  See  proof  of  Algebra,  Lemma 
110.85.31  □ 

OAIJ  Definition  70.6.2.  Let  S'  be  a scheme.  Let  X be  an  affine  formal  algebraic  space 
over  S.  We  say  X is  countably  indexed  if  the  equivalent  conditions  of  Lemma|70.6.1| 
are  satisfied. 

In  the  language  of  mi  this  is  expressed  by  saying  that  X is  an  Ko-ind  scheme. 

OAIK  Lemma  70.6.3.  Let  X be  an  affine  formal  algebraic  space  over  a scheme  S . 

(1)  If  X is  Noetherian,  then  X is  adic*. 

(2)  If  X is  adic  *,  then  X is  adic. 

(3)  If  X is  adic,  then  X is  countably  indexed. 

(4)  If  X is  countably  indexed,  then  X is  McQuillan. 

Proof.  Parts  (1)  and  (2)  are  immediate  from  the  definitions. 

Proof  of  (3).  By  definition  there  exists  an  adic  topological  ring  A such  that  X = 
coffin  Spec(A//)  where  the  colimit  is  over  the  ideals  of  definition  of  A.  As  A is  adic, 
there  exits  an  ideal  I such  that  {In}  forms  a fundamental  system  of  neighbourhoods 
of  0.  Then  each  In  is  an  ideal  of  definition  and  X = coffin  Spec(A/7").  Thus  A'  is 
countably  indexed. 

Proof  of  (4) . Write  X = lim  Xn  for  some  system  Xi  — a X2  —A  A'3  —A  ...  of 
thickenings  of  affine  schemes  over  S.  Then 

A = lim  T (Xn , Oxn ) 

surjects  onto  each  r(Xn,Ox„)  because  the  transition  maps  are  surjections  as  the 
morphisms  Xn  —A  Xn+±  are  closed  immersions.  □ 

0AN1  Lemma  70.6.4.  Let  S be  a scheme.  Let  X be  a presheaf  on  (Sch/  S)  fppf . The 
following  are  equivalent 

(1)  X is  a countably  indexed  affine  formal  algebraic  space, 

(2)  X = Spf{A ) where  A is  a weakly  admissible  topological  S -algebra  which 
has  a countable  fundamental  system  of  neighbourhoods  of  0, 

(3)  X = Spf(A)  where  A is  a weakly  admissible  topological  S -algebra  which 
has  a fundamental  system  A D Ii  D I2  D I3  D ...  of  weak  ideals  of 
definition, 

(4)  X = Spf(A)  where  A is  a complete  topological  S-algebra  with  a funda- 
mental system  of  open  neighbourhoods  of  0 given  by  a countable  sequence 
A D 7i  D I2  D I3  D . . . of  ideals  such  that  In/In+1  is  locally  nilpotent, 
and 
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(5)  X = Spf(A)  where  A = lim  B / Jn  with  the  limit  topology  where  B D J\  D 
Ji  D J3  D ...  is  a sequence  of  ideals  in  an  S-algebra  B with  J„/Jn+1 
locally  nilpotent. 


Proof.  Assume  (1).  By  Lemma  70.6.3  we  can  write  X = Spf(A)  where  A is  a 
weakly  admissible  topological  S'-algebra.  For  any  presentation  X = colirn  Xn  as  in 
Lemma  70.6.1  part  (1)  we  see  that  A = lim  An  with  Xn  = Spec(An)  and  An  = A/In 
for  some  weak  ideal  of  definition  In  C A.  This  follows  from  the  final  statement  of 
Lemma  70.5.6  which  moreover  implies  that  {/„}  is  a fundamental  system  of  open 
neighbourhoods  of  0.  Thus  we  have  a sequence 


A D h D I2  D h A . . . 


of  weak  ideals  of  definition  with  A = lim  A / /„ . In  this  way  we  see  that  condition 

(1)  implies  each  of  the  conditions  (2)  - (5). 

Assume  (5).  First  note  that  the  limit  topology  on  A = limB/J„  is  a linearly 
topologized,  complete  topology,  see  More  on  Algebra,  Section [l5.28|  If  f £ A maps 
to  zero  in  B/Ji,  then  some  power  maps  to  zero  in  B / J2  as  its  image  in  J1/J2  is 
nilpotent,  then  a further  power  maps  to  zero  in  J2/J3,  etc,  etc.  In  this  way  we 
see  the  open  ideal  Ker(A  — > B/Ji)  is  a weak  ideal  of  definition.  Thus  A is  weakly 
admissible.  In  this  way  we  see  that  (5)  implies  (2). 

It  is  clear  that  (4)  is  a special  case  of  (5)  by  taking  B = A.  It  is  clear  that  (3)  is  a 
special  case  of  (2). 

Assume  A is  as  in  (2).  Let  En  be  a countable  fundamental  system  of  neighbourhoods 
of  0 in  A.  Since  A is  a weakly  admissible  topological  ring  we  can  find  open  ideals 
In  C En.  We  can  also  choose  a weak  ideal  of  definition  J C A.  Then  J D In  is 
a fundamental  system  of  weak  ideals  of  definition  of  A and  we  get  X = Spf(A)  = 
colim  Spec  (A/ ( J fl  /„))  which  shows  that  A is  a countably  indexed  affine  formal 
algebraic  space.  □ 


0AKM 


Lemma  70.6.5.  Let  S be  a scheme.  Let  X be  an  affine  formal  algebraic  space. 
The  following  are  equivalent 

(1)  X is  Noetherian, 

(2)  X is  adic  * and  for  some  choice  of  X = colim  X\  as  in  Definition  70. 5. 1 
the  schemes  X\  are  Noetherian, 

(3)  X is  adic*  and  for  any  closed  immersion  T — > X with  T a scheme,  T is 
Noetherian. 


Proof.  This  follows  from  the  fact  that  if  A is  a ring  complete  with  respect  to  a 
finitely  generated  ideal  I,  then  A is  Noetherian  if  and  only  if  A/ 1 is  Noetherian, 
see  Algebra,  Lemma  [10.96.5[  Details  omitted.  □ 


70.7.  Formal  algebraic  spaces 

OAIL  We  take  a break  from  our  habit  of  introducing  new  concepts  first  for  rings,  then 
for  schemes,  and  then  for  algebraic  spaces,  by  introducing  formal  algebraic  spaces 
without  first  introducing  formal  schemes.  The  general  idea  will  be  that  a formal 
algebraic  space  is  a sheaf  in  the  fppf  topology  which  etale  locally  is  an  affine  formal 
scheme  in  the  sense  of  |BD| . Related  material  can  be  found  in  |Yas09] . 

In  the  definition  of  a formal  algebraic  space  we  are  going  to  borrow  some  terminol- 
ogy from  Bootstrap,  Sections  |67.3|  and  |67.4| 


70.7.  FORMAL  ALGEBRAIC  SPACES 


4171 


OAIM 


Definition  70.7.1.  Let  S be  a scheme.  We  say  a sheaf  X on  (Sch/S)fppf  is  a 
formal  algebraic  space  if  there  exist  a family  of  maps  {Xj  — X X}j6j  of  sheaves  such 
that 


(1)  Xi  is  an  affine  formal  algebraic  space, 

(2)  Xi  — X X is  representable  by  algebraic  spaces  and  etale, 

(3)  {J  Xi  — X X is  surjective  as  a map  of  sheaves 

and  X satisfies  a set  theoretic  condition  (see  Remark  70.7.61.  A morphism  of  formal 
algebraic  spaces  over  S is  a map  of  sheaves. 


Discussion.  Sanity  check:  an  affine  formal  algebraic  space  is  a formal  algebraic 
space.  In  the  situation  of  the  definition  the  morphisms  Xj  — x X are  representable 
(by  schemes),  see  Lemma  70.5.11  By  Bootstrap,  Lemma  67.4.6  we  could  instead  of 
asking  {J  X f — X X to  be  surjective  as  a map  of  sheaves,  require  that  it  be  surjective 
(which  makes  sense  because  it  is  representable). 


Our  notion  of  a formal  algebraic  space  is  very  general.  In  fact,  even  affine  formal 
algebraic  spaces  as  defined  above  are  very  nasty  objects.  However,  they  do  have  an 
underlying  reduced  algebraic  space  as  the  following  lemma  demonstrates. 


OAIN  Lemma  70.7.2.  Let  S be  a scheme.  Let  X be  a formal  algebraic  space  over  S . 
There  exists  a reduced  algebraic  space  Xred  and  a representable  morphism  Xred  — X 
X which  is  a thickening.  A morphism  U — X X with  U a reduced  algebraic  space 
factors  uniquely  through  Xred- 


Proof.  First  assume  that  X is  an  affine  formal  algebraic  space.  Say  X = colirnX^ 


as  in  Definition  70.5.1 


Since  the  transition  morphisms  are  thickenings,  the  affine 
schemes  X\  all  have  isomorphic  reductions  X fed-  The  morphism  Xred  — X X is 
representable  and  a thickening  by  Lemma  |70.5.3|  and  the  fact  that  compositions 
of  thickenings  are  thickenings.  We  omit  the  verification  of  the  universal  property 


Definition  53.11.6 


(use  Schemes,  Definition  25.12.5  Schemes,  Lemma  25.12.6  Properties  of  Spaces, 


and  Properties  of  Spaces,  Lemma  53.11.5|). 
X}iei  be  as  in  Definition  170.7.1 


Let  X and  {Xj 
be  the  reduction  as  constructed  above. 


For  each  i let  Xj  red  — X Xi 
£ I the  projection  Xjjre£j  Xj 


For  i,j 

Xj  —x  Xj  red  is  an  etale  (by  assumption)  morphism  of  schemes  (by  Lemma  70.5.11 ). 
Hence  Xjjre(;  Xj  is  reduced  (see  Descent,  Lemma  34.14.1).  Thus  the  projection 


Xj  red  Xx  Xj  — x Xj  factors  through  Xj  red  by  the  universal  property.  We  conclude 
that 

L/j  = X i,red  X X Xj  = Xi:red  Xx  Xjred  — Xi  Xx  Xj  red 
because  the  morphisms  Xi  red  —X  Xj  are  injections  of  sheaves.  Set  U = ]_ J XjjT.e£j,  set 
R = {J  Rij,  and  denote  s,  t : R — X U the  two  projections.  As  a sheaf  R = U xxU 
and  s and  t are  etale.  Then  (£,  s)  : R — x U defines  an  etale  equivalence  relation 
by  our  observations  above.  Thus  Xred  = U/R  is  an  algebraic  space  by  Spaces, 
By  construction  the  diagram 


Theorem  52.10.5 


UXi , 


red 


II  Xi 


V 

Xred 


X 


is  cartesian.  Since  the  right  vertical  arrow  is  etale  surjective  and  the  top  horizontal 
arrow  is  representable  and  a thickening  we  conclude  that  Xred  —X  X is  representable 
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by  Bootstrap,  Lemma  67.5.2  (to  verify  the  assumptions  of  the  lemma  use  that 
a surjective  etale  morphism  is  surjective,  flat,  and  locally  of  finite  presentation 
and  use  that  thickenings  are  separated  and  locally  quasi- finite) . Then  we  can  use 
Spaces,  Lemma  52.5.6  to  conclude  that  Xrect  — >■  X is  a thickening  (use  that  being 


a thickening  is  equivalent  to  being  a surjective  closed  immersion). 

Finally,  suppose  that  U -A  X is  a morphism  with  U a reduced  algebraic  space  over 
S.  Then  each  A,;  Xx  U is  etale  over  U and  therefore  reduced  (by  our  definition  of 
reduced  algebraic  spaces  in  Properties  of  Spaces,  Section  53.71.  Then  XiXxU  -A  A, 
factors  through  Aijre(2.  Hence  U-)I  factors  through  Xrerj  because  {Xi  XxU  -A  U} 
is  an  etale  covering.  □ 

OAIP  Lemma  70.7.3.  Let  S be  a scheme.  If  X is  a formal  algebraic  space  over  S,  then 
the  diagonal  morphism  A : X — > X X is  representable,  a monomorphism,  locally 
quasi-finite,  locally  of  finite  type,  and  separated. 


X with  U,  V schemes  over  S.  Then 
For  every  i the 


Proof.  Suppose  given  U — > X and  V 

U x x V is  a sheaf.  Choose  {Xi  -A  A}  as  in  Definition  70.7.1 
morphism 

(U  xx  Xi)  x Xi  ( V xx  Xi)  = ( U xx  V)  xx  Xi  -a  U xx  V 

is  representable  and  etale  as  a base  change  of  Xi  — ► X and  its  source  is  a scheme  (use 
Lemmas  70.5.2  and  70.5.11 ).  These  maps  are  jointly  surjective  hence  U x x V is  an 
algebraic  space  by  Bootstrap,  Theorem  |67.10.1|  The  morphism  UxxV^UxsV 
is  a monomorphism.  It  is  also  locally  quasi-finite,  because  on  precomposing  with 
the  morphism  displayed  above  we  obtain  the  composition 

(U  xx  Xi)  xXi  {V  xx  Xi)  A (1/  xx  Xi)  xs  {V  xx  X^)  -a  U xsV 


which  is  locally  quasi-finite  as  a composition  of  a closed  immersion  (Lemma  70.5.2) 


and  an  etale  morphism,  see  Descent  on  Spaces,  Lemma  61.17.2  Hence  we  conclude 
that  U Xx  V is  a scheme  by  Morphisms  of  Spaces,  Proposition |54.47(2l  Thus  A is 
representable,  see  Spaces,  Lemma [52. 5.10[ 

Let  W aIxjI  be  a morphism  where  W is  a scheme  over  S.  For  each  i consider 
the  diagram 


W x 


(XxsX)  Xi 


■ W x(AxsX)  {Xi  Xs  Xi) 


■ w 


W X(xXsx)  X 

The  vertical  arrows  are  etale  because  A,  —X  A is  etale.  The  top  horizontal  arrow 
is  a closed  immersion  by  Lemma  |70.5.2|  Because  the  maps  A,  -a  X are  jointly 
surjective,  this  certainly  implies  that  the  lower  horizontal  arrow  is  locally  of  finite 
type,  see  Morphisms  of  Spaces,  Lemma|54.23.4|  Since  it  is  clearly  a monomorphism, 
we  conclude  that  it  is  locally  quasi-finite  (Morphisms  of  Spaces,  Lemma  54.27.10). 


It  is  separated  because  any  monomorphism  is  separated  (Morphisms  of  Spaces, 
Lemma  54.10.3).  This  finishes  the  proof.  □ 


0AIQ  Lemma  70.7.4.  Let  S be  a scheme.  Let  f : X -A  Y be  a morphism  from  an 
algebraic  space  over  S to  a formal  algebraic  space  over  S . Then  f is  representable 
by  algebraic  spaces. 
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Proof.  Let  Z Y be  a morphism  where  Z is  a scheme  over  S.  We  have  to  show 
that  X Xy  Z is  an  algebraic  space.  Choose  a scheme  U and  a surjective  etale 
morphism  U — X X.  Then  U Xy  Z — x X Xy  Z is  representable  surjective  etale 

Hence  the 


(Spaces,  Lemma  52.5.5)  and  U Xy  Z is  a scheme  by  Lemma  70.7.3 


result  by  Bootstrap,  Theorem  67.10.1 


□ 


0AIR  Remark  70.7.5.  Modulo  set  theoretic  issues  the  category  of  formal  schemes  a la 


EGA  (see  Section  70.2 ) is  equivalent  to  a full  subcategory  of  the  category  of  formal 
algebraic  spaces.  To  explain  this  we  assume  our  base  scheme  is  Spec(Z).  By  Lemma 
|70.2.2|the  functor  of  points  h%  associated  to  a formal  scheme  X is  a sheaf  in  the  fppf 
topology.  By  Lemma  |70.2.1|  the  assignment  X H x hx  is  a fully  faithful  embedding 
of  the  category  of  formal  schemes  into  the  category  of  fppf  sheaves.  Given  a formal 
scheme  X we  choose  an  open  covering  X = |J  Xi  with  X*  affine  formal  schemes. 
Then  hx,  is  an  affine  formal  algebraic  space  by  Remark  |70.5.8  The  morphisms 
hXi  — X hx  are  representable  and  open  immersions.  Thus  {hxt  — X hx}  is  a family  as 
in  Definition  |70. 7. l|  and  we  see  that  hx  is  a formal  algebraic  space. 

0AIS  Remark  70.7.6.  Let  S'  be  a scheme  and  let  (Sch/  S)  fppf  be  a big  fppf  site  as  in 
Topologies,  Definition  |33.7.8|  As  our  set  theoretic  condition  on  X in  Definitions 
705T]  and  [?U7T  we  take:  there  exist  objects  U,R  of  (Sch/S)fppf,  a morphism 
U — x X which  is  a surjection  of  fppf  sheaves,  and  a morphism  R — x U x,y  U 
which  is  a surjection  of  fppf  sheaves.  In  other  words,  we  require  our  sheaf  to  be  a 
coequalizer  of  two  maps  between  representable  sheaves.  Here  are  some  observations 
which  imply  this  notion  behaves  reasonably  well: 

(1)  Suppose  X = colim^eA  X\  and  the  system  satisfies  conditions  (1)  and  (2) 


(2) 


set  theoretic  condition  as  formulated  above)  and  assume  that  each  Xj 
is  actually  an  affine  scheme.  Then  X is  an  algebraic  space.  Namely,  if 
we  choose  a larger  big  fppf  site  (Sch! / S)fppf  such  that  U'  = ]J[  Xi  and 
R'  = ]j  Xi  Xx  Xj  are  representable  by  objects  in  it,  then  X'  = U' /R'  will 
be  an  object  of  the  category  of  algebraic  spaces  for  this  choice.  Then  an 
application  of  Spaces,  Lemma [52. 15. 2|  shows  that  X is  an  algebraic  space 
for  (Sch/ S) 

(3)  Let  {Xi  —x  X}iei  be  a family  of  maps  of  sheaves  satisfying  conditions  (1), 
(2),  (3)  of  Definition 


70.7.1 


For  each  i we  can  pick  Ui  £ Ob  ((Sch/  S)  fppf) 
and  Ui  —X  Xi  which  is  a surjection  of  sheaves.  Thus  if  I is  not  too  large  (for 
example  countable)  then  U = ]J[  Ui  — X X is  a surjection  of  sheaves  and  U 
is  representable  by  an  object  of  ( Sch/S ) fppf.  To  get  R £ Ob  ((Sch/  S)  fppf) 
surjecting  onto  Uxx  U it  suffices  to  assume  the  diagonal  A : X — x X X 
is  not  too  wild,  for  example  this  always  works  if  the  diagonal  of  X is  quasi- 
compact, i.e. , X is  quasi-separated. 


70.8.  Colimits  of  algebraic  spaces  along  thickenings 


OAIT 


70.8.  COLIMITS  OF  ALGEBRAIC  SPACES  ALONG  THICKENINGS 


4174 


A special  type  of  formal  algebraic  space  is  one  which  can  globally  be  written  as  a 
cofiltered  colimit  of  algebraic  spaces  along  thickenings  as  in  the  following  lemma. 
We  will  see  later  (in  Section  70.131  that  any  quasi-compact  and  quasi-separated 
formal  algebraic  space  is  such  a global  colimit. 


0AIU  Lemma  70.8.1.  Let  S be  a scheme.  Suppose  given  a directed  partially  ordered  set 
A and  a system  of  algebraic  spaces  ( Xx , /a^)  over  A where  each  f\ M : A' a — > X ^ is 
a thickening.  Then  X = colimAeA  X\  is  a formal  algebraic  space  over  S . 


Proof.  Since  we  take  the  colimit  in  the  category  of  fppf  sheaves,  we  see  that  X is 
a sheaf.  Choose  and  fix  A € A.  Choose  an  etale  covering  {A^a  — > Aa}  where  X.L  is 
an  affine  scheme  over  S,  see  Properties  of  Spaces,  Lemma  [53.6. 1[  For  each  p > A 
there  exists  a cartesian  diagram 


X, 


i,  A 


■ x, 


i,fi 


Y 

X\ 


■x„ 


with  etale  vertical  arrows,  see  More  on  Morphisms  of  Spaces,  Theorem  63.8.1  (this 


also  uses  that  a thickening  is  a surjective  closed  immersion  which  satisfies  the  con- 
ditions of  the  theorem).  Moreover,  these  diagrams  are  unique  up  to  unique  isomor- 
phism and  hence  A,;jA1  = X ^ x.x^,  Aj)(U/  for  p'  > p.  The  morphisms  Xi — > Xi^i 
is  a thickening  as  a base  change  of  a thickening.  Each  Xi is  an  affine  scheme 


by  Limits  of  Spaces,  Proposition  57.15.2  and  the  fact  that  A,;,  a is  affine.  Set 
X,  = colimM>A  Xi^.  Then  A,;  is  an  affine  formal  algebraic  space.  The  morphism 
A i — » A is  etale  because  given  an  affine  scheme  U any  U —t  X factors  through  A'M 
for  some  p > A (details  omitted).  In  this  way  we  see  that  A'  is  a formal  algebraic 
space.  □ 


Let  S be  a scheme.  Let  A be  a formal  algebraic  space  over  S.  How  does  one  prove 
or  check  that  A is  a global  colimit  as  in  Lemmapi’O.S.lp’  To  do  this  we  look  for  maps 
i : Z ^ X where  Z is  an  algebraic  space  over  S and  i is  surjective  and  a closed 
immersion,  in  other  words,  i is  a thickening.  This  makes  sense  as  i is  representable 
by  algebraic  spaces  (Lemma  70.7.41  and  we  can  use  Bootstrap,  Definition  67.4.1  as 
before. 


0AIV  Remark  70.8.2  (Weak  ideals  of  definition).  Let  A be  a formal  scheme  in  the 
sense  of  McQuillan,  see  Remark  |70.2.3|  An  weak  ideal  of  definition  for  A is  an 
ideal  sheaf  X C Ox  such  that  for  all  it  C X affine  formal  open  subscheme  the  ideal 
I (it)  C Ox  (Si)  is  a weak  ideal  of  definition  of  the  weakly  admissible  topological 
ring  Ox  (it)  ■ It  suffices  to  check  the  condition  on  the  members  of  an  affine  open 
covering.  There  is  a one-to-one  correspondence 

{weak  ideals  of  definition  for  X}  {thickenings  i : Z — >•  hx  as  above} 

This  correspondence  associates  to  I the  scheme  Z = (X,  Ox/X)  together  with  the 
obvious  morphism  to  X.  A fundamental  system  of  weak  ideals  of  definition  is  a 
collection  of  weak  ideals  of  definition  X\  such  that  on  every  affine  open  formal 
subscheme  it  C X the  ideals 


JA  = Ix(U)cA  = T(it,  Ox) 
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form  a fundamental  system  of  weak  ideals  of  definition  of  the  weakly  admissible 
topological  ring  A.  It  suffices  to  check  on  the  members  of  an  affine  open  covering. 
We  conclude  that  the  formal  algebraic  space  h%  associated  to  the  McQuillan  formal 
scheme  X is  a colimit  of  schemes  as  in  Lemma  70.8.1  if  and  only  if  there  exists  a 
fundamental  system  of  weak  ideals  of  definition  for  X. 


0AIW  Remark  70.8.3  (Ideals  of  definition).  Let  X be  a formal  scheme  a la  EGA.  An 
ideal  of  definition  for  X is  an  ideal  sheaf  I C Ox  such  that  for  all  il  C X affine  formal 
open  subscheme  the  ideal  I(il)  C ©^(il)  is  an  ideal  of  definition  of  the  admissible 
topological  ring  It  suffices  to  check  the  condition  on  the  members  of  an 

affine  open  covering.  We  do  not  get  the  same  correspondence  between  ideals  of 
definition  and  thickenings  Z — > X as  in  Remark  |70.8.2|  A fundamental  system  of 
ideals  of  definition  is  a collection  of  ideals  of  definition  I\  such  that  on  every  affine 
open  formal  subscheme  UcX  the  ideals 


/A  =ZA(il)  C A = L(iL  Ox) 


form  a fundamental  system  of  ideals  of  definition  of  the  admissible  topological 
ring  A.  It  suffices  to  check  on  the  members  of  an  affine  open  covering.  Suppose 
that  X is  quasi-compact  and  that  {IA}AgA  is  a fundamental  system  of  weak  ideals 
of  definition.  If  A is  an  admissible  topological  ring  A then  all  sufficiently  small 
open  ideals  are  ideals  of  definition  (namely  any  open  ideal  contained  in  an  ideal  of 
definition  is  an  ideal  of  definition).  Thus  since  we  only  need  to  check  on  the  finitely 
many  members  of  an  affine  open  covering  we  see  that  IA  is  an  ideal  of  definition 
for  A sufficiently  large.  Using  the  discussion  in  Remark  70.8.2  we  conclude  that 
the  formal  algebraic  space  hx  associated  to  the  quasi-conrpact  formal  scheme  X a 
la  EGA  is  a colimit  of  schemes  as  in  Lemma  |70.8.1|  if  and  only  if  there  exists  a 
fundamental  system  of  ideals  of  definition  for  X. 


70.9.  Completion  along  a closed  subset 

OAIX  Our  notion  of  a formal  algebraic  space  is  well  adapted  to  taking  the  completion 
along  a closed. 

OAIY  Lemma  70.9.1.  Let  S be  a scheme.  Let  X be  an  affine  scheme  over  S.  Let 
T C \X\  be  a closed  subset.  Then  the  functor 

(Sch/S)fppf  — ► Sets , U i — >{f  :U  ->  X \ f{\U\)  C T} 

is  a McQuillan  affine  formal  algebraic  space. 


Proof.  Say  X = Spec(A)  and  T corresponds  to  the  radical  ideal  I C A.  Let 
U = Spec(R)  be  an  affine  scheme  over  S and  let  f : U — > X be  an  element  of  F(U). 
Then  / corresponds  to  a ring  map  ip  : A -A  B such  that  every  prime  of  B contains 


ip(I)B.  Thus  every  element  of  tp(I)  is  nilpotent  in  R,  see  Algebra,  Lemma  10.16.2 


Setting  J = Ker(y>)  we  conclude  that  I/J  is  a locally  nilpotent  ideal  in  A/J. 
Equivalently,  V ( J ) = V(I)  = T.  In  other  words,  the  functor  of  the  lemma  equals 
coffin  Spec(A/  J)  where  the  colimit  is  over  the  collection  of  ideals  J with  V(J)  = T. 
Thus  our  functor  is  an  affine  formal  algebraic  space.  It  is  McQuillan  (Definition 
70.5.7)  because  the  maps  A -A  A/J  are  surjective  and  hence  AA  = limA/J  -A  A/J 
is  surjective,  see  Lemma [70. 5. 6|  □ 
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0AIZ 


OAMC 


OAPV 


OAPW 


Lemma  70.9.2.  Let  S be  a scheme.  Let  X he  an  algebraic  space  over  S . Let 
T C | A' | be  a closed  subset.  Then  the  functor 

(Sch/S)fppf  — ■>  Sets , U^{f:U^X\  f(\U\)  C T} 

is  a formal  algebraic  space. 


Proof.  Denote  F the  functor.  Let  {[/*  — ► U}  be  an  fppf  covering.  Then  JJ  \ Ui\  — ► 
\U\  is  surjective.  Since  X is  an  fppf  sheaf,  it  follows  that  F is  an  fppf  sheaf. 


Let  {g.i  : Xi  — > X}  be  an  etale  covering  such  that  Xt  is  affine  for  all  i,  see  Properties 
of  Spaces,  Lemma  53.6.1  The  morphisms  F Xx  Xi  — > F are  etale  (see  Spaces, 
Lemma  52.5.5)  and  the  map  J]F  x^I,  — ► F is  a surjection  of  sheaves.  Thus  it 


suffices  to  prove  that  F Xx  Xt  is  an  affine  formal  algebraic  space.  A {/-valued  point 
of  F Xx  Xi  is  a morphism  U — ► X,  whose  image  is  contained  in  the  closed  subset 
5~1(T)  C \Xi\.  Thus  this  follows  from  Lemma 


70.9.1 


□ 


Definition  70.9.3.  Let  S'  be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 


T C \X\  be  a closed  subset.  The  formal  algebraic  space  of  Lemma  70.9.2  is  called 
the  completion  of  X along  T. 


In  1DG67  Chapter  I,  Section  10.8]  the  notation  X/T  is  used  to  denote  the  com- 
pletion and  we  will  occasionally  use  this  notation  as  well.  Let  / : X — > X'  be  a 
morphism  of  algebraic  spaces  over  a scheme  S.  Suppose  that  T C \X\  and  T'  C |X'| 
are  closed  subsets  such  that  |/|(T)  C T' . Then  it  is  clear  that  / defines  a morphism 
of  formal  algebraic  spaces 

X jj'  — y X'jrp, 

between  the  completions. 

Lemma  70.9.4.  Let  S be  a scheme.  Let  f : X — ► Y be  a morphism  of  algebraic 
spaces  over  S.  Let  T C |F|  be  a closed  subset  and  let  T'  = |/|_1(T)  C |X|.  Then 
X/T>  Y/t  is  representable  by  algebraic  spaces. 


Proof.  Namely,  suppose  that  V — ► Y is  a morphism  from  a scheme  into  Y such 
that  |Vj  maps  into  T.  Then  V x y X — ► X is  a morphism  of  algebraic  spaces  such 
that  |V  x y X\  maps  into  T' . Hence  the  functor  V Xy  , X /T  is  represented  by 
V Xy  X and  we  see  that  the  lemma  holds.  □ 


The  following  lemma  is  due  to  Ofer  Gabber. 

Lemma  70.9.5.  Let  S be  a scheme.  Let  X = Spec(A)  be  an  affine  scheme  over  Email  by  Ofer 
S.  Let  T C X be  a closed  subscheme.  Gabber  of 

(1)  If  the  formal  completion  X/t  is  countably  indexed  and  there  exist  count-  September  11,  2014. 
ably  many  f\,fi,  f3, . . . £ A such  that  T = V (/i,  fi,  f3l  ■ . .),  then  X/T  is 

adic*. 

(2)  The  conclusion  of  (1)  is  wrong  if  we  omit  the  assumption  that  T can  be 
cut  out  by  countably  many  functions  in  X. 

Proof.  The  assumption  that  X/t  is  countably  indexed  means  that  there  exists  a 
sequence  of  ideals 

A D Ji  D J2  D J3  D . . . 

with  V (Jn)  = T such  that  every  ideal  J C A with  V ( J)  = T there  exists  an  n such 
that  J D Jn. 
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To  construct  an  example  for  (2)  let  w i be  the  first  uncountable  ordinal.  Let  k be  a 
field  and  let  A be  the  fc-algebra  generated  byra,a£ui  and  yap  with  a £ (3  £ uq 
subject  to  the  relations  xa  = yapxp.  Let  T = V{xa).  Let  Jn  = (x").  If  J C A 
is  an  ideal  such  that  V(J)  = T , then  x™a  £ J for  some  na  > 1.  One  of  the  sets 
{a  | na  = n}  must  be  unbounded  in  uq.  Then  the  relations  imply  that  Jn  C J. 


To  see  that  (2)  holds  it  now  suffices  to  show  that  AA  = lim  A/Jn  is  not  a ring 
complete  with  respect  to  a finitely  generated  ideal.  For  7 £ uq  let  A7  be  the 
quotient  of  A by  the  ideal  generated  by  xa,  a £ 7 and  yap,  a € 7.  As  A/ J\  is 
reduced,  every  topologically  nilpotent  element  / of  limA/Jn  is  in  JA  = lim  J\/ Jn. 
This  means  / is  an  infinite  series  involving  only  a countable  number  of  generators. 
Hence  / dies  in  AA  = \\va.A1/JnA1  for  some  7.  Note  that  AA  -A  AA  is  continuous 
and  open  by  Lemma  70.4.5|  If  the  topology  on  AA  was  /-adic  for  some  finitely 
generated  ideal  I C AA,  then  I would  go  to  zero  in  some  AA.  This  would  mean 
that  AA  is  discrete,  which  is  not  the  case  as  there  is  a surjective  continuous  and 
open  (by  Lemma  70.4.5)  map  AA  —A  fc[[f]]  given  by  xa  i-a  t,  yap  i-a  1 for  7 = a or 
7 £ a. 


Before  we  prove  (1)  we  first  prove  the  following:  If  I C AA  is  a finitely  generated 
ideal  whose  closure  / is  open,  then  1 = 1.  Since  V(J%)  = T there  exists  an  m 
such  that  D Jm.  Thus,  we  may  assume  that  D J„+i  for  all  n by  passing  to 
a subsequence.  Set  JA  = lim k>nJn/Jk  C AA.  Since  the  closure  / = fj(/  + JA) 
(Lemma  70.4.2)  is  open  we  see  that  there  exists  an  m such  that  / + JA  D J ^ 
all  n > m.  Fix  such  an  m.  We  have 


for 


Jn- ll  Jn+l  7)  + ^n+l)  7>  Jn-l^rn  ^ J n 

for  all  n > m+ 1.  Namely,  the  first  inclusion  is  trivial.  The  second  was  shown  above. 
The  third  as  Jn_i  Jm  7)  7)  J„,  hence  JA_i  7 ) JA.  Say  I = (31, . . . , gt).  Pick 

/ e Jm+ 1-  Using  the  displayed  inclusions  above,  valid  for  all  n > m + 1,  we  can 
write  by  induction  on  c > 0 

f = ^2  fi,c9i  mod  J„+1+c 

with  /i)0  £ J A and  /i;C  = /qc-i  m°d  Jm+c  ^ follows  that  IJ^D  Jm+i-  Combined 
with  I + JA+1  D JA  we  conclude  that  I is  open. 

Proof  of  (1).  Assume  T = U(/i,  fi,  /3,  ■ ■ •)■  Let  Im  C AA  be  the  ideal  generated  by 
/1,  • • • , fm-  Case  I:  For  some  m the  closure  of  Im  is  open.  Then  Im  is  open  by  the 
result  of  the  previous  paragraph.  Since  in  AA  the  product  of  open  ideals  is  open, 
we  see  that  is  open  for  all  k.  As  each  element  of  Im  is  topologically  nilpotent, 
we  conclude  that  Im  is  an  ideal  of  definition  which  proves  that  AA  is  adic  with  a 
finitely  generated  ideal  of  definition,  i.e.,  X is  adic*. 

Case  II.  For  all  m the  closure  Jm  of  Im  is  not  open.  Then  the  topology  on  AA/Im 
is  not  discrete.  This  means  we  can  pick  <j>{m)  > m such  that 

Im(  J0(m)  y A/ (/1, . . . , /m))  7^  Im(^(m)+i  ^ 41/ (/1  i ■ • • j fm)) 

To  see  this  we  have  used  that  AA/(/m  + JA)  = A/((fi, . . . , fm)  + Jn).  Choose 
exponents  et  > 0 such  that  £ J^,(m)+i  for  0 < m < i.  Let  J = (/f1 , f%2 , /g3 ,...). 
Then  V(J)  = T.  We  claim  that  J Jn  for  all  n which  is  a contradiction  proving 
Case  II  does  not  occur.  Namely,  the  image  of  J in  A/(fi, . . . , fm)  is  contained  in 
the  image  of  J^(m)+ 1 which  is  properly  contained  in  the  image  of  Jm.  □ 
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70.10.  Fibre  products 


Obligatory  section  about  fibre  products  of  formal  algebraic  spaces. 


Lemma  70.10.1.  Let  S be  a scheme.  Let  {Xi  — > X}ig/  be  a family  of  maps  of 
sheaves  on  (Sch/ S) fppf . Assume  (a)  Xi  is  a formal  algebraic  space  over  S,  (b) 
Xi  — ^ X is  representable  by  algebraic  spaces  and  etale,  and  (c)  JjXj  — > X is  a 
surjection  of  sheaves.  Then  X is  a foi'mal  algebraic  space  over  S. 


Proof.  For  each  i pick  {X — > Xi} 
X}iei,jeJi  is  a family  as  in  Definition 


e Ji 


70.7.1 


as  in  Definition 
for  X. 


70.7.1 


Then  {Xi j -A 

□ 


Lemma  70.10.2.  Let  S be  a scheme.  Let  X , Y be  formal  algebraic  spaces  over  S 
and  let  Z be  a sheaf  whose  diagonal  is  representable  by  algebraic  spaces.  Let  X — > Z 
and  Y — » Z be  maps  of  sheaves.  Then  X Xz  Y is  a formal  algebraic  space. 


Proof.  Choose  {Xi  — > X}  and  {Yj  — > Y}  as  in  Definition  70.7.1  Then  {Xi  Xz 
Yj  — >■  X Xz  Y}  is  a family  of  maps  which  are  representable  by  algebraic  spaces  and 
etale.  Thus  Lemma  |70.10.1|  tells  us  it  suffices  to  show  that  X x z Y is  a formal 
algebraic  space  when  X and  Y are  affine  formal  algebraic  spaces. 


Assume  X and  Y are  affine  formal  algebraic  spaces.  Write  A'  = colim  ATa  and 

Then  X Xz  Y = colim  X\  Xz  Yu.  Each 


Y = colim  Yfj,  as  in  Definition  170.5.1 


X\  x z Yu  is  an  algebraic  space.  For  A < A'  and  p < p!  the  morphism 


X\  xzYu 


Aa  xz  Y„, 


Xy  X z Yfli 


is  a thickening  as  a composition  of  base  changes  of  thickenings.  Thus  we  conclude 
by  applying  Lemma  |70.8.1[  □ 

Lemma  70.10.3.  Let  S be  a scheme.  The  category  of  formal  algebraic  spaces  over 
S has  fibre  products. 


Proof.  Special  case  of  Lemma 
sentable  diagonals,  see  Lemma 


70.10.2|because  formal  algebraic  spaces  have  repre- 
70.7.31  □ 


We  have  already  proved  the  following  lemma  (without  knowing  that  fibre  products 
exist) . 

Lemma  70.10.4.  Let  S be  a scheme.  Let  f : X Y be  a morphism  of  formal 
algebraic  spaces  over  S . The  diagonal  morphism  A : X — ► X Xy  A'  is  representable 
(by  schemes),  a monomorphism,  locally  quasi-finite,  locally  of  finite  type,  and  sep- 
arated. 


Proof.  Let  T be  a scheme  and  let  T — ► X Xy  X be  a morphism.  Then 

T x(A'xyJ)  X =T  X(xxsx)  X 
Hence  the  result  follows  immediately  from  Lemma  70.7. 3| 


□ 


70.11.  Separation  axioms  for  formal  algebraic  spaces 

This  section  is  about  “absolute”  separation  conditions  on  formal  algebraic  spaces. 
We  will  discuss  separation  conditions  for  morphisms  of  formal  algebraic  spaces  later. 

Lemma  70.11.1.  Let  S be  a scheme.  Let  X be  a formal  algebraic  space  over  S . 
The  following  are  equivalent 

(1)  the  reduction  of  X (Lemma 


70.7.2)  is  a quasi-separated  algebraic  space, 
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(2)  for  U -A  X,  V -A  X with  U , V quasi-compact  schemes  the  fibre  product 
U Xx  V is  quasi-compact, 

(3)  for  UaX,  V -A  X with  U,  V affine  the  fibre  product  U Xx  V is  quasi- 
compact. 

Proof.  Observe  that  U xx  V is  a scheme  by  Lemma  |70.7.3|  Let  Urej,  Vreci,  Xred 
be  the  reduction  of  U,V,X.  Then 


Ured  ^-Xred  Vred,  — Ured  X X A red  ^ U Xx  V 

is  a thickening  of  schemes.  From  this  the  equivalence  of  (1)  and  (2)  is  clear,  keeping 
in  mind  the  analogous  lemma  for  algebraic  spaces,  see  Properties  of  Spaces,  Lemma 
53.3.3  We  omit  the  proof  of  the  equivalence  of  (2)  and  (3).  □ 


0AJ6  Lemma  70.11.2.  Let  S be  a scheme.  Let  X be  a formal  algebraic  space  over  S . 
The  following  are  equivalent 

(1)  the  reduction  of  X (Lemma  70.7.2)  is  a separated  algebraic  space, 

(2)  for  U — > X , V — > X with  U , V affine  the  fibre  product  U Xx  V is  affine 
and 

0{U)  <g>z  OiV)  — ► 0(U  xx  V ) 

is  surjective. 


Proof.  If  (2)  holds,  then  Xred  is  a separated  algebraic  space  by  applying  Properties 
of  Spaces,  Lemma  53.3.3  to  morphisms  U — > Xred  and  V — > Xred  with  U,  V affine 
and  using  that  U Xxred  V = U XjV. 


Assume  (1).  Let  U —X  X and  V —X  X be  as  in  (2).  Observe  that  U Xx  V is  a 
scheme  by  Lemma [70. 7. 3[  Let  Ured,  Vred,  Xred  be  the  reduction  of  U,  V,  X.  Then 

id red  ^ Xred  Vred  Ured  ^ X Vred  ~ t U X x V 

is  a thickening  of  schemes.  It  follows  that  (U  xx  V)red  = ( Ured  xXred  Vred)red-  In 
particular,  we  see  that  ( U x x V)red  is  an  affine  scheme  and  that 


0{U)  ®z  0(V)  — > 0((U  xx  V)red ) 

is  surjective,  see  Properties  of  Spaces,  Lemma  [53.3.3|  Then  U Xj  b is  affine  by 
Limits  of  Spaces,  Proposition [57TA2J  On  the  other  hand,  the  morphism  U Xx  V — >■ 
U x V of  affine  schemes  is  the  composition 


UxxV  = X x(XxsX)  (UxsV)^UxsV^UxV 


The  first  morphism  is  a monomorphism  and  locally  of  finite  type  (Lemma  70.7.3). 
The  second  morphism  is  an  immersion  (Schemes,  Lemma  25.21.10).  Hence  the 
composition  is  a monomorphism  which  is  locally  of  finite  type.  On  the  other  hand, 
the  composition  is  integral  as  the  map  on  underlying  reduced  affine  schemes  is 
a closed  immersion  by  the  above  and  hence  universally  closed  (use  Morphisms, 
Lemma  28.43.7).  Thus  the  ring  map 


0(U)  ®z  0{V)  —A  0(U  xx  V) 

is  an  epimorphism  which  is  integral  of  finite  type  hence  finite  hence  surjective  (use 


Morphisms,  Lemma  28.43.4  and  Algebra,  Lemma  10.106.6). 


□ 
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Definition  70.11.3.  Let  S'  be  a scheme.  Let  X be  a formal  algebraic  space  over 
S.  We  say 
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(1)  X is  quasi-separated  if  the  equivalent  conditions  of  Lemma  70.11.1  are 
satisfied. 

(2)  X is  separated  if  the  equivalent  conditions  of  Lemma  70.11.2  are  satisfied. 


The  following  lemma  implies  in  particular  that  the  completed  tensor  product  of 
weakly  admissible  topological  rings  is  a weakly  admissible  topological  ring. 

Lemma  70.11.4.  Let  S be  a scheme.  Let  X — > Z and  Y Z be  morphisms  of 
formal  algebraic  spaces  over  S.  Assume  Z separated. 

(1)  If  X and  Y are  affine  formal  algebraic  spaces,  then  so  is  X Xz  Y . 

(2)  If  X and  Y are  McQuillan  affine  formal  algebraic  spaces,  then  so  is  X Xz 

Y. 

(3)  If  X , Y,  and  Z are  McQuillan  affine  formal  algebraic  spaces  corresponding 
to  the  weakly  admissible  topological  S -algebras  A,  B,  and  C,  then  X XzY 
corresponds  to  A®cB. 


0APX 


colim  Y;J  as 


in  Definition  170.5.11  Then 


Proof.  Write  X = colim  ArA  and  Y = 

X XzY  = colim X\  XzY^.  Since  Z is  separated  the  fibre  products  are  affine,  hence 
we  see  that  (1)  holds.  Assume  X and  Y corresponds  to  the  weakly  admissible 
topological  5-algebras  A and  B and  X\  = Spec(A//A)  and  Y ( = Spec (B/Jfi). 
Then 


xzY„  ^Xxx  Yfl  ->  SPec(A  <g>  B) 

is  a closed  immersion.  Thus  one  of  the  conditions  of  Lemma  170.5.61  holds  and  we 
conclude  that  X Xz  Y is  McQuillan.  If  also  Z is  McQuillan  corresponding  to  C, 
then 


X\  xzYu  = Spec (A/Ix  ®c  B/J f) 


hence  we  see  that  the  weakly  admissible  topological  ring  corresponding  to  X XzY 
is  the  completed  tensor  product  (see  Definition  70.4.61.  □ 


Lemma  70.11.5.  Let  S be  a scheme.  Let  X be  a formal  algebraic  space  over  S. 
Let  U — ^ X be  a morphism  where  U is  a separated  algebraic  space  over  S . Then 
U — ^ X is  separated. 


Proof.  The  statement  makes  sense  because  U — > X is  representable  by  algebraic 
spaces  (Lemma|70.7.4).  Let  T be  a scheme  and  T — > X a morphism.  We  have  to 
show  that  U XxT  — > T is  separated.  Since  U X jT  U xgT  is  a monomorphism, 
it  suffices  to  show  that  U x$T  — ► T is  separated.  As  this  is  the  base  change 
of  U — > S this  follows.  We  used  in  the  argument  above:  Morphisms  of  Spaces, 
Lemmas  154.4.41 154.4.81 154.10.31  and  154.4.111  □ 


70.12.  Quasi-compact  formal  algebraic  spaces 


0AJ8 

0AJ9 


Here  is  the  characterization  of  quasi-compact  formal  algebraic  spaces. 

Lemma  70.12.1.  Let  S be  a scheme.  Let  X be  a formal  algebraic  space  over  S. 
The  following  are  equivalent 

(1)  the  reduction  of  X (Lemma  70.7.2)  is  a quasi-compact  algebraic  space, 

(2)  we  can  find  {Xi  — > X}i^i  as  in  Definition  70.7.1  with  I finite, 

(3)  there  exists  a morphism  Y — ► A'  representable  by  algebraic  spaces  which 
is  etale  and  surjective  and  where  Y is  an  affine  formal  algebraic  space. 


Proof.  Omitted. 


□ 
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Definition  70.12.2.  Let  S'  be  a scheme.  Let  A'  be  a formal  algebraic  space  over 
S.  We  say  X is  quasi-compact  if  the  equivalent  conditions  of  Lemma  |70.12.1|  are 
satisfied. 

Lemma  70.12.3.  Let  S be  a scheme.  Let  f : X — > Y be  a morphism  of  formal 
algebraic  spaces  over  S . The  following  are  equivalent 

(1)  the  induced  map  fred  : Xred  — > Yred  between  reductions  (Lemma  70.7.2) 
is  a quasi-compact  morphism  of  algebraic  spaces, 

(2)  for  every  quasi-compact  scheme  T and  morphism  T the  fibre  product 
X XyT  is  a quasi- compact  formal  algebraic  space, 

(3)  for  every  affine  scheme  T and  morphism  T — >■  Y the  fibre  product  X XyT 
is  a quasi-compact  formal  algebraic  space,  and 

(4)  there  exists  a covering  {Yj  — > Y}  as  in  Definition 
X XyYj  is  a quasi- compact  formal  algebraic  space. 


70.7.1 


such  that  each 


Proof.  Omitted. 


□ 


Definition  70.12.4.  Let  S be  a scheme.  Let  / : X — > Y be  a morphism  of  formal 
algebraic  spaces  over  S.  We  say  / is  quasi-compact  if  the  equivalent  conditions  of 
Lemma r70. 12. 31  are  satisfied. 

This  agrees  with  the  already  existing  notion  when  the  morphism  is  representable 
by  algebraic  spaces  (and  in  particular  when  it  is  representable). 

Lemma  70.12.5.  Let  S be  a scheme.  Let  f : X — ► Y be  a morphism  of  formal 
algebraic  spaces  over  S which  is  representable  by  algebraic  spaces.  Then  f is  quasi- 
compact in  the  sense  of  Definition  70.12.f  \ if  and  only  if  f is  quasi-compact  in  the 


sense  of  Bootstrap,  Definition\67.f.l 


□ 


Proof.  This  is  immediate  from  the  definitions  and  Lemma  frO.  12.31 

70.13.  Quasi-compact  and  quasi-separated  formal  algebraic  spaces 

The  following  result  is  due  to  Yasuda,  see  |Yas09i  Proposition  3.32]. 

Lemma  70.13.1.  Let  S be  a scheme.  Let  X be  a quasi-compact  and  quasi- 
separated  formal  algebraic  space  over  S.  Then  X = colimAA  for  a system  of 
algebraic  spaces  (X\,  fx^)  over  a directed  partially  ordered  set  A where  each  f\^  : 
X\  — > X f is  a thickening. 

Proof.  By  Lemma[70.12.1|  we  may  choose  an  affine  formal  algebraic  space  Y and 
a representable  surjective  etale  morphism  Y — > X.  Write  Y = colim  Y\  as  in 
Definition  170.5.11 


Pick  A £ A.  Then  Y\  Xx  Y is  a scheme  by  Lemma  70.5.11  The  reduction  (Lemma 
70.7.2)  of  Y\  Xx  Y is  equal  to  the  reduction  of  Yred  *xrcd  Yred  which  is  quasi- 


lYasOOl  Proposition 
3.32] 


compact  as  X is  quasi-separated  and  Yred  is  affine.  Therefore  Y\  Xx  Y is  a quasi- 
compact scheme.  Hence  there  exists  a p,  > A such  that  pr2  : Y\  Xx  Y — > Y 
factors  through  Yfl , see  Lemma  70.5.4  Let  Z\  be  the  scheme  theoretic  image  of 
the  morphism  pr2  : Y\  Xx  Y — > Y^.  This  is  independent  of  the  choice  of  qi  and 
we  can  and  will  think  of  Z\  C Y as  the  scheme  theoretic  image  of  the  morphism 
pr2  :Y\XxY  — » Y.  Observe  that  Z\  is  also  equal  to  the  scheme  theoretic  image  of 
the  morphism  prj^  : Y XxY\  — ► Y since  this  is  isomorphic  to  the  morphism  used  to 
define  Z\.  We  claim  that  Z\XXY  = YxxZ\  as  subfunctors  of  Y xx  Y.  Namely, 
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since  Y — > X is  etale  we  see  that  Z\  xx  Y is  the  scheme  theoretic  image  of  the 
morphism 

pr13  = pi'!  x idy  : Y xx  Y\  xxY  — >Y  xxY 
by  Morphisms  of  Spaces,  Lemma  |54.16.3[  By  the  same  token,  Y xx  Z\  is  the 
scheme  theoretic  image  of  the  morphism 

pr13  = idy  x pr2  : Y xx  Y\  xxY  — >Y  xxY 

The  claim  follows.  Then  R\  = Z\  xxY  = Y xx  Z\  together  with  the  morphism 
R\  -A  Z\  x g Z\  defines  an  etale  equivalence  relation.  In  this  way  we  obtain  an 
algebraic  space  X\  = Z\/R\.  By  construction  the  diagram 

y v 

Xx >-X 


is  cartesian  (because  X is  the  coequalizer  of  the  two  projections  R = Y xxY  — > Y, 
because  Z\  C Y is  .R-invariant,  and  because  R\  is  the  restriction  of  R to  Z\).  Hence 
X\  -A  X is  representable  and  a closed  immersion,  see  Spaces,  Lemma  [52. 11. 5|  On 
the  other  hand,  since  Y\  C Z\  we  see  that  ( X\)red  = Xred,  in  other  words,  X\  -a  A' 
is  a thickening.  Finally,  we  claim  that 

A'  = coffin  AA 


We  have  Y xx  Xx  = Z\  LL>  Y\.  Every  morphism  T — > X where  T is  a scheme  over 
S lifts  etale  locally  to  a morphism  into  Y which  lifts  etale  locally  into  a morphism 
into  some  Y\.  Hence  T — > X lifts  etale  locally  on  T to  a morphism  into  X\.  This 
finishes  the  proof.  □ 


OAJF  Remark  70.13.2.  In  this  remark  we  translate  the  statement  and  proof  of  Lemma 
|70.13.1|  into  the  language  of  formal  schemes  a la  EGA.  Looking  at  Remark  |70.8.3| 
we  see  that  the  lemma  can  be  translated  as  follows 


(*)  Every  quasi-compact  and  quasi-separated  formal  scheme  has  a fundamen- 
tal system  of  ideals  of  definition. 

To  prove  this  we  first  use  the  induction  principle  (reformulated  for  quasi-compact 
and  quasi-separated  formal  schemes)  of  Cohomology  of  Schemes,  Lemma  29.4.1  to 


reduce  to  the  following  situation:  X = It  U 93  with  if,  93  open  formal  subschemes, 
with  03  affine,  and  the  result  is  true  for  it,  03,  and  iln03.  Pick  any  ideals  of  definition 
I C On  and  J C 0<$.  By  our  assumption  that  we  have  a fundamental  system  of 
ideals  of  definition  on  il  and  03  and  because  it  n 03  is  quasi-compact,  we  can  find 
ideals  of  definition  1'cl  and  J'  CL  J such  that 


2 lunar  C J |unaj  and  J |unaj  C T|unaj 

Let  C/  — A C/'  — A At  and  V — > V'  — > 03  be  the  closed  immersions  determined  by  the 
ideals  of  definition  I'clC  On  and  J'  C J C On-  Let  il  n V denote  the  open 
subscheme  of  V whose  underlying  topological  space  is  that  of  it  D 03.  Similarly  for 
U n 03.  Then  we  consider 


Zjj  = scheme  theoretic  image  of  U H (il  n V)  — > U' 


and 


Zy  = scheme  theoretic  image  of  (U  n 93)  H V — > V' 
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Since  taking  scheme  theoretic  images  of  quasi-compact  morphisms  commutes  with 
restriction  to  opens  (Morphisms,  Lemma  28.6.3 ) we  see  that  ZLrr lOJ  = ilfl Zy.  Thus 
Zjj  and  Zy  glue  to  a scheme  Z which  comes  equipped  with  a morphism  Z — > X. 
Analogous  to  the  discussion  in  Remark  70.8.2  we  see  that  Z corresponds  to  a weak 
ideal  of  definition  X z C Ox-  Note  that  U C Zjj  C Z and  that  V C Zy  C Z.  Thus 
the  collection  of  all  X z constructed  in  this  manner  forms  a fundamental  system  of 
weak  ideals  of  definition.  Hence  a subfamily  gives  a fundamental  system  of  ideals 
of  definition,  see  Remark |70. 8. 3| 


70.14.  Morphisms  representable  by  algebraic  spaces 


OAJG  Let  / : X — > Y be  a morphism  of  formal  algebraic  spaces  which  is  representable 
by  algebraic  spaces.  For  these  types  of  morphisms  we  have  a lot  of  theory  at  our 
disposal,  thanks  to  the  work  done  in  the  chapters  on  algebraic  spaces. 

OAPY  Lemma  70.14.1.  The  composition  of  morphisms  representable  by  algebraic  spaces 
is  representable  by  algebraic  spaces.  The  same  holds  for  representable  (by  schemes). 

Proof.  See  Bootstrap,  Lemma  [67. 3. 8[  □ 

OAPZ  Lemma  70.14.2.  A base  change  of  a morphism  representable  by  algebraic  spaces 
is  representable  by  algebraic  spaces.  The  same  holds  for  representable  (by  schemes). 

Proof.  See  Bootstrap,  Lemma  [67. 3. 3[  □ 

OAQO  Lemma  70.14.3.  Let  S be  a scheme.  Let  f : X — ► Y and  g : Y -A  Z be  morphisms 
of  formal  algebraic  spaces  over  S.  If  g o f : X — > Z is  representable  by  algebraic 
spaces,  then  f : X Y is  representable  by  algebraic  spaces. 


Proof.  Note  that  the  diagonal  of  Y — t Z is  representable  by  Lemma  70.10.4|  Thus 
U — > V is  representable  by  algebraic  spaces  by  Bootstrap,  Lemma|67.3.10  □ 


The  property  of  being  representable  by  algebraic  spaces  is  local  on  the  source  and 
the  target. 

0AN4  Lemma  70.14.4.  Let  S be  a scheme.  Let  f : X — » Y be  a morphism  of  formal 
algebraic  spaces  over  S . The  following  are  equivalent: 

(1)  the  morphism  f is  representable  by  algebraic  spaces, 

(2)  there  exists  a commutative  diagram 


U 5-  V 


X ^ Y 

where  U , V are  formal  algebraic  spaces,  the  vertical  arrows  are  repre- 
sentable by  algebraic  spaces,  U — » X is  surjective  etale,  and  U -A  V is 
representable  by  algebraic  spaces, 

(3)  for  any  commutative  diagram 


U 

X s-  Y 
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(4) 

(5) 

(6) 


where  U , V are  formal  algebraic  spaces  and  the  vertical  arrows  are  rep- 
resentable by  algebraic  spaces,  the  morphism  U — X V is  representable  by 
algebraic  spaces, 
there  exists  a covering  {Yj 
covering  {Xji 


Y}  as  in  Definition  70. 7. 1 and  for  each  j a 


Yj  Xy  X}  as  in  Definition  70.7.1  such  that  Xji  — x Yj  is 
representable  by  algebraic  spaces  for  each  j and  i, 

there  exist  a covering  {Xi  — X X}  as  in  Definition  70.7.1  and  for  each 
i a factorization  X \ — x Yi  — x Y where  Yi  is  an  affine  formal  algebraic 
space,  Yi  — x Y is  representable  by  algebraic  spaces,  such  that  Xi  —X  Yi  is 
representable  by  algebraic  spaces,  and 
add  more  here. 


Proof.  It  is  clear  that  (1)  implies  (2)  because  we  can  take  U = X and  V = Y . 
Conversely,  (2)  implies  (1)  by  Bootstrap,  Lemma  67.11.3  applied  to  U —X  X 


Y. 


Assume  (1)  is  true  and  consider  a diagram  as  in  (3).  Then  U —X  Y is  representable 
by  algebraic  spaces  (as  the  composition  U — X X — x Y,  see  Bootstrap,  Lemma 
67.3.8)  and  factors  through  V.  Thus  U — X V is  representable  by  algebraic  spaces 


by  Lemma[70.14.3| 

It  is  clear  that  (3)  implies  (2).  Thus  now  (1)  - (3)  are  equivalent. 

Observe  that  the  condition  in  (4)  makes  sense  as  the  fibre  product  Yj  Xyl  is  a 


formal  algebraic  space  by  Lemma  70.10.3  It  is  clear  that  (4)  implies  (5). 

Assume  Xi  — X Yi  — X Y as  in  (5).  Then  we  set  V = JJYi  and  U = ]J Xi  to  see  that 
(5)  implies  (2). 

Finally,  assume  (1)  - (3)  are  true.  Thus  we  can  choose  any  covering  {Yj  — X Y}  as 


OAJH  Lemma  70.14.5.  Let  S be  a scheme.  Let  Y be  an  affine  formal  algebraic  space 
over  S.  Let  f : X — x Y be  a map  of  sheaves  on  (Sch/ S)  fppf  which  is  representable 
by  algebraic  spaces.  Then  X is  a formal  algebraic  space. 


Proof.  Write  Y = colim  Y\  as  in  Definition  |70.5.l|  For  each  A the  fibre  product 
X Xy  Y\  is  an  algebraic  space.  Hence  X = colim  A Xy  Y\  is  a formal  algebraic 
space  by  Lemma [70. 8. 1[  □ 

0AJI  Lemma  70.14.6.  Let  S be  a scheme.  Let  Y be  a formal  algebraic  space  over 
S.  Let  f : X — x Y be  a map  of  sheaves  on  (Sch/S)fppf  which  is  representable  by 
algebraic  spaces.  Then  X is  a formal  algebraic  space. 


Proof.  Let  {Yi  — X Y}  be  as  in  Definition  70.7.1  Then  X Xy  Yi  — X X is  a family  of 


morphisms  representable  by  algebraic  spaces,  etale,  and  jointly  surjective.  Thus  it 
suffices  to  show  that  X x y Yi  is  a formal  algebraic  space,  see  Lemma  70.10.1  This 
follows  from  Lemma  [70. 14.51  □ 


0AKN  Lemma  70.14.7.  Let  S be  a scheme.  Let  f : X —X  Y be  a morphism  of  affine 
formal  algebraic  spaces  which  is  representable  by  algebraic  spaces.  Then  f is  repre- 
sentable (by  schemes)  and  affine. 
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OAKP 


OAKQ 
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Proof.  The  first  assertion  follows  from  Lemma  70.5. 1 1|  Write  Y = colim  Yjt  and 
A = colim  X\  as  in  Definition  |70.5.l|  For  the  second,  let  T -A  Y be  a morphism 
where  T is  a scheme  over  S.  We  have  to  show  that  X XyT  — > T is  affine,  see  Spaces, 
Definition  52.5.1  To  do  this  we  may  assume  that  T is  affine  and  we  have  to  prove 
that  X Xy  T is  affine.  In  this  case  T — > Y factors  through  Y^  — > Y for  some  /z, 


see  Lemma  70.5.4|  Since  / is  quasi-compact  we  see  that  X x y T is  quasi-compact 
(Lemma  70.12.3).  Hence  X Xy  T —X  A'  factors  through  X\  for  some  A.  Similarly 


X\  —x  Y factors  through  Y^  after  increasing  /z.  Then  X Xy  T = X\  Xy  T.  We 


conclude  as  fibre  products  of  affine  schemes  are  affine. 


□ 


Lemma  70.14.8.  Let  S be  a scheme.  Let  Y be  an  affine  formal  algebraic  space. 
Let  f : A'  — x Y be  a map  of  sheaves  on  (Sch/ S) fppf  which  is  representable  and 
affine.  Then 

(1)  X is  an  affine  formal  algebraic  space. 

(2)  if  Y is  countably  indexed , then  X is  countably  indexed. 

(3)  ifY  is  adic*,  then  X is  adic*, 

(4)  ifY  is  Noetherian  and  f is  ( locally ) of  finite  type,  then  X is  Noetherian. 


Proof.  Proof  of  (1).  Write  Y = colim^eiy  Y\  as  in  Definition  70.5.1  Since  / 
is  representable  and  affine,  the  fibre  products  A*  = Y\  Xy  X are  affine.  And 
X = colim  Y\  Xy  X.  Thus  A'  is  an  affine  formal  algebraic  space. 

Proof  of  (2).  If  Y is  countably  indexed,  then  in  the  argument  above  we  may  assume 
A is  countable.  Then  we  immediately  see  that  X is  countably  indexed  too. 

Proof  of  (3).  Assume  Y is  adic*.  Then  Y = Spf  (13)  for  some  adic  topological 
ring  B which  has  a finitely  generated  ideal  J such  that  { J ”}  is  a fundamental 
system  of  open  ideals.  Of  course,  then  Y = colim  Spec (B/Jn).  The  schemes 
A x y Spec (B/Jn)  are  affine  and  we  can  write  A xy  Spec(13/Jn)  = Spec(A„). 
Then  A = colim Spec(An).  The  13-algebra  maps  An+ 1 — x An  are  surjective  and 
induce  isomorphisms  An+\/JnAn+i  — > An.  By  Algebra,  Lemma  10.97.1  the  ring 
A = lim  An  is  J-adically  complete  and  A/  Jn A = An.  Hence  A = Spf(AA)  is  adic*. 


Proof  of  (4).  Combining  (3)  with  Lemma  |70.6.3  we  see  that  A is  adic*.  Thus 
we  can  use  the  criterion  of  Lemma  |70.6.5|  First,  it  tells  us  the  affine  schemes 
Y\  are  Noetherian.  Then  X\  —X  Y\  is  of  finite  type,  hence  X\  is  Noetherian  too 


(Morphisms,  Lemma  28.15.6).  Then  the  criterion  tells  us  X is  Noetherian  and  the 
proof  is  complete.  □ 

Lemma  70.14.9.  Let  S be  a scheme.  Let  f : X —X  Y be  a morphism  of  affine 
formal  algebraic  spaces  which  is  representable  by  algebraic  spaces.  Then 

(1)  ifY  is  countably  indexed , then  X is  countably  indexed. 

(2)  ifY  is  adic*,  then  X is  adic*, 

(3)  ifY  is  Noetherian  and  f is  ( locally ) of  finite  type,  then  X is  Noetherian. 

Proof.  Combine  Lemmas  170. 14.71  and  170.14.81  □ 

Lemma  70.14.10.  Let  S be  a scheme.  Let  tp  : A — » 13  be  a continuous  map  of 
weakly  admissible  topological  rings  over  S . The  following  are  equivalent 

(1)  Spf(tp)  : Spf(B)  —x  Spf(A)  is  representable  by  algebraic  spaces, 

(2)  Spf(<p)  : Spf(B)  —x  Spf(A)  is  representable  (by  schemes), 

(3)  ip  is  taut,  see  Definition  70.  f.  £\ 
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Proof.  Parts  (1)  and  (2)  are  equivalent  by  Lemma  70.14.7 

Assume  the  equivalent  conditions  (1)  and  (2)  hold.  If  / C A is  a weak  ideal  of 
definition,  then  Spec  {A/I)  — > Spf(A)  is  representable  and  a thickening  (this  is 
clear  from  the  construction  of  the  formal  spectrum  but  it  also  follows  from  Lemma 
70.5.6).  Then  Spec(A/7)  Xgpf(j4)  Spf(i?)  — ► Spf(73)  is  representable  and  a thickening 
as  a base  change.  Hence  by  Lemma  |70.5.6|  there  is  a weak  ideal  of  definition 
J(7)  C B such  that  Spec(A/7)  xSpf(^)  Spf(73)  = Spec(7?/ J(7))  as  subfunctors  of 
Spf(73).  We  obtain  a cartesian  diagram 


Spec(7?/J(7)) 


Spf(7?) 


Spec(A/7) 


Spf(A) 


By  Lemma  70.11.4  we  see  that  B/J(I)  = B®aA/I.  It  follows  that  J(7)  is  the 
closure  of  the  ideal  <p(I)B,  see  Lemma  |70.4.11|  Since  Spf(A)  = colim  Spec(A/7) 
with  7 as  above,  we  find  that  Spf(73)  = colimSpec(7?/J(7)).  Thus  the  ideals  J(7) 
form  a fundamental  system  of  weak  ideals  of  definition  (see  Lemma|70.5.6 ).  Hence 
(3)  holds. 

Assume  (3)  holds.  For  a weak  ideal  of  definition  7 C A denote  J(7)  the  closure 
of  ip(I)B.  By  Lemma  70.4.8  the  ideal  J(7)  is  a weak  ideal  of  definition  of  B. 
Using  Lemmas  |70.11.4|  and  70.4.11|  we  see  that  the  diagram  displayed  above  is 
cartesian.  Since  every  morphism  T — > Spf(A)  with  T quasi-compact  factors  through 
Spec(A/7)  for  some  weak  ideal  of  definition  7 (Lemma  70.5.4)  we  conclude  that 
Spf((/j)  is  representable,  i.e.,  (2)  holds.  This  finishes  the  proof.  □ 

0AN6  Example  70.14.11.  Let  B be  a weakly  admissible  topological  ring.  Let  B — > A 
be  a ring  map  (no  topology).  Then  we  can  can  consider 

AA  = lim  A/JA 

where  the  limit  is  over  all  weak  ideals  of  definition  J of  73.  Then  AA  (endowed  with 
the  limit  topology)  is  a complete  linearly  topologized  ring.  The  (open)  kernel  7 of 
the  surjection  AA  — > A/JA  is  the  closure  of  JAA,  see  Lemma  70.4.2  By  Lemma 


|70.4.8|  we  see  that  7 consists  of  topologically  nilpotent  elements.  Thus  7 is  a weak 
ideal  of  definition  of  AA  and  we  conclude  AA  is  a weakly  admissible  topological 
ring.  Thus  p : B — > AA  is  taut  map  of  weakly  admissible  topological  rings  and 

Spf(AA)  — + Spf(73) 


is  a special  case  of  the  phenomenon  studied  in  Lemma  70.14.10 


0AN7  Remark  70.14.12  (Warning).  Lemma 


70.14.10 


does  not  mean  that  given  a mor- 


phism / : X — > Y of  affine  formal  algebraic  spaces  with  / representable  and  Y 
McQuillan  we  have  that  X is  McQuillan. 


The  warning  above  notwithstanding,  we  do  have  the  following  result. 

0AN8  Lemma  70.14.13.  Let  S be  a scheme.  Let  f : X — ► Y be  a morphism  of  affine 
formal  algebraic  spaces  over  S.  Assume 

(1)  Y is  McQuillan,  i.e.,  equal  to  Spf(B)  for  some  weakly  admissible  topolog- 
ical S -algebra  B , and 

(2)  / : Y — » X is  representable  by  algebraic  spaces  and  etale. 
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Then  there  exists  an  etale  ring  map  B -A  A such  that 


Y = SpfiAA)  where  A A = limA/  J A 

with  J C B running  over  the  weak  ideals  of  definition  of  B.  In  particular,  Y is 
McQuillan. 


Proof.  Choose  a weak  ideal  of  definition  J0  C B.  Set  Yo  = Spec(B/Jo)  and 
Xo  = Yo  Xy  X.  Then  Xo  — X Yo  is  an  etale  morphism  of  affine  schemes  (see  Lemma 
70.14.7l.  Say  X0  = Spec(A0).  By  Algebra,  Lemma  |l0.141.11  we  can  find  an 
etale  algebra  map  B — x A such  that  A0  ==  A/JQA.  Consider  an  ideal  of  definition 
J C Jo-  As  above  we  may  write  Spec(H/J)  Xy  X = Spec(A)  for  some  etale  ring 
map  B/J  ->  i.  Then  both  B/J  ->  i and  B / J — x A/  J A are  etale  ring  maps  lifting 
the  etale  ring  map  B / Jq  — x Ao.  By  More  on  Algebra,  Lemma  15.8.2  there  is  a 
unique  B/  J-  algebra  isomorphism  <pj  : A/  J A — x A lifting  the  identification  modulo 
Jq.  Since  the  maps  ipj  are  unique  they  are  compatible  for  varying  J.  Thus 


X = colimSpec {B / J)  Xy  X = colimSpec(A/JA) 


and  we  see  that  the  lemma  holds. 


□ 


0AN9 


Lemma  70.14.14.  With  notation  and  assumptions  as  in  Lemma  70.  If.  13 
following  are  equivalent 


The 


(1)  / : X —x  Y is  surjective, 

(2)  B — X A is  faithfully  flat, 

(3)  for  every  weak  ideal  of  definition  J C B the  ring  map  B — x A/JA  is 
faithfully  flat,  and 

(4)  for  some  weak  ideal  of  definition  J C B the  ring  map  B — x A/JA  is 
faithfully  flat. 


Proof.  Let  J C B be  an  ideal  of  definition.  As  every  element  of  J is  topologically 
nilpotent,  we  see  that  every  element  of  1+ J is  a unit.  It  follows  that  J is  contained  in 
the  Jacobson  radical  of  B (Algebra,  Lemma  10.18.1 1.  Hence  a flat  ring  map  B — x A 
is  faithfully  flat  if  and  only  if  B/J  — x A/JA  is  faithfully  flat  (Algebra,  Lemma 
10.38.16]).  In  this  way  we  see  that  (2)  - (4)  are  equivalent.  If  (1)  holds,  then  for  every 


weak  ideal  of  definition  J C B the  morphism  Spec(A/JA)  = Spec(H/J)  Xy  X 
Spec  (B/J)  is  surjective  which  implies  (3).  Conversely,  assume  (3).  A morphism 
T — x Y with  T quasi-conrpact  factors  through  Spec(H/J)  for  some  ideal  of  definition 
J of  B (Lemma  70.5.41.  Hence  X Xy  T = Spec(A/JA)  Xgpec(B/j)  T — X T is 
surjective  as  a base  change  of  the  surjective  morphism  Spec(A/JA)  — x Spec(S/J). 
Thus  (1)  holds.  □ 


70.15.  Types  of  formal  algebraic  spaces 

OAKR  In  this  section  we  define  Noetherian,  adic*,  and  countably  indexed  formal  algebraic 
spaces.  The  types  adic,  classical,  and  McQuillan  are  missing  as  we  do  not  know 
how  to  prove  the  analogue  of  the  following  lemmas  for  those  cases. 

OAKS  Lemma  70.15.1.  Let  S be  a scheme.  Let  X — x Y be  a morphism  of  affine  formal 
schemes  which  is  representable  by  algebraic  spaces,  surjective,  and  flat.  Then  X is 
countably  indexed  if  and  only  if  Y is  countably  indexed. 
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Proof.  Assume  X is  countably  indexed.  We  write  X = colimXn  as  in  Lemma 
|70.6.1[  Write  Y = colimYx  as  in  Definition  |70.5.l|  For  every  n we  can  pick  a A,, 
such  that  Xn 


Y factors  through  Y\n , see  Lemma  70.5.4 


On  the  other  hand,  for 
every  A the  scheme  Y\  xY  X is  affine  (Lemma  70.14.7 1 and  hence  Y\  Xy  X — ► X 
factors  through  Xn  for  some  n (Lemma  70.5.41.  Picture 


Y^Xy 


> X 


Y, 


> Y 


If  we  can  show  the  dotted  arrow  exists,  then  we  conclude  that  Y = colim  Y\n  and  Y 
is  countably  indexed.  To  do  this  we  pick  a p such  that  we  have  the  solid  arrows  in 
the  diagram.  Say  YfJ  = Spec (f?M),  the  closed  subscheme  Y\  corresponds  to  J C B 
and  the  closed  subscheme  Y\n  corresponds  to  J'  C B^.  We  are  trying  to  show  that 
J C J’.  By  the  diagram  above  we  know  JA p C J' where  Yfl  Xy  X = Spec(A^). 
Since  X — > Y is  surjective  and  flat  the  morphism  Y\  Xy  X — > Y\  is  a faithfully 
flat  morphism  of  affine  schemes,  hence  B M — > A M is  faithfully  flat.  Thus  J C J'  as 
desired. 


Assume  Y is  countably  indexed.  Then  X is  countably  indexed  by  Lemma  70.14.9 


□ 


0AKT  Lemma  70.15.2.  Let  S be  a scheme.  Let  X — > Y be  a morphism  of  affine  formal 
schemes  which  is  representable  by  algebraic  spaces,  surjective,  and  flat.  Then  X is 
adic  * if  and  only  if  Y is  adic  *. 


Proof.  Assume  Y is  adic*.  Then  X is  adic*  by  Lemma  70.14.9 


Assume  X is  adic*.  Write  X = Spf(A)  for  some  adic  ring  A which  has  a finitely 
generated  ideal  I such  that  {/"}  is  a fundamental  system  of  open  ideals.  By  Lemmas 
|70.15.1|we  see  that  Y is  countably  indexed.  Thus,  by  Lemma  [70.6.4[  we  can  write 
Y = Spf(l?)  where  B is  a weakly  admissible  topological  ring  with  a countable 
fundamental  system  { Jm}  of  weak  ideals  of  definition.  Set  Ym  = Spec (B/Jm)  so 
that  Y = colimYjjj.  The  scheme  Ym  xY  X is  affine  (Lemma  70.14.7)  and  we  have 
X = colimljn  xYX.  Say  Ym  xYX  = Spec(Am)  so  that  B/ Jm  -a  Am  is  a faithfully 
flat  ring  map.  It  follows  from  Lemma  70.11.4  that  Ker(A  — > Am)  is  the  closure  of 

dm.  A. 


Choose  n > 1.  There  exists  an  m such  that  Spec(A//ra)  —y  Y factors  through  Ym. 
In  terms  of  ideals 


0AKU  (70.15.2.1)  Vn  3m,  JmA  c In. 

Choose  m > 1.  We  can  find  an  n such  that  the  morphism  Spec(Am)  -A  X factors 
through  Spec(A//ra).  In  terms  of  ideals 

0AKV  (70.15.2.2)  Vm  3 n,  In  C Ker(A  -A-  Am). 
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Fix  an  m.  Pick  n such  that  In  C Ker(A  — > Am)  (70.15.2.21.  Choose  generators 
/i, . . . , fr  of  I.  For  any  E = (ei, ...  ,er)  with  \E\  = ei  = n write 

/l 1 ■ ■ ■ frr  = 9E,jO,E,j  + Se 

with  gEj  £ Jm,  o,E,j  £ A,  and  Se  £ In+l  (possible  by  the  above).  Let  J = ( gs,j ) C 
B.  Then  we  see  that 

in  c ja  + r+1 

As  I is  contained  in  the  radical  of  A and  In  is  finitely  generated  we  see  that  In  C J A 


by  Algebra,  Lemma  10.19.1 


We  first  apply  what  we  just  proved  as  follows:  since  In  C JmA  we  see  that  JmA 
is  open  in  A , hence  closed,  hence  Ker(A  -A  Am)  = JmA,  in  other  words,  Am  = 
A/JmA.  This  holds  for  every  to. 

Next,  we  pick  m with  JmA  C I (70.15.2.1 ).  Then  choose  J C Jm  with  In  C JA  C I 
as  above.  For  every  k > 1 we  define  bk  = Ker (B  -A  A/JkA).  For  every  k there 
exists  an  m!  with  Jmi  C bk  as  we  have  Ink  C Jk A and  we  can  apply  ( 70.15.2.1 1.  On 
the  other  hand,  for  every  m!  there  exists  a k such  that  Ik  C Jm'A  because  Jm'A  is 
open.  Then  bk  maps  to  zero  in  A/  Jm'A  which  is  faithfully  flat  over  B / Jmt . Hence 
bk  C Jm'-  In  other  words,  we  see  that  the  topology  on  B is  defined  by  the  sequence 
of  ideals  bk  ■ Note  that  Jk  C bk  which  implies  that  bkA  = JkA.  In  other  words,  we 
have  reduced  the  problem  to  the  situation  discussed  in  the  following  paragraph. 


We  are  given  a ring  map  B — >•  A where 

(1)  B is  a weakly  admissible  topological  ring  with  a fundamental  system  J\  D 
J2  D J3  D ■ ■ ■ of  ideals  of  definition, 

(2)  A is  a ring  complete  with  respect  to  a finitely  generated  ideal  J, 

(3)  we  have  JkA  = Ik  for  all  k,  and 

(4)  B/Jk  — > A/Ik  is  faithfully  flat. 

Pick  gi,...,gr  £ J\  whose  images  in  A /I2  generate  I /I2;  this  is  possible  because 
J1A/J2A  = I//2.  Then  for  all  k > 1 we  see  that  the  elements  gE  = g l1  . . . g^  with 
\E\  = k are  in  Jk  and  their  classes  in  Jk/Jk+i  map  to  generators  of  Ik/Ik+1.  Since 
B/Jk+i  ->•  A/Ik+1  and  B/Jk  ->•  A/Ik  are  flat  we  see  that 

Jk/Jk+l  A/I  = Jk/Jk+l  ®B/Jk+1  A/Ik+1  -A  Ik/Ik+1 

is  an  isomorphism  (see  More  on  Morphisms,  Lemma  [36.8. 1[).  Since  B/J\  -a  A/ 1 
is  faithfully  flat,  we  conclude  that  the  classes  of  the  elements  gE , |£j  = k generate 
Jk/Jk+i-  We  claim  that  Jk  = (gE , \E\  = k).  Namely,  suppose  that  xk  £ Jk-  By 
the  above  we  can  write 

Xk  = bE’°9E  + xk+l 

with  Xk+i  £ Jk- |-i  and  some  bE, 0 £ B.  Now  we  can  write  xk+\  as  follows 

Xk+1  = E|B|=fc  b^E>9E')  9E  + Xk+2 

because  every  multi-index  of  degree  k + 1 is  a sum  of  a multi-index  of  degree  k and 
a multi-index  of  degree  1.  Continuing  in  this  manner  we  can  find  65, e'  £ B such 
that  for  every  l > 1 we  have 

Xk  = £|B| =fc  (E0<|^|<I  bE’E'9E  j 9E  + Xk+l 
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with  some  Xk+i  £ Jk+i-  Then  we  can  finally  define 

bE  = ^2e,  bE,E'gE 

as  an  element  in  B and  we  see  that  Xk  = Y^bEgE  as  desired.  This  finishes  the 
proof  as  now  J\  is  finitely  generated  and  Jk  = J\  for  all  k > 1.  □ 

OAKW  Lemma  70.15.3.  Let  S be  a scheme.  Let  X — x Y be  a morphism  of  affine  formal 
schemes  which  is  representable  by  algebraic  spaces,  surjective , flat,  and  (locally)  of 
finite  type.  Then  X is  Noetherian  if  and  only  if  Y is  Noetherian. 


Proof.  Observe  that  a Noetherian  affine  formal  algebraic  space  is  adic*,  see  Lemma 


70.6.3  Thus  by  Lemma  70.15.2  we  may  assume  that  both  X and  Y are  adic*.  We 
will  use  the  criterion  of  Lemma  70.6.5  to  see  that  the  lemma  holds.  Namely,  write 
Y = colimYn  as  in  Lemma  |70.6.1  For  each  n set  Xn  = Yn  Xy  I.  Then  Xn 
is  an  affine  scheme  (Lemma  70.14.7)  and  X = colimA'„.  Each  of  the  morphisms 


Xn  —x  Yn  is  faithfully  flat  and  of  finite  type.  Thus  the  lemma  follows  from  the  fact 
that  in  this  situation  Xn  is  Noetherian  if  and  only  if  Yn  is  Noetherian,  see  Algebra, 
Lemma  10.156.1  (to  go  down)  and  Algebra,  Lemma  10.30. 1|  (to  go  up).  □ 


0AKX  Lemma  70.15.4.  Let  S be  a scheme.  Let  P £ {countably  indexed,  adic*,  Noetherian}. 
Let  X be  a formal  algebraic  space  over  S . The  following  are  equivalent 

(1)  if  Y is  an  affine  formal  algebraic  space  and  f : Y — x X is  representable 
by  algebraic  spaces  and  etale,  then  Y has  property  P, 

(2)  for  some  {Xi  — x A},ej  as  in  Definition  70.7.1  each  A f has  property  P. 


Proof.  It  is  clear  that  (1)  implies  (2).  Assume  (2)  and  let  Y — x X be  as  in  (1). 


Since  the  fibre  products  A,;  Xyl  are  formal  algebraic  spaces  (Lemma  70.10.2)  we 
can  pick  coverings  (Ay  — x A,;  Xyl)  as  in  Definition  70.7. 1|  Since  Y is  quasi- 
compact, there  exist  ■ ■ ■ , {in,jn)  such  that 


Xilh  H . . 


. H A, 


Y 


is  surjective.  Then  A ikjk  — x Xik  is  representable  by  algebraic  spaces  and  etale  hence 


A ikjk  has  property  P by  Lemma  70.14.9  Then  A,,  .^  II . . ,HAjnjn  is  an  affine  formal 
algebraic  space  with  property  P (small  detail  omitted  on  finite  disjoint  unions  of 
affine  formal  algebraic  spaces).  Hence  we  conclude  by  applying  one  of  Lemmas 
|70.15.1[  [70TA21  and  [70531  □ 


The  previous  lemma  clears  the  way  for  the  following  definition. 

OAKY  Definition  70.15.5.  Let  S'  be  a scheme.  Let  A'  be  a formal  algebraic  space  over 
S.  We  say  A is  locally  countably  indexed , locally  adic*,  or  locally  Noetherian  if  the 
equivalent  conditions  of  Lemma |70.15.4|  hold  for  the  corresponding  property. 

The  formal  completion  of  a locally  Noetherian  algebraic  space  along  a closed  is  a 
locally  Noetherian  formal  algebraic  space. 

0AQ1  Lemma  70.15.6.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . Let 
T C |A'|  be  a closed  subset.  Let  X/t  be  the  formal  completion  of  X along  T. 

(1)  If  X\T  — X A is  quasi-compact,  then  X /T  is  locally  adic*. 

(2)  If  X is  locally  Noetherian,  then  X/t  is  locally  Noetherian. 
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Proof.  Choose  a surjective  etale  morphism  U — ► X with  U = [][/,  a disjoint 
union  of  affine  schemes,  see  Properties  of  Spaces,  Lemma  [53.6.1|  Let  T)  C f/?:  be 
the  inverse  image  of  T.  We  have  X/TXxUi  = (Ui) /T.  (small  detail  omitted).  Hence 
{(Ui) /Ti  — > X/T}  is  a covering  as  in  Definition  70.7.1  Moreover,  if  X \ T — > X is 
quasi-compact,  so  is  Ui  \ Ti  — > Ui  and  if  X is  locally  Noetherian,  so  is  Ui.  Thus  it 
suffices  to  prove  the  lemma  in  case  X is  affine. 


Assume  X = Spec(A)  is  affine  and  X \ T — > 
a finitely  generated  ideal  I = (/i,  • ■ • , fr) 


X is  quasi-compact.  Then  there  exists 
C A cutting  out  T (Algebra,  Lemma 
10.28.1 1.  If  Z = Spec(H)  is  an  affine  scheme  and  g : Z — > X is  a morphism  with 


g(Z)  C T (set  theoretically),  then  g^(fi)  is  nilpotent  in  B for  each  i.  Thus  In  maps 
to  zero  in  B for  some  n.  Hence  we  see  that  X /T  = coffin  Spec  (A//n)  and  X is 
adic*. 

Assume  X = Spec(A)  is  affine  with  A Noetherian.  By  the  above  we  see  that 
X/t  = Spf(AA)  where  AA  is  the  /-adic  completion  of  A with  respect  to  some  ideal 
IgA.  Then  X/t  is  Noetherian  because  AA  is  so,  see  Algebra,  Lemma  10.96.6  □ 


70.16.  Morphisms  and  continuous  ring  maps 


In  this  section  we  denote  WAdm  the  category  of  weakly  admissible  topological  rings 
and  continuous  ring  homomorphisms.  We  define  full  subcategories 

WAdm  D WAdmcount  D WAdmadic*  D WAdmNoeth 


whose  objects  are 

(1)  WAdmcount:  those  weakly  admissible  topological  rings  A which  have  a 
countable  fundamental  system  of  neighbourhoods  of  0, 

(2)  WAdmadlc*  \ the  adic  topological  rings  which  have  a finitely  generated 
ideal  of  definition,  and 

(3)  WAdmNoeth:  the  adic  topological  rings  which  are  Noetherian. 

Clearly,  the  formal  spectra  of  these  types  of  rings  are  the  basic  building  blocks  of 
locally  countably  indexed,  locally  adic*,  and  locally  Noetherian  formal  algebraic 
spaces. 


We  briefly  review  the  relationship  between  morphisms  of  countably  indexed,  affine 
formal  algebraic  spaces  and  morphisms  of  WAdmcount . Let  S'  be  a scheme.  Let  A' 
and  Y be  countably  indexed,  affine  formal  algebraic  spaces.  Write  X = Spf(A)  and 

By 

► Y 


70.6.4 


A 


Y = Spf(H)  topological  S-algebras  A and  B in  WAdmcoun  , see  Lemma 
Lemma  [70.5.10|  there  is  a 1-to-l  correspondence  between  morphisms  / 
and  continuous  maps 

ip  : B — > A 

of  topological  S-algebras.  The  relationship  is  given  by  / /**  and  ip  i-A  Spf(^). 


Let  S be  a scheme.  Let  / : X — > Y be  a morphism  of  locally  countably  indexed 
formal  algebraic  spaces.  Consider  a commutative  diagram 


U >-  V 

X ^ Y 


with  U and  V affine  formal  algebraic  spaces  and  U — > X and  V — > Y representable 
by  algebraic  spaces  and  etale.  By  Definition  70.15.5  (and  hence  via  Lemma  70.15.4) 
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we  see  that  U and  V are  countably  indexed  affine  formal  algebraic  spaces.  By  the 
discussion  in  the  previous  paragraph  we  see  that  U — > V is  isomorphic  to  Spf(y>) 
for  some  continuous  map 

ip  : B — > A 

of  topological  5-algebras  in  WAdmcount . 

OANB  Lemma  70.16.1.  Let  A £ Ob(  WAdrn).  Let  A — > A!  be  a ring  map  (no  topology). 

Let  (A')A  = lim/Cj4  w ici  A! // A'  be  the  object  of  WAdrn  constructed  in  Example 
1 10.14.11] 

(1)  If  A is  in  WAdmcount,  so  is  (A')A . 

(2)  If  A is  in  WAdmadic* , so  is  (A')A. 

(3)  If  A is  in  WAdmNoeth  and  A ' is  Noetherian,  then  {A')A  is  in  WAdmNoeth . 


Proof.  Part  (1)  is  clear  from  the  construction.  Assume  A has  a finitely  generated 
ideal  of  definition  I C A.  Then  In(A')A  = Ker((A')A  — > A! /InA')  by  Algebra, 
Thus  I(A')A  is  a finitely  generated  ideal  of  definition  and  we  see 


Lemma  10.95.5 


that  (2)  holds.  Finally,  assume  that  A is  Noetherian  and  adic.  By  (2)  we  know 
that  (A')A  is  adic.  By  Algebra,  Lemma  10.96.6  we  see  that  (A/)A  is  Noetherian. 
Hence  (3)  holds.  □ 


Let  P be  a property  of  morphisms  of  WAdmcount . Consider  commutative  diagrams 


A >■  (A')a 

A 

OANC  (70.16.1.1)  v>  V 

B >■  {B')A 


OAND 

0ANE 

OANF 

0ANG 


satisfying  the  following  conditions 

(1)  A and  B are  objects  of  WAdmcount , 

(2)  A — > A1  and  B — ► B'  are  etale  ring  maps, 

(3)  (A')A  = lim  A' /I A',  resp.  {B')A  = YmvB'/JB'  where  I C A,  resp.  J C B 
runs  through  the  weakly  admissible  ideals  of  definition  of  A , resp.  B1 

(4)  ip  : A -A  B and  ip'  : (A')A  -A  ( B')A  are  continuous. 

By  Lemma  70.16.1  the  topological  rings  (A')A  and  ( B')A  are  objects  of  WAdmcount . 


We  say  P is  a local  property  if  the  following  axioms  hold: 

(1)  for  any  diagram  (70.16.1.1)  we  have  P(ip)  =>  P (ip1), 

A'  faithfully  flat  we  have  P(<p') 


70.16.1.1 1 with  A 


(2)  for  any  diagram 

P(<P), 

(3)  if  P(A  — >•  Bf)  for  i = 1, . . . , n,  then  P(A 


n*=i,...,ra  Pi)- 


Axiom  ^ makes  sense  as  WAdmcount  has  finite  products. 


Lemma  70.16.2.  Let  S be  a scheme.  Let  f : X Y be  a morphism  of  locally 
countably  indexed  formal  algebraic  spaces  over  S.  Let  P be  a local  property  of 
morphisms  of  WAdmcount . The  following  are  equivalent 
(1)  for  every  commutative  diagram 


U 

X >-  Y 
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with  U and  V affine  formal  algebraic  spaces,  U — X X and  V — > Y repre- 
sentable by  algebraic  spaces  and  etale,  the  morphism  U — x V corresponds 
to  a morphism  of  WAdmcoun  with  property  P , 


(2)  there  exists  a covering  {Yj  —A  V}  as  in  Definition 

70.7. 

and  for  each 

j a covering  {Xji  — > Yj  Xy  X}  as  in  Definition  70.7.1 

such  that  each 

Xji  -A  Yj  corresponds  to  a morphism  of  WAdmcoun 

with  property  P,  and 

(3)  there  exist  a covering  {Xi  -A  X}  as  in  Definition 

70.7.1 

and  for  each 

i a factorization  Xi  — > Yi  — x Y where  Yi  is  an  affine  formal  algebraic 
space,  Yi  — x Y is  representable  by  algebraic  spaces  and  etale,  and  Xi  — x Yi 
corresponds  to  a morphism  of  WAdmcount  with  property  P. 


Proof.  It  is  clear  that  (1)  implies  (2)  and  that  (2)  implies  (3).  Assume  {Xi  — X X} 
and  Xi  — X Yi  — X Y as  in  (3)  and  let  a diagram  as  in  (1)  be  given.  Since  Yt  XyV  is 
a formal  algebraic  space  (Lemma  70.10.2)  we  may  pick  coverings  {Yij  -A  Yi  Xy  V} 
as  in  Definition  |70.7.i)  For  each  {i,j)  we  may  similarly  choose  coverings  we  can 
pick  coverings  {Xi:jk  — x Ytj  Xy.  X,  xx  U}  as  in  Definition  70.7.1  Since  U is  quasi- 
compact we  can  choose  {ii,ji,  k\), . . . , ( in,jn , kn ) such  that 


LI  • • • LI  Xinjnkn  x U 

is  surjective.  For  s = 1, . . . , n consider  the  commutative  diagram 


Y 4^  Yi,  ^ Yis  XyV  Yi,  Xy  V Y 


Let  us  say  that  P holds  for  a morphism  of  countably  indexed  affine  formal  al- 


gebraic spaces  if  it  holds  for  the  corresponding  morphism  of  WAdmf 


Ob- 


OANH 


serve  that  the  maps  Xisjskg  —X  X,r , Yigjs  —X  Yj  are  given  by  completions  of 
etale  ring  maps,  see  Lemma  70.14.13  Hence  we  see  that  P{Xis  -A  Y(s)  implies 
P{ Xisjeks  Y^j')  by  axiom  w By  axiom  ([2])  (and  the  fact  that  identities  are 
faithfully  flat  ring  maps)  we  conclude  that  P(XlaJaka  — x V)  holds.  By  axiom  ([3])  we 
find  that  P(U3=i  n Xisjsks  — x V)  holds.  Since  the  morphism  ]j  X,sj.  ks  — a L/  is 
surjective  by  construction,  the  corresponding  morphism  of  WAdmcount  is  the  com- 
pletion of  a faithfully  flat  etale  ring  map,  see  Lemma[70]l4J4j  One  more  application 
of  axiom  Q implies  that  P(U  -A  V)  is  true  as  desired.  □ 

Remark  70.16.3  (Variant  for  adic-star).  Let  P be  a property  of  morphisms  of 
WAdmadlc* . We  say  P is  a local  property  if  axioms  (flj) , (El , Jil , hold  for  diagrams 


(70.16.1.1)  with  tp  a morphism  of  WAdmadlc* . In  exactly  the  same  way  we  obtain 


a variant  of  Lemma  70.16.2  for  morphisms  between  locally  adic*  formal  algebraic 
spaces  over  S. 


0ANI 


Remark  70.16.4  (Variant  for  Noetherian).  Let  P be  a property  of  morphisms  of 
WAdmNoeth . We  say  P is  a local  property  if  axioms  |l]),  ([2]),  hold  for  diagrams 
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OANJ 


(70.16.1.1)  with  <p  a morphism  of  WAdm 


Noeth 


In  exactly  the  same  way  we  ob- 


tain a variant  of  Lemma |70. 16. 2|  for  morphisms  between  locally  Noetherian  formal 
algebraic  spaces  over  S. 


Lemma  70.16.5.  Let  B -A  A be  an  arrow  of  WAdmcount . The  following  are 
equivalent 


(a)  B -A  A is  taut  (Definition  70-4-9), 

(b)  for  B D Ji  D J2  7)  J3  D . . . a fundamental  system  of  weak  ideals  of 
definitions  there  exist  a commutative  diagram 


A - - 1 A3  --  - '-.S'.'  A 2 A\ 

AAA 

B > . . . >■  B/J3 ^ B/J2 >■  B/  Ji 


such  that  An+i/ JnAn+i  = An  and  A = lim  An  as  topological  ring. 
Moreover,  these  equivalent  conditions  define  a local  property,  i.e.,  they  satisfy  ax- 
ioms j7p;  (|),  |5p. 

Proof.  The  equivalence  of  (a)  and  (b)  is  immediate.  Below  we  will  give  an  algebraic 
proof  of  the  axioms,  but  it  turns  out  we’ve  already  proven  them.  Namely,  using 
Lemma  70.14.10  (a)  and  (b)  translate  to  saying  the  corresponding  morphism  of 
affine  formal  schemes  is  representable,  and  this  condition  is  “etale  local  on  the 
source  and  target”  by  Lemma[70.14.4| 

Let  a diagram  (70.16.1.1)  be  given.  By  Example  70.14.11  the  maps  A — > (A')A  and 
B — > ( B')A  satisfy  (a)  and  (b). 


Assume  (a)  and  (b)  hold  for  ip.  Let  J C B be  a weak  ideal  of  definition.  Then  the 
closure  of  J A,  resp.  J{B')A  is  a weak  ideal  of  definition  I C A,  resp.  J ' C ( B')A . 
Then  the  closure  of  I(A')A  is  a weak  ideal  of  definition  /'  C (A')A.  A topological 
argument  shows  that  I'  is  also  the  closure  of  J{A')A  and  of  J'(A')A . Finally,  as  J 
runs  over  a fundamental  system  of  weak  ideals  of  definition  of  B so  do  the  ideals  I 
and  I'  in  A and  (A')A.  It  follows  that  (a)  holds  for  ip'.  This  proves  ([!]). 

Assume  A — > A'  is  faithfully  flat  and  that  (a)  and  (b)  hold  for  p' . Let  J C B be 
a weak  ideal  of  definition.  Using  (a)  and  (b)  for  the  maps  B — > ( B')A  — > (A')A  we 
find  that  the  closure  I'  of  J{A')A  is  a weak  ideal  of  definition.  In  particular,  I'  is 
open  and  hence  the  inverse  image  of  I'  in  A is  open.  Now  we  have  (explanation 
below) 


An  I1  = An  ftJ(AT  + Ker((A')A  ->  A'/IoA1)) 

= A n p|  Ker((A')A  — t A! /J A'  + I0A') 

= P)(-^  + I0 ) 

which  is  the  closure  of  J A by  Lemma  |70.4.2|  The  intersections  are  over  weak 
ideals  of  definition  Iq  C A.  The  first  equality  because  a fundamental  system  of 
neighbourhoods  of  0 in  (A')A  are  the  kernels  of  the  maps  (A/)A  — > A'/IgA'.  The 
second  equality  is  trivial.  The  third  equality  because  A -A  A'  is  faithfully  flat, 
see  Algebra,  Lemma[l0.81.11[  Thus  the  closure  of  JA  is  open.  By  Lemma [70. 4.8| 
the  closure  of  JA  is  a weak  ideal  of  definition  of  A.  Finally,  given  a weak  ideal 
of  definition  / C A we  can  find  J such  that  J(A')A  is  contained  in  the  closure  of 
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OANK 


0AQ2 


0AQ3 


I(A')A  by  property  (a)  for  B — > ( B')A  and  ip' . Thus  we  see  that  (a)  holds  for  p. 
This  proves  ©. 

We  omit  the  proof  of  (§.  □ 


Lemma  70.16.6.  Let  P = ’’taut”  viewed  as  a property  of  morphisms  of  WAdmcount . 
Then  under  the  assumptions  of  Lemma  70.16.2  the  equivalent  conditions  (1),  (2), 
and  (3)  are  also  equivalent  to  the  condition 

(4)  / is  representable  by  algebraic  spaces. 


Proof.  Property  P is  a local  property  by  Lemma  70.16.5  By  Lemma  |70. 14.101 
condition  P on  morphisms  of  WAdmcount  corresponds  to  “representable  by  alge- 
braic spaces”  for  the  corresponding  morphisms  of  countably  indexed  affine  formal 
algebraic  spaces.  Thus  the  lemma  follows  from  Lemma[70.14.4|  □ 


70.17.  Adic  morphisms 


Suppose  that  p : A — > B is  a continuous  map  between  adic  topological  rings.  One 
says  p is  adic  if  there  exists  an  ideal  of  definition  I C A such  that  the  topology  on 
B is  /-adic.  However,  this  is  not  a good  notion  unless  we  assume  A has  a finitely 
generated  ideal  of  definition.  In  this  case,  the  condition  is  equivalent  to  ip  being 
taut,  see  Lemma [70.4. 13| 

Let  P be  the  property  of  morphisms  ip  : A — > B of  WAdmadlc*  defined  by 


P(ip)  = “ is  adic”  = “p  is  taut” 

(see  above  for  the  equivalence).  Since  WAdmadlc*  is  a full  subcategory  of  WAdmf 
it  follows  trivially  from  Lemma  |70.16.5|  that  P is  a local  property  on  morphisms 


of  WA  dm' 


adic * 


see  Remark 


70.16.3 


Combining  Lemmas 


70.16.2 


and 


70.16.6 


we 


obtain  the  result  stated  in  the  next  paragraph. 


Let  S'  be  a scheme.  Let  / : X — > Y be  a morphism  of  locally  adic*  formal  algebraic 
spaces  over  S.  Then  the  following  are  equivalent 

(1)  / is  representable  by  algebraic  spaces  (in  other  words,  the  equivalent  con- 
ditions of  Lemma  70.14.4  hold), 

(2)  for  every  commutative  diagram 


U *-  V 

X ^ Y 


with  U and  V affine  formal  algebraic  spaces,  U — ► X and  V — t Y repre- 
sentable by  algebraic  spaces  and  etale,  the  morphism  U -A  V corresponds 
to  an  adic  map  in  WAdmadlc*  (in  other  words,  the  equivalent  conditions 
of  Lemma  70.16.2  hold  with  P as  above). 


In  this  situation  we  will  sometimes  say  that  / is  an  adic  morphism.  Here  it  is 
understood  that  this  notion  is  only  defined  for  morphisms  between  formal  algebraic 
spaces  which  are  locally  adic*. 


Definition  70.17.1.  Let  S'  be  a scheme.  Let  / : X — >•  Y be  a morphism  of  formal 
algebraic  spaces  over  S.  Assume  X and  Y are  locally  adic*.  We  say  / is  an  adic 
morphism  if  / is  representable  by  algebraic  spaces.  See  discussion  above. 
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0AM3 

0AM4 


OAJJ 


0AQ4 

0AQ5 

0AQ6 


OANL 


70.18.  Morphisms  of  finite  type 


Due  to  how  things  are  setup  in  the  Stacks  project,  the  following  is  really  the  correct 
thing  to  do  and  stronger  notions  should  have  a different  name. 


Definition  70.18.1.  Let  S'  be  a scheme.  Let  / : Y — >•  X be  a morphism  of  formal 
algebraic  spaces  over  S. 


(1)  We  say  / is  locally  of  finite  type  if  / is  representable  by  algebraic  spaces 
and  is  locally  of  finite  type  in  the  sense  of  Bootstrap,  Definition  |67.4.1| 

(2)  We  say  / is  of  finite  type  if  / is  locally  of  finite  type  and  quasi-compact 
(Definition  70.12.4). 


We  will  discuss  the  relationship  between  finite  type  morphisms  of  certain  formal 
algebraic  spaces  and  continuous  ring  maps  A — >•  B which  are  topologically  of  finite 
type  in  Restricted  Power  Series,  Section  [71. 3| 

Lemma  70.18.2.  Let  S be  a scheme.  Let  f : X — >•  Y be  a morphism  of  formal 
algebraic  spaces  over  S.  The  following  are  equivalent 

(1)  f is  of  finite  type, 

(2)  / is  representable  by  algebraic  spaces  and  is  of  finite  type  in  the  sense  of 
Bootstrap,  Definition\67.f.l\ 

Proof.  This  follows  from  Bootstrap,  Lemma[67.4.5[  the  implication  “quasi-compact 
+ locally  of  finite  type  =>■  finite  type”  for  morphisms  of  algebraic  spaces,  and  Lemma 
170.12.51  □ 


Lemma  70.18.3.  The  composition  of  finite  type  morphisms  is  of  finite  type.  The 
same  holds  for  locally  of  finite  type. 


Proof.  See  Bootstrap,  Lemma  67.4.3  and  use  Morphisms  of  Spaces,  Lemma 


54.23.2 

□ 


Lemma  70.18.4.  A base  change  of  a finite  type  morphism  is  finite  type.  The 
same  holds  for  locally  of  finite  type. 


Proof.  See  Bootstrap,  Lemma|67.4.2|and  use  Morphisms  of  Spaces,  Lemma|54.23.3 

□ 


Lemma  70.18.5.  Let  S be  a scheme.  Let  f : X — > Y and  g : Y — >•  Z be  morphisms 
of  formal  algebraic  spaces  over  S.  If  g o f : X — ► Z is  locally  of  finite  type,  then 
f : X — >•  Y is  locally  of  finite  type. 


Proof.  By  Lemma  [70. 14. 3|  we  see  that  / is  representable  by  algebraic  spaces.  Let 
T be  a scheme  and  let  T — > Z be  a morphism.  Then  we  can  apply  Morphisms  of 
Spaces,  Lemma  54.23.6  to  the  morphisms  T Xz  X — » T XzY  — »•  T of  algebraic 
spaces  to  conclude.  □ 


Being  locally  of  finite  type  is  local  on  the  source  and  the  target. 

Lemma  70.18.6.  Let  S be  a scheme.  Let  f : X — ► Y be  a morphism  of  formal 
algebraic  spaces  over  S.  The  following  are  equivalent: 

(1)  the  morphism  f is  locally  of  finite  type, 
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(2)  there  exists  a commutative  diagram 

U V 


X >-  Y 

where  U , V are  formal  algebraic  spaces,  the  vertical  arrows  are  repre- 
sentable by  algebraic  spaces  and  etale,  U — »•  X is  surjective,  and  U — > V 
is  locally  of  finite  type, 

(3)  for  any  commutative  diagram 


U 

X ^ Y 


(4) 

(5) 

(6) 


where  U , V are  formal  algebraic  spaces  and  vertical  arrows  representable 
by  algebraic  spaces  and  etale,  the  morphism  U — > V is  locally  of  finite 
type, 

there  exists  a covering  {Yj  — > Y{  as  in  Definition  70.7.1  and  for  each  j a 
covering  {Xjj  Yj  Xy  X}  as  in  Definition  70.7.1  such  that  Xjj  — > Yj  is 
locally  of  finite  type  for  each  j and  i, 

there  exist  a covering  {Xj  — > X}  as  in  Definition  70.7.1  and  for  each  i a 
factorization  X j — ► Yj  — >■  Y where  Yj  is  an  affine  formal  algebraic  space, 
Yj  — > Y is  representable  by  algebraic  spaces  and  etale,  such  that  Xj  — ► Yj 
is  locally  of  finite  type,  and 
add  more  here. 


Proof.  In  each  of  the  5 cases  the  morphism  / : X — > Y is  representable  by  algebraic 
spaces,  see  Lemma  [70. 14. 4[  We  will  use  this  below  without  further  mention. 

It  is  clear  that  (1)  implies  (2)  because  we  can  take  U = X and  V = Y.  Conversely, 
assume  given  a diagram  as  in  (2).  Let  T be  a scheme  and  let  T — > Y be  a morphism. 
Then  we  can  consider 

U XyT XyT 

' 1 v 

X XyT T 

The  vertical  arrows  are  etale  and  the  top  horizontal  arrow  is  locally  of  finite  type  as 
base  changes  of  such  morphisms.  Hence  by  Morphisms  of  Spaces,  Lemma  [54.23.4 
we  conclude  that  X Xy  T — > T is  locally  of  finite  type.  In  other  words  (1)  holds. 


Assume  (1)  is  true  and  consider  a diagram  as  in  (3).  Then  U — > Y is  locally  of 
finite  type  (as  the  composition  U — > X — > Y,  see  Bootstrap,  Lemma  67.4.3).  Let 
T be  a scheme  and  let  T — >•  V be  a morphism.  Then  the  projection  T Xy  U U 
factors  as 


T Xy  U = (T  Xy  U ) X(yXyy)  V — > T Xy  U — ► U 

The  second  arrow  is  locally  of  finite  type  (see  above)  and  the  first  is  the  base  change 
of  the  diagonal  V — > V Xy  V which  is  locally  of  finite  type  by  Lemma [70. 10. 4[ 


It  is  clear  that  (3)  implies  (2).  Thus  now  (1)  - (3)  are  equivalent. 
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Observe  that  the  condition  in  (4)  makes  sense  as  the  fibre  product  Yj  Xy  A is  a 
formal  algebraic  space  by  Lemma  70.10.3  It  is  clear  that  (4)  implies  (5). 

Assume  A,  ->  7,  ->  7 as  in  (5).  Then  we  set  V = ]j  Yt  and  U = ]j  X,  to  see  that 
(5)  implies  (2). 

Finally,  assume  (1)  - (3)  are  true.  Thus  we  can  choose  any  covering  {Yj  — » Y}  as 
in  Definition  70.7.1  and  for  each  j any  covering  {Xji  — > Yj  Xy  A}  as  in  Definition 
70.7.1  Then  Xij  — > Yj  is  locally  of  finite  type  by  (3)  and  we  see  that  (4)  is  true. 
This  concludes  the  proof.  □ 

Example  70.18.7.  Let  S'  be  a scheme.  Let  A be  a weakly  admissible  topological 
ring  over  S.  Let  A — x A'  be  a finite  type  ring  map.  Then 

(A/)A  = lim/Cj4  w.i.d.  A' /I A' 


is  a weakly  admissible  ring  and  the  corresponding  morphism  Spf((A')A) 
is  representable,  see  Example  170.14.11 


Spf(A) 

Spf(A)  is  a morphism  where  T 


If  T — X 

is  a quasi-compact  scheme,  then  this  factors  through  Spec(A//)  for  some  weak 
ideal  of  definition  I C A (Lemma  70.5.41.  Then  T Xgpp)  Spf((A')A)  is  equal  to 


0AQ7 


T x spec(A/i)  Spec(A' / 1 A')  and  we  see  that  Spf((A,)A)  — x Spf(A)  is  of  finite  type. 

Lemma  70.18.8.  Let  S be  a scheme.  Let  f : X — » Y be  a morphism  of  formal 
algebraic  spaces  over  S.  IfY  is  locally  Noetherian  and  f locally  of  finite  type , then 
X is  locally  Noetherian. 


Proof.  Pick  {Yj  — )•  Y}  and  { X ij  — x Yj  Xy  A'}  as  in  Lemma  70.18.6  Then  it  follows 


from  Lemma  70.14.8  that  each  A,,-  is  Noetherian.  This  proves  the  lemma. 


□ 


0AQ8 
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Lemma  70.18.9.  Let  S be  a scheme.  Let  f : X — » Y and  Z — > Y be  morphisms 
of  formal  algebraic  spaces  over  S . If  Z is  locally  Noetherian  and  f locally  of  finite 
type,  then  Z Xy  A is  locally  Noetherian. 

Proof.  The  morphism  Z Xy  A — x Z is  locally  of  finite  type  by  Lemma [70.18.4| 
Hence  this  follows  from  Lemmar70.18.8l  □ 

Lemma  70.18.10.  Let  S be  a scheme.  Let  f : X — x Y be  a morphism  of  algebraic 
spaces  over  S which  is  locally  of  finite  type.  Let  T C |A|  be  a closed  subset  and  let 
T'  = |/|~1(T)  C | A | . Then  X/Ti  — x Y/T  is  locally  of  finite  type. 

Proof.  Namely,  suppose  that  V — X 7 is  a morphism  from  a scheme  into  Y such 
that  \V\  maps  into  T.  In  the  proof  of  Lemma  70.9.4  we  have  seen  that  V Xy  A — x A 
is  an  algebraic  space  representing  V Xy  , X/T.  Since  V Xy  A — x V is  locally  of 
finite  type  (by  Morphisms  of  Spaces,  Lemma  54.23.3)  we  conclude.  □ 


70.19.  Monomorphisms 

0AQA  Here  is  the  definition. 

0AQB  Definition  70.19.1.  Let  S’  be  a scheme.  A morphism  of  formal  algebraic  spaces 
over  S is  called  a monomorphism  if  it  is  an  injective  map  of  sheaves. 

An  example  is  the  following.  Let  A be  an  algebraic  space  and  let  T C |A|  be 
a closed  subset.  Then  the  morphism  X/t  — > X from  the  formal  completion  of 
A along  T to  A is  a monomorphism.  In  particular,  monomorphisms  of  formal 
algebraic  spaces  are  in  general  not  representable. 
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OANN 

OANP 

OANQ 


OANR 

OARM 

OARN 


70.20.  Closed  immersions 


Here  is  the  definition. 


Definition  70.20.1.  Let  S'  be  a scheme.  Let  / : Y -iJbea  morphism  of  formal 
algebraic  spaces  over  S.  We  say  / is  a closed  immersion  if  / is  representable  by 
algebraic  spaces  and  a closed  immersion  in  the  sense  of  Bootstrap,  Definition|67.4.1| 

Lemma  70.20.2.  Let  S be  a scheme.  Let  X be  a McQuillan  affine  formal  algebraic 
space  over  S . Let  f : Y -A  X be  a closed  immersion  of  formal  algebraic  spaces  over 
S.  Then  Y is  a McQuillan  affine  formal  algebraic  space  and  f corresponds  to 
a continuous  homomorphism  A -A  B of  weakly  admissible  topological  S-algebras 
which  is  taut,  has  closed  kernel,  and  has  dense  image. 


Proof.  Write  X = Spf(A)  where  A is  a weakly  admissible  topological  ring.  Let 
I\  be  a fundamental  system  of  weakly  admissible  ideals  of  definition  in  A.  Then 
Y xx  Spec (A/I\)  is  a closed  subscheme  of  Spec (A/I\)  and  hence  affine  (Definition 


70.20.ll.  Say  yxjfSpec(A//A)  = Spec  (Ha).  The  ring  map  Aj  I\  — » Ha  is  surjective. 


Bx 


Hence  the  projections 

B = lim  B\ 

are  surjective  as  the  compositions  A -A  B -A  B\  are  surjective.  It  follows  that  Y 
is  McQuillan  by  Lemma  70.5.6  The  ring  map  A — > B is  taut  by  Lemma |70. 14.10 


The  kernel  is  closed  because  B is  complete  and  A — > B is  continuous.  Finally,  as 
A -A  B\  is  surjective  for  all  A we  see  that  the  image  of  A in  B is  dense.  □ 


Even  though  we  have  the  result  above,  in  general  we  do  not  know  how  closed 
immersions  behave  when  the  target  is  a McQuillan  affine  formal  algebraic  space, 


see  Restricted  Power  Series,  Remark  71.3.4 


Example  70.20.3.  Let  S'  be  a scheme.  Let  A be  a weakly  admissible  topological 
ring  over  S.  Let  K C A be  a closed  ideal.  Setting 


B = ( A/K)A  = limjcx  w.Ld.  A/ {I  + K) 


the  morphism  Spf(H)  — > Spf(A)  is  representable,  see  Example  70.14.11  If  T 


Spf(A)  is  a morphism  where  T is  a quasi-compact  scheme,  then  this  factors  through 
Spec(A/7)  for  some  weak  ideal  of  definition  I C A (Lemma  70.5.4).  Then  T x sPf(A) 
Spf(H)  is  equal  to  T xs pec(A//)  Spec(A/(A'  + /))  and  we  see  that  Spf(H)  -A  Spf(A) 
is  a closed  immersion.  The  kernel  of  A -A  B is  K as  I\  is  closed,  but  beware  that 
in  general  the  ring  map  A — ► B = (A/K)A  need  not  be  surjective. 


70.21.  Separation  axioms  for  morphisms 


This  section  is  the  analogue  of  Morphisms  of  Spaces,  Section  54.4  for  morphisms 
of  formal  algebraic  spaces. 


Definition  70.21.1.  Let  S'  be  a scheme.  Let  / : X -A  Y be  a morphism  of  formal 
algebraic  spaces  over  S.  Let  A x/y  '■  X — > X xy  X be  the  diagonal  morphism. 

(1)  We  say  / is  separated  if  A x/y  is  a closed  immersion. 

(2)  We  say  / is  quasi-separated  if  A x/y  is  quasi-compact. 


Since  A x/y  is  representable  (by  schemes)  by  Lemma 


70.10.4 


we  can  test  this  by 


considering  morphisms  T — > X x y X from  affine  schemes  T and  checking  whether 


E = T XxxyX  A' 


T 
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OARP 


OARQ 


OARR 


OARS 


is  quasi-compact  or  a closed  immersion,  see  Lemma  [70. 12. 5|  or  Definition  |70.20.I] 
Note  that  the  scheme  E is  the  equalizer  of  two  morphisms  a,b  : T — > X which  agree 
as  morphisms  into  Y and  that  E — x T is  a monomorphism  and  locally  of  finite  type. 


Lemma  70.21.2.  All  of  the  separation  axioms  listed  in  Definition 
stable  under  base  change. 


70.21.1 


Proof.  Let  / : X Y and  Y'  — x Y be  morphisms  of  formal  algebraic  spaces.  Let 
f : X'  — x Y'  be  the  base  change  of  / by  Y'  — x Y . Then  AX' /y  is  the  base  change 
of  A x/y  by  the  morphism  X'  xp  X'  — x X Xy  X.  Each  of  the  properties  of  the 
diagonal  used  in  Definition  1 70 . 2 1 . 1]  is  stable  under  base  change.  Hence  the  lemma 
is  true.  □ 


Lemma  70.21.3.  Let  S be  a scheme.  Let  f : X — x Z,  g : Y —X  Z and  Z — x T 
be  morphisms  of  formal  algebraic  spaces  over  S.  Consider  the  induced  morphism 
i : X xzY  -X  A xtY.  Then 

(1)  i is  representable  (by  schemes),  locally  of  finite  type,  locally  quasi-finite, 
separated , and  a monomorphism, 

(2)  if  Z —x  T is  separated,  then  i is  a closed  immersion,  and 

(3)  if  Z T is  quasi-separated,  then  i is  quasi-compact. 


Proof.  By  general  category  theory  the  following  diagram 

A'  xzY  * — r-s-  X xtY 


±Z/T 


■ Z Xt  Z 


is  a fibre  product  diagram.  Hence  i is  the  base  change  of  the  diagonal  morphism 
Az/t-  Thus  the  lemma  follows  from  Lemma 


70.10.4 


□ 


Lemma  70.21.4.  All  of  the  separation  axioms  listed  in  Definition 
stable  under  composition  of  morphisms. 


70.21.1 


Proof.  Let  / : X — x Y and  g : Y — x Z be  morphisms  of  formal  algebraic  spaces  to 
which  the  axiom  in  question  applies.  The  diagonal  A x/z  is  the  composition 

A — > X Xy  A — > X xz  X. 


Our  separation  axiom  is  defined  by  requiring  the  diagonal  to  have  some  property 
V . By  Lemma  [70.21.31  above  we  see  that  the  second  arrow  also  has  this  property. 
Hence  the  lemma  follows  since  the  composition  of  (representable)  morphisms  with 
property  V also  is  a morphism  with  property  V . □ 


Lemma  70.21.5.  Let  S be  a scheme.  Let  f : X — x Y be  a morphism  of  formal 
algebraic  spaces  over  S.  LetV  be  any  of  the  separation  axioms  of  Definition\70. 21. 1\ 
The  following  are  equivalent 

(1)  / is  V, 

(2)  for  every  scheme  Z and  morphism  Z — x Y the  base  change  Z xy  X — > Z 
of  f is  V, 

(3)  for  every  affine  scheme  Z and  every  morphism  Z — x Y the  base  change 
Z xY  X -x  Z of  f isV, 

(4)  for  every  affine  scheme  Z and  every  morphism  Z — x Y the  formal  algebraic 
space  Z Xy  X is  V ( see  Definition  70.11.31), 
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(5)  there  exists  a covering  {Yj  —>  Y}  as  in  Definition 
base  change  Yj  Xy  X —tYj  has  V for  all  j. 


70.7.1 


such  that  the 


Proof.  We  will  repeatedly  use  Lemma [70.21.2|  without  further  mention.  In  partic- 
ular, it  is  clear  that  (1)  implies  (2)  and  (2)  implies  (3). 


Assume  (3)  and  let  Z — > Y be  a morphism  where  Z is  an  affine  scheme.  Let  U,  V 
be  affine  schemes  and  let  a : U — ► Z xY  X and  b : V — > Z Xy  X be  morphisms. 
Then 

U XzxYx  V = (Z  xY  X)  x A ,(ZxYX)xz(ZxYX)  (UxzV) 
and  we  see  that  this  is  quasi-compact  if  V = “quasi-separated”  or  an  affine  scheme 
equipped  with  a closed  immersion  into  U Xz  V if  V = “separated” . Thus  (4)  holds. 

Assume  (4)  and  let  Z — > Y be  a morphism  where  Z is  an  affine  scheme.  Let  U,  V 
be  affine  schemes  and  let  a : U — ► Z xY  X and  b : V — > Z Xy  X be  morphisms. 
Reading  the  argument  above  backwards,  we  see  that  U xZxYxV  — i ► U xz  V is 
quasi-compact  if  V = “quasi-separated”  or  a closed  immersion  if  V = “separated” . 
Since  we  can  find  an  etale  covering  of  Z x Y X by  U and  V as  above,  we  find  that 
the  corresponding  morphisms 


U xzV  ^ {Z  xY  X)  xz  (Z  xY  X) 

form  an  etale  covering  by  affines.  Hence  we  conclude  that  A : (Z  xY  X)  ->  (Z  Xy 
X)  x z {Z  xY  X)  is  quasi-compact,  resp.  a closed  immersion.  Thus  (3)  holds. 


Let  us  prove  that  (3)  implies  (5).  Assume  (3)  and  let  {Yj  — >•  Y}  be  as  in  Definition 
|70.7.1|  We  have  to  show  that  the  morphisms 

A j : Yj  xY  X — > (Yj  x Y X)  xY.  (Yj  xY  X)  = Yj  xY  X xY  X 


has  the  corresponding  property  (i.e.,  is  quasi-compact  or  a closed  immersion).  Write 
Yj  = coffin  Yj  x as  in  Definition  70.5.1  Replacing  Yj  by  Yj.\  in  the  formula  above,  we 
have  the  property  by  our  assumption  that  (3)  holds.  Since  the  displayed  arrow  is  the 
colimit  of  the  arrows  A jt\  and  since  we  can  test  whether  A?  has  the  corresponding 
property  by  testing  after  base  change  by  affine  schemes  mapping  into  YjXYXxYX, 
we  conclude  by  Lemma  [70.5. 4| 


Let  us  prove  that  (5)  implies  (1).  Let  {Yj  — ► Y } be  as  in  (5).  Then  we  have  the 
fibre  product  diagram 


u Yj  xY  X >-  X 

Y 

U Yj  Xy  X XY  X ^ X Xy  X 


By  assumption  the  left  vertical  arrow  is  quasi-compact  or  a closed  immersion.  It  fol- 
lows from  Spaces,  Lemma|52.5.6|that  also  the  right  vertical  arrow  is  quasi-compact 
or  a closed  immersion.  □ 


70.22.  Proper  morphisms 

0AM5  Here  is  the  definition  we  will  use. 

0AM6  Definition  70.22.1.  Let  S'  be  a scheme.  Let  f :Y  -yXbea  morphism  of  formal 
algebraic  spaces  over  S.  We  say  / is  proper  if  / is  representable  by  algebraic  spaces 
and  is  proper  in  the  sense  of  Bootstrap,  Definition  |67. 4. 1| 
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It  follows  from  the  definitions  that  a proper  morphism  is  of  finite  type. 

OART  Lemma  70.22.2.  Let  S be  a scheme.  Let  f : X — x Y be  a morphism  of  formal 
algebraic  spaces  over  S . The  following  are  equivalent 

(1)  f is  proper, 

(2)  for  every  scheme  Z and  morphism  Z — x Y the  base  change  Z xy  X — x Z 
of  f is  proper , 

(3)  for  every  affine  scheme  Z and  every  morphism  Z — x Y the  base  change 
Z x y X — x Z of  f is  proper, 

(4)  for  every  affine  scheme  Z and  every  morphism  Z — X F the  formal  algebraic 
space  Z Xy  X is  an  algebraic  space  proper  over  Z, 

(5)  there  exists  a covering  {Y,  — X Y}  as  in  Definition 
base  change  Yj  Xy  X — X Yj  is  proper  for  all  j. 

Proof.  Omitted.  □ 


70.7.1 


such  that  the 


70.23.  Formal  algebraic  spaces  and  fpqc  coverings 


OAQC  This  section  is  the  analogue  of  Properties  of  Spaces,  Section|53.16  Please  read  that 
section  first. 

OAQD  Lemma  70.23.1.  Let  S be  a scheme.  Let  X be  a formal  algebraic  space  over  S . 
Then  X satisfies  the  sheaf  property  for  the  fpqc  topology. 

Proof.  The  proof  is  identical  to  the  proof  of  Properties  of  Spaces,  Proposition 
|53.16.1|  Since  X is  a sheaf  for  the  Zariski  topology  it  suffices  to  show  the  following. 
Given  a surjective  flat  morphism  of  afhnes  / : P A T we  have:  X(T)  is  the 
equalizer  of  the  two  maps  X(T')  — x X(T'  Xy  T').  See  Topologies,  Lemma  33.8.13 


Let  a,  b : T — x X be  two  morphisms  such  that  a o f = bo  f.  We  have  to  show  a = b. 
Consider  the  fibre  product 


70.7.3 


E — X X A Y/g,X x sX,(a,b)  T- 

the  morphism  A x/s  is  a representable  monomorphism.  Hence 


By  Lemma 

E — X T is  a monomorphism  of  schemes.  Our  assumption  that  a o f = b o f implies 
that  PaT  factors  (uniquely)  through  E.  Consider  the  commutative  diagram 


T xtE >E 

c 

V T 

Since  the  projection  T'  XyE  -A  T'  is  a monomorphism  with  a section  we  conclude  it 
is  an  isomorphism.  Hence  we  conclude  that  E -A  T is  an  isomorphism  by  Descent, 
Lemma  f34 . 1 9 . 1 5 1 This  means  a = b as  desired. 

Next,  let  c : T'  — x X be  a morphism  such  that  the  two  compositions  T'  Xj-T'  - A 
T'  — x X are  the  same.  We  have  to  find  a morphism  a:lAl  whose  composition 
with  T'  — >■  T is  c.  Choose  a formal  affine  scheme  U and  an  etale  morphism  U —X  X 
such  that  the  image  of  |Z7|  —X  \Xred\  contains  the  image  of  |c|  : \T'\  — x \Xred\- 
This  is  possible  by  Definition  |70. 7. 1[  Properties  of  Spaces,  Lemma  [53. 4.6[  the  fact 
that  a finite  union  of  formal  affine  algebraic  spaces  is  a formal  affine  algebraic 
space,  and  the  fact  that  \T'\  is  quasi-compact  (small  argument  omitted).  The 
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morphism  U — > X is  representable  by  schemes  (Lemma  70.5.11 1 and  separated 
(Lemma  70.11.5 ).  Thus 

V = U xx,c  T’  — > T 

is  an  etale  and  separated  morphism  of  schemes.  It  is  also  surjective  by  our  choice 
of  U -A  X (if  you  do  not  want  to  argue  this  you  can  replace  U by  a disjoint  union 
of  formal  affine  algebraic  spaces  so  that  U — > X is  surjective  everything  else  still 
works  as  well).  The  fact  that  c o pr0  = c o prx  means  that  we  obtain  a descent 
datum  on  V/T'/T  (Descent,  Definition  34.30.1)  because 

V xr'  {T’  xT  T')  = U xX)COpro  (T'  xT  T') 

= (T'  XT  T')  X copri ,X  U 
= (T'  xT  T')  XT'  V 


The  morphism  V —>■  T'  is  ind-quasi-affine  by  More  on  Morphisms,  Lemma  36.48.4 
(because  etale  morphisms  are  locally  quasi-finite,  see  Morphisms,  Lemma  28.36.6). 


By  More  on  Groupoids,  Lemma|39.14.3|the  descent  datum  is  effective.  Say  W — > T 
is  a morphism  such  that  there  is  an  isomorphism  a : T'  XtW  -a  V compatible  with 
the  given  descent  datum  on  V and  the  canonical  descent  datum  on  T'  Xt  W.  Then 
W — > T is  surjective  and  etale  (Descent,  Lemmas  34.19.6  and  34.19.27).  Consider 
the  composition 

b’  :T'xtW  — >V  = U xx,cT'  — >U 

The  two  compositions  d o (pr0, 1),  d o (prx,  1)  : (T'  Xt  T')  Xt  W — )•  T'  Xt  W — > U 
agree  by  our  choice  of  a and  the  corresponding  property  of  c (computation  omitted). 
Hence  b'  descends  to  a morphism  b : W — > U by  Descent,  Lemma  |34.9.3|  The 
diagram 

V xT  W >■  W >■  U 


V 


X 


0AQE 


is  commutative.  What  this  means  is  that  we  have  proved  the  existence  of  a etale 
locally  on  T,  i.e. , we  have  an  a1  : W — > X.  However,  since  we  have  proved  unique- 
ness in  the  first  paragraph,  we  find  that  this  etale  local  solutions  satisfy  the  glueing 
condition,  i.e.,  we  have  prQa'  = pr*a'  as  elements  of  X (W  Xt  W).  Since  X is  an 
etale  sheaf  we  find  an  unique  a £ X (T)  restricting  to  a'  on  W.  □ 

70.24.  Maps  out  of  affine  formal  schemes 

We  prove  a few  results  that  will  be  useful  later.  In  the  paper  [Bh  a m the  reader 
can  find  very  general  results  of  a similar  nature. 


OAQF  Lemma  70.24.1.  Let  S be  a scheme.  Let  A be  a weakly  admissible  topological 
S -algebra.  Let  X be  an  affine  scheme  over  S . Then  the  natural  map 

Mors(Spec(A),  A')  — s>  Mor s(Spf(A),X) 

is  bijective. 


Proof.  If  X is  affine,  say  X = Spec(H),  then  we  see  from  Lemma  70.5.10  that 
morphisms  Spf(A)  Spec(H)  correspond  to  continuous  A-algebra  maps  B — > A 
where  B has  the  discrete  topology.  These  are  just  S'-algebra  maps,  which  correspond 
to  morphisms  Spec(A)  — > Spec(H).  □ 
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OAQG  Lemma  70.24.2.  Let  S be  a scheme.  Let  A be  a weakly  admissible  topological 
S -algebra  such  that  A/ 1 is  a local  ring  for  some  weak  ideal  of  definition  I C A.  Let 
X be  a scheme  over  S . Then  the  natural  map 

Mors(Spec(A),X)  — ■>  Mor s(Spf{A),X) 

is  bijective. 


Proof.  Let  ip  : Spf(A)  A I be  a morphism.  Since  Spec(A//)  is  local  we  see 
that  ip  maps  Spec(A//)  into  an  affine  open  U C X.  However,  this  then  implies 
that  Spec(A/J)  maps  into  U for  every  ideal  of  definition  J.  Hence  we  may  apply 
Lemma  70.24.1  to  see  that  p comes  from  a morphism  Spec(A)  — » X.  This  proves 
surjectivity  of  the  map.  We  omit  the  proof  of  injectivity.  □ 

OAQH  Lemma  70.24.3.  Let  S be  a scheme.  Let  R be  a complete  local  Noetherian  S- 
algebra.  Let  X be  an  algebraic  space  over  S . Then  the  natural  map 


Mor,g(Spec(f?),  A')  — s>  Mor s{Spf(R),X) 


is  bijective. 


Proof.  Let  m be  the  maximal  ideal  of  R.  We  have  to  show  that 


Morg(Spec(.R),  X)  — >■  limMors(Spec(f?/mn),  X) 


is  bijective  for  R as  above. 

Injectivity:  Let  x , x'  : Spec (f?)  — > X be  two  morphisms  mapping  to  the  same 
element  in  the  right  hand  side.  Consider  the  fibre  product 


T = Spec (R)  X(x,x'),xxsx,a  -A 

Then  T is  a scheme  and  T -A  Spec (R)  is  locally  of  finite  type,  monomorphism, 
separated,  and  locally  quasi-finite,  see  Morphisms  of  Spaces,  Lemma  |54.4.1|  In 
particular  T is  locally  Noetherian,  see  Morphisms,  Lemma  [28.15.6|  Let  t £ T be 
the  unique  point  mapping  to  the  closed  point  of  Spec(i?)  which  exists  as  x and 
x 1 agree  over  R/m.  Then  R -A  Or,t  is  a local  ring  map  of  Noetherian  rings  such 
that  R/ m"  -A  Or.t/^OT.t  is  an  isomorphism  for  all  n (because  x and  x'  agree 
over  Spec(f?/m")  for  all  n).  Since  Or,t  maps  injectively  into  its  completion  (see 
Algebra,  Lemma  10.50.4)  we  conclude  that  R = C>T,t-  Hence  x and  x ' agree  over 
R. 


Surjectivity:  Let  (xn)  be  an  element  of  the  right  hand  side.  Choose  a scheme  U 
and  a surjective  etale  morphism  U — > X.  Denote  Xq  ■ Spec(fc)  — > X the  morphism 
induced  on  the  residue  field  k = R/m.  The  morphism  of  schemes  Ux  x,Xo  Spec (k)  — >■ 
Spec (k)  is  surjective  etale.  Thus  U xx,x0  Spec(fc)  is  a nonempty  disjoint  union  of 
spectra  of  finite  separable  field  extensions  of  k , see  Morphisms,  Lemma  |28.36.7 
Hence  we  can  find  a finite  separable  field  extension  k C k'  and  a fc'-point  uq  : 
Spec (k')  —>  U such  that 

sPec(fc')  u 

V \' 

Spec(fc) ; x°  X 


commutes.  Let  R C R'  be  the  finite  etale  extension  of  Noetherian  complete  local 
rings  which  induces  k C k1  on  residue  fields  (see  Algebra,  Lemmas  10.148.8  and 
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10.148.10).  Denote  x'n  the  restriction  of  xn  to  Spec(i?'/mni?').  By  More  on  Mor- 
phisms  of  Spaces,  Lemma  63.14.8  we  can  find  an  element  (u'n)  £ limMor5(Spec(i?,/m”i?,)J  17) 


mapping  to  ( x'n ).  By  Lemma  70.24.2  the  family  ( u'n ) comes  from  a unique  mor- 
phism u'  : Spec(i?')  — > U.  Denote  x'  : Spec (i?')  — > X the  composition.  Note  that 
R'  <B>.r  R'  is  a finite  product  of  spectra  of  Noetherian  complete  local  rings  to  which 
our  current  discussion  applies.  Hence  the  diagram 


Spec(i?'  R') 


Spec  (R1) 


Spec  (R') 


X 


is  commutative  by  the  injectivity  shown  above  and  the  fact  that  x'n  is  the  restriction 
of  xn  which  is  defined  over  R/mn.  Since  {Spec(i?')  — > Spec (R)}  is  an  fppf  covering 
we  conclude  that  xJ  descends  to  a morphism  x : Spec(i?)  —>  X.  We  omit  the  proof 
that  xn  is  the  restriction  of  x to  Spec(i?/m").  □ 
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CHAPTER  71 


0AM7 
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OAKZ 
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OALO 


Restricted  Power  Series 


71.1.  Introduction 

In  this  chapter  we  discuss  algebras  topologically  of  finite  type  over  pre-adic  topo- 
logical rings  and  their  homomorphisms.  Many  of  the  results  discussed  here  can  be 
found  in  the  paper  (Elk73).  Other  general  references  for  this  chapter  are  |DG67|. 
lAbblOj.  and  m- 


71.2.  Restricted  power  series 

Let  A be  a topological  ring  complete  with  respect  to  a linear  topology  (More  on 
Algebra,  Definition  15.28.1 1.  Let  I\  be  a fundamental  system  of  open  ideals.  Let 
r > 0 be  an  integer.  In  this  setting  one  often  denotes 

A{ xu  ...,xr}  = limA  A/Ix[xi, . . . ,xr\  = limA(A[a;1, . . . , xr\/IxA[xi, . . . ,av]) 


endowed  with  the  limit  topology.  In  other  words,  this  is  the  completion  of  the  poly- 
nomial ring  with  respect  to  the  ideals  I\.  We  can  think  of  elements  of  A{x i, . . . , xr} 
as  power  series 

f = ( cleX?  . . . xe/ 

z — '£=(e  i,...,er) 

in  X\, . . . , xr  with  coefficients  cie  £ A which  tend  to  zero  in  the  topology  of  A.  In 
other  words,  for  any  A all  but  a finite  number  of  a#  are  in  I\.  For  this  reason 
elements  of  A{ x±, . . . , xr } are  sometimes  called  restricted  power  series.  Sometimes 
this  ring  is  denoted  A{x i, . . . , xr);  we  will  refrain  from  using  this  notation. 

Remark  71.2.1  (Universal  property  restricted  power  series).  Let  A — > C be  a IDG671  Chapter  0, 
continuous  map  of  complete  linearly  topologized  rings.  Then  any  A-algebra  map  7.5.3] 

A[x i,...irr]  — > C extends  uniquely  to  a continuous  map  A{x \,...,xr}  ->  C on 
restricted  power  series. 

Remark  71.2.2.  Let  A be  a ring  and  let  / C A be  an  ideal.  If  A is  /-adically  com- 
plete, then  the  /-adic  completion  A[x±, . . . ,a:r]A  of  A[x i, . . . ,xr]  is  the  restricted 
power  series  ring  over  A as  a ring.  However,  it  is  not  clear  that  A[x i,...,ccr.]A 
is  /-adically  complete.  We  think  of  the  topology  on  A{x±, . . . , xr}  as  the  limit 
topology  (which  is  always  complete)  whereas  we  often  think  of  the  topology  on 
A[x i, . . . ,av]A  as  the  /-adic  topology  (not  always  complete).  If  I is  finitely  gener- 
ated, then  A{xi, . . . , xr}  = A[x i, . . . , xr]A  as  topological  rings,  see  Algebra,  Lemma 
110.95.51 


4207 


71.3.  ALGEBRAS  TOPOLOGICALLY  OF  FINITE  TYPE 


4208 


71.3.  Algebras  topologically  of  finite  type 


OALL  Here  is  our  definition.  This  definition  is  not  generally  agreed  upon.  Many  authors 
impose  further  conditions,  often  because  they  are  only  interested  in  specific  types 
of  rings  and  not  the  most  general  case. 


OANS 


Definition  71.3.1.  Let  A — x B be  a continuous  map  of  topological  rings  (More 
on  Algebra,  Definition  15.28.1).  We  say  B is  topologically  of  finite  type  over  A if 
there  exists  an  A-algebra  map  A[x i, . . . , xn]  — x B whose  image  is  dense  in  B. 


If  A is  a complete,  linearly  topologized  ring,  then  the  restricted  power  series  ring 
A{x i, . . . ,xr}  is  topologically  of  finite  type  over  A.  For  continuous  taut  maps  of 
weakly  admissible  topological  rings,  this  notion  corresponds  exactly  to  morphisms 
of  finite  type  between  the  associated  affine  formal  algebraic  spaces. 

OANT  Lemma  71.3.2.  Let  S be  a scheme.  Let  p : A — x B be  a continuous  map  of  weakly 
admissible  topological  rings  over  S . The  following  are  equivalent 

(1)  Spftv)  ■ Spf{B)  -A  Spf(A)  is  of  finite  type, 

(2)  p is  taut  and  B is  topologically  of  finite  type  over  A. 


Proof.  We  can  use  Formal  Spaces,  Lemma  70.14.10  to  relate  tautness  of  p to 
representability  of  Spf(</5).  We  will  use  this  without  further  mention  below.  Note 
that  X = colim  Spec(A//)  and  Y = colimSpec (B/J(I))  where  I C A runs  over  the 
weak  ideals  of  definition  of  A and  J(/)  is  the  closure  of  IB  in  B. 


Assume  (2).  Choose  a ring  map  A[x i, . . . , xr\  — X B whose  image  is  dense.  Then 
A[x i, . . . , xr\  -A  B — X B / J (/)  has  dense  image  too  which  means  that  it  is  surjective. 
Therefore  B/J{I)  is  of  finite  type  over  A/I.  Let  T — x X be  a morphism  with  T 
a quasi-compact  scheme.  Then  T — x X factors  through  Spec(H//)  for  some  / 
(Formal  Spaces,  Lemma  70.5.4).  Then  T Xx  Y = T Xspec(A/i)  Spec (B/J(I)),  see 
proof  of  Formal  Spaces,  Lemma [70. 14. 10|  Henc  T x y X — x T is  of  finite  type  as  the 
base  change  of  the  morphism  Spec(H/J(/))  -A  Spec(A//)  which  is  of  finite  type. 
Thus  (1)  is  true. 


Assume  (1).  Pick  any  / c A as  above.  Since  Spec(A/J)  Y = Spec (B/J(I)) 
we  see  that  A/I  — x B/J(I)  is  of  finite  type.  Choose  bi,...,br  £ B mapping 
to  generators  of  B/J(I)  over  A/ 1.  We  claim  that  the  image  of  the  ring  map 
A[x i, . . . , xr\  — X B sending  Xi  to  bi  is  dense.  To  prove  this,  let  /'  C I be  a second 
weak  ideal  of  definition.  Then  we  have 


B/(J(I')  + IB)  = B/J(I) 


because  J(I)  is  the  closure  of  IB  and  because  J(I')  is  open.  Hence  we  may  apply 
Algebra,  Lemma  10.125.8  to  see  that  A/I’[x i, . . . , xr\  —X  B/J{I')  is  surjective  Thus 
(2)  is  true,  concluding  the  proof.  □ 


Let  A be  a topological  ring  complete  with  respect  to  a linear  topology.  Let  I\  be  a 
fundamental  system  of  open  ideals.  Let  C be  the  category  of  systems  ( B\ ) where 

(1)  B\  is  a finite  type  A/ i^-algebra,  and 

(2)  B^_  —x  B\  is  an  A/T^-algebra  homomorphism  which  induces  an  isomor- 
phism B^/IxB^  -x  Bx. 

Morphisms  in  C are  given  by  systems  of  homomorphisms. 
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0AL1  Lemma  71.3.3.  Let  S be  a scheme.  Let  X be  an  affine  formal  scheme  over 
S.  Assume  X is  McQuillan  and  let  A be  the  weakly  admissible  topological  ring 
associated  to  X.  Then  there  is  an  anti- equivalence  of  categories  between 

(1)  the  category  C introduced  above,  and 

(2)  the  category  of  maps  Y — > X of  finite  type  of  affine  formal  algebraic  spaces. 


Proof.  Let  I\  be  a fundamental  system  of  weakly  admissible  ideals  of  definition 
in  A.  Then  Y Xx  Spec(A/I\)  is  affine  (Formal  Spaces,  Definition  |70.18.I  and 
Lemma  70.14.7l.  Say  Y Xx  Spec(A//\)  = Spec(B\).  Then  ( B\ ) is  an  object  of 
C.  Conversely,  given  a system  ( B\ ) we  can  set  Y = colim Spec(SA).  Some  details 
omitted.  □ 


OAJK  Remark  71.3.4.  Let  A be  a weakly  admissible  topological  ring  and  let  I\  be  a 
fundamental  system  of  weak  ideals  of  definition.  Let  X = Spf(A),  in  other  words, 
X is  a McQuillan  affine  formal  algebraic  space.  Let  / : Y — y X be  a morphism  of 
affine  formal  algebraic  spaces.  In  general  it  will  not  be  true  that  Y is  McQuillan. 
More  specifically,  we  can  ask  the  following  questions: 

(1)  Assume  that  / : Y — ► X is  a closed  immersion.  Then  Y is  McQuillan 
and  / corresponds  to  a continuous  map  <p  : A — > B of  weakly  admissible 
topological  rings  which  is  taut,  whose  kernel  K C A is  a closed  ideal, 


(2) 


(3) 


(4) 


and  whose  image  tp(A)  is  dense  in  B,  see  Formal  Spaces,  Lemma  70.20.2 
What  conditions  on  A guarantee  that  B = (A//\)A  as  in  Formal  Spaces, 
Example  170.20.31? 

What  conditions  on  A guarantee  that  closed  immersions  / : Y -A  A' 
correspond  to  quotients  A/K  of  A by  closed  ideals,  in  other  words,  the 
corresponding  continuous  map  <p  is  surjective  and  open? 

Suppose  that  / : Y — > A is  of  finite  type.  Then  we  get  Y = colim  Spec(i?A) 
where  (B\)  is  an  object  of  C by  Lemma  71.3.3  In  this  case  it  is  true  that 
there  exists  a fixed  integer  r such  that  B\  is  generated  by  r elements  over 
A/I\  for  all  A (hint:  use  Algebra,  Lemma  10.125.8 1.  However,  it  is  not 
clear  that  the  projections  lim.B,\  — > B\  are  surjective,  i.e. , it  is  not  clear 
that  Y is  McQuillan.  Is  there  an  example  where  Y is  not  McQuillan? 
Suppose  that  / : Y — > X is  of  finite  type  and  Y is  McQuillan.  Then 
/ corresponds  to  a continuous  map  tp  : A — > B of  weakly  admissible 
topological  rings.  In  fact  tp  is  taut  and  B is  topologically  of  finite  type 
over  A , see  Lemma  [71. 3. 2|  In  other  words,  / factors  as 


Y 


X 


where  the  first  arrow  is  a closed  immersion  of  McQuillan  affine  formal 
algebraic  spaces.  However,  then  questions  (1)  and  (2)  are  in  force  for 

h->a:y. 

Below  we  will  answer  these  questions  when  X is  countably  indexed,  i.e.,  when 
A has  a countable  fundamental  system  of  open  ideals.  If  you  have  answers  to 
these  questions  in  greater  generality,  or  if  you  have  counter  examples,  please  email 
st  acks  . pro j ect  @ gmail . com . 

0AQI  Lemma  71.3.5.  Let  S be  a scheme.  Let  X be  a countably  indexed  affine  formal 
algebraic  space  over  S.  Let  f : Y — >•  X be  a closed  immersion  of  formal  algebraic 
spaces  over  S . Then  Y is  a countably  indexed  affine  formal  algebraic  space  and 
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f corresponds  to  A — ► A/K  where  A is  an  object  of  WAdmcount  (Formal  Spaces, 


Section  70.16)  and  K C A is  a closed  ideal. 


Proof.  By  Formal  Spaces,  Lemma  70.6.4  we  see  that  X = Spf(A)  where  A is  an 
object  of  WAdmcount.  Since  a closed  immersion  is  representable  and  affine,  we 
conclude  by  Formal  Spaces,  Lemma  |70.14.8|  that  Y is  an  affine  formal  algebraic 
space  and  countably  index.  Thus  applying  Formal  Spaces,  Lemma  70. 6. 4|  again  we 
see  that  Y = Spf(B)  with  B an  object  of  WAdmcount . By  Formal  Spaces,  Lemma 
70.20.2  we  conclude  that  f is  given  by  a morphism  A — > B of  WAdmcount  which 


we  conclude  that  / is  given  by  a morphism  A 
is  taut  and  has  dense  image.  To  finish  the  proof  we  apply  Formal  Spaces,  Lemma 
170.4.121  □ 


0ANU  Lemma  71.3.6.  Let  B — ► A be  an  arrow  of  WAdmcount , see  Formal  Spaces, 
Section  \7 0.1  The  following  are  equivalent 

(a)  B -A  A is  taut  and  B/J  -A  A/ 1 is  of  finite  type  for  every  weak  ideal  of 
definition  J C B where  I C A is  the  closure  of  J A, 

(b)  B -A  A is  taut  and  B / J -A  A/ 1 is  of  finite  type  for  some  weak  ideal  of 
definition  J C B with  I C A the  closure  of  J A, 

(c)  B -A  A is  taut  and  A is  topologically  of  finite  type  over  B, 

(d)  A is  isomorphic  to  a quotient  of  B{x i, . . . ,xn}  by  a closed  ideal. 
Moreover,  these  equivalent  conditions  define  a local  property,  i.e.,  they  satisfy  For- 
mal Spaces,  Axioms  0,  (0  0- 

Proof.  The  implications  (a)  =>  (b),  (c)  =>  (a),  (d)  =>  (c)  are  straightforward  from 
the  definitions.  Assume  (b)  holds  and  let  J C B and  I C A be  as  in  (b).  Choose  a 
commutative  diagram 


A >- . . . A3 A2 A\ 

AAA 

B *■  B/J3 » B/J2 B/J! 


such  that  An+i/JnAn+i  = An  and  such  that  A = limAra  as  in  Formal  Spaces, 
Lemma  70.16.5[  We  may  assume  J = J\  by  replacing  J\  by  Ji  + J if  necessary.  Let 
or,  . . . , an  € Ai  be  generators  of  Ai  over  B/Ji  = B/J.  Since  A is  a countable  limit 
of  a system  with  surjective  transition  maps,  we  can  find  ai, ...  ,an  £ A mapping 


to  op, . . . , an  in  Ai.  By  Remark  71.2.1  we  find  a continuous  map  B{x  1, . . . , xn}  — ► 
A mapping  Xi  to  a^.  This  map  induces  surjections  B/Jm[x\, . . . , xn]  -A  Am  by 


Algebra,  Lemma  10.125.8  For  to  > 1 we  obtain  a short  exact  sequence 


0 y Am  t B/ Jm[xi,  ■ ■ . , Xn\  y Am  y 0 

The  induced  transition  maps  ATm+1  — >•  Km  are  surjective  because  Am+1/  JmAm+1  = 
Am-  Hence  the  inverse  limit  of  these  short  exact  sequences  is  exact,  see  Algebra, 
Lemma  10.85.4|  Since  B{x  1 , . . . , xn}  = lim  B / Jm [x\ , . . . , xn]  and  A = lim  Am  we 
conclude  that  B{ x\, . . . ,xn}  — > A is  surjective.  As  A is  complete  the  kernel  is  a 
closed  ideal.  In  this  way  we  see  that  (a),  (b),  (c),  and  (d)  are  equivalent. 


Let  a diagram  as  in  Formal  Spaces,  Diagram  (70. 16.1.1])  be  given.  By  Formal 
Spaces,  Example |70. 18. 7| the  maps  A — ► (A')A  and  B — > (B')A  satisfy  (a),  (b),  (c), 


and  (d).  Moreover,  by  Formal  Spaces,  Lemma  70.16.5  in  order  to  prove  Formal 
Spaces,  Axioms  0 and  0 we  may  assume  both  A — ► B and  (B')A  — > ( A')A 
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are  taut.  Now  pick  a weak  ideal  of  definition  J C B.  Let  J'  C ( B')A , I C A, 
I'  C (A')A  be  the  closure  of  J{B’)A,  J A,  J(A')A.  By  what  was  said  above,  it 
suffices  to  consider  the  commutative  diagram 


A/I- 


B/J 


(. A')A/r 


( B’)A/J ' 


and  to  show  (1)  Tp  finite  type  =>  Tp'  finite  type,  and  (2)  if  A — > A'  is  faithfully  flat, 
then  Tp'  finite  type  =>  Tp  finite  type.  Note  that  (B')A / J'  = B' / JB'  and  (A')A /I'  = 
A' /I A'  by  the  construction  of  the  topologies  on  ( B')A  and  (A/)A.  In  particular 
the  horizontal  maps  in  the  diagram  are  etale.  Part  (1)  now  follows  from  Algebra, 


Lemma  10.6.2  and  part  (2)  from  Descent,  Lemma  34.10.2  as  the  ring  map  A/I 
(A')A //'  = A! /I A!  is  faithfully  flat  and  etale. 

We  omit  the  proof  of  Formal  Spaces,  Axiom  ([3]) . 


□ 


Lemma  71.3.7.  Let  S be  a scheme.  Let  f : X -A  Y be  a morphism  of  affine 
formal  algebraic  spaces.  Assume  Y countably  indexed.  The  following  are  equivalent 

(1)  f is  locally  of  finite  type , 

(2)  / is  of  finite  type , 

(3)  f corresponds  to  a morphism  B -A  A of  WAdmcoun  (Formal  Spaces, 


Section  70.16)  satisfying  the  equivalent  conditions  of  Lemma\71.3.6 


Proof.  Since  X and  Y are  affine  it  is  clear  that  conditions  (1)  and  (2)  are  equiv- 
alent. In  cases  (1)  and  (2)  we  see  that  X is  countably  indexed  as  well  by  Formal 
Spaces,  Lemma  70.14.8  Write  X = Spf(A)  and  Y = Spf(13)  for  topological  S- 
algebras  A and  B in  WAdmcount,  see  Formal  Spaces,  Lemma  70.6.4  By  Formal 
Spaces,  Lemma  [70-5.101  we  see  that  / corresponds  to  a continuous  map  B — ► A. 
Hence  now  the  result  follows  from  Lemma  [TOO]  □ 

Lemma  71.3.8.  Let  P be  the  property  of  morphisms  of  WAdmcownt  (Formal 
Spaces,  Section  1 0.16)  defined  by  the  equivalent  conditions  (a),  (b),  (c),  and  (d)  of 


Lemma\71.3.6[  Then  under  the  assumptions  of  Formal  Spaces,  Lemma\70.16.2\  the 
equivalent  conditions  (1),  (2),  and  (3)  are  also  equivalent  to  the  condition 
(4)  / is  locally  of  finite  type. 


Proof.  By  Lemma  71.3.7  the  condition  on  morphisms  of  WAdmcou  translates 


into  morphisms  of  countably  indexed,  affine  formal  algebraic  spaces  being  of  finite 
type.  Thus  the  lemma  follows  from  Formal  Spaces,  Lemma  [70. 18.6[  □ 

71.4.  Two  categories 

Let  A be  a ring  and  let  I C A be  an  ideal.  In  this  section  A will  mean  /-adic 
completion.  Set  An  = A/In  so  that  the  /-adic  completion  of  A is  AA  = lim  An . 
Let  C be  the  category 

{systems  (Bn,  Bn+1  H„)neN  where 
Bn  is  a finite  type  A„-algebra, 

Bn+ 1 — ► Bn  is  an  A^+i-algebra  map 
which  induces  Bn+i/InBn+i  = Bn 


0AL3 


(71.4.0.1) 
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Morphisms  in  C are  given  by  systems  of  homomorphisms.  Let  C be  the  category 


0AL4  (71.4.0.2) 


C'  = 


"A-algebras  B which  are  J-adically  complete) 
such  that  B/IB  is  of  finite  type  over  A/ 1 J 

Morphisms  in  C'  are  A-algebra  maps.  There  is  a functor 

OAJN  (71.4.0.3)  C — >C,  B\ — >(B/InB) 

Indeed,  since  B/IB  is  of  finite  type  over  A/ 1 the  ring  maps  An  = A/In  - 
are  of  finite  type  (apply  Algebra,  Lemma  10.19.1  to  a ring  map  A/In{ x\, 


B/InB 

■ i — > 


OAJP 


B/InB  such  that  the  images  of  X\, . . . , xr  generate  B/IB  over  A /I). 

Lemma  71.4.1.  Let  A be  a ring  and  let  I C A be  a finitely  generated  ideal.  The 
functor 

C — * C',  (Bn)  i — > B = lim  Bn 
is  a quasi-inverse  to  (77  .4.0.  jj).  The  completions  A[x  1, 
object  of  C is  of  the  form 

B = A[x  1, . . . ,xr]A /J 
for  some  ideal  J C A[x  1, . . . , ay]A. 


, air]A  are  in  C and  any 


OAJQ 


Proof.  Let  ( Bn ) be  an  object  of  C.  By  Algebra,  Lemma  10.97.1  we  see  that 
B = limJ?ra  is  J-adically  complete  and  B/InB  = Bn.  Hence  we  see  that  B is 

an  object  of  C and  that  we  can  recover  the  object  (Bn)  by  taking  the  quotients. 

Conversely,  if  B is  an  object  of  C' , then  B = lim  B/InB  by  assumption.  Thus 
B 1 — ^ ( B/InB ) is  a quasi-inverse  to  the  functor  of  the  lemma. 

Since  A[x  1, . . . , xr]A  = lim  An[x\, . . . , xr]  it  is  an  object  of  C by  the  first  statement 
of  the  lemma.  Finally,  let  B be  an  object  of  C' . Choose  bi,...,br  £ B whose 
images  in  B/IB  generate  B/IB  as  an  algebra  over  A/I.  Since  B is  J-adically 
complete,  the  A-algebra  map  A[x  1, . . . , xr\  — > B,  Xi  ha  extends  to  an  A-algebra 

map  A[x  1,  ■■■ , av]A  — t B.  To  hnish  the  proof  we  have  to  show  this  map  is  surjec- 

tive which  follows  from  Algebra,  Lemma  10.95.1  as  our  map  A[x±, . . . ,xr\  — > B is 
surjective  modulo  J and  as  B = J?A.  □ 

We  warn  the  reader  that,  in  case  A is  not  Noetherian,  the  quotient  of  an  object  of 
C'  may  not  be  an  object  of  C' . See  Examples,  Lemma  88.7.1  Next  we  show  this 
does  not  happen  when  A is  Noetherian. 

Lemma  71.4.2.  Let  A be  a Noetherian  ring  and  let  I C A be  an  ideal.  Then 

(1)  every  object  of  the  category  C' , in  particular  the  completion  A[x  1, . . . , xr] A, 
is  Noetherian, 

(2)  if  B is  an  object  of  C'  and  J C B is  an  ideal,  then  B / J is  an  object  of  C . 


Proof.  To  see  (1)  by  Lemma  71.4.1  we  reduce  to  the  case  of  the  completion  of  the 
polynomial  ring.  This  case  follows  from  Algebra,  Lemma  10.96.6  as  A[x  1, . . . ,xr] 
is  Noetherian  (Algebra,  Lemma  10.30.1).  Part  (2)  follows  from  Algebra,  Lemma 
10.96.1  which  tells  us  that  ever  finite  JLmodule  is  JJLadically  complete.  □ 

0AL5  Remark  71.4.3  (Base  change).  Let  p : Ai  — > A2  be  a ring  map  and  let  J^  C Aj 
be  ideals  such  that  C I2  for  some  c > 1.  This  induces  ring  maps  A ijCn  = 

Ai/I/n  -A-  A2/I2  = A2tn  for  all  n > 1.  Let  Ci  be  the  category  (71.4.0.1 ) for  (A;,  Jj). 
There  is  a base  change  functor 

0AJZ  (71.4.3.1)  Ci  — > C2,  {Bn)  1 — > (Bcn  (g)^  cri  A2jn) 


IGD601  Proposition 
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Let  C-  be  the  category  (71.4.0.2)  for  (A, 
is  a base  change  functor 


If  I2  is  finitely  generated,  then  there 


{B  ®Al  A2y 


(71.4.3.2)  C[  — >C2,  B 

because  in  this  case  the  completion  is  complete  (Algebra,  Lemma  10.95.5).  If  both 


I\  and  I2  are  finitely  generated,  then  the  two  base  change  functors  agree  via  the 


functors  (71.4.0.3)  which  are  equivalences  by  Lemma  71.4.1 


Remark  71.4.4  (Base  change  by  closed  immersion).  Let  A be  a Noetherian  ring 
and  / C A an  ideal.  Let  a C A be  an  ideal.  Denote  A = A/a.  Let  / C A be 
an  ideal  such  that  ICA  C I and  Id  C I A for  some  c,d>  1.  In  this  case  the  base 


change  functor  (71.4.3.2)  for  (A,  I)  to  (A,  I)  is  given  by  B 1— > B = B/aB.  Namely, 
we  have 

(71.4.4.1)  B = (B®a  A)a  = (B/aB)*  = B/aB 

the  last  equality  because  any  finite  R-module  is  Radically  complete  by  Algebra, 
Lemma  10.96.1  and  if  annihilated  by  a also  Radically  complete  by  Algebra,  Lemma 
110.95.91 


71.5.  A naive  cotangent  complex 

Let  A be  a Noetherian  ring  and  let  / C A be  a ideal.  Let  B be  an  A-algebra  which 
is  Radically  complete  such  that  A/I  — > B/IB  is  of  finite  type,  i.e. , an  object  of 

we  can  write 


(71.4.0.2).  By  Lemma  71.4.2 


B = A[x  1, . . . , xr]A  / J 

for  some  finitely  generated  ideal  J.  For  a choice  of  presentation  as  above  we  define 
the  naive  cotangent  complex  in  this  setting  by  the  formula 

(71.5.0.2)  NL%/a  = ( J/J 2 — > © Bdxt) 

with  terms  sitting  in  degrees  —1  and  0 where  the  map  sends  the  residue  class  of 
g G J to  the  differential  d g = /f2(dg/dxi)dxi . Here  the  partial  derivative  is  taken 
by  thinking  of  g as  a power  series.  The  following  lemma  shows  that  NL'n  iA  is  well 
defined  in  D(B ),  i.e.,  independent  of  the  chosen  presentation,  although  this  could 
be  shown  directly  by  comparing  presentations  as  in  Algebra,  Section  |10.132| 

Lemma  71.5.1.  Let  A be  a Noetherian  ring  and  let  I C A be  a ideal.  Let  B be 
an  object  of  ( 71. 4. 0.2).  Then  = RlimNLBn/Ari  in  D(B). 

Proof.  In  fact,  the  presentation  B = A[x  1, . . . ,xr\A/J  defines  presentations 
Bn  = B/InB  = An[x  1, . . . ,xr\/Jn 

where 

Jn  = JAn[x  1, . . .,xr\  = J/(J  n InA[xi, . . . ,av]A) 


By  Artin-Rees  (Algebra,  Lemma  10.50.2)  in  the  Noetherian  ring  A[aq, . . . , xr]A 
(Lemma  71.4.2)  we  see  that  we  have  canonical  surjections 

J/InJ  ->  Jn  ->  J/In~cJ , n > c 

for  some  c > 0.  It  follows  that  limJn/J^  = J/J2  as  any  finite  A[aq, . . . , xr]A- 
module  is  Radically  complete  (Algebra,  Lemma  |10.96. 1|).  Thus 

nlb/a  = lim (Jn/Jl  — * (£)Bndxi) 
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(termwise  limit)  and  the  transition  maps  in  the  system  are  termwise  surjective.  The 
two  term  complex  Jn/J2  — ► dir^  represents  NLBri/An  by  Algebra,  Section 
10.132  It  follows  that  NLbiA  represents  Alim NLBn/An  in  the  derived  category  by 
More  on  Algebra,  Lemma  [15.68.9|  □ 


Lemma  71.5.2.  Let  A be  a Noetherian  ring  and  let  I C A be  a ideal.  Let  B — >•  C 
be  morphism  of  \71.f.0.ty.  Then  there  is  an  exact  sequence 


C ®B  H°(NLb/a) H°(NLq/a) H°(NLq/b) 0 


H~HNLb/A  ®bC)^&h-Hnl%/a) ^H~\NLa/b) 


Proof.  Choose  a presentation  B = A[x i, . . . , a.y]A/J.  Note  that  (A,  IB)  is  a pair 
consisting  of  a Noetherian  ring  and  an  ideal,  and  C is  in  the  corresponding  category 


(71.4.0.2 1 for  this  pair.  Hence  we  can  choose  a presentation  C = B[yi, . . . , ys]A/J'. 
Combinging  these  presentations  gives  a presentation 

C = A[x i, . . . ,xr,y!,. . .,ys]A/K 

Then  the  reader  verifies  that  we  obtain  a commutative  diagram 

0 =-  © Cdxi >-  © Cdxi  © © Cdyj © Cdy3 ^ 0 


J/J2  ®b  C ^ K/K2 ^ J'/(  J')2 *-  0 


with  exact  rows.  Note  that  the  vertical  arrow  on  the  left  hand  side  is  the  tensor 
product  of  the  arrow  defining  NLb  / A with  ido  The  lemma  follows  by  applying  the 
snake  lemma  (Algebra,  Lemma  10.4.11.  □ 


Lemma  71.5.3.  With  assumptions  as  in  Lemma  71.5.2  assume  that  B/InB 


C/InC  is  a local  complete  intersection  homomorphism  for  all  n.  Then  H 1(NLB/A®BC) 


H 


-l 


(NLc/jf)  is  injective. 


Proof.  By  More  on  Algebra,  Lemma  |15.25.6|  we  see  that  this  holds  for  the  map 
between  naive  cotangent  complexes  of  the  situation  modulo  In  for  all  n.  In  other 
words,  we  obtain  a distinguished  triangle  in  D(C / InC)  for  every  n.  Using  Lemma 
71.5.1  this  implies  the  lemma;  details  omitted.  □ 


Maps  in  the  derived  category  out  of  a complex  such  as  (71.5.0.2)  are  easy  to  un- 
derstand by  the  result  of  the  following  lemma. 


Lemma  71.5.4.  Let  R be  a ring.  Let  M*  be  a complex  of  modules  over  R with 
Ml  = 0 for  i > 0 and  M°  a projective  R-module.  Let  K * be  a second  complex. 

(1)  IfK*  = 0 fori<  -2,  then  Horn D[R){M\K9)  = AomK{R)(M* , K%) , 

(2)  If  Kl  = 0 for  i < —3  and  a £ HomB(R)(M*,  AT*)  composed  with  K * — » 

A'~2[2]  comes  from  an  R-module  map  a : AI~2  —$■  K~ 2 with  a o dfj  = 0, 

then  a can  be  represented  by  a map  of  complexes  a*  : M*  — > I\*  with 
_2 

a — a. 
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(3)  In  (2)  for  any  second  map  of  complexes  (a')*  : M*  — > K*  representing  a 
with  a = (a7)”2  there  exist  h!  : M°  — » K~x  and  h : M~l  — > K~2  such 
that 


h o dAj  = 0,  (a')  1 = a 1 + dK2  oh  + h!  o dAj,  (a')°  = a0  + d Kx  o h! 

Proof.  Set  F°  = M°.  Choose  a free  A-module  F_1  and  a surjection  F_1  — > 
M~l . Choose  a free  F-module  F~ 2 and  a surjection  F~2  -A  M~ 2 xM-i  F_1. 
Continuing  in  this  way  we  obtain  a quasi-isomorphism  p*  : F*  M*  which  is 
termwise  surjective  and  with  Fl  free  for  all  i. 

Proof  of  (1).  By  Derived  Categories,  Lemma [13. 19. 8|  we  have 
Horn  D(R)(M*,K*)  = KomK(R)(F*,  A'*) 

If  Kl  = 0 for  i < — 2 , then  any  morphism  of  complexes  F * — > K*  factors  through 
p* . Similarly,  any  homotopy  {hl  : Fl  — > AT*-1}  factors  through  p* . Thus  (1)  holds. 


Proof  of  (2).  Choose  6*  : F*  — >•  AT*  representing  a.  The  composition  of  a with 
AT*  — > A'-2 [2]  is  represented  by  b~ 2 : F~2  — > AT-2.  As  this  is  homotopic  to 
a o p~2  : F~2  — > M~2  — > A'-2,  there  is  a map  h : F-1  — > A'-2  such  that  b~2  = 
a o p-2  + h o tfjj2.  Adjusting  6*  by  h viewed  as  a homotopy  from  F*  to  A'*,  we 
find  that  &-2  = a op-2.  Hence  b~2  factors  through  p-2.  Since  F°  = M°  the  kernel 
of  p-2  surjects  onto  the  kernel  of  p-1  (for  example  because  the  kernel  of  p*  is  an 
acyclic  complex  or  by  a diagram  chase).  Hence  6_1  necessarily  factors  through  p-1 
as  well  and  we  see  that  (2)  holds  for  these  factorizations  and  a0  = b°. 


Proof  of  (3)  is  omitted.  Hint:  There  is  a homotopy  between  a*  op*  and  (a')*  op* 
and  we  argue  as  before  that  this  homotopy  factors  through  p* . □ 


Lemma  71.5.5.  Let  R be  a ring.  Let  M*  be  a two  term  complex  M 1 — > M° 
over  R.  If  G Endjj^^M*)  are  zero  on  Hl(M*),  then  ipoif)  = 0. 


Proof.  Apply  Derived  Categories,  Lemma|13.12.5|to  see  that  poif  factors  through 
t<_2M*  =0.  □ 


71.6.  Rig-etale  homomorphisms 


In  this  and  some  of  the  later  sections  we  will  study  ring  maps  as  in  Lemma|71.6.1| 
Condition  Q is  one  of  the  conditions  used  in  |Art70j  to  define  modifications. 
Ring  maps  like  this  are  sometimes  called  rig-etale  or  rigid-etale  ring  maps  in  the 
literature.  These  and  the  analogously  defined  rig-smooth  ring  maps  were  studied 
in  IElk73l.  A detailed  exposition  can  also  be  found  in  jAbblO).  Our  main  goal 
will  be  to  show  that  rig-etale  ring  maps  are  completions  of  finite  type  algebras,  a 
result  very  similar  to  results  found  in  Elkik’s  paper  |Elk73j. 


Lemma  71.6.1.  Let  A be  a Noetherian  ring  and  let  I C A be  an  ideal.  Let  B be 
an  object  of  \ll.f.0.2).  The  following  are  equivalent 

(1)  there  exists  a c > 0 such  that  multiplication  by  a on  NLfjjA  is  zero  in 
D(B)  for  all  a £ Ic, 

(2)  there  exits  a c > 0 such  that  Hl(NL/fj^A),  i = —1,  0 is  annihilated  by  Ic, 

(3)  there  exists  a c > 0 such  that  Hl(NLBri/Arf),  i = —1,  0 is  annihlated  by  Ic 
for  all  n > 1, 

(4)  B = A[x i, . . . , xr\A /J  and  for  every  a £ I there  exists  a c > 0 such  that 

(a)  ac  annihilates  H°(NLB/A),  and 


OAJY 
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(b)  there  exist  /i, . . . , fr  £ J such  that  acJ  C (/i, . . . , fr)  + J2 . 


Proof.  The  equivalence  of  (1)  and  (2)  follows  from  Lemma  71.5.5  The  equivalence 
of  (1)  + (2)  and  (3)  follows  from  Lemma  71.5.1  Some  details  omitted. 


Assume  the  equivalent  conditions  (1),  (2),  (3)  holds  and  let  B = A[x i, . . . ,xr]A/J 
be  a presentation  (see  Lemma  71.4.1).  Let  a £ I.  Let  c be  such  that  multplication 
by  ac  is  zero  on  NLg/A  which  exists  by  (1).  By  Lemma  71 
a : ® Bdxi  — > J/ J2  such  that  doa  and  aod  are  both  multiplication  by  a' 


there  exists  a map 
Let 


and  hence  an  isomorphism  (Algebra,  Lemma  10.15.4). 


® Bdxi  is  cii-power  torsion,  and  hence  H 1 {NL'^/A)  = 


fi  £ J be  an  element  whose  class  modulo  J2  is  equal  to  a{dxi).  Then  we  see  that 
0(a),  (b)  hold. 

Assume  0 holds.  Say  I = (a\,...,at).  Let  c,  > 0 be  the  integer  such  that 

f(a),  (b)  hold  for  off.  Then  we  see  that  I^Ci  annihilates  H°(NLg/A).  Let 
l , . . . , fitr  £ J be  as  in  (0(b)  for  a^.  Consider  the  composition 

£®r  ->•  J/  J2  ->  0 Bdxi 

where  the  jth  basis  vector  is  mapped  to  the  class  of  fij  in  J/J2.  By  0(a)  and 
(b)  the  cokernel  of  the  composition  is  annihilated  by  a2ci . Thus  this  map  is  sur- 
jective after  inverting  a\ 

Thus  the  kernel  of  B®r  - 
Ker(J/J2  -A  ® Bdxi)  is  eq-power  torsion.  Since  B is  Noetherian  (Lemma  71.4.2), 
all  modules  including  H~1(NLb/A)  are  finite.  Thus  a f*  annihilates  H~1(NLb/A) 
for  some  di  > 0.  It  follows  that  I^di  annihilates  H~1(NLb/A)  and  we  see  that  (2) 
holds.  □ 

OALQ  Lemma  71.6.2.  Let  A be  a Noetherian  ring  and  let  I be  an  ideal.  Let  B be  a 
finite  type  A-algebra. 

(1)  IfSpec(B)  — >■  Spec(A)  is  etale  over  Spec(A)  \ V(I),  then  1?A  satisfies  the 
equivalent  conditions  of  Lemma  7 1.6.1\ 

(2)  If  BA  satisfies  the  equivalent  conditions  of  Lemma  71.6.  i}  then  there  exists 
g £ 1 + IB  such  that  Spec (Bg)  is  etale  over  Spec(A)  \ V(I). 

Proof.  Assume  B A satisfies  the  equivalent  conditions  of  Lemma [71. 6. 1[  The  naive 
cotangent  complex  NLb/a  is  a complex  of  finite  type  B-nrodules  and  hence  H ~1 
and  H°  are  finite  f?-modules.  Completion  is  an  exact  functor  on  finite  .B-modules 


inverting  g (which  does  not  change  the  quotients  B/InB)  we  see  that  NLb/a  has 
cohomology  annihilated  by  Ic.  Thus  A — > B is  etale  at  any  prime  of  B not  lying 


over  V{I)  by  the  definition  of  etale  ring  maps,  see  Algebra,  Definition  10.141.1 


Conversely,  assume  that  Spec(B)  — ► Spec(A)  is  etale  over  Spec(A)  \ V(I).  Then 
for  every  a £ I there  exists  a c > 0 such  that  multiplication  by  ac  is  zero  NLb/a- 
Since  NLg  a j A is  the  derived  completion  of  NLb/a  (see  Lemma  71.5.  l|  it  follows 
that  HA  satisfies  the  equivalent  conditions  of  Lemma  |71.6.1  □ 
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Lemma  71.6.3.  Assume  the  map  {A\,I\)  — > (A.2,/2)  is  as  in  Remark  71-4-3  with 
A\  and  A2  Noetherian.  Let  B\  be  in  fzi  -4-0-tty  for  (A.1,/1).  Let  B2  be  the  base 
change  of  B\.  If  multiplication  by  fi  £ B\  on  NLgi/Ai  is  zero  in  D(B\),  then 
multiplication  by  the  image  f2  £ B2  on  NLg2/A2  is  zero  in  Z?(f?2 )• 

Proof.  Choose  a presentation  B\  = Ai[xi, . . . ,xr]A/Ji.  Since  A2/I2  [x\, . . . ,xr\  = 
Ai/Ifn[xi,  ...,xr]  ®Al/i f"  A2/I2  we  have 

A2[x  1, . . . ,xr]A  = (©[aq, . . . ,av]A  OAi  A2)a 

where  we  use  /2-adic  completion  on  both  sides  (but  of  course  ©adic  completion 
for  Ai[x\, . . . , a;r]A).  Set  J2  = JiA2[xi,  . . . ,xr]A . Arguing  similarly  we  get  the 
presentation 

B2  = (Bi  (gi/ij  A2)a 

Al/I‘in[x1,...,xr} 

jMi/irix i,---,xr}) 2/  2 


= lim  ■ 


= lim  ■ 


A2/I2  [xi, . . . ,xr] 


[xu...,xr]) 

= A2[x1,...,xr}A/J2 

for  B 2 over  A2.  Consider  the  commutative  diagram 


nlb1/a1 


nlb2/a2 


Jl/Jl 


J2/J22 


■ ©Bidxi 


■ © B2dxi 


OAKJ 


The  induced  arrow  J1/J2  2_->  J2I J2  is  surjective  because  J2  is  generated  by 

the  image  of  J\.  By  Lemma  71.5.4  there  is  a map  oi\  : © Bdxi  — > Ji/ Jf  such  that 
/iid©B  ida-i  = d o a\  and  /i  id./,  / j-2  = a\  o d.  We  define  02  : © B\dxi  -A  J2I  Jf  by 
mapping  dxi  to  the  image  of  ai(d;Ei)  in  J2/ J|.  Because  the  image  of  the  vertical 
arrows  contains  generators  of  the  modules  J2/J2.  and  @B2dxt  it  follows  that  «2 
also  defines  a homotopy  between  multiplication  by  /2  and  the  zero  map.  □ 

Lemma  71.6.4.  Let  A be  a Noetherian  ring.  Let  I C A be  an  ideal.  Let  B be 
a finite  type  A-algebra  such  that  Spec (B)  -A  Spec(A)  is  etale  over  Spec(A)  \V(I). 
Let  C be  a Noetherian  A-algebra.  Then  any  A-algebra  map  BA  -A  CA  of  I-adic 
completions  comes  from  a unique  A-algebra  map 

B — >Ch 

where  Ch  is  the  henselization  of  the  pair  ( C,IC ) as  in  More  on  Algebra,  Lemma 


15.8.13  Moreover,  any  A-algebra  homomorphism  B -A  Ch  factors  through  some 
etale  C -algebra  C'  such  that  C/IC  -A  C' /IC'  is  an  isomorphism. 

Proof.  Uniqueness  follows  from  the  fact  that  Ch  is  a subring  of  CA , see  for  example 
More  on  Algebra,  Lemma  15.8.16  The  final  assertion  follows  from  the  fact  that  C-h 
is  the  filtered  colimit  of  these  C-algebras  C , see  proof  of  More  on  Algebra,  Lemma 


15.8.13  Having  said  this  we  now  turn  to  the  proof  of  existence. 
Let  ip  : BA  -A  CA  be  the  given  map.  This  defines  a section 
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OAQL 


OAQM 


of  the  completion  of  the  map  C — > B ®A  C.  We  may  replace  (A,  I,  B,  C , <p)  by 
(C,  IC,B  <g), 4 C , C,  a).  In  this  way  we  see  that  we  may  assume  that  A = C. 

Proof  of  existence  in  the  case  A = C.  In  this  case  the  map  p : BA  — > AA  is 
necessarily  surjective.  By  Lemmas  |71.6.2|  and  |71.5.2|  we  see  that  the  cohomology 
groups  of  NLAA /^ba  are  annihilated  by  a power  of  I.  Since  ip  is  surjective,  this 
implies  that  Ker((^)/Ker(<^)2  is  annihilated  by  a power  of  I.  Hence  <p  : BA  — > AA 
is  the  completion  of  a finite  type  H-algebra  B -A  D,  see  Dualizing  Complexes, 
Lemma  |45.13.2|  Hence  A — ► D is  a finite  type  algebra  map  which  induces  an 
isomorphism  AA  — > DA . By  Lemma  71.6. 2|we  may  replace  D by  a localization  and 
assume  that  A — > D is  etale  away  from  V(I).  Since  AA  — > DA  is  an  isomorphism, 
we  see  that  Spec(-D)  — ► Spec(A)  is  also  etale  in  a neighbourhood  of  V(ID)  (for 
example  by  More  on  Morphisms,  Lemma  36.10.3 1.  Thus  Spec(-D) 
etale.  Therefore  D maps  to  Ah  and  the  lemma  is  proved. 

71.7.  Rig-etale  morphisms 


Spec(A)  is 
□ 


We  can  use  the  notion  introduced  in  the  previous  section  to  define  a new  type  of 
morphism  of  locally  Noetherian  formal  algebraic  spaces.  Before  we  do  so,  we  have 
to  check  it  is  a local  property. 


Lemma  71.7.1.  For  morphisms  A —r  B of  the  category  WAdmNoeth  (Formal 
Spaces,  Section  70.16)  consider  the  condition  P = “for  some  ideal  of  definition  I of 
A the  topology  on  B is  the  I-adic  topology,  the  ring  map  A/ 1 — > B/IB  is  of  finite 
type  and  A — > B satisfies  the  equivalent  conditions  of  Lemma  \ 71.  Tl\”.  Then  P is 
a local  property,  see  Formal  Spaces,  Remark\70.16.4\ 

Proof.  We  have  to  show  that  Formal  Spaces,  Axioms  0,  0.  and  § hold  for 
maps  between  Noetherian  adic  rings.  For  a Noetherian  adic  ring  A with  ideal  of 
definition  I we  have  A{x i, . . . , xr}  = A[x i, . . . , xr\A  as  topological  A-algebras  (see 
Remark  71.2.2).  We  will  use  without  further  mention  that  we  know  the  axioms 
hold  for  the  property  “ B is  a quotient  of  A[x i, . . . ,av]A”,  see  Lemma  71.3.6 


Let  a diagram  as  in  Formal  Spaces,  Diagram  (70.16.1.1 ) be  given  with  A and  B in 
the  category  WAdmNoeth . Pick  an  ideal  of  definition  I C A.  By  the  remarks  above 
the  topology  on  each  ring  in  the  diagram  is  the  /-adic  topology.  Since  A — > A! 
and  B — ► B'  are  etale  we  see  that  NLaa,^a /A  and  NLab,^a /b  are  zero.  By  Lemmas 
|71.5.2|and|71.5.3|we  get 

Hl{NL[B,)A/(A,)A)  = H\NLab^A/A)  and  FI\NLbiA®b(B')a ) = Hz(NLab^A/A) 
for  i = —1,0.  Since  B is  Noetherian  the  ring  map  B — > B'  — > (B')A  is  flat 


(Algebra,  Lemma  10.96.2)  hence  the  tensor  product  comes  out.  Moreover,  as  B is 
/-adically  complete,  then  if  B -A  B'  is  faithfully  flat,  so  is  B —r  ( B')A . From  these 
observations  Formal  Spaces,  Axioms  0 and  0 follow  immediately. 

We  omit  the  proof  of  Formal  Spaces,  Axiom  0 . □ 

Definition  71.7.2.  Let  A be  a scheme.  Let  / : A'  — > Y be  a morphism  of  locally 
Noetherian  formal  algebraic  spaces  over  S.  We  say  / is  rig-etale  if  / satisfies  the 


equivalent  conditions  of  Formal  Spaces,  Lemma  70.16.2  (in  the  setting  of  locally 


Noetherian  formal  algebraic  spaces,  see  Formal  Spaces,  Remark  70.16.3)  for  the 
property  P of  Lemma  |71.7.1| 
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To  be  sure,  a rig-etale  morphism  is  locally  of  finite  type. 


Lemma  71.7.3.  A rig-etale  morphism  of  locally  Noetherian  formal  algebraic 
spaces  is  locally  of  finite  type. 


Proof.  The  property  P in  Lemma  71.7.1  implies  the  equivalent  conditions  (a),  (b), 
(c),  and  (d)  in  Lemma  71.3.6  Hence  this  follows  from  Lemma  71.3.8  □ 


71.8.  Glueing  rings  along  a principal  ideal 

In  this  situation  we  prove  some  results  about  the  categories  C and  C of  Section 


71.4  in  case  A is  a Noetherian  ring  and  I = (a)  is  a principal  ideal. 


Remark  71.8.1  (Linear  approximation).  Let  A be  a ring  and  I C A be  a 
finitely  generated  ideal.  Let  C be  an  /-adically  complete  A-algebra.  Let  if  : 
A[x i,...,xr]A  -A  C be  a continuous  A-algebra  map.  Suppose  given  Si  £ C, 
i = 1, . . . , r.  Then  we  can  consider 


C,  Xi 


tp(xi)  + Si 


if'  : A[xi, . . . ,ay]A 
see  Remarkl71.2.1l  Then  we  have 

if\g)  = if{g)  +'^2'if(dg/dxi)6i  +£ 

with  error  term  £ £ (SiSj).  This  follows  by  writing  g as  a power  series  and  working 
term  by  term.  Convergence  is  automatic  as  the  coefficients  of  g tend  to  zero.  Details 
omitted. 

Lemma  71.8.2.  Let  A be  a Noetherian  ring  and  I = (a)  a principal  ideal.  Let  B be 
an  objects  of  1 7i  .f.O.afy.  Assume  given  an  integer  c > 0 such  that  multiplication  by 
ac  on  NLg/A  is  zero  in  D(B).  Let  C be  an  I-adically  complete  A-algebra  such  that 
a is  a nonzerodivisor  on  C.  Let  n > 2c.  For  any  An-algebra  map  ifn  : B/anB  — > 
C/anC  there  exists  an  A-algebra  map  p : B — ► C such  that  ifn  mod  an~c  = p mod 


Proof.  Choose  a presentation  B = A[xi, . . . , xr\^ / J . Choose  a lift 

if  : A[cci, . . . , xr]A  — ¥ C 

of  ipn.  Then  if(J)  C anC  and  if{J2)  C a2nC  which  determines  a linear  map 


J/J 2 


xC/a2nC , g^if(g) 


By  assumption  and  Lemma  71.5.4  there  is  a R-module  map  0 Bdxi  — > anC /a2nC , 


d Xi  i — y Si  such  that  acif(g)  = ip(dg/dxi)5i  for  all  g £ J.  Write  Si  = —acS[ 
for  some  S[  £ an~cC.  Since  a is  a nonzerodivisor  on  C we  see  that  if>(g)  = 
— 'YJif{dg/dxi)S'i  in  C/a2n~cC.  Then  we  look  at  the  map 

V’7  : A[aq, . . . , zy]A  — ► C,  xt  < — > if{xf)  + 5- 


A computation  with  power  series  (see  Remark  71.8.1 ) shows  that  if'{J)  C a2n  - CC . 


Since  n > 2c  we  see  that  n'  = 2n  — 2c  = n + (n  — 2c)  > n.  Thus  we  obtain  a 
morphism  ipni  : B/an  B — > C/an  C agreeing  with  ifn  modulo  an~c.  Continuing  in 
this  fashion  and  taking  the  limit  into  C = lim  C/atC  we  obtain  the  lemma.  □ 
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Lemma  71.8.3.  Let  A be  a Noetherian  ring  and  I = (a)  a principal  ideal.  Let  B 
be  an  object  of  (7 l.f.O.^jj.  A ssume  given  an  integer  c > 0 such  that  multiplication  by 
ac  on  NLg/A  is  zero  in  D(B).  Let  C be  an  I-adically  complete  A-algebra.  Assume 
given  an  integer  d > 0 such  that  Cfa00]  r\adC  = 0.  Let  n > max(2c,  c + d).  For  any 
An-algebra  map  ifn  : B/anB  -A  C/anC  there  exists  an  A-algebra  map  ip  : B -A  C 
such  that  ipn  mod  an~c  = mod  an~c. 

If  C is  Noetherian  we  have  Cfo00]  = C[ae ] for  some  e > 0.  By  Artin-Rees  (Algebra, 
Lemma  10.50.2 1 there  exists  an  integer  / such  that  anC'nC[a00]  C an~^ C[a°°]  for 
all  n > /.  Then  d = e + f is  an  integer  as  in  the  lemma.  This  argument  works  in 


particular  if  C is  an  object  of  (71.4.0.2)  by  Lemma  71.4.2 


Proof.  Let  C -A-  C'  be  the  quotient  of  C by  Cfa00].  The  A-algebra  C'  is  I-adically 
complete  by  Algebra,  Lemma  |l  0.95. 10  and  the  fact  that  PKCfa00]  +anC ) = Cfa00] 
because  for  n > d the  sum  Cja00]  + anC  is  direct.  For  m>  d the  diagram 


0 


■C[a 


Y 

■C[a 


C 


C/amC 


C 


C'/amC' 


0 


has  exact  rows.  Thus  C is  the  fibre  product  of  C and  C/amC  over  C' /amC 


Thus 

□ 


the  lemma  now  follows  formally  from  the  lifting  result  of  Lemma  71.8.2 
0ALS  Lemma  71.8.4.  Let  A be  a Noetherian  ring  and  I = (a)  a principal  ideal.  Let  B 


be  an  object  of  (71.  j.  0.2).  Assume  given  an  integer  c > 0 such  that  multiplication 


by  ac  on  NLg/A  is  zero  in  D(B).  Then  there  exists  a finite  type  A-algebra  C and 
an  isomorphism  B = CA . 


we  can 


Proof.  Choose  a presentation  B = A[xi, . . . , xr\A/J.  By  Lemma  71.5.4 
find  a map  a : (J) Bdxi  -A  J / J2  such  that  doa  and  a o d are  both  multiplication 
by  ac.  Pick  an  element  /,;  G J whose  class  modulo  J2  is  equal  to  a(d xf).  Then  we 
see  that  d fi  = acd xt  in  0dxi.  In  particular  we  have  a ring  map 

A[xi,  . . . , Xr]A/(fi,  ■ ■ ■ ,fr,  A(/i,  ...  ,fr)  — arc)  — » B 

where  A(/i, . . . , fr)  G A[x i, . . . , xr]A  is  the  determinant  of  the  matrix  of  partial 
derivatives  of  the  fi. 

Pick  a large  integer  N.  Pick  !j  , . . . , ly  G A[x\, . . . , ay]  such  that  Fi  — fi  G 
INA[xi, . . . , ccr]A-  Set 

C = A[x  i,  ...,xr,  z]/(F1, . ..,Fr,  zA(Fi,  ...,Fr)~  arc) 

We  claim  that  multplication  by  a2rc  is  zero  on  NLq/a  in  D(C).  Namely,  the 
determinant  of  the  matrix  of  the  partial  derivatives  of  the  r + 1 generators  of  the 
ideal  of  C with  respect  to  the  variables  x\, . . . , ay+i,  z is  A(Fi, . . . , Fr)2.  Since 
A(Fi, . . . , Fr)  divides  arc  we  in  C the  claim  follows  for  example  from  Algebra, 
Lemma 


10.14.4 


Let  CA  be  the  I-adic  completion  of  C.  Since  NLq a /A  is  the  I-adic 
completion  of  NLq/a  we  conclude  that  multiplication  by  a2rc  is  zero  on  NL^a/A 
as  well. 

By  construction  there  is  a (surjective)  map  tpN  ■ C/INC  -A-  B/IN B sending  x,  to 
Xi  and  z to  1.  By  Lemma  71.8. 3|  (with  the  roles  of  B and  C reversed)  for  N large 
enough  we  get  a map  ip  : CA  -A  B which  agrees  with  ifm  modulo  jN-2rc_ 


The  rig-etale  case 
IElk73l  III 
Theorem  7]  which 
handles  the 
rig-smooth  case. 
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Since  p : CA  B is  surjective  modulo  I we  see  that  it  is  surjective  (for  example 


lemma  now  follows  from  Dualizing  Complexes,  Lemma  |45.13.2| 
71.9.  Glueing  rings  along  an  ideal 


□ 


0AK8  Let  A be  a Noetherian  ring.  Let  I C A be  an  ideal.  In  this  section  we  study 
/-adically  complete  A-algebras  which  are,  in  some  vague  sense,  etale  over  the  com- 
plement of  V(I)  in  Spec(A). 

0AK9  Lemma  71.9.1.  Let  A be  a Noetherian  ring.  Let  I C A be  an  ideal.  Let  t be 
the  minimal  number  of  generators  for  I . Let  C be  a Noetherian  I -adically  complete 
A-algebra.  There  exists  an  integer  d > 0 depending  only  on  I C A -A  C with  the 
following  property:  given 

(1)  c > 0 and  B in  (71. f .0.2)  such  that  for  a £ Ic  multiplication  by  a on 
NLg/A  is  zero  in  D{B), 

(2)  an  integer  n > 2t  max(c,  d), 

(3)  an  A/ In -algebra  map  : B/InB  -A-  C/InC, 

there  exists  a map  p : B — >■  C of  A- algebras  such  that  tpn  mod  Im~c  = p mod  Im~c 
with  m = [j J . 

Proof.  We  prove  this  lemma  by  induction  on  the  number  of  generators  of  I.  Say 
I = (oi, . . . ,at).  If  t = 0,  then  1 = 0 and  there  is  nothing  to  prove.  If  t = 1, 


then  the  lemma  follows  from  Lemma  71.8.3  because  2max(c,  d)  > max(2c,  c + d). 
Assume  t > 1. 

Set  m = LfJ  as  in  the  lemma.  Set  A = A/ (a™).  Consider  the  ideal  / = 
(oi, . . . ,at-i)  in  A.  Set  C = C /(a™)-  Note  that  C is  a /-adically  complete  Noe- 
therian A-algebra  (use  Algebra,  Lemmas  10.96.1  and  10.95.9 1.  Let  d be  the  integer 
for  / C A 


71.8.3 


(see 


C which  exists  by  induction  hypothesis. 

Let  di  > 0 be  an  integer  such  that  Gfa^0]  fl  a^C  = 0 as  in  Lemma 
discussion  following  the  lemma  and  before  the  proof). 

We  claim  the  lemma  holds  with  d = max(d,  di).  To  see  this,  let  c,  B , n,  i jjn  be  as  in 
the  lemma. 


Note  that  / C I A.  Hence  by  Lemma  71.6.3  multiplication  by  an  element  of  Ic  on 
the  cotangent  complex  of  B = B/{arfl)  is  zero  in  D{B).  Also,  we  have 

jn—m+l  jn 


C/I 


n— ra+1 


c 


Thus  ipn  gives  rise  to  a map 

4>n-m+l  ■ B/r~m+1B 

Since  n > 2t  max(c,  d)  and  d > d we  see  that 

n — to  + 1 > (t  — 1 )n/t  > 2 (f  — 1)  max(c,  d)  > 2 (t  — 1)  max(c,  d) 

Hence  we  can  find  a morphism  pm  : B — ^ C agreeing  with  modulo  the 

ideal  Im'~c  where  m'  = L"~”+1J. 
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Since  m > n/t  > 2 max(c,  d)  > 2 max(c,  di)  > max(2c,  c+di),  we  can  apply  Lennna 
71.8.3  for  the  ring  map  A — > B and  the  ideal  (at)  to  hnd  a morphism  <p  : B — > C 
agreeing  modulo  a™_c  with  ipm. 


All  in  all  we  find  ip  : B -A  C which  agrees  with  ijjn  modulo 

(a™“C)  + (Ol,  . . . , at- l)m'-C  C I^Am-c,m'-c) 

We  leave  it  to  the  reader  to  see  that  min (m  — c,  m'  — c)  = m — c.  This  concludes 
the  proof.  □ 


Lemma  71.9.2.  Let  A be  a Noetherian  ring  and  I C A an  ideal.  Let  J C A be  a 
nilpotent  ideal.  Consider  a diagram 


C ^ C/JC 

A 

B0 

A 

A ^ A/J 


whose  vertical  arrows  are  of  finite  type  such  that 

(1)  Spec(C)  -A  Spec(A)  is  etale  over  Spec(A)  \ V(I), 

(2)  Spec(B0)  — > Spec  (A/J)  is  etale  over  Spec(A/J)  \V((I  + J)/J),  and 

(3)  Bo  -*  C/JC  is  etale  and  induces  an  isomorphism  Bq/IBo  = C/(I  + J)C. 
Then  we  can  fill  in  the  diagram 

C ^ C/JC 


B >Bo 


A s-  A/J 

with  A — ► B of  finite  type,  B/JB  = Bq,  B — >■  C etale,  and  Spec (B)  — ► Spec(A) 
etale  over  Spec(A)  \V(I). 

Proof.  By  induction  on  the  smallest  n such  that  J"  = 0 we  reduce  to  the  case 
J2  = 0.  Denote  by  a subscript  zero  the  base  change  of  objects  to  A0  = A/J.  Since 
J2  = 0 we  see  that  JC  is  a Co-module. 

Consider  the  canonical  map 

7 : J Co  — » JC 

Since  Spec(C)  — > Spec(A)  is  etale  over  the  complement  of  V (I)  (and  hence  flat)  we 
see  that  7 is  an  isomorphism  away  from  V(ICq),  see  More  on  Morphisms,  Lemma 
|36.8.1|  In  particular,  the  kernel  and  cokernel  of  7 are  annihilated  by  a power  of  I 
(use  that  Co  is  Noetherian  and  that  the  modules  in  question  are  finite).  Observe 
that  J ®a0  Co  = (J  <8>a0  Bo)  ®b0  Co-  Hence  by  More  on  Algebra,  Lemma[l5.70.16 
there  exists  a unique  Bo-module  homomorphism 

c : J ®a0  Bq  — > N 
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with  c®  idc0  = 7 and  Ker(7)  = Ker(c)  and  Coker(7)  = Coker(c).  Moreover,  N is 
a finite  Bo-module,  see  More  on  Algebra,  Remark |15. 70. 19[ 

Choose  a presentation  B0  = A[x i, . . . ,xr\/K.  To  construct  B we  try  to  find  the 
dotted  arrow  m fitting  into  the  following  pushout  diagram 


J ®A0  -Bo 


'•  B0  > o 

A[x i, . . . , xr\/K s-  0 


where  the  curved  arrow  is  the  map  c constructed  above  and  the  map  J Bo  —t 
K/K2  is  the  obvious  one. 

As  B0  — > Cq  is  etale  we  can  write  Co  = Bo[yi, ... , yr]/{go,i,  ■ ■ ■ , go,r)  such  that  the 
determinant  of  the  partial  derivatives  of  the  goj  is  invertible  in  Cq  , see  Algebra, 
Lemma  |10.141.2|  We  combine  this  with  the  chosen  presentation  of  Bq  to  get  a 
presentation  Co  = A[x±, . . . ,xr,yi, . . . ,ys]/L.  Choose  a lift  ij)  : A[xi,yj]  — > C of 
the  map  to  Cq-  Then  it  is  the  case  that  C fits  into  the  diagram 


0 

0 


* JC 


J ®A0  Co 


>-  c 

A[xi,yj\/L2 


> cy---  ---  ->*o 

A[xi,yj\/L >■  0 


where  the  curved  arrow  is  the  map  7 constructed  above  and  the  map  J Co  — ► 
L/L 2 is  the  obvious  one.  By  our  choice  of  presentations  and  the  fact  that  Co  is  a 
complete  intersection  over  Bq  we  have 

L/L2  = K/K  2 Co  ® (£)  Cogj 


Consider  the  three  term  complex 


where  gj  £ L is  any  lift  of  go.j,  see  More  on  Algebra,  Lemma  15.25.6 


K*  : J ® Ao  Bo  -A  K/K2  -A  © Bo&Xi 


where  the  second  arrow  is  the  differential  in  the  naive  cotangent  complex  of  Bo 
over  A for  the  given  presentation  and  the  last  term  is  placed  in  degree  0.  Since 
Spec(R0)  -A ► Spec(A0)  is  etale  away  from  V(I)  the  cohomology  modules  of  this 
complex  are  supported  on  V(IBo).  Namely,  for  a £ I after  inverting  a we  can 
apply  More  on  Algebra,  Lemma  15.25.6  for  the  ring  maps  Aa  — > Ao,a  — > Bo, a and 
use  that  NLA0  a/Aa  = Ja  and  NLg  = 0 (some  details  omitted).  Hence  these 

cohomology  groups  are  annihilated  by  a power  of  I. 


Similarly,  consider  the  three  term  complex 

L*  : J®a0  C0  -A  L/L2  ->  0 C0dxi  ® 0 Codyj 
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By  our  direct  sum  decomposition  of  L/L2  above  and  the  fact  that  the  the  determi- 
nant of  the  partial  derivatives  of  the  goj  is  invertible  in  Co  we  see  that  the  natural 
map  K*  — > L*  induces  a quasi-isomorphism 


0AM9 


A*  ®b0  Cq 


L* 


Applying  Dualizing  Complexes,  Lemma|45.9.9  we  find  that 
(71.9.2.1)  Horn D(Bo)(K\E)  = Horn d{Cq)(L\E®Bo  C„) 

for  any  object  E G D(B0). 


The  maps  id  j®Aoc0  and  /i  define  an  element  in 

Hom^c^L*,  (J  ®a0  C0  -A  JC)) 

(the  target  two  term  complex  is  placed  in  degree  —2  and  —1)  such  that  the  com- 
position with  the  map  to  J ®a0  Co [2]  is  the  element  in  HomD(c0)(B*,  J ®a0  Co [2]) 
corresponding  to  id j®Aq  c0  ■ Picture 


j ®A0  Co 

idJ®A0O0 

' 

J ®A0  Cq 


■ L/L2 

A* 

Y 

- JC 


© Codxi  © © Codi/j 


Applying  (71.9.2.1)  we  obtain  a unique  element 

£ G Hom£)(Bo)(A'*,  (J  ®a0  B0 


A© 


Its  composition  with  the  map  to  J®a0  -Bo  [2]  is  the  element  in  Hom£>(c0)(-B*,  J®a0 
Bq[2])  corresponding  to  idj®A  b0  • By  Lemma  71.5.4  we  can  find  a map  of  complexes 


I\*  — ► (J®a0  Bq  — > N)  representing  £ and  equal  to  id j®Ao Bo  in  degree  —2.  Denote 
to  : K/K2  — > N the  degree  —1  part  of  this  map.  Picture 


id 


J®, 

j®a0bo 

J®. 


Bn 


Bo 


K/K2 


■ N 


© BodXi 


Thus  we  can  use  to  to  create  an  algebra  B by  push  out  as  explained  above.  However, 
we  may  still  have  to  change  to  a bit  to  make  sure  that  B maps  to  C in  the  correct 
manner. 

Denote  m ® idc0  © 0 : L/L 2 -A  JC  the  map  coming  from  the  direct  sum  de- 
composition of  L/L 2 (see  above),  using  that  N ®Bo  C0  = JC,  and  using  0 on  the 
second  factor.  By  our  choice  of  to  above  the  maps  of  complexes  (idj®A  c0>  AL  0)  and 
Co,  m ® idc0  ® 0, 0)  define  the  same  element  of  Homfl(Co)(B,  (J  ®a0  Co 
there  exist  maps  h : Z, 


JC)).  By  Lemma  71.5.4  there  exist  maps  h : L 1 — >•  J ®a0  Co  and  h!  : L°  -A  JC 
which  define  a homotopy  between  (idj®^  ,c0>/b  0)  and  (idj®Aoc0, TO  ® idc0  ® 0, 0). 
Picture 


J ®A0  Co 

idJ®Aoc0 

J ®A0  Cq  ■ 


■K/K2  ®b0  Cq  © © Co<7j 


■ © Codxi  © © Codyj 


m0idcoffiO 
YY 

JC -*■ 


h' 
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Since  h precomposed  with  d ~£2  is  zero  it  defines  an  element  in  Hom£>(c0)(L*,  J ®_a0 
Co[l])  which  comes  from  a unique  element  \ of  Hom£>(B0)(A'*,  J 0ao  f?o[l])  by 
(71.9.2.l|.  Applying  Lemma  71.5.4  again  we  represent  x by  a map  g : K/K2  — > 
J ®a0  Bo-  Then  the  base  change  g g>  idc0  and  h differ  by  a homotopy  h"  : L°  — ► 
J <£>  a0  C . Hence  if  we  modify  to  into  m+co  g , then  we  find  that  to  idc0  © 0 and 
ji  just  differ  by  a map  h!  : L°  -A  JC. 

Changing  our  choice  of  the  map  if  : A\xi,  yj\  — > C by  sending  Xi  to  if(xi ) 
and  sending  yj  to  ip( yj ) + h'(dyj),  we  find  a commutative  diagram 


h'(dxi) 


At  this  point  we  can  define  B as  the  pushout  in  the  first  commutative  diagram  of 
the  proof.  The  commutativity  of  the  diagram  just  displayed,  shows  that  there  is 
an  A-algebra  map  B — > C compatible  with  the  given  map  N = JB  — > JC.  As 
N ®b0  Cq  = JC  it  follows  from  More  on  Morphisms,  Lemma  36.8.1  that  B — > C 


is  fiat.  From  this  it  easily  follows  that  it  is  etale.  We  omit  the  proof  of  the  other 
properties  as  they  are  mostly  self  evident  at  this  point.  □ 

OAKA  Lemma  71.9.3.  Let  A be  a Noetherian  ring.  Let  I C A be  an  ideal.  Let  B be 
an  object  of  ( 71.  j. 0.2).  Assume  there  is  an  integer  c > 0 such  that  for  a £ Ic 


multiplication  by  a on  NLg^A  is  zero  in  D(B).  Then  there  exists  a finite  type 
A-algebra  C and  an  isomorphism  B = CA . 

In  Section  |71.10|  we  will  give  a simpler  proof  of  this  result  in  case  A is  a G-ring. 

Proof.  We  prove  this  lemma  by  induction  on  the  number  of  generators  of  I . Say 
I = (ai, . . . ,at).  If  t = 0,  then  1 = 0 and  there  is  nothing  to  prove.  If  t = 1,  then 
the  lemma  follows  from  Lemma  [7TT8T4]  Assume  t > 1. 

For  any  to  > 1 set  Am  = A/ (a™).  Consider  the  ideal  Im  = (di, ... , at- i)  in  Am. 
Let  Bm  = B/{a ™)  be  the  base  change  of  B for  the  map  (A,I)  — >•  (. Am,Im ),  see 


(71.4.4.11.  By  Lemma 


71.6.3 


the  assumption  of  the  lemma  holds  for  Im  C A.n 


B„ 


By  induction  hypothesis  (on  t)  we  can  find  a finite  type  Am-algebra  Cm  and  a map 
Cm  — > Bm  which  induces  an  isomorphism  Cf^  = Bm  where  the  completion  is  with 
respect  to  Im.  By  Lemma  71.6.2  we  may  assume  that  Spec(Cm)  — > Spec(Am)  is 


etale  over  Spec(Am)  \ V(Im). 

We  claim  that  we  may  choose  A.n 


Cm  — ► Bm  as  in  the  previous  paragraph  such 


that  moreover  there  are  isomorphisms  (7m/(a™  ) — > Cm- 1 compatible  with  the 

given  A-algebra  structure  and  the  maps  to  = Bm/ (i 


,m—  1 \ 


Namely,  first  fix  a 

choice  of  Ai  — >•  C\  — > B\.  Suppose  we  have  found  Cm-\  — > Cm- 2 Ci  with 

the  desired  properties.  Note  that  C'm/(a7l_1)  is  etale  over  Spec(Am_i)  \ V{Im-\). 

C'm_1  which  in- 


Hence  by  Lemma 


71.6.4 


there  exists  an  etale  extension  Cm_i 


duces  an  isomorphism  modulo  Im-i  and  an  Am_!-algebra  map  Cm/(a™  ) 
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C'm_1  inducing  the  isomorphism  Hm/(a™_  ) -A  Bm-i  on  completions.  Note  that 
C'rn_1  is  etale  over  the  complement  of  V{Im- i)  by  Morphisms, 
and  over  V(Im- 1)  induces  an  isomorphism  on  completions  hence 


Cm/(aT~L) 


28.36.18 


Lemma 

is  etale  there  too  (for  example  by  More  on  Morphisms,  Lemma  36.10.3).  Thus 
Cm/ (a™-1)  -A  C’m-\  is  etale.  By  the  topological  invariance  of  etale  morphisms 
(Etale  Morphisms,  Theorem  40.15.2 ) there  exists  an  etale  ring  map  Cm  — > C'm  such 
that  Cm/ (a™-1)  — > C'm_1  is  isomorphic  to  Cm/ (a™-1)  — ► Cm/ (a™-1).  Observe 
that  the  Im- adic  completion  of  C'm  is  equal  to  the  Im- adic  completion  of  Cm,  i.e., 
to  Bm  (details  omitted).  We  apply  Lemma  71.9.2  to  the  diagram 


CL 


C’l 


Cm/ia?-1) 


Cm—  1 
1 


A„ 


Am.—  ^ 


to  see  that  there  exists  a “lift”  of  C'm  of  Cm- 1 to  an  algebra  over  Ari 
desired  properties. 


with  all  the 


By  construction  (Cm)  is  an  object  of  the  category  (71.4.0.1)  for  the  principal  ideal 
{at).  Thus  the  inverse  limit  B'  = limCm  is  an  (at)-adically  complete  A-algebra 
such  that  B' /atB'  is  of  finite  type  over  A /{at),  see  Lemma [7 1.4.1  By  construction 
the  I- adic  completion  of  B'  is  isomorphic  to  B (details  omitted).  Consider  the 
complex  NLg, /A  constructed  using  the  (a*) -adic  topology.  Choosing  a presentation 
for  B'  (which  induces  a similar  presentation  for  B)  the  reader  immediately  sees  that 
NLg,  iA®b'B  = NLg/A.  Since  at  £ I and  since  the  cohomology  modules  of  NL^, /A 
are  finite  B'-modules  (hence  complete  for  the  at-adic  topology),  we  conclude  that 
a j acts  as  zero  on  these  cohomologies  as  the  same  thing  is  true  by  assumption  for 
NLg /A  ■ Thus  multiplication  by  afc  is  zero  on  NLg, /A  by  Lemma 
finally,  we  may  apply  Lemma  71.8.4  to  (at)  C 4 


71.5.5 
B'  to  finish  the  proof. 


Hence 

□ 


OAKG  Lemma  71.9.4.  Let  A be  a Noetherian  ring.  Let  I C A be  an  ideal.  Let  B be 
an  I-adically  complete  A-algebra  with  A/I  -A  B/IB  of  finite  type.  The  equivalent 
conditions  of  Lemma \71.6.1\  are  also  equivalent  to 
OAKH  (5)  there  exists  a finite  type  A-algebra  C with  Spec(C)  -A  Spec(A)  is  etale 

over  Spec(A)  \ V (/)  such  that  B = CA . 

Proof.  First,  assume  conditions  (1)  - (4)  hold.  Then  there  exists  a finite  type  A- 
algebra  C with  such  that  B = CA  by  Lemma  71.9.3  In  other  words,  Bn  = C/InC. 


The  naive  cotangent  complex  NLq/A  is  a complex  of  finite  type  C-modules  and 
hence  7J_1  and  H°  are  finite  C-modules.  By  assumption  there  exists  a c > 0 such 
that  H~l / In H~1  and  H° /InH°  are  annihilated  by  Ic  for  some  n.  By  Nakayama’s 
lemma  this  means  that  ICH~ 1 and  ICH°  are  annihilated  by  an  element  of  the  form 
/ = 1 + x with  x £ IC.  After  inverting  / (which  does  not  change  the  quotients 
Bn  = C/InC)  we  see  that  NLq/A  has  cohomology  annihilated  by  Ic.  Thus  A — > C 
is  etale  at  any  prime  of  C not  lying  over  V(I)  by  the  definition  of  etale  ring  maps, 
see  Algebra,  Definition  |10.14lTTj 
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OALU 


OAKB 


OAKC 


OAKD 


OAKE 


Conversely,  assume  that  A — ► C of  finite  type  is  given  such  that  Spec(C)  — > Spec(A) 
is  etale  over  Spec(A)  \V(I).  Then  for  every  a £ I there  exists  an  c > 0 such  that 
multiplication  by  ac  is  zero  NLq/a-  Since  NLqA/a  is  the  derived  completion  of 
NLc/a  (see  Lemma  71.5.1 1 it  follows  that  B = CA  satisfies  the  equivalent  conditions 
of  Lemma  171.6.11  □ 


71.10.  In  case  the  base  ring  is  a G-ring 

If  the  base  ring  A is  a Noetherian  G-ring,  then  some  of  the  material  above  simplifies 
somewhat  and  we  obtain  some  additional  results. 


Proof  of  Lemma  |71.9.3|  in  case  A is  a G-ring.  This  proof  is  easier  in  that  it 
does  not  depend  on  the  somewhat  delicate  deformation  theory  argument  given  in 


the  proof  of  Lemma  71.9.2  but  of  course  it  requires  a very  strong  assumption  on 
the  Noetherian  ring  A. 

Choose  a presentation  B = A[x\, . . . ,xr]A/J.  Choose  generators  £ J ■ 

Choose  generators  of  the  module  of  relations  between  gi, . ■ ■ ,gm,  i.e., 

such  that 

(A[m, . . . , av]A)et  (4*1,  • • • , av]A)0m  A[xu . . . , xr]A 

is  exact  in  the  middle.  Write  = (feu,  ■ ■ . , fe*m)  so  that  we  have 
(71.10.0.1)  Y^kijgj  = 0 

for  i = 1 Let  Ic  = (ai, . . . ,as).  For  each  l £ {1, . . . , s}  we  know  that 

we  can  find  a 


71.5.4 


multiplication  by  a;  on  NLg/A  is  zero  in  D(B).  By  Lemma 
map  ai  : 0 Bdxi  —>  J/ J 2 such  that  do  a;  and  cq  od  are  both  multiplication  by  ai. 
Pick  an  element  fi  j £ J whose  class  modulo  J2  is  equal  to  oti{ dxj).  Then  we  have 
for  all  l = 1, . . . , s and  i = 1, . . . , r that 


(71.10.0.2) 

for  some  hj  . 
that 

(71.10.0.3) 


/ y .,(dfi,i/dxi')dxi'  = aidx.i  + 2_ ^ hjf  gyAxi' 

£ A[x i, . . . , xr]A.  We  also  have  for  j = 1, . . . , m and  l = 1, . . . , s 


ai9j  = hi? 


for  some  K[  3 and  h\  in  A[x i, . . . , xr]A.  Of  course,  since  £ J we  can  write  for 

l = 1, . . . , s and  i = 1, . . . , r 

(71.10.0.4)  A,i  = E^i9J 

for  some  hj  i in  A[x i, . . . , xr]A. 

Let  A[x i, . . . , xr]h  be  the  henselization  of  the  pair  (A[xi, . . . , xr],IA[x i, . . . , a;r]), 
see  More  on  Algebra,  Lemma  |15.8.13|  Since  A is  a Noetherian  G-ring,  so  is 
A[x i, . . . , xr],  see  More  on  Algebra,  Proposition  15.41.10|  Hence  we  have  approx- 


imation for  the  map  A[xi, . . . , xr]h  — > A[x  i,...,xr]A  with  respect  to  the  ideal 
generated  by  /,  see  Smoothing  Ring  Maps,  Lemma |l6. 15. 1|  Choose  a large  integer 
AI.  Choose 

GjjKijyFij,  , . Hi . £ A\x\, . . . , xr]h 
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such  that  analogues  of  equations  (71.10.0.1),  (71.10.0.3),  and  (71.10.0.4)  hold  for 
these  elements  in  A[x i, . . . , xr]h,  i.e., 


EA^  = 0’ 


Gj'Gj", 


and  such  that  we  have 

Gj - g.j , Kn - kij , /••/,  - //,, Hij - , h(Z - h(f , ///,  - h\.  c / u,i:.n 

where  we  take  liberty  of  thinking  of  A[xi, . . . , xr]h  as  a subring  of  A[x i, . . . , xr]A. 
Note  that  we  cannot  guarantee  that  the  analogue  of  ( 71.10.0.2 ) holds  in  A[x i, . . . , xr]h, 
because  it  is  not  a polynomial  equation.  But  since  taking  partial  derivatives  is  A- 
linear,  we  do  get  the  analogue  modulo  IM . More  precisely,  we  see  that 

(71.10.0.5)  E.,( dFiti/dxi>)dxi > — aidxi  - E hf/Gj'dxe  £ IMA[x xr]A 

for  l = 1, . . . , s and  i = 1, . . . , r. 

With  these  choices,  consider  the  ring 

Ch  = A[x1,...,xr)h/(G1,...,Gr) 

and  denote  CA  its  J-adic  completion,  namely 

CA  = A[x1,...,xr]A/f,  J'  = (G1,...,Gr)A[x1,...,xr]A 

In  the  following  paragraphs  we  esthablish  the  fact  that  CA  is  isomorphic  to  B. 
Then  in  the  final  paragraph  we  deal  with  show  that  Ch  comes  from  a finite  type 
algebra  over  A as  in  the  statement  of  the  lemma. 

First  consider  the  cokernel 

ft  = Coker(  J' /{ J')2  — ► 0 CAdXi) 

This  CA  module  is  generated  by  the  images  of  the  elements  da;,;.  Since  Fn  £ J' 
by  the  analogue  of  (71.10.0.4)  we  see  from  (71.10.0.5)  we  see  that  a/da;,  £ JMfh 
As  Ic  = ( ai ) we  see  that  /cfi  C IMfl.  Since  M > c we  conclude  that  Icfl  = 0 by 
Algebra,  Lemma  [10. 19. 1[ 

Next,  consider  the  kernel 

Hi  = Ker(J7(J')2  — > 0(7Ada;,) 


By  the  analogue  of  (71.10.0.3)  we  see  that  a/J'  C (-F/,,)  + {J1)2-  On  the  other 
hand,  the  determinant  A / of  the  matrix  [dFi^/dx^)  satisfies  A / = a\  mod  IAICA 
by  (71.10.0.5).  It  follows  that  a[+1Hi  C IMH\  (some  details  omitted;  use  Algebra, 
Lemma  10.14.4).  Now  (a^+1, . . . ,ag+1)  A /(sr+1)c.  Hence  j(sr+1)cF/1  c IMH\  and 


since  M > ( sr  + l)c  we  conclude  that  /(sr+1)cL/1  = 0. 

By  Lemma  71.5.5  we  conclude  that  multiplication  by  an  element  of  /2(sr+1)c  on 
7VLpA  /A  is  zero  (note  that  the  bound  does  not  depend  on  M or  the  choice  of  the 
approximation,  as  long  as  M is  large  enough).  Since  Gj  — gj  is  in  the  ideal  generated 
by  IM  we  see  that  there  is  an  isomorphism 

7m  : CA/IMCA  -»■  B/ImB 

As  M is  large  enough  we  can  use  Lemma  71.9. 1| with  d = d(I  C A — ► B ),  with  CA 
playing  the  role  of  B,  with  2(rs  + l)c  instead  of  c,  to  find  a morphism 
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which  agrees  with  ipM  modulo  /<?-2(rs+1)c  where  9 is  the  quotent  of  M by  the 
number  of  generators  of  I.  We  claim  ip  is  an  isomorphism.  Since  GA  and  B are 
/-adically  complete  the  map  ip  is  surjective  because  it  is  surjective  modulo  / (see 


Algebra,  Lemma  10.95.1).  On  the  other  hand,  as  M is  large  enough  we  see  that 

Gr/(GA)  S*  G rj(B) 


as  graded  Gr/-(A[x'] , . . . , 2v]A)-modules  by  More  on  Algebra,  Lemma  15.4.2  Since 
ip  is  compatible  with  this  isomorphism  as  it  agrees  with  ipM  modulo  /,  this  means 
that  Gi 'i  {ip)  is  an  isomorphism.  As  GA  and  B are  /-adically  complete,  it  follows 
that  ip  is  an  isomorphism. 

This  paragraph  serves  to  deal  with  the  issue  that  Ch  is  not  of  finite  type  over  A. 
Namely,  the  ring  A[x\, . . . , xr]h  is  a filtered  colimit  of  etale  A[x i, ...  ,xr\  algebras 
A'  such  that  A/I[x i, . . . , xr]  — > A' /I A'  is  an  isomorphism  (see  proof  of  More  on 
Algebra,  Lemma  15.8.13).  Pick  an  A'  such  that  Gi,...,Gm  are  the  images  of 
G\, ... . G'm  £ A! . Setting  G = A'/(G'l7 . . . , G'm)  we  get  the  finite  type  algebra  we 
were  looking  for.  □ 

The  following  lemma  isn’t  true  in  general  if  A is  not  a G-ring  but  just  Noether- 
ian.  Namely,  if  (A.  m)  is  local  and  I = m,  then  the  lemma  is  equivalent  to  Artin 
approximation  for  Ah  (as  in  Smoothing  Ring  Maps,  Theorem  16.14.1)  which  does 
not  hold  for  every  Noetherian  local  ring. 

0AK4  Lemma  71.10.1.  Let  A be  a Noetherian  G-ring.  Let  I C A be  an  ideal.  Let 
B,C  be  finite  type  A-algebras.  For  any  A-algebra  map  p : BA  — > GA  of  I-adic 
completions  and  any  N > 1 there  exist 

(1)  an  etale  ring  map  C —¥  C'  which  induces  an  isomorphism  C/IC  — > 

C'/IC', 

(2)  an  A-algebra  map  p : B C' 

such  that  p and  rip  agree  modulo  IN  into  GA  = [C')A . 

Proof.  The  statement  of  the  lemma  makes  sense  as  C — > C'  is  flat  (Algebra, 
Lemma  10.141.3)  hence  induces  an  isomorphism  C/InC  — > C' /InC'  for  all  n (More 
on  Algebra,  Lemma  15.70.2)  and  hence  an  isomorphism  on  completions.  Let  Ch 


be  the  henselization  of  the  pair  (G, /G),  see  More  on  Algebra,  Lemma  15.8.13 
Then  Ch  is  the  filtered  colimit  of  the  algebras  C'  and  the  maps  G 


C' 


ch 

induce  isomorphism  on  completions  (More  on  Algebra,  Lemma  15.8.16).  Thus  it 
suffices  to  prove  there  exists  an  A-algebra  map  B — > Ch  which  is  congruent  to  ip 
modulo  IN . Write  B = Afaq, . . . , xn }/ (/i, . . . , fm).  The  ring  map  ip  corresponds 
to  elements  c\, . . . , cn  £ GA  with  /j(ci, . . . , c„)  = 0 for  j = 1, . . . , m.  Namely,  as  A 
is  a Noetherian  G-ring,  so  is  G,  see  More  on  Algebra,  Proposition  |15. 41.10]  Thus 
Smoothing  Ring  Maps,  Lemma  16.15.l|  applies  to  give  elements  Ci , . . . , c„  £ Ch 
such  that  fj(c\, ...  ,cn)  = 0 for  j = 1, . . . , m and  such  that  c,  — c,  £ INCh.  This 
determines  the  map  B — Ch  as  desired.  □ 


71.11.  Rig-surjective  morphisms 

0AQP  For  morphisms  locally  of  finite  type  between  locally  Noetherian  formal  algebraic 


spaces  a definition  borrowed  from  [Art70]  can  be  used.  See  Remark  71.11.10  for  a 
discussion  of  what  to  do  in  more  general  cases. 
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OAQQ 


OAQR 


OAQS 


OAQT 


OAQU 


OAQV 


Definition  71.11.1.  Let  S'  be  a scheme.  Let  / : X — X Y be  a morphism  of  formal 
algebraic  spaces  over  S.  Assume  that  X and  Y are  locally  Noetherian  and  that  / 
is  locally  of  finite  type.  We  say  / is  rig-surjective  if  for  every  solid  diagram 


Spf(-R') 


Spf(JS) 


■X 


Y 


where  R is  a complete  discrete  valuation  ring  and  where  p is  an  adic  morphism  there 
exists  an  extension  of  complete  discrete  valuation  rings  R C R'  and  a morphism 
Spf(-R')  — > X making  the  displayed  diagram  commute. 


We  prove  a few  lemmas  to  explain  what  this  means. 

Lemma  71.11.2.  Let  S be  a scheme.  Let  f : X — » Y and  g : Y — > Z be  morphisms 
of  formal  algebraic  spaces  over  S.  Assume  X,  Y , Z are  locally  Noetherian  and  f 
and  g locally  of  finite  type.  Then  if  f and  g are  rig-surjective,  so  is  go  f. 


Proof.  Follows  in  a straightforward  manner  from  the  definitions  (and  Formal 
Spaces,  Lemma  70.18.3 1.  □ 


Lemma  71.11.3.  Let  S be  a scheme.  Let  f : X — »•  Y and  Z — ► Y be  morphisms 
of  formal  algebraic  spaces  over  S.  Assume  X,  Y,  Z are  locally  Noetherian  and  f 
and  g locally  of  finite  type.  If  f is  rig-surjective,  then  the  base  change  Z Xy  X — » Z 
is  too. 


Proof.  Follows  in  a straightforward  manner  from  the  definitions  (and  Formal 
Spaces,  Lemmas  70.18.9  and  70.18.4).  □ 


Lemma  71.11.4.  Let  S be  a scheme.  Let  f : X — X Y and  g : Y — x Z be  morphisms 
of  formal  algebraic  spaces  over  S.  Assume  X,  Y , Z locally  Noetherian  and  f and 
g locally  of  finite  type.  If  g o / : X — ► Z is  rig-surjective,  so  is  g : Y — X Z. 


Proof.  Immediate  from  the  definition. 


□ 


Lemma  71.11.5.  Let  S be  a scheme.  Let  f : X — X Y be  a morphism  of  formal 
algebraic  spaces  which  is  representable  by  algebraic  spaces,  etale,  and  surjective. 
Assume  X and  Y locally  Noetherian.  Then  f is  rig-surjective. 


Proof.  Let  p : Spf(i?)  — > Y be  an  adic  morphism  where  R is  a complete  discrete 
valuation  ring.  Let  Z = Spf(i?)  Xy  A'.  Then  Z —X  Spf(-R)  is  representable  by 
algebraic  spaces,  etale,  and  surjective.  Hence  Z is  nonempty.  Pick  a nonempty 
affine  formal  algebraic  space  V and  an  etale  morphism  V — > Z (possible  by  our 
definitions).  Then  V — > Spf(i?)  corresponds  to  R — > AA  where  R — > A is  an  etale 
ring  map,  see  Formal  Spaces,  Lemma  70.14.13  Since  AA  ^ 0 (as  V ^ 0)  we  can 


find  a maximal  ideal  m of  A lying  over  m^.  Then  Am  is  a discrete  valuation  ring 
(More  on  Algebra,  Lemma  15.35. 4[).  Then  R!  = AA  is  a complete  discrete  valuation 


ring  (More  on  Algebra,  Lemma  15.34.5).  Applying  Formal  Spaces,  Lemma  70.5.10 
we  find  the  desired  morphism  Spf(i?') 


X. 


□ 


Remark  71.11.6.  Let  S'  be  a scheme.  Let  / : X — > Y be  a morphism  of  locally 
Noetherian  formal  algebraic  spaces  which  is  locally  of  finite  type.  The  upshot  of 
the  lemmas  above  is  that  we  may  check  whether  / : X — > Y is  rig-surjective,  etale 
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OAQW 


locally  on  Y.  For  example,  suppose  that  {Y,  — > Y}  is  a covering  as  in  Formal 
Spaces,  Definition|70.7.1|  Then  / is  rig-surjective  if  and  only  if  /j  : X x y Yj  — > Yj  is 
rig-surjective.  Namely,  if  / is  rig-surjective,  so  is  any  base  change  (Lemma |71.1 1.3 ). 
Conversely,  if  all  fj  are  rig-surjective,  so  is  {J  fj  : {JX  x y Y — ► U Y% ■ By  Lemma 
71.11.5  the  morphism  JJYj  — > Y is  rig-surjective.  Hence  ]j  X Xy  Yj  — ► Y is  rig- 
surjective  (Lemma  71.11.2).  Since  this  morphism  factors  through  X — > Y we  see 
that  X — ► Y is  rig-surjective  by  Lemma  [71. 11. 4| 

Lemma  71.11.7.  Let  S be  a scheme.  Let  f : X Y be  a proper  surjective 
morphism  of  locally  Noetherian  algebraic  spaces  over  S . Let  T C |Y|  be  a closed 
subset  and  let  T'  — |/|~1(T')  C \X\.  Then  X/t>  — ► Y/t  is  rig -surjective. 

Proof.  The  statement  makes  sense  by  Formal  Spaces,  Lemmas|70.15.6|and|70.18.10| 
Let  Yj  — > Y be  a jointly  surjective  family  of  etale  morphism  where  Yj  is  an  affine 


scheme  for  each  j.  Denote  Tj  C Yj  the  inverse  image  of  T.  Then  {(Yj) /t 
a covering  as  in  Formal  Spaces,  Definition 
and  Tj  C \Xj\  the  inverse  image  of  T,  we 


Y/t}  is 

70.7.11  Moreover,  setting  Xj  = Yj  Xy  X 


nave 


(Xj)/T>  - (Yj)/Tj  X(V/T)  X/T, 

By  the  discussion  in  Remark  |71.11.6|  we  reduce  to  the  case  where  Y is  an  affine 
Noetherian  scheme  treated  in  the  next  paragraph. 

Assume  Y = Spec(A)  where  A is  a Noetherian  ring.  This  implies  that  Y/T  = 
Spf(AA)  where  AA  is  the  /-adic  completion  of  A for  some  ideal  I C A.  Let  p : 
Spf(l?)  — ► Spf(AA)  be  an  adic  morphism  where  R is  a complete  discrete  valuation 
ring.  Let  K be  the  field  of  fractions  of  R.  Consider  the  composition  A — > AA  — > R. 
Since  X — y Y is  surjective,  the  fibre  Xk  = Spec(A')  Xy  X is  nonempty.  Thus  we 
may  choose  an  affine  scheme  U and  an  etale  morphism  U — > X such  that  Uk  is 
nonempty.  Let  u £ Ur-  be  a closed  point  (possible  as  Uk  is  affine).  By  Morphisms, 
Lemma  28.20.3  the  residue  field  L = n(u)  is  a finite  extension  of  K.  Let  R'  C L be 


the  integral  closure  of  R in  L.  By  More  on  Algebra,  Remark  15.81.6  we  see  that  R'  is 
a discrete  valuation  ring.  Because  X — > Y is  proper  we  see  that  the  given  morphism 
Spec(L)  = u — » Uk  — > Xk  —>  X extends  to  a morphism  Spe^l?')  — > X over  the 
given  morphism  Spec(A)  — > Y (Decent  Spaces,  Lemma  55.14.5 1.  By  commutativity 
of  the  diagram  the  induced  morphisms  Spec(i?'/m^,)  — >•  X are  points  of  X/T,  and 
we  find 

Spf((i?,)A)  = coliniSpec(i?,/m^/)  — > X/T> 

as  desired  (note  that  (i?')A  is  a complete  discrete  valuation  ring  by  More  on  Algebra, 
Lemma  |15.34.5[  in  fact  in  the  current  situation  R!  = (i?')A  but  we  do  not  need 
this).  □ 

OAQX  Lemma  71.11.8.  Let  A be  a Noetherian  ring  complete  with  respect  to  an  ideal  I . 

Let  B be  an  I-adically  complete  A-algebra.  If  A/In  — >•  B/InB  is  of  finite  type  and 
flat  for  all  n and  faithfully  flat  for  n = 1,  then  Spf(B)  — > Spf(A)  is  rig- surjective. 

Proof.  We  will  use  without  further  mention  that  morphisms  between  formal  spec- 
tra are  given  by  continuous  maps  between  the  corresponding  topological  rings,  see 
Formal  Spaces,  Lemma  70.5.10  Let  p : A — >■  R be  a continuous  map  into  a com- 
plete discrete  valuation  ring  A.  This  implies  that  p(T)  C m^.  On  the  other  hand, 
since  we  only  need  to  produce  the  lift  p'  : B'  — ► R'  in  the  case  that  p corresponds 
to  an  adic  morphism,  we  may  assume  that  p{I)  0.  Thus  we  may  consider  the 
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base  change  C = B^aR,  see  Remark  71.4.3  for  example.  Then  C is  an  rrifl-adically 
complete  i?-algebra  such  that  C/m^C  is  of  finite  type  and  flat  over  R/xnf  and  such 
that  C/triflC  is  nonzero.  Pick  any  maximal  ideal  m C C lying  over  m^.  By  flat- 
ness (which  implies  going  down)  we  see  that  Spec(Cm)  \ P(mflCm)  is  a nonempty 
open.  Hence  We  can  pick  a prime  q C m such  that  q defines  a closed  point  of 
Spec(Cm)  \ {m}  and  such  that  q ^ V(ICm),  see  Properties,  Lemma  27.6.4  Then 


C/ q is  a dimension  1-local  domain  and  we  can  find  C/q  C R'  with  R'  a discrete 
valuation  ring  (Algebra,  Lemma  10.118.13).  By  construction  C m#/  and  we 

see  that  C — >•  R'  extends  to  a continuous  map  C — > (R')A  (in  fact  we  can  pick  R' 
such  that  R'  = ( R')A  in  our  current  situation  but  we  do  not  need  this).  Since  the 
completion  of  a discrete  valuation  ring  is  a discrete  valuation  ring,  we  see  that  the 
assumption  gives  a commutative  diagram  of  rings 


which  gives  the  desired  lift. 


□ 


OAQY  Lemma  71.11.9.  Let  A be  a Noetherian  ring  complete  with  respect  to  an  ideal  I . 
Let  B be  an  I-adically  complete  A-algebra.  Assume  that 

(1)  the  I -torsion  in  A is  0, 

(2)  A/In  B/InB  is  flat  and  of  finite  type  for  all  n. 

Then  SpfiB)  — » Spf(A)  is  rig -surjective  if  and  only  if  A/I  — » B/IB  is  faithfully 
flat. 


Proof.  Faithful  flatness  implies  rig-surjectivity  by  Lemma  .11. 8|  To  prove  the 
converse  we  will  use  without  further  mention  that  the  vanishing  of  I- torsion  is 


equivalent  to  the  vanising  of  I- power  torsion  (More  on  Algebra,  Lemma  15.69.3). 
We  will  also  use  without  further  mention  that  morphisms  between  formal  spectra 
are  given  by  continuous  maps  between  the  corresponding  topological  rings,  see 
Formal  Spaces,  Lemma[70.5.10| 

Assume  Spf(H)  — ► Spf(A)  is  rig-surjective.  Choose  a maximal  ideal  I C m C A. 
The  open  U = Spec(Am)  \ V(Im)  of  Spec(Am)  is  nonempty  as  the  /m-torsion  of  Am 
is  zero  (use  Algebra,  Lemma  10.61.4).  Thus  we  can  find  a prime  q C Am  which 
defines  a point  of  U (i.e.,  IAm  <jt  q)  and  which  corresponds  to  a closed  point  of 


Spec(Am)  \ {m},  see  Properties,  Lemma  27.6.4  Then  Am/q  is  a dimension  1 local 


domain.  Thus  we  can  find  an  injective  local  homomorphism  of  local  rings  Am/q  C R 


where  R is  a discrete  valuation  ring  (Algebra,  Lemma  10.118.13).  By  construction 
IRC  m#  and  we  see  that  A — > R extends  to  a continuous  map  A — > RA.  Since  the 
completion  of  a discrete  valuation  ring  is  a discrete  valuation  ring,  we  see  that  the 
assumption  gives  a commutative  diagram  of  rings 


R' 


B 

A 


RA  -c 
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OAQZ 


Thus  we  find  a prime  ideal  of  B lying  over  m.  It  follows  that  Spec (B/IB)  — > 
Spec  (A/I)  is  surjective,  whence  A/I  — ► B/IB  is  faithfully  flat  (Algebra,  Lemma 


10.38. 16|. 


□ 


71.11.1 


is  not 
For  example,  if 


Remark  71.11.10.  The  condition  as  formulated  in  Definition 
right  for  morphisms  of  locally  adic*  formal  algebraic  spaces. 

A = (U„>i  fc[fV™])A  where  completion  is  the  t-adic  completion,  then  there 
are  no  adic  morphisms  Spf(i?)  — > Spf(A)  where  R is  a complete  discrete  valuation 
ring.  Thus  any  morphism  X — > Spf(A)  would  be  rig-surjective,  but  since  A is  a 
domain  and  t £ A is  not  zero,  we  want  to  think  of  A as  having  at  least  one  “rig- 
point”,  and  we  do  not  want  to  allow  X = 0.  To  cover  this  particular  case,  one  can 
consider  adic  morphisms 

Spf (R)  — > Y 


where  R is  a valuation  ring  complete  with  respect  to  a principal  ideal  J whose 
radical  is  = yfl.  In  this  case  the  value  group  of  R can  be  embedded  into  (R,  +) 
and  one  obtains  the  point  of  view  used  by  Berkovich  in  defining  an  analytic  space 
associated  to  Y,  see  [Ber90| . Another  approach  is  championed  by  Huber.  In  his 
theory,  one  drops  the  hypothesis  that  Spec(i?/J)  is  a singleton,  see  [Hub93a] . 


0AR0  Lemma  71.11.11.  Let  S be  a scheme.  Let  f : X -A  Y be  a morphism  of  formal 
algebraic  spaces.  Assume  X and  Y are  locally  Noetherian,  f locally  of  finite  type, 
and  f a monomorphism.  Then  f is  rig  surjective  if  and  only  if  every  adic  morphism 
Spf(R)  -A  Y where  R is  a complete  discrete  valuation  ring  factors  through  X. 


Proof.  One  direction  is  trivial.  For  the  other,  suppose  that  Spf(-R)  -A  Y is  an  adic 
morphism  such  that  there  exists  an  extension  of  complete  discrete  valuation  rings 
R C R'  with  Spf(i?')  — > Spf(i?)  -A  X factoring  through  Y.  Then  Spec(i?,/m^.i?,)  — ► 
Spec(i?/m^)  is  surjective  and  flat,  hence  the  morphisms  Spec(i?/m^)  -A  X factor 
through  X as  X satisfies  the  sheaf  condition  for  fpqc  coverings,  see  Formal  Spaces, 
Lemma  70.23.1  In  other  words,  Spf(-R)  -A  Y factors  through  X.  □ 


71.12.  Algebraization 

0AR1  In  this  section  we  prove  a generalization  of  the  result  on  dilatations  from  the  paper 
of  Artin  [Art  70],  We  first  reformulate  the  algebra  results  proved  above  into  the 
language  of  formal  algebraic  spaces. 

Let  5 be  a scheme.  Let  V be  a locally  Noetherian  formal  algebraic  space  over 
S.  We  denote  Cy  the  category  of  formal  algebraic  spaces  W over  V such  that  the 
structure  morphism  W — » V is  rig-etale. 

Let  S'  be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let  T c X be  a closed 
subset.  Recall  that  X/t  denotes  the  formal  completion  of  X along  T,  see  Formal 
Spaces,  Section  [70. 9[  More  generally,  for  any  algebraic  space  Y over  X we  denote 
Yit  the  completion  of  Y along  the  inverse  image  of  T in  |F|,  so  that  Y/T  is  a formal 
algebraic  space  over  X/T. 

0AR2  Lemma  71.12.1.  Let  S be  a scheme.  Let  X be  a locally  Noetherian  algebraic  space 
over  S . Let  T C |X|  be  a closed  subset.  IfY  -a  A'  is  morphism  of  algebraic  spaces 
which  is  locally  of  finite  type  and  etale  over  X \ T,  then  Y/T  — > X/T  is  rig-etale, 
i.e.,  Y/T  is  an  object  ofCx/T  defined  above. 
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0AR3 

0AR4 


0AR5 

0AR6 


Proof.  Choose  a surjective  etale  morphism  U — > X with  U = JJ  Ui  a disjoint 
union  of  affine  schemes,  see  Properties  of  Spaces,  Lemma [53. 6. 1|  For  each  i choose 
a surjective  etale  morphism  Vi  — > Y xx  Uj  where  Vi  — ]J[  Vij  is  a disjoint  union  of 
afhnes.  Write  Ui  = Spec(Aj)  and  Vij  = Spec  (By).  Let  I,  c be  an  ideal  cutting 
out  the  inverse  image  of  T in  Ui.  Then  we  may  apply  Lemma  71.6.2  to  see  that 
the  map  of  A-adic  completions  A£ 

Since  {Spf(A^)  - 
Definition  170.7.1 


BA 


71.7.1 


has  the  property  P of  Lemma 
X/T}  and  {Spf(R,:j- j -A-  Y/t}  are  coverings  as  in  Formal  Spaces, 
we  see  that  Y/T  -a  X/t  is  rig-etale  by  definition.  □ 


Lemma  71.12.2.  Let  X be  a Noetherian  affine  scheme.  Let  T C X be  a closed 
subset.  Let  U be  an  affine  scheme  and  let  U -A  X a finite  type  morphism  etale  over 
X\T.  Let  V be  a Noetherian  affine  scheme  over  X . For  any  morphism  c'  : V/t  — > 
U /t  over  X/t  there  exists  an  etale  morphism  b : V'  — >•  V of  affine  schemes  which 
induces  an  isomorphism  b/T  '■  VjT  -A  V/t  and  a morphism  a : V'  -A  U such  that 
d = a /t  ° bj: T . 


Proof.  This  is  a reformulation  of  Lemma  [71.6.41 


□ 


Lemma  71.12.3.  Let  X be  a Noetherian  affine  scheme.  Let  T C X be  a closed 
subset.  Let  W -A  X /t  be  a rig-etale  morphism  of  formal  algebraic  spaces  with  W an 
affine  formal  algebraic  space.  Then  there  exists  an  afffine  scheme  U , a finite  type 
morphism  U — > X etale  over  X\T  such  that  W = U/t ■ Moreover,  ifW  — > X /T  is 
etale,  then  U -A  X is  etale. 

Proof.  The  existence  of  U is  a restatement  of  Lemma [71.9.41  The  final  statement 
follows  from  More  on  Morphisms,  Lemma [36. 10. 3|  □ 


Let  A be  a scheme.  Let  X be  a locally  Noetherian  algebraic  space  over  S and  let 
T C | A' | be  a closed  subset.  Let  us  denote  Cx,t  the  category  of  algebraic  spaces  Y 
over  X such  that  the  structure  morphism  / : Y — ► X is  locally  of  finite  type  and 
an  isomorphism  over  the  complement  of  T.  Formal  completion  defines  a functor 

(71.12.3.1)  Fx,t--Cx,t—>CX/t,  (/  : Y -a  X)  > (f/T  : Y/T  -A  X /T) 

see  Lemma T71. 12. II 

Lemma  71.12.4.  Let  S be  a scheme.  Let  f : X -A  Y and  g : Z -a  Y be  morphisms 
of  algebraic  spaces.  Let  T C |A|  be  closed.  Assume  that 

(1)  X is  locally  Noetherian, 

(2)  g is  a monomorphism  and  locally  of  finite  type, 

(3)  f\x\T  ■ X \ T -A  Y factors  through  g,  and 

(4)  f/T  : X /t  -A  Y factors  through  g, 

then  f factors  through  g. 


Proof.  Consider  the  fibre  product  E = X Xy  Z A X.  By  assumption  the  the 
open  immersion  X \T  —>  X factors  through  E and  any  morphism  ip  : X'  — > X with 
MOAT'D  C T factors  through  E as  well,  see  Formal  Spaces,  Section  70.9  By  More 
on  Morphisms  of  Spaces,  Lemma [63. 18. 3|  this  implies  that  E — > X is  etale  at  every 
point  of  E mapping  to  a point  of  T . Hence  E -A  X is  an  etale  nronomorphism, 
hence  an  open  immersion  (Morphisms  of  Spaces,  Lemma  54.48.2 1 . Then  it  follows 
that  E = X since  our  assumptions  imply  that  |A|  = \E\.  □ 
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0AR7  Lemma  71.12.5.  Let  S be  a scheme.  Let  X,  Y be  locally  Noetherian  algebraic 
spaces  over  S.  Let  T C |A|  and  T'  C |F|  be  closed  subsets.  Let  a,b  : X — ► Y be 
morphisms  of  algebraic  spaces  over  S such  that  a|x\T  = such  that  |a|(T)  C 

T'  and  1 6|  (T)  C T' , and  such  that  a/T  = b/T  as  morphisms  X/t  — t Y/x>  . Then 
a = b. 


Proof.  Let  E be  the  equalizer  of  a and  b.  Then  E is  an  algebraic  space  and 
E — > X is  locally  of  finite  type  and  a monomorphism,  see  Morphisms  of  Spaces, 
Lemma  54.4.1|  Our  assumptions  imply  we  can  apply  Lemma  71.12.4|  to  the  two 
morphisms  / = id  : X — > X and  g : E — > X and  the  closed  subset  T of  |A'|.  □ 


0AR8  Lemma  71.12.6.  Let  S be  a scheme.  Let  X be  a locally  Noetherian  algebraic 
space  over  S.  Let  T C |Aj  be  a closed  subset.  Let  s,t  : R —¥  U be  two  morphisms 
of  algebraic  spaces  over  X.  Assume 

(1)  R,  U are  locally  of  finite  type  over  X, 

(2)  the  base  change  of  s and  t to  X \ T is  an  etale  equivalence  relation,  and 

(3)  the  formal  completion  ( t/x , s/x ) : R/t  — t E7 /t  Xj.t  U /x  is  an  equivalence 
relation  too. 

Then  (t,  s)  : R —X  U x x U is  an  etale  equivalence  relation. 


Proof.  The  morphisms  s,t  : R —X  U are  etale  over  X \ T by  assumption.  Since 
the  formal  completions  of  the  maps  s,  t : R — > U are  etale,  we  see  that  s and  t 
are  etale  for  example  by  More  on  Morphisms,  Lemma  |36.10.3|  Applying  Lemma 
71.12.4  to  the  morphisms  id  : RxUxxU  R — ► RxUxxU  R and  A : R — X RxUxxU  R 
we  conclude  that  (t,  s)  is  a monomorphism.  Applying  it  again  to  it  o pr0,  s o pr-J  : 
R xSiu,t  R U Xx  U and  (t,  s)  : R — > U x x U we  find  that  “transitivity”  holds. 
We  omit  the  proof  of  the  other  two  axioms  of  an  equivalence  relation.  □ 


0AR9 


Remark  71.12.7.  Let  S,  X 

algebraic  space  over  X such  that  U — X X is  locally  o: 
of  T.  We  will  construct  a factorization 


and  T C |AT|  be  as  in  (71.12.3.11.  Let  U —X  X be  an 
finite  type  and  etale  outside 


U 


Y 


X 


with  Y in  Cx,t  such  that  U /x  — > Y/t  is  an  isomorphism.  We  may  assume  the  image 
of  U — > X contains  X\T,  otherwise  we  replace  U by  [/II  (X  \ T).  For  an  algebraic 
space  Z over  X , let  us  denote  Z°  the  open  subspace  which  is  the  inverse  image  of 
X \ T.  Let 

R = U Ilyo  (U  xx  U)° 


be  the  pushout  of  U°  —X  U and  the  diagonal  morphism  U°  —¥  U°  x x U°  = (U  x x 
U)°.  Since  U°  — > X is  etale,  the  diagonal  is  an  open  immersion  and  we  see  that 
R is  an  algebraic  space  (this  follows  for  example  from  Spaces,  Lemma  52.8.4).  The 
two  projections  (U  Xx  U)°  —X  U extend  to  R and  we  obtain  two  etale  morphisms 
s,t  : R —X  U.  Checking  on  each  piece  separatedly  we  find  that  R is  an  etale 
equivalence  relation  on  U.  Set  Y = U /R  which  is  an  algebraic  space  by  Bootstrap, 
Since  U°  -A  X \ T is  a surjective  etale  morphism  and  since 
xx\t  U°  we  see  that  Y°  — x X \ T is  an  isomorphism.  In  other  words, 


Theorem  67.10.1 
R°  = U° 


Y — x X is  an  object  of  Cx,t-  On  the  other  hand,  the  morphism  U — » Y induces 
an  isomorphism  U/x  — > Y/T.  Namely,  the  formal  completion  of  R along  the  inverse 
image  of  T is  equal  to  the  formal  completion  of  U along  the  inverse  image  of  T by 
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OARA 


our  choice  of  R.  By  our  construction  of  the  formal  completion  in  Formal  Spaces, 
Section  70.9  we  conclude  that  U/T  = Y/T. 


Lemma  71.12.8.  Let  S be  a scheme.  Let  X be  a Noetherian  affine  algebraic  space 
over  S.  Let  T C |X|  be  a closed  subset.  Then  the  functor  Fx,t  is  an  equivalence. 


Before  we  prove  this  lemma  let  us  discuss  an  example.  Suppose  that  S = Spec(fc), 
X = A l,  and  T = {0}.  Then  X/T  = Spf(A[[®]]).  Let  W = Spf(jfe[[a:]]  x k[[x]]). 
Then  the  corresponding  Y is  the  affine  line  with  zero  doubled  (Schemes,  Example 


with  U = XJ1  X. 


25.14.3 1.  Moreover,  this  is  the  output  of  the  construction  in  Remark|71.12.7  starting 


Proof.  For  any  scheme  or  algebraic  space  Z over  X,  let  us  denote  Zg  C Z the  in- 
verse image  of  T with  the  induced  reduced  closed  subscheme  or  subspace  structure. 
Note  that  Zg  = (Z/T)red  is  the  reduction  of  the  formal  completion. 


The  functor  Fx,t  is  faithful  by  Lemma  71.12.5 


Let  Y.  Y'  be  objects  of  Cx.t  and  let  a’  : Y/T  -A  YjT  be  a morphism  in  Cx/T-  To 
prove  Fx,t  is  fully  faithful,  we  will  construct  a morphism  a : Y — > Y'  in  Cx,t  such 
that  a1  = a zx- 


Let  U be  an  affine  scheme  and  let  U — > Y be  an  etale  morphism.  Because  U is 
affine,  Ug  is  affine  and  the  image  of  Ug  -a  Yg  > Yg  is  a quasi-compact  subspace 
of  |Y0'|.  Thus  we  can  choose  an  affine  scheme  V and  an  etale  morphism  V -A  Y' 
such  that  the  image  of  |Vo|  — > F0'  contains  this  quasi-compact  subset.  Consider 
the  formal  algebraic  space 

W = U/t  x Y’/t  V/t 


By  our  choice  of  V the  above,  the  map  W — > U /T  is  surjective.  Thus  there  exists 
an  affine  formal  algebraic  space  W'  and  an  etale  morphism  W’  -A  W such  that 
U/t  is  surjective.  Then  W'  —¥  U/T  is  etale.  By  Lemma  171.12.3 
U etale  and  U1  affine.  Write  V = Spec(C).  By  Lemma 
71.12.2|there  exists  an  etale  morphism  U"  — > U'  of  affines  which  is  an  isomorphism 

V whose  completion  is  the  composition 


W’ 

W' 


-A  W 

= U’jj,  for  U’ 


on  completions  and  a morphism  U"  - 
W -A  V/t ■ Thus  we  get 


TV’ 

U/t 


U’/t 


Y 


U" 


Y' 


over  A'  agreeing  with  the  given  map  on  formal  completions  such  that  the  image  of 
Ug  — > F0  is  the  same  as  the  image  of  Ug  — > F0. 

Taking  a disjoint  union  of  U"  as  constructed  in  the  previous  paragraph,  we  find  a 
scheme  U,  an  etale  morphism  U —>•  F,  and  a morphism  b : U -A  F'  over  X,  such 
that  the  diagram 


U/t 


is  commutative  and  such  that  Ug  — ► Yg  is  surjective.  Taking  a disjoint  union  with 
the  open  X \T  (which  is  also  open  in  F and  F'),  we  find  that  we  may  even  assume 
that  U -A  F is  a surjective  etale  morphism.  Let  R = U Xy  U.  Then  the  two 
compositions  R — X U -A  F'  agree  both  over  X \ T and  after  formal  completion 
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along  T,  whence  are  equal  by  Lemma [71. 12. 5[  This  means  exactly  that  b factors  as 
U — > Y Y'  to  give  us  our  desired  morphism  a : Y — > Y' . 

Essential  surjectivity.  Let  W be  an  object  of  Cx/T-  We  prove  W is  in  the  essential 
image  in  a number  of  steps. 


Step  1:  W is  an  affine  formal  algebraic  space.  Then  we  can  find  U — > X of  finite 
type  and  etale  over  X \ T such  that  U/t  is  isomorphic  to  W,  see  Lemma 
Thus  we  see  that  W is  in  the  essential  image  by  the  construction  in  Remark 


71.12.3 

71.12.7 


Step  2:  W is  separated.  Choose  { Wt  -A  W}  as  in  Formal  Spaces,  Definition  70.7.1 


By  Step  1 the  formal  algebraic  spaces  W)  and  Wi  Xw  Wj  are  in  the  essential 
image.  Say  W)  = {Yi)/r  and  Wi  Xw  Wj  = ( Yij)/T ■ By  fully  faithfulness  we 
obtain  morphisms  iy  : Yl;j  — ► Yt  and  Sij  : Yij  — > Yj  matching  the  projections 
WiXWW, 


Wj.  Set  R 


Wi  and  Wi  xw  Wj 
s = ]J  : R — ► U and  t = ]J  ttj 
that  (t,s)  : R -A  U Xx  U is  an  etale  equivalence  relation.  Thus  we  can  take  the 


R 


]j  Y^  and  U = ]j  Y)  and  denote 
U.  Applying  Lemma  71.12.6  we  find 


quotient  Y = U/R  and  it  is  an  algebraic  space,  see  Bootstrap,  Theorem  67.10.1 


Since  completion  commutes  with  fibre  products  and  taking  quotient  sheaves,  we 
find  that  Y/T  = W in  Cx/T- 

Step  3:  W is  general.  Choose  {Wi  -A  W}  as  in  Formal  Spaces,  Definition  70.7.1 


The  formal  algebraic  spaces  Wi  and  Wi  xw  Wj  are  separated.  Hence  by  Step  2 
the  formal  algebraic  spaces  Wi  and  Wi  Xw  Wj  are  in  the  essential  image.  Then  we 
argue  exactly  as  in  the  previous  paragraph  to  see  that  W is  in  the  essential  image 
as  well.  This  concludes  the  proof.  □ 

OARB  Theorem  71.12.9.  Let  S be  a scheme.  Let  X be  a locally  Noetherian  algebraic 


space  over  S.  Let  T C |Aj  be  a closed  subset.  The  functor  Fx^t  (7 1.12.3.1) 

{algebraic  spaces  Y locally  of  finite] 
type  over  X such  that  Y — ► X > 
is  an  isomorphism  over  X \ T I 

given  by  formal  completion  is  an  equivalence. 


formal  algebraic  spaces  W endowed 
with  a rig- etale  morphism  W — > X/t 


Proof.  The  theorem  is  essentially  a formal  consequence  of  Lemma  71.12.8  We 


give  the  details  but  we  encourage  the  reader  to  think  it  through  for  themselves. 
Let  g : U — > X be  a surjective  etale  morphism  with  U = ]j  t/j  and  each  [/,  affine. 
Denote  Fjjt  the  functor  for  U and  the  inverse  image  of  T in  \U\. 


Since  U = ]JUi  both  the  category  Cjj,t  and  the  category  Cu/T  decompose  as  a 
product  of  categories,  one  for  each  i.  Since  the  functors  Fu^t  are  equivalences  for 
all  i by  the  lemma  we  find  that  the  same  is  true  for  Fjj^t- 

Since  Fjjt  is  faithful,  it  follows  that  FXj  is  faithful  too.  Namely,  if  a,  b : Y —}Y' 
are  morphisms  in  Cx.t  such  that  a/x  = b/T , then  we  find  on  pulling  back  that 
the  base  changes  au,bu  '•  U xx  Y — > U xxY'  are  equal.  Since  U xx  Y — > Y is 
surjective  etale,  this  implies  that  a = b. 


At  this  point  we  know  that  Fx.t  is  faithful  for  every  situation  as  in  the  theorem. 
Let  R = U Xx  U where  U is  as  above.  Let  t,  s : R — ► U be  the  projections.  Since 
X is  Noetherian,  so  is  R.  Thus  the  functor  Fp>  x (defined  in  the  obvious  manner) 
is  faithful.  Let  Y — > X and  Y'  — > X be  objects  of  Cx,t ■ Let  a'  : Y/T  — > YjT  be  a 
morphism  in  the  category  Cx/T  ■ Taking  the  base  change  to  U we  obtain  a morphism 
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a'jj  : (U  Xx  Y)/t  ~ > {U  Xx  Y')/T  in  the  category  Cu/T.  Since  the  functor  Fu,t  is 
fully  faithful  we  obtain  a morphism  ajj  : U XxY  — >•  U xx  Y'  with  Fu,t{o,u)  = a'u- 
Since  s*(au)  ~ t*(au)  and  since  Fr,t  is  faithful,  we  find  that  s*(ajj)  = t*(au)- 
Since 

RxxY  r U xxY  . *-Y 

is  an  equalizer  diagram  of  sheaves,  we  find  that  au  descends  to  a morphism  a : 
Y — > Y' . We  omit  the  proof  that  Fx,r{a)  = a'. 

At  this  point  we  know  that  Fx.t  is  faithful  for  every  situation  as  in  the  theorem. 
To  finish  the  proof  we  show  that  Fx.t  is  essentially  surjective.  Let  W — > X/t  be 
an  object  of  Cx/T-  Then  U Xx  W is  an  object  of  Cjj/t-  By  the  affine  case  we 
find  an  object  V — > U of  Cjj.t  and  an  isomorphism  a : Fu/r{V)  -»  U Xx  W in 
Cjj/t.  By  fully  faithfulness  of  F/jy  we  find  a unique  morphism  h : s*V  — ► t*V  in 
the  category  Cr.t  such  that  Fn^ih)  corresponds,  via  the  isomorphism  a , to  the 
canonical  descent  datum  on  U Xx  W in  the  category  Cr.t.  Using  faithfulness  of 
our  functor  on  RxStu,tR  we  see  that  h satisfies  the  cocycle  condition.  We  conclude, 
for  example  by  the  much  more  general  Bootstrap,  Lemma [67. 11. 2|  that  there  exists 
an  object  Y — > X of  Cx,t  and  an  isomorphism  /3  : U Xx  Y — > V such  that  the 
descent  datum  h corresponds,  via  /3,  to  the  canonical  descent  datum  on  U Xx  Y. 
We  omit  the  verification  that  Fx,t(Y)  is  isomorphic  to  W;  hint:  in  the  category  of 
formal  algebraic  spaces  there  is  descent  for  morphisms  along  etale  coverings.  □ 

We  are  often  interested  as  to  whether  the  output  of  the  construction  of  Theorem 


OARU  Lemma  71.12.10.  Let  S be  a scheme.  Let  X be  a locally  Noetherian  algebraic 
space  over  S.  Let  T C |Aj  be  a closed  subset.  Let  W X/T  be  an  object  of 
the  category  Cx/T  and  let  Y —tX  be  the  object  corresponding  to  W via  Theorem 
71.12.9[  Then  Y -a  X is  quasi-compact  if  and  only  ifW—>  X/t  is  so. 

Proof.  These  conditions  may  be  checked  after  base  change  to  an  affine  scheme 
etale  over  X,  resp.  a formal  affine  algebraic  space  etale  over  X/t,  see  Morphisms  of 
Spaces,  Lemma |54.8.7|  as  well  as  Formal  Spaces,  Lemma |70.12.3|  If  U -A  X ranges 
over  etale  morphisms  wtih  U affine,  then  the  formal  completions  U/t  — >•  X/T  give 
a family  of  formal  affine  coverings  as  in  Formal  Spaces,  Definition  |70. 7. Thus  we 
may  and  do  assume  X is  affine. 

Let  V — > Y be  a surjective  etale  morphism  where  V = U -g  j Vj  is  a disjoint  union  of 
affines.  Then  V/t  — > Y/T  = W is  a surjective  etale  morphism.  Thus  if  Y is  quasi- 
compact, we  can  choose  J is  finite,  and  we  conclude  that  W is  quasi-compact. 
Conversely,  if  W is  quasi-compact,  then  we  can  find  a finite  subset  J'  C J such 
that  IJ jeJf{Vj)/T  — t W is  surjective.  Then  it  follows  that 

(v\r)nnj6J,U-+r 

is  surjective.  This  either  follows  from  the  construction  of  Y in  the  proof  of  Lemma 
l71.12.8lor  it  follows  since  we  have 

\Y\  = \X\T\U\Wred\ 


71.12.9  is  a separated  algebraic  space.  In  the  next  few  lemmas  we  match  properties 
of  Y — > X and  the  corresponding  completion  Y/T  — > X/T- 


as  Y/t  = W. 


□ 
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OARV  Lemma  71.12.11.  Let  S be  a scheme.  Let  X be  a locally  Noetherian  algebraic 
space  over  S.  Let  T C |X|  be  a closed  subset.  Let  W —>  X/t  be  an  object  of 
the  category  CX/T  and  let  Y — > X be  the  object  corresponding  to  W via  Theorem 
7T72^  Then  Y X is  quasi-separated  if  and  only  ifW  X/t  is  so. 


Proof.  These  conditions  may  be  checked  after  base  change  to  an  affine  scheme 
etale  over  X,  resp.  a formal  affine  algebraic  space  etale  over  X/T,  see  Morphisms  of 
Spaces,  Lemma [54.4. 12| as  well  as  Formal  Spaces,  Lemma [70. 21. 5[  If  C7  — > X ranges 
over  etale  morphisms  wtih  U affine,  then  the  formal  completions  U /t  — t X/T  give 


a family  of  formal  affine  coverings  as  in  Formal  Spaces,  Definition  70.7.1 
may  and  do  assume  X is  affine. 


Thus  we 


Let  V — >•  Y be  a surjective  etale  morphism  where  V = Uj6  j Vj  is  a disjoint  union 
of  affines.  Then  Y is  quasi-separated  if  and  only  if  Vj  Xy  Vy  is  quasi-compact 
for  all  j,j'  G J.  Similarly,  W is  quasi-separated  if  and  only  if  (Vj  Xy  Vj')  /T  = 
( Vj)/r  Xy/T  (Vj')/T  is  quasi-compact  for  all  j,j'  G J.  Since  X is  Noetherian  affine, 
we  see  that 

(VjXyVj,)xX(X\T) 

is  quasi-compact.  Hence  we  conclude  the  equvalence  holds  by  the  equality 


\Vj  xy  Vj,  | = \ (Vj  Xy  Vj ,)  Xx(X\T)  | H | (Vj  xy  Vj,)/T  I 


and  the  fact  that  the  second  summand  is  closed  in  the  left  hand  side.  □ 

OARW  Lemma  71.12.12.  Let  S be  a scheme.  Let  X be  a locally  Noetherian  algebraic 
space  over  S.  Let  T C |X|  be  a closed  subset.  Let  W — > X/T  be  an  object  of 
the  category  CX/T  and  let  Y —}X  be  the  object  corresponding  to  W via  Theorem 
71.12.S\  Then  Y — ► X is  separated  if  and  only  if  W — » X/t  is  separated  and 
A : W -A  W xX/T  W is  rig-surjective. 

Proof.  These  conditions  may  be  checked  after  base  change  to  an  affine  scheme 
etale  over  X , resp.  a formal  affine  algebraic  space  etale  over  X/t,  see  Morphisms  of 
Spaces,  Lemma [54AT2] as  well  as  Formal  Spaces,  Lemma[70.21.5|  If  U — >■  X ranges 
over  etale  morphisms  wtih  U affine,  then  the  formal  completions  U/t  — ► X/T  give 
a family  of  formal  affine  coverings  as  in  Formal  Spaces,  Definition  |70. 7. 1[  Thus  we 
may  and  do  assume  A'  is  affine.  In  the  proof  of  both  directions  we  may  assume 
that  Y — > X and  W — > X/T  are  quasi-separated  by  Lemma 

Proof  of  easy  direction.  Assume  Y — > X is  separated.  Then  Y — > Y xx  Y is  a 
closed  immersion  and  it  follows  that  W — ► W xX/T  IF  is  a closed  immersion  too, 
i.e. , we  see  that  W — > X/T  is  separated.  Let 

P ■ Spf(R)  — x W xX/T  W = (Y  x x Y)/t 

be  an  adic  morphism  where  R is  a complete  discrete  valuation  ring  with  fraction 
field  K.  The  composition  into  Y xxY  corresponds  to  a morphism  g : Spec  (R)  — > 
Y xx  Y,  see  Formal  Spaces,  Lemma [70.24.3|  Since  p is  an  adic  morphism,  so  is  the 
composition  Spf(if)  — ► X.  Thus  we  see  that  g(Spec(K))  is  a point  of 

(V  xx  Y)  xx  (X  \ T)  = X \ T = Y xx  (X  \ T) 


71.12.11 
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(small  detail  omitted) . Hence  this  lifts  to  a A'-point  of  Y and  we  obtain  a connnu- 
taive  diagram 

Spec(AT) ^ Y 

X / / 

X Y 

Spec(A) ^Y  xxY 


Since  Y A'  was  assumed  separated  we  find  the  dotted  arrow  exists  (Cohomology 
of  Spaces,  Lemma  56.18.1).  Applying  the  functor  completion  along  T we  find  that 
p can  be  lifted  to  a morphism  into  W,  i.e.,  W — > W xX/T  W is  rig-surjective. 


Proof  of  hard  direction.  Assume  W -A  X/T  separated  and  W -A  W xX/T  W 
rig-surjective.  By  Cohomology  of  Spaces,  Lemma  |56.18.1|  and  Remark  |56.18.3|  it 
suffices  to  show  that  given  any  commtutative  diagram 


Spec(A') ► Y 

7 

/ 

/ 

yf  s' ' y 

Spec(A)  — 9=^  Y xxY 


where  A is  a complete  discrete  valuation  ring  with  fraction  field  K , there  is  at  most 
one  dotted  arrow  making  the  diagram  commute.  Let  h : Spec(A)  -A  X be  the 
composition  of  g with  the  morphism  Y xx  Y — > X.  There  are  three  cases:  Case  I: 
h(Spec(R))  C (X\T).  This  case  is  trivial  because  Y xx  (X \ T)  = X \ T.  Case  II: 
h maps  Spec(A)  into  T.  This  case  follows  from  our  assumption  that  W — > X/t  is 
separated.  Namely,  if  T denotes  the  reduced  induced  closed  subspace  structure  on 
T,  then  h factors  through  T and 


WxX/tT  = YxxT 


T 


is  separated  by  assumption  (and  for  example  Formal  Spaces,  Lemma  70.21.5)  which 


implies  we  get  the  lifting  property  by  Cohomology  of  Spaces,  Lemma  56.18.1  applied 
to  the  displayed  arrow.  Case  III:  /i(Spec(A'))  is  not  in  T but  h maps  the  closed 
point  of  Spec(A)  into  T.  In  this  case  the  corresponding  morphism 


g/T  : Spf(A)  — ► (Y  xx  Y) /T  = W xX/T  W 


WxX/TW 


is  an  adic  morphism  (detail  omitted).  Hence  our  assumption  that  W 
be  rig-surjective  implies  we  can  lift  g/T  to  a morphism  e : Spf(A)  — > W = Y/t 
(see  Lemma  71.11.11  for  why  we  do  not  need  to  extend  R).  Algebraizing  the 
composition  Spf(A)  — > Y using  Formal  Spaces,  Lemma  70.24.3  we  find  a morphism 
Spec(A)  — > Y lifing  g as  desired.  □ 


OARX  Lemma  71.12.13.  Let  S be  a scheme.  Let  X be  a locally  Noetherian  algebraic 
space  over  S.  Let  T C |X|  be  a closed  subset.  Let  W — > X/t  be  an  object  of 
the  category  CX/T  and  let  Y -A  X be  the  object  corresponding  to  W via  Theorem 
1 7 1.12.S\  Then  Y — >•  X is  proper  if  and  only  if  the  following  conditions  hold 

(1)  W — t X/t  is  proper, 

(2)  W — ^ X/t  is  rig -surjective,  and 

(3)  A : W W x X/T  W is  rig-surjective. 
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Proof.  These  conditions  may  be  checked  after  base  change  to  an  affine  scheme 
etale  over  X , resp.  a formal  affine  algebraic  space  etale  over  X/T,  see  Morphisms  of 
Spaces,  Lemma[54.39.2|as  well  as  Formal  Spaces,  Lennna[70.22.2|  If  U — >■  X ranges 
over  etale  morphisms  wtih  U affine,  then  the  formal  completions  U/t  — t X/t  give 
a family  of  formal  affine  coverings  as  in  Formal  Spaces,  Definition  |70. 7.1  Thus  we 
may  and  do  assume  X is  affine.  In  the  proof  of  both  directions  we  may  assume  that 


W X ; 


-/T 


w 


Y —>  X and  W — ^ X/t  are  separated  and  quasi-compact  and  that  W 
is  rig-surjective  by  Lemmas  |71. 12. 10|  and  |71. 12. 12| 

Proof  of  the  easy  direction.  Assume  Y — > X is  proper.  Then  Y/T  = 7 x. \ X/T  ^ 
X/t  is  proper  too.  Let 

P ■ Spf (A)  — » X/t 

be  an  adic  morphism  where  I?  is  a complete  discrete  valuation  ring  with  fraction 
field  K.  Then  p corresponds  to  a morphism  g : Spec (A)  -A  A',  see  Formal  Spaces, 
Since  p is  an  adic  morphism,  we  have  p(Spec(A'))  ^ T. 


Lemma  70.24.3 


Since 

Y -A  X is  an  isomorphism  over  X \ T we  can  lift  to  X and  obtain  a commutative 
diagram 


Spec(A') 


Spec(A) 


Y 


Y 

■X 


Since  Y X was  assumed  proper  we  find  the  dotted  arrow  exists.  (Cohomology 


of  Spaces,  Lemma  56.18.2).  Applying  the  functor  completion  along  T we  find  that 


p can  be  lifted  to  a morphism  into  W,  i.e.,  W — > X/T  is  rig-surjective. 

Proof  of  hard  direction.  Assume  W — > X/T  proper,  W — > W Xx/T  W rig-surjective, 
X/t  rig-surjective. 


and  W 


By  Cohomology  of  Spaces, 


V/T 

Lemma 


56.18.2 


Remark  |56.18.3|  it  suffices  to  show  that  given  any  commtutative  diagram 


and 


Spec(A') 


Y 


Spec  (R) 


X 


where  R is  a complete  discrete  valuation  ring  with  fraction  field  K,  there  is  a dotted 
arrow  making  the  diagram  commute.  Let  h : Spec(A)  —>  X be  the  composition  of 
g with  the  morphism  Y Xx  Y —tX.  There  are  three  cases:  Case  I:  h(Spec(R))  C 
(X  \ T).  This  case  is  trivial  because  Y x x ( X \T)  = X \T.  Case  II:  h maps 
Spec(A)  into  T.  This  case  follows  from  our  assumption  that  W — > X/T  is  proper. 
Namely,  if  T denotes  the  reduced  induced  closed  subspace  structure  on  T,  then  h 
factors  through  T and 

W xX/T  T = Y xx  T — > T 


is  proper  by  assumption  which  implies  we  get  the  lifting  property  by  Cohomology  of 
Spaces,  Lemma  56.18.2  applied  to  the  displayed  arrow.  Case  III:  /i(Spec(AT))  is  not 
in  T but  h maps  the  closed  point  of  Spec(A)  into  T.  In  this  case  the  corresponding 
morphism 


g/T  : Spf(A)  — t Y/t  = W 

is  an  adic  morphism  (detail  omitted).  Hence  our  assumption  that  W — > X/T  be 
rig-surjective  implies  we  can  lift  g/T  to  a morphism  e : Spf(A')  — > W = Y/T 
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0AS1 

0AS2 

0AE5 


0BH5 


for  some  extension  of  complete  discrete  valuation  rings  R C R' . Algebraizing  the 
composition  Sp^i?')  — > Y using  Formal  Spaces,  Lemma  70.24.3  we  find  a morphism 
Spec(-R')  — > Y lifing  g.  By  the  discussion  in  Cohomology  of  Spaces,  Remark  56.18.3 
this  is  sufficient  to  conclude  that  Y — > X is  proper.  □ 

71.13.  Application  to  modifications 

Let  A be  a Noetherian  ring  and  let  I C A be  an  ideal.  We  set  S = Spec(A)  and 
U = S\V(I).  In  this  section  we  will  consider  the  category 

X is  an  algebraic  space  1 
/ is  locally  of  finite  type  > 

/_1(f7)  — > U is  an  isomorphism  I 

A morphism  from  X/S  to  X'/S  will  be  a morphism  of  algebraic  spaces  X -A  X' 
compatible  with  the  structure  morphisms  over  S. 

Let  A — > B be  a homomorphism  of  Noetherian  rings  and  let  J C B be  an  ideal 
such  that  J = \J  IB.  Then  base  change  along  the  morphism  Spec(B)  -A  Spec(A) 


(71.13.0.1) 


f-X 


gives  a functor  from  the  category  (71.13.0.1)  for  A to  the  category  (71.13.0.1)  for 
B. 

Lemma  71.13.1.  Let  (A,  J)  be  a pair  consisting  of  a Noetherian  ring  and  an  ideal 
I.  Let  AA  be  the  I-adic  completion  of  A.  Then  base  change  defines  an  equivalence 


of  categories  between  the  category  (71.13.0.1)  for  A with  the  category  (71.13.0.1) 
for  the  completion  AA . 


Proof.  Set  S = Spec(A)  as  in  (71.13.0.1)  and  T = V(I).  Similarly,  write  S'  = 
Spec(AA)  and  T'  = V ( IAA ).  The  morphism  S'  — > S defines  an  isomorphism  S',T,  -A 
S/t  of  formal  completions.  Let  Cs.t , Cs/T,  Cs'T, , and  Cs’,t’  be  the  corresponding 


categories  as  used  in  (71.12.3.1).  By  Theorem  71.12.9  (in  fact  we  only  need  the 
affine  case  treated  in  Lemma  71.12.8)  we  see  that 


Cs,t  = CS/T  = CS'/T,  = Cs>, 


Since  Cs,t  is  the  category  (71.13.0.1)  for  A and  Cs\t > the  category  ( 71.13.0. 1|)  for 
AA  this  proves  the  lemma. 


□ 


Lemma  71.13.2. 

Spec(A)  correspond  to  g 


Notation  and  assumptions  as  in  Lemma  71.13.1 
Y -a  Spec(AA)  via  the  equivalence. 


Let  f : X -A 
Then  f is  quasi- 


compact, quasi-separated,  separated,  proper,  finite,  and  add  more  here  if  and  only 
if  g is  so. 

Proof.  You  can  deduce  this  for  the  statements  quasi-compact,  quasi-separated, 
separated,  and  proper  by  using  Lemmas  |71.12.10  71.12.11 


71.12.121  I71.12.1H 


and  |71.12.13  to  translate  the  corresponding  property  into  a property  of  the  for- 
mal completion  and  using  the  argument  of  the  proof  of  Lemma  171.13.11  How- 
ever, there  is  a direct  argument  using  fpqc  descent  as  follows.  First,  note  that 
{ U -A  Spec(A),  Spec(AA)  -a  Spec(A)}  is  an  fpqc  covering  with  U = Spec(A)\P(7) 
as  before.  The  base  change  of  / by  U -A  Spec(A)  is  idy  by  definition  of  our  cat- 
egory ((71  .13.0.1[).  Let  P be  a property  of  morphisms  of  algebraic  spaces  which  is 
fpqc  local  on  the  base  (Descent  on  Spaces,  Definition  61.9.1)  such  that  P holds 


for  identity  morphisms.  Then  we  see  that  P holds  for  / if  and  only  if  P holds  for 
g.  This  applies  to  P equal  to  quasi-compact,  quasi-separated,  separated,  proper, 
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and  finite  by  Descent  on  Spaces,  Lemmas  |61.10.1[  |61.10.2[  |61.10.16|  |61.10.17[  and 
161.10.211  □ 

0AF7  Lemma  71.13.3.  Let  A — >•  B be  a local  map  of  local  Noetherian  rings  such  that 

(1)  A — ► B is  flat, 

(2)  ms  = m aB,  and 

(3)  /c(rru)  = k( mB) 

(equivalently,  A — > B induces  an  isomorphism  on  completions,  see  More  on  Algebra, 
Lemma\l5.34A).  Then  the  base  change  functor  from  the  category  \7 1.13. 0.1]  for 
(A,m.4)  to  the  category  (7 1.13.0.1)  for  (5,mfl)  is  an  equivalence. 

Proof.  This  follows  immediately  from  Lemma[71.13.1|  □ 

0AE6  Lemma  71.13.4.  Let  (A,  m,  re)  be  a Noetherian  local  ring.  Let  f : X -A  S'  be 
an  object  of  (71.13.0.1).  Then  there  exists  a U -admissible  blowup  S1  — ► S which 


dominates  X . 

Proof.  Special  case  of  More  on  Morphisms  of  Spaces,  Lemma[63.29.4| 
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Resolution  of  Surfaces  Revisited 


72.1.  Introduction 


This  chapter  discusses  resolution  of  singularities  of  Noetherian  algebraic  spaces  of 
dimension  2.  We  have  already  discussed  resolution  of  surfaces  for  schemes  following 
Lipman  [Llp78  in  an  earlier  chapter.  See  Resolution  of  Surfaces,  Section  47.1 


Most  of  the  results  in  this  chapter  are  straightforward  consequences  of  the  results 
on  schemes. 


Unless  specifically  mentioned  otherwise  all  geometric  objects  in  this  chapter  will 
be  algebraic  spaces.  Thus  if  we  say  “let  / : X — ► Y be  a modification”  then  this 
means  that  / is  a morphism  as  in  Spaces  over  Fields,  Definition  |59.5.f|  Similarly 
for  proper  morphism,  etc,  etc. 


72.2.  Modifications 


Let  ( A , m,  k)  be  a Noetherian  local  ring.  We  set  S = Spec(A)  and  U = S \ {m}.  In 
this  section  we  will  consider  the  category 


r 

X is  an  algebraic  space  1 

(72.2.0.1) 

f-x- 

s 

/ is  a proper  morphism 
/-1(U)  — ► U is  an  isomorphism  J 

A morphism  from  X/S  to  X'  / S will  be  a morphism  of  algebraic  spaces  X — ► 
X'  compatible  with  the  structure  morphisms  over  S.  In  Restricted  Power  Series, 
Section  |71.13|  we  have  seen  that  this  category  only  depends  on  the  completion  of 
A and  we  have  proven  some  elementary  properties  of  objects  in  this  category.  In 
this  section  we  specifically  study  cases  where  dim(A)  < 2 or  where  the  dimension 
of  the  closed  fibre  is  at  most  1. 


Lemma  72.2.1.  Let  (A,m,  k)  be  a 2-dimensional  Noetherian  local  domain  such 
that  U = Spec(A)  \ {m}  is  a normal  scheme.  Then  any  modification  f : X —¥ 
Spec(A)  is  a morphism  as  in  [72.2.0.1). 


Proof.  Let  / : X — » S be  a modification.  We  have  to  show  that  f~l(U)  — > U is 
an  isomorphism.  Since  every  closed  point  u of  U has  codimension  1,  this  follows 
from  Spaces  over  Fields,  Lemma [59. 3. 3|  □ 


Lemma  72.2.2.  Let  (A,  m,  k)  be  a Noetherian  local  ring.  Let  g : X —$■  Y be  a 
morphism  in  the  category  | \72.2.0.i).  If  the  induced  morphism  XK  — > YK  of  special 
fibres  is  a closed  immersion,  then  g is  a closed  immersion. 


Proof.  This  is  a special  case  of  More  on  Morphisms  of  Spaces,  Lemma[63.38.3|  □ 
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0AE7  Lemma  72.2.3.  Let  (A,m,  k)  be  a complete  Noetherian  local  ring.  Let  X be  an 
algebraic  space  over  Spec(A).  If  X Spec(A)  is  proper  and  dim(XK)  < 1,  then  X 
is  a scheme  projective  over  A. 


Proof.  By  Spaces  over  Fields,  Lemma  59.6.3  the  algebraic  space  XK  is  a scheme. 
Hence  XK  is  a proper  scheme  of  dimension  < 1 over  n.  By  Varieties,  Lemma  32.32.4 
we  see  that  XK  is  H-projective  over  k.  Let  C be  an  ample  invertible  sheaf  on  XK. 

We  are  going  to  show  that  C lifts  to  a compatible  system  {£„}  of  invertible  sheaves 
on  the  nth  infinitesimal  neighbourhoods 

Xn  X Xgpec(y^  Spec(A/m  ) 

of  XK  = X1.  Recall  that  the  etale  sites  of  XK  and  all  Xn  are  canonically  equivalent, 
see  More  on  Morphisms  of  Spaces,  Lemma  [63.9. 6|  In  the  rest  of  the  proof  we  do 
not  distinguish  between  sheaves  on  Xn  and  sheaves  on  Xm  or  XK.  Suppose,  given 
a lift  Cn  to  Xn.  We  consider  the  exact  sequence 

1 ->  (1  + mnOx/mn+1OxY  -a  0*Xn+1  -a  0*Xn  -a  1 

of  sheaves  on  Xn+\.  We  have  (1  + m nOx/mn+1Ox)*  = mnOx/mn+lOx  as  abelian 
sheaves  on  Xn+\.  The  class  of  Cn  in  H1(Xn,0*Xrl)  (see  Cohomology  on  Sites, 
Lemma  21.7.1)  can  be  lifted  to  an  element  of  H1(Xn+i,  (D*x  ) if  and  only  if 
the  obstruction  in  H2(Xn+1,mnOx/mn+1Ox)  is  zero.  Note  that  mnOx/mn+lOx 
is  a quasi-coherent  0Xk -module  on  A'K.  Hence  its  etale  cohomology  agrees  with 
its  cohomology  on  the  scheme  XK,  see  Descent,  Proposition  |34.7.10|  However, 
as  XK  is  a Noetherian  scheme  of  dimension  < 1 this  cohomology  group  vanishes 


(Cohomology,  Proposition  20.21.6). 


By  Grothendieck’s  algebraization  theorem  (Cohomology  of  Schemes,  Theorem  29.24.4 1 
we  find  a projective  morphism  of  schemes  Y — > Spec(A)  and  a compatible  system 
of  isomorphisms  Xn  — ► Yn.  Here  we  use  the  assumption  that  A is  complete.  By 


OAYJ 


More  on  Morphisms  of  Spaces,  Lemma  63.33.3  we  see  that  X = Y and  the  proof  is 
complete.  □ 

Lemma  72.2.4.  Let  (A,m,  k)  be  a Noetherian  local  domain  of  dimension  > 1. 
Let  f : X — > Spec(A)  be  a morphism  of  algebraic  spaces.  Assume  at  least  one  of 
the  following  conditions  is  satisfied 


(1)  f is  a modification  (Spaces  over  Fields,  Definition  59.5.1), 

(2)  / is  an  alteration  (Spaces  over  Fields,  Definition  59.5.3 ), 

(3)  / is  locally  of  finite  type,  quasi-separated,  X is  integral,  and  there  is  exactly 
one  point  of  |A|  mapping  to  the  generic  point  ofSpec(A), 

(4)  / is  locally  of  finite  type,  X is  decent,  and  the  points  of  |X|  mapping  to  the 
generic  point  of  Spec(A)  are  the  generic  points  of  irreducible  components 
of  X\, 

(5)  add  more  here. 

Then  dim(XK)  < dirn(A)  — 1. 

Proof.  Cases  (1),  (2),  and  (3)  are  special  cases  of  (4).  Choose  an  affine  scheme 
U = Spec(H)  and  an  etale  morphism  U — ► X.  The  ring  map  A — > B is  of  finite 
type.  We  have  to  show  that  dim(f7re)  < dim(A)  — 1.  Since  X is  decent,  the  generic 
points  of  irreducible  components  of  U are  the  points  lying  over  generic  points  of 


irreducible  components  of  |X|,  see  Decent  Spaces,  Lemma  55.18.1  Hence  the  fibre 
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0BH9 


OBHA 


OBHB 


OBHC 


of  Spec(B)  — »■  Spec(A)  over  (0)  is  the  (finite)  set  of  minimal  primes  qi, . . . , qr  of  B. 
Thus  Af  — > Bf  is  finite  for  some  nonzero  / £ A (Algebra,  Lemma  10.121.9 1.  We 


conclude  the  field  extensions  f.f.(A)  C ft(qi)  are  finite.  Let  q C B be  a prime  lying 
over  m.  Then 

dim(i?q)  = maxdim((i?/q,;)q)  < dim(A) 

the  inequality  by  the  dimension  formula  for  A C -B/q;,  see  Algebra,  Lemma 
However,  the  dimension  of  Bq/mBq 


10.112.1 


(which  is  the  local  ring  of  UK  at 
the  corresponding  point)  is  at  least  one  less  because  the  minimal  primes  q,;  are  not 
in  V’(rti).  We  conclude  by  Properties,  Lemma  27.10.2  □ 


Lemma  72.2.5.  If  (A,  m,  n)  is  a complete  Noetherian  local  domain  of  dimension 
2,  then  every  modification  of  Spec(A)  is  projective  over  A. 


Proof.  By  Lemma|72.2.3|it  suffices  to  show  that  the  special  fibre  of  any  modifica- 
tion X of  Spec(A)  has  dimension  < 1.  This  follows  from  Lemma  72.2.4  □ 


72.3.  Strategy 

Let  S'  be  a scheme.  Let  X be  a decent  algebraic  space  over  S.  Let  xi, .. . ,xn  £ 
|X|  be  pairwise  distinct  closed  points.  For  each  i we  pick  an  elementary  etale 
neighbourhood  (Ui,  uf)  — > ( X , ay)  as  in  Decent  Spaces,  Lemma  55.10.2  This  means 


that  Ui  is  an  affine  scheme,  Ui  — > X is  etale,  u,  is  the  unique  point  of  f/j  lying  over 
Xi,  and  Spec (n(ui))  — > X is  a monomorphism  representing  ay . After  shrinking  Ui 
we  may  and  do  assume  that  for  j / * there  does  not  exist  a point  of  Ui  mapping 
to  Xj.  Observe  that  aq  £ Ui  is  a closed  point. 

Denote  CxiXl,...,xn}  the  category  of  morphisms  of  algebraic  spaces  f : Y X 
which  induce  an  isomorphism  f~1(X  \ {ay, . . . , xn})  —*X  \ {a;i, . . . , xn}.  For  each 
i denote  Cu.,  >Ur  the  category  of  morphisms  of  algebraic  spaces  g,  : Yi  -A  Ui  which 
induce  an  isomorphism  gf  (Ui  \ {rti})  — > Ui\  {ui}.  Base  change  defines  an  functor 

(72.3.0.1)  F:Cy 


'X,{Xl 


C, 


Ui,ui  ^ • ■ 


X Cr. 


To  reduce  at  least  some  of  the  problems  in  this  chapter  to  the  case  of  schemes  we 
have  the  following  lemma. 


Lemma  72.3.1.  The  functor  F (72.3.0.1)  is  an  equivalence. 


Proof.  For  n = 1 this  is  Limits  of  Spaces,  Lemma  [57. 18.1[  For  n > 1 the  lemma 
can  be  proved  in  exactly  the  same  way  or  it  can  be  deduced  from  it.  For  example, 
suppose  that  gi  : Yi  — ► Ui  are  objects  of  Cij.  jU. . Then  by  the  case  n = 1 we  can  find 
f(  : Yf  — ► X which  are  isomorphisms  over  X \ {ay}  and  whose  base  change  to  Ui  is 
f, . Then  we  can  set 

f:Y  = Y(xx...  x x Yf  ->  X 

This  is  an  object  of  CxtXl....,xrl}  whose  base  change  by  Ui  — > X recovers  g j.  Thus 
the  functor  is  essentially  surjective.  We  omit  the  proof  of  fully  faithfulness.  □ 


Lemma  72.3.2.  Let  X,Xi,Ui  -A  X,Ui  be  as  in  (72.3.0.1).  If  f : Y — > X corre- 
sponds to  gi  :Yi  — ► Ui  under  F,  then  f is  quasi-compact,  quasi-separated,  separated, 
locally  of  finite  presentation,  of  finite  presentation,  locally  of  finite  type,  of  finite 
type,  proper,  integral,  finite,  if  and  only  if  gi  is  so  for  i = 1 , ...  ,n. 


Proof.  Follows  from  Limits  of  Spaces,  Lemma  [57. 18. 2| 


□ 
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Lemma  72.3.3.  Let  X,Xi,Ui  -A  X,m  be  as  in  (72.3.0.1).  If  f : Y — > X corre- 
sponds to  gt  :Yi  — >•  XJi  under  F,  then  YXi  = (' Yi)Ui  as  algebraic  spaces. 

Proof.  This  is  clear  because  Ui  — > Xi  is  an  isomorphism.  □ 

72.4.  Dominating  by  quadratic  transformations 

We  define  the  blow  up  of  a space  at  a point  only  if  X is  decent. 

Definition  72.4.1.  Let  S'  be  a scheme.  Let  X be  a decent  algebraic  space  over  S. 
Let  x £ \X\  be  a closed  point.  By  Decent  Spaces,  Lemma  55.12.6  we  can  represent 
£ by  a closed  immersion  i : Spec(fc)  —A  X . The  blowing  up  X'  -A  X of  X at  x 
means  the  blowing  up  of  X in  the  closed  subspace  Z = i(Spec(fc))  C X. 

In  this  generality  the  blowing  up  of  X at  x is  not  necessarily  proper.  However,  if 
X is  locally  Noetherian,  then  it  follows  from  Divisors  on  Spaces,  Lemma  |58.6.11| 
that  the  blowing  up  is  proper.  Recall  that  a locally  Noetherian  algebraic  space  is 
Noetherian  if  and  only  if  it  is  quasi-compact  and  quasi-separated.  Moreover,  for 
a locally  Noetherian  algebraic  space,  being  quasi-separated  is  equivalent  to  being 


72. 3.0.1 ) and  assume  f :Y  — )•  X 


decent  (Decent  Spaces,  Lemma  55.12.1). 

Lemma  72.4.2.  Let  X,Xi,  Ui  — > X,Ui  be  as  in 

corresponds  to  gi  : Y)  — > Ui  under  F . Then  there  exists  a factorization 

Y = Zm  — ► Zm_  i — > ...—>■  Z\  — ► Zq  = X 

of  f where  Zj+ \ — ► Zj  is  the  blowing  up  of  Zj  at  a closed  point  Zj  lying  over 
{#i, . . . , xn}  if  and  only  if  for  each  i there  exists  a factorization 

Yi  = Zi,mi  — A ZitUli^ i Zi  \ — A Zifi  = Ui 

of  gi  where  Zi  j+i  — > Zitj  is  the  blowing  up  of  Zij  at  a closed  point  Zij  lying  over 

Ui. 

Proof.  A blowing  up  is  a representable  morphism.  Hence  in  either  case  we  induc- 
tively see  that  Z:]  -a  X or  Z.j  .}  -a  Ui  is  representable.  Whence  each  Z.}  or  Zr/j 
is  a decent  algebraic  space  by  Decent  Spaces,  Lemma  [55. 6. 5|  This  shows  that  the 
assertions  make  sense  (since  blowing  up  is  only  defined  for  decent  spaces) . To  prove 
the  equivalence,  let’s  start  with  a sequence  of  blowups  Zm  — > Zm_ i -A  Z\  — » 

Zq  = X.  The  first  morphism  Z\  — > X is  given  by  blowing  up  one  of  the  Xj,  say 
X\.  Applying  F to  Z\  — > X we  find  a blow  up  Z\  \ -A  U\  at  u\  is  the  blowing 
up  at  Ui  and  otherwise  Zi  0 = Ui  for  i > 1.  In  the  next  step,  we  either  blow  up 
one  of  the  Xi,  i > 2 on  Z\  or  we  pick  a closed  point  z\  of  the  fibre  of  Z\  -A  X 
over  X\.  In  the  first  case  it  is  clear  what  to  do  and  in  the  second  case  we  use  that 
(Z \)Xl  = (Z (Lemma  72.3.3)  to  get  a closed  point  z 1,1  £ Z\^\  corresponding 
to  z\.  Then  we  set  Z\p  — > Z\^  equal  to  the  blowing  up  in  z\ p.  Continuing  in  this 
manner  we  construct  the  factorizations  of  each  gi. 

Conversely,  given  sequences  of  blowups  ZitTn.  Zi^mi^\  Z.-L  \ Zi$  = Ui 

we  construct  the  sequence  of  blowing  ups  of  X in  exactly  the  same  manner.  □ 

Lemma  72.4.3.  Let  S be  a scheme.  Let  X be  a Noetherian  algebraic  space  over 
S.  Let  T C |X|  be  a finite  set  of  closed  points  x such  that  (1)  X is  regular  at  x 
and  (2)  the  local  ring  of  X at  x has  dimension  2.  Let  I C Ox  be  a quasi- coherent 
sheaf  of  ideals  such  that  Ox  IT-  is  supported  on  T.  Then  there  exists  a sequence 

Xm  — ► Xm_i  — > . . . — > X-[  — > X0  = X 
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where  Xj+\  — > Xj  is  the  blowing  up  of  Xj  at  a closed  point  Xj  lying  above  a point 
of  T such  that  TOxn  is  an  invertible  ideal  sheaf. 

Proof.  Say  T = {aq, . . . , ay}.  Pick  elementary  etale  neighbourhoods  ( Ui,Ui ) -A 


OBHH 


(X,  Xi)  as  in  Section  72.3  For  each  i the  restriction  Xj  = l\ui  C Orj,  is  a quasi- 
coherent  sheaf  of  ideals  supported  at  iq . The  local  ring  of  Ui  at  iq  is  regular  and 
has  dimension  2.  Thus  we  may  apply  Resolution  of  Surfaces,  Lemma [47. 4. 1| to  find 
a sequence 

Xi^rrii  1 — > ■ ■ ■ ~ > X\  -A  Aji o = Ui 

of  blowing  ups  in  closed  points  lying  over  iq  such  that  Xj Oxi  m.  is  invertible.  By 
Lemma |72.4.2  we  find  a sequence  of  blowing  ups 

Xm  — y Xm_1  Xi  -A  X0  = X 

as  in  the  statement  of  the  lemma  whose  base  change  to  our  Ui  produces  the  given 
sequences.  It  follows  that  TOx „ is  an  invertible  ideal  sheaf.  Namely,  we  know  this 
is  true  over  X \ { aq , . . . , xn}  and  in  an  etale  neighbourhood  of  the  fibre  of  each  ay 
it  is  true  by  construction.  □ 

Lemma  72.4.4.  Let  S be  a scheme.  Let  X be  a Noetherian  algebraic  space  over 
S.  Let  T C |A|  be  a finite  set  of  closed  points  x such  that  (1)  X is  regular  at  x and 
(2)  the  local  ring  of  X at  x has  dimension  2.  Let  f : Y -A  X be  a proper  morphism 
of  algebraic  spaces  which  is  an  isomorphism  over  U = X \ T.  Then  there  exists  a 
sequence 

Xn  — A An_i  X-[  — > Xq  = X 

where  Xi+\  -A  Xi  is  the  blowing  up  of  Xi  at  a closed  point  Xi  lying  above  a point 
of  T and  a factorization  Xn  aY  Al  of  the  composition. 


Proof.  By  More  on  Morphisms  of  Spaces,  Lemma  63.29.4  there  exists  a [/-admissible 
blowup  A'  -A  A which  dominates  Y — > X.  Hence  we  may  assume  there  exists  an 
ideal  sheaf  X C Ox  such  that  Ox  /I  is  supported  on  T and  such  that  Y is  the 
blowing  up  of  A in  X.  By  Lemma  |72.4.3|  there  exists  a sequence 

Xn  -A  An_i  Ai  -A  Ao  = A 

where  Aj+i  -A  A j is  the  blowing  up  of  A , at  a closed  point  X{  lying  above  a point  of 
T such  that  TOx„  is  an  invertible  ideal  sheaf.  By  the  universal  property  of  blowing 
up  (Divisors  on  Spaces,  Lemma  58.6.5)  we  find  the  desired  factorization.  □ 


72.5.  Dominating  by  normalized  blowups 

OBHI  In  this  section  we  prove  that  a modification  of  a surface  can  be  dominated  by  a 
sequence  of  normalized  blowups  in  poins. 

OBHJ  Definition  72.5.1.  Let  S'  be  a scheme.  Let  A'  be  a decent  algebraic  space  over  S 
satisfying  the  equivalent  conditions  of  Morphisms  of  Spaces,  Lemma  |54.46.1  Let 
x G |A|  be  a closed  point.  The  normalized  blowup  of  X at  x is  the  composition 
X"  — > X'  -A  A where  X'  — > X is  the  blowup  of  A at  x (Definition  72.4.1)  and 
X"  -A  X'  is  the  normalization  of  A'. 

Here  the  normalization  A"  -A  X'  is  defined  as  the  algebraic  space  X'  satisfies 
the  equivalent  conditions  of  Morphisms  of  Spaces,  Lemma  |54.46.1  by  Divisors  on 
Spaces,  Lemma [58. 6. 8[  See  Morphisms  of  Spaces,  Definition  54. 46. 3|  for  the  defini- 
tion of  the  normalization. 
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In  general  the  normalized  blowing  up  need  not  be  proper  even  when  X is  Noe- 
tlrerian.  Recall  that  an  algebraic  space  is  Nagata  if  it  has  an  etale  covering  by 


afiines  which  are  spectra  of  Nagata  rings  (Properties  of  Spaces,  Definition  53.7.2 
and  Remark  53.7.3  and  Properties,  Definition  |27.13.f). 

Lemma  72.5.2.  In  Definition 


72.5.1 


if  X is  Nagata , then  the  normalized  blowing 
up  of  X at  x is  a normal  Nagata  algebraic  space  proper  over  X . 

Proof.  The  blowup  morphism  X'  — > X is  proper  (as  X is  locally  Noetherian  we 
may  apply  Divisors  on  Spaces,  Lemma  58.6.11).  Thus  X'  is  Nagata  (Morphisms 
of  Spaces,  Lemma  54.26.1).  Therefore  the  normalization  X"  — > X'  is  finite  (Mor- 
phisms of  Spaces,  Lemma  54.46.6)  and  we  conclude  that  X"  — ► X is  proper  as  well 
(Morphisms  of  Spaces,  Lemmas  54. 43. 9| and  54.39.4).  It  follows  that  the  normalized 
blowing  up  is  a normal  (Morphisms  of  Spaces,  Lemma  54.46.5)  Nagata  algebraic 
space.  □ 


Here  is  the  analogue  of  Lemma  72.4.2  for  normalized  blowups. 


Lemma  72.5.3.  Let  X , Xi,  Ui  — > X , m be  as  in  (72.3.0.1)  and  assume  f : Y — ► X 


corresponds  to  gi  : \\  — ► Ui  under  F.  Assume  X satisfies  the  equivalent  conditions 


of  Morphisms  of  Spaces,  Lemma  5f.f6.1  Then  there  exists  a factorization 

y = zm  — > zm_  i — > . . . — > Z\  — > Zq  = x 


of  f where  Zj+i  — > Zj  is  the  normalized  blowing  up  of  Zj  at  a closed  point  Zj  lying 
over  {xi, . . . , xn}  if  and  only  if  for  each  i there  exists  a factorization 

Yi  = Zi^mi  — > Zi^mi-i  Zi  i —>  Zip  = Ui 

of  gt  where  Zij+i  — > Zij  is  the  normalized  blowing  up  of  Zij  at  a closed  point  Zij 
lying  over  Ui . 

Proof.  This  follows  by  the  exact  same  argument  as  used  to  prove  Lemma|72.4.2| 

□ 


A Nagata  algebraic  space  is  locally  Noetherian. 

Lemma  72.5.4.  Let  S be  a scheme.  Let  X be  a Noetherian  Nagata  algebraic  space 
over  S with  dim(A)  = 2.  Let  f : Y X be  a proper  birational  morphism.  Then 
there  exists  a commutative  diagram 

Xn *-  !„_! *- . . . *-  Xx *-  X0 


Y 3-  X 

where  Xq  —¥  X is  the  normalization  and  where  Xi+\  -A  Xi  is  the  normalized 
blowing  up  of  Xi  at  a closed  point. 


Proof.  Although  one  can  prove  this  lemma  directly  for  algebraic  spaces,  we  will 
continue  the  approach  used  above  to  reduce  it  to  the  case  of  schemes. 


We  will  use  that  Noetherian  algebraic  spaces  are  quasi-separated  and  hence  points 
have  well  defined  residue  fields  (for  example  by  Decent  Spaces,  Lemma  55.10.2). 
We  will  use  the  results  of  Morphisms  of  Spaces,  Sections  |54.26[  |54.34[  and  54.46| 
without  further  mention.  We  may  replace  Y by  its  normalization.  Let  X0  — > X 
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be  the  normalization.  The  morphism  Y — > X factors  through  Xo-  Thus  we  may 
assume  that  both  X and  Y are  normal. 


Assume  X and  Y are  normal.  The  morphism  / : Y — > X is  an  isomorphism  over 
an  open  which  contains  every  point  of  codimension  0 and  1 in  Y and  every  point 
of  Y over  which  the  fibre  is  finite,  see  Spaces  over  Fields,  Lemma[59.3.3|  Hence  we 
see  that  there  is  a finite  set  of  closed  points  T C |X|  such  that  / is  an  isomorphism 
over  X \ T.  By  More  on  Morphisms  of  Spaces,  Lemma  63.29.4  there  exists  an 


X \ T-admissible  blowup  Y'  X which  dominates  Y.  After  replacing  Y by  the 
normalization  of  Y'  we  see  that  we  may  assume  that  Y — ► X is  representable. 

Say  T = {iei,  . . . ,xr}.  Pick  elementary  etale  neighbourhoods  ( Ui,Ui ) — > (X,  xfi)  as 
in  Section  [723]  For  each  i the  morphism  Yj  = Y Xx  Ui  — > Ui  is  a proper  birational 
morphism  which  is  an  isomorphism  over  Ui  \ {iq}.  Thus  we  may  apply  Resolution 
of  Surfaces,  Lemma [4733  to  find  a sequence 

Xi:ri%i  — ► X\  — > Xito  — Ui 

of  normalized  blowing  ups  in  closed  points  lying  over  m such  that  X* dominates 
Yt . By  Lemma |72.5.3|  we  find  a sequence  of  normalized  blowing  ups 

Xm  — > Am_i  Ai  — > Xq  = X 

as  in  the  statement  of  the  lemma  whose  base  change  to  our  {/*  produces  the  given 
sequences.  It  follows  that  Xm  dominates  Y by  the  equivalence  of  categories  of 
Lemma  172. 3. 11  □ 


72.6.  Base  change  to  the  completion 

OBHN  The  following  simple  lemma  will  turn  out  to  be  a useful  tool  in  what  follows. 

OBHP  Lemma  72.6.1.  Let  (A,  m,  k)  be  a local  ring  with  finitely  generated  maximal  ideal 
m.  Let  X be  a decent  algebraic  space  over  A.  Let  Y = X Xgpec(^)  Spec(AA)  where 
AA  is  the  m-adic  completion  of  A.  For  a point  q £ |X|  with  image  p £ |X|  lying  over 
the  closed  point  of  Spec(A)  the  map  0\  — > Oyq  of  hens elian  local  rings  induces 

an  isomorphism  on  completions. 


OBHQ 


Proof.  This  follows  immediately  from  the  case  of  schemes  by  choosing  an  elemen- 
tary etale  neighbourhood  (U,u)  — > (X,p)  as  in  Decent  Spaces,  Lemma  55.10.2 
setting  V = U Xx  Y = U Xgpec(J4)  Spec(AA)  and  v = (u,  q).  The  case  of  schemes  is 
Resolution  of  Surfaces,  Lemma  [47. 11.1[  □ 


Lemma  72.6.2.  Let  (A,  m,  k)  be  a Noetherian  local  ring.  Let  X — > Spec(A)  be 
a morphism  which  is  locally  of  finite  type  with  X a decent  algebraic  space.  Set 
Y = X x gPeC(A)  Spec(AA).  Let  y £ \Y\  with  image  x £ |X|.  Then 

(1)  if  Oyy  is  regular,  then  0\  x is  regular, 

(2)  if  y is  in  the  closed  fibre,  then  Oyy  is  regulars  0\  x is  regular,  and 

(3)  If  X is  proper  over  A,  then  X is  regular  if  and  only  ifY  is  regular. 


Proof.  By  etale  localization  the  first  two  statements  follow  immediately  from  the 
counter  part  to  this  lemma  for  schemes,  see  Resolution  of  Surfaces,  Lemma [47. 11. 2 
For  part  (3),  since  Y — ► X is  surjective  (as  A — > AA  is  faithfully  flat)  we  see  that 
Y regular  implies  X regular  by  part  (1).  Conversely,  if  X is  regular,  then  the 
henselian  local  rings  of  Y are  regular  for  all  points  of  the  special  fibre.  Let  y £ |Y| 
be  a general  point.  Since  |Y|  — > |Spec(AA)|  is  closed  in  the  proper  case,  we  can 
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2/o  with  j/o  in  the  closed  fibre.  Choose  an  elementary  etale 

Since  Y is 


(Y,  2/o ) as  in  Decent  Spaces,  Lemma  55.10.2 


find  a specialization  y -- 
neighbourhood  ( V , Vq) 
decent  we  can  lift  y yo  to  a specialization  v vq  in  V (Decent  Spaces,  Lemma 

is  a localization  of  Oy,v0  hence  regular  and 

□ 


55.10.7l.  Then  we  conclude  that  Oy,v 
the  proof  is  complete. 


Lemma  72.6.3.  Let  (A,  m)  be  a local  Noetherian  ring.  Let  X be  an  algebraic 
space  over  A.  Assume 


(1)  A is  analytically  unramified  (Algebra,  Definition  10.154.9), 

(2)  X is  locally  of  finite  type  over  A, 

(3)  X — > Spec(A)  is  etale  at  every  point  of  codimension  0 in  X. 

Then  the  normalization  of  X is  finite  over  X . 

Proof.  Choose  a scheme  U and  a surjective  etale  morphism  U X.  Then 
U —>  Spec(A)  satisfies  the  assumptions  and  hence  the  conclusions  of  Resolution 
of  Surfaces,  Lemma  47.11.5  □ 


72.7.  Implied  properties 


In  this  section  we  prove  that  for  a Noetherian  integral  algebraic  space  the  existence 
of  a regular  alteration  has  quite  a few  consequences.  This  section  should  be  skipped 
by  those  not  interested  in  “bad”  Noetherian  algebraic  spaces. 

Lemma  72.7.1.  Let  S be  a scheme.  Let  Y be  a Noetherian  integral  algebraic 
space  over  S.  Assume  there  exists  an  alteration  f : X — ► Y with  X regular.  Then 
the  normalization  Yv  — » Y is  finite  and  Y has  a dense  open  which  is  regular. 


Proof.  By  etale  localization,  it  suffices  to  prove  this  when  Y = Spec(A)  where  A 
is  a Noetherian  domain.  Let  B be  the  integral  closure  of  A in  its  fraction  field.  Set 
C = T(X,  Ox)-  By  Cohomology  of  Spaces,  Lemma  56.19.2  we  see  that  C is  a finite 
A-module.  As  X is  normal  (Properties  of  Spaces,  Lemma  53.24.4)  we  see  that  C is 
normal  domain  (Spaces  over  Fields,  Lemma  59.4.6).  Thus  B C C and  we  conclude 
that  B is  finite  over  A as  A is  Noetherian. 


There  exists  a nonempty  open  V C Y such  that  f~1V  — > V is  finite,  see  Spaces 
over  Fields,  Definition  59.5.3  After  shrinking  V we  may  assume  that  f~xV  — > V 
is  flat  (Morphisms  of  Spaces,  Proposition  54.31.1).  Thus  f~xV  — ► V is  faithfully 
flat.  Then  V is  regular  by  Algebra,  Lemma  10.156.4[  □ 


Lemma  72.7.2.  Let  (A,  m,  k)  be  a local  Noetherian  domain.  Assume  there  exists 
an  alteration  f : X — > Spec(A)  with  X regular.  Then 

(1)  there  exists  a nonzero  f £ A such  that  Af  is  regular, 

(2)  the  integral  closure  B of  A in  its  fraction  field  is  finite  over  A, 

(3)  the  m-adic  completion  of  B is  a normal  ring,  i.e.,  the  completions  of  B 
at  its  maximal  ideals  are  normal  domains,  and 

(4)  the  generic  formal  formal  fibre  of  A is  regular. 


Proof.  Parts  (1)  and  (2)  follow  from  Lemma  72.7.1  We  have  to  redo  part  of 
the  proof  of  that  lemma  in  order  to  set  up  notation  for  the  proof  of  (3).  Set 
C = r(X,  Ox)-  By  Cohomology  of  Spaces,  Lemma  56.19.2  we  see  that  C is  a finite 
A-module.  As  X is  normal  (Properties  of  Spaces,  Lemma  53.24.4)  we  see  that  C is 
normal  domain  (Spaces  over  Fields,  Lemma  59.4.6).  Thus  B C C and  we  conclude 
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that  B is  finite  over  A as  A is  Noetherian.  By  Resolution  of  Surfaces,  Lemma 


47.13.2  in  order  to  prove  (3)  it  suffices  to  show  that  the  m-adic  completion  CA  is 


normal. 


By  Algebra,  Lemma  10.96.8  the  completion  CA  is  the  product  of  the  completions 
of  C at  the  prime  ideals  of  C lying  over  m.  There  are  finitely  many  of  these  and 
these  are  the  maximal  ideals  mi , . . . , mr  of  C.  (The  corresponding  result  for  B 
explains  the  final  statement  of  the  lemma.)  Thus  replacing  A by  Cmi  and  X by 
Xj  = X x Spec(c)  Spec(Cmi)  we  reduce  to  the  case  discussed  in  the  next  paragraph. 
(Note  that  r(Xi;C>)  = Cmi  by  Cohomology  of  Spaces,  Lemma  56.10.1|) 

Here  A is  a Noetherian  local  normal  domain  and  / : X — > Spec(A)  is  a regular 
alteration  with  T(X,  Ox)  = A.  We  have  to  show  that  the  completion  AA  of  A is 

Y = X xSpec(A)  Spec(AA)  is  regular.  Since 
We  conclude  that  AA 


72.6.2 


a normal  domain.  By  Lemma 
T(Y,  Oy)  = AA  by  Cohomology  of  Spaces,  Lemma  56.10.1 


is  normal  as  before.  Namely,  Y is  normal  by  Properties  of  Spaces,  Lemma  [53. 24. 4| 
It  is  connected  because  Y{Y,Oy)  = AA  is  local.  Hence  Y is  normal  and  integral 
(as  connected  and  normal  implies  integral  for  separated  algebraic  spaces).  Thus 
T(Y,  Oy)  = AA  is  a normal  domain  by  Spaces  over  Fields,  Lemma  59.4.6  This 
proves  (3). 

Proof  of  (4).  Let  r\  £ Spec(A)  denote  the  generic  point  and  denote  by  a subscript  rj 
the  base  change  to  77.  Since  / is  an  alteration,  the  scheme  Xv  is  finite  and  faithfully 
flat  over  rj.  Since  Y = X xSpec(A\  Spec(AA)  is  regular  by  Lemma  72.6.2  we  see 
that  Yv  is  regular  (as  a limit  of  opens  in  Y).  Then  Yv  — ► Spec(AA  <8>a  f.f.(A))  is 
finite  faithfully  flat  onto  the  generic  formal  fibre.  We  conclude  by  Algebra,  Lemma 
110.156.41  □ 


72.8.  Resolution 


OBHV  Here  is  a definition. 

OBHW  Definition  72.8.1.  Let  S'  be  a scheme.  Let  Y be  a Noetherian  integral  algebraic 
space  over  S.  A resolution  of  singularities  of  X is  a modification  / : X — » Y such 
that  A'  is  regular. 

In  the  case  of  surfaces  we  sometimes  want  a bit  more  information. 

OBHX  Definition  72.8.2.  Let  S be  a scheme.  Let  Y be  a 2-dimensional  Noetherian 
integral  algebraic  space  over  S.  We  say  Y has  a resolution  of  singularities  by 
normalized  blowups  if  there  exists  a sequence 

Yn  — > Xn_i  —^...—>Yi—^Yq—>Y 

where 

(1)  Yi  is  proper  over  Y for  i = 0, . . . , n, 

(2)  Yo  — y Y is  the  normalization, 

(3)  Yi  — > Yi- 1 is  a normalized  blowup  for  i = 1, . . . , n,  and 

(4)  Yn  is  regular. 

Observe  that  condition  (1)  implies  that  the  normalization  Yq  of  Y is  finite  over  Y 
and  that  the  normalizations  used  in  the  normalized  blowing  ups  are  finite  as  well. 
We  finally  come  to  the  main  theorem  of  this  chapter. 
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OBHY  Theorem  72.8.3.  Let  S be  a scheme.  Let  Y be  a two  dimensional  integral  Noe- 
therian  algebraic  space  over  S.  The  following  are  equivalent 

(1)  there  exists  an  alteration  X — > Y with  X regular, 

(2)  there  exists  a resolution  of  singularities  of  Y, 

(3)  Y has  a resolution  of  singularities  by  normalized  blowups, 

(4)  the  normalization  Yv  — > Y is  finite  and  Yv  has  finitely  many  singular 
points  j/i,  ...,2/m  € |U|  such  that  the  completions  of  the  henselian  local 
rings  Oy„  y.  are  normal. 

Proof.  The  implications  (3)  =>  (2)  =>  (1)  are  immediate. 


Let  X — > Y be  an  alteration  with  X regular.  Then  Yv  — > Y is  finite  by  Lemma 
72.7.11  Consider  the  factorization  / 


X — > Yv  from  Morphisms  of  Spaces,  Lemma 
54.46.5|  The  morphism  / is  finite  over  an  open  V C Yv  containing  every  point  of 
codimension  < 1 in  Yv  by  Spaces  over  Fields,  Lemma  [59.3.2|  Then  / is  flat  over 


V by  Algebra,  Lemma  [10. 127.1  and  the  fact  that  a normal  local  ring  of  dimension 
< 2 is  Cohen-Macaulay  by  Serre’s  criterion  (Algebra,  Lemma  10.149.4).  Then  V is 


regular  by  Algebra,  Lemma  10.156.4  As  Yv  is  Noetherian  we  conclude  that  Yv  \ 
V = {yi, . . . , ym}  is  finite.  For  each  i let  Oyv  y.  be  the  henselian  local  ring.  Then 
X Xy  Spec(Oy„  Vi ) is  a regular  alteration  of  Spec  {Oy„y.)  (some  details  omitted). 
By  Lemma 


(4). 


72.7.2 


the  completion  of  Oyv  is  normal.  In  this  way  we  see  that  (1) 


Assume  (4).  We  have  to  prove  (3).  We  may  immediately  replace  Y by  its  nor- 
malization. Let  j/i,..., ym  £ |Y|  be  the  singular  points.  Choose  a collection  of 
elementary  etale  neighbourhoods  ( V); , ly ) 
the  henselian  local  ring  Oy„ 


(Y,yi)  as  in  Section  72.3 
is  the  henselization  of  Oy 


For  each  i 


y.  ^ ..  ^ vuvi-  Hence  these  rings  have 

isomorphic  completions.  Thus  by  the  result  for  schemes  (Resolution  of  Surfaces, 


Theorem  47.14.5)  we  see  that  there  exist  finite  sequences  of  normalized  blowups 


X, 


— > Xi,n,i-  1 


— t Vi 


blowing  up  only  in  points  lying  over  such  that  X.i  n.  is  regular.  By  Lemma  72.5.3 
there  is  a sequence  of  normalized  blowing  ups 


Xn  — > Xn—i  X\  — > 1 


and  of  course  Xn  is  regular  too  (look  at  the  local  rings).  This  completes  the 
proof.  □ 


72.9.  Examples 

0AE8  Some  examples  related  to  the  results  earlier  in  this  chapter. 

0AE9  Example  72.9.1.  Let  k be  a field.  The  ring  A = k[x,  y,  z]/(xr  +ys  + zl)  is  a UFD  |Sam681  4(c)] 
for  r,s,t  pairwise  coprime  integers.  Namely,  since  xr  + ys  + z * is  irreducible  A is  a 
domain.  The  element  2 is  a prime  element,  i.e.,  generates  a prime  ideal  in  A.  On 
the  other  hand,  if  r = 1 + ers  for  some  e,  then 

A[l/z]  = k[x',y',l/z\ 

where  x'  = x/zes,  y'  = y/zet  and  z = ( x')r  + (y')s.  Thus  A[l/z]  is  a localization  of 
a polynomial  ring  and  hence  a UFD.  It  follows  from  an  argument  of  Nagata  that 
A is  a UFD.  See  Algebra,  Lemma[l0.119.7|  A similar  argument  can  be  given  if  r is 
not  congruent  to  1 modulo  rs. 
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OAEA  Example  72.9.2.  The  ring  A = C[[x,y,  z]\/(xr  + ys  + zl)  is  not  a UFD  when 
r < s < t are  pairwise  coprime  integers  and  not  equal  to  2,3,5.  For  example 
consider  the  special  case  A = C[[x,  y,  z\\/(x2  + y5  + z 7).  Consider  the  maps 

: c[[x,  y.  ~]]/(^2  + y5  + z7)  -»  c[[t]] 

given  by 

xi -At7,  y i3,  z i-A  — (t2(l  + t)1/' 

where  £ is  a 7th  root  of  unity.  The  kernel  pj  of  is  a height  one  prime,  hence  if 
A is  a UFD,  then  it  is  principal,  say  given  by  fc  £ C[[x,y,z]}.  Note  that  V(x3  — 
y7)  = U V (Pc)  and  -'V (x3  ~ V7)  is  reduced  away  from  the  closed  point.  Hence,  still 
assuming  A is  a UFD,  we  would  obtain 

IJC  fc  = u(x3  - y7)  + a{x2  + y5  + z7)  in  C[[x,y,z]\ 

for  some  unit  u £ C[[x,y,z]]  and  some  element  a £ C[[x,  y,  z]\.  After  scaling  by  a 
constant  we  may  assume  u(0,  0,0)  = 1.  Note  that  the  left  hand  side  vanishes  to 
order  7.  Hence  a = — x mod  m2.  But  then  we  get  a term  xy 5 on  the  right  hand 
side  which  does  not  occur  on  the  left  hand  side.  A contradiction. 


See  BriOS  and 
[Lip69|  for 
nonvanishing  of 
local  Picard  groups 
in  general. 


OAEB  Example  72.9.3.  There  exists  an  excellent  2-dimensional  Noetherian  local  ring 
and  a modification  X — > S = Spec(A)  which  is  not  a scheme.  We  sketch  a con- 
struction. Let  X be  a normal  surface  over  C with  a unique  singular  point  x £ X. 
Assume  that  there  exists  a resolution  7r  : X'  — ► X such  that  the  exceptional  fibre 
C = TT^1(x)red  is  a smooth  projective  curve.  Furthermore,  assume  there  exists  a 
point  c £ C such  that  if  Oc{nc ) is  in  the  image  of  Pic(A'/)  ->  Pic(C),  then  n = 0. 
Then  we  let  X"  — > X'  be  the  blowing  up  in  the  nonsingular  point  c.  Let  C C X" 
be  the  strict  transform  of  C and  let  E C X"  be  the  exceptional  fibre.  By  Artin’s 
results  ( [Art  70]:  use  for  example  }Mum6l]  to  see  that  the  normal  bundle  of  C'  is 
negative)  we  can  blow  down  the  curve  C'  in  X"  to  obtain  an  algebraic  space  X'" . 
Picture 

X" 


X'  X'" 


X 

We  claim  that  X'"  is  not  a scheme.  This  provides  us  with  our  example  because 
X'"  is  a scheme  if  and  only  if  the  base  change  of  X'"  to  A = Ox,x  is  a scheme 
(details  omitted).  If  X'"  where  a scheme,  then  the  image  of  C'  in  X'"  would 
have  an  affine  neighbourhood.  The  complement  of  this  neighbourhood  would  be  an 
effective  Cartier  divisor  on  X'"  (because  X'"  is  nonsingular  apart  from  1 point). 
This  effective  Cartier  divisor  would  correspond  to  an  effective  Cartier  divisor  on 
X"  meeting  E and  avoiding  C' . Taking  the  image  in  X'  we  obtain  an  effective 
Cartier  divisor  meeting  C (set  theoretically)  in  c.  This  is  impossible  as  no  multiple 
of  c is  the  restriction  of  a Cartier  divisor  by  assumption. 

To  finish  we  have  to  find  such  a singular  surface  X.  We  can  just  take  X to  be  the 
affine  surface  given  by 

x3  + y3  + z3  + x4  + y4  + z4  = 0 
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in  = Spec(C[x,  y,  z])  and  singular  point  (0,0,0).  Then  (0,0,0)  is  the  only 
singular  point.  Blowing  up  X in  the  maximal  ideal  corresponding  to  (0,0,0)  we 
find  three  charts  each  isomorphic  to  the  smooth  affine  surface 

1 + s3  + t3  + x(l  + s4  + t 4)  = 0 

which  is  nonsingular  with  exceptional  divisor  C given  by  x = 0.  The  reader  will 
recognize  C as  an  elliptic  curve.  Finally,  the  surface  X is  rational  as  projection 
from  (0,  0,  0)  shows,  or  because  in  the  equation  for  the  blow  up  we  can  solve  for  x. 
Finally,  the  Picard  group  of  a nonsingular  rational  surface  is  countable,  whereas  the 
Picard  group  of  an  elliptic  curve  over  the  complex  numbers  is  uncountable.  Hence 
we  can  find  a closed  point  c as  indicated. 
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73.1.  Introduction 


06G8  This  chapter  develops  formal  deformation  theory  in  a form  applicable  later  in 
the  stacks  project,  closely  following  Rim  IGRR721  Exposee  VI]  and  Schlessinger 
ISchfiS).  We  strongly  encourage  the  reader  new  to  this  topic  to  read  the  paper 
by  Schlessinger  first,  as  it  is  sufficiently  general  for  most  applications,  and  Sch- 
lessinger’s  results  are  indeed  used  in  most  papers  that  use  this  kind  of  formal 
deformation  theory. 


Let  A be  a complete  Noetherian  local  ring  with  residue  field  k,  and  let  Ca  denote 
the  category  of  Artinian  local  A- algebras  with  residue  field  k.  Given  a functor 
F : Ca  — > Sets  such  that  F(k)  is  a one  element  set,  Schlessinger’s  paper  introduced 
conditions  (H1)-(H4)  such  that: 

(1)  F has  a “hull”  if  and  only  if  (H1)-(H3)  hold. 

(2)  F is  prorepresentable  if  and  only  (H1)-(H4)  hold. 

The  purpose  of  this  chapter  is  to  generalize  these  results  in  two  ways  exactly  as  is 
done  in  Rim’s  paper: 

(A)  The  functor  F is  replaced  by  a category  F cofibered  in  groupoids  over  Ca, 
see  Section  173.31 

(B)  We  let  A be  a Noetherian  ring  and  A — >■  k a finite  ring  map  to  a field.  The 
category  Ca  is  the  category  of  Artinian  local  A-algebras  A endowed  with 
a given  identification  A/xcia  = k. 

The  analogue  of  the  condition  that  F(k)  is  a one  element  set  is  that  F(k)  is  the 
trivial  groupoid.  If  F satisfies  this  condition  then  we  say  it  is  a predeformation 
category,  but  in  general  we  do  not  make  this  assumption.  Rim’s  paper  IGRR721 
Exposee  VI]  is  the  original  source  for  the  results  in  this  document.  We  also  mention 
the  useful  paper  IT  V10I.  which  discusses  deformation  theory  with  groupoids  but 
in  less  generality  than  we  do  here. 


An  important  role  is  played  by  the  “completion”  Ca  of  the  category  Ca-  An  object 
of  Ca  is  a Noetherian  complete  local  A-algebra  R whose  residue  field  is  identified 
with  k,  see  Section 


73.4 


On  the  one  hand  Ca  C Ca  is  a strictly  full  subcategory 
and  on  the  other  hand  Ca  is  a full  subcategory  of  the  category  of  pro-objects  of  Ca- 
A functor  Ca  — t Sets  is  prorepresentable  if  it  is  isomorphic  to  the  restriction  of  a 
representable  functor  R = Mor g {R,  — ) to  Ca  where  R G Ob(CA). 


Categories  cofibred  in  groupoids  are  dual  to  categories  fibred  in  groupoids;  we  intro- 
duce them  in  Section  |73.5|  A smooth  morphism  of  categories  cofibred  in  groupoids 
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over  Ca  is  one  that  satisfies  the  infinitesimal  lifting  criterion  for  objects,  see  Sec- 
tion |73.8[  This  is  analogous  to  the  definition  of  a formally  smooth  ring  map,  see 
Algebra,  Definition  |10. 136.1]  and  is  exactly  dual  to  the  notion  in  Criteria  for  Rep- 


resentability,  Section  79.6  This  is  an  important  notion  as  we  eventually  want  to 
prove  that  certain  kinds  of  categories  cohbred  in  groupoids  have  a smooth  prorepre- 
sentable  presentation,  much  like  the  characterization  of  algebraic  stacks  in  Algebraic 
Stacks,  Sections  |76.16| and |76.17|  A versal  formal  object  of  a category  F cofibred  in 
groupoids  over  Ca  is  an  object  £ G F(R)  of  the  completion  such  that  the  associated 
morphism  £ : R — > F is  smooth. 

In  Section|73.9|  we  define  conditions  (SI)  and  (S2)  on  F generalizing  Schlessinger’s 
(HI)  and  (H2).  The  analogue  of  Schlessinger’s  (H3) — the  condition  that  F has  finite 
dimensional  tangent  space — is  not  given  a name.  A key  step  in  the  development 
of  the  theory  is  the  existence  of  versal  formal  objects  for  predeformation  categories 
satisfying  (SI),  (S2)  and  (H3),  see  Lemma  73.12.4  Schlessinger’s  notion  of  a hull 
for  a functor  F : Ca  — > Sets  is,  in  our  terminology,  a versal  formal  object  £ G F(R) 
such  that  the  induced  map  of  tangent  spaces  d£  : TR  TF  is  an  isomorphism. 
In  the  literature  a hull  is  often  called  a “miniversal”  object.  We  do  not  do  so,  and 
here  is  why.  It  can  happen  that  a functor  has  a versal  formal  object  without  having 
a hull.  Moreover,  we  show  in  Section  |73.13|  that  if  a predeformation  category  has 
a versal  formal  object,  then  it  always  has  a minimal  one  (as  defined  in  Definition 
73.13.4)  which  is  unique  up  to  isomorphism,  see  Lemma  73.13.5  But  it  can  happen 


that  the  minimal  versal  formal  object  does  not  induce  an  isomorphism  on  tangent 


spaces!  (See  Examples  73.14.3  and  73.14.8  ) 


Keeping  in  mind  the  differences  pointed  out  above,  Theorem  |73.14.5|  is  the  direct 
generalization  of  (1)  above:  it  recovers  Schlessinger’s  result  in  the  case  that  F is 
a functor  and  it  characterizes  minimal  versal  formal  objects,  in  the  presence  of 
conditions  (SI)  and  (S2),  in  terms  of  the  map  d£  : TR  — ► TF  on  tangent  spaces. 

In  Section  73.15|  we  define  Rim’s  condition  (RS)  on  F generalizing  Schlessinger’s 
(H4).  A deformation  category  is  defined  as  a predeformation  category  satisfying 
(RS).  The  analogue  to  prorepresentable  functors  are  the  categories  cohbred  in 
groupoids  over  Ca  which  have  a presentation  by  a smooth  prorepresentable  groupoid 
in  functors  on  Ca,  see  Dehnitions|73.19.H|73.20.T]  and|73.21.1|  This  notion  of  a pre- 
sentation takes  into  account  the  groupoid  structure  of  the  fibers  of  F.  In  Theorem 


73.24.4  we  prove  that  F has  a presentation  by  a smooth  prorepresentable  groupoid 
in  functors  if  and  only  if  F has  a finite  dimensional  tangent  space  and  finite  dimen- 
sional infinitesimal  automorphism  space.  This  is  the  generalization  of  (2)  above: 
it  reduces  to  Schlessinger’s  result  in  the  case  that  F is  a functor.  There  is  a final 
Section [73]25] where  we  discuss  how  to  use  minimal  versal  formal  objects  to  produce 
a (unique  up  to  isomorphism)  minimal  presentation  by  a smooth  prorepresentable 
groupoid  in  functors. 

We  also  find  the  following  conceptual  explanation  for  Schlessinger’s  conditions.  If 
a predeformation  category  F satisfies  (RS),  then  the  associated  functor  of  isomor- 
phism classes  F : Ca  — > Sets  satisfies  (HI)  and  (H2)  (Lemmas  73.15.6  and  73.9.5). 
Conversely,  if  a functor  F : Ca  — > Sets  arises  naturally  as  the  functor  of  isomorphism 
classes  of  a category  F cofibered  in  groupoids,  then  it  seems  to  happen  in  practice 
that  an  argument  showing  F satisfies  (HI)  and  (H2)  will  also  show  F satisfies  (RS) 
(see  Artin’s  Axioms,  Section  80.22  for  examples).  Moreover,  if  F satisfies  (RS), 
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then  condition  (H4)  for  T has  a simple  interpretation  in  terms  of  extending  auto- 
morphisms of  objects  of  J-  (Lemma  73.15.7).  These  observations  suggest  that  (RS) 
should  be  regarded  as  the  fundamental  deformation  theoretic  glueing  condition. 


73.2.  Notation  and  Conventions 


06G9  A ring  is  commutative  with  1.  The  maximal  ideal  of  a local  ring  A is  denoted  by 
mi.  The  set  of  positive  integers  is  denoted  by  N = {1,  2, 3, . . .}.  If  U is  an  object 
of  a category  C,  we  denote  by  U the  functor  More  (U,  — ) : C — > Sets,  see  Remarks 


we  sometimes  use  U_  to  denote  hu{—)  = Morq(— , U). 


73.5.2  (121).  Warning:  this  may  conflict  with  the  notation  in  other  chapters  where 


Throughout  this  chapter  A is  a Noetherian  ring  and  A — > k is  a finite  ring  map 
from  A to  a field.  The  kernel  of  this  map  is  denoted  itia  and  the  image  k'  C k. 
It  turns  out  that  rriA  is  a maximal  ideal,  k'  = A/rriA  is  a field,  and  the  extension 
k'  C k is  finite.  See  discussion  surrounding  (73.3.3.1). 


73.3.  The  base  category 


06GB 


06GC 


Motivation.  An  important  application  of  formal  deformation  theory  is  to  criteria 
for  representability  by  algebraic  spaces.  Suppose  given  a locally  Noetherian  base 
S and  a functor  F : {Sch/  S)opppf  — > Sets.  Let  k be  a finite  type  field  over  S,  i.e. , 
we  are  given  a finite  type  morphism  Spec(fc)  — > S.  One  of  Artin’s  criteria  is  that 
for  any  element  x £ F(Spec(fc))  the  predeformation  functor  associated  to  the  triple 
( S,k,x ) should  be  prorepresentable.  By  Morphisms,  Lemma  28.16.1  the  condition 
that  k is  of  finite  type  over  S means  that  there  exists  an  affine  open  Spec(A)  C S 
such  that  k is  a finite  A-algebra.  This  motivates  why  we  work  throughout  this 
chapter  with  a base  category  as  follows. 


Definition  73.3.1.  Let  A be  a Noetherian  ring  and  let  A — >■  k be  a finite  ring 
map  where  k is  a held.  We  define  Ca  to  be  the  category  with 

(1)  objects  are  pairs  (A,  tp)  where  A is  an  Artinian  local  A-algebra  and  where 
tp  : A/m  a — > k is  a A-algebra  isomorphism,  and 

(2)  morphisms  / : (B,ip)  — t (A,  </?)  are  local  A-algebra  homomorphisms  such 
that  <po(f  mod  m)  = i/j. 

We  say  we  are  in  the  classical  case  if  A is  a Noetherian  complete  local  ring  and  k 
is  its  residue  held. 


Note  that  if  A — ► k is  surjective  and  if  A is  an  Artinian  local  A-algebra,  then  the 
identiheation  tp,  if  it  exists,  is  unique.  Moreover,  in  this  case  any  A-algebra  map 
A — »•  B is  going  to  be  compatible  with  the  identifications.  Hence  in  this  case  Ca  is 
just  the  category  of  local  Artinian  A-algebras  whose  residue  held  “is”  k.  By  abuse 
of  notation  we  also  denote  objects  of  Ca  simply  A in  the  general  case.  Moreover, 
we  will  often  write  A/m  = k,  i.e.,  we  will  pretend  all  rings  in  Ca  have  residue  held  k 
(since  all  ring  maps  in  Ca  are  compatible  with  the  given  identifications  this  should 
never  cause  any  problems) . Throughout  the  rest  of  this  chapter  the  base  ring  A and 
the  held  k are  hxed.  The  category  Ca  will  be  the  base  category  for  the  cohbered 
categories  considered  below. 

06GD  Definition  73.3.2.  Let  / : B — > A be  a ring  map  in  Ca-  We  say  / is  a small  exten- 
sion if  it  is  surjective  and  Ker(/)  is  a nonzero  principal  ideal  which  is  annihilated 
by  mB. 
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By  the  following  lemma  we  can  often  reduce  arguments  involving  surjective  ring 
maps  in  CA  to  the  case  of  small  extensions. 

06GE  Lemma  73.3.3.  Let  f : B -A  A be  a surjective  ring  map  in  CA . Then  f can  be 
factored  as  a composition  of  small  extensions. 


Proof.  Let  I be  the  kernel  of  /.  The  maximal  ideal  mg  is  nilpotent  since  B is 
Artinian,  say  = 0.  Hence  we  get  a factorization 

B = B/Imff1  ->•  Bflrnff2  B/I  = A 

of  / into  a composition  of  surjective  maps  whose  kernels  are  annihilated  by  the 
maximal  ideal.  Thus  it  suffices  to  prove  the  lemma  when  / itself  is  such  a map,  i.e. 
when  I is  annihilated  by  ms.  In  this  case  I is  a k- vector  space,  which  has  finite 
dimension,  see  Algebra,  Lemma [10. 52. 6|  Take  a basis  x\, ...  ,xn  of  I as  a k- vector 
space  to  get  a factorization 

B — ■»  B / (aii ) B/[x i, . . . , xn)  = A 


of  / into  a composition  of  small  extensions. 


□ 


The  next  lemma  says  that  we  can  compute  the  length  of  a module  over  a local  A- 
algebra  with  residue  field  k in  terms  of  the  length  over  A.  To  explain  the  notation 
in  the  statement,  let  k'  C k be  the  image  of  our  fixed  finite  ring  map  A — ► k. 
Note  that  k/k'  is  a finite  extension  of  rings.  Hence  k!  is  a field  and  k! /k  is  a finite 
extension,  see  Algebra,  Lemma  10.35.16  Moreover,  as  A — > k!  is  surjective  we  see 


that  its  kernel  is  a maximal  ideal  rriA.  Thus 


06S2  (73.3.3.1)  [k  : k'\  = [k  : A/mA]  < oo 

and  in  the  classical  case  we  have  k = k' . The  notation  k'  = A/mA  will  be  fixed 
throughout  this  chapter. 

06GG  Lemma  73.3.4.  Let  A be  a local  A-algebra  with  residue  field  k.  Let  M be  an 
A-module.  Then  [k  : k']lengthA(M)  = length A(M).  In  the  classical  case  we  have 
lengthA(M)  = length A(M) . 


Proof.  If  M is  a simple  A-module  then  M = k as  an  A-module,  see  Algebra, 
Lemma  10.51.10  In  this  case  lengthy (M ) = 1 and  lengthA(M)  = [k'  : k],  see  Alge- 
bra, Lemma  10.51.6  If  lengthy (M)  is  finite,  then  the  result  follows  on  choosing  a 


filtration  of  M by  A-submodules  with  simple  quotients  using  additivity,  see  Alge- 
bra, Lemma[l0.51.3  If  lengthy (M)  is  infinite,  the  result  follows  from  the  obvious 
inequality  lengthA(M)  < lengthA(M).  □ 


06S3  Lemma  73.3.5.  Let  A — * B be  a ring  map  in  CA.  The  following  are  equivalent 

(1)  f is  surjective, 

(2)  mA/mA  — ms/rn^  is  surjective,  and 

(3)  mA/(mAA  + mA)  — > ms/{vn.\B  + m^)  is  surjective. 


Proof.  For  any  ring  map  / : A ->  B in  CA  we  have  /(tnA)  C ms  for  example 
because  mA,  rug  is  the  set  of  nilpotent  elements  of  A,  B.  Suppose  / is  surjective. 
Let  y £ mg.  Choose  x £ A with  f(x)  = y.  Since  / induces  an  isomorphism 
A/mA  — > B/mg  we  see  that  x £ mA.  Hence  the  induced  map  mA/mA  -»  mg/mg 
is  surjective.  In  this  way  we  see  that  (1)  implies  (2). 


73.3.  THE  BASE  CATEGORY 


4262 


It  is  clear  that  (2)  implies  (3).  The  map  A — >■  B gives  rise  to  a canonical  commu- 
tative diagram 

mA/m|  ®fc/  k mA/m2A >-  m.4/(mAA  + m^) 0 

Y Y 

mA/m|  ®k>  k *- mB/m2B ^ms/(mAB  + m|) ^0 


with  exact  rows.  Hence  if  (3)  holds,  then  so  does  (2). 

Assume  (2).  To  show  that  A — > B is  surjective  it  suffices  by  Nakayama’s  lemma 
(Algebra,  Lemma  10.19. 1|)  to  show  that  A/mA  — >■  B/mAB  is  surjective.  (Note  that 
mA  is  a nilpotent  ideal.)  As  k = A/mA  = B/ms  it  suffices  to  show  that  m AB  — >•  ms 
is  surjective.  Applying  Nakayama’s  lemma  once  more  we  see  that  it  suffices  to  see 
that  mAB/mAmB  ms/m|  is  surjective  which  is  what  we  assumed.  □ 


If  A — > B is  a ring  map  in  CA,  then  the  map  m,4 / (mA A + m^)  — > ms / (m AB  + m 2B) 
is  the  map  on  relative  cotangent  spaces.  Here  is  a formal  definition. 

06GY  Definition  73.3.6.  Let  R — > S be  a local  homomorphism  of  local  rings.  The 
relative  cotangent  spac^Jof  R over  S is  the  S'/ms-vector  space  ms/(mRS  + m|). 

If  /i  : Ai  — » A and  f2  : A2  — > A are  two  ring  maps,  then  the  fiber  product  A\  xA  A2 
is  the  subring  of  A\  x A2  consisting  of  elements  whose  two  projections  to  A are 
equal.  Throughout  this  chapter  we  will  be  considering  conditions  involving  such 
a fiber  product  when  fi  and  f2  are  in  CA.  It  isn’t  always  the  case  that  the  fibre 
product  is  an  object  of  CA. 

06S4  Example  73.3.7.  Let  p be  a prime  number  and  let  n £ N.  Let  A = Fp(t1,  t2,  ■ • ■ , tn) 
and  let  k = Fp(xi, . . . ,xn)  with  map  A — > k given  by  U i— > x Let  A = fc[e]  = 
k[x]/(x2).  Then  A is  an  object  of  CA.  Suppose  that  D : k — >■  k is  a derivation  of  k 
over  A,  for  example  D = d/dxi.  Then  the  map 

fo  '■  k — ► k[e\,  a i— > a + D(a)e 

is  a morphism  of  CA.  Set  Ai  = A2  = k and  set  fi  = fg/dXl  and  /2(a)  = a.  Then 
A\  xA  A-2  = {a  G k | d/dxi  (a)  = 0}  which  does  not  surject  onto  k.  Hence  the  fibre 
product  isn’t  an  object  of  CA. 


It  turns  out  that  this  problem  can  only  occur  if  the  residue  field  extension  k'  C k 


06GH 

(1)  If  fi  or  f2  is  surjective,  then  Ai  xA  A2  is  in  CA. 

(2)  If  f 2 is  a small  extension,  then  so  is  Ai  xA  A2  — > A\. 

(3)  If  the  field  extension  k'  C k is  separable,  then  A±  xaA2  is  in  CA . 


(73.3.3.11  is  inseparable  and  neither  fi  nor  f2  is  surjective. 

Lemma  73.3.8.  Let  fi  : A\  — > A and  f2  : A2  — >■  A be  ring  maps  in  CA.  Then: 


Proof.  The  ring  A\  xA  A2  is  a A-algebra  via  the  map  A — > A\  xA  A2  induced  by 
the  maps  A — > Ai  and  A — > A2.  It  is  a local  ring  with  unique  maximal  ideal 

mAl  xmA  mA2  = Kev(A1  xaA2  — > k) 


■^Caution:  We  will  see  later  that  in  our  general  setting  the  tangent  space  of  an  object  A E C\ 
over  A should  not  be  defined  simply  as  the  k- linear  dual  of  the  relative  cotangent  space.  In  fact, 
the  correct  definition  of  the  relative  cotangent  space  is  Qg/R<g)s  S/ms- 
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A ring  is  Artinian  if  and  only  if  it  has  finite  length  as  a module  over  itself,  see 
Algebra,  Lemma  |10.52.6|  Since  Ai  and  A2  are  Artinian,  Lemma  |73.3.4|  implies 
lengthA(Ai)  and  lengthA(A2),  and  hence  lengthA(Ai  x A2),  are  all  finite.  As 
A\  A2  C Ai  x A2  is  a A-submodule,  this  implies  lengthAiX>(j42(Ai  x^  A2)  < 
lengthA(Ai  Xa  A2)  is  finite.  So  Ai  xA  A2  is  Artinian.  Thus  the  only  thing  that  is 
keeping  Ai  XaA2  from  being  an  object  of  Ca  is  the  possibility  that  its  residue  field 
maps  to  a proper  subfield  of  k via  the  map  Ax  Xa  A2  — > A — > A/mA  = k above. 

Proof  of  (1).  If  f2  is  surjective,  then  the  projection  Ai  xA  A2  — >•  A\  is  surjective. 
Hence  the  composition  A\  x a A2  — >•  A\  — > Ai/mJ41  = k is  surjective  and  we 
conclude  that  A\  xaA2  is  an  object  of  Ca- 


Proof  of  (2).  If  f2  is  a small  extension  then  A2  — > A and  Ai  x a A2  ^ Ai  are 
both  surjective  with  the  same  kernel.  Hence  the  kernel  of  A\  x^  A2  — ► A\  is  a 
1-dimensional  A:- vector  space  and  we  see  that  A\  xA  A2  -A  A\  is  a small  extension. 


Proof  of  (3).  Choose  x £ k such  that  k = k'( x)  (see  Fields,  Lemma  9.18.1).  Let 
P'(T ) £ k'[T \ be  the  minimal  polynomial  of  x over  k! . Since  k/k’  is  separable  we 
see  that  dP/dT(x)  ^ 0.  Choose  a rnonic  P £ A[T]  which  maps  to  P'  under  the 
surjective  map  A[T]  — t k'[T\.  Because  A,  A1;  A2  are  henselian,  see  Algebra,  Lemma 
10.148.11  we  can  find  x,x\,x2  £ A,A\,A2  with  P(x)  = 0,P(xi)  = 0 ,P{x2)  = 0 
and  such  that  the  image  of  x,x\,x2  in  k is  x.  Then  (xi,x2)  £ A\X a A2  because 
x\,x2  map  to  x £ A by  uniqueness,  see  Algebra,  Lemma  [10.148.2  Hence  the 
residue  field  of  A\  xA  A2  contains  a generator  of  k over  k'  and  we  win.  □ 


06GF 


Next  we  define  essential  surjections  in  Ca-  A necessary  and  sufficient  condition  for 


a surjection  in  C\  to  be  essential  is  given  in  Lemma  73.3.12 


Definition  73.3.9.  Let  / : B — > A be  a ring  map  in  Ca-  We  say  / is  an  essential 
surjection  if  it  has  the  following  properties: 

(1)  / is  surjective. 

(2)  If  g : C — > B is  a ring  map  in  Ca  such  that  / o g is  surjective,  then  g is 
surjective. 


06S5 


Using  Lemma  73.3.5 


we  can  characterize  essential  surjections  in  Ca  as  follows. 


Lemma  73.3.10.  Let  f : B — » A be  a ring  map  inC\.  The  following  are  equivalent 

(1)  f is  an  essential  surjection , 

(2)  the  map  B/ nig  — > A/m\  is  an  essential  surjection,  and 

(3)  the  map  B/{m\B  + mg)  — >•  A/(rriAA  + mA)  is  an  essential  surjection. 


Proof.  Assume  (3).  Let  C — > B be  a ring  map  in  Ca  such  that  C — > A is  surjective. 
Then  C — > A/(mAA  + mA)  is  surjective  too.  We  conclude  that  C — > B / (m.AB +m2B) 
is  surjective  by  our  assumption.  Hence  C — > B is  surjective  by  applying  Lemma 


73.3.5  (2  times). 

Assume  (1).  Let  C — > B/(m\B  + m^)  be  a morphism  of  Ca  such  that  C — ► 
A/im^A  + mA)  is  surjective.  Set  C'  = C xB^mAB+m2^  B which  is  an  object  of  Ca 
by  Lemma  73.3.8  Note  that  C'  A/ (vn.AA  + m2A)  is  still  surjective,  hence  C' 


A 


is  surjective  by  Lemma|73.3.5[  Thus  C — > B is  surjective  by  our  assumption.  This 
implies  that  C'  — >•  BKen^B  + m^)  is  surjective,  which  implies  by  the  construction 
of  C that  C — > B/[m.AB  + nig)  is  surjective. 
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06S7 


06S8 


06S9 


06H0 


In  the  first  paragraph  we  proved  (3)  =>  (1)  and  in  the  second  paragraph  we  proved 
(1)  =>  (3).  The  equivalence  of  (2)  and  (3)  is  a special  case  of  the  equivalence  of  (1) 
and  (3),  hence  we  are  done.  □ 


To  analyze  essential  surjections  in  Ca  a bit  more  we  introduce  some  notation.  Sup- 
pose that  A is  an  object  of  Ca-  There  is  a canonical  exact  sequence 


(73.3.10.1) 


hia/ —A  CIa/a  ®a  k —a  Clk/ a 


see  Algebra,  Lemma  10.130.9  Note  that  f \/a  = CLk/k,  with  k'  as  in  (73.3.3.1).  Let 
Hi(Lk/A)  be  the  first  homology  module  of  the  naive  cotangent  complex  of  k over 

Then  we  can  extend  (73.3.10.1)  to  the  exact 


A,  see  Algebra,  Definition  10.132.1 
sequence 


(73.3.10.2)  Hi(Lk/A)  -a  mA/m2A  — ^a  CIa/a  k —A  flk/A  0, 

see  Algebra,  Lemma  |10. 132.4]  If  B —A  A is  a ring  map  in  Ca  then  we  obtain  a 
commutative  diagram 


H\{Lk/A) mB/m2B  — CIb/a  <£>b  k Clk/A 0 

(73.3.10.3) 

V dA 

Hi(Lk/A) ^ mA/m2A 4»-  ClA/A  ®A  k 0 


with  exact  rows. 


Lemma  73.3.11.  There  is  a canonical  map 

mA/m|  — A Hi(Lk/A)- 

If  k'  C k is  separable  (for  example  if  the  characteristic  of  k is  zero),  then  this  map 
induces  an  isomorphism  mA/m^  k = Hx(Lkj  a)-  If  k = k'  (for  example  in  the 
classical  case),  then  mA/m-A  = Hi(Li -m).  The  composition 

iRa/iRa  — A Hi(Lk/A)  — a mA/m\ 
comes  from  the  canonical  map  iua  —a  iRa  • 


Proof.  Note  that  Hi(Lki /a)  = mA/mi  as  A —A  k'  is  surjective  with  kernel  triA-  The 
map  arises  from  functoriality  of  the  naive  cotangent  complex.  If  k'  C k is  separable, 
then  k'  — A k is  an  etale  ring  map,  see  Algebra,  Lemma  |10. 141.4  Thus  its  naive 
cotangent  complex  has  trivial  homology  groups,  see  Algebra,  Definition  |10. 141.1] 
Then  Algebra,  Lemma  |10. 132.4  applied  to  the  ring  maps  A — A k!  — A k implies  that 
itia/rIa  ®ki  k = Hi(Lk/ a).  We  omit  the  proof  of  the  final  statement.  □ 


Lemma  73.3.12.  Let  f : B —A  A be  a ring  map  toCa-  Notation  as  in  (73.3.10.3). 


(1)  The  equivalent  conditions  of  Lemma  73. 3.1(\  characterizing  when  f is  sur- 
jective are  also  equivalent  to 

(a)  Im(dB)  —A  Im(dA ) is  surjective,  and 

(b)  the  map  ClB/ a <8>b  k —A  Da/a  k is  surjective. 

The  following  are  equivalent 

(a)  f is  an  essential  surjection, 

(b)  the  map  Im{dB ) —A  Im(dA)  is  an  isomorphism,  and 

(c)  the  map  CLb/a  ®b  k ClA/ a ®a  k is  an  isomorphism. 


(2) 
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(3)  If  k/k'  is  separable,  then  f is  an  essential  surjection  if  and  only  if  the 
map  mB/{mAB  + m^)  — > mA/{mAA  + m^)  is  an  isomorphism. 

(4)  If  f is  a small  extension,  then  f is  not  essential  if  and  only  if  f has  a 
section  s : A — ► B in  C A with  f o s = idA- 


Proof.  Proof  of  (1).  It  follows  from  (|73.3.10.3)  that  (l)(a)  and  (l)(b)  are  equiv- 
alent. Also,  if  A — > B is  surjective,  then  (l)(a)  and  (l)(b)  hold.  Assume  (l)(a). 
Since  the  kernel  of  dA  is  the  image  of  Hi(Lk/A)  which  also  maps  to  mB/xn2B  we  con- 
clude that  ms/m|  -A  mA/tn^  is  surjective.  Hence  B — ► A is  surjective  by  Lemma 
73.3.5  This  hnishes  the  proof  of  (1). 


Proof  of  (2).  The  equivalence  of  (2)(b)  and  (2)(c)  is  immediate  from  (73.3.10.3). 


Assume  (2)  (b) . Let  g : C — > B be  a ring  map  in  CA  such  that  fog  is  surjective.  We 
conclude  that  me / m|,  — ► tUA/m^  is  surjective  by  Lemma  73.3.5  Hence  Im(dc)  — > 
Im(dA)  is  surjective  and  by  the  assumption  we  see  that  Im(dq)  — > Im(ds)  is  sur- 
jective. It  follows  that  C — > B is  surjective  by  (1). 


Assume  (2)(a).  Then  / is  surjective  and  we  see  that  A fc  — > klA/ a <8  a k is 
surjective.  Let  K be  the  kernel.  Note  that  K = d_B(Ker(ms/m^  — > mA/m^))  by 
(73.3.10.3).  Choose  a splitting 

klB/ a ®b  k = Ha/ a <8  a k®  K 


of  A:- vector  space.  The  map  d : B — >•  klB/A  induces  via  the  projection  onto  K a 
map  D : B -A  K.  Set  C = {b  £ B \ D(b)  = 0}.  The  Leibniz  rule  shows  that  this 
is  a A-subalgebra  of  B.  Let  x £ k.  Choose  x £ B mapping  to  x.  If  D(x)  ^ 0, 
then  we  can  find  an  element  y £ mB  such  that  D{y)  = D( x).  Hence  x — y £ C 
is  an  element  which  maps  to  x.  Thus  C — > k is  surjective  and  C is  an  object  of 
CA.  Similarly,  pick  w £ Im(dA).  We  can  find  x £ mg  such  that  ds(a")  maps  to  oj 
by  (1).  If  D{x)  ^ 0,  then  we  can  find  an  element  y £ ms  which  maps  to  zero  in 
rri/i/m^  such  that  D(y)  = D{x).  Hence  z = x — y is  an  element  of  me  whose  image 
dc(^)  £ klc/k  k maps  to  w.  Hence  Im(de)  — > Im(dA)  is  surjective.  We  conclude 
that  C — > A is  surjective  by  (1).  Hence  C — > B is  surjective  by  assumption.  Hence 
D = 0,  i.e.,  K = 0,  i.e.,  (2)(c)  holds.  This  finishes  the  proof  of  (2). 


Proof  of 
73.3.11 
from  (2). 


(3).  If  k'/k  is  separable,  then  Hi{Lk/A)  = mA/m^  k,  see  Lemma 
Hence  Im(dA)  = naA/(niAA  + m^)  and  similarly  for  B.  Thus  (3)  follows 


Proof  of  (4).  A section  s of  / is  not  surjective  (by  definition  a small  extension 
has  nontrivial  kernel),  hence  / is  not  essentially  surjective.  Conversely,  assume  / 
is  a small  surjection  but  not  an  essential  surjection.  Choose  a ring  map  C -A  B 
in  CA  which  is  not  surjective,  such  that  C — > A is  surjective.  Let  C"  C B be  the 
image  of  C — >■  B.  Then  C’  ^ B but  C surjects  onto  A.  Since  / : B — > A is  a 
small  extension,  lengthy (B)  = lengthc(A)  + 1.  Thus  lengthc(C")  < lengthc(A) 
since  C'  is  a proper  subring  of  B.  But  C'  — > A is  surjective,  so  in  fact  we  must 
have  lengthy (C")  = lengthc(A)  and  C'  — > A is  an  isomorphism  which  gives  us  our 
section.  □ 


06SA 


Example  73.3.13.  Let  A = fc[[a;]]  be  the  power  series  ring  in  1 variable  over  k. 
Set  A = k and  B = A/(x2).  Then  B — > A is  an  essential  surjection  by  Lemma 
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|73.3.12|  because  it  is  a small  extension  and  the  map  B — > A does  not  have  a right 
inverse  (in  the  category  CA).  But  the  map 


k = mB/m|  — > mA/m2A  = 0 

is  not  an  isomorphism.  Thus  in  Lemma  73.3. 12|  (3)  it  is  necessary  to  consider  the 
map  of  relative  cotangent  spaces  mB/(mAB  + mg)  — » mJ4/(mA7l  + m24). 


73.4.  The  completed  base  category 


06GV 

06GW 


The  following  “completion”  of  the  category  CA  will  serve  as  the  base  category  of 
the  completion  of  a category  cofibered  in  groupoids  over  CA  (Section  73.7). 


Definition  73.4.1.  Let  A be  a Noetherian  ring  and  let  A — »•  k be  a finite  ring 
map  where  A:  is  a held.  We  define  CA  to  be  the  category  with 


(1)  objects  are  pairs  (R,  ip)  where  R is  a Noetherian  complete  local  A-algebra 
and  where  ip  : R/mp  ~ » fc  is  a A-algebra  isomorphism,  and 

(2)  morphisms  / : — > {R,ip)  are  local  A-algebra  homomorphisms  such 

that  ipo  (/  mod  m)  = i/j. 


As  in  the  discussion  following  Definition 


73.3.1 


we  will  usually  denote  an  object  of  CA 


simply  R,  with  the  identification  R/mp  = k understood.  In  this  section  we  discuss 
some  basic  properties  of  objects  and  morphisms  of  the  category  CA  paralleling  our 
discussion  of  the  category  CA  in  the  previous  section. 


Our  first  observation  is  that  any  object  A £ CA  is  an  object  of  CA  as  an  Artinian 
local  ring  is  always  Noetherian  and  complete  with  respect  to  its  maximal  ideal 
(which  is  after  all  a nilpotent  ideal).  Moreover,  it  is  clear  from  the  definitions  that 
CA  C CA  is  the  strictly  full  subcategory  consisting  of  all  Artinian  rings.  As  it  turns 
out,  conversely  every  object  of  CA  is  a limit  of  objects  of  CA. 

Suppose  that  R is  an  object  of  CA.  Consider  the  rings  Rn  = R/ m^.  for  n £ N.  These 
are  Noetherian  local  rings  with  a unique  nilpotent  prime  ideal,  hence  Artinian,  see 
Algebra,  Proposition |10.59T|  The  ring  maps 


. . . — > Rn+i  — > Rn  i?2  ~ t -Ri  — k 


are  all  surjective.  Completeness  of  R by  definition  means  that  R = linr.Rra.  If 
/ : R — > S is  a ring  map  in  CA  then  we  obtain  a system  of  ring  maps  fn  : Rn  — > Sn 
whose  limit  is  the  given  map. 

06GZ  Lemma  73.4.2.  Let  / : R — » S be  a ring  map  in  CA.  The  following  are  equivalent 

(1)  / is  surjective, 

(2)  the  map  — > ms/m|  is  surjective,  and 

(3)  the  map  mp/ (tuaR  + m|.)  — ► ms/(mA<S  + m|)  is  surjective. 


Proof.  Note  that  for  n > 2 we  have  the  equality  of  relative  cotangent  spaces 
mfl/(mAi?  + m^j)  = m^„/(m  ARn  + mfjJ 

and  similarly  for  S.  Hence  by  Lemma|73.3.5|  we  see  that  Rn  — ► Sn  is  surjective  for 
all  n.  Now  let  Kn  be  the  kernel  of  Rn  — > Sn.  Then  the  sequences 


0 — > Kn  — > Rn  — > Sn  — > 0 
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06SB 


form  an  exact  sequence  of  directed  inverse  systems.  The  system  (Kn)  is  Mittag- 
Leffler  since  each  Kn  is  Artinian.  Hence  by  Algebra,  Lemma [10. 85. 4|  taking  limits 
preserves  exactness.  So  limi?„  — ► liniS™  is  surjective,  i.e. , / is  surjective.  □ 


Lemma  73.4.3.  The  category  Ca  admits  pushouts. 


Proof.  Let  R — ► Si  and  R -A  S2  be  morphisms  of  Ca-  Consider  the  ring  C = 
Si  ®rS2.  This  ring  has  a finitely  generated  maximal  ideal  m = my,  <g> S2  + Si  (g>  mg2 
with  residue  field  k.  Set  CA  equal  to  the  completion  of  C with  respect  to  m.  Then 
CA  is  a Noetherian  ring  complete  with  respect  to  the  maximal  ideal  mA  = mCA 
whose  residue  field  is  identified  with  k.  see  Algebra,  Lemma  10.96.5  Hence  CA  is 
an  object  of  C\.  Then  Si  — > CA  and  S2  -A  CA  turn  CA  into  a pushout  over  R in 
Ca  (details  omitted).  □ 


We  will  not  need  the  following  lemma. 

06H1  Lemma  73.4.4.  The  category  C a admits  coproducts  of  pairs  of  objects. 

Proof.  Let  R and  S be  objects  of  Ca-  Consider  the  ring  C = R (g> a S.  There  is 
a canonical  surjective  map  C —>  R ®a  S — > k ®a  k —¥  k where  the  last  map  is  the 
multiplication  map.  The  kernel  of  C — > k is  a maximal  ideal  m.  Note  that  m is 
generated  by  m^C,  mgC  and  finitely  many  elements  of  C which  map  to  generators 
of  the  kernel  of  k (g>A  k -A  k.  Hence  m is  a finitely  generated  ideal.  Set  CA  equal 
to  the  completion  of  C with  respect  to  m.  Then  CA  is  a Noetherian  ring  complete 
with  respect  to  the  maximal  ideal  mA  = mC'A  with  residue  field  k,  see  Algebra, 

CA  turn 

□ 


10.96.5 


Hence  CA  is  an  object  of  Ca-  Then  R — > CA  and  S 


Lemma 

CA  into  a coproduct  in  Ca  (details  omitted) . 


An  empty  coproduct  in  a category  is  an  initial  object  of  the  category.  In  the  classical 
case  Ca  has  an  initial  object,  namely  A itself.  More  generally,  if  k!  = k,  then  the 
completion  AA  of  A with  respect  to  mA  is  an  initial  object.  More  generally  still, 
if  k'  C k is  separable,  then  Ca  has  an  initial  object  too.  Namely,  choose  a monic 
polynomial  P G A[T]  such  that  k = k'[T\/(Pr)  where  p'  G k'\T\  is  the  image  of  P. 
Then  R = AA[T]/(P)  is  an  initial  object,  see  proof  of  Lemma[73.3.8 

If  R is  an  initial  object  as  above,  then  we  have  Ca  = Cr  and  Ca  = Cr  which 
effectively  brings  the  whole  discussion  in  this  chapter  back  to  the  classical  case. 
But,  if  k!  C k is  inseparable,  then  an  initial  object  does  not  exist. 

06SC  Lemma  73.4.5.  Let  S be  an  object  of  Ca-  Then  dim/;  Der\(S,k)  < 00. 

Proof.  Let  xi,...,xn  G m s map  to  a fc-basis  for  the  relative  cotangent  space 
nVs/(mA£  + m|).  Choose  yi, . . . , ym  € S whose  images  in  k generate  k over  k' . We 
claim  that  dimfc  DerA(S',  k)  < n+m.  To  see  this  it  suffices  to  prove  that  if  D(xf)  = 0 
and  D(yj)  = 0,  then  0 = 0.  Let  a G S.  We  can  find  a polynomial  P = ^2XjyJ 
with  Xj  G A whose  image  in  k is  the  same  as  the  image  of  a in  k.  Then  we  see 
that  D{a  — P)  = D(a)  — D(P)  = D(a)  by  our  assumption  that  D(yj)  = 0 for  all  j. 
Thus  we  may  assume  a G ms-  Write  a = apXi  with  a*  G S.  By  the  Leibniz  rule 

D(a ) = ^2  XiD(ai)  + ^ a iDfxf)  = ^ XiD(ai) 

as  we  assumed  D(x, ) = 0.  We  have  xiD(ai)  = 0 as  multiplication  by  Xj  is  zero 
on  k.  □ 
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06SD 


06SE 


Lemma  73.4.6.  Let  f : R — ► S be  a morphism  ofC\.  If  Der\(S,  k ) — >•  Der\(R,  k) 
is  injective,  then  f is  surjective. 


Proof.  If  / is  not  surjective,  then  ms/(m.R.S  + m|)  is  nonzero  by  Lemma  73.4.2 
Then  also  Q = £/(/(/?)  Am^S-fml)  is  nonzero.  Note  that  Q is  a k = R/ m_R-vector 
space  via  /.  We  turn  Q into  an  S-module  via  S —t  k.  The  quotient  map  D : S — »•  Q 
is  an  //-derivation:  if  a±,  02  £ S,  we  can  write  a±  = f(b  1)  + a\  and  a 2 = f(b2)  + cl'2 
for  some  b±,b2  £ R and  a\ , a2  £ trig.  Then  bi  and  a,  have  the  same  image  in  k for 
i = 1,2  and 


dia2  — (f(bi)  + a'1)(f(b2)  + o!2) 

= f(,h)a'2  + /(b2)ai 
= /(&i)(/(&2)  + 4)  + /(W(&  1)  + ai) 
= f(bi)a2  + f(b2)ai 


in  Q which  proves  the  Leibniz  rule.  Hence  D : S — >■  Q is  a A-derivation  which  is 
zero  on  composing  with  R — > 5.  Since  Q ^ 0 there  also  exist  derivations  D : S'  -A  k 
which  are  zero  on  composing  with  /?  — ► S,  i.e. , DerA(£,  fc)  -A  DerA(Z?,  fc)  is  not 
injective.  □ 


Lemma  73.4.7.  Let  R be  an  object  of  C\.  Let  ( Jn ) be  a decreasing  sequence  of 
ideals  such  that  C Jn.  Set  J = fj  Jn-  Then  the  sequence  ( J„/J ) defines  the 
m.R/j-adic  topology  on  R/J. 


Proof.  It  is  clear  that  C Jn/J.  Thus  it  suffices  to  show  that  for  every  n 

there  exists  an  N such  that  Jn/J  C Wr/j-  This  is  equivalent  to  Jn  C + J. 
For  each  n the  ring  R/ is  Artinian,  hence  there  exists  a Nn  such  that 

Jn„  + Tlt^  = J ATn  + l + = . . . 


Set  En  = {Jn„  + mR)/mR-  Set  E = lim  En  C lim/?/m^  = R.  Note  that  E C J 
as  for  any  f £ E and  any  m we  have  / £ Jm  + for  all  n > 0,  so  / £ Jm  by 


Artin-Rees,  see  Algebra,  Lemma  10.50.4  Since  the  transition  maps  En  — > En_i 
are  all  surjective,  we  see  that  J surjects  onto  En.  Hence  for  N = Nn  works.  □ 


06SF  Lemma  73.4.8.  Let  A3  -A  A2  —)•  Ai  be  a sequence  of  surjective  ring  maps 

in  Ca  ■ If  dim*,  (rriA„  / nr  4 ) is  bounded,  then  S = lim  An  is  an  object  in  C\  and  the 
ideals  In  = Ker(S  — > An)  define  the  m g-adic  topology  on  S. 


Proof.  We  will  use  freely  that  the  maps  S — > An  are  surjective  for  all  n.  Note 
that  the  maps  mAn+1/va2An+1  — ¥ tuaJhi^  are  surjective,  see  Lemma  73.4.2  Hence 
for  n sufficiently  large  the  dimension  dim*,  (iua,  /m^  ) stabilizes  to  an  integer,  say 
r.  Thus  we  can  find  x\, ...  ,xr  £ ms  whose  images  in  An  generate  m a„ • Moreover, 
pick  yi, ... , yt  £ S whose  images  in  k generate  k over  A.  Then  we  get  a ring 
map  P = A [zi, . . . ,zr+t]  Xi  and  zr+j  i-a  yj  such  that  the  composition 

P — > S — > An  is  surjective  for  all  n.  Let  m C P be  the  kernel  of  P — > k.  Let 
R = PA  be  the  rn-adic  completion  of  P;  this  is  an  object  of  Ca-  Since  we  still 
have  the  compatible  system  of  (surjective)  maps  R —>  An  we  get  a map  R — > S. 
Set  Jn  = Ker (/?  — ► An).  Set  J = f]Jn.  By  Lemma  73.4.7  we  see  that  R/J  = 
lim  R/Jn  = lim  An  = S and  that  the  ideals  Jn/J  = In  define  the  m-adic  topology. 
(Note  that  for  each  n we  have  C J„  for  some  Nn  and  not  necessarily  Nn  = n, 
so  a renumbering  of  the  ideals  Jn  may  be  necessary  before  applying  the  lemma.)  □ 
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06SG  Lemma  73.4.9.  Let  R! ,R  £ Ob(CA)-  Suppose  that  R = R'  © I for  some  ideal 
I of  R.  Let  x i,...,xr  £ I map  to  a basis  of  I/mRI.  Set  S = . . . , Xr]] 

and  consider  the  R' -algebra  map  S R mapping  X f to  Xi.  Assume  that  for  every 
n 0 the  map  5/rrdj  — )•  R/m ^ has  a left  inverse  in  C\.  Then  S — » R is  an 
isomorphism. 


Proof.  As  R = R'  ® I we  have 

mR/m2R  = mR>/mR,  ® I /mRI 


and  similarly 

mR/m2R  = mR'/m2R,  ® (J)  kXt 

Hence  for  n > 1 the  map  5/rrdj  — ► R/ induces  an  isomorphism  on  cotangent 

Since  hn  is  injective  as  a left  inverse  it  is  an  isomorphism.  Thus  the  canonical 
surjections  S/mg  — >•  R/ are  all  isomorphisms  and  we  win.  □ 


spaces.  Thus  a left  inverse  hn  : R/ mg.  -4  5/mg  is  surjective  by  Lemma 


73.4.2 


73.5.  Categories  cofibered  in  groupoids 

06GA  In  developing  the  theory  we  work  with  categories  cofibered  in  groupoids.  We  assume 
as  known  the  definition  and  basic  properties  of  categories  fibered  in  groupoids,  see 
Categories,  Section  [4. 34| 

06GJ  Definition  73.5.1.  Let  C be  a category.  A category  cofibered  in  groupoids  over  C 
is  a category  T equipped  with  a functor  p : F C such  that  Topp  is  a category 
fibered  in  groupoids  over  Copp  via  popp  : Topp  — > Copp. 


Explicitly,  p : T — > C is  cofibered  in  groupoids  if  the  following  two  conditions  hold: 

(1)  For  every  morphism  / : U — > V in  C and  every  object  x lying  over  U, 
there  is  a morphism  x — > y of  J-  lying  over  /. 

(2)  For  every  pair  of  morphisms  a : x — » y and  b : x — > z of  T and  any 
morphism  / : p(y)  — > p(z)  such  that  p(b ) = / op(o),  there  exists  a unique 
morphism  c : y — > * of  T lying  over  / such  that  b = c o a. 


06GK 


06SH 


Remarks  73.5.2.  Everything  about  categories  fibered  in  groupoids  translates 
directly  to  the  cofibered  setting.  The  following  remarks  are  meant  to  fix  notation. 
Let  C be  a category. 


(1) 

(2) 

(3) 

(4) 


We  often  omit  the  functor  p : T — ► C from  the  notation. 

The  fiber  category  over  an  object  U in  C is  denoted  by  R(U).  Its  ob- 
jects are  those  of  J-  lying  over  U and  its  morphisms  are  those  of  J-  lying 
over  idy.  If  x,y  are  objects  of  J-(U),  we  sometimes  write  Morry(a:,  y)  for 


Mornu){x,y). 

The  fibre  categories  T(U)  are  groupoids,  see  Categories,  Lemma  [4.34.2 


Hence  the  morphisms  in  R(U)  are  all  isomorphisms.  We  sometimes  write 
Aut[/(a:)  for  Mor^r(m(a;,a;). 

Let  J7  be  a category  cofibered  in  groupoids  over  C,  let  / : U — > V be  a 
morphism  in  C,  and  let  x £ Ob(Jr(t/)).  A pushforward  of  x along  / is  a 
morphism  x — > y of  J-  lying  over  /.  A pushforward  is  unique  up  to  unique 
isomorphism  (see  the  discussion  following  Categories,  Definition  4.32.11. 
We  sometimes  write  x — > f*x  for  “the”  pushforward  of  x along  /. 
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06GL 

06GM 


06GN 


07W5 


06GP 


06GQ 


06SI 


06GR 


(5)  A choice  of  pushforwards  for  F is  the  choice  of  a pushforward  of  x along  / 
for  every  pair  ( x,  f)  as  above.  We  can  make  such  a choice  of  pushforwards 
for  F by  the  axiom  of  choice. 

(6)  Let  J7  be  a category  cohbered  in  groupoids  over  C.  Given  a choice  of 
pushforwards  for  J 7,  there  is  an  associated  pseudo-functor  C — > Groupoids. 
We  will  never  use  this  construction  so  we  give  no  details. 

(7)  A morphism  of  categories  cohbered  in  groupoids  over  C is  a functor  com- 
muting with  the  projections  to  C.  If  F and  F'  are  categories  cohbered  in 
groupoids  over  C , we  denote  the  morphisms  from  F to  F'  by  More  (J7,  F'). 

(8)  Categories  cohbered  in  groupoids  form  a (2,  l)-category  Cof(C).  Its  1- 
morphisms  are  the  morphisms  described  in  |7|.  If  p : F — > C and  p'  : 
F'  — > C are  categories  cohbered  in  groupoids  and  ip,  if  : F — > F'  are  1- 
morphisms,  then  a 2-morphism  t : ip  — > ip  is  a morphism  of  functors  such 
that  p'[tx)  = idp(x.)  for  all  x £ Ob(77). 

(9)  Let  F : C -A  Groupoids  be  a functor.  There  is  a category  cohbered  in 
groupoids  T — > C associated  to  F as  follows.  An  object  of  J7  is  a pair 
(U,x)  where  U £ Ob(C)  and  x £ Ob(F(U)).  A morphism  (U,  x)  — > (V,y) 
is  a pair  (/,  a)  where  / £ Mor c(U,V)  and  a £ MoTF^v-)(F(f)(x),  y).  The 
functor  F — » C sends  (U,  x)  to  U.  See  Categories,  Section  [4.36| 

(10)  Let  F be  cohbered  in  groupoids  over  C.  For  U £ Ob(C)  set  F(U)  equal  to 
the  set  of  isomorphisms  classes  of  the  category  F(U).  If  /:[/—>  V is  a 
morphism  of  C,  then  we  obtain  a map  of  sets  F(U)  — > F(V)  by  mapping 
the  isomorphism  class  of  x to  the  isomorphism  class  of  a pushforward  f*x 
of  x see  (|4|.  Then  F : C — > Sets  is  a functor.  Similarly,  if  tp  : F — > Q is  a 
morphism  of  cohbered  categories,  we  denote  by  Tp  : F -A  Q the  associated 
morphism  of  functors. 

(11)  Let  F : C — » Sets  be  a functor.  We  can  think  of  a set  as  a discrete 
category,  i.e.,  as  a groupoid  with  only  identity  morphisms.  Then  the 
construction  ([9])  associates  to  J7  a category  cohbered  in  sets.  This  dehnes 
a fully  faithful  embedding  of  the  category  of  functors  C Sets  to  the 
category  of  categories  cohbered  in  groupoids  over  C.  We  identify  the 
category  of  functors  with  its  image  under  this  embedding.  Hence  if  F : 
C — » Sets  is  a functor,  we  denote  the  associated  category  cohbered  in 
sets  also  by  F ; and  if  ip  : F — > G is  a morphism  of  functors,  we  denote 
still  by  ip  the  corresponding  morphism  of  categories  cohbered  in  sets,  and 
vice-versa.  See  Categories,  Section  |4.37| 

(12)  Let  U be  an  object  of  C.  We  write  U_  for  the  functor  More  ( U.  — ) : C — >- 
Sets.  This  dehnes  a fully  faithful  embedding  of  Copp  into  the  category  of 
functors  C —>  Sets.  Hence,  if  / : U — > V is  a morphism,  we  are  justified  in 
denoting  still  by  / the  induced  morphism  V — > U_,  and  vice-versa. 

(13)  Fiber  products  of  categories  cohbered  in  groupoids:  If  F — > H and  Q 

H are  morphisms  of  categories  cohbered  in  groupoids  over  Ca,  then  a 
construction  of  their  2-hber  product  is  given  by  the  construction  for  their 
2- fiber  product  as  categories  over  Ca,  as  described  in  Categories,  Lemma 
IPP 

(14)  Restricting  the  base  category:  Let  p : F — » C be  a category  cohbered  in 
groupoids,  and  let  C be  a full  subcategory  of  C.  The  restriction  F\c  is  the 
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full  subcategory  of  F whose  objects  lie  over  objects  of  C . It  is  a category 
cofibered  in  groupoids  via  the  functor  p\c  : F\c  — > C . 


73.6.  Prorepresentable  functors  and  predeformation  categories 

06GI  Our  basic  goal  is  to  understand  categories  cofibered  in  groupoids  over  Ca  and  Ca- 
Since  Ca  is  a full  subcategory  of  C\  we  can  restrict  categories  cofibred  in  groupoids 
over  C a to  Ca,  see  Remarks  73.5.2  (14).  In  particular  we  can  do  this  with  functors, 


in  particular  with  representable  functors.  The  functors  on  Ca  one  obtains  in  this 
way  are  called  prorepresentable  functors. 

06GX  Definition  73.6.1.  Let  F : Ca  — > Sets  be  a functor.  We  say  F is  prorepresentable 
if  there  exists  an  isomorphism  F = R|cA  °f  functors  for  some  R £ Ob(CA). 


Note  that  if  F : Ca  — > Sets  is  prorepresentable  by  R £ Ob(CA),  then 


F(k)  = Mor  £A(R,k)  = {*} 

is  a singleton.  The  categories  cofibered  in  groupoids  over  Ca  that  are  arise  in 
deformation  theory  will  often  satisfy  an  analogous  condition. 

06GS  Definition  73.6.2.  A predeformation  category  T is  a category  cofibered  in  groupoids 
over  Ca  such  that  F(k)  is  equivalent  to  a category  with  a single  object  and  a single 
morphism,  i.e. , F(k)  contains  at  least  one  object  and  there  is  a unique  morphism 
between  any  two  objects.  A morphism  of  predeformation  categories  is  a morphism 
of  categories  cofibered  in  groupoids  over  Ca- 


A feature  of  a predeformation  category  is  the  following.  Let  Xq  £ Ob(F(k)).  Then 
every  object  of  T comes  equipped  with  a unique  morphism  to  Xq.  Namely,  if  x is 
an  object  of  F over  A,  then  we  can  choose  a pushforward  x — > q*x  where  q : A — >•  k 
is  the  quotient  map.  There  is  a unique  isomorphism  q*x  — > Xo  and  the  composition 
x — > q*x  — ► a?o  is  the  desired  morphism. 

06GT  Remark  73.6.3.  We  say  that  a functor  F : Ca  — » Sets  is  a predeformation  functor 
if  the  associated  cofibered  set  is  a predeformation  category,  i.e.  if  F(k)  is  a one 
element  set.  Thus  if  F is  a predeformation  category,  then  F is  a predeformation 
functor. 


06GU  Remark  73.6.4.  Let  p : F — »•  Ca  be  a category  cofibered  in  groupoids,  and  let 
x £ Ob (F(k)).  We  denote  by  Fx  the  category  of  objects  over  x.  An  object  of  Fx  is 
an  arrow  y x.  A morphism  (y  — ► x)  -A  (z  — > x)  in  Fx  is  a commutative  diagram 


V s-  2 


x 

There  is  a forgetful  functor  Fx  — >•  F.  We  define  the  functor  px  : Fx  — ► Ca  as  the 
composition  Fx  ->  J A Ca-  Then  px  : Fx  — > Ca  is  a predeformation  category 
(proof  omitted).  In  this  way  we  can  pass  from  an  arbitrary  category  cofibered  in 
groupoids  over  Ca  to  a predeformation  category  at  any  x £ Ob  (F(k)). 
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73.7.  Formal  objects  and  completion  categories 

06H2  In  this  section  we  discuss  how  to  go  between  categories  cohbred  in  groupoids  over 
C a to  categories  cohbred  in  groupoids  over  C a and  vice  versa. 

06H3  Definition  73.7.1.  Let  F be  a category  cofibered  in  groupoids  over  Ca ■ The 
category  F of  formal  objects  of  F is  the  category  with  the  following  objects  and 
morphisms. 

(1)  A foi'mal  object  f = (R,fn,fn)  of  F consists  of  an  object  R of  Ca,  and 
a collection  indexed  by  n £ N of  objects  fn  of  F(R/ xnff)  and  morphisms 
fn  : fn+\  — >•  fn  lying  over  the  projection  R/mff1  -A  R/m’f. 

(2)  Let  f = ( R , fn,  fn)  and  g = (5,  gn,  gn)  be  formal  objects  of  F . A morphism 
a '■  £ — > i)  of  formal  objects  consists  of  a map  ao  : R — >•  S in  Ca  and  a 
collection  an  : fn  — > r]n  of  morphisms  of  F lying  over  R/ — > 5/mg, 
such  that  for  every  n the  diagram 

Cn+l  —j  fn 

an  + l 0>n 

V 9n  " 

Vn-\-l  r]n 

commutes. 

The  category  of  formal  objects  comes  with  a functor  p : F — > Ca  which  sends  an 
object  (.R,  fn,  fn)  to  R and  a morphism  ( R , fn,  fn)  — t (5,  rjni  gn)  to  the  map  R—tS. 

06H4  Lemma  73.7.2.  Let  p : F —¥  Ca  be  a category  cofibered  in  groupoids.  Then 
p : F — > Ca  is  a category  cofibered  in  groupoids. 

Proof.  Let  R S be  a ring  map  in  Ca-  Let  {R,fn,fn)  be  an  object  of  F.  For 
each  n choose  a pushforward  fn  — > r]n  of  fn  along  R/ mj  — > 5/mg.  For  each  n there 
exists  a unique  morphism  gn  : r]n+i  — t Vn  in  -A  lying  over  5/rrig+1  — > 5/rrig  such 
that 

£n+l  — fn 

9n 

Vn-\-l  n 

commutes  (by  the  first  axiom  of  a category  cofibred  in  groupoids) . Hence  we  obtain 
a morphism  (R,fn,fn)  ( S,g„.,gn ) lying  over  R — > 5,  i.e. , the  first  axiom  of  a 

category  cofibred  in  groupoids  holds  for  F . To  see  the  second  axiom  suppose  that 
we  have  morphisms  a : ( R , fn,  fn)  —j  (5,  gni  gn)  and  b : ( R , fn,  fn)  -t  (T,  9n,  hn)  in 
F and  a morphism  Co  : 5 — >•  T in  Ca  such  that  cq  o ao  = bo-  By  the  second  axiom 
of  a category  cofibred  in  groupoids  for  F we  obtain  unique  maps  cn  : r\n  — > 9n 
lying  over  5/rrig  — ► T/mJf  such  that  cn  o an  = bn-  Setting  c = (cn)n>o  gives  the 
desired  morphism  c : (S,g„.,gn)  — t ( T,6n,hn ) in  F (we  omit  the  verification  that 
hn  O Cn_|_i  — Cn  O gn)-  C I 

06H5  Definition  73.7.3.  Let  p : F — > Ca  be  a category  cofibered  in  groupoids.  The 
category  cofibered  in  groupoids  p : F — > Ca  is  called  the  completion  of  F. 
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If  T is  a category  cofibered  in  groupoids  over  Ca,  we  have  defined  X{R)  for  R € 
Ob(CA)  in  terms  of  the  filtration  of  R by  powers  of  its  maximal  ideal.  But  suppose 
X = (/„)  is  a filtration  of  R by  ideals  inducing  the  m^-adic  topology.  We  define 
Tx (R)  to  be  the  category  with  the  following  objects  and  morphisms: 

(1)  An  object  is  a collection  ((n,/„)n6N  of  objects  £ „ of  F(R/In)  and  mor- 
phisms /„  : £n+i  -A  £„  lying  over  the  projections  R/In+ 1 -A  R/In- 

(2)  A morphism  a : (£„,/„)  -A  ( rin,gn ) consists  of  a collection  an  : £„  -A  ?yn 
of  morphisms  in  F{R/In ),  such  that  for  every  n the  diagram 

£n+l  £n 

ffln+1  an 

v 

Vrt- f-1  ^ 7/n 

commutes. 

06H6  Lemma  73.7.4.  In  the  situation  above,  J~x(R)  is  equivalent  to  the  category  JF(R). 

Proof.  An  equivalence  Ti{R)  — > X(R)  can  be  defined  as  follows.  For  each  n,  let 
m{n)  be  the  least  m that  Im  C m^.  Given  an  object  (£n,/ra)  of  Xz(-R),  let  rjn 
be  the  pushforward  of  £m(n)  along  R/Im(n)  R/m1R-  Let  gn  : rjn+i  —A  i]n  be  the 
unique  morphism  of  T lying  over  R/ m^+1  -A  R/m^  such  that 

£m(n+ 1)  ““ 7 7 ^ £m(n) 

9n 

T]n+ 1 ^ Tjn 

commutes  (existence  and  uniqueness  is  guaranteed  by  the  axioms  of  a cofibred 
category).  The  functor  Fx{R)  — >•  F{R)  sends  (£n,/n)  to  ( R,rjn,gn ).  We  omit  the 
verification  that  this  is  indeed  an  equivalence  of  categories.  □ 

06H7  Remark  73.7.5.  Let  p : T — > Ca  be  a category  cofibered  in  groupoids.  Suppose 
that  for  each  R £ Ob(CA)  we  are  given  a filtration  Xr  of  R by  ideals.  If  Xr 
induces  the  m_R-adic  topology  on  R for  all  R,  then  one  can  define  a category  Tx 
by  mimicking  the  definition  of  T . This  category  comes  equipped  with  a morphism 
Px  : Ft  — > Ca  making  it  into  a category  cofibered  in  groupoids  such  that  Fx{R) 
is  isomorphic  to  XxH  (R)  as  defined  above.  The  categories  cofibered  in  groupoids 
Tx  and  F are  equivalent,  by  using  over  an  object  R £ Ob(CA)  the  equivalence  of 
Lemma  173.7.41 

06H8  Remark  73.7.6.  Let  F : Ca  — t Sets  be  a functor.  Identifying  functors  with 
cofibered  sets,  the  completion  of  F is  the  functor  F : Ca  — > Sets  given  by  F(S)  = 
lim  FfS/rhc;).  This  agrees  with  the  definition  in  Schlessinger’s  paper  [SchRSj. 

06SJ  Remark  73.7.7.  Let  T be  a category  cofibred  in  groupoids  over  C\.  We  claim 
that  there  is  a canonical  equivalence 

can  : XjcA  — > F . 

Namely,  let  A £ Ob(CA)  and  let  (A,  £„,/„)  be  an  object  of  F\ ca(A).  Since  A is 
Artinian  there  is  a minimal  m £ N such  that  m™  = 0.  Then  can  sends  (A,  £n,  /„) 
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to  £m.  This  functor  is  an  equivalence  of  categories  cofibered  in  groupoids  by  Cate- 
gories, Lemma |4.34.8|  because  it  is  an  equivalence  on  all  fibre  categories  by  Lemma 
|73.7.4|  and  the  fact  that  the  mA-adic  topology  on  a local  Artinian  ring  A comes 
from  the  zero  ideal.  We  will  frequently  identify  T with  a full  subcategory  of  T via 
a quasi-inverse  to  the  functor  can. 

06H9  Remark  73.7.8.  Let  tp  : T — > Q be  a morphism  of  categories  cofibered  in 
groupoids  over  CA.  Then  there  is  an  induced  morphism  tp  : T — > Q of  cate- 
gories cofibered  in  groupoids  over  CA.  It  sends  an  object  £ = (!?,£„,/„)  of  T 
to  (R,tp(^n),tp(fn)),  and  it  sends  a morphism  (do  : R — > S,  an  : £„  — > r]n)  between 
objects  £ and  t)  of  J-  to  (a o : R — > S,  tp(an ) : </>(£„)  — > <p{j)n)).  Finally,  if  t : tp  — > tp' 
is  a 2-morphism  between  1-morphisms  tp,  tp1  : T -A  Q of  categories  cofibred  in 
groupoids,  then  we  obtain  a 2-morphism  t : tp  — > tp' . Namely,  for  £ = (R,  £ n , /„)  as 
above  we  set  = (tvt£n)).  Hence  completion  defines  a functor  between  2-categories 

Cof(CA)  — ► Cof(CA) 


06HA 


06HB 


from  the  2-category  of  categories  cofibred  in  groupoids  over  CA  to  the  2-category  of 
categories  cofibred  in  groupoids  over  CA. 


Then  there  is  an  equivalence  of  categories 
$ : MorCA(£|CA,  F) 


MorCA(£, T) 


To  describe  this  equivalence,  we  define  canonical  morphisms  Q 
T as  follows 


g\cA  and  J-\cK 


(1)  Let  R € Ob(CA))  and  let  £ be  an  object  of  the  fiber  category  Q{R).  Choose 

a pushforward  £ — > of  £ to  R/ for  each  n € N,  and  let  fn  : £n+i  — > £ n 

be  the  induced  morphism.  Then  Q — > Q\ Ca  sends  £ to  (R,£n,  fn). 

(2)  This  is  the  equivalence  can  : T\cA  — > J-  of  Remark 


73.7.7 


Having  said  this,  the  equivalence  $ : MorcA(f/|cA,^r)  — > Morg-  (£, T)  sends  a mor- 
phism tp  : Q\ca  — > T to 

f 

• MorcA(^|cA,4tr)  to  *I>  which  sends 


There  is  a quasi-inverse  T 
: Q — > T to 


g ->■  g\ cA 

rcA( 


Mor 


SlcA 


^lcA 


> .f|ca  ?■ 


We  omit  the  verification  that  $ and  T are  quasi-inverse.  We  also  do  not  address 
functoriality  of  (because  it  would  lead  into  3-category  territory  which  we  want 
to  avoid  at  all  cost). 


Remark  73.7.10.  For  a category  C we  denote  by  CofSet(C)  the  category  of 
cofibered  sets  over  C.  It  is  a 1-category  isomorphic  the  category  of  functors  C -A 
Sets.  See  Remarks  73.5.2  (Tlj).  The  completion  and  restriction  functors  restrict  to 


functors  ~ : CofSet(CA)  — > CofSet(CA)  and  |cA  : CofSet(CA)  -A  CofSet(CA)  which 
we  denote  by  the  same  symbols.  As  functors  on  the  categories  of  cofibered  sets, 
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completion  and  restriction  are  adjoints  in  the  usual  1-categorical  sense:  the  same 
construction  as  in  Remark |73.7.9|  defines  a functorial  injection 

MorCA(G|CA,F)^Morc~A(G,F) 

for  F G Ob(CofSet(CA))  and  G G Ob(CofSet(CA))-  Again  the  map  F\cA 
isomorphism. 


F is  an 


06HE  Remark  73.7.11.  Let  G : Ca  — > Sets  be  a functor  that  commutes  with  limits. 
Then  the  map  G — > G|cA  described  in  Remark 


73.7.9 


is  an  isomorphism.  Indeed,  if 


S is  an  object  of  Ca,  then  we  have  canonical  bijections 

Gj^(S)  = limn  G(5/m3)  = G(lim„  S/mns)  = G(S). 

In  particular,  if  R is  an  object  of  Ca  then  R = R\cA  because  the  representable 
functor  R commutes  with  limits  by  definition  of  limits. 

06HC  Remark  73.7.12.  Let  R be  an  object  of  Ca-  It  defines  a functor  R : Ca  — t Sets 


as  described  in  Remarks  73.5.2  ( 12 ) . As  usual  we  identify  this  functor  with  the 
associated  cofibered  set.  If  F is  a cofibered  category  over  Ca,  then  there  is  an 
equivalence  of  categories 


06SK  (73.7.12.1)  MorCA(R\cA,  F) 

It  is  given  by  the  composition 

Mor, 


F{R). 


MorCA(R|CA, F)  ^ Mov£a{R,R)  > F(R) 

where  $ is  as  in  Remark  |73.7.9|  and  the  second  equivalence  comes  from  the  2- 
Yoneda  lemma  (the  cofibered  analogue  of  Categories,  Lemma  4.40. 1[).  Explicitly, 
the  equivalence  sends  a morphism  tp  : R\cA  — > F to  the  formal  object  (i?,  tp(R  — > 
R/mrji),ip(fn))  in  F{R),  where  fn  : R/ m^+1  — > R/ is  the  projection. 

Assume  a choice  of  pushforwards  for  T has  been  made.  Given  any  £ G Ob(jtr(i?)) 
we  construct  an  explicit  £ : R\cA  — > R which  maps  to  ^ under  (73.7.12.1 ).  Namely, 
say  C,  = ( R , £n,  fn)-  An  object  a in  R\cA  is  the  same  thing  as  a morphism  a : R — » A 
of  Ca  with  A Artinian.  Let  m G N be  minimal  such  that  m™  = 0.  Then  a factors 
through  a unique  am  : R/mff  — > A and  we  can  set  £(a)  = We  omit 

the  description  of  £ on  morphisms  and  we  omit  the  proof  that  £ maps  to  £ via 


(73.7.12.1). 


Assume  a choice  of  pushforwards  for  J-  has  been  made.  In  this  case  the  proof  of 


Categories,  Lemma  4.40.1  gives  an  explicit  quasi-inverse 


i : J-(R)  — » Mor^A(l?,  F) 


to  the  2-Yoneda  equivalence  which  takes  ^ to  the  morphism  i(£)  : R — > F sending 


/ € R(S)  = Mor cA(R,  S)  to  A quasi-inverse  to  (|73.7.12.i|)  is  then 
T(R) 

where  4/  is  as  in  Remark 


Morg-A  (R,  F)  ->  MorCA(R|CA,  F) 


73.7.9 


Given  ^ G Ob(Jr(i?))  we  have  \H(i,(£))  = ^ where  ^ 
is  as  in  the  previous  paragraph,  because  both  are  mapped  to  £ under  the  equivalence 
of  categories  (73.7.12.1 ).  Using  R = R\cA  (see  Remark  73.7.11 1 and  unwinding  the 


definitions  of  and  T we  conclude  that  t(£)  is  isomorphic  to  the  completion  of  £. 
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06SL  Remark  73.7.13.  Let  T be  a category  cofibred  in  groupoids  over  Ca-  Let  £ = 
[R,£i,fn)  and  77  = ( S,rin,gn ) be  formal  objects  of  T.  Let  a = ( an ) : £ — > 77  be  a 
morphism  of  formal  objects,  i.e. , a morphism  of  J- . Let  / = p(a ) = ao  : R — > S be 
the  projection  of  a in  Ca-  Then  we  obtain  a 2-commutative  diagram 


where  £ 
a : S — >■ 
m™  = 0. 


and  r]  are  the  morphisms  constructed  in  Remark  73.7.12 
A be  an  object  of  SjcA  (see  loc.  cit.) . 

We  get  a commutative  diagram 


To  see  this  let 
Let  m £ N be  minimal  such  that 


R R/m% 


f 

S- 


A 


such  that  the  bottom  arrows  compose  to  give  a.  Then  77(a)  = am^r]m  and  ((qo/)  = 
The  morphism  am  : — > Vm  lies  over  fm  hence  we  obtain  a canonical 

morphism 

£(a  ° /)  — t 77(a)  ~ 

lying  over  id^  such  that 

am 

\ V 

Vm  ^ &m,*Vm 


commutes  by  the  axioms  of  a category  cofibred  in  groupoids.  This  defines  a trans- 
formation of  functors  £ o / — y 77  which  witnesses  the  2-commutativity  of  the  first 
diagram  of  this  remark. 


06HD 


Remark  73.7.14.  According  to  Remark  73.7.12  giving  a formal  object  £ of  T 
is  equivalent  to  giving  a prorepresentable  functor  U : Ca  — > Sets  and  a morphism 
U T. 


73.8.  Smooth  morphisms 

06HF  In  this  section  we  discuss  smooth  morphisms  of  categories  cofibered  in  groupoids 
over  Ca- 

06HG  Definition  73.8.1.  Let  ip  : J-  — > Q be  a morphism  of  categories  cofibered  in 
groupoids  over  Ca-  We  say  p is  smooth  if  it  satisfies  the  following  condition:  Let 
B — >■  A be  a surjective  ring  map  in  Ca-  Let  y £ Ob (0(B)), x £ Ob(Jr(A)),  and 
y — > ip(x)  be  a morphism  lying  over  B — ► A.  Then  there  exists  x'  £ Ob (R(B)), 
a morphism  x'  — > x lying  over  B — ► A,  and  a morphism  p(x')  —¥  y lying  over 
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id  : B — ► B,  such  that  the  diagram 


tp(x') ->-y 


V 


<p(x) 


commutes. 

06HH  Lemma  73.8.2.  Let  ip  : J-  — ► G be  a morphism  of  categories  cofibered  in  groupoids 
over  C a-  Then  ip  is  smooth  if  the  condition  in  Definition \ 73. 8. 7]  is  assumed  to  hold 
only  for  small  extensions  B — » A. 


Proof.  Let  B — > A be  a surjective  ring  map  in  Ca-  Let  y £ 

Ob(Jr(A)),  and  y — >•  ip(x)  be  a morphism  lying  over  B — >•  A.  By  Lemma  73.3.3 
can  factor  B A into  small  extensions  B = Bn  — > Bra_i 


Ob(g(fl)),  x £ 
we 

— > B0 


Bo  = A.  We 

argue  by  induction  on  n.  If  n = 1 the  result  is  true  by  assumption.  If  n > 1,  then 
denote  / : B = Bn  — >•  i?„_i  and  denote  g : Bn_ i — >•  Bo  = A.  Choose  a pushforward 
y — )•  f*y  of  y along  /,  so  that  the  morphism  y — ► y>(x)  factors  as  y — > f*y  — > <p(x). 
By  the  induction  hypothesis  we  can  find  ccn_i  — > x lying  over  g : Bn_  i — >■  .A  and 
a : ip{xn-\)  — > f*y  lying  over  id  : such  that 


f*y 

Y 


commutes.  We  can  apply  the  assumption  to  the  composition  y — > (p(xn_ i)  of 
V -t  f*y  with  a-1  : /*y  -»  <^(a;„_i).  We  obtain  xn  xn_i  lying  over  Bn  Bn_ i 

and  ip{xn)  — )•  y lying  over  id  : Bn  — > Bn  so  that  the  diagram 


<p{xn) >■  y 

i \ 

ip{xn-l)  — f*y 

XX'X\  y 

<p(x) 


commutes.  Then  the  composition  xn  — )•  xn_\  — > x and  ip{xn)  — > y are  the  mor- 
phisms  required  by  the  definition  of  smoothness.  □ 

06HI  Remark  73.8.3.  Let  ip  : T — > G be  a morphism  of  categories  cofibered  in 
groupoids  over  Ca.  Let  B — >•  A be  a ring  map  in  Ca-  Choices  of  pushforwards 
along  B — > A for  objects  in  the  fiber  categories  T{B)  and  G(B)  determine  functors 
T(B)  — ► T(A)  and  G{B)  — >•  G{A)  fitting  into  a 2-commutative  diagram 
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Hence  there  is  an  induced  functor  F(B)  — > F{A)  y.g(A)  G(B).  Unwinding  the 
definitions  shows  that  ip  : F — > Q is  smooth  if  and  only  if  this  induced  functor 
is  essentially  surjective  whenever  B — > A is  surjective  (or  equivalently,  by  Lemma 
73.8.2  whenever  B — > A is  a small  extension). 


06HJ  Remark  73.8.4.  The  characterization  of  smooth  morphisms  in  Remark  73.8.3  is 
analogous  to  Schlessinger’s  notion  of  a smooth  morphism  of  functors,  cf.  |Sch681 
Definition  2.2.].  In  fact,  when  F and  Q are  cofibered  in  sets  then  our  notion  is 
equivalent  to  Schlessinger’s.  Namely,  in  this  case  let  F,  G : Ca  — > Sets  be  the 
corresponding  functors,  see  Remarks  73.5.  Then  F — > G is  smooth  if  and 

only  if  for  every  surjection  of  rings  B — > A in  Ca  the  map  F(B)  — > F(A)  Xg(A)  G(B) 
is  surjective. 

06HK  Remark  73.8.5.  Let  J7  be  a category  cofibered  in  groupoids  over  Ca-  Then  the 
morphism  F — > F is  smooth. 


If  R — ► S is  a ring  map  Ca,  then  there  is  an  induced  morphism  S_  — > R between 
the  functors  <S,  R : Ca  — > Sets.  In  this  situation,  smoothness  of  the  restriction 
S\cA  R\ca  is  a familiar  notion: 

06HL  Lemma  73.8.6.  Let  R — ► S be  a ring  map  in  Ca-  Then  the  induced  morphism 
S|Ca  — > R\ca  smooth  if  and  only  if  S is  a power  series  ring  over  R. 


Proof.  Assume  S'  is  a power  series  ring  over  R.  Say  S = R[[xi, . . . ,£„]].  Smooth- 
ness of  S|cA  — > R\ca  means  the  following  (see  Remark  73.8.4):  Given  a surjective 
ring  map  B — » A in  Ca,  a ring  map  i?  — > R,  a ring  map  S — > A such  that  the  solid 
diagram 


is  commutative  then  a dotted  arrow  exists  making  the  diagram  commute.  (Note 
the  similarity  with  Algebra,  Definition  10.136.1  ) To  construct  the  dotted  arrow 


choose  elements  bi  £ B whose  images  in  A are  equal  to  the  images  of  Xi  in  A.  Note 
that  hi  £ m#  as  maps  to  an  element  of  m^.  Hence  there  is  a unique  R- algebra 
map  i?[[xi, . . . , &„]]  —t  B which  maps  ay  to  bi  and  which  can  serve  as  our  dotted 
arrow. 


Conversely,  assume  S|cA  — » R\cA  is  smooth.  Let  x\, . . . , xn  £ S be  elements  whose 
images  form  a basis  in  the  relative  cotangent  space  ms/(m^S'  + m|)  of  S over  R. 
Set  T = . . . , X„]].  Note  that  both 

S/  (m  RS  + m|)  = R/mR[x!, xn]/{xixj) 

and 

T/(mRT  + m2T)  S R/mR[Xu  Xn]/{XiXj). 

Let  S/{mRS  + m|)  — > T/(mRT  + m|.)  be  the  local  R-algebra  isomorphism  given 
by  mapping  the  class  of  ay  to  the  class  of  X,;.  Let  f\  : S — > T/(mRT  + mR)  be 
the  composition  S — » S/(mRS  + m|)  — > T/(mRT  + m^).  The  assumption  that 
5|ca  — > R|ca  is  smooth  means  we  can  lift  /i  to  a map  fa  : S — > T/mR,  then 
to  a map  /3  : S — > T/ m^,  and  so  on,  for  all  n > 1.  Thus  we  get  an  induced 
map  / : S — > T = lim  T /mrf  of  local  R-algebras.  By  our  choice  of  /i,  the  map  / 
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induces  an  isomorphism  ms/(mnS  + m|)  — > mr/impiT  + m^)  of  relative  cotangent 
spaces.  Hence  / is  surjective  by  Lemma  73.4.2  (where  we  think  of  / as  a map  in 
Cr).  Choose  preimages  yt  G S of  X,  G T under  /.  As  T is  a power  series  ring 
over  R there  exists  a local  f?-algebra  homomorphism  s : T — » S mapping  X,  to 
yi . By  construction  / o s = id.  Then  s is  injective.  But  s induces  an  isomorphism 


on  relative  cotangent  spaces  since  / does,  so  it  is  also  surjective  by  Lemma  [73.4.2 
again.  Hence  s and  / are  isomorphisms. 


□ 


Smooth  morphisms  satisfy  the  following  functorial  properties. 

06HM  Lemma  73.8.7.  Let  ip  : T —¥  G and  ip  : Q — ► TL  be  morphisms  of  categories 
cofibered  in  groupoids  over  Ca . 

(1)  If  ip  and  ip  are  smooth , then  ip  o ip  is  smooth. 

(2)  If  ip  is  essentially  surjective  and  ip  o ip  is  smooth,  then  ip  is  smooth. 

(3)  If  G'  —>  G is  a morphism  of  categories  cofibered  in  groupoids  and  ip  is 
smooth,  then  T Xg  Q'  — ► Q'  is  smooth. 


06HN 


Proof.  Statements  (1)  and  (2)  follow  immediately  from  the  definitions.  Proof  of 
(3)  omitted.  Hints:  use  the  formulation  of  smoothness  given  in  Remark  73.8.3  and 
use  that  X xg  Q'  is  the  2-fibre  product,  see  Remarks  73.5.2  (13).  □ 


Lemma  73.8.8.  Let  ip  : T — > Q be  a smooth  morphism  of  categories  cofibered 
in  groupoids  over  Ca ■ Assume  ip  : R[k)  —>  G{k)  is  essentially  surjective.  Then 
ip  : T — > G and  (p  : T G are  essentially  surjective. 


Proof.  Let  y be  an  object  of  Q lying  over  A G Ob(CA).  Let  y — > yo  be  a pushforward 
of  y along  A — >•  k.  By  the  assumption  on  essential  surjectivity  of  ip  : T(k)  — >• 
G{k)  there  exist  an  object  xq  of  T lying  over  k and  an  isomorphism  yo  — >•  ip{x o). 
Smoothness  of  ip  implies  there  exists  an  object  x of  T over  A whose  image  <p(x)  is 
isomorphic  to  y.  Thus  ip  : T — > Q is  essentially  surjective. 

Let  y = ( R,rjn,gn ) be  an  object  of  G ■ We  construct  an  object  £ of  T with  an 
isomorphism  y — > ip(f).  By  the  assumption  on  essential  surjectivity  of  ip  : T(k)  — > 
G{k),  there  exists  a morphism  yi  — ► in  G{k)  for  some  G Ob(R(k)).  The 

morphism  y2  -^4  y\  — > ^(^i)  lies  over  the  surjective  ring  map  R/m2R  — > k,  hence  by 
smoothness  of  tp  there  exists  G Ob(Jr(iZ/m^)),  a morphism  fi  : & lying 

over  -R/mjj  k,  and  a morphism  y2  — > ip(£ 2)  such  that 


^(6) 

A A 


9 1 

m >-  m 


commutes.  Continuing  in  this  way  we  construct  an  object  ^ = (R,  fn)  of  T and 
a morphism  y -)>  <p(£)  = (R,  tp((,n),  <p(fn))  hr  G{R)-  □ 

06HP  Remark  73.8.9.  Let  p : T — > C\  be  a category  cofibered  in  groupoids.  We  can 
consider  Ca  as  the  trivial  category  cofibered  in  groupoids  over  Ca,  and  then  p is  a 
morphism  of  categories  cofibered  in  groupoids  over  Ca-  We  say  T is  smooth  if  its 
structure  morphism  p is  smooth.  This  is  the  “absolute”  notion  of  smoothness  for  a 
category  cofibered  in  groupoids  over  Ca- 
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06SM 


06SN 


06HQ 


06HR 


06HS 


Example  73.8.10.  Let  R £ Ob(CA).  When  is  R\cA  smooth?  In  the  classical 
case  this  means  that  R is  a power  series  ring  over  A,  see  Lemma  73.8.6  (Strictly 
speaking  this  uses  that  A|ca  = Ca  because  A is  an  initial  object  of  Ca  in  the  classical 
case.)  In  the  general  case  we  can  construct  examples  as  follows.  Pick  an  integer 
n > 0 and  a maximal  ideal  m C A[a;i, . . . , xn]  lying  over  rriA  so  that 

k!  = A/rriA  — A[aq, . . . ,xn\/m 

is  isomorphic  to  k'  — > k.  Fix  such  an  identification  k = A[xi, . . . , xn]/m.  Set 
R = A[xi, . . . , xn ]A  equal  to  the  m-adic  completion  of  A[xi, . . . , xn].  Then  R is  an 
object  of  C\-  Namely,  it  is  a complete  local  Noetherian  ring  (see  Algebra,  Lemma 
10.96.6)  and  its  residue  field  is  identified  with  k.  We  claim  that  R\c.A  is  smooth. 
To  see  this  we  have  to  show:  Given  a surjection  B — >•  A in  Ca  and  a map  R — >•  A 
there  exists  a lift  of  this  map  to  B.  This  is  clear  as  we  can  first  lift  the  composition 
A[xi, . . . , xn]  — > R — > A to  a map  A[xi, . . . , xn]  — ► B and  then  observe  that  this 
latter  map  factors  through  the  completion  R as  B is  complete  (being  Artinian). 
In  fact,  it  turns  out  that  whenever  R\cA  is  smooth,  then  R is  isomorphic  to  a 
completion  of  a smooth  algebra  over  A,  but  we  won’t  use  this. 


Example  73.8.11.  Here  is  a more  explicit  example  of  an  R as  in  Example  73.8.10 
Let  p be  a prime  number  and  let  n £ N.  Let  A = Fp(ti,t-2, . . . ,tn)  and  let  k = 
Fp(xi, . . . , xn)  with  map  A — > k given  by  f,  i— > x\.  Then  we  can  take 


R = A[xi, 


1A 

J(®i— ti 


l-tn) 


We  cannot  do  “better”  in  this  example,  i.e. , we  cannot  approximate  Ca  by  a smaller 
smooth  object  of  Ca  (one  can  argue  that  the  dimension  of  R has  to  be  at  least  n 
since  the  map  £Ir/a  Sir  k — >■  Clk/A  is  surjective).  We  will  discuss  this  phenomenon 
later  in  more  detail. 

Remark  73.8.12.  Suppose  T is  a predeformation  category  admitting  a smooth 
morphism  <p  : U — » T from  a predeformation  category  U.  Then  by  Lemma|73.8.8|<jO 
is  essentially  surjective,  so  by  Lemma[73.8.7|p  : T — > Ca  is  smooth  if  and  only  if  the 
composition  U -^4  J-  A Ca  is  smooth,  i.e.  T is  smooth  if  and  only  if  IA  is  smooth. 

Later  we  are  interested  in  producing  smooth  morphisms  from  prorepresentable  func- 
tors to  predeformation  categories  T . By  the  discussion  in  Remark  73.7.12|  these 
morphisms  correspond  to  certain  formal  objects  of  T More  precisely,  these  are  the 
so-called  versal  formal  objects  of  J- . 

Definition  73.8.13.  Let  J7  be  a category  cofibered  in  groupoids.  Let  £ be  a 
formal  object  of  T lying  over  R £ Ob(CA)-  We  say  £ is  versal  if  the  corresponding 
morphism  £ : R\cA  — ► T of  Remark  |73.7.12|  is  smooth. 


Remark  73.8.14.  Let  J7  be  a category  cofibered  in  groupoids  over  Ca,  and  let  £ 
be  a formal  object  of  J7.  It  follows  from  the  definition  of  smoothness  that  versality 
of  £ is  equivalent  to  the  following  condition:  If 


V 


> x 
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is  a diagram  in  T such  that  y — > x lies  over  a surjective  map  B — > A of  Artinian 
rings  (we  may  assume  it  is  a small  extension),  then  there  exists  a morphism  £ — > y 
such  that 


£ 


y 


X 


commutes.  In  particular,  the  condition  that  £ be  versal  does  not  depend  on  the 
choices  of  pushforwards  made  in  the  construction  of  £ : R\cA  — > J-  in  Remark 

173.7.121 

06HT  Lemma  73.8.15.  Let  J-  be  a predeformation  category.  Let  £ be  a versal  formal 
object  of  T . For  any  formal  object  y of  T,  there  exists  a morphism  £ — »•  y. 


Proof.  By  assumption  the  morphism  £ : R\cA  — > T is  smooth.  Then  i(£)  : R — > F 
is  the  completion  of  £,  see  Remark  73.7.12  By  Lemma  73.8.8  there  exists  an  object 


f of  R such  that  t(£)(/)  = y.  Then  / is  a ring  map  / : R — > S in  C\ ■ And 
t(£)(/)  = 77  means  that  /»£  = 77  which  means  exactly  that  there  is  a morphism 
£ — > 77  lying  over  /.  □ 


73.9.  Schlessinger’s  conditions 

06HV  In  the  following  we  often  consider  fibre  products  Ai  Xa  A 2 of  rings  in  the  category 
Ca.  We  have  seen  in  Example  |73.3.7|  that  such  a fibre  product  may  not  always  be 
an  object  of  Ca-  However,  in  virtually  all  cases  below  one  of  the  two  maps  — > A 

is  surjective  and  A\  Xa  A-2  will  be  an  object  of  C\  by  Lemma [73.3.8|  We  will  use 
this  result  without  further  mention. 

We  denote  by  k[e\  the  ring  of  dual  numbers  over  k.  More  generally,  for  a fc-vector 
space  V,  we  denote  by  k[V]  the  fc-algebra  whose  underlying  vector  space  is  k © V 
and  whose  multiplication  is  given  by  (a,  v)  • (a',  v')  = ( aa ' , av'  + a'v).  When  V = k, 
k[V]  is  the  ring  of  dual  numbers  over  k.  For  any  finite  dimensional  k- vector  space 
V the  ring  /d[V]  is  in  Ca- 

06HW  Definition  73.9.1.  Let  J7  be  a category  cofibered  in  groupoids  over  Ca-  We  define 
conditions  (SI)  and  (S2)  on  T as  follows: 

(SI)  Every  diagram  in  T 


x2  A2 

lying  over 

Y V 

*1 x Ai > A 

in  C a with  A2  — > A surjective  can  be  completed  to  a commutative  diagram 


V ^x2  A1  x a A2if;3  d2 


lying  over 

f y 

f ' 

Y 

xi x Ax 5-  A. 
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(S2)  The  condition  of  (SI)  holds  for  diagrams  in  T lying  over  a diagram  in  C\ 
of  the  form 

k[e] 


A >■  k. 

Moreover,  if  we  have  two  commutative  diagrams  in  F 


y—^xe 

e and 

v d '' 

X H*  Xq 


lying  over 


A Xfe  k[e] fc[e] 

A ■ ' k 


then  there  exists  a morphism  b : y — > y'  in  F{Axkk[e\)  such  that  a = a! ob. 


We  can  partly  explain  the  meaning  of  conditions  (SI)  and  (S2)  in  terms  of  fibre 
categories.  Suppose  that  fi  : A1  ^ A and  /2  : A2  A are  ring  maps  in  CA  with 
f2  surjective.  Denote  pi  : A\  A2  — > A,  the  projection  maps.  Assume  a choice 
of  pushforwards  for  F has  been  made.  Then  the  commutative  diagram  of  rings 
translates  into  a 2-commutative  diagram 


F{AX  xA  A2) 


■HM) 


h. 


HM) 


h,. 


■HA) 


of  fibre  categories  whence  a functor 

06SP  (73.9.1.1)  F(A1  xA  A2)  -x  xF{A)  T(A2) 

into  the  2-fibre  product  of  categories.  Condition  (SI)  requires  that  this  functor  be 
essentially  surjective.  The  first  part  of  condition  (S2)  requires  that  this  functor 
be  a essentially  surjective  if  f2  equals  the  map  k[e]  — > k.  Moreover  in  this  case, 
the  second  part  of  (S2)  implies  that  two  objects  which  become  isomorphic  in  the 
target  are  isomorphic  in  the  source  (but  it  is  not  equivalent  to  this  statement).  The 
advantage  of  stating  the  conditions  as  in  the  definition  is  that  no  choices  have  to 
be  made. 


06HX  Lemma  73.9.2.  Let  T be  a category  coftbered  in  groupoids  over  C\.  Then  T 
satisfies  (SI)  if  the  condition  of  (SI)  is  assumed  to  hold  only  when  A2  — x A is  a 
small  extension. 


Proof.  Proof  omitted.  Hints:  apply  Lemma  |73.3.3|  and  use  induction  similar  to 
the  proof  of  Lemma |73.8.2|  □ 

06HY  Remark  73.9.3.  When  T is  cofibered  in  sets,  conditions  (SI)  and  (S2)  are  exactly 
conditions  (HI)  and  (H2)  from  Schlessinger’s  paper  ISch68l.  Namely,  for  a functor 
F : Ca  — > Sets , conditions  (SI)  and  (S2)  state: 

(51)  If  Ai  — > A and  A2  — > A are  maps  in  CA  with  A2  — > A surjective,  then  the 
induced  map  F(A\  A2)  — x F{Afi}  xF^  F(A2)  is  surjective. 

(52)  If  A —X  k is  a map  in  C a,  then  the  induced  map  F(Axkk[e\)  —X  F(A)  xF (fe) 
F(k[e\)  is  bijective. 
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The  injectivity  of  the  map  F(A  xk  fc[e])  — > F(A)  ><F(k)  -F(fc[e])  comes  from  the 
second  part  of  condition  (S2)  and  the  fact  that  morphisms  are  identities. 

06HZ  Lemma  73.9.4.  Let  F be  a category  cofibred  in  groupoids  over  Ca-  If  F satisfies 
(S2),  then  the  condition  of  (S2)  also  holds  when  k[e\  is  replaced  by  k[V]  for  any 
finite  dimensional  k-vector  space  V. 


Proof.  In  the  case  that  F is  cofibred  in  sets,  i.e.,  corresponds  to  a functor  F : 
Ca  Sets  this  follows  from  the  description  of  (S2)  for  F in  Remark  73.9.3  and  the 
fact  that  k[V]  = k[e\  Xfc  ...  x*,  fc[e]  with  dim*,  V factors.  The  case  of  functors  is 
what  we  will  use  in  the  rest  of  this  chapter. 


We  prove  the  general  case  by  induction  on  dim(P).  If  dim(V)  = 1,  then  k[V)  = k[e\ 
and  the  result  holds  by  assumption.  If  dim(H)  > 1 we  write  V = V'  © ke.  Pick  a 
diagram 

Xy  k[V] 

lying  over 

x xo  A 

Choose  a morphism  Xy  —>  Xy  lying  over  k[V]  k[V']  and  a morphism  Xy  — ► xe 
lying  over  k\V]  — > k[e\.  Note  that  the  morphism  xy  Xq  factors  as  Xy  — > xy  — > Xq 
and  as  xy  — > xt  — > xq.  By  induction  hypothesis  we  can  find  a diagram 


y' ^xy  Axkk[V'j $-k\V'] 


lying  over 

Y 

f ' 

Y 

x .t0  A 5-  k 


This  gives  us  a commutative  diagram 


lying  over 


T0 


Axkk[V'] 


Hence  by  (S2)  we  get  a commutative  diagram 


y >■ xe  (A  Xfc  k[V'])  Xfc  k[e] ^ k e] 

lying  over 

y'^^To  Axkk[V'] >k 

Note  that  (A  xk  k[V'])  xk  k[e]  = A xk  k[V'  © ke]  = Axk  k[V].  We  claim  that  y fits 
into  the  correct  commutative  diagram.  To  see  this  we  let  y — ► yy  be  a morphism 
lying  over  A xk  k[V]  ^ k[ V}.  We  can  factor  the  morphisms  y — »■  y'  — > xy  and 
y — > xe  through  the  morphism  y — > yy  (by  the  axioms  of  categories  cofibred  in 
groupoids).  Hence  we  see  that  both  yy  and  xy  fit  into  commutative  diagrams 


yv 


Xy 


Te  Xy 

and 


Xy 


Xe 

v 


V 

^ Xo 


To 
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and  hence  by  the  second  part  of  (S2)  there  exists  an  isomorphism  yy  — t xy  com- 
patible with  yy  — > xy  and  Xy  — > xy  and  in  particular  compatible  with  the  maps 
to  Xq.  The  composition  y — > yy  — ► xy  then  fits  into  the  required  commutative 
diagram 


V *-Xy  Axkk[V] *-k[V] 


lying  over 

' 

Y 

x°  A k 


In  this  way  we  see  that  the  first  part  of  (52)  holds  with  k[e\  replaced  by  k[V]. 


To  prove  the  second  part  suppose  given  two  commutative  diagrams 


xy  Axkk{ V] ^ k[V] 

lying  over 

x0  A - 


We  will  use  the  morphisms  Xy  — > xy  —>  Xo  and  Xy  — > xe  — > Xq  introduced  in  the 
first  paragraph  of  the  proof.  Choose  morphisms  y — > yy  and  y'  — > y'v,  lying  over 
A xk  k[V]  — > A Xfc  k[V'}.  The  axioms  of  a cofibred  category  imply  we  can  find 
commutative  diagrams 

W >-  Xy  y'y, »*Xy  Axkk[V'] ^ k\V'] 


and 

lying  over 

( ' 

f ' 

^xo  x x0  A k 


By  induction  hypothesis  we  obtain  an  isomorphism  b : yy  —¥  y'v,  compatible  with 
the  morphisms  yy  — > x and  y'v,  x.  in  particular  compatible  with  the  morphisms 
to  xq-  Then  we  have  commutative  diagrams 


y x£ 


y' ^ Xe 


A xk  k[e } 9-  k e] 


Y 

y'v 


and 

V 

Xo 


Y 

y'v 


lying  over 
Y 

Xo  A 


k 


where  the  morphism  y — > y'y,  is  the  composition  y — > yy  \ y'y,  and  where  the 
morphisms  y — > xe  and  y'  — > xe  are  the  compositions  of  the  maps  y — > Xy  and 
y'  — > xy  with  the  morphism  xy  — >•  xe-  Then  the  second  part  of  (S2)  guarantees  the 
existence  of  an  isomorphism  y — >•  y'  compatible  with  the  maps  to  y'y, , in  particular 
compatible  with  the  maps  to  x (because  b was  compatible  with  the  maps  to  a;).  □ 

0610  Lemma  73.9.5.  Let  T be  a category  cofibered  in  groupoids  overC\. 

(1)  If  T satisfies  (SI),  then  so  does  T . 

(2)  If  T satisfies  (S2),  then  so  does  T provided  at  least  one  of  the  following 

conditions  is  satisfied 

(a)  T is  a predeformation  category, 

(b)  the  category  T(k)  is  a set  or  a setoid,  or 

(c)  for  any  morphism  xe  — > Xq  of  T lying  over  k[e\  k the  pushforward 
map  Autk[e\{xe)  —t  Autk(xo)  is  surjective. 


73.9.  SCHLESSINGER’S  CONDITIONS 


4285 


Proof.  Assume  T has  (SI).  Suppose  we  have  ring  maps  fi  : Ai  — > A in  Ca  with 
surjective.  Let  x i £ F(Ai)  such  that  the  pushforwards  /i  *(xi)  and  f2,*(x2)  are 
isomorphic.  Then  we  can  denote  x an  object  of  J-  over  A isomorphic  to  both  of 
these  and  we  obtain  a diagram  as  in  (SI).  Hence  we  find  an  object  y of  J-  over 
Ai  Xa  A2  whose  pushforward  to  A±,  resp.  A 2 is  isomorphic  to  x\,  resp.  X2 ■ In  this 
way  we  see  that  (SI)  holds  for  T . 

Assume  T has  (S2).  The  first  part  of  (S2)  for  T follows  as  in  the  argument  above. 
The  second  part  of  (S2)  for  T signifies  that  the  map 


T{Axkk[e])^T{A)xnk)  F(k[e\) 

is  injective  for  any  ring  A in  Ca-  Suppose  that  y,y'  £ JF{A  Xk  k [e] ) . Using  the 
axioms  of  cohbred  categories  we  can  choose  commutative  diagrams 


V r > x* 


V 

x 


e and 
x0 


lying  over 


A Xk  k[e } >-  k e] 

A k 


Assume  that  there  exist  isomorphisms  a : x — ► x'  in  JF{A)  and  (3  : xe  — > x'e  in 
J-(k[e]).  This  also  means  there  exists  an  isomorphism  7 : Xq  — > x'0  compatible  with 
a.  To  prove  (S2)  for  J-  we  have  to  show  that  there  exists  an  isomorphism  y — > y' 
in  T(A  Xk  fc[e]).  By  (S2)  for  T such  a morphism  will  exist  if  we  can  choose  the 
isomorphisms  a and  j3  and  7 such  that 


x ^ x0  — xe 


u e 

O' 

7 

' ^ 

. ' 

/ / e / 
x ^ x0  ^ xe 


is  commutative  (because  then  we  can  replace  x by  x'  and  xe  by  x'e  in  the  previous 
displayed  diagram).  The  left  hand  square  commutes  by  our  choice  of  7.  We  can 
factor  e!  o /3  as  7'  o e for  some  second  map  7'  : Xq  — > x'0.  Now  the  question  is 
whether  we  can  arrange  it  so  that  7 = 7'?  This  is  clear  if  J-( k ) is  a set,  or  a setoid. 
Moreover,  if  Autfc[£]  (xe)  — > Autfc(xo)  is  surjective,  then  we  can  adjust  the  choice  of 
f3  by  precomposing  with  an  automorphism  of  xe  whose  image  is  7-1  o 7'  to  make 
things  work.  □ 


06SQ  Lemma  73.9.6.  Let  J7  be  a category  cofibered  in  groupoids  over  Ca-  Let  Xo  £ 
Ob (T(k)).  Let  TXa  be  the  category  cofibred  in  groupoids  over  Ca  constructed  in 
Remark  \ 73. 6.J\ 

(1)  If  T satisfies  (SI),  then  so  does  iFXo. 

(2)  If  T satisfies  (S2),  then  so  does  TXo. 


Proof.  Any  diagram  as  in  Definition  |73.9.1  in  J~Xa  gives  rise  to  a diagram  in  T 
and  the  output  of  condition  (SI)  or  (S2)  for  this  diagram  in  T can  be  viewed  as  an 


output  for  TXq  as  well. 


□ 
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06IS  Lemma  73.9.7.  Let  p : T — > Ca  be  a category  cofibered  in  groupoids.  Consider  a 
diagram  of  J- 


y x 

e A xk  k[e] 

-^k 

e 

d 

lying  over 

x°  A s-  k. 


in  Ca-  Assume  T satisfies  (S2).  Then  there  exists  a morphism  s : x — > y with 
a o s = idx  if  and  only  if  there  exists  a morphism  se  : x — > xe  with  e o se  = d. 

Proof.  The  “only  if”  direction  is  clear.  Conversely,  assume  there  exists  a morphism 
se  : x — > xe  with  e o se  = d.  Note  that  p(se)  : A — > k[e]  is  a ring  map  compatible 
with  the  map  A — ► k.  Hence  we  obtain 

a = (idA, p(se))  : A -)•  A xk  k[e\. 

Choose  a pushforward  x — > a^x.  By  construction  we  can  factor  se  as  x — >•  a*x  — > xe. 
Moreover,  as  a is  a section  of  d Xj,  k[e]  — >•  A,  we  get  a morphism  ay x —>■  x such 
that  x — > a*x  — ► x is  id^.  Because  e o se  = d we  find  that  the  diagram 


c*x %*xe 

e 

Y d V 

X 9-  Xo 

is  commutative.  Hence  by  (S2)  we  obtain  a morphism  a* x — > y such  that  a* x — >■ 
y £ is  the  given  map  <r*x  —>  x.  The  solution  to  the  problem  is  now  to  take 
a : x — >■  y equal  to  the  composition  x — > a^x  —ty.  □ 

06IT  Lemma  73.9.8.  Consider  a commutative  diagram  in  a predeformation  category 


y ^x2  AxxaA2 ^ A2 


“2  lying  over 

Y ni 

n 1 

fx 

xt  .1, — ->.4 


in  Ca  where  f2:A2^Aisa  small  extension.  Assume  there  is  a map  h : A\  — > A 2 
such  that  f-2  = /i  o h.  Let  I = Ker(f2).  Consider  the  ring  map 

g : A1  xA  A2  — > k[I]  = k © J,  ( u , v ) i — > u ® (v  — h(u)) 

Choose  a pushforward  y — > g*y.  Assumed 7 satisfies  (S2).  If  there  exists  a morphism 
X\  — > g*y,  then  there  exists  a morphism  b : x i — » x2  such  that  a\  = a2  o b. 

Proof.  Note  that  idyq  x g : A\  xA  A2  — > A\  xk  k[I]  is  an  isomorphism  and  that 
k[I ] = k[e\.  Hence  we  have  a diagram 


y 

— 

y Ax  xk  k[e] 

— ^k 

lying  over 

x\  x0  Hi >.  fc. 


where  Xq  is  an  object  of  J-  lying  over  k (every  object  of  J-  has  a unique  morphism 
to  xo,  see  discussion  following  Definition  73.6.2).  If  we  have  a morphism  X\  g*y 
then  Lemma  [73.9. 7|  provides  us  with  a section  s : X\  — > y of  the  map  y — > x±. 
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Composing  this  with  the  map  y — > xi  we  obtain  b : X\  — > X2  which  has  the 
property  that  ai  = 02  o b because  the  diagram  of  the  lemma  commutes  and  because 
s is  a section.  □ 


73.10.  Tangent  spaces  of  functors 

0612  Let  R be  a ring.  We  write  Mod#  for  the  category  of  R-modules  and  Mod^9  for  the 
category  of  finitely  generated  R-modules. 

0613  Definition  73.10.1.  Let  L : Mod^9  -A  Mod#,  resp.  L : Mod#  — A Mod#  be  a 
functor.  We  say  that  L is  R-linear  if  for  every  pair  of  objects  M,  N of  Mod^,9,  resp. 
Mod#  the  map 

L : Horn r(M,N)  — > Horn R(L{M),L(N)) 
is  a map  of  R-modules. 


0614  Remark  73.10.2.  One  can  define  the  notion  of  an  R-linearity  for  any  functor 
between  categories  enriched  over  Mod#.  We  made  the  definition  specifically  for 
functors  L : Mod^9  -a  Mod#  and  L : Mod#  -A  Mod#  because  these  are  the  cases 
that  we  have  needed  so  far. 


0615 


0616 


Remark  73.10.3.  If  L : Mod^9  -A  Mod#  is  an  R-linear  functor,  then  L preserves 
finite  products  and  sends  the  zero  module  to  the  zero  module,  see  Homology,  Lemma 


12.3.7 


On  the  other  hand,  if  a functor  Mod^9  —A  Sets  preserves  finite  products  and 
sends  the  zero  module  to  a one  element  set,  then  it  has  a unique  lift  to  a R-linear 


functor,  see  Lemma  73.10.4 


Lemma  73.10.4.  Let  L : Mod ^ -A  Sets,  resp.  L : Mod#  -A  Sets  be  a functor. 
Suppose  L(0)  is  a one  element  set  and  L preserves  finite  products.  Then  there  exists 
a unique  R-linear  functor  L : Mod ^ -A  Mod#,  resp.  L : Mod ^ -A  Mod#,  such  that 


Proof.  We  only  prove  this  in  case  L : Mod^9  -A  Sets.  Let  M be  a finitely  generated 
R-module.  We  define  L(M)  to  be  the  set  L(M)  with  the  following  R-module 
structure. 


Multiplication:  If  r G R,  multiplication  by  r on  L(M)  is  defined  to  be  the  map 
L(M)  -A  L(M)  induced  by  the  multiplication  map  r-  : M —>  M. 

Addition:  The  sum  map  MxM  aM  : (mi , m2)  i-A  mi  +ni2  induces  a map  L[M  x 
M)  -A  L(M).  By  assumption  L(M  x M ) is  canonically  isomorphic  to  L(M)  x L{M). 
Addition  on  L(M)  is  defined  by  the  map  L(M)  x L(M)  = L(M  x M)  —A  L(M). 

Zero:  There  is  a unique  map  0 -A  M.  The  zero  element  of  L(M)  is  the  image  of 
L( 0)  -A  L(M). 


We  omit  the  verification  that  this  defines  an  R-module  L(M),  the  unique  such  that 
is  R-linear ly  functorial  in  M.  □ 
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0617  Lemma  73.10.5.  Let  L\,L2  : Mod R — > Sets  be  functors  that  take  0 to  a one 
element  set  and  preserve  finite  products.  Let  t : L±  L%  be  a morphism  of  functors. 
Then  t induces  a morphism  t : L\  — > L2  between  the  functors  guaranteed  by  Lemma 


Ob  (ModR).  In  other  words,  tM  '■  L\(M)  — > L2(M)  is  a map  of  R-modules. 

Proof.  Omitted.  □ 


7 3.10.f  which  is  given  simply  by  tM  = tM  '■  L\{M ) —>  L2(M)  for  each  M £ 


In  the  case  R = K is  a field,  a A-linear  functor  L : Mod{/  — » Modif  is  determined 
by  its  value  L(K). 

0618  Lemma  73.10.6.  Let  K be  afield.  Let  L : Mod ^ — » Modx  be  a K -linear  functor. 
Then  L is  isomorphic  to  the  functor  L(K)  ®x  — : Mod^f  — > Modx- 


Proof.  For  V £ Ob(Mod^?),  the  isomorphism  L(K)  <S>x  V — > L(V)  is  given  on 
pure  tensors  by  x ® v 1— > L(fv)(x),  where  fv:K-+V  is  the  A'-linear  map  sending 
1 £ ti.  When  V = K,  this  is  the  isomorphism  L(K)  ®x  K — )■  L(K)  given  by 
multiplication  by  K . For  general  V,  it  is  an  isomorphism  by  the  case  V = K and 
the  fact  that  L commutes  with  finite  products  (Remark|73.10.3 1.  □ 


For  a ring  R and  an  i?-module  M , let  R[M\  be  the  i?-algebra  whose  underlying  17- 
module  is  R(B  M and  whose  multiplication  is  given  by  (r,  m)  ■ (r' , m')  = (rr',  rm'  + 
r'm).  When  M = R this  is  the  ring  of  dual  numbers  over  R , which  we  denote  by 

m- 

Now  let  S'  be  a ring  and  assume  R is  an  S-algebra.  Then  the  assignment  M 1— > R[M] 
determines  a functor  Mod^  — ► S-Alg/R,  where  S-Alg/R  denotes  the  category  of 
S-algebras  over  R.  Note  that  S-Alg/S  admits  finite  products:  if  Ai  — > R and 
A2  — > R are  two  objects,  then  A\  xR  A2  is  a product. 

0619  Lemma  73.10.7.  Let  R be  an  S-algebra.  Then  the  functor  ModR  — >■  S-Alg/R 
described  above  preserves  finite  products. 


Proof.  This  is  merely  the  statement  that  if  M and  N are  S-modules,  then  the 
map  R[M  x N]  — > R[M]  x R S[1V]  is  an  isomorphism  in  S-Alg/S.  □ 

06IA  Lemma  73.10.8.  Let  R be  an  S-algebra,  and  letC  be  a strictly  full  subcategory  of 
S-Alg/R  containing  R[M ] for  all  M £ Ob (Mod^?).  Let  F : C — ► Sets  be  a functor. 
Suppose  that  F(R)  is  a one  element  set  and  that  for  any  M,N  £ Ob (Mod^),  the 
induced  map 

F(R[M]  xR  R[N})  ->  F{R[M])  x F(R[N]) 
is  a bijection.  Then  F(R[M])  has  a natural  R-module  structure  for  any  M £ 
Ob(ModfR9). 


Proof.  Note  that  R = 77 [0]  and  R[M ] x^AjA-]  = R[M  x N]  hence  R and  R[M]  xR 
A[A]  are  objects  of  C by  our  assumptions  on  C.  Thus  the  conditions  on  F make 
sense.  The  functor  Mod^  — » S-Alg/R  of  Lemma  73.10.7  restricts  to  a functor 
Mod^,9  — > C by  the  assumption  on  C.  Let  L be  the  composition  Mod^9  — y C — ► Sets, 
i.e. , L{M)  = F(R[M]).  Then  L preserves  finite  products  by  Lemma  73.10.7  and 
the  assumption  on  F.  Hence  Lemma  73.10.4  shows  that  L{M)  = F(R[M])  has  a 
natural  A-module  structure  for  any  M £ Ob(Mod^9).  □ 
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06IB 

06SR 

06IC 


06SS 

06ID 

06ST 

06IE 


Definition  73.10.9.  Let  C be  a category  as  in  Lemma  73.10.8  Let  F : C Sets 


be  a functor  such  that  F(R)  is  a one  element  set.  The  tangent  space  TF  of  F is 

F(i?[e]). 


When  F : C — > Sets  satisfies  the  hypotheses  of  Lemma  73.10.8  the  tangent  space 
TF  has  a natural  R- module  structure. 

Example  73.10.10.  Since  CA  contains  all  k[V]  for  finite  dimensional  vector  spaces 


V we  see  that  Definition |73. 10. 9| applies  with  S = A,  R = k,  C = Ca,  and  F : CA 
Sets  a predeformation  functor.  The  tangent  space  is  TF  = F(fc[e]). 


73.10.10 


when 


Example  73.10.11.  Let  us  work  out  the  tangent  space  of  Example 
F : Ca  — > Sets  is  a prorepresentable  functor,  say  F = S|cA  for  S £ Ob(CA).  Then  F 
commutes  with  arbitrary  limits  and  thus  satisfies  the  hypotheses  of  Lemma|73.10.8| 
We  compute 

TF  = F(fc[e])  = MoreA (S,  fc[e])  = DerA(S,  k) 
and  more  generally  for  a finite  dimensional  fc-vector  space  V we  have 
F(k[V})  = MorCA(S,fc[P])  = DerA(5,  V"). 

Explicitly,  a A-algebra  map  / : S — > k[V]  compatible  with  the  augmentations 
q : S — > k and  k\V]  — ► k corresponds  to  the  derivation  D defined  by  s i— >•  f(s)  — q(s). 
Conversely,  a A-derivation  D : S — ► V corresponds  to  / : S — > k[V]  in  C\  defined 
by  the  rule  f(s)  = q(s)  + D(s).  Since  these  identifications  are  functorial  we  see 
that  the  fc-vector  spaces  structures  on  TF  and  DerA(S,  fc)  correspond  (see  Lemma 
73.10.5).  ft  follows  that  dim*.  TF  is  finite  by  Lemma  73.4.5 


Example  73.10.12.  The  computation  of  Example  73.10.11  simplifies  in  the  clas- 
sical case.  Namely,  in  this  case  the  tangent  space  of  the  functor  F = S^|cA  is  simply 
the  relative  cotangent  space  of  S over  A,  in  a formula  TF  = T$/a-  In  fact,  this 
works  more  generally  when  the  field  extension  k'  C fc  is  separable.  See  Exercises, 
Exercise  189.28.21 


Lemma  73.10.13. 


Let  F,  G : C -A  Sets  be  functors  satisfying  the  hypotheses 
Let  t : F — » G be  a morphism  of  functors.  For  any  M £ 
G(R[M ])  is  a map  of  R-modules,  where 


of  Lemma  \ 73. 10.8 

Ob (Modft),  the  map  tR[M]  : F(R[M}) 

F(R[M])  and  G(R[M ])  are  given  the  R-module  structure  from  Lemma  73.10.8.  In 
particular,  tR^  : TF  — > TG  is  a map  of  R-modules. 

Proof.  Follows  from  Lemmar73.10.5l  □ 

Example  73.10.14.  Suppose  that  / : R -A  S is  a ring  map  in  CA.  Set  F = R\cA 
and  G = »S|eA-  The  ring  map  / induces  a transformation  of  functors  G — > F.  By 
Lemma [73.10.131  we  get  a fc- linear  map  TG  — >■  TF . This  is  the  map 

TG  = Der A(S,  fc)  — > DerA(i?,  fc)  = TF 

as  follows  from  the  canonical  identifications  F(k[V})  = Der a(R,V)  and  G(k[V])  = 
Der^iS,  V)  of  Example  73.10.11  and  the  rule  for  computing  the  map  on  tangent 
spaces. 

Lemma  73.10.15.  Let  F : C — )•  Sets  be  a functor  satisfying  the  hypotheses  of 
Lemma  73.10.8  Assume  R = K is  a field.  Then  F(K[V])  = TF  <g>x  V for  any 
finite  dimensional  K-vector  space  V. 

Proof.  Follows  from  Lemma  [73.10.61  □ 
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73.11.  Tangent  spaces  of  predeformation  categories 


0611 

06IG 


06IH 


0611 

06IJ 


06IK 


We  will  define  tangent  spaces  of  predeformation  functors  using  the  general  Defini- 
tion |73.10.9|  We  have  spelled  this  out  in  Example  |73.10.10|  It  applies  to  predefor- 
mation categories  by  looking  at  the  associated  functor  of  isomorphism  classes. 

73.11.1.  Let  T be  a predeformation  category.  The  tangent  space 
the  set  T{k[e\)  of  isomorphism  classes  of  objects  in  the  fiber  category 

Thus  TT  is  nothing  but  the  tangent  space  of  the  associated  functor  T : Ca  — > Sets. 
It  has  a natural  vector  space  structure  when  T satisfies  (S2),  or,  in  fact,  as  long  as 
T does. 

Lemma  73.11.2.  Let  T be  a predeformation  category  such  that  T satisfies  (S2). 
Then  TT  has  a natural  k-vector  space  structure.  For  any  finite  dimensional  vector 
space  V we  have  T(k\V})  = TT  g*,  V functorially  in  V. 


Definition 

TT  of  T is 
T(k[e  ]). 


Proof.  Let  us  write  F = T : Ca  — > Sets.  This  is  a predeformation  functor  and  F 
satisfies  (S2).  By  Lemma [73. 9. 4 (and  the  translation  of  Remark  73.9.3)  we  see  that 

F(A  xfc  k[V})  — ► F(A)  x F(k[V}) 


is  a bijection  for  every  finite  dimensional  vector  space  V and  every  A £ Ob(CA).  In 
particular,  if  A = k[W]  then  we  see  that  F(k[W]  X*,  k[V])  = F(k[W])  x F(k[V]). 
In  other  words,  the  hypotheses  of  Lemma  [73. 10.8|  hold  and  we  see  that  TF  = TT 
has  a natural  fc-vector  space  structure.  The  final  assertion  follows  from  Lemma 
173.10.151  □ 

A morphism  of  predeformation  categories  induces  a map  on  tangent  spaces. 


Definition  73.11.3.  Let  <p  : T — > Q be  a morphism  predeformation  categories. 
The  differential  dip  : TT  — > TQ  of  tp  is  the  map  obtained  by  evaluating  the  mor- 
phism of  functors  Tp  : T — ► Q at  A = k[e\. 


Lemma  73.11.4.  Let  <p  : T —>  Q be  a morphism  of  predeformation  categories. 
Assume  T and  Q both  satisfy  (S2).  Then  dp  : TT  — > TQ  is  k-linear. 


we  have  seen  that  T and  Q satisfy  the 


Proof.  In  the  proof  of  Lemma  73.11.2 
hypotheses  of  Lemma  73.10.8|  Hence  the  lemma  follows  from  Lemma  73.10.13  □ 


Remark  73.11.5.  We  can  globalize  the  notions  of  tangent  space  and  differential 
to  arbitrary  categories  cofibered  in  groupoids  as  follows.  Let  T be  a category 
cofibered  in  groupoids  over  Ca,  and  let  x £ Ob(Jr(fc)).  As  in  Remark  73.6.4  we 
get  a predeformation  category  Tx.  We  define  the  tangent  space  TXT  of  T at  x 
to  be  the  tangent  space  TTX  of  Tx.  Similarly,  if  ip  : T — > Q is  a morphism 
of  categories  cofibered  in  groupoids  over  Ca  and  x £ Ob (T(k)),  then  there  is  an 
induced  morphism  <px  : Tx  — )■  Gv(x).  We  define  the  differential  dxp  : TXT  — > TV^Q 
of  ip  at  x to  be  the  map  dipx  : TTX  — > TQv(xy  If  both  T and  Q satisfy  (S2)  then 
all  of  these  tangent  spaces  have  a natural  fc-vector  space  structure  and  all  the 
differentials  dxp  : TXT  — > T^mQ  are  fc-linear  (use  Lemmas  73.9.6  and  73.11.4). 


The  following  observations  are  uninteresting  in  the  classical  case  or  when  k'  C fc  is 
a separable  field  extension,  because  then  DerA(fc,  fc)  and  DerA(fc,  V)  are  zero.  There 
is  a canonical  identification 


MorCA(fc,  fc[e])  = DerA(fc,  fc). 
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Namely,  for  D £ DerA {k,k)  let  fn  '■  k — > k[e]  be  the  map  a i-A  a + D(a)e.  More 
generally,  given  a finite  dimensional  vector  space  V over  k we  have 

MorCA(fc,  k[V])  = Der A(fc,  V) 

and  we  will  use  the  same  notation  fr>  for  the  map  associated  to  the  derivation  D. 
We  also  have 


Mor cA(k[W],k[V})  = Homfc(U,  W)  © DerA(fc,  V) 

where  (</?,  D)  corresponds  to  the  map  '■  a + w K > a + <p{ui)  + D(a).  We  will 
sometimes  write  '■  a+v  — t a+v+D(a ) for  the  automorphism  of  k[V]  determined 
by  the  derivation  D : k —tV.  Note  that  fi}D  ° fi,D'  = fi,D+D'- 

Let  T be  a predeformation  category  over  CA.  Let  xq  £ Ob(Jr(/c)).  By  the  above 
there  is  a canonical  map 

7v:DerA(fc,V)— ► T(k[V]) 
defined  by  D i— > /d,*(^o)-  Moreover,  there  is  an  action 


av  : Der A(fc,  V)  x T(k[V])  — S>  F{k[V}) 

defined  by  (D,  x)  i-A  fi,D,*(x).  These  two  maps  are  compatible,  i.e. , fi,D,*fD\*xo  = 
Jd+d',*x o as  follows  from  a computation  of  the  compositions  of  these  maps.  Note 
that  the  maps  yy  and  ay  are  independent  of  the  choice  of  Xq  as  there  is  a unique 
Xq  up  to  isomorphism. 


k[V  x V] 


fi,r 


k[V  x V] 


■ m 

h, 

' ' 

■ m 


commutes.  Unwinding  the  definitions  and  using  that  F(V  x V)  = F(V)  x F(V) 
this  means  that  cir >{xi)+X2  = au{x  1+X2)  for  all  x±,X2  £ F(V).  Thus  it  suffices  to 
show  that  ay(D , 0)  = 0 + yy (D)  where  0 £ F(V)  is  the  zero  vector.  By  definition 
this  is  the  element  fo,*{xo)-  Since  fn  = fi,D  0 fo  the  desired  result  follows.  □ 


A special  case  of  the  constructions  above  are  the  map 
06SV  (73.11.6.1)  y : DerA(fc,  k)  — 7 TF 

and  the  action 
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defined  for  any  predeformation  category  T . Note  that  if  <p  : T -A  Q is  a morphism 
of  predeformation  categories,  then  we  get  commutative  diagrams 

DerA(fc,  k)  TT  DerA(fc,  k)  x TT  TT 


and 


lx  dtp 


dp 


DerA(/c,  k)  x TQ 


rg 


73.12.  Versal  formal  objects 

06SX  The  existence  of  a versal  formal  object  forces  T to  have  property  (SI). 

06SY  Lemma  73.12.1.  Let  T be  a predeformation  category.  Assume  T has  a versal 
formal  object.  Then  T satisfies  (SI). 

Proof.  Let  £ be  a versal  formal  object  of  T.  Let 


x2 

V 

XI  > X 


be  a diagram  in  T such  that  x2  — > x lies  over  a surjective  ring  map.  Since  the  natural 
morphism  T\cA  — > T is  an  equivalence  (see  Remark  73.7.7),  we  can  consider  this 
diagram  also  as  a diagram  in  J- . By  Lemma 


73.8.15 


so  by  Remark  |73.8.14|  we  also  get  a morphism  £ 


there  exists  a morphism  £ 
x2  making  the  diagram 


Xi, 


£ x2 

Y V 

X\  5-  x 


commute.  If  x i -A  x and  x2  > x lie  above  ring  maps  A\  — > A and  A2  — > A then 
taking  the  pushforward  of  £ to  A\  xA  A2  gives  an  object  y as  required  by  (SI).  □ 


In  the  case  that  our  cofibred  category  satisfies  (SI)  and  (S2)  we  can  characterize 
the  versal  formal  objects  as  follows. 


06IU 


Lemma  73.12.2.  Let  T be  a predeformation  category  satisfying  (SI)  and  (S2). 
Let  ( be  a formal  object  of  T corresponding  to  £ : l?|cA  —>  F , see  Remark 
Then  £ is  versal  if  and  only  if  the  following  two  conditions  hold: 


73.7.12 


(1)  the  map  d(  : TR\cA  — > TT  on  tangent  spaces  is  surjective,  and 

(2)  given  a diagram  in  T 


V 


B 


£ 


lying  over 


f 

Y 

A 


^ x 


R 
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in  Ca  with  B -A  A a small  extension  of  Artinian  rings,  then  there  exists 
a ring  map  R -A  B such  that 


B 


R A 


commutes. 


Proof.  If  £ is  versal  then  (1)  holds  by  Lemma  |73.8.8|  and  (2) 


73.8.14  Assume  (1)  and  (2)  hold.  By  Remark  73.8.14 


we  must 


diagram  in  T as  in  (2),  there  exists  £ — > y such  that 


holds  by  Remark 
show  that  given  a 


£- 


commutes.  Let  b : R — > B be  the  map  guaranteed  by  (2).  Denote  y'  = &*£  and 
choose  a factorization  £ -A  y'  — > x lying  over  R — > B — > A of  the  given  morphism 
£ — > x.  By  (SI)  we  obtain  a commutative  diagram 

■y  bxab — ^b 


lying  over 


B 


f 


f 


■A. 


Set  / = Ker(fc).  Let  g : B B -a  k[I)  be  the  ring  map  (u,v)  ha  u ® (v  — u), 
cf.  Lemma  73.9.8|  By  (1)  there  exists  a morphism  £ — > g*z  which  lies  over  a ring 
map  i : R — > k [e] . Choose  an  Artinian  quotient  bi  : R — » B\  such  that  both 
b : R -A  B and  i : R — > k[e]  factor  through  R -A  Bi,  i.e.,  giving  h : B1  — > B and 
i'  \ B i -a  k[c\.  Choose  a pushforward  y\  = &i,*£,  a factorization  £ — > y\  — t y' 
lying  over  R — >•  Bi  — > B of  £ — t y’ , and  a factorization  £ — > y\  — > g^z  lying  over 
R -A  Bi  -A  k[e]  of  £ — ^ g^z.  Applying  (SI)  once  more  we  obtain 


BxxaB 


B xaB 


B 


lying  over 


Bi 


V 

B 


■ A. 


Note  that  the  map  g : B i B -A  k[I]  of  Lemma  73.9.8  (defined  using  h ) is  the 

composition  o{B\XAB-^BxAB  and  the  map  g above.  By  construction  there 
exists  a morphism  y\  -a  g*Z\  = ~gJfz\  Hence  Lemma  73.9.8  applies  (to  the  outer 
rectangles  in  the  diagrams  above)  to  give  a morphism  y\  — > y and  precomposing 
with  £ — > yi  gives  the  desired  morphism  £ — > y.  □ 


If  T has  property  (SI)  then  the  “largest  quotient  where  a lift  exists”  exists.  Here 
is  a precise  statement. 

06SZ  Lemma  73.12.3.  Let  T be  a category  cofibred  in  groupoids  over  C\  which  has 
(SI).  Let  B — > A be  a surjection  in  Ca  with  kernel  I annihilated  by  ms.  Let 
x £ R(A).  The  set  of  ideals 

J = { J C I | there  exists  an  y -A  x lying  over  B/J—>  A} 
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has  a smallest  element. 


Proof.  Note  that  J is  nonempty  as  I £ J . Also,  if  J £ J and  J C J'  C I then 
J'  £ J because  we  can  pushforward  the  object  y to  an  object  y'  over  B / J' . Let  J 
and  K be  elements  of  the  displayed  set.  We  claim  that  Jfliv  £ J which  will  prove 
the  lemma.  Since  / is  a fc-vector  space  we  can  find  an  ideal  J C J'  C I such  that 
J (~l  K = J'  n K and  such  that  J'  + K = I.  By  the  above  we  may  replace  J by  J' 
and  assume  that  J + K = I . In  this  case 

A/(Jr\K)  = A/J  xA/1  A/K. 

Hence  the  existence  of  an  element  2 £ T(A/{JC\  A'))  mapping  to  x follows,  via  (SI), 
from  the  existence  of  the  elements  we  have  assumed  exist  over  A/J  and  A/K.  □ 

We  will  improve  on  the  following  result  later. 

06IW  Lemma  73.12.4.  Let  J-  he  a category  cofibred  in  groupoids  over  C\.  Assume  the 
following  conditions  hold: 

(1)  T is  a predeformation  category. 

(2)  T satisfies  (SI). 

(3)  T satisfies  (S2). 

(4)  dim/cT.7r  is  finite. 

Then  T has  a versal  formal  object. 

Proof.  Assume  (1),  (2),  (3),  and  (4)  hold.  Choose  an  object  R £ Ob(CA)  such 
that  R\Ca  is  smooth,  see  Example  73.8.10  Let  r = dim ^TJ-  and  put  S = 
R[[Xly...,Xr]]. 

We  are  going  to  inductively  construct  for  n > 2 pairs  (J„,  /„_  1 : £„  — > £n-i)  where 
Jn  C S is  an  decreasing  sequence  of  ideals  and  fn-i  '■  — > £,n-i  is  a morphism  of 

J-  lying  over  the  projection  S/Jn  — > S/ Jn-\. 

Step  1.  Let  Ji  = ms-  Let  £1  be  the  unique  (up  to  unique  isomorphism)  object  of 
T over  k = S/  Ji  = S/ms 

Step  2.  Let  J2  = m|  + m^S'.  Then  S/  J2  = k[V]  with  V = kX  1 ® . . . ® kXr  By 
(S2)  for  T we  get  a bijection 

T(S/J2)  — » TT  V, 

see  Lemmas  |73.9.5|  and  |73.11.2|  Choose  a basis  81, ...  ,6r  for  TT  and  set  £ 2 = 
Y)  0i  (g>  X,  £ Ob(X(S / J2)) ■ The  point  of  this  choice  is  that 

df2  : MorCA(Syj2,£;[e])  — » TX 

is  surjective.  Let  /1  : — > Ci  be  the  unique  morphism. 

Induction  step.  Assume  (Jn,  fn-i  ■ (n  — t Cn-i)  has  been  constructed  for  some 
n > 2.  There  is  a minimal  element  Jn+  \ of  the  set  of  ideals  J C S satisfying:  (a) 
m sJn  C J C Jn  and  (b)  there  exists  a morphism  £„+i  — » (n  lying  over  S/ J — > 
S/  Jn,  see  Lemma  73.12.3  Let  fn  : ^n+i  —t  (n  be  any  morphism  of  J-  lying  over 


Jn,  see  Lemma  73.12.3 
S/Jn+l  S/  Jn- 


Set  J = f)  Jn-  Set  S = S/J.  Set  Jn  = Jn/J.  By  Lemma  73.4.7  the  sequence  of 
ideals  ( Jn)  induces  the  m^-adic  topology  on  S.  Since  (£„,  /„)  is  an  object  of  fFi(S), 
where  I is  the  filtration  ( Jn)  of  5,  we  see  that  (£„,  /„)  induces  an  object  ^ of  X(S). 
see  Lemma  [73. 7.41 
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We  prove  £ is  versal.  For  versality  it  suffices  to  check  conditions  (1)  and  (2)  of 
Lemma  73.12.2  Condition  (1)  follows  from  our  choice  of  £2  in  Step  2 above.  Sup- 
pose given  a diagram  in  T 


V 


B 


lying  over 

77 >■ x $ 


f 

Y 

A 


in  Ca  with  / : B — > A a small  extension  of  Artinian  rings.  We  have  to  show  there 
is  a map  S -A  B fitting  into  the  diagram  on  the  right.  Choose  n such  that  S — »•  A 
factors  through  S -A  S/Jn.  This  is  possible  as  the  sequence  ( Jn)  induces  the  nVg- 
adic  topology  as  we  saw  above.  The  pushforward  of  £ along  S -A  S/Jn  is  We 
may  factor  ^Das^-y^-^a;  hence  we  get  a diagram  in  T 


lying  over 


in ^ x 


B 


S/Jn ► A. 


To  check  condition  (2)  of  Lemma  73.12.2  it  suffices  to  complete  the  diagram 

S/Jn+x  - - *-  B 

f 

Y 

S/Jn  *-  A 


or  equivalently,  to  complete  the  diagram 


S/Jn 


+1 


S/Jn  XAB 

Pi 

— S/Jn. 


a section  we  are 
so  by  Lemma 


done.  If  not,  by  Lemma  |73.3.8  (2)  pi  is  a small 
(4)  pi  is  an  essential  surjection.  Recall  that 


73.3.12 


If  pi  has 
extension, 

S = i?[[Xi, . . . , Xr}]  and  that  we  chose  R such  that  i?|cA  is  smooth.  Hence  there  ex- 
ists a map  h : R -A  B lifting  the  map  JJaSa  S/Jn  — > A.  By  the  universal  prop- 
erty of  a power  series  ring  there  is  an  R-algebra  map  h : S = R[[Ad, . . . , X2]]  — > B 
lifting  the  given  map  S — > S/Jn  — > A.  This  induces  a map  g : S — )•  S / Jn  x a B 
making  the  solid  square  in  the  diagram 

S — S/Jn  XAB 


s/j 


n+1 


S/Jn 


commute.  Then  g is  a surjection  since  pi  is  an  essential  surjection.  We  claim  the 
ideal  K = Ker(g)  of  S satisfies  conditions  (a)  and  (b)  of  the  construction  of  Jn+i 
in  the  induction  step  above.  Namely,  K C Jn  is  clear  and  mg  Jn  C K as  pi  is  a 
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small  extension;  this  proves  (a).  By  (SI)  applied  to 

y 


f,n  ^ X, 

there  exists  a lifting  of  fn  to  S/K  = S/Jn  Xa  B,  so  (b)  holds.  Since  Jn+ 1 was  the 
minimal  ideal  with  properties  (a)  and  (b)  this  implies  Jn+\  C K.  Thus  the  desired 
map  S/Jn+i  — > S/K  = S/Jn  B exists.  □ 

73.13.  Minimal  versal  formal  objects 

06T0  We  do  a little  bit  of  work  to  try  and  understand  (non)uniqueness  of  versal  formal 
objects.  It  turns  out  that  if  a predeformation  category  has  a versal  formal  object, 
then  it  has  a minimal  versal  formal  object  and  any  two  such  are  isomorphic.  More- 
over, all  versal  formal  objects  are  “more  or  less”  the  same  up  to  replacing  the  base 
ring  by  a power  series  extension. 

Let  T be  a category  cofibred  in  groupoids  over  C\.  For  every  object  x of  T lying 
over  A € Ob(CA)  consider  the  category  Sx  with  objects 

0b(5a.)  = {x'  — > x | x'  — > x lies  over  A'  C A } 

and  morphisms  are  morphisms  over  x.  For  every  y — > x in  T lying  over  / : B — ► A 
in  Ca  there  is  a functor  /*  : Sy  — )•  Sx  defined  as  follows:  Given  y'  — > y lying  over 
B'  C B set  A!  = f(B')  and  let  y'  — ► x'  be  over  B'  — ► f(B')  be  the  pushforward  of 
y' . By  the  axioms  of  a category  cofibred  in  groupoids  we  obtain  a unique  morphism 
x’  — ► x lying  over  f(B')  — > A such  that 

y' >-  x1 


V x 

commutes.  Then  x’  x \s  an  object  of  Sx.  We  say  an  object  x'  — > x of  Sx  is 
minimal  if  any  morphism  ( x [ —>■  x)  ( x'  — > x)  in  Sx  is  an  isomorphism,  i.e., 
x'  and  x\  are  defined  over  the  same  subring  of  A.  Since  A has  finite  length  as  a 
A-module  we  see  that  minimal  objects  always  exist. 

06T1  Lemma  73.13.1.  Let  J-  be  a category  cofibred  in  groupoids  over  C\  which  has 

(SI). 

(1)  For  y -A  x in  T a minimal  object  in  Sy  maps  to  a minimal  object  of  Sx. 

(2)  For  y -A  x in  T lying  over  a surjection  f : B -A  A in  C\  every  minimal 
object  of  Sx  is  the  image  of  a minimal  object  of  Sy. 

Proof.  Proof  of  (1).  Say  y — ► x lies  over  / : B — ► A.  Let  y'  — ► y lying  over  B’  C B 
be  a minimal  object  of  Sy.  Let 

y' *.x'  B' f(B') 

lying  over 


y 


> x 


B 


Y 

A 
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be  as  in  the  construction  of  /*  above.  Suppose  that  (x"  — > x)  — > [x'  — > x)  is 
a morphism  of  Sx  with  x"  -A  x'  lying  over  A"  C f(B').  By  (SI)  there  exists 
y"  — t y'  lying  over  B'  x f(B')  A' ' —• * B' . Since  y'  — > y is  minimal  we  conclude  that 
B'  x f(B')  A' ' — > B'  is  an  isomorphism,  which  implies  that  A!'  = f(B'),  i.e.,  x'  — > x 
is  minimal. 

Proof  of  (2).  Suppose  / : B — ► A is  surjective  and  y — ► x lies  over  /.  Let 
x'  — >•  x be  a minimal  object  of  Sx  lying  over  A'  C A.  By  (SI)  there  exists  y'  -A  y 
lying  over  B'  = /_1(H')  = B Xa  A’  -A  B whose  image  in  Sx  is  x'  — ► a;.  So 
/*(?/  ->  y)  = i'  -A  i.  Choose  a morphism  (y"  — >•  y)  — > ( y ' — > y)  in  Sy  with  y"  -A  y 
a minimal  object  (this  is  possible  by  the  remark  on  lengths  above  the  lemma).  Then 
f*(y"  — > y)  is  an  object  of  Sx  which  maps  toi'-Ai  (by  functoriality  of  /*)  hence 
is  isomorphic  to  x'  — > x by  minimality  of  x'  — > x.  □ 


06T2  Lemma  73.13.2.  Let  J-  be  a category  cofibred  in  groupoids  over  C\  which  has 
(SI).  Let  £ be  a versal  formal  object  of  J-  lying  over  R.  There  exists  a morphism 
— ► £ lying  over  R'  C R with  the  following  minimality  properties 

(1)  for  every  f : R — ► A with  A £ Ob(CA)  the  pushforwards 


£ x'  R' ->  f(R') 


lying  over 


v 

A 


produce  a minimal  object  x'  x of  Sx,  and 
(2)  for  any  morphism  of  formal  objects  £'  — > £ the  corresponding  morphism 
R"  — > R'  is  surjective. 

Proof.  Write  f = ( R,fn,fn )•  Set  R[  = k and  £ = £ . Suppose  that  we  have 
constructed  minimal  objects  £m  -A-  of  Sem  lying  over  R!m  C R/ mf)  for  m < n 
and  morphisms  f'm  : £m+i  — t £m  compatible  with  fm  for  m < n — 1.  By  Lemma 


whose  image  is  £n  -A  £ over  Rn  C R/ m^.  This  produces  the  commutative  diagram 


73.13.1 


(2)  there  exists  a minimal  object  £n+\  —>  £n+i  lying  over  R!n+l  C R/m 


71+1 

R 


^n+1  ^ 


^n+l 


by  construction.  Moreover  the  ring  map  R’n+1  — > R'n  is  surjective.  Set  R'  = 
lim„  R'n.  Then  R'  — >■  R is  injective. 


However,  it  isn’t  a priori  clear  that  R'  is  Noetherian.  To  prove  this  we  use  that  £ 
is  versal.  Namely,  versality  implies  that  there  exists  a morphism  £ — > £n  in  T,  see 
Lemma  73.8.15  The  corresponding  map  R -a  R'n  has  to  be  surjective  (as  £n  -A  £n 
is  minimal  in  <f+).  Thus  the  dimensions  of  the  cotangent  spaces  are  bounded  and 
implies  R'  is  Noetherian,  i.e.,  an  object  of  Ca-  By  Lemma 


73.4.8 


73.7.4 


Lemma 

(plus  the  result  on  filtrations  of  Lemma  73.4.8 ) the  sequence  of  elements  £n  defines 
a formal  object  £ over  R'  and  we  have  a map  £ -A  £ 
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By  construction  (1)  holds  for  R — » R/ for  each  n.  Since  each  R — > A as  in  (1) 
factors  through  R — > R/m g,  — > A we  see  that  (1)  for  x'  — > x over  f{R)  C A follows 
from  the  minimality  of  f'n  — > £„  over  R!n  R/m g,  by  Lemma  73.13.1  (1). 

If  R"  — > R'  as  in  (2)  is  not  surjective,  then  R"  — > R'  — ► R'n  would  not  be  surjective 
for  some  n and  f'n  — > fn  wouldn’t  be  minimal,  a contradiction.  This  contradiction 
proves  (2).  □ 

06T3  Lemma  73.13.3.  Let  T be  a category  cofibred  in  groupoids  over  C\  which  has 
(SI).  Let  f be  a versal  formal  object  of  T lying  over  R.  Let  — ► £ be  a morphism 


of  formal  objects  lying  over  R'  C R as  constructed  in  Lemma  73.13.2  Then 

R = R'[[x i, . . . ,xr]] 

is  a power  series  ring  over  R' . Moreover,  f is  a versal  formal  object  too. 


Proof.  By  Lemma  73.8.15  there  exists  a morphism  £ — ► By  Lemma  73.13.2  the 
corresponding  map  / : R — > R'  induces  a surjection  f\m  : R'  — ► R' . This  is  an 


isomorphism  by  Algebra,  Lemma  10.30.8  Hence  I = Ker (/)  is  an  ideal  of  R such 
that  R = R'  © I . Let  X\, . . . ,xn  £ I be  elements  which  form  a basis  for  //tn^/. 
Consider  the  map  S = R'[[X i, . . . ,Xr)]  R mapping  Xj  to  Xi.  For  every  n > 1 
we  get  a surjection  of  Artinian  i?'-algebras  B = S/mg  R/ = A.  Denote 
y £ Ob (X(B),  resp.  x £ Ob(Jr(A))  the  pushforward  of  f along  R'  — > S — » B,  resp. 
R'  — >■  S — > A.  Note  that  x is  also  the  pushforward  of  £ along  R — > A as  £ is  the 
pushforward  of  f along  R'  — > R.  Thus  we  have  a solid  diagram 


y 


lying  over 


R 


S/ml 


R/m) 


Because  ^ is  versal,  using  Remark  73.8. 14|  we  obtain  the  dotted  arrows  fitting  into 
these  diagrams.  In  particular,  the  maps  S/mg  — » R/ have  sections  hn  : R/ — > 
S/mlg.  It  follows  from  Lemma  73.4.9  that  S — > R is  an  isomorphism. 


As  £ is  a pushforward  of  f along  R' 
mutative  diagram 

R\ca 


R we  obtain  from  Remark  73.7.13 


a com- 


■RL\ca 


Since  R'  — >■  R has  a left  inverse  (namely  R 
is  essentially  surjective.  Hence  by  Lemma 
a versal  formal  object. 


73.8.7 


R/I  = Rr)  we  see  that  R\cA  — > RL\cA 
we  see  that  f is  smooth,  i.e.,  f is 

□ 


Motivated  by  the  preceding  lemmas  we  make  the  following  definition. 

06T4  Definition  73.13.4.  Let  T be  a predeformation  category.  We  say  a versal  formal 
object  £ of  J-  is  minima^ii  for  any  morphism  of  formal  objects  the  underlying 

map  on  rings  is  surjective.  Sometimes  a minimal  versal  formal  object  is  called 
miniversal. 


This  may  be  nonstandard  terminology.  Many  authors  tie  this  notion  in  with  properties  of 


tangent  spaces.  We  will  make  the  link  in  Section  73.14 
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The  work  in  this  section  shows  this  definition  is  reasonable.  First  of  all,  the  existence 
of  a versal  formal  object  implies  that  T has  (SI).  Then  the  preceding  lemmas  show 
there  exists  a minimal  versal  formal  object.  Finally,  any  two  minimal  versal  formal 
objects  are  isomorphic.  Here  is  a summary  of  our  results  (with  detailed  proofs). 

06T5  Lemma  73.13.5.  Let  T be  a predeformation  category  which  has  a versal  formal 
object.  Then 

(1)  T has  a minimal  versal  formal  object, 

(2)  minimal  versal  objects  are  unique  up  to  isomorphism,  and 

(3)  any  versal  object  is  the  pushforward  of  a minimal  versal  object  along  a 
power  series  ring  extension. 


Proof.  Suppose  T has  a versal  formal  object  £ over  R.  Then  it  satisfies  (SI),  see 


Lemma 

Lemma 


73.12.1 


73.13.2 


Let  £'—>■£  over  R'  C R be  any  of  the  morphisms  constructed  in 
By  Lemma  [73. 13. 3|  we  see  that  £'  is  versal,  hence  it  is  a minimal 
versal  formal  object  (by  construction).  This  proves  (1).  Also,  R = R'[[xi, . . . ,xn\\ 
which  proves  (3). 


Suppose  that  fi/Ri  are  two  minimal  versal  formal  objects.  By  Lemma  73.8.15  there 
exist  morphisms  £i  — ► £2  and  £2  — t £i-  The  corresponding  ring  maps  / : f?i  — > R2 
and  g : R2  — t R\  are  surjective  by  minimality.  Hence  the  compositions  go  f : Ri  -A 
Ri  and  / o g : R2  — > R2  are  isomorphisms  by  Algebra,  Lemma  |10.30.8|  Thus  / 
and  g are  isomorphisms  whence  the  maps  £1  -A  £2  and  £2  -A  £1  are  isomorphisms 
(because  T is  cofibred  in  groupoids  by  Lemma  73.7.2).  This  proves  (2)  and  finishes 
the  proof  of  the  lemma.  □ 


73.14.  Miniversal  formal  objects  and  tangent  spaces 

06IL  The  general  notion  of  minimality  introduced  in  Definition  |73.13.4|  can  sometimes 
be  deduced  from  the  behaviour  on  tangent  spaces.  Let  £ be  a formal  object  of  the 
predeformation  category  J-  and  let  £ : R\cA  — > T be  the  corresponding  morphism. 
Then  we  can  consider  the  following  the  condition 

06IM  (73.14.0.1)  d£  : DerA (R,k)  -A  TT  is  bijective 

and  the  condition 


06T6  (73.14.0.2) 


d£  : Dei'A(l?,  k)  -a  TT  is  bijective  on  DerA(/c,  fc)-orbits. 


Here  we  are  using  the  identification  TR\cA  = T)er\(R,  k)  of  Example  73.10.11  and 
the  action  (73.11.6.2)  of  derivations  on  the  tangent  spaces.  If  k!  C k is  separable, 


then  DerA(fc,  k)  = 0 and  the  two  conditions  are  equivalent.  It  turns  out  that,  in  the 
presence  of  condition  (S2)  a versal  formal  object  is  minimal  if  and  only  if  £ satisfies 


(73.14.0.2).  Moreover,  if  £ satisfies  (73.14.0.1),  then  T satisfies  (S2). 


06IR  Lemma  73.14.1.  Let  T be  a predeformation  category.  Let  £ be  a versal  formal 


object  of  T such  that  (73.1  j.  0.2)  holds.  Then  £ is  a minimal  versal  formal  object. 


In  particular,  such  £ are  unique  up  to  isomorphism. 

Proof.  If  £ is  not  minimal,  then  there  exists  a morphism  £'  — > £ lying  over  R'  -A  R 
such  that  R = R’[[x  1, . . . , £„]]  with  n > 0,  see  Lemma  73.13.5  Thus  d£  factors  as 


DerA(I?,  k)  -A  DerA(A>,)  k)  -A  TT 
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and  we  see  that  (73.14.0.21  cannot  hold  because  D : f i-a  d/dx\ (/)  mod  m_R  is  an 
element  of  the  kernel  of  the  first  arrow  which  is  not  in  the  image  of  Der a (A;,  k)  — » 
DerA(i?,  k).  □ 


06IV  Lemma  73.14.2.  Let  F be  a predeformation  category.  Let  £ be  a versal  formal 


object  of  F such  that  (73.1  f.  0.1)  holds.  Then 

(1)  J-  satisfies  (SI). 

(2)  IF  satisfies  (S2). 

(3)  dim kTF  is  finite. 


Proof.  Condition  (SI)  holds  by  Lemma  73.12.1  The  first  part  of  (S2)  holds  since 
(SI)  holds.  Let 


^xe  Axkk[e\ 

e lying  over 


A 


k 


be  diagrams  as  in  the  second  part  of  (S2).  As  above  we  can  find  morphisms  b : £ 
and  b'  : £ — > y'  such  that 

c b'  I 
£ 


V 

y 


> X 


commutes.  Let  p : F — > Ca  denote  the  structure  morphism.  Say  p(£)  = R,  i.e. , £ 
lies  over  R £ OL(Ca)-  We  see  that  the  pushforward  of  £ via  p(c)  o p(b)  is  xe  and 
that  the  pushforward  of  £ via  p(d)  o p(b')  is  xf  . Since  £ satisfies  ( 73.14.0. i|),  we  see 
that  p(c)  o p(b)  = p(c')  op(fe')  as  maps  R -A  fc[e].  Hence  p[b)  = p(b')  as  maps  from 
R — > A x fc  k [e] . Thus  we  see  that  y and  y'  are  isomorphic  to  the  pushforward  of  £ 
along  this  map  and  we  get  a unique  morphism  y — >•  y'  over  A xk  k[e]  compatible 
with  b and  b'  as  desired. 


Finally,  by  Example  73.10.11  we  see  dim^  TT  = dim*,  Ti?|cA  is  finite. 


□ 


06T7  Example  73.14.3.  There  exist  predeformation  categories  which  have  a versal  for- 


mal object  satisfying  (73.14.0.2)  but  which  do  not  satisfy  (S2).  A quick  example  is 
to  take  F = k[e\/G  where  G C AutcA(fc[e])  is  a finite  nontrivial  subgroup.  Namely, 
the  map  k[e]  -A  F is  smooth,  but  the  tangent  space  of  F does  not  have  a natural 
k- vector  space  structure  (as  it  is  a quotient  of  a k- vector  space  by  a finite  group). 

06T8  Lemma  73.14.4.  Let  F be  a predeformation  category  satisfying  (S2)  which  has  a 
versal  formal  object.  Then  its  minimal  versal  formal  object  satisfies  1(73.  lj.OH). 


Proof.  Let  £ be  a minimal  versal  formal  object  for  F,  see  Lemma  [73. 13. 5|  Say  £ 
lies  over  R £ Ob(CA)-  In  order  to  parse  (73.14.0.2)  we  point  out  that  TF  has  a 
natural  fc-vector  space  structure  (see  Lemma  73.11.2),  that  df  : DerA (R,k)  — > TF 


is  linear  (see  Lemma  73.11.4),  and  that  the  action  of  l)erA(/c,  k)  is  given  by  addition 
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(see  Lemma  73.11.6).  Consider  the  diagram 


Homfc(mfl/m|,fc) 


I< 


DerA(i?,  k ) 


DerA(fc,  k ) 


TT 


The  vector  space  I\  is  the  kernel  of  Note  that  the  middle  column  is  exact  in  the 
middle  as  it  is  dual  to  the  sequence  (73.3.10.1).  If  (73.14.0.2)  fails,  then  we  can  find 
a nonzero  element  D £ K which  does  not  map  to  zero  in  Homfc(mfl/m?c  k).  This 
means  there  exists  an  t £ m#  such  that  D(t)  = 1.  Set  R'  = {a  £ R \ D{a ) = 0}. 
As  D is  a derivation  this  is  a subring  of  R.  Since  D(t)  = 1 we  see  that  R!  — > k is 
surjective  (compare  with  the  proof  of  Lemma [73.3.12 1.  Note  that  mjj'  = Ker(D  : 
m R — > k)  is  an  ideal  of  R and  m|j.  C m^/.  Hence 

m_R/m|  = + kt 


which  implies  that  the  map 

R' /mR  xfc  k[e]  R/m2R 

sending  e to  t is  an  isomorphism.  In  particular  there  is  a map  R/vn2^  — > R' /m2R. 

Let  ^ — > y be  a morphism  lying  over  R — > R/m2R.  Let  y — > x be  a morphism  lying 
over  R/mR  — ► R' / mR.  Let  y — > xe  be  a morphism  lying  over  R/mR  — ► k[e).  Let  xq 
be  the  unique  (up  to  unique  isomorphism)  object  of  T over  k.  By  the  axioms  of  a 
category  cofibred  in  groupoids  we  obtain  a commutative  diagram 


lying  over 


R'/m2R  xfc  k[e] 


R’/m2R 


> k. 


Because  D £ K we  see  that  xe  is  isomorphic  to  0 € R(k[e]),  i.e.,  xe  is  the  pushfor- 
ward  of  a^o  via  k — > k[e],a  i-A  a.  Hence  by  Lemma  73.9.7  we  see  that  there  exists  a 
morphism  x — >■  y.  Since  lengthA(i?VmR)  < lengthA(7?/m|j.)  the  corresponding  ring 
map  R' / mjj  — > R/m2R  is  not  surjective.  This  contradicts  the  minimality  of  £/i?,  see 

This  contradiction  shows  that  such  a D cannot  exist, 

□ 


part  (1)  of  Lemma  73.13.2 
hence  we  win. 


06IX  Theorem  73.14.5.  Let  T be  a predeformation  category.  Consider  the  following 
conditions 

(1)  J-  has  a minimal  versal  formal  object  satisfying  ( 73. If. 0.1 ), 

(2)  T has  a minimal  versal  formal  object  satisfying  ( 73.14-0.2 ), 

(3)  the  following  conditions  hold: 

(a)  T satisfies  (SI). 

(b)  JF  satisfies  (S2). 

(c)  dinifcTJr  is  finite. 
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06IY 


06IZ 


06T9 


06J1 


We  always  have 

(!)  =>  (3)  =>  (2)- 

If  k'  C k is  separable,  then  all  three  are  equivalent. 


Proof.  Lemma  73.14.2  shows  that  (1)  =>  (3).  Lemmas  73.12.4  and  73.14.4  show 
that  (3)  =>  (2).  If  k!  C k is  separable  then  DerA(fc,  k)  = 0 and  we  see  that  (73.14.0.1 ) 
= (73.14.0.2),  i.e.,  (1)  is  the  same  as  (2). 


An  alternative  proof  of  (3)  =>  (1)  in  the  classical  case  is  to  add  a few  words  to  the 
proof  of  Lemma  73.12.4|  to  see  that  one  can  right  away  construct  a versal  object 
which  satisfies  ( 73.14.0.1 ) in  this  case.  This  avoids  the  use  of  Lemma  73.12.4  in  the 
classical  case.  Details  omitted.  □ 

Remark  73.14.6.  When  F is  a predeformation  functor,  the  condition  dim*.  TF  < 
oo  is  precisely  condition  (H3)  from  Schlessinger’s  paper.  In  the  classical  case  (or  the 


case  where  k!  C k is  separable),  Theorem  73.14.5  recovers  Schlessinger’s  theorem 
on  the  existence  of  “hulls”.  In  our  terminology  a hull  is  a versal  formal  object  £ for 
a predeformation  functor  such  that  d£  is  an  isomorphism. 

Remark  73.14.7.  Let  F be  a predeformation  category  satisfying  (SI),  (S2),  and 
dim kTT  < oo.  Then  F also  satisfies  (SI),  (S2),  and  dim kTF  < oo,  see  Lemma 
73.9.5  Thus,  if  k1  C k is  separable,  then  F has  a hull  (see  Remark  73.14.6).  In 


fact,  if  £ is  a minimal  versal  object  for  F lying  over  R,  then  the  composition 

r\Ca  -^f^f 

is  smooth  and  identifies  tangent  spaces,  i.e.,  the  image  £ of  £ in  F is  a hull.  This 
follows  from  the  fact  that  F -A  F identifies  tangent  spaces. 


Example  73.14.8.  In  Example 


73.8.10 


we  constructed  objects  R £ CA  such  that 


R\ca  is  smooth.  We  can  reformulate  this  as  follows.  Let  F = CA  considered  as 
cohbred  in  groupoids  via  the  identity  functor.  In  other  words,  F is  the  category 
cohbred  in  sets  corresponding  to  the  functor  F : 4 {*}  (this  is  the  final  object 

in  the  category  of  functors  CA  —t  Sets).  The  condition  that  R\cA  is  smooth  means 
exactly  that  i?|cA  — > F is  smooth,  i.e.,  that  £ = * is  a formal  versal  object  of 
F over  R.  Hence  F has  a versal  formal  object.  In  fact,  it  is  easy  to  see  that  F 
satisfies  condition  (3)  of  Theorem  73.14.5  The  theorem  implies  that  (2)  holds. 


This  means  we  can  find  a minimal  versal  formal  object  * € F[S)  over  some  S £ CA 
such  that  d*  : DerA (S,k)  — >•  0 is  bijective  on  DerA(fc,  A:)-orbits.  Clearly  this  means 
that  the  injection  DerA (k,k)  DerA (S,k)  is  also  surjective.  In  other  words,  the 
exact  sequence  (73.3.10.2)  turns  into  a pair  of  isomorphisms 


Hi(Lk/A)  = ms/m2s  and  flS/A  k = nk/A. 

(The  first  arrow  is  injective  because  of  the  formal  smoothness  of  S over  A;  details 
omitted.)  Of  course  the  existence  of  such  a ring  S can  be  proved  directly  by 


judiciously  slicing  the  ring  R constructed  in  Example  73.8.10 


73.15.  Rim-Schlessinger  conditions  and  deformation  categories 

There  is  a very  natural  property  of  categories  fibred  in  groupoids  over  CA  which  is 
easy  to  check  in  practice  and  which  implies  Schlessinger’s  properties  (SI)  and  (S2) 
we  have  introduced  earlier. 
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06J2 


06J3 


06J4 


06J5 


Definition  73.15.1.  Let  T be  a category  cofibered  in  groupoids  over  CA.  We  say 
that  T satisfies  condition  (RS)  if  for  every  diagram  in  T 


Xi 


x2 


V 

> x 


lying  over 


Ai 


Ao 


Y 

■A 


in  C a with  A2  — > A surjective,  there  exists  a fiber  product  x\  xx  x2  in  T such  that 
the  diagram 

A\  A2 >■  A2 


X\  xx  x2 


x2 


lies  over 


Xl 


A, 


A. 


Lemma  73.15.2.  Let  J-  be  a category  cofibered  in  groupoids  over  CA  satisfying 
(RS).  Given  a commutative  diagram  in  T 

A\  x^4  A2  ZL'ffft  A2 

lying  over 

1 Ax A. 

with  A2  — > A surjective,  then  it  is  a fiber  square. 

Proof.  Since  J-  satisfies  (RS),  there  exists  a fiber  product  diagram 

x\  xxx2 s-  x2  A i xaA2 s-  A2 

lying  over 


Xi 


A , 


A. 


The  induced  map  y 
isomorphism. 


Ai  x a Ai , hence  it  is  an 
□ 


xi  xxx2  lies  over  id  : Ai  x A Ai 

Lemma  73.15.3.  Let  J-  be  a category  cofibered  in  groupoids  over  CA.  Then  T 
satisfies  (RS)  if  the  condition  in  Definition  73.15.1  is  assumed  to  hold  only  when 
A2  — > A is  a small  extension. 

Proof.  Apply  Lemma [73. 3. 3|  The  proof  is  similar  to  that  of  Lemma [73. 8. 2|  □ 

Lemma  73.15.4.  LetJ-  be  a category  cofibered  in  groupoids  overC\.  The  following 
are  equivalent 

(1)  J-  satisfies  (RS), 

(2)  the  functor  J-{Ai  x^  A2)  — > FiAi)  Xjt^a)  F{A2)  see  (73.9.1.1)  is  an 
equivalence  of  categories  whenever  A2  — ► A is  surjective,  and 

(3)  same  as  in  (2)  whenever  A2  — > A is  a small  extension. 


Proof.  Assume  (1).  By  Lemma  73.15.2  we  see  that  every  object  of  F(Ai  x^  A2) 
is  of  the  form  Xi  xxx2.  Moreover 

MorAlXAA2(a;i  xx.  x2,yi  xy  y2)  = Mor^j  (xi,  yi)  xMorA(K,y)  MorA2(a;2,  y2). 

Hence  we  see  that  T(Ai  xA  A2)  is  a 2-fibre  product  of  T(Ai)  with  T(A2)  over 
T(A)  by  Categories,  Remark  4.30.5  In  other  words,  we  see  that  (2)  holds. 
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The  implication  (2)  =>  (3)  is  immediate. 


Assume  (3).  Let  qi  : Ai  -A  A and  q2  : A2  — > A be  given  with  q2  a small  ex- 
tension. We  will  use  the  description  of  the  2-fibre  product  F(Ai)  xr(A)  -A(A2) 
from  Categories,  Remark  4.30.5  Hence  let  y £ F(A\  A2)  correspond  to 
(xi,X2,x,ai  : X\  — > x,  a,2  ■ X2  — > x).  Let  2 be  an  object  of  T lying  over  C. 
Then 


06J6 


06J7 


Mor^( z,y)  = {(/,a)  | / : C -A  A1  x A A2,  a : f*z  -A  y} 

= {(/i)  fii  oti,  a2)  | fi  : C -A  Ai,  on:  fit*z  -A  xi: 
qi  0 fi  = 92  0 /2,  = q2, *a2} 

= Mor^r (2,0:1)  xMor7(z,i)  Morjr(2,o:2) 


whence  y is  a fibre  product  of  x±  and  X2  over  x.  Thus  we  see  that  J-  satisfies  (RS) 
in  case  A2  — > A is  a small  extension.  Hence  (RS)  holds  by  Lemma  73.15.3  □ 


Remark  73.15.5.  When  T is  cohbered  in  sets,  condition  (RS)  is  exactly  condition 
(H4)  from  Schlessinger’s  paper  [Sch68t  Theorem  2.11].  Namely,  for  a functor 
F : C\  — > Sets , condition  (RS)  states:  If  A1  — > A and  A2  — > A are  maps  in  C a with 
A2  —t  A surjective,  then  the  induced  map  F(A\  Xa  A2)  — ► F(A1)  xF(A)  F{A2)  is 
bijective. 


Lemma  73.15.6.  Let  T be  a category  cofibered  in  groupoids  over  C a-  The  condi- 
tion (RS)  for  T implies  both  (SI)  and  (S2)  for  T . 


Proof.  Using  the  reformulation  of  Lemma  73.15.4|  and  the  explanation  of  (SI) 
following  Definition  73.9.1  it  is  immediate  that  (RS)  implies  (SI).  This  proves  the 
first  part  of  (S2).  The  second  part  of  (S2)  follows  because  Lemma [73. 15. 2 tells  us 
that  y = x 1 Xjaei2  = y'  if  V 1 y'  are  as  in  the  second  part  of  the  definition  of  (S2) 
(In  fact  the  morphism  y — > y'  is  compatible  with  both  a,  a' 

□ 


in  Definition  73.9.1 
and  Cjc/l) 


The  following  lemma  is  the  analogue  of  Lemma[73.9.5|  Recall  that  if  J7  is  a category 
cofibred  in  groupoids  over  C\  and  x is  an  object  of  T lying  over  A,  then  we  denote 
Aut^(x)  = Mota(x,x)  = Mor^r(^)(a;,  x).  If  x'  — > x is  a morphism  of  T lying  over 
A!  — > A then  there  is  a well  defined  map  of  groups  Aut^o/)  -A  AutA(®)- 

06J8  Lemma  73.15.7.  Let  T be  a category  cofibered  in  groupoids  over  C\  satisfying 
(RS).  The  following  conditions  are  equivalent: 

(1)  T satisfies  (RS). 

(2)  Let  f±:Ai—>A  and  f2  '■  A2  — > A be  ring  maps  in  C\  with  f2  surjective. 
The  induced  map  of  sets  of  isomorphism  classes 

-^(^1)  xJr(A)  Jr(A2)  -t  F(Ai)  x F(A2) 
is  injective. 

(3)  For  every  morphism  x'  — ^ x in  T lying  over  a surjective  ring  map  A'  — > A, 
the  map  AutA'ix')  — > AutA{x ) is  surjective. 

(4)  For  every  morphism  x'  -A  x in  T lying  over  a small  extension  A'  — > A, 
the  map  AutA'ix')  — >•  AutA{x ) is  surjective. 


Proof.  We  prove  that  (1)  is  equivalent  to  (2)  and  (2)  is  equivalent  to  (3).  The 
equivalence  of  (3)  and  (4)  follows  from  Lemma  73.3.3| 


73.15.  RIM-SCHLESSINGER  CONDITIONS  AND  DEFORMATION  CATEGORIES  4305 


Let  /i  : A-]  — » A and  /2  : A2  — > A be  ring  maps  in  C a with  /2  surjective.  By 
we  see  F satisfies  (RS)  if  and  only  if  the  map 


Remark 


73.15.5 


F{A\  y- a A2)  — t Fi^Ai)  xt;(a)  •^"(-^2) 


is  bijective  for  any  such  f\,f2-  This  map  is  at  least  surjective  since  that  is  the 


condition  of  (SI)  and  F satisfies  (SI)  by  Lemmas 
this  map  factors  as 


73.15.6 


and 


73.9.5 


Moreover, 


•7r(-'4i  x a A2)  — > F(Ai)  y-r(A)  F{A 2 ) 
where  the  first  map  is  a bijection  since 


F{A\)  xjqA)  -^(^2), 


F{A\  x a A2)  — > F{A{)  x j-(A)  F(A2) 
is  an  equivalence  by  (RS)  for  F . Hence  (1)  is  equivalent  to  (2). 

Assume  (2)  holds.  Let  x'  — > x be  a morphism  in  F lying  over  a surjective  ring  map 
/ : A'  — > A.  Let  a € AuI^t).  The  objects 

(a/,  x',  a : x — > x),  (a/,  x' , id  : x -A  x) 

of  F(A')  Xjt(Aj  F(A')  have  the  same  image  in  F(A')  x^/a)  -^( A ').  By  (2)  there 
exists  maps  &i , &2  : x'  — > x’  such  that 


x >-  x 

a 

f*bl  f,b2 


commutes.  Hence  bf1  obi  £ Aut^a/)  has  image  a £ Aut/\(x).  Hence  (3)  holds. 
Assume  (3)  holds.  Suppose 

(xi,x2,a  : (fi)*Xi  -A  (/2)*x2),  (x'^x^a'  : (/i)*^  ->■  (f2)*x '2) 

are  objects  of  F(A{)  Xjr(A)  .A(A2)  with  the  same  image  in  F{A{)  Xy^A)  F(A2). 
Then  there  are  morphisms  b\  : x\  — ► x’x  in  F(A\)  and  b2  : x2  — >•  x2  in  F{A2).  By 
(3)  we  can  modify  b2  by  an  automorphism  of  x2  over  A2  so  that  the  diagram 


(/i)*aq 

(/i).bi 

(fi)*x[ 


- ih)*X2 

(A).  b2 
Y 

{h)*x'2. 


commutes.  This  proves  ( x\,x2,a ) = (xi,x2 ,a!)  in  F{A\)  x^a)  F(A2).  Hence  (2) 
holds.  □ 


Finally  we  define  the  notion  of  a deformation  category. 

06J9  Definition  73.15.8.  A deformation  category  is  a predeformation  category  F sat- 
isfying (RS).  A morphism  of  deformation  categories  is  a morphism  of  categories 
over  C\. 

06JA  Remark  73.15.9.  We  say  that  a functor  F : Ca  — > Sets  is  a deformation  functor 
if  the  associated  cofibered  set  is  a deformation  category,  i.e.  if  F(k)  is  a one  element 
set  and  F satisfies  (RS).  If  F is  a deformation  category,  then  F is  a predeformation 
functor  but  not  necessarily  a deformation  functor,  as  Lemma  1 73 . 1 5 . 7|  shows . 
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06JB  Example  73.15.10.  A prorepresentable  functor  F is  a deformation  functor. 
Namely,  suppose  R £ Ob(CA)  and  F(A)  = Morg-  (i?,  A).  There  is  a unique  mor- 
phism R — > k,  so  F(k)  is  a one  element  set.  Since 


HomA(i?,  A\  xA  A2)  = HomA(i?,  Ai)  xHomA(R,A)  HomA(R,  A2) 
the  same  is  true  for  maps  in  CA  and  we  see  that  F has  (RS). 


The  following  is  one  of  our  typical  remarks  on  passing  from  a category  cofibered 
in  groupoids  to  the  predeformation  category  at  a point  over  k:  it  says  that  this 
process  preserves  (RS). 


06JC  Lemma  73.15.11.  Let  F be  a category  cofibered  in  groupoids  over  C\.  Let  xq  £ 
Ob (F(k)).  Let  FXo  be  the  category  cofibred  in  groupoids  over  Ca  constructed  in 
Remark  73.6.4  If  F satisfies  (RS),  then  so  does  FXo 


In  particular,  FXo  is  a 


deformation  category. 


Proof.  Any  diagram  as  in  Definition  73.15.1  in  FXq  gives  rise  to  a diagram  in  F 
and  the  output  of  (RS)  for  this  diagram  in  F can  be  viewed  as  an  output  for  FXq 
as  well.  □ 


The  following  lemma  is  the  analogue  of  the  fact  that  2-fibre  products  of  algebraic 
stacks  are  algebraic  stacks. 

06L4  Lemma  73.15.12.  Let 

R Xjr  Q *-  Q 

a 

\ f 

H F 

be  2-fibre  product  of  categories  cofibered  in  groupoids  over  C a-  If  F,G,R  all  satisfy 
(RS),  then  R XjrQ  satisfies  (RS). 

Proof.  If  A is  an  object  of  CA,  then  an  object  of  the  fiber  category  of  R Xjr  Q over 
A is  a triple  (u,  v , a)  where  u £ R(A),  v £ G(A),  and  a : f{u ) —X  g{v)  is  a morphism 
in  F(A).  Consider  a diagram  in  R XjrQ 


(u2,V2,a2) 


A2 


lying  over 


(ui,i>i,ai) 


(u,v,a) 


Ai 


■A 


in  Ca  with  A2->  A surjective.  Since  R and  G satisfy  (RS),  there  are  fiber  products 
Mi  xuu 2 and  v\  xv  v2  lying  over  Ai  x A A2.  Since  F satisfies  (RS),  Lemma  73.15.2 
shows 


f(ui  xu  u2) >■  f(u2)  g{v i x„  v2) >■ g(v2 ) 


/(mi) 


and 

/(  m)  g(v i) 


V 

9(v) 
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are  both  fiber  squares  in  T . Thus  we  can  view  a±  xa  a2  as  a morphism  from 
f(u i x u u2)  to  g(v i x„  v2)  over  A1  Xa  A2.  It  follows  that 

(u r xu  u2,V!  xv  v2,a1  x0  a2) =-  (u2,v2,a2) 

T V 

(Ui,  vlt  ai) >■  (u,  v,  a) 


is  a fiber  square  in  7~L  x jf  as  desired. 


□ 


73.16.  Lifts  of  objects 


06JD  The  content  of  this  section  is  that  the  tangent  space  has  a principal  homogeneous 
action  on  the  set  of  lifts  along  a small  surjection  in  the  case  of  a deformation 
category. 

06JE  Definition  73.16.1.  Let  T be  a category  cofibered  in  groupoids  over  Ca-  Let 
/ : A'  — > A be  a map  in  Ca ■ Let  x £ F{A).  The  category  Lift(x,f)  of  lifts  of  x 
along  / is  the  category  with  the  following  objects  and  morphisms. 

(1)  Objects:  A lift  of  x along  f is  a morphism  x'  — » x lying  over  /. 

(2)  Morphisms:  A morphism  of  lifts  from  a\  : x\  — > x to  a2  : x'2  — > x is  a 
morphism  b : x[  — > x'2  in  F{A')  such  that  a2  = a\  o b. 

The  set  Lift(.T,  /)  of  lifts  of  x along  / is  the  set  of  isomorphism  classes  of  Lift(x , /). 

06JF  Remark  73.16.2.  When  the  map  f ■.  A'  A is  clear  from  the  context,  we  may 
write  Lift(x,Ar)  and  Lift(x,  A')  in  place  of  Lift{x,f)  and  Lift(x,  /). 


06JG  Remark  73.16.3.  Let  T be  a category  cofibred  in  groupoids  over  Ca-  Let  xq  £ 
Ob(Jr(fc)).  Let  V be  a finite  dimensional  vector  space.  Then  Lift(xo,  fc[E])  is  the 
set  of  isomorphism  classes  of  TXq (^[E])  where  TXo  is  the  predeformation  category 
of  objects  in  T lying  over  xq,  see  Remark  73.6.4  Hence  if  T satisfies  (S2),  then  so 
does  TXq  (see  Lemma  73.9.6)  and  by  Lemma  73.11.2  we  see  that 

Lifted,  k[V])  = TTXo  ®kV 


as  k- vector  spaces. 

06JH  Remark  73.16.4.  Let  T be  a category  cofibered  in  groupoids  over  Ca  satisfying 
(RS).  Let 

A\  Xa  A2 >-  A2 


Ai A 

be  a fibre  square  in  Ca  such  that  either  A\  — > A or  A2  — > A is  surjective.  Let 
x £ Ob(Jr(A)).  Given  lifts  x\  — > x and  x2  — > x of  x to  A\  and  A2,  we  get  by  (RS) 
a lift  X\  xx  x2  — > x of  x to  Ai  Xa  A2.  Conversely,  by  Lemma [73. 15. 2| any  lift  of  x 
to  A\  x a A2  is  of  this  form.  Hence  a bijection 

Lift(x,  A\)  x Lift(x,  A2)  — » Lift(a;,  Ai  Xa  A2 ). 

Similarly,  if  X\  — > x is  a fixed  lifting  of  x to  Ai,  then  there  is  a bijection 

Lift(a;i,A1  xaA2)  — > Lift (x,A2). 
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Now  let 

A^  x A A2  Ai  xA  A2  " ‘A-  A2 


A[  A£jtA-r*$  A 

be  a composition  of  fibre  squares  in  Ca  with  both  A!x  — >•  A\  and  A\  — >■  A surjective. 
Let  Xi  — ^ x be  a morphism  lying  over  A\  — ► A.  Then  by  the  above  we  have 
bijections 

Lift(xi ,A[  xA  A2)  = Lift(xi ,A'f)  x Lift(xi,Ai  xA  A2) 

= Lift(xi,  A'f)  x Lift (x,  A2). 

06JI  Lemma  73.16.5.  Let  T be  a deformation  category.  Let  A'  —¥  A be  a surjective 
ring  map  in  C\  whose  kernel  I is  annihilated  by  m^/.  Let  x £ Ob(Jr(xl)).  If 
Lift(x , A')  is  nonempty , then  there  is  a free  and  transitive  action  of  TT  <8>k  I on 
Lift{x , A'). 


06TA 

06TB 


Proof.  Consider  the  ring  map  g : A'  x A A!  — > k[I]  defined  by  the  rule  g(ai,  0,2)  = 
of  ® 02  — ai  (compare  with  Lemma  73.9.8).  There  is  an  isomorphism 

A!  x A A'  A'  x k k[I ] 


given  by  (01,02)  <— > (01,3(01,02)).  This  isomorphism  commutes  with  the  projec- 
tions to  A'  on  the  first  factor,  and  hence  with  the  projections  of  A xA  A'  and 
A'  Xk  k[I]  to  A.  Thus  there  is  a bijection 

(73.16.5.1)  Lift(x,  A'  xaA')  — > Lift (x,  A'  xfe  k[I]) 

By  Remark  |73.16.4|  there  is  a bijection 

(73.16.5.2)  Lift(x,  A')  x Lift(x,  A')  — > Lift(x,  A'  xA  A') 


There  is  a commutative  diagram 


A!  xk  k[I] 


A' 


■ A xk  k[I] 


A 


I] 


k. 


06TC 


Thus  if  we  choose  a pushforward  x — > Xq  of  x along  A — > k,  we  obtain  by  the  end 
of  Remark|73.16.4|a  bijection 

(73.16.5.3)  Lift(x,  A'  xk  k[I ])  — > Lift(x,  A')  x Lift(xo,  k[I]) 


Composing  (73.16.5.2),  (173.16.5.1),  and  (73.16.5.3)  we  get  a bijection 
$ : Lift(x,  A!)  x Lift(x,A')  — > Lift(x,  A')  x Lift(xo,  k[I]). 


This  bijection  commutes  with  the  projections  on  the  first  factors.  By  Remark 
73.16.3  we  see  that  Lift(xo,  k[I])  = TT  I-  If  Pr2  is  tl16  second  projection  of 
Lift(x,  A')  x Lift(x,  A'),  then  we  get  a map 

a = pr2  o <E>-1  : Lift(x,  A')  x {TT  I)  — > Lift(x,  A'). 


Unwinding  all  the  above  we  see  that  a{x'  — > x,  6)  is  the  unique  lift  x"  — > x such  that 
3*(x/,  x")  = 9 in  Lift(xo,  k[I])  = TT  I-  To  see  this  is  an  action  of  TT  I on 
Lift(x,  A')  we  have  to  show  the  following:  if  x' , x" , x'"  are  lifts  of  x and  g*{x' , x")  = 
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0,  g*(x",  x'”)  = 9',  then  g*(x',x'")  =9  + 6'.  This  follows  from  the  commutative 
diagram 


The  action  is  free  and  transitive  because  d>  is  bijective. 


□ 


06JJ 


Remark  73.16.6.  The  action  of  Lemma 
a morphism  of  deformation  categories.  Let 


73.16.5 

W 


is  functorial.  Let  p 


yl  be  a surjective  ring 
kernel  / is  annihilated  by  rryy.  Let  x £ Ob(Jr(^4)).  In  this  situation  p 
vertical  arrows  in  the  following  commutative  diagram 


: T -A  g be 
map  whose 
induces  the 


Lift  (a;,  A')  x ( T1 ~ 0*,  /) 
Lift(y>(a;),  A')  x (TQ  I) 


Lift(x,  A') 


Lift (p (x),  A') 


The  commutativity  follows  as  each  of  the  maps  (73.16.5.2),  (73.16.5.1),  and  (73.16.5.3) 
of  the  proof  of  Lemma |73.16.5| gives  rise  to  a similar  commutative  diagram. 


73.17.  Schlessinger’s  theorem  on  prorepresentable  functors 

06 JK  We  deduce  Schlessinger’s  theorem  characterizing  prorepresentable  functors  on  Cy- 

06JL  Lemma  73.17.1.  Let  F,  G : C\  — t Sets  be  deformation  functors.  Let  p : F — i G 
be  a smooth  morphism  which  induces  an  isomorphism  dip  : TF  — 1 TG  of  tangent 
spaces.  Then  p is  an  isomorphism. 

Proof.  We  prove  F(A)  —1  G(A)  is  a bijection  for  all  A £ Ob(CA)  by  induction  on 
lengthy  (A).  For  A = k the  statement  follows  from  the  assumption  that  F and  G 
are  deformation  functors.  Suppose  that  the  statement  holds  for  rings  of  length  less 
than  n and  let  A'  be  a ring  of  length  n.  Choose  a small  extension  / : A!  A.  We 
have  a commutative  diagram 


F{A’) 
F(f ) 
F(A) 


- G(A’) 
G(f ) 
*G(A) 


where  the  map  F(A)  — > G(A)  is  a bijection.  By  smoothness  of  F — > G , F{A')  — ► 
G(A')  is  surjective  (Lemma  73.8.8 ).  Thus  we  can  check  bijectivity  by  checking  it  on 
fibers  F(f)~1(x)  G(/)-1( p(x))  for  x £ F(A)  such  that  F(f)~1(x)  is  nonempty. 

These  fibers  are  precisely  Lift(x,  A')  and  Lift(<^(a:),  A')  and  by  assumption  we  have 
an  isomorphism  dp ® id  : TF(g)feKer(/)  —7  TG®fcKer(/).  Thus,  by  Lemma  73.16.5 
and  Remark  73.16. 6[  for  x £ F(A)  such  that  F(f)^1(x)  is  nonempty  the  map 
-P(/)_1(a:)  — ► G(f)~^(p(x))  is  a map  of  sets  commuting  with  free  transitive  actions 
by  TF  Ker (/).  Hence  it  is  bijective.  □ 


Note  that  in  case  k'  C k is  separable  condition  (c)  in  the  theorem  below  is  empty. 
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06JM  Theorem  73.17.2.  Let  F : Ca  — >•  Sets  be  a functor.  Then  F is  prorepresentable 
if  and  only  if  (a)  F is  a deformation  functor,  (b)  dim kTF  is  finite,  and  (c)  7 : 
Der\{k,k)  — > TF  is  injective. 


Proof.  Assume  F is  prorepresentable  by  R £ Ca-  We  see  F is  a deformation  functor 
by  Example  73.15.10[  We  see  dimfcTF  is  finite  by  Example  73.10.11  Final! 
DerA (k,k)  — > TF  is  identified  with  DerA(fc,/c)  — > DerA (R,k)  by  Example  73.10.14 
which  is  injective  because  R — >•  k is  surjective. 


Conversely,  assume  (a),  (b),  and  (c)  hold.  By  Lemma  73.15.6  we  see  that  (SI)  and 
(S2)  hold.  Hence  by  Theorem  73.14.5  there  exists  a minimal  versal  formal  object  £ 
of  F such  that  (73.14.0.2)  holds.  Say  £ lies  over  R.  The  map 


d£  : Dei-A(i?,  k)  — » TF 

is  bijective  on  DerA(fc,  fc)-orbits.  Since  the  action  of  DerA (k,k)  on  the  left  hand 
side  is  free  by  (c)  and  Lemma  73.11.6  we  see  that  the  map  is  bijective.  Thus  we 
see  that  £ is  an  isomorphism  by  Lemma  73.17.11  □ 


73.18.  Infinitesimal  automorphisms 

06 JN  Let  F be  a category  cofibered  in  groupoids  over  Ca-  Given  a morphism  x'  — > x in 
F lying  over  A'  — > A,  there  is  an  induced  homomorphism 

Aut^a/)  AuIa^e)- 

Lemma  |73.15.7|  says  that  the  cokernel  of  this  homomorphism  determines  whether 
condition  (RS)  on  F passes  to  F.  In  this  section  we  study  the  kernel  of  this 
homomorphism.  We  will  see  that  it  also  gives  a measure  of  how  far  F is  from  F. 

06JP  Definition  73.18.1.  Let  F be  a category  cofibered  in  groupoids  over  Ca-  Let 
x'  — > x be  a morphism  in  F lying  over  A'  — > A.  The  group  of  infinitesimal 
automorphisms  of  x'  over  x is  the  kernel  of  AutA,(*/)  — > AutA(x).  Notation 
In t(x' /x)  = Kei^AutA'^)  — > Aut^#)). 

06JQ  Definition  73.18.2.  Let  F be  a category  cofibered  in  groupoids  over  Ca-  Let 
Xq  £ Ob(Jr(A;)).  Assume  a choice  of  pushforward  xq  — > x'0  of  Xq  along  the  map 
k — > k[e\,a  1— > a has  been  made.  Then  there  is  a unique  map  x'0  — > Xq  such  that 
xo  ~ x'o  “ xo  is  the  identity  on  Xq-  The  group  of  infinitesimal  automorphisms  of 
x0  is  Inf^  ( J7)  :=  Inf(xo/ar0). 

06JR  Remark  73.18.3.  Up  to  isomorphism,  In^^)  does  not  depend  on  the  choice 
of  pushforward  Xq  -a  x'0.  Moreover,  if  yo  £ R{k)  and  xq  = yo  in  F(k ),  then 

InfXo  {F)  — Infyo  (F) . 

06JS  Remark  73.18.4.  When  F is  a predeformation  category,  Autfc(aio)  is  trivial  and 
hence  Infa!o(J')  = Autfe[e](a:,0). 

We  will  see  that  Inf^o  (F)  has  a natural  k- vector  space  structure  when  F satisfies 
(RS).  At  the  same  time,  we  will  see  that  if  F satisfies  (RS),  then  the  infinitesimal 
automorphisms  In{(x' /x)  of  a morphism  x'  -A  x lying  over  a small  extension  are 
governed  by  InfTo  (J7),  where  Xq  is  a pushforward  of  x to  F{k).  In  order  to  do  this, 
we  introduce  the  automorphism  functor  for  any  object  x £ Ob(Jr)  as  follows. 
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06JT  Definition  73.18.5.  Let  p : T — > C be  a category  cofibered  in  groupoids  over  an 
arbitrary  base  category  C.  Assume  a choice  of  pushforwards  has  been  made.  Let 
x £ Ob(Jr)  and  let  U = p(x).  Let  U/C  denote  the  category  of  objects  under  U.  The 
automorphism  functor  of  x is  the  functor  Aut(x)  : U/C  — > Sets  sending  an  object 
/ : U — > V to  Autv(/*x)  and  sending  a morphism 


V' 


to  the  homomorphism  Auty/ (fix)  — > Auty  (/*a; ) coming  from  the  unique  morphism 
fix  — > /*x  lying  over  V’  — ► V and  compatible  with  x -A  fix  and  x -A  f*x. 


We  will  be  concerned  with  the  automorphism  functors  of  objects  in  a category 
cofibered  in  groupoids  T over  C a-  If  A £ Ob(CA),  then  the  category  A/C  a is  nothing 
but  the  category  Ca,  he.  the  category  defined  in  Section  [73.3|  where  we  take  A = A 
and  k = A/vcia-  Hence  the  automorphism  functor  of  an  object  x £ Ob(Jr(A))  is  a 
functor  Aut(x)  : Ca  — t Sets. 

The  following  lemma  could  be  deduced  from  Lemma  |73.15.12|  by  thinking  about 
the  “inertia”  of  a category  cofibred  in  groupoids,  see  for  example  Stacks,  Section 
|8.7|and  Categories,  Section  [4. 33|  However,  it  is  easier  to  see  it  directly. 

06JU  Lemma  73.18.6.  Let  J-  be  a category  cofibered  in  groupoids  over  Ca  satisfying 
(RSJ.  Let  x £ Ob(Jr(A)).  Then  Aut(x)  : Ca  — t Sets  satisfies  (RS). 


06JV 


Proof.  It  follows  that  Aut(x)  satisfies  (RS)  from  the  fully  faithfulness  of  the  functor 
F(Ax  A2)  —*■  J-(Ai)  Xj^(A)  F(A2)  in  Lemma  73.15.41  □ 


Lemma  73.18.7.  Let  J-  be  a category  cofibered  in  groupoids  over  Ca  satisfying 
(RSJ.  Let  x £ Ob(Jr(A)).  Let  Xq  be  a pushforward  of  x to  F(k). 

(1)  Aut(x)  has  a natural  k-vector  space  structure  such  that  addition 
agrees  with  composition  in  Tid^aAut( x).  In  particular,  composition  in 
TidnQAut(x)  is  commutative. 

(2)  There  is  a canonical  isomorphism  TidJ.QAut(x)  — > Tida.oAut(x o)  of  k-vector 
spaces. 


Proof.  We  apply  Remark  73.6.4  to  the  functor  Aut(x)  : Ca  — > Sets  and  the  element 
id^  £ Aut(x)(k)  to  get  a predeformation  functor  F = Aut(x) id,.,,.  By  Lemmas 

Aut(x)  = 


73.18.6 


and 


73.15.11 


F is  a deformation  functor.  By  definition  T 
TF  = F(k[e J)  which  has  a natural  k- vector  space  structure  specified  by  Lemma 
I73.10.8l 


Addition  is  defined  as  the  composition 

F(k[e})  x F(k[e\)  — > F(k[e]  xk  k[e\)  — ► F(k[e]) 

where  the  first  map  is  the  inverse  of  the  bijection  guaranteed  by  (RS)  and  the  second 
is  induced  by  the  fc-algebra  map  k[e]  xk  k[e]  k[e]  which  maps  (e,  0)  and  (0,  e)  to 
e.  If  A — » B is  a ring  map  in  Ca,  then  F(A)  — ► F(B ) is  a homomorphism  where 
F(A)  = Aut  (x)idX0  (A)  and  F(B)  = Aut(x)idX0(B)  are  groups  under  composition. 
We  conclude  that  + : F(k[e\)  x F(fc[e])  — > F(fc[e])  is  a homomorphism  where  F(A:[e]) 
is  regarded  as  a group  under  composition.  With  id  £ F(fc[e])  the  unit  element  we  see 
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that  +(u,id)  = +(id,  v)  = v for  any  v £ F(fc[e])  because  (id,  v)  is  the  pushforward 
of  v along  the  ring  map  fc[e]  — )•  k[e]  xk  fc[e]  with  e i— > (e,  0).  In  general,  given  a 
group  G with  multiplication  o and  + :GxG-lGisa  homomorphism  such  that 
+(g,  1)  = +(1,  g)  = g , where  1 is  the  identity  of  G,  then  + = o.  This  shows  addition 
in  the  fc-vector  space  structure  on  F(k[e\)  agrees  with  composition. 

Finally,  (2)  is  a matter  of  unwinding  the  definitions.  Namely  T\da,  Aut(x)  is  the 
set  of  automorphisms  a of  the  pushforward  of  x along  A — > k — > k[e\  which  are 
trivial  modulo  e.  On  the  other  hand  Tld  Aut(xo)  is  the  set  of  automorphisms  of 
the  pushforward  of  Xq  along  k -A-  k[e]  which  are  trivial  modulo  e.  Since  xq  is  the 
pushforward  of  x along  A -A  k the  result  is  clear.  □ 

06JW  Remark  73.18.8.  We  point  out  some  basic  relationships  between  infinitesimal 
automorphism  groups,  liftings,  and  tangent  spaces  to  automorphism  functors.  Let 
T be  a category  cofibered  in  groupoids  over  Ca-  Let  x'  — > x be  a morphism  lying 
over  a ring  map  A!  —¥  A.  Let  xq  be  a pushforward  of  x to  T(k).  Then  from  the 
definitions  we  have  an  equality 

lrd(x  /x)  = Lift(idx,  A1) 

where  the  liftings  are  of  idx  as  an  object  of  Aut{x').  If  xq  £ Ob(Jr(fc))  and  x'0  is 
the  pushforward  to  F{k\e\),  then  applying  this  to  x'0  -A  Xq  we  get 

InfroCF)  = Lift(idXo,fc[e])  = TidxQAut(x0), 
the  last  equality  following  directly  from  the  definitions. 

06JX  Lemma  73.18.9.  Let  J-  be  a category  cofibered  in  groupoids  over  Ca  satisfying 
(RS).  Let  Xo  £ Ob(Jr(/c)).  Then  InfXQ{J- ) is  equal  as  a set  to  TidJ.QAut(xo),  and  so 
has  a natural  k-vector  space  structure  such  that  addition  agrees  with  composition  of 
automorphisms. 


07W6 


06JY 


Proof.  The  equality  of  sets  is  as  in  the  end  of  Remark  73.18.8|  and  the  statement 


about  the  vector  space  structure  follows  from  Lemma[73.18.7 


□ 


Lemma  73.18.10.  Let  tp  : T — ► Q be  a morphism  of  categories  cofibred  in 
groupoids  over  C a satisfying  (RS).  Let  Xo  £ Ob(Jr(/c)).  Then  tp  induces  a k-linear 

maP  InfXo{F)  ->  Infv{xo){G). 


Proof.  It  is  clear  that  <p  induces  a morphism  from  Aut{xd)  — > Aut(ip( xq))  which 
maps  the  identity  to  the  identity.  Hence  this  follows  from  the  result  for  tangent 
spaces,  see  Lemma [73. 11. 4|  □ 

Lemma  73.18.11.  Let  T be  a category  cofibered  in  groupoids  over  C a satisfying 
(RS).  Let  x'  — » x be  a morphism  lying  over  a surjective  ring  map  A'  — > A with 
kernel  I annihilated  by  rriA'-  Let  xq  be  a pushforward  of  x to  F(k).  Then  Infix' /x) 
has  a free  and  transitive  action  by  Tid:coAut(x')  (g)*,  / = InfXo(J-)  <S>fc  I- 


Proof.  This  is  just  the  analogue  of  Lemma|73.16.5  in  the  setting  of  automorphism 
sheaves.  To  be  precise,  we  apply  Remark  73.6.4  to  the  functor  Aut(x')  : Ca > -A  Sets 
and  the  element  id^  £ Aut(x)(k ) to  get  a predeformation  functor  F = Aut{x')ida:  . 
By  Lemmas|73.18.6|and|73.15.11|F  is  a deformation  functor.  Hence  Lemma[73.16  5| 
gives  a free  and  transitive  action  of  on  Lift(ida; , A'),  because  as  Lift(idx,  A') 

is  a group  it  is  always  nonempty.  Note  that  we  have  equalities  of  vector  spaces 


TF  = TidaioAut(x')  I = lniXo{F)  ®k  I 
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by  Lemma  73.18.7  The  equality  lni(x'  /x)  = Lift(idI 
the  proof. 


A')  of  Remark  73.18.8  finishes 

□ 


06JZ  Lemma  73.18.12.  Let  T be  a category  cofibered  in  groupoids  over  C a satisfying 
(RS).  Let  x1  —y  x be  a morphism  in  J-  lying  over  a surjective  ring  map.  Let  Xq  be 
a pushforward  of  x to  F(k).  If  InfXo(T)  = 0 then  Infix' /x)  = 0. 

Proof.  Follows  from  Lemmas  173.3.31  and  173.18.111  □ 

06K0  Lemma  73.18.13.  Let  T be  a category  cofibered  in  groupoids  over  C a satisfying 
(RS).  Let  Xq  £ Ob(Jr(fc)).  Then  InfXo(J-)  = 0 if  and  only  if  the  natural  morphism 
TXq  —y  TXq  of  categories  cofibered  in  groupoids  is  an  equivalence. 


Proof.  The  morphism  TXa  — y J~Xa  is  an  equivalence  if  and  only  if  IFXq  is  fibered  in 


setoids,  cf.  Categories,  Section  4.38  (a  setoid  is  by  definition  a groupoid  in  which 


the  only  automorphism  of  any  object  is  the  identity).  We  prove  that  Infa;o(Jr)  = 0 
if  and  only  if  this  condition  holds  for  Tx 0.  Obviously  if  J~XQ  is  fibered  in  setoids 
then  Infiro(Jr)  = 0.  Conversely  assume  Infa,0(Jr)  = 0.  Let  A be  an  object  of  C\. 
Then  by  Lemma  73.18.12|  Inf(cc/aio)  = 0 for  any  object  x — y xq  of  TXo (A).  Since 
by  definition  Inf(:r/iEo)  equals  the  group  of  automorphisms  of  x -A  Xq  in  FXo(A), 
this  proves  TXa  (A)  is  a setoid.  □ 

06L5  Lemma  73.18.14.  Let  f :TL  —y  T and  g : Q —y  T be  1-morphisms  of  deformation 
categories.  Then 

(1)  W = % Xjr  Q is  a deformation  category 

(2)  let  wq  £ Ob(W(fc))  and  let  xo,  ye,  zq  be  the  image  of  wq  in  T,  TL^Q . Then 
we  have  a 6-term  exact  sequence  of  vector  spaces 

0 —y  Infw  (W)  —y  InL  (H)  © InL  ( Q ) -a  InL  (T)  -y  TW  -y  TTL  © TQ  -y  TT 


Proof.  Part  (1)  follows  from  Lemma  73.15.12  and  the  fact  that  W(k)  is  the  fibre 


product  of  two  setoids  with  a unique  isomorphism  class  over  a setoid  with  a unique 
isomorphism  class. 


Part  (2).  We  apply  Lemmas  73.11.4  and  73.18.10  to  get  all  the  linear  maps  except 


for  the  “boundary  map”  S : lnf:„0  (F)  —y  TW.  We  will  insert  suitable  signs  later. 

Construction  of  6.  Choose  a pushforward  wq  —y  w'0  along  k -y  k[e\ . Denote  x'0,y'0,  z'0 
the  images  of  w'0  in  iF,TL,G.  In  particular  we  obtain  isomorphisms  b'  : f(y'0)  —y  x'0 
and  d : x'0  — y g{z'0).  Denote  b : /(j/o)  — > xq  and  c : xq  — y g(zo)  the  pushforwards 
along  k[e]  —y  k.  Observe  that  this  means  w'0  = (fe[e],  y'0,  z'0,  d oft')  and  w0  = 
(k,  yo , Zo , c ° b)  in  terms  of  the  explicit  form  of  the  fibre  product  of  categories,  see 
Remarks  73.5.2  ( 13).  Given  a : x'0  —y  x'0  we  set  5(a)  = (k[e],  y'0:  z'0,  d oaob')  which  is 
indeed  an  object  of  W over  k[e\  and  comes  with  a morphism  (k[e\,y'0l  z'0,  d oaob1)  — y 
wq  over  k[e\  — y k as  a pushes  forward  to  the  identity  over  k.  More  generally,  for 
any  Auvector  space  V we  can  define  a map 

Lift(idSo,  k[V])  — y Lift(io0,  k[V}) 

using  exactly  the  same  formulae.  This  construction  is  functorial  in  the  vector  space 


V (details  omitted).  Hence  8 is  fc-linear  by  an  application  of  Lemma  73.10.5 


Having  constructed  these  maps  it  is  straightforward  to  show  the  sequence  is  exact. 
Injectivity  of  the  first  map  comes  from  the  fact  that  fxg:W— y IF  xQ  is  faithful.  If 
(/?,  7)  £ Infyo(%)ffiInf2o(t/)  map  to  the  same  element  of  Inf;co(Jr)  then  (/3,y)  defines 
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an  automorphism  of  w'0  = (k[e],y'0,  z'0,  d o b')  whence  exactness  at  the  second  spot. 
If  a as  above  gives  the  trivial  deformation  (fe[e],  y'0,  z'0,  d o a o b’)  of  wo,  then  the 
isomorphism  w'0  — (fc[e],  y'0,  z'0,  d o b')  — > (fc[e],  y'0,  z'0,  d o a o b')  produces  a pair 
(/3, 7)  which  is  a preimage  of  a.  If  w = (k[e],y,  z,<j>)  is  a deformation  of  wq  such 
that  y'0  = y and  z = z'0  then  the  map 

fiv'o)  ->•  f(y)  ^ 9(z)  g(4) 

is  an  a which  maps  to  w under  S.  Finally,  if  y and  2 are  deformations  of  yo  and  Zq 
and  there  exists  an  isomorphism  <j>  : f(y)  -A  g(z)  of  deformations  of  /(yo)  = %o  = 
g(z0)  then  we  get  a preimage  w = (k[e\,y,z,(/))  of  (x,y)  in  TW.  This  finishes  the 
proof.  □ 


73.19.  Groupoids  in  functors  on  an  arbitrary  category 


06K2  We  begin  with  generalities  on  groupoids  in  functors  on  an  arbitrary  category.  In  the 
next  section  we  will  pass  to  the  category  C\.  For  clarity  we  shall  sometimes  refer 
to  an  ordinary  groupoid,  i.e.,  a category  whose  morphisms  are  all  isomorphisms,  as 
a groupoid  category. 

06K3  Definition  73.19.1.  Let  C be  a category.  The  category  of  groupoids  in  functors 
on  C is  the  category  with  the  following  objects  and  morphisms. 

(1)  Objects:  A groupoid  in  functors  on  C is  a quintuple  (U,  R,  s,t,  c)  where 
U,R  : C -A  Sets  are  functors  and  s,t  : R -A  U and  c : R xs,u,t  R -A  R 
are  morphisms  with  the  following  property:  For  any  object  T of  C,  the 
quintuple 

(U(T),R(T),s,t,c) 
is  a groupoid  category. 

(2)  Morphisms:  A morphism  ( U,R,s,t,c ) -A  (U1 , R! , s' ,t' ,d)  of  groupoids 
in  functors  on  C consists  of  morphisms  U -A  U'  and  R -A  R'  with  the 
following  property:  For  any  object  T of  C,  the  induced  maps  U(T)  — ► 
U'{T)  and  R(T)  -A  R'{T)  define  a functor  between  groupoid  categories 

(U(T),R(T),s,t,c)  -A  (U'(T),  R'(T),  s',t',  d). 


06K4 


06K5 


Remark  73.19.2.  A groupoid  in  functors  on  C amounts  to  the  data  of  a functor 
C -A  Groupoids , and  a morphism  of  groupoids  in  functors  on  C amounts  to  a mor- 
phism of  the  corresponding  functors  C — > Groupoids  (where  Groupoids  is  regarded 
as  a 1-category).  However,  for  our  purposes  it  is  more  convenient  to  use  the  termi- 
nology of  groupoids  in  functors.  In  fact,  thinking  of  a groupoid  in  functors  as  the 
corresponding  functor  C -A  Groupoids , or  equivalently  as  the  category  cofibered  in 
groupoids  associated  to  that  functor,  can  lead  to  confusion  (Remark  73.21.2). 


Remark  73.19.3.  Let  (U,R,s,t,c)  be  a groupoid  in  functors  on  a category  C. 
There  are  unique  morphisms  e : U — » R and  i : R -A  R such  that  for  every 
object  T of  C,  e : U(T ) -A  R(T)  sends  x £ U(T)  to  the  identity  morphism  on  x 
and  i : R{T)  -a  R(T)  sends  a £ U (T)  to  the  inverse  of  a in  the  groupoid  category 
(U(T),R(T),s,t,c).  We  will  sometimes  refer  to  s,  t,  c,e,and*as  “source”,  “target”, 
“composition”,  “identity”,  and  “inverse”. 


06K6  Definition  73.19.4.  Let  C be  a category.  A groupoid  in  functors  on  C is  rep- 
resentable if  it  is  isomorphic  to  one  of  the  form  (U_,  R , s,  t,  c)  where  U and  R are 
objects  of  C and  the  pushout  R Hs  C/  t R exists. 
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06K7 


Remark  73.19.5.  Hence  a representable  groupoid  in  functors  on  C is  given  by 
objects  U and  R of  C and  morphisms  s,t  : U -A  R and  c : R — >■  RJ1S  u t R such  that 
(U_,  R,  s,t,  c)  satisfies  the  condition  of  Definition  73.19.1  The  reason  for  requiring 


the  existence  of  the  pushout  R Ha,u,t  R is  so  that  the  composition  morphism  c is 
defined  at  the  level  of  morphisms  in  C.  This  requirement  will  always  be  satisfied 
below  when  we  consider  representable  groupoids  in  functors  on  C\,  since  by  Lemma 
73.4.3  the  category  C\  admits  pushouts. 


06K8  Remark  73.19.6.  We  will  say  “let  (U_,  R,  s,t,c)  be  a groupoid  in  functors  on  C” 
to  mean  that  we  have  a representable  groupoid  in  functors.  Thus  this  means  that 
U and  R are  objects  of  C , there  are  morphisms  s,  t : U — > R,  the  pushout  R HSj[/jt  R 
exists,  there  is  a morphism  c : R — > R H.s.ry.t  R-  and  (L [,  R,  s,f,  c)  is  a groupoid  in 
functors  on  C. 


We  introduce  notation  for  restriction  of  groupoids  in  functors.  This  will  be  relevant 
below  in  situations  where  we  restrict  from  Ca  to  Ca- 


06K9 


06KA 

06KB 


Definition  73.19.7.  Let  ( U,R,s,t,c ) be  a groupoid  in  functors  on  a category  C. 
Let  C be  a subcategory  of  C.  The  restriction  (U,  R,  s,  t,  c)\c>  of  (U,  R , s,  t,  c)  to  C 
is  the  groupoid  in  functors  on  C given  by  {U\c , R\c,  s\cR\c£  c\c)- 


Remark  73.19.8. 

simply  by  s,  t , c. 


In  the  situation  of  Definition 


73.19.7 


we  often  denote  s\c,t\c,  c\c 


Definition  73.19.9.  Let  (U,  R,  s,  t,  c)  be  a groupoid  in  functors  on  a category  C. 

(1)  The  assignment  T i-a  (U (T),  R(T),  s , t,  c)  determines  a functor  C — > Groupoids. 
The  quotient  category  cofibered  in  groupoids  [U/R]  — > C is  the  category 
cofibered  in  groupoids  over  C associated  to  this  functor  (as  in  Remarks 

©)• 

(2)  The  quotient  morphism  U -A  [U/R]  is  the  morphism  of  categories  cofibered 
in  groupoids  over  C defined  by  the  rules 

(a)  x e U(T ) maps  to  the  object  (T,x)  € Ob([U / R](T)) , and 

(b)  x £ U(T)  and  / : T — > T'  give  rise  to  the  morphism  (/,  id[/(/)(x))  : 

(T,  x)  -A  (T,  U (f)(x))  lying  over  /:TaT'. 


73.5.2 


73.20.  Groupoids  in  functors  on  the  base  category 


06KC  In  this  section  we  discuss  groupoids  in  functors  on  C\.  Our  eventual  goal  is  to 
show  that  prorepresentable  groupoids  in  functors  on  C\  serve  as  “presentations” 
for  well-behaved  deformation  categories  in  the  same  way  that  smooth  groupoids 
in  algebraic  spaces  serve  as  presentations  for  algebraic  stacks,  cf.  Algebraic  Stacks, 
Section  176.161 

06KD  Definition  73.20.1.  A groupoid  in  functors  on  Ca  is  prorepresentable  if  it  is  iso- 
morphic to  (i?0i  -Ri)  s,  t,  c)\cA  for  some  representable  groupoid  in  functors  (Rq,  i?i,  s,  t,  c ) 
on  the  category  Ca- 


73.7.10 


Let  ( U,R,s,t,c ) be  a groupoid  in  functors  on  Ca-  Taking  completions,  we  get  a 
quintuple  (U,  R,  s,  t,  c).  By  Remark 
is  a right  adjoint, 
isomorphism 


completion  as  a functor  on  CofSet(CA) 
so  it  commutes  with  limits.  In  particular,  there  is  a canonical 


R x 


s,U,t 


R 
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so  c can  be  regarded  as  a functor  R x~  q rjrR  — > R.  Then  ([/,  R,  s,  t,  c)  is  a groupoid 

in  functors  on  Ca,  with  identity  and  inverse  morphisms  being  the  completions  of 
those  of  (U,  R,  s,  t,  c). 

06KE  Definition  73.20.2.  Let  (U,  R,  s,t,c)  be  a groupoid  in  functors  on  Ca-  The 
completion  (U,  R,  s,t,  c)A  of  (U,  R,  s,t,c)  is  the  groupoid  in  functors  (U , R,'s,  t,c) 
on  Ca  described  above. 


06KF 


Remark  73.20.3.  Let  (U,  R,  s,t,  c)  be  a groupoid  in  functors  on  Ca-  Then  there 
is  a canonical  isomorphism  (U,  R,  s,  t,  c)a|ca  — (U,  R,  s,t,  c),  see  Remark  73.7.7 


On  the  other  hand,  let  {U,  R,  s,  t,  c)  be  a groupoid  in  functors  on  Ca  such  that 
U,  R : Ca  — > Sets  both  commute  with  limits,  e.g.  if  E7,  R are  representable.  Then 
there  is  a canonical  isomorphism  (([/,  R,  s,  t,  c)|ca)a  — ( U,R,s,t,c ).  This  follows 
from  Remarkl73.7.11l 


06KG  Lemma  73.20.4.  Let  (U,  R,  s,t,c)  be  a groupoid  in  functors  on  Ca- 

(1)  {U,  R,  s,  t,  c)  is  prorepresentable  if  and  only  if  its  completion  is  repre- 
sentable as  a groupoid  in  functors  on  Ca- 

(2)  {U,  R,  s,t,c)  is  prorepresentable  if  and  only  if  U and  R are  prorepre- 
sentable. 


Proof.  Part  (1)  follows  from  Remark  73.20.3  For  (2),  the  “only  if”  direction  is 
clear  from  the  definition  of  a prorepresentable  groupoid  in  functors.  Conversely, 
assume  U and  R are  prorepresentable,  say  U = Rq\ca  and  R = Ri\ca  for  objects 

Ro  and  R\  of  Ca-  Since  Rp  = i?o|cA  and  R±  = R\\cA  by  Remark  73.7.11  we  see  that 
the  completion  (U,  R,  s,t,  c)A  is  a groupoid  in  functors  of  the  form  (Rq,  Ri,'s,t,c). 
By  Lemma 


73.4.3 


the  pushout  Ri  x?  Bi  y Ri  exists.  Hence  (Rp,  Ri,  s,  t,c)  is  a 

representable  groupoid  in  functors  on  C a-  Finally,  the  restriction  (Rq,R1,  s,  t,  c)\cA 
gives  back  (U,R,s,t,c)  by  Remark  73.20.3  hence  (U,R,s,t,c)  is  prorepresentable 
by  definition.  □ 


73.21.  Smooth  groupoids  in  functors  on  the  base  category 

06KH  The  notion  of  smoothness  for  groupoids  in  functors  on  Ca  is  defined  as  follows. 

06KI  Definition  73.21.1.  Let  (U,R,s,t,c)  be  a groupoid  in  functors  on  Ca-  We  say 
(U,  R,  s,  t,  c)  is  smooth  if  s,t  : R U are  smooth. 

06KJ  Remark  73.21.2.  We  note  that  this  terminology  is  potentially  confusing:  if 
(U,  R,  s,t,c)  is  a smooth  groupoid  in  functors,  then  the  quotient  [U/R]  need  not 
be  a smooth  category  cofibred  in  groupoids  as  defined  in  Remark |73. 8. 9|  However 
smoothness  of  (U,  R,  s,  t,  c)  does  imply  (in  fact  is  equivalent  to)  smoothness  of  the 
quotient  morphism  U — > [U/R]  as  we  shall  see  in  Lemma 

06KK  Remark  73.21.3.  Let  (Rp,  Ri,  s,t,c)\cA  be  a prorepresentable  groupoid  in  func- 
tors on  Ca-  Then  (i?o,  i?i,  s,  t,  c)\cA  is  smooth  if  and  only  if  i?i  is  a power  series 
over  Rq  via  both  s and  t.  This  follows  from  Lemma  |73.8.6[ 

06KL  Lemma  73.21.4.  Let  (U,  R,  s,  t,  c)  be  a groupoid  in  functors  on  Ca-  The  following 
are  equivalent: 

(1)  The  groupoid  in  functors  (U,  R,  s,t,  c)  is  smooth. 


73.21.4 
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(2)  The  morphism  s : R . U is  smooth. 

(3)  The  morphism  t : R -A  U is  smooth. 

(4)  The  quotient  morphism  U — > [U /R\  is  smooth. 


Proof.  Statement  (2)  is  equivalent  to  (3)  since  the  inverse  i : R — > R of  (U,  R,  s , t,  c ) 
is  an  isomorphism  and  t = s o i.  By  definition  (1)  is  equivalent  to  (2)  and  (3) 
together,  hence  it  is  equivalent  to  either  of  them  individually. 


Finally  we  prove  (2)  is  equivalent  to  (4).  Unwinding  the  definitions: 

(2)  Smoothness  of  s : R — > U amounts  to  the  following  condition:  If  / : B — ► 
A is  a surjective  ring  map  in  Ca,  a £ R(A),  and  y £ U(B)  such  that 
s{a)  = U(f)(y),  then  there  exists  a'  £ R{B)  such  that  R(f)(a')  = a and 
s(a')  = y. 

(4)  Smoothness  of  U — > [U / R]  amounts  to  the  following  condition:  If  / : B — > 
A is  a surjective  ring  map  in  Ca  and  (/,  a)  : ( B , y ) — > (A,  x)  is  a morphism 
of  [U/R],  then  there  exists  x'  £ U(B ) and  b £ R(B)  with  s(b)  = x' , 
t(b)  = y such  that  c(a,R(f)(b))  = e(x).  Here  e : U — >•  R denotes  the 
identity  and  the  notation  (/,  a)  is  as  in  Remarks  73.5.  I®);  in  particular 
a £ R(A)  with  s(a)  = U(f)(y)  and  t(a)  = x. 

If  (4)  holds  and  /,  a,  y as  in  (2)  are  given,  let  x = t(a)  so  that  we  have  a morphism 
(/,  a)  : ( B,y ) — ► (A,  x).  Then  (4)  produces  x'  and  6,  and  a'  = i(b)  satisfies  the 
requirements  of  (2).  Conversely,  assume  (2)  holds  and  let  (/,  o)  : (B,y)  — » (A,  a;)  as 
in  (4)  be  given.  Then  (2)  produces  a'  £ R(B),  and  x'  = t(a')  and  b = i{a')  satisfy 
the  requirements  of  (4).  □ 


73.22.  Deformation  categories  as  quotients  of  groupoids  in  functors 


06KS  We  discuss  conditions  on  a groupoid  in  functors  on  Ca  which  guarantee  that  the 
quotient  is  a deformation  category,  and  we  calculate  the  tangent  and  infinitesimal 
automorphism  spaces  of  such  a quotient. 

06KT  Lemma  73.22.1.  Let  (U,  R1  s,t,  c)  be  a smooth  groupoid  in  functors  on  C\.  As- 
sume U and  R satisfy  (RS).  Then  \U/R]  satisfies  (RS). 


Proof.  Let 


(A2,  X2) 

1/2,02) 

(Ai,aq)  Uu  l}>  ( A,x ) 


Remarks  73.5.2 

Xi  £ U(Ai) 


be  a diagram  in  [U/R]  such  that  fo  : A2  — > A is  surjective.  The  notation  is  as  in 
Hence  fi  : Ai  — > A,  /2  : A2  — > A are  maps  in  Ca,  x £ U(A ), 
X2  £ U (A2),  and  ai,a 2 £ R{A)  with  s(ai)  = U{ff){x\),  t{a\)  = x and 
s(a2)  = U(f2)(x2),  t(a 2)  = x.  We  construct  a fiber  product  lying  over  A\  Xa  A2 
for  this  diagram  in  [U/R]  as  follows. 


Let  a = c(i(ai ),  a2),  where  i : R — > R is  the  inverse  morphism.  Then  a £ R(A),  X2  £ 
U(A2)  and  s(a)  = C/(/2)(a; 2).  Hence  an  element  (a,x 2)  £ R{A)  xs,U(A),U{f2)  U(A2). 
By  smoothness  of  s : R —>  U there  is  an  element  a £ i?(A2)  with  i?(/2)(a)  = a and 
s(a)  = X2-  In  particular  [/(/2)(t(a))  = t(a)  = U(fi)(xi).  Thus  x\  and  t(a)  define 
an  element 


(xi,t(a))  £ U(Ai)  x u(A)  U{A2). 
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By  the  assumption  that  U satisfies  (RS),  we  have  an  identification  U(A\)  *u(A) 
U(A2)  = U{A\  x a A2).  Let  us  denote  x\  x t(d)  £ U(Ai  x^  A2)  the  element 
corresponding  to  (xi,t(a))  £ U{Af)  x^j  U(A2).  Let  pi,p2  be  the  projections  of 
A\  xa  A2.  We  claim 


(• Ai  x^  A2,  xx  x t(a))  — - — > (^2,^2) 

(p  2, *(<»)) 


(pi,e(xi)) 

(Ai,aq) 


(/i>“i) 


1/2,02) 

(A,x) 


is  a fiber  square  in  [U/R].  (Note  e :U  R denotes  the  identity.) 

The  diagram  is  commutative  because  c{a2,R{f2){i(jd)))  = c(a2,i(a ))  = ai.  To 
check  it  is  a fiber  square,  let 


(B,z) 

(Si,6i 

(dli,  a,’i) 


(92,^2) 

(/i,“i) 


(A2,x2) 

1/2,02) 
=-  {A,x) 


be  a commutative  diagram  in  [U/R].  We  will  show  there  is  a unique  morphism 
(3,6)  : (B,z)  —>  (Ai  x a A2,Xi  x t(a))  compatible  with  the  morphisms  to  (Ai,a;i) 
and  (A2,x2).  We  must  take  g = (31,32)  : B — ► dli  x a A2.  Since  by  assumption 
R satisfies  (RS),  we  have  an  identification  R(A\  x^  A2)  = R(Ai)  xR(A)  R{A2). 
Hence  we  can  write  b = {b\ . b'2)  for  some  b[  £ R(A\),  b2  £ R{A2)  which  agree 
in  R(A).  Then  ((31, 32),  (&i,  b2))  : ( B,z ) — ► [A\  xa  A2,xi  x t(a))  will  commute 
with  the  projections  if  and  only  if  b[  = b±  and  b2  = c(a,b2 ) proving  unicity  and 
existence.  □ 


06KU  Lemma  73.22.2.  Let  (U,  R,  s,t,  c)  be  a smooth  groupoid  in  functors  on  C\.  j4s- 
sume  U and  R are  deformation  functors.  Then: 

(1)  The  quotient  [U/R]  is  a deformation  category. 

(2)  The  tangent  space  of  [U/R]  is 

T[U/R]  = Cokerfds  -dt\TR->  TU). 

(3)  Let  Xq  be  the  unique  object  of[U/R](k).  The  space  of  infinitesimal  auto- 
morphisms of  [U / R]  is 

InfX0([U/R])  = Ker(ds  ® dt  : TR  -A  TU  © TU). 


Proof.  Since  U and  R are  deformation  functors  [U/R]  is  a predeformation  category. 
Since  (RS)  holds  for  deformation  functors  by  definition  we  see  that  (RS)  holds  for 
[U/R]  by  Lemma  73.22.1  Hence  [U/R]  is  a deformation  category.  Statements  (2) 
and  (3)  follow  directly  from  the  definitions.  □ 


73.23.  Presentations  of  categories  cofibered  in  groupoids 

06KW  A presentation  is  defined  as  follows. 

06KX  Definition  73.23.1.  Let  T be  a category  cofibered  in  groupoids  over  a category  C. 
Let  ([/,  R1  s,  t , c)  be  a groupoid  in  functors  on  C.  A presentation  of  T by  (U,  R,  s,  t,  c) 
is  an  equivalence  <p  : [U/R]  — > T of  categories  cofibered  in  groupoids  over  C. 

The  following  two  general  lemmas  will  be  used  to  get  presentations. 
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06KY  Lemma  73.23.2.  Let  T be  category  cofibered  in  groupoids  over  a category  C.  Let 
U ; C — ^ Sets  be  a functor.  Let  f : U — ► J-  be  a morphism  of  categories  cofibered  in 
groupoids  overC.  Define  R,s,t,c  as  follows: 

(1)  R : C — > Sets  is  the  functor  U x f jr  j U. 

(2)  t,  s : R —>  U are  the  first  and  second  projections,  respectively. 

(3 ) c : R R — t R is  the  morphism  given  by  projection  onto  the  first 
and  last  factors  of  U x ftj?j  U x ftj?j  U under  the  canonical  isomorphism 
R Xs,u,t  R—>U  U U . 

Then  (U,  R,  s , t,  c ) is  a groupoid  in  functors  on  C. 

Proof.  Omitted.  □ 


06KZ 


Lemma  73.23.3.  Let  T be  category  cofibered  in  groupoids  over  a category  C.  Let 
U '.  C — ^ Sets  be  a functor.  Let  f : U -A  T be  a morphism  of  categories  cofibered  in 
groupoids  overC.  Let  (U,  R,  s,t,c)  be  the  groupoid  in  functors  onC  constructed  from 
f : U —¥  T in  Lemma  73.23.2  Then  there  is  a natural  morphism  [/]  : [U/R]  —¥  T 
such  that: 


(1)  [/]  : [U/R]  — )•  T is  fully  faithful. 

(2)  [/]  : [U/R]  — > J-  is  an  equivalence  if  and  only  if  f : U — »•  T is  essentially 
surjective. 


Proof.  Omitted. 


□ 


73.24.  Presentations  of  deformation  categories 

06L0  According  to  the  next  lemma,  a smooth  morphism  from  a predeformation  functor  to 
a predeformation  category  T gives  rise  to  a presentation  of  J7  by  a smooth  groupoid 
in  functors. 


06L1 


Lemma  73.24.1.  Let  J-  be  a category  cofibered  in  groupoids  over  C\.  Let  U : 
Ca  — > Sets  be  a functor.  Let  f : U — >■  T be  a smooth  morphism  of  categories 
cofibered  in  groupoids.  Then: 


(1)  If  ([/,  R,  s,  t,  c ) is  the  groupoid  in  functors  on  Ca  constructed  from  f : U - 
T in  Lemma  73.23.2\  then  (£/,  R,  s,  t,  c)  is  smooth. 

(2)  If  f : U{k)  —>  IF(k)  is  essentially  surjective,  then  the  morphism  [/] 
[U/R]  — > T of  Lemma  73.23.3  is  an  equivalence. 


Proof.  From  the  construction  of  Lemma  73.23.2  we  have  a commutative  diagram 


R = U x f^j  U U 


t 

U 


f 


f 

Y 

■s-  T 


where  t,  s are  the  first  and  second  projections.  So  t,  s are  smooth  by  Lemma|73.8.7| 
Hence  (1)  holds. 


If  the  assumption  of  (2)  holds,  then  by  Lemma  73.8.8  the  morphism  / : U — » J-  is 
essentially  surjective.  Hence  by  Lemma  73.23.3  the  morphism  [/]  : [U/R]  — t T is 
an  equivalence.  □ 
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06L6 


Lemma  73.24.2.  Let  F be  a deformation  category.  Let  U : Ca  —A  Sets  be  a 
deformation  functor.  Let  f : U —A  F be  a morphism  of  categories  cofibered  in 
groupoids.  Let  uq  be  the  unique  element  ofU(k).  Then  U x f,pjU  is  a deformation 
functor  with  tangent  space  fitting  into  an  exact  sequence  of  k-vector  spaces 

0 -A  Inftu,AT)  -»•  T(U  x f>r>f  U)  -A  TU  © TU 


□ 


06L7 


Mf(u  o)(A 

Proof.  Follows  from  Lemma [73. 18. 14  and  the  fact  that  Inf„0(f7)  = (0). 

Lemma  73.24.3.  Let  J7  be  a deformation  category.  Let  U : Ca  —A  Sets  be  a 
prorepresentable  functor.  Let  f : U —A  F be  a morphism  of  categories  cofibered 
in  groupoids.  Let  (U1 R,  s,t,  c)  be  the  groupoid  in  functors  on  Ca  constructed  from 
f : U —A  F in  Lemma  73.23.2  Assume  dim^  InfXo(F ) is  finite  for  xq  £ Ob(F(k)). 


Then  (U,  R , s,  t,  c)  is  prorepresentable. 


Proof.  Note  that  U is  a deformation  functor  by  Example  73.15.10  By  Lemma 


73.24.2  we  see  that  R = U x /.„f,/  U is  a deformation  functor  whose  tangent 
space  TR  = T(U  U)  sits  in  an  exact  sequence  0 -A  InfXo  (J7)  — A TR  — A 

TU  ® TU.  Since  we  have  assumed  the  first  space  has  finite  dimension  and  since 
TU  has  finite  dimension  by  Example  73.10.11  we  see  that  dirnTl?  < oo.  The 
map  7 : Der\(k,k)  -4  TR  see  (73.11.6.1)  is  injective  because  its  composition  with 
TR  — >•  TU  is  injective  by  Theorem  73.17.2  for  the  prorepresentable  functor  U. 
Thus  R is  prorepresentable  by  Theorem  73.17.2|  It  follows  from  Lemma  |73.20.4| 
that  {U,  R , s,  t,  c ) is  prorepresentable.  □ 

06L8  Theorem  73.24.4.  Let  J7  be  a category  cofibered  in  groupoids  over  C a-  Then  J7 
admits  a presentation  by  a smooth  prorepresentable  groupoid  in  functors  on  Ca  if 
and  only  if  the  following  conditions  hold: 

(1)  F is  a deformation  category. 

(2)  dimfe  TJ7  is  finite. 

(3)  dim/j  InfXQ{F)  is  finite  for  some  Xq  £ Ob (F(k)). 

Proof.  Recall  that  a prorepresentable  functor  is  a deformation  functor,  see  Ex- 


ample 73.15.10  Thus  if  T is  equivalent  to  a smooth  prorepresentable  groupoid  in 


functors,  then  conditions  (1),  (2),  and  (3)  follow  from  Lemma  73.22.2  (1),  (2),  and 
(3). 

Conversely,  assume  conditions  (1),  (2),  and  (3)  hold.  Condition  (1)  implies  that 


(SI)  and  (S2)  are  satisfied,  see  Lemma  73.15.6 
versal  formal  object  f.  Setting  U = R\c 


By  Lemma  73.12.4  there  exists  a 
T is  smooth 


the  associated  map  f:U 
(this  is  the  definition  of  a versal  formal  object).  Let  (U,  R,  s,  t,  c)  be  the  groupoid 
in  functors  constructed  in  Lemma  73.23.2  from  the  map  f.  By  Lemma  73.24.1  we 
see  that  (U,R,s,t,c)  is  a smooth  groupoid  in  functors  and  that  [ U/R } — >•  F is  an 
equivalence.  By  Lemma  73.24.3  we  see  that  (17,  R,  s,  t,  c)  is  prorepresentable.  Hence 
[U /R\  — A J7  is  the  desired  presentation  of  F.  □ 

73.25.  Remarks  regarding  minimality 


06TD  The  main  theorem  of  this  chapter  is  Theorem  73.24.4  above.  It  describes  com- 


pletely those  categories  cofibred  in  groupoids  over  Ca  which  have  a presentation  by 
a smooth  prorepresentable  groupoid  in  functors.  In  this  section  we  briefly  discuss 
how  the  minimality  discussed  in  Sections  |73.13|  and  |73.14|  can  be  used  to  obtain  a 
“minimal”  smooth  prorepresentable  presentation. 
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06KM  Definition  73.25.1.  Let  ( U,R,s,t,c ) be  a smooth  prorepresentable  groupoid  in 
functors  on  Ca- 

(1)  We  say  (U,R,s,t,c)  is  normalized  if  the  groupoid  (U(k[e]),R(k[e]),s,t,c)  is 
totally  disconnected,  i.e.,  there  are  no  morphisms  between  distinct  objects. 

(2)  We  say  (U,  R,  s,  t,  c)  is  minimal  if  the  [/->[[/ / R]  is  given  by  a minimal 
versal  formal  object  of  [U/R]. 


The  difference  between  the  two  notions  is  related  to  the  difference  between  condi- 
tions (73.14.0.11  and  (73.14.0.2)  and  disappears  when  k!  C k is  separable.  Also  a 
normalized  smooth  prorepresentable  groupoid  in  functors  is  minimal  as  the  follow- 
ing lemma  shows.  Here  is  a precise  statement. 


06KN  Lemma  73.25.2.  Let  ( U , R,  s,  t , c)  be  a smooth  prorepresentable  groupoid  in  func- 
tors on  C\ . 

(1)  (U,  R , s,  t , c)  is  normalized  if  and  only  if  the  morphism  U -A  [U/R]  induces 
an  isomorphism  on  tangent  spaces,  and 

(2)  ( U,R,s,t,c ) is  minimal  if  and  only  if  the  kernel  of  TU  -A  T[U/R]  is 
contained  in  the  image  of  Der\(k,  k)  -A  TU . 


Proof.  Part  (1)  follows  immediately  from  the  definitions.  To  see  part  (2)  set  T = 
[U /R] . Since  T has  a presentation  it  is  a deformation  category,  see  Theorem  73.24.4 
In  particular  it  satisfies  (RS),  (SI),  and  (S2),  see  Lemma  73.15.6  Recall  that 


minimal  versal  formal  objects  are  unique  up  to  isomorphism,  see  Lemma  |73.13.5| 
By  Theorem  73.14.5  a minimal  versal  object  induces  a map  £ : R\cA  -A  T satisfying 
(73.14.0.2).  Since  U = R\cA  over  T we  see  that  TU  -A  TT  = T[U/R]  satisfies  the 
property  as  stated  in  the  lemma.  □ 


The  quotient  of  a minimal  prorepresentable  groupoid  in  functors  on  Ca  does  not 
admit  autoequivalences  which  are  not  automorphisms.  To  prove  this,  we  first  note 
the  following  lemma. 

06KP  Lemma  73.25.3.  Let  U : Ca  -a  Sets  be  a prorepresentable  functor.  Let  p : U — > 
U be  a morphism  such  that  dp  : TU  — > TU  is  an  isomorphism.  Then  p is  an 
isomorphism. 


Proof.  If  U = R\ca  for  some  R G Ob(CA),  then  completing  p gives  a morphism 
R -A  R.  If  / : R — > R is  the  corresponding  morphism  in  Ca,  then  / induces  an 
isomorphism  DerA (R,k)  -A  DerA (R,k),  see  Example  73.10.14  In  particular  / is  a 
surjection  by  Lemma|73.4.6[  As  a surjective  endomorphism  of  a Noetherian  ring  is 
an  isomorphism  (see  Algebra,  Lemma  10.30.8)  we  conclude  /,  hence  R — ► R,  hence 
p : U -A  U is  an  isomorphism.  □ 


06KQ  Lemma  73.25.4.  Let  ( U , R , s,  t,  c)  be  a minimal  smooth  prorepresentable  groupoid 
in  functors  on  C\ . If  p : [U/R]  -A  [U/R]  is  an  equivalence  of  categories  cofibered  in 
groupoids,  then  p is  an  isomorphism. 

Proof.  A morphism  p : [U/R]  -A  [U/R]  is  the  same  thing  as  a morphism  p : 
(U,  R,  s,  t,  c)  -A  (U,  R , s,  t,  c)  of  groupoids  in  functors  over  Ca  as  defined  in  Definition 
|73.19.1|  Denote  (f>  : U -A  U and  if  : R -A  R the  corresponding  morphisms.  Because 
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06KR 


the  diagram 


DerA(fc,  k) 


is  commutative,  since  dp  is  bijective,  and  since  we  have  the  characterization  of 
minimality  in  Lemma  73.25.2  we  conclude  that  d(j>  is  injective  (hence  bijective  by 
dimension  reasons).  Thus  cj>  : U — >•  U is  an  isomorphism  by  Lemma [73.25.3  We 
can  use  a similar  argument,  using  the  exact  sequence 


0 ->  Inf X0([U/R])  -¥  TR  -a  TU  © TU 


of  Lemma  73.24.2  to  prove  that  : R R is  an  isomorphism.  But  is  also  a 
consequence  of  the  fact  that  R = Ux[u/r]U  and  that  p and  <p  are  isomorphisms.  □ 


Lemma  73.25.5.  Let  (U,  R,  s,  t,  c)  and  [U' , R' , s' , t1  ,c')  be  minimal  smooth  prorep- 
resentable  groupoids  in  functors  on  C\.  If  <p  : [U/R]  [U'/R'\  is  an  equivalence  of 

categories  cofibered  in  groupoids,  then  p is  an  isomorphism. 


Proof.  Let  ip  : [U'/R']  — > [U/R]  be  a quasi-inverse  to  p.  Then  ipop  and  poip  are 
isomorphisms  by  Lemma |73.25.4|  hence  p and  ip  are  isomorphisms.  □ 


The  following  lemma  summarizes  some  of  the  things  we  have  seen  earlier  in  this 
chapter. 


06L2 


Lemma  73.25.6.  Let  F be  a deformation  category  such  that  dim*,  TF  < oo 
and  dim k InfXo(F)  < oo  for  some  Xq  £ Ob(Jr(fc)).  Then  there  exists  a minimal 


versal  formal  object  f of  J7.  Say  £ lies  over  R € Ob(CA).  Let  U = i?|cA-  Let 
f = f : U —>  IF  be  the  associated  morphism.  Let  (U,  R , s,  t,  c)  be  the  groupoid  in 
functors  on  Ca  constructed  from  f : U — ► IF  in  Lemma\73.23.2.  Then  (U,  R,  s,  t,  c) 
is  a minimal  smooth  prorepresentable  groupoid  in  functors  on  C\  and  there  is  an 
equivalence  [U /R]  — ► J- . 


Proof.  As  J7  is  a deformation  category  it  satisfies  (SI)  and  (S2),  see  Lemma 


73.15.6  By  Lemma  73.12.4  there  exists  a versal  formal  object.  By  Lemma  73.13.5 


there  exists  a minimal  versal  formal  object  £/i?  as  in  the  statement  of  the  lemma. 
Setting  U = R\cA  the  associated  map  £ :[/—»•  F is  smooth  (this  is  the  definition  of 
a versal  formal  object).  Let  ( U,R,s,t,c ) be  the  groupoid  in  functors  constructed 

we  see  that  (U,  R,  s,  t,  c)  is 


in  Lemma  73.23.2  from  the  map  f.  By  Lemma 
a smooth  groupoid  in  functors  and  that  [U/R] 


73.24.1 

-A  J7  is  an  equivalence.  By  Lemma 
73.24.3  we  see  that  ( U,R,s,t,c ) is  prorepresentable.  Finally,  ( U,R,s,t,c ) is  min- 
[U / R\  = F corresponds  to  the  minimal  versal  formal  object 

□ 


imal  because  U 

c 


Presentations  by  minimal  prorepresentable  groupoids  in  functors  satisfy  the  follow- 
ing uniqueness  property. 

06L3  Lemma  73.25.7.  Let  F be  category  cofibered  in  groupoids  over  Ca-  Assume 
there  exist  presentations  of  F by  minimal  smooth  prorepresentable  groupoids  in 
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functors  ( U , R,  s,  t,  c)  and  (U',  R' , s' , t',  d).  Then  ( U , R,  s,  t,  c)  and  (U',  R' , s',  t' , d) 
are  isomorphic. 


Proof.  Follows  from  Lemma  73.25.5  and  the  observation  that  a morphism  [U/R]  — ► 
[If  / R']  is  the  same  thing  as  a morphism  of  groupoids  in  functors  (by  our  explicit 
construction  of  [U/R]  in  Definition  73.19.9 1.  □ 


In  summary  we  have  proved  the  following  theorem. 

06TE  Theorem  73.25.8.  Let  T be  a category  cofibered  in  groupoids  over  C a-  Consider 
the  following  conditions 

(1)  T admits  a presentation  by  a normalized  smooth  prorepresentable  groupoid 
in  functors  on  Ca, 

(2)  J-  admits  a presentation  by  a smooth  prorepresentable  groupoid  in  functors 
on  C\, 

(3)  J-  admits  a presentation  by  a minimal  smooth  prorepresentable  groupoid 
in  functors  on  Ca,  and 

(4)  T satisfies  the  following  conditions 

(a)  T is  a deformation  category. 

(b)  dinifcTJ7  is  finite. 

(c)  dim*,  Infx  (J7 ) is  finite  for  some  xq  £ Ob (T(k)). 

Then  (2),  (3),  (f)  are  equivalent  and  are  implied  by  (1).  If  k'  C k is  separable, 
then  (1),  (2),  (3),  (f)  are  all  equivalent.  Furthermore,  the  minimal  smooth  prorep- 
resentable groupoids  in  functors  which  provide  a presentation  of  J-  are  unique  up 
to  isomorphism. 


Proof.  We  see  that  (1)  implies  (3)  and  is  equivalent  to  (3)  if  k'  C k is  separable 
from  Lemma  73.25.2  It  is  clear  that  (3)  implies  (2).  We  see  that  (2)  implies  (4)  by 
Theorem  73.24.4  We  see  that  (4)  implies  (3)  by  Lemma  73.25.6  This  proves  all 


the  implications.  The  final  uniqueness  statement  follows  from  Lemma |73. 25. 7|  □ 


73.26.  Change  of  residue  field 

07W7  In  this  section  we  quickly  discuss  what  happens  if  we  replace  the  residue  field  k by 
a finite  extension.  Let  A be  a Noetherian  ring  and  let  A — >■  k be  a finite  ring  map 
where  A:  is  a field.  Throughout  this  whole  chapter  we  have  used  Ca  to  denote  the 
category  of  Artinian  local  A-algebras  whose  residue  field  is  identified  with  k,  see 
Definition |73. 3.1)  However,  since  in  this  section  we  will  discuss  what  happen  when 
we  change  k we  will  instead  use  the  notation  Ca,*  to  indicate  the  dependence  on  k. 

07W8  Situation  73.26.1.  Let  A be  a Noetherian  ring  and  let  A — > k — > l be  a finite 
ring  maps  where  k and  l are  fields.  Thus  k C l is  a finite  extensions  of  fields.  A 
typical  object  of  Ca,;  will  be  denoted  B and  a typical  object  of  Ca,*,  will  be  denoted 
A.  We  define 

07W9  (73.26.1.1)  CA,i  — > CA,k,  B i — > B X;  k 

Given  a category  cofibred  in  groupoids  p : T — > Ca,*;  we  obtain  an  associated 
category  cofibred  in  groupoids 

Pi/k  ■ Fi/k  — t Ca,i 
by  setting  Fi/k(B)  = T(B  X;  k). 
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The  functor  (73.26.1.11  makes  sense:  because  B Xik  C B we  have 
[k  : k']  lengthSXife(B  x*  k)  = lengthA(S  x*  k) 

< lengthA(S) 

= [l  : k']  lengthB(i?)  < oo 


(see  Lemma  73.3.4)  hence  B Xj  k is  Artinian  (see  Algebra,  Lemma  10.52.6).  Thus 
B X;  k is  an  Artinian  local  ring  with  residue  field  k.  Note  that  ( 73.26.1.1 ) commutes 
with  fibre  products 

{Bi  xB  B2)  x i k = (B1  x i k ) X(Bxik)  ( B2  k) 

and  transforms  surjective  ring  maps  into  surjective  ring  maps.  We  use  the  “expen- 


sive” notation  J~i/k  to  prevent  confusion  with  the  construction  of  Remark  73.6.4 
Here  are  some  elementary  observations. 


Lemma  73.26.2.  With  notation  and  assumptions  as  in  Situation 


73.26.1 


(1)  We  have  Tl/k  = {T)i/k. 

(2)  If  T is  a predeformation  category,  thenJ-i/k  is  a predeformation  category. 

(3)  If  T satisfies  (SI),  then  tFuk  satisfies  (SI). 

(4)  If  T satisfies  (S2),  then  JFi/k  satisfies  (S2). 

(5)  If  IF  satisfies  (RS),  then  Ti/k  satisfies  (RS). 

Proof.  Part  (1)  is  immediate  from  the  definitions. 


Since  Ti/k{l)  = JF(k)  part  (2)  follows  from  the  definition,  see  Definition  73.6.2 


Part  (3)  follows  as  the  functor  (|73. 26.1.1 ) commutes  with  fibre  products  and  trans- 
forms surjective  maps  into  surjective  maps,  see  Definition |73.9.l| 

Part  (4).  To  see  this  consider  a diagram 


B 


l 


in  C\  i as  in  Definition 


73.9.1 


Applying  the  functor  (73.26.1.1)  we  obtain 
k[le] 


B x i k s-  k 


where  le  denotes  the  finite  dimensional  k- vector  space  le  C Z[e] . According  to 


Lemma  73.9.4  the  condition  of  (S2)  for  T also  holds  for  this  diagram.  Hence  (S2) 


holds  for  Bi/k. 


Part  (5)  follows  from  the  characterization  of  (RS)  in  Lemma  73.15.4  part  (2)  and 
the  fact  that  (73.26.1.1)  commutes  with  fibre  products.  □ 


The  following  lemma  applies  in  particular  when  T satisfies  (S2)  and  is  a predefor- 
mation category,  see  Lemma  [73. 9.5| 
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Lemma  73.26.3.  With  notation  and  assumptions  as  in  Situation  73.26.1  Assume 


F is  a predeformation  category  and  F satisfies  (S2).  Then  there  is  a canonical  l- 
vector  space  isomorphism 

TF  l — » TF/k 

of  tangent  spaces. 


Proof.  By  Lemma  73.26.2  we  may  replace  F by  F . Moreover  we  see  that  TF, 
resp.  TFi/k  has  a canonical  k- vector  space  structure,  resp.  /-vector  space  structure, 
see  Lemmar73.11.2l  Then 

TFl/k  = Fl/k(l[e\)  = F(k[le})  = TF ®k  l 

the  last  equality  by  Lemma  |73.11.2|  More  generally,  given  a finite  dimensional 
/-vector  space  V we  have 

Fi/k(l[V])  = F(k[Vk ])  = TF®k  Vk 

where  Vk  denotes  V seen  as  a fc-vector  space.  We  conclude  that  the  functors 
V 1-4  Fi/k{l\y\)  and  V ^ TF  ®kVk  are  canonically  identified  as  functors  to  the 
category  of  sets.  By  Lemma [73. 10. 4|  we  see  there  is  at  most  one  way  to  turn  either 
functor  into  an  /-linear  functor.  Hence  the  isomorphisms  are  compatible  with  the 
/-vector  space  structures  and  we  win.  □ 


Lemma  73.26.4.  With  notation  and  assumptions  as  in  Situation  73.26.1  Assume 
F is  a deformation  category.  Let  Xq  £ Ob (F(k))  and  denote  Xi. 0 the  corresponding 
object  of  Fi/k  overl.  Then  there  is  a canonical  l-vector  space  isomorphism 

InfX0(F)  ®k  l — » InfXl  o(Fl/k) 

of  infinitesimal  automorphism  spaces. 

Proof.  Recall  that  the  vector  space  structure  on  InfXo  (F)  comes  from  identifying 
it  with  the  tangent  space  of  the  functor  Aut(i to)  which  is  defined  on  the  category 
Ck,k  of  Artinian  local  /c-algebras  with  residue  field  k.  Similarly,  InRj  0{Fi/k)  is  the 
tangent  space  of  Aut(xi: 0)  which  is  defined  on  the  category  Cu  of  Artinian  local 
/-algebras  with  residue  field  l.  Unwinding  the  definitions  we  see  that  Aut(xifi)  is 
the  restriction  of  Aut(xo)i/k  (which  lives  on  Ck,i)  to  Cij.  Since  there  is  no  difference 
between  the  tangent  space  of  Aut(xo)i/k  seen  as  a functor  on  Ckj  or  Cpi,  the  lemma 
follows  from  Lemma  [73.26. 3|  and  the  fact  that  Aut(xo)  satisfies  (RS)  by  Lemma 
73.18.6  (whence  we  have  (S2)  by  Lemma [73.15. 6|).  □ 

Lemma  73.26.5. 

F - 
T~ijk 


73.26.1 


With  notation  and  assumptions  as  in  Situation 
Q is  a smooth  morphism  of  categories  cofibred  in  groupoids  over  C\tk, 

- Qi/k  is  a smooth  morphism  of  categories  cofibred  in  groupoids  overC\j. 


If 
then 


Proof.  This  follows  immediately  from  the  definitions  and  the  fact  that  (73.26.1.1) 
preserves  surjections.  □ 

There  are  many  more  things  you  can  say  about  the  relationship  between  F and 
Fi /k  (in  particular  about  the  relationship  between  versal  deformations)  and  we  will 
add  these  here  as  needed. 
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CHAPTER  74 


Deformation  Theory 


08KW 


74.1.  Introduction 

08KX  The  goal  of  this  chapter  is  to  give  a (relatively)  gentle  introduction  to  deformation 
theory  of  modules,  morphisms,  etc.  In  this  chapter  we  deal  with  those  results  that 
can  be  proven  using  the  naive  cotangent  complex.  In  the  chapter  on  the  cotangent 
complex  we  will  extend  these  results  a little  bit.  The  advanced  reader  may  wish  to 
consult  the  treatise  by  Illusie  on  this  subject,  see  |Ul72l. 


74.2.  Deformations  of  rings  and  the  naive  cotangent  complex 

08S3  In  this  section  we  use  the  naive  cotangent  complex  to  do  a little  bit  of  deformation 
theory.  We  start  with  a surjective  ring  map  A!  — >•  A whose  kernel  is  an  ideal  I of 
square  zero.  Moreover  we  assume  given  a ring  map  A — > B,  a R-module  N,  and 
an  A-module  map  c : / — * N.  In  this  section  we  ask  ourselves  whether  we  can  find 
the  question  mark  fitting  into  the  following  diagram 


0 ^7 

7 

3-  B 

08S4  (74.2.0.1) 

0 ^ 

r 

1' A 

and  moreover  how  unique  the  solution  is  (if  it  exists).  More  precisely,  we  look  for 
a surjection  of  A'-algebras  B'  — >•  B whose  kernel  is  identified  with  N such  that 
A!  — > B'  induces  the  given  map  c.  We  will  say  B'  is  a solution  to  (74.2.0.11. 


08S5  Lemma  74.2.1.  Given  a commutative  diagram 


0 >■  N2 *-  B'2 >-  B2 


0 

0 


with  front  and  back  solutions  to  (7 4-2. 0.1)  we  have 
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(1)  There  exist  a canonical  element  in  Ext/Bl(NLBl/Al,  N2)  whose  vanishing 
is  a necessary  and  sufficient  condition  for  the  existence  of  a ring  map 
B[  — > B2  fitting  into  the  diagram. 

(2)  If  there  exists  a map  B[  B'2  fitting  into  the  diagram  the  set  of  all  such 
maps  is  a principal  homogeneous  space  under  HomBl(ClBl/A1,N2). 


Proof.  Let  E = B\  viewed  as  a set.  Consider  the  surjection  Ai[E]  — > B\  with 
kernel  J used  to  define  the  naive  cotangent  complex  by  the  formula 


in  Algebra,  Section 


NLb  1/A1  = (J/J“  — > ^Ai[E]/Ai  ®Ai[£]  B\) 

Since  ^Ia1[e]/a1  ® -Bi  is  a free  B\  -module  we  have 
HomSl(J/J2,  iV2) 


10.132 


Ext  1Bi{NLBl/AllN2)  = 


Homs,  ^B1,N2) 


We  will  construct  an  obstruction  in  the  module  on  the  right.  Let  J'  = Ker(A'1  [E]  -A 
B\).  Note  that  there  is  a surjection  J'  -A  J whose  kernel  is  I\Ai[E\.  For  every 
e £ E denote  xe  £ A\[E]  the  corresponding  variable.  Choose  a lift  ye  £ B[  of 
the  image  of  xe  in  B\  and  a lift  ze  £ B2  of  the  image  of  xe  in  B 2.  These  choices 
determine  A^-algebra  maps 


A[[E\  ->  B[  and  Aj  [E]  -a  B2 


The  first  of  these  gives  a map  J'  — > Ni,  /'  1 — f'{ye)  and  the  second  gives  a map 
J'  -A  N2,  f i-a  f'(ze).  A calculation  shows  that  these  maps  annihilate  (J')2. 
Because  the  left  square  of  the  diagram  (involving  c\  and  c2 ) commutes  we  see  that 
these  maps  agree  on  IiAffiE]  as  maps  into  N2.  Observe  that  B[  is  the  pushout 
of  J'  — > A[[Bi]  and  J'  — > N\.  Thus,  if  the  maps  J'  — >■  Ni  — >■  N2  and  J'  — >■  N2 

agree,  then  we  obtain  a map  B[  — > B2  fitting  into  the  diagram.  Thus  we  let  the 
obstruction  be  the  class  of  the  map 

J/J2  ->  N2,  f f\Ze)  - ffif\ye)) 


where  v : N-[  -a  N2  is  the  given  map  and  where  /'  £ J'  is  a lift  of  /.  This  is 
well  defined  by  our  remarks  above.  Note  that  we  have  the  freedom  to  modify  our 
choices  of  ze  into  ze  + S2,e  and  ye  into  ye  + 8i<e  for  some  Si^e  £ W-  This  will  modify 
the  map  above  into 

/ f\ze  + S2ie)  - v(f\ye  + <5i,e))  = f'ffie)  ~ ^(/'(-e))  + ^2^2, e ~ ^Re)) 

This  means  exactly  that  we  are  modifying  the  map  J/J2  -A  N2  by  the  composition 
J/J2  -A  [e]/A\  ® B\  — > N2  where  the  second  map  sends  dxe  to  82, & — p(<5i,e). 
Thus  our  obstruction  is  well  defined  and  is  zero  if  and  only  if  a lift  exists. 


Part  (2)  comes  from  the  observation  that  given  two  maps  ip,  if  : B[  — ► B2  fitting 
into  the  diagram,  then  ip  — ip  factors  through  a map  D : Bi  -A  N2  which  is  an 
A^-derivation: 


D{fg)  = v(f'g')  - ip(f'g') 

= <p(f)<p(g')  - '0(/')V’(5) 

= M/')  ^ '0(/')Mj')  + W){v{g')  - fp{g)) 

= gD{f)  + fD{g) 
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Thus  D corresponds  to  a unique  f?i-linear  map  HBi/a1  — ► N%.  Conversely,  given 
such  a linear  map  we  get  a derivation  D and  given  a ring  map  if  : B[  — ► B2  fitting 
into  the  diagram  the  map  if  + D is  another  ring  map  fitting  into  the  diagram.  □ 


The  naive  cotangent  complex  isn’t  good  enough  to  contain  all  information  regarding 
obstructions  to  finding  solutions  to  (74.2.0.11.  However,  if  the  ring  map  is  a local 
complete  intersection,  then  the  obstruction  vanishes.  This  is  a kind  of  lifting  result; 
observe  that  for  syntomic  ring  maps  we  have  proved  a rather  strong  lifting  result 


in  Smoothing  Ring  Maps,  Proposition  16.4.2 


08S6  Lemma  74.2.2.  If  A —>  B is  a local  complete  intersection  ring  map,  then  there 
exists  a solution  to  {74-2.0. i). 

Proof.  Write  B = A[x\, . . . ,xn]/J.  Let  J'  C A'[x\, . . . , xn\  be  the  inverse  im- 
age of  J.  Denote  I[x  1, . . . , xn]  the  kernel  of  A'[x  1, . . . , xn]  -A  A[x±, . . . , xn].  By 
More  on  Algebra,  Lemma  15.24. 5|we  have  I[x\, ... , xn\  C ( J ')2  = J'I[x  1, . . . , xn]  = 
JI[x  1, . . . , xn\.  Hence  we  obtain  a short  exact  sequence 

0 I <g)A  B J' /( J')2  -a  J/J 2 -A  0 

Since  J/J2  is  projective  (More  on  Algebra,  Lemma  15.24.3 1 we  can  choose  a split- 
ting of  this  sequence 

J'/(  J')2  = I B ® J/J2 

Let  (J')2  C J"  C J'  be  the  elements  which  map  to  the  second  summand  in  the 
decomposition  above.  Then 

I <S>a  B -a  A![x  1, . . . , xn]/J"  aBa  0 


0 


is  a solution  to  (74.2.0.1 ) with  N = I B.  The  general  case  is  obtained  by  doing 
a pushout  along  the  given  map  / (gu  B -A  N. 


□ 


08S7  Lemma  74.2.3.  If  there  exists  a solution  to  (74-2.0.1),  then  the  set  of  isomor- 


phism classes  of  solutions  is  principal  homogeneous  under  Ext(B(NLB/A,N). 

Proof.  We  observe  right  away  that  given  two  solutions  B[  and  B'2  to  (|74. 2.0.1 ) we 
obtain  by  Lemma 


74.2.1 


an  obstruction  element  o(B'1,B'2)  G ExtB(NLB/A,N)  to 
the  existence  of  a map  B(  -A  B2.  Clearly,  this  element  is  the  obstruction  to  the 
existence  of  an  isomorphism,  hence  separates  the  isomorphism  classes.  To  finish 
the  proof  it  therefore  suffices  to  show  that  given  a solution  B'  and  an  element 
^ G F,xtB(NLB/A,  N)  we  can  find  a second  solution  £?/  such  that  o(B\B()  = f. 

Let  E = B viewed  as  a set.  Consider  the  surjection  A[E\  -A  B with  kernel  J used 
to  define  the  naive  cotangent  complex  by  the  formula 

NLb/a  = (j / j"  — t ^A\E\/A  ®A[E]  B ) 

in  Algebra,  Section  10.132  Since  SIA[e]/a  ® B is  a free  R-module  we  have 


Extg  (NLb/a,  N)  = 


Horn B(J/ J2 , N) 


Bom.B(VLA[EyA  <g>  B,N) 
Thus  we  may  represent  £ as  the  class  of  a morphism  S : J/J2  — > 


N. 


For  every  e G E denote  xe  G A[E\  the  corresponding  variable.  Choose  a lift  ye  G B1 
of  the  image  of  xe  in  B.  These  choices  determine  an  A'-algebra  map  tp  : A'[E ] -A  B' . 
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Let  J'  = Ker(A'[f7]  — > B).  Observe  that  ip  induces  a map  ip\j>  : J' 
B'  is  the  pushout,  as  in  the  following  diagram 


N and  that 


0 


■ N ■ 


B' 


B 


0 


¥>L 


0 


J' 

— 5-  A' 

E}  — 

B 

0 


Let  ijj  : J'  N be  the  sum  of  the  map  tp\ j/  and  the  composition 

J'  ->  J7(J')2  J/J 2 4 N. 

Then  the  pushout  along  ^ is  an  other  ring  extension  B £ fitting  into  a diagram  as 
above.  A calculation  shows  that  o(B’,B £)  = £ as  desired.  □ 

08S8  Lemma  74.2.4.  Let  A be  a ring  and  let  I be  an  A-module. 

(1)  The  set  of  extensions  of  rings  0— ► J — »•  A!  -A  A — >■  0 where  I is  an  ideal 
of  square  zero  is  canonically  bijective  to  ExtrA{NLA/z,I)- 

(2)  Given  a ring  map  A B , a B -module  N , an  A-module  map  c : I — » N, 
and  given  extensions  of  rings  with  square  zero  kernels: 

(a)  0 — ► / — > A!  — > A — ► 0 corresponding  to  a £ ExrA{NLA/z,I),  and 

(b)  0 — ^ N — ^ B'  — y B — y 0 corresponding  to  f3  € ExtiB(NLB  /z,  N) 

then  there  is  a map  A'  — > B'  fitting  into  a diagram  \1 f .2.0.1 ) if  and  only 
if  (3  and  a map  to  the  same  element  of  Ext\(NLA/z,  N). 


Proof.  To  prove  this  we  apply  the  previous  results  where  we  work  over  O-^O—)- 
Z — >•  Z — > 0,  in  order  words,  we  work  over  the  extension  of  Z by  0.  Part  (1)  follows 
from  Lemma  74.2.3  and  the  fact  that  there  exists  a solution,  namely  I © A. 


Part 


(2)  follows  from  Lemma  74.2.1  and  a compatibility  between  the  constructions  in 
the  proofs  of  Lemmas  |74. 2.3  and  1 74 . 2TT|  whose  statement  and  proof  we  omit.  □ 


74.3.  Thickenings  of  ringed  spaces 

08KY  In  the  following  few  sections  we  will  use  the  following  notions: 

(1)  A sheaf  of  ideals  Z C Ox>  on  a ringed  space  (X' . Ox')  is  locally  nilpotent 
if  any  local  section  of  Z is  locally  nilpotent.  Compare  with  Algebra,  Item 

m 

(2)  A thickening  of  ringed  spaces  is  a morphism  i : (X,  Ox)  — > (A ,Ox')  of 
ringed  spaces  such  that 

(a)  i induces  a homeomorphism  X — > X' , 

(b)  the  map  i ^ : Ox1  — > i*Ox  is  surjective,  and 

(c)  the  kernel  of  if  is  a locally  nilpotent  sheaf  of  ideals. 

(3)  A first  order  thickening  of  ringed  spaces  is  a thickening  i : (X,Ox)  — t 
(X',Ox’)  of  ringed  spaces  such  that  Kei^?'1*)  has  square  zero. 

(4)  It  is  clear  how  to  define  morphisms  of  thickenings , morphisms  of  thicken- 
ings over  a base  ringed  space,  etc. 

If  i : (X,Ox)  — l (X',Ox')  is  a thickening  of  ringed  spaces  then  we  identify  the 
underlying  topological  spaces  and  think  of  Ox,  Ox',  and  Z = Ker(7)  as  sheaves 
on  X = X' . We  obtain  a short  exact  sequence 

O-iI-i  ox>  — > ox  — t o 
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of  Ox'-nrodules.  By  Modules,  Lemma[i7.13.4|the  category  of  Ox-modules  is  equiv- 
alent to  the  category  of  Ox'-modules  annihilated  by  X.  In  particular,  if  i is  a first 
order  thickening,  then  I is  a Ox-module. 

08KZ  Situation  74.3.1.  A morphism  of  thickenings  (/,/')  is  given  by  a commutative 
diagram 


08L0  (74.3.1.1) 


(X,Ox)—r*{X',Ox>) 


f 

(S,  Os) 


/' 

Y 


(S',0S’) 


08L1 


of  ringed  spaces  whose  horizontal  arrows  are  thickenings.  In  this  situation  we  set 
X = Ker(z#)  C Ox1  and  J = Ker(ttt)  C O5/.  As  / = f on  underlying  topological 
spaces  we  will  identify  the  (topological)  pullback  functors  /-1  and  (/')_1.  Observe 
that  (/')**  : f~1Os ' — > Ox'  induces  in  particular  a map  f~1J  — > X and  therefore  a 
map  of  Ox'-modules 

(f)*J  — >x 

If  i and  t are  first  order  thickenings,  then  {f)*J  = f*  J and  the  map  above  becomes 
a map  f*  J — ► X. 


Definition  74.3.2.  In  Situation 
thickenings  if  the  map  (//)*J7  — > 


74.3.1 


we  say  that  (/,  /')  is  a strict  morphism  of 


X is  surjective. 


The  following  lemma  in  particular  shows  that  a morphism  (/,  /')  : ( X C X')  — ► 
(S  C S')  of  thickenings  of  schemes  is  strict  if  and  only  if  X = S x 5/  X' . 


08L2  Lemma  74.3.3.  In  Situation 


74-3.1  the  morphism  (/,  f1)  is  a strict  morphism  of 


thickenings  if  and  only  if  ( 74-3-l.lJTs  cartesian  in  the  category  of  ringed  spaces. 


Proof.  Omitted. 


□ 


74.4.  Modules  on  first  order  thickenings  of  ringed  spaces 

08L3  In  this  section  we  discuss  some  preliminaries  to  the  deformation  theory  of  modules. 
Let  i : (X,Ox)  — > (X',Ox')  be  a first  order  thickening  of  ringed  spaces.  We  will 
freely  use  the  notation  introduced  in  Section [74.3[  in  particular  we  will  identify  the 
underlying  topological  spaces.  In  this  section  we  consider  short  exact  sequences 

08L4  (74.4.0.1)  4J4O 

of  Ox'-modules,  where  J7,  K,  are  Ox-modules  and  T’  is  an  Ox'-module.  In  this 
situation  we  have  a canonical  Ox-module  map 

c_p'  ■ X (dox  ^ ^ 

where  X = Ker(^).  Namely,  given  local  sections  / of  X and  s of  T we  set  cjn  (f<S>s)  = 
fs'  where  s'  is  a local  section  of  J7'  lifting  s. 

08L5  Lemma  74.4.1.  Let  i : (A i,  Ox)  — > (X',Ox>)  be  a first  order  thickening  of  ringed 
spaces.  Assume  given  extensions 

0— > K.  — > F'  — > J-  — >0  and  0— > Q'  —)•£/— )-0 


as  in  ( 74.4.0.1)  and  maps  ip  : T — > Q and  if  '■  X £.. 
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(1)  If  there  exists  an  Ox1  -module  map  p'  : T'  — > Q'  compatible  with  p and  ip, 
then  the  diagram 


T 


K. 


C 


is  commutative. 

(2)  The  set  of  Ox'  -module  maps  p'  : J-'  — > Q'  compatible  with  p and  ip  is,  if 
nonempty,  a principal  homogeneous  space  under  HomoA.  ( T , C) . 


Proof.  Part  (1)  is  immediate  from  the  description  of  the  maps.  For  (2),  if  p'  and 
p"  are  two  maps  T'  — > Q'  compatible  with  p and  ip,  then  p'  — p"  factors  as 

T'  -A  T -A  C -A  Q' 


The  map  in  the  middle  comes  from  a unique  element  of  HomoA.  {fF,  C)  by  Modules, 
Lemma  17.13.4  Conversely,  given  an  element  a of  this  group  we  can  add  the 


composition  (as  displayed  above  with  a in  the  middle)  to  p' . Some  details  omitted. 

□ 


08L6  Lemma  74.4.2.  Let  i : (X,Ox)  — > {X' ,Ox<)  be  a first  order  thickening  of  ringed 
spaces.  Assume  given  extensions 

0— > JC  — > F'  — > J-  — >0  and  0— ¥ Q'  — > Q — ► 0 


as  in  ( T. f. 4-0.1)  and  maps  p : T — > Q and  ip  : K,  — > C.  Assume  the  diagram 


I ®ox  X > 1C 


1 

X Q 


b 

I 

C 


is  commutative.  Then  there  exists  an  element 

o{p,  ip)  G Ext10x  (J7,  C) 

whose  vanishing  is  a necessary  and  sufficient  condition  for  the  existence  of  a map 
p'  : T'  — > Q'  compatible  with  p and  ip. 

Proof.  We  can  construct  explicitly  an  extension 


by  taking  TL  to  be  the  cohomology  of  the  complex 

K T'  © Q'  Q 

in  the  middle  (with  obvious  notation).  A calculation  with  local  sections  using  the 
assumption  that  the  diagram  of  the  lemma  commutes  shows  that  TL  is  annihilated 
by  X.  Hence  TL  defines  a class  in 

Ext  Ox  (■7r. C)  c ExtOA,  (■?r.  c) 

Finally,  the  class  of  TL  is  the  difference  of  the  pushout  of  the  extension  T'  via  ip  and 
the  pullback  of  the  extension  Q'  via  p (calculations  omitted).  Thus  the  vanishing 


74.4.  MODULES  ON  FIRST  ORDER  THICKENINGS  OF  RINGED  SPACES 


4334 


of  the  class  of  TL  is  equivalent  to  the  existence  of  a commutative  diagram 


0 

0 


> K, >■  P ^ F 


^0 


0 


as  desired. 


□ 


08L7  Lemma  74.4.3.  Let  i : (A,  Ox)  — * (A',0. \>)  be  a first  order  thickening  of  ringed 
spaces.  Assume  given  Ox -modules  F , K.  and  an  Ox -linear  map  c : X ®ox  —r  1C. 

If  there  exists  a sequence  Ytf.f.O.i)  with  cx>  = c then  the  set  of  isomorphism  classes 
of  these  extensions  is  principal  homogeneous  under  Ext^x(F,  1C). 


Proof.  Assume  given  extensions 

and 

with  cjr/  = ex'  = c.  Then  the  difference  (in  the  extension  group,  see  Homology, 


Section  12.6)  is  an  extension 


0^/C 


F ^ 0 


08L8 


where  £ is  annihilated  by  X (local  computation  omitted).  Hence  the  sequence  is  an 
extension  of  Ox-modules,  see  Modules,  Lemma[l7.13.4|  Conversely,  given  such  an 
extension  £ we  can  add  the  extension  £ to  the  Ox'-extension  F'  without  affecting 
the  map  ex' ■ Some  details  omitted.  □ 

Lemma  74.4.4.  Let  i : (A',  Ox)  — > (A ' ,Ox‘)  be  a first  order  thickening  of  ringed 
spaces.  Assume  given  Ox -modules  F,  K.  and  an  Ox -linear  map  c : I F 1C. 
Then  there  exists  an  element 

o(F,K.,c)  G Extbx(F,K.) 

whose  vanishing  is  a necessary  and  sufficient  condition  for  the  existence  of  a se- 
quence 


74.4.O.I ) with  ex'  = c. 


Proof.  We  first  show  that  if  K.  is  an  injective  Ox-module,  then  there  does  exist  a 


sequence  (74.4.0.1)  with  ex'  = c.  To  do  this,  choose  a flat  Ox'-module  TC  and  a 


surjection  TC  — > F (Modules,  Lemma  17.16.6).  Let  J C TC  be  the  kernel.  Since 
TC  is  flat  we  have 

X®  o . TC  = XTC  C J CTC 


Observe  that  the  map 

XTC  = X ( 


r,F  = I( 


F 


annihilates  IJ.  Namely,  if  / is  a local  section  of  X and  s is  a local  section  of  TL , 
then  fs  is  mapped  to  / ® s where  s is  the  image  of  s in  F.  Thus  we  obtain 

XH'/IJt •>  J/XJ 


X ®ox  F ■ 


K. 
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a diagram  of  Ox-modules.  If  1C  is  injective  as  an  Ox-module,  then  we  obtain  the 
dotted  arrow.  Denote  7'  : J — > K,  the  composition  of  7 with  J — ► J fXJ.  A local 
calculation  shows  the  pushout 


0 J *-  V! > P ^ 0 

1' 

0 ^ K. P >-  T s-  0 


is  a solution  to  the  problem  posed  by  the  lemma. 

General  case.  Choose  an  embedding  K,  C 1C  with  JC  an  injective  Ox-module.  Let 
Q be  the  quotient,  so  that  we  have  an  exact  sequence 

0 -»£->•  /C'  ^ Q ->  0 


Denote  d : I ®ox  P 1C  be  the  composition.  By  the  paragraph  above  there  exists 

a sequence 

OAlC'Af'-lJAO 

as  in  (74.4.0.1 ) with  c£<  = d . Note  that  d composed  with  the  map  1C  — > Q is  zero, 
hence  the  pushout  of  £'  by  KC  — > Q is  an  extension 


as  in  (74.4.0.11  with  ct>>  = 0.  This  means  exactly  that  V is  annihilated  by  I,  in 
other  words,  the  V is  an  extension  of  Ox-modules,  i.e. , defines  an  element 

o(P,  1C,  c)  e Ext qx  (T,  Q)  = Ext|,x  {T,  K.) 

(the  eciuality  holds  by  the  long  exact  cohomology  sequence  associated  to  the  exact 
sequence  above  and  the  vanishing  of  higher  ext  groups  into  the  injective  module 
1C).  If  o(P,JC,  c)  = 0,  then  we  can  choose  a splitting  s : T — > V and  we  can  set 

P = Ker(£7  -a  V'/s{P)) 
so  that  we  obtain  the  following  diagram 


0 K. ^ P ^ T 0 

0 *-  K! >-  £' T *■  0 


with  exact  rows  which  shows  that  ex'  = c.  Conversely,  if  P exists,  then  the  pushout 
of  J-'  by  the  map  1C  — > 1C  is  isomorphic  to  £'  by  Lemma  74.4.3  and  the  vanishing 
of  higher  ext  groups  into  the  injective  module  K! . This  gives  a diagram  as  above, 
which  implies  that  V is  split  as  an  extension,  i.e.,  the  class  o(Jr, /C,c)  is  zero.  □ 


08L9  Remark  74.4.5.  Let  (X,Ox)  be  a ringed  space.  A first  order  thickening  i : 
{X,  Ox)  — > {X',Ox>)  is  said  to  be  trivial  if  there  exists  a morphism  of  ringed 
spaces  7T  : (X',Ox>)  —>  ( X,Ox ) which  is  a left  inverse  to  i.  The  choice  of  such 
a morphism  77  is  called  a trivialization  of  the  first  order  thickening.  Given  7r  we 
obtain  a splitting 

08LA  (74.4.5.1)  0X'=0X®I 

as  sheaves  of  algebras  on  X by  using  P to  split  the  surjection  Ox1  — > Ox ■ Con- 
versely, such  a splitting  determines  a morphism  7 r.  The  category  of  trivialized  first 
order  thickenings  of  (X,  Ox)  is  equivalent  to  the  category  of  Ox-modules. 
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08LB  Remark  74.4.6.  Let  i : (X,  Ox)  ( X',Ox ')  be  a trivial  first  order  thickening 
of  ringed  spaces  and  let  7 r : (X',0, x')  — t (X,Ox)  be  a trivialization.  Then  given 
any  triple  (2, AC,  c)  consisting  of  a pair  of  Ox-modules  and  a map  c : 2 ®ox  2 — > AC 
we  may  set 


F'cjriv  = 2 © 2 


induces  a bijection 


{isomorphism  classes  of  extensions! 
2'  as  in  (74.4.0.1 ) with  c = cjf'  J 


Ext^x(2,/C) 


Moreover,  the  trivial  extension  T'c  triv  maps  to  the  zero  class. 


08LC  Remark  74.4.7.  Let  (A',  Ox)  be  a ringed  space.  Let  {X,  Ox)  — > (X',  Ox>),  i = 
1,  2 be  first  order  thickenings  with  ideal  sheaves  2 Let  h : (X(,  Ox[)  — t (X2,  Ox') 
be  a morphism  of  first  order  thickenings  of  (X,  Ox)-  Picture 


{X,  Ox) 


{X[,Ox0 


h 


(X’2,0X') 


Observe  that  h $ : Ox'  — » Ox;  in  particular  induces  an  Ox-module  map  I2  — > 2|  ■ 
Let  2 be  an  Ox-module.  Let  (/Ci,  c*),  i = 1, 2 be  a pair  consisting  of  an  Ox-module 
ACi  and  a map  Cj  : 2*  ®ox  2 — )•  ACi . Assume  furthermore  given  a map  of  Ox-modules 
/C2  — > /Ci  such  that 

^2  2 — /C2 

T C1  V 

2i  ®ox  2 >-  /Ci 


is  commutative.  Then  there  is  a canonical  functoriality 


T2  as  in  (74.4.0.11  with 


C2  = cjr'  and  AC  = AC  2 


2{  as  in  (74.4.0.11  with 


Ci  = cjf;  and  AC  = ACi 


Namely,  thinking  of  all  sheaves  Ox,  Ox',  2’,  ACi,  etc  as  sheaves  on  X,  we  set  given 
J~2  the  sheaf  2(  equal  to  the  pushout,  i.e.,  fitting  into  the  following  diagram  of 
extensions 


0 

0 


/C2 


/Ci 


■ 2' 


■21 


■2 


■2 


0 

0 


We  omit  the  construction  of  the  Ox;  -module  structure  on  the  pushout  (this  uses 
the  commutativity  of  the  diagram  involving  ci  and  C2). 
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08LD 


(X',Ox,),  It,  and  h : (X{,Ox')  -A 
74.4.7  Assume  that  we  are  given  given  trivializations 
X such  that  7Ti  = h o K2 ■ In  other  words,  assume  h is  a morphism  of 
trivialized  first  order  thickening  of  (X,  Ox)-  Let  (/Q,  Ci),i  = 1,  2 be  a pair  consisting 
of  an  Ox-module  K-i  and  a map  Ci  : I;  ®ox  X -A  /Q.  Assume  furthermore  given  a 
map  of  Ox-modules  /C 2 — > /C 1 such  that 


Remark  74.4.8.  Let  (X,  Ox),  (X,  Ox) 
(Xj , Ox')  be  as  in  Remark 
: X'  2 


I2  ®ox  X — /C 2 

y v 

2i  ®ox  X /Ci 

is  commutative.  In  this  situation  the  construction  of  Remark  174.4.61  induces  a 
commutative  diagram 


as  in  (74.4.0.1)  with  c2  = Cjn  and  /C  = /C2} 


->Extox(J,K2) 


as  in  (74.4.0.1)  with  ci  = cjf;  and  /C  = /C 1} 


■Exd  (X,/Ci) 


where  the  vertical  map  on  the  right  is  given  by  functoriality  of  Ext  and  the  map 
£2 


/Ci  and  the  vertical  map  on  the  left  is  the  one  from  Remark  74.4.7 


08LE  Remark  74.4.9.  Let  (X,  Ox)  be  a ringed  space.  We  define  a sequence  of  mor- 
phisms  of  first  order  thickenings 


(Xi,Ox»)  -t  (X£,Ox')  -»■  (Xj.Ox') 

of  (X,  Ox)  to  be  a complex  if  the  corresponding  maps  between  the  ideal  sheaves 
I,:  give  a complex  of  Ox-modules  I3  — > X2  — > I\  (i.e. , the  composition  is  zero). 
In  this  case  the  composition  (X\ , Ox; ) -A  (X3 , Ox' ) factors  through  (A',  Ox)  — t 
(X3,  Ox'),  i.e.,  the  first  order  thickening  (X{,  0X[)  of  (X,  Ox)  is  trivial  and  comes 
with  a canonical  trivialization  77  : (X(,  Ox;)  — > (X,  Ox). 

We  say  a sequence  of  morphisms  of  first  order  thickenings 


(X^,Ox;W(X',Ox;)->(X',Ox') 

of  (X,  Ox)  is  a short  exact  sequence  if  the  corresponding  maps  between  ideal  sheaves 
is  a short  exact  sequence 

0 — y IZI3  — y X2  — ^ IZ-i  — 7 0 

of  Ox-modules. 


08LF  Remark  74.4.10.  Let  (X,  Ox)  be  a ringed  space.  Let  T be  an  Ox-module.  Let 

(X;,Ox;)-t(X',Ox'M(X',Ox') 


be  a complex  first  order  thickenings  of  (A',  Ox),  see  Remark  74.4.9  Let  (/C*,  c»), 
i = 1,2,3  be  pairs  consisting  of  an  Ox-module  AC*  and  a map  c,  : Xi  ®ox  X — > /Q. 
Assume  given  a short  exact  sequence  of  Ox-modules 


0 — ^ /C3  — ^ /C2  — y /Ci  — 0 
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such  that 


h 


T 


T ■ 


■IC2 


■ 1C i 


and 


T 


T-2  ®Ox  F ' 


/C, 


/C2 


are  commutative.  Finally,  assume  given  an  extension 


as  in  (74.4.0.1)  with  JC  = IC2  of  Ox' -modules  with  cjf'  = c2.  In  this  situation 
we  can  apply  the  functoriality  of  Remark  74.4.7  to  obtain  an  extension  J~[  on 
X[  (we’ll  describe  T\  in  this  special  case  below).  By  Remark  74.4.6  using  the 
canonical  splitting  7r  : (X\ , Oxj ) -»  (X,  Ox ) of  Remark 
ExtQY(Jr, /Ci).  Finally,  we  have  the  obstruction 

, £3,03)  £ Ext(3A,  (JF , /C3) 


74.4.9 


we  obtain  Ct'  £ 
■a*'  1 


see  Lemma  74.4.4  In  this  situation  we  claim  that  the  canonical  map 
d : Ext^^/Cr)  — > Ext^x  (J7, /C3) 

coming  from  the  short  exact  sequence  0— > 1C3  — > JC2  — > JC\  — >-0  sends  to  the 
obstruction  class  o(F,  AC3,  c3). 

To  prove  this  claim  choose  an  embedding  j : /C3  — > AC  where  AC  is  an  injective  O v- 
module.  We  can  lift  j to  a map  / : AC2  — * AC.  Set  £3  = equal  to  the  pushout 
of  F2  by  j'  so  that  C£>  = j'  o c2.  Picture: 


0 


/C2 


•^2 


■ J7 


0 


JC 


£2 


■ T 


Set  £3  = £’2  but  viewed  as  an  Ox' -module  via  Ox'  — > Ox'  ■ Then  Cf'  = j o c3.  The 
proof  of  Lemma  74.4.4  constructs  o(Jr,  AC3,c3)  as  the  boundary  of  the  class  of  the 
extension  of  Ox-modules 


0 ->•  AC/ACa  ->  £3/AC3  -a  J-  -a  0 

On  the  other  hand,  note  that  F[  = X2/JC3  hence  the  class  £f'  is  the  class  of  the 
extension 

0 -A  AC2/AC3  ->•  T'2/IC3  aJ->0 

seen  as  a sequence  of  Ox-modules  using  where  7r  : (X[,Ox ;)  — t {X,  Ox)  is  the 
canonical  splitting.  Thus  finally,  the  claim  follows  from  the  fact  that  we  have  a 
commutative  diagram 


o ac2/ac3  * .f'//c3  f- 0 

Y v 

0 ^ JC/JC3 £3 /AC 3 ^ J7 >-  0 


which  is  Ox-linear  (with  the  Ox-module  structures  given  above). 
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08LG 


08LH 


74.5.  Infinitesimal  deformations  of  modules  on  ringed  spaces 

Let  i : (A',  Ox)  — t (AT7,  Ox1)  be  a first  order  thickening  of  ringed  spaces.  We  freely 
use  the  notation  introduced  in  Section  74. 3[  Let  T'  be  an  Ox1  -module  and  set 
T = i*T' . In  this  situation  we  have  a short  exact  sequence 

of  Ox'-modules.  Since  X2  = 0 the  0^/ -module  structure  on  XT'  comes  from 
a unique  0x-module  structure.  Thus  the  sequence  above  is  an  extension  as  in 
(74.4.0.11.  As  a special  case,  if  T'  = Ox1  we  have  i*Ox'  = Ox  and  XOx'  = X and 
we  recover  the  sequence  of  structure  sheaves 

0-tX->  Ox>  — t Ox  — t 0 

Lemma  74.5.1.  Let  i : (A,  Ox)  — > (X',Ox')  be  a first  order  thickening  of  ringed 
spaces.  Let  T' , Q'  be  Ox' -modules.  Set  T = i*T'  and  Q = i*Q' . Let  (p  : T —$■  Q be 
an  Ox-linear  map.  The  set  of  lifts  of  (p  to  an  Ox1  -linear  map  ip'  : T'  — > Q'  is,  if 
nonempty,  a principal  homogeneous  space  under  Bom.ox(T  ,Xg') . 


Proof.  This  is  a special  case  of  Lemma  74.4.1  but  we  also  give  a direct  proof.  We 
have  short  exact  sequences  of  modules 


0 


O 


X' 


O 


x 


0 and  0 xg'  -A  g' 


0 


08LI 


and  similarly  for  T' . Since  X has  square  zero  the  0x'-module  structure  on  X and 
XQ'  comes  from  a unique  0x -module  structure.  It  follows  that 

Hom0x,  (X', Xg')  = Hom0x  (T, Xg')  and  Hom0j,  (A7,  g)  = Hom0x  (W  g) 

The  lemma  now  follows  from  the  exact  sequence 

0 -A  Hom0x,  {X',Xg')  -A  Hom0x,  (A7,  g')  -A  Hom0x,  (A7,  g) 

see  Homology,  Lemma  [12. 5 .8|  □ 

Lemma  74.5.2.  Let  (/,  f)  be  a morphism  of  first  order  thickenings  of  ringed 
spaces  as  in  Situation\7^.3.l\  Let  J-'  be  an  Ox' -module  and  set  J-  = i*  J-' . Assume 
that  J-  is  flat  over  S and  that  (/,  /7)  is  a strict  morphism  of  thickenings  (Definition 


7 4-3.2).  Then  the  following  are  equivalent 


(1)  T'  is  flat  over  S' , and 

(2)  the  canonical  map  f*  J 
Moreover,  in  this  case  the  maps 


T —¥  XT'  is  an  isomorphism. 


f*J< 


T-^Xi 


T ^ XT' 


are  isomorphisms. 


Proof.  The  map  f*  J — > X is  surjective  as  (/,  f)  is  a strict  morphism  of  thicken- 
ings. Hence  the  final  statement  is  a consequence  of  (2). 

Proof  of  the  equivalence  of  (1)  and  (2).  We  may  check  these  conditions  at  stalks. 
Let  x e X c X'  be  a point  with  image  s = /( x)  £ S C S' . Set  A!  = Os’,s, 
B’  = Ox'.xi  A = Os,s,  and  B = Ox,x-  Then  A = A'/J  and  B = B' / 1 for  some 
square  zero  ideals.  Since  (/,  f)  is  a strict  morphism  of  thickenings  we  have  I = JB' . 
Let  M'  = T'x  and  M = Tx.  Then  M'  is  a H'-module  and  M is  a H-module.  Since 
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T = i*T'  we  see  that  the  kernel  of  the  surjection  M'  — > M is  IM'  = JM' . Thus 
we  have  a short  exact  sequence 

0 ->  JM'  -a  M'  — s>  M -A  0 


Using  Sheaves,  Lemma  6.26.4  and  Modules,  Lemma  17.15.1  to  identify  stalks  of 
pullbacks  and  tensor  products  we  see  that  the  stalk  at  x of  the  canonical  map  of 
the  lemma  is  the  map 

(J  ®aB)®b  M = J ®AM  = J <gU'  M'  — *•  JM' 

The  assumption  that  T is  flat  over  S signifies  that  M is  a flat  A-module. 

Assume  (1).  Flatness  implies  Torf  ( M',A ) = 0 by  Algebra,  Lemma  10.74.8  This 
means  J ®a'  M'  — > M'  is  injective  by  Algebra,  Remark  10.74.9  Hence  J ®a  M — > 
JM'  is  an  isomorphism. 

Assume  (2).  Then  J(g )A’M'  —>■  M'  is  injective.  Hence  Torj1  (M',  A)  = 0 by  Algebra, 
Remark |l0. 74. 9 Hence  M'  is  flat  over  A'  by  Algebra,  Lemma [l 0.98. 8 □ 


08LJ  Lemma  74.5.3.  Let  (/,  f)  be  a morphism  of  first  order  thickenings  as  in  Situation 
If  .3.1.  Let  T' , Q'  be  Ox1  -modules  and  set  T = i*T'  and  Q = i*Q' . Let  ip  : J-  — )•  Q 
be  an  Ox-linear  map.  Assume  that  Q'  is  flat  over  S'  and  that  (/,/')  is  a strict 
morphism  of  thickenings.  The  set  of  lifts  of  <p  to  an  Ox1  -linear  map  ip'  : J-'  — > Q' 
is,  if  nonempty,  a principal  homogeneous  space  under 

Homo  Y (J7,  Q ®ox  f*J) 

Proof.  Combine  Lemmas  174.5.11  and  174.5.21  □ 


08LK  Lemma  74.5.4.  Let  i : ( X , Ox)  — > (A' , Ox1)  be  a first  order  thickening  of  ringed 
spaces.  Let  T' , Q'  be  Ox1  -modules  and  set  T = i*T'  and  Q = i*Q' . Let  ip  : T — > Q 
be  an  Ox -linear  map.  There  exists  an  element 

o{ip)  G Ext10x(Li*T',ig') 

whose  vanishing  is  a necessary  and  sufficient  condition  for  the  existence  of  a lift  of 
ip  to  an  Ox1  -linear  map  ip'  : T'  — ► Q' . 


08LL 


Proof.  It  is  clear  from  the  proof  of  Lemma  74.5.1  that  the  vanishing  of  the  bound- 
ary of  ip  via  the  map 

Hom0x  (A,  G)  = Homo*,  (A',  g)  — ► Ext^,  {F ,!&) 
is  a necessary  and  sufficient  condition  for  the  existence  of  a lift.  We  conclude  as 

EXt10x,(F,ig')=Ext10x(Li*T',ig') 

the  adjointness  of  = fZz*  and  Li*  on  the  derived  category  (Cohomology,  Lemma 


20.29.11. 


□ 


Lemma  74.5.5.  Let  (/,  f)  be  a morphism  of  first  order  thickenings  as  in  Situation 
1 f.3.1.  Let  T' , g'  be  Ox'-modules  and  set  T = i*T'  and  g = i*g' . Let  p : J-  — > g 
be  an  Ox -linear  map.  Assume  that  J-'  and  g'  are  flat  over  S'  and  that  (/,  /')  is  a 
strict  morphism  of  thickenings.  There  exists  an  element 

o(ip)  G Ext10x(T,g^0x  f*J) 


whose  vanishing  is  a necessary  and  sufficient  condition  for  the  existence  of  a lift  of 
ip  to  an  Ox1 -linear  map  ip'  : T'  — > g' . 


74.6.  APPLICATION  TO  FLAT  MODULES  ON  FLAT  THICKENINGS  OF  RINGED  SPACES41 


08LM 


08LN 


First  proof.  This  follows  from  Lemma[74.5.4|as  we  claim  that  under  the  assump- 
tions of  the  lemma  we  have 

Ext  10x(Li*T',ig')  = Ext 10x(T,g®0x  f*J) 


Namely,  we  have  XQ'  = Q ®ox  f*  J by  Lemma  74.5.2  On  the  other  hand,  observe 
that 

= Torfx'  (J P,  Ox) 

(local  computation  omitted).  Using  the  short  exact  sequence 

0 -S>  I -5>  Ox>  -t  Ox  ->  0 

we  see  that  this  Tori  is  computed  by  the  kernel  of  the  map  X ( 


J-  -A  XT'  which 


is  zero  by  the  final  assertion  of  Lemma  74.5.2  Thus  T>-\Li*T'  = T.  On  the  other 
hand,  we  have 


Ext  x0x(Li*T',XQ')  = Ext  (r>-iLi*T'  ,XQ') 


by  the  dual  of  Derived  Categories,  Lemma  13.17.1 


□ 

,T 
1 and  taking 


Second  proof.  We  can  apply  Lemma  74.4.2  as  follows.  Note  that  K.  = X 
and  C = X ®ox  Q by  Lemma  74.5. 2|  that  cjf'  = 1 <8>  1 and  cg>  = 1 
ip  = 1®<^  the  diagram  of  the  lemma  commutes.  Thus  o(ip)  = o(tp,  1®  y>)  works.  □ 

Lemma  74.5.6.  Let  (/,  f)  be  a morphism  of  first  order  thickenings  as  in  Situation 
7 4-3.1.  Let  T be  an  Ox  -module.  Assume  (/,  f)  is  a strict  morphism  of  thickenings 
and  T flat  over  S.  If  there  exists  a pair  ( T' , a ) consisting  of  an  0Xi -module  T' 
flat  over  S'  and  an  isomorphism  a : i*T'  -A  T , then  the  set  of  isomorphism  classes 
of  such  pairs  is  principal  homogeneous  under  Ext^x  (T,X  <8>ox  F)- 

Proof.  If  we  assume  there  exists  one  such  module,  then  the  canonical  map 

f*  J ®ox  T -)X  ®ox  ? 


is  an  isomorphism  by  Lemma  74.5.2  Apply  Lemma  74.4.3  with  K,  = X ®ox  ^ anc^ 
c = 1.  By  Lemma  74.5.2|the  corresponding  extensions  T'  are  all  flat  over  S' . □ 

Lemma  74.5.7.  Let  (/,  f)  be  a morphism  of  first  order  thickenings  as  in  Situation 


74-3.1  Let  T be  an  Ox -module.  Assume  (/,  f)  is  a strict  morphism  of  thickenings 


and  T flat  over  S.  There  exists  an  0X'  -module  T'  flat  over  S'  with  i*T'  = T , if 
and  only  if 

(1)  the  canonical  map  f*  J <8>ox  T — > X ®ox  ^ an  isomorphism,  and 

is  zero. 


(2)  the  class  o(T ,X(g>ox  T ,1)  £ Ex^0x  T)  of  Lemma  7 4-4-4 


Proof.  This  follows  immediately  from  the  characterization  of  Ox'-modules  flat 
over  S'  of  Lemma  174.5.21  and  Lemma  174.4.41  □ 


74.6.  Application  to  flat  modules  on  flat  thickenings  of  ringed  spaces 

Consider  a commutative  diagram 

(X,0x)—*(X',0X  0 
/ /' 

($,0S)— U(S',0s,) 


08VQ 
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of  ringed  spaces  whose  horizontal  arrows  are  first  order  thickenings  as  in  Situation 
74.3.1  Set  X = Ker(itt)  C Ox'  and  J = Ker(ttt)  C Os' ■ Let  E be  an  Ox-module. 
Assume  that 


(1)  (/,  f)  is  a strict  morphism  of  thickenings, 

(2)  f is  flat,  and 

(3)  E is  flat  over  S. 


Note  that  (1)  + (2)  imply  that  X = f*J  (apply  Lemma  74.5.2  to  0X')-  The  theory 
of  the  preceding  section  is  especially  nice  under  these  assumptions.  We  summarize 
the  results  already  obtained  in  the  following  lemma. 

08VR  Lemma  74.6.1.  In  the  situation  above. 

(1)  There  exists  an  Ox'  -module  J-'  flat  over  S'  with  i*E'  = J- , if  and  only  if 
the  class  o(E,f*J  ®ox  1)  £ Ex1%)x  (J7,  f*J  <8>e>x  E)  of  Lemma  1 4-4-4 
is  zero. 

(2)  If  such  a module  exists,  then  the  set  of  isomorphism  classes  of  lifts  is 
principal  homogeneous  under  Extr0x(yE , f*  J ®ox  F). 

(3)  Given  a lift  E' , the  set  of  automorphisms  of  E'  which  pull  back  to  idy  is 
canonically  isomorphic  to  Exi0x{E , f*  J ®ox  E). 


Proof.  Part  (1)  follows  from  Lemma  74.5.7  as  we  have  seen  above  that  X = f*  J . 
Part  (2)  follows  from  Lemma  74.5.6  Part  (3)  follows  from  Lemma  74.5.3  □ 


08VS  Situation  74.6.2.  Let  / : (X,Ox) 
Consider  a commutative  diagram 


( S,Os ) be  a morphism  of  ringed  spaces. 


(X'2,0'2) 


A 


fi 


(S[,Osi) ^(S'2,Os>) 


■PM) 

I3 

C S'3,Os') 


where  (a)  the  top  row  is  a short  exact  sequence  of  first  order  thickenings  of  X , (b) 
the  lower  row  is  a short  exact  sequence  of  first  order  thickenings  of  S,  (c)  each  f[ 
restricts  to  /,  (d)  each  pair  (/,  ft)  is  a strict  morphism  of  thickenings,  and  (e)  each 
ft  is  flat.  Finally,  let  E'2  be  an  O^-module  flat  over  S’2  and  set  T = E'flx ■ Let 
7r  : X[  — > X be  the  canonical  splitting  (Remark  74.4.91. 


08VT  Lemma  74.6.3.  In  Situation  1 4-6.2  the  modules  tt*E  and  h*X2  are  0[-modules 


flat  over  S[  restricting  to  J-  on  X . Their  difference  (Lemma  If. 6.1)  is  an  element 
6 of  Ext@x  (E,  f*J\  <8>ox  E)  whose  boundary  in  Ext(yx  ( E , f*  J-$  ®ox  E)  equals  the 
obstruction  (Lemma  74.6.1)  to  lifting  E to  an  0'3-module  flat  over  S3. 


Proof.  Note  that  both  n*E  and  h*E2  restrict  to  J7  on  A and  that  the  kernels  of 
7 t*E  E and  h*E2  — > E are  given  by  f*  J\  <8>ox  X . Hence  flatness  by  Lemma 

|74.5.2|  Taking  the  boundary  makes  sense  as  the  sequence  of  modules 


0 PJ-i  ■ 


E ->  f*J2  ®ox  E ->•  f*Ji  1 


is  short  exact  due  to  the  assumptions  in  Situation |74. 6. 2| and  the  fact  that  E is  flat 
over  S.  The  statement  on  the  obstruction  class  is  a direct  translation  of  the  result 
of  Remark  |74.4.10|  to  this  particular  situation.  □ 
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74.7.  Deformations  of  ringed  spaces  and  the  naive  cotangent  complex 


08U6  In  this  section  we  use  the  naive  cotangent  complex  to  do  a little  bit  of  deformation 
theory.  We  start  with  a first  order  thickening  t : (S,Os)  — ► {S',  Os-)  of  ringed 
spaces.  We  denote  J = Ker(ttt)  and  we  identify  the  underlying  topological  spaces 
of  S and  S'.  Moreover  we  assume  given  a morphism  of  ringed  spaces  / : (A',  Ox)  — ► 
{S,  Os),  an  Ox-module  Q,  and  an  /-map  c : J — > Q of  sheaves  of  modules  (Sheaves, 
Definition  6.21.7  and  Section  6.26 1.  In  this  section  we  ask  ourselves  whether  we  can 


find  the  question  mark  fitting  into  the  following  diagram 


0 


08U7  (74.7.0.1) 


0 


J 


Os- 


Ox 

A 


Os 


>-0 


■0 


(where  the  vertical  arrows  are  /-maps)  and  moreover  how  unique  the  solution  is  (if  it 
exists).  More  precisely,  we  look  for  a first  order  thickening  i : (A,  Ox)  —>  (AT',  Ox-) 
and  a morphism  of  thickenings  (/,/')  as  in  (74.3.1.1)  where  Ker(i^)  is  identified 
with  Q such  that  (/')•*  induces  the  given  map  c.  We  will  say  X'  is  a solution  to 


(74.7.0.1). 


08U8  Lemma  74.7.1.  Assume  given  a commutative  diagram  of  morphisms  ringed  spaces 


08U9  (74.7.1.1) 


whose  horizontal  arrows  are  first  order  thickenings.  Set  Qj  = Ker(i !j)  and  assume 
given  a g-map  v : Q\  — > Q2  of  modules  giving  rise  to  the  commutative  diagram 


08UA  (74.7.1.2) 


with  front  and  back  solutions  to  (74-7.0.1). 
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(1)  There  exist  a canonical  element  in  ExtQx^(Lg*  NLXl/SnG 2)  whose  van- 
ishing is  a necessary  and  sufficient  condition  for  the  existence  of  a mor- 
phism of  ringed  spaces  X 2 — > X[  fitting  into  ( 74-7.1.1 ) compatibly  with 

v . 

(2)  If  there  exists  a morphism  X2  — > X[  fitting  into  (7 f .7.1.1 ) compatibly  with 
v the  set  of  all  such  morphisms  is  a principal  homogeneous  space  under 

Hom0xi  (fi x1/s1 > 9*S 2)  = Hom0x2  (g*£l x1/s1 , G2)  = ^oX2  {Lg*  NLx1/s1  > £2)- 


Proof.  The  naive  cotangent  complex  NLXl/s1  is  defined  in  Modules,  Definition 
17.25.4[  The  equalities  in  the  last  statement  of  the  lemma  follow  from  the  fact  that 
g*  is  adjoint  to  <7*,  the  fact  that  H°(NLXl/s1)  = (by  construction  of  the 

naive  cotangent  complex)  and  the  fact  that  Lg*  is  the  left  derived  functor  of  g* . 
Thus  we  will  work  with  the  groups  Ext£>x^  (Lg*  NLXl/Su  G2),  k = 0,1  in  the  rest 
of  the  proof.  We  first  argue  that  we  can  reduce  to  the  case  where  the  underlying 
topological  spaces  of  all  ringed  spaces  in  the  lemma  is  the  same. 


To  do  this,  observe  that  g 1 NLXl/s1  is  equal  to  the  naive  cotangent  complex  of  the 

g~ 


homomorphism  of  sheaves  of  rings  g 1 f\  1Os1  —>  g 1Ox1,  see  Modules,  Lemma 


17.25.3  Moreover,  the  degree  0 term  of  NLXl/s1  is  a flat  L)Xl -module,  hence  the 


g 1 NLXl/Si  ®g~1Ox1  ^x2 


canonical  map 

Lg*  NLXl/s1 

induces  an  isomorphism  on  cohomology  sheaves  in  degrees  0 and  — 1.  Thus  we  may 
replace  the  Ext  groups  of  the  lemma  with 


Extg-if 


0Xl(g  nlx1/SxG2)  - Extg-i0xi(NLg_10x^/g_lf-i0s^,g2) 


The  set  of  morphism  of  ringed  spaces  X'2  X±  fitting  into  (74.7.1.1)  compatibly 
with  v is  in  one-to-one  bijection  with  the  set  of  homomorphisms  of  g1f\1Os'1- 
algebras  g~1Ox[  — ► Ox'  which  are  compatible  with  ft  and  v.  In  this  way  we  see 
that  we  may  assume  we  have  a diagram  ( 74.7.1.2~|)  of  sheaves  on  X and  we  are 
looking  to  find  a homomorphism  of  sheaves  of  rings  Ox>  — ► Ox<  fitting  into  it. 

In  the  rest  of  the  proof  of  the  lemma  we  assume  all  underlying  topological  spaces 
are  the  same,  i.e. , we  have  a diagram  (74.7.1.2)  of  sheaves  on  a space  X and  we  are 
looking  for  homomorphisms  of  sheaves  of  rings  O x\  — ► fitting  into  it.  As  ext 
groups  we  will  use  Ext^X|  (NL0xi/0si  ,Q2),  k = 0, 1. 

Step  1.  Construction  of  the  obstruction  class.  Consider  the  sheaf  of  sets 


£ = 0X[  x0x2  Ox;2 


This  comes  with  a surjective  map  a : £ 
of  NLqX2/qSi,  see  Modules,  Lemma 


Ox  1 and  hence  we  can  use  NL(a ) instead 
17.25.21  Set 


X'  = Ker(Os>1[e]-KDx1)  and  1 = Kei(0Sl(£]  ^ 0Xl) 


There  is  a surjection  I'  — > T whose  kernel  is  \£\.  We  obtain  two  homomor- 

phisms of  O s' -algebras 


a : Os-  [£]  ->  Ox[  and  b : Os[{£]  ^ Ox, 


which  induce  maps  a \x>  : I'  -A  Q\  and  b\x>  ■ H — > 02-  Both  a and  b annihilate 
(X')2.  Moreover  a and  b agree  on  J\  Og\  [£]  as  maps  into  Q2  because  the  left  hand 
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square  of  (74.7.1.21  is  commutative.  Thus  the  difference  b\x'  — v o a \%>  induces  a 
well  defined  Ox x -linear  map 

£ : I/I2  — a g2 

which  sends  the  class  of  a local  section  / of  I to  a{f)  — v(b(f'))  where  /'  is  a lift 
of  / to  a local  section  of  I'.  We  let  [£]  £ ExtgXi  (NL(a),  g2)  be  the  image  (see 
below). 

Step  2.  Vanishing  of  [£]  is  necessary.  Let  us  write  £1  = £loSl  [£]/0Sl  ®oSl[£]  i- 
Observe  that  NL(a)  = (I/I2  -A  0)  fits  into  a distinguished  triangle 
n[0]  -A  NL{a ) -A  I/I2[l]  -A  fi[l] 

Thus  we  see  that  [£]  is  zero  if  and  only  if  £ is  a composition  I/I2  -A  0 -A  Q2  for 
some  map  £1  -A  Q2.  Suppose  there  exists  a homomorphisms  of  sheaves  of  rings 
ip  : Oa'(  — *■  Ox'  fitting  into  (74.7.1.2).  In  this  case  consider  the  map  Os'[£\  -A  g2, 
f i-a  b(f)  — p(a(f)).  A calculation  shows  this  annihilates  J\Os'x  [£\  and  induces  a 
derivation  Os,  [£]  -A  Q2.  The  resulting  linear  map  0 — > Q2  witnesses  the  fact  that 
[£]  = 0 in  this  case. 

Step  3.  Vanishing  of  [£]  is  sufficient.  Let  6 : O — > Q2  be  a CTsfi -linear  map  such  that 
£ is  equal  to  9 o (I/I2  -A  fi).  Then  a calculation  shows  that 

b + Ood:  Os>  [£]  -A  Ox, 

annihilates  I'  and  hence  defines  a map  Ox[  — > Ox;  fitting  into  (74.7.1.2). 

Proof  of  (2)  in  the  special  case  above.  Omitted.  Hint:  This  is  exactly  the  same  as 

□ 


the  proof  of  (2)  of  Lemma  74.2.1 
08UB  Lemma  74.7.2. 


Let  X be  a topological  space.  Let  A -A  B be  a homomorphism 
of  sheaves  of  rings.  Let  Q be  a B -module.  Lett;  £ Ext^(NL^/A,g)-  There  exists 
a map  of  sheaves  of  sets  a : £ -A  B such  that  £ £ Extg(NL(a),Q)  is  the  class  of  a 
map  I/I2  — > Q (see  proof  for  notation). 

B such  that  A[£\  — »•  B is  surjective  with  kernel 
^A[£\/A  ®.4[£]  £>)  is  canonically  isomorphic  to 


Proof.  Recall  that  given  a : £ 
I the  complex  NL(a ) = (I/I2 


NLb/a,  see  Modules,  Lemma  17.25.2  Observe  moreover,  that  S2  = TLa[£]/A  <SU[£]  B 
is  the  sheaf  associated  to  the  presheaf  U i-A  ®e££ ^ B(U).  In  other  words,  Q is 
the  free  H-module  on  the  sheaf  of  sets  £ and  in  particular  there  is  a canonical  map 

£->n. 


Having  said  this,  pick  some  £ (for  example  £ = B as  in  the  definition  of  the  naive 
cotangent  complex).  The  obstruction  to  writing  £ as  the  class  of  a map  I/I2  -A-  g is 
an  element  in  Extg(f2,  g).  Say  this  is  represented  by  the  extension  0 -A  D -A  71  — >■ 
O — > 0 of  H-modules.  Consider  the  sheaf  of  sets  £'  = £ Xq  71  which  comes  with  an 
induced  map  a'  : £'  — A B.  Let  X'  = Ker(A[£']  -A  B)  and  = £Ia[£'\/A  ®A[£']  B. 
The  pullback  of  f under  the  quasi-isomorphism  NL(a')  — > NL(a)  maps  to  zero  in 
Extg(f2',  g)  because  the  pullback  of  the  extension  71  by  the  map  ft'  — > £1  is  split  as 
SY  is  the  free  H-module  on  the  sheaf  of  sets  £'  and  since  by  construction  there  is  a 
commutative  diagram 

£’ £ 

v 

H 
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08UC 


08UD 


This  finishes  the  proof. 


□ 


Lemma  74.7.3.  If  there  exists  a solution  to  (74-7.0.1),  then  the  set  of  isomor- 


phism classes  of  solutions  is  principal  homogeneous  under  ExtQx(NLx/s,G). 


Proof.  We  observe  right  away  that  given  two  solutions  X[  and  X'2  to  (|74.7.0.1 ) 


we  obtain  by  Lemma  74.7.1  an  obstruction  element  o(X\ , X2)  £ Ext  ox(NLx/s,G) 
to  the  existence  of  a map  X[  — »•  X'2.  Clearly,  this  element  is  the  obstruction  to  the 
existence  of  an  isomorphism,  hence  separates  the  isomorphism  classes.  To  finish 
the  proof  it  therefore  suffices  to  show  that  given  a solution  X1  and  an  element 
£ £ Ext ox(NLx/s,G)  we  can  find  a second  solution  X(  such  that  o(X',X()  = £. 


Pick  a : £ — ► Ox  as  in  Lemma  |74.7.2|  for  the  class  £.  Consider  the  surjec- 
tion f~1Os[£]  — > Ox  with  kernel  I and  corresponding  naive  cotangent  complex 
NL(a)  = (I/I2  — > Hf-ic>s[£]/ f~1Os  ® f~1Os[£ ] Ox)-  By  the  lemma  £ is  the  class  of 
a morphism  S : I/I 2 — ► Q.  After  replacing  £ by  £ Xqx  Ox>  we  may  also  assume 
that  a factors  through  a map  a’  : £ — > Ox> . 


These  choices  determine  an  f~1Os'-algebra  map  ip  : Os>[£\  —t  Ox>.  Let  X'  = 
Ker(^).  Observe  that  ip  induces  a map  <p\x>  : X'  — > Q and  that  Ox>  is  the  pushout, 
as  in  the  following  diagram 


0 


V>\; 

o — 


0X' 

A 


f-'Os'ie] 


ox 

A 


Ox 


0 

0 


Let  : X'  — > Q be  the  sum  of  the  map  p\x'  and  the  composition 

X!  —a  X' /(X'f 


■ I/I2  4 Q. 


Then  the  pushout  along  ip  is  an  other  ring  extension  Ox1  fitting  into  a diagram  as 
above.  A calculation  (omitted)  shows  that  o(X' ,X()  = £ as  desired.  □ 

Lemma  74.7.4.  Let  (S,  Os)  be  a ringed  space  and  let  J be  an  Os-module. 

(1)  The  set  of  extensions  of  sheaves  of  rings  0 — >■  J — > 0$'  —>  Os  0 where 
J is  an  ideal  of  square  zero  is  canonically  bijective  to  ExVqs(NLsi'l,J). 

(2)  Given  a morphism  of  ringed  spaces  f : ( X , Ox)  —>  (S,  Os),  an  Ox-module 
G,  an  f-map  c : J — > G,  and  given  extensions  of  sheaves  of  rings  with 
square  zero  kernels: 

(a)  0 — > J — > Os'  — > Os  — t 0 corresponding  to  a £ Ext^,s(NLs/z,  J), 

(b)  0 — ► G — > Ox>  ~ t Ox  — > 0 corresponding  to  p £ Ext@  v ( NLX /z  i G) 
then  there  is  a morphism  X'  — > S1  fitting  into  a diagram  \74- 7.0.1 ) if  and 
only  if  ft  and  a map  to  the  same  element  of  Ext(0x(Lf*  NLs/z,G). 

Proof.  To  prove  this  we  apply  the  previous  results  where  we  work  over  the  base 


ringed  space  (*,  Z)  with  trivial  thickening.  Part  (1)  follows  from  Lemma  74.7.3  and 


the  fact  that  there  exists  a solution,  namely  J © Os-  Part  (2)  follows  from  Lemma 
|74.7.1|and  a compatibility  between  the  constructions  in  the  proofs  of  Lemmas|74.7.3| 
and  74.7. 1|  whose  statement  and  proof  we  omit.  □ 
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08M6 


08M7 


08M8 


08M9 


08MA 


74.8.  Thickenings  of  ringed  topoi 


This  section  is  the  analogue  of  Section  |74.3|  for  ringed  topoi.  In  the  following  few 
sections  we  will  use  the  following  notions: 

(1)  A sheaf  of  ideals  X C O'  on  a ringed  topos  ( Sh(T>),0 ')  is  locally  nilpotent 
if  any  local  section  of  I is  locally  nilpotent. 

(2)  A thickening  of  ringed  topoi  is  a morphism  i : ( Sh(C),0 ) — )•  ( Sh(V),0 ') 
of  ringed  topoi  such  that 

(a)  «*  is  an  equivalence  Sh(C)  — >■  Sh(T>), 

(b)  the  map  z1*  : O'  — z*0  is  surjective,  and 

(c)  the  kernel  of  $ is  a locally  nilpotent  sheaf  of  ideals. 

(3)  A first  order  thickening  of  ringed  topoi  is  a thickening  i : ( Sh(C),0 ) — > 
(Sh(T>),0’)  of  ringed  topoi  such  that  Ker(ztt)  has  square  zero. 

(4)  It  is  clear  how  to  define  morphisms  of  thickenings  of  ringed  topoi , mor- 
phisms  of  thickenings  of  ringed  topoi  over  a base  ringed  topos , etc. 

If  i : ( Sh(C),0 ) — > (Sh(fD),Or)  is  a thickening  of  ringed  topoi  then  we  identify  the 
underlying  topoi  and  think  of  0 , O’,  and  X = Ker(z#)  as  sheaves  on  C.  We  obtain 
a short  exact  sequence 

O->T->0'^0^O 


of  0'-modules.  By  Modules  on  Sites,  Lemma  18.25.1  the  category  of  0-modules  is 
equivalent  to  the  category  of  CT-modules  annihilated  by  X.  In  particular,  if  i is  a 
first  order  thickening,  then  I is  a 0-module. 


Situation  74.8.1.  A morphism  of  thickenings  of  ringed  topoi  (/,/')  is  given  by 
a commutative  diagram 


(Sh(C),0) {Ship),  O’) 

(74.8.1.1)  / /' 

(Sh(B),  oB)—L+(Sh{B'),OB') 


of  ringed  topoi  whose  horizontal  arrows  are  thickenings.  In  this  situation  we  set 
I = Ker^)  C O'  and  J = Ker(ttt)  C 0g'.  As  f = f on  underlying  topoi  we  will 
identify  the  pullback  functors  /-1  and  (/,)_1.  Observe  that  (f')$  : f~1Osi  — ► O' 
induces  in  particular  a map  /-1 J — > X and  therefore  a map  of  O'-modules 

(f’)*J  — >X 


If  i and  t are  first  order  thickenings,  then  (f)*J  = f*  J and  the  map  above  becomes 
a map  f*  J — > X. 


Definition  74.8.2.  In  Situation 
thickenings  if  the  map  {f)*J  — > 


74.8.1 


we  say  that  (/,  f)  is  a strict  morphism  of 


X is  surjective. 


74.9.  Modules  on  first  order  thickenings  of  ringed  topoi 


In  this  section  we  discuss  some  preliminaries  to  the  deformation  theory  of  modules. 
Let  i : ( Sh(C , 0)  — > ( Sh(T>),0' ) be  a first  order  thickening  of  ringed  topoi.  We  will 
freely  use  the  notation  introduced  in  Section  74. 8[  in  particular  we  will  identify  the 
underlying  topological  topoi.  In  this  section  we  consider  short  exact  sequences 


(74.9.0.1) 


08MB 
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of  O'-modules,  where  F,  K,  are  0-modules  and  F'  is  an  0'-module.  In  this  situation 
we  have  a canonical  0-module  map 


Cf  : X ®o  F — > K, 

where  X = Ker(^).  Namely,  given  local  sections  / of  X and  s of  F we  set  cjn  (f®s)  = 
fs'  where  s'  is  a local  section  of  F'  lifting  s. 

08MC  Lemma  74.9.1.  Let  i : ( Sh(C),0 ) — > ( Sh(V),0 ')  be  a first  order  thickening  of 
ringed  topoi.  Assume  given  extensions 


0^1C—>F'^F^0  and  0— Q'  0 

Q and  if)  : K.  — »•  C. 

J-'  — > Q'  compatible  with  ip  and  if), 


as  in  (74.9.0.1)  and  maps  ip  : T 


(1)  If  there  exists  an  O' -module  map  ip' 
then  the  diagram 

F — — ; 


X (g 

1®C p 

X (8 >0  Q — — 

is  commutative. 

(2)  The  set  of  O' -module  maps  ip’  : F’ 


■K 


Q'  compatible  with  ip  and  if)  is,  if 


nonempty,  a principal  homogeneous  space  under  Homo  ( F,  C) . 

Proof.  Part  (1)  is  immediate  from  the  description  of  the  maps.  For  (2),  if  ip1  and 
ip"  are  two  maps  F'  — > Q ' compatible  with  ip  and  if),  then  ip'  — ip"  factors  as 

F'  ^F->£^G' 


The  map  in  the  middle  comes  from  a unique  element  of  Homo  (F,C)  by  Modules 
on  Sites,  Lemma [18.25. 1[  Conversely,  given  an  element  a of  this  group  we  can  add 
the  composition  (as  displayed  above  with  a in  the  middle)  to  ip'.  Some  details 
omitted.  □ 


08MD  Lemma  74.9.2.  Let  i : ( Sh(C),0 ) — > ( Sh(T>),0 ')  be  a first  order  thickening  of 
ringed  topoi.  Assume  given  extensions 


0— »/C— > F'  — > F — >-0  and  0 


Q' 


0 


as  in  ( 74-9.0.1)  and  maps  ip  : F — i Q and  if)  : K,  C.  Assume  the  diagram 

X ®o  F — — — 1C 


I® 


C 


is  commutative.  Then  there  exists  an  element 

o(ip,if>)  e Extb(F,£) 

whose  vanishing  is  a necessary  and  sufficient  condition  for  the  existence  of  a map 
ip'  : F'  — > Q'  compatible  with  ip  and  if). 


Proof.  We  can  construct  explicitly  an  extension 


0 — >•  £ H -4  F — >•  0 
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by  taking  U to  be  the  cohomology  of  the  complex 

K T'  © Q'  ^ G 

in  the  middle  (with  obvious  notation).  A calculation  with  local  sections  using  the 
assumption  that  the  diagram  of  the  lemma  commutes  shows  that  U is  annihilated 
by  X.  Hence  U defines  a class  in 

Exto(.F,  C)  C Extg/(Jr,  C) 

Finally,  the  class  of  U is  the  difference  of  the  pushout  of  the  extension  T'  via  and 
the  pullback  of  the  extension  Q'  via  g)  (calculations  omitted).  Thus  the  vanishing 
of  the  class  of  U is  equivalent  to  the  existence  of  a commutative  diagram 


0 >■  K,  J 0 


V3' 

\ 

o — ^ c — ^ q>  — >■  g — o 


as  desired. 


□ 


08ME  Lemma  74.9.3.  Let  i : ( Sh(C),0 ) — > (Sh(T>),  O')  be  a first  order  thickening  of 
ringed  topoi.  Assume  given  O -modules  J7 , K.  and  an  0 -linear  map  c : I®®!7  — > K.. 
If  there  exists  a sequence  (7 4.9.0.  i)  with  cjr>  = c then  the  set  of  isomorphism  classes 
of  these  extensions  is  principal  homogeneous  under  Ext^(J-}IC). 

Proof.  Assume  given  extensions 

and 

with  cjri  = cjr'  = c.  Then  the  difference  (in  the  extension  group,  see  Homology, 


Section  12.6)  is  an  extension 


where  £ is  annihilated  by  X (local  computation  omitted).  Hence  the  sequence  is  an 
extension  of  0-modules,  see  Modules  on  Sites,  Lemma  [18.25. 1[  Conversely,  given 
such  an  extension  £ we  can  add  the  extension  E to  the  CT-extension  J7'  without 
affecting  the  map  Cf.  Some  details  omitted.  □ 

08MF  Lemma  74.9.4.  Let  i : ( Sh(C),0 ) — > (Sh('D)1Ol)  be  a first  order  thickening  of 
ringed  topoi.  Assume  given  O -modules  J7 , K,  and  an  O -linear  map  c : It&oJ7  —¥  1C. 
Then  there  exists  an  element 


o(J-,/C,c)  £ Ext^(J-,  JC) 

whose  vanishing  is  a necessary  and  sufficient  condition  for  the  existence  of  a se- 


quence 


74-9.0.1)  with  cjrt  = c. 


Proof.  We  first  show  that  if  1C  is  an  injective  0-module,  then  there  does  exist  a 
sequence  (74.9.0.1)  with  cjf'  = c.  To  do  this,  choose  a flat  0'-module  W and  a 
surjection  TL'  — >■  J-  (Modules  on  Sites,  Lemma  18.28.6).  Let  J C TL'  be  the  kernel. 
Since  TL'  is  flat  we  have 


X (g>c v W = XU'  C J C TL' 


Observe  that  the  map 

XU'  = 


1%  w 


X (g)0/  J7  = X ®0  T 
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annihilates  XJ.  Namely,  if  / is  a local  section  of  X and  s is  a local  section  of  XL, 
then  fs  is  mapped  to  / <S>  s where  s is  the  image  of  s in  F.  Thus  we  obtain 

XU'/ZJt- >■  J/1J 

7 i 
V 

I F >■  1C 

a diagram  of  0-modules.  If  K,  is  injective  as  an  0-module,  then  we  obtain  the 
dotted  arrow.  Denote  7'  : J — > K.  the  composition  of  7 with  J — > J fTJ . A local 
calculation  shows  the  pushout 


0 ^ J ^ XL' >■  F ^ 0 

1' 

0 /C >■  F' F ^ 0 

is  a solution  to  the  problem  posed  by  the  lemma. 

General  case.  Choose  an  embedding  K,  C YC  with  IP  an  injective  0-module.  Let 
Q be  the  quotient,  so  that  we  have  an  exact  sequence 


Denote  d : X ®e>  F — > 1C  be  the  composition.  By  the  paragraph  above  there  exists 
a sequence 


O^lC^C^F^O 


as  in  (74.9.0.1 ) with  eg'  = d . Note  that  d composed  with  the  map  1C  — > Q is  zero, 
hence  the  pushout  of  £'  by  KJ  — > Q is  an  extension 


O^Q^V'-^F^-O 


as  in  (74.9.0.11  with  cx>'  = 0.  This  means  exactly  that  V'  is  annihilated  by  X,  in 
other  words,  the  V is  an  extension  of  0-modules,  i.e.,  defines  an  element 


o(X,/C,c)  € Ext^X,  Q)  = Ext|>(X,  /C) 


(the  equality  holds  by  the  long  exact  cohomology  sequence  associated  to  the  exact 
sequence  above  and  the  vanishing  of  higher  ext  groups  into  the  injective  module 
1C).  If  o(X,  1C,  c)  = 0,  then  we  can  choose  a splitting  s : X — > V and  we  can  set 

F'  = Ker(£'  V / s(F)) 


so  that  we  obtain  the  following  diagram 


0 s-  1C ^ F' >■  F ^ 0 

0 • *-  1C >■  £' >■  F » 0 


with  exact  rows  which  shows  that  cjf'  = c.  Conversely,  if  F'  exists,  then  the  pushout 
of  F'  by  the  map  1C  — > 1C  is  isomorphic  to  £'  by  Lemma  74.9.3  and  the  vanishing 
of  higher  ext  groups  into  the  injective  module  1C . This  gives  a diagram  as  above, 
which  implies  that  V is  split  as  an  extension,  i.e.,  the  class  o(X, /C,c)  is  zero.  □ 
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08MG  Remark  74.9.5.  Let  ( Sh{C),0 ) be  a ringed  topos.  A first  order  thickening  i : 
( Sh(C),G ) — ► ( Sh(D),0 ')  is  said  to  be  trivial  if  there  exists  a morphism  of  ringed 
topoi  7 r : ( Sh(V),0 ')  -4  ( Sh(C),0 ) which  is  a left  inverse  to  i.  The  choice  of  such 
a morphism  7r  is  called  a trivialization  of  the  first  order  thickening.  Given  i r we 
obtain  a splitting 

08MH  (74.9.5.1)  O'  = 0®1 


as  sheaves  of  algebras  on  C by  using  ^ to  split  the  surjection  O'  -4  0.  Conversely, 
such  a splitting  determines  a morphism  7r.  The  category  of  trivialized  first  order 
thickenings  of  ( Sh(C),0 ) is  equivalent  to  the  category  of  0-modules. 


08MI 


Remark  74.9.6.  Let  i : ( Sh(C),0 ) — > (Sh(T>),  O’)  be  a trivial  first  order  thickening 
of  ringed  topoi  and  let  tt  : ( Sh(T>),0 ')  -4  ( Sh(C),0 ) be  a trivialization.  Then  given 
any  triple  (J7,  AC,c)  consisting  of  a pair  of  0-modules  and  a map  c : I Go  J7  — > A 
we  may  set 


K,triv  = -A  © A 


and  use  the  splitting  (74.9.5.11  associated  to  it  and  the  map  c to  define  the  O' - 
module  structure  and  obtain  an  extension  (74.9.0.1 ).  We  will  call  T'c  triv  the  trivial 
extension  of  J7  by  AC  corresponding  to  c and  the  trivialization  7 r.  Given  any  extension 
J7'  as  in  ( 74.9.0.1 1 we  can  use  7^  : 0 — > O'  to  think  of  J7'  as  an  0-module  extension, 
hence  a class  in  Ext^^7,  A).  Lemma  74.9.3  assures  that  J7'  >->■  induces  a 
bijection 


{isomorphism  classes  of  extensions) 
T'  as  in  (74.9.0.1 ) with  c = cjf'  J 


Ext  o(J",/C) 


Moreover,  the  trivial  extension  T'(.  triv  maps  to  the  zero  class. 


08MJ  Remark  74.9.7.  Let  ( Sh(C ),  0)  be  a ringed  topos.  Let  ( Sh{C),0 ) — > ( Sh(T>i ),  0'), 
i = 1,2  be  first  order  thickenings  with  ideal  sheaves  li.  Let  h : (Sh(T>i),  0^)  —>■ 
(Sh(T>2) , 0'2)  be  a morphism  of  first  order  thickenings  of  ( Sh(C),0 ).  Picture 


(Sh(C),o) 


{Sh(V 0,0') " (5/i(P2),0') 


Observe  that  hP  : 02  — t 0)  in  particular  induces  an  0-module  map  X2  — > ©i  ■ Let 
J7  be  an  0-module.  Let  (/Q,  c,),  i = 1,2  be  a pair  consisting  of  an  0-module  /C* 
and  a map  Go  J7  — ► /C^.  Assume  furthermore  given  a map  of  0-modules 

/C2  — /Ci  such  that 

I2  Go  -Z7  — gp'  /C2 

Y v 

Xi  Go  -Z7  — ^ ' /Ci 

is  commutative.  Then  there  is  a canonical  functoriality 


J7. 1 as  in  (74.9.0.11  with 


c2  = cjri  and  AC  = /C2 


T'x  as  in  (74.9.0.11  with 


Ci  = cjf;  and  AC  = ACi 
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Namely,  thinking  of  all  sheaves  0 , O',  J7,  /Ci,  etc  as  sheaves  on  C,  we  set  given 
T2  the  sheaf  T[  equal  to  the  pushout,  i.e.,  fitting  into  the  following  diagram  of 
extensions 


0 

0 


^0 


^0 


We  omit  the  construction  of  the  0(-mod ule  structure  on  the  pushout  (this  uses  the 
commutativity  of  the  diagram  involving  c\  and  C2). 


08MK  Remark  74.9.8.  Let  (Sh{C)  O),  ( Sh(C),Q ) (Sh(Vi),0'),2l,  and  h:  (S7i(X>i),  0[) 

[Sh[V2),02)  be  as  in  Remark  74.9.7  Assume  that  we  are  given  given  trivializations 
7 Ti  : (Sh(T>i),  O')  —y  ( Sh(C),0 ) such  that  7Ti  = hoir2.  In  other  words,  assume  h is 
a morphism  of  trivialized  first  order  thickenings  of  ( Sh(C ),  0).  Let  (/Ci,  Ci),  i = 1,2 
be  a pair  consisting  of  an  0-module  /Ci  and  a map  Ci  : X,;  <g>o  J7  — >■  /Ci.  Assume 
furthermore  given  a map  of  0-modules  IC2  — > /Ci  such  that 


I2  2 — /C2 

V C1  v 
Xi  J7 /C  1 

is  commutative.  In  this  situation  the  construction  of  Remark  174.9.61  induces  a 
commutative  diagram 


{T2  as  in  (74.9.0.1)  with  c2  = Cjr<  and  K,  = /C2} 


> Ext o(Jr,/C2) 


{T7!  as  in  (74.9.0.1)  with  c\  = cjf'  and  K,  = /Ci } 


Ext^/Cr) 


where  the  vertical  map  on  the  right  is  given  by  functoriality  of  Ext  and  the  map 
/C2  — > /Ci  and  the  vertical  map  on  the  left  is  the  one  from  Remark |74. 9. 7| 

08ML  Remark  74.9.9.  Let  ( Sh(C),0 ) be  a ringed  topos.  We  define  a sequence  of 
morphisms  of  first  order  thickenings 

(£/»(Z>1),0i)  -+  (Sh(T>2),  0'2)  (/%(:D3),0') 

of  ( Sh(C),0 ) to  be  a complex  if  the  corresponding  maps  between  the  ideal  sheaves 
Ti  give  a complex  of  0-modules  I3  — y X2  — y Ji  (i.e.,  the  composition  is  zero).  In  this 
case  the  composition  (Sh(T>i),0[)  —¥  (Sh(T>3),0 3)  factors  through  ( Sh(C),0 ) — >■ 
(Sh(V3),  03),  i.e.,  the  first  order  thickening  (Sh(T>  1),  0()  of  (Sh(C),0)  is  trivial  and 
comes  with  a canonical  trivialization  7r  : (Sh(T>i),0[)  — » (Sh(C),0). 

We  say  a sequence  of  morphisms  of  first  order  thickenings 

(SHPi),0 i)  ( Sh(V2),0'2 ) (^(P3),03) 

of  ( Sh(C),0 ) is  a short  exact  sequence  if  the  corresponding  maps  between  ideal 
sheaves  is  a short  exact  sequence 


of  0-modules. 


0 — ^ I3  — ^ X2  — y T\  — y 0 
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08MM  Remark  74.9.10.  Let  ( Sh(C),0 ) be  a ringed  topos.  Let  T be  an  0-module.  Let 

{SUPi),0 i)  ( Sh{V2),0'2 ) (Sh(v3),o'3) 


be  a complex  first  order  thickenings  of  ( Sh{C),(D ),  see  Remark  74.9.9  Let  (ZCqCj), 
i = 1,  2,  3 be  pairs  consisting  of  an  0-module  AC;  and  a map  Cj  : I i J- 

Assurne  given  a short  exact  sequence  of  0-modules 


JCi. 


such  that 


I2  <8>e>  T 


0 — ^ /C3  — )■  /C 2 — ^ /Ci 


-/c2 


0 


/c3 


C2 

^ c3 

and 

' „ ^ 

■/Cl 


x2  <8>e>  -Z7  ■ 


Ti  <8 >0  -A7  — 

are  commutative.  Finally,  assume  given  an  extension 

0-^/C2-^Jr2-J>Jr-^0 


/C2 


as  in  (74.9.0.11  with  /C  = /C2  of  02-modules  with  c_p/  = c2.  In  this  situation  we 
can  apply  the  functoriality  of  Remark  74.9.7  to  obtain  an  extension  Jq  of  0\- 
modules  (we’ll  describe  Jq  in  this  special  case  below).  By  Remark  74.9.6  using 
the  canonical  splitting  7r  : (£7i(2?i),  0j)  — » ( Sh(C),0 ) of  Remark  74.9.9  we  obtain 
€ Exto(.F,  /Ci).  Finally,  we  have  the  obstruction 

o(-7q/C 3,c3)  € Ext^J7,  /C3) 


see  Lemma  74.9.4  In  this  situation  we  claim  that  the  canonical  map 
d : Exto^/Ci)  — > Ext ^(J7, /C3) 

coming  from  the  short  exact  sequence  0— >■  /C3  — »/C2— > /Ci  — >-0  sends  £jr/  to  the 
obstruction  class  o(Jq  /C3,  C3). 

To  prove  this  claim  choose  an  embedding  j : K, 3 — > K,  where  /C  is  an  injective  0- 
module.  We  can  lift  j to  a map  / : /C2  — > /C.  Set  £3  = j'*^2  equal  to  the  pushout 
of  by  j'  so  that  cg<  = j'  o c2.  Picture: 


Set  £3  = £3  but  viewed  as  an  Og-module  via  0g 


o'2. 


Then  cq/  = 

proof  of  Lemma  74.9.4  constructs  o(.F, /C3,  C3)  as  the  boundary  of  the 
extension  of  0-modules 


j o C3.  The 
class  of  the 


0 ->•  /C//C 3 £3/^3  — >■  J7  — )•  0 

On  the  other  hand,  note  that  _7q  = hence  the  class  is  the  class  of  the 

extension 


0 ->■  /C2//C3  ->  J'a/ZCa  ->  J7  ->  0 
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seen  as  a sequence  of  0-modules  using  7 where  7r  : (Sh(V{),  O'fl)  — > ( Sh(C),0 ) is 
the  canonical  splitting.  Thus  finally,  the  claim  follows  from  the  fact  that  we  have 
a commutative  diagram 

0 >-  K 2//C3 PJK.3 *-  T 0 

V v 

0 *■  tC/K.3 *■  E'JK.3 *■  T *■  0 

which  is  0-linear  (with  the  0-module  structures  given  above). 


74.10.  Infinitesimal  deformations  of  modules  on  ringed  topi 


08MN  Let  i : ( Sh(C),0 ) — ► ( Sh(D),0 ')  be  a first  order  thickening  of  ringed  topoi.  We 
freely  use  the  notation  introduced  in  Section  74.8  Let  T'  be  an  0'-module  and  set 
T = i*T' . In  this  situation  we  have  a short  exact  sequence 

0 -A  XT'  -A  T'  -A  T -A  0 

of  0'-modules.  Since  X2  = 0 the  0'-module  structure  on  XT'  comes  from  a unique 
0-module  structure.  Thus  the  sequence  above  is  an  extension  as  in  (74.9.0.1).  As 
a special  case,  if  T'  = O'  we  have  i*0'  = 0 and  TO'  = I and  we  recover  the 
sequence  of  structure  sheaves 

O-il->0'->0->O 


08MP  Lemma  74.10.1.  Let  i : ( Sh(C),0 ) — ► ( Sh(T>),0 ')  be  a first  order  thickening  of 
ringed  topoi.  Let  T' , Q'  be  O' -modules.  Set  T = i*T'  and  Q = i*Q' . Let  : T — > Q 
be  an  O-linear  map.  The  set  of  lifts  of  ip  to  an  O' -linear  map  p'  : T'  — > Q'  is,  if 
nonempty,  a principal  homogeneous  space  under  Home^.F, IQ'). 

Proof.  This  is  a special  case  of  Lemma [74 . 9 . 1 1 but  we  also  give  a direct  proof.  We 
have  short  exact  sequences  of  modules 

O-)I-I0'->0->O  and  0 -A  XQ'  — >•  — >•  C?  — >•  0 


and  similarly  for  T' . Since  X has  square  zero  the  O'-module  structure  on  X and 
XQ'  comes  from  a unique  0-module  structure.  It  follows  that 

Horn  o'{T',IQ')  = Horn  0(?,Xg')  and  Horn  0'(F',G)  = Horn  0(F,G) 


08MQ 


The  lemma  now  follows  from  the  exact  sequence 

0 — )•  Homo/ (J7', If?')  -»■  Horn o'^'.Q')  ->  Horn 0'(F',G) 
see  Homology,  Lemma [12. 5.8|  □ 

Lemma  74.10.2.  Let  (/,/')  be  a morphism  of  first  order  thickenings  of  ringed 
topoi  as  in  Situation  74-8.1]  Let  T'  be  an  O' -module  and  set  T = i*T’ . Assume 
that  J7  is  flat  over  Ob  and  that  (/,  f)  is  a strict  morphism  of  thickenings  (Definition 
74-8.3]).  Then  the  following  are  equivalent 


(1)  J-'  is  flat  over  Ob’,  and 

(2)  the  canonical  map  f*  J F ~ ) ► TO7’  is  an  isomorphism. 

Moreover,  in  this  case  the  maps 

f*J®oJT-+T®oT->TJ7' 


are  isomorphisms. 
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Proof.  The  map  /*  J -A  I is  surjective  as  (/,  f)  is  a strict  morphism  of  thicken- 
ings. Hence  the  final  statement  is  a consequence  of  (2). 


Proof  of  the  equivalence  of  (1)  and  (2).  By  definition  flatness  over  O g means  flatness 
over  / ~1Oi3 . Similarly  for  flatness  over  f~1Os'-  Note  that  the  strictness  of  (/,  /') 
and  the  assumption  that  J7  = i*  J7'  imply  that 

T = T' I (r1J)F 


as  sheaves  on  C.  Moreover,  observe  that  f*J  F = / <5 

equivalence  of  (1)  and  (2)  follows  from  Modules  on  Sites,  Lemma  18.28.13 


Os 


J7.  Hence  the 

□ 


08VU  Lemma  74.10.3.  Let  (/,/')  be  a morphism  of  first  order  thickenings  of  ringed 
topoi  as  in  Situation  74.8.1]  Let  J7'  be  an  O' -module  and  set  T = i*F' . Assume 
that  J7'  is  flat  over  Ob>  and  that  (/,  f)  is  a strict  morphism  of  thickenings.  Then 
the  following  are  equivalent 

(1)  J7'  is  an  O' -module  of  finite  presentation,  and 

(2)  T is  an  O -module  of  finite  presentation. 


Proof.  The  implication  (1)  =>  (2)  follows  from  Modules  on  Sites,  Lemma  18.23.4 
For  the  converse,  assume  T of  finite  presentation.  We  may  and  do  assume  that 
C = C' . By  Lemma  74.10.2  we  have  a short  exact  sequence 

0 — y T ®Ov  F F'  — > J-  — > 0 


Let  U be  an  object  of  C such  that  F\u  has  a presentation 

0®m  -A  0®"  ->•  F\u  ->  0 

After  replacing  XJ  by  the  members  of  a covering  we  may  assume  the  map  0®n  — > 
T\u  lifts  to  a map  (O^)®"  —>  T'\ u-  The  induced  map  I®”  — >•  I ® T is  surjective 
by  right  exactness  of  (g>.  Thus  after  replacing  U by  the  members  of  a covering  we 
can  find  a lift  ( 0'\u)®m  — ► (0'\u)®n  of  the  given  map  0®m  — ► O®"  such  that 

(O'u)®"*  -A  (O^)®"  -A  F'\ u -A  0 


is  a complex.  Using  right  exactness  of  (g > once  more  it  is  seen  that  this  complex  is 
exact.  □ 


08MR  Lemma  74.10.4.  Let  (/,/')  be  a morphism  of  first  order  thickenings  as  in  Sit- 
uation 7 4-8.1  Let  T' , Q'  be  O' -modules  and  set  T = i*T'  and  Q = i*Q'.  Let 


ip  : T -A  Q be  an  O-linear  map.  Assume  that  Q'  is  flat  over  O&  and  that  (/,/') 
is  a strict  morphism  of  thickenings.  The  set  of  lifts  of  tp  to  an  O' -linear  map 
p'  : T'  — > Q'  is,  if  nonempty,  a principal  homogeneous  space  under 

Horn o(F,g®o  f*J) 

Proof.  Combine  Lemmas  I74.10.fi  and  174.10.21  □ 


08MS  Lemma  74.10.5.  Let  i : ( Sh(C),0 ) -A  ( Sh{V),0 ')  be  a first  order  thickening 
of  ringed  topoi.  Let  J7' , Q'  be  O' -modules  and  set  J7  = i*F'  and  Q = i*Q' . Let 
ip  : J7  — >•  Q be  an  O-linear  map.  There  exists  an  element 

o(<p)  e Extla(Li* J7' ,1Q') 

whose  vanishing  is  a necessary  and  sufficient  condition  for  the  existence  of  a lift  of 
tp  to  an  O' -linear  map  p'  : J7'  — >•  Q' . 
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Proof.  It  is  clear  from  the  proof  of  Lemma[74T0d]that  the  vanishing  of  the  bound- 
ary of  p via  the  map 

Hom0(.F,S)  = Horn  o'{T' ,Q)  — ► Ext  X0,{T' ,TQ') 
is  a necessary  and  sufficient  condition  for  the  existence  of  a lift.  We  conclude  as 
Ext  x0,[T\XQ')  = Ext  x0{Li*TPXQ') 

the  adjointness  of  7*  = and  Li*  on  the  derived  category  (Cohomology  on  Sites, 
Lemma  21.19.1 ).  □ 

Lemma  74.10.6.  Let  (/,  /')  be  a morphism  of  first  order  thickenings  as  in  Sit- 
uation 74-8.1  Let  IF' , Q'  be  O' -modules  and  set  IF  = i*IF'  and  Q = i*Q' . Let 


p : IF  — > Q be  an  O-linear  map.  Assume  that  IF'  and  Q'  are  fiat  over  0&  and  that 
(/,  /')  is  a strict  morphism  of  thickenings.  There  exists  an  element 

o{p)  e Ext@  (IF,  Q <S>o  f*J) 

whose  vanishing  is  a necessary  and  sufficient  condition  for  the  existence  of  a lift  of 
p to  an  O' -linear  map  p'  : T'  — > Q' . 

First  proof.  This  follows  from  Lemma[74.10.5|as  we  claim  that  under  the  assump- 
tions of  the  lemma  we  have 

Ext @ (Li* IF' , l(f ) = Ext 10(J7,G®o  f*J) 


Namely,  we  have  TQ'  = Q < 
that 


f*J  by  Lemma  [74.10.2  On  the  other  hand,  observe 


H-1^*?')  =Torf'(JF',0) 

(local  computation  omitted).  Using  the  short  exact  sequence 
we  see  that  this  Tori  is  computed  by  the  kernel  of  the  map  l®o  IF 


zero  by  the  final  assertion  of  Lemma 
hand,  we  have 


74.10.2 


XT'  which  is 
Thus  7>_i Li*  IF'  = F . On  the  other 


Ext  x0(Li*F'  ,XQ')  = Exto(r>_i  Li*F'  ,XQ') 


by  the  dual  of  Derived  Categories,  Lemma  13.17.1 


□ 


Second  proof.  We  can  apply  Lemma  |74.9.2|  as  follows.  Note  that  K,  = X ®o  F 
and  £ = X ®q  Q by  Lemma  74.10.2  that  cjf'  = 1 (g>  1 and  eg'  = 1 ® 1 and  taking 
ip  = l®p  the  diagram  of  the  lemma  commutes.  Thus  o(p)  = o(p , 1®  p)  works.  □ 

08MU  Lemma  74.10.7.  Let  (/,/')  be  a morphism  of  first  order  thickenings  as  in  Situ- 


ation 7 4-8.1  Let  F be  an  O -module.  Assume  (/,/')  is  a strict  morphism  of  thick- 
enings and  F flat  over  Ob-  If  there  exists  a pair  (F' , a)  consisting  of  an  O' -module 
F'  flat  over  Ob'  and  an  isomorphism  a : i*  F'  — > F,  then  the  set  of  isomorphism 
classes  of  such  pairs  is  principal  homogeneous  under  Ext q ( F, X ®o  IF) . 

Proof.  If  we  assume  there  exists  one  such  module,  then  the  canonical  map 

f*  J ®o  I7  ~ t X IF 

is  an  isomorphism  by  Lemma  [74. 10. 2|  Apply  Lemma  [74. 9. 3|  with  K,  = X ®q  IF  and 
c = 1.  By  Lemma  74.10.2  the  corresponding  extensions  IF'  are  all  flat  over  Ob'  ■ □ 
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08MV 


Lemma  74.10.8.  Let  (f,fi)  be  a morphism  of  first  order  thickenings  as  in  Sit- 
Let  T be  an  O -module.  Assume  (f,f)  is  a strict  morphism  of 


nation  74-8.1 


thickenings  and  T fiat  over  Ob-  There  exists  an  O' -module  T'  flat  over  Ob1  with 
i*F'  = J-,  if  and  only  if 

(1)  the  canonical  map  f*  J <8>o  T — > I 7F  is  an  isomorphism,  and 

(2)  the  class  o(J-, I <E>o  1)  £ Ext^,(J-,X  T)  of  Lemma  7 4-9-4 


is  zero. 


Proof.  This  follows  immediately  from  the  characterization  of  CX-modules  flat  over 
Ob'  of  Lemma |74.10.2|  and  Lemma |74.9.4|  □ 


74.11.  Application  to  fiat  modules  on  flat  thickenings  of  ringed  topoi 


08VV  Consider  a commutative  diagram 

(Sh(C),0)- 

f 

(Sh(B),  Ob) 


( Sh(v),0 ') 

f 

(Sh(B'),  0B’ 


of  ringed  topoi  whose  horizontal  arrows  are  first  order  thickenings  as  in  Situation 


74.8.1 


Set  T = Ker(*tt)  C O'  and  J = Ker(ttt)  C Ob'-  Let  T be  an  0-module. 
Assume  that 

(1)  (/,  /')  is  a strict  morphism  of  thickenings, 

(2)  f is  flat,  and 

(3)  T is  flat  over  Ob- 


Note  that  (1)  + (2)  imply  that  X = f*  J (apply  Lemma  74.10.2  to  O').  The  theory 


08  VW 


of  the  preceding  section  is  especially  nice  under  these  assumptions.  We  summarize 
the  results  already  obtained  in  the  following  lemma. 

Lemma  74.11.1.  In  the  situation  above. 

(1)  There  exists  an  O' -module  T'  flat  over  Ob'  with  i*T'  = T , if  and  only 

if  the  class  o(T,  f*  47  J-,  1)  £ Ex^0[T,  f*J  <S>o  3~)  of  Lemma  7 4-9-4  is 

zero. 

(2)  If  such  a module  exists,  then  the  set  of  isomorphism  classes  of  lifts  is 
principal  homogeneous  under  ExVqITF , f*  J T). 

(3)  Given  a lift  T' , the  set  of  automorphisms  of  T'  which  pull  back  to  idjr  is 
canonically  isomorphic  to  Exi0{T , f*  J ®o  7F). 


08  VX 


Proof.  Part  (1)  follows  from  Lemma  74.10.8  as  we  have  seen  above  that  I = f*  J . 
Part  (2)  follows  from  Lemma  74.10.7  Part  (3)  follows  from  Lemma  74.10.4  □ 

Situation  74.11.2.  Let  / : ( Sh(C),0 ) 
topoi.  Consider  a commutative  diagram 

(Sh(C[),0 i)  — ^ (Sh(C'2),o'2) (Sh(C'3),0'3) 


( Sh(B),OB ) be  a morphism  of  ringed 


f[ 


(Sh(B[),OB0 -( Sh(B'2),0B ,) 


(■ Sh(B'3),0B ' 


where  (a)  the  top  row  is  a short  exact  sequence  of  first  order  thickenings  of  ( Sh(C ),  O), 

(b)  the  lower  row  is  a short  exact  sequence  of  first  order  thickenings  of  (Sh(B),  Ob), 

(c)  each  ft  restricts  to  /,  (d)  each  pair  (/,  /')  is  a strict  morphism  of  thickenings, 
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08  VY 


and  (e)  each  /'  is  flat.  Finally,  let  F2  be  an  (D^-module  flat  over  0&  and  set 
F = F2  Let  7T  : ( Sh(C[ ),  O'f)  -4  ( Sh(C),0 ) be  the  canonical  splitting  (Remark 
749(91). 


Lemma  74.11.3.  In  Situation  74-11-2  the  modules  n*F  and  h* F2  are  0(-modules 
flat  over  Ob[  restricting  to  F on  ( Sh(C),0 ).  Their  difference  (Lemma  7. 4. 11.1)  is 
an  element  6 of  Ext^,(F , f*  Ji®oF)  whose  boundary  in  Ext^,(F,  /* 4h®oF)  equals 
the  obstruction  (Lemma  74-11-1)  to  lifting  F to  an  O^-module  flat  over  . 


Proof.  Note  that  both  n*F  and  h*F2  restrict  to  F on  (Sh(C),0)  and  that  the 
kernels  of  tt*F  -a  F and  h*F2  -4  F are  given  by  f*J\  <E>o  F.  Hence  flatness  by 
Lemma  [74.10.2|  Taking  the  boundary  makes  sense  as  the  sequence  of  modules 


0 -4  f*J3  ®oF->  f*J2  (8>o  F — >•  f*  Ji  ®oF^0 


is  short  exact  due  to  the  assumptions  in  Situation  |74.11.2|  and  the  fact  that  F is 
flat  over  Ob-  The  statement  on  the  obstruction  class  is  a direct  translation  of  the 
result  of  Remark  74.9.10  to  this  particular  situation.  □ 


74.12.  Deformations  of  ringed  topoi  and  the  naive  cotangent  complex 


08UE  In  this  section  we  use  the  naive  cotangent  complex  to  do  a little  bit  of  deformation 
theory.  We  start  with  a first  order  thickening  t : ( Sh(B),Os ) -4  (Sh(B'),0]3>)  of 
ringed  topoi.  We  denote  J = Ker(ttt)  and  we  identify  the  underlying  topoi  of  B 
and  B' . Moreover  we  assume  given  a morphism  of  ringed  topoi  / : ( Sh(C),0 ) — ► 
( Sh(B),OB ),  an  O-module  Q , and  a map  f~xJ  — > Q of  sheaves  of  /“^g-modules. 
In  this  section  we  ask  ourselves  whether  we  can  find  the  question  mark  fitting  into 
the  following  diagram 

0 >-  g >-  ? >-  O >-  0 

A 

08UF  (74.12.0.1) 

0 f~xJ f-'Oe /-'Ob 0 


08UG 


and  moreover  how  unique  the  solution  is  (if  it  exists).  More  precisely,  we  look  for  a 
first  order  thickening  i : ( Sh(C),0 ) -4  ( Sh(C'),0 ')  and  a morphism  of  thickenings 
(/,  /')  as  in  (74.8.1.1 ) where  Ker^)  is  identified  with  Q such  that  (/')*  induces  the 
given  map  c.  We  will  say  ( Sh(C),0 ')  is  a solution  to  (74.12.0.1). 


Lemma  74.12.1.  Assume  given  a commutative  diagram  of  morphisms  ringed 
topoi 


08UH  (74.12.1.1) 
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whose  horizontal  arrows  are  first  order  thickenings.  Set  Qj  = Ker(i^)  and  assume 
given  a map  of  g~10\-modules  v : g~1Gi  -A  Qi  giving  rise  to  the  commutative 
diagram 


0 


g-2 


■o'. 


■o. 


■0 


08UI  (74.12.1.2) 


(The  north- north- west  arrows  are 


with  front  and  back  solutions  to  ( 74-12.0.1 ). 
maps  on  C2  after  applying  g~x  to  the  source.) 

(1)  There  exist  a canonical  element  in  Ext10o  {Lg*  NLq1/qBi  , g2)  whose  van- 
ishing is  a necessary  and  sufficient  condition  for  the  existence  of  a mor- 
phism of  ringed  topoi  ( Sh(C2),02 ) -A  (Sh(C[),  O’fi)  fitting  into  \7).12.1A ) 
compatibly  with  v . 

(2)  If  there  exists  a morphism  ( Sh{C2 ),  0'2)  ► ( Sh(C[ ),  O'fi)  fitting  into  (7). 12. 1.1) 
compatibly  with  v the  set  of  all  such  morphisms  is  a principal  homogeneous 
space  under 

,g2)  = Ext0O2{Lg*  NL0l/0Biig2). 

Proof.  The  proof  of  this  lemma  is  identical  to  the  proof  of  Lemma[74.7.1|  We  urge 
the  reader  to  read  that  proof  instead  of  this  one.  We  will  identify  the  underlying 
topoi  for  every  thickening  in  sight  (we  have  already  used  this  convention  in  the 
statement).  The  equalities  in  the  last  statement  of  the  lemma  are  immediate  from 
the  definitions.  Thus  we  will  work  with  the  groups  Ext o2{Lg*  NLq1/qb , g2),  k = 

0, 1 in  the  rest  of  the  proof.  We  first  argue  that  we  can  reduce  to  the  case  where 
the  underlying  topos  of  all  ringed  topoi  in  the  lemma  is  the  same. 

To  do  this,  observe  that  g~x  NLq1/qBi  is  equal  to  the  naive  cotangent  complex  of 
the  homomorphism  of  sheaves  of  rings  g_1  ff1OB1  -A  g~10\ , see  Modules  on  Sites, 


Homojtfioj/OB!,^*^)  = H°m02(g*^Oi/oE 


Lemma  18.32.5  Moreover,  the  degree  0 term  of  NLq1/c i is  a flat  Oi-module, 

hence  the  canonical  map 

Lg*  NL0l/oBl  — * 9 1 NL0l/oBl 

induces  an  isomorphism  on  cohomology  sheaves  in  degrees  0 and  — 1.  Thus  we  may 
replace  the  Ext  groups  of  the  lemma  with 

Extg-i  0l{g  1 nl0i/0bi  , g2)  =Extg-i0i(NLg_10i/g_1f-i0Bi,g2) 

The  set  of  morphism  of  ringed  topoi  ( Sh(C2 ),  02)  -A  (Sh(C[),  0[)  fitting  into  ( 74.12.1.1 1 


compatibly  with  v is  in  one-to-one  bijection  with  the  set  of  homomorphisms  of 
g-1  ff1OB'i -algebras  g~xO\  -A  02  which  are  compatible  with  and  v.  In  this  way 
we  see  that  we  may  assume  we  have  a diagram  ( 74.12.1. 2|  of  sheaves  on  a site  C 


74.12.  DEFORMATIONS  OF  RINGED  TOPOI  AND  THE  NAIVE  COTANGENT  COMPLE4B60 


(with  fi  = f-2=  id  on  underlying  topoi)  and  we  are  looking  to  find  a homomorphism 
of  sheaves  of  rings  0'x  — > 02  fitting  into  it. 

In  the  rest  of  the  proof  of  the  lemma  we  assume  all  underlying  topological  spaces  are 
the  same,  i.e. , we  have  a diagram  ( 74.12.1.2 ) of  sheaves  on  a site  C (with  fi  = f2  = id 
on  underlying  topoi)  and  we  are  looking  for  homomorphisms  of  sheaves  of  rings 
0[  — > 0'2  fitting  into  it.  As  ext  groups  we  will  use  Ext^  (. NLC,1/C>B i , Q2),  k = 0, 1. 

Step  1.  Construction  of  the  obstruction  class.  Consider  the  sheaf  of  sets 

£ = o[  xo2  <% 

This  comes  with  a surjective  map  a : 8 — > 0\  and  hence  we  can  use  NL(a)  instead 
of  NLo1/ob^1  see  Modules  on  Sites,  Lemma  18.34.2  Set 

I'  = Ker(0g/  {£]  -A  Ox)  and  I = Ker (0Bl  [£]  ->  Ox) 

There  is  a surjection  I'  — > I whose  kernel  is  JxOB^\£\.  We  obtain  two  homomor- 
phisms of  Ot3'2 -algebras 

a : Ob[  [£]  -A  0[  and  b : Ob[  [5]  -A  0'2 

which  induce  maps  a\x>  : X'  — > Q\  and  b\z>  : X'  — > Q2.  Both  a and  b annihilate 
(I')2.  Moreover  a and  b agree  on  J\0B'  [£]  as  maps  into  Q2  because  the  left  hand 
square  of  (74.12.1.21  is  commutative.  Thus  the  difference  b\x>  — v o a\x>  induces  a 
well  defined  0i-linear  map 

C : I/I2  — ► 

which  sends  the  class  of  a local  section  / of  I to  a(f)  — v(b(f'))  where  /'  is  a lift  of 
/ to  a local  section  of  I'.  We  let  [£]  £ Ext q (NL(a),  Q2)  be  the  image  (see  below). 

Step  2.  Vanishing  of  [£]  is  necessary.  Let  us  write  f l = ^oBl[£]/0Bl  ®oBl[£\ 
Observe  that  NL{a ) = (I /I2  — > f l)  fits  into  a distinguished  triangle 

n[0]  -A  NL{a ) -A  I/I2[l]  -A  fi[l] 

Thus  we  see  that  [£]  is  zero  if  and  only  if  ^ is  a composition  I/I2  — ► Q — > Q2  for 
some  map  Q — > Q2.  Suppose  there  exists  a homomorphisms  of  sheaves  of  rings 
ip  : 0'x  — > 02  fitting  into  (74.12.1.21.  In  this  case  consider  the  map  0j[£]  — > Q2, 
f i— > b(f)  — A calculation  shows  this  annihilates  JiO^  [£]  and  induces  a 

derivation  0Bl[£]  — > Q2.  The  resulting  linear  map  17  — > Q2  witnesses  the  fact  that 
[£]  = 0 in  this  case. 

Step  3.  Vanishing  of  [£]  is  sufficient.  Let  9 : 17  — >•  Q2  be  a 0!-linear  map  such  that 
£ is  equal  to  9 o (I/I2  17).  Then  a calculation  shows  that 

b + 9 o d : Ob[  [£}  — >0'2 

annihilates  X'  and  hence  defines  a map  Ox  — > Or2  fitting  into  (74.12.1.2). 

Proof  of  (2)  in  the  special  case  above.  Omitted.  Hint:  This  is  exactly  the  same  as 
the  proof  of  (2)  of  Lemma  74.2.1  □ 


08UJ  Lemma  74.12.2.  Let  C be  a site.  Let  A — » B be  a homomorphism  of  sheaves  of 
rings  on  C.  Let  Q be  a B-module.  Let  £ £ ExtB(NLB/jL,Q).  There  exists  a map 
of  sheaves  of  sets  a : £ — > B such  that  £ £ ExtB(NL(a)1Q ) is  the  class  of  a map 
I/I2  — > Q (see  proof  for  notation). 
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08UK 


Proof.  Recall  that  given  a : £ -A  B such  that  A[£]  — > B is  surjective  with  ker- 
nel I the  complex  NL(a)  = (I/I2  — > £Ia\£]/A  ®A\£  1 is  canonically  isomor- 
phic to  NLb/a,  see  Modules  on  Sites,  Lemma  18.34.2|  Observe  moreover,  that 
= BLa[£]/a  B is  the  sheaf  associated  to  the  presheaf  U fa  ©e££(m  B{U).  In 
other  words,  O is  the  free  23-module  on  the  sheaf  of  sets  £ and  in  particular  there 
is  a canonical  map  £ — > Q. 


Having  said  this,  pick  some  £ (for  example  £ = B as  in  the  definition  of  the  naive 
cotangent  complex).  The  obstruction  to  writing  £ as  the  class  of  a map  I/I2  — > Q is 
an  element  in  Extg(0,t/).  Say  this  is  represented  by  the  extension  0 
£1  — > 0 of  S-modules.  Consider  the  sheaf  of  sets  £'  = £ xq7~L  which  comes  with  an 
induced  map  a'  : £’  -A  B.  Let  I'  = Kei :(A[£']  — > B)  and  O'  = £La[£']/A  ®a[£']  B. 
The  pullback  of  £ under  the  quasi-isomorphism  NL(a')  — > NL(a ) maps  to  zero  in 
Extg(0',  Q)  because  the  pullback  of  the  extension  T~L  by  the  map  O'  — > O is  split  as 
O'  is  the  free  H-module  on  the  sheaf  of  sets  £ ' and  since  by  construction  there  is  a 
commutative  diagram 

£' ^£ 

n ^0 

This  finishes  the  proof.  □ 


Lemma  74.12.3.  If  there  exists  a solution  to  \ 7f  .12.0.1),  then  the  set  of  isomor- 
phism classes  of  solutions  is  principal  homogeneous  under  Ext^0{NLo /oBiG)- 


Proof.  We  observe  right  away  that  given  two  solutions  0\  and  0'2  to  (|74. 12.0.1]) 


we  obtain  by  Lemma 


74.12.1 


an  obstruction  element  o(0[,0'2)  £ Ext^ (NL0 /C,B , Q) 
to  the  existence  of  a map  0[  -A  Or2 ■ Clearly,  this  element  is  the  obstruction  to  the 
existence  of  an  isomorphism,  hence  separates  the  isomorphism  classes.  To  finish 
the  proof  it  therefore  suffices  to  show  that  given  a solution  O'  and  an  element 
£ £ Ext o(NLo/ob,G)  we  can  find  a second  solution  0/  such  that  o(0' , O'f)  = £. 


Pick  a : £ — ► O as  in  Lemma  |74.12.2|  for  the  class  £.  Consider  the  surjection 
f~1Os[£]  — > O with  kernel  I and  corresponding  naive  cotangent  complex  NL(a)  = 
( ’I/I 2 — » £lf-ioB[£]/f-10B  ®/— io8[J]  ^)-  By  the  lemma  £ is  the  class  of  a morphism 
S : I/I2  — > Q.  After  replacing  £ by  £ Xq  O'  we  may  also  assume  that  a factors 
through  a map  a'  : £ — > O' . 


These  choices  determine  an  f~1OB' -algebra  map  p : Ob'  [£]  -A  O'.  Let  I'  = Ker(y>). 
Observe  that  p induces  a map  p\x<  : I'  — ► Q and  that  O'  is  the  pushout,  as  in  the 
following  diagram 


OAf  £ 

V\i' 

o — 


> O' ^ 05^-4-  0 

A /, 

rlOB,[£] ^0 0 


Let  if  : X'  — >■  Q be  the  sum  of  the  map  p \x>  and  the  composition 

i'  -a  i'/(i')2  -a  i/i2  4 g. 
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Then  the  pushout  along  if  is  an  other  ring  extension  O £ fitting  into  a diagram  as 
above.  A calculation  (omitted)  shows  that  o(0',0^)  = £ as  desired.  □ 

08UL  Lemma  74.12.4.  Let  ( Sh(B),Os ) be  a ringed  topos  and  let  J be  an  Os-module. 

(1)  The  set  of  extensions  of  sheaves  of  rings  0 — > J — > Os’  — t Os  — > 0 where 
J is  an  ideal  of  square  zero  is  canonically  bijective  to  Ex£q  {NLqb/z,  J)- 
Given  a morphism  of  ringed  topoi  f : ( Sh(C),0 ) -A  (Sh(B),Os),  an  O- 
module  Q,  an  f~1Os~module  map  c : f~xJ  — » Q,  and  given  extensions  of 
sheaves  of  rings  with  square  zero  kernels: 

(a)  0 — »•  J — > Os'  — > Os  — t 0 corresponding  to  a £ ExtQB(NLQB/z.Jr), 

(b)  0— > G — > O'  — > O — >0  corresponding  to  fl  £ Ext1c,{NL0 /z,  Q) 
then  there  is  a morphism  ( Sh(C),0 ')  -A  ( Sh(B,Os >)  fitting  into  a di- 
agram \1 if  and  only  if  fj  and  a map  to  the  same  element  of 


(2) 


Ex&{Lf*NLOB/z,g). 

Proof.  To  prove  this  we  apply  the  previous  results  where  we  work  over  the  base 


ringed  topos  ( Sh( *),  Z)  with  trivial  thickening.  Part  (1)  follows  from  Lemma  74.12.3 


and  the  fact  that  there  exists  a solution,  namely  J © Os-  Part  (2)  follows  from 
Lemma  |74.12.1  and  a compatibility  between  the  constructions  in  the  proofs  of 
Lemmas  74. 12.3|  and  |74.12Tl  whose  statement  and  proof  we  omit.  □ 
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The  Cotangent  Complex 


08P5 


75.1.  Introduction 

08P6  The  goal  of  this  chapter  is  to  construct  the  cotangent  complex  of  a ring  map,  of  a 
morphism  of  schemes,  and  of  a morphism  of  algebraic  spaces.  Some  references  are 
the  notes  iQuit  the  paper  lQui701  , and  the  books  IAnd671  and  urn. 


75.2.  Advice  for  the  reader 


08UM  In  writing  this  chapter  we  have  tried  to  minimize  the  use  of  simplicial  techniques. 

We  view  the  choice  of  a resolution  P of  a ring  B over  a ring  A as  a tool  to  calculating 


the  homology  of  abelian  sheaves  on  the  category  Cb/a , see  Remark  75.5.5  This  is 
similar  to  the  role  played  by  a “good  cover”  to  compute  cohomology  using  the 
Cech  complex.  To  read  a bit  on  homology  on  categories,  please  visit  Cohomology 
on  Sites,  Sectional. 30|  The  derived  lower  shriek  functor  Ln\  is  to  homology  what 
RT(Cb/Ai  — ) is  to  cohomology.  The  category  Cb/a , studied  in  Section  75.4  is  the 
opposite  of  the  category  of  factorizations  A — > P — > B where  P is  a polynomial 
algebra  over  A.  This  category  comes  with  maps  of  sheaves  of  rings 


A 


O 


B 


where  over  the  object  U = (P  — > B)  we  have  0(U)  = P.  It  turns  out  that  we 
obtain  the  cotangent  complex  of  B over  A as 


Lb/a  — Ln\(Jlo/A  ®0  B) 

see  Lemma  75.4.3|  We  have  consistently  tried  to  use  this  point  of  view  to  prove  the 
basic  properties  of  cotangent  complexes  of  ring  maps.  In  particular,  all  of  the  results 
can  be  proven  without  relying  on  the  existence  of  standard  resolutions,  although  we 
have  not  done  so.  The  theory  is  quite  satisfactory,  except  that  perhaps  the  proof  of 
the  fundamental  triangle  (Proposition  75.7.4)  uses  just  a little  bit  more  theory  on 
derived  lower  shriek  functors.  To  provide  the  reader  with  an  alternative,  we  give  a 
rather  complete  sketch  of  an  approach  to  this  result  based  on  simple  properties  of 
standard  resolutions  in  Remarks  175.7.51  and  175.7.61 


Our  approach  to  the  cotangent  complex  for  morphisms  of  ringed  topoi,  morphisms 
of  schemes,  morphisms  of  algebraic  spaces,  etc  is  to  deduce  as  much  as  possible 
from  the  case  of  “plain  ring  maps”  discussed  above. 
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08PN 
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75.3.  The  cotangent  complex  of  a ring  map 


Let  A be  a ring.  Let  AlgA  be  the  category  of  A-algebras.  Consider  the  pair  of  adjoint 
functors  (F,i)  where  i : AlgA  -A  Sets  is  the  forgetful  functor  and  F : Sets  -A  AlgA 
assigns  to  a set  E the  polynomial  algebra  A[E]  on  E over  A.  Let  A',  be  the  simplicial 


object  of  Fun (AlgA,  AlgA)  constructed  in  Simplicial,  Section  14.33 


Consider  an  A-algebra  B.  Denote  P,  = X #(P)  the  resulting  simplicial  A-algebra. 
Recall  that  Po  = A[P],  Pi  = A[A[P]],  and  so  on.  In  particular  each  term  Pn  is  a 
polynomial  A-algebra.  Recall  also  that  there  is  an  augmentation 


e:P. 


B 


where  we  view  B as  a constant  simplicial  A-algebra. 

Definition  75.3.1.  Let  A — > B be  a ring  map.  The  standard  resolution  of  B over 
A is  the  augmentation  e : P,  — ► A with  terms 

P0  = A[B\,  Pi=A[A[B]f  ... 

and  maps  as  constructed  above. 


It  will  turn  out  that  we  can  use  the  standard  resolution  to  compute  left  derived 
functors  in  certain  settings. 

Definition  75.3.2.  The  cotangent  complex  Lb/a  of  a ring  map  A — > B is  the 
complex  of  P-modules  associated  to  the  simplicial  P-module 

Lip. /A  ®P.,e  B 

where  e : P.  — ► B is  the  standard  resolution  of  B over  A. 


In  Simplicial,  Section  14.23  we  associate  a chain  complex  to  a simplicial  module, 
but  here  we  work  with  cochain  complexes.  Thus  the  term  L~^jA  in  degree  —n  is 


the  P-module  Llpn/A  ®p„,e 


B and  Lff/A  = 0 for  m > 0. 


Remark  75.3.3.  Let  A — > B be  a ring  map.  Let  A be  the  category  of  arrows 
if  : C — > B of  A-algebras  and  let  S be  the  category  of  maps  E — ► P where  E is  a 
set.  There  are  adjoint  functors  * : A — > S (the  forgetful  functor)  and  F : S — >■  A 
which  sends  E — > B to  A[E\  -A  B.  Let  A,  be  the  simplicial  object  of  Fun(M,  A) 
constructed  in  Simplicial,  Section  [14.331  The  diagram 


A . 

y 

AlgA  > Sets 


commutes.  It  follows  that  A'.(idp  : P — » P)  is  equal  to  the  standard  resolution  of 
P over  A. 


Lemma  75.3.4.  Let  Ai  — > Bi  be  a system  of  ring  maps  over  a directed  index  set 
I.  Then  CO\\n\LAi/Bi  -^colim  Ai  / colim  Bi  • 


Proof.  This  is  true  because  the  forgetful  functor  i : A-Alg  -A  Sets  and  its  adjoint 
F : Sets  -A  A-Alg  commute  with  filtered  colimits.  Moreover,  the  functor  B/A  i— »• 
LIb/a  does  as  well  (Algebra,  Lemma  10.130.4 1 . □ 
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75.4.  Simplicial  resolutions  and  derived  lower  shriek 


08PQ  Let  A — > B be  a ring  map.  Consider  the  category  of  A-algebra  maps  a : P — ► P 
where  P is  a polynomial  algebra  over  A (in  some  selQof  variables).  Let  C = Cg/ a 
denote  the  opposite  of  this  category.  The  reason  for  taking  the  opposite  is  that  we 
want  to  think  of  objects  (P,  a)  as  corresponding  to  the  diagram  of  affine  schemes 


Spec(P) 


Spec  (P) 


Spec(A) 

We  endow  C with  the  chaotic  topology  (Sites,  Example  7.6.6 ),  i.e.,  we  endow  C with 


the  structure  of  a site  where  coverings  are  given  by  identities  so  that  all  presheaves 
are  sheaves.  Moreover,  we  endow  C with  two  sheaves  of  rings.  The  first  is  the  sheaf 
O which  sends  to  object  (P,  a)  to  P.  Then  second  is  the  constant  sheaf  P,  which 
we  will  denote  P.  We  obtain  the  following  diagram  of  morphisms  of  ringed  topoi 


08PR  (75.4.0.1) 


(. Sh(C),B ) — >■  (Sh(C),0) 

7 r 

(Sh(*),B) 


The  morphism  i is  the  identity  on  underlying  topoi  and  i ^ : O — > P is  the  obvious 
map.  The  map  7r  is  as  in  Cohomology  on  Sites,  Example  |21.30.1[  An  important 
role  will  be  played  in  the  following  by  the  derived  functors  Li*  : D(JD)  — > D{B) 
left  adjoint  to  Pi*  = i*  : D(P)  — ► D(0)  and  Ln\  : D(B)  — > D(B)  left  adjoint  to 
7 r*  — 7T— 1 : D{B)  ->  D(B). 

08PS  Lemma  75.4.1.  With  notation  as  above  let  P,  be  a simplicial  A-algebra  endowed 
with  an  augmentation  e : P,  — » P.  Assume  each  Pn  is  a polynomial  algebra  over  A 
and  e is  a trivial  Kan  fibration  on  underlying  simplicial  sets.  Then 

Ltt\  (P)  = T (P. , e) 

in  D{Ab),  resp.  D(B)  functorially  in  T in  Ab(C),  resp.  Mod(B)- 


Proof.  We  will  use  the  criterion  of  Cohomology  on  Sites,  Lemma  [21.30.7  to  prove 
this.  Given  an  object  U = ( Q , 0)  of  C we  have  to  show  that 


S.=Morc((Q,0),(P.,e)) 


is  homotopy  equivalent  to  a singleton.  Write  Q = A[E\  for  some  set  E (this  is 
possible  by  our  choice  of  the  category  C).  We  see  that 

S.  =Morsets{{E,P\E),{P,,e)) 

Let  * be  the  constant  simplicial  set  on  a singleton.  For  b G B let  F be  the 
simplicial  set  defined  by  the  cartesian  diagram 


Fb,. ^ P. 


Y 

* 


4t  suffices  to  consider  sets  of  cardinality  at  most  the  cardinality  of  B. 
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With  this  notation  S,  = Y\e^E  Pp(e),»-  Since  we  assumed  e is  a trivial  Kan  fibration 
we  see  that  i7^.  — >•  * is  a trivial  Kan  fibration  (Simplicial,  Lemma  14.30.3).  Thus 
S,  — > * is  a trivial  Kan  fibration  (Simplicial,  Lemma  14.30.6).  Therefore  S',  is 
homotopy  equivalent  to  * (Simplicial,  Lemma  14.30.8).  □ 


In  particular,  we  can  use  the  standard  resolution  of  B over  A to  compute  derived 
lower  shriek. 

08PT  Lemma  75.4.2.  Let  A -A  B be  a ring  map.  Let  e : P.  — > B be  the  standard 
resolution  of  B over  A.  Let  i r be  as  in  (7 54.0.1).  Then 

Ln]{P)  = P{P.,e) 

in  D{Ab),  resp.  D(B)  functorially  in  J-  in  Ab(C ),  resp.  Mod(B ’). 


First  proof.  We  will  apply  Lemma  75.4. 1|  Since  the  terms  Pn  are  polynomial 
algebras  we  see  the  first  assumption  of  that  lemma  is  satisfied.  The  second  assump- 
tion is  proved  as  follows.  By  Simplicial,  Lemma  |14.33.5|  the  map  e is  a homotopy 
equivalence  of  underlying  simplicial  sets.  By  Simplicial,  Lemma|l4.31.9|this  implies 
e induces  a quasi-isomorphism  of  associated  complexes  of  abelian  groups.  By  Sim- 


plicial, Lemma  14.31.8  this  implies  that  e is  a trivial  Kan  fibration  of  underlying 
simplicial  sets.  □ 


Second  proof.  We  will  use  the  criterion  of  Cohomology  on  Sites,  Lemma [21. 30. 7| 
Let  U = ( Q , /?)  be  an  object  of  C.  We  have  to  show  that 

S.=Morc((Q,/8),(P.,e)) 

is  homotopy  equivalent  to  a singleton.  Write  Q = A[E ] for  some  set  E (this  is 
possible  by  our  choice  of  the  category  C).  Using  the  notation  of  Remark  75.3.3  we 
see  that 

5.  = Mor S({E  -A  B),i(P.  -A  B)) 


By  Simplicial,  Lemma  14.33.5  the  map  i(P . — > B)  — > i(B 
equivalence  in  S.  Hence  S,  is  homotopy  equivalent  to 

Mor S((E  ^ B),(B  ^ B))  = {*} 

as  desired. 


B)  is  a homotopy 


□ 


08PU 


Lemma  75.4.3.  Let  A -A  B be  a ring  map.  Let  ir  and  i be  as  in  (75. 4-0.1 ).  There 
is  a canonical  isomorphism 


Lb/a  = L-k\(IA*Q.o/a)  = L-K\(i*Llo/A)  = Ln\(flo/A  B) 


in  D(B). 


Proof.  For  an  object  a : P — > B of  the  category  C the  module  Lip /a  is  a free  P- 
module.  Thus  LIq/a  is  a flat  0-module.  Hence  Li*Llo/A  = i*Llo/A  is  the  sheaf  of 
H-modules  which  associates  to  a : P — ► A the  B-module  LLp/a  <8>p,a  B.  By  Lemma 
|75.4.2|  we  see  that  the  right  hand  side  is  computed  by  the  value  of  this  sheaf  on 
the  standard  resolution  which  is  our  definition  of  the  left  hand  side  (Definition 
75.3.2b.  □ 


08QE  Lemma  75.4.4.  If  A B is  a ring  map , then  Ltt\(tt  1M)  = M with  n as 


(754.0.1]). 

Proof.  This  follows  from  Lemma 

O 


75.4.1 


which  tells  us  Ltt\(tt  1M)  is  computed  by 
_1M)(P.,  e)  which  is  the  constant  simplicial  object  on  M.  □ 
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Lemma  75.4.5.  If  A B is  a ring  map,  then  H°(Lb/a)  = b/a ■ 

Proof.  We  will  prove  this  by  a direct  calculation.  We  will  use  the  identification  of 


Lemma  75.4.3  There  is  clearly  a map  from  Hq/a  ® B_  to  the  constant  sheaf  with 
value  tl b/a-  Thus  this  map  induces  a map 

H°(Lb/a)  = H°{LTr\(n0/A  <8>  B))  = i t\(Ho/a  ® B)  -a  LLb/a 

By  choosing  an  object  P — > B of  Cb/a  with  P — > B surjective  we  see  that  this  map 
is  surjective  (by  Algebra,  Lemma  10.130.6 1.  To  show  that  it  is  injective,  suppose 
that  P — > B is  an  object  of  Cb/a  and  that  £ £ f lp/A®p  B is  an  element  which  maps 
to  zero  in  Hb/a-  We  first  choose  factorization  P — )■  P'  — > B such  that  P'  -A  B 
is  surjective  and  P'  is  a polynomial  algebra  over  A.  We  may  replace  P by  P' . 
If  B = P/I , then  the  kernel  f lp/A®p  B -A  Hb/a  is  the  image  of  I /I2  (Algebra, 
Lemma [lO. 130.9 ).  Say  £ is  the  image  of  / £ I.  Then  we  consider  the  two  maps 
a,b  : P'  = P[:r]  — > P,  the  first  of  which  maps  x to  0 and  the  second  of  which  maps 
x to  / (in  both  cases  P[x\  — > B maps  x to  zero).  We  see  that  £ and  0 are  the  image 
of  da;  (g)  1 in  LIp>/a  ®p'  B.  Thus  £ and  0 have  the  same  image  in  the  colimit  (see 
Cohomology  on  Sites,  Example  21.30.1 1 tt\(£Io/a  ® B)  as  desired.  □ 


Lemma  75.4.6.  If  B is  a polynomial  algebra  over  the  ring  A,  then  with  n as  in 
( 75-4-0. 1)  we  have  that  ir\  is  exact  and  n< T = T(B  -A  B). 


Proof.  This  follows  from  Lemma  [75. 4. 1|  which  tells  us  the  constant  simplicial  al- 
gebra on  B can  be  used  to  compute  Lni.  □ 


Lemma  75.4.7.  If  B is  a polynomial  algebra  over  the  ring  A,  then  Lb/a  quasi- 
isomorphic to  LIb/a[ 0]. 

Proof.  Immediate  from  Lemmas  175.4.31  and  175.4.61  □ 


75.5.  Constructing  a resolution 

In  the  Noetherian  finite  type  case  we  can  construct  a “small”  simplicial  resolution 
for  finite  type  ring  maps. 

Lemma  75.5.1.  Let  A be  a Noetherian  ring.  Let  A -A  B be  a finite  type  ring 
map.  Let  A be  the  category  of  A- algebra  maps  C -A  B.  Let  n > 0 and  let  P,  be  a 
simplicial  object  of  A such  that 

(1)  P,  -A  B is  a trivial  Kan  fibration  of  simplicial  sets, 

(2)  Pfc  is  finite  type  over  A for  k < n, 

(3)  P,  = cosknsknPt  as  simplicial  objects  of  A. 

Then  Pn+i  is  a finite  type  A-algebra. 

Proof.  Although  the  proof  we  give  of  this  lemma  is  straightforward,  it  is  a bit 
messy.  To  clarify  the  idea  we  explain  what  happens  for  low  n before  giving  the 
proof  in  general.  For  example,  if  n = 0,  then  (3)  means  that  P\  = Pq  Xb  Pq.  Since 
the  ring  map  Pq  — > B is  surjective,  this  is  of  finite  type  over  A by  More  on  Algebra, 
Lemma  115.5.11 

If  n = 1,  then  (3)  means  that 

Pi  = {(/oi  fh  h)  £ Pi  I d0f0  = d0fi,  dif0  = do/2)  di/i  = di/2} 
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where  the  equalities  take  place  in  Pq.  Observe  that  the  triple 
{dofo,difo,difi)  = (dofi,  do/2,  di/2) 

is  an  element  of  the  fibre  product  Pq  x b Pq  x b Pq  over  B because  the  maps  di  : 
Pi  — y Pq  are  morphisms  over  B.  Thus  we  get  a map 

ip  ■ Pi  — > Pq  x b P()  x B P{) 

The  fibre  of  ip  over  an  element  (30,51,52)  G Pq  Xb?0  x b Po  is  the  set  of  triples 
(/o,/i,/2)  of  1-simplices  with  (d0,di)(/0)  = (30, 3i),  (do,di)(/i)  = (30,32),  and 
(do,di)(/2)  = (31,32)-  As  P,  — > B is  a trivial  Kan  fibration  the  map  (do,di)  : 
Pi^Po  Xb  P0  is  surjective.  Thus  we  see  that  P2  fits  into  the  cartesian  diagram 


Pi 


pi 


Po  X B Po  X B Po 


(P0  XbPo)3 


By  More  on  Algebra,  Lemma  15.5.2  we  conclude.  The  general  case  is  similar,  but 
requires  a bit  more  notation. 


The  case  n > 1.  By  Simplicial,  Lemma  14.19.14  the  condition  P.  = cosknsknP. 
implies  the  same  thing  is  true  in  the  category  of  simplicial  A-algebras  and  hence 
in  the  category  of  sets  (as  the  forgetful  functor  from  A-algebras  to  sets  commutes 
with  limits).  Thus 

P„+i  = Mor(A[n  + 1],  P.)  = Mor(sk„A[n  + 1],  sk„P.) 

by  Simplicial,  Lemma  14.11.3  and  Equation  ( 14.19. Q.l|).  We  will  prove  by  induction 
onl<fc<TO<n  + l that  the  ring 


Qk^m  = Mor(skfeA[m],skfcP.) 

is  of  finite  type  over  A.  The  case  /c  = l,l<m<n  + lis  entirely  similar  to  the 
discussion  above  in  the  case  n = 1.  Namely,  there  is  a cartesian  diagram 


Q 1 


. jdN 


Po  Xb  ■ ■ ■ Xfl  Po  ^ (Pq  Xb  Pq)N 


where  N = ■ We  conclude  as  before. 

Let  1 < ko  < n and  assume  Qk,m  is  of  finite  type  over  A for  all  1 < k < ko  and 
k < to  < n + 1.  For  fco  + l<m<n  + l we  claim  there  is  a cartesian  square 


Qk0  + l,m  ^ ^fc^+l 

Y 

Qk0,m  t . -J  QkQ,k0  + l 


where  N is  the  number  of  nondegenerate  (k 0 + l)-simplices  of  A[m].  Namely,  to  see 
this  is  true,  think  of  an  element  of  Qk0+i,m  as  a function  / from  the  (/co  + l)_skeleton 
of  A[m]  to  P,.  We  can  restrict  / to  the  fc0-skeleton  which  gives  the  left  vertical 
map  of  the  diagram.  We  can  also  restrict  to  each  nondegenerate  (ko  + l)-simplex 
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which  gives  the  top  horizontal  arrow.  Moreover,  to  give  such  an  / is  the  same  thing 
as  giving  its  restriction  to  fc0-skeleton  and  to  each  nondegenerate  (fcg  + l)-face, 
provided  these  agree  on  the  overlap,  and  this  is  exactly  the  content  of  the  diagram. 
Moreover,  the  fact  that  P,  — >•  B is  a trivial  Kan  fibration  implies  that  the  map 

Pfco  ->•  Qfco.fco+1  = Mor(5A[fco  + 1],  P.) 

is  surjective  as  every  map  dA[ko  + 1]  — > B can  be  extended  to  A[fco  + 1]  — > B for 
fc0  > 1 (small  argument  about  constant  simplicial  sets  omitted).  Since  by  induction 
hypothesis  the  rings  Qk0,m,  Qk0,k0+ 1 are  finite  type  A-algebras,  so  is  Qk0+i,m  by 
More  on  Algebra,  Lemma [l5.5.2| once  more.  □ 

08PX  Proposition  75.5.2.  Let  A be  a Noetherian  ring.  Let  A -A  B be  a finite  type 
ring  map.  There  exists  a simplicial  A-algebra  P,  with  an  augmentation  e : P,  — ► B 
such  that  each  P„  is  a polynomial  algebra  of  finite  type  over  A and  such  that  e is  a 
trivial  Kan  fibration  of  simplicial  sets. 


Proof.  Let  A be  the  category  of  A-algebra  maps  C — > B.  In  this  proof  our 
simplicial  objects  and  skeleton  and  coskeleton  functors  will  be  taken  in  this  category. 

Choose  a polynomial  algebra  P0  of  finite  type  over  A and  a surjection  P0  — >•  B.  As 
a first  approximation  we  take  P,  = cosko(Po).  In  other  words,  P,  is  the  simplicial 
A-algebra  with  terms  Pn  = PqXa  - ■ - XaPq-  (In  the  final  paragraph  of  the  proof  this 
simplicial  object  will  be  denoted  P®.)  By  Simplicial,  Lemma 


14.32.3 


the  map  P, 


B is  a trivial  Kan  fibration  of  simplicial  sets.  Also,  observe  that  P.  = coskoskoP.. 

Suppose  for  some  n > 0 we  have  constructed  P,  (in  the  final  paragraph  of  the  proof 
this  will  be  P”)  such  that 

(a)  P,  — ► B is  a trivial  Kan  fibration  of  simplicial  sets, 

(b)  Pk  is  a finitely  generated  polynomial  algebra  for  0 < k < n,  and 

(c)  P.  = cosk„sk„P. 


By  Lemma  75.5.1  we  can  find  a finitely  generated  polynomial  algebra  Q over  A 
and  a surjection  Q — ► P„+i.  Since  Pn  is  a polynomial  algebra  the  A-algebra  maps 
Si  : Pn  -A  Pn+ 1 lift  to  maps  s'  : Pn  — > Q.  Set  d'j  : Q — > Pn  equal  to  the  composition 
of  Q — > Pn+ 1 and  dj  : Pn+ 1 — ► Pn.  We  obtain  a truncated  simplicial  object  P^  of 
A by  setting  P^  = Pk  for  k < n and  P'n+i  = Q and  morphisms  d[  = di  and  s'  = Sj 
in  degrees  k < n — 1 and  using  the  morphisms  d'  and  s'  in  degree  n.  Extend  this 
to  a full  simplicial  object  P[  of  A using  coskn+i.  By  functoriality  of  the  coskeleton 
functors  there  is  a morphism  P^  — >•  P,  of  simplicial  objects  extending  the  given 
morphism  of  (n  + l)-truncated  simplicial  objects.  (This  morphism  will  be  denoted 
pn+i  pn  jn  |-jle  flnai  paragraph  of  the  proof.) 

Note  that  conditions  (b)  and  (c)  are  satisfied  for  P'm  with  n replaced  by  n + 1.  We 
claim  the  map  P'%  — > P.  satisfies  assumptions  (1),  (2),  (3),  and  (4)  of  Simplicial, 
Lemmas  14.32.1  with  n+1  instead  of  n.  Conditions  (1)  and  (2)  hold  by  construction. 


By  Simplicial,  Lemma  |14.19.14  we  see  that  we  have  P.  = cosk„+isk„+iP.  and 
P ‘l  = coskra+isk„+iP^  not  only  in  A but  also  in  the  category  of  A-algebras,  whence 
in  the  category  of  sets  (as  the  forgetful  functor  from  A-algebras  to  sets  commutes 
with  all  limits).  This  proves  (3)  and  (4).  Thus  the  lemma  applies  and  P^  — > P.  is 
a trivial  Kan  fibration.  By  Simplicial,  Lemma  14.30.4  we  conclude  that  P^  — »•  B is 
a trivial  Kan  fibration  and  (a)  holds  as  well. 
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08PY 


08PZ 


08QI 


08QJ 


To  finish  the  proof  we  take  the  inverse  limit  P.  = lim  P™  of  the  sequence  of  simplicial 
algebras 

...->•  p,  P,  p.° 

constructed  above.  The  map  P,  -A  B is  a trivial  Kan  fibration  by  Simplicial, 
Lemma  |14.30.5|  However,  the  construction  above  stabilizes  in  each  degree  to  a 
fixed  finitely  generated  polynomial  algebra  as  desired.  □ 


Lemma  75.5.3.  Let  A be  a Noetherian  ring.  Let  A 
map.  Let  n,  P be  as  in  (75.4-0.1 ).  If  J-  is  an  B-module  such  that  J-(P,a)  is  a 

B. 


finite  B-module  for  all  a : P = A[ aq, 
Ltt\  (P)  are  finite  B -modules. 


B be  a finite  type  ring 
ich  that  J-(P,a)  is  a 
then  the  cohomology  modules  of 


Proof.  By  Lemma  75.4.1  and  Proposition  75.5.2  we  can  compute  LnifT)  by  a 
complex  constructed  out  of  the  values  of  T on  finite  type  polynomial  algebras.  □ 


Lemma  75.5.4.  Let  A be  a Noetherian  ring.  Let  A -A  B be  a finite  type  ring 
map.  Then  Hu(Lb/a)  a finite  B-module  for  all  n £ Z. 


Proof.  Apply  Lemmas  [75. 4. 3|  and  75.5. 3| 


□ 


Remark  75.5.5  (Resolutions).  Let  A — » B be  any  ring  map.  Let  us  call  an 
augmented  simplicial  A-algebra  e : P#  — * P a resolution  of  B over  A if  each  Pn  is 
a polynomial  algebra  and  e is  a trivial  Kan  fibration  of  simplicial  sets.  If  P.  — »•  P 
is  an  augmentation  of  a simplicial  A-algebra  with  each  Pn  a polynomial  algebra 
surjecting  onto  P,  then  the  following  are  equivalent 


(1)  e : P.  — > B is  a resolution  of  P over  A, 

(2)  e : P.  — ► P is  a quasi-isomorphism  on  associated  complexes, 

(3)  e : P.  — > P induces  a homotopy  equivalence  of  simplicial  sets. 


To  see  this  use  Simplicial,  Lemmas|14.30.8|  14.31.9[  and|14.31.8[  A resolution  P.  of 
P over  A gives  a cosimplicial  object  U , of  Cb/a  as  in  Cohomology  on  Sites,  Lemma 
121.30.71  and  it  follows  that 


functorially  in  T . see  Lemma  75.4.1 


LniP  = P(P.) 

The  (formal  part  of  the)  proof  of  Proposi- 


tion |75.5.2  shows  that  resolutions  exist.  We  also  have  seen  in  the  first  proof  of 
Lemma  75.4.2  that  the  standard  resolution  of  P over  A is  a resolution  (so  that 
this  terminology  doesn’t  lead  to  a conflict).  However,  the  argument  in  the  proof 
of  Proposition  |75.5.2  shows  the  existence  of  resolutions  without  appealing  to  the 
simplicial  computations  in  Simplicial,  Section  |14.33[  Moreover,  for  any  choice  of 
resolution  we  have  a canonical  isomorphism 


jb /A 


= n 


P./A  1 


P 


in  P(P)  by  Lemma  75.4.3  The  freedom  to  choose  an  arbitrary  resolution  can  be 
quite  useful. 


Lemma  75.5.6.  Let  A — > P be  a ring  map.  Let  n,  O,  B be  as  in  | 75. 4-0.1) . For 
any  O-module  T we  have 

Lirf/F)  = LnfLPP)  = LirfP®^,  B) 


in  D(Ab). 
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Proof.  It  suffices  to  verify  the  assumptions  of  Cohomology  on  Sites,  Lemma[21.30.12| 
hold  for  O ->BonCB/^.  We  will  use  the  results  of  Remark [75753  without  further 
mention.  Choose  a resolution  P.  of  B over  A to  get  a suitable  cosimplicial  object 
V . of  Cb/a-  Since  P.  — ► B induces  a quasi-isomorphism  on  associated  complexes 
of  abelian  groups  we  see  that  LntO  = B.  On  the  other  hand  Ln\13  is  computed  by 
B(U,)  = B.  This  verifies  the  second  assumption  of  Cohomology  on  Sites,  Lemma 
|21.30.12l  and  we  are  done  with  the  proof.  □ 


08QK 


Let  A -A  B be  a ring  map.  Let  7r,  O,  B_  be  as  in  | 75.4-0.1).  We 


Lemma  75.5.7. 

have 

Ltt\(0)  = Ltt\(B_)  = B and  Lb/a  = L-ir\(£lcy/A  <S>o  P)  = L^'X^o/a) 
in  D(Ab). 


Proof.  This  is  just  an  application  of  Lemma  75.5.6  (and  the  first  equality  on  the 
right  is  Lemma  75.4.3 ).  □ 


Here  is  a special  case  of  the  fundamental  triangle  that  is  easy  to  prove. 


08SA  Lemma  75.5.8.  Let  A 


B 


C be  ring  maps.  If  B is  a polynomial  algebra 


over  A,  then  there  is  a distinguished  triangle  Lb/a  C — > Lc/a  — ► Lq/b 


Lb/a  ®b  C[l]  in  D(C). 

Proof.  We  will  use  the  observations  of  Remark  175.5.51  without  further  mention. 
Choose  a resolution  e : P.  — > C of  C over  B (for  example  the  standard  resolution). 
Since  B is  a polynomial  algebra  over  A we  see  that  P . is  also  a resolution  of  C over  A. 
Hence  Lc/a  is  computed  by  Hp./A®p.,eC  and  Lq/b  is  computed  by  fip./B<8>p.,eC. 
Since  for  each  n we  have  the  short  exact  sequence  0 -A  LIb /A® b Pn  — > Hpn/A  — ► 


12 pn/B  (Algebra,  Lemma  10.136.9)  and  since  Lb/a  = ^b/a[0]  (Lemma  75.4.7)  we 
obtain  the  result.  □ 


09D4 


Example  75.5.9.  Let  A — > B be  a ring  map.  In  this  example  we  will  construct  an 
“explicit”  resolution  P,  of  B over  A of  length  2.  To  do  this  we  follow  the  procedure 
of  the  proof  of  Proposition  |75.5.2[  see  also  the  discussion  in  Remark |75.5.5| 


We  choose  a surjection  P0  = A[uf\  — > B where  iq  is  a set  of  variables.  Choose 
generators  ft  £ Po,  t £ T of  the  ideal  Ker(P0  — > B).  We  choose  Pi  = A[m,  xt]  with 
face  maps  do  and  d\  the  unique  A-algebra  maps  with  dj[ui)  = iq  and  do(xt)  = 0 and 
d\(xt)  = ft-  The  map  So  : Po  ~ t Pi  is  the  unique  A-algebra  map  with  so(tq)  = Uj. 
It  is  clear  that 

Pi  P0  -»  B -a  0 

is  exact,  in  particular  the  map  (do,  d±)  : Pi  — > Pq  x b Pq  is  surjective.  Thus,  if  P. 
denotes  the  1-truncated  simplicial  A-algebra  given  by  P0,  Pi,  d0,  di,  and  s o,  then 
the  augmentation  coski(P.)  -A  B is  a trivial  Kan  fibration.  The  next  step  of  the 
procedure  in  the  proof  of  Proposition  75.5.2  is  to  choose  a polynomial  algebra  P2 
and  a surjection 

P2  — > coski  (P.)  2 

Recall  that 


coski (P.)2  = {(go,  9i,  92)  £ Pf  I d0(g0)  = d0(gi),  di(g0)  = d0(g2),  di(gi)  = di(g2)} 
Thinking  of  gi  £ Pi  as  a polynomial  in  Xt  the  conditions  are 

ffo(0)  = 5i(0),  go(ft)  = 32(0),  gi(ft)  = 92(h) 
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Thus  coski(P.)2  contains  the  elements  yt  = (xt,xt,ft)  and  Zt  = (0 ,Xt,Xt).  Every 
element  G in  cosk1(P.)2  is  of  the  form  G = H + (0,  0,  g ) where  H is  in  the  image 
of  A[ui,yt,  zt]  — > coski(P.)2.  Here  g £ Pi  is  a polynomial  with  vanishing  constant 
term  such  that  gift)  = 0 in  Pq.  Observe  that 

(1)  g = xtxt>  - ftxt'  and 

(2)  g = E rtXt  with  rt  £ P0  if  E rtft  = 0 in  P0 
are  elements  of  Pi  of  the  desired  form.  Let 

Rel  = Ker(0^r  P0  — * P0),  (rt)  i — ■>  ^ rtft 

We  set  Pi  = A[ui,yt,  Zt,vr,Wttt’]  where  r = (rt)  £ Rel , with  map 

P2  — » cosk1(P.)2 

given  by  yt  (xt,xt,ft),  zt  (0,xt,xt),  vr  (0, 0,  E nxt),  and  wt}t> 
(0,0,xtxt'  — ft.Xt1)-  A calculation  (omitted)  shows  that  this  map  is  surjective. 
Our  choice  of  the  map  displayed  above  determines  the  maps  do,di,d2  : Pi  Pi- 
Finally,  the  procedure  in  the  proof  of  Proposition|75.5.2|tells  us  to  choose  the  maps 
so,  si  : Pi  — > Pi  lifting  the  two  maps  Pl  — » coski (P.)2.  It  is  clear  that  we  can  take 
Si  to  be  the  unique  H-algebra  maps  determined  by  So(xt)  = yt  and  si(a:t)  = Zt- 


75.6.  Functoriality 

08QL  In  this  section  we  consider  a commutative  square 


B >B’ 

08QM  (75.6.0.1) 

A **A' 


of  ring  maps.  We  claim  there  is  a canonical  P-linear  map  of  complexes 


Lb /A  — > Lb'/a 1 

associated  to  this  diagram.  Namely,  if  P.  — ► B is  the  standard  resolution  of  B over 
A and  P^  — ► B ' is  the  standard  resolution  of  B'  over  A',  then  there  is  a canonical 
map  P,  — >■  P^  of  simplicial  A-algebras  compatible  with  the  augmentations  P.  — > B 
and  P'  — > B' . This  can  be  seen  in  terms  of  the  construction  of  standard  resolutions 
in  Simplicial,  Section  |14.33|  but  in  the  special  case  at  hand  it  probably  suffices  to 
say  simply  that  the  maps 


P0  = A[B\  — ► A'[B']  = P',  Pi  = A[A[B]}  —>  A'[A'[B'}}  = P', 


and  so  on  are  given  by  the  given  maps  A — > A'  and  B — > B' . The  desired  map 
Lb /A  y Lb'/a'  then  comes  from  the  associated  maps  Qpn/A  — > f2p/  /a1- 


Another  description  of  the  functoriality  map  can  be  given  as  follows.  Let  C = Cb/a 
and  C = C'B, I A be  the  categories  considered  in  Section 


75.4 


There  is  a functor 


u : C — » C',  (P,  a)  i — > (P  A' , co(a0  1)) 


where  c : B (g)^  A!  -A  B'  is  the  obvious  map.  As  discussed  in  Cohomology  on 
Sites,  Example  21.30.3  we  obtain  a morphism  of  topoi  g : Sh(C)  -A  Sh(C)  and  a 
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08QN 


08QP 


08QQ 


commutative  diagram  of  maps  of  ringed  topoi 


(75.6.0.2) 


(Sh(C),B) 


(■ Sh{*),B ) 


(Sh(C'),Bf) 


(Sh(*),Br) 


( Sh(C),BL) 


(Sh(*),B') 


Here  h is  the  identity  on  underlying  topoi  and  given  by  the  ring  map  B — > B'  on 
sheaves  of  rings.  By  Cohomology  on  Sites,  Remark  21.29.7  given  T on  C and  T' 
on  C and  a transformation  t : T —>  g~lP'  we  obtain  a canonical  map  Ltt\(P)  -A 
Ltt'(P’).  If  we  apply  this  to  the  sheaves 

JF  : ( P , a)  i— >•  f Ip/ a B,  T’  : (Pl , a')  H > ftp, /Ai  gp/  Bl , 

and  the  transformation  t given  by  the  canonical  maps 

^ P/A  ®P  B > ^P®aA'/A'  B' 

to  get  a canonical  map 

Lni(Q(3/A  go  B)  — > /a1  go'  B'} 


By  Lemma 


75.4.3 


this  gives  LB/A  -A  LB,/A,.  We  omit  the  verification  that  this 


map  agrees  with  the  map  defined  above  in  terms  of  simplicial  resolutions. 


Lemma  75.6.1.  Assume  ( 75.6.0.1)  induces  a quasi-isomorphism  B g^  A!  = B' . 
Then,  with  notation  as  in  ( 75.6.0.2 ) and  T’  £ Ab(C'),  we  have  L'K\(g~1P')  = 
Li t[{F). 

Proof.  We  use  the  results  of  Remark  175.5.51  without  further  mention.  We  will 
apply  Cohomology  on  Sites,  Lemma  [21.30.8|  Let  P,  — ► B be  a resolution.  If  we 
can  show  that  u(P,)  = P. . g^  A!  -A  B'  is  a quasi- isomorphism,  then  we  are  done. 
The  complex  of  H-modules  s(P.)  associated  to  P (viewed  as  a simplicial  H-module) 
is  a free  A-module  resolution  of  B.  Namely,  Pn  is  a free  H-module  and  s(P.)  — > B 
is  a quasi-isomorphism.  Thus  B g^  A!  is  computed  by  s(P.)  g,4  A'  = s(P,  ®a  A'). 
Therefore  the  assumption  of  the  lemma  signifies  that  e'  : P . g A A!  — > B'  is  a 
quasi-isomorphism.  □ 


The  following  lemma  in  particular  applies  when  A 
(flat  base  change). 


A'  is  flat  and  B'  = B g^  A! 


Lemma  75.6.2.  If  ( 75.6.0.1)  induces  a quasi-isomorphism  B g^  A!  = B' , then 
the  functoriality  map  induces  an  isomorphism 


JB/A 


5p  B ' 


-‘B’ /A’ 


Proof.  We  will  use  the  notation  introduced  in  Equation  ( 75.6. 0.2|.  We  have 
Lb/a  gp  B'  = Lirtfrio/A  go  B ) gp  B'  = L7T\(Lh*(Q.o/A  ®o  B)) 
the  first  equality  by  Lemma|75.4.3|and  the  second  by  Cohomology  on  Sites,  Lemma 


21.30.6  Since  flo /a  is  a flat  0-module,  we  see  that  /A  g o B_  is  a flat  B-module. 

Thus  Lh*(flo/A  go  B)  = TLq/a  <S>o  B_  which  is  equal  to  g~1(Llo'/A’  go'  Bf)  by 
inspection,  we  conclude  by  Lemma  75.6.1  and  the  fact  that  LB//ai  is  computed  by 

l»;(o07,.  0o.  m-  ^ — 1 □ 


75.7.  THE  FUNDAMENTAL  TRIANGLE 


4375 


08SB 


08SC 


08QR 

08QS 


Remark  75.6.3.  Suppose  that  we  are  given  a square  (75.6.0.1)  such  that  there 
exists  an  arrow  k : B -A  A'  making  the  diagram  commute: 


In  this  case  we  claim  the  functoriality  map  P,  — > P't  is  homotopic  to  the  composition 
P#  — > B — > A'  — > P'%.  Namely,  using  n the  functoriality  map  factors  as 


P»  — t Pa'/A'. 


PL 


where  Pa'/A'  is  the  standard  resolution  of  A!  over  A! . Since  A'  is  the  polynomial 
algebra  on  the  empty  set  over  A ' we  see  from  Simplicial,  Lemma  14. 33. 5|  that  the 
augmentation  £a> /A'  '■  Pa' / A', • — t A'  is  a homotopy  equivalence  of  simplicial  rings. 
Observe  that  the  homotopy  inverse  map  c : A'  — > Pa'/a >,•  constructed  in  the  proof 
of  that  lemma  is  just  the  structure  morphism,  hence  we  conclude  what  we  want 
because  the  two  compositions 


P > «?*  jP A'/A'.»  „ 3,  P A'/A',»  P. » 

coeA' /A' 


are  the  two  maps  discussed  above  and  these  are  homotopic  (Simplicial,  Remark 
14.26.5).  Since  the  second  map  P.  -A  PL  induces  the  zero  map  flp./A  — t Op' /a1  we 
conclude  that  the  functoriality  map  Lb /a  -a  Lb > /a1  is  homotopic  to  zero  in  this 
case. 


Lemma  75.6.4.  Let  A -A  B and  A -A  C be  ring  maps.  Then  the  map  LBxG/a  - > 
Lb /A®  Lc/a  is  an  isomorphism  in  D{B  x C). 


Proof.  Although  this  lemma  can  be  deduced  from  the  fundamental  triangle  we  will 
give  a direct  and  elementary  proof  of  this  now.  Factor  the  ring  map  A B x C as 
A — ► A\x\  -A  B x C where  x ha  (1,  0).  By  Lemma  75.5.8  we  have  a distinguished 
triangle 

La[x\/A  ®A[x]  (p  x C)  — > LbxC/A  > LbxC / A[x]  La[x\/A  ®A[x-]  (P  X (h)[1] 

in  D{B  x C).  Similarly  we  have  the  distinguished  triangles 

La[x\/A  ®A[a:]  B ~ * ^B/A  LB/A[x]  La[x]/A  P[l] 

La[x]/A  ©a[x]  ^ P C/A  Lq/a[x]  “ > La[x]/A  C[l] 

Thus  it  suffices  to  prove  the  result  for  BxC  over  A[x\.  Note  that  A[x]  -A  A[x,  x-1}  is 
flat,  that  (PxCJg/iuili,!-1]  = P<8U[xl  M.xi x_1],  and  that  C®a\x]  ^1®,  x~1}  = 0. 
Thus  by  base  change  (Lemma  75.6.2)  the  map  LBxc/a[x]  —■ > Lb/a\x\  © Lc/a\x\ 
becomes  an  isomorphism  after  inverting  x.  In  the  same  way  one  shows  that  the 
map  becomes  an  isomorphism  after  inverting  x — 1.  This  proves  the  lemma.  □ 


75.7.  The  fundamental  triangle 

In  this  section  we  consider  a sequence  of  ring  maps  A -A  B — ► C.  It  is  our  goal  to 
show  that  this  triangle  gives  rise  to  a distinguished  triangle 

(75.7.0.1)  Lb/a  ©p  C LC/A  — > LC/b  -a  Lb/a  ©p  C[l] 
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in  D(C).  This  will  be  proved  in  Proposition  75.7.4 
see  Remark  T75.7. 51 


For  an  alternative  approach 


Consider  the  category  Cc/b/a  wich  is  the  opposite  of  the  category  whose  objects 
are  (P  -4  B,Q  -A  C)  where 

(1)  P is  a polynomial  algebra  over  A, 

(2)  P — > B is  an  A-algebra  homomorphism, 

(3)  Q is  a polynomial  algebra  over  P,  and 

(4)  Q — > C is  a P-algebra-homomorphism. 

We  take  the  opposite  as  we  want  to  think  of  (P  — > B,  Q — > C)  as  corresponding  to 
the  commutative  diagram 


Spec(C) s-  Spec(Q) 


Spec(B) 


Spec  (P) 


Spec(^4) 

Let  Cb/a j Cc/Ai  Cc/b  be  the  categories  considered  in  Section 
functors 


75.4 


There  are 


ui  '■  Cc/b/a  Cb/a-:  {P  — t B,Q  -a  C)  i-4  (P  — > B) 

U2  '■  Cq/b/a  —■ ► Cq/a , (P  — t B,  Q — > C)  1-4  (Q  — > C) 

u3  '■  Cq/b/a  — t Cc/Bi  ( P — > P,  Q — > C)  1-4  ( Q B -4  C ) 

These  functors  induce  corresponding  morphisms  of  topoi  3;.  Let  us  denote  Oi  = 

g~10  so  that  we  get  morphisms  of  ringed  topoi 

9i  ■ 0 Sh{Cc/B/A ),Or)  — ► (Sh(CB/A),0) 

(75.7.0.2)  32  : (Sh(Cc/B/A),  02)  — > (Sft(Cc/A),  0) 

33  : (SMCc/b/a),03)  — > (Sh(Cc/B),0) 

Let  us  denote  7r  : Sh(Cc/B/A)  —■ > Sh( *),  : S}i(Cb/a)  —■ > Sh(*),  7r2  ■ Sh{Cc/A ) - ► 

Sh(*),  and  773  : Sh{Cc/B ) — > Sh(*),  so  that  7r  = 7r,  o 3.;.  We  will  obtain  our 
distinguished  triangle  from  the  identification  of  the  cotangent  complex  in  Lemma 
|75.4.3|and  the  following  lemmas. 


Lemma  75.7.1.  With  notation  as  in 


75.7.0.2 ) set 


fli  = flo/A  B_  on  Cb/a 

H2  = CLq/a  ®e>  C on  Cq/a 
CI3  = Clo/B  Q.  on  Cq/b 

Then  we  have  a canonical  short  exact  sequence  of  sheaves  of  CTmodules 


0 — y g1  Hi  C) b C_  — t 32  H2  — ^ 33  ^3  — t 0 


on  C, 


C/B/A- 


Proof.  Recall  that  gt  1 is  gotten  by  simply  precomposing  with  Ui.  Given  an  object 
U = (P  —>•  B,Q  -A  C)  we  have  a split  short  exact  sequence 


0 — y Clp/A  0 Q 


^ Q/A  ->  b Iq/p 


0 
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for  example  by  Algebra,  Lemma  [l0.136.9|  Tensoring  with  C over  Q we  obtain  a 
short  exact  sequence 


0 -A  n 


P/A 


Q/A  1 


• c -Aft 


Q/p  ' 


><?-»  o 


We  have  f2p/A®C<  = OpM®S®C  whence  this  is  the  value  of  gf  on  U.  The 

module  flQ/A  ® C is  the  value  of  gfxfl2  on  U.  We  have  flQ/p  ®C  = fL( 
by  Algebra,  Lemma 


10.130.12 


pB/B  ® C 
Thus  the 


hence  this  is  the  value  of  g3  ft 3 on  U. 
short  exact  sequence  of  the  lemma  comes  from  assigning  to  U the  last  displayed 
short  exact  sequence.  □ 


Lemma  75.7.2.  With  notation  as  in  ( 75.7.0.2 ) suppose  that  C is  a polynomial 
algebra  over  B.  Then  Lntfg^F)  = Ltt33F  = 713. \F  for  any  abelian  sheaf  F on 
Cc/b 

Proof.  Write  C = B[E ] for  some  set  E.  Choose  a resolution  P.  -A  B of  B over 
A.  For  every  n consider  the  object  Un  = (Pn  -A  B,Pn[E\  -A  C ) of  Cc/b/a-  Then 
U,  is  a cosimplicial  object  of  Cc/b/a-  Note  that  u3(U. .)  is  the  constant  cosimplicial 
object  of  Cq/b  with  value  (C  — > C).  We  will  prove  that  the  object  U,  of  Cc/b/a 
satisfies  the  hypotheses  of  Cohomology  on  Sites,  Lemma  [21. 30. 7[  This  implies  the 
lemma  as  it  shows  that  Ln\  (gf  * F)  is  computed  by  the  constant  simplicial  abelian 
group  F{C  -A  C)  which  is  the  value  of  L-k3\F  = p3.\F  by  Lemma  75.4.6 


Let  U = (/?  : P — > B,  7 : Q -A  C)  be  an  object  of  Cc/b/a-  We  may  write  P = A [5] 
and  Q = A [S' II T]  by  the  definition  of  our  category  Cc/b/a-  We  have  to  show  that 


MorCl 


C/B/A 


(U.,U) 


is  homotopy  equivalent  to  a singleton  simplicial  set  *.  Observe  that  this  simplicial 
set  is  the  product 

TT  Fs  x TT  F! 

J-J-ses  J-J-teT  * 

where  Fs  is  the  corresponding  simplicial  set  for  Us  = (A[{s}]  -A  B,  A[{s}]  -A  C) 
and  Ff  is  the  corresponding  simplicial  set  for  Ut  = (A  — ► B,A[{t}\  -A  C).  Namely, 
the  object  U is  the  product  n^xn  Ut  in  Cc/b/a-  It  sufhees  each  Fs  and  F't  is 
homotopy  equivalent  to  *,  see  Simplicial,  Lemma  [14. 26. 10|  The  case  of  Fs  follows 
as  P,  — > B is  a trivial  Kan  fibration  (as  a resolution)  and  Fs  is  the  fibre  of  this 


map  over  /3(s).  (Use  Simplicial,  Lemmas  14.30.3  and  14.30.8).  The  case  of  F{  is 


more  interesting.  Here  we  are  saying  that  the  fibre  of 

P.[E]  -a  C = B[E] 

over  7 (t)  € C is  homotopy  equivalent  to  a point.  In  fact  we  will  show  this  map  is 
a trivial  Kan  fibration.  Namely,  P, 
we  have 


B is  a trivial  can  fibration.  For  any  ring  R 


R[E]  = COlimSCMap(E,Z>o)  finite 


/EE 


R 


(filtered  colimit).  Thus  the  displayed  map  of  simplicial  sets  is  a filtered  colimit  of 


trivial  Kan  fibrations,  whence  a trivial  Kan  fibration  by  Simplicial,  Lemma  14.30.7 


□ 


Lemma  75.7.3.  With  notation  as  in  (75.7.0.2)  we  have  Lgit\  o gi  1 = id  for 
i = 1,2,3  and  hence  also  Ltt\  o gif1  = Ltt j i for  i = 1,2, 3. 
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Proof.  Proof  for  i = 1.  We  claim  the  functor  Cc/b/a  is  a fibred  category  over  Cb/a 
Namely,  suppose  given  (P  — > B,  Q — ► C)  and  a morphism  (P'  — >•  B)  — > (P  — ► B) 
°f  Cb/a-  Recall  that  this  means  we  have  an  A- algebra  homomorphism  P — > P' 
compatible  with  maps  to  B.  Then  we  set  Q'  = Q <&p  P'  with  induced  map  to  C 
and  the  morphism 

(P'  ->•  B,Q'  -a  C)  — ► (P  -A  B,Q  -A  C) 


in  Cc/b/a  (note  reversal  arrows  again)  is  strongly  cartesian  in  Cc/b/a  over  Cb/a- 
Moreover,  observe  that  the  fibre  category  of  u-t  over  P — ► B is  the  category  Cq/p- 
Let  T be  an  abelian  sheaf  on  Cb/a-  Since  we  have  a fibred  category  we  may  apply 
Cohomology  on  Sites,  Lemma 


21.31.2 


Thus  -bnflT,!<?i  P is  the  (pre)sheaf  which 
assigns  to  U £ Ob(CB/A)  the  nth  homology  of  g~{XP  restricted  to  the  fibre  category 
over  U.  Since  these  restrictions  are  constant  the  desired  result  follows  from  Lemma 


75.4.4  via  our  identifications  of  fibre  categories  above. 


The  case  i = 2.  We  claim  Cc/b/a  is  a fibred  category  over  Cc/a  is  a fibred  category. 
Namely,  suppose  given  (P  — > B,  Q — ► C)  and  a morphism  (Qr  — ► C)  — ► (Q  — > C) 
of  Cc/a-  Recall  that  this  means  we  have  a B- algebra  homomorphism  Q — > Q' 
compatible  with  maps  to  C.  Then 


(P  B,Q'  C)  — > (P  B,Q  C) 


is  strongly  cartesian  in  Cc/b/a  over  Cc/a-  Note  that  the  fibre  category  of  U2  over 
Q — > C has  an  final  (beware  reversal  arrows)  object,  namely,  (A  — ► B,Q  — > C). 
Let  T be  an  abelian  sheaf  on  Cc/a-  Since  we  have  a fibred  category  we  may 

Thus  Lng2/g2l F is  the  (pre)sheaf 


21.31.2 


apply  Cohomology  on  Sites,  Lemma 

which  assigns  to  U £ Ob(Cc/A)  the  nth  homology  of  g^P  restricted  to  the  fibre 
category  over  U.  Since  these  restrictions  are  constant  the  desired  result  follows 
from  Cohomology  on  Sites,  Lemma  |21.30.5|  because  the  fibre  categories  all  have 
final  objects. 


The  case  i = 3.  In  this  case  we  will  apply  Cohomology  on  Sites,  Lemma  [21.31. 3| 
to  u = U3  : Cc/b/a  h ► Cc/b  and  T’  = g^lP  for  some  abelian  sheaf  T on  Cc/b- 
Suppose  U = (Q  — > C)  is  an  object  of  Cc/b-  Then  ly  = Cq/b/A  (again  beware 
of  reversal  of  arrows).  The  sheaf  P[r  is  given  by  the  rule  (P  — >■  P,  Q — >■  Q)  i-A 
P(Q®pB  — > C).  In  other  words,  this  sheaf  is  the  pullback  of  a sheaf  on  CqjC  via  the 
morphism  S^Cq/b/a)  Sh{C-Q/B)-  Thus  Lemma  75.7.2  shows  that  Hn(Iu,  PB)  = 
0 for  n > 0 and  equal  to  P(Q  — > C ) for  n = 0.  The  aforementioned  Cohomology 


on  Sites,  Lemma  21.31.3  implies  that  Lg3,\(g3  iJr)  = T and  the  proof  is  done.  □ 


08QX  Proposition  75.7.4. 

distinguished  triangle 


Let  A -A  B -A  C be  ring  maps.  There  is  a canonical 


Lb/a  C -a  Lc/a  —■ y Lc/b  Lb/a  t^[l] 


in  D(C). 

Proof.  Consider  the  short  exact  sequence  of  sheaves  of  Lemma  |75.7.1|  and  apply 
the  derived  functor  Lirt  to  obtain  a distinguished  triangle 
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in  D(C).  Using  Lemmas  75.7.3  and  75.4.3  we  see  that  the  second  and  third  terms 
agree  with  Lc/a  and  L C/b  and  the  first  one  equals 


Ltt\  \ (Ui  ®b_C)  = Ltt\  \ (Ui)  = Lb/A  C 


The  first  equality  by  Cohomology  on  Sites,  Lemma  21.30.6|  (and  flatness  of 


sheaf  of  modules  over  B_)  and  the  second  by  Lemma  75.4.3 


as  a 

□ 


08SD  Remark  75.7.5.  We  sketch  an  alternative,  perhaps  simpler,  proof  of  the  existence 
of  the  fundamental  triangle.  Let  A — > B — > C be  ring  maps  and  assume  that  B -A  C 
is  injective.  Let  f,  ->  B be  the  standard  resolution  of  B over  A and  let  Q,  — ► C 
be  the  standard  resolution  of  C over  B.  Picture 

P.  : A[A[A[B}}]  A[A[B}}  A[B } *-  B 

Q.  : A[A[A[C\]]  ^EEE  A[A[C}]  A[C] C 


Observe  that  since  B — > C is  injective,  the  ring  Qn  is  a polynomial  algebra  over  Pn 
for  all  n.  Hence  we  obtain  a cosimplicial  object  in  Cc/b/a  (beware  reversal  arrows). 
Now  set  Q,  = Qm  B.  The  key  to  the  proof  of  Proposition  75.7.4  is  to  show  that 
<2.  is  a resolution  of  C over  B.  This  follows  from  Cohomology  on  Sites,  Lemma 


21.30.12|applied  to  C = A,  O = P#,  O'  = B,  and  T = Q,  (this  uses  that  Qn  is  flat 


over  Pn;  see  Cohomology  on  Sites,  Remark [21 .30. 11| to  relate  simplicial  modules  to 


sheaves).  The  key  fact  implies  that  the  distinguished  triangle  of  Proposition  75.7.4 


is  the  distinguished  triangle  associated  to  the  short  exact  sequence  of  simplicial 
C-modules 


0 — > Slp'/A  ®P.  C -a  £Iq,/a  ®Q.  C ^ Q./B  ®Q.  C 


0 


which  is  deduced  from  the  short  exact  sequences  0 -A  VLPn/A  Q 
^■Qn/Pn  — > 0 of  Algebra,  Lemma 


10.136.9 


Namely,  by  Remark 


75.5.5 


fact  the  complex  on  the  right  hand  side  represents  Lq/b  in  D{(jy. 


^Q„/A 

and  the  key 


If  B -A  C is  not  injective,  then  we  can  use  the  above  to  get  a fundamental  triangle 


for  A — ► B — ► B x C.  Since  L 


BxC/B 


L 


B/B 


Lcjb  and  LBxC/a  LB/A 


Lq/a  are  quasi-isomorphism  in  D(B  x C ) (Lemma  75.6.41  this  induces  the  desired 
distinguished  triangle  in  D(C)  by  tensoring  with  the  flat  ring  map  B x C -A  C. 


C injective.  Recall 
Let  R,  be  the  standard  resolution  of 


08SE  Remark  75.7.6.  Let  A — > B — >•  C be  ring  maps  with  B 
the  notation  P#,  Q .,  Q,  of  Remark  75. 

C over  B.  In  this  remark  we  explain  how  to  get  the  canonical  identification  of 
VLq  jb  ®>g  C with  Lc/b  = Qr./b  ®r.  C.  Let  S,  — > B be  the  standard  resolution 
of  B over  B.  Note  that  the  functoriality  map  S,  -A  R . identifies  Rn  as  a polynomial 
algebra  over  Sn  because  B — > C is  injective.  For  example  in  degree  0 we  have  the 
map  B[B\  -A  B[C],  in  degree  1 the  map  B[B[B]]  -A  B[B[C]\,  and  so  on.  Thus 

R .  = R,  ®g.  B is  a simplicial  polynomial  algebra  over  B as  well  and  it  follows  (as 
in  Remark  75.7.5)  from  Cohomology  on  Sites,  Lemma  21.30.12  that  R,  — > C is  a 
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resolution.  Since  we  have  a commutative  diagram 

- R. 


Q. 

A 


P. 


■s. 


we  obtain  a canonical  map  Q,  = Q,  8p.  B — 
Lc/b  = Qr./b  ®p.  C — s-  QR'/b 


B 

R,.  Thus  the  maps 
Cl 


LQ./B 


'Q.C 


are  quasi-isomorphisms  (Remark  75.5.5)  and  composing  one  with  the  inverse  of  the 


other  gives  the  desired  identification. 

75.8.  Localization  and  etale  ring  maps 

In  this  section  we  study  what  happens  if  we  localize  our  rings.  Let  A — > A'  — > B 
be  ring  maps  such  that  B = B 8 a A! . This  happens  for  example  if  A'  = S'-1  A is 
the  localization  of  A at  a multiplicative  subset  S C A.  In  this  case  for  an  abelian 
sheaf  F'  on  Cb/a'  the  homology  of  g~1F'  over  Cb/a  agrees  with  the  homology  of 
F'  over  Cb/a '■>  see  Lemma  75.6.1  for  a precise  statement. 

Lemma  75.8.1.  Let  A -A  A'  -A  B be  ring  maps  such  that  B = B 8a  A'.  Then 
Lb/a  = Lb/a'  in  D(B). 


Proof.  According  to  the  discussion  above  (i.e. , using  Lemma  75.6.1)  and  Lemma 
75.4.3  we  have  to  show  that  the  sheaf  given  by  the  rule  (P  B)  ha  Clp/A  8p  B on 
Cb/a  is  the  pullback  of  the  sheaf  given  by  the  rule  (P  — > B)  i-a  ClP/Ai  B.  The 
pullback  functor  g^1  is  given  by  precomposing  with  the  functor  u : Cb/a  Cb/ag 
(P  -A  B)  i— >■  (P  iS) a A’  — > B).  Thus  we  have  to  show  that 

Lip /a  <8p  B = CIp®aA,/a,  8(p®aa')  B 
By  Algebra,  Lemma  10.130.12|  the  right  hand  side  is  equal  to 

(■ Lip/ A 8 a A1)  8 >(p®aa')  B 

Since  P is  a polynomial  algebra  over  A the  module  ClP/A  is  free  and  the  equality  is 
obvious.  □ 

B be  a ring  map  such  that  B = BS)\B.  Then  LB/A  = 0 


75.4.7 


□ 


Lemma  75.8.2.  Let  A 

in  D(B). 

Proof.  This  is  true  because  LB/A  = LB/B  = 0 by  Lemmas  |75.8.1|  and 

Lemma  75.8.3.  Let  A — » B be  a ring  map  such  that  Torf(B,B)  = 0 for  i > 0 
and  such  that  Lb/b®ab  = 0.  Then  Lb/a  = 0 in  D(B). 

we  see  that  LB/A  8^  (B  8 a B)  = Lb®ab/b-  Now  we 


75.6.2 


Proof.  By  Lemma 
use  the  distinguished  triangle  (75.7.0.1) 

L 


jb®ab/b 


B 


J B/B 


jB<S>aB/B  1 


B[  1] 


associated  to  the  ring  maps  B — > B 8 a B — * B and  the  vanishing  of  LB /B  (Lemma 


75.4.7)  and  Lb/b®ab  (assumed)  to  see  that 

0 = LB0ab/b  <8 \b®ab)  B = Lb/a  <8p  ( B 8a  B)  < 
as  desired. 


‘b®ab ) B — Lb/A 


□ 
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Lemma  75.8.4.  The  cotangent  complex  Lb /a  zero  in  each  of  the  following 
cases: 

(1)  A —>  B and  B (g>A  B — ► B are  flat , i.e.,  A — > B is  weakly  etale  (More  on 
Algebra,  Definition  15.78.1), 

(2)  A -A  B is  a flat  epimorphism  of  rings, 

(3)  B = S'-1  A for  some  multiplicative  subset  S C A, 

(4)  A B is  unramified  and  flat, 

(5)  A — » B is  etale, 

(6)  A — >■  B is  a filtered  colimit  of  ring  maps  for  which  the  cotangent  complex 
vanishes, 

(7)  B is  a henselization  of  a local  ring  of  A, 

(8)  B is  a strict  henselization  of  a local  ring  of  A,  and 

(9)  add  more  here. 


Proof.  In  case  (1)  we  may  apply  Lemma  75.8.2  to  the  surjective  flat  ring  map 
B 


B 


B to  conclude  that  L 


b®ab/b 


= 0 and  then  we  use  Lemma  75.8.3 


to 


conclude.  The  cases  (2)  - (5)  are  each  special  cases  of  (1).  Part  (6)  follows  from 
Lemma  75.3.4  Parts  (7)  and  (8)  follows  from  the  fact  that  (strict)  henselizations 
are  filtered  colimits  of  etale  ring  extensions  of  A,  see  Algebra,  Lemmas  |10.148.21| 
and  110. 148.271  □ 


08R3 


08SF 


Lemma  75.8.5. 

Lc/a  = Lb/a 


Let  A 


B 


L /~t 
B ° • 


C be  ring  maps  such  that  Lq/b  = 0.  Then 


Proof.  This  is  a trivial  consequence  of  the  distinguished  triangle  (75.7.0.1).  □ 

Lemma  75.8.6.  Let  A — » B be  ring  maps  and  S C A,  T C B multiplicative  subsets 
such  that  S maps  into  T.  Then  Lt-ib/s~1a  = Lb/a®b  T~lB  in  D(T~1B). 

shows  that  Lt-ib/a  = Lb/a  ®b  T~xB  and  Lemma 
= Lt~ib/s~1a- 


Proof.  Lemma 
shows  that  LT 


75.8.5 


75.8.1 

— n 


08UN 


1B/A 

Lemma  75.8.7.  Let  A -A  B be  a local  ring  homomorphism  of  local  rings.  Let 
resp.  Ash  — > Bsh  be  the  induced  maps  of  henselizations,  resp.  strict 


Ah 


Bn 


henselizations.  Then 

L Bh/Ah  = Lb^/a  = Lb/a 
in  D(Bh),  resp.  D(Bsh). 


^ Bh 


resp. 


L 


Bsh  / As 


= L 


Bsh /A 


= L 


B/A 


^ Bsh 


Proof.  The  complexes  LAh /A,  LAsh jA,  LBh /B,  and  Lg.t /B  are  all  zero  by  Lemma 


75.8.4 


Using  the  fundamental  distinguished  triangle  (|75.7.0.l|)  for  A — > B — > Bh 

Ah  ->•  Bh 
□ 


we  obtain  LBh / A = Lb/a®bB1  . Using  the  fundamental  triangle  for  A 
we  obtain  LBh/Ah  = LBh/A-  Similarly  for  strict  henselizations. 


75.9.  Smooth  ring  maps 

08R4  Let  C — ► B be  a surjection  of  rings  with  kernel  I.  Let  us  call  such  a ring  map 
“weakly  quasi-regular”  if  I /I2  is  a flat  R-module  and  Tor ^'(B,B)  is  the  exterior 
algebra  on  I /I2.  The  generalization  to  “smooth  ring  maps”  of  what  is  done  in 
Lemma  [75.8.4|  for  “etale  ring  maps”  is  to  look  at  flat  ring  maps  A -A  B such  that 
the  multiplication  map  B ®A  B — > B is  weakly  quasi-regular.  For  the  moment  we 
just  stick  to  smooth  ring  maps. 
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08R9 
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Lemma  75.9.1.  If  A —¥  B is  a smooth  ring  map,  then  Lb /a  = ^b/a[0]- 

Proof.  We  have  the  agreement  in  cohomological  degree  0 by  Lemma[75.4.5  Thus 
it  suffices  to  prove  the  other  cohomology  groups  are  zero.  It  suffices  to  prove  this 
locally  on  Spec(-B)  as  Lbja  = (Ib/a)s  for  g £ B by  Lemma  75.8.5  Thus  we  may 
assume  that  A — > B is  standard  smooth  (Algebra,  Lemma  10.135.10 1,  i.e.,  that  we 
can  factor  A — > B as  A — )•  A\x i, . . . , xn]  -A  B with  A\x i, . . . , xn]  -A-  B etale.  In 

J A[xi,...,xn\/ A ® B 

□ 


this  case  Lemmas  75.8.4  and  Lemma 


whence  the  conclusion  by  Lemma  75.4. 7| 


75.8.5  show  that  L 


B/A 


• i %ri 

= L, 


75.10.  Comparison  with  the  naive  cotangent  complex 

The  naive  cotangent  complex  was  introduced  in  Algebra,  Section  |10.132| 

Remark  75.10.1.  Let  A — > B be  a ring  map.  Working  on  Cb/a  as  in  Section 


75.4  let  J C O be  the  kernel  of  O — > If.  Note  that  = 0 by  Lemma  75.5.7 


Set  II  = Hq /A  B.  so  that  Lb /a  = Ln\(Ll)  by  Lemma  75.4.3  It  follows  that 

Lir\(J  -A  ft)  = Ltt\(H)  = Lb/a ■ Thus,  for  any  object  U = (P  -A  B)  of  Cb/a  we 
obtain  a map 


(75.10.1.1) 


( J — > HP/a  <S>p  B)  — Lb/a 


where  J = Ker(P  — > B)  in  D(A),  see  Cohomology  on  Sites,  Remark  21.30.4 


Continuing  in  this  manner,  note  that  Lnifd  B)  = L-k\{J)  = 0 by  Lemma 


75.5.6 


Since  TorQ  ( J , B)  = J / J2  the  spectral  sequence 


Hp(Cb/a,  Tor®  (J,B))  Hp+q{CB/A,J  ®ol)=0 


(dual  of  Derived  Categories,  Lemma  13.21.3)  implies  that  H0(Cb/a,  J I J2)  = 0 
and  Hi(Cb/a,J/J2)  = 0.  It  follows  that  the  complex  of  P-modules  J / J2  -A  It 
satisfies  T>_iLit\fJ / J2  — )•  fl)  = t>_iLb/a-  Thus,  for  any  object  U = (P  — > B)  of 
Cb /a  we  obtain  a map 

(75.10.1.2)  (J/J2  -a  nP/A  <g)P  B)  —A  t>_iLb/A 

in  D(B),  see  Cohomology  on  Sites,  Remark  |21.30.4| 


The  first  case  is  where  we  have  a surjection  of  rings. 

Lemma  75.10.2.  Let  A -A  B be  a surjective  ring  map  with  kernel  I.  Then 
Hv(Lb/a)  = 0 and  H~1(Lb/a)  = I/I2 ■ This  isomorphism  comes  from  the  map 
(7 5.10.1.2)  for  the  object  ( A -a  B)  of  Cb/a- 

Proof.  We  will  show  below  (using  the  surjectivity  of  A — » B)  that  there  exists  a 
short  exact  sequence 


0 -A  7 t~\I/P)  -A  J/J2  -A  H -A  0 


of  sheaves  on  Cb /a-  Taking  Ln\  and  the  associated  long  exact  sequence  of  homology, 
and  using  the  vanishing  of  Hi(Cb / a , J / J2)  and  Hq(Cb/a,  J / J2)  shown  in  Remark 
|75.10.1|  we  obtain  what  we  want  using  Lemma [75. 4. 4| 

What  is  left  is  to  verify  the  local  statement  mentioned  above.  For  every  object 
U = (P  — > B)  of  Cb/a  we  can  choose  an  isomorphism  P = A[E\  such  that  the 
map  P -A  B maps  each  e £ E to  zero.  Then  J = J(U)  C P = 0(U ) is  equal  to 


75.10.  COMPARISON  WITH  THE  NAIVE  COTANGENT  COMPLEX 


4383 


J = IP  + (e;  e £ E).  The  value  on  U of  the  short  sequence  of  sheaves  above  is  the 
sequence 

0 ->  I /I2  -A  J/  J2  -A  f lP/A  ®pB->0 

Verification  omitted  (hint:  the  only  tricky  point  is  that  IPnJ2  = IJ;  which  follows 
for  example  from  More  on  Algebra,  Lemma  15.23.8 1.  □ 


08RB  Lemma  75.10.3.  Let  A -A  B be  a ring  map.  Then  t>-\Lb/A  is  canonically 
quasi-isomorphic  to  the  naive  cotangent  complex. 

Proof.  Consider  P = A[B ] — > B with  kernel  I.  The  naive  cotangent  complex 
NLb/a  of  B over  A is  the  complex  I / 12  -A  Lip /a  ®p  B,  see  Algebra,  Definition 
10.132.1  Observe  that  in  (75.10.1.2)  we  have  already  constructed  a canonical  map 


c : NLb/a  — > t>-\Lb/A 


Consider  the  distinguished  triangle  (75.7.0.1) 
Dp  B -A-  Lb/A  - 


p/a  Wp  o —p  pb/a  -a  x* b/p  -a  [BP /a  ®p  S)[l] 

associated  to  the  ring  maps  A -A  A[B]  -A  B.  We  know  that  Lp/a  = Op/a[0]  = 
NLp/A  in  D(P)  (Lemma  75.4.7  and  Algebra,  Lemma  10.132.3 1 and  that  t>-\Lb/p  = 

and  Algebra,  Lemma  10.132.6). 


75.10.2 


To 


I/I2[  1]  = NLB/p  in  D[B)  (Lemma 
show  c is  a quasi-isomorphism  it  suffices  by  Algebra,  Lemma[l0.132.4|and  the  long 
exact  cohomology  sequence  associated  to  the  distinguished  triangle  to  show  that 
the  maps  LP/A  -A  LB/A  -A  LB/P  are  compatible  on  cohomology  groups  with  the 
corresponding  maps  NLp/A  - A NLb/a  -A  NLB/p  of  the  naive  cotangent  complex. 
We  omit  the  verification.  □ 


08UP 


75.10.3 


explicit 
.ct  I = 


Remark  75.10.4.  We  can  make  the  comparison  map  of  Lemma 
in  the  following  way.  Let  P . be  the  standard  resolution  of  B over  A. 

Ker(A[R]  -a  B).  Recall  that  Pq  = A[B\.  The  map  of  the  lemma  is  given  by  the 
commutative  diagram 


L 


b/a 


Blp2/A  ®P2  B 


Qpi/A  ®Pi  B 


NL 


B/A 


■ I /I2 


Blp0/A  Dp0  B 


Blp0/A  ®P0  B 


09D5 


We  construct  the  downward  arrow  with  target  I / 1 2 by  sending  d/  ® b to  the  class 
of  [do[f)  — d\[f))b  in  I /I2.  Here  di  : Pi  -A  Pq,  i = 0, 1 are  the  two  face  maps  of  the 
simplicial  structure.  This  makes  sense  as  do  — d\  maps  P\  into  / = Ker(Po  -A  B). 
We  omit  the  verification  that  this  rule  is  well  defined.  Our  map  is  compatible  with 
the  differential  tlPl/A  ®Pi  B -a  Llp0/A  ®p0  B as  this  differential  maps  d/  (g)  6 to 
d(do(/)  — d\[f))  ® b.  Moreover,  the  differential  Llp2/A  ®p2  B -a  LIPi/a®p1  B maps 
d/®  b to  d(do[f)  — di(/)+d2 (/))<&&  which  are  annihilated  by  our  downward  arrow. 
Hence  a map  of  complexes.  We  omit  the  verification  that  this  is  the  same  as  the 
map  of  Lemma |75.10.3| 


Remark  75.10.5.  Adopt  notation  as  in  Remark 
there  show  that  the  differential 


75.10.1 


The  arguments  given 


H2(Cb/a,J/J2)  — ► H0[Cb/a,  Tor®  (J,B)) 
of  the  spectral  sequence  is  an  isomorphism.  Let  C'BjA  denote  the  full  subcategory 
°f  Cb/a  consisting  of  surjective  maps  P -A  B.  The  agreement  of  the  cotangent 
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08RC 

08RD 


08SG 


08RE 


complex  with  the  naive  cotangent  complex  (Lemma  75.10.3)  shows  that  we  have 
an  exact  sequence  of  sheaves 


0 


H\(Lb/a)  — > J / J2  — > 


H2(Lb/a)  0 


on  C'BjA.  It  follows  that  Ker(d)  and  Coker (d)  on  the  whole  category  Cb/a  have  van- 
ishing higher  homology  groups,  since  these  are  computed  by  the  homology  groups 
of  constant  simplicial  abelian  groups  by  Lemma[75.4.1|  Hence  we  conclude  that 

Hn(CB/A,J/J2)-+  Hn(LB/A) 

is  an  isomorphism  for  all  n > 2.  Combined  with  the  remark  above  we  obtain  the 
formula  H2{LB/A)  = H0(CB/A,  Torf 


75.11.  A spectral  sequence  of  Quillen 

In  this  section  we  discuss  a spectral  sequence  relating  derived  tensor  product  to  the 
cotangent  complex. 

75.11.1.  Notation  and  assumptions  as  in  Cohomology  on  Sites,  Example 
Assume  C has  a cosimplicial  object  as  in  Cohomology  on  Sites,  Lemma 
LetT  be  a flat  Ef-module  such  that  Hq(C,T)  = 0.  Then  HflC,  SymB(P))  = 

k. 


Lcnun; 


21.30.1 


21.30.1 


U tor  l < 


Proof.  We  drop  the  subscript  b_  from  tensor  products,  wedge  powers,  and  sym- 
metric powers.  We  will  prove  the  lemma  by  induction  on  k.  The  cases  k = 0, 1 
follow  from  the  assumptions.  If  7c  > 1 consider  the  exact  complex 

A2  J-  <g>  Symfc_2Jr  -A  T <g>  Sym k~xT  -A  Sym kT  — A 0 


with  differentials  as  in  the  Koszul  complex.  If  we  think  of  this  as  a resolution  of 
Syrn^T7,  then  this  gives  a first  quadrant  spectral  sequence 

E\'q  = Hp(C,  Aq+1E  C83  Symfc_9_1  J7)  =>  Hp+q(C,  Symk(E)) 

By  Cohomology  on  Sites,  Lemma  [21. 30. 10|  we  have 

Ltt'XA^E®  Syn?-9"1^)  = Ln\{Aq+1T)  Ln\ (Symfc_9_1  J7)) 


It  follows  (from  the  construction  of  derived  tensor  products)  that  the  induction 
hypothesis  combined  with  the  vanishing  of  H0(C,  A9+1(J7))  = 0 will  prove  what  we 
want.  This  is  true  because  A9+1(J7)  is  a quotient  of  J7*"J+1  and  H0(C,  J7®'?+1)  is  a 
quotient  of  H0(C,  J7)®<?+1  which  is  zero.  □ 


Remark  75.11.2.  In  the  situation  of  Lemma  75.11.1  one  can  show  that  Hk(C,  Symfc(J7)) 
Ab(Hi(C,  J7)).  Namely,  it  can  be  deduced  from  the  proof  that  Hk(C,  Symfc(J7))  is 
the  Sfc-coinvariants  of 


H-k{Lni(E)  Im\(T))  = HflC,T)®k 


Thus  our  claim  is  that  this  action  is  given  by  the  usual  action  of  on  the  tensor 
product  multiplied  by  the  sign  character.  To  prove  this  one  has  to  work  through 
the  sign  conventions  in  the  definition  of  the  total  complex  associated  to  a multi- 
complex. We  omit  the  verification. 

75.11.3.  Let  A be  a ring.  Let  P = A[E\  be  a polynomial  ring.  Set 
£ E)  C P.  The  maps  Torf  (A,  In+1)  -A  Torf  {A,  7")  are  zero  for  all  i and 


Lemma 

I = (e; e 
n. 
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Proof.  Denote  xe  £ P the  variable  corresponding  to  e £ E.  A free  resolution  of  A 
over  P is  given  by  the  Koszul  complex  K,  on  the  xe.  Here  Kj  has  basis  given  by 
wedges  e\  A. . . Ae*,  e\, . . . , e,  £ E and  d(e)  = xe.  Thus  K,®pln  = InI< . computes 
Torf  ( A,In ).  Observe  that  everything  is  graded  with  deg(xe)  = 1,  deg(e)  = 1,  and 
deg(a)  = 0 for  a £ A.  Suppose  £ £ In+1Ki  is  a cocycle  homogeneous  of  degree  to. 
Note  that  m > i + 1 + n.  Then  £ = d?y  for  some  rj  £ Ki+1  as  K . is  exact  in  degrees 
> 0.  (The  case  i = 0 is  left  to  the  reader.)  Now  deg(?y)  = m>i  + l + n.  Hence 
writing  rj  in  terms  of  the  basis  we  see  the  coordinates  are  in  In.  Thus  £ maps  to 
zero  in  the  homology  of  InKt  as  desired.  □ 

Theorem  75.11.4  (Quillen  spectral  sequence).  Let  A -A  B be  a surjective  ring 
map.  Consider  the  sheaf  LI  = LLq/A  ®o  B_  of  B -modules  onCB/A,  see  Section 
Then  there  is  a spectral  sequence  with  Ei-page 

E™  = H_p_q(CB/A,  SymySl))  =►  Tor^p_q(B,  B ) 

with  dr  of  bidegree  (r,  — r + 1).  Moreover,  H^Cb/a,  Sym%(Q))  = 0 for  i < k. 

Proof.  Let  I C A be  the  kernel  of  A — » B.  Let  J C O be  the  kernel  of  O — > If. 
Then  IO  C J.  Set  K = J/IO  and  O = O/IO. 


75.4 


For  every  object  U = (P  — > B)  of  Cb/a  we  can  choose  an  isomorphism  P = A[E\ 
such  that  the  map  P — > B maps  each  e £ E to  zero.  Then  J = J{U)  C P = 0(U) 
is  equal  to  J = IP+(e ; e £ E).  Moreover  0(U)  = B[E\  and  K = IC(U)  = (e;  e £ E) 
is  the  ideal  generated  by  the  variables  in  the  polynomial  ring  B[E\.  In  particular 
it  is  clear  that 

K/K2  A Q p/A  (8 )P  B 

is  a bijection.  In  other  words,  f 1 = K./K?  and  Sym^j(H)  = K.k /K.k+1.  Note  that 
7n  (fl)  = f lg/A  = 0 (Lemma  75.4.51  as  A — ► B is  surjective  (Algebra,  Lemma 


10.130.5 1.  By  Lemma  75.11.1  we  conclude  that 

Ht(CB/AlICk/ICk+1)  = Hi(CB/A,  Sym|(D))  = 0 
for  i < k.  This  proves  the  final  statement  of  the  theorem. 


The  approach  to  the  theorem  is  to  note  that 

B®\B  = Lit,  (O)  ®\B  = Am  (O  B)  = Am  (O) 

The  first  equality  by  Lemma  [75. 5 .7[  the  second  equality  by  Cohomology  on  Sites, 
Lemma  21.30.6  and  the  third  equality  as  O is  flat  over  A.  The  sheaf  O has  a 
filtration 

. . . C 1C3  C A2  C A C O 

This  induces  a filtration  A on  a complex  C representing  Lir\fO)  with  FPC  repre- 
senting Am(/Cp)  (construction  of  C and  F omitted).  Consider  the  spectral  sequence 
of  Homology,  Section  12.21  associated  to  ( C,F ).  It  has  Ad-page 


E™=H_p_q(CB/A,JCp/JCp+1) 


H_p_q(CB/A,0)  = Tov\_q(B,B) 


and  differentials  Ep,q  -A  Ep+r'q  r+1.  To  show  convergence  we  will  show  that  for 
every  k there  exists  a c such  that  Hi(CB/A,  An)  = 0 for  i < k and  n > <Q 

Given  k > 0 set  c = k2.  We  claim  that 

Hi(CB/A,JCn+c)  -»■  Hi(CB/A,lCn) 


2A  posteriori  the  “correct”  vanishing  Hi(CB / A,tCn)  = 0 for  i <n  can  be  concluded. 
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is  zero  for  i < k and  all  n > 0.  Note  that  K,n /KLn+c  has  a finite  filtration  whose 
successive  quotients  /Cm//Cm+1,  n < m < n + c have  Hi(CB/A,K.m /K.m+1)  = 0 for 
i < n (see  above).  Hence  the  claim  implies  Hi(CB/A,  K-n+c)  = 0 for  i < k and  all 
n > k which  is  what  we  need  to  show. 

Proof  of  the  claim.  Recall  that  for  any  0-module  T the  map  jF  — > T <S)q  B induces 
an  isomorphism  on  applying  Lm,  see  Lemma|75.5.6|  Consider  the  map 

Kn+k  B — a JCn  B 

We  claim  that  this  map  induces  the  zero  map  on  cohomology  sheaves  in  degrees 
0,  — 1, . . . , — k + 1.  If  this  second  claim  holds,  then  the  fc-fold  composition 

ICn+c  B — > K71  <E>q  B 

factors  through  r<_fc/C”  Cq  B hence  induces  zero  on  H^Cb/a ;— ) = Lim(— ) for 
i < k,  see  Derived  Categories,  Lemma  [13.12. 5|  By  the  remark  above  this  means 
the  same  thing  is  true  for  Hi(CB/A,fcn+c)  —>  Hi{CB/A^n ) which  proves  the  (first) 
claim. 


Proof  of  the  second  claim.  The  statement  is  local,  hence  we  may  work  over  an 
object  U = (P  — ► B)  as  above.  We  have  to  show  the  maps 

Torf  (B,  Kn+k)  ->■  Torf  (B,  Kn) 


are  zero  for  i < k.  There  is  a spectral  sequence 

Tor^  (P/IP,  Tor f//P(R,  Kn))  =►  Torf+b(R,  Kn), 
see  More  on  Algebra,  Example  |15. 52. 2|  Thus  it  suffices  to  prove  the  maps 
Torf//P(R,  Kn+l)  -A  Tor f/IP(B,Kn) 

are  zero  for  all  i.  This  is  Lemma [75.11. 31  □ 


Remark  75.11.5.  In  the  situation  of  Theorem 
H~1(Lb/a)  = Hi{Cb/a,  H)  = ///2,  see  Lemma 


75.11.4 


75.10.2 


A B(I/I2)  by  Remark|75.11.2  Thus  the  E\  -page  looks  like 


let  I = Ker(A  -a  B ).  Then 
Hence  Hk{CB/A,Symk(fl))  = 


B 

0 

0 

0 

0 

0 

0 


I /I2 

H-2(Lb/a) 
H~3(Lb/A ) 
h-\lb/a) 

H~5(LB/a) 


A 2{I/I2) 

H3(CB/A, Sym2(n)) 
Ha(Cb/A,  Sym2(H)) 


A 3(///2) 


with  horizontal  differential.  Thus  we  obtain  edge  maps  Tor^(H,  B)  -A  H l(LB/A) , 
i > 0 and  A lB(I/I2)  -A  Tor  f(B,  B).  Finally,  we  have  Tor  i(B,  B ) = I /I2  and  there 
is  a five  term  exact  sequence 


Tor^(R,  B)  -A  H~3(Lb/a)  -a  A |(J//2)  -A  Tor f(B,  B)  -A  H~2(LB/A)  -A  0 


of  low  degree  terms. 
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09D6  Remark  75.11.6.  Let  A — A B be  a ring  map.  Let  P.  be  a resolution  of  B over  A 
(Remark  75.5.51.  Set  Jn  = Ker(Pn  —A  B).  Note  that 


Torf"  (P,  B ) = Tor f 71  ( Jn,  B ) = Ker(  Jn 


Jn 


Jn)- 


Hence  H2{LB/A)  is  canonically  equal  to 

Coker  (Tor f1  (P,  P)  -A  Tor -f0(P,P)) 

by  Remark|75.10.5|  To  make  this  more  explicit  we  choose  P2,  Pi,  Pq  as  in  Example 
175.5.91  We  claim  that 

Tor^(R;R)=A2(0/eT£O  © 0/eT^o  ® Tor f°(P,P) 

Namely,  the  basis  elements  XtAxp  of  the  first  summand  corresponds  to  the  element 
Xt  © Xt>  — xt>  © Xt  of  Ji  © Pl  J\ . For  f £ Jo  the  element  xt  © / of  the  second  summand 
corresponds  to  the  element  Xt  © so(/)  — So(/)  © Xt  of  Ji  ®p1  J\.  Finally,  the  map 
Tor f°(P,P)  -a  Torf'  (P,  P)  is  given  by  Sy.  The  map  do  — d\  : Tor ^(PjP)  — A 
Torf0  (P,  P)  is  zero  on  the  last  summand,  maps  Xt  © / to  / © ft  — ft  © /,  and  maps 
xt  A xt'  to  ft  © ft'  — ft'  © ft  • All  in  all  we  conclude  that  there  is  an  exact  sequence 

a|(V^o)  “A  Torf0 (P,  B)  —A  H 2{LB/A)  —A  0 

In  this  way  we  obtain  a direct  proof  of  a consequence  of  Quillen’s  spectral  sequence 
discussed  in  Remark [75TL51 


75.12.  Comparison  with  Lichtenbaum-Schlessinger 

09AM  Let  A —a  B be  a ring  map.  In  [LS67  there  is  a fairly  explicit  determination 
of  t>-2Lb/A  which  is  often  used  in  calculations  of  versal  deformation  spaces  of 
singularities.  The  construction  follows.  Choose  a polynomial  algebra  P over  A and 
a surjection  P-aB  with  kernel  I.  Choose  generators  /*,  t £ T for  I which  induces  a 
surjection  F = ©teT  P — A I with  F a free  P algebra.  Let  Rel  C F be  the  kernel  of 
F — A I,  in  other  words  Rel  is  the  set  of  relations  among  the  ft-  Let  TrivRel  C Rel 
be  the  submodule  of  trivial  relations,  i.e. , the  submodule  of  Rel  generated  by  the 
elements  (. . . , ft',  0, . . . , 0,  —ft,  0, . . .).  Consider  the  complex  of  P-modules 

09CD  (75.12.0.1)  Rel /TrivRel  — A P ©P  P — A nP/A  ©P  B 

where  the  last  term  is  placed  in  degree  0.  The  first  map  is  the  obvious  one  and  the 
second  map  sends  the  basis  element  corresponding  to  t £ T to  d ft  © 1. 

09CE  Definition  75.12.1.  Let  A —A  B be  a ring  map.  Let  M be  a (P,  P)-bimodule 
over  A.  An  A-biderivation  is  an  A-linear  map  A : P — A M such  that  A (xy)  = 
xX{y)  + A (x)y. 

For  a polynomial  algebra  the  biderivations  are  easy  to  describe. 

09CF  Lemma  75.12.2.  Let  P = A[S]  be  a polynomial  ring  over  A.  Let  M be  a (P,  P)- 
bimodule  over  A.  Given  ms  £ M for  s £ S , there  exists  a unique  A-biderivation 
A ; P — A JVI  mapping  s to  ms  for  s £ S. 

Proof.  We  set 

A(si ...  St)  = yf  si . . . Si-\mSiSi+i ...  St 

in  M.  Extending  by  A-linearity  we  obtain  a biderivation.  □ 
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09CG 


Here  is  the  comparison  statement.  The  reader  may  also  read  about  this  in  [And74l 
page  206,  Proposition  12]  or  in  the  paper  [DRGV92]  which  extends  the  complex 
(75.12.0.1)  by  one  term  and  the  comparison  to  r>_ 3. 


Lemma  75.12.3.  In  the  situation  above  denote  L the  complex  ( 7 5.12.0.1 ).  There 
is  a canonical  map  Lb/a  -a  L in  D(A)  which  induces  an  isomorphism  t>-2Lb  /a  y 
L in  D(B). 


Proof.  Let  P.  — ¥ B be  a resolution  of  B over  A (Remark  75.5.5).  We  will  identify 
Lb/a  with  TLp%/A  ® B.  To  construct  the  map  we  make  some  choices. 

Choose  an  H-algebra  map  ip  : P0  — ¥ P compatible  with  the  given  maps  P0  — > B 
and  P -»■  B. 

Write  Pi  = HfS1]  for  some  set  S.  For  s £ S'  we  may  write 

i/>(do{s)  - di(s))  = yiPs,tft 

for  some  ps,t  £ P.  Think  of  P = ®;eT P as  a (Pi, Pi)-bimodule  via  the  maps 
(ip  o do,  ip  o di).  By  Lemma  75.12.2  we  obtain  a unique  H-biderivation  A : Pi  — ¥ F 
mapping  s to  the  vector  with  coordinates  pst-  By  construction  the  composition 

Pi  — ¥ F — ¥ P 

sends  / £ Pi  to  ip(do(f)  — di(/))  because  the  map  / i-A  ip(do(f)  — di(f))  is  an 
H-biderivation  agreeing  with  the  composition  on  generators. 

For  g £ P2  we  claim  that  X(do(g)  — d\(g)  + d2(g))  is  an  element  of  Rel.  Namely,  by 
the  last  remark  of  the  previous  paragraph  the  image  of  X(do(g)  — d\(g)  + d2(g))  in 
P is 

ip((d0  - d1)(d0(g)  - di(g)  + d2(g))) 
which  is  zero  by  Simplicial,  Section  14.23). 

The  choice  of  ip  determines  a map 

dip  ® 1 : $dp0/A  B — ¥ Hp/A  ® B 

Composing  A with  the  map  F -A  F <g)  B gives  a usual  H-derivation  as  the  two 
Pi-module  structures  on  F ® B agree.  Thus  A determines  a map 


F <g)  B 


A : Hp1/A  1 
Finally,  We  obtain  a P-linear  map 

q : Hp0/A  <8>  B — ¥ Rel /TrivRel 

by  mapping  dg  to  the  class  of  X(do(g)  — d\(g)  + d2(g))  in  the  quotient. 
The  diagram 


n 


Ps/A  ' 


B 


n 


Pi!  A 1 


B 


n 


Pi /A  ' 


B 


n 


Po/A 


<7 

A 

f 

Rel /TrivRel 


^ F ®B 


n 


P/A  ' 


)B 


>B 


commutes  (calculation  omitted)  and  we  obtain  the  map  of  the  lemma.  By  Remark 
75.10.4  and  Lemma  75.10.3  we  see  that  this  map  induces  isomorphisms  H\  ( LB /a)  —¥ 
B\(L)  and  Ho(Lb/a)  —¥  H0(L). 
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It  remains  to  see  that  our  map  LB/A  — t L induces  an  isomorphism  H2(LB/A)  —► 
H2(L).  Choose  a resolution  of  B over  A with  Pq  = P = A[ui]  and  then  Pi  and  P2 
as  in  Example  |75. 5. 9|  In  Remark  |75.11.6|  we  have  constructed  an  exact  sequence 

A|(Jo/J02)  ->  Toif °(B,B)  -A  H~2(Lb/a)  -a  0 

where  Pq  = P and  Jo  = Ker(P  -A  P)  = P Calculating  the  Tor  group  using  the 
short  exact  sequences  0— > I — > P — > 5 A 0 and  0 -A  Rel  ->  F A I ->  0 we  find 
that  Tor|  ( B , P)  = Ker(Pe/  ® P -A  F ® P).  The  image  of  the  map  A 2B(I /I2)  — ► 
Tori’  (P,  P)  under  this  identification  is  exactly  the  image  of  TrivRel  (g>  P.  Thus  we 
see  that  H2{LB/A)  = H2(L). 


Finally,  we  have  to  check  that  our  map  PB -A  P actually  induces  this  iso- 
morphism. We  will  use  the  notation  and  results  discussed  in  Example  75.5.9| 
and  Remarks  |75.11.6|  and  75.10.5|  without  further  mention.  Pick  an  element  £ 
of  Tor|°(P,  P)  = Ker(I  I ~ I2).  Write  £ = Jf,  ht>ttft'  8 ft  for  some  ht'  t £ P- 
Tracing  through  the  exact  sequences  above  we  find  that  £ corresponds  to  the 
image  in  Rel  ® P of  the  element  r £ Rel  C F = @feT  P with  ith  coordi- 
nate rt.  = ht',tft>  ■ On  the  other  hand,  £ corresponds  to  the  element  of 

H2(Lb/A)  = H2(Cl)  which  is  the  image  via  d : H2(J / J2)  -A  H2(tt)  of  the  bound- 
ary of  £ under  the  2-extension 


0 -A  Torf  (P,P)  aJ^oJaJ-A  JU2 


0 


We  compute  the  successive  transgressions  of  our  element.  First  we  have 
£ = (d0  - di)(—  ^2  s0(ht>,tft' ) <8  xt) 

and  next  we  have 

(ht',tft')xt  = d0(vr)  - di(vr)  + d2(vr) 

by  our  choice  of  the  variables  v in  Example  |75.5.9[  We  may  choose  our  map  A 
above  such  that  A(iij)  = 0 and  X(xt)  = — et  where  et  £ F denotes  the  basis  vector 
corresponding  to  t £ T.  Hence  the  construction  of  our  map  q above  sends  div  to 

so(ht',tft')xt)  = ^2t  (^2t,  ')  et 

matching  the  image  of  £ in  Rel  (S>  P (the  two  minus  signs  we  found  above  cancel 
out).  This  agreement  finishes  the  proof.  □ 

09D7  Remark  75.12.4  (Functoriality  of  the  Lichtenbaum-Schlessinger  complex).  Con- 
sider a commutative  square 

A! *-B' 

A A 

A ^B 

of  ring  maps.  Choose  a factorization 


A! ^ P' > B' 


a wjfip  ::  , 3 b 


with  P a polynomial  algebra  over  A and  P'  a polynomial  algebra  over  A' . Choose 
generators  ft,  t £ T for  Ker(P  — > P).  For  t £ T denote  f't  the  image  of  ft  in  P' . 
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Choose  /'  £ P’  such  that  the  elements  f't  for  t £ T'  = T II  S generate  the  kernel 
of  P’  -£  B’.  Set  F = ©feT  P and  F'  = ®</gT,  P’ . Let  Rel  = Ker(F  ->•  P)  and 
Rel'  = Ker(F'  — > P')  where  the  maps  are  given  by  multiplication  by  ft,  resp.  f[ 
on  the  coordinates.  Finally,  set  TrivRel , resp.  TrivRel'  equal  to  the  submodule 
of  Rel , resp.  TrivRel  generated  by  the  elements  (. . . , ft>,  0, . . . , 0,  —ft,  0, . . .)  for 
t,t’  £ T,  resp.  T' . Having  made  these  choices  we  obtain  a canonical  commutative 
diagram 


L'  : Rel' /TrivRel1  < #=  F'  ®p/  B' •>  ftp, /jp  ®pt  B' 

t i i 

L : Rel/TrivRel F ®p  B ^Llp/A®pB 


Moreover,  tracing  through  the  choices  made  in  the  proof  of  Lemma  75.12.3  the 
reader  sees  that  one  obtains  a commutative  diagram 


Lb'/A' 


■* B/A 


IJ 


75.13.  The  cotangent  complex  of  a local  complete  intersection 


08SH  If  A — > B is  a local  complete  intersection  map,  then  Lb /a  is  a perfect  complex. 
The  key  to  proving  this  is  the  following  lemma. 

08SI  Lemma  75.13.1.  Let  A = Z[x]  — > B = Z be  the  ring  map  which  sends  x to  0. 
Let  I = (x)  C A.  Then  Lb/a  is  quasi-isomorphic  to  I /I2[l\. 

Proof.  There  are  several  ways  to  prove  this.  For  example  one  can  explicitly  con- 
struct a resolution  of  B over  A and  compute.  Or  one  can  use  the  spectral  sequence 
of  Quillen  (Theorem  75.11.4)  and  the  vanishing  of  Tor f(B,B)  for  i > 1.  Finally, 
one  can  use  {757  ■0.1[)  which  is  what  we  will  do  here.  Namely,  consider  the  distin- 
guished triangle 


L 


Z[a]/Z  <*>Z[ce] 


Z — t Lz/z  ^z/z[x] 


L 


Z[x]/Z  W2.\x] 


Z[l] 


The  complex  Tz[x]/z  is  quasi-isomorphic  to  Oz[.t]/z  by  Lemma  75.4.7  The  complex 


Lz/z  is  zero  in  D(Zi)  by  Lemma|75.8.4  Thus  we  see  that  Lb/a  has  only  one  nonzero 
cohomology  group  which  is  as  described  in  the  lemma  by  Lemma|75.10.2|  □ 

08SJ  Lemma  75.13.2.  Let  A -A  B be  a surjective  ring  map  whose  kernel  I is  generated 
by  a regular  sequence.  Then  Lb/a  is  quasi-isomorphic  to  I / 12  [ 1]. 

Proof.  This  is  true  if  / = (0).  If  I = (/)  is  generated  by  a single  nonzerodivisor, 
then  consider  the  ring  map  Z[x]  — » A which  sends  x to  /.  By  assumption  we  have 
B = A 


r i Z.  Thus  we  obtain  Lb/a  = T/T2  [1]  from  Lemmas 


75.6.2 


and 


75.13.1 


We  prove  the  general  case  by  induction.  Suppose  that  we  have  I = (fi,  ■ • ■ , fr) 
where  is  a regular  sequence.  Set  C = A/(fi, . . . , fr~  i).  By  induction  the 

result  is  true  for  A — > C and  C -A  B.  We  have  a distinguished  triangle  (75.7.0.1 1 


Lc/a  ~ 1 * Lb/a  —• * LB/c  Lq/a 


75.14.  TENSOR  PRODUCTS  AND  THE  COTANGENT  COMPLEX 


4391 


08SK 


08SL 


09D8 


09D9 


which  shows  that  LB/A  has  only  one  nonzero  cohomology  group  which  is  as  de- 
scribed in  the  lemma  by  Lemma[75.10.2|  □ 


Lemma  75.13.3.  Let  A — >■  B be  a surjective  ring  map  whose  kernel  I is  Koszul. 
Then  LB/A  is  quasi-isomorphic  to  J/J2[l]. 


Proof.  Flat  locally  on  Spec(A)  the  ideal  / is  generated  by  a regular  sequence,  see 
More  on  Algebra,  Lemma[l5.23.17  Hence  this  follows  from  Lemma [75. 6. 2 and  flat 
descent.  □ 


Proposition  75.13.4.  Let  A -A  B be  a local  complete  intersection  map.  Then 
Lb/a  is  a perfect  complex  with  tor  amplitude  in  [—1,0]. 


Proof.  Choose  a surjection  P = A[x i, 


75.10.3 

J/J2 


i]  -A  B with  kernel  J.  By  Lemma 


we  see  that  J/J2  — > Q)  Bdxi  is  quasi-isomorphic  to  t>-iLb/A ■ Note  that 
is  finite  projective  (More  on  Algebra,  Lemma  15.24.3 1,  hence  t>-\Lb/A  is 
a perfect  complex  with  tor  amplitude  in  [—  l,0h_  Thus  it  suffices  to  show  that 


H'(Lb/a)  = 0 for  i [—1,0].  This  follows  from  (75.7.0.11 


-‘P/A 


B 


■‘B/A 


-‘B/P 


-‘P/A 


B[  1] 


and  Lemma 


75.13.3 


to  see  that  Hl(LB/P)  is  zero  unless  i £ {—1,0}.  (We  also  use 
Lemma  75.4.7  for  the  term  on  the  left.)  □ 


75.14.  Tensor  products  and  the  cotangent  complex 

Let  R be  a ring  and  let  A,  B be  A-algebras.  In  this  section  we  discuss  La®rB/r. 
Most  of  the  information  we  want  is  contained  in  the  following  diagram 
(75.14.0.1) 

L A/ R (A  ®R  B)  La%rB/b  s-  E 

A 

L A/ r 0^  (A  ®R  B) 3-  La®rB/r s-  LA0rB/A 

A 

Lb/r  (A  0#  B)  = Lb/r  (g)^  (A  0/j  B) 


Explanation:  The  middle  row  is  the  fundamental  triangle  (|75.7.0.1 ) for  the  ring 
maps  R — > A — > A®R  B.  The  middle  column  is  the  fundamental  triangle  ( 75.7.0.1 ) 
for  the  ring  maps  R — > B — > A®RB.  Next,  E is  an  object  of  D[A®RB)  which  “fits” 
into  the  upper  right  corner,  i.e. , which  turns  both  the  top  row  and  the  right  column 
into  distinguished  triangles.  Such  an  E exists  by  Derived  Categories,  Proposition 
13.4.21  applied  to  the  lower  left  square  (with  0 placed  in  the  missing  spot).  To 


be  more  explicit,  we  could  for  example  define  E as  the  cone  (Derived  Categories, 
Definition  13.9.1)  of  the  map  of  complexes 


LA/r  0^  (A  0#  B)  0 Lb/r  0})  (A  (g>R  B)  — » LA0rB/r 


and  get  the  two  maps  with  target  E by  an  application  of  TR3.  In  the  Tor  indepen- 
dent case  the  object  E is  zero. 


75.14.  TENSOR  PRODUCTS  AND  THE  COTANGENT  COMPLEX 


4392 


09DA  Lemma  75.14.1.  If  A and  B are  Tor  independent  R-algebras,  then  the  object  E 
in  \75.1j.0A)  is  zero.  In  this  case  we  have 

La®rb/r  = La/r  ©a  (A  ®r  B ) ® Lb/r  (A  ®R  B) 


which  is  represented  by  the  complex  La/r®r  B © LB/R®R  A of  A ®R  B -modules. 

Proof.  The  first  two  statements  are  immediate  from  Lemma  175.6.21  The  last 
statement  follows  as  La/r  is  a complex  of  free  A-modules,  hence  La/r® \ ( A®RB ) 
is  represented  by  LA/r  ©a  (A  ®r  B)  = LA/r  ©r  B □ 


In  general  we  can  say  this  about  the  object  E. 


09DB  Lemma  75.14.2.  Let  R be  a ring  and  let  A,  B be  R-algebras.  The  object  E in 


(75.1 4- 0.1)  satisfies 


H\E)  = 


Tor^(A,  B) 


if  i>- 1 
if  i = - 2 


Proof.  We  use  the  description  of  E as  the  cone  on  LB/R®)j  ( A®RB ) —A  La®rb/a- 
By  Lemma  75.12.3  the  canonical  truncations  t->-iLb / R and  t>-iLa®bb/a  are  com- 
puted by  the  Lichtenbaum-Schlessinger  complex  (75.12.0.1).  These  isomorphisms 


are  compatible  with  functoriality  (Remark  75.12.4).  Thus  in  this  proof  we  work 
with  the  Lichtenbaum-Schlessinger  complexes. 


Choose  a polynomial  algebra  P over  R and  a surjection  P — A B.  Choose  generators 
ft  € P,  t e T of  the  kernel  of  this  surjection.  Let  Rel  C F = ®/gTP  be  the 
kernel  of  the  map  F — > P which  maps  the  basis  vector  corresponding  to  t to  ft  . Set 
Pa  = A ®R  P and  Fa  = A ®R  F = Pa  ®p  F.  Let  Rel  a be  the  kernel  of  the  map 
Fa  —>  Pa-  Using  the  exact  sequence 


0 -A  Rel  F ^ P ^ B ^ 0 


and  standard  short  exact  sequences  for  Tor  we  obtain  an  exact  sequence 
A ®R  Rel  — > Rel  a — > Torf  (A,  B)  -A  0 

Note  that  Pa  — ► A ®R  B is  a surjection  whose  kernel  is  generated  by  the  elements 
1®  ft  in  Pa-  Denote  TrivRelA  C Rel  a the  P^-submodule  generated  by  the  ele- 
ments (. . . , 1 (g)  ft>,  0, . . . , 0,  — 1 ® ft  ® 1, 0, . . .).  Since  TrivRel  ®R  A -A  TrivRelA  is 
surjective,  we  find  a canonical  exact  sequence 

A®r  (Rel /TrivRel)  -A-  RelA/TrivRelA  —A  Tor ^(A,B)  -A-  0 

The  map  of  Lichtenbaum-Schlessinger  complexes  is  given  by  the  diagram 


Rel  a /TrivRel  a 


■ Fa  ®pa  (A  ®R  B) 


Rel /TrivRel 


F ®p  B 


■ ^ Pa/A®rB  ®Pa  (A  ®R  B) 
A 

0 

^ f Ip /a  ® p B 


Note  that  vertical  maps  —1  and  —0  induce  an  isomorphism  after  applying  the 
functor  A ®R  — = Pa  ®p  — to  the  source  and  the  vertical  map  —2  gives  exactly 
the  map  whose  cokernel  is  the  desired  Tor  module  as  we  saw  above.  □ 
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08SM 


08SN 


08SP 


75.15.  Deformations  of  ring  maps  and  the  cotangent  complex 

This  section  is  the  continuation  of  Deformation  Theory,  Section [74. 2|  which  we  urge 
the  reader  to  read  first.  We  start  with  a surjective  ring  map  A'  — ► A whose  kernel 
is  an  ideal  I of  square  zero.  Moreover  we  assume  given  a ring  map  A -A  13,  a 
/1-module  N,  and  an  A-module  map  c : I N.  In  this  section  we  ask  ourselves 
whether  we  can  find  the  question  mark  fitting  into  the  following  diagram 

0 s-  N >B ^0 

(75.15.0.1) 

0 ^ A' >-  A 0 


and  moreover  how  unique  the  solution  is  (if  it  exists).  More  precisely,  we  look  for 
a surjection  of  T'-algebras  B'  B whose  kernel  is  identified  with  N such  that 
A'  -A  B'  induces  the  given  map  c.  We  will  say  B'  is  a solution  to  (75.15.0.1). 

Lemma  75.15.1.  In  the  situation  above  we  have 

(1)  There  is  a canonical  element  £ £ ExtrB(LB/A,  N)  whose  vanishing  is 
a sufficient  and  necessary  condition  for  the  existence  of  a solution  to 
(75.15.0. 1\). 

(2)  If  there  exists  a solution,  then  then  the  set  of  isomorphism  classes  of 
solutions  is  principal  homogeneous  under  ExtB(LB/A,N). 

(3)  Given  a solution  B' , the  set  of  automorphisms  of  B'  fitting  into  ( 7 5.15.0.1 ) 
is  canonically  isomorphic  to  Ext°B(LB/A,N). 


Proof.  Via  the  identifications  NLb/a  = t>-\Lb/a  (Lemma  75.10.3 ) and  H°(Lb/a) 
H b/a  (Lemma  75.4.5)  we  have  seen  parts  (2)  and  (3)  in  Deformation  Theory,  Lem- 
mas 174.2.11  anc  174.2.31 


Proof  of  (1).  We  will  use  the  results  of  Deformation  Theory,  Lemma  74.2.4  with- 
out further  mention.  Let  a £ Ext \(NLA/Z,  I)  be  the  element  corresponding  to 
the  isomorphism  class  of  A' . The  existence  of  B'  corresponds  to  an  element 
/?  £ Ext b(NLb/z,N)  which  maps  to  the  image  of  a in  ExtlA(NLA/z, N).  Note 
that 

ExtA(NLA/z,  N)  = Ext a(La/z,N)  = Ext B(LA/Z  ig>^  B,  N) 

and 

Ext  B(NLB/z,N)  = Ext  b(Lb/z,N) 

by  Lemma  75.10.3  Since  the  distinguished  triangle  (75.7.0.1)  for  Z -A-  A — ► B gives 
rise  to  a long  exact  sequence 

. . . — > ExtB(LB/z,  N)  -A  Ext^L^/z  N)  -a  Ext 2b{Lb/a,  N)  -A  .. . 

we  obtain  the  result  with  £ the  image  of  a.  □ 


75.16.  The  Atiyah  class  of  a module 

Let  A -A  B be  a ring  map.  Let  M be  a //-module.  Let  P B be  an  object  of 
Cb/a  (Section  75.4 1 . Consider  the  extension  of  principal  parts 

0 -A  nP/A  (g>p  M -A  Pp/A(M)  -A  M -A  0 


09DC 
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see  Algebra,  Lemma [10. 131. 6|  This  sequence  is  functorial  in  P by  Algebra,  Remark 
|10.131.7|  Thus  we  obtain  a short  exact  sequence  of  sheaves  of  0-modules 

0 — y / a A1  — y Pq /^(Af)  — y AI  — y 0 

on  Cb/a-  We  have  Ltt\(VL0/A  M)  = Lb/a  <8b  M = LB/A  M by  Lemma 

and  the  flatness  of  the  terms  of  Lb/a-  We  have  Lm(M)  = M by  Lemma 
Thus  a distinguished  triangle 


75.4.2 


09DD  (75.16.0.1)  LB/A  <g>^  M —y  Ltt,  ( Po/A(M ))  M ->  lb/a  ®b  Af[l] 

in  D(B).  Here  we  use  Cohomology  on  Sites,  Remark  21.30.13  to  get  a distinguished 
triangle  in  D(B)  and  not  just  in  D(A). 

09DE  Definition  75.16.1.  Let  A — y B be  a ring  map.  Let  M be  a R-module.  The  map 
M -A  Lb/A  M[l]  in  (75.16.0.1 ) is  called  the  Atiyah  class  of  M. 


75.17.  The  cotangent  complex 


08UQ  In  this  section  we  discuss  the  cotangent  complex  of  a map  of  sheaves  of  rings  on 
a site.  In  later  sections  we  specialize  this  to  obtain  the  cotangent  complex  of  a 
morphism  of  ringed  topoi,  a morphism  of  ringed  spaces,  a morphism  of  schemes,  a 
morphism  of  algebraic  space,  etc. 

Let  C be  a site  and  let  Sh(C)  denote  the  associated  topos.  Let  A denote  a sheaf  of 
rings  on  C.  Let  A-Alg  be  the  category  of  A-algebras.  Consider  the  pair  of  adjoint 
functors  (F,i)  where  i : A-Alg  -A  Sh(C)  is  the  forgetful  functor  and  F : Sh(C)  -A 
A-Alg  assigns  to  a sheaf  of  sets  £ the  polynomial  algebra  A[£\  on  £ over  A.  Let 
X , be  the  simplicial  object  of  Fun(A-AZg,  A-Alg)  constructed  in  Simplicial,  Section 
fTT33l 

Now  assume  that  A -A  B is  a homomorphism  of  sheaves  of  rings.  Then  B is  an 
object  of  the  category  A-Alg.  Denote  V . = X \(B)  the  resulting  simplicial  A- 
algebra.  Recall  that  V0  = A[B\,  V\  = A[A[H]],  and  so  on.  Recall  also  that  there  is 
an  augmentation 

e : V,  — > B 

where  we  view  B as  a constant  simplicial  A-algebra. 

08SR  Definition  75.17.1.  Let  C be  a site.  Let  A — y B be  a homomorphism  of  sheaves 
of  rings  on  C.  The  standard  resolution  of  B over  A is  the  augmentation  e : V,  — y B 
with  terms 

Po  = A[B\,  Vi  = A[A[B\],  ... 

and  maps  as  constructed  above. 


With  this  definition  in  hand  the  cotangent  complex  of  a map  of  sheaves  of  rings  is 
defined  as  follows.  We  will  use  the  module  of  differentials  as  defined  in  Modules  on 
Sites,  Section  [18. 32| 

08SS  Definition  75.17.2.  Let  C be  a site.  Let  A — y B be  a homomorphism  of  sheaves 
of  rings  on  C.  The  cotangent  complex  LB/A  is  the  complex  of  S-modules  associated 
to  the  simplicial  module 

^ V./A  B 

where  e : V.  -y  B is  the  standard  resolution  of  B over  A.  We  usually  think  of  LB/A 
as  an  object  of  D(B). 
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08ST 


08SV 


08SW 


08SX 


These  constructions  satisfy  a functoriality  similar  to  that  discussed  in  Section[75.6| 
Namely,  given  a commutative  diagram 


B B' 

A 

(75.17.2.1) 

A *~A! 


of  sheaves  of  rings  on  C there  is  a canonical  0-linear  map  of  complexes 


Lb/a  — > Lb'/a’ 

constructed  as  follows.  If  V,  — > B is  the  standard  resolution  of  B over  A and 
V ' -A  B'  is  the  standard  resolution  of  B'  over  A\  then  there  is  a canonical  map 
V . — ► V ' of  simplicial  M-algebras  compatible  with  the  augmentations  V,  — > B and 
V,  — > B' . The  maps 

Vo  = A[B\  — > A![B']  = V0,  Vx  = A[A[B]}  —a  A'\A'[B'}]  = V[ 

and  so  on  are  given  by  the  given  maps  A — » A'  and  B — ► B' . The  desired  map 
Lb /A  Lb'/a'  then  comes  from  the  associated  maps  on  sheaves  of  differentials. 

Lemma  75.17.3.  Let  f : Sh(T> ) — > Sh(C ) be  a morphism  of  topoi.  Let  A — ^ B be 
a homomorphism  of  sheaves  of  rings  onC.  Then  /_1Tb/a  = Lf-ig/f-iA- 


Proof.  The  diagram 


commutes. 


A-Alg 

f-1 


± Sh(C) 
f-1 


f~1A-Alg- — »-  SU'D) 


□ 


Lemma  75.17.4.  Let  C be  a site.  Let  A — » B be  a homomorphism  of  sheaves  of 
rings  onC.  Then  Lll  (L^  / a)  *s  the  sheaf  associated  to  the  presheaf  U i->  H1(Lb(u)/a(U 


Proof.  Let  C be  the  site  we  get  by  endowing  C with  the  chaotic  topology  (presheaves 
are  sheaves).  There  is  a morphism  of  topoi  / : Sh(C)  — > Sh(C')  where  /*  isthein- 
clusion  of  sheaves  into  presheaves  and  /-1  is  sheafification.  By  Lemma  75.17.3 
suffices  to  prove  the  result  for  C1,  i.e.,  in  case  C has  the  chaotic  topology. 


it 


If  C carries  the  chaotic  topology,  then  Lq/a{U)  is  equal  to  Lb(u)/A(u)  because 


commutes. 


A-Alg  » Bh(C) 


sections  over  U 


sections  over  U 


A(U)-Alg  , .>  Sets 


□ 


Remark  75.17.5.  It  is  clear  from  the  proof  of  Lemma 


75.17.4 


that  for  any  U £ 


Ob(C)  there  is  a canonical  map  Lb(tj)/A(U)  Lb/a{U)  of  complexes  of  B{U)- 
modules.  Moreover,  these  maps  are  compatible  with  restriction  maps  and  the 
complex  Lb/a  is  the  sheafification  of  the  rule  U i— > LB(u)/A(u)- 


Lemma  75.17.6.  Let  C be  a site.  Let  A — » B be  a homomorphism  of  sheaves  of 
rings  on  C.  Then  H°(Lb/a)  = ^ B/A ■ 


08UR 
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Proof.  Follows  from  Lemmas  |75.17.4|  and  |75.4.5|  and  Modules  on  Sites,  Lemma 
118.32.41  □ 


08SY  Lemma  75.17.7.  Let  C be  a site.  Let  A—>B  and  A B'  be  homomorphisms  of 
sheaves  of  rings  on  C . Then 

LbxB'/a  — > Lb/ a © Lb'/a 
is  an  isomorphism  in  D(B  x B'). 


Proof.  By  Lemma  75.17.4|  it  suffices  to  prove  this  for  ring  maps, 
rings  this  is  Lemma  75.6.4 


In  the  case  of 
□ 


The  fundamental  triangle  for  the  cotangent  complex  of  sheaves  of  rings  is  an  easy 
consequence  of  the  result  for  homomorphisms  of  rings. 

08SZ  Lemma  75.17.8.  Let  T>  be  a site.  Let  A —>  B —¥  C be  homomorphisms  of  sheaves 
of  rings  on  T> . There  is  a canonical  distinguished  triangle 

Lb/ a ©b  C Lc/a  * Lc/b  Lb/ a ©b  £[1] 

in  D(C). 

Proof.  We  will  use  the  method  described  in  Remarksl75.7.5landl75.7.6lto  construct 
the  triangle;  we  will  freely  use  the  results  mentioned  there.  As  in  those  remarks  we 
first  construct  the  triangle  in  case  B — > C is  an  injective  map  of  sheaves  of  rings.  In 
this  case  we  set 

(1)  V . is  the  standard  resolution  of  B over  A, 

(2)  Q.  is  the  standard  resolution  of  C over  A, 

(3)  1Z,  is  the  standard  resolution  of  C over  B, 

(4)  S . is  the  standard  resolution  of  B over  B, 

(5)  Q,  = Q.  B,  and 

(6)  7 Z.  = U.  (8)5.  B. 

The  distinguished  triangle  is  the  distinguished  triangle  associated  to  the  short  exact 
sequence  of  simplicial  C-modules 

0 — »•  fl-p./A  ©p.  C > Qq./A  ©Q.  L -A  ©q.  C — t 0 

The  first  two  terms  are  equal  to  the  first  two  terms  of  the  triangle  of  the  state- 
ment of  the  lemma.  The  identification  of  the  last  term  with  LB /b  uses  the  quasi- 
isomorphisms  of  complexes 

Lc/b  = LIh,/b  ©k.  C > ^j./b  ©k.  ^ ^ ^q./b  ©q.  ^ 

All  the  constructions  used  above  can  first  be  done  on  the  level  of  presheaves  and  then 
sheafified.  Hence  to  prove  sequences  are  exact,  or  that  map  are  quasi-isomorphisms 
it  suffices  to  prove  the  corresponding  statement  for  the  ring  maps  A(U)  —I  B(U)  — ► 
C(U)  which  are  known.  This  finishes  the  proof  in  the  case  that  B — > C is  injective. 

In  general,  we  reduce  to  the  case  where  B — ► C is  injective  by  replacing  C by  B x C 
if  necessary.  This  is  possible  by  the  argument  given  in  Remark  |75.7.5|  by  Lemma 
175.17.71  □ 

08T0  Lemma  75.17.9.  Let  C be  a site.  Let  A -A  B be  a homomorphism  of  sheaves  of 
rings  on  C.  If  p is  a point  ofC,  then  ( LB/A)p  = LBp/Ap. 


Proof.  This  is  a special  case  of  Lennna[75.17.3| 


□ 
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For  the  construction  of  the  naive  cotangent  complex  and  its  properties  we  refer  to 
Modules  on  Sites,  Section  [18.34| 

08US  Lemma  75.17.10.  Let  C be  a site.  Let  B be  a homomorphism  of  sheaves  of 
rings  on  C.  There  is  a canonical  map  Lb/a  a > LhLBi 4 which  identifies  the  naive 
cotangent  complex  with  the  truncation  t>-\Lb/a- 

Proof.  Let  V.  be  the  standard  resolution  of  B over  A.  Let  I = Ker (A[B\  -A  B). 
Recall  that  Vo  = A[B\.  The  map  of  the  lemma  is  given  by  the  commutative  diagram 

Lb/a  ■ ■ ■ Ll VojA  ®Vi  B ^-Pi /a  ®Vi  B ^v0/A  ®v0  B 

Y ' ¥ 

NLB/A  . . . 5-  0 I/I2 Llv 0/a  ®p0  B 


We  construct  the  downward  arrow  with  target  I /I2  by  sending  a local  section  d f®b 
to  the  class  of  (do(/)  — e?i(/))&  in  I/I2.  Here  di  : V\  — > Vo,  i = 0, 1 are  the  two 
face  maps  of  the  simplicial  structure.  This  makes  sense  as  do  — d\  maps  Vi  into 
I = Ker('Pc)  B).  We  omit  the  verification  that  this  rule  is  well  defined.  Our  map 
is  compatible  with  the  differential  Ll-p1/A  tg>-p1  B — ► LI-p0/a  ®V0  B as  this  differential 
maps  a local  section  df  <8  b to  d(do(/)  — di(/))  <S>  b.  Moreover,  the  differential 
Llv2/A®ViB  — > LlVl/j^®-p1B  maps  a local  section  d/®6  to  d(d0(f)—di(f)+d2{f))lS)b 
which  are  annihilated  by  our  downward  arrow.  Hence  a map  of  complexes. 


To  see  that  our  map  induces  an  isomorphism  on  the  cohomology  sheaves  H°  and 
H_1  we  argue  as  follows.  Let  C be  the  site  with  the  same  underlying  category  as 
C but  endowed  with  the  chaotic  topology.  Let  / : Sh(C)  -A  Sh(Cr)  be  the  morphism 
of  topoi  whose  pullback  functor  is  sheafification.  Let  A!  -A  B'  be  the  given  map, 
but  thought  of  as  a map  of  sheaves  of  rings  on  C . The  construction  above  gives  a 
map  LBi /a'  -A  NLBi /a'  on  C whose  value  over  any  object  U of  C is  just  the  map 


- B(U)/A(U ) 


NL 


B(U)/A(U) 


of  Remark 


75.10.4 


which  induces  an  isomorphism  on  H°  and  H 1 . Since  / 1LB>  /a'  = 
Lb/a  (Lemma  75.17.3)  and  /-1  NLBt = NLB /a  (Modules  on  Sites,  Lemma 


18.34.3 ) the  lemma  is  proved. 


□ 


75.18.  The  Atiyah  class  of  a sheaf  of  modules 


09DF 


09DG 


Let  C be  a site.  Let  A — > B be  a homomorphism  of  sheaves  of  rings.  Let  T be  a 
sheaf  of  S-modules.  Let  V,  — > B be  the  standard  resolution  of  B over  A (Section 
75T7|).  For  every  n > 0 consider  the  extension  of  principal  parts 

(75.18.0.1)  0 -A  nVn/A  ®Vn  T -a  V^n/A(T)  -A  T -a  0 


see  Modules  on  Sites,  Lemma  18.33.6  The  functoriality  of  this  construction  (Mod- 
ules on  Sites,  Remark  118.33. 7h  tells  us  175. 18.0. 11)  is  the  degree  n part  of  a short 


exact  sequence  of  simplicial  X.-modules  (Cohomology  on  Sites,  Section  21.32).  Us- 
ing the  functor  Ln\  : D( V,)  -A  D(B)  of  Cohomology  on  Sites,  Remark  21.32.3  (here 
we  use  that  V . 


09DH 


(75.18.0.2) 
in  D(B). 


A is  a resolution)  we  obtain  a distinguished  triangle 

Ltti  (Vpm/A (X-)^  — > T -A  LB/A  J7)!] 


-‘B/A 


L T 
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Definition  75.18.1.  Let  C be  a site.  Let  A — » B be  a homomorphism  of  sheaves 
of  rings.  Let  T be  a sheaf  of  ^-modules.  The  map  T — >•  Lb/A^b-^I  1]  in  (75.18.0.2) 
is  called  the  Atiyah  class  of  T . 


75.18.0.2 


75.19.  The  cotangent  complex  of  a morphism  of  ringed  spaces 


08UT  The  cotangent  complex  of  a morphism  of  ringed  spaces  is  defined  in  terms  of  the 
cotangent  complex  we  defined  above. 

08UU  Definition  75.19.1.  Let  / : (X,  Ox)  — > (S,Os)  be  a morphism  of  ringed  spaces. 
The  cotangent  complex  Lf  of  / is  Lf  = Lqx //-ios-  We  wiH  also  use  the  notation 

Lf  = Lx/s  = Lox/Os- 


08UV 


More  precisely,  this  means  that  we  consider  the  cotangent  complex  (Definition 
75.17.2)  of  the  homomorphism  /3  : f~1Os  — > Ox  of  sheaves  of  rings  on  the  site 


associated  to  the  topological  space  X (Sites,  Example  7.6.4). 


Lemma  75.19.2.  Let  f : (X,Ox)  — t (S,Os)  be  a morphism  of  ringed  spaces. 
Then  H°(Lx/s)  = ^ x/s ■ 


Proof.  Special  case  of  Lemma [75. 17. 6|  □ 

08T4  Lemma  75.19.3.  Let  f : X -A  Y and  g :Y  — ► Z be  morphisms  of  ringed  spaces. 
Then  there  is  a canonical  distinguished  triangle 


08UW 


LfLy/Z  — t Lx/Z  — t Lx/Y  — > Lf*Ly/z[  1] 


in  D(Ox)- 


Proof.  Set  h = g o f so  that  h~xOz  = f~1g~1Oz ■ By  Lemma  75.17.3  we  have 
f~1LY/z  = Lf~iQY/h-^Oz  anci  this  is  a complex  of  flat  /_1Oy-modules.  Hence  the 
distinguished  triangle  above  is  an  example  of  the  distinguished  triangle  of  Lemma 
75.17.8  with  A = h~1Oz , B = f~1Oy,  and  C = Ox-  □ 


Lemma  75.19.4.  Let  f : (X,Ox)  — > (Y,Oy)  be  a morphism  of  ringed  spaces. 
There  is  a canonical  map  Lx/y  — > NLx/y  which  identifies  the  naive  cotangent 
complex  with  the  truncation  t>-±Lx/y  ■ 


Proof.  Special  case  of  Lemma [75. 17. 10| 


□ 


75.20.  Deformations  of  ringed  spaces  and  the  cotangent  complex 

08UX  This  section  is  the  continuation  of  Deformation  Theory,  Section [74. 7|  which  we  urge 
the  reader  to  read  first.  We  briefly  recall  the  setup.  We  have  a first  order  thickening 
t : (S,Os)  — > ( S',  Os ')  of  ringed  spaces  with  J = Ker(ttt),  a morphism  of  ringed 
spaces  / : (X, Ox)  — > ( S,Os ),  an  Ox-module  Q,  and  an  /-map  c : J — > Q of 
sheaves  of  modules.  We  ask  whether  we  can  find  the  question  mark  fitting  into  the 
following  diagram 


0 > Q ^ ^ Ox *-  0 

08UY  (75.20.0.1) 

0 *-  J •>  Os> ► Os *■  0 


and  moreover  how  unique  the  solution  is  (if  it  exists).  More  precisely,  we  look  for 
a first  order  thickening  i : (X,Ox)  — ► (X',0X')  and  a morphism  of  thickenings 


75.21.  THE  COTANGENT  COMPLEX  OF  A MORPHISM  OF  RINGED  TOPOI 
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if  if)  as  in  Deformation  Theory,  Equation  (74.3.1.11  where  Ker(^)  is  identified 
with  Q such  that  {ff  induces  the  given  map  c.  We  will  say  X'  is  a solution  to 

175.20.0.  lh . 


In  the  situation  above  we  have 

canonical  element  £ £ Extx>x(Lx/g,G)  whose  vanishing  is 


08UZ  Lemma  75.20.1. 

(1)  There  is  a 

a sufficient  and  necessary  condition  for  the  existence  of  a solution  to 

(75 .20.  ODj). 

(2)  If  there  exists  a solution,  then  then  the  set  of  isomorphism  classes  of 
solutions  is  principal  homogeneous  under  Extfx(Lx/SiG). 

(3)  Given  a solution  X' , the  set  of  automorphisms  of  X'  fitting  into  (75.20.0.1 ) 
is  canonically  isomorphic  to  Exf0x{Lx/g,Q). 


Proof.  Via  the  identifications  NLx/s  = t>-\Lx/s  (Lemma  75.19.4)  and  H°(Lx/s) 
0 x/s  (Lemma ' 


mas 


174.7.11 


and 


75. 19.2|)  we  have  seen  parts  (2)  and  (3)  in  Deformation  Theory,  Lem- 

174.7.31 


Proof  of  (1).  We  will  use  the  results  of  Deformation  Theory,  Lemma  74.7.4  with- 
out further  mention.  Let  a £ Exte>s  (XLg/z,  J)  be  the  element  corresponding 
to  the  isomorphism  class  of  S'.  The  existence  of  X'  corresponds  to  an  element 
(3  £ Ex\}0x(NLx/z,G)  which  maps  to  the  image  of  a in  Ext ox(Lf*  NLg/ziG)- 
Note  that 


Ext ci x ( Lf  * NLS/Z,G)  = Ext10x  (Lf*Ls/ z,  G) 


and 


Ext<px  {NLX/Z,  Q)  = Ext ox{Lx/z,G) 
by  Lemma  75.19.4|  The  distinguished  triangle  of  Lemma  |75.19.3  for  X 
(*,  Z)  gives  rise  to  a long  exact  sequence 

...—>•  Extgx  ( LX/Z,G ) — > Extcx  ( Lf*LS/z,G ) — * Ext  qx(Lx/s,  G)  —t 
We  obtain  the  result  with  £ the  image  of  a. 


□ 


75.21.  The  cotangent  complex  of  a morphism  of  ringed  topoi 


08SQ  The  cotangent  complex  of  a morphism  of  ringed  topoi  is  defined  in  terms  of  the 
cotangent  complex  we  defined  above. 

08SU  Definition  75.21.1.  Let  (/,/**)  : (Sh(C),Oc)  — t ( Sh(V),Ov ) be  a morphism  of 
ringed  topoi.  The  cotangent  complex  Lf  of  / is  Lf  = Lqc/ f-^o-p-  We  sometimes 
write  Lf  = L0c/0t>. 


08  VO 


This  definition  applies  to  many  situations,  but  it  doesn’t  always  produce  the  thing 
one  expects.  For  example,  if  / : X -A  Y is  a morphism  of  schemes,  then  / induces  a 
morphism  of  big  etale  sites  fug  '■  (Sch/X)^taie  y ( Sch/Y)etaie  which  is  a morphism 
of  ringed  topoi  (Descent,  Remark  34.7.4).  However,  Lfbig  = 0 since  {fbigY  is  an 
isomorphism.  On  the  other  hand,  if  we  take  Lf  where  we  think  of  / as  a morphism 
between  the  underlying  Zariski  ringed  topoi,  then  Lf  does  agree  with  the  cotangent 
complex  Lx/y  (as  defined  below)  whose  zeroth  cohomology  sheaf  is  ilx/Y- 


Lemma  75.21.2.  Let  f : ( Sh(C),0 ) — ► {Sh(B),  Ob)  be  a morphism  of  ringed 
topoi.  Then  H°(Lf ) = Gif. 


Proof.  Special  case  of  Lemma [75. 17. 6| 


□ 
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08  VI 


08V2 


08V3 


08V4 


08V5 


Lemma  75.21.3.  Let  f : (S7i(Ci),  0i)  — > (Sh(Cf),  O2)  and  g : (Sh(C.2),  O2)  — ► 
(Sh(Cf),0^)  be  morphisms  of  ringed  topoi.  Then  there  is  a canonical  distinguished 
triangle 

Lf*Lg  -A  Lgof  -A Lf  -A  Lf*Lg[  1] 

in  D(Oi). 


Proof.  Set  h = g o / so  that  h~xO^  = /_1<7_1C,3-  By  Lemma  75.17.3  we  have 
f~1Lg  = Lf~io2/h~iQ3  and  this  is  a complex  of  flat  /_1 02-modules.  Hence  the 
distinguished  triangle  above  is  an  example  of  the  distinguished  triangle  of  Lemma 
75.17.8  with  A = h~lO 3,  B = /_102,  and  C = 0\.  □ 


Lemma  75.21.4.  Let  f : ( Sh(C),0 ) ( Sh(B),Os ) be  a morphism  of  ringed 

topoi.  There  is  a canonical  map  Lf  — » NLf  which  identifies  the  naive  cotangent 
complex  with  the  truncation  r>_iLy. 

Proof.  Special  case  of  Lemma [75. 17. 10|  □ 

75.22.  Deformations  of  ringed  topoi  and  the  cotangent  complex 

This  section  is  the  continuation  of  Deformation  Theory,  Section  74.12|  which  we 
urge  the  reader  to  read  first.  We  briefly  recall  the  setup.  We  have  a first  order 
thickening  t : ( Sh(B),Os ) — ► ( Sh(B'),Oj3 >)  of  ringed  topoi  with  J = Ker(ttt),  a 
morphism  of  ringed  topoi  / : (Sh(C),0)  — ► (Sh(B),  O^),  an  0-module  Q,  and  a 
map  f~xJ  — >•  Q of  sheaves  of  /_10e-modules.  We  ask  whether  we  can  find  the 
question  mark  fitting  into  the  following  diagram 


(75.22.0.1) 


0 


f~lJ- 


f~lOS' 


■Ox 

A 


rlos 


■ 0 


and  moreover  how  unique  the  solution  is  (if  it  exists).  More  precisely,  we  look  for  a 
first  order  thickening  i : ( Sh(C),0 ) — >•  ( Sh(C'),Q ')  and  a morphism  of  thickenings 
(fif)  as  in  Deformation  Theory,  Equation  (74.8.1.11  where  Ker(^)  is  identified 
with  Q such  that  ( /' )**  induces  the  given  map  c.  We  will  say  ( Sh(C'),0 ')  is  a 
solution  to  (75.22.0.1). 


Lemma  75.22.1.  In  the  situation  above  we  have 

(1)  There  is  a canonical  element  f € Ext^(Lf,Q)  whose  vanishing  is  a suffi- 
cient and  necessary  condition  for  the  existence  of  a solution  to  (75. 


(2) 

(3) 


2.0.1). 


If  there  exists  a solution,  then  then  the  set  of  isomorphism  classes  of 
solutions  is  principal  homogeneous  under  ExtQ(Lf,Q). 

Given  a solution  X' , the  set  of  automorphisms  of  X'  fitting  into 
is  canonically  isomorphic  to  Ext^(Lf,Q). 


75.22.0.1) 


Proof.  Via  the  identifications  NLf  = r>-\Lf  (Lemma  75.21.4)  and  H°(Lx/s)  = 
LI\/q  (Lemma  175.21 .21)  we  have  seen  parts  (2)  and  (3)  in  Deformation  Theory, 
LemmLl74.12J|and17te3l 


Proof  of  (1).  We  will  use  the  results  of  Deformation  Theory,  Lemma  74.12.4  without 
further  mention.  Denote 


p : ( Sh(C ),  O ) -►  (S7i(*),  Z)  and  q : ( Sh(B ),  Ob)  -¥  {Sh(*),  Z). 
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08T1 

08T2 

08T3 


08V6 


Let  a € Ext oB(NLq,  J)  be  the  element  corresponding  to  the  isomorphism  class  of 
Ob'-  The  existence  of  O'  corresponds  to  an  element  /3  £ Ext q(NLp,  Q)  which  maps 
to  the  image  of  a in  Ext ox(Lf*  NLqiQ).  Note  that 

Extox  ( Lf * NLqi  Q)  = Ext^x  (Lf*Lq,  Q) 


and 


Ext  Ox(NLp,G)  — Ext  ox(Lp,g) 

by  Lemma [75.21.4  The  distinguished  triangle  of  Lemma[75.21.3  for  p = qo  f gives 
rise  to  a long  exact  sequence 

...—>■  ExtQx  ( L.p , Q)  — > ExtQY  ( Lf  Lq , g)  Ext  @x  (Lf,  g)  — > . . . 


We  obtain  the  result  with  £ the  image  of  a. 


□ 


75.23.  The  cotangent  complex  of  a morphism  of  schemes 

As  promised  above  we  define  the  cotangent  complex  of  a morphism  of  schemes  as 
follows. 


Definition  75.23.1.  Let  / : X — > Y be  a morphism  of  schemes.  The  cotangent 
complex  Lx/y  °f  X over  Y is  the  cotangent  complex  of  / as  a morphism  of  ringed 
spaces  (Definition  75.19.1). 


In  particular,  the  results  of  Section  |75.19|  apply  to  cotangent  complexes  of  mor- 
phisms  of  schemes.  The  next  lemma  shows  this  definition  is  compatible  with  the 
definition  for  ring  maps  and  it  also  implies  that  Lx/y  is  an  object  of  DQCoh(Ox). 


Lemma  75.23.2.  Let  f : X — >•  Y be  a morphism  of  schemes.  Let  U = Spec(A)  C 
X and  V = Spec (B)  C Y be  affine  opens  such  that  f(U)  C V . There  is  a canonical 
map 

Lb /a  — > Lx/y\u 

of  complexes  which  is  an  isomorphism  in  D(Ob).  This  map  is  compatible  with 
restricting  to  smaller  affine  opens  of  X and  Y . 


Proof.  By  Remark  75. 17.5  there  is  a canonical  map  of  complexes  Lqx  ([/) / f~10Y  (u)  ~~ 
Lx/y(U)  of  B = <DX  ((/)-modules,  which  is  compatible  with  further  restrictions. 
Using  the  canonical  map  A -A  f~1OY(U)  we  obtain  a canonical  map  Lb/a 
Lb/a( U)  of  B-modules.  Using  the  universal  property  of  the ~ functor  (see  Schemes, 
Lemma  [25.7.1 ) we  obtain  a map  as  in  the  statement  of  the  lemma.  We  may  check 
this  map  is  an  isomorphism  on  cohomology  sheaves  by  checking  it  induces  isomor- 
phisms on  stalks.  This  follows  immediately  from  Lemmas  75.17.9|  and  75.8.6  (and 
the  description  of  the  stalks  of  Ox  and  f~lOY  at  a point  p G Spec(R)  as  Bv  and  Aq 
where  q = Anp;  references  used  are  Schemes,  Lemma |25 . 5.4|  and  Sheaves,  Lemma 
'6.21.5b.  □ 


Lemma  75.23.3.  Let  A be  a ring.  Let  X be  a scheme  over  A.  Then 

LX/  Spec(A)  = L0x/ A 


where  A is  the  constant  sheaf  with  value  A on  X . 
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08V7 


08V8 


08V9 


Proof.  Let  p : X — > Spec(A)  be  the  structure  morphism.  Let  q : Spec(A)  -A  (*,  A) 
be  the  obvious  morphism.  By  the  distinguished  triangle  of  Lemma|75.193|it  suffices 
to  show  that  Lq  = 0.  To  see  this  it  suffices  to  show  for  p € Spec(A)  that 


(L(j)p  -^'C>Spec(A),p/A  -^Ap/A 


(Lemma  75.17.9)  is  zero  which  follows  from  Lemma  75.8.4 


□ 


75.24.  The  cotangent  complex  of  a scheme  over  a ring 


Let  A be  a ring  and  let  X be  a scheme  over  A.  Write  Lx/  Spec(A)  = Lx/a  which  is 
justified  by  Lemma  75.23.3  In  this  section  we  give  a description  of  Lx/a  similar  to 
Namely,  we  construct  a category  Cx/a  fibred  over  Xzar  and  endow 


Lemma  75.4.3 
it  with  a sheaf  of  (polynomial)  A-algebras  O such  that 


Lx/a  — L'k\{0.O/ a <8>e>  Ox). 

We  will  later  use  the  category  Cx/a  to  construct  a naive  obstruction  theory  for  the 
stack  of  coherent  sheaves. 


Let  A be  a ring.  Let  X be  a scheme  over  A.  Let  Cx/a  be  the  category  whose  objects 
are  commutative  diagrams 


(75.24.0.1) 

\' 

Spec(A)  -<■ A 


of  schemes  where 

(1)  U is  an  open  subscheme  of  X, 

(2)  there  exists  an  isomorphism  A = Spec (P)  where  P is  a polynomial  algebra 
over  A (on  some  set  of  variables). 

In  other  words,  A is  an  (infinite  dimensional)  affine  space  over  Spec(A).  Morphisms 
are  given  by  commutative  diagrams.  Recall  that  Xzar  denotes  the  small  Zariski 
site  X.  There  is  a forgetful  functor 

u '■  CX/A  ► Xzar , (U  ► A)  i— > U 

Observe  that  the  fibre  category  over  U is  canonically  equivalent  to  the  category 
Cox(u)/ A introduced  in  Section 

Lemma  75.24.1.  In  the  situation  above  the  category  C.\'/A  fibred  over  Xzar- 

Proof.  Given  an  object  U — >•  A of  Cx/a  and  a morphism  U'  U of  Xzar  consider 
the  object  [/'  — > A of  Cx/ a where  [/'—>■  A is  the  composition  of  U — >•  A and 
U'  — >•  U . The  morphism  (U1  — > A)  — ► {U  ->  A)  of  Cx/a  is  strongly  cartesian  over 
Xzar-  D 


75.4 


We  endow  Cx/a  with  the  topology  inherited  from  Xzar  (see  Stacks,  Section  8.10). 
The  functor  u defines  a morphism  of  topoi  7r  : £7i(C_ x/a)  ~ t Sh(Xzar)-  The  site 
Cx/a  comes  with  several  sheaves  of  rings. 

(1)  The  sheaf  O given  by  the  rule  ([/—»•  A)  i — >•  T(A,  Ox)- 

(2)  The  sheaf  Q_x  = 7r ~1Ox  given  by  the  rule  (t7  — >•  A)  i — >•  Ox(U). 

(3)  The  constant  sheaf  A. 
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08VA 


08VB 


08T9 


08VC 


We  obtain  morphisms  of  ringed  topoi 

(Sh(Cx/A),Ox)  ( Sh(Cx/A),0 ) 

(75.24.1.1) 

(■ Sh(XZar),Ox ) 

The  morphism  i is  the  identity  on  underlying  topoi  and  : O — > Ox  is  the  obvious 
map.  The  map  7r  is  a special  case  of  Cohomology  on  Sites,  Situation  |21.29.l]  An 
important  role  will  be  played  in  the  following  by  the  derived  functors  Li*  : D{0 ) — > 
D(Ox ) left  adjoint  to  ffi*  = «*  : D(Q_X)  — ► D(0)  and  Lir\  : D(Q_X)  — > D(Ox) 
left  adjoint  to  7r*  = 7r-1  : D(Ox)  — > D(Ox).  We  can  compute  Ltt\  thanks  to  our 
earlier  work. 


Remark  75.24.2.  In  the  situation  above,  for  every  U C X open  let  be  the 
standard  resolution  of  Ox(U)  over  A.  Set  A Uju  = Spec (Pn,u)-  Then  A,y  is  a 
cosimplicial  object  of  the  fibre  category  Cqx(u)/ a of  Cx/\  over  U.  Moreover,  as 
discussed  in  Remark  75.5.5  we  have  that  A , is  a cosimplicial  object  of  Coa-(i/)/a 

as  in  Cohomology  on  Sites,  Lemma  21.30.7  Since  the  construction  U H >•  A ,tu 
is  functorial  in  U,  given  any  (abelian)  sheaf  J-  on  Cx/ a we  obtain  a complex  of 
presheaves 

A.tU) 


whose  cohomology  groups  compute  the  homology  of  T on  the  fibre  category.  We 
conclude  by  Cohomology  on  Sites,  Lemma |2 1.31. 2 1 that  the  sheafification  computes 
LniTf^J7).  In  other  words,  the  complex  of  sheaves  whose  term  in  degree  — n is  the 
sheafification  of  C/  i — >-  J(A„y)  computes 


With  this  remark  out  of  the  way  we  can  state  the  main  result  of  this  section. 
Lemma  75.24.3.  In  the  situation  above  there  is  a canonical  isomorphism 
Lx/a  = Ln\{Li*n0/K)  = Lir\(i* Vlo / x)  = Ltt\(CIo/a  Q.x) 

in  D(Ox)- 


Proof.  We  first  observe  that  for  any  object  (U  — > A)  of  Cx/ a the  value  of  the  sheaf 
O is  a polynomial  algebra  over  A.  Hence  flo /a  is  a flat  0-module  and  we  conclude 
the  second  and  third  equalities  of  the  statement  of  the  lemma  hold. 


By  Remark  75.24.2  the  object  Ltt\ (Qq m Q.x)  is  computed  as  the  sheafification 

of  the  complex  of  presheaves 


U (fio/A  —X ) (A.,t/)  = Slp.'U/A  ®P.,U  Ox{U)  = L0x(jj)/ a 


using  notation  as  in  Remark  75.24.2  Now  Remark  75.17.5  shows  that  Ln\  (Q<p /a®o 
Ox)  computes  the  cotangent  complex  of  the  map  of  rings  A — > Ox  on  X.  This  is 
what  we  want  by  Lemma  75.23.3  □ 


75.25.  The  cotangent  complex  of  a morphism  of  algebraic  spaces 

We  define  the  cotangent  complex  of  a morphism  of  algebraic  spaces  using  the  as- 
sociated morphism  between  the  small  etale  sites. 
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08VD  Definition  75.25.1.  Let  5 be  a scheme.  Let  / : X — > Y be  a morphism  of 
algebraic  spaces  over  S.  The  cotangent  complex  Lx/y  of  X over  Y is  the  cotangent 
complex  of  the  morphism  of  ringed  topoi  f small  between  the  small  etale  sites  of  X 


and  Y (see  Properties  of  Spaces,  Lemma  53.20.3  and  Definition  75.21.1). 


In  particular,  the  results  of  Section  |75.21|  apply  to  cotangent  complexes  of  mor- 
phisms  of  algebraic  spaces.  The  next  lemmas  show  this  definition  is  compatible 
with  the  definition  for  ring  maps  and  for  schemes  and  that  Lx/y  is  an  object  of 
DQCoh{Ox)- 

08VE  Lemma  75.25.2.  Let  S be  a scheme.  Consider  a commutative  diagram 


U 


V 


Y 

X 


V 

of  algebraic  spaces  over  S withp  and  q etale.  Then  there  is  a canonical  identification 
Lx/Y\uttau  = Lu/v  in  D(Gu). 

Proof.  Formation  of  the  cotangent  complex  commutes  with  pullback  (Lemma 
75-174  and  we  have  PfmaU°x  = °U  and  g-^allOVitaU  = P7l„ufZLi,OYttal. 
because  QsrnauOYetale  = Oytale  (Properties  of  Spaces,  Lemma  53.25.1).  Tracing 
through  the  definitions  we  conclude  that  Lx/Y\jj.taU  = ^u/v-  □ 


08VF  Lemma  75.25.3.  Let  S be  a scheme.  Let  f : X — ► Y be  a morphism  of  algebraic 
spaces  over  S.  Assume  X and  Y representable  by  schemes  Xq  and  lo.  Then  there 
is  a canonical  identification  Lx/y  = e*LXo/Yo  in  D(Ox)  where  e is  as  in  Derived 


Categories  of  Spaces,  Section  62. 4 and  LXq/Yo  is  as  in  Definition 


75.23.1 


Proof.  Let  /o  : Xo  — > Yq  be  the  morphism  of  schemes  corresponding  to  /.  There 
is  a canonical  map  — ► ffmaii^y  compatible  with  : e~10Xo  — > Ox 

because  there  is  a commutative  diagram 

Xft^Zar  Xg tale 


fo 


Yr 


0 ,Zar 


/ 


Yetaie 


see  Derived  Categories  of  Spaces,  Remark |62. 6. 3|  Thus  we  obtain  a canonical  map 


e^L 


Xo/Y0 


= e^L, 


'Ox0//0  o 


V0 


— Lc-le 


>x0  /e-'f^O 


v0 


Jox/rs, 


= L 


X/Y 


by  the  functoriality  discussed  in  Section  |75.17|  and  Lemma  |75.17.3|  To  see  that 
the  induced  map  e*LXo/Yo  Lx/Y  is  an  isomorphism  we  may  check  on  stalks  at 
geometric  points  (Properties  of  Spaces,  Theorem  53.18.12).  We  will  use  Lemma 
75.17.9  to  compute  the  stalks.  Let  x : Spec(fc)  — ► X0  be  a geometric  point  lying 


over  x € Xo,  with  y = f o x lying  over  y gYq.  Then 

Lx/y,x  = Lox^/oY,y 

and 

(t*LXo/Yo)x  = LXo/YotX  ®Ox0,x  ®X,x  = LOx0,x/OY0,y  ®Ox0,*  ®X,x 

Some  details  omitted  (hint:  use  that  the  stalk  of  a pullback  is  the  stalk  at  the  image 
point,  see  Sites,  Lemma [7. 33. 1[  as  well  as  the  corresponding  result  for  modules,  see 
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08  VG 


08VH 


08VI 


08  VJ 


Modules  on  Sites,  Lemma  18.35.4).  Observe  that  Ox,x  is  the  strict  henselization 
of  Ox0,x  and  similarly  for  Oy,y  (Properties  of  Spaces,  Lemma  53.21.1).  Thus  the 
result  follows  from  Lemma [75.8.71  □ 

Lemma  75.25.4.  Let  A.  be  a ring.  Let  X be  an  algebraic  space  over  A.  Then 

Lx/  Spec(A)  = Lqx/ A 

where  A is  the  constant  sheaf  with  value  A on  X^taie . 

Proof.  Let  p : X —$■  Spec(A)  be  the  structure  morphism.  Let  q : Spec(A)etaje  — > 


(*,  A)  be  the  obvious  morphism.  By  the  distinguished  triangle  of  Lemma  75.21.3  it 


suffices  to  show  that  Lq  = 0.  To  see  this  it  suffices  to  show  (Properties  of  Spaces, 
Theorem  53.18.12)  for  a geometric  point  t : Spec (k)  —»  Spec(A)  that 


(Aj)t  - AoSpBC(A).taieiT/ A 


(Lemma  75.17.9)  is  zero.  Since  C,Spec(A)f{  ,,.t  is  a strict  henselization  of  a local  ring 
of  A (Properties  of  Spaces,  Lemma  53.21.1)  this  follows  from  Lemma  75.8.4  □ 


75.26.  The  cotangent  complex  of  an  algebraic  space  over  a ring 


Let  A be  a ring  and  let  X be  an  algebraic  space  over  A.  Write  Lx/Spec(A)  = Lx/A 
which  is  justified  by  Lemma 
similar  to  Lemma 


75.25.4 


75.4.3 


In  this  section  we  give  a description  of  Lx/\ 
Namely,  we  construct  a category  Cx/a  fibred  over  X^taie 


and  endow  it  with  a sheaf  of  (polynomial)  A-algebras  O such  that 


Lx/ A — L7T!(f20/A  QX)- 

We  will  later  use  the  category  C.\7A  to  construct  a naive  obstruction  theory  for  the 
stack  of  coherent  sheaves. 


Let  A be  a ring.  Let  X be  an  algebraic  space  over  A.  Let  Cx/ a be  the  category 
whose  objects  are  commutative  diagrams 


(75.26.0.1) 

Spec(A)  <■ A 


of  schemes  where 

(1)  U is  a scheme, 

(2)  U — » X is  etale, 

(3)  there  exists  an  isomorphism  A = Spec (P)  where  P is  a polynomial  algebra 
over  A (on  some  set  of  variables). 

In  other  words,  A is  an  (infinite  dimensional)  affine  space  over  Spec(A).  Morphisms 
are  given  by  commutative  diagrams.  Recall  that  X^taie  denotes  the  small  etale  site 
of  X whose  objects  are  schemes  etale  over  X.  There  is  a forgetful  functor 

u '■  CX/A  — ► Xgtalei  {U  — > A)  h- > U 

Observe  that  the  fibre  category  over  U is  canonically  equivalent  to  the  category 
Cqx{u)/a  introduced  in  Section 

Lemma  75.26.1.  In  the  situation  above  the  category  Cx/\  is  fibred  over  Xgtaie. 


75.4 
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Proof.  Given  an  object  U — > A of  Cx/a  and  a morphism  U'  — > U of  X^taie 
consider  the  object  U'  — > A of  Cx/a  where  IP  — > A is  the  composition  of  U — > A 
and  U'  — > U.  The  morphism  (IP  -)  A)  -)  (U  A A)  of  Cx/a  is  strongly  cartesian 
Over  Xitale ■ □ 


We  endow  Cx/a  with  the  topology  inherited  from  X&taie  (see  Stacks,  Section  8.101. 
The  functor  u defines  a morphism  of  topoi  7r  : Sh(Cx/ a)  Sh(X^taie).  The  site 

Cx/a  comes  with  several  sheaves  of  rings. 

(1)  The  sheaf  O given  by  the  rule  (t/  -A  A)  ha  T(A,  0a)- 

(2)  The  sheaf  Ox  = 7 t~1Ox  given  by  the  rule  ([/  -a  A)  ha  Ox(U). 

(3)  The  constant  sheaf  A. 

We  obtain  morphisms  of  ringed  topoi 


(Sh(Cx/A),Ox)  — ->■  ( Sh(Cx/A),0 ) 

08VK  (75.26.1.1) 

Y 

( Sh(Xetale),Ox ) 


The  morphism  i is  the  identity  on  underlying  topoi  and  P : 0 -A  0 x is  the  obvious 
map.  The  map  7r  is  a special  case  of  Cohomology  on  Sites,  Situation  |21.29.lj  An 
important  role  will  be  played  in  the  following  by  the  derived  functors  Li*  : D(0)  — ► 
D(Q.x)  left  adjoint  to  i?z*  = i*  : D(Ox)  -A  D(0)  and  Ltt\  : D(Ox)  — » D(Ox) 
left  adjoint  to  7r*  = 7r_1  : D(Ox)  — > D(0_x).  We  can  compute  Ln<  thanks  to  our 
earlier  work. 


08VL  Remark  75.26.2.  In  the  situation  above,  for  every  object  U X of  Xitale 
let  be  the  standard  resolution  of  Ox(U)  over  A.  Set  AU}u  = Spec (Pn,u). 
Then  A.yy  is  a cosimplicial  object  of  the  fibre  category  Cqx(u)/a  of  Cx/ a over  U. 
Moreover,  as  discussed  in  Remark  75.5.5  we  have  that  A.  jy  is  a cosimplicial  object 
of  Cox  (u)/\  as  in  Cohomology  on  Sites,  Lemma  21.30.7  Since  the  construction 
U ha  A #jy  is  functorial  in  U,  given  any  (abelian)  sheaf  T on  Cx/a  we  obtain  a 
complex  of  presheaves 

u > T(AkU) 

whose  cohomology  groups  compute  the  homology  of  T on  the  fibre  category.  We 
conclude  by  Cohomology  on  Sites,  Lemma [2 1 . 3 1 . 2 1 that  the  sheafification  computes 
LnTT\(iF).  In  other  words,  the  complex  of  sheaves  whose  term  in  degree  — n is  the 
sheafification  of  U ha  /F(Antu)  computes  L-k\(J:). 


With  this  remark  out  of  the  way  we  can  state  the  main  result  of  this  section. 
08VM  Lemma  75.26.3.  In  the  situation  above  there  is  a canonical  isomorphism 
Lx/ A = L-K\(Li* £Iq/a)  ~ Ln\(i*Q0/X)  = Ltt\(LIo/a  Qx) 

in  D(Ox). 


Proof.  We  first  observe  that  for  any  object  (U  -A  A)  of  Cx/ a the  value  of  the  sheaf 
O is  a polynomial  algebra  over  A.  Hence  LIq /a  is  a flat  0-module  and  we  conclude 
the  second  and  third  equalities  of  the  statement  of  the  lemma  hold. 


By  Remark  75.26.2  the  object  Ltt\ (Qq /X  Q.x)  is  computed  as  the  sheafification 
of  the  complex  of  presheaves 


U HA  (fl0/ A <B>0  Qx)  (A.tty)  — LLp%  u/ a ®P.jj  Ox(U)  — L0x(jjyA 
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09DJ 


09DK 


09DL 


09DM 


using  notation  as  in  Remark  75.26.2  Now  Remark  75.17.5  shows  that  Ln\ (Do /\®o 
Q_x)  computes  the  cotangent  complex  of  the  map  of  rings  A — ► Ox  on  X etale-  This 
is  what  we  want  by  Lemma|75.25.4|  □ 

75.27.  Fibre  products  of  algebraic  spaces  and  the  cotangent  complex 

Let  S'  be  a scheme.  Let  X — > B and  Y — > B be  morphisms  of  algebraic  spaces  pver 
S.  Consider  the  fibre  product  X XbY  with  projection  morphisms  p : X x gY  — )•  X 
and  q : X x gY  — > Y . In  this  section  we  discuss  Lxxby/b-  Most  of  the  information 
we  want  is  contained  in  the  following  diagram 


Lp*L 


X/B 


(75.27.0.1) 


Lp*L 


X/B 


L 


XxbY/Y 


E 


JX  x bY/B 


Lq*LY/B 


JX  X by/x 


- Lq*  Ly/b 


Explanation:  The  middle  row  is  the  fundamental  triangle  of  Lemma  75.21.3|for  the 
morphisms  X XbY  -a-  X — ► B.  The  middle  column  is  the  fundamental  triangle  for 
the  morphisms  X XbY  — ► Y — > B.  Next,  E is  an  object  of  D(Oxxby ) which  “fits” 
into  the  upper  right  corner,  i.e. , which  turns  both  the  top  row  and  the  right  column 
into  distinguished  triangles.  Such  an  E exists  by  Derived  Categories,  Proposition 
13.4.21  applied  to  the  lower  left  square  (with  0 placed  in  the  missing  spot).  To 


be  more  explicit,  we  could  for  example  define  E as  the  cone  (Derived  Categories, 


Definition  13.9.1)  of  the  map  of  complexes 


In  the  Tor  indepen- 


Lp*Lx/B  © Lq*LY/B  — > LXxby/b 

and  get  the  two  maps  with  target  E by  an  application  of  TR3. 
dent  case  the  object  E is  zero. 

Lemma  75.27.1.  In  the  situation  above,  if  X and  Y are  Tor  independent  over 
B,  then  the  object  E in  \75.27.0~)  is  zero.  In  this  case  we  have 

LxxbY/b  = Lp*Lx/B  © Lq*LY/B 

Proof.  Choose  a scheme  W and  a surjective  etale  morphsm  W B.  Choose  a 
scheme  U and  a surjective  etale  morphism  U — > X x b W.  Choose  a scheme  V and 
a surjective  etale  morphism  V Y Xb  W.  Then  U xwV^XxbY  is  surjective 
etale  too.  Hence  it  suffices  to  prove  that  the  restriction  of  E to  U x w V is  zero.  By 
Lemma  [75.25.3|  and  Derived  Categories  of  Spaces,  Lemma  [62.17.3|  this  reduces  us 
to  the  case  of  schemes.  Taking  suitable  affine  opens  we  reduce  to  the  case  of  affine 
schemes.  Using  Lemma [75. 23. 2|  we  reduce  to  the  case  of  a tensor  product  of  rings, 
i.e.,  to  Lemma[75.14.1|  □ 

In  general  we  can  say  the  following  about  the  object  E. 

Lemma  75.27.2.  Let  S be  a scheme.  Let  X — > B and  Y — » B be  morphisms 
of  algebraic  spaces  over  S.  The  object  E in  (75.27.0.1)  satisfies  Hl(E)  = 0 for 


i = 0,-1  and  for  a geometric  point  (x,  y)  : Spec  (k)  — > X XbY  we  have 
H 2(£')(*,y)  = Tor^ \A,  B)  ®a®rb  O 
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where  R = Ob  T),  A = Ox,x,  B = 0Y,y,  and  C = 0XxBY,(x,y)- 

Proof.  The  formation  of  the  cotangent  complex  commutes  with  taking  stalks  and 
pullbacks,  see  Lemmas  75.17.9|and|75.173  Note  that  C is  a henselization  of  A® rB. 
LC/r  = La®rb/r  ®a®rb  C by  the  results  of  Section 
our  geometric  point  is  the  cone  of  the  map  L^/r  ® C 

the  results  of  the  lemma  follow  from  the  case  of  rings,  i.e. , Lemma[75.14.2|  □ 


75.8 

^TT 


Thus  the  stalk  of  E at 
b/r®C.  Therefore 
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Algebraic  Stacks 


026K 


76.1.  Introduction 

026L  This  is  where  we  define  algebraic  stacks  and  make  some  very  elementary  obser- 
vations. The  general  philosophy  will  be  to  have  no  separation  conditions  whatso- 
ever and  add  those  conditions  necessary  to  make  lemmas,  propositions,  theorems 
true/provable.  Thus  the  notions  discussed  here  differ  slightly  from  those  in  other 
places  in  the  literature,  e.g.,  ILMB001. 

This  chapter  is  not  an  introduction  to  algebraic  stacks.  For  an  informal  discussion 
of  algebraic  stacks,  please  take  a look  at  Introducing  Algebraic  Stacks,  Section [86. 1| 


76.2.  Conventions 


026M  The  conventions  we  use  in  this  chapter  are  the  same  as  those  in  the  chapter  on 
algebraic  spaces.  For  convenience  we  repeat  them  here. 


We  work  in  a suitable  big  fppf  site  Schfppf  as  in  Topologies,  Definition  33.7.6  So, 
if  not  explicitly  stated  otherwise  all  schemes  will  be  objects  of  Schfppf.  We  discuss 
what  changes  if  you  change  the  big  fppf  site  in  Section  |76.18| 

We  will  always  work  relative  to  a base  S contained  in  Schfppf.  And  we  will  then 
work  with  the  big  fppf  site  ( Sch/S)fppf , see  Topologies,  Definition  33.7.8  The 
absolute  case  can  be  recovered  by  taking  S = Spec(Z). 

If  U,  T are  schemes  over  S , then  we  denote  U(T)  for  the  set  of  T-valued  points  over 
S.  In  a formula:  U(T)  = Morg(T,  U). 

Note  that  any  fpqc  covering  is  a universal  effective  epimorphism,  see  Descent, 


Lemma  34.9.3  Hence  the  topology  on  Schfppf  is  weaker  than  the  canonical  topol- 
ogy and  all  representable  presheaves  are  sheaves. 


76.3.  Notation 

0400  We  use  the  letters  S,  T,  U,  V. , A,  Y to  indicate  schemes.  We  use  the  letters  X,  y,  Z 
to  indicate  categories  (fibred,  fibred  in  groupoids,  stacks,  ...)  over  (Sch/S) fppf-  We 
use  small  case  letters  /,  g for  functors  such  as  / : X — > y over  ( Sch/S) fppf . We 
use  capital  F,  G,  H for  algebraic  spaces  over  5,  and  more  generally  for  presheaves 
of  sets  on  (Sch/S) fppf.  (In  future  chapters  we  will  revert  to  using  also  X,  Y,  etc 
for  algebraic  spaces.) 

The  reason  for  these  choices  is  that  we  want  to  clearly  distinguish  between  the 
different  types  of  objects  in  this  chapter,  to  build  the  foundations. 
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76.4.  Representable  categories  fibred  in  groupoids 

02ZQ  Let  S'  be  a scheme  contained  in  Schfppf.  The  basic  object  of  study  in  this  chapter 
will  be  a category  fibred  in  groupoids  p : A — > ( Sch/S)fppf , see  Categories,  Def- 
inition [L34T]  We  will  often  simply  say  “let  A”  be  a category  fibred  in  groupoids 
over  (Sch/S) fppf”  to  indicate  this  situation.  A 1-morphism  A -A  y of  categories 
in  groupoids  over  (Sch/ S)  fppf  will  be  a 1-morphism  in  the  2-category  of  categories 
fibred  in  groupoids  over  (Sch/S) fppf,  see  Categories,  Definition  4.34.6  ft  is  simply 
a functor  X — > y over  ( Sch/S)fppf . We  recall  this  is  really  a (2,  l)-category  and 
that  all  2-fibre  products  exist. 


Let  A be  a category  fibred  in  groupoids  over  (Sch/ S)fppf.  Recall  that  X is  said  to 
be  representable  if  there  exists  a scheme  U £ Ob  ((Sch/  S)  fppf)  and  an  equivalence 


j ■ X > (Sch/U) fppf 


of  categories  over  (Sch/S) fPPf,  see  Categories,  Definition  4.39.1  We  will  sometimes 
say  that  X is  representable  by  a scheme  to  distinguish  from  the  case  where  X is 
representable  by  an  algebraic  space  (see  below). 


If  X,  y are  fibred  in  groupoids  and  representable  by  U,  V , then  we  have 

04SR  (76.4.0.1)  Moi  cat/ (Sch/ S)fppf  (X,  3-0  j 2-isomorphism  = Mor  Sch/s(U,  V) 

see  Categories,  Lemma  [4. 39. 3|  More  precisely,  any  1-morphism  X — > y gives  rise 
to  a morphism  U V.  Conversely,  given  a morphism  of  schemes  U -A  V over 
S there  exists  a 1-morphism  </>  : X — > y which  gives  rise  to  U — > V and  which  is 
unique  up  to  unique  2-isomorphism. 


76.5.  The  2-Yoneda  lemma 

04SS  Let  U £ Ob((Sch/S)fppf),  and  let  A be  a category  fibred  in  groupoids  over 
(Sch/ S) fppf . We  will  frequently  use  the  2-Yoneda  lemma,  see  Categories,  Lemma 
|4.40.1|  Technically  it  says  that  there  is  an  equivalence  of  categories 

Mor  Cat/ (Sch/S)  fppf  ((Sch/U)  fppf  1 X)  — * Xu,  f I — A f(U/U). 

It  says  that  1-morphisms  (Sch/U) fppf  -A-  A correspond  to  objects  x of  the  fibre 
category  A u-  Namely,  given  a 1-morphism  / : (Sch/U) fppf  -A  A we  obtain  the 
object  x = f(U/U)  £ Ob(A[/).  Conversely,  given  a choice  of  pullbacks  for  A 
as  in  Categories,  Definition  |4.32.6|  and  an  object  x of  A u,  we  obtain  a functor 
(Sch/U) fppf  —A  A defined  by  the  rule 

(tp  : V — > U)  i — > p*x 

on  objects.  By  abuse  of  notation  we  use  x : (Sch/U) fppf  -A  A to  indicate  this 
functor.  It  indeed  has  the  property  that  x(U/U)  = x and  moreover,  given  any 
other  functor  / with  f(U/U)  = x there  exists  a unique  2-isomorpliism  x — > f. 
In  other  words  the  functor  x is  well  determined  by  the  object  x up  to  unique 
2-isomorphism . 

We  will  use  this  without  further  mention  in  the  following. 
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76.6.  Representable  morphisms  of  categories  fibred  in  groupoids 


04ST 


Let  X , y be  categories  fibred  in  groupoids  over  ( Sch/S)fppf . Let  / : X —4  y 
be  a representable  1-morphism,  see  Categories,  Definition  |4.40.5|  This  means 
that  for  every  U £ Ob ((Sch/  S)  fppf)  and  any  y £ ObQV)  the  2-fibre  product 
(Sch/U) fppf  xv,y  X is  representable.  Choose  a representing  object  Vy  and  an 
equivalence 

(Sch/Vy) fppf  > (Sch/U) fppf  X. 


The  projection  (Sch/Vy) fppf  — 4 
morphism  of  schemes  fy  : Vy  - 
diagram 


(Sch/U) fpPf  Xy  y — 4 (Sch/U) fppf  comes  from  a 
4 U,  see  Section  176.41  We  represent  this  by  the 


0401  (76.6.0.2) 


V, 


U ■ 


(Sch/Vy) fppf  U X 


(Sch/U)  fppf 


y 


where  the  squiggly  arrows  represent  the  2-Yoneda  embedding.  Here  are  some  lem- 
mas about  this  notion  that  work  in  great  generality  (namely,  they  work  for  cate- 
gories fibred  in  groupoids  over  any  base  category  which  has  fibre  products). 

02ZR  Lemma  76.6.1.  Let  S,  X , Y be  objects  of  Schfppf . Let  f : X —4  Y be  a morphism 
of  schemes.  Then  the  1-morphism  induced  by  f 

(Sch/ X) fppf  ■>  ( Sch/1  )fPPf 

is  a representable  1-morphism. 

Proof.  This  is  formal  and  relies  only  on  the  fact  that  the  category  (Sch/ S) fppf 
has  fibre  products.  □ 


0456  Lemma  76.6.2.  Let  S be  an  object  of  Schfppf . Consider  a 2-commutative  diagram 


X' X 


S' 

Y 

y 


s 

Y 

y 


of  1-morphisms  of  categories  fibred  in  groupoids  over  (Sch/ S) fppf . Assume  the 
horizontal  arrows  are  equivalences.  Then  f is  representable  if  and  only  if  f is 
representable. 


Proof.  Omitted. 


□ 


02ZS  Lemma  76.6.3.  Let  S be  a scheme  contained  in  Schfppf.  Let  X , y,  Z be  categories 
fibred  in  groupoids  over  (Sch/ S) fppf  Let  f : X —4  y,  g : y —4  Z be  representable 
1-morphisms.  Then 

g0  f:X—>Z 


is  a representable  1-morphism. 

Proof.  This  is  entirely  formal  and  works  in  any  category. 


□ 
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02ZT  Lemma  76.6.4.  Let  S be  a scheme  contained  in  Schfppf . Let  X , 3d  Z be  categories 
fibred  in  groupoids  over  (Sch/ S)  fppf  Let  f : X — >■  y be  a representable  1-morphism. 
Let  g : Z — >•  y be  any  1-morphism.  Consider  the  fibre  product  diagram 


Z x 


g,y,f 


X 


f 


X 

f 

V 

y 


Then  the  base  change  f is  a representable  1-morphism. 
Proof.  This  is  entirely  formal  and  works  in  any  category. 


□ 


02ZU  Lemma  76.6.5.  Let  S be  a scheme  contained  in  Schfppf.  Let  A),  3d  be  categories 
fibred  in  groupoids  over  (Sch/ S) fppf,  i = 1,2.  Let  fi  : Xi  — ► 3d>  i = 1,2  be 
representable  1-morphisms.  Then 


fi  x h : Xi  x X2 
is  a representable  1-morphism. 


3d  x y2 


Proof.  Write  /i  x f2  as  the  composition  X\  x X2  — ► 3d  x X2  — ► 3d  x y2 . The  first 
arrow  is  the  base  change  of  /i  by  the  map  3d  x X2  — > 3d,  and  the  second  arrow 
is  the  base  change  of  f2  by  the  map  3d  x y2  — > y2.  Hence  this  lemma  is  a formal 
consequence  of  Lemmas|76.6.3  and  76.6.4  □ 


76.7.  Split  categories  fibred  in  groupoids 

04SU  Let  S'  be  a scheme  contained  in  Schfppf.  Recall  that  given  a “presheaf  of  groupoids” 


F 


: (Sch/ S)°jPppf  — > Groupoids 


we  get  a category  fibred  in  groupoids  Sf  over  (Sch/ S)  fPPf,  see  Categories,  Example 


o — — o — j — o l — j.  - ■ — \ / / j yyj  7 o 1 x 

4.36.1  Any  category  fibred  in  groupoids  isomorphic  (!)  to  one  of  these  is  called  a 


split  category  fibred  in  groupoids.  Any  category  fibred  in  groupoids  is  equivalent  to 
a split  one. 


If  F is  a presheaf  of  sets  then  Sf  is  fibred  in  sets,  see  Categories,  Definition|4.37.2 
and  Categories,  Example  |4.37.5[  The  rule  F Sf  is  in  some  sense  fully  faithful 
on  presheaves,  see  Categories,  Lemma  [4. 37. 6[  If  F,G  are  presheaves,  then 


Sfxg  = Sf  x (Sch/s) fppf 

and  if  F ^ H and  G — » H are  maps  of  presheaves  of  sets,  then 


Sfxhg  — Sf  *sh  Sg 

where  the  right  hand  sides  are  2-fibre  products.  This  is  immediate  from  the  defini- 
tions as  the  fibre  categories  of  Sf,Sq,Sh  have  only  identity  morphisms. 


An  even  more  special  case  is  where  F = h\  is  a representable  presheaf.  In  this 
case  we  have  Shx  = (Sch/X)fppf,  see  Categories,  Example  4.37.7 


We  will  use  the  notation  Sp  without  further  mention  in  the  following. 
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76.8.  Categories  fibred  in  groupoids  representable  by  algebraic  spaces 

02ZV  A slightly  weaker  notion  than  being  representable  is  the  notion  of  being  repre- 
sentable by  algebraic  spaces  which  we  discuss  in  this  section.  This  discussion  might 
have  been  avoided  had  we  worked  with  some  category  Spaces  fppf  of  algebraic  spaces 
instead  of  the  category  Schfppf.  However,  it  seems  to  us  natural  to  consider  the 
category  of  schemes  as  the  natural  collection  of  “test  objects”  over  which  the  fibre 
categories  of  an  algebraic  stack  are  defined. 

In  analogy  with  Categories,  Definitions  |4.39.1|  we  make  the  following  definition. 

04SV  Definition  76.8.1.  Let  S'  be  a scheme  contained  in  Schfppf.  A category  fibred 
in  groupoids  p : X — > (Sch/  S)  fppf  is  called  representable  by  an  algebraic  space  over 
S if  there  exists  an  algebraic  space  F over  S and  an  equivalence  j : X — ► Sf  of 
categories  over  (Sch/S)  fppf. 

We  continue  our  abuse  of  notation  in  suppressing  the  equivalence  j whenever  we 
encounter  such  a situation.  It  follows  formally  from  the  above  that  if  X is  repre- 
sentable (by  a scheme),  then  it  is  representable  by  an  algebraic  space.  Here  is  the 
analogue  of  Categories,  Lemma  [4.39.2| 

02ZX  Lemma  76.8.2.  Let  S be  a scheme  contained  in  Schfppf . Letp  : X — *■  (Sch/S) fppf 
be  a category  fibred  in  groupoids.  Then  X is  representable  by  an  algebraic  space  over 
S if  and  only  if  the  following  conditions  are  satisfied: 

(1)  X is  fibred  in  setofd^J  and 

(2)  the  presheaf  U K > Ob (Xjj)/=  is  an  algebraic  space. 

Proof.  Omitted,  but  see  Categories,  Lemma [4. 39. 2 1 □ 

If  X,  y are  fibred  in  groupoids  and  representable  by  algebraic  spaces  F,  G over  S, 
then  we  have 

04SW  (76.8.2.1)  Mor cat/ (Sch/ S)fppf  (V) / 2-isomorphism  = Mor Sch/S(F,  G) 

see  Categories,  Lemma [4.38. 6|  More  precisely,  any  1-morphism  X — > y gives  rise  to 
a morphism  F — ► G.  Conversely,  give  a morphism  of  sheaves  F — ► G over  S there 
exists  a 1-morphism  <f>  : X — >■  y which  gives  rise  to  F — > G and  which  is  unique  up 
to  unique  2-isomorphism. 

76.9.  Morphisms  representable  by  algebraic  spaces 

04SX  In  analogy  with  Categories,  Definition  |4. 40. 5|  we  make  the  following  definition. 

02ZW  Definition  76.9.1.  Let  S'  be  a scheme  contained  in  Schfppf.  A 1-morphism 
/ : X — > y of  categories  fibred  in  groupoids  over  (Sch/S)  fppf  is  called  representable 
by  algebraic  spaces  if  for  any  U £ Ob  ((Sch/  S)  fppf)  and  any  y : (Sch/U)  fppf  — > y 
the  category  fibred  in  groupoids 

(Sch/U) fppf  Xy,y  X 

over  (Sch/U) fppf  is  representable  by  an  algebraic  space  over  U. 


This  means  that  it  is  fibred  in  groupoids  and  objects  in  the  fibre  categories  have  no  nontrivial 


automorphisms,  see  Categories,  Definition 


4.37.2 
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0402 


02ZY 


0457 


02ZZ 


0458 


Choose  an  algebraic  space  Fy  over  U which  represents  ( Sch/U ) fppf  XyyX.  We  may 
think  of  Fy  as  an  algebraic  space  over  S which  comes  equipped  with  a canonical 
morphism  fy:Fy—}U  over  S,  see  Spaces,  Section  52.16  Here  is  the  diagram 


(76.9.1.1) 


Fy  (Sch/U) fppf  xViy  X pri>  X 

fy  Pr0  / 

U -4 (Sch/U)  fppf y—+  y 


where  the  squiggly  arrows  represent  the  construction  which  associates  to  a stack 
fibred  in  setoids  its  associated  sheaf  of  isomorphism  classes  of  objects.  The  right 
square  is  2-commutative,  and  is  a 2-fibre  product  square. 

Here  is  the  analogue  of  Categories,  Lemma [4. 40. 7| 

Lemma  76.9.2.  Let  S be  a scheme  contained  in  Schfppf.  Let  f : X —¥  y be  a 
1-morphism  of  categories  fibred  in  groupoids  over  (Sch/ S) fppf . The  following  are 
necessary  and  sufficient  conditions  for  f to  be  representable  by  algebraic  spaces: 

(1)  for  each  scheme  U/S  the  functor  fu  : Xjj  — > yjj  between  fibre  categories 
is  faithful,  and 

(2)  for  each  U and  each  y £ Ob (W/)  the  presheaf 

(h:V  -tU)  i — > {(x,  <t>)  \x€  Ob(Xv),  <f>  : h*y  -A  f{x)}/  = 
is  an  algebraic  space  over  U . 

Here  we  have  made  a choice  of  pullbacks  for  y . 


Proof.  This  follows  from  the  description  of  fibre  categories  of  the  2-fibre  products 
(Sch/U)  fppf  x.yfyX  in  Categories,  Lemma  4.40.3  combined  with  Lemma  76.8.2  □ 

Here  are  some  lemmas  about  this  notion  that  work  in  great  generality. 

Lemma  76.9.3.  Let  S be  an  object  of  Schfppf . Consider  a 2-commutative  diagram 


X' s-  X 


/' 

Y 

y 


f 

Y 


*y 


of  1-morphisms  of  categories  fibred  in  groupoids  over  (Sch/ S) fppf . Assume  the 
horizontal  arrows  are  equivalences.  Then  f is  representable  by  algebraic  spaces  if 
and  only  if  f is  representable  by  algebraic  spaces. 


Proof.  Omitted. 


□ 


Lemma  76.9.4.  Let  S be  an  object  of  Schfppf.  Let  f : X — >•  y be  a 1-morphism 
of  categories  fibred  in  groupoids  over  S . If  X and  y are  representable  by  algebraic 
spaces  over  S,  then  the  1-morphism  f is  representable  by  algebraic  spaces. 


Proof.  Omitted.  This  relies  only  on  the  fact  that  the  category  of  algebraic  spaces 
over  S has  fibre  products,  see  Spaces,  Lemma|52.7.3|  □ 

Lemma  76.9.5.  Let  S be  an  object  of  Schfppf.  Let  a : F — ► G be  a map  of 
presheaves  of  sets  on  (Sch/ S) fppf . Denote  a'  : Sf  -4  Sq  the  associated  map  of 
categories  fibred  in  sets.  Then  a is  representable  by  algebraic  spaces  (see  Bootstrap, 
Definition  67.3.1)  if  and  only  if  a'  is  representable  by  algebraic  spaces. 
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04SY 


0302 


0300 


0403 


Proof.  Omitted. 


□ 


Lemma  76.9.6.  Let  S be  an  object  of  Schfppf . Let  f : X — » y be  a 1-morphism  of 
categories  fibred  in  setoids  over  (Sch/ S)  fppf . Let  F,  resp.  G be  the  presheaf  which 
to  T associates  the  set  of  isomorphism  classes  of  objects  of  Xt,  resp.  (Vt-  Let 
a : F — >■  G be  the  map  of  presheaves  corresponding  to  f . Then  a is  representable  by 
algebraic  spaces  (see  Bootstrap , Definition  67.3.1)  if  and  only  if  f is  representable 
by  algebraic  spaces. 


Proof.  Omitted.  Hint:  Combine  Lemmas  PtTT  .9.31  and  176.9.51  □ 

Lemma  76.9.7.  Let  S be  a scheme  contained  in  Schfppf . Let  X , y , Z be  categories 
fibred  in  groupoids  over  (Sch/ S) fppf . Let  f : X — » y be  a 1-morphism  representable 
by  algebraic  spaces.  Let  g : Z -A  y be  any  1-morphism.  Consider  the  fibre  product 
diagram 

Z xg,y,f  x x 

9 

f f 

z 9 — »- y 

Then  the  base  change  f is  a 1-morphism  representable  by  algebraic  spaces. 


Proof.  This  is  formal. 


□ 


Lemma  76.9.8.  Let  S be  a scheme  contained  in  Schfppf.  Let  X , y,  Z be  categories 
fibred  in  groupoids  over  (Sch/ S) fppf  Let  f : X -A  y , g : Z -A  y be  1-morphisms. 
Assume 

(1)  f is  representable  by  algebraic  spaces,  and 

(2)  Z is  representable  by  an  algebraic  space  over  S . 

Then  the  2-fibre  product  Z xg,yj  X is  representable  by  an  algebraic  space. 


Proof.  This  is  a reformulation  of  Bootstrap,  Lemma  67.3.6 
X is  fibred  in  setoids  over  ( Sch/  S)  fppf . 


presheaf  F on  (Sch/S) fppf,  see  Categories,  Lemma  4.38.5 
algebraic  space  which  represents  Z. 


First  note  that  Zxgyj 
Hence  it  is  equivalent  to  Sp  for  some 
Moreover,  let  G be  an 
The  1-morphism  Z xgyj  X — > Z is  repre- 

— > Z corresponds 


And  Z x g,y ,f  X 


sentable  by  algebraic  spaces  by  Lemma  76.9.7 
to  a morphism  F — > G by  Categories,  Lemma  4.38.6|  Then  F — > G is  representable 
by  algebraic  spaces  by  Lemma [76. 9. 6|  Hence  Bootstrap,  Lemma|67. 3. 6| implies  that 
F is  an  algebraic  space  as  desired.  □ 


Let  S , X , y,  Z , /,  g be  as  in  Lemma  [76.9.81  Let  F and  G be  algebraic  spaces 
over  S such  that  F represents  Z xg^yj  X and  G represents  Z.  The  1-morphism 
/'  : Z x g y f X — > Z corresponds  to  a morphism  f':F—>G  of  algebraic  spaces  by 
(76.8.2.1 1.  Thus  we  have  the  following  diagram 


(76.9.8.1) 


F- 


Z x 


9,y,f 


x 


^ X 


f 

V 


y 


where  the  squiggly  arrows  represent  the  construction  which  associates  to  a stack 
fibred  in  setoids  its  associated  sheaf  of  isomorphism  classes  of  objects.  The  middle 
square  is  2-commutative  with  equivalences  as  horizontal  arrows. 
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0301  Lemma  76.9.9.  Let  S be  a scheme  contained  in  Schfppf . Let  X , y,  Z be  categories 
fibred  in  groupoids  over  {Sch/ S) fppf . If  f : X — >•  y , g : y — >•  Z are  1-morphisms 
representable  by  algebraic  spaces,  then 

gof-.X^Z 

is  a 1-morphism  representable  by  algebraic  spaces. 

Proof.  This  follows  from  Lemma  [76.9.81  Details  omitted.  □ 

0303  Lemma  76.9.10.  Let  S be  a scheme  contained  in  Schfppf.  Let  Xi , 3b  be  categories 
fibred  in  groupoids  over  (Sch/ S) fppf,  i = 1,2.  Let  fi  : Xi  — ► 3b,  i = 1,2  be 
1-morphisms  representable  by  algebraic  spaces.  Then 

h x h : X±  x Xi  — > 3b  x 3b 
is  a 1-morphism  representable  by  algebraic  spaces. 

Proof.  Write  /i  x /2  as  the  composition  Xi  x T2  — > 3b  x A2  — t 3b  x 3b  • The  first 
arrow  is  the  base  change  of  /i  by  the  map  3b  x T2  — ► 3b,  and  the  second  arrow 
is  the  base  change  of  /2  by  the  map  3b  x 3b  — > 3b-  Hence  this  lemma  is  a formal 
consequence  of  Lemmas  |76.9.9|  and  |76.9.7|  □ 


76.10.  Properties  of  morphisms  representable  by  algebraic  spaces 


03YJ 

03YK 


Here  is  the  definition  that  makes  this  work. 

Definition  76.10.1.  Let  S be  a scheme  contained  in  Schfppf.  Let  / : X — > y 
be  a 1-morphism  of  categories  fibred  in  groupoids  over  (Sch/ S)  fPPf.  Assume  / is 
representable  by  algebraic  spaces.  Let  V be  a property  of  morphisms  of  algebraic 
spaces  which 

(1)  is  preserved  under  any  base  change,  and 

(2)  is  fppf  local  on  the  base,  see  Descent  on  Spaces,  Definition  61.9.1[ 

In  this  case  we  say  that  / has  property  V if  for  every  U £ Ob  ((Sch/ S)  fppf)  and 
any  y £ 3b/  the  resulting  morphism  of  algebraic  spaces  fy  : Fy  — ► U,  see  diagram 
(76.9.1.11,  has  property  V. 


0459 


It  is  important  to  note  that  we  will  only  use  this  definition  for  properties  of  mor- 
phisms that  are  stable  under  base  change,  and  local  in  the  fppf  topology  on  the 
target.  This  is  not  because  the  definition  doesn’t  make  sense  otherwise;  rather  it 
is  because  we  may  want  to  give  a different  definition  which  is  better  suited  to  the 
property  we  have  in  mind. 


Lemma  76.10.2.  Let  S be  an  object  of  Schfppf . Let  V be  as  in  Definition 
Consider  a 2-commutative  diagram 


76.10.1 


X' X 


f 

Y 

y 


i 

Y 


y 


of  1-morphisms  of  categories  fibred  in  groupoids  over  (Sch/S)fppf.  Assume  the 
horizontal  arrows  are  equivalences  and  f (or  equivalently  f)  is  representably  by 
algebraic  spaces.  Then  f has  V if  and  only  if  f has  V . 


Proof.  Note  that  this  makes  sense  by  Lemma  [76. 9. 3[  Proof  omitted. 


□ 
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045A 


04TC 


045B 


045C 


045D 


Here  is  a sanity  check. 

Lemma  76.10.3.  Let  S be  a scheme  contained  in  Schfppf.  Let  a : F — ► G be  a 
map  of  presheaves  on  (Sch/  S)  fppf . LetV  be  as  in  Definition  76.10.1  Assume  a is 
representable  by  algebraic  spaces.  Then  a : F — ► G has  property  V (see  Bootstrap , 
Definition  67./.  1 ) if  and  only  if  the  corresponding  morphism  Sf  — > Sg  of  categories 


fibred  in  groupoids  has  property  V . 


Proof.  Note  that  the  lemma  makes  sense  by  Lemma  76.9.5  Proof  omitted.  □ 


7 6.10.1 


Lemma  76.10.4.  Let  S be  an  object  of  Schfppf . LetV  be  as  in  Definition 
Let  f : X — ► y be  a 1-morphism  of  categories  fibred  in  setoids  over  (Sch/S) fPPf. 
Let  F , resp.  G be  the  presheaf  which  to  T associates  the  set  of  isomorphism  classes 
of  objects  of  Xt,  resp.  y?-  Let  a : F — ► G be  the  map  of  presheaves  corresponding 
to  f.  Then  a has  V if  and  only  if  f has  V. 


Proof.  The  lemma  makes  sense  by  Lemma  76.9.6 
Lemmas  176.10.21  and  176.10.31 


The  lemma  follows  on  combining 

□ 


Lemma  76.10.5.  Let  S be  a scheme  contained  in  Schfppf.  Let  X,  y,  Z be 
categories  fibred  in  groupoids  over  (Sch/S)  fppf . Let  V be  a property  as  in  Definition 
\76.10.1\  which  is  stable  under  composition.  Let  f : X — > y , g '■  y — > Z be  1- 
morphisms  which  are  representable  by  algebraic  spaces.  If  f and  g have  property  V 
so  does  g o / : X — > Z. 


Proof.  Note  that  the  lemma  makes  sense  by  Lemma|76.9.9|  Proof  omitted.  □ 

Lemma  76.10.6.  Let  S be  a scheme  contained  in  Schfppf.  Let  X,y,Z  be  cate- 
gories fibred  in  groupoids  over  (Sch/ S)  fppf . Let  V be  a property  as  in  Definition 
7 6.10.1\  Let  f : X y be  a 1-morphism  representable  by  algebraic  spaces.  Let 
g : Z — >•  y be  any  1-morphism.  Consider  the  2 -fibre  product  diagram 


Z x 


g,y,f 


X 


S' 


X 

f 

V 

y 


If  f has  V,  then  the  base  change  f has  V . 


Proof.  The  lemma  makes  sense  by  Lemma  76.9.7|  Proof  omitted. 


□ 


Lemma  76.10.7.  Let  S be  a scheme  contained  in  Schfppf.  Let  X,y,Z  be  cate- 
gories fibred  in  groupoids  over  (Sch/ S)  fppf . Let  V be  a property  as  in  Definition 
7 6.10.1\  Let  f : X — ► y be  a 1-morphism  representable  by  algebraic  spaces.  Let 
g : Z — >•  y be  any  1-morphism.  Consider  the  fibre  product  diagram 


z xs,yj  x x 

g 

S'  f 

V V 

— Q 

z — 

Assume  that  for  every  scheme  U and  object  x of  yjj,  there  exists  an  fppf  covering 
{Ui  -y  U}  such  that  x\ ut  is  in  the  essential  image  of  the  functor  g : Zjji  — > yjji . In 
this  case,  if  f has  V,  then  f has  V. 

Proof.  Proof  omitted.  Hint:  Compare  with  the  proof  of  Spaces,  Lemma|52.5.6|  □ 


76.10.  PROPERTIES  OF  MORPHISMS  REPRESENTABLE  BY  ALGEBRAIC  SPACES  4419 


045E  Lemma  76.10.8.  Let  S be  a scheme  contained  in  Schfppf.  Let  V be  a property 
as  in  Definition 1 7 6.1  <Q]  which  is  stable  under  composition.  Let  Xi,yt  be  categories 
fibred  in  groupoids  over  (Sch/ S) fppf , i = 1,2.  Let  fa  : Xi  — > W,  i = 1,2  be  1- 
morphisms  representable  by  algebraic  spaces.  If  fa  and  fa  have  property  V so  does 
faxfa:X1xX2^y1xy2. 


Proof.  The  lemma  makes  sense  by  Lemma[76.9.10|  Proof  omitted.  □ 

045F  Lemma  76.10.9.  Let  S be  a scheme  contained  in  Schfppf.  Let  X , y be  categories 
fibred  in  groupoids  over  (Sch/ S) fppf . Let  f : X -A-  y be  a 1-morphism  representable 
by  algebraic  spaces.  Let  V , V be  properties  as  in  Definition  \ 76. 1 0.1  Suppose  that 
for  any  morphism  of  algebraic  spaces  a : F — > G we  have  V(a)  =>■  V (a).  If  f has 
property  V then  f has  property  V . 


Proof.  Formal. 


□ 


05UK  Lemma  76.10.10.  Let  S be  a scheme  contained  in  Schfppf.  Let  j : X -A  y 
be  a 1-morphism  of  categories  fibred  in  groupoids  over  (Sch/ S) fppf . Assume  j is 
representable  by  algebraic  spaces  and  a monomorphism  (see  Definition  1 6.10.1  and 
Descent  on  Spaces,  Lemma  61.10.28).  Then  j is  fully  faithful  on  fibre  categories. 

Proof.  We  have  seen  in  Lemma  [76.9.2|  that  j is  faithful  on  fibre  categories.  Con- 
sider a scheme  U , two  objects  u,  v of  Xu,  and  an  isomorphism  t : j(u)  -A  j(v)  in  Wy. 
We  have  to  construct  an  isomorphism  in  Xu  between  u and  v.  By  the  2-Yoneda 
lemma  (see  Section  76. 5[)  we  think  of  u,  v as  1-morphisms  u,v  : (Sch/U)  fppf  — A X 
and  we  consider  the  2-fibre  product 


(Sch/U) fppf  Xjov  y X . 

By  assumption  this  is  representable  by  an  algebraic  space  FjOV,  over  U and  the  mor- 
phism FjOV  — a U is  a monomorphism.  But  since  (ly,  v,  ly(j,))  gives  a 1-morphism 
of  (Sch/U) fppf  into  the  displayed  2-fibre  product,  we  see  that  FjOV  = U (here  we 
use  that  if  V — A U is  a monomorphism  of  algebraic  spaces  which  has  a section,  then 
V = U).  Therefore  the  1-morphism  projecting  to  the  first  coordinate 

(Sch/U)  fPpf  x jov,y  X — A (Sch/U)  fppf 

is  an  equivalence  of  fibre  categories.  Since  (1  u,u,t)  and  (ljj,  v,  ljiv))  give  two 
objects  in  ((Sch/U) fppf  XjQv  y X)u  which  have  the  same  first  coordinate,  there 
must  be  a 2-morphism  between  them  in  the  2-fibre  product.  This  is  by  definition  a 
morphism  t : u -A  v such  that  j(t)  = t.  □ 


Here  is  a characterization  of  those  categories  fibred  in  groupoids  for  which  the 
diagonal  is  representable  by  algebraic  spaces. 

045G  Lemma  76.10.11.  Let  S be  a scheme  contained  in  Schfppf.  Let  X be  a category 
fibred  in  groupoids  over  (Sch/ S)  fppf . The  following  are  equivalent: 

(1)  the  diagonal  X — > X x X is  representable  by  algebraic  spaces, 

(2)  for  every  scheme  U over  S,  and  any  x,y  € Ob(Ayr)  the  sheaf  Isom(x,y) 
is  representable  by  an  algebraic  space  over  U , 

(3)  for  every  scheme  U over  S,  and  any  x £ Ob (Xjj)  the  associated  1- 
morphism  x : (Sch/U) fppf  —>  X is  representable  by  algebraic  spaces, 

(4)  for  every  pair  of  schemes  T\,T2  over  S,  and  any  Xi  £ Ob (Xt/),  i = 1,2 
the  2-fibre  product  (Sch/Tfi) fppf  xXl  x,x 2 (Sch/T2) fppf  is  representable  by 
an  algebraic  space, 
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(5)  for  every  representable  category  fibred  in  groupoids  U over  (Sch/ S) fppf 
every  1-morphism  U -A  X is  representable  by  algebraic  spaces, 

(6)  for  every  pair  71,72  of  representable  categories  fibred  in  groupoids  over 
(Sch/ S)  fPpf  and  any  1-morphisms  Xi  : 71  — > X,  i = 1,  2 the  2-fibre  product 
71  xXl,x,x2  T2  is  representable  by  an  algebraic  space, 

(7)  for  every  category  fibred  in  groupoids  U over  (Sch/ S)  fppf  which  is  repre- 
sentable by  an  algebraic  space  every  1-morphism  IA  -A  X is  representable 
by  algebraic  spaces, 

(8)  for  every  pair  71,72  of  categories  fibred  in  groupoids  over  (Sch/ S) fppf 
which  are  representable  by  algebraic  spaces,  and  any  1-morphisms  Xi  : 
Ti  —t  X the  2-fibre  product  7i  xXl,x,X2  71  is  representable  by  an  algebraic 
space. 


Proof.  The  equivalence  of  (1)  and  (2)  follows  from  Stacks,  Lemma  8.2.5  and  the 
definitions.  Let  us  prove  the  equivalence  of  (1)  and  (3).  Write  C = (Sch/ S) fppf 
for  the  base  category.  We  will  use  some  of  the  observations  of  the  proof  of  the 
similar  Categories,  Lemma|4.40.8[  We  will  use  the  symbol  = to  mean  “equivalence 
of  categories  fibred  in  groupoids  over  C = (Sch/ S) fppf” ■ Assume  (1).  Suppose 
given  U and  x as  in  (3).  For  any  scheme  V and  y £ Ob(AV)  we  see  (compare 
reference  above)  that 


C/U  Xx,x,y  C/V  = (C/U  Xs  V)  X (x,y),XxX,A  A’ 

which  is  representable  by  an  algebraic  space  by  assumption.  Conversely,  assume 
(3).  Consider  any  scheme  U over  S and  a pair  (x,x')  of  objects  of  X over  U.  We 
have  to  show  that  X x a,xxx,(x,x')  U is  representable  by  an  algebraic  space.  This 
is  clear  because  (compare  reference  above) 


A'  XAtXxX,(x,x')  C/U  = (C/U  Xx^x,x’  C/U)  XC/UxsU,A  C/U 

and  the  right  hand  side  is  representable  by  an  algebraic  space  by  assumption  and 
the  fact  that  the  category  of  algebraic  spaces  over  S has  fibre  products  and  contains 
U and  S. 


The  equivalences  (3)  <t=>  (4),  (5)  <t=>  (6),  and  (7)  <t=>  (8)  are  formal.  The  equivalences 
(3)  <t=>  (5)  and  (4)  4=>  (6)  follow  from  Lemma  76.9.3  Assume  (3),  and  let  U — > A be 
as  in  (7).  To  prove  (7)  we  have  to  show  that  for  every  scheme  V and  1-morphism 
y : (Sch/V) fppf  X the  2-fibre  product  (Sch/V)fppf  xy^xU  is  representable  by 
an  algebraic  space.  Property  (3)  tells  us  that  y is  representable  by  algebraic  spaces 
hence  Lemma  76.9.8  implies  what  we  want.  Finally,  (7)  directly  implies  (3).  □ 


In  the  situation  of  the  lemma,  for  any  1-morphism  x : (Sch/U) fppf  -A  A as  in 
the  lemma,  it  makes  sense  to  say  that  x has  property  V , for  any  property  as  in 
Definition  76.10.1  In  particular  this  holds  for  V = “surjective”,  V = “smooth”, 
and  V = “etale” , see  Descent  on  Spaces,  Lemmas  |61.10.5[  |61.10.24|  and  |61.10.26l 
We  will  use  these  three  cases  in  the  definitions  of  algebraic  stacks  below. 
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Let  S'  be  a scheme  contained  in  Schfppf.  Recall  that  a category  p : X — > (Sch/S)  fppf 
over  (Sch/ S) fpPf  is  said  to  be  a stack  in  groupoids  (see  Stacks,  Definition  8.5.11  if 
and  only  if 


(1)  p : X — > C is  fibred  in  groupoids  over  (Sch/S)  fppf, 
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(2)  for  all  U £ Ob ((Sch/S)  fPPf),  for  all  x,  y £ Ob {Xjj)  the  presheaf  Isom(x,  y) 
is  a slieaf  on  the  site  (Sch/U)  fppf,  and 

(3)  for  all  coverings  U = {Ui  — » 17}  in  (Sch/S)  fppf,  all  descent  data  (xi,<pij) 
for  U are  effective. 

For  examples  see  Examples  of  Stacks,  Section  [77. 9|ff. 


76.12.  Algebraic  stacks 

026N  Here  is  the  definition  of  an  algebraic  stack.  We  remark  that  condition  (2)  implies 
we  can  make  sense  out  of  the  condition  in  part  (3)  that  (Sch/U)  fppf  — » A is  smooth 
and  surjective,  see  discussion  following  Lemma  [76. 10. 11| 

0260  Definition  76.12.1.  Let  S'  be  a base  scheme  contained  in  Schfppf.  An  algebraic 
stack  over  S is  a category 

p : A ->  (Sch/S) fppf 

over  (Sch/ S) fppf  with  the  following  properties: 

(1)  The  category  A is  a stack  in  groupoids  over  (Sch/S) fppf. 

(2)  The  diagonal  A : A — > A x A is  representable  by  algebraic  spaces. 

(3)  There  exists  a scheme  U £ Ob  ((Sch/S)  fppf)  and  a 1-morphism  (Sch/U)  fppf 
A which  is  surjective  and  smootl0 

There  are  some  differences  with  other  definitions  found  in  the  literature. 


The  first  is  that  we  require  A to  be  a stack  in  groupoids  in  the  fppf  topology, 
whereas  in  many  references  the  etale  topology  is  used.  It  somehow  seems  to  us  that 
the  fppf  topology  is  the  natural  topology  to  work  with.  In  the  end  the  resulting 
2-category  of  algebraic  stacks  ends  up  being  the  same.  This  is  explained  in  Criteria 
for  Representability,  Section [79T9j 


The  second  is  that  we  only  require  the  diagonal  map  of  A to  be  representable  by 
algebraic  spaces,  whereas  in  most  references  some  other  conditions  are  imposed. 
Our  point  of  view  is  to  try  to  prove  a certain  number  of  the  results  that  follow  only 
assuming  that  the  diagonal  of  A be  representable  by  algebraic  spaces,  and  simply 
add  an  additional  hypothesis  wherever  this  is  necessary.  It  has  the  added  benefit 
that  any  algebraic  space  (as  defined  in  Spaces,  Definition  52.6.11  gives  rise  to  an 
algebraic  stack. 


The  third  is  that  in  some  papers  it  is  required  that  there  exists  a scheme  U and  a 
surjective  and  etale  morphism  U — > A.  In  the  groundbreaking  paper  jDM69]  where 
algebraic  stacks  were  first  introduced  Deligne  and  Mumford  used  this  definition  and 
showed  that  the  moduli  stack  of  stable  genus  g > 1 curves  is  an  algebraic  stack 
which  has  an  etale  covering  by  a scheme.  Michael  Artin,  see  [Art74j.  realized 
that  many  natural  results  on  algebraic  stacks  generalize  to  the  case  where  one  only 
assume  a smooth  covering  by  a scheme.  Hence  our  choice  above.  To  distinguish 
the  two  cases  one  sees  the  terms  “Deligne-Mumford  stack”  and  “Artin  stack”  used 
in  the  literature.  We  will  reserve  the  term  “Artin  stack”  for  later  use  (insert  future 
reference  here),  and  continue  to  use  “algebraic  stack”,  but  we  will  use  “Deligne- 
Mumford  stack”  to  indicate  those  algebraic  stacks  which  have  an  etale  covering  by 
a scheme. 


2In  future  chapters  we  will  denote  this  simply  U -4  X as  is  customary  in  the  literature. 
Another  good  alternative  would  be  to  formulate  this  condition  as  the  existence  of  a representable 
category  fibred  in  groupoids  IA  and  a surjective  smooth  1-morphism  IA  — > X. 
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03YO  Definition  76.12.2.  Let  S'  be  a scheme  contained  in  Schfppf.  Let  X be  an 
algebraic  stack  over  S.  We  say  X is  a Deligne-Mumford  stack  if  there  exists  a 
scheme  U and  a surjective  etale  morphism  (Sch/U)  fppf  — > X. 

We  will  compare  our  notion  of  a Deligne-Mumford  stack  with  the  notion  as  defined 
in  the  paper  by  Deligne  and  Mumford  later  (see  insert  future  reference  here). 

The  category  of  algebraic  stacks  over  S forms  a 2-category.  Here  is  the  precise 
definition. 


03YP 


Definition  76.12.3.  Let  S'  be  a scheme  contained  in  Schfppf.  The  2-category  of 
algebraic  stacks  over  S is  the  sub  2-category  of  the  2-category  of  categories  fibred 
in  groupoids  over  (Sch/  S)  fppf  (see  Categories,  Definition  4.34.6)  defined  as  follows: 

(1)  Its  objects  are  those  categories  fibred  in  groupoids  over  ( Sch/S ) fppf  which 
are  algebraic  stacks  over  S. 

(2)  Its  1-morphisms  / : X — >•  y are  any  functors  of  categories  over  (Sch/S)  fppf, 
as  in  Categories,  Definition  4.31.1 

(3)  Its  2-morphisms  are  transformations  between  functors  over  (Sch/S) fppf, 
as  in  Categories,  Definition  |4. 3 1.1[ 


In  other  words  this  2-category  is  the  full  sub  2-category  of  Cat/ (Sch/ S) fppf  whose 
objects  are  algebraic  stacks.  Note  that  every  2-morphism  is  automatically  an  iso- 
morphism. Hence  this  is  actually  a (2,  l)-category  and  not  just  a 2-category. 

We  will  see  later  (insert  future  reference  here)  that  this  2-category  has  2-fibre 
products. 


Similar  to  the  remark  above  the  2-category  of  algebraic  stacks  over  S'  is  a full  sub 
2-category  of  the  2-category  of  categories  fibred  in  groupoids  over  (Sch/S)fppf.  It 
turns  out  that  it  is  closed  under  equivalences.  Here  is  the  precise  statement. 

03YQ  Lemma  76.12.4.  Let  S be  a scheme  contained  in  Schfppf.  Let  X , y be  categories 
over  (Sch/ S) fppf . Assume  X,  y are  equivalent  as  categories  over  (Sch/ S) fppf . 
Then  X is  an  algebraic  stack  if  and  only  if  y is  an  algebraic  stack.  Similarly , X is 
a Deligne-Mumford  stack  if  and  only  if  y is  a Deligne-Mumford  stack. 


Proof.  Assume  X is  an  algebraic  stack  (resp.  a Deligne-Mumford  stack).  By 
Stacks,  Lemma  8.5.4  this  implies  that  y is  a stack  in  groupoids  over  Schfppf. 
Choose  an  equivalence  / : X —f  y over  Schfppf.  This  gives  a 2-commutative 
diagram 

■ y 


X 


X x X 


f 


fxf 


Ai 


whose  horizontal  arrows  are  equivalences.  This  implies  that  Ay  is  representable  by 
algebraic  spaces  according  to  Lemma  76.9.3  Finally,  let  U be  a scheme  over  S,  and 
let  x : (Sch/U) fppf  — > X be  a 1-morphism  which  is  surjective  and  smooth  (resp. 
etale).  Considering  the  diagram 


(Sch/U)  fppf 


I 

A 


id 


(Sch/U)  fppf 


f 


fox 


V 
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and  applying  Lemma  76.10.2  we  conclude  that  xo  f is  surjective  and  smooth  (resp. 
etale)  as  desired.  □ 


76.13.  Algebraic  stacks  and  algebraic  spaces 

03YR  In  this  section  we  discuss  some  simple  criteria  which  imply  that  an  algebraic  stack 
is  an  algebraic  space.  The  main  result  is  that  this  happens  exactly  when  objects  of 
fibre  categories  have  no  nontrivial  automorphisms.  This  is  not  a triviality!  Before 
we  come  to  this  we  first  do  a sanity  check. 

03YS  Lemma  76.13.1.  Let  S be  a scheme  contained  in  Schfppf. 

(1)  A category  fibred  in  groupoids  p : X — > (Sch/ S)  fppf  which  is  representable 
by  an  algebraic  space  is  a Deligne-Mumford  stack. 

(2)  If  F is  an  algebraic  space  over  S , then  the  associated  category  fibred  in 
groupoids  p : Sf  — t (Sch/ S)  fppf  is  a Deligne-Mumford  stack. 

(3)  If  X £ Ob  ((Sch/  S)  fppf) , then  (Sch/X)  fppf  — > (Sch/  S)  fppf  is  a Deligne- 
Mumford  stack. 


Proof.  It  is  clear  that  (2)  implies  (3).  Parts  (1)  and  (2)  are  equivalent  by  Lemma 


76.12.4  Hence  it  suffices  to  prove  (2).  First,  we  note  that  Sf  is  stack  in  sets  since 


F is  a sheaf  (Stacks,  Lemma  8.6.3).  A fortiori  it  is  a stack  in  groupoids.  Second 
the  diagonal  morphism  Sf  — > 5;?  x is  the  same  as  the  morphism  Sf  — > Sfxf 
which  comes  from  the  diagonal  of  F.  Hence  this  is  representable  by  algebraic  spaces 
according  to  Lemma  76.9.4  Actually  it  is  even  representable  (by  schemes),  as  the 
diagonal  of  an  algebraic  space  is  representable,  but  we  do  not  need  this.  Let  U 
be  a scheme  and  let  hu  — > F be  a surjective  etale  morphism.  We  may  think  of 
this  a surjective  etale  morphism  of  algebraic  spaces.  Hence  by  Lemma  76.10.3  the 
corresponding  1-morphism  (Sch/U)  fppf  — > Sf  is  surjective  and  etale.  □ 


The  following  result  says  that  a Deligne-Mumford  stack  whose  inertia  is  trivial 
“is”  an  algebraic  space.  This  lemma  will  be  obsoleted  by  the  stronger  Proposition 
|76. 13. 3| below  which  says  that  this  holds  more  generally  for  algebraic  stacks... 

045H  Lemma  76.13.2.  Let  S be  a scheme  contained  in  Schfppf.  Let  X be  an  algebraic 
stack  over  S . The  following  are  equivalent 

(1)  X is  a Deligne-Mumford  stack  and  is  a stack  in  setoids, 

(2)  X is  a Deligne-Mumford  stack  such  that  the  canonical  1-morphism 
X is  an  equivalence,  and 

(3)  X is  representable  by  an  algebraic  space. 


Proof.  The  equivalence  of  (1)  and  (2)  follows  from  Stacks,  Lemma  8.7.2  The 
implication  (3)  =>  (1)  follows  from  Lemma [76. 13.1  Finally,  assume  (1).  By  Stacks, 
Lemma  8.6.3  there  exists  a sheaf  F on  (Sch/ S) fppf  and  an  equivalence  j : X — > Sf- 
By  Lemma  76.9.5|  the  fact  that  Ax  is  representable  by  algebraic  spaces,  means 
that  Ap  : F — > F x F is  representable  by  algebraic  spaces.  Let  U be  a scheme, 
and  let  x : (Sch/U) fppf  — > X be  a surjective  etale  morphism.  The  composition 
j ox:  (Sch/U) fppf  — )•  Sf  corresponds  to  a morphism  hu  — > F of  sheaves.  By 
, 67.5.1|this  morphism  is  representable  by  algebraic  spaces.  Hence 
we  conclude  that  hu  — >•  F is  surjective  and  etale.  Finally,  we 
apply  Bootstrap,  Theorem |67. 6. 1| to  see  that  F is  an  algebraic  space.  □ 


Bootstrap,  Lemma 
by  Lemma  [76.10.4 
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04SZ 


04TD 

04TE 


04TF 


Proposition  76.13.3.  Let  S be  a scheme  contained  in  Schfppf.  Let  X be  an 
algebraic  stack  over  S . The  following  are  equivalent 

(1)  X is  a stack  in  setoids, 

(2)  the  canonical  1-morphism  lx  — > X is  an  equivalence,  and 

(3)  X is  representable  by  an  algebraic  space. 


Proof.  The  equivalence  of  (1)  and  (2)  follows  from  Stacks,  Lemma  8.7.2 
plication  (3) 


(1)  follows  from  Lemma  76.13.2 


The  im- 


A 


Finally,  assume  (1).  By  Stacks, 
— » Sf  where  F is  a sheaf  on 


Lemma  |8.6.3|  there  exists  an  equivalence  j 
( Sch/S)fppf . By  Lemma  76.9.5  the  fact  that  A*  is  representable  by  algebraic 
spaces,  means  that  Aj?  : F — > F x F is  representable  by  algebraic  spaces.  Let  U be 
a scheme  and  let  x : ( Sch/U ) fppf  — > X be  a surjective  smooth  morphism.  The  com- 
position j ox:  (Sch/U)  fppf  -A  Sp  corresponds  to  a morphism  hu  — > F of  sheaves. 
By  Bootstrap,  Lemma  |67.5.1|  this  morphism  is  representable  by  algebraic  spaces. 
Hence  by  Lemma  76.10.4|  we  conclude  that  hu  -A  F is  surjective  and  smooth.  In 


particular  it  is  surjective,  flat  and  locally  of  finite  presentation  (by  Lemma  76.10.9 


and  the  fact  that  a smooth  morphism  of  algebraic  spaces  is  flat  and  locally  of  finite 
presentation,  see  Morphisms  of  Spaces,  Lemmas  54.36.5  and  54.36.7).  Finally,  we 
apply  Bootstrap,  Theorem |67. 10. 1| to  see  that  F is  an  algebraic  space.  □ 


76.14.  2-Fibre  products  of  algebraic  stacks 


The  2-category  of  algebraic  stacks  has  products  and  2-fibre  products, 
lemma  is  really  a special  case  of  Lemma |76.14.3  but  its  proof  is  slightly 


The  first 
easier. 


Lemma  76.14.1.  Let  S be  a scheme  contained  in  Schfppf.  Let  X , y be  algebraic 
stacks  over  S.  Then  X X(Sch/S)fPPf  y an  algebraic  stack,  and  is  a product  in  the 
2-category  of  algebraic  stacks  over  S. 


Proof.  An  object  of  A X(sch/s)f  f J7  over  T is  just  a pair  (x,y)  where  x is  an 
object  of  Xt  and  y is  an  object  of  (Ft-  Hence  it  is  immediate  from  the  definitions 
that  X X(sch/S)fppf  J7  is  a stack  in  groupoids.  If  (x,y)  and  (x',y')  are  two  objects 
of  A x (Sch/ s) fppf  y over  Ti  then 

Isom((x,y),(x' ,y'))  = Isom(x,x')  x Isom(y,y'). 

Hence  it  follows  from  the  equivalences  in  Lemma[76.10.11|and  the  fact  that  the  cat- 
egory of  algebraic  spaces  has  products  that  the  diagonal  of  A x ( Sch/S)fppf  y is  repre- 
sentable by  algebraic  spaces.  Finally,  suppose  that  U,  V £ Ob  ((Sch/S)  fppf),  and  let 
x,y  be  surjective  smooth  morphisms  x : (Sch/U) fppf  — > A,  y : (Sch/Y) fppf  -A  y. 
Note  that 


(Sch/U  Xg  V)fppf  — (Sch/U) fppf  X(sch/s)fppf  (Sch/V)  fppf . 


The  object  (pr^x,  piyy)  of  A x (Sch/S)fppf  y over  (Sch/U  xsV)fppf  thus  defines  a 
1-morphism 


(Sch/U  x g V)fpPf  > A x^gcfl/s)fppf  y 


which  is  the  composition  of  base  changes  of  x and  y,  hence  is  surjective  and  smooth, 
see  Lemmas  76.10.6  and  76.10.5  We  conclude  that  A x (sch/s)fppf  y is  indeed  an 
algebraic  stack.  We  omit  the  verification  that  it  really  is  a product.  □ 


Lemma  76.14.2.  Let  S be  a scheme  contained  in  Schfppf.  Let  Z be  a stack  in 
groupoids  over  (Sch/ S)  fppf  whose  diagonal  is  representable  by  algebraic  spaces.  Let 


76.15.  ALGEBRAIC  STACKS,  OVERHAULED 


4425 


X , y be  algebraic  stacks  over  S.  Let  f : X -A  Z,  g : y — >•  Z be  1 -morphisms  of 
stacks  in  groupoids.  Then  the  2-fibre  product  X x f z g y is  an  algebraic  stack. 


Proof.  We  have  to  check  conditions  (1),  (2),  and  (3)  of  Definition  76.12.1 
first  condition  follows  from  Stacks,  Lemma [8. 5. 6 1 


The 


The  second  condition  we  have  to  check  is  that  the  Zsom-sheaves  are  representable  by 
algebraic  spaces.  To  do  this,  suppose  that  T is  a scheme  over  S,  and  u,  v are  objects 
of  (X  x ftztg  y)r-  By  our  construction  of  2-fibre  products  (which  goes  all  the  way 
back  to  Categories,  Lemma  4.31.3)  we  may  write  u = ( x,y,a ) and  v = (x',y',a'). 
Here  a : /( x)  — » g(y)  and  similarly  for  a! . Then  it  is  clear  that 


Isom(u , v) Isom(y1  y') 

Isom(x,  x')  °I(4)>-  Isom(f(x),g(y')) 


is  a cartesian  diagram  of  sheaves  on  ( Sch/T ) fppf.  Since  by  assumption  the  sheaves 
Isom(y , y'),  Isom(x,  x'),  Isom(f(x),  g(y'))  are  algebraic  spaces  (see  Lemma  76.10.11 ) 
we  see  that  Isom(u,v)  is  an  algebraic  space. 


Let  U,  V £ Ob ((Sch/S) fppf),  and  let  x,y  be  surjective  smooth  morphisms  x : 
(Sch/U) fppf  — > X1  y : (Sch/Y) fppf  — > y.  Consider  the  morphism 

(Sch/U) fppf  X fox,Z,goy  i^ch/V')  fppf  ^ X X f ^ g y. 


As  the  diagonal  of  Z is  representable  by  algebraic  spaces  the  source  of  this  arrow 
is  representable  by  an  algebraic  space  F,  see  Lemma  |76. 10. ll]  Moreover,  the  mor- 
phism is  the  composition  of  base  changes  of  x and  y , hence  surjective  and  smooth, 
see  Lemmas  76.10.6  and  76.10.5[  Choosing  a scheme  W and  a surjective  etale  mor- 
phism W — > F we  see  that  the  composition  of  the  displayed  1-morphism  with  the 
corresponding  1-morphism 


(Sch/W) fppf  > (Sch/U) fppf  x fox,z,goy  (Sch/V) fppf 

is  surjective  and  smooth  which  proves  the  last  condition.  □ 


04T2  Lemma  76.14.3.  Let  S be  a scheme  contained  in  Schfppf . Let  X ,y , Z be  algebraic 
stacks  over  S . Let  f : X -A  Z , g : y — >•  Z be  1-morphisms  of  algebraic  stacks.  Then 
the  2-fibre  product  X x f.z,g~Y  an  algebraic  stack.  It  is  also  the  2-fibre  product  in 
the  2-category  of  algebraic  stacks  over  (Sch/ S)  fppf . 


Proof.  The  fact  that  X x f z,g  y is  an  algebraic  stack  follows  from  the  stronger 
Lemma  76.14.2  The  fact  that  X x f z,g  (V  is  a 2-fibre  product  in  the  2-category  of 
algebraic  stacks  over  S follows  formally  from  the  fact  that  the  2-category  of  algebraic 
stacks  over  S'  is  a full  sub  2-category  of  the  2-category  of  stacks  in  groupoids  over 
(Sch/  S)  fpPf . □ 


76.15.  Algebraic  stacks,  overhauled 

04T0  Some  basic  results  on  algebraic  stacks. 

04T1  Lemma  76.15.1.  Let  S be  a scheme  contained  in  Schfppf.  Let  f : X — > y 
be  a 1-morphism  of  algebraic  stacks  over  S.  Let  V £ Ob  ((Sch/S)  fppf).  Let  y : 
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{Sch/V) fppf  -A  y be  surjective  and  smooth.  Then  there  exists  an  object  U £ 
Ob ((Sch/ S) fppf)  and  a 2-commutative  diagram 

(Sch/U) fppf  — —5*  {Sch/V)  fppf 

x y 

f * 

x 

with  x surjective  and  smooth. 


Proof.  First  choose  W £ Ob {{Sch/ S) fppf)  and  a surjective  smooth  1-morphism 
z : {Sch/W) fppf  -A  X . As  y is  an  algebraic  stack  we  may  choose  an  equivalence 


j : Sf  > {Sch/W) fppf  Xfoz,y,y  {Sch/V) fppf 

where  F is  an  algebraic  space.  By  Lemma|76.10.6  the  morphism  Sf  -A  {Sch/W)  fppf 
is  surjective  and  smooth  as  a base  change  of  y.  Hence  by  Lemma  |76.10.5|  we  see 
that  Sf  -a  X is  surjective  and  smooth.  Choose  an  object  U £ Ob  {{Sch/  S)  fppf) 
and  a surjective  etale  morphism  U -A  F.  Then  applying  Lemma |76. 10. 5|  once  more 
we  obtain  the  desired  properties.  □ 


This  lemma  is  a generalization  of  Proposition  |76.13.3| 

04Y5  Lemma  76.15.2.  Let  S be  a scheme  contained  in  Schfppf.  Let  / : X -A  y be  a 
1-morphism  of  algebraic  stacks  over  S . The  following  are  equivalent: 

(1)  for  U £ Ob  {{Sch/  S)  fppf)  the  functor  f : Xu  -A  yjj  is  faithful, 

(2)  the  functor  f is  faithful,  and 

(3)  / is  representable  by  algebraic  spaces. 


Proof.  Parts  (1)  and  (2)  are  equivalent  by  general  properties  of  1-morphisms  of 
categories  fibred  in  groupoids,  see  Categories,  Lemma  4.34.8  We  see  that  (3) 

Finally,  assume  (2).  Let  U be  a scheme.  Let  y £ 


implies  (2)  by  Lemma  76.9.2 


Ob(Wy).  We  have  to  prove  that 


05UL 


W = {Sch/U)  fppf  xv,yX 


is  representable  by  an  algebraic  space  over  U.  Since  {Sch/U) fppf  is  an  algebraic 
stack  we  see  from  Lemma [76. 14. 3| that  W is  an  algebraic  stack.  On  the  other  hand 
the  explicit  description  of  objects  of  W as  triples  {V,  x,  a : y{V)  -A  f{x))  and  the 
fact  that  / is  faithful,  shows  that  the  fibre  categories  of  W are  setoids.  Hence 
Proposition  |76. 13  A guarantees  that  W is  representable  by  an  algebraic  space.  □ 


Lemma  76.15.3.  Let  S be  a scheme  contained  in  Schfppf.  Let  u : U -A  X be  a 
1-moiphism  of  stacks  in  groupoids  over  {Sch/ S)  fppf . If 

(1)  U is  representable  by  an  algebraic  space,  and 

(2)  u is  representable  by  algebraic  spaces,  surjective  and  smooth, 
then  X is  an  algebraic  stack  over  S. 


Proof.  We  have  to  show  that  A : X -A  X x X is  representable  by  algebraic  spaces, 


see  Definition  76.12.1 


Given  two  schemes  71,  T2  over  S denote  71  = {Sch/Ti) fppf 
the  associated  representable  fibre  categories.  Suppose  given  1-morphisms  /,  : 71  — > 
X.  According  to  Lemma  [76.10.11|  it  suffices  to  prove  that  the  2-fibered  product 
71  xxT2  is  representable  by  an  algebraic  space.  By  Stacks,  Lemma  |8.6.8|  this 
is  in  any  case  a stack  in  setoids.  Thus  T\  xx  T2  corresponds  to  some  sheaf  F 
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on  (Sch/ S) fppf,  see  Stacks,  Lemma 
represents  U.  By  assumption 


8.6.3 


Let  U be  the  algebraic  space  which 


T/  =U  xu,xji  Ti 

is  representable  by  an  algebraic  space  T[  over  S.  Hence  T{  Xu  Tf  is  representable 
by  the  algebraic  space  T[  X\j  V2.  Consider  the  commutative  diagram 


71  xx  T2 >■  T\ 


In  this  diagram  the  bottom  square,  the  right  square,  the  back  square,  and  the 
front  square  are  2-fibre  products.  A formal  argument  then  shows  that  T{  Xu  Tf  — ► 
Ti  X x 72  is  the  “base  change”  of  U -A  A,  more  precisely  the  diagram 

T[xuT± 

Y 

T\  xx  72 X 


is  a 2-fibre  square.  Hence  T[  Xu  — > F is  representable  by  algebraic  spaces, 

smooth,  and  surjective,  see  Lemmas  76.9.6  76.9/7  76.10.4  and  1 76.101  Therefore 
F is  an  algebraic  space  by  Bootstrap,  Theorem  67.10.1  and  we  win.  □ 


An  application  of  Lemma|76.15.3|is  that  something  which  is  an  algebraic  space  over 
an  algebraic  stack  is  an  algebraic  stack.  This  is  the  analogue  of  Bootstrap,  Lemma 
67.3.6[  Actually,  it  suffices  to  assume  the  morphism  X — > y is  “algebraic”,  as  we 
will  see  in  Criteria  for  Representability,  Lemma  [79. 8.2[ 

05UM  Lemma  76.15.4.  Let  S be  a scheme  contained  in  Schfppf.  Let  X — > y be  a 
morphism  of  stacks  in  groupoids  over  (Sch/ S)  fppf . Assume  that 

(1)  X — ► y is  representable  by  algebraic  spaces,  and 

(2)  y is  an  algebraic  stack  over  S. 

Then  X is  an  algebraic  stack  over  S. 


Proof.  Let  V — > y be  a surjective  smooth  1-morphism  from  a representable  stack 
in  groupoids  to  y.  This  exists  by  Definition  |76.12.1|  Then  the  2-fibre  product 
U = V Xy  X is  representable  by  an  algebraic  space  by  Lemma  76.9.8  The  1- 
morphism  U -A  X is  representable  by  algebraic  spaces,  smooth,  and  surjective,  see 
Lemmas  76.9.7  and|76.1(L6  By  Lemma [76. 15. 3| we  conclude  that  X is  an  algebraic 
stack.  □ 


05UN 


Lemma  76.15.5.  Let  S be  a scheme  contained  in  Schfppf.  Let  j : X — >■  y 
be  a 1 morphism  of  categories  fibred  in  groupoids  over  ( Sch/ S)fppf . Assume  j is 
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representable  by  algebraic  spaces  and  a monomorphisr r[^|  Then,  if  y is  a stack  in 
groupoids  (resp.  an  algebraic  stack),  so  is  X . 


Proof.  We  prove  that  A”  is  a stack.  The  case  of  algebraic  stacks  will  then  follow 
from  Lemma  176.15.41  It  suffices  to  check  effectiveness  of  descent  for  X.  Fix  a 
scheme  T and  an  fppf  covering  {/*  : T,  — > T}.  Suppose  we  have  objects  Xi  of  the 
fibre  categories  XT.  together  with  a descent  datum.  Then  since  y is  a stack,  there 
exists  an  object  y in  the  fibre  category  jFr  such  that  f*{y)  — j(xi)  in  y^.  By 
hypothesis,  the  2-fibered  product 


AZ  x j,y,y  i^ch/T') fppf 

is  representable  by  an  algebraic  space  U such  that  the  induced  morphism  U — > T 
is  a monomorphism  of  algebraic  spaces.  By  the  universal  property  of  the  2-fibre 
product  and  the  fact  that  f*(y)  = j{xf),  we  have  that  /,  : T*  — ► T factors  through 
U — > T for  all  i.  Hence  U — ► T is  a monomorphism  of  fppf  sheaves,  but  also 
surjective  as  {fi  : Ti  — > T}  is  a covering.  We  conclude  that  U = T.  Thus  y comes 
from  some  object  x of  the  fibre  category  Xt-  We  have  f* x = Xi  in  the  fibre  category 
Xr,  as  the  functor  j is  fully  faithful  on  fibre  categories,  see  Lemma  76.10.10  □ 


76.16.  From  an  algebraic  stack  to  a presentation 


04T3  Given  an  algebraic  stack  over  S we  obtain  a groupoid  in  algebraic  spaces  over  S 
whose  associated  quotient  stack  is  the  algebraic  stack. 


04T4 


Recall  that  if  ( U,R,s,t,c ) is  a groupoid  in  algebraic  spaces  over  S then  [U/R] 
denotes  the  quotient  stack  associated  to  this  datum,  see  Groupoids  in  Spaces,  Def- 
65.19. 1|  In  general  [U/R]  is  not  an  algebraic  stack.  In  particular  the  stack 


mition 


[U / R\  occurring  in  the  following  lemma  is  in  general  not  algebraic. 


Lemma  76.16.1.  Let  S be  a scheme  contained  in  Schfppf.  Let  X be  an  algebraic 
stack  over  S.  Let  U be  an  algebraic  stack  over  S which  is  representable  by  an 
algebraic  space.  Let  f : U — > X be  a 1-morphism.  Then 

(1)  the  2-fibre  product  AZ  =U  x f.x.flA  is  representable  by  an  algebraic  space, 

(2)  there  is  a canonical  equivalence 


IA  x f,x,f  IA  x f,x,f  IA  — AZ  x pr ^ jj  ,pr0  AZ, 

(3)  the  projection  pr02  induces  via  (2)  a 1-morphism 

pr02  • AZ  pr1,u  ,pr0  AZ  ^ 7 Z 

(4)  let  U,  R be  the  algebraic  spaces  representing  IA,AZ  and  t,  s : R —¥  U and 
c : R y.s,u,t  R — t U are  the  morphisms  corresponding  to  the  1-morphisms 
PrOiPr i : AZ  — > LA  and  pr02  : A Z y.pri,u,pr0  AZ  — > AZ  above,  then  the  quintuple 
( U , R , s,  t,  c ) is  a groupoid  in  algebraic  spaces  over  S, 

(5)  the  morphism  f induces  a canonical  1-morphism  fcan  : [U/R]  —r  X of 
stacks  in  groupoids  over  {Sch/ S) fppf , and 

(6)  the  1-morphism  fcan  : [U/R]  — )•  X is  fully  faithful. 


Proof.  Proof  of  (1).  By  definition  Ax  is  representable  by  algebraic  spaces  so 
Lemma  [76 . 1 0 . 1 1 1 applies  to  show  that  IA  — > X is  representable  by  algebraic  spaces. 
Hence  the  result  follows  from  Lemma [76.9.81 


Tor  example  an  open  immersion. 
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Let  T be  a scheme  over  S.  By  construction  of  the  2-fibre  product  (see  Categories, 
Lemma  4.31.3|)  we  see  that  the  objects  of  the  fibre  category  1ZT  are  triples  (a,  6,  a) 
where  a,  b £ Ob (Ut)  and  a : /(a)  -A  f(b)  is  a morphism  in  the  fibre  category  Xt- 

Proof  of  (2).  The  equivalence  comes  from  repeatedly  applying  Categories,  Lemmas 
4.30.8  and  4.30.10  Let  us  identify  U Xx  with  (U  Xx  U)  Xx  U.  If  T is 


a scheme  over  S , then  on  fibre  categories  over  T this  equivalence  maps  the  object 
((a,b,a),c,l 3)  on  the  left  hand  side  to  the  object  ((a,b,a),(b,c,  /3))  of  the  right 
hand  side. 


Proof  of  (3).  The  1-morphism  pr02  is  constructed  in  the  proof  of  Categories,  Lemma 
|4.30.9|  In  terms  of  the  description  of  objects  of  the  fibre  category  above  we  see  that 
((a,  6,  a),  (6,  c,  /?))  maps  to  (a,  c,  o a). 


Unfortunately,  this  is  not  compatible  with  our  conventions  on  groupoids  where  we 
always  have  j = (t,s)  : R — > U,  and  we  “think”  of  a T-valued  point  r of  R as  a 
morphism  r : s(r)  -A  t(r).  However,  this  does  not  affect  the  proof  of  (4),  since  the 
opposite  of  a groupoid  is  a groupoid.  But  in  the  proof  of  (5)  it  is  responsible  for 
the  inverses  in  the  displayed  formula  below. 


Proof  of  (4).  Recall  that  the  sheaf  U is  isomorphic  to  the  sheaf  T ha  Ob(77r) / =,  and 
similarly  for  R1  see  Lemma  [76. 8. 2|  It  follows  from  Categories,  Lemma  [4.38.8|  that 
this  description  is  compatible  with  2-fibre  products  so  we  get  a similar  matching 
of  7Z  xpr|  ;^,Pr0  1Z  and  R xStu,t  R-  The  morphisms  t,  s : R -A  U and  c : R xSic/,t 
R R we  get  from  the  general  equality  (76.8.2.1).  Explicitly  these  maps  are  the 
transformations  of  functors  that  come  from  letting  pr0,  pr0,  pr02  act  on  isomorphism 
classes  of  objects  of  fibre  categories.  Hence  to  show  that  we  obtain  a groupoid  in 
algebraic  spaces  it  suffices  to  show  that  for  every  scheme  T over  S the  structure 


(Ob (UT)/=,  Ob (TZt)/=,  pr-L , pr0,  pr02) 
is  a groupoid  which  is  clear  from  our  description  of  objects  of  7 Zt  above. 


Proof  of  (5).  We  will  eventually  apply  Groupoids  in  Spaces,  Lemma  65.22.2  to 
obtain  the  functor  [U/R]  -A  X . Consider  the  1-morphism  / \U  -A  X.  We  have  a 
2-arrow  r : / o piq  -A  / o pr0  by  definition  of  7 Z as  the  2-fibre  product.  Namely,  on 
an  object  (a,  6,  a)  of  1Z  over  T it  is  the  map  a-1  : b — > a.  We  claim  that 

T ° i(Vo2  = (r  * idpi-Q ) ° (T  * idPC ) ■ 

This  identity  says  that  given  an  object  ((a,  b,  a),  (6,  c,  /3))  of  7Z  xprij^pro  7 Z over  T, 
then  the  composition  of 


is  the  same  as  the  arrow  (j3  o a)  1 : a — > c.  This  is  clearly  true,  hence  the  claim 
holds.  In  this  way  we  see  that  all  the  assumption  of  Groupoids  in  Spaces,  Lemma 


65.22.2  are  satisfied  for  the  structure  (U,  TZ,  pr0,  pr-L,  pr02)  and  the  1-morphism  / 
and  the  2- morphism  r.  Except,  to  apply  the  lemma  we  need  to  prove  this  holds  for 
the  structure  (Su,Sn,s,t,c)  with  suitable  morphisms. 


Now  there  should  be  some  general  abstract  nonsense  argument  which  transfer  these 
data  between  the  two,  but  it  seems  to  be  quite  long.  Instead,  we  use  the  following 
trick.  Pick  a quasi-inverse  j-1  : Su  -A  77  of  the  canonical  equivalence  j : U — » S\j 
which  comes  from  U(T)  = Ob  (Ut)/—-  This  just  means  that  for  every  scheme  T/S 
and  every  object  a £ Ut  we  have  picked  out  a particular  element  of  its  isomorphism 
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04TG 


04T5 


class,  namely  j~1(j{a)).  Using  j-1  we  may  therefore  see  Sr  as  a subcategory  of 
U.  Having  chosen  this  subcategory  we  can  consider  those  objects  ( a,b,a ) of  7 Zr 
such  that  a,  b are  objects  of  (Sr)t,  i-e.,  such  that  j~1(j(a))  = a and  j_1(j(6))  = b. 
Then  it  is  clear  that  this  forms  a subcategory  of  IZ  which  maps  isomorphically  to 
Sr  via  the  canonical  equivalence  7 Z — > Sr.  Moreover,  this  is  clearly  compatible 
with  forming  the  2-fibre  product  7 Z xpriijqpro  7 Z.  Hence  we  see  that  we  may  simply 
restrict  / to  Sr  and  restrict  r to  a transformation  between  functors  Sr  — > X.  Hence 
it  is  clear  that  the  displayed  equality  of  Groupoids  in  Spaces,  Lemma [65. 22. 2| holds 
since  it  holds  even  as  an  equality  of  transformations  of  functors  7 Z xprii^iPro  IZ  — > X 
before  restricting  to  the  subcategory  SRXstUiiR. 


This  proves  that  Groupoids  in  Spaces,  Lemma  65.22.2  applies  and  we  get  our  desired 
morphism  of  stacks  fcan  : [ U/R ] — >■  X.  We  briefly  spell  out  how  fcan  is  defined  in 
this  special  case.  On  an  object  a of  Sr  over  T we  have  /can(a ) = /(a),  where  we 
think  of  Sr  C U by  the  chosen  embedding  above.  If  a,  b are  objects  of  Sr  over 
T,  then  a morphism  ip  : a — > b in  [U/R]  is  by  definition  an  object  of  the  form 
p = ( b,a,a ) of  7 Z over  T.  (Note  switch.)  And  the  rule  in  the  proof  of  Groupoids 
in  Spaces,  Lemma  65. 22. 2|  is  that 


(76.16.1.1) 


fc, 


i{v)  = (/(a) 


+ /(&) 


Proof  of  (6).  Both  [U/R]  and  X are  stacks.  Hence  given  a scheme  T/S  and  objects 
a,  b of  [U/R]  over  T we  obtain  a transformation  of  fppf  sheaves 

Isom{a1b)  — Isom{fcan(a) 

i fcan  (b)) 

on  ( Sch/T) fppf . We  have  to  show  that  this  is  an  isomorphism.  We  may  work  fppf 
locally  on  T,  hence  we  may  assume  that  a,  b come  from  morphisms  a,  6 : T — * U. 
By  the  embedding  Sr  CW  above  we  may  also  think  of  a,  b as  objects  of  U over  T. 


In  Groupoids  in  Spaces,  Lemma  65.21.1  we  have  seen  that  the  left  hand  sheaf  is 
represented  by  the  algebraic  space 


R x 


( t,s),U  X sU,(b,a) 


T 


over  T.  On  the  other  hand,  the  right  hand  side  is  by  Stacks,  Lemma  8.2.5  equal  to 
the  sheaf  associated  to  the  following  stack  in  setoids: 

A”  XxxX,(fobJoa)  T = X X XxX {bi  X U)  XuxU,(b,a)  T = TZ  X (pro,pll),WxW,(b,a)  T 

which  is  representable  by  the  fibre  product  displayed  above.  At  this  point  we  have 
shown  that  the  two  Isom- sheaves  are  isomorphic.  Our  1-morphism  fcan  : [U / R\  — > 
X induces  this  isomorphism  on  Isom- sheaves  by  Equation  (76.16.1.1).  □ 


We  can  use  the  previous  very  abstract  lemma  to  produce  presentations. 

Lemma  76.16.2.  Let  S be  a scheme  contained  in  Schfppf.  Let  X be  an  algebraic 
stack  over  S.  Let  U be  an  algebraic  space  over  S.  Let  f : Sr  X be  a surjective 
smooth  morphism.  Let  (U,  R,  s,t.,c)  be  the  groupoid  in  algebraic  spaces  and  fcan  : 
[U/R]  — > X be  the  result  of  applying  Lemma  76.16.1  to  U and  f.  Then 

(1)  the  morphisms  s,  t are  smooth , and 

(2)  the  1-morphism  fcan  : [U/R]  —tX  is  an  equivalence. 


Proof.  The  morphisms  s,  t are  smooth  by  Lemmas  |76.10.2|  and  |76.10.3[  As  the 
1-morphism  / is  smooth  and  surjective  it  is  clear  that  given  any  scheme  T and  any 
object  a £ Ob(Xx)  there  exists  a smooth  and  surjective  morphism  T'  — > T such 
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that  a \'T  comes  from  an  object  of  \U  / R\t' ■ Since  fcan  : [ U/R ] — >■  X is  fully  faithful, 
we  deduce  that  [U/R]  — >■  X is  essentially  surjective  as  descent  data  on  objects  are 
effective  on  both  sides,  see  Stacks,  Lemma  [8.4. 8|  □ 


Remark  76.16.3.  If  the  morphism  / : Sjj  X of  Lemma  76.16.2  is  only  assumed 
surjective,  flat  and  locally  of  finite  presentation,  then  it  will  still  be  the  case  that 
fcan  ■ [U /R]  — > X is  an  equivalence.  In  this  case  the  morphisms  s,  t will  be  flat  and 
locally  of  finite  presentation,  but  of  course  not  smooth  in  general. 


Lemma [76.16.2|  suggests  the  following  definitions. 

04TH  Definition  76.16.4.  Let  S'  be  a scheme.  Let  B be  an  algebraic  space  over  S. 
Let  ( U,R,s,t,c ) be  a groupoid  in  algebraic  spaces  over  B.  We  say  (U,R,s,t,c)  is 
a smooth  groupou^j  if  s,t  : R — > U are  smooth  morphisms  of  algebraic  spaces. 

04TI  Definition  76.16.5.  Let  X be  an  algebraic  stack  over  S.  A presentation  of  X 
is  given  by  a smooth  groupoid  (U,  R,  s,t,c)  in  algebraic  spaces  over  S,  and  an 
equivalence  f : [U/R]  X. 


We  have  seen  above  that  every  algebraic  stack  has  a presentation.  Our  next  task 
is  to  show  that  every  smooth  groupoid  in  algebraic  spaces  over  S gives  rise  to  an 
algebraic  stack. 


76.17.  The  algebraic  stack  associated  to  a smooth  groupoid 

04TJ  In  this  section  we  start  with  a smooth  groupoid  in  algebraic  spaces  and  we  show 
that  the  associated  quotient  stack  is  an  algebraic  stack. 

04WZ  Lemma  76.17.1.  Let  S be  a scheme  contained  in  Schfppf.  Let  (U,  R,  s,t,c)  be  a 
groupoid  in  algebraic  spaces  over  S.  Then  the  diagonal  of  [U/R]  is  representable  by 
algebraic  spaces. 

Proof.  It  suffices  to  show  that  the  Zsom-sheaves  are  algebraic  spaces,  see  Lemma 
|76.10.1l]  This  follows  from  Bootstrap,  Lemma [67. 11. 5|  □ 

04X0  Lemma  76.17.2.  Let  S be  a scheme  contained  in  Schfppf.  Let  (U,  R,  s,t,c)  be 
a smooth  groupoid  in  algebraic  spaces  over  S.  Then  the  morphism  Su  — ► [U/R]  is 
smooth  and  surjective. 

Proof.  Let  T be  a scheme  and  let  x : (Sch/T)  fppf  — > [U/R]  be  a 1-morphism.  We 
have  to  show  that  the  projection 

Su  X[u/R]  (Sch/T) fppf  — > (Sch/T) fppf 

is  surjective  and  smooth.  We  already  know  that  the  left  hand  side  is  representable 
by  an  algebraic  space  F,  see  Lemmas |76.17.1| and |76.10.1l]  Hence  we  have  to  show 
the  corresponding  morphism  F — > T of  algebraic  spaces  is  surjective  and  smooth. 
Since  we  are  working  with  properties  of  morphisms  of  algebraic  spaces  which  are 
local  on  the  target  in  the  fppf  topology  we  may  check  this  fppf  locally  on  T.  By 
construction,  there  exists  an  fppf  covering  {Tj  — > T}  of  T such  that  x\(Sch/Ti)Sp„r 
comes  from  a morphism  Xi  : Tj  — >•  U.  (Note  that  F Xy  Tj  represents  the  2-fibre 
product  Sjj  y.m/R\  (Sch/T/) fppf  so  everything  is  compatible  with  the  base  change 

4This  terminology  might  be  a bit  confusing:  it  does  not  imply  that  [U / R]  is  smooth  over 
anything. 
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via  TL  — > T.)  Hence  we  may  assume  that  x comes  from  x : T -A  U.  In  this  case  we 
see  that 

&U  ^[U/R]  ( Sch/T) fjypf  (Su  ^[U/R]  ) X S jj  (Sch/Tj fppf  Sp>  X ( Sch/T) fppf 

The  first  equality  by  Categories,  Lemma|4.30.10|and  the  second  equality  by  Groupoids 
in  Spaces,  Lemma  [65.21.2|  Clearly  the  last  2-fibre  product  is  represented  by  the 
algebraic  space  F = R xs^u,x  T and  the  projection  R xs^u,x  T — > T is  smooth  as 
the  base  change  of  the  smooth  morphism  of  algebraic  spaces  s : R — > U.  It  is  also 
surjective  as  s has  a section  (namely  the  identity  e : U — >■  R of  the  groupoid).  This 
proves  the  lemma.  □ 


Here  is  the  main  result  of  this  section. 


Theorem  76.17.3.  Let  S be  a scheme  contained  in  Schfppf.  Let  (U,  R,  s,t,c)  be 
a smooth  groupoid  in  algebraic  spaces  over  S.  Then  the  quotient  stack  [U/R]  is  an 
algebraic  stack  over  S . 


Proof.  We  check  the  three  conditions  of  Definition  |76.12.1|  By  construction  we 
have  that  [U/R]  is  a stack  in  groupoids  which  is  the  first  condition. 

The  second  condition  follows  from  the  stronger  Lemma  [76.1 7. 1| 


Finally,  we  have  to  show  there  exists  a scheme  W over  S and  a surjective  smooth 
1-morphism  ( Sch/W) fppf  — s-  X.  First  choose  W £ Ob ((Sch/  S)  fppf)  and  a sur- 
jective etale  morphism  W —>  U.  Note  that  this  gives  a surjective  etale  morphism 
6>w  -4 ► Su  of  categories  fibred  in  sets,  see  Lemma|76.10.3|  Of  course  then  Sw  — >•  Su 

[U/R]  is 

□ 


is  also  surjective  and  smooth,  see  Lemma  76.10.9  Hence  Sw  — > Su 


surjective  and  smooth  by  a combination  of  Lemmas  |76.17.2]  and  |76. 10. 5[ 


76.18.  Change  of  big  site 


In  this  section  we  briefly  discuss  what  happens  when  we  change  big  sites.  The 
upshot  is  that  we  can  always  enlarge  the  big  site  at  will,  hence  we  may  assume  any 
set  of  schemes  we  want  to  consider  is  contained  in  the  big  fppf  site  over  which  we 
consider  our  algebraic  space.  We  encourage  the  reader  to  skip  this  section. 


Pullbacks  of  stacks  is  defined  in  Stacks,  Section|8.12| 

Lemma  76.18.1.  Suppose  given  big  sites  Schfppf  and  Sch'fppf.  Assume  that 


Schfppf  is  contained  in  Sch!fppf,  see  Topologies,  Section  33.10  Let  S be  an  object 
of  Schfppf.  Let  Let  f : (Sch'  / S)  fppf  — > (Sch/  S)  fppf  the  morphism  of  sites  corre- 
sponding to  the  inclusion  functor  u : (Sch/ S)  fppf  — > (Sch! / S)  fppf . Let  X be  a stack 
in  groupoids  over  (Sch/ S)  fppf . 

(1)  if  X is  representable  by  some  X £ Ob  ((Sch/ S)  fppf),  then  f~1X  is  repre- 
sentable too,  in  fact  it  is  representable  by  the  same  scheme  X,  now  viewed 
as  an  object  of  (Sch! / S) fppf , 

(2)  if  X is  representable  by  F £ Sh((Sch/S)fppf)  which  is  an  algebraic  space, 
then  f~xX  is  representable  by  the  algebraic  space  f~xF , 

(3)  if  X is  an  algebraic  stack,  then  f~1X  is  an  algebraic  stack,  and 

(4)  if  X is  a Deligne-Mumford  stack,  then  f~~1X  is  a Deligne-Mumford  stack 
too. 
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Proof.  Let  us  prove  (3).  By  Lemma  76.16.2  we  may  write  X = [U/R]  for  some 
smooth  groupoid  in  algebraic  spaces  (U,  R,  s,  t,  c).  By  Groupoids  in  Spaces,  Lemma 
65.27.1  we  see  that  f~1[U/R\  = [f~1U/  f~1R].  Of  course  (/_1f/, /_1s, /_1t, /_1c) 


is  a smooth  groupoid  in  algebraic  spaces  too.  Hence  (3)  is  proved. 


Now  the  other  cases  (1),  (2),  (4)  each  mean  that  X has  a presentation  [U/R] 
of  a particular  kind,  and  hence  translate  into  the  same  kind  of  presentation  for 
f~YX  = [f~lU / f~1R].  Whence  the  lemma  is  proved.  □ 


It  is  not  true  (in  general)  that  the  restriction  of  an  algebraic  space  over  the  bigger 
site  is  an  algebraic  space  over  the  smaller  site  (simply  by  reasons  of  cardinality). 
Hence  we  can  only  ever  use  a simple  lemma  of  this  kind  to  enlarge  the  base  category 
and  never  to  shrink  it. 


04X3 


Lemma  76.18.2.  Suppose  Schfppf  is  contained  in  Sch'jppj.  Let  S be  an  object 
of  Schfppf.  Denote  Algebraic- Stacks / S the  2-category  of  algebraic  spaces  over  S 
defined  using  Schfppf.  Similarly,  denote  Alg ebraic- Stacks  / S the  2-category  of  al- 
gebraic  spaces  over  S defined  using  Sch'fppf.  The  rule  X i->  f~xX  of  Lemma 
defines  a functor  of  2-categories 

Algebraic- Stacks  / S — > Alg  ebraic- Stacks  / S 


7 6.18.1 


which  defines  equivalences  of  morphism  categories 

Algebraic-Stacks/ s(X  ,y)  t A loi'/\ ifp:}iTalc>  Stacks' / sir1  XJ-'y) 

for  every  objects  X ,y  of  Algebraic- Stacks/ S . An  object  X'  of  Alg  ebraic- Stacks  / S 
is  equivalence  to  f~lX  for  some  X in  Alg  ebraic- Stacks/ S if  and  only  if  it  has  a 
presentation  X = \U' /R']  with  U'  ,R'  isomorphic  to  f~1U,  f~xR  for  some  U,R  £ 
Spaces/ S. 


Proof.  The  statement  on  morphism  categories  is  a consequence  of  the  more  general 
Stacks,  Lemma [8.12.12|  The  characterization  of  the  “essential  image”  follows  from 
the  description  of  /-1  in  the  proof  of  Lemma  76.18.1  □ 


76.19.  Change  of  base  scheme 


04X4  In  this  section  we  briefly  discuss  what  happens  when  we  change  base  schemes.  The 
upshot  is  that  given  a morphism  S'  — > S'  of  base  schemes,  any  algebraic  stack  over 
S can  be  viewed  as  an  algebraic  stack  over  S'. 


04X5  Lemma  76.19.1.  Let  Schfppf  be  a big  fppf  site.  Let  S — > S'  be  a morphism  of  this 
site.  The  constructions  A and  B of  Stacks,  Section  8.13  above  give  isomorphisms 
of  2-categories 


2-category  of  algebraic 1 
stacks  X over  S \ 


2-category  of  pairs  (X' , /)  consisting  of  an 
AA  < algebraic  stack  X'  over  S'  and  a morphism 

: X'  —A  (Sch/ S)  fppf  of  algebraic  stacks  over  S' 


Proof.  The  statement  makes  sense  as  the  functor  j : (Sch/S)  fppf  — > (Sch/ S’) fppf 
is  the  localization  functor  associated  to  the  object  S/S'  of  (Sch/ S')  fppf.  By  Stacks, 
Lemma  |8.13.2|  the  only  thing  to  show  is  that  the  constructions  A and  B preserve 
the  subcategories  of  algebraic  stacks.  For  example,  if  X = [U /R]  then  construction 
A applied  to  X just  produces  X'  = X.  Conversely,  if  X'  = \U' /R'}  the  morphism  p 
induces  morphisms  of  algebraic  spaces  U'  -A  S and  R'  -A  S,  and  then  X = \U' /R'] 
but  now  viewed  as  a stack  over  S.  Hence  the  lemma  is  clear.  □ 
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04X6  Definition  76.19.2.  Let  Schfppf  be  a big  fppf  site.  Let  S S'  be  a morphism 

of  this  site.  If  p : X — > (Sch/ S)  fppf  is  an  algebraic  stack  over  S,  then  X viewed  as 

an  algebraic  stack  over  S'  is  the  algebraic  stack 

* — ► (Sch/S')fppf 

gotten  by  applying  construction  A of  Lemma[76.19.1|to  X. 

Conversely,  what  if  we  start  with  an  algebraic  stack  X'  over  S'  and  we  want  to  get 
an  algebraic  stack  over  SI  Well,  then  we  consider  the  2-fibre  product 

= (<S 'ch/ S)fppf  x-(Sch/s')fPp;  X 

which  is  an  algebraic  stack  over  S'  according  to  Lemma[76.14.3|  Moreover,  it  comes 
equipped  with  a natural  1-morphism  p : X's  — > (Sch/ S) fppf  and  hence  by  Lemma 
|76.19.1|it  corresponds  in  a canonical  way  to  an  algebraic  stack  over  S. 

04X7  Definition  76.19.3.  Let  Schfppf  be  a big  fppf  site.  Let  S — > S'  be  a morphism 

of  this  site.  Let  X'  be  an  algebraic  stack  over  S'.  The  change  of  base  of  X'  is  the 

algebraic  space  X's  over  S described  above. 
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Examples  of  Stacks 


77.1.  Introduction 

This  is  a discussion  of  examples  of  stacks  in  algebraic  geometry.  Some  of  them 
are  algebraic  stacks,  some  are  not.  We  will  discuss  which  are  algebraic  stacks  in  a 
later  chapter.  This  means  that  in  this  chapter  we  mainly  worry  about  the  descent 
conditions.  See  [Vis  04]  for  example. 

Some  of  the  notation,  conventions  and  terminology  in  this  chapter  is  awkward  and 
may  seem  backwards  to  the  more  experienced  reader.  This  is  intentional.  Please 
see  Quot,  Section  [81 . 1|  for  an  explanation. 


77.2.  Notation 


In  this  chapter  we  fix  a suitable  big  fppf  site  Schfppf  as  in  Topologies,  Definition 
So,  if  not  explicitly  stated  otherwise  all  schemes  will  be  objects  of  Schfppf. 


33.7.6 


We  will  always  work  relative  to  a base  S contained  in  Schfppf.  And  we  will  then 
work  with  the  big  fppf  site  (Sch/S)fppf,  see  Topologies,  Definition 
absolute  case  can  be  recovered  by  taking  S = Spec(Z). 


33.7.8 


The 


77.3.  Examples  of  stacks 

We  first  give  some  important  examples  of  stacks  over  (Sch/S)  fppf. 


77.4.  Quasi-coherent  sheaves 

We  define  a category  QCoh  as  follows: 

(1)  An  object  of  QCoh  is  a pair  (A,  T),  where  X/S  is  an  object  of  (Sch/S)  fppf, 
and  T is  a quasi-coherent  Ox-module,  and 

(2)  a morphism  (f,<p)  : (Y,Q)  — > (X,JS)  is  a pair  consisting  of  a morphism 
/ : Y — > X of  schemes  over  S and  an  /-map  (see  Sheaves,  Section  6.26 ) 
ip  : J-  — > Q. 

(3)  The  composition  of  morphisms 

(Z,H)  (Y,G)  (X,T) 

is  (/  o (7,  if)  o (f>)  where  if)  o <j>  is  the  composition  of  /-maps. 

Thus  QCoh  is  a category  and 

p : QCoh  ->  (Sch/S)  fppf,  (X,  T)  X 
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0404 


is  a functor.  Note  that  the  fibre  category  of  QCoh  over  a scheme  X is  just  the 
category  QCoh(Ox)  of  quasi-coherent  Ox-modules.  We  remark  for  later  use  that 
given  (X,  X),  (Y,  Q)  £ Ob(QCoh)  we  have 


(77.4.0.1)  Mot  QCoh((Y,g),(X,T))  = J] 


/CMorg  (Y,X 


Mor  QCoKOy^r^S) 


See  the  discussion  on  /-maps  of  modules  in  Sheaves,  Section  6.26 


The  category  QCoh  is  not  a stack  over  ( Sch/S ) fppf  because  its  collection  of  objects 
is  a proper  class.  On  the  other  hand  we  will  see  that  it  does  satisfy  all  the  axioms 
of  a stack.  We  will  get  around  the  set  theoretical  issue  in  Section  [77. 5[ 

Lemma  77.4.1.  A morphism  (f,<p)  : (Y,  0)  -A  (X,F)  of  QCoh  is  strongly  carte- 
sian if  and  only  if  the  map  p induces  an  isomorphism  f*F  -A  Q . 


Proof.  Let  (X,F)  £ Ob  (QCoh).  Let  f : Y -A  I be  a morphism  of  (Sch/S)fppf. 
Note  that  there  is  a canonical  /-map  c : F — A f*F  and  hence  we  get  a morphism 
(/,  c)  : (Y,f*F)  —A  (X,  F).  We  claim  that  (/,  c)  is  strongly  cartesian.  Namely,  for 
any  object  (Z,TL)  of  QCoh  we  have 


MorQcoh((Z,H)AYJ*X))  = ]lg&Mors{zYMoTQGoh[oz)(g*rF1'H) 

= LU„ 

= Mor QCoh{{Z ,%) , {X , fF))  xMorg(z,x)  Mor s(Z,Y) 


where  we  have  used  Equation  (77.4.0.1)  twice. 
Categories,  Definition 
by  Categories,  Lemma 


4.32.1 


4.32.2 


This  proves  that  the  condition  of 
holds  for  (/,  c),  and  hence  our  claim  is  true.  Now 


we  see  that  isomorphisms  are  strongly  cartesian  and 
compositions  of  strongly  cartesian  morphisms  are  strongly  cartesian  which  proves 
the  “if”  part  of  the  lemma.  For  the  converse,  note  that  given  (X,  F)  and  / : Y — > X, 
if  there  exists  a strongly  cartesian  morphism  lifting  / with  target  (. X , F)  then  it  has 
to  be  isomorphic  to  (/,  c)  (see  discussion  following  Categories,  Definition  4.32.1). 
Hence  the  ’’only  if’  part  of  the  lemma  holds.  □ 


Lemma  77.4.2.  The  functor  p : QCoh  — > (Sch/S) fppf  satisfies  conditions  (1), 


(2)  and  (3)  of  Stacks,  Definition  8./.1 


77.4.1 


that  QCoh  is  a fibred  category  over  ( Sch / S)  fPPf- 


Proof.  It  is  clear  from  Lemma 
Given  covering  U = {Xi  —A  X}iej  of  (Sch/S) fppf  the  functor 

QCoh(Or)  — > DD(U) 


is  fully  faithful  and  essentially  surjective,  see  Descent,  Proposition  34.5.2  Hence 


Stacks,  Lemma |8 . 4 . 2|  applies  to  show  that  QCoh  satisfies  all  the  axioms  of  a stack. 

□ 


77.5.  The  stack  of  finitely  generated  quasi-coherent  sheaves 

It  turns  out  that  we  can  get  a stack  of  quasi-coherent  sheaves  if  we  only  consider 
finite  type  quasi-coherent  modules.  Let  us  denote 

Pfg  : QCohfg  —A  (Sch/ S) fPpf 

the  full  subcategory  of  QCoh  over  (Sch/S)  fppf  consisting  of  pairs  (T,F)  such  that 
F is  a quasi-coherent  C^-module  of  finite  type. 
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04U4 


04U5 


Lemma  77.5.1.  The  functor  pfg  : QCohfg  — > ( Sch/S)fppf  satisfies  conditions 
(1),  (2)  and  (3)  of  Stacks,  Definition\8.f.l 


Proof.  We  will  verify  assumptions  (1),  (2),  (3)  of  Stacks,  Lemma  8.4.3  to  prove 
this.  By  Lemma  77.4.1  a morphism  (Y,  Q)  — >•  (X,  F)  is  strongly  cartesian  if  and  only 
if  it  induces  an  isomorphism  f*F  — ► Q.  By  Modules,  Lemma[l7.9.2  the  pullback  of 
a finite  type  Ox-module  is  of  finite  type.  Hence  assumption  (1)  of  Stacks,  Lemma 


8.4.3  holds.  Assumption  (2)  holds  trivially.  Finally,  to  prove  assumption  (3)  we 
have  to  show:  If  F is  a quasi-coherent  Ox-module  and  {/,;  : — > X}  is  an  fppf 

covering  such  that  each  f*F  is  of  finite  type,  then  F is  of  finite  type.  Considering 
the  restriction  of  F to  an  affine  open  of  X this  reduces  to  the  following  algebra 
statement:  Suppose  that  R — > S is  a finitely  presented,  faithfully  flat  ring  map  and 
M an  .R-module.  If  M S'  is  a finitely  generated  S-module,  then  M is  a finitely 
generated  f?-module.  A stronger  form  of  the  algebra  fact  can  be  found  in  Algebra, 
Lemma  110.82.21  □ 


Lemma  77.5.2.  Let  (X,  Ox)  be  a ringed  space. 

(1)  The  category  of  finite  type  O x -modules  has  a set  of  isomorphism  classes. 

(2)  The  category  of  finite  type  quasi-coherent  Ox-modules  has  a set  of  iso- 
morphism classes. 


Proof.  Part  (2)  follows  from  part  (1)  as  the  category  in  (2)  is  a full  subcategory 
of  the  category  in  (1).  Consider  any  open  covering  U : X = (J ieIUi.  Denote 
ji  : Ui  X the  inclusion  maps.  Consider  any  map  r : I — > N.  If  F is  an  Ox- 
module  whose  restriction  to  Ui  is  generated  by  at  most  r(i)  sections  from  F(U{), 
then  J7  is  a quotient  of  the  sheaf 


Tiu.r  = (J) 


iei 


Ji,\ 


O 


,©r(i) 


By  definition,  if  F is  of  finite  type,  then  there  exists  some  open  covering  with  IA 
whose  index  set  is  I = X such  that  this  condition  is  true.  Hence  it  suffices  to  show 
that  there  is  a set  of  possible  choices  for  U (obvious),  a set  of  possible  choices  for 
r : I — > N (obvious),  and  a set  of  possible  quotient  modules  of  LLu,r  for  each  U 
and  r.  In  other  words,  it  suffices  to  show  that  given  an  Ox-module  LI  there  is  at 
most  a set  of  isomorphism  classes  of  quotients.  This  last  assertion  becomes  obvious 
by  thinking  of  the  kernels  of  a quotient  map  Li  — > F as  being  parametrized  by  a 
subset  of  the  power  set  of  JIc/cx  open  'kl(U).  □ 


04U6 


Lemma  77.5.3.  There  exists  a subcategory  QCohfgsmaU  C QCohfg  with  the 
following  properties: 

(1)  the  inclusion  functor  QCohfg  smaU  — > QCohjg  is  fully  faithful  and  essen- 
tially surjective,  and 

(2)  the  functor  pf gjamaii  : QCohfg  small  ->  ( Sch/S)fppf  turns  QCohfg  small 
into  a stack  over  (Sch/ S) fppf . 


Proof.  We  have  seen  in  Lemmas 


77.5.1 


and 


77.5.2|that  pfg  : QCohfg  — > (Sch/ S) fppf 


satisfies  (1),  (2)  and  (3)  of  Stacks,  Definition  8.4.1|as  well  as  the  additional  condi- 
tion (4)  of  Stacks,  Remark  8.4.9  Hence  we  obtain  QCohfg  small  from  the  discussion 
in  that  remark.  □ 


We  will  often  perform  the  replacement 

QCohfg  QCohfg  small 


77.7.  ALGEBRAIC  SPACES 


4439 


without  further  remarking  on  it,  and  by  abuse  of  notation  we  will  simply  denote 
QCohjg  this  replacement. 

04U7  Remark  77.5.4.  Note  that  the  whole  discussion  in  this  section  works  if  we  want 
to  consider  those  quasi-colierent  sheaves  which  are  locally  generated  by  at  most  k 
sections,  for  some  infinite  cardinal  k.  e.g.,  k = Hq. 


77.6.  Finite  etale  covers 

OBLY  We  define  a category  FEt  as  follows: 

(1)  An  object  of  FEt  is  a finite  etale  morphism  Y — > X of  schemes  (by  our 
conventions  this  means  a finite  etale  morphism  in  (Sch/ S) fPpf)7 

(2)  A morphism  (b,  a)  : {Y  — > X ) — > (Y'  — > X ')  of  FEt  is  a commutative 
diagram 


OBLZ 


in  the  category  of  schemes. 

Thus  FEt  is  a category  and 

p:  FEt  ^ (Sch/S)  fppf,  (Y  -A  X)  i— >•  X 

is  a functor.  Note  that  the  fibre  category  of  FEt  over  a scheme  X is  just  the  category 
FEtx  studied  in  Fundamental  Groups,  Section  48.4 

Lemma  77.6.1.  The  functor 

p : FEt — A (Sch/S) fppf 
defines  a stack  in  groupoids  over  (Sch/ S) fppf . 

Proof.  Fppf  descent  for  finite  etale  morphisms  follows  from  Descent,  Lemmas 
34.33.1[  34.19.21  and  34.19.27  Details  omitted. 


□ 


04SP 


77.7.  Algebraic  spaces 

We  define  a category  Spaces  as  follows: 

(1)  An  object  of  Spaces  is  a morphism  X — > U of  algebraic  spaces  over  S, 
where  U is  representable  by  an  object  of  (Sch/S) fppf,  and 

(2)  a morphism  (/,  g)  : (X  -A  U)  — > (Y  — >■  V)  is  a commutative  diagram 

X ^ Y 


of  morphisms  of  algebraic  spaces  over  S. 

Thus  Spaces  is  a category  and 

p : Spaces  -A  ( Sch/ S)  fppf , (X  —A  U)  i-A  U 

is  a functor.  Note  that  the  fibre  category  of  Spaces  over  a scheme  U is  just  the 
category  Spaces/U  of  algebraic  spaces  over  U (see  Topologies  on  Spaces,  Section 
60.2 ).  Hence  we  sometimes  think  of  an  object  of  Spaces  as  a pair  X/U  consisting  of 
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a scheme  U and  an  algebraic  space  X over  U.  We  remark  for  later  use  that  given 
(X/U),  (Y/V)  e Ob(5paces)  we  have 

04U8  (77.7.0.1)  MoTSpaCes(X/U,  Y/V)  = ]J  ^ MorSpaces/u(X , U xgy  Y) 

The  category  Spaces  is  almost,  but  not  quite  a stack  over  ( Sch/S ) fppf.  The  problem 
is  a set  theoretical  issue  as  we  will  explain  below. 

04U9  Lemma  77.7.1.  A morphism  ( f,g ) : X/U  — > Y/V  of  Spaces  is  strongly  cartesian 
if  and  only  if  the  map  f induces  an  isomorphism  X — > U xgy  Y . 


Proof.  Let  Y/V  € Ob(Spaces).  Let  g : U — > V be  a morphism  of  (Sch/S)fppf. 
Note  that  the  projection  p : U xgy  Y — > Y gives  rise  a morphism  (p,g)  : U xgy 
Y/U  -A  Y/V  of  Spaces.  We  claim  that  (p,g)  is  strongly  cartesian.  Namely,  for  any 
object  Z/W  of  Spaces  we  have 


fteMors(IV,C7) 


Mor  Spo.ces/W(Z,W  XhyU  XgyY) 
Mor Spaces/W(Z,  W X goh,V  y ) 


Mor SPaces{Z/W,  U Xgy  Y/U ) = ]J 

U/teMors(W,£7) 

= Mor Spaces(Z/W,Y/V)  X-mots(w,v)  Mors(W,  U) 

where  we  have  used  Equation  (77.7.0.1)  twice.  This  proves  that  the  condition  of 
Categories,  Definition 
by  Categories,  Lemma 


4.32.1 


4.32.2 


holds  for  ( p,g ),  and  hence  our  claim  is  true.  Now 
we  see  that  isomorphisms  are  strongly  cartesian  and 
compositions  of  strongly  cartesian  morphisms  are  strongly  cartesian  which  proves 
the  “if”  part  of  the  lemma.  For  the  converse,  note  that  given  Y/V  and  g : U -A-  V, 
if  there  exists  a strongly  cartesian  morphism  lifting  g with  target  Y/V  then  it  has 
to  be  isomorphic  to  (p,g)  (see  discussion  following  Categories,  Definition  4.32.1). 
Hence  the  ’’only  if’  part  of  the  lemma  holds.  □ 


04UA 


04UB 


Lemma  77.7.2.  The  functor  p : Spaces  —A  (Sch/S) fppf  satisfies  conditions  (1) 


and  (2)  of  Stacks,  Definition  8./.1 


Proof.  It  is  follows  from  Lemma  |77.7.1|  that  Spaces  is  a fibred  category  over 
(Sch/ S) fppf  which  proves  (1).  Suppose  that  {Ui  — » U}iGj  is  a covering  of  (Sch/S)fppf 
Suppose  that  X,Y  are  algebraic  spaces  over  U.  Finally,  suppose  that  ipi  : Xu.  -A 
YUi  are  morphisms  of  Spaces/Ui  such  that  ipi  and  <pj  restrict  to  the  same  morphisms 
XuiXuUj  ► Yu, x u Uj  of  algebraic  spaces  over  Ui  Xu  Uj.  To  prove  (2)  we  have  to 
show  that  there  exists  a unique  morphism  tp  : X Y over  U whose  base  change 
to  Ui  is  equal  to  </?j.  As  a morphism  from  X to  Y is  the  same  thing  as  a map  of 
sheaves  this  follows  directly  from  Sites,  Lemma[7.25.1|  □ 

Remark  77.7.3.  Ignoring  set  theoretical  difficulties1]  Spaces  also  satisfies  descent 
for  objects  and  hence  is  a stack.  Namely,  we  have  to  show  that  given 

(1)  an  fppf  covering  {Ui  — > 

(2)  for  each  i £ I an  algebraic  space  Xi/Ui , and 

(3)  for  each  i,j  £ I an  isomorphism  tpij  : Xi  Xu  Uj  -A  Ui  Xy  Xj  of  algebraic 
spaces  over  UiXu  Uj  satisfying  the  cocycle  condition  over  Ui  x u Uj  XuUk, 


1 The  difficulty  is  not  that  Spaces  is  a proper  class,  since  by  our  definition  of  an  algebraic 
space  over  S there  is  only  a set  worth  of  isomorphism  classes  of  algebraic  spaces  over  S.  It  is 
rather  that  arbitrary  disjoint  unions  of  algebraic  spaces  may  end  up  being  too  large,  hence  lie 
outside  of  our  chosen  “partial  universe”  of  sets. 
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04UC 


04UD 


there  exists  an  algebraic  space  X/U  and  isomorphisms  Xui  = Xi  over  Ui  recovering 


the  isomorphisms  ifiij . First,  note  that  by  Sites,  Lemma  7.25.2  there  exists  a sheaf 
X on  (Sch/U) fppf  recovering  the  X.-L  and  the  ifiij.  Then  by  Bootstrap,  Lemma 


67.11.1  we  see  that  X is  an  algebraic  space  (if  we  ignore  the  set  theoretic  condition 


of  that  lemma).  We  will  use  this  argument  in  the  next  section  to  show  that  if  we 
consider  only  algebraic  spaces  of  finite  type,  then  we  obtain  a stack. 

77.8.  The  stack  of  finite  type  algebraic  spaces 

It  turns  out  that  we  can  get  a stack  of  spaces  if  we  only  consider  spaces  of  finite 
type.  Let  us  denote 

Pft  : Spaces ft  —>  ( Sch/S)fppf 

the  full  subcategory  of  Spaces  over  (Sch/S)fppf  consisting  of  pairs  X/U  such  that 
X — ► U is  a morphism  of  finite  type. 


Lemma  77.8.1.  The  functor  pjt  : Spaces ft 
(1),  (2)  and  (3)  of  Stacks,  Definition  8-4-1 


(Sch/ S) fppf  satisfies  the  conditions 


Proof.  We  are  going  to  write  this  out  in  ridiculous  detail  (which  may  make  it  hard 
to  see  what  is  going  on). 

We  have  seen  in  Lemma  |77.7.1|  that  a morphism  (f,g)  : X/U  -A  Y/V  of  Spaces  is 
strongly  cartesian  if  the  induced  morphism  f : X U Xy  Y is  an  isomorphism. 
Note  that  if  Y — > V is  of  finite  type  then  also  U XyY  -A  U is  of  finite  type,  see  Mor- 
plrisms  of  Spaces,  Lemma  54.23.3  So  if  (f,g)  : X/U  -A  Y/V  of  Spaces  is  strongly 


cartesian  in  Spaces  and  Y/V  is  an  object  of  Spaces ft  then  automatically  also  X/U 
is  an  object  of  Spaces ft,  and  of  course  (/,<?)  is  also  strongly  cartesian  in  Spaces ft. 
In  this  way  we  conclude  that  Spaces ft  is  a fibred  category  over  (Sch/ S)  fPPf-  This 
proves  (1). 

The  argument  above  also  shows  that  the  inclusion  functor  Spaces ft  — > Spaces  trans- 
forms strongly  cartesian  morphisms  into  strongly  cartesian  morphisms.  In  other 
words  Spaces ft  -A  Spaces  is  a 1-morphism  of  fibred  categories  over  ( Sch/  S)  fppf . 

Let  U £ Ob  ((Sch/ S)  fppf).  Let  X,Y  be  algebraic  spaces  of  finite  type  over  U.  By 
Stacks,  Lemma|8.2.3|  we  obtain  a map  of  presheaves 

Mor Spaces ft(x,Y)  — * Mor  Spaces(X,Y) 

which  is  an  isomorphism  as  Spaces ft  is  a full  subcategory  of  Spaces.  Hence  the  left 
hand  side  is  a sheaf,  because  in  Lemma  [77.7. 2|  we  showed  the  right  hand  side  is  a 
sheaf.  This  proves  (2). 


To  prove  condition  (3)  of  Stacks,  Definition  8.4.1  we  have  to  show  the  following: 
Given 

(1)  a covering  [Ui  -A  U}ieI  of  ( Sch/S)fppf , 

(2)  for  each  i £ I an  algebraic  space  X,:  of  finite  type  over  Ui,  and 

(3)  for  each  i,j  £ I an  isomorphism  ipij  : Xi  Xjj  Uj  -A  Ui  Xy  Xj  of  algebraic 
spaces  over  Ui  x y Uj  satisfying  the  cocycle  condition  over  Ui  x u Uj  XyUk , 

there  exists  an  algebraic  space  X of  finite  type  over  U and  isomorphisms  Xy.  = Xi 
over  Ui  recovering  the  isomorphisms  tfij.  By  Sites,  Lemma  7.25.2  there  exists  a 


sheaf  X on  (Sch/U) fppf  recovering  the  Xi  and  the  ipij.  Then  by  Bootstrap,  Lemma 
|67.11.4|we  see  that  X is  an  algebraic  space.  By  Descent  on  Spaces,  Lemma [61.10. 8| 
we  see  that  X — > U is  of  finite  type  which  concludes  the  proof.  □ 
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Lemma  77.8.2.  There  exists  a subcategory  Spaces ftsmaU  C Spacesjt  with  the 
following  properties: 

(1)  the  inclusion  functor  Spaces ft  smau  —t  Spaces  ft  is  fully  faithful  and  essen- 
tially surjective,  and 

(2)  the  functor  p ft, small  ■ Spaces ft  small  -»  ( Sch/S)fppf  turns  Spaces  ftsmall 
into  a stack  over  (Sch/ S) fppf . 


Proof.  We  have  seen  in  Lemmas  77.8.1|that  pfg  : QCohfg  — > (Sch/S)fppf  satisfies 
(1),  (2)  and  (3)  of  Stacks,  Definition  8.4.1  The  additional  condition  (4)  of  Stacks, 
Remark  8.4.9  holds  because  every  algebraic  space  X over  S is  of  the  form  U/R 
for  U,R  € Ob  ((Sch/ S)  fppf),  see  Spaces,  Lemma  52.9.1  Thus  there  is  only  a set 
worth  of  isomorphism  classes  of  objects.  Hence  we  obtain  Spaces ft  smaU  from  the 
discussion  in  that  remark.  □ 


We  will  often  perform  the  replacement 

Spacesft  Spaces ft  small 

without  further  remarking  on  it,  and  by  abuse  of  notation  we  will  simply  denote 
SpaceSft  this  replacement. 

Remark  77.8.3.  Note  that  the  whole  discussion  in  this  section  works  if  we  want 
to  consider  those  algebraic  spaces  X/U  which  are  locally  of  finite  type  such  that  the 
inverse  image  in  X of  an  affine  open  of  U can  be  covered  by  countably  many  affines. 
If  needed  we  can  also  introduce  the  notion  of  a morphism  of  K-type  (meaning  some 
bound  on  the  number  of  generators  of  ring  extensions  and  some  bound  on  the 
cardinality  of  the  affines  over  a given  affine  in  the  base)  where  k is  a cardinal,  and 
then  we  can  produce  a stack 

Spaces K — > (Sch/ S) fPpf 

in  exactly  the  same  manner  as  above  (provided  we  make  sure  that  Sch  is  large 
enough  depending  on  k). 


77.9.  Examples  of  stacks  in  groupoids 

The  examples  above  are  examples  of  stacks  which  are  not  stacks  in  groupoids.  In 
the  rest  of  this  chapter  we  give  algebraic  geometric  examples  of  stacks  in  groupoids. 


77.10.  The  stack  associated  to  a sheaf 

Let  F : (Sch/ S)°fppf  Sets  be  a presheaf.  We  obtain  a category  fibred  in  sets 

pF  : SF  — ► (Sch/ S) fppf , 


see  Categories,  Example  4.37.5  This  is  a stack  in  sets  if  and  only  if  F is  a sheaf, 
see  Stacks,  Lemma [8. 6. 3| 

77.11.  The  stack  in  groupoids  of  finitely  generated  quasi-coherent 

sheaves 


Let  p : QCohfg  — > (Sch/ S)  fppf  be  the  stack  introduced  in  Section  77.5  (using  the 
abuse  of  notation  introduced  there).  We  can  turn  this  into  a stack  in  groupoids 
p'  : QCoh^g  — ► (Sch/ S) fPpf  by  the  procedure  of  Categories,  Lemma  4.34.3  see 
Stacks,  Lemma  8.5.3  In  this  particular  case  this  simply  means  QCoh!jg  has  the 
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036Z 


same  objects  as  QCohfg  but  the  morphisms  are  pairs  (f,g)  : ([/,  J7)  — > (U/T') 
where  g is  an  isomorphism  g : f*T'  — ► T . 


77.12.  The  stack  in  groupoids  of  finite  type  algebraic  spaces 


Let  p : Spaces ft  — > (Sch/ S) fppf  be  the  stack  introduced  in  Section  77.8 
abuse  of  notation  introduced  there).  We  can  turn  this  into  a stack  in 
p'  : Spaces' ft  — > (Sch/ S) fppf  by  the  procedure  of  Categories,  Lemma 
Stacks,  Lemma 


8.5.3 


(using  the 
groupoids 


4.34.3 


see 


In  this  particular  case  this  simply  means  Spaces'ft  has  the 
same  objects  as  Spaces ft,  i.e.,  finite  type  morphisms  X — > U where  X is  an  algebraic 
space  over  S and  U is  a scheme  over  S.  But  the  morphisms  (f,g)  : X/U  — > Y/V 
are  now  commutative  diagrams 


X 

U 


which  are  cartesian. 


77.13.  Quotient  stacks 

Let  (U,  R , s,  t,  c)  be  a groupoid  in  algebraic  spaces  over  S.  In  this  case  the  quotient 
stack 


[U/R]  — > (Sch/ S) fppf 


is  a stack  in  groupoids  by  construction,  see  Groupoids  in  Spaces,  Definition  65.19.1 


It  is  even  the  case  that  the  /sora-sheaves  are  representable  by  algebraic  spaces,  see 
Bootstrap,  Lemma  |67.11.5|  These  quotient  stacks  are  of  fundamental  importance 
to  the  theory  of  algebraic  stacks. 


A special  case  of  the  construction  above  is  the  quotient  stack 


[X/G]  — ► (Sch/ S)  fppf 


associated  to  a datum  (B,  G/B , to,  X/B,  a).  Here 


(1)  B is  an  algebraic  space  over  S, 

(2)  (G,  to)  is  a group  algebraic  space  over  S, 

(3)  X is  an  algebraic  space  over  B , and 

(4)  a : G x b X — > X is  an  action  of  G on  X over  B. 


Namely,  by  Groupoids  in  Spaces,  Definition  65.19.1  the  stack  in  groupoids  [X/G] 
is  the  quotient  stack  [X/G  x^I]  given  above.  It  behooves  us  to  spell  out  what  the 


category  [X/G]  really  looks  like.  We  will  do  this  in  Section  77.15 


77.14.  Classifying  torsors 

We  want  to  carefuly  explain  a number  of  variants  of  what  it  could  mean  to  study 
the  stack  of  torsors  for  a group  algebraic  space  G or  a sheaf  of  groups  Q. 
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04UJ 


04UK 


04UL 


77.14.1.  Torsors  for  a sheaf  of  groups.  Let  Q be  a sheaf  of  groups  on  ( Sch/S ) fPPf- 
For  U £ Ob  ((Sch/S)  fppf)  we  denote  Q\u  the  restriction  of  Q to  (Sch/U)  fppf.  We 
define  a category  Q -Torsors  as  follows: 

(1)  An  object  of  Q - Torsors  is  a pair  ( U , T)  where  U is  an  object  of  ( Sch / S)  fppf 
and  T is  a U|j/-torsor,  see  Cohomology  on  Sites,  Definitional. 5.1 

(2)  A morphism  (U,T)  — )•  (V,  TL)  is  given  by  a pair  (/,  a),  where  / : U — » V 
is  a morphism  of  schemes  over  S,  and  a : f~lrH  — > T is  an  isomorphism 
of  Q | [/-torsors. 

Thus  Q - Torsors  is  a category  and 


p : Q -Torsors — > (Sch/S) fPPf,  (U,T)  i — > U 

is  a functor.  Note  that  the  fibre  category  of  Q -Torsors  over  U is  the  category  of 
G\u  -torsors  which  is  a groupoid. 


Lemma  77.14.2.  Up  to  a replacement  as  in  Stacks,  Remark  8-4-9  the  functor 

p : Q -Torsors  — > (Sch/S) fppf 
defines  a stack  in  groupoids  over  (Sch/ S) fppf . 


Proof.  The  most  difficult  part  of  the  proof  is  to  show  that  we  have  descent  for 
objects.  Let  [Ui  — > /7}j6/  be  a covering  of  (Sch/S) fppf.  Suppose  that  for  each  i we 
are  given  a tyj^-torsor  J-),  and  for  each  i,j  £ I an  isomorphism  pij  : Tt  \ u,  x ,, u,  —t 


glue  to  give  a map  a : Q\u  x T — > T . Now  we  have  to  show  that  a is  an  action  and 
that  T becomes  a tJ|c/-torsor.  Both  properties  may  be  checked  locally,  and  hence 
follow  from  the  corresponding  properties  of  the  actions  Q \ ut  x 4Fi  — > T, . This  proves 
that  descent  for  objects  holds  in  Q -Torsors.  Some  details  omitted.  □ 


77.14.3.  Variant  on  torsors  for  a sheaf. 

can  be  generalized  slightly.  Namely,  let  Q — > 
and  let 

m : Q Xg  Q 


The  construction  of  Subsection  77.14.1 
B be  a map  of  sheaves  on  (Sch/S)  fppf 


be  a group  law  on  Q /B.  In  other  words,  the  pair  (Q,  m)  is  a group  object  of  the  topos 
Sh((Sch/ S) fppf) / B.  See  Sites,  Section  7.29  for  information  regarding  localizations 
of  topoi.  In  this  setting  we  can  define  a category  Q /B -Torsors  as  follows  (where  we 
use  the  Yoneda  embedding  to  think  of  schemes  as  sheaves): 


(1)  An  object  of  Q /B-Torsors  is  a triple  (U,b,T)  where 

(a)  U is  an  object  of  (Sch/S)fppf, 

(b)  b : U -A  B is  a section  of  B over  U,  and 

(c)  T is  a U x^g  t/-torsor  over  U. 

(2)  A morphism  (U,b,T)  — > (U',U,F')  is  given  by  a pair  (f,g),  where  / : 
U — > U'  is  a morphism  of  schemes  over  S such  that  b = b'  o /,  and 
g : f~xr  — > T is  an  isomorphism  of  U x^g  t/-torsors. 

Thus  Q /B-Torsors  is  a category  and 


p : Q /B-Torsors — > (Sch/S) fppf,  (U,b,T)  \ — > U 
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is  a functor.  Note  that  the  fibre  category  of  Q /B-Torsors  over  U is  the  disjoint 
union  over  b : U — > B of  the  categories  of  U xbjB  C/-torsors,  hence  is  a groupoid. 

In  the  special  case  B = S we  recover  the  category  Q-Torsors  introduced  in  Subsec- 
tion [773131 


04UM  Lemma  77.14.4.  Up  to  a replacement  as  in  Stacks,  Remark  8-4-9  the  functor 


p : Q /B-Torsors  — > (Sch/ S) fppf 
defines  a stack  in  groupoids  over  (Sch/ S) fppf . 


Proof.  This  proof  is  a repeat  of  the  proof  of  Lemma  |77.14.2|  The  reader  is 
encouraged  to  read  that  proof  first  since  the  notation  is  less  cumbersome.  The 
most  difficult  part  of  the  proof  is  to  show  that  we  have  descent  for  objects.  Let 
{Ui  — > U }ig/  be  a covering  of  (Sch/ S) fppf . Suppose  that  for  each  i we  are  given  a 
pair  (bj,  Tj)  consisting  of  a morphism  bi  : Ui  — >■  B and  a Ui  xbi:B  S-torsor  Ft,  and 
for  each  i,j  £ I we  have  bj \ jj. x u jj,  = bj\uiXuu  and  we  are  given  an  isomorphism 
< Pij  : -Fi \uiXu Uj  -t  F j | UjXVUj  of  (Ut  xv  Uj)  xB  ^-torsors  satisfying  a suitable  co- 


cycle condition  on  Ui  xB  Uj  Xjj  Uk-  Then  by  Sites,  Section  7.25  we  obtain  a sheaf 


F on  (Sch/U)fppf  whose  restriction  to  each  Ui  recovers  Fj  as  well  as  recovering 
the  descent  data.  By  the  sheaf  axiom  for  B the  morphisms  bi  come  from  a unique 
morphism  b : U -A  B.  By  the  equivalence  of  categories  in  Sites,  Lemma  [7.25. 3|  the 
action  maps  (Ui  xb.BQ)  xjj.  Fi  -A  F,  glue  to  give  a map  (U  xb,s  G)  x T — > T . 
Now  we  have  to  show  that  this  is  an  action  and  that  F becomes  a U xbB  tj-torsor. 
Both  properties  may  be  checked  locally,  and  hence  follow  from  the  corresponding 
properties  of  the  actions  on  the  Fi-  This  proves  that  descent  for  objects  holds  in 
Q /B-Torsors.  Some  details  omitted.  □ 


04UN  77.14.5.  Principal  homogeneous  spaces.  Let  B be  an  algebraic  space  over  S. 
Let  G be  a group  algebraic  space  over  B.  We  define  a category  G-Principal  as 
follows: 

(1)  An  object  of  G-Principal  is  a triple  (U,  b , X)  where 

(a)  U is  an  object  of  (Sch/ S) fppf, 

(b)  b : U — > B is  a morphism  over  S , and 

(c)  X is  a principal  homogeneous  Gjj- space  over  U where  Gjj  = Ux  b,BG. 
See  Groupoids  in  Spaces,  Definition |65.9.3| 

(2)  A morphism  (U,b,X)  — ► (U',b',X')  is  given  by  a pair  (f,g),  where  / : 
U — > U'  is  a morphism  of  schemes  over  B , and  g : X — >•  U x ftjj>  X'  is  an 
isomorphism  of  principal  homogeneous  Gj/-spaces. 

Thus  G-Principal  is  a category  and 

p : G-Principal  — > (Sch/ S)  fppf,  (U,  b , X)  i — > U 

is  a functor.  Note  that  the  fibre  category  of  G-Principal  over  U is  the  disjoint  union 
over  b :[/—)•  B of  the  categories  of  principal  homogeneous  U xb,B  G-spaces,  hence 
is  a groupoid. 

In  the  special  case  S = B the  objects  are  simply  pairs  (U,X)  where  U is  a scheme 
over  S , and  X is  a principal  homogeneous  Gy-space  over  U . Moreover,  morphisms 
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are  simply  cartesian  diagrams 

X >■  X' 

9 

U — r-+U' 

where  g is  G-equi  variant. 

04UP  Remark  77.14.6.  We  conjecture  that  up  to  a replacement  as  in  Stacks,  Remark 
18.4.91  the  functor 

p : G-Principal  — > (Sch/ S) fppf 

defines  a stack  in  groupoids  over  (Sch/ S)  fppf . This  would  follow  if  one  could  show 
that  given 

(1)  a covering  {Ut  U}ieI  of  ( Sch/ S) fppf, 

(2)  an  group  algebraic  space  H over  U, 

(3)  for  every  i a principal  homogeneous  Hui -space  X,;  over  Ui,  and 

(4)  fl-equi  variant  isomorphisms  <Pij  : X^  i jiXuu  X jtUiXuU ■ satisfying  the 

cocycle  condition, 

there  exists  a principal  homogeneous  H-space  X over  U which  recovers  (Xi,ipij). 
The  technique  of  the  proof  of  Bootstrap,  Lemma  |67.11.8|  reduces  this  to  a set 
theoretical  question,  so  the  reader  who  ignores  set  theoretical  questions  will  “know” 
that  the  result  is  true.  In  http: //math. Columbia. edu/~dejong/wordpress/?p= 
591  there  is  a suggestion  as  to  how  to  approach  this  problem. 

04UQ  77.14.7.  Variant  on  principal  homogeneous  spaces.  Let  S'  be  a scheme.  Let 
B = S.  Let  G be  a group  scheme  over  B = S.  In  this  setting  we  can  define  a full 
subcategory  G- Principal- Schemes  C G-Principal  whose  objects  are  pairs  (U,X) 
where  U is  an  object  of  (Sch/ S) fppf  and  X — > U is  a principal  homogeneous  G- 
space  over  U which  is  representable,  i.e.,  a scheme. 

It  is  in  general  not  the  case  that  G-Principal- Schemes  is  a stack  in  groupoids  over 
(Sch/ S) fppf . The  reason  is  that  in  general  there  really  do  exist  principal  homoge- 
neous spaces  which  are  not  schemes,  hence  descent  for  objects  will  not  be  satisfied 
in  general. 

04UR  77.14.8.  Torsors  in  fppf  topology.  Let  B be  an  algebraic  space  over  S.  Let  G 
be  a group  algebraic  space  over  B.  We  define  a category  G-Torsors  as  follows: 

(1)  An  object  of  G-Torsors  is  a triple  (U,  b , X)  where 

(a)  U is  an  object  of  (Sch/ S)  fppf, 

(b)  b : U — > B is  a morphism,  and 

(c)  X is  an  fppf  Gy-torsor  over  U where  Gu  = U xb,B  G. 

See  Groupoids  in  Spaces,  Definition  |65. 9. 3 

(2)  A morphism  (U,b,X)  — > (U',b',X')  is  given  by  a pair  (/, g),  where  / : 
U — > U'  is  a morphism  of  schemes  over  B , and  g : X — ► U x ftjj>  X'  is  an 
isomorphism  of  Gy-torsors. 

Thus  G-Torsors  is  a category  and 

p : G-Torsors  — > (Sch/ S) /PP/,  (U,  a.  A')  i — > U 

is  a functor.  Note  that  the  fibre  category  of  G-Torsors  over  U is  the  disjoint  union 
over  b : U ^ B of  the  categories  of  fppf  U xbiB  G-torsors,  hence  is  a groupoid. 
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04US 


In  the  special  case  S = B the  objects  are  simply  pairs  ( U,X ) where  U is  a scheme 
over  S,  and  X is  an  fppf  Gjj- torsor  over  U.  Moreover,  morphisms  are  simply 
cartesian  diagrams 

X — X' 

9 

U— f^U' 

where  g is  G-equi  variant. 


Lemma  77.14.9.  Up  to  a replacement  as  in  Stacks , Remark  8./. 9 the  functor 

p : G-Torsors  — > {Sch/  S)  fppf 


defines  a stack  in  groupoids  over  (Sch/ S)  fppf . 


04UT 


Proof.  The  most  difficult  part  of  the  proof  is  to  show  that  we  have  descent  for 
objects,  which  is  Bootstrap,  Lemma  67.11.8  We  omit  the  proof  of  axioms  (1)  and 

(2)  of  Stacks,  Definition  8.5.1  □ 


Lemma  77.14.10.  Let  B be  an  algebraic  space  over  S . Let  G be  a group  algebraic 
space  over  B.  Denote  Q,  resp.  B the  algebraic  space  G,  resp.  B seen  as  a sheaf  on 
{Sch/ S)  fppf . The  functor 


G-Torsors  — > Q /B-Torsors 


which  associates  to  a triple  { U,b,X ) the  triple  (U,  6,  X)  where  X is  X viewed  as  a 
sheaf  is  an  equivalence  of  stacks  in  groupoids  over  {Sch/ S) fppf . 


Proof.  We  will  use  the  result  of  Stacks,  Lemma |8.4.8|to  prove  this.  The  functor  is 
fully  faithful  since  the  category  of  algebraic  spaces  over  S'  is  a full  subcategory  of 
the  category  of  sheaves  on  {Sch/S)fppf.  Moreover,  all  objects  (on  both  sides)  are 
locally  trivial  torsors  so  condition  (2)  of  the  lemma  referenced  above  holds.  Hence 
the  functor  is  an  equivalence.  □ 


04UU  77.14.11.  Variant  on  torsors  in  fppf  topology.  Let  S be  a scheme.  Let  B = S. 

Let  G be  a group  scheme  over  B = S.  In  this  setting  we  can  define  a full  subcategory 
G-Torsors- Schemes  C G-Torsors  whose  objects  are  pairs  {U,X)  where  U is  an 
object  of  ( Sch/S ) fppf  and  X — > U is  an  fppf  G-torsor  over  U which  is  representable, 
i.e.,  a scheme. 

It  is  in  general  not  the  case  that  G-Torsors-Schemes  is  a stack  in  groupoids  over 
{Sch/S)  fppf.  The  reason  is  that  in  general  there  really  do  exist  fppf  G-torsors  which 
are  not  schemes,  hence  descent  for  objects  will  not  be  satisfied  in  general. 


77.15.  Quotients  by  group  actions 


04UV 

04WL 


At  this  point  we  have  introduced  enough  notation  that  we  can  work  out  in  more 
detail  what  the  stacks  [ X/G \ of  Section  77.13  look  like. 


Situation  77.15.1.  Here 

(1)  S'  is  a scheme  contained  in  Schfppf , 

(2)  B is  an  algebraic  space  over  S, 

(3)  (G,  m)  is  a group  algebraic  space  over  B , 

(4)  7r  : X — } B is  an  algebraic  space  over  B,  and 

(5)  a : G xB  X — > X is  an  action  of  G on  X over  B. 
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0370 


In  this  situation  we  construct  a category  [[X/G]Qas  follows: 

(1)  An  object  of  [[X/G]]  consists  of  a quadruple  (U,b,  P,  p : P X)  where 

(a)  U is  an  object  of  (Sch/S) fppf, 

(b)  b : U ^ B is  a morphism  over  S , 

(c)  P is  an  fppf  Gy-torsor  over  U where  Gjj  = U G,  and 

(d)  p : P — > X is  a G-equivariant  morphism  fitting  into  the  commutative 
diagram 


U — b-^  B 

(2)  A morphism  of  [[X/G]]  is  a pair  (/,  g)  : (U,  b,  P , p)  — > (U' , b' , P' , p')  where 
/ : U U'  is  a morphism  of  schemes  over  B and  g : P — > P'  is  a G- 
equi  variant  morphism  over  / which  induces  an  isomorphism  P = U x f u> 
P' , and  has  the  property  that  p = p'  o g.  In  other  words  (/,  g)  fits  into 
the  following  commutative  diagram 


Thus  [[X/G]]  is  a category  and 

p : [[X/G]]  — ► (Sch/S)fppf,  (U,  b , P,  tp)  i — x U 

is  a functor.  Note  that  the  fibre  category  of  [[X/G]]  over  U is  the  disjoint  union  over 
b £ Mors(C7,  B)  of  U *b,B  G-torsors  P endowed  with  a G-equivariant  morphism  to 
X.  Hence  the  fibre  categories  of  [[X/G]]  are  groupoids. 

Note  that  the  functor 


[[X/ G]]  — >•  G-  Torsors,  (U,  b , P , p)  \ — > (U,  b , P) 
is  a 1-morphism  of  categories  over  (Sch/S)  fppf. 

Lemma  77.15.2.  Up  to  a replacement  as  in  Stacks , Remark  8./. 9 the  functor 

p : [[X/G]]  > (Sch/S) fppf 

defines  a stack  in  groupoids  over  (Sch/ S) fppf . 


Proof.  The  most  difficult  part  of  the  proof  is  to  show  that  we  have  descent  for 
objects.  Suppose  that  {Ui  — > U}i^i  is  a covering  in  (Sch/S)fppf.  Let  & = 
(Ui,bi,Pi,pi)  be  objects  of  [[X/G]]  over  Ui,  and  let  pij  : pr^  — »•  prj^  be  a 
descent  datum.  This  in  particular  implies  that  we  get  a descent  datum  on  the 
triples  ( Ui,bi,Pi ) for  the  stack  in  groupoids  G-Torsors  by  applying  the  functor 
[[X/G]]  — » G-Torsors  above.  We  have  seen  that  G-Torsors  is  a stack  in  groupoids 


2The  notation  [[X/G]]  with  double  brackets  serves  to  distinguish  this  category  from  the  stack 
[X/G]  introduced  earlier.  In  Proposition |77. 15. 3| we  show  that  the  two  are  canonically  equivalent. 
Afterwards  we  will  use  the  notation  [X/G]  to  indicate  either. 
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04WM 


(Lemma  77.14.9 1.  Hence  we  may  assume  that  bi  = b\Bi  for  some  morphism 
b : U — ► B,  and  that  Pi  = XJi  Xy  P for  some  fppf  Gjj  = U xbB  G-torsor  P 
over  U.  The  morphisms  tpi  are  compatible  with  the  canonical  descent  datum  on 
the  restrictions  Ui  Xy  P and  hence  define  a morphism  tp  : P — x X.  (For  example 
you  can  use  Sites,  Lemma [7. 25. 3|  or  you  can  use  Descent  on  Spaces,  Lemma [61. 6. 2| 
to  get  ip.)  This  proves  descent  for  objects.  We  omit  the  proof  of  axioms  (1)  and 

□ 


(2)  of  Stacks,  Definition  8.5.1 


Proposition  77.15.3. 


In  Situation 
[X/G] 


77.15.1 


there  exists  a canonical  equivalence 


[[X/G)\ 


of  stacks  in  groupoids  over  (Sch/S)fppf. 

Proof.  We  write  this  out  in  detail,  to  make  sure  that  all  the  definitions  work  out 
in  exactly  the  correct  manner.  Recall  that  [X/G]  is  the  quotient  stack  associated 
to  the  groupoid  in  algebraic  spaces  (X,  G Xg  X,s,t,c),  see  Groupoids  in  Spaces, 
Definition  65.19.1  This  means  that  [X/G]  is  the  stackification  of  the  category 


fibred  in  groupoids  [X/pG\  associated  to  the  functor 

(Sch/ S) fppf  — > Groupoids , U i — > (X(U),G(U)  Xb(u ) X(U),s,t,c) 

where  s(g,x)  = x,  t(g,x)  = a(g,x ),  and  c((g,x),  (g',x'))  = (m(g,g'),xf).  By  the 

an  object  of  [X/pG]  is  a pair  (U,x) 


construction  of  Categories,  Example 
with  x £ X{U)  and  a morphism  (/,<?) 
morphism  of  schemes  / : U 


4.36.1 

JK 


, x)  — X ( U',x ')  of  [X/pG]  is  given  by  a 
U'  and  an  element  g G G(U)  such  that  a(g,  x)  = x'of. 
Hence  we  can  define  a 1-morphism  of  stacks  in  groupoids 


Fp  : [X/pG]  — > [[X/G]] 


by  the  following  rules:  On  objects  we  set 


Fp(U,x ) = (U,tt  o x,G  xb,kox  U,ao  (idG  x x)) 


This  makes  sense  because  the  diagram 


G xB^ox  U G Xb,tt  X X 

’ ldcxai  ’ a 

7 r 

U — B 

commutes,  and  the  two  horizontal  arrows  are  G-equivariant  if  we  think  of  the  fibre 
products  as  trivial  G-torsors  over  XJ,  resp.  X.  On  morphisms  (/,  g)  : (U,x)  — x 
(U',xr)  we  set  Fp(f,g)  = ( f,Rg ) where  Rg  denotes  right  translation  by  g.  More 
precisely,  the  morphism  of  Fp(f,  g)  : FP(U,  x)  — >■  FP(U' , x')  is  given  by  the  cartesian 
diagram 

G XB  7TOX  G X B tzox'  bJ 

Rb-i 

/ 

U *U' 

where  Rg- 1 on  T-valued  points  is  given  by 

Rg-i(g',u)  = (' m(g’,i(g)),f(u )) 

To  see  that  this  works  we  have  to  verify  that 

a o (idG  xi)  = ao  (idG  x x')  o Rg-i 
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which  is  true  because  the  right  hand  side  applied  to  the  T- valued  point  (g' , u ) gives 
the  desired  equality 

a((idG  x x')(m{g' ,i(g)),  f(u)))  = a(m(g' , i(g)) , x' (/ (u))) 

= a(g',a(i(g),x'(f(u )))) 

= a(g',  x(u)) 


because  a(g7  x)  = x'  o f and  hence  a(i(g),x'  o /)  = x. 

By  the  universal  property  of  stackification  from  Stacks,  Lemma  |8.9.2|  we  obtain  a 
canonical  extension  F : [X/G]  — > [[A'/G]]  of  the  1-morphism  Fp  above.  We  first 
prove  that  F is  fully  faithful.  To  do  this,  since  both  source  and  target  are  stacks  in 
groupoids,  it  suffices  to  prove  that  the  Isom- sheaves  are  identified  under  F.  Pick  a 
scheme  U and  objects  £,£'  of  [X/G]  over  U.  We  want  to  show  that 

F : Isom[x/G](tt')  — * Isom[[x/G]](F(£),  F(£ ')) 


is  an  isomorphism  of  sheaves.  To  do  this  it  suffices  to  work  locally  on  U,  and  hence 
we  may  assume  that  £,£'  come  from  objects  (U,x),  (U,x')  of  [X/pG\  over  U ; this 
follows  directly  from  the  construction  of  the  stackification,  and  it  is  also  worked 
out  in  detail  in  Groupoids  in  Spaces,  Section  65.23|  Either  by  directly  using  the 
description  of  morphisms  in  [X/pG\  above,  or  using  Groupoids  in  Spaces,  Lemma 
1(15,21 .11  we  see  that  in  this  case 


Isom[X/G](£,£')  = U X(x,x'),xxsx,(s,t)  (G  xB  X) 


A T- valued  point  of  this  fibre  product  corresponds  to  a pair  ( u,g ) with  u £ U(T), 
and  g £ G(T ) such  that  a(g,xou)  = x'ou.  (Note  that  this  implies  ttoxou  = ttox'o 
u.)  On  the  other  hand,  a T-valued  point  of  Jsom^/G]]  (F(€),  F(€'))  by  definition 
corresponds  to  a morphism  u : T — > U such  that  Troxou  = nox'ou:T  — > B and 
an  isomorphism 


R : G x b. 


T 


G x r 


T 


of  trivial  Gt~ torsors  compatible  with  the  given  maps  to  X.  Since  the  torsors  are 
trivial  we  see  that  R = Rg- 1 (right  multiplication)  by  some  g £ G(T).  Compat- 
ibility with  the  maps  a o (1G,  x o u),  a o (1G,  x'  o u)  : G xB  T — > X is  equivalent 
to  the  condition  that  a{g , x o u)  = x'  o u.  Hence  we  obtain  the  desired  equality  of 
Isom- sheaves. 


Now  that  we  know  that  F is  fully  faithful  we  see  that  Stacks,  Lemma [8.4. 8| applies. 
Thus  to  show  that  F is  an  equivalence  it  suffices  to  show  that  objects  of  [[A/G]] 
are  fppf  locally  in  the  essential  image  of  F.  This  is  clear  as  fppf  torsors  are  locally 
trivial,  and  hence  we  win.  □ 


0371  Remark  77.15.4.  Let  S’  be  a scheme.  Let  G be  an  abstract  group.  Let  X be 
an  algebraic  space  over  S.  Let  G — > Auts(X)  be  a group  homomorphism.  In  this 
setting  we  can  define  [[X/G]]  similarly  to  the  above  as  follows: 

(1)  An  object  of  [[X/G]]  consists  of  a triple  (U,  P,  ip  : P — > X)  where 

(a)  U is  an  object  of  (Sch/S) fppf, 

(b)  P is  a sheaf  on  (Sch/U)  fppf  which  comes  with  an  action  of  G that 
turns  it  into  a torsor  under  the  constant  sheaf  with  value  G,  and 

(c)  ip  : P — > X is  a G-equivariant  map  of  sheaves. 
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(2)  A morphism  (f,g)  : (U,P,ip)  — > (U',P',ipr)  is  given  by  a morphism  of 
schemes  / : T — >■  T'  and  a G-equi  variant  isomorphism  g : P — > f~1P' 
such  that  tp  = ip'  o g. 

In  exactly  the  same  manner  as  above  we  obtain  a functor 

U/G]}  — ► (Sch/S)fppf 

which  turns  [[X/G]]  into  a stack  in  groupoids  over  ( Sch/S)fppf . The  constant 
sheaf  G is  (provided  the  cardinality  of  G is  not  too  large)  representable  by  Gs 
on  ( Sch/S)fppf  and  this  version  of  [[X/G]]  is  equivalent  to  the  stack  [[X/Gs]] 
introduced  above. 


77.16.  The  Picard  stack 


0372  Let  S be  a scheme.  Let  7r  : X — ► B be  a morphism  of  algebraic  spaces  over  S.  We 
define  a category  Picx/B  as  follows: 

(1)  An  object  is  a triple  (U,b,£),  where 

(a)  U is  an  object  of  (Sch/S) fppf, 

(b)  b : U — > B is  a morphism  over  S,  and 

(c)  £ is  in  invertible  sheaf  on  the  base  change  Xjj  = U Xb,B  X. 

(2)  A morphism  (f,g)  : (U,b,£)  — > (U',b',£')  is  given  by  a morphism  of 
schemes  / : U — > U'  over  B and  an  isomorphism  g : f*£'  — > £. 

The  composition  of  (f,g)  : (U,b,£)  — ► (U',b\£')  with  ( f,g ')  : ( U',b',£ ')  —> 
(U",b",£")  is  given  by  (/  of, go  f*(g')).  Thus  we  get  a category  Picx/B  and 

P ■ Picx/B  — > (Sch/S)fppf,  (U,  b,  £)  \ — » U 


is  a functor.  Note  that  the  hbre  category  of  Picx/B  over  U is  the  disjoint  union 
over  b £ Mois{U,  B)  of  the  categories  of  invertible  sheaves  on  Xrj  = U xbjB  X. 
Hence  the  fibre  categories  are  groupoids. 


04WN  Lemma  77.16.1.  Up  to  a replacement  as  in  Stacks , Remark  8. £9  the  functor 

Picx/B  t (Sch/ S) fppf 


defines  a stack  in  groupoids  over  (Sch/ S) fppf . 


Proof.  As  usual,  the  hardest  part  is  to  show  descent  for  objects.  To  see  this  let 
{Ui  — > U}  be  a covering  of  (Sch/S) fppf.  Let  f = (Ui,bi,£f)  be  an  object  of 
Picx/B  lying  over  Ui,  and  let  ipij  : prg£,  — > prj^  be  a descent  datum.  This  implies 
in  particular  that  the  morphisms  6,;  are  the  restrictions  of  a morphism  b : U — » B. 
Write  Xu  = U x^^b  X and  Xj  = U;  ^ X = Ui  Xu  U x^  b X = Ui  Xu  Xu- 
Observe  that  is  an  invertible  G.\q -module.  Note  that  {Xj  — x Xu}  forms  an  fppf 
covering  as  well.  Moreover,  the  descent  datum  i pij  translates  into  a descent  datum 
on  the  invertible  sheaves  £i  relative  to  the  fppf  covering  {X.^  — > Xu}-  Hence  by 
Descent  on  Spaces,  Proposition I61.4.T]  we  obtain  a unique  invertible  sheaf  £ on  Xu 
which  recovers  £i  and  the  descent  data  over  X4.  The  triple  (U,b,£)  is  therefore 
the  object  of  Picx/B  over  U we  were  looking  for.  Details  omitted.  □ 


77.17.  Examples  of  inertia  stacks 


0373  Here  are  some  examples  of  inertia  stacks. 
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Example  77.17.1.  Let  S'  be  a scheme.  Let  G be  a commutative  group.  Let 
X — > S be  a scheme  over  S.  Let  a : G x X — ► X be  an  action  of  G on  X.  For  g £ G 
we  denote  g : X — » X the  corresponding  automorphism.  In  this  case  the  inertia 
stack  of  [X/G\  (see  Remark  77.15. 4[)  is  given  by 

hx/G)  = I lgeGlx9/G], 


where,  given  an  element  g of  G,  the  symbol  X9  denotes  the  scheme  X9  = {x  £ X \ 
g(x)  = x}.  In  a formula  X9  is  really  the  fibre  product 


X9  — X X(11)ixxsa',(3,i)  X. 

Indeed,  for  any  .S-scheme  T,  a T-point  on  the  inertia  stack  of  [X/G\  consists  of  a 
triple  (P/T,  (f>,  a)  consisting  of  a G-torsor  P — > T together  with  a G-equivariant 
isomorphism  <j>  : P —>  X,  together  with  an  automorphism  a of  P — > T over  T such 
that  4>  o a = (f>.  Since  G is  a sheaf  of  commutative  groups,  a is,  locally  in  the  fppf 
topology  over  T,  given  by  multiplication  by  some  element  g of  G.  The  condition  that 
(f> oa  = (/)  means  that  </>  factors  through  the  inclusion  of  X9  in  X , i.e. , (j>  is  obtained 
by  composing  that  inclusion  with  a morphism  P — > X1 . The  above  discussion 
allows  us  to  define  a morphism  of  fibred  categories  I[x/G\  — ► llgeG^3 / G]  given  on 
T-points  by  the  discussion  above.  We  omit  showing  that  this  is  an  equivalence. 


0375  Example  77.17.2.  Let  X — > S be  a morphism  of  schemes.  Assume  that  for  any 
T — > S the  base  change  fr  : Xt  — > T has  the  property  that  the  map  Ot  — > fr,*OxT 
is  an  isomorphism.  (This  implies  that  / is  cohomologically  flat  in  dimension  0 
(insert  future  reference  here)  but  is  stronger.)  Consider  the  Picard  stack  Picx/s > 
see  Section  [77T61  The  points  of  its  inertia  stack  over  an  ^-scheme  T consist  of 
pairs  (£,  a)  where  C is  a line  bundle  on  Xt  and  a is  an  automorphism  of  that  line 
bundle.  I.e.,  we  can  think  of  a as  an  element  of  H°(Xt,Oxt)x  = H°(T,Q ^)  by 
our  condition.  Note  that  H°(T,Ot)  = Gmjg(T),  see  Groupoids,  Example |38.5.1 
Hence  the  inertia  stack  of  Picx/s  is 

Ipicx/S  = Gm,5  xs  Picx/s- 
as  a stack  over  (Sch/S) fppf- 


77.18.  Finite  Hilbert  stacks 
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We  formulate  this  in  somewhat  greater  generality  than  is  perhaps  strictly  needed. 
Fix  a 1-morphism 

F-.x—^y 

of  stacks  in  groupoids  over  (Sch/S)  fvvf.  For  each  integer  d > 1 consider  a category 
Ud(X/y)  defined  as  follows: 

(1)  An  object  (U,  Z,y,x,a)  where  U,  Z are  objects  of  in  (Sch/ S)  fppf  and  Z 
is  a finite  locally  free  of  degree  d over  U,  where  y £ Ob(jVt/),  x £ Ob (Xz) 
and  a : y\z  — > F(x)  is  an  isomorphisnQ 


s This  means  the  data  gives  rise,  via  the  2-Yoneda  lemma  (Categories,  Lemma  4.40.1 1,  to  a 
2-commutative  diagram 


(Sch/ Z)  fppf  X 

1 

\ y " 
(Sch/u)  fppf  — — y 
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(2)  A morphism  (U,  Z , y,  x , a)  (U' , Z' , y' , x' , a')  is  given  by  a morphism  of 

schemes  / : U — > U' , a morphism  of  schemes  g : Z — » Z'  which  induces  an 
isomorphism  Z ^ Z'  Xjj  U' , and  isomorphisms  b : y — » f*y’ , a : x — )•  <7* a/ 
inducing  a commutative  diagram 


/V 


^F{x) 

F(a) 


It  is  clear  from  the  definitions  that  there  is  a canonical  forgetful  functor 

p-nd{x/y ) — ► (. Sch/s)fppf 

which  assigns  to  the  quintuple  ([/,  Z,  y,  x,  a)  the  scheme  U and  to  the  morphism 
(/,  g,  b,  a)  : ( U , Z,  y,  x , a)  — > (U',  Z' , y',  xl , a')  the  morphism  / : U U' . 

05WB  Lemma  77.18.1.  The  category  T-Ld(X /y)  endowed  with  the  functor  p above  defines 
a stack  in  groupoids  over  (Sch/ S) fppf . 


Proof.  As  usual,  the  hardest  part  is  to  show  descent  for  objects.  To  see  this  let 
{Ui  — ► U}  be  a covering  of  (Sch/ S) fppf-  Let  = (C/j,  Zi,yi,Xi,a.j)  be  an  object 
of  TLd(X /y)  lying  over  Ui,  and  let  ipij  : prjj^i  — > prj^j  be  a descent  datum.  First, 
observe  that  ipij  induces  a descent  datum  ( Zi/Ui , ipij ) which  is  effective  by  Descent, 
Lemma  34.33.1  This  produces  a scheme  Z/U  which  is  finite  locally  free  of  degree  d 


by  Descent,  Lemma[34.19.28|  From  now  on  we  identify  Z%  with  Z XjjUi.  Next,  the 
objects  y.-,  in  the  fibre  categories  descend  to  an  object  y in  34/  because  y is  a 
stack  in  groupoids.  Similarly  the  objects  Xi  in  the  fibre  categories  Ag.  descend  to  an 
object  x in  Xz  because  A is  a stack  in  groupoids.  Finally,  the  given  isomorphisms 

Q-i  : (y\z)zi  = Vi\zi  — > F(Xi)  = F(x \Zi) 


glue  to  a morphism  a : y\z  - 
is  a sheaf.  Details  omitted. 


F(x)  as  the  y is  a stack  and  hence  Isomy(y\z,  F(x)) 

□ 


05WC  Definition  77.18.2.  We  will  denote  TLd(X /y)  the  degree  d finite  Hilbert  stack  of 
A over  y constructed  above.  If  y = S we  write  Hd( A)  = TLd( A /y).  If  A = y = S 
we  denote  it  TLd- 


Note  that  given  F : A — > y as  above  we  have  the  following  natural  1-morphisms  of 
stacks  in  groupoids  over  (Sch/ S)  fppf- 


05WD  (77.18.2.1) 


nd( A)  ^ — nd(x/y) 


ud 


Each  of  the  arrows  is  given  by  a ’’forgetful  functor”. 


of  stacks  in  groupoids  over  (Sch/ S)  fppf  • Alternatively,  we  may  picture  a as  a 2-morphism 

yo(Z^U) 

(. sch/z ) fppf  y. 


Fox 
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Lemma  77.18.3.  The  1-morphism  TLd{X /y)  -A  TLd{X)  is  faithful. 


Proof.  To  check  that  TLd(X /y)  — > TLd{X)  is  faithful  it  suffices  to  prove  that  it  is 
faithful  on  fibre  categories.  Suppose  that  £ = (U,Z,y,x,a)  and  £'  = (U,Z',y',x',a') 
are  two  objects  of  TLd{X /V)  over  the  scheme  U.  Let  (g,b,a),(g',b',a')  :£—>■£' 
be  two  morphisms  in  the  fibre  category  of  TLd(X /y)  over  U.  The  image  of  these 
morphisms  in  TLd{%)  agree  if  and  only  if  g = g'  and  a = a' . Then  the  commutative 
diagram 


y 

b\z , b'\z 

y'\z 


^F{x) 

F(a)=F(a') 

■F(pV)=F((</)V) 


implies  that  b\z  = b'\z ■ Since  Z — > U is  finite  locally  free  of  degree  d we  see 
{Z  — ► U}  is  an  fppf  covering,  hence  b = b' . □ 
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78.1.  Introduction 

06TG  There  is  a myriad  of  ways  to  think  about  sheaves  on  algebraic  stacks.  In  this  chapter 
we  discuss  one  approach,  which  is  particularly  well  adapted  to  our  foundations  for 
algebraic  stacks.  Whenever  we  introduce  a type  of  sheaves  we  will  indicate  the 
precise  relationship  with  similar  notions  in  the  literature.  The  goal  of  this  chapter 
is  to  state  those  results  that  are  either  obviously  true  or  straightforward  to  prove 
and  leave  more  intricate  constructions  till  later. 


In  fact,  it  turns  out  that  to  develop  a fully  fledged  theory  of  constructible  etale 
sheaves  and/or  an  adequate  discussion  of  derived  categories  of  complexes  0-modules 
whose  cohomology  sheaves  are  quasi-coherent  takes  a significant  amount  of  work, 
see  |Ols07hj.  We  will  return  to  this  in  Cohomology  of  Stacks,  Section 

In  the  literature  and  in  research  papers  on  sheaves  on  algebraic  stacks  the  lisse-etale 
site  of  an  algebraic  stack  often  plays  a prominent  role.  However,  it  is  a problematic 
beast,  because  it  turns  out  that  a morphism  of  algebraic  stacks  does  not  induce  a 
morphism  of  lisse-etale  topoi.  We  have  therefore  made  the  design  decision  to  avoid 
any  mention  of  the  lisse-etale  site  as  long  as  possible.  Arguments  that  traditionally 
use  the  lisse-etale  site  will  be  replaced  by  an  argument  using  a Cech  covering  in  the 
site  XSmooth  defined  below. 


84.1 


Some  of  the  notation,  conventions  and  terminology  in  this  chapter  is  awkward  and 
may  seem  backwards  to  the  more  experienced  reader.  This  is  intentional.  Please 
see  Quot,  Section  81.1  for  an  explanation. 


78.2.  Conventions 

06TH  The  conventions  we  use  in  this  chapter  are  the  same  as  those  in  the  chapter  on 
algebraic  stacks,  see  Algebraic  Stacks,  Section  |76.2|  For  convenience  we  repeat 
them  here. 


We  work  in  a suitable  big  fppf  site  Schfppf  as  in  Topologies,  Definition  33.7.6  So, 


if  not  explicitly  stated  otherwise  all  schemes  will  be  objects  of  Schfppf.  We  record 
what  changes  if  you  change  the  big  fppf  site  elsewhere  (insert  future  reference  here). 

We  will  always  work  relative  to  a base  S contained  in  Schfppf.  And  we  will  then 
work  with  the  big  fppf  site  ( Sch/S)fppf , see  Topologies,  Definition  33.7.8  The 
absolute  case  can  be  recovered  by  taking  S = Spec(Z). 
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78.3.  Presheaves 


06TI  In  this  section  we  define  presheaves  on  categories  fibred  in  groupoids  over  ( Sch / S)  fppf , 
but  most  of  the  discussion  works  for  categories  over  any  base  category.  This  section 
also  serves  to  introduce  the  notation  we  will  use  later  on. 

06TJ  Definition  78.3.1.  Let  p : X — > (Sch/S)  fppf  be  a category  fibred  in  groupoids. 

(1)  A presheaf  on  X is  a presheaf  on  the  underlying  category  of  X . 

(2)  A morphism  of  presheaves  on  X is  a morphism  of  presheaves  on  the  un- 
derlying category  of  X. 

We  denote  PSh(X)  the  category  of  presheaves  on  X. 


This  defines  presheaves  of  sets.  Of  course  we  can  also  talk  about  presheaves  of 
pointed  sets,  abelian  groups,  groups,  monoids,  rings,  modules  over  a fixed  ring, 
and  lie  algebras  over  a fixed  field,  etc.  The  category  of  abelian  presheaves , i.e. , 
presheaves  of  abelian  groups,  is  denoted  PAb(X). 


Let  / : X — > y be  a 1-morphism  of  categories  fibred  in  groupoids  over  (Sch/S)  fPPf- 
Recall  that  this  means  just  that  / is  a functor  over  (Sch/S)  f_pPf-  The  material  in 
Sites,  Section  7.18  provides  us  with  a pair  of  adjoint  functor^] 

06TK  (78.3.1.1)  fp  : PSh(y)  — > PSh(X)  and  pf  : PSh(X)  — > PSh(y). 


The  adjointness  is 


Mor  psh(X)(fpG1J7)  = Mor  psh(y)(G,  PfP) 

where  IF  £ Ob (PSh(X))  and  Q € Ob(PSh(y)).  We  call  fpQ  the  pullback  of  Q.  It 
follows  from  the  definitions  that 


fpG(x)  = g(f(x)) 

for  any  x £ Ob(X).  The  presheaf  pfT  is  called  the  pushforward  of  P.  It  is  described 
by  the  formula 

ipfF){y)  = lim/W)^  F(x). 

The  rest  of  this  section  should  probably  be  moved  to  the  chapter  on  sites  and  in 
any  case  should  be  skipped  on  a first  reading. 

06TL  Lemma  78.3.2.  Let  f : X — ► y and  g : y — »•  Z be  1-morphisms  of  categories  fibred 
in  groupoids  over  (Sch/ S) fppf . Then  (g  o f)p  = fp  o gp  and  there  is  a canonical 
isomorphism  p(go  f)  — > pgopf  compatible  with  with  adjointness  of  (fp,Pf),  (gp,Pg), 
and  ((g°  f)p,P(g°  f)). 

Proof.  Let  TL  be  a presheaf  on  Z.  Then  (g  o f)p/H  = fp(gpTL)  is  given  by  the 
equalities 

(9  ° f)pK(x)  = H((g  o f)(x))  = H(g(f(x)))  = fp(gpH)(x). 

We  omit  the  verification  that  this  is  compatible  with  restriction  maps. 

Next,  we  define  the  transformation  p(gof)  — > pgopf.  Let  IF  be  a presheaf  on  X.  If  z 
is  an  object  of  Z then  we  get  a category  J of  quadruples  (x,  f(x)  — > y,  y , g(y)  — > z) 
and  a category  I of  pairs  (x,g(f( x))  — > z).  There  is  a canonical  functor  J — ► T 


1 These  functors  will  be  denoted  / 1 and  /*  after  Lemma 


78.4.4 


has  been  proved. 
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sending  the  object  {x,  a : f(x)  y,  y,  /3  : g(y)  -»  z)  to  (a;,  /3  o /(a)  : g(f{x))  ->  z). 
This  gives  the  arrow  in 

(P(g  ° f)F)(z)  = lim g(f(x))^zF(x) 

= limx  T 
— >•  lim  j T 

= lims(j/)->z  (lim /(»)->» ^(a:)) 

= (P9°pfF)(x) 

by  Categories,  Lemma[4.14.8[  We  omit  the  verification  that  this  is  compatible  with 
restriction  maps.  An  alternative  to  this  direct  construction  is  to  define  p(g  o /)  = 
p9  ° pf  as  the  unique  map  compatible  with  the  adjointness  properties.  This  also 
has  the  advantage  that  one  does  not  need  to  prove  the  compatibility. 

Compatibility  with  adjointness  of  (fp,pf),  (gp,Pg),  and  ((<7  ° f)p , P(g  ° /))  means 
that  given  presheaves  H and  T as  above  we  have  a commutative  diagram 

MorpSh(X)(fpgp'H,  F)  = Mor PSh(y)(gp'H,pfJ:)  = MorPSh{y)  (H,  pgpfT) 


Mor PSh(X)((g  ° f)pG , F)  MorpSh{y) (G,p(g  o f)T) 

Proof  omitted.  □ 

06TM  Lemma  78.3.3.  Let  f,g:X-^ybe  1-morphisms  of  categories  fibred  in  groupoids 
over  (Sch/ S) fppf . Let  t : f -A  g be  a 2-morphism  of  categories  fibred  in  groupoids 
over  (Sch/ S)  fppf . Assigned  to  t there  are  canonical  isomorphisms  of  functors 

tp  : gp  — fp  and  pt  : pf  — » pg 

which  compatible  with  adjointness  of  (fp,pf)  and  (gp,Pg)  and  with  vertical  and 
horizontal  composition  of  2-morphisms. 


Proof.  Let  Q be  a presheaf  on  y.  Then  tp  : gpG  — ► fpQ  is  given  by  the  family  of 
maps 

gpg(x)  = G(g(x))  G(f(x))  = fpQ(x) 

parametrized  by  x £ Ob(A’).  This  makes  sense  as  tx  : f(x)  -A  g(x)  and  Q is 
a contravariant  functor.  We  omit  the  verification  that  this  is  compatible  with 
restriction  mappings. 


To  define  the  transformation  pt  for  y £ Ob(jP)  define  *1,  resp.  to  be  the  category 
of  pairs  (x,xj)  : f(x)  — ► y),  resp.  (x,ip  : g(x)  — > y),  see  Sites,  Section  7.18  Note  that 

given  by  the  rule 


t defines  a functor  yt 


91  - 


(x,g(x)  -A  y)  i — (xj(x)  g(x)  -►  y). 


Note  that  for  T a presheaf  on  X the  composition  of  yt  with  T 
(x,  f(x)  — > y)  i-A  T(x)  is  equal  to  T : 9Topp  ->  Sets.  Hence  by  Categories,  Lemma 


/jopp  Sets f 


4.14.8  we  get  for  every  y £ Ob(jP)  a canonical  map 

(pfF)(y)  = lim ,XJ  — > lim»x T = (PgT){y) 


We  omit  the  verification  that  this  is  compatible  with  restriction  mappings.  An 
alternative  to  this  direct  construction  is  to  define  pt  as  the  unique  map  compatible 
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with  the  adjointness  properties  of  the  pairs  (fp,Pf)  and  (gp,pg)  (see  below).  This 
also  has  the  advantage  that  one  does  not  need  to  prove  the  compatibility. 

Compatibility  with  adjointness  of  (fp,pf)  and  (gp,Pg)  means  that  given  presheaves 
Q and  T as  above  we  have  a commutative  diagram 


MoTPSh{x)(fpg,T) Mor  psh(y){GiPfF) 


-o  tp 

Mor  PSh(x)(gpG,F) 


pt  o — 

i 

M 0Tpsh(y){G,PgJr ) 


Proof  omitted.  Hint:  Work  through  the  proof  of  Sites,  Lemma [7.18.2  and  observe 
the  compatibility  from  the  explicit  description  of  the  horizontal  and  vertical  maps 
in  the  diagram. 


We  omit  the  verification  that  this  is  compatible  with  vertical  and  horizontal  com- 
positions. Hint:  The  proof  of  this  for  tp  is  straightforward  and  one  can  conclude 
that  this  holds  for  the  pt  maps  using  compatibility  with  adjointness.  □ 


78.4.  Sheaves 


06TN  We  first  make  an  observation  that  is  important  and  trivial  (especially  for  those 
readers  who  do  not  worry  about  set  theoretical  issues). 


Consider  a big  fppf  site  Schfppf  as  in  Topologies,  Definition  33.7.6  and  denote  its 
underlying  category  Scha.  Besides  being  the  underlying  category  of  a fppf  site,  the 
category  Scha  can  also  can  serve  as  the  underlying  category  for  a big  Zariski  site, 
a big  etale  site,  a big  smooth  site,  and  a big  syntomic  site,  see  Topologies,  Remark 


33.9.1  We  denote  these  sites  SchZar,  Scheie , Schsmooth,  and  Schsyntomic.  In  this 


situation,  since  we  have  defined  the  big  Zariski  site  (Sch/ S)Zar  of  S,  the  big  etale 
site  (Sch/ S)naie  °f  S,  the  big  smooth  site  (Sch/ S)smooth  of  S,  the  big  syntomic  site 
(Sch/ S) syntomic  of  S,  and  the  big  fppf  site  (Sch/ S)  fppf  of  S as  the  localizations 
(see  Sites,  Section  7.24)  Schzar/S,  Sch^taie/ S , SchSmooth/S , SchSyn^orriiC/S,  and 
Schfppf /S  of  these  (absolute)  big  sites  we  see  that  all  of  these  have  the  same 
underlying  category,  namely  Scha/S. 


It  follows  that  if  we  have  a category  p : X — > (Sch/ S)fppf  fibred  in  groupoids, 
then  X inherits  a Zariski,  etale,  smooth,  syntomic,  and  fppf  topology,  see  Stacks, 
Definition  18.10.21 

06TP  Definition  78.4.1.  Let  X be  a category  fibred  in  groupoids  over  (Sch/ S) fppf. 

(1)  The  associated  Zariski  site , denoted  XZar , is  the  structure  of  site  on  X 
inherited  from  (Sch/ S)zar- 

(2)  The  associated  etale  site,  denoted  X^taie^  is  the  structure  of  site  on  X 
inherited  from  (Sch/ S)  etale- 

(3)  The  associated  smooth  site,  denoted  Xsrrlooth , is  the  structure  of  site  on  X 
inherited  from  (Sch/ S)sm0oth- 

(4)  The  associated  syntomic  site,  denoted  Xsyn tomic,  is  the  structure  of  site 
on  X inherited  from  (Sch/ S)syntomic- 

(5)  The  associated  fppf  site,  denoted  Xfppf,  is  the  structure  of  site  on  X 
inherited  from  (Sch/S) fppf- 
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This  definition  makes  sense  by  the  discussion  above.  If  X is  an  algebraic  stack,  the 
literature  calls  Xfppf  (or  a site  equivalent  to  it)  the  big  fppf  site  of  X and  similarly 
for  the  other  ones.  We  may  occasionally  use  this  terminology  to  distinguish  this 
construction  from  others. 

06TQ  Remark  78.4.2.  We  only  use  this  notation  when  the  symbol  X refers  to  a category 
fibred  in  groupoids,  and  not  a scheme,  an  algebraic  space,  etc.  In  this  way  we  will 
avoid  confusion  with  the  small  etale  site  of  a scheme,  or  algebraic  space  which  is 
denoted  X^taie  (in  which  case  we  use  a roman  capital  instead  of  a calligraphic  one). 

Now  that  we  have  these  topologies  defined  we  can  say  what  it  means  to  have  a 
sheaf  on  X,  i.e.,  define  the  corresponding  topoi. 

06TR  Definition  78.4.3.  Let  X be  a category  fibred  in  groupoids  over  ( Sch/ S) fppf . 
Let  J7  be  a presheaf  on  X . 

(1)  We  say  T is  a Zariski  sheaf,  or  a sheaf  for  the  Zariski  topology  if  T is  a 
sheaf  on  the  associated  Zariski  site  XZar- 

(2)  We  say  J-  is  an  etale  sheaf  or  a sheaf  for  the  etale  topology  if  T is  a sheaf 
on  the  associated  etale  site  X^taie- 

(3)  We  say  J7  is  a smooth  sheaf  or  a sheaf  for  the  smooth  topology  if  J7  is  a 
sheaf  on  the  associated  smooth  site  Xsrnooth- 

(4)  We  say  J7  is  a syntomic  sheaf  or  a sheaf  for  the  syntomic  topology  if  J-  is 
a sheaf  on  the  associated  syntomic  site  Xsyntornic. 

(5)  We  say  T is  an  fppf  sheaf  or  a sheaf  or  a sheaf  for  the  fppf  topology  if  J7 
is  a sheaf  on  the  associated  fppf  site  Xfppf. 

A morphism  of  sheaves  is  just  a morphism  of  presheaves.  We  denote  these  categories 
of  sheaves  Shi  XZar ) , Sh( X^ talc) , ^h(X sm00f,h ) , S hiX ^y  r!  f ry[r,  j(: ) , and  Sh(X ^ pp ^ ) . 

Of  course  we  can  also  talk  about  sheaves  of  pointed  sets,  abelian  groups,  groups, 
monoids,  rings,  modules  over  a fixed  ring,  and  lie  algebras  over  a fixed  field,  etc.  The 
category  of  abelian  sheaves,  i.e.,  sheaves  of  abelian  groups,  is  denoted  Ab(Xfppf ) 
and  similarly  for  the  other  topologies.  If  X is  an  algebraic  stack,  then  Sh(Xfppf) 
is  equivalent  (modulo  set  theoretical  problems)  to  what  in  the  literature  would  be 
termed  the  category  of  sheaves  on  the  big  fppf  site  of  X.  Similar  for  other  topologies. 
We  may  occasionally  use  this  terminology  to  distinguish  this  construction  from 
others. 

Since  the  topologies  are  listed  in  increasing  order  of  strength  we  have  the  following 
strictly  full  inclusions 

Sh{Xfppf)  c Sh{Xsyntomic)  c Sh{Xsmooth ) c Sh{Xitale ) c Sh(XZar ) c PSh(X) 

We  sometimes  write  Sh(Xfppf)  — Sh(X)  and  Ab(Xfppf)  = Ab(X)  in  accordance 
with  our  terminology  that  a sheaf  on  X is  an  fppf  sheaf  on  X . 

With  this  setup  functoriality  of  these  topoi  is  straightforward,  and  moreover,  is 
compatible  with  the  inclusion  functors  above. 

06TS  Lemma  78.4.4.  Let  f : X — » y be  a 1-morphism  of  categories  fibred  in  groupoids 
over  (Sch/S) fPPf-  Let  r £ { Zar , etale,  smooth,  syntomic,  fppf}.  The  functors  pf 
and  fp  of  \78.3.1.1\j  transform  r sheaves  into  r sheaves  and  define  a morphism  of 
topoi  f : Sh{XT)  ->  Sh(yT ) . 


Proof.  This  follows  immediately  from  Stacks,  Lemma [8. 10. 3| 


□ 
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In  other  words,  pushforward  and  pullback  of  presheaves  as  defined  in  Section  [78.3| 
also  produces  pushforward  and  pullback  of  r-sheaves.  Having  said  all  of  the  above 
we  see  that  we  can  write  fp  = /-1  and  vf  = /*  without  any  possibility  of  confusion. 

06TT  Definition  78.4.5.  Let  / : X — > y be  a morphism  of  categories  fibred  in  groupoids 
over  ( Sch/S)fppf . We  denote 

/ = (/  if*)  '■  Sh(Xfppf)  >■  Sh(yfppf) 

the  associated  morphism  of  fppf  topoi  constructed  above.  Similarly  for  the  associ- 
ated Zariski,  etale,  smooth,  and  syntomic  topoi. 


As  discussed  in  Sites,  Section  7.43  the  same  formula  (on  the  underlying  sheaf  of 
sets)  defines  pushforward  and  pullback  for  sheaves  (for  one  of  our  topologies)  of 
pointed  sets,  abelian  groups,  groups,  monoids,  rings,  modules  over  a fixed  ring,  and 
lie  algebras  over  a fixed  field,  etc. 


78.5.  Computing  pushforward 

06W5  Let  / : X — >■  y be  a 1-morphism  of  categories  fibred  in  groupoids  over  ( Sch/S ) fppf. 
Let  T be  a presheaf  on  X.  Let  y £ Ob(J^).  We  can  compute  f*lF(y)  in  the  following 
way.  Suppose  that  y lies  over  the  scheme  V and  using  the  2-Yoneda  lemma  think 
of  y as  a 1-morphism.  Consider  the  projection 

pr  : ( Sch/V)fppf  xyy  X — > X 

Then  we  have  a canonical  identification 

06W6  (78.5.0.1)  = r (iSch/V)fppf  xyy  X}  pr"1^) 

Namely,  objects  of  the  2-fibre  product  are  triples  (h  : U — >•  V,x,f( x)  — ► h*y). 
Dropping  the  h from  the  notation  we  see  that  this  is  equivalent  to  the  data  of  an 
object  x of  X and  a morphism  a : f{x)  — > y of  y.  Since  f*iF(y)  = lim fix)^y  T{x) 
by  definition  the  equality  follows. 

As  a consequence  we  have  the  following  “base  change”  result  for  pushforwards. 
This  result  is  trivial  and  hinges  on  the  fact  that  we  are  using  “big”  sites. 

075B  Lemma  78.5.1.  Let  S be  a scheme.  Let 

y XyX- -r^x 

g 

f f 

y — - — ^ y 

be  a 2-cartesian  diagram  of  categories  fibred  in  groupoids  over  S.  Then  we  have  a 
canonical  isomorphism 

g-1^— >/:(5/)-1^ 
functorial  in  the  presheaf  J-  on  X . 


Proof.  Given  an  object  y'  of  y'  over  V there  is  an  equivalence 

(Sch/V) fppf  Xg^y/jy  X = (Sch/V) fppf  Xyiy  (jy  Xy  X) 

Hence  by  (78.5.0.1)  a bijection  g~1f*Jr(y')  — > fl{g')~1JT(y')-  We  omit  the  verifica- 
tion that  this  is  compatible  with  restriction  mappings.  □ 
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In  the  case  of  a representable  morphism  of  categories  fibred  in  groupoids  this  for- 


mula (78.5.0.1)  simplifies.  We  suggest  the  reader  skip  the  rest  of  this  section. 


06W7  Lemma  78.5.2.  Let  f : X — >•  y be  a 1-morphism  of  categories  fibred  in  groupoids 
over  (Sch/ S) fppf . The  following  are  equivalent 

(1)  f is  representable,  and 

(2)  for  every  y £ Ob(3^)  the  functor  Xopp  — > Sets,  x i-A  Mor y(f(x),y)  is 
representable. 


Proof.  According  to  the  discussion  in  Algebraic  Stacks,  Section [7616] we  see  that  / 
is  representable  if  and  only  if  for  every  y £ Ob(jV)  lying  over  U the  2-fibre  product 
( Sch/U ) fppf  xy,y  X is  representable,  i.e. , of  the  form  ( Sch/Vy ) fppf  for  some  scheme 
Vy  over  U.  Objects  in  this  2-fibre  products  are  triples  (h  : V —>  U,x,  a : f(x)  — > 
h*  y ) where  a lies  over  idy.  Dropping  the  h from  the  notation  we  see  that  this  is 
equivalent  to  the  data  of  an  object  x of  X and  a morphism  f(x)  — > y.  Hence  the 
2-fibre  product  is  representable  by  Vy  and  f(xy)  — > y where  xy  is  an  object  of  X 
over  Vy  if  and  only  if  the  functor  in  (2)  is  representable  by  xy  with  universal  object 
a map  /( xv)  — > y.  □ 


X 


■ y 


Let 


[Sch/  S')  fppf 

be  a 1-morphism  of  categories  fibred  in  groupoids.  Assume  / is  representable. 
For  every  y £ Ob(jV)  we  choose  an  object  u(y)  £ Ob(A)  representing  the  functor 


x i — ^ Mor y(f(x),y)  of  Lemma  78.5.2  (this  is  possible  by  the  axiom  of  choice).  The 
objects  come  with  canonical  morphisms  f(u(y))  — > y by  construction.  For  every 
morphism  /3  : y'  — » y in  y we  obtain  a unique  morphism  u{f 3)  : u{y')  — > u{y)  in  X 
such  that  the  diagram 


fW)) 


fW)) 


f(u(y)) 


y 


y 


commutes.  In  other  words,  u : y —¥  X is  a functor.  In  fact,  we  can  say  a little  bit 
more.  Namely,  suppose  that  V'  = q(y '),  V = q(y),  U'  = p(u(y'))  and  U = p{u{y)). 
Then 

U' ^ U 


V’ 


p(u(P)) 


9(/3) 


V 


is  a fibre  product  square.  This  is  true  because  U’  — » U represents  the  base  change 
[Sch/V)  fppf  Xy,,y  A -»■  (Sch/V)  fppf  xv,y  X of  V'  V. 

06W8  Lemma  78.5.3.  Let  f : X y be  a representable  1-morphism  of  categories  fi- 
bred in  groupoids  over  (Sch/ S) fppf.  Let  r £ { Zar , etale,  smooth,  syntomic,  fppf}. 
Then  the  functor  u : yT  — ► XT  is  continuous  and  defines  a morphism  of  sites 
XT  -A  yT  which  induces  the  same  morphism  of  topoi  Sh(XT)  -A  Sh(yT)  as  the 
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06TU 


06TV 


06TW 


06TX 


morphism  f constructed  in  Lemma  78-4-4 
presheaf  T on  X . 


Moreover,  f*F(y)  = F(u(y))  for  any 


Proof.  Let  {yi  — >•  y]  be  a r-covering  in  y.  By  definition  this  simply  means  that 
{q(yf)  — > q(y)}  is  a r-covering  of  schemes.  By  the  final  remark  above  the  lemma  we 
see  that  {p(u(yi))  — > p(u(y))}  is  the  base  change  of  the  r-covering  {q(yi)  —>  q{y)} 
by  p(u(y))  q(y),  hence  is  itself  a r-covering  by  the  axioms  of  a site.  Hence 

{u(yf)  — » u(y)}  is  a r-covering  of  X.  This  proves  that  u is  continuous. 


Let’s  use  the  notation  up,us,up,us  of  Sites,  Sections  |7.5|  and  17.14]  If  we  can  show 


the  final  assertion  of  the  lemma,  then  we  see  that  f*=up  = us  (by  continuity  of  u 
seen  above)  and  hence  by  adjointness  f^1  = us  which  will  prove  us  is  exact,  hence 
that  u determines  a morphism  of  sites,  and  the  equality  will  be  clear  as  well.  To 
see  that  f*T(y)  = F(u(y))  note  that  by  definition 


f*Hv)  = ipfF)(y)  = lim  f{x)^yF(x). 

Since  u(y)  is  a final  object  in  the  category  the  limit  is  taken  over  we  conclude.  □ 


78.6.  The  structure  sheaf 


Let  r £ {Zar, etale, smooth, syntomic,  fppf}.  Let  p : X — > (Sch/S)  fppf  be  a 
category  fibred  in  groupoids.  The  2-category  of  categories  fibred  in  groupoids  over 
{Sch/ S) fpPf  has  a final  object,  namely,  id  : (Sch/ S) fppf  (Sch/ S) fppf  and  p is 

a 1-morphism  from  X to  this  final  object.  Hence  any  presheaf  Q on  (Sch/S)fppf 
gives  a presheaf  p~1G  on  X defined  by  the  rule  p~1G(x)  = Q(p(x)).  Moreover,  the 
discussion  in  Section  78.4  shows  that  p~lG  is  a r sheaf  whenever  Q is  a r-sheaf. 


Recall  that  the  site  (Sch/S) fppf  is  a ringed  site  with  structure  sheaf  O defined  by 
the  rule 

(. Sch/S)opp  — > Rings,  U/S  i— ► T(U,  Ov) 
see  Descent,  Definition  |34.7.2| 

Definition  78.6.1.  Let  p : X — > (Sch/S) fppf  be  a category  fibred  in  groupoids. 
The  structure  sheaf  of  X is  the  sheaf  of  rings  Ox  = p~10. 


For  an  object  x of  X lying  over  U we  have  Ox(x)  = 0(U)  = T(U,  Ojj)-  Needless  to 
say  Ox  is  also  a Zariski,  etale,  smooth,  and  syntomic  sheaf,  and  hence  each  of  the 
sites  XZar , Xetaiei  X smooth , X3yntomic,  and  Xfppf  is  a ringed  site.  This  construction 
is  functorial  as  well. 

Lemma  78.6.2.  Let  f : X — >•  y be  a 1-morphism  of  categories  fibred  in  groupoids 
over  (Sch/S)  fppf-  Let  r £ {Zar,  etale,  smooth,  syntomic,  fppf}-  There  is  a canon- 
ical identification  f~lOx  = Oy  which  turns  f : Sh(XT)  — >•  Sh(yT)  into  a morphism 
of  ringed  topoi. 


y 


(Sch/S)  fvpf  the  structural 


Proof.  Denote  p : X — ► (Sch/S) fppf  and  q 

functors.  Then  q = p o f,  hence  q~x  = /-1  op-1  by  Lemma  78.3.2 
follows. 


The  result 

□ 


Remark  78.6.3.  In  the  situation  of  Lemma  78.6.2  the  morphism  of  ringed  topoi 
/ : Sh(XT)  — ► Sh(yT)  is  flat  as  is  clear  from  the  equality  f_1Ox  = Oy.  This  is  a 
bit  counter  intuitive,  for  example  because  a closed  immersion  of  algebraic  stacks  is 
typically  not  fiat  (as  a morphism  of  algebraic  stacks).  However,  exactly  the  same 
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06WA 

06WB 


06WD 


thing  happens  when  taking  a closed  immersion  i : X — >•  Y of  schemes:  in  this  case 
the  associated  morphism  of  big  r-sites  i : ( Sch/X)T  — ► ( Sch/Y)T  also  is  flat. 


78.7.  Sheaves  of  modules 


Since  we  have  a structure  sheaf  we  have  modules. 

78.7.1.  Let  X be  a category  fibred  in  groupoids  over  ( Sch/S)fppf . 

presheaf  of  modules  on  X is  a presheaf  of  ©^-modules.  The  category 
presheaves  of  modules  is  denoted  PMod{Gx). 

(2)  We  say  a presheaf  of  modules  T is  an  Ox -module,  or  more  precisely  a 
sheaf  of  Ox -modules  if  T is  an  fppf  sheaf.  The  category  of  ©^-modules 
is  denoted  Mod{Ox)- 

These  (pre)sheaves  of  modules  occur  in  the  literature  as  (pre)sheaves  of  Ox-modules 
on  the  big  fppf  site  of  X.  We  will  occasionally  use  this  terminology  if  we  want  to 
distinguish  these  categories  from  others.  We  will  also  encounter  presheaves  of  mod- 
ules which  are  sheaves  in  the  Zariski,  etale,  smooth,  or  syntomic  topologies  (without 
necessarily  being  sheaves).  If  need  be  these  will  be  denoted  Mod(Xetaie,Ox)  and 
similarly  for  the  other  topologies. 

Next,  we  address  functoriality  - first  for  presheaves  of  modules.  Let 


Definition 

(1)  A 
of 


(Sch/  S)  fppf 


be  a 1-morphism  of  categories  fibred  in  groupoids.  The  functors  f , /*  on  abelian 

presheaves  extend  to  functors 

(78.7.1.1) 

f-1  : PMod(Oy)  — > PMod{Ox)  and  /*  : PMod{Oy)  — > PMod{Ox) 


This  is  immediate  for  /-1  because  f~1G( x)  = G(f(x))  which  is  a module  over 
Oy(f(x))  = 0(q(f(x)))  = G(p(x))  = Ox(x).  Alternatively  it  follows  because 
f~xOy  = Ox  and  because  /-1  commutes  with  limits  (on  presheaves).  Since  /*  is 
a right  adjoint  it  commutes  with  all  limits  (on  presheaves)  in  particular  products. 
Hence  we  can  extend  /*  to  a functor  on  presheaves  of  modules  as  in  the  proof  of 
Modules  on  Sites, 


Lemma  18.12.1 
adjoint  pair  of  functors: 


We  claim  that  the  functors  (78.7.1.1)  form  an 


Mor pMod.(ox){f  GiF)  — Mor pMod(oy)(S , f*iF)- 

As  f~lOy  = Ox  this  follows  from  Modules  on  Sites,  Lemma[l8.12.3  by  endowing 
X and  y with  the  chaotic  topology. 


Next,  we  discuss  functoriality  for  modules,  i.e.,  for  sheaves  of  modules  in  the  fppf 
topology.  Denote  by  / also  the  induced  morphism  of  ringed  topoi,  see  Lemma 
(for  the  fppf  topologies  right  now).  Note  that  the  functors  /-1  and  /* 


78.6.2 


of  (78.7.1.1)  preserve  the  subcategories  of  sheaves  of  modules,  see  Lemma  78.4.4 
Hence  it  follows  immediately  that 


(78.7.1.2)  f-1  : Mod{Oy ) — > Mod{Ox ) and  /*  : Mod{Oy)  — >•  Mod(Ox ) 


06WE 
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form  an  adjoint  pair  of  functors: 

Mor Mod(ox)(f~1Si^)  = Mor Mod(Oy){0 , f*X). 

By  uniqueness  of  adjoints  we  conclude  that  /*  = /_1  where  f*  is  as  defined  in 
Modules  on  Sites,  Section  |18.13|  for  the  morphism  of  ringed  topoi  / above.  Of 
course  we  could  have  seen  this  directly  because  /*(— ) = /_1(— ) ®/-ioy  and 

because  f~1Oy  = Ox- 

Similarly  for  sheaves  of  modules  in  the  Zariski,  etale,  smooth,  syntomic  topology. 


78.8.  Representable  categories 


076N  In  this  short  section  we  compare  our  definitions  with  what  happens  in  case  the 
algebraic  stacks  in  question  are  representable. 

0751  Lemma  78.8.1.  Let  S be  a scheme.  Let  X be  a category  fibred  in  groupoids  over 
( Sch/S ).  Assume  X is  representable  by  a scheme  X.  For  t G {Zar,  etale,  smooth, 
syntomic,  fppf}  there  is  a canonical  equivalence 

(XT,Ox)  = ((Sch/X)T,Ox) 

of  ringed  sites. 


Proof.  This  follows  by  choosing  an  equivalence  ( Sch/X)T  — > X of  categories  fibred 
in  groupoids  over  {Sch/  S)  fppf  and  using  the  functoriality  of  the  construction  X 
XT.  □ 


075J  Lemma  78.8.2.  Let  S be  a scheme.  Let  f : X — >■  y be  a morphism  of  categories 
fibred  in  groupoids  over  S.  Assume  X,  y are  representable  by  schemes  X,  Y . 
Let  f : X —¥  Y be  the  morphism  of  schemes  corresponding  to  f . For  r G {Zar, 
etale,  smooth,  syntomic,  fppf}  the  morphism  of  ringed  topoi  f : ( Sh{XT),Ox ) — >■ 
( Sh(XT),Ox ) agrees  with  the  morphisms  of  ringed  topoi  f : (Sh((Sch/X)T),Ox)  —► 
{Sh{{Sch/Y)T),Oy)  via  the  identifications  of  Lemma  78. 8. l\ 

Proof.  Follows  by  unwinding  the  definitions.  □ 


78.9.  Restriction 


075C  A trivial  but  useful  observation  is  that  the  localization  of  a category  fibred  in 
groupoids  at  an  object  is  equivalent  to  the  big  site  of  the  scheme  it  lies  over. 

06W0  Lemma  78.9.1.  Let  p : X — > {Sch/ S) fppf  be  a category  fibred  in  groupoids.  Let 
t G {Zar,  etale,  smooth,  syntomic,  fppf } . Let  x G Ob(A)  lying  over  U = p(x). 
The  functor  p induces  an  equivalence  of  sites  XT/x  — > ( Sch/U)T . 


Proof.  Note  that  {Sch/U)T  is  the  localization  of  the  site  {Sch/S)  fppf  at  the  object 
U.  It  follows  from  Categories,  Definition  4.34.1  that  the  rule  x' /x  >->■  p{x')/p{x) 
defines  an  equivalence  of  categories  XT/x  —>  ( Sch/U)T . Whereupon  it  follows  from 
Stacks,  Definition|8.10.2  that  coverings  of  x'  in  XT/x  are  in  bijective  correspondence 
with  coverings  oi  p{x')  in  {Sch/U)T.  □ 


We  use  the  lemma  above  to  talk  about  the  pullback  and  the  restriction  of  a 
(pre) sheaf  to  a scheme. 

06W1  Definition  78.9.2.  Let  p : X — ► {Sch/S) fppf  be  a category  fibred  in  groupoids. 
Let  x G Ob(A’)  lying  over  U = p{x).  Let  T be  a presheaf  on  X. 
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06W2 


06W3 


075D 


(1)  The  pullback  x 1F  of  T is  the  restriction  T\txix)  viewed  as  a presheaf  on 
(Sch/U)  fppf  via  the  equivalence  X /x  — > (Sch/U)  fppf  of  Lemma 


78.9.1 


(2)  The  restriction  of  T to  U^taie  is  x 1-7r|c/<!taie)  abusively  written  iF\uUaU. 
This  notation  makes  sense  because  to  the  object  x the  2-Yoneda  lemma,  see  Alge- 


braic Stacks,  Section  76.5  associates  a 1-morphism  x : (Sch/U)  fppf  — > X/x  which 
is  quasi-inverse  to  p : X/x  —A  (Sch/U)  fppf.  Hence  x~xT  truly  is  the  pullback  of 
T via  this  1-morphism.  In  particular,  by  the  material  above,  if  T is  a sheaf  (or  a 
Zariski,  etale,  smooth,  syntomic  sheaf),  then  x~lT  is  a sheaf  on  (Sch/U) fppf  (or 
on  (Sch/U)  Zar:  ( Sch/U)itale , (Sch/U)  smooth  5 (Sch/U)  syntomic)  • 

Let  p : X — > (Sch/ S) fppf  be  a category  fibred  in  groupoids.  Let  p : x — > y 
be  a morphism  of  X lying  over  the  morphism  of  schemes  a : U —>  V.  Recall 
that  a induces  a morphism  of  small  etale  sites  asmaii  : U^taie  —■ ► Vetaie , see  Etale 


Cohomology,  Section  49.34  Let  T be  a presheaf  on  A.  Let  T\uHalt.  and  T\yitale 
be  the  restrictions  of  J-  via  x and  y.  There  is  a natural  comparison  map 


(78.9.2.1) 


Cip  '■  e t a small  ,*(-F\Uita.le) 


of  presheaves  on  U^taie-  Namely,  if  V'  — > V is  etale,  set  U'  = V'  Xy  U and  define 
c,„  on  sections  over  V'  via 


& small,*  (F\Uua  U 

A 


)(V) 


F\u6talAU') 


UF(x') 

Hv') 

-Hv') 


Here  yf  : x' 


y'  is  a morphism  of  X fitting  into  a commutative  diagram 

U' >-  U 

lying  over 

V' 

The  existence  and  uniqueness  of  tp1  follow  from  the  axioms  of  a category  fibred  in 
groupoids.  We  omit  the  verification  that  so  defined  is  indeed  a map  of  presheaves 
(i.e.,  compatible  with  restriction  mappings)  and  that  it  is  functorial  in  T . In  case 
J7  is  a sheaf  for  the  etale  topology  we  obtain  a comparison  map 

(78-9.2.2)  cv  : a~^all(T \VitaJ  — > F\ UttaU 

which  is  also  denoted  cv  as  indicated  (this  is  the  customary  abuse  of  notation  in 
not  distinguishing  between  adjoint  maps). 


Lemma  78.9.3.  Let  T be  an  etale  sheaf  on  X — >■  (Sch/ S)  fppf . 

(1)  If  <p  : x —*■  y and  if  : y — )•  z are  morphisms  of  X lying  over  a : U 
b : V — A W,  then  the  composition 


V and 


® small  (^, 


-1 

small 


G^l  Witau)) 


allC^  . — 1 

> a 


small 


is  equal  to  Cf,ov>  via  the  identification 


( boa)small(:F\wuaie ) = asmall^small^lw^ale))- 
(2)  If  <p  : x —>  y lies  over  an  etale  morphism  of  schemes  a : U 
\78. 9.2.2)  is  an  isomorphism. 


V,  then 
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06WC 
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(3)  Suppose  f : y —¥  X is  a 1 -morphism  of  categories  fibred  in  groupoids  over 

(Sch/S)fppf  and  y is  an  object  of  y lying  over  the  scheme  U with  image 
x = f(y)-  Then  there  is  a canonical  identification  f~xF \uitau  = -^"1  - 

(4)  Moreover,  given  if  : y'  y in  y lying  over  a : U'  -A  U the  comparison 
map  c ^ : (T/rnall(F~1  F\uitaU)  — > T'~1Jr\u'.t  ; is  equal  to  the  comparison 
map  Cfty)  : ciJmaiiF'\uita,e  — > T \m  ; via  the  identifications  in  (3). 

Proof.  The  verification  of  these  properties  is  omitted.  □ 


Next,  we  turn  to  the  restriction  of  (pre)sheaves  of  modules. 

Lemma  78.9.4.  Let  p : X — > (Sch/ S) fppf  be  a category  fibred  in  groupoids. 
Let  t £ {Zar,  etale,  smooth,  syntomic,  fppf}.  Let  x £ Ob(A’)  lying  over  U = 
p(x) . The  equivalence  of  Lemma  \ 78.9.1  extends  to  an  equivalence  of  ringed  sites 
(XT/x,Ox\x)^((Sch/U)T,0). 


Proof.  This  is  immediate  from  the  construction  of  the  structure  sheaves. 


□ 


Let  X be  a category  fibred  in  groupoids  over  ( Sch/S)fppf . Let  T be  a (pre)sheaf 
of  modules  on  X as  in  Definition  |78.7.1|  Let  x be  an  object  of  X lying  over  U. 
Then  Lemma  78.9.4  guarantees  that  the  restriction  x~lF  is  a (pre)sheaf  of  modules 
on  ( Sch/U) fppf . We  will  sometimes  write  x*F  = x ~XT  in  this  case.  Similarly,  if 
T is  a sheaf  for  the  Zariski,  etale,  smooth,  or  syntomic  topology,  then  x~xF  is 
as  well.  Moreover,  the  restriction  F\ uitaW  = x~1T\ uitaU  to  U is  a presheaf  of 
°w«.ie-modules.  If  T is  a sheaf  for  the  etale  topology,  then  T\ uitalc  is  a sheaf  of 
modules.  Moreover,  if jg:x  — » y is  a morphism  of  X lying  over  a : U —¥  V then  the 
comparison  map  (78.9.2.2)  is  compatible  with  a\mall  (see  Descent,  Remark  34.7.4) 
and  induces  a comparison  map 

(78.9.4.1)  cv  : a*srnall(T\v.tale)  — » T\UitaU 

of  C^taie-modules.  Note  that  the  properties  (1),  (2),  (3),  and  (4)  of  Lemma  78.9.3 
hold  in  the  setting  of  etale  sheaves  of  modules  as  well.  We  will  use  this  in  the 
following  without  further  mention. 

Lemma  78.9.5.  Let  p : X — > (Sch/ S)  fppf  be  a category  fibred  in  groupoids.  Let 
t £ {Zar,  etale,  smooth,  syntomic,  fppf}-  The  site  XT  has  enough  points. 

Proof.  By  Sites,  Lemmaf7.37.5lwe  have  to  show  that  there  exists  a family  of  objects 
x of  X such  that  XT/x  has  enough  points  and  such  that  the  sheaves  cover  the 
final  object  of  the  category  of  sheaves.  By  Lemma 


78.9.1 


and  Etale  Cohomology, 
Lemma  49.30.1  we  see  that  XT/x  has  enough  points  for  every  object  x and  we 
win.  □ 


78.10.  Restriction  to  algebraic  spaces 


In  this  section  we  consider  sheaves  on  categories  representable  by  algebraic  spaces. 
The  following  lemma  is  the  analogue  of  Topologies,  Lemma  33.4. 13|  for  algebraic 
spaces. 


Lemma  78.10.1.  Let  S be  a scheme.  Let  X — > (Sch/ S) fppf  be  a category  fibred 
in  groupoids.  Assume  X is  representable  by  an  algebraic  space  F . Then  there  exists 
a continuous  and  cocontinuous  functor  Fatale  ~ > Xetaie  which  induces  a morphism 
of  ringed  sites 

TF  : (XetaleiOx)  > (Fetale,  ® f) 


78.10.  RESTRICTION  TO  ALGEBRAIC  SPACES 


4468 


and  a morphism  of  ringed  topoi 


ip  ■ {Sh(F^taie),Op)  — > (Sh{X6tale),Ox) 


such  that  7Tp  o iF  = id.  Moreover  7 Tp,* 


= 1 


1 

F ■ 


Proof.  Choose  an  equivalence  j : Sf  -a  X , see  Algebraic  Stacks,  Sections [76 . 7| and 
An  object  of  Fatale  is  a scheme  U together  with  an  etale  morphism  ip  : U —>  F. 


76.8 


Then  ip  is  an  object  of  Sf  over  U.  Hence  j(ip)  is  an  object  of  X over  U.  In  this 
way  j induces  a functor  u : Fatale  — > X.  It  is  clear  that  u is  continuous  and 
cocontinuous  for  the  etale  topology  on  X . Since  j is  an  equivalence,  the  functor  u 
is  fully  faithful.  Also,  fibre  products  and  equalizers  exist  in  Fatale  and  u commutes 
with  them  because  these  are  computed  on  the  level  of  underlying  schemes  in  F^aie- 
Thus  Sites,  Lemmas  |7.20.5|  |7.20.6[  and  |7.20.7|  apply.  In  particular  u defines  a 
morphism  of  topoi  ip  : Sh(Fetaie)  —t  Sh(Xetaie ) and  there  exists  a left  adjoint  ip,\ 
of  if  which  commutes  with  fibre  products  and  equalizers. 


We  claim  that  i is  exact.  If  this  is  true,  then  we  can  define  7 ip  by  the  rules 
Fp1  = ip,\  and  7 iq?*  = iff  and  everything  is  clear.  To  prove  the  claim,  note  that 
we  already  know  that  ip\  is  right  exact  and  preserves  fibre  products.  Hence  it 
suffices  to  show  that  ipt  1*  = * where  * indicates  the  final  object  in  the  category  of 
sheaves  of  sets.  Let  U be  a scheme  and  let  ip  : U — > F be  surjective  and  etale.  Set 
R = U Xp  U.  Then 

hp  l hp a-  * 


is  a coequalizer  diagram  in  Sh(F^taie).  Using  the  right  exactness  of  ip\,  using 
ip:\  = ( Up  )#,  and  using  Sites,  Lemma  7.5.6  we  see  that 


hu(R)  > hu(p)  >-  *F,!* 


is  a coequalizer  diagram  in  Sh(F^taie).  Using  that  j is  an  equivalence  and  that 
F = U/R  it  follows  that  the  coequalizer  in  Sh(Xetaie)  of  the  two  maps  — ► 

hum)  is  *•  We  omit  the  proof  that  these  morphisms  are  compatible  with  structure 
sheaves.  □ 


Assume  X is  an  algebraic  stack  represented  by  the  algebraic  space  F.  Let  j : Sf  — >■ 
X be  an  equivalence  and  denote  u : Fatale  — > X^taie  the  functor  of  the  proof  of 
Lemma  [78.10.11  above.  Given  a sheaf  T on  X^taie  we  have 

7 tf^F{U)  = iplF{U)  = F(u(U)). 

This  is  why  we  often  think  of  ip1  as  a restriction  functor  similarly  to  Definition 
|78.9.2| and  to  the  restriction  of  a sheaf  on  the  big  etale  site  of  a scheme  to  the  small 
etale  site  of  a scheme.  We  often  use  the  notation 

075K  (78.10.1.1)  F\ F.taIe  = i~FxT  = 7 tf^F 

in  this  situation. 

073N  Lemma  78.10.2.  Let  S be  a scheme.  Let  f : X — » y be  a morphism  of  categories 
fibred  in  groupoids  over  (Sch/ S) fppf . Assume  X,  y are  representable  by  algebraic 
spaces  F,  G.  Denote  f : F — » G the  induced  morphism  of  algebraic  spaces,  and 
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/ small  ■ Fatale  — t G^taie  the  corresponding  morphism  of  ringed  topoi.  Then 
(Sh(Xttale),ox) 7 — - (Sh(yitale),Oy) 


f 


fs 


( Sh(F,tale),Op ) 


is  a commutative  diagram  of  ringed  topoi. 


( Sh(G6tale),0G ) 


Proof.  This  is  similar  to  Topologies,  Lemma  33.4. 16|  (3)  but  there  is  a small  snag 
due  to  the  fact  that  F — > G may  not  be  representable  by  schemes.  In  particular  we 
don’t  get  a commutative  diagram  of  ringed  sites,  but  only  a commutative  diagram 
of  ringed  topoi. 

Before  we  start  the  proof  proper,  we  choose  equivalences  j : SF  — t X and  f : 
Sg  — t y which  induce  functors  u : Fatale  — > X and  v!  : G^taie  — t y as  in  the 
proof  of  Lemma  |78.10.1|  Because  of  the  2-functoriality  of  sheaves  on  categories 
fibred  in  groupoids  over  Schfppf  (see  discussion  in  Section  78.31  we  may  assume 
that  X = Sp  and  y = Sq  and  that  / : Sp  — >■  Sq  is  the  functor  associated  to  the 
morphism  / : F — > G.  Correspondingly  we  will  omit  u and  v!  from  the  notation, 
i.e.,  given  an  object  U — >■  F of  Fatale  we  denote  U/F  the  corresponding  object  of 
X . Similarly  for  G. 

Let  Q be  a sheaf  on  X^taie-  To  prove  (2)  we  compute  7 rc,*f*G  and  f small, *ff,*G  ■ 
To  do  this  let  V — >•  G be  an  object  of  G^taie-  Then 

VG,*f*S(V)  = f*S(V/G)  = T ((Sch/V)fppf  xy  X , pr_1C?) 

see  (78.5.0.l|.  The  fibre  product  in  the  formula  is 

( Sch/V)fppf  Xy  X = ( Sch/V)fppf  xsG  Sf  = Svxgf 

i.e.,  it  is  the  split  category  fibred  in  groupoids  associated  to  the  algebraic  space 
V x g F.  And  pr ~XQ  is  a sheaf  on  Svxgf  for  the  etale  topology. 

In  particular,  if  V xg  F is  representable,  i.e.,  if  it  is  a scheme,  then  i TG,*f*G(V)  = 
Q(V  xq  F/F)  and  also 

f small, *Ff,*G(V)  = 7 TF>*Q(V  Xg  F)  = Q(V  Xq  F/F) 
which  proves  the  desired  equality  in  this  special  case. 

In  general,  choose  a scheme  U and  a surjective  etale  morphism  U — > V xq  F.  Set 
R = U Xvxgf  U.  Then  U/V  xq  F and  R/V  xgf  are  objects  of  the  fibre  product 
category  above.  Since  pr ~lQ  is  a sheaf  for  the  etale  topology  on  Svxgf  the  diagram 


ppf  Xy  X , pr-1^)  pr -XQ(U/V  xG  F)  pi -^{R/V  xG  F) 


r 


is  an  equalizer  diagram.  Notethatpr  1Q(U/VxgF)  = Q(U/F)  and  pr  1Q(R/Vxg 
F ) = Q(R/F ) by  the  definition  of  pullbacks.  Moreover,  by  the  material  in  Proper- 


ties of  Spaces,  Section  53.17  (especially,  Properties  of  Spaces,  Remark  53.17.4  and 


Lemma  53.17.7)  we  see  that  there  is  an  equalizer  diagram 

f small, *ttf,*G(V) nF,*G(U/F)  **f,.G(R/F) 
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Since  we  also  have  itf,*G(U/F)  = G(U/F)  and  ttf,*G{U/F)  = Q(U/F)  we  obtain 
a canonical  identification  f small, *^f,*G{V)  = nc,*f*G(V).  We  omit  the  proof  that 
this  is  compatible  with  restriction  mappings  and  that  it  is  functorial  in  Q.  □ 

Let  / : X — ► y and  / : F — > G be  as  in  the  second  part  of  the  lemma  above.  A 
consequence  of  the  lemma,  using  (78.10.1.1),  is  that 

075M  (78.10.2.1) 


— f small, *(J~\Fitale) 


for  any  sheaf  T on  X^taie-  Moreover,  if  T is  a sheaf  of  0-modules,  then  (78.10.2.1) 
is  an  isomorphism  of  (Hq-modules  on  G^taie- 

Finally,  suppose  that  we  have  a 2-commutative  diagram 


4 


076Q 


A 


of  1-morphisms  of  categories  fibred  in  groupoids  over  ( Sch/S)fppf , that  F is  a sheaf 
on  Xetaie-,  and  that  IA , V are  representable  by  algebraic  spaces  U,  V.  Then  we  obtain 
a comparison  map 

(78.10.2.2)  c„  : a^g-1  F\VuaJ  — ► 

where  a : U — > V denotes  the  morphism  of  algebraic  spaces  corresponding  to  a. 
This  is  the  analogue  of  (78.9.2.2).  We  define  cv  as  the  adjoint  to  the  map 

-l  ■ 


I 


Vu 


aSmall,*(f  F\uitole)  = («*/  F)\v&i 


(equality  by  (78.10.2.1))  which  is  the  restriction  to  V (78.10.1.1)  of  the  map 

-i  ■ 


9 


a*a  g T = a*/  T 


where  the  last  equality  uses  the  2-commutativity  of  the  diagram  above.  In  case  F 
is  a sheaf  of  0^-modules  cv  induces  a comparison  map 


076R  (78.10.2.3) 


W = <mall(g*F  |w)  — »•  f*F\: 


of  0[/(!(oie-modules.  Note  that  the  properties  (1),  (2),  (3),  and  (4)  of  Lemma  78.9.3 
hold  in  this  setting  as  well. 


78.11.  Quasi-coherent  modules 

06WF  At  this  point  we  can  apply  the  general  definition  of  a quasi-coherent  module  to  the 
situation  discussed  in  this  chapter. 

06WG  Definition  78.11.1.  Let  p : X — ► ( Sch/S)fppf  be  a category  fibred  in  groupoids. 

A quasi-coherent  module  on  X , or  a quasi-coherent  Ox -module  is  a quasi-coherent 
module  on  the  ringed  site  (Xfppf,Ox)  as  in  Modules  on  Sites,  Definition 
The  category  of  quasi-coherent  sheaves  on  X is  denoted  QCoh{Ox)- 

If  X is  an  algebraic  stack,  then  this  definition  agrees  with  all  definitions  in  the 
literature  in  the  sense  that  QCoh(Ox)  is  equivalent  (modulo  set  theoretic  issues)  to 
any  variant  of  this  category  defined  in  the  literature.  For  example,  we  will  match 
our  definition  with  the  definition  in  [Qls07hl  Definition  6.1]  in  Cohomology  on 
Stacks,  Lemma [78.11.5|  We  will  also  see  alternative  constructions  of  this  category 
later  on. 


18.23.1 
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06WH 


06WI 


06WJ 


06WK 


In  general  (as  is  the  case  for  morphisms  of  schemes)  the  pushforward  of  quasi- 
coherent  sheaf  along  a 1-morphism  is  not  quasi-coherent.  Pullback  does  preserve 
quasi-coherence. 

Lemma  78.11.2.  Let  f : X — ► y be  a 1-morphism,  of  categories  fibred  in  groupoids 
over  (Sch/ S) fppf . The  pullback  functor  f*  = /-1  : Mod{Oy)  — > Mod{Ox)  pre- 
serves quasi-coherent  sheaves. 


Proof.  This  is  a general  fact,  see  Modules  on  Sites,  Lemma [18. 23. 4|  □ 

It  turns  out  that  quasi-coherent  sheaves  have  a very  simple  characterization  in 
terms  of  their  pullbacks.  See  also  Lemma  78.11.5  for  a characterization  in  terms  of 
restrictions. 


Lemma  78.11.3.  Let  p : X — » {Sch/ S)  fppf  be  a category  fibred  in  groupoids.  Let 
F be  a sheaf  of  Ox -modules.  Then  T is  quasi-coherent  if  and  only  if  x*T  is  a 
quasi-coherent  sheaf  on  (Sch/U)  fppf  for  every  object  x of  X with  U = p{x). 


Proof.  By  Lemma[78.11.2|the  condition  is  necessary.  Conversely,  since  x* T is  just 
the  restriction  to  Xfppf/x  we  see  that  it  is  sufficient  directly  from  the  definition  of 
a quasi-coherent  sheaf  (and  the  fact  that  the  notion  of  being  quasi-coherent  is  an 
intrinsic  property  of  sheaves  of  modules,  see  Modules  on  Sites,  Section  18.18).  □ 


Although  there  is  a variant  for  the  Zariski  topology,  it  seems  that  the  etale  topology 
is  the  natural  topology  to  use  in  the  following  definition. 

78.11.4.  Let  p : X {Sch/S) fppf  be  a category  fibred  in  groupoids. 
presheaf  of  (^-modules.  We  say  J-  is  locally  quasi- coherent  if  T is  a 
sheaf  for  the  etale  topology  and  for  every  object  x of  X the  restriction  x* Ffj.taU 
is  a quasi-coherent  sheaf.  Here  U = p{x ). 


Definition 

Let  J7  be  a 


We  use  LQCoh(Ox)  to  indicate  the  category  of  locally  quasi-coherent  modules.  We 
now  have  the  following  diagram  of  categories  of  modules 


QCoh{Ox ) 9.  Mod{Ox ) 


LQCoh{Ox) *-  Mod{Xetale,Ox) 

where  the  arrows  are  strictly  full  embeddings.  It  turns  out  that  many  results 
for  quasi-coherent  sheaves  have  a counter  part  for  locally  quasi-coherent  modules. 
Moreover,  from  many  points  of  view  (as  we  shall  see  later)  this  is  a natural  category 
to  consider.  For  example  the  quasi-coherent  sheaves  are  exactly  those  locally  quasi- 
coherent  modules  that  are  “cartesian”,  i.e.,  satisfy  the  second  condition  of  the 
lemma  below. 


Lemma  78.11.5.  Let  p : X — > {Sch/S) fppf  be  a category  fibred  in  groupoids. 
Let  T be  a presheaf  of  Ox -modules.  Then  T is  quasi-coherent  if  and  only  if  the 
following  two  conditions  hold 

(1)  T is  locally  quasi-coherent,  and 

(2)  for  any  morphism  <p  : x — > y of  X lying  over  f : U — > V the  comparison 
map  cv  : /*TOoHJr|v'<to!e,  — > F\ uitalB  of  (7 8.9./.1)  is  an  isomorphism. 


2This  is  nonstandard  notation. 
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Proof.  Assume  F is  quasi-coherent.  Then  F is  a sheaf  for  the  fppf  topology,  hence 
a sheaf  for  the  etale  topology.  Moreover,  any  pullback  of  F to  a ringed  topos  is 
quasi-coherent,  hence  the  restrictions  x*F\uitaU  are  quasi-coherent.  This  proves  F 
is  locally  quasi-coherent.  Let  y be  an  object  of  X with  V = p(y).  We  have  seen 


that  X/y  = (Sch/V) fppf . By  Descent,  Proposition  34.7.11  it  follows  that  y*F  is 
the  quasi-coherent  module  associated  to  a (usual)  quasi-coherent  module  Fy  on 


the  scheme  V.  Hence  certainly  the  comparison  maps  (78.9.4.1)  are  isomorphisms. 


Conversely,  suppose  that  F satisfies  (1)  and  (2).  Let  y be  an  object  of  X with 
V = p(y).  Denote  Fy  the  quasi-coherent  module  on  the  scheme  V corresponding 
to  the  restriction  y*F\vttaie  which  is  quasi-coherent  by  assumption  (1),  see  Descent, 
Proposition  34.7.11  Condition  (2)  now  signifies  that  the  restrictions  x*F\u6taU  for 
x over  y are  each  isomorphic  to  the  (etale  sheaf  associated  to  the)  pullback  of  Fy 
via  the  corresponding  morphism  of  schemes  U — > V . Hence  y*F  is  the  sheaf  on 
(Sch/V) fPpf  associated  to  Fy.  Hence  it  is  quasi-coherent  (by  Descent,  Proposition 
|34.7.11  again)  and  we  see  that  F is  quasi-coherent  on  X by  Lemma  78.11.3  □ 


06WL  Lemma  78.11.6.  Let  f : X — ► y be  a 1-morphism  of  categories  fibred  in  groupoids 

over  (Sch/S)  fppf . The  pullback  functor  f*  = /-1  : M od(y etale,  Oy)  Mod(Xetaie,Ox) 

preserves  locally  quasi-coherent  sheaves. 


Proof.  Let  Q be  locally  quasi-coherent  on  y.  Choose  an  object  x of  X lying  over 
the  scheme  U.  The  restriction  x*  f*Q\uitale  equals  (/  o x)*Q\uitaU  hence  is  a quasi- 
coherent  sheaf  by  assumption  on  □ 

06WM 

(1)  The  category  LQCoh(Ox)  has  colimits  and  they  agree  with  colimits  in  the 
category  Mod(Xetaie,Ox). 

(2)  The  category  LQCoh(Ox ) is  abelian  with  kernels  and  cokernels  computed 
in  Mod(Xetaie,Ox),  in  other  words  the  inclusion  functor  is  exact. 

(3)  Given  a short  exact  sequence  0 — > F\  — > F2  — > F3  — >■  0 of  Mod(Xetaie,  Ox) 
if  two  out  of  three  are  locally  quasi-coherent  so  is  the  third. 

(4)  Given  F^Q  in  LQCoh(Ox)  the  tensor  product  F®oxQ  in  Mod(Xetaie,G>x) 
is  an  object  of  LQCoh(Ox). 

(5)  Given  F,Q  in  LQCoh(Ox)  with  F locally  of  finite  presentation  on  Xet.aie 
the  sheaf  Homo X(F \Q)  in  Mod(Xetaie,  G>x)  is  an  object  of  LQCoh(Ox) . 


Lemma  78.11.7.  Let  p : X — » (Sch/ S)  fppf  be  a category  fibred  in  groupoids. 


Proof.  Each  of  these  statements  follows  from  the  corresponding  statement  of  De- 


scent, Lemma  34.7.13  For  example,  suppose  that  T — ► LQCoh(Ox),  i i-A  Fi  is  a 
diagram.  Consider  the  object  F = colim,;  F,  of  Mod(Xetaie , Ox).  For  any  object  x of 
X with  U = p(x)  the  pullback  functor  x*  commutes  with  all  colimits  as  it  is  a left  ad- 
joint. Hence  x*F  = colinq  Similarly  we  have  x*F\u6tlLle_  = colim iX* Fi\uitaU- 

Now  by  assumption  each  x*Fi\uitaU  is  quasi-coherent,  hence  the  colimit  is  quasi- 
coherent  by  the  aforementioned  Descent,  Lemma  34.7.13  This  proves  (1). 


It  follows  from  (1)  that  cokernels  exist  in  LQCoh(Ox)  and  agree  with  the  cokernels 
computed  in  Mod(Xetaie,G>x).  Let  <p  : F — > Q be  a morphism  of  LQCoh(Ox)  and 
let  JC  = Ker(</?)  computed  in  Mod(X^taieTG>x).  If  we  can  show  that  K.  is  a locally 
quasi-coherent  module,  then  the  proof  of  (2)  is  complete.  To  see  this,  note  that 
kernels  are  computed  in  the  category  of  presheaves  (no  sheafification  necessary). 
Hence  K\ uitau  is  kernel  of  the  map  F\jj6talB  G\uita.iei  i-e->  is  the  kernel  of  a 
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06WN 


06WP 
06  WQ 


06WR 


map  of  quasi-coherent  sheaves  on  U&aie  whence  quasi-coherent  by  Descent,  Lemma 


34.7.13  This  proves  (2). 


Parts  (3),  (4),  and  (5)  follow  in  exactly  the  same  way.  Details  omitted. 


□ 


In  the  generality  discussed  here  the  category  of  quasi-coherent  sheaves  is  not  abelian. 


See  Examples,  Section  88.12  Here  is  what  we  can  prove  without  any  further  work. 


Lemma  78.11.8.  Let  p : X — > (Sch/ S)  fppf  be  a category  fibred  in  groupoids. 

(1)  The  category  QCoh(Ox)  has  colimits  and  they  agree  with  colimits  in  the 
category  Mod(Ox)  as  well  as  with  colimits  in  the  category  LQCoh/Ox)- 
Given  T , Q in  QCoh(Ox)  the  tensor  product  T ®ox  Q in  Mod(Ox)  is  an 
object  of  QCoh(Ox) ■ 

Given  F,Q  in  QCoh(Ox)  with  T locally  of  finite  presentation  on  Xfppf 
the  sheaf  Homo X(T \Q)  in  Mod(Ox)  is  an  object  of  QCoh(Ox)- 


(2) 

(3) 


Proof.  Let  T — > QCoh(Ox ),  i 4 Jj  be  a diagram.  Consider  the  object  T = 
colinp  Ti  of  Mod(Ox).  For  any  object  x of  A'  with  U = p(x)  the  pullback  functor 
x*  commutes  with  all  colimits  as  it  is  a left  adjoint.  Hence  x*J-=  colini;  x*Ti 
in  Mod((Sch/U)fppf,0).  We  conclude  from  Descent,  Lemma 


34.7.13 


that  x*T  is 

quasi-coherent,  hence  T is  quasi-coherent,  see  Lemma  |78.11.3  Thus  we  see  that 


QCoh(Ox ) has  colimits  and  they  agree  with  colimits  in  the  category  Mod(Ox )■  In 
particular  the  (fppf)  sheaf  T is  also  the  colimit  of  the  diagram  in  Mod(Xetaie , Ox), 
hence  T is  also  the  colimit  in  LQCoh(Ox)-  This  proves  (1). 

Parts  (2)  and  (3)  are  proved  in  the  same  way.  Details  omitted.  □ 

78.12.  Stackiflcation  and  sheaves 

It  turns  out  that  the  category  of  sheaves  on  a category  fibred  in  groupoids  only 
“knows  about”  the  stackiflcation. 

Lemma  78.12.1.  Let  f : X -A  y be  a 1-morphism  of  categories  fibred  in  groupoids 
over  (Sch/ S)  fppf . If  f induces  an  equivalence  of  stackifications,  then  the  morphism 
of  topoi  f : Sh(Xfppf)  — > Sh(yfppf ) is  an  equivalence. 

Proof.  We  may  assume  y is  the  stackiflcation  of  X . We  claim  that  / : X — )•  y 
is  a special  cocontinuous  functor,  see  Sites,  Definition  |7.28.2|  which  will  prove  the 
lemma.  By  Stacks,  Lemma  |8.10.3|  the  functor  / is  continuous  and  cocontinuous. 
By  Stacks,  Lemma  8.8.1  we  see  that  conditions  (3),  (4),  and  (5)  of  Sites,  Lemma 
17.28.  II  hold.  □ 

Lemma  78.12.2.  Let  f : X — >•  y be  a 1-morphism  of  categories  fibred  in  groupoids 
over  (Sch/ S) fppf . If  f induces  an  equivalence  of  stackifications,  then  f*  induces 
equivalences  Mod(Ox)  — > Mod(Oy)  and  QCoh(Ox ) — > QCoh(Oy) . 

Proof.  We  may  assume  y is  the  stackiflcation  of  X . The  first  assertion  is  clear 
from  Lemma  78.12.1  and  Ox  = f~xOy.  Pullback  of  quasi-coherent  sheaves  are 
quasi-coherent,  see  Lemma [78.11.2|  Hence  it  suffices  to  show  that  if  f*Q  is  quasi- 
coherent,  then  Q is.  To  see  this,  let  y be  an  object  of  y.  Translating  the  condition 
that  y is  the  stackiflcation  of  X we  see  there  exists  an  fppf  covering  {yi  — » y}  in  y 
such  that  yi  = f(xi)  for  some  xt  object  of  X . Say  Xi  and  yt  lie  over  the  scheme  Ut. 
Then  f*Q  being  quasi-coherent,  means  that  x*f*Q  is  quasi-coherent.  Since  x*f*Q 
is  isomorphic  to  y*Q  (as  sheaves  on  (Sch/Uf) fppf  we  see  that  y*Q  is  quasi-coherent. 
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It  follows  from  Modules  on  Sites,  Lemma  18.23.3  that  the  restriction  of  Q to  y/y 
is  quasi-coherent.  Hence  Q is  quasi-coherent  by  Lemma[78.11.3|  □ 


78.13.  Quasi-coherent  sheaves  and  presentations 

06WS  In  Groupoids  in  Spaces,  Definition|65.12.l|we  have  the  defined  the  notion  of  a quasi- 
coherent  module  on  an  arbitrary  groupoid.  The  following  (formal)  proposition  tells 
us  that  we  can  study  quasi-coherent  sheaves  on  quotient  stacks  in  terms  of  quasi- 
coherent  modules  on  presentations. 

06WT  Proposition  78.13.1.  Let  (U,  R,  s,t,c)  be  a groupoid  in  algebraic  spaces  over  S. 

Let  X = [U/R]  be  the  quotient  stack.  The  category  of  quasi-coherent  modules  on  X 
is  equivalent  to  the  category  of  quasi-coherent  modules  on  (U,  R1  s,t,  c). 


Proof.  Denote  QCoh(U,  R , s,  t,  c)  the  category  of  quasi-coherent  modules  on  the 
groupoid  (U,  R,  s,  t,  c).  We  will  construct  quasi- inverse  functors 

QCohlfDx ) t — » QCoh(U,  R,s,t,c). 

According  to  Lemma|78.12.2|the  stackification  map  [U/PR\  —¥  [U /R]  (see  Groupoids 
in  Spaces,  Definition |65.19Tf  induces  an  equivalence  of  categories  of  quasi-coherent 
sheaves.  Thus  it  suffices  to  prove  the  lemma  with  X = [U/pR\. 

Recall  that  an  object  x = ( T,u ) of  X = [U /PR]  is  given  by  a scheme  T and  a 
morphism  u : T — > U . A morphism  (T,  u ) — * (T1 , u')  is  given  by  a pair  (/,  r)  where 
/ : T — > T'  and  r : T — ► R with  s o r = u and  tor  = u'of.  Let  us  call  a special 
morphism  any  morphism  of  the  form  (/,  e o u'  o /)  : (T,u'  o /)  — » ( T',u ').  The 
category  of  (T,  u ) with  special  morphisms  is  just  the  category  of  schemes  over  U. 


Let  T be  a quasi-coherent  sheaf  on  X.  Then  we  obtain  for  every  x = (T,  u ) 
a quasi-coherent  sheaf  R(t,u)  = x*RW^taie  011  T-  Moreover,  for  any  morphism 
(/,  r)  : x = ( T,u ) — >•  ( T',u' ) = x’  we  obtain  a comparison  isomorphism 


c(f,r)  ' f small^~(T' ,u')  t J~(T,u) 

see  Lemma  |78.11.5  Moreover,  these  isomorphisms  are  compatible  with  composi- 
tions, see  Lemma  78.9.3|  If  U,  R are  schemes,  then  we  can  construct  the  quasi- 
coherent  sheaf  on  the  groupoid  as  follows:  First  the  object  (U,  id)  corresponds  to 
a quasi-coherent  sheaf  Rm, id)  011  U.  Next,  the  isomorphism  a : t*srnauR(u,id)  _■ * 
Kmaii^u, id)  comes  from 

(1)  the  morphism  (R,  id#)  : (R,  s)  — >•  (R,t)  in  the  category  [U/PR]  which 
produces  an  isomorphism  R(rj)  — t R(r,s)> 

(2)  the  special  morphism  (R,  s) 

Ssmall-^(U, id)  ~ ^ R(R,s),  and 

(3)  the  special  morphism  (R,t) 

Kmall^iU, id)  R(R.t)- 

The  cocycle  condition  for  a follows  from  the  condition  that  ( U , R , s,  t.  c)  is  groupoid, 
i.e.,  that  composition  is  associative  (details  omitted). 


(U,  id)  which  produces  an  isomorphism 
(U,  id)  which  produces  an  isomorphism 


To  do  this  in  general,  i.e.,  when  U and  R are  algebraic  spaces,  it  suffices  to  ex- 
plain how  to  associate  to  an  algebraic  space  (W,  u)  over  U a quasi-coherent  sheaf 
Jr(w,u)  and  t°  construct  the  comparison  maps  for  morphisms  between  these.  We 
set  RcwnA  = x*R\weta.u  where  x is  the  1-morphism  Sw  — t Su  — >•  [U /PR]  and  the 


(W,u) 

comparison  maps  are  explained  in  (78.10.2.3). 
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Conversely,  suppose  that  (G,  a)  is  a quasi-coherent  module  on  ( [U , R,  s,  t,  c).  We  are 
going  to  define  a presheaf  of  modules  T on  X as  follows.  Given  an  object  (T,  u)  of 
[U / PR ] we  set 

T(T,u):=T(T,u*smallG). 

Given  a morphism  (/,  r)  : (T,  u)  — >•  ( T',u ')  we  get  a map 

T{T',u')  = T{T',{u'TsmallQ) 

-»•  r(r,  ftmauWYsmallG)  = («'  O 

= r(T,  (i  o = r(r,  r*smallt*smallG) 

->  r(T,  = r(T,  (a  o r);roa„a) 

= r(r,«^oHa) 

= R(T,u) 

where  the  first  arrow  is  pullback  along  / and  the  second  arrow  is  a.  Note  that  if 
(T,  r)  is  a special  morphism,  then  this  map  is  just  pullback  along  / as  e*malla  = id 
by  the  axioms  of  a sheaf  of  quasi-coherent  modules  on  a groupoid.  The  cocycle 
condition  implies  that  J-  is  a presheaf  of  modules  (details  omitted).  It  is  immediate 
from  the  definition  that  T is  quasi-coherent  when  pulled  back  to  (Sch/T)  fppf  (by 
the  simple  description  of  the  restriction  maps  of  J-  in  case  of  a special  morphism). 

We  omit  the  verification  that  the  functors  constructed  above  are  quasi-inverse  to 
each  other.  □ 


We  finish  this  section  with  a technical  lemma  on  maps  out  of  quasi-coherent  sheaves. 
It  is  an  analogue  of  Schemes,  Lemma  25.7.1  We  will  see  later  (Criteria  for  Repre- 
sentability,  Theorem  79.17.2)  that  the  assumptions  on  the  groupoid  imply  that  X 
is  an  algebraic  stack. 


076S  Lemma  78.13.2.  Let  (U,  R,  s,t,c)  be  a groupoid  in  algebraic  spaces  over  S.  As- 
sume s,t  are  flat  and  locally  of  finite  presentation.  Let  X = [U/R]  be  the  quotient 
stack.  Denote  it  : Su  —>  X the  quotient  map.  Let  J7  be  a quasi-coherent  Ox -module, 
and  let  H be  any  object  of  Mod(Ox).  The  map 


Ho  m0x(R,n)  — ► Homea^ktoIe,^ktoJ,  f 

is  injective  and  its  image  consists  of  exactly  those  <p  : x*R\ uitaU  x*TL\uitaic  which 
give  rise  to  a commutative  diagram 


S*small(X*  ?\vitaie) 
‘.maUV 

S*smalli.X*'H\ueto.lY) 


{x  o s)*T \R.taU  =(xo  t)*F \R. 


(x  o s)*n\R.tale  = (xo  t)*H\R.talB 


t*small(X*:F\Utta.u) 


all* 


L small 


(x*n\ 


UttaU 


of  modules  on  Retale  where  the  horizontal  arrows  are  the  comparison  maps  \78.10.2J) ). 

Proof.  According  to  Lemma  78.12.2  the  stackification  map  [U/PR]  — > [U/R]  (see 
Groupoids  in  Spaces,  Definition  65.19.1)  induces  an  equivalence  of  categories  of 
quasi-coherent  sheaves  and  of  fppf  0-modules.  Thus  it  suffices  to  prove  the  lemma 
with  X = [U / PR \.  By  Proposition  78.13.1  and  its  proof  there  exists  a quasi-coherent 
module  (£?,  a)  on  (t/,  R , s,  t,  c ) such  that  T is  given  by  the  rule  T(T,  u ) = T(T,  u*Q). 

In  particular  x*R\i = G and  it  is  clear  that  the  map  of  the  statement  of  the 
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lemma  is  injective.  Moreover,  given  a map  p : Q x*'H\uUatB  and  given  any  object 
y = ( T,u ) of  [U/pR]  we  can  consider  the  map 


aiiV? 


> r(T,u*Smaiix*^\u,taJ  -»•  r(T,  y*H\TitaU)  = n(y) 


F(y)  = T(T,u*G) 

where  the  second  arrow  is  the  comparison  map  (78.9.4.l|  for  the  sheaf  7 ~L.  This 
assignment  is  compatible  with  the  restriction  mappings  of  the  sheaves  T and  Q 
for  morphisms  of  [U/PR\  if  the  cocycle  condition  of  the  lemma  is  satisfied.  Proof 
omitted.  Hint:  the  restriction  maps  of  T are  made  explicit  in  terms  of  (Q,  a)  in  the 
proof  of  Proposition  |78.13.1|  □ 


78.14.  Quasi-coherent  sheaves  on  algebraic  stacks 

06WU  Let  X be  an  algebraic  stack  over  S.  By  Algebraic  Stacks,  Lemma  [76. 16. 2|  we  can 
find  an  equivalence  [U/R]—tX  where  (U,  R,  s,  t,  c ) is  a smooth  groupoid  in  algebraic 
spaces.  Then 


QCoh(Ox ) — QCoh{0]jj/i jj)  = QCoh(U,  R,  s,t,  c) 

where  the  second  equivalence  is  Proposition  |78.13T|  Hence  the  category  of  quasi- 
coherent  sheaves  on  an  algebraic  stack  is  equivalent  to  the  category  of  quasi-coherent 
modules  on  a smooth  groupoid  in  algebraic  spaces.  In  particular,  by  Groupoids  in 
Spaces,  Lemma  65.12.5  we  see  that  QCohjO x)  is  abelian! 


There  is  something  slightly  disconcerting  about  our  current  setup.  It  is  that  the 
fully  faithful  embedding 


QCoh(Ox)  — ► Mod(Ox ) 


is  in  general  not  exact.  However,  exactly  the  same  thing  happens  for  schemes:  for 
most  schemes  X the  embedding 


QCoh(Ox)  = QCoh((Sch/ X) fppf , Ox) 
isn’t  exact,  see  Descent,  Lemma  |34.7.13 


Mod((Sch/X)fppf,Ox) 

Parenthetically,  the  example  in  the 


proof  of  Descent,  Lemma  [34. 7. 13  shows  that  in  general  the  strictly  full  embedding 
QCoh(Ox ) — > LQCoh(Ox ) isn’t  exact  either. 


We  collect  all  the  positive  results  obtained  so  far  in  a single  statement. 

06WV  Lemma  78.14.1.  Let  X be  an  algebraic  stack  over  S. 

(1)  If  [U/R]  — > X is  a presentation  of  X then  there  is  a canonical  equivalence 
QCoh(Ox)  — QCoh(U,R,s,t,c). 

(2)  The  category  QCoh(Ox)  is  abelian. 

(3)  The  category  QCoh(Ox ) has  colimits  and  they  agree  with  colimits  in  the 
category  Mod(Ox)- 

(4)  Given  J7,  Q in  QCoh(Ox)  the  tensor  product  F ®ox  S in  Mod(Ox)  is  an 
object  of  QCoh(Ox) ■ 

(5)  Given  in  QCoh(0 x)  with  T locally  of  finite  presentation  on  Xfppf 
the  sheaf  TLomo X(F \Q)  in  Mod(Ox)  is  an  object  of  QCoh(Ox )■ 


Proof.  Properties  (3),  (4),  and  (5)  were  proven  in  Lemma  [78.11.8 


Proposition  78.13.1  Part  (2)  follows  from  Groupoids  in  Spaces,  Lemma  65.12.5 


discussed  above. 


Part  (1)  is 
as 
□ 


0781 


Proposition  78.14.2.  Let  X be  an  algebraic  stack  over  S. 
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(1)  The  category  QCoh(Ox)  is  a Grothendieck  abelian  category.  Consequently, 
QCoh(Ox)  has  enough  injectives  and  all  limits. 

(2)  The  inclusion  functor  QCoh(Ox)  — > Mod(Ox ) has  a right  adjomQ 

Q : Mod(Ox ) — ► QCoh(Ox) 

such  that  for  every  quasi- coherent  sheaf  F the  adjunction  mapping  Q(J-)  — > 
T is  an  isomorphism. 


Proof.  This  proof  is  a repeat  of  the  proof  in  the  case  of  schemes,  see  Proper- 
ties, Proposition  |27.23.~4|  and  the  case  of  algebraic  spaces,  see  Properties  of  Spaces, 
Proposition |53.3P)  We  advise  the  reader  to  read  either  of  those  proofs  first. 

Part  (1)  means  QCoh(0 x)  (a)  has  all  colimits,  (b)  filtered  colimits  are  exact,  and 


(c)  has  a generator,  see  Injectives,  Section  19.10  By  Lemma  78.14.1  colimits  in 


QCoh[Ox ) exist  and  agree  with  colimits  in  Mod(Ox)-  By  Modules  on  Sites,  Lemma 


18.14.2  filtered  colimits  are  exact.  Hence  (a)  and  (b)  hold. 


Choose  a presentation  X = [ U/R } so  that  (U,R,s,t,c)  is  a smooth  groupoid  in 
algebraic  spaces  and  in  particular  s and  t are  flat  morphisms  of  algebraic  spaces. 
By  Lemma  78.14.1  above  we  have  QCoh(Ox)  = QCoh(U,  R,  s,t,  c).  By  Groupoids 
in  Spaces,  Lemma  65.13.2  there  exists  a set  T and  a family  (iFt)teT  of  quasi-coherent 
sheaves  on  X such  that  every  quasi-coherent  sheaf  on  X is  the  directed  colimit  of 
its  subsheaves  which  are  isomorphic  to  one  of  the  Tt.  Thus  0,  Ft  is  a generator  of 
QCoh(Ox)  and  we  conclude  that  (c)  holds.  The  assertions  on  limits  and  injectives 
hold  in  any  Grothendieck  abelian  category,  see  Injectives,  Theorem  |19.11.6|  and 
Lemma  119.13.21 


Proof  of  (2).  To  construct  Q we  use  the  following  general  procedure.  Given  an 
object  F of  Mod(Ox)  we  consider  the  functor 

QCoh(Ox)°pp  — ► Sets , Q ► Horn X(Q,  F) 


This  functor  transforms  colimits  into  limits,  hence  is  representable,  see  Injectives, 
Lemma  19.13.1|  Thus  there  exists  a quasi-coherent  sheaf  Q(F)  and  a functorial 
isomorphism  Horn x(G,F)  = Hom^(§,  Q(F))  for  Q in  QCohfOx )■  By  the  Yoneda 
lemma  (Categories,  Lemma  |4.3.5 ) the  construction  T QlfF)  is  functorial  in 
T . By  construction  Q is  a right  adjoint  to  the  inclusion  functor.  The  fact  that 
Q(iF)  — y T is  an  isomorphism  when  T is  quasi-coherent  is  a formal  consequence  of 
the  fact  that  the  inclusion  functor  QCoh(Ox)  — > Mod(Ox ) is  fully  faithful.  □ 


78.15.  Cohomology 


Let  S be  a scheme  and  let  X be  a category  fibred  in  groupoids  over  (Sch/S)  fPPf- 
For  any  r £ {Zariski,  etale,  smooth,  syntomic,  fppf}  the  categories  Ab(XT)  and 
Mod(XTlOx)  have  enough  injectives,  see  Injectives,  Theorems  19.7.4  and  |19.8(4 


Thus  we  can  use  the  machinery  of  Cohomology  on  Sites,  Section  [2 1.3|  to  define  the 
cohomology  groups 


Hp(XT,R)  =H?(X,  T)  and  Hp{x,T)  = Hp{x,J:) 

for  any  x £ Ob(X)  and  any  object  T of  Ab(Xr)  or  Mod(XT,Ox )•  Moreover,  if 
/ : X — > y is  a 1-morphism  of  categories  fibred  in  groupoids  over  (Sch/S) fppf, 
then  we  obtain  the  higher  direct  images  TTf*T  in  Ab(yr ) or  Mod(yr,Oy).  Of 


;,'This  functor  is  sometimes  called  the  coherator. 
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06WY 


course,  as  explained  in  Cohomology  on  Sites,  Section  |21.4|  there  are  also  derived 
versions  of  Hp(—)  and  i?*/*- 

Lemma  78.15.1.  Let  S be  a scheme.  Let  X be  a category  fibred  in  groupoids  over 
(Sch/S)fppf.  Let  t £ {Zariski,  etale,  smooth,  syntomic,  fppf}.  Let  x £ Ob(X)  be 
an  object  lying  over  the  scheme  U.  Let  J-  be  an  object  of  Ab(XT)  or  Mod(XT,Ox). 
Then 

H»{x,F)  = Hp((Sch/U) 
and  if  r = etale,  then  we  also  have 

HPitale(x,^)  = Hp(Uitale,T\u,taJ. 


Proof.  The  first  statement  follows  from  Cohomology  on  Sites,  Lemma  21.8.1  and 
the  equivalence  of  Lemma  |78.9.4|  The  second  statement  follows  from  the  first 
combined  with  Etale  Cohomology,  Lemma  49.20.5  □ 


78.16.  Injective  sheaves 


The  pushforward  of  an  injective  abelian  sheaf  or  module  is  injective. 

Lemma  78.16.1.  Let  f : X — ► y be  a 1-morphism  of  categories  fibred  in  groupoids 
over  ( Sch/S ) fppf.  Let  t £ {Zar,  etale , smooth , syntomic , fppf}. 

(1)  ffl  is  injective  in  Ab(yr)  fori  injective  in  Ab(Xr),  and 

(2)  ffl  is  injective  in  Mod(yr,Oy)  fori  injective  in  Mod(XT,Ox )■ 

Proof.  This  follows  formally  from  the  fact  that  /-1  is  an  exact  left  adjoint  of  /*, 
see  Homology,  Lemma [12.25. 1[  □ 

In  the  rest  of  this  section  we  prove  that  pullback  /-1  has  a left  adjoint  ft  on  abelian 
sheaves  and  modules.  If  / is  representable  (by  schemes  or  by  algebraic  spaces),  then 
it  will  turn  out  that  f\  is  exact  and  /-1  will  preserve  injectives.  We  first  prove  a 
few  preliminary  lemmas  about  fibre  products  and  equalizers  in  categories  fibred  in 
groupoids  and  their  behaviour  with  respect  to  morphisms. 

Lemma  78.16.2.  Let  p : X — > (Sch/ S)  fppf  be  a category  fibred  in  groupoids. 

(1)  The  category  X has  fibre  products. 

(2)  If  the  Isom-presheaves  of  X are  representable  by  algebraic  spaces,  then  X 
has  equalizers. 

(3)  If  X is  an  algebraic  stack  (or  more  generally  a quotient  stack),  then  X 
has  equalizers. 


Proof.  Part  (1)  follows  Categories,  Lemma  4.34.14  as  (Sch/S) fppf  has  fibre  prod- 
ucts. 


Let  a,  b : x — >•  y be  morphisms  of  X.  Set  U = p(x)  and  V = p(y).  The  category 
of  schemes  has  equalizers  hence  we  can  let  W — > U be  the  equalizer  of  p(a)  and 
p(b).  Denote  c : z ^ x a morphism  of  X lying  over  W —¥  U.  The  equalizer 
of  a and  b , if  it  exists,  is  the  equalizer  of  a o c and  b o c.  Thus  we  may  assume 
that  p(a)  = p(b)  = f : U — > V.  As  X is  fibred  in  groupoids,  there  exists  a unique 
automorphism  i : x — ► x in  the  fibre  category  of  X over  U such  that  a o i = b.  Again 
the  equalizer  of  a and  b is  the  equalizer  of  idx  and  i.  Recall  that  the  Isomx(x)  is 
the  presheaf  on  (Sch/U)  fppf  which  to  V/U  associates  the  set  of  automorphisms  of 
x\v  in  the  fibre  category  of  X over  V,  see  Stacks,  Definition  8.2.2  If  Isomx(x) 
is  representable  by  an  algebraic  space  G — >•  U,  then  we  see  that  id^  and  i define 
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morphisms  e,i  : U — >•  G over  U.  Set  V = U xe,G,i  U,  which  by  Morphisms  of 
Spaces,  Lemma  54.4.7  is  a scheme.  Then  it  is  clear  that  x\v  — > x is  the  equalizer 
of  the  maps  idx  and  i in  X.  This  proves  (2). 

11  X = [ U/R } for  some  groupoid  in  algebraic  spaces  (U,R,s,t,c)  over  S,  then 
the  hypothesis  of  (2)  holds  by  Bootstrap,  Lemma  67.11.5  If  X is  an  algebraic 


stack,  then  we  can  choose  a presentation  [U/R]  = X by  Algebraic  Stacks,  Lemma 
176.16.21  □ 

06WZ  Lemma  78.16.3.  Let  f : X — » y be  a 1-morphism  of  categories  fibred  in  groupoids 
over  (Sch/S)fppf. 

(1)  The  functor  f transforms  fibre  products  into  fibre  products. 

(2)  If  f is  faithful,  then  f transforms  equalizers  into  equalizers. 


Proof.  By  Categories,  Lemma  |4.34.14|  we  see  that  a fibre  product  in  X is  any 
commutative  square  lying  over  a fibre  product  diagram  in  (Sch/S) fppf.  Similarly 
for  y.  Hence  (1)  is  clear. 

Let  x — t x'  be  the  equalizer  of  two  morphisms  a,b  : x'  —f  x"  in  X . We  will  show 
that  f(x)  — > fix')  is  the  equalizer  of  /(a)  and  f(b).  Let  y —f  f(x)  be  a morphism 
of  y equalizing  /(a)  and  f(b).  Say  x,x',x”  lie  over  the  schemes  U,U',U"  and  y 
lies  over  V.  Denote  h : V — > U'  the  image  of  y —t  f(x)  in  the  category  of  schemes. 
The  morphism  y — ► f(x)  is  isomorphic  to  f(h*xr)  — > fix')  by  the  axioms  of  fibred 
categories.  Hence,  as  / is  faithful,  we  see  that  h*x'  — > x'  equalizes  a and  b.  Thus 
we  obtain  a unique  morphism  h*x'  — > x whose  image  y = f{h*x')  — > fix)  is  the 
desired  morphism  in  y.  □ 


06X0  Lemma  78.16.4.  Let  f : X — > y,  g : Z — » y be  faithful  1-morphisms  of  categories 
fibred  in  groupoids  over  (Sch/ S) fppf . 

(1)  the  functor  X Xy  Z — ► y is  faithful,  and 

(2)  if  X,Z  have  equalizers,  so  does  X Xy  Z. 


Proof.  We  think  of  objects  in  X Xy  Z as  quadruples  ( U , x,  z,  a)  where  a : f(x)  — > 
g(z ) is  an  isomorphism  over  U , see  Categories,  Lemma  4.31.3  A morphism  ( U , x,  z , a) 
([/',  x' , z' , a')  is  a pair  of  morphisms  a : x — > x'  and  b : z — ?•  z'  compatible  with  a 
and  a! . Thus  it  is  clear  that  if  / and  g are  faithful,  so  is  the  functor  X Xy  Z — > y. 
Now,  suppose  that  (a,  b),  (a',  b')  : ( U,x,z,a ) —>  (Ur,  x' , z' , a')  are  two  morphisms 
of  the  2-fibre  product.  Then  consider  the  equalizer  x"  — > x of  a and  a1  and  the 
equalizer  z"  -A  z of  b and  b' . Since  / commutes  with  equalizers  (by  Lemma  78.16.3) 
we  see  that  f{x")  — >•  f(x)  is  the  equalizer  of  /(a)  and  f(a').  Similarly,  g{z")  — > g(z) 
is  the  equalizer  of  g(b)  and  gib').  Picture 


f(x") 

/(“) 

— >■  fix)  g:  fix 

Ol"  : 

Ot 

/(»') 

Y 

g{b)  Y 

g(z") 3-  g{z)  L g(z') 

a ip') 


It  is  clear  that  the  dotted  arrow  exists  and  is  an  isomorphism.  However,  it  is  not 
a priori  the  case  that  the  image  of  a"  in  the  category  of  schemes  is  the  identity 
of  its  source.  On  the  other  hand,  the  existence  of  a"  means  that  we  can  assume 
that  x"  and  z"  are  defined  over  the  same  scheme  and  that  the  morphisms  x"  -A  x 
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and  z"  — > z have  the  same  image  in  the  category  of  schemes.  Redoing  the  diagram 
above  we  see  that  the  dotted  arrow  now  does  project  to  an  identity  morphism  and 
we  win.  Some  details  omitted.  □ 


As  we  are  working  with  big  sites  we  have  the  following  somewhat  counter  intuitive 
result  (which  also  holds  for  morphisms  of  big  sites  of  schemes).  Warning:  This 
result  isn’t  true  if  we  drop  the  hypothesis  that  / is  faithful. 

06X1  Lemma  78.16.5.  Let  f : X — >•  y be  a 1-morphism  of  categories  fibred  in  groupoids 
over  (Sch/S)fpPf.  Let  t £ {Zar,etale,  smooth,  syntomic,  fppf}.  The  functor  f~1  : 
Ab(yr ) — ► Ab(XT)  has  a left  adjoint  f\  : Ab(XT)  — ► Ab(yr).  If  f is  faithful  and  X 
has  equalizers,  then 

(1)  f\  is  exact,  and 

(2)  f~lI  is  injective  in  Ab(XT)  fori  injective  in  Ab(yr). 


Proof.  By  Stacks,  Lemma  |8.10.3|  the  functor  / is  continuous  and  cocontinuous. 
Hence  by  Modules  on  Sites,  Lemma  18.16.2  the  functor  /-1  : Ab(yr)  — ► Ab(XT) 
has  a left  adjoint  f<  : Ab(XT)  — ► Ab(yr).  To  see  (1)  we  apply  Modules  on  Sites, 
Lemma  18.16.3|and  to  see  that  the  hypotheses  of  that  lemma  are  satisfied  use  Lem- 
mas 

' □ 


78.16.2  and  78.16.3  above.  Part  (2)  follows  from  this  formally,  see  Homology, 
Lemmall2.25.il 


06X2  Lemma  78.16.6.  Let  f : X — >•  y be  a 1-morphism  of  categories  fibred  in  groupoids 
over  (Sch/S) fPPf  ■ Let  t £ { Zar , etale , smooth,  syntomic , fppf}-  The  functor  f*  : 
Mod(yT,Oy)  — > Mod{XT,Ox)  has  a left  adjoint  f\  : Mod(XT,  Ox)  — > Mod(yr,  Oy) 
which  agrees  with  the  functor  f\  of  Lemma  \ 78. 16.5\  on  underlying  abelian  sheaves. 
If  f is  faithful  and  X has  equalizers,  then 

(1)  f\  is  exact,  and 

(2)  /_1I  is  injective  in  Mod(XT,Ox)  fori  injective  in  Modify 'T,  Ox)- 


Proof.  Recall  that  / is  a continuous  and  cocontinuous  functor  of  sites  and  that 
f~1Oy  = Ox-  Hence  Modules  on  Sites,  Lemma  18.40.1  implies  f*  has  a left 
adjoint  f\Mod . Let  x be  an  object  of  X lying  over  the  scheme  U . Then  / induces 
an  equivalence  of  ringed  sites 


X/x  — » y/f{x) 

as  both  sides  are  equivalent  to  ( Sch/U)T , see  Lemma  78.9.4  Modules  on  Sites, 


Remark  18.40.2  shows  that  f<  agrees  with  the  functor  on  abelian  sheaves. 


Assume  now  that  X has  equalizers  and  that  / is  faithful.  Lemma  78.16.5  tells 


us  that  f\  is  exact.  Finally,  Homology,  Lemma  |l2.25.1|  implies  the  statement  on 
pullbacks  of  injective  modules.  □ 


78.17.  The  Cech  complex 

06X3  To  compute  the  cohomology  of  a sheaf  on  an  algebraic  stack  we  compare  it  to  the 
cohomology  of  the  sheaf  restricted  to  coverings  of  the  given  algebraic  stack. 
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Throughout  this  section  the  situation  will  be  as  follows.  We  are  given  a 1-morphism 
of  categories  fibred  in  groupoids 


U ; X 

06X4  (78.17.0.1) 

(Sch/S)fppf 

We  are  going  to  think  about  U as  a “covering”  of  X.  Hence  we  want  to  consider 
the  simplicial  object 

Li  x x IA  x x U > IA  x xlA  > U 

in  the  category  of  categories  fibred  in  groupoids  over  (Sch/S)  fPPf-  However,  since 
this  is  a (2,  l)-category  and  not  a category,  we  should  say  explicitly  what  we  mean. 
Namely,  we  let  Un  be  the  category  with  objects  (uo,  ■ . . , un,  x , ■ ■ ■ , oen)  where 

Oct  : f{ui)  — ► x is  an  isomorphism  in  X . We  denote  /„  : lAn  — > X the  1-morphism 
which  assigns  to  ( uq , . . . , un,  x,  ao , . . . , an)  the  object  x.  Note  that  Uq  = U and 
/o  = /.  Given  a map  ip  : [m]  — » [n]  we  consider  the  1-morphism  Up  : Un  — > Un 
given  by 

(wo  ? • * * ) 'U'm  X,CX o , ■ - * ; Cln)  1 ^ (Xp(P)  5 • • • 5 ^ip(n)  > ) * * * ) ) 

on  objects.  All  of  these  1-morphisms  compose  correctly  on  the  nose  (no  2-morphisms 
required)  and  all  of  these  1-morphisms  are  1-morphisms  over  X.  We  denote  U,  this 
simplicial  object.  If  T is  a presheaf  of  sets  on  X , then  we  obtain  a cosimplicial  set 


r(w0,/0-1.F) 


T(U2,f^T) 


Here  the  arrows  are  the  pullback  maps  along  the  given  morphisms  of  the  simplicial 
object.  If  T is  a presheaf  of  abelian  groups,  this  is  a cosimplicial  abelian  group. 

Let  U — > X be  as  above  and  let  T be  an  abelian  presheaf  on  X . The  Cech  complex 
associated  to  the  situation  is  denoted  C*(U  — > X,T).  It  is  the  cochain  complex 
associated  to  the  cosimplicial  abelian  group  above,  see  Simplicial,  Section  14.25  It 
has  terms 

Cn(U^X,T)  = T(Un,f~1T). 

The  boundary  maps  are  the  maps 

dn  = Ej=+o(-W+1 : r (UnJ-1?)  — ► r (Un+1,f-l^) 

where  <5"+1  corresponds  to  the  map  [n]  — > [n  + 1]  omitting  the  index  i.  Note  that 
the  map  T(X,JF)  — > T(Uq,  /q1^)  is  in  the  kernel  of  the  differential  d°.  Hence  we 
define  the  extended  Cech  complex  to  be  the  complex 

• • ■ -»•  0 T(X,  T)  -»■  T(U0,  fo1  Jo)  -»•  r(W1}  /f1^)  -»■ . . . 

with  T(X,iF)  placed  in  degree  — 1.  The  extended  Cech  complex  is  acyclic  if  and 
only  if  the  canonical  map 

r(A,J-)[0]  — > C*(IA  ^ X,  T) 


06X5 


is  a quasi-isomorphism  of  complexes. 

Lemma  78.17.1.  Generalities  on  Cech  complexes. 
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(1)  U 

v — 

h 

a f 

y 

y — x 

is  2-commutative  diagram  of  categories  fibred  in  groupoids  over  ( Sch/S ) fppf, 
then  there  is  a morphism  of  Cech  complexes 

C'(U-*X,T)  — >C*(V  -^y,e-xT) 

(2)  if  h and  e are  equivalences,  then  the  map  of  (1)  is  an  isomorphism, 

(3)  if  f,f  :U  X are  2-isomorphic,  then  the  associated  Cech  complexes  are 
isomorphic, 

Proof.  In  the  situation  of  (1)  let  t : f o h — ► e o g be  a 2-morphism.  The  map  on 
complexes  is  given  in  degree  n by  pullback  along  the  1-morphisms  V„  — > Un  given 
by  the  rule 

(v0,  ...,vn,y,/3 o,  ■ ■ • , fin)  ' — t ( h{v0 ),  • ■ ■ , h(vn ),  e(y),e(fi0)  o tVo,...,  e(fin)  o tVn). 

For  (2),  note  that  pullback  on  global  sections  is  an  isomorphism  for  any  presheaf 
of  sets  when  the  pullback  is  along  an  equivalence  of  categories.  Part  (3)  follows  on 
combining  (1)  and  (2).  □ 

06X6  Lemma  78.17.2.  If  there  exists  a 1-morphism  s : X — >■  U such  that  f o s is 
2-isomorphic  to  idx  then  the  extended  Cech  complex  is  homotopic  to  zero. 

Proof.  Set  U'  = U xx  X equal  to  the  fibre  product  as  described  in  Categories, 
Lemma  |4.31.3|  Set  f'\U'—>X  equal  to  the  second  projection.  Then  U — » U' , 
u i->-  (u,  f(x),  1)  is  an  equivalence  over  X,  hence  we  may  replace  (U,  /)  by  (W , f) 
by  Lemma [78. 17. 1|  The  advantage  of  this  is  that  now  f has  a section  s'  such  that 
f o s'  = id*  on  the  nose.  Namely,  if  t : s o f — >■  id*  is  a 2-isomorphism  then  we 
can  set  s'(x)  = (s(x),  x,  tx).  Thus  we  may  assume  that  / o s = id*. 

In  the  case  that  Jos  = id*  the  result  follows  from  general  principles.  We  give 
the  homotopy  explicitly.  Namely,  for  n > 0 define  sn  : lAn  — > lAn+ \ to  be  the 
1-morphism  defined  by  the  rule  on  objects 

(m0 , • ■ ■ , un , x , a0 , , cxn)  1 t (u0 , ... , un , s(x) , x , ol q,  . . . , ozn , ida, ) . 

Define 

hn+1  : T(Un+i,  f-^F)  — » T (UnJ-'T) 

as  pullback  along  sn.  We  also  set  s_i  = s and  h°  : T(U0,  fo1^)  — t T{X,T)  equal 
to  pullback  along  s_i.  Then  the  family  of  maps  {hn}n> o is  a homotopy  between  1 
and  0 on  the  extended  Cech  complex.  □ 


78.18.  The  relative  Cech  complex 

06X7  Let  / : U — > X be  a 1-morphism  of  categories  fibred  in  groupoids  over  (Sch/S)  fppf 
as  in  (78.17.0.1).  Consider  the  associated  simplicial  object  U . and  the  maps  fn  : 
Un  — > X . Let  r £ {Zar,  etale,  smooth , syntomic , fppf}-  Finally,  suppose  that  T is 
a sheaf  (of  sets)  on  XT.  Then 


/o,*/0“V: 


|/2,*/2“V 
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is  a cosimplicial  sheaf  on  XT  where  we  use  the  pullback  maps  introduced  in  Sites, 
Section  7.44  If  T is  an  abelian  sheaf,  then  fn,*ffiA  F form  a cosimplicial  abelian 


sheaf  on  XT.  The  associated  complex  (see  Simplicial,  Section  14.25) 


->•  0 


/o,*/o-1^ 


is  called  the  relative  Cech  complex  associated  to  the  situation.  We  will  denote  this 
complex  /C*(/,  F).  The  extended  relative  Cech  complex  is  the  complex 

■ • • 0 — >•  T — ► fo,*fo  y fi,*fi  ~ —■ y ■ ■ ■ 

with  J-  in  degree  —1.  The  extended  relative  Cech  complex  is  acyclic  if  and  only  if 
the  map  J"[0]  -A  /C*(/,  JF)  is  a quasi-isomorphism  of  complexes  of  sheaves. 

06X8  Remark  78.18.1.  We  can  define  the  complex  tC*(f,  F)  also  if  J7  is  a presheaf, 
only  we  cannot  use  the  reference  to  Sites,  Section[7.44|to  define  the  pullback  maps. 
To  explain  the  pullback  maps,  suppose  given  a commutative  diagram 


of  categories  fibred  in  groupoids  over  (Sch/S)fppf  and  a presheaf  Q on  U we  can 
define  the  pullback  map  f*G  g*h~1G  as  the  composition 

f*G  — > f*h*h~1Q  = g*h~lG 


where  the  map  comes  from  the  adjunction  map  G —>  h*h  lQ.  This  works  because 
in  our  situation  the  functors  /i*  and  h are  adjoint  in  presheaves  (and  agree  with 


their  counter  parts  on  sheaves).  See  Sections  78.3  and  78.4 


06X9  Lemma  78.18.2.  Generalities  on  relative  Cech  complexes. 

(1)  If 


V 

h 

9 f 

y — x 


is  2-commutative  diagram  of  categories  fibred  in  groupoids  over  ( Sch/S ) fppf, 
then  there  is  a morphism  e~1)Cm(f1  F)  — ► IC%(g,  e~xF). 

(2)  if  h and  e are  equivalences,  then  the  map  of  (1)  is  an  isomorphism, 

(3)  if  f,  f : U —>  X are  2-isomorphic,  then  the  associated  relative  Cech  com- 
plexes are  isomorphic, 


Proof.  Literally  the  same  as  the  proof  of  Lemma  78.17.1  using  the  pullback  maps 
of  Remark  178.18.11  □ 


06XA  Lemma  78.18.3.  If  there  exists  a 1-morphism  s : X — » IA  such  that  f o s is 
2-isomorphic  to  idx  then  the  extended  relative  Cech  complex  is  homotopic  to  zero. 


Proof.  Literally  the  same  as  the  proof  of  Lemma[78.17.2| 


□ 


78.18.  THE  RELATIVE  CECH  COMPLEX 


4484 


06XB  Remark  78.18.4.  Let  us  “compute”  the  value  of  the  relative  Cech  complex  on  an 
object  x of  X.  Say  p{x)  = U.  Consider  the  2-fibre  product  diagram  (which  serves 
to  introduce  the  notation  g : V — > y) 


V — (Sch/U) fppf  xx,xU *- U 


y — (Sch/U) fppf ^ X 


Note  that  the  morphism  Vn  — > Un  of  the  proof  of  Lemma  78. 17. 1|  induces  an  equiv- 
alence Vn  = (Sch/U)  fppf  xXyx  Un-  Hence  we  see  from  (78.5.0.1)  that 

r(x,/c*(/,j-))  =c*(v 

In  words:  The  value  of  the  relative  Cech  complex  on  an  object  x of  X is  the  Cech 
complex  of  the  base  change  of  / to  X/x  = (Sch/U) fppf-  This  implies  for  example 
that  Lemma [78 . 1 7 . 2 1 implies  Lemma [78. 18.3|  and  more  generally  that  results  on  the 
(usual)  Cech  complex  imply  results  for  the  relative  Cech  complex. 


06XC  Lemma  78.18.5.  Let 


V 


y 


>■  X 

be  a 2-fibre  product  of  categories  fibred  in  groupoids  over  (Sch/ S)  fppf  and  let  J-  be 
an  abelian  presheaf  on  X . Then  the  map  e~xIC*(f,F)  — > /C*(g,  e~xF)  of  Lemma 
\78.18.%\  is  an  isomorphism  of  complexes  of  abelian  presheaves. 

Proof.  Let  y be  an  object  of  y lying  over  the  scheme  T.  Set  x = e(y).  We  are 
going  to  show  that  the  map  induces  an  isomorphism  on  sections  over  y.  Note  that 

T(y,e~1lC(f,J:))  = T(x,IC(f,T))  = Ca((Sch/T)fppfxXtXU  -►  (Sch/T)fppf,  x~: F) 
by  Remark  |78. 18. 4|  On  the  other  hand, 

T(y,lC'(g,e-1F))  = C'((Sch/T)fppf  xy,y  V —>  ( Sch/T )fppf,y-1e~1T) 

also  by  Remark  78.18.4  Note  that  y~1e~1Jr  = x~xT  and  since  the  diagram  is 
2-cartesian  the  1-morphism 

(Sch/T)  fppf  xp  y V y (Sch/T) fppf  xx,x  U 

is  an  equivalence.  Hence  the  map  on  sections  over  y is  an  isomorphism  by  Lemma 
178.17.11  □ 


Exactness  can  be  checked  on  a “covering”. 

06XD  Lemma  78.18.6.  Let  f : IA  — > X be  a 1-morphism  of  categories  fibred  in  groupoids 
over  (Sch/S) fPPf  ■ Let  t £ { Zar , Stale , smooth , syntomic , fppf}-  Let 

be  a complex  in  Ab(XT).  Assume  that 

(1)  for  every  object  x of  X there  exists  a covering  {xi  —>  x}  in  XT  such  that 
each  Xi  is  isomorphic  to  f(uf)  for  some  object  Ui  ofU,  and 

(2)  f~xT  — > f~xQ  — > f~lrH  is  exact. 

Then  the  sequence  T — > Q — > TL  is  exact. 
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Proof.  Let  x be  an  object  of  X lying  over  the  scheme  T.  Consider  the  sequence 
x~lT  — » x~1G  — » x~1'H  of  abelian  sheaves  on  ( Sch/T)T . It  suffices  to  show  this 
sequence  is  exact.  By  assumption  there  exists  a r-covering  {T)  — ► T}  such  that  x\ t, 
is  isomorphic  to  f(uf)  for  some  object  iq  of  IA  over  T)  and  moreover  the  sequence 
u~x  f~lE  —¥  u~1f~1Q  —¥  uf1f~1'H  of  abelian  sheaves  on  ( Sch/Ti)T  is  exact.  Since 
uf  f~xT  = x~1J:\^sch/Ti)T  we  conclude  that  the  sequence  x ~XT  — > x~lQ  —>  x~xH 
become  exact  after  localizing  at  each  of  the  members  of  a covering,  hence  the 
sequence  is  exact.  □ 


06XE  Proposition  78.18.7.  Let  f : U — )•  X be  a 1-morphism  of  categories  fibred  in 
groupoids  over  (Sch/ S) fppf . Let  r G {Zar,  etale,  smooth,  syntomic,  fppf } . If 

(1)  T is  an  abelian  sheaf  on  XT,  and 

(2)  for  every  object  x of  X there  exists  a covering  {xi  — ► x}  in  XT  such  that 
each  Xi  is  isomorphic  to  f(ui)  for  some  object  iq  ofU, 

then  the  extended  relative  Cech  complex 

fo^fo1?  -t  fi+fr1?  -»■  /2,*/2-1^  ->  • • • 

is  exact  in  Ab(XT). 


Proof.  By  Lemma|78.18~!6]it  suffices  to  check  exactness  after  pulling  back  to  U.  By 


Lemma 


78.18.5 


the  pullback  of  the  extended  relative  Cech  complex  is  isomorphic 
to  the  extend  relative  Cech  complex  for  the  morphism  U x^lA  —¥  U and  an  abelian 
sheaf  on  UT.  Since  there  is  a section  Au/X  : U — > U XxU  exactness  follows  from 
Lemma  178.18.31  □ 


Using  this  we  can  construct  the  Cech-to-cohomology  spectral  sequence  as  follows. 
We  first  give  a technical,  precise  version.  In  the  next  section  we  give  a version  that 
applies  only  to  algebraic  stacks. 

06XF  Lemma  78.18.8.  Let  f \ IA  X be  a 1-morphism  of  categories  fibred  in  groupoids 
over  (Sch/S) fppf.  Let  r G { Zar , etale,  smooth,  syntomic,  fppf}-  Assume 

(1)  T is  an  abelian  sheaf  on  XT, 

(2)  for  every  object  x of  X there  exists  a covering  {xi  — > x } in  XT  such  that 
each  Xi  is  isomorphic  to  f(ui)  for  some  object  Ui  ofU, 

(3)  the  category  U has  equalizers,  and 

(4)  the  functor  f is  faithful. 

Then  there  is  a first  quadrant  spectral  sequence  of  abelian  groups 
E™  = W{{Up)T,f~lE)  =►  HV+\Xt,T) 
converging  to  the  cohomology  of  T in  the  t -topology. 


Proof.  Before  we  start  the  proof  we  make  some  remarks.  By  Lemma  78.16. 4|  (and 
induction)  all  of  the  categories  fibred  in  groupoids  Up  have  equalizers  and  all  of  the 
morphisms  fv  : Uv  — > X are  faithful.  Let  X be  an  injective  object  of  Ab(XT).  By 
Lemma  78.16.5  we  see  fpxT  is  an  injective  object  of  Ab((Up)T).  Hence  fv,*fpxT  is 
an  injective  object  of  Ab(XT)  by  Lemma  78.16.1  Hence  Proposition  78.18.7  shows 
that  the  extended  relative  Cech  complex 


. . . — > 0 — »•  T — > /„,*/„  xX  — > /i,*/i  1X  — >•  fi,*fi  1X  — t ■ ■ ■ 
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is  an  exact  complex  in  Ab(XT)  all  of  whose  terms  are  injective.  Taking  global 
sections  of  this  complex  is  exact  and  we  see  that  the  Cech  complex  C*(U  — > X,I) 
is  quasi-isomorphic  to  V(XT,I)\fi\- 


With  these  preliminaries  out  of  the  way  consider  the  two  spectral  sequences  asso- 


ciated to  the  double  complex  (see  Homology,  Section  12.22) 


C'(U  ->•  XX) 

where  T — > I*  is  an  injective  resolution  in  Ab(XT).  The  discussion  above  shows  that 
Homology,  Lemma  12.22.7  applies  which  shows  that  T(Xt,T')  is  quasi-isomorphic 
to  the  total  complex  associated  to  the  double  complex.  By  our  remarks  above 
the  complex  ff1!*  is  an  injective  resolution  of  fflE.  Hence  the  other  spectral 
sequence  is  as  indicated  in  the  lemma.  □ 


To  be  sure  there  is  a version  for  modules  as  well. 

06XG  Lemma  78.18.9.  Let  f :Lt  X be  a 1-morphism  of  categories  fibred  in  groupoids 
over  ( Sch/S ) /pp/.  Let  r £ {Zar,  etale,  smooth , syntomic , fppf}.  Assume 

(1)  T is  an  object  of  Mod(XT,Ox), 

(2)  for  every  object  x of  X there  exists  a covering  {xi  — ► x}  in  XT  such  that 
each  Xi  is  isomorphic  to  f{ui)  for  some  object  Ui  ofU, 

(3)  the  category  U has  equalizers,  and 

(4)  the  functor  f is  faithful. 

Then  there  is  a first  quadrant  spectral  sequence  of  T (O x) -modules 
E™  = H\(Up)T,f;E)  =►  Hp+q(XT,  jF) 
converging  to  the  cohomology  of  T in  the  t -topology. 

Proof.  The  proof  of  this  lemma  is  identical  to  the  proof  of  Lemma [78. 18. 8|  except 
that  it  uses  an  injective  resolution  in  Mod(XT,  Ox)  and  it  uses  Lemma  |78. 16.6 
instead  of  Lemma  178.16.51  □ 


Here  is  a lemma  that  translates  a more  usual  kind  of  covering  in  the  kinds  of 
coverings  we  have  encountered  above. 

06XH  Lemma  78.18.10.  Let  f : X — > y be  a 1-morphism  of  categories  fibred  in 
groupoids  over  (Sch/ S) /pp/ . 

(1)  Assume  that  f is  representable  by  algebraic  spaces,  surjective,  flat,  and 
locally  of  finite  presentation.  Then  for  any  object  y of  y there  exists  an 
fppf  covering  {yi  — > y}  and  objects  Xi  of  X such  that  fixf)  = yt  in  y. 

(2)  Assume  that  f is  representable  by  algebraic  spaces,  surjective,  and  smooth. 
Then  for  any  object  y of  y there  exists  an  etale  covering  {yi  — > y}  and 
objects  Xi  of  X such  that  f{xf)  = yi  in  y. 


Proof.  Proof  of  (1).  Suppose  that  y lies  over  the  scheme  V.  We  may  think  of  y as 
a morphism  ( Sch/V ) /pp/  — > y.  By  definition  the  2-fibre  product  X x y ( Sch/V ) /pp/ 
is  representable  by  an  algebraic  space  W and  the  morphism  W — > V is  surjective, 
flat,  and  locally  of  finite  presentation.  Choose  a scheme  U and  a surjective  etale 
morphism  U — > W.  Then  U — > V is  also  surjective,  flat,  and  locally  of  finite 


presentation  (see  Morphisms  of  Spaces,  Lemmas  54.38.7  54.38.8  54.5.4  54.28.2 


and  54.29.3).  Hence  {U  — >■  V}  is  an  fppf  covering.  Denote  x the  object  of  A"  over 
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U corresponding  to  the  1-morphism  (Sch/U)fppf  — > X.  Then  {f(x)  -4  y}  is  the 
desired  fppf  covering  of  y. 


072D 


Proof  of  (1).  Suppose  that  y lies  over  the  scheme  V . We  may  think  of  y as  a 
morphism  (Sch/V) fppf  — > y.  By  definition  the  2-fibre  product  X Xy  (Sch/V) fppf 
is  representable  by  an  algebraic  space  W and  the  morphism  W — > V is  surjective 
and  smooth.  Choose  a scheme  U and  a surjective  etale  morphism  U -4  W.  Then 
U — > V is  also  surjective  and  smooth  (see  Morphisms  of  Spaces,  Lemmas  54.38.6 


54.5.4  and  54.36.2 ) . Hence  {U  — t V}  is  a smooth  covering.  By  More  on  Morphisms, 
Lemma  36.28.7  there  exists  an  etale  covering  {Vi  4 F}  such  that  each  Vt  —>  V 
factors  through  U.  Denote  the  object  of  X over  V,  corresponding  to  the  1- 

morphism 

( Sch/Vi) fppf  — 4 (Sch/U) fppj  — 4 X. 

Then  { f(xi ) -4  y}  is  the  desired  etale  covering  of  y.  □ 


Lemma  78.18.11.  Let  f : 11  — » X and  g : X -4  y be  composable  1-morphisms  of 
categories  fibred  in  groupoids  over  ( Sch / S)  fppf . Let  r £ {Zar,  etale , smooth,  syntomic, 
fppf}-  Assume 

(1)  T is  an  abelian  sheaf  on  XT, 

(2)  for  every  object  x of  X there  exists  a covering  {xi  — > x}  in  XT  such  that 
each  Xi  is  isomorphic  to  f(ui)  for  some  object  Ui  ofU, 

(3)  the  category  U has  equalizers , and 

(4)  the  functor  f is  faithful. 

Then  there  is  a first  quadrant  spectral  sequence  of  abelian  sheaves  on  yr 
E ™ = Rq(g  o /p)*/-1  T =►  I?+qg* T 
where  all  higher  direct  images  are  computed  in  the  r-topology. 


Proof.  Note  that  the  assumptions  on  / : U — > X and  T are  identical  to  those  in 


Lemma  78.18.8  Hence  the  preliminary  remarks  made  in  the  proof  of  that  lemma 


hold  here  also.  These  remarks  imply  in  particular  that 

0 — > gfl  — > (g  o /o)*/0  lT  — > (go  fi)*f1  XT  — > 


is  exact  if  I is  an  injective  object  of  Ab(XT).  Having  said  this,  consider  the  two 
spectral  sequences  of  Homology,  Section  |12.22|  associated  to  the  double  complex 
C*'*  with  terms 


C™  = (gofp)aq 

where  T — > I*  is  an  injective  resolution  in  Ab(XT).  The  first  spectral  sequence 
implies,  via  Homology,  Lemma  12.22.7|  that  gfl*  is  quasi-isomorphic  to  the  total 
complex  associated  to  C**.  Since  fpXT*  is  an  injective  resolution  of  fp1E  (see 
Lemma  78.16.5)  the  second  spectral  sequence  has  terms  E%'q  = Rq(g  o fp)*fp1E 
as  in  the  statement  of  the  lemma.  □ 


072E  Lemma  78.18.12.  Let  f : U — ► X and  g : X — ► y be  composable  1-morphisms  of 

categories  fibred  in  groupoids  over  (Sch/S)  fppf . Let  t £ {Zar,  etale,  smooth,  syntomic, 
fppf}-  Assume 

(1)  T is  an  object  of  Mod(XT,Ox), 

(2)  for  every  object  x of  X there  exists  a covering  {xi  — > x}  in  XT  such  that 
each  Xi  is  isomorphic  to  f(uf)  for  some  object  Ui  ofU, 

(3)  the  category  U has  equalizers,  and 
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(4)  the  functor  f is  faithful. 

Then  there  is  a first  quadrant  spectral  sequence  in  Mod(yr,  Oy) 
E p’q  = Rq(g  o /p)*/"1  T =►  Rp+qg* T 
where  all  higher  direct  images  are  computed  in  the  r-topology. 


Proof.  The  proof  is  identical  to  the  proof  of  Lemma  78.18.11  except  that  it  uses  an 
injective  resolution  in  Mod(XT,  Ox)  and  it  uses  Lemma  78.16.6  instead  of  Lemma 
178.16.51  □ 


78.19.  Cohomology  on  algebraic  stacks 


06X1  Let  A be  an  algebraic  stack  over  S.  In  the  sections  above  we  have  seen  how  to 
define  sheaves  for  the  etale,  ...,  fppf  topologies  on  X.  In  fact,  we  have  constructed 
a site  XT  for  each  r £ {Zar,  etale,  smooth,  syntomic,  fppf}.  There  is  a notion  of 
an  abelian  sheaf  T on  these  sites.  In  the  chapter  on  cohomology  of  sites  we  have 
explained  how  to  define  cohomology.  Putting  all  of  this  together,  let’s  define  the 
derived  global  sections 


06XJ 


R^zariX,  F) , RT 6taie{X , F) , . . . ,RT /PP/(A ,JF) 

as  T(Ar,  Z*)  where  F — > I*  is  an  injective  resolution  in  Ab{XT).  The  ?'th  cohomology 
group  is  the  'itli  cohomology  of  the  total  derived  cohomology.  We  will  denote  this 


H'Zar(X,T),  Hitale(X,T), ...,  H}ppf(X,  F). 


It  will  turn  out  that  Hltal 


36.28.7 


= Hlsmooth  because  of  More  on  Morphisms,  Lemma 
If  F is  a presheaf  of  C^-modules  which  is  a sheaf  in  the  r-topology, 
then  we  use  injective  resolutions  in  Mod(XT,Ox)  to  compute  total  derived  global 
sections  and  cohomology  groups;  of  course  the  end  result  is  quasi-isomorphic  resp. 
isomorphic  by  the  general  fact  Cohomology  on  Sites,  Lemma  [2 1.1 2. 4| 


So  far  our  only  tool  to  compute  cohomology  groups  is  the  result  on  Cech  complexes 
proved  above.  We  rephrase  it  here  in  the  language  of  algebraic  stacks  for  the  etale 
and  the  fppf  topology.  Let  / : U — > X be  a 1-morphism  of  algebraic  stacks.  Recall 
that 


fp  :Up=U  xx  ...xxU  ^ X 

is  the  structure  morphism  where  there  are  ( p+  l)-factors.  Also,  recall  that  a sheaf 
on  A is  a sheaf  for  the  fppf  topology.  Note  that  if  U is  an  algebraic  space,  then  / : 
IA  — ^ X is  representable  by  algebraic  spaces,  see  Algebraic  Stacks,  Lemma[76.10.11| 
Thus  the  proposition  applies  in  particular  to  a smooth  cover  of  the  algebraic  stack 
A by  a scheme. 


Proposition  78.19.1.  Let  f :IA  —t  X be  a \-morphism  of  algebraic  stacks. 

(1)  Let  T be  an  abelian  etale  sheaf  on  A.  Assume  that  f is  representable  by 
algebraic  spaces,  surjective,  and  smooth.  Then  there  is  a spectral  sequence 

Ei'9 = mtale{up,f^F)  =*  m+ux,F) 


(2)  Let  T be  an  abelian  sheaf  on  A.  Assume  that  f is  representable  by  alge- 
braic spaces,  surjective,  flat,  and  locally  of  finite  presentation.  Then  there 
is  a spectral  sequence 


E2q  = HfPPfVrJ> 


-1 

P 


E) 


HPf+p9f{X,F) 
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Proof.  To  see  this  we  will  check  the  hypotheses  (1)  - (4)  of  Lemma  78.18.8  The 


1-morphism  / is  faithful  by  Algebraic  Stacks,  Lemma  76.15.2  This  proves  (4). 


Hypothesis  (3)  follows  from  the  fact  that  U is  an  algebraic  stack,  see  Lemma  78.16.2 
To  see  (2)  apply  Lemma  78.18.10  Condition  (1)  is  satisfied  by  fiat.  □ 


78.20.  Higher  direct  images  and  algebraic  stacks 


072F  Let  g : X — > y be  a 1-morphism  of  algebraic  stacks  over  S.  In  the  sections  above 
we  have  constructed  a morphism  of  ringed  topoi  g : Sh(XT)  -A  Sh(yT ) for  each 
r £ {Zar,  etale,  smooth,  syntomic,  fppf} . In  the  chapter  on  cohomology  of  sites 
we  have  explained  how  to  define  higher  direct  images.  Hence  the  derived  direct 
image  Rg*IF  is  defined  as  gJA  where  T — > I*  is  an  injective  resolution  in  Ab{XT). 
The  ith  higher  direct  image  Rlg*IF  is  the  ith  cohomology  of  the  derived  direct 
image.  Important:  it  matters  which  topology  r is  used  here! 


If  T is  a presheaf  of  ©^-modules  which  is  a sheaf  in  the  r-topology,  then  we  use 
injective  resolutions  in  Mod{XT,Ox)  to  compute  derived  direct  image  and  higher 
direct  images. 

So  far  our  only  tool  to  compute  the  higher  direct  images  of  g*  is  the  result  on  Cech 
complexes  proved  above.  This  requires  the  choice  of  a “covering”  / : U — > X.  If 
U is  an  algebraic  space,  then  / : U — > X is  representable  by  algebraic  spaces,  see 
Algebraic  Stacks,  Lemma [76. 10. 11|  Thus  the  proposition  applies  in  particular  to  a 
smooth  cover  of  the  algebraic  stack  A by  a scheme. 

072G  Proposition  78.20.1.  Let  f : U — t X and  g : X -A  y be  composable  1-morphisms 
of  algebraic  stacks. 

(1)  Assume  that  f is  representable  by  algebraic  spaces,  surjective  and  smooth. 

(a)  If  T is  in  Ab(Xetaie)  then  there  is  a spectral  sequence 

E™  = Rq{g  o /p),/-1^  =►  Rp+qg* T 

in  Abiy etale)  with  higher  direct  images  computed  in  the  etale  topology. 

(b)  If  IF  is  in  Mod(Xetaie,Ox)  then  there  is  a spectral  sequence 

E™  = Rq(g  o fp)*/-1^  =>  Rp+qg*E 
in  Mod{yitale,Oy). 

(2)  Assume  that  f is  representable  by  algebraic  spaces,  surjective,  flat,  and 
locally  of  finite  presentation. 

(a)  If  T is  in  Ab(X)  then  there  is  a spectral  sequence 

E™  = Rq(g  o fpfif^F  =►  Rp+qg* T 

in  Ab(y)  with  higher  direct  images  computed  in  the  fppf  topology. 

(b)  If  T is  in  Mod(Ox)  then  there  is  a spectral  sequence 

Ep2q  = Rq(g  o fp)J~xF  =►  Rp+qg* T 
in  Mod(Oy). 


Proof.  To  see  this  we  will  check  the  hypotheses  (1)  - (4)  of  Lemma  78.18.11  and 


Lemma  78.18.12[  The  1-morphism  / is  faithful  by  Algebraic  Stacks,  Lemma  76.15.2 


This  proves  (4).  Hypothesis  (3)  follows  from  the  fact  that  U is  an  algebraic  stack, 
see  Lemma  78.16.2  To  see  (2)  apply  Lemma  78.18.10  Condition  (1)  is  satisfied  by 
fiat  in  all  four  cases.  □ 
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Here  is  a description  of  higher  direct  images  for  a morphism  of  algebraic  stacks. 

075G  Lemma  78.20.2.  Let  S be  a scheme.  Let  f : X -A  y be  a 1-morphism  of  algebraic 
stacfc^]  over  S.  Let  r £ {Zariski,etale,  smooth,  syntomic,  fppf} . Let  T be  an 
object  of  Ab{XT)  or  Mod(XT,  Ox)-  Then  the  sheaf  Rl  f*T  is  the  sheaf  associated  to 
the  presheaf 

V ' — » Hr  ( ( Sch/ V ) fPpf  xvy  X,  pr ~1J^ 

Here  y is  a typical  object  of  y lying  over  the  scheme  V. 


Proof.  Choose  an  injective  resolution  .F[0]  -A  I* . By  the  formula  for  pushforward 
(78.5.0.1 1 we  see  that  Rl  f*H  is  the  sheaf  associated  to  the  presheaf  which  associates 
to  y the  cohomology  of  the  complex 

r 


r 


r 


ppf  ^v,y  Pr 

i 

ppf  xv,y  ^ Pr 

I 

[iSch/V)fppfXy>yX,  pr 

Since  pr^1  is  exact,  it  suffices  to  show  that  pr-1  preserves  injectives.  This  follows 
from  Lemmas  |78.16.5|  and  |78.16.6|  as  well  as  the  fact  that  pr  is  a representable 
morphism  of  algebraic  stacks  (so  that  pr  is  faithful  by  Algebraic  Stacks,  Lemma 
76.15.2  and  that  (Sch/V) fppf  xViy  X has  equalizers  by  Lemma  78.16.2 ) . 


□ 


Here  is  a trivial  base  change  result. 

075H  Lemma  78.20.3.  Let  S be  a scheme.  Let  t G {Zariski,etale,  smooth,  syntomic, 


fppf}.  Let 


y XyX 


->  X 


■ y 


f 

y 

be  a 2-cartesian  diagram  of  algebraic  stacks  over  S . Then  the  base  change  map  is 
an  isomorphism 

g~lRUT  Rf'Sg')-1^ 


functorial  for  J-  in  Ab{XT)  or  J-  in  Mod(XT,  Ox). 

Proof.  The  isomorphism  g~1f*Jr  = flig'y'1  R is  Lemma 
arbitrary  presheaves).  For  the  derived  direct  images,  there  is  a base  change  map 


78.5.1 


(and  it  holds  for 


because  the  morphisms  g and  g’  are  flat,  see  Cohomology  on  Sites,  Section  21.15 


To  see  that  this  map  is  a quasi-isomorphism  we  can  use  that  for  an  object  y’  of  y 
over  a scheme  V there  is  an  equivalence 

(Sch/V)  fppf  Xg^yf^y  X = (Sch/V)  fppf  Xy/yi  (y  Xy  X) 

We  conclude  that  the  induced  map  g~1Rlf*R  -A  Rlf}(g')~1R  is  an  isomorphism 
by  Lemma[78.20.2|  □ 


4This  result  should  hold  for  any  1-morphism  of  categories  fibred  in  groupoids  over 


(Sch/ S')  fppf . 
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78.21.  Comparison 


073L  In  this  section  we  collect  some  results  on  comparing  cohomology  defined  using  stacks 
and  using  algebraic  spaces. 

075L  Lemma  78.21.1.  Let  S be  a scheme.  Let  X be  an  algebraic  stack  over  S repre- 
sentable by  the  algebraic  space  F. 

(1)  T\F.taU  is  injective  in  Ab(F^taie ) fori  injective  in  Ab(Xetaie),  and 

(2)  I\Fitale  injective  in  Mod(FetaieiOF)  fori  injective  in  Mod(Xetaie,0). 


Proof.  This  follows  formally  from  the  fact  that  the  restriction  functor  ttf,*  = 
ip 1 (see  Lemma  78.10.1)  is  an  exact  left  adjoint  of  iF,*,  see  Homology,  Lemma 
112.25.11  □ 


075N  Lemma  78.21.2.  Let  S be  a scheme.  Let  f : X -A  y be  a morphism  of  algebraic 
stacks  over  S.  Assume  X , y are  representable  by  algebraic  spaces  F,  G.  Denote 
f : F — )•  G the  induced  morphism  of  algebraic  spaces. 

(1)  For  any  F £ Ab(Xetaie)  we  have 

{Rf*F)\GuaU  = R f small, *{F\FetalJ 

in  L){Getale). 

(2)  For  any  object  F of  Mod(Xetaie,Ox)  we  have 

(Rf*F)\GttalB  = Rf small  AF\F,taJ 

in  D(Og). 


075P 


Proof.  Follows  immediately  from  Lemma  78.21.1  and  (78.10.2.1) 
injective  resolution  of  F. 


Lemma  78.21.3.  Let  S be  a scheme.  Consider  a 2-fibre  product 


on  choosing  an 
□ 

square 


X' 

S' 

Y 

y 


of  algebraic  stacks  over  S . Assume  that  f is  representable  by  algebraic  spaces  and 
that  y'  is  representable  by  an  algebraic  space  G' . Then  X'  is  representable  by  an 
algebraic  space  F'  and  denoting  f : F'  — » G'  the  induced  morphism  of  algebraic 
spaces  we  have 

g~1{Rf*F)\G'.talB  = R f 'smaii  AWT1  R\FitaJ 

for  any  F in  Ab(Xetaie)  or  in  Mod(Xetaie,Ox ) 

Proof.  Follows  formally  on  combining  Lemmas  |78.20.3|  and  |78.21.2|  □ 


78.22.  Change  of  topology 

075Q  Here  is  a technical  lemma  which  tells  us  that  the  fppf  cohomology  of  a locally  quasi- 
coherent  sheaf  is  equal  to  its  etale  cohomology  provided  the  comparison  maps  are 
isomorphisms  for  morphisms  of  X lying  over  flat  morphisms. 

076T  Lemma  78.22.1.  Let  S be  a scheme.  Let  X be  an  algebraic  stack  over  S.  Let  F 
be  a presheaf  of  Ox -modules.  Assume 
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(a)  T is  locally  quasi- coherent,  and 

(b)  for  any  morphism  ip  : x — > y of  X which  lies  over  a morphism  of  schemes 

f : U -A  V which  is  flat  and  locally  of  finite  presentation  the  comparison 
map  cv  : — > T\ uitaie  °f  (78.9.4-lt  is  an  isomorphism. 

Then  T is  a sheaf  for  the  fppf  topology. 


Proof.  Let  { Xi  -A  t}  be  an  fppf  covering  of  X lying  over  the  fppf  covering 
{/,:  : U,  — > U\  of  schemes  over  S.  By  assumption  the  restriction  Q = F\uitau 
quasi-coherent  and  the  comparison  maps  f*smauG  — t F\ui  Hau  are  isomorphisms. 
Hence  the  sheaf  condition  for  T and  the  covering  {xi  — > x}  is  equivalent  to  the 
sheaf  condition  for  Ga  on  ( Sch/U)fppf  and  the  covering  {Ui  — > U}  which  holds  by 
Descent,  Lemma [34.7. 1|  □ 


075R  Lemma  78.22.2.  Let  S be  a scheme.  Let  X be  an  algebraic  stack  over  S . Let  J- 
be  a presheaf  Ox -module  such  that 


(a) 

(b) 


T is  locally  quasi-coherent,  and 

for  any  morphism  <p  : x — > y of  X which  lies  over  a morphism  of  schemes 
f : U —¥  V which  is  flat  and  locally  of  finite  presentation,  the  comparison 
map  cv  : f*srnaUfF\vitale  F\ tWu  °f  p8.9.4-l\  is  an  isomorphism. 


Then  T is  an  Ox -module  and  we  have  the  following 


(1)  If  e : Xfppf  — >•  Xetaie  is  the  comparison  morphism,  then  Re^T  = t„T . 

(2)  The  cohomology  groups  Hj  j(X,  T)  are  equal  to  the  cohomology  groups 
computed  in  the  etale  topology  on  X . Similarly  for  the  cohomology  groups 
HPfppf{x,  F)  and  the  derived  versions  RT(X,F)  and  RT(x,  F). 

(3)  If  f : X -A  y is  a 1-morphism  of  categories  fibred  in  groupoids  over 
(Sch/ S) fppf  then  Rlf*Jr  is  equal  to  the  fppf-sheafification  of  the  higher 
direct  image  computed  in  the  etale  cohomology.  Similarly  for  derived  push- 
forward. 


Proof.  The  assertion  that  T is  an  O^-module  follows  from  Lemma [78. 22. 1[  Note 
that  e is  a morphism  of  sites  given  by  the  identity  functor  on  X.  The  sheaf  RPc^R 
is  therefore  the  sheaf  associated  to  the  presheaf  x i-a  Hpppj(x,iF),  see  Cohomology 
on  Sites,  Lemma  21.8.4  To  prove  (1)  it  suffices  to  show  that  Hpfppf  (x,  JF)  = 0 
for  p > 0 whenever  x lies  over  an  affine  scheme  U . By  Lemma  |78.15.1|  we  have 
Hpppf(x,T)  = Hp[{Sch/Lf)fppf,x~1J:).  Combining  Descent,  Lemma  34.8.4  with 
Cohomology  of  Schemes,  Lemma  |29.2.2|  we  see  that  these  cohomology  groups  are 
zero. 


We  have  seen  above  that  e*.F  and  T are  the  sheaves  on  Xetaie  and  Xfppf  corre- 
sponding to  the  same  presheaf  on  X (and  this  is  true  more  generally  for  any  sheaf 
in  the  fppf  topology  on  X).  We  often  abusively  identify  T and  and  this  is  the 
sense  in  which  parts  (2)  and  (3)  of  the  lemma  should  be  understood.  Thus  part 
(2)  follows  formally  from  (1)  and  the  Leray  spectral  sequence,  see  Cohomology  on 
Sites,  Lemma  [21.14.6| 

Finally  we  prove  (3).  The  sheaf  Rl  f*T  (resp.  Rf etale, *F)  is  the  sheaf  associated  to 
the  presheaf 

V ' » Hlr((Sch/V)fppf  Xyy  X , pw1^) 
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where  r is  fppf  (resp.  etale ),  see  Lemma 


78.20.2 


Note  that  pr  satisfies  prop- 


erties (a)  and  (b)  also  (by  Lemmas  78.11.6  and  78.9.3),  hence  these  two  presheaves 
are  equal  by  (2).  This  immediately  implies  (3).  □ 


We  will  use  the  following  lemma  to  compare  etale  cohomology  of  sheaves  on  alge- 
braic stacks  with  cohomology  on  the  lisse-etale  topos. 

07AK  Lemma  78.22.3.  Let  S be  a scheme.  Let  X be  an  algebraic  stack  over  S . Let 
t = etale  (resp.  t = fppf).  Let  X'  C X be  a full  subcategory  with  the  following 
properties 

(1)  if  x — )•  x'  is  a morphism  of  X which  lies  over  a smooth  (resp.  flat  and 
locally  finitely  presented)  morphism  of  schemes  and  x'  £ Ob^'),  then 
x £ Ob(X'),  and 

(2)  there  exists  an  object  x £ Ob(X')  lying  over  a scheme  U such  that  the 
associated  1-morphism  x : (Sch/U) fppf  — )•  X is  smooth  and  surjective. 

We  get  a site  X’T  by  declaring  a covering  of  X'  to  be  any  family  of  morphisms 
{xi  — > x}  in  X'  which  is  a covering  in  XT.  Then  the  inclusion  functor  X'  — >•  XT  is 
fully  faithful,  cocontinuous,  and  continuous,  whence  defines  a morphism  of  topoi 

g : Sh(X'T)  — > Sh(XT) 

and  Hp(X'T,g-xT)  = HP(XT,J=)  for  all  p > 0 and  all  T £ Ab(XT). 


Proof.  Note  that  assumption  (1)  implies  that  if  {xi  — > x}  is  a covering  of  XT  and 
x £ Ob(A’/),  then  we  have  x^  £ Ob{X').  Hence  we  see  that  X'  — > X is  continuous 
and  cocontinuous  as  the  coverings  of  objects  of  X'T  agree  with  their  coverings  seen 
as  objects  of  XT.  We  obtain  the  morphism  g and  the  functor  g~l  is  identified  with 


the  restriction  functor,  see  Sites,  Lemma  7.20.5 


In  particular,  if  {xi  — > x}  is  a covering  in  X'T,  then  for  any  abelian  sheaf  T on  X 
then 

Hp({xi  -»■  x},g^F)  = Hp({xi  — >■  a;},  J") 

Thus  if  I is  an  injective  abelian  sheaf  on  XT  then  we  see  that  the  higher  Cech  coho- 
mology groups  are  zero  (Cohomology  on  Sites,  Lemma  21.11.2 ).  Hence  Hp(x,  g~xT)  = 
0 for  all  objects  x of  X'  (Cohomology  on  Sites,  Lemma  21.11.9).  In  other  words 
injective  abelian  sheaves  on  XT  are  right  acyclic  for  the  functor  H°(x,  g~1— )■  It 
follows  that  Hp(x,  g-1  jF)  = Hp(x,T)  for  all  T £ Ab(X)  and  all  x £ Ob(A’'). 

Choose  an  object  x € X'  lying  over  a scheme  U as  in  assumption  (2).  In  particular 
X /x  — > X is  a morphism  of  algebraic  stacks  which  representable  by  algebraic  spaces, 
surjective,  and  smooth.  (Note  that  X/x  is  equivalent  to  (Sch/U) fPPf,  see  Lemma 
78.9.1  ) The  map  of  sheaves 

hx  — > * 

in  Sh(XT ) is  surjective.  Namely,  for  any  object  x'  of  X there  exists  a r-covering 
{x\  -A  x'}  such  that  there  exist  morphisms  x(  — > x,  see  Lemma  78.18.10  Since  g is 
exact,  the  map  of  sheaves 

■'~1hx 


9 


* = g ^ 


in  Sh(X()  is  surjective  also.  Let  h. 
Then  we  have  spectral  sequences 


07AL  (78.22.3.1) 


be  the  ( n + l)-fold  product  hx  x 
E\'q  = Hq(hx^,J7)  =>  Hp+q(XT,F) 


x hx 


78.22.  CHANGE  OF  TOPOLOGY 


4494 


07AM 


and 


(78.22.3.2)  E fq  = Hq(g~lhXyP,  g-1?)  =►  Hp+q(X'T,g-xF) 

see  Cohomology  on  Sites,  Lemma  [21. 13.2 

Case  I:  X has  a final  object  x which  is  also  an  object  of  X' . This  case  follows 
immediately  from  the  discussion  in  the  second  paragraph  above. 


Case  II:  X is  representable  by  an  algebraic  space  F.  In  this  case  the  sheaves  hxn  are 
representable  by  an  object  xn  in  X.  (Namely,  if  Sf  = X and  x : U — > F is  the  given 
object,  then  hx>n  is  representable  by  the  object  Uxp-  ■ -XpU  — > F of  Sf-)  It  follows 
that  Hq(hXyP,  T)  = Hq(xp,  F).  The  morphisms  xn  -A  x lie  over  smooth  morphisms 
of  schemes,  hence  xn  £ X'  for  all  n.  Hence  Hq(g~1hXyV,g~1F)  = Hq(xp,g~1F). 
Thus  in  the  two  spectral  sequences  (78.22.3.1)  and  (78.22.3.2)  above  the  Ep’q  terms 
agree  by  the  discussion  in  the  second  paragraph.  The  lemma  follows  in  Case  II  as 
well. 


Case  III:  X is  an  algebraic  stack.  We  claim  that  in  this  case  the  cohomology  groups 
Hq(hXyP,F)  and  Hq(g~1hXy7l,  g_1F)  agree  by  Case  II  above.  Once  we  have  proved 
this  the  result  will  follow  as  before. 


Namely,  consider  the  category  X/hXyU,  see  Sites,  Lemma  7.29.3  Since  hXyU  is  the 
(n+l)-fold  product  of  hx  an  object  of  this  category  is  an  (n+ 2 (-tuple  (y,  sq,  . . . , sn) 
where  y is  an  object  of  X and  each  s*  : y — > x is  a morphism  of  X . This  is  a category 
over  (Sch/S) fppf.  There  is  an  equivalence 

^ /hx,n  ^ (Sch/U) fppf  Xx  •••  Xx  (Sch/U) fppf  =:  ^ n 


over  (Sch/S)  fppf.  Namely,  if  x : (Sch/U)  fppf  — > X also  denotes  the  1-morphism 
associated  with  x and  p : X — » (Sch/S)  fppf  the  structure  functor,  then  we  can  think 
of  (y,  s0, . . . , sn)  as  (y,  f0, . . . , a0, . . . , an)  where  y is  an  object  of  X,  : p(y)  — >■ 

p(x)  is  a morphism  of  schemes,  and  on  : y — > x(fi)  an  isomorphism.  The  category 
of  2n  + 3-tuples  (y,  /o,  ...,/„,  ao, an)  is  an  incarnation  of  the  (n  + l)-fold  fibred 
product  Un  of  algebraic  stacks  displayed  above,  as  we  discussed  in  Section  |78.17| 
By  Cohomology  on  Sites,  Lemma  [21. 13.3|  we  have 

HP(Un,F\uJ  = HP(X/hXyniF \x/hm,J  = HP(hx,n,F). 


Finally,  we  discuss  the  “primed”  analogue  of  this.  Namely,  X' /hXyU  corresponds, 
via  the  equivalence  above  to  the  full  subcategory  U'n  C lin  consisting  of  those 
tuples  (y,  /o,  • ■ . , /„,  ao,  • ■ ■ , otn)  with  y £ X' . Hence  certainly  property  (1)  of  the 
statement  of  the  lemma  holds  for  the  inclusion  U'n  CUn.  To  see  property  (2)  choose 
an  object  £ = (y,  so,  ■ ■ ■ , sn)  which  lies  over  a scheme  W such  that  (Sch/W)fppf  — > 
Un  is  smooth  and  surjective  (this  is  possible  as  Un  is  an  algebraic  stack).  Then 
(Sch/W) fppf  — > Un  — > (Sch/U) fppf  is  smooth  as  a composition  of  base  changes  of 
the  morphism  x : (Sch/U)  fppf  — >•  X , see  Algebraic  Stacks,  Lemmas  |76.10.6|  and 


76.10.5 


Thus  axiom  (1)  for  X implies  that  y is  an  object  of  X'  whence  £ is  an 
object  of  U'n.  Using  again 

HP(U'n,F\wn)  = Hp(X' /hx,n,. 


>F\x'/h*,n)  = Hp(g~ 


lh  a-1 


F). 


we  now  can  use  Case  II  for  U’n  C Un  to  conclude. 


□ 
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Criteria  for  Representability 


79.1.  Introduction 

The  purpose  of  this  chapter  is  to  find  criteria  guaranteeing  that  a stack  in  groupoids 
over  the  category  of  schemes  with  the  fppf  topology  is  an  algebraic  stack.  His- 
torically, this  often  involved  proving  that  certain  functors  were  representable,  see 
Grothendieck’s  lectures  |Gro95a].  |Gro95b],  |Gro95e].  |Gro95f].  |Gro95c].  and 
[Gro95d].  This  explains  the  title  of  this  chapter.  Another  important  source  of  this 
material  comes  from  the  work  of  Artin,  see  [Art69bj.  |Art70j.  [Art73j.  [Art71bj. 
|Art71a],  |Art69a] . |Art69cj.  and  |Art74|. 

Some  of  the  notation,  conventions  and  terminology  in  this  chapter  is  awkward  and 
may  seem  backwards  to  the  more  experienced  reader.  This  is  intentional.  Please 
see  Quot,  Section  [81. 1|  for  an  explanation. 

79.2.  Conventions 

The  conventions  we  use  in  this  chapter  are  the  same  as  those  in  the  chapter  on 
algebraic  stacks,  see  Algebraic  Stacks,  Section  [76.2| 


79.3.  What  we  already  know 


The  analogue  of  this  chapter  for  algebraic  spaces  is  the  chapter  entitled  “Bootstrap” , 
see  Bootstrap,  Section  urn  That  chapter  already  contains  some  representability 
results.  Moreover,  some  of  the  preliminary  material  treated  there  we  already  have 
worked  out  in  the  chapter  on  algebraic  stacks.  Here  is  a list: 


(1) 

(2) 

(3) 

(4) 


We  discuss  morphisms  of  presheaves  representable  by  algebraic  spaces  in 
Bootstrap,  Section  |67.3|  In  Algebraic  Stacks,  Section  |76.9|  we  discuss 
the  notion  of  a 1-morphism  of  categories  fibred  in  groupoids  being  repre- 
sentable by  algebraic  spaces. 

We  discuss  properties  of  morphisms  of  presheaves  representable  by  alge- 
braic spaces  in  Bootstrap,  Section  67.4  In  Algebraic  Stacks,  Section|76.10| 
we  discuss  the  notion  of  a 1-morphism  of  categories  fibred  in  groupoids 
being  representable  by  algebraic  spaces. 

We  proved  that  if  F is  a sheaf  whose  diagonal  is  representable  by  algebraic 
spaces  and  which  has  an  etale  covering  by  an  algebraic  space,  then  F is  an 
algebraic  space,  see  Bootstrap,  Theorem  67.6. 1|  (This  is  a weak  version 
of  the  result  in  the  next  item  on  the  list.) 

We  proved  that  if  F is  a sheaf  and  if  there  exists  an  algebraic  space  U and 
a morphism  U — >•  F which  is  representable  by  algebraic  spaces,  surjective, 
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flat,  and  locally  of  finite  presentation,  then  F is  an  algebraic  space,  see 
Bootstrap,  Theorem  |6 7. 10.1| 

(5)  We  have  also  proved  the  “smooth”  analogue  of  Q for  algebraic  stacks: 
If  X is  a stack  in  groupoids  over  (Sch/S)fppf  and  if  there  exists  a stack 
in  groupoids  U over  (Sch/ S) fvvf  which  is  representable  by  an  algebraic 
space  and  a 1-morphism  u : U — ► X which  is  representable  by  algebraic 
spaces,  surjective,  and  smooth  then  X is  an  algebraic  stack,  see  Algebraic 
Stacks,  Lemma [76.15.3| 

Our  first  task  now  is  to  prove  the  analogue  of  p}  for  algebraic  stacks  in  general;  it 
is  Theorem  179. 16. ll 


79.4.  Morphisms  of  stacks  in  groupoids 

05XJ  This  section  is  preliminary  and  should  be  skipped  on  a first  reading. 

05XK  Lemma  79.4.1.  Let  X -A  y — ► Z be  1-morphisms  of  categories  fibred  in  groupoids 
over  ( Sch/ S)  fppf . If  X —>  Z and  y —>  Z are  representable  by  algebraic  spaces  and 
etale  so  is  X — ► y . 

Proof.  Let  Wbea  representable  category  fibred  in  groupoids  over  S.  Let  / :U  — »■  y 
be  a 1-morphism.  We  have  to  show  that  X XyU  is  representable  by  an  algebraic 
space  and  etale  over  U.  Consider  the  composition  h :U  — X Z.  Then 

XxzU — >yxzu 

is  a 1-morphism  between  categories  fibres  in  groupoids  which  are  both  representable 
by  algebraic  spaces  and  both  etale  over  U.  Hence  by  Properties  of  Spaces,  Lemma 
|53.15.6|  this  is  represented  by  an  etale  morphism  of  algebraic  spaces.  Finally,  we 
obtain  the  result  we  want  as  the  morphism  / induces  a morphism  U -A  y xzU  and 
we  have 

X XyU  = (X  XZU)  X(yXzU)  U. 

□ 

05XL  Lemma  79.4.2.  Let  X,y,Z  be  stacks  in  groupoids  over  (Sch/ S) fppf.  Suppose 
that  X -A  y and  Z —y  y are  1-morphisms.  If 

(1)  y,  Z are  representable  by  algebraic  spaces  Y , Z over  S, 

(2)  the  associated  morphism  of  algebraic  spaces  Y — » Z is  surjective,  flat  and 
locally  of  finite  presentation,  and 

(3)  y xz  X is  a stack  in  setoids, 
then  X is  a stack  in  setoids. 


Proof.  This  is  a special  case  of  Stacks,  Lemma  [8.6. 10 


□ 


05XW 


The  following  lemma  is  the  analogue  of  Algebraic  Stacks,  Lemma  76.15.3  and  will 
be  superseded  by  the  stronger  Theorem  |79. 16. 1[ 


Lemma  79.4.3.  Let  S be  a scheme.  Let  u :U  — x X be  a 1-morphism  of  stacks  in 
groupoids  over  ( Sch/ S) fppf . If 

(1)  U is  representable  by  an  algebraic  space,  and 

(2)  u is  representable  by  algebraic  spaces,  surjective,  flat  and  locally  of  finite 
presentation, 


then  representable  by  algebraic  spaces. 
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Proof.  Given  two  schemes  Tj,  T2  over  S denote  T%  = (Sch/Ti) fppf  the  associated 
representable  fibre  categories.  Suppose  given  1-morphisms  fi  ■'  71  — t X.  According 
to  Algebraic  Stacks,  Lemma [76. 10. 11|  it  suffices  to  prove  that  the  2-fibered  product 
71  x*  T2  is  representable  by  an  algebraic  space.  By  Stacks,  Lemma  8.6.8  this 
is  in  any  case  a stack  in  setoids.  Thus  71  Xx  71  corresponds  to  some  sheaf  F 
on  ( Sch/ S) fppf , see  Stacks,  Lemma  8.6.3  Let  U be  the  algebraic  space  which 
represents  U.  By  assumption 


77  =U  y.U}x,fi  71 

is  representable  by  an  algebraic  space  T[  over  S.  Hence  T{  Xu  Tf  is  representable 
by  the  algebraic  space  T[  Xu  T 2.  Consider  the  commutative  diagram 


71  xx  T2 71 


front  square  are  2-fibre  products.  A formal  argument  then  shows  that  Xu  T2  -A 
71  Xx  71  is  the  “base  change”  of  U — > X,  more  precisely  the  diagram 


r;xuri — 

Y V 

71  xx  T2 >• 


is  a 2-fibre  square.  Hence  T[  Xu  — > F is  representable  by  algebraic  spaces, 

flat,  locally  of  finite  presentation  and  surjective,  see  Algebraic  Stacks,  Lemmas 
|76.9.6[  [76.9.7|  |76. 10. 4[  and|76.1(L6|  Therefore  F is  an  algebraic  space  by  Bootstrap, 
Theorem  167. 10.  ll  and  we  win.  □ 


07WG  Lemma  79.4.4.  Let  X be  a category  fibred  in  groupoids  over  (Sch/ S) fppf . The 
following  are  equivalent 

(1)  Aa  : X — > X x xxx  X is  representable  by  algebraic  spaces, 

(2)  for  every  1-morphism  V->LxL  with  V representable  (by  a scheme)  and 
the  fibre  product  y = X Xa,axa  V has  diagonal  representable  by  algebraic 
spaces. 


Proof.  Although  this  is  a bit  of  a brain  twister,  it  is  completely  formal.  Namely, 
recall  that  X Xxxx  X = lx  is  the  inertia  of  X and  that  A a is  the  identity  section 
of  Tx,  see  Categories,  Section  4.33  Thus  condition  (1)  says  the  following:  Given  a 
scheme  V,  an  object  x of  X over  V,  and  a morphism  a : x — > x of  Xy  the  condition 
“a  = idx”  defines  an  algebraic  space  over  V.  (In  other  words,  there  exists  a 
monomorphism  of  algebraic  spaces  W —>  V such  that  a morphism  of  schemes 
/ : T — >•  V factors  through  W if  and  only  if  f*a  = id/*x.) 
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On  the  other  hand,  let  V be  a scheme  and  let  x,  y be  objects  of  X over  V.  Then 
(x,y)  define  a morphism  V = ( Sch/V)fppf  — > X x X.  Next,  let  h : V'  — » V be 
a morphism  of  schemes  and  let  a : h*x  — > h*y  and  /?  : h*x  — > h*y  be  morphisms 
of  Xy-  Then  (cq/3)  define  a morphism  V'  = ( Sch/V)fppf  — > y x y.  Condition 

(2)  now  says  that  (with  any  choices  as  above)  the  condition  “a  = /3”  defines  an 
algebraic  space  over  V. 

To  see  the  equivalence,  given  (a,  /3)  as  in  (2)  we  see  that  (1)  implies  that  “a-1  o/3  = 
idh*x”  defines  an  algebraic  space.  The  implication  (2)  =>  (1)  follows  by  taking 
h = idy  and  /3  = idx.  □ 
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06CT  Let  S’  be  a scheme.  Let  p : X — > y be  a 1-morphism  of  categories  fibred  in  groupoids 
over  (Sch/S)fppf.  We  will  say  that  p is  limit  preserving  on  objects  if  the  following 
condition  holds:  Given  any  data  consisting  of 

(1)  an  affine  scheme  U = lining/  Uj  which  is  written  as  the  directed  limit  of 
affine  schemes  Ui  over  S , 

(2)  an  object  y,  of  y over  Ui  for  some  i, 

(3)  an  object  x of  X over  U,  and 

(4)  an  isomorphism  7 : p(x)  — >■  yi\u, 

then  there  exists  an  i'  > i,  an  object  x p of  X over  Up , an  isomorphism  /3  : 0,7/ \u  — ► x, 
and  an  isomorphism  : p{xi‘ ) —>  yi  \ u such  that 


06CU  (79.5.0.1) 


P{Xi'\u) 
v{P) 
p{x)  - 


li'lu 


7 


(y*  1 17^)117 


Vi 


U 


commutes.  In  this  situation  we  say  that  a(i' , Xi>,  f3, 7 j/)  is  a solution  to  the  problem 
posed  by  our  data  (1),  (2),  (3),  (4)”.  The  motivation  for  this  definition  comes  from 
Limits  of  Spaces,  Lemma|57.3.2| 

06CV  Lemma  79.5.1.  Let  p : X — ► y and  q : Z — ► y be  1-morphisms  of  categories 
fibred  in  groupoids  over  (Sch/ S) fppf . If  p : X — ► y is  limit  preserving  on  objects, 
then  so  is  the  base  change  p'  : X Xy  Z — >•  Z of  p by  q. 


Proof.  This  is  formal.  Let  U = lim^gj  IJ,  be  the  directed  limit  of  affine  schemes 
Ui  over  S,  let  z,  be  an  object  of  Z over  Ui  for  some  i,  let  w be  an  object  of 
X Xy  Z over  U,  and  let  6 : p'(w)  —X  Zi\u  be  an  isomorphism.  We  may  write 
w = (U,  x , z,  a)  for  some  object  x of  X over  U and  object  z of  Z over  U and 
isomorphism  a : p(x)  — > q(z).  Note  that  p'(w)  = z hence  S : z — > Zi\u . Set 
yt  = q(zi)  and  7 = q(8)  o a : p(x)  —X  yi\u-  As  p is  limit  preserving  on  objects  there 
exists  an  i!  > i and  an  object  x,/  of  X over  Up  as  well  as  isomorphisms  f3  : xp  | u — > x 
and7i'  : p(xp)  — > yilu,,  such  that  (79.5.0.1)  commutes.  Then  we  consider  the  object 
wp  = ( Up,xp,Zi\u.,,~lP ) oi  X Xy  Z over  Up  and  define  isomorphisms 


Wp\u  = {UiXplu^ilu^plu)  — — K ( U,x,z,a ) = w 

and 

p'(wp)  = Zi\u.,  A-j.  Zi\u.,. 

These  combine  to  give  a solution  to  the  problem.  □ 
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06CW  Lemma  79.5.2.  Let  p : X — >•  y and  q : y — >•  Z be  l-morphisms  of  categories 
fibred  in  groupoids  over  (Sch/  S)  fppf . If  p and  q are  limit  preserving  on  objects, 
then  so  is  the  composition  qop. 


Proof.  This  is  formal.  Let  U = linpg/  Ui  be  the  directed  limit  of  affine  schemes  Ui 
over  S , let  zt  be  an  object  of  Z over  Ui  for  some  i,  let  x be  an  object  of  X over  U, 
and  let  7 : q(p(x))  — > Zi\u  be  an  isomorphism.  As  q is  limit  preserving  on  objects 
there  exist  an  i'  > i , an  object  y^  of  y over  Ui>,  an  isomorphism  [3  : yi'\u  p(x), 


and  an  isomorphism  7*/  : q{yi>)  — > Zi\u.,  such  that  (79.5.0.1)  is  commutative.  As  p 
is  limit  preserving  on  objects  there  exist  an  i"  > i! , an  object  Xi»  of  X over  Utn , an 
isomorphism  /3'  : Xi"\u  — > x , and  an  isomorphism  7',,  : p(xi»)  — > yt'\u  n such  that 
(79.5.0.1)  is  commutative.  The  solution  is  to  take  Xi"  over  Ui " with  isomorphism 


, , u qH")  , \ I T'i'l  vitl 

q{p{xi")) > qiyi’Wi,, > 


and  isomorphism  /?'  : Xi"\u  — > x.  We  omit  the  verification  that  (79.5.0.1)  is  com- 
mutative. □ 


06CX 


Lemma  79.5.3.  Let  p : X — >•  y be  a 1-morphism  of  categories  fibred  in  groupoids 
over  (Sch/S)fppf.  If  p is  representable  by  algebraic  spaces,  then  the  following  are 
equivalent: 


(1)  p is  limit  preserving  on  objects,  and 

(2)  p is  locally  of  finite  presentation  (see  Algebraic  Stacks,  Definition  7 6.10.1 ). 


Proof.  Assume  (2).  Let  U = linpg/  Ui  be  the  directed  limit  of  affine  schemes  Ui 
over  S,  let  y,-  be  an  object  of  y over  Ui  for  some  i,  let  x be  an  object  of  X over  U, 
and  let  7 : p{x)  — > yi\u  be  an  isomorphism.  Let  Xyi  denote  an  algebraic  space  over 
Ui  representing  the  2-fibre  product 


{Sch/Ui)fppf  'Xy.l,y,p  X . 

Note  that  f = (U,U  Ui,x,  7-1)  defines  an  object  of  this  2-fibre  product  over 
U.  Via  the  2-Yoneda  lemma  £ corresponds  to  a morphism  : U — > XVi  over 
Ui . By  Limits  of  Spaces,  Proposition  57.3.9  there  exists  an  if  > i and  a morphism 


fi>  : Ui ’ —¥  X y.  such  that  is  the  composition  of  f,/  and  the  projection  morphism 
U — » Ui>.  Also,  the  2-Yoneda  lemma  tells  us  that  f,/  corresponds  to  an  object  £,;/  = 
(■ Ui’,Ui ' — > Ui,Xi’,a)  of  the  displayed  2-fibre  product  over  Ui>  whose  restriction  to 
U recovers  £.  In  particular  we  obtain  an  isomorphism  j : Xi>\U  x.  Note  that 
a : Vi | Up  —■ y p(xi>).  Hence  we  see  that  taking  xp,  the  isomorphism  7 : Xi>\U  — > x, 
and  the  isomorphism  /?  = a-1  : p(Xi’)  — > yi\u , is  a solution  to  the  problem. 


Assume  (1).  Choose  a scheme  T and  a 1-morphism  y : (Sch/T) fppf  — > y.  Let  Xy 
be  an  algebraic  space  over  T representing  the  2-fibre  product  (Sch/T) fppf  xyty,pX. 
We  have  to  show  that  Xy  — > T is  locally  of  finite  presentation.  To  do  this  we  may 
use  Limits  of  Spaces,  Proposition  |57.3~9|  in  the  form  described  in  Limits  of  Spaces, 
Remark|57.3.10|  Hence  it  suffices  to  show  that  given  an  affine  scheme  U = linpg/  Ui 
written  as  the  directed  limit  of  affine  schemes  over  T,  then  Xy(U)  = colinx;  Xy(Ui). 
Pick  any  i £ I and  set  yi  = y\ui-  Also  denote  i!  an  element  of  I which  is  bigger 
than  or  equal  to  i.  By  the  2-Yoneda  lemma  morphisms  U — > Xy  over  T correspond 
bijectively  to  isomorphism  classes  of  pairs  (x,  a)  where  x is  an  object  of  X over  U 
and  a : y\jj  p(x)  is  an  isomorphism.  Of  course  giving  a is,  up  to  an  inverse, 
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the  same  thing  as  giving  an  isomorphism  7 : p(x)  — > yi\u-  Similarly  for  morphisms 
Ujj  — >•  Xy  over  T.  Hence  (1)  guarantees  that 

Ay(L 0 — colimj/> j Xy  (Up ) 

in  this  situation  and  we  win.  □ 


06CY  Lemma  79.5.4.  Let  p : X —f  y be  a 1-morphism  of  categories  fibred  in  groupoids 
over  {Sch/ S) fppf . Assume  p is  representable  by  algebraic  spaces  and  an  open  im- 
mersion. Then  p is  limit  preserving  on  objects. 


Proof.  This  follows  from  Lemma  79.5.3  and  (via  the  general  principle  Algebraic 
Stacks,  Lemma  76.10.9)  from  the  fact  that  an  open  immersion  of  algebraic  spaces 
is  locally  of  finite  presentation,  see  Morphisms  of  Spaces,  Lemma [54. 28. 11[  □ 


Let  S'  be  a scheme.  In  the  following  lemma  we  need  the  notion  of  the  size  of  an 
algebraic  space  X over  S.  Namely,  given  a cardinal  n we  will  say  A'  has  size(A)  < k 
if  and  only  if  there  exists  a scheme  U with  size(f7)  < n (see  Sets,  Section  3.9)  and 
a surjective  etale  morphism  U — > X. 


07WH  Lemma  79.5.5.  Let  S be  a scheme.  Let  k = sizeifT ) for  some  T £ Ob  ((Sch/S)  fPPf)- 
Let  f : X —f  y be  a 1-morphism  of  categories  fibred  in  groupoids  over  (Sch/ S)  fppf 
such  that 

(1)  y —f  (Sch/ S) fppf  is  limit  preserving  on  objects, 

(2)  for  an  affine  scheme  V locally  of  finite  presentation  over  S and  y £ 
Ob(JV)  the  fibre  product  (Sch/V) fppf  xy,y  X is  representable  by  an  alge- 
braic space  of  size  < 

(3)  X and  y are  stacks  for  the  Zariski  topology. 

Then  f is  representable  by  algebraic  spaces. 


Proof.  Let  V be  a scheme  over  S and  y £ Tv-  We  have  to  prove  (Sch/V)  fppf  xyy 
X is  representable  by  an  algebraic  space. 


Case  I:  V is  affine  and  maps  into  an  affine  open  Spec(A)  C S.  Then  we  can  write 
V = limVj  with  each  Vi  affine  and  of  finite  presentation  over  Spec(A),  see  Algebra, 
Lemma|lO.  126.1]  Then  y comes  from  an  object  yt  over  V)  for  some  i by  assumption 
(1).  By  assumption  (3)  the  fibre  product  (Sch/Vi) fppf  xVi,y  X is  representable  by 
an  algebraic  space  Z,.  Then  (Sch/V) fppf  xyy  X is  representable  by  Z Xy;  V. 


Case  II:  V is  general.  Choose  an  affine  open  covering  V = |JigJ  Vt  such  that  each 
Vi  maps  into  an  affine  open  of  S.  We  first  claim  that  Z = (Sch/V) fppf  xyy  X is 
a stack  in  setoids  for  the  Zariski  topology.  Namely,  it  is  a stack  in  groupoids  for 
the  Zariski  topology  by  Stacks,  Lemma  |8.5.6[  Then  suppose  that  z is  an  object 
of  Z over  a scheme  T.  Denote  g : T — > V the  morphism  corresponding  to  the 
projection  of  z in  (Sch/V) fppf.  Consider  the  Zariski  sheaf  I = Isomz(z,  z).  By 
Case  I we  see  that  I |g-i/y.)  = * (the  singleton  sheaf).  Hence  I = *.  Thus  Z 
is  fibred  in  setoids.  To  finish  the  proof  we  have  to  show  that  the  Zariski  sheaf 
Z : T ht-  Ob (Zt)/  — is  an  algebraic  space,  see  Algebraic  Stacks,  Lemma  76.8.2 
There  is  a map  p : Z —fV  (transformation  of  functors)  and  by  Case  I we  know  that 
Zi  = p~l(Vi)  is  an  algebraic  space.  The  morphisms  Zt  — > Z are  representable  by 
open  immersions  and  JJ  Zi  — > Z is  surjective  (in  the  Zariski  topology).  Hence  Z is 


1 The  condition  on  size  can  be  dropped  by  those  ignoring  set  theoretic  issues. 
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a sheaf  for  the  fppf  topology  by  Bootstrap,  Lemma  [67.3.11  Thus  Spaces,  Lemma 
52.8.4  applies  and  we  conclude  that  Z is  an  algebraic  spa«[j  □ 


07WI  Lemma  79.5.6.  Let  S be  a scheme.  Let  f : X — >•  y be  a 1-morphism  of  categories 
fibred  in  groupoids  over  (Sch/  S)  fppf . LetV  be  a property  of  morphisms  of  algebraic 
spaces  as  in  Algebraic  Stacks,  Definition\76.10.  3 v 

(1)  f is  representable  by  algebraic  spaces, 

(2)  y — > {Sch/ S) fppf  is  limit  preserving  on  objects, 

(3)  for  an  affine  scheme  V locally  of  finite  presentation  over  S and  y £ JV 
the  resulting  morphism  of  algebraic  spaces  fy  : Fy  -A  V,  see  Algebraic 


Stacks,  Equation  (76.9.1.1),  has  property  V . 
Then  f has  property  V . 


Proof.  Let  V be  a scheme  over  S and  y £ JV-  We  have  to  show  that  Fy  — > V 
has  property  V.  Since  V is  fppf  local  on  the  base  we  may  assume  that  V is  an 
affine  scheme  which  maps  into  an  affine  open  Spec(A)  C S.  Thus  we  can  write 
V = limV)  with  each  V,  affine  and  of  finite  presentation  over  Spec(A),  see  Algebra, 
Lemma 1 10. 126.1]  Then  y comes  from  an  object  yt  over  for  some  i by  assumption 
(2).  By  assumption  (3)  the  morphism  FVi  — > V);  has  property  V.  As  V is  stable 
under  arbitrary  base  change  and  since  Fy  = FVi  Xy,  V we  conclude  that  Fy  — > V 
has  property  V as  desired.  □ 


79.6.  Formally  smooth  on  objects 

06CZ  Let  S'  be  a scheme.  Let  p : X — > y be  a 1-morphism  of  categories  fibred  in  groupoids 
over  (Sch/ S)  fppf . We  will  say  that  p is  formally  smooth  on  objects  if  the  following 
condition  holds:  Given  any  data  consisting  of 

(1)  a first  order  thickening  U C U'  of  affine  schemes  over  S, 

(2)  an  object  y'  of  y over  U' , 

(3)  an  object  x of  X over  U,  and 

(4)  an  isomorphism  7 : p(x)  — > y'\u , 

then  there  exists  an  object  x'  of  X over  U'  with  an  isomorphism  /3  : x'\jj  — > x and 
an  isomorphism  7'  : p(x')  — > y'  such  that 


06D0  (79.6.0.1) 


P(x'\u) 
p(P) 
p(x)  - 


u 


u 


commutes.  In  this  situation  we  say  that  “(x',/3,  fi)  is  a solution  to  the  problem 
posed  by  our  data  (1),  (2),  (3),  (4)”. 

06D1  Lemma  79.6.1.  Let  p : X — >■  y and  q : Z — ► y be  l-morphisms  of  categories 
fibred  in  groupoids  over  (Sch/ S) fppf . If  p : X — » y is  formally  smooth  on  objects, 
then  so  is  the  base  change  p'  : X Xy  Z — ► Z of  p by  q. 


^ To  see  that  the  set  theoretic  condition  of  that  lemma  is  satisfied  we  argue  as  follows: 
First  choose  the  open  covering  such  that  \I\  < size(V).  Next,  choose  schemes  Ui  of  size  < 
max(/c,  size(V))  and  surjective  etale  morphisms  Ui  — > Zi\  we  can  do  this  by  assumption  (2)  and 
Sets,  Lemma|3.9.6|  (details  omitted).  Then  Sets,  Lemma |3. 9. 9|  implies  that  ]J  Ui  is  an  object  of 
(Sch/ S)  fppf  • Hence  JJ  Zi  is  an  algebraic  space  by  Spaces,  Lemma 


52.8.3 
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Proof.  This  is  formal.  Let  U C U'  be  a first  order  thickening  of  affine  schemes  over 
S,  let  z'  be  an  object  of  Z over  Ur,  let  w be  an  object  of  X Xy  Z over  U,  and  let 
5 : p'(w ) — ► z'\u  be  an  isomorphism.  We  may  write  w = ( U , x,  z,  a)  for  some  object 
x of  X over  U and  object  z of  Z over  U and  isomorphism  a : p(x)  — > q(z).  Note 
that  p'(w)  = z hence  6 : z —>  z\u-  Set  y'  = q(z')  and  7 = q(5)  o a : p(x)  — > y'\u- 
As  p is  formally  smooth  on  objects  there  exists  an  object  x ' of  X over  U'  as  well 
as  isomorphisms  f)  : x'\u  — ► x and  7'  : p(x')  — > y'  such  that  (79.6.0.1)  commutes. 
Then  we  consider  the  object  w = (U',x',z',  7')  of  X Xy  Z over  U'  and  define 
isomorphisms 


v'\u  = {U,x'\u,z'\u,')'\u)  (/3,<5  ( U,x,z,a ) = 


and 


//  f\  / id  / 
p (W  ) = Z — > Z . 

These  combine  to  give  a solution  to  the  problem. 


□ 


06D2  Lemma  79.6.2.  Let  p : X -A  y and  q : y — > Z be  l-morphisms  of  categories 
fibred  in  groupoids  over  (Sch/ S)  fppf . If  p and  q are  formally  smooth  on  objects, 
then  so  is  the  composition  q o p. 

Proof.  This  is  formal.  Let  U C U'  be  a first  order  thickening  of  affine  schemes 
over  S , let  z'  be  an  object  of  Z over  U' , let  x be  an  object  of  X over  U,  and  let 
7 : q(p(x))  — > z'\u  be  an  isomorphism.  As  q is  formally  smooth  on  objects  there 
exist  an  object  y'  of  y over  U' , an  isomorphism  /3  : y'\jj  — > p(x),  and  an  isomorphism 
y : q(y')  — » z'  such  that  (|79.6.0.1 ) is  commutative.  As  p is  formally  smooth  on 
objects  there  exist  an  object  x'  of  X over  U’ , an  isomorphism  /3'  : x'\  u — > x,  and 
an  isomorphism  7"  : p{x')  — > y'  such  that  (79.6.0.1)  is  commutative.  The  solution 
is  to  take  x'  over  U'  with  isomorphism 

q(jp{x'))  q(y')  y 

and  isomorphism  ft'  : x'\u  — > x.  We  omit  the  verification  that  (79.6.0.1)  is  commu- 
tative. □ 


Note  that  the  class  of  formally  smooth  morphisms  of  algebraic  spaces  is  stable 
under  arbitrary  base  change  and  local  on  the  target  in  the  fpqc  topology,  see  More 
on  Morphisms  of  Spaces,  Lemma  63.17.3  and  63.17.10  Hence  condition  (2)  in  the 
lemma  below  makes  sense. 


06D3 


Lemma  79.6.3.  Let  p : X — » y be  a 1-morphism  of  categories  fibred  in  groupoids 
over  (Sch/ S) fPpf . If  p is  representable  by  algebraic  spaces,  then  the  following  are 
equivalent: 

(1)  p is  formally  smooth  on  objects,  and 

(2)  p is  formally  smooth  (see  Algebraic  Stacks,  Definition  1 6.10.1). 


Proof.  Assume  (2).  Let  U C U'  be  a first  order  thickening  of  affine  schemes 
over  S,  let  y'  be  an  object  of  y over  U' , let  x be  an  object  of  X over  U,  and  let 
7 : p(x)  — > y'\u  be  an  isomorphism.  Let  Xy>  denote  an  algebraic  space  over  U’ 
representing  the  2-fibre  product 

(Sch/U  )fpPf  xy',y,p  X . 

Note  that  £ = (U,  U — >•  U’ ,x,^~l)  defines  an  object  of  this  2-fibre  product  over  U. 
Via  the  2-Yoneda  lemma  £ corresponds  to  a morphism  f j ■ U Xyi  over  U' . As 
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Xyi  -7  U'  is  formally  smooth  by  assumption  there  exists  a morphism  Xyi 

such  that  /j  is  the  composition  of  f and  the  morphism  U -7  U' . Also,  the  2- 
Yoneda  lemma  tells  us  that  f corresponds  to  an  object  £'  = (U'  ,U'  -7  U',x',a) 
of  the  displayed  2-fibre  product  over  U'  whose  restriction  to  U recovers  £.  In 
particular  we  obtain  an  isomorphism  7 : x'\U  — > x.  Note  that  a : y'  -7  p(x'). 
Hence  we  see  that  taking  x' , the  isomorphism  7 : x'\U  — > x,  and  the  isomorphism 
jd  = a~l  : p(x')  — > y'  is  a solution  to  the  problem. 

Assume  (1).  Choose  a scheme  T and  a 1-morphism  y : ( Sch/T ) — ► W Let  Xy  be 

an  algebraic  space  over  T representing  the  2-fibre  product  (Sch/T) fppfXyypX.  We 
have  to  show  that  Xy  — > T is  formally  smooth.  Hence  it  suffices  to  show  that  given 
a first  order  thickening  U C U'  of  affine  schemes  over  T,  then  Xy(U')  -7  Xy(U')  is 
surjective  (morphisms  in  the  category  of  algebraic  spaces  over  T).  Set  y'  = y\u>. 
By  the  2-Yoneda  lemma  morphisms  U — > Xy  over  T correspond  bijectively  to 
isomorphism  classes  of  pairs  (x,  a)  where  x is  an  object  of  X over  U and  a : y\jj  — > 
p(x)  is  an  isomorphism.  Of  course  giving  a is,  up  to  an  inverse,  the  same  thing  as 
giving  an  isomorphism  7 : p(x)  — > y'\u-  Similarly  for  morphisms  U'  — >■  Xy  over  T. 
Hence  (1)  guarantees  the  surjectivity  of  Xy(U')  — ► Xy(U')  in  this  situation  and  we 
win.  □ 


79.7.  Surjective  on  objects 

06D4  Let  S'  be  a scheme.  Let  p : X — ► y be  a 1-morphism  of  categories  fibred  in  groupoids 
over  (Sch/ S)  fppf . We  will  say  that  p is  surjective  on  objects  if  the  following  condi- 
tion holds:  Given  any  data  consisting  of 

(1)  a field  k over  S,  and 

(2)  an  object  y of  y over  Spec(fc), 

then  there  exists  an  extension  k C K of  fields  over  S,  an  object  x of  X over  Spec(A') 
such  that  p(x)  = y\spec(K)- 

06D5  Lemma  79.7.1.  Let  p : X — » y and  q : Z — » y be  l-morphisms  of  categories 
fibred  in  groupoids  over  (Sch/ S) fppf . If  p : X — ► y is  surjective  on  objects , then  so 
is  the  base  change  p'  : X Xy  Z — > Z of  p by  q. 

Proof.  This  is  formal.  Let  z be  an  object  of  Z over  a field  k.  As  p is  surjective 
on  objects  there  exists  an  extension  k C K and  an  object  x of  X over  K and  an 
isomorphism  a : p(x)  ->•  q(z) |Spec(iC)-  Then  w = (Spec(K),  x,  z\Spec(K),  a)  is  an 
object  of  X Xy  Z over  K with  p'(w)  = 2|spec(jf)-  □ 

06D6  Lemma  79.7.2.  Let  p : X — »•  y and  q : y — > Z be  l-morphisms  of  categories 
fibred  in  groupoids  over  (Sch/ S) fppf.  If  p and  q are  surjective  on  objects,  then  so 
is  the  composition  q o p. 

Proof.  This  is  formal.  Let  z be  an  object  of  Z over  a field  k.  As  q is  surjective  on 
objects  there  exists  a field  extension  k C K and  an  object  y of  y over  K such  that 
q(y)  = ^lspec(R)-  As  p is  surjective  on  objects  there  exists  a field  extension  K C L 
and  an  object  x of  X over  L such  that  p(x)  = j/|sPec(L)-  Then  the  field  extension 
k C L and  the  object  x of  X over  L satisfy  q(p(x))  = 2|sPec(L)  as  desired.  □ 

06D7  Lemma  79.7.3.  Let  p : X — ► y be  a 1-morphism  of  categories  fibred  in  groupoids 
over  (Sch/ S) fppf . If  p is  representable  by  algebraic  spaces,  then  the  following  are 
equivalent: 
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(1)  p is  surjective  on  objects,  and 

(2)  p is  surjective  (see  Algebraic  Stacks,  Definition  76.10.1). 


Proof.  Assume  (2).  Let  k be  a field  and  let  y be  an  object  of  y over  k.  Let  Xy 
denote  an  algebraic  space  over  k representing  the  2-fibre  product 


(SchJ  Spec (k))fppf  ^y,y,p  A . 

As  we’ve  assumed  that  p is  surjective  we  see  that  Xy  is  not  empty.  Hence  we  can 
find  a field  extension  k C K and  a A'-valued  point  x of  Xy.  Via  the  2-Yoneda 
lemma  this  corresponds  to  an  object  a;  of  A over  K together  with  an  isomorphism 
p(x)  = j/|spec(AT)  and  we  see  that  (1)  holds. 

Assume  (1).  Choose  a scheme  T and  a 1-morphism  y : (Sch/T) fppf  -A  y.  Let  Xy 
be  an  algebraic  space  over  T representing  the  2-fibre  product  (Sch/T)  fppf  Xyty}PX. 
We  have  to  show  that  Xy  — >■  T is  surjective.  By  Morphisms  of  Spaces,  Definition 
54.5.2|we  have  to  show  that  \Xy  \ — ► |Tj  is  surjective.  This  means  exactly  that  given 
a field  k over  T and  a morphism  t : Spec(fc)  — > T there  exists  a field  extension 
k C K and  a morphism  x : Spec(iv ) -A  Xy  such  that 


Spec(Lf)  — — >■  Xy 

V t 

Spec (k)  — T 


commutes.  By  the  2-Yoneda  lemma  this  means  exactly  that  we  have  to  find  k C K 
and  an  object  x of  X over  K such  that  p(x)  = t*y |sPec(AT)-  Hence  (1)  guarantees 
that  this  is  the  case  and  we  win.  □ 


79.8.  Algebraic  morphisms 

05XX  The  following  notion  is  occasionally  useful. 

06CF  Definition  79.8.1.  Let  S'  be  a scheme.  Let  F : X — > y be  a 1-morphism  of  stacks 
in  groupoids  over  ( Sch/ S)  fppf . We  say  that  F is  algebraic  if  for  every  scheme  T 
and  every  object  £ of  y over  T the  2-fibre  product 

(Sch/T) fppf  x^y  X 

is  an  algebraic  stack  over  S. 

With  this  terminology  in  place  we  have  the  following  result  that  generalizes  Alge- 
braic Stacks,  Lemma [76.15.4| 

05XY  Lemma  79.8.2.  Let  S be  a scheme.  Let  F : X -A  y be  a 1-morphism  of  stacks 
in  groupoids  over  (Sch/ S) fppf . If 

(1)  y is  an  algebraic  stack,  and 

(2)  F is  algebraic  (see  above), 
then  X is  an  algebraic  stack. 

Proof.  By  assumption  (1)  there  exists  a scheme  T and  an  object  £ of  y over 
T such  that  the  corresponding  1-morphism  £ : (Sch/T) fppf  — > y is  smooth  an 
surjective.  Then  U = (Sch/T) fppf  x^  yX  is  is  an  algebraic  stack  by  assumption  (2). 
Choose  a scheme  U and  a surjective  smooth  1-morphism  (Sch/U) fppf  -A-  U.  The 
projection  U — > X is,  as  the  base  change  of  the  morphism  £ : (Sch/T)  fppf  — > y, 
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surjective  and  smooth,  see  Algebraic  Stacks,  Lemma [76TToT6|  Then  the  composition 
( Sch/U ) fpPf  — ► U — » X is  surjective  and  smooth  as  a composition  of  surjective  and 
smooth  morphisms,  see  Algebraic  Stacks,  Lemma [76. 10. 5|  Hence  X is  an  algebraic 
stack  by  Algebraic  Stacks,  Lemma[76.15.3  □ 


Lemma  79.8.3.  Let  S be  a scheme.  Let  F : X — »•  y be  a 1-morphism  of  stacks 
in  groupoids  over  ( Sch/S)fppf . If  X is  an  algebraic  stack  and  A : y — > y x y is 
representable  by  algebraic  spaces,  then  F is  algebraic. 


Proof.  Choose  a representable  stack  in  groupoids  U and  a surjective  smooth  1- 
morphism  U — >■  X.  Let  T be  a scheme  and  let  £ be  an  object  of  y over  T.  The 
morphism  of  2-fibre  products 


(Sch/T) fppf  > (i Sch/T) fppf  X 

is  representable  by  algebraic  spaces,  surjective,  and  smooth  as  a base  change  of 
U — > X,  see  Algebraic  Stacks,  Lemmas  |76.9.7|  and  |76.10.6|  By  our  condition  on 
the  diagonal  of  y we  see  that  the  source  of  this  morphism  is  representable  by  an 
algebraic  space,  see  Algebraic  Stacks,  Lemma  76.10.11  Hence  the  target  is  an 
algebraic  stack  by  Algebraic  Stacks,  Lemma  |76. 15.3  □ 


79.9.  Spaces  of  sections 

05XZ  Given  morphisms  W — > Z — > U we  can  consider  the  functor  that  associates  to  a 
scheme  U'  over  U the  set  of  sections  er  : ► Wjj'  of  the  base  change  Wjj'  — > Z\ j> 

of  the  morphism  W — > Z.  In  this  section  we  prove  some  preliminary  lemmas  on 
this  functor. 


05XQ  Lemma  79.9.1.  Let  Z — y U be  a finite  morphism  of  schemes.  Let  W be  an 
algebraic  space  and  let  W — ► Z be  a surjective  etale  morphism.  Then  there  exists  a 
surjective  etale  morphism  U'  — ► U and  a section 

u : Zjj ' -A  Wjji 

of  the  morphism  Wu1  — t Zu1  ■ 


Proof.  We  may  choose  a separated  scheme  W'  and  a surjective  etale  morphism 
W'  — > W . Hence  after  replacing  W by  W'  we  may  assume  that  W is  a separated 
scheme.  Write  / : W — >•  Z and  7r  : Z — > U.  Note  that  fo-jr  : W — > U is  separated  as 


W is  separated  (see  Schemes,  Lemma  25.21.14).  Let  u G U be  a point.  Clearly  it 


suffices  to  find  an  etale  neighbourhood  ( U’,u ')  of  ([/,  u ) such  that  a section  cr  exists 
over  U' . Let  z\, . . . , zr  be  the  points  of  Z lying  above  u.  For  each  i choose  a point 
Wi  £ W which  maps  to  Zi-  We  may  pick  an  etale  neighbourhood  ( U',u ')  — > ( U,u ) 
such  that  the  conclusions  of  More  on  Morphisms,  Lemma  |36.30.5|  hold  for  both 
Z — ^ U and  the  points  z\, . . . , zr  and  W — ► U and  the  points  w i,  • • ■ , wr.  Hence, 
after  replacing  (U,  u)  by  ( U',u ')  and  relabeling,  we  may  assume  that  all  the  field 
extensions  k(u)  C k(^)  and  k(u)  C n{wf)  are  purely  inseparable,  and  moreover 
that  there  exist  disjoint  union  decompositions 

Z = Pi  H . . . H Vr  H A,  W =W1U...UWrUB 


by  open  and  closed  subschemes  with  Zi  € Vi,  Wi  £ Wi  and  I ^ > C7,  W*  — >■  U finite. 
After  replacing  U by  U \ 7 r(A)  we  may  assume  that  A = 0,  i.e.,  Z = V±  H . . . H Vr. 
After  replacing  Wj  by  Wi  n /_1(Pi)  and  B by  B U (J  Wj  fl  f~1{Z  \ V ) we  may 
assume  that  / maps  Wi  into  V. \.  Then  /*  = / \Wi  ■ W7*  — > Vi  is  a morphism  of 
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schemes  finite  over  U,  hence  finite  (see  Morphisms,  Lemma  28.43.12).  It  is  also 


etale  (by  assumption),  /)  ({zj})  = Wi,  and  induces  an  isomorphism  of  residue 

fields  n(zi)  = n(iVi)  (because  both  are  purely  inseparable  extensions  of  k(u)  and 


k(zi)  C fc(wi)  is  separable  as  / is  etale).  Hence  by  Etale  Morphisms,  Lemma  40.14.2 
we  see  that  fi  is  an  isomorphism  in  a neighbourhood  V/  of  Z{.  Since  7r  : Z — > U is 
closed,  after  shrinking  U,  we  may  assume  that  Wj  — > Vi  is  an  isomorphism.  This 
proves  the  lemma.  □ 

05XR  Lemma  79.9.2.  Let  Z -A  U be  a finite  locally  free  morphism  of  schemes.  Let  W 
be  an  algebraic  space  and  let  W — > Z be  an  etale  morphism.  Then  the  functor 

F : (SCh/U)0fPpPf  — ► Sets , 

defined  by  the  rule 

U'  i — > F(U')  = {a  : Zf/i  — ► Wu'  section  ofWjj > — > Zjj'} 
is  an  algebraic  space  and  the  morphism  F —t  U is  etale. 

Proof.  Assume  first  that  W — > Z is  also  separated.  Let  U1  be  a scheme  over  U and 


let  a £ F ([/').  By  Morphisms  of  Spaces,  Lemma  54.4.7  the  morphism  a is  a closed 
immersion.  Moreover,  a is  etale  by  Properties  of  Spaces,  Lemma  53.15.6  Hence 
<7  is  also  an  open  immersion,  see  Morphisms  of  Spaces,  Lemma  54.48.2  In  other 
words,  Za  = cr(Zu')  C Wjj>  is  an  open  subspace  such  that  the  morphism  Za  — > Zjj> 
is  an  isomorphism.  In  particular,  the  morphism  Za  — ► U'  is  finite.  Hence  we  obtain 
a transformation  of  functors 

F — > (W/U)  fin , <7  ► (CT  -►  U,  Za) 

where  ( W/U)fin  is  the  finite  part  of  the  morphism  W — ► U introduced  in  More  on 
Groupoids  in  Spaces,  Section [66T0j  It  is  clear  that  this  transformation  of  functors 
is  injective  (since  we  can  recover  a from  Za  as  the  inverse  of  the  isomorphism 
Za  — ► Zjjf).  By  More  on  Groupoids  in  Spaces,  Proposition  66.10.11  we  know  that 


(W/U) fin  is  an  algebraic  space  etale  over  U.  Hence  to  finish  the  proof  in  this  case 
it  suffices  to  show  that  F — > ( W/U)fin  is  representable  and  an  open  immersion. 
To  see  this  suppose  that  we  are  given  a morphism  of  schemes  U'  —¥  U and  an  open 
subspace  Z'  c Wu>  such  that  Z'  — > U'  is  finite.  Then  it  suffices  to  show  that  there 
exists  an  open  subscheme  U"  C U'  such  that  a morphism  T — > U'  factors  through 
U"  if  and  only  if  Z'  Xrj>  T maps  isomorphically  to  Z Xj//  T.  This  follows  from 
More  on  Morphisms  of  Spaces,  Lemma  63.38.6  (here  we  use  that  Z — ► B is  flat  and 


locally  of  finite  presentation  as  well  as  finite).  Hence  we  have  proved  the  lemma  in 
case  W -A  Z is  separated  as  well  as  etale. 

In  the  general  case  we  choose  a separated  scheme  W'  and  a surjective  etale  mor- 
phism W'  — > W.  Note  that  the  morphisms  W'  — > W and  W — > Z are  separated  as 
their  source  is  separated.  Denote  F'  the  functor  associated  to  W'  — > Z — > U as  in 
the  lemma.  In  the  first  paragraph  of  the  proof  we  showed  that  F'  is  representable 
by  an  algebraic  space  etale  over  U.  By  Lemma  [79.9.1  the  map  of  functors  F'  — >•  F 
is  surjective  for  the  etale  topology  on  Sch/U.  Moreover,  if  U'  and  a : Zjji  — > Wu> 
define  a point  £ £ F(U'),  then  the  fibre  product 

F"  = F'  x F ^ U' 

is  the  functor  on  Sch/U'  associated  to  the  morphisms 

Wy,  x Wjj/  ,(7  %u'  Zu'  U’ . 
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05  YO 


05Y1 


05Y2 


05Y3 


Since  the  first  morphism  is  separated  as  a base  change  of  a separated  morphism,  we 
see  that  F"  is  an  algebraic  space  etale  over  U'  by  the  result  of  the  first  paragraph. 
It  follows  that  F'  — > F is  a surjective  etale  transformation  of  functors,  which  is 
representable  by  algebraic  spaces.  Hence  F is  an  algebraic  space  by  Bootstrap, 
Theorem  67.10.1  Since  F'  — > F is  an  etale  surjective  morphism  of  algebraic  spaces 
it  follows  that  F — > U is  etale  because  F'  — > U is  etale.  □ 

79.10.  Relative  morphisms 

We  continue  the  discussion  started  in  More  on  Morphisms,  Section  [36.49[ 

Let  S'  be  a scheme.  Let  Z — ► B and  A'  — » B be  morphisms  of  algebraic  spaces  over 
S.  Given  a scheme  T we  can  consider  pairs  (a,  b ) where  a : T — > B is  a morphism 
and  b : T xa#  Z — » T xa,B  A is  a morphism  over  T.  Picture 

T xa  B Z 7 s-Txa  BA  Z X 

(79.10.0.1) 

s-  B 

Of  course,  we  can  also  think  of  b as  a morphism  b : T xaB  Z — ► X such  that 
TxaBZ 


commutes.  In  this  situation  we  can  define  a functor 
(79.10.0.2)  MorB(Z,  X)  : ( Sch/S)opp  — ► Sets , T i 


{(a,  b)  as  above} 


Sometimes  we  think  of  this  as  a functor  defined  on  the  category  of  schemes  over  B , 
in  which  case  we  drop  a from  the  notation. 

Lemma  79.10.1.  Let  S be  a scheme.  Let  Z — » B and  X — » B be  morphisms  of 
algebraic  spaces  over  S . Then 

(1)  Mors(Z,  X)  is  a sheaf  on  (Sch/ S)  fppf . 

(2)  If  T is  an  algebraic  space  over  S,  then  there  is  a canonical  bijection 

Mor shttSch/s)fppf)(T,MorB(Z,X))  = {( a,b ) as  in  (]79. 10.0. 1[) } 


Proof.  Let  T be  an  algebraic  space  over  S.  Let  {T,;  — >•  T}  be  an  fppf  covering  of  T 
(as  in  Topologies  on  Spaces,  Section  60.4).  Suppose  that  ( ai,bi ) £ MorB(Z,X)(Ti) 


such  that  (ai,  &i)|TixTTJ  = (ajibj)\TiXTTj  for  all  i,j.  Then  by  Descent  on  Spaces, 
Lemma  |61.6.2|  there  exists  a unique  morphism  a : T -A  B such  that  a,;  is  the 
composition  of  T)  — > T and  a.  Then  {T)  xa.  b Z — » T xa  B A}  is  an  fppf  covering 
too  and  the  same  lemma  implies  there  exists  a unique  morphism  b : T xa  B Z -A 
T xa  B X such  that  bi  is  the  composition  of  T,  xaus  Z — > T xa  s Z and  b.  Hence 
(a,  b)  £ Mors(Z,X)(T)  restricts  to  (aj,6,)  over  Tj  for  all  i. 

Note  that  the  result  of  the  preceding  paragraph  in  particular  implies  (1). 

Let  T be  an  algebraic  space  over  S.  In  order  to  prove  (2)  we  will  construct  mutually 
inverse  maps  between  the  displayed  sets.  In  the  following  when  we  say  “pair”  we 


mean  a pair  (a,  b)  fitting  into  (79.10.0.1). 
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Let  v : T — > Mors{Z,X)  be  a natural  transformation.  Choose  a scheme  U and  a 
surjective  etale  morphism  p : U — ► T.  Then  v{p)  £ Mors(Z,  X)(U)  corresponds 
to  a pair  (au,bu)  over  U.  Let  R = U Xt  U with  projections  t,s  : R U.  As 
v is  a transformation  of  functors  we  see  that  the  pullbacks  of  (au,bu)  by  s and  t 
agree.  Hence,  since  {U  -A  T}  is  an  fppf  covering,  we  may  apply  the  result  of  the 
first  paragraph  that  deduce  that  there  exists  a unique  pair  (a,  6)  over  T. 


Conversely,  let  (a,  b)  be  a pair  over  T.  Let  U — )•  T,  R = U XtU , and  t,  s : R — > U 
be  as  above.  Then  the  restriction  (a,  b)\u  gives  rise  to  a transformation  of  functors 
v : hu  — y Motb^Z^X)  by  the  Yoneda  lemma  (Categories,  Lemma  4.3.5).  As  the 
two  pullbacks  s*(a,  b)\u  and  t*(a,b)\u  are  equal,  we  see  that  v coequalizes  the  two 
maps  ht,hs  : hp>  — > hjj . Since  T = U/R  is  the  fppf  quotient  sheaf  by  Spaces, 
Lemma  52.9.1|  and  since  Mors(Z,X)  is  an  fppf  sheaf  by  (1)  we  conclude  that  v 
factors  through  a map  T -A  Mors(Z,X). 


We  omit  the  verification  that  the  two  constructions  above  are  mutually  inverse.  □ 

05Y4  Lemma  79.10.2.  Let  S be  a scheme.  Let  Z — ► B,  X — > B,  and  B'  — ► B be 
morphisms  of  algebraic  spaces  over  S.  Set  Z'  = B'  x b Z and  X'  = B'  Xb  X . Then 

MorB'{Z',X')  = B'  xB  MorB(Z,X) 

in  Sh((Sch/S)fppf). 


Proof.  The  equality  as  functors  follows  immediately  from  the  definitions.  The 
equality  as  sheaves  follows  from  this  because  both  sides  are  sheaves  according  to 
Lemma  |79.10.1|  and  the  fact  that  a fibre  product  of  sheaves  is  the  same  as  the 
corresponding  fibre  product  of  pre-sheaves  (i.e.,  functors).  □ 


05Y5  Lemma  79.10.3.  Let  S be  a scheme.  Let  Z — > B and  X'  — » X — » B be  morphisms 
of  algebraic  spaces  over  S.  Assume 

(1)  X'  — ► X is  etale,  and 

(2)  Z — y B is  finite  locally  free. 

Then  MorB{Z,X')  — » Mors{Z,X ) is  representable  by  algebraic  spaces  and  etale. 
If  X'  X is  also  surjective,  then  Movb{Z,X')  — > MorB(Z,X)  is  surjective. 


Proof.  Let  U be  a scheme  and  let  £ = (a,  b)  be  an  element  of  Mors{Z,  X)(U).  We 
have  to  prove  that  the  functor 


hu  x^,MorB(z,x)  MorB{Z,X') 

is  representable  by  an  algebraic  space  etale  over  U.  Set  Zv  = U xa  B Z and 
W = Zu  x h x X' . Then  W —¥  Zu  — ► U is  as  in  Lemma  79.9.2  and  the  sheaf  F 
defined  there  is  identified  with  the  fibre  product  displayed  above.  Hence  the  first 
assertion  of  the  lemma.  The  second  assertion  follows  from  this  and  Lemma  (79.9. II 
which  guarantees  that  F — > U is  surjective  in  the  situation  above.  □ 


05Y7  Proposition  79.10.4.  Let  S be  a scheme.  Let  Z — > B and  X — >■  B be  morphisms 
of  algebraic  spaces  over  S.  If  Z — > B is  finite  locally  free  then  Mors{Z,X)  is  an 
algebraic  space. 


Proof.  Choose  a scheme  B'  — JJ  B[  which  is  a disjoint  union  of  affine  schemes  B[ 
and  an  etale  surjective  morphism  B'  — >•  B.  We  may  also  assume  that  B'r  xn  Z 
is  the  spectrum  of  a ring  which  is  finite  free  as  a T(B[,  C^'j-module.  By  Lemma 
79.10.2  and  Spaces,  Lemma  52.5.5  the  morphism  MorB’{Z',X')  — > Motb{Z,X) 
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is  surjective  etale.  Hence  by  Bootstrap,  Theorem  |67.10.1|  it  suffices  to  prove  the 
proposition  when  B = B'  is  a disjoint  union  of  affine  schemes  B[  so  that  each 
B'  x u 2 is  finite  free  over  B'-.  Then  it  actually  suffices  to  prove  the  result  for  the 
restriction  to  each  B\.  Thus  we  may  assume  that  B is  affine  and  that  T{Z1  Oz)  is 
a finite  free  T(B , Os)-module. 


Choose  a scheme  X'  which  is  a disjoint  union  of  affine  schemes  and  a surjective 
etale  morphism  X'  —X  X.  By  Lemma  79.10.3  the  morphism  Mors{Z,X')  — X 
Motb(Z,X)  is  representable  by  algebraic  spaces,  etale,  and  surjective.  Hence  by 
Bootstrap,  Theorem  |67.10.1|  it  suffices  to  prove  the  proposition  when  X is  a dis- 
joint union  of  affine  schemes.  This  reduces  us  to  the  case  discussed  in  the  next 
paragraph. 


Assume  X = IW  Xj  is  a disjoint  union  of  affine  schemes,  B is  affine,  and  that 
T(Z,  Oz)  is  a finite  free  T(B,  Os)-module.  For  any  finite  subset  E C I set 


Fe  = Mor 


<z'H,e£a<)- 


By  More  on  Morphisms,  Lemma  36.49. 1|  we  see  that  FE  is  an  algebraic  space. 
Consider  the  morphism 


H, 


Fe  — ► MorB{Z,X) 


'-Ed  finite 

Each  of  the  morphisms  FE  — x Mors^Z^)  is  an  open  immersion,  because  it  is 
simply  the  locus  parametrizing  pairs  (a,  b)  where  b maps  into  the  open  subscheme 
UJgB  Xi  of  A'.  Moreover,  if  T is  quasi-compact,  then  for  any  pair  (a,  6)  the  image 
of  b is  contained  in  Xi  for  some  E C I finite.  Hence  the  displayed  arrow  is  in 

fact  an  open  covering  and  we  wir[^]by  Spaces,  Lemma  52.8.4  □ 


79.11.  Restriction  of  scalars 


Suppose  X-x2-xB  are  morphisms  of  algebraic  spaces  over  S.  Given  a scheme  T 
we  can  consider  pairs  (a,  b ) where  a : T — x B is  a morphism  and  b : T x0js  Z — x A' 
is  a morphism  over  Z.  Picture 

A 

(79.11.0.1)  Txa^Z 

Y 


In  this  situation  we  can  define  a functor 

(79.11.0.2)  Resz/S(A)  : ( Sch/S)opp  — x Sets,  T <— X {(a,  b)  as  above} 

Sometimes  we  think  of  this  as  a functor  defined  on  the  category  of  schemes  over  B, 
in  which  case  we  drop  a from  the  notation. 

Lemma  79.11.1.  Let  S be  a scheme.  Let  X — x Z — x B be  morphisms  of  algebraic 
spaces  over  S.  Then 


■^Modulo  some  set  theoretic  arguments.  Namely,  we  have  to  show  that  J j FE  is  an  algebraic 
space.  This  follows  because  |/|  < size(.Y)  and  sizefF/,;)  < size( X)  as  follows  from  the  explicit 
description  of  FE  in  the  proof  of  More  on  Morphisms,  Lemma  36.49.1 


Some  details  omitted. 
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(1)  Resz/B{X)  is  a sheaf  on  (Sch/ S) fppf . 

(2)  If  T is  an  algebraic  space  over  S , then  there  is  a canonical  bijection 


M-0TSh((Sch/ s) fPPf)(T,  Resz/B(X))  = {( a,b ) as  in  (|79.11.0.1[)} 


Proof.  Let  T be  an  algebraic  space  over  S.  Let  {Ti  — >•  T}  be  an  fppf  covering  of  T 
(as  in  Topologies  on  Spaces,  Section  60.4).  Suppose  that  (a,,6i)  G Res z/s(X)(Ti) 
such  that  (ai,bi)\TiXTTi  = {aj:bj)\TixTTj  for  all  i,j.  Then  by  Descent  on  Spaces, 
Lemma  |61.6.2|  there  exists  a unique  morphism  a : T — > B such  that  a,;  is  the 
composition  of  T)  — ► T and  a.  Then  {Ti  xai,B  Z —>  T xa^s  Z}  is  an  fppf  covering 
too  and  the  same  lemma  implies  there  exists  a unique  morphism  b : T xa  b Z — > X 
such  that  is  the  composition  of  X)  xai,B  Z — > T xa  s Z and  b.  Hence  (o,  b)  G 
Res z/b(X)(T)  restricts  to  (a,i,bi)  over  I)  for  all  i. 

Note  that  the  result  of  the  preceding  paragraph  in  particular  implies  (1). 


Let  T be  an  algebraic  space  over  S.  In  order  to  prove  (2)  we  will  construct  mutually 
inverse  maps  between  the  displayed  sets.  In  the  following  when  we  say  “pair”  we 
mean  a pair  (a,  b)  fitting  into  (79.11.0.1). 


Let  v : T — > Res z/b{X)  be  a natural  transformation.  Choose  a scheme  U and  a 
surjective  etale  morphism  p : U — > T.  Then  v(p)  G Res z/b{X){U)  corresponds  to 
a pair  (au,  bjj)  over  U.  Let  R = U Xt  U with  projections  t,s  : R -»  U.  As  v is  a 
transformation  of  functors  we  see  that  the  pullbacks  of  ( ajj,bjj ) by  s and  t agree. 
Hence,  since  {U  -A  T}  is  an  fppf  covering,  we  may  apply  the  result  of  the  first 
paragraph  that  deduce  that  there  exists  a unique  pair  (a,  b)  over  T. 


Conversely,  let  (a,  b)  be  a pair  over  T.  Let  U->T,R  = UxtU1  and  t,  s : R — ► U 
be  as  above.  Then  the  restriction  (a,  b) \jj  gives  rise  to  a transformation  of  functors 
v : hu  — > Res z/b{X)  by  the  Yoneda  lemma  (Categories,  Lemma  4.3.5).  As  the 
two  pullbacks  s*(a,  b)\u  and  t*(a,b)\u  are  equal,  we  see  that  v coequalizes  the  two 
maps  ht,hs  : Hr  — > hjj-  Since  T = U/R  is  the  fppf  quotient  sheaf  by  Spaces, 
and  since  Res z/b{X)  is  an  fppf  sheaf  by  (1)  we  conclude  that  v 


52.9.1 


Lemma 

factors  through  a map  T — >•  Res z/b{X). 

We  omit  the  verification  that  the  two  constructions  above  are  mutually  inverse.  □ 


Of  course  the  sheaf  Res z/b{X)  comes  with  a natural  transformation  of  functors 
Res z/b(X)  — i ► B.  We  will  use  this  without  further  mention  in  the  following. 

05YC  Lemma  79.11.2.  Let  S be  a scheme.  Let  X — » Z — » B and  B'  — ► B be  morphisms 
of  algebraic  spaces  over  S . Set  Z'  = B'  Xb  Z and  X'  = B'  Xb  X . Then 

Resz' /b'(X')  = B'  Xb  Resz/siX) 

in  Sh((Sch/ S) fppf) . 

Proof.  The  equality  as  functors  follows  immediately  from  the  definitions.  The 
equality  as  sheaves  follows  from  this  because  both  sides  are  sheaves  according  to 
Lemma  |79.11.1|  and  the  fact  that  a fibre  product  of  sheaves  is  the  same  as  the 
corresponding  fibre  product  of  pre-sheaves  (i.e. , functors).  □ 

05YD  Lemma  79.11.3.  Let  S be  a scheme.  Let  X'  — > X —>  Z — > B be  morphisms  of 
algebraic  spaces  over  S.  Assume 

(1)  X'  -A  X is  etale,  and 

(2)  Z — ^ B is  finite  locally  free. 
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05  YE 


05YF 


05XM 

05XN 


Then  Reszm{,X')  — > Reszm{X)  is  representable  by  algebraic  spaces  and  etale.  If 
X'  — > X is  also  surjective,  then  Reszm{X')  — > Resz/B^X)  is  surjective. 


Proof.  Let  U be  a scheme  and  let  £ = (a,  b)  be  an  element  of  Res^/S(A')({7).  We 
have  to  prove  that  the  functor 


hu  xc,Resz/B(A)  Res z/b{X') 

is  representable  by  an  algebraic  space  etale  over  U.  Set  Zjj  = U xa  b Z and 
W = Z\j  x 5:x  X' . Then  W — > Z\j  — > U is  as  in  Lemma  79.9.2  and  the  sheaf  F 
defined  there  is  identified  with  the  fibre  product  displayed  above.  Hence  the  first 
assertion  of  the  lemma.  The  second  assertion  follows  from  this  and  Lemma  [79.9.11 
which  guarantees  that  W — >•  C/  is  surjective  in  the  situation  above.  □ 


At  this  point  we  can  use  the  lemmas  above  to  prove  that  Res z/b(X)  is  an  algebraic 
space  whenever  Z — > B is  finite  locally  free  in  almost  exactly  the  same  way  as  in 
the  proof  that  Mors(Z,X)  is  an  algebraic  spaces,  see  Proposition |79.1(L4  Instead 
we  will  directly  deduce  this  result  from  the  following  lemma  and  the  fact  that 
Movb{Z,X)  is  an  algebraic  space. 


Lemma  79.11.4.  Let  S be  a scheme.  Let  X — > Z — > B be  morphisms  of  algebraic 
spaces  over  S.  The  following  diagram 


MorB  {Z,  X) ^ MorB  {Z,  Z) 

!.  A 

idz 

ResZ/B{X)  ^ B 


is  a cartesian  diagram  of  sheaves  on  (Sch/ S)  fppf . 

Proof.  Omitted.  Hint:  Exercise  in  the  functorial  point  of  view  in  algebraic  geom- 
etry. □ 


Proposition  79.11.5.  Let  S be  a scheme.  Let  X — ► Z — > B be  morphisms  of 
algebraic  spaces  over  S.  If  Z — ► B is  finite  locally  free  then  Resz/siX)  is  an 
algebraic  space. 


Proof.  By  Proposition  79.10.4  the  functors  Mors(Z,X ) and  MorsiZ,  Z)  are  al- 
gebraic spaces.  Hence  this  follows  from  the  cartesian  diagram  of  Lemma  |79.11.4| 
and  the  fact  that  fibre  products  of  algebraic  spaces  exist  and  are  given  by  the 
fibre  product  in  the  underlying  category  of  sheaves  of  sets  (see  Spaces,  Lemma 
52.7.2b.  □ 


79.12.  Finite  Hilbert  stacks 


In  this  section  we  prove  some  results  concerning  the  finite  Hilbert  stacks  TLd(X /y) 
introduced  in  Examples  of  Stacks,  Section  77.18| 


Lemma  79.12.1.  Consider  a 2-commutative  diagram 


X' X 

G 
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of  stacks  in  groupoids  over  (Sch/ S)  fppf  with  a given  2-isomorphism  7 : H o F'  — > 
FoG.  In  this  situation  we  obtain  a canonical  1-morphism  TLd(X' /y')  — » TLd(X /y). 
This  morphism  is  compatible  with  the  forgetful  1-morphisms  of  Examples  of  Stacks, 
Equation  (77.18.2.1). 


Proof.  We  map  the  object  (U,  Z , y' , x' , a')  to  the  object  ( U , Z , H(y’),  G(x'),  7*id#* 
a')  where  * denotes  horizontal  composition  of  2-morphisms,  see  Categories,  Defi- 
4-27. 1|  To  a morphism  (f,g,b,a)  : (Ult  Zx,  y[,  x'x,  a'x)  -A  (U2,  Z2,  y'2,  x'2,  a'2) 


mt  ion 


we  assign  ( f,g,H(b),G(a )).  We  omit  the  verification  that  this  defines  a functor 
between  categories  over  (Sch/S) fppf.  □ 


05XP  Lemma  79.12.2.  In  the  situation  of  Lemma 
is  2-cartesian.  Then  the  diagram 


79.12.1 


assume  that  the  given  square 


ud(x’/y ) — >■ nd(x/y ) 

Y 

y 

is  2-cartesian. 


Proof.  We  get  a 2-commutative  diagram  by  Lemma  79.12.1  and  hence  we  get  a 
1-morphism  (i.e. , a functor) 

nd(x'/y ) — > y xy  nd(x/y) 


We  indicate  why  this  functor  is  essentially  surjective.  Namely,  an  object  of  the 
category  on  the  right  hand  side  is  given  by  a scheme  U over  S,  an  object  y'  of  y(j, 
an  object  (U,  Z,  y,  x,  a)  of  TLd(X /y)  over  U and  an  isomorphism  H (y')  -Ay  in  yjj. 
The  assumption  means  exactly  that  there  exists  an  object  x'  of  X'z  such  that  there 
exist  isomorphisms  G(x')  = x and  a'  : y'\z  — > F' (x')  compatible  with  a.  Then  we 
see  that  (U,  Z,y' ,x' ,a')  is  an  object  of  TLd(X’ /y')  over  U.  Details  omitted.  □ 

05YG 

(1)  y = y and  H = idy, 

(2)  G is  representable  by  algebraic  spaces  and  etale. 

Then  TLd(X ' /y)  — > Hd(X /y)  is  representable  by  algebraic  spaces  and  etale.  If  G 
is  also  surjective,  then  TLd{X’ /y)  — > TLd(X /y)  is  surjective. 


Lemma  79.12.3.  In  the  situation  of  Lemma 


79.12.1 


assume 


05XT 


Proof.  Let  U be  a scheme  and  let  £ = (U,  Z,  y,  x,  a)  be  an  object  of  Tld(X /y)  over 
U.  We  have  to  prove  that  the  2-fibre  product 

(79.12.3.1)  (Sch/U) fppf  x£i- Hi(x/y ) Ud{X> /y) 

is  representable  by  an  algebraic  space  etale  over  U.  An  object  of  this  over  U' 
corresponds  to  an  object  x'  in  the  fibre  category  of  X'  over  Zu'  such  that  G(x')  = 
x\zu,-  By  assumption  the  2-fibre  product 

(Sch/ Z) fppf  XX:x  X’ 


is  representable  by  an  algebraic  space  W such  that  the  projection  W — >■  Z is  etale. 
Then  (|79. 12.3.1 ) is  representable  by  the  algebraic  space  F parametrizing  sections  of 
W — > Z over  U introduced  in  Lemmaf79.9.2l  Since  F ^ U is  etale  we  conclude  that 
Hd(X' /y)  —>  TLd(X /y)  is  representable  by  algebraic  spaces  and  etale.  Finally,  if 
X'  — > X is  surjective  also,  then  W — > Z is  surjective,  and  hence  F — > U is  surjective 
by  Lemma [79.9.1  Thus  in  this  case  TLd(X' /y)  -A  TLd(X /y)  is  also  surjective.  □ 
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05XS  Lemma  79.12.4.  In  the  situation  of  Lemma  79.12.1  Assume  that  G,  H are 
representable  by  algebraic  spaces  and  etale.  ThenTLdJfX'  /y')  — > TLd(X /y)  is  rep- 
resentable by  algebraic  spaces  and  etale.  If  also  H is  surjective  and  the  induced 
functor  X'  —t  y'  Xy  X is  surjective,  then  TLd(X' /y')  — > TLd(X/y)  is  surjective. 


Proof.  Set  X"  = y'  Xy  X.  By  Lemma  79. 4. 1|  the  1-morphism  X'  — > X"  is  rep- 


resentable by  algebraic  spaces  and  etale  (in  particular  the  condition  in  the  second 
statement  of  the  lemma  that  X'  — >•  X"  be  surjective  makes  sense).  We  obtain  a 
2-commutative  diagram 


05YH 


y'  -A  y.  In  particular  we  see  that  TLd(X" /y')  — ► TLd(X /y)  is  representable  by 
algebraic  spaces  and  etale,  see  Algebraic  Stacks,  Lemma  [76.10.61  Moreover,  it  is 
also  surjective  if  H is.  Hence  if  we  can  show  that  the  result  holds  for  the  left  square 
in  the  diagram,  then  we’re  done.  In  this  way  we  reduce  to  the  case  where  y'  = y 
which  is  the  content  of  Lemma  179.12.31  □ 

Lemma  79.12.5.  Let  F : X — ► y be  a 1-morphism  of  stacks  in  groupoids  over 
(Sch/S)fppf.  Assume  that  A : y — ► y x y is  representable  by  algebraic  spaces. 
Then 

nd(x/y)  — ► Hd(x)  X y 

see  Examples  of  Stacks,  Equation  (77.18.2A ) is  representable  by  algebraic  spaces. 


Proof.  Let  U be  a scheme  and  let  £ = (U,  Z,p,  x,  1)  be  an  object  of  TLd(X)  = 
TLd{X / S)  over  U . Here  p is  just  the  structure  morphism  of  U.  The  fifth  component 
1 exists  and  is  unique  since  everything  is  over  S.  Also,  let  y be  an  object  of  y over 
U.  We  have  to  show  the  2-fibre  product 

05YI  (79.12.5.1)  (Sch/U)fppfxixMX)xyHd(X/y) 

is  representable  by  an  algebraic  space.  To  explain  why  this  is  so  we  introduce 

I = Isomy(y\z,F(x)) 

which  is  an  algebraic  space  over  Z by  assumption.  Let  a : U1  — > U be  a scheme 


over  U.  What  does  it  mean  to  give  an  object  of  the  fibre  category  of  (79.12.5.1) 
over  U'7  Well,  it  means  that  we  have  an  object  If  = ([/',  Z' , y',  x',  a')  of  Hd{X /y) 
over  U'  and  isomorphisms  (U',Z',pr,  x',1)  = (U,Z,p,x,l)\u>  and  y'  = y\u’ ■ Thus 
If  is  isomorphic  to  (Uf  IF  xa^u  Z,a*y,x\jj’xa  uZ,cx)  for  some  morphism 

a : a*y\u'Xo.,uZ  — F(x\ u'xa,vz) 

in  the  fibre  category  of  y over  U1  xa  jj  Z.  Hence  we  can  view  a as  a morphism 
b ■ U'  x a jj  Z — ► I.  In  this  way  we  see  that  (79.12.5.1)  is  representable  by  Resz/u(I) 
which  is  an  algebraic  space  by  Proposition  79.11.5  □ 


The  following  lemma  is  a (partial)  generalization  of  Lemma  79.12.3 
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05YJ  Lemma  79.12.6.  Let  F : X — » y and  G : X'  -A  X be  1-morphisms  of  stacks 
in  groupoids  over  (Sch/ S)  fppf . If  G is  representable  by  algebraic  spaces,  then  the 
1-morphism 

nd(x'/y)  — > nd(x/y) 

is  representable  by  algebraic  spaces. 


05YK 


06CH 


Proof.  Let  U be  a scheme  and  let  £ = (U,  Z,  y , x,  a)  be  an  object  of  Hd(X /y)  over 
U.  We  have  to  prove  that  the  2-fibre  product 

(79.12.6.1)  (Sch/U)fppf  xMX/y)  Ud(X’ /y) 

is  representable  by  an  algebraic  space  etale  over  U.  An  object  of  this  over  a : U'  -A 
U corresponds  to  an  object  x'  of  X'  over  U'  xa,u  Z such  that  G(x')  = x\u'xa,uZ- 
By  assumption  the  2-fibre  product 


(Sch/ Z)  fppf  XX}X  X' 


is  representable  by  an  algebraic  space  X over  Z. 


representable  by  Res^/^  (X),  which  is  an  algebraic  space  by  Proposition  79.11.5 


It  follows  that  (|79.12.6.ip  is 

□ 


Lemma  79.12.7.  Let  F : X -A  y be  a 1-morphism  of  stacks  in  groupoids  over 
(Sch/ S) fppf . Assume  F is  representable  by  algebraic  spaces  and  locally  of  finite 
presentation.  Then 

p ■■  nd(x/y ) -a  y 

is  limit  preserving  on  objects. 


Proof.  This  means  we  have  to  show  the  following:  Given 

(1)  an  affine  scheme  U = lim,  Ui  which  is  written  as  the  directed  limit  of  affine 
schemes  U,  over  S, 

(2)  an  object  yt  of  y over  Ui  for  some  i,  and 

(3)  an  object  5 = (U,  Z,y,x,a)  of  Hd(X /y)  over  U such  that  y = y%\u, 
then  there  exists  an  i'  > i and  an  object  Hj/  = (Up , Zp ,yp ,xp ,a*')  of  Tld(X /y) 
over  Up  with  = 3 and  yp  = yi\u  ,■  Namely,  the  last  two  equalities  will  take 


care  of  the  commutativity  of  (79.5.0.1). 


Let  Xv 


Ui  be  an  algebraic  space  representing  the  2-fibre  product 
(Sch/Ui) fppf  xViyipX. 


Note  that  Xy.  — > Ui  is  locally  of  finite  presentation  by  our  assumption  on  F.  Write 
5.  It  is  clear  that  £ = (Z,  Z — >•  E/j,  x,  a)  is  an  object  of  the  2-fibre  product  displayed 
above,  hence  f gives  rise  to  a morphism  f^  : Z — >•  XVi  of  algebraic  spaces  over  Ui 
(since  XVi  is  the  functor  of  isomorphisms  classes  of  objects  of  (Sch/Ui)  fppfxy,y,FX , 
see  Algebraic  Stacks,  Lemma  76.8.2).  By  Limits,  Lemmas  |3 1.9.1  and  |31.7~  there 
exists  ani'>!  and  a finite  locally  free  morphism  Zp  — > Up  of  degree  d whose  base 


change  to  U is  Z.  By  Limits  of  Spaces,  Proposition  57.3.9  we  may,  after  replacing 
i'  by  a bigger  index,  assume  there  exists  a morphism  fp  : Zp 


XVi  such  that 


k 


u — »-  Up  f^mUi 


79.13.  THE  FINITE  HILBERT  STACK  OF  A POINT 


4517 


is  commutative.  We  set  'Ey  = (Z7j' , Zy  ,yy ,xy ,ay)  where 

(1)  ijy  is  the  object  of  y over  Uy  which  is  the  pullback  of  y.L  to  Uy, 

(2)  xy  is  the  object  of  X over  Zy  corresponding  via  the  2-Yoneda  lemma  to 
the  1-morpliism 


(3) 


(Sch/Zy)fppf  y S x.y.  y ( S chj U-, ) fppf  x yi  y j?  X y X 

where  the  middle  arrow  is  the  equivalence  which  defines  XVi  (notation  as 
in  Algebraic  Stacks,  Sections  76.8  and  76.7). 

ay  : yy\z  * — > F(xy)  is  the  isomorphism  coming  from  the  2-commutativity 
of  the  diagram 


(Sch/ Zy) fppf  (Sch/Ui) fppf  Xyi  y F X X 

(Sch/Uy)  fppf  5-  y 


Recall  that  /g  : Z — y Xy.  was  the  morphism  corresponding  to  the  object  £ = 
{Z,Z  — y Ui,x,a ) of  (Sch/Ui) fppf  xyi,y,F  X over  Z.  By  construction  fy  is  the 
morphism  corresponding  to  the  object  £y  = (Zy,Zy  — y Uiyxy,ay).  As  ff  = 
fy  o (Z  —y  Zy)  we  see  that  the  object  £y  = (Zy,Zy  —y  Ui,xy,ay)  pulls  back  to  £ 
over  Z . Thus  xy  pulls  back  to  x and  ay  pulls  back  to  a.  This  means  that  3 y pulls 
back  to  3 over  U and  we  win.  □ 


79.13.  The  finite  Hilbert  stack  of  a point 

05YL  Let  d > 1 be  an  integer.  In  Examples  of  Stacks,  Definition  |77.18.2|  we  defined  a 
stack  in  groupoids  Hd-  In  this  section  we  prove  that  Hd  is  an  algebraic  stack.  We 
will  throughout  assume  that  S = Spec(Z).  The  general  case  will  follow  from  this  by 
base  change.  Recall  that  the  fibre  category  of  Uy  over  a scheme  T is  the  category 
of  finite  locally  free  morphisms  7r  : Z — y T of  degree  d.  Instead  of  classifying  these 
directly  we  first  study  the  quasi-coherent  sheaves  of  algebras  n*Oz- 

Let  R be  a ring.  Let  us  temporarily  make  the  following  definition:  A free  dr- 
dimensional  algebra  over  R is  given  by  a commutative  R-algebra  structure  m on 
R®d  such  that  ei  = (1, 0, . . . , 0)  is  a unitj^]  We  think  of  m as  an  A-linear  map 

to  : i?ed  ®R  R®d  — y R®d 

such  that  m(e i,x)  = m(x,e i)  = x and  such  that  to  defines  a commutative  and 
associative  ring  structure.  If  we  write  m(ei,ej)  = then  we  see  this  boils 

down  to  the  conditions 

( Ei  “ijOik  = Ei  <aljk  Vi,  j,  k,  to 

< aij=a,ji  Vi,  j,  k 

[ a3il=Sij  \/i,j 

where  Sij  is  the  Kronecker  i5-function.  OK,  so  let’s  define 

Runiv  = Z[afj]/J 

where  the  ideal  J is  the  ideal  generated  by  the  relations  displayed  above.  Denote 

TTLuniv  : R®niv  Runiv  * Runiv 

^It  may  be  better  to  think  of  this  as  a pair  consisting  of  a multiplication  map  m : R®d  % y 
1?®“  —y  R®d  and  a ring  map  ip  : R — y satisfying  a bunch  of  axioms. 
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the  free  d-dimensional  algebra  m over  RUniv  whose  structure  constants  are  the 
classes  of  modulo  J . Then  it  is  clear  that  given  any  free  d-dimensional  algebra 

m over  a ring  R there  exists  a unique  Z-algebra  homomorphism  if)  : RUniv  —• ► R 
such  that  ip*muniV  = m (this  means  that  m is  what  you  get  by  applying  the  base 
change  functor  — ® r, R to  muniV).  In  other  words,  setting  A"  = Spec (RuniV)  we 
obtain  a canonical  identification 


X(T)  = {free  d-dimensional  algebras  to  over  i?} 

for  varying  T = Spec(-R).  By  Zariski  localization  we  obtain  the  following  seemingly 
more  general  identification 

05YM  (79.13.0.1)  A(T)  = {free  d-dimensional  algebras  m over  T(T,  Ot)} 

for  any  scheme  T. 

Next  we  talk  a little  bit  about  isomorphisms  of  free  d-dimensional  R-algebras. 
Namely,  suppose  that  to,  m'  are  two  free  d-dimensional  algebras  over  a ring  R.  An 
isomorphism  from  m to  m!  is  given  by  an  invertible  i?-linear  map 

ip  : R®d  — ■>  R®d 

such  that  <p(ei)  = ei  and  such  that 

mop(g)(p  = tpom'. 


Note  that  we  can  compose  these  so  that  the  collection  of  free  d-dimensional  algebras 
over  R becomes  a category.  In  this  way  we  obtain  a functor 

05YN  (79.13.0.2)  F Ad  : Sch°jFpPf  — > Groupoids 

from  the  category  of  schemes  to  groupoids:  to  a scheme  T we  associate  the  set  of 
free  d-dimensional  algebras  over  T(T,  Ot)  endowed  with  the  structure  of  a category 
using  the  notion  of  isomorphisms  just  defined. 


The  above  suggests  we  consider  the  functor  G in  groups  which  associates  to  any 
scheme  T the  group 


G(T)  = {g&  GLd(T(T,  Ot))  \ g(ei)  = d} 


It  is  clear  that  G C GL^  (see  Groupoids,  Example  38.5.4)  is  the  closed  subgroup 
scheme  cut  out  by  the  equations  Xu  = 1 and  x,j  = 0 for  i > 1.  Hence  G is  a 
smooth  affine  group  scheme  over  Spec(Z).  Consider  the  action 


a ■ G x spec(z)  X — > X 

which  associates  to  a T-valued  point  ( g , to)  with  T = Spec(i?)  on  the  left  hand  side 
the  free  d-dimensional  algebra  over  R given  by 


Note  that  this  means  that  g defines  an  isomorphism  to  — ► a(g , to)  of  d-dimensional 
free  i?-algebras.  We  omit  the  verification  that  a indeed  defines  an  action  of  the 
group  scheme  G on  the  scheme  X. 

05YP 

phic  (!)  to  the  functor  in  groupoids  which  associates  to  a scheme  1 the  category 
with 


Lemma  79.13.1.  The  functor  in  groupoids  F Ad  defined  in  ( 79.13.0.2 ) is  isomor- 


(1)  set  of  objects  is  X (T), 

(2)  set  of  morphisms  is  G(T)  x X(T), 
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(3)  s : G(T)  x X(T)  — ► X(T ) the  projection  map , 

(4)  t : G(T ) x X(T)  -)•  X(T)  zs  a(T),  and 

(5)  composition  G{T)  x X{T)  x s X(T).tG{T)  x X{T) G{T)  x X{T)  is  given 
by  ((g,  m),  (g',  m'))  >->■  (gg',  m'). 


Proof.  We  have  seen  the  rule  on  objects  in  (79.13.0.1).  We  have  also  seen  above 
that  g £ G{T ) can  be  viewed  as  a morphism  from  m to  a(g,  m)  for  any  free  d- 
dimensional  algebra  to.  Conversely,  any  morphism  m — > m!  is  given  by  an  invertible 
linear  map  ip  which  corresponds  to  an  element  g £ G(T ) such  that  m!  = a(g,  to).  □ 


In  fact  the  groupoid  (X,  G x X , s,  t,  c ) described  in  the  lemma  above  is  the  groupoid 
associated  to  the  action  a : G x X — ► X as  defined  in  Groupoids,  Lemma  [38.1 6. 1| 
Since  G is  smooth  over  Spec(Z)  we  see  that  the  two  morphisms  s,t  : G x X — »•  X 
are  smooth:  by  symmetry  it  suffices  to  prove  that  one  of  them  is,  and  s is  the  base 
change  of  G — i Spec(Z).  Hence  (G  x X,X,s,t,c ) is  a smooth  groupoid  scheme, 
and  the  quotient  stack  [ X/G \ is  an  algebraic  stack  by  Algebraic  Stacks,  Theorem 
I7(i.  17.31 

05YQ  Proposition  79.13.2.  The  stack  TLd  is  equivalent  to  the  quotient  stack  [X/G] 
described  above.  In  particular  TLd  is  an  algebraic  stack. 

Proof.  Note  that  by  Groupoids  in  Spaces,  Definition  |65.19.1|  the  quotient  stack 
[X/G]  is  the  stackihcation  of  the  category  fibred  in  groupoids  associated  to  the 
“presheaf  in  groupoids”  which  associates  to  a scheme  T the  groupoid 

(X(T),G(T)  x X(T),s,t,c). 

Since  this  “presheaf  in  groupoids”  is  isomorphic  to  FAd  by  Lemma  [79. 13. 1|  it  suf- 
fices to  prove  that  the  TLd  is  the  stackihcation  of  (the  category  fibred  in  groupoids 
associated  to  the  “presheaf  in  groupoids”)  FAd-  To  do  this  we  first  define  a functor 

Spec  : FAd  — * TLd 

Recall  that  the  fibre  category  of  TLd  over  a scheme  T is  the  category  of  finite  locally 
free  morphisms  Z — > T of  degree  d.  Thus  given  a scheme  T and  a free  d-dimensional 
T(T,  Gt)~ algebra  to  we  may  assign  to  this  the  object 

Z = SpecT(A) 

of  TLd,r  where  A = Ojid  endowed  with  a G^-algebra  structure  via  to.  Moreover,  if 
m!  is  a second  such  free  d-dimensional  T(T,  G^j-algebra  and  if  <p  : m — > m!  is  an 
isomorphism  of  these,  then  the  induced  G-r-linear  map  cp  : 0®d  — > 0®d  induces  an 
isomorphism 

ip  : A'  — s>  A 

of  quasi-coherent  G^-algebras.  Hence 

SpecT(yj)  : Specr(M)  — » Spec^M') 

is  a morphism  in  the  fibre  category  TLd,T ■ We  omit  the  verification  that  this  con- 
struction is  compatible  with  base  change  so  we  get  indeed  a functor  Spec  : F Ad  — > 
TLd  as  claimed  above. 

To  show  that  Spec  : FAd  — > TLd  induces  an  equivalence  between  the  stackihcation 
of  FAd  and  TLd  it  suffices  to  check  that 

(1)  Isom(m,m')  = Isom(Spec(m),Spec(m'))  for  any  to,  to'  £ FAdiT). 
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(2)  for  any  scheme  T and  any  object  Z — >•  T of  T~Ld,T  there  exists  a covering 
{Tj  — ► T}  such  that  Z\T.  is  isomorphic  to  Spec(m)  for  some  m £ FAd(Ti), 
and 


see  Stacks,  Lemma  8.9.1  The  first  statement  follows  from  the  observation  that  any 
isomorphism 

Specr(„4)  — s>  SpecT(^4') 

is  necessarily  given  by  a global  invertible  matrix  g when  A = A'  = as  modules. 
To  prove  the  second  statement  let  7r  : Z — > T be  a finite  locally  free  morphism  of 
degree  d.  Then  A is  a locally  free  sheaf  C^-modules  of  rank  d.  Consider  the 
element  1 £ T(T,  A).  This  element  is  nonzero  in  A®oTt  K(t)  f°r  every  t £T  since 
the  scheme  Zt  = Spec(_4  ®oT ,t  K(t))  is  nonempty  being  of  degree  d > 0 over  n(t). 
Thus  1 : Ot  — > A can  locally  be  used  as  the  first  basis  element  (for  example  you  can 
use  Algebra,  Lemma  10.78.3  parts  (1)  and  (2)  to  see  this).  Thus,  after  localizing 
on  T we  may  assume  that  there  exists  an  isomorphism  ip  : A — > 0®d  such  that 
1 £ T(_4)  corresponds  to  the  first  basis  element.  In  this  situation  the  multiplication 
map  A ®oT  A —>■  A translates  via  <p  into  a free  d-dimensional  algebra  m over 
T(T,Ot)-  This  finishes  the  proof.  □ 

79.14.  Finite  Hilbert  stacks  of  spaces 

05YR  The  finite  Hilbert  stack  of  an  algebraic  space  is  an  algebraic  stack. 

05YS  Lemma  79.14.1.  Let  S be  a scheme.  Let  X he  an  algebraic  space  over  S . Then 
'Hd{X)  is  an  algebraic  stack. 

Proof.  The  1-morphism 

Hd{X)  — ► Ud 

is  representable  by  algebraic  spaces  according  to  Lemma  [79.12.6|  The  stack  Hd  is 
an  algebraic  stack  according  to  Proposition  79.13.2  Hence  7 ~Ld(X)  is  an  algebraic 
stack  by  Algebraic  Stacks,  Lemma[76.15.4|  □ 

This  lemma  allows  us  to  bootstrap. 

06CI  Lemma  79.14.2.  Let  S be  a scheme.  Let  F : X — » y be  a 1-morphism  of  stacks 
in  groupoids  over  (Sch/ S) fppf  such  that 

(1)  X is  representable  by  an  algebraic  space,  and 

(2)  F is  representable  by  algebraic  spaces,  surjective,  flat,  and  locally  of  finite 
presentation. 

Then  TLd(.X /y)  is  an  algebraic  stack. 

Proof.  Choose  a representable  stack  in  groupoids  IA  over  S and  a 1-morphism 
/ \ U — » TLd{X)  which  is  representable  by  algebraic  spaces,  smooth,  and  surjective. 
This  is  possible  because  TLdiX)  is  an  algebraic  stack  by  Lemma  79.14.1  Consider 
the  2-fibre  product 

w = nd(x/y)  xW)Ju. 

Since  U is  representable  (in  particular  a stack  in  setoids)  it  follows  from  Examples 
of  Stacks,  Lemma  77.18.3|  and  Stacks,  Lemma  |8.6.7|  that  W is  a stack  in  setoids. 
The  1-morphism  W — > jid(X /y)  is  representable  by  algebraic  spaces,  smooth,  and 


surjective  as  a base  change  of  the  morphism  / (see  Algebraic  Stacks,  Lemmas  76.9.7 


and  76.10.6).  Thus,  if  we  can  show  that  W is  representable  by  an  algebraic  space, 


then  the  lemma  follows  from  Algebraic  Stacks,  Lemma [76. 15. 3| 
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The  diagonal  of  y is  representable  by  algebraic  spaces  according  to  Lemma [79. 4. 3| 
We  may  apply  Lemma  [79. 12. 5|  to  see  that  the  1-morphism 

ud(x/y)  — ► ud(x)  x y 

is  representable  by  algebraic  spaces.  Consider  the  2-fibre  product 
v = ud(x/y)  xiW)xy)JxF  (u  x x). 

The  projection  morphism  V — >•  U x X is  representable  by  algebraic  spaces  as  a 
base  change  of  the  last  displayed  morphism.  Hence  V is  an  algebraic  space  (see 
Bootstrap,  Lemma  67.3.6  or  Algebraic  Stacks,  Lemma  76.9.81.  The  1-morphism 
V — ^ 1A  fits  into  the  following  2-cartesian  diagram 


V 


W 


X 


V 

■ y 


because 


ud(x/y)  x(Hd[x)xy)JxF  (u  x x)  = (ud(x/y)  xHd(x)tfU)  xy,F  x. 

Hence  V — > W is  representable  by  algebraic  spaces,  surjective,  flat,  and  locally  of 
finite  presentation  as  a base  change  of  F.  It  follows  that  the  same  thing  is  true 
for  the  corresponding  sheaves  of  sets  associated  to  V and  W,  see  Algebraic  Stacks, 
Lemma  [76. 10. 4|  Thus  we  conclude  that  the  sheaf  associated  to  W is  an  algebraic 
space  by  Bootstrap,  Theorem  |67. 10. 1[  □ 
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06CJ  Please  consult  Examples  of  Stacks,  Section[77.18|for  notation.  Fix  a 1-morphism  F : 
X — > y of  stacks  in  groupoids  over  (Sch/S)  fppf.  Assume  that  F is  representable 
by  algebraic  spaces.  Fix  d > 1.  Consider  an  object  (U,Z,y,x,a)  of  Hd.  There  is 
an  induced  1-morphism 


06CK 


(Sch/ Z) fppf  > (Sch/U) fppf  xyytF  X 


(by  the  universal  property  of  2-fibre  products)  which  is  representable  by  a morphism 
of  algebraic  spaces  over  U.  Namely,  since  F is  representable  by  algebraic  spaces, 
we  may  choose  an  algebraic  space  Xy  over  U which  represents  the  2-fibre  product 
(Sch/U) fpPf  Xyty  F X.  Since  a : y\z  — > F(x)  is  an  isomorphism  we  see  that 
£ = (Z,  Z — ► U,  x,  a)  is  an  object  of  the  2-fibre  product  (Sch/U)  fppf  xyy^F  X over 
Z.  Hence  £ gives  rise  to  a morphism  xa  : Z — > Xy  of  algebraic  spaces  over  U as 
Xy  is  the  functor  of  isomorphisms  classes  of  objects  of  (Sch/U) fppf  xyy^F  X , see 
Algebraic  Stacks,  Lemma [76. 8. 2 1 Here  is  a picture 


(79.15.0.1) 


U 


(Sch/ Z) fppj  Q>  (Sch/U) fppf  xy  y F X X 


(Sch/U)  fppf  *y 


We  remark  that  if  (f,g,b,a)  : (U,  Z,y,x,a)  (U\  Z' ,y' ,x' ,a')  is  a morphism 
between  objects  of  Hd,  then  the  morphism  x'a,  : Z'  — ► X'y,  is  the  base  change  of 
the  morphism  xa  by  the  morphism  g : U’  -A  U (details  omitted). 
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Now  assume  moreover  that  F is  flat  and  locally  of  finite  presentation.  In  this 
situation  we  define  a full  subcategory 


nd,icl(x/y)  c nd(x/y) 


06CL 


consisting  of  those  objects  (U,Z,y,x,a)  of  Hd(X /y)  such  that  the  corresponding 
morphism  xa  : Z — > Xy  is  unramified  and  a local  complete  intersection  morphism 
(see  Morphisms  of  Spaces,  Definition  54.37.1  and  More  on  Morphisms  of  Spaces, 
Definition  63.37.1  for  definitions). 


Lemma  79.15.1.  Let  S be  a scheme.  Fix  a 1-morphism  F : X — ► y of  stacks 
in  groupoids  over  (Sch/ S) fppf . Assume  F is  representable  by  algebraic  spaces , flat, 
and  locally  of  finite  presentation.  Then  TLd,ici(X /y)  is  a stack  in  groupoids  and  the 
inclusion  functor 

nd,id(x/y)  —a  nd{x/y) 


is  representable  and  an  open  immersion. 


Proof.  Let  S = (U,  Z,y,x,a)  be  an  object  of  TLd-  It  follows  from  the  remark 
following  (79.15.0.1)  that  the  pullback  of  E by  U1  — » V belongs  to  TLd,ici(X /y)  if 
and  only  if  the  base  change  of  xa  is  unramified  and  a local  complete  intersection 
morphism.  Note  that  Z — > U is  finite  locally  free  (hence  flat,  locally  of  finite 
presentation  and  universally  closed)  and  that  Xy  — >•  U is  flat  and  locally  of  finite 
presentation  by  our  assumption  on  F.  Then  More  on  Morphisms  of  Spaces,  Lemmas 
|63.38.1|  and  |63.38.7| imply  exists  an  open  subscheme  W C U such  that  a morphism 
U'  — > U factors  through  W if  and  only  if  the  base  change  of  xa  via  U'  — > U is 
unramified  and  a local  complete  intersection  morphism.  This  implies  that 


( Sch/U) fppf  x=; pidlx /y)  'Hd,id{X/y) 


is  representable  by  W.  Hence  the  final  statement  of  the  lemma  holds.  The  first 
statement  (that  TLd,ici(X /y)  is  a stack  in  groupoids)  follows  from  this  an  Algebraic 
Stacks,  Lemma [76. 15. 5 1 □ 


Local  complete  intersection  morphisms  are  “locally  unobstructed”.  This  holds  in 
much  greater  generality  than  the  special  case  that  we  need  in  this  chapter  here. 

06D8  Lemma  79.15.2.  Let  U C U'  be  a first  order  thickening  of  affine  schemes.  Let 
X’  be  an  algebraic  space  flat  over  U' . Set  X = U Xjj>  X' . Let  Z — ► U be  finite 
locally  free  of  degree  d.  Finally,  let  f : Z X be  unramified  and  a local  complete 
intersection  morphism.  Then  there  exists  a commutative  diagram 


{Z  C Z') *-  (X  C X') 


0 U C U') 


of  algebraic  spaces  over  U’  such  that  Z'  — >•  U'  is  finite  locally  free  of  degree  d and 
Z = U xv>  Z'. 


Proof.  By  More  on  Morphisms  of  Spaces,  Lemma  63.37.8  the  conormal  sheaf  C%jx 
of  the  unramified  morphism  Z — > X is  a finite  locaiiy  free  O^-module  and  by  More 
on  Morphisms  of  Spaces,  Lemma  63.37.9  we  have  an  exact  sequence 


0 — > i*Cx/x'  Cz/x'  fzjx  0 
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of  conormal  sheaves.  Since  Z is  affine  this  sequence  is  split.  Choose  a splitting 

Cz/x'  = i*Cx/x'  © Cz/x 

Let  Z C Z"  be  the  universal  first  order  thickening  of  of  Z over  X'  (see  More  on 
Morphisms  of  Spaces,  Section  63.13).  Denote  X C Oz"  the  quasi-coherent  sheaf  of 
ideals  corresponding  to  Z C Z" . By  definition  we  have  Cz/x1  is  X viewed  as  a sheaf 
on  Z.  Hence  the  splitting  above  determines  a splitting 


X — i*Cx/x'  © Cz/x 

Let  Z'  C Z"  be  the  closed  subscheme  cut  out  by  Cz/x  C X viewed  as  a quasi- 
coherent  sheaf  of  ideals  on  Z" . It  is  clear  that  Z'  is  a first  order  thickening  of 
Z and  that  we  obtain  a commutative  diagram  of  first  order  thickenings  as  in  the 
statement  of  the  lemma. 


U'  is  flat  and  since  X = U Xj//  X'  we  see  that  Cx/x'  is  the  pullback 
see  More  on  Morphisms  of  Spaces,  Lemma  63.16.1  Note  that  by 


Since  X' 
of  Cjj/jjf  to  A 

construction  Cz/z'  = i*Cx/x'  hence  we  conclude  that  Cz/z'  is  isomorphic  to  the 
pullback  of  Cu/U'  1°  Applying  More  on  Morphisms  of  Spaces,  Lemma 


63.16.1 


once  again  (or  its  analogue  for  schemes,  see  More  on  Morphisms,  Lemma  36.8.1|)  we 
conclude  that  Z'  — x U'  is  flat  and  that  Z = U Xj/,  Z' . Finally,  More  on  Morphisms, 
Lemma  36.8.3  shows  that  Z'  -A  U'  is  finite  locally  free  of  degree  d.  □ 


06D9  Lemma  79.15.3.  Let  F : X — X y be  a 1-morphism  of  stacks  in  groupoids  over 
(Sch/S)fppf.  Assume  F is  representable  by  algebraic  spaces,  flat,  and  locally  of 
finite  presentation.  Then 

p : ndlici(x/y)  — x y 

is  formally  smooth  on  objects. 


Proof.  We  have  to  show  the  following:  Given 

(1)  an  object  (U,  Z,y,x,a)  of  Hd,ici(X /y)  over  an  affine  scheme  U , 

(2)  a first  order  thickening  U C U' , and 

(3)  an  object  y'  of  y over  U'  such  that  y'\u  = y, 

then  there  exists  an  object  ({/' , Z' ,y' ,x' ,a')  of  Lid,ia{X /y)  over  U'  with  Z = 
U Xp/  Z’ , with  x = x'\z , and  with  a = a'\ u-  Namely,  the  last  two  equalities  will 


take  care  of  the  commutativity  of  (79.6.0.1). 


Consider  the  morphism  xa  : Z — X Xy  constructed  in  Equation  (79.15.0.1).  De- 
note similarly  X'y,  the  algebraic  space  over  U'  representing  the  2-fibre  product 
(Sch/U') fppf  xv^ytpX.  By  assumption  the  morphism  X',  — ► U'  is  flat  (and  locally 
of  finite  presentation).  As  y'\u  =y  we  see  that  Xy  = U Xy/  X',.  Hence  we  may  ap- 
ply Lemma[79.15.2|to  find  Z’  — > U'  finite  locally  free  of  degree  d with  Z = U X(/<  Z’ 
and  with  Z'  —X  X' , extending  xa.  By  construction  the  morphism  Z'  — x X'y,  corre- 
sponds to  a pair  (a/,  a').  It  is  clear  that  ([/',  Z' , y' , x' , a')  is  an  object  of  Tld^X /y) 
over  U'  with  Z = U Xp/  Z' , with  x = x'\z,  and  with  a = a' \u-  As  we’ve  seen  in 
Lemma  79.15.1  that  TLd.idi^ /(V)  C Tld{X /y)  is  an  “open  substack”  it  follows  that 
(U',Z',  y',x',a  ) is  an  object  of  fLd,id(^ /(V)  as  desired.  □ 


06DA 


Lemma  79.15.4.  Let  F : X —X  y be  a 1-morphism  of  stacks  in  groupoids  over 
(Sch/S)fppf.  Assume  F is  representable  by  algebraic  spaces,  flat,  surjective,  and 
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locally  of  finite  presentation.  Then 

I]  d>1'Hd,ici(x/y)-*y 

is  surjective  on  objects. 


Proof.  It  suffices  to  prove  the  following:  For  any  field  k and  object  y of  y over 
Spec (k)  there  exists  an  integer  d > 1 and  an  object  (U,Z,y,x,a)  of  'Hd,ld(X AV) 
with  U = Spec(fc).  Namely,  in  this  case  we  see  that  p is  surjective  on  objects  in  the 
strong  sense  that  an  extension  of  the  field  is  not  needed. 


Denote  Xy  the  algebraic  space  over  U = Spec (k)  representing  the  2-fibre  product 
(Sch/U1) fppf  x.y>,y,F  A.  By  assumption  the  morphism  Xy  -A  Spec(fc)  is  surjective 
and  locally  of  finite  presentation  (and  flat).  In  particular  Xy  is  nonempty.  Choose  a 
nonempty  affine  scheme  V and  an  etale  morphism  V -A-  Xy.  Note  that  V -A  Spec (k) 
is  (flat),  surjective,  and  locally  of  finite  presentation  (by  Morphisms  of  Spaces, 
Definition  54.28.1).  Pick  a closed  point  v £ V where  V —A  Spec(fc)  is  Cohen- 


Macaulay  (i.e.,  V is  Cohen-Macaulay  at  v),  see  More  on  Morphisms,  Lemma  36.17.5 


Applying  More  on  Morphisms,  Lemma |36. 18.4  we  find  a regular  immersion  Z — > V 
with  Z = {u}.  This  implies  Z — >•  V is  a closed  immersion.  Moreover,  it  follows 
Z — ► Spec (fc)  is  finite  (for  example  by  Algebra,  Lemma  10.121.1).  Hence 
Spec(fc)  is  finite  locally  free  of  some  degree  d.  Now  Z -A  Xy  is  unramified 
as  the  composition  of  an  closed  immersion  followed  by  an  etale  morphism  (see 
Morphisms  of  Spaces,  Lemmas  54.37.3  54.38.10  and  54.37.8).  Finally,  Z — > Xy 


that 

Z 


is  a local  complete  intersection  morphism  as  a composition  of  a regular  immersion 
of  schemes  and  an  etale  morphism  of  algebraic  spaces  (see  More  on  Morphisms, 
Lemma  [36.44.9|  and  Morphisms  of  Spaces,  Lemmas  54.38.6|  and  |54.36T8]  and  More 
on  Morphisms  of  Spaces,  Lemmas 


63.37.6 


and 


X„ 


63.37. 5[).  The  morphism  Z 
corresponds  to  an  object  a;  of  A over  Z together  with  an  isomorphism  a : y\z  — > 
F(x).  We  obtain  an  object  (U,Z,y,x,a)  of  TLd(X/y).  By  what  was  said  above 
about  the  morphism  Z — > Xy  we  see  that  it  actually  is  an  object  of  the  subcategory 
7 dd,id{X /y)  and  we  win.  □ 


79.16.  Bootstrapping  algebraic  stacks 

The  following  theorem  is  one  of  the  main  results  of  this  chapter. 

Theorem  79.16.1.  Let  S be  a scheme.  Let  F : X — >•  y be  a 1-morphism  of  stacks 
in  groupoids  over  (Sch/ S)  fppf . If 

(1)  X is  representable  by  an  algebraic  space,  and 

(2)  F is  representable  by  algebraic  spaces,  surjective,  flat  and  locally  of  finite 
presentation, 

then  y is  an  algebraic  stack. 

Proof.  By  Lemma[79A3]we  see  that  the  diagonal  of  y is  representable  by  algebraic 
spaces.  Hence  we  only  need  to  verify  the  existence  of  a 1-morphism  / : V — > y 
of  stacks  in  groupoids  over  (Sch/ S) fppf  with  V representable  and  / surjective  and 
smooth.  By  Lemma  [79. 14. 2|  we  know  that 
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is  an  algebraic  stack.  It  follows  from  Lemma [79. 15. 1|  and  Algebraic  Stacks,  Lemma 
I76.15.5lthat 

Ud>_ndMx/y) 

is  an  algebraic  stack  as  well.  Choose  a representable  stack  in  groupoids  V over 
{Sch/ S)  fppf  and  a surjective  and  smooth  1-morphism 

v— l^dMx/y)- 

We  claim  that  the  composition 


v-^]ld>_ndMx,y)-^y 

is  smooth  and  surjective  which  finishes  the  proof  of  the  theorem.  In  fact,  the 
smoothness  will  be  a consequence  of  Lemmas  |79.12.7|  and  |79.15.3|  and  the  surjec- 
tivity a consequence  of  Lemma  79.15.4  We  spell  out  the  details  in  the  following 
paragraph. 


By  construction  V -A  Ud>i  R-d,iti(X /(V)  is  representable  by  algebraic  spaces,  surjec- 
tive, and  smooth  (and  hence  also  locally  of  finite  presentation  and  formally  smooth 
by  the  general  principle  Algebraic  Stacks,  Lemma  76.10.9  and  More  on  Morphisms 


of  Spaces,  Lemma  63.17. 6|).  Applying  Lemmas  79.5.3  79.6.3  and  79.7.3  we  see  that 
V -A  Ud>i  'Hd,id{X /y)  is  limit  preserving  on  objects,  formally  smooth  on  objects, 
and  surjective  on  objects.  The  1-morphism  \ld>i'H'UCi{x/y)^yis 

(1)  limit  preserving  on  objects:  this  is  Lemma  79.12.7  for  TLd(X /y)  -A  y 
and  we  combine  it  with  Lemmas  |79.15.1[  |79.5.4[  and  |79.5.2|  to  get  it  for 

ud:lci(x/y)  —>  y,  

and 


(2) 

(3) 


formally  smooth  on  objects  by  Lemma  79.15.3 


surjective  on  objects  by  Lemma  79.15.4 


Using  Lemmas  |79.5.2[  |79.6.2[  and  |79.7.2|  we  conclude  that  the  composition  V — ► 
y is  limit  preserving  on  objects,  formally  smooth  on  objects,  and  surjective  on 
objects.  Using  Lemmas  |79.5.3[  |79.6.3[  and  |79.7.3|  we  see  that  V -A  y is  locally  of 
finite  presentation,  formally  smooth,  and  surjective.  Finally,  using  (via  the  general 
principle  Algebraic  Stacks,  Lemma  76.10.9)  the  infinitesimal  lifting  criterion  (More 
on  Morphisms  of  Spaces,  Lemma  63.17.6)  we  see  that  V — > y is  smooth  and  we 
win.  □ 
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06FH 


Our  first  task  is  to  show  that  the  quotient  stack  [ U/R ] associated  to  a “flat  and 
locally  finitely  presented  groupoid”  is  an  algebraic  stack.  See  Groupoids  in  Spaces, 
Definition  65.19.1  for  the  definition  of  the  quotient  stack.  The  following  lemma  is 
preliminary  and  is  the  analogue  of  Algebraic  Stacks,  Lemma  |76.17.2| 


Lemma  79.17.1.  Let  S be  a scheme  contained  in  Schfppf.  Let  (I/,  R,  s,t,c)  be 
a groupoid  in  algebraic  spaces  over  S.  Assume  s,t  are  flat  and  locally  of  finite 
presentation.  Then  the  morphism  Su  -A  [U/R]  is  flat,  locally  of  finite  presentation, 
and  surjective. 


Proof.  Let  T be  a scheme  and  let  x : ( Sch/T)  fppf  -a  [U/R]  be  a 1-morphism.  We 
have  to  show  that  the  projection 

<-*£/  ^-[u/r]  i^ch/T) fppf  y (Sch/T) fppf 
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is  surjective  and  smooth.  We  already  know  that  the  left  hand  side  is  representable 
by  an  algebraic  space  F,  see  Algebraic  Stacks,  Lemmas|76.17.1|and|76.10.TT|  Hence 
we  have  to  show  the  corresponding  morphism  F — » T of  algebraic  spaces  is  surjec- 
tive, locally  of  finite  presentation,  and  flat.  Since  we  are  working  with  properties 
of  morphisms  of  algebraic  spaces  which  are  local  on  the  target  in  the  fppf  topology 
we  may  check  this  fppf  locally  on  T.  By  construction,  there  exists  an  fppf  covering 
{Ti  — >•  T}  of  T such  that  x\ (Sch/Ti)fppf  comes  from  a morphism  Xi  : T)  — > U.  (Note 
that  F XtTi  represents  the  2-fibre  product  Su  x.\u/r\  (Sch/Tf)  fppf  so  everything  is 
compatible  with  the  base  change  via  Ti  — ► T.)  Hence  we  may  assume  that  x comes 
from  x : T -A  U.  In  this  case  we  see  that 

Su  X[u/R]  ( Sch/T)fppf  = (Su  X[u/R]  Su)  xsu  ( Sch/T)fppf  = Sr  xs„  (Sch/T)fppf 

The  first  equality  by  Categories,  Lemma|4.30.10|and  the  second  equality  by  Groupoids 
in  Spaces,  Lemma  [65.21.2|  Clearly  the  last  2-fibre  product  is  represented  by  the 
algebraic  space  F = R y.s,u,x  T and  the  projection  R xS:jjtX  T — > T is  flat  and 
locally  of  finite  presentation  as  the  base  change  of  the  flat  locally  finitely  presented 
morphism  of  algebraic  spaces  s : R — > U.  It  is  also  surjective  as  s has  a section 
(namely  the  identity  e : U — > R of  the  groupoid).  This  proves  the  lemma.  □ 


Here  is  the  first  main  result  of  this  section. 


06FI  Theorem  79.17.2.  Let  S be  a scheme  contained  in  Schfppf.  Let  (U,  R,  s,t,  c) 
be  a groupoid  in  algebraic  spaces  over  S.  Assume  s,t  are  flat  and  locally  of  finite 
presentation.  Then  the  quotient  stack  [U/R]  is  an  algebraic  stack  over  S. 


Proof.  We  check  the  two  conditions  of  Theorem  |79. 16. l|  for  the  morphism 

(Sch/U)fppf  — * [U/R]. 


The  first  is  trivial  (as  U is  an  algebraic  space).  The  second  is  Lemma  79.17.1  □ 


79.18.  When  is  a quotient  stack  algebraic? 


06PI  In  Groupoids  in  Spaces,  Section  [65.19  we  have  defined  the  quotient  stack  [U/R] 
associated  to  a groupoid  (U,  R , s,  t,  c ) in  algebraic  spaces.  Note  that  [U/R]  is  a stack 
in  groupoids  whose  diagonal  is  representable  by  algebraic  spaces  (see  Bootstrap, 
Lemma  67.11.5  and  Algebraic  Stacks,  Lemma  76.10.11 1 and  such  that  there  exists 
an  algebraic  space  U and  a 1-morphism  ( Sch/U)fppf  — >•  [U/R]  which  is  an  “fppf 
surjection”  in  the  sense  that  it  induces  a map  on  presheaves  of  isomorphism  classes 
of  objects  which  becomes  surjective  after  sheafification.  However,  it  is  not  the  case 
that  that  [U/R]  is  an  algebraic  stack  in  general.  This  is  not  a contradiction  with 
Theorem  79.16.1  as  the  1-morphism  (Sch/U) fppf  — > [U/R]  is  not  representable 


by  algebraic  spaces  in  general,  and  if  it  is  it  may  not  be  flat  and  locally  of  finite 
presentation. 

The  easiest  way  to  make  examples  of  non-algebraic  quotient  stacks  is  to  look  at 
quotients  of  the  form  [S/G]  where  S'  is  a scheme  and  G is  a group  scheme  over  S 
acting  trivially  on  S.  Namely,  we  will  see  below  (Lemma|79.18.3)  that  if  [S/G]  is 
algebraic,  then  G — > S has  to  be  flat  and  locally  of  finite  presentation.  An  explicit 
example  can  be  found  in  Examples,  Section  [88.441 


06PJ 


Lemma  79.18.1.  Let  S be  a scheme  and  let  B be  an  algebraic  space  over  S . Let 
(U,  R,  s,t,c)  be  a groupoid  in  algebraic  spaces  over  B.  The  quotient  stack  [U/R] 
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is  an  algebraic  stack  if  and  only  if  there  exists  a morphism  of  algebraic  spaces 
g : U'  — ► U such  that 

(1)  the  composition  U'  xg,u,t  R —t  R —>  U is  a surjection  of  sheaves,  and 

(2)  the  morphisms  s' ,t'  : R!  — ► U'  are  flat  and  locally  of  finite  presentation 
where  (U1 , R! , s' ,t' ,d)  is  the  restriction  of  (U,  R,  s,t,  c)  via  g. 

Proof.  First,  assume  that  g : U'  -A  U satisfies  (1)  and  (2).  Property  (1)  implies 
that  [U' /R'}  —¥  [ U/R ] is  an  equivalence,  see  Groupoids  in  Spaces,  Lemma  65.24.2| 
By  Theorem  79.17.2  the  quotient  stack  [U'/R']  is  an  algebraic  stack.  Hence  [U/R] 
is  an  algebraic  stack  too,  see  Algebraic  Stacks,  Lemma [76. 12. 4| 

Conversely,  assume  that  [U /R]  is  an  algebraic  stack.  We  may  choose  a scheme  W 
and  a surjective  smooth  1-morphism 

/ : ( Sch/W)fppf  — ► [U/R]. 

By  the  2-Yoneda  lemma  (Algebraic  Stacks,  Section  76. 5|)  this  corresponds  to  an 
object  £ of  [U/R]  over  W . By  the  description  of  [U/R]  in  Groupoids  in  Spaces, 
Lemma  |65 . 23 . 1 1 we  can  find  a surjective,  flat,  locally  finitely  presented  morphism 
b : U'  — > W of  schemes  such  that  £'  = b*l ; corresponds  to  a morphism  g : U'  — >•  U . 
Note  that  the  1-morphism 

f : ( Sch/U')fppf  — ► [U/R]. 

corresponding  to  £'  is  surjective,  flat,  and  locally  of  finite  presentation,  see  Alge- 
braic Stacks,  Lemma  76.10.5  Hence  (Sch/U') fppf  X[u/r]  (Sch/U')  fPPf  which  is 
represented  by  the  algebraic  space 

Isomyu j (pr0£  ,pi'i£  ) = (U  xj  U ) x^g0pTog0pri^ijXsi/  R = R 

(see  Groupoids  in  Spaces,  Lemma  65.21.1  for  the  first  equality;  the  second  is  the 
definition  of  restriction)  is  flat  and  locally  of  finite  presentation  over  U'  via  both  s' 
and  t'  (by  base  change,  see  Algebraic  Stacks,  Lemma  76.10.6).  By  this  description 
of  R'  and  by  Algebraic  Stacks,  Lemma  76.16.1  we  obtain  a canonical  fully  faithful 
1-morphism  [U'/R']  — > [U/R].  This  1-morphism  is  essentially  surjective  because 
f is  flat,  locally  of  finite  presentation,  and  surjective  (see  Stacks,  Lemma  8.4.8); 
another  way  to  prove  this  is  to  use  Algebraic  Stacks,  Remark  |76.16.3|  Finally, 
we  can  use  Groupoids  in  Spaces,  Lemma|65.24.2|to  conclude  that  the  composition 
U'  xg,u,t  R ~ t R — > U is  a surjection  of  sheaves.  □ 

06PK  Lemma  79.18.2.  Let  S be  a scheme  and  let  B be  an  algebraic  space  over  S.  Let 
G be  a group  algebraic  space  over  B.  Let  X be  an  algebraic  space  over  B and  let 
a : G Xb  X — » X be  an  action  of  G on  X over  B.  The  quotient  stack  [X/G]  is  an 
algebraic  stack  if  and  only  if  there  exists  a morphism  of  algebraic  spaces  ip  : X'  — ► X 
such  that 

(1)  G x b X'  — > X , ( g , x')  i X a(g , ip{x'))  is  a surjection  of  sheaves,  and 

(2)  the  two  projections  X"  — > X'  of  the  algebraic  space  X"  given  by  the  rule 

T i — )>  {(x'1,g,x 2)  G (X'  xB  G xB  X')(T)  | ip(x[)  = a(g,  ip(x'2))j 
are  flat  and  locally  of  finite  presentation. 

Proof.  This  lemma  is  a special  case  of  Lemma|79.18.1[  Namely,  the  quotient  stack 
[X/G]  is  by  Groupoids  in  Spaces,  Definition  65.19.1  equal  to  the  quotient  stack 
[X/Gxb  X]  of  the  groupoid  in  algebraic  spaces  (X.  GxBX,s,t,c ) associated  to  the 


79.19.  ALGEBRAIC  STACKS  IN  THE  ETALE  TOPOLOGY 


4528 


06PL 


076U 


076V 


group  action  in  Groupoids  in  Spaces,  Lemma[65.14.1|  There  is  one  small  observation 
that  is  needed  to  get  condition  (1).  Namely,  the  morphism  s : G x B X — ?•  X is  the 
second  projection  and  the  morphism  i : G x g I o I is  the  action  morphism  a. 
Hence  the  morphism  h : U'  xg,u,t  R — > R — > U from  Lemma 
the  morphism 


79.18.1 


corresponds  to 


X'  x Vlx,a  (Gxb  X) 


Pri, 


X 


in  the  current  setting.  However,  because  of  the  symmetry  given  by  the  inverse  of 
G this  morphism  is  isomorphic  to  the  morphism 

,X' 


(G  xB  V)  Xpri) x,tp  - 


X 


of  the  statement  of  the  lemma.  Details  omitted. 


□ 


Lemma  79.18.3.  Let  S be  a scheme  and  let  B be  an  algebraic  space  over  S . Let 
G be  a group  algebraic  space  over  B.  Endow  B with  the  trivial  action  of  G.  Then 
the  quotient  stack  [B/G\  is  an  algebraic  stack  if  and  only  if  G is  flat  and  locally  of 
finite  presentation  over  B . 

Proof.  If  G is  flat  and  locally  of  finite  presentation  over  B , then  [B/G\  is  an 
algebraic  stack  by  Theorem|79.17.2| 


Conversely,  assume  that  [B/G\  is  an  algebraic  stack.  By  Lemma  79.18.2  and  be- 
cause the  action  is  trivial,  we  see  there  exists  an  algebraic  space  B'  and  a morphism 
B'  — ► B such  that  (1)  B'  — > B is  a surjection  of  sheaves  and  (2)  the  projections 

B'  x B GxbB'  -a  B' 

are  flat  and  locally  of  finite  presentation.  Note  that  the  base  change  B'  x B G x B 
B'  — X G xB  B'  of  B'  — x B is  a surjection  of  sheaves  also.  Thus  it  follows  from 
Descent  on  Spaces,  Lemma  61.7. 1|  that  the  projection  G xB  B'  — >■  B'  is  flat  and 
locally  of  finite  presentation.  By  (1)  we  can  find  an  fppf  covering  {Bi  — > B}  such 
that  Bi  — > B factors  through  B'  -A  B.  Hence  G x B Bi  -A  Bi  is  flat  and  locally  of 
finite  presentation  by  base  change.  By  Descent  on  Spaces,  Lemmas  61.10.1l|  and 
|61.10.8|  we  conclude  that  G — > B is  flat  and  locally  of  finite  presentation.  □ 

79.19.  Algebraic  stacks  in  the  etale  topology 

Let  S be  a scheme.  Instead  of  working  with  stacks  in  groupoids  over  the  big  fppf 
site  (Sch/ S) fppf  we  could  work  with  stacks  in  groupoids  over  the  big  etale  site 
(Sch/ S)etaie-  All  of  the  material  in  Algebraic  Stacks,  Sections  76.4  76.5  76.6 


|76.7[  |76.8[  |76.9[  |76.10[  and  |76.11|  makes  sense  for  categories  fibred  in  groupoids 
over  (Sch/ S)^taie-  Thus  we  get  a second  notion  of  an  algebraic  stack  by  working  in 
the  etale  topology.  This  notion  is  (a  priori)  weaker  then  the  notion  introduced  in 
Algebraic  Stacks,  Definition  |76.12.1  since  a stack  in  the  fppf  topology  is  certainly 
a stack  in  the  etale  topology.  However,  the  notions  are  equivalent  as  is  shown  by 
the  following  lemma. 

Lemma  79.19.1.  Denote  the  common  underlying  category  of  Sch fppf  and  Sch^.aie 
by  Scha  (see  Sheaves  on  Stacks,  Section  78. 4 and  Topologies,  Remark  33.9.1).  Let 
S be  an  object  of  Scha.  Let 

p : X — > Scha/ S 

be  a category  fibred  in  groupoids  with  the  following  properties: 

(1)  X is  a stack  in  groupoids  over  (Sch/ S)^taie> 
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(2)  the  diagonal  A : X — A X x X is  representable  by  algebraic  space^j  and 

(3)  there  exists  U £ Ob (Scha/S)  and  a 1-morphism  ( Sch/U)etaie  A'  which 

is  surjective  and  smooth. 

Then  X is  an  algebraic  stack  in  the  sense  of  Algebraic  Stacks,  Definition\76.12fl 


Proof.  Note  that  properties  (2)  and  (3)  of  the  lemma  and  the  corresponding  prop- 
erties (2)  and  (3)  of  Algebraic  Stacks,  Definition  76.12.1  are  independent  of  the 
topology.  This  is  true  because  these  properties  involve  only  the  notion  of  a 2- 
fibre  product  of  categories  fibred  in  groupoids,  1-  and  2-morphisms  of  categories 
fibred  in  groupoids,  the  notion  of  a 1-morphism  of  categories  fibred  in  groupoids 
representable  by  algebraic  spaces,  and  what  it  means  for  such  a 1-morphism  to  be 
surjective  and  smooth.  Thus  all  we  have  to  prove  is  that  an  etale  stack  in  groupoids 
X with  properties  (2)  and  (3)  is  also  an  fppf  stack  in  groupoids. 

Using  (2)  let  R be  an  algebraic  space  representing 

( Scha/U ) xx  (Scha/U) 

By  (3)  the  projections  s,t  : R — ► U are  smooth.  Exactly  as  in  the  proof  of  Alge- 
braic Stacks,  Lemma  76.16.1  there  exists  a groupoid  in  spaces  (U,  R,  s,t,c)  and  a 
canonical  fully  faithful  1-morphism  [U/ R] etale  X where  \U/R\etaie  is  the  etale 

stackification  of  presheaf  in  groupoids 


T ► (U[T),  R(T),s(T),  t(T),c(T)) 


Claim:  If  V — > T is  a surjective  smooth  morphism  from  an  algebraic  space  V to 
a scheme  T,  then  there  exists  an  etale  covering  {Tj  — > T}  refining  the  covering 
{V  — i T}.  This  follows  from  More  on  Morphisms,  Lemma  36.28.7  or  the  more 
general  Sheaves  on  Stacks,  Lemma  78.18.10|  Using  the  claim  and  arguing  exactly  as 
in  Algebraic  Stacks,  Lemma  76.16.2  it  follows  that  [U/R]gtaie  — t X is  an  equivalence. 


Next,  let  [U /R]  denote  the  quotient  stack  in  the  fppf  topology  which  is  an  algebraic 
stack  by  Algebraic  Stacks,  Theorem  |76.17.3|  Thus  we  have  1-morphisms 


U — ► [U/R]etale  y [U/R]- 


Both  U — > [U / R-\ stale  — A’  and  U -A  [U/R]  are  surjective  and  smooth  (the 
first  by  assumption  and  the  second  by  the  theorem)  and  in  both  cases  the  fibre 
product  U Xx  U and  U *[u/r]  U is  representable  by  R.  Hence  the  1-morphism 
[U/R]  etale  — > [U/R]  is  fully  faithful  (since  morphisms  in  the  quotient  stacks  are 
given  by  morphisms  into  R,  see  Groupoids  in  Spaces,  Section  65.23). 


Finally,  for  any  scheme  T and  morphism  t : T — ► [U/R]  the  fibre  product  V = 
T Xjj/r  U is  an  algebraic  space  surjective  and  smooth  over  T.  By  the  claim  above 
there  exists  an  etale  covering  {Tj  — > T};e/  and  morphisms  Xj  — > V over  T.  This 
proves  that  the  object  t of  [U/R]  over  T comes  etale  locally  from  U.  We  conclude 
that  [U / R] etale  ► [U/R]  is  an  equivalence  of  stacks  in  groupoids  over  (Sch/ S)^tale 
by  Stacks,  Leinma[8.4.8[  This  concludes  the  proof.  □ 


°Here  we  can  either  mean  sheaves  in  the  etale  topology  whose  diagonal  is  representable  and 
which  have  an  etale  surjective  covering  by  a scheme  or  algebraic  spaces  as  defined  in  Algebraic 


Spaces,  Definition 


52.6.1 


Namely,  by  Bootstrap,  Lemma 


67.12.1 


there  is  no  difference. 
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Artin’s  axioms 


80.1.  Introduction 


In  this  chapter  we  discuss  Artin’s  axioms  for  the  representability  of  functors  by 
algebraic  spaces.  As  references  we  suggest  the  papers  Art 09b  . Art.7()'.  [Art 74], 


Some  of  the  notation,  conventions  and  terminology  in  this  chapter  is  awkward  and 
may  seem  backwards  to  the  more  experienced  reader.  This  is  intentional.  Please 
see  Quot,  Section  81.1  for  an  explanation. 


80.2.  Conventions 

The  conventions  we  use  in  this  chapter  are  the  same  as  those  in  the  chapter  on 
algebraic  stacks,  see  Algebraic  Stacks,  Section[76.2[  In  this  chapter  the  base  scheme 
S will  often  be  locally  Noetherian  (although  we  will  always  reiterate  this  condition 
when  stating  results). 


80.3.  Predeformation  categories 

Let  S'  be  a locally  Noetherian  base  scheme.  Let 

V '■  A — ■>  ( Sch/S)fppf 

be  a category  fibred  in  groupoids.  Let  k be  a field  and  let  Spec(fc)  — > S be  a 
morphism  of  finite  type  (see  Morphisms,  Lemma  28.16.1 1.  We  will  sometimes  simply 


say  that  k is  a field  of  finite  type  over  S.  Let  Xq  be  an  object  of  X lying  over  Spec(fc). 
Given  S,  A,  k , and  Xq  we  will  construct  a predeformation  category,  as  defined  in 
Formal  Deformation  Theory,  Definition  |73.6.2[  The  construction  will  resemble  to 
construction  of  Formal  Deformation  Theory,  Remark |73.6.4| 


First,  by  Morphisms,  Lemma  28.16.1  we  may  pick  an  affine  open  Spec(A)  C S such 
that  Spec(fc)  -*  S factors  through  Spec(A)  and  the  associated  ring  map  A — ► fc 
is  finite.  This  provides  us  with  the  category  Ca,  see  Formal  Deformation  Theory, 


Definition  73.3.1  The  category  Ca,  up  to  canonical  equivalence,  does  not  depend 
on  the  choice  of  the  affine  open  Spec(A)  of  S.  Namely,  Ca  is  equivalent  to  the 
opposite  of  the  category  of  factorizations 

(80.3.0.1)  Spec(fc)  — ► Spec(A)  — ► S 

of  the  structure  morphism  such  that  A is  an  Artinian  local  ring  and  such  that 
Spec(Ic)  — > Spec(A)  corresponds  to  a ring  map  A — > k which  identifies  k with  the 
residue  field  of  A. 


re  let  T = Tx,k,xa  be  the  category  whose 
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(1) 

(2) 


objects  are  morphisms  To  — S > 
Artinian  local  ring  and  p(x o) 
and 

morphisms  (xg  — > x)  — > (to  - 


x of  X where  p(x)  = Spec(A)  with  A an 
-A  p(x ) — > S a factorization  as  in  (80.3.0.1 ), 

► x')  are  commutative  diagrams 


x -e x' 


x0 

in  X.  (Note  the  reversal  of  arrows.) 

If  Xq  — > x is  an  object  of  F then  writing  p(x)  = Spec(A)  we  obtain  an  object  A of 
Ca-  We  often  say  that  To  — > x or  x lies  over  A.  A morphism  of  F between  objects 
Xo  — > x lying  over  A and  To  -A  x'  lying  over  A!  corresponds  to  a morphism  x'  — > x 
of  X , hence  a morphism  p(x'  -A  x)  : Spec(A')  -A  Spec(A)  which  in  turn  corresponds 
to  a ring  map  A — > A' . As  A is  a category  over  the  category  of  schemes  over  S we 
see  that  A — > A!  is  A-algebra  homomorphism.  Thus  we  obtain  a functor 


07T4  (80.3.0.2)  p ; F = Fx,k,Xo  — ► CA. 

We  will  use  the  notation  F(A)  to  denote  the  fibre  category  over  an  object  A of  Ca- 
An  object  of  F(A)  is  simply  a morphism  x0  — > x of  X such  that  x lies  over  Spec(A) 
and  x0  -a  x lies  over  Spec(fc)  —>  Spec(A). 

07T5  Lemma  80.3.1.  The  functor  p : F — » Ca  defined  above  is  a predeformation 
category. 


Proof.  We  have  to  show  that  F is  (a)  cofibred  in  groupoids  over  Ca  and  (b) 
that  F(k)  is  a category  equivalent  to  a category  with  a single  object  and  a single 
morphism. 


Proof  of  (a).  The  fibre  categories  of  F over  Ca  are  groupoids  as  the  fibre  categories 
of  X are  groupoids.  Let  A -A  A'  be  a morphism  of  Ca  and  let  Xg  -A  x be  an  object  of 
F (A) . Because  X is  fibred  in  groupoids,  we  can  find  a morphism  x'  -A  x lying  over 
Spec(A')  -a  Spec(A).  Since  the  composition  A — ► A'  — ► k is  equal  the  given  map 
A -A  k we  see  (by  uniqueness  of  pullbacks  up  to  isomorphism)  that  the  pullback 
via  Spec(fc)  -A  Spec(A')  of  x'  is  Xg,  i.e. , that  there  exists  a morphism  xg  x'  lying 
over  Spec(fc)  -A  Spec(A')  compatible  with  xg  —>■  x and  x'  -A  x.  This  proves  that  F 


has  pushforwards.  We  conclude  by  (the  dual  of)  Categories,  Lemma  4.34.2 


Proof  of  (b).  If  A = k.  then  Spec(fc)  = Spec(A)  and  since  X is  fibred  in  groupoids 
over  ( Sch/S ) fppf  we  see  that  given  any  object  .To  -A  x in  F(k)  the  morphism  To  — > x 
is  an  isomorphism.  Hence  every  object  of  F(k)  is  isomorphic  to  To  -A  To-  Clearly 
the  only  self  morphism  of  Tq  a Tq  in  F is  the  identity.  □ 


Let  S be  a locally  Noetherian  base  scheme.  Let  F : X -A  y be  a 1-morphism 
between  categories  fibred  in  groupoids  over  (Sch/S)  fppf.  Let  k is  a field  of  finite 
type  over  S.  Let  To  be  an  object  of  X lying  over  Spec(fc).  Set  yg  = F( xg)  which  is 
an  object  of  y lying  over  Spec(fc).  Then  F induces  a functor 

07WJ  (80.3.1.1)  F : Fx<k,Xo  — + FyXyo 

of  categories  cofibred  over  Ca-  Namely,  to  the  object  t0  A i of  Fx,k,x „(A)  we 
associate  the  object  F(x0)  -A  F( x)  of  Fy^,Vo(A). 
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Lemma  80.3.2.  Let  S be  a locally  Noetherian  scheme.  Let  F : X — ► y be  a 
1-morphism  of  categories  fibred  in  groupoids  over  (Sch/ S) fppf  which  is  formally 
smooth  on  objects  (see  Criteria  for  Representability,  Section  7 9.6).  Then  for  every 
finite  type  field  k overS  and  for  every  object  Xq  of  X over  k the  functor  (80.3.1.1) 


is  smooth  in  the  sense  of  Formal  Deformation  Theory,  Definition  |7 3.8. 1\ 
Proof.  This  is  a matter  of  unwinding  the  definitions.  Details  omitted. 
Lemma  80.3.3.  Let  S be  a locally  Noetherian  scheme.  Let 

W- <*~Z 


□ 


be  a 2-fibre  product  of  categories  fibred  in  groupoids  over  (Sch/ S)  fppf . Let  k be  a 
finite  type  field  over  S and  wq  an  object  ofW  over  k.  Let  xq,Zq,pq  be  the  images 
of  Wq  under  the  morphisms  in  the  diagram.  Then 


F, 


W,k,w  o 


Y 

X ,k,x  o 


Tz 


k,z0 


F- 


y,k,y0 


is  a fibre  product  of  predeformation  categories. 

Proof.  This  is  a matter  of  unwinding  the  definitions.  Details  omitted. 


□ 


80.4.  Pushouts  and  stacks 


In  this  section  we  show  that  algebraic  stacks  behave  well  with  respect  to  certain 
pushouts.  The  results  in  this  section  hold  over  any  base  scheme. 

The  following  lemma  is  also  correct  when  Y,  X' , X,  Y'  are  algebraic  spaces,  see 
(insert  future  reference  here). 

Lemma  80.4.1.  Let  S be  a scheme.  Let 

X X' 

Y >Y' 


be  a pushout  in  the  category  of  schemes  over  S where  X — ► X'  is  a thickening  and 
X — ^ Y is  affine,  see  More  on  Morphisms,  Lemma  36.11.S\  Let  Z be  an  algebraic 
stack  over  S . Then  the  functor  of  fibre  categories 


-y  *zx  ^x1 


is  an  equivalence  of  categories. 


Proof.  Let  y'  be  an  object  of  left  hand  side.  The  sheaf  Isom(y' , y')  on  the  category 
of  schemes  over  Y'  is  representable  by  an  algebraic  space  I over  Y' , see  Algebraic 
Stacks,  Lemma[76T0Tl]  We  conclude  that  the  functor  of  the  lemma  is  fully  faithful 
as  Y'  is  the  pushout  in  the  category  of  algebraic  spaces  as  well  as  the  category  of 
schemes,  see  Pushouts  of  Spaces,  Lemma [64. 2. 2| 
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Let  (y,x',f)  be  an  object  of  the  right  hand  side.  Here  / : y\x  — > x'\x  is  an 
isomorphism.  To  finish  the  proof  we  have  to  construct  an  object  y'  of  Zy  whose 
restrictions  to  Y and  X'  agree  with  y and  x'  in  a manner  compatible  with  ip.  In 
fact,  it  suffices  to  construct  y'  fppf  locally  on  Y' , see  Stacks,  Lemma  8.4.8  Choose  a 
representable  algebraic  stack  W and  a surjective  smooth  morphism  W — > Z.  Then 


( Sch/Y  )fppf  LV  and  ( Sch/X  )fppf  ^x\z  LV 

are  algebraic  stacks  representable  by  algebraic  spaces  V and  U'  smooth  over  Y and 
X' . The  isomorphism  / induces  an  isomorphism  <p  : V xY  X — > U'  xp  X over 
X.  By  Pushouts  of  Spaces,  Lemmas  |64.2.3|  and  |64.2.8|  we  see  that  the  pushout 
V'  = V11VxyX  U'  is  an  algebraic  space  smooth  over  Y'  whose  base  change  to  Y 
and  X'  recovers  V and  U'  in  a manner  compatible  with  ip. 


Let  W be  the  algebraic  space  representing  W.  The  projections  V — » W and  U'  — ► 
W agree  as  morphisms  over  V Xy  X = U'  Xx>  X hence  the  universal  property  of 
the  pushout  determines  a morphism  of  algebraic  spaces  V'  — » W.  Choose  a scheme 
Y{  and  a surjective  etale  morphism  Y[  — > V' . Set  ii  = Y Xy  Y[.  X\  = X'  Xy<  Y{, 
X\  = X x y>  Y{.  The  composition 

( Sch/Yl ) -x  ( Sch/V' ) -x  (Sch/W)  = W -»•  Z 


corresponds  by  the  2-Yoneda  lemma  to  an  object  y[  of  Z over  Y[  whose  restriction 
to  Yi  and  X\  agrees  with  y \ y.,  and  x'\x[  in  a manner  compatible  with  f\xL-  Thus 
we  have  constructed  our  desired  object  smooth  locally  over  Y'  and  we  win.  □ 


80.5.  The  Rim-Schlessinger  condition 

The  motivation  for  the  following  definition  comes  from  Lemma  |80.4.1|  and  Formal 
Deformation  Theory,  Definition  |73. 1 5 T]  and  Lemma 

Definition  80.5.1.  Let  S'  be  a locally  Noetherian  scheme.  Let  Z be  a category 
fibred  in  groupoids  over  (Sc/i/S)  fppf.  We  say  Z satisfies  condition  (RS)  if  for  every 
pushout 

X >-  X' 


Y #.  Y'  =Y  UxX' 

in  the  category  of  schemes  over  S where 

(1)  X , X' , Y,  Y'  are  spectra  of  local  Artinian  rings, 

(2)  A,  X',  Y,  Y'  are  of  finite  type  over  S,  and 

(3)  X — ► X'  (and  hence  Y — > Y')  is  a closed  immersion 
the  functor  of  fibre  categories 

ZY'  — > ZY  xZx  Zx> 

is  an  equivalence  of  categories. 


73.15.4 


If  A is  an  Artinian  local  ring  with  residue  field  k,  then  any  morphism  Spec(A)  — > S 
is  affine  and  of  finite  type  if  and  only  if  the  induced  morphism  Spec(fc)  — > S is  of 
finite  type,  see  Morphisms,  Lemmas  |28. 12.13'  and  28.16.2 


Lemma  80.5.2.  Let  X be  an  algebraic  stack  over  a locally  Noetherian  base  S. 
Then  X satisfies  (RS). 
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Proof.  Immediate  from  the  definitions  and  Lemma r80.4. II  □ 

Lemma  80.5.3.  Let  S be  a scheme.  Letp  \ X ^ y and  q : Z -A  y be  1-morphisms 
of  categories  fibred  in  groupoids  over  (Sch/ S) fppf . If  X , y,  and  Z satisfy  (RS), 
then  so  does  X Xy  Z. 

Proof.  This  is  formal.  Let 


X ^ X' 

Y >■  Y'  = Y JIx  X' 

be  a diagram  as  in  Definition  |80.5.1|  We  have  to  show  that 

(X  Xy  Z)y ' > {X  Xy  Z)y  X(XxyZ)x  Xy  % )x ' 

is  an  equivalence.  Using  the  definition  of  the  2-fibre  product  this  becomes 

(80.5.3.1)  XY'  XyY,  ZY'  (Xy  XyY  Zy)  X(XxxyxZx)  (P^X'  Xyx,  ZX>)- 

We  are  given  that  each  of  the  functors 


Xy  — > Xy  XyY  Zy , Yy  -»  Xx  Xyx  ZX,  Zy  ->  XXi  Xy  , ZXr 


are  equivalences.  An  object  of  the  right  hand  side  of  (80.5.3.1 1 is  a system 


{{xy,  Zy,  (f>y),  {xX> , ZX' , <t>X' ) , (a,  /3)). 

Then  (xy,  xy , a)  is  isomorphic  to  the  image  of  an  object  xy  in  Xy  and  (zy,  zy , ft) 
is  isomorphic  to  the  image  of  an  object  zy  of  Zy . The  pair  of  morphisms  (<t>y,  <j)X>) 
corresponds  to  a morphism  if  between  the  images  of  xy  and  zy  in  Yy . Then 
(xy,zy,if)  is  an  object  of  the  left  hand  side  of  (80.5.3.1)  mapping  to  the  given 


object  of  the  right  hand  side.  This  proves  that  (80.5.3.1)  is  essentially  surjective. 
We  omit  the  proof  that  it  is  fully  faithful.  □ 


80.6.  Deformation  categories 

We  match  the  notation  introduced  above  with  the  notation  from  the  chapter  “For- 
mal Deformation  Theory”. 


Lemma  80.6.1.  Let  S be  a locally  Noetherian  scheme.  Let  X be  a category  fibred 
in  groupoids  over  (Sch/ S)  fppf  satisfying  (RS).  For  any  field  k of  finite  type  over  S 
and  any  object  Xo  of  X lying  over  k the  predeformation  category  p : Tx,k,x 0 — > C\ 
\80.3. 0.2)  is  a deformation  category,  see  Formal  Deformation  Theory,  Definition 
1 7 3.15.81 


Proof.  Set  T = Fx,k,x 0-  Let  and  : A2  — > A be  ring  maps  in  C a 

with  f2  surjective.  We  have  to  show  that  the  functor 


X(A\  xA  A2)  — > JF(A\)  Xjr(A)  F(A2) 

is  an  equivalence,  see  Formal  Deformation  Theory,  Lemma  |73.15.4|  Set  X = 
Spec(A),  X'  = Spec(A2),  Y = Spec(A!)  and  Y'  = Spec(A!  A2).  Note  that 


80.7.  CHANGE  OF  FIELD 


4537 


Y'  = Y II x X'  in  the  category  of  schemes,  see  More  on  Morphisms,  Lemma  36.11.3 
We  know  that  in  the  diagram  of  functors  of  fibre  categories 


XY' 


Xy  x xx  Xx> 


At 


Spec(fe) 


Spec(fc) 


the  top  horizontal  arrow  is  an  equivalence  by  Definition  80.5.1  Since  B(B)  is  the 
category  of  objects  of  Ag pec(B)  with  an  identification  with  Xq  over  k we  win.  □ 

07WV  Remark  80.6.2.  Let  S'  be  a locally  Noetherian  scheme.  Let  X be  fibred  in 
groupoids  over  (Sch/  S)fppf . Let  k be  a field  of  finite  type  over  S and  Xq  an  object 
of  X over  k.  Let  p : T — > Ca  be  as  in  (|80.3.0.2).  If  T is  a deformation  category, 


i.e. , if  T satisfies  the  Rim-Schlessinger  condition  (RS),  then  we  see  that  T satisfies 
Schlessingers  conditions  (SI)  and  (S2)  by  Formal  Deformation  Theory,  Lemma 
Let  T be  the  functor  of  isomorphism  classes,  see  Formal  Deformation 
(10 1.  Then  T satisfies  (SI)  and  (S2)  as  well,  see  Formal 


73.15.6 


73.5.2 


Theory,  Remarks 

Deformation  Theory,  Lemma  |73.9.5[  This  holds  in  particular  in  the  situation  of 
Lemma  180.6.11 


80.7.  Change  of  field 


07WW 


This  section  is  the  analogue  of  Formal  Deformation  Theory,  Section  |73.26|  As 
pointed  out  there,  to  discuss  what  happens  under  change  of  field  we  need  to  write 
C\,k  instead  of  Ca-  In  the  following  lemma  we  use  the  notation  J~i/k  introduced  in 


Formal  Deformation  Theory,  Situation  73.26.1 


07WX  Lemma  80.7.1.  Let  S be  a locally  Noetherian  scheme.  Let  X be  a category  fibred 
in  groupoids  over  (Sch/ S)  fppf . Let  k be  a field  of  finite  type  over  S and  let  k C l 
be  a finite  extension.  Let  Xq  be  an  object  of  T lying  over  Spec (k).  Denote  x^ o the 
restriction  of  xq  to  Spec (l).  Then  there  is  a canonical  functor 


(Xx .k,xo)l/k  ^ Xx.l’Xi'O 

of  categories  cofibred  in  groupoids  over  Ca,i-  If  X satisfies  (RS),  then  this  functor 
is  an  equivalence. 


Proof.  Consider  a factorization 


Spec(Z)  — » Spec(.B)  — >•  S 


as  in  (80.3.0.1).  By  definition  we  have 


(Fx,k,xo)i/k(B)  = Xx,k,x0(B  xi  k) 

see  Formal  Deformation  Theory,  Situation  |73.26.1|  Thus  an  object  of  this  is  a 
morphism  xq  — > x of  X lying  over  the  morphism  Spec(fc)  — > Spec(B  X/  k).  Choosing 
pullback  functor  for  X we  can  associate  to  xq  — > x the  morphism  xip  — » Xb  where 
Xb  is  the  restriction  of  x to  Spec(R)  (via  the  morphism  Spec(R)  — > Spec (B  X;  k ) 
coming  from  B Xik  C B ).  This  construction  is  functorial  in  B and  compatible  with 
morphisms. 
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07X0 
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Next,  assume  X satisfies  (RS).  Consider  the  diagrams 

l B Spec (l) >■  Spec(R) 


and 


B Xi  k 


V 

Spec(/c) 


Spec(R  X;  k) 


80.5.1). 


The  diagram  on  the  left  is  a fibre  product  of  rings.  The  diagram  on  the  right 
is  a pushout  in  the  category  of  schemes,  see  More  on  Morphisms,  Lemma  36.11.3| 
These  schemes  are  all  of  finite  type  over  S (see  remarks  following  Definition 
Hence  (RS)  kicks  in  to  give  an  equivalence  of  fibre  categories 

^Spec(Bxik)  t Tgpec(fc)  X^gpoc(i)  Tgpec(B) 

This  implies  that  the  functor  defined  above  gives  an  equivalence  of  fibre  categories. 
Hence  the  functor  is  an  equivalence  on  categories  cofibred  in  groupoids  by  (the  dual 
of)  Categories,  Lemma  4.34.8  □ 


80.8.  Tangent  spaces 

Let  S'  be  a locally  Noetherian  scheme.  Let  X be  a category  fibred  in  groupoids  over 
( Sch/S)fppf . Let  k be  a field  of  finite  type  over  S and  let  a,’o  be  an  object  of  X 
over  k.  In  Formal  Deformation  Theory,  Section  |73.11|  we  have  defined  the  tangent 
space 


(80.8.0.1) 


f isomorphism  classes  of  morphisms  1 
x,k,x0  _ j.  x over  Spec(fc)  -A  Spec(fc[e])J 

In  Formal  Deformation  Theory,  Section 


of  the  predeformation  category  Tx,k,x 0- 
173. 181  we  have  defined 

(80.8.0.2)  fhfxo  (J~x  ,k,xo)  = Ker  (Autgpec(/qe])(;Co)  v Autspec^j(xo)) 

where  x'0  is  the  pullback  of  Xq  to  Spec(/c[e]).  If  X satisfies  the  Rim-Schlessinger 
condition  (RS),  then  TTx,k,x0  comes  equipped  with  a natural  fc-vector  space  struc- 


80.6.1 

and  Remark  80.6.2 

) . Moreover,  Formal  Deformation  Theory,  Lemma 

73.18.9 

shows  that  InfXo (Tx,k,x0)  has  a natural  k- vector  space  structure  such  that  addition 
agrees  with  composition  of  automorphisms.  A natural  condition  is  to  ask  these 
vector  spaces  to  have  finite  dimension. 

The  following  lemma  tells  us  this  is  true  if  X is  locally  of  finite  type  over  S (see 


Morphisms  of  Stacks,  Section  83.13). 


Lemma  80.8.1.  Let  S be  a locally  Noetherian  scheme.  Assume 

(1)  X is  an  algebraic  stack, 

(2)  U is  a scheme  locally  of  finite  type  over  S,  and 

(3)  (Sch/U)  fppf  -A  X is  a smooth  surjective  morphism. 

Then,  for  any  T = Tx,k,x 0 as  in  Section  80.3  the  tangent  space  TT  and  infinitesi- 


mal automorphism  space  InfXQ  (J-)  have  finite  dimension  over  k 

Proof.  Let  us  write  U = (Sch/U)  fPPf-  By  our  definition  of  algebraic  stacks  the 

1- morphism  IA  — > X is  representable  by  algebraic  spaces.  Hence  in  particular  the 

2- fibre  product 


IAXq  (Sch/  Spec (k)) fppf  ^-x  Id 
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is  representable  by  an  algebraic  space  UXo  over  Spec(fc).  Then  UXo  Spec(fc) 
is  smooth  and  surjective  (in  particular  UXo  is  nonempty).  By  Spaces  over  Fields, 
Lemma  59.9.2  we  can  find  a finite  extension  l D k and  a point  Spec(Z)  — > UXo  over 


k.  We  have 


{Fx,k,x0)l/k  = Rx,l,x 


by  Lemma  80.7.1  and  the  fact  that  X satisfies  (RS).  Thus  we  see  that 


TJ~  (£)k  l — TJ~x,l,xi  q and  InfXo(^*)  l — inf^^  Q x .i  .xiq) 


by  Formal  Deformation  Theory,  Lemmas  73.26.3  and  73.26.4  (these  are  applicable 
by  Lemmas  80.5. 2| and  80.6.1  and  Remark  80.6.2).  Hence  it  suffices  to  prove  that 
TTx,i,xi,0  and  Infjj  0 (J~ x ,i,xit0 ) have  finite  dimension  over  l.  Note  that  xito  comes 
from  a point  u o of  U over  l. 

We  interrupt  the  flow  of  the  argument  to  show  that  the  lemma  for  infinitesimal 
automorphisms  follows  from  the  lemma  for  tangent  spaces.  Namely,  let  7 Z =Ux xht. 


Let  ro  be  the  Z-valued  point  (uq,  uq,  idXo)  of  7Z.  Combining  Lemma  80.3.3  and 
Formal  Deformation  Theory,  Lemma  [73. 24.2|  we  see  that 


Note  that  1Z  is  an  algebraic  stack,  see  Algebraic  Stacks,  Lemma  76.14.2  Also,  TZ 
is  representably  by  an  algebraic  space  R smooth  over  U (via  either  projection,  see 
Algebraic  Stacks,  Lemma  76.16.2).  Hence,  choose  an  scheme  U'  and  a surjective 
etale  morphism  U'  R we  see  that  U'  is  smooth  over  U,  hence  locally  of  finite 
type  over  S.  As  ( Sch/U') fppf  — >-  72.  is  surjective  and  smooth,  we  have  reduced  the 
question  to  the  case  of  tangent  spaces. 


The  functor  (80.3.1.1) 


Ti 


U,1,uq 


Fx,i,a 


is  smooth  by  Lemma  80.3.2  and  Criteria  for  Represent  ability,  Lemma  79.6.3  The 
induced  map  on  tangent  spaces 


TRu,i,v 


TTx,i,x  i,o 


is  Z-linear  (by  Formal  Deformation  Theory,  Lemma  73.11.4)  and  surjective  (as 


smooth  maps  of  predeformation  categories  induce  surjective  maps  on  tangent  spaces 


by  Formal  Deformation  Theory,  Lemma  73.8.8).  Hence  it  suffices  to  prove  that  the 


tangent  space  of  the  deformation  space  associated  to  the  representable  algebraic 
stack  IA  at  the  point  uq  is  finite  dimensional.  Let  Spec(-R)  C U be  an  affine  open 
such  that  uq  : Spec(Z)  — > U factors  through  Spec(i?)  and  such  that  Spec(i?)  — >•  S 
factors  through  Spec(A)  C S.  Let  C R be  the  kernel  of  the  A-algebra  map 
<Po  : R — > l corresponding  to  u0.  Note  that  R,  being  of  finite  type  over  the  Noether- 
ian  ring  A,  is  a Noetherian  ring.  Hence  = (/i, . . . , /„)  is  a finitely  generated 
ideal.  We  have 

TTu,i,u0  = {v3  : R —■ ► Z[e]  | (p  is  a A-algebra  map  and  <*p  mod  e = ipo} 

An  element  of  the  right  hand  side  is  determined  by  its  values  on  /i , . . . , fn  hence 
the  dimension  is  at  most  n and  we  win.  Some  details  omitted.  □ 


07X2  Lemma  80.8.2.  Let  S be  a locally  Noetherian  scheme.  Let  p : X — ► y and 
q : Z -A  y be  1-morphisms  of  categories  fibred  in  groupoids  over  (Sch/ S) fppf . 
Assume  X , y,  Z satisfy  (RS).  Let  k be  a field  of  finite  type  over  S and  let  Wq  be 
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07X3 


07X4 


an  object  ofW  = X Xy  Z over  k.  Denote  xo,yo,Zo  the  objects  of  X,y,Z  you  get 
from  Wq.  Then  there  is  a 6-term  exact  sequence 


of  k-vector  spaces. 


Proof.  Apply  Lemmas  80.3.3  and  80.6.1  and  Formal  Deformation  Theory,  Lemma 
173.18.141  □ 


80.9.  Formal  objects 

In  this  section  we  transfer  some  of  the  notions  already  defined  in  the  chapter  “For- 
mal Deformation  Theory”  to  the  current  setting.  In  the  following  we  will  say  "R 
is  an  S'-algebra”  to  indicate  that  R is  a ring  endowed  with  a morphism  of  schemes 
Spec(-R)  — > S. 

Definition  80.9.1.  Let  S be  a locally  Noetherian  scheme.  Let  p : X — > ( Sch/S ) /pp/ 
be  a category  fibred  in  groupoids. 

(1)  A formal  object  £ = (R,i„,fn)  of  X consists  of  a Noetherian  complete 
local  S'-algebra  R,  objects  £„  of  X lying  over  Spec(i?/m^),  and  morphisms 
in  — > £n+i  of  X lying  over  Spec(i?/m”)  -A  Spec(i?/m”+1)  such  that  R/m 
is  a field  of  finite  type  over  S. 

(2)  A morphism  of  formal  objects  a : i = (i?,  /„)  — > rj  = (T,  rjni  gn)  is  given 

by  morphisms  an  : £„  -A  r]n  such  that  for  every  n the  diagram 

in+l  j ^ in 

CLn  + 1 an 

v gn  " 

?7n+ 1 ^ T]n 

is  commutative.  Applying  the  functor  p we  obtain  a compatible  collection 
of  morphisms  Spec(i?/m^)  — )•  Spec(T/my)  and  hence  a morphism  ao  : 
Spec(i?)  — > Spec(T)  over  S.  We  say  that  a lies  over  a o- 

Thus  we  obtain  a category  of  formal  object  of  A.  If  F : X — > y is  a 1-morphism  of 
categories  fibred  in  groupoids  over  (Sch/ S) fppf,  then  F induces  a functor  between 
categories  of  formal  objects  as  well. 


Given  a formal  object  i = ( R,in,fn ),  set  k = R/m  and  x0  = i i-  Then  the  formal 
object  i defines  a formal  object  i of  Fx,k,x0  as  defined  in  Formal  Deformation 
Theory,  Definition  73.7. 1[  We  will  use  the  terminology  introduced  in  that  chapter. 
In  particular,  we  will  say  that  i is  versal  if  i (as  a formal  object  of  J-)  is  versal 
in  the  sense  of  Formal  Deformation  Theory,  Definition  |73.8.13[  We  briefly  spell 
out  here  what  this  means.  Suppose  given  a morphism  j:0  — >■  y lying  over  a closed 
immersion  Spec (k)  — > Spec(A)  where  A is  an  Artinian  local  ring  with  residue  field 
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07X6 


07X7 
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k.  Then  versality  implies  there  exists  an  n > 1 and  a commutative  diagram 


lying  over 


Spec(A) 


Spec(i?/mn)  -e Spec (k) 


Please  compare  with  Formal  Deformation  Theory,  Remark  |73.8.14| 

Lemma  80.9.2.  Let  S be  a locally  Noetherian  scheme.  Let  F : X — > y be  a 1- 
morphism  of  categories  fibred  in  groupoids  over  ( Sch/S ) fPPf  ■ Let  rj  = (R,  rjn , gn ) be 
a formal  object  ofy  and  let  £i  be  an  object  of  X with  F(f  i)  = r/i-  If  F is  formally 
smooth  on  objects  (see  Criteria  for  Representability,  Sectional 9. 6),  then  there  exists 
a formal  object  £ = (R,  £n,  /„)  of  X such  that  F(£)  = r/. 


Proof.  Note  that  each  of  the  morphisms  Spec(i?/m")  — > Spec(f?/m"+1)  is  a first 
order  thickening  of  affine  schemes  over  S.  Hence  the  assumption  on  F means 
that  we  can  successively  lift  £i  to  objects  £2,  £3. . . . of  X endowed  with  compatible 
isomorphisms  ^Ispec^/m™-1)  — Vn- 1 and  F(rjn)  = £„.  □ 


Let  S'  be  a locally  Noetherian  scheme.  Let  p : X — > (Sch/S) fppf  be  a category 
fibred  in  groupoids.  Suppose  that  x is  an  object  of  X over  R , where  R is  a Noe- 
therian complete  local  S-algebra  with  residue  field  of  finite  type  over  S.  Then 
we  can  consider  the  system  of  restrictions  £n  = a:|spec(R/m’1)  endowed  with  the 
natural  morphisms  £1  — > £2  — S ► . . . coming  from  transitivity  of  restriction.  Thus 
£=  {R,Sn,Zn^Z  n+i)  is  a formal  object  of  X.  This  construction  is  functorial  in 
the  object  x.  Thus  we  obtain  a functor 
(80.9.2.1) 

{objects  x of  X such  that  p(x)  = Spec(i?) ) 

where  R is  Noetherian  complete  local  > — ► {formal  objects  of  A”} 
with  R/m  of  finite  type  over  S J 

To  be  precise  the  left  hand  side  is  the  full  subcategory  of  X consisting  of  objects 
as  indicated  and  the  right  hand  side  is  the  category  of  formal  objects  of  X as  in 
Definition  180.9.11 


Definition  80.9.3.  Let  S'  be  a locally  Noetherian  scheme.  Let  X be  a category 
fibred  in  groupoids  over  (Sch/S)  fppf-  A formal  object  £ = (R,  /„)  of  X is  called 

effective  if  it  is  in  the  essential  image  of  the  functor  (80.9.2.1). 


If  the  category  fibred  in  groupoids  is  an  algebraic  stack,  then  every  formal  object 
is  effective  as  follows  from  the  next  lemma. 


Lemma  80.9.4.  Let  S be  a locally  Noetherian  scheme, 
stack  over  S.  The  functor  ( 80.9.2.1 ) is  an  equivalence. 


Let  X be  an  algebraic 


Proof.  Case  I:  X is  representable  (by  a scheme).  Say  X = (Sch/X) fppf  for  some 
scheme  X over  S.  Unwinding  the  definitions  we  have  to  prove  the  following:  Given 
a Noetherian  complete  local  S-algebra  R with  R/m  of  finite  type  over  S we  have 


Morg(Spec(i?), X)  — > limMors(Spec(i?/mri), X) 


is  bijective.  This  follows  from  Formal  Spaces,  Lemma  [70. 24. 2| 
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Case  II.  X is  representable  by  an  algebraic  space.  Say  X is  representable  by  X. 
Again  we  have  to  show  that 


Morg(Spec(.R),  X)  — > limMorg(Spec(I?/m"),  X) 

is  bijective  for  R as  above.  This  is  Formal  Spaces,  Lemma  [70. 24. 3[ 

Case  III:  General  case  of  an  algebraic  stack.  A general  remark  is  that  the  left  and 
right  hand  side  of  (80.9.2.11  are  categories  fibred  in  groupoids  over  the  category 
of  affine  schemes  over  S which  are  spectra  of  Noetherian  complete  local  rings  with 
residue  field  of  finite  type  over  S.  We  will  also  see  in  the  proof  below  that  they 
form  stacks  for  a certain  topology  on  this  category. 


We  first  prove  fully  faithfulness.  Let  I?  be  a Noetherian  complete  local  S'-algebra 
with  k = R/m  of  finite  type  over  S.  Let  x,x'  be  objects  of  X over  R.  As  X is  an 
algebraic  stack  Isom(x,x')  is  representable  by  an  algebraic  space  I over  Spec(I?), 
see  Algebraic  Stacks,  Lemma  76.10.11  Applying  Case  II  to  / over  Spec(i?)  implies 
immediately  that  (|80.9.2.1 1 is  fully  faithful  on  fibre  categories  over  Spec(i?).  Hence 
the  functor  is  fully  faithful  by  Categories,  Lemma  [4. 34. 8[ 


Essential  surjectivity.  Let  £ = ( R , £n,  fn)  be  a formal  object  of  X.  Choose  a scheme 
U over  S and  a surjective  smooth  morphism  / : (Sch/U) fppf  — > X.  For  every  n 
consider  the  fibre  product 


(Sch/  Spec (R/mn)) fppf  *£„,xj  (Sch/U) fppf 

By  assumption  this  is  representable  by  an  algebraic  space  Vn  surjective  and  smooth 
over  Spec(i?/m”).  The  morphisms  fn-^n^  £n+i  induce  cartesian  squares 


Vn+1 


vn 


Spec(I?/m”+1) 


Spec(I?/m") 


of  algebraic  spaces.  By  Spaces  over  Fields,  Lemma  |59.9.2  we  can  find  a finite 
separable  extension  k C k'  and  a point  v(  : Spec(fc')  — > V\  over  k.  Let  R C R' 
be  the  finite  etale  extension  whose  residue  field  extension  is  k C k!  (exists  and  is 
unique  by  Algebra,  Lemmas  10.148.8  and |10.148.10 ).  By  the  infinitesimal  lifting 
criterion  of  smoothness  (see  More  on  Morphisms  of  Spaces,  Lemma  63.17.6 ) applied 
to  Vn  — >•  Spec(i?/m”)  for  n = 2,3,4, ...  we  can  successively  find  morphisms  v'n  : 
Spec (R' /(m')n)  — >•  Vn  over  Spec(i?/m")  fitting  into  commutive  diagrams 


Spec(i?7(m')n+1) 


Spec(i?7(m')n) 


n + l 


n+l 


Vn 


Composing  with  the  projection  morphisms  Vn  — > U we  obtain  a compatible  system 
of  morphisms  u'n  : Spec(R' / (m')n)  — > U.  By  Case  I the  family  (v!n)  comes  from  a 
unique  morphism  u'  : Spec (R’)  — > U.  Denote  x'  the  object  of  X over  Spec(i7')  we 
get  by  applying  the  1-morphism  / to  it!  By  construction,  there  exists  a morphism 
of  formal  objects 


(I80.9.2.1I+)  = +77|Spec(fl7(mTl),...)  > (R,Zn,fn) 
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lying  over  Spec(i?')  — > Spec(i?).  Note  that  R'  Z)r  R'  is  a finite  product  of  spectra 
of  Noetherian  complete  local  rings  to  which  our  current  discussion  applies.  Denote 
POiPi  ■ Spec (R1  Z>r  R')  —>  Spec (R')  the  two  projections.  By  the  fully  faithfulness 
shown  above  there  exists  a canonical  isomorphism  ip  : p^x'  — ► p\x'  because  we 
have  such  isomorphisms  over  Spec((_R'  <8>r  R')/mn(R'  R')).  We  omit  the  proof 


that  the  isomorphism  p satisfies  the  cocycle  condition  (see  Stacks,  Definition  8.3.1 ). 
Since  {Spec(i?')  — > Spec(i?)}  is  an  fppf  covering  we  conclude  that  x'  descends  to 
an  object  x of  X over  Spec(i?).  We  omit  the  proof  that  xn  is  the  restriction  of  x 
to  Spec(i2/mn).  □ 

Lemma  80.9.5.  Let  S be  a scheme.  Letp  : X — > y and  q : Z — ► y be  1-morphisms 


of  categories  fibred  in  groupoids  over  (Sch/ S) fppf . If  the  functor  (80.9.2.1)  is  an 
equivalence  for  X , y,  and  Z,  then  it  is  and  equivalence  for  X Xy  Z . 

Proof.  The  left  and  the  right  hand  side  of  (80.9.2.11  for  X Xy  Z are  simply  the 
2-fibre  products  of  the  left  and  the  right  hand  side  of  (80.9.2.1)  for  X,  Z over  y. 


Hence  the  result  follows  as  taking  2-fibre  products  is  compatible  with  equivalences 
of  categories,  see  Categories,  Lemma  [4. 30. 7|  □ 


80.10.  Approximation 


A fundamental  insight  of  Michael  Artin  is  that  you  can  approximate  objects  of  a 
limit  preserving  stack.  Namely,  given  an  object  x of  the  stack  over  a Noetherian 
complete  local  ring,  you  can  find  an  object  xa  over  an  algebraic  ring  which  is  “close 
to”  x.  Here  an  algebraic  ring  means  a finite  type  S'-algebra  and  close  means  adically 
close.  In  this  section  we  present  this  in  a simple,  yet  general  form. 


To  formulate  the  result  we  need  to  pull  together  some  definitions  from  different 
places  in  the  stacks  project.  First,  in  Criteria  for  Representability,  Section  |79.5| 
we  introduced  limit  preserving  on  objects  for  1-morphisms  of  categories  fibred  in 
groupoids  over  the  category  of  schemes.  In  More  on  Algebra,  Definition |15. 41. l]  we 
defined  the  notion  of  a G-ring.  Let  S be  a locally  Noetherian  scheme.  Let  A be 
an  S'-algebra.  We  say  that  A is  of  finite  type  over  S or  is  a finite  type  S -algebra  if 
Spec(A)  — »•  S is  of  finite  type.  In  this  case  A is  a Noetherian  ring.  Finally,  given  a 
ring  A and  ideal  I we  denote  Gr/(A)  = ® In/In+1. 

Lemma  80.10.1.  Let  S be  a locally  Noetherian  scheme.  Letp  : X — > (Sch/ S) fppf 
be  a category  fibred  in  groupoids.  Let  x be  an  object  of  X lying  over  Spec(i?)  where 
R is  a Noetherian  complete  local  ring  with  residue  field  k of  finite  type  over  S.  Let 
s £ S be  the  image  o/Spec(/c)  —>  S.  Assume  that  (a)  Os,s  is  a G-ring  and  (b)  p is 
limit  preserving  on  objects.  Then  for  every  integer  N > 1 there  exist 

(1)  a finite  type  S-algebra  A, 

(2)  a maximal  ideal  C A, 

(3)  an  object  x a of  X over  Spec( A), 

(4)  an  S -isomorphism  R/m^  = A/m1//, 

(5)  an  isomorphism  x |spec(R/mw)  — ^AlspecfA/m^)  compatible  with  (/),  and 

(6)  an  isomorphism  GrmR(R)  = GrmA(A ) of  graded  k-algebras. 


Proof.  Choose  an  affine  open  Spec(A)  C S such  that  k is  a finite  A-algebra,  see 


Morphisms,  Lemma  28.16.1  We  may  and  do  replace  S by  Spec(A). 


We  may  write  R as  a directed  colimit  R = colim  Cj  where  each  Cj  is  a finite 
type  A-algebra  (see  Algebra,  Lemma  10.126.1).  By  assumption  (b)  the  object  x is 
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isomorphic  to  the  restriction  of  an  object  over  one  of  the  Cj . Hence  we  may  choose 
a finite  type  A-algebra  C,  a A-algebra  map  C — > P,  and  an  object  xq  of  X over 
Spec(C)  such  that  x = £c|spec(,R)-  The  choice  of  C is  a bookkeeping  device  and 
could  be  avoided.  For  later  use,  let  us  write  C = A[j/i, . . . , yu]/(fi,  ■ ■ ■ , fv)  and  we 
denote  at  £ R the  image  of  yt  under  the  map  C — > R.  Set  me  = CTl  ms- 

Choose  a A-algebra  surjection  A[xi, . . . , xs)  — >•  k and  denote  m'  the  kernel.  By 
the  universal  property  of  polynomial  rings  we  may  lift  this  to  a A-algebra  map 
A[xi, . . . ,xs]  -A  P.  We  add  some  variables  (i.e. , we  increase  s a bit)  mapping  to 
generators  of  ms-  Having  done  this  we  see  that  A[xi, . . . , xs]  -A  R/m* 1 2 3R  is  surjective. 
Then  we  see  that 


(80.10.1.1) 


P = A[xi,...,xs]( 


R 


is  a surjective  map  of  Noetherian  complete  local  rings,  see  for  example  Formal 
Deformation  Theory,  Lemma [73. 4.2[ 

Choose  lifts  o,  £ F of  a*  we  found  above.  Choose  generators  bi, . . . ,br  £ P for  the 
kernel  of  (80.10.1.1).  Choose  Cji  £ P such  that 

fj  (^1 ; • • • ; ^u)  ^ v Cji.bi 

in  P which  is  possible  by  the  choices  made  so  far.  Choose  generators 

h ,...,kt£  Ker (P®r  P) 

and  write  fc,  = (kn, . . . , fcjr)  and  K = (kij)  so  that 


p©t  p©r  p 


P-A  0 


is  an  exact  sequence  of  P-modules.  In  particular  we  have  ^ kijbj  = 0.  After 
possibly  increasing  N we  may  assume  N — 1 works  in  the  Artin-Rees  lemma  for 
the  first  two  maps  of  this  exact  sequence  (see  More  on  Algebra,  Section  15.4  for 
terminology) . 


By  assumption  Os,s  = AAnm'  is  a G-ring.  Hence  by  More  on  Algebra,  Proposition 

15.41.10  the  ring  Afaq, . . . , xs]m'  is  a G-ring.  Hence  by  Smoothing  Ring  Maps, 


Theorem  |16. 14. 2|  there  exist  an  etale  ring  map 

A[X;l,  - - - , ~ 


B. 


a maximal  ideal  ms  of  B lying  over  m',  and  elements  a',  b[.  c'? , £ B'  such  that 

(1)  «(m')  = it(ms)  which  implies  that  A[aq, . . . , xs]m<  C BmB  C P and  P is 
identified  with  the  completion  of  B at  ms,  see  remark  preceding  Smooth- 
ing Ring  Maps,  Theorem  |16. 14. 2[ 

(2)  af  - a[,  bi  - 6',  Cij  - c'ipkij  - fcb  £ (m')NP,  and 

(3)  /j(aj, . . . , a'J  = X)  CjA  and  £ k'^bb  = 0. 

Set  A = B/(b[, . . . , b'r)  and  denote  rru  the  image  of  ms  in  A.  (Note  that  A is 
essentially  of  finite  type  over  A;  at  the  end  of  the  proof  we  will  show  how  to  obtain 
an  A which  is  of  finite  type  over  A.)  There  is  a ring  map  C — > A sending  y , i-a  a[ 
because  the  a!i  satisfy  the  desired  equations  modulo  (b\ . . . . , b'r).  Note  that  A/ m^  = 
R/mR  as  ciuotients  of  P = PA  by  property  (2)  above.  Set  xa  = ^clspec(A)-  Since 
the  maps 

C — > A — » A/m % = R/mR  and  C — >■  P -A  R/mR 
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are  equal  we  see  that  x a and  x agree  modulo  via  the  isomorphism  A/ = 
R/rrip.  At  this  point  we  have  shown  properties  (1)  - (5)  of  the  statement  of  the 
lemma.  To  see  (6)  note  that 

p©t  p©r  p an(^  p0t  p®r  (bi K))  p 


are  two  complexes  of  P-modules  which  are  congruent  modulo  (m,)Ar  with  the  first 
one  being  exact.  By  our  choice  of  N above  we  see  from  More  on  Algebra,  Lemma 


isomorphic  associated  graded  algebras,  which  is  what  we  wanted  to  show. 


15.4.2  that  R = P/(bi, . . . , br)  and  P/(b'1} . . . ,b'r)  = BA/(b[, . . . , b'r)  = AA  have 


This  last  paragraph  of  the  proof  serves  to  clean  up  the  issue  that  A is  essentially 
of  finite  type  over  S and  not  yet  of  finite  type.  The  construction  above  gives 
A = B /(b'1: . . . ,b'r)  and  C A with  B etale  over  A[aq , . . . , xs]m/ . Hence  A is  of 
finite  type  over  the  Noetherian  ring  A[xi, . . . , xs]m/.  Thus  we  can  write  A = (Ao)m' 
for  some  finite  type  k[x\,...,xn\  algebra  A0.  Then  A = colim(A0)/  where  / £ 
A[xi,  ...,xr 


\ m',  see  Algebra,  Lemma  10.9.9  Because  p : X — > ( Sch/S)fppf  is 
limit  preserving  on  objects,  we  see  that  xa  comes  from  some  object  X(A0)f  over 
Spec((Ao)/)  for  an  / as  above.  After  replacing  A by  (Aq)/  and  xa  by  X(a0)/  and 
rty4  by  (A0)  / fl  the  proof  is  finished.  □ 


80.11.  Versality 


07XD  In  the  previous  section  we  explained  how  to  approximate  objects  over  complete 
local  rings  by  algebraic  objects.  But  in  order  to  show  that  a stack  X is  an  algebraic 
stack,  we  need  to  find  smooth  1-morphisms  from  schemes  towards  X . Since  we  are 
not  going  to  assume  a priori  that  X has  a representable  diagonal,  we  cannot  even 
speak  about  smooth  morphisms  towards  X . Instead,  borrowing  terminology  from 
deformation  theory,  we  will  introduce  versal  objects. 


07XE 

07XF 


Let  S'  be  a locally  Noetherian  scheme.  Let  U be  a scheme  over  S with  structure 
morphism  U — > S locally  of  finite  type.  Let  uq  £ U be  a finite  type  point  of 
U,  see  Morphisms,  Definition  28.16.3  Set  k = k(uq).  Note  that  the  composition 
Spec(fc)  — > S is  also  of  finite  type,  see  Morphisms,  Lemma  28.15.3  Let  p : X — ► 


(Sch/S)fppf  be  a category  fibred  in  groupoids.  Let  x be  an  object  of  X which  lies 
over  U.  Denote  xo  the  pullback  of  x by  u o-  By  the  2-Yoneda  lemma  x corresponds 
to  a 1-morphism 

x : ( Sch/U)fppf  — S>  X, 

see  Algebraic  Stacks,  Section  76. 5[  We  obtain  a morphism  of  predeformation  cate- 
gories 


80.11.0.2) 

rver  Ca  see  (80.3.1.1 ). 


x : Pi 


(. Sch/U)fppf,k,u0 


T. 


X ,k,x o 5 


Definition  80.11.1.  Let  S be  a locally  Noetherian  scheme.  Let  X be  fibred  in 
groupoids  over  ( Sch/ S)  fppf . Let  U be  a scheme  locally  of  finite  type  over  S.  Let 
x be  an  object  of  X lying  over  U.  Let  uq  be  finite  type  point  of  U.  We  say  x 


is  versal  at  uq  if  the  morphism  x (80.11.0.2)  is  smooth,  see  Formal  Deformation 
Theory,  Definition  73.8. 1| 


This  definition  matches  our  notion  of  versality  for  formal  objects  of  X in  the  fol- 
lowing way.  Observe  that  Ojj,u 0 is  a Noetherian  local  S'-algebra  with  residue  held 
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k.  Hence  R = Of)  Un  is  an  object  of  Cf(,  see  Formal  Deformation  Theory,  Definition 
|73.4.1[  There  is  an  identification  of  predeformation  categories 

S:\Ca  = J~(Sch/U)fppf,k,u0i 

see  Formal  Deformation  Theory,  Remark  |73.7.12|  for  notation.  Namely,  given  an 
Artinian  local  S'-algebra  A with  residue  field  identified  with  k we  have 


MorCA(R,  A)  = {g>£  Mors(Spec(A),  U)  | ^|sPec(fc)  = «o} 


Let  £ be  the  formal  object  of  X over  R associated  to  x|spec(R),  see  (80.9.2.1 ).  Then 
R\ca  = R{Sch/U)fppf,k,u0  t J~x,k,x 0> 

corresponds  to  f via  the  correspondence  between  formal  objects  and  morphisms  of 
Formal  Deformation  Theory,  Equation  (73.7.12.1).  In  other  words,  we  see  that 

x is  versal  at  uq  4=>  £ is  versal 


It  turns  out  that  this  notion  is  well  behaved  with  respect  to  field  extensions. 

Let  l be  a field 


80.11.1 


07XG  Lemma  80.11.2.  Let  S,  X , U , x,  uq  be  as  in  Definition 

and  let  uip  : Spec(Z)  — > U be  a morphism  with  image  uq  such  that  k = n(uo)  C l is 
finite.  Set  xip  = xo|sPec(i)-  If  X satisfies  (RS)  and  x is  versal  at  uq,  then 


Ti 


{Sch/U)  fppf , Z , o 


Tx,i, 


*i,  o 


is  smooth. 


Proof.  Note  that  (Sch/U) fppf  satisfies  (RS)  by  Lemma 
of  the  lemma  is  the  functor 


80.5.2 


Hence  the  functor 


(•F{Sch/U) fppf ,k,u0)l/k  t (R X ,k,xo)l/k 


associated  to  x.  see  Lemma  |80.7.1 
mation  Theory,  Lemma|73.26.5 


Hence  the  lemma  follows  from  Formal  Defor- 

□ 


We  restate  the  approximation  result  in  terms  of  versal  objects. 

07XH  Lemma  80.11.3.  Let  S be  a locally  Noetherian  scheme.  Let  p : X — > (Sch/ S)  fppf 
be  a category  fibred  in  groupoids.  Let  f = (R,fn,fn)  be  a formal  object  of  X with 
lying  over  Spec(fc)  — > S with  image  s € S.  Assume 

(1)  f is  versal, 

(2)  f is  effective, 

(3)  Os,s  is  a G-ring,  and 

(4)  p : X — > (Sch/ S) fppf  is  limit  preserving  on  objects. 

Then  there  exist  a morphism  of  finite  type  U — » S,  a finite  type  point  uq  £ U with 
residue  field  k,  and  an  object  x of  X over  U such  that  x is  versal  at  Uq  and  such 
that  ^|sPec(fc)  = hi- 
proof. Choose  an  object  xr  of  X lying  over  Spec(-R)  whose  associated  formal 

object  is  f.  Let  N = 2 and  apply  Lemma [80.10. 1|  We  obtain  A,xnA,f.A, Let 

rj  = ( AA,r]n , gn ) be  the  formal  object  associated  to  ^A|sPec(AA)-  We  have  a diagram 


yf 


0 


Y 

£ — 6 = m 


AA 

R 3-  R/mfj  = A/mA 


lying  over 
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The  versality  of  £ means  exactly  that  we  can  find  the  dotted  arrows  in  the  diagrams, 
because  we  can  successively  find  morphisms  £ — I ► 7/3,  £ — 1 ► 774,  and  so  on  by  Formal 
Deformation  Theory,  Remark  73.8.14  The  corresponding  ring  map  R —>  A A is 
surjective  by  Formal  Deformation  Theory,  Lemma  |73.4.2|  On  the  other  hand,  we 
have  dirrifc  m^/m^+  ! = dim*,  m^/m^+1  for  all  n by  construction.  Hence  R/ m% 
and  A/m  4 have  the  same  (finite)  length  as  A- modules  by  additivity  of  length  and 

It  follows  that  R/ mnR 


A/m1} 


is  an 


Formal  Deformation  Theory,  Lemma  73.3.4 
isomorphism  for  all  n,  hence  R —¥  AA  is  an  isomorphism.  Thus  r]  is  isomorphic  to 
a versal  object,  hence  versal  itself.  □ 

07X1  Example  80.11.4.  In  this  example  we  show  that  the  local  ring  Os,s  has  to  be 


a G-ring  in  order  for  the  result  of  Lemma  80.11.3  to  be  true.  Namely,  let  A be  a 
Noetherian  ring  and  let  m be  a maximal  ideal  of  A.  Set  R = AA . Let  A — > C — > R 
be  a factorization  with  C of  finite  type  over  A.  Set  S = Spec(A),  U = S\{m},  and 
S'  = [/HSpec(C).  Consider  the  functor  F : (Sch/  S)opppf  — t Sets  defined  by  the 
rule 

if  T — » S factors  through  S' 
else 


F(T)  = 


Let  X = Sp  is  the  category  fibred  in  sets  associated  to  F,  see  Algebraic  Stacks, 
Section  76.7  Then  X — > ( Sch/S ) fppf  is  limit  preserving  on  objects  and  there  exists 
an  effective,  versal  formal  object  £ over  R.  Hence  if  the  conclusion  of  Lemma [80. 11.3| 
holds  for  X , then  there  exists  a finite  type  ring  map  A — ► A and  a maximal  ideal 
m^  lying  over  m such  that 

(1)  n(m)  = K,(mA), 

(2)  A — ► A and  mi  satisfy  condition  (4)  of  Algebra,  Lemma  10.139.2  and 

(3)  there  exists  a A-algebra  map  C — > A. 

Thus  A — > A is  smooth  at  mi  by  the  lemma  cited.  Slicing  A we  may  assume  that 
A — ► A is  etale  at  mi,  see  for  example  More  on  Morphisms,  Lemma  [36.28.5|  or 
argue  directly.  Write  C = A [3/1, . . . , yn]/ (/1, . . . , fm).  Then  C — > R corresponds  to 
a solution  in  R of  the  system  of  equations  /1  = . . . = fm  = 0,  see  Smoothing  Ring 
Maps,  Section  16.14  Thus  if  the  conclusion  of  Lemma  |80.11.3|  holds  for  every  X 
as  above,  then  a system  of  equations  which  has  a solution  in  R has  a solution  in 
the  henselization  of  Am.  In  other  words,  the  approximation  property  holds  for  A^. 
This  implies  that  Ajj,  is  a G-ring  (insert  future  reference  here;  see  also  discussion  in 
Smoothing  Ring  Maps,  Section  16.1)  which  in  turn  implies  that  Am  is  a G-ring. 


80.12.  Axioms 

07XJ  Let  S'  be  a locally  Noetherian  scheme.  Let  p : X — > (Sch/S) fppf  be  a category 
fibred  in  groupoids.  Here  are  the  axioms  we  will  consider  on  X . 

[-1]  a set  theoretic  conditioi^j]  to  be  ignored  by  readers  who  are  not  interested 
in  set  theoretical  issues, 

[0]  A is  a stack  in  groupoids  for  the  etale  topology, 

[1]  X is  limit  preserving, 

[2]  X satisfies  the  Rim-Schlessinger  condition  (RS), 


1 The  condition  is  the  following:  the  supremum  of  all  the  cardinalities  OI)(AypPc^.j ) / = | 
and  | Arrows (A’spec(fc))  I where  k runs  over  the  finite  type  fields  over  S is  < than  the  size  of  some 
object  of  (Sch/S)  fppf . 
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[3]  the  spaces  TTx,k,x 0 and  In.{Xa{Jrx,k,xa)  are  finite  dimensional  for  every  k 
and  Xq,  see  (80.8.0.1 1 and  (80.8.0.2|), 

[4]  the  functor  (80.9.2.11  is  an  equivalence, 

[5]  X and  A : A — >•  A x X satisfy  openness  of  versality. 

We  still  have  to  define  the  meaning  of  “limit  preserving”  and  “openness  of  versality” . 


80.13.  Limit  preserving 


07XK 


07XL 


The  morphism  p : X — ► {Sch/  S)  fppf  is  limit  preserving  on  objects,  as  defined  in 
Criteria  for  Representability,  Section  [79. 5[  if  the  functor  of  the  definition  below  is 
essentially  surjective.  However,  the  example  in  Examples,  Section  i 
this  isn’t  equivalent  to  being  limit  preserving. 


3.45  shows  that 


Definition  80.13.1.  Let  S'  be  a scheme.  Let  X be  a category  fibred  in  groupoids 
over  {Sch/ S) fppf . We  say  X is  limit  preserving  if  for  every  affine  scheme  T over  S 
which  is  a limit  T = lim  T*  of  a directed  inverse  system  of  affine  schemes  T*  over  S, 
we  have  an  equivalence 

colim  Xj-  — ^ TV 


of  fibre  categories. 


07XM 


We  spell  out  what  this  means.  First,  given  objects  x,  y of  X over  T*  we  should  have 


Mor Xt  {x\t,v\t)  = colim*/ >*  Mor xT,  {x \T(,  V \t( ) 


and  second  every  object  of  TV  is  isomorphic  to  the  restriction  of  an  object  over  T* 
for  some  i.  Note  that  the  first  condition  means  that  the  presheaves  Isomx{x,y) 
(see  Stacks,  Definition  8.2.21  are  limit  preserving. 


Lemma  80.13.2.  Let  S be  a scheme.  Let  p : X — >•  y and  q : Z — > y be  1- 
morphisms  of  categories  fibred  in  groupoids  over  {Sch/ S)  fppf . 

(1)  If  X — » {Sch/ S)  fppf  and  Z — > {Sch/ S)  fppf  are  limit  preserving  on  objects 

and  y is  limit  preserving,  then  X Xy  Z {Sch/ S) fppf  is  limit  preserving 

on  objects. 

(2)  If  X , y,  and  Z are  limit  preserving,  then  so  is  X Xy  Z. 


Proof.  This  is  formal.  Proof  of  (1).  Let  T = lim ig/T*  be  the  directed  limit  of 
affine  schemes  T*  over  S.  We  will  prove  that  the  functor  colim  TV,  — > TV  is  essen- 
tially surjective.  Recall  that  an  object  of  the  fibre  product  over  T is  a quadruple 
(T,  x,  z,  a)  where  x is  an  object  of  X lying  over  T,  z is  an  object  of  Z lying  over  T, 
and  a : p{x)  — > q{z)  is  a morphism  in  the  fibre  category  of  y over  T.  By  assumption 
on  X and  Z we  can  find  an  i and  objects  Xi  and  z*  over  T*  such  that  Xi\ t = T and 
z*|t  — z.  Then  a corresponds  to  an  isomorphism  p{xi) \t  — > q{zi) \t  which  comes 
from  an  isomorphism  a */  : p{xi)\Ti,  — > q{zi)\TP  by  our  assumption  on  y.  After 
replacing  i by  i' , re*  by  Xi\rP , and  z*  by  z*|t\,  we  see  that  (T*,  £*,  z*,  a*)  is  an  object 
of  the  fibre  product  over  T,;  which  restricts  to  an  object  isomorphic  to  (T,x,z,a) 
over  T as  desired. 


We  omit  the  arguments  showing  that  colim  T^  — > TV  is  fully  faithful  in  (2).  □ 

07XN  Lemma  80.13.3.  Let  S be  a scheme.  Let  X be  an  algebraic  stack  over  S . Then 
the  following  are  equivalent 

(1)  X is  a stack  in  setoids  and  X — >•  {Sch/ S)  fppf  is  limit  preserving  on  objects, 

(2)  X is  a stack  in  setoids  and  limit  preserving, 
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(3)  X is  representable  by  an  algebraic  space  locally  of  finite  presentation. 

Proof.  Under  each  of  the  three  assumptions  X is  representable  by  an  algebraic 
space  X over  S,  see  Algebraic  Stacks,  Proposition |76. 13d?  It  is  clear  that  (1)  and 
(2)  are  equivalent  as  a functor  between  setoids  is  an  equivalence  if  and  only  if  it  is 
surjective  on  isomorphism  classes.  Finally,  (1)  and  (3)  are  equivalent  by  Limits  of 
Spaces,  Proposition  |57.3.9l  □ 


80.14.  Openness  of  versality 

07XP  Next,  we  come  to  openness  of  versality. 

07XQ  Definition  80.14.1.  Let  S'  be  a locally  Noetherian  scheme. 

(1)  Let  A be  a category  fibred  in  groupoids  over  (Sch/S)fppf.  We  say  X 
satisfies  openness  of  versality  if  given  a scheme  U locally  of  finite  type 
over  S,  an  object  x of  X over  U,  and  a finite  type  point  uq  £ U such  that 
x is  versal  at  uq,  then  there  exists  an  open  neighbourhood  uq  £ U'  C U 
such  that  x is  versal  at  every  finite  type  point  of  U' . 

(2)  Let  / : y — >•  X be  a 1-morphism  of  categories  fibred  in  groupoids.  We  say 
/ satisfies  openness  of  versality  if  given  a morphism  of  schemes  V — » U 
locally  of  finite  type  over  S,  an  object  x oi  X over  U,  an  object  y of  y over 
V,  a morphism  a : f(y)  — > x of  X over  V —>  U,  and  a finite  type  point 
Vo  of  V such  that  (y,  a)  is  versal  at  Vg  as  an  object  of  y Xx  ( Sch/U ) fPPf, 
then  there  exists  an  open  neighbourhood  vg  £ V'  C V such  that  (y,  a)  is 
versal  at  every  finite  type  point  of  V' . 


Openness  of  versality  is  often  the  hardest  to  check.  The  following  example  shows 
that  requiring  this  is  necessary  however. 

07XR  Example  80.14.2.  Let  k be  a field  and  set  A = k[s,t].  Consider  the  functor 
F : A-algebras  — > Sets  defined  by  the  rule 

{*  if  there  exist  fi,...,fn  £ A such  that 
A = (s,t,fi, . . . , /„)  and  fzs  = 0 V* 

0 else 

Geometrically  F(A)  = * means  there  exists  a quasi-compact  open  neighbourhood 
W of  V(s,t)  C Spec(A)  such  that  s\w  = 0.  Let  X c (Sch/  Spec(A))/pp/  be 
the  full  subcategory  consisting  of  schemes  T which  have  an  affine  open  covering 
T = USpec(Aj)  with  F(Aj)  = * for  all  j.  Then  A satisfies  [0],  [1],  [2],  [3],  and  [4] 
but  not  [5].  Namely,  over  U = Spec(/c[s, t]/(s))  there  exists  an  object  x which  is 
versal  at  uq  = ( s,t ) but  not  at  any  other  point.  Details  omitted. 


Let  S'  be  a locally  Noetherian  scheme.  Let  / : X — > y be  a 1-morphism  of  categories 
fibred  in  groupoids  over  (Sch/S) fppf.  In  the  following  two  lemmas  we  will  use  the 
following  property 


07XS  (80.14.2.1) 


for  all  fields  k of  finite  type  over  S and  all  xg  £ Ob(ASpec(fc))  the 
map  Fx.k,x o —■ * Fy,kj(x0)  °f  predeformation  categories  is  smooth 


We  formulate  some  lemmas  around  this  concept.  First  we  link  it  with  (openness 
of)  versality. 
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07XT  Lemma  80.14.3.  Let  S be  a locally  Noetherian  scheme.  Let  X be  a category  fibred 
in  groupoids  over  (Sch/  S)  fppf . Let  U be  a scheme  locally  of  finite  type  over  S.  Let 
x be  an  object  of  X over  U.  Assume  that  x is  versal  at  every  finite  type  point  ofU 
and  that  X satisfies  (RS).  Then  x : (Sch/U)  fppf  — ► X satisfies  (80. If. 2.1). 


Proof.  Let  Spec(Z)  — )■  U be  a morphism  with  l of  finite  type  over  S.  Then  the 
image  uq  £ U is  a finite  type  point  of  U and  k(uq)  C l is  a finite  extension,  see 
discussion  in  Morphisms,  Section  128. 161  Hence  we  see  that  )Fx,k,uio  Fy,k,xlfi  *s 
smooth  by  Lemma  80.11.2  □ 


07XU  Lemma  80.14.4.  Let  S be  a locally  Noetherian  scheme.  Let  f : X — )•  y and 
g : y — ► Z be  compos  able  1 -morphisms  of  categories  fibred  in  groupoids  over 


{Sch/  S)  fpPf . If  f and  g satisfy  ( 80.  If. 2.1 ) so  does  g o / . 
Proof.  This  is  formal. 


□ 


07XV  Lemma  80.14.5.  Let  S be  a locally  Noetherian  scheme.  Let  f : X — > y and 
2 — ^ y be  1-morphisms  of  categories  fibred  in  groupoids  over  {Sch/ S) fppf . If  f 
satisfies  \80.1f.27l ) so  does  the  projection  X Xy  Z — * Z . 


Proof.  Follows  immediately  from  Lemma [80.3. 3| and  Formal  Deformation  Theory, 
Lemma  173.8.71  □ 

07XW  Lemma  80.14.6.  Let  S be  a locally  Noetherian  scheme.  Let  f : X — ► y be  a 
1-morphisms  of  categories  fibred  in  groupoids  over  (Sch/ S)  fppf . If  f is  formally 
smooth  on  objects,  then  f satisfies  \80.  If. 2.1 ).  If  f is  representable  by  algebraic 


spaces  and  smooth,  then  f satisfies  (80.14.2.1). 


Proof.  The  first  statement  is  equivalent  to  Lemma  80.3.2  The  second  follows  from 
this  and  Criteria  for  Representability,  Lemma  [79.6.3  □ 


07XX  Lemma  80.14.7.  Let  S be  a locally  Noetherian  scheme.  Let  f : X — >•  y be  a 
1-morphism  of  categories  fibred  in  groupoids  over  (Sch/ S)  fppf.  Assume 

(1)  f is  representable  by  algebraic  spaces, 

(2)  / satisfies  \80.14-2A), 

(3)  X — > (Sch/ S)  fppf  is  limit  preserving  on  objects,  and 

(4)  y is  limit  preserving. 

Then  f is  smooth. 


Proof.  The  key  ingredient  of  the  proof  is  More  on  Morphisms,  Lemma  |36.10.1| 
which  (almost)  says  that  a morphism  of  schemes  of  finite  type  over  S satisfying 


(80.14.2.1 ) is  a smooth  morphism.  The  other  arguments  of  the  proof  are  essentially 


bookkeeping. 

Let  V be  a scheme  over  S and  let  y be  an  object  of  y over  V.  Let  Z be  an 
algebraic  space  representing  the  2-fibre  product  Z = X Xf,x,y  (Sch/V) fppf.  We 
have  to  show  that  the  projection  morphism  Z — > V is  smooth,  see  Algebraic  Stacks, 


Definition  76.10.1  In  fact,  it  suffices  to  do  this  when  V is  an  affine  scheme  locally 
of  finite  presentation  over  S,  see  Criteria  for  Representability,  Lemma|79.5.6|  Then 
(Sch/V) fppf  is  limit  preserving  by  Lemma  80.13.3  Hence  Z — > S is  locally  of  finite 


presentation  by  Lemmas |80. 13. 2| and |80. 13. 3|  Choose  a scheme  W and  a surjective 
etale  morphism  W — > Z.  Then  W is  locally  of  finite  presentation  over  S. 
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Since  / satisfies  (80.14.2.1)  we  see  that  so  does  Z — > ( Sch/V)  fppf , see  Lemma 

Z satisfies  (80.14.2.1)  by  Lemma 


80.14.5 


80.14.6 


Next,  we  see  that  ( Sch/W) fppf 
Thus  the  composition 

(Sch/W)fppf  -A  Z - 


( Sch/V)  fppf 


satisfies  (80.14.2.1 ) by  Lemma  80.14.4  More  on  Morphisms,  Lemma  36.10.1  shows 
that  the  composition  W — >■  Z — > V is  smooth  at  every  finite  type  point  wo  of  W. 
Since  the  smooth  locus  is  open  we  conclude  that  W — > V is  a smooth  morphism 
of  schemes  by  Morphisms,  Lemma  |28.16.7 


Thus  we  conclude  that  Z 


smooth  morphism  of  algebraic  spaces  by  definition. 


->  V is  a 

□ 


The  lemma  below  is  how  we  will  use  openness  of  versality. 

07XY  Lemma  80.14.8.  Let  S be  a locally  Noetherian  scheme.  Let  p : X — > (Sch/ S)  fppf 
be  a category  fibred  in  groupoids.  Let  k be  a finite  type  field  over  S and  let  Xq  be 
an  object  of  X over  Spec(fc)  with  image  s £ S.  Assume 

(1)  A : X — > X x X is  representable  by  algebraic  spaces, 

(2)  X satisfies  axioms  [1],  [2],  [3],  [4],  and  openness  of  versality,  and 

(3)  Os,s  is  a G-ring. 

Then  there  exist  a morphism  of  finite  type  U — ► S and  an  object  x of  X over  U 
such  that 

x : (Sch/U) fppf  — > X 

is  smooth  and  such  that  there  exists  a finite  type  point  uq  £ U whose  residue  field 
is  k and  such  that  x\Uo  = Xq. 


Proof.  By  axiom  [2],  Lemma 


we  see  that  JFx  k x0  sat- 


80.6.1  and  Remark  80.6.2 
isfies  (SI)  and  (S2).  Since  also  the  tangent  space  has  finite  dimension  by  axiom 
[3]  we  deduce  from  Formal  Deformation  Theory,  Lemma  73.12.4  that  Tx,k,x 0 has  a 


versal  formal  object  f.  By  axiom  [4]  £ is  effective.  By  axiom  [1J  and  Lemma  80.11.3 


there  exists  a morphism  of  finite  type  U — » S,  an  object  x of  X over  U , and  a finite 
type  point  Uq  of  U with  residue  field  k such  that  x is  versal  at  Uq  and  such  that 
a;lspec(fc)  — x0.  By  openness  of  versality  we  may  shrink  U and  assume  that  x is 
versal  at  every  finite  type  point  uq  of  U.  We  claim  that 


(Sch/U) fppf  > X 


is  smooth  which  proves  the  lemma.  Namely,  by  Lemma  80.14.3  x satisfies  (80.14.2.1 ) 


whereupon  Lemma  80.14.7  finishes  the  proof. 


□ 


80.15.  Axioms  for  functors 

07XZ  Let  S be  a scheme.  Let  F : (Sch/ S)0f^vf  — ► Sets  be  a functor.  Denote  X = Sf  the 
category  fibred  in  sets  associated  to  F.  see  Algebraic  Stacks,  Section  [76. 7[  In  this 
section  we  provide  a translation  between  the  material  above  as  it  applies  to  A,  to 
statements  about  F. 


Let  S'  be  a locally  Noetherian  scheme.  Let  F : (Sch/ S)°jPpPf  — > Sets  be  a functor. 
Let  k be  a held  of  finite  type  over  S.  Let  xq  € F(Spec(fc)).  The  associated 


predeformation  category  (80.3.0.2)  corresponds  to  the  functor 


t Sets , A i y (Y  ^ F(Spec(A))  | ^r|spec(fc) 
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Recall  that  we  do  not  distinguish  between  categories  cofibred  in  sets  over  Ca  and 
functor  Ca  — > Sets , see  Formal  Deformation  Theory,  Remarks  73.5.2  (11).  Given  a 
transformation  of  functors  a : F -A  G,  setting  z/o  = cl(xq)  we  obtain  a morphism 


Fk- 


Gk „ 


see  (80.3.1.1).  Lemma  80.3.2  tells  us  that  if  a : F — > G is  formally  smooth  (in  the 
sense  of  More  on  Morphisms  of  Spaces,  Definition  63.11.1 1,  then  Fk)Xo  — > Gk}y0  is 


smooth  as  in  Formal  Deformation  Theory,  Remark  73.8.4 


Lemma  80.4.1  says  that  if  Y'  = Y Hx  X'  in  the  category  of  schemes  over  S where 
X — > X'  is  a thickening  and  X — » Y is  affine,  then  the  map 

F(Y  H Y A")  F(Y)  xF(x)  F( X') 

is  a bijection,  provided  that  F is  an  algebraic  space.  We  say  a general  functor 
F satisfies  the  Rim- Schles singer  condition  or  we  say  F satisfies  (RS)  if  given  any 
pushout  Y'  = Y II x X'  where  Y,  X,  X'  are  spectra  of  Artinian  local  rings  of  finite 
type  over  S,  then 

F(X  H Y X')  -A  F(Y)  xF(x)  F(X') 

is  a bijection.  Thus  every  algebraic  space  satisfies  (RS). 

Lemma  80.6. 1| says  that  given  a functor  F which  satisfies  (RS),  then  all  FklXo  are 
deformation  functors  as  in  Formal  Deformation  Theory,  Definition|73. 15.81  he.,  they 
satisfy  (RS)  as  in  Formal  Deformation  Theory,  Remark  73.15.5  In  particular  the 
tangent  space 

TFk>x 0 = {x  € F(Spec(fc[e]))  | x\Spec{k)  = x0} 
has  the  structure  of  a fc-vector  space  by  Formal  Deformation  Theory,  Lemma 
173.11.21 

Lemma  [80 . 8 . 1 1 says  that  an  algebraic  space  F locally  of  finite  type  over  S gives  rise 
to  deformation  functors  Fk^Xo  with  finite  dimensional  tangent  spaces  TFk:Xo. 

A formal  objec^j  £ = (I?,£n)  of  F consists  of  a Noetherian  complete  local  S- 
algebra  R whose  residue  field  is  of  finite  type  over  S,  together  with  elements 
£n  £ -F(Spec(i?/mn))  such  that  Cn+i|spec(R/m")  = £n-  A formal  object  £ defines  a 
formal  object  £ of  FF/m  ^.  We  say  £ is  versal  if  and  only  if  it  is  versal  in  the  sense 
of  Formal  Deformation  Theory,  Definition  |73. 8. 13  A formal  object  £ = (!?,£„)  is 
called  effective  if  there  exists  an  x £ F(Spec(I?))  such  that  £n  = £|spec(,R/m")  for  all 
n > 1.  Lemma [80.9.4|  says  that  if  F is  an  algebraic  space,  then  every  formal  object 
is  effective. 


Let  U be  a scheme  locally  of  finite  type  over  S and  let  x £ F(U).  Let  Uq  £ 
U be  a finite  type  point.  We  say  that  x is  versal  at  uq  if  and  only  if  £ = 
(®u,U0’  ^IspBcfOc/^o/mSo))  is  a versal  formal  object  in  the  sense  described  above. 

Let  S'  be  a locally  Noetherian  scheme.  Let  F : (Sch/ S)°ffp^  — >■  Sch  be  a functor. 
Here  are  the  axioms  we  will  consider  on  F. 

[-1]  a set  theoretic  conditioij^]  to  be  ignored  by  readers  who  are  not  interested 
in  set  theoretical  issues, 

[0]  F is  a sheaf  for  the  etale  topology, 


2This  is  what  Artin  calls  a formal  deformation. 

5The  condition  is  the  following:  the  supremum  of  all  the  cardinalities  F(Spec(7;'))  where  k 
runs  over  the  finite  type  fields  over  S is  < than  the  size  of  some  object  of  {Sch/ S)  fppf  ■ 
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[1]  F is  limit  preserving, 

[2]  F satisfies  the  Rim-Schlessinger  condition  (RS), 

[3]  every  tangent  space  TFk,Xo  is  finite  dimensional, 

[4]  every  formal  object  is  effective, 

[5]  F satisfies  openness  of  versality. 

Here  limit  preserving  is  the  notion  defined  in  Limits  of  Spaces,  Definition  |57.3.1| 
and  openness  of  versality  means  the  following:  Given  a scheme  U locally  of  finite 
type  over  S,  given  x £ F(U),  and  given  a finite  type  point  uq  £ U such  that  x is 
versal  at  uq,  then  there  exists  an  open  neighbourhood  uq  £ U'  C U such  that  x is 
versal  at  every  finite  type  point  of  U' . 


80.16.  Algebraic  spaces 


07Y0  The  following  is  our  first  main  result  on  algebraic  spaces. 

07Y1  Proposition  80.16.1.  Let  S be  a locally  Noetherian  scheme.  Let  F : (Sch/  S)°jFppj:  — > 
Sets  be  a functor.  Assume  that 

(1)  A : F F x F is  representable  by  algebraic  spaces, 

(2)  F satisfies  axioms  [-1],  [0],  [1],  [2],  [3],  [4],  and  [5], 

(3)  Os,s  is  a G-ring  for  all  finite  type  points  s of  S. 

Then  F is  an  algebraic  space. 


Proof.  Lemma  |80.14.8|  applies  to  F.  Using  this  we  choose,  for  every  finite  type 
field  k over  S and  Xq  £ P(Spec(/c)),  an  affine  scheme  Uk,x0  of  finite  type  over 
S and  a smooth  morphism  Uk,Xo  ~ t F such  that  there  exists  a finite  type  point 
Uk,x o € Uk,x o with  residue  held  k such  that  xq  is  the  image  of  Uk,Xo-  Then 


" = 11,.  A 


F 


is  smootfj^J  To  finish  the  proof  it  suffices  to  show  this  map  is  surjective,  see  Boot- 
strap, Lemma  67.12.3  (this  is  where  we  use  axiom  [0]).  By  Criteria  for  Repre- 
sentability,  Lemma  79.5.6|  it  suffices  to  show  that  U x p V — > V is  surjective  for 
those  V — >■  F where  V is  an  affine  scheme  locally  of  finite  presentation  over  S.  Since 
U x p V — > V is  smooth  the  image  is  open.  Hence  it  suffices  to  show  that  the  image 
of  UxFV  — > V contains  all  finite  type  points  of  V,  see  Morpliisms,  Lemma  [28. 16. 7| 
Let  vq  £ V be  a finite  type  point.  Then  k = k(vq)  is  a finite  type  field  over  S.  De- 
note x0  the  composition  Spec(fc)  V -»  F.  Then  (MfciXo,u0)  : Spec(/c)  — > U x F V 
is  a point  mapping  to  vq  and  we  win.  □ 


07Y2  Lemma  80.16.2.  Let  S be  a locally  Noetherian  scheme.  Let  a : F -A  G be  a 
transformation  of  functors  F,G  : (Sch/ S)0^pf  — > Sets.  Assume  that 

(1)  a is  injective, 

(2)  F satisfies  axioms  [0],  [1],  [2],  [4],  and  [5], 

(3)  Os,s  is  a G-ring  for  all  finite  type  points  s of  S, 

(4)  G is  an  algebraic  space  locally  of  finite  type  over  S, 

Then  F is  an  algebraic  space. 


'Sel.  theoretical  remark:  This  coproduct  is  (isomorphic)  to  an  object  of  (Sch/ S)  fppf  as  we 
have  a bound  on  the  index  set  by  axiom  [-1],  see  Sets,  Lemma  3.9.9 
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Proof.  By  Lemma  80.8.1  the  functor  G satisfies  [3].  As  F — X G is  injective,  we 
conclude  that  F also  satisfies  [3].  Moreover,  as  F -A  G is  injective,  we  see  that  given 
schemes  U,  V and  morphisms  U — x F and  V — x F,  then  U XpV  = U xqV  . Hence 
A : F — x F x F is  representable  (by  schemes)  as  this  holds  for  G by  assumption. 
Thus  Proposition  80.16.l|  applie^]  □ 


80.17.  Algebraic  stacks 


07Y3 

07Y4 


Proposition  |80.rL2|  is  our  first  main  result  on  algebraic  stacks. 

Lemma  80.17.1.  Let  S be  a locally  Noetherian  scheme.  Let  p : X — x (Sell/  S)'Y//f 
be  a category  fibred  in  groupoids.  Assume  that 

(1)  A : A — ► A x X is  representable  by  algebraic  spaces, 


(2)  X satisfies  axioms  [-1],  [0],  [1],  [2],  [3],  [4]  (see  Section  80.12), 

(3)  X satisfies  openness  of  versality,  and 

(4)  Os,s  is  a G -ring  for  all  finite  type  points  s of  S. 

Then  X is  an  algebraic  stack. 

Proof.  Lemma  [80.14.8  applies  to  X.  Using  this  we  choose,  for  every  finite  type 
field  k over  S and  every  isomorphism  class  of  object  Xq  £ Ob(Agpeco-)),  an  affine 
scheme  Uk,x0  of  finite  type  over  S and  a smooth  morphism  (Sch/Uk,Xo) fppf  Y 


such  that  there  exists  a finite  type  point  Uk,x 0 
Xq  is  the  image  of  Uk,Xo ■ Then 

(Sch/U)fppf  — X X,  with 


£ Uk  x0  with  residue  field  k such  that 


u “LUW 


is  smooth^]  To  finish  the  proof  it  suffices  to  show  this  map  is  surjective,  see  Criteria 
for  Representability,  Lemma  79.19.1|  (this  is  where  we  use  axiom  [0]).  By  Crite- 


79.5.6 


ria  for  Representability,  Lemma 
(Sch/V) fppf  — X {Sch/V) fppf  is  surjective  for  those  y : (Sch/V) fppf 


it  suffices  to  show  that  (Sch/U) fppf  x x 

X where  V 


is  an  affine  scheme  locally  of  finite  presentation  over  S.  By  assumption  (1)  the  fibre 
product  (Sch/U) fppf  xx  (Sch/V) fppf  is  representable  by  an  algebraic  space  W. 
Then  W — x V is  smooth,  hence  the  image  is  open.  Hence  it  suffices  to  show  that 
the  image  of  W — >•  V contains  all  finite  type  points  of  V,  see  Morphisms,  Lemma 
28.16.7  Let  vq  £ V be  a finite  type  point.  Then  k = n(v o)  is  a finite  type  field 
over  S.  Denote  Xq  = y|sPec(fc)  the  pullback  of  y by  i>o ■ Then  (uk,Xo,v o)  will  give  a 
morphism  Spec (k)  — ► W whose  composition  with  W -A  V is  vq  and  we  win.  □ 

07Y5  Proposition  80.17.2.  Let  S be  a locally  Noetherian  scheme.  Let  p : X — ► 
(Sch/ S)YpPf  be  a category  fibred  in  groupoids.  Assume  that 

(1)  Aa  : X -A  X Xxxx  X is  representable  by  algebraic  spaces, 


(2)  X satisfies  axioms  [-1],  [0],  [1],  [2],  [3],  [4],  and  [5]  (see  Section  80.12), 

(3)  Os,s  is  a G -ring  for  all  finite  type  points  s of  S. 

Then  X is  an  algebraic  stack. 

Proof.  We  first  prove  that  A : X — > X x X is  representable  by  algebraic  spaces. 
To  do  this  it  suffices  to  show  that 

y = X Xa ,XxX,y  (Sch/V) fppf 


sThe  set  theoretic  condition  [-1]  holds  for  F as  it  holds  for  G.  Details  omitted. 

®Set  theoretical  remark:  This  coproduct  is  (isomorphic)  to  an  object  of  (Sch/ S) fppf  as  we 
have  a bound  on  the  index  set  by  axiom  [-1],  see  Sets,  Lemma  3.9.9 
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07Y6 


is  representable  by  an  algebraic  space  for  any  affine  scheme  V locally  of  finite 
presentation  over  S and  object  y of  X x X over  V,  see  Criteria  for  Representability, 
Observe  that  y is  fibred  in  setoids  (Stacks,  Lemma  8.2.51  and  let 


Lemma  79.5.5  r 


Y : (SchJSyy^f  -A  Sets , T ha  Ob ((Vt)/  — be  the  functor  of  isomorphism  classes. 
We  will  apply  Proposition  180.16(1]  to  see  that  Y is  an  algebraic  space. 

Note  that  Ay  : y — ► y x y (and  hence  also  Y — ► Y x Y)  is  representably  by 


algebraic  spaces  by  condition  (1)  and  Criteria  for  Representability,  Lemma  79.4.4 
Observe  that  Y is  a sheaf  for  the  etale  topology  by  Stacks 
R67l  i.e. 


Lemmas  8.6.3  and 

property  [0]  holds.  Also  Y is  limit  preserving  by  Lemma  80.13.2]  i.e., 
we  have  [1].  Note  that  Y has  (RS),  i.e.,  axiom  [2]  holds,  by  Lemmas  80.5.2  and 
80.5.3  Axiom  [3]  for  Y follows  from  Lemmas  80.8.1  and  80.8.2  Axiom  [4]  follows 


from  Lemmas  80.9.4  and  80.9.5  Axiom  [5]  for  Y follows  directly  from  openness 
of  versality  for  Ax  which  is  part  of  axiom  [5]  for  X.  Thus  all  the  assumptions  of 
Proposition  |80. 16(1]  are  satisfied  and  Y is  an  algebraic  space. 

At  this  point  it  follows  from  Lemma  [80.1 7. 1|  that  X is  an  algebraic  stack.  □ 


80.18.  Infinitesimal  deformations 


In  this  section  we  discuss  a generalization  of  the  notion  of  the  tangent  space  in- 
troduced in  Section  |80.8[  To  do  this  intelligently,  we  borrow  some  notation  from 
Formal  Deformation  Theory,  Sections  |73.10]  |73.16]  and  |73.18| 

Let  S’  be  a scheme.  Let  A be  a category  fibred  in  groupoids  over  {Sch/ S) fPPf- 
Given  a homomorphism  A!  — ► A of  5-algebras  and  an  object  x of  X over  Spec(A) 
we  write  Lift(x,  A')  for  the  category  of  lifts  of  x to  Spec(A').  An  object  of  Lift(x,  A’) 
is  a morphism  x — > x'  of  X lying  over  Spec(A)  -A  Spec(A')  and  morphisms  of 
Lift(x , A')  are  defined  as  commutative  diagrams.  The  set  of  isomorphism  classes 
of  Lift(x,A')  is  denoted  lAft{x,A').  See  Formal  Deformation  Theory,  Definition 
73.16.1|  and  Remark  |73.16.2|  If  A'  -A  A is  surjective  with  locally  nilpotent  kernel 
we  call  an  element  x'  of  Lift  (a;.  A')  a (infinitesimal)  deformation  of  x.  In  this  case 
the  group  of  infinitesimal  automorphisms  of  x'  over  x is  the  kernel 

Inf(x' /x)  = Ker  (AutxSpec(A/)  (x')  -A  Aut*Spec(A)  (a;)) 

Note  that  an  element  of  Inf(x'/x)  is  the  same  thing  as  a lift  of  idx  over  Spec(A') 
for  (the  category  fibred  in  sets  associated  to)  Autx(x').  Compare  with  Formal 
Deformation  Theory,  Definition  |73 . 18 . 1 1 and  Formal  Deformation  Theory,  Remark 
173.18.81 


If  M is  an  A-module  we  denote  A[M]  the  A-algebra  whose  underlying  A- module 
is  A ® M and  whose  multiplication  is  given  by  (a,  m)  ■ (a1 , m')  = (aa1 , am1  + a'm). 
When  M = A this  is  the  ring  of  dual  numbers  over  A , which  we  denote  A[e] 
as  is  customary.  There  is  an  A-algebra  map  A[M]  -A  A.  The  pullback  of  x to 
Spec(A[M])  is  called  the  trivial  deformation  of  x to  Spec(A[M]). 


Who  set  theoretic  condition  in  Criteria  for  Representability,  Lemma  79.5.5 
of  the  algebraic  space  Y representing  y is  suitably  bounded.  Namely,  Y 
finite  type  and  Y will  satisfy  axiom  [-1],  Details  omitted. 


will  hold:  the  size 


S will  be  locally  of 
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07Y7  Lemma  80.18.1.  Let  S be  a scheme.  Let  f : X — * y be  a 1-morphism  of  categories 
fibred  in  groupoids  over  (Sch/ S) fppf . Let 

B' s-  B 


A'  •>  A 


be  a commutative  diagram  of  S -algebras.  Let  x be  an  object  of  X over  Spec(A),  let 
y be  an  object  ofy  over  Spec (B),  and  let  <j>  : /(a-’)lspec(B)  - ► y be  a morphism  of  y 
over  Spec (B).  Then  there  is  a canonical  functor 

Lift(x,  A!)  — Lift(y,  B') 

of  categories  of  lifts  induced  by  f and  </>.  The  construction  is  compatible  with  com- 
positions of  1-morphisms  of  categories  fibred  in  groupoids  in  an  obvious  manner. 

Proof.  This  lemma  proves  itself.  □ 


In  the  rest  of  this  chapter  the  following  strictly  stronger  version  of  the  Rim- 
Schlessinger  conditions  will  play  an  important  role. 

07Y8  Definition  80.18.2.  Let  S'  be  a locally  Noetherian  scheme.  Let  X be  a category 
fibred  in  groupoids  over  (Sch/ S)  fppf . We  say  X satisfies  condition  (RS*)  if  given 
an  affine  open  Spec(A)  C S and  a fibre  product  diagram 

B' 


A'  = A xB  Br-^m,A 


of  A-algebras,  with  B'  -A  B surjective  with  square  zero  kernel,  the  functor  of  fibre 
categories 

<^Spec(A/)  t Agpec(^)  ^‘Tspec(B)  ^Spec(R/) 

is  an  equi valence  of  categories. 


We  make  some  observations:  with  A — > B 4—  B'  as  in  Definition  180. 18.21 


(1) 

(2) 

(3) 

(4) 


if  A,  B , B'  are  of  finite  type  over  A and  B is  finite  over  A,  then  A!  is  of 
finite  type  over  A,  see  More  on  Algebra,  Lemma  15.5. 1| 
we  have  Spec(A')  = Spec(A)IIgpec(S)  Spec(!3')  in  the  category  of  schemes, 
see  More  on  Morphisms,  Lemma  [36. 11. 3[ 

if  X is  an  algebraic  stack,  then  X satisfies  (RS*)  by  Lemma  [80.4.1  and 
if  X satisfies  (RS*),  then  X satisfies  (RS)  because  (RS)  covers  exactly 
those  cases  of  (RS*)  where  A,  B1  B'  are  Artinian  local. 


Let  S'  be  a locally  Noetherian  base.  Let  X be  a category  fibred  in  groupoids  over 
(Sch/ S) fppf . We  define  a category  whose  objects  are  pairs  (x,A'  -+  A)  where 

(1)  A'  — > A is  a surjection  of  S-algebras  whose  kernel  is  an  ideal  of  square 
zero  such  that  Spec(A)  maps  into  an  affine  open  of  S,  and 

(2)  x is  an  object  of  X lying  over  Spec(A). 
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A morphism  (y,  B'  -A  B)  -A  (x,  A'  -A  A)  is  given  by  a commutative  diagram 

B' >-  B 


A' ^ A 


of  5-algebras  together  with  a morphism  cc | sPeC( s)  ~ ► y over  Spec(B).  Let  us  call 
this  the  category  of  deformation  situations. 

07Y9  Lemma  80.18.3.  Let  S be  a locally  Noetherian  scheme.  Let  X be  a category  fibred 
in  groupoids  over  {Sch/ S) fppf . Assume  X satisfies  condition  (RS*).  Let  A be  an 
S-algebra  such  that  Spec(A)  -A  S maps  into  an  affine  open  and  let  x be  an  object 
of  X over  Spec(A). 

(1)  There  exists  an  A-linear  functor  Infx  : ModA  — t ModA  such  that  given  a 
deformation  situation  (x,  A'  — > A)  and  a lift  x'  there  is  an  isomorphism 
Infx{I)  —>■  Inf(x' / x)  where  I = Ker(A'  — > A). 

(2)  There  exists  an  A-linear  functor  Tx  : ModA  — > ModA  such  that 

(a)  given  M in  ModA  there  is  a bijection  TX(M ) — > Lift(x , A[M]) , 

(b)  given  a deformation  situation  (x,  A!  — > A)  there  is  an  action 

TX(I)  x Lift(x,A')  — ► Lift(x,A') 

where  I = Ker{A'  -A  A).  It  is  simply  transitive  if  Lift(x,  A')  ^ 0. 


Proof.  To  define  Infrl. , resp.  Tx  we  consider  the  functors 


Mod^ — > Sets,  M — ► Lift^d^,  A[M]),  resp.  M — ► Lift  (a:,  A[M}) 

(for  the  first  consider  lifts  of  id^.  as  automorphisms  of  the  trivial  deformation  of  x 
to  A[M])  and  we  apply  Formal  Deformation  Theory,  Lemma  73.10.4  This  lemma 
is  applicable,  since  (RS*)  tells  us  that 

Lift(x,  A[M  x TV] ) = Lift(x,  A[M])  x Lift(x,A[N}) 

as  categories  (and  trivial  deformations  match  up  too). 


Let  (x,  A'  -A  A)  be  a deformation  situation.  Consider  the  ring  map  g : A!  x a A'  — >■ 
A[I]  defined  by  the  rule  g(ai,a2)  = aj  ® a2  — a\.  There  is  an  isomorphism 

A'  x a Al  — *•  A'  x A A[I ] 


given  by  (01,02)  ha  (01,17(01,02)).  This  isomorphism  commutes  with  the  projec- 
tions to  A'  on  the  first  factor,  and  hence  with  the  projections  to  A.  Thus  applying 
(RS*)  twice  we  find  equivalences  of  categories 

Lift(x,A')  x Lift(x,A')  = Lift(x,A ' xa  A') 

= Lift(x,  Al  xa  A[I}) 

= Lift^XjA1)  x Lift(x,  A[I]) 


Using  these  maps  and  projection  onto  the  last  factor  of  the  last  product  we  see  that 
we  obtain  “difference  maps” 

lni(x'/x)  x Inf(x'/x)  — > Infj,(/)  and  Lift (x,  A')  x Lift(x,  A')  — > TX{I) 
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These  difference  maps  satisfy  the  transitivity  rule  “(a^  — x2)  + {x'2  — x'3)  = x\  — x'3 
because 


is  commutative.  Inverting  the  string  of  equivalences  above  we  obtain  an  action 
which  is  free  and  transitive  provided  Inf(a;//a:),  resp.  Lift (x,  A7)  is  nonempty.  Note 
that  Inf(x7 /x)  is  always  nonempty  as  it  is  a group.  □ 


07YA  Remark  80.18.4  (Functoriality).  Assumptions  and  notation  as  in  Lemma  80.18.3 
Suppose  A — > B is  a ring  map  and  y = x|gpec(B).  Let  M £ Mod^,  N £ ModB  anc 
let  M N an  A- linear  map.  Then  there  are  canonical  maps  lnfx(M)  — ► Inf1/(Ar) 
and  TX(M)  — > Ty{N)  simply  because  there  is  a pullback  functor 

Lift(x,  A[M))  -A  Lift(y,  B[N}) 

coming  from  the  ring  map  A[M]  -A  B[N],  Similarly,  given  a morphism  of  de- 
formation situations  (y,  B'  -A  B)  -A  (x,  A'  -A  A)  we  obtain  a pullback  functor 
Lift(x,A’)  -a  Lift{y,B’).  Since  the  construction  of  the  action,  the  addition,  and 
the  scalar  multiplication  on  Inf^  and  Tx  use  only  morphisms  in  the  categories  of 


lifts  (see  proof  of  Formal  Deformation  Theory,  Lemma  73.10.4 1 we  see  that  the 


constructions  above  are  functorial.  In  other  words  we  obtain  A-linear  maps 


Infx(Af)  -A  lnfy(N)  and  TX(M)  -A  Ty{N) 
such  that  the  diagrams 

Infy(J) ^lni(y'/y)  Ty{J)  x Lift(y,R') ^ Lift (y,B') 


A 

A 

and 

Infs(J) >■  In{(x'/x)  TX(I)  x Lift  (a:,  A') s-  Lift(x,  A’) 

commute.  Here  I = Ker(A'  -A  A),  J = Ker(R'  — >■  B),  x’  is  a lift  of  x to  A!  (which 
may  not  always  exist)  and  y’  = a.’,|sPec(s') ■ 

07YB  Remark  80.18.5  (Automorphisms).  Assumptions  and  notation  as  in  Lemma 
80.18.3[  Let  x\  x"  be  lifts  of  x to  A'.  Then  we  have  a composition  map 

lnt{x" /x)  x MoTLift(XiA,)(x' ,x")  x lni{x' /x)  — > Mor uft(x,A'){x' ,x"). 

Since  Lift(x,A')  is  a groupoid,  if  Mor Lift(x,A'){x' ,x")  is  nonempty,  then  this  defines 
a simply  transitive  left  action  of  Inf(x7/x)  on  Mor Lift(x,A')(xr , x")  and  a simply  tran- 
sitive right  action  by  Inf(x'/x).  Now  the  lemma  says  that  Inf(x'/x)  = Infx(J)  = 
Inf(x"/x).  We  claim  that  the  two  actions  described  above  agree  via  these  identifi- 
cations. Namely,  either  x'  ^ x"  in  which  the  claim  is  clear,  or  x'  = x"  and  in  that 
case  we  may  assume  that  x"  = x'  in  which  case  the  result  follows  from  the  fact 
that  Inf(xYx)  is  commutative.  In  particular,  we  obtain  a well  defined  action 

lnix(I)  x MorLift(XtAI)(x',x")  — S>  Motl^^^x' ,x") 

which  is  simply  transitive  as  soon  as  Moi Lift^x ^ ) (xr , x")  is  nonempty. 
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: 80.18.6  (Canonical  element).  Assumptions  and  notation  as  in  Lemma 
Choose  an  affine  open  Spec(A)  C S such  that  Spec(A)  -A  S corresponds 
to  a ring  map  A — > A.  Consider  the  ring  map 

A — A[Da/a],  a i — > (a,  dA/A(a)) 

Pulling  back  x along  the  corresponding  morphism  Spec(A[DA/A])  — >•  Spec(A)  we 
obtain  a deformation  xcan  of  x over  A[f2A/A].  We  call  this  the  canonical  element 

•^can  € Tx( SlA/A)  = Lift (x,  A[Da/a]). 

Next,  assume  that  A — > A is  of  finite  type  and  let  k = «(p)  be  a residue  field  at  a 
finite  type  point  uq  of  U = Spec(A).  Let  xq  = x\Uo.  By  (RS*)  and  the  fact  that 
A[k]  = A Xfc  k[k]  the  space  Tx(k)  is  the  tangent  space  to  the  deformation  functor 
?x,k,x o-  Via 

TJFu,k,u  o = DerA(A,  k)  = Hoiua(Oa/a,  k) 

(see  Formal  Deformation  Theory,  Example  |73.10.1l|)  and  functoriality  of  Tx  the 
canonical  element  produces  the  map  on  tangent  spaces  induced  by  the  object  x 
over  U.  Namely,  9 G TFUik,u0  maps  to  Tx(9)(xcan ) in  Tx(k)  = TTx,k,x 0- 

07YD  Remark  80.18.7  (Canonical  automorphism).  Let  S'  be  a locally  Noetherian 
scheme.  Let  A be  a category  fibred  in  groupoids  over  (Sch/S) fppf-  Assume  X 
satisfies  condition  (RS*).  Let  A be  an  S-algebra  such  that  Spec(A)  — ► S maps  into 
an  affine  open  and  let  x,y  be  objects  of  X over  Spec(A).  Further,  let  A — >•  B be 
a ring  map  and  let  a : a;|spec(B)  —>  2/|spec(B)  be  a morphism  of  X over  Spec(R). 
Consider  the  ring  map 

B — > B[Qb/A\,  b i — > (6,  dB/A(b)) 

Pulling  back  a along  the  corresponding  morphism  Spec(R[f2B/A])  — >•  Spec(B)  we 
obtain  a morphism  acan  between  the  pullbacks  of  x and  y over  B[CIb/a)-  On 
the  other  hand,  we  can  pullback  a by  the  morphism  Spec(R[Ds/A])  Spec (B) 
corresponding  to  the  injection  of  B into  the  first  summand  of  B[VLb/a\-  By  the 
discussion  of  Remark  180.18. 51  we  can  take  the  difference 

ip(x,y,  tt)  = CXcan  ~ alspec(S[nB/^])  6 Infa;|Spec(Bj  {^B/a)  ■ 

We  will  call  this  the  canonical  automorphism.  It  depends  on  all  the  ingredients  A , 
x,  y,  A -a-  B and  a. 

07YE  Remark  80.18.8.  Let  S’  be  a locally  Noetherian  scheme.  Let  A be  a category 
fibred  in  groupoids  over  (Sch/S)  fppf.  Let  A be  an  S'-algebra  such  that  Spec(A)  — ► S 
maps  into  an  affine  open.  There  is  a notion  of  a short  exact  sequence 

(x,  A j t A)  — y (x:  A2  — ^ A)  — ^ (x,  Ag  y A) 

of  deformation  situations:  we  ask  the  corresponding  maps  between  the  kernels 
/,  = Ker(A(  — >•  A)  give  a short  exact  sequence 

0 — >■  J3  — )■  I2  -t  h — > 0 

of  A-modules.  Note  that  in  this  case  the  map  A3  — > A[  factors  through  A,  hence 
there  is  a canonical  isomorphism  Ax  = A[Ji]. 


07YC  Remai 
80.18.3 
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80.19.  Obstruction  theories 

07YF  In  this  section  we  describe  what  an  obstruction  theory  is.  Contrary  to  the  spaces  of 
infinitesimal  deformations  and  infinitesimal  automorphisms,  an  obstruction  theory 
is  an  additional  piece  of  data.  The  formulation  is  motivated  by  the  results  of  Lemma 
180.18.31  and  RemarkTSO. 18.41 

07YG  Definition  80.19.1.  Let  S'  be  a locally  Noetherian  base.  Let  X be  a category 
fibred  in  groupoids  over  ( Sch/S ) fPPf-  An  obstruction  theory  is  given  by  the  following 
data 

(1)  for  every  S-algebra  A such  that  Spec(A)  — >•  S maps  into  an  affine  open 
and  every  object  x oi  X over  Spec(A)  an  H-linear  functor 

Ox  : Mod^  — > Mod^ 

of  obstruction  modules, 

(2)  for  (x,A)  as  in  (1),  a ring  map  A —>  B,  M £ Mod^,  N S Mods,  and  an 
H-linear  map  M — > N an  induced  A.- linear  map  Ox(M)  — »•  Oy(N)  where 
V = a-’lspec (B),  and 

(3)  for  every  deformation  situation  (x.  A'  — > A)  an  obstruction  element  ox(A ')  € 
Ox(I)  where  I = Kei(A'  — > A). 

These  data  are  subject  to  the  following  conditions 

(i)  the  functoriality  maps  turn  the  obstruction  modules  into  a functor  from 
the  category  of  triples  (, x , A,  M)  to  sets, 

(ii)  for  every  morphism  of  deformation  situations  (y,  B'  — > B)  — >■  (x,  Ac  — > A) 
the  element  ox(A')  maps  to  oy(B'),  and 

(iii)  we  have 

Lift(a;,  A')  7^=  0 4=>  ox{A')  = 0 
for  every  deformation  situation  {x,A'  — » A). 

This  last  condition  explains  the  terminology.  The  module  Ox(A')  is  called  the  ob- 
struction module.  The  element  ox(A')  is  the  obstruction.  Most  obstruction  theories 
have  additional  properties,  and  in  order  to  make  them  useful  additional  conditions 
are  needed.  Moreover,  this  is  just  a sample  definition,  for  example  in  the  definition 
we  could  consider  only  deformation  situations  of  finite  type  over  S. 

One  of  the  main  reasons  for  introducing  obstruction  theories  is  to  check  openness 
of  versality.  The  initial  idea  to  do  this  is  due  to  Artin,  see  the  papers  of  Artin 
mentioned  in  the  introduction.  It  has  been  taken  up  for  example  in  the  work  by 
Flenner  |FIe81|.  Hall  |Hall2|.  Hall  and  Rydh  IHR12I.  Olsson  [Qls06a] . Olsson 
and  Starr  losn.sl,  and  Lieblich  Lie06a]  (random  order  of  references).  Moreover, 
for  particular  categories  fibred  in  groupoids,  often  authors  develop  a little  bit  of 
theory  adapted  to  the  problem  at  hand.  We  will  develop  this  theory  later  (insert 
future  reference  here). 

07YH  Example  80.19.2.  Let  S = Spec(A)  for  some  Noetherian  ring  A.  Let  W — > S 
be  a morphism  of  schemes.  Let  T be  a quasi-coherent  Ovv-module  flat  over  S. 
Consider  the  functor 


F ■ ( Sch/s)°Zf 


Sets,  T/S — > H°(Wt,IFt) 
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where  Wt  = T x$  W is  the  base  change  and  Ft  is  the  pullback  of  F to  Wr ■ If 
T = Spec(A)  we  will  write  Wt  = Wa,  etc.  Let  X — » ( Sch/S)fppf  be  the  category 
fibred  in  groupoids  associated  to  F.  Then  X has  an  obstruction  theory.  Namely, 

(1)  given  A over  A and  x £ H°(Wa,Fa)  we  set  Ox(M)  = H1(Wa,Fa^>aM), 

(2)  given  a deformation  situation  (. x,A ' — ► A)  we  let  ox(A')  £ Ox{A)  be  the 
image  of  x under  the  boundary  map 

H°(Wa,Fa)  — >H\Wa,Fa®a  I) 

coming  from  the  short  exact  sequence  of  modules 

0 — > Fa  ©a  I — ^ F a'  — t Fa  — ^ 0. 

We  have  omitted  some  details,  in  particular  the  construction  of  the  short  exact 
sequence  above  (it  uses  that  Wa  and  W a'  have  the  same  underlying  topological 
space)  and  the  explanation  for  why  flatness  of  F over  S implies  that  the  sequence 
above  is  short  exact. 


07YI  Example  80.19.3  (Key  example).  Let  S = Spec(A)  for  some  Noetherian  ring 
A.  Say  X = ( Sch/X)fppf  with  X = Spec (R)  and  R = A[aq, . . . ,xn\/J.  The  naive 
cotangent  complex  NLr/a  is  (canonically)  homotopy  equivalent  to 


J/J!  -> 


Rdx.i 


see  Algebra,  Lemma  10.132.2  Consider  a deformation  situation  (x,A'  -A  A).  De- 
note I the  kernel  of  A'  A.  The  object  x corresponds  to  (ai, . . . , an)  with  a*  £ A 
such  that  /(ai, . . . , an ) = 0 in  A for  all  / £ J.  Set 


Ox(A')  = H0mi?(J/J2,  J)/Homfl(l?®”,/) 
= Extfl  (NLr/a,I) 

= Ext^(ALfl/A  (8_rA,  I). 


Choose  lifts  a'  £ A!  of  cq  in  A.  Then  ox(A')  is  the  class  of  the  map  J/J2  — > I 
defined  by  sending  / £ J to  /(a)  , . . . , a'n)  £ I.  We  omit  the  verification  that  ox(A’) 
is  independent  of  choices.  It  is  clear  that  if  ox(A')  = 0 then  the  map  lifts.  Finally, 
functoriality  is  straightforward.  Thus  we  obtain  an  obstruction  theory.  We  observe 
that  ox(Al ) can  be  described  a bit  more  canonically  as  the  composition 


NL 


R/A 


NL 


A/A 


NL 


A/ A' 


=m 


in  D(A),  see  Algebra,  Lemma  10.132.6  for  the  last  identification. 


80.20.  Naive  obstruction  theories 

07YJ  The  title  of  this  section  refers  to  the  fact  that  we  will  use  the  naive  cotangent 
complex  in  this  section.  Let  ( x,A ' — » A)  be  a deformation  situation  for  a given 
category  fibred  in  groupoids  over  a locally  Noetherian  scheme  S.  The  key  Example 
|80. 19. 3|  suggests  that  any  obstruction  theory  should  be  closely  related  to  maps  in 
D{A)  with  target  the  naive  cotangent  complex  of  A.  Working  this  out  we  find  a 
criterion  for  versality  in  Lemma  |80.20.3|  which  leads  to  a criterion  for  openness  of 
versality  in  Lemma  80.20.4|  We  introduce  a notion  of  a naive  obstruction  theory 
in  Definition  |80.20.5  to  try  to  formalize  the  notion  a bit  further. 
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In  the  following  we  will  use  the  naive  cotangent  complex  as  defined  in  Algebra, 
Section  10.132  In  particular,  if  A'  -A  A is  a surjection  of  A-algebras  with  square 


zero  kernel  /,  then  there  are  maps 


07YK 


NL 


A' /A 


NL 


A/ A 


NL 


A /A' 


whose  composition  is  homotopy  equivalent  to  zero  (see  Algebra,  Remark  10.132.5). 
This  doesn’t  form  a distinguished  triangle  in  general  as  we  are  using  the  naive 
cotangent  complex  and  not  the  full  one.  There  is  a homotopy  equivalence  NLA/A < -A 
/[l]  (the  complex  consisting  of  I placed  in  degree  —1,  see  Algebra,  Lemma  10.132.6 ). 
Finally,  note  that  there  is  a canonical  map  NLA/A  -a  a/ A ■ 


Lemma  80.20.1.  Let  A -A  k be  a ring  map  with  k a field.  Let  E £ D (A).  Then 
ExtA(E , k)  = Horn k{H~l(E  g)L  k),k). 


Proof.  Omitted.  Hint:  Replace  A1  by  a bounded  above  complex  of  free  A-modules 
and  compute  both  sides.  □ 

07YL  Lemma  80.20.2.  Let  A -A  A -A  k be  finite  type  ring  maps  of  Noetherian  rings 
with  k = ft(p)  for  some  prime  p of  A.  Let  £ : E — > NLA/A  he  morphism  of  D~(A) 
such  that  7L_1(£  (g)L  k ) is  not  surjective.  Then  there  exists  a surjection  A'  —¥  A of 
K-algehras  such  that 

(a)  / = Ker(A'  — >■  A)  has  square  zero  and  is  isomorphic  to  k as  an  A-module, 

(b)  ilA< /A  ® k = f 1A/a  <g>  k,  and 

(c)  E -a  NLA/Ar  is  zero. 


Proof.  Let  / € A,  / ^ p.  Suppose  that  A"  — >•  A/  satisfies  (a), 
induced  map  E ®A  Af  — s > NLAf/A,  see  Algebra,  Lemma 


10.132.13 


JAJ/Ai 

set  A'  = A"  xAf  A and  get  a solution.  Namely,  it  is  clear  that  A 


(b),  (c)  for  the 
Then  we  can 
-A  A satisfies 


(a)  because  Ker(A'  -A  A)  = Ker(A"  -A  A)  = I.  Pick  f"  € A"  lifting  /.  Then  the 
localization  of  A!  at  (/",  /)  is  isomorphic  to  A"  (for  example  by  More  on  Algebra, 
Lemma [15.5.3 ).  Thus  (b)  and  (c)  are  clear  for  A!  too.  In  this  way  we  see  that  we 
may  replace  A by  the  localization  Af  (finitely  many  times).  In  particular  (after 
such  a replacement)  we  may  assume  that  p is  a maximal  ideal  of  A,  see  Morphisms, 
Lemma  128.16.11 


Choose  a presentation  A = A[cci, . . . , xn]/J.  Then  NLA/A  is  (canonically)  homo- 
topy equivalent  to 


J/J2 


0 Ad^, 


see  Algebra,  Lemma  10.132.2  After  localizing  if  necessary  (using  Nakayama’s 


lemma)  we  can  choose  generators  fi,...,fm  of  J such  that  fj  (g)  1 form  a ba- 
sis for  J/J 2 ®A  k.  Moreover,  after  renumbering,  we  can  assume  that  the  im- 
ages of  d/i, . . . , dfr  form  a basis  for  the  image  of  J/J2  (g)  k — > © kdxt  and  that 
d/r+i, . . . , dfm  map  to  zero  in  0 kdxt.  With  these  choices  the  space 


H-^NLA/A^k)  = H~\NLA/A®Ak ) 


has  basis  fr+i  (g>  1, . . . , fm  (g>  1.  Changing  basis  once  again  we  may  assume  that  the 
image  of  f7-1(£  <gL  k ) is  contained  in  the  fc-span  of  fr+ 1 (g>  1, . . . , fm~  1 <g>  1-  Set 


A — A[xi,  . . . , Xn\/  (/l , . . . , fm—  1 7 P/m) 


By  construction  A'  — >•  A satisfies  (a).  Since  dfm  maps  to  zero  in  0fcdxi  we  see 
that  (b)  holds.  Finally,  by  construction  the  induced  map  E -a  NLA/A>  = /[l] 
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induces  the  zero  map  H 1 (E  g a k) 
composition  is  zero. 


I ®a  k.  By  Lemma 


80.20.1 


we  see  that  the 

□ 


The  following  lemma  is  our  key  technical  result. 

07YM  Lemma  80.20.3.  Let  S be  a locally  Noetherian  scheme.  Let  X be  a category 
fibred  in  groupoids  over  (Sch/ S) fppf  satisfying  (RS*).  Let  U = Spec(A)  be  an 
affine  scheme  of  finite  type  over  S which  maps  into  an  affine  open  Spec(A).  Let  x 
be  an  object  of  X over  U.  Let  £ : E — » NLa/a  be  a morphism  of  D~  (A).  Assume 

(i)  for  every  deformation  situation  ( x , A!  — > A)  we  have:  x lifts  to  Spec(A') 
if  and  only  if  E -A  NLa/a  NLa/a'  zero,  and 

(ii)  there  is  an  isomorphism  of  functors  Tx(—)  — > Ext^E,  — ) such  that  E -A- 
NLa/a  —■ y Q\/a  corresponds  to  the  canonical  element  (see  Remark 

Let  Uq  £ U be  a finite  type  point  with  residue  field  k = k(uq).  Consider  the  following 
statements 

(1)  x is  versal  at  uq,  and 

(2)  £ : E — > NLa/a  induces  a surjection  H^1(E  g^  k ) — > H~l  (NL a/ 
and  an  injection  H°(E  g^  k)  -A  H°(NLa/a  ®\k). 

Then  we  always  have  (2)  =>  (1)  and  we  have  (1)  =>  (2)  if  uq  is  a closed  point. 


80.18.6). 


Proof.  Let  p = Ker(A  — > k)  be  the  prime  corresponding  to  uq. 

Assume  that  x versal  at  u0  and  that  uq  is  a closed  point  of  U.  If  H~  *(£  g^  k)  is 
not  surjective,  then  let  A'  — > A be  an  extension  with  kernel  I as  in  Lemma [80. 20. 2[ 
Because  uq  is  a closed  point,  we  see  that  / is  a finite  A- module,  hence  that  A!  is  a 
finite  type  A-algebra  (this  fails  if  uq  is  not  closed).  In  particular  A!  is  Noetherian. 
By  property  (c)  for  A!  and  (i)  for  £ we  see  that  x lifts  to  an  object  x'  over  A'. 
Let  p'  C A'  be  kernel  of  the  surjective  map  to  k.  By  Artin-Rees  (Algebra,  Lemma 
10.50.2 ) there  exists  an  n > 1 such  that  (p')n  n I = 0.  Then  we  see  that 

B'  = A'/(p')n  — A A/pn  = B 


is  a small,  essential  extension  of  local  Artinian  rings,  see  Formal  Deformation  The- 
ory, Lemma  73.3.12  On  the  other  hand,  as  x is  versal  at  Uq  and  as  a^lspec^B')  is  a 


lift  of  x | spec(B)  i there  exists  an  integer  m > n and  a map  q : A/pm  -A  B'  such  that 
the  composition  A/ pm  — > B'  — > B is  the  quotient  map.  Since  the  maximal  ideal  of 
B'  has  nth  power  equal  to  zero,  this  q factors  through  B which  contradicts  the  fact 
that  B'  — > B is  an  essential  surjection.  This  contradiction  shows  that  I7_1(£®a  k) 
is  surjective. 

Assume  that  x versal  at  u$.  By  Lemma  80.20.1  the  map  77°(£®a  k)  is  dual  to  the 
map  Ext^ (NLa/a, k)  — > Ext °A{E,k).  Note  that 

Ext^(IVLA/A,  k)  = Dei-A(A,  k ) and  Tx(k)  = Ext a(E,  k) 

Condition  (ii)  assures  us  the  map  Ext^JVLA/A)  k)  -A  Ext QA{E,k)  sends  a tangent 
vector  0 to  U at  uq  to  the  corresponding  infinitesimal  deformation  of  xq,  see  Remark 
180.18.61  Hence  if  x is  versal,  then  this  map  is  surjective,  see  Formal  Deformation 

Hence  77°  (£  g^  k)  is  injective.  This  finishes  the  proof  of 


73.12.2 


Theory,  Lemma 
(1)  =>■  (2)  in  case  uq  is  a closed  point. 


For  the  rest  of  the  proof  assume  H X(E  g^  k)  — > H 1(NLA/ AgAk)  is  surjective 
and  H°(E  g^  k)  -A  H°(NLA/a  gA&)  injective.  Set  R = Aj)  and  let  rj  be  the 
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formal  object  over  R associated  to  x|spec(.R)-  The  map  drj  on  tangent  spaces  is 
surjective  because  it  is  identified  with  the  dual  of  the  injective  map  H°(E  0^ 
k)  -4  H° (NL a/ a®^A;)  (see  previous  paragraph).  According  to  Formal  Deformation 
Theory,  Lemma  |73.12.2|  it  suffices  to  prove  the  following:  Let  C'  — > C be  a small 
extension  of  finite  type  Artinian  local  A-algebras  with  residue  field  k.  Let  R — > C be 
a A-algebra  map  compatible  with  identifications  of  residue  fields.  Let  y = x|sPec(C) 
and  let  y'  be  a lift  of  y to  C' . To  show:  we  can  lift  the  A-algebra  map  R — > C to 
R^C. 


Observe  that  it  suffices  to  lift  the  A-algebra  map  A — > C.  Let  I = Ker(C"  - 
Note  that  I is  a 1-dimensional  k-ve ctor  space.  The  obstruction  ob  to  lifting  A 


80.19.3 


is  an  element  of  Ext\(NLA/A,  I),  see  Example 
assumption  the  map  £ induces  an  injection 

Ext \{NLA/A,I)  — > Ext^(E,J) 


By  Lemma 


80.20.1 


C). 

> c 

and  our 


By  the  construction  of  ob  and  (i)  the  image  of  ob  in  Ext \(E,  I)  is  the  obstruction 
to  lifting  x to  A Xq  C' . By  (RS*)  the  fact  that  y/C  lifts  to  y' /C'  implies  that  x 
lifts  to  A Xq  C' . Hence  ob  = 0 and  we  are  done.  □ 


The  key  lemma  above  allows  us  to  conclude  that  we  have  openness  of  versality  in 
some  cases. 


07YN  Lemma  80.20.4.  Let  S be  a locally  Noetherian  scheme.  Let  X be  a category 
fibred  in  groupoids  over  (Sch/ S) fppf  satisfying  (RS*).  Let  U = Spec(A)  be  an 
affine  scheme  of  finite  type  over  S which  maps  into  an  affine  open  Spec(A).  Let  x 
be  an  object  of  X over  U . Let  £ : E — > NLAjA  be  a morphism  of  D~  (A).  Assume 

(i)  for  every  deformation  situation  ( x , A!  — > A)  we  have:  x lifts  to  Spec(A') 
if  and  only  if  E NLa/a  — > NLa/a'  is  zero, 

(ii)  there  is  an  isomorphism  of  functors  Txf — ) Ext°A(E , — ) such  that  E — »• 

NLa/a  ^a/a  corresponds  to  the  canonical  element  (see  Remark 

(iii)  the  cohomology  groups  of  E are  finite  A-modules. 

If  x is  versal  at  a closed  point  uq  € U,  then  there  exists  an  open  neighbourhood 
uq  £ U'  C U such  that  x is  versal  at  every  finite  type  point  of  U' . 


80.18.6 ), 


Proof.  Let  C be  the  cone  of  £ so  that  we  have  a distinguished  triangle 

E NLa/a  -M7  - S>  E[  1] 

the  assumption  that  x is  versal  at  uq  implies  that 


80.20.3 


in  D~(A).  By  Lemma 
Hr“1(C0L  k)  = 0.  By  More  on  Algebra,  Lemma  15.63.4  there  exists  an  f £ A not 
contained  in  the  prime  corresponding  to  uq  such  that  iL_1(C  0^  M ) = 0 for  any 
A/-module  M.  Using  Lemma  80.20.3  again  we  see  that  we  have  versality  for  all 
finite  type  points  of  the  open  D{f)  C U.  □ 


The  technical  lemmas  above  suggest  the  following  definition. 

07YP  Definition  80.20.5.  Let  S'  be  a locally  Noetherian  base.  Let  A be  a category 
fibred  in  groupoids  over  (Sch/S) fPPf.  Assume  that  X satisfies  (RS*).  A naive 
obstruction  theory  is  given  by  the  following  data 
07YQ  (1)  for  every  S-algebra  A such  that  Spec(A)  S maps  into  an  affine  open 

Spec(A)  C S and  every  object  x of  X over  Spec(A)  we  are  given  an  object 
Ex  € D~(A)  and  a map  : E — ► NLA/A , 
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07YR 

07YS 


(2)  given  (x,A)  as  in  (JTj)  there  are  transformations  of  functors 

Infx(— ) ->  Ext ^{Ex,  -)  and  Tx(~)  -A  Ext °A(EX,~) 

(3)  for  (x,A)  as  in  (JTJ)  and  a ring  map  A -A  B setting  y = a;|sPec(B)  there  is 
a functoriality  map  Ex  — > Ey  in  D(A). 

These  data  are  subject  to  the  following  conditions 

(i)  in  the  situation  of  (|3j)  the  diagram 

Ey  — NLb/ A 
Ex NLa/a 


is  commutative  in  D(A ), 

(ii)  given  (x,A)  as  in  ([I])  and  A -A  B -A  C setting  y = x|spec(B)  and  z = 
x|sPec(C)  the  composition  of  the  functoriality  maps  Ex  -A  Ey  and  Ey  -A  Ez 
is  the  functoriality  map  Ex  — > Ez, 

(iii)  the  maps  of  § are  isomorphisms  compatible  with  the  functoriality  maps 
and  the  maps  of  Remark  80.18.4[ 


(iv)  the  composition  Ex  -A  NLA/A  — > DA/A  corresponds  to  the  canonical 
element  of  TX(QA/A)  = Ext°(Ex,  ^a/a),  see  Remark  80.18.6 

(v)  given  a deformation  situation  (x,A!  — ► A)  with  / = Ker(A'  — > A)  the 


composition  Ex  — ► NLA/A  — ► NLA/Ai  is  zero  in 

HomA(Ex,  NLa/a)  = Ext^(Ex,  NLA/A,)  = Ext \{EX,I) 
if  and  only  if  x lifts  to  A! . 


Thus  we  see  in  particular  that  we  obtain  an  obstruction  theory  as  in  Section|80.19| 
by  setting  Ox{~)  = Ext \(EX,  -). 


07YT  Lemma  80.20.6.  Let  S and  X be  as  in  Definition 
with  a naive  obstruction  theory.  Let  A -A  B and  y 


Te 


B -algebra  which  is  a field.  Then  the  functoriality  map  E. 

H\EX  <g>^  k)  -A  H\Ey  <g>^  k ) 

for  i = 0,1. 


80.20.  A and  let  X be  endowed 
as  in  Let  k be  a 
Ey  induces  bisections 


Proof.  Let  z = a;|sPec(fc)-  Then  (RS*)  implies  that 

Lift(x,A[k])  = Lift(z,k[k ])  and  Lift(y,B[k\)  = Lift(z,k[k ]) 

because  A[k\  = A x^  k[k]  and  B[k\  = B x^  k [k] . Hence  the  properties  of  a naive 
obstruction  theory  imply  that  the  functoriality  map  Ex  — > Ey  induces  bijections 
Ext lA{Ex,  k ) -A  ExtlB(Ey,  k)  for  i = —1, 0.  By  Lemma  80.20.1  our  maps  Hl[Ex  (g^ 
k ) -A  H\Ey  (g)^  k),  i = 0, 1 induce  isomorphisms  on  dual  vector  spaces  hence  are 
isomorphisms.  □ 


07YU  Lemma  80.20.7.  Let  S be  a locally  Noetherian  scheme.  Let  p : X — > (Sell/ S)°fppf 
be  a category  fibred  in  groupoids.  Assume  that  X satisfies  (RS*)  and  that  X has 
a naive  obstruction  theory.  Then  openness  of  versality  holds  for  X provided  the 
complexes  Ex  of  Definition \80.20.5\  have  finitely  generated  cohomology  groups  for 
pairs  (A,x)  where  A is  of  finite  type  over  S. 
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07YV 


07YW 


07YX 


07YY 


Proof.  Let  U be  a scheme  locally  of  finite  type  over  S,  let  x be  an  object  of  X over 
[/,  and  let  Uq  be  a finite  type  point  of  U such  that  x is  versal  at  uq.  We  may  first 
shrink  U to  an  affine  scheme  such  that  uq  is  a closed  point  and  such  that  U -A  S 
maps  into  an  affine  open  Spec(A).  Say  U = Spec(A).  Let  £x  : Ex  — > NLa/ a be  the 
obstruction  map.  At  this  point  we  may  apply  Lemma  |80.20.4|  to  conclude.  □ 


80.21.  A dual  notion 


Let  (x,  A'  — > A)  be  a deformation  situation  for  a given  category  X fibred  in 
groupoids  over  a locally  Noetherian  scheme  S.  Assume  X has  an  obstruction  the- 
ory, see  Definition  80.19.1|  In  practice  one  often  has  a complex  Km  of  A-modules 
and  isomorphisms  of  functors 

Inf x(-)-m°(Km2k-),  Tx(-)  -A  H\K*  g^  -),  Ox(~)  ^ H2(K‘ -) 

In  this  section  we  formalize  this  a little  bit  and  show  how  this  leads  to  a verification 
of  openness  of  versality  in  some  cases. 


Example  80.21.1.  Let  A,  S,  W,  T be  as  in  Example  80.19.2  Assume  that  W — > S 
is  proper  and  T coherent.  By  Cohomology  of  Schemes,  Remark |29. 21. 2| there  exists 
a finite  complex  of  finite  projective  A-modules  A*  which  universally  computes  the 
cohomology  of  J- . In  particular  the  obstruction  spaces  from  Example  |80.19.2|  are 
Ox(M)  = H1(N * ®a  M).  Hence  with  K * = N * A[—  1]  we  see  that  Ox(M)  = 

H2{K*®\M). 

Situation  80.21.2.  Let  S'  be  a locally  Noetherian  scheme.  Let  A be  a category 
fibred  in  groupoids  over  (Sch/S)fppf.  Assume  that  X has  (RS*)  so  that  we  can 
speak  of  the  functor  Tx(—),  see  Lemma  80.18.3  Let  U = Spec(A)  be  an  affine 


A)  with  kernel  I = Ker(A'  — ► A) 


scheme  of  finite  type  over  S which  maps  into  an  affine  open  Spec(A).  Let  x be  an 
object  of  X over  U.  Assume  we  are  given 

(1)  a complex  of  A-modules  K* , 

(2)  a transformation  of  functors  Tx{—) 

(3)  for  every  deformation  situation  (x,  A' 
an  element  ox(A')  £ H2(K * (gi1^  I) 

satisfying  the  following  (minimal)  conditions 

(i)  the  transformation  Tx{—)  — > Hl(K * (g>^  — ) is  an  isomorphism, 

(ii)  given  a morphism  (x,  A"  — > A)  -)  (x,  A'  -A  A)  of  deformation  situations 
the  element  ox(A')  maps  to  the  element  ox(A")  via  the  map  H2(K* 

I ) ->  H2(K*  <g>^  I')  where  I'  = Ker (A"  -A  A),  and 

(iii)  x lifts  to  an  object  over  Spec(A')  if  and  only  if  ox[A')  = 0. 

It  is  possible  to  incorporate  infinitesimal  automorphisms  as  well,  but  we  refrain 
from  doing  so  in  order  to  get  the  sharpest  possible  result. 


In  Situation 


80.21.2 


an  important  role  will  be  played  by  K*  ®\NLa/a-  Suppose  we 
are  given  an  element  £ £ Hl{I\* ®\NLa/ a)-  Then  (1)  for  any  surjection  A'  -A  A of 
A-algebras  with  kernel  I of  square  zero  the  canonical  map  NLa/a  — ► NL^/a1  = 7[1] 
sends  £ to  an  element  £^'  £ H2{K*  I)  and  (2)  the  map  NL^/a  -a  D^/a  sends 
£ to  an  element  £can  of  H1( K*  g^  VLa/ a)- 


Lemma  80.21.3.  In  Situation  80.21.2.  Assume  furthermore  that 
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(iv)  given  a short  exact  sequence  of  deformation  situations  as  in  Remark  80.18.8 
and  a lift  x2  £ Lift.(x,A'2 ) then  ox(A'3)  £ H2{K * I3)  equals  dO  where 

0 £ JP(AT*  I\ ) is  the  element  corresponding  to  a^lspec^)  via  A'x  = 
A[Ii]  and  the  given  map  Tx{—)  -A  JP(AT*  0^  — ). 

In  this  case  there  exists  an  element  £ £ H 1(K*  0^  NLA/A)  such  that 

(1)  for  every  deformation  situation  (a;,  A!  — > A)  we  have  fA>  = ox{Al),  and 

(2)  £Can  matches  the  canonical  element  of  Remark  80.18.6  via  the  given  trans- 
formation Tx(—)  — > H1( Km  0^  — ). 


Proof.  Choose  a a : Afaq,  . . . , xn ] -A  A with  kernel  J.  Write  P = A[xi, . . . , xn}. 
In  the  rest  of  this  proof  we  work  with 

NL{a)  = ( J/J2  — > © Adxi) 

which  is  permissible  by  Algebra,  Lemma  110.132.21  and  More  on  Algebra,  Lemma 


quotient 

C = (P/J2X0id.7,)/(J/J2) 

where  J/J2  is  embedded  diagonally.  Note  that  C -A  A is  a surjection  with  kernel 
® Adxi.  Moreover  there  is  a section  A -A  C to  C —X  A given  by  mapping  the 
class  of  / £ P to  the  class  of  (/,  d /)  in  the  pushout.  For  later  use,  denote  xc  the 
pullback  of  x along  the  corresponding  morphism  Spec(C)  —X  Spec(A).  Thus  we  see 
that  ox{C)  = 0.  We  conclude  that  ox(P/J2)  maps  to  zero  in  U2(A'*(g)^®  Adxj).  It 
follows  that  there  exists  some  element  £ £ H1(K*<g>ANL(a))  mapping  to  ox(P/J2). 

Note  that  for  any  deformation  situation  ( x , A'  — X A)  there  exists  a A-algebra  map 
P/J 2 —X  A'  compatible  with  the  augmentations  to  A.  Hence  the  element  f satis- 
fies the  first  property  of  the  lemma  by  construction  and  property  (ii)  of  Situation 

IS0.21.2l 


15.49.1  Consider  the  element  ox(P/J2)  £ H2(Km  0^  J/J2)  and  consider  the 


Note  that  our  choice  of  £ was  well  defined  up  to  the  choice  of  an  element  of 
Hl(K * 0^  ® Adxi).  We  will  show  that  after  modifying  / by  an  element  of  the 
aforementioned  group  we  can  arrange  it  so  that  the  second  assertion  of  the  lemma 
is  true.  Let  C'  C C be  the  image  of  P/J2  under  the  A-algebra  map  P/J2  — X C 
(inclusion  of  first  factor).  Observe  that  Ker(C"  — >■  A)  = Im(J/J2  -A  ® Adxi).  Set 
C = A[Clj 4/A].  The  map  P/J2  x ® Adxt  -A  C,  (/,  X)  fiAxi)  ha  (/  mod  J,  fidxi) 
factors  through  a surjective  map  CaC.  Then 

(x,  CaA)a(i,CaA)a  (x,  C'  -a  A) 


is  a short  exact  sequence  of  deformation  situations.  The  associated  splitting  C = 
A[Q,A/tf\  (from  Remark  80.18.8)  equals  the  given  splitting  above.  Moreover,  the 

C is  the  map  (l,d)  : A -A  A[HA/ a] 
of  Tx(QA/A)  = 
in 


section  A 
of  Remark 


Lift(x,  A[flA/A 


C composed  with  the  map  C 

Thus  xc  restricts  to  the  canonical  element  xc 
By  condition  (iv)  we  conclude  that  ox(P/J2)  maps  to  dxc 


80.18.6 


H\K%  Irn (J/J2  -x  0 Adsi)) 


By  construction  f maps  to  ox(P/J2).  It  follows  that  xcan  and  fcan  map  to  the 
same  element  in  the  displayed  group  which  means  (by  the  long  exact  cohomology 
sequence)  that  they  differ  by  an  element  of  Hx(Km  0^  ® Adi^)  as  desired.  □ 
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07YZ  Lemma  80.21.4.  In  Situation  80.21.2  assume  that  (iv)  of  Lemma  80.21.3  holds 
and  that  K*  is  a perfect  object  of  D(  A).  In  this  case,  if  x is  versal  at  a closed  point 
uo  £ U then  there  exists  an  open  neighbourhood  uq  £ U'  C U such  that  x is  versal 
at  every  finite  type  point  of  U' . 

Proof.  We  may  assume  that  I\*  is  a finite  complex  of  finite  projective  A-modules. 
Thus  the  derived  tensor  product  with  K * is  the  same  as  simply  tensoring  with  K* . 


Let  E * be  the  dual  perfect  complex  to  K* , see  More  on  Algebra,  Lemma  15.61.14 
(So  En  = Hony4(A'-n,  A)  with  differentials  the  transpose  of  the  differentials  of 
I\* .)  Let  E G D~(A)  denote  the  object  represented  by  the  complex  E*\— 1],  Let 
£ € H1(Tot(K*  NLa/a))  be  the  element  constructed  in  Lemma 


80.21.3 


and 

NLA/ a the  corresponding  map  (loc.cit.).  We  claim  that 


denote  £ : E = E*[—  1] 
the  pair  (E,  £)  satisfies  all  the  assumptions  of  Lemma  80.20. 4|  which  finishes  the 
proof. 


80.21.3 


Namely,  assumption  (i)  of  Lemma  80.20.4  follows  from  conclusion  (1)  of  Lemma 


and  the  fact  that  H2(K * — ) = Ext1  (A,—)  by  loc.cit.  Assumption 

(ii)  of  Lemma  [80.20.4  follows  from  conclusion  (2)  of  Lemma  80.21.3  and  the  fact 
+■  It  o +■  W"!  / Xi  ® ^ n-. . 1 r.  1 +■  Aeon  rvi  1 T .ow,  *n  ..  §0204  10 


that  Hl(K * — ) = Extu(A,  — ) by  loc.cit.  Assumption  (iii)  of  Lemma 

clear. 


80.22.  Examples  of  deformation  problems 

06LA  List  of  things  that  should  go  here: 

(1)  Describe  the  general  outline  of  an  example. 

(2)  Deformations  of  schemes: 

(a)  The  Rim-Schlessinger  condition. 

(b)  Computing  the  tangent  space. 

(c)  Computing  the  infinitesimal  deformations. 

(d)  The  deformation  category  of  an  affine  hypersurface. 

(3)  Deformations  of  representations  of  abstract  groups. 

(4)  Deformations  of  representations  of  topological  groups  (e.g.,  profinite  ones). 

(5)  Deformations  of  sheaves  (for  example  fix  X/S,  a finite  type  point  s of  S, 
and  a quasi-coherent  sheaf  J-s  over  Xs). 

(6)  Deformations  of  algebraic  spaces  (very  similar  to  deformations  of  schemes; 
maybe  even  easier?). 

(7)  Deformations  of  maps  (eg  morphisms  between  schemes;  you  can  fix  both 
or  one  of  the  target  and/or  source). 

(8)  Add  more  here. 
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Quot  and  Hilbert  Spaces 


81.1.  Introduction 


The  purpose  of  this  chapter  is  to  write  about  Quot  and  Hilbert  functors  and  to  prove 
that  these  are  algebraic  spaces  provided  certain  technical  conditions  are  satisfied. 
In  this  chapter  we  will  discuss  this  in  the  setting  of  algebraic  space.  A reference  is 
Grothendieck’s  lectures,  see  |Gro95a].  |Gro95b].  |Gro95ej.  }Gro95f].  |Gro95cj. 
and  |Gro95d|.  Another  reference  is  the  paper  IQS03I:  this  paper  discusses  the 
more  general  case  of  Quot  and  Hilbert  spaces  associated  to  a morphism  of  algebraic 
stacks  which  we  will  discuss  in  another  chapter,  see  (insert  future  reference  here). 

In  the  case  of  Hilbert  spaces  there  is  a more  general  notion  of  “Hilbert  stacks” 
which  we  will  discuss  in  a separate  chapter,  see  (insert  future  reference  here). 


We  have  intentionally  placed  this  chapter,  as  well  as  the  chapters  “Examples 
of  Stacks”,  “Sheaves  on  Algebraic  Stacks”,  “Criteria  for  Representability” , and 
“Artin’s  Axioms”  before  the  general  development  of  the  theory  of  algebraic  stacks. 
The  reason  for  this  is  that  starting  with  the  next  chapter  (see  Properties  of  Stacks, 
Section  82.2)  we  will  no  longer  distinguish  between  a scheme  and  the  algebraic 
stack  it  gives  rise  to.  Thus  our  language  will  become  more  flexible  and  easier  for 
a human  to  parse,  but  also  less  precise.  These  first  few  chapters,  including  the 
initial  chapter  “Algebraic  Stacks” , lay  the  groundwork  that  later  allow  us  to  ignore 
some  of  the  very  technical  distinctions  between  different  ways  of  thinking  about 
algebraic  stacks.  But  especially  in  the  chapters  “Artin’s  Axioms”  and  “Criteria 
of  Representability”  we  need  to  be  very  precise  about  what  objects  exactly  we  are 
working  with,  as  we  are  trying  to  show  that  certain  constructions  produce  algebraic 
stacks  or  algebraic  spaces. 


Unfortunately,  this  means  that  some  of  the  notation,  conventions  and  terminology 
is  awkward  and  may  seem  backwards  to  the  more  experienced  reader.  We  hope  the 
reader  will  forgive  us! 


81.2.  Conventions 

The  standing  assumption  is  that  all  schemes  are  contained  in  a big  fppf  site  Schfppf. 
And  all  rings  A considered  have  the  property  that  Spec(A)  is  (isomorphic)  to  an 
object  of  this  big  site. 

Let  S be  a scheme  and  let  X be  an  algebraic  space  over  S.  In  this  chapter  and  the 
following  we  will  write  X x 5 X for  the  product  of  X with  itself  (in  the  category  of 
algebraic  spaces  over  S ),  instead  of  A x X. 
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81.3.  The  Horn  functor 


In  this  section  we  study  the  functor  of  homomorphisms  defined  below. 

Situation  81.3.1.  Let  S'  be  a scheme.  Let  / : X — ► B be  a morphism  of  algebraic 
spaces  over  S.  Let  F,  G be  quasi-coherent  Ox-modules.  For  any  scheme  T over 
B we  will  denote  Ft  and  Gt  the  base  changes  of  F and  Q to  T,  in  other  words, 
the  pullbacks  via  the  projection  morphism  Xt  = X Xg  T — > X.  We  consider  the 
functor 

(81.3.1.1)  Hom(F,G)  : (Sch/B)opp — > Sets,  T — >■  Horn oXt{Ft,Gt) 

In  Situation [8L3T  we  sometimes  think  of  the  functor  Hom(F , G)  as  a functor 

Hom{F,G)  : ( Sch/S)opp  — * Sets 

endowed  with  a morphism  Hom(F  ,G)  — > B.  Namely,  if  T is  a scheme  over  S, 
then  an  element  of  Hom{F , G)(T)  consists  of  a pair  {h,  it),  where  h is  a morphism 
h : T — )•  B and  u : Ft  — * Gt  is  an  0xT-module  map  where  Xt  = T Xh,g  X and 
Ft  and  Gt  are  the  pullbacks  to  Xt-  In  particular,  when  we  say  that  Hom(F , G)  is 
an  algebraic  space,  we  mean  that  the  corresponding  functor  ( Sch/S)opp  — > Sets  is 
an  algebraic  space. 

the  functor  Hom(F,G)  satisfies  the  sheaf 


81.3.1 


Lemma  81.3.2.  In  Situation 
property  for  the  fpqc  topology. 

Proof.  Let  {Tt  — >•  T}ig/  be  an  fpqc  covering  of  schemes  over  B.  Set  Xi  = Xt,  = 
X x$Ti  and  F%  = Ut,  and  Gi  = Gt ;•  Note  that  {Xi  — > Xt}i£I  is  an  fpqc  covering  of 
Xt,  see  Topologies  on  Spaces,  Lemma  60.3.2[  Thus  a family  of  maps  iq  : F,  — > Gi 
such  that  Ui  and  Uj  restrict  to  the  same  map  on  X^xtT  comes  from  a unique  map 
u : Ft  Gt  by  descent  (Descent  on  Spaces,  Proposition  61.4.1).  □ 


Remark  81.3.3.  In  Situation  81.3.1  let  B'  — ► B be  a morphism  of  algebraic 
spaces  over  S.  Set  X'  = X x g B'  and  denote  F' , G'  the  pullback  of  F , G to  X' . 
Then  we  obtain  a functor  Hom{F' ,G')  '■  ( Sch/B')opp  Sets  associated  to  the  base 

change  f : X'  — > B' . For  a scheme  T over  B'  it  is  clear  that  we  have 

Hom{F' ,G'){T)  = Hom{F,  G)(T) 

where  on  the  right  hand  side  we  think  of  T as  a scheme  over  B via  the  composition 
T — ► B'  — > B.  This  trivial  remark  will  occasionally  be  useful  to  change  the  base 
algebraic  space. 


Lemma  81.3.4.  In  Situation 


81.3.1 


let  {Xi  — > X}i(zi  be  an  fppf  covering  and  for 


each  i,j  £ I let  {Xijk  — > Xi  x x Xj } be  an  fppf  covering.  Denote  Fi,  resp.  Fijk  the 
pullback  of  F to  Xi,  resp.  X^.  Similarly  define  Gi  and  Gijk-  For  every  scheme  T 
over  B the  diagram 


HomfiF , G)(T) 


■ Ili  HomfiFi,  Gi){T) 


Pr 0 


pq 


n l,i,kHom^jk,Gijk){T) 


presents  the  first  arrow  as  the  equalizer  of  the  other  two. 

Proof.  Let  m : Fi,r  — ^ Gi.t  be  an  element  in  the  equalizer  of  prj  and  pr)'.  Since 
the  base  change  of  an  fppf  covering  is  an  fppf  covering  (Topologies  on  Spaces, 
Lemma  60.4.2)  we  see  that  {Xi  T XT}i^i  and  {Wjfc,r  Xi  T xXt  XjT}  are 
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fppf  coverings.  Applying  Descent  on  Spaces,  Proposition  |61.4.f]  we  first  conclude 
that  Ui  and  Uj  restrict  to  the  same  morphism  over  X^t  Xxt  Xj  x,  whereupon  a 
second  application  shows  that  there  is  a unique  morphism  u : J~t  — > Qt  restricting 
to  ui  for  each  i.  This  finishes  the  proof.  □ 


Lemma  81.3.5.  In  Situation 


81.3.1 


If  X is  of  finite  presentation  and  f is  quasi- 


compact and  quasi-separated,  then  Hom(X , Q)  is  limit  preserving. 


Proof.  Let  T = limie/  Tj  be  a directed  limit  of  affine  13-schemes.  We  have  to  show 
that 

Hom(X,G)(T)  = colim  Hom[fF , Q){Tf) 

Pick  0 £ I.  We  may  replace  13  by  To,  X by  Xt0 , X by  Xt0,  Q by  Gt0,  and  / by 
{*  € I | i > 0}.  See  Remark  81.3.3  Thus  we  may  assume  B = Spec(l?)  is  affine. 

When  B is  affine,  then  A'  is  quasi-compact  and  quasi-separated.  Choose  a surjective 
etale  morphism  U — > X where  U is  an  affine  scheme  (Properties  of  Spaces,  Lemma 
53.6.3).  Since  X is  quasi-separated,  the  scheme  U Xx  U is  quasi-compact  and 
we  may  choose  a surjective  etale  morphism  V — > U X \ U where  V is  an  affine 
scheme.  Applying  Lemma  81.3.4  we  see  that  Hom(X,G)  is  the  equalizer  of  two 
maps  between 

Hom(X\u,G\u)  and  Hom(X\v,G\v) 

This  reduces  us  to  the  case  that  X is  affine. 


In  the  affine  case  the  statement  of  the  lemma  reduces  to  the  following  problem: 
Given  a ring  map  R — > A,  two  A-modules  M,  N and  a directed  system  of  11- 
algebras  C = colim  Ci.  When  is  it  true  that  the  map 

colim  HomyigjjC.  (M  ®RCi,N  Ci)  — > Horn  a®  rc{M  ®r  C,  N C) 

is  bijective?  By  Algebra,  Lemma  [10. 126. 3|  this  holds  if  M ®R  C is  of  finite  presen- 
tation over  A ®R  C , i.e.,  when  M is  of  finite  presentation  over  A.  □ 

08K5  Lemma  81.3.6.  Let  S be  a scheme.  Let  B be  an  algebraic  space  over  S.  Let 
i : X'  — » X be  a closed  immersion  of  algebraic  spaces  over  B.  Let  T be  a quasi- 
coherent  Ox -module  and  let  Q'  be  a quasi- coherent  Ox1  -module.  Then 

Hom(X,  i*G')  = Hom(i*X,G') 

as  functors  on  ( Sch/B ). 


Proof.  Let  g : T — > B be  a morphism  where  T is  a scheme.  Denote  iR  : X'T  — > XR 
the  base  change  of  i.  Denote  h : XR  X and  h'  : X'T  — > X'  the  projections. 
Observe  that  ( h')*i*X  = ilfh*X.  As  a closed  immersion  is  affine  (Morphisms  of 
Spaces,  Lemma  54.20.6)  we  have  h*i*G  = iT,*{h')*G  by  Cohomology  of  Spaces, 
Lemma T56. 10. 21  Thus  we  have 


Hom[fF , i*G')(T)  = Hom0xT  {h* X,  h*uQ’) 

= Hom0xT  (, h*X,iT,*{h')*G ) 
= Hom0^  (i*Th*X,  (h')*G) 

= Hom ox!r{{ti)*i*X,  ( h')*G ) 
= Hom(i*X,G')(T ) 


as  desired.  The  middle  equality  follows  from  the  adjointness  of  the  functors  iR,* 
and  ij.  □ 
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08JX  Lemma  81.3.7.  Let  S be  a scheme.  Let  B be  an  algebraic  space  over  S . Let  K 
be  a pseudo-coherent  object  of  D(Ob). 

(1)  If  for  all  g : T — >■  B in  ( Sch/B ) the  cohomology  sheaf  H~1(Lg*  K)  is  zero, 
then  the  functor 

(. Sch/B)opp  — ■»  Sets,  (g  :T  B)  i — > H°(T,  H°(Lg*K )) 

is  an  algebraic  space  affine  and  of  finite  presentation  over  B. 

(2)  If  for  all  g : T — » B in  (Sch/B)  the  cohomology  sheaves  Hl(Lg*  K)  are 
zero  for  i < 0,  then  K is  perfect  with  tor  amplitude  in  [0,  b]  for  some  b > 0 
and  the  functor 

(Sch/B)opp  — > Sets,  (g  :T  ^ B)  i — ^ H°(T,  Lg*K) 

is  an  algebraic  space  affine  and  of  finite  presentation  over  B. 

Proof.  Under  the  assumptions  of  (2)  we  have  H°  (T,  Lg*  K)  = H°(T,H°(Lg*K)). 
Let  us  prove  that  the  rule  T > H° (T,  H° (Lg* K))  satisfies  the  sheaf  property  for 
the  fppf  topology.  To  do  this  assume  we  have  an  fppf  covering  {hi  : Xj  — X T}  of 
a scheme  g : T — ► B over  B.  Set  gi  = g o hi.  Note  that  since  hi  is  flat,  we  have 
Lh*  = h*  and  h*  commutes  with  taking  cohomology.  Hence 

H°(Ti,H°(Lg*K ))  = H°(Ti,  H°(h*Lg*K))  = H°(T,h*H°(Lg*K)) 


Similarly  for  the  pullback  to  Xj  XyT!,.  Since  Lg* K is  a pseudo-coherent  complex  on 
T (Cohomology  on  Sites,  Lemma  21.35.3)  the  cohomology  sheaf  T = H°(Lg*K)  is 
quasi-coherent  (Derived  Categories  of  Spaces,  Lemma  62.12.5).  Hence  by  Descent 
on  Spaces,  Proposition  |61. 4. l]  we  see  that 

H°(T,T)  = Kev(l[H0(Ti,h*T)  ^l[H0(Tt,h*T)) 


In  this  way  we  see  that  the  rules  in  (1)  and  (2)  satisfy  the  sheaf  property  for  fppf 
coverings.  This  mean  we  may  apply  Bootstrap,  Lemma  67.11.4  it  suffices  to  prove 
the  representability  etale  locally  on  B.  Moreover,  we  may  check  whether  the  end 
result  is  affine  and  of  finite  presentation  etale  locally  on  B,  see  Morphisms  of  Spaces, 
Lemmas  |54.20.3|  and  |54.28.4|  Hence  we  may  assume  that  B is  an  affine  scheme. 


Assume  B = Spec(A)  is  an  affine  scheme.  By  the  results  of  Derived  Categories 
of  Spaces,  Lemmas  |62.12.5|  |62.4.2[  and  |62.12.2|  we  deduce  that  in  the  rest  of  the 
proof  we  may  think  of  I\  as  a perfect  object  of  the  derived  category  of  complexes  of 
modules  on  B in  the  Zariski  topology.  By  Derived  Categories  of  Schemes,  Lemmas 
and|35.10.3|we  can  find  a pseudo-coherent  complex  M*  of  A-modules 
such  that  I\  is  the  corresponding  object  of  D(Ob )•  Our  assumption  on  pullbacks 
implies  that  M*  re(p)  has  vanishing  H~x  for  all  primes  p C A.  By  More  on 
Algebra,  Lemma  [15.63. 4|  we  can  write 


35.10.1  35.3.5 


M*  = r>0M*  © r<_iM* 


with  t>qM * perfect  with  Tor  amplitude  in  [0,  b]  for  some  b > 0 (here  we  also  have 
used  More  on  Algebra,  Lemmas  15.61.11  and  15.55.15).  Note  that  in  case  (2)  we 
also  see  that  r<_iM'  = 0 in  D(A)  whence  M*  and  K are  perfect  with  tor  amplitude 
in  [0,  b\.  For  any  B-scheme  g : T ^ B we  have 


H°(T,  H°(Lg* K))  = H°(T,  H°(Lg*r>0K)) 
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(by  the  dual  of  Derived  Categories,  Lemma  13.17.1 1 hence  we  may  replace  K by 
t>qK  and  correspondingly  M*  by  t>qM*  . In  other  words,  we  may  assume  M * has 
tor  amplitude  in  [0,  6]. 

Assume  M*  has  tor  amplitude  in  [0,6].  We  may  assume  M*  is  a bounded  above 
complex  of  finite  free  A-modules  (by  our  definition  of  pseudo-coherent  complexes, 
see  More  on  Algebra,  Definition  15.54.1  and  the  discussion  following  the  definition). 
By  More  on  Algebra,  Lemma  15.55.2  we  see  that  M = Coker(M_1  — ► M°)  is  flat. 
By  Algebra,  Lemma  |10.77.2  we  see  that  M is  finite  locally  free.  Hence  M*  is 
quasi-isomorphic  to 


M — »■  M1 


Mz 


Md 


0.. 


Note  that  this  is  a K-flat  complex  (Cohomology,  Lemma  20.27.8 1,  hence  derived 
pullback  of  K via  a morphism  T 


B is  computed  by  the  complex 
g*M  — 


Thus  it  suffices  to  show  that  the  functor 

(g  : T -+  B)  — > Kev(T(T,g*M) 

is  representable  by  an  affine  scheme  of  finite  presentation  over  B. 

We  may  still  replace  B by  the  members  of  an  affine  open  covering  in  order  to  prove 
this  last  statement.  Hence  we  may  assume  that  M is  finite  free  (recall  that  M 1 is 
finite  free  to  begin  with).  Write  M = A®n  and  M 1 = A®m.  Let  the  map  M — > M1 
be  given  by  the  m x n matrix  (a,;,)  with  coefficients  in  A.  Then  M = 0^n  and 
M 1 = Ogm.  Thus  the  functor  above  is  equal  to  the  functor 

(g  '-T  ->  B)  i — » {(/1; . . . , fn)  £ T(T,  Ot)  I ^ = 0,  j = 1, . . . , m} 

Clearly  this  is  representable  by  the  affine  scheme 

Spec  (A[cc  i, . . .,xn]/(^2aijXi\j  = 1,. . . ,m)) 

and  the  lemma  has  been  proved.  □ 


The  functor  Hom(J Q)  is  representable  in  a number  of  situations.  All  of  our  results 
will  be  based  on  the  following  basic  case.  The  proof  of  this  lemma  as  given  below 
is  in  some  sense  the  natural  generalization  to  the  proof  of  IDG671  III,  Cor  7.7.8]. 


08JY 


Lemma  81.3.8. 


In  Situation 


81.3.1 


assume  that 


(1)  B is  a Noetherian  algebraic  space, 

(2)  / is  locally  of  finite  type  and  quasi-separated, 

(3)  T is  a finite  type  Ox -module,  and 

(4)  Q is  a finite  type  Ox -module,  flat  over  B,  with  scheme  theoretic  support 
proper  over  B . 


Then  the  functor  Hom(J- ,Q)  is  representable  by  an  algebraic  space  affine  and  of 
finite  presentation  over  B . 


Proof.  We  may  replace  A by  a quasi-compact  open  neighbourhood  of  the  support 
of  Q , hence  we  may  assume  A'  is  Noetherian.  In  this  case  A and  / are  quasi-compact 
and  quasi-separated.  Choose  an  approximation  P — > T by  a perfect  complex  P 
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of  the  triple  (X,  .F,  0),  see  Derived  Categories  of  Spaces,  Definition  62.13.1  and 
Theorem  62.13.7).  Then  the  induced  map 


Hom0x  (P,G)  — » HomD(OA.)(P,  Q) 

is  an  isomorphism  because  P — ► P induces  an  isomorphism  H°(P)  — > P and 
Hl{P)  = 0 for  i > 0.  Moreover,  for  any  morphism  g : T — ► B denote  h : Xt  = 
T Xb  X — >•  X the  projection  and  set  Pt  = Lh* P.  Then  it  is  equally  true  that 

Horn Oxt(Ft,Gt)  — > Honi£)(oYr)(PT,  Gt) 

is  an  isomorphism,  as  Pt  = Lh* P — » Lh* P — > Pt  induces  an  isomorphism 
H°(Pt)  — l Pt  (because  h*  is  right  exact  and  Hl(P)  = 0 for  i > 0).  Thus  it 
suffices  to  prove  the  result  for  the  functor 

T i — » HomD(0 x )(Pt,Gt)- 


By  the  Leray  spectral  sequence  (see  Cohomology  on  Sites,  Remark  21.14.4)  we  have 
){Pt,Gt)  = H°(XT,RHom{PT,gT))  = H°{T,  RfT,*Rnom(PT,  Gt)) 


Horn 


D{Oz 


where  /t  : XT  — l T is  the  base  change  of  /.  By  Derived  Categories  of  Spaces, 
Lemma,  162.17.61  we  have 

RfT,*R/Hom(PT,gT)  = Lg*  RfifR'Hom{P1  Q). 


By  Derived  Categories  of  Spaces,  Lemma  62.19.2  the  object  K = Rf*R'Uom(P,G ) 
of  D(Ob ) is  perfect.  This  means  we  can  apply  Lemma  81.3.7  as  long  as  we 
can  prove  that  the  cohomology  sheaf  Hl{Lg*K)  is  0 for  all  * < 0 and  g : T — > 
B as  above.  This  is  clear  from  the  last  displayed  formula  as  the  cohomology 
sheaves  of  RfT,*R'Uom(PT,GT ) are  zero  in  negative  degrees  due  to  the  fact  that 
RRom{PT , Gt)  has  vanishing  cohomology  sheaves  in  negative  degrees  as  Pt  is  per- 
fect with  vanishing  cohomology  sheaves  in  positive  degrees.  □ 


Here  is  a cheap  consequence  of  Lemma  |81.3.8| 
Proposition  81.3.9.  In  Situation 


81.3.1 


assume  that 

(1)  / is  of  finite  presentation,  and 

(2)  Q is  a finitely  presented  Ox -module,  flat  over  B,  with  scheme  theoretic 
support  proper  over  B . 

Then  the  functor  Hom(P,G)  is  representable  by  an  algebraic  space  affine  over  B. 
If  P is  of  finite  presentation,  then  Hom(P,G)  is  of  finite  presentation  over  B. 


Proof.  By  Lemma  81.3.2  the  functor  Hom(P,G)  satisfies  the  sheaf  property  for 
fppf  coverings.  This  mean  we  nrajj^]  apply  Bootstrap,  Lemma  67.11.1  to  check 
the  representability  etale  locally  on  B.  Moreover,  we  may  check  whether  the  end 
result  is  affine  or  of  finite  presentation  etale  locally  on  B,  see  Morphisms  of  Spaces, 


Lemmas  54.20.3  and  54.28.4  Hence  we  may  assume  that  B is  an  affine  scheme. 

Assume  B is  an  affine  scheme.  As  / is  of  finite  presentation,  it  follows  X is  quasi- 
compact and  quasi-separated.  Thus  we  can  write  P = colim  Pi  as  a filtered  colimit 


of  Ox-modules  of  finite  presentation  (Limits  of  Spaces,  Lemma  57.9.1).  It  is  clear 
that 

Hom(P,G)  = lim  Hom(Pi,  G) 


JWe  omit  the  verification  of  the  set  theoretical  condition  (3)  of  the  referenced  lemma. 
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Hence  if  we  can  show  that  each  Hom{Ti,Q)  is  representable  by  an  affine  scheme, 
then  we  see  that  the  same  thing  holds  for  Hom(T,  Q).  Use  the  material  in  Limits, 
Section  [3 1.2 1 and  Limits  of  Spaces,  Section  [57. 4|  Thus  we  may  assume  that  T is  of 
finite  presentation. 


Say  B = Spec (R).  Write  R = colimi?.j  with  each  Rt  a finite  type  Z-algebra.  Set 
Bi  = Spec (Ri).  By  the  results  of  Limits  of  Spaces,  Lemmas  57.7.1  and  57.7.2  we 
can  find  an  i.  a morphism  of  algebraic  spaces  X,  — y Bi,  and  finitely  presented 
Oxi -modules  Tt  and  Qi  such  that  the  base  change  of  (X,,  T,,  Q,)  to  B recovers 
(X,T,Q).  By  Limits  of  Spaces,  Lemma  57.6.11  we  may,  after  increasing  i,  assume 
that  Qi  is  flat  over  Bi.  By  Limits  of  Spaces,  Lemma  57.12.3  we  may  similarly 
assume  the  scheme  theoretic  support  of  Qi  is  proper  over  Bt.  At  this  point  we  can 
apply  Lemma [81.3.8  to  see  that  Hi  = Hom{Ti,Qi ) is  an  algebraic  space  affine  of 
finite  presentation  over  Bi.  Pulling  back  to  B (using  Remark  81.3.31  we  see  that 
Hi  XBi  B = Hom[T ,Q)  and  we  win.  □ 


81.4.  The  Isom  functor 

08K7  In  Situation  151  .3.11  we  can  consider  the  subfunctor 

Isom{T  ,Q)  C Hom(T ,Q) 

whose  value  on  a scheme  T over  B is  the  set  of  invertible  OxT-homomorphisms 
u : Tt  — t Qt-  In  this  brief  section  we  quickly  point  out  some  properties  of  this 
functor. 


08K8  Lemma  81.4.1.  In  Situation 
property  for  the  fpqc  topology. 


81.3.1 


the  functor  Isom(T,Q)  satisfies  the  sheaf 


Proof.  We  have  already  seen  that  Hom{T ',  Q)  satisfies  the  sheaf  property.  Hence 
it  remains  to  show  the  following:  Given  an  fpqc  covering  {Tj  — > T}jS/  of  schemes 
over  B and  an  OxT -linear  map  u : Tt  h > Qt  such  that  ut,  is  an  isomorphism 
for  all  i , then  u is  an  isomorphism.  Since  {Xi  — > Xt} iei  is  an  fpqc  covering  of 
Xt,  see  Topologies  on  Spaces,  Lemma[60.3.2|  this  follows  from  Descent  on  Spaces, 
Proposition  |61.4.1|  □ 


08K9 


Proposition  81.4.2. 


In  Situation 


81.3.1 


assume  that 


(1)  f is  of  finite  presentation,  and 

(2)  T and  Q are  finitely  presented  Ox -modules,  flat  over  B, 
theoretic  support  proper  over  B . 


with  scheme 


Then  the  functor  Isom(T,Q)  is  representable  by  an  algebraic  space  affine  of  finite 
presentation  over  B. 


Proof.  We  will  use  the  abbreviations  H = Hom[T ,Q ),  I = Hom(T,  T),  H'  = 
Hom(Q,T),  and  I'  = Hom(Q ,Q).  By  Proposition  81.3.9  the  functors  H,  I,  H' , I' 
are  algebraic  spaces  and  the  morphisms  H—}B,I—>B,H'—}B,  and  I'  — > B are 
affine  and  of  finite  presentation.  The  composition  of  maps  gives  a morphism 


c : H'  x b H — ► I Xb  I',  iu' , u)  i — > (u  o u' , 


U o 


u) 


of  algebraic  spaces  over  B.  Since  I x B I'  — > B is  separated,  the  section  o : B — >• 
I xB  I'  corresponding  to  (idjr,idg)  is  a closed  immersion  (Morphisms  of  Spaces, 
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08KA 


08KB 


08W5 


08W6 


Lemma  54.4.7).  Moreover,  cr  is  of  finite  presentation  (Morphisms  of  Spaces,  Lemma 
Isom(F , g)  = (H'  x B H)  xcjxbI',°  b 


54.28.9).  Hence 


is  an  algebraic  space  affine  of  finite  presentation  over  B as  well.  Some  details 
omitted.  □ 


81.5.  The  stack  of  coherent  sheaves 


In  this  section  we  prove  that  the  stack  of  coherent  sheaves  on  X/B  is  algebraic 
under  suitable  hypotheses.  This  is  a special  case  of  |Lie06bl  Theorem  2.1.1]  which 
treats  the  case  of  the  stack  of  coherent  sheaves  on  an  Artin  stack  over  a base. 

Situation  81.5.1.  Let  S'  be  a scheme.  Let  / : X — > B be  a morphism  of  algebraic 
spaces  over  S.  Assume  that  / is  of  finite  presentation.  We  denote  Cohx/B  the 
category  whose  objects  are  triples  (T,  g , F)  where 

(1)  T is  a scheme  over  S, 

(2)  g : T — » B is  a morphism  over  S,  and  setting  Xt  = T xgB  X 

(3)  F is  a quasi-coherent  OxT -module  of  finite  presentation,  flat  over  T,  with 
scheme  theoretic  support  proper  over  T. 

A morphism  ( T,g,F ) — > (T'  ,g'  ,F')  is  given  by  a pair  (h,ip)  where 

(1)  h : T — > T'  is  a morphism  of  schemes  over  B (i.e. , g'  o h = g ),  and 

(2)  ip  : {h')*F'  — > F is  an  isomorphism  of  CbYT-modules  where  h'  : XT  -»  AY' 
is  the  base  change  of  h. 


Thus  Cohx/B  is  a category  and  the  rule 

P ■ Cohx/B  — > ( Sch/S)fppf , 


{T,g,F)  i — > T 


is  a functor.  For  a scheme  T over  S we  denote  Cohx/B  T the  fibre  category  of  p 
over  T.  These  fibre  categories  are  groupoids. 


Lemma  81.5.2.  In  Situation 
fibred  in  groupoids. 


81.5.1 


the  functor  p : Cohx/B  — > (Sch/S)fppf  is 


Proof.  We  show  that  p is  fibred  in  groupoids  by  checking  conditions  (1)  and  (2) 
of  Categories,  Definition  4.34.1  Given  an  object  ( T',g',F ')  of  Cohx/B  and  a 


morphism  h : T — > T'  of  schemes  over  S we  can  set  g = h o g'  and  F = ( h')*F ' 
where  h!  : AY  —>  AY'  is  the  base  change  of  h.  Then  it  is  clear  that  we  obtain  a 
morphism  (T,g,F)  — > ( T',g',F ')  of  Cohx/B  lying  over  h.  This  proves  (1).  For  (2) 
suppose  we  are  given  morphisms 


: (T1,g1,F1) 


of  Cohx/B  and  a morphism  h : T\ 
be  the  composition 


( T,g,F ) and  (ft2,  ^2)  : (T2, 52,  F2)  ->  (T,  g,  F) 

T2  such  that  /i2  ° h = h\ . Then  we  can  let  ip 


(, h')*F2  (h')*(h2)*F  = (hi)*F  ^4 


Fr 


to  obtain  the  morphism  (h,tp)  : (Ti,fl,i, Fi) 
of  condition  (2). 


{T2,  <?2)  F2)  that  witnesses  the  truth 

□ 


81.5.1 


Lemma  81.5.3.  In  Situation 
is  representable  by  algebraic  spaces. 


Denote  X = Cohx/B.  Then  A : X — > X x X 
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Proof.  Consider  two  objects  x = (T,  g , F)  and  y = (T,h,Q)  of  X over  a scheme  T. 
We  have  to  show  that  Isomx{x,y)  is  representable  by  an  algebraic  space  over  T, 
see  Algebraic  Stacks,  Lemma  |76.10.11|  If  for  a : T'  — » T the  restrictions  x\ t>  and 
y\ t>  are  isomorphic  in  the  fibre  category  Xt > , then  g o a = h o a.  Hence  there  is  a 
transformation  of  presheaves 

Isomx{x,y)  — ► Equalizer^,  h) 


Since  the  diagonal  of  B is  representable  by  schemes  this  equalizer  is  a scheme.  Thus 
we  may  replace  T by  this  equalizer  and  the  sheaves  F and  Q by  their  pullbacks. 
Thus  we  may  assume  g = h.  In  this  case  we  have  Isomx{x,y)  = Isom{F ,Q)  and 
the  result  follows  from  Proposition  81.4.2  □ 


Lemma  81.5.4.  In  Situation 
stack  in  groupoids. 


81.5.1 


the  functor  p : Cohx/B  — ► (Sch/ S)  fppf  is  a 


Proof.  To  prove  that  Cohx/B  is  a stack  in  groupoids,  we  have  to  show  that  the 
presheaves  Isom  are  sheaves  and  that  descent  data  are  effective.  The  statement  on 
Isom  follows  from  Lemma  |81.5.3[  see  Algebraic  Stacks,  Lemma  |76. 10.11]  Let  us 
prove  the  statement  on  descent  data.  Suppose  that  {ai  : Ti  — > T}  is  an  fppf  covering 
of  schemes  over  S.  Let  (£i,<Pi?)  be  a descent  datum  for  {Ti  — > T}  with  values  in 
Cohx/B ■ For  each  i we  can  write  C = (T),  Ti).  Denote  pr0  : Ti  Xt  Tj  — > Ti 
and  piq  : Ti  x t Tj  — ► Tj  the  projections.  The  condition  that  £i| = £ jWiXrTj 
implies  in  particular  that  gt  o pr0  = gj  o prx . Thus  there  exists  a unique  morphism 
g : T — » B such  that  gi  = g o ai,  see  Descent  on  Spaces,  Lemma  [61.6.2|  Denote 
Xt  = T y.g^B  X.  Set  . V , = X i . = Ti  xai  B X = Ti  xaitT  Xt  and 

Xij  = XTi  xXt  Xtj  = Xi  xXt  Xj 

with  projections  pr^  and  pr^  to  Xi  and  Xj.  Observe  that  the  pullback  of  (Ti,  gt . T., ) 
by  pr0  : Ti  XpT,-  — >■  Ti  is  given  by  (Ti  x^Tj,  <7i o pr0 , pr* J7; ) . Hence  a descent  datum 
for  {Ti  — > T}  in  Cohx/B  is  given  by  the  objects  {Ti,  g o ai,  Ff)  and  for  each  pair  i,j 
an  isomorphism  of  Ox.,  , -modules 


Vij  '■  Pr *Xi  — t pr *Tj 

satisfying  the  cocycle  condition  over  (the  pullback  of  X to)  Ti  Xt  Tj  Xj-  T^..  Ok, 
and  now  we  simply  use  that  {Xi  — > Xt}  is  an  fppf  covering  so  that  we  can  view 
{Fi,ifij)  as  a descent  datum  for  this  covering.  By  Descent  on  Spaces,  Proposition 
|61.4.1|  this  descent  datum  is  effective  and  we  obtain  a quasi-coherent  sheaf  F over 
Xt  restricting  to  Fi  on  Xi.  By  Morphisms  of  Spaces,  Lemma [54.30.5|  we  see  that 
F is  flat  over  T and  Descent  on  Spaces,  Lemma  [61.5 . 2|  guarantees  that  Q is  of  finite 


presentation  as  an  OxT-m odule.  Finally,  by  Descent  on  Spaces,  Lemma  61.10.17 


we  see  that  the  scheme  theoretic  support  of  F is  proper  over  T as  we’ve  assume  the 
scheme  theoretic  support  of  Ft  is  proper  over  Ti  (note  that  taking  scheme  theoretic 
support  commutes  with  flat  base  change  by  Morphisms  of  Spaces,  Lemma  54.29.10 1. 
In  this  way  and  we  obtain  our  desired  object  over  T.  □ 


Remark  81.5.5. 

morphism 


In  Situation 


81.5.1 


Coh 


'X/B 


the  rule  {T,g,F)  i-A  (T,g)  defines  a 1- 
Sb 


of  categories  fibred  in  groupoids  (see  Lemma  81.5.4  Algebraic  Stacks,  Section  76.7 


and  Examples  of  Stacks,  Section  77.10).  Let  B'  — > B be  a morphism  of  algebraic 
spaces  over  S.  Let  Sb>  — t Sb  be  the  associated  1-morphism  of  stacks  fibred  in 
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sets.  Set  X'  = X 'xg  B' . We  obtain  a stack  in  groupoids  Cohx>/B'  — > {Sch/  S)  fppf 
associated  to  the  base  change  In  this  situation  the  diagram 

Cohx'/B' Cohx/B 

Y 

Sn> >-  Sb 


08KD 


is  2-fibre  product  square.  This  trivial  remark  will  occasionally  be  useful  to  change 
the  base  algebraic  space. 


Lemma  81.5.6.  In  Situation 


81.5.1 


assume  that  B -A  S is  locally  of  finite  pre- 


sentation. Then  p : Cohx/B  — > (Sch/ S) fppf  is  limit  preserving  (Artin’s  Axioms, 
Definition  80.13.1). 


Proof.  Write  B(T ) for  the  discrete  category  whose  objects  are  the  S'-morphisms 
T — > B.  Let  T = limTj  be  a filtered  limit  of  affine  schemes  over  S.  Assigning  to  an 
object  (T,  h,JF)  of  Cohx/B  T the  object  h of  B(T)  gives  us  a commutative  diagram 
of  fibre  categories 

colim  Cohx j B Ti  - - W Cohx/ b 
Y 

colim B(Ti) s-  B(T) 


We  have  to  show  the  top  horizontal  arrow  is  an  equivalence.  Since  we  have  assume 
that  B is  locally  of  finite  presentation  over  S we  see  from  Limits  of  Spaces,  Remark 
57.3.10  that  the  bottom  horizontal  arrow  is  an  equivalence.  This  means  that  we 
may  assume  T = lirnT,;  be  a filtered  limit  of  affine  schemes  over  B.  Denote  gi  : 
Ti  -A  B and  g : T -A  B the  corresponding  morphisms.  Set  X,  = Ij  x9jis  X and 
Xt  = T xg  B X.  Observe  that  XT  = colim Xt  and  that  the  algebraic  spaces  X* 
and  Xt  are  quasi-separated  and  quasi-compact  (as  they  are  of  finite  presentation 
over  the  affines  Ti  and  T).  By  Limits  of  Spaces,  Lemma  57.7.2  we  see  that 

colim  FP(Xi)  = FP{Xt). 


where  FP(W)  is  short  hand  for  the  category  of  finitely  presented  CV-modules.  The 
results  of  Limits  of  Spaces,  Lemmas  |57.6.11|  and  |57.12.3|  tell  us  the  same  thing  is 
true  if  we  replace  FP(Xi)  and  FP(Xt)  by  the  full  subcategory  of  objects  flat  over 
Ti  and  T with  scheme  theoretic  support  proper  over  Ti  and  T.  This  proves  the 
lemma.  □ 


08LQ  Lemma  81.5.7.  In  Situation 

Z *Z' 

Y XT' 


81.5.1 


Let 


be  a pushout  in  the  category  of  schemes  over  S where  Z — ^ Z'  is  a thickening  and 
Z — * Y is  affine,  see  More  on  Morphisms,  Lemma \36.11.3\  Then  the  functor  on 
fibre  categories 

Cohx /BY'  1 CohX/B.Y  X Cohx/B,z  Cohx/B,z' 

is  an  equivalence. 
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Proof.  Observe  that  the  corresponding  map 

B(Y')-+B<y)  xb(z)B(Z') 

is  a bijection,  see  Pushouts  of  Spaces,  Lemma [64. 2.2|  Thus  using  the  commutative 
diagram 


Cohx/B,Y' Cohx/ny  ><Cohx/B:Z  Cohx/B,z' 


B(Y') 


■ B(Y ) xB{z)B(Zr) 


we  see  that  we  may  assume  that  Y'  is  a scheme  over  B' . By  Remark  81.5.5  we  may 
replace  B by  Y'  and  X by  X xB  Y' . Thus  we  may  assume  B = Y' . In  this  case 
the  statement  follows  from  Pushouts  of  Spaces,  Lemma [64. 2. 7|  □ 

08W7  Lemma  81.5.8.  Let 


be  a cartesian  square  of  algebraic  spaces  where  T — ► T'  is  a first  order  thickening. 
Let  T'  be  an  Ox>  -module  flat  over  T' . Set  T = i*T' . The  following  are  equivalent 

(1)  T is  a quasi- coherent  Ox>  -module  of  finite  presentation, 

(2)  T is  an  Ox> -module  of  finite  presentation, 

(3)  T is  a quasi- coherent  Ox -module  of  finite  presentation, 

(4)  T is  an  Ox -module  of  finite  presentation, 


Proof.  Recall  that  a finitely  presented  module  is  quasi-coherent  hence  the  equiv- 
alence of  (1)  and  (2)  and  (3)  and  (4).  The  equivalence  of  (2)  and  (4)  is  a special 
case  of  Deformation  Theory,  Lemma  |74.10.3 


□ 


08W8  Lemma  81.5.9.  In  Situation  81.5.1  assume  that  S is  a locally  Noetherian  scheme 
and  B -A  S is  locally  of  finite  presentation.  Let  k be  a finite  type  field  over  S and 
let  Xg  = (Spec(fc),  go,  Go)  be  an  object  of  X = Cohx/B  over  k.  Then  the  spaces 
TFx.k.x o and  InfXo(iFx,k,x0)  (Artin’s  Axioms,  Section  80.8)  are  finite  dimensional. 


Proof.  Observe  that  by  Lemma [8 1 . 5 . 7|  our  stack  in  groupoids  X satisfies  property 
(RS*)  defined  in  Artin’s  Axioms,  Section  80.18  In  particular  X satisfies  (RS). 


Hence  all  associated  predeformation  categories  are  deformation  categories  (Artin’s 


Axioms,  Lemma  80.6.1 1 and  the  statement  makes  sense. 


In  this  paragraph  we  show  that  we  can  reduce  to  the  case  B = Spec(fc).  Set 


Xq  = Spec(fc)  xg0yB  X and  denote  Xg  = CohXo/i-.  In  Remark  81.5.5  we  have  seen 


that  Xg  is  the  2-fibre  product  of  X with  Spec(fc)  over  B as  categories  fibred  in 
groupoids  over  (Sch/S)fppf.  Thus  by  Artin’s  Axioms,  Lemma  [80.8.2  we  reduce 
to  proving  that  B , Spec (fc),  and  Xg  have  finite  dimensional  tangent  spaces  and 
infinitesimal  automorphism  spaces.  The  tangent  space  of  B and  Spec(fc)  are  finite 
dimensional  by  Artin’s  Axioms,  Lemma  [80.8.1|  and  of  course  these  have  vanishing 
Inf.  Thus  it  suffices  to  deal  with  Xg. 


Let  k[e]  be  the  dual  numbers  over  k.  Let  Spec(fc[e])  — >•  B be  the  composition  of  g0  : 
Spec(fc)  B and  the  morphism  Spec(fc[e])  — > Spec(fc)  coming  from  the  inclusion 
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08W9 


08WA 


k — > k[e].  Set  X0  = Spec (k)  xB  X and  Xe  = Spec(fc[e])  x B X.  Observe  that  Xe  is  a 
first  order  thickening  of  X0  flat  over  the  first  order  thickening  Spec(fc)  -A  Spec(fc[e]). 
Unwinding  the  definitions  and  using  Lemma  81.5.8  we  see  that  TXx0,k,x0  is  the  set 


we 


of  lifts  of  Go  to  a flat  module  on  Xe.  By  Deformation  Theory,  Lemma  74.11.1 
conclude  that 

TXXo,k,x o = ExtoXo  (Go,  Go) 

Here  we  have  used  the  identification  ek[e]  = k of  fc[e]-modules.  Using  Deformation 
Theory,  Lemma  |74.11.1|  once  more  we  see  that 

Infx0  (Xx,k,x  0)  = Extoxc  (Go,  Go) 

These  spaces  are  finite  dimensional  over  k as  Go  has  support  proper  over  Spec(fc). 
Namely,  Xo  is  of  finite  presentation  over  Spec(fc),  hence  Noetherian.  Since  Go  is 
of  finite  presentation  it  is  a coherent  Ox0_mOfiule-  Thus  we  may  apply  Derived 
Categories  of  Spaces,  Lemma [62. 19. 3|  to  conclude  the  desired  finiteness.  □ 

Lemma  81.5.10.  In  Situation 


81.5.1 


assume  that  S is  a locally  Noetherian  scheme 
and  that  f : X -A  B is  separated.  Let  X = Cohx/B-  Then  the  functor  Artin’s 


Axioms,  Equation  (80.9.2.1)  is  an  equivalence. 


Proof.  Let  A be  an  S'-algebra  which  is  a complete  local  Noetherian  ring  with 
maximal  ideal  m whose  residue  field  k is  of  finite  type  over  S.  We  have  to  show 
that  the  category  of  objects  over  A is  equivalent  to  the  category  of  formal  objects 
over  A.  Since  we  know  this  holds  for  the  category  SB  fibred  in  sets  associated  to  B 
by  Artin’s  Axioms,  Lemma  [80.9. 4[  it  suffices  to  prove  this  for  those  objects  lying 
over  a given  morphism  Spec(A)  — > B. 

Set  Xa  = Spec(A)  xBX  and  Xn  = Spec(A/m”)  x BX.  By  Grothendieck’s  existence 
theorem  (More  on  Morphisms  of  Spaces,  Theorem  63.32.11 ) we  see  that  the  category 
of  coherent  modules  X on  X a with  support  proper  over  Spec(A)  is  equivalent  to  the 
category  of  systems  (Xn)  of  coherent  modules  Xn  on  Xn  with  support  proper  over 
Spec(A/m”).  The  equivalence  sends  X to  the  system  (X  ®a  A/m11).  See  discussion 
in  More  on  Morphisms  of  Spaces,  Remark  |63.32.12]  To  finish  the  proof  of  the 
lemma,  it  suffices  to  show  that  X is  flat  over  A if  and  only  if  all  X ®a  A/m"  are  flat 
over  A/m”.  This  follows  from  More  on  Morphisms  of  Spaces,  Lemma  63.21.3  □ 


Lemma  81.5.11.  In  Situation  81.5.1  assume  that  S is  a locally  Noetherian 
scheme,  S = B,  and  f : X -A  B is  fiat.  Let  X = Cohx / B ■ Then  we  have 


openness  of  versality  for  X (see  Artin’s  Axioms,  Definition  80.14-1). 


Proof.  Let  U — t S be  of  finite  type  morphism  of  schemes,  x an  object  of  X over 
U and  uq  £ U a finite  type  point  such  that  x is  versal  at  u q.  After  shrinking 


U we  may  assume  that  uo  is  a closed  point  (Morphisms,  Lemma  28.16.1)  and 
U = Spec(A)  with  U -A  S'  mapping  into  an  affine  open  Spec(A)  of  S.  We  will  use 
Artin’s  Axioms,  Lemma[80.21.4|to  prove  the  lemma.  Let  X be  the  coherent  module 
on  Xa  = Spec(A)  x$  X flat  over  A corresponding  to  the  given  object  x. 

According  to  Deformation  Theory,  Lemma|74.11.1|we  have  an  isomorphism  of  func- 
tors 

Tx(M)=Ert1XA(X,X®AM) 

and  given  any  surjection  A!  — > A of  A-algebras  with  square  zero  kernel  I we  have 
an  obstruction  class 


f,A‘  £ ^A2xA(X,X (8i a I) 
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This  uses  that  for  any  A!  — > A as  above  the  base  change  Xa'  = Spec(A')  x bX  is  flat 
over  A'.  Apply  Derived  Categories  of  Spaces,  Lemma  62.19.3|  to  the  computation 
of  the  Ext  groups  ExtXA(iF,  T ®a  M)  for  * < to  with  m = 2.  We  find  a perfect 
object  K € D{A)  and  functorial  isomorphisms 

H\I<  <g£  M ) — > Ext^  (T,  I ®A  M) 

for  i < to  compatible  with  boundary  maps.  This  object  K,  together  with  the 
displayed  identifications  above  gives  us  a datum  as  in  Artin’s  Axioms,  Situation 


80.21.2  Finally,  condition  (iv)  of  Artin’s  Axioms,  Lemma  80.21.3  holds  by  Defor- 


mation Theory,  Lemma|74.11.3|  Thus  Artin’s  Axioms,  Lemma  80.21.4|does  indeed 
apply  and  the  lemma  is  proved.  □ 

08WC  Theorem  81.5.12  (Algebraicity  of  stack  coherent  sheaves).  Let  S be  a scheme. 

Let  f : X B be  morphism  of  algebraic  spaces  over  S . Assume  that  f is  of  finite 
presentation,  separated,  and  flaf\  Then  Cohx/B  an  algebraic  stack  over  S . 

Proof.  Set  X = Cohx/B-  We  have  seen  that  A is  a stack  in  groupoids  over 
(Sch/S)fppf  with  diagonal  representable  by  algebraic  spaces  (Lemmas  81.5. 4|  and 


81.5.3 ).  Hence  it  suffices  to  find  a scheme  W and  a surjective  and  smooth  morphism 
W —>  X. 

Let  B'  be  a scheme  and  let  B'  — > B be  a surjective  etale  morphism.  Set  X'  = 
B'  x B X and  denote  /'  : X'  — > B'  the  projection.  Then  X’  = CohX' /b’  is  equal 
to  the  2-fibre  product  of  X with  the  category  fibred  in  sets  associated  to  B'  over 


the  category  fibred  in  sets  associated  to  B (Remark  81.5.5).  By  the  material  in 
Algebraic  Stacks,  Section  76.10  the  morphism  X'  — > X is  surjective  and  etale. 
Hence  it  suffices  to  prove  the  result  for  X' . In  other  words,  we  may  assume  B is  a 
scheme. 

Assume  B is  a scheme.  In  this  case  we  may  replace  S by  B , see  Algebraic  Stacks, 


Section  76.19  Thus  we  may  assume  S = B. 

Assume  S = B.  Choose  an  affine  open  covering  S = 1J  Ui.  Denote  Aj  the  restriction 
of  X to  (Sch/Ui) fppf.  If  we  can  find  schemes  IT,  over  Ui  and  surjective  smooth 
morphisms  IT,;  -A-  Aj,  then  we  set  IT  = ]j  IT,  and  we  obtain  a surjective  smooth 
morphism  IT  — > X . Thus  we  may  assume  S = B is  affine. 

Assume  S = B is  affine,  say  S = Spec(A).  Write  A = colim  A,  as  a filtered  colimit 
with  each  A,  of  finite  type  over  Z.  For  some  i we  can  find  a morphism  of  algebraic 
spaces  X,  -a  Spec(Ai)  which  is  of  finite  presentation  and  flat  and  whose  base 
change  to  A is  X.  See  Limits  of  Spaces,  Lemmas  57.7.  T]  and  |57.6. ll]  If  we  show 
that  CohXi/ spec(Ai)  is  an  algebraic  stack,  then  it  follows  by  base  change  (Remark 


81.5.5  and  Algebraic  Stacks,  Section  76.19)  that  X is  an  algebraic  stack.  Thus  we 


may  assume  that  A is  a finite  type  Z-algebra. 

Assume  S = B = Spec(A)  is  affine  of  finite  type  over  Z.  In  this  case  we  will  verify 
conditions  (1),  (2),  (3),  and  (4)  of  Artin’s  Axioms,  Lemma  80.17.1  to  conclude  that 
X is  an  algebraic  stack.  Note  that  A is  a G-ring,  see  More  on  Algebra,  Proposition 
15.41.12|  Hence  all  local  rings  of  S are  G-rings.  Thus  (4)  holds.  By  Lemma  81.5.11 
we  have  that  X satisfies  openness  of  versality,  hence  (3)  holds.  To  check  (2)  we  have 
to  verify  axioms  [-1],  [0],  [1],  [2],  [3],  and  [4]  of  Artin’s  Axioms,  Section  [80. 12  We 


zThis  assumption  is  not  necessary.  See  discussion  in  Section  81.6 
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omit  the  verification  of  [-1]  and  axioms  [0],  [1],  [2],  [3],  [4]  correspond  respectively  to 
Lemmas  81.5.4  81.5.6|  81.5.7  81.5.9  and  81.5. 10|  Finally,  condition  (1)  is  Lemma 
|81.5.3|  This  finishes  the  proof  of  the  theorem.  □ 


81.6.  The  stack  of  coherent  sheaves  in  the  non-flat  case 


08 WB  In  Theorem  |81. 5. 12|  the  assumption  that  / : X — >•  B is  flat  is  not  necessary.  In  this 
section  we  explain  where  this  assumption  is  used  in  the  proof  and  one  way  to  get 
around  it. 


For  a different  approach  to  this  problem  the  reader  may  wish  to  consult  Art69b 
and  follow  the  method  discussed  in  the  papers  iQS03l.  ILieOOhl.  |Qls05j.  IHR13I. 
|HR10j.  |Rydll|.  Some  of  these  papers  deal  with  the  more  general  case  of  the 
stack  of  coherent  sheaves  on  an  algebraic  stack  over  an  algebraic  stack  and  others 
deal  with  similar  problems  in  the  case  of  Hilbert  stacks  or  Quot  functors.  Our 
strategy  will  be  to  show  algebraicity  of  some  cases  of  Hilbert  stacks  and  Quot 
functors  as  a consequence  of  the  algebraicity  of  the  stack  of  coherent  sheaves. 


The  only  step  in  the  proof  of  Theorem  |81.5.12|  which  uses  flatness  is  in  the  appli- 
cation of  Lemma  |81.5.11|  The  lemma  is  used  to  construct  an  obstruction  theory 
as  in  Artin’s  Axioms,  Section  80.21  The  proof  of  the  lemma  relies  on  Deforma- 


tion Theory,  Lemmas  74.11.1  and  74.11.3  from  Deformation  Theory,  Section  74.11 


This  is  how  the  assumption  that  / is  flat  comes  about.  Before  we  go  on,  note  that 
results  (2)  and  (3)  of  Deformation  Theory,  Lemmas  74.11.1  do  hold  without  the 
assumption  that  / is  flat  as  they  rely  on  Deformation  Theory,  Lemmas  |74.10.7| 
and  1 74 . 1 0 . 4|  which  do  not  have  any  flatness  assumptions. 


Before  we  give  the  details  we  give  some  motivation  for  the  construction  from  derived 
algebraic  geometry,  since  we  think  it  will  clarify  what  follows.  Let  A be  a finite  type 
algebra  over  the  locally  Noetherian  base  S.  Denote  X(g)L  A a “derived  base  change” 
of  A to  A and  denote  i : Xa  — > X (g)L  A the  canonical  inclusion  morphism.  The 
object  X ®L  A does  not  (yet)  have  a definition  in  the  Stacks  project;  we  may  think 
of  it  as  the  algebraic  space  Xa  endowed  with  a simplicial  sheaf  of  rings  Ox^a 
whose  homology  sheaves  are 

HtiOx®,  A)  =Toi?s  (Ox,  A). 

The  morphism  X g)L  A — > Spec(A)  is  flat  (the  terms  of  the  simplicial  sheaf  of  rings 
being  A-flat),  so  the  usual  material  for  deformations  of  flat  modules  applies  to  it. 
Thus  we  see  that  we  get  an  obstruction  theory  using  the  groups 


ExtX0LA(**^  M) 


where  * = 0, 1,  2 for  inf  auts,  inf  defs,  obstructions.  Note  that  a flat  deformation  of 
i*  T to  X ®L  A'  is  automatically  of  the  form  ?'( T'  where  T'  is  a flat  deformation  of 
T . By  adjunction  of  the  functors  Li*  and  i*  = these  ext  groups  are  equal  to 


Ext  lXA{Li*(LF),F®AM) 


Thus  we  obtain  obstruction  groups  of  exactly  the  same  form  as  in  the  proof  of 
Lemma  |81.5.11|  with  the  only  change  being  that  one  replaces  the  first  occurrence 
of  T by  the  complex  Li*(i*iF). 


Below  we  prove  the  non-flat  version  of  the  lemma  by  a “direct”  construction  of 
E(T)  = Li*(i*X)  and  direct  proof  of  its  relationship  to  the  deformation  theory 
of  J . In  fact,  it  suffices  to  construct  r>_2f?(X),  as  we  are  only  interested  in  the 
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09DN 


09DP 


09DQ 


ext  groups  ExtXA(Li*(i^F)1  F C2U  M)  for  i = 0,1,2.  We  can  even  identify  the 
cohomology  sheaves 


H\E(T)) 


!0  if  i > 0 

F if  i = 0 

0 if  i = — 1 

Torfs(C>A-,A)(g)OY  F if  * = —2 


This  observation  will  guide  our  construction  of  E(F)  in  the  remarks  below. 


Remark  81.6.1  (Direct  construction).  Let  S’  be  a scheme.  Let  / : X — > B be 
a morphism  of  algebraic  spaces  over  S.  Let  U be  another  algebraic  space  over  B. 
Denote  q : X XbU  -A  U the  second  projection.  Consider  the  distinguished  triangle 


Lq*Lu/B  -A  LxxbU/b  ->  E -A  Lq*Lu/B[l] 


of  Cotangent,  Section  75.27  For  any  sheaf  F of  OAxBf/-modules  we  have  the 
Atiyah  class 


E LXx bu/b  ' 


m 


see  Cotangent,  Section [75.181  We  can  compose  this  with  the  map  to  E and  choose 
a distinguished  triangle 


E{F)  — t F ^F^oxxbU  E[  1]  —A  E(F)[  1] 
in  D(Oxxbu)-  By  construction  the  Atiyah  class  lifts  to  a map 
eF  ■■  E(F)  — l Lq*Lu/B  ®%XxbV  F[l] 
fitting  into  a morphism  of  distinguished  triangles 


Lq*Lu/B[  1] 


E{F) 


XxbU/B 


[1] 


Atiyah 


F 


■F<&*E[  1] 
■F®lE[  1] 


Given  S,  B , X , /,  U,  F we  fix  a choice  of  E{F)  and  ex. 

81.6.2  (Construction  of  obstruction  class).  With  notation  as  in  Remark 
i : U — > U’  be  a first  order  thickening  of  U over  B.  Let  X C Ow  be  the 
quasi-coherent  sheaf  of  ideals  cutting  out  B in  B' . The  fundamental  triangle 

Li*Lu>/B  — > Ljj/b  -a  Lu/ui  — )■  Li* Ljji jB[  1] 

together  with  the  map  Ljj/jjf  — >•  X{\\  determine  a map  eB'  '■  Ljj/b  —A  X{1\.  Com- 
bined with  the  map  ex  of  the  previous  remark  we  obtain 


Remark 


81.6.1  let 


(idjr  (g>  Lq* eu')  U ex  '■  E(F) 


F( 


q*l[2] 


(we  have  also  composed  with  the  map  from  the  derived  tensor  product  to  the  usual 
tensor  product).  In  other  words,  we  obtain  an  element 

&/'  e Ext20x  (E(F),F®Oxxru  V*1) 


Lemma  81.6.3.  In  the  situation  of  Remark  81.6.2  assume  that  F is  flat  over  U. 
Then  the  vanishing  of  the  class  £j/'  is  a necessary  and  sufficient  condition  for  the 
existence  of  a 0XxBU' -module  F'  flat  over  U'  with  i*F'  = F . 
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09DR 


Proof  (sketch).  We  will  use  the  criterion  of  Deformation  Theory,  Lemma  74.10.8 


We  will  abbreviate  O = OxxBu  and  O'  = OxxBU'-  Consider  the  short  exact 
sequence 

0 — > X — > Oip  — >■  Ou  — t 0. 

Let  J C O'  be  the  quasi-coherent  sheaf  of  ideals  cutting  out  X Xb  U.  By  the  above 
we  obtain  an  exact  sequence 

Torf B{Ox,Ou) 

where  the  Tor (Ox,  Ou)  is  an  abbreviation  for 

Tori  °B{p~1Ox1q~lOu)  (S)(p-iox®h-iOB9-1Ot/) 

Tensoring  with  J-  we  obtain  the  exact  sequence 

X ®o  Torf  B (Ox,  Ou)  — > X ®o  q*I  — > J-  ®o  fJ  — t 0 

(Note  that  the  roles  of  the  letters  I and  J are  reversed  relative  to  the  notation  in 
Deformation  Theory,  Lemma  74.10.8  ) Condition  (1)  of  the  lemma  is  that  the  last 
map  above  is  an  isomorphism,  i.e.,  that  the  first  map  is  zero.  The  vanishing  of  this 
map  may  be  checked  on  stalks  at  geometric  points  z = (x,  u)  : Spec (k)  — t X XbU. 
Set  R = Ob  j,  A = Ox,x,  B = Ou,u,  and  C = Op.  By  Cotangent,  Lemma 
and  the  defining  triangle  for  E((F)  we  see  that 


75.27.2 


H~2(E(T))p  = Ep®  Torf  (A,  B) 


The  map  t;u'  therefore  induces  a map 

T-g  ® Torf  (A,  B) 


We  claim  this  map  is  the  same  as  the  stalk  of  the  map  described  above  (proof 
omitted;  this  is  a purely  ring  theoretic  statement).  Thus  we  see  that  condition  (1) 
of  Deformation  Theory,  Lemma  74.10.8  is  equivalent  to  the  vanishing  H~2(^u')  : 
H~2(E(E))^  T®Z. 


To  finish  the  proof  we  show  that,  assuming  that  condition  (1)  is  satisfied,  condition 
(2)  is  equivalent  to  the  vanising  of  &'■  I11  the  rest  of  the  proof  we  write  X ® I to 
denote  X ®o  = X ®o  J ■ A consideration  of  the  spectral  sequence 

Ext* (. H~j (E(X)),  X <g>  X)  =>  Exti+i (E(X) ,X®1) 

using  that  H°(E(X))  = X and  H~1(E(X))  = 0 shows  that  there  is  an  exact 
sequence 

0 -A  Ext2(X,X®l)  -)•  Ext2 (E(X) ,X®X)  ->•  Horn (H~2(E(X)),X ®1) 

Thus  our  element  £u'  is  an  element  of  Ext2  (J7,  J 7®I).  The  proof  is  finished  by  show- 
ing this  element  agrees  with  the  element  of  Deformation  Theory,  Lemma  |74.10.8|  a 
verification  we  omit.  □ 


Lemma  81.6.4.  In  Situation 


81.5.1 


assume  that  S is  a locally  Noetherian  scheme 


and  S = B.  Let  X = Cohx/B-  Then  we  have  openness  of  versality  for  X (see 
Artin’s  Axioms,  Definition  80.14-1 )■ 
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Proof  (sketch).  Let  U — > S be  of  finite  type  morphism  of  schemes,  x an  object 
of  X over  U and  it0  £ U a finite  type  point  such  that  x is  versal  at  Uq.  After 


shrinking  U we  may  assume  that  uq  is  a closed  point  (Morphisms,  Lemma  28.16.1) 
and  U = Spec(A)  with  U 
use  Artin’s  Axioms 


S mapping  into  an  affine  open  Spec(A)  of  S.  We  will 

Let  T be  the  coherent 


Lemma  80.21.4  to  prove  the  lemma, 
module  on  Xa  = Spec(A)  xg  X flat  over  A corresponding  to  the  given  object  x. 

Choose  E(T)  and  ejr  as  in  Remark  81.6.1  The  description  of  the  cohomology 
sheaves  of  E(X)  shows  that 

Ext  1(E(Jr),T  CSu  M)  = Ext1(Jr,  T ®a  M) 

for  any  A-module  M.  Using  this  and  using  Deformation  Theory,  Lemma  [74.10. 7| 
we  have  an  isomorphism  of  functors 

TX(M)  = Ext ^jE^FtoA  M) 


By  Lemma  81.6.3  given  any  surjection  A!  — > A of  A-algebras  with  square  zero  kernel 
I we  have  an  obstruction  class 

£a'  £ Ext ^A(E(J-),  J-  (E>a  I) 

Apply  Derived  Categories  of  Spaces,  Lemma |62.19.3|to  the  computation  of  the  Ext 
groups  Ext\'A  (E(E),  T 0^  M)  for  i < m with  m = 2.  We  omit  the  verification  that 
E(E)  is  in  hint:  use  Cotangent,  Lemma  | 

K £ D{A)  and  functorial  isomorphisms 

H\K®\  M)  —A  ExUYa(E(J£),  M) 

for  i < m compatible  with  boundary  maps.  This  object  K,  together  with  the 
displayed  identifications  above  gives  us  a datum  as  in  Artin’s  Axioms,  Situation 


75.5.4 


We  find  a perfect  object 


80.21.2  Finally,  condition  (iv)  of  Artin’s  Axioms,  Lemma  80.21.3  holds  by  a variant 


of  Deformation  Theory,  Lemma|74.11.3| whose  formulation  and  proof  we  omit.  Thus 
Artin’s  Axioms,  Lemma  [80. 21. 4|  applies  and  the  lemma  is  proved.  □ 

Theorem  81.6.5  (Algebraicity  of  stack  coherent  sheaves;  general  case).  Let  S be 
a scheme.  Let  f : X — ► B be  morphism  of  algebraic  spaces  over  S . Assume  that  f 
is  of  finite  presentation  and  separated.  Then  Cohx/B  an  algebraic  stack  over  S. 

Proof.  Identical  to  the  proof  of  Theorem [8L5T2] except  that  we  substitute  Lemma 
181.6.41  for  Lemma r81. 5. Ill  □ 


81.7.  Flattening  functors 

This  section  is  the  analogue  of  More  on  Flatness,  Section[37.20|  We  urge  the  reader 
to  skip  this  section  on  a first  reading. 

Situation  81.7.1.  Let  S'  be  a scheme.  Let  / : X — >■  B be  a morphism  of  algebraic 
spaces  over  S.  Let  u : T — > Q be  a homomorphism  of  quasi-coherent  Ox-modules. 
For  any  scheme  T over  B we  will  denote  ut  '■  J~t  — > Gt  the  base  change  of  u to  T,  in 
other  words,  ut  is  the  pullback  of  u via  the  projection  morphism  Xt  = X XbT  — ► 
X.  In  this  situation  we  can  consider  the  functor 

(81.7.1.1)  Flso  : (Sch/By™  ->  Sets,  T ->  j{*}  ^ is  an  isomorphism, 

There  are  variants  Finj , Fsurj , Fzero  where  we  ask  that  ut  is  injective,  surjective, 
or  zero. 
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083H 


0831 


083J 


iso?  Fjnj , Fsurj , and  F- 


B,  F, 


m 3 


zero 

B, 


In  Situation  81.7.1|  we  sometimes  think  of  the  functors  Fj 
as  functors  (Sch/  S)opp  — > Sets  endowed  with  a morphism  Ft 

B1  and  Fzero  — >•  B.  Namely,  if  T is  a scheme  over  S,  then  an  element 
(T)  is  just  a morphism  h : T — ► 13,  i.e. , an  element  h £ B(T ),  such  that 
the  base  change  of  u via  h is  an  isomorphism.  In  particular,  when  we  say  that  FiSO 
is  an  algebraic  space,  we  mean  that  the  corresponding  functor  ( Sch/S)opp  — > Sets 
is  an  algebraic  space. 


Fsurj 

h £ F, 


In  Situation  81.7.l\  Each  of  the  functors  FiSO,  Finj,  Fsurj,  FZI 


Lemma  81.7.2. 

satisfies  the  sheaf  property  for  the  fpqc  topology. 

Proof.  Let  {Xj  -A  X}je/  be  an  fpqc  covering  of  schemes  over  B.  Set  X,:  = Xr,  = 
X Xg  Ti  and  m = Ut,  ■ Note  that  {Xj  -a  Xt} iei  is  an  fpqc  covering  of  Xt,  see 
Topologies  on  Spaces,  Lemma  60.3. 2|  In  particular,  for  every  x £ |Xr|  there  exists 
an  i £ I and  an  xt  £ \Xf  mapping  to  x.  Since  OxT,x  — t Oy:Ii  is  flat,  hence 
faithfully  flat  (see  Morphisms  of  Spaces,  Section  54.29).  we  conclude  that  (u/)Xi  is 
injective,  surjective,  bijective,  or  zero  if  and  only  if  ( Ut)x  is  injective,  surjective, 
bijective,  or  zero.  The  lemma  follows.  □ 


Lemma  81.7.3.  In  Situation 


81.7.1 


let  X'  — > X be  a flat  morphism  of  algebraic 


F- 

iso } mj  i 


F' 

surj  > 


|.Xj  contains  the  support  of 


spaces.  Denote  u'  : F'  — > Q'  the  pullback  of  u to  X' . Denote  F'SI 
F^ero  ^e  functors  on  Sch/ B associated  to  v! . 

(1)  If  Q is  of  finite  type  and  the  image  of  \X'\ 

Q then  F ■ = Ff  and  F = Ff 

=?  ? ‘//‘,c 10  x surj  surj  ± zero  zero' 

(2)  If  F is  of  finite  type  and  the  image  of  \X'\  — > |X|  contains  the  support  of 
F then  Fm  • — F-  and  F — F ^ 

j , uuc.it  j.  iyij  ± ^nj  ujIuuj  ± zero  — zero' 

(3)  If  T and  Q are  of  finite  type  and  the  image  of  |X7|  -A  |X|  contains  the 
supports  of  T and  Q , then  FiSO  = F'iso. 


Proof,  let  v : H -A  £ be  a map  of  quasi-coherent  modules  on  an  algebraic  space 
Y and  let  ip  : Y'  —j  Y be  a surjective  flat  morphism  of  algebraic  spaces,  then  v is 
an  isomorphism,  injective,  surjective,  or  zero  if  and  only  if  ip*v  is  an  isomorphism, 
injective,  surjective,  or  zero.  Namely,  for  every  y £ |Yj  there  exists  a y'  £ \Y'\  and 
the  map  of  local  rings  Oy,y  — > Oy,  y,  is  faithfully  flat  (see  Morphisms  of  Spaces, 
Section  54.29).  Of  course,  to  check  for  injectivity  or  being  zero  it  suffices  to  look 
at  the  points  in  the  support  of  TL , and  to  check  for  surjectivity  it  suffices  to  look 
at  points  in  the  support  of  £.  Moreover,  under  the  finite  type  assumptions  as  in 
the  statement  of  the  lemma,  taking  the  supports  commutes  with  base  change,  see 
Morphisms  of  Spaces,  Lemma [54. 15. 2 1 Thus  the  lemma  is  clear.  □ 


Recall  that  we’ve  defined  the  scheme  theoretic  support  of  a finite  type  quasi- 


coherent  module  in  Morphisms  of  Spaces,  Definition  54.15.4 


Lemma  81.7.4. 


In  Situation 


81.7.1 


(1)  IfQ  is  of  finite  type  and  the  scheme  theoretic  support  ofQ  is  quasi-compact 
over  B,  then  Fsurj  is  limit  preserving. 

(2)  If  T of  finite  type  and  the  scheme  theoretic  support  of  F is  quasi-compact 
over  B,  then  Fzero  is  limit  preserving. 

(3)  If  T is  of  finite  type,  Q is  of  finite  presentation,  and  the  scheme  theo- 
retic supports  of  F and  Q are  quasi-compact  over  B,  then  Fiso  is  limit 
preserving. 
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Proof.  Proof  of  (1).  Let  i : Z — > X be  the  scheme  theoretic  support  of  Q and  think 
of  Q as  a finite  type  quasi-coherent  module  on  Z.  We  may  replace  X by  Z and  u by 
the  map  i*F  ^ Q (details  omitted).  Hence  we  may  assume  / is  quasi-compact  and  Q 
of  finite  type.  Let  T = linqe/  T)  be  a directed  limit  of  affine  H-schemes  and  assume 
that  ut  is  surjective.  Set  Xj  = Xxt  = X xsF  and  rq  = UTt  '■  Fi  = — > Qi  = ■ 

To  prove  (1)  we  have  to  show  that  iq  is  surjective  for  some  i.  Pick  0 £ I and  replace 
I by  {i  | i > 0}.  Since  / is  quasi-compact  we  see  X0  is  quasi-compact.  Hence 
we  may  choose  a surjective  etale  morphism  po  : Wq  —>  Xq  where  Wq  is  an  affine 
scheme.  Set  W = Wq  Xt0  T and  W-,  = Wo  Xt0  T)  for  i > 0.  These  are  affine  schemes 
endowed  with  a surjective  etale  morphisms  p : W — > Xt  and  pt  : Wi  — > X, . Note 
that  W = lim  W-, . Hence  p*ut  is  surjective  and  it  suffices  to  prove  that  p*ui  is 
surjective  for  some  i.  Thus  we  have  reduced  the  problem  to  the  affine  case  which 
is  Algebra,  Lemma  10.126.3  part  (2). 

Proof  of  (2).  Assume  F is  of  finite  type  with  scheme  theoretic  support  Z C B 
quasi-compact  over  B.  Let  T = linpg/I)  be  a directed  limit  of  affine  S-schemes 
and  assume  that  ut  is  zero.  Set  Xj  = TiXbX  and  denote  tq  : — > Qi  the  pullback. 

Choose  0 £ I and  replace  I by  {i  \ i > 0}.  Set  Z0  = Z x x A'0.  By  Morphisms 
of  Spaces,  Lemma  54.15.2  the  support  of  Tj  is  \Z0\.  Since  \Z0\  is  quasi-compact 
we  can  find  an  affine  scheme  Wq  and  an  etale  morphism  Wq  — > X0  such  that 
\Z0\  C Im(|W0|  ->•  |X0|).  Set  W=W0  xTo  T and  Wt  = W0  xTo  for  i > 0.  These 
are  affine  schemes  endowed  with  etale  morphisms  p : W — > Xt  and  pi  : Wi  — > Xj. 
Note  that  W = lim  Wj  and  that  the  support  of  Ft  and  Jq  is  contained  in  the  image 
of  \W\  — > \Xt\  and  |Wj|  -A  |Xj|.  Now  p*ut  is  injective  and  it  suffices  to  prove  that 
p*Ui  is  injective  for  some  i.  Thus  we  have  reduced  the  problem  to  the  affine  case 
which  is  Algebra,  Lemma  10.126.3  part  (1). 

Proof  of  (3).  This  can  be  proven  in  exactly  the  same  manner  as  in  the  previous  two 
paragraphs  using  Algebra,  Lemma  10.126.3  part  (3).  We  can  also  deduce  it  from 
(1)  and  (2)  as  follows.  Let  T = linijg/Tj  be  a directed  limit  of  affine  S-schemes 
and  assume  that  ut  is  an  isomorphism.  By  part  (1)  there  exists  an  0 £ I such 
that  ut0  is  surjective.  Set  K = Ker^i^)  and  consider  the  map  of  quasi-coherent 
modules  v : K,  -A  Ft0  ■ For  i > 0 the  base  change  Vt,  is  zero  if  and  only  if  iq  is 
an  isomorphism.  Moreover,  vt  is  zero.  Since  Qt0  is  of  finite  presentation,  Ft0  is  of 
finite  type,  and  utq  is  surjective  we  conclude  that  K.  is  of  finite  type  (Modules  on 
Sites,  Lemma  18.24.1 ).  It  is  clear  that  the  support  of  1C  is  contained  in  the  support 
of  Ft0  which  is  quasi-compact  over  T0.  Hence  we  can  apply  part  (2)  to  see  that  Vt, 
is  zero  for  some  i.  □ 


083K  Lemma  81.7.5.  Let  S = Spec (R)  be  an  affine  scheme.  Let  X be  an  algebraic 
space  over  S.  Let  u : F — ► Q be  a map  of  quasi-coherent  Ox -modules.  Assume  Q 
flat  over  S.  Let  T — * S be  a quasi-compact  morphism  of  schemes  such  that  the  base 
change  ut  is  zero.  Then  exists  a closed  subscheme  Z C S such  that  (a)  T — ► S 
factors  through  Z and  (b)  the  base  change  uz  is  zero.  If  F is  a finite  type  Ox  - 
module  and  the  scheme  theoretic  support  of  F is  quasi- compact,  then  we  can  take 
Z — y S of  finite  presentation. 


Proof.  Let  U — > X be  a surjective  etale  morphism  of  algebraic  spaces  where  U = 
£J  Ui  is  a disjoint  union  of  affine  schemes  (see  Properties  of  Spaces,  Lemma  53.6.1 ). 
By  Lemma  |81.7.3|  we  see  that  we  may  replace  X by  U.  In  other  words,  we  may 
assume  that  X = JJ  Xj  is  a disjoint  union  of  affine  schemes  Xj.  Suppose  that  we  can 
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prove  the  lemma  for  Ui  = u|av  Then  we  find  a closed  subscheme  Zi  C S such  that 
T — ► S factors  through  Z,  and  is  zero.  If  Z,  = Spec {R/h)  C Spec(-R)  = S , 
then  taking  Z = Spec (i?/^/j)  works.  Thus  we  may  assume  that  X = Spec(A)  is 
affine. 


083L 


Choose  a finite  affine  open  covering  T = T\  U . . . U Tm.  It  is  clear  that  we  may 
replace  T by  ]j  .=1  m Tj . Hence  we  may  assume  T is  affine.  Say  T = Spec (!?'). 
Let  u : M -A  N be  the  homomorphisms  of  A-modules  corresponding  to  u : J-  -A  G ■ 
Then  N is  a flat  .R-module  as  Q is  flat  over  S.  The  assumption  of  the  lemma  means 
that  the  composition 


M ®rR'  ^ N ®R  R1 2 3 


is  zero.  Let  z € M.  By  Lazard’s  theorem  (Algebra,  Theorem  10.80.4)  and  the  fact 
that  (gi  commutes  with  colimits  we  can  find  free  R- module  Fz , an  element  z £ Fz, 
and  a map  Fz  — ► N such  that  u(z)  is  the  image  of  z and  z maps  to  zero  in  Fz  Z)r  R'  ■ 
Choose  a basis  {e,iQ}  of  Fz  and  write  5 = fz,a&z,a  with  /,jQ  € R.  Let  I C R 
be  the  ideal  generated  by  the  elements  fxa  with  z ranging  over  all  elements  of  M. 
By  construction  I maps  to  zero  in  R'  and  the  elements  z map  to  zero  in  FZ/IFZ 
whence  in  N/IN.  Thus  Z = Spec (R/I)  is  a solution  to  the  problem  in  this  case. 


Assume  F is  of  finite  type  with  quasi-compact  scheme  theoretic  support.  Write 
Z = Spec  (R/I)-  Write  I = [JI\  as  a filtered  union  of  finitely  generated  ideals.  Set 
Z\  = Spec (R/I\),  so  Z = colim^A.  Since  uz  is  zero,  we  see  that  uzx  is  zero  for 
some  A by  Lemma  [81. 7. 4[  This  finishes  the  proof  of  the  lemma.  □ 

Lemma  81.7.6.  Let  A be  a ring.  Let  u : M — » N be  a map  of  A-modules.  If  N is 
projective  as  an  A-module,  then  there  exists  an  ideal  I C A such  that  for  any  ring 
map  ip  : A — > B the  following  are  equivalent 

(1)  u (g>  1 : M (g>A  B ->  N (8a  B is  zero,  and 

(2)  p{I)  = 0. 


Proof.  As  M is  projective  we  can  find  a projective  A-module  C such  that  F = 
N ® C is  a free  I?-module.  By  replacing  u by  u®l  : F = M®C— > N (&  C we 
see  that  we  may  assume  N is  free.  In  this  case  let  I be  the  ideal  of  A generated  by 
coefficients  of  all  the  elements  of  Im(w)  with  respect  to  some  (fixed)  basis  of  N.  □ 


083M 


It  would  be  interesting  to  find  a simple  direct  proof  of  the  following  lemma  using 
the  result  of  Lemma[81.7.5|  A “classical”  proof  of  this  lemma  when  / : X — >•  B is  a 
projective  morphism  and  B a Noetherian  scheme  would  be:  (a)  choose  a relatively 
ample  invertible  sheaf  Ox{  1),  (b)  set  un  : /*Jr(n)  f*G(n),  (c)  observe  that 

f*G{n)  is  a finite  locally  free  sheaf  for  all  n 0,  and  (d)  Fzero  is  represented  by 
the  vanishing  locus  of  un  for  some  n 0. 


Lemma  81.7.7. 


In  Situation 


81.7.1 


Assume 


(1)  / is  locally  of  finite  presentation, 

(2)  G is  an  Ox -module  of  finite  presentation  flat  over  B, 

(3)  the  scheme  theoretic  support  of  G is  proper  over  B. 

Then  the  functor  Fzero  is  an  algebraic  space  and  Fzero  -A  B is  a closed  immersion. 
If  T is  of  finite  type,  then  Fzero  -A  B is  of  finite  presentation. 


Proof.  In  order  to  prove  that  Fz, 

Fzero  — > B is  representable,  see  Spaces,  Lemma[52.11.3 


where  B'  is  a scheme  and  let  vl  : T' 


is  an  algebraic  space,  it  suffices  to  show  that 
Let  B'  — > B be  a morphism 
G'  be  the  pullback  of  u to  X'  = Xr'  ■ Then 
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the  associated  functor  F'zero  equals  Fzero  Xg  B' . This  reduces  us  to  the  case  that 
B is  a scheme. 


Assume  B is  a scheme.  We  will  show  that  Fzero  is  representable  by  a closed  sub- 
scheme of  B.  By  Lemma  81.7.2|  and  Descent,  Lemmas  34.33.2  and  34.35. 1|  the 
question  is  local  for  the  etale  topology  on  B.  Let  b £ B.  We  first  replace  B by 
an  affine  neighbourhood  of  b.  Denote  Z C X the  scheme  theoretic  support  of  Q. 
Denote  Zb  C Xb  the  fibre  of  Z C A'  — x B over  b.  The  space  \Zb\  is  quasi-compact 
by  the  last  assumption  of  the  lemma.  Choose  an  affine  scheme  U and  an  etale 
morphism  p : U — x X such  that  \Zb\  C Im(|f7|  —X  |A|).  After  replacing  B by  an 
affine  elementary  etale  neighbourhood  of  b and  replacing  U by  some  affine  U'  etale 
over  U with  Ub  —X  Ub  surjective,  we  may  assume  that  T(U,  p*Q)  is  a projective 
T{B,  Ob )-module,  see  More  on  Flatness,  Lemma  37.12.5  Since  Z — X B is  proper 
the  image  of 

|Z|\Im(|t/|-x|X|) 


in  \B\  is  a closed  subset  not  containing  b.  Hence,  after  replacing  B by  an  affine 
open  containing  b , we  may  assume  that  \Z\  C Im(|Z7|  —X  |Aj).  (To  be  sure,  after 
this  replacement  it  is  still  true  that  T(U,p*Q)  is  a projective  T(B,  0B)-module.) 
By  Lemma  |81.7.3|  we  see  that  Fzero  is  the  same  as  the  corresponding  functor  for 
the  map  p*F  —X  p*Q.  This  case  follows  immediately  from  Lemma [81.7. 6| 


We  still  have  to  show  that  Fzero  — X B is  of  finite  presentation  if  F is  of  finite 
type.  Let  F'  C Q be  the  image  of  u and  denote  F'zero  the  functor  corresponding  to 
F'  -A  Q.  Then  Fzero  = F'zero  and  the  scheme  theoretic  support  of  F'  is  a closed 
subspace  of  the  scheme  theoretic  support  of  Q,  hence  proper  over  B.  Thus  Lemma 
81.7.4  implies  that  Fzero  — Fzero  is  limit  preserving  over  B.  We  conclude  by  Limits 
of  Spaces,  Proposition  |57.3.9|  □ 


The  following  result  is  a variant  of  More  on  Flatness,  Theorem  |37.23.3[ 


Lemma  81.7.8. 


In  Situation 


81.7.1 


Assume 


(1)  f is  locally  of  finite  presentation, 

(2)  F is  locally  of  finite  presentation  and  flat  over  B, 

(3)  the  scheme  theoretic  support  of  F is  proper  over  B,  and 

(4)  u is  surjective. 


Then  the  functor  FiSO  is  an  algebraic  space  and  FiSO  — X B is  a closed  immersion. 
If  Q is  of  finite  presentation,  then  FiSO  — x B is  of  finite  presentation. 


Proof.  Let  1C  = Ker(u)  and  apply  Lemma  81.7.7  to  1C  — X F.  Note  that  K.  is  of 
finite  type  if  Q is  of  finite  presentation,  see  Modules  on  Sites,  Lemma[l8.24.1|  □ 


We  will  use  the  following  (easy)  result  when  discussing  the  Quot  functor. 


Lemma  81.7.9. 


In  Situation 


81.7.1 


Assume 


(1)  / is  locally  of  finite  presentation, 

(2)  Q is  of  finite  type, 

(3)  the  scheme  theoretic  support  of  Q is  proper  over  B. 


Then  Fsurj  is  an  algebraic  space  and  Fsurj  — x B is  an  open  immersion. 


Proof.  Consider  Coker(w).  Observe  that  Coker(ur)  = Coker(w)T  for  any  T/B. 
Note  that  formation  of  the  support  of  a finite  type  quasi-coherent  module  commutes 
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with  pullback  (Morphisms  of  Spaces,  Lemma  54.15.1 ).  Hence  Fsurj  is  representable 


by  the  open  subspace  of  B corresponding  to  the  open  set 

\B\  \ I / 1 (Supp (Coker («) ) ) 

see  Properties  of  Spaces,  Lemma [53.4.8  This  is  an  open  because  |/|  is  closed  on 
Supp(<?)  and  Supp(Coker(u))  is  a closed  subset  of  Supp(C/). 


□ 


81.8.  The  functor  of  quotients 


In  this  section  we  discuss  some  generalities  regarding  the  functor  Qt/x/b  defined 
below.  The  notation  Quotjr/x/B  is  reserved  for  a subfunctor  of  Qt/x/b ■ We  urge 
the  reader  to  skip  this  section  on  a first  reading. 

Situation  81.8.1.  Let  S'  be  a scheme.  Let  / : A'  — > B be  a morphism  of  algebraic 
spaces  over  S.  Let  F be  a quasi-coherent  Ox-module.  For  any  scheme  T over  B 
we  will  denote  Xt  the  base  change  of  X to  T and  Ft  the  pullback  of  F via  the 
projection  morphism  Xt  = X XgT  — > X.  Given  such  a T we  set 

n !rr\ / du°tients  Ft  — > Q where  Q is  a quasi-coherent 

^b/x/bK  7 | 0xT-module  of  finite  presentation,  flat  over  T 

We  identify  quotients  if  they  have  the  same  kernel.  Suppose  that  T'  — > T is  a 
morphism  of  schemes  over  B and  Ft  — > Q is  an  element  of  Qjf/y /b(T)-  Then  the 
pullback  Q!  = (Xt>  — > Xt)*Q  is  a quasi-coherent  Oxy<  -module  of  finite  presenta- 


tion flat  over  T'  (see  Properties  of  Spaces,  Section  53.29  and  Morphisms  of  Spaces, 


In  Situation 


Lemma  54.30.3).  Thus  we  obtain  a functor 
(81.8.1.1)  Q jt/x/b  ■ ( Sch/B)opp  — > Sets 

This  is  the  functor  of  quotients  of  F/X/B. 

81.8.1|we  sometimes  think  of  Qjr /x/b  as  a functor  ( Sch/S)opp  — > Sets 

B.  Namely,  if  T is  a scheme  over  S,  then  we 
can  think  of  an  element  of  Q t/x/b  as  a Pah  (h,  Q)  where  h a morphism  h : T — > R, 
i.e. , an  element  h G B(T),  and  Q is  a T-flat  quotient  Ft  — > Q of  finite  presentation 
on  Xt  = X x s,h  T.  In  particular,  when  we  say  that  Qjr/x/s  is  an  algebraic  space, 
we  mean  that  the  corresponding  functor  ( Sch/S)opp  — >•  Sets  is  an  algebraic  space. 
Remark  81.8.2.  In  Situation  |81.8.l|  let  B' 


endowed  with  a morphism  Q x/x/s 


B be  a morphism  of  algebraic 
spaces  over  S.  Set  X'  = A'  Xg  B'  and  denote  F'  the  pullback  of  F to  X' . Thus 
we  have  the  functor  Qt'/x'/b'  on  the  category  of  schemes  over  B' . For  a scheme 
T over  B'  it  is  clear  that  we  have 

Qt'/x'/b>{T ) = Qt/x/b{T) 

where  on  the  right  hand  side  we  think  of  T as  a scheme  over  B via  the  composition 
T — >•  B'  — >•  B.  This  trivial  remark  will  occasionally  be  useful  to  change  the  base 
algebraic  space. 

Remark  81.8.3.  Let  £ be  a scheme,  X an  algebraic  space  over  S,  and  F a quasi- 
coherent  Ox-module.  Suppose  that  { f%  : X,  — ► X}jg/  is  an  fpqc  covering  and  for 
each  i,j  G I we  are  given  an  fpqc  covering  {Wjfc  Xj  Xx  Xj } . In  this  situation 
we  have  a bijection 

f families  of  quotients  f*  F — >■  Qi  where 


{quotients  F — > Q where 
Q is  a quasi-coherent 


< Qi  is  quasi-coherent  and  Qi  and  Qj 
I restrict  to  the  same  quotient  on  Wjfc 
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Namely,  let  (/*X  — > Qj)jej  be  an  element  of  the  right  hand  side.  Then  since 
{Xl]k  — > X,  x x Xj}  is  an  fpqc  covering  we  see  that  the  pullbacks  of  Qj  and  Qj 
restrict  to  the  same  quotient  of  the  pullback  of  X to  Xi  x x Xj  (by  fully  faithfulness 


in  Descent  on  Spaces,  Proposition  61.4.11.  Hence  we  obtain  a descent  datum  for 
quasi-coherent  modules  with  respect  to  {Xi  — > X}iGi.  By  Descent  on  Spaces, 
Proposition  |61.4.1|  we  find  a map  of  quasi-coherent  CXf-modules  jr  q whose 
restriction  to  Xi  recovers  the  given  maps  /* X —¥  Qj.  Since  the  family  of  morphisms 
{A'j  — > X}  is  jointly  surjective  and  flat,  for  every  point  x £ |X|  there  exists  an  i 
and  a point  X{  £ \Xi\  mapping  to  x.  Note  that  the  induced  map  on  local  rings 


Ox,x  — > Oxi,x~  is  faithfully  flat,  see  Morphisms  of  Spaces,  Section  54.29  Thus  we 
see  that  X — > Q is  surjective. 

The  functor  Qb/x/b  satisfies  the  sheaf 


Lemma  81.8.4.  In  Situation  81.8.1 
property  for  the  fpqc  topology. 

Proof.  Let  {Xj  — ► X}j6j  be  an  fpqc  covering  of  schemes  over  S.  Set  A’j  = Aj\  = 
X Xs  Xj  and  Xj  = Ft,  ■ Note  that  {Aj  — > XT}iGl  is  an  fpqc  covering  of  XT 
(Topologies  on  Spaces,  Lemma  60.3.2)  and  that  A bxtT^  = Aj  xxT  Aj/.  Suppose 
that  Xj  — ► Qj  is  a collection  of  elements  of  Q B/x/B^i)  such  that  Qj  and  Qj/ 
restrict  to  the  same  element  of  Q b/x/b^i  xt  Xj/).  By  Remark 


81.8.3 


we  obtain 

a surjective  map  of  quasi-coherent  OxT -modules  Xr  — ► Q whose  restriction  to  Aj 


recovers  the  given  quotients.  By  Morphisms  of  Spaces,  Lemma  54.30.5  we  see  that 


Q is  flat  over  X.  Finally,  Descent  on  Spaces,  Lemma  61.5.2  guarantees  that  Q is  of 
finite  presentation  as  an  OxT -module.  □ 


Lemma  81.8.5.  In  Situation 


81.8.1 


let  {Aj  — ► A}jej  be  an  fppf  covering  and  for 


each  i,j  £ I let  {Aj jk  — > Aj  Xx  Xj}  be  an  fppf  covering.  Denote  Xj,  resp.  Fijk  the 
pullback  of  X to  Xi;  resp.  Xjjk.  For  every  scheme  X over  B the  diagram 


Qb/x/b(T) 


Tli  Qxi/Xi/B{T ) 


Pr0 


pr  i 


. n ij,k  Qxijk/xijk/B  (X) 


presents  the  first  arrow  as  the  equalizer  of  the  other  two. 


Proof.  Let  Xj,T  Qi  be  an  element  in  the  equalizer  of  prjj  and  pr{.  By  Remark 
81.8.3  we  obtain  a surjection  Xt  — > Q of  quasi-coherent  OxT -modules  whose  re- 

we 


striction  to  Aj _t  recovers  Xj  — »•  Qj.  By  Morphisms  of  Spaces,  Lemma  54.30.5 
see  that  Q is  flat  over  X as  desired. 


□ 


Lemma  81.8.6.  In  Situation 


81.8.1 


assume  also  that  (a)  f is  quasi-compact  and 


quasi-separated  and  (b)  X is  of  finite  presentation.  Then  the  functor  Qb/x/b 
limit  preserving  in  the  following  sense:  If  X = limXj  is  a directed  limit  of  affine 
schemes  over  B , then  Qb/x/b(T)  = colim  Qx/x/B^i)- 

Proof.  Let  X = limXj  be  as  in  the  statement  of  the  lemma.  Choose  i0  £ I and 
replace  I by  {*  £ I \ i > z0}.  We  may  set  B = S = Tia  and  we  may  replace  A 
by  At0  and  X by  the  pullback  to  Xt0.  Then  Xt  = lim  Xt,;  , see  Limits  of  Spaces, 
Let  Ft  — > Q be  an  element  of  Q b/x/b(T)-  By  Limits  of  Spaces, 
there  exists  an  i and  a map  Xr  — > Qi  of  OxT  -modules  of  finite 


57.4.1 

57T2 


Lemma 
Lemma 

presentation  whose  pullback  to  A r is  the  given  quotient  map. 


We  still  have  to  check  that,  after  possibly  increasing  i,  the  map  Xr,  — t Qj  is 
surjective  and  Qj  is  flat  over  Xj.  To  do  this,  choose  an  affine  scheme  U and  a 
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surjective  etale  morphism  U —>  X (see  Properties  of  Spaces,  Lemma  53.6.3|).  We 
may  check  surjectivity  and  flatness  over  T \ after  pulling  back  to  the  etale  cover 
ZJt;  — > X^  (by  definition).  This  reduces  us  to  the  case  where  X = Spec(Bo)  is 
an  affine  scheme  of  finite  presentation  over  B = S = Tq  = Spec(Ao).  Writing 
T,j  — Spec(Ai),  then  T = Spec(A)  with  A = colim  A,;  we  have  reached  the  following 
algebra  problem.  Let  Mt  ->  JVj  be  a map  of  finitely  presented  B0  (gu0  Aj-modules 
such  that  Mi  A —$■  Ni  (g> a,  A is  surjective  and  TV,-  ®At  A is  flat  over  A.  Show 
that  for  some  i!  >i  Mi  (g>/y  Ay  —>  Ni  0^  A i>  is  surjective  and  Ni  ®At  A y is  flat  over 
A.  The  first  follows  from  Algebra,  Lemma  10.126.3  and  the  second  from  Algebra, 
Lemma  I10.160.ll  □ 


Lemma  81.8.7. 

Let 


In  Situation 


81.8.1 


assume  X — >•  B locally  of  finite  presentation. 


Z >Z' 

y — ->y' 


be  a pushout  in  the  category  of  schemes  over  B where  Z — ^ Z'  is  a thickening  and 
Z — ^ Y is  affine,  see  More  on  Morphisms,  Lemma\36.11.S\  Then  the  natural  map 


Qf/x/b{Y')  — > Qx/x/b{Y)  Xqt/x/b(z)  Qx/x/b(Z') 


is  bijective. 


Proof.  We  first  argue  that  it  suffices  to  prove  this  when  all  the  schemes  and  alge- 
braic spaces  in  sight  are  affine  schemes.  Let  Y'  = (J  Y[  be  an  affine  open  covering 
and  let  Yi:  Z[,  and  Z,  be  the  corresponding  (affine)  opens  of  Y , Z' , and  Z.  Since 
Qf/x/b  satisfies  the  sheaf  property  for  the  fpqc  topology  (Lemma  81.8.4),  it  suffices 
to  prove  the  result  of  the  lemma  for  the  diagrams 


Zi 


Y 


Z' 


■ Y' 


z,  n Zj 


Yi  n Yj 


zi  n z'. 


and 

Y 

■ Yf  n Y! 


This  reduces  us  to  the  case  where  the  schemes  Y' , Y , Z' , Z are  separated  and  a 
second  application  of  this  argument  to  the  case  where  Y' , Y,  Z' , Z are  affine. 


we  may 


Assume  Y'  (and  hence  also  Y,  Z',  and  Z)  is  affine.  By  Remark  81.8.2 
replace  B by  Y’  and  X by  X Xb  Y' , and  T by  the  pullback.  Thus  we  may  assume 
B = Y'. 


Assume  B = Y'  (and  hence  also  Y,  Z' , and  Z)  is  affine.  Choose  an  etale  covering 
{X,  — >■  X}iej  with  each  Xi  affine  and  similarly  choose  etale  coverings  t 

Xj  x x Xj } with  each  X fjk  affine  (Properties  of  Spaces,  Lemma  53.6.1 ).  By  Lemma 
|81.8.5|  it  suffices  to  prove  the  lemma  for  each  of  the  functors  associated  to  Xi  and 
Xtjk.  Hence  we  may  assume  X is  affine  as  well.  This  reduces  the  lemma  to  More 
on  Algebra,  Remark|l5.5.16|  □ 
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81.9.  The  quot  functor 

In  this  section  we  prove  the  Quot  functor  is  representable  by  an  algebraic  space. 

Situation  81.9.1.  Let  S'  be  a scheme.  Let  / : A'  — > B be  a morphism  of  algebraic 
spaces  over  S.  Let  F be  a quasi-coherent  Ox-module.  For  any  scheme  T over  B 
we  will  denote  X t the  base  change  of  X to  T and  Ft  the  pullback  of  F via  the 
projection  morphism  Xt  = X xj  T — > X.  Given  such  a T we  set 

{quotients  Ft  — t Q where  Q is  a quasi-coherent 
OxT -module  of  finite  presentation,  flat  over  T 
with  scheme  theoretic  support  proper  over  T 


This  is  a subfunctor  of  Qt/x/t  discussed  in  Section  81.8  Thus  we  obtain  a functor 
(81.9.1.1)  Quot jt/x/b  ■ ( Sch/B)opp 

This  is  the  quot  functor  associated  to  F/X/B. 


Sets 


In  Situation  81.9.1  we  may  think  of  Quot  jt/x/b  as  a functor  ( Sch/S)opp  — >•  Sets 
endowed  with  a morphism  Quotjr/x/s  y B.  Namely,  if  T is  a scheme  over  S , then 
we  can  think  of  an  element  of  Quotjr/x/s  as  a pair  (h,  Q)  where  h a morphism 
h : T — ► B,  i.e. , an  element  h £ B(T),  and  Q is  a finitely  presented,  T-flat  quotient 
Ft  — > Q on  Xt  = X X s,h  T with  support  proper  over  T.  In  particular,  when  we 
say  that  Quotjr/x/s  is  an  algebraic  space,  we  mean  that  the  corresponding  functor 
( Sch/S)opp  — >•  Sets  is  an  algebraic  space. 


Lemma  81.9.2.  In  Situation 
property  for  the  fpqc  topology. 


81.9.1 


The  functor  Quotjr  ix /B  satisfies  the  sheaf 


Proof.  In  Lemma 
that  for  a scheme  T 


81.8.4 


we  have  seen  that  the  functor  Qjr/x :/s  is  a sheaf.  Recall 
over  S the  subset  Quotjr/x/s(T)  C Qjr /x/s(T)  picks  out  those 
quotients  whose  support  is  proper  over  T.  This  defines  a subsheaf  by  the  result  of 
Descent  on  Spaces,  Lemma  61.10. 17|  (combined  with  Morphisms  of  Spaces,  Lemma 
54.29.10|)  which  shows  that  taking  scheme  theoretic  support  commutes  with  flat 
base  change).  □ 

Proposition  81.9.3.  Let  S be  a scheme.  Let  f : X — >•  B be  a morphism  of 
algebraic  spaces  over  S.  Let  F be  a quasi-coherent  sheaf  on  X.  If  f is  of  finite 
presentation  and  separated,  then  Quotjr /x/b  an  algebraic  space.  If  F is  of  finite 

presentation,  then  Quotjr  /X/B  — t B is  locally  of  finite  presentation. 

Proof.  Note  that  Quotjr; x/n  is  a sheaf  in  the  fppf  topology.  Let  Quotjr /X/B  be 
the  stack  in  groupoids  corresponding  to  Quotjr/x/S;  see  Algebraic  Stacks,  Section 
By  Algebraic  Stacks,  Proposition [76.13(3  it  suffices  to  show  that  Quotjr /X/B 


76.7 


is  an  algebraic  stack.  Consider  the  1-morphism  of  stacks  in  groupoids 

Quotjr /x/s  — * Cohx/B 

on  ( Sch/S ) fpPf  which  associates  to  the  quotient  Ft  —>  Q the  coherent  sheaf  Q.  By 
Theorem  81.6.5  we  know  that  Cohx/B  is  an  algebraic  stack.  By  Algebraic  Stacks, 
Lemma[~76.15.4|it  suffices  to  show  that  this  1-morphism  is  representable  by  algebraic 
spaces. 
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Let  T be  a scheme  over  S and  let  the  object  (h,Q)  of  Cohx/B  over  T correspond 
to  a 1-morphism  £ : (Sch/T) fppf  -A  Cohx/B-  The  2-fibre  product 


Z — (Sch/T) fppf  Xf, Cohx/B  Quotx/x/s 


is  a stack  in  setoids,  see  Stacks,  Lemma 


8.6.7 


The  corresponding  sheaf  of  sets  (i.e. , 
8.6.2)  assigns  to  a scheme  T'/T  the  set  of 
Tt1  — > Qt ' of  quasi-coherent  modules  on  Xt>  ■ Thus  we  see  that 


functor,  see  Stacks,  Lemmas  8.6.7  and 
surjections  u 

Z is  representable  by  an  open  subspace  (by  Lemma  81.7.9)  of  the  algebraic  space 
Hom^TiG)  from  Proposition  81.3.9  □ 
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Properties  of  Algebraic  Stacks 
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82.1.  Introduction 


04X9 


Please  see  Algebraic  Stacks,  Section  76.1  for  a brief  introduction  to  algebraic  stacks, 
and  please  read  some  of  that  chapter  for  our  foundations  of  algebraic  stacks.  The  in- 
tent is  that  in  that  chapter  we  are  careful  to  distinguish  between  schemes,  algebraic 
spaces,  algebraic  stacks,  and  starting  with  this  chapter  we  employ  the  customary 
abuse  of  language  where  all  of  these  concepts  are  used  interchangeably. 


The  goal  of  this  chapter  is  to  introduce  some  basic  notions  and  properties  of  al- 
gebraic stacks.  A fundamental  reference  for  the  case  of  quasi-separated  algebraic 
stacks  with  representable  diagonal  is  ILMBOOI. 


82.2.  Conventions  and  abuse  of  language 

04XA  We  choose  a big  fppf  site  Schjppf.  All  schemes  are  contained  in  Schfppf.  And  all 
rings  A considered  have  the  property  that  Spec(A)  is  (isomorphic)  to  an  object  of 
this  big  site. 


We  also  fix  a base  scheme  S,  by  the  conventions  above  an  element  of  Schfppf.  The 
reader  who  is  only  interested  in  the  absolute  case  can  take  S = Spec(Z). 


Here  are 
(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

Here  are 


our  conventions  regarding  algebraic  stacks: 

When  we  say  algebraic  stack  we  will  mean  an  algebraic  stacks  over  S,  i.e. , 
a category  fibred  in  groupoids  p : X — > ( Sch/S)fppf  which  satisfies  the 
conditions  of  Algebraic  Stacks,  Definition |76.1 2. T| 

We  will  say  / : X — > y is  a morphism  of  algebraic  stacks  to  indicate  a 1- 
morphism  of  algebraic  stacks  over  S,  i.e.,  a 1-morphism  of  categories  fibred 
in  groupoids  over  (Sch/S)fppf,  see  Algebraic  Stacks,  Definition  76.12.3 
A 2-morphism  a : f g will  indicate  a 2-morphism  in  the  2-category  of 
algebraic  stacks  over  S,  see  Algebraic  Stacks,  Definition  76.12.3| 

Given  morphisms  X — > Z and  y — > Z of  algebraic  stacks  we  abusively 
call  the  2-fibre  product  X x%y  the  fibre  product. 

We  will  write  X x g y for  the  product  of  the  algebraic  stacks  X,  y. 

We  will  often  abuse  notation  and  say  two  algebraic  stacks  X and  y are 
isomorphic  if  they  are  equivalent  in  this  2-category, 
our  conventions  regarding  algebraic  spaces. 


(1)  If  we  say  X is  an  algebraic  space  then  we  mean  that  X is  an  algebraic  space 
over  S,  i.e.,  X is  a presheaf  on  (Sch/ S) fppf  which  satisfies  the  conditions 
of  Spaces,  Definition  |52.6.1[ 
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(2) 

(3) 

(4) 

(5) 

(6) 


A morphism  of  algebraic  spaces  f : X — > Y is  a morphism  of  algebraic 
spaces  over  S as  defined  in  Spaces,  Definition  |52. 6. 3[ 

We  will  not  distinguish  between  an  algebraic  space  X and  the  algebraic 
stack  S\  — > (Sch/ S) fppf  it  gives  rise  to,  see  Algebraic  Stacks,  Lemma 
I7fi.13.1l 

In  particular,  a morphism  f : X -A  y from  X to  an  algebraic  stack 
y means  a morphism  / : Sx  — > y of  algebraic  stacks.  Similarly  for 
morphisms  y — > X. 

Moreover,  given  an  algebraic  stack  X we  say  X is  an  algebraic  space 
to  indicate  that  X is  representable  by  an  algebraic  space,  see  Algebraic 
Stacks,  Definition  |76.8.1[ 

We  will  use  the  following  notational  convention:  If  we  indicate  an  algebraic 
stack  by  a roman  capital  (such  as  X,Y,  Z,  A,  B, . . .)  then  it  will  be  the 
case  that  its  inertia  stack  is  trivial,  and  hence  it  is  an  algebraic  space,  see 


Algebraic  Stacks,  Proposition  76.13.3 


Here  are  our  conventions  regarding  schemes. 


(1)  If  we  say  A'  is  a scheme  then  we  mean  that  X is  a scheme  over  S,  i.e.,  X 
is  an  object  of  ( Sch/ S)  fppf . 

(2)  By  a morphism  of  schemes  we  mean  a morphism  of  schemes  over  S. 

(3)  We  will  not  distinguish  between  a scheme  X and  the  algebraic  stack 
Sx  —>  (Sch/ S) fppf  it  gives  rise  to,  see  Algebraic  Stacks,  Lemma 

(4)  In  particular,  a morphism  f : X -A  y from  a scheme  X to  an  algebraic 
stack  y means  a morphism  / : Sx  — » y of  algebraic  stacks.  Similarly  for 
morphisms  y -A  X. 

(5)  Moreover,  given  an  algebraic  stack  X we  say  X is  a scheme  to  indicate 
that  X is  representable,  see  Algebraic  Stacks,  Section  [76. 4[ 

Here  are  our  conventions  regarding  morphisms  of  algebraic  stacks: 


76.13.1 


(1) 

(2) 


A morphism  / : X — > y of  algebraic  stacks  is  representable,  or  repre- 
sentable by  schemes  if  for  every  scheme  T and  morphism  T -A  y the  fibre 
product  T Xy  X is  a scheme.  See  Algebraic  Stacks,  Section  76. 6[ 

A morphism  / : X — ► y of  algebraic  stacks  is  representable  by  algebraic 
spaces  if  for  every  scheme  T and  morphism  T -A  y the  fibre  product 
T Xy  X is  an  algebraic  space.  See  Algebraic  Stacks,  Definition  76.9.1  In 
this  case  Z Xy  X is  an  algebraic  space  whenever  Z — > y is  a morphism 


whose  source  is  an  algebraic  space,  see  Algebraic  Stacks,  Lemma  76.9.8 


Note  that  every  morphism  X —>  y from  an  algebraic  space  to  an  algebraic  stack  is 
representable  by  algebraic  spaces,  see  Algebraic  Stacks,  Lemma  [76.10.11|  We  will 
use  this  basic  result  without  further  mention. 


82.3.  Properties  of  morphisms  representable  by  algebraic  spaces 

04XB  We  will  study  properties  of  (arbitrary)  morphisms  of  algebraic  stacks  in  its  own 
chapter.  For  morphisms  representable  by  algebraic  spaces  we  know  what  it  means 
to  be  surjective,  smooth,  or  etale,  etc.  This  applies  in  particular  to  morphisms 
X — > y from  algebraic  spaces  to  algebraic  stacks.  In  this  section,  we  recall  how 
this  works,  we  list  the  properties  to  which  this  applies,  and  we  prove  a few  easy 
lemmas. 
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Our  first  lemma  says  a morphism  is  representable  by  algebraic  spaces  if  it  is  so  after 
a base  change  by  a flat,  locally  finitely  presented,  surjective  morphism. 


04ZP  Lemma  82.3.1.  Let  f : X — >■  y be  a morphism  of  algebraic  stacks.  Let  W be  an 
algebraic  space  and  letW  y be  surjective,  locally  of  finite  presentation,  and  flat. 
The  following  are  equivalent 

(1)  f is  representable  by  algebraic  spaces,  and 

(2)  W Xy  X is  an  algebraic  space. 


Proof.  The  implication  (1)  =>  (2)  is  Algebraic  Stacks,  Lemma  76.9.8  Conversely, 
let  W — >•  y be  as  in  (2).  To  prove  (1)  it  suffices  to  show  that  / is  faithful  on 
fibre  categories,  see  Algebraic  Stacks,  Lemma  76.15.2  Assumption  (2)  implies  in 


particular  that  W Xy  X — > W is  faithful.  Hence  the  faithfulness  of  / follows  from 
Stacks,  Lemma  [8. 6. 9[  □ 


Let  P be  a property  of  morphisms  of  algebraic  spaces  which  is  fppf  local  on  the 
target  and  preserved  by  arbitrary  base  change.  Let  / : X — > y be  a morphism  of 
algebraic  stacks  representable  by  algebraic  spaces.  Then  we  say  / has  property  P 
if  and  only  if  for  every  scheme  T and  morphism  T — >•  y the  morphism  of  algebraic 


spaces  T Xy  X — ► T has  property  P,  see  Algebraic  Stacks,  Definition  76.10.1 


It  turns  out  that  if  / : X — > y is  representable  by  algebraic  spaces  and  has  property 
P,  then  for  any  morphism  of  algebraic  stacks  y'  — > y the  base  change  y'  XyX  — >•  y' 
has  property  P,  see  Algebraic  Stacks,  Lemmas  |76. 9. 7|  and  |76. 10.61  If  the  property 
P is  preserved  under  compositions,  then  this  holds  also  in  the  setting  of  morphisms 
of  algebraic  stacks  representable  by  algebraic  spaces,  see  Algebraic  Stacks,  Lemmas 
|76.9.9|and|76.10.5'|  Moreover,  in  this  case  products  X\  x X2  — > y±  x y2  of  morphisms 
representable  by  algebraic  spaces  having  property  V have  property  P,  see  Algebraic 
Stacks,  Lemma  76.10.8| 


Finally,  if  we  have  two  properties  P,  P'  of  morphisms  of  algebraic  spaces  which  are 
fppf  local  on  the  target  and  preserved  by  arbitrary  base  change  and  if  P(/)  => 
P7(/)  for  every  morphism  /,  then  the  same  implication  holds  for  the  corresponding 
property  of  morphisms  of  algebraic  stacks  representable  by  algebraic  spaces,  see 
Algebraic  Stacks,  Lemma|76.10.9|  We  will  use  this  without  further  mention  in  the 
following  and  in  the  following  chapters. 


The  discussion  above  applies  to  each  of  the  following  properties  of  morphisms  of 
algebraic  spaces 


(1) 

(2) 

(3) 

(4) 

(5) 

(6) 


quasi-compact,  see  Morphisms  of  Spaces,  Lemma  54.8.3  and  Descent  on 
Spaces,  Lemma [61. 10. 1[ 

quasi-separated,  see  Morphisms  of  Spaces,  Lemma  54.4.4  and  Descent  on 
Spaces,  Lemma  [61. 10. 2[ 

universally  closed,  see  Morphisms  of  Spaces,  Lemma  54.9.3  and  Descent 
on  Spaces,  Lemma  [61. 10.3[ 

universally  open,  see  Morphisms  of  Spaces,  Lemma  54.6.3  and  Descent  on 
Spaces,  Lemma  [61. 10. 4[ 

surjective,  see  Morphisms  of  Spaces,  Lemma  54.5.5  and  Descent  on  Spaces, 
Lemma  |61.10.5[ 

universally  injective,  see  Morphisms  of  Spaces,  Lemma  54.19.5  and  De- 
scent on  Spaces,  Lemma |61. 10. 6[ 
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(7) 

(8) 
(9) 

(10) 

(11) 

(12) 

(13) 

(14) 

(15) 

(16) 

(17) 

(18) 

(19) 

(20) 
(21) 
(22) 

(23) 

(24) 

(25) 

(26) 

(27) 

(28) 
(29) 


locally  of  finite  type,  see  Morphisms  of  Spaces,  Lemma  54.23.3  and  De- 
scent on  Spaces,  Lemma  161.10.71 


locally  of  finite  presentation,  see  Morphisms  of  Spaces,  Lemma  54.28.3 
and  Descent  on  Spaces,  Lemma  61.10.8[ 

finite  type,  see  Morphisms  of  Spaces,  Lemma  54.23.3  and  Descent  on 
Spaces,  Lemma  [61.10.91 

finite  presentation,  see  Morphisms  of  Spaces,  Lemma  54.28.3  and  Descent 
on  Spaces,  Lemma  [61. 10.10[ 

flat,  see  Morphisms  of  Spaces,  Lemma  54.29.4  and  Descent  on  Spaces, 
Lemma  |61.10.1l] 

open  immersion,  see  Morphisms  of  Spaces,  Section  54.12  and  Descent  on 
Spaces,  Lemma [61.10.121 


isomorphism,  see  Descent  on  Spaces,  Lemma  61.10.13 


affine,  see  Morphisms  of  Spaces,  Lemma  54.20.5  and  Descent  on  Spaces, 
Lemma  |61. 10.14] 

closed  immersion,  see  Morphisms  of  Spaces,  Section  54.12  and  Descent  on 
Spaces,  Lemma  [61. 10.15[ 

separated,  see  Morphisms  of  Spaces,  Lemma  54.4.4  and  Descent  on  Spaces, 
Lemma  |61.10.16] 

proper,  see  Morphisms  of  Spaces,  Lemma  54.39.3  and  Descent  on  Spaces, 
Lemma  |61.10.17] 

quasi-affine,  see  Morphisms  of  Spaces,  Lemma  54.21.5  and  Descent  on 
Spaces,  Lemma  [61. 10.18[ 

integral,  see  Morphisms  of  Spaces,  Lemma  54.43.5  and  Descent  on  Spaces, 
Lemma  |61. 10.20] 

finite,  see  Morphisms  of  Spaces,  Lemma  54.43.5  and  Descent  on  Spaces, 
Lemma  |61. 10.21] 

(locally)  quasi-finite,  see  Morphisms  of  Spaces,  Lemma  54.27.4  and  De- 
scent on  Spaces,  Lemma [61. 10. 22[ 

syntomic,  see  Morphisms  of  Spaces,  Lemma  54.35.3  and  Descent  on  Spaces, 
Lemma  |61. 10.23] 

smooth,  see  Morphisms  of  Spaces,  Lemma  54.36.3  and  Descent  on  Spaces, 
Lemma  |61. 10.24] 

unramified,  see  Morphisms  of  Spaces,  Lemma  54.37.4  and  Descent  on 
Spaces,  Lemma  [61. 10.25[ 

etale,  see  Morphisms  of  Spaces,  Lemma  54.38.4  and  Descent  on  Spaces, 
Lemma  |61. 10.26] 

finite  locally  free,  see  Morphisms  of  Spaces,  Lemma  54.44.5  and  Descent 
on  Spaces,  Lemma  [61. 10.27] 

monomorphism,  see  Morphisms  of  Spaces,  Lemma  54.10.5  and  Descent  on 
Spaces,  Lemma [61.10.281 

immersion,  see  Morphisms  of  Spaces,  Section  54.12  and  Descent  on  Spaces, 
Lemma  |61.11.1[ 

locally  separated,  see  Morphisms  of  Spaces,  Lemma  54.4.4  and  Descent 
on  Spaces,  Lemma  [61.11.2] 


04XC  Lemma  82.3.2.  Let  P be  a property  of  morphisms  of  algebraic  spaces  as  above. 
Let  f : X —>  y be  a morphism  of  algebraic  stacks  representable  by  algebraic  spaces. 
The  following  are  equivalent: 
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(1)  / has  P, 

(2)  for  every  algebraic  space  Z and  morphism  Z -A  y the  morphism  ZxyX  — ► 
Z has  P. 

Proof.  The  implication  (2)  =>  (1)  is  immediate.  Assume  (1).  Let  Z — ► y be  as  in 
(2).  Choose  a scheme  U and  a surjective  etale  morphism  U — ► Z.  By  assumption 
the  morphism  U Xy  X — » U has  P . But  the  diagram 

U xy  X >ZxyX 

Y 

u 

is  cartesian,  hence  the  right  vertical  arrow  has  P as  {U  — > Z}  is  an  fppf  covering.  □ 


The  following  lemma  tells  us  it  suffices  to  check  P after  a base  change  by  a surjective, 
flat,  locally  finitely  presented  morphism. 

04XD  Lemma  82.3.3.  Let  P be  a property  of  morphisms  of  algebraic  spaces  as  above.  Let 
f : X — »•  y be  a morphism  of  algebraic  stacks  representable  by  algebraic  spaces.  Let 
W be  an  algebraic  space  and  letW  —>  y be  surjective,  locally  of  finite  presentation, 
and  flat.  Set  V = W Xy  X . Then 

(/  has  P)  <t=>  ( the  projection  V — > W has  P). 

Proof.  The  implication  from  left  to  right  follows  from  Lemma  |82.3.2|  Assume 
V — > W has  P.  Let  T be  a scheme,  and  let  T — > y be  a morphism.  Consider  the 
commutative  diagram 

T XyX  -e TXyW  W 

Y Y 

T* TxyV 

of  algebraic  spaces.  The  squares  are  cartesian.  The  bottom  left  morphism  is  a 
surjective,  flat  morphism  which  is  locally  of  finite  presentation,  hence  {TxyV  — »•  T} 
is  an  fppf  covering.  Hence  the  fact  that  the  right  vertical  arrow  has  property  P 
implies  that  the  left  vertical  arrow  has  property  P.  □ 

06TY  Lemma  82.3.4.  Let  P be  a property  of  morphisms  of  algebraic  spaces  as  above. 
Let  f : X —>  y be  a morphism  of  algebraic  stacks  representable  by  algebraic  spaces. 
Let  2L  — ^ y be  a morphism  of  algebraic  stacks  which  is  representable  by  algebraic 
spaces,  surjective,  flat,  and  locally  of  finite  presentation.  Set  W = Z Xy  X . Then 

(/  has  P)  <t=>  ( the  projection  W — > Z has  P). 


Proof.  Choose  an  algebraic  space  W and  a morphism  W — > Z which  is  surjective, 
flat,  and  locally  of  finite  presentation.  By  the  discussion  above  the  composition 
W — ► y is  also  surjective,  flat,  and  locally  of  finite  presentation.  Denote  V = 
W Xz  W = V Xy  A.  By  Lemma  82.3.3|we  see  that  / has  V if  and  only  if  V — > W 
does  and  that  W — > Z has  V if  and  only  if  V — ► W does.  The  lemma  follows.  □ 


06M2  Lemma  82.3.5.  Let  P be  a property  of  morphisms  of  algebraic  spaces  as  above. 
Let  X — > y and  y -A  Z be  morphisms  of  algebraic  stacks  representable  by  algebraic 
spaces.  Assume 
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(1)  X -A  y is  surjective,  flat,  and  locally  of  finite  presentation, 

(2)  the  composition  has  P,  and 

(3)  P is  local  on  the  source  in  the  fppf  topology. 

Then  y -A  Z has  property  P. 

Proof.  Let  Z be  a scheme  and  let  Z — > Z be  a morphism.  Set  X = X x z Z , 
Y = y Xz  Z.  By  (1)  {X  -A  Y\  is  an  fppf  covering  of  algebraic  spaces  and  by  (2) 
X — > Z has  property  P.  By  (3)  this  implies  that  Y — > Z has  property  P and  we 
win.  □ 


04Y6  Lemma  82.3.6.  Let  g : X'  -A  X be  a morphism  of  algebraic  stacks  which  is 
representable  by  algebraic  spaces.  Let  [U /R]  -A  X be  a presentation.  Set  U'  = 
U Xx  X' , and  R'  = R Xx  X' . Then  there  exists  a groupoid  in  algebraic  spaces  of 
the  form  (U' ,R' , s' ,t! ,d),  a presentation  [U'/R']  -A  X' , and  the  diagram 

[U'/R'} *-  X’ 

[pr]  9 

[U/R] X 


is  2-commutative  where  the  morphism  [pr]  comes  from  a morphism  of  groupoids 
pr:  ( U',R',s',t',c! ) -A  (U,  R,  s,t,c). 

Proof.  Since  U -A  y is  surjective  and  smooth,  see  Algebraic  Stacks,  Lemma[76.17.2| 
the  base  change  U'  -A  X ' is  also  surjective  and  smooth.  Hence,  by  Algebraic  Stacks, 
Lemma  [76.16.2  it  suffices  to  show  that  R!  = U1  Xx>  U'  in  order  to  get  a smooth 
groupoid  (IP,  R' , s' , t' , c')  and  a presentation  [U'/R1]  -A  X’ . Using  that  R = Vx  yV 
(see  Groupoids  in  Spaces,  Lemma  65.21.2 1 this  follows  from 

R!  = u XXU  Xx  x’  = ( U xx  x')  Xx'  (U  Xx  X’) 

see  Categories,  Lemmas  4.30.8  and  4.30. 10|  Clearly  the  projection  morphisms  U'  — ► 
U and  R'  -A  R give  the  desired  morphism  of  groupoids  pr  : (U' , R' , s' ,t' , c')  -A 
( U,R,s,t,c ).  Hence  the  morphism  [pr]  of  quotient  stacks  by  Groupoids  in  Spaces, 
Lemma  165.20.11 

We  still  have  to  show  that  the  diagram  2-commutes.  It  is  clear  that  the  diagram 


U' 


Pr[7 


u 


s' 

f 


>■  X' 


X 


2-commutes  where  pr^  : U’  — > U is  the  projection.  There  is  a canonical  2-arrow 
r : fot  -A  /os  in  Mor(/?,  X)  coming  from  R = UxxU,t  = pr0,  and  s = prx.  Using 
the  isomorphism  R'  — > U'  x x'  U'  we  get  similarly  an  isomorphism  t'  : fot'  -A  f os’ . 
Note  that  go  f o t'  — foto  piR  and  g o f o s'  = /oso  prfl,  where  prfi  : R'  — > R 
is  the  projection.  Thus  it  makes  sense  to  ask  if 


04Y7  (82.3.6.1) 


*id 


Pr« 


= id9  * t' 


Now  we  make  two  claims:  (1)  if  Equation  (82.3.6.1)  holds,  then  the  diagram  2- 
commutes,  and  (2)  Equation  (82.3.6.1)  holds.  We  omit  the  proof  of  both  claims. 
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Hints:  part  (1)  follows  from  the  construction  of  / = fcan  and  f = f'can  in  Al- 

Part  (2)  follows  by  carefuly  working  through  the 

□ 


gebraic  Stacks,  Lemma  76.16.1 
definitions. 


04ZQ  Remark  82.3.7.  Let  y be  an  algebraic  stack.  Consider  the  following  2-category: 

(1)  An  object  is  a morphism  / : X — > y which  is  representable  by  algebraic 
spaces, 

(2)  a 1-morphism  (g,/3)  : (/i  : X±  — > y)  — * (/2  : X2  — ► y)  consists  of  a 
morphism  g : X\  — > X2  and  a 2-morphism  /?  : /i  — > /2  ° g7  and 

(3)  a 2-morphism  between  (g,/3),  (s',/3')  : (/i  : X\  -t  y)  ->  (/2  : X2  ->  30  is 
a 2-morphism  a : g — > g'  such  that  (id/2  * a)  o (3  = ft . 

Let  us  denote  this  2-category  Spaces/y  by  analogy  with  the  notation  of  Topolo- 
gies on  Spaces,  Section  [60. 2|  Now  we  claim  that  in  this  2-category  the  morphism 
categories 

M°r  Spaces/y  ((/l  : Xi  — > 3-0,  (/*2  : <^2  —>  y)) 

are  all  setoids.  Namely,  a 2-morphism  a is  a rule  which  to  each  object  X\  of  X\ 
assigns  an  isomorphism  aXl  : g(x i)  — > g' (x i)  in  the  relevant  fibre  category  of  X2 
such  that  the  diagram 


h{g{x!)) 


/2(xi) 


f2(otall ) 


commutes.  But  since  /2  is  faithful  (see  Algebraic  Stacks,  Lemma  76.15.2[)  this 
means  that  if  aXl  exists,  then  it  is  unique!  In  other  words  the  2-category  Spaces/y 
is  very  close  to  being  a category.  Namely,  if  we  replace  1-morphisms  by  isomorphism 
classes  of  1-morphisms  we  obtain  a category.  We  will  often  perform  this  replacement 
without  further  mention. 


82.4.  Points  of  algebraic  stacks 

04XE  Let  X be  an  algebraic  stack.  Let  I\1  L be  two  fields  and  let  p : Spec(A')  — > X and 
q : Spec(L)  — » X be  morphisms.  We  say  that  p and  q are  equivalent  if  there  exists 
a field  H and  a 2-commutative  diagram 

Spec(H) >-  Spec(L) 

9 

V Y 

Spec  (A')  — 3-  A. 

04XF  Lemma  82.4.1.  The  notion  above  does  indeed  define  an  equivalence  relation  on 
morphisms  from  spectra  of  fields  into  the  algebraic  stack  X . 

Proof.  It  is  clear  that  the  relation  is  reflexive  and  symmetric.  Hence  we  have  to 
prove  that  it  is  transitive.  This  comes  down  to  the  following:  Given  a diagram 

Spec(fl) 3-  Spec(L)  -<■ Spec(H') 

b b' 

a V a 


Spec(A') 


Spec(A"') 
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with  both  squares  2-commutative  we  have  to  show  that  p is  equivalent  to  p' . By 
the  2-Yoneda  lemma  (see  Algebraic  Stacks,  Section  76.51  the  morphisms  p,  p' , and 
q are  given  by  objects  x,  x' , and  y in  the  fibre  categories  of  A over  Spec  (if), 
Spec(if'),  and  Spec(L).  The  2-commutativity  of  the  squares  means  that  there  are 
isomorphisms  a : a*x  -A  b*y  and  a!  : (a')*xr  -A-  (b')*y  in  the  fibre  categories  of 
X over  Spec(fl)  and  Spec(lT).  Choose  any  field  Cl"  and  embeddings  Cl  -A  Cl"  and 
Cl'  — > Cl"  agreeing  on  L.  Then  we  can  extend  the  diagram  above  to 


Spec(fl") 
q1 

Spec(fl) >■  Spec(L)  ■< Spec(fi') 

b b 

a la1 

V , 

Spec(A')  — 5-  X -«■ — Spec(if') 


with  commutative  triangles  and 

(g'n^r1  ° WT a '■  ( a ° c)*x  — > (a1  o c')*x' 

is  an  isomorphism  in  the  fibre  category  over  Spec(fl,/).  Hence  p is  equivalent  to  p' 
as  desired.  □ 


04XG  Definition  82.4.2.  Let  X be  an  algebraic  stack.  A point  of  X is  an  equivalence 
class  of  morphisms  from  spectra  of  Helds  into  X . The  set  of  points  of  X is  denoted 
|A|. 


This  agrees  with  our  definition  of  points  of  algebraic  spaces,  see  Properties  of  Spaces, 
Definition  |53.4.1|  Moreover,  for  a scheme  we  recover  the  usual  notion  of  points, 
see  Properties  of  Spaces,  Lemma  53.4. 2|  If  / : X — > y is  a morphism  of  algebraic 
stacks  then  there  is  an  induced  map  |/|  : \X\  -A  |jV|  which  maps  a representa- 
tive x : Spec (K)  -A  A to  the  representative  fox  : Spec (K)  — > y.  This  is  well 
defined:  namely  2-isomorphic  1-morphisms  remain  2-isomorplric  after  pre-  or  post- 
composing  by  a 1-morphism  because  you  can  horizontally  pre-  or  post-compose  by 
the  identity  of  the  given  1-morphism.  This  holds  in  any  (strict)  (2,  l)-category.  If 


X — 

T Y 

w — >z 

is  a 2-commutative  diagram  of  algebraic  stacks,  then  the  diagram  of  sets 

1*1 — *\y\ 
m — h-zi 


is  commutative.  In  particular,  if  A -A  A’  is  an  equivalence  then  \X\  -A  |3^|  is  a 
bijection. 
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04XH  Lemma  82.4.3.  Let 

Z Xy  A >■  A 

Y 

Z ^A7 

be  a fibre  product  of  algebraic  stacks.  Then  the  map  of  sets  of  points 


jZXyXl— *|.Z|X|y|  |*| 

is  surjective. 


Proof.  Namely,  suppose  given  fields  K , L and  morphisms  Spec(A')  — »•  A,  Spec(A)  — > 
Z,  then  the  assumption  that  they  agree  as  elements  of  (A7)  means  that  there  is  a 
common  extension  K C M and  L C M such  that  Spec(AA)  — > Spec (A)  — > X — > y 
and  Spec(Af)  — > Spec(A)  — > Z — > y are  2-isomorphic.  And  this  is  exactly  the 
condition  which  says  you  get  a morphism  Spec(Af)  -A  Z Xy  A.  □ 


04X1  Lemma  82.4.4.  Let  f : X -A  A7  be  a morphism  of  algebraic  stacks  which  is 
representable  by  algebraic  spaces.  The  following  are  equivalent: 

(1)  |/|  : |*|  -A  (A7!  is  surjective,  and 

(2)  / is  surjective. 


Proof.  Assume  (1).  Let  T — > y be  a morphism  whose  source  is  a scheme.  To 
prove  (2)  we  have  to  show  that  the  morphism  of  algebraic  spaces  T Xy  X — > T is 
surjective.  By  Morphisms  of  Spaces,  Definition  54.5.2  this  means  we  have  to  show 
that  |T  Xy  X\  -A  |Tj  is  surjective.  Applying  Lemma  82.4.3  we  see  that  this  follows 
from  (1). 


Conversely,  assume  (2).  Let  y : Spec(A ) — > y be  a morphism  from  the  spectrum  of  a 
field  into  y.  By  assumption  the  morphism  Spec(A')  xyyX  — > Spec(A)  of  algebraic 
spaces  is  surjective.  By  Morphisms  of  Spaces,  Definition  |54.5.2|  this  means  there 
exists  a field  extension  K C K'  and  a morphism  Spec(A'7)  -a  Spec(A')  xv^y  * such 
that  the  left  square  of  the  diagram 


Spec(A') >■  Spec(A')  xyy  * >■  * 

''  y V 

Spec(A)  = Spec(A') >-  y 


is  commutative.  This  shows  that  |X|  -a  |32|  is  surjective. 


□ 


Here  is  a lemma  explaining  how  to  compute  the  set  of  points  in  terms  of  a presen- 
tation. 


04XJ 


Lemma  82.4.5.  Let  X be  an  algebraic  stack.  Let  X = [U/R]  be  a presentation  of 
*,  see  Algebraic  Stacks,  Definition  76.16.5  Then  the  image  of  \R\  -A  \U\  x \U\  is 
an  equivalence  relation  and  \X\  is  the  quotient  of  \U\  by  this  equivalence  relation. 


Proof.  The  assumption  means  that  we  have  a smooth  groupoid  (U,  R,  s,t,c)  in 
algebraic  spaces,  and  an  equivalence  / : [U/R]  -A  A.  We  may  assume  X = [U/R]. 
The  induced  morphism  p : U -A  A is  smooth  and  surjective,  see  Algebraic  Stacks, 
Hence  \U\  -A  |*|  is  surjective  by  Lemma  82.4.4  Note  that  R = 


Lemma  76.17.2 
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U Xx  U,  see  Groupoids  in  Spaces,  Lemma [65.21. 2|  Hence  Lemma [82.4.3|  implies 
the  map 

\R\  — ► \U\  xm  \U\ 

is  surjective.  Hence  the  image  of  \R\  — > \U\  x \U\  is  exactly  the  set  of  pairs  (ui,u2)  € 

| U | x \U\  such  that  u\  and  u2  have  the  same  image  in  \X\.  Combining  these  two 
statements  we  get  the  result  of  the  lemma.  □ 


04XK 


Remark  82.4.6.  The  result  of  Lemma 


82.4.5 


can  be  generalized  as  follows.  Let 


X be  an  algebraic  stack.  Let  U be  an  algebraic  space  and  let  / : U — >•  X be  a 
surjective  morphism  (which  makes  sense  by  Section  82.3).  Let  R = U Xx  U,  let 
(U,R,s,t,c)  be  the  groupoid  in  algebraic  spaces,  and  let  fcan  : [U/R]  —>  X be 
the  canonical  morphism  as  constructed  in  Algebraic  Stacks,  Lemma  |76. 16. 1[  Then 
the  image  of  \R\  — ► \U\  x \U\  is  an  equivalence  relation  and  \X\  = |C/|/|i?|.  The 
proof  of  Lemma  [82.4.5  works  without  change.  (Of  course  in  general  [U/R]  is  not 
an  algebraic  stack,  and  in  general  fcan  is  not  an  isomorphism.) 


04XL  Lemma  82.4.7.  There  exists  a unique  topology  on  the  sets  of  points  of  algebraic 
stacks  with  the  following  properties: 

(1)  for  every  morphism  of  algebraic  stacks  X — > y the  map  \X\  -A  |jV|  is 
continuous,  and 

(2)  for  every  morphism  U -A  X which  is  flat  and  locally  of  finite  presentation 
with  U an  algebraic  space  the  map  of  topological  spaces  \U\  -A  \X\  is 
continuous  and  open. 


Proof.  Choose  a morphism  p : U -A  X which  is  surjective,  flat,  and  locally  of 
finite  presentation  with  U an  algebraic  space.  Such  exist  by  the  definition  of  an 
algebraic  stack,  as  a smooth  morphism  is  flat  and  locally  of  finite  presentation  (see 
Morphisms  of  Spaces,  Lemmas  54.36.5  and  54.36.7).  We  define  a topology  on  \X\ 
by  the  rule:  W C \X\  is  open  if  and  only  if  \p\ ~i(W)  is  open  in  |Lj.  To  show  that 
this  is  independent  of  the  choice  of  p,  let  pf  : U'  — > X be  another  morphism  which 
is  surjective,  flat,  locally  of  finite  presentation  from  an  algebraic  space  to  X . Set 
U"  = U Xx  U'  so  that  we  have  a 2-commutative  diagram 


U" 


V 

U 


U' 


^ A 


As  U — > X and  U'  — > X are  surjective,  flat,  locally  of  finite  presentation  we  see 
that  U"  —>  U'  and  U"  — > U are  surjective,  flat  and  locally  of  finite  presentation, 
Hence  the  maps  \U" 


see  Lemma  82.3.2 


\U'\  and  | Cl" | — »•  \U\  are  continuous, 
open  and  surjective,  see  Morphisms  of  Spaces,  Definition [54(5(2] and  Lemma[54.29.6| 
This  clearly  implies  that  our  definition  is  independent  of  the  choice  of  p \ U — > X . 

Let  / : X — > y be  a morphism  of  algebraic  stacks.  By  Algebraic  Stacks,  Lemma 
|76.15.1|  we  can  find  a 2-commutative  diagram 


U 


V 


X 


■y 
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04Y8 


04Y9 


04ZR 


04ZS 


with  surjective  smooth  vertical  arrows.  Consider  the  associated  commutative  dia- 
gram 

\u\—^\v\ 

\a\ 

1*1  \v\ 

▼ |/|  * 

of  sets.  If  W C |jV|  is  open,  then  by  the  definition  above  this  means  exactly  that 
\y\~1(W)  is  open  in  \V\.  Since  |a|  is  continuous  we  conclude  that  \a\~l\y\~l  {W)  = 
\x\~1\f\~1(W)  is  open  in  \W\  which  means  by  definition  that  |/|_1(IC)  is  open  in 
\X\.  Thus  |/|  is  continuous. 

Finally,  we  have  to  show  that  if  U is  an  algebraic  space,  and  U — / X is  flat  and 
locally  of  finite  presentation,  then  \U\  — > \X\  is  open.  Let  V — > X be  surjective, 
flat,  and  locally  of  finite  presentation  with  V an  algebraic  space.  Consider  the 
commutative  diagram 

\UxxV\i—^\U\  X|*|  1^5— ^|V| 


Now  the  morphism  U xx  V — > U is  surjective,  i.e,  / : |C7  xx  V\  \U\  is  surjective. 
The  left  top  horizontal  arrow  is  surjective,  see  Lemma|82.4.3|  The  morphism  U xx 
V — / V is  flat  and  locally  of  finite  presentation,  hence  doe  : \U  xxV\  — ► | V|  is  open, 
see  Morphisms  of  Spaces,  Lemma  54.29.6|  Pick  W C | C7|  open.  The  properties 
above  imply  that  b~1(a(W))  = (do  e)(f~1{W))  is  open,  which  by  construction 
means  that  a(W)  is  open  as  desired.  □ 

Definition  82.4.8.  Let  X be  an  algebraic  stack.  The  underlying  topological  space 
of  X is  the  set  of  points  \X\  endowed  with  the  topology  constructed  in  Lemma 
IH5X71 


This  definition  does  not  conflict  with  the  already  existing  topology  on  \X\  if  X is 
an  algebraic  space. 

Lemma  82.4.9.  Let  X be  an  algebraic  stack.  Every  point  of  \X\  has  a fundamental 
system  of  quasi-compact  open  neighbourhoods.  In  particular  \X\  is  locally  quasi- 
compact in  the  sense  of  Topology,  Definition  \ 5. 1 2. 1\ 


Proof.  This  follows  formally  from  the  fact  that  there  exists  a scheme  U and  a 
surjective,  open,  continuous  map  U — / \X\  of  topological  spaces.  Namely,  if  U — > 
X is  surjective  and  smooth,  then  Lemma  82.4.7  guarantees  that  \U\  — / \X\  is 
continuous,  surjective,  and  open.  □ 


82.5.  Surjective  morphisms 


Let  / : X — > y be  a morphism  of  algebraic  stacks  which  is  representable  by  algebraic 
spaces.  In  Section|82.3|we  have  already  defined  what  it  means  for  / to  be  surjective. 
In  Lemma  82.4.4  we  have  seen  that  this  is  equivalent  to  requiring  |/|  : |A'|  — ► |jV| 
to  be  surjective.  This  clears  the  way  for  the  following  definition. 


Definition  82.5.1.  Let  / : X — > y be  a morphism  of  algebraic  stacks.  We  say  / 
is  surjective  if  the  map  |/|  : \X\  — > |(V|  of  associated  topological  spaces  is  surjective. 
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04ZT 

04ZU 

06PM 

06PN 

04YA 

04YB 

04YC 


04YD 


Here  are  some  lemmas. 

Lemma  82.5.2.  The  composition  of  surjective  morphisms  is  surjective. 

Proof.  Omitted.  □ 


Lemma  82.5.3.  The  base  change  of  a surjective  morphism  is  surjective. 

Proof.  Omitted.  Hint:  Use  Lemma  182. -1.31  □ 

Lemma  82.5.4.  Let  f : X y be  a morphism  of  algebraic  stacks.  Let  y'  — > y 
be  a surjective  morphism  of  algebraic  stacks.  If  the  base  change  f'.y'xyX^y' 
of  f is  surjective,  then  f is  surjective. 

Proof.  Immediate  from  Lemma  [82.4.31  □ 


Lemma  82.5.5.  Let  X — ► y — ► Z be  morphisms  of  algebraic  stacks.  If  X -A  Z is 
surjective  so  is  y — )•  Z. 

Proof.  Immediate.  □ 


82.6.  Quasi-compact  algebraic  stacks 

The  following  definition  is  equivalent  with  the  definition  for  algebraic  spaces  by 
Properties  of  Spaces,  Lemma [53.5. 2| 

Definition  82.6.1.  Let  X be  an  algebraic  stack.  We  say  X is  quasi-compact  if 
and  only  if  \X\  is  quasi-compact. 

Lemma  82.6.2.  Let  X be  an  algebraic  stack.  The  following  are  equivalent: 

(1)  X is  quasi- compact, 

(2)  there  exists  a surjective  smooth  morphism  U — » X with  U a quasi-compact 
scheme, 

(3)  there  exists  a surjective  smooth  morphism  U — > X with  U a quasi-compact 
algebraic  space,  and 

(4)  there  exists  a surjective  morphism  IA  —¥  X of  algebraic  stacks  such  that  U 
is  quasi- compact. 


Proof.  We  will  use  Lemma  82.4.4  Suppose  U and  U -A  X are  as  in  (4).  Then 
since  \U\  — > \X\  is  surjective  and  continuous  we  conclude  that  \X\  is  quasi-compact. 
Thus  (4)  implies  (1).  The  implications  (2)  =>  (3)  =>  (4)  are  immediate.  Assume 
(1),  i.e. , X is  quasi-compact,  i.e.,  that  \X\  is  quasi-compact.  Choose  a scheme  U 
and  a surjective  smooth  morphism  U — > X . Then  since  \U\  — > \X\  is  open  we  see 
that  there  exists  a quasi-compact  open  XJ'  C U such  that  \XJ'\  —>  \X\  is  surjective 
(and  still  smooth).  Hence  (2)  holds.  □ 


Lemma  82.6.3.  A finite  disjoint  union  of  quasi-compact  algebraic  stacks  is  a 
quasi-compact  algebraic  stack. 

Proof.  This  is  clear  from  the  corresponding  topological  fact.  □ 
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82.7.  Properties  of  algebraic  stacks  defined  by  properties  of  schemes 

04YE  Any  smooth  local  property  of  schemes  gives  rise  to  a corresponding  property  of 
algebraic  stacks  via  the  following  lemma.  Note  that  a property  of  schemes  which 
is  smooth  local  is  also  etale  local  as  any  etale  covering  is  also  a smooth  covering. 
Hence  for  a smooth  local  property  P of  schemes  we  know  what  it  means  to  say  that 
an  algebraic  space  has  P,  see  Properties  of  Spaces,  Section  [82. 7[ 

04YF  Lemma  82.7.1.  Let  V be  a property  of  schemes  which  is  local  in  the  smooth  topol- 
ogy, see  Descent,  Definition \3j.ll.l\  Let  X be  an  algebraic  stack.  The  following 
are  equivalent 

(1)  for  some  scheme  U and  some  surjective  smooth  morphism  U — > X the 
scheme  U has  property  V , 

(2)  for  every  scheme  U and  every  smooth  morphism  U — » X the  scheme  U 
has  property  V , 

(3)  for  some  algebraic  space  U and  some  surjective  smooth  morphism  U — > X 
the  algebraic  space  U has  property  V , and 

(4)  for  every  algebraic  space  U and  every  smooth  morphism  U — ► X the  alge- 
braic space  U has  property  V . 

If  X is  a scheme  this  is  equivalent  to  P(U).  If  X is  an  algebraic  space  this  is 
equivalent  to  X having  property  V . 


Proof.  Let  U — > X surjective  and  smooth  with  U an  algebraic  space.  Let  V — > X 
be  a smooth  morphism  with  V an  algebraic  space.  Choose  schemes  U'  and  V'  and 
surjective  etale  morphisms  U'  — > U and  V'  -A  V . Finally,  choose  a scheme  W and  a 
surjective  etale  morphism  W — > V'  x#  U' . Then  W — > V'  and  W -A  XJ'  are  smooth 
morphisms  of  schemes  as  compositions  of  etale  and  smooth  morphisms  of  algebraic 
spaces,  see  Morphisms  of  Spaces,  Lemmas  54.38.6  and  54.36.2  Moreover,  W — > V' 
is  surjective  as  U'  — >•  X is  surjective.  Hence,  we  have 

V{U)  o V(U')  =>  V(W)  =>  V{V')  & V{V) 


where  the  equivalences  are  by  definition  of  property  V for  algebraic  spaces,  and  the 
two  implications  come  from  Descent,  Definition |34. 1 1 . 1]  This  proves  (3)  =>  (4). 

The  implications  (2)  =>  (1),  (1)  =>  (3),  and  (4)  =>  (2)  are  immediate.  □ 


04YG  Definition  82.7.2.  Let  X be  an  algebraic  stack.  Let  V be  a property  of  schemes 
which  is  local  in  the  smooth  topology.  We  say  X has  property  P if  any  of  the 
equivalent  conditions  of  Lemma [82. 7. 1|  hold. 


04YH 


Remark  82.7.3.  Here  is  a list  of  properties  which  are  local  for  the  smooth  topology 
(keep  in  mind  that  the  fpqc,  fppf,  and  syntomic  topologies  are  stronger  than  the 
smooth  topology): 

(1)  locally  Noetherian,  see  Descent,  Lemma  34.12.1 
Jacobson,  see  Descent,  Lemma  34.12.2 


(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 


locally  Noetherian  and  (Sk),  see  Descent,  Lemma  34.13.1 


Cohen-Macaulay,  see  Descent,  Lemma  34.13.2 
reduced,  see  Descent,  Lemma  34.14.1 


normal,  see  Descent,  Lemma  34.14.2 


locally  Noetherian  and  (Rk),  see  Descent,  Lemma  34.14.3 
regular,  see  Descent,  Lemma [34. 14.4 
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(9)  Nagata,  see  Descent,  Lemma  34.14.5 


04YI 


Any  smooth  local  property  of  germs  of  schemes  gives  rise  to  a corresponding  prop- 
erty of  algebraic  stacks.  Note  that  a property  of  germs  which  is  smooth  local  is 
also  etale  local.  Hence  for  a smooth  local  property  of  germs  of  schemes  P we  know 
what  it  means  to  say  that  an  algebraic  space  X has  property  P at  x £ |X|,  see 
Properties  of  Spaces,  Section  [82. 7[ 

Lemma  82.7.4.  Let  X be  an  algebraic  stack.  Let  x £ \X\  be  a point  of  X . Let 
V be  a property  of  germs  of  schemes  which  is  smooth  local,  see  Descent,  Definition 
3f.l7.1\  The  following  are  equivalent 

(1)  for  any  smooth  morphism  U — > X with  U a scheme  and  u £ U with 
a{u ) = x we  have  V(U,u), 

(2)  for  some  smooth  morphism  U — > X with  U a scheme  and  some  u £ U 
with  a(u)  = x we  have  V(U,u), 

(3)  for  any  smooth  morphism  U — > X with  U an  algebraic  space  and  u £ \U\ 
with  a(u)  = x the  algebraic  space  U has  property  V at  u,  and 

(4)  for  some  smooth  morphism  U X with  U a an  algebraic  space  and  some 
u £ \U\  with  a(u)  = x the  algebraic  space  U has  property  V at  u. 

If  X is  representable,  then  this  is  equivalent  to  P(X,x).  If  X is  an  algebraic  space 
then  this  is  equivalent  to  X having  property  V at  x. 


Proof.  Let  a : U — )•  X and  u £ \U\  as  in  (3).  Let  b : V — > X be  another  smooth 
morphism  with  V an  algebraic  space  and  v £ \V\  with  b(v)  = x also.  Choose  a 
scheme  U' , an  etale  morphism  [/'—>■  U and  v!  £ U'  mapping  to  u.  Choose  a scheme 
V',  an  etale  morphism  V'  — > V and  v'  £ V'  mapping  to  v.  By  Lemma  82.4.3  there 
exists  a point  w £ \V'  x#  U'\  mapping  to  v!  and  v' . Choose  a scheme  W and  a 
surjective  etale  morphism  W — > V'  x * U' . We  may  choose  a w £ \W\  mapping 
to  w (see  Properties  of  Spaces,  Lemma  53.4.41.  Then  W — > V'  and  W -4  U'  are 
smooth  morphisms  of  schemes  as  compositions  of  etale  and  smooth  morphisms  of 
algebraic  spaces,  see  Morphisms  of  Spaces,  Lemmas  |54.38.6|  and  |54.36?2  Hence 


V(U,  u ) P(U',  u)  & V{W,  w ) P(V',  v')  ^ V(V,  v) 


The  outer  two  equivalences  by  Properties  of  Spaces,  Definition [537775] and  the  other 
two  by  what  it  means  to  be  a smooth  local  property  of  germs  of  schemes.  This 
proves  (4)  =>  (3). 


The  implications  (1)  =>  (2),  (2)  =>  (4),  and  (3)  =>  (1)  are  immediate.  □ 


04YJ  Definition  82.7.5.  Let  V be  a property  of  germs  of  schemes  which  is  smooth 
local.  Let  X be  an  algebraic  stack.  Let  x £ \X\.  We  say  X has  property  V at  a;  if 
any  of  the  equivalent  conditions  of  Lemma [82. 7. 4|  holds. 


82.8.  Monomorphisms  of  algebraic  stacks 

04ZV  We  define  a monomorphism  of  algebraic  stacks  in  the  following  way.  We  will  see  in 
Lemma [82. 8. 4|  that  this  is  compatible  with  the  corresponding  2-category  theoretic 
notion. 

04ZW  Definition  82.8.1.  Let  / : X — > y be  a morphism  of  algebraic  stacks.  We  say  / 
is  a monomorphism  if  it  is  representable  by  algebraic  spaces  and  a monomorphism 
in  the  sense  of  Section  182.31 
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First  some  basic  lemmas. 


04ZX  Lemma  82.8.2.  Let  X — >■  y be  a morphism  of  algebraic  stacks.  Let  Z -A  y be  a 
monomorphism.  Then  Z Xy  X -A  X is  a monomorphism. 

Proof.  This  follows  from  the  general  discussion  in  Section [82. 3|  □ 

04ZY  Lemma  82.8.3.  Compositions  of  monomorphisms  of  algebraic  stacks  are  monomor- 
phisms. 


04ZZ 


Proof.  This  follows  from  the  general  discussion  in  Section  82.3  and  Morphisms  of 
Spaces,  Lemma [54.10.41  □ 


Lemma  82.8.4.  Let  f : X — >•  y be  a morphism  of  algebraic  stacks.  The  following 
are  equivalent: 

(1)  f is  a monomorphism, 

(2)  f is  fully  faithful, 

(3)  the  diagonal  Af  : X — > X Xy  X is  an  equivalence,  and 

(4)  there  exists  an  algebraic  space  W and  a surjective,  flat  morphism  W — > y 
which  is  locally  of  finite  presentation  such  that  V = XxyW  is  an  algebraic 
space,  and  the  morphism  V — > W is  a monomorphism  of  algebraic  spaces. 


Proof.  The  equivalence  of  (1)  and  (4)  follows  from  the  general  discussion  in  Section 
|82.3|  and  in  particular  Lemmas  |82.3.1|  and  |82.3.3| 


The  equivalence  of  (2)  and  (3)  is  Categories,  Lemma  4.34.9 


Assume  the  equivalent  conditions  (2)  and  (3).  Then  / is  representable  by  algebraic 
spaces  according  to  Algebraic  Stacks,  Lemma  |76.15.2|  Moreover,  the  2-Yoneda 
lemma  combined  with  the  fully  faithfulness  implies  that  for  every  scheme  T the 
functor 

Mor (T,X)  — > Mor(T,;y) 


is  fully  faithful.  Hence  given  a morphism  y : T — ► y there  exists  up  to  unique 
2-isomorphism  at  most  one  morphism  x : T — > X such  that  y = fox.  In  particular, 
given  a morphism  of  schemes  h : T'  — ► T there  exists  at  most  one  lift  h : T'  — ► 
T Xy  X of  h.  Thus  T Xy  X — »Tisa  monomorphism  of  algebraic  spaces,  which 
proves  that  (1)  holds. 


Finally,  assume  that  (1)  holds.  Then  for  any  scheme  T and  morphism  y : T — » y the 
fibre  product  T Xy  X is  an  algebraic  space,  and  T Xy  X — » T is  a monomorphism. 
Hence  there  exists  up  to  unique  isomorphism  exactly  one  pair  ( x , a)  where  x : T -A 
A is  a morphism  and  a : f ox  — > y is  & 2-morphism.  Applying  the  2-Yoneda  lemma 
this  says  exactly  that  / is  fully  faithful,  i.e.,  that  (2)  holds.  □ 


0500  Lemma  82.8.5.  A monomorphism  of  algebraic  stacks  induces  an  injective  map 
of  sets  of  points. 


Proof.  Let  / : X — > y be  a monomorphism  of  algebraic  stacks.  Suppose  that 
Xi  : Spec (Ki)  — > X be  morphisms  such  that  / ox\  and  / ojr2  define  the  same  element 
of  |3^|.  Applying  the  definition  we  find  a common  extension  Q with  corresponding 
morphisms  Cj  : Spec(H)  — > Spec (Kfl  and  a 2-isomorphism  /3  : / oaqoci  — > /oaqoc 2- 
As  / is  fully  faithful,  see  Lemma  |82.8.4[  we  can  lift  (3  to  an  isomorphism  a : 
/oaqoci  — > foxioc2-  Hence  X\  and  X2  define  the  same  point  of  \X\  as  desired.  □ 
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82.9.  Immersions  of  algebraic  stacks 


04  YK 
04YL 


Immersions  of  algebraic  stacks  are  defined  as  follows. 

Definition  82.9.1.  Immersions. 

A morphism  of  algebraic  stacks  is  called  an  open  immersion  if  it  is  repre- 
sentable, and  an  open  immersion  in  the  sense  of  Section  |82.3| 

A morphism  of  algebraic  stacks  is  called  a closed  immersion  if  it  is  repre- 
sentable, and  a closed  immersion  in  the  sense  of  Section  182.3 


(1) 

(2) 

(3) 


A morphism  of  algebraic  stacks  is  called  an  immersion  if  it  is  representable, 
and  an  immersion  in  the  sense  of  Section  T82.31 


This  is  not  the  most  convenient  way  to  think  about  immersions  for  us.  For  us  it 
is  a little  bit  more  convenient  to  think  of  an  immersion  as  a morphism  of  algebraic 
stacks  which  is  representable  by  algebraic  spaces  and  is  an  immersion  in  the  sense 
of  Section  |82.3|  Similarly  for  closed  and  open  immersions.  Since  this  is  clearly 
equivalent  to  the  notion  just  defined  we  shall  use  this  characterization  without 
further  mention.  We  prove  a few  simple  lemmas  about  this  notion. 

0501  Lemma  82.9.2.  Let  X — » y be  a morphism  of  algebraic  stacks.  Let  Z — ► y be 
a (closed,  resp.  open)  immersion.  Then  Z Xy  X -A  X is  a (closed,  resp.  open) 
immersion. 


0502 


Proof.  This  follows  from  the  general  discussion  in  Section [82.3 


□ 


Lemma  82.9.3.  Compositions  of  immersions  of  algebraic  stacks  are  immersions. 
Similarly  for  closed  immersions  and  open  immersions. 


Proof.  This  follows  from  the  general  discussion  in  Section  82.3  and  Spaces,  Lemma 
152.12.21  □ 


0503  Lemma  82.9.4.  Let  f : X — ► y be  a morphism  of  algebraic  stacks,  let  W be  an 
algebraic  space  and  let  W — ► y be  a surjective,  flat  morphism  which  is  locally  of 
finite  presentation.  The  following  are  equivalent: 

(1)  f is  an  (open,  resp.  closed)  immersion,  and 

(2)  V = W Xy  X is  an  algebraic  space,  and  V — > W is  an  (open,  resp.  closed) 
immersion. 

Proof.  This  follows  from  the  general  discussion  in  Section  |82.3|  and  in  particular 
Lemmas  182.3.11  and  182.3.31  □ 

0504  Lemma  82.9.5.  An  immersion  is  a monomorphism. 

Proof.  See  Morphisms  of  Spaces,  Lemma [54. 10.7[  □ 

The  following  two  lemmas  explain  how  to  think  about  immersions  in  terms  of 
presentations. 

0505  Lemma  82.9.6.  Let  (U,  R,  s,t,c)  be  a smooth  groupoid  in  algebraic  spaces.  Let 
i : Z [U/R]  be  an  immersion.  Then  there  exists  an  R-invariant  locally  closed 
subspace  Z C U and  a presentation  [Z/Rz]  — > Z where  Rz  is  the  restriction  of  R 
to  Z such  that 


[Z/Rz] 


z 
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is  2-commutative.  If  i is  a closed  (resp.  open)  immersion  then  Z is  a closed  (resp. 
open)  subspace  ofU. 

Proof.  By  Lemma  [82. 3.6|  we  get  a commutative  diagram 

[U'/R!] Z 


[U/R] 


where  U'  = Z x [rj/R]  U and  R'  = Z x [u/r]  R-  Since  Z — > [U/R]  is  an  immersion 
we  see  that  U'  —¥  U is  an  immersion  of  algebraic  spaces.  Let  Z C U be  the  locally 
closed  subspace  such  that  U'  — > U factors  through  Z and  induces  an  isomorphism 
U'  — > Z.  It  is  clear  from  the  construction  of  R'  that  R'  = U'  Xjj  t R = R xSyu  U' . 
This  implies  that  Z = U'  is  f?-invariant  and  that  the  image  of  R'  —>  R identifies  R' 
with  the  restriction  Rz  = s_1(Z)  = t~1{Z)  of  R to  Z.  Hence  the  lemma  holds.  □ 

04YN  Lemma  82.9.7.  Let  (U,  R,s,t,c)  be  a smooth  groupoid  in  algebraic  spaces.  Let 


Let  Z C U be  an  R-invariant  locally  closed  subspace.  Then 


X = [U/R]  be  the  associated  algebraic  stack,  see  Algebraic  Stacks,  Theorem  76.17.3 


[Z/Rz]  — ► [U/R] 


is  an  immersion  of  algebraic  stacks,  where  Rz  is  the  restriction  of  R to  Z.  If  Z C U 
is  open  (resp.  closed)  then  the  morphism  is  an  open  (resp.  closed)  immersion  of 
algebraic  stacks. 


Proof.  Recall  that  by  Groupoids  in  Spaces,  Definition  65.17.1  (see  also  discussion 
following  the  definition)  we  have  Rz  = s~1(Z)  = t_1{Z)  as  locally  closed  subspaces 
of  R.  Hence  the  two  morphisms  Rz  — t Z are  smooth  as  base  changes  of  s and 
t.  Hence  (Z,  Rz,  s|rz,  t\nz,  c\rzXs  z tuz)  is  a smooth  groupoid  in  algebraic  spaces, 


and  we  see  that  [Z/Rz]  is  an  algebraic  stack,  see  Algebraic  Stacks,  Theorem  76.17.3 


The  assumptions  of  Groupoids  in  Spaces,  Lemma  |65.24.3|  are  all  satisfied  and  it 
follows  that  we  have  a 2-fibre  square 


Z [Z/Rz] 


U [U/R] 

It  follows  from  this  and  Lemma 
algebraic  spaces,  whereupon  it  follows  from  Lemma  |82.3.3|  that  the  right  vertical 
arrow  is  an  immersion  (resp.  closed  immersion,  resp.  open  immersion)  if  and  only 
if  the  left  vertical  arrow  is.  □ 


82.3.1  that  [Z/Rz]  — ► [U/R]  is  representable  by 


We  can  define  open,  closed,  and  locally  closed  substacks  as  follows. 

04YM  Definition  82.9.8.  Let  X be  an  algebraic  stack. 

(1)  An  open  substack  of  A is  a strictly  full  subcategory  X'  C X such  that  X' 
is  an  algebraic  stack  and  X'  — > X is  an  open  immersion. 

(2)  A closed  substack  of  A is  a strictly  full  subcategory  X'  C A such  that  A' 
is  an  algebraic  stack  and  X'  — > X is  a closed  immersion. 

(3)  A locally  closed  substack  of  A is  a strictly  full  subcategory  A'  C A such 
that  A'  is  an  algebraic  stack  and  X'  — > A is  an  immersion. 
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This  definition  should  be  used  with  caution.  Namely,  if  / : X — ► y is  an  equivalence 
of  algebraic  stacks  and  X'  C X is  an  open  substack,  then  it  is  not  necessarily  the 
case  that  the  subcategory  f(X')  is  an  open  substack  of  y.  The  problem  is  that  it 
may  not  be  a strictly  full  subcategory;  but  this  is  also  the  only  problem.  Here  is  a 
formal  statement. 


0506  Lemma  82.9.9.  For  any  immersion  i : Z -A  X there  exists  a unique  locally 
closed  substack  X'  C X such  that  i factors  as  the  composition  of  an  equivalence 
i'  : Z — > X'  followed  by  the  inclusion  morphism  X'  — > X.  If  i is  a closed  (resp. 
open)  immersion,  then  X'  is  a closed  (resp.  open)  substack  of  X . 

Proof.  Omitted.  □ 


0507  Lemma  82.9.10.  Let  [U/R]  -A  X be  a presentation  of  an  algebraic  stack.  There 
is  a canonical  bijection 

R-invariant  locally  closed  subspaces  Z of  U xa  locally  closed  substacks  Z of  X 

where  if  Z corresponds  to  Z,  then  [ Z/Rz } -A  Z is  a presentation  fitting  into  a 
2-commutative  diagram  with  the  given  presentation  of  X . Similarly  for  closed  sub- 
stacks and  open  substacks. 


Proof.  Omitted.  Hints:  Use  Lemma  |82.9.6|  to  go  from  right  to  left  and  Lemma 
|82.9.7|from  left  to  right.  □ 

06FJ  Lemma  82.9.11.  Let  X be  an  algebraic  stack.  The  rule  IA  ha  \IA\  defines  an 
inclusion  preserving  bijection  between  open  substacks  of  X and  open  subsets  o/|Aj. 


05UP 


Proof.  Choose  a presentation  [U/R]  -A  X , see  Algebraic  Stacks,  Lemma  76.16.2 


By  Lemma  82.9.10  we  see  that  open  substacks  correspond  to  A- invariant  open 
subschemes  of  U.  On  the  other  hand  Lemmas  |82.4.5|  and  |82.4.7|  guarantee  these 
correspond  bijectively  to  open  subsets  of  \X\.  □ 


Lemma  82.9.12.  Let  X be  an  algebraic  stack.  Let  U be  an  algebraic  space  and 
U — ^ X a surjective  smooth  morphism.  For  an  open  immersion  f A P,  there 
exists  an  algebraic  stack  y,  an  open  immersion  y -A  X,  and  a surjective  smooth 
morphism  V — > y. 


Proof.  We  define  a category  fibred  in  groupoids  y by  letting  the  fiber  category 
A’t  over  an  object  T of  (Sch/S)  fppf  be  the  full  subcategory  of  Xt  consisting  of  all 
y £ Ob(AV)  such  that  the  projection  morphism  V Xx,y  T -A  T surjective.  Now  for 
any  morphism  x : T — > X,  the  2-fibred  product  T xx  x y has  fiber  category  over 
T'  consisting  of  triples  (/  : T'  — > T,  y £ Xx>,f*x  ~ y)  such  that  V Xx,y  T'  -A  T' 
is  surjective.  Note  that  T y is  fibered  in  setoids  since  y -A  X is  faithful  (see 
Stacks,  Lemma  8.6.7).  Now  the  isomorphism  f*x  — y gives  the  diagram 


VXX,yT' 


■V  X 


X,x 


V 


V 


T 


X 


where  both  squares  are  cartesian.  The  morphism  V Xx,x  T — > T is  smooth  by  base 
change,  and  hence  open.  Let  To  C T be  its  image.  From  the  cartesian  squares  we 
deduce  that  V xX  y V -A  T'  is  surjective  if  and  only  if  / lands  in  T0.  Therefore 
T xx  x y is  representable  by  T0,  so  the  inclusion  y — > X is  an  open  immersion.  By 
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Algebraic  Stacks,  Lemma  [76. 15. 5|  we  conclude  that  y is  an  algebraic  stack.  Lastly 
if  we  denote  the  morphism  V — > A by  g,  we  have  V x x V ~ > V is  surjective  (the 
diagonal  gives  a section).  Hence  g is  in  the  image  of  3V  — > Ay,  i.e.,  we  obtain  a 
morphism  g'  : V -A  y fitting  into  the  commutative  diagram 

V 

a' 

y — 

Since  V xg,x  y — t V is  a monomorphism,  it  is  in  fact  an  isomorphism  since  (1  ,g') 
defines  a section.  Therefore  g'  : V — >•  y is  a smooth  morphism,  as  it  is  the  base 
change  of  the  smooth  morphism  g : V — > X . It  is  surjective  by  our  construction  of 
y which  finishes  the  proof  of  the  lemma.  □ 


05UQ  Lemma  82.9.13.  Let  X be  an  algebraic  stack  and  A)  C X a collection  of  open 
substacks  indexed  by  i £ I.  Then  there  exists  an  open  substack,  which  we  denote 
U<6,  Xi  C X , such  that  the  A)  are  open  substacks  covering  it. 

Proof.  We  define  a fibred  subcategory  X'  = (Jigj  Xt  by  letting  the  fiber  category 
over  an  object  T of  (Sch/S)fppf  be  the  full  subcategory  of  Xt  consisting  of  all 
x £ Ob  (At)  such  that  the  morphism  U,e/(Aj  xx  T)  — > T is  surjective.  Let 

Xi  £ Ob((A))T).  Then  (xj,  1)  gives  a section  of  Aj  xx  T -A  T,  so  we  have  an 

isomorphism.  Thus  Aj  C A'  is  a full  subcategory.  Now  let  x £ Ob(Ar).  Then 
Aj  Xx  T is  representable  by  an  open  subscheme  Tj  C T.  The  2-fibred  product 

A ' Xx  T has  fiber  over  V consisting  of  (y  £ Arc/  : V -A  T,f*x  ~ y)  such 

that  U(Aj  x x,y  T')  -A  T'  is  surjective.  The  isomorphism  f*x  — y induces  an 
isomorphism  Aj  x x,y  T'  ~ Tj  Xt  T' . Then  the  T)  XtT'  cover  T'  if  and  only  if  / 
lands  in  (J  Tj . Therefore  we  have  a diagram 


Tt 

V ^ . v 

a A 


with  both  squares  cartesian.  By  Algebraic  Stacks,  Lemma[76.15.5|we  conclude  that 
X'  C A is  algebraic  and  an  open  substack.  It  is  also  clear  from  the  cartesian  squares 
above  that  the  morphism  He/  Aj  -A  A'  which  finishes  the  proof  of  the  lemma.  □ 


05UR 


Lemma  82.9.14.  Let  X be  an  algebraic  stack  and  X'  C A a quasi-compact  open 
substack.  Suppose  that  we  have  a collection  of  open  substacks  Aj  C A indexed  by 


Then  there  exists  a finite  subset  I C I such  that  X C Uie/'  A i- 


i £ I such  that  X'  C Uez  Aj,  where  we  define  the  union  as  in  Lemma  \82.9.  lf\ 


Proof.  Since  A is  algebraic,  there  exists  a scheme  U with  a surjective  smooth 
morphism  U — > A.  Let  t/j  C U be  the  open  subscheme  representing  Aj  Xx  U and 

V C U the  open  subscheme  representing  A ” Xx  U.  By  hypothesis,  U'  C UieiUi- 
From  the  proof  of  Lemma  82.6.2  there  is  a quasi-compact  open  V C U'  such  that 

V — > X'  is  a surjective  smooth  morphism.  Therefore  there  exists  a finite  subset 
I'  C I such  that  V C (Jje/'  We  claim  that  A'  C (J jg/'  Aj.  Take  x £ Ob(A^) 
for  T £ Ob ((Sch/S)fppf).  Since  X' 


A”  is  a monomorphism,  we  have  cartesian 
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squares 

V xxT T 

X X 

I Y Y 

V A' >■  A 

By  base  change,  V xx  T — ► T is  surjective.  Therefore  |JieJ/  Ui  xx  T — y T is  also 
surjective.  Let  C T be  the  open  subscheme  representing  A,  xxT . By  a formal 
argument,  we  have  a Cartesian  square 

Ui  xXi  Ti >-  U xxT 


T 

l 


where  the  vertical  arrows  are  surjective  by  base  change.  Since  Ui  xXiTi  ~UiXXT, 
we  find  that  U = T.  Hence  x is  an  object  of  (Ui6//  %i)r  by  definition  of 
the  union.  Observe  that  the  inclusion  X'  C is  automatically  an  open 

substack.  □ 


05WE  Lemma  82.9.15.  Let  X be  an  algebraic  stack.  Let  Xi,  i € / be  a set  of  open 
substacks  of  X . Assume 

(1)  X = {JieIXi,  and 

(2)  each  X \ is  an  algebraic  space. 

Then  X is  an  algebraic  space. 


Proof.  Apply  Stacks,  Lemma 


8.6.10 


to  the  morphism  ]J 


phism  id  : X — ► X to  see  that  A is  a stack  in  setoids. 
space,  see  Algebraic  Stacks,  Proposition |76.13aS1 


Ai  — > X and  the  mor- 
Hence  X is  an  algebraic 
□ 


05WF  Lemma  82.9.16.  Let  X be  an  algebraic  stack.  Let  Xi,  i € / be  a set  of  open 
substacks  of  X . Assume 

(1)  X = \JieIXi,  and 

(2)  each  Xi  is  a scheme 

Then  X is  a scheme. 


Proof.  By  Lemma[82.9.15|we  see  that  X is  an  algebraic  space.  Since  any  algebraic 
space  has  a largest  open  subspace  which  is  a scheme,  see  Properties  of  Spaces, 
Lemma T53. 12. II  we  see  that  A is  a scheme.  □ 

The  following  lemma  is  the  analogue  of  More  on  Groupoids,  Lemma |39.5.1| 

06M3  Lemma  82.9.17.  Let  V,Q,1Z  be  properties  of  morphisms  of  algebraic  spaces. 
Assume 

(1)  V,  Q,  1Z  are  fppf  local  on  the  target  and  stable  under  arbitrary  base  change, 

(2)  smooth  =>■  1Z, 

(3)  for  any  morphism  f : X — ► Y which  has  Q there  exists  a largest  open 
subspace  W(V,f)  C X such  that  f\w(v,f)  has  V,  and 

(4)  for  any  morphism  f : X — ► Y which  has  Q,  and  any  morphism  Y'  — > Y 
which  has  1Z  we  have  Y'  Xy  W(fP,f)  = W(V,f),  where  f : XY'  — > Y' 
is  the  base  change  of  f. 
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Let  f : X -A  y be  a morphisms  of  algebraic  stacks  representable  by  algebraic  spaces. 
Assume  f has  Q.  Then 

(A)  there  exists  a largest  open  substack  X'  C X such  that  f\x'  has  V , and 

(B)  if  Z -A  y is  a morphism  of  algebraic  stacks  representable  by  algebraic 
spaces  which  has  1Z  then  Z Xy  X'  is  the  largest  open  substack  of  Z Xy  X 
over  which  the  base  change  idz  x f has  property  V . 

Proof.  Choose  a scheme  V and  a surjective  smooth  morphism  V — > y.  Set  U = 

V Xy  X and  let  /'  : U — > V be  the  base  change  of  /.  The  morphism  of  algebraic 
spaces  /'  : U -A  V has  property  Q.  Thus  we  obtain  the  open  W(V,f)  C U 
by  assumption  (3).  Note  that  U Xx  U = (V  Xy  V)  Xy  X hence  the  morphism 
f"  : U xx  U -A  V x y V is  the  base  change  of  / via  either  projection  V XyV  -A  V. 
By  our  choice  of  V these  projections  are  smooth,  hence  have  property  7 Z by  (2). 
Thus  by  (4)  we  see  that  the  inverse  images  of  W(V,  f)  under  the  two  projections 
pr4  : U x x U — >•  U agree.  In  other  words,  W(V , /')  is  an  R-invariant  subspace  of  U 
(where  R=U  Xx  U).  Let  X'  be  the  open  substack  of  X corresponding  to  W(V,  f) 
via  Lemma  82.9.6  By  construction  W(V,f)  = X'  Xy  V hence  f\x>  has  property 

V by  Lemma  82.3.3  Also,  X'  is  the  largest  open  substack  such  that  f\x'  has  V as 


the  same  maximality  holds  for  W(V,f).  This  proves  (A). 

Finally,  if  Z — ► y is  a morphism  of  algebraic  stacks  representable  by  algebraic 
spaces  which  has  7 Z then  we  set  T = VxyZ  and  we  see  that  T — > V is  a morphism 
of  algebraic  spaces  having  property  1Z.  Set  ftp  : T Xy  U — >•  T the  base  change  of 
/'.  By  (4)  again  we  see  that  W{ V,  f'T)  is  the  inverse  image  of  WlfP,  f)  in  T XyU. 
This  implies  (B);  some  details  omitted.  □ 


Remark  82.9.18.  Warning:  Lemma  82.9.17  should  be  used  with  care.  For  ex- 
ample, it  applies  to  V = “flat" , Q = “empty” , and  7 Z =“flat  and  locally  of  finite 
presentation”.  But  given  a morphism  of  algebraic  spaces  / : X — > Y the  largest 
open  subspace  W C X such  that  f\w  is  flat  is  not  the  set  of  points  where  / is  flat! 


82.9.18 


there  are 


Remark  82.9.19.  Notwithstanding  the  warning  in  Remark 
some  cases  where  Lemma |82.9.17|  can  be  used  without  causing  ambiguity.  We  give 
a list.  In  each  case  we  omit  the  verification  of  assumptions  (1)  and  (2)  and  we  give 
references  which  imply  (3)  and  (4).  Here  is  the  list: 


(1) 

(2) 

(3) 

(4) 


Q = “locally  of  finite  type”,  7 2.  = 0,  and  V = “relative  dimension  < d” . 
See  Morphisms  of  Spaces,  Definition  |54.32.2|  and  Morphisms  of  Spaces, 
Lemmas  154.33.41  and  154.33.31 

Q = “locally  of  finite  type”,  7Z  = 0,  and  V = “locally  quasi-finite” . This 
is  the  case  d = 0 of  the  previous  item,  see  Morphisms  of  Spaces,  Lemma 
54.33.6  On  the  other  hand,  properties  (3)  and  (4)  are  spelled  out  in 
Morphisms  of  Spaces,  Lemma [54. 33. 7[ 

Q = “locally  of  finite  type”,  1Z  = 0,  and  V = “unramified” . This  is  Mor- 
phisms of  Spaces,  Lemma  [54.37. 10| 

Q = “locally  of  finite  presentation”,  1Z  =“flat  and  locally  of  finite  pre- 
sentation”, and  V =“flat”.  See  More  on  Morphisms  of  Spaces,  Theorem 
63.19.1  and  Lemma  63.19.2  Note  that  here  W(fP , /)  is  always  exactly  the 


set  of  points  where  the  morphism  / is  flat  because  we  only  consider  this 
open  when  / has  Q (see  loc.cit.). 
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(5)  Q = “locally  of  finite  presentation” , TZ  = “flat  and  locally  of  finite  presen- 
tation”, and  V =“etale”.  This  follows  on  combining  ([3])  and  Q because 
an  unramified  morphism  which  is  flat  and  locally  of  finite  presentation  is 
etale,  see  Morphisms  of  Spaces,  Lemma [54. 38. 12| 

(6)  Add  more  here  as  needed  (compare  with  the  longer  list  at  More  on  Groupoids, 


Remark  39.5.3 1 . 


82.10.  Reduced  algebraic  stacks 

We  have  already  defined  reduced  algebraic  stacks  in  Section  [82. 7| 

Lemma  82.10.1.  Let  X be  an  algebraic  stack.  Let  T C \X\  be  a closed  subset. 
There  exists  a unique  closed  substack  Z C X with  the  following  properties:  (a)  we 
have  \Z\  = T,  and  (b)  Z is  reduced. 

Proof.  Let  U -A  A be  a surjective  smooth  morphism,  where  U is  an  algebraic 
space.  Set  R = U xx  U,  so  that  there  is  a presentation  [U/R]  — > X , see  Algebraic 
Stacks,  Lemma[76.16.2[  As  usual  we  denote  s,t  : R -»  U the  two  smooth  projection 
morphisms.  By  Lemma[82.4.5  we  see  that  T corresponds  to  a closed  subset  T'  C \U\ 


such  that  |s|_1(T')  = |t|_1(T').  Let  Z C U be  the  reduced  induced  algebraic  space 
structure  on  T' , see  Properties  of  Spaces,  Definition  |53.11.6[  The  fibre  products 
Z x u,t  R and  R xSjj/  Z are  closed  subspaces  of  R (Spaces,  Lemma  52.12.3).  The 
projections  Z Xjj,t  R — t Z and  R xsjj  Z Z are  smooth  by  Morphisms  of  Spaces, 


Lemma  54.36.3  Thus  as  Z is  reduced,  it  follows  that  Z XjjtR  and  R x s U Z are 
reduced,  see  Remark [82.7. 3|  Since 

\Z  x u t R\  = \t\~\T')  = = R xS:U  Z 


we  conclude  from  the  uniqueness  in  Properties  of  Spaces,  Lemma  53.11.4|  that 
Z Xu, t R = R x s u Z.  Hence  Z is  an  17-invariant  closed  subspace  of  U.  By 
the  correspondence  of  Lemma [82.9. 10  (and  its  proof)  we  obtain  a closed  substack 
Z C Z with  a presentation  [Z/Rz]  — ► Z.  Then  |Z|  = \Z\/\Rz\  = |T'|/  ~ is  the 
given  closed  subset  T.  We  omit  the  proof  of  unicity.  □ 

Lemma  82.10.2.  Let  X be  an  algebraic  stack.  If  X'  C X is  a closed  substack,  X 
is  reduced  and  \X'\  = \X\,  then  X'  = X . 

Proof.  Choose  a presentation  [U/R]  — > X with  U a scheme.  As  X is  reduced,  we 
see  that  U is  reduced  (by  definition  of  reduced  algebraic  stacks).  By  Lemma  82.9.10 
X'  corresponds  to  an  17-invariant  closed  subscheme  Z C U . But  now  \Z\  C \U\  is 
the  inverse  image  of  \X'\,  and  hence  \Z\  = \U\.  Hence  Z is  a closed  subscheme 


of  U whose  underlying  sets  of  points  agree.  By  Schemes,  Lemma  25.12.6  the  map 
idy  : U —>  U factors  through  Z — > U,  and  hence  Z = U,  i.e.,  X'  = X.  □ 

Lemma  82.10.3.  Let  X , y be  algebraic  stacks.  Let  Z C X be  a closed  substack 
Assume  y is  reduced.  A morphism  f : y — > X factors  through  Z if  and  only  if 

/( >' ) c |z  . 

Proof.  Assume  /(|(y|)  C |Z|.  Consider  y x x Z —>■  y.  There  is  an  equivalence 
y xxZ  ->■  y'  where  y'  is  a closed  substack  of  y , see  Lemmas |82.9.2  and  82.9.9 


Using  Lemmas  82.4.3  82.8.5  and  82.9.5  we  see  that  |(V,|  = |(V|.  Hence  we  have 
reduced  the  lemma  to  Lemma  182.10.21  □ 
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Definition  82.10.4.  Let  X be  an  algebraic  stack.  Let  Z C \X\  be  a closed 
subset.  An  algebraic  stack  structure  on  Z is  given  by  a closed  substack  Z of  X 
with  \Z\  equal  to  Z.  The  reduced  induced  algebraic  stack  structure  on  Z is  the  one 
constructed  in  Lemma  82.10.1|  The  reduction  Xred  of  X is  the  reduced  induced 
algebraic  stack  structure  on  \X\. 


In  fact  we  can  use  this  to  define  the  reduced  induced  algebraic  stack  structure  on 
a locally  closed  subset. 


Remark  82.10.5.  Let  X be  an  algebraic  stack.  Let  T C \X\  be  a locally  closed 
subset.  Let  dT  be  the  boundary  of  T in  the  topological  space  \X\.  In  a formula 


dT  = T\T. 

Let  U C X be  the  open  substack  of  X with  \U\  = \X\  \ dT,  see  Lemma  82.9.11 
Let  Z be  the  reduced  closed  substack  of  U with  \Z\  = T obtained  by  taking  the 
reduced  induced  closed  subspace  structure,  see  Definition  82.10.4  By  construction 
Z -A  IA  is  a closed  immersion  of  algebraic  stacks  and  IA  — > X is  an  open  immersion, 
hence  Z — > X is  an  immersion  of  algebraic  stacks  by  Lemma  [82. 9. 3|  Note  that  Z 
is  a reduced  algebraic  stack  and  that  \Z\  =T  as  subsets  of  X|.  We  sometimes  say 
Z is  the  reduced  induced  substack  structure  on  T. 


82.11.  Residual  gerbes 


In  the  stacks  project  we  would  like  to  define  the  residual  gerbe  of  an  algebraic  stack 
X at  a point  x £ \X\  to  be  a monomorphisnr  of  algebraic  stacks  mx  : Zx  — ► X where 
Zx  is  a reduced  algebraic  stack  having  a unique  point  which  is  mapped  by  mx  to 
x.  It  turns  out  that  there  are  many  issues  with  this  notion;  existence  is  not  clear 
in  general  and  neither  is  uniqueness.  We  resolve  the  uniqueness  issue  by  imposing 
a slightly  stronger  condition  on  the  algebraic  stacks  Zx.  We  discuss  this  in  more 
detail  by  working  through  a few  simple  lemmas  regarding  reduced  algebraic  stacks 
having  a unique  point. 

Lemma  82.11.1.  Let  Z be  an  algebraic  stack.  Let  k be  a field  and  let  Spec (k)  — > Z 
be  surjective  and  flat.  Then  any  morphism  Spec^')  — > Z where  k'  is  a field  is 
surjective  and  flat. 

Proof.  Consider  the  fibre  square 

T 3-  Spec(fc) 


Spec(fc') s-  Z 


Note  that  T -A  Spec(fc')  is  flat  and  surjective  hence  T is  not  empty.  On  the  other 
hand  T — > Spec [k)  is  flat  as  k is  a held.  Hence  T — > Z is  hat  and  surjective.  It 
follows  from  Morphisms  of  Spaces,  Lemma  54.30.5  (via  the  discussion  in  Section 
82.3)  that  Spec(fc')  — > Z is  hat.  It  is  clear  that  it  is  surjective  as  by  assumption 
\Z\  is  a singleton.  □ 


Lemma  82.11.2.  Let  Z be  an  algebraic  stack.  The  following  are  equivalent 

(1)  Z is  reduced  and  \Z\  is  a singleton, 

(2)  there  exists  a surjective  flat  morphism  Spec(fc)  — >■  Z where  k is  a field, 
and 
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(3)  there  exists  a locally  of  finite  type,  surjective,  flat  morphism  Spec  (k)  -A  Z 
where  k is  a field. 

Proof.  Assume  (1).  Let  W be  a scheme  and  let  IP  — > Z be  a surjective  smooth 
morphism.  Then  IP  is  a reduced  scheme.  Let  p £ W be  a generic  point  of  an  irre- 
ducible component  of  W.  Since  W is  reduced  we  have  Ow,r]  = k(v)-  It  follows  that 
the  canonical  morphism  p = Spec [k(t]))  — > W is  flat.  We  see  that  the  composition 
rj  — > Z is  flat  (see  Morphisms  of  Spaces,  Lemma  54.29.3).  It  is  also  surjective  as 
\Z\  is  a singleton.  In  other  words  (2)  holds. 

Assume  (2).  Let  IP  be  a scheme  and  let  IP  — ► Z be  a surjective  smooth  morphism. 
Choose  a field  k and  a surjective  flat  morphism  Spec(fc)  — > Z.  Then  IP  Spec(/c) 
is  an  algebraic  space  smooth  over  k,  hence  regular  (see  Spaces  over  Fields,  Lemma 
59.9.1)  and  in  particular  reduced.  Since  W xz  Spec (k)  — > W is  surjective  and  flat 


we  conclude  that  IP  is  reduced  (Descent  on  Spaces,  Lemma  61.8.2).  In  other  words 
(1)  holds. 

It  is  clear  that  (3)  implies  (2).  Finally,  assume  (2).  Pick  a nonempty  affine  scheme 
IP  and  a smooth  morphism  IP  — > Z.  Pick  a closed  point  w € W and  set  k = k(w). 
The  composition 

Spec(fc)  IP  — > Z 

It  is 


is  locally  of  finite  type  by  Morphisms  of  Spaces,  Lemmas  54.23.2  and  54.36.6 


also  flat  and  surjective  by  Lemma  82.11.1  Hence  (3)  holds. 


□ 


The  following  lemma  singles  out  a slightly  better  class  of  singleton  algebraic  stacks 
than  the  preceding  lemma. 

06MP  Lemma  82.11.3.  Let  Z be  an  algebraic  stack.  The  following  are  equivalent 

(1)  Z is  reduced,  locally  Noetherian,  and  \Z\  is  a singleton,  and 

(2)  there  exists  a locally  finitely  presented,  surjective,  flat  morphism  Spec (k)  — > 
Z where  k is  a field. 


Proof.  Assume  (2)  holds.  By  Lemma  82.11.2  we  see  that  Z is  reduced  and  \Z\ 
is  a singleton.  Let  IP  be  a scheme  and  let  IP  — > Z be  a surjective  smooth  mor- 
phism. Choose  a field  k and  a locally  finitely  presented,  surjective,  flat  morphism 
Spec (k)  — > Z.  Then  WxzSpec(k)  is  an  algebraic  space  smooth  over  k,  hence  locally 
Noetherian  (see  Morphisms  of  Spaces,  Lemma  54.23.5 1.  Since  IPx.zSpec(£;)  — » IP  is 
flat,  surjective,  and  locally  of  finite  presentation,  we  see  that  {IP  x2  Spec(fc)  -A  IP} 
is  an  fppf  covering  and  we  conclude  that  IP  is  locally  Noetherian  (Descent  on  Spaces, 
Lemma  61.8.3).  In  other  words  (1)  holds. 

Assume  (1).  Pick  a nonempty  affine  scheme  IP  and  a smooth  morphism  IP  — > Z. 
Pick  a closed  point  w £ W and  set  k = n(w).  Because  IP  is  locally  Noetherian 
the  morphism  w : Spec (k)  — >■  IP  is  of  finite  presentation,  see  Morphisms,  Lemma 
|28.21.7|  Hence  the  composition 

Spec(k)  A IP  — » Z 

is  locally  of  finite  presentation  by  Morphisms  of  Spaces,  Lemmas  54.28.2  and 
54.36.5  It  is  also  flat  and  surjective  by  Lemma  82.11.1  Hence  (2)  holds.  □ 


06MQ  Lemma  82.11.4.  Let  Zr  — ^ Z be  a monomorphism  of  algebraic  stacks.  As- 
sume there  exists  a field  k and  a locally  finitely  presented,  surjective,  flat  morphism 
Spec (k)  — >■  Z.  Then  either  Z'  is  empty  or  Z'  -A  Z is  an  equivalence. 
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Proof.  We  may  assume  that  Z'  is  nonempty.  In  this  case  the  fibre  product  T = 
Z'  x 2.  Spec(/c)  is  nonempty,  see  Lemma  82.4.3  Now  T is  an  algebraic  space  and  the 
projection  T -A  Spec(fc)  is  a monomorphism.  Hence  T = Spec(fc),  see  Morphisms 
of  Spaces,  Lemma  54.10.8  We  conclude  that  Spec(fc)  — > Z factors  through  Z' . 
Suppose  the  morphism  z : Spec (k)  — > Z is  given  by  the  object  £ over  Spec(fc). 
We  have  just  seen  that  £ is  isomorphic  to  an  object  £'  of  Z'  over  Spec(fc).  Since 
z is  is  surjective,  flat,  and  locally  of  finite  presentation  we  see  that  every  object 
of  Z over  any  scheme  is  fppf  locally  isomorphic  to  a pullback  of  £,  hence  also  to 
a pullback  of  £'.  By  descent  of  objects  for  stacks  in  groupoids  this  implies  that 
Z1  — y Z is  essentially  surjective  (as  well  as  fully  faithful,  see  Lemma  82.8.4).  Hence 
we  win.  □ 

06MR  Lemma  82.11.5.  Let  Z be  an  algebraic  stack.  Assume  Z satisfies  the  equivalent 
conditions  of  Lemma  \ 82.11.“2\  Then  there  exists  a unique  strictly  full  subcategory 
Z'  C Z such  that  Z'  is  an  algebraic  stack  which  satisfies  the  equivalent  conditions  of 
Lemma  82.11.$\  The  inclusion  morphism  Z'  -A  Z is  a monomorphism  of  algebraic 
stacks. 


Proof.  The  last  part  is  immediate  from  the  first  part  and  Lemma  [82. 8. 4|  Pick  a 
field  k and  a morphism  Spec(fc)  Z which  is  surjective,  flat,  and  locally  of  finite 
type.  Set  U = Spec (k)  and  R=U  xzU.  The  projections  s,t  : R — >■  U are  locally 
of  finite  type.  Since  U is  the  spectrum  of  a field,  it  follows  that  s,t  are  flat  and 
locally  of  finite  presentation  (by  Morphisms  of  Spaces,  Lemma  54.28.7).  We  see 


that  Z'  = [U/R]  is  an  algebraic  stack  by  Criteria  for  Representability,  Theorem 
79.17.2  By  Algebraic  Stacks,  Lemma [76. 16.1  we  obtain  a canonical  morphism 

/ : Z'  — > Z 

which  is  fully  faithful.  Hence  this  morphism  is  representable  by  algebraic  spaces, 
see  Algebraic  Stacks,  Lennna[76.15.2|and  a monomorphism,  see  Lemma[82.8.4|  By 
Criteria  for  Representability,  Lemma  79.17.1  the  morphism  U — > Z'  is  surjective, 
flat,  and  locally  of  finite  presentation.  Hence  Z'  is  an  algebraic  stack  which  satisfies 
the  equivalent  conditions  of  Lemma |82.11.3|  By  Algebraic  Stacks,  Lemma[76.12.4| 
we  may  replace  Z'  by  its  essential  image  in  Z.  Hence  we  have  proved  all  the 
assertions  of  the  lemma  except  for  the  uniqueness  oiZ'  <Z  Z.  Suppose  that  Z"  C Z 
is  a second  such  algebraic  stack.  Then  the  projections 

Z'  4 — Z'  xz  Z"  — » Z" 

are  monomorphisms.  The  algebraic  stack  in  the  middle  is  nonempty  by  Lemma 
|82.4.3|  Hence  the  two  projections  are  isomorphisms  by  Lemma  |82.11.4|  and  we 
win.  □ 

06MS  Example  82.11.6.  Here  is  an  example  where  the  morphism  constructed  in  Lemma 
82.11.5  isn’t  an  isomorphism.  This  example  shows  that  imposing  that  residual 


gerbes  are  locally  Noetherian  is  necessary  in  Defmition|82.11.8[  In  fact,  the  example 
is  even  an  algebraic  space!  Let  Gal(Q/Q)  be  the  absolute  Galois  group  of  Q with 
the  pro-finite  topology.  Let 

U = Spec(Q)  x Spec(Q)  Spec(Q)  = Gal(Q/Q)  x Spec(Q) 

(we  omit  a precise  explanation  of  the  meaning  of  the  last  equal  sign).  Let  G 
denote  the  absolute  Galois  group  Gal(Q/Q)  with  the  discrete  topology  viewed  as  a 
constant  group  scheme  over  Spec(Q),  see  Groupoids,  Example  38.5.6  Then  G acts 
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freely  and  transitively  on  U.  Let  X = U/G,  see  Spaces,  Definition  52.14.4  Then  X 
is  a non-noetherian  reduced  algebraic  space  with  exactly  one  point.  Furthermore, 
X has  a (locally)  finite  type  point: 


x : Spec(Q)  — > U 


X 


Indeed,  every  point  of  U is  actually  closed!  As  X is  an  algebraic  space  over  Q it 
follows  that  X is  a monomorphism.  So  x is  the  morphism  constructed  in  Lemma 


X at  x. 


82.11.5 


but  x is  not  an  isomorphism.  In  fact  Spec(Q)  — > X is  the  residual  gerbe  of 


It  will  turn  out  later  that  under  mild  assumptions  on  the  algebraic  stack  X the 
equivalent  conditions  of  the  following  lemma  are  satisfied  for  every  point  x £ \X\ 
(insert  future  reference  here). 

06MT  Lemma  82.11.7.  Let  X be  an  algebraic  stack.  Let  x £ \X\  be  a point.  The 
following  are  equivalent 

(1)  there  exists  an  algebraic  stack  Z and  a monomorphism  Z — ► X such  that 
\Z\  is  a singleton  and  such  that  the  image  of  \Z\  in  \X\  is  x, 

(2)  there  exists  a reduced  algebraic  stack  Z and  a monomorphism  Z — > X 
such  that  \Z\  is  a singleton  and  such  that  the  image  of  \Z\  in  \X\  is  x, 

(3)  there  exists  an  algebraic  stack  Z , a monomorphism  f : Z — * X , and  a 
surjective  flat  morphism  z : Spec  (k)  —>  Z where  k is  a field  such  that 
x = f{z). 

Moreover,  if  these  conditions  hold,  then  there  exists  a unique  strictly  full  subcategory 
Zx  C X such  that  Zx  is  a reduced,  locally  Noetherian  algebraic  stack  and  \ZX\  is  a 
singleton  which  maps  to  x via  the  map  \ZX\  — >■  \X\. 

Proof.  If  Z — >■  X is  as  in  (1),  then  ZTe(j  -A  A is  as  in  (2).  (See  Section  [82.10 
for  the  notion  of  the  reduction  of  an  algebraic  stack.)  Hence  (1)  implies  (2).  It  is 
immediate  that  (2)  implies  (1).  The  equivalence  of  (2)  and  (3)  is  immediate  from 
Lemma  182.11.21 


At  this  point  we’ve  seen  the  equivalence  of  (1)  - (3).  Pick  a monomorphism  / : Z — ► 
X as  in  (2).  Note  that  this  implies  that  / is  fully  faithful,  see  Lemma  82.8.4  Denote 
Z'  C X the  essential  image  of  the  functor  /.  Then  / : Z — > Z'  is  an  equivalence 
and  hence  Z'  is  an  algebraic  stack,  see  Algebraic  Stacks,  Lemma  76.12.4|  Apply 
Lemma  82.11.5  to  get  a strictly  full  subcategory  Zx  C Z'  as  in  the  statement  of 
the  lemma.  This  proves  all  the  statements  of  the  lemma  except  for  uniqueness. 


In  order  to  prove  the  uniqueness  suppose  that  Zx  C X and  Z'x  C X are  two  strictly 
full  subcategories  as  in  the  statement  of  the  lemma.  Then  the  projections 

Zx  < Zx  x x Zx  t Zx 

are  monomorphisms.  The  algebraic  stack  in  the  middle  is  nonempty  by  Lemma 
|82.4.3|  Hence  the  two  projections  are  isomorphisms  by  Lemma  |82.11.4|  and  we 
win.  □ 


Having  explained  the  above  we  can  now  make  the  following  definition. 

06MU  Definition  82.11.8.  Let  X be  an  algebraic  stack.  Let  x £ \X\. 

(1)  We  say  the  residual  gerbe  of  X at  x exists  if  the  equivalent  conditions  (1), 
(2),  and  (3)  of  Lemma  82.11.7  hold. 
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(2)  If  the  residual  gerbe  of  X at  x exists,  then  the  residual  gerbe  of  X at 
is  the  strictly  full  subcategory  Zx  C X constructed  in  Lemma  [82. 11. 7| 


€1 


In  particular  we  know  that  Zx  (if  it  exists)  is  a locally  Noetherian,  reduced  algebraic 
stack  and  that  there  exists  a field  and  a surjective,  flat,  locally  finitely  presented 
morphism 

Spec(fc)  — > Zx. 


We  will  see  in  Morphisms  of  Stacks,  Lemma  83.19.10  that  Zx  is  a gerbe.  It  turns 
out  that  Zx  is  a regular  algebraic  stack  as  follows  from  the  following  lemma. 


06MV  Lemma  82.11.9.  A reduced,  locally  Noetherian  algebraic  stack  Z such  that  \Z\  is 
a singleton  is  regular. 


Proof.  Let  W — > Z be  a surjective  smooth  morphism  where  W is  a scheme.  Let  k 
be  a field  and  let  Spec(fc)  — > Z be  surjective,  flat,  and  locally  of  finite  presentation 
(see  Lemma  82.11.3).  The  algebraic  space  T = W x%  Spec (k)  is  smooth  over  k in 
particular  regular,  see  Spaces  over  Fields,  Lemma  [59.9.1|  Since  T — » W is  locally 
of  finite  presentation,  flat,  and  surjective  it  follows  that  W is  regular,  see  Descent 
on  Spaces,  Lemma  [61. 8. 4|  By  definition  this  means  that  Z is  regular.  □ 


06MW  Lemma  82.11.10.  Let  X be  an  algebraic  stack.  Let  x £ \X\.  Assume  that  the 
residual  gerbe  Zx  of  X exists.  Let  f : Spec(A')  -A  X be  a morphism  where  K is  a 
field  in  the  equivalence  class  of  x.  Then  f factors  through  the  inclusion  morphism 
Zx  ->  X. 


Proof.  Choose  a field  k and  a surjective  flat  locally  finite  presentation  morphism 
Spec(fc)  — ► Zx.  Set  T = Spec(AT)  Xx  Zx.  By  Lemma  |82.4.3  we  see  that  T is 
nonempty.  As  Zx  -A  A is  a monomorphism  we  see  that  T — > Spec  (AT)  is  a monomor- 
phism. Hence  by  Morphisms  of  Spaces,  Lemma  54.10.8  we  see  that  T = Spec(AT) 
which  proves  the  lemma.  □ 


06MX  Lemma  82.11.11.  Let  X be  an  algebraic  stack.  Let  x £ \X\.  Let  Z be  an  algebraic 
stack  satisfying  the  equivalent  conditions  of  Lemma \82.11.3\  and  let  Z —y  X be  a 
monomorphism  such  that  the  image  of  \Z\  — > \X\  is  x.  Then  the  residual  gerbe  Zx 
of  X at  x exists  and  Z — ► X factors  as  Z -A  Zx  ^ X where  the  first  arrow  is  an 
equivalence. 


Proof.  Let  Zx  C X be  the  full  subcategory  corresponding  to  the  essential  image 
of  the  functor  Z — > X.  Then  Z — >■  Zx  is  an  equivalence,  hence  Zx  is  an  algebraic 
stack,  see  Algebraic  Stacks,  Lemma  76.12.4  Since  Zx  inherits  all  the  properties  of 
Z from  this  equivalence  it  is  clear  from  the  uniqueness  in  Lemma  82.11.7  that  Zx 
is  the  residual  gerbe  of  X at  x.  □ 


lrThis  clashes  with  ILMBOOI  in  spirit,  but  not  in  fact.  Namely,  in  Chapter  11  they  associate 
to  any  point  on  any  quasi-separated  algebraic  stack  a gerbe  (not  necessarily  algebraic)  which  they 
call  the  residual  gerbe.  We  will  see  in  Morphisms  of  Stacks,  Lemma  |83.21.l|  that  on  a quasi- 
separated  algebraic  stack  every  point  has  a residual  gerbe  in  our  sense  which  is  then  equivalent 
to  theirs.  For  more  information  on  this  topic  see  (RydlOi  Appendix  B]. 
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82.12.  Dimension  of  a stack 


OAFL  We  can  define  the  dimension  of  an  algebraic  stack  A at  a point  x,  using  the  notion  of 


dimension  of  an  algebraic  space  at  a point  (Properties  of  Spaces,  Definition  53.8.1 ). 
In  the  following  lemma  the  output  may  be  oo  either  because  X is  not  quasi-compact 
or  because  we  run  into  the  phenomenon  described  in  Examples,  Section 


3.14 


OAFM  Lemma  82.12.1.  Let  X be  a locally  Noetherian  algebraic  stack  over  a scheme  S . 

Let  x £ \X\  be  a point  of  X . Let  [U/R]  -A  X be  a presentation  (Algebraic  Stacks, 
Definition\76.1675 ) where  U is  a scheme.  Let  u £ U be  a point  that  maps  to  x.  Let 
e : U -A  R be  the  “identity  ” map  and  let  s : R — * U be  the  “source”  map , which  is 
a smooth  morphism  of  algebraic  spaces.  Let  Ru  be  the  fiber  of  s : R -A  U over  u. 
The  element 

Aimx(X)  = dim„({7)  — dime(„)(i?u)  G Z U oo 
is  independent  of  the  choice  of  presentation  and  the  point  u over  x. 

Proof.  Since  R — > U is  smooth,  the  scheme  Ru  is  smooth  over  k(u)  and  hence 
has  finite  dimension.  On  the  other  hand,  the  scheme  U is  locally  Noetherian,  but 
this  does  not  guarantee  that  dimu(I7)  is  finite.  Thus  the  difference  is  an  element  of 
Z U {oo}. 

Let  [U1  / R']  — > X and  u'  £ U'  be  a second  presentation  where  U'  is  a scheme  and 


v!  maps  to  x.  Consider  the  algebraic  space  P = U xx  U' . By  Lemma  82.4.3  there 
exists  a p £ |P|  mapping  to  u and  v! . Since  P — > U and  P'  -A  U'  are  smooth  we 
see  that  dimp(P)  = dim„([7)  + dimp(P„)  and  dimp(P)  = dim„/([/')  + dimp(P„/), 
see  Morphisms  of  Spaces,  Lemma  54.36.9|  Note  that 

R!u,  = Spec(re(i/))  x x U'  and  Pu  = Spec(K(u))  x x U' 

Let  us  represent  p £ |P|  by  a morphism  Spec(fl)  -A  P.  Since  p maps  to  both  u and 
vl  it  induces  a 2-morphism  between  the  compositions  Spec(fl)  -A  Spec^i/))  — > X 
and  Spec(fl)  — > Spec («(«))  — > X which  in  turn  defines  an  isomorphism 

Spec(D)  Xgpec^K^u/^  Ru,  = Spec(D)  Xgpec^re^u^  Pu 

as  algebraic  spaces  over  Spec(D)  mapping  the  D-rational  point  (1,  e' {u'))  to  (1  ,p) 
(some  details  omitted).  We  conclude  that 

dime/(„/)(P,„,)  = dimp(P„) 

by  Morphisms  of  Spaces,  Lemma  54.33.3  By  symmetry  we  have  dime(u)  Ru ) = 
dimp(Pu/).  Putting  everything  together  we  obtain  the  independence  of  choices.  □ 

We  can  use  the  lemma  above  to  make  the  following  definition. 

OAFN  Definition  82.12.2.  Let  A be  a locally  Noetherian  algebraic  stack  over  a scheme 
S.  Let  x £ \X\  be  a point  of  X.  Let  [U/R]  -A  A be  a presentation  (Algebraic 
Stacks,  Definition  76.16.5 1 where  U is  a scheme  and  let  u £ U be  a point  that  maps 


to  x.  We  define  the  dimension  of  X at  x to  be  the  element  dirn^A)  G Z U oo  such 
that 

dimx(A)  = dim U(U)  - dime(„)(P„). 
with  notation  as  in  Lemma [82.12. II 

The  dimension  of  a stack  at  a point  agrees  with  the  usual  notion  when  A is  a scheme 


(Topology,  Definition  5.9.11,  or  more  generally  when  A is  a locally  Noetherian 
algebraic  space  (Properties  of  Spaces,  Definition  53.8.1). 
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OAFP  Definition  82.12.3.  Let  S'  be  a scheme.  Let  A be  a locally  Noetherian  algebraic 
stack  over  S.  The  dimension  dim(A)  of  X is  defined  to  be 

dim(A)  = sup^i^i  dim^A) 


OAFQ 


This  definition  of  dimension  agrees  with  the  usual  notion  if  A is  a scheme  (Proper- 
ties, Lemma  27.10.2 ) or  an  algebraic  space  (Properties  of  Spaces,  Definition  53.8.2 ). 


Remark  82.12.4.  If  A is  a nonempty  stack  of  finite  type  over  a field,  then  dim(A) 
is  an  integer.  For  an  arbitrary  locally  Noetherian  algebraic  stack  A,  dim(A)  is  in 
Z U {±oo},  and  dim(A)  = — oo  if  and  only  if  A is  empty. 


OAFR  Example  82.12.5.  Let  X be  a scheme  of  finite  type  over  a field  k , and  let  G be 
a group  scheme  of  finite  type  over  k which  acts  on  X . Then  the  dimension  of  the 
quotient  stack  [ X/G ] is  equal  to  dirn(X)  — dim(G).  In  particular,  the  dimension 
of  the  classifying  stack  BG  = [Spec(fc)/G]  is  — dirn(G).  Thus  the  dimension  of  an 
algebraic  stack  can  be  a negative  integer,  in  contrast  to  what  happens  for  schemes 
or  algebraic  spaces. 
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Morphisms  of  Algebraic  Stacks 


83.1.  Introduction 

In  this  chapter  we  introduce  some  types  of  morphisms  of  algebraic  stacks.  A refer- 
ence in  the  case  of  quasi-separated  algebraic  stacks  with  representable  diagonal  is 

ILMB001. 

The  goal  is  to  extend  the  definition  of  each  of  the  types  of  morphisms  of  algebraic 
spaces  to  morphisms  of  algebraic  stacks.  Each  case  is  slightly  different  and  it  seems 
best  to  treat  them  all  separately. 

For  morphisms  of  algebraic  stacks  which  are  representable  by  algebraic  spaces  we 
have  already  defined  a large  number  of  types  of  morphisms,  see  Properties  of  Stacks, 
Section |82.3[  For  each  corresponding  case  in  this  chapter  we  have  to  make  sure  the 
definition  in  the  general  case  is  compatible  with  the  definition  given  there. 


83.2.  Conventions  and  abuse  of  language 

We  continue  to  use  the  conventions  and  the  abuse  of  language  introduced  in  Prop- 
erties of  Stacks,  Section  [82. 2| 


83.3.  Properties  of  diagonals 


The  diagonal  of  an  algebraic  stack  is  closely  related  to  the  Isom- sheaves,  see  Al- 
gebraic Stacks,  Lemma  [76.10.11|  By  the  second  defining  property  of  an  algebraic 
stack  these  Isom- sheaves  are  always  algebraic  spaces. 

Lemma  83.3.1.  Let  X be  an  algebraic  stack.  Let  T be  a scheme  and  let  x,y  be 
objects  of  the  fibre  category  of  X over  T.  Then  the  morphism  Isomx(x,y)  — ► T is 
locally  of  finite  type. 


Proof.  By  Algebraic  Stacks,  Lemma  76.16.2  we  may  assume  that  X = [ U/R ] for 
some  smooth  groupoid  in  algebraic  spaces.  By  Descent  on  Spaces,  Lemma  [61. 10. 7| 
it  suffices  to  check  the  property  fppf  locally  on  T.  Thus  we  may  assume  that  x,  y 
come  from  morphisms  x'  ,y'  : T — > U . By  Groupoids  in  Spaces,  Lemma  65.21.1 
we  see  that  in  this  case  Isomx{x,y)  = T X(y\x'),UxsU  R-  Hence  it  suffices  to 
prove  that  R — > U Xg  U is  locally  of  finite  type.  This  follows  from  the  fact  that 
the  composition  s : R — > U x s U — > U is  smooth  (hence  locally  of  finite  type, 
see  Morphisms  of  Spaces,  Lemmas  54.36.5  and  54.28.5)  and  Morphisms  of  Spaces, 
Lemma  154.23.61  □ 


Lemma  83.3.2.  Let  X be  an  algebraic  stack.  Let  T be  a scheme  and  let  x,y  be 
objects  of  the  fibre  category  of  X over  T . Then 
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(1)  Isomx{y,y ) is  a group  algebraic  space  overT,  and 

(2)  Isomx{x,y ) is  a pseudo  torsor  for  Isom  x(y,y)  overT. 

Proof.  See  Groupoids  in  Spaces,  Definitions |65.5.l] and |65. 9. 1[  The  lemma  follows 
immediately  from  the  fact  that  X is  a stack  in  groupoids.  □ 


Let  / : X — > y be  a morphism  of  algebraic  stacks.  The  diagonal  of  f is  the 
morphism 

A f : X — > X Xy  X 

Here  are  two  properties  that  every  diagonal  morphism  has. 

04XS  Lemma  83.3.3.  Let  f : X — ► y be  a morphism  of  algebraic  stacks.  Then 

(1)  A f is  representable  by  algebraic  spaces , and 

(2)  Af  is  locally  of  finite  type. 

Proof.  Let  T be  a scheme  and  let  a : T — >■  X Xy  X be  a morphism.  By  definition 
of  the  fibre  product  and  the  2-Yoneda  lemma  the  morphism  a is  given  by  a triple 
a = (x,x',a)  where  x,x'  are  objects  of  X over  T,  and  a : f(x)  f{x')  is  a 
morphism  in  the  fibre  category  of  y over  T.  By  definition  of  an  algebraic  stack 
the  sheaves  Isomx{x,xr)  and  Isomy{f(x),f(x'))  are  algebraic  spaces  over  T.  In 
this  language  a defines  a section  of  the  morphism  Isomy(f(x),f{x'))  — > T.  A T'- 
valued  point  of  X Xxxyx,a  T for  T'  T a scheme  over  T is  the  same  thing  as  an 
isomorphism  x\ t>  — > x'\ t1  whose  image  under  / is  a\ t> ■ Thus  we  see  that 


A XxxyX,a  T >■  Isomx{x,  x') 

04XT  (83.3.3.1) 

T .~"Jsorny{f(x),  f(x')) 


is  a fibre  square  of  sheaves  over  T.  In  particular  we  see  that  X x xxyx,a  T is  an 
algebraic  space  which  proves  part  (1)  of  the  lemma. 


To  prove  the  second  statement  we  have  to  show  that  the  left  vertical  arrow  of 
Diagram  (83.3.3.11  is  locally  of  finite  type.  By  Lemma  83.3.1  the  algebraic  space 
Isomx{x,  x')  and  is  locally  of  finite  type  over  T.  Hence  the  right  vertical  arrow 
of  Diagram  (83.3.3.1)  is  locally  of  finite  type,  see  Morphisms  of  Spaces,  Lemma 
|54.23.6|  We  conclude  by  Morphisms  of  Spaces,  Lemma [54.23.3|  □ 


04YQ  Lemma  83.3.4.  Let  f : X — ► y be  a morphism  of  algebraic  stacks  which  is 
representable  by  algebraic  spaces.  Then 

(1)  A f is  representable  (by  schemes), 

(2)  A f is  locally  of  finite  type, 

(3)  A f is  a monomorphism, 

(4)  A f is  separated,  and 

(5)  A f is  locally  quasi-finite. 


Proof.  We  have  already  seen  in  Lemma  83.3.3  that  Af  is  representable  by  algebraic 
spaces.  Hence  the  statements  (2)  - (5)  make  sense,  see  Properties  of  Stacks,  Section 
82.3  Also  Lemma  83.3.3  guarantees  (2)  holds.  Let  T X Xy  X be  a morphism 
and  contemplate  Diagram  (83.3.3.l|.  By  Algebraic  Stacks,  Lemma  76.9.2  the  right 
vertical  arrow  is  injective  as  a map  of  sheaves,  i.e.,  a monomorphism  of  algebraic 
spaces.  Hence  also  the  morphism  T Xxxyx  A — ► T is  a monomorphism.  Thus 
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(3)  holds.  We  already  know  that  T xXxyx  X T is  locally  of  finite  type.  Thus 
Morphisms  of  Spaces,  Lemma  54.27.10|allows  us  to  conclude  that  T xXxyx  X — > T 
is  locally  quasi-finite  and  separated.  This  proves  (4)  and  (5).  Finally,  Morphisms 
of  Spaces,  Proposition  154.47.21  implies  that  T xXxvx  X is  a scheme  which  proves 
(1).  □ 


04YS  Lemma  83.3.5.  Let  f : X —¥  y be  a morphism  of  algebraic  stacks  representable 
by  algebraic  spaces.  Then  the  following  are  equivalent 

(1)  f is  separated, 

(2)  A f is  a closed  immersion, 

(3)  A f is  proper,  or 

(4)  A f is  universally  closed. 


Proof.  The  statements  “/  is  separated”,  “A y is  a closed  immersion”,  “Ay  is  uni- 
versally closed”,  and  “Ay  is  proper”  refer  to  the  notions  defined  in  Properties  of 
Stacks,  Section[82.3|  Choose  a scheme  V and  a surjective  smooth  morphism  V — > y. 
Set  U = X Xy  V which  is  an  algebraic  space  by  assumption,  and  the  morphism 
U — > X is  surjective  and  smooth.  By  Categories,  Lemma  |4.30.14|  and  Properties 
of  Stacks,  Lemma  82.3.3  we  see  that  for  any  property  P (as  in  that  lemma)  we 
have:  Ay  has  P if  and  only  if  Ajj/y  : U — ► U Xy  U has  P.  Hence  the  equivalence 
of  (2),  (3)  and  (4)  follows  from  Morphisms  of  Spaces,  Lemma  54.39.9  applied  to 
U — t V.  Moreover,  if  (1)  holds,  then  U — > V is  separated  and  we  see  that  A v/y  is 
a closed  immersion,  i.e.,  (2)  holds.  Finally,  assume  (2)  holds.  Let  T be  a scheme, 
and  a : T y a morphism.  Set  T'  = X Xy  T.  To  prove  (1)  we  have  to  show  that 
the  morphism  of  algebraic  spaces  T'  T is  separated.  Using  Categories,  Lemma 
4.30.14  once  more  we  see  that  AT/ /T  is  the  base  change  of  Ay.  Hence  our  assump- 
tion-^ implies  that  A T,  jT  is  a closed  immersion,  hence  T'  T is  separated  as 
desired.  □ 


04YT  Lemma  83.3.6.  Let  f : X — ► y be  a morphism  of  algebraic  stacks  representable 
by  algebraic  spaces.  Then  the  following  are  equivalent 

(1)  f is  quasi-separated, 

(2)  A y is  quasi-compact,  or 

(3)  A y is  finite  type. 


Proof.  The  statements  “/  is  quasi-separated”,  “Ay  is  quasi-compact”,  and  “Ay  is 


finite  type”  refer  to  the  notions  defined  in  Properties  of  Stacks,  Section  82.3  Note 


that  (2)  and  (3)  are  equivalent  in  view  of  the  fact  that  Ay  is  locally  of  finite  type 
by  Lemma [83. 3. 4 (and  Algebraic  Stacks,  Lemma  76.10.9).  Choose  a scheme  V and 
a surjective  smooth  morphism  V — > y.  Set  U = X Xy  V which  is  an  algebraic 
space  by  assumption,  and  the  morphism  U — > X is  surjective  and  smooth.  By 
Categories,  Lemma [4. 30. 14| and  Properties  of  Stacks,  Lemma[82.3.3|we  see  that  we 
have:  Ay  is  quasi-compact  if  and  only  if  A jj/y  : U — > U XyU  is  quasi-compact.  If 
(1)  holds,  then  U — > V is  quasi-separated  and  we  see  that  A jj/v  is  quasi-compact, 
i.e.,  (2)  holds.  Assume  (2)  holds.  Let  T be  a scheme,  and  a : T — >■  (V  a morphism. 
Set  T'  = X Xy  T . To  prove  (1)  we  have  to  show  that  the  morphism  of  algebraic 
spaces  V — > T is  quasi-separated.  Using  Categories,  Lemma  4.30. 14|  once  more  we 
see  that  AT,/T  is  the  base  change  of  Ay.  Hence  our  assumption  (2)  implies  that 
Ay/ /T  is  quasi-compact,  hence  T'  — > T is  quasi-separated  as  desired.  □ 
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04YU 


Lemma  83.3.7.  Let  f : X — ► y be  a morphism  of  algebraic  stacks  representable 
by  algebraic  spaces.  Then  the  following  are  equivalent 

(1)  f is  locally  separated,  and 

(2)  A f is  an  immersion. 


Proof.  The  statements  “/  is  locally  separated”,  and  “A f is  an  immersion” 
to  the  notions  defined  in  Properties  of  Stacks,  Section  |82.3|  Proof  omitted. 


Argue  as  in  the  proofs  of  Lemmas  83.3.5  and  83.3.6 


refer 

Hint: 

□ 


83.4.  Separation  axioms 


04YV  Let  X = [U/R]  be  a presentation  of  an  algebraic  stack.  Then  the  properties  of 
the  diagonal  of  X over  S,  are  the  properties  of  the  morphism  j : R — ► U Xs  U. 
For  example,  if  A = [S/G]  for  some  smooth  group  G in  algebraic  spaces  over  S 
then  j is  the  structure  morphism  G — > U.  Hence  the  diagonal  is  not  automatically 
separated  itself  (contrary  to  what  happens  in  the  case  of  schemes  and  algebraic 
spaces).  To  say  that  [S/G]  is  quasi-separated  over  S should  certainly  imply  that 
G — ► S is  quasi-compact,  but  we  hesitate  to  say  that  [S/G]  is  quasi-separated  over  S 
without  also  requiring  the  morphism  G — > S to  be  quasi-separated.  In  other  words, 
requiring  the  diagonal  morphism  to  be  quasi-compact  does  not  really  agree  with 
our  intuition  for  a “quasi-separated  algebraic  stack”,  and  we  should  also  require 
the  diagonal  itself  to  be  quasi-separated. 

What  about  “separated  algebraic  stacks”?  We  have  seen  in  Morpliisms  of  Spaces, 
Lemma  |54.39.9|  that  an  algebraic  space  is  separated  if  and  only  if  the  diagonal  is 
proper.  This  is  the  condition  that  is  usually  used  to  define  separated  algebraic 
stacks  too.  In  the  example  [S/G]  -4  S above  this  means  that  G — > S is  a proper 
group  scheme.  This  means  algebraic  stacks  of  the  form  [Spec(fc)/£l 2]  are  proper 
over  k where  E is  an  elliptic  curve  over  k (insert  future  reference  here).  In  certain 
situations  it  may  be  more  natural  to  assume  the  diagonal  is  finite. 

04YW  Definition  83.4.1.  Let  / : X -A  y be  a morphism  of  algebraic  stacks. 

(1)  We  say  / is  DM  if  A f is  unramifiecQ 

(2)  We  say  / is  quasi-DM  if  A / is  locally  quasi-finiteQ 

(3)  We  say  / is  separated  if  Af  is  proper. 

(4)  We  say  / is  quasi-separated  if  A^  is  quasi-compact  and  quasi-separated. 


In  this  definition  we  are  using  that  Af  is  representable  by  algebraic  spaces  and 
we  are  using  Properties  of  Stacks,  Section  82.3  to  make  sense  out  of  imposing 
conditions  on  Af.  We  note  that  these  definitions  do  not  conflict  with  the  already 
existing  notions  if  / is  representable  by  algebraic  spaces,  see  Lemmas  |83.3.6|  and 
|83.3.5[  There  is  an  interesting  way  to  characterize  these  conditions  by  looking  at 


higher  diagonals,  see  Lemma  83.6.4 


1 The  letters  DM  stand  for  Deligne-Mumford.  If  / is  DM  then  given  any  scheme  T and  any 
morphism  T — > y the  fibre  product  Ay  = X X y T is  an  algebraic  stack  over  T whose  diagonal  is 
unramified,  i.e.,  AV  is  DM.  This  implies  AV  is  a Deligne-Mumford  stack,  see  Theorem |83. 15.61  In 
other  words  a DM  morphism  is  one  whose  “fibres”  are  Deligne-Mumford  stacks.  This  hopefully 
at  least  motivates  the  terminology. 

2If  / is  quasi-DM,  then  the  “fibres”  AV  of  X y are  quasi-DM.  An  algebraic  stack  X is  quasi- 
DM  exactly  if  there  exists  a scheme  U and  a surjective  flat  morphism  U — > X of  finite  presentation 
which  is  locally  quasi-finite,  see  Theorem |83. 15.31  Note  the  similarity  to  being  Deligne-Mumford, 
which  is  defined  in  terms  of  having  an  etale  covering  by  a scheme. 
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050D 


050E 


050F 


06TZ 


Definition  83.4.2.  Let  X be  an  algebraic  stack  over  the  base  scheme  S.  Denote 
p : X -A  S the  structure  morphism. 

(1)  We  say  X is  DM  over  S if  p : X — > S is  DM. 

(2)  We  say  X is  quasi-DM  over  S if  p : X — >■  S is  quasi-DM. 

(3)  We  say  X is  separated  over  S if  p : X — > S is  separated. 

(4)  We  say  X is  quasi- separated  over  S if  p : X — > S is  quasi-separated. 

(5)  We  say  X is  DM  if  X is  DlV^over  Spec(Z). 

(6)  We  say  X is  quasi-DM  if  X is  quasi-DM  over  Spec(Z). 

(7)  We  say  X is  separated  if  X is  separated  over  Spec(Z). 

(8)  We  say  X is  quasi- separated  if  X is  quasi-separated  over  Spec(Z). 

In  the  last  4 definitions  we  view  X as  an  algebraic  stack  over  Spec(Z)  via  Algebraic 
Stacks,  Definition  |76. 19.2] 

Thus  in  each  case  we  have  an  absolute  notion  and  a notion  relative  to  our  given  base 
scheme  (mention  of  which  is  usually  suppressed  by  our  abuse  of  notation  introduced 


in  Lemma  83.4.13 
notions. 


in  Properties  of  Stacks,  Section  82.2 ) . We  will  see  that  (1)  4=>  (5)  and  (2)  4=>  (6) 


We  spend  some  time  proving  some  standard  results  on  these 


Lemma  83.4.3.  Let  f : X -A  y be  a morphism  of  algebraic  stacks. 

(1)  If  f is  separated,  then  f is  quasi-separated. 

(2)  If  f is  DM,  then  f is  quasi-DM. 

(3)  If  f is  representable  by  algebraic  spaces,  then  f is  DM. 

Proof.  To  see  (1)  note  that  a proper  morphism  of  algebraic  spaces  is  quasi-compact 


and  quasi-separated,  see  Morphisms  of  Spaces,  Definition  54.39.1  To  see  (2)  note 


that  an  unramified  morphism  of  algebraic  spaces  is  locally  quasi-finite,  see  Mor- 
phisms of  Spaces,  Lemma  54.37.7  Finally  (3)  follows  from  Lemma  83.3.4  □ 


Lemma  83.4.4.  All  of  the  separation  axioms  listed  in  Definition  83.4-1  are  stable 
under  base  change. 

Proof.  Let  / : X -A  y and  y'  — > y be  morphisms  of  algebraic  stacks.  Let 
f '■  y'  Xy  X -A  y'  be  the  base  change  of  / by  y'  — > y.  Then  A//  is  the  base 
change  of  Af  by  the  morphism  X'  xy  X'  -A  X Xy  X,  see  Categories,  Lemma 
|4.30.14|  By  the  results  of  Properties  of  Stacks,  Section  [82 .3|  each  of  the  properties 
of  the  diagonal  used  in  Definition  |83.4.1|  is  stable  under  base  change.  Hence  the 
lemma  is  true.  □ 

Lemma  83.4.5.  Let  f : X -A  y be  a morphism  of  algebraic  stacks.  Let  W -A  y be 
a surjective,  flat,  and  locally  of  finite  presentation  where  W is  an  algebraic  space. 
If  the  base  change  W x y X -A  W has  one  of  the  separation  properties  of  Definition 


83-4-1  then  so  does  f . 


Proof.  Denote  g : W Xy  X -A  W the  base  change.  Then  A9  is  the  base  change  of 
Af  by  the  morphism  q : W Xy  (X  Xy  X)  -aA  Xy  X.  Since  q is  the  base  change 
of  W -A  y we  see  that  q is  representable  by  algebraic  spaces,  surjective,  flat,  and 
locally  of  finite  presentation.  Hence  the  result  follows  from  Properties  of  Stacks, 
Lemma  182.3.41  □ 


'^Theorem  83.15.6  shows  that  this  is  equivalent  to  X being  a Deligne-Mumford  stack. 
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050G  Lemma  83.4.6.  Let  S be  a scheme.  The  property  of  being  quasi-DM  over  S, 
quasi-separated  over  S,  or  separated  over  S (see  Definition  83-4-2)  is  stable  under 
change  of  base  scheme,  see  Algebraic  Stacks,  Definition  \ 76. 1 973 

Proof.  Follows  immediately  from  Lemma [83. 4. 4[  □ 


050H  Lemma  83.4.7.  Let  f : X -A  Z , g : y -A  Z and  Z -A  T be  morphisms  of  algebraic 
stacks.  Consider  the  induced  morphism  i : X X2  J ->  if  X7 -y.  Then 

(1)  i is  representable  by  algebraic  spaces  and  locally  of  finite  type , 

(2)  if  Az /p  is  quasi-separated,  then  i is  quasi-separated, 

(3)  if  Az /p  is  separated,  then  i is  separated, 

(4)  i/ZaT  is  DM,  then  i is  unramified, 

(5)  */  Z -A  T is  quasi-DM,  then  i is  locally  quasi-finite, 

(6)  if  Z — X T is  separated,  then  i is  proper,  and 

(7)  if  Z -A  T is  quasi-separated,  then  i is  quasi-compact  and  quasi-separated. 


Proof.  The  following  diagram 


Xxzy 


Xxry 


z- 


A 


Z/T 


■ Z xj-  Z 


is  a 2- fibre  product  diagram,  see  Categories,  Lemma  4.30.13 
change  of  the  diagonal  morphism  A 


Hence  i is  the  base 


\z/T-  Thus  the  lemma  follows  from  Lemma 
|83.3.3[  and  the  material  in  Properties  of  Stacks,  Section  |82.3|  □ 


0501  Lemma  83.4.8.  Let  T be  an  algebraic  stack.  Let  g : X -A  y be  a morphism  of 
algebraic  stacks  over  T ■ Consider  the  graph  i : X — > X X7-  y of  g.  Then 

(1)  i is  representable  by  algebraic  spaces  and  locally  of  finite  type, 

(2)  if  y T is  DM,  then  i is  unramified, 

(3)  if  y -A  T is  quasi-DM,  then  i is  locally  quasi-finite, 

(4)  ify—tT  is  separated,  then  i is  proper,  and 

(5)  ify^rT  is  quasi-separated,  then  i is  quasi-compact  and  quasi-separated. 


Proof.  This  is  a special  case  of  Lemma  83.4.7  applied  to  the  morphism  X = 
X xyy  ^ X xTy.  □ 


050J  Lemma  83.4.9.  Let  f : X A T be  a morphism  of  algebraic  stacks.  Let  s :T  -A  X 
be  a morphism  such  that  f o s is  2-isomorphic  to  idp.  Then 

(1)  s is  representable  by  algebraic  spaces  and  locally  of  finite  type, 

(2)  if  f is  DM,  then  s is  unramified, 

(3)  if  f is  quasi-DM,  then  s is  locally  quasi-finite, 

(4)  if  f is  separated,  then  s is  proper,  and 

(5)  if  f is  quasi-separated,  then  s is  quasi-compact  and  quasi-separated. 

Proof.  This  is  a special  case  of  Lemma  |83.4.8|  applied  to  g = s and  y = T in 
which  case  i : T — I T x-j-  T is  2-isomorphic  to  s.  □ 


050K 


Lemma  83.4.10.  All  of  the  separation  axioms  listed  in  Definition  83.4-1 
under  composition  of  morphisms. 


are  stable 
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Proof.  Let  f : X y and  g : y — > Z be  morphisms  of  algebraic  stacks  to  which 
the  axiom  in  question  applies.  The  diagonal  Ax  iz  is  the  composition 

X > X Xy  X — > X xz  X. 


Our  separation  axiom  is  defined  by  requiring  the  diagonal  to  have  some  property  V . 
By  Lemma [83.4.7| above  we  see  that  the  second  arrow  also  has  this  property.  Hence 
the  lemma  follows  since  the  composition  of  morphisms  which  are  representable  by 
algebraic  spaces  with  property  V also  is  a morphism  with  property  V , see  our 
general  discussion  in  Properties  of  Stacks,  Section  |82.3|  and  Morphisms  of  Spaces, 
Lemmas  |54.37.3[  |54.27.3[  |54.39.4[  |54.8.4[  and  |54.4.8[  □ 


050L  Lemma  83.4.11.  Let  f : X — >•  y be  a morphism  of  algebraic  stacks  over  the  base 
scheme  S. 

(1)  If  y is  DM  over  S and  f is  DM,  then  X is  DM  over  S. 

(2)  Ify  is  quasi-DM  over  S and  f is  quasi-DM,  then  X is  quasi-DM  over  S. 

(3)  Ify  is  separated  over  S and  f is  separated,  then  X is  separated  over  S. 

(4)  If  y is  quasi-separated  over  S and  f is  quasi-separated,  then  X is  quasi- 
separated  over  S. 

(5)  If  y is  DM  and  f is  DM,  then  X is  DM. 

(6)  If  y is  quasi-DM  and  f is  quasi-DM,  then  X is  quasi-DM. 

(7)  Ify  is  separated  and  f is  separated,  then  X is  separated. 

(8)  Ify  is  quasi-separated  and  f is  quasi-separated,  then  X is  quasi-separated. 


Proof.  Parts  (1),  (2),  (3),  and  (4)  follow  immediately  from  Lemma  83.4.10  and 
Definition  83.4.2|  For  (5),  (6),  (7),  and  (8)  think  of  and  y as  algebraic  stacks 
over  Spec(Z)  and  apply  Lemma  83.4.10  Details  omitted.  □ 


050M 


The  following  lemma  is  a bit  different  to  the  analogue  for  algebraic  spaces.  To 
compare  take  a look  at  Morphisms  of  Spaces,  Lemma  [54.4. 10[ 

Lemma  83.4.12.  Let  f : X — ► y and  g : y — » Z be  morphisms  of  algebraic  stacks. 

(1)  If  g o / is  DM  then  so  is  f . 

(2)  If  g o / is  quasi-DM  then  so  is  f . 

(3)  If  go  f is  separated  and  Ag  is  separated,  then  f is  separated. 

(4)  If  g o f is  quasi-separated  and  Ag  is  quasi-separated,  then  f is  quasi- 
separated. 


Proof.  Consider  the  factorization 


X->XxyX->XxzX 


of  the  diagonal  morphism  of  g o f . Both  morphisms  are  representable  by  algebraic 
spaces,  see  Lemmas  |83.3.3|  and  |83.4.7|  Hence  for  any  scheme  T and  morphism 
T — > X Xy  X we  get  morphisms  of  algebraic  spaces 


A = X x 


(XxzX) 


B — (X  xy  X)  X(XxzX)  T — > T. 


If  g o f is  DM  (resp.  quasi-DM),  then  the  composition  A — > T is  unramified  (resp. 
locally  quasi-finite) . Hence  (1)  (resp.  (2))  follows  on  applying  Morphisms  of  Spaces, 
Lemma  54.37.11  (resp.  Morphisms  of  Spaces,  Lemma  54.27.8 1.  This  proves  (1)  and 
(2). 
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Proof  of  (4).  Assume  g o / is  quasi-separated  and  Ag  is  quasi-separated.  Consider 
the  factorization 

A-^Ax^A^Ax^A 

of  the  diagonal  morphism  of  g o f . Both  morphisms  are  representable  by  algebraic 
spaces  and  the  second  one  is  quasi-separated,  see  Lemmas |83.3.3| and |83. 4. 7|  Hence 
for  any  scheme  T and  morphism  T — > A x y A we  get  morphisms  of  algebraic  spaces 

A = A X(xxzX)  T — > B = (A  Xy  A)  X(XxzX)  T — * T 

such  that  B — > T is  quasi-separated.  The  composition  A — > T is  quasi-compact  and 
quasi-separated  as  we  have  assumed  that  g o f is  quasi-separated.  Hence  A — >•  B 
is  quasi-separated  by  Morphisms  of  Spaces,  Lemma  [54. 4.10|  And  A — > B is  quasi- 
compact by  Morphisms  of  Spaces,  Lemma [54.8. 8|  Thus  / is  quasi-separated. 

Proof  of  (3).  Assume  g o / is  separated  and  Ag  is  separated.  Consider  the  factor- 
ization 

AaAx])A->Ax2A 

of  the  diagonal  morphism  of  g o f . Both  morphisms  are  representable  by  algebraic 
spaces  and  the  second  one  is  separated,  see  Lemmas  |83.3.3|  and  |83.4.7[  Hence  for 
any  scheme  T and  morphism  T — ► A Xy  A we  get  morphisms  of  algebraic  spaces 

A = A X(Xxzx)  T — » B = (A  Xy  A)  X(XxzX)  T — » T 

such  that  B — > T is  separated.  The  composition  A — ► T is  proper  as  we  have 
assumed  that  g o / is  quasi-separated.  Hence  A — ► B is  proper  by  Morphisms  of 
Spaces,  Lemma [54.39.6|  which  means  that  / is  separated.  □ 

050N  Lemma  83.4.13.  Let  A be  an  algebraic  stack  over  the  base  scheme  S . 

(1)  A is  DM  4=>  A is  DM  over  S. 

(2)  A is  quasi- DM  4=>  A is  quasi- DM  over  S. 

(3)  If  A is  separated,  then  A is  separated  over  S. 

(4)  If  A quasi-separated,  then  A is  quasi-separated  over  S. 

Let  f : X ^ y be  a morphism  of  algebraic  stacks  over  the  base  scheme  S . 

(5)  If  A is  DM  over  S,  then  f is  DM. 

(6)  If  A is  quasi-DM  over  S,  then  f is  quasi-DM. 

(7)  If  A is  separated  over  S and  A y/g  is  separated,  then  f is  separated. 

(8)  If  A is  quasi-separated  over  S and  A y/g  is  quasi-separated,  then  f is 
quasi-separated. 


Proof.  Parts  (5),  (6) 
Spaces,  Definition  52.13.2 


stacks  over  Spec(Z)  and  apply  Lemma  83.4.12 


(7),  and  (8)  follow  immediately  from  Lemma  83.4.12  and 
To  prove  (3)  and  (4)  think  of  X and  Y as  algebraic 
Similarly,  to  prove  (1)  and  (2), 


think  of  A as  an  algebraic  stack  over  Spec(Z)  consider  the  morphisms 


06MB 


A 


A Xs  A — > A xSpec(Z)  A 


Both  arrows  are  representable  by  algebraic  spaces.  The  second  arrow  is  unramified 
and  locally  quasi-finite  as  the  base  change  of  the  immersion  Ag/Z.  Hence  the 
composition  is  unramified  (resp.  locally  quasi-finite)  if  and  only  if  the  first  arrow 


is  unramified  (resp.  locally  quasi-finite),  see  Morphisms  of  Spaces,  Lemmas  54.37.3 
and  54.37.11  (resp.  Morphisms  of  Spaces,  Lemmas  54.27.3  and  54.27.8).  □ 


Lemma  83.4.14.  Let  A be  an  algebraic  stack.  Let  W be  an  algebraic  space,  and 
let  f : W —>  A be  a surjective,  flat,  locally  finitely  presented  morphism. 
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(1)  If  f is  unramifted  (i.e.,  etale,  i.e.,  X is  Deligne-Mumford),  then  X is  DM. 

(2)  If  f is  locally  quasi-finite,  then  X is  quasi-DM. 


Proof.  Note  that  if  / is  unramified,  then  it  is  etale  by  Morphisms  of  Spaces,  Lemma 
54.38.12  This  explains  the  parenthetical  remark  in  (1).  Assume  / is  unramified 
(resp.  locally  quasi-finite).  We  have  to  show  that  Ax  : X — > X x X is  unramified 
(resp.  locally  quasi-finite).  Note  that  W x W —>■  X x X is  also  surjective,  flat,  and 
locally  of  finite  presentation.  Hence  it  suffices  to  show  that 

W xXxXAx  X = WxxW  — >WxW 


is  unramified  (resp.  locally  quasi-finite),  see  Properties  of  Stacks,  Lemma |82.3.3 
By  assumption  the  morphism  pr^  : W x x W — > W is  unramified  (resp.  locally 
quasi-finite).  Hence  the  displayed  arrow  is  unramified  (resp.  locally  quasi-finite) 


by  Morphisms  of  Spaces,  Lemma  54.37.11  (resp.  Morphisms  of  Spaces,  Lemma 
54.27.81).  □ 


06MY  Lemma  83.4.15.  A monomorphism  of  algebraic  stacks  is  separated  and  DM.  The 
same  is  true  for  immersions  of  algebraic  stacks. 


Proof.  If  / : X — > y is  a monomorphism  of  algebraic  stacks,  then  A f is  an 
isomorphism,  see  Properties  of  Stacks,  Lemma  |82.8.4|  Since  an  isomorphism  of 
algebraic  spaces  is  proper  and  unramified  we  see  that  / is  separated  and  DM.  The 
second  assertion  follows  from  the  first  as  an  immersion  is  a monomorphism,  see 
Properties  of  Stacks,  Lemma|82.9.5|  □ 

06MZ  Lemma  83.4.16.  Let  X be  an  algebraic  stack.  Let  x € \X\.  Assume  the  residual 
gerbe  Zx  of  X at  x exists.  If  X is  DM,  resp.  quasi-DM,  resp.  separated,  resp. 
quasi-separated,  then  so  is  Zx. 


Proof.  This  is  true  because  Zx  — > X is  a monomorphism  hence  DM  and  separated 
by  Lemma  83.4. 15|  Apply  Lemma  83.4.11  to  conclude.  □ 


83.5.  Inertia  stacks 

050P  The  (relative)  inertia  stack  of  a stack  in  groupoids  is  defined  in  Stacks,  Section 
|8.7[  The  actual  construction,  in  the  setting  of  fibred  categories,  and  some  of  its 
properties  is  in  Categories,  Section  [4. 33| 

050Q  Lemma  83.5.1.  Let  X be  an  algebraic  stack.  Then  the  inertia  stack  Tx  is  an 
algebraic  stack  as  well.  The  morphism 

IX  — * X 

is  representable  by  algebraic  spaces  and  locally  of  finite  type.  More  generally,  let 
f : X — ► y be  a morphism  of  algebraic  stacks.  Then  the  morphism 

Zx/y  — * X 

is  representable  by  algebraic  spaces  and  locally  of  finite  type. 

Proof.  By  Categories,  Lemma  [4.33. 1|  there  are  equivalences 


ZX  — > X Xa,axsat,a  A’  and  Zx/y  —>  X x AXXyX  A A 
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which  shows  that  the  inertia  stacks  are  algebraic  stacks.  Let  T — > X be  a morphism 
given  by  the  object  x of  the  fibre  category  of  X over  T.  Then  we  get  a 2-fibre  product 
square 


Isomx  ( x , x) 9-  Tx 


V 

T 


X 


X 


This  follows  immediately  from  the  definition  of  Tx-  Since  Isomx(x,  x)  is  always  an 
algebraic  space  locally  of  finite  type  over  T (see  Lemma  83.3. 1|)  we  conclude  that 
Tx  — ► X is  representable  by  algebraic  spaces  and  locally  of  finite  type.  Finally,  for 
the  relative  inertia  we  get 


Isomx  (x,  x)  -<■ I\  — — ^ Xx/y 


Isomy(f(x ),  f(x))  - — T X 

with  both  squares  2-fibre  products.  This  follows  from  Categories,  Lemma  |4.33.3| 
The  left  vertical  arrow  is  a morphism  of  algebraic  spaces  locally  of  finite  type  over 
T,  and  hence  is  locally  of  finite  type,  see  Morphisms  of  Spaces,  Lemma  |54.23.6| 
Thus  K is  an  algebraic  space  and  K — )■  T is  locally  of  finite  type.  This  proves  the 
assertion  on  the  relative  inertia.  □ 


050R 


algebraic  spaces  with  target  X forms  a category.  In  this  category  the  inertia  stack 
of  X is  a group  object.  Recall  that  an  object  of  Tx  is  just  a pair  (a;,  a)  where  x is 
an  object  of  X and  a is  an  automorphism  of  x in  the  fibre  category  of  X that  x 
lives  in.  The  composition 

c : Tx  y-xTx  — Tx 

is  given  by  the  rule  on  objects 

((x,  a),  (a/ , a'),  (3)  K > (x,  a o [3~1  o a o j3) 

which  makes  sense  as  /3  : x — > x'  is  an  isomorphism  in  the  fibre  category  by  our 
definition  of  fibre  products.  The  neutral  element  e : X -A  Tx  is  given  by  the  functor 
x i-a  (a;,idx).  We  omit  the  proof  that  the  axioms  of  a group  object  hold.  There  is 
a variant  of  this  remark  for  relative  inertia  stacks. 


Remark  83.5.2.  Let  X be  an  algebraic  stack.  In  Properties  of  Stacks,  Remark 
82.3.7  we  have  seen  that  the  2-category  of  morphisms  X'  — > X representable  by 


Let  X be  an  algebraic  stack  and  let  Tx  be  its  inertia  stack.  We  have  seen  in  the 
proof  of  Lemma [83. 5.1 1 that  for  any  scheme  T and  object  x of  X over  T there  is  a 
canonical  cartesian  square 


Isomx  (x,  x) s-  Tx 


Y 

T 


X 


X 


The  group  structure  onl^  discussed  in  Remark |83. 5. 2|  induces  the  group  structure 
on  Isomx{x,  x)  of  Lemma  83.3.2  This  allows  us  to  define  the  sheaf  Isomx  also  for 
morphisms  from  algebraic  spaces  to  X . We  formalize  this  in  the  following  definition. 
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06PP  Definition  83.5.3.  Let  X be  an  algebraic  stack  and  let  X be  an  algebraic  space. 
Let  x : X — > X be  a morphism.  We  set 

Isomx(x,x ) = A'  xx,xlx 

We  endow  it  with  the  structure  of  a group  algebraic  space  over  X by  pulling 
back  the  composition  law  discussed  in  Remark  |83.5.2|  We  will  sometimes  refer 
to  Isomx(x,  x)  as  the  sheaf  of  automorphisms  of  x. 


As  a variant  we  may  occasionally  use  the  notation  Isomx(x,y ) when  given  two 
morphisms  x,  y : X — > X.  This  will  mean  simply  the  algebraic  space 


06PQ 


(A*  XX'X'V  X)  X x xX.Ax  X. 

Then  it  is  true,  as  in  Lemma  83.3. 2[  that  Isomx(x,y)  is  a pseudo  torsor  for 
Isomx{x,x)  over  X.  We  omit  the  verification. 


Lemma  83.5.4.  Let  tt  : X -A  A be  a morphism  from  an  algebraic  stack  to 
an  algebraic  space.  Let  f : X'  -A  A be  a morphism  of  algebraic  spaces.  Set 
X'  = X'  Xx  X . Then  both  squares  in  the  diagram 


Categories, 


ix 

Equation  ||4.33.2.Tj) 

TX 


X' 


X' 


V 

X 


X 


are  fibre  product  squares. 


Proof.  The  inertia  stack  IXi  is  defined  as  the  category  of  pairs  {x' , o')  where 
x'  is  an  object  of  X'  and  a'  is  an  automorphism  of  x'  in  its  fibre  category  over 
( Sch/S)fppf , see  Categories,  Section  4.33  Suppose  that  x'  lies  over  the  scheme 


U and  maps  to  the  object  x of  X.  By  the  construction  of  the  2-fibre  product  in 
Categories,  Lemma  4.31.3  we  see  that  x'  = (U,  a\x,  1)  where  a'  : U — X'  is  a 
morphism  and  1 indicates  that  / o a1  = 7r  o x as  morphisms  U -A  A.  Moreover  we 
have  IsomXi  (a/,  x')  = Isomx  (x,  x)  as  sheaves  on  U (by  the  very  construction  of  the 
2-fibre  product).  This  implies  that  the  left  square  is  a fibre  product  square  (details 
omitted).  □ 

06R5  Lemma  83.5.5.  Let  f : X — ► y be  a monomorphism  of  algebraic  stacks.  Then 
the  diagram 


lX 


V 

ly 


->■  x 


Y 

■ y 


is  a fibre  product  square. 


Proof.  This  follows  immediately  from  the  fact  that  / is  fully  faithful  (see  Properties 


of  Stacks,  Lemma  82.8.4)  and  the  definition  of  the  inertia  in  Categories,  Section 


4.33  Namely,  an  object  of  Tx  over  a scheme  T is  the  same  thing  as  a pair  ( x,  a) 
consisting  of  an  object  x ot  X over  T and  a morphism  a : x — > x in  the  fibre 
category  of  X over  T.  As  / is  fully  faithful  we  see  that  a is  the  same  thing  as  a 
morphism  /3  : f{x)  —¥  fix)  in  the  fibre  category  of  y over  T.  Hence  we  can  think 
of  objects  of  Ix  over  T as  triples  ((y,  f3),  x,  7)  where  y is  an  object  of  y over  T, 
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6 : y —f  y in  jPr  and  7 : y — > f{x)  is  an  isomorhism  over  T,  i.e. , an  object  of 
ly  Xy  X over  T.  □ 

06PR  Lemma  83.5.6.  Let  X be  an  algebraic  stack.  Let  [U/R]  — » X be  a presenta- 
tion. Let  G/U  be  the  stabilizer  group  algebraic  space  associated  to  the  groupoid 
( U,R,s,t,c ).  Then 

G 

y 

lx — x 

is  a fibre  product  diagram. 

Proof.  Immediate  from  Groupoids  in  Spaces,  Lemma [65. 25. 2|  □ 


83.6.  Higher  diagonals 


04YX  Let  / : X — > y be  a morphism  of  algebraic  stacks.  In  this  situation  it  makes  sense 
to  consider  not  only  the  diagonal 

A f : X ^ X xy  X 

but  also  the  diagonal  of  the  diagonal,  i.e.,  the  morphism 


Aa  f ■ X > X X (^x  XyX)  X 

Because  of  this  we  sometimes  use  the  following  terminology.  We  denote  A/;0  = 
/ the  zeroth  diagonal , we  denote  A/p  = Ay  the  first  diagonal,  and  we  denote 
A/p  = Aa;  the  second  diagonal.  Note  that  A/p  is  representable  by  algebraic 
spaces  and  locally  of  finite  type,  see  Lemma  83.3.3  Hence  A/p  is  representable,  a 
monomorphism,  locally  of  finite  type,  separated,  and  locally  quasi-finite,  see  Lemma 

Ell 


We  can  describe  the  second  diagonal  using  the  relative  inertia  stack.  Namely,  the 
fibre  product  X X(xxvx)  X is  equivalent  to  the  relative  inertia  stack  lx/y  by 


Categories,  Lemma  4.33.1  Moreover,  via  this  identification  the  second  diagonal 


becomes  the  neutral  section 


X 


Lx/y 


of  the  relative  inertia  stack.  Moreover,  recall  from  the  proof  of  Lemma  83.5.1  that 
given  a morphism  x : T — > X the  fibre  product  T xX:x  1-x /y  is  given  as  the  kernel 
K = Kf,x  of  the  homomorphism  of  group  algebraic  spaces 

Isomx{x,  x ) — ► Isomy(f(x),f(x)) 


over  T.  The  morphism  e corresponds  to  the  neutral  section  e : T — > K in  this 
situation. 


04YY  Lemma  83.6.1.  Let  f : X — ► y be  a morphism  of  algebraic  stacks.  The  following 
are  equivalent: 

(1)  the  morphism  f is  representable  by  algebraic  spaces, 

(2)  the  second  diagonal  of  f is  an  isomorphism, 

(3)  the  group  stack  Tx /y  is  trivial  over  X , and 

(4)  for  all  morphisms  x : T X the  associated  group  algebraic  space  K is 
trivial. 
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Proof.  We  first  prove  the  equivalence  of  (1)  and  (2).  Namely,  / is  representable  by 
algebraic  spaces  if  and  only  if  / is  faithful,  see  Algebraic  Stacks,  Lemmar76.15.2|  On 
the  other  hand,  / is  faithful  if  and  only  if  for  every  object  a;  of  A over  a scheme  T the 
functor  / induces  an  injection  Isomx(x,x)  — » Isomy(f(x),f(x )),  which  happens  if 
and  only  if  the  kernel  K is  trivial,  which  happens  if  and  only  if  e : T -A  K is  an 
isomorphism  for  every  x : T — > X . Since  K = T y.x,x^x/y  as  discussed  above,  this 
proves  the  equivalence  of  (1)  and  (2).  To  prove  the  equivalence  of  (2)  and  (3),  by 
the  discussion  above,  it  suffices  to  note  that  a group  stack  is  trivial  if  and  only  if  its 
identity  section  is  an  isomorphism.  Finally,  the  equivalence  of  (3)  and  (4)  follows 
from  the  definitions.  □ 


This  lemma  leads  to  the  following  hierarchy  for  morphisms  of  algebraic  stacks. 

OAHJ  Lemma  83.6.2.  A morphism  / : X — ► y of  algebraic  stacks  is 

(1)  a monomorphism  if  and  only  if  Af  i is  an  isomorphism,  and 

(2)  representable  by  algebraic  spaces  if  and  only  if  A/p  is  a monomorphism. 

Moreover,  the  second  diagonal  A f p is  always  a monomorphism. 


Proof.  Recall  from  Properties  of  Stacks,  Lemma  [82.8.4|  that  a morphism  of  alge- 
braic stacks  is  a monomorphism  if  and  only  if  its  diagonal  is  an  isomorphism  of 
stacks.  Thus  Lemma  |83.6.1  can  be  rephrased  as  saying  that  a morphism  is  rep- 
resentable by  algebraic  spaces  if  the  diagonal  is  a monomorphism.  In  particular, 
it  shows  that  condition  (3)  of  Lemma  83.3.4  is  actually  an  if  and  only  if,  i.e. , a 
morphism  of  algebraic  stacks  is  representable  by  algebraic  spaces  if  and  only  if  its 
diagonal  is  a monomorphism.  □ 


04YZ  Lemma  83.6.3.  Let  f : X — ► y be  a morphism  of  algebraic  stacks.  Then 

(1)  A f i separated  <t=>  A /2  closed  immersion  <t=>  A /2  proper  <t=>  A /2  univer- 
sally closed, 

(2)  A/p  quasi- separated  <t=>  A /p  finite  type  <t=>  A /p  quasi-compact,  and 

(3)  A/p  locally  separated  <t=>  A /p  immersion. 


Proof.  Follows  from  Lemmas  83.3.5  83.3.6  and  83.3.7  applied  to  A/p. 


□ 


The  following  lemma  is  kind  of  cute  and  it  may  suggest  a generalization  of  these 
conditions  to  higher  algebraic  stacks. 

04Z0  Lemma  83.6.4.  Let  f : X — » y be  a morphism  of  algebraic  stacks.  Then 

(1)  f is  separated  if  and  only  if  A/p  and  A/p  are  universally  closed,  and 

(2)  f is  quasi-separated  if  and  only  i/A/p  and  A/p  are  quasi- compact. 

(3)  f is  quasi-DM  if  and  only  i/A/p  and  A/p  are  locally  quasi-finite. 

(4)  f is  DM  if  and  only  if  A/p  and  A/p  are  unramified. 


Proof.  Proof  of  (1).  Assume  that  A/p  and  A/p  are  universally  closed.  Then  A/p 

By  Morphisms  of  Spaces, 
we  see  that  A/p  is  quasi- 


is  separated  and  universally  closed  by  Lemma  83.6.3 


Lemma  54.9.7  and  Algebraic  Stacks,  Lemma  76.10.9 


compact.  Hence  it  is  quasi-compact,  separated,  universally  closed  and  locally  of 
finite  type  (by  Lemma  83.3.3)  so  proper.  This  proves  “4=”  of  (1).  The  proof  of  the 
implication  in  the  other  direction  is  omitted. 


Proof  of  (2).  This  follows  immediately  from  Lemma  83.6.3 
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Proof  of  (3).  This  follows  from  the  fact  that  A /;2  is  always  locally  quasi-finite  by 
Lemma  83.3.4  applied  to  A / = A jtl. 

Proof  of  (4).  This  follows  from  the  fact  that  A/ 2 is  always  unramified  as  Lemma 


83.3.4  applied  to  Af  = A/p  shows  that  A /2  is  locally  of  finite  type  and  a monomor- 
phism. See  More  on  Morphisms  of  Spaces,  Lemma [63. 12. 8[  □ 


83.7.  Quasi-compact  morphisms 

Let  / be  a morphism  of  algebraic  stacks  which  is  representable  by  algebraic  spaces. 
In  Properties  of  Stacks,  Section  |82.3|  we  have  defined  what  it  means  for  / to  be 
quasi-compact.  Here  is  another  characterization. 

Lemma  83.7.1.  Let  f : X y be  a morphism  of  algebraic  stacks  which  is 
representable  by  algebraic  spaces.  The  following  are  equivalent: 

(1)  f is  quasi-compact,  and 

(2)  for  every  quasi-compact  algebraic  stack  Z and  any  morphism  Z — >•  y the 
algebraic  stack  Z Xy  X is  quasi-compact. 


Proof.  Assume  (1),  and  let  Z -A  y be  a morphism  of  algebraic  stacks  with  Z 
quasi-compact.  By  Properties  of  Stacks,  Lemma  82.6.2|there  exists  a quasi-compact 
scheme  U and  a surjective  smooth  morphism  U — x Z.  Since  / is  representable  by 
algebraic  spaces  and  quasi-compact  we  see  by  definition  that  U XyX  is  an  algebraic 
space,  and  that  U Xy  X — > U is  quasi-compact.  Hence  U Xy  A"  is  a quasi-compact 
algebraic  space.  The  morphism  U Xy  X — > Z Xy  X is  smooth  and  surjective  (as 
the  base  change  of  the  smooth  and  surjective  morphism  U —X  Z).  Hence  Z Xy  X 
is  quasi-compact  by  another  application  of  Properties  of  Stacks,  Lemma [82. 6. 2 1 


Assume  (2).  Let  Z — > y be  a morphism,  where  Z is  a scheme.  We  have  to  show 
that  the  morphism  of  algebraic  spaces  p : Z Xy  X — > Z is  quasi-compact.  Let 
U C Z be  affine  open.  Then  p_1({ 7)  = U Xy  Z and  the  algebraic  space  U Xy  Z 
is  quasi-compact  by  assumption  (2).  Hence  p is  quasi-compact,  see  Morphisms  of 
Spaces,  Lemma |54.8.7|  □ 


This  motivates  the  following  definition. 

Definition  83.7.2.  Let  / : X — > y be  a morphism  of  algebraic  stacks.  We  say  / is 
quasi-compact  if  for  every  quasi-compact  algebraic  stack  Z and  morphism  Z — > y 
the  fibre  product  Z Xy  X is  quasi-compact. 

By  Lemma|83.7.1|above  this  agrees  with  the  already  existing  notion  for  morphisms 
of  algebraic  stacks  representable  by  algebraic  spaces.  In  particular  this  notion 
agrees  with  the  notions  already  defined  for  morphisms  between  algebraic  stacks 
and  schemes. 

Lemma  83.7.3.  The  base  change  of  a quasi-compact  morphism  of  algebraic  stacks 
by  any  morphism  of  algebraic  stacks  is  quasi- compact. 


Proof.  Omitted. 


□ 


Lemma  83.7.4.  The  composition  of  a pair  of  quasi-compact  morphisms  of  alge- 
braic stacks  is  quasi-compact. 


Proof.  Omitted. 


□ 
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050X  Lemma  83.7.5.  Let 


Z 


be  a 2-commutative  diagram  of  morphisms  of  algebraic  stacks.  If  f is  surjective  and 
p is  quasi- compact,  then  q is  quasi- compact. 


Proof.  Let  T be  a quasi-compact  algebraic  stack,  and  let  T — t Z be  a morphism. 
By  Properties  of  Stacks,  Lemma[8233]the  morphism  TxzX  —>T  x^y  is  surjective 
and  by  assumption  T Xz  X is  quasi-compact.  Hence  T Xz  y is  quasi-compact  by 
Properties  of  Stacks,  Lemma  82.6.2  □ 


050Y  Lemma  83.7.6.  Let  f : X y and  g : y — * Z be  morphisms  of  algebraic  stacks. 
If  g o f is  quasi-compact  and  g is  quasi- separated  then  f is  quasi-compact. 

Proof.  This  is  true  because  / equals  the  composition  (1,  /)  : X — ► X Xz  y — > y. 
The  first  map  is  quasi-compact  by  Lemma|83.4.9|because  it  is  a section  of  the  quasi- 
separated  morphism  X Xz  y — > X (a  base  change  of  g,  see  Lemma  83.4.4).  The 

And 


second  map  is  quasi-compact  as  it  is  the  base  change  of  /,  see  Lemma  83.7.3 


compositions  of  quasi-compact  morphisms  are  quasi-compact,  see  Lemma  83.7.4 


□ 


075S  Lemma  83.7.7.  Let  f : X — >■  y be  a morphism  of  algebraic  stacks. 

(1)  If  X is  quasi-compact  and  y is  quasi-separated,  then  f is  quasi- compact. 

(2)  If  X is  quasi-compact  and  quasi-separated  and  y is  quasi-separated,  then 
f is  quasi-compact  and  quasi-separated. 

(3)  A fibre  product  of  quasi-compact  and  quasi-separated  algebraic  stacks  is 
quasi-compact  and  quasi-separated. 


Proof.  Part  (1)  follows  from  Lemma  83.7.6  Part  (2)  follows  from  (1)  and  Lemma 


83.4.12  For  (3)  let  X y and  Z — > y be  morphisms  of  quasi-compact  and 
quasi-separated  algebraic  stacks.  Then  X Xy  Z — >•  Z is  quasi-compact  and  quasi- 


separated  as  a base  change  of  A — ► y using  (2)  and  Lemmas  83.7.3  and  83.4.4 


Hence  X Xy  Z is  quasi-compact  and  quasi-separated  as  an  algebraic  stack  quasi- 
compact and  quasi-separated  over  Z , see  Lemmas  83.4.  Ill  and  [83~7T4l  □ 


83.8.  Noetherian  algebraic  stacks 

050Z  We  have  already  defined  locally  Noetherian  algebraic  stacks  in  Properties  of  Stacks, 
Section  182.71 

0510  Definition  83.8.1.  Let  X be  an  algebraic  stack.  We  say  X is  Noetherian  if  X is 
quasi-compact,  quasi-separated  and  locally  Noetherian. 

Note  that  a Noetherian  algebraic  stack  X is  not  just  quasi-compact  and  locally 
Noetherian,  but  also  quasi-separated.  In  the  language  of  Section  [83.6|  if  we  denote 
p : X -A  Spec(Z)  the  “absolute”  structure  morphism  (i.e. , the  structure  morphism 
of  X viewed  as  an  algebraic  stack  over  Z),  then 

X Noetherian  <t=>  X locally  Noetherian  and  APi0,  AP)i,  APi2  quasi-compact. 

This  will  later  mean  that  an  algebraic  stack  of  finite  type  over  a Noetherian  algebraic 
stack  is  not  automatically  Noetherian. 
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83.9.  Open  morphisms 

06U0  Let  / be  a morphism  of  algebraic  stacks  which  is  representable  by  algebraic  spaces. 
In  Properties  of  Stacks,  Section  |82.3|  we  have  defined  what  it  means  for  / to  be 
universally  open.  Here  is  another  characterization. 

06U1  Lemma  83.9.1.  Let  f : X — ► y be  a morphism  of  algebraic  stacks  which  is 
representable  by  algebraic  spaces.  The  following  are  equivalent 

(1)  / is  universally  open,  and 

(2)  for  every  morphism  of  algebraic  stacks  Z — > y the  morphism  of  topological 
spaces  | Z Xy  X\  — > \Z\  is  open. 

Proof.  Assume  (1),  and  let  Z — > y be  as  in  (2).  Choose  a scheme  V and  a 
surjective  smooth  morphism  V — > Z.  By  assumption  the  morphism  V Xy  X — > V 
of  algebraic  spaces  is  universally  open,  in  particular  the  map  \V  xy  X\  — ► |P|  is 
open.  By  Properties  of  Stacks,  Section  [82.4|  in  the  commutative  diagram 

\V  Xy  X\l:f^\Z  Xy  X\ 

\V\ Hiz| 

the  horizontal  arrows  are  open  and  surjective,  and  moreover 

IPx^Al  — > \v\  X|*|  IZXyXl 

is  surjective.  Hence  as  the  left  vertical  arrow  is  open  it  follows  that  the  right 
vertical  arrow  is  open.  This  proves  (2).  The  implication  (2)  =>  (1)  follows  from  the 
definitions.  □ 

Thus  we  may  use  the  following  natural  definition. 

06U2  Definition  83.9.2.  Let  / : X — > y be  a morphism  of  algebraic  stacks. 

(1)  We  say  / is  open  if  the  map  of  topological  spaces  \X\  — >•  |^|  is  open. 

(2)  We  say  / is  universally  open  if  for  every  morphism  of  algebraic  stacks 
Z — >■  y the  morphism  of  topological  spaces 

\ZXyX\^\Z\ 

is  open,  i.e. , the  base  change  Z Xy  X Z is  open. 

06U3  Lemma  83.9.3.  The  base  change  of  a universally  open  morphism  of  algebraic 
stacks  by  any  morphism  of  algebraic  stacks  is  universally  open. 

Proof.  This  is  immediate  from  the  definition.  □ 

06U4  Lemma  83.9.4.  The  composition  of  a pair  of  (universally)  open  morphisms  of 
algebraic  stacks  is  (universally)  open. 


Proof.  Omitted. 


□ 
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83.10.  Submersive  morphisms 

06U5 

06U6  Definition  83.10.1.  Let  / : X — > y be  a morphism  of  algebraic  stacks. 

(1)  We  say  / is  submersiv ^ if  the  continuous  map  \X\  — > |3^|  is  submersive, 
see  Topology,  Definition  5.5.3[ 

(2)  We  say  / is  universally  submersive  if  for  every  morphism  of  algebraic 
stacks  y'  — > y the  base  change  y'  Xy  X — > y'  is  submersive. 

We  note  that  a submersive  morphism  is  in  particular  surjective. 

83.11.  Universally  closed  morphisms 

0511  Let  / be  a morphism  of  algebraic  stacks  which  is  representable  by  algebraic  spaces. 
In  Properties  of  Stacks,  Section  |82.3|  we  have  defined  what  it  means  for  / to  be 
universally  closed.  Here  is  another  characterization. 

0512  Lemma  83.11.1.  Let  f : X -A  y be  a morphism  of  algebraic  stacks  which  is 
representable  by  algebraic  spaces.  The  following  are  equivalent 

(1)  / is  universally  closed,  and 

(2)  for  every  morphism  of  algebraic  stacks  Z -A  y the  morphism  of  topological 
spaces  | Z Xy  X\  -A  \Z\  is  closed. 

Proof.  Assume  (1),  and  let  Z — > y be  as  in  (2).  Choose  a scheme  V and  a 
surjective  smooth  morphism  V — » Z.  By  assumption  the  morphism  V Xy  X V 
of  algebraic  spaces  is  universally  closed,  in  particular  the  map  \V  Xy  X\  — > \V\  is 
closed.  By  Properties  of  Stacks,  Section [82.41  in  the  commutative  diagram 

lUx^Al *\ZxyX\ 


\V\ *\Z\ 

the  horizontal  arrows  are  open  and  surjective,  and  moreover 

\VxyX\  — > |Vj  xjzj  iZxyXl 

is  surjective.  Hence  as  the  left  vertical  arrow  is  closed  it  follows  that  the  right 
vertical  arrow  is  closed.  This  proves  (2).  The  implication  (2)  =>  (1)  follows  from 
the  definitions.  □ 

Thus  we  may  use  the  following  natural  definition. 

0513  Definition  83.11.2.  Let  / : X — > y be  a morphism  of  algebraic  stacks. 

(1)  We  say  / is  closed  if  the  map  of  topological  spaces  \X\  — > |^|  is  closed. 

(2)  We  say  / is  universally  closed  if  for  every  morphism  of  algebraic  stacks 
Z — ► y the  morphism  of  topological  spaces 

jZXyXj  -A  \Z\ 

is  closed,  i.e. , the  base  change  Z xy  X —>■  Z is  closed. 

0514  Lemma  83.11.3.  The  base  change  of  a universally  closed  morphism  of  algebraic 
stacks  by  any  morphism  of  algebraic  stacks  is  universally  closed. 

'This  is  very  different  from  the  notion  of  a submersion  of  differential  manifolds. 
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Proof.  This  is  immediate  from  the  definition.  □ 

0515  Lemma  83.11.4.  The  composition  of  a pair  of  (universally)  closed  morphisms  of 
algebraic  stacks  is  (universally)  closed. 

Proof.  Omitted.  □ 

83.12.  Types  of  morphisms  smooth  local  on  source-and-target 

06FL  Given  a property  of  morphisms  of  algebraic  spaces  which  is  smooth  local  on  the 
source-and-target , see  Descent  on  Spaces,  Definition [6TTT8TT]  we  may  use  it  to  define 
a corresponding  property  of  morphisms  of  algebraic  stacks,  namely  by  imposing 
either  of  the  equivalent  conditions  of  the  lemma  below. 

06FM  Lemma  83.12.1.  Let  V be  a propeHy  of  morphisms  of  algebraic  spaces  which  is 
smooth  local  on  the  source-and-target.  Let  f : X -A  y be  a morphism  of  algebraic 
stacks.  Consider  commutative  diagrams 

U ^ V 

h 

a b 

x — y 

where  U and  V are  algebraic  spaces  and  the  vertical  arrows  are  smooth.  The  fol- 
lowing are  equivalent 

(1)  for  any  diagram  as  above  such  that  in  addition  U — ► X Xy  V is  smooth 
the  morphism  h has  property  V , and 

(2)  for  some  diagram  as  above  with  a : U — » X surjective  the  morphism  h has 
property  V. 

If  X and  y are  representable  by  algebraic  spaces,  then  this  is  also  equivalent  to 
f (as  a morphism  of  algebraic  spaces)  having  property  V.  If  V is  also  preserved 
under  any  base  change,  and  fppf  local  on  the  base,  then  for  morphisms  f which  are 
representable  by  algebraic  spaces  this  is  also  equivalent  to  f having  propeHy  V in 
the  sense  of  Properties  of  Stacks,  Section[82.3\ 

Proof.  Let  us  prove  the  implication  (1)  =>  (2).  Pick  an  algebraic  space  V and 
a surjective  and  smooth  morphism  V — > y.  Pick  an  algebraic  space  U and  a 
surjective  and  smooth  morphism  U — * X XyV.  Note  that  U — > X is  surjective  and 
smooth  as  well,  as  a composition  of  the  base  change  X Xy  V — > X and  the  chosen 
map  U — > X XyV.  Hence  we  obtain  a diagram  as  in  (1).  Thus  if  (1)  holds,  then 
h : U V has  property  V,  which  means  that  (2)  holds  as  U — > X is  surjective. 

Conversely,  assume  (2)  holds  and  let  U,  V,  a,  b,  h be  as  in  (2).  Next,  let  U' , V' , a',  b' , h! 
be  any  diagram  as  in  (1).  Picture 
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To  show  that  (2)  implies  (1)  we  have  to  prove  that  h'  has  V.  To  do  this  consider 
the  commutative  diagram 


U* UxxU' *U' 


of  algebraic  spaces.  Note  that  the  horizontal  arrows  are  smooth  as  base  changes  of 
the  smooth  morphisms  V^y,V'^y,U^X,  and  U'  — >■  T.  Note  that 


U x x U' >■  U' 

Y V 

UXyV'  ^XXyV' 


is  cartesian,  hence  the  left  vertical  arrow  is  smooth  as  U' ,V' ,a’ ,b' ,h'  is  as  in  (1). 
Since  V is  local  on  the  target  we  see  that  the  base  change  U XyV'  — > V XyV'  has 
V and  hence  after  precomposing  by  the  smooth  morphism  U x x U'  — t U Xy  V' 
the  morphism  we  conclude  (h,hr)  has  V.  Finally,  since  U Xx  U'  — > U'  is  surjective 
this  implies  that  h'  has  V as  V is  local  on  the  source-and-target.  This  finishes  the 
proof  of  the  equivalence  of  (1)  and  (2). 


If  X and  y are  representable,  then  Descent  on  Spaces,  Lemma  61.18.3  applies  which 
shows  that  (1)  and  (2)  are  equivalent  to  / having  V. 


Finally,  suppose  / is  representable,  and  U,  V,  a,  b,  h are  as  in  part  (2)  of  the  lemma, 
and  that  V is  preserved  under  arbitrary  base  change.  We  have  to  show  that  for 
any  scheme  Z and  morphism  Z — > X the  base  change  Z Xy  X — > Z has  property 
V . Consider  the  diagram 


Z Xy  U >•  Z x y V 


y 


V V 

Z Xy  X ' Z 


Note  that  the  top  horizontal  arrow  is  a base  change  of  h and  hence  has  property 
V . The  left  vertical  arrow  is  smooth  and  surjective  and  the  right  vertical  arrow  is 
smooth.  Thus  Descent  on  Spaces,  Lemma  61.18.3  kicks  in  and  shows  that  ZxyX 
Z has  property  V . □ 


06FN  Definition  83.12.2.  Let  V be  a property  of  morphisms  of  algebraic  spaces  which  is 
smooth  local  on  the  source-and-target.  We  say  a morphism  / : X — > y of  algebraic 
stacks  has  property  V if  the  equivalent  conditions  of  Lemma  |83 . 1 2 . 1 1 hold . 

06FP  Remark  83.12.3.  Let  V be  a property  of  morphisms  of  algebraic  spaces  which 
is  smooth  local  on  the  source-and-target  and  stable  under  composition.  Then  the 
property  of  morphisms  of  algebraic  stacks  defined  in  Definition  |83.12.2|  is  stable 
under  composition.  Namely,  let  / : X — * y and  g : y — > Z be  morphisms  of 
algebraic  stacks  having  property  V . Choose  an  algebraic  space  W and  a surjective 
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smooth  morphism  W — > Z.  Choose  an  algebraic  space  V and  a surjective  smooth 
morphism  V — > y x%  W.  Finally,  choose  an  algebraic  space  U and  a surjective  and 
smooth  morphism  U — > X XyV.  Then  the  morphisms  V — > W and  U — > V have 
property  V by  definition.  Whence  U —>  W has  property  V as  we  assumed  that  V 
is  stable  under  composition.  Thus,  by  definition  again,  we  see  that  g o f : X — > Z 
has  property  V . 

06FQ  Remark  83.12.4.  Let  V be  a property  of  morphisms  of  algebraic  spaces  which 
is  smooth  local  on  the  source-and-target  and  stable  under  base  change.  Then  the 
property  of  morphisms  of  algebraic  stacks  defined  in  Definition  |83.12.2|  is  stable 
under  base  change.  Namely,  let  / : X — > y and  g : y'  — > y be  morphisms  of 
algebraic  stacks  and  assume  / has  property  V.  Choose  an  algebraic  space  V and  a 
surjective  smooth  morphism  V — > y.  Choose  an  algebraic  space  U and  a surjective 
smooth  morphism  U — > X Xy  V.  Finally,  choose  an  algebraic  space  V'  and  a 
surjective  and  smooth  morphism  V'  — > y1  Xy  V.  Then  the  morphism  U — > V has 
property  V by  definition.  Whence  V'  Xy  U — > V'  has  property  V as  we  assumed 
that  V is  stable  under  base  change.  Considering  the  diagram 


v'  xvu — xy  x — >■  x 

Y Y Y 

v' >-  y ^ y 


06PS 


we  see  that  the  left  top  horizontal  arrow  is  smooth  and  surjective,  whence  by 
definition  we  see  that  the  projection  y'  Xy  X — \ y'  has  property  V. 


Remark  83.12.5.  Let  V,  V'  be  properties  of  morphisms  of  algebraic  spaces  which 
are  smooth  local  on  the  source-and-target  and  stable  under  base  change.  Suppose 
that  we  have  V =>  V'  for  morphisms  of  algebraic  spaces.  Then  we  also  have 
V =>  V'  for  the  properties  of  morphisms  of  algebraic  stacks  defined  in  Definition 


83.12.2  using  V and  V' . This  is  clear  from  the  definition. 


83.13.  Morphisms  of  finite  type 


06FR  The  property  “locally  of  finite  type”  of  morphisms  of  algebraic  spaces  is  smooth 
local  on  the  source-and-target,  see  Descent  on  Spaces,  Remark  |61.18.5|  It  is  also 
stable  under  base  change  and  fpqc  local  on  the  target,  see  Morphisms  of  Spaces, 


above,  we  may  define  what  it  means  for  a morphism  of  algebraic  spaces  to  be  locally 
of  finite  type  as  follows  and  it  agrees  with  the  already  existing  notion  defined  in 
Properties  of  Stacks,  Section [82. 3 1 when  the  morphism  is  representable  by  algebraic 
spaces. 


Lemma  54.23.3  and  Descent  on  Spaces,  Lemma  61.10.7|  Hence,  by  Lemma  83.12.1 


06FS 


06FT 


Definition  83.13.1.  Let  / : X — > y be  a morphism  of  algebraic  stacks. 


(1)  We  say  / locally  of  finite  type  if  the  equivalent  conditions  of  Lemma  83.12.1 
hold  with  V = locally  of  finite  type. 

(2)  We  say  / is  of  finite  type  if  it  is  locally  of  finite  type  and  quasi-compact. 


Lemma  83.13.2.  The  composition  of  finite  type  morphisms  is  of  finite  type.  The 
same  holds  for  locally  of  finite  type. 


Proof.  Combine  Remark  |83. 12.3|  with  Morphisms  of  Spaces,  Lemma  [54. 23.2|  □ 
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06FU  Lemma  83.13.3.  A base  change  of  a finite  type  morphism  is  finite  type.  The 
same  holds  for  locally  of  finite  type. 

Proof.  Combine  Remark  |83. 12. 4|  with  Morphisms  of  Spaces,  Lemma  [54.23.3|  □ 

06FV  Lemma  83.13.4.  An  immersion  is  locally  of  finite  type. 

Proof.  Follows  from  Morphisms  of  Spaces,  Lemma  [54. 23. 7|  □ 

06R6  Lemma  83.13.5.  Let  f : X — ► y be  a morphism  of  algebraic  stacks.  If  f is  locally 
of  finite  type  and  y is  locally  Noetherian , then  X is  locally  Noetherian. 

Proof.  Let 

U 


X - — 

be  a commutative  diagram  where  U,  V are  schemes,  V — » y is  surjective  and 
smooth,  and  U — > V Xy  X is  surjective  and  smooth.  Then  U — ► V is  locally  of 
finite  type.  If  y is  locally  Noetherian,  then  V is  locally  Noetherian.  By  Morphisms, 
Lemma [28.15.6|  we  see  that  U is  locally  Noetherian,  which  means  that  X is  locally 
Noetherian.  □ 


The  following  two  lemmas  will  be  improved  on  later  (after  we  have  discussed  mor- 
phisms of  algebraic  stacks  which  are  locally  of  finite  presentation). 

06U7  Lemma  83.13.6.  Let  f : X — »•  y be  a morphism  of  algebraic  stacks.  Let  W — > y 
be  a surjective,  flat,  and  locally  of  finite  presentation  where  W is  an  algebraic  space. 
If  the  base  change  W Xy  X — )•  W is  locally  of  finite  type,  then  f is  locally  of  finite 
type. 


06U8 


Proof.  Choose  an  algebraic  space  V and  a surjective  smooth  morphism  V — > y. 
Choose  an  algebraic  space  U and  a surjective  smooth  morphism  U —>  V Xy  X.  We 
have  to  show  that  U —>  V is  locally  of  finite  presentation.  Now  we  base  change 
everything  by  W — » y-.  Set  U'  = W Xy  U , V'  = W Xy  V,  X'  = W Xy  X,  and 
y'  = W Xyy=  W.  Then  it  is  still  true  that  U'  — » V'  Xy>  X'  is  smooth  by  base 
change.  Hence  by  our  definition  of  locally  finite  type  morphisms  of  algebraic  stacks 
and  the  assumption  that  X'  — > y'  is  locally  of  finite  type,  we  see  that  U'  — > V'  is 
locally  of  finite  type.  Then,  since  V'  — > V is  surjective,  flat,  and  locally  of  finite 
presentation  as  a base  change  of  W — > y we  see  that  U — > V is  locally  of  finite  type 
by  Descent  on  Spaces,  Lemma|61.10.7  and  we  win.  □ 


Lemma  83.13.7.  Let  X — ^ y — >•  Z be  morphisms  of  algebraic  stacks.  Assume 
X — ^ 21  is  locally  of  finite  type  and  that  X — >•  y is  representable  by  algebraic  spaces, 
surjective,  flat,  and  locally  of  finite  presentation.  Then  y — » Z is  locally  of  finite 
type. 


Proof.  Choose  an  algebraic  space  W and  a surjective  smooth  morphism  W — > Z. 
Choose  an  algebraic  space  V and  a surjective  smooth  morphism  V —>  W Xz  W 
Set  U = V Xy  X which  is  an  algebraic  space.  We  know  that  U — » V is  surjective, 
flat,  and  locally  of  finite  presentation  and  that  U — > W is  locally  of  finite  type. 
Hence  the  lemma  reduces  to  the  case  of  morphisms  of  algebraic  spaces.  The  case 
of  morphisms  of  algebraic  spaces  is  Descent  on  Spaces,  Lemma  [61. 14. 2|  □ 
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06U9 


06FW 


06FX 


06FY 


Lemma  83.13.8.  Let  f : X — >•  y , g : y — ► Z be  morphisms  of  algebraic  stacks.  If 
g o f : X — t Z is  locally  of  finite  type,  then  f : X — > y is  locally  of  finite  type. 


Proof.  We  can  find  a diagram 


where  U,  V , W are  schemes,  the  vertical  arrow  W — ► Z is  surjective  and  smooth, 
the  arrow  V — t y W is  surjective  and  smooth,  and  the  arrow  U — )•  X Xy  V 
is  surjective  and  smooth.  Then  also  U — t X V is  surjective  and  smooth  (as  a 
composition  of  a surjective  and  smooth  morphism  with  a base  change  of  such).  By 
definition  we  see  that  U — > W is  locally  of  finite  type.  Hence  U — > V is  locally  of 


finite  type  by  Morphisms,  Lemma  28.15.8  which  in  turn  means  (by  definition)  that 
X — > y is  locally  of  finite  type.  □ 


83.14.  Points  of  finite  type 

Let  X be  an  algebraic  stack.  A finite  type  point  x € | X \ is  a point  which  can  be 
represented  by  a morphism  Spec(fc)  — > X which  is  locally  of  finite  type.  Finite  type 
points  are  a suitable  replacement  of  closed  points  for  algebraic  spaces  and  algebraic 
stacks.  There  are  always  “enough  of  them”  for  example. 

Lemma  83.14.1.  Let  X be  an  algebraic  stack.  Let  x £ \X\.  The  following  are 
equivalent: 

(1)  There  exists  a morphism  Spec(fc)  — > X which  is  locally  of  finite  type  and 
represents  x. 

(2)  There  exists  a scheme  U , a closed  point  u £ U , and  a smooth  morphism 
ip  : U — » X such  that  tp(u)  = x. 


Proof.  Let  u £ U and  U — > X be  as  in  (2).  Then  Spec(«(u))  — > U is  of  finite  type, 
and  U — ^ X is  representable  and  locally  of  finite  type  (by  Morphisms  of  Spaces, 


Lemmas  54.38.8  and  54.28.5).  Hence  we  see  (1)  holds  by  Lemma  83.13.2 


Conversely,  assume  Spec(£;)  — >•  X is  locally  of  finite  type  and  represents  x.  Let 
U — > X be  a surjective  smooth  morphism  where  U is  a scheme.  By  assumption 
U Xx  Spec(fc)  —tU  is  a morphism  of  algebraic  spaces  which  is  locally  of  finite  type. 
Pick  a finite  type  point  c of  U Xx  Spec (k)  (there  exists  at  least  one,  see  Morphisms 
of  Spaces,  Lemma  54.25.3).  By  Morphisms  of  Spaces,  Lemma  |54.25.4  the  image 
u £ U of  v is  a finite  type  point  of  U.  Hence  by  Morphisms,  Lemma  28.16.4|  after 
shrinking  U we  may  assume  that  u is  a closed  point  of  U,  i.e.,  (2)  holds.  □ 

Definition  83.14.2.  Let  X be  an  algebraic  stack.  We  say  a point  x £ \X\  is  a 


finite  type  if  the  equivalent  conditions  of  Lemma 

denote  Aft_pts  the  set  of  finite  type  points  of  X. 


83.14.1 


are  satisfied.  We 


We  can  describe  the  set  of  finite  type  points  as  follows. 


®This  is  a slight  abuse  of  language  as  it  would  perhaps  be  more  correct  to  say  “locally  finite 
type  point”. 
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06FZ  Lemma  83.14.3.  Let  X be  an  algebraic  stack.  We  have 

Xft-Pts  = U,:M  smooth  \<P\iUo) 

where  Uq  is  the  set  of  closed  points  of  U . Here  we  may  let  U range  over  all  schemes 
smooth  over  X or  over  all  affine  schemes  smooth  over  X . 

Proof.  Immediate  from  Lemma  [83.14. II  □ 


06G0  Lemma  83.14.4.  Let  f : X — ► y be  a morphism  of  algebraic  stacks.  If  f is  locally 
of  finite  type,  then  f(Xp.pts)  C yp.pu- 

Proof.  Take  x £ Aft_pts-  Represent  x by  a locally  finite  type  morphism  x : 
Spec (k)  — > X . Then  / o x is  locally  of  finite  type  by  Lemma  83.13.2  Hence 
f{x)  £ iVft-ptB-  □ 

06G1  Lemma  83.14.5.  Let  f : X — >■  y be  a morphism  of  algebraic  stacks.  If  f is  locally 
of  finite  type  and  surjective,  then  f(Xp.pts)  = yp-pts- 


Proof.  We  have  /(A ft-pts)  C (Vft-pts  by  Lemma  83.14.4  Let  y £ |(V|  be  a finite  type 
point.  Represent  y by  a morphism  Spec(fc)  — > y which  is  locally  of  finite  type.  As 
/ is  surjective  the  algebraic  stack  X *.  = Spec(fc)  Xy  X is  nonempty,  therefore  has  a 
finite  type  point  x £ \Xf  by  Lemma  83.14.3  Now  X^  — > X is  a morphism  which 


is  locally  of  finite  type  as  a base  change  of  Spec(fc)  — > y (Lemma  83.13.3).  Hence 
the  image  of  x in  X is  a finite  type  point  by  Lemma  83.14.4|  which  maps  to  y by 
construction.  □ 


06G2  Lemma  83.14.6.  Let  X be  an  algebraic  stack.  For  any  locally  closed  subset 
T C \X\  we  have 

T / 0=>rn  Xp.pts  ^ 0. 

In  particular,  for  any  closed  subset  T C \X\  we  see  that  T D Xp.pts  is  dense  in  T. 


Proof.  Let  i : Z — > X be  the  reduced  induced  substack  structure  on  T,  see  Prop- 
erties of  Stacks,  Remark|82.10.5  An  immersion  is  locally  of  finite  type,  see  Lemma 


83.13.4  Hence  by  Lemma  83.14.4  we  see  Zft-Pts  C Aft_ptsnT.  Finally,  any  nonempty 


affine  scheme  U with  a smooth  morphism  towards  Z has  at  least  one  closed  point, 
hence  Z has  at  least  one  finite  type  point  by  Lemma  83.14.3 
lows. 


The  lemma  fol- 
□ 


Here  is  another,  more  technical,  characterization  of  a finite  type  point  on  an  al- 
gebraic stack.  It  tells  us  in  particular  that  the  residual  gerbe  of  X at  x exists 
whenever  a;  is  a finite  type  point! 

06G3  Lemma  83.14.7.  Let  X be  an  algebraic  stack.  Let  x £ \X\.  The  following  are 
equivalent: 

(1)  x is  a finite  type  point, 

(2)  there  exists  an  algebraic  stack  Z whose  underlying  topological  space  \Z\ 
is  a singleton,  and  a morphism  f : Z -P  X which  is  locally  of  finite  type 
such  that  {x}  = |/|(|Z|),  and 

(3)  the  residual  gerbe  Zx  of  X at  x exists  and  the  inclusion  morphism  Zx  — > X 
is  locally  of  finite  type. 
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Proof.  (All  of  the  morphisms  occurring  in  this  paragraph  are  representable  by 
algebraic  spaces,  hence  the  conventions  and  results  of  Properties  of  Stacks,  Section 


82.3  are  applicable.)  Assume  x is  a finite  type  point.  Choose  an  affine  scheme  U, 
a closed  point  u £ U,  and  a smooth  morphism  ip  : U — > X with  <p(u)  = x,  see 


Lemma  83.14.3  Set  u = Spec(ft(u))  as  usual.  Set  R = u xx  u so  that  we  obtain 

'u,  R,  s,  t,  c),  see  Algebr; 
u are  the  compositions 


a groupoid  in  algebraic  spaces  (u,  R,  s,  t,  c),  see  Algebraic  Stacks,  Lemma  76.16.1 
The  projection  morphisms  R 


R = u Xx  u — > uxx  U — > uxx  X = u 

where  the  first  arrow  is  of  finite  type  (a  base  change  of  the  closed  immersion  of 
schemes  u — > U)  and  the  second  arrow  is  smooth  (a  base  change  of  the  smooth 
morphism  U — > X).  Hence  s,t  : R — > u are  locally  of  finite  type  (as  compositions, 


see  Morphisms  of  Spaces,  Lemma  54.23.2).  Since  u is  the  spectrum  of  a field,  it 


follows  that  s,  t are  flat  and  locally  of  finite  presentation  (by  Morphisms  of  Spaces, 
Lemma  54.28.7).  We  see  that  Z = [u/R]  is  an  algebraic  stack  by  Criteria  for 
Representability,  Theorem  79.17.2  By  Algebraic  Stacks,  Lemma [76. 16. 1|  we  obtain 
a canonical  morphism 

f:Z—>X 

which  is  fully  faithful.  Hence  this  morphism  is  representable  by  algebraic  spaces,  see 


Algebraic  Stacks,  Lemma  76.15.2  and  a monomorphism,  see  Properties  of  Stacks, 
Lemma  |82.8.4|  It  follows  that  the  residual  gerbe  Zx  C X of  X at  x exists  and 
that  / factors  through  an  equivalence  Z — » Zx,  see  Properties  of  Stacks,  Lemma 
|82.11.1l]  By  construction  the  diagram 


U 


X 


is  commutative.  By  Criteria  for  Representability,  Lemma  |79.17.1|  the  left  vertical 
arrow  is  surjective,  flat,  and  locally  of  finite  presentation.  Consider 


u Xx  U 


■ZxxU 


■U 


X 


As  u — > X is  locally  of  finite  type,  we  see  that  the  base  change  u Xx  U — ► U is 
locally  of  finite  type.  Moreover,  uxxU^ZxxU\s  surjective,  flat,  and  locally 
of  finite  presentation  as  a base  change  of  u — ► Z.  Thus  {uxx  U — >•  Z Xx  U}  is 
an  fppf  covering  of  algebraic  spaces,  and  we  conclude  that  Z Xx  U — > 17  is  locally 


of  finite  type  by  Descent  on  Spaces,  Lemma  61.14.1  By  definition  this  means  that 
/ is  locally  of  finite  type  (because  the  vertical  arrow  Z Xx  U — > Z is  smooth  as  a 
base  change  of  U — > X and  surjective  as  Z has  only  one  point).  Since  Z = Zx  we 
see  that  (3)  holds. 

It  is  clear  that  (3)  implies  (2).  If  (2)  holds  then  x is  a finite  type  point  of  X by 
Lemma  83.14.4  and  Lemma  83.14.6  to  see  that  -Zft-pts  is  nonempty,  i.e. , the  unique 
point  of  Z is  a finite  type  point  of  Z.  □ 
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06MC 

06MD 


06ME 


83.15.  Special  presentations  of  algebraic  stacks 


The  following  lemma  gives  a criterion  for  when  a “slice”  of  a presentation  is  still 
flat  over  the  algebraic  stack. 

Lemma  83.15.1.  Let  X be  an  algebraic  stack.  Consider  a cartesian  diagram 


X Spec(fc) 

where  U is  an  algebraic  space,  k is  a field,  and  U — > X is  flat 
presentation.  Let  fi,. . fr  £ T(U,  Ojj)  and  z £ |F|  such  that 
regular  sequence  in  the  local  ring  Of,z ■ Then,  after  replacing  U 
containing  p(z),  the  morphism 

V{fi,  ■ ■ ■ , fr)  — > X 

is  flat  and  locally  of  finite  presentation. 

Proof.  Choose  a scheme  W and  a surjective  smooth  morphism  W — > X . Choose  an 
extension  of  fields  k C k'  and  a morphism  w : Spec (k')  -A  W such  that  Spec(fc')  -A 
W — > X is  2-isomorphic  to  Spec(fc')  -A  Spec(fc)  —¥  X.  This  is  possible  as  W — > X 
is  surjective.  Consider  the  commutative  diagram 


U^—UxxW^ 7 F' 

Pro  p’ 


Pro 

-x  ’ • , 

P 

Y ^ 

X W -< Spec(fc') 


and  locally  of  finite 
fi,---,fr  map  to  a 
by  an  open  subspace 


both  of  whose  squares  are  cartesian.  By  our  choice  of  w we  see  that  F'  = Fx  spec(fc) 
Spec(fc').  Thus  F'  — ► F is  surjective  and  we  can  choose  a point  zJ  £ \F'\  mapping  to 
z.  Since  F'  — > F is  flat  we  see  that  Of,z  — t Of>,z'  is  flat,  see  Morphisms  of  Spaces, 


Lemma 

54.29.8 

Hence  fr  map  to  a regular  sequence  in  Of’,s ',  see  Algebra, 

Lemma 

10.67.5 

Note  that  U x x W — >-ITisa  morphism  of  algebraic  spaces  which 

is  flat  and  locally  of  finite  presentation.  Hence  by  More  on  Morphisms  of  Spaces, 

Lemma 

63.23.1 

we  see  that  there  exists  an  open  subspace  U'  of  U x x W containing 

p(z')  such  that  the  intersection  U'  D (V(fi , . . . , fr)  x x W)  is  flat  and  locally  of  finite 
presentation  over  W.  Note  that  pr0([/')  is  an  open  subspace  of  U containing  p(z) 
as  pr0  is  smooth  hence  open.  Now  we  see  that  U'  fl  (V(fi, . . . , fr)  xx  W)  — > X is 
flat  and  locally  of  finite  presentation  as  the  composition 


U' <1  (P(/i,...,/r)  *xW)  -+W-+X. 


Hence  Properties  of  Stacks,  Lemma  82.3.5  implies  pr0(17/)  fl  V(f\, . . . , fr)  — > X is 
flat  and  locally  of  finite  presentation  as  desired.  □ 


Lemma  83.15.2.  Let  X be  an  algebraic  stack.  Consider  a cartesian  diagram 


U 


p 


F 


X 


Spec (fc) 
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where  U is  an  algebraic  space,  k is  a field,  and  U -A  X is  locally  of  finite  type.  Let 
z £ |F|  be  such  that  dimz(F)  = 0.  Then,  after  replacing  U by  an  open  subspace 
containing  p(z),  the  morphism 

U — > X 

is  locally  quasi- finite. 

Proof.  Since  / : U — > X is  locally  of  finite  type  there  exists  a maximal  open 
W(f)  C U such  that  the  restriction  f\w(,f)  '■  W(f)  -A  X is  locally  quasi-finite, 
see  Properties  of  Stacks,  Remark  82.9.191  pi).  Hence  all  we  need  to  do  is  prove 


that  p(z)  is  a point  of  W (/) . Moreover,  the  remark  referenced  above  also  shows 
the  formation  of  W(f)  commutes  with  arbitrary  base  change  by  a morphism  which 
is  representable  by  algebraic  spaces.  Hence  it  suffices  to  show  that  the  morphism 
F — > Spec (k)  is  locally  quasi-finite  at  z.  This  follows  immediately  from  Morphisms 
of  Spaces,  Lemma  [54. 33. 6|  □ 

A quasi-DM  stack  has  a locally  quasi-finite  “covering”  by  a scheme. 

06MF  Theorem  83.15.3.  Let  X be  an  algebraic  stack.  The  following  are  equivalent 

(1)  X is  quasi-DM,  and 

(2)  there  exists  a scheme  W and  a surjective,  flat,  locally  finitely  presented, 
locally  quasi-finite  morphism  W — > X . 

Proof.  The  implication  (2)  =>•  (1)  is  Lemma  83.4.14  Assume  (1).  Let  x £ \X\ 
be  a finite  type  point.  We  will  produce  a scheme  over  X which  “works”  in  a 
neighbourhood  of  x.  At  the  end  of  the  proof  we  will  take  the  disjoint  union  of  all 
of  these  to  conclude. 


Let  U be  an  affine  scheme,  U 


which  maps  to  x , see  Lemma  83.14.1 


X a smooth  morphism,  and  u £ U a closed  point 
Denote  u = Spec(/c(u))  as  usual.  Consider 


the  following  commutative  diagram 


with  both  squares  fibre  product  squares,  in  particular  R = u Xx  u.  In  the  proof 


of  Lemma  83.14.7  we  have  seen  that  (u,  R,  s,t,c)  is  a groupoid  in  algebraic  spaces 
with  s,t  locally  of  finite  type.  Let  G — > u be  the  stabilizer  group  algebraic  space 
(see  Groupoids  in  Spaces,  Definition |65. 15. 2|).  Note  that 


G = Rx{. 


uxu) 


= {uxxu)  X(uxu)  u = X xXxx  u. 


As  X is  quasi-DM  we  see  that  G is  locally  quasi-finite  over  u.  By  More  on  Groupoids 


in  Spaces,  Lemma  66.7.11  we  have  dim(i?)  = 0. 


Let  e : u — > R be  the  identity  of  the  groupoid.  Thus  both  compositions  u — > R — > u 
are  equal  to  the  identity  morphism  of  u.  Note  that  R C F is  a closed  subspace 
as  u C U is  a closed  subscheme.  Hence  we  can  also  think  of  e as  a point  of  F. 
Consider  the  maps  of  etale  local  rings 


O 


U,u 


Of 


o 


R,e 
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Note  that  Or^  has  dimension  0 by  the  result  of  the  first  paragraph.  On  the  other 
hand,  the  kernel  of  the  second  arrow  is  (mu)0  as  R is  cut  out  in  F by  m„. 
Thus  we  see  that 

= yV(mu)e>F,e 


m~ 


On  the  other  hand,  as  the  morphism  U 
a smooth  morphism  of  algebraic  spaces. 


-A  X is  smooth  we  see  that  F — > u is 
This  means  that  F is  a regular  alge- 


braic space  (Spaces  over  Fields,  Lemma  59.9.1 1.  Hence  Op,e  is  a regular  local  ring 


(Properties  of  Spaces,  Lemma  53.24.1 1.  Note  that  a regular  local  ring  is  Cohen- 


Macaulay  (Algebra,  Lemma  10.105.3).  Let  d = dim  (Of,®)-  By  Algebra,  Lemma 
10.103.10  we  can  find  /i,  • - ■ , fd  £ Ou,u  whose  images  ■■■ , <p(fd)  form  a reg- 

ular sequence  in  Of,z ■ By  Lemma  83.15.1|  after  shrinking  U we  may  assume  that 
Z = V(fi, . . . , fd)  — > X is  flat  and  locally  of  finite  presentation.  Note  that  by 
construction  Fz  = Z x x u is  a closed  subspace  of  F = U xx  u,  that  e is  a point  of 
this  closed  subspace,  and  that 

dim(0FZ)e)  = 0. 


By  Morphisms  of  Spaces,  Lemma  54.33.1  it  follows  that  &m\e(Fz)  = 0 because  the 


transcendence  degree  of  e relative  to  u is  zero.  Hence  it  follows  from  Lemma[83.15.2| 
that  after  possibly  shrinking  U the  morphism  Z — > X is  locally  quasi-finite. 

We  conclude  that  for  every  finite  type  point  a;  of  X there  exists  a locally  quasi- 
finite,  flat,  locally  finitely  presented  morphism  fx:Zx^X  with  x in  the  image  of 
\U  Set  W = II,  Zx  and  / = JJfx-  Then  / is  flat,  locally  of  finite  presentation, 
and  locally  quasi-finite.  In  particular  the  image  of  |/|  is  open,  see  Properties  of 
Stacks,  Lemma  |82.4.7|  By  construction  the  image  contains  all  finite  type  points 
of  A,  hence  / is  surjective  by  Lemma  83.14.6  (and  Properties  of  Stacks,  Lemma 
82.4.4b.  □ 


06N0  Lemma  83.15.4.  Let  Z be  a DM,  locally  Noetherian,  reduced  algebraic  stack 
with  \Z\  a singleton.  Then  there  exists  a field  k and  a surjective  etale  morphism 
Spec(fc)  —a  Z. 


Proof.  By  Properties  of  Stacks,  Lemma  82. 11. 3|  there  exists  a field  k and  a surjec- 
tive, flat,  locally  finitely  presented  morphism  Spec(fc)  -A  Z.  Set  U = Spec(fc)  and 
R = U xzU  so  we  obtain  a groupoid  in  algebraic  spaces  (U,  R , s, t,  c),  see  Algebraic 
Stacks,  Lemma[76.9.2|  Note  that  by  Algebraic  Stacks,  Remark |76. 16. 3| we  have  an 
equivalence 

fcan  ■ [U/R]  —A  Z 

The  projections  s,t  : R — >•  U are  locally  of  finite  presentation.  As  Z is  DM  we  see 
that  the  stabilizer  group  algebraic  space 

G = U Xjjxu  R = U xUxU  (U  xzU)  = U xXxx,ax  % 

is  unramified  over  U . In  particular  dim(G)  = 0 and  by  More  on  Groupoids  in 


Spaces,  Lemma  66.7.11  we  have  dim (17)  = 0.  This  implies  that  R is  a scheme,  see 


Spaces  over  Fields,  Lemma  59.6.1  By  Varieties,  Lemma  32.17.2  we  see  that  R (and 


also  G)  is  the  disjoint  union  of  spectra  of  Artinian  local  rings  finite  over  k via  either 
s or  t.  Let  P = Spec(A)  C R be  the  open  and  closed  subscheme  whose  underlying 
point  is  the  identity  e of  the  groupoid  scheme  (U,  R,  s,  t,  c).  As  soe  = toe  = idgpec(fc) 
we  see  that  A is  an  Artinian  local  ring  whose  residue  field  is  identified  with  k via 
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06N1 


either  s11  : k — > A or  : k — > A.  Note  that  s,t  : Spec(A)  — > Spec (k)  are  finite  (by 
the  lemma  referenced  above).  Since  G — > Spec(fc)  is  unramified  we  see  that 

GC\  P = P Xuxu  U = Spec(A  ®k®k  k) 


is  unramified  over  k.  On  the  other  hand  A <&k®k  k is  local  as  a quotient  of  A and 
surjects  onto  k.  We  conclude  that  A <g>k®k  k = k.  It  follows  that  P — > U x U is 
universally  injective  (as  P has  only  one  point  with  residue  field  k,  unramified  (by 
the  computation  of  the  fibre  over  the  unique  image  point  above) , and  of  finite  type 
(because  s,t  are)  hence  a monomorphism  (see  Etale  Morphisms,  Lemma  40.7.11. 
Thus  s|p,f|p  : P -A  U define  a finite  flat  equivalence  relation.  Thus  we  may  apply 

to  conclude  that  U /P  exists  and  is  a scheme  U. 


38.23.8 


Groupoids,  Proposition 
Moreover,  U U is  finite  locally  free  and  P = U Xjj  U.  In  fact  U = Spec(fco) 
where  kg  C k is  the  ring  of  /?- invariant  functions.  As  k is  a field  it  follows  from  the 


definition  Groupoids,  Equation  (38.23.0.1)  that  k0  is  a field. 


We  claim  that 


(83.15.4.1) 


Spec(fco)  =U  = U/P  -A  [U/R]  = Z 


is  the  desired  surjective  etale  morphism.  It  follows  from  Properties  of  Stacks, 
Lemma  |82.11.1|  that  this  morphism  is  surjective.  Thus  it  suffices  to  show  that 
(83.15.4.1)  is  etal(p|  Instead  of  proving  the  etaleness  directly  we  first  apply  Boot- 
to  see  that  there  exists  a groupoid  scheme  (U,R,s,t,c)  such 


67.9.1 


strap,  Lemma 

that  (U,  R , s,  t,  c)  is  the  restriction  of  (U,  R , s,  t,  c)  via  the  quotient  morphism  U 
U.  (We  verified  all  the  hypothesis  of  the  lemma  above  except  for  the  assertion  that 
j : R — > U x U is  separated  and  locally  quasi-finite  which  follows  from  the  fact  that 
R is  a separated  scheme  locally  quasi-finite  over  k.)  Since  U — > U is  finite  locally 
free  we  see  that  [17/1?]  — > [U/R]  is  an  equivalence,  see  Groupoids  in  Spaces,  Lemma 
165.24.21 


Note  that  s,  t are  the  base  changes  of  the  morphisms  s,  t by  U — > U.  As  {17  — >•  17}  is 
an  fppf  covering  we  conclude  s,t  are  flat,  locally  of  finite  presentation,  and  locally 
quasi-finite,  see  Descent,  Lemmas  |34.19.13|  |34.19.9[  and  |34.19.22|  Consider  the 
commutative  diagram 

U U = P >R 


It  is  a general  fact  about  restrictions  that  the  outer  four  corners  form  a cartesian 
diagram.  By  the  equality  we  see  the  inner  square  is  cartesian.  Since  P is  open  in 
R we  conclude  that  e is  an  open  immersion  by  Descent,  Lemma |34. 19. 14~| 


But  of  course,  if  e is  an  open  immersion  and  .s.  t are  flat  and  locally  of  finite 
presentation  then  the  morphisms  t,  s are  etale.  For  example  you  can  see  this  by 
applying  More  on  Groupoids,  Lemma 


39.4.1 


which  shows  that  jjj  = 0 implies 
that  s,  t : R — > U is  unramified  (see  Morphisms,  Lemma  28.35.2),  which  in  turn 
implies  that  s,t  are  etale  (see  Morphisms,  Lemma  28.36.16).  Hence  Z = [U/R]  is 


®We  urge  the  reader  to  find  his/her  own  proof  of  this  fact.  In  fact  the  argument  has  a lot 
in  common  with  the  final  argument  of  the  proof  of  Bootstrap,  Theorem  |67.10.l1  hence  probably 
should  be  isolated  into  its  own  lemma  somewhere. 
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an  etale  presentation  of  the  algebraic  stack  Z and  we  conclude  that  U — > Z is  etale 
by  Properties  of  Stacks,  Lemma [82. 3. 3|  □ 

06N2  Lemma  83.15.5.  Let  X be  an  algebraic  stack.  Consider  a cartesian  diagram 

U ^ — F 


X^ 


Spec  (k) 


where  U is  an  algebraic  space,  k is  a field,  and  U -A  X is  flat  and  locally  of  finite 
presentation.  Let  z £ |Tj  be  such  that  F — > Spec(A;)  is  unramified  at  z.  Then,  after 
replacing  U by  an  open  subspace  containing  p(z) , the  morphism 

U 


X 


is  etale. 


Proof.  Since  / : U — > X is  flat  and  locally  of  finite  presentation  there  exists  a 
maximal  open  W(f)  C U such  that  the  restriction  f\w(f)  '■  kL(/)  — > X is  etale, 
see  Properties  of  Stacks,  Remark  82.9.  n<©-  Hence  all  we  need  to  do  is  prove 
that  p(z)  is  a point  of  W(f).  Moreover,  the  remark  referenced  above  also  shows 
the  formation  of  W(f)  commutes  with  arbitrary  base  change  by  a morphism  which 
is  representable  by  algebraic  spaces.  Hence  it  suffices  to  show  that  the  morphism 
F — >•  Spec(fc)  is  etale  at  z.  Since  it  is  flat  and  locally  of  finite  presentation  as  a 
base  change  of  U — > X and  since  F -A  Spec(fc)  is  unramified  at  z by  assumption, 
this  follows  from  Morphisms  of  Spaces,  Lemma  [54. 38. 12 

A DM  stack  is  a Deligne-Mumford  stack. 


□ 


06N3  Theorem  83.15.6.  Let  X be  an  algebraic  stack.  The  following  are  equivalent 

(1)  X is  DM, 

(2)  X is  Deligne-Mumford,  and 

(3)  there  exists  a scheme  W and  a surjective  etale  morphism  W — > X . 

Proof.  Recall  that  (3)  is  the  definition  of  (2),  see  Algebraic  Stacks,  Definition 
76.12.2  The  implication  (3)  =>  (1)  is  Lemma [83.4.14  Assume  (1).  Let  x £ \X\ 
be  a finite  type  point.  We  will  produce  a scheme  over  X which  “works”  in  a 
neighbourhood  of  x.  At  the  end  of  the  proof  we  will  take  the  disjoint  union  of  all 
of  these  to  conclude. 


By  Lemma [83.14.7|  the  residual  gerbe  Zx  of  A at  a;  exists  and  Zx  — > X is  locally  of 
finite  type.  By  Lemma  [83. 4. 16|  the  algebraic  stack  Zx  is  DM.  By  Lemma  [83.15.4| 
there  exists  a field  k and  a surjective  etale  morphism  z : Spec(fc)  -A  Zx.  In  par- 
ticular the  composition  x : Spec (k)  — > X is  locally  of  finite  type  (by  Morphisms  of 


Spaces,  Lemmas  54.23.2  and  54.38.9). 


Pick  a scheme  U and  a smooth  morphism  U - 
\U\  — ► \X\.  Consider  the  following  fibre  square 


X such  that  x is  in  the  image  of 


U ■ 


F 


X 


Spec(fc) 
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in  other  words  F = U Xx,x  Spec (fc).  By  Properties  of  Stacks,  Lemma  82.4.3  we  see 
that  F is  nonempty.  As  Zx  — > X is  a monomorphism  we  have 

Spec(A:)  xz,zx,z  Spec (k)  = Spec (k)  Xx,x,x  Spec (k) 

with  etale  projection  maps  to  Spec(fc)  by  construction  of  z.  Since 

F xv  F = (Spec(fc)  x x Spec(fc))  xSpec(fc)  F 

we  see  that  the  projections  maps  F Xjj  F — >•  F are  etale  as  well.  It  follows  that 
F -A  F Xjj  F is  etale  (see  Morpliisms  of  Spaces,  Lemma  54.38.111.  By 


A 


F/U  ____ 

Morpliisms  of  Spaces,  Lemma  54.48.2  this  implies  that  A pm  is  an  open  immersion, 
which  finally  implies  by  Morpliisms  of  Spaces,  Lemma  54.37.9  that  F — > U is 
unramified. 

Pick  a nonempty  affine  scheme  V and  an  etale  morphism  V — > F.  (This  could  be 
avoided  by  working  directly  with  F , but  it  seems  easier  to  explain  what’s  going  on 
by  doing  so.)  Picture 

U ^ F -z V 


X 


■ Spec(fc) 


Then  V — > Spec(fc)  is  a smooth  morphism  of  schemes  and  V — > U is  an  unramified 
morphism  of  schemes  (see  Morphisms  of  Spaces,  Lemmas  54.36.2|and  54.37.3 ).  Pick 


a closed  point  v £ V with  k C k(v)  finite  separable,  see  Varieties,  Lemma  32.20.6 


Let  u € U be  the  image  point.  The  local  ring  Oy.v  is  regular  (see  Varieties,  Lemma 
32.20.3)  and  the  local  ring  homomorphism 


'■  Ou,v 


Ovj 


coming  from  the  morphism  V — > U is  such  that  c p(xnu)Ov,v  = ni„,  see  Mor- 
phisms, Lemma  28.35.14  Hence  we  can  find  fi,..  - ,fa  € Ojj,u  such  that  the  images 
■ ■ ■ , <p(fd)  form  a basis  for  over  k(v).  Since  Oy,v  is  a regular  local 

ring  this  implies  that  ■ ■ ■ , <p(fd)  form  a regular  sequence  in  Oy,v  (see  Alge- 


bra, Lemma  10.105.3).  After  replacing  U by  an  open  neighbourhood  of  u we  may 
assume  fi,  ■ ■ ■ , fd,  G T(t7,  Ojj).  After  replacing  U by  a possibly  even  smaller  open 
neighbourhood  of  u we  may  assume  that  V(fi, . . . , fd)  — > X is  flat  and  locally  of 
finite  presentation,  see  Lemma  |83. 15. 1|  By  construction 

V(fi,...,fd)  xx  Spec (k)  < — V(/i ,...,/d)  V 

is  etale  and  V(fi , . . . , fd)  xx V is  the  closed  subscheme  T C V cut  out  by  /i  \y , • ■ • , fd\\ 
Hence  by  construction  v € T and 

Ot,v  = 0V,v/(v(fi),  ■ ■ -,<p(fd))  = k(v) 

a finite  separable  extension  of  k.  It  follows  that  T — > Spec(fc)  is  unramified  at  v,  see 
Morphisms,  Lenmra|28.35.14]  By  definition  of  an  unramified  morphism  of  algebraic 
spaces  this  means  that  V(/i,  • • ■ , /d)  xx  Spec (k)  — > Spec(fc)  is  unramified  at  the 
image  of  v in  V(fi, . . . , fd)  x^  Spec(fc).  Applying  Lemma  83.15.5  we  see  that  on 
shrinking  U to  yet  another  open  neighbourhood  of  u the  morphism  V(fi, . . . , fd)  — ► 
X is  etale. 

We  conclude  that  for  every  finite  type  point  x of  X there  exists  an  etale  morphism 
fx  '■  Wx  — > X with  x in  the  image  of  \fx\.  Set  W = ^ Wx  and  / = ]J  fx.  Then 
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/ is  etale.  In  particular  the  image  of  |/|  is  open,  see  Properties  of  Stacks,  Lemma 
|82.4.7[  By  construction  the  image  contains  all  finite  type  points  of  A,  hence  / is 
surjective  by  Lemma  83.14.6  (and  Properties  of  Stacks,  Lemma  82.4.4).  □ 


83.16.  Quasi-finite  morphisms 


06PT 


The  property  “locally  quasi-finite”  of  morphisms  of  algebraic  spaces  is  not  smooth 
local  on  the  source-and-target  so  we  cannot  use  the  material  in  Section  |83.12|  to 
define  locally  quasi-finite  morphisms  of  algebraic  stacks.  We  do  already  know  what 
it  means  for  a morphism  of  algebraic  stacks  representable  by  algebraic  spaces  to 
be  locally  quasi-finite,  see  Properties  of  Stacks,  Section  |82.3[  To  find  a condition 


suitable  for  general  morphisms  we  make  the  following  observation. 


06UA  Lemma  83.16.1.  Let  f : X — » y be  a morphism  of  algebraic  stacks.  Assume  f is 
representable  by  algebraic  spaces.  The  following  are  equivalent 

(1)  f is  locally  quasi-finite,  and 

(2)  / is  locally  of  finite  type  and  for  every  morphism  Spec  (k)  — > y where  k is 
a field  the  space  | Spec (k)  Xy  X\  is  discrete. 


of  Spaces, 
phism  V 


Proof.  Assume  (1).  In  this  case  the  morphism  of  algebraic  spaces  Xk  — > Spec (k) 
is  locally  quasi-finite  as  a base  change  of  /.  Hence  \Xk\  is  discrete  by  Morphisms 
;mma  54.27.5  Conversely,  assume  (2).  Pick  a surjective  smooth  mor- 
y where  V is  a scheme.  It  suffices  to  show  that  the  morphism  of 
algebraic  spaces  V xy  X — >•  V is  locally  quasi-finite,  see  Properties  of  Stacks, 
Lemma  82.3.3  The  morphism  V x y X — >•  V is  locally  of  finite  type  by  assumption. 
For  any  morphism  Spec (k)  — > V where  k is  a field 

Spec(fc)  x y {V  xy  X)  = Spec(fc)  Xy  A 

has  a discrete  space  of  points  by  assumption.  Hence  we  conclude  that  V Xy  A — > V 
is  locally  quasi-finite  by  Morphisms  of  Spaces,  Lemma  54.27.5|  □ 


A morphism  of  algebraic  stacks  which  is  representable  by  algebraic  spaces  is  quasi- 
DM,  see  Lemma [83. 4. 3[  Combined  with  the  lemma  above  we  see  that  the  following 
definition  does  not  conflict  with  all  of  the  already  existing  notion  in  the  case  of 
morphisms  representable  by  algebraic  spaces. 

06PU  Definition  83.16.2.  Let  / : A — »•  y be  a morphism  of  algebraic  stacks.  We  say  / 
is  locally  quasi-finite  if  / is  quasi-DM,  locally  of  finite  type,  and  for  every  morphism 
Spec (k)  y where  k is  a field  the  space  \Xk\  is  discrete. 


The  condition  that  / be  quasi-DM  is  natural.  For  example,  let  k be  a field  and 
consider  the  morphism  7r  : [Spec(fc)/Gm]  — > Spec (k)  which  has  singleton  fibres 
and  is  locally  of  finite  type.  As  we  will  see  later  this  morphism  is  smooth  of 
relative  dimension  — 1,  and  we’d  like  our  locally  quasi-finite  morphisms  to  have 
relative  dimension  0.  Also,  note  that  the  section  Spec (k)  — > [Spec(fc)/Gm]  does 
not  have  discrete  fibres,  hence  is  not  locally  quasi-finite,  and  we’d  like  to  have  the 
following  permanence  property  for  locally  quasi-finite  morphisms:  If  / : A — > X'  is 
a morphism  of  algebraic  stacks  locally  quasi-finite  over  the  algebraic  stack  y,  then 
/ is  locally  quasi-finite  (in  fact  something  a bit  stronger  holds,  see  Lemma  83.16.8 ). 


Another  justification  for  the  definition  above  is  Lemma|83.16.7|below  which  charac- 
terizes being  locally  quasi-finite  in  terms  of  the  existence  of  suitable  “presentations” 
or  “coverings”  of  A and  y. 
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06UB 


06UC 


06UD 


06UE 


Lemma  83.16.3.  A base  change  of  a locally  quasi-finite  morphism  is  locally  quasi- 
finite. 

Proof.  We  have  seen  this  for  quasi-DM  morphisms  in  Lemma[83.4.4|and  for  locally 
finite  type  morphisms  in  Lemma  |83.13.3|  It  is  immediate  that  the  condition  on 
fibres  is  inherited  by  a base  change.  □ 

Lemma  83.16.4.  Let  X — > Spec (k)  be  a locally  quasi-finite  morphism  where  X is 
an  algebraic  stack  and  k is  a field.  Let  f : V —¥  X be  a locally  quasi-finite  morphism 
where  V is  a scheme.  Then  V -A  Spec(fc)  is  locally  quasi-finite. 

Proof.  By  Lemma  83.13.2  we  see  that  V — > Spec (k)  is  locally  of  finite  type.  As- 
sume, to  get  a contradiction,  that  V —>  Spec (k)  is  not  locally  quasi-finite.  Then 
there  exists  a nontrivial  specialization  v v'  of  points  of  V,  see  Morphisms, 


Lemma  28.20.6  In  particular  trdegfc(ft(u))  > trdegfe(K(z/)),  see  Morphisms,  Lemma 
28.28.6  Because  \X\  is  discrete  we  see  that  |/|(u)  = 1/1(1/)-  Consider  R=V  XxV . 
Then  R is  an  algebraic  space  and  the  projections  s,t  : R —¥  V are  locally  quasi-finite 
as  base  changes  of  V — >•  X (which  is  representable  by  algebraic  spaces  so  this  follows 


from  the  discussion  in  Properties  of  Stacks,  Section  82.3).  By  Properties  of  Stacks, 


Lemma  82.4.3  we  see  that  there  exists  an  r £ |i?|  such  that  s(r)  = v and  t(r)  = v' . 
By  Morphisms  of  Spaces,  Lemma  |54.32.3|  we  see  that  the  transcendence  degree  of 
v/k  is  equal  to  the  transcendence  degree  oir/k  is  equal  to  the  transcendence  degree 
of  v' /k.  This  contradiction  proves  the  lemma.  □ 

Lemma  83.16.5.  A composition  of  a locally  quasi-finite  morphisms  is  locally 
quasi-finite. 

Proof.  We  have  seen  this  for  quasi-DM  morphisms  in  Lemma  83.4.10|  and  for 
locally  finite  type  morphisms  in  Lemma [83.13.2[  Let  X — > y and  y — > Z be  locally 
quasi-finite.  Let  k be  a field  and  let  Spec(fc)  — > Z be  a morphism.  It  suffices  to  show 
that  \Xk\  is  discrete.  By  Lemma  83.16.3  the  morphisms  X k — ► 34  and  34  — > Spec (k) 


are  locally  quasi-finite.  In  particular  we  see  that  34  is  a quasi-DM  algebraic  stack, 
see  Lemma [83.4.13  By  Theorem  83.15.3  we  can  find  a scheme  V and  a surjective, 
flat,  locally  finitely  presented,  locally  quasi-finite  morphism  V — > 34-  By  Lemma 


83.16.4  we  see  that  V is  locally  quasi-finite  over  k.  in  particular  |Vj  is  discrete.  The 
morphism  V Xyk  Xk  — > Xk  is  surjective,  flat,  and  locally  of  finite  presentation  hence 
\V  Xyk  Xk\  — t \Xk\  is  surjective  and  open.  Thus  it  suffices  to  show  that  \V  Xyk  Xk\ 
is  discrete.  Note  that  V is  a disjoint  union  of  spectra  of  Artinian  local  fc-algebras 
At  with  residue  fields  kt,  see  Varieties,  Lemma  [32. 17. 2 [ Thus  it  suffices  to  show 
that  each 

| Spec(Ai)  Xyk  Xk\  = | Spec(fci)  x^t  Xk\  = | Spec(fcl)  X\ 
is  discrete,  which  follows  from  the  assumption  that  X — > y is  locally  quasi-finite.  □ 


Before  we  characterize  locally  quasi-finite  morphisms  in  terms  of  coverings  we  do 
it  for  quasi-DM  morphisms. 

Lemma  83.16.6.  Let  f : X — » y be  a morphism  of  algebraic  stacks.  The  following 
are  equivalent 

(1)  f is  quasi-DM, 

(2)  for  any  morphism  V — > y with  V an  algebraic  space  there  exists  a sur- 
jective, flat,  locally  finitely  presented,  locally  quasi-finite  morphism  U — ► 
X XyV  where  U is  an  algebraic  space,  and 
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(3)  there  exist  algebraic  spaces  U , V and  a morphism  V — > y which  is  surjec- 
tive, flat,  and  locally  of  finite  presentation,  and  a morphism  U -A  X Xy  V 
which  is  surjective,  flat,  locally  of  finite  presentation,  and  locally  quasi- 
finite. 


Proof.  The  implication  (2)  =>  (3)  is  immediate. 

Assume  (1)  and  let  V — > y be  as  in  (2).  Then  X xy  V — >•  V is  quasi-DM,  see 
Lemma  [83.4.4|  By  Lemma  [83.4.3|  the  algebraic  space  V is  DM,  hence  quasi-DM. 


to  get  the  morphism  U — > X xyV  as  in  (2). 


Thus  X XyV  is  quasi-DM  by  Lemma  83.4.11|  Hence  we  may  apply  Theorem|83.15.c 


Assume  (3).  Let  V — > y and  U — > A Xy  V be  as  in  (3). 
quasi-DM  it  suffices  to  show  that  X Xy  V — >•  V is  quasi-DM,  see  Lemma  83.4.5 


To  prove  that  / is 
By 


Lemma  83.4.14  we  see  that  X XyV  is  quasi-DM.  Hence  X Xy  V — > V is  quasi-DM 
by  Lemma  83.4.13  and  (1)  holds.  This  finishes  the  proof  of  the  lemma.  □ 


06UF  Lemma  83.16.7.  Let  f : X -A  y be  a morphism  of  algebraic  stacks.  The  following 
are  equivalent 

(1)  f is  locally  quasi- finite, 

(2)  / is  quasi-DM  and  for  any  morphism  V — > y with  V an  algebraic  space 
and  any  locally  quasi-finite  morphism  U — > XxyV  where  U is  an  algebraic 
space  the  morphism  U — >•  V is  locally  quasi-finite, 

(3)  for  any  morphism  V — > y from  an  algebraic  space  V there  exists  a sur- 
jective, flat,  locally  finitely  presented,  and  locally  quasi-finite  morphism 
U -A  X Xy  V where  U is  an  algebraic  space  such  that  U -A  V is  locally 
quasi-finite, 

(4)  there  exists  algebraic  spaces  U,  V , a surjective,  flat,  and  locally  of  finite 
presentation  morphism  V — >•  y,  and  a morphism  U X Xy  V which  is 
surjective,  flat,  locally  of  finite  presentation,  and  locally  quasi-finite  such 
that  U — ^ V is  locally  quasi-finite. 


Proof.  Assume  (1).  Then  / is  quasi-DM  by  assumption.  Let  V — > y and  U -A 
X Xy  V be  as  in  (2).  By  Lemma  83.16.5  the  composition  U — > X Xy  V — >■  P is 
locally  quasi-finite.  Thus  (1)  implies  (2). 


Assume  (2).  Let  V — > y be  as  in  (3).  By  Lemma  83.16.6  we  can  find  an  algebraic 
space  U and  a surjective,  flat,  locally  finitely  presented,  locally  quasi-finite  mor- 
phism U — ► X Xy  V.  By  (2)  the  composition  U — > V is  locally  quasi-finite.  Thus 
(2)  implies  (3). 

It  is  immediate  that  (3)  implies  (4). 


Assume  (4).  We  will  prove  (1)  holds,  which  finishes  the  proof.  By  Lemma  83.16.6 
we  see  that  / is  quasi-DM.  To  prove  that  / is  locally  of  finite  type  it  suffices  to 
prove  that  g : X XyV  — >Pis  locally  of  finite  type,  see  Lemma  [83.13.6  Then  it 
suffices  to  check  that  g precomposed  with  h :U  — > X XyV  \s  locally  of  finite  type, 
see  Lemma [83.13.7[  Since  g o h : U — > V was  assumed  to  be  locally  quasi-finite  this 
holds,  hence  / is  locally  of  finite  type.  Finally,  let  k be  a field  and  let  Spec(fc)  — » y 
be  a morphism.  Then  V Xy  Spec(fc)  is  a nonempty  algebraic  space  which  is  locally 
of  finite  presentation  over  k.  Hence  we  can  find  a finite  extension  k C k'  and  a 


83.17.  FLAT  MORPHISMS 


4660 


06UG 


06PV 

06PW 

06PX 

06PY 

06PZ 


morphism  Spec(fc')  -A  V such  that 

Spec(fc') I**  V 

Spec  (k) y 


commutes  (details  omitted).  Then  X — > Xk  is  representable  (by  schemes),  surjec- 
tive, and  finite  locally  free.  In  particular  \Xk>\  — > \Xfl\  is  surjective  and  open.  Thus 
it  suffices  to  prove  that  \Xk'\  is  discrete.  Since 


U xv  Spec (k')  = U xxxyV  Xk> 


we  see  that  U Xy  Spec (fc7)  -A  X ’*,/  is  surjective,  flat,  and  locally  of  finite  presentation 
(as  a base  change  of  U -A  X XyV).  Hence  | U x^Spec(fc')|  -a  Xk> | is  surjective  and 
open.  Thus  it  suffices  to  show  that  | U Xy  Spec(fc')|  is  discrete.  This  follows  from 
the  fact  that  U — ► V is  locally  quasi-finite  (either  by  our  definition  above  or  from 
the  original  definition  for  morphisms  of  algebraic  spaces,  via  Morphisms  of  Spaces, 
Lemma  54.27.5 ).  □ 


Lemma  83.16.8.  Let  X -A  y -A  Z be  morphisms  of  algebraic  stacks.  Assume 
that  X -a  Z is  locally  quasi-finite  and  y -A  Z is  quasi-DM.  Then  X -A  y is  locally 
quasi-finite. 


Proof.  Write  X 


y as  the  composition 

x — > x xzy 


y 


The  second  arrow  is  locally  quasi-finite  as  a base  change  of  X 


83.16.3  The  first  arrow  is  locally  quasi-finite  by  Lemma  83.4.8  as  y 
DM.  Hence  X — > y is  locally  quasi-finite  by  Lemma  |83. 16.5 


see  Lemma 
► Z is  quasi- 
□ 


83.17.  Flat  morphisms 


The  property  “being  flat”  of  morphisms  of  algebraic  spaces  is  smooth  local  on  the 
source-and-target,  see  Descent  on  Spaces,  Remark  [61. 18. 5[  It  is  also  stable  under 


base  change  and  fpqc  local  on  the  target,  see  Morphisms  of  Spaces,  Lemma[54.29.4 
and  Descent  on  Spaces,  Lemma  61.10.11  Hence,  by  Lemma  83.12.1  above,  we  may 


define  what  it  means  for  a morphism  of  algebraic  spaces  to  be  flat  as  follows  and 
it  agrees  with  the  already  existing  notion  defined  in  Properties  of  Stacks,  Section 
|82.3|  when  the  morphism  is  representable  by  algebraic  spaces. 


Definition  83.17.1.  Let  / : X — > y be  a morphism  of  algebraic  stacks.  We  say 
/ is  flat  if  the  equivalent  conditions  of  Lemma  83.12.1  hold  with  V = flat. 

Lemma  83.17.2.  The  composition  of  flat  morphisms  is  flat. 

Proof.  Combine  Remark  |83. 12.3|  with  Morphisms  of  Spaces,  Lemma  54.29.3  □ 

Lemma  83.17.3.  A base  change  of  a flat  morphism  is  flat. 

Proof.  Combine  Remark  |83. 12.4|  with  Morphisms  of  Spaces,  Lemma  54.29.4  □ 


Lemma  83.17.4.  Let  f : X — > y be  a morphism  of  algebraic  stacks.  Let  Z — > y 
be  a surjective  flat  morphism  of  algebraic  stacks.  If  the  base  change  Z Xy  X -a  Z 
is  flat,  then  f is  flat. 
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Proof.  Choose  an  algebraic  space  W and  a surjective  smooth  morphism  W — > Z. 
Then  W — > Z is  surjective  and  flat  (Morphisms  of  Spaces,  Lemma  54.36.7 1 hence 
W — > y is  surjective  and  flat  (by  Properties  of  Stacks,  Lemma  82.5.2  and  Lemma 
83.17.2 1.  Since  the  base  change  of  Z Xy  X — > Z by  W — >•  Z is  a flat  morphism 


(Lemma  83.17.3)  we  may  replace  Z by  W. 


Choose  an  algebraic  space  V and  a surjective  smooth  morphism  V — > y.  Choose 
an  algebraic  space  U and  a surjective  smooth  morphism  U — > V Xy  X.  We  have 
to  show  that  U — > V is  flat.  Now  we  base  change  everything  by  W — > y~.  Set 
U'  = W XyU,V'  = W Xy  V,  X'  = W Xy  X,  and  y = w xyy  = W.  Then  it  is 
still  true  that  U'  —*rV'  Xy>  X'  is  smooth  by  base  change.  Hence  by  our  definition 
of  flat  morphisms  of  algebraic  stacks  and  the  assumption  that  X'  — > y'  is  flat,  we 
see  that  U'  -A  V'  is  flat.  Then,  since  V'  -A  V is  surjective  as  a base  change  of 
W — >-  y we  see  that  U — > V is  flat  by  Morphisms  of  Spaces,  Lemma  54.30. 3|  (2)  and 
we  win.  □ 

06Q0  Lemma  83.17.5.  Let  X — ) y — ^ Z be  morphisms  of  algebraic  stacks.  If  X — >•  Z 
is  flat  and  X — » y is  surjective  and  flat,  then  y — > Z is  flat. 

Proof.  Choose  an  algebraic  space  W and  a surjective  smooth  morphism  W — >•  Z. 
Choose  an  algebraic  space  V and  a surjective  smooth  morphism  V -A  W Xz  y. 
Choose  an  algebraic  space  U and  a surjective  smooth  morphism  U — > V x y X.  We 
know  that  U — >■  V is  flat  and  that  U — > W is  flat.  Also,  as  X — ► y is  surjective  we 
see  that  U V is  surjective  (as  a composition  of  surjective  morphisms).  Hence  the 
lemma  reduces  to  the  case  of  morphisms  of  algebraic  spaces.  The  case  of  morphisms 
of  algebraic  spaces  is  Morphisms  of  Spaces,  Lemma  [54.30.5  □ 


83.18.  Morphisms  of  finite  presentation 


06Q1 


06Q2 


The  property  “locally  of  finite  presentation”  of  morphisms  of  algebraic  spaces  is 
smooth  local  on  the  source-and-target,  see  Descent  on  Spaces,  Remark  61.18.5  It 
is  also  stable  under  base  change  and  fpqc  local  on  the  target,  see  Morphisms  of 
Spaces,  Lemma[54.28.3|and  Descent  on  Spaces,  Lemma [61. 10. 8|  Hence,  by  Lemma 
|83.12.1|above,  we  may  define  what  it  means  for  a morphism  of  algebraic  spaces  to  be 
locally  of  finite  presentation  as  follows  and  it  agrees  with  the  already  existing  notion 
defined  in  Properties  of  Stacks,  Section  82.3  when  the  morphism  is  representable 
by  algebraic  spaces. 


Definition  83.18.1.  Let  f : X y be  a morphism  of  algebraic  stacks. 

(1)  We  say  / locally  of  finite  presentation  if  the  equivalent  conditions  of 
Lemma  [83.12.1|  hold  with  V = locally  of  finite  presentation. 

(2)  We  say  / is  of  finite  presentation  if  it  is  locally  of  finite  presentation, 
quasi-compact,  and  quasi-separated. 


Note  that  a morphism  of  finite  presentation  is  not  just  a quasi-compact  morphism 
which  is  locally  of  finite  presentation. 

06Q3  Lemma  83.18.2.  The  composition  of  finitely  presented  morphisms  is  of  finite 
presentation.  The  same  holds  for  morphisms  which  are  locally  of  finite  presentation. 


06Q4 


Proof.  Combine  Remark  |83. 12.3  with  Morphisms  of  Spaces,  Lemma  54.28.2[  □ 


Lemma  83.18.3.  A base  change  of  a finitely  presented  morphism  is  of  finite 
presentation.  The  same  holds  for  morphisms  which  are  locally  of  finite  presentation. 
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Proof.  Combine  Remark  |83. 12.4|  with  Morphisms  of  Spaces,  Lemma  [54.28.3[  □ 

06Q5  Lemma  83.18.4.  A morphism  which  is  locally  of  finite  presentation  is  locally  of 
finite  type.  A morphism  of  finite  presentation  is  of  finite  type. 

Proof.  Combine  Remark  |83. 12.5|  with  Morphisms  of  Spaces,  Lemma  [54.28.5|  □ 

06Q6  Lemma  83.18.5.  Let  f : X y and  g : y -A  Z be  morphisms  of  algebraic  stacks 
If  go  f is  locally  of  finite  presentation  and  g is  locally  of  finite  type , then  f is  locally 
of  finite  presentation. 


Proof.  Choose  an  algebraic  space  W and  a surjective  smooth  morphism  W — ► Z. 
Choose  an  algebraic  space  V and  a surjective  smooth  morphism  V — > y xz  W. 
Choose  an  algebraic  space  U and  a surjective  smooth  morphism  U -A  X Xy  V. 
The  lemma  follows  upon  applying  Morphisms  of  Spaces,  Lemma  |54.28.9|  to  the 
morphisms  U — »•  V — »•  W . □ 


06Q7 

06Q8 


Lemma  83.18.6.  An  open  immersion  is  locally  of  finite  presentation. 


Proof.  Follows  from  Morphisms  of  Spaces,  Lemma  54.28.1l[ 


□ 


Lemma  83.18.7.  Let  f : X — >•  y be  a morphism  of  algebraic  stacks.  Let  Z — » y 
be  a surjective,  flat,  locally  finitely  presented  morphism  of  algebraic  stacks.  If  the 
base  change  Z Xy  X — > Z is  locally  of  finite  presentation,  then  f is  locally  of  finite 
presentation. 


Proof.  Choose  an  algebraic  space  W and  a surjective  smooth  morphism  W — >•  Z. 
Then  W — > Z is  surjective,  flat,  and  locally  of  finite  presentation  (Morphisms  of 
Spaces,  Lemmas  54.36.7  and  54.36.5)  hence  W -»  y is  surjective,  flat,  and  locally 


of  finite  presentation  (by  Properties  of  Stacks,  Lemma  82.5.2  and  Lemmas  83.17.2 
and  83.18.2).  Since  the  base  change  of  Z Xy  X — > Z by  W — > Z is  locally  of  finite 
presentation  (Lemma  83.17.3)  we  may  replace  Z by  W. 


Choose  an  algebraic  space  V and  a surjective  smooth  morphism  V — > y.  Choose  an 
algebraic  space  U and  a surjective  smooth  morphism  U — > V xyX . We  have  to  show 
that  U — > V is  locally  of  finite  presentation.  Now  we  base  change  everything  by 
W -A  y:  Set  U'  = WxyU,  V'  = WxyV,  X'  = WxyX,  and  y'  = Wxyy  = W. 
Then  it  is  still  true  that  U'  — > V'  Xy  X'  is  smooth  by  base  change.  Hence  by 
our  definition  of  locally  finitely  presented  morphisms  of  algebraic  stacks  and  the 
assumption  that  X'  — >■  y'  is  locally  of  finite  presentation,  we  see  that  U'  — > V'  is 
locally  of  finite  presentation.  Then,  since  V'  — > V is  surjective,  flat,  and  locally  of 
finite  presentation  as  a base  change  of  W — > y we  see  that  U — > V is  locally  of 
finite  presentation  by  Descent  on  Spaces,  Lemma  61. 10. 8|  and  we  win.  □ 


06Q9  Lemma  83.18.8.  Let  X — >•  y — >•  Z be  morphisms  of  algebraic  stacks.  If  X Z 
is  locally  of  finite  presentation  and  X — > y is  surjective,  fiat,  and  locally  of  finite 
presentation,  then  y — » Z is  locally  of  finite  presentation. 


Proof.  Choose  an  algebraic  space  W and  a surjective  smooth  morphism  W — ► Z. 
Choose  an  algebraic  space  V and  a surjective  smooth  morphism  V — > W Xz  y. 
Choose  an  algebraic  space  U and  a surjective  smooth  morphism  U — > V x y X.  We 
know  that  U — > V is  flat  and  locally  of  finite  presentation  and  that  U — > W is 
locally  of  finite  presentation.  Also,  as  X — > y is  surjective  we  see  that  U — > V is 
surjective  (as  a composition  of  surjective  morphisms).  Hence  the  lemma  reduces 
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to  the  case  of  morphisms  of  algebraic  spaces.  The  case  of  morphisms  of  algebraic 
spaces  is  Descent  on  Spaces,  Lemma  [61. 14. 1|  □ 

Lemma  83.18.9.  Let  f : A — ► y be  a morphism  of  algebraic  stacks  which  is 
surjective,  flat,  and  locally  of  finite  presentation.  Then  for  every  scheme  U and 
object  y of  y over  U there  exists  an  fppf  covering  {Ui  — ► 17}  and  objects  Xi  of  X 
over  Ui  such  that  f(xi ) = y\ut  in  yut- 


Proof.  We  may  think  of  y as  a morphism  U — > y.  By  Properties  of  Stacks,  Lemma 
82. 5. 3| and  Lemmas  83.18.3  and  83.17.3  we  see  that  X XyU  — > U is  surjective,  flat, 
and  locally  of  finite  presentation.  Let  V be  a scheme  and  let  V — > X Xy  U smooth 
and  surjective.  Then  V — > X Xy  U is  also  surjective,  flat,  and  locally  of  finite 
presentation  (see  Morphisms  of  Spaces,  Lemmas  54.36.7  and  54.36.5).  Hence  also 
V — ► U is  surjective,  flat,  and  locally  of  finite  presentation,  see  Properties  of  Stacks, 

Hence  {V  — ► U}  is  the  desired 

□ 


Lemma  82.5.2  and  Lemmas  83.18.2  and  83.17.2 


fppf  covering  and  x : V — > X is  the  desired  object. 


Lemma  83.18.10.  Let  fj  : Xj  — ► X , j £ J be  a family  of  morphisms  of  algebraic 
stacks  which  are  each  flat  and  locally  of  finite  presentation  and  which  are  jointly 
surjective,  i.e.,  \X\  = (J  \Xf.  Then  for  every  scheme  U and  object  x of  X over  U 
there  exists  an  fppf  covering  {Ui  —>  a map  a : I — > J , and  objects  Xi  of  Xa^ 

over  Ui  such  that  fa(i)(xi)  = y\ui  in  Xu.. 


83.18.9 


Proof.  Apply  Lemma 
set  theoretic  issue  here 
note  that  a morphism  x 
Ut  = 0 Uij  and  morphisms  Uij 
the  morphisms  U,y  — > Xj  do  the  job. 


to  the  morphism  ] Xj  — > X.  (There  is  a slight 
due  to  our  setup  of  things  - which  we  ignore.)  To  finish, 
Ui  ->  Uj  g j Xj  is  given  by  a disjoint  union  decomposition 
— > Xj.  Then  the  fppf  covering  {Uj  — >•  C7 } and 

□ 


Lemma  83.18.11.  Let  f : X — ► y be  flat  and  locally  of  finite  presentation.  Then 
I/I  : \X\  \y\  is  open. 


Proof.  Choose  a scheme  V and  a smooth  surjective  morphism  V — > y.  Choose  a 
scheme  U and  a smooth  surjective  morphism  U — » V Xy  X . By  assumption  the 
morphism  of  schemes  U — > V is  flat  and  locally  of  finite  presentation.  Hence  U — > V 
is  open  by  Morphisms,  Lemma  28.25.9|  By  construction  of  the  topology  on  3/  the 
map  |P|  — >•  |jy|  is  open.  The  map  |Z7|  — »•  \X\  is  surjective.  The  result  follows  from 
these  facts  by  elementary  topology.  □ 


83.19.  Gerbes 


An  important  type  of  algebraic  stack  are  the  stacks  of  the  form  [B /G\  where  B is  an 
algebraic  space  and  G is  a flat  and  locally  finitely  presented  group  algebraic  space 
over  B (acting  trivially  on  B),  see  Criteria  for  Representability,  Lemma  79.18.3  It 


turns  out  that  an  algebraic  stack  is  a gerbe  when  it  locally  in  the  fppf  topology  is 
of  this  form,  see  Lemma [83. 19.8  In  this  section  we  briefly  discuss  this  notion  and 
the  corresponding  relative  notion. 


Definition  83.19.1.  Let  / : X — > y be  a morphism  of  algebraic  stacks.  We  say 
A is  a gerbe  over  y if  X is  a gerbe  over  y as  stacks  in  groupoids  over  (Sch/S)  fPPf, 
see  Stacks,  Definition  |8.11.4|  We  say  an  algebraic  stack  A is  a gerbe  if  there  exists 
a morphism  A — > X where  X is  an  algebraic  space  which  turns  A into  a gerbe  over 
X. 
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The  condition  that  A"  be  a gerbe  over  y is  defined  purely  in  terms  of  the  topology 
and  category  theory  underlying  the  given  algebraic  stacks;  but  as  we  will  see  later 
this  condition  has  geometric  consequences.  For  example  it  implies  that  X — > y is 


surjective,  flat,  and  locally  of  finite  presentation,  see  Lemma  83.19.7  The  absolute 
notion  is  trickier  to  parse,  because  it  may  not  be  at  first  clear  that  X is  well 
determined.  Actually,  it  is. 

06QD  Lemma  83.19.2.  Let  X be  an  algebraic  stack.  If  X is  a gerbe , then  the  sheafifi- 
cation  of  the  presheaf 

(. Sch/S)°fppppf  -4  Sets , U >-+  Ob(Xu)/^ 
is  an  algebraic  space  and  X is  a gerbe  over  it. 


Proof.  (In  this  proof  the  abuse  of  language  introduced  in  Section  83.2  really  pays 
off.)  Choose  a morphism  7r  : X — > X where  X is  an  algebraic  space  which  turns 
X into  a gerbe  over  X.  It  suffices  to  prove  that  X is  the  sheafification  of  the 
presheaf  J-  displayed  in  the  lemma.  It  is  clear  that  there  is  a map  c : T —¥  X. 


We  will  use  Stacks,  Lemma  8.11.3  properties  (2) (a)  and  (2)(b)  to  see  that  the  map 
c#  : T & — > X is  surjective  and  injective,  hence  an  isomorphism,  see  Sites,  Lemma 
Surjective:  Let  T be  a scheme  and  let  / : T — > X.  By  property  (2)  (a)  there 


7.12.2 


exists  an  fppf  covering  {hi  : T)  — > T}  and  morphisms  xt  : Ti  X such  that  f o hi 
corresponds  to  n o Xi.  Hence  we  see  that  /|t4  is  in  the  image  of  c.  Injective:  Let  T 
be  a scheme  and  let  x,  y : T — ► X be  morphisms  such  that  c o x = c o y.  By  (2)(b) 
we  can  find  a covering  {T,  — >•  T}  and  morphisms  x \ t,  —>  y | r,:  in  the  fibre  category 
Xt%  . Hence  the  restrictions  x \ , 2/ 1 Ty  are  equal  in  F{Ti).  This  proves  that  x,y  give 
the  same  section  of  T # over  T as  desired.  □ 


06QE  Lemma  83.19.3.  Let 

X' >X 


y — 

be  a fibre  product  of  algebraic  stacks.  If  X is  a gerbe  over  y,  then  X'  is  a gerbe 
over  y' . 


Proof.  Immediate  from  the  definitions  and  Stacks,  Lemma |8.11.5[  □ 

06R8  Lemma  83.19.4.  Let  X —>■  y and  y Z be  morphisms  of  algebraic  stacks.  If  X 
is  a gerbe  over  y and  y is  a gerbe  over  Z,  then  X is  a gerbe  over  Z. 


06QF 


be  a fibre  product  of  algebraic  stacks.  If  y'  y is  surjective,  flat,  and  locally  of 
finite  presentation  and  X'  is  a gerbe  over  y' , then  X is  a gerbe  over  y. 


Proof.  Follows  immediately  from  Lemma [83. 18. 9|  and  Stacks,  Lemma[8.11.7|  □ 
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06QG  Lemma  83.19.6.  Let  7r  : X — > U be  a morphism  from  an  algebraic  stack  to  an 
algebraic  space  and  let  x : U — >■  X be  a section  of  n.  Set  G = Isomx{x,x),  see 
Definition\83.5.ty  If  X is  a gerbe  over  U,  then 

(1)  there  is  a canonical  equivalence  of  stacks  in  groupoids 

Xcan  : [U/G\  — ► X. 

where  [U / G]  is  the  quotient  stack  for  the  trivial  action  of  G on  U , 

(2)  G —>  U is  flat  and  locally  of  finite  presentation,  and 

(3)  U — > X is  surjective,  flat,  and  locally  of  finite  presentation. 

Proof.  Set  R = U X.x,x,x  U.  The  morphism  R — > U x U factors  through  the 
diagonal  A jj  : U — > U x U as  it  factors  through  U xv  U = U.  Hence  R = G 
because 


G = Isomxix , x ) 

= U xx,x  T-x 

= u *x,X  ( x XA,XxsX,A  X) 
= (U  Xx,X,x  u)  X (7X U,AV  u 
= R X UxU.Au  U 

= R 


for  the  fourth  equality  use  Categories,  Lemma  |4.30.12|  Let  t,  s : R — >■  U be  the 
projections.  The  composition  law  c : R xs,u,t  R ~ ^ R constructed  on  R in  Al- 


gebraic Stacks,  Lemma  76.16.1  agrees  with  the  group  law  on  G (proof  omitted). 


Thus  Algebraic  Stacks,  Lemma  |76.16.1|  shows  we  obtain  a canonical  fully  faithful 
1-morphism 

Xcan  ■ [ U/G } — ► X 

of  stacks  in  groupoids  over  (Sch/S)  fvvf-  To  see  that  it  is  an  equivalence  it  suffices 
to  show  that  it  is  essentially  surjective.  To  do  this  it  suffices  to  show  that  any 
object  of  X over  a scheme  T comes  fppf  locally  from  x via  a morphism  T — > U, 
see  Stacks,  Lemma  [8. 4. 8|  However,  this  follows  the  condition  that  7r  turns  X into 


a gerbe  over  X , see  property  (2) (a)  of  Stacks,  Lemma  8.11.3 


By  Criteria  for  Representability,  Lemma  |79.18.3  we  conclude  that  G — > U is  flat 
and  locally  of  finite  presentation.  Finally,  U — > X is  surjective,  flat,  and  locally  of 
finite  presentation  by  Criteria  for  Representability,  Lemma  |79.17.1|  □ 

06QH  Lemma  83.19.7.  Let  7r  : X — » y be  a morphism  of  algebraic  stacks.  The  following 
are  equivalent 

(1)  X is  a gerbe  over  y,  and 

(2)  there  exists  an  algebraic  space  U,  a group  algebraic  space  G flat  and  locally 
of  finite  presentation  over  U , and  a surjective,  flat,  and  locally  finitely 
presented  morphism  U — )•  y such  that  X Xy  U = [E//G]  over  U . 


Proof.  Assume  (2).  By  Lemma  83.19.5  to  prove  (1)  it  suffices  to  show  that  [U/G\ 
is  a gerbe  over  U.  This  is  immediate  from  Groupoids  in  Spaces,  Lemma |65. 26. 2| 

Assume  (1).  Any  base  change  of  tt  is  a gerbe,  see  Lemma  83.19.3  As  a first  step 


we  choose  a scheme  V and  a surjective  smooth  morphism  V — > y.  Thus  we  may 
assume  that  7r  : X — > V is  a gerbe  over  a scheme.  This  means  that  there  exists  an 
fppf  covering  {V)  — ► V}  such  that  the  fibre  category  XVi  is  nonempty,  see  Stacks, 
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Lemma  8.11.3|  (2) (a).  Note  that  U = ]J  Vi  — > U is  surjective,  fiat,  and  locally  of 
finite  presentation.  Hence  we  may  replace  V by  U and  assume  that  7r  : X — » U is  a 
gerbe  over  a scheme  U and  that  there  exists  an  object  x of  X over  U . By  Lemma 


83.19.6  we  see  that  X = \U/G\  over  U for  some  flat  and  locally  finitely  presented 
group  algebraic  space  G over  U.  □ 

06QI  Lemma  83.19.8.  Let  7T  : X — > y be  a morphism  of  algebraic  stacks.  If  X is  a 
gerbe  over  y,  then  ir  is  surjective,  flat,  and  locally  of  finite  presentation. 


Proof.  By  Properties  of  Stacks,  Lemma [82. 5. 4|  and  Lemmas  |83. 17.4|  and  |83. 18. 7|  it 
suffices  to  prove  to  the  lemma  after  replacing  7r  by  a base  change  with  a surjective, 
flat,  locally  finitely  presented  morphism  y'  — ► y.  By  Lemma  83.19.7|  we  may 
assume  y = U is  an  algebraic  space  and  X = [ U/G ] over  U.  Then  U — > [ U/G ] is 
surjective,  flat,  and  locally  of  finite  presentation,  see  Lemma |83.19.6  This  implies 
that  7T  is  surjective,  fiat,  and  locally  of  finite  presentation  by  Properties  of  Stacks, 
Lemma T82. 5.51  and  Lemmas  183. 17.51  and  183.18.81  □ 


06QJ  Proposition  83.19.9.  Let  X be  an  algebraic  stack.  The  following  are  equivalent 

(1)  X is  a gerbe,  and 

(2)  lx  — > X is  flat  and  locally  of  finite  presentation. 


Proof.  Assume  (1).  Choose  a morphism  X — ► X into  an  algebraic  space  X which 
turns  X into  a gerbe  over  X.  Let  X'  — ► X be  a surjective,  fiat,  locally  finitely 
presented  morphism  and  set  X'  = X'  Xx  X.  Note  that  X'  is  a gerbe  over  X'  by 


Lemma  83.19.3  Then  both  squares  in 

lx X' 


are  fibre  product  squares,  see  Lemma  [83.5. 4|  Hence  to  prove  lx  — > X is  flat  and 
locally  of  finite  presentation  it  suffices  to  do  so  after  such  a base  change  by  Lemmas 


83.17.4  and 


By  Lemma 
that  x :U  - 


83.18.7 


83.19.6 


[U/G, 


Thus  we  can  apply  Lemma  83.19.7  to  assume  that  X = [U/G]. 
we  see  G is  flat  and  locally  of  finite  presentation  over  U and 
is  surjective,  flat,  and  locally  of  finite  presentation.  Moreover, 
the  pullback  of  lx  by  x is  G and  we  conclude  that  (2)  holds  by  descent  again,  i.e., 
by  Lemmas  |83.17.4|  and  |83.18.7| 

Conversely,  assume  (2).  Choose  a smooth  presentation  X = [ U/R ,],  see  Algebraic 
Stacks,  Section  76.16[  Denote  G — > U the  stabilizer  group  algebraic  space  of  the 
groupoid  (17,  R,  s,  t,  c,  e,  i),  see  Groupoids  in  Spaces,  Definition  65.15.2  By  Lemma 
|83.5.6|  we  see  that  G — >■  U is  fiat  and  locally  of  finite  presentation  as  a base  change 
of  lx  — > X , see  Lemmas  |83. 17. 3|  and  |83.18.3|  Consider  the  following  action 

a : G Xjjj  R,  (g , r)  c(g , r) 


of  G on  R.  This  action  is  free  on  T-valued  points  for  any  scheme  T as  R is  a 
groupoid.  Hence  R'  = R/G  is  an  algebraic  space  and  the  quotient  morphism 
7r  : R — > R'  is  surjective,  flat,  and  locally  of  finite  presentation  by  Bootstrap, 
Lemma  |67.11.7|  The  projections  s,t  : R — » U are  G-invariant,  hence  we  obtain 
morphisms  s' , t'  : R!  -»  U such  that  s = s'  o n and  t = t'  on.  Since  s,t  : R — > U 
are  fiat  and  locally  of  finite  presentation  we  conclude  that  s',t'  are  flat  and  locally 
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of  finite  presentation,  see  Morphisms  of  Spaces,  Lemmas  |54.30.5|  and  Descent  on 
Spaces,  Lemma  |61. 14. 1|  Consider  the  morphism 

j'  = (f',  s')  : R!  — > U x U. 

We  claim  this  is  a monomorphism.  Namely,  suppose  that  T is  a scheme  and  that 
a,  b : T —^R'  are  morphisms  which  have  the  same  image  in  U x U.  By  definition 
of  the  quotient  R'  = R/G  there  exists  an  fppf  covering  {hj  : Tj  — >■  T}  such  that 

Since 


o hj  = tt  o dj  and  b o hj  = n o bj  for  some  morphisms  a j , bj 


: Tj  -X  R. 


dj,bj  have  the  same  image  in  U x U we  see  that  gj  = c(dj,i(bj))  is  a 7}-valued 
point  of  G such  that  c(gj , bj)  = dj.  In  other  words,  dj  and  bj  have  the  same  image 
in  R'  and  the  claim  is  proved.  Since  j : R — > U X U is  a pre-equivalence  relation 


(see  Groupoids  in  Spaces,  Lemma  65.11.2)  and  R — > R'  is  surjective  (as  a map  of 
sheaves)  we  see  that  j'  : R!  — > U x U is  an  equivalence  relation.  Hence  Bootstrap, 
Theorem  |67.10.1  shows  that  X = U / R'  is  an  algebraic  space.  Finally,  we  claim 
that  the  morphism 

X = [ U/R } — > X = U/R! 

turns  X into  a gerbe  over  X.  This  follows  from  Groupoids  in  Spaces,  Lemma 
65.26.1  as  R — X R'  is  surjective,  flat,  and  locally  of  finite  presentation  (if  needed 
use  Bootstrap,  Lemma  67.4.6  to  see  this  implies  the  required  hypothesis).  □ 


At  this  point  we  have  developed  enough  machinery  to  prove  that  residual  gerbes 
(when  they  exist)  are  gerbes. 

06QK  Lemma  83.19.10.  Let  Z be  a reduced,  locally  Noetherian  algebraic  stack  such  that 
\Z\  is  a singleton.  Then  Z is  a gerbe  over  a reduced,  locally  Noetherian  algebraic 
space  Z with  \Z\  a singleton. 


Proof.  By  Properties  of  Stacks,  Lemma  [82.11.3  there  exists  a surjective,  flat,  lo- 
cally finitely  presented  morphism  Spec(fc)  — > Z where  k is  a field.  Then  Tz 
Spec(fc)  — ► Spec(fc)  is  representable  by  algebraic  spaces  and  locally  of  finite  type 
(as  a base  change  of  Tz  Z , see  Lemmas  83.5.1  and  83.13.3).  Therefore  it  is 


locally  of  finite  presentation,  see  Morphisms  of  Spaces,  Lemma  54.28.7|  Of  course 
it  is  also  flat  as  k is  a field.  Hence  we  may  apply  Lemmas  83.17.4  and  83.18.7  to 
see  that  Tz  — > Z is  flat  and  locally  of  finite  presentation.  We  conclude  that  Z is 
a gerbe  by  Proposition  |83.19.9|  Let  7r  : Z — > Z be  a morphism  to  an  algebraic 
space  such  that  Z is  a gerbe  over  Z.  Then  7r  is  surjective,  flat,  and  locally  of  finite 
presentation  by  Lemma  83.19.8  Hence  Spec(fc)  — > Z is  surjective,  flat,  and  locally 


of  finite  presentation  as  a composition,  see  Properties  of  Stacks,  Lemma  82. 5. 2| and 


Lemmas |83. 17. 2| and |83. 1842  Hence  by  Properties  of  Stacks,  Lemma  82.11.3 


that  \Z\  is  a singleton  and  that  Z is  locally  Noetherian  and  reduced. 


we  see 

□ 


06R9  Lemma  83.19.11.  Let  f : X 

gerbe  over  y then  the  map  \X\  - 


► y be  a morphism  of  algebraic  stacks.  If  X is  a 
\y\  is  a homeomorphism  of  topological  spaces. 


Proof.  Let  k be  a field  and  let  y be  an  object  of  y over  Spec (k).  By  Stacks,  Lemma 
8.11.3  property  (2) (a)  there  exists  an  fppf  covering  {Tj  — »•  Spec (k)}  and  objects  Xi 
of  X over  Tj  with  f(xj)  = y\ri-  Choose  an  i such  that  T ^ 0-  Choose  a morphism 
Spec(A')  — ► T for  some  field  I\.  Then  k C K and  Xj\x  is  an  object  of  X lying 
over  p\k-  Thus  we  see  that  |(V|  — ► \X\.  is  surjective.  The  map  |(V|  — > \X\  is  also 
injective.  Namely,  if  x,x'  are  objects  of  X over  Spec(fc)  whose  images  f(x),f(x') 
become  isomorphic  (over  an  extension)  in  y , then  Stacks,  Lemma  |8. 11. 3 property 
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(2)(b)  guarantees  the  existence  of  an  extension  of  k over  which  x and  x'  become 
isomorphic  (details  omitted).  Hence  \X\  — > |)V|  is  continuous  and  bijective  and 
it  suffices  to  show  that  it  is  also  open.  This  follows  from  Lemmas  |83.19.8|  and 
183.18.111  □ 


The  following  lemma  tells  us  that  residual  gerbes  exist  for  all  points  on  any  algebraic 
stack  which  is  a gerbe. 

06RA  Lemma  83.19.12.  Let  X be  an  algebraic  stack.  If  X is  a gerbe  then  for  every 
x £ \X\  the  residual  gerbe  of  X at  x exists. 


Proof.  Let  7r  : X — > X be  a morphism  from  X into  an  algebraic  space  X which 
turns  X into  a gerbe  over  X.  Let  Zx  — >■  X be  the  residual  space  of  X at  x,  see  Decent 
Spaces,  Definition  |55.11.6[  Let  Z = X Xx  Zx.  By  Lemma  |83.19.3|  the  algebraic 
stack  Z is  a gerbe  over  Zx.  Hence  \Z\  = \ZX\  (Lemma  83.19.11)  is  a singleton. 
Since  Z — > Zx  is  locally  of  finite  presentation  as  a base  change  of  7r  (see  Lemmas 

Thus 


83.19.8 

and 

83.18.3 

) we  see  that  Z is  locally  Noetherian,  see  Lemma  83.13.5 

the  residual  gerbe  Zx  of  L at  i exists  and  is  equal  to  Zx  = Zre<i  the  reduction 
of  the  algebraic  stack  Z.  Namely,  we  have  seen  above  that  \Zre<f\  is  a singleton 
mapping  to  a;  € \X\,  it  is  reduced  by  construction,  and  it  is  locally  Noetherian  (as 
the  reduction  of  a locally  Noetherian  algebraic  stack  is  locally  Noetherian,  details 
omitted).  □ 


83.20.  Stratification  by  gerbes 


06RB 


The  goal  of  this  section  is  to  show  that  many  algebraic  stacks  X have  a “stratifica- 
tion” by  locally  closed  substacks  Xi  C X such  that  each  A)  is  a gerbe.  This  shows 
that  in  some  sense  gerbes  are  the  building  blocks  out  of  which  any  algebraic  stack 
is  constructed.  Note  that  by  stratification  we  only  mean  that 

l*l  = Uj^l 

is  a stratification  of  the  topological  space  associated  to  X and  nothing  more  (in 
this  section).  Hence  it  is  harmless  to  replace  X by  its  reduction  (see  Properties  of 


Stacks,  Section  82.10)  in  order  to  study  this  stratification. 


The  following  proposition  tells  us  there  is  (almost  always)  a dense  open  substack 
of  the  reduction  of  X 

06RC  Proposition  83.20.1.  Let  X be  a reduced  algebraic  stack  such  that  Xx  — )•  X is 
quasi- compact.  Then  there  exists  a dense  open  substack  U C X which  is  a gerbe. 


Proof.  According  to  Proposition [83TfL9] it  is  enough  to  find  a dense  open  substack 
U such  that  Xu  — > U is  flat  and  locally  of  finite  presentation.  Note  that  2m  = 
Xx  XxMi  see  Lemma  [83. 5. 4| 

Choose  a presentation  X = [U/R].  Let  G — >•  U be  the  stabilizer  group  algebraic 
space  of  the  groupoid  R.  By  Lemma[83.5.6|we  see  that  G — > U is  the  base  change  of 
Xx  — > X hence  quasi-compact  (by  assumption)  and  locally  of  finite  type  (by  Lemma 


83.5.1).  Let  W C U be  the  largest  open  (possibly  empty)  subscheme  such  that  the 
restriction  Gw  — > W is  flat  and  locally  of  finite  presentation  (we  omit  the  proof 
that  W exists;  hint:  use  that  the  properties  are  local).  By  Morphisms  of  Spaces, 
Proposition |54.3LT1  we  see  that  W C U is  dense.  Note  that  W C U is  R- invariant 
by  More  on  Groupoids  in  Spaces,  Lemma [66.4. 2|  Hence  W corresponds  to  an  open 
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substack  U C X by  Properties  of  Stacks,  Lemma  82.9.10  Since  \U\  — >•  \X\  is  open 


and  \W\  C \U\  is  dense  we  conclude  that  U is  dense  in  X.  Finally,  the  morphism 
lu  — s ► U is  flat  and  locally  of  finite  presentation  because  the  base  change  by  the 
surjective  smooth  morphism  W — >■  U is  the  morphism  Gw  — t W which  is  flat  and 
locally  of  finite  presentation  by  construction.  See  Lemmas  83.17.4  and  83.18.7[  □ 


The  above  proposition  immediately  implies  that  any  point  has  a residual  gerbe  on 
an  algebraic  stack  with  quasi-compact  inertia,  as  we  will  show  in  Lemma  |83.21.1| 
It  turns  out  that  there  doesn’t  always  exist  a finite  stratification  by  gerbes.  Here 
is  an  example. 

06RE  Example  83.20.2.  Let  k be  a field.  Take  U = Spec(fc[xo,  x\,  X2,  ■ ■ •])  and  let 
Gm  act  by  t{x o,  X\,  X2,  ■ ■ ■)  = (tx 0,  tpXi,tp  X2,  ■ ■ ■)  where  p is  a prime  number.  Let 
X = [U / Gm].  This  is  an  algebraic  stack.  There  is  a stratification  of  X by  strata 

(1)  To  is  where  xq  is  not  zero, 

(2)  Xi  is  where  Xq  is  zero  but  x\  is  not  zero, 

(3)  X2  is  where  xo,xi  are  zero,  but  X2  is  not  zero, 

(4)  and  so  on,  and 

(5)  Too  is  where  all  the  Xi  are  zero. 

Each  stratum  is  a gerbe  over  a scheme  with  group  ppi  for  Xi  and  Gm  for  X ^ . The 
strata  are  reduced  locally  closed  substacks.  There  is  no  coarser  stratification  with 
the  same  properties. 

Nonetheless,  using  transfinite  induction  we  can  use  Proposition|83 . 2(Ll1find  possibly 
infinite  stratifications  by  gerbes...! 

06RF  Lemma  83.20.3.  Let  X be  an  algebraic  stack  such  that  Lx  -A  X is  quasi-compact. 

Then  there  exists  a well-ordered  index  set  I and  for  every  i £ I a reduced  locally 
closed  substack  Ui  C X such  that 

(1)  each  U.i  is  a gerbe , 

(2)  we  have  \X\  = U-e/  \Ui\, 

(3)  Tj  = \X\  \ \Ui'\  is  closed  in  \X\  for  all  i £ I,  and 

(4)  | Ui  | is  open  in  Ti . 

We  can  moreover  arrange  it  so  that  either  (a)  \U\  C Ti  is  dense,  or  (b)  Ui  is  quasi- 
compact. In  case  (a),  if  we  choose  Ui  as  large  as  possible  (see  proof  for  details), 
then  the  stratification  is  canonical. 


Proof.  Let  T C \X\  be  a nonempty  closed  subset.  We  are  going  to  find  (resp. 
choose)  for  every  such  T a reduced  locally  closed  substack  U(T)  C X with  \U(T)\  C 
T open  dense  (resp.  nonempty  quasi-compact).  Namely,  by  Properties  of  Stacks, 
Lemma  82.10.1|  there  exists  a unique  reduced  closed  substack  X'  C X such  that 
\X'\.  Note  that  Lx > = Lx  xx  X'  by  Lemma  83.5.5  Hence  Lx'  — » X'  is 


T = 


quasi-compact  as  a base  change,  see  Lemma  |83.7.3[  Therefore  Proposition  83.20.1 


implies  there  exists  a dense  maximal  (see  proof  proposition)  open  substack  U C X' 
which  is  a gerbe.  In  case  (a)  we  set  U(T)  = U (this  is  canonical)  and  in  case  (b)  we 
simply  choose  a nonempty  quasi-compact  open  U(T)  C U , see  Properties  of  Stacks, 
Lemma  82.4.9  (we  can  do  this  for  all  T simultaneously  by  the  axiom  of  choice). 


By  transfinite  induction  we  construct  for  every  ordinal  a a closed  subset  Ta  C \X\. 
For  a = 0 we  set  T0  = \X\.  Given  Ta  set 


Ta+l=Ta\\U(Ta)\. 
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06RG 

06UH 

06RD 


06UI 


If  is  a limit  ordinal  we  set 

Tp=n  Ta. 

1 'a</3 

We  claim  that  Ta  = 0 for  all  a large  enough.  Namely,  assume  that  Ta  ^ 0 for  all  a. 
Then  we  obtain  an  injective  map  from  the  class  of  ordinals  into  the  set  of  subsets 
of  \X\  which  is  a contradiction. 

The  claim  implies  the  lemma.  Namely,  let 

I = {a  \Ua  7^0}. 

This  is  a well-ordered  set  by  the  claim.  For  i = a £ I we  set  Ui  = Ua.  So  Ui 
is  a reduced  locally  closed  substack  and  a gerbe,  i.e.,  (1)  holds.  By  construction 
Ti  = Ta  if  i = a £ I,  hence  (3)  holds.  Also,  (4)  and  (a)  or  (b)  hold  by  our  choice  of 
U(T)  as  well.  Finally,  to  see  (2)  let  x £ \X\.  There  exists  a smallest  ordinal  /3  with 
x £T[ 3 (because  the  ordinals  are  well-ordered) . In  this  case  /3  has  to  be  a successor 
ordinal  by  the  definition  of  Tp  for  limit  ordinals.  Hence  /3  = a + 1 and  x £ \U(Ta)\ 
and  we  win.  □ 


Remark  83.20.4.  We  can  wonder  about  the  order  type  of  the  canonical  stratifica- 
tions which  occur  as  output  of  the  stratifications  of  type  (a)  constructed  in  Lemma 


83.20.3  A natural  guess  is  that  the  well-ordered  set  / has  cardinality  at  most  Hq.  We 


have  no  idea  if  this  is  true  or  false.  If  you  do  please  email  stacks.project@gmail.com 


83.21.  Existence  of  residual  gerbes 


In  this  section  we  prove  that  residual  gerbes  (as  defined  in  Properties  of  Stacks, 
Definition  82.11.8)  exist  on  many  algebraic  stacks.  First,  here  is  the  promised 


application  of  Proposition  83.20.1| 

Lemma  83.21.1.  Let  X be  an  algebraic  stack  such  thatTx 
Then  the  residual  gerbe  of  X at  x exists  for  every  x £ \X\. 


X is  quasi- compact. 


Proof.  Let  T = {cc}  C \X\  be  the  closure  of  x.  By  Properties  of  Stacks,  Lemma 
82.10.1  there  exists  a reduced  closed  substack  X'  C X such  that  T = \X'\.  Note 
that  Tx'  = Tx  Xx  X'  by  Lemma  83.5.5  Hence  Tx'  X'  is  quasi-compact  as  a 


base  change,  see  Lemma  [83. 7. 3[  Therefore  Proposition  |83.20TT|  implies  there  exists 
a dense  open  substack  U C X'  which  is  a gerbe.  Note  that  x £ \U\  because  {a;}  C T 
is  a dense  subset  too.  Hence  a residual  gerbe  Zx  C U of  U at  a;  exists  by  Lemma 
It  is  immediate  from  the  definitions  that  Zx  — > X is  a residual  gerbe  of 

□ 


83.19.12 


X at  x. 


If  the  stack  is  quasi-DM  then  residual  gerbes  exist  too.  In  particular,  residual 
gerbes  always  exist  for  Delinge-Mumford  stacks. 

Lemma  83.21.2.  Let  X be  a quasi-DM  algebraic  stack.  Then  the  residual  gerbe 
of  X at  x exists  for  every  x £ \ X \ . 


Proof.  Choose  a scheme  U and  a surjective,  flat,  locally  finite  presented,  and 
locally  quasi-finite  morphism  U X,  see  Theorem |83. 15. 3[  Set  R = U XxU.  The 
projections  s,t  : R -A  U are  surjective,  flat,  locally  of  finite  presentation,  and  locally 
quasi-finite  as  base  changes  of  the  morphism  U — > X . There  is  a canonical  morphism 
[U /R]  — > X (see  Algebraic  Stacks,  Lemma  76.16. 1|)  which  is  an  equivalence  because 
U — > X is  surjective,  flat,  and  locally  of  finite  presentation,  see  Algebraic  Stacks, 
Thus  we  may  assume  that  X = [ U/R } where  (U,R,s,t,c)  is  a 


Remark  76.16.3 
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075T 

075U 

075V 

075W 


groupoid  in  algebraic  spaces  such  that  s,t:R 
finite  presentation,  and  locally  quasi-finite.  Set 


U are  surjective,  flat,  locally  of 


u'  = l 1 

J L„ 


Spec(/s(u)). 


: R!  —>  U' 
Hence,  as 


*-u€.U  lying  over  x 

The  canonical  morphism  If  — > U is  a nronomorphism.  Let 
R'  = U'  xxU'  = R x{UxU)  (If  x U') 

Because  If  — > U is  a monomorphism  we  see  that  both  projections  s' ,t' 
factor  as  a monomorphism  followed  by  a locally  quasi-finite  morphism. 

If  is  a disjoint  union  of  spectra  of  fields,  using  Spaces  over  Fields,  Lemma  59.7.9 
we  conclude  that  the  morphisms  s' ,t'  : R'  — t U'  are  locally  quasi-finite.  Again 
since  U'  is  a disjoint  union  of  spectra  of  fields,  the  morphisms  s',t'  are  also  flat. 
Finally,  s',  t1  locally  quasi-finite  implies  s' , t!  locally  of  finite  type,  hence  s' , t'  locally 
of  finite  presentation  (because  U'  is  a disjoint  union  of  spectra  of  fields  in  particular 
locally  Noetherian,  so  that  Morphisms  of  Spaces,  Lemma  54.28.7  applies).  Hence 


Z = [If  / R1]  is  an  algebraic  stack  by  Criteria  for  Representability,  Theorem  79.17.2 
As  R'  is  the  restriction  of  R by  U' 


U we  see  Z 


A is  a monomorphism  by 
Since 


Groupoids  in  Spaces,  Lemma  65.24.1  and  Properties  of  Stacks,  Lemma  82.8.4 
Z — y A is  a monomorphism  we  see  that  \Z\  — > |A|  is  injective,  see  Properties  of 
Stacks,  Lemma [82.8.5[  By  Properties  of  Stacks,  Lemma [82. 4.3|  we  see  that 

\U'\  = \ZxxU'\-^\Z\x\x{  \U'\ 

is  surjective  which  implies  (by  our  choice  of  U’)  that  \Z\  — ► |A|  has  image  {a;}.  We 
conclude  that  \Z\  is  a singleton.  Finally,  by  construction  If  is  locally  Noetherian 
and  reduced,  i.e. , Z is  reduced  and  locally  Noetherian.  This  means  that  the  essential 
image  of  Z — > A is  the  residual  gerbe  of  A at  x1  see  Properties  of  Stacks,  Lemma 
182.11.111  □ 


83.22.  Smooth  morphisms 


The  property  “being  smooth”  of  morphisms  of  algebraic  spaces  is  smooth  local  on 
the  source-and-target,  see  Descent  on  Spaces,  Remark  |61.18.5[  It  is  also  stable 


under  base  change  and  fpqc  local  on  the  target,  see  Morphisms  of  Spaces,  Lemma 
|54.36.3|and  Descent  on  Spaces,  Lemma[61.10.24|  Hence,  by  Lemma [83. 12. 1|  above, 
we  may  define  what  it  means  for  a morphism  of  algebraic  spaces  to  be  smooth 
as  follows  and  it  agrees  with  the  already  existing  notion  defined  in  Properties  of 


Stacks,  Section  82.3  when  the  morphism  is  representable  by  algebraic  spaces. 


Definition  83.22.1.  Let  / : A -A  y be  a morphism  of  algebraic  stacks.  We  say 
/ is  smooth  if  the  equivalent  conditions  of  Lemma |83.1 2. 1|  hold  with  V = smooth. 

Lemma  83.22.2.  The  composition  of  smooth  morphisms  is  smooth. 

Proof.  Combine  Remark  |83. 12.3|  with  Morphisms  of  Spaces,  Lemma  54.36.2  □ 

Lemma  83.22.3.  A base  change  of  a smooth  morphism  is  smooth. 

Proof.  Combine  Remark  |83. 12.4|  with  Morphisms  of  Spaces,  Lemma  [54. 36.3[  □ 
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Cohomology  of  Algebraic  Stacks 


073P 


84.1.  Introduction 

073Q  In  this  chapter  we  write  about  cohomology  of  algebraic  stacks.  This  mean  in  par- 
ticular cohomology  of  quasi-coherent  sheaves,  i.e. , we  prove  analogues  of  the  results 
in  the  chapters  entitled  “Cohomology  of  Schemes”  and  “Cohomology  of  Algebraic 
Spaces”.  The  results  in  this  chapter  are  different  from  those  in  |LMBOO|  mainly 
because  we  consistently  use  the  “big  sites”.  Before  reading  this  chapter  please 
take  a quick  look  at  the  chapter  “Sheaves  on  Algebraic  Stacks”  in  order  to  become 
familiar  with  the  terminology  introduced  there,  see  Sheaves  on  Stacks,  Section[78.1| 

84.2.  Conventions  and  abuse  of  language 

073R  We  continue  to  use  the  conventions  and  the  abuse  of  language  introduced  in  Prop- 
erties of  Stacks,  Section  [82.2[ 


84.3.  Notation 


073S  Different  topologies.  If  we  indicate  an  algebraic  stack  by  a calligraphic  letter,  such 
as  A , y , X . then  the  notation  Ay ar , Ay,,/,. , A* smooth , A ’ syntomict  Xfppf  indicates  the 
site  introduced  in  Sheaves  on  Stacks,  Definition  78.4.1  (Think  “big  site”.)  Corre- 


spondingly the  structure  sheaf  of  A is  a sheaf  on  A fppf.  On  the  other  hand,  alge- 
braic spaces  and  schemes  are  usually  indicated  by  roman  capitals,  such  as  A',  Y , A, 
and  in  this  case  X^taie  indicates  the  small  etale  site  of  X (as  defined  in  Topologies, 
Definition  33.4.8  or  Properties  of  Spaces,  Definition  53.17.1).  It  seems  that  the 
distinction  should  be  clear  enough. 


The  default  topology  is  the  fppf  topology.  Hence  we  will  sometimes  say  “sheaf 
on  A”  or  “sheaf  of  Ox”  modules  when  we  mean  sheaf  on  Xfmf  or  object  of 
Mod{XSppflOx). 

If  / : A — >■  y is  a morphism  of  algebraic  stacks,  then  the  functors  /»  and  /-1 
defined  on  presheaves  preserves  sheaves  for  any  of  the  topologies  mentioned  above. 
In  particular  when  we  discuss  the  pushforward  or  pullback  of  a sheaf  we  don’t 
have  to  mention  which  topology  we  are  working  with.  The  same  isn’t  true  when 
we  compute  cohomology  groups  and/or  higher  direct  images.  In  this  case  we  will 
always  mention  which  topology  we  are  working  with. 


Suppose  that  / : X — > y is  a morphism  from  an  algebraic  space  X to  an  algebraic 
stack  y.  Let  Q be  a sheaf  on  yT  for  some  topology  r.  In  this  case  j~xQ  is  a sheaf 
for  the  r topology  on  Sx  (the  algebraic  stack  associated  to  X)  because  (by  our 
conventions)  / really  is  a 1-morphism  / : Sx  — > y ■ If  r = etale  or  stronger,  then 
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we  write  / 1g|xetgie 
Stacks,  Section  78.21 
instead. 


to  denote  the  restriction  to  the  etale  site  of  X , see  Sheaves  on 
If  Q is  an  O^-module  we  sometimes  write  f*Q  and  f*G\xitaie 


84.4.  Pullback  of  quasi-coherent  modules 

076W  Let  f : X y be  a morphism  of  algebraic  stacks.  It  is  a very  general  fact  that 
quasi-coherent  modules  on  ringed  topoi  are  compatible  with  pullbacks.  In  particular 
the  pullback  /*  preserves  quasi-coherent  modules  and  we  obtain  a functor 

/*  : QCoh{Oy)  — ► QCoh(Ox), 

see  Sheaves  on  Stacks,  Lemma[78.11.2|  In  general  this  functor  isn’t  exact,  but  if  / 
is  flat  then  it  is. 

076X  Lemma  84.4.1.  If  f : X — ► y is  a flat  morphism  of  algebraic  stacks  then  f*  : 
QCohflDy ) — > QCoh((D x)  is  an  exact  functor. 

Proof.  Choose  a scheme  V and  a surjective  smooth  morphism  V — > y.  Choose 
a scheme  U and  a surjective  smooth  morphism  U — > V Xy  X . Then  U — > X is 
still  smooth  and  surjective  as  a composition  of  two  such  morphisms.  From  the 
commutative  diagram 

U SrV 

S' 

x^-^y 

we  obtain  a commutative  diagram 

QCoh(Ou)  ^ QCoh(Ov) 

A 

QCoh(Ox)  ■* QCoh(Oy) 


of  abelian  categories.  Our  proof  that  the  bottom  two  categories  in  this  diagram 
are  abelian  showed  that  the  vertical  functors  are  faithful  exact  functors  (see  proof 


of  Sheaves  on  Stacks,  Lemma  78.14.1).  Since  /'  is  a flat  morphism  of  schemes  (by 

'l*  is  an  exact 

□ 


our  definition  of  flat  morphisms  of  algebraic  stacks)  we  see  that  (f)* 
functor  on  quasi-coherent  sheaves  on  V . Thus  we  win. 


84.5.  The  key  lemma 


076Y  The  following  lemma  is  the  basis  for  our  understanding  of  higher  direct  images 
of  certain  types  of  sheaves  of  modules.  There  are  two  versions:  one  for  the  etale 
topology  and  one  for  the  fppf  topology. 


076Z 


Lemma  84.5.1.  Let  A4  be  a rule  which  associates  to  every  algebraic  stack  X a 
subcategory  Mx  of  Mod(Xetaie,Ox)  such  that 


(1)  Mx  is  a weak  Serve  subcategory  of  Mod(Xetaie,Ox)  (see  Homology,  Def- 
inition 12.9.1)  for  all  algebraic  stacks  X, 

(2)  for  a smooth  morphism  of  algebraic  stacks  f : y —¥  X the  functor  f*  maps 
Mx  into  My, 
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(3)  if  fi  : Xi  — ► X is  a family  of  smooth  morphisms  of  algebraic  stacks  with 
\X\  = U then  an  object  T of  Mod(XAtaiei  Ox)  is  in  Mx  if  and 
only  if  f*T  is  in  MXi  for  all  i,  and 

(4)  if  f : y — )•  X is  a morphism  of  algebraic  stacks  such  that  X and  y are 
representable  by  affine  schemes,  then  Rlf*  maps  My  into  Mx. 

Then  for  any  quasi-compact  and  quasi-separated  morphism  f : y —*■  X of  algebraic 
stacks  R% /*  maps  My  into  Mx.  (Higher  direct  images  computed  in  etale  topology.) 


Proof.  Let  / : y — > X be  a quasi-compact  and  quasi-separated  morphism  of  alge- 
braic stacks  and  let  T be  an  object  of  My.  Choose  a surjective  smooth  morphism 
IA  — ^ X where  U is  representable  by  a scheme.  By  Sheaves  on  Stacks,  Lemma 


78.20.3  taking  higher  direct  images  commutes  with  base  change.  Assumption  (2) 
shows  that  the  pullback  of  T to  W xx  y is  in  MuXxy  because  the  projection 
Id  Xy  y — > y is  smooth  as  a base  change  of  a smooth  morphism.  Hence  (3)  shows 
we  may  replace  y — > X by  the  projection  IA  xx  y — » U.  In  other  words,  we  may 
assume  that  X is  representable  by  a scheme.  Using  (3)  once  more,  we  see  that 
the  question  is  Zariski  local  on  X , hence  we  may  assume  that  X is  representable 
by  an  affine  scheme.  Since  / is  quasi-compact  this  implies  that  also  y is  quasi- 
compact. Thus  we  may  choose  a surjective  smooth  morphism  g : V -A  y where  V 
is  representable  by  an  affine  scheme. 

In  this  situation  we  have  the  spectral  sequence 
E™  = Rq(f  o g^R 
of  Sheaves  on  Stacks,  Proposition  |78.20.1 


Rp+qf*T 


Recall  that  this  is  a first  quadrant 
spectral  sequence  hence  we  may  use  the  last  part  of  Homology,  Lemma  |12.22.6| 
Note  that  the  morphisms 


gp  :VP  = V Xy  . . . xyV  — > y 

are  smooth  as  compositions  of  base  changes  of  the  smooth  morphism  g.  Thus  the 
sheaves  g*R  are  in  Myp  by  (2).  Hence  it  suffices  to  prove  that  the  higher  direct 
images  of  objects  of  Myp  under  the  morphisms 

VP  = V Xy  ...xy  V^X 


are  in  Mx.  The  algebraic  stacks  Vp  are  quasi-compact  and  quasi-separated  by 


83.7.7 


Morphisms  of  Stacks,  Lemma 
algebraic  space  (the  diagonal  of  the  a 


Of  course  each  Vp  is  representable  by  an 
gebraic  stack  y is  representable  by  algebraic 
spaces) . This  reduces  us  to  the  case  where  y is  representable  by  an  algebraic  space 
and  X is  representable  by  an  affine  scheme. 


In  the  situation  where  y is  representable  by  an  algebraic  space  and  X is  repre- 
sentable by  an  affine  scheme,  we  choose  anew  a surjective  smooth  morphism  V — > y 
where  V is  representable  by  an  affine  scheme.  Going  through  the  argument  above 
once  again  we  once  again  reduce  to  the  morphisms  Vp  — > X.  But  in  the  current 
situation  the  algebraic  stacks  Vp  are  representable  by  quasi-compact  and  quasi- 
separated  schemes  (bacause  the  diagonal  of  an  algebraic  space  is  representable  by 
schemes) . 

Thus  we  may  assume  y is  representable  by  a scheme  and  X is  representable  by 
an  affine  scheme.  Choose  (again)  a surjective  smooth  morphism  V — > y where  V 
is  representable  by  an  affine  scheme.  In  this  case  all  the  algebraic  stacks  Vp  are 
representable  by  separated  schemes  (because  the  diagonal  of  a scheme  is  separated). 
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Thus  we  may  assume  y is  representable  by  a separated  scheme  and  A is  repre- 
sentable by  an  affine  scheme.  Choose  (yet  again)  a surjective  smooth  morphism 
V — >■  y where  V is  representable  by  an  affine  scheme.  In  this  case  all  the  algebraic 
stacks  Vp  are  representable  by  affine  schemes  (because  the  diagonal  of  a separated 
scheme  is  a closed  immersion  hence  affine)  and  this  case  is  handled  by  assumption 
(4).  This  finishes  the  proof.  □ 

Here  is  the  version  for  the  fppf  topology. 

0770  Lemma  84.5.2.  Let  M be  a rule  which  associates  to  every  algebraic  stack  X a 
subcategory  Mx  of  Mod(Ox)  such  that 

(1)  Mx  is  « weak  Serve  subcategory  of  Mod(Ox)  for  all  algebraic  stacks  X, 

(2)  for  a smooth  morphism  of  algebraic  stacks  f : y -A  X the  functor  f*  maps 
Mx  into  My, 

(3)  if  fi  : Xi  -A  X is  a family  of  smooth  morphisms  of  algebraic  stacks  with 
\X\  = (J \fi\(\Xi\),  then  an  object  T of  Mod(Ox)  is  in  Mx  if  and  only  if 
f*T  is  in  Mx,  for  all  i,  and 

(4)  if  f : y -A  X is  a morphism  of  algebraic  stacks  and  X and  y are  repre- 
sentable by  affine  schemes,  then  Rl /*  maps  My  into  Mx- 

Then  for  any  quasi-compact  and  quasi- separated  morphism  f : y -A  X of  algebraic 
stacks  Rl  f * maps  My  into  Mx-  (Higher  direct  images  computed  in  fppf  topology.) 

Proof.  Identical  to  the  proof  of  Lemma [84. 5. 1[  □ 


84.6.  Locally  quasi-coherent  modules 


075X  Let  X be  an  algebraic  stack.  Let  J7  be  a presheaf  of  ©^-modules.  We  can  ask 


whether  J-  is  locally  quasi-coherent , see  Sheaves  on  Stacks,  Definition  78.11.4 


Briefly,  this  means  T is  an  O^-module  for  the  etale  topology  such  that  for  any 
morphism  / : U -A  X the  restriction  f*F\utt*u  's  quasi-coherent  on  U^taie-  (The 
actual  definition  is  slightly  different,  but  equivalent.)  A useful  fact  is  that 

LQCoh(Ox ) C Mod(Xitale,Ox ) 

is  a weak  Serre  subcategory,  see  Sheaves  on  Stacks,  Lemma|78.11.7| 


075Y  Lemma  84.6.1.  Let  X be  an  algebraic  stack.  Let  fj 
smooth  morphisms  of  algebraic  stacks  with  \X\  = (J  \,fj\{ 


: Xj 

I A,-|). 


-A  X be  a family  of 
Let  J-  be  a sheaf  of 


Ox -modules  on  X^taie-  If  each  f-  1Jr  is  locally  quasi-coherent,  then  so  is  T . 

Proof.  We  may  replace  each  of  the  algebraic  stacks  Xj  by  a scheme  Uj  (using  that 
any  algebraic  stack  has  a smooth  covering  by  a scheme  and  that  compositions  of 
smooth  morphisms  are  smooth,  see  Morphisms  of  Stacks,  Lemma  83.22.2).  The 


pullback  of  T to  ( Sch/Uj)^tale  is  still  locally  quasi-coherent,  see  Sheaves  on  Stacks, 
Lemma 


78.11.6 


Then  / = Ufr-u  = U Uj  -A  A is  a surjective  smooth  morphism. 
Let  x be  an  object  of  A.  By  Sheaves  on  Stacks,  Lemma[~78.18.10|there  exists  an  etale 
covering  {x^  — > x}i^j  such  that  each  Xj  lifts  to  an  object  iq  of  ( Sch/U)et.aie ■ This 
just  means  that  x,  Xj  live  over  schemes  V,  V),  that  {Vj  — > V}  is  an  etale  covering, 
and  that  aq  comes  from  a morphism  Ui  : Vi  -A  U.  The  restriction  x*J-\viitaU  is 
equal  to  the  restriction  of  f*JF  to  Vitale,  see  Sheaves  on  Stacks,  Lemma  (78.9.3 


Hence  x* T\vix<lU.  is  a sheaf  on  the  small  etale  site  of  V which  is  quasi-coherent  when 
restricted  to  1 d.etaZe  f°r  each  i.  This  implies  that  it  is  quasi-coherent  (as  desired), 
for  example  by  Properties  of  Spaces,  Lemma  [53. 28. 6[  □ 
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075Z  Lemma  84.6.2.  Let  f : X -A  y be  a quasi-compact  and  quasi-separated  morphism 
of  algebraic  stacks.  Let  T be  a locally  quasi- coherent  Ox -module  on  Xetaie-  Then 
(computed  in  the  etale  topology)  is  locally  quasi- coherent  on  y^taie- 


Proof.  We  will  use  Lemma  84.5.1  to  prove  this.  We  will  check  its  assumptions  (1) 


- (4).  Parts  (1)  and  (2)  follows  from  Sheaves  on  Stacks,  Lemma  78.11.7  Part  (3) 
follows  from  Lemma  84.6.1  Thus  it  suffices  to  show  (4). 


Suppose  / : X — > y is  a morphism  of  algebraic  stacks  such  that  X and  y are 
representable  by  affine  schemes  A'  and  Y . Choose  any  object  y of  y lying  over  a 
scheme  V.  For  clarity,  denote  V = ( Sch/V ) fppf  the  algebraic  stack  corresponding 
to  V.  Consider  the  cartesian  diagram 


Z A 

9 

f f 

v—^y 


Thus  Z is  representable  by  the  scheme  Z = V xy  X and  f is  quasi-compact  and 
separated  (even  affine).  By  Sheaves  on  Stacks,  Lemma  78.21.3  we  have 

& = R'f 'small 


The  right  hand  side  is  a quasi-coherent  sheaf  on  V&aie  by  Cohomology  of  Spaces, 
Lemma  |56.3.2|  This  implies  the  left  hand  side  is  quasi-coherent  which  is  what  we 
had  to  prove.  □ 


07AP  Lemma  84.6.3.  Let  X be  an  algebraic  stack.  Let  fj  : Xj  — ► X be  a family  of  flat 
and  locally  finitely  presented  morphisms  of  algebraic  stacks  with  \X\  = (J  l/jlQA’jl). 
Let  T be  a sheaf  of  Ox-modules  on  Xfppf.  If  each  fflXT  is  locally  quasi-coherent, 
then  so  is  T . 


Proof.  First,  suppose  there  is  a morphism  a : U -A  X which  is  surjective,  flat, 
locally  of  finite  presentation,  quasi-compact,  and  quasi-separated  such  that  a*T  is 
locally  quasi-coherent.  Then  there  is  an  exact  sequence 

0 -A  T -A  a*a*T  -A  b*b*X 


where  b is  the  morphism  b : U Xx  LA  — > X,  see  Sheaves  on  Stacks,  Proposition 
|78.18.7|  and  Lemma  [78. 18. 10|  Moreover,  the  pullback  b* T is  the  pullback  of  a*T 
via  one  of  the  projection  morphisms,  hence  is  locally  quasi-coherent  (Sheaves  on 
Stacks,  Lemma  78.11.6).  The  modules  a*a*IF  and  b*b* T are  locally  quasi-coherent 
(Note  that  a*  and  6*  don’t  care  about  which  topology  is  used 
We  conclude  that  T is  locally  quasi-coherent,  see  Sheaves  on 


by  Lemma  84.6.2 


to  calculate  them.) 
Stacks,  Lemma [78.11.71 


We  are  going  to  reduce  the  proof  of  the  general  case  the  the  situation  in  the  first 
paragraph.  Let  x be  an  object  of  X lying  over  the  scheme  U . We  have  to  show  that 
T\u etaic  is  a quasi-coherent  ©[/-module.  It  suffices  to  do  this  (Zariski)  locally  on  U, 
hence  we  may  assume  that  U is  affine.  By  Morphisms  of  Stacks,  Lemma  [83.18.10 
there  exists  an  fppf  covering  {ai  : Ui  ^ U}  such  that  each  xo ai  factors  through  some 
fj.  Hence  a*T  is  locally  quasi-coherent  on  ( Sch/Ui ) fPPf-  After  refining  the  covering 
we  may  assume  {[/,  -A  L/ is  a standard  fppf  covering.  Then  x*T  is  an  fppf 
module  on  (Sch/U) fppf  whose  pullback  by  the  morphism  a : U\  H . . . H Un  — i U 
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is  locally  quasi-coherent.  Hence  by  the  first  paragraph  we  see  that  x*T  is  locally 
quasi-coherent,  which  certainly  implies  that  F\uitale  is  quasi-coherent.  □ 


84.7.  Flat  comparison  maps 


0760  Let  X be  an  algebraic  stack  and  let  J-  be  an  object  of  Mod^XitaiejOx).  Given  an 
object  x of  X lying  over  the  scheme  U the  restriction  is  the  restriction  of 

x~lF  to  the  small  etale  site  of  U,  see  Sheaves  on  Stacks,  Definition  78.9.2  Next, 
let  ip  : x — > x'  be  a morphism  of  X lying  over  a morphism  of  schemes  f : U —¥  U' . 
Thus  a 2-commutative  diagram 


>U' 


0761 


0762 


Associated  to  p we  obtain  a comparison  map  between  restrictions 


(84.7.0.1) 


: ftmaimu')  — ► 


see  Sheaves  on  Stacks,  Equation  (78.9.4.1).  In  this  situation  we  can  consider  the 
following  property  of  T . 


Definition  84.7.1.  Let  X be  an  algebraic  stack  and  let  T in  Mod(X^taie,Ox)- 
We  say  T has  the  flat  base  change  property  if  and  only  if  cv  is  an  isomorphism 
whenever  / is  flat. 


Here  is  a lemma  with  some  properties  of  this  notion. 

0764  Lemma  84.7.2.  Let  X be  an  algebraic  stack.  Let  F be  an  Ox-module  on  X^taie- 

(1)  If  J-  has  the  flat  base  change  property  then  for  any  morphism  g : y — >•  X 
of  algebraic  stacks,  the  pullback  g*J-  does  too. 

(2)  The  full  subcategory  of  Mod(Xetaie,  Ox)  consisting  of  modules  with  the  flat 
base  change  property  is  a weak  Serre  subcategory. 

(3)  Let  fi'.Xi-^X  be  a family  of  smooth  morphisms  of  algebraic  stacks  such 
that  \X\  = (J, |/»|(|<*i|).  If  each  f*T  has  the  flat  base  change  property 
then  so  does  T . 

(4)  The  category  of  Ox -modules  on  X^taie  with  the  flat  base  change  property 
has  colimits  and  they  agree  with  colimits  in  Mod(X^taie,Ox )■ 


Proof.  Let  g : y — > X be  as  in  (1).  Let  y be  an  object  of  y lying  over  a scheme 
V.  By  Sheaves  on  Stacks,  Lemma  78.9.3  we  have  (g*Ic)\v6tau  = Vuaie-  Moreover 
a comparison  mapping  for  the  sheaf  g*T  on  y is  a special  case  of  a comparison 
map  for  the  sheaf  T on  X , see  Sheaves  on  Stacks,  Lemma  78.9.3  In  this  way  (1) 
is  clear. 


Proof  of  (2) . We  use  the  characterization  of  weak  Serre  subcategories  of  Homology, 
Lemma [12.9.3|  Kernels  and  cokernels  of  maps  between  sheaves  having  the  flat  base 
change  property  also  have  the  flat  base  change  property.  This  is  clear  because 
f small  exact  f°r  a flat  morphism  of  schemes  and  since  the  restriction  functors 

(— )l Gstaie  are  exact  (because  we  are  working  in  the  etale  topology).  Finally,  if 
0 — ^ J- 1 — y J- 2 — y IF 3 — y 0 is  a short  exact  sequence  of  Mod(Xetaie,Ox)  and  the 
outer  two  sheaves  have  the  flat  base  change  property  then  the  middle  one  does  as 


'This  may  be  nonstandard  notation. 
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well,  again  because  of  the  exactness  of  f small  and  the  restriction  functors  (and  the 
5 lemma). 


Proof  of  (3).  Let  /,;  : Xt  — ► X be  a jointly  surjective  family  of  smooth  morphisms  of 
algebraic  stacks  and  assume  each  /*  T has  the  flat  base  change  property.  By  part 
(1),  the  definition  of  an  algebraic  stack,  and  the  fact  that  compositions  of  smooth 
morphisms  are  smooth  (see  Morphisms  of  Stacks,  Lemma  83.22.2 1 we  may  assume 
that  each  A)  is  representable  by  a scheme.  Let  tp  : x — > x'  be  a morphism  of  X 
lying  over  a flat  morphism  a : U —)•[/'  of  schemes.  By  Sheaves  on  Stacks,  Lemma 
78.18.10  there  exists  a jointly  surjective  family  of  etale  morphisms  U[  — > U'  such 
that  U'  — > U'  — > X factors  through  A).  Thus  we  obtain  commutative  diagrams 


Ur  = U xu>  U’ 


V 

U 


a 


u[ 

\ 

U' 


y^Xi 

fi 


Note  that  each  m is  a flat  morphism  of  schemes  as  a base  change  of  a.  Denote 
ipi  : x-i  — > x\  the  morphism  of  Xi  lying  over  a*  with  target  x\.  By  assumption  the 
comparison  maps  c^4  : (ai)*small  (f*  ^\(ui)£taU)  is  an  isomorphism. 

Because  the  vertical  arrows  U[  —y  U'  and  Ui  -+ U are  etale,  the  sheaves  f* ^F\(u')ita.u 
and  /* F\(Ui)£ta.u  are  restrictions  of  ; and  J7\u^tau  an£i  ^i16  map  c ^ is  the 

restriction  of  c v to  (Ui) staler  see  Sheaves  on  Stacks,  Lemma  78.9.3  Since  {Ui  — > U} 
is  an  etale  covering,  this  implies  that  the  comparison  map  cv  is  an  isomorphism 
which  is  what  we  wanted  to  prove. 


Proof  of  (4).  Let  X — >•  Mod(Xetaie , Ox),  i H T;  be  a diagram  and  assume  each 
has  the  flat  base  change  property.  Recall  that  colinii  Ti  is  the  sheafification  of  the 
presheaf  colimit.  As  we  are  using  the  etale  topology,  it  is  clear  that 

(colimj  = colmii  Fi\UitaU 

As  f *mau  commutes  with  colimits  (as  a left  adjoint)  we  see  that  (4)  holds.  □ 


0765  Lemma  84.7.3.  Let  f : X — >•  y be  a quasi-compact  and  quasi-separated  morphism 
of  algebraic  stacks.  Let  T be  an  object  of  Mod(Xetaie,Ox)  which  is  locally  quasi- 
coherent.  and  has  the  flat  base  change  property.  Then  each  TTg^T  (computed  in  the 
etale  topology)  has  the  flat  base  change  property. 


Proof.  We  will  use  Lemma  [84.5. 1|  to  prove  this.  For  every  algebraic  stack  X let 
Mx  denote  the  full  subcategory  of  Mod(Xetaie,Ox)  consisting  of  locally  quasi- 
coherent  sheaves  with  the  flat  base  change  property.  Once  we  verify  conditions  (1) 
- (4)  of  Lemma  84.5.1  the  lemma  will  follow.  Properties  (1),  (2),  and  (3)  follow 
from  Sheaves  on  Stacks,  Lemmas|78.11.6|and|78.1L7|and  Lemmas|84.6.1|and|84.7.2] 
Thus  it  suffices  to  show  part  (4). 


Suppose  f '■  X — i y is  a morphism  of  algebraic  stacks  such  that  X and  y are 
representable  by  affine  schemes  X and  Y . In  this  case,  suppose  that  ip  : y — > y'  is 
a morphism  of  y lying  over  a flat  morphism  b : V — > V'  of  schemes.  For  clarity 
denote  V = ( Sch/V ) fppf  and  V'  = ( Sch/V' ) fppf  the  corresponding  algebraic  stacks. 
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Consider  the  diagram  of  algebraic  stacks 


/ 


Z > Z' >■  A 

a x' 


a 

x' 

f 

u 

' Y 

Y , Y 

v — U-  v y 


with  both  squares  cartesian.  As  / is  representable  by  schemes  (and  quasi-compact 
and  separated  - even  affine)  we  see  that  Z and  Z'  are  representable  by  schemes  Z 
and  Z'  and  in  fact  Z = V Xy/  Z' . Since  T has  the  flat  base  change  property  we 
see  that 

^ Small  ^ Zet.ale 

is  an  isomorphism.  Moreover, 


Rif *F\vltalc  = R\f)  small  ARHtale 


and 


Rlf*R\v^=K\f")  small  AR\zttau) 

by  Sheaves  on  Stacks,  Lemma [78. 21. 3|  Hence  we  see  that  the  comparison  map 
: Kmall(Rlf*R\vLaJ  — > Rlf*R\VitaU 

is  an  isomorphism  by  Cohomology  of  Spaces,  Lemma  56.10.1  Thus  Rl  f*T  has  the 


flat  base  change  property.  Since  Rl  f*T  is  locally  quasi- coherent  by  Lemma  84.6.2 
we  win.  □ 


0771 


Proposition  84.7.4.  Summary  of  results  on  locally  quasi- coherent  modules  having 
the  flat  base  change  property. 

(1)  Let  X be  an  algebraic  stack.  If  T is  an  object  of  Mod(Xetaie,Ox)  which 
is  locally  quasi- coherent  and  has  the  flat  base  change  property,  then  T is 
a sheaf  for  the  fppf  topology,  i.e.,  it  is  an  object  of  Mod(Ox). 

(2)  The  category  of  modules  which  are  locally  quasi- coherent  and  have  the  flat 
base  change  property  is  a weak  Serre  subcategory  Mx  of  both  Mod(Ox) 
and  AIod(Xgtaie,  (D x') • 

(3)  Pullback  f*  along  any  morphism  of  algebraic  stacks  f : X y induces  a 
functor  f*  : A iy  — > M.x- 

(4)  If  f : X — ► y is  a quasi-compact  and  quasi-separated  morphism  of  alge- 
braic stacks  and  T is  an  object  of  A4x,  then 

(a)  the  derived  direct  image  Rf*!7  and  the  higher  direct  images  Rl f*T 
can  be  computed  in  either  the  etale  or  the  fppf  topology  with  the  same 
result,  and 

(b)  each  Rlf*J-  is  an  object  of  A4y. 

(5)  The  category  M.x  has  colimits  and  they  agree  with  colimits  in  Mod(Xetaie,  Ox) 
as  well  as  in  Mod(Ox). 


Proof.  Part  (1)  is  Sheaves  on  Stacks,  Lemma  78.22.1 


Part  (2)  for  the  embedding  Mx  C Mod(Xetaie,Ox ) we  have  seen  in  the  proof 
Let  us  prove  (2)  for  the  embedding  Mx  C Mod{Ox).  Let 
Q be  a morphism  between  objects  of  Mx-  Since  Ker(y>)  is  the  same 


of  Lemma  84.7.3 
T 


V 

whether  computed  in  the  etale  or  the  fppf  topology,  we  see  that  Ker(tp)  is  in  Mx 
by  the  etale  case.  On  the  other  hand,  the  cokernel  computed  in  the  fppf  topology 
is  the  fppf  sheafification  of  the  cokernel  computed  in  the  etale  topology.  However, 
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this  etale  cokernel  is  in  Mx  hence  an  fppf  sheaf  by  (1)  and  we  see  that  the  cokernel 
is  in  Mx-  Finally,  suppose  that 


0 — ^ ^ J~  2 — ^ ^ 0 


07AQ 


is  an  exact  sequence  in  Mod(Ox)  (i.e.,  using  the  fppf  topology)  with  T\ , Ti  in  Ana'- 
ll! order  to  show  that  T-2  is  an  object  of  Mx  it  suffices  to  show  that  the  sequence 
is  also  exact  in  the  etale  topology.  To  do  this  it  suffices  to  show  that  any  element 
of  1)  becomes  zero  on  the  members  of  an  etale  covering  of  x (for  any 

object  x of  X).  This  is  true  because  Hj  j(x,  T\)  = Hjtale( x,T\)  by  Sheaves  on 
Stacks,  Lemma  78.22.2  and  because  of  locality  of  cohomology,  see  Cohomology  on 
Sites,  Lemma  21.8.3  This  proves  (2). 


Part  (3)  follows  from  Lemma  84.7.2  and  Sheaves  on  Stacks,  Lemma  78.11.6 


Part  (4)(b)  for  Rl  computed  in  the  etale  cohomology  follows  from  Lemma 


84.7.3  Whereupon  part  (4)  (a)  follows  from  Sheaves  on  Stacks,  Lemma  78.22.2 


combined  with  (1)  above. 


Part  (5)  for  the  etale  topology  follows  from  Sheaves  on  Stacks,  Lemma  78.11.7  and 
Lemma [84. 7.2|  The  fppf  version  then  follows  as  the  colimit  in  the  etale  topology  is 
already  an  fppf  sheaf  by  part  (1).  □ 


Lemma  84.7.5.  Let  X be  an  algebraic  stack.  With  Mx  the  category  of  locally 
quasi- coherent  modules  with  the  flat  base  change  property. 

(1)  Let  fj  : Xj  — > X be  a family  of  smooth  morphisms  of  algebraic  stacks  with 
\X\  = U \fj\i\Xj\).  Let  T he  a sheaf  of  Ox -modules  on  Xetaie ■ If  each 
f~ 1Jr  is  in  Mxn  then  T is  in  Mx- 

(2)  Let  fj  : Xj  — > X be  a family  of  flat  and  locally  finitely  presented  morphisms 
of  algebraic  stacks  with  \ X\  = 1J  \fj\  (| Xj\).  Let  IF  be  a sheaf  of  O x -modules 
on  Xfppf.  If  each  /“1Jr  is  in  Mxt,  then  T is  in  Mx- 


Proof.  Part  (1)  follows  from  a combination  of  Lemmas  84.6.1  and  84.7.2  The 


proof  of  (2)  is  analogous  to  the  proof  of  Lemma  84.6.3 
modules  on  Xfppf. 


Let  T of  a sheaf  of  Ox~ 


First,  suppose  there  is  a morphism  a : U -4  X which  is  surjective,  flat,  locally 
of  finite  presentation,  quasi-compact,  and  quasi-separated  such  that  a*  IF  is  locally 
quasi-coherent  and  has  the  flat  base  change  property.  Then  there  is  an  exact  se- 
quence 

0 -4  IF  -4  a*a*F  -4  6*6*.F 

where  b is  the  morphism  b : U Xx  U — > X,  see  Sheaves  on  Stacks,  Proposition 
|78.18.7|  and  Lemma  [78.18.10|  Moreover,  the  pullback  b* T is  the  pullback  of  a*F 
via  one  of  the  projection  morphisms,  hence  is  locally  quasi-coherent  and  has  the 
flat  base  change  property,  see  Proposition  |84.7.4[  The  modules  a*a*Jr  and  6*6* T 
are  locally  quasi-coherent  and  have  the  flat  base  change  property  by  Proposition 
84.7.4[  We  conclude  that  T is  locally  quasi-coherent  and  has  the  flat  base  change 
property  by  Proposition  |84. 7. 4[ 

Choose  a scheme  U and  a surjective  smooth  morphism  x : U — » X.  By  part  (1) 
it  suffices  to  show  that  x*T  is  locally  quasi-coherent  and  has  the  flat  base  change 
property.  Again  by  part  (1)  it  suffices  to  do  this  (Zariski)  locally  on  U , hence  we 
may  assume  that  U is  affine.  By  Morphisms  of  Stacks,  Lemma |83. 18. 10| there  exists 
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an  fppf  covering  {a^  : Ui  -A  U}  such  that  each  x o a*  factors  through  some  fj. 
Hence  the  module  a*F  on  (Sch/Ui) fppf  is  locally  quasi-coherent  and  has  the  flat 
base  change  property.  After  refining  the  covering  we  may  assume  {Ui  — > „ 

is  a standard  fppf  covering.  Then  x*F  is  an  fppf  module  on  (Sch/U)  fppf  whose 
pullback  by  the  morphism  a : U\  H . . . H Un  — > U is  locally  quasi-coherent  and  has 
the  flat  base  change  property.  Hence  by  the  previous  paragraph  we  see  that  x*F 
is  locally  quasi-coherent  and  has  the  flat  base  change  property  as  desired.  □ 


84.8.  Parasitic  modules 

0772  The  following  definition  is  compatible  with  Descent,  Definition [3T8T] 

0773  Definition  84.8.1.  Let  X be  an  algebraic  stack.  A presheaf  of  O^-modules  F 
is  parasitic  if  we  have  F(x)  = 0 for  any  object  x oi  X which  lies  over  a scheme  U 
such  that  the  corresponding  morphism  x : U — > X is  flat. 


Here  is  a lemma  with  some  properties  of  this  notion. 

0774  Lemma  84.8.2.  Let  X be  an  algebraic  stack.  Let  F be  a presheaf  of  Ox -modules. 

(1)  If  F is  parasitic  and  g : y —A  X is  a flat  morphism  of  algebraic  stacks, 
then  g*F  is  parasitic. 

(2)  For  t £ {Zariski,  etale,  smooth,  syntomic,  fppf}  we  have 

(a)  the  t sheafification  of  a parasitic  presheaf  of  modules  is  parasitic,  and 

(b)  the  full  subcategory  of  Mod{XT,  Ox)  consisting  of  parasitic  modules 
is  a Serre  subcategory. 

(3)  Suppose  F is  a sheaf  for  the  etale  topology.  Let  fi  : Xi  — > X be  a family 
of  smooth  morphisms  of  algebraic  stacks  such  that  \X\  = (J4  |/j|(|Aj|).  If 
each  f*F  is  parasitic  then  so  is  F . 

(4)  Suppose  F is  a sheaf  for  the  fppf  topology.  Let  fi'.Xi^X  be  a family  of 
flat  and  locally  finitely  presented  morphisms  of  algebraic  stacks  such  that 
\X\  = |J.  |/j|(| Aj|).  If  each  f*F  is  parasitic  then  so  is  F . 


Proof.  To  see  part  (1)  let  y be  an  object  of  y which  lies  over  a scheme  V such  that 
the  corresponding  morphism  y : V ^ y is  flat.  Then  g(y)  : V — > y — > X is  flat  as 
a composition  of  flat  morphisms  (see  Morphisms  of  Stacks,  Lemma  83.17.2 1 hence 
F{g{y))  is  zero  by  assumption.  Since  g*JF  = g~lF{y)  = iF(g(y))  we  conclude  g*J- 
is  parasitic. 


To  see  part  (2)  (a)  note  that  if  {xi  — > a?}  is  a r-covering  of  X,  then  each  of  the 
morphisms  x^  —A  x lies  over  a flat  morphism  of  schemes.  Hence  if  x lies  over  a 
scheme  U such  that  x : U — > X is  flat,  so  do  all  of  the  objects  Xi.  Hence  the 


presheaf  J-+  (see  Sites,  Section  7.10)  is  parasitic  if  the  presheaf  T is  parasitic.  This 


proves  (2) (a)  as  the  sheafification  of  T is  (Jr+)+. 

Let  T be  a parasitic  r-module.  It  is  immediate  from  the  definitions  that  any 
submodule  of  F is  parasitic.  On  the  other  hand,  if  F'  C T is  a submodule,  then  it 
is  equally  clear  that  the  presheaf  x \ -A  F(x)/F'(x)  is  parasitic.  Hence  the  quotient 
F/F'  is  a parasitic  module  by  (2) (a).  Finally,  we  have  to  show  that  given  a short 
exact  sequence  0 — > F\  — > Fi  — > F-&  — > 0 with  F\  and  F$  parasitic,  then  Fi  is 
parasitic.  This  follows  immediately  on  evaluating  on  x lying  over  a scheme  flat  over 


X . This  proves  (2) (b) , see  Homology,  Lemma  12.9.2 
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Let  fi  : Xi  — > X be  a jointly  surjective  family  of  smooth  morphisms  of  algebraic 
stacks  and  assume  each  f*R  is  parasitic.  Let  x be  an  object  of  X which  lies  over 
a scheme  U such  that  x : U — > X is  flat.  Consider  a surjective  smooth  covering 
Wi  — » U xXix  Xi.  Denote  y,  : Wi  -A  Xj  the  projection.  It  follows  that  {/*(?/,)  — > x} 
is  a covering  for  the  smooth  topology  on  X.  Since  a composition  of  flat  morphisms 
is  flat  we  see  that  f*R(yi)  = 0.  On  the  other  hand,  as  we  saw  in  the  proof  of 
(1),  we  have  ffR{yi)  = R(fi{yi))-  Hence  we  see  that  for  some  smooth  covering 
{ Xi  — ► x}iei  in  X we  have  R{xf)  = 0.  This  implies  R(x)  = 0 because  the  smooth 
topology  is  the  same  as  as  the  etale  topology,  see  More  on  Morphisms,  Lemma 


By  the  lemma  just  referenced  there  exists  an  etale  covering  {Vj  — > U}j^j  which 
refines  {E/j  — > U}iej.  Denote  xb  = x\yr  Then  {x'3  — > a;}  is  an  etale  covering  in  X 
refining  {a;,  — > a ;}je/.  This  means  the  map  R{x)  — > .£  j J-'(x'  ),  which  is  injective 

as  R is  a sheaf  in  the  etale  topology,  factors  through  R{x)  JXigJ  ^(x%)  which  is 
zero.  Hence  R{x)  = 0 as  desired. 

Proof  of  (4):  omitted.  Hint:  similar,  but  simpler,  than  the  proof  of  (3).  □ 


36.28.7  Namely,  {xt  — > a :}j6/  lies  over  a smooth  covering  {E/j  — >•  E/}j6j  of  schemes. 


Parasitic  modules  are  preserved  under  absolutely  any  pushforward. 

0775  Lemma  84.8.3.  Let  r £ {etale,  fppf} . Let  X be  an  algebraic  stack.  Let  T be  a 
parasitic  object  of  Mod{XT,  Ox)- 

(1)  HUX,T)  = 0 for  alii. 

(2)  Let  f : X — >•  y be  a morphism  of  algebraic  stacks.  Then  Rl  f*T  (computed 
in  r-topology)  is  a parasitic  object  of  Mod{yr,Oy) . 


Proof.  We  first  reduce  (2)  to  (1).  By  Sheaves  on  Stacks,  Lemma  78.20.2  we  see 
that  Rl  f*J-  is  the  sheaf  associated  to  the  presheaf 


»HFT(Vx,^,  pr"1^) 


Here  y is  a typical  object  of  y lying  over  the  scheme  V.  By  Lemma[84.8.2|it  suffices 
to  show  that  these  cohomology  groups  are  zero  when  y : V — > y is  flat.  Note  that 
pr  : V xvy  X — ► X is  flat  as  a base  change  of  y.  Hence  by  Lemma  84.8.2 
that  pr-1^7  is  parasitic.  Thus  it  suffices  to  prove  (1). 


we  see 


To  see  (1)  we  can  use  the  spectral  sequence  of  Sheaves  on  Stacks,  Proposition 
|78.19.1|to  reduce  this  to  the  case  where  X is  an  algebraic  stack  representable  by  an 
algebraic  space.  Note  that  in  the  spectral  sequence  each  f~xT  = f*T  is  a parasitic 
module  by  Lemma  84.8.2  because  the  morphisms  fp  : Up  = U Xx  ■■■  *x  LI  — > X 
are  flat.  Reusing  this  spectral  sequence  one  more  time  (as  in  the  proof  of  the  key 
Lemma  84.5.1 ) we  reduce  to  the  case  where  the  algebraic  stack  X is  representable  by 
a scheme  X.  Then  H{(X,  R)  = Hl((Sch/ X)T,  R).  In  this  case  the  vanishing  follows 
easily  from  an  argument  with  Cech  coverings,  see  Descent,  Lemma  34.8.2  □ 


The  following  lemma  is  one  of  the  major  reasons  we  care  about  parasitic  modules. 
To  understand  the  statement,  recall  that  the  functors  QCoh(Ox ) — > Mod{X&taie,  Ox) 
and  QCoh(Ox)  — > Mod{Ox)  aren’t  exact  in  general. 

0776  Lemma  84.8.4.  Let  X be  an  algebraic  stack.  Let  R*  be  an  exact  complex  in 
QCoh(Ox) ■ Then  the  cohomology  sheaves  of  R*  in  either  the  etale  or  the  fppf 
topology  are  parasitic  Ox -modules. 
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Proof.  Let  x : U X be  a flat  morphism  where  U is  a scheme.  Then  x*J is 


exact  by  Lemma  84.4.1 
we  had  to  prove. 


Hence  the  restriction  x*F*\  uital, 


is  exact  which  is  what 
□ 


84.9.  Quasi-coherent  modules,  I 


0777 
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We  have  seen  that  the  category  of  quasi-coherent  modules  on  an  algebraic  stack  is 
equivalent  to  the  category  of  quasi-coherent  modules  on  a presentation,  see  Sheaves 
on  Stacks,  Section  78.14  This  fact  is  the  basis  for  the  following. 


Lemma  84.9.1.  Let  X be  an  algebraic  stack.  Let  Mx  be  the  category  of  locally 
quasi-coherent  modules  with  the  flat  base  change  property , see  Proposition\8j.7J\ 
The  inclusion  functor  i : QCoh(Ox)  — > Mx  has  a idght  adjoint 


Q : Mx  -t  QCoh{Ox) 


such  that  Q o i is  the  identity  functor. 


Proof.  Choose  a scheme  U and  a surjective  smooth  morphism  f : U X.  Set 
R = U x x U so  that  we  obtain  a smooth  groupoicl  ([/,  R,  s,  t,  c)  in  algebraic  spaces 
with  the  property  that  X = [ U/R ],  see  Algebraic  Stacks,  Lemma  76.16.2  We  may 


and  do  replace  A by  [U/R].  In  the  proof  of  Sheaves  on  Stacks,  Proposition  78.13.1 
we  constructed  a functor 


q-\  : QCoh(U,R,s,t,c)  — > QCoh(Ox )■ 

The  construction  of  the  inverse  functor  in  the  proof  of  Sheaves  on  Stacks,  Proposi- 
tion [78TXT]  works  for  objects  of  Mx  and  induces  a functor 

92  : Mx  — > QCoh(U,R,s,t,c). 

Namely,  if  T is  an  object  of  Mx  the  we  set 

Q2(R)  = (f*F\uttale,Cx) 

where  a is  the  isomorphism 


Cu^r^itw)  t*f*R\RttaU  -a  s*rp\Ri 


S*smau(r^\u,taJ 


where  the  outer  two  morphisms  are  the  comparison  maps.  Note  that  qi (J~)  is 
quasi-coherent  precisely  because  T is  locally  quasi-coherent  (and  we  used  the  flat 
base  change  property  in  the  construction  of  the  descent  datum  a).  We  omit  the 
verification  that  the  cocycle  condition  (see  Groupoids  in  Spaces,  Definition  65.12.1 ) 
holds.  We  define  Q = q\  o q2.  Let  T be  an  object  of  Mx  and  let  Q be  an  object  of 
QCoh(Ox).  We  have 


M.ov QCoh(y,R,s,t,c)(q2{G)i  ffeG?7)) 

= Mor  QCoh(ox){GiQ{R)) 

where  the  first  equality  is  Sheaves  on  Stacks,  Lemma[78.13.2|and  the  second  equality 
holds  because  q\  and  q2  are  inverse  equivalences  of  categories.  The  assertion  Qoi  = 
id  is  a formal  consequence  of  the  fact  that  i is  fully  faithful.  □ 


0779  Lemma  84.9.2.  Let  X be  an  algebraic  stack.  Let  Q : Mx  — t QCohifDx)  be  the 
functor  constructed  in  Lemma\8f.9.1\ 

(1)  The  kernel  of  Q is  exactly  the  collection  of  parasitic  objects  of  Mx- 

(2)  For  any  object  T of  Mx  both  the  kernel  and  the  cokernel  of  the  adjunction 
map  Q(T)  — >•  T are  parasitic. 
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(3)  The  functor  Q is  exact. 


Proof.  Write  X = [U/R]  as  in  the  proof  of  Lemma  84.9.1  Let  T be  an  object  of 


Mx-  It  is  clear  from  the  proof  of  Lemma [84. 9. 1| that  T is  in  the  kernel  of  Q if  and 
only  if  J-\u^taU  = 0-  In  particular,  if  T is  parasitic  then  T is  in  the  kernel.  Next, 
let  x : V — > X be  a flat  morphism,  where  V is  a scheme.  Set  W = V Xx  U and 
consider  the  diagram 


W^V 

p 

Y 

u — *x 


Note  that  the  projection  p : W — A U is  flat  and  the  projection  q : W — A V is  smooth 
and  surjective.  This  implies  that  q*smau  is  a faithful  functor  on  quasi-coherent 
modules.  By  assumption  T has  the  flat  base  change  property  so  that  we  obtain 
Plmaii^Uttaie  ~ Ismail^W.tau-  Thus  if  R is  in  the  kernel  of  Q,  then  T\VitaU  = 0 
which  completes  the  proof  of  (1). 


Part  (2)  follows  from  the  discussion  above  and  the  fact  that  the  map  Q(R)  — A T 
becomes  an  isomorphism  after  restricting  to  U&tale- 


To  see  part  (3)  note  that  Q is  left  exact  as  a right  adjoint.  Suppose  that  0-Y  J-) 
G — A TL  — > 0 is  a short  exact  sequence  in  Mx ■ Let  £ = Coker(Q(C7)  — > Q(fH))  in 
QCoh(Ox)-  Since  QCoh(Ox ) — > Mx  is  a left  adjoint  it  is  right  exact.  Hence  we 
see  that  Q(G)  -A  Q(TL)  —>  £ —>  0 is  exact  in  Mx-  Using  Lemma  84.8. 4|  we  find 
that  the  top  row  of  the  following  commutative  diagram  has  parasitic  cohomology 
sheaves  at  Q(T)  and  Q(G): 


0 *-  Q(J-) >-  Q{G) *-  Q(TL) »-  £ ^ 0 

a b c 

jf  \f 

0 


The  bottom  row  is  exact  and  the  vertical  arrows  a,  b , c have  parasitic  kernel  and 
cokernels  by  part  (2).  It  follows  that  £ is  parasitic:  in  the  quotient  category  of 
ModfOx) /Parasitic  (see  Homology,  Lemma  12.9.6  and  Lemma  84.8.2)  we  see  that 
a,  6,  c are  isomorphisms  and  that  the  top  row  becomes  exact.  As  it  is  also  quasi- 
coherent,  we  conclude  that  £ is  zero  because  £ = Q(£)  = 0 by  part  (1).  □ 


84.10.  Pushforward  of  quasi-coherent  modules 

070A  Let  f : X y be  a morphism  of  algebraic  stacks.  Consider  the  pushforward 

/*  : Mod{Ox)  — > Mod{Oy) 

It  turns  out  that  this  functor  almost  never  preserves  the  subcategories  of  quasi- 
coherent  sheaves.  For  example,  consider  the  morphism  of  schemes 

j:X  = A2k\  {0}  A A l = Y. 

Associated  to  this  we  have  the  corresponding  morphism  of  algebraic  stacks 

/ = jug  ■ X = (Sch/X) fppf  —A  (Sch/Y) fppf  = y 

The  pushforward  f*Ox  of  the  structure  sheaf  has  global  sections  k[x,y\.  Hence  if 
f*Ox  is  quasi-coherent  on  y then  we  would  have  f*Ox  = Oy.  However,  consider 
T = Spec (fc)  —A  Aj:  = Y mapping  to  0.  Then  T(T,  f+Ox)  = 0 because  X xY  T = 
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0 whereas  T(T,  Oy)  = k.  On  the  positive  side,  we  know  from  Cohomology  of 
Schemes,  Lemma  |29.5.2|  that  for  any  flat  morphism  T — » Y we  have  the  equality 
r(T,  f*Ox)  = r(T,  Oy)  (this  uses  that  j is  quasi-compact  and  quasi-separated). 


Let  / : X — ► y be  a quasi-compact  and  quasi-separated  morphism  of  algebraic 
stacks.  We  work  around  the  problem  mentioned  above  using  the  following  three 
observations: 


(1) 

(2) 

(3) 


/*  does  preserve  locally  quasi-coherent  modules  (Lemma  84.6.21, 

/*  transforms  a quasi-coherent  sheaf  into  a locally  quasi-coherent  sheaf 
whose  flat  comparison  maps  are  isomorphisms  (Lemma  84.7.3),  and 
locally  quasi-coherent  (Ty-modules  with  the  flat  base  change  property  give 
rise  to  quasi-coherent  modules  on  a presentation  of  y and  hence  quasi- 


coherent  modules  on  y,  see  Sheaves  on  Stacks,  Section  78.14 


Thus  we  obtain  a functor 


/ QCoh,*  ■ QCoh(Ox ) > QCoh{Oy) 

which  is  a right  adjoint  to  f*  : QCoh(Oy)  — > QCoh(Ox)  such  that  moreover 

r(y,  f*F)  = T(y,  fqcoh,*^) 

for  any  y £ Ob((V)  such  that  the  associated  1-morphism  y : V ^ y is  flat,  see  (in- 
sert future  reference  here).  Moreover,  a similar  construction  will  produce  functors 
R'fQCoh,*-  However,  these  results  will  not  be  sufficient  to  produce  a total  direct 
image  functor  (of  complexes  with  quasi-coherent  cohomology  sheaves). 

077A 

morphism  of  algebraic  stacks.  The  functor  f*  : QCoh(Oy ) — > QCoh(Ox)  has  a 
right  adjoint 

f QCoh,*  ■ QCoh(Ox)  — > QCoh(Oy) 
which  can  be  defined  as  the  composition 

QCohfOx)  ->•  Mx  ^ My  QCoh(Oy) 

where  the  functors  /*  and  Q are  as  in  Proposition\8f.  7J\  and  Lemma 
over,  if  we  define  RlfQCoh,*  as  the  composition 

QCoh(Ox)  ->  Mx  My  % QCoh{Oy ) 
then  the  sequence  of  functors  {Rl  fQCoh,*}i>o  forms  a cohomological  8-functor. 


84.9.1  More- 


Proposition  84.10.1.  Let  f : X — > y be  a quasi-compact  and  quasi- separated 


Proof.  This  is  a combination  of  the  results  mentioned  in  the  statement.  The 
adjointness  can  be  shown  as  follows:  Let  .F  be  a quasi-coherent  O^-module  and  let 
Q be  a quasi-coherent  Oy-moclule.  Then  we  have 


Mor  QCoh(ox)(re,R)  = Mor  My(GJ*R) 

= Mor QCoh(oy){S,  Q{f*4F)) 

= Mor  QCoh(Oy){G,  fQCoh,*R) 


the  first  equality  by  adjointness  of  /*  and  /*  (for  arbitrary  sheaves  of  modules). 
By  Proposition  84.7.4  we  see  that  f^JF  is  an  object  of  My  (and  can  be  computed 
in  either  the  fppf  or  etale  topology)  and  we  obtain  the  second  equality  by  Lemma 
84.9.1  The  third  equality  is  the  definition  of  fQCoh .*• 
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To  see  that  {RzfQCoh,*}i>0  is  a cohomological  5-functor  as  defined  in  Homology, 
Definition  112.11.11  let 

0 — A .T  j — A J~  2 — A J~%  — A 0 

be  a short  exact  sequence  of  QCoh(Ox)-  This  sequence  may  not  be  an  exact 
sequence  in  Mod(Ox ) but  we  know  that  it  is  up  to  parasitic  modules,  see  Lemma 
|84.8.4|  Thus  we  may  break  up  the  sequence  into  short  exact  sequences 

0 — A V\  — A J~  i — A T2  — A 0 
0 — a I2  — a J~i  Q2  —a  0 
0 — A V2  -A  Q2  — a X3  — a 0 
0 — A X3  — A J-, 3 -a  7^3  —a  0 


of  Mod(Ox)  with  Vt  parasitic.  Note  that  each  of  the  sheaves  Vr  Ij , Qj  is  an  object 
of  Ala',  see  Proposition  84.7.4  Applying  R f,  we  obtain  long  exact  sequences 


0 — A ffP  1 — > f*J~\  -A  f*I2  — A R1  firPi  — A . . . 
0 -A  /*X 2 — A /*A2  — A f*Q,2  ~ -A  R1  f*l 2 
0 -A-  f*'P2  “A  f*  0-2  — a f* T3  ~ a R1  f*V2  — A ■ ■ • 
0 — A /*l3  —A  /*A"3  —A  /*7A3  —A  Rf  fRL3  — A . . . 


where  are  the  terms  are  objects  of  A4y  by  Proposition  84.7.4  By  Lemma  84.8.3  the 
sheaves  Rz  f*Vj  are  parasitic,  hence  vanish  on  applying  the  functor  Q , see  Lemma 
|84.9.2[  Since  Q is  exact  the  maps 

Q(Rlf*R3)  “ Q(Rlf*X3)  = Q(Rif*Q2)  -a  Q(ff+1/*X2)  = Q(i?l+1/*-7ri) 


can  serve  as  the  connecting  map  which  turns  the  family  of  functors  {Rl  fQCoh,*}i> 0 
into  a cohomological  5-functor.  □ 


0782  Lemma  84.10.2.  Let  f : X —A  y be  a quasi-compact  and  quasi-separated  mor- 
phism of  algebraic  stacks.  Let  T be  a quasi- coherent  sheaf  on  X . Then  there  exists 
a spectral  sequence  with  E2~page 

E™  = HP  (7,  Rqf  QCoh,*R) 

converging  to  iLp+9(A’,  A). 

Proof.  By  Cohomology  on  Sites,  Lemma [21. 14. 5| the  Leray  spectral  sequence  with 

E™  = Hp(y,  Rqf*E) 

converges  to  Hp+q(X  ,T).  The  kernel  and  cokernel  of  the  adjunction  map 


RqfQ 


Coh ,* 


T 


Rqf*R 


are  parasitic  modules  on  y (Lemma  84.9.2 ) hence  have  vanishing  cohomology 
(Lemma  84.8.3).  It  follows  formally  that  Hp(y ,Rq fQCoh,*R)  = Hp(y ,Rq f*T) 
and  we  win.  □ 


0783  Lemma  84.10.3.  Let  f : X —A  y and  g : y —A  Z be  quasi-compact  and  quasi- 
separated  morphisms  of  algebraic  stacks.  Let  T be  a quasi- coherent  sheaf  on  X . 
Then  there  exists  a spectral  sequence  with  E2-page 

E2’q  = RP  9QCoh,*(Rq  f QCoh,*R) 

converging  to  Rp+q(g  o f)Qcoh,*R- 
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Proof.  By  Cohomology  on  Sites,  Lemma [2 1 . 1 4 . 7| the  Leray  spectral  sequence  with 

E™  = Rpgt(R‘fjE) 

all  the  terms 


84.7.4 


converges  to  Rp+q(g  o f)*F.  By  the  results  of  Proposition 
of  this  spectral  sequence  are  objects  of  Mz ■ Applying  the  exact  functor  Qz  : 
M z QCoh(Oz)  we  obtain  a spectral  sequence  in  QCoh(Oz)  covering  to  Rp+q{go 
f)QCoh,*J~-  Hence  the  result  follows  if  we  can  show  that 

Qz(Rpg*(Rqf*E))  = Qz  {Rpg*  (Qx  (Rqf*E)) 

This  follows  from  the  fact  that  the  kernel  and  cokernel  of  the  map 

Qx(Rqf*E)  > Rqf*R 


are  parasitic  (Lemma  84.9.2 ) and  that  RPg*  transforms  parasitic  modules  into  par- 
asitic modules  (Lemma  84.8.3).  □ 


To  end  this  section  we  make  explicit  the  spectral  sequences  associated  to  a smooth 
covering  by  a scheme.  Please  compare  with  Sheaves  on  Stacks,  Sections  |78.19|  and 

17011 

0784  Proposition  84.10.4.  Let  f :U  —>  X be  a morphism  of  algebraic  stacks.  Assume 
f is  representable  by  algebraic  spaces,  surjective,  flat,  and  locally  of  finite  presen- 
tation. Let  E be  a quasi- coherent  Ox -module.  Then  there  is  a spectral  sequence 


E™  = Hq(Upi  f*pE)  =►  Hp+q(X,E) 
where  fp  is  the  morphism  U Xx  ■ ■ ■ XxU  — > X (p  + 1 factors). 

Proof.  This  is  a special  case  of  Sheaves  on  Stacks,  Proposition  |78.19T 


□ 


0785  Proposition  84.10.5.  Let  f : U -A  X and  g : X —>  y be  composable  morphisms 
of  algebraic  stacks.  Assume  that 

(1)  / is  representable  by  algebraic  spaces,  surjective,  flat,  locally  of  finite  pre- 
sentation, quasi- compact,  and  quasi-separated,  and 

(2)  g is  quasi-compact  and  quasi-separated. 

If  T is  in  QCoh(Ox ) then  there  is  a spectral  sequence 

E p’q  = Rq(g  o fp)QCoh,*f;E  =>  Rp+qgQCoh,*E 

in  QCoh(Oy). 


Proof.  Note  that  each  of  the  morphisms  fp  \U  xx  . . .XxU  X is  quasi-compact 
and  quasi-separated,  hence  g o fp  is  quasi-compact  and  quasi-separated,  hence  the 
assertion  makes  sense  (i.e.,  the  functors  Rq(g  o fp)QCoh,*  are  defined).  There  is  a 
spectral  sequence 

Ep'q  = Rq(g  o /p)*/-1  T =►  Rp+qg*E 


by  Sheaves  on  Stacks,  Proposition|78.20.T|  Applying  the  exact  functor  Qy  : My  — ► 
QCoh(Oy)  gives  the  desired  spectral  sequence  in  QCoh{Oy).  □ 
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84.11.  The  lisse-etale  and  the  flat-fppf  sites 

0786  In  the  book  [LMBOOl  many  of  the  results  above  are  proved  using  the  lisse-etale 
site  of  an  algebraic  stack.  We  define  this  site  here.  In  Examples,  Section  |88.50| 
we  show  that  the  lisse-etale  site  isn’t  functorial.  We  also  define  its  analogue,  the 
flat-fppf  site,  which  is  better  suited  to  the  development  of  algebraic  stacks  as  given 
in  the  stacks  project  (because  we  use  the  fppf  topology  as  our  base  topology).  Of 
course  the  flat-fppf  site  isn’t  functorial  either. 

0787  Definition  84.11.1.  Let  X be  an  algebraic  stack. 

(1)  The  lisse-etale  site  of  X is  the  full  subcategory  Xusaejtai\ 0 of  X whose 
objects  are  those  x € Ob(A)  lying  over  a scheme  U such  that  x : U — > X 
is  smooth.  A covering  of  Xussejtaie  is  a family  of  morphisms  {xi  — > x}i^i 
of  XHsse^tale  which  forms  a covering  of  Xitaie. 

(2)  The  flat-fppf  site  of  X is  the  full  subcategory  Xfiatjppf  of  X whose  objects 
are  those  x £ Ob(X)  lying  over  a scheme  U such  that  x : U — >•  X is  flat.  A 
covering  of  Xfiatjppf  is  a family  of  morphisms  {xi  ->  cc}ie/  of  Xfiatjppf 
which  forms  a covering  of  Xfppf. 

We  denote  OxHsse^ taU  the  restriction  of  Ox  to  the  lisse-etale  site  and  similarly  for 
Ox nat  fpp f The  relationship  between  the  lisse-etale  site  and  the  etale  site  is  as 
follows  (we  mainly  stick  to  “topological”  properties  in  this  lemma). 

0788  Lemma  84.11.2.  Let  X be  an  algebraic  stack. 

(1)  The  inclusion  functor  Xnsse^taie  —• > Xetaie  is  fully  faithful,  continuous  and 
cocontinuous.  It  follows  that 

(a)  there  is  a morphism  of  topoi 

g . Sh[Xnsse^taie  ) — ► Sh(X6tale) 
with  g _1  given  by  restriction, 

(b)  the  functor  g~ 1 has  a left  adjoint  gfh  on  sheaves  of  sets, 

(c)  the  adjunction  maps  g~1g * — ► id  and  id  — > g~1gfh  are  isomorphisms, 

(d)  the  functor  g _1  has  a left  adjoint  g\  on  abelian  sheaves, 

(e)  the  adjunction  map  id  — » g~1g\  is  an  isomorphism,  and 

(f)  we  have  g~1Ox  = OxHsse  ttaU  hence  g induces  a flat  morphism  of 
ringed  topoi  such  that  g^1  = g* . 

(2)  The  inclusion  functor  Xfiatjppf  X jppf  is  fully  faithful,  continuous  and 

cocontinuous.  It  follows  that 

(a)  there  is  a morphism  of  topoi 

g . Sh(X fiat jppf)  >■  Sh{XfpPf) 

with  g^1  given  by  restriction, 

(b)  the  functor  g _1  has  a left  adjoint  gfh  on  sheaves  of  sets, 

(c)  the  adjunction  maps  g~1g*  -A  id  and  id  — » g~1gfh  are  isomorphisms, 

(d)  the  functor  g~ 1 has  a left  adjoint  g\  on  abelian  sheaves, 

(e)  the  adjunction  map  id  — > g~1g\  is  an  isomorphism,  and 

(f)  we  have  g~1Ox  = Oxflat  fppf  hence  g induces  a flat  morphism  of 
ringed  topoi  such  that  g = g* . 

2In  the  literature  the  site  is  denoted  Lis-et(A’)  or  Lis-F.t(A'’ ) and  the  associated  topos  is 
denoted  A’i;a.4t  or  Ana_et.  In  the  stacks  project  our  convention  is  to  name  the  site  and  denote  the 
corresponding  topos  by  Sh(C). 
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Proof.  In  both  cases  it  is  immediate  that  the  functor  is  fully  faithful,  continuous, 


and  cocontinuous  (see  Sites,  Definitions 

U4.1 

and  7.19. 1|).  Hence  properties  (a), 

(b),  (c)  follow  from  Sites, 

Lemmas 

7.20.. 

5 and 

7.20.7  Parts  (d),  (e)  follow  from 

Modules  on  Sites,  Lemmas 

18.16.2 

and  18.16.4 

Part  (f)  is  immediate.  □ 

0789 

(1)  There  exists  a functor 

g\  . ModiKXiisseJtaleiOXlisse^i.alffj  y Mod(XetaleiOX) 

which  is  left  adjoint  to  g* . Moreover  it  agrees  with  the  functor  g\  on 
abelian  sheaves  and  g*g\  = id. 

(2)  There  exists  a functor 

g\  : Mod{Xfiatjppf,  0Xflatfppf)  > Mod(Xfppf  ,Ox) 

which  is  left  adjoint  to  g* . Moreover  it  agrees  with  the  functor  g\  on 
abelian  sheaves  and  g*g\  = id. 


Lemma  84.11.3.  Let  X be  an  algebraic  stack.  Notation  as  in  Lemma  8f.ll.2. 


Proof.  In  both  cases,  the  existence  of  the  functor  g\  follows  from  Modules  on  Sites, 


Lemma  18.40.1  To  see  that  g\  agrees  with  the  functor  on  abelian  sheaves  we  will 


show  the  maps  Modules  on  Sites,  Equation  (18.40.2.1)  are  isomorphisms. 


Lisse-etale  case.  Let  x G Ob (Xiissejtaie)  lying  over  a scheme  U with  x : U — > X 
smooth.  Consider  the  induced  fully  faithful  functor 

g • Nnsse^taie/ x y Ngtaie/x 


The  right  hand  side  is  identified  with  ( Sch/U)^.aie  and  the  left  hand  side  with 
the  full  subcategory  of  schemes  U' /U  such  that  the  composition  [/'—>■  U -A  X is 
smooth.  Thus  Etale  Cohomology,  Lemma  49.50.2  applies. 


Flat-fppf  case.  Let  x G Ob (Xfiatjppf)  lying  over  a scheme  U with  x : U — y X flat. 
Consider  the  induced  fully  faithful  functor 


g '■  Xfiatjppf  /x  y Xfppf  /x 

The  right  hand  side  is  identified  with  (Sch/U) fppf  and  the  left  hand  side  with  the 
full  subcategory  of  schemes  U' / U such  that  the  composition  U'  —tU-t  X is  flat. 
Thus  Etale  Cohomology,  Lemma 


49.50.2 


applies. 


In  both  cases  the  equality  g*g\  = id  follows  from  g*  = g 1 
abelian  sheaves  in  Lemma  fed.!  1.21 


and  the  equality  for 
□ 


078A 


Lemma  84.11.4.  Let  X be  an  algebraic  stack. 
and\84-.11.3 

(1)  We  have  g\0Xlisse.tale  = Ox. 

(2)  We  have  g\0Xflatfppf  = Ox. 


Notation  as  in  Lemmas 


1.11.2 


Proof.  In  this  proof  we  write  C = X^taie  (resp.  C = Xfppf ) and  we  denote  C = 
Xiisse, etale  (resp.  C = Xfiatjppf).  Then  c is  a full  subcategory  of  C.  In  this  proof 
we  will  think  of  objects  V of  C as  schemes  over  X and  objects  U of  C as  schemes 
smooth  (resp.  flat)  over  X.  Finally,  we  write  O = Ox  and  O'  = 0Xuser  <,lalc 
(resp.  O'  = Ox,lat  f t).  In  the  notation  above  we  have  0(V)  = T(V,Ov)  and 
0'(U ) = r(U,Ov).  Consider  the  0-module  homomorphism  g\0'  — > O adjoint  to 
the  identification  O'  = g~lO. 
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Recall  that  g\ O'  is  the  sheaf  associated  to  the  presheaf  gv\0'  given  by  the  rule 

V i — > colimy_).[/  0'{U) 

where  the  colimit  is  taken  in  the  category  of  abelian  groups  (Modules  on  Sites, 
Definition  18.16.1).  Below  we  will  use  frequently  that  if 

V-rtU^U' 


are  morphisms  and  if  f £ 0'{U')  restricts  to  f £ 0'(U ),  then  (V  — > U,  f)  and 
{V  — > U' , f)  define  the  same  element  of  the  colimit.  Also,  g\0'  — » O maps  the 
element  ( V — > U,  /)  simply  to  the  pullback  of  / to  V. 

To  see  that  g\0'  — > O is  surjective  it  suffices  to  show  that  1 £ F{C,0)  is  locally  in 
the  image.  Choose  an  object  U of  C corresponding  to  a surjective  smooth  morphism 
U — > X.  Then  viewing  U both  as  an  object  of  C and  C we  see  that  (U  — > U,  1)  is 
an  element  of  the  colimit  above  which  maps  to  1 £ 0{U).  Since  U surjects  onto 
the  final  object  of  Sh(C)  we  conclude  g\0'  —>  O is  surjective. 

Suppose  that  s £ giO'(V)  is  a section  mapping  to  zero  in  0(V).  To  finish  the  proof 
we  have  to  show  that  s is  zero.  After  replacing  V by  the  members  of  a covering  we 
may  assume  s is  an  element  of  the  colimit 

colim v->u  0'(U) 

Say  s = Si)  is  a finite  sum  with  ipi  : V — >•  Ui,  Ui  smooth  (resp.  flat)  over  X, 

and  Si  £ T{Ui,0Ut).  Choose  a scheme  W surjective  etale  over  the  algebraic  space 
U = U\  x x ■ ■ ■ x*  Un-  Note  that  W is  still  smooth  (resp.  flat)  over  X,  i.e.,  defines 
an  object  of  C . The  fibre  product 

v = V x^u...^uW 

is  surjective  etale  over  V,  hence  it  suffices  to  show  that  s maps  to  zero  in  g<0'(V'). 
Note  that  the  restriction  \v  corresponds  to  the  sum  of  the  pullbacks  of 

the  functions  Si  to  W.  In  other  words,  we  have  reduced  to  the  case  of  (<p,  s)  where 
tp  : V — > U is  a morphism  with  U in  C and  s £ Or(U ) restricts  to  zero  in  0(V). 
By  the  commutative  diagram 


we  see  that  {{ip,  0)  : V — > U x A1,  prJjx)  represents  zero  in  the  colimit  above.  Hence 
we  may  replace  U by  U x A1,  ip  by  {ip,  0)  and  s by  pr*s  + pr^cc.  Thus  we  may 
assume  that  the  vanishing  locus  Z : s = 0 in  U of  s is  smooth  (resp.  flat)  over  X . 
Then  we  see  that  {V  — > Z , 0)  and  {ip,  s)  have  the  same  value  in  the  colimit,  i.e.,  we 
see  that  the  element  s is  zero  as  desired.  □ 


The  lisse-etale  and  the  flat-fppf  sites  can  be  used  to  characterize  parasitic  modules 
as  follows. 

07AR  Lemma  84.11.5.  Let  X be  an  algebraic  stack. 

(1)  Let  F be  an  Ox-module  with  the  flat  base  change  property  on  X^aie-  The 
following  are  equivalent 
(a)  T is  parasitic,  and 
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(b)  g*T  = 0 where  g : Sh(XUsse,etaie)  Sh(Xetaie)  is  as  in  Lemma 

\8lll.‘A 

(2)  Let  J-  be  an  Ox  -module  on  Xfppf.  The  following  are  equivalent 

(a)  J-  is  parasitic , and 

(b)  g*T  = 0 where  g : Sh(Xfiatjppf)  — > Sh(Xfppf)  is  as  in  Lemma 

\84.11.‘4 

Proof.  Part  (2)  is  immediate  from  the  definitions  (this  is  one  of  the  advantages 
of  the  flat-fppf  site  over  the  lisse-etale  site).  The  implication  (l)(a)  =>  (l)(b)  is 
immediate  as  well.  To  see  (l)(b)  =>  (l)(a)  let  U be  a scheme  and  let  x : U — >■  X 
be  a surjective  smooth  morphism.  Then  x is  an  object  of  the  lisse-etale  site  of  X . 
Hence  we  see  that  (l)(b)  implies  that  J-\ u^aic  = 0-  Let  V — > X be  an  flat  morphism 
where  V is  a scheme.  Set  W = U Xx  V and  consider  the  diagram 

W >■ V 

9 

P 

I 

U X 

Note  that  the  projection  p : W — > U is  flat  and  the  projection  q : W — > V is  smooth 
and  surjective.  This  implies  that  q*mau  is  a faithful  functor  on  quasi-coherent 
modules.  By  assumption  T has  the  flat  base  change  property  so  that  we  obtain 
P*smaii^\u6taU  - (fsmaiiF Thus  if  T is  in  the  kernel  of  g* , then  T\VuaW  = 0 
as  desired.  □ 


The  lisse-etale  site  is  functorial  for  smooth  morphisms  of  algebraic  stacks  and  the 
flat-fppf  site  is  functorial  for  flat  morphisms  of  algebraic  stacks. 

07AT  Lemma  84.11.6.  Let  f : X — ► y be  a morphism  of  algebraic  stacks. 

(1)  If  f is  smooth,  then  f restricts  to  a continuous  and  cocontinuous  functor 
Xiisse,etaie  yiisse,etaie  which  gives  a morphism  of  ringed  topoi  fitting 
into  the  following  commutative  diagram 


Sh(Xusse^taie  ) — -+■  Sh(Xetale) 
g 


/' 


sh.(yl 


isse,etale  ) 


sh(yitale ) 


We  have  fi(g')  l=g  1 /*  and  g'(f)  x=f  1g\. 

(2)  If  f is  flat,  then  f restricts  to  a continuous  and  cocontinuous  functor 
Xfiatjppf  —t  ygiatjppf  which  gives  a morphism  of  ringed  topoi  fitting 
into  the  following  commutative  diagram 

Sh(XflatJppf)  - --  ShiXfppf  j 
g 

f / 

sh(yflatjPPf)  Sh(yfppf) 


We  have  fi(g')  * = g 1f*  and  g[(f)  x = f 1g\. 


Proof.  The  initial  statement  comes  from  the  fact  that  if  a;  £ Ob(X)  lies  over  a 
scheme  U such  that  x : U — > X is  smooth  (resp.  flat)  and  if  / is  smooth  (resp.  flat) 


then  f{x)  : U — > y is  smooth  (resp.  flat),  see  Morphisms  of  Stacks,  Lemmas  83.22.2 
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07AU 


07AY 

07AZ 


and  [83.17.2  The  induced  functoi  A lisse,etale  t 3 hisse,etale  (resp.  Xfiatjppf  t 

yfiatjppf)  is  continuous  and  cocontinuous  by  our  definition  of  coverings  in  these 
categories.  Finally,  the  commutativity  of  the  diagram  is  a consequence  of  the  fact 
that  the  horizontal  morphisms  are  given  by  the  inclusion  functors  (see  Lemma 


84.11.2)  and  Sites,  Lemma  7.20.2 


To  show  that  /'(</)  1 = g 1/*  let  T be  a sheaf  on  Xetaie  (resp.  Xfppf).  There  is 
a canonical  pullback  map 

see  Sites,  Section  [7. 44|  We  claim  this  map  is  an  isomorphism.  To  prove  this  pick 
an  object  y of  yusse, stale  (resp.  yfiatjppf)-  Say  y lies  over  the  scheme  V such  that 
y :V  ^ y is  smooth  (resp.  flat).  Since  g~x  is  the  restriction  we  find  that 

Gt7*.F)  (v)=T{Vxv,yX,  pr-1^) 

by  Sheaves  on  Stacks,  Equation  (|78.5.0.1 ).  Let  (V  xv,y  X)'  C V xyy  X be  the 
full  subcategory  consisting  of  objects  z : W —>■  V xVyy  X such  that  the  induced 
morphism  W — > X is  smooth  (resp.  flat).  Denote 

pr  : ( V'  Xy  y X)  t Xiisse  £tale  (resp.  Xfiatjppf) 

the  restriction  of  the  functor  pr  used  in  the  formula  above.  Exactly  the  same 
argument  that  proves  Sheaves  on  Stacks,  Equation  (78.5.0.1)  shows  that  for  any 
sheaf  H on  XUsse^taie  (resp.  Xfiatjppf)  we  have 

(84.11.6.1)  flH(y)  = T((V  Xy,y  X)' , (pr')"^) 

Since  ( g')~l  is  restriction  we  see  that 

(y)  = T((E  x y y xy,  pr-^l (Vxv.yX)>) 

By  Sheaves  on  Stacks,  Lemma  [78.22.3|  we  see  that 

T((vxy>yxy,  pr-1F\{VXyyXy)=r(Vxy,yX,  pr"1^) 

are  equal  as  desired;  although  we  omit  the  verification  of  the  assumptions  of  the 
lemma  we  note  that  the  fact  that  V — > y is  smooth  (resp.  flat)  is  used  to  verify  the 
second  condition. 

Finally,  the  equality  g'\  {f')~l  = f~1g\  follows  formally  from  the  equality  /((g')”1  = 
g~xf*  by  the  adjointness  of  /_1  and  /*,  the  adjointness  of  g\  and  g~x , and  their 


“primed”  versions. 


□ 


84.12.  Quasi-coherent  modules,  II 

In  this  section  we  explain  how  to  think  of  quasi-coherent  modules  on  an  algebraic 
stack  in  terms  of  its  lisse-etale  or  flat-fppf  site. 

Lemma  84.12.1.  Let  X be  an  algebraic  stack. 

(1)  Let  fj  : Xj  — > X be  a family  of  smooth  morphisms  of  algebraic  stacks  with 
\X\  = (J  |/j|(|Aj|).  Let  T be  a sheaf  of  Ox  -modules  on  Xetaie-  If  each 
fjly  is  quasi-coherent,  then  so  is  T . 

(2)  Let  fj  : Xj  — > X be  a family  of  flat  and  locally  finitely  presented  morphisms 
of  algebraic  stacks  with  \X\  ={J\fj\{\Xj\).  Let  T be  a sheaf  of  O x -modules 
on  Xfppf.  If  each  f~ 1Jr  is  quasi-coherent,  then  so  is  T . 
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Proof.  Proof  of  (1).  We  may  replace  each  of  the  algebraic  stacks  Xj  by  a scheme 
Uj  (using  that  any  algebraic  stack  has  a smooth  covering  by  a scheme  and  that 
compositions  of  smooth  morpliisms  are  smooth,  see  Morphisms  of  Stacks,  Lemma 
83.22.2).  The  pullback  of  T to  {Sch/Uj)^taie  is  still  locally  quasi-coherent,  see 
Sheaves  on  Stacks,  Lemma  78.11.2  Then  / = Ufr-u  = u Uj  — > X is  a smooth 


surjective  morphism.  Let  x : V — ► X be  an  object  of  X . By  Sheaves  on  Stacks, 
Lemma  78.18.10  there  exists  an  etale  covering  {xi  — > x }ig/  such  that  each  x-i  lifts 


to  an  object  rq  of  (SchfU)staie-  This  just  means  that  Xj  lives  over  a scheme  Vi,  that 
{V,  —>  V}  is  an  etale  covering,  and  that  a comes  from  a morphism  ut  : V — >•  U. 
Then  x*T  = u*f*T  is  quasi-coherent.  This  implies  that  x* T on  {Sch/V)^taie  is 
quasi-coherent,  for  example  by  Modules  on  Sites,  Lemma  |l8. 23. 3|  By  Sheaves  on 
Stacks,  Lemma [78.11.3| we  see  that  T is  quasi-coherent. 

Proof  of  (2).  This  is  proved  using  exactly  the  same  argument,  which  we  fully  write 
out  here.  We  may  replace  each  of  the  algebraic  stacks  Xj  by  a scheme  Uj  (using 
that  any  algebraic  stack  has  a smooth  covering  by  a scheme  and  that  flat  and 
locally  finite  presented  morphisms  are  preserved  by  composition,  see  Morphisms  of 
Stacks,  Lemmas  83.17.2  and  83.18.2).  The  pullback  of  T to  ( Sch/Uj)^taie  is  still 


locally  quasi-coherent,  see  Sheaves  on  Stacks,  Lemma  78.11.2  Then  / = JJ  fj  : 
U = ]j  Uj  — ► X is  a surjective,  flat,  and  locally  finitely  presented  morphism.  Let 
x : V — > X be  an  object  of  X.  By  Sheaves  on  Stacks,  Lemma  [78. 18. 10|  there  exists 
an  fppf  covering  {xi  — ► x}i^i  such  that  each  Xi  lifts  to  an  object  Ui  of  ( Sch/U)^taie ■ 
This  just  means  that  Xi  lives  over  a scheme  Vi,  that  {Vj  — > V}  is  an  fppf  covering, 
and  that  Xi  comes  from  a morphism  it,;  : V)  — > U.  Then  x*T  = u\f*T  is  quasi- 
coherent.  This  implies  that  x*T  on  ( Sch/V)^aie  is  quasi-coherent,  for  example  by 
Modules  on  Sites,  Lemma  |18.23.3|  By  Sheaves  on  Stacks,  Lemma  |78.11.3|  we  see 
that  T is  quasi-coherent.  □ 

We  recall  that  we  have  defined  the  notion  of  a quasi-coherent  module  on  any  ringed 
topos  in  Modules  on  Sites,  Section  [18.23[ 


L11.2 


Lemma  84.12.2.  Let  X be  an  algebraic  stack.  Notation  as  in  Lemma 

(1)  Let  H be  a quasi-coherent  OxlisSB  6tal e-module  on  the  lisse-etale  site  of  X . 
Then  g\TL  is  a quasi-coherent  module  on  X . 

(2)  Let  LI  be  a quasi-coherent  Oxflat,pp/ -module  on  the  flat-fppf  site  of  X . 
Then  g(K  is  a quasi-coherent  module  on  X . 


Proof.  Pick  a scheme  U and  a surjective  smooth  morphism  x : U — > X . By 
Modules  on  Sites,  Definition  18.23.1  there  exists  an  etale  (resp.  fppf)  covering  {£/,  — >■ 
U}ia  such  that  each  pullback  f~lLL  has  a global  presentation  (see  Modules  on 
Sites,  Definition  18.17.1 ).  Here  fi  : Ui  — > X is  the  composition  Ui  — >•  U — ► X which 

the  restriction  to 


is 


is  a morphism  of  algebraic  stacks.  (Recall  that  the  pullback 
X / fi,  see  Sheaves  on  Stacks,  Definition [781L2  and  the  discussion  following.)  Since 
each  fi  is  smooth  (resp.  flat)  by  Lemma 


84.11.6 


we  see  that  f~lg\LL  = gi,\(f[)~lLL. 

Using  Lemma [84. 12. 1|  we  reduce  the  statement  of  the  lemma  to  the  case  where  LI 
has  a global  presentation.  Say  we  have 


iei 


LL 


of  0-modules  where  O = Oxlisse^tale  (resp.  O = Oxtiat. Since  g\  commutes 
with  arbitrary  colimits  (as  a left  adjoint  functor,  see  Lemma  84.11.3  and  Categories, 
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Lemma  4.24.4)  we  conclude  that  there  exists  an  exact  sequence 

,9\0 


©; 


0 g,0-^g,H 


0 


'jeJ  ' 

Finally,  Lemma  84.11.4|  shows  that  g\0  = Ox  and  we  win.  □ 

Lemma  84.12.3.  Let  X be  an  algebraic  stack.  Let  A4x  be  the  category  of  locally 
quasi- coherent  Ox -modules  with  the  flat  base  change  property. 

(1)  With  g as  in  Lemma  84-11.2  for  the  lisse-etale  site  we  have 
(a)  the  functors  g-1 


and  g\  define  mutually  inverse  functors 


QCoh{Ox) 


QCoh(Xi 


isse^etalei  Ox 


J 


(b)  if  T is  in  A4x  then  g 1Jr  is  in  QCoh(Xu 

(c)  Q(4F)  = g\g~1J-  where  Q is  as  in  Lemma 


e,etalei  Oxu 


.)  and 


1.9.1 


(2)  With  g as  in  Lemma  84-11.2  for  the  flat-fppf  site  we  have 

(a)  the  functors  g_1  and  g\  define  mutually  inverse  functors 


QCoh{Ox ) ; 


QCoh(XfiatjPpf,  Ox 


flat,fppf  ) 


(b)  if  T is  in  Mx  then  g lF  is  in  QCoh{Xfiatjppf,  Oxflat.fmf)  and 

(c)  Q(T)  = gig-1  T where  Q is  as  in  Lemma 


L 9.1 


Proof.  Pullback  by  any  morphism  of  ringed  topoi  preserves  categories  of  quasi- 
coherent  modules,  see  Modules  on  Sites,  Lemma  18.23.4  Hence  g~1  preserves  the 


categories  of  quasi-coherent  modules.  The  same  is  true  for  g\  by  Lemma  [84. 12. 2 1 
We  know  that  H — > g~1g\'H  is  an  isomorphism  by  Lemma  84.11.2  Conversely,  if 
T is  in  QCoh(Ox)  then  the  map  g\g~1T  — > IF  is  a map  of  quasi-coherent  modules 
on  X whose  restriction  to  any  scheme  smooth  over  X is  an  isomorphism.  Then  the 


discussion  in  Sheaves  on  Stacks,  Sections  78.13  and  78.14  (comparing  with  quasi- 
coherent  modules  on  presentations)  shows  it  is  an  isomorphism.  This  proves  (l)(a) 
and  (2) (a). 

Let  T be  an  object  of  M-x-  By  Lemma  |84.9.2|  the  kernel  and  cokernel  of  the 
map  Q{JF)  — » J-  are  parasitic.  Hence  by  Lemma  84.11.5  and  since  g*  = g ~1 
is  exact,  we  conclude  g*Q{lF)  — > g*T  is  an  isomorphism.  Thus  g*T  is  quasi- 
coherent.  This  proves  (1)  (b)  and  (2)  (b) . Finally,  (1)  (c)  and  (2)(c)  follow  because 
9\g*Q(J~)  — > Q(T)  is  an  isomorphism  by  our  arguments  above.  □ 


Remark  84.12.4.  Let  X be  an  algebraic  stack.  The  results  of  Lemmas 
and  184.92]  imply  that 

QCoh(Ox ) = A4  x /Parasitic  n Mx 


84.9.1 


in  words:  the  category  of  quasi-coherent  modules  is  the  category  of  locally  quasi- 
coherent  modules  with  the  flat  base  change  property  divided  out  by  the  Serre 
subcategory  consisting  of  parasitic  objects.  See  Homology,  Lemma  |12.9.6|  The 
existence  of  the  inclusion  functor  i : QCoh(0 x)  — ► A4x  which  is  left  adjoint  to  the 
quotient  functor  means  that  A4x  — ► QCoh(Ox)  is  a Bousfield  colocalization  or  a 
right  Bousfield  localization  (insert  future  reference  here).  Our  next  goal  is  to  show 
a similar  result  holds  on  the  level  of  derived  categories. 
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Lemma  84.12.5.  Let  X be  an  algebraic  stack. 

(1)  QCoh(Oxlisse  itale)  is  ^ weak  Serre  subcategory  of  Mod(OxHsBe  ttaU)- 

(2)  QCoh(0XflatJppf)  is  a weak  Serre  subcategory  of  Mod(0Xflatifppf)- 


Proof.  We  will  verify  conditions  (1),  (2),  (3),  (4)  of  Homology,  Lemma  |l2.9.3 


Since  0 is  a quasi-coherent  module  on  any  ringed  site  we  see  that  (1)  holds.  By  def- 
inition QCoh(0 ) is  a strictly  full  subcategory  Mod(0),  so  (2)  holds.  Let  : Q —t  T 
be  a morphism  of  quasi-coherent  modules  on  Xu sse, etale  or  Xfiatjppf-  We  have 
g*g\T  = T and  similarly  for  Q and  <p,  see  Lemma  [84.11. 3|  By  Lemma  [84.12.2|  we 
see  that  g<fF  and  g\Q  are  quasi-coherent  O^-modules.  Hence  we  see  that  Ker(gttp) 
and  Coker(g!<^)  are  quasi-coherent  modules  on  X.  Since  g*  is  exact  (see  Lemma 


84.11.2)  we  see  that  g*Ker(ggp)  = Ker(g*g\ip)  = Ker(y>)  and  g*Cokei(g\ip ) = 
Coker(g* g\tp)  = Coker(</>)  are  quasi-coherent  too  (see  Lemma  84.12.3|.  This  proves 

(3). 


Finally,  suppose  that 

is  an  extension  of  Oxliase  ^taie"modules  (resp.  Oxflat  ,, -modules)  with  T and  Q 
quasi-coherent.  We  have  to  show  that  E is  quasi-coherent  on  Xusse^taie  (resp. 
X fiat, fppf)-  We  strongly  urge  the  reader  to  write  out  what  this  means  on  a napkin 
and  prove  it  him/herself  rather  than  reading  the  somewhat  labyrinthine  proof  that 
follows.  By  Lemma  |84.12.3|  this  is  true  if  and  only  if  g\E  is  quasi-coherent.  By 
Lemmas  |84.12.1|  and  Lemma  |84.11.6|  we  may  check  this  after  replacing  X by  a 
smooth  (resp.  fppf)  cover.  Choose  a scheme  U and  a smooth  surjective  morphism 
U — > X.  By  definition  there  exists  an  etale  (resp.  fppf)  covering  {Ui  — >•  U}i 
such  that  Q has  a global  presentation  over  each  Z7,.  Replacing  X by  Ui  (which  is 
permissible  by  the  discussion  above)  we  may  assume  that  the  site  Xu sse, etale  (resp. 
X fiat, fppf)  has  a final  object  U (in  other  words  X is  representable  by  the  scheme 
U)  and  that  Q has  a global  presentation 

0 o^g—f  o 

of  0-modules  where  O = O xHsse:6tale  (resp.  O = Ox,lat , f )•  Let  £'  be  the  pullback 
of  E via  the  map  ©;e/  O —f  Q.  Then  we  see  that  E is  the  cokernel  of  a map 
®/gJ0  —f  £'  hence  by  property  (3)  which  we  proved  above,  it  suffices  to  prove 
that  £'  is  quasi-coherent.  Consider  the  exact  sequence 

Lig\  (®  —■ y g\-F  — > g\E'  -a  g\  (®,£I°)-» 

where  L\g\  is  the  first  left  derived  functor  of  g\  : Mod(Oxlis,e,gtale)  —>  Mod(Xetaie,Ox) 
(resp.  g\  : Mod(Xfiatjppf,Oxflat<fppf ) -t  Mod(Xfppf,  Ox))-  This  derived  functor 
exists  by  Cohomology  on  Sites,  Lemma  |21.28.1|  Moreover,  since  O = ju\Ou  we 
have  Lg\0  = g\0  = Ox  also  by  Cohomology  on  Sites,  Lemma [21.28. 1[  Thus  the 
left  hand  term  vanishes  and  we  obtain  a short  exact  sequence 


0 — > g\fF  — > g\£'  -a  ^ Ox 


0 


By  Proposition  84.7.4  it  follows  that  g\E'  is  locally  quasi-coherent  with  the  flat 
base  change  property.  Finally,  Lemma  84.12.3  implies  that  £'  = g~1g\E'  is  quasi- 
coherent  as  desired.  □ 
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Derived  Categories  of  Stacks 


85.1.  Introduction 


In  this  chapter  we  write  about  derived  categories  associated  to  algebraic  stacks. 
This  means  in  particular  derived  categories  of  quasi-coherent  sheaves,  i.e.,  we  prove 
analogues  of  the  results  on  schemes  (see  Derived  Categories  of  Schemes,  Section 
35.1)  and  algebraic  spaces  (see  Derived  Categories  of  Spaces,  Section  62.1).  The 
results  in  this  chapter  are  different  from  those  in  ILMBOOi  mainly  because  we 
consistently  use  the  “big  sites”.  Before  reading  this  chapter  please  take  a quick 
look  at  the  chapters  “Sheaves  on  Algebraic  Stacks”  and  “Cohomology  of  Algebraic 
Stacks”  where  the  terminology  we  use  here  is  introduced. 


85.2.  Conventions,  notation,  and  abuse  of  language 

We  continue  to  use  the  conventions  and  the  abuse  of  language  introduced  in  Proper- 
ties of  Stacks,  Section[82.2|  We  use  notation  as  explained  in  Cohomology  of  Stacks, 
Section  184.31 


85.3.  The  lisse-etale  and  the  flat-fppf  sites 


The  section  is  the  analogue  of  Cohomology  of  Stacks,  Section  |84.11|  for  derived 
categories. 

Lemma  85.3.1.  Let  X be  an  algebraic  stack.  Notation  as  in  Cohomology  of 
Stacks , Lemmas\8j.ll and\8j.ll.8\ 

(1)  The  functor  g\  : Ab(Xusse^taie)  — ) ► Ab(Xetaie)  has  a left  derived  functor 

Lg\  ■ D(Xusse^tale)  t D^Xetale) 

which  is  left  adjoint  to  g and  such  that  g~1Lg\  = id. 

(2)  The  functoi  g\  . Ntod(^Xnsse^aie^CdXlisse^tale^  y Mod(Xgtaie^  Ox}  has  a 
left  derived  functor 


Lg,  : D(0Xlisse  6tale)  — > D(X,tale,Ox ) 

which  is  left  adjoint  to  g*  and  such  that  g*Lg\  = id. 

(3)  The  functor  g\  : Ab(XfiatjpPf)  — »•  Ab(Xfppf)  has  a left  derived  functor 

Lg\  • D(Xfiat  fppf)  y D(Xfppf') 

which  is  left  adjoint  to  g~l  and  such  that  g~1Lg\  = id. 
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(4)  The  functor  g\  : Mod(XfiatJppf  ,OxJlatJvpJ) 
derived  functor 


Mod(Xfppf  ,Ox)  has  a left 


Lg\  : D(OxJlatJppf)  > D{Ox) 

which  is  left  adjoint  to  g*  and  such  that  g*Lg\  = id. 

Warning:  It  is  not  clear  (a  priori)  that  Lg\  on  modules  agrees  with  Lg\  on  abelian 
sheaves,  see  Cohomology  on  Sites,  Remark  21.28.2\ 


Proof.  The  existence  of  the  functor  Lg<  and  adjointness  to  g*  is  Cohomology  on 
Sites,  Lemma  21.28.1|  (For  the  case  of  abelian  sheaves  use  the  constant  sheaf  Z 
as  the  structure  sheaves.)  Moreover,  it  is  computed  on  a complex  TL * by  taking 
a suitable  left  resolution  A*  — ► TL * and  applying  the  functor  g\  to  1C*.  Since 


g 1g\IC*  = 1C*  by  Cohomology  of  Stacks,  Lemmas  84.11.3  and  84.11.2  we  see  that 


the  final  assertion  holds  in  each  case. 


□ 


Lemma  85.3.2.  With  assumptions  and  notation  as  in  Cohomology  of  Stacks, 
Lemma\8j.ll.6[  We  have 

g~1  o Rf„  = Rf(  o (g1)-1  and  L(g'),  o (/')_1  = /_1  o Lg\ 

on  unbounded  derived  categories  (both  for  the  case  of  modules  and  for  the  case  of 
abelian  sheaves). 


Proof.  Let  CF  be  an  abelian  sheaf  on  Xetaie  (resp.  Xfppf).  We  first  show  that  the 
canonical  (base  change)  map 

g^RUF— tRf'M)-1? 

is  an  isomorphism.  To  do  this  let  y be  an  object  of  yusse, etale  (resp.  y fiat,  fppf)- 
Say  y lies  over  the  scheme  V such  that  y : V — > y is  smooth  (resp.  flat).  Since  g_1 
is  the  restriction  we  find  that 


(g-'RTf.F)  ( y ) = fl?(F  xy,y  X , pr"1  F) 


where  r = etale  (resp.  r = fppf ),  see  Sheaves  on  Stacks,  Lemma  78.20.2 


Cohomology  of  Stacks,  Equation  (84.11.6.11  for  any  sheaf  TL  on  Xiisse^tale 

^ flat,  fppf ) 

f:n(y)  = T((Vxy,yXy,  (pr')~1TL) 


By 

(resp. 


An  object  of  (V  xy,y  X)'  can  be  seen  as  a pair  (x ,ip)  where  x is  an  object  of 
Xusse, etale  (resp.  Xfiatjppf ) and  ip  : f(x)  -f  y is  a morphism  in  y.  We  can  also 
think  of  as  a section  of  ( f')~1hy  over  x.  Thus  (V  Xy  X)'  is  the  localization  of  the 
site  Xnsse  etale  (resp.  Xfiatjppf ) at  the  sheaf  of  sets  ( f)~1hy , see  Sites,  Lemma 


7.29.3 


The  morphism 


pr  . (F  Xy,y  X(  ^ Xusse, etale  (resp.  pr  . (F  Xy,y  X ) ^ X ’ fi  at , fppf) 


is  the  localization  morphism.  In  particular,  the  pullback  (pr')-1  preserves  injective 
abelian  sheaves,  see  Cohomology  on  Sites,  Lemma  |21.13.3|  At  this  point  exactly 
the  same  argument  as  in  Sheaves  on  Stacks,  Lemma [78. 20. 2|  shows  that 

(85.3.2.1)  RpfMy)  = HP((V  xy,y  X)' , (pr')"^) 


where  r = etale  (resp.  r = fppf).  Since  (g')  1 is  given  by  restriction  we  conclude 
that 


(KP f*{g')*F)  (V)  = H?((V  xyy  X)',  VT-^y^xy) 
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Finally,  we  can  apply  Sheaves  on  Stacks,  Lemma [78. 22. 3| to  see  that 

H?((V  x,,y  xy,  pr-1^ {VXytyXy)  = H*{V  Xy>y  X , pr”1^) 

are  equal  as  desired;  although  we  omit  the  verification  of  the  assumptions  of  the 
lemma  we  note  that  the  fact  that  V — > y is  smooth  (resp.  flat)  is  used  to  verify  the 
second  condition. 


The  rest  of  the  proof  is  formal.  Since  cohomology  of  abelian  groups  and  sheaves  of 
modules  agree  we  also  conclude  that  g~1RftR  = Rfiig')-1^  when  T is  a sheaf  of 
modules  on  X^taie  (resp.  Xfppf). 

Next  we  show  that  for  Q (either  sheaf  of  modules  or  abelian  groups)  on  yuSSe,etaie 
(resp.  y fiatjppf)  the  canonical  map 

L(g')\(f)~1G  — ► f~1Lg\Q 

is  an  isomorphism.  To  see  this  it  is  enough  to  prove  for  any  injective  sheaf  I on 
Xet.aie  (resp.  Xfppf ) that  the  induced  map 

Horn (L(g')<(f')~1g,l[n\)  <-  Rom(f~1Lg,g,I[n}) 

is  an  isomorphism  for  all  n£  Z.  (Horn’s  taken  in  suitable  derived  categories.)  By 
the  adjointness  of  /_1  and  Rf*,  the  adjointness  of  Lg\  and  g^1 , and  their  “primed” 
versions  this  follows  from  the  isomorphism  g~1Rf*I  — > Rfl(g')~lT  proved  above. 

In  the  case  of  a bounded  complex  Q*  (of  modules  or  abelian  groups)  on  yusse,etaie 
(resp.  yfppf)  the  canonical  map 

07AX  (85.3.2.2)  WW^G*  -►  f~1Lg\Q' 


is  an  isomorphism  as  follows  from  the  case  of  a sheaf  by  the  usual  arguments 
involving  truncations  and  the  fact  that  the  functors  L(g,)\(f')~1  and  f~1Lg\  are 
exact  functors  of  triangulated  categories. 


Suppose  that  Q*  is  a bounded  above  complex  (of  modules  or  abelian  groups)  on 
yusse,etaie  (resp.  yfppf)-  The  canonical  map  (85.3.2.2)  is  an  isomorphism  because 


we  can  use  the  stupid  truncations  cr>_„  (see  Homology,  Section  12.13)  to  write 
Q*  as  a colimit  Qm  = colim  C7*  of  bounded  complexes.  This  gives  a distinguished 
triangle 


(D  >i  @ Gn  G*  -t  ■ ■ ■ 


and  each  of  the  functors  L(g')\,  (/')  -1,  / 1,  Lg\  commutes  with  direct  sums  (of 
complexes) . 


If  Q*  is  an  arbitrary  complex  (of  modules  or  abelian  groups)  on  yusse,etaie  (resp. 
yfppf ) then  we  use  the  canonical  truncations  r<„  (see  Homology,  Section  12.13)  to 
write  Q*  as  a colimit  of  bounded  above  complexes  and  we  repeat  the  argument  of 
the  paragraph  above. 


Finally,  by  the  adjointness  of  /-1  and  i?/*,  the  adjointness  of  Lg\  and  g~x , and 
their  “primed”  versions  we  conclude  that  the  first  identity  of  the  lemma  follows 
from  the  second  in  full  generality.  □ 


07B3  Lemma  85.3.3.  Let  X be  an  algebraic  stack.  Notation  as  in  Cohomology  of 
Stacks,  Lemma\84-H-£\ 
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(1)  Let  hi  be  a quasi- coherent  OxtiBse^taU-module  on  the  lisse-etale  site  of  X . 
For  all  p £ Z the  sheaf  Hp(Lg\'H)  is  a locally  quasi- coherent  module  with 
the  flat  base  change  property  on  X . 

(2)  Let  hi  be  a quasi- coherent  Oxflat  fppf  -module  on  the  flat-fppf  site  of  X . 
For  all  p £ Z the  sheaf  Fhp(Lg\hi)  is  a locally  quasi- coherent  module  with 
the  flat  base  change  property  on  X . 


Proof.  Pick  a scheme  U and  a surjective  smooth  morphism  x : U — > X.  By 
Modules  on  Sites,  Definition  18.23.1  there  exists  an  etale  (resp.  fppf)  covering  {[/,■  — ► 
U}iei  such  that  each  pullback  f~Vhi  has  a global  presentation  (see  Modules  on 
Sites,  Definition  18.17.1 ).  Here  fi  : Ui  — > X is  the  composition  Ui  — » U — )•  X which 
is  a morphism  of  algebraic  stacks.  (Recall  that  the  pullback  “is”  the  restriction  to 
X / fi,  see  Sheaves  on  Stacks,  Definition |78. 9. 2 and  the  discussion  following.)  After 
refining  the  covering  we  may  assume  each  [/,  is  an  affine  scheme.  Since  each  /,;  is 
smooth  (resp.  flat)  by  Lemma  85.3.2  we  see  that  f~lLg\fH  = Lgi  \{f'i)-['H.  Using 
Cohomology  of  Stacks,  Lemma  84.7.5  we  reduce  the  statement  of  the  lemma  to  the 
case  where  hi  has  a global  presentation  and  where  X = ( Sch/X ) fppf  for  some  affine 
scheme  X = Spec  (A). 


Say  our  presentation  looks  like 


© ° 


© ° 


hi 


where  O = 0XlissB  .tale  (resp.  O = 0Xflat  fppf).  Note  that  the  site  Xusse&ale  (resp. 
X f^t, fPPf)  has  a final  object,  namely  X/X  which  is  quasi-compact  (see  Cohomology 
on  Sites,  Section  21.16).  Hence  we  have 


r<®icI°)  = ®,€C 

by  Sites,  Lemma|7.11.2|  Hence  the  map  in  the  presentation  corresponds  to  a similar 
presentation 

©iej  ^ ^ ©,e/  A^M~^  0 

of  an  A-module  M.  Moreover,  % is  equal  to  the  restriction  to  the  lisse-etale  (resp. 
flat-fppf)  site  of  the  quasi- coherent  sheaf  Ma  associated  to  M . Choose  a resolution 


F2  ->■  Fi  ->■  F0  ->■  M 0 

by  free  A- modules.  The  complex 

. . . O F:2  — > O F\  — > (D  Fq  — > 'hi  — > 0 

is  a resolution  of  hi  by  free  0-modules  because  for  each  object  U/X  of  A’;isse,et<He 
(resp.  Xfiatjppf)  the  structure  morphism  U — > X is  flat.  Hence  by  construction 
the  value  of  Lg\H  is 

■ • ■ — Ox  7*2  — > Ox  ®A  F\  — > Ox  <S>A  Fq  — > 0 — > . . . 


Since  this  is  a complex  of  quasi-coherent  modules  on  X^taie  (resp.  Xfppf ) it  follows 
from  Cohomology  of  Stacks,  Proposition  84.7.4  that  FLp(Lg{H)  is  quasi-coherent. 


□ 
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07B5 


07B6 


07B7 


07B8 


85.4.  Derived  categories  of  quasi-coherent  modules 


Let  X be  an  algebraic  stack.  As  the  inclusion  functor  QCoh(Ox ) — > Mod{Ox)  isn’t 
exact,  we  cannot  define  DQCoh(Ox)  as  the  full  subcategory  of  D(Ox)  consisting  of 
complexes  with  quasi-coherent  cohomology  sheaves.  In  stead  we  define  the  category 
as  follows. 


Definition  85.4.1.  Let  X be  an  algebraic  stack.  Let  A4X  C Mod(Ox)  denote  the 
category  of  locally  quasi-coherent  C^-moclules  with  the  flat  base  change  property. 
Let  Vx  C M.x  be  the  full  subcategory  consisting  of  parasitic  objects.  We  define 
the  derived  category  of  Ox -modules  with  quasi-coherent  cohomology  sheaves  as  the 
Verdier  quotienl[J 

Dqcoh(Ox ) = DMx(Ox)/D-px(Ox) 


This  definition  makes  sense:  By  Cohomology  of  Stacks,  Proposition  |84.7.4|  we  see 
that  M. * is  a weak  Serre  subcategory  of  Mod(Ox ) hence  DMx(Ox ) is  a strictly 
full,  saturated  triangulated  subcategory  of  D(Ox),  see  Derived  Categories,  Lemma 
13.13.1  Since  parasitic  modules  form  a Serre  subcategory  of  Mod(Ox ) (by  Co- 
homology of  Stacks,  Lemma  84.8.2)  we  see  that  Vx  = Parasitic  D Mx  is  a weak 
Serre  subcategory  of  Mod(Ox)  and  hence  D-px(Ox)  is  a strictly  full,  saturated 
triangulated  subcategory  of  D(Ox).  Since  clearly 

Dvx{Ox)  C DMx{Ox) 


we  conclude  that  the  first  is  a strictly  full,  saturated  triangulated  subcategory  of  the 
second.  Hence  the  Verdier  quotient  exists.  A morphism  a : E — > E'  of  Dmx{Ox) 
becomes  an  isomorphism  in  DQCohiOx)  if  and  only  if  the  cone  C(a)  has  parasitic 
cohomology  sheaves,  see  Derived  Categories,  Section  |13.6|  and  especially  Lemma 
Il8.fi.10l 


Consider  the  functors 

DMx(Ox ) QCoHOx ) 

Note  that  Q annihilates  the  subcategory  Vx,  see  Cohomology  of  Stacks,  Lemma 
|84.9.2|  By  Derived  Categories,  Lemma  [13.6.8|  we  obtain  a cohomological  functor 

(85.4.1.1)  Hl  : DQCoh(Ox ) — ► QCoh(Ox) 

Moreover,  note  that  E € Dqcoh{Ox ) is  zero  if  and  only  if  H‘(E ) = 0 for  all  i € Z. 

Note  that  the  categories  Vx  and  Mx  are  also  weak  Serre  subcategories  of  the 
abelian  category  Mod(Xitaie,Ox ) of  modules  in  the  etale  topology,  see  Cohomol- 
ogy of  Stacks,  Proposition  |84.7.4|  and  Lemma  |84.8.2|  Hence  the  statement  of  the 
following  lemma  makes  sense. 

Lemma  85.4.2.  Let  X be  an  algebraic  stack.  The  comparison  morphism  e : 
Xfppf  — > Xetaie  induces  a commutative  diagram 


Dvx{Ox) Dmx(Ox) 


D(Ox) 

I 


Dvx(X etale,  Ox ) ^ D M x (Xetaie,  O x)  ^ D(Xetale,  O x) 


This  definition  is  different  from  the  one  in  the  literature,  see  IQls07bl  6.3],  but  it  agrees 


with  that  definition  by  Lemma 


85.4.3 
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Moreover,  the  left  two  vertical  arrows  are  equivalences  of  triangulated  categories, 
hence  we  also  obtain  an  equivalence 

DMx(Xetale,Ox)/Dvx(Xetale,Ox)  > DQCohiPx ) 


Proof.  Since  e*  is  exact  it  is  clear  that  we  obtain  a diagram  as  in  the  statement  of 
the  lemma.  We  will  show  the  middle  vertical  arrow  is  an  equivalence  by  applying 
Cohomology  on  Sites,  Lemma[21.22.3|to  the  following  situation:  C = X , r = fppf , 
t'  = etale,  O = Ox , A = Mx,  and  B is  the  set  of  objects  of  X lying  over  affine 
schemes.  To  see  the  lemma  applies  we  have  to  check  conditions  (1),  (2),  (3),  (4). 
Conditions  (1)  and  (2)  are  clear  from  the  discussion  above  (explicitly  this  follows 
from  Cohomology  of  Stacks,  Proposition  84.7.4).  Condition  (3)  holds  because  every 
scheme  has  a Zariski  open  covering  by  affines.  Condition  (4)  follows  from  Descent, 
Lemma  134.8.41 


We  omit  the  verification  that  the  equivalence  of  categories  e*  : Dmx  etale , Ox)  —> 

DMx{Ox)  induces  an  equivalence  of  the  subcategories  of  complexes  with  parasitic 
cohomology  sheaves.  □ 


It  turns  out  that  DQCoh(Px ) is  the  same  as  the  derived  category  of  complexes  of 
modules  with  quasi-coherent  cohomology  sheaves  on  the  lisse-etale  or  flat-fppf  site. 

07B9  Lemma  85.4.3.  Let  X be  an  algebraic  stack. 

(1)  Let  T * be  an  object  of  Dj^xi^etaieiOx).  With  g as  in  Cohomology  of 
Stacks,  Lemma \8f.ll.2\for  the  lisse-etale  site  we  have 

(a)  g~lF*  is  in  D QGoh{0 xlisse,Hal  J, 

(b)  g~lT*  = 0 if  and  only  if  T*  is  in  DVx(Xitaie,Ox), 

(c)  Lg,H * isinDMx(Xetaie,Ox)forji * in  D QCoh{0 xligaeA taU),  and 

(d)  the  functors  g~l  and  Lg\  define  mutually  inverse  functors 

DQCoh(Ox)  ~ DQCoh{OxHss^taU) 

Lg\ 

(2)  Let  T*  be  an  object  of  Djvix(Ox).  With  g as  in  Cohomology  of  Stacks, 
Lemma\8f.ll.l2\for  the  flat-fppf  site  we  have 

(a)  g~lT'  is  in  DQCoh{OxJlatifppf), 

(b)  = 0 if  and  only  if  T*  is  in  D-px(Ox), 

(c)  Lg\H*  is  in  DMx(Ox)  forH*  in  DQCoh{OxJtatJppf) , and 

(d)  the  functors  g_1  and  Lg\  define  mutually  inverse  functors 


D QCoh{0 x)  ^ DQCoh{OxflatJvpf  ) 

Lgi 


Proof.  The  functor  g 1 is  exact,  hence  (l)(a),  (2)(a),  (l)(b),  and  (2)(b)  follow 
from  Cohomology  of  Stacks,  Lemmas  |84. 12. 3|  and  |84.11.5| 


Proof  of  (l)(c)  and  (2)(c).  The  construction  of  Lg\  in  Lemma  85.3.1  (via  Cohomol- 
ogy on  Sites,  Lemma  |21.28.1|  which  in  turn  uses  Derived  Categories,  Proposition 
13.28.2)  shows  that  Lg\  on  any  object  H * of  D{Oxlisse  itaU)  is  computed  as 


Lg\fH*  = colimgi/C*  = g\  colim/C* 


(termwise  colimits)  where  the  quasi-isomorphism  colim£*  — > Li*  induces  quasi- 
isomorphisms K*n  -4  Since  M. * C Mod(X^taie,Ox ) (resp.  Mx  C Mod(Ox)) 
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is  preserved  under  colimits  we  see  that  it  suffices  to  prove  (c)  on  bounded  above 
complexes  W in  DQcoh(0Xliggg.ta J (resp.  DQCoh(0Xflat .fPP/))-  In  this  case  to 
show  that  Hn(Lg{Hm)  is  in  A4X  we  can  argue  by  induction  on  the  integer  m such 
that  W'  = 0 for  i > m.  If  m < n,  then  Hn (Lg\H*)  = 0 and  the  result  holds.  In 
general  consider  the  distinguished  triangle 


(Derived  Categories,  Remark  13.12.4)  and  apply  the  functor  Lg\.  Since  A4X  is  a 
weak  Serre  subcategory  of  the  module  category  it  suffices  to  prove  (c)  for  two  out 
of  three.  We  have  the  result  for  Lg\T<m-iH * by  induction  and  we  have  the  result 
for  Lg\Hm  {%*)[— m]  by  Lemma  85.3.3  Whence  (c)  holds. 

Let  us  prove  (2)(d).  By  (2)(a)  and  (2)(b)  the  functor  g~l  = g*  induces  a functor 


c : DQCoh(Ox)  — DQCoh{0Xflat  fppf) 

see  Derived  Categories,  Lemma  |13.6.8|  Thus  we  have  the  following  diagram  of 
triangulated  categories 


Dmx(Ox) 


' DQCoh{0X) 


DQCoh,{0XflalSvpS ) 


07BA 


where  q is  the  quotient  functor,  the  inner  triangle  is  commutative,  and  g~1Lg\  = id. 
For  any  object  of  E of  D_mx(Ox)  the  map  a : Lg\g~1E  — > E maps  to  a quasi- 
isomorphism in  D(0Xflat  fppf)-  Hence  the  cone  on  a maps  to  zero  under  g and 
by  (2)(b)  we  see  that  q{a ) is  an  isomorphism.  Thus  q o Lg\  is  a quasi- inverse  to  c. 


In  the  case  of  the  lisse-etale  site  exactly  the  same  argument  as  above  proves  that 

Dmx  ( Xetale j O x) / D-px  ( Xetale , Ox) 

is  equivalent  to  DQCoh{0Xliggti 


) . Applying  the  last  equivalence  of  Lemma 


finishes  the  proof. 


85.4.2 

— n 


The  following  lemma  tells  us  that  the  quotient  functor  Dmx(Ox)  — > DQCoh{Ox) 
is  a Bousfield  colocalization  (insert  future  reference  here). 


Lemma  85.4.4.  Let  X be  an  algebraic  stack.  Let  E be  an  object  of  Dj^x{Ox). 
There  exists  a canonical  distinguished  triangle 

E'  E ->•  P -A  E'[l\ 

in  Dj\4x(Ox)  such  that  P is  in  D-px(Ox ) and 

KomD{Ox)(E\P')  = 0 

for  all  P'  in  D-px(Ox). 


Proof.  Consider  the  morphism  of  ringed  topoi  g : Sh(X fiat, fppf)  — > ^A^fppf)- 
Set  E'  = Lg\g~1E  and  let  P be  the  cone  on  the  adjunction  map  E'  — > E.  Since 
g~1E'  — > g_1E  is  an  isomorphism  we  see  that  P is  an  object  of  D-px  ( Ox ) by  Lemma 


0 as  g iP'  = 0. 

Uniqueness.  Suppose  that  E"  -A  E -A  P'  is  a second  distinguished  triangle  as  in 
the  statement  of  the  lemma.  Since  Horn (E',P')  = 0 the  morphism  E'  -A  E factors 


85.4.3  (2) (b) . Finally,  Hom^'.P')  = Horn (Lgig~lE,P')  = Horn (g^E.g^P')  = 
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as  E'  -A  E”  — > E,  see  Derived  Categories,  Lemma  13.4.2  Similarly,  the  morphism 
E"  -a  E factors  as  E"  E'  —>  E.  Consider  the  composition  ip  : E'  — > E'  of  the 
maps  E'  -A  E"  and  E"  -A  E' . Note  that  p — 1 : E'  — > E'  fits  into  the  commutative 
diagram 


E' ^E 

ifi-l  o 

I 

E' >E 


hence  factors  through  P[—  1]  -a  E.  Since  Hom^',  P[—  1])  = 0 we  see  that  <p  = 1. 
Whence  the  maps  E'  -A  E"  and  E"  -a  E'  are  inverse  to  each  other.  □ 


85.5.  Derived  pushforward  of  quasi-coherent  modules 


07BB  As  a first  application  of  the  material  above  we  construct  the  derived  pushforward. 
In  Examples,  Section |88.51| the  reader  can  find  an  example  of  a quasi-compact  and 
quasi-separated  morphism  / : X -A  y of  algebraic  stacks  such  that  the  direct  image 
functor  f?/„  does  not  induce  a functor  DQCoh(Ox)  -A  DQCoh(Oy).  Thus  restricting 
to  bounded  below  complexes  is  necessary. 

07BC  Proposition  85.5.1.  Let  f : X -A  y be  a quasi-compact  and  quasi-separated 
morphism  of  algebraic  stacks.  The  functor  Rf * induces  a commutative  diagram 


D+x  (Ox) D+m x (Ox) D(Ox) 


Rf, 

Rf, 

Y 

D+y  (Oy) D+My  (Oy ) D(Oy) 


and  hence  induces  a functor 

Rf  QCoh,* 


n+ 

u QCoh 


(Ox) 


n+ 

uQCoh 


(Oy) 


on  quotient  categories.  Moreover,  the  functor  Rl  fQCoh  of  Cohomology  of  Stacks, 
Proposition  84. 10.1  are  equal  to  Hl  o RfQCoh,*  with  Hl  as  in  | '85. 4-1-1 ). 

Proof.  We  have  to  show  that  Rf*E  is  an  object  of  (Oy)  for  E in  D^ix(Ox). 
This  follows  from  Cohomology  of  Stacks,  Proposition  |84.7.4|  and  the  spectral  se- 
quence R1  f*H.i (E)  =>  R4+i  f*E.  The  case  of  parasitic  modules  works  the  same  way 
using  Cohomology  of  Stacks,  Lemma  |84.8.3|  The  final  statement  is  clear  from  the 
definition  of  H‘  in  (185.4. 1.  lh . □ 


85.6.  Derived  pullback  of  quasi-coherent  modules 

07BD  Derived  pullback  of  complexes  with  quasi-coherent  cohomology  sheaves  exists  in 
general. 

07BE  Proposition  85.6.1.  Let  f : X -A  y be  a morphism  of  algebraic  stacks.  The 
exact  functor  f*  induces  a commutative  diagram 

Dmx(Ox) D(Ox) 

A 

/*  r 


DMy  (Oy) 


D(Oy) 
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The  composition 

DMy(Oy)  — * DMx{Ox)  T>QCoh{Ox) 

is  left  deriveable  with  respect  to  the  localization  Djc[y(Oy)  — >•  Dqc0h(Oy)  and  we 
may  define  LfQCoh  as  its  left  derived  functor 

Lf*QCoh  '■  DQCoh(Py ) S>  DQCoh(,Ox) 

(see  Derived  Categories,  Definitions  13.15.2  and  13.15.fij/.  If  f is  quasi-compact 


and  quasi-separated,  then  LfQCoh  and  RfQCoh ,*  satisfy  the  following  adjointness: 
ft°mDQCoh(ox)(LfQCohA,B)  = RomDQCoh(0y)(A,  RfQcoh, *B) 
for  A e DQCoh{Oy ) and  B £ D^Coh(Ox)- 

Proof.  To  prove  the  first  statement,  we  have  to  show  that  f*E  is  an  object  of 
Dmx(Ox)  for  E in  Dwy(Oy).  Since  f*  = f "1  is  exact  this  follows  immediately 
from  the  fact  that  /*  maps  My  into  Mx- 

Set  V = Djc[y  (Oy).  Let  S be  the  collection  of  morphisms  in  V whose  cone  is  an 
object  of  D-py(Oy).  Set  V = DQCoh(Ox)-  Set  F = qx  ° f*  ■ D — > D' ■ Then 


D,  S,D' , F are  as  in  Derived  Categories,  Situation  13.15.1  and  Definition  13.15.2 


Let  us  prove  that  LF(E ) is  defined  for  any  object  E of  V.  Namely,  consider  the 
triangle 

E'  E ^ P E'[  1] 

constructed  in  Lemma  [85.4.41  Note  that  s : E'  — > E is  an  element  of  S.  We  claim 
that  E'  computes  LF.  Namely,  suppose  that  s'  : E"  — > E is  another  element  of  S, 
i.e. , fits  into  a triangle  E"  -A  E — >•  P'  — >•  E"[  1]  with  P'  in  D-py{Oy).  By  Lemma 
85.4.4  (and  its  proof)  we  see  that  E'  — >•  E factors  through  E"  — > E.  Thus  we  see 
that  E'  — > E is  cofinal  in  the  system  S/E.  Hence  it  is  clear  that  E'  computes  LF. 

To  see  the  final  statement,  write  B = qx(H)  and  A = qy(E).  Choose  E'  — > E as 
above.  We  will  use  on  the  one  hand  that  RfQCoh, *{B)  = qy{Rf*H)  and  on  the 
other  that  Lf*QCoh(A ) = qx(f*E'). 

Horn  DQCoh[0x){LrQCohA,B)  = Horn  DQCoh(0x){qx{r  E'),qx{H)) 

= colim H^H,  Homfl(ci^)  (f*Er,  H') 

= colim#-).#/  Hom#^^.^,  Rf*H') 

= Hom  D{0y)(E',Rf*H) 

= HomDq0oh{0y)(A,  RfQCoh,*B) 

Here  the  colimit  is  over  morphisms  s : H — > H'  in  DJfAx{Ox)  whose  cone  P(s ) is  an 
object  of  D/j,x  (Ox)-  The  first  equality  we’ve  seen  above.  The  second  equality  holds 
by  construction  of  the  Verdier  quotient.  The  third  equality  holds  by  Cohomology 

Since  i?/*P(s)  is  an  object  of  D/jy(Oy)  by  Proposition 


on  Sites,  Lemma 


85.5.1 


21.19.1 


we  see  that  Hom#(0y)  (E' , Rf*P(s))  = 0.  Thus  the  fourth  equality  holds. 


The  final  equality  holds  by  construction  of  E' . 


□ 
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86.1.  Why  read  this? 

0721  We  give  a very  informal  introduction  to  algebraic  stacks  aimed  at  graduate  students 
and  advanced  undergraduates.  The  goal  is  to  quickly  introduce  a simple  language 
which  you  can  use  to  think  about  local  and  global  properties  of  your  favorite  moduli 
problem.  Having  done  this  it  should  be  possible  to  ask  yourself  well-posed  questions 
about  moduli  problems  and  to  start  solving  them,  whilst  assuming  a general  theory 
exists.  If  you  end  up  with  an  interesting  result,  you  can  go  back  to  the  general 
theory  in  the  other  parts  of  the  stacks  project  and  fill  in  the  gaps  as  needed. 

The  point  of  view  we  take  here  is  very  close  to  the  point  of  view  taken  in  IKM85| 
and  |Mum65] . 


86.2.  Preliminary 

072J  Let  S'  be  a scheme.  An  elliptic  curve  over  S is  a triple  ( E , /,  0)  where  A is  a scheme 
and  / : E — >•  S and  0 : S — > E are  morphisms  of  schemes  such  that 

(1)  / : E — > S is  proper,  smooth  of  relative  dimension  1, 

(2)  for  every  s £ S the  fibre  Es  is  a connected  curve  of  genus  1,  i.e.,  H0(Es,O) 
and  H1(Es,0)  both  are  1-dimensional  K(s)-vector  spaces,  and 

(3)  0 is  a section  of  /. 

Given  elliptic  curves  (E,f,0)/S  and  (E1,  f,  O') /S'  a morphism  of  elliptic  curves 
over  a : S — > S'  is  a morphism  a : E — >•  E1  such  that  the  diagram 


is  commutative  and  the  inner  square  is  cartesian,  in  other  words  the  morphism  a 
induces  an  isomorphism  E — ► S x g'  E' . We  are  going  to  define  the  stack  of  elliptic 
curves  M ip.  In  the  rest  of  the  stacks  project  we  work  out  the  method  introduced 
in  Deligne  and  Mumford’s  paper  IDM69I  which  consists  in  presenting  Atqi  as  a 
category  endowed  with  a functor 

p:Mi,i—>Sch,  (E,f,0)/Si—>  S 

This  means  you  work  with  fibred  categories  over  the  categories  of  schemes,  topolo- 
gies, stacks  fibred  in  groupoids,  coverings,  etc,  etc.  In  this  chapter  we  throw  all  of 
that  out  of  the  window  and  we  think  about  it  a bit  differently  - probably  closer  to 
how  the  initiators  of  the  theory  started  thinking  about  it  themselves. 


4711 
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86.3.  The  moduli  stack  of  elliptic  curves 


Here  is  what  we  are  going  to  do: 

(1)  Start  with  your  favorite  category  of  schemes  Sch. 

(2)  Add  a new  symbol 

(3)  A morphism  S — > M. yi  is  an  elliptic  curve  ( E , /,  0)  over  S. 

(4)  A diagram 


M 1,1 


is  commutative  if  and  only  if  there  exists  a morphism  a : E -A  E'  of 
elliptic  curves  over  a : S S' . We  say  a witnesses  the  commutativity  of 
the  diagram. 

(5)  Note  that  commutative  diagrams  glue  as  follows 


because  a!  o a witnesses  the  commutativity  of  the  outer  triangle  if  a and 
a'  witness  the  commutativity  of  the  left  and  right  triangles. 

(6)  The  composition 


5 A 5' 


o': 


is  given  by  ( E ' xs>  S,  f xs<  S,  O'  xs>  S). 

At  the  end  of  this  procedure  we  have  enlarged  the  category  Sch  of  schemes  with 
exactly  one  object... 


Except  that  we  haven’t  defined  what  a morphism  from  A4 yi  to  a scheme  T is.  The 
answer  is  that  it  is  the  weakest  possible  notion  such  that  compositions  make  sense. 
Thus  a morphism  F : M.±  i — > T is  a rule  which  to  every  elliptic  curve  {E1  f,  0 )/S 
associates  a morphism  F(E,  /,  0)  : S — > T such  that  given  any  commutative  diagram 


a 


> .s" 


M i,i 


the  diagram 


is  commutative  also.  An  example  is  the  j-invariant 

j '■  Af  ip  > Az 

which  you  may  have  heard  of.  Aha,  so  now  we’re  done... 
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Except,  no  we’re  not!  We  still  have  to  define  a notion  of  morphisms  Adi,  1 — >•  Adi,i. 
This  we  do  in  exactly  the  same  way  as  before,  i.e. , a morphism  F : Adyi  — > A4i  i 
is  a rule  which  to  every  elliptic  curve  (E,f,0)/S  associates  another  elliptic  curve 
F(E,f,  0)  preserving  commutativity  of  diagrams  as  above.  However,  since  I don’t 
know  of  a nontrivial  example  of  such  a functor,  I’ll  just  define  the  set  of  morphisms 
from  Ad  1,1  to  itself  to  consist  of  the  identity  for  now. 

I hope  you  see  how  to  add  other  objects  to  this  enlarged  category.  Somehow  it  seems 
intuitively  clear  that  given  any  “well-behaved”  moduli  problem  we  can  perform  the 
construction  above  and  add  an  object  to  our  category.  In  fact,  much  of  modern 
day  algebraic  geometry  takes  place  in  such  a universe  where  Sch  is  enlarged  with 
countably  many  (explicitly  constructed)  moduli  stacks. 

You  may  object  that  the  category  we  obtain  isn’t  a category  because  there  is  a 
“vagueness”  about  when  diagrams  commute  and  which  combinations  of  diagrams 
continue  to  commute  as  we  have  to  produce  a witness  to  the  commutativity.  How- 
ever, it  turns  out  that  this,  the  idea  of  having  witnesses  to  commutativity,  is  a valid 
approach  to  2-categories!  Thus  we  stick  with  it. 


86.4.  Fibre  products 


072L  The  question  we  pose  here  is  what  should  be  the  fibre  product 

? 


S S' 


The  answer:  A morphism  from  a scheme  T into  ? should  be  a triple  (a,  a',  a)  where 
a : T — ► S,  a'  : T — ► S'  are  morphisms  of  schemes  and  where  a : E x g,a  T — > 
E'  x s'  ,a'  T is  an  isomorphism  of  elliptic  curves  over  T . This  makes  sense  because  of 
our  definition  of  composition  and  commutative  diagrams  earlier  in  the  discussion. 

072M  Lemma  86.4.1  (Key  fact).  The  functor  Schopp  — > Sets,  T H > {(a,  a',  a)  as  above} 
is  representable  by  a scheme  S S'  ■ 

Proof.  Idea  of  proof.  Relate  this  functor  to 

IsomsxS'{E  x S' ,S  x E') 

and  use  Grothendieck’s  theory  of  Hilbert  schemes.  □ 

072N  Remark  86.4.2.  We  have  the  formula  S ><Mi  1 S'  = (S  x S')  xMl  lXMi  i A4i,i. 
Hence  the  key  fact  is  a property  of  the  diagonal  A °f  A4i,i. 

In  any  case  the  key  fact  allows  us  to  make  the  following  definition. 

072P  Definition  86.4.3.  We  say  a morphism  S — > A4i,i  is  smooth  if  for  every  morphism 
S'  — » A4i,i  the  projection  morphism 


is  smooth. 
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Note  that  this  is  compatible  with  the  notion  of  a smooth  morphism  of  schemes  as 
the  base  change  of  a smooth  morphism  is  smooth.  Moreover,  it  is  clear  how  to 
extend  this  definition  to  other  properties  of  morphisms  into  A4 14  (or  your  own 
favorite  moduli  stack).  In  particular  we  will  use  it  below  for  surjective  morphisms. 

86.5.  The  definition 

072Q  We’ll  formulate  it  as  a definition  and  not  as  a result  since  we  expect  the  reader  to 
try  out  other  cases  (not  just  the  stack  M.  ip  and  not  just  Sch  the  category  of  all 
schemes) . 

072R  Definition  86.5.1.  We  say  M.  1,1  is  an  algebraic  stack  if  and  only  if 
(f)  We  have  descent  for  objects  for  the  etale  topology  on  Sch. 

(2)  The  key  fact  holds. 

(3)  there  exists  a surjective  and  smooth  morphism  S — X M. ip. 

The  first  condition  is  a “sheaf  property” . We’re  going  to  spell  it  out  since  there  is 
a technical  point  we  should  make.  Suppose  given  a scheme  S and  an  etale  covering 
{Si  — > S'}  and  morphisms  : Si  — > M.  1.1  such  that  the  diagrams 

Si  Xs  Sj  — 3-  Si  Xs  Sj 


Ml,! 


commute.  The  sheaf  condition  does  not  guarantee  the  existence  of  a morphism 
e : S — x Ad  1,1  in  this  situation.  Namely,  we  need  to  pick  witnesses  oy;  for  the 
diagrams  above  and  require  that 

P1’02  = Pr12 ajk  0 Pr01ay 

as  witnesses  over  Sj  x§  Sj  x$  Si--  I think  it  is  clear  what  this  means...  If  not,  then 
I’m  afraid  you’ll  have  to  read  some  of  the  material  on  categories  fibred  in  groupoids, 
etc.  In  any  case,  the  displayed  equation  is  often  called  the  cocycle  condition.  A 
more  precise  statement  of  the  “sheaf  property”  is:  given  {Si  — ► S},  : Si  — » Mi,i 

and  witnesses  satisfying  the  cocycle  condition,  there  exists  a unique  (up  to 
unique  isomorphism)  e : S — > Ad  1,1  with  e*  = e|s;  recovering  the  a^. 

As  you  can  see  even  formulating  a precise  statement  takes  a bit  of  work.  The  proof 
of  this  “sheaf  property”  relies  on  a fundamental  technique  in  algebraic  geometry, 
namely  descent  theory.  My  suggestion  is  to  initially  simply  accept  the  “sheaf  prop- 
erty” holds,  and  see  what  it  implies  in  practice.  In  fact,  a certain  amount  of  mental 
agility  is  required  to  boil  the  “sheaf  property”  down  to  a manageable  statement 
that  you  can  fit  on  a napkin.  Perhaps  the  simplest  variant  which  is  already  a bit 
interesting  is  the  following:  Suppose  we  have  a Galois  extension  K C L of  fields 
with  Galois  group  G = Gal (L/K).  Set  T = Spec (L)  and  S = Spec(A").  Then 
{T  —X  S}  is  an  etale  covering.  Let  (A,/, 0)  be  an  elliptic  curve  over  L.  (Yes,  this 
just  means  that  E C P2L  is  given  by  a Weierstrass  equation  and  0 is  the  usual  point 
at  infinity.)  Denote  Ea  = E xT  Spec(y)  T the  base  change.  (Yes,  this  corresponds 
to  applying  a to  the  coefficients  of  the  Weierstrass  equation,  or  is  it  er_1?)  Now, 
suppose  moreover  that  for  every  <7  £ G we  are  given  an  isomorphism 


86.6.  A SMOOTH  COVER 
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over  T.  The  cocycle  condition  above  means  in  this  situation  that 

(dr)  o aa  — aT(7 

for  <j,t  £ G.  If  you’ve  ever  done  any  group  cohomology  then  this  should  be  familiar. 
Anyway,  the  “glueing”  condition  on  says  that  if  you  have  a solution  to  this 

set  of  equations,  then  there  exists  an  elliptic  curve  E'  over  S such  that  E = E x 
(it  says  a little  bit  more  because  it  also  tells  you  how  to  recover  the  aa). 

Challenge:  Can  you  prove  this  entirely  using  only  elliptic  curves  defined  in  terms 
of  Weierstrass  equations? 


86.6.  A smooth  cover 


072S  The  last  thing  we  have  to  do  is  find  a smooth  cover  of  In  fact,  in  some  sense 

the  existence  of  a smooth  cover  implied  the  key  fact!  In  the  case  of  elliptic  curves 
we  use  the  Weierstrass  equation  to  construct  one. 


Set 

W = Spec(Z[ai,  a2,  a3,  a4,  a6, 1/A]) 
where  A £ Z[ai,  (12,  03,  a4,  a^}  is  a certain  polynomial  (see  below).  Set 

o o no  o o o 

Pw  D Ew  ■ zy  Y aixyz  Y a3yz  = x + CL2X  z + a±xz  Y clqz  . 


Denote  fw  : Ew  — > W the  projection.  Finally,  denote  0 w '■  W — > Ew  the  section 
of  fw  given  by  (0  : 1 : 0).  It  turns  out  that  there  is  a degree  12  homogeneous 
polynomial  A in  a,  where  deg(ai)  = i such  that  Ew  -A  IT  is  smooth.  You  can  find 
it  explicitly  by  computing  partials  of  the  Weierstrass  equation  - of  course  you  can 
also  look  it  up.  You  can  also  use  pari/gp  to  compute  it  for  you.  Here  it  is 

A = — ago3  + 04(13 of  Y (( — a2  — 12o@)a2  T a^jo^Y 
(80,4030,2  + (03  + 36aea3))al+ 

(( — 805  — 48og)o2  Y 80^02  Y ( — 30o4a5  Y 72og04))o^Y 
(1604030^  Y (36a|  Y 1440603)02  — 96a|a3)aiY 
(— 16o!  — 64a6)a!  Y 1 60^0^  Y (72040^  Y 288o6a4)a2Y 
— 27og  — 216aea3  — 64  a|  — 432a^ 


You  may  recognize  the  last  two  terms  from  the  case  y2  = x3  Y Ax  Y B having 
discriminant  — 64A3  — 432H2  = — 16(4A3  Y 27 B2). 


072T  Lemma  86.6.1. 


The  morphism  W ^ \ Mip  is  smooth  and  surjective. 


Proof.  Surjectivity  follows  from  the  fact  that  every  elliptic  curve  over  a field  has  a 
Weierstrass  equation.  We  give  a very  rough  sketch  of  one  way  to  prove  smoothness. 
Consider  the  sub  group  scheme 


H 


( (u2 

s 

°\ 

0 

u3 

° 

Hr 

t 

V 

u unit  I _ 
s,r,t  arbitrary  | C 3,2 


'This  is  a bit  of  a cheat  because  in  checking  the  smoothness  you  have  to  prove  something  very 
close  to  the  key  fact  - after  all  smoothness  is  defined  in  terms  of  fibre  products.  The  advantage  is 
that  you  only  have  to  prove  the  existence  of  these  fibre  products  in  the  case  that  on  one  side  you 
have  the  morphism  that  you  are  trying  to  show  provides  the  smooth  cover. 
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There  is  an  action  R x IV  — > W of  R on  the  Weierstrass  scheme  W.  To  find  the 
equations  for  this  action  write  out  what  a coordinate  change  given  by  a matrix 
in  R does  to  the  general  Weierstrass  equation.  Then  it  turns  out  the  following 
statements  hold 

(1)  any  elliptic  curve  (E,  /,  0 )/S  has  Zariski  locally  on  S a Weierstrass  equa- 
tion, 

(2)  any  two  Weierstrass  equations  for  (E,  /,  0)  differ  (Zariski  locally)  by  an 
element  of  H. 

Considering  the  fibre  product  S IV  = Isomsxw(E  xW,Sx  Ew)  we  conclude 
that  this  means  that  the  morphism  IV  -A  Mi  l is  an  H- torsor.  Since  H —A  Spec(Z) 
is  smooth,  and  since  torsors  over  smooth  group  schemes  are  smooth  we  win.  □ 

072U  Remark  86.6.2.  The  argument  sketched  above  actually  shows  that  = 

[W/H J is  a global  quotient  stack.  It  is  true  about  50%  of  the  time  that  an  ar- 
gument proving  a moduli  stack  is  algebraic  will  show  that  it  is  a global  quotient 
stack. 


86.7.  Properties  of  algebraic  stacks 

072V  Ok,  so  now  we  know  that  _Adi,i  is  an  algebraic  stack.  What  can  we  do  with  this? 
Well,  it  isn’t  so  much  the  fact  that  it  is  an  algebraic  stack  that  helps  us  here,  but 
more  the  point  of  view  that  properties  of  _A4i,i  should  be  encoded  in  the  properties 
of  morphisms  S — > A!i,i,  i.e.,  in  families  of  elliptic  curves.  We  list  some  examples 

Local  properties: 

Atpi  —¥  Spec(Z)  is  smooth  4=>  W — > Spec(Z)  is  smooth 

Idea.  Local  properties  of  an  algebraic  stack  are  encoded  in  the  local  properties  of 
its  smooth  cover. 

Global  properties: 

At i.i  is  quasi-compact  <=  IV  is  quasi-compact 
M. i,i  is  irreducible  4=  W is  irreducible 

Idea.  Some  global  properties  of  an  algebraic  stack  can  be  read  off  from  the  corre- 
sponding property  of  a smooth  cover. 

Quasi-coherent  sheaves: 

QCoh(C>Mi,i ) = R-equivariant  quasi-coherent  modules  on  IV 

Idea.  On  the  one  hand  a quasi-coherent  module  on  AIi.i  should  correspond  to  a 
quasi-coherent  sheaf  Ts,e  on  S for  each  morphism  e : S -A  Adip.  In  particular  for 
the  morphism  (Ew,  fw,  ®w)  '■  IV  — > M. ip.  Since  this  morphism  is  R-equivariant 
we  see  the  quasi-coherent  module  J~w  we  obtain  is  R-equivariant.  Conversely, 
given  an  R-equivariant  module  we  can  recover  the  sheaves  J-s,e  by  descent  theory 
starting  with  the  observation  that  S xe  j^1  x W is  an  R-torsor. 

Picard  group: 

Pic(Adi.i)  = Picff(tV)  = Z/12Z 


2I  suppose  that  it  is  possible  an  irreducible  algebraic  stack  exists  which  doesn’t  have  an 
irreducible  smooth  cover  - but  if  so  it  is  going  to  be  quite  nasty! 
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Idea.  We  have  seen  the  first  equality  above.  Note  that  Pic(W)  = 0 because  the 
ring  Z[ai,  ci2,  £i3,  a4,  06, 1/A]  has  trivial  class  group.  There  is  an  exact  sequence 

ZA  -t  Picj?(A|)  ->•  Pic H(W)  ->•  0 

The  middle  group  equals  Hom(.ff,  Gm)  = Z.  The  image  A is  12  because  A has 
degree  12.  This  argument  is  roughly  correct,  see  |FO10l. 

Etale  cohomology:  Let  A be  a ring.  There  is  a first  quadrant  spectral  sequence 
converging  to  i,  A)  with  E2- page 

E2q  = HItaie(w  X H x ...  x H,  A)  (p  factors  H) 

Idea.  Note  that 

W XMi,i  W xMi,i  ■ ■ ■ xMi,i  W = W x H x ...  x H 

because  W — > is  a H-torsor.  The  spectral  sequence  is  the  Cech-to-cohomology 

spectral  sequence  for  the  smooth  cover  {W  — ► Adi.i}.  For  example  we  see  that 
i?94o;e(AIi)i,  A)  = A because  W is  connected,  and  Hjtale( = 0 because 
H}tale{W,  A)  = 0 (of  course  this  requires  a proof).  Of  course,  the  smooth  covering 
W — > Ad i.i  may  not  be  “optimal”  for  the  computation  of  etale  cohomology. 

86.8.  Other  chapters 


Preliminaries 

(1) 

Introduction 

(2) 

Conventions 

(3) 

Set  Theory 

(4) 

Categories 

(5) 

Topology 

(6) 

Sheaves  on  Spaces 

(7) 

Sites  and  Sheaves 

(8) 

Stacks 

(9) 

Fields 

(10) 

Commutative  Algebra 

(11) 

Brauer  Groups 

(12) 

Homological  Algebra 

(13) 

Derived  Categories 

(14) 

Simplicial  Methods 

(15) 

More  on  Algebra 

(16) 

Smoothing  Ring  Maps 

(17) 

Sheaves  of  Modules 

(18) 

Modules  on  Sites 

(19) 

Injectives 

(20) 

Cohomology  of  Sheaves 

(21) 

Cohomology  on  Sites 

(22) 

Differential  Graded  Algebra 

(23) 

Divided  Power  Algebra 

(24) 

Hypercoverings 

Schemes 

(25)  Schemes 


(26) 

(27) 

(28) 

(29) 

(30) 

(31) 

(32) 

(33) 

(34) 

(35) 

(36) 

(37) 

(38) 

(39) 

(40) 

Topics  in  Scheme  Theory 


Constructions  of  Schemes 

Properties  of  Schemes 

Morphisms  of  Schemes 

Cohomology  of  Schemes 

Divisors 

Limits  of  Schemes 

Varieties 

Topologies  on  Schemes 

Descent 

Derived  Categories  of  Schemes 

More  on  Morphisms 

More  on  Flatness 

Groupoid  Schemes 

More  on  Groupoid  Schemes 

Etale  Morphisms  of  Schemes 

(41) 

Chow  Homology 

(42) 

Intersection  Theory 

(43) 

Picard  Schemes  of  Curves 

(44) 

Adequate  Modules 

(45) 

Dualizing  Complexes 

(46) 

Algebraic  Curves 

(47) 

Resolution  of  Surfaces 

(48) 

Fundamental 

Groups 

of 

Schcmesl 

(49) 

Etale  Cohomology 

(50) 

Crystalline  Cohomolog 

y 

(51) 

Pro-etale  Cohomology 

86.8.  OTHER  CHAPTERS 


4718 


Algebraic  Spaces 


(52) 

Algebraic  Spaces 

(53) 

Properties  of  Algebraic  Spaces 

(54) 

Morphisms  of  Algebraic  Spaces 

(55) 

Decent  Algebraic  Spaces 

(56) 

Cohomology  of  Algeb 

raic 

Spaces 

(57) 

Limits  of  Algebraic  Spaces 

(58) 

Divisors  on  Algebraic  Spaces 

(59) 

Algebraic  Spaces  over  Fields 

(60) 

Topologies  on  Algebraic  Spaces 

(61) 

Descent  and  Algebraic  Space 

(62) 

Derived  Categories  of  Spaces 

(63) 

More  on  Morphisms  of  Spaces 

(64) 

Pushouts  of  Algebraic  Spaces 

(65) 

Groupoids  in  Algebraic  Spaces 

(66) 

More  on  Groupoids  in  Spaces 

(67) 

Bootstrap 

(73)  Formal  Deformation  Theory 

(74)  Deformation  Theory 

(75)  The  Cotangent  Complex 
Algebraic  Stacks 


(76) 

Algebraic  Stacks 

(77) 

Examples  of  Stacks 

(78) 

Sheaves  on  Algebraic  Stacks 

(79) 

Criteria  for  Representability 

(80) 

Artin’s  Axioms 

(81) 

Quot  and  Hilbert  Spaces 

(82) 

Properties  of  Algebraic  Stacks 

(83) 

Morphisms  of  Algebraic  Stacks 

(84) 

Cohomology 

of 

Algebraic 

Stacksl 

(85) 

Derived  Categories  of  Stacks 

(86) 

Introducing  Algebraic  Stacks 

(87) 

More  on  Morphisms  of  Stacks 

Miscellany 


Topics  in  Geometry 


(68) 

Quotients  of  Groupoids 

(69) 

Simplicial  Spaces 

(70) 

Formal  Algebraic  Spaces 

(71) 

Restricted  Power  Series 

(72) 

Resolution  of  Surfaces 

Revis- 

ited| 

(88) 

Examples 

(89) 

Exercises 

(90) 

Guide  to  Literature 

(91) 

Desirable 

(92) 

Coding  Style 

(93) 

Obsolete 

(94) 

GNU  Free  Documentation  Li- 

(95) 


icensei 

Auto  Generated  Index 


Deformation  Theory 


CHAPTER  87 


More  on  Morphisms  of  Stacks 


OBPK 

87.1.  Introduction 

OBPL  In  this  chapter  we  continue  our  study  of  properties  of  morphisms  of  algebraic  stacks. 
A reference  in  the  case  of  quasi-separated  algebraic  stacks  with  representable  diag- 
onal is  iLMBOOl. 

87.2.  Conventions  and  abuse  of  language 

OBPM  We  continue  to  use  the  conventions  and  the  abuse  of  language  introduced  in  Prop- 
erties of  Stacks,  Section  [82. 2| 

87.3.  Thickenings 

OBPN  The  following  terminology  may  not  be  completely  standard,  but  it  is  convenient. 

If  y is  a closed  substack  of  an  algebraic  stack  A,  then  the  morphism  y — > A is 
representable. 

OBPP  Definition  87.3.1.  Thickenings. 

(1)  We  say  an  algebraic  stack  A'  is  a thickening  of  an  algebraic  stack  A if  A 
is  a closed  substack  of  A'  and  the  associated  topological  spaces  are  equal. 

(2)  Given  two  thickenings  A C A'  and  y C y'  a morphism  of  thickenings  is  a 
morphism  /'  : A'  — >•  y'  of  algebraic  stacks  such  that  f'U  factors  through 
the  closed  substack  y.  In  this  situation  we  set  / = f'\x  '■  A — > y and  we 
say  that  (/,  /')  : (A  C A')  — ► {y  C y')  is  a morphism  of  thickenings. 

(3)  Let  Z be  an  algebraic  stack.  We  similarly  define  thickenings  over  y and 
morphisms  of  thickenings  over  y.  This  means  that  the  algebraic  stacks 
A'  and  y'  are  algebraic  stack  endowed  with  a structure  morphism  to  Z 
and  that  f fits  into  a suitable  2-commutative  diagram  of  algebraic  stacks. 

Let  A C A'  be  a thickening  of  algebraic  stacks.  Let  U'  be  a scheme  and  let  U'  —>  A' 
be  a surjective  smooth  morphism.  Setting  U = A x x'  U'  we  obtain  a morphism  of 
thickenings 

(U  C U')  — > (A  C A') 

and  U — > A is  a surjective  smooth  morphism.  We  can  often  deduce  properties  of 
the  thickening  A C A'  from  the  corresponding  properties  of  the  thickening  U C U' . 
Sometimes,  by  abuse  of  language,  we  say  that  a morphism  A — > X'  is  a thickening 
if  it  is  a closed  immersion  inducing  a bijection  |A|  — > |A'|.  By  More  on  Morphisms 
of  Spaces,  Lemmas |63. 9. 10|and|63.9!8|  the  property  P that  a morphism  of  algebraic 
spaces  is  a (first  order)  thickening  is  fpqc  local  on  the  base  and  stable  under  base 
change.  Thus  an  alternative  definition  of  a thickening  of  algebraic  stacks  is  that  it 
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is  a morphism  of  algebraic  stacks  which  is  representable  by  algebraic  spaces  having 
property  P,  see  Properties  of  Stacks,  Section|82.3|  We  will  use  this  without  further 
mention.  In  particular  this  allows  us  to  define  a first  order  thickening  as  follows. 

OBPQ  Definition  87.3.2.  We  say  an  algebraic  stack  X'  is  a first  order  thickening  of 
an  algebraic  stack  X if  X is  a closed  substack  of  X'  and  X — > X'  is  a first  order 
thickening  in  the  sense  of  Properties  of  Stacks,  Section  [82. 3[ 

If  ( U C U')  — > (X  C X')  is  a smooth  cover  by  a scheme  as  above,  then  this  simply 
means  that  U C U'  is  a first  order  thickening.  Next  we  formulate  the  obligatory 
lemmas. 

OBPR  Lemma  87.3.3.  Let  y C y'  be  a thickening  of  algebraic  stacks.  Let  X'  — x y'  be  a 
morphism  of  algebraic  stacks  and  set  X = y Xy  X' . Then  (X  C X')  — > (y  C y') 
is  a morphism  of  thickenings.  Ifycy1  is  a first  order  thickening,  then  X C X'  is 
a first  order  thickening. 

Proof.  See  discussion  above,  Properties  of  Stacks,  Section|82.3[  and  More  on  Mor- 
phisms  of  Spaces,  Lemma|63.9.8|  □ 

OBPS  Lemma  87.3.4.  If  X C X'  and  X'  C X"  are  thickenings  of  algebraic  stacks,  then 
so  is  X C X" . 


Proof.  See  discussion  above,  Properties  of  Stacks,  Section  82.3  and  More  on  Mor- 
phisms  of  Spaces,  Lemma|63.9.9|  □ 


OBPT 


Example  87.3.5.  Let  X'  be  an  algebraic  stack.  Then  X'  is  a thickening  of  the 
reduction  X'red,  see  Properties  of  Stacks,  Definition  82.10.4  Moreover,  if  X C X'  is 
a thickening  of  algebraic  stacks,  then  X'red  = Xred  C X.  In  other  words,  X = X'red 
if  and  only  if  X is  a reduced  algebraic  stack. 


OBPU 


Lemma  87.3.6.  Let  X — X Y be  a morphism  from  an  algebraic  stack  to  an  algebraic 
space.  Then  the  canonical  diagram 


X, 


red 


Xred  X Y Xred 


X >X  Xy  A 


is  cartesian. 


Proof.  Observe  that  the  right  vertical  arrow  in  the  diagram  is  a thickening  by 
Example  |87.3.5|  and  Lemmas  |87.3.4|  and  |87.3.3|  Hence  the  projection 

X X(Xxy-X)  ( Xred  Xy  Xred)  X X 


is  a thickening  (Lemma  87.3.3).  Hence  by  Example  87.3.5  it  suffices  to  prove  that 
the  source  of  this  arrow  is  reduced. 

Let  U — > X be  a surjective  smooth  morphism  where  U is  a scheme.  Then  f/xy  U — X 
X Xy  X and  Ured  xy  Ured  — X Xred  Xy  Xred  are  smooth  and  surjective.  Juggling 


with  2-fibre  products  (as  in  Algebraic  Stacks,  Lemma  76.10.11)  we  see  that 


R = UxxU  = X x{XXyX)  (U  Xy  U) 
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is  an  algebraic  space  smooth  over  X . Moreover,  we  obtain  a commutative  diagram 
R UXYU  -<  Ured  X Y Ured 


X >-  X Xy  X -s Xred  X y Xred 

with  2-cartesian  squares  and  smooth  vertical  arrows.  Since  the  lower  right  arrow  is 
a closed  immersion,  we  see  that 

R x (I/x  yU)  ( Ured  X Y Ured) 

is  an  algebraic  space  with  a smooth  surjective  morphism  towards  X x^xYx) 

( Xred  Xy  Xred).  It  now  suffices  to  show  this  algebraic  space  is  reduced. 

The  morphism 

R xUxYU  ( Ured  Xy  Ured)  > R XuxYU  ( Ured  Xy  U) 

induced  by  the  closed  immersion  Ured  — > U is  a thickening  and  so  it  suffices  to  show 
that  its  target  is  reduced.  This  target  may  be  identified  with  R x u Ured  (the  fibre 
product  being  taken  with  respect  to  the  first  projection  R — ► 17).  The  projection 
from  this  fibre  product  onto  Ured  is  smooth  (being  the  base-change  of  the  projection 
R — > U,  which  is  smooth  as  R = U xx  U and  as  U — > X is  smooth),  and  thus  this 
fibre  product  is  indeed  reduced,  as  we  wanted  to  show.  □ 

OBPV  Lemma  87.3.7.  Let  X C X'  be  a thickening  of  algebraic  stacks  over  an  algebraic 
space  Y . Let  A : X — > X Xy  X and  A'  : X'  — ► X'  Xy  X'  be  the  corresponding 
diagonal  morphisms.  Then  each  property  from  the  following  list  is  satisfied  by  A if 
and  only  if  it  is  satisfied  by  A':  (a)  representable  by  schemes,  (b)  affine,  (c)  surjec- 
tive, (d)  quasi-compact,  (e)  universally  closed,  (f)  integral,  (g)  quasi-separated,  (h) 
separated,  (i)  universally  injective,  (j)  universally  open,  (k)  locally  quasi-finite,  (l) 
finite,  (m)  unramified,  (n)  monomorphism,  (o)  immersion,  (p)  closed  immersion, 
and  (q)  proper. 


Proof.  Observe  that 


(X  C X')  — > (X  xY  X C X'  xy  X') 


is  a morphism  of  thickenings, 
spaces  by  Morphisms  of  Stacks,  Lemma  83.3.3 


Moreover  A and  A'  are  representable  by  algebraic 
Hence,  via  the  discussion  in  Prop- 


erties of  Stacks,  Section  82.3  the  lemma  follows  for  cases  (a),  (b),  (c),  (d),  (e),  (f), 
(g),  (h),  (i),  and  (j)  by  using  More  on  Morphisms  of  Spaces,  Lemma  63.9.11 


Note  that  X and  X'  have  the  same  underlying  reduced  substack,  say  Xred,  and  so 
it  suffices  to  prove  the  proposition  in  the  case  of  the  thickening  Xred  — > X . In  this 
case  Lemma  87.3.6  tells  us  that  X = (X  Xy  X)  X/x>XyX/\  X' . Moreover,  A and 
A7  are  locally  of  finite  type  by  the  aforementioned  Morphisms  of  Stacks,  Lemma 
83.3.3  Hence  the  result  for  cases  (k),  (1),  (m),  (n),  (o),  (p),  and  (q)  by  using  More 
on  Morphisms  of  Spaces,  Lemma [63.9. 13|  □ 


As  a consequence  we  obtain  the  following  pleasing  result. 

OBPW  Lemma  87.3.8.  Let  X C X'  be  a thickening  of  algebraic  stacks.  Then 

(1)  X is  an  algebraic  space  if  and  only  if  X1  is  an  algebraic  space, 

(2)  X is  a scheme  if  and  only  if  X'  is  a scheme, 


ICon07al  Theorem 
2.2.5] 
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(3)  X is  DM  if  and  only  if  X'  is  DM, 

(4)  X is  quasi-DM  if  and  only  if  X'  is  quasi-DM, 

(5)  X is  separated  if  and  only  if  X'  is  separated , 

(6)  X is  quasi- separated  if  and  only  if  X'  is  quasi-separated,  and 

(7)  add  more  here. 


Proof.  In  each  case  we  reduce  to  a question  about  the  diagonal  and  then  we  use 
Lemma  187.3.71 


Case  (1).  An  algebraic  stack  is  an  algebraic  space  if  and  only  if  its  diagonal  is  a 
monomorphism,  see  Morphisms  of  Stacks,  Lemma  83.6.2  (this  also  follows  immedi- 
ately from  Algebraic  Stacks,  Proposition  76.13.3 1. 


Case  (2).  By  (1)  we  may  assume  that  X and  X'  are  algebraic  spaces  and  then  we 
can  use  More  on  Morphisms  of  Spaces,  Lemma [63. 9. 5| 


Case  (3)  - (6).  Each  of  these  cases  corresponds  to  a condition  on  the  diagonal,  see 
Morphisms  of  Stacks,  Definitions  |83.4.j~1  and  [83~.4.2[  □ 
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Examples 


88.1.  Introduction 

This  chapter  will  contain  examples  which  illuminate  the  theory. 

88.2.  An  empty  limit 

This  example  is  due  to  Waterhouse,  see  IIWat721.  Let  S be  an  uncountable  set. 
For  every  finite  subset  T C S consider  the  set  Mt  of  injective  maps  T — > N.  For 
T C T'  C S finite  the  restriction  MT<  — ► MT  is  surjective.  Thus  we  have  a directed 
inverse  system  with  surjective  transition  maps.  But  lim  Mt  = 0 as  an  element  in 
the  limit  would  define  an  injective  map  S — > N. 


88.3.  A zero  limit 


Let  (Si)i(zi  be  a directed  inverse  system  of  nonempty  sets  with  surjective  transition 
maps  and  with  liin^  = 0,  see  Section [88.2|  Let  K be  a field  and  set 


s&Si 


K 


Then  the  transition  maps  Vi  — > Vj  are  surjective  for  i > j.  However,  lim  Vi  = 0. 
Namely,  if  v = (Vi)  is  an  element  of  the  limit,  then  the  support  of  Vi  would  be  a 


finite  subset  T*  C Si  with  lirnTi  ^ 0,  see  Categories,  Lemma  4.21.5 


For  each  % consider  the  unique  AT-linear  map  V —¥  K which  sends  each  basis  vector 
s £ Si  to  1.  Let  Wi  C Vi  be  the  kernel.  Then 


0 {Wi)  -»■  {Vi)  {K)  -»■  0 

is  a nonsplit  short  exact  sequence  of  inverse  systems  of  vector  spaces  over  the 
directed  partially  ordered  set  I.  Hence  Wi  is  a directed  system  of  A'-vector  spaces 
with  surjective  transition  maps,  vanishing  limit,  and  nonvanishing  R1  lim. 


88.4.  Non-quasi-compact  inverse  limit  of  quasi-compact  spaces 

Let  N denote  the  set  of  natural  numbers.  For  every  integer  n,  let  In  denote  the  set 
of  all  natural  numbers  > n.  Define  Tn  to  be  the  unique  topology  on  N with  basis 
{1}, . . . , {?r},  Denote  by  Xn  the  topological  space  (N,  Tn).  For  each  m < n,  the 
identity  map, 

fn7m  • ^ 

is  continuous.  Obviously  for  m < n < p,  the  composition  fp  n o fn  rn  equals  /Pim. 
So  {{Xn),  {fn,m))  is  a directed  inverse  system  of  quasi-compact  topological  spaces. 
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Let  T be  the  discrete  topology  on  N,  and  let  X be  (N,T).  Then  for  every  integer 
n , the  identity  map, 

fn  '■  X > Xn 

is  continuous.  We  claim  that  this  is  the  inverse  limit  of  the  directed  system  above. 
Let  (Y,  S)  be  any  topological  space.  For  every  integer  n,  let 

9n  : (Y,S)  — > (N,  Tn) 

be  a continuous  map.  Assume  that  for  every  m < n we  have  fn,m  ° 9n  = 9m,  he., 
the  system  (gn)  is  compatible  with  the  directed  system  above.  In  particular,  all  of 
the  set  maps  gn  are  equal  to  a common  set  map 

9 : Y — > N. 

Moreover,  for  every  integer  n,  since  {?r}  is  open  in  Xn,  also  p_1({n})  = ({n})  is 

open  in  Y.  Therefore  the  set  map  g is  continuous  for  the  topology  S on  Y and  the 
topology  T on  N.  Thus  (A',  (/„))  is  the  inverse  limit  of  the  directed  system  above. 

However,  clearly  X is  not  quasi-compact,  since  the  infinite  open  covering  by  single- 
ton  sets  has  no  inverse  limit. 

09ZK  Lemma  88.4.1.  There  exists  an  inverse  system  of  quasi- compact  topological  spaces 
over  N whose  limit  is  not  quasi- compact. 

Proof.  See  discussion  above.  □ 


88.5.  A nonintegral  connected  scheme  whose  local  rings  are  domains 


0568 


We  give  an  example  of  an  affine  scheme  X = Spec(A)  which  is  connected,  all  of 
whose  local  rings  are  domains,  but  which  is  not  integral.  Connectedness  of  X means 
A has  no  nontrivial  idempotents,  see  Algebra,  Lemma  [10. 20. 3[  The  local  rings  of 
X are  domains  if,  whenever  fg  = 0 in  A,  every  point  of  X has  a neighborhood 
where  either  / or  g vanishes.  As  long  as  A is  not  a domain,  then  X is  not  integral 
(Properties,  Definition  27.3.1). 


Roughly  speaking,  the  construction  is  as  follows:  let  Ao  be  the  cross  (the  union  of 
coordinate  axes)  on  the  affine  plane.  Then  let  Ai  be  the  (reduced)  full  preimage 
of  Ao  on  the  blow-up  of  the  plane  (A\  has  three  rational  components  forming  a 
chain).  Then  blow  up  the  resulting  surface  at  the  two  singularities  of  Xi,  and  let 
X2  be  the  reduced  preimage  of  X\  (which  has  five  rational  components),  etc.  Take 
X to  be  the  inverse  limit.  The  only  problem  with  this  construction  is  that  blow-ups 
glue  in  a projective  line,  so  X\  is  not  affine.  Let  us  correct  this  by  glueing  in  an 
affine  line  instead  (so  our  scheme  will  be  an  open  subset  in  what  was  described 
above). 


Here  is  a completely  algebraic  construction:  For  every  k > 0,  let  Ak  be  the  following 
ring:  its  elements  are  collections  of  polynomials  pt  £ C[x]  where  i = 0, . . . , 2k  such 
that  pi (1)  =pi+i(0).  Set  Afc  = Spec(Afc).  Observe  that  Xk  is  a union  of  2fe  + l affine 
lines  that  meet  transversally  in  a chain.  Define  a ring  homomorphism  Ak  —>  Ak+i 

by 

i?0,  • • • ,P2*)  1 > (PO,Po(l),Pl,Pl(l),  ■ • • ,P2fc)i 

in  other  words,  every  other  polynomial  is  constant.  This  identifies  Ak  with  a subring 
of  Ak- 1-1 . Let  A be  the  direct  limit  of  Ak  (basically,  their  union).  Set  X = Spec(A). 
For  every  fc,  we  have  a natural  embedding  Ak  A,  that  is,  a map  X X k-  Each 
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Ak  is  connected  but  not  integral;  this  implies  that  A is  connected  but  not  integral. 
It  remains  to  show  that  the  local  rings  of  A are  domains. 

Take  f,g  £ A with  fg  = 0 and  x £ X.  Let  us  construct  a neighborhood  of  x 
on  which  one  of  / and  g vanishes.  Choose  k such  that  f,g  £ A^-i  (note  the 
k — 1 index).  Let  y be  the  image  of  x in  AA . It  suffices  to  prove  that  y has  a 
neighborhood  on  which  either  / or  g viewed  as  sections  of  Oxk  vanishes.  If  y is  a 
smooth  point  of  X/.,  that  is,  it  lies  on  only  one  of  the  2fc  + 1 lines,  this  is  obvious. 
We  can  therefore  assume  that  y is  one  of  the  2k  singular  points,  so  two  components 
of  AA  pass  through  y.  However,  on  one  of  these  two  components  (the  one  with  odd 
index),  both  / and  g are  constant,  since  they  are  pullbacks  of  functions  on  X^-i- 
Since  fg  = 0 everywhere,  either  / or  g (say,  /)  vanishes  on  the  other  component. 
This  implies  that  / vanishes  on  both  components,  as  required. 


88.6.  Noncomplete  completion 


Let  I?  be  a ring  and  let  m be  a maximal  ideal.  Consider  the  completion 

R A = lim  R/m”. 

Note  that  RA  is  a local  ring  with  maximal  ideal  m'  = Ker(I?A  — > R/m).  Namely, 
if  x = ( xn ) £ RA  is  not  in  m',  then  y = (a;"1)  £ RA  satisfies  xy  = 1,  whence  RA 
is  local  by  Algebra,  Lemma  10.17.2  Now  it  is  always  true  that  RA  complete  in  its 


limit  topology  (see  the  discussion  in  More  on  Algebra,  Section  15.28).  But  beyond 
that,  we  have  the  following  questions: 

(1)  Is  it  true  that  mI?A  = m'? 

(2)  Is  RA  viewed  as  an  I?A-module  m'-adically  complete? 

(3)  Is  RA  viewed  as  an  JCmodule  m-adically  complete? 

It  turns  out  that  these  questions  all  have  a negative  answer.  The  example  below 
was  taken  from  an  unpublished  note  of  Bart  de  Smit  and  Hendrik  Lenstra.  See  also 
|Bou61l  Exercise  III. 2. 12]  and  |Yeklll  Example  1.8] 

Let  k be  a field,  R = k[x  1,22,  £3,  • ■ •],  and  m = (aq,  X2,  £3,  ■ ■ ■)■  We  will  think  of  an 
element  / of  RA  as  a (possibly)  infinite  sum 


/ = £ 


aix 


(using  multi-index  notation)  such  that  for  each  d > 0 there  are  only  finitely  many 
nonzero  07  for  |/|  = d.  The  maximal  ideal  m'  C RA  is  the  collection  of  / with  zero 
constant  term.  In  particular,  the  element 

f = x 1 + x%  + X3  + .. . 


is  in  m'  but  not  in  mi?A  which  shows  that  (1)  is  false  in  this  example.  Note  that  we 
do  have  mi?A  C m'.  Hence,  RA  is  not  m-adically  complete  as  an  I?-module,  then 
it  is  also  not  m'-adically  complete.  To  show  that  RA  is  not  m-adically  complete 
(as  an  I?-module)  it  suffices  to  show  that  I\2  = Ker (RA  — »•  R/m2)  is  not  equal  to 
m2I?A,  see  Algebra,  Lemma  10.95.4  Note  that  an  element  of  m 2RA  C (m')2  can  be 
written  as  a finite  sum 
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with  fi,gi  £ i?A  having  vanishing  constant  terms.  To  get  an  example  we  are  going 
to  choose  an  z £ K 2 of  the  form 

Z = Zi  + Z2  + Z3  + . . . 

with  the  following  properties 

(1)  there  exist  sequences  1 < d\  < d2  < d3  < . . . and  0 < m < n2  < 713  < . . . 
such  that  Zi  £ k[ xni,xni+i, . . . ,xni+1-i]  homogeneous  of  degree  di,  and 

(2)  in  the  ring  k[[xni,xni+ 1, . . . , xni+1-i ]]  the  element  Zi  cannot  be  written  as 
a sum  (88.6.0.1)  with  t < i. 

Clearly  this  implies  that  z is  not  in  (m')2  because  the  image  of  the  relation  (88.6.0.1 ) 
in  the  ring  k[[xni,xni+ 1, . . . ,xnj+1_i]]  for  i large  enough  would  produce  a contra- 
diction. Hence  it  suffices  to  prove  that  for  all  t > 0 there  exists  a rf  > 0 and  an 
integer  n such  that  we  can  find  an  homogeneous  element  z £ k[x  1, . . . , xn\  of  degree 
d which  cannot  be  written  as  a sum  (88.6.0.1 ) for  the  given  t in  k[[x-[ , . . . , £„]].  Take 
n > 2t  and  any  d > 1 prime  to  the  characteristic  of  p and  set  2 = £A=1 
Then  the  vanishing  locus  of  the  ideal 


xf. 


dz 


dz 


) = ( d ■ 


d—  1 


dx  1 dx. 
consists  of  one  point.  On  the  other  hand. 

d(Ei=i /iff*) 


,dxn  ) 


dxi 


€ (/l;  • • • i /t>  <? !)•••!  9t ) 


by  the  Leibniz  rule  and  hence  the  vanishing  locus  of  these  derivatives  contains  at 
least 

C Spec(fc[[.T!, . . . , a:n]]). 

Hence  this  is  a contradiction  as  the  dimension  of  V (/1,  • • • , /t,  3i,  • • • , gt)  is  at  least 
n — 2t  > 1. 

05JC  Lemma  88.6.1.  There  exists  a local  ring  R and  a maximal  ideal  m such  that  the 
completion  RA  of  R with  respect  to  m has  the  following  propeHies 

(1)  RA  is  local,  but  its  maximal  ideal  is  not  equal  to  m RA , 

(2)  f?A  is  not  a complete  local  ring,  and 

(3)  f?A  is  not  m-adically  complete  as  an  R-module. 

Proof.  This  follows  from  the  discussion  above  as  (with  R = k[x\,x2,xz, . . .])  the 
completion  of  the  localization  Rm  is  equal  to  the  completion  of  R.  □ 

88.7.  Noncomplete  quotient 

05JD  Let  A:  be  a field.  Let 

R = k[t,Zi,Z2,Z3,  . . .,W1,W2,W3,  . . .,x]/(Zit  - XlWi,ZiWj) 

Note  that  in  particular  ZiZjt  = 0 in  this  ring.  Any  element  / of  R can  be  uniquely 
written  as  a finite  sum 


/ = 


i=0,...,d 


where  each  /,  £ k[t,Zi,Wj\  has  no  terms  involving  the  products  zit  or  z-j/Wj.  More- 
over, if  / is  written  in  this  way,  then  / £ ( xn ) if  and  only  if  fi  = 0 for  i < n.  So  x 
is  a nonzerodivisor  and  f'|(x")  = 0.  Let  RA  be  the  completion  of  R with  respect  to 
the  ideal  (x).  Note  that  RA  is  (x)-adically  complete,  see  Algebra,  Lemma  10.95.5 


88.8.  COMPLETION  IS  NOT  EXACT 
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By  the  above  we  see  that  an  element  of  RA  can  be  uniquely  written  as  an  infinite 
sum 


f = 


i= 0 


fiX* 


where  each  /,;  £ k[t , Zi , Wj\  has  no  terms  involving  the  products  Zit  or  ZiWj . Consider 
the  element 

Eoo  • 2 3 

X Wi  = + X 1^2  + X + . . . 

?,=1 


i.e.,  we  have  /„  = wn.  Note  that  / € {t,xn)  for  every  n because  xmwm  £ (t)  for 
all  m.  We  claim  that  / fL  (f).  To  prove  this  assume  that  tg  = / where  g = ^gix1 
in  canonical  form  as  above.  Since  tZiZj  = 0 we  may  as  well  assume  that  none  of 
the  gi  have  terms  involving  the  products  ZiZj.  Examining  the  process  to  get  tg  in 
canonical  form  we  see  the  following:  Given  any  term  cm  of  gi  where  c £ k and  m 
is  a monomial  in  t.  Zi , Wj  and  we  make  the  following  replacement 

(1)  if  the  monomial  m does  not  involve  any  z.c.  then  dm  is  a term  of  /;,  and 

(2)  if  the  monomial  m does  involve  a zt  then  it  is  equal  to  m = zt  and  we  see 
that  cwi  is  term  of 


Since  go  is  a polynomial  only  finitely  many  of  the  variables  z%  occur  in  it.  Pick  n 
such  that  zn  does  not  occur  in  go-  Then  the  rules  above  show  that  wn  does  not 
occur  in  /„  which  is  a contradiction.  It  follows  that  RA/{t)  is  not  complete,  see 


Algebra,  Lemma  10.95.10 


05JE  Lemma  88.7.1.  There  exists  a ring  R complete  with  respect  to  a principal  ideal 
I and  a principal  ideal  J such  that  R/  J is  not  I-adically  complete. 


Proof.  See  discussion  above. 


□ 


88.8.  Completion  is  not  exact 

05 JF  A quick  example  is  the  following.  Suppose  that  R = k[t}.  Let  P = K = ©„eN-R 
and  M = 0,(l£N  R/(tn).  Then  there  is  a short  exact  sequence  0 — >•  K — > P — > 
M — > 0 where  the  first  map  is  given  by  multiplication  by  tn  on  the  nth  summand. 
We  claim  that  0 — >•  KA  PA  — i MA  — >•  0 is  not  exact  in  the  middle.  Namely, 
£ = (t2,t3,t4, . . .)  £ PA  maps  to  zero  in  MA  but  is  not  in  the  image  of  KA  — > PA, 
because  it  would  be  the  image  of  (t,  t,t, . . .)  which  is  not  an  element  of  I\  A. 

A “smaller”  example  is  the  following.  In  the  situation  of  Lemma  |88.7.1|  the  short 
exact  sequence  0 — > J — > R — > R/J  — > 0 does  not  remain  exact  after  completion. 
Namely,  if  / £ J is  a generator,  then  f : R —t  J is  surjective,  hence  R — » JA 
is  surjective,  hence  the  image  of  JA  — > R is  (/)  = J but  the  fact  that  R/J  is 
noncomplete  means  that  the  kernel  of  the  surjection  R — >•  ( R/  J)A  is  strictly  bigger 
than  J,  see  Algebra,  Lemmas|10.95.1|and|10.95.10|  By  the  same  token  the  sequence 
R — > R —►!?/(/)—»  0 does  not  remain  exact  on  completion. 

05JG  Lemma  88.8.1.  Completion  is  not  an  exact  functor  in  general;  it  is  not  even 
right  exact  in  general.  This  holds  even  when  I is  finitely  generated  on  the  category 
of  finitely  presented  modules. 


Proof.  See  discussion  above. 


□ 


88.10.  THE  CATEGORY  OF  DERIVED  COMPLETE  MODULES 
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88.9.  The  category  of  complete  modules  is  not  abelian 
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Let  R be  a ring  and  let  / C R be  a finitely  generated  ideal.  Consider  the  category  A 
of  J-adically  complete  f?-modules,  see  Algebra,  Definition |10. 95. 3|  Let  ip  : M — ► N 
be  a morphism  of  A.  The  cokernel  of  <p  in  A is  the  completion  (Coker(<p))A  of  the 
usual  cokernel  (as  I is  finitely  generated  this  completion  is  complete,  see  Algebra, 
Lemma  10.95.5|).  Let  K = Ker(p).  We  claim  that  K is  complete  and  hence  is  the 
kernel  of  ip  in  A.  Namely,  let  KA  be  the  completion.  As  M is  complete  we  obtain 
a factorization 


K -A  K' 


M -A  N 


Since  ip  is  continuous  for  the  I-adic  topology,  K — ► KA  has  dense  image,  and 
K = Ker(<p)  we  conclude  that  KA  maps  into  K.  Thus  KA  = K ® C and  K is  a 
direct  summand  of  a complete  module,  hence  complete. 


We  will  give  an  example  that  shows  that  Im  ^ Coim  in  general.  We  take  R = Zp  = 
lim„  Z/p”Z  to  be  the  ring  of  p-adic  integers  and  we  take  I = ( p ).  Consider  the 
map 

diag(l,p,p2, . . .)  : (0^  Zp) A t n„>t  Zp 

where  the  left  hand  side  is  the  p-adic  completion  of  the  direct  sum.  Hence  an 
element  of  the  left  hand  side  is  a vector  (xi,X2,Xs, . . .)  with  Xi  £ Zp  with  p-adic 
valuation  vp(xi)  — > oo  as  i — > oo.  This  maps  to  (xi,pX2,p2X3, . . .).  Hence  we 
see  that  (l,p,p2, . . .)  is  in  the  closure  of  the  image  but  not  in  the  image.  By  our 
description  of  kernels  and  cokernels  above  it  is  clear  that  Im  ^ Coim  for  this  map. 


07JR  Lemma  88.9.1.  Let  R be  a ring  and  let  I C R be  a finitely  generated  ideal. 
The  category  of  I -adically  complete  R-modules  has  kernels  and  cokernels  but  is  not 
abelian  in  general. 


Proof.  See  above. 


□ 


88.10.  The  category  of  derived  complete  modules 

OARC  Let  A be  a ring  and  let  / be  an  ideal.  Consider  the  category  C of  derived  complete 
modules  as  defined  in  More  on  Algebra,  Definition  |15.72.4]  By  More  on  Algebra, 
Lemma Tl 5. 72. 61  we  see  that  C is  abelian. 

Let  T be  a set  and  let  Mt.  t £ T be  a family  of  derived  complete  modules.  We  claim 
that  in  general  @ Mt  is  not  a complete  module.  For  a specific  example,  let  A = Zp 
and  I = (p)  and  ©ragN  Zp.  The  map  from  ©ngN  Zp  to  its  p-adic  completion  isn’t 
surjective.  This  means  that  ©„gN  Zp  cannot  be  derived  complete  as  this  would 
imply  otherwise,  see  More  on  Algebra,  Lemma[l5.72.3| 

Assume  I is  finitely  generated.  Let  A : D{A)  — > D(A)  denote  the  derived  com- 
pletion functor,  see  More  on  Algebra,  Lemma [15. 72. 9|  We  claim  that 

M = ff°((0Mt)A)  G Ob(C) 

is  a direct  sum  of  Mt  in  the  category  C.  Note  that  for  E a derived  complete  object 
of  D{A)  we  have 

HomD(^)((0  Mt)A,E)  = Homfl(J4)(0  Mt,E)  = JjHom D^(Mt,E) 

Note  that  the  right  hand  side  is  zero  if  Hl(E ) = 0 for  i < 1.  In  particular,  applying 
this  with  E = r>i(@  Mt)A  which  is  derived  complete  by  More  on  Algebra,  Lemma 
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15.72.6  we  see  that  the  canonical  map  (®M()A  — > r>i(®Mt)A  is  zero,  in  other 
words,  we  have  LP((®  Mt)A)  = 0 for  i > 1.  Then,  for  an  object  JVeCwe  see  that 


Homc(M,lV)  = HomD(A)((0Mt)A,7V) 

= ]^[  HornA  (Mt,  N) 

= II  Homc  (Mt , N) 

as  desired.  This  implies  that  C has  all  colimits,  see  Categories,  Lemma|4.14.11|  In 
fact,  arguing  similarly  as  above  we  see  that  given  a system  Mt  in  C over  a partially 
ordered  set  T the  colimit  in  C is  equal  to  i7°((colimMt)A)  where  the  inner  colimit 
is  the  colimit  in  the  category  of  A-modules. 


However,  we  claim  that  filtered  colimits  are  not  exact  in  the  category  C.  Namely, 
suppose  that  A = Zp  and  I = (p).  One  has  inclusions  fn  : Zp/pZp  -A  Zp/pnZp  of 
p-adically  complete  A- modules  given  by  multiplication  by  p"_1.  There  are  commu- 
tative diagrams 

Zp/pZp  — Zp/pnZp 

1 p 

'•  f V 

Zp/pZp  zp/pn+1zp 

Now  take  the  colimit  of  these  inclusions  in  the  category  C derived  to  get  Zp/pZp  — ► 
0.  Namely,  the  colimit  in  ModA  of  the  system  on  the  right  is  Qp/Zp.  The  reader 
can  directly  compute  that  (Qp/Zp)A  = Zp [1]  in  D(A).  Thus  H°  = 0 which  proves 
our  claim. 


OARD  Lemma  88.10.1.  Let  A be  a ring  and  let  I C A be  an  ideal.  The  category  C 
of  derived  complete  modules  is  abelian  and  the  inclusion  functor  F : C —r  ModA 
is  exact  and  commutes  with  arbitrary  limits.  If  I is  finitely  generated , then  C has 
arbitrary  direct  sums  and  colimits,  but  F does  not  commute  with  these  in  general. 
Finally,  filtered  colimits  are  not  exact  in  C in  general,  hence  C is  not  a Grothendieck 
abelian  category. 

Proof.  See  discussion  above.  □ 


88.11.  Nonflat  completions 
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The  completion  of  a ring  with  respect  to  an  ideal  isn’t  always  flat,  contrary  to 
the  Noetherian  case.  We  have  seen  two  examples  of  this  phenomenon  in  More  on 
Algebra,  Example  15.71.10  In  this  section  we  give  two  more  examples. 


Lemma  88.11.1.  Let  R be  a ring.  Let  M be  an  R-module  which  is  countable. 
Then  M is  a finite  R-module  if  and  only  if  M 1?N  — > MN  is  surjective. 


Proof.  If  M is  a finite  module,  then  the  map  is  surjective  by  Algebra,  Proposi- 
tion |10.88.2|  Conversely,  assume  the  map  is  surjective.  Let  mi,  m2,  m3, ...  be  an 
enumeration  of  the  elements  of  M.  Let  X^j=i  m xo  ® ai  an  element  of  the 
tensor  product  mapping  to  the  element  (mn)  £ MN.  Then  we  see  that  aq, . . . , xm 
generate  M over  R as  in  the  proof  of  Algebra,  Proposition |10. 8872]  □ 
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OALA  Lemma  88.11.2.  Let  R be  a countable  ring.  Let  M be  a countable  R-module. 

Then  M is  finitely  presented  if  and  only  if  the  canonical  map  M Rn  — > MN  is 

an  isomorphism. 


Proof.  If  M is  a finitely  presented  module,  then  the  map  is  an  isomorphism  by 
Algebra,  Proposition  110.8873)  Conversely,  assume  the  map  is  an  isomorphism.  By 
Lemma  88.11.1  the  module  M is  finite.  Choose  a surjection  R®m  -A  M with  kernel 
K.  Then  K is  countable  as  a submodule  of  R®m.  Arguing  as  in  the  proof  of 

we  see  that  K Rn  -a  A"n  is  surjective.  Hence 


10.88.3 


Algebra,  Proposition 
we  conclude  that  K is  a finite  R-module  by  Lemma  |88.11.1|  Thus  M is  finitely 
presented.  □ 

OALB  Lemma  88.11.3.  Let  R be  a countable  ring.  Then  R is  coherent  if  and  only  if 
RN  is  a flat  R-module. 


10.89.5 


Proof.  If  R is  coherent,  then  RN  is  a flat  module  by  Algebra,  Proposition 
Assume  RN  is  flat.  Let  I C R be  a finitely  generated  ideal.  To  prove  the  lemma  we 
show  that  / is  finitely  presented  as  an  .R-module.  Namely,  the  map  I ®^RN  — » RN 
is  injective  as  RN  is  flat  and  its  image  is  /N  by  Lemma  88.11.1  Thus  we  conclude 
by  Lemma[88.11.2|  □ 

Let  R be  a countable  ring.  Observe  that  R[[cc]]  is  isomorphic  to  RN  as  an  R-module. 
By  Lemma  88.11.3  we  see  that  R — »•  R[[x]]  is  flat  if  and  only  if  R is  coherent.  There 


are  plenty  of  noncoherent  countable  rings,  for  example 


R = k[y,  z,  01,61,02,62,03,63, . . ]/{aiy  + b1z,a2y  + b2z,a3y  + b3z, . . .) 

where  k is  a countable  field.  This  ring  is  not  coherent  because  the  ideal  (y,  z)  of  R 
is  not  a finitely  presented  R-module.  Note  that  R[[x]]  is  the  completion  of  R[x]  by 
the  principal  ideal  (a;). 

OALC  Lemma  88.11.4.  There  exists  a ring  such  that  the  completion  R[[x]]  of  R[x\  at 
(x)  is  not  flat  over  R and  a fortiori  not  flat  over  R[x]. 


Proof.  See  discussion  above. 


□ 


OALD 


Next,  we  will  construct  an  example  where  the  completion  of  a localization  is  nonflat. 
To  do  this  consider  the  ring 

R = k[y,z,a3,a2,a3, . . ]/(yai,aia3 ) 

Denote  f £ R the  residue  class  of  2.  We  claim  the  ring  map 


(88.11.4.1)  R[M]  ► R/IM] 

isn’t  flat.  Let  I be  the  kernel  of  y : R[[x]]  — >•  R[[x]].  A typical  element  g of  I looks 
like  g = 'f2gn,mCLmXn  where  gn,m  £ k[z]  and  for  a given  n only  a finite  number 
of  nonzero  gn,m-  Let  J be  the  kernel  of  y : R/[[x]]  — > R/[[x]].  We  claim  that 
J IRf[[x]].  Namely,  if  this  were  true  then  we  would  have 


E' 


Kgi 


/ j ■ 1 

for  some  m > 1,  gt  £ /,  and  hi  £ Ry[[x]].  Say  hi  = hi  mod  (y,a3,a2,a3, . . .)  with 
hi  £ k[z,  l/z][[x]].  Looking  at  the  coefficient  of  an  and  using  the  description  of  the 
elements  gi  above  we  would  get 


z nXn  = ^2  higi,n 
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for  some  gi}U  £ fc[z][[a;]].  This  would  mean  that  all  z~nxn  are  contained  in  the  finite 
k[z}[ [as]] -module  generated  by  the  elements  hi.  Since  fc[z][[x]]  is  Noetherian  this 
implies  that  the  i?[z][[a;]]-subinoduleof  k[z,  l/*][[x]]  generated  by  1,  z~lx , z~2 *x2, . . . 
is  finite.  By  Algebra,  Lemma  10.35.2  we  would  conclude  that  z~xx  is  integral  over 
fc[z][[x]]  which  is  absurd.  On  the  other  hand,  if  (88.11.4.1)  were  flat,  then  we  would 
get  J = /i?/[[x]]  by  tensoring  the  exact  sequence  0 —¥  I — ► i?[[x]]  A i?[[x]]  with 
Rf[[x}\. 


OALE 


Lemma  88.11.5.  There  exists  a ring  A complete  with  respect  to  a principal  ideal 
I and  an  element  f £ A such  that  the  I-adic  completion  A ^ of  A f is  not  flat  over 


A. 


Proof.  Set  A = _R[[x]]  and  I = (x)  and  observe  that  -R/[[x]]  is  the  completion  of 
R[[x]\f.  □ 


88.12.  Nonabelian  category  of  quasi-coherent  modules 


OALF 


In  Sheaves  on  Stacks,  Section[78.11|we  defined  the  category  of  quasi-coherent  mod- 
ules on  a category  fibred  in  groupoids  over  Sch.  Although  we  show  in  Sheaves 


on  Stacks,  Section  78.14  that  this  category  is  abelian  for  algebraic  stacks,  in  this 
section  we  show  that  this  is  not  the  case  for  formal  algebraic  spaces. 

Namely,  consider  Zp  viewed  as  topological  ring  using  the  p-adic  topology.  Let 


70.5.9 


Then  X is  a sheaf  in  sets  on 
Thus 


8.6.2 


X = Spf(Zp),  see  Formal  Spaces,  Definition 

(Sch/Z) fppf  and  gives  rise  to  a stack  in  setoids  A,  see  Stacks,  Lemma 
the  discussion  of  Sheaves  on  Stacks,  Section  [78. 14|  applies. 

Let  J7  be  a quasi-coherent  module  on  X.  Since  X = colim  Spec(Z/pnZ)  it  is  clear 
from  Sheaves  on  Stacks,  Lemma  78.11.5  that  T is  given  by  a sequence  (Xn)  where 


(1)  Tn  is  a quasi-coherent  module  on  Spec(Z/p"Z),  and 

(2)  the  transition  maps  give  isomorphisms  Tn  = Fnjri/pniFnjri. 

Converting  into  modules  we  see  that  J-  corresponds  to  a system  (Mn)  where  each 
Mn  is  an  abelian  group  annihilated  by  pn  and  the  transition  maps  induce  isomor- 
phisms Mn  = Mn+i/pnMn+i.  In  this  situation  the  module  M = lim Mn  is  a 


p-adically  complete  module  and  Mn  = M/pnM , see  Algebra,  Lemma  10.97.1  We 
conclude  that  the  category  of  quasi-coherent  modules  on  X is  equivalent  to  the 
category  of  p-adically  complete  abelian  groups.  This  category  is  not  abelian,  see 
Section  188.91 

OALG  Lemma  88.12.1.  The  category  of  quasi- coherent1!  modules  on  a formal  algebraic 
space  X is  not  abelian  in  general,  even  if  X is  a Noetherian  affine  formal  algebraic 
space. 


Proof.  See  discussion  above. 


□ 


1 With  quasi-coherent  modules  as  defined  above.  Due  to  how  things  are  setup  in  the  Stacks 

project,  this  is  really  the  correct  definition;  as  seen  above  our  definition  agrees  with  what  one 

would  naively  have  defined  to  be  quasi-coherent  modules  on  Spf(A),  namely  complete  A- modules. 
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88.13.  Regular  sequences  and  base  change 

063Z  We  are  going  to  construct  a ring  R with  a regular  sequence  (x,  y,  z)  such  that  there 
exists  a nonzero  element  S £ R/zR  with  x6  = yS  = 0. 

To  construct  our  example  we  first  construct  a peculiar  module  E over  the  ring 
k[x,  y,z\  where  k is  any  field.  Namely,  E will  be  a push-out  as  in  the  following 
diagram 


xk[x,y,z,y  1] 
x y k [x,y,  z] 


k[x,y,z,x  1 ,y  x] 
yk[x,y,z,x~  -1] 


k[x,y,z,x  1 ,y  1] 
y k [x  ,y,  z ,x  ~ 1 ] -\-xk  [x  ,y  ,z , y ~ 


k[x,y,z,y 

yzk[x,y,z\ 


z/x 

J 

J 

E 


y k [ x , y , z , x ~ 1 ] + x k [ x , y , z , y ~ 1 ] 


where  the  rows  are  short  exact  sequences  (we  dropped  the  outer  zeros  due  to  type- 
setting problems).  Another  way  to  describe  E is  as 

E = {( f,g ) | / e k[x , y , z, x~^ , y-1], g £ k[x,  y,  z,  y-1]}/  ~ 

where  (/,  g)  ~ if  and  only  if  there  exists  a h £ k[x,  y,  z,  y_1]  such  that 

f = f +xh  mod  yk[x,  y,  z,  x_1],  g = g'  - zh  mod  yzk[x , y,  z] 

We  claim:  (a)  x : E — > E is  injective,  (b)  y : E/xE  — ► E/xE  is  injective,  (c) 
E/(x,  y)E  = 0,  (d)  there  exists  a nonzero  element  <5  £ ElzE  such  that  xS  = y6  = 0. 

To  prove  (a)  suppose  that  (f,g)  is  a pair  that  gives  rise  to  an  element  of  E and 
that  ( xf,xg ) ~ 0.  Then  there  exists  a h £ k[x,  y,  z,  y~l)  such  that  xf  + xh  £ 
yk[x,  y,  z,  x-1]  and  xg  — zh  £ yzk[x,  y,  z].  We  may  assume  that  h = ai,j,kXly-’ zk 
is  a sum  of  monomials  where  only  j < 0 occurs.  Then  xg  — zh  £ yzk[x7y,  z] 
implies  that  only  i > 0 occurs,  i.e.,  h = xh'  for  some  h'  £ k[x,y,z,y~x\.  Then 
(/,  g)  ~ (/  + xh' , g — zh’)  and  we  see  that  we  may  assume  that  g = 0 and  h = 0.  In 
this  case  xf  £ yk[x,  y , z,  x^1]  implies  / £ yk[x,  y,  z,  x_1]  and  we  see  that  (/,  g)  ~ 0. 
Thus  x : E — > E is  injective. 

Since  multiplication  by  x is  an  isomorphism  on  — ,g1,  ^ we  see  that  E/xE  is 

r j sr  yk[x,y,z,x~L\  < 

isomorphic  to 

k[x,y,z,y~1] = k[x,y,z,y~1] 

yzk[x7  y,  z]  + xk[x,  y,  z,  y -1]  + zk[x,  y,  z,  y~L]  xk[x,  y,  z,  y-1]  + zk[x,  y,  z,  y-1] 

and  hence  multiplication  by  y is  an  isomorphism  on  E/xE.  This  clearly  implies  (b) 
and  (c). 

Let  e £ E be  the  equivalence  class  of  (1,  0).  Suppose  that  e £ zE.  Then  there  exist 
/ £ k[x,y,z,x~1,y~’i],  g £ k[x,y,z,y~1],  and  h £ k[x,y,z,y~1}  such  that 

1 + zf  + xh  £ yk[x,  y,  z,  x-1],  0 + zg  — zh  £ yzk[x,  y,  z]. 

This  is  impossible:  the  monomial  1 cannot  occur  in  zf,  nor  in  xh.  On  the  other 
hand,  we  have  ye  = 0 and  xe  = (x,  0)  ~ (0,  —z)  = z(0,  —1).  Hence  setting  <5  equal 
to  the  congruence  class  of  e in  E/zE  we  obtain  (d). 

0640  Lemma  88.13.1.  There  exists  a local  ring  R and  a regular  sequence  x,  y,  z (in  the 
maximal  ideal)  such  that  there  exists  a nonzero  element  6 £ R/ zR  with  xS  = yS  = 0. 
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Proof.  Let  R = k[x,  y,  z]  ® E where  E is  the  module  above  considered  as  a square 
zero  ideal.  Then  it  is  clear  that  x , y,  z is  a regular  sequence  in  R,  and  that  the 
element  S £ E/zE  C R/zR  gives  an  element  with  the  desired  properties.  To  get  a 
local  example  we  may  localize  R at  the  maximal  ideal  m = (x,  y,  z,  E).  The  sequence 
x,y,z  remains  a regular  sequence  (as  localization  is  exact),  and  the  element  <5 
remains  nonzero  as  it  is  supported  at  m.  □ 

0641  Lemma  88.13.2.  There  exists  a local  homomorphism  of  local  rings  A -A  B and 
a regular  sequence  x , y in  the  maximal  ideal  of  B such  that  B /( x,  y)  is  flat  over  A, 
but  such  that  the  images  x,y  of  x,y  in  B/\xiaB  do  not  form  a regular  sequence,  nor 
even  a Koszul-regular  sequence. 


Proof.  Set  A = k[z\(z)  and  let  B = (k[x,  y,  z]  ®E)rXtVtZ  e)-  Since  x,  y,  z is  a regular 
sequence  in  B , see  proof  of  Lemma  |88.13.1|  we  see  that  x,y  is  a regular  sequence 
in  B and  that  B/[x,y)  is  a torsion  free  A- module,  hence  flat.  On  the  other  hand, 
there  exists  a nonzero  element  S £ B/\xiaB  = B/zB  which  is  annihilated  by  x,y. 
Hence  H2(K,(B/niAB,x,y))  0.  Thus  x,  y is  not  Koszul-regular,  in  particular  it 
is  not  a regular  sequence,  see  More  on  Algebra,  Lemma  15.23.2[  □ 


88.14.  A Noetherian  ring  of  infinite  dimension 

02JC  A Noetherian  local  ring  has  finite  dimension  as  we  saw  in  Algebra,  Proposition 

Appendix,  Example  1]. 

Namely,  let  k be  a field,  and  consider  the  ring 

R = k[x i,X2,x3, . . .]. 

Let  pi  = (x2i-i , x2i-i+i,  ■ ■ • , x2i_i)  for  i = 1,2,...  which  are  prime  ideals  of  R.  Let 
S be  the  multiplicative  subset 

Consider  the  ring  A = S~XR.  We  claim  that 

(1)  The  maximal  ideals  of  the  ring  A are  the  ideals  lrq  = piA. 

(2)  We  have  Ami  = RVi  which  is  a Noetherian  local  ring  of  dimension  2L 

(3)  The  ring  A is  Noetherian. 

Hence  it  is  clear  that  this  is  the  example  we  are  looking  for.  Details  omitted. 


10.59.8  But  there  exist  Noetherian  rings  of  infinite  dimension.  See  [Nag62b[ 


88.15.  Local  rings  with  nonreduced  completion 


02JD 


In  Algebra,  Example  10.118.5  we  gave  an  example  of  a characteristic  p Noetherian 
local  domain  R of  dimension  1 whose  completion  is  nonreduced.  In  this  section 
we  present  the  example  of  [FR70|  Proposition  3.1]  which  gives  a similar  ring  in 
characteristic  zero. 


Let  C{cc}  be  the  ring  of  convergent  power  series  over  the  field  C of  complex  numbers. 
The  ring  of  all  power  series  C[[a;]]  is  its  completion.  Let  K = C{x}[l/x\  = f.f.(B) 
be  the  field  of  convergent  Laurent  series.  The  AT-module  flx/c  of  algebraic  differ- 
entials of  I\  over  C is  an  infinite  dimensional  AT-vector  space  (proof  omitted).  We 
may  choose  fn  £ xC{x},  n > 1 such  that  dx,dfi,df2, . . . are  part  of  a basis  of 
Qk/ c-  Thus  we  can  find  a C-derivation 

D : C{x}  — > C((a)) 
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02JE 


such  that  D(x)  = 0 and  D(fi)  = x 71 . Let 

A = {/gC{x}|D(/)gC[[x]]} 

We  claim  that 

(1)  C{x}  is  integral  over  A , 

(2)  A is  a local  domain, 

(3)  dim(A)  = 1, 

(4)  the  maximal  ideal  of  A is  generated  by  x and  xf± , 

(5)  A is  Noetherian,  and 

(6)  the  completion  of  A is  equal  to  the  ring  of  dual  numbers  over  C[[x]]. 
Since  the  dual  numbers  are  nonreduced  the  ring  A gives  the  example. 

Note  that  if  0 7 - / G xC{x}  then  we  may  write  D(f)  = h/fn  for  some  n > 0 and 
h G C[[x]].  Hence  D(fn+1/(n  + 1))  G C[[x]]  and  D(fn+2 /(n  + 2))  G C[[x]].  Thus 
we  see  fn+1,fn+2  G A\  In  particular  we  see  (1)  holds.  We  also  conclude  that  the 
fraction  field  of  A is  equal  to  the  fraction  field  of  C{x}.  It  also  follows  immediately 
that  AnxC{x}  is  the  set  of  nonunits  of  A , hence  A is  a local  domain  of  dimension  1. 
If  we  can  show  (4)  then  it  will  follow  that  A is  Noetherian  (proof  omitted).  Suppose 
that  f £ An  iC{i}.  Write  D(f)  = h,  h G C[[x]].  Write  h = c + xh'  with  c G C, 
h'  G C[[x]].  Then  D(f  — cx/i)  = c+xh'  — c = xh' . On  the  other  hand  f — cxfi  = xg 
with  g G C{x},  but  by  the  computation  above  we  have  D(g)  = h!  G C[[x]]  and 
hence  g G A.  Thus  / = cxfi  + xg  G (x,  x/i)  as  desired. 

Finally,  why  is  the  completion  of  A nonreduced?  Denote  A the  completion  of  A. 
Of  course  this  maps  surjectively  to  the  completion  C[[x]]  of  C{x}  because  x G A. 
Denote  this  map  ip  : A — » C[[x]].  Above  we  saw  that  m.4  = (x,  x/i)  and  hence 
D( m^)  C (xn_1)  by  an  easy  computation.  Thus  D : A — > C[[x]]  is  continuous  and 
gives  rise  to  a continuous  derivation  D : A — ?►  C[[x]]  over  ip.  Hence  we  get  a ring 
map 

ip  + eD  : A — » C[[x]][e]. 

Since  A is  a one  dimensional  Noetherian  complete  local  ring,  if  we  can  show  this 
arrow  is  surjective  then  it  will  follow  that  A is  nonreduced.  Actually  the  map  is  an 
isomorphism  but  we  omit  the  verification  of  this.  The  subring  C[x] (x\  C A gives 
rise  to  a map  * : C[[x]]  — > A on  completions  such  that  i o ip  = id  and  such  that 
D o i = 0 (as  D{x)  = 0 by  construction).  Consider  the  elements  xnfn  G A.  We 
have 

(ip  + eD)(xnfn)  = xnfn  + e 

for  all  n > 1.  Surjectivity  easily  follows  from  these  remarks. 


88.16.  A non  catenary  Noetherian  local  ring 

Even  though  there  is  a succesful  dimension  theory  of  Noetherian  local  rings  there 
are  non-catenary  Noetherian  local  rings.  An  example  may  be  found  in  [Nag62b| 
Appendix,  Example  2].  In  fact,  we  will  present  this  example  in  the  simplest  case. 
Namely,  we  will  construct  a local  Noetherian  domain  A of  dimension  2 which  is 
not  universally  catenary.  (Note  that  A is  automatically  catenary,  see  Exercises, 
Exercise  89.12.2  ) The  existence  of  a Noetherian  local  ring  which  is  not  universally 
catenary  implies  the  existence  of  a Noetherian  local  ring  which  is  not  catenary  - 
and  we  spell  this  out  at  the  end  of  this  section  in  the  particular  example  at  hand. 
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Let  k be  a field,  and  consider  the  formal  power  series  ring  fc[[a;]]  in  one  variable  over 
k.  Let 

E°°  i 

CLiX 

i—1 

be  a formal  power  series.  We  assume  0 as  an  element  of  the  Laurent  series  field 
k((x))  = f-f-(k[[x]})  is  transcendental  over  k(x).  Put 

Zj  = x~\z  — a,iXx)  = Y aiXl~-i  £ A: [fa;]]. 

Note  that  z = Z\.  Let  R be  the  subring  of  /c[[x]]  generated  by  x,  z and  all  of  the 
Zj,  in  other  words 

R = k[x,  zi,z2,  z3, . . .]  C k[[x]}. 

Consider  the  ideals  m = (x)  and  n = (x  — 1,  zi,  z2,  ■ ■ •)  of  R. 

We  have  x(zj+i  + a j)  = Zj.  Hence  R/m  = k and  m is  a maximal  ideal.  Moreover, 
any  element  of  R not  in  m maps  to  a unit  in  fc[[rc]]  and  hence  Rm  C fc[[x]].  In  fact 
it  is  easy  to  deduce  that  Rm  is  a discrete  valuation  ring  and  residue  field  k. 

We  claim  that 

R/{x-  1)  = k[x,z1,z2,z3,...]/{x-  1)  = k[z\. 

Namely,  the  relation  above  implies  that  (x  — l)(zj+i  + a j)  = —Zj+ 1 — dj  + Zj,  and 
hence  we  may  express  the  class  of  Zj+ 1 in  terms  of  z:j  in  the  quotient  R/(x  — 1). 
Since  the  fraction  field  of  R has  transcendence  degree  2 over  k by  construction  we 
see  that  z is  transcendental  over  k in  R/(x  — 1),  whence  the  desired  isomorphism. 
Hence  n = (x  — 1,  z)  and  is  a maximal  ideal.  In  fact  the  map 

k[x,  a:-1,  z](x_ljZ)  — > Rn 

is  an  isomorphism  (since  x is  invertible  in  Rn  and  since  Zj+ 1 = x~xZj  — cij  = 
. . . = fj(x , a;-1,  z)).  This  shows  that  Rn  is  a regular  local  ring  of  dimension  2 and 
residue  field  k. 

Let  S be  the  multiplicative  subset 

S = (R  \ m)  n (R  \ n)  = R \ (m  U n) 
and  set  B = S~1R.  We  claim  that 

(1)  The  ring  B is  a fc-algebra. 

(2)  The  maximal  ideals  of  the  ring  B are  the  two  ideals  ml?  and  n B. 

(3)  The  residue  fields  at  these  maximal  ideals  is  k. 

(4)  We  have  BmB  = Rm  and  BnB  = Rn  which  are  Noetherian  regular  local 
rings  of  dimensions  1 and  2. 

(5)  The  ring  B is  Noetherian. 

We  omit  the  details  of  the  verifications. 

Whenever  given  a fc-algebra  B with  the  properties  listed  above  we  get  an  example 
as  follows.  Take  A = k + rad(H)  c B,  in  our  case  rad(H)  = ml?  + nB.  It  is  easy 
to  see  that  B is  finite  over  A and  hence  A is  Noetherian  by  Eakin’s  theorem  (see 
Eak68j . or  |Nag62b]  Appendix  Al],  or  insert  future  reference  here).  Also  A is 
a local  domain  with  the  same  fraction  field  as  B and  residue  field  k.  Since  the 
dimension  of  B is  2 we  see  that  A has  dimension  2 as  well,  by  Algebra,  Lemma 
110.111.41 
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If  A were  universally  catenary  then  the  dimension  formula,  Algebra,  Lemma[l0.112.1| 
would  give  dim(i?mB)  = 2 contradiction. 

Note  that  B is  generated  by  one  element  over  A.  Hence  B = A\x\/$  for  some  prime 
p of  A[x].  Let  m'  C A[x\  be  the  maximal  ideal  corresponding  to  mi?.  Then  on  the 
one  hand  dim(A[;r]m/)  = 3 and  on  the  other  hand 

(0)  C pA[cc]m<  C m'A[a;]m< 

is  a maximal  chain  of  primes.  Hence  A[x]m/  is  an  example  of  a non  catenary 
Noetherian  local  ring. 


88.17.  Existence  of  bad  local  Noetherian  rings 


0AL7 


Let  ( A , m,  n)  be  a Noetherian  complete  local  ring.  In  (Lec86al  it  was  shown  that 
A is  the  completion  of  a Noetherian  local  domain  if  depth(A)  > 1 and  A contains 
either  Q or  Fp  as  a subring,  or  contains  Z as  a subring  and  A is  torsion  free  as  a Z- 
module.  This  produces  many  examples  of  Noetherian  local  domains  with  “bizarre” 
properties. 


Applying  this  for  example  to  A = C[[x,  y]]/{y2)  we  find  a Noetherian  local  domain 
whose  completion  is  nonreduced.  Please  compare  with  Section  [88.151 

In  |LLPV01j  conditions  were  found  that  characterize  when  A is  the  completion  of 
a reduced  local  Noetherian  ring. 


In  [H  ei  93j  it  was  shown  that  A is  the  completion  of  a local  Noetherian  UFD  R if 
depth(A)  > 2 and  A contains  either  Q or  Fp  as  a subring,  or  contains  Z as  a subring 
and  A is  torsion  free  as  a Z-module.  In  particular  R is  normal  (Algebra,  Lemma 
10.119.9[  hence  the  henselization  of  R is  a normal  domain  too  (More  on  Algebra, 


Lemma  15.36.6).  Thus  A as  above  is  the  completion  of  a henselian  Noetherian  local 
normal  domain  (because  the  completion  of  R and  its  henselization  agree,  see  More 
on  Algebra,  Lemma  15.36.3). 


Apply  this  to  find  a Noetherian  local  UFD  R such  that  i?A  = C[[.t,  y,  z,  w]]/(wx,  wy). 
Note  that  Spec(f?A)  is  the  union  of  a regular  2-dimensional  and  a regular  3- 
dimensional  component.  The  ring  R cannot  be  universally  catenary:  Let 


X — > Spec(i?) 


be  the  blowing  up  of  the  maximal  ideal.  Then  X is  an  integral  scheme.  There  is  a 
closed  point  x £ X such  that  dim(Ox,x)  = 2,  namely,  on  the  level  of  the  complete 
local  ring  we  pick  x to  lie  on  the  strict  transform  of  the  2-dimensional  component 
and  not  on  the  strict  transform  of  the  3-dimensional  component.  By  Morphisms, 
Lemma  28.30.1|  we  see  that  R is  not  universally  catenary.  Please  compare  with 
Section  188.161 


The  ring  above  is  catenary  (being  a 3-dimensional  local  Noetherian  UFD).  However, 
in  |Ogo8Q|  the  author  constructs  a normal  local  Noetherian  domain  R with  i?A  = 
C[[x,  y,  z,  w\\/{wx1  wy)  such  that  R is  not  catenary.  See  also  [Hei82|  and  LC  ec  86b]. 

In  ]Hei941  it  was  shown  that  A is  the  completion  of  a local  Noetherian  ring  R 
with  an  isolated  singularity  provided  A contains  either  Q or  Fp  as  a subring  or  A 
has  residue  characteristic  p > 0 and  p cannot  map  to  a nonzero  zerodivisor  in  any 
proper  localization  of  A.  Here  we  say  a Noetherian  local  ring  R has  an  isolated 
singularity  if  Rp  is  a regular  local  ring  for  all  nonmaximal  primes  p C R. 
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The  paper  [Nisi  21  contains  a long  list  of  “bad”  Noetherian  local  rings  with  given 
completions.  In  particular  it  constructs  an  example  of  a 2-dimensional  Nagata  local 
normal  domain  whose  completion  is  C[[cc,  y,  z\]/(yz)  and  one  whose  completion  is 
C[[x,y,z]]/(y2-z3). 

As  an  aside,  in  |Loe03j  it  was  shown  that  A is  the  completion  of  an  excellent 
Noetherian  local  domain  if  A is  reduced,  equidimensional,  and  no  integer  in  A is 
a zero  divisor.  However,  this  doesn’t  lead  to  “bad”  Noetherian  local  rings  as  we 
obtain  excellent  ones! 

88.18.  Non-quasi-affine  variety  with  quasi-affine  normalization 

0271  The  existence  of  an  example  of  this  kind  is  mentioned  in  JDG671  II  Remark  6.6.13], 
They  refer  to  the  fifth  volume  of  EGA  for  such  an  example,  but  the  fifth  volume 
did  not  appear. 

Let  k be  a field.  Let  Y = A|\{(0, 0)}.  We  are  going  to  construct  a finite  surjective 
birational  morphism  7 r : Y — > X with  X a variety  over  k such  that  X is  not 
quasi-affine.  Namely,  consider  the  following  curves  in  Y : 

Ci  : x = 0 

C2  : y = 0 

Note  that  C\  D C2  = 0.  We  choose  the  isomorphism  p : C\  — > C2,  (0,  y)  i-A  (y_1, 0). 
We  claim  there  is  a unique  morphism  7r  : Y — > X as  above  such  that 

id 

Ct  : f Y — X 

v> 

is  a coequalizer  diagram  in  the  category  of  varieties  (and  even  in  the  category  of 
schemes).  Accepting  this  for  the  moment  let  us  show  that  such  an  X cannot  be 
quasi-affine.  Namely,  it  is  clear  that  we  would  get 

T (X,Ox)  = {/  e k[x,y]  | / (0,  y)  = /(y^1, 0)}  = k®  (xy)  C k[x,y]. 

In  particular  these  functions  do  not  separate  the  points  (1,0)  and  (—1,0)  whose 
images  in  A'  (we  will  see  below)  are  distinct  (if  the  characteristic  of  k is  not  2). 

To  show  that  X exists  consider  the  Zariski  open  D(x  + y)  C Y of  Y.  This  is 
the  spectrum  of  the  ring  k[x,y,l/(x  + y)]  and  the  curves  Ci,  C2  are  completely 
contained  in  D(x  + y).  Moreover  the  morphism 

Ci  H C2  — » D(x  + y)nY  = Spec (k[x,  y,l/(x  + y)]) 

is  a closed  immersion.  It  follows  from  More  on  Algebra,  Lemma  |15.5.1|  that  the 
ring 

A = {f  G k[x,y,l/(x  + y)]  \ f(0,y)  = /(?/_1, 0)} 
is  of  finite  type  over  k.  On  the  other  hand  we  have  the  open  D(xy)  C Y of  Y which 
is  disjoint  from  the  curves  C 1 and  C2.  It  is  the  spectrum  of  the  ring 

B = k[x,y , l/x y\. 

Note  that  we  have  Axy  = Bx+y  (since  A clearly  contains  the  elements  xyP(x , y)  any 
polynomial  P and  the  element  xy/{x  + y)).  The  scheme  X is  obtained  by  glueing 
the  affine  schemes  Spec(A)  and  Spec(H)  using  the  isomorphism  Axy  = Bx+y  and 
hence  is  clearly  of  finite  type  over  k.  To  see  that  it  is  separated  one  has  to  show 
that  the  ring  map  A (g>*.  B — ► Bx+y  is  surjective.  To  see  this  use  that  A®i-  B 
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contains  the  element  xy/{x  + y)  (g>  1/xy  which  maps  to  l/{x  + y).  The  morphism 
X — > Y is  given  by  the  natural  maps  D(x  + y)  — > Spec(A)  and  D(xy ) — > Spec (B). 
Since  these  are  both  finite  we  deduce  that  X — ► Y is  finite  as  desired.  We  omit 
the  verification  that  X is  indeed  the  coequalizer  of  the  displayed  diagram  above, 
however,  see  (insert  future  reference  for  pushouts  in  the  category  of  schemes  here). 
Note  that  the  morphism  7r  : Y — > X does  map  the  points  (1,0)  and  (—1,0)  to 
distinct  points  in  X because  the  function  ( x + y3)/(x  + y )2  £ A has  value  1/1,  resp. 
— 1/ ( — l)2  = —1  which  are  always  distinct  (unless  the  characteristic  is  2 - please 
find  your  own  points  for  characteristic  2).  We  summarize  this  discussion  in  the 
form  of  a lemma. 

0272  Lemma  88.18.1.  Let  k be  a field.  There  exists  a variety  X whose  normalization 
is  quasi-affine  but  which  is  itself  not  quasi-affine. 

Proof.  See  discussion  above  and  (insert  future  reference  on  normalization  here). 

□ 


88.19.  A locally  closed  subscheme  which  is  not  open  in  closed 

078B  This  is  a copy  of  Morphisms,  Example |28.3.4|  Here  is  an  example  of  an  immersion 
which  is  not  a composition  of  an  open  immersion  followed  by  a closed  immersion. 
Let  k be  a field.  Let  X = Spec(fc[a;i,  x%,  X3, . . .]).  Let  U = U^°=i  D(xn).  Then 
U — > X is  an  open  immersion.  Consider  the  ideals 

In  — (Xi  , X2  , • ■ - , Xn__  1 , Xn  1,  Xn+\ , Xn+2  ? ■ ■ • ) k^X\ , X2 , X3 , . . .]  [l/xn] . 

Note  that  Ink[x\,  X2,  £3, . . .][l/a;na:TO]  = (1)  for  any  m 7^  n.  Hence  the  quasi- 
coherent  ideals  In  on  D(xn)  agree  on  D( xnxm),  namely  In\D(xnxm)  = if 

n 7^  m.  Hence  these  ideals  glue  to  a quasi-coherent  sheaf  of  ideals  I C Ou-  Let 
Z C U be  the  closed  subscheme  corresponding  to  I.  Thus  Z — ► X is  an  immersion. 

We  claim  that  we  cannot  factor  Z — > X as  Z — > Z — »•  A',  where  Z — > X is  closed  and 
Z -A  Z is  open.  Namely,  Z would  have  to  be  defined  by  an  ideal  I C k[x\,  X2,  £3,  ■ • •] 
such  that  In  = Ik[x\,X2,X3, . . ,][l/a;n].  But  the  only  element  / £ k[x  1,  £2,  £3,  • • •] 
which  ends  up  in  all  In  is  0!  Hence  I does  not  exist. 


88.20.  Nonexistence  of  suitable  opens 


086G 


This  section  complements  the  results  of  Properties,  Section  27.29 


Let  k be  a field  and  let  A = k[z\,Z2,  Z3, . . .]//  where  I is  the  ideal  generated  by 
all  pairwise  products  ztZj,  i 7^  j,  i,j  £ N.  Set  S = Spec(A).  Let  s £ S be  the 
closed  point  corresponding  to  the  maximal  ideal  (zf).  We  claim  there  is  no  quasi- 
compact open  V C S \ {s}  which  is  dense  in  S \ {s}.  Note  that  S \ {s}  = (J  D{zi). 
Each  D(zi)  is  open  and  irreducible  with  generic  point  rji.  We  conclude  that  ry  £ V 
for  all  i.  However,  a principal  affine  open  of  S \ {s}  is  of  the  form  D(f)  where 
/ £ (zi,  Z2,  ■ ■ ■)■  Then  / £ (zi, . . . , zn)  for  some  n and  we  see  that  D(f)  contains 
only  finitely  many  of  the  points  7^.  Thus  V cannot  be  quasi-compact. 


Let  k be  a field  and  let  B = k[x,  zi,  Z2, 23, . . .]/  J where  J is  the  ideal  generated 
by  the  products  xzi,  i £ N and  by  all  pairwise  products  ZjZj,  i 7^  j,  i,j  £ N. 
Set  T = Spec (B).  Consider  the  principal  open  U = D( x).  We  claim  there  is  no 
quasi-compact  open  V C S such  that  V C\U  = 0 and  V U U is  dense  in  S.  Let  t £ T 
be  the  closed  point  corresponding  to  the  maximal  ideal  (x,  zf).  The  closure  of  U in 
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T is  U = U U {t}.  Hence  V C IJ;  D(zi)  is  a quasi-compact  open.  By  the  arguments 
of  the  previous  paragraph  we  see  that  V cannot  be  dense  in  (J  D(zf). 

086H  Lemma  88.20.1.  Nonexistence  quasi-compact  opens  of  affines: 

(1)  There  exist  an  affine  scheme  S and  affine  open  U C S such  that  there  is 
no  quasi-compact  open  V C S with  U D V = 0 and  U U V dense  in  S. 

(2)  There  exists  an  affine  scheme  S and  a closed  point  s £ S such  that  S\  {s} 
does  not  contain  a quasi-compact  dense  open. 

Proof.  See  discussion  above.  □ 


Let  X be  the  glueing  of  two  copies  of  the  affine  scheme  T (see  above)  along  the 
affine  open  U.  Thus  there  is  a morphism  7r  : X — > T and  X = U\  U U2  such 
that  7r  maps  Uj  isomorphically  to  T and  U\  D U2  isomorphically  to  U.  Note  that 


X is  quasi-separated  (by  Schemes,  Lemma  25.21.7 1 and  quasi-compact.  We  claim 
there  does  not  exist  a separated,  dense,  quasi-conrpact  open  W C X.  Namely, 
consider  the  two  closed  points  X\  £ U\,  X2  £ U2  mapping  to  the  closed  point  t £ T 
introduced  above.  Let  fj  £ Uj  fl  U2  be  the  generic  point  mapping  to  the  (unique) 
generic  point  77  of  U.  Note  that  fj  X\  and  fj  X2  lying  over  the  specialization 
77  s.  Since  tt\w  '■  W — > T is  separated  we  conclude  that  we  cannot  have  both  x\ 
and  X2  £ W (by  the  valuative  criterion  of  separatedness  Schemes,  Lemma [25. 22. 2 ). 
Say  X\  fL  W.  Then  W fl  U\  is  a quasi-compact  (as  X is  quasi-separated)  dense  open 
of  U\  which  does  not  contain  x\.  Now  observe  that  there  exists  an  isomorphism 
(T,  t)  = ( S,  s ) of  schemes  (by  sending  x to  z\  and  Zi  to  Zi+ 1).  Hence  by  the  first 
paragraph  of  this  section  we  arrive  at  a contradiction. 

0861  Lemma  88.20.2.  There  exists  a quasi-compact  and  quasi-separated  scheme  X 
which  does  not  contain  a separated  quasi-compact  dense  open. 


Proof.  See  discussion  above. 


□ 


88.21.  Nonexistence  of  quasi-compact  dense  open  subscheme 
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Let  X be  a quasi-compact  and  quasi-separated  algebraic  space  over  a field  k.  We 
know  that  the  schematic  locus  X'  C X is  a dense  open  subspace,  see  Properties 
of  Spaces,  Proposition  53.12.3  In  fact,  this  result  holds  when  X is  reasonable, 


see  Decent  Spaces,  Proposition  |55.9T]  A natural  question  is  whether  one  can  find 
a quasi-compact  dense  open  subscheme  of  X.  It  turns  out  this  is  not  possible  in 
general. 


Assume  the  characteristic  of  k is  not  2.  Let  B = k[x,  Z\,  Z2,  z$, . . .]/ J where  J is 
the  ideal  generated  by  the  products  xzi,  i £ N and  by  all  pairwise  products  ZiZj. 
i ^ j , i.  j £ N.  Set  U = Spec (B).  Denote  0 £ U the  closed  point  all  of  whose 
coordinates  are  zero.  Set 


j : i?  = AHT — yUxkU 

where  A is  the  image  of  the  diagonal  morphism  of  U over  k and 

r = {((z, 0, 0,0,...), (-x, 0, 0,0,...))  | z e a£, x ± o}. 

It  is  clear  that  s,t  : R — » U are  etale,  and  hence  j is  an  etale  equivalence  relation. 
The  quotient  X = U/R  is  an  algebraic  space  (Spaces,  Theorem  52.10.5).  Note  that 
j is  not  an  immersion  because  (0,0)  S A is  in  the  closure  of  T.  Hence  X is  not  a 
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0871 
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scheme.  On  the  other  hand,  A'  is  quasi-separated  as  R is  quasi-compact.  Denote 
Ox  the  image  of  the  point  0 £ U.  We  claim  that  X \ {Ox}  is  a scheme,  namely 


X \ {O.v}  = Spec  (k[x2,x  2])  II  Spec  (k[zi,  z2, 23,  • • ]/{ziZj ))  \ {0} 


(details  omitted).  On  the  other  hand,  we  have  seen  in  Section  88.20  that  the  scheme 
on  the  right  hand  side  does  not  contain  a quasi-compact  dense  open. 


Lemma  88.21.1.  There  exists  a quasi-compact  and  quasi- separated  algebraic  space 
which  does  not  contain  a quasi-compact  dense  open  subscheme. 


Proof.  See  discussion  above. 


□ 


Using  the  construction  of  Spaces,  Example  52.14.2  in  the  same  manner  as  we  used 
the  construction  of  Spaces,  Example  |52.14.1  above,  one  obtains  an  example  of  a 
quasi-compact,  quasi-separated,  and  locally  separated  algebraic  space  which  does 
not  contain  a quasi-compact  dense  open  subscheme. 


88.22.  Affines  over  algebraic  spaces 

Suppose  that  / : Y — > X is  a morphism  of  schemes  with  / locally  of  finite  type  and 

Y affine.  Then  there  exists  an  immersion  Y — > A\  of  Y into  affine  n-space  over 
X.  See  the  slightly  more  general  Morphisms,  Lemma [28. 39. 2| 

Now  suppose  that  / : Y — > X is  a morphism  of  algebraic  spaces  with  / locally  of 
finite  type  and  Y an  affine  scheme.  Then  it  is  not  true  in  general  that  we  can  find 
an  immersion  of  Y into  affine  n-space  over  X. 

A first  (nasty)  counter  example  is  Y = Spec (k)  and  X = [A}/Z]  where  k is  a field 
of  characteristic  zero  and  Z acts  on  A}  by  translation  (n,  t)  >->  t + n.  Namely,  for 
any  morphism  Y over  X we  can  pullback  to  the  covering  Aj,  of  X and  we 

get  an  infinite  disjoint  union  of  A}’s  mapping  into  Aj!+1  which  is  not  an  immersion. 

A second  counter  example  is  Y = A{  — ► X = A \/R  with  R = {(£,  t)}H{(f,  — t),  t 7^ 
0}.  Namely,  in  this  case  the  morphism  Y would  be  given  by  some  regu- 

lar functions  f-[, , fn  on  Y and  hence  the  fibre  product  of  Y with  the  covering 
A.j!+1  — ► A^  would  be  the  scheme 

{(/i(*)>  • ■ ■ - fnit ),  £)}  II  {(/i(£), . . . , /„(£), -t),t  ± 0} 

with  obvious  morphism  to  A]}+1  which  is  not  an  immersion.  Note  that  this  gives  a 
counter  example  with  X quasi-separated. 

Lemma  88.22.1.  There  exists  a finite  type  morphism  of  algebraic  spaces  Y — > X 
with  Y affine  and  X quasi- separated , such  that  there  does  not  exist  an  immersion 

Y — > Ay  over  X. 

Proof.  See  discussion  above.  □ 


88.23.  Pushforward  of  quasi-coherent  modules 

In  Schemes,  Lemma |25. 24. 1|  we  proved  that  /*  transforms  quasi-coherent  modules 
into  quasi-coherent  modules  when  / is  quasi-compact  and  quasi-separated.  Here 
are  some  examples  to  show  that  these  conditions  are  both  necessary. 
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Suppose  that  Y = Spec(A)  is  an  affine  scheme  and  that  X = UneN  W We  claim 
that  f*Ox  is  not  quasi-coherent  where  / : X — > Y is  the  obvious  morphism. 
Namely,  for  a £ A we  have 

f.Ox(D(a))  = I]  ef,Aa 

-1-  J-nGN 

Hence,  in  order  for  f*Ox  to  be  quasi-coherent  we  would  need 

TT  Aa  = ( TT  A ) 

J-J-raeN  \J-J-neN  Ja 

for  all  a £ A.  This  isn’t  true  in  general,  for  example  if  A = Z and  a = 2,  then 
(1, 1/2, 1/4, 1/8, . . .)  is  an  element  of  the  left  hand  side  which  is  not  in  the  right 
hand  side.  Note  that  / is  a non-quasi-compact  separated  morphism. 

Let  k be  a field.  Set 

A = k[t , 2,  xx,x2,  x3, . . .]/ (txiz,  t2xlz , tzx\z, . . .) 

Let  Y = Spec(A).  Let  V C Y be  the  open  subscheme  V = D(xi)  U D(x 2)  U — 
Let  A"  be  two  copies  of  Y glued  along  V.  Let  / : X — ► Y be  the  obvious  morphism. 
Then  we  have  an  exact  sequence 

0 -A  f*Ox  ->  Oy  © Oy  -^4  j*Ov 


where  j : V — > Y is  the  inclusion  morphism.  Since 

A — > AXri 


is  injective  (details  omitted)  we  see  that  T(Y,  f*Ox)  = A.  On  the  other  hand,  the 
kernel  of  the  map 

At  — t AtXn 

is  nonzero  because  it  contains  the  element  z.  Hence  T(D(t),  f*Ox)  is  strictly  bigger 
than  At  because  it  contains  (z,  0).  Thus  we  see  that  f*Ox  is  not  quasi-coherent. 
Note  that  / is  quasi-compact  but  non-quasi-separated. 


Lemma  88.23.1.  Schemes , Lemma  25.24-1  is  sharp  in  the  sense  that  one  can 
neither  drop  the  assumption  of  quasi-compactness  nor  the  assumption  of  quasi- 
separatedness. 


Proof.  See  discussion  above. 


□ 


88.24.  A nonfinite  module  with  finite  free  rank  1 stalks 

065J  Let  R = Q[x].  Set  M = X)neN  as  a submodule  of  the  fraction  held  of  R. 

Then  M is  not  finitely  generated,  but  for  every  prime  p of  R we  have  Mv  = i?p  as 
an  Rp -module. 

88.25.  A finite  flat  module  which  is  not  projective 

052H  This  is  a copy  of  Algebra,  Remark  |10.77.3|  It  is  not  true  that  a finite  i?-module 
which  is  i?-hat  is  automatically  projective.  A counter  example  is  where  R = C°°(R) 
is  the  ring  of  infinitely  differentiable  functions  on  R,  and  M = Rm  = Rj I where 
m = {/  € R | /( 0)  = 0}  and  I = {/  € R \ Be,  e > 0 : f(x)  = 0 Yx,  |x|  < e}. 

The  morphism  Spec(i?/J)  — > Spec (R)  is  also  an  example  of  a hat  closed  immersion 
which  is  not  open. 

05FY  Lemma  88.25.1.  Strange  flat  modules. 
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(1)  There  exists  a ring  R and  a finite  flat  R-module  M which  is  not  projective. 

(2)  There  exists  a closed  immersion  which  is  flat  but  not  open. 

Proof.  See  discussion  above.  □ 


88.26.  A projective  module  which  is  not  locally  free 


05WG  We  give  two  examples.  One  where  the  rank  is  between  0 and  1 and  one  where  the 
rank  is  Ho. 

05WH  Lemma  88.26.1.  Let  R be  a ring.  Let  I C R be  an  ideal  generated  by  a countable 
collection  of  idempotents.  Then  I is  projective  as  an  R-module. 


Proof.  Say  I = (ei,  e2,  . . .)  with  en  an  idempotent  of  R.  After  inductively 

replacing  en+i  by  en  + (1  — en)en+i  we  may  assume  that  (ei)  C (ef)  C (ef)  C . . . 
and  hence  I = Ura>i(en)  = coliiri,,  enR.  In  this  case 

Honifj(/,  M)  = Hom/j(colim„  enR,  M)  = lim„  Pom  f>(enR.  M)  = lim„  enM 


05WI 


Note  that  the  transition  maps  en+\M  -A  enM  are  given  by  multiplication  by  en 
and  are  surjective.  Hence  by  Algebra,  Lemma  10.85.4  the  functor  Hom^(I,  M)  is 
exact,  i.e. , I is  a projective  .R-module.  □ 


Lemma  88.26.2.  Let  R be  a nonzero  ring.  Let  n > 1.  Let  M be  an  R-module 
generated  by  < n elements.  Then  any  R-module  map  f : R®"  -A  M has  a nonzero 
kernel. 


Proof.  Choose  a surjection  R®n_1  -a  M.  We  may  lift  the  map  / to  a map 
/'  : R®n  -a  R®n_1.  It  suffices  to  prove  f has  a nonzero  kernel.  The  map  f : 
R®n  -a  R®n_1  is  given  by  a matrix  A = (a^).  If  one  of  the  is  not  nilpotent,  say 
a = aij  is  not,  then  we  can  replace  A by  the  localization  Aa  and  we  may  assume 
aij  is  a unit.  Since  if  we  find  a nonzero  kernel  after  localization  then  there  was 
a nonzero  kernel  to  start  with  as  localization  is  exact,  see  Algebra,  Proposition 
In  this  case  we  can  do  a base  change  on  both  R®n  and  R®n_1  and  reduce 


10.9.12 


to  the  case  where 


Z1 


A = 


0 

0.22 

032 


0 

023 


-\ 


V-  / 

Hence  in  this  case  we  win  by  induction  on  n.  If  not  then  each  a^-  is  nilpotent.  Set 
I = (aij)  C R.  Note  that  Im+1  = 0 for  some  m > 0.  Let  m be  the  largest  integer 
such  that  Im  0.  Then  we  see  that  is  contained  in  the  kernel  of  the  map 

and  we  win.  □ 


Suppose  that  P C Q is  an  inclusion  of  R-modules  with  Q a finite  R-module  and  P 
locally  free,  see  Algebra,  Definition  |10.77.1|  Suppose  that  Q can  be  generated  by 
N elements  as  an  R-module.  Then  it  follows  from  Lemma  [88.26. 21  that  P is  finite 
locally  free  (with  the  free  parts  having  rank  at  most  N).  And  in  this  case  P is  a 
finite  R-module,  see  Algebra,  Lemma[l0.77.2[ 

Combining  this  with  the  above  we  see  that  a non-finitely-generated  ideal  which  is 
generated  by  a countable  collection  of  idempotents  is  projective  but  not  locally  free. 
An  explicit  example  is  R = IlneN  -^2  an<^  ^ t^ie  ideal  generated  by  the  idempotents 

en  = (1, 1,  ■ • • , 1,  0, . . .) 
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where  the  sequence  of  l’s  has  length  n. 

05WJ  Lemma  88.26.3.  There  exists  a ring  R and  an  ideal  I such  that  I is  projective 
as  an  R-module  but  not  locally  free  as  an  R-module. 

Proof.  See  above.  □ 

05WK  Lemma  88.26.4.  Let  K be  a field.  Let  Ci,  i = 1 be  smooth,  projective, 

geometrically  irreducible  curves  over  K . Let  Pi  £ Ci{K ) be  a rational  point  and  let 
Qi  £ Ci  be  a point  such  that  [n(Qi)  : K\  = 2.  Then  [Pi  x . . . x Pn]  is  nonzero  in 
A0{Ui  xK  ...xK  Un)  where  Uz  = Ct\  {Qi}. 

Proof.  There  is  a degree  map  deg  : A0{C\  Xk  ■ ■ ■ Xk  Cn)  -A  Z Because  each  Qi 
has  degree  2 over  I\  we  see  that  any  zero  cycle  supported  on  the  “boundary” 

C\  X K . . . X K Cn\Ui  XK  . . . XK  Un 

has  degree  divisible  by  2.  □ 

We  can  construct  another  example  of  a projective  but  not  locally  free  module 
using  the  lemma  above  as  follows.  Let  Cn , n = 1,2,3,...  be  smooth,  projective, 
geometrically  irreducible  curves  over  Q each  with  a pair  of  points  Pn , Qn  £ Cn  such 
that  n(Pn)  = Q and  n(Qn)  is  a quadratic  extension  of  Q.  Set  Un  = Cn\  {Q„}; 
this  is  an  affine  curve.  Let  Cn  be  the  inverse  of  the  ideal  sheaf  of  Pn  on  Un.  Note 
that  Ci(£„)  = [Pn]  in  the  group  of  zero  cycles  A0(Un).  Set  An  = T(Un,Oun).  Let 
Ln  = T{Un,  Cn)  which  is  a locally  free  module  of  rank  1 over  An.  Set 

Bn  = Ai  (g)Q  A-2  . . . (g>Q  An 

so  that  Spec(Pn)  = U\  x . . . x Un  all  products  over  Spec(Q).  For  i < n we  set 
Ln,i  = Al  (g)Q  . . . (g)Q  Mi  ®Q  . . . ®Q  An 

which  is  a locally  free  Pn-module  of  rank  1.  Note  that  this  is  also  the  global  sections 
of  pr*£„.  Set 

Poo  = colim„  Bn  and  L^^  = colim„  Ln ^ 

Finally,  set 

This  is  a direct  sum  of  finite  locally  free  modules,  hence  projective.  We  claim  that 
M is  not  locally  free.  Namely,  suppose  that  / £ is  a nonzero  function  such  that 
Mf  is  free  over  (Poo)/.  Let  ei,e2, ...  be  a basis.  Choose  n > 1 such  that  / € Bn. 
Choose  m > n + 1 such  that  ei, . . . , en_|_i  are  in 

0.  , . , Lm  i. 

1 <i<m 

Because  the  elements  ei , . . . , e„+i  are  part  of  a basis  after  a faithfully  flat  base 
change  we  conclude  that  the  chern  classes 

Ci{ pr*£!  ® . . . ® pr^£m),  i = to,  m - 1, . . . , m - n 

are  zero  in  the  chow  group  of 

D(f)  c Ux  x . . . x Um 

Since  / is  the  pullback  of  a function  on  Ui  x ...  x Un  this  implies  in  particular  that 
Cm-n(0&n  ffi  Prl-£ra+l  ® • • • ® pr^_n£m)  = 0. 
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on  the  variety 

W = (Cn+ 1 x ...  x Cm)K 

over  the  field  K = Q(Ci  x . . . x Cn).  In  other  words  the  cycle 

[(Pn+1  X ...  X 

is  zero  in  the  chow  group  of  zero  cycles  on  W.  This  contradicts  Lemma 
above  because  the  points  Qi,  n + 1 < i < m induce  corresponding  points  Q[  on 
(Cu)k  and  as  K/Q  is  geometrically  irreducible  we  have  [k(Q')  : K ] = 2. 


1.26.4 


05WL  Lemma  88.26.5.  There  exists  a countable  ring  R and  a projective  module  M 
which  is  a direct  sum  of  countably  many  locally  free  rank  1 modules  such  that  M is 
not  locally  free. 


Proof.  See  above. 


□ 


88.27.  Zero  dimensional  local  ring  with  nonzero  flat  ideal 

05FZ  In  |Laz67|  and  |Laz  69j  there  is  an  example  of  a zero  dimensional  local  ring  with 
a nonzero  flat  ideal.  Here  is  the  construction.  Let  k be  a field.  Let  -Y+ Y),  * > 1 be 
variables.  Take  R = k[Xi,  Kj]/(X,;  — Y;X,:+i , Yf  ).  Denote  a resp.  y,  the  image  of 
Xi , resp.  Yi  in  this  ring.  Note  that 


1 — — yiyi-\-iyi-\-2%i-\-3  — • • • 


in  this  ring.  The  ring  R has  only  one  prime  ideal,  namely  m = (Xj,^).  We  claim 
that  the  ideal  / = {xf)  is  flat  as  an  f?-module. 


Note  that  the  annihilator  of  x^  in  R is  the  ideal  (xi,  x2,  £3, . . . , yi,  Vi+i,  Vi+2i  ■ ■ •)• 
Consider  the  f?-module  M generated  by  elements  ej,  i > 1 and  relations  ej  = yiet+ 
Then  M is  flat  as  it  is  the  colimit  colinp  R of  copies  of  R with  transition  maps 


R 


2/!, 


R 


2/2, 


R 


2/3, 


Note  that  the  annihilator  of  e*  in  M is  the  ideal  (xi,  X2,  X3, . . . , yi,  yi+i,  2/2+2,  • • •)• 
Since  every  element  of  M,  resp.  I can  be  written  as  /e*,  resp.  hxi  for  some  f,h  £ R 
we  see  that  the  map  M — > /,  e,  — > x,  is  an  isomorphism  and  I is  flat. 

05G0  Lemma  88.27.1.  There  exists  a local  ring  R with  a unique  prime  ideal  and  a 
nonzero  ideal  I C R which  is  a flat  R-module 


Proof.  See  discussion  above. 


□ 


88.28.  An  epimorphism  of  zero-dimensional  rings  which  is  not 

surjective 

06RH  In  |Laz68]  and  (Laz69j  one  can  find  the  following  example.  Let  k be  a field. 
Consider  the  ring  homomorphism 

k[x1,x2,...,z1,z2, . . -]/(xf  ,zf ) — t fc[xi,x2).  ,2/1, 2/2,-  • , Vi  - Xi+iy?+i) 

which  maps  x,  to  Xi  and  Zi  to  Xipi.  Note  that  yf  + is  zero  in  the  right  hand  side 
but  that  2/1  is  not  zero  (details  omitted).  This  map  is  not  surjective:  we  can  think 
of  the  above  as  a map  of  Z-graded  algebras  by  setting  deg(x,)  = — 1,  deg(zj)  = 0, 
and  deg(2/i)  = 1 and  then  it  is  clear  that  2/1  is  not  in  the  image.  Finally,  the  map 
is  an  epimorphism  because 

2/2-1  (8)  1 = Xil H 0 1 = 2/2®  XiVi  = XiPi  02/2  = 1®  . 
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hence  the  tensor  product  of  the  target  over  the  source  is  isomorphic  to  the  target. 

06RI  Lemma  88.28.1.  There  exists  an  epimorphism  of  local  rings  of  dimension  0 which 
is  not  a surjection. 

Proof.  See  discussion  above.  □ 

88.29.  Finite  type,  not  finitely  presented,  flat  at  prime 

05G1  Let  k be  a field.  Consider  the  local  ring  A0  = k[x,  y](x,y)-  Denote  p0jn  = (y  + xn  + 
x2n+1).  This  is  a prime  ideal.  Set 

A = A0[z1,z2,  z3,  . . ]/(znzm,  zn(y  + xn  + x2n+ 1)) 

Note  that  A — > Aq  is  a surjection  whose  kernel  is  an  ideal  of  square  zero.  Hence 
A is  also  a local  ring  and  the  prime  ideals  of  A are  in  one-to-one  correspondence 
with  the  prime  ideals  of  Aq.  Denote  p„  the  prime  ideal  of  A corresponding  to  po,„. 
Observe  that  pn  is  the  annihilator  of  zn  in  A.  Let 

c = A[z\i{xz2  + z + y)[2z^+  ±] 

Note  that  A — > C is  an  etale  ring  map,  see  Algebra,  Example  |10.135.8|  Let  q C C 
be  the  maximal  ideal  generated  by  x,  y , z and  all  zn.  As  A — > C is  flat  we  see  that 
the  annihilator  of  zn  in  C is  pnC.  We  compute 

C/pnC  = A0[z]/(xz2  + z + y,  y + xn  + x2n+1)[l  / (2zx  + 1)] 

= k[x]^[z]/ (xz2  + z — xn  — x2n+1)[l  / (2zx  + 1)] 

= k[x\x)[z\/(z  - x11)  x k[x]^[z]/(xz  + xn+1  + l)[l/(2 zx  + 1)] 

= k[x](x)  x k(x) 

because  (z  — xn)(xz  + xn+1  + 1)  = xz2  + z — xn  — x2n+1.  Hence  we  see  that 
pnC  = tn  n q n with  vn  = pnC  + (z  - xn)C  and  qn  = pnC  + (xz  + xn+1  + 1)C. 
Since  q„  + tn  = C we  also  get  p„C  = rnqn.  ft  follows  that  q„  is  the  annihilator 
of  = (z  — xn)zn.  Observe  that  on  the  one  hand  t„Cq,  and  on  the  other  hand 
+ q = C.  This  follows  for  example  because  qn  is  a maximal  ideal  of  C distinct 
from  q.  Similarly  we  have  q„  + q„,  = C for  n ^ m.  At  this  point  we  let 

B = Im(C  — > Cq) 

We  observe  that  the  elements  ^ „ map  to  zero  in  B as  xz  + xn+1  + 1 is  not  in  q. 
Denote  q'  C B the  image  of  q.  By  construction  B is  a finite  type  A-algebra,  with 
_Bq/  = Cq.  In  particular  we  see  that  Bq>  is  flat  over  A. 

We  claim  there  does  not  exist  an  element  g'  £ B,  g'  ^ q'  such  that  Bg>  is  of  finite 
presentation  over  A.  We  sketch  a proof  of  this  claim.  Choose  an  element  g £ C 


we  see  that  Bg  is  finitely  presented  over  A if  and  only  if  the  kernel  of  Cg  — >■  Bgi  is 
finitely  generated.  But  the  element  g £ C is  not  contained  in  q,  hence  maps  to  a 
nonzero  element  of  Aq(z\/ (xz2  + z + y).  Hence  g can  only  be  contained  in  finitely 
many  of  the  prime  ideals  q„,  because  the  primes  (y  + xn  + x2n+1,xz  + xn+1  + 1) 
are  an  infinite  collection  of  codimension  1 points  of  the  2-dimensional  irreducible 
Noetherian  space  Spec (k[x,y,  z\/(xz2  + z + y)).  The  map 

®(^q  C/q™ — > Cg,  (cn) — 


which  maps  to  g'  £ B.  Consider  the  map  Cg  — > Bg’.  By  Algebra,  Lemma  10.6.3 
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is  injective  and  its  image  is  the  kernel  of  Cg  — * Bg'.  We  omit  the  proof  of  this 
statement.  (Hint:  Write  A = A0  © I as  an  A0-module  where  I is  the  kernel  of 
A —>■  Aq.  Similarly,  write  C = Co  ® IC.  Write  IC  = ® Czn  = ®(C/ tn  © C / q„) 
and  study  the  effect  of  multiplication  by  g on  the  summands.)  This  concludes  the 
sketch  of  the  proof  of  the  claim.  This  also  proves  that  Bgi  is  not  flat  over  A for  any 
g'  as  above.  Namely,  if  it  were  flat,  then  the  annihilator  of  the  image  of  zn  in  Bg> 
would  be  pnBgi , and  would  not  contain  z — xn. 

As  a consequence  we  can  answer  (negatively)  a question  posed  in  (GR7ll  Part  I, 
Remarques  (3.4.7)  (v)].  Here  is  a precise  statement. 

05G2  Lemma  88.29.1.  There  exists  a local  ring  A,  a finite  type  ring  map  A — >•  B and 
a prime  q lying  over  such  that  Bq  is  flat  over  A,  and  for  any  element  g £ B, 
g ^ q the  ring  Bg  is  neither  finitely  presented  over  A nor  flat  over  A. 

Proof.  See  discussion  above.  □ 


88.30.  Finite  type,  flat  and  not  of  finite  presentation 


05LB  In  this  section  we  give  some  examples  of  ring  maps  and  morphisms  which  are  of 
finite  type  and  flat  but  not  of  finite  presentation. 


Let  R be  a ring  which  has  an  ideal  I such  that  R/I  is  a finite  flat  module  but  not 
projective,  see  Section [88725] for  an  explicit  example.  Note  that  this  means  that  I is 


not  finitely  generated,  see  Algebra,  Lemma  10.107.5  Note  that  I = I2,  see  Algebra, 


Lemma |l0. 107. 2|  The  base  ring  in  our  examples  will  be  R and  correspondingly  the 
base  scheme  S = Spec (R). 


Consider  the  ring  map  R — ► R © R/Ie  where  e2  = 0 by  convention.  This  is  a finite, 
flat  ring  map  which  is  not  of  finite  presentation.  All  the  fibre  rings  are  complete 
intersections  and  geometrically  irreducible. 


Let  A = R[ x,  y]/(xy,  ay;  a £ I).  Note  that  as  an  i?-module  we  have  A = ® ,->0  Ryl © 
® j>0  R./Ix3 . Hence  R — > A is  a flat  finite  type  ring  map  which  is  not  of  finite 
presentation.  Each  fibre  ring  is  isomorphic  to  either  /c(p)[a;,  y\/(xy)  or  /c(p)[a;]. 


We  can  turn  the  previous  example  into  a projective  morphism  by  taking  B = 
R{Xq,  X-[ . X2]/(X-\  X‘2 . aX'2'-  a £ I).  In  this  case  A'  = Proj(H)  — >•  S is  a proper  flat 
morphism  which  is  not  of  finite  presentation  such  that  for  each  s £ S the  fibre  Xs  is 
isomorphic  either  to  P).  or  to  the  closed  subscheme  of  P2  defined  by  the  vanishing 
of  XxX2  (this  is  a projective  nodal  curve  of  arithmetic  genus  0). 

Let  M = R © R © R/I.  Set  B = Sym^(M)  the  symmetric  algebra  on  M.  Set 
X = Proj(H).  Then  X — > S is  a proper  flat  morphism,  not  of  finite  presentation 
such  that  for  s £ S the  geometric  fibre  is  isomorphic  to  either  P),  or  P2.  In 
particular  these  fibres  are  smooth  and  geometrically  irreducible. 

05LC  Lemma  88.30.1.  There  exist  examples  of 

(1)  a flat  finite  type  ring  map  with  geometrically  irreducible  complete  inter- 
section fibre  rings  which  is  not  of  finite  presentation, 

(2)  a flat  finite  type  ring  map  with  geometrically  connected,  geometrically  re- 
duced, dimension  1,  complete  intersection  fibre  rings  which  is  not  of  finite 
presentation, 
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(3)  a proper  flat  morphism  of  schemes  X — > S each  of  whose  fibres  is  isomor- 
phic to  either  Pj,  or  to  the  vanishing  locus  of  X\X 2 in  Pj?  which  is  not  of 
finite  presentation , and 

(4)  a proper  flat  morphism  of  schemes  X — )■  S each  of  whose  fibres  is  isomor- 
phic to  either  P*  or  P2  which  is  not  of  finite  presentation. 

Proof.  See  discussion  above.  □ 


88.31.  Topology  of  a finite  type  ring  map 


05JH 


05JI 


Let  A — > B be  a local  map  of  local  domains.  If  A is  Noetherian,  A — >•  B is  essentially 
of  finite  type,  and  A/rru  C B/rtig  is  finite  then  there  exists  a prime  q C B,  (|  / ms 
such  that  A B / q is  the  localization  of  a quasi-finite  ring  map.  See  More  on 
Morphisms,  Lemma  [36.37. 6[ 

In  this  section  we  give  an  example  that  shows  this  result  is  false  A is  no  longer 
Noetherian.  Namely,  let  k be  a field  and  set 

A = {ao  + a\X  + ci2X2  + . . . | do  £ k,  cq  £ k((y ))  for  i > 1} 


and 

C = {do  + aiX  + a2X2  + . . . | do  £ k[y],di  £ k((y))  for  i > 1}. 

The  inclusion  A — > C is  of  finite  type  as  C is  generated  by  y over  A.  We  claim  that 
A is  a local  ring  with  maximal  ideal  m = {diX  + d2X2  + . . . € A}  and  no  prime  ideals 
besides  (0)  and  m.  Namely,  an  element  / = do  + dix  + d2X2  + ...  of  A is  invertible 
as  soon  as  d0  ^ 0.  If  q C A is  a nonzero  prime  ideal,  and  / = a iXl  + . . . £ q, 
then  using  properties  of  power  series  one  sees  that  for  any  g £ k((y))  the  element 
gl+l xl+1  £ q,  i.e. , gx  £ q.  This  proves  that  q = m. 


As  to  the  spectrum  of  the  ring  C , arguing  in  the  same  way  as  above  we  see  that 
any  nonzero  prime  ideal  contains  the  prime  p = {dix  + d2X2  + . . . £ C}  which  lies 
over  m.  Thus  the  only  prime  of  C which  lies  over  (0)  is  (0).  Set  me  = yC  + p and 
B = Cmc . Then  A — >•  B is  the  desired  example. 

Lemma  88.31.1.  There  exists  a local  homomorphism  A — ► B of  local  domains 
which  is  essentially  of  finite  type  and  such  that  A/vcia  —>  B / ms  is  finite  such  that 
for  every  prime  q / m^  of  B the  ring  map  A —>■  B/q  is  not  the  localization  of  a 
quasi-finite  ring  map. 


Proof.  See  the  discussion  above. 


□ 


88.32.  Pure  not  universally  pure 

05JJ  Let  A:  be  a field.  Let 

R = k[[x,xy,xy2, . . .]]  C k[[x,y}\. 

In  other  words,  a power  series  / £ fc[[x,y]]  is  in  R if  and  only  if  f(0,y)  is  a 
constant.  In  particular  R[ l/x\  = fc[[x,  ?/]][l/x]  and  R/xR  is  a local  ring  with  a 
maximal  ideal  whose  square  is  zero.  Denote  R[y\  C A’[[x,  y\\  the  set  of  power  series 
/ £ fc[[x,y]]  such  that  f(0,y)  is  a polynomial  in  y.  Then  R — > R[y]  is  a finite  type 
but  not  finitely  presented  ring  map  which  induces  an  isomorphism  after  inverting 
x.  Also  there  is  a surjection  R[y]/xR[y]  — > k[y]  whose  kernel  has  square  zero. 
Consider  the  finitely  presented  ring  map  R — ► S = R[t\/(xt  — xy).  Again  R[ l/x\  — » 
5[l/x]  is  an  isomorphism  and  in  this  case  S/xS  = (R/xR)[t]/(xy)  maps  onto  k[t] 
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with  nilpotent  kernel.  There  is  a surjection  S —¥  R[y],  t i — > y which  induces  an 
isomorphism  on  inverting  x and  a surjection  with  nilpotent  kernel  modulo  x.  Hence 
the  kernel  of  S — > R[y]  is  locally  nilpotent.  In  particular  S — > R[y]  is  a universal 
homeomorphism. 

First  we  claim  that  S is  an  S-module  which  is  relatively  pure  over  R.  Since  on 
inverting  x we  obtain  an  isomorphism  we  only  need  to  check  this  at  the  maximal 
ideal  m C R.  Since  R is  complete  with  respect  to  its  maximal  ideal  it  is  henselian 
hence  we  need  only  check  that  every  prime  p C J?,  p / m,  the  unique  prime  q of 
S lying  over  p satisfies  mS  + q ^ S.  Since  p / m it  corresponds  to  a unique  prime 
ideal  of  k[[x,  j/]][1/t].  Hence  either  p = (0)  or  p = (/)  for  some  irreducible  element 
f £ k[[x,  y]]  which  is  not  associated  to  x (here  we  use  that  k[[x,  y]]  is  a UFD  insert 
future  reference  here).  In  the  first  case  q = (0)  and  the  result  is  clear.  In  the  second 
case  we  may  multiply  / by  a unit  so  that  / £ R[y]  (Weierstrass  preparation;  details 
omitted).  Then  it  is  easy  to  see  that  R[y)/fR[y]  = k[[x,y]]/(f)  hence  / defines 
a prime  ideal  of  R[y]  and  mi? [y]  + fR[y]  ^ f?[y].  Since  S — > R[y]  is  a universal 
homeomorphism  we  deduce  the  desired  result  for  S also. 

Second  we  claim  that  S is  not  universally  relatively  pure  over  R.  Namely,  to  see 
this  it  sufffices  to  find  a valuation  ring  O and  a local  ring  map  R — )•  O such  that 
Spec (R[y]®xO)  — > Spec(C>)  does  not  hit  the  closed  point  of  Spec(O).  Equivalently, 
we  have  to  find  y>  : R -A  O such  that  (p(x)  ^ 0 and  v(<p(x))  > v(ip(xy))  where  v is 
the  valuation  of  O.  (Because  this  means  that  the  valuation  of  y is  negative.)  To  do 
this  consider  the  ring  map 

R — > {a0  + a\x  + a2x2  + . . . | a0  £ k[y~\ai  £ fc((y))} 

defined  in  the  obvious  way.  We  can  find  a valuation  ring  O dominating  the  local- 
ization of  the  right  hand  side  at  the  maximal  ideal  (y-1,cc)  and  we  win. 

05JK  Lemma  88.32.1.  There  exists  a morphism  of  affine  schemes  of  finite  presentation 
X — > S and  an  Ox  -module  J-  of  finite  presentation  such  that  J-  is  pure  relative  to 
S,  but  not  universally  pure  relative  to  S. 

Proof.  See  discussion  above.  □ 

88.33.  A formally  smooth  non-flat  ring  map 

057V  Let  k be  a held.  Consider  the  /c-algebra  /c[Q].  This  is  the  fc-algebra  with  basis 
xa,a  £ Q and  multiplication  determined  by  xaxp  = xa+p.  (In  particular  £o  = 1.) 
Consider  the  fc-algebra  homomorphism 

k[ Q]  — > k,  xa  i — > 1. 

It  is  surjective  with  kernel  J generated  by  the  elements  xa  — 1.  Let  us  compute 
J/J2.  Note  that  multiplication  by  xa  on  J/J2  is  the  identity  map.  Denote  za  the 
class  of  xa  — 1 modulo  J2.  These  classes  generate  J/J2.  Since 

{xa  - l)(X/3  - 1)  = xa+p  -xa-xp  + l = (xa+p  - 1)  - (xa  - 1)  - {xp  - 1) 

we  see  that  za+p  = za  + zp  in  J/J2.  A general  element  of  J/J 2 is  of  the  form 
Y/  Aa2a  with  A a £ k (only  finitely  many  nonzero).  Note  that  if  the  characteristic 
of  k is  p > 0 then 

0 P^a/p  ~a/p  + ■ • ■ + Zql/p  Zqc 
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and  we  see  that  J/J2  = 0.  If  the  characteristic  of  k is  zero,  then 

J/J2  = Q ®z  k = k 

(details  omitted)  is  not  zero. 

We  claim  that  fc[Q]  — > k is  a formally  smooth  ring  map  if  the  characteristic  of  k is 
positive.  Namely,  suppose  given  a solid  commutative  diagram 

k s-  A 

A ' 

k[Q]-^Af 

with  A'  — > A a surjection  whose  kernel  I has  square  zero.  To  show  that  fc[Q]  — > k 
is  formally  smooth  we  have  to  prove  that  p factors  through  k.  Since  p(xa  — 1) 
maps  to  zero  in  A we  see  that  p induces  a map  p : J/J2  -A  / whose  vanishing  is 
the  obstruction  to  the  desired  factorization.  Since  J/J2  = 0 if  the  characteristic 
is  p > 0 we  get  the  result  we  want,  i.e.,  fc[Q]  — >•  /c  is  formally  smooth  in  this  case. 
Finally,  this  ring  map  is  not  flat,  for  example  as  the  nonzerodivisor  X2  — 1 is  mapped 
to  zero. 

057W  Lemma  88.33.1.  There  exists  a formally  smooth  ring  map  which  is  not  flat. 

Proof.  See  discussion  above.  □ 

88.34.  A formally  etale  non-flat  ring  map 

060H  In  this  section  we  give  a counterexample  to  the  final  sentence  in  IDQ671  0,  Example 
19. 10.3(i)]  (this  was  not  one  of  the  items  caught  in  their  later  errata  lists).  Consider 
A — > A/  J for  a local  ring  A and  a nonzero  proper  ideal  J such  that  J2  = J (so  J isn’t 
finitely  generated);  the  valuation  ring  of  an  algebraically  closed  non-archimedean 
field  with  J its  maximal  ideal  is  a source  of  such  (A,J).  These  non- flat  quotient 
maps  are  formally  etale.  Namely,  suppose  given  a commutative  diagram 

A/  J ^R/I 


where  I is  an  ideal  of  the  ring  R with  I2  = 0.  Then  A — >■  R factors  uniquely 
through  A/  J because 

p{J)  = p{J2)  C (p(J)A)2  C J2  = 0. 

Hence  this  also  provides  a counterexample  to  the  formally  etale  case  of  the  “struc- 
ture theorem”  for  locally  finite  type  and  formally  etale  morphisms  in  IDQ671  IV, 
Theorem  18.4.6(i)]  (but  not  a counterexample  to  part  (ii),  which  is  what  people 
actually  use  in  practice).  The  error  in  the  proof  of  the  latter  is  that  the  very  last 
step  of  the  proof  is  to  invoke  the  incorrect  IDG671  0,  Example  19.3. 10(i)] , which  is 
how  the  counterexample  just  mentioned  creeps  in. 

0601  Lemma  88.34.1.  There  exist  formally  etale  nonflat  ring  maps. 


Proof.  See  discussion  above. 


□ 
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Let  k be  a field.  Consider  the  ring 

R = k[{xn}n>  1,  {yn}n>  1 ] / (S'll/li  %nm  Vnm  Vn) 

Let  A be  the  localization  at  the  maximal  ideal  generated  by  all  xn,yn  and  denote 
J C A the  maximal  ideal.  Set  B = A/ J.  By  construction  J2  = J and  hence  A — ► B 


is  formally  etale  (see  Section  88.34).  We  claim  that  the  element  xi®yi  is  a nonzero 
element  in  the  kernel  of 

J ®A  J t J- 

Namely,  (A,  J)  is  the  colimit  of  the  localizations  (A„,  Jn)  of  the  rings 

Rn  = k[xn,yn\/(xZy™) 

at  their  corresponding  maximal  ideals.  Then  X\  ® y\  corresponds  to  the  element 
i“0  y™  £ Jn  (8>a„  Jn  and  is  nonzero  (by  an  explicit  computation  which  we  omit). 
Since  ® commutes  with  colimits  we  conclude.  By  p72j  III  Section  3.3]  we  see 
that  J is  not  weakly  regular.  Hence  by  UIl72l  III  Proposition  3.3.3]  we  see  that 
the  cotangent  complex  Lb /a  is  not  zero.  In  fact,  we  can  be  more  precise.  We 
have  H0(Lb/A)  = flB/A  and  Hi(Lb/a)  = 0 because  J / J2  = 0.  But  from  the  five- 
term  exact  sequence  of  Quillen’s  fundamental  spectral  sequence  (see  Cotangent, 
or  [Rei.  Corollary  8.2.6])  and  the  nonvanishing  of  Tor ^(R,R)  = 


75.11.5 
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Remark 

Ker(J  ®A  J — > J)  we  conclude  that  H2(LB/A)  is  nonzero. 

Lemma  88.35.1.  There  exists  a formally  etale  surjective  ring  map  A -A  B with 
Lb/a  not  equal  to  zero. 

Proof.  See  discussion  above.  □ 


88.36.  Ideals  generated  by  sets  of  idempotents  and  localization 

04QK  Let  R be  a ring.  Consider  the  ring 

B(R)  — R\Xni  rl  £ Z ]/ (Xni^Xn  1),  XnXm i rl  7^  TYl ) 

It  is  easy  to  show  that  every  prime  q C B(R)  is  either  of  the  form 

q = pB(R)  + (x„;n  e Z) 

or  of  the  form 

q = pB(R)  + (xn  - 1)  + {xm;  n ^ to,  to  £ Z). 

Hence  we  see  that 

Spec(R(I?))  = Spec(i?)  H ^ Spec(i?) 

where  the  topology  is  not  just  the  disjoint  union  topology.  It  has  the  following 
properties:  Each  of  the  copies  indexed  by  n € Z is  an  open  subscheme,  namely  it 
is  the  standard  open  D(xn).  The  ’’central”  copy  of  Spec(i?)  is  in  the  closure  of 
the  union  of  any  infinitely  many  of  the  other  copies  of  Spec(i?).  Note  that  this 
last  copy  of  Spec(i?)  is  cut  out  by  the  ideal  (xn,n  £ Z)  which  is  generated  by  the 
idempotents  xn.  Hence  we  see  that  if  Spec(I?)  is  connected,  then  the  decomposition 
above  is  exactly  the  decomposition  of  Spec (B(R))  into  connected  components. 

Next,  let  A = C[x,  y]/{{y  — x2  + 1 )(y  + x2  — 1)).  The  spectrum  of  A consists  of  two 
irreducible  components  CA  = Spe^AQ,  C2  = Spec(A2)  with  A1  = C[x,y]/(y  — 
x2  + 1)  and  A2  = C[x,y]/(y  + x2  — 1).  Note  that  these  are  parametrized  by 
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{x,  y)  = (t,  t2  — 1)  and  (x,  y)  = (t,  —t2  + 1)  which  meet  in  P = (—1,  0)  and  Q = (1, 0). 
We  can  make  a twisted  version  of  B(A)  where  we  glue  B(Ai)  to  B(A2)  in  the 
following  way:  Above  P we  let  xn  G B(Ai)®k(P)  correspond  to  xn  € B(A2)®k(P), 
but  above  Q we  let  xn  € B{A\)  <g)  k(Q)  correspond  to  xn+\  G B(A2 ) ® k(Q). 
Let  Btwlst(A)  denote  the  resulting  A- algebra.  Details  omitted.  By  construction 
Btwlst(A)  is  Zariski  locally  over  A isomorphic  to  the  untwisted  version.  Namely, 
this  happens  over  both  the  principal  open  Spec(A)  \ {P}  and  the  principal  open 
Spec(A)  \ {<2}.  However,  our  choice  of  glueing  produces  enough  " monodromy” 
such  that  Spec (Btmst(A))  is  connected  (details  omitted).  Finally,  there  is  a central 
copy  of  Spec(A)  — ► Spec (BtwiSt(A))  which  gives  a closed  subscheme  whose  ideal  is 
Zariski  locally  on  Btmst(A)  cut  out  by  ideals  generated  by  idempotents,  but  not 
globally  (as  Btwlst{A)  has  no  nontrivial  idempotents). 

04QL  Lemma  88.36.1.  There  exists  an  affine  scheme  X = Spec(A)  and  a closed  sub- 
scheme T C X such  that  T is  Zariski  locally  on  X cut  out  by  ideals  generated  by 
idempotents,  but  T is  not  cut  out  by  an  ideal  generated  by  idempotents. 

Proof.  See  above.  □ 


88.37.  A ring  map  which  identifies  local  rings  which  is  not  ind-etale 
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Note  that  the  ring  map  R — > B(R)  constructed  in  Section  88.36  is  a colimit  of  finite 
products  of  copies  of  R.  Hence  R — > B(R)  is  ind-Zariski,  see  Pro-etale  Cohomology, 
Definition  51.4.1  Next,  consider  the  ring  map  A — > Btw'lst(yA)  constructed  in 


Section  88.36  Since  this  ring  map  is  Zariski  locally  on  Spec(A)  isomorphic  to  an 
ind-Zariski  ring  map  R -A  B{R)  we  conclude  that  it  identifies  local  rings  (see  Pro- 
etale  Cohomology,  Lemma  51.4.6).  The  discussion  in  Section  88.36  shows  there  is 


a section  Btwlst(A)  -A  A whose  kernel  is  not  generated  by  idempotents.  Now,  if 
A -A  Btmst(A)  were  ind-etale,  i.e. , Btwlst(A)  = colimAj  with  A -a  A;  etale,  then 
the  kernel  of  A,(  -a  A would  be  generated  by  an  idempotent  (Algebra,  Lemmas 


10.141.9  and  10.141.10).  This  would  contradict  the  result  mentioned  above. 


09AP  Lemma  88.37.1.  There  is  a ring  map  A — » B which  identifies  local  rings  but 
which  is  not  ind-etale.  A fortiori  it  is  not  ind-Zariski. 


Proof.  See  discussion  above. 


□ 


88.38.  Non  flasque  quasi-coherent  sheaf  associated  to  injective  module 

0273  For  more  examples  of  this  type  see  IBC4T71 1 Expose  II,  Appendix  I]  where  Illusie 
explains  some  examples  due  to  Verdier. 


Consider  the  affine  scheme  X = Spec(A)  where 

A = k[x,y,zi,z2, . . ]/(xnzn) 


is  the  ring  from  Properties,  Example  27.25.2  Set  I = (x)  C A.  Consider  the  quasi- 
compact open  U = D{ x)  of  X.  We  have  seen  in  loc.  cit.  that  there  is  a section 
s E Ox{U)  which  does  not  come  from  an  A- module  map  I"  A A for  any  n > 0. 

Let  a : A — >•  J be  the  embedding  of  A into  an  injective  A-module.  Let  Q = J/a(A) 
and  denote  0 : J — >■  Q the  quotient  map.  We  claim  that  the  map 

F(A,  J)  -A  r (U,  J) 
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is  not  surjective.  Namely,  we  claim  that  a(s)  is  not  in  the  image.  To  see  this,  we 
argue  by  contradiction.  So  assume  that  x £ J is  an  element  which  restricts  to  a(s) 
over  U.  Then  /3(x)  G Q is  an  element  which  restricts  to  0 over  U.  Hence  we  know 
that  Inf3(x)  = 0 for  some  n,  see  Properties,  Lemma  27.25.1  This  implies  that  we 
get  a morphism  ip  : In  ^ A,  h i— > a~l(hx).  It  is  easy  to  see  that  this  morphism 
tp  gives  rise  to  the  section  s via  the  map  of  Properties,  Lemma  |27. 25. 1|  which  is  a 
contradiction. 


0274  Lemma  88.38.1.  There  exists  an  affine  scheme  X = Spec(A)  and  an  injective 
A-module  J such  that  J is  not  a flasque  sheaf  on  X . Even  the  restriction  T(X,  J)  — » 
T{U,  J ) with  U a standard  open  need  not  be  surjective. 


Proof.  See  above. 


□ 


88.39.  A non-separated  flat  group  scheme 


06E7  Every  group  scheme  over  a field  is  separated,  see  Groupoids,  Lemma  [38. 7.3[  This 
is  not  true  for  group  schemes  over  a base. 

Let  k be  a field.  Let  S = Spec(fc[x])  = A£.  Let  G be  the  affine  line  with  0 doubled 


(see  Schemes,  Example  25.14.3|)  seen  as  a scheme  over  S.  Thus  a fibre  of  G S is 
either  a singleton  or  a set  with  two  elements  (one  in  U and  one  in  V).  Thus  we  can 
endow  these  fibres  with  the  structure  of  a group  (by  letting  the  element  in  U be 
the  zero  of  the  group  structure) . More  precisely,  G has  two  opens  U,  V which  map 
isomorphically  to  S such  that  U D V is  mapped  isomorphically  to  S \ {0}.  Then 

GxsG  = UxsULIVxsUUUxsVUVxsV 


where  each  piece  is  isomorphic  to  S.  Hence  we  can  define  a multiplication  m : 
G x s G — ► G as  the  unique  S-morphism  which  maps  the  first  and  the  last  piece 
into  U and  the  two  middle  pieces  into  V . This  matches  the  pointwise  description 
given  above.  We  omit  the  verification  that  this  defines  a group  scheme  structure. 

06E8  Lemma  88.39.1.  There  exists  a flat  group  scheme  of  finite  type  over  the  affine 
line  which  is  not  separated. 


Proof.  See  the  discussion  above. 


□ 


08IX  Lemma  88.39.2.  There  exists  a flat  group  scheme  of  finite  type  over  the  infinite 
dimensional  affine  space  which  is  not  quasi-separated. 

Proof.  The  same  construction  as  above  can  be  carried  out  with  the  infinite  dimen- 
sional affine  space  S = A£°  = Spec  fcfaq,  X2, . . .]  as  the  base  and  the  origin  0 G S 
corresponding  to  the  maximal  ideal  (x\,  X2,  ■ ■ ■)  as  the  closed  point  which  is  doubled 
in  G.  The  resulting  group  scheme  G — > S is  not  quasi-separated  as  explained  in 
Schemes,  Example  |25. 21. 4(  □ 


88.40.  A non-flat  group  scheme  with  flat  identity  component 

06RJ  Let  X — > S be  a monomorphism  of  schemes.  Let  G = 5HX.  Let  m : G xg  G — >•  G 
be  the  S'-morphism 

G xs  G = X xsXHXHXHS — >G  = XHS 

which  maps  the  summands  X x § X and  S into  S and  maps  the  summands  X into 
X by  the  identity  morphism.  This  defines  a group  law.  To  see  this  we  have  to  show 
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that  to  o (to  x idG)  = m o (idG  x to)  as  maps  G x$  G xg  G -A  G.  Decomposing 
G x s G x s G into  components  as  above,  we  see  that  we  need  to  verify  this  for 
the  restriction  to  each  of  the  8-pieces.  Each  piece  is  isomorphic  to  either  S,  X , 
X xs  X,  or  A'  Xs  X Xs  X.  Moreover,  both  maps  map  these  pieces  to  S,  X , S, 
X respectively.  Having  said  this,  the  fact  that  A'  -A  S'  is  a monomorphism  implies 
that  X x s X = X and  X x g X x g X = X and  that  there  is  in  each  case  exactly  one 
S-morphism  S — > S or  X — > X.  Thus  we  see  that  to  o (to  x idG)  = to  o (idG  x to). 
Thus  taking  X — >•  S to  be  any  nonflat  monomorphism  of  schemes  (e.g.,  a closed 
immersion)  we  get  an  example  of  a group  scheme  over  a base  S whose  identity 
component  is  S (hence  flat)  but  which  is  not  flat. 

06RK  Lemma  88.40.1.  There  exists  a group  scheme  G over  a base  S whose  identity 
component  is  flat  over  S but  which  is  not  flat  over  S . 

Proof.  See  discussion  above.  □ 

88.41.  A non-separated  group  algebraic  space  over  a field 

06E9  Every  group  scheme  over  a field  is  separated,  see  Groupoids,  Lemma  [38.7.3|  This 
is  not  true  for  group  algebraic  spaces  over  a field  (but  see  end  of  this  section  for 
positive  results). 

Let  fc  be  a held  of  characteristic  zero.  Consider  the  algebraic  space  G = A[/Z 
from  Spaces,  Example  |52.14.8|  By  construction  G is  the  fppf  sheaf  associated  to 
the  presheaf 

T i — > T(T,  Ot)/ Z 

on  the  category  of  schemes  over  k.  The  obvious  addition  rule  on  the  presheaf 
induces  an  addition  to  : G x G — > G which  turns  G into  a group  algebraic  space 
over  Spec(fc).  Note  that  G is  not  separated  (and  not  even  quasi-separated  or  locally 
separated).  On  the  other  hand  G — > Spec (fc)  is  of  finite  type! 

06EA  Lemma  88.41.1.  There  exists  a group  algebraic  space  of  finite  type  over  a field 
which  is  not  separated  (and  not  even  quasi-separated  or  locally  separated). 

Proof.  See  discussion  above.  □ 

Positive  results:  If  the  group  algebraic  space  G is  either  quasi-separated,  or  locally 
separated,  or  more  generally  a decent  algebraic  space,  then  G is  in  fact  separated, 
see  More  on  Groupoids  in  Spaces,  Lemma|66.7.4|  Moreover,  a finite  type,  separated 
group  algebraic  space  over  a held  is  in  fact  a scheme  (insert  future  reference  here). 
The  idea  of  the  proof  is  that  the  schematic  locus  is  open  dense,  see  Properties  of 
Spaces,  Proposition |53 . 1 2 13| or  Decent  Spaces,  Theorem |55. 9. 2|  By  translating  this 
open  we  see  that  every  point  of  G has  an  open  neighbourhood  which  is  a scheme. 

88.42.  Specializations  between  points  in  fibre  etale  morphism 

06UJ  If  / : X — > Y is  an  etale,  or  more  generally  a locally  quasi-hnite  morphism  of 
schemes,  then  there  are  no  specializations  between  points  of  fibres,  see  Morphisms, 
Lemma  [28.20.8|  However,  for  morphisms  of  algebraic  spaces  this  doesn’t  hold  in 
general. 

To  give  an  example,  let  k be  a field.  Set 

P = {xn}nGZ]- 
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Consider  the  action  of  Z on  P by  fc-algebra  maps  generated  by  the  automorphism 
t given  by  the  rules  t(u ) = u,  r{y)  = uy , and  t(x„)  = xn+i.  For  d > 1 set 
Id  = ((1  — ud)y,xn  — xn+d,n  £ Z).  Then  V(Id)  C Spec (P)  is  the  fix  point  locus  of 
Td.  Let  S C P be  the  multiplicative  subset  generated  by  y and  all  1 — ud,  d £ N. 
Then  we  see  that  Z acts  freely  on  U = Spec (S~1P).  Let  X = U/Z  be  the  quotient 
algebraic  space,  see  Spaces,  Definition  |52. 14.4| 

Consider  the  prime  ideals  pn  = (xn,xn+i, . . .)  in  S~1P.  Note  that  r(p„)  = p„+1. 
Hence  each  of  these  define  point  £„  £ U whose  image  in  X is  the  same  point  x of 
X.  Moreover  we  have  the  specializations 

• • • fn  £n- 1 

We  conclude  that  U — > X is  an  example  of  the  promised  type. 

06UK  Lemma  88.42.1.  There  exists  an  etale  morphism  of  algebraic  spaces  f : X — ► Y 
and  a nontrivial  specialization  of  points  x x'  in  |X|  with  fix)  = fix')  in  |F|. 

Proof.  See  discussion  above.  □ 


88.43.  A torsor  which  is  not  an  fppf  torsor 

04AF  In  Groupoids,  Remark  |38.11.5|  we  raise  the  question  whether  any  G-torsor  is  a G- 
torsor  for  the  fppf  topology.  In  this  section  we  show  that  this  is  not  always  the 
case. 


Let  k be  a field.  All  schemes  and  stacks  are  over  k in  what  follows.  Let  G — > Spec(fc) 
be  the  group  scheme 

G = (//2 ,fc)°°  = ,k  Xfe  H2 ,k  Xfe  fj,2,k  X fc  . . . = limn(/.I2 ,fc)n 

where  /r2 ,k  is  the  group  scheme  of  second  roots  of  unity  over  Spec(fc),  see  Groupoids, 
Example  |38.5.2|  As  an  inverse  limit  of  affine  schemes  we  see  that  G is  an  affine 
group  scheme.  In  fact  it  is  the  spectrum  of  the  ring  fc[fi,f2,t3, . . -]/{tf  — 1).  The 
multiplication  map  m : G x&  G — > G is  on  the  algebra  level  given  by  f,t  i— > U ® ti. 


We  claim  that  any  G-torsor  over  k is  of  the  form 

P = Spec(fc[xi,  x2,  X3, . . .]/(xf  - a,)) 

for  certain  at  £ k*  and  with  G-action  Gx^P-iP  given  by  Xi  —X  ti  ® Xi  on  the 
algebra  level.  We  omit  the  proof.  Actually  for  the  example  we  only  need  that  P 
is  a G-torsor  which  is  clear  since  over  k'  = kf^Jaf,  y/af,  • • •)  the  scheme  P becomes 
isomorphic  to  G in  a G-equivariant  manner.  Note  that  P is  trivial  if  and  only  if 
k'  = k since  if  P has  a ^-rational  point  then  all  of  the  at  are  squares. 


We  claim  that  P is  an  fppf  torsor  if  and  only  if  the  held  extension  k C k!  = 
k(y/a 1,  y/af, . . .)  is  finite.  If  k'  is  finite  over  k,  then  {Spec^')  — » Spec(fc)}  is  an  fppf 
covering  which  trivializes  P and  we  see  that  P is  indeed  an  fppf  torsor.  Conversely, 
suppose  that  P is  a G-torsor  for  the  fppf  topology.  This  means  that  there  exists  an 
fppf  covering  {Si  — > Spec (k)}  such  that  each  Pst  is  trivial.  Pick  an  i such  that  Si 
is  not  empty.  Let  s £ Si  be  a closed  point.  By  Varieties,  Lemma  32.12.1  the  held 
extension  k C k(s)  is  hnite,  and  by  construction  PK(S)  has  a /-c(s)-rational  point. 
Thus  we  see  that  k C k'  C k(s)  and  k!  is  hnite  over  k. 


To  get  an  explicit  example  take  k = Q and  a;  = * for  example  (or  is  the  itli 
prime  if  you  like) . 
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Lemma  88.43.1.  Let  S be  a scheme.  Let  G be  a group  scheme  over  S . The  stack 
G-Principal  classifying  principal  homogeneous  G -spaces  (see  Examples  of  Stacks, 
Subsection  77.  If.  5)  and  the  stack  G-Torsors  classifying  fppf  G-torsors  (see  Exam- 
ples of  Stacks,  Subsection  17. If. 8 ) are  not  equivalent  in  general. 


Proof.  The  discussion  above  shows  that  the  functor  G-Torsors  -A  G-Principal 
isn’t  essentially  surjective  in  general.  □ 


88.44.  Stack  with  quasi-compact  fiat  covering  which  is  not  algebraic 
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In  this  section  we  briefly  describe  an  example  due  to  Brian  Conrad.  You  can  find 
the  example  online  at  this  location.  Our  example  is  slightly  different. 


Let  k be  an  algebraically  closed  field.  All  schemes  and  stacks  are  over  k in  what 
follows.  Let  G — ¥ Spec(fc)  be  an  affine  group  scheme.  In  Examples  of  Stacks, 
Proposition  |77.  lo3  we  have  seen  that  X = [Spec(fc)/G]  is  a stack  in  groupoids 
over  ( Sch / Spec {k))fppf  which  can  be  described  as  follows.  A 1-morphism  T — > X 
corresponds  by  definition  to  an  fppf  Gy-torsor  P over  T.  The  diagonal  1-morphism 


A : X — > X x spec(fc)  X 

is  representable  and  affine.  The  reason  for  this  is  that  given  any  pair  of  Gr-torsors 
P\,  P2  in  the  fppf  topology  over  a scheme  S/k  the  scheme  Isom(P\,  P2)  is  affine 
over  T.  The  trivial  G-torsor  over  Spec(fc)  defines  a 1-morphism 

/ : Spec(fc)  — ¥ A. 


We  claim  that  this  is  a surjective  1-morphism.  The  reason  is  simply  that  by  defi- 
nition for  any  1-morphism  T — > X there  exists  a fppf  covering  {Tj  -A  T}  such  that 
Pt , is  isomorphic  to  the  trivial  Gt, -torsor.  Hence  the  compositions  Tj  — ¥ T — ¥ X 
factor  through  /.  Thus  it  is  clear  that  the  projection  T Xx  Spec (k)  — ¥ X is  surjec- 
tive (which  is  how  we  define  the  property  that  / is  surjective,  see  Algebraic  Stacks, 
Definition  |76.10.1 1 . In  a similar  way  you  show  that  / is  quasi-compact  and  flat 
(details  omitted).  We  also  record  here  the  observation  that 

Spec(fc)  x x Spec(fc)  = G 


as  schemes  over  k. 


Suppose  there  exists  a surjective  smooth  morphism  p : U -A  X where  U is  a scheme. 
Consider  the  fibre  product 

W 


Spec(fc) 3-  X 

Then  we  see  that  IT  is  a nonempty  smooth  scheme  over  k which  hence  has  a fc-point. 
This  means  that  we  can  factor  / through  U . Hence  we  obtain 

G = Spec (k)  xx  Spec (fc)  = (Spec (k)  xk  Spec(fc))  X(UXkU ) {U  xx  U) 

and  since  the  projections  U Xx  U -A  U were  assumed  smooth  we  conclude  that 
U Xx  U — > U xkU  is  locally  of  finite  type,  see  Morphisms,  Lemma [28.15.8|  It 
follows  that  in  this  case  G is  locally  of  finite  type  over  k.  Altogether  we  have 
proved  the  following  lemma  (which  can  be  significantly  generalized). 
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Lemma  88.44.1.  Let  k be  a field.  Let  G be  an  affine  group  scheme  over  k.  If  the 
stack  [Spec(fc)/G]  has  a smooth  covering  by  a scheme,  then  G is  of  finite  type  over 

k. 

Proof.  See  discussion  above.  □ 


To  get  an  explicit  example  as  in  the  title  of  this  section,  take  for  example  G = 
([j,2 ,k)°°  the  group  scheme  of  Section  88.43|  which  is  not  locally  of  finite  type  over 
k.  By  the  discussion  above  we  see  that  X = [Spec(fe)/G]  has  properties  (1)  and  (2) 
of  Algebraic  Stacks,  Definition  76.12.1  but  not  property  (3).  Hence  X is  not  an 
algebraic  stack.  On  the  other  hand,  there  does  exists  a scheme  U an  a surjective, 
flat,  quasi-conrpact  morphism  U — > X , namely  the  morphism  / : Spec(fc)  -A  X we 
studied  above. 


88.45.  Limit  preserving  on  objects,  not  limit  preserving 


Let  S be  a nonempty  scheme.  Let  Q be  an  injective  abelian  sheaf  on  {Sch/S)  fPPf- 
We  obtain  a stack  in  groupoids 


Q-Torsors  — > ( Sch / S) fppf 

over  S,  see  Examples  of  Stacks,  Lemma  [77  .14. 2|  This  stack  is  limit  preserving  on 
objects  over  {Sch/S)  fppf  (see  Criteria  for  Representability,  Section  79.5)  because 
every  (/-torsor  is  trivial.  On  the  other  hand,  Q-Torsors  is  in  general  not  limit 
preserving  (see  Artin’s  Axioms,  Definition  80.13.1 1 as  Q need  not  be  limit  preserving 
as  a sheaf.  For  example,  take  any  nonzero  injective  sheaf  T and  set  ^ — EUz  ^ to 
get  an  example. 


Lemma  88.45.1.  Let  S be  a nonempty  scheme.  There  exists  a stack  in  groupoids 
p : X — > {Sch/ S)  fppf  such  that  p is  limit  preserving  on  objects,  but  X is  not  limit 
preserving. 


Proof.  See  discussion  above. 


□ 


88.46.  A non-algebraic  classifying  stack 


Let  S = Spec(Fp)  and  let  pp  denote  the  group  scheme  of  pth  roots  of  unity  over  S. 
In  Groupoids  in  Spaces,  Section  65.19  we  have  introduced  the  quotient  stack  [S/ pp] 
and  in  Examples  of  Stacks,  Section  77.15  we  have  shown  [S/pp\  is  the  classifying 
stack  for  fppf  /rp-torsors:  Given  a scheme  T over  S the  category  Morg(T,  [S//j,p])  is 
canonically  equivalent  to  the  category  of  fppf  /rp-torsors  over  T.  Finally,  in  Criteria 
for  Representability,  Theorem  79.17.2  we  have  seen  that  [S/ pp\  is  an  algebraic  stack. 


Now  we  can  ask  the  question:  “How  about  the  category  fibred  in  groupoids  S 
classifying  etale  /rp-torsors?”  (In  other  words  S is  a category  over  Sch/S  whose 
fibre  category  over  a scheme  T is  the  category  of  etale  /rp-torsors  over  T .) 


The  first  objection  is  that  this  isn’t  a stack  for  the  fppf  topology,  because  descent 
for  objects  isn’t  going  to  hold.  For  example  the  /rp-torsor  Spec(Fp(t)[:r]/(:rp  — t)) 
over  T = Spec(Fp(T))  is  fppf  locally  trivial,  but  not  etale  locally  trivial. 


A fix  for  this  first  problem  is  to  work  with  the  etale  topology  and  in  this  case 
descent  for  objects  does  work.  Indeed  it  is  true  that  S is  a stack  in  groupoids 
over  {Sch/  S)  etale-  Moreover,  it  is  also  the  case  that  the  diagonal  A :5a5x5 
is  representable  (by  schemes).  This  is  true  because  given  two  ^p-torsors  (whether 
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they  be  etale  locally  trivial  or  not)  the  sheaf  of  isomorphisms  between  them  is 
representable  by  a scheme. 

Thus  we  can  finally  ask  if  there  exists  a scheme  U and  a smooth  and  surjective 
1-morphism  U -A  S.  We  will  show  in  two  ways  that  this  is  impossible:  by  a direct 
argument  (which  we  advise  the  reader  to  skip)  and  by  an  argument  using  a general 
result. 

Direct  argument  (sketch):  Note  that  the  1-morphism  S — > Spec(Fp)  satisfies  the 
infinitesimal  lifting  criterion  for  formal  smoothness.  This  is  true  because  given  a 
first  order  infinitesimal  thickening  of  schemes  T — > T'  the  kernel  of  g P{T ')  — > gp{T) 
is  isomorphic  to  the  sections  of  the  ideal  sheaf  of  T in  T' , and  hence  Hjtale(T,  gp ) = 
i7ltaZe(T', /xp).  Moreover,  S is  a limit  preserving  stack.  Hence  if  U — > S is  smooth, 
then  U — > Spec(Fp)  is  limit  preserving  and  satisfies  the  infinitesimal  lifting  criterion 
for  formal  smoothness.  This  implies  that  U is  smooth  over  Fp.  In  particular  U 
is  reduced,  hence  H\tale(U,  gp)  = 0.  Thus  U -A-  S factors  as  U — >■  Spec(Fp)  — » S 
and  the  first  arrow  is  smooth.  By  descent  of  smoothness,  we  see  that  U — > S being 
smooth  would  imply  Spec(Fp)  — > S is  smooth.  However,  this  is  not  the  case  as 
Spec(Fp)  x$  Spec(Fp)  is  fj, p which  is  not  smooth  over  Spec(Fp). 

Structural  argument:  In  Criteria  for  Representability,  Section  |79.19|  we  have  seen 
that  we  can  think  of  algebraic  stacks  as  those  stacks  in  groupoids  for  the  etale 
topology  with  diagonal  representable  by  algebraic  spaces  having  a smooth  covering. 
Hence  if  a smooth  surjective  U -A  S exists  then  S is  an  algebraic  stack,  and  in 
particular  satisfies  descent  in  the  fppf  topology.  But  we’ve  seen  above  that  S does 
not  satisfies  descent  in  the  fppf  topology. 

Loosely  speaking  the  arguments  above  show  that  the  classifying  stack  in  the  etale 
topology  for  etale  locally  trivial  torsors  for  a group  scheme  G over  a base  B is 
algebraic  if  and  only  if  G is  smooth  over  B.  One  of  the  advantages  of  working 
with  the  fppf  topology  is  that  it  suffices  to  assume  that  G — > B is  flat  and  locally 
of  finite  presentation.  In  fact  the  quotient  stack  (for  the  fppf  topology)  [B/G]  is 
algebraic  if  and  only  if  G — > B is  flat  and  locally  of  finite  presentation,  see  Criteria 
for  Representability,  Lemma  [79. 18.3[ 


88.47.  Sheaf  with  quasi-compact  flat  covering  which  is  not  algebraic 


Consider  the  functor  F = (P1)00,  i.e. , for  a scheme  T the  value  F(T)  is  the  set  of 
f = (fi,  /21  fz,  ■ ■ •)  where  each  /)  : T — » P1  is  a morphism  of  schemes.  Note  that 
P1  satisfies  the  sheaf  property  for  fpqc  coverings,  see  Descent,  Lemma  [34.9.3  A 
product  of  sheaves  is  a sheaf,  so  F also  satisfies  the  sheaf  property  for  the  fpqc 
topology.  The  diagonal  of  F is  representable:  if  / : T — > F and  g : S — >•  F 
are  morphisms,  then  T Xp  S is  the  scheme  theoretic  intersection  of  the  closed 
subschemes  T x f.  p i>g.  S inside  the  scheme  T x S.  Consider  the  group  scheme  SL2 
which  comes  with  a surjective  smooth  affine  morphism  SL2  — » P1.  Next,  consider 
U = (SL2)°°  with  its  canonical  (product)  morphism  U F.  Note  that  U is  an 
affine  scheme.  We  claim  the  morphism  XJ  — > F is  flat,  surjective,  and  universally 
open.  Namely,  suppose  / : T — > F is  a morphism.  Then  Z = T XpU  is  the  infinite 
fibre  product  of  the  schemes  Zt  = T Xf.  P 1 SL2  over  T.  Each  of  the  morphisms 
Zi  — » T is  surjective  smooth  and  affine  which  implies  that 


Z — Z\  X Z2  X p Z3  X t . . . 
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is  a scheme  flat  and  affine  over  Z . A simple  limit  argument  shows  that  Z — > T is 
open  as  well. 

On  the  other  hand,  we  claim  that  F isn’t  an  algebraic  space.  Namely,  if  F where  an 
algebraic  space  it  would  be  a quasi-compact  and  separated  (by  our  description  of 
fibre  products  over  F)  algebraic  space.  Hence  cohomology  of  quasi-coherent  sheaves 

and  remarks  preceding  it).  But  clearly  by  taking  the  pullback  of  0(— 2,  —2, . . . , —2) 
under  the  projection 

(p!)oo  > (pl)» 

(which  has  a section)  we  can  obtain  a quasi-coherent  sheaf  whose  cohomology  is 
nonzero  in  degree  n.  Altogether  we  obtain  an  answer  to  a question  asked  by  Anton 
Geraschenko  on  mathoverflow. 

078F  Lemma  88.47.1.  There  exists  a functor  F : Schopp  — > Sets  which  satisfies  the 
sheaf  condition  for  the  fpqc  topology,  has  representable  diagonal  A : F ->FxF,  and 
such  that  there  exists  a surjective,  flat,  universally  open,  quasi-compact  morphism 
U — y F where  U is  a scheme,  but  such  that  F is  not  an  algebraic  space. 

Proof.  See  discussion  above.  □ 


would  vanish  above  a certain  cutoff  (see  Cohomology  of  Spaces,  Proposition  56.6.2 


88.48.  Sheaves  and  specializations 
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In  the  following  we  fix  a big  etale  site  Sch^taie  as  constructed  in  Topologies,  Defi- 
nition [33A6  Moreover,  a scheme  will  be  an  object  of  this  site.  Recall  that  if  x,x' 
are  points  of  a scheme  X we  say  a;  is  a specialization  of  x'  or  we  write  x'  cc  if 
x £ {a/}.  This  is  true  in  particular  if  x = x' . 

Consider  the  functor  F : Sch^aie  — > Ab  defined  by  the  following  rules: 

pm = n n , , , z/2z 

Given  a scheme  X we  denote  |A'|  the  underlying  set  of  points.  An  element  a £ F(X) 
will  be  viewed  as  a map  of  sets  |Aj  x |X|  — > Z/2Z,  (x,  x')  H > a(x,  x’)  which  is  zero  if 
x = x'  or  if  x is  not  a specialization  of  x' . Given  a morphism  of  schemes  / : X — > Y 
we  define 

F(f)  : F(Y)  — > F(X) 
by  the  rule  that  for  b £ F(Y ) we  set 

0 if  x is  not  a specialization  of  xl 

J>{f{x),f{x '))  else. 

Note  that  this  really  does  define  an  element  of  F(X).  We  claim  that  if  / : X — ► Y 
and  g : Y — > Z are  composable  morphisms  then  F(f)  o F(g)  = F(g  o /).  Namely, 
let  c £ F(Z)  and  let  x'  x be  a specialization  of  points  in  X,  then 

F(9  ° f)(x,  x')  = c(g(f(x)),  g{f(  x')))  = F(g){F(f)(c))(x,  x') 
because  f{x')  f(x).  (This  also  works  if  f(x)  = f{x').) 


F(f)(b){x,x')  = 


Let  G be  the  sheafification  of  F in  the  etale  topology. 

I claim  that  if  X is  a scheme  and  x'  x is  a specialization  and  x'  x,  then 
G(X)  ^ 0.  Namely,  let  a £ F(X)  be  an  element  such  that  when  we  think  of  a as  a 
function  |X|  x |X|  — ► Z/2Z  it  is  nonzero  at  (x,  x').  Let  {/j  : Ut  — > X}  be  an  etale 
covering  of  X.  Then  we  can  pick  an  i and  a point  Ui  £ Ui  with  fi(uf)  = x.  Since 
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generalizations  lift  along  flat  morphisms  (see  Morphisms,  Lemma  28.25.8)  we  can 
find  a specialization  u[  u.t  with  /j(u{)  = x' . By  our  construction  above  we  see 
that  F(fi)(a)  ^ 0.  Hence  a determines  a nonzero  element  of  G(X). 


Note  that  if  A'  = Spec(fc)  where  A:  is  a field  (or  more  generally  a ring  all  of  whose 
prime  ideals  are  maximal),  then  F( X)  = 0 and  for  every  etale  morphism  U — > X 
we  have  F(U ) = 0 because  there  are  no  specializations  between  distinct  points  in 
fibres  of  an  etale  morphism.  Hence  G( X)  = 0. 


Suppose  that  X C X'  is  a thickening,  see  More  on  Morphisms,  Definition  36.2.1 


Then  the  category  of  schemes  etale  over  X'  is  equivalent  to  the  category  of  schemes 
etale  over  X by  the  base  change  functor  U'  i-A  U = U'  x X'  X,  see  Etale  Cohomology, 
Theorem  49.46. 1|  Since  it  is  always  the  case  that  F(U)  = F(JJ')  in  this  situation 
we  see  that  also  G(X)  = G( X'). 


As  a variant  we  can  consider  the  presheaf  Fn  which  associates  to  a scheme  X 
the  collection  of  maps  a : |X|ra+1  — ► Z/2Z  where  a(x o, . . . ,xn)  is  nonzero  only  if 
xn  Xq  is  a sequence  of  specializations  and  xn  ^ xn-\  ^ ^ Xq.  Let  Gn 

be  the  sheaf  associated  to  Fn.  In  exactly  the  same  way  as  above  one  shows  that 
Gn  is  nonzero  if  dim(A)  > n and  is  zero  if  dim(A)  < n. 

Lemma  88.48.1.  There  exists  a sheaf  of  abelian  groups  G on  Sch^aie  with  the 
following  properties 

(1)  G( X)  = 0 whenever  dim(A)  < n, 

(2)  G( X)  is  not  zero  if  dim(X)  > n,  and 

(3)  if  X C X'  is  a thickening,  then  G(X)  = G( X'). 


Proof.  See  the  discussion  above.  □ 

05LF  Remark  88.48.2.  Here  are  some  remarks: 

(1)  The  presheaves  F and  Fn  are  separated  presheaves. 

(2)  It  turns  out  that  F,  Fn  are  not  sheaves. 

(3)  One  can  show  that  G,  G„  is  actually  a sheaf  for  the  fppf  topology. 

We  will  prove  these  results  if  we  need  them. 


88.49.  Sheaves  and  constructible  functions 

05LG  In  the  following  we  fix  a big  etale  site  Schnaie  as  constructed  in  Topologies,  Defini- 
tion [33A6]  Moreover,  a scheme  will  be  an  object  of  this  site.  In  this  section  we  say 
that  a constructible  partition  of  a scheme  A is  a locally  finite  disjoint  union  decom- 
position X = ]j.  7 A,;  such  that  each  X}  C X is  a locally  constructible  subset  of  X. 
Locally  finite  means  that  for  any  quasi-compact  open  U C X there  are  only  finitely 
many  i £ I such  that  X*  D U is  not  empty.  Note  that  if  / : X — >■  Y is  a morphism 
of  schemes  and  Y = JJYj  is  a constructible  partition,  then  X = UrHYj)  is  a 
constructible  partition  of  X.  Given  a set  S and  a scheme  X a constructible  function 
f : |A'|  — ► S is  a map  such  that  X = Uses/_1(S)  ^ a constructible  partition  of 
X.  If  G is  an  (abstract  group)  and  a,  b : |X|  — >•  G are  constructible  functions,  then 
ab  : |A'|  -4  G,i  4 a(x)b(x)  is  a constructible  function  too.  The  reason  is  that 
given  any  two  constructible  partitions  there  is  a third  one  refining  both. 

Let  A be  any  abelian  group.  For  any  scheme  X we  define 

{a  : |X|  — »•  A | a is  a constructible  function} 

{locally  constant  functions  |X|  — > A} 
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We  think  of  an  element  a of  F(X)  simply  as  a function  well  defined  up  to  adding 
a locally  constant  one.  Given  a morphism  of  schemes  / : X -A  Y and  an  element 
b G F(Y),  then  we  define  F(f)(b ) = bo  /.  Thus  F is  a presheaf  on  Sch&ale- 

Note  that  if  {/*  : [/,;  — ► X}  is  an  fppf  covering,  and  a G F(X)  is  such  that  F(fi)(a)  = 
0 in  F(Ui ),  then  a o /,  is  a locally  constant  function  for  each  i.  This  means  in  turn 
that  a is  a locally  constant  function  as  the  morphisms  fi  are  open.  Hence  a = 0 in 
F(X).  Thus  we  see  that  F is  a separated  preslieaf  (in  the  fppf  topology  hence  a 
fortiori  in  the  etale  topology). 

Let  G be  the  sheafification  of  F in  the  etale  topology.  Since  F is  separated,  and 
since  F(X)  ^ 0 for  example  when  X is  the  spectrum  of  a discrete  valuation  ring, 
we  see  that  G is  not  zero. 


Let  X = Spec(fc)  where  k is  a field.  Then  any  etale  covering  of  X can  be  dominated 
by  a covering  {Spec (kr)  —>  Spec (k)}  with  k C k'  a finite  separable  extension  of 
fields.  Since  F(Spec(fc'))  = 0 we  see  that  G(X)  = 0. 


Suppose  that  X C X'  is  a thickening,  see  More  on  Morphisms,  Definition  36.2.1 


Then  the  category  of  schemes  etale  over  X'  is  equivalent  to  the  category  of  schemes 
etale  over  X by  the  base  change  functor  U'  i-a  U — U'xx'X,  see  Etale  Cohomology, 
Theorem  49.46.1  Since  F(U)  = F(U')  in  this  situation  we  see  that  also  G(X)  = 
G(X'). 


The  sheaf  G is  limit  preserving,  see  Limits  of  Spaces,  Definition  57.3. 1[  Namely,  let 
R be  a ring  which  is  written  as  a directed  colimit  R = colinq  Ri  of  rings.  Set  X = 
Spec(l?)  and  X,  = Spec (Ri),  so  that  X = limt  X.t.  Then  G(X)  = colirn,;  G(Xi).  To 
prove  this  one  first  proves  that  a constructible  partition  of  Spec(i?)  comes  from  a 
constructible  partitions  of  some  Spec(i?i).  Hence  the  result  for  F.  To  get  the  result 
for  the  sheafification,  use  that  any  etale  ring  map  R — » R'  comes  from  an  etale  ring 
map  Ri  R'j  for  some  i.  Details  omitted. 


05LH  Lemma  88.49.1.  There  exists  a sheaf  of  abelian  groups  G on  Sch^ale  with  the 
following  properties 

(1)  G(Spec(k))  = 0 whenever  k is  a field, 

(2)  G is  limit  preserving , 

(3)  if  X C X'  is  a thickening,  then  G(X)  = G(X'),  and 

(4)  G is  not  zero. 


Proof.  See  discussion  above. 


□ 


88.50.  The  lisse-etale  site  is  not  functorial 


07BF 


The  lisse-etale  site  Xu sse, etale  of  X is  the  category  of  schemes  smooth  over  A' 
endowed  with  (usual)  etale  coverings,  see  Cohomology  of  Stacks,  Section  84.11 
Let  / : X — ► Y be  a morphism  of  schemes.  There  is  a functor 


71  - ^ lisse, etale  ^ V/Y  i — > V xY  X 

which  is  continuous.  Hence  we  obtain  an  adjoint  pair  of  functors 
U . Sh(Xnsse  ^taie)  y Sh{fc  HsSe, etale)  •>  . Sh(Ynsse  ^iaie^  y iS7l(A/jsse^£age) , 

see  Sites,  Section  [7.141  We  claim  that,  in  general,  u does  not  define  a morphism 
of  sites,  see  Sites,  Definition  |7.15.1|  In  other  words,  we  claim  that  us  is  not  left 
exact  in  general.  Note  that  representable  presheaves  are  sheaves  on  lisse-etale  sites. 
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Hence,  by  Sites,  Lemma  7.14.5  we  see  that  ushy  = hyXYx- 
morphisms 


Vx 


Now  consider  two 


of  schemes  Hi,  V2  smooth  over  Y . Now  if  us  is  left  exact,  then  we  would  have 


Equalizer (ha,  hi,  : hVl  -A  hy2)  = Equalizer(haxl,  hbxl  : hVlXYx  -t  hy2XYx ) 


We  will  take  the  morphisms  a,  b : Hi  — > V2  such  that  there  exists  no  morphism  from 
a scheme  smooth  over  Y into  (a  = b)  C Hi,  i.e.,  such  that  the  left  hand  side  is 
the  empty  sheaf,  but  such  that  after  base  change  to  X the  equalizer  is  nonempty 
and  smooth  over  X.  A silly  example  is  to  take  X = Spec(Fp),  Y = Spec(Z)  and 
Vi  = V2  = with  morphisms  a(x)  = x and  b{x)  = x +p.  Note  that  the  equalizer 
of  a and  b is  the  fibre  of  over  (p). 

07BG  Lemma  88.50.1.  The  lisse-etale  site  is  not  functorial,  even  for  morphisms  of 
schemes. 


Proof.  See  discussion  above. 


□ 


88.51.  Derived  pushforward  of  quasi-coherent  modules 

07DC  Let  k be  a field  of  characteristic  p > 0.  Let  S = Spec(fc[a?]).  Let  G = Z/pZ  viewed 
either  as  an  abstract  group  or  as  a constant  group  scheme  over  S.  Consider  the 
algebraic  stack  X = [ S/G ] where  G acts  trivially  on  S,  see  Examples  of  Stacks, 
Remark  |77.15.4  and  Criteria  for  Representability,  Lemma  79.18.3  Consider  the 
structure  morphism 

f:X—>S 

This  morphism  is  quasi-compact  and  quasi-separated.  Hence  we  get  a functor 
RfQCoh ,*  : DQCoh(®x)  * ^~QCoh  {Os), 


see  Derived  Categories  of  Stacks,  Proposition  |85. 5.1  Let’s  compute  RfQCoh,*Ox- 
Since  D QCoh{0 s)  is  equivalent  to  the  derived  category  of  fc[a:]-modules  (see  Derived 
Categories  of  Schemes,  Lemma  35.3.5)  this  is  equivalent  to  computing  RT(X,  Ox)- 
For  this  we  can  use  the  covering  S X and  the  spectral  sequence 

H*{S  xx  ■ ■ • x*  S,  O)  =>  Hp+q(X,  Ox) 
see  Cohomology  of  Stacks,  Proposition  |84. 10~4|  Note  that 

Sxx...xxS  = SxGp 


which  is  affine.  Thus  the  complex 

k[x]  — > Map(G, k[x])  — ► Map(G2, k[x\) 

computes  RT(X ,Ox).  Here  for  ip  e Map(Gp_1,  k[x])  its  differential  is  the  map 
which  sends  (54, ... , gp)  to 

EP  1 

,=i  (-1)' V(5i,  ■■■,9i+  9i+i,  ■ ■ ■ , 9p)  + (-1  )Pv(9i,  ■■■,  9p- 1 ) ■ 

This  is  just  the  complex  computing  the  group  cohomology  of  G acting  trivially  on 
k[x]  (insert  future  reference  here).  The  cohomology  of  the  cyclic  group  G on  k[x]  is 
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exactly  one  copy  of  k[x\  in  each  cohomological  degree  > 0 (insert  future  reference 
here).  We  conclude  that 

Rf*Ox=®n>0°sl-n} 

Now,  consider  the  complex 


E = ® >n°^m 


This  is  an  object  of  DQCoh(Ox)-  We  interrupt  the  discussion  for  a general  result. 

08IY  Lemma  88.51.1.  Let  X be  an  algebraic  stack.  Let  K be  an  object  of  D(Ox) 
whose  cohomology  sheaves  are  locally  quasi- coherent  (Sheaves  on  Stacks,  Definition 


78.11.4 ) and  satisfy  the  flat  base  change  property  (Cohomology  of  Stacks,  Definition 


84-7.1).  Then  there  exists  a distinguished  triangle 


in  D(Ox )•  In  other  words,  K is  the  derived  limit  of  its  canonical  truncations. 


Proof.  Recall  that  we  work  on  the  “big  fppf  site”  Xfppf  of  X (by  our  conventions 
for  sheaves  of  O^-modules  in  the  chapters  Sheaves  on  Stacks  and  Cohomology  on 
Stacks).  Let  B be  the  set  of  objects  x of  Xfppf  which  lie  over  an  affine  scheme  U . 
Combining  Sheaves  on  Stacks,  Lemmas  |78.22.2[  |78.15.1  Descent,  Lemma  34.8.4 


and  Cohomology  of  Schemes,  Lemma  29.2.2  we  see  that  Hp(x,F)  = 0 if  T is 
locally  quasi-coherent  and  x £ B.  Now  the  claim  follows  from  Cohomology  on 
Sites,  Lemma  [21.21.5|  □ 


08IZ  Lemma  88.51.2.  Let  X be  an  algebraic  stack.  If  Tn  is  a collection  of  locally  quasi- 
coherent  sheaves  with  the  flat  base  change  property  on  X , then  ©n.Fn[n]  -A-  J>i[n] 
is  an  isomorphism  in  D(Ox)- 


Proof.  This  is  true  because  by  Lemma  [88. 51. 1|  we  see  that  the  direct  sum  is  iso- 
morphic to  the  product.  □ 


We  continue  our  discussion.  Since  a quasi-coherent  module  is  locally  quasi-coherent 
and  satisfies  the  flat  base  change  property  (Sheaves  on  Stacks,  Lemma  78.11.5 1 we 
get 

E = II 

-1-  Am>0 

Since  cohomology  commutes  with  limits  we  see  that 


Note  that  this  complex  is  not  an  object  of  DQQoh{Os ) because  the  cohomology 
sheaf  in  degree  0 is  an  infinite  product  of  copies  of  Os  which  is  not  even  a locally 
quasi-coherent  Os-module. 


07DD  Lemma  88.51.3.  A quasi-compact  and  quasi-separated  morphism  f : X -A  y of 
algebraic  stacks  need  not  induce  a functor  Rf * : D QCoh{0 x)  -A  D QCoh(Oy) . 


Proof.  See  discussion  above. 


□ 
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88.52.  A big  abelian  category 

07JS  The  purpose  of  this  section  is  to  give  an  example  of  a “big”  abelian  category  A 
and  objects  M,  N such  that  the  collection  of  isomorphism  classes  of  extensions 
Ext a(M,N)  is  not  a set.  The  example  is  due  to  Freyd,  see  Fre64l  page  131, 
Exercise  A], 

We  define  A as  follows.  An  object  of  A consists  of  a triple  (M,  a,  /)  where  M is 
an  abelian  group  and  a is  an  ordinal  and  / : a — > End(M)  is  a map.  A morphism 
(M,  a , /)  — > (M',  a',  /')  is  given  by  a homomorphism  of  abelian  groups  <p  : M — ► M' 
such  that  for  any  ordinal  /3  we  have 

V°  f{P)  =f'(P)°‘P 

Here  the  rule  is  that  we  set  /(/3)  = 0 if  /?  is  not  in  a and  similarly  we  set  /'(/?)  equal 
to  zero  if  (3  is  not  an  element  of  a! . We  omit  the  verification  that  the  category  so 
defined  is  abelian. 

Consider  the  object  Z = (Z,  0,  /),  i.e. , all  the  operators  are  zero.  The  observation  is 
that  computed  in  A the  group  Ext \(Z,  Z)  is  a proper  class  and  not  a set.  Namely, 
for  each  ordinal  a we  can  find  an  extension  (M,  a+1,  /)  of  Z by  Z whose  underlying 
group  is  M = Z ® Z and  where  the  value  of  / is  always  zero  except  for 

/(“)=(o  o)- 

This  clearly  produces  a proper  class  of  isomorphism  classes  of  extensions.  In  partic- 
ular, the  derived  category  of  A has  proper  classes  for  its  collections  of  morphism,  see 
Derived  Categories,  Lemma [13. 27. 6|  This  means  that  some  care  has  to  be  exercised 
when  defining  Verdier  quotients  of  triangulated  categories. 

07JT  Lemma  88.52.1.  There  exists  a ubig”  abelian  category  A whose  Ext-groups  are 
proper  classes. 

Proof.  See  discussion  above.  □ 


88.53.  Weakly  associated  points  and  scheme  theoretic  density 


084J 


Let  k be  a field.  Let  R = k[z,Xi,yi]/(z2,zXiyi)  where  i runs  over  the  elements  of 
N.  Note  that  R = Rq  ® M0  where  Rq  = k[xi,yi]  is  a subring  and  M0  is  an  ideal  of 
square  zero  with  M0  = i?o/(ah2/i)  as  i?0"m°dule.  The  prime  p = (z,Xi)  is  weakly 
associated  to  R as  an  i?-module  (Algebra,  Definition  10.65.1).  Indeed,  the  element 
z in  Rp  is  nonzero  but  annihilated  by  p Rp.  On  the  other  hand,  consider  the  open 
subscheme 

U = \^D{xi)  C Spec(i?)  = S 

We  claim  that  U C S is  scheme  theoretically  dense  (Morphisms,  Definition  28.7.1 ). 
To  prove  this  it  suffices  to  show  that  Os  —>  j*Ou  is  injective  where  j : U — > S is  the 
inclusion  morphism,  see  Morphisms,  Lemma  |28.7.5[  Translated  back  into  algebra, 
we  have  to  show  that  for  all  g £ R the  map 


Rn 


[ R, 


is  injective.  Write  g = go  + mo  with  go  £ Rq  and  mo  £ Mq.  Then  Rg  = Rgo  (details 
omitted).  Hence  we  may  assume  g £ Rq.  We  may  also  assume  g is  not  zero.  Now 
Rg  = (Ro)g®  (M0)g.  Since  Rq  is  a domain,  the  map  (Ro)g  —> > IKA))^  is  injective. 


88.54.  EXAMPLE  OF  NON-ADDITIVITY  OF  TRACES 
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If  g £ ( XiUi ) then  (Mo)g  = 0 and  there  is  nothing  to  prove.  If  g £ (xiyf)  then,  since 
(XiUi)  is  a radical  ideal  of  R0 , we  have  to  show  that  M0  — > Yl(M0)x.g  is  injective. 
The  kernel  of  Rq  — > Mq  — > ( Mo)Xri  is  {xiyi,yn).  Since  (xiyi,yn)  is  a radical  ideal,  if 
9 <£  {Xi9i,  yn)  then  the  kernel  of  R0  -»  M0  -A  (. M0)Xng  is  (xjt/,,  yn).  As  g £ ( x^ , yn) 
for  all  n 0 we  conclude  that  the  kernel  is  contained  in  P|n>0 faiUiiUn)  = ( xpyi ) 
as  desired. 

Second  example  due  to  Ofer  Gabber.  Let  A:  be  a field  and  let  R , resp.  R'  be  the 
ring  of  functions  N — ► k,  resp.  the  ring  of  eventually  constant  functions  N — ► k. 
Then  Spec(i?),  resp.  Spec(i?')  is  the  Stone-Cech  compactificatior0 /3N,  resp.  the 
one  point  compactificatiorfj N*  = NU  {oo}.  All  points  are  weakly  associated  since 
all  primes  are  minimal  in  the  rings  R and  R' . 

084K  Lemma  88.53.1.  There  exists  a reduced  scheme  X and  a schematically  dense 
open  U C X such  that  some  weakly  associated  point  x £ X is  not  in  U . 

Proof.  In  the  first  example  we  have  p ^ U by  construction.  In  Gabber’s  examples 
the  schemes  Spec(-R)  or  Spec(-R')  are  reduced.  □ 


88.54.  Example  of  non-additivity  of  traces 


087J  Let  k be  a field  and  let  R = k[e]  be  the  ring  of  dual  numbers  over  k.  In  other  words, 
R = fc[x]/(x2)  and  e is  the  congruence  class  of  x in  R.  Consider  the  short  exact 
sequence  of  complexes 

0 ^ R 

i 

e 

» r V 

R — R 3-  0 

Here  the  columns  are  the  complexes,  the  first  row  is  placed  in  degree  0,  and  the 
second  row  in  degree  1.  Denote  the  first  complex  (i.e. , the  left  column)  by  A*,  the 
second  by  B * and  the  third  C*.  We  claim  that  the  diagram 


087K  (88.54.0.1) 


commutes  in  K{R ),  i.e.,  is  a diagram  of  complexes  commuting  up  to  homotopy. 
Namely,  the  square  on  the  right  commutes  and  the  one  on  the  left  is  off  by  the 
homotopy  1 : A1  — > B°.  On  the  other  hand, 

Tr^.  (1  + e)  + Trc» (1)  Tr^.  (1). 

087L  Lemma  88.54.1.  There  exists  a ring  R,  a distinguished  triangle  (K,  L , M,  a , /3, 7) 
in  the  homotopy  category  K(R),  and  an  endomorphism  ( a,b,c ) of  this  distinguished 
triangle,  such  that  K,  L,  M are  perfect  complexes  and  Trx{a)  + Ttm(c)  7^  Ttl(6). 


2Every  element  f £ R is  of  the  form  ue  where  u is  a unit  and  e is  an  idempotent.  Then 
Algebra,  Lemma  |10.25.5|  shows  Spec(lt)  is  Hausdorff.  On  the  other  hand,  N with  the  discrete 
topology  can  be  viewed  as  a dense  open  subset.  Given  a set  map  N A X to  a Hausdorff,  quasi- 
compact toplogical  space  X,  we  obtain  a ring  map  C°(X ; k)  — > R where  C11  ( X ; fc)  is  the  fc-algebra 
of  locally  constant  maps  X — t k.  This  gives  Spec(  R)  — > Spec  (C11  (A : fc))  = X proving  the  universal 
property. 

''Here  one  argues  that  there  is  really  only  one  extra  maximal  ideal  in  R' . 
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Proof.  Consider  the  example  above.  The  map  7 : C*  — > H*[l]  is  given  by  multi- 
plication by  e in  degree  0,  see  Derived  Categories,  Definition  |13.10.1|  Hence  it  is 
also  true  that 

Cm— +A‘[1] 

C*  — l*Am[  1} 

commutes  in  K(R)  as  e(l+e)  = e.  Thus  we  indeed  have  a morphism  of  distinguished 
triangles.  □ 


88.55.  Being  projective  is  not  local  on  the  base 


08J0 

08J1 


In  the  chapter  on  descent  we  have  seen  that  many  properties  of  morphisms  are 
local  on  the  base,  even  in  the  fpqc  topology.  See  Descent,  Sections  34.18 
and  34.20  This  is  not  true  for  projectivity  of  morphisms. 


34.19 


Lemma  88.55.1.  The  properties 

V(f)  = “f  is  projective'’ , and 
V(f)  =“f  is  quasi-projective ” 

are  not  Zariski  local  on  the  base.  A fortiori,  they  are  not  fpqc  local  on  the  base. 


Proof.  Following  Hironaka  IHar771  Example  B.3.4.1],  we  define  a proper  mor- 
phism of  smooth  complex  3-folds  / : Vy  —>Y  which  is  Zariski-locally  projective,  but 
not  projective.  Since  / is  proper  and  not  projective,  it  is  also  not  quasi-projective. 


Let  Y be  projective  3-space  over  the  complex  numbers  C.  Let  C and  D be  smooth 
conics  in  Y such  that  the  closed  subscheme  C D D is  reduced  and  consists  of  two 
complex  points  P and  Q.  (For  example,  let  C = {[a :,y,z,w\  : xy  = z2,w  = 0}, 
D = {[a;,  y,  z,  w]  : xy  = w2,  z = 0},  P = [1, 0, 0, 0],  and  Q = [0, 1, 0,  0].)  On  Y — Q, 
first  blow  up  the  curve  C , and  then  blow  up  the  strict  transform  of  the  curve  D 
(Divisors,  Definition  30.27.1 ).  On  Y — P,  first  blow  up  the  curve  D,  and  then  blow 
up  the  strict  transform  of  the  curve  C.  Over  Y — P — Q,  the  two  varieties  we  have 
constructed  are  canonically  isomorphic,  and  so  we  can  glue  them  over  Y — P — Q. 
The  result  is  a smooth  proper  3-fold  Vy  over  C.  The  morphism  / : Vy  — > Y is 
proper  and  Zariski-locally  projective  (since  it  is  a blow-up  over  Y — P and  over 
Y — Q),  by  Divisors,  Lemma  30.26.13  We  will  show  that  Vy  is  not  projective  over 
C.  That  will  imply  that  / is  not  projective. 


To  do  this,  let  L be  the  inverse  image  in  Vy  of  a complex  point  of  C — P — Q, 
and  M the  inverse  image  of  a complex  point  of  D — P — Q.  Then  L and  M are 
isomorphic  to  the  projective  line  Pj-,.  Next,  let  E be  the  inverse  image  in  Vy  of 
CUD  C Y in  Vy;  thus  E — > CU  D is  a proper  morphism,  with  fibers  isomorphic  to 
P1  over  (C  U D)  — {P,  Q}.  The  inverse  image  of  P in  E is  a union  of  two  lines  Lq 
and  Mo,  and  we  have  rational  equivalences  of  cycles  L ~ Lq  + Mq  and  M ~ Ma  on 
E (using  that  C and  D are  isomorphic  to  P1).  Note  the  asymmetry  resulting  from 
the  order  in  which  we  blew  up  the  two  curves.  Near  Q , the  opposite  happens.  So 
the  inverse  image  of  Q is  the  union  of  two  lines  L'0  and  Mg,  and  we  have  rational 
equivalences  L ~ L'0  and  M ~ L'0  + Mg  on  E.  Combining  these  equivalences,  we 
find  that  Lq  + Mq  ~ 0 on  E and  hence  on  Vy.  If  Vy  were  projective  over  C,  it 
would  have  an  ample  line  bundle  H,  which  would  have  degree  > 0 on  all  curves  in 
Vy.  In  particular  H would  have  positive  degree  on  L(}  + M(},  contradicting  that  the 
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degree  of  a line  bundle  is  well-defined  on  1-cycles  modulo  rational  equivalence  on  a 
proper  scheme  over  a field  (Chow  Homology,  Lemma  41.21.2  and  Lemma  41.27.2). 
So  Vy  is  not  projective  over  C.  □ 


In  different  terminology,  Hironaka’s  3-fold  Vy  is  a small  resolution  of  the  blow-up 
Y'  of  Y along  the  reduced  subscheme  C U D;  here  Y'  has  two  node  singularities. 
If  we  define  Z by  blowing  up  Y along  G and  then  along  the  strict  transform  of  D, 
then  Z is  a smooth  projective  3-fold,  and  the  non-pro jective  3-fold  Vy  differs  from 
Z by  a “flop”  over  Y — P. 


88.56.  Descent  data  for  schemes  need  not  be  effective,  even  for  a 

projective  morphism 


08KE 


08KF 


In  the  chapter  on  descent  we  have  seen  that  descent  data  for  schemes  relative 
to  an  fpqc  morphism  are  effective  for  several  classes  of  morphisms.  In  particular, 
affine  morphisms  and  more  generally  quasi-affine  morphisms  satisfy  descent  for  fpqc 
coverings  (Descent,  Lemma  34.34.1).  This  is  not  true  for  projective  morphisms. 


Lemma  88.56.1.  There  is  an  etale  covering  X -A  S of  schemes  and  a descent 
datum  ( V/X , ip)  relative  to  X -A  S such  that  V -A  X is  projective,  but  the  descent 
datum  is  not  effective  in  the  category  of  schemes. 


Proof.  We  imitate  Hironaka’s  example  of  a smooth  separated  complex  algebraic 
space  of  dimension  3 which  is  not  a scheme  }Har77l  Example  B.3.4.2]. 

Consider  the  action  of  the  group  G = 7*12  = {1,5}  on  projective  3-space  P3  over 
the  complex  numbers  by 


g[x,y,z,w]  = [y,x,w,z\. 

The  action  is  free  outside  the  two  disjoint  lines  L\  = {[x,x,z,z]}  and  L 2 = 
{[a;,  —x,  z,  —2]}  in  P3.  Let  Y = P3  — (Li  U Lf).  There  is  a smooth  quasi-pro  jective 
scheme  S = Y/G  over  C such  that  Y — > S is  a G-torsor  (Groupoids,  Definition 


38.11.3).  Explicitly,  we  can  define  S as  the  image  of  the  open  subset  Y in  P3  under 


the  morphism 


-t  Proj  C [x,y,z,w]G 
= Proj  C[u0,u1,vo,v1,v2]/{v0v1  = v2), 


where  Uq  = x + y,  U\  = z + w,  Vq  = (x  — y)2,  v\  = (z  — u>)2,  and  v 2 = ( x — y)(z  — w ), 
and  the  ring  is  graded  with  uq,u\  in  degree  1 and  vo,vi,V2  in  degree  2. 

Let  C = {[x,y,z,w\  : xy  = z2,w  = 0}  and  D = {[x,y,  z,w]  : xy  = ui2,z  = 0}. 
These  are  smooth  conic  curves  in  P3,  contained  in  the  G- invariant  open  subset 
Y,  with  g(G)  = D.  Also,  C D D consists  of  the  two  points  P :=  [1,0,  0,0]  and 
Q :=  [0, 1,  0,  0],  and  these  two  points  are  switched  by  the  action  of  G. 


Let  Vy  -A  Y be  the  scheme  which  over  Y — P is  defined  by  blowing  up  D and 
then  the  strict  transform  of  G,  and  over  Y — Q is  defined  by  blowing  up  G and 
then  the  strict  transform  of  D.  (This  is  the  same  construction  as  in  the  proof  of 
except  that  Y here  denotes  an  open  subset  of  P3  rather  than  all 


3.55.1 


Lemma  | 

of  P3.)  Then  the  action  of  G on  Y lifts  to  an  action  of  G on  Vy,  which  switches 
the  inverse  images  of  Y — P and  Y — Q.  This  action  of  G on  Vy  gives  a descent 
datum  (Vy /Y,tpY)  on  Vy  relative  to  the  G-torsor  Y — >■  S.  The  morphism  Vy  -A  Y 
is  proper  but  not  projective,  as  shown  in  the  proof  of  Lemma  |88. 55. 1[ 
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Let  X be  the  disjoint  union  of  the  open  subsets  Y — P and  Y — Q;  then  we  have 
surjective  etale  morphisms  X — » Y — » S.  Let  V be  the  pullback  of  Vy  — > Y to  X; 
then  the  morphism  V — > X is  projective,  since  Vy  — > Y is  a blow-up  over  each  of 
the  open  subsets  Y — P and  Y — Q.  Moreover,  the  descent  datum  ( Vy/Y , <py)  pulls 
back  to  a descent  datum  (V/X,tp)  relative  to  the  etale  covering  X — > S. 

Suppose  that  this  descent  datum  is  effective  in  the  category  of  schemes.  That  is, 
there  is  a scheme  U — » S which  pulls  back  to  the  morphism  V — > X together  with 
its  descent  datum.  Then  U would  be  the  quotient  of  Vy  by  its  G-action. 

V — **x 


Vy ^Y 

V 

U * S 


Let  E be  the  inverse  image  of  G U D C Y in  Vy ; thus  E — > C U D is  a proper 
morphism,  with  fibers  isomorphic  to  P1  over  (G  U D)  — {P,  Q}.  The  inverse  image 
of  P in  E is  a union  of  two  lines  Lq  and  Mo-  It  follows  that  the  inverse  image  of 
Q = g{P)  in  E is  the  union  of  two  lines  L'0  = <7 (Mo ) and  Mq  = g(Lo).  As  shown  in 
the  proof  of  Lemma  88.55.1  we  have  a rational  equivalence  L0  + = L0+g(L0)  ~ 

0 on  E. 

By  descent  of  closed  subschemes,  there  is  a curve  L\  C U (isomorphic  to  P1)  whose 
inverse  image  in  Vy  is  L 0 U g(Lg).  (Use  Descent,  Lemma  34.33.1  noting  that  a 
closed  immersion  is  an  affine  morphism.)  Let  R be  a complex  point  of  L\.  Since 
we  assumed  that  U is  a scheme,  we  can  choose  a function  / in  the  local  ring  Ojj,r 
that  vanishes  at  R but  not  on  the  whole  curve  L\.  Let  D\oc  be  an  irreducible 
component  of  the  closed  subset  {/  = 0}  in  Spec  Ojj,r\  then  D\oc  has  codimension 
1.  The  closure  of  Z?ioc  in  U is  an  irreducible  divisor  Du  in  U which  contains  the 
point  R but  not  the  whole  curve  L\.  The  inverse  image  of  Du  in  Vy  is  an  effective 
divisor  D which  intersects  LoUg(Lo)  but  does  not  contain  either  curve  Lq  or  g(Lo). 

Since  the  complex  3-fold  Vy  is  smooth,  0{D)  is  a line  bundle  on  Vy.  We  use 
here  that  a regular  local  ring  is  factorial,  or  in  other  words  is  a UFD,  see  More  on 


Algebra,  Lemma  15.83.7  The  restriction  of  O(D)  to  the  proper  surface  E C Vy'  is  a 
line  bundle  which  has  positive  degree  on  the  1-cycle  L 0 + g(Lo),  by  our  information 
on  D.  Since  Lg  + g(Lo)  ~ 0 on  E,  this  contradicts  that  the  degree  of  a line  bundle 
is  well-defined  on  1-cycles  modulo  rational  equivalence  on  a proper  scheme  over  a 


field  (Chow  Homology,  Lemma  41.21.2  and  Lemma  41.27.2).  Therefore  the  descent 
datum  (V/X7  ip)  is  in  fact  not  effective;  that  is,  U does  not  exist  as  a scheme.  □ 

In  this  example,  the  descent  datum  is  effective  in  the  category  of  algebraic  spaces. 
More  precisely,  U exists  as  a smooth  separated  algebraic  space  of  dimension  3 over 
C,  for  example  by  Algebraic  Spaces,  Lemma  52.14.3|  Hironaka’s  3-fold  U is  a 
small  resolution  of  the  blow-up  S'  of  the  smooth  quasi-projective  3-fold  S along  the 
irreducible  nodal  curve  (GUD)/G;  the  3-fold  S'  has  a node  singularity.  The  other 
small  resolution  of  S'  (differing  from  U by  a “flop”)  is  again  an  algebraic  space 
which  is  not  a scheme. 
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88.57.  Derived  base  change 

08J2  Let  R — > A be  a ring  map.  In  More  on  Algebra,  Section  |15.50|  we  construct  a 
derived  base  change  functor  — A : D{R)  -A  D(A).  Next,  let  R -A  B be  a second 
ring  map.  Picture 

B >■  B A 

A 

R s-  A 

Given  a B-module  M the  tensor  product  M®rA  is  a Big^A-module.  In  this  section 
we  show  there  does  not  exist  a “derived  base  change  functor”  D{B)  — > D(B  ®rA). 

Let  He  a field.  Set  R = k[x,y].  Set  A = R/(xy)  and  B = R/(x2).  The  object 
B (gijj  A in  D(A)  is  represented  by 

x2  : A — > A 

and  we  have  H°(B  (g)^  A)  = B (g>#  A.  We  claim  that  there  does  not  exist  an  object 
E of  D(B  ®r  A)  mapping  to  B A in  D(A).  Namely,  for  such  an  E the  module 
H°(E)  would  be  free,  hence  E would  decompose  as  H°(E)[ 0]  ® H~1(E)[  1],  But  it 
is  easy  to  see  that  B (g>^  A is  not  isomorphic  to  the  sum  of  its  cohomology  groups 
in  D(A). 

08J3  Lemma  88.57.1.  Let  R -A  A and  R -A  B be  ring  maps.  In  general  there  does 
not  exist  a functor  T : D(B)  -A  D{B  ®r  A)  of  triangulated  categories  such  that  a 
B-module  M gives  an  object  T(M)  of  D{B  ®r  A)  which  maps  to  M A under 
the  map  D(B  <8>r  A)  -A  D(A). 

Proof.  See  discussion  above.  □ 


88.58.  An  interesting  compact  object 


09R4  Let  I?  be  a ring.  Let  (A,  d)  be  a differential  graded  I?-algebra.  If  A = R,  then 
we  know  that  every  compact  object  of  D(A,  d)  = D(R)  is  represented  by  a finite 
complex  of  finite  projective  modules.  In  other  words,  compact  objects  are  per- 
fect, see  More  on  Algebra,  Proposition  1 1 5.6-131  The  analogue  in  the  language  of 
differential  graded  modules  would  be  the  question:  “Is  every  compact  object  of 
D(A,  d)  represented  by  a differential  graded  A-module  P which  is  finite  and  graded 
projective?” 


For  general  differential  graded  algebras,  this  is  not  true.  Namely,  let  A;  be  a field  of 
characteristic  2 (so  we  don’t  have  to  worry  about  signs).  Let  A = k[x,y]/(y2)  with 

(1)  x of  degree  0 

(2)  y of  degree  — 1, 

(3)  d(x)  = 0,  and 

(4)  d(y)  = x2  + x. 

Then  x : A — ► A is  a projector  in  K(A,  d).  Hence  we  see  that 


A = Ker(x)  ® Im(l  — x) 


in  K(A,  d),  see  Differential  Graded  Algebra,  Lemma  22.5.4  and  Derived  Categories, 


Lemma  13.4.12  It  is  clear  that  A is  a compact  object  of  D(A,  d).  Then  Ker(x)  is 


a compact  object  of  Z?(A,  d)  as  follows  from  Derived  Categories,  Lemma  13.34.2 
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Next,  suppose  that  M is  a differential  graded  (right)  A-module  representing  Ker(x) 
and  suppose  that  M is  finite  and  projective  as  a graded  A-module.  Because  every 
finite  graded  projective  module  over  k[x,y]/(y2)  is  graded  free,  we  see  that  M is 
finite  free  as  a graded  k[x,  y]/ (y2)-module  (i.e.,  when  we  forget  the  differential).  We 
set  TV  = M/M(x 2 + x).  Consider  the  exact  sequence 

0 -»  M ^-±4  M -A  TV  -s>  0 


Since  x2  +x  is  of  degree  0,  in  the  center  of  A,  and  d(x2  + x)  = 0 we  see  that  this  is  a 
short  exact  sequence  of  differential  graded  A-modules.  Moreover,  as  d(y)  = x2  + x 
we  see  that  the  differential  on  TV  is  linear.  The  maps 

H~1(N)  ->  H°{M)  and  H°(M ) -A  H°{N) 


are  isomorphisms  as  H*(M)  = H°(M ) = k since  M = Ker(x)  in  _D(A,  d).  A 
computation  of  the  boundary  map  shows  that  H*{N)  = k[x,  y\/(x,  y2)  as  a graded 
module;  we  omit  the  details.  Since  TV  is  a free  k[x,y\/(y2,x2  + x)-module  we  have 
a resolution 

...->•  TV  [2]  4 TV[1]  4 TV  -A  N/Ny  -A  0 

compatible  with  differentials.  Since  TV  is  bounded  and  since  H°(N)  = k[x,  y]/{x,  y2) 
it  follows  from  Homology,  Lemma  12.22.6  that  H°(N/Ny)  = k[x\/(x).  But  as 
N/Ny  is  a finite  complex  of  free  k[x\/(x2  + x)  = k x fc-modules,  we  see  that  its 
cohomology  has  to  have  even  dimension,  a contradiction. 


09R5  Lemma  88.58.1.  There  exists  a differential  graded  algebra  (A,  d)  and  a com- 
pact object  E of  D (A,  d)  such  that  E cannot  be  represented  by  a finite  and  graded 
projective  differential  graded  A-module. 


Proof.  See  discussion  above. 


□ 


88.59.  Two  differential  graded  categories 

09R6  In  this  section  we  construct  two  differential  graded  categories  satisfying  axioms  (A), 
(B),  and  (C)  as  in  Differential  Graded  Algebra,  Situation  22.20.2  whose  objects  do 
not  come  with  a Z-grading. 


Example  I.  Let  X be  a topological  space.  Denote  Z the  constant  sheaf  with  value 
Z.  Let  A be  an  Z-torsor.  In  this  setting  we  say  a sheaf  of  abelian  groups  T is 
A-graded  if  given  a local  section  a £ A(U ) there  is  a projector  pa  : T\u  — > E\u  such 
that  whenever  we  have  a local  isomorphism  Z\jj  — >•  A\u  then  F\u  = ©„ez Pn(X). 
Another  way  to  say  this  is  that  locally  on  X the  abelian  sheaf  T has  a Z-grading, 
but  on  overlaps  the  different  choices  of  gradings  differ  by  a shift  in  degree  given  by 
the  transition  functions  for  the  torsor  A.  We  say  that  a pair  (J7,  d)  is  an  A-graded 
complex  of  abelian  sheaves , if  T is  an  A-graded  abelian  sheaf  and  d : T — > T is  a 
differential,  i.e.,  d2  = 0 such  that  pa+i  ° d = d o pa  for  every  local  section  a of  A. 
In  other  words,  d(pa(Jr))  is  contained  in  pa+ i(Jr). 

Next,  consider  the  category  A with 

(1)  objects  are  A-graded  complexes  of  abelian  sheaves,  and 

(2)  for  objects  (E,  d),  (<?,d)  we  set 

Honu((J7,d))(e,d))  =0Hom"(.F,0) 
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where  Hom”(Jr,  Q)  is  the  group  of  maps  of  abelian  sheaves  / such  that 
f(Pa(F))  C pa+n(G)  for  all  local  sections  a of  A.  As  differential  we  take 
d(/)  = d o / — (—1)”/  o d,  see  Differential  Graded  Algebra,  Example 
122.19.(11 

We  omit  the  verification  that  this  is  indeed  a differential  graded  category  satisfying 
(A),  (B),  and  (C).  All  the  properties  may  be  verified  locall  on  X where  one  just 
recovers  the  differential  graded  category  of  complexes  of  abelian  sheaves.  Thus  we 
obtain  a triangulated  category  K(A). 

Twisted  derived  category  of  X.  Observe  that  given  an  object  (J7,  d)  of  A,  there  is 
a well  defined  A-graded  cohomology  sheaf  H (J7,  d) . Hence  it  is  clear  what  is  meant 
by  a quasi-isomorphism  in  K(A).  We  can  invert  quasi- isomorphisms  to  obtain  the 
derived  category  D(A)  of  complexes  of  A- graded  sheaves.  If  A is  the  trivial  torsor, 
then  D{A)  is  equal  to  D(X),  but  for  nonzero  torsors,  one  obtains  a kind  of  twisted 
derived  category  of  X. 

Example  II.  Let  C be  a smooth  curve  over  a perfect  field  k of  characteristic  2. 
Then  flc/k  comes  endowed  with  a canonical  square  root.  Namely,  we  can  write 
C/k  — such  that  for  every  local  function  / on  C the  section  d (/)  is  equal  to 
s®2  for  some  local  section  s of  C.  The  “reason”  is  that 

d(a0  + ait  + . . . + adtd)  = (Y^  a1/2^1-1^2)2 dt 

odd 

(insert  future  reference  here).  This  in  particular  determines  a canonical  connection 

Vccm  : f lc/k  — > ^ C/k  ®Oc  ^ C/k 

whose  2-curvature  is  zero  (namely,  the  unique  connection  such  that  the  squares 
have  derivative  equal  to  zero).  Observe  that  the  category  of  vector  bundles  with 
connections  is  a tensor  category,  hence  we  also  obtain  canonical  connections  Vcan 
on  the  invertible  sheaves  for  all  n £ Z. 

Let  A be  the  category  with 

(1)  objects  are  pairs  (J7,  V)  consisting  of  a finite  locally  free  sheaf  T endowed 
with  a connection 

V : T — > F ®oc  ^ c/k 

whose  2-curvature  is  zero,  and 

(2)  morphisms  between  (J7,  Vjf)  and  (Q,Vg)  are  given  by 

Honu((.F,V^),(£,Vg))  = © Homoc  (J7,  e ®oc 
For  an  element  / : T — > of  degree  n we  set 

d(/)  = ve<to/  + /oV/ 

with  suitable  identifications. 

We  omit  the  verification  that  this  forms  a differential  graded  category  with  prop- 
erties (A),  (B),  (C).  Thus  we  obtain  a triangulated  homotopy  category  K(A). 

If  C = Pjt,  then  K(A)  is  the  zero  category.  However,  if  C is  a smooth  proper  curve 
of  genus  > 1,  then  K(A)  is  not  zero.  Namely,  suppose  that  J\f  is  an  invertible  sheaf 
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of  degree  0 < d < g — 1 with  a nonzero  section  a.  Then  set  {T,  Vjr)  = ( Oc , d)  and 
(<?,Ve)  = (A r®2,Vcan)-  We  see  that 

( 0 if  n < 0 

Hom^((.F,V^),(<?,Vs))  = { T (C,AA®2)  if  n = 0 

[r(C',AT®20OC/fe)  if  n = 1 

The  first  0 because  the  degree  of  A/"®2  00®/"^  is  negative  by  the  condition  d < g — 1. 
Now,  the  section  <j®2  has  derivative  equal  zero,  hence  the  homomorphism  group 

Homi^(_4)((Jr,  Vjf),  (G,Vg)) 

is  nonzero. 
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0AF8  Let  y,  Z be  algebraic  stacks  over  a scheme  5.  The  Hom-stack  MorAy,  Z)  is  the 
stack  in  groupoids  over  5 whose  category  of  sections  over  a scheme  T is  given  by 
the  category 

MorT(3;  xsT,Z  xgT) 

whose  objects  are  1-morphisms  and  whose  morphisnrs  are  2-morphisms.  We  omit 
the  proof  this  this  is  indeed  a stack  in  groupoids  over  (Sch/ S) fppf  (insert  future 
reference  here).  Of  course,  in  general  the  Hom-stack  will  not  be  algebraic.  In  this 
section  we  give  an  example  where  it  is  not  true  and  where  y is  representable  by  a 
proper  flat  scheme  over  5 and  Z is  smooth  and  proper  over  5. 


Let  k be  an  algebraically  closed  field  which  is  not  the  algebraic  closure  of  a finite 
field.  Let  S = Spec(fc[[t]j)  and  Sn  = Spec(fc[i]/(t"))  C 5.  Let  / : X — > S be  a map 
satisfying  the  following 

(1)  / is  projective  and  flat,  and  its  fibres  are  geometrically  connected  curves, 

(2)  the  fibre  Xq  = X x g Sq  is  a nodal  curve  with  smooth  irreducible  compo- 
nents whose  dual  graph  has  a loop  consisting  of  rational  curves, 

(3)  A is  a regular  scheme. 

To  make  such  a surface  X we  can  take  for  example 

X : ToTiT?  - t(Tg  + T-f  + T23)  = 0 

in  Let  A0  be  a non-zero  abelian  variety  over  k for  example  an  elliptic  curve. 

Let  A = A0  xgpeC(fe)  S be  the  constant  abelian  scheme  over  S associated  to  A0.  We 
will  show  that  the  stack  X = Mors(X,  [5/A]))  is  not  algebraic. 


Recall  that  [5/A]  is  on  the  one  hand  the  quotient  stack  of  A acting  trivially  on  5 
and  on  the  other  hand  equal  to  the  stack  classifying  fppf  A-torsors,  see  Examples 
of  Stacks,  Proposition  77.15.3  Observe  that  [5/A]  = [Spec(fc)/A0]  xgpec(fc)  5.  This 


allows  us  to  describe  the  fibre  category  over  a scheme  T as  follows 


Xt  = MorefX.  [S/A])t 

= Morr(X  xs  T,  [5/A]  xs  T) 

= Mors (X  xsT,  [5/A]) 

= MorSpec(fc)(X  xsT,  [Spec(fc)/A0]) 

for  any  5-scheme  T.  In  other  words,  the  groupoid  Xt  is  the  groupoid  of  fppf  Ao- 
torsors  on  X x g T.  Before  we  discuss  why  X is  not  an  algebraic  stack,  we  need  a 
few  lemmas. 
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0AF9  Lemma  88.60.1.  Let  W be  a two  dimensional  regular  integral  Noetherian  scheme 
with  function  field  K.  Let  G -A  W be  an  abelian  scheme.  Then  then  map  Hj  j(W,  G ) 
Hjppj:(Spec(K),G)  is  injective. 

Sketch  of  proof.  Let  P — > W be  an  fppf  G-torsor  which  is  trivial  in  the  generic 
point.  Then  we  have  a morphism  Spec(A')  — > P over  W and  we  can  take  its  scheme 
theoretic  image  Z C P.  Since  P — » W is  proper  (as  a torsor  for  a proper  group 
algebraic  space  over  W)  we  see  that  Z — » W is  a proper  birational  morphism.  By 
Spaces  over  Fields,  Lemma [59. 3. 2| the  morphism  Z — > W is  finite  away  from  finitely 
many  closed  points  of  W.  By  (insert  future  reference  on  resolving  indeterminacies 
of  morphisms  by  blowing  quadratic  transformations  for  surfaces)  the  irreducible 
components  of  the  geometric  fibres  of  Z — >•  W are  rational  curves.  By  More  on 


Groupoids  in  Spaces,  Lemma  66.9.3  there  are  no  nonconstant  morphisms  from 
rational  curves  to  group  schemes  or  torsors  over  such.  Hence  Z — ► W is  finite, 
whence  Z is  a scheme  and  Z W is  an  isomorphism  by  Morphisms,  Lemma 
|28.49.5|  In  other  words,  the  torsor  P is  trivial.  □ 

OAFA  Lemma  88.60.2.  Let  G be  a smooth  commutative  group  algebraic  space  over  a 
field  K.  Then  Hjppj:(Spec(K),G)  is  torsion. 


Proof.  Every  G-torsor  P over  Spec  (A)  is  smooth  over  A as  a form  of  G.  Hence 
P has  a point  over  a finite  separable  extension  A C L.  Say  [L  : K]  = n.  Let  [n](P) 
denote  the  G-torsor  whose  class  is  n times  the  class  of  P in  Hjppf(Spec(K),  G). 
There  is  a canonical  morphism 

P xSpec(A)  • ■ • x Spec(A)  P > [n]{P) 

of  algebraic  spaces  over  K.  This  morphism  is  symmetric  as  G is  abelian.  Hence  it 
factors  through  the  quotient 

(P  ^ Spec (K)  • • • ^Spec (K)  P)/Sn 

On  the  other  hand,  the  morphism  Spec(A)  — » P defines  a morphism 
(Spec(A)  Xgpec(jQ  . . . x Spec(/c)  Spec(L))/ Sn  ^ (P  Xgpec^^  . . . Xgpec^j  P^/Sn 

and  the  reader  can  verify  that  the  scheme  on  the  left  has  a A'-rational  point.  Thus 
we  see  that  [n](P)  is  the  trivial  torsor.  □ 


OAFB 


To  prove  X = Mor?f X.  [5/A])  is  not  an  algebraic  stack,  by  Artin’s  Axioms,  Lemma 
is  enough  to  show  the  following. 

88.60.3.  The  canonical  map  X(S)  —¥  limA’(5„)  is  not  essentially  sur- 


80.9.4  it 


Lemma 

jective. 


Sketch  of  proof.  Unwinding  definitions,  it  is  enough  to  check  that  H1(X,Aq) 
lim  H1(Xn , Ap)  is  not  surjective.  As  X is  regular  and  projective,  by  Lemmas 


and 


88.60.1 


88.60.2 


each  A0-torsor  over  X is  torsion.  In  particular,  the  group  H1(X,A0) 
is  torsion.  It  is  thus  enough  to  show:  (a)  the  group  H1(X0,  A0)  is  non-torsion,  and 
(b)  the  maps  H1(Xn+i,  A0)  — > H1(Xn,A0)  are  surjective  for  all  n. 


Ad  (a) . One  constructs  a nontorsion  A0-torsor  P0  on  the  nodal  curve  A'0  by  glueing 
trivial  Ao-torsors  on  each  component  of  Xo  using  non-torsion  points  on  Aq  as  the 
isomorphisms  over  the  nodes.  More  precisely,  let  x € Xq  be  a node  which  occurs 
in  a loop  consisting  of  rational  curves.  Let  Xq  — > X0  be  the  normalization  of 
X0  in  A0  \ {a;}.  Let  x',x"  € Xq  be  the  two  points  mapping  to  Xq.  Then  we  take 
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A0  x spec(fc)  Aq  and  we  identify  Aq  x x'  with  Aq  x {x11}  using  translation  Aq  — > Aq  by 
a nontorsion  point  ao  £ Ao(fc)  (there  is  such  a nontorsion  point  as  k is  algebraically 
closed  and  not  the  algebraic  closure  of  a finite  field  - this  is  actually  not  trivial  to 
prove).  One  can  show  that  the  glueing  is  an  algebraic  space  (in  fact  one  can  show 
it  is  a scheme)  and  that  it  is  an  nontorsion  Ao-torsor  over  Xq.  The  reason  that  it  is 
nontorsion  is  that  if  [n](Po)  has  a section,  then  that  section  produces  a morphism 
s : Xq  — > A0  such  that  [n](ao)  = s(x')  — s(x ")  in  the  group  law  on  A0(k).  However, 
since  the  irreducible  components  of  the  loop  are  rational  to  section  s is  constant  on 
them  ( More  on  Groupoids  in  Spaces,  Lemma  66.9.3).  Hence  s( x')  = s(x")  and  we 
obtain  a contradiction. 


Ad  (b).  Deformation  theory  shows  that  the  obstruction  to  deforming  an  Ao-torsor 
Pn  -*  Xn  to  an  A0-torsor  Pn+\  — ► Xn+i  lies  in  H2(X0,lu)  for  a suitable  vector 
bundle  ui  on  Xq.  The  latter  vanishes  as  Xq  is  a curve,  proving  the  claim.  □ 

Proposition  88.60.4.  The  stack  X = More  (A,  [S'/A]))  is  not  algebraic. 

Proof.  See  discussion  above.  □ 


Remark  88.60.5.  Proposition |88.60.4  contradicts  [Aok06bl  Theorem  1.1].  The 
problem  is  the  non-effectivity  of  formal  objects  for  MorP(X,  [S/A]).  The  same 
problem  is  mentioned  in  the  Erratum  IAok06al  to  }Aok06b] . Unfortunately,  the 
Erratum  goes  on  the  assert  that  MorAT,  Z)  is  algebraic  if  Z is  separated,  which 
also  contradicts  Proposition  88.60.4  as  [S/A]  is  separated. 


88.61.  A counter  example  to  Grothendieck’s  existence  theorem 


Let  A;  be  a field  and  let  A = k[[t]].  Let  X be  the  glueing  of  U = Spec(A[x])  and 
V = Spec  (A  [y])  by  the  identification 

U \ {Op-}  — ¥ V \ {Oy} 


sending  x to  y where  Op  £ U and  Oy  £ V are  the  points  corresponding  to  the 
maximal  ideals  (x,  t)  and  (y,  t).  Set  An  = A/{tn ) and  set  Xn  = XxSpec(j4)Spec(A„). 
Let  Tn  be  the  coherent  sheaf  on  Xn  corresponding  to  the  A„[x]-module  An[x\/{x)  = 
A„  and  the  An  [y\  module  0 with  obviuous  glueing.  Let  T C Ox  be  the  sheaf  of  ideals 
generate  by  t.  Then  (Tn)  is  an  object  of  the  category  CohsuppoTt  proper  over  a (A,  I) 
defined  in  Cohomology  of  Schemes,  Section  |29.22|  On  the  other  hand,  this  object 
is  not  in  the  image  of  the  functor  Cohomology  of  Schemes,  Equation  |29.23.6.I| 
Namely,  if  it  where  there  would  be  a finite  A[a;]-module  M , a finite  A [y] -module  N 
and  an  isomorphism  M[l/t]  = A[l/t]  such  that  M/tnM  = An[x\/{x)  and  N/tnN  = 
0 for  all  n.  It  is  easy  to  see  that  this  is  impossible. 


Lemma  88.61.1.  Counter  examples  to  algebraization  of  coherent  sheaves. 

(1)  Grothendieck’s  existence  theorem  as  stated  in  Cohomology  of  Schemes, 
Theorem  29.23. 7 is  false  if  we  drop  the  assumption  that  X — > Spec(A)  is 
separated. 

(2)  The  stack  of  coherent  sheaves  Cohx/B  °f  Quot,  Theorems  81.6.5  and 
\81.5.12\  is  in  general  not  algebraic  if  we  drop  the  assumption  that  X — > S 
is  separated 

(3)  The  functor  Quotjr /x/b  °f  Quot,  Proposition  81.9.3  is  not  an  algebraic 
space  in  general  if  we  drop  the  assumption  that  X B is  separated. 
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Proof.  Part  (1)  we  saw  above.  This  shows  that  CoYix/a  fails  axiom  [4]  of  Artin’s 
Axioms,  Section  [80.12|  Hence  it  cannot  be  an  algebraic  stack  by  Artin’s  Axioms, 
Lemma  80.9.4  In  this  way  we  see  that  (2)  is  true.  To  see  (3),  note  that  there  are 
compatible  surjections  Gxn  — ► J~n  for  all  n.  Thus  we  see  that  QuotOA, /x/A  fails 
axiom  [4]  and  we  see  that  (3)  is  true  as  before.  □ 


88.62.  Affine  formal  algebraic  spaces 


OANY 


Let  K be  a field  and  let  (I fyiei  be  a directed  inverse  system  of  nonzero  vector 
spaces  over  K with  surjective  transition  maps  and  with  lim  Vt  = 0,  see  Section 
88.3  Let  Ri  = K © Vi  as  AT-algebra  where  Vi  is  an  ideal  of  square  zero.  Then  Ri 


is  an  inverse  system  of  A-algebras  with  surjective  transition  maps  with  nilpotent 
kernels  and  with  lim  A,  = K.  The  affine  formal  algebraic  space  X = colim  Spec(f?;) 
is  an  example  of  an  affine  formal  algebraic  space  which  is  not  McQuillan. 


Let  0 — > Wi  — > Vi  -A  K — ► 0 be  a system  of  exact  sequences  as  in  Section  |88.3[  Let 
At  = K[Vi]/(ww';  w,w'  £ Wi).  Then  there  is  a compatible  system  of  surjections 
Ai  — y K[t ] with  nilpotent  kernels  and  the  transition  maps  A,;  -A  Aj  are  surjective 
with  nilpotent  kernels  as  well.  Recall  that  Vi  is  free  over  I\  with  basis  given  by 
s £ Si.  Then,  if  the  characteristic  of  K is  zero,  the  degree  d part  of  Ai  is  free 
over  K with  basis  given  by  sd,  s £ St  each  of  which  map  to  td.  Hence  the  inverse 
system  of  the  degree  d parts  of  the  Ai  is  isomorphic  to  the  inverse  system  of  the 
vector  spaces  V.  As  lirnVj  = 0 we  conclude  that  lim  A,(  = K , at  least  when  the 
characteristic  of  K is  zero.  This  gives  an  example  of  a affine  formal  algebraic  space 
whose  “regular  functions”  do  not  separate  points. 


88.63.  Flat  maps  are  not  directed  limits  of  finitely  presented  flat  maps 

OATE  The  goal  of  this  section  is  to  give  an  example  of  a flat  ring  map  which  is  not  a 
filtered  colimit  of  flat  and  finitely  presented  ring  maps.  In  IGab96|  it  is  shown 
that  if  A is  a nonexcellent  local  ring  of  dimension  1 and  residue  characteristic  zero, 
then  the  (flat)  ring  map  A -A  AA  to  its  completion  is  not  a filtered  colimit  of  finite 
type  flat  ring  maps.  The  example  in  this  section  will  have  a source  which  is  an 
excellent  ring.  We  encourage  the  reader  to  submit  other  examples;  please  email 
stacks.project@gmail.com  if  you  have  one. 

For  the  construction,  fix  a prime  p,  and  let  A = Fpfaq, . . . , xn ].  Choose  an  absolute 
integral  closure  A+  of  A,  i.e. , A+  is  the  integral  closure  of  A in  an  algebraic  closure 
of  its  fraction  field.  In  [HH921  §6.7]  it  is  shown  that  A -A  A+  is  flat. 

We  claim  that  the  A-algebra  A+  is  not  a filtered  colimit  of  finitely  presented  flat 
A-algebras  if  n > 3. 

We  sketch  the  argument  in  the  case  n = 3,  and  we  leave  the  generalization  to  higher 
n to  the  reader.  It  is  enough  to  prove  the  analogous  statement  for  the  map  R -A  R+ , 
where  R is  the  strict  henselization  of  A at  the  origin  and  R+  is  its  absolute  integral 
closure.  Observe  that  R is  a henselian  regular  local  ring  whose  residue  field  k is  an 
algebraic  closure  of  Fp. 

Choose  an  ordinary  abelian  surface  X over  k and  a very  ample  line  bundle  L on 
X.  The  section  ring  T*(X,  L)  = ®n  H°(X,  Ln)  is  the  coordinate  ring  of  the  affine 
cone  over  X with  respect  to  L.  It  is  a normal  ring  for  L sufficiently  positive. 
Let  S denote  the  henselization  of  r*(X,  L)  at  vertex  of  the  cone.  Then  S is  a 
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henselian  noetherian  normal  domain  of  dimension  3.  We  obtain  a finite  injective 
map  R — > S as  the  lrenselization  of  a Noether  normalization  for  the  finite  type 
fc-algebra  r*(A',  L).  As  R+  is  an  absolute  integral  closure  of  P,  we  can  also  fix  an 
embedding  S P+.  Thus  R+  is  also  the  absolute  integral  closure  of  S.  To  show 
R+  is  not  a filtered  colimit  of  flat  P-algebras,  it  suffices  to  show: 

(1)  If  there  exists  a factorization  S — > P — > R+  with  P flat  and  finite  type 
over  R , then  there  exists  a factorization  S — > T — > P+  with  T finite  flat 
over  R. 

(2)  For  any  factorization  S — ► T — > R+  with  S — > T finite,  the  ring  T is  not 
P-flat. 


Indeed,  since  S is  finitely  presented  over  R,  if  one  could  write  R+  = coliup  P*  as  a 
filtered  colimit  of  finitely  presented  flat  P-algebras  Pj,  then  S — > R+  would  factor  as 
S — > Pi  — > R+  for  0,  which  contradicts  the  above  pair  of  assertions.  Assertion 
(1)  follows  from  the  fact  that  R is  henselian  and  a slicing  argument,  see  More  on 
Morphisms,  Lemma  36.18.5  Part  (2)  was  proven  in  |Bhal2j:  for  the  convenience 


of  the  reader,  we  recall  the  argument. 


Let  U C Spec(S')  be  the  punctured  spectrum,  so  there  are  natural  maps  X •<— 
U C Spec(S).  The  first  map  gives  an  identification  LP(f7, Ojj)  — H1(X,Ox)-  By 
passing  to  the  Witt  vectors  of  the  perfection  and  using  the  Artin-Schreier  sequence^ 
this  gives  an  identification  H\tale(U,  Zp)  ~ H\tale{X,  Zp).  In  particular,  this  group 
is  a finite  free  Zp-module  of  rank  2 (since  X is  ordinary).  To  get  a contradiction 
assume  there  exists  an  P-flat  T as  in  (2)  above.  Let  V C Spec(T)  denote  the 
preimage  of  U.  and  write  / : V -A  U for  the  induced  finite  surjective  map.  Since  U 
is  normal,  there  is  a trace  map  /*  Zp  — > Zp  on  U&aie  whose  composition  with  the 
pullback  Zp  -A  /*Zp  is  multiplication  by  d = deg (/).  Passing  to  cohomology,  and 
using  that  H\tale{U,Zp)  is  nontorsion,  then  shows  that  Hjtale(V,  Zp)  is  nonzero. 
Since  H\tale{V,  Zp)  ~ \imHjtale(V,Z/pn)  as  there  is  no  R1  lim  interference,  the 
group  ^(Vetaiei  Z/p)  must  be  non-zero.  Since  T is  P-flat  we  have  T{V,Ov)  = T 
which  is  strictly  henselian  and  the  Artin-Schreier  sequence  shows  Pt1(V,Ov)  7^  0. 
This  is  equivalent  to  H^(T)  ^ 0,  where  m C P is  the  maximal  ideal.  Thus,  we 
obtain  a contradiction  since  T is  finite  flat  (i.e.,  finite  free)  as  an  P- module  and 
H^(R)  = 0.  This  contradiction  proves  (2). 

Lemma  88.63.1.  There  exists  a commutative  ring  A and  a flat  A-algebra  B which 
cannot  be  written  as  a filtered  colimit  of  finitely  presented  flat  A-algebras.  In  fact, 
we  may  either  choose  A to  be  a finite  type  F p-algebra  or  a 1-dimensional  Noetherian 
local  ring  with  residue  field  of  characteristic  0. 


Proof.  See  discussion  above. 


□ 


88.64.  The  category  of  modules  modulo  torsion  modules 


0B0J  The  category  of  torsion  groups  is  a Serre  subcategory  (Homology,  Definition  12.9.1 ) 
of  the  category  of  all  abelian  groups.  More  generally,  for  any  ring  A,  the  category  of 
torsion  A-modules  is  a Serre  subcategory  of  the  category  of  all  A-modules,  see  More 
on  Algebra,  Section  15.44  If  A is  a domain,  then  the  quotient  category  (Homology, 
Lemma  12.9.6)  is  equivalent  to  the  category  of  vector  spaces  over  the  fraction  field. 


'Here  we  use  that  S is  a strictly  henselian  local  ring  of  characteristic  p and  hence  S S, 
f 1— > fp  — f is  surjective.  Also  S is  a normal  domain  and  hence  V ( U.  Ou)  = S.  Thus  Hf  , (U,  Z/p) 
is  the  kernel  of  the  map  /71(f/,  Ojj)  — > / 1 1 ( U,  On)  induced  by  / 1-4-  fp  — f . 


88.65.  DIFFERENT  COLIMIT  TOPOLOGIES 


4777 


OBOK 


OBOL 


OBOM 


0B2Y 


Proposition  88.64.1.  Let  A be  an  integral  domain.  Let  K denote  its  field  of 
fractions.  Let  ModA  denote  the  category  of  A-modules  and  T its  Serre  subcategory 
of  torsion  modules.  Let  Vectx  denote  the  category  of  K -vector  spaces.  Then  there 
is  a canonical  equivalence  ModA/T  — > Vectx- 


Proof.  The  functor  Mod^  — > Vectx  given  by  M h>  M (gu  K is  exact  (by  Alge- 
bra, Proposition  10.9.12)  and  maps  torsion  modules  to  zero.  Thus,  by  the  univer- 
sal property  given  in  Homology,  Lemma|l2.9.6[  the  functor  descends  to  a functor 
Mod  a /T  — > Vecix- 


Conversely,  any  A-module  M with  M®aK  = 0 is  torsion,  since  M®aK  = MfS-1], 
where  S C A is  the  set  of  regular  elements  (Algebra,  Lemma  10.11.15).  Thus 
Homology,  Lemma  12.9.7  shows  that  the  functor  Modyi/T  — >•  Vect^-  is  faithful. 


Furthermore,  this  embedding  is  essentially  surjective:  a preimage  to  K ^ is  #). 
To  show  that  the  embedding  is  full,  we  only  have  to  show  that  it  is  full  for  free 
modules,  since  any  object  in  Mod a/7~  is  the  cokernel  of  a morphism  between  free 
modules. 


Thus  let  a AT-linear  map  be  given.  We  can  decompose  this  map  into 

a scaling  map  — ► K^\  a d~1ei  ( di  € A ),  followed  by  a map  KW  ->•  A'(J) 

whose  (possibly  infinite)  matrix  has  all  entries  in  A.  It  is  then  obvious  that  the 
second  map  is  induced  by  an  A-linear  map  A^  — > A^f  The  scaling  map  possesses 
a preimage  in  Mod a/T  as  well,  for  it  is  the  inverse  to  the  map  A^  — > A^\  d ^ di, 
in  Mod^/T.  This  map  is  indeed  invertible  in  Modyi/T,  since  its  kernel  is  zero  (even 
before  passing  to  the  quotient)  and  its  cokernel  is  a torsion  module.  □ 

Proposition  88.64.2.  Let  A be  a Noetherian  integral  domain.  Let  K denote  its 
field  of  fractions.  Let  Mod ^ denote  the  category  of  finitely  generated  A-modules  and 
Tf9  its  Serre  subcategory  of  finitely  generated  torsion  modules.  Then  Mod^  /T^9 
is  canonically  equivalent  to  the  category  of  finite  dimensional  K -vector  spaces. 


Proof.  The  equivalence  given  in  Proposition |88.64Tl restricts  along  the  embedding 
Mod^9/T^9  — > Mod^/T  to  an  equivalence  Mod TfjT?9  — > Vect{/.  The  Noetherian 
assumption  guarantees  that  Mod^9  is  an  abelian  category  (see  More  on  Algebra, 
15.44)  and  that  the  canonical  functor  Mod^9/T^9  — » Mod  a/T  is  full  (else 


Section 


torsion  submodules  of  finitely  generated  modules  might  not  be  objects  of  T^9).  □ 


Proposition  88.64.3.  The  quotient  of  the  category  of  abelian  groups  modulo  its 
Serre  subcategory  of  torsion  groups  is  the  category  of  Q-vector  spaces. 


Proof.  The  claim  follows  directly  from  Proposition  |88.64~T 


□ 


88.65.  Different  colimit  topologies 

This  example  is  [TSH98.  Example  1.2,  page  553].  Let  Gn  = Q x Rn,  n > 1 seen  as 
a topological  group  for  addition  endowed  with  the  usual  (Euclidean)  topology.  Con- 
sider the  closed  embeddings  Gn  — > Gn+  i mapping  (xq,  • ■ • , xn)  to  (xq,  . . . , xn,  0). 
We  claim  that  G = colim  Gn  endowed  with  the  topology 

U C G open  4=>  Gn  D U open  Vn 

is  not  a topological  group. 
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To  see  this  we  consider  the  set 

U = {( Xo,Xi,X2 , ■ ■ ■)  such  that  \xf  < | cos(jiro)|  for  j > 0} 

Using  that  jx o is  never  an  integral  multiple  of  tt/2  as  7 r is  not  rational  it  is  easy 
to  show  that  U D Gn  is  open.  Since  0 G U,  if  the  topology  above  made  G into 
a topological  group,  then  there  would  be  an  open  neighbourhood  V C G of  0 
such  that  V + v C U . Then,  for  every  j > 0 there  would  exist  ej  > 0 such  that 
(0, . . . , 0,  Xj,  0, . . .)  € V for  \xj  < ej.  Since  V + V C U we  would  have 

(®o,0, . ..,0,Xj,0, ...)  G U 

for  |xo|  < Co  and  \xj\  < ej.  However,  if  we  take  j large  enough  such  that  je o > 7t/2, 
then  we  can  choose  Xq  £ Q such  that  cos(jxo)  is  smaller  than  Cj.  hence  there 
exists  an  Xj  with  | cos(jxo)|  < \xj\  < ej.  This  contradiction  proves  the  claim. 

0B2Z  Lemma  88.65.1.  There  exists  a system  G i — > G 2 — > G3  — > ...  of  (abelian) 
topological  groups  such  that  colim  Gn  taken  in  the  category  of  topological  spaces  is 
different  from  colim  Gn  taken  in  the  category  of  topological  groups. 

Proof.  See  discussion  above.  □ 
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Exercises 


89.1.  Algebra 

This  first  section  just  contains  some  assorted  questions. 

Exercise  89.1.1.  Let  A be  a ring,  and  m a maximal  ideal.  In  A[X]  let  rfii  = (m,  X ) 
and  m2  = (m,  X — 1).  Show  that 

A[X]Al  £*  A[X]*2. 

Exercise  89.1.2.  Find  an  example  of  a non  Noetherian  ring  R such  that  every 
finitely  generated  ideal  of  R is  finitely  presented  as  an  R-module.  (A  ring  is  said 
to  be  coherent  if  the  last  property  holds.) 

Exercise  89.1.3.  Suppose  that  (A,  m,  k)  is  a Noetherian  local  ring.  For  any  finite 
A-module  M define  r(M)  to  be  the  minimum  number  of  generators  of  M as  an 
A-module.  This  number  equals  dim/.,  M /m M = dim*,  M gx  k by  NAK. 

(1)  Show  that  r(M  g^  N ) = r(M)r{N). 

(2)  Let  I C A be  an  ideal  with  r(I)  > 1.  Show  that  r(/2)  < r(/)2. 

(3)  Conclude  that  if  every  ideal  in  A is  a flat  module,  then  A is  a PID  (or  a 
held). 

Exercise  89.1.4.  Let  k be  a held.  Show  that  the  following  pairs  of  fc-algebras  are 
not  isomorphic: 

(1)  k[ Xi, . . . , xn\  and  k[x\, . . . , xn+i]  for  any  n > 1. 

(2)  /c[a,  b,  c,  d , e,  f]/(ab  + cd  + ef)  and  k[x i, . . . , xn]  for  n = 5. 

(3)  k[a , b,  c,  d,  e,  f]/(ab  + cd  + ef)  and  k[x  i, . . . , xn\  for  n = 6. 

Remark  89.1.5.  Of  course  the  idea  of  this  exercise  is  to  hnd  a simple  argument 
in  each  case  rather  than  applying  a “big”  theorem.  Nonetheless  it  is  good  to  be 
guided  by  general  principles. 

Exercise  89.1.6.  Algebra.  (Silly  and  should  be  easy.) 

(1)  Give  an  example  of  a ring  A and  a nonsplit  short  exact  sequence  of  A- 
modules 

0 ->•  M1  ->■  M2  ->•  M3  ->•  0. 

(2)  Give  an  example  of  a nonsplit  sequence  of  A-modules  as  above  and  a 
faithfully  hat  A — >•  B such  that 

0 — )■  Adi  Gx  B — > AI2  Gx  B — > A/3  B — y 0. 

is  split  as  a sequence  of  S-modules. 
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02CM  Exercise  89.1.7.  Suppose  that  k is  a field  having  a primitive  nth  root  of  unity 
£.  This  means  that  = 1,  but  (m  ^ 1 for  0 < m < n. 

(1)  Show  that  the  characteristic  of  k is  prime  to  n. 

(2)  Suppose  that  a £ k is  an  element  of  k which  is  not  an  dth  power  in  k for 
any  divisor  d of  n,  in  > d > 1.  Show  that  k[x]/(xn  — a)  is  a field.  (Hint: 
Consider  a splitting  field  for  xn  — a and  use  Galois  theory.) 

02CN  Exercise  89.1.8.  Let  v : k[x\  \ {0}  ->  Z be  a map  with  the  following  properties: 
v{fg)  = i '(/)  + v(g)  whenever  /,  g not  zero,  and  i/(f  + g)  > min{v(f),v(g)) 
whenever  f , g,  f + g are  not  zero,  and  v(c ) = 0 for  all  c £ k* . 

(1)  Show  that  if  /,  g , and  f + g are  nonzero  and  v{f)  v{g)  then  we  have 
equality  v{f  + g)  = min(v(f),  v(g)). 

(2)  Show  that  if  / = Y^aix\  f y^  0,  then  v{f)  > min{{iv(x)}ai^o).  When 
does  equality  hold? 

(3)  Show  that  if  v attains  a negative  value  then  v(f)  = — ndeg(/)  for  some 

n £ N. 

(4)  Suppose  v{x)  > 0.  Show  that  {/  | / = 0,  or  v(f)  > 0}  is  a prime  ideal  of 
k[x]. 

(5)  Describe  all  possible  v. 

Let  A be  a ring.  An  idempotent  is  an  element  e £ A such  that  e2  = e.  The  elements 
1 and  0 are  always  idempotent.  A nontrivial  idempotent  is  an  idempotent  which  is 
not  equal  to  zero.  Two  idempotents  e,  e'  £ A are  called  orthogonal  if  ee'  = 0. 

078G  Exercise  89.1.9.  Let  A be  a ring.  Show  that  A is  a product  of  two  nonzero  rings 
if  and  only  if  A has  a nontrivial  idempotent. 

078H  Exercise  89.1.10.  Let  A be  a ring  and  let  / C A be  a locally  nilpotent  ideal. 
Show  that  the  map  A — > A/I  induces  a bijection  on  idempotents.  (Hint:  It  may 
be  easier  to  prove  this  when  I is  nilpotent.  Do  this  first.  Then  use  “absolute 
Noetherian  reduction”  to  reduce  to  the  nilpotent  case.) 
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0781  Definition  89.2.1.  A directed  partially  ordered  set  is  a nonempty  set  I endowed 
with  a partial  ordering  < such  that  given  any  pair  i,j  £ I there  exists  a k £ I 
such  that  i < k and  j < k.  A system  of  rings  over  / is  given  by  a ring  A.j  for  each 
i £ I and  a map  of  rings  ipij  : A.j  — > Aj  whenever  i < j such  that  the  composition 
Aj  — >•  Aj  — > Afc  is  equal  to  Aj  — »•  Afc  whenever  i < j < k. 


078J 


078K 


One  similarly  defines  systems  of  groups,  modules  over  a fixed  ring,  vector  spaces 
over  a field,  etc. 


89.2.2.  Let  I be  a directed  partially  ordered  set  and  let  (Aj,<pij)  be  a 
rings  over  I.  Show  that  there  exists  a ring  A and  maps  ipi  : Aj  — » A such 
that  <pj  o ip^  = ipi  for  all  i < j with  the  following  universal  property:  Given  any 
ring  B and  maps  tfi  : Aj  — >•  B such  that  tpj  o j for  all  i < j,  then  there  exists 

a unique  ring  map  ip  : A — >•  B such  that  ipi  = ip  o <pi . 


Exercise 

system  of 


Definition  89.2.3.  The  ring  A constructed  in  Exercise 
of  the  system.  Notation  colim  Aj. 


89.2.2 


is  called  the  colimit 
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Exercise  89.2.4.  Let  (7,  >)  be  a directed  partially  ordered  set  and  let 
be  a system  of  rings  over  7 with  colimit  A.  Prove  that  there  is  a bijection 


Spec(A)  = {(p i)iei  | pi  C At  and  pi  = <^/(pj)  Vi  < j}  C JJ.  j Spec(A;) 

The  set  on  the  right  hand  side  is  the  limit  of  the  sets  Spec(Ai).  Notation  lim  Spec(A,). 


Exercise  89.2.5.  Let  (7,  >)  be  a directed  partially  ordered  set  and  let  (Ai,ipij) 
be  a system  of  rings  over  7 with  colimit  A.  Suppose  that  Spec(Aj)  -4  Spec(Aj)  is 
surjective  for  all  i < j.  Show  that  Spec(A)  — ► Spec(Ai)  is  surjective  for  all  i.  (Hint: 
You  can  try  to  use  Tyclronoff,  but  there  is  also  a basically  trivial  direct  algebraic 


proof  based  on  Algebra,  Lemma  10.16.9 


Exercise  89.2.6.  Let  A C B be  an  integral  ring  extension.  Prove  that  Spec(T?)  — ► 
Spec(A)  is  surjective.  Use  the  exercises  above,  the  fact  that  this  holds  for  a finite 
ring  extension  (proved  in  the  lectures),  and  by  proving  that  B = colimT^  is  a 
directed  colimit  of  finite  extensions  A C Bi. 


Exercise  89.2.7.  Let  (7,  >)  be  a partially  ordered  set  which  is  directed.  Let  A be 
a ring  and  let  (IVj,  be  a directed  system  of  A- modules  indexed  by  7.  Suppose 
that  M is  another  A-module.  Prove  that 

colimiej  M 0 a Ni  = M 0 a ^ colimiej  Nij . 

Definition  89.2.8.  A module  M over  R is  said  to  be  of  finite  presentation  over 
R if  it  is  isomorphic  to  the  cokernel  of  a map  of  finite  free  modules  R®n  — » 72®  m. 

Exercise  89.2.9.  Prove  that  any  module  over  any  ring  is 

(1)  the  colimit  of  its  finitely  generated  submodules,  and 

(2)  in  some  way  a colimit  of  finitely  presented  modules. 


89.3.  Additive  and  abelian  categories 


Exercise  89.3.1.  Let  k be  a field.  Let  C be  the  category  of  filtered  vector  spaces 
over  k,  see  Homology,  Definition  12.16.1  for  the  definition  of  a filtered  object  of  any 
category. 


(1)  Show  that  this  is  an  additive  category  (explain  carefuly  what  the  direct 
sum  of  two  objects  is). 

(2)  Let  / : (V,F)  — > (W,F)  be  a morphism  of  C.  Show  that  / has  a kernel 
and  cokernel  (explain  precisely  what  the  kernel  and  cokernel  of  / are). 

(3)  Give  an  example  of  a map  of  C such  that  the  canonical  map  Coim(/)  — > 
Im(/)  is  not  an  isomorphism. 


Exercise  89.3.2.  Let  R be  a Noetherian  domain.  Let  C be  the  category  of  finitely 
generated  torsion  free  72-modules. 

(1)  Show  that  this  is  an  additive  category. 

(2)  Let  / : N — > M be  a morphism  of  C.  Show  that  / has  a kernel  and 
cokernel  (make  sure  you  define  precisely  what  the  kernel  and  cokernel  of 
/ are). 

(3)  Give  an  example  of  a Noetherian  domain  R and  a map  of  C such  that  the 
canonical  map  Coim(/)  — > Im (/)  is  not  an  isomorphism. 
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0580  Exercise  89.3.3.  Give  an  example  of  a category  which  is  additive  and  has  kernels 
and  cokernels  but  which  is  not  as  in  Exercises  189.3.11  and  189.3.21 

89.4.  Flat  ring  maps 

0279 

02CQ  Exercise  89.4.1.  Let  S'  be  a multiplicative  subset  of  the  ring  A. 

(1)  For  an  H-module  M show  that  S~lM  = S-1kl  M. 

(2)  Show  that  S~1A  is  flat  over  A. 

02CR  Exercise  89.4.2.  Find  an  injection  Mi  — > M2  of  H-modules  such  that  Mi  ® N — > 
M2  (g)  iV  is  not  injective  in  the  following  cases: 

(1)  A = k[x , y]  and  N = ( x , y)  C A.  (Here  and  below  k is  a field.) 

(2)  A = and  N = A/{x,y). 

02CS  Exercise  89.4.3.  Give  an  example  of  a ring  A and  a finite  H-module  M which  is 
a flat  but  not  a projective  H-module. 

02CT  Remark  89.4.4.  If  M is  of  finite  presentation  and  flat  over  A,  then  M is  projective 
over  A.  Thus  your  example  will  have  to  involve  a ring  A which  is  not  Noetherian. 
I know  of  an  example  where  A is  the  ring  of  C°°-functions  on  R. 

02CU  Exercise  89.4.5.  Find  a flat  but  not  free  module  over  Z(2). 

02CV  Exercise  89.4.6.  Flat  deformations. 

(1)  Suppose  that  k is  a field  and  k[e]  is  the  ring  of  dual  numbers  k[e]  = 
k[x]/{ x2)  and  e = x.  Show  that  for  any  fc-algebra  A there  is  a flat  fc[e]- 
algebra  B such  that  A is  isomorphic  to  B/eB. 

(2)  Suppose  that  k = Fp  = Ti/pT*  and 

A = k[x1,x2,x3,x4,x5,x6]/(x?i,x%,x%,x%,x%,x%). 

Show  that  there  exists  a flat  Z/p2Z-algebra  B such  that  B/pB  is  isomor- 
phic to  A.  (So  here  p plays  the  role  of  e.) 

(3)  Now  let  p = 2 and  consider  the  same  question  for  k = F2  = Z/2Z  and 

A = k[xi,x2,x3,x4:,x5,xe]/(xl,xl,xl,xl,xl,xl,xix2  + x3x±  + x5xG). 

However,  in  this  case  show  that  there  does  not  exist  a flat  Z/4Z-algebra 
B such  that  B/2B  is  isomorphic  to  A.  (Find  the  trick!  The  same  example 
works  in  arbitrary  characteristic  p > 0,  except  that  the  computation  is 
more  difficult.) 

02CW  Exercise  89.4.7.  Let  (H,m,  k)  be  a local  ring  and  let  k C k!  be  a finite  held 
extension.  Show  there  exists  a hat,  local  map  of  local  rings  A — ► B such  that 
m b = m B and  B/mB  is  isomorphic  to  k'  as  fc-algebra.  (Hint:  hrst  do  the  case 
where  k C k'  is  generated  by  a single  element.) 


02CX 


Remark  89.4.8.  The  same  result  holds  for  arbitrary  held  extensions  k C K. 


89.5.  THE  SPECTRUM  OF  A RING 
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89.5.  The  Spectrum  of  a ring 

027A 

02CY  Exercise  89.5.1.  Compute  Spec(Z)  as  a set  and  describe  its  topology. 

02CZ  Exercise  89.5.2.  Let  A be  any  ring.  For  f £ Awe  define  D(f)  :=  {p  C A \ f (/L  p}. 
Prove  that  the  open  subsets  D(f)  form  a basis  of  the  topology  of  Spec(A). 

02D0  Exercise  89.5.3.  Prove  that  the  map  / i— » V(I)  defines  a natural  bijection 
{I  C A with  I = \Z1}  — > {T  c Spec(A)  closed} 

027B  Definition  89.5.4.  A topological  space  X is  called  quasi-compact  if  for  any  open 
covering  X = (J ieIUi  there  is  a finite  subset  {i±,...,in}  C I such  that  X = 
Ui±  U...Uin. 

02D1  Exercise  89.5.5.  Prove  that  Spec(A)  is  quasi-compact  for  any  ring  A. 

027C  Definition  89.5.6.  A topological  space  X is  said  to  verify  the  separation  axiom 
To  if  for  any  pair  of  points  x,  y £ X,  x ^ y there  is  an  open  subset  of  X containing 
one  but  not  the  other.  We  say  that  X is  Hausdorff  if  for  any  pair  x,  y £ X,  x ^ y 
there  are  disjoint  open  subsets  U,  V such  that  x £ U and  y £ V. 

02D2  Exercise  89.5.7.  Show  that  Spec(A)  is  not  Hausdorff  in  general.  Prove  that 
Spec(A)  is  T0.  Give  an  example  of  a topological  space  X that  is  not  T0. 

02D3  Remark  89.5.8.  Usually  the  word  compact  is  reserved  for  quasi-compact  and 
Hausdorff  spaces. 

027D  Definition  89.5.9.  A topological  space  X is  called  irreducible  if  X is  not  empty 
and  if  X = Z\  U Zi  with  Z^ , Z-i  C X closed,  then  either  Z\  = X or  Z2  = X. 
A subset  T C X of  a topological  space  is  called  irreducible  if  it  is  an  irreducible 
topological  space  with  the  topology  induced  from  X.  This  definition  implies  T is 
irreducible  if  and  only  if  the  closure  T of  T in  X is  irreducible. 

02D4  Exercise  89.5.10.  Prove  that  Spec(A)  is  irreducible  if  and  only  if  Nil  (A)  is  a 
prime  ideal  and  that  in  this  case  it  is  the  unique  minimal  prime  ideal  of  A. 

02D5  Exercise  89.5.11.  Prove  that  a closed  subset  T C Spec(A)  is  irreducible  if  and 
only  if  it  is  of  the  form  T = V(p)  for  some  prime  ideal  p C A. 

027E  Definition  89.5.12.  A point  x of  an  irreducible  topological  space  X is  called  a 
generic  point  of  X if  X is  equal  to  the  closure  of  the  subset  {x}. 

02D6  Exercise  89.5.13.  Show  that  in  a To  space  X every  irreducible  closed  subset  has 
at  most  one  generic  point. 

02D7  Exercise  89.5.14.  Prove  that  in  Spec(A)  every  irreducible  closed  subset  does 
have  a generic  point.  In  fact  show  that  the  map  p i-A  {p}  is  a bijection  of  Spec(A) 
with  the  set  of  irreducible  closed  subsets  of  X. 

02D8  Exercise  89.5.15.  Give  an  example  to  show  that  an  irreducible  subset  of  Spec(Z) 
does  not  neccesarily  have  a generic  point. 

027F  Definition  89.5.16.  A topological  space  X is  called  Noetherian  if  any  decreasing 
sequence  Z1  D Z2  D Z3  D . . . of  closed  subsets  of  X stabilizes.  (It  is  called  Artinian 
if  any  increasing  sequence  of  closed  subsets  stabilizes.) 
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02D9  Exercise  89.5.17.  Show  that  if  the  ring  A is  Noetherian  then  the  topological 
space  Spec(A)  is  Noetherian.  Give  an  example  to  show  that  the  converse  is  false. 
(The  same  for  Artinian  if  you  like.) 

027G  Definition  89.5.18.  A maximal  irreducible  subset  T C X is  called  an  irreducible 
component  of  the  space  A.  Such  an  irreducible  component  of  X is  automatically  a 
closed  subset  of  X. 

02DA  Exercise  89.5.19.  Prove  that  any  irreducible  subset  of  X is  contained  in  an 
irreducible  component  of  X. 

02DB  Exercise  89.5.20.  Prove  that  a Noetherian  topological  space  X has  only  finitely 
many  irreducible  components,  say  X\ , . . . , Xn , and  that  X = X\  U Xi  U . . . U Xn. 
(Note  that  any  X is  always  the  union  of  its  irreducible  components,  but  that  if 
X = R with  its  usual  topology  for  instance  then  the  irreducible  components  of  A' 
are  the  one  point  subsets.  This  is  not  terribly  interesting.) 

02DC  Exercise  89.5.21.  Show  that  irreducible  components  of  Spec(A)  correspond  to 
minimal  primes  of  A. 

027H  Definition  89.5.22.  A point  x £ X is  called  closed  if  {x}  = {x}.  Let  x,y  be 
points  of  X.  We  say  that  x is  a specialization  of  y , or  that  y is  a generalization  of 
x if  x € {y}. 

02DD  Exercise  89.5.23.  Show  that  closed  points  of  Spec(A)  correspond  to  maximal 
ideals  of  A. 

02DE  Exercise  89.5.24.  Show  that  p is  a generalization  of  q in  Spec(A)  if  and  only  if  p C 
q.  Characterize  closed  points,  maximal  ideals,  generic  points  and  minimal  prime 
ideals  in  terms  of  generalization  and  specialization.  (Here  we  use  the  terminology 
that  a point  of  a possibly  reducible  topological  space  X is  called  a generic  point  if 
it  is  a generic  points  of  one  of  the  irreducible  components  of  A".) 

02DF  Exercise  89.5.25.  Let  I and  J be  ideals  of  A.  What  is  the  condition  for  V(I) 
and  V(J)  to  be  disjoint? 

0271  Definition  89.5.26.  A topological  space  A is  called  connected  if  it  is  nonempty 
and  not  the  union  of  two  nonempty  disjoint  open  subsets.  A connected  component 
of  X is  a maximal  connected  subset.  Any  point  of  X is  contained  in  a connected 
component  of  X and  any  connected  component  of  X is  closed  in  X.  (But  in  general 
a connected  component  need  not  be  open  in  A.) 

02DG  Exercise  89.5.27.  Let  A be  a nonzero  ring.  Show  that  Spec(A)  is  disconnected 
iff  A = B x C for  certain  nonzero  rings  B1  C. 

02DH  Exercise  89.5.28.  Let  T be  a connected  component  of  Spec(A).  Prove  that  T 
is  stable  under  generalization.  Prove  that  T is  an  open  subset  of  Spec(A)  if  A is 
Noetherian.  (Remark:  This  is  wrong  when  A is  an  infinite  product  of  copies  of  F2 
for  example.  The  spectrum  of  this  ring  consists  of  infinitely  many  closed  points.) 

02DI  Exercise  89.5.29.  Compute  Spec(fc[x]),  i.e. , describe  the  prime  ideals  in  this 
ring,  describe  the  possible  specializations,  and  describe  the  topology.  (Work  this 
out  when  k is  algebraically  closed  but  also  when  k is  not.) 
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02DJ  Exercise  89.5.30.  Compute  Spec(fc[:r,  y}),  where  k is  algebraically  closed.  [Hint: 
use  the  morphism  p : Spec(fc[x,  y])  — > Spec(A:[a;]);  if  <£>(p)  = (0)  then  localize  with 
respect  to  S = {/  £ k[x]  \ f 7^  0}  and  use  result  of  lecture  on  localization  and 
Spec.]  (Why  do  you  think  algebraic  geometers  call  this  affine  2-space?) 

02DK  Exercise  89.5.31.  Compute  Spec(Z[j/]).  [Hint:  as  above.]  (Affine  1-space  over 

Z.) 

89.6.  Localization 

0766 

0767  Exercise  89.6.1.  Let  A be  a ring.  Let  S C A be  a multiplicative  subset.  Let  M 
be  an  A-module.  Let  N C S~1M  be  an  S_1A-submodule.  Show  that  there  exists 
an  A-submodule  N'  C M such  that  N = S~1N'.  (This  useful  result  applies  in 
particular  to  ideals  of  S_1A.) 

0768  Exercise  89.6.2.  Let  A be  a ring.  Let  M be  an  A-module.  Let  m £ M. 

(1)  Show  that  I = {a  £ A | am  = 0}  is  an  ideal  of  A. 

(2)  For  a prime  p of  A show  that  the  image  of  m in  Mp  is  zero  if  and  only  if 

I<t  P- 

(3)  Show  that  to  is  zero  if  and  only  if  the  image  of  to  is  zero  in  Mv  for  all 
primes  p of  A. 

(4)  Show  that  to  is  zero  if  and  only  if  the  image  of  m is  zero  in  Mm  for  all 
maximal  ideals  m of  A. 

(5)  Show  that  M = 0 if  and  only  if  Mm  is  zero  for  all  maximal  ideals  m. 

0769  Exercise  89.6.3.  Find  a pair  (A,  /)  where  A is  a domain  with  three  or  more 
pairwise  distinct  primes  and  / £ A is  an  element  such  that  the  principal  localization 
A/  = {1,  /,  P,  ■ ■ ■}~1A  is  a field. 

076A  Exercise  89.6.4.  Let  A be  a ring.  Let  M be  a finite  A-module.  Let  S C A be  a 
multiplicative  set.  Assume  that  S~1M  = 0.  Show  that  there  exists  an  / £ S such 
that  the  principal  localization  Mf  = {1,  /,  /2, . . ,}~1M  is  zero. 

076B  Exercise  89.6.5.  Give  an  example  of  a triple  ( A,I,S ) where  A is  a ring,  0 7^ 
I 7^  A is  a proper  nonzero  ideal,  and  S'  C A is  a multiplicative  subset  such  that 
A/ 1 = S-1A  as  A-algebras. 

89.7.  Nakayama’s  Lemma 

076C 

076D  Exercise  89.7.1.  Let  A be  a ring.  Let  I be  an  ideal  of  A.  Let  M be  an  A-module. 
Let  cci , . . . , xn  £ M.  Assume  that 

(1)  M/IM  is  generated  by  ,xn, 

(2)  M is  a finite  A-module, 

(3)  / is  contained  in  every  maximal  ideal  of  A. 

Show  that  Xi, ...  ,xn  generate  M.  (Suggested  solution:  Reduce  to  a localization 
at  a maximal  ideal  of  A using  Exercise  |89.6.2|  and  exactness  of  localization.  Then 
reduce  to  the  statement  of  Nakayama’s  lemma  in  the  lectures  by  looking  at  the 
quotient  of  M by  the  submodule  generated  by  x\, . . . , xn.) 
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89.8.  Length 


027J 

076E  Definition  89.8.1.  Let  A be  a ring.  Let  M be  an  A-module.  The  length  of  M as 
an  R-module  is 


lengthA(M)  = sup{?r  | 3 0 = M0  C Mi  C . . . C Mn  = M,  Mz  ^ Mi+1}. 
In  other  words,  the  supremum  of  the  lengths  of  chains  of  submodules. 


076F 

076G 


02DL 


Exercise  89.8.2.  Show  that  a module  M over  a ring  A has  length  1 if  and  only 
if  it  is  isomorphic  to  A/m  for  some  maximal  ideal  m in  A. 


Exercise  89.8.3.  Compute  the  length  of  the  following  modules  over  the  following 
rings.  Briefly(!)  explain  your  answer.  (Please  feel  free  to  use  additivity  of  the 
length  function  in  short  exact  sequences,  see  Algebra,  Lemma  10.51.3). 

(1)  The  length  of  Z/120Z  over  Z. 

(2)  The  length  of  C[x\/(xwo  + x + 1)  over  C[x]. 

(3)  The  length  of  R[x]/(x4  + 2x2  + 1)  over  R[x], 


Exercise  89.8.4.  Let  A = k[x,  y\(x,y)  be  the  local  ring  of  the  affine  plane  at 
the  origin.  Make  any  assumption  you  like  about  the  field  k.  Suppose  that  / = 
x3  + x2y2  + ywo  and  g = y3  — x999.  What  is  the  length  of  A/(f,g ) as  an  A- 
module?  (Possible  way  to  proceed:  think  about  the  ideal  that  / and  g generate  in 
quotients  of  the  form  A/ m\  = k[x,  y]/(x,  y)n  for  varying  n.  Try  to  find  n such  that 
A/{f, g)  + m7\  = A/(f , g)  + m^+1  and  use  NAK.) 


89.9.  Singularities 

027K 

02DM  Exercise  89.9.1.  Let  k be  any  field.  Suppose  that  A = k[[x,y]]/(f)  and  B = 
k[[u,v]\/(g),  where  f = xy  and  g = uv  + S with  S £ (u,v)3.  Show  that  A and  B 
are  isomorphic  rings. 

02DN  Remark  89.9.2.  A singularity  on  a curve  over  a field  k is  called  an  ordinary 
double  point  if  the  complete  local  ring  of  the  curve  at  the  point  is  of  the  form 
k'[[x,y]]/(f),  where  (a)  k'  is  a finite  separable  extension  of  k,  (b)  the  initial  term 
of  / has  degree  two,  i.e.,  it  looks  like  q = ax2  + bxy  + cy2  for  some  a,  b,  c £ k'  not 
all  zero,  and  (c)  q is  a nondegenerate  quadratic  form  over  k'  (in  char  2 this  means 
that  b is  not  zero).  In  general  there  is  one  isomorphism  class  of  such  rings  for  each 
isomorphism  class  of  pairs  (k/q). 


89.10.  Hilbert  Nullstellensatz 


027L 

02DO  Exercise  89.10.1.  A silly  argument  using  the  complex  numbers!  Let  C be  the 
complex  number  field.  Let  V be  a vector  space  over  C.  The  spectrum  of  a linear 
operator  T : V — > V is  the  set  of  complex  numbers  A £ C such  that  the  operator 
T — Aidy  is  not  invertible. 

(1)  Show  that  C(X)  = f.f.(C[X ])  has  uncountable  dimension  over  C. 

(2)  Show  that  any  linear  operator  on  V has  a nonempty  spectrum  if  the 
dimension  of  V is  finite  or  countable. 
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(3)  Show  that  if  a finitely  generated  C-algebra  R is  a field,  then  the  map 
C — ^ R is  an  isomorphism. 

(4)  Show  that  any  maximal  ideal  m of  C[xi, . . . , xn]  is  of  the  form  ( X\  — 
a\, . . . ,xn  — an)  for  some  at  £ C. 


027M  Remark  89.10.2.  Let  k be  a field.  Then  for  every  integer  n £ N and  every  maxi- 
mal ideal  m C k[x i, . . . , xn\  the  quotient  k[x i, . . . , xn]/m  is  a finite  field  extension  of 
k.  This  will  be  shown  later  in  the  course.  Of  course  (please  check  this)  it  implies  a 
similar  statement  for  maximal  ideals  of  finitely  generated  A’-algebras.  The  exercise 
above  proves  it  in  the  case  k = C. 


02DP 


Exercise  89.10.3. 


Let  A:  be  a field.  Please  use  Remark 


89.10.2 


(1)  Let  R be  a fc-algebra.  Suppose  that  dim^  R < oo  and  that  R is  a domain. 
Show  that  R is  a field. 

(2)  Suppose  that  R is  a finitely  generated  fc-algebra,  and  f £ R not  nilpotent. 
Show  that  there  exists  a maximal  ideal  m C R with  / ^ m. 

(3)  Show  by  an  example  that  this  statement  fails  when  R is  not  of  finite  type 
over  a field. 

(4)  Show  that  any  radical  ideal  I C C[®i, . . . ,xn]  is  the  intersection  of  the 
maximal  ideals  containing  it. 


02DQ  Remark  89.10.4.  This  is  the  Hilbert  Nullstellensatz.  Namely  it  says  that  the 
closed  subsets  of  Spec(fc[a:i, . . . ,£„])  (which  correspond  to  radical  ideals  by  a pre- 
vious exercise)  are  determined  by  the  closed  points  contained  in  them. 

02DR  Exercise  89.10.5.  Let  A = Cfaqi,  a"i2,  £21,  £22, 2/n,  2/12, 2/2i,  2/22]-  Let  / be  the 
ideal  of  A generated  by  the  entries  of  the  matrix  XY,  with 


/ Xll 

£12^ 

and  Y = (m 

2/12  \ 

\®21 

X22J 

V2/21 

2/22  ) 

Find  the  irreducible  components  of  the  closed  subset  V(I)  of  Spec(A).  (I  mean 
describe  them  and  give  equations  for  each  of  them.  You  do  not  have  to  prove  that 
the  equations  you  write  down  define  prime  ideals.)  Hints: 

(1)  You  may  use  the  Hilbert  Nullstellensatz,  and  it  suffices  to  find  irreducible 
locally  closed  subsets  which  cover  the  set  of  closed  points  of  V(I). 

(2)  There  are  two  easy  components. 

(3)  An  image  of  an  irreducible  set  under  a continuous  map  is  irreducible. 


89.11.  Dimension 

02LT 

076H  Exercise  89.11.1.  Construct  a ring  A with  finitely  many  prime  ideals  having 
dimension  > 1. 

0761  Exercise  89.11.2.  Let  / £ C[x,y]  be  a nonconstant  polynomial.  Show  that 
C[x,y\/(f)  has  dimension  1. 

02LU  Exercise  89.11.3.  Let  (i?,m)  be  a Noetherian  local  ring.  Let  n > 1.  Let  m'  = 
(m,  xi, . . . , xn ) in  the  polynomial  ring  R[x  1, . . . , xn}.  Show  that 

dim(i?[a:i, . . . , xn]m/)  = dim(i?)  + n. 
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89.12.  Catenary  rings 

027N 

0270  Definition  89.12.1.  A Noetherian  ring  A is  said  to  be  catenary  if  for  any  triple 
of  prime  ideals  pi  C p2  C p3  we  have 

ht(  p3/pi)  = ht(p  3/p2)  + ht(  P2/P1). 

Here  ht( p/q)  means  the  height  of  p/q  in  the  ring  A/ q. 

02DS  Exercise  89.12.2.  Show  that  a Noetherian  local  domain  of  dimension  2 is  cate- 
nary. 

077D  Exercise  89.12.3.  Let  k be  a field.  Show  that  a finite  type  fc-algebra  is  catenary. 

89.13.  Fraction  fields 

027P 

02DT  Exercise  89.13.1.  Consider  the  domain 

Q[r,  s,f]/(s2  — (r  — l)(r  — 2)(r  - 3),  t2  - (r  + l)(r  + 2)(r  + 3)). 

Find  a domain  of  the  form  Q [x,y]/(f)  with  isomorphic  field  of  fractions. 

89.14.  Transcendence  degree 

077E 

077F  Exercise  89.14.1.  Let  k C K C K'  be  field  extensions  with  K'  algebraic  over 
I\.  Prove  that  trdegfe(A')  = trdegfc(A'7).  (Hint:  Show  that  if  x±, . . . , Xd  £ I\ 
are  algebraically  independent  over  k and  d < trdegfc(A')  then  k(x  1, . . . ,Xd)  C K 
cannot  be  algebraic.) 


89.15.  Finite  locally  free  modules 
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027R  Definition  89.15.1.  Let  A be  a ring.  Recall  that  a finite  locally  free  A-module 
M is  a module  such  that  for  every  p £ Spec(A)  there  exists  an  / £ A,  f p such 
that  Mf  is  a finite  free  Ay-module.  We  say  M is  an  invertible  module  if  M is  finite 
locally  free  of  rank  1,  i.e.,  for  every  p £ Spec(A)  there  exists  an  / £ A,  f qL  p such 
that  Mf  = Af  as  an  Ay-module. 

078P  Exercise  89.15.2.  Prove  that  the  tensor  product  of  finite  locally  free  modules 
is  finite  locally  free.  Prove  that  the  tensor  product  of  two  invertible  modules  is 
invertible. 


078Q  Definition  89.15.3.  Let  A be  a ring.  The  class  group  of  A,  sometimes  called  the 
Picard  group  of  A is  the  set  Pic(A)  of  isomorphism  classes  of  invertible  A-modules 
endowed  with  a group  operation  defined  by  tensor  product  (see  Exercise  89.15.2). 


Note  that  the  class  group  of  A is  trivial  exactly  when  every  invertible  module  is 
isomorphic  to  a free  module  of  rank  1. 

078R  Exercise  89.15.4.  Show  that  the  class  groups  of  the  following  rings  are  trivial 

(1)  a polynomial  ring  A = k[x]  where  k is  a field, 

(2)  the  integers  A = Z, 
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(3)  a polynomial  ring  A = k[x,  y]  where  k is  a field,  and 

(4)  the  quotient  k[x,y\/(xy)  where  k is  a field. 

078S  Exercise  89.15.5.  Show  that  the  class  group  of  the  ring  A = k[x,  y]/(y2  — fix)) 
where  k is  a field  of  characteristic  not  2 and  where  f(x)  = (x  — 1\) ...  (x  — tn)  with 
t\, ...  ,tn  £ k distinct  and  n > 3 an  odd  integer  is  not  trivial.  (Hint:  Show  that  the 
ideal  {y,x  — fi)  defines  a nontrivial  element  of  Pic(H).) 

02DU  Exercise  89.15.6.  Let  A be  a ring. 

(1)  Suppose  that  M is  a finite  locally  free  A-module,  and  suppose  that  f : 
M — » M is  an  endomorphism.  Define/construct  the  trace  and  determi- 
nant of  f and  prove  that  your  construction  is  “functorial  in  the  triple 
(A,M,f)”. 

(2)  Show  that  if  M,  N are  finite  locally  free  H-modules,  and  if  f : M — \ N and 
if  : N — > M then  Trace(<po-0)  = Traced  oy>)  and  Det{foif)  = Det{i/>of). 

(3)  In  case  M is  finite  locally  free  show  that  Det  defines  a multiplicative  map 
End a{M)  -x  A. 

02DV  Exercise  89.15.7.  Now  suppose  that  B is  an  H-algebra  which  is  finite  locally  free 
as  an  H-module,  in  other  words  B is  a finite  locally  free  H-algebra. 

(1)  Define  Traces/^  and  Norms m using  Trace  and  Det  as  defined  above. 

(2)  Let  b G B and  let  n : Spec (B)  — » Spec(H)  be  the  induced  morphism. 
Show  that  7r(I /(&))  = E(NormB/J4(6)).  (Recall  that  V(f)  = {p  | / € p}.) 

(3)  (Base  change.)  Suppose  that  i : A — »•  A!  is  a ring  map.  Set  B'  = Bi&aA'. 
Indicate  why  i(NormB/J4(6))  equals  NormB//^/  (b  (g>  1). 

(4)  Compute  NormB  (b)  when  B = AxAxAx...xA  and  b = (ai, . . . , an). 

(5)  Compute  the  norm  of  y — y3  under  the  finite  flat  map  Q[x]  — X Q [y], 
x — X yn.  (Hint:  use  the  “base  change”  A = Q[x]  C A!  = Q(Cn)(®1^n)-) 

89.16.  Glueing 

027S 

02DW  Exercise  89.16.1.  Suppose  that  A is  a ring  and  M is  an  H-module.  Let  fi,  i £ I 
be  a collection  of  elements  of  A such  that 

Spec(A)  = |J_D(/j). 

(1)  Show  that  if  Mf.  is  a finite  Af. -module,  then  M is  a finite  H-module. 

(2)  Show  that  if  is  a flat  H^-module,  then  M is  a flat  H-module.  (This 
is  kind  of  silly  if  you  think  about  it  right.) 

02DX  Remark  89.16.2.  In  algebraic  geometric  language  this  means  that  the  property 
of  “being  finitely  generated”  or  “being  flat”  is  local  for  the  Zariski  topology  (in  a 
suitable  sense).  You  can  also  show  this  for  the  property  “being  of  finite  presenta- 
tion” . 

078T  Exercise  89.16.3.  Suppose  that  A — ► B is  a ring  map.  Let  fi  £ A,  i £ I and 
gj  £ B,  j £ J be  collections  of  elements  such  that 

Spec(H)  = |J-D(/i)  and  Spec(B)  = (J  D{gj). 

Show  that  if  Afi  — x Bfi9j  is  of  finite  type  for  all  i.  j then  A — > B is  of  finite  type. 
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89.17.  Going  up  and  going  down 

027T 

027U  Definition  89.17.1.  Let  cf>  : A B be  a homomorphism  of  rings.  We  say  that 
the  going-up  theorem  holds  for  <j)  if  the  following  condition  is  satisfied: 

(GU)  for  any  p,p'  £ Spec(A)  such  that  p C p',  and  for  any  P £ Spec(I3)  lying 
over  p,  there  exists  P'  £ Spec(B)  lying  over  p'  such  that  P C P' . 
Similarly,  we  say  that  the  going-down  theorem  holds  for  (j)  if  the  following  condition 
is  satisfied: 

(GD)  for  any  p,  p'  £ Spec(A)  such  that  p C p',  and  for  any  P'  £ Spec(f?)  lying 
over  p',  there  exists  P £ Spec(B)  lying  over  p such  that  P C P' . 

02DY  Exercise  89.17.2.  In  each  of  the  following  cases  determine  whether  (GU),  (GD) 
holds,  and  explain  why.  (Use  any  Prop/Thm/Lemma  you  can  find,  but  check  the 
hypotheses  in  each  case.) 

(1)  k is  a field,  A = k,  B = k[x\. 

(2)  k is  a field,  A = k[x],  B = k[x,y\. 

(3)  A = Z,  B = Z[1/11]. 

(4)  k is  an  algebraically  closed  field,  A = k[x,y],  B = k[x,  y,  z\/(x2  — y,  z2  — x). 

(5)  A=Z,  B = Z[i,l/(2  + i)]. 

(6)  A=  Z,  B = Z[i,  1/(14  + 7*)]. 

(7)  k is  an  algebraically  closed  field,  A = k[x],  B = k[x,  y,  l/(xy—  l)]/{y2  — y). 

02DZ  Exercise  89.17.3.  Let  k be  an  algebraically  closed  field.  Compute  the  image  in 
Spec{k[x,  y])  of  the  following  maps: 

(1)  Spec(fc[x,  yx-1})  — > Spec(fc[x,  y}),  where  k[x,  y\  C fc[x,ya;_1]  C k[x,  y,  x_1]. 
(Hint:  To  avoid  confusion,  give  the  element  yx^1  another  name.) 

(2)  Spec(fc[a:,  y , a,  b\/(ax  — by  — 1))  — »•  Spec(fc[a:,  y]). 

(3)  Spec(fc[t,  1 /(t  — 1)])  — > Spec(A:[x,  y]),  induced  by  x i-A  t2,  and  y i-A  t3. 

(4)  k = C (complex  numbers),  Spec(A:[s, t]/(s3  + f3  — 1))  -A  Spec(fc[x, y]), 
where  x i— >■  s2 , y i— >■  t2 . 

02E0  Remark  89.17.4.  Finding  the  image  as  above  usually  is  done  by  using  elimination 
theory. 
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027V 

02E1 


Exercise  89.18.1. 

presentation 


Let  R be  a ring  and  let  M be  a finite  R-module.  Choose  a 


of  M.  Note  that  the  map  R®n  — > M is  given  by  a sequence  of  elements  x\,...,xn 
of  M.  The  elements  x,t  are  generators  of  M.  The  map  (BjeJ  ^ giyen 

by  a n x J matrix  A with  coefficients  in  R.  In  other  words,  A = (aij 
The  columns  (ay, . . . ,anj),  j £ J of  A are  said  to  be  the  relations.  Any  vector 
(r4)  £ R®n  such  that  )U  rtXi  = 0 is  a linear  combination  of  the  columns  of  A.  Of 
course  any  finite  R-module  has  a lot  of  different  presentations. 
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(1)  Show  that  the  ideal  generated  by  the  (n  — k)  x (n  — k)  minors  of  A is 
independent  of  the  choice  of  the  presentation.  This  ideal  is  the  kth  fitting 
ideal  of  M.  Notation  Fitu(M). 

(2)  Show  that  Fito{M ) C Fiti(M)  C Fit2(M)  C ....  (Hint:  Use  that  a 
determinant  can  be  computed  by  expanding  along  a column.) 

(3)  Show  that  the  following  are  equivalent: 

(a)  Fitr_\(M)  = (0)  and  Fitr(M)  = R , and 

(b)  M is  locally  free  of  rank  r. 

89.19.  Hilbert  functions 


027W 

027X  Definition  89.19.1.  A numerical  polynomial  is  a polynomial  f(x)  £ Q[x]  such 
that  /(n)  £ Z for  every  integer  n. 

027Y  Definition  89.19.2.  A graded  module  M over  a ring  A is  an  A-module  M endowed 
with  a direct  sum  decomposition  ©„gZ  Mn  into  A-submodules.  We  will  say  that  M 
is  locally  finite  if  all  of  the  Mn  are  finite  A-modules.  Suppose  that  A is  a Noetherian 
ring  and  that  tp  is  a Euler- Poincare  function  on  finite  A-modules.  This  means  that 
for  every  finitely  generated  A-module  M we  are  given  an  integer  < p(M)  £ Z and  for 
every  short  exact  sequence 

0 — > M'  — > M — > M"  — >0 

we  have  p{M)  = + ip(M').  The  Hilbert  function  of  a locally  finite  graded 

module  M (with  respect  to  ip)  is  the  function  xv(M,n)  = ip(Mn).  We  say  that 
M has  a Hilbert  polynomial  if  there  is  some  numerical  polynomial  such  that 
Xv{M,n)  = Pv(n)  for  all  sufficiently  large  integers  n. 

027Z  Definition  89.19.3.  A graded  A-algebra  is  a graded  A-module  B = Q)n>0Bn 
together  with  an  A-bilinear  map 

Bx  B — > B,  (6,  b ')  i — > bb' 

that  turns  B into  an  A-algebra  so  that  Bn  ■ Bm  C Bn+m.  Finally,  a graded  module 
M over  a graded  A-algebra  B is  given  by  a graded  A-module  M together  with  a 
(compatible)  P-module  structure  such  that  Bn  ■ Md  C Mn+d ■ Now  you  can  define 
homomorphisms  of  graded  modules/rings,  graded  submodules,  graded  ideals,  exact 
sequences  of  graded  modules,  etc,  etc. 

02E2  Exercise  89.19.4.  Let  A = k a field.  What  are  all  possible  Euler-Poincare 
functions  on  finite  A-modules  in  this  case? 

02E3  Exercise  89.19.5.  Let  A = Z.  What  are  all  possible  Euler-Poincare  functions  on 
finite  A-modules  in  this  case? 

02E4  Exercise  89.19.6.  Let  A = k[x,  y\/(xy)  with  k algebraically  closed.  What  are  all 
possible  Euler-Poincare  functions  on  finite  A-modules  in  this  case? 

02E5  Exercise  89.19.7.  Suppose  that  A is  Noetherian.  Show  that  the  kernel  of  a map 
of  locally  finite  graded  A-modules  is  locally  finite. 

02E6  Exercise  89.19.8.  Let  k be  a field  and  let  A = k and  B = k[x,y]  with  grading 
determined  by  deg(x)  = 2 and  deg (y)  = 3.  Let  <p(M)  = dimfc(M).  Compute  the 
Hilbert  function  of  B as  a graded  fc-module.  Is  there  a Hilbert  polynomial  in  this 
case? 
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Exercise  89.19.9.  Let  A:  be  a field  and  let  A = k and  B = k[x,  y\/(x2,  xy)  with 
grading  determined  by  deg(x)  = 2 and  deg (y)  = 3.  Let  <p(M)  = dinifc(M).  Com- 
pute the  Hilbert  function  of  B as  a graded  fc-module.  Is  there  a Hilbert  polynomial 
in  this  case? 

Exercise  89.19.10.  Let  k be  a field  and  let  A = k.  Let  < p(M ) = dim fc(M). 
Fix  d G N.  Consider  the  graded  A-algebra  B = k[x,y,  z\/(xd  + yd  + zd ),  where 
x,y,z  each  have  degree  1.  Compute  the  Hilbert  function  of  B.  Is  there  a Hilbert 
polynomial  in  this  case? 


89.20.  Proj  of  a ring 


Definition  89.20.1.  Let  R be  a graded  ring.  A homogeneous  ideal  is  simply  an 
ideal  I C R which  is  also  a graded  submodule  of  R.  Equivalently,  it  is  an  ideal 
generated  by  homogeneous  elements.  Equivalently,  if  f £ I and 

/ = fo  + fi  + ■ ■ ■ + fn 

is  the  decomposition  of  / into  homogeneous  pieces  in  R then  fi  € I for  each  i. 

Definition  89.20.2.  We  define  the  homogeneous  spectrum  Proj(R)  of  the  graded 
ring  R to  be  the  set  of  homogeneous,  prime  ideals  p of  R such  that  i?+  (£_  p.  Note 
that  Proj(i?)  is  a subset  of  Spec(i?)  and  hence  has  a natural  induced  topology. 

Definition  89.20.3.  Let  R = ®d>oRd  be  a graded  ring,  let  f G Rd  and  assume 
that  d > 1.  We  define  R^  to  be  the  subring  of  Rf  consisting  of  elements  of  the 
form  r / fn  with  r homogeneous  and  deg(r)  = nd.  Furthermore,  we  define 

D+(/)  = {peProj(i?)|/^p}. 

Finally,  for  a homogeneous  ideal  I C R we  define  V+{I)  = V{I)C\  Proj(i?). 

Exercise  89.20.4.  On  the  topology  on  Proj(i?).  With  definitions  and  notation 
as  above  prove  the  following  statements. 

(1)  Show  that  D+(f)  is  open  in  Proj(i?). 

(2)  Show  that  £>+(//')  = D+(f)  0 £+(/')• 

(3)  Let  g = go  + ■■■  + gm  be  an  element  of  R with  gi  G Ri.  Express 
D(g)  0 Proj(i?)  in  terms  of  D+(gi),  i > 1 and  D(g0)  n Proj(i?).  No 
proof  necessary. 

(4)  Let  g G Rq  be  a homogeneous  element  of  degree  0.  Express  D(g)nProj(i?) 
in  terms  of  D+(fa)  for  a suitable  family  fa  G R oi  homogeneous  elements 
of  positive  degree. 

(5)  Show  that  the  collection  {£)+(/)}  of  opens  forms  a basis  for  the  topology 
of  Proj(i?). 

(6)  Show  that  there  is  a canonical  bijection  D+{f)  — ► Spec(i?(/)).  (Hint: 
Imitate  the  proof  for  Spec  but  at  some  point  thrown  in  the  radical  of  an 
ideal.) 

(7)  Show  that  the  map  from  § is  a homeomorphism. 

(8)  Give  an  example  of  an  R such  that  Proj(i?)  is  not  quasi-compact.  No 
proof  necessary. 

(9)  Show  that  any  closed  subset  T C Proj(i?)  is  of  the  form  V+(I)  for  some 
homogeneous  ideal  I C R. 
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02EA  Remark  89.20.5.  There  is  a continuous  map  Proj(i?)  — > Spec(-Ro)- 

02EB  Exercise  89.20.6.  If  R = A[X]  with  deg(X)  = 1,  show  that  the  natural  map 
Proj(f?)  — > Spec(A)  is  a bijection  and  in  fact  a homeomorpliism. 

02EC  Exercise  89.20.7.  Blowing  up:  part  I.  In  this  exercise  R = Bli(A)  = A®/©/2© 

Consider  the  natural  map  b : Proj(R)  — ► Spec(A).  Set  U = Spec(A)  — V(I). 

Show  that 

b:b~1{ U)  — > U 

is  a homeomorphism.  Thus  we  may  think  of  U as  an  open  subset  of  Proj(R).  Let 
Z C Spec(A)  be  an  irreducible  closed  subscheme  with  generic  point  £ £ Z.  Assume 
that  £ ^ V(I),  in  other  words  Z V(I),  in  other  words  £ £ U,  in  other  words 
Z HU  0.  We  define  the  strict  transform  Z'  of  Z to  be  the  closure  of  the  unique 
point  f lying  above  £.  Another  way  to  say  this  is  that  Z'  is  the  closure  in  Proj(f?) 
of  the  locally  closed  subset  Z n U C U C Proj(f?). 

02ED  Exercise  89.20.8.  Blowing  up:  Part  II.  Let  A = k[x,y\  where  k is  a field,  and  let 
I = ( x , y ).  Let  R be  the  blow  up  algebra  for  A and  I. 

(1)  Show  that  the  strict  transforms  of  Z\  = V({x})  and  Z2  = V({y})  are 
disjoint. 

(2)  Show  that  the  strict  transforms  of  Z\  = U({:r})  and  Z2  = V({x  — y2}) 
are  not  disjoint. 

(3)  Find  an  ideal  J C A such  that  V(J)  = V(I)  and  such  that  the  strict 
transforms  of  Z\  = V({x })  and  Z2  = V({x  — y2})  are  disjoint. 

02EE  Exercise  89.20.9.  Let  R be  a graded  ring. 

(1)  Show  that  Proj(i?)  is  empty  if  Rn  = (0)  for  all  n » 0. 

(2)  Show  that  Proj(-R)  is  an  irreducible  topological  space  if  R is  a domain 
and  R+  is  not  zero.  (Recall  that  the  empty  topological  space  is  not  irre- 
ducible.) 

02EF  Exercise  89.20.10.  Blowing  up:  Part  III.  Consider  A,  I and  U,  Z as  in  the 
definition  of  strict  transform.  Let  Z = R(p)  for  some  prime  ideal  p.  Let  A = A/ p 
and  let  I be  the  image  of  I in  A. 

(1)  Show  that  there  exists  a surjective  ring  map  R :=  Blj(A)  — >•  R :=  Blj(A). 

(2)  Show  that  the  ring  map  above  induces  a bijective  map  from  Proj(R)  onto 
the  strict  transform  Z'  of  Z.  (This  is  not  so  easy.  Hint:  Use  5(b)  above.) 

(3)  Conclude  that  the  strict  transform  Z'  = V+(P)  where  P C R is  the 
homogeneous  ideal  defined  by  Pd  = Id  D p. 

(4)  Suppose  that  Z\  = V(p)  and  Z2  = V(q)  are  irreducible  closed  subsets 
defined  by  prime  ideals  such  that  Z\  <£_  Z2,  and  Z2  CjL  Z\.  Show  that 
blowing  up  the  ideal  I = p + q separates  the  strict  transforms  of  Z\  and 
Z2 , i.e.,  Z[  H Z'2  = 0.  (Hint:  Consider  the  homogeneous  ideal  P and  Q 
from  part  (c)  and  consider  V(P  + Q).) 

89.21.  Cohen-Macaulay  rings  of  dimension  1 

0284 

0285  Definition  89.21.1.  A Noetherian  local  ring  A is  said  to  be  Cohen-Macaulay  of 
dimension  d if  it  has  dimension  d and  there  exists  a system  of  parameters  x±, ...  ,Xd 
for  A such  that  aq  is  a nonzerodivisor  in  A/{x i, . . . , i)  for  i = 1, . . . , d. 
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02EG  Exercise  89.21.2.  Cohen-Macaulay  rings  of  dimension  1.  Part  I:  Theory. 

(1)  Let  (Am)  be  a local  Noetherian  with  dim  A = 1.  Show  that  if  x £ m is 
not  a zerodivisor  then 

(a)  dim  A/xA  = 0,  in  other  words  A/xA  is  Artinian,  in  other  words  {.t} 
is  a system  of  parameters  for  A. 

(b)  A is  has  no  embedded  prime. 

(2)  Conversely,  let  (Am)  be  a local  Noetherian  ring  of  dimension  1.  Show 
that  if  A has  no  embedded  prime  then  there  exists  a nonzerodivisor  in  m. 

02EH  Exercise  89.21.3.  Cohen-Macaulay  rings  of  dimension  1.  Part  II:  Examples. 

(1)  Let  A be  the  local  ring  at  (x,y)  of  k[x,y\/(x2,xy). 

(a)  Show  that  A has  dimension  1. 

(b)  Prove  that  every  element  of  m C A is  a zerodivisor. 

(c)  Find  z £ m such  that  dim  A/ z A = 0 (no  proof  required). 

(2)  Let  A be  the  local  ring  at  ( x,y ) of  k[x,  y\/{x2).  Find  a nonzerodivisor  in 
m (no  proof  required). 

02EI  Exercise  89.21.4.  Local  rings  of  embedding  dimension  1.  Suppose  that  (A,  m,  k ) 
is  a Noetherian  local  ring  of  embedding  dimension  1,  i.e. , 

dimfe  m/m2  = 1. 

Show  that  the  function  f(n ) = dim?;  m"/mn+1  is  either  constant  with  value  1,  or 
its  values  are 

1,1,. ..,1,0, 0,0, 0,0,... 

02EJ  Exercise  89.21.5.  Regular  local  rings  of  dimension  1.  Suppose  that  (A,m,  fc)  is 
a regular  Noetherian  local  ring  of  dimension  1.  Recall  that  this  means  that  A has 
dimension  1 and  embedding  dimension  1,  i.e., 

dinifc  m/m2  = 1. 

Let  iGmbe  any  element  whose  class  in  m/m2  is  not  zero. 

(1)  Show  that  for  every  element  y of  m there  exists  an  integer  n such  that  y 
can  be  written  as  y = uxn  with  u £ A*  a unit. 

(2)  Show  that  a;  is  a nonzerodivisor  in  A. 

(3)  Conclude  that  A is  a domain. 

02EK  Exercise  89.21.6.  Let  (A,  m,  k)  be  a Noetherian  local  ring  with  associated  graded 
Grm(A) 

(1) 

(2) 

m"/m"+1  —a  mn+d/mn+d+1 
is  injective.  Then  show  that  a;  is  a nonzerodivisor. 


Suppose  that  x £ md  maps  to  a nonzerodivisor  x £ md/md+1  in  degree  d 
of  Grm(A).  Show  that  2 is  a nonzerodivisor. 

Suppose  the  depth  of  A is  at  least  1.  Namely,  suppose  that  there  exists 
a nonzerodivisor  y £ m.  In  this  case  we  can  do  better:  assume  just  that 
x £ md  maps  to  the  element  x £ md/md+1  in  degree  d of  G?’m(A)  which  is 
a nonzerodivisor  on  sufficiently  high  degrees:  3 N such  that  for  all  n > N 
the  map  of  multiplication  by  x 
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02EL  Exercise  89.21.7.  Suppose  that  (A,  m,  k)  is  a Noetherian  local  ring  of  dimension 
1.  Assume  also  that  the  embedding  dimension  of  A is  2,  i.e. , assume  that 

dim/.  m/m2  = 2. 

Notation:  f(n)  = dim*,  m"/m”+1.  Pick  generators  x,y  G m and  write  Grm(A)  = 
k[x,y]/I  for  some  homogeneous  ideal  /. 

(1)  Show  that  there  exists  a homogeneous  element  F € k[x,y\  such  that  I C 
(F)  with  equality  in  all  sufficiently  high  degrees. 

(2)  Show  that  f(n)  <n  + 1. 

(3)  Show  that  if  f(n)  < n + 1 then  n > deg(F). 

(4)  Show  that  if  f{n)  < n + 1,  then  /(n  + 1)  < f(n). 

(5)  Show  that  f(n)  = deg(F)  for  all  n » 0. 

02EM  Exercise  89.21.8.  Cohen-Macaulay  rings  of  dimension  1 and  embedding  dimen- 
sion 2.  Suppose  that  (A,  m,  k)  is  a Noetherian  local  ring  which  is  Cohen-Macaulay 
of  dimension  1.  Assume  also  that  the  embedding  dimension  of  A is  2,  i.e.,  assume 
that 

dim*,  m/m2  = 2. 

Notations:  /,  F,  x,y  G m,  I as  in  Ex.  6 above.  Please  use  any  results  from  the 
problems  above. 

(1)  Suppose  that  z £ m is  an  element  whose  class  in  m/m2  is  a linear  form 
ax  + fly  £ k[x,  y]  which  is  coprime  with  /. 

(a)  Show  that  z is  a nonzerodivisor  on  A. 

(b)  Let  d = deg (F).  Show  that  mn  = 2n+1_dmd_1  for  all  sufficiently 
large  n.  (Hint:  First  show  zn+l~dmd~ 1 — » m"/mn+1  is  surjective  by 
what  you  know  about  Grm{A).  Then  use  NAK.) 

(2)  What  condition  on  k guarantees  the  existence  of  such  a z?  (No  proof 
required;  it’s  too  easy.) 

Now  we  are  going  to  assume  there  exists  a 2 as  above.  This  turns  out  to  be 
a harmless  assumption  (in  the  sense  that  you  can  reduce  to  the  situation 
where  it  holds  in  order  to  obtain  the  results  in  parts  (d)  and  (e)  below). 

(3)  Now  show  that  mf  = ze-~d+1md~1  for  all  i > d. 

(4)  Conclude  that  I = ( F ). 

(5)  Conclude  that  the  function  / has  values 

2, 3, 4, . . . , d — 1,  d,  d,  d , d,  d,d,d,... 

02EN  Remark  89.21.9.  This  suggests  that  a local  Noetherian  Cohen-Macaulay  ring 
of  dimension  1 and  embedding  dimension  2 is  of  the  form  B/FB , where  B is  a 2- 
dimensional  regular  local  ring.  This  is  more  or  less  true  (under  suitable  “niceness” 
properties  of  the  ring). 

89.22.  Infinitely  many  primes 

0286  A section  with  a collection  of  strange  questions  on  rings  where  infinitely  many 
primes  are  not  invertible. 

02EO  Exercise  89.22.1.  Give  an  example  of  a finite  type  Z-algebra  R with  the  following 
two  properties: 

(1)  There  is  no  ring  map  R — > Q. 

(2)  For  every  prime  p there  exists  a maximal  ideal  m C R such  that  R/m  = Fp. 
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02EP  Exercise  89.22.2.  For  / £ Z[x,w]  we  define  fp(x)  = /(x,  xp)  mod  p £ Fp[x]. 
Give  an  example  of  an  / £ Z[x,u]  such  that  the  following  two  properties  hold: 

(1)  There  exist  infinitely  many  p such  that  fp  does  not  have  a zero  in  Fp. 

(2)  For  all  p >>  0 the  polynomial  fp  either  has  a linear  or  a quadratic  factor. 

02EQ  Exercise  89.22.3.  For  / £ Z[x,  y,  u,  v\  we  define  fp( x,  y)  = /( x,  y,  xp,  yp)  mod  p £ 
Fp[x,t/J.  Give  an  “interesting”  example  of  an  / such  that  fp  is  reducible  for  all 
p » 0.  For  example,  / = xv  — yu  with  fp  = xyp  — xpy  = xy(xp~1  — yp_1)  is 
“uninteresting”;  any  / depending  only  on  x,u  is  “uninteresting”,  etc. 

02ER  Remark  89.22.4.  Let  h £ Z [y\  be  a monic  polynomial  of  degree  d.  Then: 

(1)  The  map  A = Z[x]  — > B = Z[y],  x K > h is  finite  locally  free  of  rank  d. 

(2)  For  all  primes  p the  map  Ap  = Fp[x]  ->  Bp  = Fp[y],  j/  4 h(y)  modp  is 
finite  locally  free  of  rank  d. 

02ES  Exercise  89.22.5.  Let  h,  A,  B1  Ap,  Bp  be  as  in  the  remark.  For  / £ Z[x,u] 
we  dehne  fp{x)  = f(x,xp)  mod  p £ Fp[x].  For  g £ Z[y,v]  we  define  gp{y)  = 
g(y,yp)  mod  p £ F p[y}. 

(1)  Give  an  example  of  a h and  g such  that  there  does  not  exist  a / with  the 
property 

fP  = NormBp/Ap(gp). 

(2)  Show  that  for  any  choice  of  h and  g as  above  there  exists  a nonzero  / such 
that  for  all  p we  have 

NormBp/Ap(gp)  divides  fp. 

If  you  want  you  can  restrict  to  the  case  h = yn , even  with  n = 2,  but  it  is 
true  in  general. 

(3)  Discuss  the  relevance  of  this  to  Exercises  6 & 7 of  the  previous  set. 

02ET  Exercise  89.22.6.  Unsolved  problems.  They  may  be  really  hard  or  they  may  be 
easy.  I don’t  know. 

(1)  Is  there  any  / £ Z[x,  u]  such  that  fp  is  irreducible  for  an  infinite  number 
of  pi  (Hint:  Yes,  this  happens  for  f(x,u ) = u — x — 1 and  also  for 
f(x,  u)  = it2  — x2  + 1.) 

(2)  Let  / £ Z[x,  u ] nonzero,  and  suppose  deg x(fp)  = dp+d'  for  all  large  p.  (In 
other  words  degu(/)  = d and  the  coefficient  c of  ud  in  / has  degx(c)  = d' .) 
Suppose  we  can  write  d = di  + and  d!  = d[  + d'2  with  d\,d2  > 0 and 
d\  ,d'2>0  such  that  for  all  sufficiently  large  p there  exists  a factorization 

fP  = fi,pfi,p 

with  dega,(/ijP)  = dip  + d\ . Is  it  true  that  / comes  about  via  a norm 
construction  as  in  Exercise  4?  (More  precisely,  are  there  a h and  g such 
that  NormB  /A  {gp)  divides  fp  for  all  p » 0.) 

(3)  Analogous  question  to  the  one  in  (b)  but  now  with  / £ Z[xi,  X2,  ui,  U2] 
irreducible  and  just  assuming  that  fp{x  1,2:2)  = /(aq,  X2,  xf,  x2)  mod  p 
factors  for  all  p » 0. 
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89.23.  Filtered  derived  category 


0287  In  order  to  do  the  exercises  in  this  section,  please  read  the  material  in  Homology, 
Section  |12.16|  We  will  say  A is  a filtered  object  of  A.  to  mean  that  A comes 
endowed  with  a filtration  F which  we  omit  from  the  notation. 

0288  Exercise  89.23.1.  Let  A be  an  abelian  category.  Let  I be  a filtered  object  of  A. 
Assume  that  the  filtration  on  I is  finite  and  that  each  gr P(I)  is  an  injective  object 
of  A.  Show  that  there  exists  an  isomorphism  I = ©grp(/)  with  filtration  FP(I) 
corresponding  to  ©p,  >Pgi'W 

0289  Exercise  89.23.2.  Let  A be  an  abelian  category.  Let  I be  a filtered  object  of  A. 
Assume  that  the  filtration  on  I is  finite.  Show  the  following  are  equivalent: 

(1)  For  any  solid  diagram 


/ 

A 

/ 

of  filtered  objects  with  (i)  the  filtrations  on  A and  B are  finite,  and  (ii) 
gr(a)  injective  the  dotted  arrow  exists  making  the  diagram  commute. 

(2)  Each  grpI  is  injective. 


028A 


Note  that  given  a morphism  a : A — > B of  filtered  objects  with  finite  filtrations  to 
say  that  gr(a)  injective  is  the  same  thing  as  saying  that  a is  a strict  monomorphism 
in  the  category  Fil(.A).  Namely,  being  a monomorphism  means  Ker(cn)  = 0 and 


strict  means  that  this  also  implies  Ker(gr(a))  = 0.  See  Homology,  Lemma  12.16.13 


(We  only  use  the  term  “injective”  for  a morphism  in  an  abelian  category,  although  it 
makes  sense  in  any  additive  category  having  kernels.)  The  exercises  above  justifies 
the  following  definition. 


89.23.3.  Let  A be  an  abelian  category.  Let  I be  a filtered  object  of 
the  filtration  on  / is  finite.  We  say  / is  filtered  injective  if  each  gr P(I) 
is  an  injective  object  of  A. 


Definition 

A.  Assume 


We  make  the  following  definition  to  avoid  having  to  keep  saying  “with  a finite 
filtration”  everywhere. 

028B  Definition  89.23.4.  Let  A be  an  abelian  category.  We  denote  Fitf  (A)  the  full 
subcategory  of  Fil(_4)  whose  objects  consist  of  those  A £ Ob(Fil(^4))  whose  filtra- 
tion is  finite. 

028C  Exercise  89.23.5.  Let  A be  an  abelian  category.  Assume  A has  enough  injectives. 
Let  A be  an  object  of  Fir  (A).  Show  that  there  exists  a strict  monomorphism 
a : A — > I of  A into  a filtered  injective  object  I of  Fib  („4). 

028D  Definition  89.23.6.  Let  A be  an  abelian  category.  Let  a : K*  — >•  L*  be  a 
morphism  of  complexes  of  Fil(yf).  We  say  that  a is  a filtered  quasi-isomorphism  if 
for  each  p £ Z the  morphism  grp(K*)  — > gr P(L%)  is  a quasi- isomorphism. 

028E  Definition  89.23.7.  Let  A be  an  abelian  category.  Let  K*  be  a complex  of 
Fib  (A).  We  say  that  K*  is  filtered  acyclic  if  for  each  p £ Z the  complex  grp(I\*) 
is  acyclic. 
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028F 


028G 


028H 


0281 


Exercise  89.23.8.  Let  A be  an  abelian  category.  Let  a : AT*  — > A*  be  a morphism 
of  bounded  below  complexes  of  Fil^(M).  (Note  the  superscript  /.)  Show  that  the 
following  are  equivalent: 

(1)  a is  a filtered  quasi-isomorphism, 

(2)  for  each  p £ Z the  map  a : FpKm  — >•  FpLm  is  a quasi-isomorphism, 

(3)  for  eachp  £ Z the  map  a : K* /FPI\*  -A  A* /FpLm  is  a quasi- isomorphism, 
and 

(4)  the  cone  of  a (see  Derived  Categories,  Definition  13.9.1 1 is  a filtered  acyclic 
complex. 


Moreover,  show  that  if  a is  a filtered  quasi-isomorphism  then  a is  also  a usual 
quasi-isomorphism . 


89.23.9.  Let  A be  an  abelian  category.  Assume  A has  enough  injectives. 
an  object  of  Fil^(A).  Show  there  exists  a complex  /*  of  Fir  (A),  and  a 

morphism  A [0]  — > I * such  that 

(1)  each  Ip  is  filtered  injective, 

(2)  Ip  = 0 for  p < 0,  and 

(3)  A[0]  — > /*  is  a filtered  quasi- isomorphism. 

89.23.10.  Let  A be  an  abelian  category.  Assume  A has  enough  injec- 
AT*  be  a bounded  below  complex  of  objects  of  Fil^  (A).  Show  there  exists 

a filtered  quasi-isomorphism  a : K*  — > I * with  J*  a complex  of  Fil^(A)  having 
filtered  injective  terms  and  bounded  below.  In  fact,  we  may  choose  a such  that 
each  an  is  a strict  monomorphism. 


Exercise 

tives.  Let 


Exercise 

Let  A be 


Exercise  89.23.11.  Let  A be  an  abelian  category.  Consider  a solid  diagram 


K • 

7 

Y 

r 


L* 


of  complexes  of  Fil^  ( A) . Assume  K * , Lm  and  /*  are  bounded  below  and  assume  each 
In  is  a filtered  injective  object.  Also  assume  that  a is  a filtered  quasi-isomorphism. 

(1)  There  exists  a map  of  complexes  /3  making  the  diagram  commute  up  to 
homotopy. 

(2)  If  a is  a strict  monomorphism  in  every  degree  then  we  can  find  a /3  which 
makes  the  diagram  commute. 

028J  Exercise  89.23.12.  Let  A be  an  abelian  category.  Let  AT*,  Km  be  complexes  of 
Fil^(A).  Assume 

(1)  K * bounded  below  and  filtered  acyclic,  and 

(2)  /*  bounded  below  and  consisting  of  filtered  injective  objects. 

Then  any  morphism  I\*  — > /*  is  homotopic  to  zero. 

028K  Exercise  89.23.13.  Let  A be  an  abelian  category.  Consider  a solid  diagram 

AT* ^ A* 

“ / 

/ 

Pi 


Y > 

/* 
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of  complexes  of  Fil^(A).  Assume  A'*,  L*  and  /*  bounded  below  and  each  In  a 
filtered  injective  object.  Also  assume  a a filtered  quasi-isomorphism.  Any  two 
morphisms  /3± , fa  making  the  diagram  commute  up  to  homotopy  are  homotopic. 

89.24.  Regular  functions 

078V 

078W  Exercise  89.24.1.  In  this  exercise  we  try  to  see  what  happens  with  regular  func- 
tions over  non-algebraically  closed  fields.  Let  k be  a field.  Let  Z C kn  be  a Zariski 
locally  closed  subset,  i.e.,  there  exist  ideals  I C J C k[x i, . . . ,xn]  such  that 

Z = {a£kn\  /(a)  = 0V/e/,3SeJ,  g(a)  ± 0}. 

A function  ip  : Z — > k is  said  to  be  regular  if  for  every  z € Z there  exists  a Zariski 
open  neighbourhood  z £ U C Z and  polynomials  f,g  £ k[x\, . . . ,xn]  such  that 
g(u)  ^ 0 for  all  u £ U and  such  that  ip{u)  = f(u)/g(u ) for  all  u £ U. 

(1)  If  k = k and  Z = kn  show  that  regular  functions  are  given  by  polynomials. 
(Only  do  this  if  you  haven’t  seen  this  argument  before.) 

(2)  If  k is  finite  show  that  (a)  every  function  ip  is  regular,  (b)  the  ring  of 
regular  functions  is  finite  dimensional  over  k.  (If  you  like  you  can  take 
Z = kn  and  even  n = 1.) 

(3)  If  k = R give  an  example  of  a regular  function  on  Z = R which  is  not 
given  by  a polynomial. 

(4)  If  k = Qp  give  an  example  of  a regular  function  on  Z = Qp  which  is  not 
given  by  a polynomial. 

89.25.  Sheaves 

028L  A morphism  / : X —>  Y of  a category  C is  an  monomorphism  if  for  every  pair  of 
morphisms  a,  b : W — > X we  have  foa  = fob=>a  = b.  A monomorphism  in  the 
category  of  sets  is  an  injective  map  of  sets. 

078X  Exercise  89.25.1.  Carefully  prove  that  a map  of  sheaves  of  sets  is  an  monomor- 
phism (in  the  category  of  sheaves  of  sets)  if  and  only  if  the  induced  maps  on  all  the 
stalks  are  injective. 

A morphism  / : X — > Y of  a category  C is  an  isomorphism  if  there  exists  a morphism 
g : Y X such  that  / o g = idy  and  go  f = idv-  An  isomorphism  in  the  category 
of  sets  is  a bijective  map  of  sets. 

078Y  Exercise  89.25.2.  Carefully  prove  that  a map  of  sheaves  of  sets  is  an  isomorphism 
(in  the  category  of  sheaves  of  sets)  if  and  only  if  the  induced  maps  on  all  the  stalks 
are  bijective. 

A morphism  / : X — > Y of  a category  C is  an  epimorphism  if  for  every  pair  of 
morphisms  a,  b : Y — > Z we  have  ao/  = 6o/=>a  = 6.  An  epimorphism  in  the 
category  of  sets  is  a surjective  map  of  sets. 

02EU  Exercise  89.25.3.  Carefully  prove  that  a map  of  sheaves  of  sets  is  an  epimorphism 
(in  the  category  of  sheaves  of  sets)  if  and  only  if  the  induced  maps  on  all  the  stalks 
are  surjective. 

02EV  Exercise  89.25.4.  Let  / : A'  — ► Y be  a map  of  topological  spaces.  Prove  push- 
forward  /*  and  pullback  f~1  for  sheaves  of  sets  form  an  adjoint  pair  of  functors. 
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028M 


028N 


Exercise  89.25.5.  Let  j : U — > A be  an  open  immersion.  Show  that  j-1  has  a 
left  adjoint  j\  on  the  category  of  sheaves  of  sets.  Characterize  the  stalks  of 
(Hint:  j\  is  called  extension  by  zero  when  you  do  this  for  abelian  sheaves...  ) 


Exercise  89.25.6.  Let  A'  = R with  the  usual  topology.  Let  Ox  = Z/2Z  . Let 
i ■.  Z = {0}  — > A be  the  inclusion  and  let  Oz  = Z/2Zz.  Prove  the  following  (the 
first  three  follow  from  the  definitions  but  if  you  are  not  clear  on  the  definitions  you 
should  elucidate  them): 

(1)  i*Oz  is  a skyscraper  sheaf. 

(2)  There  is  a canonical  surjective  map  from  Z/2Z  — > j*Z/2Z^.  Denote  the 


kernel  X C Ox  ■ 

(3)  I is  an  ideal  sheaf  of  Ox- 

(4)  The  sheaf  X on  A cannot  be  locally  generated  by  sections  (as  in  Modules, 
Definition  17.8.1|) 


Exercise  89.25.7.  Let  A be  a topological  space.  Let  T be  an  abelian  sheaf  on 
A.  Show  that  X is  the  quotient  of  a (possibly  very  large)  direct  sum  of  sheaves  all 
of  whose  terms  are  of  the  form 

m u) 

where  U C A is  open  and  Zir  denotes  the  constant  sheaf  with  value  Z on  U. 


02EX  Remark  89.25.8.  Let  A be  a topological  space.  In  the  category  of  abelian  sheaves 
the  direct  sum  of  a family  of  sheaves  {Xbe/  is  the  sheaf  associated  to  the  presheaf 
U Consequently  the  stalk  of  the  direct  sum  at  a point  x is  the  direct 

sum  of  the  stalks  of  the  X)  at  x. 
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Exercise  89.25.9.  Let  A be  a topological  space.  Suppose  we  are  given  a collection 
of  abelian  groups  Ax  indexed  by  x £ A.  Show  that  the  rule  U ^ 

obvious  restriction  mappings  defines  a sheaf  G of  abelian  groups.  Show,  by  an 
example,  that  usually  it  is  not  the  case  that  Gx  = Ax  for  x € X. 


Exercise  89.25.10.  Let  A,  Ax,  Q be  as  in  Exercise 


89.25.9 


Let  B be  a basis  for 


the  topology  of  A,  see  Topology,  Definition |5. 4. 1|  For  U £ B let  Ajj  be  a subgroup 
Au  C G(U)  = \\x€U  Ax.  Assume  that  for  U C V with  U,V  £ B the  restriction 
maps  Ay  into  Au-  For  U C X open  set 

-P(TT\  _ f / \ for  every  x in  U there  exists  V £ B 

{ ) ^(SicDec/  x g v C U such  that  (sy)yey  € Ay 


Show  that  J-  defines  a sheaf  of  abelian  groups  on  A.  Show,  by  an  example,  that  it 
is  usually  not  the  case  that  T(U)  = Au  for  U £ B. 


89.26.  Schemes 

0280  Let  LRS  be  the  category  of  locally  ringed  spaces.  An  affine  scheme  is  an  object  in 
LRS  isomorphic  in  LRS  to  a pair  of  the  form  (Spec(A),  C,spec(A))-  A scheme  is  an 
object  (A ,Ox)  of  LRS  such  that  every  point  x £ A has  an  open  neighbourhood 
U C A such  that  the  pair  (U,Ox\u)  is  an  affine  scheme. 

028P  Exercise  89.26.1.  Find  a 1-point  locally  ringed  space  which  is  not  a scheme. 

028Q  Exercise  89.26.2.  Suppose  that  A is  a scheme  whose  underlying  topological 
space  has  2 points.  Show  that  A is  an  affine  scheme. 
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03KB  Exercise  89.26.3.  Suppose  that  X is  a scheme  whose  underlying  topological 
space  is  a finite  discrete  set.  Show  that  X is  an  affine  scheme. 

028R  Exercise  89.26.4.  Show  that  there  exists  a non-affine  scheme  having  three  points. 

028S  Exercise  89.26.5.  Suppose  that  X is  a quasi-compact  scheme.  Show  that  X has 
a closed  point. 

02EY  Remark  89.26.6.  When  (X,  Ox)  is  a ringed  space  and  U C X is  an  open  subset 
then  (U,Ox\u)  is  a ringed  space.  Notation:  Ou  = Ox\u-  There  is  a canonical 
morphisms  of  ringed  spaces 

j : (U,Ov)  — > (X,Ox). 

If  {X,Ox)  is  a locally  ringed  space,  so  is  ( U,Ojj ) and  j is  a morphism  of  locally 
ringed  spaces.  If  (A',  Ox)  is  a scheme  so  is  ( U , Ojj)  and  j is  a morphism  of  schemes. 
We  say  that  ( U,Ojj ) is  an  open  subscheme  of  (A ,Ox)  and  that  j is  an  open  im- 
mersion. More  generally,  any  morphism  j'  : (V.  Oy)  — > (A,  Ox)  that  is  isomorphic 
to  a morphism  j : ( U , Ojj)  — t (A,  Ox)  as  above  is  called  an  open  immersion. 

028T  Exercise  89.26.7.  Give  an  example  of  an  affine  scheme  (A ,Ox)  and  an  open 
U C A such  that  (U,Ox\U)  is  not  an  affine  scheme. 

028U  Exercise  89.26.8.  Given  an  example  of  a pair  of  affine  schemes  (X,  Ox),  (Y,  Oy ), 
an  open  subscheme  (U,Ox\u)  of  X and  a morphism  of  schemes  (U,Ox\u)  y 
(' Y,Oy ) that  does  not  extend  to  a morphism  of  schemes  (X,  Ox)  ( Y,Oy ). 

028V  Exercise  89.26.9.  (This  is  pretty  hard.)  Given  an  example  of  a scheme  AT,  and 
open  subscheme  U C A and  a closed  subscheme  Z C U such  that  Z does  not 
extend  to  a closed  subscheme  of  X. 

028W  Exercise  89.26.10.  Give  an  example  of  a scheme  A,  a field  K , and  a morphism 
of  ringed  spaces  Spec(A')  — > X which  is  NOT  a morphism  of  schemes. 

028X  Exercise  89.26.11.  Do  all  the  exercises  in  [Har771  Chapter  II],  Sections  1 and 
2...  Just  kidding! 

028Y  Definition  89.26.12.  A scheme  A is  called  integral  if  A is  nonempty  and  for 
every  nonempty  affine  open  U C A the  ring  r(E7, Ox)  = Ox{U)  is  a domain. 

028Z  Exercise  89.26.13.  Give  an  example  of  a morphism  of  integral  schemes  / : A — > Y 
such  that  the  induced  maps  Oyjix)  Ox,x  are  surjective  for  all  x £ A,  but  / is 
not  a closed  immersion. 

0290  Exercise  89.26.14.  Give  an  example  of  a fibre  product  A xjF  such  that  A and 
Y are  affine  but  A xj  Y is  not. 

02EZ  Remark  89.26.15.  It  turns  out  this  cannot  happen  with  S separated.  Do  you 
know  why? 

0291  Exercise  89.26.16.  Give  an  example  of  a scheme  V which  is  integral  1-dimensional 
scheme  of  finite  type  over  Q such  that  Spec(C)  xSpecfQ)  V is  not  integral. 

0292  Exercise  89.26.17.  Give  an  example  of  a scheme  V which  is  integral  1-dimensional 
scheme  of  finite  type  over  a field  k such  that  Spec(fc')  Xspec(k)  V is  not  reduced  for 
some  finite  field  extension  k C k! . 

02F0  Remark  89.26.18.  If  your  scheme  is  affine  then  dimension  is  the  same  as  the 
Krull  dimension  of  the  underlying  ring.  So  you  can  use  last  semesters  results  to 
compute  dimension. 
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89.27.  Morphisms 


0293  An  important  question  is,  given  a morphism  7r  : X — > S,  whether  the  morphism 
has  a section  or  a rational  section.  Here  are  some  example  exercises. 

0294  Exercise  89.27.1.  Consider  the  morphism  of  schemes 

7T  : A'  = Spec(C[x,  t,  l/xi])  — » S = Spec(C[i]). 

(1)  Show  there  does  not  exist  a morphism  a : S — > X such  that  n o a = idj/. 

(2)  Show  there  does  exist  a nonempty  open  U C S and  a morphism  a : U — > X 
such  that  7T  o a = idy. 

0295  Exercise  89.27.2.  Consider  the  morphism  of  schemes 

7 t : X = Spec(C[x,t]/(x2  +t))  — > S = Spec(C[t]). 

Show  there  does  not  exist  a nonempty  open  U C S and  a morphism  er  : U A' 
such  that  tt  o cr  = idy. 


0296  Exercise  89.27.3.  Let  A,B,C  £ C[t]  be  nonzero  polynomials.  Consider  the 
morphism  of  schemes 

7T  : X = Spec(C[x,  y,  t\/{A  + Bx2  + Cy 2))  — > S = Spec(C[t]). 


02F1 
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Show  there  does  exist  a nonempty  open  U C S and  a morphism  a : U — > X 
such  that  7T  o a = id[/.  (Hint:  Symbolically,  write  x = X/Z , y = YfZ  for  some 
A,  Y.  Z £ C[t]  of  degree  < d for  some  d,  and  work  out  the  condition  that  this  solves 
the  equation.  Then  show,  using  dimension  theory,  that  if  d » 0 you  can  find 
nonzero  X , Y.  Z solving  the  equation.) 


Remark  89.27.4.  Exercise 


89.27.3  is  a special  case  of  “Tsen’s  theorem”.  Exercise 
89.27.5  shows  that  the  method  is  limited  to  low  degree  equations  (conics  when  the 


base  and  fibre  have  dimension  1). 


Exercise  89.27.5.  Consider  the  morphism  of  schemes 

7T  : X = Spec(C[x,  y,  t]/(  1 + tx3  + t2y 3))  — » S = Spec(C[f]) 


Show  there  does  not  exist  a nonempty  open  U C S and  a morphism  a : U X 
such  that  7r  o a = idy. 


0298  Exercise  89.27.6.  Consider  the  schemes 

A = Spec(C[{xj}f=1,  s,  t]/(l+sx\  +s2x\-\-tx\+stx\+s2tx\+t2x\+st2x3+s2t2x\)) 


and 

and  the  morphism  of  schemes 


S = Spec(C[s,  t]) 
tt  : X — > S 


Show  there  does  not  exist  a nonempty  open  U C S and  a morphism  a : U — > X 
such  that  tt  o <t  = id[/ . 

0299  Exercise  89.27.7.  (For  the  number  theorists.)  Give  an  example  of  a closed 
subscheme 

z c Spec  (z|x’  xlx-ilW-i)1) 

such  that  the  morphism  Z — > Spec(Z)  is  finite  and  surjective. 
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029A  Exercise  89.27.8.  If  you  do  not  like  number  theory,  you  can  try  the  variant  where 
you  look  at 

Spec  (F'|t'x'  sfr-tH**- 1)1)  -*  Spec(F'[tl> 

and  you  try  to  find  a closed  subscheme  of  the  top  scheme  which  maps  finite  surjec- 
tively to  the  bottom  one.  (There  is  a theoretical  reason  for  having  a finite  ground 
field  here;  although  it  may  not  be  necessary  in  this  particular  case.) 


02F2 


Remark 

89.27.9.  The  interpretation  of  the  results  of  Exercise 

89.27.7 

and 

89.27.8 

is  that  given  the  morphism  X — > S all  of  whose  fibres  are  nonempty,  there  exists  a 
finite  surjective  morphism  S'  — »•  S such  that  the  base  change  Xs>  — > S'  does  have 
a section.  This  is  not  a general  fact,  but  it  holds  if  the  base  is  the  spectrum  of  a 
dedekind  ring  with  finite  residue  fields  at  closed  points,  and  the  morphism  X — > S 
is  flat  with  geometrically  irreducible  generic  fibre.  See  Exercise  89.27.10  below  for 
an  example  where  it  doesn’t  work. 


029B  Exercise  89.27.10.  Prove  there  exist  a f £ C[x,  t]  which  is  not  divisible  by  t — a 
for  any  a £ C such  that  there  does  not  exist  any  Z C Spec(C[x,  t,  1//])  which 
maps  finite  surjectively  to  Spec(C[t]).  (I  think  that  f(x,t)  = ( xt  — 2){x  — t + 3) 
works.  To  show  any  candidate  has  the  required  property  is  not  so  easy  I think.) 


89.28.  Tangent  Spaces 

029C 

029D  Definition  89.28.1.  For  any  ring  R we  denote  f?[e]  the  ring  of  dual  numbers.  As 
an  R- module  it  is  free  with  basis  1,  e.  The  ring  structure  comes  from  setting  e2  = 0. 

029E  Exercise  89.28.2.  Let  / : X — ► S be  a morphism  of  schemes.  Let  x £ X be  a 
point,  let  s = f{x).  Consider  the  solid  commutative  diagram 

Spec(re(a;)) >-  Spec(«;(a;)[e])  ■>■  X 

y 

Spec(/c(s)) a-  S 


with  the  curved  arrow  being  the  canonical  morphism  of  Spec(K(ir))  into  X.  If 
k(x)  = k(s)  show  that  the  set  of  dotted  arrows  which  make  the  diagram  commute 
are  in  one  to  one  correspondence  with  the  set  of  linear  maps 


Homs(,)( 


mx 


m l + m sOx,x 


,k(x)) 


In  other  words:  describe  such  a bijection.  (This  works  more  generally  if  k(x)  D k(s) 
is  a separable  algebraic  extension.) 

029F  Definition  89.28.3.  Let  / : X — > S be  a morphism  of  schemes.  Let  x £ X.  We 
dub  the  set  of  dotted  arrows  of  Exercise |89.28.2| the  tangent  space  of  X over  S and 
we  denote  it  Tx/s,x-  element  of  this  space  is  called  a tangent  vector  of  X/S  at 


x. 
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029G  Exercise  89.28.4.  For  any  field  K prove  that  the  diagram 

Spec(A') Spec(A'[ei]) 


Spec(A[e2) Spec(A'[ei,  e2]/(eie2)) 


029H 


0291 


02F3 

029J 


029K 

029L 


is  a pushout  diagram  in  the  category  of  schemes.  (Here  ef  = 0 as  before.) 

Exercise  89.28.5.  Let  / : X -A  S be  a morphism  of  schemes.  Let  x £ X.  Define 
addition  of  tangent  vectors,  using  Exercise |89.28.4|  and  a suitable  morphism 

Spec(A'[e])  — *•  Spec(A'[e!,  e2]/(eie2)). 


Similarly,  define  scalar  multiplication  of  tangent  vectors  (this  is  easier) . Show  that 
Tx/s,x  becomes  a «(x)-vector  space  with  your  constructions. 


Exercise  89.28.6.  Let  A;  be  a field.  Consider  the  structure  morphism  f : X = 
A£  — > Spec (k)  = S. 


(1)  Let  i € I be  a closed  point.  What  is  the  dimension  of  Tx/s,x ? 

(2)  Let  rj  £ X be  the  generic  point.  What  is  the  dimension  of  TX/S,ry 

(3)  Consider  now  X as  a scheme  over  Spec(Z).  What  are  the  dimensions  of 


Txjz.x  and  Tx/z,ry 

Remark  89.28.7.  Exercise 
tangent  space  of  X over  S to  get  a good  notion. 


89.28.6 


explains  why  it  is  necessary  to  consider  the 


Exercise  89.28.8.  Consider  the  morphism  of  schemes 

f:X  = Spec(F '„(*))  — * Spec(Fp(tP))  = S 

Compute  the  tangent  space  of  X/S  at  the  unique  point  of  X.  Isn’t  that  weird? 
What  do  you  think  happens  if  you  take  the  morphism  of  schemes  corresponding  to 
Fp[ip]  — ► Fp[t]? 

Exercise  89.28.9.  Let  k be  a field.  Compute  the  tangent  space  of  X/k  at  the 
point  x = (0,0)  where  X = Spec(fc[a;,  y\/{x2  — y 3)). 

Exercise  89.28.10.  Let  / : X — ► Y be  a morphism  of  schemes  over  S.  Let  x £ X 
be  a point.  Set  y = /( x).  Assume  that  the  natural  map  n(y)  — > n{x)  is  bijective. 
Show,  using  the  definition,  that  / induces  a natural  linear  map 


d / : Tx/St a 


T, 


Y/S,y 


029M 


Match  it  with  what  happens  on  local  rings  via  Exercise  89.28.2  in  case  k(x)  = k(s). 
Exercise  89.28.11.  Let  k be  an  algebraically  closed  field.  Let 


f-K 

[xi,  . . .,!„) 


■ ■ ■ ) 


be  a morphism  of  schemes  over  k.  This  is  given  by  m polynomials  fm  in  n 

variables.  Consider  the  matrix 

-(i 


Let  x £ be  a closed  point.  Set  y — f(x).  Show  that  the  map  on  tangent  spaces 
2~a n /k,x  ~ t ?a ™/k,y  is  given  by  the  value  of  the  matrix  A at  the  point  x. 
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89.29.  Quasi-coherent  Sheaves 

029N 

0290  Definition  89.29.1.  Let  A be  a scheme.  A sheaf  J-  of  Ox-modules  is  quasi- 
coherent  if  for  every  affine  open  Spec(i?)  = U C X the  restriction  F\u  is  of  the 
form  M for  some  R- module  M. 


It  is  enough  to  check  this  conditions  on  the  members  of  an  affine  open  covering  of 
X.  See  Schemes,  Section [25. 24|  for  more  results. 

029P  Definition  89.29.2.  Let  X be  a topological  space.  Let  x,x'  £ X.  We  say  a;  is  a 
specialization  of  x'  if  and  only  if  x £ {x'}. 

029Q  Exercise  89.29.3.  Let  X be  a scheme.  Let  x,x'  £ X.  Let  J7  be  a quasi-coherent 
sheaf  of  Ox-modules.  Suppose  that  (a)  x is  a specialization  of  x'  and  (b)  Tx’  ^ 0. 
Show  that  Tx  7^  0. 

029R  Exercise  89.29.4.  Find  an  example  of  a scheme  A',  points  x,  x'  £ X,  a,  sheaf  of 
Ox-modules  T such  that  (a)  a;  is  a specialization  of  x'  and  (b)  Txj  / 0 and  Tx  = 0. 

029S  Definition  89.29.5.  A scheme  X is  called  locally  Noetherian  if  and  only  if  for 
every  point  x £ X there  exists  an  affine  open  Spec  (I?)  = U C X such  that  R is 
Noetherian.  A scheme  is  Noetherian  if  it  is  locally  Noetherian  and  quasi-compact. 

If  X is  locally  Noetherian  then  any  affine  open  of  X is  the  spectrum  of  a Noetherian 
ring,  see  Properties,  Lemma  [27. 5. 2[ 

029T  Definition  89.29.6.  Let  X be  a locally  Noetherian  scheme.  Let  J7  be  a quasi- 
coherent  sheaf  of  Ox-modules.  We  say  T is  coherent  if  for  every  point  x £ X there 
exists  an  affine  open  Spec(-R)  = U C X such  that  F\u  is  isomorphic  to  M for  some 
finite  U-module  M. 

029U  Exercise  89.29.7.  Let  X = Spec (R)  be  an  affine  scheme. 

(1)  Let  f £ R.  Let  Q be  a quasi-coherent  sheaf  of  0D(-^-modules  on  the  open 
subscheme  D{f).  Show  that  Q = X\u  for  some  quasi-coherent  sheaf  of 
Ox-modules  J . 

(2)  Let  I C R be  an  ideal.  Let  i : Z — > X be  the  closed  subscheme  of  A' 
corresponding  to  I.  Let  Q be  a quasi-coherent  sheaf  of  O^-modules  on 
the  closed  subscheme  Z.  Show  that  Q = i*F  for  some  quasi-coherent  sheaf 
of  Ox-modules  T . (Why  is  this  silly?) 

(3)  Assume  that  R is  Noetherian.  Let  f £ R.  Let  Q be  a coherent  sheaf 
of  0D(y\-modules  on  the  open  subscheme  D(f).  Show  that  Q = T\u  for 
some  coherent  sheaf  of  Ox-modules  T . 

029V  Remark  89.29.8.  If  U — t X is  a quasi-compact  immersion  then  any  quasi- 
coherent  sheaf  on  U is  the  restriction  of  a quasi-coherent  sheaf  on  X.  If  A is 
a Noetherian  scheme,  and  U C A is  open,  then  any  coherent  sheaf  on  U is  the 
restriction  of  a coherent  sheaf  on  A'.  Of  course  the  exercise  above  is  easier,  and 
shouldn’t  use  these  general  facts. 


029W 


89.30.  Proj  and  projective  schemes 
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029X  Exercise  89.30.1.  Give  examples  of  graded  rings  S such  that 

(1)  Proj  (S')  is  affine  and  nonempty,  and 

(2)  Proj(S)  is  integral,  nonempty  but  not  isomorphic  to  for  any  n > 0, 
any  ring  A. 

029Y  Exercise  89.30.2.  Give  an  example  of  a nonconstant  morphism  of  schemes  Pj-.  — >■ 
Pjt,  over  Spec(C). 

029Z  Exercise  89.30.3.  Give  an  example  of  an  isomorphism  of  schemes 

Pc  -»>  Proj(C[X0,  Xi,X2]/{Xq  + X2  + X2)) 

02A0  Exercise  89.30.4.  Give  an  example  of  a morphism  of  schemes  / : X — > Aj,  = 
Spec(C[T])  such  that  the  (scheme  theoretic)  fibre  Xt  of  / over  t £ Aq  is  (a) 
isomorphic  to  PJ-,  when  t is  a closed  point  not  equal  to  0,  and  (b)  not  isomorphic 
to  P£,  when  t = 0.  We  will  call  A”o  the  special  fibre  of  the  morphism.  This  can  be 
done  in  many,  many  ways.  Try  to  give  examples  that  satisfy  (each  of)  the  following 
additional  restraints  (unless  it  isn’t  possible): 

(1)  Can  you  do  it  with  special  fibre  projective? 

(2)  Can  you  do  it  with  special  fibre  irreducible  and  projective? 

(3)  Can  you  do  it  with  special  fibre  integral  and  projective? 

(4)  Can  you  do  it  with  special  fibre  smooth  and  projective? 

(5)  Can  you  do  it  with  / a flat  morphism?  This  just  means  that  for  every 
affine  open  Spec(A)  C X the  induced  ring  map  C[t]  — >•  A is  flat,  which  in 
this  case  means  that  any  nonzero  polynomial  in  t is  a nonzerodivisor  on 
A. 

(6)  Can  you  do  it  with  / a flat  and  projective  morphism? 

(7)  Can  you  do  it  with  / flat,  projective  and  special  fibre  reduced? 

(8)  Can  you  do  it  with  / flat,  projective  and  special  fibre  irreducible? 

(9)  Can  you  do  it  with  / flat,  projective  and  special  fibre  integral? 

What  do  you  think  happens  when  you  replace  with  another  variety  over  C? 
(This  can  get  very  hard  depending  on  which  of  the  variants  above  you  ask  for.) 

02A1  Exercise  89.30.5.  Let  n > 1 be  any  positive  integer.  Give  an  example  of  a 
surjective  morphism  X — »•  with  X affine. 

02A2  Exercise  89.30.6.  Maps  of  Proj.  Let  R and  S be  graded  rings.  Suppose  we  have 
a ring  map 

ip  : R — ► S 

and  an  integer  e > 1 such  that  ip(Rd)  C Sde  for  all  d > 0.  (By  our  conventions  this 
is  not  a homomorphism  of  graded  rings,  unless  e = 1.) 

(1)  For  which  elements  p £ Proj  (5)  is  there  a well-defined  corresponding  point 
in  Proj(.R)?  In  other  words,  find  a suitable  open  U C Proj  (5)  such  that 
ip  defines  a continuous  map  : U — > Proj(ii). 

(2)  Give  an  example  where  U Proj  (5). 

(3)  Give  an  example  where  U = Proj  (S). 

(4)  (Do  not  write  this  down.)  Convince  yourself  that  the  continuous  map 
U — > Proj  (I?)  comes  canonically  with  a map  on  sheaves  so  that  is  a 
morphism  of  schemes: 

Proj  (5)  D U — » Proj(.R). 
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(5)  What  can  you  say  about  this  map  if  R = ®d>0  Sde  (as  a graded  ring  with 
Se,  S2e , etc  in  degree  1,2,  etc)  and  if)  is  the  inclusion  mapping? 


Notation.  Let  R be  a graded  ring  as  above  and  let  n > 0 be  an  integer.  Let 
X = Proj  (R) . Then  there  is  a unique  quasi-coherent  0A--module  Ox  (n)  on  X such 
that  for  every  homogeneous  element  / £ R of  positive  degree  we  have  Ox\d+(/)  is 
the  quasi-coherent  sheaf  associated  to  the  R^  = (i?/)0-module  ( Rf)n  ©elements 
homogeneous  of  degree  n in  Rf  = R[\/ f]).  See  Hnr77  page  116+].  Note  that 
there  are  natural  maps 


Ox{n i)  ®ox  Ox(ri2 ) — t Ox(ni  + TI2) 

02A3  Exercise  89.30.7.  Pathologies  in  Proj.  Give  examples  of  R as  above  such  that 

(1)  Ox{  1)  is  not  an  invertible  Ox -module. 

(2)  Ox{  1)  is  invertible,  but  the  natural  map  Ox{  1)  Ox(l)  -+  Ox( 2)  is 
NOT  an  isomorphism. 


02A4  Exercise  89.30.8.  Let  S'  be  a graded  ring.  Let  X = Proj(S).  Show  that  any 
finite  set  of  points  of  X is  contained  in  a standard  affine  open. 

02A5  Exercise  89.30.9.  Let  S be  a graded  ring.  Let  X = Proj(S).  Let  Z,Z'  C X be 
two  closed  subschemes.  Let  ip  : Z — > Z'  be  an  isomorphism.  Assume  Z D Z'  = 0. 
Show  that  for  any  z £ Z there  exists  an  affine  open  U C X such  that  z £ U, 


ip(z)  £ U and  tp(Z  C\U)  = Z1  HU . (Hint:  Use  Exercise  89.30.8  and  something  akin 


to  Schemes,  Lemma  25.11.5  ) 
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02A7  Exercise  89.31.1.  Let  R be  a ring.  Let  R — > k be  a map  from  R to  a field.  Let 
n > 0.  Show  that 

MorSpec(ij) (Spec(fc),  P^)  = ( kn+1  \ {0 })/** 

where  k*  acts  via  scalar  multiplication  on  kn+1 . From  now  on  we  denote  (xo  : 
. . . : xn)  the  morphism  Spec(fc)  — > PjJ  corresponding  to  the  equivalence  class  of  the 
element  (xo, . . . , xn)  G kn+1  \ {0}. 

02A8  Exercise  89.31.2.  Let  A:  be  a field.  Let  2 C P(  be  a irreducible  closed  subscheme. 
Show  that  either  (a)  Z is  a closed  point,  or  (b)  there  exists  an  homogeneous  ir- 
reducible F £ k[X0,X i,A2]  of  degree  > 0 such  that  Z = V+(F).  or  (c)  Z = P'f.. 
(Hint:  Look  on  a standard  affine  open.) 

02A9  Exercise  89.31.3.  Let  k be  a field.  Let  Z-\ , Z2  C be  irreducible  closed  sub- 
schemes of  the  form  V+(F)  for  some  homogeneous  irreducible  Fj  G k[X0,Xi,X2] 
of  degree  > 0.  Show  that  Z\  fl  Z2  is  not  empty.  (Hint:  Use  dimension  theory  to 
estimate  the  dimension  of  the  local  ring  of  k[Xo,  X±,  X^/ (F\,  F2)  at  0.) 

02AA  Exercise  89.31.4.  Show  there  does  not  exist  a nonconstant  morphism  of  schemes 
P£,  — > P)-,  over  Spec(C).  Here  a constant  morphism  is  one  whose  image  is  a single 
point.  (Hint:  If  the  morphism  is  not  constant  consider  the  fibres  over  0 and  00  and 
argue  that  they  have  to  meet  to  get  a contradiction.) 
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02AB 


02AC 

02AD 

02AE 


02AF 


02AG 


02AH 

02AI 


Exercise  89.31.5.  Let  A:  be  a field.  Suppose  that  X C P|  is  a closed  subscheme 
given  by  a single  homogeneous  equation  F € k\X0,  Xx,X2,X3\.  In  other  words, 

X = Proj (k[X0,X1,X2,X3\/(F))  c 

as  explained  in  the  course.  Assume  that 


F = X0G  + Ad  H 


for  some  homogeneous  polynomials  G,H  £ k[X0,X i,A2,X3]  of  positive  degree. 
Show  that  if  Xg,  Xi,G,  H have  no  common  zeros  then  there  exists  a nonconstant 
morphism 


X 


P 


l 

k 


of  schemes  over  Spec(fc)  which  on  field  points  (see  Exercise  89.31.1)  looks  like 
{xg  : X\  : X2  '■  X3)  1 y (xg  : Xi)  whenever  Xg  or  X\  is  not  zero. 


89.32.  Invertible  sheaves 


Definition  89.32.1.  Let  A be  a locally  ringed  space.  An  invertible  Ox-module 
on  X is  a sheaf  of  Ox-modules  C such  that  every  point  has  an  open  neighbourhood 
U C X such  that  C\u  is  isomorphic  to  Ou  as  Oy-module.  We  say  that  C is  trivial 
if  it  is  isomorphic  to  Ox  as  a Ox -module. 

Exercise  89.32.2.  General  facts. 

(1)  Show  that  an  invertible  Ox-module  on  a scheme  X is  quasi-coherent. 

(2)  Suppose  X — )■  Y is  a morphism  of  ringed  spaces,  and  C an  invertible 
Or-module.  Show  that  /*£  is  an  invertible  Ox  module. 

Exercise  89.32.3.  Algebra. 

(1)  Show  that  an  invertible  Ox-module  on  an  affine  scheme  Spec(A)  corre- 
sponds to  an  A-module  M which  is  (i)  finite,  (ii)  projective,  (iii)  locally 
free  of  rank  1,  and  hence  (iv)  flat,  and  (v)  finitely  presented.  (Feel  free  to 
quote  things  from  last  semesters  course;  or  from  algebra  books.) 

(2)  Suppose  that  A is  a domain  and  that  M is  a module  as  in  (a).  Show 
that  M is  isomorphic  as  an  A-module  to  an  ideal  / C A such  that  IAp  is 
principal  for  every  prime  p. 

Definition  89.32.4.  Let  I?  be  a ring.  An  invertible  module  M is  an  I?-module 
M such  that  M is  an  invertible  sheaf  on  the  spectrum  of  R.  We  say  M is  trivial  if 
M = R as  an  i?-module. 

In  other  words,  M is  invertible  if  and  only  if  it  satisfies  all  of  the  following  conditions: 
it  is  flat,  of  finite  presentation,  projective,  and  locally  free  of  rank  1.  (Of  course  it 
suffices  for  it  to  be  locally  free  of  rank  1). 

Exercise  89.32.5.  Simple  examples. 

(1)  Let  k be  a field.  Let  A = k[x].  Show  that  X = Spec(A)  has  only  trivial 
invertible  Ox-modules.  In  other  words,  show  that  every  invertible  A- 
module  is  free  of  rank  1. 
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02AN 


(2)  Let  A be  the  ring 

A = {f  G k[x\  | /( 0)  = /( 1)}. 

Show  there  exists  a nontrivial  invertible  A-module,  unless  k = F2.  (Hint: 
Think  about  Spec(A)  as  identifying  0 and  1 in  A],  = Spec(/e[a:]).) 

(3)  Same  question  as  in  0 for  the  ring  A = k[x2,x3]  C k[x]  (except  now 
k = F2  works  as  well). 


Exercise  89.32.6. 

(1) 


(2) 


(3) 


Higher  dimensions. 

Prove  that  every  invertible  sheaf  on  two  dimensional  affine  space  is  trivial. 
More  precisely,  let  A \ = Spec(fc[x,  y])  where  k is  a field.  Show  that  every 
invertible  sheaf  on  A^  is  trivial.  (Hint:  One  way  to  do  this  is  to  consider 
the  corresponding  module  M , to  look  at  M ®k[x,y]  k(x)[y\,  and  then  use 
Exercise  89.32.5|  (flj)  to  find  a generator  for  this;  then  you  still  have  to 
think.  Another  way  to  is  to  use  Exercise  |89.32.3|  and  use  what  we  know 
about  ideals  of  the  polynomial  ring:  primes  of  height  one  are  generated 
by  an  irreducible  polynomial;  then  you  still  have  to  think.) 

Prove  that  every  invertible  sheaf  on  any  open  subscheme  of  two  dimen- 
sional affine  space  is  trivial.  More  precisely,  let  U C A 2 be  an  open 
subscheme  where  k is  a field.  Show  that  every  invertible  sheaf  on  U is 
trivial.  Hint:  Show  that  every  invertible  sheaf  on  U extends  to  one  on 
A^.  Not  easy;  but  you  can  find  it  in  IHar77l. 

Find  an  example  of  a nontrivial  invertible  sheaf  on  a punctured  cone  over  a 
field.  More  precisely,  let  A:  be  a field  and  let  C = Spec(fc[:r,  y,  z }/ (xy  — z2)). 
Let  U = C \ {(x,y,z)}.  Find  a nontrivial  invertible  sheaf  on  U.  Hint:  It 
may  be  easier  to  compute  the  group  of  isomorphism  classes  of  invertible 
sheaves  on  U than  to  just  find  one.  Note  that  U is  covered  by  the  opens 
Spec(fc[a;,  y,  z,  l/x\/{xy  — z2))  and  Spec(/c[:r,  y , z,  1 /y\/{xy  — z2))  which  are 
“easy”  to  deal  with. 


Definition  89.32.7.  Let  A be  a locally  ringed  space.  The  Picard  group  of  X 
is  the  set  Pic(A)  of  isomorphism  classes  of  invertible  Ojf-modules  with  addition 
given  by  tensor  product.  See  Modules,  Definition  |17.21.9[  For  a ring  R we  set 
Pic(f?)  = Pic(Spec(i?)). 


Exercise  89.32.8.  Let  R be  a ring. 

(1)  Show  that  if  R is  a Noetherian  normal  domain,  then  Pic(f?)  = Pic(I?[f]). 
[Hint:  There  is  a map  R[t]  — > R,  t 1— > 0 which  is  a left  inverse  to  the 
map  R — > R[t\.  Hence  it  suffices  to  show  that  any  invertible  I?[f]-module 
M such  that  M/tM  = R is  free  of  rank  1.  Let  I\  = f.f.(R).  Pick  a 
trivialization  K[t\  — > M K[t\  which  is  possible  by  Exercise  } 

0.  Adjust  it  so  it  agrees  with  the  trivialization  of  M/tM  above. 


(2) 


that  it  is  in  fact  a trivialization  of  M over  R[t\  (this  is  where  normality 
comes  in).] 

Let  k be  a field.  Show  that  Pic(/c[a;2,  a:3,  t])  ^ Pic(fc[a;2,  x3]). 
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02AO 

02F4  Exercise  89.33.1.  Cech  cohomology.  Here  k is  a field. 
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(1)  Let  X be  a scheme  with  an  open  covering  U : X = U\  U U2,  with  U\  = 
Spec(fc[a:]),  U2  = Spec(fc[y])  with  U\  CiU2  = Spec(fc[2,  1 /z\)  and  with  open 
immersions  U\  D U2  — > U\  resp.  U\  fl  U2  — > U2  determined  by  x H > z resp. 
y z (and  I really  mean  this).  (We’ve  seen  in  the  lectures  that  such  an 
X exists;  it  is  the  affine  line  zith  zero  doubled.)  Compute  IJ1^,  0);  eg. 
give  a basis  for  it  as  a fc-vectorspace. 

(2)  For  each  element  in  J1X{U,0)  construct  an  exact  sequence  of  sheaves  of 
Ox-modules 

0 — y Ox  — >■  E — > Ox  — y 0 

such  that  the  boundary  (5(1)  £ Hl(U,0)  equals  the  given  element.  (Part 
of  the  problem  is  to  make  sense  of  this.  See  also  below.  It  is  also  OK  to 
show  abstractly  such  a thing  has  to  exist.) 

02AP  Definition  89.33.2.  (Definition  of  delta.)  Suppose  that 

0 — y ^ J~  2 — t ^ 0 

is  a short  exact  sequence  of  abelian  sheaves  on  any  topological  space  X.  The 
boundary  map  S : H°(X,  X3)  — > H1(X,Jci)  is  defined  as  follows.  Take  an  element 
r £ H0{X,X3,).  Choose  an  open  covering  U : X = U,e/  ^ such  that  for  each  i 
there  exists  a section  fj  £ T2  lifting  the  restriction  of  r to  Ui.  Then  consider  the 
assignment 

(«0,*l)' >Tio\ UiQil  ~Tn\Uioii. 

This  is  clearly  a 1-coboundary  in  the  Cech  complex  C**(W,  X2).  But  we  observe  that 
(thinking  of  T\  as  a subsheaf  of  F2)  the  RHS  always  is  a section  of  T\  over  Ui^. 
Hence  we  see  that  the  assignment  defines  a 1-cochain  in  the  complex  C*(li,J-2). 
The  cohomology  class  of  this  1-cochain  is  by  definition  c>(t). 

89.34.  Divisors 

02AQ  We  collect  all  relevant  definitions  here  in  one  spot  for  convenience. 

02AR  Definition  89.34.1.  Throughout,  let  S be  any  scheme  and  let  X be  a Noetherian, 
integral  scheme. 

(1)  A Weil  divisor  on  X is  a formal  linear  combination  T,rii[Zi\  of  prime 
divisors  Zi  with  integer  coefficients. 

(2)  A prime  divisor  is  a closed  subscheme  Z C X . which  is  integral  with 
generic  point  £ £ Z such  that  Ox,£  has  dimension  1.  We  will  use  the 
notation  Ox,z  = ®x,£,  when  £ £ Z C X is  as  above.  Note  that  Ox,z  C 
K(X)  is  a subring  of  the  function  field  of  X. 

(3)  The  Weil  divisor  associated  to  a rational  function  f £ K(X)*  is  the  sum 
Su^(/)f2'l.  Here  Vz(f)  is  defined  as  follows 

(a)  If  / £ 0*xz  then  vz{f)  = 0. 

(b)  If  / £ Ox,z  then 

vz{f)  = length  0xz{Ox,z/{f))- 

(c)  If  / = f with  a,  b £ Ox,z  then 

vz(f)  = length 0x,z(Ox,z/(a))  - length 0x  z(Ox,z /{*>)). 
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(4)  An  effective  Cartier  divisor  on  a scheme  S is  a closed  subscheme  D C S 
such  that  every  point  d £ D has  an  affine  open  neighbourhood  Spec(A)  = 
U C S in  S so  that  D ft  U = Spec (A /(f))  with  f £ A a nonzerodivisor. 

(5)  The  Weil  divisor  [D]  associated  to  an  effective  Cartier  divisor  D C X of 
our  Noetherian  integral  scheme  X is  defined  as  the  sum  T,vz(D)[Z\  where 
Vz(D)  is  defined  as  follows 

(a)  If  the  generic  point  £ of  Z is  not  in  D then  vz(D)  = 0. 

(b)  If  the  generic  point  £ of  Z is  in  D then 

vz(D)  = length  0x,z(°x,z/(f)) 

where  / £ Ox,z  = Ox,£  is  the  nonzerodivisor  which  defines  D in  an 
affine  neighbourhood  of  £ (as  in  (4)  above). 

(6)  Let  5 be  a scheme.  The  sheaf  of  total  quotient  rings  ICs  is  the  sheaf 
of  Os-algebras  which  is  the  sheafification  of  the  pre-sheaf  X!  defined  as 
follows.  For  U C S open  we  set  X'(U)  = SflOs(U)  where  Sjj  C Os  (If) 
is  the  multiplicative  subset  consisting  of  sections  / £ Os(U)  such  that  the 
germ  of  / in  Os,u  is  a nonzerodivisor  for  every  u £ U.  In  particular  the 
elements  of  Sjj  are  all  nonzerodivisors.  Thus  Os  is  a subsheaf  of  X s,  and 
we  get  a short  exact  sequence 

0 ->  0*s^  X*s^  X*s/0*s  ->  0. 

(7)  A Cartier  divisor  on  a scheme  S'  is  a global  section  of  the  quotient  sheaf 
X%fO%. 

(8)  The  Weil  divisor  associated  to  a Cartier  divisor  t £ T(X,X*x/0*x)  over 
our  Noetherian  integral  scheme  X is  the  sum  Hvz(t)[Z]  where  vz(t)  is 
defined  as  by  the  following  recipe 

(a)  If  the  germ  of  r at  the  generic  point  £ of  Z is  zero  - in  other  words 
the  image  of  r in  the  stalk  (X*  /O*)^  is  “zero”  - then  Vz(t)  = 0. 

(b)  Find  an  affine  open  neighbourhood  Spec(A)  = U C X so  that  t\u  is 
the  image  of  a section  / £ X(U)  and  moreover  / = a/b  with  a,b  £ A. 
Then  we  set 

vz(f)  = length ox,z(°x,z/(a))  - length 0xz(Ox,z/(b))- 

02F5  Remarks  89.34.2.  Here  are  some  trivial  remarks. 

(1)  On  a Noetherian  integral  scheme  X the  sheaf  Xx  is  constant  with  value 
the  function  field  K(X). 

(2)  To  make  sense  out  of  the  definitions  above  one  needs  to  show  that 

length0(C>/(a&))  = length  0(0/(a))  + length0(0/(6)) 

for  any  pair  (a,  b)  of  nonzero  elements  of  a Noetherian  1-dimensional  local 
domain  O . This  will  be  done  in  the  lectures. 

02F6  Exercise  89.34.3.  (On  any  scheme.)  Describe  how  to  assign  a Cartier  divisor  to 
an  effective  Cartier  divisor. 

02F7  Exercise  89.34.4.  (On  an  integral  scheme.)  Describe  how  to  assign  a Cartier 
divisor  D to  a rational  function  / such  that  the  Weil  divisor  associated  to  D and 
to  / agree.  (This  is  silly.) 

02F8  Exercise  89.34.5.  Give  an  example  of  a Weil  divisor  on  a variety  which  is  not 
the  Weil  divisor  associated  to  any  Cartier  divisor. 
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02F9  Exercise  89.34.6.  Give  an  example  of  a Weil  divisor  D on  a variety  which  is 
not  the  Weil  divisor  associated  to  any  Cartier  divisor  but  such  that  nD  is  the  Weil 
divisor  associated  to  a Cartier  divisor  for  some  n > 1. 


02FA 


02FB 


02AS 


Exercise  89.34.7.  Give  an  example  of  a Weil  divisor  D on  a variety  which  is  not 
the  Weil  divisor  associated  to  any  Cartier  divisor  and  such  that  nD  is  NOT  the 
Weil  divisor  associated  to  a Cartier  divisor  for  any  n > 1.  (Hint:  Consider  a cone, 
for  example  A : xy  — zw  = 0 in  A/.  Try  to  show  that  D = [x  = 0,  z = 0]  works.) 


Exercise  89.34.8.  On  a separated  scheme  A'  of  finite  type  over  a field:  Give 
an  example  of  a Cartier  divisor  which  is  not  the  difference  of  two  effective  Cartier 
divisors.  Hint:  Find  some  X which  does  not  have  any  nonempty  effective  Cartier 
Cartier  divisors  for  example  the  scheme  constructed  in  lHar77l  III  Exercise  5.9]. 
There  is  even  an  example  with  X a variety  - namely  the  variety  of  Exercise  89.34.9| 


Exercise  89.34.9.  Example  of  a nonprojective  proper  variety.  Let  k be  a field. 
Let  L C P|  be  a line  and  let  C C P]*  be  a nonsingular  conic.  Assume  that  CnL  = 0. 
Choose  an  isomorphism  ip  : L C.  Let  A'  be  the  k- variety  obtained  by  glueing  C 
to  L via  ip.  In  other  words  there  is  a surjective  proper  birational  morphism 


Pi 

*-i 


A 


and  an  open  U C A such  that  ir  : 7r_1([/)  — ► U is  an  isomorphism,  7r-1([/)  = 
P | \ (L  U C)  and  such  that  = ty\c  o ip.  (These  conditions  do  not  yet  uniquely 
define  A.  In  order  to  do  this  you  need  to  specify  the  structure  sheaf  of  A along 
points  of  Z = X \ U.)  Show  A exists,  is  a proper  variety,  but  is  not  projective. 
(Hint:  For  existence  use  the  result  of  Exercise  89.30.9  For  non-projectivity  use 


that  Pic(P|)  = Z to  show  that  A cannot  have  an  ample  invertible  sheaf.) 


89.35.  Differentials 

02AT  Definitions  and  results.  Kahler  differentials. 

(1)  Let  R -A  A be  a ring  map.  The  module  of  Kahler  differentials  of  A over 
R is  denoted  Ha/r-  It  is  generated  by  the  elements  da,  a £ A subject  to 
the  relations: 

d(ai  + af)  = dai  + da2,  d(aia2)  = aida2  + a2dai,  dr  = 0 

The  canonical  universal  i?-derivation  d : A — > £Ia/r  maps  a da. 

(2)  Consider  the  short  exact  sequence 

0 — y I — y A &)r  A — )■  A — y 0 

which  defines  the  ideal  I.  There  is  a canonical  derivation  d : A — > //J2 
which  maps  a to  the  class  of  a (8)  1 — 1 (8)  a.  This  is  another  presentation 
of  the  module  of  derivations  of  A over  R,  in  other  words 

{I /If  d)“(fix/*,d). 

(3)  For  multiplicative  subsets  Sr  C R and  Sa  C A such  that  Sr  maps  into 
Sa  we  have 

= H a/r ■ 

(4)  If  A is  a finitely  presented  f?-algebra  then  Ha/r  is  a finitely  presented 
A-module.  Hence  in  this  case  the  fitting  ideals  of  Ha/r  are  defined.  (See 
exercise  set  6 of  last  semester.) 
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(5)  Let  / : A'  — > S be  a morphism  of  schemes.  There  is  a quasi-coherent  sheaf 
of  Ox-modules  Slx/s  and  a Og-linear  derivation 

d : Ox  — H x/s 

such  that  for  any  affine  opens  Spec(A)  = U C X,  Spec (R)  =VcS  with 
f{U)  C V we  have 

T(Spec(A),  Clx/s)  = ^ a/r 
compatibly  with  d. 

02FC  Exercise  89.35.1.  Let  k[t]  be  the  ring  of  dual  numbers  over  the  field  k,  i.e. , 
i1  = 0. 

(1)  Consider  the  ring  map 

R = k[e]  — > A = k[x,  e]/(ex) 

Show  that  the  fitting  ideals  of  &a/r  are  (starting  with  the  zeroth  fitting 
ideal) 

(e),  A,  A, . . . 

(2)  Consider  the  map  R = k[t\  — > A = k[x,  y,  t]/(x(y  — t)(y  — l),x(x  — t)). 
Show  that  the  fitting  ideals  of  of  f Ia/r  in  A are  (assume  characteristic  k 
is  zero  for  simplicity) 

x(2x-t){2y-t-l)A,  (x,y,t)n(x,y-l,t),  A , A,... 

So  the  0-the  fitting  ideal  is  cut  out  by  a single  element  of  A,  the  1st  fitting 
ideal  defines  two  closed  points  of  Spec(A),  and  the  others  are  all  trivial. 

(3)  Consider  the  map  R = k[t)  — ► A = k[x,y,t]/(xy  — tn).  Compute  the 
fitting  ideals  of  &a/r- 

02FD  Remark  89.35.2.  The  fcth  fitting  ideal  of  Flx/s  is  commonly  used  to  define  the 
singular  scheme  of  the  morphism  X — >■  S when  X has  relative  dimension  k over 
S.  But  as  part  (a)  shows,  you  have  to  be  careful  doing  this  when  your  family  does 
not  have  “constant”  fibre  dimension,  e.g.,  when  it  is  not  flat.  As  part  (b)  shows, 
flatness  doesn’t  guarantee  it  works  either  (and  yes  this  is  a flat  family).  In  “good 
cases”  - such  as  in  (c)  - for  families  of  curves  you  expect  the  0-th  fitting  ideal  to 
be  zero  and  the  1st  fitting  ideal  to  define  (scheme-theoretically)  the  singular  locus. 

02FE  Exercise  89.35.3.  Suppose  that  I?  is  a ring  and 

A k\x i , . . . , ^rn]/(t/’x ? • • • ? fn') ■ 

Note  that  we  are  assuming  that  A is  presented  by  the  same  number  of  equations 
as  variables.  Thus  the  matrix  of  partial  derivatives 

(dfi/dxj) 

is  n x n,  i.e.,  a square  matrix.  Assume  that  its  determinant  is  invertible  as  an 
element  in  A.  Note  that  this  is  exactly  the  condition  that  says  that  &a/r  = (0) 
in  this  case  of  n-generators  and  n relations.  Let  n : B'  — > B be  a surjection  of 
R-algebras  whose  kernel  J has  square  zero  (as  an  ideal  in  B').  Let  tp  : A -A-  B 
be  a homomorphism  of  I?-algebras.  Show  there  exists  a unique  homomorphism  of 
R-algebras  cp1  : A — ► B'  such  that  <p  = 7r  o tp' . 

02FF  Exercise  89.35.4.  Find  a generalization  of  the  result  of  the  previous  exercise  to 
the  case  where  A = R[x,y]/(f). 
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89.36.  Schemes,  Final  Exam,  Fall  2007 

02AU  These  were  the  questions  in  the  final  exam  of  a course  on  Schemes,  in  the  Spring 
of  2007  at  Columbia  University. 

02FG  Exercise  89.36.1  (Definitions).  Provide  definitions  of  the  following  concepts. 

(1)  X is  a scheme 

(2)  the  morphism  of  schemes  / : X — > Y is  finite 

(3)  the  morphisms  of  schemes  / : X — ► Y is  of  finite  type 

(4)  the  scheme  X is  Noetherian 

(5)  the  Ox-module  £ on  the  scheme  X is  invertible 

(6)  the  genus  of  a nonsingular  projective  curve  over  an  algebraically  closed 
field' 

02FH  Exercise  89.36.2.  Let  X = Spec(Z[x,  y]),  and  let  T be  a quasi-coherent  Ox- 
module.  Suppose  that  T is  zero  when  restricted  to  the  standard  affine  open  D(x). 

(1)  Show  that  every  global  section  s of  T is  killed  by  some  power  of  x,  i.e. , 
xns  = 0 for  some  n € N. 

(2)  Do  you  think  the  same  is  true  if  we  do  not  assume  that  T is  quasi-coherent? 

02FI  Exercise  89.36.3.  Suppose  that  X — > Spec (R)  is  a proper  morphism  and  that  R 
is  a discrete  valuation  ring  with  residue  field  k.  Suppose  that  X *spec(R)  Spec (k) 
is  the  empty  scheme.  Show  that  X is  the  empty  scheme. 

02FJ  Exercise  89.36.4.  Consider  the  projectiv^]  variety 

P1  x P1 *  = Pc  x Spec(C)  Pc 

over  the  field  of  complex  numbers  C.  It  is  covered  by  four  affine  pieces,  corre- 
sponding to  pairs  of  standard  affine  pieces  of  Pj,.  For  example,  suppose  we  use 
homogeneous  coordinates  Xu,  X-\  on  the  first  factor  and  Y0 , Yj  on  the  second.  Set 
x = X\/Xq,  and  y = Y\/Yq.  Then  the  4 affine  open  pieces  are  the  spectra  of  the 
rings 

C [x,y\,  C [x~%,y\,  C [x,y~\  C[x_1,y_1]. 

Let  X C P1  x P1  be  the  closed  subscheme  which  is  the  closure  of  the  closed  subset 
of  the  first  affine  piece  given  by  the  equation 

y3(x4  + 1)  =x4-  1. 

(1)  Show  that  X is  contained  in  the  union  of  the  first  and  the  last  of  the  4 
affine  open  pieces. 

(2)  Show  that  X is  a nonsingular  projective  curve. 

(3)  Consider  the  morphism  pr2  : X — > P1  (projection  onto  the  first  factor). 
On  the  first  affine  piece  it  is  the  map  (x,  y)  K > x.  Briefly  explain  why  it 
has  degree  3. 

(4)  Compute  the  ramification  points  and  ramification  indices  for  the  map 
pr  2 : X — > P1. 

(5)  Compute  the  genus  of  X. 

02FK  Exercise  89.36.5.  Let  X — » Spec(Z)  be  a morphism  of  finite  type.  Suppose  that 
there  is  an  infinite  number  of  primes  p such  that  X Xgpec(Z)  Spec(Fp)  is  not  empty. 

1 The  projective  embedding  is  ((At).  -A| ),  (Vq.  Y] ))  i— x ( X o Vt, , At, U , X i V?) . .Y i V| ) in  other 

words  (x,y)  i— > (1  ,y,x,xy). 
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(1)  Show  that  A'  xspec(Z)  Spec(Q)  is  not  empty. 

(2)  Do  you  think  the  same  is  true  if  we  replace  the  condition  “finite  type”  by 
the  condition  “locally  of  finite  type”  ? 

89.37.  Schemes,  Final  Exam,  Spring  2009 

02AV  These  were  the  questions  in  the  final  exam  of  a course  on  Schemes,  in  the  Spring 
of  2009  at  Columbia  University. 

02AW  Exercise  89.37.1.  Let  A be  a Noetherian  scheme.  Let  T be  a coherent  sheaf  on 
A.  Let  x £ X be  a point.  Assume  that  Supp(Jr)  = {*}. 

(1)  Show  that  £ is  a closed  point  of  A'. 

(2)  Show  that  H°( X,J-)  is  not  zero. 

(3)  Show  that  T is  generated  by  global  sections. 

(4)  Show  that  HP(X,F)  = 0 for  p > 0. 

02AX  Remark  89.37.2.  Let  k be  a field.  Let  P|  = Proj(fc[Ao,  A'i,  X2\).  Any  invertible 
sheaf  on  is  isomorphic  to  Op 2 (n)  for  some  n £ Z.  Recall  that 

F(Pfc)  ^pj(n))  = k[X0lXi,X2]n 

is  the  degree  n part  of  the  polynomial  ring.  For  a quasi-coherent  sheaf  T on  P^  set 
F(n)  = F 2 Op2  (n)  as  usual. 

Pfc  k 

02AY  Exercise  89.37.3.  Let  k be  a field.  Let  £ be  a vector  bundle  on  P^,  i.e.,  a 

finite  locally  free  0P2-module.  We  say  8 is  split  if  8 is  isomorphic  to  a direct  sum 

invertible  O-p 2 -modules. 

(1)  Show  that  8 is  split  if  and  only  if  8(n)  is  split. 

(2)  Show  that  if  8 is  split  then  U1(P^,£(n))  = 0 for  all  n £ Z. 

(3)  Let 

(p  : 0P2  — > (1)  © Op2  (1)  © Op2  (1) 

be  given  by  linear  forms  L0,Li,L2  £ T(P|,  0P2  (1)).  Assume  Li  ^ 0 for 
some  i.  What  is  the  condition  on  Lq,Li,L2  such  that  the  cokernel  of  ip 
is  a vector  bundle?  Why? 

(4)  Given  an  example  of  such  a ip. 

(5)  Show  that  Coker(t^)  is  not  split  (if  it  is  a vector  bundle). 

02AZ  Remark  89.37.4.  Freely  use  the  following  facts  on  dimension  theory  (and  add 
more  if  you  need  more). 

(1)  The  dimension  of  a scheme  is  the  supremum  of  the  length  of  chains  of 
irreducible  closed  subsets. 

(2)  The  dimension  of  a finite  type  scheme  over  a field  is  the  maximum  of  the 
dimensions  of  its  affine  opens. 

(3)  The  dimension  of  a Noetherian  scheme  is  the  maximum  of  the  dimensions 
of  its  irreducible  components. 

(4)  The  dimension  of  an  affine  scheme  coincides  with  the  dimension  of  the 
corresponding  ring. 

(5)  Let  k be  a field  and  let  A be  a finite  type  fc-algebra.  If  A is  a domain,  and 
x ^ 0,  then  dirn(A)  = dim(A/aiA)  + 1. 
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02B0  Exercise  89.37.5.  Let  k be  a field.  Let  A be  a projective,  reduced  scheme  over 
k.  Let  / : X — ► Pj,  be  a morphism  of  schemes  over  k.  Assume  there  exists  an 
integer  d > 0 such  that  for  every  point  t £ Pjf.  the  fibre  Xt  = /-1(f)  is  irreducible 
of  dimension  d.  (Recall  that  an  irreducible  space  is  not  empty.) 

(1)  Show  that  dim(A)  = d + 1. 

(2)  Let  Xq  C X be  an  irreducible  component  of  X of  dimension  d + 1.  Prove 
that  for  every  t £ Pj[.  the  fibre  Ao,t  has  dimension  d. 

(3)  What  can  you  conclude  about  Xt  and  A0it  from  the  above? 

(4)  Show  that  X is  irreducible. 

02B1  Remark  89.37.6.  Given  a projective  scheme  X over  a field  k and  a coherent 
sheaf  F on  X we  set 

x(X,F)  =E*  >n(-lYaimkH\X,X). 

02B2  Exercise  89.37.7.  Let  k be  a field.  Write  P|  = Proj(fc[Ao,  Ai,  X%,  A3]).  Let 
C C Pjl  be  a type  (5,  6)  complete  intersection  curve.  This  means  that  there  exist 
F £ k [Aq  , X\ , A 2 , A3]  5 and  G £ k [Aq  , X\ , A2 , A3]g  such  that 

C = Proj(/c[A0,  XltX2,  X3]/(F,  G)) 

is  a variety  of  dimension  1.  (Variety  implies  reduced  and  irreducible,  but  feel  free 
to  assume  C is  nonsingular  if  you  like.)  Let  i : C — ► P|  be  the  corresponding  closed 
immersion.  Being  a complete  intersection  also  implies  that 

(f) 

0 ^ Ops  (-11)  L Op3  (-5)  © Ops  (-6)  Op3 ^ uOc ^ 0 

is  an  exact  sequence  of  sheaves.  Please  use  these  facts  to: 

(1)  compute  x(C,  z*0P3(n))  for  any  n £ Z,  and 

(2)  compute  the  dimension  of  iL1(C,  Oc). 

02B3  Exercise  89.37.8.  Let  A:  be  a field.  Consider  the  rings 

A = k[x,y\/(xy) 

B = k[u,  v\/{uv) 

C = fc[f,f-1]  x k[s,  s"1] 

and  the  /c-algebra  maps 

A — ■»  C,  x>-¥(t,  0),  yi-+(0,s) 

B — > C,  u I-A  (t-1, 0),  v I-A  (0,  s_1) 

It  is  a true  fact  that  these  maps  induce  isomorphisms  Ax+y  — >■  C and  Bu+V  — > C . 
Hence  the  maps  A — ► C and  B — > C identify  Spec(C)  with  open  subsets  of  Spec(A) 
and  Spec(H).  Let  A be  the  scheme  obtained  by  glueing  Spec(A)  and  Spec(R)  along 
Spec(C): 

A = Spec(A)  Hspec(C)  Spec(B). 

As  we  saw  in  the  course  such  a scheme  exists  and  there  are  affine  opens  Spec(A)  C A 
and  Spec(B)  C A whose  overlap  is  exactly  Spec(C)  identified  with  an  open  of  each 
of  these  using  the  maps  above. 

(1)  Why  is  A separated? 
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(2)  Why  is  X of  finite  type  over  fc? 

(3)  Compute  H1( X,  Ox),  or  what  is  its  dimension? 

(4)  What  is  a more  geometric  way  to  describe  X ? 

89.38.  Schemes,  Final  Exam,  Fall  2010 

These  were  the  questions  in  the  final  exam  of  a course  on  Schemes,  in  the  Fall  of 
2010  at  Columbia  University. 

Exercise  89.38.1  (Definitions).  Provide  definitions  of  the  following  concepts. 

(1)  a separated  scheme, 

(2)  a quasi-compact  morphism  of  schemes, 

(3)  an  affine  morphism  of  schemes, 

(4)  a multiplicative  subset  of  a ring, 

(5)  a Noetherian  scheme, 

(6)  a variety. 

Exercise  89.38.2.  Prime  avoidance. 

(1)  Let  A be  a ring.  Let  I C A be  an  ideal  and  let  qi,  q2  be  prime  ideals  such 
that  I <£  qi.  Show  that  I qL  qi  U q2. 

(2)  What  is  a geometric  interpretation  of  (1)? 

(3)  Let  X = Proj(S')  for  some  graded  ring  S.  Let  Xi,x2  € X.  Show  that 
there  exists  a standard  open  D+(F)  which  contains  both  X\  and  x2- 

89.38.3.  Why  is  a composition  of  affine  morpliisms  affine? 

89.38.4  (Examples).  Give  examples  of  the  following: 

(1)  A reducible  projective  scheme  over  a field  k. 

(2)  A scheme  with  100  points. 

(3)  A non-affine  morphism  of  schemes. 

Exercise  89.38.5.  Chevalley’s  theorem  and  the  Hilbert  Nullstellensatz. 

(1)  Let  p C Z[aq, . . . , xn]  be  a maximal  ideal.  What  does  Chevalley’s  theorem 
imply  about  p n Z? 

(2)  In  turn,  what  does  the  Hilbert  Nullstellensatz  imply  about  «(p)? 

Exercise  89.38.6.  Let  A be  a ring.  Let  S = A[X]  as  a graded  A-algebra  where 
X has  degree  1.  Show  that  Pro j (S’)  = Spec(A)  as  schemes  over  A. 

Exercise  89.38.7.  Let  A — > B be  a finite  ring  map.  Show  that  Spec(H)  is  a 
H-projective  scheme  over  Spec(A). 

Exercise  89.38.8.  Give  an  example  of  a scheme  X over  a field  k such  that 
X is  irreducible  and  such  that  for  some  finite  extension  k C k the  base  change 
A*,/  = X xSpec(fc)  Spec(fc')  is  connected  but  reducible. 

89.39.  Schemes,  Final  Exam,  Spring  2011 

These  were  the  questions  in  the  final  exam  of  a course  on  Schemes,  in  the  Spring 
of  2011  at  Columbia  University. 

Exercise  89.39.1  (Definitions).  Provide  definitions  of  the  italicized  concepts. 

(1)  a separated  scheme, 

(2)  a universally  closed  morphism  of  schemes, 


Exercise 

Exercise 
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(3)  A dominates  B for  local  rings  A,  B contained  in  a common  field, 

(4)  the  dimension  of  a scheme  X, 

(5)  the  codimension  of  an  irreducible  closed  subscheme  Y of  a scheme  A', 

06A1  Exercise  89.39.2  (Results).  State  something  formally  equivalent  to  the  fact  dis- 
cussed in  the  course. 

(1)  The  valuative  criterion  of  properness  for  a morphism  X — > Y of  varieties 
for  example. 

(2)  The  relationship  between  dim(A)  and  the  function  field  k( X)  of  X for  a 
variety  X over  a field  k. 

(3)  Fill  in  the  blank:  The  category  of  nonsingular  projective  curves  over  k 

and  nonconstant  morphisms  is  anti-equivalent  to 

(4)  Noether  normalization. 

(5)  Jacobian  criterion. 

06A2  Exercise  89.39.3.  Let  k be  a field.  Let  F £ fc[A0,  Xi,X2\  be  a homogeneous 
form  of  degree  d.  Assume  that  C = V+(F)  C P|  is  a smooth  curve  over  k.  Denote 
* : C — ► P'l  the  corresponding  closed  immersion. 

(1)  Show  that  there  is  a short  exact  sequence 

0 Op2  (—d)  — > Op2  — > i*Oc  — t 0 

of  coherent  sheaves  on  P|:  tell  me  what  the  maps  are  and  briefly  why  it 
is  exact. 

(2)  Conclude  that  H°(C,Oc ) = k. 

(3)  Compute  the  genus  of  C. 

(4)  Assume  now  that  P = (0  : 0 : 1)  is  not  on  C.  Prove  that  7r  : C — > Pj, 
given  by  (ao  : aq  : 02)  1— > (ao  : aq)  has  degree  d. 

(5)  Assume  k is  algebraically  closed,  assume  all  ramification  indices  (the  “e»”) 
are  1 or  2,  and  assume  the  characteristic  of  k is  not  equal  to  2.  How  many 
ramification  points  does  ir  : C — > Pj.  have? 

(6)  In  terms  of  F,  what  do  you  think  is  a set  of  equations  of  the  set  of 
ramification  points  of  7 r? 

(7)  Can  you  guess  Ac? 

06A3  Exercise  89.39.4.  Let  A:  be  a field.  Let  X be  a “triangle”  over  k,  i.e. , you  get  X by 
glueing  three  copies  of  A),  to  each  other  by  identifying  0 on  the  first  copy  to  1 on  the 
second  copy,  0 on  the  second  copy  to  1 on  the  first  copy,  and  0 on  the  third  copy  to  1 
on  the  first  copy.  It  turns  out  that  X is  isomorphic  to  Spec^x,  y}/ (xy(x  + y + 1))); 
feel  free  to  use  this.  Compute  the  Picard  group  of  X. 

06A4  Exercise  89.39.5.  Let  A;  be  a field.  Let  7r  : X — ► Y be  a finite  birational  morphism 
of  curves  with  X a projective  nonsingular  curve  over  k.  It  follows  from  the  material 
in  the  course  that  Y is  a proper  curve  and  that  7r  is  the  normalization  morphism 
of  Y . We  have  also  seen  in  the  course  that  there  exists  a dense  open  V C Y such 
that  U = 7 r_1(Vr)  is  a dense  open  in  A'  and  7r  : U — > V is  an  isomorphism. 

(1)  Show  that  there  exists  an  effective  Cartier  divisor  D C X such  that  D C U 
and  such  that  Ox(D)  is  ample  on  X. 

(2)  Let  D be  as  in  (1).  Show  that  E = n(D ) is  an  effective  Cartier  divisor  on 

Y. 

(3)  Briefly  indicate  why 
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(a)  the  map  Oy  — > n*Ox  has  a coherent  cokernel  Q which  is  supported 
in  Y \ V,  and 

(b)  for  every  n there  is  a corresponding  map  Oy(nE)  — > x^OxfnD) 
whose  cokernel  is  isomorphic  to  Q. 

(4)  Show  that  dim k H°(X,Ox(nD))  — dim k H° (Y,  Oy  (nE))  is  bounded  (by 
what?)  and  conclude  that  the  invertible  sheaf  Oy{nE)  has  lots  of  sections 
for  large  n (why?). 

89.40.  Schemes,  Final  Exam,  Fall  2011 

07DE  These  were  the  questions  in  the  final  exam  of  a course  on  Commutative  Algebra, 
in  the  Fall  of  2011  at  Columbia  University. 

07DF  Exercise  89.40.1  (Definitions).  Provide  definitions  of  the  italicized  concepts. 

(1)  a Noetherian  ring, 

(2)  a Noetherian  scheme, 

(3)  a finite  ring  homomorphism, 

(4)  a finite  morphism  of  schemes, 

(5)  the  dimension  of  a ring. 

07DG  Exercise  89.40.2  (Results).  State  something  formally  equivalent  to  the  fact  dis- 
cussed in  the  course. 

(1)  Zariski’s  Main  Theorem. 

(2)  Noether  normalization. 

(3)  Chinese  remainder  theorem. 

(4)  Going  up  for  finite  ring  maps. 

07DH  Exercise  89.40.3.  Let  (A,m,  k)  be  a Noetherian  local  ring  whose  residue  field 
has  characteristic  not  2.  Suppose  that  m is  generated  by  three  elements  x,  y,  z and 
that  x2  + y2  + z2  = 0 in  A. 

(1)  What  are  the  possible  values  of  dim(A)? 

(2)  Give  an  example  to  show  that  each  value  is  possible. 

(3)  Show  that  A is  a domain  if  dirn(A)  = 2.  (Hint:  look  at  ©n>0  m”/m”+1.) 

07DI  Exercise  89.40.4.  Let  A be  a ring.  Let  S C T C A be  multiplicative  subsets. 
Assume  that 

{q  | q n S'  = 0}  = {q  | q ("IT  = 0}. 

Show  that  S-1A  — > T~lA  is  an  isomorphism. 

07DJ  Exercise  89.40.5.  Let  k be  an  algebraically  closed  field.  Let 

Vq  = {A  £ Mat(3  x 3,  k ) | rank(A)  = 1}  c Mat(3  x 3,  k)  = k9 . 

(1)  Show  that  Vo  is  the  set  of  closed  points  of  a (Zariski)  locally  closed  subset 

VCAI 

(2)  Is  V irreducible? 

(3)  What  is  dim(U)? 

07DK  Exercise  89.40.6.  Prove  that  the  ideal  (x2,  xy,  y2)  in  C[x,  y]  cannot  be  generated 
by  2 elements. 


89.41.  SCHEMES,  FINAL  EXAM,  FALL  2013 


4821 


07DL  Exercise  89.40.7.  Let  / £ C[x,  j/]  be  a nonconstant  polynomial.  Show  that  for 
some  a,f)  £ C the  C-algebra  map 

C[t] — >C  [x,y\/(f),  1 1 — >ax  + /3y 

is  finite. 

07DM  Exercise  89.40.8.  Show  that  given  finitely  many  points  pi,...,pn  £ C2  the 
scheme  \ {pi, . . . ,pn}  is  a union  of  two  affine  opens. 

07DN  Exercise  89.40.9.  Show  that  there  exists  a surjective  morphism  of  schemes  Aj-,  — ► 
P(-..  (Surjective  just  means  surjective  on  underlying  sets  of  points.) 

07DP  Exercise  89.40.10.  Let  k be  an  algebraically  closed  field.  Let  A C B be  an 
extension  of  domains  which  are  both  finite  type  fc-algebras.  Prove  that  the  image 
of  Spec(B)  -A  Spec(A)  contains  a nonempty  open  subset  of  Spec(A)  using  the 
following  steps: 

(1)  Prove  it  if  A — >•  B is  also  finite. 

(2)  Prove  it  in  case  the  fraction  field  of  B is  a finite  extension  of  the  fraction 
field  of  A. 

(3)  Reduce  the  statement  to  the  previous  case. 

89.41.  Schemes,  Final  Exam,  Fall  2013 

09TV  These  were  the  questions  in  the  final  exam  of  a course  on  Commutative  Algebra, 
in  the  Fall  of  2013  at  Columbia  University. 

09TW  Exercise  89.41.1  (Definitions).  Provide  definitions  of  the  italicized  concepts. 

(1)  a radical  ideal  of  a ring, 

(2)  a finite  type  ring  homomorphism, 

(3)  a differential  a la  Weil , 

(4)  a scheme. 

09TX  Exercise  89.41.2  (Results).  State  something  formally  equivalent  to  the  fact  dis- 
cussed in  the  course. 

(1)  result  on  hilbert  polynomials  of  graded  modules. 

(2)  dimension  of  a Noetherian  local  ring  (R,m)  and  ©n>0  m™/m"+1. 

(3)  Riemann-Roch. 

(4)  Clifford’s  theorem. 

(5)  Chevalley’s  theorem. 

09TY  Exercise  89.41.3.  Let  A — > B be  a ring  map.  Let  S C A be  a multiplicative 
subset.  Assume  that  A — > B is  of  finite  type  and  S_1A  — > S~XB  is  surjective. 
Show  that  there  exists  an  f £ S such  that  Af  — » Bf  is  surjective. 

09TZ  Exercise  89.41.4.  Give  an  example  of  an  injective  local  homomorphism  A — > B 
of  local  rings,  such  that  Spec(l?)  -A  Spec(A)  is  not  surjective. 

09U0  Situation  89.41.5  (Notation  plane  curve).  Let  k be  an  algebraically  closed  held. 
Let  F(X0,X i,  A'2)  £ k[X0,X i,X2]  be  an  irreducible  polynomial  homogenenous  of 
degree  d.  We  let 

D = V(F)  C P2 

be  the  projective  plane  curve  given  by  the  vanishing  of  F.  Set  x = X\ /A0  and  y = 
X2/X0  and  f(x,y)  = XfdF(X 0,Xi,X2)  = F(l,x,y).  We  denote  K the  fraction 
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field  of  the  domain  k[x,y\/(f).  We  let  C be  the  abstract  curve  corresponding  to 
I\ . Recall  (from  the  lectures)  that  there  is  a surjective  map  C — > D which  is 
bijective  over  the  nonsingular  locus  of  D and  an  isomorphism  if  D is  nonsingular. 
Set  fx  = df/dx  and  fy  = df/dy.  Finally,  we  denote  oj  = d x/fy  = —dy/fx  the 
element  of  f 'Ix/k  discussed  in  the  lectures.  Denote  Kc  the  divisor  of  zeros  and  poles 
of  oj. 


Exercise  89.41.6.  In  Situation 


89.41.5 


assume  d > 3 and  that  the  curve  D has 


exactly  one  singular  point,  namely  P = (1  : 0 : 0).  Assume  further  that  we  have 
the  expansion 

f{x,y)  =xy  + h.o.t 


around  P = (0, 0).  Then  C has  two  points  v and  w lying  over  over  P characterized 

by 

v(x ) = 1 ,v(y)  > 1 and  w(x ) > l,w(y)  = 1 

(1)  Show  that  the  element  oj  = d x/fy  = — d y/fx  of  f lx/k  has  a first  order 
pole  at  both  v and  w.  (The  behaviour  of  oj  at  nonsingular  points  is  as 
discussed  in  the  lectures.) 

(2)  In  the  lectures  we  have  shown  that  oj  vanishes  to  order  d—  3 at  the  divisor 
Xq  = 0 pulled  back  to  C under  the  map  C -4  D.  Combined  with  the 
information  of  (1)  what  is  the  degree  of  the  divisor  of  zeros  and  poles  of 
oj  on  C! 

(3)  What  is  the  genus  of  the  curve  Cl 


Exercise  89.41.7.  In  Situation 


89.41.5 


assume  d = 5 and  that  the  curve  C = D 


is  nonsingular.  In  the  lectures  we  have  shown  that  the  genus  of  C is  6 and  that  the 
linear  system  Kc  is  given  by 


L(KC)  = {hoj  | h e k[x,y],  deg (h)  < 2} 

where  deg  indicates  total  degrecj^j  Let  Pll  P2,  P3,  P4,  P5  £ D be  pairwise  distinct 
points  lying  in  the  affine  open  X0  ^ 0.  We  denote  )C  Pt  = Pi  + P2  + P3  + Pa  + P5 
the  corresponding  divisor  of  C. 

(1)  Describe  L(I\c  ~ XO  Pi)  in  terms  of  polynomials. 

(2)  What  are  the  possibilities  for  1(^2  Pi)! 


Exercise  89.41.8.  Write  down  an  F as  in  Situation 
that  the  genus  of  C is  0. 


89.41.5 


with  d = 100  such 


Exercise  89.41.9.  Let  k be  an  algebraically  closed  field.  Let  K/k  be  finitely 
generated  field  extension  of  transcendence  degree  1.  Let  C be  the  abstract  curve 
corresponding  to  K.  Let  V C K be  a grd  and  let  $ : C — > Pr  be  the  corresponding 
morphism.  Show  that  the  image  of  C is  contained  in  a quadricj^]  if  d is  V is  a 
complete  linear  system  and  d is  large  enough  relative  to  the  genus  of  C.  (Extra 
credit:  good  bound  on  the  degree  needed.) 


Exercise  89.41.10.  Notation  as  in  Situation 
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Let  U C P|  be  the  open 


subscheme  whose  complement  is  D.  Describe  the  fc-algebra  A = Op 2 (U).  Give  an 
upper  bound  for  the  number  of  generators  of  A as  a Aealgebra. 


2We  get  < 2 because  d—  3 = 5 — 3 = 2. 

3A  quadric  is  a degree  2 hypersurface,  i.e.,  the  zero  set  in  Pr  of  a degree  2 homogeneous 
polynomial. 
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OAAL 

OAAM 

OAAN 

OAAP 


OAAQ 

OAAR 

OAAS 


89.42.  Schemes,  Final  Exam,  Spring  2014 

These  were  the  questions  in  the  final  exam  of  a course  on  Schemes,  in  the  Fall  of 
2014  at  Columbia  University. 

Exercise  89.42.1  (Definitions).  Let  (X,  Ox)  be  a scheme.  Provide  definitions  of 
the  italicized  concepts. 

(1)  the  local  ring  of  X at  a point  x, 

(2)  a quasi- coherent  sheaf  of  Ox-modules, 

(3)  a coherent  sheaf  of  Ox-modules  (please  assume  X is  locally  Noetherian, 

(4)  an  affine  open  of  A', 

(5)  a finite  morphism  of  schemes  X — > Y. 

Exercise  89.42.2  (Theorems).  Precisely  state  a nontrivial  fact  discussed  in  the 
lectures  related  to  each  item. 

(1)  on  birational  invariance  of  pluri-genera  of  varieties, 

(2)  being  an  affine  morphism  is  a local  property, 

(3)  the  topology  of  a scheme  theoretic  fibre  of  a morphism,  and 

(4)  valuative  criterion  of  properness. 

Exercise  89.42.3.  Let  X = where  C is  the  field  of  complex  numbers.  A line 
will  mean  a closed  subscheme  of  X defined  by  one  linear  equation  ax  + by  + c = 0 
for  some  a,  &,  c (E  C with  (a,  b)  7^  (0,0).  A curve  will  mean  an  irreducible  (so 
nonempty)  closed  subscheme  C C X of  dimension  1.  A quadric  will  mean  a curve 
defined  by  one  quadratic  equation  ax 2 + bxy  + cy 2 + dx  + ey  + f = 0 for  some 
a , 6,  c,  d,  e,  / £ C and  (a,  b , c)  7^  (0, 0, 0). 

(1)  Find  a curve  C such  that  every  line  has  nonempty  intersection  with  C . 

(2)  Find  a curve  C such  that  every  line  and  every  quadric  has  nonempty 
intersection  with  C . 

(3)  Show  that  for  every  curve  C there  exists  another  curve  such  that  C f~l  C'  = 
0. 


Exercise  89.42.4.  Let  k be  a field.  Let  b : X — » be  the  blow  up  of  the  affine 

plane  in  the  origin.  In  other  words,  if  = Spec(£;[.T,  y]),  then  X = Proj(0n>o  m”) 
where  m = (x,y)  C k[x,y\.  Prove  the  following  statements 

(1)  the  scheme  theoretic  fibre  E of  b over  the  origin  is  isomorphic  to  Pj., 

(2)  E is  an  effective  Cartier  divisor  on  X , 

(3)  the  restriction  of  0\{—E ) to  A is  a line  bundle  of  degree  1. 

(Recall  that  Ox(~E)  is  the  ideal  sheaf  of  E in  A.) 

Exercise  89.42.5.  Let  k be  a field.  Let  X be  a projective  variety  over  k.  Show 
there  exists  an  affine  variety  U over  k and  a surjective  morphism  of  varieties  U — > X. 


Exercise  89.42.6.  Let  k be  a field  of  characteristic  p > 0 different  from  2,3. 
Consider  the  closed  subscheme  X of  P£  defined  by 


V 

^-^i= 0,. 


Xi  = o,  J2 


i= 0,., 


xf  = 0, 


E 


2=0,. 


Xf  = 0 


For  which  pairs  (n,  p)  is  this  variety  singular? 
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03B0 

90.1.  Short  introductory  articles 

03B1 

• Barbara  Fantechi:  Stacks  for  Everybody  FanO  1 

• Dan  Edidin:  What  is  a stack?  [Edi03| 

• Dan  Edidin:  Notes  on  the  construction  of  the  moduli  space  of  curves 

jEdiOO] 

• Angelo  Vistoli:  Intersection  theory  on  algebraic  stacks  and  on  their  moduli 
spaces , and  especially  the  appendix.  IVis89l 

90.2.  Classic  references 


03B2 

• Mumford:  Picard  groups  of  moduli  problems  [Mum65j 

Mumford  never  uses  the  term  “stack”  here  but  the  concept  is  im- 
plicit in  the  paper;  he  computes  the  picard  group  of  the  moduli 
stack  of  elliptic  curves. 

• Deligne,  Mumford:  The  irreducibility  of  the  space  of  curves  of  given  genus 

Imvmoi 

This  influential  paper  introduces  “algebraic  stacks”  in  the  sense 
which  are  now  universally  called  Deligne-Mumford  stacks  (stacks 
with  representable  diagonal  which  admit  etale  presentations  by 
schemes).  There  are  many  foundational  results  without  proof. 

The  paper  uses  stacks  to  give  two  proofs  of  the  irreducibility  of 
the  moduli  space  of  curves  of  genus  g. 

• Artin:  Versal  deformations  and  algebraic  stacks  [Art  741 

This  paper  introduces  “algebraic  stacks”  which  generalize  Deligne- 
Mumford  stacks  and  are  now  commonly  referred  to  as  Artin 
stacks , stacks  with  representable  diagonal  which  admit  smooth 
presentations  by  schemes.  This  paper  gives  deformation-theoretic 
criterion  known  as  Artin’s  criterion  which  allows  one  to  prove 
that  a given  moduli  stack  is  an  Artin  stack  without  explicitly 
exhibiting  a presentation. 

90.3.  Books  and  online  notes 

03B3 

• Laumon,  Moret-Bailly:  Champs  Algebriques  ILMB001 
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This  book  is  currently  the  most  exhaustive  reference  on  stacks 
containing  many  foundational  results.  It  assumes  the  reader  is 
familiar  with  algebraic  spaces  and  frequently  references  Knut- 
son’s book  |Knu7l|.  There  is  an  error  in  chapter  12  concerning 
the  functoriality  of  the  lisse-etale  site  of  an  algebraic  stack.  One 
doesn’t  need  to  worry  about  this  as  the  error  has  been  patched 
by  Martin  Olsson  (see  IQls07bn  and  the  results  in  the  remain- 
ing chapters  (after  perhaps  slight  modification)  are  correct. 

The  Stacks  Project  Authors:  Stacks  Project  |Stal. 

You  are  reading  it! 

Anton  Geraschenko:  Lecture  notes  for  Martin  Olsson’s  class  on  stacks 

jQls07al 

This  course  systematically  develops  the  theory  of  algebraic  spaces 
before  introducing  algebraic  stacks  (first  defined  in  Lecture  27!). 

In  addition  to  basic  properties,  the  course  covers  the  equiva- 
lence between  being  Dcligne-Mumford  and  having  unramified 
diagonal,  the  lisse-etale  site  on  an  Artin  stack,  the  theory  of 
quasi-coherent  sheaves,  the  Keel-Mori  theorem,  cohomological 
descent,  and  gerbes  (and  their  relation  to  the  Brauer  group). 
There  are  also  some  exercises. 

Behrend,  Conrad,  Edidin,  Fantechi,  Fulton,  Gottsche,  and  Kresch:  Alge- 
braic stacks , online  notes  for  a book  being  currently  written  BCE  07 
The  aim  of  this  book  is  to  give  a friendly  introduction  to  stacks 
without  assuming  a sophisticated  background  with  a focus  on 
examples  and  applications.  Unlike  iLMBOOl.  it  is  not  assumed 
that  the  reader  has  digested  the  theory  of  algebraic  spaces.  In- 
stead, Deligne-Mumford  stacks  are  introduced  with  algebraic 
spaces  being  a special  case  with  part  of  the  goal  being  to  de- 
velop enough  theory  to  prove  the  assertions  in  IDM69I.  The 
general  theory  of  Artin  stacks  is  to  be  developed  in  the  second 
part.  Only  a fraction  of  the  book  is  now  available  on  Kresch’s 
website. 


90.4.  Related  references  on  foundations  of  stacks 


Vistoli:  Notes  on  Grothendieck  topologies,  fibered  categories  and  descent 
theory  (Vis  05] 

Contains  useful  facts  on  fibered  categories,  stacks  and  descent 
theory  in  the  fpqc  topology  as  well  as  rigorous  proofs. 

Knutson:  Algebraic  Spaces  )Knii71| 

This  book,  which  evolved  from  his  PhD  thesis  under  Michael 
Artin,  contains  the  foundations  of  the  theory  of  algebraic  spaces. 

The  book  [LMBOO]  frequently  references  this  text.  See  also 
Artin’s  papers  on  algebraic  spaces:  |Art69a] . [Art69b  , Art69cj . 
|Art70|.  |Art71b].  |Art71a].  [Art  73].  and  [Art  74] 

Grothendieck  et  al,  Theorie  des  Topos  et  Cohomologie  Etale  des  Schemas 
I,  II,  III  also  known  as  SGA4  |AGV7l] 
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Volume  1 contains  many  general  facts  on  universes,  sites  and 
fibered  categories.  The  word  “champ”  (French  for  “stack”)  ap- 
pears in  Deligne’s  Expose  XVIII. 

• Jean  Giraud:  Cohomologie  non  abelienne  |Gir  65] 

The  book  discusses  fibered  categories,  stacks,  torsors  and  gerbes 
over  general  sites  but  does  not  discuss  algebraic  stacks.  For 
instance,  if  G is  a sheaf  of  abelian  groups  on  X,  then  in  the 
same  way  H1(X , G)  can  be  identified  with  G-torsors,  H2(X,  G ) 
can  be  identified  with  an  appropriately  defined  set  of  G-gerbes. 
When  G is  not  abelian,  then  H2(X,G)  is  defined  as  the  set  of 
G-gerbes. 

• Kelly  and  Street:  Review  of  the  elements  of  2-categories  [KS74] 

The  category  of  stacks  form  a 2-category  although  a simple  type 
of  2-category  where  are  2-morphisms  are  invertible.  This  is  a 
reference  on  general  2-categories.  I have  never  used  this  so  I 
cannot  say  how  useful  it  is.  Also  note  that  |Sta|  contains  some 
basics  on  2-categories. 

90.5.  Papers  in  the  literature 

03B6  Below  is  a list  of  research  papers  which  contain  fundamental  results  on  stacks  and 
algebraic  spaces.  The  intention  of  the  summaries  is  to  indicate  only  the  results  of 
the  paper  which  contribute  toward  stack  theory;  in  many  cases  these  results  are 
subsidiary  to  the  main  goals  of  the  paper.  We  divide  the  papers  into  categories 
with  some  papers  falling  into  multiple  categories. 

04UW  90.5.1.  Deformation  theory  and  algebraic  stacks.  The  first  three  papers  by 
Artin  do  not  contain  anything  on  stacks  but  they  contain  powerful  results  with  the 
first  two  papers  being  essential  for  [ Art  74]. 

• Artin:  Algebraic  approximation  of  structures  over  complete  local  rings 

|Art69al 

It  is  proved  that  under  mild  hypotheses  any  effective  formal 
deformation  can  be  approximated:  if  F : (Sch/S)  — > (Sets)  is  a 
contravariant  functor  locally  of  finite  presentation  with  S finite 
type  over  a field  or  excellent  DVR,  s £ S,  and  £ £ F(Os,s ) 
is  an  effective  formal  deformation,  then  for  any  n > 0,  there 
exists  an  residually  trivial  etale  neighborhood  (S',  s')  — > ( S , s) 
and  f £ F(S')  such  that  f and  f agree  up  to  order  n (ie.  have 
the  same  restriction  in  F(Os,s/ m")). 

• Artin:  Algebraization  of  formal  moduli  I [Art69b] 

It  is  proved  that  under  mild  hypotheses  any  effective  formal 
versal  deformation  is  algebraizable.  Let  F : (Sch/S)  -A  (Sets) 
be  a contravariant  functor  locally  of  finite  presentation  with  S 
finite  type  over  a field  or  excellent  DVR,  s £ S be  a locally 
closed  point,  A be  a complete  noetherian  local  Gs-algebra  with 
residue  field  k'  a finite  extension  of  k(s),  and  £ £ F(A)  be  an 
effective  formal  versal  deformation  of  an  element  £o  £ F(k'). 

Then  there  is  a scheme  X finite  type  over  S and  a closed  point 
x £ X with  residue  field  k(x)  = k!  and  an  element  £ £ F(X) 
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such  that  there  is  an  isomorphism  Ox,x  — A identifying  the 
restrictions  of  £ and  £ in  each  F(A/mn).  The  algebraization  is 
unique  if  £ is  a universal  deformation.  Applications  are  given  to 
the  representability  of  the  Hilbert  and  Picard  schemes. 

Artin:  Algebraization  of  formal  moduli.  II  |Art70j 

Vaguely,  it  is  shown  that  if  one  can  contract  a closed  subset  Y'  C 
X'  formally  locally  around  Y' , then  exists  a global  morphism 
X'  — > X contracting  Y with  X an  algebraic  space. 

Artin:  Versal  deformations  and  algebraic  stacks  [Art  741 

This  momentous  paper  builds  on  his  work  in  |Art69a|  and 
|Art69bl . This  paper  introduces  Artin’s  criterion  which  allows 
one  to  prove  algebraicity  of  a stack  by  verifying  deformation- 
theoretic  properties.  More  precisely  (but  not  very  precisely), 
Artin  constructs  a presentation  of  a limit  preserving  stack  X 
locally  around  a point  x £ X(k)  as  follows:  assuming  the  stack 
X satisfies  Schlessinger’s  criterion  (JScliGSj).  there  exists  a for- 
mal versal  deformation  £ £ \\vaX{A/mn)  of  x.  Assuming  that 
formal  deformations  are  effective  (i.e. , X(A)  — > limA^A/m")  is 
bijective),  then  one  obtains  an  effective  formal  versal  deforma- 
tion £ £ X(A).  Using  results  in  }Art69b] . one  produces  a finite 
type  scheme  U and  an  element  £jj  : U — > X which  is  formally 
versal  at  a point  u £ U over  x.  Then  if  we  assume  X admits 
a deformation  and  obstruction  theory  satisfying  certain  condi- 
tions (ie.  compatibility  with  etale  localization  and  completion 
as  well  as  constructibility  condition),  then  it  is  shown  in  sec- 
tion 4 that  formal  versality  is  an  open  condition  so  that  after 
shrinking  U , U — > X is  smooth.  Artin  also  presents  a proof  that 
any  stack  admitting  an  fppf  presentation  by  a scheme  admits  a 
smooth  presentation  by  a scheme  so  that  in  particular  one  can 
form  quotient  stacks  by  flat,  separated,  finitely  presented  group 
schemes. 

Conrad,  de  Jong:  Approximation  of  Versal  Deformations  1CH.T021 
This  paper  offers  an  approach  to  Artin’s  algebraization  result  by 
applying  Popescu’s  powerful  result:  if  A is  a noetherian  ring  and 
B a noetherian  A-algebra,  then  the  map  A -A  B is  a regular  mor- 
phism if  and  only  if  B is  a direct  limit  of  smooth  A-algebras. 
It  is  not  hard  to  see  that  Popescu’s  result  implies  Artin’s  ap- 
proximation over  an  arbitrary  excellent  scheme  (the  excellence 
hypothesis  implies  that  for  a local  ring  A,  the  map  Ah  — >■  A 
from  the  henselization  to  the  completion  is  regular).  The  pa- 
per uses  Popescu’s  result  to  give  a “groupoid”  generalization 
of  the  main  theorem  in  [Art69bl  which  is  valid  over  arbitrary 
excellent  base  schemes  and  for  arbitrary  points  s £ S.  In  par- 
ticular, the  results  in  [Art  74]  hold  under  an  arbitrary  excellent 
base.  They  discuss  the  etale-local  uniqueness  of  the  algebraiza- 
tion and  whether  the  automorphism  group  of  the  object  acts 
naturally  on  the  henselization  of  the  algebraization. 

Jason  Starr:  Artin’s  axioms,  composition,  and  m.oduli  spaces  |Sta06| 
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The  paper  establishes  that  Artin’s  axioms  for  algebraization  are 
compatible  with  the  composition  of  1-morphisms. 

• Martin  Olsson:  Deformation  theory  of  representable  morphism  of  algebraic 
stacks  |Qls06al 

This  generalizes  standard  deformation  theory  results  for  mor- 
phisms  of  schemes  to  representable  morphisms  of  algebraic  stacks 
in  terms  of  the  cotangent  complex.  These  results  cannot  be 
viewed  as  consequences  of  Illusie’s  general  theory  as  the  cotan- 
gent complex  of  a representable  morphism  X — > X is  not  defined 
in  terms  of  cotangent  complex  of  a morphism  of  ringed  topoi 
(because  the  lisse-etale  site  is  not  functorial). 


04UX  90.5.2.  Coarse  moduli  spaces.  Papers  discussuing  coarse  moduli  spaces. 

• Keel,  Mori:  Quotients  in  Groupoids  1KM97I 

It  had  apparently  long  been  “folklore”  that  separated  Deligne- 
Mumford  stacks  admitted  coarse  moduli  spaces.  A rigorous  (al- 
though terse)  proof  of  the  following  theorem  is  presented  here:  if 
X is  an  Artin  stack  locally  of  finite  type  over  a noetherian  base 
scheme  such  that  the  inertia  stack  lx  — > X is  finite,  then  there 
exists  a coarse  moduli  space  (f>  : X — > Y with  tf  separated  and  Y 
an  algebraic  space  locally  of  finite  type  over  S.  The  hypothesis 
that  the  inertia  is  finite  is  precisely  the  right  condition:  there 
exists  a coarse  moduli  space  <f> : X — > Y with  f>  separated  if  and 
only  if  the  inertia  is  finite. 

• Conrad:  The  Keel-Mori  Theorem  via  Stacks  |Con05b] 

Keel  and  Mori’s  paper  IIKM97]  is  written  in  the  groupoid  lan- 
guage and  some  find  it  challenging  to  grasp.  Brian  Conrad 
presents  a stack-theoretic  version  of  the  proof  which  is  quite 
transparent  although  it  uses  the  sophisticated  language  of  stacks. 

Conrad  also  removes  the  noetherian  hypothesis. 

• Rydh:  Existence  of  quotients  by  finite  groups  and  coarse  moduli  spaces 
|RydQ7| 

Rydh  removes  the  hypothesis  from  KM97]  and  |Con05b  that 
X be  finitely  presented  over  some  base. 

• Abramovich,  Olsson,  Vistoli:  Tame  stacks  in  positive  characteristic  [AOV081 

They  define  a tame  Artin  stack  as  an  Artin  stack  with  finite 
inertia  such  that  if  </>  : X — > Y is  the  coarse  moduli  space,  </>*  is 
exact  on  quasi-coherent  sheaves.  They  prove  that  for  an  Artin 
stack  with  finite  inertia,  the  following  are  equivalent:  X is  tame 
if  and  only  if  the  stabilizers  of  X are  linearly  reductive  if  and  only 
if  X is  etale  locally  on  the  coarse  moduli  space  a quotient  of  an 
affine  scheme  by  a linearly  reductive  group  scheme.  For  a tame 
Artin  stack,  the  coarse  moduli  space  is  particularly  nice.  For 
instance,  the  coarse  moduli  space  commutes  with  arbitrary  base 
change  while  a general  coarse  moduli  space  for  an  Artin  stack 
with  finite  inertia  will  only  commute  with  flat  base  change. 

• Alper:  Good  moduli  spaces  for  Artin  stacks  |Alp08| 
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For  general  Artin  stacks  with  infinite  affine  stabilizer  groups 
(which  are  necessarily  non-separated) , coarse  moduli  spaces  of- 
ten do  not  exist.  The  simplest  example  is  [A1/Gm].  It  is  defined 
here  that  a quasi-compact  morphism  (f>  : A — » Y is  a good  mod- 
uli space  if  Oy  — > (j)*Ox  is  an  isomorphism  and  <(>*  is  exact  on 
quasi-coherent  sheaves.  This  notion  generalizes  a tame  Artin 
stack  in  |AQV08|  as  well  as  encapsulates  Mumford’s  geomet- 
ric invariant  theory:  if  G is  a reductive  group  acting  linearly 
on  X C P",  then  the  morphism  from  the  quotient  stack  of  the 
semi-stable  locus  to  the  GIT  quotient  [Xss/G]  —¥  X//G  is  a 
good  moduli  space.  The  notion  of  a good  moduli  space  has 
many  nice  geometric  properties:  (1)  (f>  is  surjective,  universally 
closed,  and  universally  submersive,  (2)  identifies  points  in  Y 
with  points  in  X up  to  closure  equivalence,  (3)  <t>  is  universal 
for  maps  to  algebraic  spaces,  (4)  good  moduli  spaces  are  sta- 
ble under  arbitrary  base  change,  and  (5)  a vector  bundle  on  an 
Artin  stack  descends  to  the  good  moduli  space  if  and  only  if  the 
representations  are  trivial  at  closed  points. 

04UY  90.5.3.  Intersection  theory.  Papers  discussing  intersection  theory  on  algebraic 
stacks. 

• Vistoli:  Intersection  theory  on  algebraic  stacks  and  on  their  moduli  spaces 

[Vis89] 

This  paper  develops  the  foundations  for  intersection  theory  with 
rational  coefficients  for  Deligne-Mumford  stacks.  If  A is  a sep- 
arated Deligne-Mumford  stack,  the  chow  group  A*  (A)  with  ra- 
tional coefficients  is  defined  as  the  free  abelian  group  of  inte- 
gral closed  substacks  of  dimension  k up  to  rational  equivalence. 
There  is  a flat  pullback,  a proper  push-forward  and  a gener- 
alized Gysin  homomorphism  for  regular  local  embeddings.  If 
<j>  : A -A  Y is  a moduli  space  (ie.  a proper  morphism  with  is 
bijective  on  geometric  points),  there  is  an  induced  push-forward 
A*  (A)  — >•  Afc(Y)  which  is  an  isomorphism. 

• Edidin,  Graham:  Equivariant  Intersection  Theory  |EG98I 

The  purpose  of  this  article  is  to  develop  intersection  theory  with 
integral  coefficients  for  a quotient  stack  [X/G\  of  an  action  of  an 
algebraic  group  G on  an  algebraic  space  X or,  in  other  words, 
to  develop  a G-equivariant  intersection  theory  of  X.  Equivari- 
ant chow  groups  defined  using  only  invariant  cycles  does  not 
produce  a theory  with  nice  properties.  Instead,  generalizing  To- 
taro’s  definition  in  the  case  of  BG  and  motivated  by  the  fact 
that  if  A — > X is  a vector  bundle  then  A,;(X)  = Aj(A)  natu- 
rally, the  authors  define  Af  (X)  as  follows:  Let  dim(X)  = n and 
dirn(G)  = g.  For  each  i,  choose  a 1-dimensional  G-representation 
V where  G acts  freely  on  an  open  subset  U C V whose  com- 
plement as  codimension  d > n — i.  So  Xq  = [A'  x 17/ G]  is  an 
algebraic  space  (it  can  even  be  chosen  to  be  a scheme).  Then 
they  define  Af( X)  = Ai+i_g(Xa)-  For  the  quotient  stack, 
one  defines  Aj([X/G])  :=  Af+g(X)  = Ai+t( Xq).  In  particular, 
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At{\X / G\)  = 0 for  i > dim[X/G]  = n—g  but  can  be  non-zero  for 
i « 0 (eg.  Ai{B Gm)  = Z for  i < 0).  They  establish  that  these 
equivariant  Chow  groups  enjoy  the  same  functorial  properties 
as  ordinary  Chow  groups.  Furthermore,  they  establish  that  if 
[X/G]  = [Y/H\  that  Ai[\X/G])  = Ai([Y/H])  so  that  the  defini- 
tion is  independent  on  how  the  stack  is  presented  as  a quotient 
stack. 

• Kresch:  Cycle  Groups  for  Artin  Stacks  |Kre99j 

Kresch  defines  Chow  groups  for  arbitrary  Artin  stacks  agreeing 
with  Edidin  and  Graham’s  definition  in  IEG98I  in  the  case  of 
quotient  stack.  For  algebraic  stacks  with  affine  stabilizer  groups, 
the  theory  satisfies  the  usual  properties. 

• Behrend  and  Fantechi:  The  intrinsic  normal  cone  [BF97| 

Generalizing  a construction  due  to  Li  and  Tian,  Behrend  and 
Fantechi  construct  a virtual  fundamental  class  for  a Deligne- 
Mumford  stack. 

04UZ  90.5.4.  Quotient  stacks.  Quotient  stack^J  form  a very  important  subclass  of 
Artin  stacks  which  include  almost  all  moduli  stacks  studied  by  algebraic  geometers. 
The  geometry  of  a quotient  stack  [X / G]  is  the  G-equivariant  geometry  of  X.  It 
is  often  easier  to  show  properties  are  true  for  quotient  stacks  and  some  results  are 
only  known  to  be  true  for  quotient  stacks.  The  following  papers  address:  When  is 
an  algebraic  stack  a global  quotient  stack?  Is  an  algebraic  stack  “locally”  a quotient 
stack? 

• Laumon,  Moret-Bailly:  ILMBOOl  Chapter  6] 

Chapter  6 contains  several  facts  about  the  local  and  global  struc- 
ture of  algebraic  stacks.  It  is  proved  that  an  algebraic  stack  X 
over  S'  is  a quotient  stack  [Y/G]  with  Y an  algebraic  space  (resp. 
scheme,  resp.  affine  scheme)  and  G a finite  group  if  and  only 
if  there  exists  an  algebraic  space  (resp.  scheme,  resp.  affine 
scheme)  Y1  and  an  finite  etale  morphism  Y'  — > X.  It  is  shown 
that  any  Deligne-Mumford  stack  over  S and  x : Spec(A')  — ► 

X admits  an  representable,  etale  and  separated  morphism  <f>  : 
[X/G\  — >•  X where  G is  a finite  group  acting  on  an  affine  scheme 
over  S such  that  Spec(A')  = [X/G\  x x Spec(A').  The  existence 
of  presentations  with  geometrically  connected  fibers  is  also  dis- 
cussed in  detail. 

• Edidin,  Hassett,  Kresch,  Vistoli:  Brauer  Groups  and  Quotient  stacks 

iehkvoTI 

First,  they  establish  some  fundamental  (although  not  very  dif- 
ficult) facts  concerning  when  a given  algebraic  stack  (always 
assumed  finite  type  over  a noetherian  scheme  in  this  paper)  is  a 
quotient  stack.  For  an  algebraic  stack  X : X is  a quotient  stack 
if  and  only  if  there  exists  a vector  bundle  V — > X such  that  for 
every  geometric  point,  the  stabilizer  acts  faithfully  on  the  fiber 


1 1 n the  literature,  quotient  stack  often  means  a stack  of  the  form  [.Y/C]  with  .Y  an  algebraic 
space  and  G a subgroup  scheme  of  GLn  rather  than  an  arbitrary  flat  group  scheme. 
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if  and  only  if  there  exists  a vector  bundle  V — > A and  a lo- 
cally closed  substack  V°  C V such  that  V°  is  representable  and 
surjects  onto  F.  They  establish  that  an  algebraic  stack  is  a quo- 
tient stack  if  there  exists  finite  flat  cover  by  an  algebraic  space. 

Any  smooth  Deligne-Mumford  stack  with  generically  trivial  sta- 
bilizer is  a quotient  stack.  They  show  that  a Gm-gerbe  over 
a noetherian  scheme  A'  corresponding  to  /3  £ H2( X,Gm)  is  a 
quotient  stack  if  and  only  if  [3  is  in  the  image  of  the  Brauer  map 
Br(A')  -A  Br'(A).  They  use  this  to  produce  a non-separated 
Deligne-Mumford  stack  that  is  not  a quotient  stack. 

Totaro:  The  resolution  property  for  schemes  and  stacks  |Tot04| 

A stack  has  the  resolution  property  if  every  coherent  sheaf  is  the 
quotient  of  a vector  bundle.  The  first  main  theorem  is  that  if 
A is  a normal  noetherian  algebraic  stack  with  affine  stabilizer 
groups  at  closed  points,  then  the  following  are  equivalent:  (1)  A 
has  the  resolution  property  and  (2)  X = [Y/GL„]  with  Y quasi- 
affine.  In  the  case  X is  finite  type  over  a field,  then  (1)  and  (2) 
are  equivalent  to:  (3)  X = [Spec(A)/G]  with  G an  affine  group 
scheme  finite  type  over  k.  The  implication  that  quotient  stacks 
have  the  resolution  property  was  proven  by  Thomason.  The 
second  main  theorem  is  that  if  A is  a smooth  Deligne-Mumford 
stack  over  a field  which  has  a finite  and  generically  trivial  stabi- 
lizer group  lx  — > A and  whose  coarse  moduli  space  is  a scheme 
with  affine  diagonal,  then  A has  the  resolution  property.  An- 
other cool  result  states  that  if  A is  a noetherian  algebraic  stack 
satisfying  the  resolution  property,  then  A has  affine  diagonal  if 
and  only  if  the  closed  points  have  affine  stabilizer. 

Kresch:  On  the  Geometry  of  Deligne-Mumford  Stacks  [Kre  09] 

This  article  summarizes  general  structure  results  of  Deligne- 
Mumford  stacks  (of  finite  type  over  a field)  and  contains  some 
interesting  results  concerning  quotient  stacks.  It  is  shown  that 
any  smooth,  separated,  generically  tame  Deligne-Mumford  stack 
with  quasi-projective  coarse  moduli  space  is  a quotient  stack 
[Y/G]  with  Y quasi-projective  and  G an  algebraic  group.  If 
A is  a Deligne-Mumford  stack  whose  coarse  moduli  space  is  a 
scheme,  then  A is  Zariski-locally  a quotient  stack  if  and  only  if 
it  admits  a Zariski-open  covering  by  stack  quotients  of  schemes 
by  finite  groups.  If  A is  a Deligne-Mumford  stack  proper  over  a 
field  of  characteristic  0 with  coarse  moduli  space  Y,  then:  Y is 
projective  and  A is  a quotient  stack  if  and  only  if  Y is  projec- 
tive and  A possesses  a generating  sheaf  if  and  only  if  A admits 
a closed  embedding  into  a smooth  proper  DM  stack  with  pro- 
jective coarse  moduli  space.  This  motivates  a definition  that 
a Deligne-Mumford  stack  is  projective  if  there  exists  a closed 
embedding  into  a smooth,  proper  Deligne-Mumford  stack  with 
projective  coarse  moduli  space. 

Kresch,  Vistoli  On  coverings  of  Deligne-Mumford  stacks  and  surjectivity 

of  the  Brauer  map  IKV041 
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It  is  shown  that  in  characteristic  0 and  for  a fixed  n,  the  follow- 
ing two  statements  are  equivalent:  (1)  every  smooth  Deligne- 
Mumford  stack  of  dimension  n is  a quotient  stack  and  (2)  the 
Azumaya  Brauer  group  coincides  with  the  cohomological  Brauer 
group  for  smooth  schemes  of  dimension  n. 

• Kresch:  Cycle  Groups  for  Artin  Stacks  Kre99 

It  is  shown  that  a reduced  Artin  stack  finite  type  over  a field 
with  affine  stabilizer  groups  admits  a stratification  by  quotient 
stacks. 

• Abramovich-Vistoli:  Compactifying  the  space  of  stable  maps  I AV02I 

Lemma  2.2.3  establishes  that  for  any  separated  Deligne-Mumford 
stack  is  etale-locally  on  the  coarse  moduli  space  a quotient  stack 
[U/G\  where  U affine  and  G a finite  group.  OlsOCib  Theorem 
2.12]  shows  in  this  argument  G is  even  the  stabilizer  group. 

• Abramovich,  Olsson,  Vistoli:  Tame  stacks  in  positive  characteristic  IAOVQ8I 

This  paper  shows  that  a tame  Artin  stack  is  etale  locally  on  the 
coarse  moduli  space  a quotient  stack  of  an  affine  by  the  stabilizer 
group. 

• Alper:  On  the  local  quotient  structure  of  Artin  stacks  |AlplO| 

It  is  conjectured  that  for  an  Artin  stack  X and  a closed  point 
x € X with  linearly  reductive  stabilizer,  then  there  is  an  etale 
morphism  \V/Gx\  -A  X with  V an  algebraic  space.  Some  evi- 
dence for  this  conjecture  is  given.  A simple  deformation  theory 
argument  (based  on  ideas  in  IAQV08n  shows  that  it  is  true 
formally  locally.  A stack-theoretic  proof  of  Luna’s  etale  slice 
theorem  is  presented  proving  that  for  stacks  X = [Spec(A)/G] 
with  G linearly  reductive,  then  etale  locally  on  the  GIT  quotient 
Spec(AG),  A is  a quotient  stack  by  the  stabilizer. 


04V0  90.5.5.  Cohomology.  Papers  discussing  cohomology  of  sheaves  on  algebraic  stacks. 

• Olsson:  Sheaves  on  Artin  stacks  IQls07bl 

This  paper  develops  the  theory  of  quasi-coherent  and  constructible 
sheaves  proving  basic  cohomological  properties.  This  paper  cor- 
rects a mistake  in  ILMBOOI  in  the  functoriality  of  the  lisse- 
etale  site.  The  cotangent  complex  is  constructed.  In  addition, 
the  following  theorems  are  proved:  Grothendieck’s  Fundamental 
Theorem  for  proper  morphisms,  Grothendieck’s  Existence  The- 
orem, Zariski’s  Connectness  Theorem  and  finiteness  theorem  for 
proper  pushforwards  of  coherent  and  constructible  sheaves. 

• Behrend:  Derived  l-adic  categories  for  algebraic  stacks  [Beh03| 

Proves  the  Lefschetz  trace  formula  for  algebraic  stacks. 

• Behrend:  Cohomology  of  stacks  [Beh04j 

Defines  the  de  Rham  cohomology  for  differentiable  stacks  and 
singular  cohomology  for  topological  stacks. 

• Faltings:  Finiteness  of  coherent  cohomology  for  proper  fppf  stacks  IFain.31 

Proves  coherence  for  direct  images  of  coherent  sheaves  for  proper 
morphisms. 

• Abramovich,  Corti,  Vistoli:  Twisted  bundles  and  admissible  covers  IACV03| 
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04V1 


04V2 


The  appendix  contains  the  proper  base  change  theorem  for  etale 
cohomology  for  tame  Deligne-Mumford  stacks. 

90.5.6.  Existence  of  finite  covers  by  schemes.  The  existence  of  finite  covers  of 
Deligne-Mumford  stacks  by  schemes  is  an  important  result.  In  intersection  theory 
on  Deligne-Mumford  stacks,  it  is  an  essential  ingredient  in  defining  proper  push- 
forward  for  non-representable  morphisms.  There  are  several  results  about  Mg 
relying  on  the  existence  of  a finite  cover  by  a smooth  scheme  which  was  proven  by 
Looijenga.  Perhaps  the  first  result  in  this  direction  is  jSes  72  Theorem  6.1]  which 
treats  the  equivariant  setting. 

• Vistoli:  Intersection  theory  on  algebraic  stacks  and  on  their  moduli  spaces 

|Vis89] 

If  X is  a Deligne-Mumford  stack  with  a moduli  space  (ie.  a 
proper  morphism  which  is  bijective  on  geometric  points),  then 
there  exists  a finite  morphism  X — > X from  a scheme  X. 

• Laumon,  Moret-Bailly:  iLMBOOi  Chapter  16] 

As  an  application  of  Zariski’s  main  theorem,  Theorem  16.6  es- 
tablishes: if  A is  a Deligne-Mumford  stack  finite  type  over  a 
noetherian  scheme,  then  there  exists  a finite,  surjective,  generi- 
cally  etale  morphism  Z — > X with  Z a scheme.  It  is  also  shown 
in  Corollary  16.6.2  that  any  noetherian  normal  algebraic  space 
is  isomorphic  to  the  algebraic  space  quotient  X' /G  for  a finite 
group  G acting  a normal  scheme  X. 

• Edidin,  Hassett,  Kresch,  Vistoli:  Brauer  Groups  and  Quotient  stacks 

|EHKVfH  | 

Theorem  2.7  states:  if  X is  an  algebraic  stack  of  finite  type  over 
a noetherian  ground  scheme  S,  then  the  diagonal  X — >■  X x s X is 
quasi-fmite  if  and  only  if  there  exists  a finite  surjective  morphism 
X — ^ F from  a scheme  X. 

• Kresch,  Vistoli:  On  coverings  of  Deligne-Mumford  stacks  and  surjectivity 
of  the  Brauer  map  |KV04| 

It  is  proved  here  that  any  smooth,  separated  Deligne-Mumford 
stack  finite  type  over  a field  with  quasi-projective  coarse  moduli 
space  admits  a finite,  flat  cover  by  a smooth  quasi-projective 
scheme. 

• Olsson:  On  proper  coverings  of  Artin  stacks  lQls05] 

Proves  that  if  X is  an  Artin  stack  separated  and  finite  type 
over  S,  then  there  exists  a proper  surjective  morphism  X -A  X 
from  a scheme  X quasi-projective  over  S.  As  an  application, 

Olsson  proves  coherence  and  constructibility  of  direct  image 
sheaves  under  proper  morphisms.  As  an  application,  he  proves 
Grothendieck’s  existence  theorem  for  proper  Artin  stacks. 

90.5.7.  Rigidification.  Rigidification  is  a process  for  removing  a flat  subgroup 
from  the  inertia.  For  example,  if  X is  a projective  variety,  the  morphism  from  the 
Picard  stack  to  the  Picard  scheme  is  a rigidification  of  the  group  of  automorphism 

Gm. 

• Abramovich,  Corti,  Vistoli:  Twisted  bundles  and  admissible  covers  IACV03| 
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Let  A be  an  algebraic  stack  over  S and  H be  a flat,  finitely 
presented  separated  group  scheme  over  S.  Assume  that  for  every 
object  £ € X(T)  there  is  an  embedding  H(S)  c— > Aut,wT)(£) 
which  is  compatible  under  pullbacks  in  the  sense  that  for  every 
arrow  f>  : £ — » £'  over  / : T — > T'  and  g £ H (T),  g o </>  = <f>  o f*g. 

Then  there  exists  an  algebraic  stack  X / H and  a morphism  p : 

X — > X /H  which  is  an  fppf  gerbe  such  that  for  every  £ £ A(T), 
the  morphism  Aut;t(r)(£)  — > Xutx/H(,T){f.)  is  surjective  with 
kernel  H(T). 

• Romagny:  Group  actions  on  stacks  and  applications  jRom05] 

Discusses  how  group  actions  behave  with  respect  to  rigidifica- 
tions. 

• Abramovich,  Graber,  Vistoli:  Gromov-Witten  theory  for  Deligne-Mumford 

stacks  IAGV08I  

The  appendix  gives  a summary  of  rigidification  as  in  IACV03I 
with  two  alternative  interpretations.  This  paper  also  contains 
constructions  for  gluing  algebraic  stacks  along  closed  substacks 
and  for  taking  roots  of  line  bundles. 

• Abramovich,  Olsson,  Vistoli:  Tame  stacks  in  positive  characteristic  HAovosn 

The  appendix  handles  the  more  complicated  situation  where  the 
flat  subgroup  stack  of  the  inertia  H C lx  is  normal  but  not 
necessarily  central. 

04V3  90.5.8.  Stacky  curves.  Papers  discussing  stacky  curves. 

• Abramovich,  Vistoli:  Compactifying  the  space  of  stable  maps  [AV02] 

This  paper  introduces  twisted  curves.  The  moduli  space  of  stable 
maps  from  stable  curves  into  an  algebraic  stack  is  typically  not 
compact.  By  using  maps  from  twisted  curves,  the  authors  con- 
struct a moduli  stack  which  is  proper  when  the  target  is  a tame 
Deligne-Mumford  stack  whose  coarse  moduli  space  is  projective. 

• Behrend,  Noohi:  Uniformization  of  Deligne-Mumford  curves  IBN06I 

Proves  a uniformization  theorem  of  Deligne-Mumford  analytic 
curves. 

04V4  90.5.9.  Hilbert,  Quot,  Horn  and  branchvariety  stacks.  Papers  discussing 

Hilbert  schemes  and  the  like. 

• Vistoli:  The  Hilbert  stack  and  the  theory  of  moduli  of  families  [Vis  Hj 

If  A is  a algebraic  stack  separated  and  locally  of  finite  type 
over  a locally  noetherian  and  locally  separated  algebraic  space 
5,  Vistoli  defines  the  Hilbert  stack  'Rilb(Jr/5')  parameterizing 
finite  and  unramified  morphisms  from  proper  schemes.  It  is 
claimed  without  proof  that  TLilb(iF / S)  is  an  algebraic  stack.  As 
a consequence,  it  is  proved  that  with  X as  above,  the  Horn  stack 
TLomsiT , A)  is  an  algebraic  stack  if  T is  proper  and  flat  over  S. 

• Olsson,  Starr:  Quot  functors  for  Deligne-Mumford  stacks  IQS03I 

If  A is  a Deligne-Mumford  stack  separated  and  locally  of  fi- 
nite presentation  over  an  algebraic  space  S and  A is  a locally 
finitely-presented  C^-module,  the  quot  functor  Quot(Jr/A/5) 
is  represented  by  an  algebraic  space  separated  and  locally  of 
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finite  presentation  over  S.  This  paper  also  defines  generating 
sheaves  and  proves  existence  of  a generating  sheaf  for  tame,  sep- 
arated Deligne-Mumford  stacks  which  are  global  quotient  stacks 
of  a scheme  by  a finite  group. 

• Olsson:  Hom-stacks  and  Restrictions  of  Scalars  [Qls06b| 

Suppose  X and  y are  Artin  stacks  locally  of  finite  presentation 
over  an  algebraic  space  S with  finite  diagonal  with  X proper  and 
flat  over  S such  that  fppf-locally  on  S , X admits  a finite  finitely 
presented  flat  cover  by  an  algebraic  space  (eg.  X is  Deligne- 
Mumford  or  a tame  Artin  stack).  Then  Homs  (A1,  y)  is  an  Artin 
stack  locally  of  finite  presentation  over  S. 

• Alexeev  and  Knutson:  Complete  moduli  spaces  of  branchvarieties  ([akto]) 

They  define  a branchvariety  of  P"  as  a finite  morphism  X -A  Pn 
from  a reduced  scheme  X.  They  prove  that  the  moduli  stack  of 
branchvarieties  with  fixed  Hilbert  polynomial  and  total  degrees 
of  i-dimensional  components  is  a proper  Artin  stack  with  finite 
stabilizer.  They  compare  the  stack  of  branchvarieties  with  the 
Hilbert  scheme,  Chow  scheme  and  moduli  space  of  stable  maps. 

• Lieblich:  Remarks  on  the  stack  of  coherent  algebras  ILie06b| 

This  paper  constructs  a generalization  of  Alexeev  and  Knutson’s 
stack  of  branch- varieties  over  a scheme  Y by  building  the  stack 
as  a stack  of  algebras  over  the  structure  sheaf  of  Y . Existence 
proofs  of  Quot  and  Horn  spaces  are  given. 

• Starr:  Artin’s  axioms,  composition,  and  moduli  spaces  }Sta06| 

As  an  application  of  the  main  result,  a common  generalization  of 
Vistoli’s  Hilbert  stack  Vis  M3  and  Alexeev  and  Knutson’s  stack 
of  branchvarieties  |AK10j  is  provided.  If  X is  an  algebraic  stack 
locally  of  finite  type  over  an  an  excellent  scheme  S with  finite 
diagonal,  then  the  stack  TL  parameterizing  morpliisms  g : T -A  X 
from  a proper  algebraic  space  T with  a G-amplc  line  bundle  L 
is  an  Artin  stack  locally  of  finite  type  over  S. 

• Lundkvist  and  Skjelnes:  Non-effective  deformations  of  Grothendieck’s 
Hilbert  functor 

Shows  that  the  Hilbert  functor  of  a non-separated  scheme  is  not 
represented  since  there  are  non-effective  deformations. 

04V5  90.5.10.  Toric  stacks.  Toric  stacks  provide  a great  class  of  examples  and  a nat- 

ural testing  ground  for  conjectures  due  to  the  dictionary  between  the  geometry  of 
a toric  stack  and  the  combinatorics  of  its  stacky  fan  in  a similar  way  that  toric 
varieties  provide  examples  and  counterexamples  in  scheme  theory. 

• Borisov,  Chen  and  Smith:  The  orbifold  Chow  rinq  of  toric  Deliqne- Mum  ford 
stacks  |RCS051 

Inspired  by  Cox’s  construction  for  toric  varieties,  this  paper  de- 
fines smooth  toric  DM  stacks  as  explicit  quotient  stacks  associ- 
ated to  a combinatorial  object  called  a stacky  fan. 

• Iwanari:  The  category  of  toric  stacks  [Iwa09t 

This  paper  defines  a toric  triple  as  a smooth  Deligne-Mumford 
stack  X with  an  open  immersion  Gm  =— >•  X with  dense  image 
(and  therefore  X is  an  orbifold)  and  an  action  X x Gm  — > X. 
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It  is  shown  that  there  is  an  equivalence  between  the  2-category 
of  toric  triples  and  the  1-category  of  stacky  fans.  The  relation- 
ship between  toric  triples  and  the  definition  of  smooth  toric  DM 
stacks  in  iBCSOSl  is  discussed. 

• Iwanari:  Integral  Chow  rings  for  toric  stacks  |Iwa07] 

Generalizes  Cox’s  A-collections  for  toric  varieties  to  toric  orb- 
ifolds. 

• Perroni:  A note  on  toric  Deligne-Mumford  stacks  [Per08] 

Generalizes  Cox’s  A-collections  and  Iwanari’s  paper  [Iwa07l  to 
general  smooth  toric  DM  stacks. 

• Fantechi,  Mann,  and  Nironi:  Smooth  toric  DM  stacks  IFMN07I 

This  paper  defines  a smooth  toric  DM  stack  as  a smooth  DM 
stack  X with  the  action  of  a DM  torus  T (ie.  a Picard  stack  iso- 
morphic to  T x BG  with  G finite)  having  an  open  dense  orbit  iso- 
morphic to  T.  They  give  a “bottom-up  description”  and  prove 
an  equivalence  between  smooth  toric  DM  stacks  and  stacky  fans. 

• Geraschenko  and  Satriano:  Toric  Stacks  I and  II  jcsnai  and  [GSIIhj 

These  papers  define  a toric  stack  as  the  stack  quotient  of  a toric 
variety  by  a subgroup  of  its  torus.  A generically  stacky  toric 
stack  is  defined  as  a torus  invariant  substack  of  a toric  stack. 

This  definition  encompasses  and  extends  previous  definitions  of 
toric  stacks.  The  first  paper  develops  a dictionary  between  the 
combinatorics  of  stacky  fans  and  the  geometry  of  the  correspond- 
ing stacks.  It  also  gives  a moduli  interpretation  of  smooth  toric 
stacks,  generalizing  the  one  in  [Per08| . The  second  paper  proves 
an  intrinsic  characterization  of  toric  stacks. 

90.5.11.  Theorem  on  formal  functions  and  Grothendieck’s  Existence  The- 
04V6  orem.  These  papers  give  generalizations  of  the  theorem  on  formal  functions  IDG671 
III. 4. 1.5]  (sometimes  referred  to  Grothendieck’s  Fundamental  Theorem  for  proper 
morphisms)  and  Grothendieck’s  Existence  Theorem  IDG671  III.5.1.4]. 

• Knutson:  Algebraic  spaces  |Knu711  Chapter  V] 

Generalizes  these  theorems  to  algebraic  spaces. 

• Abramovich- Vistoli:  Compactifying  the  space  of  stable  maps  IAV021  A.  1.11 

Generalizes  these  theorems  to  tame  Deligne-Mumford  stacks 

• Olsson  and  Starr:  Quot  functors  for  Deligne-Mumford  stacks  |()S03] 

Generalizes  these  theorems  to  separated  Deligne-Mumford  stacks. 

• Olsson:  On  proper  coverings  of  Artin  stacks  |Qls05] 

Provides  a generalization  to  proper  Artin  stacks. 

• Conrad:  Formal  GAGA  on  Artin  stacks  |Con05a] 

Provides  a generalization  to  proper  Artin  stacks  and  proves  a 
formal  GAGA  theorem. 

• Olsson:  Sheaves  on  Artin  stacks  |Qls07b| 

Provides  another  proof  for  the  generalization  to  proper  Artin 
stacks. 

04V7  90.5.12.  Group  actions  on  stacks.  Actions  of  groups  on  algebraic  stacks  natu- 

rally appear.  For  instance,  symmetric  group  Sn  acts  on  Mg  n and  for  an  action  of 
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a group  G on  a scheme  X , the  normalizer  of  G in  Aut(X)  acts  on  [X/G\.  Further- 
more, torus  actions  on  stacks  often  appear  in  Gromov-Witten  theory. 

• Romagny:  Group  actions  on  stacks  and  applications  [Rom05] 

This  paper  makes  precise  what  it  means  for  a group  to  act  on 
an  algebraic  stack  and  proves  existence  of  fixed  points  as  well  as 
existence  of  quotients  for  actions  of  group  schemes  on  algebraic 
stacks.  See  also  Romagny’s  earlier  note  IRom03] . 

04V8  90.5.13.  Taking  roots  of  line  bundles.  This  useful  construction  was  discovered 

independently  by  Cadman  and  by  Abramovich,  Graber  and  Vistoli.  Given  a scheme 
X with  an  effective  Cartier  divisor  D , the  rth  root  stack  is  an  Artin  stack  branched 
over  X at  D with  a pr  stabilizer  over  D and  scheme- like  away  from  D. 

• Charles  Cadman  Using  Stacks  to  Impose  Tangency  Conditions  on  Curves 

)Cad07| 

• Abramovich,  Graber,  Vistoli:  Gromov-Witten  theory  for  Deligne-Mumford 
stacks  IAGV081 

04V9  90.5.14.  Other  papers.  Potpourri  of  other  papers. 

• Lieblich:  Moduli  of  twisted  sheaves  (Lie  07] 

This  paper  contains  a summary  of  gerbes  and  twisted  sheaves. 

If  X — > X is  a /rn-gerbe  with  X a projective  relative  surface 
with  smooth  connected  geometric  fibers,  it  is  shown  that  the 
stack  of  semistable  A-twisted  sheaves  is  an  Artin  stack  locally 
of  finite  presentation  over  S.  This  paper  also  develops  the  theory 
of  associated  points  and  purity  of  sheaves  on  Artin  stacks. 

• Lieblich,  Osserman:  Functorial  reconstruction  theorem  for  stacks  ILOQ8| 

Proves  some  surprising  and  interesting  results  on  when  an  alge- 
braic stack  can  be  reconstructed  from  its  associated  functor. 

• David  Rydh:  Noetherian  approximation  of  algebraic  spaces  and  stacks 
|RydQ8l 

This  paper  shows  that  every  quasi-compact  algebraic  stack  with 
quasi-finite  diagonal  can  be  approximated  by  a noetherian  stack. 
There  are  applications  to  removing  the  noetherian  hypothesis  in 
results  of  Chevalley,  Serre,  Zariski  and  Chow. 

90.6.  Stacks  in  other  fields 


03B5 

• Behrend  and  Noohi:  Uniformization  of  Deligne-Mumford  curves  |BN06| 

Gives  an  overview  and  comparison  of  topological,  analytic  and 
algebraic  stacks. 

• Behrang  Noohi:  Foundations  of  topological  stacks  I [Noo05; 

• David  Metzler:  Topological  and  smooth  stacks  |Met05j 

90.7.  Higher  stacks 

05BF 

• Lurie:  Higher  topos  theory  |Lur09^ 

• Lurie:  Derived  Algebraic  Geometry  I - V |Lur09a] . |Lur09b] . |Lur09cj. 
|Lur09d] . |Lur09e] 
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• Toen:  Higher  and  derived  stacks:  a global  overview  lToe09)  

• Toen  and  Vezzosi:  Homotopical  algebraic  geometry  I,  II  ITV051.  ITV08I 
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Desirables 


91.1.  Introduction 

This  is  basically  just  a list  of  things  that  we  want  to  put  in  the  stacks  project.  As 
we  add  material  to  the  project  continuously  this  is  always  somewhat  behind  the 
current  state  of  the  project.  In  fact,  it  may  have  been  a mistake  to  try  and  list 
things  we  should  add,  because  it  seems  impossible  to  keep  it  up  to  date. 

Last  updated:  Thursday,  May  9,  2013. 

91.2.  Conventions 

We  should  have  a chapter  with  a short  list  of  conventions  used  in  the  document. 
This  chapter  already  exists,  see  Conventions,  Section  |2.1[  but  a lot  more  could  be 
added  there.  Especially  useful  would  be  to  find  “hidden”  conventions  and  tacit 
assumptions  and  put  those  there. 


91.3.  Sites  and  Topoi 


We  have  a chapter  on  sites  and  sheaves,  see  Sites,  Section [7T]  We  have  a chapter  on 


ringed  sites  (and  topoi)  and  modules  on  them,  see  Modules  on  Sites,  Section  18.1 


We  have  a chapter  on  cohomology  in  this  setting,  see  Cohomology  on  Sites,  Section 
|21.1|  But  a lot  more  could  be  added,  especially  in  the  chapter  on  cohomology. 

91.4.  Stacks 


We  have  a chapter  on  (abstract)  stacks,  see  Stacks,  Section  8.1  It  would  be  nice  if 

(1)  improve  the  discussion  on  “stackyfication” , 

(2)  give  examples  of  stackyfication, 

(3)  more  examples  in  general, 

(4)  improve  the  discussion  of  gerbes. 

Example  result  which  has  not  been  added  yet:  Given  a sheaf  of  abelian  groups 
T over  C the  set  of  equivalence  classes  of  gerbes  with  “group”  T is  bijective  to 
H\C,F). 


91.5.  Simplicial  methods 


We  have  a chapter  on  simplicial  methods,  see  Simplicial,  Section  14.1 
be  reviewed  and  improved. 


This  has  to 


The  discussion  of  the  relationship  between  simplicial 
homotopy  (also  known  as  combinatorial  homotopy)  and  Kan  complexes  should 
be  improved  upon.  Moreover,  there  should  be  a chapter  on  “simplicial  algebraic 
geometry”,  where  we  discuss  simplicial  schemes,  and  how  to  think  of  their  geometry, 
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cohomology,  etc.  Then  this  should  be  tied  into  the  chapter  on  hypercoverings  to 
“explain”  the  results  of  this  chapter  in  the  new  language. 

91.6.  Cohomology  of  schemes 

02BE  There  is  already  a chapter  on  cohomology  of  quasi-coherent  sheaves,  see  Coho- 
mology of  Schemes,  Section  [29. 1[  We  also  have  chapters  on  etale  cohomology  of 
schemes,  crystalline  cohomology  of  schemes,  derived  categories  of  schemes.  But 
most  of  the  material  is  very  basic  and  a lot  more  could  be  added  here. 

91.7.  Deformation  theory  a la  Schlessinger 

02BF  We  have  a chapter  on  this  material,  see  Formal  Deformation  Theory,  Section  |73.1| 
What  is  needed  is  worked  out  examples  of  the  general  theory,  for  example  the  case 
of  representations  of  a fixed  abstract  group. 

91.8.  Definition  of  algebraic  stacks 

02BK  An  algebraic  stack  is  a stack  in  groupoids  over  the  category  of  schemes  with  the  fppf 
topology  that  has  a diagonal  representable  by  algebraic  spaces  and  is  the  target  of  a 
surjective  smooth  morphism  from  a scheme.  The  notion  “Deligne-Mumford  stack” 
will  be  reserved  for  a stack  as  in  IDM69I.  We  will  reserve  the  term  “Artin  stack”  for 
a stack  such  as  in  the  papers  by  Artin  IArt69b| . and  I Art  74].  (See  also  ICdJ02l.l 
In  other  words,  and  Artin  stack  will  be  an  algebraic  stack  with  some  reasonable 
finiteness  and  separatedness  conditions. 

91.9.  Examples  of  schemes,  algebraic  spaces,  algebraic  stacks 

02BL  It  really  is  not  that  hard  to  show  that  Aig  is  an  algebraic  stack  for  g > 2.  We  should 
really  have  a long  list  of  moduli  problems  here  and  prove  they  are  all  algebraic 
stacks.  Some  of  them  we  can  prove  are  algebraic  using  Artin  approximation.  For 
example  the  Kontsevich  moduli  space  in  characteristic  p > 0. 

Here  are  some  items  for  the  list  of  moduli  problems  mentioned  above. 

(1)  A 4g,  i.e. , moduli  of  smooth  projective  curves  of  genus  g , 

(2)  Aig,  i.e.,  moduli  of  stable  genus  g curves, 

(3)  Ag , i.e.,  principally  polarized  abelian  schemes  of  genus  g, 

(4)  A4iti,  i.e.,  1-pointed  smooth  projective  genus  1 curves, 

(5)  A4g,n,  i.e.,  smooth  projective  genus  g-curves  with  n pairwise  distinct  la- 
beled points, 

(6)  A4g,„,  i.e.,  stable  n-pointed  nodal  projective  genus  g-curves, 

(7)  Tioms{X , jV),  moduli  of  morphisms  (with  suitable  conditions  on  the  stacks 
X,  y and  the  base  scheme  S), 

(8)  Bunc(X)  = HomsiX,  BG),  the  stack  of  G-bundles  of  the  geometric  Lang- 
lands  programme  (with  suitable  conditions  on  the  scheme  A',  the  group 
scheme  G,  and  the  base  scheme  S), 

(9)  Picx/s,  i-e-i  the  Picard  stack  associated  to  an  algebraic  stack  over  a base 
scheme  (or  space). 

How  about  the  algebraic  space  you  get  from  the  deformation  theory  of  a general 
surface  in  P3  with  a node?  (I  mean  where  you  deform  it  to  a general  smooth  surface 
in  P3.)  Perhaps  we  can  talk  about  some  small  dimensional  examples  here  too.  For 
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example  the  stack  where  you  have  A1  with  a B( Z/2)  sitting  at  0.  Bugeyed  covers. 
And  so  on. 


91.10.  Properties  of  algebraic  stacks 

02BM  This  is  perhaps  one  of  the  easier  projects  to  work  on,  as  most  of  the  basic  theory  is 
there  now.  An  interesting  project  is  discussing  the  various  ways  of  defining  what  a 
proper  algebraic  stack  is.  Of  course  these  things  are  really  properties  of  morphisms 
of  stacks.  We  can  define  singularities  (up  to  smooth  factors)  etc.  Prove  that  a 
connected  normal  stack  is  irreducible,  etc. 


91.11.  Lisse  etale  site  of  an  algebraic  stack 

02BN  This  has  been  introduced  in  Cohomology  of  Stacks,  Section  [84.111  An  example  to 
show  that  it  is  not  functorial  with  respect  to  1-morphisms  of  algebraic  stacks  is 
discussed  in  Examples,  Section  [88.50|  Of  course  a lot  more  could  be  said  about 
this,  but  it  turns  out  to  be  very  useful  to  prove  things  using  the  “big”  etale  site  as 
much  as  possible. 


91.12.  Things  you  always  wanted  to  know  but  were  afraid  to  ask 

02BO  There  are  going  to  be  lots  of  lemmas  that  you  use  over  and  over  again  that  are 
useful  but  aren’t  really  mentioned  specifically  in  the  literature,  or  it  isn’t  easy  to 
find  references  for.  Bag  of  tricks. 

Example:  Given  two  groupoids  in  schemes  /£=>[/  and  R'  =>  U'  what  does  it  mean 
to  have  a 1-morphism  [U/R]  -A  \U' / R'}  purely  in  terms  of  groupoids  in  schemes. 


91.13.  Quasi-coherent  sheaves  on  stacks 

02BP  These  are  defined  and  discussed  in  the  chapter  Cohomology  of  Stacks,  Section [84T] 
Derived  categories  of  modules  are  discussed  in  the  chapter  Derived  Categories  of 
Stacks,  Section  [85. 1[  A lot  more  could  be  added  to  these  chapters. 


91.14.  Flat  and  smooth 

02BR  Artin’s  theorem  that  having  a flat  surjection  from  a scheme  is  a replacement  for  the 
smooth  surjective  condition.  This  is  now  available  as  Criteria  for  Representability, 
Theorem  179.16.11 


91.15.  Artin’s  representability  theorem 

02BS  This  is  discussed  in  the  chapter  Artin’s  Axioms,  Section  |80.1[  We  also  have  an 
application,  see  Quot,  Theorem  |81.5.12[  There  should  be  a lot  more  applications 
and  the  chapter  itself  has  to  be  cleaned  up  as  well. 

91.16.  DM  stacks  are  finitely  covered  by  schemes 

02BT  This  all  begins  with  Gabber’s  lemma  I think.  Somewhere  in  Asterisque  about 
Faltings  proof  of  Mordell? 

91.17.  Martin  Olsson’s  paper  on  properness 

02BU  This  proves  two  notions  of  proper  are  the  same.  We  can  also  discuss  Faltings  result 
that  it  suffices  to  use  DVR’s  in  certain  cases. 
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02BV 

02BW 

02BX 


91.18.  Proper  pushforward  of  coherent  sheaves 

No  comments  yet. 


91.19.  Keel  and  Mori 


See  IKM97|.  This  material  has  been  incorporated  throughout  the  Stacks  project. 
See  for  example  More  on  Groupoids,  Section  |39.12|  and  More  on  Groupoids  in 
Spaces,  Section |66T3j 
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02BY 


92.1.  List  of  style  comments 

02BZ  These  will  be  changed  over  time,  but  having  some  here  now  will  hopefully  encourage 
a consistent  LaTeX  style.  We  will  call  “cod^j]’  the  contents  of  the  source  files. 

(1)  Keep  all  lines  in  all  tex  files  to  at  most  80  characters. 

(2)  Do  not  use  indentation  in  the  tex  file.  Use  syntax  highlighting  in  your 
editor,  instead  of  indentation,  to  visualize  environments,  etc. 

(3)  Use 

\medskip\noindent 

to  start  a new  paragraph,  and  use 

\no indent 

to  start  a new  paragraph  just  after  an  environment. 

(4)  Do  not  break  the  code  for  mathematical  formulas  across  lines  if  possible. 
If  the  complete  code  complete  with  enclosing  dollar  signs  does  not  fit  on 
the  line,  then  start  with  the  first  dollar  sign  on  the  first  character  of  the 
next  line.  If  it  still  does  not  fit,  find  a mathematically  reasonable  spot  to 
break  the  code. 

(5)  Displayed  math  equations  should  be  coded  as  follows 

$$ 


$$ 

In  other  words,  start  with  a double  dollar  sign  on  a line  by  itself  and  end 
similarly. 

(6)  Do  not  use  any  macros.  Rationale:  This  makes  it  easier  to  read  the  tex  file, 
and  start  editing  an  arbitrary  part  without  having  to  learn  innumerable 
macros.  And  it  doesn’t  make  it  harder  or  more  timeconsuming  to  write. 
Of  course  the  disadvantage  is  that  the  same  mathematical  object  may  be 
TeXed  differently  in  different  places  in  the  text,  but  this  should  be  easy 
to  spot. 

(7)  The  theorem  environments  we  use  are:  “theorem”,  “proposition”,  “lemma” 
(plain),  “definition”,  “example”,  “exercise”,  “situation”  (definition),  “re- 
mark”, “remarks”  (remark).  Of  course  there  is  also  a “proof”  environ- 
ment. 

(8)  An  environment  “foo”  should  be  coded  as  follows 
4t  is  all  Knuth’s  fault.  See  IKnu79l. 
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\begin{foo} 


\end{f 00} 

similarly  to  the  way  displayed  equations  are  coded. 

(9)  Instead  of  a “corollary”,  just  use  “lemma”  environment  since  likely  the 
result  will  be  used  to  prove  the  next  bigger  theorem  anyway. 

(10)  Directly  following  each  lemma,  proposition,  or  theorem  is  the  proof  of  said 
lemma,  proposition,  or  theorem.  No  nested  proofs  please. 

(11)  The  files  preamble.tex,  chapters.tex  and  fdl.tex  are  special  tex  files.  Apart 
from  these,  each  tex  file  has  the  following  structure 

\input {preamble} 

\begin{document} 

\title{Title} 

\maketitle 
\tableof contents 

\input {chapters} 

\bibliography{my} 

\bibliographystyle{amsalpha} 

\end{document} 

(12)  Try  to  add  labels  to  lemmas,  propositions,  theorems,  and  even  remarks, 
exercise,  and  other  environments.  If  labelling  a lemma  use  something  like 

\begin{lemma} 

\label{lemma-bar} 

\end{ lemma} 

Similarly  for  all  other  environments.  In  other  words,  the  label  of  a envi- 
ronment named  “foo”  starts  with  “foo-” . In  addition  to  this  please  make 
all  labels  consist  only  of  lower  case  letters,  digits,  and  the  symbol 

(13)  Never  refer  to  “the  lemma  above”  (or  proposition,  etc).  Instead  use: 

Lemma  \ref {lemma-bar}  above 

This  means  that  later  moving  lemmas  around  is  basically  harmless. 

(14)  Cross- file  referencing.  To  reference  a lemma  labeled  “lemma-bar”  in  the 
file  foo. tex  which  has  title  “Foo” , please  use  the  following  code 

Foo,  Lemma  \ref{f oo-lemma-bar} 

If  this  does  not  work,  then  take  a look  at  the  file  preamble.tex  to  find  the 
correct  expression  to  use.  This  will  produce  the  “Foo,  Lemma  <link>”  in 
the  output  file  so  it  will  be  clear  that  the  link  points  out  of  the  hie. 

(15)  If  at  all  possible  avoid  forward  references  in  proof  environments.  (It  should 
be  possible  to  write  an  automated  test  for  this.) 

(16)  Do  not  start  any  sentence  with  a mathematical  symbol. 

(17)  Do  not  have  a sentence  of  the  type  “This  follows  from  the  following”  just 
before  a lemma,  proposition,  or  theorem.  Every  sentence  ends  with  a 
period. 
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(18)  State  all  hypotheses  in  each  lemma,  proposition,  theorem.  This  makes  it 
easier  for  readers  to  see  if  a given  lemma,  proposition,  or  theorem  applies 
to  their  particular  problem. 

(19)  Keep  proofs  short;  less  than  1 page  in  pdf  or  dvi.  You  can  always  achieve 
this  by  splitting  out  the  proof  in  lemmas  etc. 

(20)  In  a defining  property  foobar  use 

■f\it  foobar} 

in  the  code  inside  the  definition  environment.  Similarly  if  the  definition 
occurs  in  the  text  of  the  document.  This  will  make  it  easier  for  the  reader 
to  see  what  it  is  that  is  being  defined. 

(21)  Put  any  definition  that  will  be  used  outside  the  section  it  is  in,  in  its 
own  definition  environment.  Temporary  definitions  may  be  made  in  the 
text.  A tricky  case  is  that  of  mathematical  constructions  (which  are  often 
definitions  involving  interrelated  lemmas).  Maybe  a good  solution  is  to 
have  them  in  their  own  short  section  so  users  can  refer  to  the  section 
instead  of  a definition. 

(22)  Do  not  number  equations  unless  they  are  actually  being  referenced  some- 
where in  the  text.  We  can  always  add  labels  later. 

(23)  In  statements  of  lemmas,  propositions  and  theorems  and  in  proofs  keep 
the  sentences  short.  For  example,  instead  of  “Let  R be  a ring  and  let  M 
be  an  R-module.”  write  “Let  R be  a ring.  Let  M be  an  .R-module.” . 
Rationale:  This  makes  it  easier  to  parse  the  trickier  parts  of  proofs  and 
statements. 

(24)  Use  the 
\section 

command  to  make  sections,  but  try  to  avoid  using  subsections  and  sub- 
subsections. 

(25)  Avoid  using  complicated  latex  constructions. 
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93.1.  Introduction 

In  this  chapter  we  put  some  lemmas  that  have  become  “obsolete”  (see  IMill7|L 

93.2.  Homological  algebra 


Remark  93.2.1.  The  following  remarks  are  obsolete  as  they  are  subsumed  in 
Homology,  Lemmas|12.21.H]and|12.22.6|  Let  A be  an  abelian  category.  Let  C C A 
be  a weak  Serre  subcategory  (see  Homology,  Definition  12.9.1).  Suppose  that  K*’* 


is  a double  complex  to  which  Homology,  Lemma  12.22.6  applies  such  that  for  some 
r > 0 all  the  objects  ' Ep’q  belong  to  C.  Then  all  the  cohomology  groups  Hn(sK *) 
belong  to  C.  Namely,  the  assumptions  imply  that  the  kernels  and  images  of  ' dvpq 
are  in  C.  Whereupon  we  see  that  each  ' Eff  is  in  C.  By  induction  we  see  that 
each  ' Efpff  is  in  C.  Hence  each  Hn(sK*)  has  a finite  filtration  whose  subquotients 
are  in  C.  Using  that  C is  closed  under  extensions  we  conclude  that  Hn(sK*)  is  in 
C as  claimed.  The  same  result  holds  for  the  second  spectral  sequence  associated 
to  K*’*.  Similarly,  if  ( K*,F ) is  a filtered  complex  to  which  Homology,  Lemma 
12.21.1l|  applies  and  for  some  r > 0 all  the  objects  Ep,q  belong  to  C,  then  each 
Hn(K *)  is  an  object  of  C. 


93.3.  Obsolete  algebra  lemmas 


Lemma  93.3.1.  Let  M be  an  R-module  of  finite  presentation.  For  any  surjection 
a : i?®n  — > M the  kernel  of  a is  a finite  R-module. 


Proof.  This  is  a special  case  of  Algebra,  Lemma [l 0.5. 3 


□ 


Lemma  93.3.2.  Let  ip  : R S be  a ring  map.  If 

(1)  for  any  x £ S there  exists  n > 0 such  that  xn  is  in  the  image  of  ip,  and 

(2)  for  any  x £ Ker(ip)  there  exists  n > 0 such  that  xn  = 0, 

then  p induces  a homeomorphism  on  spectra.  Given  a prime  number  p such  that 

(a)  S is  generated  as  an  R-algebra  by  elements  x such  that  there  exists  an 
n > 0 with  xp  £ p(R)  and  pnx  £ p(R),  and 

(b)  the  kernel  of  ip  is  generated  by  nilpotent  elements, 

then  (1)  and  (2)  hold,  and  for  any  ring  map  R — * R'  the  ring  map  R'  — > R'  S 
also  satisfies  (a),  (b),  (1),  and  (2)  and  in  particular  induces  a homeomorphism  on 
spectra. 
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Proof.  This  is  a combination  of  Algebra,  Lemmas  |10.45.3|  and  |10.45.6|  □ 

The  following  technical  lemma  says  that  you  can  lift  any  sequence  of  relations  from 
a fibre  to  the  whole  space  of  a ring  map  which  is  essentially  of  finite  type,  in  a 
suitable  sense. 

OOSX  Lemma  93.3.3.  Let  R — ► S be  a ring  map.  Let  p C R be  a prime.  Let  q C S be  a 
prime  lying  over  p.  Assume  Sq  is  essentially  of  finite  type  over  Rp.  Assume  given 

(1)  an  integer  n > 0, 

(2)  a prime  a C k(p)[xi,  ...,  xn], 

(3)  a surjective  /c(p) -homomorphism 

ip  : (/c(p)[ari,...,a;n])o  — *•  5q/p5q, 

and 

(4)  elements  f1,...,fe  in  Ker(ip). 

Then  there  exist 

(1)  an  integer  m > 0, 

(2)  and  element  g £ S,  g £ q, 

(3)  a map 

’P  : R[x i, . . ,,xn,xn+i  , . . . , Xn_|_m]  y Sgi 

and 

(4)  elements  /i, . . . , fe,  fe+ i,  • • • , fe+m  of  Jfer(T) 
such  that 

(1)  the  following  diagram  commutes 


R[x\ , ■ ■ ■ , Xji+m]  ~ “T  =*"  (K(p ) [^1  j ■ • • j Xn] ) a , 

I rU 


SJpS q 


(2)  the  element  fi,  i < n maps  to  a unit  times  ft  in  the  local  ring 

(K(p)[‘z;l>  • ■ • ) Zn+m]) (a,Xn+ 1 ) 

(3)  the  element  fe+j  maps  to  a unit  times  xn+j  in  the  same  local  ring,  and 

(4)  the  induced  map  R{x i, . . . , xn+m\t,  — >•  5q  is  surjective,  where  b = 'L~1(qS'g). 

Proof.  We  claim  that  it  suffices  to  prove  the  lemma  in  case  R and  S are  local  with 
maximal  ideals  p and  q.  Namely,  suppose  we  have  constructed 

T . Rp  [x] , . . . , y Sq 

and  /{,...,  f'e+m  £ f?.p[xi,...,  xn+m]  with  all  the  required  properties.  Then  there 
exists  an  element  f £ R,  f ^ p such  that  each  ff'k  comes  from  an  element  ff  £ 
R[x i, . . . , xra+m].  Moreover,  for  a suitable  g £ S,  g fL  q the  elements  T'(xi)  are 
the  image  of  elements  y\  £ Sg.  Let  T be  the  f?-algebra  map  defined  by  the  rule 
'L(xj)  = yi.  Since  4/(/i)  is  zero  in  the  localization  we  may  after  possibly  replacing 
g assume  that  4'(/i)  = 0.  This  proves  the  claim. 

Thus  we  may  assume  R and  S are  local  with  maximal  ideals  p and  q.  Pick 
yi,---,yn  £ S such  that  yt  mod  pS1  = tp(xi).  Let  yn+i,  ■ ■ ■ , yn+m  £ S be  ele- 
ments which  generate  an  i?-subalgebra  of  which  S is  the  localization.  These  exist 
by  the  assumption  that  S is  essentially  of  finite  type  over  R.  Since  ip  is  surjective  we 
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may  write  yn+j  mod  p S = il>{hj)  for  some  hj  £ «;(p)[xi,  . . . , xn]a.  Write  hj  = gj/d, 
gj  £ «;(p)[xi, . . . , xn]  for  some  common  denominator  d £ /c(p)[xi, . . . , xn],  d ^ a. 
Choose  lifts  Gj,D  £ R[x  1, . . . , xn\  of  gj  and  d.  Set  y'n+j  = D(y1 , . . . , yn)yn+j  - 
Gj{yi,  ■ ■ ■ ,yn)-  By  construction  y'n+j  £ pS.  It  is  clear  that  ylt . . . , yn,  y'n, . . . , y'n+m 
generate  an  R-subalgebra  of  S whose  localization  is  S.  We  define 

'L  : R[x i, . . . , xn+  m\  ^ S 

to  be  the  map  that  sends  x,:  to  yi  for  i = 1, . . . , n and  xn+j  to  y'n+j  for  j = 1, . . . , m. 
Properties  (1)  and  (4)  are  clear  by  construction.  Moreover  the  ideal  b maps  onto 
the  ideal  (a,  xn+\, . . . , xn+m)  in  the  polynomial  ring  k(p)[xi,  . . . , xn+m\. 

Denote  J = Ker(\I/).  We  have  a short  exact  sequence 

0 — > Jb  — * R\X]_,  • • ■ j xn+nl\t,  — > Sq  — > 0. 

The  surjectivity  comes  from  our  choice  of  t/i,  • • • , y'n,  ■ ■ ■ , y'n+m  above.  This 
implies  that 

Jb /pdb  ^ ^(p  j [X] . . . . , Xn_)_m]  (a,xn+i  ^ bq  / P .Sq  4 0 

is  exact.  By  construction  Xi  maps  to  and  xn+j  maps  to  zero  under  the  last 

map.  Thus  it  is  easy  to  choose  ft  as  in  (2)  and  (3)  of  the  lemma.  □ 

01DE  Remark  93.3.4  (Projective  resolutions).  Let  I?  be  a ring.  For  any  set  S we  let 
F(S)  denote  the  free  R-module  on  S.  Then  any  left  R-module  has  the  following 
two  step  resolution 

F(M  x M)  © F(R  x M)  -A  F(M)  ->  M — )•  0. 

The  first  map  is  given  by  the  rule 

[mi,  m2]  © [r,  m]  1— > [mi  + m2]  — [mi]  — [m2]  + [rm]  — r[m]. 

02CA  Lemma  93.3.5.  Let  S be  a multiplicative  set  of  A.  Then  the  map 

f : Spec(S'“1A)  — > Spec(A) 

induced  by  the  canonical  ring  map  A — > S'-1  A is  a homeomorphism  onto  its  image 
and  Im(f)  = {p  € Spec(A)  : p n 5 = 0}. 

Proof.  This  is  a duplicate  of  Algebra,  Lemma[l0.16.5|  □ 

05IP  Lemma  93.3.6.  Let  A — » B be  a finite  type , flat  ring  map  with  A an  integral 
domain.  Then  B is  a finitely  presented  A-algebra. 

Proof.  Special  case  of  More  on  Flatness,  Proposition  |37.  LL9]  □ 

053F  Lemma  93.3.7.  Let  R be  a domain  with  fraction  field  K . Let  S = i?[xi, . . . , xn] 
be  a polynomial  ring  over  R.  Let  M be  a finite  S-module.  Assume  that  M is  flat 
over  R.  If  for  every  subring  R C R'  C K,  R R'  the  module  M <S)r  R'  is  finitely 
presented  over  S ©#  R' , then  M is  finitely  presented  over  S. 

Proof.  This  lemma  is  true  because  M is  finitely  presented  even  without  the  as- 
sumption that  M ©ij  R!  is  finitely  presented  for  every  R'  as  in  the  statement  of  the 
lemma.  This  follows  from  More  on  Flatness,  Proposition  |37.13.9[  Originally  this 
lemma  had  an  erroneous  proof  (thanks  to  Ofer  Gabber  for  finding  the  gap)  and 
was  used  in  an  alternative  proof  of  the  proposition  cited.  To  reinstate  this  lemma, 
we  need  a correct  argument  in  case  R is  a local  normal  domain  using  only  results 
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from  the  chapters  on  commutative  algebra;  please  email  stacks.project@gmail.com 
if  you  have  an  argument.  □ 

02TQ  Lemma  93.3.8.  Let  A — > B be  a ring  map.  Let  f £ B.  Assume  that 

(1)  A — ► B is  flat, 

(2)  f is  a nonzerodivisor,  and 

(3)  A — ► B/fB  is  flat. 

Then  for  every  ideal  I C A the  map  f : B / IB  — > B/IB  is  injective. 

Proof.  Note  that  IB  = I ®a  B and  I(B/fB)  = I B/fB  by  the  flatness  of 
B and  B/fB  over  A.  In  particular  IB/ fIB  = I B/fB  maps  injectively  into 
B/fB.  Hence  the  result  follows  from  the  snake  lemma  applied  to  the  diagram 

0 >■ 1 ®aB *»  B B /IB g*  0 

Iff 

S'  S'  \f 

0 >■  I®AB ^ B >■  B/IB ^ 0 

with  exact  rows.  □ 

051A  Lemma  93.3.9.  If  R S is  a faithfully  flat  ring  map  then  for  every  R-module 
M the  map  M — ► S M , x ha  1 ® x is  injective. 

Proof.  This  lemma  is  a duplicate  of  Algebra,  Lemma[l0.81.11|  □ 
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The  lemmas  in  this  section  were  originally  used  in  the  proof  of  the  (algebraic  version 


of)  Zariski’s  Main  Theorem,  Algebra,  Theorem  10.122.13 


Lemma  93.4.1.  Let  p : R —¥  S be  a ring  map.  Suppose  t £ S satisfies  the  relation 
p{a0)  + p(ai)t  + . . . + p(an)tn  = 0.  Set  un  = p{an),  un- 1 = unt  + p(an- 1),  and  so 
on  till  ui  = u%t  + p{ai).  Then  all  of  un,un_ i, . . . ,U\  and  unt,un_it, . . . ,U\t  are 
integral  over  R,  and  the  ideals  (p(ao),  ■ ■ ■ , p{nn))  and  ( un , . . . , iti)  of  S are  equal. 


Proof.  We  prove  this  by  induction  on  n.  As  un  = p(an)  we  conclude  from  Algebra, 
Lemma  10.122.1  that  unt  is  integral  over  R.  Of  course  un  = p(an)  is  integral  over 
R.  Then  un- 1 = unt  + p(an-\)  is  integral  over  R (see  Algebra,  Lemma  10.35.7) 
and  we  have 


p(a0)  + p{ax)t  + . . . + p(an-i)tn  1 + un-itn  1 = 0. 

Hence  by  the  induction  hypothesis  applied  to  the  map  S'  — >•  S where  S'  is  the 
integral  closure  of  R in  S and  the  displayed  equation  we  see  that  un_  i, . . . , iq  and 
un-\t, . . . , u\t  are  all  in  S'  too.  The  statement  on  the  ideals  is  immediate  from  the 
shape  of  the  elements  and  the  fact  that  u\t  + p(a o)  = 0.  □ 

OOPS  Lemma  93.4.2.  Let  p : R —¥  S be  a ring  map.  Suppose  t £ S satisfies  the  relation 
p{a o)  + p{a\)t  + . . . + p(an)tn  = 0.  Let  J C S be  an  ideal  such  that  for  at  least  one 
i we  have  p(ai)  ^ J . Then  there  exists  a u £ S , u fL  J such  that  both  u and  ut  are 
integral  over  R. 


Proof.  This  is  immediate  from  Lemma [93.4. 1| since  one  of  the  elements  ut  will  not 
be  in  J . □ 
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The  following  two  lemmas  are  a way  of  describing  closed  subschemes  of  cut  out 
by  one  (nondegenerate)  equation. 

00Q4  Lemma  93.4.3.  Let  R be  a ring.  Let  F(X,  Y)  £ R[X,  Y]  be  homogeneous  of 
degree  d.  Assume  that  for  every  prime  p of  R at  least  one  coefficient  of  F is  not  in 
p.  Let  S = R[X,  Y]/(F)  as  a graded  ring.  Then  for  all  n>  d the  R-module  Sn  is 
finite  locally  free  of  rank  d. 

Proof.  The  R-module  Sn  has  a presentation 

R[X,  Y]n_d  -a  R[X,  Y]n  0. 

Thus  by  Algebra,  Lemma  |10.78.3|  it  is  enough  to  show  that  multiplication  by  F 
induces  an  injective  map  k(p)[X,  Y]  -A  /t(p)[X,  F]  for  all  primes  p.  This  is  clear 
from  the  assumption  that  F does  not  map  to  the  zero  polynomial  mod  p.  The 
assertion  on  ranks  is  clear  from  this  as  well.  □ 


00Q5  Lemma  93.4.4.  Let  k be  a field.  Let  F,G  £ k[X,  Y]  be  homogeneous  of  degrees 
d,  e.  Assume  F,  G relatively  prime.  Then  multiplication  by  G is  injective  on  S = 
k[X,  Y]/(F). 

Proof.  This  is  one  way  to  define  “relatively  prime” . If  you  have  another  definition, 
then  you  can  show  it  is  equivalent  to  this  one.  □ 


00Q6  Lemma  93.4.5.  Let  R be  a ring.  Let  F(X,  Y)  £ R[X,  Y]  be  homogeneous  of 
degree  d.  Let  S = R[X,Y]/{F)  as  a graded  ring.  Let  p C R be  a prime  such  that 
some  coefficient  of  F is  not  in  p.  There  exists  an  f £ R f ^ p , an  integer  e,  and  a 
G £ R[A',  Y]e  such  that  multiplication  by  G induces  isomorphisms  (Sn) / -A  (5„+e) / 
for  all  n > d. 


Proof.  During  the  course  of  the  proof  we  may  replace  R by  Rf  for  / £ R,  f ^ p 
(finitely  often).  As  a first  step  we  do  such  a replacement  such  that  some  coefficient 
of  F is  invertible  in  R.  In  particular  the  modules  Sn  are  now  locally  free  of  rank 
d for  n > d by  Lemma  93.4.3  Pick  any  G £ R[X,  Y]e  such  that  the  image  of 
G in  k(p)[A”,  y]  is  relatively  prime  to  the  image  of  F(X,Y)  (this  is  possible  for 
some  e).  Apply  Algebra,  Lemma  10.78.3  to  the  map  induced  by  multiplication  by 
G from  Sd  -A  Sd+e.  By  our  choice  of  G and  Lemma  93.4.4  we  see  Sd  ® «(p)  — > 
Sd+e  ® re(p)  is  bijective.  Thus,  after  replacing  R by  Rf  for  a suitable  / we  may 
assume  that  G : Sd  -A  Sd+e  is  bijective.  This  in  turn  implies  that  the  image  of  G 
in  k(p')[A,  Y]  is  relatively  prime  to  the  image  of  F for  all  primes  p'  of  R.  And  then 
by  Algebra,  Lemma  [l0.78.3|  again  we  see  that  all  the  maps  G : Sd  -A  Sd+e,  n>  d 
are  isomorphisms.  □ 


00Q7  Remark  93.4.6.  Let  R be  a ring.  Suppose  that  we  have  F £ R[X,  Y]d  and 
G £ R[X,Y]e  such  that,  setting  S = R[X,Y]/(F)  we  have  (1)  Sn  is  finite  locally 
free  of  rank  d for  all  n > d,  and  (2)  multiplication  by  G defines  isomorphisms 
Sn  — > Sn+e  for  all  n > d.  In  this  case  we  may  define  a finite,  locally  free  i?-algebra 
A as  follows: 

(1)  as  an  R-module  A = Sed , and 

(2)  multiplication  A x A -a  A is  given  by  the  rule  that  H1H2  = H3  if  and 
only  if  GdH3  = H1H2  in  S2ed- 
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This  makes  sense  because  multiplication  by  Gd  induces  a bijective  map  S',ie  — ► Side- 
It  is  easy  to  see  that  this  defines  a ring  structure.  Note  the  confusing  fact  that  the 
element  Gd  defines  the  unit  element  of  the  ring  A. 

00Q3  Lemma  93.4.7.  Let  R be  a ring , let  f £ R.  Suppose  we  have  S,  S'  and  the  solid 
arrows  forming  the  following  commutative  diagram  of  rings 


Sn 


R 


V 

Rf 


* 1 

\ 

/ 1 

\ 

/ 

\ 

/ 1 

A 

1 

1 

Y 

^ Q1 

v 

Sf 


Assume  that  Rf  — > S'  is  finite.  Then  we  can  find  a finite  ring  map  R — > S"  and 
dotted  arrows  as  in  the  diagram  such  that  S'  = ( S")f . 

Proof.  Namely,  suppose  that  S'  is  generated  by  x-L  over  Rf,  i = Let 

Pi(t)  £ Rf[t]  be  a monic  polynomial  such  that  Pi(xi ) = 0.  Say  Pi  has  degree 
di  > 0.  Write  Pi(t)  = tdi  + 'f2j<d.{aij/fn)P  for  some  uniform  n.  Also  write  the 
image  of  xt  in  Sf  as  gi/ fn  for  suitable  gi  £ S.  Then  we  know  that  the  element  G = 
fndigdi  + '}2j<di  fn^di~^aij9i  of  S is  killed  by  a power  of  /.  Hence  upon  increasing 
n to  n' , which  replaces  gi  by  /”  ~ngt  we  may  assume  G = 0.  Then  S'  is  generated 
by  the  elements  fnXi , each  of  which  is  a zero  of  the  monic  polynomial  Qi(t)  = tdi  + 
YljKdi  f^'-RaijP  with  coefficients  in  R.  Also,  by  construction  Qi(fngi)  = 0 in  S. 
Thus  we  get  a finite  I?-algebra  S”  = R[z\, . . . , zw\/ (Q\{z\), . . . , Qw(zw))  which  fits 
into  a commutative  diagram  as  above.  The  map  a : S''  — > S maps  z,;  to  fngi  and 
the  map  /?  : S"  — > S'  maps  Zi  to  fnXi.  It  may  not  yet  be  the  case  that  /3  induces  an 
isomorphism  (S")f  = S' . For  the  moment  we  only  know  that  this  map  is  surjective. 
The  problem  is  that  there  could  be  elements  h/fn  £ (S'') / which  map  to  zero  in  S' 
but  are  not  zero.  In  this  case  /3(h)  is  an  element  of  S such  that  fN /3(h)  = 0 for  some 
N.  Thus  fNh  is  an  element  ot  the  ideal  J = {h  £ S"  \ a(h)  = 0 and  /3(h)  = 0}  of 
S".  OK,  and  it  is  easy  to  see  that  S"/J  does  the  job.  □ 
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07GD 

OOTO  Lemma  93.5.1.  Let  R be  a ring.  Let  S be  a R-algebra.  If  S is  of  finite  presentation 
and  formally  smooth  over  R then  S is  smooth  over  R. 

Proof.  See  Algebra,  Proposition  |10. 136. 13|  □ 

93.6.  Cohomology 

0BM0  The  following  lemma  computes  the  cohomology  sheaves  of  the  derived  limit  in  a 
special  case. 

0A08  Lemma  93.6.1.  Let  ( 0,0 ) be  a ringed  site.  Let  (Kn)  be  an  inverse  system  of 
objects  of  D(0).  Let  B C Ob(C)  be  a subset.  Let  d £ N.  Assume 
(1)  Kn  is  an  object  of  D+(0)  for  all  n, 
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(2)  for  q £ Z there  exists  n{q ) such  that  Hq(Kn+ 1)  — > Hq(Kn)  is  an  isomor- 
phism for  n > n(q), 

(3)  every  object  of  C has  a covering  whose  members  are  elements  ofB, 

(4)  for  every  U £ B we  have  HP{U , Hq(Kn))  = 0 for  p > d and  all  q. 

Then  we  have  Hm(R\imKn)  = lim Hm(Kn)  for  all  m £ Z. 

Proof.  Set  K = R \rmKn.  Let  U £ B.  For  each  n there  is  a spectral  sequence 

Hp(U,Hq(Kn))  =>  Hp+q(U,  Kn) 

which  converges  as  Kn  is  bounded  below,  see  Derived  Categories,  Lemma  [13. 21. 3| 
If  we  fix  m £ Z,  then  we  see  from  our  assumption  (4)  that  only  HP(U,  Hq(Kn)) 
contribute  to  Hm{U,  I\n)  for  0 < p < d and  m — d < q < m.  By  assumption 
(2)  this  implies  that  Hm(U,  Kn+ 1)  — » Hm(U,Kn)  is  an  isomorphism  as  soon  as 
n > maxn(m), . . . , n{m  — d).  The  functor  RT(U , — ) commutes  with  derived  limits 
by  Injectives,  Lemma[l9.13.6|  Thus  we  have 

Hm{U,K)  = Hm (R  lim  RT ( U,  Kn ) ) 

On  the  other  hand  we  have  just  seen  that  the  complexes  RT(U , Kn ) have  eventually 
constant  cohomology  groups.  Thus  by  More  on  Algebra,  Remark |15. 68. 16|  we  find 
that  is  equal  to  Hm(U,Kn)  for  all  n 0 for  some  bound  independent 

of  U £ B.  Pick  such  an  n.  Finally,  recall  that  Hm(K)  is  the  sheafification  of 
the  presheaf  U i->  Hm(U,K)  and  Hm(Kn)  is  the  sheafification  of  the  presheaf 
U i — ^ Hm(U,  Kn).  On  the  elements  of  B these  presheaves  have  the  same  values. 
Therefore  assumption  (3)  guarantees  that  the  sheafifications  are  the  same  too.  The 
lemma  follows.  □ 
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Lemma  93.7.1.  Assumptions  and  notation  as  in  Simplicial,  Lemma  lj.32.1 
There  exists  a section  g : U — ► V to  the  morphism  f and  the  composition  g o f 
is  homotopy  equivalent  to  the  identity  on  V . In  particular,  the  morphism  f is  a 
homotopy  equivalence. 


018W 


Proof.  Immediate  from  Simplicial,  Lemmas  |14.32.1  and  14.30.8| 


□ 


Lemma  93.7.2.  Let  C be  a category  with  finite  coproducts  and  finite  limits.  Let 
X be  an  object  of  C.  Let  k > 0.  The  canonical  map 


Hom(A[/c],  X)  — > cosk\sk\  Hom(A[fc],X) 


is  an  isomorphism. 


Proof.  For  any  simplicial  object  V we  have 

Mor(y,  coskjski  Hom(A[fc],  X))  = Mor(skiF,  ski  Hom(A[fc],  X)) 

= Mor(ii!skiF,  Hom(A[fc],  X)) 

= Mor(i1isk1F  x A[fe],X) 

The  first  equality  by  the  adjointness  of  sk  and  cosk,  the  second  equality  by  the 
adjointness  of  in  and  ski,  and  the  first  equality  by  Simplicial,  Definition |14.17Tl 
where  the  last  X denotes  the  constant  simplicial  object  with  value  X.  By  Simplicial, 
Lemma  |14.20.2|  an  element  in  this  set  depends  only  on  the  terms  of  degree  0 and 
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1 of  ii.skiV  x A[fc].  These  agree  with  the  degree  0 and  1 terms  of  V x A[fc],  see 

Thus  the  set  above  is  equal  to  Mor(P  x A[fc],A)  = 

□ 


Simplicial,  Lemma  14.21.3 


Mor(V,  Hom(A[fc],  A')). 

018X  Lemma  93.7.3.  Let  C be  a category.  Let  X be  an  object  of  C such  that  the  self 
products  X x ...  x X exist.  Let  k > 0 and  let  C[k\  be  as  in  Simplicial,  Example 
lj.5.6 1 With  notation  as  in  Simplicial,  Lemma \lf,15.£\  the  canonical  map 

Hom(C[fc],A)i  — y (coskoskoB.om(C[k], X))i 


is  identified  with  the  map 

nX  — y X x X 

a:[fc]— ►[  1] 

which  is  the  projection  onto  the  factors  where  a is  a constant  map. 
Proof.  This  is  shown  in  the  proof  of  Hypercoverings,  Lemma[24.6.3| 


□ 


93.8.  Obsolete  lemmas  on  schemes 


07VA  Lemmas  that  seem  superfluous. 

03H1  Lemma  93.8.1.  Let  (R,m,n)  be  a local  ring.  Let  X C be  a closed  subscheme. 
Assume  that  R = T(T,0_y)-  Then  the  special  fibre  X is  geometrically  connected. 

Proof.  This  is  a special  case  of  More  on  Morphisms,  Theorem  |36.38.4[  □ 

01YJ  Lemma  93.8.2.  Let  X be  a Noetherian  scheme.  Let  Zq  C X be  an  irreducible 
closed  subset  with  generic  point  £.  Let  V be  a property  of  coherent  sheaves  on  X 
such  that 

(1)  For  any  short  exact  sequence  of  coherent  sheaves  if  two  out  of  three  of 
them  have  property  V then  so  does  the  third. 

(2)  If  V holds  for  a direct  sum  of  coherent  sheaves  then  it  holds  for  both. 

(3)  For  every  integral  closed  subscheme  Z C Zq  C X,  Z Zq  and  every 
quasi- coherent  sheaf  of  ideals  T C Oz  we  have  V for  (Z  — y X)fX. 

(4)  There  exists  some  coherent  sheaf  Q on  X such  that 

(a)  Supp{Q)  = Z0, 

(b)  Qc  is  annihilated  by  m^,  and 

(c)  property  V holds  for  Q . 

Then  property  V holds  for  every  coherent  sheaf  T on  X whose  support  is  contained 
in  Zq. 


Proof.  The  proof  is  a variant  on  the  proof  of  Cohomology  of  Schemes,  Lemma 
|29.12.5|  In  exactly  the  same  manner  as  in  that  proof  we  see  that  any  coherent 
sheaf  whose  support  is  strictly  contained  in  Zq  has  property  V. 


Consider  a coherent  sheaf  Q as  in  (3).  By  Cohomology  of  Schemes,  Lemma  29.12.2 
there  exists  a sheaf  of  ideals  X on  Zq  and  a short  exact  sequence 


0 — > (( Zq  — > A)*X)®  — y Q — y Q — y 0 


where  the  support  of  Q is  strictly  contained  in  Zq.  In  particular  r > 0 and  X 
is  nonzero  because  the  support  of  Q is  equal  to  Z.  Since  Q has  property  V we 
conclude  that  also  (( Zq  — >•  X)*I)0r  has  property  V.  By  (2)  we  deduce  property  V 
for  (Zq  —y  X)*X.  Slotting  this  into  the  proof  of  Cohomology  of  Schemes,  Lemma 
|29.12.5|at  the  appropriate  point  gives  the  lemma.  Some  details  omitted.  □ 
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Lemma  93.8.3.  Let  X be  a Noetherian  scheme.  Let  V be  a property  of  coherent 
sheaves  on  X such  that 

(1)  For  any  short  exact  sequence  of  coherent  sheaves  if  two  out  of  three  of 
them  have  property  V then  so  does  the  third. 

(2)  If  V holds  for  a direct  sum  of  coherent  sheaves  then  it  holds  for  both. 

(3)  For  every  integral  closed  subscheme  Z C X with  generic  point  £ there 
exists  some  coherent  sheaf  Q such  that 

(a)  Supp(G)  = Z, 

(b)  (?£  is  annihilated  by  and 

(c)  property  V holds  for  Q . 

Then  property  V holds  for  every  coherent  sheaf  on  X . 


Proof.  This  follows  from  Lemma  93.8. 2|in  exactly  the  same  way  that  Cohomology 
of  Schemes,  Lemma|29.12.6| follows  from  Cohomology  of  Schemes,  Lemma |29. 12. 5| 

□ 


01XP  Lemma  93.8.4.  Let  X be  a scheme.  Let  C be  an  invertible  Ox -module.  Let 
s £ T(X,C)  be  a section.  Let  F'  C F be  quasi- coherent  Ox-modules.  Assume  that 

(1)  X is  quasi- compact, 

(2)  F is  of  finite  type,  and 

(3)  r\Xs=F\Xs. 

Then  there  exists  an  n > 0 such  that  multiplication  by  sn  on  F factors  through  F' . 

Proof.  In  other  words  we  claim  that  snF  C F'  ®ox  ” for  some  n > 0.  In  other 
words,  we  claim  that  the  quotient  map  F — ► F / F'  becomes  zero  after  multiplying 
by  a power  of  s.  This  follows  from  Properties,  Lemma  [27.17.3[  □ 


93.9.  Functor  of  quotients 


08J4 

082R  Lemma  93.9.1.  Let  S = Spec (R)  be  an  affine  scheme.  Let  X be  an  algebraic 
space  over  S.  Let  qi  : F — )•  Qi,  i = 1,2  be  surjective  maps  of  quasi- coherent  Ox- 
modules.  Assume  Q\  flat  over  S.  Let  T — ► S be  a quasi-compact  morphism  of 
schemes  such  that  there  exists  a factorization 


Then  exists  a closed  subscheme  Z C S such  that  (a)  T -A  S factors  through  Z 
and  (b)  qitz  factors  through  q2,z-  If  Kerfa)  is  a finite  type  Ox-module  and  X 
quasi-compact,  then  we  can  take  Z -A  S of  finite  presentation. 


Proof.  Apply  Quot,  Lemma  81.7.5  to  the  map  Ker((72)  -*  Qi- 


□ 


93.10.  Spaces  and  fpqc  coverings 

OARG  The  material  here  was  made  obsolete  by  Gabber’s  argument  showing  that  alge- 
braic spaces  satisfy  the  sheaf  condition  with  respect  to  fpqc  coverings.  Please  visit 
Properties  of  Spaces,  Section  [53. 16| 
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03W9 


03WA 


03WB 


03WC 

07T6 

03IN 


0319 

03IA 


03IB 

03JF 


Lemma  93.10.1.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  Let 
{fi  : Ti  — > T}ig/  be  a fpqc  covering  of  schemes  over  S.  Then  the  map 

Mors  (T,  X)  — > TT  Mors  (Ti,  X) 

is  injective. 


Proof.  Immediate  consequence  of  Properties  of  Spaces,  Proposition |53.16T)  □ 

Let  X be  an  algebraic  space  over  S . Let 

If  each  Xj 


Lemma  93.10.2.  Let  S be  a scheme. 


X = 


U jzjXj 


52.12.5 


be  a Zariski  covering,  see  Spaces,  Definition 
satisfies  the  sheaf  property  for  the  fpqc  topology  then  X satisfies  the  sheaf  property 
for  the  fpqc  topology. 


Proof.  This  is  true  because  all  algebraic  spaces  satisfy  the  sheaf  property  for  the 
fpqc  topology,  see  Properties  of  Spaces,  Proposition |53.16T)  □ 

Lemma  93.10.3.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S . If  X is 
Zariski  locally  quasi-separated  over  S , then  X satisfies  the  sheaf  condition  for  the 
fpqc  topology. 


Proof.  Immediate  consequence  of  the  general  Properties  of  Spaces,  Proposition 
153.16.11  □ 


Remark  93.10.4.  This  remark  used  to  discuss  to  what  extend  the  original  proof 
of  Lemma  93.10.3  (of  December  18,  2009)  generalizes. 


93.11.  Very  reasonable  algebraic  spaces 


Material  that  is  somewhat  obsolete. 


Lemma  93.11.1.  Let  S be  a scheme.  Let  X be  a reasonable  algebraic  space  over 
S.  Then  |X|  is  Kolmogorov  (see  Topology,  Definition  5.7.4). 

Proof.  Follows  from  the  definitions  and  Decent  Spaces,  Lemma [55. 10. 8|  □ 


In  the  rest  of  this  section  we  make  some  remarks  about  very  reasonable  algebraic 
spaces.  If  there  exists  a scheme  U and  a surjective,  etale,  quasi-compact  morphism 
U —¥  X,  then  X is  very  reasonable,  see  Decent  Spaces,  Lemma  55.4.7 

Lemma  93.11.2.  A scheme  is  very  reasonable. 


Proof.  This  is  true  because  the  identity  map  is  a quasi-compact,  surjective  etale 
morphism.  □ 


Lemma  93.11.3.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  If  there 
exists  a Zariski  open  covering  X = (J  X,  such  that  each  Xi  is  very  reasonable,  then 
X is  very  reasonable. 


Proof.  This  is  case  (e)  of  Decent  Spaces,  Lemma  55.5.2 


□ 


Lemma  93.11.4.  An  algebraic  space  which  is  Zariski  locally  quasi-separated  is 
very  reasonable.  In  particular  any  quasi-separated  algebraic  space  is  very  reasonable. 


Proof.  This  is  one  of  the  implications  of  Decent  Spaces,  Lemma [55. 5. 1|  □ 

Lemma  93.11.5.  Let  S be  a scheme.  Let  X , Y be  algebraic  spaces  over  S.  Let 
Y — ► X be  a representable  morphism.  If  X is  very  reasonable,  so  is  Y. 
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Proof.  This  is  case  (e)  of  Decent  Spaces,  Lemma  55.5.3 


□ 


03IC  Remark  93.11.6.  Very  reasonable  algebraic  spaces  form  a strictly  larger  collection 
than  Zariski  locally  quasi-separated  algebraic  spaces.  Consider  an  algebraic  space 
of  the  form  A'  = [U/G\  (see  Spaces,  Definition  52.14.4)  where  G is  a finite  group 
acting  without  fixed  points  on  a non-quasi-separated  scheme  U.  Namely,  in  this 
case  U Xx  U = U x G and  clearly  both  projections  to  U are  quasi-compact,  hence 
X is  very  reasonable.  On  the  other  hand,  the  diagonal  U Xx  U — > U x U is  not 
quasi-compact,  hence  this  algebraic  space  is  not  quasi-separated.  Now,  take  U 
the  infinite  affine  space  over  a field  k of  characteristic  ^ 2 with  zero  doubled,  see 


Schemes,  Example  25.21.4  Let  0i,02  be  the  two  zeros  of  U.  Let  G = {+1,-1}, 


and  let  —1  act  by  —1  on  all  coordinates,  and  by  switching  Oi  and  O2.  Then  [U/G\ 
is  very  reasonable  but  not  Zariski  locally  quasi-separated  (details  omitted). 


Warning:  The  following  lemma  should  be  used  with  caution,  as  the  schemes  Ui  in 
it  are  not  necessarily  separated  or  even  quasi-separated. 

03K7  Lemma  93.11.7.  Let  S be  a scheme.  Let  X be  a very  reasonable  algebraic  space 
over  S . There  exists  a set  of  schemes  Ui  and  morphisms  Ui  — ► X such  that 

(1)  each  Ui  is  a quasi-compact  scheme, 

(2)  each  Ui  -A  X is  etale, 

(3)  both  projections  Ui  Xx  Ui  -A  Ui  are  quasi- compact,  and 

(4)  the  morphism  ]j  t/j  — > X is  surjective  (and  etale). 


Proof.  Decent  Spaces,  Definition  55.6.1  says  that  there  exist  Ui  — > X such  that 
(2),  (3)  and  (4)  hold.  Fix  i,  and  set  Ri  = Ui  Xx  Ui , and  denote  s,t  : Ri  -A  Ui 
the  projections.  For  any  affine  open  W C Ui  the  open  W'  = t(s~1(W))  C Ui  is  a 
quasi-compact  /^-invariant  open  (see  Groupoids,  Lemma  38.19.2).  Hence  W'  is  a 
quasi-compact  scheme,  W — ^ X is  etale,  and  1 V ' x x W'  = s~L(W')  = t-'iW')  so 
both  projections  W'  Xx  W'  -A  W'  are  quasi-compact.  This  means  the  family  of 
W'  — > X,  where  W C Ui  runs  through  the  members  of  affine  open  coverings  of  the 
Ui  gives  what  we  want.  □ 


93.12.  Variants  of  cotangent  complexes  for  schemes 

08T5  This  section  gives  an  alternative  construction  of  the  cotangent  complex  of  a mor- 
phism of  schemes.  This  section  is  currently  in  the  obsolete  chapter  as  we  can  get 
by  with  the  easier  version  discussed  in  Cotangent,  Section  [75. 24| for  applications. 

Let  / : X — > Y be  a morphism  of  schemes.  Let  Cx/y  be  the  category  whose  objects 
are  commutative  diagrams 


08T6  (93.12.0.1) 


X 

Y 


U 

V 


A 


of  schemes  where 

(1)  U is  an  open  subscheme  of  X, 

(2)  V is  an  open  subscheme  of  Y , and 

(3)  there  exists  an  isomorphism  A = V x Spec  (P)  over  V where  P is  a poly- 
nomial algebra  over  Z (on  some  set  of  variables). 
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In  other  words,  A is  an  (infinite  dimensional)  affine  space  over  V.  Morphisms  are 
given  by  commutative  diagrams. 


Notation.  An  object  of  Cx/Yi  he.,  a diagram  (93.12.0.1 ),  is  often  denoted  U -A  A 
where  it  is  understood  that  (a)  U is  an  open  subscheme  of  X , (b)  U — > A is  a 
morphism  over  Y , (c)  the  image  of  the  structure  morphism  A -A  Y is  an  open 
V C Y,  and  (d)  A — ► V is  an  affine  space.  We’ll  write  U — > A/V  to  indicate  V C Y 
is  the  image  of  A — >■  Y . Recall  that  Xzar  denotes  the  small  Zariski  site  X.  There 
are  forgetful  functors 


Cx/y  ~ t Xzan  {U  — > A)  > U and  Cx/y  i— ► Xzod  {U  -a  A/V)  h > V. 

08T7  Lemma  93.12.1.  Let  X —>Y  be  a morphism  of  schemes. 

(1)  The  category  Cx/y  is  fibred  over  Xzar- 

(2)  The  category  Cx/y  is  fibred  overYzar- 

(3)  The  category  Cx/y  is  fibred  over  the  category  of  pairs  ( U , V ) where  U C X, 
V C Y are  open  and  f(U ) C V. 


Proof.  Ad  (1).  Given  an  object  U — > A of  Cx/y  and  a morphism  [/'—)•  U of 
Xzar  consider  the  object  i'  : U'  —>  A of  Cx/y  where  i'  is  the  composition  of  i and 
U'  — > U.  The  morphism  ([/'  — ► A)  — > (U  — > A)  of  Cx/y  is  strongly  cartesian  over 
X-Zar- 

Ad  (2).  Given  an  object  U —*■  A/V  and  V'  — > V we  can  set  U'  = U n /_1(W)  and 
A!  = V'  Xy  A to  obtain  a strongly  cartesian  morphism  (U'  -x  A')  — ► (U  — > A)  over 
V'  -A  V. 


Ad  (3).  Denote  ( X/Y)zar  the  category  in  (3).  Given  U — > A/V  and  a morphism 
([/',  V')  — > ( U , P)  in  ( X/Y)zar  we  can  consider  A'  = V'  xv  A.  Then  the  morphism 
{U'  — > A! /V')  — > (U  — > A/V)  is  strongly  cartesian  in  Cx/y  over  (A'/ Y)zar-  □ 


We  obtain  a topology  tx  on  Cx/y  by  using  the  topology  inherited  from  Xzar  (see 
Stacks,  Section  8.101.  If  not  otherwise  stated  this  is  the  topology  on  Cx/y  we  will 
consider.  To  be  precise,  a family  of  morphisms  {([/*  — > A./)  — ► (U  — > A)}  is  a 
covering  of  Cx/y  if  and  only  if 

(1)  U = \JUU  and 

(2)  Ai  = A for  all  i. 


We  obtain  the  same  collection  of  sheaves  if  we  allow  A,  = A in  (2) . The  functor  u 
defines  a morphism  of  topoi  n : Sh(Cx/Y ) —• > Sh(Xzar)- 


The  site  Cx/y  comes  with  several  sheaves  of  rings. 

(1)  The  sheaf  O given  by  the  rule  (C/  — A)  i — >-  O(A). 

(2)  The  sheaf  Q_x  = n~^Ox  given  by  the  rule  (C/  — >■  A)  i — >•  0(U). 

(3)  The  sheaf  Oy  given  by  the  rule  ( U — > A/V ) i-A  0(V). 

We  obtain  morphisms  of  ringed  topoi 


08T8  (93.12.1.1) 


(Sh(Cx/Y),Ox) 


7 r 

Y 

(Sh(Xzar),0X) 


(■ SHCx/y),0 ) 


The  morphism  i is  the  identity  on  underlying  topoi  and  : O Ox  is  the  obvious 
map.  The  map  n is  a special  case  of  Cohomology  on  Sites,  Situation  |21.29.l]  An 
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important  role  will  be  played  in  the  following  by  the  derived  functors  Li*  : D(<D)  — > 
D(0_x)  adjoint  to  ffi*  = «*  : D(0_x)  -A  D(0 ) and  Ltt\  : D(Ox)  — A D(Ox) 
left  adjoint  to  n*  = 7r_1  : D(Ox)  —A  D(Ox). 

08TA  Remark  93.12.2.  We  obtain  a second  topology  ry  on  Cjf/y  by  taking  the  topology 
inherited  from  Yzar ■ There  is  a third  topology  tx^y  where  a family  of  morphisms 
{(Ui  —A  At)  —A  (U  —A  A)}  is  a covering  if  and  only  if  U = [JUi,  V = \J  Vi 
and  Ai  = Vi  Xy  A.  This  is  the  topology  inherited  from  the  topology  on  the  site 
( X/Y)zar  whose  underlying  category  is  the  category  of  pairs  (£/,  V)  as  in  Lemma 


that  U = U Ui  and  V = (J  Vi.  There  are  morphisms  of  topoi 

Sh(Cx/Y ) = Sh(Cx/Y,TX ) Sh(Cx/y  ,tx^y) Sh{Cx/Y,TY) 

(recall  that  tx  is  our  “default”  topology).  The  pullback  functors  for  these  arrows 
are  sheafification  and  pushforward  is  the  identity  on  underlying  presheaves.  The 
diagram  of  topoi 

Sh(XZar)'iz$' |g — Sh(Cx/Y ) 'H~~.^'<Sh{Cx/Y,  tx^y) 

f 

V 

Sh{Yzar)  Sh{CX/Y , Ty) 

is  not  commutative.  Namely,  the  pullback  of  a nonzero  abelian  sheaf  on  Y is  a 
nonzero  abelian  sheaf  on  ( Cx/y,tX-^y ),  but  we  can  certainly  find  examples  where 
such  a sheaf  pulls  back  to  zero  on  X.  Note  that  any  presheaf  J-  on  Yz„r  gives  a 
sheaf  T_  on  Cy/X  by  the  rule  which  assigns  to  (U  —A  A/V)  the  set  X(V).  Even 
if  T happens  to  be  a sheaf  it  isn’t  true  in  general  that  T = This  is 

related  to  the  noncommutativity  of  the  diagram  above,  as  we  can  describe  T as 
the  pushforward  of  the  pullback  of  J-  to  SIi(Cx/y,tx^y)  via  the  lower  horizontal 
and  right  vertical  arrows.  An  example  is  the  sheaf  Oy.  But  what  is  true  is  that 
there  is  a map  T_  —A  TT~1f~1Jr  which  is  transformed  (as  we  shall  see  later)  into  an 
isomorphism  after  applying  7n . 


93.12.1  part  (3).  The  coverings  of  ( X/Y)zar  are  families  {(17),  Vi)  —A  (17,  V)}  such 
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In  this  section  we  sketch  a construction  of  a deformation  theory  for  the  stack  of 
coherent  sheaves  for  any  algebraic  space  X over  a ring  A.  This  material  is  obsolete 


due  to  the  improved  discussion  in  Quot,  Section  81.6 


Our  setup  will  be  the  following.  We  assume  given 

(1)  a ring  A, 

(2)  an  algebraic  space  X over  A, 

(3)  a A-algebra  A,  set  Xx  = X xspec(A)  Spec(A),  and 

(4)  a finitely  presented  Oj^-module  T flat  over  A. 

In  this  situation  we  will  consider  all  possible  surjections 


0— a/— aA'  — aA-aO 


where  A'  is  a A-algebra  whose  kernel  I is  an  ideal  of  square  zero  in  A'.  Given  A! 
we  obtain  a first  order  thickening  Xx  -A  Xjy  of  algebraic  spaces  over  Spec  (A).  For 
each  of  these  we  consider  the  problem  of  lifting  T to  a finitely  presented  module  T' 
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on  Xa'  flat  over  A'.  We  would  like  to  replicate  the  results  of  Deformation  Theory, 
Lemma  [74 . 1 1 . 1 1 in  this  setting. 

To  be  more  precise  let  Lift(F,  A’)  denote  the  category  of  pairs  (P,  a)  where  P is  a 
finitely  presented  module  on  Xa>  flat  over  A'  and  a : P\xA  — >•  T is  an  isomorphism. 
Morphisms  (Jr(,ai)  — > {P^af)  are  isomorphisms  -A  P2  which  are  compatible 
with  a\  and  «2-  The  set  of  isomorphism  classes  of  LiftjfF , A')  is  denoted  Lift(.F,  A'). 

Let  Q be  a sheaf  of  Ox  ®a  A-modules  on  X^taie  flat  over  A.  We  introduce  the 
category  Lift(Q,A’)  of  pairs  {G',/3)  where  G'  is  a sheaf  of  Ox  ®A  W-modules  flat 
over  A'  and  /3  is  an  isomorphism  Q'  A -A  Q. 

08W0  Lemma  93.13.1.  Notation  and  assumptions  as  above.  Let  p : Xa  — > X denote 
the  projection.  Given  A'  denote  p'  : X 'a'  -a  X the  projection.  The  functor  p * 
induces  an  equivalence  of  categories  between 

(1)  the  category  Lift(fF,A '),  and 

(2)  the  category  Lift(p*F,  A') . 

Proof.  FIXME.  □ 


08W1 


Let  TL  be  a sheaf  of  O®  a A-modules  on  Cx/a  Sat  over  A.  We  introduce  the  category 
Lift0(TL , A')  whose  objects  are  pairs  (TL' , 7)  where  TL'  is  a sheaf  of  O ®a  ^'-modules 
flat  over  A'  and  7 : TL'  (g>A  A!  — > TL  is  an  isomorphism  of  O ^-modules. 


Let  Q be  a sheaf  of  Ox  ®a  Al-modules  on  Xetaie  flat  over  A.  Consider  the  morphisms 
i and  tt  of  Cotangent,  Equation  (75.26.1.1 1.  Denote  Q_  = 7r ~1(G).  It  is  simply  given 
by  the  rule  (U  — > A)  i-a  G(U)  hence  it  is  a sheaf  of  Ox  ®A  ^.-modules.  Denote  i*G 
the  same  sheaf  but  viewed  as  a sheaf  of  O ®a  ^-modules. 


Lemma  93.13.2.  Notation  and  assumptions  as  above.  The  functor  m induces  an 
equivalence  of  categories  between 

(1)  the  category  Lift0(i*Gi  A'),  and 

(2)  the  category  Lift(G,A'). 


Proof.  FIXME. 


□ 


08W2 


Lemma  93.13.3. 

object 


Notation  and  assumptions  as  in  Lemma 


93.13.2. 


Consider  the 


L = L(A,X,A,G)  = LnfLi*{u(G))) 

of  D (Ox  ®A  A).  Given  a surjection  A!  — > A of  A- algebras  with  square  zero  kernel 
I we  have 

(1)  The  category  Lift{G,A')  is  nonempty  if  and  only  if  a certain  class  f £ 

G ®a  I)  is  zero. 

(2)  If  Lift(G , A')  is  nonempty,  then  LiftLfG , A')  is  principal  homogeneous  under 
^'^Ox®a(T,  G ®a  I)- 

(3)  Given  a lift  G' , the  set  of  automorphisms  of  G'  which  pull  back  to  idg  is 
canonically  isomorphic  to  Ex^q^^a^L,  G I)- 


Proof.  FIXME. 


□ 


Finally,  we  put  everything  together  as  follows. 

08W3  Proposition  93.13.4.  With  A,  X,  A,  LF  as  above.  There  exists  a canonical  object 
L = L(A,X,A,F)  of  D(X a)  such  that  given  a surjection  A'  — > A of  A- algebras 
with  square  zero  kernel  I we  have 
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08W4 

0AS3 

0AE4 

0B50 


(1)  The  category  Lift(F,A')  is  nonempty  if  and  only  if  a certain  class  £ £ 
Ex^Xa  (L,  F I)  is  zero. 

(2)  If  Lift(F , A')  is  nonempty , then  Lift(F,A')  is  principal  homogeneous  un- 
der ExtxA  ( L , F ®a  I)  ■ 

(3)  Given  a lift  IF' , the  set  of  automorphisms  of  F'  which  pull  back  to  idjr  is 
canonically  isomorphic  to  Ext°XA(L,F  ®a  !)■ 

Proof.  FIXME.  □ 


Lemma  93.13.5.  In  the  situation  of  Proposition  93.13.4.  if  X Spec(A)  is 


locally  of  finite  type  and  A is  Noetherian,  then  L is  pseudo-coherent. 


Proof.  FIXME. 


□ 


93.14.  Modifications 

Here  is  a obsolete  result  on  the  category  of  Restricted  Power  Series,  Equation 


(71.13.0.1).  Please  visit  Restricted  Power  Series,  Section  71.13  for  the  current 


material. 

Lemma  93.14.1.  Let  (A,m,  k)  be  a Noetherian  local  ring.  The  category  of  Re- 
stricted Power  Series,  Equation  ( 71.13.0.1 ) for  A is  equivalent  to  the  category  Re- 

) for  the  henselization  Ah  of  A. 


stricted  Power  Series,  Equation  (7 1.13.0.1 


Proof.  This  is  a special  case  of  Restricted  Power  Series,  Lemma  [71. 13. 3| 


□ 


The  following  lemma  on  rational  singularities  is  no  longer  needed  in  the  chapter  on 
resolving  surface  singularities. 


Lemma  93.14.2.  In  Resolution  of  Surfaces,  Situation  f7.9.1  Let  M be  a finite 
reflexive  A-module.  Let  M ®a  denote  the  pullback  of  the  associated  Os -module. 
Then  M ®a  Ox  maps  onto  its  double  dual. 

Proof.  Let  F = ( M ®a  Ox)**  be  the  double  dual  and  let  F'  C F be  the  image  of 
the  evaluation  map  M ®a  Ox  — > F.  Then  we  have  a short  exact  sequence 

O-tT'-tT^S^O 

Since  X is  normal,  the  local  rings  Ox,x  are  discrete  valuation  rings  for  points  of 


codimension  1 (see  Properties,  Lemma  27.12.5).  Hence  Qx  = 0 for  such  points  by 
More  on  Algebra,  Lemma  |15.17.3|  Thus  Q is  supported  in  finitely  many  closed 
points  and  is  globally  generated  by  Cohomology  of  Schemes,  Lemma  [29.9.10  We 
obtain  the  exact  sequence 

0 H°  (X,  F')  H°(X,  F)  -»•  H°(X,  Q)  -»■  0 


because  F'  is  generated  by  global  sections  (Resolution  of  Surfaces,  Lemma  47.9.2). 
Since  X — > Spec  (A)  is  an  isomorphism  over  the  complement  of  the  closed  point, 
and  since  M is  reflexive,  we  see  that  the  maps 

M ->•  H°(X,F')  — t H°(X,  F) 

induce  isomorphisms  after  localization  at  any  nonmaximal  prime  of  A.  Hence  these 
maps  are  isomorphisms  by  More  on  Algebra,  Lemma  |15.17.1l]  and  the  fact  that 
reflexive  modules  over  normal  rings  have  property  (S f)  (More  on  Algebra,  Lemma 
15.17.14 1.  Thus  we  conclude  that  Q = 0 as  desired.  □ 
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93.15.  Intersection  theory 


OAYK 

02TL 


Lemma  93.15.1.  Let  (S,5)  be  as  in  Chow  Homology,  Situation  41.8.1  Let  X be 
locally  of  finite  type  over  S.  Let  X be  integral  and  n = dim^A).  Let  a €V(X,  Ox) 
be  a nonzero  function.  Let  i : D = Z(a)  — > X be  the  closed  immersion  of  the  zero 
scheme  of  a.  Let  f € R(X)* . In  this  case  i*divx(f)  = 0 in  A„_2(D). 


Proof.  Special  case  of  Chow  Homology,  Lemma [41.29. 1| 


□ 


93.16.  Duplicate  references 


09AQ  This  section  is  a place  where  we  collect  duplicates. 

03IF  Lemma  93.16.1.  Let  S be  a scheme.  Let  X be  an  algebraic  space  over  S.  The 
map  {Spec(fc)  — > X monomorphism}  -A  |X|  is  injective. 


03QZ 


06IF 


Proof.  This  is  a duplicate  of  Properties  of  Spaces,  Lemma  [53.4. 11|  □ 

Theorem  93.16.2.  Let  S = Spec(A')  with  I\  a field.  Let  s be  a geometric  point  of 
S.  Let  G = GalK(s)  denote  the  absolute  Galois  group.  Then  there  is  an  equivalence 
of  categories  Sh{Snaie)  — i * G-Sets,  T ha  T-g. 


Proof.  This  is  a duplicate  of  Etale  Cohomology,  Theorem 


49.56.3 


□ 


Remark  93.16.3.  You  got  here  because  of  a duplicate  tag.  Please  see  Formal 
Deformation  Theory,  Section  [73. 11| for  the  actual  content. 
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Version  1.2,  November  2002 

Copyright  ©2000,  2001,  2002  Free  Software  Foundation,  Inc. 

51  Franklin  St,  Fifth  Floor,  Boston,  MA  02110-1301  USA 

Everyone  is  permitted  to  copy  and  distribute  verbatim  copies  of  this  license 
document,  but  changing  it  is  not  allowed. 

Preamble 

The  purpose  of  this  License  is  to  make  a manual,  textbook,  or  other  functional 
and  useful  document  ” free”  in  the  sense  of  freedom:  to  assure  everyone  the  effective 
freedom  to  copy  and  redistribute  it,  with  or  without  modifying  it,  either  commer- 
cially or  noncommercially.  Secondarily,  this  License  preserves  for  the  author  and 
publisher  a way  to  get  credit  for  their  work,  while  not  being  considered  responsible 
for  modifications  made  by  others. 

This  License  is  a kind  of  ’’copyleft”,  which  means  that  derivative  works  of  the 
document  must  themselves  be  free  in  the  same  sense.  It  complements  the  GNU 
General  Public  License,  which  is  a copyleft  license  designed  for  free  software. 

We  have  designed  this  License  in  order  to  use  it  for  manuals  for  free  software, 
because  free  software  needs  free  documentation:  a free  program  should  come  with 
manuals  providing  the  same  freedoms  that  the  software  does.  But  this  License  is 
not  limited  to  software  manuals;  it  can  be  used  for  any  textual  work,  regardless  of 
subject  matter  or  whether  it  is  published  as  a printed  book.  We  recommend  this 
License  principally  for  works  whose  purpose  is  instruction  or  reference. 

94.1.  APPLICABILITY  AND  DEFINITIONS 

05BG  This  License  applies  to  any  manual  or  other  work,  in  any  medium,  that  contains 
a notice  placed  by  the  copyright  holder  saying  it  can  be  distributed  under  the  terms 
of  this  License.  Such  a notice  grants  a world-wide,  royalty-free  license,  unlimited  in 
duration,  to  use  that  work  under  the  conditions  stated  herein.  The  ’’Document”, 
below,  refers  to  any  such  manual  or  work.  Any  member  of  the  public  is  a licensee, 
and  is  addressed  as  ’’you”.  You  accept  the  license  if  you  copy,  modify  or  distribute 
the  work  in  a way  requiring  permission  under  copyright  law. 

A ’’Modified  Version”  of  the  Document  means  any  work  containing  the 
Document  or  a portion  of  it,  either  copied  verbatim,  or  with  modifications  and/or 
translated  into  another  language. 

A ’’Secondary  Section”  is  a named  appendix  or  a front-matter  section  of 
the  Document  that  deals  exclusively  with  the  relationship  of  the  publishers  or  au- 
thors of  the  Document  to  the  Document’s  overall  subject  (or  to  related  matters) 
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and  contains  nothing  that  could  fall  directly  within  that  overall  subject.  (Thus,  if 
the  Document  is  in  part  a textbook  of  mathematics,  a Secondary  Section  may  not 
explain  any  mathematics.)  The  relationship  could  be  a matter  of  historical  connec- 
tion with  the  subject  or  with  related  matters,  or  of  legal,  commercial,  philosophical, 
ethical  or  political  position  regarding  them. 

The  ’’Invariant  Sections”  are  certain  Secondary  Sections  whose  titles  are 
designated,  as  being  those  of  Invariant  Sections,  in  the  notice  that  says  that  the 
Document  is  released  under  this  License.  If  a section  does  not  fit  the  above  def- 
inition of  Secondary  then  it  is  not  allowed  to  be  designated  as  Invariant.  The 
Document  may  contain  zero  Invariant  Sections.  If  the  Document  does  not  identify 
any  Invariant  Sections  then  there  are  none. 

The  ’’Cover  Texts”  are  certain  short  passages  of  text  that  are  listed,  as 
Front-Cover  Texts  or  Back-Cover  Texts,  in  the  notice  that  says  that  the  Document 
is  released  under  this  License.  A Front-Cover  Text  may  be  at  most  5 words,  and  a 
Back-Cover  Text  may  be  at  most  25  words. 

A ’’Transparent”  copy  of  the  Document  means  a machine-readable  copy, 
represented  in  a format  whose  specification  is  available  to  the  general  public,  that  is 
suitable  for  revising  the  document  straightforwardly  with  generic  text  editors  or  (for 
images  composed  of  pixels)  generic  paint  programs  or  (for  drawings)  some  widely 
available  drawing  editor,  and  that  is  suitable  for  input  to  text  formatters  or  for 
automatic  translation  to  a variety  of  formats  suitable  for  input  to  text  formatters. 
A copy  made  in  an  otherwise  Transparent  file  format  whose  markup,  or  absence 
of  markup,  has  been  arranged  to  thwart  or  discourage  subsequent  modification  by 
readers  is  not  Transparent.  An  image  format  is  not  Transparent  if  used  for  any 
substantial  amount  of  text.  A copy  that  is  not  "Transparent”  is  called  ’’Opaque”. 

Examples  of  suitable  formats  for  Transparent  copies  include  plain  ASCII  with- 
out markup,  Texinfo  input  format,  LaTeX  input  format,  SGML  or  XML  using 
a publicly  available  DTD,  and  standard-conforming  simple  HTML,  PostScript  or 
PDF  designed  for  human  modification.  Examples  of  transparent  image  formats  in- 
clude PNG,  XCF  and  JPG.  Opaque  formats  include  proprietary  formats  that  can  be 
read  and  edited  only  by  proprietary  word  processors,  SGML  or  XML  for  which  the 
DTD  and/or  processing  tools  are  not  generally  available,  and  the  machine-generated 
HTML,  PostScript  or  PDF  produced  by  some  word  processors  for  output  purposes 
only. 

The  ’’Title  Page”  means,  for  a printed  book,  the  title  page  itself,  plus  such 
following  pages  as  are  needed  to  hold,  legibly,  the  material  this  License  requires  to 
appear  in  the  title  page.  For  works  in  formats  which  do  not  have  any  title  page 
as  such,  "Title  Page”  means  the  text  near  the  most  prominent  appearance  of  the 
work’s  title,  preceding  the  beginning  of  the  body  of  the  text. 

A section  ’’Entitled  XYZ”  means  a named  subunit  of  the  Document  whose 
title  either  is  precisely  XYZ  or  contains  XYZ  in  parentheses  following  text  that 
translates  XYZ  in  another  language.  (Here  XYZ  stands  for  a specific  section  name 
mentioned  below,  such  as  ’’Acknowledgements”,  ’’Dedications”,  ’’Endorse- 
ments”, or  ’’History”.)  To  ’’Preserve  the  Title”  of  such  a section  when  you 
modify  the  Document  means  that  it  remains  a section  "Entitled  XYZ”  according 
to  this  definition. 

The  Document  may  include  Warranty  Disclaimers  next  to  the  notice  which 
states  that  this  License  applies  to  the  Document.  These  Warranty  Disclaimers 
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are  considered  to  be  included  by  reference  in  this  License,  but  only  as  regards 
disclaiming  warranties:  any  other  implication  that  these  Warranty  Disclaimers  may 
have  is  void  and  has  no  effect  on  the  meaning  of  this  License. 

94.2.  VERBATIM  COPYING 

05BH  You  may  copy  and  distribute  the  Document  in  any  medium,  either  commer- 

cially or  noncommercially,  provided  that  this  License,  the  copyright  notices,  and 
the  license  notice  saying  this  License  applies  to  the  Document  are  reproduced  in  all 
copies,  and  that  you  add  no  other  conditions  whatsoever  to  those  of  this  License. 
You  may  not  use  technical  measures  to  obstruct  or  control  the  reading  or  further 
copying  of  the  copies  you  make  or  distribute.  However,  you  may  accept  compensa- 
tion in  exchange  for  copies.  If  you  distribute  a large  enough  number  of  copies  you 
must  also  follow  the  conditions  in  section  3. 

You  may  also  lend  copies,  under  the  same  conditions  stated  above,  and  you 
may  publicly  display  copies. 

94.3.  COPYING  IN  QUANTITY 

05BI  If  you  publish  printed  copies  (or  copies  in  media  that  commonly  have  printed 
covers)  of  the  Document,  numbering  more  than  100,  and  the  Document’s  license 
notice  requires  Cover  Texts,  you  must  enclose  the  copies  in  covers  that  carry,  clearly 
and  legibly,  all  these  Cover  Texts:  Front-Cover  Texts  on  the  front  cover,  and  Back- 
Cover  Texts  on  the  back  cover.  Both  covers  must  also  clearly  and  legibly  identify 
you  as  the  publisher  of  these  copies.  The  front  cover  must  present  the  full  title  with 
all  words  of  the  title  equally  prominent  and  visible.  You  may  add  other  material  on 
the  covers  in  addition.  Copying  with  changes  limited  to  the  covers,  as  long  as  they 
preserve  the  title  of  the  Document  and  satisfy  these  conditions,  can  be  treated  as 
verbatim  copying  in  other  respects. 

If  the  required  texts  for  either  cover  are  too  voluminous  to  fit  legibly,  you 
should  put  the  first  ones  listed  (as  many  as  fit  reasonably)  on  the  actual  cover,  and 
continue  the  rest  onto  adjacent  pages. 

If  you  publish  or  distribute  Opaque  copies  of  the  Document  numbering  more 
than  100,  you  must  either  include  a machine-readable  Transparent  copy  along  with 
each  Opaque  copy,  or  state  in  or  with  each  Opaque  copy  a computer-network  lo- 
cation from  which  the  general  network-using  public  has  access  to  download  using 
public-standard  network  protocols  a complete  Transparent  copy  of  the  Document, 
free  of  added  material.  If  you  use  the  latter  option,  you  must  take  reasonably  pru- 
dent steps,  when  you  begin  distribution  of  Opaque  copies  in  quantity,  to  ensure 
that  this  Transparent  copy  will  remain  thus  accessible  at  the  stated  location  until 
at  least  one  year  after  the  last  time  you  distribute  an  Opaque  copy  (directly  or 
through  your  agents  or  retailers)  of  that  edition  to  the  public. 

It  is  requested,  but  not  required,  that  you  contact  the  authors  of  the  Document 
well  before  redistributing  any  large  number  of  copies,  to  give  them  a chance  to 
provide  you  with  an  updated  version  of  the  Document. 

94.4.  MODIFICATIONS 

05BJ  You  may  copy  and  distribute  a Modified  Version  of  the  Document  under  the 
conditions  of  sections  2 and  3 above,  provided  that  you  release  the  Modified  Ver- 
sion under  precisely  this  License,  with  the  Modified  Version  filling  the  role  of  the 


94.4.  MODIFICATIONS 


4871 


Document,  thus  licensing  distribution  and  modification  of  the  Modified  Version 
to  whoever  possesses  a copy  of  it.  In  addition,  you  must  do  these  things  in  the 
Modified  Version: 

A.  Use  in  the  Title  Page  (and  on  the  covers,  if  any)  a title  distinct  from  that 
of  the  Document,  and  from  those  of  previous  versions  (which  should,  if 
there  were  any,  be  listed  in  the  History  section  of  the  Document).  You 
may  use  the  same  title  as  a previous  version  if  the  original  publisher  of 
that  version  gives  permission. 

B.  List  on  the  Title  Page,  as  authors,  one  or  more  persons  or  entities  respon- 
sible for  authorship  of  the  modifications  in  the  Modified  Version,  together 
with  at  least  five  of  the  principal  authors  of  the  Document  (all  of  its  prin- 
cipal authors,  if  it  has  fewer  than  five),  unless  they  release  you  from  this 
requirement. 

C.  State  on  the  Title  page  the  name  of  the  publisher  of  the  Modified  Version, 
as  the  publisher. 

D.  Preserve  all  the  copyright  notices  of  the  Document. 

E.  Add  an  appropriate  copyright  notice  for  your  modifications  adjacent  to 
the  other  copyright  notices. 

F.  Include,  immediately  after  the  copyright  notices,  a license  notice  giving 
the  public  permission  to  use  the  Modified  Version  under  the  terms  of  this 
License,  in  the  form  shown  in  the  Addendum  below. 

G.  Preserve  in  that  license  notice  the  full  lists  of  Invariant  Sections  and  re- 
quired Cover  Texts  given  in  the  Document’s  license  notice. 

H.  Include  an  unaltered  copy  of  this  License. 

I.  Preserve  the  section  Entitled  ’’History”,  Preserve  its  Title,  and  add  to  it 
an  item  stating  at  least  the  title,  year,  new  authors,  and  publisher  of  the 
Modified  Version  as  given  on  the  Title  Page.  If  there  is  no  section  Entitled 
’’History”  in  the  Document,  create  one  stating  the  title,  year,  authors,  and 
publisher  of  the  Document  as  given  on  its  Title  Page,  then  add  an  item 
describing  the  Modified  Version  as  stated  in  the  previous  sentence. 

J.  Preserve  the  network  location,  if  any,  given  in  the  Document  for  public 
access  to  a Transparent  copy  of  the  Document,  and  likewise  the  network 
locations  given  in  the  Document  for  previous  versions  it  was  based  on. 
These  may  be  placed  in  the  ’’History”  section.  You  may  omit  a network 
location  for  a work  that  was  published  at  least  four  years  before  the  Doc- 
ument itself,  or  if  the  original  publisher  of  the  version  it  refers  to  gives 
permission. 

K.  For  any  section  Entitled  ’’Acknowledgements”  or  ’’Dedications”,  Preserve 
the  Title  of  the  section,  and  preserve  in  the  section  all  the  substance 
and  tone  of  each  of  the  contributor  acknowledgements  and/or  dedications 
given  therein. 

L.  Preserve  all  the  Invariant  Sections  of  the  Document,  unaltered  in  their  text 
and  in  their  titles.  Section  numbers  or  the  equivalent  are  not  considered 
part  of  the  section  titles. 

M.  Delete  any  section  Entitled  ’’Endorsements”.  Such  a section  may  not  be 
included  in  the  Modified  Version. 

N.  Do  not  retitle  any  existing  section  to  be  Entitled  ’’Endorsements”  or  to 
conflict  in  title  with  any  Invariant  Section. 
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0.  Preserve  any  Warranty  Disclaimers. 

If  the  Modified  Version  includes  new  front-matter  sections  or  appendices  that 
qualify  as  Secondary  Sections  and  contain  no  material  copied  from  the  Document, 
you  may  at  your  option  designate  some  or  all  of  these  sections  as  invariant.  To 
do  this,  add  their  titles  to  the  list  of  Invariant  Sections  in  the  Modified  Version’s 
license  notice.  These  titles  must  be  distinct  from  any  other  section  titles. 

You  may  add  a section  Entitled  ” Endorsements” , provided  it  contains  nothing 
but  endorsements  of  your  Modified  Version  by  various  parties-for  example,  state- 
ments of  peer  review  or  that  the  text  has  been  approved  by  an  organization  as  the 
authoritative  definition  of  a standard. 

You  may  add  a passage  of  up  to  five  words  as  a Front-Cover  Text,  and  a passage 
of  up  to  25  words  as  a Back-Cover  Text,  to  the  end  of  the  list  of  Cover  Texts  in  the 
Modified  Version.  Only  one  passage  of  Front-Cover  Text  and  one  of  Back-Cover 
Text  may  be  added  by  (or  through  arrangements  made  by)  any  one  entity.  If  the 
Document  already  includes  a cover  text  for  the  same  cover,  previously  added  by 
you  or  by  arrangement  made  by  the  same  entity  you  are  acting  on  behalf  of,  you 
may  not  add  another;  but  you  may  replace  the  old  one,  on  explicit  permission  from 
the  previous  publisher  that  added  the  old  one. 

The  author(s)  and  publisher(s)  of  the  Document  do  not  by  this  License  give 
permission  to  use  their  names  for  publicity  for  or  to  assert  or  imply  endorsement 
of  any  Modified  Version. 

94.5.  COMBINING  DOCUMENTS 

05BK  You  may  combine  the  Document  with  other  documents  released  under  this 
License,  under  the  terms  defined  in  section  4 above  for  modified  versions,  provided 
that  you  include  in  the  combination  all  of  the  Invariant  Sections  of  all  of  the  original 
documents,  unmodified,  and  list  them  all  as  Invariant  Sections  of  your  combined 
work  in  its  license  notice,  and  that  you  preserve  all  their  Warranty  Disclaimers. 

The  combined  work  need  only  contain  one  copy  of  this  License,  and  multiple 
identical  Invariant  Sections  may  be  replaced  with  a single  copy.  If  there  are  multiple 
Invariant  Sections  with  the  same  name  but  different  contents,  make  the  title  of 
each  such  section  unique  by  adding  at  the  end  of  it,  in  parentheses,  the  name  of 
the  original  author  or  publisher  of  that  section  if  known,  or  else  a unique  number. 
Make  the  same  adjustment  to  the  section  titles  in  the  list  of  Invariant  Sections  in 
the  license  notice  of  the  combined  work. 

In  the  combination,  you  must  combine  any  sections  Entitled  ’’History”  in  the 
various  original  documents,  forming  one  section  Entitled  ’’History”;  likewise  com- 
bine any  sections  Entitled  ’’Acknowledgements”,  and  any  sections  Entitled  ’’Dedi- 
cations”. You  must  delete  all  sections  Entitled  ’’Endorsements”. 

94.6.  COLLECTIONS  OF  DOCUMENTS 

05BL  You  may  make  a collection  consisting  of  the  Document  and  other  documents 
released  under  this  License,  and  replace  the  individual  copies  of  this  License  in  the 
various  documents  with  a single  copy  that  is  included  in  the  collection,  provided  that 
you  follow  the  rules  of  this  License  for  verbatim  copying  of  each  of  the  documents 
in  all  other  respects. 

You  may  extract  a single  document  from  such  a collection,  and  distribute  it 
individually  under  this  License,  provided  you  insert  a copy  of  this  License  into  the 
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extracted  document,  and  follow  this  License  in  all  other  respects  regarding  verbatim 
copying  of  that  document. 

94.7.  AGGREGATION  WITH  INDEPENDENT  WORKS 

05BM  A compilation  of  the  Document  or  its  derivatives  with  other  separate  and  inde- 
pendent documents  or  works,  in  or  on  a volume  of  a storage  or  distribution  medium, 
is  called  an  ’’aggregate”  if  the  copyright  resulting  from  the  compilation  is  not  used 
to  limit  the  legal  rights  of  the  compilation’s  users  beyond  what  the  individual  works 
permit.  When  the  Document  is  included  in  an  aggregate,  this  License  does  not  ap- 
ply to  the  other  works  in  the  aggregate  which  are  not  themselves  derivative  works 
of  the  Document. 

If  the  Cover  Text  requirement  of  section  3 is  applicable  to  these  copies  of  the 
Document,  then  if  the  Document  is  less  than  one  half  of  the  entire  aggregate, 
the  Document’s  Cover  Texts  may  be  placed  on  covers  that  bracket  the  Document 
within  the  aggregate,  or  the  electronic  equivalent  of  covers  if  the  Document  is  in 
electronic  form.  Otherwise  they  must  appear  on  printed  covers  that  bracket  the 
whole  aggregate. 

94.8.  TRANSLATION 

05BN  Translation  is  considered  a kind  of  modification,  so  you  may  distribute  trans- 
lations of  the  Document  under  the  terms  of  section  4.  Replacing  Invariant  Sections 
with  translations  requires  special  permission  from  their  copyright  holders,  but  you 
may  include  translations  of  some  or  all  Invariant  Sections  in  addition  to  the  original 
versions  of  these  Invariant  Sections.  You  may  include  a translation  of  this  License, 
and  all  the  license  notices  in  the  Document,  and  any  Warranty  Disclaimers,  provided 
that  you  also  include  the  original  English  version  of  this  License  and  the  original 
versions  of  those  notices  and  disclaimers.  In  case  of  a disagreement  between  the 
translation  and  the  original  version  of  this  License  or  a notice  or  disclaimer,  the 
original  version  will  prevail. 

If  a section  in  the  Document  is  Entitled  ” Acknowledgements” , ” Dedications” , or 
’’History”,  the  requirement  (section  4)  to  Preserve  its  Title  (section  1)  will  typically 
require  changing  the  actual  title. 

94.9.  TERMINATION 

05BP  You  may  not  copy,  modify,  sublicense,  or  distribute  the  Document  except  as 
expressly  provided  for  under  this  License.  Any  other  attempt  to  copy,  modify, 
sublicense  or  distribute  the  Document  is  void,  and  will  automatically  terminate 
your  rights  under  this  License.  However,  parties  who  have  received  copies,  or 
rights,  from  you  under  this  License  will  not  have  their  licenses  terminated  so  long 
as  such  parties  remain  in  full  compliance. 

94.10.  FUTURE  REVISIONS  OF  THIS  LICENSE 

05BQ  The  Free  Software  Foundation  may  publish  new,  revised  versions  of  the  GNU 
Free  Documentation  License  from  time  to  time.  Such  new  versions  will  be  similar 
in  spirit  to  the  present  version,  but  may  differ  in  detail  to  address  new  problems  or 
concerns.  See  http://www.gnu.org/copyleft/. 

Each  version  of  the  License  is  given  a distinguishing  version  number.  If  the 
Document  specifies  that  a particular  numbered  version  of  this  License  ”or  any  later 
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version”  applies  to  it,  you  have  the  option  of  following  the  terms  and  conditions 
either  of  that  specified  version  or  of  any  later  version  that  has  been  published  (not 
as  a draft)  by  the  Free  Software  Foundation.  If  the  Document  does  not  specify  a 
version  number  of  this  License,  you  may  choose  any  version  ever  published  (not  as 
a draft)  by  the  Free  Software  Foundation. 

94.11.  ADDENDUM:  How  to  use  this  License  for  your  documents 

05BR  To  use  this  License  in  a document  you  have  written,  include  a copy  of  the 
License  in  the  document  and  put  the  following  copyright  and  license  notices  just 
after  the  title  page: 

Copyright  ©YEAR  YOUR  NAME.  Permission  is  granted  to 
copy,  distribute  and/or  modify  this  document  under  the  terms 
of  the  GNU  Free  Documentation  License,  Version  1.2  or  any 
later  version  published  by  the  Free  Software  Foundation;  with 
no  Invariant  Sections,  no  Front-Cover  Texts,  and  no  Back-Cover 
Texts.  A copy  of  the  license  is  included  in  the  section  entitled 
” GNU  Free  Documentation  License” . 


If  you  have  Invariant  Sections,  Front-Cover  Texts  and  Back-Cover  Texts,  re- 
place the  ’’with... Texts.”  line  with  this: 


with  the  Invariant  Sections  being  LIST  THEIR  TITLES,  with 
the  Front-Cover  Texts  being  LIST,  and  with  the  Back-Cover 
Texts  being  LIST. 


If  you  have  Invariant  Sections  without  Cover  Texts,  or  some  other  combination 
of  the  three,  merge  those  two  alternatives  to  suit  the  situation. 

If  your  document  contains  nontrivial  examples  of  program  code,  we  recommend 
releasing  these  examples  in  parallel  under  your  choice  of  free  software  license,  such 
as  the  GNU  General  Public  License,  to  permit  their  use  in  free  software. 
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S-pure  in 

S -rational  map  from  X to  Y in|28.9.1~1 
s-1/  in  4.26.4 


30.28.1| 


58.8.1 


U -admissible  blowup  in 
U -admissible  blowup  in 
x is  a point  of  codimension  d on  X in 

153.9.21 

X is  regular  at  x in  [5372472] 
x lies  over  U in  14. 31.21 


abelian  sheaf  on  X in  6.8.1 
abelian  sheaves  in  149. 11. 41 
abelian  variety  in |38.9.1| 
abelian  in  112.5.11 
absolute  frobenius  in|49.79!3 


absolute  Galois  group  in  49.56.1 


absolute  ramification  index  in  15.81.16 


X, 


spaces, etale  m 


53.17.2 


Y is  cartesian  over  X in  169.8.11 
Y -derivation  inll8.32.10l 
2-fibre  product  of  f and  g in  4.30.2| 
2-morphism  from  f to  g in 
2-morphism  from  f to  g in 
etale  at  q in|10.14~ 


7.35.1 


18.8.1 


15.78.1 

15.78.1 

36.46.1 

n 12.20.( 

in  12.21.9 

•)  in 
*)  in 

12.22.5 

12.22.5 

etale  at  x G X in  128.36.11 
etale  at  x G X in  140.11.41 
etale  at  x in  154.38.11 
etale  covering  ofT  in|33.4.1 


abuts  to  Hn 
action  of  G on  the  algebraic  space  X/B 
in  165.8.11 

action  of  G on  the  scheme  X/S 

138.10.11 


etale  covering  of  X in  60.7.1 


etale  covering  in  49.4.1 


acyclic  in 
acyclic  in 


/in  |52.14.4 

r LF  in 

13.16.3 

r RF  in 

13.16.3 

12.12.4 

12.12.10 
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additive  in  EH 
additive  in  112.3.81 


alternating  Cech  complex  in 
alternating  Cech  complex  in 


20.24.1 


56.5.2 


adequate  in 

44.3.2 

amalgamated  sum  in 

4.5.1 

adequate  in 

44.5.1 

ample  on  X/S  in 

28.37.1 

adic  constructible  in  151. 27^41 


an  f -power  torsion  module  in  15.69.1| 


adic * 
adic  in  [ 


annihilator  of  m in  |10.39.3 


adic  in  170.5.71 
admissible  epimorphism  in  |22.7.1 


adic  lisse  in  |51.26.1| 

an  ideal  of  definition  of  R 

in  10.58.1 

adic  lisse  in  |51.27.4| 

analytically  unramified  in 

10.154.9 

adic  morphism  in  70.17.1 

analytically  unramified  in 

10.154.9 

admissible  monomorphism  in  22.7.1| 
admissible  relation  in  141.2.11 


admissible  short  exact  sequence  in  22.7.1 
admissible  in  115. 28. II 
admissible  in  141.2.11 


affine  n-space  over  R in  |26.5.1 
affine  n-space  over  S in  |26.5.1 
affine  blowup  algebra  in  10.69.1 
affine  cone  associated  to  A in  26.7.1 


annihilator  of  M in  10.39.3| 
approximation  by  perfect  complexes 
holds  in  135.13.21 

approximation  by  perfect  complexes 
holds  in  162.13.21 
approximation  holds  for  the 

135.13.11 

approximation  holds  for  the 

162.13.11 


triple 

triple 


affine  formal  algebraic  space  in  70.5.1| 


affine  scheme  in 

25.5.5 

affine  variety  in 

32.21.1| 

affine  in 

28.12.1 

affine  in 

54.20.2 

arithmetic  frobenius  in  49.79.9 
Artinian  inll0.52?Tl 
Artinian  in  189.5.161 
associated  etale  site  inl78.4.ll 
associated  fppf  site  in  |78.4.1 


algebraic  closure  of  k in  K in |9.25.9| 
algebraic  closure  in  |9.10.3 


associated  graded  ring  in  17.21.7| 
associated  morphism  of  fppf  topoi  in 

178.4.51 

associated  points  of  X in  |30.2.1| 

associated  simple  complex  sA * in|  1 2.22.~3] 


algebraic  extension  in  9.8.1 
algebraic  space  over  S in  52.6.1 
algebraic  space  structure  on  Z in|53.11.6| 
algebraic  stack  over  S in  |76.12.1| 
algebraic  stack  structure  on  Z in|82.10i4| 


in 

78.4.1 

in 

12.22.3 

178.4.11 

associated  in  110.62.11 
associated  in  130.2.11 


algebraically  closed  in 

K in  9.25.9  Atiyah  class  in 

75.16.1 

algebraically  closed  in 

9.10.1 

Atiyah  class  in 

75.18.1 

9.10.3 


algebraically  closed  in 
algebraically  independent  in 
algebraic  in 
algebraic  in 
algebraic  in 
algebraic  in 


augmentation  e : U — i X of  U towards 
an  object  X of  C in  14.20.1| 


9.8.1 

auto- associated  in  1 1 5 . 9 . 1 1 

9.27.1 

automorphism  functor  of  x in  73.18.5 

49.56.1 

automorphisms  of  E over 

F in  9.14.7 

79.8.1 

automorphisms  of  E/F  in 

9.14.7 

almost  cocontinuous  in  17.41.31 


Bezout  domain  in  115.85.51 


base  change  of  F'  to  S in  52.16.2 


alteration  of  X in 

28.47.12 

base  change  in 

10.13.1 

alteration  of  X in 

59.5.3 

base  change  in 

10.13.1 
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25.18.1 


25.18.1 


base  change  in 
base  change  in 
base  change  in 
base  extension  along  f in  34.4.15 


25.18.1 


base  for  the  topology  on  X in  5.4.1 
base  point  in |48.5.1| 


basis  for  the  topology  on  X in  |5.4.1| 
big  r-site  of  S in  49.20.4| 


big  r-topos  in|49.21~ 


big  etale  site  of  S in  33.4.8 
big  etale  site  over  S in  49.27.3| 
big  etale  site  in  |33.4.6| 
big  affine  etale  site  of  S in  33.4.8| 
big  affine  fppf  site  of  S in  |33.7.8| 


big  affine  pro-etale  site  of  S in  51.11.12 


big  affine  smooth  site  of  S in  33.5.8 
big  affine  syntomic  site  of  S in|33.6.8l 


big  affine  Zariski  site  of  S in |33.3.7 
big  crystalline  site  in  50.8.4| 


big  fppf  site  of  S in  33.7.8 


big  fppf  site  in  |33.7.6 


big  pro-etale  site  of  S in  51. 11. 12] 
big  pro-etale  site  in|51.1ll8| 
big  smooth  site  of  S in  |33.5.8| 


big  smooth  site  in|33.5.6 


big  syntomic  site  of  S in  33.6.8 


big  syntomic  site  in|33.6.6 
big  Zariski  site  of  S in|33.377| 


big  Zariski  site  in  |33.3.5 
big  in  |49.27.3 


birational  in  [28.9.101 

birational  in  128.46.11 

birational  in  155.20. II 

bivariant  class  c of  degree  p for  f in 

I4l.32.ll 

blowing  up  X'  — > X of  X at  x in  72.4.1 
blowing  up  of  X along  Z in 
blowing  up  of  X along  Z in 


30.26.1 


58.6.1 


blowup  algebra  in  10.69.1 
bounded  above  in  112.21.71 
bounded  above  in  113.8. ll 
bounded  below  inll2.21?7l 
bounded  below  inll3.8.ll 
bounded  derived  category  in  13.11.3 


bounded  filtered  derived  category  in 
113.14.71 

bounded  in  112.21.71 
bounded  in  113.8.11 

bounds  the  degrees  of  the  fibres  of  f in 

128.51.11 

Brauer  group  in 
Brauer  group  in 


11.5.2 


49.60.41 


canonical  descent  datum  in  18.3.51 
canonical  descent  datum  in  134.2.31 


canonical  descent  datum  in  134.30.10 


canonical  descent  datum  in  134.30. Ill 
canonical  descent  datum  in  161.3.31 
canonical  descent  datum  in  161. 19.101 
canonical  descent  datum  in  161. 19. Ill 
canonical  scheme  structure  on  T 
128.26.31 

canonical  section  in  130. 11. 141 
canonical  topology  in  |7.45.12| 


Cartan-Eilenberg  resolution  in  13.21.1 

cartesian  in  14.6.21 

cartesian  in  138.21.11 

cartesian  in  169.8.11 

cartesian  in  169.9.11 

Cartier  divisor  in  189.34.11 


categorical  quotient  in  C in  68.4.1 


categorical  quotient  in  schemes  in  68.4.1 


of 


categorical  quotient  in  the  category 
schemes  in  168.4.11 
categorical  quotient  in |68.4.1| 
category  T of  formal  objects  of  T in 

173.7.11 

category  cofibered  in  groupoids  over  C in 
I7TT5J1  ' 

category  fibred  in  discrete  categories  in 

IX37X 


category  fibred  in  setoids  in  4.38.2 


blowing  up  of  X in  the  ideal  sheaf  X in 
130.26.  II 

blowing  up  of  X in  the  ideal  sheaf  I in 


category  fibred  in  sets  in  |4.37.2 


category  of  (cochain)  complexes  in  13.8.1 


category  of  complexes  of  A in  |22.19.3 


category  of  cosimplicial  objects  of  C in 

114.5.11 

category  of  finite  filtered  objects  of  A in 

113. 14.  II 

category  of  graded  objects  of  A in|12.15.I1 
category  of  groupoids  in  functors  on  C in 

173.1 9.1 1 

category  of  sheaves  of  sets  in |49.11.4| 
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category  of  simplicial  objects  of  C 

urn ' 

category  in  |4.2.1 
catenary  in 
catenary  in 
catenary  in 
catenary  in 


5.10.4 


10.104.1| 


27.11.1 


89.12.1 


Cech  cohomology  groups  in  121.9. 1| 


cocartesian  in  14.9.21 
cocontinuous  in  17.19.11 
cocycle  condition  in 
cocycle  condition  in 
cocycle  condition  in 
cocycle  condition  in 
cocycle  condition  in 
cocycle  condition  in 


8.3.1 


34.2.1 


34.3.1 


34.30.11 


6DTT1 


61.19.11 


centered  in|10.49.l| 

codirected  in|4.20.1| 

center  in  |30-2@.lJ 

codirected  in|4.20.l| 

center  in  |58.6.1| 

coefficient  ring  in 

10.152.41 

central  in |11.2.4| 

coequalizer  in  4.11.1 

chain  of  irreducible  closed  subsets  in 

cofiltered  in 

4.20.1 

m 

cofiltered  in 

4.20.1 

change  of  base  of  X'  in  76.19.3 
characteristic  in  M3\ 


chern  classes  of  £ on  X in  41.34. 1| 
choice  of  pullbacks  in|4452^6l 


Chow  cohomology  in  |41.32.2 


sheaf  of  ideals  X in  25.4.4 


closed  subspace  in|52.12~ 


closed  substack  in  182.9.81 


closed  subtopos  in  7.42.6 
closed  in  15.16.21 
closed  in  154.9.21 
closed  in  183.11.21 
closed  in  189.5.221 

coarse  quotient  in  schemes  in  68.6.1 
coarse  quotient  in  |68.6.1| 


cofinal  in  |4. 17.1 


Cohen  ring  in  10. 152. 5] 

Cohen- Macaulay  at  x in  |36.17.1 


Chow  group  of  k-cycles  modulo  rational 
equivalence  on  X in|41.20?l1 
Chow  group  of  k-cycles  on  X in|41.20.T1 
class  group  of  A in  89.15.3| 
classical  case  in  173.3.11 


classical  generator  in  13.33.2 
classical  inl70.5.7l 

closed  immersion  of  ringed  spaces  in 

Il7.13.ll 

closed  immersion  in 
closed  immersion  in  125.4. ll 
closed  immersion  in  125. 10^21 
closed  immersion  in  152. 12?ll 
closed  immersion  inl70.20?ll 
closed  immersion  in  182.9. ll 


Cohen- Macaulay  in 
Cohen- Macaulay  in 
Cohen- Macaulay  in 
Cohen- Macaulay  in 
Cohen- Macaulay  in 
Cohen- Macaulay  in 
Cohen- Macaulay  in 


10.102.1 

10.102.1 

0 

10.103.1 

10.103.6 

27.8.1| 

29.11.2 

89.21.1 

e in |17.12.1| 
110.89.11 

closed  subgroup  scheme  in  38.4.3 
closed  subscheme  inl25.10!2l 
closed  subspace  of  X associated  to  the 


coherent  in  118.23.11 
coherent  in  156.11.11 
coherent  in  189.29.61 
cohomological  8-functor  in|12.11  !T] 
cohomological  in  |13.3.5 
cohomology  modules  in  41.3.1 
cohomology  modules  in  41.3.1 
coimage  of  f in  12.3.9 


cokernel  in  112.3.91 
colimit  in  14.14.21 
colimit  in  189.2.31 

combinatorially  equivalent  in|7.8.2| 
commutative  in  122.3.41 
compact  object  in|13.34A 


compactly  generated  in  13.34.5| 
compatible  with  the  differential  graded 
structure  in  123.6.41 

compatible  with  the  triangulated  struc- 
ture in  113.5.11 
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complete  devissage  of  F/X/S  at  x in 

137X21 

complete  devissage  of  J-/X/S  over  s in 

I37XT1 

complete  devissage  of  N/S/R  at  c|  in 

IH7.fi.4l 

complete  devissage  of  N/S/R  over  t in 

137X21 

complete  intersection  (over  k)  in 

110.1HH.51 

complete  intersection  in  23.8. 5| 


complete  local  ring  in  |10. 152.1 


6.21.9 


composition  of 
spaces  in  |6.25.3| 
composition  of 
topoi  in  |18.7.1| 


morphisms 

morphisms 


of 

of 


ringed 

ringed 


composition  in 

4.28.1 

composition  in 

7.15.4 

compositum  of  K and  L in  fl  in  9.26.1 
computes  in 


13.15.10 


13.15.10 


73.15.1 


80.5.1 


computes  in 
condition  (RS)  in 
condition  (RS)  in 
condition  (RS*)  in  80.18.2 
conditions  (SI)  and  (S2)  in 
C 


73.9.1 
S over  S in  126.7.21 


cone  7 r 

cone  associated  to  A in  126.7.11 
cone  in  H3XT1 
cone  in  122.6. ll 
connected  component  in 
connected  component  in 
connected  in  14.16.11 
connected  in  15.6.11 
connected  in  189.5.261 


5.6.1 


89.5.261 


of  Z in  X 
of  Z in  X 


completed  tensor  product  in  |70.4.6| 
completely  normal  in|10.364| 
completion  ([/,  R,  s , t , c)A  of  (U,  R,  s , t , c) 

in  173.20.21  

completion  of  T in|73.7.3l 
completion  of  X along  T in  |70.9.3| 

complex  in  |12.5.7|  

composition  f o g in |7.16.1 


conormal  algebra  Cz/x* 

130.16.11 

conormal  algebra  Cz/x* 

imxti 

conormal  algebra  of  f in  30.16.1 
conormal  algebra  of  i in  63.6.1 
conormal  module  in  IIP. 145.21 
conormal  sheaf  Cz/x  of  Z 

128.32.11 

conormal  sheaf  Cz/x  of  Z in  X in 
conormal  sheaf  of  i in  28.32.1| 
conormal  sheaf  of  i in 


A' 


63.5.1 


63.5.1 


36.5.2 


63.13.5| 


conormal  sheaf  of  Z over  X in 
conormal  sheaf  of  Z over  X in 
conservative  in  17.37.11 
constant  presheaf  with  value  A in  6.3.2 
constant  sheaf  with  value  A in  6.7.4| 
constant  sheaf  with  value  A in 
constant  sheaf  with  value  E in 


49.67.1 


49.67.1 


constant  sheaf  with  value  M in  49.67.1 


composition  of  ip  and  ip  in 
composition  of  morphisms  of  germs  in 
134.16.11 

composition  of  morphisms  of  ringed  sites 
inll8.6.1l 


in 

18.42.1 

in 

49.23.1 

in 

49.67.1 

in 

49.67.1 

in 

49.67.1 

constructible  A-sheafin  51.26.1 

constructible  in  15. 14. ll 

constructible  inl49.68.Tl 

constructible  inl49.68.Tl 

constructible  inl49.68.Tl 

constructible  in  151.2541 

constructible  inl51.27.Tl 

content  ideal  of  x in  |15.18.1| 

continuous  group  cohomology  groups  in 

149.57.21 

continuous  in  17.14.11 
contravariant  in  14.3.21 


12.22.5 


converges  to  H*(K*)  in  12.21.9 
converges  to  Hn(sK*)  in 
converges  to  Hn(sK*)  in 
coproduct  in  4X1J 
coproduct  in 


12.22.5 


coregular  in  12.21.7 


4.14.6 


14.5.1 


14.5.1 


cosimplicial  abelian  group  in 
cosimplicial  object  U of  C in 
cosimplicial  set  in  |14.5.1| 
cotangent  complex  Lx/y  of  X overY  in 
175.23.11 
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75.3.2 


cotangent  complex  Lx/ y of  X overY  in 
175.25  111 

cotangent  complex  in 
cotangent  complex  in 
cotangent  complex  in 
cotangent  complex  in 


derived  category  of  ( A , d)  in  22.15.2 


covering  m 
covering  in 


75.17.2 


75.19.1 


75.21.1 


countably  indexed  in  70.6.2 
coverings  of  C in 


7.6.2 


49.10.2 

24.2.4 

24.2.4 

125.15 

31 

crystal  in  O x / s -m°dules  in  50.11.1 
crystal  in  finite  locally  free  modules  in 

150.11.31 

crystal  in  quasi- coherent  modules  in 

150.1 1 .31 

crystalline  site  in|50.9.l1 
curve  in  132.32.11 
curve  in  149.62.61 


derived  category  of  A in  |13.11.3 
derived  category  of  Ox -modules  with 
quasi- coherent  cohomology  sheaves  in 

185.4.11 

derived  category  of  Ox -modules  with 
quasi- coherent  cohomology  sheaves  in 

EJ  ' 

derived  colimit  in  113. 31. II 

derived  complete  with  respect  to  X in 

151.14.41 

derived  complete  with  respect  to  I in 

115.72.41 

derived  complete  with  respect  to  I in 
115.72.41 

derived  limit  in  113.32. II 
derived  tensor  product  in 
derived  tensor  product  in 
derived  tensor  product  in 


15.49.13 


20.27.13 


21.17.11 


cycle  on  X in  41.9.1 

descent 

datum 

(J~i , tpij ) 

for  quasi- 

decent  in|55.6.ll 

coherent  sheaves 

in  134.2.11 

decent  in  155. 15. ll 

descent 

datum 

i 5 ^Pij  ) 

for  quasi- 

decreasing  filtration  in  12.16.1 


Dedekind  domain  in  110.119.12 


defined  in  a point  x G X in  |28.9.7 


defines  a rational  singularity  in  47.8.6| 
deformation  category  in  73.15.8| 
degeneracy  of  x in  |14.1  i i 
degenerates  at  Er  in  112.17.2 


descent  datum  (N,  pi)  for  modules  with 
respect  to  R -A  A in |34.3.1| 
descent  datum  {Vi,pij)  relative  to  the 
family  {Xi  -A  S1}  in  34.30.3 


descent  datum  {Vj,pif)  relative  to  the 


family  {Xi  -A  A"}  in  61.19.3 


degenerate  in  1 1 1. 1 1 !T 

degree  d finite  Hilbert  stack  of  X over  y 

in  177. 18.21 

degree  of  X over  Y in  28.47.8| 
degree  of  X over  Y in 


descent  datum  ( Xi , pij ) in  S relative  to 
the  family  { fi 


Ui^U} 


i 8.3.1 

in 

34.30.1 

in 

61.19.1 

59.4.4 


degree  of  Z with  respect  to  C in 


32.34.10 


degree  of  a zero  cycle  in  |41.41.1 


descent  datum  relative  to  X 
134.30.  II 

descent  datum  relative  to  Y 

161.19.11 

descent  datum  in  149.16.11 


S 


X 


degree  in 

9.7.1 

descent  datum  in  |49.16.5| 

degree  in 

28.45.1 

descent  morphism  for  modules  in 

54.4.151 

degree  in 

32.33.1 

determinant  of  ( M , tp,  ip)  in 

41.4.1 

degree  in 

32.33.1 

determinant  of  the  finite 

length  R- 

degree  in 

54.44.2 

module  M in  141.2.11 

Deligne-Mumford  stack  in  76 

7lA2| 

depth  k at  a point  in 
depth  k at  a point  in 

29.11.1 

29.11.1 

depth  in  10.71.1 


differential  dtp  : TT 
173.11.31 

differential  graded 

122.3.11 


TQ  of  tp  in 


algebra  over  R in 
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differential  graded  category  A over  R in 
differential  graded  direct  sum  in  22.19.4| 


differential  graded  module  in  22.4.1 
differential  object  in|12.19~ 


divided  power  scheme  in  |50.7.2 
divided  power  structure  7 in  |50.7.1| 
divided  power  structure  in 
divided  power  structure  in 


23.2.1 


23.6.1 


divided  power  thickening  of  X relative  to 


differential  operator  D 
k in  118.33.11 
differential  operator  D 
der  k in  110.131.11 


T 


M 


Q of  order 
N of  or- 


(S,X,7)  in  50.8.1 


50.5.2 


50.7.3 


82.12.2 


27.10.1 


53.8.1 


dimension  function  in  5.19.1 
dimension  of  X at  x in 
dimension  of  X at  x in 
dimension  of  X at  x in 
dimension  of  the  local  ring  of  X at  x in 

i5inoi 

dimension  of  the  local  ring  of  the  fibre  of 
f at  x in  |54.32.1 


dimension  in  15.9.11 
dimension  in  127.10.11 
dimension  in  153.8.21 
dimension  in  182.12.31 
direct  image  functor  in 
direct  image  functor  in 


7.24.1 


18.19.11 


divided  power  thickening  in 
divided  power  thickening  in 
DM  over  S in  183.4.21 
DM  in  183.4. II 

DM  inl83~i~2l  

domain  of  definition  in  |28.9.7| 
domain  in  19.2.21 
dominant  in  128.8.11 
dominant  in  128.9.91 
dominant  in  154.18.11 
dominates  inllO.4931 
dominates  inllO.8731 
double  complex  in  12.22.1| 
dual  numbers  in  132.14.11 
dual  numbers  in  189.2831 
dualizing  complex  normalized  relative  to 
w! 


45.35.4 


direct 

image  in 

49.35.1 

dualizing  complex  in 

45.17.1 

direct 

image  in 

49.35.3 

dualizing  complex  in 

45.21.2 

direct  sum  devissage  in  10.83.1 
direct  sum  in  112.3.51 


30.11.1 


58.2.1 


directed  inverse  system  in  |4.21.2 


directed  partially  ordered  set  in  89.2. 1| 


directed  system  in 

4.21.2 

directed  system  in 

10.8.2 

effective  Cartier  divisor  in 
effective  Cartier  divisor  in 
effective  Cartier  divisor  in 
effective  descent  morphism  for  modules 
in  134.4.151 


89.34.1| 


effective  epimorphism  in  7.13.1 
effective  in 


directed  in  14.19.11 

directed  in  14.21.21 

discrete  G-module  in  149.5731 

discrete  G-set  in  148.2.11 

discrete  valuation  ring  in  |10.49.13| 

discrete  in  14.37. ll 


discriminant  of  L/K  in  9.19.8 
distance  between  M and  M'  inllO.  120.51 


distinguished  triangle  of  K (A)  in  13.10.1 


distinguished  triangles  in |13.3.2| 
distinguished  triangle  in|22.8.2] 
divided  power  A-derivation  in  50.6. 1| 
divided  power  envelope  of  J in  B relative 


8.3.5 


34.2.3 


34.3.4 


34.30.10 


34.30.11 


49.16.1 


49.16.6 


603] 


61.19.10 


to  (A,  1, 7)  in  50.2.2 


divided  power  ring  in  23.3.1 


effective  in 
effective  in 
effective  in 
effective  in 
effective  in 
effective  in 
effective  in 
effective  in 
effective  in 
effective  in 
Eilenberg-Maclane 
114.22.31 

elementary  etale  localization  of  the  ring 
map  R — ¥ S at  q in |37.6.1| 
elementary  etale  neighbourhood  in 

136.27.11 


61.19.11 


80.9.3 


object  K(A,k)  in 
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elementary 

I55.10.HI 


etale  neighbourhood  in 


elementary  divisor  domain  in  15.85.5 
elementary  standard  in  A over  R in 

m 


everywhere  defined  in 

13.15.9 

62.8.1|  everywhere  defined  in 

13.15.9 

embedded  associated  point  in  |30.4.1 


embedded  associated  primes  in  10.66. 1| 


exact  couple  in  12.18.1| 
exact  functor  in  13.3. 3| 
exact  sequences  of  graded  modules  in 


embedded  component  in  30.4.1 


embedded  point  in |30.4.1 


embedded  primes  of  R in  |10.66.1| 
embedding  in |7.42.1| 


180.10.31 
exact  in  14. 23. ll 
exact  in  112.5.71 
exact  in  141.3.11 


enough  P objects  in 

7.39.2 

enough  injectives  in 

12.23.4 

enough  projectives  in  12.24.4 

excellent  in  115. 43 3Ll 
exceptional  divisor  in 
exceptional  divisor  in 


30.26.1| 


58.6.1 


enough  weakly  contractible  objects  in 


exhaustive  in  112.16.11 
extends  in  123.4.11 


17.39.21 

extension  E of  B by  A in|l2.6.1 

epimorphism  in  4.13.1| 

extension  j\T  of  T by  0 in 

6.31.51 

equalizer  in  14.10.1 

extension  j\T  of  J-  by  e in 

6.31.5 

equidimensional  in  5.9.5 

extension  jv\T  of  T by  0 in 

6.31.5 

equivalence  of  categories  in  4.2.17 

extension  jv\T  of  T by  e in 

6.31.5 

equivalence  relation  on  U over  B in 

IH5XT1 

equivalence  relation  on  U over  S in 
equivalent  in 


extension  by  0 in 
extension  by  0 in 


6.31.5 


4.28.4 


13.27.41 

28.9.11 


49.60.31 


equivalent  in 
equivalent  in 
equivalent  in 
equivariant  quasi- coherent  Ox -module 

in  138.12.11 

equivariant  quasi- coherent  Ox -module 
in  165. 10.11 
equivariant  in 


6.31.5 

in 

18.19.1 

in 

49.66.1 

in 

49.66.1 

in 

51.24.1 

in 

51.24.1 

38.10.11 


65.8.1 


equivariant  in 
essential  extension  o/in|45.2.1 


extension  of  T by  the  empty  set  j\T  in 

IOPI 

extension  of  T by  the  empty  set  jv\T  in 

16.31 .31 

extension  of  Q by  the  empty  set  in|7.24.l| 
extension  of  discrete  valuation  rinqs  in 
115.81. ll 


extension  of  valuation  rings  in  15.84.1 


essential  surjection  in  73.3.0 
essentially  constant  inverse  system  in 

essentially  constant  system  in  |4.22.2| 
essentially  constant  in  |4.22.1| 
essentially  of  finite  presentation  in 

110.53.11 

essentially  of  finite  type  in  10.53. 1| 


10.38.1 


extremally  disconnected  in  5.25.1 
face  of  x in|14.11.1 
faithfully  flat  in 
faithfully  flat  in 
faithfully  flat  in 
faithfully  flat  in 


10.38.1 


40.9.1 


40.9.3 


faithful  in  4.2.9 


essentially  surjective  in  |4.2.9 
essential  in  145.2.11 
essential  in  145.2.11 


family  of  morphisms  with  fixed  target  in 

cnzo 

family  of  morphisms  with  fixed  target  in 

l4o.io.il 


Euler  characteristic  of  J-  in  32.26.1 


fibre  category  in  4.31.2 
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fibre  of  f over  s in |25.18.4| 

fibre  product  of  V and  W over  U 

firm 

fibre  product  of  V and  W over  U 
114.10. II 
fibre  product  in 
fibre  product  in 


54.44.2 


finite  locally  free  in 
finite  locally  free  in 
finite  presentation  at  x £ X in  28.21. 1| 


89.15.1 


finite  presentation  at  x in  54.28.1 
finite  presentation  in 


fibred  category  over  C in  4.32.5| 


4.6.1 

finite  presentation  in 

17.11.1 

25.17.11 

finite  presentation  in 

28.21.1 

fibred  in  groupoids  in  |4.34.1 
fibres  of  f are  universally  bounded  in 

128.51.11 

fibres  of  f are  universally  bounded  in 
155101 

field  extension  in  |9.6.2| 


10.6.1 


89.2.8 


field  of  rational  functions  in  28.9.5 
field  in  |9.2.1| 


15.55.1 


finite  presentation  in 
finite  projective  dimension  in 
finite  projective  dimension  in 
finite  tor  dimension  in 
finite  tor  dimension  in 
finite  tor  dimension  in 
finite  tor  dimension  in 
finite  type  at  x € X in 
finite  type  at  x in  54 


10.108.2 


15.57.1 


15.55.1 


20.40.1 


21.36.1 


28.15.1 


23.1 


filtered  acyclic  in 


filtered  derived  category  of  A in 


13.14.5 


filtered  derived  functor  in  |49.84.1 


filtered  differential  object  in  12.20.1| 
filtered  injective  in 


13.26.1 


49.83.1 


89.23.3 


i 13.14.2 

finite  type  point  in 
finite  type  point  in 

28.16.3 

i 89.23.7 

54.25.2 

K*  of  A 

in |12.21.1  finite  type  point  in 

83.14.2 

10.6.1 


17.9.1 


filtered  injective  in 
filtered  injective  in 
filtered  object  of  A in  12.16.1 
filtered  quasi-isomorphism  in 
filtered  quasi-isomorphism  in 


finite  type  in 
finite  type  in 
finite  type  in 
finite  type  in 
finitely  generated  R-module  in|10.5.1 


28.15.1 


70.18.1 


finitely  generated  field  extension  in|9.6.6| 


finitely  presented  R-module  in  10.5.1 


13.14.2 


49.83.1 


final  object  in 
final  in 
finer  in 


4.12.1 


7.45.8 


4.30.1 


filtered  quasi-isomorphism  in 

89.23.6 

finite  in 

9.7.1 

filtered  in 
filtered  in 

4.19.1 

4.19.1 

finite  in 
finite  in 

10.7.1 

11.2.1 

10.5.1 

in 

15.65.2 

in 

36.40.1 

finite  Tor-dimension  in  49.88.1| 


12.16.1 


28.43.1 


54.43.2 


finite  R-module  in  10.5.1 


finite  free  in  |18.17.1 


finite  global  dimension  in  |10.108.6 


finite  locally  constant  in 
finite  locally  constant  in 
finite  locally  constant  in 


18.42.1 

49.67.1 

49.67.1 

r in 
r in 

10.77.1 

17.14.1 

finite  locally  free  in 


finite  in 
finite  in 
finite  in 

first  order  infinitesimal  neighbourhood  in 

IHPOl 

first  order  infinitesimal  neighbourhood  in 

163.10.11 

first  order  thickening  in 
first  order  thickening  in 
first  order  thickening  in 
flabby  in|20.13J] 
flasque  in|20.13.l1 


36.2.1 


63.9.1 


87.3.2 


flat  (resp.  faithfully  flat)  in  40.9.1 


10.77.1 


finite  locally  free  in 

17.14.1 

flat  at  x over  Y in 

54.30.21 

finite  locally  free  in 

18.23.1 

flat  at  x in 

17.16.3 

finite  locally  free  in 

28.45.1 

flat  at  x in 

17.17.1 
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flat  at  x in  |54.29.1| 
flat  at  a point  x £ X in  |28.25.1 


flat  group  scheme  in  38.4.4 


flat  base  change  property  in  84.7. 1| 


flat  local  complete  intersection  over  R in 

110.134.11 

flat  over  ( Sh(T>),0 ')  in 


formally  smooth  for  the  n-adic  topology 
in  115.29.31 

formally  smooth  over  R in  10. 136.1] 
formally  smooth  over  R in 
formally  smooth  in 


15.29.1 


18.30.3 


36.9.1 


63.11.1 


63.17.1 


flat  over  S at  a point  x £ X in|28.25.l] 


flat  over  S in  28.25.1 


flat  over  Y at  x £ X in  40.9.3 
flat  over  Y at  a point  x £ X in  |17.17.3| 
flat  over  Y in 
flat  over  Y in 


formally  smooth  in 
formally  smooth  in 
formally  unramified  over  R in|10.144.1| 
formally  unramified  in 
formally  unramified  in 
formally  unramified  in 


17.17.3 


54.30.2 


in 

36.4.1 

in 

63.11.1 

in 

63.12.1 

fppf  covering  of  T in  |33.7.1 


fppf  covering  of  X in  60.4. 1| 


flat  pullback  in 
flat- fppf  site  in 
flattening  stratification  in 
flattening  stratification  in 
flat  in 
flat  in 
flat  in 
flat  in 
flat  in 
flat  in 
flat  in 
flat  in 
flat  in 
flat  in 
flat  in 
flat  in 
flat  in 
flat  in 
flat  in 


68.3.4 

fpqc  covering  of  T in  33.8.1 

84.11.1 

fpqc  covering  of  X in  60.3.1 

37.21.2 


37.21.2 


10.38.1 

10.38.1 

17.16.1 

17.17.1 

18.28.1 

18.28.1 

18.28.1 

18.28.1 

18.30.1 

18.30.1 

28.25.1 

40.9.1 

40.9.3 

54.29.1 

83.17.1 

free  O -module  in  18.17.1| 

free  abelian  presheaf  on  Q in  49.18. 4| 


free  abelian  presheaf  in  18.4.1 


free  abelian  sheaf  in  18.5.1 


free  module  in|15.46i5 
free  in 


38.10.21 


65.8.2 


free  in 

full  subcategory  in  4.2.10| 


fully  faithful  in  |44M) 


function  field  in  28.9.5 


formal  algebraic  space  in  |70.7.1| 
formal  object  £ = (i?,  £„,/„)  of  T 

I73TJ1 


functor  of  R-linear  categories  in  |22. 1 7 72] 
functor  of  differential  graded  categories 
over  R in  122. 19.21 

functor  of  graded  categories  over  R in 
122.18.21 

injective 


functorial 

112.23.51 

functorial 


embeddings  in 


projective  surjections  in 


80.9.1 

functor  in 

4.2.8 

in  70.5.9 

functor  in 

4.28.51 

formally  etale  in 

36.6.1 

formally  etale  in 

63.11.1 

formally  etale  in 

63.14.1 

formally  catenary  in  45. 13. l| 

fundamental  group  in  |48.5.1| 
G-ring  in |15.41.1| 


formally  principally  homogeneous  under 
G inl38.ll.il 

formally  principally  homogeneous  under 
G in  165.9. II 


G-unramified  in 
G-unramified  in 
G-unramified  in 


q 

in|l0 

147.1 

X 

e x 

in  28.35.1 

X 

in  5 4 

i — 1 

CO 

10.147. 

i 

28.35.1 

54.37.1 

in 

48.3.6 
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Galois  cohomology  groups  of  K with  co- 
efficients in  M in|49.57.2| 


Galois  group  in 

9.20.3 

Galois  in  19-20.1 

Galois  in  19.27.1 

generalizations  lift  along  f in|5.18.3| 
generalization  in 
generalization  in 


geometrically  unibranch  in 
geometrically  unibranch  in 
geometrically  unibranch  in 
gerbe  over  in  |8.11.4 
gerbe  over  in 


x in 
x in 

27.15.1 

53.22.2 

15.71 

).l 

27.15.1 

53.22.2 

generalizing  in  |5.18.3 


5.18.1 

gerbe  in 

8.11.11 

89.5.22 

gerbe  in 

83.19.1 

83.19.11 


generated  by  r global  sections  in|18.174~1 
generated  by  finitely  many  global  sections 
inll8.17.ll 

generated  by  global  sections  in 
generated  by  global  sections  in 


germ  of  X at  x in  34.16.1 
global  complete  intersection  over 

lin.133.11 

global  dimension  in|10.1084) 


17.4.1  global  finite  presentation  in|18.17.1| 


generates  the  field  extension  in  9.6.6 


18.17.1  global  Lefschetz  number  in  49.91.1 


generate  in|17.4 

1 

generator  in 

13.33.2 

generator  in 

19.: 

L0.1 

generic  point  in 

5.7.4 

generic  point  in 

89.5.121 

49.79.5 


genus  m |4a.6.3| 
geometric  frobenius  in 
geometric  frobenius  in 
geometric  point  lying  over  x in |53.18.1| 


49.79.11| 


geometric  point  in 

49.29.1 

geometric  point  in 

53.18.1 

geometric  quotient 

in  68.10.1| 

geometrically  connected  over  k in 

10.47.31 

geometrically  connected  in 

32.5.1 

geometrically  connected  in 

59.8.1 

geometrically  integral  over 

k in  10.48.1 

geometrically  integral  in|32.7.1| 
geometrically  irreducible  over  k 
110.46.41 


geometrically  normal  in 
geometrically  normal  in 
geometrically  pointwise  integral  at  x in 

155m 


in  32.6.1 

x in 

32.8.1 

10.157.2 

32.8. 

1 

geometrically  pointwise  integral  in  32.7.1 


geometrically  reduced  at  x in|32.4.1 


geometrically  reduced  over  k in  10.42. 1| 


geometrically  reduced  in  |32.4.1 


geometrically  regular  at  x in  32.10.1 


geometrically  regular  over  k in  32.10.1 


geometrically  regular  in  10.158.2 


global  presentation  in  18.17.1 


global  sections  in  7.44.1 


going  down  in  10.40.1 
going  up  in  |10.40.1 


going-down  theorem  in  89.17.1 


going-up  theorem  in  89.17.1 
good  quotient  in |68.9.l| 
good  stratification  in  |5.27.2| 
Gorenstein  in  145.38.11 
Gorenstein  in  145.38.11 
Gorenstein  in  145.38.11 


graded  A-algebra  in  89.19.3 
graded  category  A over  R in  |22.18.1| 
graded  direct  sum  in  22.18.4| 


graded  functor  in  22.18.2 


graded  ideals  in|89.19~ 
graded  module  M over  a graded  A- 


algebra  B in|89.19!3 


in  graded  module  in  89.19.2 


graded  submodules  in  89.19.3 


Grassmannian  over  Z in!26.22?2l 
Grassmannian  over  R in  126.22.21 
Grassmannian  over  S in  126.22.21 
Grothendieck  abelian  category  in  19.10.1| 


group  algebraic  space  over  B in  65.5.1 


group  cohomology  groups  in  |49.57.2 


group  of  infinitesimal  automorphisms  of 
x'  over  x in  173.18.11 

group  of  infinitesimal  automorphisms  of 
x$  in|73.18.2| 

group  scheme  over  S in  |38.4.1| 
groupoid  in  algebraic  spaces  over  B in 

105.11.11 
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groupoid  in  functors  on  C in |73.19.1| 
groupoid  over  S in  |38.13.1| 
groupoid  scheme  over  S in  |38.13.1| 


groupoid  in  4.2.5 


Gysin  homomorphism  in  41.28.1 
H-projective  in  |28.42.1 


H- quasi-pro jective  in  28.40.1| 


has  coproducts  of  pairs  of  objects  in|4.5.2| 
has  enough  points  in  7.37. 1| 


has  fibre  products  in  |4.6.3 


55.15.1 


55.15.1 


53.7.5 


has  products  of  pairs  of  objects  in  |4.4.2| 
has  property  (/ 3 ) in 
has  property  (/?)  in 
has  property  V at  x in 
has  property  V at  x in 
has  property  V in 
has  property  V in 
has  property  V in 
has  property  V in 


82.7.5 


53.7.2 


54.22.2| 


8277121 


83.12.2 


has  property  Q at  x in  54.22.6 


Hausdorjf  in  89.5.6 


height  in  |10.59.2 


49.33.2 


49.33.21 


Herbrand  quotient  in  |41.3.2 
higher  direct  images  in  49.35.4 


Hilbert  function  in  |89.19.2 


10.58.6 


32.28.14| 


89.19.2| 


Hilbert  polynomial  in 
Hilbert  polynomial  in 
Hilbert  polynomial  in 
homogeneous  spectrum  Proj(R)  in 

issm 

homogeneous  spectrum  of  A over  S in 

126.16.71 

homogeneous  spectrum  of  A over  X in 

f5>cm 

homogeneous  spectrum  in 
homogeneous  spectrum  in 
homogeneous  in  89.20. 1| 
homological  in  |13.3.5| 
homology  of  K in|24.3.1| 


10.56.1 


26.8.3 


homology  in|12.19~ 


homomorphism  of  differential  graded  al- 
gebras in  |22.3.2| 

homomorphism  of  differential  graded 
modules  in  122.4.11 

homomorphism  of  divided  power  rings  in 

123.3.11 

homomorphism  of  divided  power  thicken- 
ings in  |50.5.2| 

homomorphism  of  systems  in  |10.8.7 


homomorphism  of  topological  groups  in 

15.29.11 

homomorphism  of  topological  modules  in 
15.29. 101 

homomorphism  of  topological  modules  in 

115.28.11 

homomorphism  of  topological  rings  in 
15.29.71 

homomorphism  of  topological  rings  in 

115.28.11 

homomorphisms  of  graded  mod- 


14.26.1 


henselian  local  ring  of  X at  x in  |55.10.5| 
henselian  pair  in  15.8.1| 
henselian  inllO. 14831 
henselian  in  149. 32.21 
henselization  of  Os,t 
henselization  of  S at  s in 
henselization  in  110.148.18 


ules /rings  in  89.19.3 
homotopic  in 
homotopic  in 
homotopic  in 


14.28.1 


22.5.1 


homotopy  between  f and  g in  22.5.1| 


homotopy  category  of  A in  22.19.3 


homotopy  category  in  22.5.3| 
homotopy  colimit  in  |13.31.1| 
homotopy  connecting  a and  b in  14.28.1| 


12.12.2 


12.124 


homotopy  connecting  a to  b in  14.26.1 
homotopy  equivalence  in 
homotopy  equivalence  in 
homotopy  equivalence  in 
hoinotopy  equivalent  in 
homotopy  equivalent  in 
homotopy  equivalent  in 


14.26.6 


12.12.2 


12.12.8 


14.26.6 


homotopy  limit  in  13.32.1 
horizontal  in  14.27. ll 
horizontal  in  14.28.11 
hypercovering  of  Q in  |24.5.1 


hypercovering  of  X in|24.2.6| 


hypercovering  in  |24.5.1 


ideal  of  definition  in  15.28.1 

ideal  sheaf  of  denominators  of  s in 

130.20. 151 

identifies  local  rings  in  |51.3.1| 


image  of  tp  in  |7.3.5 


image  of  f in |12.3.9 
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image  of  the  short  exact  sequence  under 
the  given  8-functor  in|13.3.6 


immediate  specialization  in  5.19.1| 
immersion  in!25. 10.21 
immersion  in!52. 127T1 
immersion  in  182.9. 11 
impurity  of  I above  s in  |37. 1 5 72] 
ind-etale  in  151.7.11 
ind- quasi- affine  in  36.48.1 
ind-  quasi-  affine  in 


ind-Zariski  in  151.4.1 


i 145.5.5 

in 

12.16.1 

in 

12.20.4 

in 

12.21.5 

inductive  system  over  I in  C in  4.21.1 
inertia  fibred  category  Is  of  S in  4.33.2| 
inertia  group  in|15.81.10| 
initial  in  14.12.11 
initial  in  14.17.31 
injective  hull  in  45.5. 1| 
injective  resolution  of  A in  |13.18.1 


injective  resolution  of  K*  in  |13.18.1 


injective-amplitude  in  [a,  b]  in  15.58.1 


injective  in 

6.16.2 

injective  in 

6.16.2 

injective  in 

7.3.1| 

injective  in 

7.12.1 

injective  in 

12.5.3 

injective  in 

12.23.1 

injective  in 

15.46.1 

inseparable  degree 

integral  closure  of  Ox  in  A in 
integral  closure  of  Ox  in  A in 
integral  closure  in|10.35.8| 


28.48.2 


54.45.2 


integral  domain  in  9.2.2 
integral  over  I in  10.37.1 
integral  over  R in  10.35.1 
integrally  closed  in  10.35.8| 
integral  in  10.35. 1| 
integral  in 
integral  in 
integral  in 
integral  in 
integral  in 


27XH 


28.43.1 


54.43.2 

59.4.11 


89.26.12| 


interior  in  15.20.11 
intersect  properly  in 
intersect  properly  in 


42.13.5 


42.13.5 


intersection  number  in  132.34.31 
intersection  with  the  jth  chern  class  of  £ 
in  141.35. II 

intersection  with  the  first  chern  class  of 

C in  141.24.11 

inverse  image  f~1(Z)  of  the  closed  sub- 
scheme Z in  125. 17^71 
inverse  image  f^1{Z)  of  the  closed  sub- 
space Z in|54.13.2| 
inverse  image  in  |49.36.1| 
inverse  system  over  I in  C in  4.21. 1| 


invertible  Ox  -module  in  117.21.1 


invertible  Ox -module  in |89.32.1| 
invertible  module  M in!89.32!4l 
invertible  module  in!89.15Jl 
invertible  sheaf  Os(D ) associated  to  D 
in  130. 11. 141 

invertible  sheaf  Ox  (D)  associated  to  D 
in  158.2.131 
invertible  in  115.83.11 
invertible  in  118.31.11 
irreducible  component  in 
irreducible  component  in 
irreducible  in  15.7.11 
irreducible  in  IIP.  119.  ll 
irreducible  in  189.5.91 
irreducible  in  189.5.91 
is  essentially  constant  in|4.22.l1 
isolated  point  in  5.26.2| 


5.7.1 


89.5.181 


isomorphism  in|4.2.4 
J-0  inll5.38.Jl 
J-l  in  II  5.38.1 1 
J-2  in  II  5.38.1 1 
J-2  in  128.19.11 


in 

5.17.11 

in 

27.6.11 

in 

10.153.1| 

in 

27.13.1 

15.49.3 

20.27.2 

21.17.2 

K-flat  in 
K-flat  in 
K-flat  in 
K-injective  in|13.297L 


Kan  complex  in  14.31.1 


Kan  fibration  in  14.31.1 


Kaplansky  devissage  in  10.83. 1| 
Karoubian  in  112.4.11 


kernel  of  F in  13.6.5 
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kernel  of  H in |13.6.5| 

kernel  of  the  functor  F in |12.9.5| 

kernel  in  112.3.91 


Kolmogorov  in  5.7.4 
Koszul  at  x in  136.44.21 
Koszul  at  x in  163.37.11 
Koszul  complex  on  f\ , . . . 
Koszul  complex  on  f\ , . . . 


15.22.2 


17.20.2 


Koszul  complex  in 

15.22.1 

Koszul  complex  in 

17.20.1 

Koszul  morphism 

n 

36.44.2 

Koszul  morphism  in 

63.37.1 

Koszul-regular  ideal  in  15.24.1 
Koszul-regular  immersion  in 
Koszul-regular  immersion  in 
Koszul-regular  in 
Koszul-regular  in 


30.18.1 


63.34.2 


15.23.1 


30.17.2 


linearly  topologized  in  15.28.1| 
lisse-etale  site  in  184. 1141 
lisse  in  149. 95. l1 
lisse  in  151.2641 

local  complete  intersection  morphism  in 
136.44.21 

local  complete  intersection  morphism  in 

163.37.11 

local  complete  intersection  over  k in 

110.1  33.1 1 

local  complete  intersection  over  k in 

128.31.11 

local  complete  intersection  in  15.25.2| 
local  complete  intersection  in  23.8.5 
local  homomorphism  of  local  rings  in 

110.17.11 


Krull  dimension  of  X at  x in  EM 
Krull  dimension  inl5.9.1l 
Krull  dimension  inll0.594l 
lattice  in  V inll0.120.3l 
left  acyclic  for  F in  |13.16.3| 
left  adjoint  in  |4.24.1 


left  deriveable  in  13.15. 9| 


left  derived  functor  LF  is  defined  at  in 

113.1  5.21 


left  derived  functors  of  F in  13.16.3 
left  exact  in  |4.23.1| 
left  multiplicative  system  in  |4.26.1| 
Leibniz  rule  in  11043041 


local  in  the  r-topology  in  3441. 1| 
local  isomorphism  in  |51.3.1| 
local  Lefschetz  number  in  49.91.2| 
local  on  the  base  for  the  r-topology  in 

134.18.11 

local  on  the  base  for  the  r-topology  in 

IHTXT1 

local  on  the  source  for  the  r-topology  in 

134.22.11 

local  on  the  source  for  the  r-topology  in 

161.12.11 

local  ring  map  ip  : R — > S in  10.17.1| 
local  ring  of  X at  x in  |25.2.1| 
local  ring  of  the  fibre  at  q in  10.111. 5] 


local  ring  in  10.17.1 


Leibniz  rule  inll8.32.il 

localization  morphism  in 

7.24.1 

length  in 

5.9.1 

localization  morphism  in 

7.29.4 

length  in 

10.5141 

localization  morphism  in 

18.19.1 

length  in 

89.8.1| 

localization  morphism  in 

18.21.2 

lies  over  in |49.29.1| 

localization  of  A with  inspect 

lies  over  in  180.9.11 

rrnio 

to  S 


lift  in 
lift  in 


4.31.2 


4.31.2 


localization  of  the  ringed  site  ( C,0 ) at 
the  object  U in [18494] 
localization  of  the  ringed  topos 


limit  preserving  in 

57.3.1 

(Sh(C),  O)  at  F in 

18.21.2 

limit  preserving  in 

80.13.1 

localization  of  the  site  C at 

limit : 


limit  in  112.17.21 

limp  in|21.13.4| 

linearly  adequate  in  |44.3.2| 

linearly  disjoint  over  k in  Q in  9.26.2 


localization  of  the  topos  Sh(C)  at  F in 
localization  in  110.9.61 


locally  P in  27.4.2 


linearly  topologized  in  15.28.1 


locally  adic*  in  70.15.5 
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locally  algebraic  k-scheme  in  32.17.1| 
locally  closed  immersion  in  25.10.2 
locally  closed  subspace  in  |52. 1 24| 
locally  closed  substack  in|82.9.8| 
locally  connected  in  5.6.9 
locally  constant  in 
locally  constant  in 
locally  constant  in 
locally  constant  in 


28.20.1 


54.27.1 


18.42.1 

49.67.1 

49.67.1 

49.67.1 

locally  quasi-finite  in 
locally  quasi-finite  in 
locally  quasi-finite  in 
locally  quasi-pro jective  in  28.40.1 
locally  ringed  site  in|18.39.4| 


83.16.2 


locally  constructible  in  5.14.1 
locally  countably  indexed  in  ]70. 15.5| 


in 

5.27.4 

in 

20.25.2 

in 

89.19.2 

10.77.1 

17.14.1 

18.23.1 

locally  ringed  space  (X,Ox)  in  25.2.1 
locally  ringed  in|18.39.6| 
locally  separated  over  S in|52.13.2l 
locally  separated  in 
locally  separated  in 
locally  separated  in 
locally  trivial  in 


in 

53.3.1 

in 

53.3.1 

in 

54.4.2 

38. 

11.3 

65.9.3 


locally  generated  by  r sections  in  18.23.1 

locally  generated  by  sections  in 

mul 

locally  generated  by  sections  in 

18.23.1 

locally  has  finite  tor  dimension  ii 

ti20.40.1 

locally  has  finite  tor  dimension  ii 

ti21.36.1 

locally  trivial  in 
local  inl27.4.H 
local  inl28.14.T1 

maximal  Cohen- Macaulay  in  10.102.6 
McQuillan  in|70.5.7l 


meromorphic  function  in  |30.20.1 


meromorphic  section  of  F in  30.20.5| 


110.31.1 

in 

5.8.1 

in 

27X11 

in 

70.15.5 

in 

89.29.5 

minimal  polynomial  in  9.9.1 
minimal  in  173.13.41 
minimal  in  173.25.11 
miniversal  in  173.13.41 


Mittag-Leffier  condition  in  |12.27.2| 
Mittaq-Leffler  directed  system  of  mod- 
ules inll0.87.il 


locally  of  finite  presentation  over  S in 

I5TXT1 

locally  of  finite  presentation  in 
locally  of  finite  presentation  in 
locally  of  finite  presentation  in 
locally  of  finite  presentation  in 
locally  of  finite  presentation  in 
locally  of  finite  type  in 
locally  of  finite  type  in 
locally  of  finite  type  in 
locally  of  finite  type  in 


Mittag-Leffier  inverse  system  in  10.85.1 
Mittag-Leffier  in |10.87.7 


mixed  characteristic  in  115. 81.161 


83.18.11 


28.15.1 


54.23.1 


70.18.1 


83.13.1 


locally  of  type  P in|28.14.2 
locally  principal  closed  subscheme  in 


28.21.1 

ML  in  112.27.21 

54.28.1 

modification  of  X in 

28.47.11 

57.3.1 

modification  of  X in 

59.5.1 

57.3.1 

module  of  differentials  in 

10.130.21 

17.24.3 


18.32.3 


module  of  differentials  in 
modide  of  differentials  in 
modide  of  Kahler  differentials  in  10.130.2 
module  of  principal  parts  of  order  k in 

110.131.41 

module  of  principal  parts  of  order  k in 

118.33.41  ' 

module-valued  functor  in  |44.3.1| 


locally  quasi- coherent  in 
locally  quasi-compact  in 


78.11.4 


5.12.1 


locally  principal  closed  subspace 

in  58.2.1  monomorphism  in 

4.13.1 

locally  projective  in 

27.21.1 

monomorphism  in 

25.23.1 

locally  projective  in 

28.42.1 

monomorphism  in 

54.10.1 

locally  projective  in 

53.30.2 

monomorphism  in 

70.19.1 

locally  quasi- coherent  in 

50.11.1 

monomorphism  in 

82.8.1| 

morphism  (A,  F) 
jects  in  |12.16.1| 


(B,F)  of  filtered  ob- 
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morphism  ( N,tp ) -A  (N',ip')  of  descent 
data  in  134.3. ll 

morphism  ( U , 7?,  s,  t,  c)  — > ([/',  R',  s' , i7,  o') 
of  groupoids  in  functors  on  C in |73.19.1 
morphism  if  : (J’utpij)  -A  o/ 

descent  data  in  134.2.11 
morphism  if  : -A  {T[,ipG)  of 

descent  data  in  161.3.11 
morphism  if  : ( G,m ) — > ( G',m ')  of 
group  algebraic  spaces  over  B in  |65.5.1| 
morphism  if  : ( G,m ) — ► ( G',m ')  of 
group  schemes  over  S in  |38.4.1| 
morphism  if  : (1 (uffij)  °f  de- 

scent data  in  134.30. 3l 
morphism 'if  : — > {V(,ipG)  of  de- 

scent data  in  161. 19731 
morphism  if  : -A  (X^ipG)  of 

descent  data  in  18.3.11 
morphism  ip  : T -A  Q of  presheaves  of 
O -modules  on  B in  16. 30. Ill 
morphism  ip  : T — > Q of  presheaves  of 
O -modules  in  16.6.11 

morphism  ip  : T — >•  Q of  presheaves  of 
O -modules  in  118.9.11 
morphism  ip  : T — >•  Q of  presheaves  of 
sets  on  B in  16.30. II 

morphism  ip  : T — >•  Q of  presheaves  of 
sets  on  X in  16.3.11 

morphism  p : T -A  Q of  presheaves  with 
value  in  C in  16. 5. II 

morphism  p : T — »•  Q of  presheaves  with 
values  in  C on  B in  16.30.81 
morphism  a : £ — > rj  of  formal  objects  in 

I7X7J1 

morphism  f : (U,  R,  s,t,c)  -A 

(U1 , R' , s' ,t' ,c')  of  groupoid  schemes 
over  S in  138.13.11 

morphism  f : (U,  R,  s,t,c)  -A 

(U1 , R' , s' , t',  c')  of  groupoids  in  algebraic 
spaces  over  B in |65.11.1| 
morphism  f : (V/X,p)  -A  (V'/X,p')  of 
descent  data  relative  to  X — » S inl34.30.H 
morphism  f : ( V/Y,p ) -A  (V'/Y,p') 
of  descent  data  relative  to  Y X in 
161. 19.11 

morphism  f : F F'  of  algebraic  spaces 

over  S in  152.6.31 

morphism  f : p — > p'  in  7.36.2 


morphism  f : X — >•  Y of  schemes  over  S 
in  125. 18.11 

morphism  from  U to  V in  vm 
morphism  of  S -functors  from  F to  G in 

112.11.21  

morphism  of  Q-torsors  in  [20.5.1 


morphism  of  G -modules  in  |49.57.1| 
morphism  of  G-sets  in  |48.2.1| 


morphism  of  G-torsors  in  21.5.1 


morphism  of  n-truncated  simplicial  ob- 
jects in  |14.12.1| 

morphism  of  etale  neighborhoods  in 

149.29.11 

morphism  of  etale  neighborhoods  in 

1500 

morphism  of  etale  neighbourhoods  in 

136.27.11 

morphism  of  abelian  presheaves  over  X 

in  167441 

morphism  of  affine  formal  algebraic 

spaces  in  |70.5.1| 

morphism  of  affine  schemes  in  |25.5.5| 
morphism  of  cones  in  |26.7.2| 
morphism  of  cosimplicial  objects  U — > 
U'  in  114.5. ll 

morphism  of  differential  objects  in 

112.19.11 

morphism  of  divided  power  schemes  in 

E 

morphism  of  divided  power  thickenings 


of  X relative  to  (S',!, 7)  in  50.8.1 


morphism  of  elementary  etale  neighbour- 
hoods in  155.10.31 

morphism  of  exact  couples  in  |12.18.1| 
morphism  of  families  of  maps  with  fixed 
target  of  C from  U to  V in  |7.8.1| 
morphism  of  formal  algebraic  spaces  in 

170.7.11 

morphism  of  formal  objects  in  80.9. 1| 


morphism  of  functors  in  4.2.15 


morphism  of  germs  in  |34.16.1 


morphism  of  groupoid  schemes  cartesian 
over  ( U , R,  s,  t,  c)  in 


38.21.1 


73.16.1 


morphism  of  lifts  in 
morphism  of  locally  ringed  sites  in 
118.39.91 

morphism  of  locally  ringed  spaces  in 

125.2.11 
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morphism  of  locally  ringed  topoi  in 

MMM 

morphism  of  module-valued  functors  in 

Hum 

morphism  of  predeformation  categories  Nagata  in |27.13.1 
in  I73.fi. 21  naive  cotangent  c 

morphism  of  presheaves  on  X in  |78.3.1 


multiplicity  in  |41.3.2| 
N-l  in  110.153.11 
N-2  in  110.153.11 
Nagata  ring  in  10.154.l| 


morphism  of  pseudo  Q-torsors  in|21.5.1| 


morphism  of  ringed  sites  in  18.6.1 

morphism  of  ringed  spaces  in 

morphism  of  ringed  topoi  in  18.7.1| 
morphism  of  schemes  in  |25.9.1 


Noetherian  in  153.23.11 
Noetherian  in  170.5.71 
Noetherian  in  183.8.11 
Noetherian  in  189.5.161 
Noetherian  in  189.29.51 


morphism  of  sheaves  of  O -modules  in  nilpotent  in  |1 0.3 1.1 

urnm 

morphism  of  sheaves  of  O -modules  in  Noetherian  in  [27.5. II 
118.10.11 

morphism  of  sheaves  of  sets  on  B in 

101)31 

morphism  of  sheaves  of  sets  in  l™| 
morphism  of  simplicial  objects  U ->  U' 

in  114.3.11  

morphism  of  sites  in  |7.15.1| 

of  spectral  sequences  in 


in 

10.132. 

in 

17.25.1 

in 

17.25.4 

in 

18.34.1 

in 

18.34.4 

in 

80.20.5 

i|4 

.2.15 

nondegenerate  in  50.26.2 


nonsingular  in  |27l97L 


morphism 

112.17.11 


morphism  of  thickenings  in 

36.2.1 

morphism  of  thickenings  in 

63.9.1 

morphism  of  thickenings  in 

87.3.1 

morphism  of  topoi  in  [7. 16.1 

morphism  of  triangles  in  13 

■M 

morphism  of  vector  bundles  over  S in 

3031 

Morphisms  of  presheaves  in  |7.2.1 
morphisms  of  thickenings  over  y in 

oxn 

morphisms  of  thickenings  over  B in 

0311 

morphisms  of  thickenings  over  S in 

136.2.11 

morphisms  of  type  V satisfy  descent  for 
r-coverings  in  34.32.1| 
morphism  in 
morphism  in 


nontrivial  solution  in  149.62.21 
normal  at  x in  136.15.11 
normal  bundle  in  130. 1631 
normal  bundle  in  163. 6. 5l 
normal  closure  E over  F in  19.15.41 
normal  cone  CzX  in  |30.1631 
normal  cone  CzX  in  [6333] 
normal  crossings  divisor  in  48.15.1| 


7331 


49.95.1 


multiplicative  subset  of  R in  10.9.1 


multiplicative  system  in  |436T 


multiplicity  of  M for  the  ideal  of  defini- 
tion I in  142. 1531 

multiplicity  of  Z'  in  T in  |41.11.2| 
multiplicity  of  Z'  in  Z in  |41.10.2 


normal  morphism  in  36.15.1 
normalization  of  X in  Y in 
normalization  of  X in  Y in 
normalization  in  128.49.11 
normalization  in  154.46.31 
normalized  blowup  of  X at  x in 
normalized  blowup  of  X at  x in 
normalized  in  173.25.11 
normal  in  19.14.11 
normal  in  19.27.11 
normal  in  110.36.11 
normal  in  110.36. Ill 
normal  in  127.7.11 
norm  in  19.19.11 
nowhere  dense  inl5.20.il 
number  field  in|9.7.7| 
numerical  polynomial  in 
numerical  polynomial  in 


28.48.3 


54.45.3 


47.5.1 


72.5.1 


10.57.3 


89.19.1 
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obstruction  modules  in  180. 19 
obstruction  theory  in  80.19.1| 
obstruction  in  180. 19  7T1 
of  finite  presentation  relative 

180.90.11 

of  finite  presentation  in 
of  finite  presentation  in 
of  finite  presentation  in 
of  finite  type  in 
of  finite  type  in 
of  finite  type  in 


p-basis  of  K over  k in|15.37~ 


p-independent  over  k in  15.37.1 


to  S 


parasitic  for  the  r-topology  in  34.8. 1| 


18.23.1 


54.28.1 


83.18.1 


18.23.1 


54.23.1 


83.13.1 


Oka  family  in |10.27.2| 
one  si 

137 ~P 


137.4.11 

open  immersion  in 
open  immersion  in 
open  immersion  in 
open  immersion  in 
open  immersion  in 


parasitic  in 

34.8.1 

parasitic  in 

84.8.1 

partially  ordered  set  in 

partition  in 

5.27.1| 

parts  in |5. 27.1 

perfect  at  x in  63.36.1 


perfect  closure  in  10.44.5 


a2] 

perfect  in 

10.44.1 

of  J-/X/S  at  x in  perfect  in 

15.61.1 

perfect  in 

15.61.1 

of  F/X/S  overs  in  perfect  in 

20.41.1 

perfect  in 

20.41.1 

7.42.7 

perfect  in 

21.37.1 

25.3.1 

perfect  in 

21.37.1 

25.10./ 

perfect  in 

36.43.2 

52.12.1 

perfect  in 

49.86.1 

82.9.11 

perfect  in 

63.36.1 

open  subscheme  in|25.10^2] 

open  subspace  of  ( X , O)  associated  to  U 

in  16.31.21 

open  subspace  of  X associated  to  U in 

125.3.31 

open  subspace  in 
open  substack  in 
open  subtopos  in 


Picard  functor  in  |43.4.1 


Picard  group  of  A in  89.15.3 


Picard  group  of  X in  |89.32.7| 


group  in 

17.21.9 

group  in 

18.31.6 

PIP  in  IToTTTTJTTTTI 


52.12.1|  point  p of  the  site  C in|7.31.2| 

82.9.8 

point  p in  17.50. 1| 

7.42.4 

point  of  the  topos  Sh{C ) in 

7.31.1 

openness  of  versality  in 

80.14.1 

point  in 

53.4.1 

openness  of  versality  in 

80.14.1 

point  in 

82.4.2 

28.23.1 


49.104.11 


open  m 
open  in 
open  in 
open  in 
opposite  algebra  in  11.2.5 


pre-adic  in  15.28.1 


pre- admissible  in  15.28. 1| 


opposite  category  in  4.3.1 


pre-equivalence  relation  in 
pre- equivalence  relation  in 
pre-relation  in 
pre-relation  in 


38.3.1 


65.4.1 


38.3.1 


65.4.1 


pre-triangulated  subcategory  in  13.3.4| 
preadditive  in  |12.3. 1| 


opposite  differential  graded  algebra  in  pre-triangulated  category  in|13.3.2 

imoi 

orbit  space  for  R in |68.5.18| 
orbit  in  168.5. II 
orbit  in  168.5.41 

order  of  vanishing  along  R in  |10. 120.2] 
order  of  vanishing  of  f along  Z in 
130.21.31 


predeformation  category  in  |73.6.2 
presentation  of  T by  (U,  R,  s,t,c) 
173.23.11 
presentation  in 


52.9.3 


order  of  vanishing  of  s along  Z in  30.22.1 


ordered  Cech  complex  in  20.24.2 


76.16.5| 


presentation  in 
preserved  under  arbitrary  base  change  in 
125.18.31 
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preserved,  under  arbitrary  base  change  in 
I25.18.HI 


presheaf  T of  sets  on  B in  [(IHOT 


ge  in 

25.18.3 

ge  in 

25.18.3 

16.30 

1 



05 

CO 

1 > 

projective  n-space  over  R in  26.13.2| 
projective  n-space  over  S in  |26.13.2| 
projective  bundle  associated  to  £ 
126.21.11 

projective  cover  in  |45.4.1 


projective  dimension  in|l0.108.2| 


presheaf  T of  sets  on  X in|6.3.1 

presheaf  T on  X with  values  inC  in|6.5.1|  projective  envelope  in|45.4.1 
presheaf  T with  values  in  C on  B in  projective  resolution  of  A in  |13.19.1 
16.30.81  projective  resolution  of  K*  in  13.19.1 


presheaf  of  O -modules  T on  B in  6.30.11 
presheaf  of  O-modules  in 
presheaf  of  O-modules  in 


projective  system  over  I in  C in  4.21.1| 


6.6.1 

projective  variety  in  |32.21.1| 

18.9.1| 

projective-amplitude  in  [a,  b]  in 

15.57.1 

presheaf  of  isomorphisms  from  x to  y in 

m i ' 

presheaf  of  modules  on  X in |78.7.1 


projective  in 
projective  in 
projective  in 
projective  in 


presheaf  of  morphisms  from  x to  y in 

m 

presheaf  of  sets  on  C in  |4.3.3| 
presheaf  of  sets  in 


10.76.1 

12.24.1 

28.42.1 

49.83.1 

7.2.1 


property  V in 
property  V in 
property  V in 


52.5.1 


67.4.1 


presheaf  of  sets  in 

49.9. 

1 proper  in 

5.16.21 

presheaf  on 

X in  |78.3.1 

proper  in 

28.41.1 

presheaf  in 

4.3.3 

proper  in 

54.39.1 

presheaf  in 

7.2.2 

proper  in 

70.22.1 

76.10.11 


30.21.2 


89.34.1 


to  f 


prime  divisor  in 
prime  divisor  in 
prime  subfield  of  F in|9.5.1 
prime  in  |10. 119.11 
principal  divisor  associated 
141. 18.11 

principal  homogeneous  G-space  over  B 
in  165.9.31 

principal  homogeneous  space  in  38.11. 3| 
principal  homogeneous  space  in 


prorepresentable  in 


73X1] 


pseudo  torsor  in  21.5.1 


prorepresentable  in 

73.20.1 

pseudo  Q-torsor  in 

21.5.1 

pseudo  G-torsor  in 

38.11.11 

pseudo  G-torsor  in 

65.9.1 

pseudo  functor  in  4.28.5 

pseudo-coherent  at  x in  63.35.1 


pseudo-coherent  relative  to  R in|15.66.4 


65.9.3  pseudo-coherent  relative  to  R in|15.66.4 


principal  ideal  domain  in|10.119.10  pseudo-coherent  relative  to  S in|36.4l!2 


principal  Weil  divisor  associated  to  f in 

130.21 .51 

pro-etale  covering  of  T in  51.11.1| 


pseudo-coherent  relative  to  S in|36.41.2 


product  U x V exists  in |14.13.1| 


product  U x V of  U and  V in  14.13.1| 


|4.2 

20 

A in 

14.6.1 

A in 

14.9.1 

product  in 

4.4.1 

product  in 

4.14.5| 

profinite  group  in 

5XT51 

pro  finite  in  5.21.1 

projective  n-space  over  Z in|26.13.2] 


15.54.1 

15.54.1 

20.39.1 

20.39.1 

21.35.1 

21.35.1 

36.42.2 

63.35.1 

in 

78.9.2 

4.32.6 

8.3.4 

pseudo-coherent  ring  map  in  15.67.1 
pseudo-coherent  in 
pseudo-coherent  in 
pseudo-coherent  in 
pseudo-coherent  in 
pseudo-coherent  in 
pseudo-coherent  in 
pseudo-coherent  in 
pseudo-coherent  in 
pullback  x~xT  of  j 
pullback  functor  in 
pullback  functor  in 
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pullback  functor  in 

34.30.7 

pullback  functor  in 

34.30.9 

pullback  functor  in 

61.19.7 

pullback  functor  in 

61.19.9 

pullback  of  S along  f in  8.12.9| 


pullback  of  D by  f is  defined  in|30.11.11| 


pullback  in  18.13.1 
pullback  in  38.3. 3| 
pullback  in 
pullback  in  65.4.3 
pullback  in  68.3.4 
pure  along  Xs  in 
pure  along  Xs  in 
pure  extension  module  in  |44.8.8 


37.16.1 


37.16.1 


pure  injective  resolution  in  44.8.5| 
pure  injective  in|44.8.f1 


37.16.1 


pure  projective  resolution  in  44.8.5 
pure  projective  in  |44A1| 
pure  relative  to  S in 
pure  relative  to  S in 
purely  inseparable  in 
purely  inseparable  in 
purely  inseparable  in 


37.16.1 


9.13.1 


9.13.1 


9.27.1 


pushforward  in 

6.26.1 

pushforward  in 

7.43.1 

pushforward  in 

18.13.1 

pushforward  in 

41.13.1 

pushforward  in 

49.35.1 

pushforward  in 

49.35.3 

pushout  of  V and  W o 
pushout  in  |4.9.1 

qc  covering  in  21.23.2 

quasi-affine  in 

27.18.1 

quasi-ajfine  in 

28.13.1 

quasi-affine  in 

54.21.2 

quasi 

MM 

quasi 

IH57T? 


■coherent  module  on  (U,  R,  s , t,  c)  in 

H 

■coherent  module  on  (U,  R,  s , t,  c)  in 

H 


pullback  of  D by  f is  defined  in|58.2.10 

pullback  of  S by  f in|7.45.4| 

pullback  of  the  effective  Cartier  divisor 

in  130.11. Ill 

pullback  of  the  effective  Cartier  divisor 
in  158.2.101 

pullbacks  of  meromorphic  functions  are 
defined  for  f in  30.20.3| 
pullback  in  6.26.1 


purely  transcendental  extension  in|9.25.ll 
pure  in  |10.107.1|  


quasi- coherent  Ox -module  in  78.11.1 


quasi- 

quasi- 

H71 

quasi 

quasi 

quasi 

quasi 

quasi 

quasi 

quasi 

quasi 

quasi 

quasi 

quasi 

quasi 

quasi 

quasi 

quasi 

quasi 

quasi 

quasi 

quasi 

quasi 

quasi 

quasi 

quasi 

quasi 

quasi 

quasi 

quasi 

quasi 

quasi 

quasi 

quasi 

quasi 

quasi 

quasi 

quasi 

quasi 

quasi 

quasi 

quasi 

quasi 

quasi 


-coherent  module  on  X in  78.11.1 
-coherent  sheaf  of  Ox -modules  in 

u ' 

■coherent  sheaf  in  69.9.1| 

■coherent  in  18.23.1 
-coherent  in  49.17.2 
-coherent  in  50.11.1 
-coherent  in  53.28.1 
■coherent  in  89.29.1 
-compact  in  5.11.1 
-compact  in  5.11.1 
-compact  in  7.11.1 
■compact  in  25.19. 

■compact  in  53.5.1 
-compact  in  54.8.2 
-compact  in  70.12.2 
■compact  in  70.12.4 
■compact  in  82.6.1 
-compact  in  83.7.2 
-compact  in |89.5.4 


DM  over  S in|83.4.2| 
DM  in 


83.4.1 


83.4.2 


-DM  in 
■excellent  in  15.43.1 
■finite  at  q in 
-finite  at  x in 


10.121.31 


54.27.1 


10.121.3 


-finite  at  a point  x £ X in  28.20.1 
■finite  in 
■finite  in 
-finite  in 


28.20.1 


54.27.1 


inverse  in  4.2.17 
isomorphism  in 
isomorphism  in 
isotrivial  in 
isotrivial  in 


12.12.4 


12.12.10 


38.11.3 


65.9.3 


projective  variety  in  |32.21.1| 
projective  in  28.40. 1| 
proper  in |5.16.2| 


regular  ideal  in  15.24.1 
regular  immersion  in 
regular  immersion  in 


30.18.1 


63.34.2 


-regular  sequence  in  |10.68.1 


-regular  in  30.17.2 


-separated  over  S in  52.13.2 
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over  S in 

83.4.21 

in 

25.21.2 

in 

25.21.2 

in 

53.3.1 

in 

53.3.1 

in 

54.4.2 

in 

70.114 

in 

70.21.] 

in 

83.4.1 

in 

83.4.2 

reduced  induced  scheme  structure  in 

m 

reduced  in  125.12.11 


25.12.5 


53.11.6 


reduction  Xred  of  X in  82.10.4 
reduction  Xre<i  of  X in 
reduction  Xred  of  X in 
reduction  to  rational  singularities  is  pos- 
sible for  A in  |47.8.6 
Rees  algebra  in 


quasi-sober  in|5.7.4[ 
quasi-split  over  u in |66.13.1| 
quasi- splitting  of  R over  u in  66.13.1| 


refinement  in  7.8.1 


10.69.1 


refines  in|5.27.1 


quotient  category  V /B  in  13.6.7 
quotient  cateqoru  cofibered  in  qroupoids 
[U/R]  -+C  in  173.19.9 


reflexive  hull  in 
reflexive  hull  in 
reflexive  in 
reflexive  in 


15.17.7 


30.10.1 


15.17.1 


30.10.1 


quotient  filtration  in  12.16.1| 
quotient  functor  in  |13.6.7 
quotient  morphism  U — > 

173. 19.91 


regular  at  x in  36.16.1 


regular  ideal  in  15.24.1 


regular  immersion  in  30.18. 1| 


[U / R\  in  regular  in  codimension  < k in  10.149.1] 


quotient  of  U by  G in  52.14.4| 


regular  in  codimension  k in  27.12.1 


quotient  representable 
space  in|65.18.3| 
quotient  representable 
space  in|65.18.3| 
quotient  sheaf  U/R  in 
quotient  sheaf  U/R  in 


by  an 
by  an 


algebraic 

algebraic 


regular  local  ring  in  10.59.9 
regular  locus  in  |27.14.1|~ 


regular  morphism  in |36.16.1| 
regular  section  in 
regular  section  in 


38.20.1 


65.18.1 


30.11.17 


58.2.161 


regular  sequence  in  10.67. 1| 


quotient  stack  in 

65.19.1 

regular  in 

10.109. 

quotient  stack  in 

65.19.1 

regular  in 

12.21.7 

quotient  in  12.54 

J 

regular  in 

15.32.1 

radicial  in |28. 1 1 . l| 

regular  in 

27.9.1 

radicial  in  163.3.1 

regular  in 

30.17.2 

ramification  index  in|l5.81.l|  regular  in 

30.20.1 

regular  system  of  parameters  in  10.59.9 


rank  in  IIP. 101.41 
rank  in  128.45.11 
rank  in  154.44.21 
rational  function  on  X in  |28.9.2 


rational  map  from  X to  Y in  28.9.1 


rationally  equivalent  to  zero  in  41.20.1| 


rationally  equivalent  in|41.20iT] 

reasonable  in  155.6. ll 

reasonable  in  155. 15.11 

reduced  induced  algebraic  space  structure 

in  153.11.61 

reduced  induced  algebraic  stack  structure 
in  182. 10.41 


relation  in  138.3.11 
relation  in  165.4.11 

relative  Hi-regular  immersion  in  30.19.2 
relative  assassin  of  T in  X over  S in 

B 

relative  assassin  of  N over  S/R  in 

110.64.21 


relative  cotangent  space  in  73.3.6 
relative  dimension  < d at  x in  28.29. 1| 
relative  dimension  < d in  128.294] 
relative  dimension  < d in  151.32721 
relative  dimension  d in  128.29.11 
relative  dimension  d in  154.32.21 
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relative  dimension  of  S/R.  at  q in 

110.124.11 

relative  dimension  o/in|10.124.1| 
relative  effective  Cartier  divisor  in 

1:10.15.21 

relative  global  complete  intersection  in 
110.144.51 

relative  homogeneous  spectrum  of  A over 
S in  126.16.71 

relative  homogeneous  spectrum  of  A over 
X in  158.3.31 


relative  inertia  of  S over  S'  in  4.33.2 


relative  Proj  of  A over  S in  |26.16.7 
relative  Proj  of  A over  X in  58.3.3 
relative  quasi-regular  immersion 

130.19.21 


26.4.5 


relative  spectrum  of  A over  S in 
relative  spectrum  of  A over  X in 
relative  weak  assassin  of  T in  X over  S 

in  130.8.11 


54.20.81 


relatively  ample  in  28.37.1 


relatively  limit  preserving  in  |57.3.1| 
relatively  prime  in |9.11.1 


relatively  very  ample  in  28.38.1 
representable  by  a scheme  in  25.15.1| 
representable  by  algebraic  spaces  in 

107.3.11 

representable  by  algebraic  spaces  in 

El 

representable  by  an  algebraic  space  over 
S in  176.8. II 

representable  by  open  immersions  in 
125.15.31 

representable  quotient  in 
representable  quotient  in 
representable  quotient  in 
representable  quotient  in 


38.20.2 


38.20.2 


65.18.3 


65.18.3 


representable  sheaves  in  |7.13.3 


4.3.6 

4.6.4 

4.8.2 

4.39.1 

4.40.5 

25.15.1 

73.19.4 

in 

15.81.1 

in 

15.84.1 

residual  gerbe  of  X at  x in 
residual  space  of  X at  x in 
residue  degree  in 
residue  degree  in 


82.11.81 


15.81.1 


15.84.1 


55.11.61 


residue  field  of  X at  x in  25.2.1 


resolution  functor  in|13.23i2 


47.14.1 


72.8.1 


, t,  c ) to  U' 
, t,  c)  to  U' 


resolution  of  M by  finite  free  R-modules 

in  110.70.21 

resolution  of  M by  free  R-modules  in 

110.70.21 

resolution  of  singularities  by  normalized 
blowups  in  |47.14.2| 

resolution  of  singularities  by  normalized 
blowups  in  |72.8.2| 
resolution  of  singularities  in 
resolution  of  singularities  in 
resolution  in  110.70.21 
restriction  (U,  R,  s,  t,  c)\c  of  (U,  R,  s , t,  c ) 
to  C in  173.19.71 
restriction  of  ( U,R,s , 

138.18.21 

restriction  of  ( U,R,s , 

165.16.21 

restriction  of  F toC/U  in 
restriction  of  T toC/U  in 
restriction  of  T to  U^taie 
restriction  of  Q to  U in 
restriction  of  Q to  U in 
restriction  of  Q to  U in 
restriction  to  the  small  etale  site  in 

133.4.141 

restriction  to  the  small  pro-etale  site  in 

151.11.181 

restriction  to  the  small  Zariski  site  in 

133.3.141 

restriction  in  138.3.31 

restriction  in  165.4.31 

retrocompact  in  5.11. 1| 

rig-etale  in|71.7.2| 

rig-surjective  in  71.11.1| 

right  acyclic  for  F in  13.16.3| 

right  adjoint  in  |4.24.l1~ 

right  deriveable  in  13.15.9| 

right  derived  functor  RF  is  defined  at  in 

113.15.21 

right  derived  functors  of  F in  |13.16.3| 
right  exact  in |4.23.1 


in 

7.24.1 

in 

18.19.1 

e in  78.9.2 

6.31.2 

6.31.2 

6.31.2 

residual  gerbe  of  X at  x exists  in  82.11.8|  right  multiplicative  system  in  4.26.1 
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ring  of  rational  functions  on  X in|28.9.3~| 


18.6.1 

49.17.2 

in 

6.25.1 

in 

18.7.1 

28.6.2 


54.16.21 


scheme  theoretic  support  of  T in  28.5.5 


scheme  theoretic  support  of  J-  in  54.15.4 
scheme  theoretically  dense  in  X in  28.7.1 
scheme  theoretically  dense  in  X in 

154.17.31 

scheme  inl25-9.fi 

semi-representahle  objects  over  X in 

124.2.11  

semi-representable  objects  in|24.2.l1 
separable  degree  in 
separable  degree  in 


9.12.6 


9.13.7 


separable  over  k in  10.41.1 


separable  solution  in  15.82.2 


9.12.2 


9.12.2 


separable  in 
separable  in 
separable  in 
separable  in 
separably  generated  over  k in  10.41.1 


9.12.2 


9.27.1 


satisfies  the  existence  paid  of  the  valua- 

tive  criterion  in  125.20.31 

satisfies  the  existence  part,  of  the  valua- 

tive  criterion  in  154.40.11 

satisfies  the  sheaf  property  for  the  fpqc 

topology  in |33.8.12| 

satisfies  the  sheaf  property  for  the  fpqc 
topology  in  |49.15.5| 

satisfies  the  sheaf  property  for  the  given 
family  in  33.8. 12| 

satisfies  the  sheaf  property  for  the 

Zariski  topology  in  |25.15.3| 

satisfies  the  uniqueness  part,  of  the  valu- 

ative  criterion  in  125.20.31 

satisfies  the  uniqueness  part,  of  the  valu- 

ative  criterion  in  154.40.11 

satisfies  the  valuative  criterion  in|54.40.T1 

saturated  in  14.26.201 

saturated  in  113.6.11 

scheme  over  R inl25.18.T1 

scheme  over  S inl25.18.T1 


scheme  structure  on  Z inl25.12i5l 
scheme  theoretic  closure  of  U in  X in 

rerrji 

scheme  theoretic  closure  of  U in  X in 

I54.l7.3l 

scheme  theoretic  fibre  Xs  of  f over  s in 
125.18.41 

scheme  theoretic  image  in 
scheme  theoretic  image  in 


separated  group  scheme  in  38.4.4 
separated  over  S in 
separated  over  S in 


52.13.2 


83A2] 


6.11.2 


7.10.9 


7.47.2 


12.16.1 


25.21.3 


25.21.3 


separated  presheaf  in  |49.11.1 
separated  in 
separated  in 
separated  in 
separated  in 
separated  in 
separated  in 
separated  in 
separated  in 
separated  in 
separated  in 
separated  in 
separated  in 
separated  in 


53.3.1 


53.3.1 


54.4.2 


70.11.3 


70.21.1 


83.4.1 


83.4.2 


separates  R-orbits  in  68.5.8| 
separates  orbits  in  |68.5.8| 

Serre  subcategory  in  12.9.1| 
set-theoretic  equivalence  relation  in 

168.5.131 

set-theoretic  pre- equivalence  relation  in 
168.5.131 

set-theoretically  R-invariant  in  38.19.1| 
set-theoretically  R-invariant  in  68.5.8 
setoid  in  14.38.11 

sheaf  T of  O -modules  on  B in|6.30.lT1 
sheaf  J-  of  sets  on  B in  |6.30.2| 


sheaf  T of  sets  on  X in  6.7.1 
sheaf  J-  with  values  in  C on  B in  6.30.8 
sheaf  associated  to  T in 
sheaf  associated  to  T in 


7.10.11 


7.47.4 


sheaf  associated  to  the  module  M and  the 

ring  map  a in|17.10!6] 

sheaf  associated  to  the  module  M in 

n 7.10.61 


sheaf  for  the  etale  topology  in  78.4.3 
sheaf  for  the  fppf  topology  in  |78.1.3f 


sheaf  for  the  smooth  topology  in  78.4.3 


sheaf  for  the  syntomic  topology  inJ78^4.3| 


sheaf  for  the  Zariski  topology  in  |78.4.3 


95.1.  ALPHABETIZED  DEFINITIONS 


4901 


sheaf  of  O -modules  associated  to  T in 

rxrx ' 

sheaf  of  O -modules  associated  to  T in 

\5m\ 

sheaf  of  O -modules  in 
sheaf  of  O -modules  in 


6.10.1 


18.10.1 


sheaf  of  Ox -modules  in  78.7.1| 

sheaf  of  R-invariant  functions  on  X in 

MM\ 


sheaf  of  abelian  groups  on  X in  6.8.1 
sheaf  of  automorphisms  of  x in  |83.5.3| 
sheaf  of  differentials  flx /s  of  X over  S 
in  117.24.101 

sheaf  of  differentials  flx /s  of  X over  S 
in  128.33.11 

sheaf  of  differentials  Clx/y  of  X overY 
in  118.32.101 

sheaf  of  differentials  Qx/y  of  X overY 

in  163.7.21 

sheaf  of  meromorphic  functions  on  X in 

130.20.11 

sheaf  of  total  quotient  rings  K-s  in 

180.34.11 

sheaf  theoretically  empty  in|7.41.l] 
sheaf  in 
sheaf  in 
sheaf  in 
sheaf  in 
sheaf  in 
sheaf  in 


shift  in |12.15.4 


6.9.1 


7.7.1 


7.7.6 


7.45.10 


49.11.1 


78X31 


short  exact  sequence  in  |12.5.7 


sieve  on  U generated  by  the  morphisms 
ft  in  [TO] 
sieve  S on  U in  17.45. II 
similar  in  149.60.31 
simple  in 


10.51.9 


11.2.3 


simple  in 
simple  in 
simplicial  A , -module  in  |21.32.1 


11.2.3 


IcN  1 

.32.1 

in 

14.3.1 

in 

14.3.1 

singular  ideal  of  A over  R in  16.3.1 
singular  locus  in  |27.14.1 


site  in  17.6.21 
site  in  149. 10221 
size  in  119.11.11 
skew  field  in  |11.2.2| 

skyscraper  sheaf  at  x with  value  A in 

16.27.11 

skyscraper  sheaf  in 
skyscraper  sheaf  in 
skyscraper  sheaf  in 
skyscraper  sheaf  in 
skyscraper  sheaf  in 


in 

6.27.1 

in 

6.27.1 

in 

6.27.1 

in 

6.27.1 

in 

7.31.6 

small  r-site  of  S in  49.20.4 


small  etale  site  X^ taie  in|53.17.Tl 


small  etale  site  of  S in|33.4.8 


small  etale  site  over  S in  149. 27.31 
small  etale  topos  in 
small  etale  topos  in 


49.21.1 


53.17.6 


small  extension  inll0.1392T 


small  extension  in!73.3.2l 
small  pro-etale  site  of  S in  51.11.12 
small  Zariski  site  Fzar  in  52.12.6 
small  Zariski  site  of  S in  33.3.7 
small  Zariski  sites  in  149. 27731 
small  Zariski  topos  in  49.21. 1| 
smooth  at  q in|10.13iLTl 
smooth  at  x € X in  128.34.11 
smooth  at  x in  154.36. T1 
smooth  covering  of  T in  |33.5.1 


smooth  covering  of  X in  |60.6.1| 
smooth  group  scheme  in  138.4.4 


smooth  groupoid  in  76.16.4 

smooth  local  on  source- and-target  in 

161.18.11 

smooth  local  in!34.17X 

smooth  of  relative  dimension  d in 

128.34.131 


simplicial  scheme  associated  to  f in 

169.8.31 

simplicial  set  in  |14.3. 1| 

simplicial  sheaf  of  A , -modules  in  21.32.1| 


smooth  sheaf  in  78.4.3 
smooth  in  I10.135.il 
smooth  in  128.34.11 
smooth  in  134.16.21 
smooth  in  154.36.11 
smooth  in  173.8.11 
smooth  in  [ 
smooth  in  [ 
smooth  in  186.4.31 
sober  in  15.7.41 

solution  for  A C B in  15.82.2 
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special  cocontinuous  functor  u from  C to 
V in  17.28.21 


standard  etale  in  IIP. 141.141 
standard  etale  in  128.36.11 


specializing  in |5.18.3 


specialization  in 

5.18.1 

standard  fppf  covering  in 

33.7.5 

specialization  in 

89.5.22 

standard  fpqc  covering  in 

33.8.9 

specialization  in 

89.29.2 

standard  open  covering  in 

25.5.2 

spectral  sequence  associated  to  (A,  d,  a) 
in  112.19.51 

spectral  sequence  associated  to  the  exact 
couple  in|12.18.3] 
spectral  sequence  in  A in  |12.17.1| 
spectral  in 
spectral  in 


standard  open  covering  in 
standard  open  covering  in 


25.5.2 


26.8.2 


standard  opens  in  10.16.3 


standard  pro-etale  covering  in  51.11.6 
standard 

175.17.11 


5.22.1 


5.22.1 


resolution  of  B over  A in 
standard  resolution  of  B over  A in|75.3.l| 


spectrum  of  A over  S in  26.4.5 
spectrum  of  A over  X in  54.20.8 
spectrum  in  10.16.1| 
spectrum  in  25.5.3 


standard  shrinking  in 

37.4.6 

26.4.5 

standard  shrinking  in 

37.5.5 

split  category  fibred  in  groupoids  in|4.36.2| 
split  equalizer  in  |34.4.2 


standard  smooth  algebra  over  R in 

110.135.61 

standard  smooth  covering  in  |33.5.5| 
standard  smooth  in!28.34?ll 


split  fibred  category  in  4.35.2 
split  over  u in  66.13.1| 


splits  in  |11.8.1 


standard  syntomic  covering  in |33.6.5 
standard  syntomic  in  28.31. 1| 


splitting  field  of  P over  F in|9.15.2l 
splitting  field  in  EH1 


standard  Zariski  covering  in  [33.3.4] 
strata  in  15.27.31 
stratification  in |5.27.3| 
strict  henselization  of  Os,. 


splitting  of  R over  u in  66.13.1 


49.33.2 


strict  henselization  of  R with  respect  to 


split  in 

12.5.9 

K C Ksep  in  110.148.181 

split  in 

14.18.1| 

strict  henselization  of  S at  s in|49.33.2 

stabilizer  of  the  groupoid  in  algebraic 


strict  henselization  inll0.148.18l 


spaces  (U,  R,  s,t,c)  in  65.15.2 

stabilizer  of  the  groupoid  scheme  strict  map  of  topological  spaces  in |5.5.3 


stable  under  composition  in  28.14.1 
stable  under  generalization  in|5,18.. 
stable  under  specialization  in |5.18.1 


(U,  R,  s,  t,  c)  in  38.17.2 

strict  morphism  of  thickenings  in 

74.3.2 

stable  under  base  change  in 

28.14.1 

strict  morphism  of  thickenings  in 

74.8.2 

strict  transform  of  M along  R 
115.20.11 


R'  in 


stably  free  in  15.3.1 


stably  isomorphic  in  |15.3.1|  

stack  in  discrete  categories  in  |8.6.1| 

stack  in  groupoids  in  8.5. 1| 

stack  in  setoids  in  18.6.11 

stack  in  sets  in  18.6.11 

stack  in  18.4.11 

stalk  in  149.29.61 

stalk  in  149.95.61 

stalk  in  153.18.61 


strict  transform  in 

30.27.1 

strict  transform  in 

30.27.1 

strict  transform  in 

58.7.1 

strict  transform  in 

58.7.1 

strictly  commutative  in  22 

TO] 

strictly  full  in  4.2.10 

strictly  henselian  in 

10.148.1 

strictly  henselian 

in 

49.32.6 

strictly  perfect  in 
strictly  perfect  in 

20.38.1 

21.34.1 

standard  r-covering  in  49.20.2 


standard  etale  covering  in  33.4.5 


strictly  standard  in  A over  R in  16.3.3 
strict  in  112.16.31 
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strong  generator  in |13.33.2| 

strongly  C -cartesian  morphism  in  4.32.1| 


strongly  cartesian  morphism  in  |4.32.1 
strongly  transcendental  over  R in 

11  (1. 122.81 

structure  morphism  in  |25.18.1| 
structure  of  site  on  S inherited  from  C 
in  18.10.21 

structure  sheaf  Ospec(fl)  °f  the  spectrum 
of  R in |25.5.3 


sum  of  the  effective  Cartier  divisors  in 
141.43.171 
support  of  J-  in 


49.31.3 


17.5.1 


49.31.3 


53.19.3 


53.19.3 


support  of  T in 
support  of  J-  in 
support  of  a in 
support,  of  a in 
support  of  M in|10.39.1| 


structure  sheaf  Oproj(s)  of  the  homoge- 
neous spectrum  of  S in  |26.8.3| 
structure  sheaf  of  X in  |78.6.1| 
structure  sheaf  of  the  big  site  ( Sch/S)T 
in  134.7.21 
structure  sheaf  in 


support  of  s in  17.5.1 
supported  on  T in 
supported  on  T in 


18.7.1 


49.23.3 


structure  sheaf  in 
structure  sheaf  in 

structure  sheaf  in 

sub  2-category  in|4.28.2 


18.6.1 


53.20.2 


35.7.4 


62.3.2 


surjective  in 

6.16.2 

surjective  in 

6.16.2 

surjective  in 

7.3.1| 

surjective  in 

7.12.1 

surjective  in 

12.5.3 

surjective  in 

28.10. 

1| 

surjective  in 

54.5.2 

surjective  in 

82.5.1 

symbol  associated  to  M,  a,  b in  41.5.3 


subbase  for  the  topology  on  X in  5.4.3 
subbasis  for  the  topology  on  X in  5.4.3| 
subcanonical  in  17.13.21 
subcategory  in  4.2. 10| 


symbolic  power  in  |10.63.1 
symbol  in  |41.2.1| 


syntomic  at  x £ X in  28.31. 1| 


subfield  in |9.2.1 


syntomic  at  x in |54.35.1 


subfunctor  H C F in  25.15.3 
submersive  in  15.5.31 
submersive  in  128.24.11 


syntomic  covering  of  T in  |33.6.1 


syntomic  covering  of  X in  60.5.1 
syntomic  of  relative  dimension  d in 
128.31.151 


7.3.3 


submersive  in|83.10.1| 

syntomic  in 

10.134.1 

subobject  in  [12 

.5.3 

syntomic  in 

28.31.1 

subpresheaf  in 

6.16.2 

syntomic  in 

54.35.1 

subpresheaf  in 

subsheaf  generated  by  the  Si  in  |17.4.5| 
subsheaf  of  sections  annihilated  by  I in 

127.24.31 

subsheaf  of  sections  annihilated  by  I in 

157.14.31 

subsheaf  of  sections  supported  on  T in 

127.24.61 

subsheaf  of  sections  supported  on  T in 

157.1 4.61 


system  of  R-modules  over  I in 

niro 

system  of  parameters  of  R in  |10.59.9| 
system  of  rings  in  |89.2.1 


system  over  I in  C in  4.21.1| 


tame  symbol  in  |41.5.5[ 
tamely  ramified  with  respect 

115.81.71 


to  A 


tangent  space  TF  of  F in|73.10U 


173.10.9 

) in 

32.14.3 

? in 

89.28.3 

sum  of  the  effective  Cartier  divisors  D\ 
and  Di  in|30.1l!6| 

sum  of  the  effective  Cartier  divisors  D i 
and  Di  in|58.2.6| 


32.14.3 


89.28.3 


tangent  vector  in 
tangent  vector  in 
tautologically  equivalent  in|7.8.2 
taut  in  170.4.91 
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tensor  power  in  |17.21.6| 

tensor  product  differential  graded  algebra 

in  122.3.51 


tensor  product  in  70.4.6 


termwise  split  injection  a : A*  — > B * in 

113.0.41 

termwise  split  sequence  of  complexes  of 

A in  113.9.91 

termwise  split  surjection  8 : B * -A  C*  in 

MM 

the  fibre  of  X over  z is  flat  at  x over  the 

fibre  of  Y over  z in |63.20.2| 

the  fibre  of  X over  z is  flat  over  the  fibre 

of  Y over  z in  |63.20.2| 

the  functions  on  X are  the  R-invariant 

functions  on  U in|68.8.f1 

the  restriction  of  T to  its  fibre  over  z is 

flat  at  x over  the  fibre  of  Y over  z in 

163.20.21 

thickenings  over  y in 
thickenings  over  B in 


87.3.1 


63.9.1 


thickenings  over  S in  |36.2.1 
thickening  in 


36.2.1 


63.9.1 


87.3.1 


thickening  in 
thickening  in 
topological  group  in 
topological  module  in 
topological  module  in 
topological  ring  in 


5.29.1 


5.29.10 


15.28.1 


Y29l\ 


15.28.1 


53.4.7 


82.4.8 


topology  on  C in  7.45.6 
topos  in  |7.16.1| 
tor  dimension  < d in|15.55J] 


tor-amplitude  in  [a,  b]  in 
tor-amplitude  in  [a,  b]  in 
tor-amplitude  in  [a,  b ] in 
torsion  free  in  15.16.1| 
torsion  free  in 


in 

62.17.2| 

in 

15.51.11 

m |35.18.2| 

15.55.1 

20.40.1 

21.36.1 

torsion  in  115.16.11 
torsion  in  130.9.21 


301H1 


torsion  in  149.95.61 
torsor  in  120.5.11 
torsor  in  121.5.11 
Tor  in  120.27.141 
Tor  in  121. 17.121 


totally  disconnected  in|5.6.7| 

totally  ramified  with  respect 

115.81.71 

tower  in  19.6.31 

trace  pairing  in  |9.19.6| 

trace  in  19. 19.11 

trace  in  I49.74.il 

trace  in  149.80. H 

transcendence  basis  in  19.25.11 

transcendence  degree  of  : 

154.32.11 

transcendence  degree  in 


|41 

.34.1 

in 

49.82.4 

in 

49.82.4 

to  A 


//(z) 


9.25.4 


transition  maps  in  |4.21.1| 
triangle  associated  to  0 K L 
M ->  0 in  122.8.21 

triangle  associated  to  the  termwise  split 
sequence  of  complexes  in  |13.9.9| 
triangle  in  |13.3.1 


triangulated  category  in  13.3.2 
triangulated  functor  in  |13.3.3| 


topological  ring  in 
topological  space  in 

topological  space  in 

topologically  nilpotent  in  70.4. 7| 
topologically  of  finite  type  over  in[71.3.1| 
topology  associated  to  C in |7.46.2| 


triangulated  subcategory  in  13.3.4| 
trivial  Q -torsor  in  |20.5.i] 
trivial  Q -torsor  in|21.5.ll 
trivial  descent  datum  in  18.3.51 
trivial  descent  datum  in  134.2.31 
trivial  descent  datum  in  I34.30.10l 
trivial  descent  datum  in  161.3.31 
trivial  descent  datum  in  161. 19.101 


trivial  Kan  fibration  in  14.30.1 
trivial  in  115. 83  Jl 
trivial  inll7.21.Tl 
trivial  inl38.11Jl 
trivial  in  165.9. 11 
trivial  in  189. 32^41 

twist  of  the  structure  sheaf  of  Proj(S)  in 

126.10.11 

twist  of  the  structure  sheaf  in  26.21.1| 


type  of  algebraic  structure  in  |6. 15.1 

[/F£>infT0HO  

underlying  presheaf  of  sets  of  T in  6.5.2 
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unibranch  at  x in  127.15.11 
unibranch  in  115.79.11 
unibranch  in  127.15.11 
uniform  categorical  quotient  in  68.4.4 


40.3.5 


54.37.1| 


uniformizer  in  10.118.8 


uniformly  in |68.7.1 


unramified  at  x in 
unramified  at  x in 
unramified  cusp  form  on  GL2(A.)  with 
values  in  A in  149.108.11 
unramified  homomorphism  of  local  rings 
in  140.3.1 1 


11.3 

unramified  in 

10.147.1| 

in 

17.24.3 

unramified  in 

28.35.1 

in 

18.32.3 

unramified  in 

40.3.5 

in 

128.33.1 

unramified  in 

54.37.1 

universal  Y -derivation  in  163.7.21 
universal  categorical  quotient  in  |68.4.4 


universal  effective  epimorphism  in  7.13.1 
universal  first  order  thickening  in 

110.145.21 


valuation  inll0.49.13l 
value  group  in  |10.49.13 


63.13.5 


37.21.1 


universal  first  order  thickening  in  36.5.2 
universal  first  order  thickening  in 
universal  flattening  of  T exists  in 
universal  flattening  of  X exists  in 
universal  homeomorphism  in 
universal  homeomorphism  in 


37.21.1 


28.44.1 


54.50.2 


value  of  LF  at  X in  13.15.2 
value  of  RF  at  X in|13.15l2l 
value  in  14.22.11 
value  in  14.22.11 
variety  in 
variety  in 


32.3.1 


49.62.6| 


universally  S-pure  in|37.16.1 
universally  catenary  in 
universally  catenary  in 
universally  closed  in  5.16.2 
universally  closed  in  25.20.1| 
universally  closed  in  54.9.2| 
universally  closed  in  83.11.2| 
universally  exact  in  10.81.1 
universally  injective  in  10.81.1 
universally  injective  in  28.11.1 
universally  injective  in  34.4.5| 
universally  injective  in  54.19.3 
universally  Japanese  in  10.154.1 
universally  Japanese  in  27.13.1 
universally  open  in  28.23.1 
universally  open  in  54.6.2 
universally  open  in  83.9.2 


vector  bundle  tt  : V — > S over  S inl26.6.2l 
vector  bundle  associated  to  8 in  126.6.11 
versal  in  173.8.131 
versal  in  180.11.11 


10.104.31 

vertical  in|4.28.l| 

28.17.1 

very  ample  on  X/S  in 

28.38.1 

55.6.1 


55.15.11 


very  reasonable  in 
very  reasonable  in 
viewed  as  an  algebraic  space  over  S'  in 

152.16.21 

viewed  as  an  algebraic  stack  over  S'  in 

176.19.21 

w-  contractible  in  |5TTToTT] 
w-local  in  151.2.31 
w-local  in  151.2.31 
weak  R-orbit  in  168.5.41 
weak  dimension  < d in  115.78.31 
weak  functor  in  |4.28.5 


weak  generator  in  13.33. 2| 


universally  pure  along  Xs  in|37.16.T 
universally  pure  relative  to  S in  37.16.1 
universally  submersive  in  28.24.1 
universally  submersive  in  54.7. 1| 
universally  submersive  in  83.10. 1| 
universally  in|68.7.l' 


weak  ideal  of  definition  in  |70.4.7| 
weak  orbit  in  168.5.41 


unramified  at  q in  10.147.1 


unramified  at  x £ X in  28.35.1 


weak  Serre  subcategory  in  12.9.1 
weak  solution  for  A C B in  15.82.2| 
weaker  than  the  canonical  topology  in 
I TJiO 

weakly  R- equivalent  in|68.5.4] 
weakly  etale  in  15.78.1 
weakly  etale  in  36.46.1 
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weakly  admissible  in  170.4.71  

weakly  associated  points  of  X in  |30.5.1| 
weakly  associated  in  10.65.1| 
weakly  associated  in  30.5.1 

weakly  contractible  in  17.39.21  

weakly  converges  to  H(K)  in  12.20.6 


12.20.6 

in  12.21.9 

)in 

) 

12.22.5 

12.22.5 

15.81.1 


15.84.1 


Weil  divisor  in  189.34.11 

which  associates  a presheaf  to  a semi- 

representable  object  in  24.2.2| 

Yoneda  extension  in  113.27.41 


Zariski  covering  of  T in  33.3.1 
Zariski  covering  of  X in|60.8.l| 


Zariski  covering  in |52.12.5 


53.3.1 


weakly  unramified  in 
weakly  unramified  in 
Weil  divisor  [D]  associated  to  an  effec- 
tive Cartier  divisor  D C X in  189.34.11 
Weil  divisor  associated  to  C inl41.23.T1 
Weil  divisor  associated  to  s in  130. 22.41 
Weil  divisor  associated  to  s inl41.23.T1 
Weil  divisor  associated  to  a Cartier  di- 
visor inl89.34.T1 

Weil  divisor  associated  to  a rational 


Zariski  locally  quasi-separated  over  S in 
152.13.21 

Zariski  locally  quasi-separated  in 
Zariski  locally  quasi-separated  in 
Zariski  sheaf  in 
Zariski  topos  in 


53.3.1 


78.4.3 


49.21.11 


Zariski,  etale,  smooth,  syntomic,  or  fppf 
covering  in 


W8M 


Zariski  in  110.16.31 
zero  object  in|12.3.3 


zero  scheme  in  130. 11.191 
zero  scheme  in  158.2.181 


Weil  divisor  in  130.21.21 


Cech  complex  in 
Cech  complex  in 


20.10.1 


49.18.1 


function  f £ I\(X)*  in 

89.34.1 

zeroth  Cech  cohomology  group  in  49.13.1 

Weil  divisor  class  associated 

to  C in  Cech  cohomology  groups  in 

20.10.1 

130.22.41 

Cech  cohomology  groups  in 

49.18.1 

95.2.  Definitions  listed  per  chapter 


Introduction 
Conventions 
Set  Theory 

Categories 

In  4.2. 1|  category 
In  4.2.4|  isomorphism 
In  4.2.5|  groupoid 
In  4.2.8|  functor 

In  4.2.9|  faithful , fully  faithful,  essentially 


In 

In 

In 

In 

In 

In 

In 

In 


4.3.1 


4.3.2 


4.3.3 


4.3.6 


4.4.1 


4.4.2 


4.5.1 


4.5.2 


jects 

In 


surjective 

In  |4.2.10|  subcategory,  full  subcategory , 
strictly  full 

In  [4  ,2.15|  natural  transformation,  mor- 
phism of  functors 

In  |4.2.17|  equivalence  of  categories, 
quasi-inverse 

In|4.2.20]  product  category 


4.6.1 


4.6.2 


4.6.3 


4.6.4 


4.8.2 


opposite  category 
contravariant 

presheaf  of  sets  on  C,  presheaf 

representable 

product 

has  products  of  pairs  of  objects 
coproduct,  amalgamated  sum 
has  coproducts  of  pairs  of  ob- 

fibre  product 

cartesian 

has  fibre  products 

representable 

representable,  F is  relatively 


In 
In 
In 
In 

representable  over  G 


In 

4.9.1 

pushout 

In 

4.9.2 

cocartesian 

In 

4.10.1 

equalizer 

In 

4.11.1 

coequalizer 

In 

4.12.1 

initial,  final 
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In 

4.13.1 

monomorphism,  epimorphism 

In 

4.14.1 

limit 

In 

4.14.2 

colimit 

In 

4.14.5 

product 

In 

4.14.6 

coproduct 

In 

4.16.1 

connected 

In 

4.17.1 

I is  co final  in  J , co final 

In 

4.17.3 

I is  initial  in  J , initial 

In 

4.19.1 

directed,  filtered,  directed,  fil- 

tered 

In  |4.32.6[  choice  of  pullbacks , pullback 
functor 

In  |4.32.9[  2-category  of  fibred  categories 
over  C 

In  4.33.2  relative  inertia  of  S over  S1 , 


inertia  fibred  category  Is  of  S 
fibred  in  groupoids 
2-category  of  categories  fibred 


In 

In 


4.34.1 


4.34.6 


in  groupoids  over  C 
In  |4.35.2 


In  |4.20.1[  codirected , cofiltered , codi-  In  4.36.2| 
rected , cofiltered 

In  |4.21.1|  system  over  I in  C,  inductive 
system  over  I inC , inverse  system  over  I 
in  C,  projective  system  over  I in  C,  tran- 
sition maps 

In  |4.21.2|  directed  system , directed  in- 
verse system,  directed 
In  |4.22.1|  is  essentially  constant,  value, 
essentially  constant,  value 
In|4.22.2|  essentially  constant  system,  es- 
sentially constant  inverse  system 
In  |4.23. 11  left  exact , right  exact,  exact 
left  adjoint,  right  adjoint 
left  multiplicative  system , right 


split  fibred  category,  Sf 
split 


category  fibred  in 


groupoids,  Sf 
In  14.37. ll  discrete 

In|4.37.2|  category  fibred  in  sets,  category 
fibred  in  discrete  categories 
In  |4.37.3~  2 -category  of  categories  fibred 
in  sets  over  C 

setoid 

category  fibred  in  setoids 
2-category  of  categories  fibred 


4.38.1 


4.38.2 


4.38.3 


4.24.1 


4.26.1 


In 
In 

multiplicative  system,  multiplicative  sys- 
tem 

-l . 


In 
In 
In 

in  setoids  over  C 
In  |4.39.1|  representable 
In  |4.40.5|  representable, 
representable  over  y 


X is  relatively 


In 

In 

In 

In 

In 


4.26.4 


4.26.12 


4.26.20 


s "/ 
fs-1 

saturated 


4.27.11  horizontal 

2-category,  1-morphisms,  2- 
morphisms,  vertical , composition,  hori- 
zontal 

In  14.28.21  sub  2-category 
equivalent 

functor,  weak  functor , pseudo 


4.28.4 


4.28.5 


In 
In 

functor 

In 


4.29.1 


In 

In 

In 

In 


4.30.1 


4.30.2 


4.31.1 


(2, 1 )-category 
final  object 

2- fibre  product  of  f and  g 
2-category  of  categories  over  C 
fibre  category,  lift,  x lies  over 
U,  lift,  cj)  lies  over  f 

In  |4.32.1|  strongly  cartesian  morphism, 
strongly  C -cartesian  morphism 
In |4.32.5|  fibred  category  over  C 


4.31.2 


Topology 

In|5l~T)  base  for  the  topology  on  X,  basis 
for  the  topology  on  X 
In  |5.4.3[  subbase  for  the  topology  on  X, 
subbasis  for  the  topology  on  X 
In|5.5.3|  strict  map  of  topological  spaces, 
submersive 

5.6. 1|  connected,  connected  component 

g totally  disconnected 
locally  connected 
irreducible,  irreducible  compo- 
nent 

In  |5.7.4|  generic  point,  Kolmogorov, 
quasi-sober,  sober 

Noetherian,  locally  Noetherian 
chain  of  irreducible  closed  sub- 


5.8.1 


5.9.1 


In 
In 

sets,  length , dimension,  Krull  dimension, 
Krull  dimension  of  X at  x 


In 

5.9.5 

equidimensional 

In 

5.10.1 

codimension 

In 

5.10.4 

catenary 

In 

5.11.1 

quasi- compact, 

retrocompact 

In|5.12.1|  locally  quasi-compact 
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In  |5.14.1|  constructible,  locally  con- 
structible 

In  |5.16.2|  closed , proper , quasi-proper , 
universally  closed 
In  15. 17. ll  Jacobson 

In  |5.18.1|  specialization , generalization , 
stable  under  specialization,  stable  under 
generalization 

In  |5.18.3|  specializations  lift  along  f, 
specializing,  generalizations  lift  along  f, 
generalizing 

In  |5.19.1|  immediate  specialization,  di- 
mension function 


In 

5.20.1 

interior,  nowhere  dense 

In 

5.21.1 

profinite 

In 

5.22.1 

spectral,  spectral 

In 

5.25.1 

extremally  disconnected 

In 

5.26.2 

isolated  point 

In 

5.27.1 

partition,  parts,  refines 

In 

5.27.2 

good  stratification 

In 

5.27.3 

stratification,  strata 

In 

5.27.4 

locally  finite 

In  5.29. 1|  topological  group,  homomor- 
phism of  topological  groups 
In |5.29.5  profinite  group 
In  |5.29.7|  topological  ring,  homomor- 


phism of  topological  rings 
In|5.29.10|  topological  module,  homomor- 
phism of  topological  modules 

Sheaves  on  Spaces 


In  |6.3.1|  presheaf  F of  sets  on  X,  mor- 
phism ip  : F — > Q of  presheaves  of  sets 
on  X 

In  |6.3.2[  constant  presheaf  with  value  A 


In  |6A4l  presheaf  of  abelian  groups  on 
X,  abelian  presheaf  over  X,  morphism 
of  abelian  presheaves  over  X 


In  [6X1)  abelian  sheaf  on  X,  sheaf  of 
abelian  groups  on  X 
In  6^941  sheaf 

In  6.10.1|  sheaf  of  O -modules,  morphism 
of  sheaves  of  O -modules 
In  |6. 11.2|  separated 

type  of  algebraic  structure 
subpresheaf,  subsheaf  injec- 


In 

In 

tive. 

In 


6.15.1 


64X2) 


In 

In 


6.21.7 


surjective,  injective,  surjective 
f-map  £ : Q — >■  F 
composition  of  <p  and  if 
ringed  space,  morphism 


6.21.9 


6.25.11 


ringed  spaces 

In  |6.25.3|  composition  of  morphisms 
ringed  spaces 

In  |6.26.f  pushforward,  pullback 


of 

of 


In  6.27.1[  skyscraper  sheaf  at  x with 
value  A,  skyscraper  sheaf,  skyscraper 
sheaf,  skyscraper  sheaf,  skyscraper  sheaf 
In  6.30. 1[  presheaf  F of  sets  on  B,  mor- 
phism tp  : T —>  Q of  presheaves  of  sets 
on  B 

In|6.30.2]  sheaf  F of  sets  onB,  morphism 
of  sheaves  of  sets  on  B 
In  16.30.8]  presheaf  F with  values  inC  on 
B,  morphism  p : F — )•  Q of  presheaves 
with  values  in  C on  B,  sheaf  F with  val- 
ues in  C on  B 

In  |6.30.1l]  presheaf  of  O -modules  F on 
B,  morphism  p : F —>  Q of  presheaves  of 
O-modules  on  B,  sheaf  F of  O -modules 
on  B 

In  |6.31.2|  restriction  of  Q to  U,  restric- 
tion of  Q to  U , open  subspace  of  ( X , O) 
associated  to  U,  restriction  of  Q to  U 
In  6.31.3  extension  of  F by  the  empty 


In  6.5.1  presheaf  F on  X with  values  in 
C,  morphism  <p  : F -A  Q of  presheaves 
with  value  in  C 

In  [6  ,5.2[  underlying  presheaf  of  sets  of  F 
In  6.6. 1|  presheaf  of  O-modules,  mor- 
phism tp  : F — > Q of  presheaves  of  O- 
modules 

In  16777!)  sheaf  F of  sets  onX,  morphism 
of  sheaves  of  sets 

In |6.7.4|  constant  sheaf  with  value  A 


set  jp\F,  extension  of  F by  the  empty 
set  j\F 

In  6.31.5  extension  jv\F  of  F by  0,  ex- 


tension j\F  of  F by  0,  extension  jp\F  of 
F by  e,  extension  j\F  of  F by  e,  exten- 
sion by  0,  extension  by  0 

Sites  and  Sheaves 

presheaf  of  sets,  Morphisms  of 


In  7.2.1 


presheaves 

In 


In 

In 


7.2.2 


7.3.1 


7.3.3 


presheaf,  morphism 
injective,  surjective 
subpresheaf 
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7.3.5 


7.6.1 


In 
In 

target 

In 


image  of  <p 

family  of  morphisms  with  fixed 


In 

In 

In 

In 


7.6.2 


7.7.1 


7.7.5 


7.7.6 


7.8.1 


site,  coverings  of  C 
sheaf 
Sh(C) 
sheaf 

morphism  of  families  of  maps 
with  fixed  target  of  C from  IA  to  V,  mor- 
phism from  IA  to  V , refinement 
In  [7101  combinatorially  equivalent,  tau- 
tologically equivalent 


In 

7.10.9 

separated 

In 

7.10. 11[  sheaf  associated  to  T 

In 

7.11.1 

quasi-compact 

In 

7.12.1 

injective,  surjective 

In 

7.13.1 

effective  epimorphism , univer 

In 

7.13.3 

representable  sheaves,  U_ 

In 

7.14.1 

continuous 

In 

7.15.1 

morphism  of  sites 

In 

7.15.4 

composition 

In 

7.16.1 

topos,  morphism  of  topoi,  com 

at  T 

In 


7.31.1 


7.31.2 


7.31.6 


7.35.1 


7.36.2 


In 

In 


7.41.3 


7.42.1 


In 

In 

In 

In 


7.42.2 


7.42.4 


7.42.6 


7.42.7 


subtopos 
open  subtopos 
closed  subtopos 
open  immersion,  closed  im- 


mersion 

In 


7.43.1 


7.44.1 


In 
In 

In  17.45.3 


7.45.1 


7.45.4 


sal  effective  epimorphism 

In  [7  .13.21  weaker  than  the  canonical 

topology,  subcanonical 


pushforward 
global  sections 
sieve  S on  U 

sieve  on  U generated  by  the 
morphisms  ff 

pullback  of  S by  f 
topology  on  C 
finer 
sheaf 

canonical  topology 
topology  associated  to  C 
separated 

sheaf  associated  to  T 


In 

In 

In 

In 

In 

In 

In 

In 

In 


7.45.6 


7.45.8 


7.45.10 


7.45.12 


7.46.2 


7.47.2 


7.47.4 


7.50.1 


point  p 


Stacks 


In  [8T2T21  presheaf  of  morphisms  from  x 
to  y,  presheaf  of  isomorphisms  from  x to 


V 

In 


position  fog 
In  E 19.11  cocontinuous 
In|7.24.1|  localization  of  the  site  C at  the 
object  U , localization  morphism,  direct 
image  functor,  restriction  of  T to  C/U, 
extension  of  Q by  the  empty  set 
In  7.28.2|  special  cocontinuous  functor  u 
from  C to  V 

In  7.29.4  localization  of  the  topos  Sh(C) 


8.3.1 


5 


localization  morphism 

point  of  the  topos  Sh(C) 
point  p of  the  site  C 
skyscraper  sheaf 
2-morphism  from  f to  g 
morphism  f : p — >•  p' 

7.37. 1|  conservative,  has  enough 


descent  datum  ( Xi,ipij ) in 
relative  to  the  family  {ff  : U. \ — i 

U},  cocycle  condition,  morphism  if  : 
( of  descent  data 
In  8.3.4|  pullback  functor 
In  8.3.5|  trivial  descent  datum,  canonical 
descent  datum,  effective 
In  18.4.11  stack 

2-category  of  stacks  over  C 
stack  in  groupoids 
2-category  of  stacks  in  groupoids 


In 

In 

In 


8.4.5 


8.5.1 


8.5.5 


■C 


In 
In 
In 
In 
In 
points 

In  |7.39.2|  weakly  contractible,  enough 
weakly  contractible  objects,  enough  P ob- 
jects 

In  17.41. 11  sheaf  theoretically  empty 
almost  cocontinuous 
embedding 


In  8.6.1 


stack  in  setoids,  stack  in  sets, 
stack  in  discrete  categories 
In  18101  2-category  of  stacks  in  setoids 
over  C 

In|8.10.2)  structure  of  site  on  S inherited 
from  C,  S is  endowed  with  the  topology 
inherited  from  C 


In 

8.11.1 

gerbe 

In 

8.11.4 

gerbe  over 

In 

8.12.4 

ffS,  pushforward  of  S along  f 

In 

8.12.9 

f~1S,  pullback  of  S along  f 

Fields 
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In 

In 

In 

F 

In 

In 


9.2.1 


9.2.2 


9.5.1 


field , subfield 

domain , integral  domain 

characteristic , prime  subfield  of 


In 

In 

set 

In 


10.7.1[  finite 


10.8. 1|  partially  ordered  set , directed 


9.6.2 


9.6.3 


field  extension 
tower 

In  [9X6}  generates  the  field  extension, 
finitely  generated  field  extension 
degree,  finite 
number  field 

algebraic,  algebraic  extension 
minimal  polynomial 
In  19.10.1  algebraically  closed 
In  |9.10.3|  algebraically  closed,  algebraic 
closure 

L relatively  prime 
l separable,  separable , separable 
3 separable  degree 

purely  inseparable,  purely  in- 
separable 


10.8.2 


In 

In 

In 

In 

In 

In 

In 


9.15.4 


In  9.13.7  separable  degree,  inseparable 
degree,  degree  of  inseparability 
In  19. 14. II  normal 

In  |9.14.7|  automorphisms  of  E over  F, 
automorphisms  of  E/F 
In |9.15.2[  splitting  field  of  P over  F 
normal  closure  E over  F 
trace,  norm 
trace  pairing 
discriminant  of  L/K 
Galois 

Galois  group 

algebraically  independent , 
extension,  tran- 


system  {Mi,  /jl^)  of  R-modules 
over  I,  directed  system 
In  110.8.7  homomorphism  of  systems 
10.8.121  relation 

10.9. 1|  multiplicative  subset  of  R 
10.9.21  localization  of  A with  respect 

localization 
R-bilinear 
{A,  B) -bimodule 
base  change,  base  change 
spectrum 

Zariski,  standard  opens 
local  ring,  local  homomor- 
phism of  local  rings,  local  ring  map  (p  : 
R^S 

In |10.27.2|  Oka  family 

locally  nilpotent,  nilpotent 
Jacobson  ring 
integral  over  R,  integral 
integral  closure,  integrally 


10.31.1 


10.34.1 


10.35.1 


10.35.81 


9.19.1 


9.19.6 


9.19.8 


9.20.1 


9.20.3 


In 
In 
In 
In 

closed 
InllO.36.TI  normal 

In  |10.36.3  almost  integral  over  R,  com- 
pletely normal 
10.36.111  normal 

integral  over  I 


10.37.1 


932541 


In 
In 
In 

fully  flat 
In 


10.38.1 


flat,  faithfully  flat,  flat,  faith- 


purely  transcendental 
scendence  basis 

In 


In 


10.39.1 


10.39.3 


support  of  M 

annihilator  of  m,  annihilator 

of  M ' 

In|10.40~  going  up,  going  down 
9.25.9|  algebraic  closure  of  k in  K,  al-  In  10.41.1|  separably  generated  over  k, 


9.25.4|  transcendence  degree 


In 


gebraically  closed  in  K 


In 

9.26.1 

compositum  of  I\  and  L in  Q 

In 

10.42.1 

In 

9.26.2 

linearly  disjoint  over  k in  fl 

In 

10.44.1 

In 

9.27.1 

algebraic,  separable,  purely  in- 

In 

10.44.5 

separable,  normal,  Galois 

In 

10.46.4 

separable  over  k 

geometrically  reduced  over  k 
perfect 

perfect  closure 

geometrically  irreducible  over 


Commutative  Algebra 

In  10.5.1|  finite  R-module,  finitely  gen- 
erated R-module,  finitely  presented  R- 
module , R-module  of  finite  presentation 
In  110.6. 1|  finite  type,  S is  a finite  type 
R-algebra,  finite  presentation 


In  |10.47.3[  geometrically  connected  over 
k 

In  [10  .48. 1|  geometrically  integral  over  k 
In  110.49. 1[  dominates,  valuation  ring, 


centered 
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In  |10.49.13]  value  group , valuation,  dis- 
crete valuation  ring 


In  |10.95.3|  I-adically 
adically  complete 


complete,  I- 


In 

10.51.1 

length 

In 

10.101.4 

rank 

In 

10.51.9 

simple 

In 

10.102.1 

Cohen- Macaulay 

In 

10.52.1 

Artinian 

In 

10.102.6 

maximal  Cohen- Macaulay 

In 

10.53.1 

essentially  of  finite  type , es- 

In 

10.102.101  Cohen- Macaulay 

sentially  of  finite  presentation 

In 

10.103.1 

Cohen- Macaulay 

In 

10.56.1 

homogeneous  spectrum 

In 

10.103.6 

Cohen- Macaulay 

In 

10.57.3 

numerical  polynomial 

In 

10.104.1 

catenary 

In 

10.58.1 

an  ideal  of  definition  of  R 

In 

10.104.3 

universally  catenary 

In 

10.58.6 

Hilbert  polynomial 

In 

10.107.1 

pure 

In 

10.58.8 

d(M) 

In 

10.108.2 

finite  projective  dimension, 

In 

10.59.1 

Krull  dimension 

projective  dimension 

In 

10.59.2 

height 

In 

llO.  108.6]  finite  global  dimension, 

In  10.59.91  system  of  parameters  of  R, 
regular  local  ring,  regular  system  of  pa- 
rameters 

Inll0.62TT1  associated 
In|10.63.T  symbolic  power 


10.65.1 


10.66.1 


In 


10.76.1 


10.77.1 


of  modules 

In  110.87.21  dominates 
In  |10.87.7 


In 

ring 


10.89.1 


Mittag-Leffler 
coherent  module, 


global  dimension 
In  I1O109J}  regular 

10.111.5]  local  ring  of  the  fibre  at  q 


In  |10.64.2[  relative  assassin  of  N over 
S/R 

weakly  associated 
embedded  associated  primes , 


In 

In 

In 

In 


10.118.8(  uniformizer 


10.119.1|  associates,  irreducible,  prime 


10.119.4  unique  factorization  do- 


UFD 


In 
In 

embedded  primes  of  R 
In  |10.67.1|  M -regular  sequence,  M - 
regular  sequence  in  I,  regular  sequence 
110.68.1 


M -quasi-regular,  quasi- 

regular sequence 

In|10.69.T]  blowup  algebra,  Rees  algebra , 
affine  blowup  algebra 
In|10.7022  resolution,  resolution  of  M by 
free  R-modules,  resolution  of  M by  finite 
free  R-modules 
In  |10.71.1|  I -depth,  depth 
projective 

locally  free,  finite  locally  free, 


In  |l0.119.10|  principal  ideal  domain , 
PID 

In 

10.119.12|  Dedekind  domain 

In 

10.120.2 

order  of  vanishing  along  R 

In 

10.120.3 

lattice  in  V 

In 

10.120.5 

distance  between  M and  M' 

In 

10.121.3 

quasi-finite  at  q,  quasi-fmite 

In 

10.122.8 

strongly  transcendental  over 

R 

In 

10.124.1 

relative  dimension  of  S/R  at 

R-derivation, 


In 
In 

finite  locally  free  of  rank  r 
In  110.81.11  universally  injective,  univer- 
sally exact 

In|10.834~|  direct  sum  devissage,  Kaplan- 
sky  devissage 

In  10.85.1|  Mittag-Leffler  inverse  system 
In  10.87.1|  Mittag-Leffler  directed  system 


q,  relative  dimension  of 
In  110.130.11  derivation, 

Leibniz  rule 

In  |10.130.2|  module  of  Kahler  differen- 
tials, module  of  differentials 
In  10.131.1]  differential  operator  D : 
M — »•  IV  of  order  k 

In  |10.131.4|  module  of  principal  parts  of 
order  k 

naive  cotangent  complex 
global  complete  intersection 


10.132.1 


10.133.1 


coherent 


In 

In  __ 

over  k,  local  complete  intersection  over 
k 

In  |10. 133.5  complete  intersection  ( over 

k) 

In|10. 134.1  syntomic,  flat  local  complete 
intersection  over  R 


95.2.  DEFINITIONS  LISTED  PER  CHAPTER 


4912 


In  110.134.51  relative  global  complete  in- 
tersection 

Inll0.135.ll  smooth 

In  10.135.6  standard  smooth  algebra 


over  R 

10.135.11[  smooth  at  q 


In 

In 

In 

In 

In 

In 

In 


10.136.1 


10.139.1 


10.141.1 


formally  smooth  over  R 
small  extension 
etale,  etale  at  q 


10. 141.141  standard  etale 


10.144.1]  formally  unramified  over  R 


In|10. 146.1  formally  etale  over  R 
In 


In  10.149.1 


< k,  (Sk) 

In 


In 

In 

In 

In 


In 

In 


10.152.1 


10.152.4 


10.152.5 


10.153.1 


10.154.1 


10.157.2 


10.158.2 


Brauer  groups 


In 

11.2.1 

finite 

In 

11.2.2 

skew  field 

In 

11.2.3 

simple , simple 

In 

11.2.4 

central 

In 

11.2.5 

opposite  algebra 

In 

11.5.2 

Brauer  group 

In 

11.8.1 

splits,  splitting  field 

Homological  Algebra 


In 

In 

In 

In 

In 


12.3.1 


12.3.3 


12.3.5 


12.3.8 


12.3.9 


preadditive , additive 
zero  object 
direct  sum 
additive 

kernel , cokernel , coimage  of  f, 


image  of  f 


Inll2.4.ll  Karoubian 
Inll2.5.n  abelian 

In|12.5.3]  injective , surjective , subobject , 
quotient 

In 


12.5.7 


exact , 


12.5.9 


complex,  exact  at  y, 
short  exact  sequence 
split 

extension  E of  B by  A 
Ext-group 

Serre  subcategory,  weak  Serre 


12.6.1 


12.6.2 


10.145.2]  universal  first  order  thicken- 
ing, conormal  module,  Cgm 


In 
In 
In 
In 

subcategory 

In 


12.9.1 


12.9.5  kernel  of  the  functor  F 


10.147.1]  unramified,  G-unramified , 


unramified  at  q,  G-unramified  at  q 
In|10. 148.1  henselian,  strictly  henselian 
In  10.148.18]  henselization,  strict 


henselization  of  R with  respect  to  k C 
isep,  strict  henselization 

( Rk ),  regular  in  codimension 


In  12.10.1  zeroth  K-group  of  A 

In  12.11.1|  cohomological  5 -functor,  5- 

functor 

In  1 12. 1 1 ~2  morphism  of  S -functors  from 
F to  G 

In|12.11.3|  universal  S -functor 
In  12.12.2|  homotopy  equivalence,  homo- 
topy  equivalent 

In 
In 


12.12.4|  quasi-isomorphism,  acyclic 


12.12.8[  homotopy  equivalence , homo- 


complete  local  ring 
coefficient  ring 
Cohen  ring 
N-l,  N-2,  Japanese 
universally  Japanese , Na- 

gata  ring 

In  |10.154.9]  analytically  unramified,  an- 
alytically unramified 

geometrically  normal 
geometrically  regular 


In 

In 

In 


topy  equivalent 

12. 12.101  quasi-isomorphism,  acyclic 
k-shifted  chain  complex  A[k], 
Hi+k(A,)  — > Hi(A[k\ ,) 
k-shifted  cochain  complex 


12.14.1 


12.14.2 
In' 112.14.71 
A[W_ 


12.14.8 


12.15.1 


In 
In 

A 

In  12.15.4  shift 


Hi+k(A •)  — s>  Hl(A[k}*) 
category  of  graded  objects  of 


In  12.16.1|  decreasing  filtration,  filtered 
object  of  A,  morphism  (A,  F)  — > ( B , F ) 
of  filtered  objects,  induced  filtration,  quo- 
tient filtration,  finite,  separated , exhaus- 
tive 

I i 1 1 12 . 1 (iTTTl  strict 

In  |12.17.1|  spectral  sequence  in  A,  mor- 
phism of  spectral  sequences 
In  1 1 2. 1 7~2j  limit,  degenerates  at  Er 
In|12.1Sll]  exact  couple,  morphism  of  ex- 
act couples 

In  |12. 18.3|  spectral  sequence  associated 
to  the  exact  couple 

In  |12.19.1|  differential  object,  morphism 
of  differential  objects 
In 1 12. 1 0T7T|  homology 
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In  |12.19.5|  spectral  sequence  associated 
to  ( A , d,  a) 

In  112.20. 1|  filtered  differential  object 
induced  filtration 


In 

In 


12.20.4 


In 

In 


12.21.1 


12.21.5 


sA* , associated  total  complex 
In  |12.22.5  weakly  converges 

abuts  to  Hn(sK *),  con- 


In 

In 


12.23.4 


dings 

In 


12.23.51 


In 


12.24.1 


12.24.4 


In  |1 3.6.5 
In  |13.6.7 

tient  functor 


12.20.6|  weakly  converges  to  H(K ), 
abuts  to  H(I\) 

filtered  complex  K*  of  A 
induced  filtration 
In  12.21.7|  regular,  coregular,  bounded , 
bounded  below,  bounded  above 
In  12.21.9|  weakly  converges  to  H*(K *), 
abuts  to  H*(K *),  converges  to  H*(K *) 
In|12.22~  double  complex 
In  12.22.3|  associated  simple  complex 


In  13.8.1  category  of  (cochain)  com- 
plexes, bounded  below,  bounded  above, 
bounded 
Inll3.9.ll  cone 
In 


13.9.4 


termwise  split  injection  a : 
termwise  split  surjection  fj  : 


to 


Hn(sK'), 

verges  to  Hn(sK*),  weakly  converges  to 
Hn(sK *),  abuts  to  Hn(sK*),  converges 
to  Hn(sK *) 

In  |12.23.1l  injective 

enough  injectives 
functorial  injective  embed- 


A*  -A  B\ 

B'  ->  C’ 

In  |13.9.9|  termwise  split  sequence  of 
complexes  of  A,  triangle  associated  to  the 
termwise  split  sequence  of  complexes 
In  |13.10.1[  distinguished  triangle  of 
K(A) 

In  |13.11.3|  derived  category  of  A, 
bounded  derived  category 
In  |13.14.1|  category  of  finite  filtered  ob- 
jects of  A 

In  |13.14.2[  filtered  quasi-isomorphism , 
filtered  acyclic 

filtered  derived  category  of  A 
bounded  filtered  derived  cate- 


in 

In 


13.14.5 


13.14.7 


gory 


projective 
enough  projectives 
In  12.24.5|  functorial  projective  surjec- 
tions 

I ii 1 1 2.2772]  Mittag-Leffler  condition,  ML 

Derived  Categories 

In  [13  .3. 1|  triangle,  morphism  of  triangles 
In  |13.3.2|  triangulated  category,  distin- 
guished triangles , pre-triangulated  cate- 
gory 

In  [13  .3.3|  exact  functor,  triangulated 
functor 

In  |13.3.4|  pre-triangulated  subcategory, 
triangulated  subcategory 
In  p ,3.5|  homological,  cohomological 
In  13.3.6[  8-functor  from  A to  T>,  im- 
age of  the  short  exact  sequence  under  the 
given  8-functor 

In  |13.5. 1|  compatible  with  the  triangu- 
lated structure 
Inll3.fi.il  saturated 


In  |13.15.2|  right  derived  functor  RF  is 
defined  at,  value  of  RF  at  X,  left  derived 
functor  LF  is  defined  at,  value  of  LF  at 

X 

In  |13.15.9|  right  deriveable,  everywhere 
defined,  left  deriveable , everywhere  de- 
fined 

13.15.10]  computes,  computes 

3 right  derived  functors  of  F, 
left  derived  functors  of  F,  right  acyclic 
for  F,  acyclic  for  RF,  left  acyclic  for  F, 
acyclic  for  LF 
In 


In 

In 


13.17.2  ith  right  derived  functor  RlF 


ofF 


In  |13.18.1  injective  resolution  of  A,  in- 


jective resolution  of  K* 

In  |13.19.1[  projective  resolution  of  A, 
projective  resolution  of  K * 


kernel  of  F,  kernel  of  F[ 
quotient  category  V/B,  quo- 


In 

13.21.1 

Cartan-Eilenberg  resolution 

In 

13.23.2 

resolution  functor 

In 

13.26.1 

filtered  injective 

In 

13.27.1 

ith  extension  group 

In 

13.27.4 

Yoneda  extension,  equivalent 

In 

13.29.1 

K-injective 

In 

13.31.1 

derived  colimit,  homotopy  col- 

imit 

In  13.32.1 

derived  limit,  homotopy  limit 
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In  |13.33.2[  classical  generator , strong 
generator , weak  generator , generator 
In  113.34. 1|  compact  object 

compactly  generated 


In 


13.34.5 


Simplicial  Methods 

in— 1]  -+ 


In 


n 


14.2.1 


i+i] 


In  14.3.1 


In 

C, 


group , morphism  of  cosimplicial  objects 


U - 
ofC 

In 


U' , category  of  cosimplicial  objects 


14.6.1 


14.7.1 


14.8.1 


14.9.1 


14.10.1|  fibre  product  ofV  and  W over 


In 
U 
In 
In 
In 

U 

In  14.11.1|  n-simplex  ofU , face  of  x,  de- 
generacy of  x,  degenerate 
In  |14.12. 1|  n-truncated  simplicial  object 
of  C,  morphism  of  n-truncated  simplicial 
objects 

In  14.13.1  product  U x V of  U and  V, 


product  U x V exists 
Horn {U,  V) 


In 

In 

In 

In 

In 


14.14.1 


14.15.1 


14.17.1 


14.18.1 


14.20.1 


of 


Hom(f/,  V) 

Horn  ( U,  V) 
split 

augmentation  e : U — > X 
U towards  an  object  X of  C 
In  |14.22.3|  Eilenberg-Maclane  object 
K(A,  k ) 

In  |14.26.1|  homotopy  connecting  a to  b , 
homotopic 

In 1 1 1.26+1  homotopy  equivalence , homo- 
topy equivalent 

In  |14.28.1|  homotopic , homotopy  con- 
necting a and  b 

In 


In 


14.30.1 


14.31.1 


trivial  Kan  fibration 
Kan  fibration , Kan  complex 


simplicial  object  U of  C,  sim- 
plicial sef  simplicial  abelian  group , mor- 
phism of  simplicial  objects  U —>  U',  cat- 
egory of  simplicial  objects  of  C 

|14.5.1  cosimplicial  object  U of 
cosimplicial  sef  cosimplicial  abelian 


15.3.1 


15.6.3 


15.8.1 


15.9.1 


15.16.1 


In 
In 
In 
In 
In 
In 
In 
In 
In 
R-+R' 
In|15.22.1 


15.17.1 


15.17.7 


15.18.1 


15.20.1 


stably  isomorphic , stably  free 
kth  fitting  ideal 
henselian  pair 
auto-associated 
torsion , torsion  free 
reflexive 
reflexive  hull 
content  ideal  of  x 
strict  transform  of  M along 


15.22.2 


15.23.1| 


Koszul  complex 
Koszul  complex  on  /i , . . . , fr 
M -Koszul-regular,  M-H\- 
Koszul-regular , H\-Koszul- 


product  of  U and  V 

fibre  product  of  V and  W over 

pushout  of  V and  W over  U 
product  of  U and  V 


In 
In 

regular, 
regular 

In  |15.24.1|  regular  ideal,  Koszul-regular 
ideal,  Hi-regular  ideal,  quasi-regular 
ideal 

In  1 1 5.2572  local  complete  intersection 
In  15.28.1  topological  ring,  topological 
module,  homomorphism  of  topological 
modules,  homomorphism  of  topological 
rings,  linearly  topologized,  linearly  topol- 
ogized,  ideal  of  definition,  pre- admissible, 
admissible,  pre-adic,  adic 


In  15.29.1  formally  smooth  over  R 
In] 


15.29.3|  formally  smooth  for  the  n- 


adic  topology 


In 

15.32.1 

regular 

In 

15.37.1 

p-independent  over  k,  p-basis 

of  K over 

k 

In 

15.38.1 

J-0,  J-l,  J-2 

In 

15.41.1 

G-ring 

In 

15.43.1 

quasi- excellent,  excellent 

In 

15.46.1 

injective 

In 

15.46.5 

M 1— >■  Mv,  free  module 

In 

15.49.3 

K-flat 

In 

15.49. 13[  derived  tensor  product 

In 

15.51.1|  Tor  independent  over  R 

coherent, 

coherent 


m-pseudo-coherent , pseudo- 


In  15.55.1 


tor-amplitude  in  [a,  b],  finite 
tor  dimension,  tor  dimension  < d,  finite 
tor  dimension 

In  |15. 57.1|  finite  projective  dimension, 
projective-amplitude  in  [a,  b] 


More  on  Algebra 
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In  |15.58.1[  finite  injective  dimension , 
injective-amplitude  in  [a,  b] 

In  15.61. 1|  perfect,  perfect 

In  15.65.2[  finitely  presented  relative  to 

R 

In  |15.66.4|  m-pseudo-coherent  relative 
to  R,  pseudo-coherent  relative  to  R,  m- 
pseudo-coherent  relative  to  R,  pseudo- 
coherent  relative  to  R 
In  15.67. 1|  pseudo-coherent  ring  map , 
perfect  ring  map 

In  |15.69. 1|  I -power  torsion  module,  an 
f -power  torsion  module 
In  1 1 5.72~Ij  derived  complete  with  respect 
to  I,  derived  complete  with  respect  to  I 
In  |15.78.1[  absolutely  flat,  weakly  etale, 
absolutely  flat 

In|15. 78.3|  weak  dimension  < d 
In|15. 79.1|  unibranch , geometrically  uni- 
branch 

In  115.81. 1|  extension  of  discrete  valua- 
tion rings,  ramification  index,  weakly  un- 
ramified, residual  degree,  residue  degree 
In|15.81.7|  unramified  with  respect  to  A, 
totally  ramified  with  respect  to  A,  tamely 
ramified  with  respect  to  A 
In|15.81d0  decomposition  group , inertia 
group 

In  |15.81.16|  mixed  characteristic,  abso- 
lute ramification  index 
In  15.82.2  weak  solution  for  A C B,  so- 


15.83.1 


lution  for  A C B,  separable  solution 
invertible , trivial 
extension  of  valuation  rings , 
unramified,  residual  degree, 


15.84.1 


16.3. 1|  singular  ideal  of  A over  R 


16.3.3|  elementary  standard  in  A over 


In 
In 

R,  strictly  standard  in  A over  R 

Sheaves  of  Modules 


In  17.4.1|  generated  by  global  sections, 
generate 

subsheaf  generated  by  the  Si 
support  of  T , support  of  s 


In 

In 


17.4.5 


17.5.1 


17.8.1 


17.9.1 


locally  generated  by  sections 
finite  type 


17.10.1|  quasi- coherent  sheaf  of  Ox- 


In 
In 
In 

modules 

In  17.10.61  sheaf  associated  to  the  module 
M and  the  ring  map  a,  sheaf  associated 
to  the  module  M 

finite  presentation 
coherent  Ox -module 
closed  immersion  of  ringed 


17.11.1 


17.12.1 


17.13.1 


In 
In 
In 

spaces 

In|17.14.1|  locally  free,  finite  locally  free, 
finite  locally  free  of  rank  r 


In 

17.16.1 

flat 

In 

17.16.3 

flat  at  x 

In 

17.17.1 

flat  at  x,  flat 

In 

17.17.3 

flat  over  Y at  a point  x £ X, 

flat  over  Y 

In 

17.20.1 

Koszul  complex 

In 

17.20.2 

Koszul  complex  on  f\, ...,  fr 

In 

17.21.1 

invertible  Ox -module,  trivial 

In 

17.21.6 

tensor  power 

In 

17.21.7 

associated  graded  ring 

In 

17.21.9 

Picard  group 

In 

17.24.1 

0\- derivation,  p-derivation, 

Leibniz  rule 

In 

17.24.3 

module  of  differentials,  uni- 

versal  p-derivation 

In|17.24.10|  S -derivation,  sheaf  of  differ- 
entials flx/s  °f  X over  S 

naive  cotangent  complex 
naive  cotangent  complex 


In 

In 


17.25.1 


17.25.4 


In 
In 

weakly 
residue  degree 

In  15.85.5|  Bezout  domain,  elementary 
divisor  domain 

Smoothing  Ring  Maps 


Modules  on  Sites 


18.4.1 


18.5.1 


18161) 


free  abelian  presheaf 
free  abelian  sheaf 
ringed  site , structure 


sheaf 


In 
In 
In 

morphism  of  ringed  sites,  composition  of 
morphisms  of  ringed  sites 
InlTsTT  ringed  topos,  structure  sheaf, 
morphism  of  ringed  topoi,  composition  of 
morphisms  of  ringed  topoi 


In  [187 
In 


i.l 


2-morphism  from  f to  g 
18.9. 1|  presheaf  of  O -modules,  mor- 
phism p : T — > Q of  presheaves  of  O- 
modules 

In  |18.10.1[  sheaf  of  O -modules,  mor- 
phism of  sheaves  of  O -modules 
In  1 1 8. 1 3. 1 1 pushforward,  pullback 
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In  18.16.1  gv\T , giT  = (gp \F)# 

In  |18.17~l)  free  O -module,  finite  free , 
generated  by  global  sections , generated 


In  |20.5.1[  torsor,  Q-torsor,  morphism  of 
Q-torsors , trivial  Q-torsor 


In 


20.10.1  Cech  complex , Cech  cohomol- 


by  r global  sections,  generated  by  finitely 

ogy  groups 

many  global  sections,  global  presentation , 

In 

20.13.1 

global  finite  presentation 

In 

20.24.1 

In  |18.19.1|  localization  of  the  ringed  site 

In 

20.24.2 

( 0,0 ) at  the  object  U,  localization  mor- 

In 

20.25.2 

phism,  direct  image  functor,  restriction 

In 

20.27.2 

of  T to  C/U,  extension  by  zero 

In 

20.27.13 

In  |18.21.2|  localization  of  the  ringed 

In 

120.27.141 

topos  ( Sh(C),0 ) at  J- , localization  mor- 

In 

20.38.1 

phism 

In 

20.39.1| 

In|18.23.1|  locally  free , finite  locally  free , 
locally  generated  by  sections , locally  gen- 
erated by  r sections , of  finite  type , quasi- 
coherent , of  finite  presentation , coherent 


In 

18.28.1 

flat , flat , flat , flat 

In 

18.30.1 

flat,  flat 

In 

18.30.3 

flat  over  ( Sh(V),0 ') 

In 

18.31.1 

rank  r,  invertible,  O* 

In 

18.31.6 

Picard  group 

In 

18.32.1 

Oi-derivation , ip-derivation, 

Leibniz  rule 

In  |18.32.3|  module  of  differentials , uni- 
versal  ip-derivation 

In  |18.32.10)  Y -derivation,  sheaf  of  dif- 
ferentials ftx/Y  °f  X over  Y,  universal 
Y -derivation 

In|18.33.T|  differential  operator  D : T — > 
£/  of  order  k 

In  |18.33.4  module  of  principal  parts  of 


18.34.1 


18.34.4 


order  k 

In 
In 
In 
In 
In 


18.39.4 


18.39.6 


18.39.91 


coherent, 

coherent 


alternating  Cech  complex 
ordered  Cech  complex 
locally  finite 
K-flat 

derived  tensor  product 
Tor 

strictly  perfect 
m-pseudo-coherent,  pseudo- 
m-pseudo-coherent,  pseudo- 


In  20.40.1  tor-amplitude  in  [a,  6],  finite 
tor  dimension,  locally  has  finite  tor  di- 
mension 

In  120.41. 1|  perfect,  perfect 

Cohomology  on  Sites 

In  gPU)  pseudo  torsor,  pseudo  Q- 
torsor,  morphism  of  pseudo  Q-torsors, 
torsor,  Q-torsor,  morphism  of  G-torsors, 
trivial  Q-torsor 

In  |21.9.1|  Cech  complex,  Cech  cohomol- 
ogy groups 


naive  cotangent  complex 
naive  cotangent  complex 
locally  ringed  site 
locally  ringed 

morphism  of  locally  ringed 
topoi,  morphism  of  locally  ringed  sites 
In  |18.42. 1|  constant  sheaf,  locally  con- 
stant, finite  locally  constant 

Injectives 

In  [19  ,2.4|  a-small  with  respect  to  I 
In  |19.10.1|  generator,  Grothendieck 
abelian  category 

Inll9.ll.T1  size 

Cohomology  of  Sheaves 


In 

21.13.4 

limp 

In 

21.17.2 

K-flat 

In 

21.17.11 

derived  tensor  product 

In 

121.17.12 

Tor 

In 

21.23.21 

qc  covering 

In 

21.32. 1|  simplicial  Am-module,  simpli 

cial  sheaf  of  A , -modules 

In  [21  .34. 1|  strictly  perfect 

In  21.35.1|  m-pseudo-coherent,  pseudo- 

coherent,  m-pseudo-coherent,  pseudo- 

coherent 


In  21.36.1  tor-amplitude  in  [a,  b],  finite 
tor  dimension,  locally  has  finite  tor  di- 
mension 

In|21.37.l)  perfect,  perfect 

Differential  Graded  Algebra 


In  22.3.1|  differential  graded  algebra  over 

R 

In  |22.3.2|  homomorphism  of  differential 
graded  algebras 
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In|22.3.3l  opposite  differential  graded  al- 
gebra 

In  |22.3.4|  commutative , strictly  commu- 
tative 

In  |22.3.5|  tensor  product  differential 
graded  algebra 

In|22.4.1|  differential  graded  module , ho- 
momorphism of  differential  graded  mod- 
ules 

In|22.4.3[  k-shifted  module 


In|22.5.1|  homotopy  between  f and  g , ho- 
motopic 

In 


22.5.3|  homotopy  category 
In  22.6.11  cone 

In  22.7.1|  admissible  monomorphism , ad- 
missible epimorphism,  admissible  short 
exact  sequence 

In  |22.8.2|  triangle  associated  to  0 -> 
K — > L — > M — > 0,  distinguished  tri- 
angle 

derived  category  of  (A,  d) 
R-linear  category  A 
functor  of  R-linear  cate- 


In 

In 

In 


22.15.2 


22.17.1 


22.17.21 


22.18.1 


22.18.2 


In 
In 

over  R,  graded  functor 
In  122. 18.31  A0 
In 
In 


22.18.4|  graded  direct  sum 


23.2.1 


23.3.1 


In  |24.2.1|  semi-representable  objects , 
semi-representable  objects  over  X 
In|24.2.2|  which  associates  a presheaf  to 
a semi-representable  object 
covering , covering 
hypercovering  of  X 
homology  of  K 

hypercovering  of  Q,  hypercov- 

enng 

Schemes 


In  25.2.1  locally  ringed  space  (X,Ox), 
local  ring  of  X at  x , residue  field  of  X 
at  x,  morphism  of  locally  ringed  spaces 
In |25.3.1|  open  immersion 

open  subspace  of  X associated 


25.3.3 


gories , R-linear 

graded  category  A over  R 
functor  of  graded  categories 


In 

to  U 

In  125.4. H closed  immersion 
In  25.4.41  closed  subspace  of  X associated 
to  the  sheaf  of  ideals  X 
In  |25.5.2|  standard  open  covering , stan- 
dard open  covering 

In|25.5.3  structure  sheaf  Ospec(R)  of  the 


22.19.1|  differential  graded  category  A 


over  R 

In  22.19.2|  functor  of  differential  graded 
categories  over  R 

In  |22.19.3|  category  of  complexes  of  A, 

homotopy  category  of  A 

In|22.19A|  differential  graded  direct  sum 

Divided  Power  Algebra 


spectrum  of  R,  spectrum 

In  |25.5.5|  affine  scheme , morphism  of 

affine  schemes 

In|25.9.1  scheme,  morphism  of  schemes 
open  immersion,  open  sub- 
closed immersion,  closed  sub- 
locally  closed  im- 


In  25.10.2 


immersion, 


divided  power  structure 
divided  power  ring,  homomor- 
phism of  divided  power  rings 
23.4.11  extends 

23.6.1|  divided  power  structure 
23.6.4[  compatible  with  the  differential 
graded  structure 

In  |23.8.5|  complete  intersection,  local 
complete  intersection 

Hypercoverings 


scheme, 
scheme, 
mersion 
In  125. 1 2~TI  reduced 

In  |25.12.5|  scheme  structure  on  Z,  re- 
duced induced  scheme  structure , reduc- 
tion -h-Fgu  of  JC. 

In  |25.15.1|  representable  by  a scheme , 
representable 

In|25.15!3)  satisfies  the  sheaf  property  for 
the  Zariski  topology,  subfunctor  H C F, 
representable  by  open  immersions,  cov- 
ers F 

In |25.17.1|  fibre  product 

inverse  image  f~x(Z)  of  the 


25.17.7 


In 

closed  subscheme  Z 

In  |25.18.1  scheme  over  S,  structure 
morphism,  scheme  over  R,  morphism  f : 
X Y of  schemes  over  S,  base  change, 
base  change,  base  change 
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In  |25.18.3[  preserved  under  arbitrary 
base  change , preserved  under  base 
change , preserved  under  arbitrary  base 
change , preserved  under  base  change 
In  |25.18.4  scheme  theoretic  fibre  Xs  of 
f over  s,  fibre  of  f over  s 
In |25.19.1|  quasi-compact 

universally  closed 


In 

27.5.1 

In 

27.6.1 

In 

27.7.1 

In 

27.8.1 

In 

27.9.1 

In 

27.10.1 

locally  Noetherian,  Noetherian 

Jacobson 

normal 

Cohen- Macaulay 
regular , nonsingular 
dimension , dimension  of  X 


25.20.1 


In 

In  25.20.3|  satisfies  the  existence  part 
of  the  valuative  criterion,  satisfies  the 
uniqueness  part  of  the  valuative  criterion 
In  |25.21.3|  separated,  quasi-separated, 
separated,  quasi-separated 
In|25.23.1|  monomorphism 

Constructions  of  Schemes 

In  |26.4.5|  relative  spectrum  of  A over  S, 

spectrum  of  A over  S 

In  26.5. 1|  affine  n-space  over  S,  affine 


at  x 

In  [27^1L1|  catenary 

In  |27.12.1|  regular  in  codimension  k, 

( Rk ),  ( Sk ) 

In  |27.13.1|  Japanese,  universally  Japan- 
ese, Nagata 

In  27.14.1  regular  locus,  singular  locus 
In  27.15.1  unibranch  at  x,  geometrically 
unibranch  at  x,  unibranch,  geometrically 


unibranch 

In 

27.18.1 

quasi-affine 

In 

27.21.1 

locally  projective 

In 

27.23.1 

n-generated 

n-space  over  R 

In  126.6. fl  vector  bundle  associated  to  8 
In  126.6.21  vector  bundle  n : V — > S over 
S,  morphism  of  vector  bundles  over  S 
In  |26.7.1|  cone  associated  to  A,  affine 
cone  associated  to  A 

S over  S,  mor- 


In  27.24.3 


phism  of 

cones 

In 

28.5.5 

In 

26.8.2 

standard  open  covering 

In 

28.6.2 

In 

26.8.3 

structure  sheaf  Oproj(s)  of  the 

In 

28.7.1 

subsheaf  of  sections  annihi- 
lated by  X 

In|27. 24.61  subsheaf  of  sections  supported 
on  T 

In|27.26.T|  ample 

Morphisms  of  Schemes 

scheme  theoretic  support  of  T 
scheme  theoretic  image 
scheme  theoretic  closure  of  U 


homogeneous  spectrum  of  S,  homoge- 
neous spectrum 

In|26.10.1|  twist  of  the  structure  sheaf  of 
Proj(S) 

In  |26.13.2|  projective  n-space  over  Z, 
projective  n-space  over  S,  projective  n- 
space  over  R 

In  |26.16.7[  relative  homogeneous  spec- 
trum of  A over  S,  homogeneous  spec- 
trum of  A over  S,  relative  Proj  of  A over 
S 

projective  bundle  associated 


In  128.8.41  dominant 

In  |28.9.1[  equivalent,  rational  map  from 
X to  Y,  S -rational  map  from  X to  Y 
In |28.9.2|  rational  function  on  X 

ring  of  rational  functions  on 


28.9.3 


In 

X 

In  |28.9.5|  function  field,  field  of  rational 
functions 

In  |28.9.7|  defined  in  a point  x £ X,  do- 
main of  definition 


In  26.21.1 


to  8,  twist  of  the  structure  sheaf 
In|26.22!2|  Grassmannian  overZi,  Grass- 
mannian  over  S,  Grassmannian  over  R 

Properties  of  Schemes 


In 

In 

In 


27.3.1 


27.4.1 


27.4.2 


integral 
local 
locally  P 


In 

28.9.9[  dominant 

In 

28.9.10 

birational , S-birational 

In 

28.10.1 

surjective 

In 

28.11.1 

universally  injective , radicial 

In 

28.12.1 

affine 

In 

28.13.1 

quasi-affine 

In 

28.14. 

T]  local,  stable  under  base 

change,  stable  under  composition 
In  |28. 1 1~2|  locally  of  type  P 
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In  |28.15.1|  finite  type  at  x £ X,  locally 
of  finite  type , finite  type 


In 

28.16.3 

finite  type  point 

In 

28.17.1 

universally  catenary 

In 

28.19.1 

J-2 

In 

28.20.1 

quasi-finite  at  a point  x £ X, 

locally  quasi-finite,  quasi-finite 
In  |28.21.1|  finite  presentation  at  x £ X, 
locally  of  finite  presentation,  finite  pre- 
sentation 

In  |28.23.1  open,  universally  open 
In  |28.24.1|  submersive,  universally  sub- 
mersive 

In  |28.25.1|  flat  at  a point  x £ X,  flat 
over  S at  a point  x £ X,  flat,  flat  over  S 
In  128.26.31  canonical  scheme  structure 
on  T 

In  |28.29.1|  relative  dimension  < d at  x, 
relative  dimension  < d,  relative  dimen- 
sion d 

In|28.31.1|  syntomic  at  x £ X,  syntomic, 
local  complete  intersection  over  k,  stan- 
dard syntomic 

In  |28.31.15|  syntomic  of  relative  dimen- 
sion d 

In  128.32.1  conormal  sheaf  C z / x of  Z in 


conormal  sheaf  of  i 


In  28.34.13  smooth  of  relative  dimension 
d 

In  |28.35.1|  unramified  at  x £ X,  G- 
unramified  at  x £ X,  unramified,  G- 
unramified 

In  |28.36.1|  etale  at  x £ X,  etale , stan- 
dard etale 

In  |28.37.1|  relatively  ample,  f -relatively 
ample,  ample  on  X/S,  f -ample 
In  |28.38.1|  relatively  very  ample,  f- 
relatively  very  ample,  very  ample  on 
X/S,  f -very  ample 

In  128.40. 1|  quasi-projective,  H-quasi- 
projective , locally  quasi-projective 
In|28.41~  proper 

In  28.42.1  projective,  H-projective,  lo- 


cally projective 


In 

In 

In 

In 

In 

In 

In 

In 

In 

In 

In 


28.45.1 


28.43.1 


28.44.1 


28.46.1 


28.47.8 


28.47.11 


28.47.12 


28.48.2 


28.48.3 


28.49.1 


28.51.1 


integral,  finite 
universal  homeomorphism 
finite  locally  free,  rank,  degree 
birational 

degree  of  X over  Y 
modification  of  X 
alteration  of  X 
integral  closure  of  Ox  in  A 
normalization  of  X in  Y 
normalization 

bounds  the  degrees  of  the  fi- 
bres of  f,  fibres  of  f are  universally 
bounded 

Cohomology  of  Schemes 


In|29.11.1|  depth  k at  a point,  depth  k at 
a point,  (Sk),  (Sk) 

In  |29. 1 l~2j  Cohen- Macaulay 


Divisors 


In|30.2.1|  associated,  associated  points  of 

X 

In  30.4.1  embedded  associated  point,  em- 


X 

In  28.33.1  sheaf  of  differentials  f tx/s  °f 
X over  S,  universal  S -derivation 
In  |28.34.1|  smooth  at  x £ X,  smooth, 
standard  smooth 


bedded  point,  embedded  component 
In|30.5.1|  weakly  associated,  weakly  asso- 
ciated points  of  X 

In  |30.7.1|  relative  assassin  of  T in  X 
over  S 

relative  weak  assassin  of  T in 


In  30.8.1 


X over  S 
In  130.9.2 


30.10.1 


torsion,  torsion  free 
reflexive  hull,  reflexive 


In 

In  130.11. 1|  locally  principal  closed  sub- 
scheme, effective  Cartier  divisor 
In  130.11.61  sum  of  the  effective  Cartier 
divisors  Di  and  D 2 

In|30.11.11|  pullback  of  D by  f is  defined , 
pullback  of  the  effective  Cartier  divisor 


In  30.11.14  invertible  sheaf  Os  (D)  asso- 
ciated to  D,  canonical  section 
regular  section 
zero  scheme 


In 

In 

In 


30.11.17 


30.11.19 


30.15.2|  relative  effective  Cartier  divi- 


sor 

In 


ofZ 


m 


30.16.1  conormal  algebra  Cz/x  * 

X 

normal 


conormal  algebra  of  f 
In  |30.16.5|  normal  cone  CzX 
bundle 
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In  130.17.21  regular,  Koszul-regular,  Hi- 
regular,  quasi-regular 
In  |30.18.1|  regular  immersion,  Koszul- 
regular  immersion,  H\-regular  immer- 
sion, quasi-regular  immersion 
In  |30.19.2|  relative  quasi-regular  immer- 
sion, relative  Hi-regular  immersion 
In  |30.20.1|  sheaf  of  meromorphic  func- 
tions on  X,  ICx,  meromorphic  function 
In  30.20.3  pullbacks  of  meromorphic 
functions  are  defined  for  f 
In  130.20.51  meromorphic  section  of  J- 
regular 

ideal  sheaf  of  denominators 


In 

In 

of  s 

In 


30.20.11 


30.20.15 


In 

Z 


30.21.2 


30.21.3 


30.21.7 


30.22.1 


Limits  of  Schemes 


Varieties 


In 

In 


32.3.1 


32.4.1 


variety 

geometrically  reduced  at  x,  ge- 
ometrically reduced 

geometrically  connected 
geometrically  irreducible 


32.5.1 


32.6.1 


In 
In 

In  32.7.1|  geometrically  pointwise  inte- 
gral at  x,  geometrically  pointwise  inte- 
gral, geometrically  integral 
In  |32.8.1|  geometrically  normal  at  x,  ge- 
ometrically normal 

In|32.10.1|  geometrically  regular  at  x,  ge- 
ometrically regular  over  k 
Inl32.14TT1  dual  numbers 


In  |32.14.3|  tangent  space  of  X over  S, 
tangent  vector 

In|32. 17.1|  algebraic  k-scheme , locally  al- 
gebraic k-scheme 

In  |32.21.1|  affine  variety,  projective  va- 
riety, quasi-projective  variety,  proper  va- 
riety 

Euler  characteristic  of  T 
m-regular 


In 

In 

In 

In 

In 

In 

In 

C 


32.26.1 


32.28.6 


32.32.1 


32.33.1 


32.34.3 


32.28.14  Hilbert  polynomial 
curve 

degree,  degree 
intersection  number 


32.34.101  degree  of  Z with  respect  to 


prime  divisor,  Weil  divisor 
order  of  vanishing  of  f along 


In|30.2l3{  principal  Weil  divisor  associ- 
ated to  f 

Weil  divisor  class  group 
order  of  vanishing  of  s along 


In 
In 

Z 

In  |30.22.4|  Weil  divisor  associated  to  s, 
Weil  divisor  class  associated  to  C 
In  130.26.11  blowing  up  of  X along  Z, 
blowing  up  of  X in  the  ideal  sheaf  I,  ex- 
ceptional divisor,  center 
In  130.27.11  strict  transform,  strict  trans- 
form 

In|30.28~  U -admissible  blowup 


In 

In 

In 

In 


Topologies  on  Schemes 

Zariski  covering  of  T 
standard  Zariski  covering 
big  Zariski  site 


33.3.1 


33.3.4 


33.3.5 


33.3.7[  big  Zariski  site  of  S,  small 
Zariski  site  of  S,  big  affine  Zariski  site 
ofS 

In  133.3.141  restriction  to  the  small 


Zariski  site 

In 

33.4.1 

etale  covering  of  T 

In 

33.4.5 

standard  etale  covering 

In 

33.4.6 

big  etale  site 

In 

33.4.8 

big  etale  site  of  S,  small 

site  of  S,  big  affine  etale  site  of  S 

restriction  to  the  small  etale 


In 

33.5.1 

smooth  covering  of  T 

In 

33.5.5 

standard  smooth  covering 

In 

33.5.6 

big  smooth  site 

In 

33.5.8 

big  smooth  site  of  S,  big  affine 

smooth  site  of  S 

In 

33.6.1 

syntomic  covering  of  T 

In 

33.6.5 

standard  syntomic  covering 

In 

33.6.6 

big  syntomic  site 

In  33.6.8|  big  syntomic  site  of  S,  big 
affine  syntomic  site  of  S 

In 


33.7.1|  fppf  covering  of  T 
In  33.7.5|  standard  fppf  covering 
In  33.7.6|  big  fppf  site 
In  33.7.8|  big  fppf  site  of  S,  big  affine  fppf 
site  of  S 
In 


In 


33.8.1 


33.8.9 


fpqc  covering  of  T 
standard  fpqc  covering 
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In|33.8.12[  satisfies  the  sheaf  property  for 
the  given  family , satisfies  the  sheaf  prop- 
erty for  the  fpqc  topology 

Descent 


In 


34.2.1 


In 

In 


34.16.2 


34.17.1 


In 


In  34.18.1 


In  |34.30.3|  descent  datum  ( Vi,<pij ) rela- 
tive to  the  family  {JQ  — > S'},  morphism 
if  : — > (V( of  descent  data 

In  134.30.71  pullback  functor 
pullback  functor 
trivial 


In 

In 


34.30.9 


descent  datum  for 

quasi- coherent  sheaves,  cocycle  condi- 
tion, morphism  i/j  : -A  {T[,ipC) 

of  descent  data 

In  |34.2.3|  trivial  descent  datum,  canoni- 
cal descent  datum,  effective 
In  34.3.1  descent  datum  (N,  ip)  for  mod- 
ules with  respect  to  R A,  cocycle  con- 
dition, morphism  ( N,ip ) — > (N',tp')  of 
descent  data 

effective 
split  equalizer 
universally  injective 
C 

In  |34.4.15|  base  extension  along  f,  de- 
scent morphism  for  modules,  effective 
descent  morphism  for  modules 
34.4.191  /. 


34.30.101 


descent  datum , 


canonical  descent  datum,  effective 
In|31.30.11[  canonical  descent  datum,  ef- 
fective 

In  |34.32.1  morphisms  of  type  V satisfy 
descent  for  r-coverings 

Derived  Categories  of  Schemes 


35.7.4 


35.13.1 


supported  on  T 
approximation  holds  for  the 


In 
In 

triple 

In  |35.13.2|  approximation  by  perfect 
complexes  holds 

In  135.18. 2 


Tor  independent  over  S 


More  on  Morphisms 


34.7.2|  structure  sheaf  of  the  big  site 
( Sch/S)T , sheaf  of  O -modules  associated 
to  T , sheaf  of  O -modules  associated  to  T 
In  |34.8.1|  parasitic,  parasitic  for  the  r- 
topology 

In|34.11~  local  in  the  t -topology 
In  34.16. 1|  germ  of  X at  x,  morphism 
of  germs,  composition  of  morphisms  of 
germs 

In 


Stale,  smooth 
Stale  local,  smooth  local 
t local  on  the  base,  t local 
on  the  target,  local  on  the  base  for  the 
r-topology 

In|34.22?I)  t local  on  the  source,  local  on 
the  source  for  the  r-topology 
In  134.28.31  etale  local  on  source-and- 
target 

In I31.29TT1  Stale  local  on  the  source-and- 
target 


In  |36.2.1|  thickening,  first,  order  thick- 
ening, morphism  of  thickenings,  thicken- 
ings over  S,  morphisms  of  thickenings 
over  S 

In  136.3.11  first  order  infinitesimal  neigh- 
bourhood 

In  136.4.1  formally  unramified 
In  36.5.2|  universal  first  order  thicken- 
ing, conormal  sheaf  of  Z over  X 
formally  Stale 
formally  smooth 
In  36.15.1|  normal  at  x,  normal  mor- 
phism 
In 


36.6.1 


36.9.1 


36.16.1 


regular  at  x,  regular  mor- 
phism 

In|36.17.1[  Cohen- Macaulay  at  x,  Cohen- 

Macaulay  morphism 

In  36.27.1  Stale  neighbourhood  of  (S,s), 


In  34.30.1  descent  datum  for  V/X/S, 
cocycle  condition,  descent  datum  relative 
to  X — )■  S,  morphism  f : (V/X,(p)  — » 
(V'/X,  ip')  of  descent  data  relative  to 
X S 


morphism  of  Stale  neighbourhoods , ele- 
mentary Stale  neighbourhood 
In  |36.40.1[  finitely  presented  relative  to 
S,  of  finite  presentation  relative  to  S 
In  136.41. 2|  m-pseudo-coherent  relative 
to  S,  pseudo-coherent  relative  to  S,  m- 
pseudo-coherent  relative  to  S,  pseudo- 
coherent  relative  to  S 

pseudo-coherent 
perfect 


In 

In 


36.42.2 


36.43.2 
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In  |36.44.2|  Koszul  at  x,  Koszul  mor- 
phism, local  complete  intersection  mor- 
phism 

In|36.46~  weakly  etale , absolutely  flat 
In  |36.48.1|  ind- quasi- affine,  ind-quasi- 


affine 

More  on  Flatness 


In  37.4.1 


over  s 


In  |37.4.2 
at  x 
In 


In 


37.4.6 


37.5.1 


one  step  devissage  of  J-/X/S 

one  step  devissage  of  T/X/S 

standard  shrinking 
complete  devissage  of  T/X/S 


In  37.5.2  complete  devissage  of  T/X/S 


at  x 


over  r 


In  37.15.2 
In 


37.16.11 


In  37.21.1 


ists , universal  flattening  of  X exists 
In  |37.21.2|  flattening  stratification , flat- 
tening stratification 

Groupoid  Schemes 


In |37.5.5  standard  shrinking 
In|37.6.1  elementary  etale  localization  of 
the  ring  map  R — > S at  q 
In  37.6.2  complete  devissage  of  N/S/R 


In  37.6.4  complete  devissage  of  N/S/R 
at  q 


In  138.10.11  action  of  G on  the  scheme 
X/S,  equivariant,  G-equivariant 
In |38.10.2|  free 

In  |38.11.1|  pseudo  G-torsor,  formally 
principally  homogeneous  under  G,  triv- 
ial 

In|38. 11.3|  principal  homogeneous  space, 
G-torsor,  G-torsor  in  the  r topology,  r 
G-torsor,  r torsor,  quasi-isotrivial,  lo- 
cally trivial 

In  |38.12.T|  G-equivariant  quasi- coherent 
Ox -module,  equivariant  quasi- coherent 
Ox -module 

In  |38.13.1|  groupoid  scheme  over 
S,  groupoid  over  S,  morphism  f : 
(U,  R,  s,  t,  c)  -»  ( U',R',s',t',c ')  of 

groupoid  schemes  over  S 
In  |38.14.1|  quasi- coherent  module  on 
( U,R,s,t,c ) 

In  |38.17.2|  stabilizer  of  the  groupoid 
scheme  (U,  R,  s,  t,  c) 

In  38.18.2  restriction  of  (U,  R,  s,  t,  c 
U' 


to 


impurity  of  T above  s 
pure  along  Xs,  universally 
pure  along  Xs,  pure  along  Xs,  univer- 
sally S-pure,  universally  pure  relative  to 
S,  S-pure,  pure  relative  to  S,  S-pure, 
pure  relative  to  S 

universal  flattening  of  T ex- 


In  |38.19.1|  set-theoretically  R-invariant, 
R-invariant,  R-invariant,  R-invariant 
quotient  sheaf  U/R 
representable  quotient,  repre- 


38.20.1 


38.20.2 


In 
In 

sentable  quotient 

In 


38.21.1 


cartesian,  (U' , R' , s' ,t' ,c') 
is  cartesian  over  (JJ,R,s,t,c),  mor- 
phism of  groupoid  schemes  cartesian 
over  (U,  R,  s,  t,  c) 

More  on  Groupoid  Schemes 


Etale  Morphisms  of  Schemes 


In  |38.3.1[  pre-relation,  relation,  pre- 
equivalence relation,  equivalence  relation 
on  U over  S 

In |38.3.3]  restriction,  pullback 
In  |38.4.l)  group  scheme  over  S,  mor- 
phism if  : ( G,m ) — > ( G',m ')  of  group 
schemes  over  S 

In  |38.4.3|  closed  subgroup  scheme,  open 
subgroup  scheme 

In  |38.4.4[  smooth  group  scheme , flat 
group  scheme,  separated  group  scheme 
In  |38.9.1|  abelian  variety 


In  110.3.1 1 unramified  homomorphism  of 
local  rings 

In 


40.3.5[  unramified  at  x,  unramified 


In  40.9. 1|  flat , faithfully  flat,  flat  (resp. 
faithfully  flat) 

In  |40.9.3]  flat  over  Y at  x £ X,  flat  at 
x £ X,  flat,  faithfully  flat 
In  |40.11. 1|  etale  homomorphism  of  local 
rings 

In  |40.11.4|  etale  at  x G X , etale 

Chow  Homology  and  Chern  Classes 
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In  |41.2. 1|  admissible , symbol , admissible 
relation , determinant  of  the  finite  length 
R-module  M 

In  41.3.1  2 -periodic  complex , cohomol- 


41.3.2 


41.4.1 


ogy  modules,  exact,  (2,1) -periodic  com- 
plex, cohomology  modules 

multiplicity , Herbrand  quotient 
determinant  of  ( M , ip,  tp) 
symbol  associated  to  M,  a,  b 
tame  symbol 
5-dimension  of  Z 
cycle  on  X,  k-cycle 
multiplicity  of  Z'  in  Z 


41.5.3 


In 
In 
In 
In 
In 
In 

In  41.10.2 


41.5.5 


41.8.5 


41.9.1 


cycle  associated  to  Z 

In  41.11.2  multiplicity  of  Z'  in  T , 


cycle  associated  to  J- 
In 


41.13.1 


41.15.1 


41.18.1 


In 
In 

/ 

In  |41.20.1|  rationally  equivalent  to  zero, 
rationally  equivalent , Chow  group  of  k- 
cycles  on  X,  Chow  group  of  k-cycles 
modulo  rational  equivalence  on  X 
In  |41.23.1|  Weil  divisor  associated  to  s, 
Weil  divisor  associated  to  C 
In  41.24.1|  intersection  with  the  first 
chern  class  of  C 

Gysin  homomorphism 
bivariant  class  c of  degree  p 


41.28.1 


41.32.1 


41.41.1 


degree  of  a zero  cycle 
41. 43.151  e-invariant 


41.43.17|  sum  of  the  effective  Cartier 


In 
In 

divisors 

Intersection  Theory 


In|43.6.3[  genus 
Adequate  Modules 


In  44.3.1  module-valued  functor,  mor- 
phism of  module-valued  functors 

adequate,  linearly  adequate 
adequate 


44.3.2 


44.5.1 


44.5.7  Adeq{0),  Adeq{(Sch/S)T,0), 


k- 


k- 


pushforward 

flat  pullback  of  a by  f 

principal  divisor  associated  to 


In 
In 
In 

Adeq(S) 

In|44.8.1|  pure  projective,  pure  injective 
In|44.8.5  pure  projective  resolution,  pure 
injective  resolution 
In  [44  ,8.8|  pure  extension  module 

Dualizing  Complexes 

In  |45.2.1|  essential,  essential  extension 
of,  essential 

In|45.4.1|  projective  cover,  projective  en- 
velope 

In |45.5.1|  injective  hull 

indecomposable 
formally  catenary 
dualizing  complex 
dualizing  complex 
dualizing  complex  normalized 


45.5.5 


45.13.1 


45.17.1 


In 
In 
In 
In 
In 

relative  to  ui\ 


45.21.2 


45.35.4 


In  |45. 38.1| 

Gorenstein 


Gorenstein,  Gorenstein, 


In 
In 

forf 

In  41.32.2|  Chow  cohomology 
In  41.34.11  chern  classes  of  £ on  X,  total 
chern  class  of  £ on  X 
In  141.35. 1|  intersection  with  the  jth 
chern  class  of  £ 

In 


Algebraic  Curves 


Resolution  of  Surfaces 


In 

In 


47.5.1 


47.8.6 


normalized  blowup  of  X at  x 
defines  a rational  singularity, 
reduction  to  rational  singularities  is  pos- 
sible for  A 

resolution  of  singularities 
resolution  of  singularities  by 


47.14.1 


47.14.2 


In  |42.13.5|  intersect  properly,  intersect 
properly 

In|42.15.1|  multiplicity  of  M for  the  ideal 
of  definition  I 

Picard  Schemes  of  Curves 
In|43.4.1|  Picard  functor 


In 
In 

normalized  blowups 

In  |47.15.5|  strict  normal  crossings  divi- 
sor 

Fundamental  Groups  of  Schemes 

In  |48.2.1|  G-set,  discrete  G-set,  mor- 
phism of  G -sets,  G-Sets 
Galois  category 
fundamental  group,  base  point 


In 

In 

In 


48.3.6 


48.5.1 


48.15.1|  normal  crossings  divisor 


Etale  Cohomology 
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In  [49  ,4.1|  etale  covering 
In 


49.9. 1|  presheaf  of  sets , abelian 


presheaf 

In  |49.10.1|  family  of  morphisms  with 
fixed  target 

49.10.21  site , coverings 


In 

In 


49.11.1|  separated  presheaf  sheaf 


In  |49.11.4|  category  of  sheaves  of  sets , 


In  49.13.1 
In  149.15.1 


In|49.15.5 


the  fpqc  topology 

descent  datum , effective 
descent  datum 
! effective 

! ringed  site,  quasi- coherent 
Cech  complex,  Cech  cohomol- 


In 

49.16.1 

In 

49.16.5 

In 

49.16.6 

In 

49.17.2 

In 

49.18.1 

ogy  groups 

In 

49.18.4 

In 

49.20.1 

In 

49.20.2 

In 

49.20.4 

s 

In  |49.21. 1| 

49.23.1 


Zariski  topos,  small  Zariski  topos,  big  r- 
topos 

constant  sheaf 
structure  sheaf 
etale 

standard  etale 
etale  covering 


In 

In 

In 

In 

In 


49.23.3 


49.26.1 


49.26.3 


49.27.1 


In 
In 

braic 


49.36.1  inverse  image , pullback 


49.56.1|  absolute  Galois  group,  alge- 


abelian  sheaves 

zeroth  Cech  cohomology  group 
fpqc  covering 

satisfies  the  sheaf  property  for 


In  49.57.1  G-module , discrete  G -module, 
morphism  of  G-modules,  Mode 
In|49.57^2[  continuous  group  cohomology 
groups,  group  cohomology  groups,  Galois 
cohomology  groups,  Galois  cohomology 
groups  of  K with  coefficients  in  M 
similar,  equivalent 
Brauer  group 
Cr,  nontrivial  solution 
variety,  curve 

extension  by  zero,  extension 


49.60.3 


49.60.4 


49.62.2 


49.62.6 


49.66.1 


free  abelian  presheaf  on  Q 
t -covering 
standard  r-covering 
big  r-site  of  S,  small  r-site  of 


In 
In 
In 
In 
In 
by  zero 

In  |49.67.1|  constant  sheaf  with  value  E, 
constant  sheaf , locally  constant,  finite  lo- 
cally constant,  constant  sheaf  with  value 
A,  constant  sheaf,  locally  constant,  fi- 
nite locally  constant , constant  sheaf  with 
value  M , constant  sheaf , locally  constant 
In  149.68. 1|  constructible,  constructible, 
constructible 
Inl49.74.T1  trace 

absolute  frobenius 
geometric  frobenius 
arithmetic  frobenius 


49.79.3 


49.79.5 


49.79.9 


49.79.il)  geometric  frobenius 


49.80.11  trace 


49.82.4|  total  right  derived  functor  of 


In  49.27.3|  big  etale  site  over  S,  small 


etale  site  over  S,  big,  small  Zariski  sites 
In  |49.29.1|  geometric  point,  lies  over, 
etale  neighborhood , morphism  of  etale 


In 

In 


49.86.1 


neighborhoods 

In 

49.89.1 

In 

49.29.6 

stalk 

In 

49.89.7 

In 

49.31.3 

support,  of  T , support  of  a 

In 

49.91.1 

In 

49.32.2 

henselian 

In 

49.91.2 

In 

49.32.6 

strictly  henselian 

In 

49.92.2 

In 

49.33.2J  etale  local  ring  of  S at  s, 

In 

49.95.1 

strict  henselization  of  Os,s , henselization 
of  Os, s',  strict  henselization  of  S at  s, 
henselization  of  S at  s 

In 


In 

In 


49.35.1 


49.35.3 


49.35.4 


direct  image , pushforward 
direct  image,  pushforward 
higher  direct  images 


In 
In 
In 
In 
In 
In 

F , total  right  derived  functor  of  G 
In  |49.83.11  filtered  injective,  projective, 
filtered  quasi-isomorphism 
In |49.84.1|  filtered  derived  functor 
perfect 

finite  Tor-dimension 
DC(X,  A) 

Dctf{X,  A) 

global  Lefschetz  number 
local  Lefschetz  number 
G-trace  of  f on  P 
7i£-sheaf,  lisse,  morphism 
torsion,  stalk 
l-adic  cohomology 
L -function  of  T 
L -function  of  T 


In 

In 

In 

In 

In 


49.88.1 


49.95.6 


49.95.8 


49.96.1 


49.96.3 


49.104.11  open 
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In  |49. 108.11  unramified  cusp  form  on 
GL2(A)  with  values  in  A 

Crystalline  Cohomology 


In|50.2.2]  divided  power  envelope  of  J in 
B relative  to  ( A , I,  7) 

5 is  compatible  with  7 
divided  power  thickening , ho- 


In  |51.24. 1|  extension  by  zero,  extension 
by  zero 

In  1-1 1 .2541  constructible 

In  51.26.1  constructible  A-sheaf  lisse, 


50.4.1 


50.5.2 


In 
In 

momorphism  of  divided  power  thicken- 
ings 

divided  power  A-derivation 
divided  power  structure  7 
divided  power  scheme,  mor- 


adic  lisse,  adic  constructible 
constructible 


In  151.27.11 

In  |51.27.4|  adic  lisse,  adic  constructible 

Algebraic  Spaces 


In 

In 


50.6.1 


50.7.1 


In 

In 

In 


In  |50.7.2| 
phism  of  divided  power  schemes 
In  [507  llj  divided  power  thickening 
In  50.8. 1|  divided  power  thickening  of 
X relative  to  (S,1, 7),  morphism  of  di- 
vided power  thickenings  of  X relative  to 

{S,T,  7) 

In  |50.8.4|  Zariski,  etale,  smooth,  syn- 
tomic,  or  fppf  covering,  big  crystalline 
site 

In 


52.5.1 


52.6.1 


52.6.3 


property  V 

algebraic  space  over  S 
morphism  f : F — > F'  of  alge- 


braic spaces  over  S 

In 


In 


52.9.2 


52.9.3 


etale  equivalence  relation 
presentation 
In  52.12. 1[  open  immersion,  open  sub- 
space, closed  immersion,  closed  subspace, 
immersion,  locally  closed  subspace 
Zariski  covering 
small  Zariski  site  Fzar 
separated  over  S,  locally  sep- 


52.12.5 


52.12.6 


52.13.2 


50.9.1  crystalline  site 


50.11. 1[  locally  quasi- coherent,  quasi- 


in 

coherent,  crystal  in  O x / s -modules 
In  150.11.31  crystal  in  quasi- coherent 
modules,  crystal  in  finite  locally  free 
modules 

50.12.11  S -derivation  D : O 


In 
In 
In 

arated  over  S,  quasi- separated  over  S, 
Zariski  locally  quasi-separated  over  S 
In  |52.14.4|  acts  freely,  quotient  of  U by 
G 


50.26.2[  F -crystal  onX/S  (relative  to  In  53.3.1 


In 
In 

a),  nondegenerate 

Pro-etale  Cohomology 
In  151.2.3 


x/s 


F 


In  52.16.2  base  change  of  F'  to  S,  viewed 
as  an  algebraic  space  over  S1 

Properties  of  Algebraic  Spaces 


In  51.3.1 


w-local,  w-local 
local  isomorphism,  identifies 

local  rings 

In  151.4.  fl  ind- Zariski 

In 
In 
In 
In 
In 
In 


separated,  locally  separated, 
quasi-separated,  Zariski  locally  quasi- 
separated,  separated,  locally  separated, 
quasi- separated,  Zariski  locally  quasi- 
separated 
In 


51.10.1 


51.7.11  ind- etale 

w-  contractible 
pro-etale  covering  of  T 
standard  pro-etale  covering 
big  pro-etale  site 


51.11.1 


51.11.6 


51.11.8 


In 

In 

In 

In 

In 

In 

In 


51.11.12|  big  pro-etale  site  of  S,  small 


53.4.1 


53.4.7 


53.5.1 


53.7.2 


53.7.5 


53.8.1 


53.8.2 


53.9.2 


pro-etale  site  of  S,  big  affine  pro-etale 
site  of  S 

In|51.11.18  restriction  to  the  small  pro- 
etale  site 

In|51.14~4|  derived  complete  with  respect 
to  X 


point 

topological  space 
quasi-compact 
has  property  V 
has  property  V at  x 
dimension  of  X at  x 
dimension 

dimension  of  the  local  ring  of 
X at  x,  x is  a point  of  codimension  d on 
X 

In  |53.11.6|  algebraic  space  structure  on 
Z,  reduced  induced  algebraic  space  struc- 
ture, reduction  Xrec[  of  X 
In  153. 1 5721  etale 

In|53.17.T|  small  etale  site  Xgtaie 
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53.17. 2|  XSpaceS  etale 
53.17.6[  etale  topos , small  etale  topos 


53.17.8|  f-map  ip  : Q —>  T 
53.18.1|  geometric  point , geometric 


In 
In 
In 
In 

point  lying  over  x 
In|53. 18.2|  etale  neighborhood , morphism 
of  etale  neighborhoods 
stalk 

support,  of  T , support  of  o 
structure  sheaf 
etale  local  ring  of  X at  x, 


In 

In 

In 


53.18.6 


53.19.3 


53.20.2 


In  153.21. 2| 

strict  henselization  of  X at  x 
In|53.22^2|  geometrically  unibranch  at  x, 
geometrically  unibranch 
In  153.23.1  Noetherian 

X is  regular  at  x 
quasi- coherent 
locally  projective 


In 

In 

In 


53.24.2 


53.28.1 


53.30.2 


Morphisms  of  Algebraic  Spaces 

locally  separated , 


In  |54.4.2|  separated , 
quasi-separated 
In  154.5.21  surjective 

open , universally  open 
submersive , universally  sub- 


In 

In 


54.6.2 


54TT1 


54.8.2 


mersive 

In 
In 
In 
In 


54.9.2 


54.10.1 


54.13.2 


In 

In 

In 


54.16.2)  scheme  theoretic  image 


In  |54.19.3 


In  154.20.2 


In  |54.28.1|  locally  of  finite  presentation , 
finite  presentation  at  x,  of  finite  presen- 
tation 

In |54.29.1  flat , flat  at  x 

flat  at  x over  Y , flat  over  Y 
dimension  of  the  local  ring  of 
the  fibre  of  f at  x,  transcendence  degree 
of  x/  f(x),  f has  relative  dimension  d at 


In 

In 


54.30.2 


54.32.1 


In  54.32.2  relative  dimension  < d,  rela- 


tive dimension  d 

In 


54.35.1 


In 

In 


54.36.1 


54.37.1 


syntomic,  syntomic  at  x 
smooth , smooth  at  x 
unramified,  unramified  at  x, 
G-unramified,  G-unramified  at  x 

In 


54.38.1 


In 

In 


54.39.1 


54.40.1 


etale  at  x 


proper 

satisfies  the  uniqueness  part 
valuative  criterion , satisfies  the 


of  the 

existence  part  of  the  valuative  criterion, 
satisfies  the  valuative  criterion 


quasi- compact 
closed,  universally  closed 
monomorphism 
inverse  image  f~x(Z)  of  the 


In 

54.43.2 

integral,  finite 

In 

54.44.2 

finite  locally  free,  rank,  degree 

In 

54.45.2 

integral  closure  of  Ox  in  A 

In 

54.45.3 

normalization  of  X in  Y 

In 

54.46.3 

normalization 

In 

54.50.2 

universal  homeomorphism 

Decent  Algebraic  Spaces 


dosed  subspace  Z 

54.15.4|  scheme  theoretic  support  of  T 


54.17.3  scheme  theoretic  closure  ofU 
in  X,  scheme  theoretically  dense  in  X 
Inl54.18TTl  dominant 

universally  injective 
affine 


In 

In 

In 


54.21.2 


In  |54.2078]  relative  spectrum  of  A over  In  55.15.1 
X,  spectrum  of  A over  X 
quasi-affine 
has  property  V 
has  property  Q at  x 

finite 


In  |55.3.1|  fibres  of  f are  universally 
bounded 

In  |55.6.1|  decent,  reasonable,  very  rea- 
sonable 

In  |55.10.3|  elementary  etale  neighbour- 
hood, morphism  of  elementary  etale 
neighbourhoods 

In|55.10l)  henselian  local  ring  of  X at  x 
residual  space  of  X at  x 
has  property  (/?) , has  propeHy 


In|55.11.6 


54.22.2 


54.22.6 


(/?),  decent,  reasonable,  very  reasonable 
Inl55.20TTI  birational 

Cohomology  of  Algebraic  Spaces 


type  at  x,  of  finite  type 

In 

56.5.2 

In|54.25.2  finite  type  point 

In 

56.11. 

alternating  Gech  complex 


In  54.27. 1[  locally  quasi-finite,  quasi- 


finite  at  x,  quasi-finite 


Limits  of  Algebraic  Spaces 
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In  |57.3.1|  locally  of  finite  presentation , 
limit  preserving , locally  of  finite  presen- 
tation over  S,  locally  of  finite  presenta- 
tion, relatively  limit  preserving 
In  |57.14.3|  subsheaf  of  sections  annihi- 
lated by  I 

In|57.14.6|  subsheaf  of  sections  supported 
on  T 

Divisors  on  Algebraic  Spaces 

In  |58.2.1|  locally  principal  closed  sub- 
space, effective  Cartier  divisor 
In  58.2.6[  sum  of  the  effective  Cartier  di- 
visors D\  and  D2 

In|58.2.f0|  pullback  of  D by  f is  defined, 
pullback  of  the  effective  Cartier  divisor 


58.2.16 


58.2.18 


Algebraic  Spaces  over  Fields 


In 

59.4.1 

integral 

In 

59.4.4 

degree  of  X over  Y 

In 

59.5.1 

modification  of  X 

In 

59.5.3 

alteration  of  X 

In 

59.8.1 

geometrically  connected 

Topologies  on  Algebraic  Spaces 


In 

60.3.1 

fpqc  covering  of  X 

In 

60.4.1 

fppf  covering  of  X 

In 

60.5.1 

syntomic  covering  of  X 

In 

60.6.1 

smooth  covering  of  X 

In 

60.7.1 

etale  covering  of  X 

In 

60.8.1 

Zariski  covering  of  X 

Descent  and  Algebraic  Spaces 


In  161.3.31  trivial  descent  datum,  canoni- 
cal descent  datum,  effective 
In  |61.9.1|  r local  on  the  base,  t local  on 
the  target,  local  on  the  base  for  the  r- 
topology 

In|61.12.1|  r local  on  the  source , local  on 
the  source  for  the  t -topology 
In  161.18.11  smooth  local  on  source-and- 
target 

In  61.19.1  descent  datum  for  V/Y/X, 


In  58.2.13  invertible  sheaf  Ox  {D)  asso- 
ciated to  D 

regular  section 
zero  scheme 


58.3.3|  relative  homogeneous  spectrum 


In 
In 
In 

of  A over  X,  homogeneous  spectrum  of 
A over  X,  relative  Proj  of  A over  X 
In  58.6.1)  blowing  up  of  X along  Z,  blow- 
ing up  of  X in  the  ideal  sheaf  X,  excep- 
tional divisor,  center 
In  |58.7.1|  strict  transform,  strict  trans- 
form 

In|58.8.f  U -admissible  blowup 


cocycle  condition,  descent  datum  relative 
to  Y — X,  morphism  f : ( V/Y,ip ) — ► 
(V1  /Y,  ip')  of  descent  data  relative  to 
Y^X 

In  |61.19.3|  descent  datum  ( Vi,ipij ) rela- 
tive to  the  family  {Xi  — > A},  morphism 
ip  : (’ ► (1 of  descent  data 
pullback  functor 
pullback  functor 
trivial 


In 

In 

In 


61.19.7 


61.19.9 


61.19.101 


descent  datum. 


canonical  descent  datum,  effective 
In|61.19.11|  canonical  descent  datum,  ef- 
fective 

Derived  Categories  of  Spaces 


In  [62  .3.2[  supported  on  T 

In  62.5. 1[  derived  category  of  Ox  - 


modules  with  quasi- coherent  cohomology 
sheaves 

elementary 


In  62.8.1 


distinguished 

square 

In  |62.13.1|  approximation  holds  for  the 
triple 

In  |62.13.2|  approximation  by  perfect 
complexes  holds 

In  |62. 1 7~2\  Tor  independent  over  B 

More  on  Morphisms  of  Spaces 


In  163.3. II  radicial 

conormal  sheaf  Cz/x  of  Z in 


63.5.1 


In  61.3.1  descent  datum  for 

quasi- coherent  sheaves,  cocycle  condi- 
tion, morphism  ip  : -A  (X'^ipT) 

of  descent  data 


In 

X, 

In 

in 

In 

bundle 

In 


conormal  sheaf  of  i 


of  Z 


63.6.1  conormal  algebra  Cz/x,* 

X , conormal  algebra  of  i 
63.6.5  normal  cone  CzX,  normal 


63.7.2 


X over 


sheaf  of  differentials  ftx/Y  °f 
, universal  Y -derivation 
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In  163.9.11  thickening , first  order  thick- 
ening, morphism  of  thickenings , thicken- 
ings over  B,  morphisms  of  thickenings 
over  B 

In  163.10.11  first  order  infinitesimal 
neighbourhood 

In  |63.11.1|  formally  smooth , formally 
etale , formally  unramified 

formally  unramified 
universal  first  order  thicken- 


In  165.10.11  G-equivariant  quasi- coherent 
Ox-module , equivariant  quasi- coherent 
Ox -module 


63.12.1 


63.13.5 


In 

In  __ 

ing , conormal  sheaf  of  Z over  X 
In |63. 14.1|  formally  etale 

formally  smooth 
the  restriction  of  T to  its  fi- 


63.17.1 


63.20.2 


In 
In 

bre  over  z is  flat  at  x over  the  fibre  of  Y 
over  z,  the  fibre  of  X over  z is  flat  at  x 
over  the  fibre  ofY  over  z,  the  fibre  of  X 
over  z is  flat  over  the  fibre  of  Y over  z 
In  |63.34.2|  Koszul-regular  immersion , 
H i -regular  immersion,  quasi-regular  im- 
mersion 

In  |63.35.1|  pseudo-coherent, 
coherent  at  x 

In 
In 


In  65.11.1  groupoid  in  algebraic  spaces 
over  B,  morphism  f : (U,  R,  s,t,  c)  — > 
(U' , R! , s',  t' , d)  of  groupoids  in  algebraic 
spaces  over  B 

In  |65.12.1|  quasi- coherent  module  on 
( U,R,s,t,c ) 

In  |65.15.2|  stabilizer  of  the  groupoid  in 
algebraic  spaces  (U,  R,  s,  t,  c) 

In  65.16.2  restriction  of  (U,  R,  s,t,  c)  to 
U' 

In|65.17TT)  R-invariant,  R-invariant,  R- 
invariant 

quotient  sheaf  U/R 
quotient  representable  by  an 


65.18.1 


65.18.3 


In 
In 

algebraic  space,  representable  quotient , 
representable  quotient,  quotient  repre- 
sentable by  an  algebraic  space 


pseudo- 


In  65.19.1  quotient  stack,  quotient  stack 


More  on  Groupoids  in  Spaces 


63.36.1 

perfect,  perfect  at  x 

In  66.13.1 

63.37.1 

Koszul  morphism,  local  com- 

over  u,  quo 

Pushouts  of  Algebraic  Spaces 


Groupoids  in  Algebraic  Spaces 


of R over  u 

Bootstrap 


In  |65.4.1|  pre-relation , relation,  pre- 
equivalence relation,  equivalence  relation 
on  U over  B 

In  65.4.3  restriction,  pullback 
In  65.5.1  group  algebraic  space  over  B , 
morphism  : ( G,m ) — ► ( G',m ')  of  In  |68.4.T 


In  |67.3.1|  representable  by  algebraic 
spaces 

In  |67.4.1|  property  V 


Quotients  of  Groupoids 


group  algebraic  spaces  over  B 
In  65.8. 1|  action  of  G on  the  algebraic 
space  X/B,  equivariant,  G-equivariant 
In|65.8.2[  free 

In  |65.9.1|  pseudo  G-torsor , formally 
principally  homogeneous  under  G,  triv- 
ial 

In  65.9.3  principal  homogeneous  space, 


R-invariant,  G-invariant 
pullback,  flat  pullback 
categorical  quotient , categori- 
cal quotient  in  C,  categorical  quotient  in 
the  category  of  schemes,  categorical  quo- 
tient in  schemes 

In  |6S.4.lj  universal  categorical  quotient , 
uniform  categorical  quotient 
In |68.5.1  orbit,  R-orbit 

weakly  R-equivalent,  R- 
weak  orbit,  weak  R-orbit,  or- 


In  68.5.4 


principal  homogeneous  G-space  over  B, 
G-torsor  in  the  r topology,  r G-torsor,  r 
torsor,  quasi-isotrivial,  locally  trivial 


equivalent, 
bit,  R-orbit 

In  |68.5.8|  set- theoretically  R-invariant, 
separates  orbits,  separates  R-orbits 
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In  |68.5.13[  set-theoretic  pre-equivalence 
relation , set-theoretic  equivalence  rela- 
tion 


68.7.1 


68.8.1 


68.10.1|  geometric  quotient 


70.6.2 


In 

In 

In 

In 


70.11.3 


70.12.2 


70.12.4 


70.15.5 


colly  adic* 

In  170.17.1  adic  morphism 
In 


70.18.1|  locally  of  finite  type , finite 


type 

In 

70.19.1 

monomorphism 

In 

70.20.1 

closed  immersion 

In 

70.21.1 

separated,  quasi-separated 

In 

70.22.1 

proper 

Restricted  Power  Series 


quo- 


in 68.5.18  orbit  space  for  R 
In  68.6.1  coarse  quotient , coarse 
tient  in  schemes 

uniformly,  universally 
sheaf  of  R-invariant  functions 


In 

In 

In 


71.3.1 


71.7.2 


topologically  of  finite  type  over 
rig-etale 


71.11.1|  rig-surjective 


Resolution  of  Surfaces  Revisited 


In 

Ini 

on  X,  the  functions  on  X are  the  R- 
invariant  functions  on  U 
In  68.9.1  good  quotient 
In 


72.4.1 


72.5.1 


blowing  up  X'  — > X of  X at  x 
normalized  blowup  of  X at  x 
resolution  of  singularities 
In  72.8.2|  resolution  of  singularities  by 


In 

In 

In 


72.8.1 


Simplicial  Spaces 

In  |69.8.1[  cartesian , Y is  cartesian  over 
X 

In|69.8.3|  simplicial  scheme  associated  to 

f 


normalized  blowups 

Formal  Deformation  Theory 


73.3.1 


73.3.2 


73.3.6 


73.3.9 


In  69.9.1  quasi- coherent  sheaf,  cartesian 


Formal  Algebraic  Spaces 

In  |70.4.6|  tensor  product,  completed  ten- 
sor product 

In  |70.4.7|  topologically  nilpot.ent,  weak 
ideal  of  definition,  weakly  pre-admissible , 
weakly  admissible 
In  170.4.91  taut 

In  |70.5.1|  affine  formal  algebraic  space, 
morphism  of  affine  formal  algebraic 
spaces 

In  |70.5.7[  McQuillan,  classical,  adic, 
adic*,  Noetherian 
In  170.5.91  formal  spectrum 
countably  indexed 


In 
In 
In 
In 
In 
In 
over  C 
In 


73.4.1 


73.5.1 


73.6.1 


73.6.2 


Ca,  classical  case 
small  extension 
relative  cotangent  space 
essential  surjection 

Ca 

category  cofibered  in  groupoids 

prorepresentable 
predeformation  category,  mor- 


In 

phism  of  predeformation  categories 

In 


73.7.1 


category  F of  formal  objects 
of  F,  formal  object  ( = (R,  £n,fn)  of  F, 
morphism  a : ^ r]  of  formal  objects 
completion  of  F 
smooth 


70.7.1|  formal  algebraic  space , mor- 


In 
In 

phism  of  formal  algebraic  spaces 
In  170.9.31  completion  of  X along  T 
quasi- separated,  separated 
quasi-compact 
quasi-compact 

locally  countably  indexed,  lo- 
locally  Noetherian 


In 

In 

In 

In 

In 

In 

In 

In 

<P 

In 

In 

In 

In 


73.7.3 


73.8.1 


73.9.1 


73.10.1 


73.8.131  versal 

conditions  (SI)  and  (S2) 
R-linear 

tangent  space  TF  of  F 
tangent  space  TF  of  F 
differential  dip  : TF  TQ  of 


73.10.9 


73.11.1 


73.11.3 


73.13.4 


73.15.1 


73.15.8 


73.16.1 


minimal,  miniversal 
condition  (RS) 
deformation  category 
lift  of  x along  f,  morphism  of 


lifts 


In  |73.18.11  group  of  infinitesimal  auto- 
morphisms of  x'  over  x 
In  |73.18.2|  group  of  infinitesimal  auto- 
morphisms of  Xq 

In  |73.18.5  automorphism  functor  of  x 


In  |73.19.1|  category  of  groupoids  m 
functors  on  C,  groupoid  in  func- 
tors on  C,  morphism  (U,  R,  s,t,c)  — > 
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(U' , R! , s' ,t' ,c')  of  groupoids  in  functors 
on  C 

In |73. 19.4|  representable 

restriction  (U,R,s,t,c)\c>  of 


In 


73.19.7 


normalized,  minimal 


Deformation  Theory 


In 

In 


74.3.2 


74.8.2 


75.3.2  cotangent  complex 


75.12.11  A-biderivation 


75.16.1|  Atiyah  class 


75.17.11  standard  resolution  of  B over 


75.17.2 


75.18.1 


In 
In 
In 
A 
In 
In 
In 
In 

In  |75.23.1 
X over  Y 
In  |75.25.1 
X over  Y 


75.19.1 


75.21.1 


Algebraic  Stacks 


In  |76.8.1|  representable  by  an  algebraic 
space  over  S 

representable  by  algebraic 


In  76.9.1 


spaces 

In 


76.10.1 


76.12.1 


76.12.2 


In 
In 
In 

over  S 

In 


76.12.3 


In 


76.16.4 


76.16.5 


property  V 

algebraic  stack  over  S 
Deligne-Mumford  stack 
2-category  of  algebraic  stacks 

smooth  groupoid 
presentation 


In  |76.19.2|  viewed  as  an  algebraic  stack 
over  S' 


(U,  R,  s,  t,  c)  to  C 

In|73.19.9[  quotient  category  cofibered  in 
groupoids  [U/R]  — >•  C,  quotient  mor- 
phism U — > [U/R] 

In  173.20.11  prorepresentable 


of 


In  73.20.2  completion  (U,  R,  s,  t , c)A 
( U,R,s,t,c ) 

In  173.201  smooth 

In  |73.23.1|  presentation  of  T by 
( U,R,s,t , c) 

In  173.25.1 


strict  morphism  of  thickenings 
strict  morphism  of  thickenings 


The  Cotangent  Complex 

In  |75.3.1|  standard  resolution  of  B over 
A 
In 


cotangent  complex 
Atiyah  class 
cotangent  complex 
cotangent  complex 
cotangent  complex  Lx/y  °f 

cotangent  complex  Lx/y  of 


In  76.19.3  change  of  base  of  A' 

Examples  of  Stacks 

In|77.18Tj|  degree  d finite  Hilbert  stack  of 
X over  y 

Sheaves  on  Algebraic  Stacks 

In  |78.3.1[  presheaf  on  X , morphism  of 
presheaves  on  X 

In  [78  ,4.1|  associated  Zariski  site,  asso- 
ciated etale  site,  associated  smooth  site, 
associated  syntomic  site,  associated  fppf 
site 

In  78.4.31  Zariski  sheaf,  sheaf  for  the 
Zariski  topology,  etale  sheaf,  sheaf  for  the 
etale  topology,  smooth  sheaf,  sheaf  for  the 
smooth  topology , syntomic  sheaf,  sheaf 
for  the  syntomic  topology,  fppf  sheaf, 
sheaf,  sheaf  for  the  fppf  topology 
In  178.4.51  associated  morphism  of  fppf 
topoi 

In  |78.6.1|  structure  sheaf  of  X 
In|78.7.l|  presheaf  of  modules  on  X , Ox~ 
module , sheaf  of  Ox -modules 
In  78.9.2  pullback  x~xT  of  T , restriction 
of  X to  Ugtale 

In  |78. 1 1~T|  quasi- coherent  module  on  X, 
quasi- coherent  Ox -module 
In|78.11.~4|  locally  quasi- coherent 

Criteria  for  Representability 

In  |79.8.1|  algebraic 

Artin’s  axioms 


In|80.5.1  condition  (RS) 

In|80.9.1  formal  object,  morphism  of  for- 
mal objects,  lies  over 
In  80.9.3  effective 
versal 

limit  preserving 
In  80.14.1|  openness  of  versality,  open- 
ness of  versality 

condition  (RS*) 


In  80.18.2 


In  80.19.11  obstruction  theory,  obstruc- 
tion modules,  obstruction 
In  180.20.7)1  naive  obstruction  theory 

Quot  and  Hilbert  Spaces 
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Properties  of  Algebraic  Stacks 


In 

82.4.2 

point 

In 

82.4.8 

topological  space 

In 

82.5.1 

surjective 

In 

82.6.1 

quasi-compact 

In 

82.7.2 

has  property  V 

In 

82.7.5 

has  property  V at  x 

In 

82.8.1 

monomorphism 

closed  im- 


In  82.9.1|  open  immersion, 
mersion,  immersion 

In|82.9.8|  open  substack,  closed  substack, 
locally  closed  substack 
In  |82.10.4|  algebraic  stack  structure  on 
Z , reduced  induced  algebraic  stack  struc- 
ture, reduction  Xred  of  X 
In  82.11.8  residual  gerbe  of  X at  x ex- 


ists, residual  gerbe  of  X at  x 
In  182.12.2)  dimension  of  X at  x 
dimension 


In 


82.12.3 


83.11.2 


mersive 

In 
In 
In 


83.12.2 


83.13.1 


type 

In 


83.14.2 


83.16.2 


83.17.1 


83.18.1 


In 
In 
In 

of  finite  presentation 

In 


closed,  universally  closed 

has  property  V 

locally  of  finite  type,  of  finite 

finite  type  point 
locally  quasi-finite 
flat 

locally  of  finite  presentation , 


In 


83.19.1 


83.22.1 


gerbe  over,  gerbe 
smooth 


Derived  Categories  of  Stacks 

In  |85.4.1)  derived  category  of  Ox- 
modules  with  quasi- coherent  cohomology 
sheaves 

Introducing  Algebraic  Stacks 

In  186.4.31  smooth 
In  |86.5.1|  algebraic  stack 

More  on  Morphisms  of  Stacks 

In  187.3.1)  thickening,  morphism  of  thick- 
enings, thickenings  overy , morphisms  of 
thickenings  over  y 
In  |87.3.2|  first  order  thickening 

Examples 

Exercises 


Morphisms  of  Algebraic  Stacks 

In  183.4.1)  DM,  quasi-DM,  separated, 
quasi-separated 

In  |83.4.2|  DM  over  S,  quasi-DM  over 
S,  separated  over  S,  quasi-separated 
over  S,  DM,  quasi-DM,  separated , quasi- 
separated 

sheaf  of  automorphisms  of  x 
quasi-compact 
Noetherian 

open,  universally  open 
submersive , universally  sub- 


In  189.2.8 
In  189.5.4 
In  89.5.6 


In  89.2.1)  directed  partially  ordered  set, 
system  of  rings 
colimit 

finite  presentation 
quasi-compact 
Hausdorff 
In |89.5.9  irreducible,  irreducible 
In |89.5.12  generic  point 
In |89.5.16  Noetherian,  Artinian 
In |89.5.18  irreducible  component 
In  |89.5.22  closed,  specialization,  gener- 
alization 

In  |89.5.26)  connected , connected  compo- 
nent 

In  189.8.11  length 

catenary 


89.12.1 


In 

In  89.15.1)  finite  locally  free,  invertible 
module 

In|89.15.3)  class  group  of  A,  Picard  group 
of  A 

In|89.17.1|  going-up  theorem , going-down 
theorem 

numerical  polynomial 
graded  module,  locally  finite, 
Euler- Poincare  function,  Hilbert  func- 


In 

In 


89.19.1 


89.19.2 


Cohomology  of  Algebraic  Stacks 

In  |84. 7.1)  flat  base  change  property 
parasitic 


In 

In 


tion,  Hilbert  polynomial 
In  89.19.3)  graded  A-algebra,  graded 
module  M over  a graded  A-algebra 
B,  homomorphisms  of  graded  mod- 
ules/rings, graded  submodules,  graded 
84.11.11  lisse-etale  site,  flat-fppf  site  ideals,  exact  sequences  of  graded  modules 


84.8.1 
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89.20.3 


In  189.20.11  homogeneous 
In  189.20. 2|  homogeneous 
Proj(R) 

R(f) 

Cohen- Macaulay 
filtered  injective 
Filf  (A) 

filtered  quasi-isomorphism 
filtered  acyclic 


In  189.32.4 


spectrum  In  |89.32.7 


89.21.1 


89.23.3 


89.23.4 


89.23.6 


In 
In 
In 
In 
In 
In 
In 
In 
In 

tangent  vector 

In  189.29.1 


89.23.7 


BT26T2|  integral 
89.28.11  dual  numbers 


In  189.29.2 


In  189.29.5 


In  89.33.2 


89.28.31  tangent  space  of  X over  S , 


quasi- coherent 
specialization 

locally  Noetherian,  Noether- 
zan 

Inl89.29.~6l  coherent 

In |89.52~T|  invertible  Ox -module 


invertible  module  M , trivial 
Picard  group  of  X 

6(t) 

In  |89.347T|  Weil  divisor , prime  divisor , 
Weil  divisor  associated  to  a rational 
function  f £ K(X )*,  effective  Cartier 
divisor , Weil  divisor  [D]  associated  to  an 
effective  Cartier  divisor  D C A',  sheaf  of 
total  quotient  rings  ICs,  Cartier  divisor , 
Weil  divisor  associated  to  a Cartier  di- 
visor 
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